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REDUCTION DIMENSIONNELLE POUR DES
MILIEUX HETEROGENES, TROUES OU FISSURES

Cette thése traite de la justification de modéles de membranes comme limites de « comportements
élastiques » non linéaires tridimensionnels (les guillemets ont trait a l’absence de I’hypotheése
classique d’explosion de 1’énergie lorsque le Jacobien de la transformation tend vers zéro). La
réduction dimensionnelle est vue comme un probléme de I'-convergence sur I’énergie élastique,
lorsque l'épaisseur tend vers zéro. Dans un premier temps, nous décrirons des hétérogénéités
macroscopiques oil les forces de surface peuvent engendrer une densité de moment fléchissant,
produisant un vecteur de Cosserat. Puis nous considérerons des hétérogénéités microscopiques
réparties périodiquement, donnant lieu a prendre en compte deux types de problémes simultanés :
la réduction de dimension et I’homogénéisation réitérée. Ensuite, des films minces possédant une
microstructure dégénérée due a la présence de vide sur la surface moyenne seront étudiés dans le
cas oul I’épaisseur est beaucoup plus petite que la période de distribution des perforations. Enfin,
nous envisagerons la possibilité de rupture et analyserons l'évolution quasistatique des fissures
pour une énergie de surface de type Griffith.

Mots clés : I'-convergence, relaxation, réduction de dimension, quasiconvexité, homogénéisation,
domaines perforés, capacité non linéaire, fonctions a variation bornée, problémes aux disconti-

nuités libres, mécanique de la rupture.






DIMENSIONAL REDUCTION FOR
HETEROGENEOUS, SLIT OR CRACKED BODIES

Abstract

This thesis is concerned with the justification of membrane models as zero-thickness limits of
three dimensional nonlinear « elastic behavior » (the quotes refer to the absence of the usual
requirement that the energy should blow up as the Jacobian of the transformation tends to zero).
The dimensional reduction is viewed as a I'-convergence problem for the elastic energy. We first
consider macroscopic heterogeneities, also taking into account the case where the external loads
induce a density of bending moment that produces a Cosserat vector. Then, we study periodic
microscopic heterogeneities, which introduces two competing features : dimensional reduction
and reiterated homogenization. Thin films with complex degenerate microstructure due to the
presence of voids on the mid-surface are investigated when the thickness is much smaller than the
period of distribution of the perforations. Finally, brittle thin films and their quasistatic crack
evolution are presented for a Griffith type surface energy density.

Key words : I'-convergence, relaxation, dimensional reduction, quasiconvexity, homogeniza-
tion, perforated domains, nonlinear capacity, functions of bounded variation, free discontinuity

problems, brittle fracture.
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Notations

Excepté au chapitre 3, la dimension n sera toujours égale & 2 ou 3.

Mesures

L" mesure de Lebesgue n-dimensionnelle dans R"™
H" ! mesure de Hausdorff (n — 1)-dimensionnelle

# mesure de dénombrement

K E 1 restreinte a ’ensemble F

©® v mesure produit entre p et v

Cap,  p-capacité

Vecteurs et ensembles

R™*™  ensemble des matrices réelles m x n

Lo (‘Tla"'axn—l)

Q' (a) cube (n — 1)-dimensionnel de centre a € R"~! et de coté r > 0
Q/ (07 1)n—1

Q (0,1)"

Bl(a) boule (n — 1)-dimensionnelle de centre a € R"~! et de rayon r > 0
Cin {(za,0) €eR": 1 <|zo| < N}
Cio {(xa,0) €R™: |24 > 1}

w ouvert borné de R?~1
I (_17 1)
Q wxT

A(w)  famille des ouverts contenus dans w

Ao familles des ouverts bornés contenus dans R™ !

R(w) sous-famille de A(w) obtenue en prenant toute union finie de cubes ouverts inclus
dans w, centrés en des points rationnels et de cotés rationnels

inclusion, égalité & un ensemble de H™ '-mesure nulle prés

[a] partie entiére de a



NOTATIONS

Notations fonctionnelles

frudu
Supp(u)
Du

D%

Vau (resp. Vyu)

u(E)~! [ uwdp moyenne de u sur E par rapport & p
support de u

dérivée distributionnelle

partie absolument continue de la dérivée

partie saut de la dérivée

partie Cantor de la dérivée

ensemble des sauts (complémentaire des points de Lebesgue)
normale approchée a S(u)

limites approchées supérieures et inférieures
gradient (approché)

gradient (approché) par rapport a x, (resp. x,)

Espaces fonctionnels

Soit U un ouvert de R".

CHU;R™)
C(U;R™)
C(U;R™)
Co(U; R™)
My(U;R™)
LP(U;R™)

L (U; R™)
Whe(U; R™)
Wy P (UsR™)
BV (U;R™)
SBV (U;R™)
SBVP(U;R™)

{u: U — R™ k-fois contintiment différentiables : Supp(u) C U}
Men CHUR™)

COU;R™)

fermeture de C.(U;R™) pour la convergence uniforme

espace des mesures de Radon a valeur dans R™, identifié a [Co(U;R™)]
{w:U — R™ mesurables : [}, [u|P dz < 400} (1 < p < o0)

{u: U — R™ mesurables : esssup; |u| < +oo}

{ue LP(U;R™): Du=Vue LP(U;R™"™)} (1 <p<o0)
fermeture de C2°(U;R™) dans WHP(U;R™)

{u e LY(U;R™) : Du € My(U;R™")}

{u € BV(U;R™): D =0}

{ue SBV(U;R™): Vu e LP(U;R™") et H* 1(S(u)) < +oo}



Introduction générale

La déformation d’une surface élastique dans l'espace, soumise & des contraintes mécaniques,
donne principalement lieu & deux types de phénoménes : 1’étirement et la flexion. Une maniére
de modéliser de tels matériaux consiste a les assimiler & des objets tridimensionnels dont une des
dimensions, que nous appellerons 1'épaisseur, est beaucoup plus petite que les autres. Il s’agit
alors de « passer a la limite » lorsque cette épaisseur, notée €, tend vers zéro tout en essayant
d’exhiber des propriétés inhérentes au modeéle que nous souhaitons décrire. L’avantage d’une
telle approche repose sur une bonne compréhension de I’élasticité non linéaire tridimensionnelle
(voir CIARLET [39]) mais la difficulté consiste & donner un sens rigoureux a ce passage a la limite.

Sur la modélisation des plaques élastiques

Une premiére méthode pour aborder ce type de problémes est celle dite des développements
asymptotiques. Cette méthode est basée sur I’Anzatz que les données et les solutions (éven-
tuelles) du probléme a e fixé admettent un développement en puissance de . Cette analyse
formelle, aussi utilisée en théorie de 1’homogénéisation, a le mérite d’identifier efficacement les
modeles limites mais ne se veut aucunement d’étre rigoureuse. Elle a été utilisée dans le contexte
de la réduction dimensionnelle de deux facons différentes pour un méme matériau de Saint Ve-
nant Kirchhoff : d'une part par Fox, Raourr & SiMO dans [62] qui, pour chaque ordre de
grandeur en ¢, résolvent une suite d’équations d’Euler-Lagrange, et d’autre part par PANTZ dans
[78] (voir aussi [79, 80, 81]) qui résoud une suite de problémes de minimisation. Ces résultats
ont en commun qu’ils établissent formellement les ordres de grandeur des énergies de membrane
et de flexion sous des hypothéses sur le chargement appliqué. En particulier, il se trouve que
I'énergie de membrane apparait a l'ordre € du développement asymptotique lorsque les forces de
surface sont d’ordre ¢ et les forces de volume d’ordre 1. Il est cependant suprenant de constater
que leurs résultats différent ; en effet, I’énergie de membrane obtenue par PANTZ n’est autre que
la quasiconvexifiée de celle obtenue par FOox, RAOULT & SIMO & un terme prés, qui est dii au
fait que ces derniers sont contraints & restreindre leur ensemble de fonctions tests pour assurer
I'existence d’une solution de chaque probléme aux limites. Par ailleurs, 1’énergie de flexion se

3

comporte en €3 a condition que les forces de surface soient d’ordre €2 et les forces de volume

d’ordre £2.
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Ayant identifié des candidats pour décrire les modéles limites, il s’agit ensuite de justifier
rigoureusement ces résultats formels grace & un mode de passage a la limite approprié. Les
problémes d’élasticité non linéaire étant usuellement formulés comme des problémes de minimi-
sation portant sur l’énergie élastique, nous avons besoin d'un critére de convergence adapté au
Calcul des Variations. Une notion adéquate de convergence variationnelle a été introduite par
DE GI1ORGI & FRANZONI dans [51] sous le nom de I'-convergence (voir les livres de DAL MASO
[45] et BRAIDES [30] pour une étude approfondie) dont nous rappelons la définition :

Définition 1. Soit (X,d) un espace métrique et F. : X — [0,+00]. On dit que F. T'-converge
vers F si pour toute suite {e;} \, 0T et pour tout u € X,
(i) pour toute suite u; — u dans X

F(u) < liminf F (u;);
J—+o00
(11) il existe une suite u; — u dans X telle que

F(u) = lim F. (7).

j—+o0
On dit alors que F est la I'-limite de F.

Cette notion est effectivement cohérente avec les problémes de minimisation car elle assure, sous
une hypothése de compacité des suites minimisantes, la convergence des minimiseurs ainsi que
de la valeur minimum. Cette propriété est traduite par le théoréme suivant qui est le résultat
fondamental de la théorie de la I'-convergence :

Théoréme 2. Soit (X,d) un espace métrique et F, : X — [0,+00] une suite de fonctions qui
[-converge vers F : X — [0, +o0]. S’il existe un compact K C X (indépendant de €) satisfaisant

inf F, = inf F,
1?( e 1}1( €

alors
dmin /' = lim inf F_.
X e—0 X

De plus, si {u:} est une suite telle que lim._o F.(us) = lim._ginfx F., alors tout point d’accu-

mulation de {u:} est un minimiseur de F.

Il s’agit a présent d’appliquer ces méthodes aux problémes de réduction de dimension. Pour
ce faire, décrivons tout d’abord le modéle type qui sera, sous une forme ou une autre, le centre
d’intérét de cette thése. Soit w C R? un ouvert borné a frontiére Lipschitz et € > 0; notons
Q. = w x (—¢,¢) le cylindre occupé par un matériau hyperélastique dans sa configuration de
référence (voir figure 1) et dont la densité d’énergie élastique est donnée par la fonction de
Carathéodory W (e) : Q. x R3*3 — [0, +00) que nous supposerons a croissance 1 < p < o0.
Nous soumettons a ce matériau des forces de volume f(¢) € L? (Q.;R?) et des forces de surface
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™M
+
Q

o @g)m
%

Fig. 1 Cylindre d’épaisseur

g(e) € L (X.;R?) sur les parois extrémes X = w x {—¢,¢}, ou p/ = p/(p— 1) désigne I'exposant
conjugué de p. Nous adopterons par ailleurs une condition d’encastrement u(z) = x sur le bord
latéral dw x (—e,¢e) du cylindre. En I'absence de discontinuité du champ des déformations, le
cadre fonctionnel naturel s’avére étre celui des Espaces de Sobolev. Notons a titre de remarque
que dans le Chapitre 4, ce cadre fonctionnel sera insuffisant pour décrire la présence de fissures et
il sera nécessaire de travailler dans un sous espace des Fonctions a Variation Bornée. I.’ensemble
des déformations cinématiquement admissibles est alors donné par

Cle) :=={ve W (Q;R*) :  v(z) =z sur Ow x (—e,¢€)}

et pour de telles déformations, I'énergie totale s’écrit comme 1’énergie élastique privée du travail
des forces extérieures, c’est-a-dire

BE)w = [ W@ V- [ f(s)-ud:n—/ o(e) - udH?. (1)

€

Le probléme consiste alors & trouver la configuration d’équilibre de ce systéme mécanique, au-
trement dit de résoudre le probléme de minimisation

inf{E(e)(u): uel(e)}. (2)

La premiére difficulté & laquelle nous sommes confrontés est liée a ’existence d’une solution &
(2) pour € fixé. Il se trouve qu’en 'absence d’hypothéses supplémentaires sur le potentiel élastique
W (e), nous ne pouvons pas nous attendre, en général, a Iexistence d’une telle solution. En effet,
une condition suffisante pour que la fonctionnelle (1) admette un minimiseur sur C(¢) est qu’elle
soit semi-continue inférieurement pour la topologie faible de WP (€.;R?). Dans le cas vectoriel
et sous une hypothese de croissance d’ordre 1 < p < o0, ceci se traduit par une condition de
quasiconverité sur la fonction W(e) (voir ACERBI & Fusco [1], BALL & MURAT [18] ou DACO-
ROGNA [44]). Une condition plus naturelle est celle dite de polyconvexité. Il s’agit d'une notion
plus restrictive que la quasiconvexité mais qui a le mérite d’étre compatible avec la propriété,
requise en hyperélasticité, que I'énergie devrait exploser quand le Jacobien de la transformation

7
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tend vers zéro, contrairement a la quasiconvexité ol nous avons besoin d’'imposer une borne su-
périeure. Sous cette hypothése, BALL a démontré dans |17], 'existence d’un minimiseur pour (1)
sur C(e) en tenant compte du fait que W (e)(z; F') — +o0o quand det(F) — 0. Cependant, nous
ne ferons aucune de ces hypotheses sur W (e) car cela nous interdirait de prendre en compte des
matériaux importants de type Saint Venant Kirchhoff dont la densité d’énergie élastique n’est
pas ni quasiconvexe ni polyconvexe (voir RAourT [83]).

Bien que seul le modéle tridimensionnel ait un sens physique, nous ne nous attarderons pas
a l'étudier en détail. En effet, selon notre approche, notre centre d’intérét est le probléme de
minimisation associé a la I'-limite qui lui admettra toujours une solution car la théorie de la
I'-convergence implique une relazation de I’énergie. D’autre part, faute d’avoir 'existence d’un
minimiseur pour (1), on peut toujours définir une suite de quasi-minimiseurs {u:} C C(g) de la
fagon suivante : pour toute suite h(e) \, 0T, il existe {u.} C C(e) telle que

BE(e)(uz) < inf{E()(v) : v € C(e)} + h(e).

Asymptotiquement, la suite {u.} se comporte exactement comme une suite de minimiseurs, en ce
sens que, si elle converge vers une limite notée u, nécessairement v sera une solution du probléme
de minimisation associé a la I'-limite.

La dépendance du domaine d’intégration en ¢, et donc a fortiori de I’espace fonctionnel sur
lequel est définie ’énergie, nous suggere d’effectuer un changement d’échelle (voir figure 2) afin
d’étudier un probléme équivalent formulé sur un domaine fixe  := w x (—1,1). Dans I’étude des
problémes non linéaires, il s’agit simplement de dilater la variable transverse x3, contrairement
au cas linéaire (voir CIARLET [40]) ou la troisiéme composante du champ des déplacements doit
aussi étre modifiée. Nous renvoyons le lecteur & FONSECA & FRANCFORT [58| pour une discussion
plus approfondie sur ces différences de scaling entre les problémes linéaires et non linéaires. Pour
tout u € C(g), on deéfinit v € C. par u(zq,x3) = v(Ta,T3/€) 00 T4 = (x1,22) € w désigne la
variable du plan et

C.:={veWHP(QR?) :  v(z) = (z4,c23) sur Ow x (—1,1)}.

En remplacant u par v dans I’expression de I’énergie (1) nous obtenons que

Ef(v) = E(e)(u) :E/ §V3v> da:—a/ﬂfg-vda:—/zgg-vdHQ.

W, <a:; Vv
Q

ou X:=wx{-1,1} et

We(z; F) := W(e)(za,ex3; F),
g-(x) 9(e)(xa,ex3), g€ LP'(E;R3),
fe(x) fE)(wa,ex3), fe € Lpl(Q§R3)-

x
T
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2
Qe Z; Q
X3 _ ¢ 1
_: S
% D
a =12 z—

Fig. 2 Changement d’échelle

Les résultats obtenus par développement asymptotique formel ont été justifiés rigoureusement,
a posteriori, pour une plus large classe de matériaux homogénes au sens de la I'-convergence.
Etant donné que cette notion de convergence variationnelle est compatible avec le type de condi-
tions limites que nous employons, nous prendrons le parti de les supprimer, étant entendu qu’elles
ne modifient pas la forme de la I'-limite (voir Theorem 21.1 dans DAL MAso [45]). Il en sera
de méme pour la forme linéaire correspondant au travail des forces extérieures (voir Proposition
6.21 dans DAL MAsoO [45]).

LE DRET & RAOULT ont obtenu un modeéle de membrane dans |73, 74| en démontrant que
la fonctionnelle ES, : LP(Q;R3) — [0, +0o] définie par

1
/ w <VQU‘EV3u> dr siu€ WIP(Q;R3),
E: (u) := @

m

+0o0 sinon

I'-converge pour la topologie forte de LP(; R3) vers

2/ OWo(Vau)dr, siue€ WHP(w;R3),
Ep(u) = v

+00 sinon,

ot Wy : R3*2 — [0,4+00) est définie par Wo(F) = inf{W(F|z) : z € R3} et QW) est la
quasiconvexifiée de Wy. Ils ont par ailleurs démontré dans 1’étude de modéles avec directeurs
dans [75], que les déformations tridimensionnelles affines en la variable transverse x3, ¢’est-a-dire
de la forme u.(zq,73) = u(zy) + ex3d(zs) o d désigne le vecteur directeur, capturent totale-
ment les effets membranaires. Ceci confirme ainsi la consistance des hypothéses cinématiques de
Cosserat selon lesquelles les fibres orthogonales & la surface moyenne se déforment linéairement.
Néanmoins, au vu de la condition de croissance imposée sur la densité d’énergie élastique, leur
résultat ne permet pas de prendre en compte le fait que W (F') devrait tendre vers +o0o quand
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det(F) — 0. Ce type de comportement a été étudié par BEN BELGACEM dans [20, 21| qui a
démontré que la I'-limite de (3) est donnée dans ce cas par

2/ ORWo(Vau)dre siu € WHP(w;R3),
Epn(u) = v

+00 sinon,

ou R désigne l'opération de rang-1-convezification. Comme 'ont remarqué LE DRET & RAOULT
dans |73, 74| et BEN BELGACEM dans |20, 21|, si W satisfait le Principe de UIndifférence Maté-
rielle, alors il en est de méme pour QW et QRWy. Autrement dit (voir CIARLET [39]), QW et
QRW), peuvent s’écrire comme des fonctions de la premiére forme fondamentale Vo u’ Vau cor-
respondant & la métrique de la surface déformée. C’est en ce sens qu'’ils ont obtenu des modéles

de membranes, mettant en évidence les phénomeénes d’étirement dus au changement de métrique.

L’étude des modeéles de plaques inextensibles a été entreprise par FRIESECKE, JAMES &
MULLER dans |65, 66]. Notons par ailleurs que de tels modéles ont été partiellement justifiés
par PANTZ dans |78, 80, 81| pour un matériau de Saint Venant Kirchhoff. Ceux-ci semblent plus
délicats & obtenir dans la mesure ol nous nous attendons & ce que les phénoménes de flexion
fassent apparaitre des dérivées d’ordre supérieur. En effet, comme toute solution correspond a
des déformations isométriques Vou!l Vou = Id, Iénergie dépend cette fois de la seconde forme
fondamentale qui mesure la courbure de la surface moyenne. Il s’avére alors naturel de supposer
que W s’annule sur le groupe des rotations de R? dans R? noté SO(3), annihilant ainsi les effets
membranaires. De plus, étant donné que toute déformation & énergie finie est trés proche d’une
isométrie, nous supposerons que W (F) > cdist(F,SO(3))? impliquant que I'espace fonctionnel
naturel est H'(Q;R3). Si W est de classe C? et satisfait le Principe de I'Indifférence Matérielle,
FRIESECKE, JAMES & MULLER ont démontré que la fonctionnelle E% : HY(Q;R?) — [0, +00)
définie par

1 1
E5(u) = 2 /Q W (Vau EV3U> dx

I'-converge pour la topologie faible ou forte de H'(£2;R?) vers
é / Q2 (Vau' Vob) dzo siu€Cy,
Ef(u) := w
+o0 sinon,
ou b=ViuA Vau,
Cr={ue H*w;R% : |Viu| = |Vou| =1, Viu- Vou =0}

et Qz : R?X2 — [0, +00) est la forme quadratique définie par

92T i1 Fi2 = i1 Fia =

Q2(F) := inf ——=(Id) Fo1 Fy 2z Fo1 Fp 2z
2 ZER3 8F2 ’

21 22 Z3 21 22 Z3
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Ce résultat est basé sur un Lemme de rigidité (Theorem 3.1 dans [66]) qui établit que si une
déformation est proche d'une rotation au sens de la norme L?(Q;R3*3), alors cette rotation est
constante.

Pour un exposé plus exhaustif sur la hiérarchie de divers modéles de plaques, nous renvoyons
le lecteur & |68].

Les modéles de membrane

Dans cette thése, nous nous concentrons exclusivement sur divers types de modéles membra-
naires dérivés par la méthode de I'-convergence. Le point de départ repose sur un résultat abs-
trait d’existence et de représentation intégrale de I'-limite démontré par BRAIDES, FONSECA &
FRANCFORT dans [35]. Il est établi que si W, : Q x R3*3 — [0, +-00) est une famille de fonctions
de Carathéodory satisfaisant des conditions de croissance et de coercivité d’ordre 1 < p < o0
uniformément en e alors, pour une sous suite, la fonctionnelle E. : LP(£;R3) — [0, +oo] définie

/ We (m; Vot
Q

+o00 sinon

par

éVgu) dr siue€ WHP(Q;R3),
E.(u) :=

I'-converge pour la topologie forte de LP(; R3) vers

2/ W(aza;vau) dr, siu€ WhHP(w;R3),
E(u) := ¥

+00 sinon,

ot W :wx R3>2 [0,4+00) est une fonction universelle. Par la suite, nous identifierons sys-
tématiquement les fonctions définies sur w avec celles définies sur 2 indépendantes de z3. A ce
degré d’abstraction, il semble impossible de décrire plus précisément la forme de W.La question
consiste alors & essayer d’identifier W dans certains cas particuliers. Une large littérature existe
a ce sujet et nous nous proposons d’en donner un bref apergu tout en soulignant les problémes
restés jusque la en suspens. Notons que dans la plupart des études a ce sujet, les auteurs imposent
une condition de croissance sur ’énergie. Il ne s’agit donc pas rigoureusement d’hyperélasticité,
car cela proscrit la contrainte usuelle que 1’énergie devrait exploser quand le Jacobien de la trans-

formation tend vers zéro, mais plutot d’élasticité non linéaire.

Dans la Section 3 de [35], BRAIDES, FONSECA & FRANCFORT ont généralisé le résultat de
LE DRET & RAOULT |74] au cas de matériaux hétérogeénes dans la section, c’est-a-dire dont la
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densité d’énergie élastique est donnée par We(x; F') = W(xs; F). Ils ont démontré que

W(F) := inf ][ W (z3; F + Va¢|LV3¢) dry drs: L >0,
Lid | J(0,1)2x(~1,1)

¢ € WHP((0,1)% x (=1, 1);R%), ¢ = 0 sur 9(0,1)% x (-1, 1)} .

et que si W est indépendant de x3, W coincide exactement avec OWy. Cependant, leurs argu-
ments ne semblent pas suffire & traiter le cas d’une hétérogénéité macroscopique quelconque et
indépendante de ¢, c’est-a-dire quand W, (z; F') = W (x; F). Ceci fait 'objet de la premiére partie
du Chapitre 1 de cette thése.

Ensuite, dans la Section 4 de [35], BRAIDES, FONSECA & FRANCFORT ont appliqué leur
résultat abstrait a un probléme typique d’homogénéisation, c’est-a-dire au cas d’un matériau
possédant une microstructure et un profil périodiquement oscillants & une vitesse du méme ordre
de grandeur que I’épaisseur. Parallélement, dans [8], ANSINT & BRAIDES ont traité le cas ou la
période d’oscillation de la frontiére est beaucoup plus petite que 1’épaisseur. Il s’agit alors d’un
probléme multi-échelle dans lequel on s’attend heuristiquement dans un premier temps a étudier
un probléme classique d’homogénéisation et ensuite de réduction de dimension portant sur la
fonctionnelle homogénéisée. Par ailleurs, des problémes d’homogénéisation réitérée ont été mis
en oeuvre par SHU dans [88]. L’auteur a considéré des matériaux martensitiques dans lesquels
sont mis en compétition d'une part un terme classique d’énergie élastique, et d’autre part un
terme d’énergie interfaciale de type Van der Waals, quadratique par rapport aux dérivées d’ordre
deux. Le cas général d'une énergie non linéaire dépendant du tenseur des dérivées d’ordre deux
a été étudié de fagon abstraite par SANTOS & ZAPPALE dans [87|. Les problémes cités ci-dessus
ne décrivent seulement que des phénoménes d’homogénéisation dans le plan, faisant intervenir
une densité d’énergie du type We(z; F) = W(za /e, 23; F) ot W (-, z3; F) est (0,1)2-périodique.
Dans ce cas, il a été démontré dans [35, 88| que

W(F) := inf ][ W (2o, 23; F + Vao|V3p) drg dxs : T >0,
¢ | J(0,1)2x(-1,1)

¢ € WHP((0,7)? x (=1,1);R?), ¢ = 0 sur 9(0,T)* x (-1, 1>}-

Cependant, I’homogénéisation dans la direction transverse xs, c¢’est-a-dire la direction par rap-
port & laquelle on réduit la dimension, n’a pas été traitée. Cette situation correspond & un cas
particulier des problémes d’homogénéisation réitérée étudiés dans le Chapitre 2 de cette thése.

Dans la Section 5 de [35], BRAIDES, FONSECA & FRANCFORT donnent une application aux
problémes d’optimisation de forme. Dans [57|, FONSECA & FRANCFORT ont préalablement consi-
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déré le cas de mixtures & géométrie cylindrique, c’est-a-dire dont la fonction caractéristique des
phases ne dépend pas de z3. Ce résultat a été généralisé dans [35] au cas o la distribution de
matériau peut aussi dépendre de la variable transverse x3. Le prix a payer est que les auteurs
n’obtiennent pas exactement une caractérisation de la I'-limite mais seulement une borne infé-

rieure.

Des problémes de décollement de films minces ont été traités par BHATTACHARYA, FONSECA &
FRANCFORT dans [23] qui ont considéré la superposition de deux matériaux dont la possibilité de
décollement est pénalisée par une énergie interfaciale payant le saut de déformation a l'interface.
Autrement dit, ils ont étudié la I'-convergence de fonctionnelles du type

/ W <Vau‘1V3u> dz + / W (vau(1v3u> dx + 2! / U(ut —u”)dzg
wx(0,1) € wx(=1,0) € w

sur WhP(w x (0,1); R} UWIP(w x (—1,0); R3) ott uT (z4) := u(zq, £1). Quand o < 1, I'énergie
interfaciale est forte et tend vers l'infini & moins que les déformations deviennent asymptotique-
ment continues a travers la surface moyenne. En revanche, lorsque o > 1, ’énergie interfaciale
est faible et la I'-limite peut étre finie méme si les déformations sont discontinues a travers l'in-
terface. En particulier, si &« = 1, on obtient un modéle contenant des énergies de volume et
interfaciale alors que si a > 1, I’énergie interfaciale disparait & la limite. Une autre étude menée
dans [6] par ANSINT dans le contexte du Probléme de la Passoire de Neumann, donne aussi lieu a
des phénomeénes similaires. Contrairement & BHATTACHARYA, FONSECA & FRANCFORT, il n’y
a pas d’énergie interfaciale présente au début de I’analyse et le décollement est di a la présence
d’une zone de contact périodiquement distribuée entre les deux films minces. Dans [6], ANSINT
a considéré le cas ou I’épaisseur des cylindres € et la période de distribution des trous ¢ sont
du méme ordre de grandeur et on peut remarquer que les mémes arguments subsistent lorsque
6 < €. Cependant, ils ne permettent pas de traiter le cas ol € < § qui fait 'objet du Chapitre
3 de cette these.

Dans [34]|, BRAIDES & FONSECA ont appliqué ces techniques de réduction dimensionnelle
a des problémes de mécanique de la rupture. Comme une déformation peut étre discontinue a
travers les fissures, le cadre fonctionnel des Espaces de Sobolev semble insuffisant. Dans [50], DE
GIORGI, CARRIERO & LEACI ont suggéré, pour ’étude de la fonctionnelle de Mumford-Shah,
d’utiliser une formulation faible de ce type de Problémes auz Discontinuités Libres en rempla-
cant les fissures par I'ensemble des discontinuités du champ des déformations. On peut alors
définir un cadre fonctionnel dans l'espace des fonctions Spéciales a Variation Bornée. BRAIDES
& FONSECA ont obtenu un résultat de I'-convergence dans [34], par la suite amélioré par Bou-
CHITTE, FONSECA, LEONI & MASCARENHAS dans 28] qui ont imposé moins de restrictions sur
la densité d’énergie de surface. Néanmoins, dans les deux cas, les auteurs ont di considérer des
énergies de surface qui croissent linéairement par rapport au saut de déformation. Or, ce type de
comportement n’est pas trés réaliste car il proscrit des énergies de type Griffith ou Barenblatt
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qui se comportent asymptotiquement comme une constante. BRAIDES & FONSECA ont toutefois
suggéré une maniére de traiter une énergie de type Griffith par perturbation singuliére. Dans le
Chapitre 4, nous présentons une démonstration alternative basée sur un argument direct. Notons
que le probléme étudié par BHATTACHARYA, FONSECA & FRANCFORT dans [23] peut étre vu
comme un probléme de rupture en imposant a toute fissure de rester dans la section moyenne de
la plaque.

Les problemes décrits ci-dessus ont en commun qu’ils nécessitent une bonne compréhension
de ce que nous appellerons le gradient rescalé. En effet, dans le cadre des Espaces de Sobolev,
si nous nous donnons une suite minimisante {u.} C LP(Q;R3) a énergie finie et convergeant
fortement vers u dans LP(Q;R3), au vu de la condition de coercivité d’ordre 1 < p < oo satisfaite

1
sup/ (Vau€ —V3u5>
e>0JQ €

apparait naturellement. Ceci implique que u € W1P(w;R?) et que (pour une sous suite) %Vgug —
b faiblement dans LP(£;R3). BOCEA & FONSECA ont étudié la structure de telles suites dans
[25]. IIs ont démontré que u. peut toujours se décomposer en une somme de deux suites w, et

par Wg, la borne
P

dx < +o0 (5)

Ze, Ol z. porte les effets de concentration, ¢’est-a-dire {‘(Vaw{_;@nge) ‘p} est équi-intégrable,
et we porte les oscillations, autrement dit z. — 0 en mesure. Plus précisément,

Théoréme 3. Soit w C R? un ouvert borné a frontiére Lipschitz, Q := w x (=1,1) et {u.} une
suite bornée dans WHP(Q;R3) satisfaisant (5). Supposons de plus que u. — u faiblement dans
WP (Q; R3) et %Vgua — b faiblement dans LP(S;R3). Alors il existe une sous suite (toujours
notée {e}) et une suite {w.} C WH(Q;R3) telles que

(i) L2{z € Q: ue(z) # we(x)}) - 0;
(11) {!(VawEEnge) !p} est équi-intégrable ;
(iii) w. — u faiblement dans WHP(Q;R3) ;

(1v) %nga — b faiblement dans LP(Q;R3).

Ce résultat est a rapprocher du Lemme de Décomposition démontré par FONSECA, MULLER
& PEDREGAL dans [61] (voir aussi FONSECA & LEONI |59]) établi pour des suites de gradients.
Comme, a priori, le vecteur de Cosserat b est complétement indépendant de la déformation w, il
semble naturel de le prendre en compte lors du processus de relaxation et de déterminer comment
la fonctionnelle relaxée en dépend. Une premiére approche a été donnée par BOUCHITTE, FON-
SECA & MASCARENHAS dans [27|. En effet, le développement asymptotique mis en oeuvre par
Fox, RaouLt & SiMO dans [62]| ne proscrit pas totalement des forces de surface d’ordre 1. En
fait, les forces de surface du type g. = go + €9 sont admissibles & condition que la résultante du
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terme d’ordre 1 soit nul : go(za, 1) + go(za, —1) = 0. Dans |74], LE DRET & RAOULT imposent
implicitement & gg d’étre identiquement nul, ce qui se traduit physiquement par le fait que la
plaque ne peut pas supporter une charge qui ne tend pas vers zéro avec ’épaisseur. Néanmoins, il
est possible de prendre en compte le cas général comme 1’ont fait BOUCHITTE, FONSECA & MAS-
CARENHAS dans [27], faisant apparaitre & la limite, en plus du champ des déformations u, une
densité de moment fléchissant obtenue en faisant la moyenne dans I’épaisseur du vecteur de Cos-
serat b. Autrement dit, ils ont démontré que la fonctionnelle Fy : LP(€; R3) x LP(w; R?) — [0, +-oq]
définie par

LpO. M3
_ / w <Vo¢u‘1V3u> dr si TIL €1W (R%), —
F.(u,b) := Q € = f_l Vau(-, x3)dr3 = b,

+00 sinon,

I"-converge vers

2/ QW (Voul|b)dre siue€ WHP(w;R3),

+00 sinon,

oil, pour tout (F|z) € R3*2? x R3,

Q*W(F|z) := inf ][ W (F + Vap|LV3p) dzs drs :
L>0.0 | J(0,1)2x(-1,1)

© € WhP((0,1)? x (=1,1);R?), ©(-,x3) est (0,1)*-périodique p.p. tout x3 € (—1,1)

et L][ Vspdr =z ;. (6)
(0,1)2x(—1,1)

Ce résultat a été généralisé dans la deuxiéme partie du Chapitre 1 de cette thése au cas
d’une hétérogénéité macroscopique quelconque, indépendante de e. Il semble cependant diffi-
cile d’étendre ces résultats au cas plus général ou 'on ne fait pas la moyenne dans la sec-
tion. Dans [24], BOCEA a obtenu une représentation intégrale de la I'-limite de la fonctionnelle
G. : LP(S;R?) x LP(;R3) — [0, +00] définie par

1,p .3
/ W (Vau 1Vgu> de sid Y € WP R),
Ge(u,b) := Q €

%Vgu =0,
+00 sinon,

en terme de mesures d’Young engendrées par des gradients rescalés (a-gradient p-Young mea-
sures). Cependant, il manque une bonne compréhension de ce que sont de telles mesures. Dans
[26], BOCEA & FONSECA ont réussi a caractériser les mesures d’Young engendrées par des gra-
dients rescalés lorsque le terme en dérivée par rapport a x3 est intégré dans la section (bending
Young measures). Le cas général semble encore a 'heure actuelle hors de portée.
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Description des résultats

Le premier chapitre de cette thése constitue un travail en collaboration avec GILLES FRANCFORT
et a donné lieu a une publication [15] dans la revue ESAIM : Control, Optimization and Calculus
of Variations. Le but est de généraliser les résultats de LE DRET & RAoULT [74], de BRAIDES,
FoNsEcA & FRANCFORT [35] et de BOUCHITTE, FONSECA & MASCARENHAS |27] au cas d’une
densité d’énergie élastique hétérogeéne de la forme We(x; F) = W (z; F), on W :  x R¥3 —
[0, +00) est une fonction de Carathéodory satisfaisant des conditions de croissance et de coercivité
usuelles d’ordre 1 < p < oo. Plus précisément, il s’agit d’étudier le comportement asymptotique
au sens de la I'-convergence de la fonctionnelle

WIP(QR?) 5 u / w (x; VauEVgu> dx
Q

lorsque € tend vers zéro. Comme toute suite minimisante a énergie finie admet une borne sur son
gradient dans LP(2;R3*3), le cadre fonctionnel naturel pour I'étude de tels problémes est celui
de P'espace de Sobolev W1P(Q; R3) muni de sa topologie faible. Dans la continuité des travaux
effectués par LE DRET & RAOULT [74] et BRAIDES, FONSECA & FRANCFORT [35], nous donnons
une expression de la I'-limite généralisant ainsi leurs résultats au cas d’'une membrane hétérogéne.
On démontre dans ce cas que la I'-limite est donnée par

WhP(w;R3) 5 u — 2 / W(za; Vau) dz,

oil la densité d’énergie élastique W : w x R3*2 — [0, +-00) est la fonction de Carathéodory définie
par

W(xo; F) := inf ][ W (z0,3; F + Vop|LV30) drg dvs : L >0,
Lié | J(0,1)2x(-1,1)

¢ € WHP((0,1)* x (=1,1);R%), ¢ = 0 sur 9(0,1)* x (-1, 1>}-

Il est trivial de constater que ce résultat étend effectivement (4) au cas hétérogeéne.

Comme nous I'avons souligné précédemment, si {u.} C WHP(£; R?) est une suite minimisante
a énergie finie, elle satisfait nécessairement (pour une sous suite) %Vgua — b faiblement dans
LP(2;R3), faisant apparaitre a la limite un vecteur de Cosserat. Il semble alors naturel de prendre
en compte ce comportement lors de I’analyse par I'-convergence. Tout comme dans BOUCHITTE,
FONSECA & MASCARENHAS [27], faute de pouvoir considérer le cas général, nous traitons un
probléme simplifié qui consiste & prendre la moyenne dans la section de ce terme. Nous sommes
alors amenés a étudier exactement la méme fonctionnelle que précédemment mais cette fois-ci
pour la topologie faible de WhP(Q;R3) x LP(w;R3). La I'-limite dépend alors de deux champs
de vecteur : la déformation u et la moyenne dans la section du vecteur de Cosserat b, interprétée
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comme une densité de moment fléchissant. Elle est donnée par
WP (w;R3) x LP(w;R?) 3 (u,b) — 2/ Q*W (2; Vaulb) dry,
w

ot la fonction Q*W : w x R3*2 x R? — [0, +-00) est définie par

Q*W (xg; Flz) := inf ][ OW (20, x3; F + V| LV3) dry, drs :
L>0¢ | J(0,1)2x(=1,1)

© € WHP((0,1)? x (=1,1);R3), (-, z3) est (0,1)*-périodique p.p. tout x3 € (—1,1),

et L][ Vggpd:r:z}.
(0,1)x(—1,1)

Contrairement a (6), il semble nécessaire de quasiconvexifier W dans la formule précédente. Ceci
est di au fait que nous avons besoin d’exploiter le caractére p-Lipschitz de 'intégrande qui n’est
en général pas vérifié par W mais qui l'est toujours pour QW (voir DACOROGNA [44]). D’apres la
Proposition 1.1 dans BOUCHITTE, FONSECA & MASCARENHAS [27], nous constatons que cette
derniére formule généralise effectivement (6).

Bien que nous étudions deux fois la méme fonctionnelle, la différence des topologies nous
conduit & deux modéles de membrane différents. Nous démontrons toutefois que le premier modéle
est un cas particulier du deuxiéme via un probléme de minimisation, c’est-a-dire

/E(ma; Vou)dzr, = min / Q*W (za; Vaulb) dzy,.
w beL?r(w;R3) Jw

La démonstration de ces deux résultats repose sur le lemme d’équi-intégrabilité démontré par
BoceA & FONSECA dans [25] (voir Théoréme 3) qui assure que toute suite atteignant la I'-limite
peut étre choisie de telle sorte que son gradient rescalé est p-équi-intégrable. La stratégie consiste
alors a se servir du résultat préalablement établi dans le cas homogene (pas de dépendance en
Zo). Pour ce faire, nous introduisons une méthode de dédoublement de variable qui consiste a
geler la variable macroscopique 4. Le Théoréme de Scorza-Dragoni (voir EKELAND & TEMAM
[54]) nous permet d’affirmer que la restriction de W sur un compact K C €, dont le complé-
mentaire a une mesure de Lebesgue arbitrairement petite, est continue. L’équi-intégrabilité du
gradient rescalé assurera que I'énergie calculée sur 2\ K tend vers zéro. La difficulté qui apparait
alors est la différence de structure entre le probléme de départ et le probléme limite : comme le
passage a la limite fait disparaitre une dimension, nous ne pouvons pas, tout comme en relaxation
classique, utiliser directement un argument de continuité uniforme. En effet, si ¢ € w est fixé,
pour tout (z4,r3) € K, nous devons assurer que (zg,z3) € K ce qui n’est en général pas le cas
car K n’est que compact. Une fagon de remédier & ce probléme consiste a étendre W en une
fonction continue sur tout Q x R3*3. Ceci est rendu possible grace & un théoréme d’extension de
fonctions continues en dehors d’'un compact (voir Theorem 1, Section 1.2 dans EvANs & Ga-
RIEPY |55]). Nous avons toutefois besoin de nous restreindre a ’ensemble des points z € € tels
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que le gradient rescalé reste dans une boule fermée B de R3*3 de rayon fixe mais arbitrairement
grand. L’inégalité de Chebyshev implique alors que le complémentaire de cet ensemble a une
mesure de Lebesgue arbitrairement petite, et donc, 1’énergie calculée sur cet ensemble tend vers
zéro. Comme W est continue sur K x B et que K x B est un compact de R? x R3*3 on peut
étendre W en une fonction continue, notée W, sur R? x R3*3. L’équi-intégrabilité et le fait que les
« mauvais ensembles » ont une mesure de Lebesgue qui tend vers zéro, impliquent que 1’énergie
calculée sur Q\ K et sur 'ensemble des points = € Q tels que le gradient rescalé n’appartient pas
A B tend vers zéro. Nous pouvons alors remplacer W par W sous le signe intégral. Ensuite, nous
appliquons un argument de continuité uniforme & cette nouvelle fonction et nous nous servons
de I'équi-intégrabilité du gradient rescalé pour revenir & W en remontant les étapes précédentes.

Le deuxiéme chapitre de cette thése a fait I’objet d’un travail en collaboration avec MARGA-
RIDA BAITA et a donné lieu & deux articles : le premier [13] a été accepté dans la revue Proceedings
of the Royal Society of Edinburgh, Section A, et Uautre [14] a été soumis dans la revue Asymp-
totic Analysis. 11 s’agit toujours d’étudier des films minces hétérogénes, mais cette fois-ci, nous
supposons que le matériau posséde une microstructure périodique c’est-a-dire une hétérogénéité
dépendant périodiquement de I’épaisseur e (voir figure 3). Ceci nous conduit & considérer les

%_82_8%
N
i T -

— —
€ 2

FiG. 3 Exemple de domaine possédant une microstructure périodique d’ordre € et &2

deux phénomeénes simultanés de réduction dimensionnelle et d’homogénéisation réitérée. Plus
précisément, il s’agit d’étudier le comportement asymptotique de la fonctionnelle

T Ty

Wl’p(Q;R?’)9u»—>/W<:E,—,—2;Vau
Q e €

1
—Vgu) dx
€

quand ¢ tend vers zéro, oit W :  x R? x R? x R3*3 — [0, +-00) satisfait, comme précédemment,
des conditions de croissance et de coercivité d’ordre 1 < p < co. Dans un premier temps, il
convient de discuter sous quelles hypotheéses de régularité et de périodicité sur W, la fonctionnelle
précédente est bien définie. Afin d’étendre le résultat établi dans la premiére partie du chapitre 1,
nous avons pris le parti de supposer que W est mesurable en sa premiére variable x et continue
par rapport aux autres arguments. Nous verrons que cela ne sera pas suffisant pour donner
un sens au probléme et nous préciserons ultérieurement ces hypothéses. Pour ce qui est de la
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périodicité, revenons temporairement & la configuration physique en effectuant le changement
d’échelle inverse : de fagon équivalente, on est amené a étudier la fonctionnelle
1 T3 To T3 T
WP(Q R 30— —/ w <:17a, —3, -, —g, —;‘;Vv) dx.
€ Ja. N
Comme €2 < £3(Q.), heuristiquement on s’attend tout d’abord & étudier un probléme d’ho-
mogénéisation pure (c’est-a-dire sans réduction dimensionnelle) dans lequel il est naturel de
supposer que z +— W (Za, Y3, Ya, 23, 2a; F') est (0,1)3-périodique. Passant a la limite lorsque &2

tend vers zéro, laissant € fixé, ceci nous conduit & une fonctionnelle homogénéisée de la forme
1 T3 T
IVL%QaR%zavH»—/‘wam1@@fﬁfi2vU)¢a (7)
€ Ja. €’ €
0l Whom @ Q x R x R3*3 — [0, 4-00) est définie par

Whom (ZTas Y3, Ya; F) = TiIéfNigf{ (OT)3W(wa,ys,ya,Z:),,za;FJrVé(Z))dz:

¢€Wwaﬂw%- (8)

L’analyse asymptotique de (7) révéle que les phénomeénes d’homogénéisation et de réduction de
dimension apparaissent en méme temps a 'ordre €. En revenant par changement d’échelle a la
configuration « rescalée », il est équivalent d’étudier la fonctionnelle

Lo

1
WLP(Q;]R3) Sur—> / Whom <a:, ?;Vau‘gV;),u) dx.
Q

Dans ce cas, on remarque que I’homogénéisation n’est effective que dans le plan et donc, nous sup-
posons que Yo — Whom(Ta, Y3, Ya; F) est (0,1)2-périodique. En particulier, cette condition peut
étre obtenue a partir de la (0, 1)2-périodicité de yo — W(Za, Y3, Ya, 23, 2a; F). Nous démontrons
alors que cette derniére fonctionnelle I'-converge vers

Wl’p(w;R3) DU 2/ Whom($a§ vau) Az, (9)

ott Whem : w x R3*2 — [0, +00) est donnée par

Whom($a§ F) = inf inf ][ Whom(xay Y3, Yas F + VQQS(y)Ingb(y)) dy :
TeN ¢ (0,T)2x(—1,1)

¢eW“WQﬂ2xFLDR%,¢=0mHWQﬂ2XFLU} (10)

Au vu des formules (8) et (10), un critére de mesurabilité global sur W par rapport aux va-

riables macroscopiques et oscillantes s’impose car le caractére Carathéodory, préalablement re-
quis sur W, ne parait pas se conserver lors du passage a la I'-limite. En effet, comme Wy,
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et Whom s’obtiennent en croisant les variables oscillantes, il est nécessaire de supposer que
(Tay Yy 2) = W (Ta, Y3, Yo, 23, 2a; F) est L3 @ L3 @ L2-mesurable pour assurer, au final, que les
intégrales dans (7), (8) (9) et (10) sont bien définies.

La technique utilisée dans la démonstration de ce résultat est trés similaire a celle du chapitre
1. Dans un premier temps, nous prouvons le résultat dans le cas ot la densité d’énergie élastique
W ne dépend pas explicitement de la variable macroscopique z. 1l suffit alors d’adapter les ar-
guments employés dans la démonstration du résultat d’homogénéisation réitérée (voir Theorem
22.1 dans BRAIDES & DEFRANCESCHI [32]) au cas de la réduction dimensionnelle. Ensuite nous
étudions le cas général grace a cette méme technique de dédoublement de variable. Nous avons
pu raffiner cette méthode grace au théoréme d’extension de Tietze (voir DIBENEDETTO [53])
qui permet d’étendre sur tout I’espace n’importe quelle fonction continue définie sur un fermé
(au lieu d’'un compact comme c’était le cas du Theorem 1, Section 1.2 dans EVANS & GARIEPY
[55]). En utilisant le théoréme de Scorza-Dragoni, nous sommes alors & méme d’établir que toute
fonction de Carathéodory coincide avec une fonction continue a l’extérieur d’'un ensemble de
mesure de Lebesgue arbitrairement petite. De plus, cette fonction continue hérite des propriétés
de croissance et de périodicité faites sur W. Nous remplacons alors W par cette fonction continue
et nous procédons comme dans le chapitre 1 via un argument de continuité uniforme. A nouveau,
les termes résiduels tendent vers zéro car il s’agit juste d’estimer 'énergie sur des ensembles de
mesure arbitrairement petite. Le lemme d’équi-intégrabilité de BOCEA & FONSECA [25]| rend
cela possible car les suites minimisantes peuvent étre choisies de facon & avoir un gradient rescalé

p-équi-intégrable.

Le troisiéme chapitre a fait 'objet d’un travail en collaboration avec NADIA ANSINI et CATE-
RINA IDA ZEPPIERI. Il s’agit d’étudier le comportement asymptotique de 1’énergie élastique d’un
matériau formé de deux couches minces dont l'interface est constituée de zones de connection
périodiquement distribuées. Notons que 'un des deux films minces pourrait étre remplacé par
un substrat mince de telle sorte que notre probléeme s’interpréterait comme le décollement di
a un défaut de l'interface — d’un film mince a partir de ce méme substrat. Nous étudions ici le
cas ou l'épaisseur des films € est beaucoup plus petite que la période de distribution ¢ des zones
de connection. Notre approche est trés similaire de celle employée par ANSINI dans [6] qui a
traité le cas oul € ~ . Contrairement aux autres chapitres de cette thése, nous ne nous placerons
pas dans le cadre du passage 3D-2D mais dans celui plus général du passage nD-(n — 1)D car
ici, la dimension n de ’espace de départ joue un role particulierement important. Une zone de
connection est une boule (n — 1)-dimensionnelle, notée B.(i6), de centre i6, avec i € Z"~1, et de
rayon r > 0 & déterminer de facon a obtenir un modéle limite non trivial. Si w C R”7! est un
ouvert borné, le matériau que nous allons prendre en compte occupe dans sa configuration de

202 ) € . P P
référence 'ouvert Qf (voir figure 4) paramétré par

5= wx (—5,0]Uwx (0,9)]U | |J Buid)nwx {0} .

ieZn—1
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w\ Uiezn-1(B1(i6) Nw)

FiG. 4 Le domaine €25

Tout comme dans Ansini [6], nous nous attendons a voir apparaitre a la limite un terme
d’énergie interfaciale d’ordre zéro pour des zones de connection ayant un rayon r bien déterminé.
Ce probléme ainsi posé met en jeu trois paramétres €, § et r. Il semble naturel de prendre
en compte leurs taux de convergence lors de ’analyse asymptotique. Dans cette étude, nous
supposons que € < d. Par ailleurs, comme w \ {J;czn—1(B;.(i0) Nw) est une partie de la frontiere,
toute déformation admissible peut étre discontinue a travers cette partie du bord. On peut alors
toujours supposer que 7 < § car sinon, il se pourrait que les zones de connection s’intersectent
deux a deux, auquel cas toute déformation admissible serait nécessairement continue a l'interface,
donnant lieu & une énergie interfaciale identiquement nulle. Reste & prendre en compte le dernier
ratio /e mettant en évidence trois régimes différents. On se donne trois suites {¢;}, {0;} et {r;}
qui tendent vers zéro, on note €); := Q T et nous supposons que
lim 2= lim 2 =0 et lim Q::EG[O,—i—oo].

j——+oo 5]' j——+oo 5]' Jo+too €
Les trois régimes évoqués plus haut correspondent aux cas ou £ =0, 0 < £ < +00 et £ = 400.

Nous considérons des matériaux homogénes dont la densité d’énergie élastique est donnée par

la fonction W : R™*™ — [0, +00) a croissance 1 < p < n — 1. L’énergie élastique est alors définie

par

WhP(Q,; R™) 9uH—/ W(Vu)d
On démontre que cette fonctionnelle I'-converge vers

WP (w; R™) 3 uF — / OWy(Vau™) dzy + / OWy(Vau™ ) dzq + RY / O (ut —u7) dag,
w w w
ou QW) est la méme fonction que celle obtenue par LE DRET & RAOULT dans [74]. Les nombres
0 < R® < +00 rendent comptent de ordre de grandeur des rayons critiques selon le régime £ :

n—p n—p—1

RO = Jim — R = Jim
j—eo g507 " J—teo

—— et RY =R = ¢7'RO) 5i £ € (0, +00).
J
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En notant O}« := {(%4,0) € R : |24| > 1}, les fonctions ¢ : R™ — [0, +00) sont données
par les formules de type capacités non linéaires suivantes :

pO(z) = inf{ / g(V¢)dz : ¢ € WLP(R™\ C1o0;R™), V(€ LP(R™\ €} 00; R™™),
R"\Clyoo

¢ — z € LP(0,400; LP (R"1 R™)) et ¢ € LP(—o0,0; LP" (R”‘l;Rm))},

sil € (0,400),
(z) = inf { / 9(ValltVnC) dx : ¢ € WP (R x (=1,1)) \ C 0; R™),
(R*=1x(—1,1)\C1,00
V¢ € LP((R™! x (=1,1)) \ CLoo; R™™), ¢ — 2 € LP(0,1; L (R" " R™))
et ¢ € LP(—1,0; L (R”‘l;Rm))}
et enfin

(@) (z) = inf{ / (Q90(Valh) + Qgo(ValT)) daa = ¢F € WEP(RMLR™),
Rnfl
¢t = (" sur BY(0), Vo(* € LP(RMHR™OTY),

(t—zet( € LP*(R"—l;Rm)}.

Dans les formules précédentes, nous avons noté g : R™*" — [0, +00) et go : R™*(=1) — [0, +00)
les fonctions définies par g(F) = lim;_, ;oo T?QW(T]-_lF) et go(F) = inf{g(F|z) : z € R™},
p*:=(n—1)p/(n —1— p) désigne 'exposant de Sobolev en dimension n — 1.

La démonstration, basée sur une méthode introduite par ANSINI & BRAIDES dans [9, 10],
est trés semblable & celle employée par ANSINT dans |6]. Elle consiste a séparer les contributions
proches et lointaines des zones de connection en modifiant les suites minimisantes de fagon a
ce qu’elles aient une valeur constante sur la partie supérieure et inférieure de la frontiére d’une
sphére entourant chaque zone de connection. Malheureusement, par construction, le rayon de
cette sphére est du méme ordre de grandeur que §. Dans notre cas, comme ¢ < ¢, il se pourrait
que cette sphére ne soit pas contenue entiérement dans I’épaisseur du cylindre. Pour remédier a
cet inconvénient, nous changeons la géométrie du probléme en modifiant les suites minimisantes,
non pas sur une sphére, mais sur le bord latéral d’un cylindre. La valeur que nous imposons
est exactement la moyenne de la suite sur la partie supérieure et inférieure du cylindre. Celle-ci
est particuliérement intéressante car nous démontrons que le terme d’énergie interfaciale peut

s’écrire comme la limite d’une sorte de somme de Riemann ou la valeur de la fonction en un
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point particulier est justement remplacée par cette moyenne. Le résultat de I'-convergence est
alors obtenu par un argument direct d’estimation des I'-limites inférieure et supérieure.

Le quatriéme chapitre de cette thése est le contenu d’un article [12] accepté dans la revue
Calculus of Variations and Partial Differential Equations. 11 s’agit d’étudier des films minces
cassables et ’évolution quasistatique des fissures au cours du temps. L’étude de la formulation
faible du probléme statique consiste & étudier le comportement asymptotique de la fonctionnelle

§v3u> d:z:—l—/s(u) ((uu)a‘é(yu)?))

lorsque € tend vers zéro. Le probléme majeur intervenant ici est le manque de compacité dans
SBVP(Q;R3) des suites minimisantes. Contrairement 4 BRAIDES & FONSECA dans [34] et BOU-
CHITTE, FONSECA, LEONT & MASCARENHAS dans |28], le terme d’énergie de surface ne permet

dH?

SBVP(Q:R3) 5 u — / W <Vau
Q

pas d’avoir une borne sur la partie saut du gradient des suites minimisantes. Pour remédier a ce
probléme, nous procédons comme FONSECA & FRANCFORT dans [56] en utilisant un argument
de troncature. Nous pouvons alors démontrer que toute suite minimisante convergeant forte-
ment dans L'(€2;R?) vers une limite essentiellement bornée, est elle-méme uniformément bornée
dans L>(Q;R3). Cet argument nous permet d’établir le résultat de I'-convergence pour des dé-
formations appartenant a L°°(£2;R?). Nous traitons ensuite le cas général par approximation
en choisissant correctement la suite de fonctions de troncature. Nous démontrons alors que la
I'-limite est donnée par

SBVP(w;R?) 3 u v 2/ OWo(Vau) drg + 2H (S (u))
w
ou QW) est la méme fonction que celle obtenue par LE DRET & RAOULT dans [74].

L’existence d’'une évolution quasistatique du modéle de FRANCFORT & MARIGO [64] a été
obtenu par DAL MAsO & TOADER [48] dans le cas quadratique et antiplan, c’est-a-dire W (F') =
|F|? et u est a valeurs scalaires. Cependant, leur approche nécessite de se restreindre au cas
bidimensionnel avec des restrictions topologiques sur les fissures : le nombre maximal de com-
posantes connexes est a priori connu. Ce résultat a par la suite été généralisé par CHAMBOLLE
dans [38] au cas de élasticité linéaire plane. Une autre approche utilisant une formulation faible
sans SBV a permis & FRANCFORT & LARSEN dans [63| d’étendre ce résultat sans restriction
aucune sur les fissures et sur la dimension. Le cas plus général de 1’élasticité non linéaire a été
par la suite traité par DAL MASO, FRANCFORT & TOADER dans [46, 47|.

Nous nous donnons un intervalle de temps [0, 7] pendant lequel nous imposons au matériau
une condition limite dépendant de t sur le bord latéral dw x (—1,1). Cette condition va étre
exprimée d’une facon peu habituelle dans le but de tenir compte des fissures pouvant apparaitre
sur le bord latéral. Pour ce faire, nous considérons le cylindre élargi Q' := o’ x (=1,1), on
W C w' C R2, et nous imposons la déformation ¢*(¢t) € WHP(Q; R3) sur dw x (—1,1) en exigeant
que toute déformation cinématiquement admissible v € SBVP(£)'; R3) au temps ¢, coincide avec
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g°(t) sur [w' \ @] x (—1,1). Notons que cette condition limite est le seul mécanisme qui fera
croitre les fissures au cours du chargement car le reste du bord w x {—1,1} est maintenu libre.
Supposons qu’il n’y a pas de fissure préexistante et notons uf € SBVP(QY; R?) une déformation
initiale qui minimise I’énergie totale du systéme & t = 0, c’est-a-dire

UH/QW<VQUEV3U> dx—i—/s(v) ((uv)a‘é(uv):»,)

parmi {v € SBVP(V;R3): v = ¢°(0) p.p. sur [ \w]x(—1,1)}. Tout comme dans DAL MASO,
FRANCFORT & TOADER [47], nous prendrons le parti de supposer que toute suite impliquée est

dH?,

uniformément bornée dans L°°(£)';R3). Cette hypothése, purement arbitraire, permet d’éviter
des points techniques liés aux espaces GSBV. Cependant, elle trouve toute sa justification dans
le cas scalaire par un argument de troncature a condition que ¢°(t) soit uniformément bornée
dans L*>®°(€)) en ¢ et t. Le Theorem 2.1 dans [47] implique alors que pour tout ¢ € [0,7], il
existe un couple (u®(t),I°(¢)) tel que u®(0) = uf et I'°(0) = S(uj) possédant les trois propriétés
suivantes :

Irréversibilité : T°(t1) C I'°(t2) pour tout 0 < t; <t <T';

Minimalité : pour tout ¢t € [0,T], S(u®(t)) C I'*(¢) et u®(t) minimise

v / %4 <Vav 1V3v> dx +/ <(Vv)a l(VU)?)>
Q € S(v)\I= (¢) €

parmi {v € SBVP(QV;R3) : v =g¢°(t) p.p. sur [ \@] x (—=1,1)};
Conservation de l’énergie : I'énergie totale

E(t) == /QW (Vaue(t)‘§V3u€(t)> dx + /Fe(t)

est absolument continue en temps et

dH?,

1

<(Vrs<t))a E (Vre@)g)

dH?

E.(t) = £.(0) + /0 t /Q oW <Vau€(7')EV3u5(T)> . (vagf(T)Evgge(T)> du dr.

Signalons que le fait que I'°(0) = S(uf) ne contredit pas 'hypothése d’absence de fissure pré-
existante. Cela signifie simplement que la fissure créée a l'instant initial est 1’ensemble des dis-
continuités de ug.

La question consiste ensuite & se demander si les processus de I'-convergence et d’évolution
quasistatique sont compatibles. Autrement dit, partant d'une évolution quasistatique du modele
tridimensionnel, il s’agit de savoir si elle converge en un certain sens vers une évolution quasista-
tique associée au modéle bidimensionnel limite. Notons g(t) € WP (w'; R3) la limite forte dans
WHP(Q;R3) de la suite {g°(t)}. Grace & des estimations d’énergie nous pouvons déduire I’exis-
tence d’une déformation u(t) € SBVP(w'; R3) telle que u(t) = g(t) sur w’\ © comme limite faible
dans SBVP(Y;R3) de la suite {u(¢)}. Nous pouvons aussi définir une fissure v(t) C @ comme
une variante de la oP-limite, introduite par DAL MAsO, FRANCFORT & TOADER dans [46, 47|,
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de la suite {I'*(¢)}. Il s’agit du plus grand ensemble de discontinuité de fonctions SBVP(w')
qui sont limites faibles dans SBVP?(€)') d’une suite de fonctions dont ’ensemble des discontinui-
tés est contenu dans I'“(¢), et dont le gradient approximé rescalé est uniformément borné dans
LP(€Y;R3). Nous démontrons ensuite que le couple (u(t),y(t)) est une évolution quasistatique
associée a la I-limite, c’est a dire v(0) = S(u(0)) et

(i) Irréversibilité : v(t1) C y(t2) pour tout 0 <t; <ty < T,

(i) Minimalité : pour tout ¢t € [0,T], S(u(t)) C v(t) et u(t) minimise

v 9 / QWo (Vo) dza + 2H (S(0) \ 7(1),

parmi {v € SBVP(W;R?) : v = g(t) p.p. sur ' \ @};
(iii) Conservation de l’énergie : 1'énergie totale

E(t) =2 / OWo(Vou(t)) dizo + 2H (+(t))

est absolument continue en temps et

E(t) = £(0) + 2 /0 / QW) (Vau(r)) - V§(7) die dr.

Le fait que 7(t) est croissante en temps est une propriété de la oP-convergence qui demeure dans
notre cas malgré les changements effectués. La propriété de minimalité est établie a I'instant
initial grace & un argument de I'-convergence avec condition de bord. Ceci est rendu possible
car on suppose justement que 'ouvert ne contient pas de fissure préexistante. Nous devons
par contre procéder autrement pour les temps suivants car ’énergie de surface différe alors
de celle utilisée dans le résultat de relaxation. Nous utilisons ici un théoréme de transfert de
saut qui est établi & partir du Theorem 2.1 de FRANCFORT & LARSEN dans [63] et par un
argument de slicing. Finalement la conservation de 1’énergie apparait comme une conséquence,
d’un coté du fait que 'on peut approcher une intégrale de Lebesgue par une somme de Riemann
convenablement choisie (voir HAHN [71] et HENSTOCK [72]), et de I’autre de la convergence faible
des contraintes OW (Vo us()|1V3us(t)) vers (0(QWo)(Vau(t))|0) dans LP'(Q; R3*3) (voir DAL
MASO, FRANCFORT & TOADER [46]). Enfin, nous démontrons la convergence des énergies de
volume et de surface tridimensionnelles vers leurs analogues bidimensionnelles respectivement :

/Q W <Vau€(t)EV3ua(t)> dz — 2 /w OWo (Vau(t)) dia,

/rs (t)

dH? — 2H ((1)).

<(Vre(t))a E (Vre(t))s,)
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Chapitre 1

Spatial heterogeneity in 3D-2D
dimensional reduction
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1.1. INTRODUCTION

1.1 Introduction

The purpose of this article is to study the behavior of a thin elastic plate, as the thickness
tends to zero. This approach renders more realistic the idealized view of a film as a thin plate.
The originality of the work comes from the heterogeneity of the material under consideration.
Previous results have been established in the homogeneous case; our aim here is to generalize
those. As we will see, accounting for inhomogeneity leads to technical difficulties linked to the
equi-integrable character of the scaled gradient. We will use a "classical" approach of the theory
of dimension reduction. In recent years, the investigation of dimensional reduction has focussed
on variational methods and used De Giorgi’s I'-convergence (see [32, 45|) as its main tool.

As far as 3D-2D asymptotic analysis is concerned, the seminal paper is [74], in which a
membrane model is derived from three-dimensional hyperelasticity. In its footstep several studies
have derived or re-derived various membrane-like models in various settings; see in particular
[35] and references therein ; note that in Section 3 of that paper, a transversally inhomogeneous
thin domain is studied, but that in-plane-homogeneity is imposed. Because of frame indifference,
it may occur that the membrane effect is not excited by the loads : this is the case for example
when the lateral boundary conditions on the thin domain are compressive (see e.g. Theorem 6.2
in [66]). Then the membrane energy, which results from a 3D-energy of the order of the thickness
g, is actually zero and lower energy modes are activated. In [62]|, a justification of classical
nonlinear plate models for a homogeneous isotropic material is given by a formal asymptotic
expension. Recently, those results have been rigorously justified by means of variational methods
for general homogeneous hyperelastic bodies. A Kirchhoff bending model in [65, 66], and a Foppl-
von Kéarmén model in [67] have been obtained when the 3D-energy scales respectively like &3
and &°.

The present study falls squarely within the membrane framework in the sense that, thanks to
frame indifference, the stored energy function depends only on the first fundamental form of the
deformed plate mid-surface. Our goal is to rigorously derive models for heterogeneous membranes
from their heterogeneous thin 3D-counterparts. The paper is devoted to a generalization of the
results established in |74], [35] and [27] to the case of a general inhomogeneity.

The key ingredient of this study is the equi-integrability theorem of [25] (Theorem 1.1 of
that reference). An alternative proof of that theorem was also communicated to the authors [29].
This theorem shows that a sequence of scaled gradients {(VauEEVgug)}, which is bounded in
LP(;R3*3), with p > 1, can be decomposed into the sum of two sequences {w.} and {z.} where
{‘(Vawg\%V;»,wg) ‘p} is equi-integrable and z. — 0 in measure.

Let w be a bounded open subset of R2. Consider . := w x (—¢, ¢), the reference configuration
of a hyperelastic heterogeneous thin film, with elastic energy density given by the e-dependent
Carathéodory function W, : Q. x R3*3 — R. We will assume e.g. that the body is clamped on
the lateral boundary I'. := 0w X (—¢, ) and that it is submitted to the action of surface traction
densities on Y. := w x {—¢,e}. The total energy of the system under a deformation u : Q. — R3
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is given by
E(e)(u) = We(z; Vu)de — | fo-udz — / ge - udH?,
Qe Qe E

where H? stands for the two-dimensional surface measure, f. € L (Q.;R3) denotes an appro-
priate dead load and g. € L¥ (X.; R3) some surface traction densities (1/p+1/p’ = 1). We denote
by Wll;p(Qe; R?) the space of kinematically admissible fields, that is the functions in WP(Q,;R3)
with zero trace on I'c. As is classical in hyperelasticity, the equilibrium problem is viewed as the
minimization problem

inf {5(5)(u) L u—ze€ ng’(gg;R?’)} :
Since the integration domain depends on e, we reformulate the problem on a fixed domain

through a 1/e-dilatation in the transverse direction zs. Let x, the vector (z1,2z2) € w, we set
V(To, 3/€) = u(zq, z3) and & (v) := E(e)(u)/e, then

£.(v) = /Q W ( vav<x>1§v3v<x>) dz — /Q fule) o) dr — - /E go(@2) - vlw) dH2,

where x. := (24,ex3). We set [ := (—1,1), Q:=w x I, ¥ := w x {—1,1}, denote by V,v the
3 x 2 matrix of partial derivatives 68:; (i € {1,2,3}, a € {1,2}) and by (F|z), the two first
columns of which are those of the matrix F € R3*2, while the last one is the vector z € R3. A
formal asymptotic expension in [62] shows that the membrane theory arises if the body forces is

of order 1 and the surfaces loadings is of order £. We next assume that

Wg(l‘a,€l‘3;F) = W(:Ea,$3;F),
f€($aa€$3) = f($a)$3)7
9e(Ta,ex3) = go(Ta,23) +c9(Ta,3)

where f € LY (Q:R?), go, g € LV (3;R3) and W : Q x R3*3 — R is a Carathéodory function
satisfying conditions of p-coercivity and p-growth : for some 0 < 3 < 3 < +oo and some
1 <p<oo,

BIFPP <W(x; F) < B(|FP+1), F € R¥3 forae. z €. (1.1.1)

The usual Euclidian norm on the space R”™*" of real m x n matrices is denoted by |F|. The
minimisation problem becomes

inf {58(1)) L v—x. € ngP(Q;R?))} , (1.1.2)

where Wllm(ﬂ; R3) stands for the functions in WP (£2; R3) with zero trace on the lateral boundary
I'=0w x I.

If we denote by ga—L (resp. g%) the trace of go (resp. g) on w x {£1}, in view of Remark 3.2.3 of
[62], the loading vectors g(')|r and g, must satisfy g(')|r + gy = 0. In the second section, we assume
the stronger condition that g(')|r = gy = 0. The physical implication of this assumption is that
the plate of thickness 2 cannot support a non vanishing resultant surface load as the thickness
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e goes to zero. We generalize here the result of [74] and [35] to a general inhomogeneity. In the
third section, we address the general case of admissible surface loadings. It deals with a similar
problem, in which the class of surface forces generates a bending moment density as in [27]; the
limit behavior is not solely characterized by the limit deformations (a R3-valued field defined
on the mid-plane), but it also involves the average of the Cosserat vector also defined on the
mid-plane. Once again, we generalize the result of [27] to the inhomogeneous case. The fourth
and last section demonstrates that the classical membrane model can be seen as a particular case
of the Cosserat model when the bending moment density is zero.

As for notation, A(w) is the family of open subsets of w; L™ stands for the n-dimensional
Lebesgue measure in R™ (in the sequel, n will be equal to 2 or 3) ; for any measurable set A C R"
and any measurable function f : R" — R, we write f, f(z)dz := L"(A)~! [, f(z)dx for the
average of f over A; — always denotes strong convergence whereas — (resp. —) denotes weak
(resp. weak-*) convergence. Finally, we loosely identify LP(w;R3) (resp. WP (w;R?)) with those
functions in LP(Q;R?) (resp. W1P(;R?)) that do not depend upon 3.

1.2 Classical nonlinear membrane model

In this section, we assume that g. = g with g € LPI(E;R?’). Thus, the minimization problem

(1.1.2) becomes
1V;»,fu)dﬂ:—/f—fuala:—/g-fua”'(Q}.
€ Q by

inf {/ %4 <a;;Vo/u
v—xseer’p(Q;R3) Q
/ w <a:;Vau‘lV3u> dr if ue WHP(A x I;R3),
AxI €

Define for any (u; A) € LP(Q;R?) x A(w),
Je(u; A) ==
400 otherwise,
and for any sequence {g;} \, 0"
Jiejy(us A) = {111Lljf} {1]1214{25 Je; (ug; A) s uj — win LP(A X I;R?’)} . (1.2.1)

Remark 1.2.1. For any A € A(w), Ji.;3(u; A) = +00 whenever u € LP(S;R3) \ WIP(A;R3),
as is easily seen in view of the definition of J., together with the coercivity condition (1.1.1).

By virtue of Remark 1.2.1, together with Theorem 2.5 in [35], for all sequences {¢;} \, 07,
there exists a subsequence {e,} = {¢;, } such that Ji. y(-; A) defined in (1.2.1) is the T'(LP)-limit
of J., (+; A). Further, there exists a Carathéodory function Wi,y tw X R3%2 — R such that, for
all A € A(w) and all u € WHP(A;R?)

A
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Remark 1.2.2. Lemma 2.6 of [35] implies that Ji. 1(u; A) is unchanged if the approximating
sequences {uy,} are constrained to match the lateral boundary condition of their target, i.e.
u, =uon 0A x I.

From now onward, we will assume that {e,} denotes a subsequence of {€;} such that the
[(LP)-limit of J, (u; A) exists, in which case it coincides with Jy. y(u; A). Under the hypothesis
that W is a homogeneous elastic energy density, it is proved in [74], Theorem 2, that J{an}(u; A)
does not depend upon the choice of the sequence {e,}. It is given by

Jiey(w; A) =2 / OWo(Vau) deg,
A

with for all F € R3*2,

Wo(F) := inf W(F|z),
z€R3

and,

OWy(F) := inf Wo(F + Vo) dza,
PeEW, P (Q;R3) J Q!

where Q' := (0,1)%, and QW is the 2D-quasiconvexification of Wy. This result was extended to
the case where W is also function of x3 in [35], Theorem 3.1. It is proved there that, in such a
case, Ji.,y is given by

Jioy (15 4) =2 / W(Vgr) dita,
A
with for all F € R3*2,
W(F) := inf W (z3; F + Va¢|LV3¢) drydrs: L >0,
L,¢ Q'xI

¢ € WHP(Q' x I;R?), ¢ = 0 on 9Q’ x I}.

We wish to extend those results to the case where W is a function of both x, and x3. We set, for
all F € R**2 and for a.e. 2o € w,

W(zo; F) := inf W (zg,23; F + Va@d|LV3¢) dr drs : L >0,
L,p Q'xI

peWHP(Q' x I;R?), ¢ =0 on Q' x I}. (1.2.2)

The following theorem holds :
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Theorem 1.2.3. For any A € A(w), the sequence J.(-; A) T'(LP)-converges to Jo(-; A) where for
all u € LP(S;R3),

2/ W (za; Vau)dr, if u € WHP(A;R3),
Jo(u; A) = 4

400 otherwise.

The proof of this Theorem is a direct consequence of Lemmas 1.2.4, 1.2.5 below.

1.2.1 The lower bound

Lemma 1.2.4. For all F € R3*? and for a.e. zg € w,
Wie,y(20: F) > W(zo; F).

Proof. Let us fix F € R3*? we set u(x,) := F - 2, and let 29 be a Lebesgue point of both
Wie,y(F) and W (- F). We denote by Q}(z¢), the cube of R? of center zy and side length r,
where r > 0 is fixed and small enough so that Q. (zg) € A(w). According to the equi-integrability
Theorem (Theorem 1.1 in [25]), there exists a subsequence of {€,} (not relabeled) and a sequence
{un} € WIP(Q(xg) x I;R?) such that

u, — 0in LP(QL.(z0) x I;R3),

{‘(Vaun‘ivzgun) p} is equi-integrable,

n—-+o0o

— 1
Jieny(u; Q. (20)) = lim W <:Ea,$3; F +Vauy, —Vgun> dxdrs.
L Qi (wo)x 1 €n

Set
F,(z) = <F + Vaun(x)

sivgun(:n)> .

n

For any h € N, we cover Q;(zo) with h? disjoints cubes @ ;, of side length r/h. Thus Q}(zo) =
2

U?:l Qg,h and

h2
Jieny(u; Q. (20)) = <limsup> limsupZ/ W (z; Fp(x)) d. (1.2.3)
h—too / m—too (23 JQ7 ), <1

Since W is a Carathéodory integrand, Scorza-Dragoni’s Theorem (see [54], Chapter VIII) implies
the existence, for any n > 0, of a compact set K, C {2 such that

L\ K,) <, (1.2.4)
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and the restriction of W to K, x R3*3 is continuous. For any A > 0, define
R) = {z € Q.(zo) x I : |Fy(z)| < A}.

By virtue of Chebyshev’s inequality, there exists a constant C' > 0 — which does not depend on

A — such that
n or suc a c

LY@ (o) X T\ RY) < 1.

Denoting by W the continuous extension of W outside K, x B(0,\) (defined e.g. in Theorem
1, Section 1.2 in [55]), W™ is continuous on R? x R3*3 and satisfies the following bound

(1.2.5)

0< WM a; F) < max W < B(1+AP) forall (z;F) € R® x RS, (1.2.6)
Ky xB(0,\)

In view of (1.2.3), we have

Jieny(u; Q1. (20)) > limsup lim sup lim sup lim supZ/ WMz Fy(x)) de.

A——+oo n—0 h—-+o0o m—-+o00 i=1 hXI]ﬂRkﬂKn

By virtue of (1.2.6) and (1.2.4),

Z/ WA (5 By () da < B(L+A)n — 0,
; hXI mRn\Kn n—>0

uniformly in (n, h). Therefore

A—+oc0 n—0 h—+4oo n—+oo *

Jie, 3 (u; Q. (20)) > limsup lim sup lim sup lim supZ/ WMz Fp(x)) da.
’ hx[]ﬂR’\

Since W is continuous, it is uniformly continuous on Qx B(0,\). Thus there exists a continuous
and increasing function wy, ) : [0, 4+00) — [0, +00) satisfying w; x(0) = 0 and such that

(W (@ F1) =Wy )| < wpa(le—yl+ [P = Fal), V(3 F), (y: F2) € @xB(0,)). (1.2.7)

Consequently, for all (x4, x3) € [Q; p X 11N R} and all y, € Q) o

V2
|W’7’>‘(xa,a;3; Fn(xayx?))) - Wn’)\(yomx?); Fn(xomxfi))‘ < wn,)\(‘xa ya‘) Wn,A (T .

We get, after integration in (x,y,) and summation,

h2
h2
apd [ 4] [T (g 5 () — WA (5 B )| i iy
neN; T " tn U RaN(Q; , xT]

2
< 27‘20.),77)\ (ﬁ) — 0.

h h—-+4o00
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Hence,
J{en}(u; Q. (x0)) >

lim sup lim sup lim sup lim sup Z — / / WM Yo, x3; Fp(2)) daz 3 dya.
r / Q] , xIINRY

A—+oo  7—=0  h—+oo n—+oo LT

Define the following sets which depend on all parameters (n, \,i, h,n) :

E = {(Ya)Ta,x3) € Q;h X Q;h X I: (Yo, x3) € Ky and (zq,x3) € R},
El = {(ya,l'a,l'g) € Q;,h X Q;,h X I: (yaaxi’)) Q K77 and (xo“x?’) € Rz}’
By = {(¥a T 73) € Qi X @y x 1 (0, 73) & R},

and note that Q, x @}, x I = EU E; U Ey. Since W and W"* coincide on K, x B(0, \),
Jieny (w; Q(20))

> lim sup lim sup lim sup lim sup Z / WM Yo, x3; Fp () da dyg
A—+oo n—0 h—+4oco0 n—+o00 i—1

= limsuplimsuplimsuplimsupZ / W (Yo, x3; Frp(x)) de dys.  (1.2.8)
A—+oo n—0 h—+4oco0 n—+o00 i—1

We will prove that the corresponding terms over E; and Fj are zero. Indeed, in view of (1.2.4)

and the p-growth condition (1.1.1),

2 9 h2 9
Zh [ W P o 3 £ £ x 11\ K 1 4 )

B+ ) L@ (o) x 1\ )
< BN~ 0, (1.2.9)

uniformly in (n, ). The bound from above in (1.1.1), the equi-integrability of {|F},|P} and (1.2.5)
imply that

h2
Z W yaa$37 ( )) dx dyq
2 2
< — LY(Q! ﬁ/ 1+ |Fy(x)|P) dx
; 3 £5(Qin) [Q;hxl]\%( | E () [P)

_ 5/ (1 + | B (2)]P)dz ——— 0, (1.2.10)
[Q(z0) X I\ R} A——+00
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uniformly in (n,n,h). Thus, in view of (1.2.8), (1.2.9), (1.2.10), Fatou’s Lemma yields

V

e (u;Ql(z > limsuplimsup / / Ya, 33 I dz ¢ dyq
)@ Qo) = limsy Mm;ﬂ g e o)
lim sup lim inf / / Yo, T35 b dr > dya
h—+o00 "—H—ooz r2 ' { Q<1 ( ( ))

B2
lim sup / lim inf / W (Yo, x3; F, dx p dye,
hsto00 ZZ:: 7«2 ;,h {n—>+oo Q;,hXI ( ( ))

We apply, for a.e. y, € Q;h, Theorem 3.1 in [35] to the Carathéodory function (z3;F) —

v

v

W (yq, z3; F) ; in particular

2r2 —
liminf/ W (Yo, x3; Fp () doe > h—g W (ya; F).
n—-—+0oo ! I
Thus
Jre 1 (u; Q'.(x0)) > limsup / W (Ya; F) dyo = 2/ W (Yo; F) dye.
tend h—+o0 ; r? Q" (z0)

Dividing both sides of the previous inequality by 72 and passing to the limit when 7 \, 0%, we
obtain W{en}(xo,F) > E(mo,F) O
1.2.2 The upper bound
Lemma 1.2.5. For all F € R3*? and for a.e. zg € w,

Wie, 1 (@05 F) < W (203 F).

Proof. For all k > 1, let Ly > 0 and ¢}, € WH(Q' x I;R?) with ¢, = 0 on Q' x I be such that
_ 1
Zy(wo; F) = W (20, 3; F + Vagr| Ly Vspr)dzadrs < W(xo; F) + T (1.2.11)
Q' xI

This is legitimate because of the density of W1(Q" x I;R?) into WhP(Q' x I;R?) and the
p-growth condition (1.1.1). We extend ¢ to R? x I by Q’-periodicity and set Fy(z) := (F +
Var(2)| Lk Vser(z)). Then, there exists My > 0 such that

[ Fkll Lo 2w 1m3) < M- (1.2.12)

Let F' € R3*? and g be a Lebesgue point of W (-; F) and Z(-; F) for all k > 1. We choose r > 0
small enough such that @Q).(z¢) € A(w). Fix k > 1 and set
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Since uk N U in LP(Q.(z0) x I;R?),

Jieny (s Q(w0)) < liminf/ W<33a,x3;va
Q7 (zo)

n—-4o0o

= liminf/ w <xa,m3;Fk (x—a,x;),)) dx dxs.
n=+09 gy (wo)x1 Lien

As before, we split Q'.(zg) into h? disjoint cubes Q;,h of length r/h. Then,

1
ufl —V3u£> dx dxs
En

Jieny(u; Q. (20)) < <llﬁlfgof> Eﬁlfgon/,hxl (xa,xg;Fk <%x3>> dz dzs.

Let K, be like in Lemma 1.2.4 and W"F be a continuous extension of W outside K, x B(0, M)
which satisfies the analogue of (1.2.6) with M}, instead of A. In view of the p-growth condition
(1.1.1), (1.2.12) and (1.2.4), we get

h2
"EOC
sup E / w (xa,x?,;Fk <—,x3>> dx, dzs < B(1 + MP)n 0.
neN 157 it <INy Len (14 M ——

Thus,

Jieny (u; Q. (20))

T
< lim inf lim inf lim inf E / Wk To, x3: Fi | ——, 23 | | dzg dzs
n—0 h—+4oo n—+o0 ’ - x1 ﬂKy, Lkgn

x
< liminfliminf1 f A .
iyt ,122202 Ly W (oo (£ ) )

Since W™ is continuous, it is uniformly continuous on € x B(0, My). Thus, there exists a
continuous and increasing function wy,y : [0,400) — [0,400) satisfying wy,,(0) = 0 and the
analogue of (1.2.7), replacing A by Mj. Then, for every (zq,23) € Q}, x I and every y, € Q,,

ka xa7$3;Fk‘ To y L3 _ka ya7x3;Fk Ta y L3
Lken Lksn

Integration and summation yield in turn

SE
=1 r? ih Q;,hXI

i

IN

wn,k(|$a — Yal)

wy k(V2r/h).

dx} dya

IN

x x
777k . F o _ 777]9 . F &
W (yq, x3; Fi, <—Lk€n ; xs) W (2o, 3; F) Lo x3

< 2T2wn’k(\/§r/h) ﬁ O,
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uniformly with respect to n € N. Hence,

Jieny (u; Q. (20))

h2
h? T
< liminf lim inf lim inf — / / W"’k(ya, x3; F 3 ) dag dzs p dy,.
n—0 h—+o0 n—+00 =1 r2 - Q' xI Lk€n

According to (1.2.6) and (1.2.4),

h? N
SHPZ / / Wn’k(yayx?);Fk <$—,ZE3> dya dxs p dxe
neN; : (Q; 5, < II\EKy Lie,

< B+ M)n — 0.
T]—)

Since W* coincides with W on K, x B(0, My,), we get
Jieny(u; Q1 (20))

X
< liminf lim inf lim inf wW CF [ 2 dye d d
< lim inf lim inf ,%Eli‘;ozﬂ/, {/Q’thﬂKn (Yo, 73 k<Lk€n’x3> Yo 963} Ta
JEI

h x
< lim inf — hmsup/ / W (Yo, 35 F (—a,x3> dye dxs p dzg.
h=too i3 17 n—toe JQi, (/@) xT Lyen

Riemann-Lebesgue’s Lemma applied to the @’-periodic function
/ W (Ya, x3: (-, 23)) dya dzs
Q) xI

implies that
i h? 2r2 — —
ey (s Q.. (x0)) < liminf —2/ ﬁZk(ya;F) dye, = 2/ Zy(Yo; F) dye,.
reJe; Q7.(zo)

h—+00 4
=1 i,h

dividing both sides of the inequality by r? and letting r \, 0T, we get in view of the definition
of zp and (1.2.11),
— — — 1
Wieny(@o; F) < Zy(zo; F) < W(o; F) + 7.
Passing to the limit when k£ 7 +o00 yields the desired result. O

Proof of Theorem 1.2.3. For a.e. xy € w and for all F' € R Wy, 1(20; F) = W (xo; F) thus
for any A € A(w), the sequence J., (-; A) T'(LP)-converges to Jy(-; A). Since the I'(LP)-limit does
not depend upon the choice of sequence {e,}, appealing to Proposition 8.3 in [45] we conclude
that the whole sequence J.(-; A) I'(LP)-converges to Jy(-; A). O

Remark 1.2.6. Proposition 1.4.1 gives another expression for the energy density W.

Remark 1.2.7. By construction and thanks to Remark 3.3 of [35], Theorem 1.2.3 generalizes
both Theorem 2 of [74] and Theorem 3.1 of [35].
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1.3 Cosserat nonlinear membrane model

In this section, we assume as in [27] that g. := go + eg with go, g € L (3;R?) and gq +95 =0.

Thus, the minimization problem (1.1.2) reads as

1
inf {/ w (m; Vav‘—V;w) dx — Le(v)} ,
v—xEEW;’p(Q;RS) Q €

with

€

+_ —
L.(v) ::/Qf-vdat+/zg-vdH2~l—/gar- <u> drg, vE(2e) = v(zq, £1).

If v. — v in LP(Q;R3) is a minimizing sequence and if b, := %nge, then

1

L.(ve) :/f-vada:—k/g-vEdH2+2/g{)F-5€da:a, where 552][ be(-, x3)dxs.
Q b w -1

By virtue of the coercivity condition (1.1.1), we deduce that the sequence {v.} is uniformly
bounded in W1P(Q; R?) and that, for a subsequence of {¢} still labeled {¢}, v. — v in W1P(Q; R3)
and b, — b in LP(;R?) with v € WHP(w;R3). As previously, v is associated to the mid-plane
deformation, whereas b is the Cosserat vector. In any case, L.(v.) — L(v,b), with

L(v,b) ::/ (27+g++g_) -vda:a+2/gar-5da;a, (1.3.1)

where b(z4) = f_ll b(To, z3)dzs and f(zy) = f_ll f(zq,z3)drs. The desired membrane model
should thus depend on the average, b, of b with respect to x3. Once we establish our I'-convergence
result, we will be in a position to conclude that v and b are truly independent and that the

corresponding model is a Cosserat type membrane model.
To this end, we define, for all (u,b; A) € LP(Q;R3) x LP(w; R3) x A(w),

1 Lr(A x I;R3
_ / w <:E;Vau —V3u> dr if ?GIW (4x LR, —
T (u,b; A) = AxI € = 7, Vau(-,x3)dzz = b, (1.3.2)
400 otherwise,

and for every sequence {¢;} \, 0"

j{gj}(u,g; A) := inf {liminfjaj(uj,gj;fl) tuj — uin LP(A x I;R?) and
{ug,bs} I Te0

b; —bin LP(A;R3)}. (1.3.3)

Remark 1.3.1. Let (u,b; A) € LP(Q;R3) x LP(w;R3) x A(w) and suppose that j{ej}(u,g; A) <

+o00. Arguing as in Remark 1.2.1, we deduce that u € W'P(A;R3). Hence, if u € LP(;R3) \
WHP(A;R3), then j{aj}(u,g; A) = +o0.
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Remark 1.3.2. Whenever u € W1P(4;R3), one has j{aj}(u,g; A) < 400, which is easily obtai-
ned by considering the sequence {u;(zqa,23) = u(zq) + €j23bk(74)}, where b € C°(A;R?) and
by — b strongly in LP(A;R3).

Theorem 1.2 in [27] shows that, if W is a homogeneous elastic energy density, then Tiesy
is the T'(LP)-limit of J:;, by which we mean, from now onward, the I'-limit with respect to,
respectively, the strong topology of LP(€2;R?), and the weak topology of LP(w; R?). Furthermore,
for all (u,b; A) € WhP(w;R3) x LP(w; R?) x A(w),

j{aj}(u,g; A) = 2/ Q*W(Vaulb)dz,,
A
where, for all F € R3*? and z € R3?,

Q*W(F|z) := inf { W(F + V@l LV3p)dzg drs : o € WHP(Q' x T;R?),
L>0,¢ Q'xI

o(+, 23) Q-periodic for a.e. x3 € I and L][

Vipdxr = z} .
Q'xI

We propose to extend this result to the heterogeneous case. We set, for all F € R3*?, 2z € R3
and a.e. xg € w,

Q*W (wo; F|z) := inf { OW (zg, 23; F + V| LV39) dvy, drs
L>0,¢ Q'xI
© € WHP(Q' x I;R?), (-, z3) Q'-periodic for a.e. x3 € I, (1.34)

and L Vapdr = z}
Q'xI

where, for a.e. x € Q and all F € R3*3 QW (x;-), the 3D-quasiconvexification of W (x;-) is
defined as
QW (z; F) = inf / W(x; F+Vo(y))dy
PW, P (QR?) JQ

with @ := (0,1)3. Since QW (x;-) is quasiconvex and satisfies a p-growth condition, for all
Fi, Fy € R33 and for ae. z € Q,

QW (a3 Fy) — QW (3 F2)| < B(L+ [P [P~ + | BP~H|Fy — Py (1.3.5)

(see [44], Lemma 2.2).

1.3.1 Some preliminary results

Elementary properties of @*W are summarized in the following proposition :

40



1.3. COSSERAT NONLINEAR MEMBRANE MODEL

Proposition 1.3.3. i) For all (F,2) € R3*2 x R? and a.e. 29 € w,
0 < Q"W (zo; Flz) < B(FP + [2F +1). (1.3.6)
ii) Q*W is a Carathéodory function.

Proof. Ttem i). We take ¢(x) := zx3/L as test function in (1.3.4) an use the p-growth condition
(1.1.1).

Item ii). It suffices to show that Q*W (x¢;-) is continuous for a.e. g € w. Let F,, — F and
zn, — z. We first prove that Q"W (x¢;-) is upper semicontinuous. For any § > 0, set L > 0 and
0 € WHP(Q' x I;R3) Q'-periodic satisfying L UCQ’xI V3pdx = z such that

Q*W (xg; F|2) < OW (z0, x3; F + V| LV3p) drg drs < Q*W (z0; F|2) + 0.
Q'xI
The sequence {@,(z) := o(x) + x3(2, — 2)/L} is in WHP(Q' x I;R?) and it is @Q'-periodic.
Furthermore, V,p = Vo9, and % fQ,XI V3¢, dx = z,. Since
I(F + VaplLV3¢) = (Fn + Vapn|LV30p) || Lo (qrxrirsxsy < |[(Fl2) = (Fnlzn)| — 0
while {V,} is bounded in LP(Q’ x I;R3*3), (1.3.5) together with Hélder’s inequality, yields

lim sup Q*W(anFn’Zn) - Q*W(l’o;ﬂz) -6

n—-4oo

n—-4oo

< lim sup][ ‘QW(.Z’(), 235 Fp + Vapn|LV3p0,) — QW (20, 23; F + VQCP]LV3<P)| dx
Q'xI

< lim sup é /Q . (1 + ‘(Fn + Voe@n’Lv?:(Pn)’p_l + ’(F + Va(P’LV?:SD)’p_l)
%

n—-4oo

X ’(F + Vap|LV3p) — (Fn + Vapn|LV3pn)| dz
S hmiupC' <1 + ||V<,0||’£;(1Q,XI;R3X3) + Hv@””i;(lQ’xI;RSXS))

X||(F' + Vap|LV3p) = (Fn + Vaen|LVsen)llLe (@ xrrsxsy =0

Passing to the limit when §\,07 yields the desired upper semicontinuity. Let us prove now that
Q*W (x;-) is lower semicontinuous. For every n > 1, choose L, > 0 and ¢, € WP(Q' x I;R3)
Q'-periodic satisfying L, UCQ’xI V3pndr = z, such that

_ — 1
QW(x07x3§ P, + Vacpn‘an?:(Pn) dzg drs < Q*W(x0§ Fn‘zn) + g
Q'xI

Set P (z) := pn(x) +23(2 — 2,)/ Ly, then the function @, € WP(Q' x I;R3?) is Q'-periodic and
satisfies % fQ,XIV;),gbnd:E = 2. Since

H(F + VabulLnV3gn) — (Fn + Va(Pn‘ani%CPn)HL°°(Q’><I;R3X3) < ’(F’Z) - (Fn‘zn)‘ —0
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while, in view of (1.1.1), the sequences {(Vapn|LnVaen)} and {(Va@n|LnVspy)} are bounded
in LP(Q" x I;R3*3) uniformly in n, (1.3.5) implies that

Q*W(xo; Flz) < limJirnf OW (z0, 23; F + Va@n|LnVa@n) dra dus
n—-1+0oo Q/XI

< liminf QW (xq, x3; Fiy + Van|Ln V) dr,, dzs
n—+00 JorxT

< liminf Q*W (zo; Fnl2n)-

n—-+o0o

Thus Q*W (zp;-) is lower semicontinuous and the continuity follows. O

We propose to establish the following I'-convergence result.

Theorem 1.3.4. For all A € A(w), the sequence J.(-,-; A) T'(LP)-converges to Jo(-,-; A) defined
for all (u,b) € LP(S;R3) x LP(w;R3), by

2/ Q*W (xa; Vaulb)drs if u € WHIP(A;R3),
j()(u75; A) - A

400 otherwise,
where Q*W is given by (1.5.4).

We first note, as in [35] p. 1374, that, if R(w) is the countable family of all finite unions of
open squares in w with faces parallel to the axes, centered at rational points and with rational
edge lengths, then there exists a subsequence {e,,} = {g;, } of {g;} such that J (-,-;C) is, for
all C' € R(w), the I'(LP)-limit of J.,,(-,;C).

Then, the analogue of Step 2 in the proof of Theorem 2.5 of [35] holds, namely

Lemma 1.3.5. For any A € A(w) and (u,b) € WHP(A;R3) x LP(A;R3), there ewists a sequence
{un} C WHP(A x I;R3) satisfying

Up — u in LP(A x I[;R3),
1 1

by = = V3t (- 23) des — b in LP(A;R?), (1.3.7)
nJ-1

lim 7., (un,gn;A) = j{an}(u,g; A).

n—-4oo

Proof. The coercivity condition (1.1.1) implies that whenever u € W1P(C;R3), we can choose
the attainment sequence {uy,,b,}, so that (1.3.7) holds true. Now let us fix § > 0 and choose a
subset C? of A in R(w) such that C® C A and

0
1+ |VaulP)dry, < —.
(1 [Vl e < 5
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Consider a sequence {v)} C WIP(C?® x I;R3) satisfying

vd o in LP(C% x I;R3),

R Y
b, = — Vv (-, x3) dxs
En J-1 n—-+00

bin LP(C%RY), (1.3.8)

nl{l}-loo u7z-:n (Ufwgi; 06> = j{an}(uvg; C(S)
In view of Lemma 2.2 in [27] (the proof in our context is identical to that of the homoge-
neous case), there is no loss of generality to assume, upon extracting a subsequence of {g,}
(not relabeled), that vJ = w on a neighborhood of dC% x I. We extend v} as u outside C°
(and correspondingly extend Ei as 0). Since j{an}(u,g; -) is an increasing set function, we have

j{an}(%& C(S) < j{gn}(U,E; A) and thus,

lim suplimsup J., (v‘s 55 ; A>

n»vno
§—0+t n—+oo

< limsup¢ lim J, (vg,EZ;C‘S) + 2ﬁ/ (1+ |VaulP)dx,
A A\C?

= limsup j{an}(u,g; o)
6—0+

<

n»’n’

liminf liminf 7, <v6 ES'A) .

§—0t n—+oo

Remark that (1.3.8), together with coercivity, implies that
=4
||VQU§L||LP(A><I;R3X2) + ||bn||Lp(A;R3) <C,

independently of 0, n ; in particular, {Ei} lies in a subset of LP(A;R?), which is metrizable for the
weak LP-topology. A simple diagonalization lemma (Lemma 7.1 in [35]) permits to conclude the
existence of a decreasing sequence {d(n)} \, 0" such that the sequences {u, := vi(")} satisfies
(1.3.7). O

We now recall two results that will be of use in the proof of Lemma 1.3.10 below. Their

proof can be found in [27] in the homogeneous case and the heterogeneity does not create any
additional difficulty.

Proposition 1.3.6. For any sequence {e;} \, 07, there ezists a subsequence {e,,} = {e;,} such
that, for any (u,b) € WHP(w;R3) x LP(w;R3), the set function j{an}(u,g; -) defined in (1.3.3)
is the trace on A(w) of a Radon measure, which is absolutely continuous with respect to the
two-dimensional Lebesque measure.
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By virtue of Lemma 1.3.5 and Proposition 1.3.6, we will assume henceforth that {s,} denotes
a subsequence of {€;} such that the I'(LP)-limit of J;, exists, in which case it coincides with
Jten), and such that, for every (u,b) € WhP(w;R3) x LP(w;R?), the set function j{en}(u,g; )
is the trace on A(w) of a Radon measure, which is absolutely continuous with respect to the

two-dimensional Lebesgue measure.

Proposition 1.3.7. For all (u,b; A) € WP (w; R3) x LP(w; R?) x A(w), the value of j{ej}(u,g; A)
is unchanged if W is replaced by QW in (1.5.2).

Remark 1.3.8. If W does not depend on z,, we can show as in [27] that for all A € A(w),
J=(+,; A) I'(LP)-converges to Jo(+,; A) and
Jolu,5: A) = 2 / Q"W (V aufF) e,
A

for every (u,b) € WHP(A;R3) x LP(w;R3), where Q*W is given by (1.3.4).
Theorem 1.3.4 is a direct consequence of the following two lemmas.

Lemma 1.3.9. For all A € A(w) and for all (u,b) € WIP(A;R3) x LP(A4;R3),
Teny(u, by A) > 2/ Q*W (Ta; Vaulb) dry,.
A
Lemma 1.3.10. For all A € A(w) with A Lipschitz and for all (u,b) € WHP(A;R3) x LP(A;R?),

Tteny(u,b; A) < 2 / Q"W (z4; Vaulb) dz,.
A

1.3.2 The lower bound

Proof of Lemma 1.3.9. Let (u,b) € WHP(A;R3) x LP(A; R3). Take 29 € A to be a Lebesgue point
of the Radon-Nikodym derivative of j{an}(u,g; -) with respect to the two-dimensional Lebesgue
measure and of x, — Q*W (z4; Vau(za)|b(x4)), and choose r > 0 small enough so that Q/.(z¢) C
A. According to the equi-integrability Theorem (Theorem 1.1 in [25]) together with Lemma 1.3.5,
there exists a subsequence of {&,,} (not relabeled) and a sequence {u,} C W'P(Q! (zo) x I;R3)
such that

Un — win LP(QL(xo) x [;R?),
1 1

e Vst (-, 23)drs — b in LP(Ql.(20); R?),
nJ-—1

P
{‘ (Vaun‘$V3un) } is equi-integrable,

j{sn}(u,g; Q. (x9)) = lim W (xa,xg;vaun
QL (zo)x I

L n—-4o0o

1
€—V3UH> dxe, dxs.

n
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We argue as in the proof of Lemma 1.2.4 with F, (x) := <Vaun(x)|iV3un(:E)) and we obtain,
since W > OW

Tteny (u, b5 Q7 (w0))
h2
> lim sup Z][ {lim inf W (Yo, x3; Fn (2o, x3)) dzo, dxg} dya

h=too iy nree JaxT

h2
> lim sup Z][ {limJirnf/Q OW (Yo, 35 Fr (2a, 23)) dx, dxg} dya.
— ’ n—=T00 I

Applying, for a.e. yo € @}, Remark 1.3.8 to the Carathéodory function (z3; F) — W (ya, z3; F),
we get

h2

Tieny (b5 Q. (20)) > limsup Z][, {2

h—-+o00 i—1

/
ih

QW (Ya; au(xa)‘g(xa))dxa}dya-

By Proposition 1.3.3 (ii), Q*W is a Carathéodory integrand, thus Scorza-Dragoni’s Theorem
implies the existence, for any 7 > 0, of a compact set C;, C A, such that

LA\ Cy) <, (1.3.9)

and Q*W is continuous on Cy, x R3*2 Let Sy 1= {z, € A : [(Vau(za)|b(z4))| < A}, thanks to
Chebyshev’s inequality

L2(A\Sy) < < (1.3.10)

Consequently

Tieny (1, b; Q. (20)) >

hmsuphmsuphmsupzrz/ C{/ Q"W (Ya; au(xa)|5(:na))dxa}dya.
! n n

A—+too =0  h—too T L nNCnNSy

Since Q*W is continuous on C, x R3*2_ it is uniformly continuous on C;, x B(0,\) thus there
exists a increasing and continuous function w, ) : [0, 4+00) — [0, +00) satisfying w, 1(0) = 0 and
for every y, € th N C, and every x, € Qi,h NC, NSy,

‘Q* (Y au(xa)lg(xa)) — Q"W (x4a; Vau(xa)‘g(xa)ﬂ < Wn)\(‘xa —ya|) < Wn)\(\/ir/h)'

Integration and summation yield

h h2 B
S QW (s Vart () )
1 ;}hﬂ(}n Q;yhﬂC’nﬂS)\

— QW (%a; Vau(za)|b(za))| dza dya <7 2w (V21 /1) PR 0.
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Therefore,

Tieny (u: b Q1 (0))
h? 20/
2L NC,
> lim sup lim sup lim sup E M

QW (05 Vars(a)|b(T0)) dg.
A—4oco n—0 h—+4oo i—1 £2(Q£’h) /Q LNCRNSy

By virtue of the p-growth condition (1.3.6) together with (1.3.9), we get

h2 £2 ! h \ C ) * )
Z £ ih) Q! ,NCyNS QW (2a; Vau(ta)|b(ra)) dra
ih n A

h2
< B+ LAQi,\ Cy)
=1

=B+ A)L*(A\ Cy)

Thus, (1.3.9) and (1.3.10) yield

Tieny (1, b;Q.(z0)) > 2limsuplimsup QW (2a; Vau(za)|b(14)) drg

A—+o0o0  n—0 /QQ.(mo)ﬂCnﬂSA

= 2/ QW (Ta; Vau(ra)|b(Ta)) drg.
Q7 (zo)

The result follows after dividing the previous inequality by r? and letting r \, 07. O

1.3.3 The upper bound

Proof of Lemma 1.5.10. The proof is divided into three steps. First, we address the case where u
is affine and b is constant ; then, that where u is piecewise affine and continuous, and b piecewise
constant. Finally, we address the general case.

Step 1. Let A € A(w), we assume that
w(wy) =F x4 +c, (F,c)€R>2?xR3,
b(zq) = 2, z € R3.
Thanks to the density of W1>°(Q’ x I;R3) into W1P(Q' x I;R?) and to the p-growth hypothesis

(1.1.1), for any k > 1, there exists Ly > 0 and ¢ € WH(Q' x I;R3) Q'-periodic satisfying
% fQ,XI V3prdr = z and such that

Zi(x0; Flz) == QW (w0, 233 F 4+ Vapr| Lk Vspy) dig dus < QW (xo; F|2) +
Q'xI
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We extend ¢, to R? x I by Q'-periodicity. Choose r > 0 small enough so that Q'.(zg) C A
where xg is a Lebesgue point of the Radon-Nikodym derivative of j{en}(u,g; -) with respect to
the two-dimensional Lebesgue measure and of Z(+; F|z) for all k > 1. Fix k and set

_ T
ufl(:n) =F - -2q +c+ Lienpr <ﬁ,:ﬂ3> .
n

Then,

tp, —— win LP(Q (o) X LR?),

and by virtue of Riemann-Lebesgue’s Lemma,

I ! LP(Q. (wo0);R3 _
—][ V3qu drs = Lk][ V30K <$—a,:173> dxs ECLCOIIN Ly Vi3 dz = b.
€n J_1 1 Lien n—+00 Q'xI

So {uk} is admissible for Jy.y(u, b; Q}(x0)) and, thanks to Proposition 1.3.7,

j{an}(u753 Q;($O)) < lim inf/ QW <$on L35 Vaul:L
Q! (xo)xI

n—-+o0o

;V;),uﬁ) dxs dxs.

Using an argument similar to that in the proof of Lemma 1.2.5, with QW instead of W, we get

dj{€n}(u7 E; )

12 (1) < 2Q*W (x0; F|2).

Thus, integration over A yields
T(eny(u,b; A) < 2/ QW (o F|2) dg.
A
Step 2. Assume that u is continuous and piecewise affine and b is piecewise constant on A.

There exists a partition Aq,..., Ay of A such that u(z,) = F; - 24 + ¢; and b(z4) = 2; on Aj,
forall ¢ =1,..., N. Thanks to step 1, for all i = 1,..., N, we have

j{En}(FZ cTo + Ciy 25 Az) < 2/ Q*W(ZEQ;FZ'|ZZ') dxe,.
A

In view of Proposition 1.3.6, j{en}(u,g; -) is a measure and we thus get

N
j{z—:n}(uvgﬂA) = Zj{gn}(Fi'xa‘i‘Ci,Zi;Ai)

i=1

N
22/ QW (z4; Fi|2:) dra
=17 A

IN

= 2/ Q"W (z4; Vaulb) dz,.
A
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Step 3. Consider A € A(w) with A Lipschitz and u € WHP(A4;R3), b € LP(A;R3). There
exists a sequence {u, } of continuous and piecewise affine functions in W1?(4;R?) and a sequence
{b,} of piecewise constant functions in LP(A;R?) such that u, — u in WHP(4;R3) and b, — b
in LP(A;RR?). Since Ttent (o5 3 A) is lower semicontinuous, we get, in view of the previous step,

n—-+o0o

Tty (u,b; A) < hmmfj{an}(un,bmA) < l1m1nf2/ QW (z4; Vaun|bn) drg. (1.3.11)
By Proposition 1.3.3 and Lebesgue’s Dominated Convergence Theorem,

lim Q*W(aza;vaun\gn)dwa:/ Q*W (2a; Vaulb) dzy,. (1.3.12)
A A

n—-4oo

Thus (1.3.11) and (1.3.12) yield

j{an}(uj; A) < 2/ Q*W(xa;vau\g) dxe,.
A

Proof of Theorem 1.3.4. The two previous lemmas demonstrate that, provided A € A(w) is
Lipschitz, then, for all (u,b) € WHP(A4;R3) x LP(A;R3), j{an}(u,g; A) = Jo(u,b; A). Whene-
ver A € A(w) is an arbitrary open set, we define the nested sequence of Lipschitz open sub-
sets Ay = {2, € A : dist(z,,0A4) > 1/k} of A, so that Ay C A and Ug>14; = A. Since
(u,b) € WHP(AL; R3) x LP(Ay; R?) and Ay, is Lipschitz,

Tieny (W, b3 Ap) =2 [ QW (2a; Vaulb) dzq.
A

But j{gn}(u,g; -) is a measure, thus, letting k " +o0,
Tieny(u,b; A) = 2/ Q"W (z4; Vaulb) dz,.
A

In particular, the I'(LP)-limit does not depend upon the choice of sequence {e,} thus, in light
of Proposition 8.3 in [45], the whole sequence J.(u,b; A) T'(LP)-converges to Jo(u,b; A). Then
Remark 1.3.1 completes the proof of Theorem 1.3.4. O

Remark 1.3.11. If W does not depend upon x, Proposition 1.1 (iii) of [27] states that

Q*W(F|z) = inf { W (F + Vap|LV3p) dro drs - o € WHP(Q' x I; R?),
L>0,p Q'xI

o(+, 23) Q-periodic for a.e. w3 € I and L]{2 Vipdr = z}
IxI

= inf { QW (F + Vop|LV3p) dzo drs - o € WHP(Q' x I; R?),
L>0,p Q'xI

o(+, 23) Q"-periodic for a.e. x3 € I and L][

Vipdr =z ;.
Q'xI
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In other words, the result of [27] is recovered by Theorem 1.3.4.

Remark 1.3.12. Since Q*W is the integrand of the I'(LP)-limit of 7., which satisfies a p-
coercivity condition (see (1.1.1)), for all F' € R3*2 for all z € R? and for a.e. g € w,

BFP +12") < Q"W (zo; Flz). (1.3.13)

Remark 1.3.13. Theorem 1.3.4 implies that the functional
(u, b) / Q*W (203 Vaulb)dz,
w

is sequentially weakly lower semicontinuous on W1P(w;R?) x LP(w;R3). Therefore, the function
Q*W (w0;-|2) is quasiconvex and Q*W (xg; F|) is convex. Thanks to the p-growth condition
(1.3.6), Q*W (xo;-|-) is locally Lipschitz, because it is separately convex (see Theorem 2.3 in
[44]).

1.4 Classical membrane model as a zero bending moment density

This section investigates the coherence of our results. In the absence of a bending moment density
(9o = 0), we show below that Theorem 1.3.4 boils down to Theorem 1.2.3. We first give another
form of the energy density W similar to the definition of Q*W (see (1.3.4)). Specifically,

Proposition 1.4.1. For all F € R3*? and for a.e. xy € w,

W(zo;F) = inf OW (xq, x3; F + V| LV 3¢) dxy dz3
L,p Q'xI

L>0, pec WP(Q' x I;R?), (-, x3) Q'-periodic for a.e. x5 € I}.

Proof. Set

W*(xo; F) = iLni{ ; IQW($0,$3;F+Va90|LV390)d$ad$33
’ /><

L>0, pc W(Q x I;R?), o(-,x3) Q-periodic for a.e. z3 € I}.

It is obvious that W (wg; F) > W*(xo; F). Conversely, for any 6 > 0, consider L > 0 and
o € WHP(Q' x I;R3) Q'-periodic, such that

QW (wo, x3; F 4+ Vap|LV39) dzg dvg < W*(20; F) + 0.
Q'xI
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We extend ¢ by Q'-periodicity and we set @, (24, 23) = %gp(na;a, x3). Then, Riemann-Lebesgue’s
Lemma applied to f_ll W (20, 3; F + Vap(-,3)|LV30(-, 23)) dr3, implies that

lilil OW (z0, 23; F + Vapn| LnV3p,) dze dzg < W*(20; F) + 6. (1.4.1)
N0 QI

For fixed n, the relaxation theorem of [1] (see Statement IIL7 in [1]) applied to Q" x (—2-, 2-)
and to ¥, (q,T3) := @n(Ta, Lnrs) yields a sequence

Pk —— pn in WHP(Q' x I;R?)
k—-+o00

such that,

QW(UCo, x3; F + Vacpn’an?»(Pn) dz dzs
Q'xI

= lim W (xo,23; F 4+ Vo k| InVspnk) dre drs.  (1.4.2)
k——+o00 Q'xI

Thus (1.4.1) together with (1.4.2) give

lim lim W (zo, w3; F + Van k| LnV3pn k) dre deg < W™ (zo; F)+6.
n—+o00 k—-+oo Q’XI

Furthermore, we have,
lim lim ||(10n7k||LP(Q’><I;R3) =0.

n—+0o0 k—+4oo

n
By a standard diagonalization process, we can find an increasing sequence {k(n)}, with k(n) /
+00 such that, if we set ¢n, 1= ¥y g(n)>

lil}_l W (z0,23; F + Vadn|LnVsy,) dry drs < W (xg; F) + 9, (1.4.3)
=100 JQrx T

and ¢, — 0 in LP(Q' x I;R3). By virtue of the coercivity hypothesis (1.1.1),
sup [|(Va@n|LnVsén) || Lr (@ xrmsxs) < +00.
neN
We define the following sequence of non negative bounded Radon measures
Ap 1= (1 + |(Va¢n|an3¢n)|p) XQ’XIﬁg-

The coercive character (1.1.1) of W permits to assert that, up to a subsequence (not relabeled),
there exists a non negative bounded Radon measure A such that

An = X in My (R3).
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1.4. CLASSICAL MEMBRANE MODEL AS A ZERO BENDING MOMENT DENSITY

We cut ¢, near the lateral boundary to obtain a sequence which vanishes on Q' x I. Let
0y € C°(Q') a cut-off function defined by

: /
Ou(0) © e € Qa0
IVabilloeiy < CK?,

We set ¢F := O, since ¢F =0 on 0Q' x I, (1.4.3) together with (1.4.4) yields

W*(xo; F) (1.4.5)
> lim inf lim mf][ W (zo, x3; F + Va¢ﬁ|LnV3¢fL) dre dxs — 0

k—+o00 n—-+00 N

1-1/1(0)%

> lim inf lim inf W (zo, x3; F + Va(ﬁﬁ]Lan,(ﬁﬁ) dz, dxs
k—+o00 n—-+00 Q'xI

— lim sup lim sup W (zg, z3; F+va¢’; ]LnV;),qﬁ]fL) dxo dxs

ko0 n—09 ][[Q; ey ONQ_y  (O)]<T
00+ [FP) msup £2 (Q\ Q4114 (0)) = 9

k—+oc0

> W (wo; F) — lim sup lim sup {C)\n ([Q/l_l/(kﬂ)(O) \ Q1 ,(0)] x I)

k—-+oco n—+oo
+C’k2p/ | |Pdz 3 — 6. (1.4.6)
Q'xI
Since Q’l_l/k(O) is an increasing sequence of open sets, the union of which is Q’, we get

lim sup lim sup A, ([Qll_l/(k+1 0)\ Q' 1/k( )] )

k—-+oc0 n—+oo

li A /
< 2@?;5 <[ Ry ORY YA >
< timsup ([0 @l (0] -1 ﬂ) -0

Using the fact that ¢, — 0 in LP(Q" x I;R3) and letting & tend to 0 in (1.4.6), we finally get
W*(azo;F) Z E(mo,F)

O

Now that W and Q*W are expressed in near identical manner, Remarks 1.3.12 and 1.3.13
immediately imply that for all F € R3*? and for a.e. 2 € w, there exists by € R? such that

W (xo; F) = mﬁ@n Q*W (wo; F|z) = Q"W (x0; F|bo).
zE
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CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTION

In the absence of bending moments, the linear form L given by (1.3.1) does not depend upon
b and we may perform explicitly the minimum in b in the limit minimization problem. For
u € WhP(w;R3), a classical measurability selection criterion (see [54], Chapter VIII, Theorem
1.2), together with the coercivity condition (1.3.13), implies the existence of by € LP(w;R3) such
that for a.e. zg € w,

W (z; Vau(zg)) = mli&% Q*W (z0; Vau(zo)|2) = QW (z0; Vau(zo)|bo(zo)).

S

Thus,

inf /Q*W(xa;vauw)dxa < Q*W (24 Vaulby) dzq

beLP(w;R3)

W(x; Vou) dz,,

£~ —

= min Q"W (za; Vaulz) dz,

w 2€ER3

/ QW (20 Voulp) dace, (14.7)

IN

where the last inequality holds for all b € LP(w;R3). Taking the infimum in b in the last term of
(1.4.7), the inequalities become equalities thus

Y

_inf /Q*W(xa;vauw) dxa:/ﬂ(:na;vau) dzx,,.
beLr(w;R3) Jw w

This shows that Theorem 1.2.3 is recovered from Theorem 1.3.4.
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Chapitre 2

Reiterated homogenization of thin films
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2.1. INTRODUCTION

2.1 Introduction

In this work we study the limit behavior of an elastic thin body whose microstructure is multi-
periodic. The asymptotic analysis of media with multiple scale of homogenization is referred to
as Reiterated Homogenization. Roughly speaking, we seek to approximate in a certain sense the
microscopic behavior of such materials by a macroscopic, or average, description.

Let €. the reference configuration of an elastic thin film that we assume to be a bounded and
open subset of R3. Let us denote by R™*™ the space of real valued m x n matrices. To take into
account the periodic heterogeneity of this material, we suppose that its stored energy density,
given by a function f: Q. x R3 x R? x R3*3 — R, satisfies suitable periodicity properties with
respect to its second and third variables. Under the deformation u : 2, — R3 the elastic energy
of this body turns out to be given by the functional

/QE f (x,g, %,Vu(a;)) dx. (2.1.1)

When Q. = €, this kind of asymptotic problems can be seen as a generalization of the
Iterated Homogenization Theorem for linear integrands, proved in [22], in which the homogenized
operator is derived by a formal two-scale asymptotic expansion method. This result has been
recovered in several ways via other types of convergence such as H-convergence, G-convergence,
and multiscale convergence (see [76] and references therein). In the framework of I'-convergence
(see e.g. |45, 30, 32|), the nonlinear setting has been investigated in [36, 32, 60, 16, 14]|. All
these results share the same property : The homogenized functional, so named in the literature
on I'-limits, is obtained by iterating twice the homogenization formula. The main difference
remains in the assumptions on the elastic energy density f. Indeed, it is not clear what the
natural regularity on f should be for the integral (2.1.1) to be well defined. Such problems have
been discussed in [3], Section 5. In particular, for fixed F' € R3*3, the measurability of the
function x — f(z,x /e, z/e?; F) is ensured whenever f is measurable in at most one variable and
continuous in the other ones. The most realistic situation would consist in assuming measurability
in one of the oscillating variable, as in |36, 32|, allowing discontinuities in the microstructure;
This is relevant in the case of mixtures and composite materials. Nevertheless, for technical
reasons, the authors find it necessary to assume a strong uniform continuity property in the other
variables. On the other hand, in [60, 16, 14]), the authors choose to assume measurability with
respect to the macroscopic variable and continuity in both oscillating variables. In particular, they
are able to remove the uniform continuity condition but their analysis proscribes discontinuous
microstructures. In what follows, we assume the latter and generalize previous results of [15, 13|
already established in this spirit.

We will address the case where Q. := w x (—¢,¢) is a three-dimensional cylindrical thin
domain of basis w, a bounded open subset of R?, of thickness 2e, and whose microstructure is
periodic of period €2 in the bulk and also € in the in-plane direction. Two simultaneous features

occur in this case : reiterated homogenization and dimension reduction. OQur main contribution
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CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS

is that our arguments allow us to homogenize this material in the reducing direction. As usual,
in order to study this problem as € — 0 we rescale the e-thin body into a reference domain of
unit thickness (see e.g. |74, 35|), so that the resulting energy will be defined on a fixed body,
while the dependence on € turns out to be explicit in the transverse derivative. For this, we define
V(Zo, x3/€) = u(xq, x3) on the rescaled cylinder Q := wx I, where I := (—1,1) and z, := (x1,22)
is the in-plane variable. In what follows we denote by V, (resp. V3) the gradient with respect to
T, (resp. x3) and, for all F € R3*2? and z € R?, (F|z) stands for the 3 x 3 matrix whose first two
columns are those of F' and whose last one is z. Replacing v by u in (2.1.1), changing variables
and dividing by e, we are led to the study of the sequence of rescaled energies

T To 1
/QW <a:, - 6—2,Vo/u(a:)‘ €V3v(az)> dzx, (2.1.2)

where we set

f(x7yyz; F) = W(‘Tomy?nya;z?nza;F), (213)

for some function W : @ x R3 x R? x R3*3 — R. The motivation for studying such functionals
comes from the work of [35] where an abstract dimensional reduction variational convergence
result has been established in a general setting for a family of stored energies of the form W (z; F).
Specific characterizations were derived for some particular cases. In Section 3 of that reference a
heterogeneous nonlinear membrane model is derived by I'-convergence, and heterogeneity in the
transverse direction is considered. Precisely, the authors treat the case where the stored energy
density is of the form W (z3; F'), generalizing the previous work of |74] for homogeneous materials.
These results have been recovered in [15] for energies with a general heterogeneity independent
of the thickness, namely W (z; F'). Furthermore in Section 4 of [35] — and independently also in
[88], Theorem 3 (i) a 3D-2D analysis coupled with a homogenization in the in-plane direction
is studied in the case where We(x; F) = W (x3,24/¢; F). Later, in [13], the author treated the
case where the integrand W depends also on the macroscopic in-plane variable z,, (see Theorem
1.2 in [13]). Finally, reiterated homogenization of thin films has been investigated in [88] (see
Theorem 5) under different length scales for the film thickness and the material microstructure.
Namely, functions of the form W (x,/e?; F') were considered. However, homogenization in the
transverse direction x3 remained an open question.

As for notation, we will denote by L™ the n-dimensional Lebesgue measure in R™ (in the
sequel, n will always be equal to 2 or 3); for any measurable set A C R™ and any measurable
function f : R" — R, we write f, f(z)dz := L"(A)~ [, f(z) dz for the average of f over A;
Q' := (0,1)? and Q := (0,1)? stand for the unit cubes in R? and R? respectively and we will
identify W1P(w;R3) (resp. LP(w;R3)) with those functions v € W1P(Q;R3) (resp. LP(;R?))
such that D3u = 0 in the sense of distributions.

Following the lines of [13] and [15] we assume that

(A1) W(z,-,-;-) is continuous on R3 x R? x R3*3 for a.e. z € Q;

(Ag) W (-, F)is £3® L3 ® L2-measurable for all F € R3*3;
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2.1. INTRODUCTION

Yo — W (2,5, 20; F) is Q"-periodic for all (z4,y3, F) € R? x R3*3 and a.e. z € Q;
(As)

(Zay y3) = W(2,y, 205 F) is Q-periodic for all (y,, F) € R? x R3*3 and a.e. x € (;
(A4) there exists > 0 such that

1
E|F|p—ﬁ < W(z,y,20; F) < BA+|F|P)  for all (y, 2, F) € RExR?2xR?**3 and a.e. x € Q.

Let us formally justify the periodicity assumptions (Ag) : Since the volume of . is of order
e and €2 < ¢, in a first step, we can think of € as being a fixed parameter and let €2 tend to
zero. Then at this point dimension reduction is not occurring and (2.1.1) can be seen as a single
one-scale homogenization problem in which it is natural to assume f(z,y,-;F) or equivalently,
(Za, y3) — W(Z, Yo, Y3, 2a; F) (see (2.1.3))  to be @Q-periodic. The homogenization formula for
this case gives us a homogenized stored energy density Wyom(x, yo; F') that, in a second step, is
used as the integrand of a similar problem as that treated in [13]. In particular, the required Q’-
periodicity of Whom (2, -5 F') can be obtained from the Q'-periodicity of yo — W(Z, Ya, U3, 2a; F).

We prove the following theorem.

Theorem 2.1.1. Let W : Q x R3 x R? x R3*3 — R be a function satisfying (A1)-(A4). Then,
the functional W- : LP(;R3) — R defined by

T Tq

/ W (a:, -, —2,Vau(x)‘1V3u(x)> dr if u € WhHP(Q; R3),
0 e’ e £

We(u) == (2.1.4)

+00 otherwise

I'-converges for the strong LP(Q; R3)-topology to Whiom : LP(;R3) — R given by

2/Whom(a:a;vau(a:a))da:a if u € WHP(w; R3),

Whom (u) :=
400 otherwise,
where
Whom(xaQ F) = inf inf ][ Whom(xay Y3, Yo F + Va¢(y)|v3¢(y)) dy :
TeN ¢ (0,7)2x1T

¢ € WHP((0,T)? x I;R?), ¢ =0 on d(0,T)* x 1} (2.1.5)

for a.e. xo € w and all F € R3*2, and

o7



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS

om 7OC;F = ff y oy 7OL;F d :
Whom (@, Ya; F) inf i { o W2, Ya, 23, 2a; F + V§(2)) dz

b€ Wol’p((O,T)?’;R?’)}, (2.1.6)

for a.e. x € Q and all (Yo, F) € R? x R3*3,

We would also like to draw attention to assumption (Az) : In the 3D-2D case, if we assume
only W (-, 1, zo; F) to be L3-measurable for all (y, 2o, F) € R3 x R?2 x R3*3 the functional (2.1.4)
would be well defined but this would not be the case for the integrals in (2.1.5) and (2.1.6) (see
also Remarks 1.1 and 2.2 in [13]) because their integrands would be only separately measurable.
This global measurability assumption allows us to ensure measurability of the three integrands
in (2.1.4), (2.1.5) and (2.1.6) obtained by crossing the variables (see Section 2.2 below).

We remark that most of the proofs presented are similar to those in [32] (Theorem 22.1 and
Remark 22.8), and that our main contribution is to use arguments that allow us to weaken their
uniform continuity hypothesis. Let us briefly describe how we proceed : The idea consists in
proving the result for integrands which do not depend explicitly on x, (see Theorem 2.3.1 in
Section 2.3), and then to treat the general case by freezing this macroscopic variable (Section
2.4). To do this, we need to extend the Carathéodory integrand W into a continuous function
by means of Tietze’s Extension Theorem (see e.g. [53]). This argument was already used in 13|
and [15] where the authors used a weaker result (see Theorem 1 Section 1.2 in [55] and Lemma
4.1 in [13]). Since the problem at fixed ¢ and the asymptotic problem are of different nature (a
three-dimensional problem becoming a two-dimensional one), a new difficulty appears. Indeed,
arguing like in classical relaxation (see e.g. [14]), we would use the Scorza-Dragoni Theorem to
find a compact set K C €2, the complement of which has arbitrarily small Lebesgue measure and
such that W is continuous on K x R? x R? x R3*3. To localize our functional on small cubes
so as to apply a uniform continuity argument, we fix 2o in w and for all (z,,z3) € K we must
ensure that (zg,z3) € K. But since K is compact, we cannot expect this to be true, and this
argument fails. To overcome this difficulty (see also [15, 13]), we need to replace W by a function
which is continuous everywhere. That is the aim of Proposition 2.4.1 which provides a continuous

extension of Carathéodory functions.

2.2 Properties of the homogenized energy densities

In this section we prove properties of the stored energy densities Wyom and Wi that will be
of use in the proof of Theorem 2.1.1.

Remark 2.2.1. Without loss of generality, we assume that W is non negative upon replacing
W by W + (3 which is non negative in view of (A4).
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2.2.1 Properties of Wy

According to (A1), (A2), (A4) and Fubini’s Theorem it follows that the integral in (2.1.6) is well
defined for £3 ® L%-a.e. (z,ya) € Q x R2. Moreover, the function

Whom (-, -3 F) is £3 ® £L2-measurable for all F' € R3*3, (2.2.1)

In fact, it can be proved that Wyom (x, -; F') is upper semicontinuous (as the infimum of continuous
functions) for a.e. x € Q and all F € R3*3. Moreover (see e.g. [32])

Whom (%, Ya; -) is continuous and quasiconvex for a.e. z € Q and all y, € R% (2.2.2)
By condition (As) it follows that
Whom(x, -3 F) is Q'-periodic for a.e. z € Q and all F € R3*3, (2.2.3)

Finally, Wyom satisfies similar p-growth and p-coercivity conditions than W :
1
E\F\p — B < Whom (2, Ya; F) < B(L+|FP) for ae. z € Q and all (yo, F) € R? x R3*3, (2.2.4)

In particular (see [44]) the following p-Lipschitz property holds :
Whom (%, Ya; F1) = Whom (2, Ya; F2)| < B + [y P71 + | P~Y | Fy — P, (2.2.5)

for all Fy and Fy € R33, all y, € R? and a.e. z € Q.

2.2.2 Properties of Wi,

In view of (2.2.1), (2.2.2) and (2.2.4), another application of Fubini’s Theorem implies that the

integral in (2.1.5) well defined for a.e. o € w. Thus so is Wiy, and the function Wiyon (5 F) is
measurable for all F' € R3%2,

Lemma 2.2.2. Let W satisfying (A1)-(Ay), then Whem is a Carathéodory function.

Proof. The measurability of Wy (+; F) has already been established above. Let us now deal with
the continuity of Wom (74; ). Let F and F,, € R3*2 be such that F',, — F. From the definition of
Whom(Za; F), for fixed § > 0 choose T € N and o € WP((0,T)2 x I;R?), ¢ =0 on 9(0,T)? x I,
such that

Whom(xodf) + o 2]{ 2 Whom(xayy?nya;F"i‘ Vacp(y)!V;;cp(y))dyadyg. (2-2-6)
0,7)2x1I

Therefore

lim sup Whom(xa; Fn) < lim Sup]{ 2 Whom (‘Tom Y3, Yo Fn + Voa(p(y)‘v?)(p(y)) dyocdy?)
0,7)2x1I

n—-4o0o n—-4o0o

= ][ Whom (Zas U3, Yo F + Vap(y)|Vao(y)) dyadys
(0,T)2x1
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due to the continuity (2.2.2) and the p-growth property (2.2.4) together with Lebesgue’s Domi-
nated Convergence Theorem. So by (2.2.6) and letting § — 0 we conclude that

hmsupWhom(xaQF_n) < Whom(xodf)' (2'2'7)
n—-—+o0o
Similarly, for each n € N consider T,, € N (T}, /' +00) and ¢, € WP((0,T,,)? x I,;R?), ¢, =
0 on 9(0,T;,)? x I, such that

1

Whom($a§Fn) +- = ][ Whom(xay Y3, yaQFn + Va‘pn(y)|v3‘pn(y)) dyadys
n (0,T)2x1

= o Whom (l‘a, Y3, Thyas Fn + Va¢n(y)|Tnv3¢n(y)) dyadys,
X

after a change of variables and where ¥, (y) := Tingpn(Tnya, y3). Clearly the function v,, belongs
to WhHP(Q' x I;R3) and 1, = 0on Q" x I. By (2.2.4), the sequence {(Van|T,,V3t,)} is
bounded in LP(Q’ x I; R3*3) uniformly in n € N. Hence, using (2.2.5), Holder inequality and the
fact that F,, — F, we obtain

lim |Whom (Ta, Y3, Tnya; Fn+ Vatn (W Tn Vi (y))
n—-400 Q'xI

_Whom(xom Y3, TnYa; F + Voﬂ/}n(y)‘Tnv?:wn(y))‘ dyoe dy3 =0.

Consequently

hm_ii_nf Whom (xod Fn) > hm_’i_nf Whom(xay Y3, Th¥a; F+ Va¢n(y) |Tnv37/)n (y)) dyadys
n—-+oo n—-+0oo Q/XI
= lim inf][ Whom(xay Yss Yass F+ Va‘pn(y)|v390n (y)) dyadys
n—+00 J(0,T,)2x I
> Whom(xod F) (2-2-8)
From (2.2.7) and (2.2.8), we conclude that Wiyom(74;-) is continuous. O

As a consequence of Lemma 2.2.2, the functional Wy, makes sense on WHP(Q;R3). Fi-
nally, the function Wy, satisfies the same p-growth and p-coercivity condition as W and Wyom
namely :

1 — - _ _ _
E|F|p — B < Whom(za; F) < B(1 + |F|P) for ae. x4 € w and all F € R3*2, (2.2.9)

2.3 Independence on the in-plane macroscopic variable

In this section, we assume that W does not depend explicitly on x4, namely W : I x R? x R? x
R3*3 — [0, +00). For each ¢ > 0, consider the functional W, : LP(2;R3) — [0, +-00] defined by
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1
/ w <x3, g, z—;; Vau(x)‘gV;gu(x)) dr if u € WHP(Q;R3),
Weu) :={ 79 (2.3.1)
400 otherwise.
Our aim is to prove the following result.

Theorem 2.3.1. Under assumptions (A1)-(A4) the functional W, T'-converges for the strong
LP(Q;R3)-topology to Whom : LP(;R3) — [0, +oc] defined by

Q/Whom(vau(xa))dwa if u € WHP(w; R3),

Whom(u) =
400 otherwise,
where
Whom(F) := inf inf ][ Whom(yiiyya;F + va¢(y)|v3¢(y)) dy :
TeN ¢ (0,T)2xI

¢ € WHP((0,T)% x I; R?) and ¢ = 0 on 9(0,T)? x 1}, (2.3.2)

for all F € R3*2 and

Whom (3, Ya; F) := inf inf W (Y3, Ya, 23, Za; F + V@ (2)) dz :
TeN ¢ (07T)3

¢ € ngp((o,T)?);R?’)}, (2.3.3)

for all (y, F) € R3 x R3%3,

We start by localizing the functionals given in (2.3.1) in order to highlight their dependence
on the class of bounded and open subsets of R?, denoted by Ag. As it will be clear from the
proofs of Lemmas 2.3.6 and 2.3.7 below, it would not be sufficient to localize, as usual, on
any open subset of w. Indeed, formulas (2.3.2) and (2.3.3) suggest to work in cubes of the
type (0,7)2, with T arbitrarily large, not necessarily contained in w. For each ¢ > 0, consider
W: : LP(R? x I;R3) x Ag — [0, +00] defined by

/ w <LZ'3, < x—;; Vau(x)‘lv;),u(x)) dr if u e WYP(A x [;R3),
AxT e'e £

We(u; A) = (2.3.4)

+00 otherwise.
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2.3.1 Existence of ['-convergent subsequences

Given {e;} \, 07 and A € Ay, consider the T-liminf of W,_(-; A) for the LP(A x I; R?)-topology,
defined for u € LP(R? x I;R3), by

Wie,y(u; A) := {171}Jf} {l}gl_"i_lolfwaj(uj;/l) © u; —uin LP(A X I;R?’)}.

In view of the p-coercivity condition (Ay), for each A € Ay it follows that Wy, 1 (u; A) is infinite
whenever u € LP(R? x I; R3)\ W1P(A4; R3), so it suffices to study the case where u € W1P(A;R3).

Remark 2.3.2. Arguing similarly than the second step of the proof of Theorem 2.5 in [35], one
can show that for every sequence {¢;} \, 0", there exists a subsequence {e,} = {¢;,} such that
for all A € Ap and all u € WHP(A;R?), Wi, 1(u; A) is the T-limit of W, (u; A) for the strong
LP(Ax I;R?)-topology. The reason why we cannot use directly their result is because the authors
were considering A as any open subset of a bounded domain while we are treating the case where
the latter domain is the whole R2.

Our next objective is to show that for every A € Ag and every u € WHP(A;R3), then
Wie,3 (u; A) = Whom (u; A), where Whom = LP(R? x I;R?) x Ag — [0, +00] is given by
2/ Whom (Vau(za)) dze if u€ WHP(A;R3),
Whom(u; A) = A

400 otherwise.

2.3.2 Integral representation of the I'-limit

Following the proof of Lemma 2.5 in [35], it is possible to show that for each U € Ay and
all u € WHP(U;R?), the restriction of Wy y(u;-) to A(U) is a Radon measure, absolutely
continuous with respect to the two-dimensional Lebesgue measure. But one has to ensure that
the Integral Representation given by Theorem 4.3.2 in [37] is independent of the open set U € Ay.
The following result, prevents this dependence from holding since it leads to an homogeneous

integrand as will be seen in Lemma 2.3.4 below.

Lemma 2.3.3. For all F € R3*?, yg and 20 € R?, and r > 0

Wie} (F 5@ (%0)) = Wie,} (F -5 Q1. (0)).-
Proof. Clearly, it suffices to establish the inequality
Wi,y (F -3 Q1(%0)) = Wie,y (F -3 Q1 (20))-
Let {u,} C WHP(Q.(yo) x I;R?) with u, — 0 in LP(Q".(yo) x I;R?) be such that

_ . = 1
Wie 3 (F5Qr(yo)) = lim 1% (xg, x ,—x2 i F 4+ Vaun(x) —Vgun(az)> dr. (2.3.5)
n—-+oo QL (yo)xI En &p En
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By Theorem 1.1 in |25] and Lemma 2.6 in 35|, we can assume without loss of generality that
the sequence {‘(Vaun\ivzgun) !p} is equi-integrable and w,, = 0 on Q.. (yo) x I. For all n € N

we write

-z
M — men _|_ SEn
En
with m., € Z? and s., € [0,1)2,
Men — 9. 41, (2.3.6)
En
with 0., € Z* and [, € [0,1)%, and we define
Te, =M, en — ole, . (2.3.7)

Note that z., = Yo — 20 — €nSe,, — E%lan — Yo — 20 as n — +oo. For all n € N, extend wu,, by
zero to the whole R? x I and set v, (2q,23) = Up (T + 2c,, 23) for (z4,73) € Q%(20) x I. Then
{vn} € WEP(QL(20) x I;R3) and v, — 0 in LP(Q.(20) x I;R3) because

/Q I /Q I CCRE S
;. zZ0)X ;Zo X

- / () Pd
Q{r(zo+xsn) xI

< / |un (2)|Pde, (2.3.8)
Q' (yo)xI

since u, = 0 on [R?\ @Q.(yo)] x I. We also remark that by the translation invariance of the

Y

Lebesgue measure, the sequence {!(Vavn|iV3vn) ‘p} is still equi-integrable. In view of (2.3.5)
(2.3.6), (2.3.7) and (As)

Y

Wie,y (F5 Q1. (v0))
To + Te, @ To + Te,

— 1
> limsup/ w <x3, ,—, 5 I+ Vaun(2) —ngn(x)> dx
n—+00 J Q! (yo—Tep ) X1 En En €n €n

1
zlimsup/ w 73 Ta —ngn(x)> dx
n—+00 J Q) (yo—e, ) X1 “n

€T —
x3, == - Enlen, — _2a F + vﬂvn(x)
1> 15
X X X —
> 1imsup/ w <x3, 0 eple,, =2, 3 F + Vaup(x)
Q) (z0)x1 € €n €

1
e—ngn(x)> dx

n n n
n—-+o00 n n n

— 1
— lim sup/ w <:173, Ta enle,,, ﬁ, :E—;; F + Vv, (x) —ngn(:n)> dz.
n=+00 J[Q1(20)\Qf (Yo —ep )] ¥ T En En & En

The p-growth condition (A4) and the fact that £2(Q".(20) \ Q.(yo — z¢,)) — 0 yield

a a = 1
limsup/ w <a;3, Ta _ enle, ﬁj a:_2;F+ Votn(2) —ngn(az)> dr
n—+00 J[Q1.(20)\Q" (Yo —x<,, )| X I En En & En
< limsup 26(1 + [F|P)L? (Q/r(zo) \ Q. (yo — xan)) =0,

n—-4oo
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since v, = 0 on [R?\ Q'.(yo — 2, )] x I. Therefore

Wee,y (F+5 Q1. (v0))
T3 T

> limsup/ 24 (:1:3, Ta _ Enle,, —, —Q;F + Vaup(2)
Q! (20)xI €

n—-+o0o En n €n

%ngn(l’)> dx.  (2.3.9)

To eliminate the term ey I, in (2.3.9), and thus to recover Wi, 1(F-;Q;.(20)), we would like to
apply a uniform continuity argument. Since for a.e. x3 € I the function W (xs, -, ;) is continuous
on R3? x R? x R3*3 then (As3) implies that it is uniformly continuous on R? x R? x B(0, \) for
any A > 0 and a.e. 3 € I, where B(0, \) stands for the closed ball of radius A in R3*3. We define

iv?ﬂ)n(fﬂ))‘ < A} )

R) = {:17 €Ql(z) xI: ‘(F—{— Vatn(x)

and we note that by Chebyshev’s inequality

L£3([Q(z0) x I]\ R)) < C/NP, (2.3.10)

for some constant C' > 0 independent of A or n. Thus, in view of (2.3.9) and the fact that W is
nonnegative,

Wieny (F Q1 (y0))
T3 Ty

> limsuplimsup/ 1% (xg, Ta _ Enle, , —, —2;F + Vaup(2)
R € En €

A——+00 N——+00 n n n

engfun (x)) dx.

Denoting by wy(z3,-) : [0,+00) — [0,400) the modulus of continuity of W(xs,-,-;-) on R? x
R? x B(0,\) defined by

w)\(x?nt) = SUP{W(»TS’%ZMF) - W(x37y/7zéz;F/) : y7y/ S R37 Zomzéz € R27

F,F' € B(0,\) and |y — ¢/| + |20 — 24| + |[F — F'| < t},

we easily check that for a.e. x3 € I, the function ¢ — wy(z3,t) is continuous, increasing and
satisfies wy(x3,0) = 0. Moreover, by continuity of W (zs,-,-;-) the previous supremum can be
taken over rational points; Thus for all ¢ € [0, +00), the function x3 +— wy(x3,t) is measurable
as the countable supremum of measurable functions. We get, for any x € R))

T Ty — 1
wW —, —; F 4+ Vv, —Vsuy,
' <.’I’3, €n7 6%7 + v (.’I’) En 3V (‘T)>
a a = 1
-W <x3, La _ enle,, ﬁj x_2;F+ Vatn () —Vg%(ﬂ:))'
En En €, En

< wy(x3,enle,)-
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Then, the properties of wy and Beppo-Levi’s Monotone Convergence Theorem yield

Wie,y(F-Q1(yo)) > limsup limsup {/ w (m? z—;;FJrVavn(fﬂ)
Ry

A—+oo n—+oo n n

1
—r? / wi(zs,enle,) dxg}
—1

— 1
= limsup limsup/ w <:173, PR F + Vv, (x) E—ngn(x)> dzx.
Rr) n

A—+4o00 n——+o0

ELV;;vn (x)> dx

The equi-integrability of {|(Vavn\$V3fun)|p}, the p-growth condition (A44) and (2.3.10), imply
that

lim sup lim sup/ W <a;3, i, :E—;; F + V()
[@1.(z0) < I]\R)) <

A——+00 N——+00 En n
1
< Blimsup Sup/ <1 + ‘ <Vavn —ngn>
A——+oc neN J[Q! (z0) x I\ R) En

and since v, — 0 in LP(Q".(z) x I;R3)

Engvn(x)) dx

P
>d:£:0,

Y

Wi (FsQun) > timsup [ W(:ng,i,”“’—;‘;ﬂvavn(x)
Q’(zo)X[ E E

n—-+o0o n n

> Wi,y (F5Qp(20))-

Engvn(x)) dz

As a consequence of this lemma, we derive the following result.

Lemma 2.3.4. There exists a continuous function Wy, y : R3%2 — [0, 4+00) such that for all
A€ A and all uw € WIP(A;R3),

Wiey(u; A) = 2[4W{E7L}(Vau(xa))dxa.

Proof. Fix U € Ay. By Theorem 4.3.2 in [37], there exists a Carathéodory function W{Z_n} :
U x R3*2 — [0, 4+00) such that

Wie(u; A) = 2/ W{gn}(xa; Vau(zy)) dzg
A

for all A € A(U) and all u € W1P(U;R3). Furthermore, for all z, € U and all F € R3*2

W{Zn}('xaﬂF) - llnr]jg)lp {5 } 2T2

Define Wy, 3 : R3*? — [0,400) by
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As a consequence of Lemma 2.3.3, W{Z_n}(:na; F) =W y(F) for all o € U and for all F € R3*2,
Taking A = U, it turns out that

Wi (i 4) =2 | Wie,)(Vau(ea) da,
holds for all u € WHP(A; R3). O

2.3.3 Characterization of the I'-limit

Our next objective is to show that Wy, y(u; A) = Whom(u; A) for any A € Ag and all u €
WHP(A;R3). In view of Lemma 2.3.4, we only need to prove that Wi (F) = Wi, (F) for all
F € R3*2 and thus it suffices to work with affine functions instead of general Sobolev functions.

The lower bound

In order to estimate W{En} from below in terms of Wi, we will need the following result, close
in spirit to Proposition 22.4 in [32].

Proposition 2.3.5. Given M > 0,1 > 0 and ¢ : [0,+00) — [0, +00] a continuous and increasing
function satisfying p(t)/t — 400 as t — +oo, there exists eg = eo(M,n) > 0 such that for every
0 < e <ep, every a € R? and every u € WHP((a + Q') x I;R3) with

/(+Q) Icp(\Vu]p)dx <M, (2.3.11)
a+Q’)x

there exists v € Wol’p((a + Q') x LR?) with ||v]| o ((ar0x1;r3) < 1 satisfying

/ W(xg,xa,ﬁ,x—a;Vu) dx > / Whom (23, Zo; Vu + Vo) dx — 1.
(a4+Q")xI e ¢ (a+Q")xTI
Proof. The proof is divided into two steps. First, we prove this proposition under the additional
hypothesis that a belong to a compact set of R%. Then, we conclude the result in its full generality
replacing a by its decimal part a — [a]] and using the periodicity of the integrands W and Wy, .
Step 1. For a € [ — 1,1]2, the claim of Proposition 2.3.5 holds. Indeed, if not then we may
find ¢, M and n as above, and sequences {e,} — 0%, {a,} C [~1,1]? and {u,} € W'P((a, +
Q") x I;R3) with

/( o IsD(IVunI”) de <M (2.3.12)
an+Q’) X

such that, for every n € N

66
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X X
/ W (xg,wa, = —a;wn> da
(an+Q)xI En En

< inf / Whom (23, Ta; Vun, + Vv)dr : v € Wol’p((an + Q') x I;R?)
(an+Q")xI

”U”LP((anJrQ/)xI;RB) < 77} —n. (2.3.13)

From (2.3.12) and the Poincaré-Wirtinger Inequality, up to a translation argument, we can
suppose that the sequence {||unllw1r((a,+0)xr;r3)} is uniformly bounded. From this fact and
since the set (a, + Q') x I is an extension domain, there is no loss of generality in assuming that
{un} is bounded in W1P(R3;R3) and that, due to (2.3.12),

sup/ o(|Vuy|P)de < My (2.3.14)
neN JR3

for some constant M; > 0 depending only on M (see the proof of Theorem 1, Section 4.4 in
[55]). Passing to a subsequence, we can also assume that u, — u in WHP(R3;R3). Let B a ball
of sufficiently large radius so that a, + Q" C B for all n € N. De La Vallée Poussin criterion (see
e.g. Proposition 1.27 in [5]) and (2.3.14) guarantee that the sequence {|Vu,|P} is equi-integrable
on B x I. This implies that there exists § = d(n) such that

N3

supB [ (14 |Vul? + |Vu,|P)dx < (2.3.15)
E

neN

whenever E is a measurable subset of B x I satisfying £3(E) < 6. As {a,} C [~1,1]? we may
suppose, without loss of generality, that a, — a € [ — 1,1]%, and that for fixed 0 < p < 1, with
p? < 6, the following hold for n large enough :

+(1-p)Q Can+Q Ca+(1+p)Q,

L£2(S,) <4/2, where S, := [an, + Q'] \ [a+ (1 —p)Q'] C B, (2.3.16)

and lu, — UHLP((a+(1+p)Q')xI;R3) <.
Take now a sequence of cut-off functions ¢, € C>*(R?;[0,1]) such that
1 ona+(1-p@,

Pn =
0 outside a, + @',

and ||V || oo r2)y < C/p for some constant C' > 0. Let v, = ¢ (u — uy), then v, € Wol’p((an +
Q") x I;R?) and
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/ ’Un‘pdxg/ (Pn’u_un‘pdxg/ ]u—un\pdxgnp.
(an+Q")xI (an+Q")xI (an+Q")xI

Then, taking v, as test function in (2.3.13), it follows from (2.3.15), (2.3.16) and (2.2.4) that

/ W <x3,xa,@,x—“;wn> da
(an+Q")xI €n En

< / Whom($3y Ta; Vg + V’Un) dr — n
(an+Q")xI

< / Whom (%3, To; Vu) dx
(a+(1-p)Q")xI

C
—i—ﬂ/ <1+]Vu\p—i-\Vun\p—l——]u—un\p) dr —n
SpxI PP

< / Whom (23, Zo; Vu) do — 74 pC / lu — up|Pde.  (2.3.17)
(a+(1=p)Q") I 27 Jsxi

Since u, — u in LP(R3;R3), by (2.3.16) and (2.3.17) we have

Y

limsup/ w <$3,xa,ﬂ,x—a;Vun> dx
n—+00 J(an+Q")xI En €En
< / Whom (23, To; Vu) do — Q, (2.3.18)
(a+(1-p) Q)1 2

and by Theorem 1.1 in [16] (with f(z,y; F) = W(x3,Zqa, Y3, Ya; F)) and (2.3.18), we get

/ Whom (23, To; Vu)dz < liminf/ w (xg,:z:a,%,x—a;Vun) dx
(a+(1=p)Q")xI =00 S (at-(1—p) Q) x T €n En

T3 T

< limsup/ w <:E3,:Ea,—, ,Vun> dx
n—+00 J(an+Q’)XI En &n

/ Whom(x& Lo VU) dx — Q
(a+(1-p)Q")xT 2

IN

which is a contradiction.

Step 2. Let a € R?, then a—[a] € [~1,1]%. Given u € WP ((a+ Q') x I; R?), set 1i(xq, z3) 1=
u(zq + [a], z3) and thus @ € WHP((a — [a] + Q') x I;R3). Applying Step 1 with 1/3, we get the
existence of 0 < e}y = ej(M,n) such that, for all 0 < ¢ < &}, there exist & € W,?((a — [a] +
Q') x I; R?) satistying |0 Lo ((a—[a]+@)x 1;r3) < 1/3 and

Tr3 Lo

W23, 24, —, —; Va(z)) dx
/(a—[[a]]+Q’)X1 < € ¢ >

> / Whom (23, Zo; Vi(z) + Vi(z)) de — .
(a—[al+Q")xI
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Setting v(a,73) 1= ¥(za — [a], 23), then v € WyP((a + Q) x I;R3) and [|v]| po(arqnxrme) <
2 <n. Therefore, by a change of variables

/ w <$3,$a, E, LM; Vu(x)) dz
(a+Q")x1 € €
> / Whom (23, To; Vu(z) + Vo(z)) doe — Q, (2.3.19)
(a+Q1)xI 3
where we have used (As) and (2.2.3). Writing

[a]

= m.+r., withm,€Z? and |r.| <V2e
and using again (As), the inequality (2.3.19) reduces to

/ w <x3,xa7 §7 Ta Te; Vu(x)) dx
(a+Q")x1 € ¢
n

> / Whom (23, To; Vu(x) + Vo(z))dx — =.  (2.3.20)
(a+Q")xT 3
Choose A > 0 large enough (depending on 1) so that

(1+ |VulP)de <

w3

/ (2.3.21)
{|Vul|>A}IN[(a+Q") xI]

Then, from (2.3.21) and the p-growth condition (Ay),

< / w <:173,xa, ﬁ, Lo _ Te; Vu(x)) dr + Ny (2.3.22)
{IVul<Al(at@) <) e € 3
Arguing as in Lemma 2.3.3, for a.e. x3 € I, the function W (zs,-,-;-) is uniformly continuous

on R? x R3 x B(0, \). Denoting by wy(x3,) : [0,+00) — [0,+00) the modulus of continuity of
W (z3,-,-;-) on RZ x R3 x B(0,\), we get for every x € {|Vu| <A} N [(a+ Q') x I],

r3 X r3 X
‘W (azg,xa, — ?a — T Vu(a:)) -Ww (1’3,1'0“ > f,Vu(x))‘ < wy(x3,72).

As r. — 0, by Beppo-Levi’s Monotone Convergence Theorem, we get that

1
/ wy(x3,7e) drs — 0,
1 e—0
and thus, for any 7 > 0, there exists ¢ = ¢(j(n) > 0 such that for all ¢ < £,

T3 Ty

/ ‘W (x?nxon_u _Té‘ﬂvu(‘r))
{IVul<AIN[(a+Q") x1] € ¢
n

-w <:173,xa, ?, %; Vu(:z:)) ‘ dr < 3 (2.3.23)
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Consequently, by (2.3.22) and (2.3.23) we have

2n

T3 Ty
< = . _!
W (iL‘3,£L‘a, palion 7Vu(x)) dr + 3 (2.3.24)

/{IVUISA}O[(IHQ’) x1I]

Thus, from (2.3.20), (2.3.24) and the fact that W is nonnegative, for all ¢ < gy := min{e), &
we have that

/ w (xg,xa, ﬁ, x—a; Vu(x)) dx > / Whom (23, To; Vu(z) + Vu(z)) de —n.
(a4+Q")xI € £ (a+Q")xI

We now use this Proposition to derive the lower bound of the I'-limit.
Lemma 2.3.6. For all F € R3*?,
Whom(F) < W{an}(ﬁ)'

Proof. Let {w,} C WHP(Q' x I;R3) be a sequence such that w,, — 0 in LP(Q" x I;R3), w, =0
on Q" x I (see Lemma 2.6 in [35]), {|(Vawn‘éV3wn) |p} is equi-integrable (see Theorem 1.1
in [25])) and

n—-400 En n En

_ . — 1
Wiy (F Q') = lim w <x3, i, %;F + Vawp(x) —ngn(az)> dx.
Q'xI

From De La Vallée Poussin criterion (see e.g. Proposition 1.27 in [5]) there exists an increasing
continuous function ¢ : [0, +00) — [0, +o0] satisfying ¢(t)/t — 400 as t — 400 and such that

1 p
—ngn> > dz < 1.

sup / @ <‘<Vawn
neNJQ'xI En

Changing variables it follows that

W{an}(F) = lim L/ w <:E3,xa,ﬂ,x—a;F—{—Vo{zn(xNngn(x)) dx
(0,Tn)2xT €n €

n—+00 2T7% n n
and )
sup —2/ o(|Vzp|P)de <1, (2.3.25)
neN 17 J(0,1,)2x1

where we set T}, := 1/, and 2,,(x) := Tpwy (T /Th, 23), 2n € WIP((0,T,)% x I;R3) with z, = 0
on 0(0,T,)? x I. For any n € N define I,, := {1, el [[Tn]]z}, and for i € I,, take al' € Z? such
that
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U (ap + @) € (0, T,)% (2.3.26)

i€ln

Thus

1 3 Ta
W{e }( )> limsup — o2 Z/(a"—i—@) w <‘T3axa7€_ 6_ F+Vazn( )\ngn(az)> dzx.

n—-—+00 n n
(2.3.27)
Let M > 2 and i > 0. For n € N define

™.—Jicr, ;/ oV anlP) dz < M Y
(ap+@)xI

We note that for any M > 2, there exists n(M) € N such that for all n > n(M) sufficiently large
so that Ty, > M, IM % (). In fact, if not we may find M > 2 and a subsequence ny € N satisfying

/ o(|Vzp, [P)dx > M,
(a;*+Q)

for all i € I,,,. Summation in ¢ and (2.3.26) would yield to

/ o[V, [P)dz > M[T, I?
(0,Tn, )2 <1

which is in contradiction with (2.3.25). We also note that in view of (2.3.25)

#INIM < Y / PVal)dos [ () < T2
i€ I\IM (O.Tn)2x1
and so
iy o In 2.3.28
< 3.
I\ T < 2 (23.25)

By Proposition 2.3.5, there exists ¢g = e9(M,n) such that, for any n large enough satis-

fying 0 < e, < &g and for any i € IM, we can find v?’M’n e WyP((a} + Q') x I;R3) with
n,Mn

;| Lo (@ +-@ryxrir3y < M and

n n

/ w (:173,:17(1, 13 Lo F+Vazn|V3zn> dx
(a7 +Q") en’ €
= / Wiom (23, 20i F + Va(za + 0" Vs (2 + oM7) do =,
(a7 +Q")

Consequently, for n large enough
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w <l‘3,l‘a, ﬂ’ x_Ol?F + Vozzn|v3zn> dz
(@ +Q")x1 En &

i€l " "

eIM

> Z / Whom <a:3, To; F + Valzn + vi"’M’")\Vg(zn + UZ-"’M’")> dx
(a7 +Q")xI

—n #(I)).

As #(IM) < [T,,]?, dividing by T2 and passing to the limit when n — 400 we obtain

1 _
lim sup — Z / %% <a:3,a:a, E, :E—Q;F + Vazn\V;),zn) dr +n
T (tl?-i—Q')XI e &€

n=F0 Iner, noEn

1 _
> limsup T2 Z / Whom <x3, Ta; F + Valzn + 00| Vs(z0 + vi"’M’")) dw.(2.3.29)
n—too I S50 J(ar Q)1

Hence, from (2.3.27) and (2.3.29),

1 _
lim sup lim sup lim sup —= E / Whom (:173, Ta; F + Va¢"’M’"|V3¢"’M’") dx (2.3.30)
2T, (an+Q")xI

M—+co n—0 mn—+oo0 r% ieIM
n

where ¢™Mm € WLP((0;T;,)? x I;R3) is defined by

zn(@) + 0P (z) ifz e (a?+ Q) x T andie IM,
o () =

zn () otherwise

and satisfies ¢™*" = 0 on 9(0,T;,)? x I. Now, in view of the definition of ¢™" the p-growth
condition (2.2.4) and (2.3.28)

Y

1 p—
T2 / Whom (333, Tos F + Va¢n,Mﬂ7|v3¢n,M,n) di
nojer\aM @+
1 p—
-T2 / Whom (333, Tos P+ Vazn\V;),zn) dx
njer,\ai V(@ +QIxT
C
=72 / (1+|Vza[?) da
"Gl \IM (a?4+Q")xI
C 1 »
sutr Vatwn|—Vawn || dz. (2.3.31)
U 7 (ar+Q)xI €n

ieIn\IM
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By (2.3.28), £? (UieIn\IM Tin(a? + Q’)> < 1/M, consequently, in view of the equi-integrability
ot {| (V| £ Vi)

p}, we get

p

dx —— 0. (2.3.32)
M ——+o00

1
<Vawn —ngn>
En

Therefore, (2.3.30), (2.3.31) and (2.3.32) imply

sup /
neN U 7 (ar+Q)xI

ieIn\IM

W{En} (F)

1 _
> lim sup lim sup lim sup — Z / Whom (3, Ta; F + VaqS"’M’"!ngS"’M’") dr
M—+co n—0 n—+oo 2T ; (a;L+QI)XI

= lim sup lim sup lim sup Whom (€3, Ta; F + Voo™ ™M1V MM) dz, (2.3.33)

M—too n—0 n—too 202 /(O,Tn)2><1

because by definition of ¢ and the p-growth property of Wyom, (2.2.4)

Y

1 _
T2 / Whom (73, Za; F + Vg™ V3™ 1) da
n J(0,10)2\[Uier, (a2 +Q")] xT
1 _
= T / Whom(x?n Tas F+ Vazn‘V;),Zn) dz
T3 J0,1)2\[Use , (a2 4+@Q)] x 1
< A (14 |Vzu|P) dz

T2 J 0,102\ [User, (a2 +@N] xT
p
= C <1+‘<Vawn|iV3wn> >d:r.
Q\[Uier, 7 (@ +Q)] x1 €n

and consequently, the equi-integrability of {!(Vawn‘$V3wn) ‘p} and the fact that

>Ho

/ 1 n /
£2<Q\[U 7 () + Q)

iel, ="

as n — +oo yield

1 _
lim sup lim sup lim sup — Whom (23, Ta; F + Vad MMV 3™ M) dz = 0.

M—+oo n=0  n—+too I3 /<0,Tn>2\[uiefn<a?+c2'>]x1

Hence by (2.3.33) and (2.3.2) we get that Wy, 1(F) > Wiom(F). O
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CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS

The upper bound

Let us now prove the converse inequality.
Lemma 2.3.7. For all F € R3*?,
Whom (F) > W{€n}(F)'

Proof. In view of (2.3.2), for § > 0 fixed take T' = Ty € N, with Ty — 400 as § — 0, and

Y

é=¢s € WHP((0,T)? x I;R3) be such that ¢ =0 on 9(0,7)? x I and

Whom (F) + 6 Z][ Whom (23, Ta; F + Vad(2)|Vao(z)) dz. (2.3.34)
(0,T)2x 1T

By Theorem 1.1 in [16] (with f(y, z; F) = W(y3, Ya, 23, 2a; F')) and, for instance, Theorem 21.1
in [45], there exists {¢,} C Wy P((0,T)% x I;R?) with ¢, — ¢ in LP((0,T)? x I;R?) such that

/ Woom (3. 20 F + Vao(2)|Vao(x)) da
(0,7)2x1

= lim w <x3,xa, ﬂ, x—a;F—i— Va¢n(:n)|V3¢n(:E)> dr. (2.3.35)
(0,T)2xT €n €

n—-4o0o n n

Further, in view of the Decomposition Lemma (see [61]), we can assume — upon extracting a
subsequence — {|V¢,|P} to be equi-integrable. Fix n € N such that e, < 1. For all i € Z? let
a? € e,Z2 N (i(T + 1) 4 [0,,)?) (uniquely defined). In particular, the cubes af + (0,7)? are not
overlapping because if i, € Z? with i # j, then |i — j| > 1 and thus |a} — aj| > T. Set

On(za —al,x3) ifz € (al +(0,T)%) x I and i € Z?,
On(x) =

0 otherwise,

then ¢, € WIP(R? x I;R3). Let I, := {i € Z*: (0,T/e,)? N (a? + (0,T)?) # 0}. Note that

#(I,) < <Hiﬂ + 1>2. (2.3.36)



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLE

If 1, (%) := endn(Ta/en, x3) then 1, — 0 in LP((0,T)? x I;R3), as n — +00, because

/ n(@)Pde = & / 3
(0,T)2x1 (0,T)2x 1

< €£+2 |pn (2o — al, x3)|Pdx

= () / (6n ()P dz
(0,T)2x1

2
< eg+2<[[iﬂ+1> / (b ()P — 0,
€n (0,T)2xI

where we have used the fact that ¢, =0 on [(0,7/e,)? \ Uiez, (@ +(0,7)%)] x I and that the
sequence {¢,} is uniformly bounded LP((0,T)? x I;R?). Consequently, the p-growth condition
(Ay) implies that

W{an} (Fa (0’ T)2)

< liminf/ W <x3, =z, x—;’;FJr Vathn(z)
(0,T)2x1 En Ep

n—-4oo n

= liminf/ w <x3, i, x—;;?—l— Vadn (x—a,a:g) ‘V3(J~5n (m—a,a:g)) dx
n—-+o00 (0,T)2x1 En E&p €n En

i3 | w <$3$ s To g vaqwnvgqﬁn(w)) da
(0,T/en)2xI En €

n—-4oo n n

n—+00 En n

< liminfe? Z / w <:173, Ta, @, x_a;F + VQQEn(:EﬂVgQ;n(ﬂ?)) dx
icl, 7 (@@ +(0,1)?)x1I <

2
+26(1 + [FP)L? <<0 ;) \ (@} + (0,T)2)) (2.3.37)

" i€l,

Since a € i(T+1)+[0,&,)?, for n large enough it follows that a?+(0,T)% C i(T+1)+(0,T+1)2.

Hence
= <{z €l,:al+(0,T) C <o§>2}>
> # <{z €L, i(T+1)+(0,T+1)* C <0§>2}>

[l
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Consequently, we can estimate the Lebesgue measure in (2.3.37) by

c? ((o 5) VU e+ <0,T>2>>

n i€l

et (o 5>\ U (a? + (0,T)?)

" i€lp:a?+(0,7)2C(0,T/en)?

2 2
=Z—2—#<{ie[n:a?+(o,T)2c <0§> }>T2
T2 ) T 2
Sa(“fn Eees] )

Letting n tend to 400 yields that

Wiey (F+(0,T)%)

< liminfe2 Y / W <x3,xa,w37wa;F+vaq§n(;¢)\v3$n(m)> "
nree e, a0 )2)x1 En En
T \?
TIPYT? N )
+28(1 + [FP)T (1 <T+1> > 2.3.38)

By a change of variables, for all ¢« € I,

/ W <$37xa7§7&aF+VC¥¢§n(x)|V3¢3n(x)> d$
(am+(0,T)2)x T €

61’L n

T3 To +ay

= / w <$3a$a +azna_a ,F+Va¢n(l‘)|V3¢n($)> dz
(0,7)2xI En En

= / w (:173,:17(1 +a! —i(T+1), E, x—a;F + Va¢n(x)|V3¢n(x)> dz, (2.3.39)
(0,T)2xI €n €En

where we have used (As), the fact that T € N and a' /¢, € Z2.In order to apply a uniform conti-
nuity argument and recover (2.3.35) we define R) := {z € (0,T)?xI : |(F+V 00n(x)|V3dn(z))| <
A} and we observe that, according to Chebyshev’s inequality,

L3([0,7)* x I]\ Ry) < C/N",
for some constant C' > 0 which does not depend on n and A. Then by (2.3.38) and (2.3.39)
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Wie,y (F5(0,7)?)

< lim inf lim inf Z / <x3,xa +a —i(T+ 1), ﬁ Ta, :F + Vaon(z )]ngﬁn(x)) dx
A—400 n——+0o0 icl, n En
T \?2

281+ [F)T* (1- (—] |- 2.3.40

+23(1 4 FP) ( <T+1>> (2.3.40)

Indeed, the p-growth condition (A4), the equi-integrability of {|V¢,|P} and (2.3.36) imply that
lim sup lim sup Z / (xg,a:a +ai —i(T + 1) ==, =5 F 4+ Vaon(x )\Vggﬁn(x)> dx

A—+oo n—too [ 0,T)2 xI]\R) en’ En’

< limsup lim supﬂ&?i #(In)/ (1 + ‘(F + Va¢n(x)]V3¢n(x))\p)da: =0.
[(0,T)2xI|\R)

A—+oo Nn——+00

Arguing as in the proof of Lemma 2.3.3, for a.e. zg € I, the function W (xs,,-;+) is uniformly
continuous on R3 x R? x B(0, \), thus for all z € R,

‘W <x3,$a + CL? — i(T + 1) @ o, F + Voe¢n( )‘Vg(ﬁn(x))

€n En’

-W (azg,xa, 6_37 i_a F+ Voeén( )‘V3¢n(x)> ‘

n n

<wy(xs,|al —i(T +1)]) < wx(xs,en). (2.3.41)
In view of (2.3.41), (2.3.36), and Beppo-Levi’'s Monotone Convergence Theorem we get

T3 Ty

hmlnfhmlnfa Z/ <x3,xa+a? —i(T+1),— ' i F 4+ Vadn(z )]ngﬁn(x)) dx

A n—+00 IS
e i€ly, e

A——400 n—+00 n €En

< liminf liminf(1 + €2 ){/ w <x3,xa,€—3,z—a F 4 Voon(x )|V3¢n($)> dx
Ry

1
+17? / wx(z3,6n) da:g}

-1

< liminfliminf/ w (xg,xa,g—?’,x—a F + Vaon(z )’V3¢n($)> dx
RA

A——+00 n—+00 n n

< liminf/ %% <$3,$a, —3, e, i F + Vaon(z )\Vggﬁn(x)> dz.
(0,7)2x1 €n €

n—-4oo n n

Consequently by (2.3.34), (2.3.35), (2.3.40) and Lemma 2.3.4
o _ T \2
Wicn (F) < Whom(F) +0 +268(1 + [FF) <1 - (T—-i-l> ) .
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CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS

The result follows by letting § tend to zero. O

Proof of Theorem 2.3.1. From Lemma 2.3.6 and Lemma 2.3.7, we conclude that Wyon(F) =
Wi,y (F) for all F € R**2. As a consequence, Wi, 1(u; A) = Whom (u; A) for all A € Ay and all
u € WIP(A;R3). Since the I'-limit does not depend upon the extracted subsequence, Proposition
8.3 in [45] implies that the whole sequence W.(-; A) I'-converges to Whom(+; A) for the strong
LP(A x I;R3)-topology. O

2.4 The general case

2.4.1 Existence and integral representation of the ['-limit

To prove Theorem 2.1.1 it is convenient to localize the functionals W, in (2.1.4) on the class
of all bounded open subsets of w, denoted by A(w). For each ¢ > 0 we consider the family of
functionals W- : LP(;R?) x A(w) — [0, +o0] defined by

/ W <x, E, a;_;; Vau(a;)‘EVgu(x)) dr if ue WHP(A x I;R3),
AxT € € €

We(u; A) = (2.4.1)

+00 otherwise.

Given {e;} \, 0% and A € A(w) we define the T-lower limit of W, (-; A) with respect to the
LP(A x I; R3)-topology by

W{aj}(u§ A) = {liljf} {glgl_ﬁlgwag (uj3A) 0wy —win LP(A x I§R3)}

for all u € LP(€2;R?). Our main objective is to show that

W{aj} = Whom (2.4.2)

where Whom : LP(€;R3) x A(w) — [0, +00] is given by

2/ Whom(Ta; Vau(r)) drs  if u € WHP(A;R3),
Whom(u; A) = A

+00 otherwise.

By hypothesis (A4) it follows that Wy, y(u; A) = +oo for each A € A(w) whenever u €
LP(Q;R3) \ WIP(A;R3). As a consequence of Theorem 2.5 in [35], given {e;} \, 0T there exists
a subsequence {g;, } = {en} of {g;} such that, for each A € A(w), the functional Wi, y(-; A) is
the [-limit of W, (-;A) for the strong LP(A x I;R3). Moreover given u € W1P(A;R?)
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2.4. THE GENERAL CASE

W{En}(u; A) = 2AW{€H}(xa;Vau(xa))dxa,

for some Carathéodory function Wy, y:w X R3*2 — R.

Accordingly, to prove equality (2.4.2) it suffices to show that Wy, y(7a; F) = Whom(Ta; F)
for a.e. o, € w and all F € R3*2, which allow us to work with affine functions instead of with
general Sobolev functions.

The following proposition, that is of use in the sequel, allows us to extend continuously Cara-
théodory integrands. It relies on Scorza-Dragoni’s Theorem (see [54]) and on Tietze’s Extension
Theorem (see Theorem 3.1 in [53]).

Proposition 2.4.1. Let W : Q x R3 xR2 x R3*3 — R satisfying (A1)-(As). Then for any m € N,
there exists a compact set Cp, C Q and a continuous function W™ : Q x R? x R2 x R¥*3 - R
such that W™ (x,-, ;) = W(x,+,-;+) for all x € Cy, and
1
L3\ Cp) < —. (2.4.3)
m

Moreover,

- Yo = WE, Yo, Y3, 2a; F) is Q'-periodic for all (24,93, F) € R? x R3*3 and a.e. x € (Q,

- (Zay y3) = WX, Yo, Y3, Za; F) is Q-periodic for all (yo, F) € R?2 x R3*3 and a.e. x € Q;
and for some B > 0, we have

—B < W™y, 20; F) < BA+|FIP)  for all (y, 2, F) € R3IXR XR**3 and a.e. z € Q. (2.4.4)

Proof. By Scorza-Dragoni’s Theorem for any m € N there exists a compact set Cp, C Q with
L3(Q\Cp) < 1/m such that W is continuous on C, x R3 x R? x R3*3. Since €, x R? x R? x R3*3
is a closed set, according to Tietze’s Extension Theorem one can extend W into a continuous
function W™ outside C,, x R? x R? x R3*3. By the construction of W™ it can be seen that it
satisfies the same periodicity and growth condition than W and that it is bounded from below

by —0. O

Note that the above result improve Lemma 4.1 in [13] in which only a separately continuous
function was obtained.

2.4.2 Characterization of the I'-limit

Let F € R3*? and 2y € w be a Lebesgue point of both W{&L}(-;F) and Whom(+; F). Consider
r > 0 small enough so that Q.(zg) € A(w).

The lower bound

Lemma 2.4.2. For all F € R3*? and a.e. ¢ € w,

Wie (@0; F) > Whom (zo; F).
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Proof. By Theorem 1.1 in [25] we can find a sequence {u,} C W'P(Q! (zg) x I;R3) with u,, — 0
in LP(Q!(z0) x I;R3), such that the sequence of scaled gradients {(VaunlainV;),un)} is p-equi-

integrable and

Wiy (F-Qr (o)) = 2/@/( )W{€n}($a;F)dxa
r\Z0

. = 1
= lim W «, =z ,—:E s F' 4+ Vauy(z)|—Vsuy(z) | de.
2

To simplify notation, set

Fy(z) = <F + Vatn(z)

givgun(g;)> .

n

Given m € N let C},, and W™ be given by Proposition 2.4.1. Then since W > 0 and W = W™
on Cp, x R3 x R? x R3*3 we get

r X
m (0%
w <a:, —

en €2’

Wiy (F-5 Q) (o)) > limsuplim sup / Fn(az)> o
m—-+00 n—+00 J[QL(xo)xI|NCm

By the p-growth condition (2.4.4), the equi-integrability of {|F},|P} and relation (2.4.3), we obtain

T I,

/ wm <a;,—,—2,Fn(a;)> de < 3 (14 |F(2)|P) de —— 0,
[@r (@) I\Com en Cn (@} (0)XI]\Com m—o00

uniformly with respect to n € N. Then, we get that

W{EH}(F- Q! (x0)) > limsup lim sup/ wm <a:, i, a;_(;; Fn(az)> dz.
Q' (xo)xI €

m—-+00 n—-+oo n n

For any h € N, we split Q’.(xg) into h? disjoint cubes Q;,h of side length r/h so that

h2
Q) (z0) = | Qin
i=1
and

Wi 1 (F-5Qr (o))

h2
r

> lim sup lim sup lim supZ/ wm <:17, —, —‘;; Fn(:n)> dx

=1 Q;,hXI €

m—+00 h—+oo n—-+oo En En

h2
T x
2limsuplimsuplimsuplimsupZ/ wm l‘,—,—;;Fn($) dx
—1 J1Q; , xIINRY En &

A—+o00 M—+00 h—+4o0 N—+00 i n
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where, given A > 0, we define R := {z € Q.(xo) x [ : |F,(z)| < A}. Note that thanks to
Chebyshev’s inequality,

L3([Qr (o) x I\ Rp) < O/, (2.4.5)

for some constant independent of A\ and n. Since W™ is continuous and separately periodic it is
in particular uniformly continuous on Q x R? x R? x B(0, A). Let wy,  : [0,4+00) — [0, 4+00) the
modulus of continuity of W™ on  x R? x R? x B(0, \). Then, for every (z4,23) € Qi x 11N R)
and every zj, € Q;

T T 2r
‘Wm (xayxiia E_a E_QavF (l‘a,$3)> - wn (x:ya$3a E_a E_Qa;Fn($aa$3)>‘ < Wm,A <T) .

n n n n

We get, after integration in (x4, z3,2,) and summation,

LRl
= Jor, | /rani@, <1

r X
m @,
2} <$a7x37 - 2 aFn($a7x3)>
n

n

7

Lo

-wm <x;,x3, i, —; Fn(xa,x3)> ‘ dx} dz!,
En €2
2
< 2r%wpm <Q> — 0,
’ h h—+o00
uniformly with respect to n € N. Hence,
Wie,y (F5 Qy(20)) >

B2
T x
hmsuphmsuphmsuphmsupg 2/ / w2, xs, — ;,Fn(xa,xg) dx dx!,.
7 JQ, @), < IINR) en’ €

A—+00 M—+00 h—too n—+o0 ‘3 n n

Define the following sets which depend on all parameters (m, A, 7, h,n) :
E:={(z,,xq,23) € th x Q' axI: (2!, 23) € Cp, and (z4,73) € R)},
Ey = {(x),,20,23) € Qg,h X Q;h x I:(xl,23) & Cp, and (z4,73) € R)},

Ey = {(x;wxa?x?’) € Qé,h X Q;,h X1 : (‘TOmx?») ¢ Ri\z}y

and note that Q) , x Q;, x I = EUE; U FEs. Since W and W™ coincide on Cp, x R3 x R? x R3*3,
we have
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Wie, 3 (F5 Q. (20))

> hmsuphmsuphmsuphmsupZ 5 / wm <xa,m3, v x;,Fn(xa,m3)> dx dx!,
r TL

A—+400 Mm—+400 h—+oo n—+oo T

= hmsuphmsuphmsuphmsupZ 5 / ( , T3, — L x‘;,Fn(xa,a:g)> dx dz),. (2.4.6)
r n

A—+00 M—+00 h—+4o00 N—-+00 i—1 En

We will prove that the corresponding terms over F; and FEs are zero. Indeed, in view of (2.4.3)
and the p-growth condition (Ay),

h2 r T
ZT_Z/E w (x,a7m376_7£;Fn(xa,x3)> dxdx;
) 1

n

Z ﬁ2 Qi) L3([Q X 1]\ Cim) B+ AP)

ﬁ(l + AP)

m m——+00

0, (2.4.7)

uniformly in (n, h). The bound from above in (Ay4), the equi-integrability of {|F, [P} and (2.4.5)
imply that

h2 Tr X
ZT_Q/E w <x:x7‘r37€_7£;Fn(xa,x3)> dﬂ:dﬂj‘ix
) 2

n

h2
< — L(Q)] ﬁ/ 1+ |Fy|?) dx
>z L@ [Q;N]\R%( |Ea]?)

Q7. (zo) X I]\ R A—to0

uniformly in (m,n, h). Thus, in view of (2.4.6), (2.4.7), (2.4.8), Fatou’s Lemma yields

Wiey (F-5Qr(x0))

T T
> lim sup li (L Top () deda!
im sup lim sup — Z// /thI < T3 g n(:E)> x dxl,

h—+o00 n—+oco T n <n

T T
> hmsup / hmmf/ W <$:x,$3, = F, > dr dx!,. 2.4.9
2 Z Q’ n—-—4o00 Qé,hXI e 62 ( ) ( )

h—+o0o T
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We now fix z/, € Q;h such that Whyem (2%, 73,9, 2a; F) is well defined, then by Theorem 2.3.1 we
get that

a = 1 2__ —
liminf/ w <azfx,x3, i, x_2;F + Vaun(z) —Vgun(x)> dx > 2T—2Whom(x;;F). (2.4.10)
Q) xI En € € h

n—-4oo n n

Gathering (2.4.9) and (2.4.10), we get
/ W{en}($a§ F) dre > / Whom (:E/a; F) d:L'/a
Q7 (o)

As a consequence the claim follows by the choice of xg, after dividing the previous inequality by

r2 and letting r — 0. U

The upper bound

Lemma 2.4.3. For all F € R3*? and a.e. ¢ € w,
W{en}($0§F) < Whom(xO;F)-

Proof. For every m € N, consider the set C,, and the function W™ given by Proposition 2.4.1,
and define (W™), and (W™), ., as (2.1.5) and (2.1.6), with W™ in place of W. Applying
Lemma 2.2.2 with still W™ instead of W, it follows that (W™),  is a Carathéodory integrand.
Thus, by Scorza-Dragoni’s Theorem, for fixed n > 0 and any m € N there exists a compact

subset K;f’ of w with

LAw\ K <n (2.4.11)

and such that (Wm), @ Kj*" x R3*2 — R is continuous .

hom

Step 1. We first state that,

ZIiminf/ W) o (@as F) drg > 2/ Wit (%o, F) dzq. (2.4.12)
Q7. (20)

To show this inequality we first decompose Q’.(z¢) into h? small disjoint cubes Q;h such that

h2
Q;(l’o) = U Q;,h and ﬁQ(Q/i,h) = (T/h)Q-
i=1
Let
Iy, = {ie {1,...,n%}: K,TﬂQg,h;é(D}.
For i € I}, choose x?’n’m € KJ"NQ; ;. By Theorem 2.3.1 together with Lemma 2.6 in [35] there
exists a sequence {u?hnm} c Whr(Q!, x I;R?) with u?’h’"’m =00n0Q) , xI, u?’h’mm — 0

n—-—+00
in LP(Q;JL x I;R3), and such that
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1
= Jim wr <<L"? B g, L O Y —V3U?’h’n’m> da.
n—-—+00 Q' n gn En
Setting
u () if 2, € Q; and i € I"
ur™(z) =
0 otherwise,
it follows that {unﬁﬂ} C Wl’p(Q;($0) X I;Rg) and UZ’ _+__> 0in Lp(Q/ (5170) % I: Rg) Thus
n—-+oo

211m1nf lim inf Z / W), (2™ F) da,,

—0 h—+
K T erp,

1
—V3u!™ ) dx(2.4.13
n—0 h—-+oo n—-+oo n 3Un ) LZ'( )

zEIm

T To —
> lim inf lim inf lim inf E / (x?’"’m, r3—, —(;; F + Vaul™
h><I E€n &p

In view of (2.2.4) and (2.4.11) we have

sup > (W) pom (@™ F) dzg < B+ [FP)LA(Qh(zo) \ KIY) —— 0. (2.4.14)
heN \Km n—0
iEI,’Z’Ln i,h

To simplify notation we set

R (@) = (F o+ Tl (@) -9 (@)).

€n

From (2.4.13) and (2.4.14) it comes

2lim mf lim inf Z / hom(x? PR dag,

n—0 h—+oco EI’” hﬂKm

T w
> liminf lim inf lim inf Z / wm (x?’n’m,xg, ;,F"’ ) dr. (2.4.15)
n—0  h—+oo n—+00 ety (@ NKIXT en’ €2

Since (W), (-3 F) is continuous on K", it is uniformly continuous. Thus, denoting by wy" its
modulus of continuity on Kj", we have for all z, € Q;, N K",

——— 0. (2.4.16)
h—+00

T (101 F) = O (" )] < (=) < (f%>
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In view of (2.4.11), (2.4.16) and (2.4.15), we get since Q; , N K" = () for i € I},

5 / W), (0a; F) da
Q1.(zo)

=2lim (Wm)hom(xa;F) dz,,

= 2liminf lim inf Z / (W) om (Tas F) dzg,
n—0 h—+4oo ielm Q' hﬂKm
— 211m 1nf lim inf Z / W) (2™ F) dz,,
—>+OO Im thm

> liminf lim inf lim inf Z /

7]—>0 h—-+o00 n—-+400

<x?ﬂ7,m7x37 T ﬂfa F777 )dx (2417)

zelm hﬂKm n ”

Let Ry, = {z € Qp(xo) x I : |F"™(x)| < A}. From (2.4.13) and the fact that w}™ = 0 on
[Qr(z0) X ]\ Use, , Qin: we get

1 p
sup / <VauZ’m —VguZ’m> dr < 400. (2.4.18)
n,m,n Q,IF(SC())XI En
In particular, according to Chebyshev’s inequality, we have
3 C

for some constant C' > 0 independent of n, n, m and X. Since W™ is continuous on Q x R3 x
R? x R3*3 and separately periodic in its second and third variable, it is uniformly continuous on
QxR3xR?x B(0, \). Thus, denoting by wy, » its modulus of continuity on QxR3 xR? x B(0, \),
we have for all x € [(Q; ;, N K}") x I]NR)

n,n,m>

m T Tq nm m [ _hnm L Ta pm
£ ) (2 )

< wm(|ze — ™))

< Wm,A <Q> — 07

h h—+o00

uniformly with respect to n € N. Then, according to (2.4.17) and the fact that Q% , N Ky = 0
for i & I,
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2 / (W™ pom (Zas F)dz,
Qr (o)

T x
> lim inf lim inf lim inf lim inf Z / wm <x, =, _;‘; F,’Zm> dr,
A—+4o00 1n—0 h—4oo n—+oo zelm (Q thm xI|NR) o En €7,
. . . . . . m ':L' xa n,m
= lim inf lim inf lim inf w s B dx.
A—+oo n—0 n—+oo [K'”XI]OR” o n n

In view of the p-growth condition (2.4.4), (2.4.11) and the definition of R,’)m,

sup /
neNJ R

xaza

wm (  Fbm > de <26(14+ XP)n — 0,
[KmxI] En En n—0

mm\

then

2/ (W) o (Ta; F) dag > liminfliminfliminf/ Wm< L Lo s B > dx.
Q(x0) Amtoo n=0 nEHRO IR pm en’

By a diagonalization argument, given \,, /" 400, and 7, \, 0T there exists n,, / +oo such
that

2 lim mf/ (Wm)hom(xoc;F) dwa > lim lnf/ wm <x7 ia i—a;F + vO/Um
Q7(wo) Rm

1
—ngm> dx,
m—-+o0 m—-+oo Nm, 5nm Enm
where v, = up™™ € WHP(Q!(zo) x I;R3) with v, — 0 in LP(Q.(z¢) x I;R?), and where
R,, := R\ Using Theorem 1.1 in [25], we can assume, without loss of generality, that the

Nom s Nm TN
sequence {‘ ( avm| ngm) ‘ } is equi-integrable. Then, since W™ = W on C,, xR3 xR2xR3*3

Enm

2 lim inf / (W) om (@as F) dzg
@7 (zo)

m—-+oo
_ 1

> liminf/ wm <;L~ L 2Ty Vavm|—V3vm> da

m—+00 Q’ (:C()) Nm Nm, Nm
_ 1

> liminf/ W <:17 i,ﬁ—“;F+vavm|—v3vm> dw
m—=+00 J1Q! (20)x I|NChn nm  Enm nm

— lim inf / W (x Sy A Vavm|—V3vm> dw
M=+ J Q1 (x0) M Eiign Enm

where we have used the growth conditions on W, the p-equi-integrability of the above sequence
of scaled gradients, and (2.4.4) and (2.4.3). As a result we get inequality (2.4.12).
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Step 2. Fixed § > 0, let T € N and ¢ € W1P((0,T)% x I;R?) with ¢ =0 on 9(0,7)? x I be
such that

Whom(z0; F) + 6 2]{ ; Whom (205 Y3, Yo F + Vap(y)|Vap(y)) dy. (2.4.20)
0,T)2x1I

Taking (7, ¢) in the definition of (W™), it follows that

hom

/ (Wm)hom(xav _) dxa
Q' (wo)
/ / hom(xa7y37yaaF+va90( )‘V?»(P(y))dydxa- (2-4-21)
" (zo) J(0,T) 2><I

Define E,, := {(Za, Yo, ¥3) € Q\.(x0) x (0,T)2 x I : (x4,y3) € Cpy}. From (2.4.3) it follows that

L2 L3([Qh(xo) x (0,T)* x I\ En) = T2L3([QL(x0) x 1]\ Ciny)
< T%/m. (2.4.22)

Since (W™ hom = Whom on Gy, x R? x R3*3

/ / ™ hom (Zas U3+ Yo F -+ Vap()|Vap(y)) dy dia
’ mo 0T2><I

= 5 Whom(xayy&yodf‘i'va‘p(y”v%o(y))dydl'a

+ / (W™ o (s 5, e T+ Voo (1) Vs o(y)) dy da
[Q.(20)x(0,T)2xI\Em

§/ Whom(xayy&yodf“‘va‘p(y)|v3‘p(y))dy dl'a
Q' (z0)x(0,T)2x1T

+C (14 |Veo(y)?) dy dzg (2.4.23)
(@7 (x0)x (0,T)? X I\Em

by property (2.2.4) with W™ in place of W. Passing to the limit as m — o0, relations (2.4.21),
(2.4.22) and (2.4.23) yield to

limsup/ (WMo (Ta; F) dzg
m—-+o00 JQ.(zo)
>~ / / Whom(‘romy?nyavF—'_vago( )’V?)(ID( )) dydxa
= o1 /(w0) J (0,1)2x1
Hence by (2.4.12) we obtain
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CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS

1

/ W{sn} (xa;F) dxa < PYar) / / Whom(xayy?nyoc;F"i_ Voc(p(y)‘v?)(p(y))dy dwa-
Q7 (zo0) 2T " (z0) J(0,T)2x1

Choose g € w to be also a Lebesgue point of the function

Lo Whom ($a7 Y3, Yo F + va@(y)|v3(p(y)) dy
(0,7)2x1

Dividing the previous inequality by 72 and letting r — 0, we get according to (2.4.20) that

1 _
< ﬁ/(om? IWhom(ZEO,y:’),ya;F+Va90(y)|v390(y))dy
T)2 %

< Whom(zo; F) + 6.

Wi,y (z0; F)

The result follows by letting § — 0. U

Proof of Theorem 2.1.1. As a consequence of Lemmas 2.4.3 and 2.4.2, we have Wyom(74; F) =
Wie,(xa; F) for ae. 2, € w and all F € R¥*2. Therefore, we have Wy, }(u; A) = Whom (u; A)
for all A € A(w) and all u € WP(A;R3). Since the result does not depend upon the specific
choice of the subsequence, we conclude thanks to Proposition 8.3 in [45] that the whole sequence
We(-; A) T-converges to Whom(-; A) for the LP(A x I;R3)-topology. O

To conclude, let us state an interesting consequence of Theorem 2.1.1.

Corollary 2.4.4. Let W : Q x R? x R3*3 — R be a continuous function satisfying (Ay), (Ag)
and (Ay), and such that W(x,-; F) is Q-periodic for all F € R3*3 and a.e. x € Q. Then, the
functional W. : LP(Q;R3) — [0, +00] defined by

/QW (x, g; Vau(a;)EVgu(x)> dr if u € WhP(Q;R?),
We(u) =
400 otherwise.

I'-converges for the strong LP(Q;R3)-topology toward Whiem : LP(£;R3) — [0, +00] given by

2/Whom(:na,vau(:na))d:ra if u € WHP(w; R3),

Whom (u) :=
400 otherwise,
where
Whom(xouf) := inf inf ][ Whom(xom Y3, Yas F + Va¢(y)‘v3¢(y)) dy :
TeN ¢ (0,7)2x1

¢ e WHP((0,T)2 x I;R3), ¢ =0 on 8(0,T)? x I},
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for all F € R3*2 and a.e. x4 € w and

Whom (@, ya: F) := inf inf W (2, ya,23: F + Vo(2)dz - ¢ € WoP((0,T)%R?) 3,
TeN ¢ (0,T)3

for all (yo, F) € R2 x R3*3 and a.e. x € .
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3.1. INTRODUCTION

3.1 Introduction

This paper deals with a bilayer thin film connected through a separation hyperplane ("sieve
plane") by d-periodically distributed "contact zones". Replacing one of the two thin films by
a thin substrate, one can think of the problem as modeling the debonding of a film from this
substrate. Specifically, we consider nonlinear elastic bodies where the thickness is described by the
parameter ¢ and the connecting zones are (n — 1)-dimensional balls B/.(x?) with center z{ := id,
i € Z" 1, and radius r > 0. Then, the investigated domain occupies the reference configuration
parametrized as
5r=wUWw U (ws, x {0})

where w is a bounded open subset of R"™1 W := w x (0,¢), w™° := w x (—¢,0) and ws, =
6
Uiezn-1 Br.(z) Nw.
In the nonlinear membrane setting the elastic energy of such materials is given by the func-

tional
1

- / W(Vu)dz,
€ Jos,

where u : inr — R™ is the deformation field and W stands for the stored energy density, which
is a Borel function satisfying standard coercivity and growth conditions of order p. In this paper,
we study the multiple scales asymptotic behavior of the previous functional as ¢, § and r tend to
zero at the same time. The notion of I'-convergence (see [30, 32, 45]) has proved to be successful
in order to obtain limit models (see e.g. [35] and references therein). It is natural to expect limit
behaviors that depend on the mutual vanishing rates of convergence of ¢, § and r.

Since, at fixed €, 0 and 7, (w\ ws,) x {0} is a part of the boundary of Q5 .. admissible defor-
mations may be discontinuous across this part of the mid-section. This failure of the interface
may asymptotically create a debonding which costs a possible interfacial energy of order zero,
penalizing the jump of the deformation. This new energy describes, by a nonlinear capacitary
type formula, the contribution near each balls B, (xf) and its value seems to be closely related to
the scaling of the radius of the connecting zones with respect to the thickness and the period of
distribution of the zones. Indeed, if the radius is too large, this interfacial energy will blow up and
thus, deformations with finite energy will be continuous across the mid-section. Consequently,
the effective energy would be exactly the same as that where the body is perfect. On the other
hand, if the radius is too small, it yields to a zero interfacial energy leading to two decoupled
problems. Although the discontinuities remain present, we loose the interaction energy between
the two regions. In other words, in order to recover non trivial models, by which we mean limit
models remembering the presence of the zones, we need the right assumptions on the mutual
rates of convergence of the three small parameters ¢, § and 7.

The cases ¢ = 1 and € = ¢ have been studied in [6], which investigates in addition the
interaction through the separating surface of two different energies, possibly satisfying different

growth conditions. It is proved there that, in order to recover a non trivial limit model, the
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meaningful radii (critical size) of the contact zones must be of order of §(*~1/("=p) and §7/(n—p)
respectively. In fact, as noticed above, if the radius r5 tends to zero faster than the critical size
then, in the limit, we obtain two decoupled problems, while if r5 tends to zero slower than the
critical size, we get exactly the same result as that obtained in the absence of connecting zones
in the mid-section.

The proof of 6] is based on a technical result (see Lemma 3.4 of that reference) that allows
to modify a sequence on a suitable n-dimensional annulus surrounding the (n — 1)-dimensional
balls B;,(S (w?), and to study the behavior of the family of energies along the modified sequence. It
gives rise to three terms in the I'-limit. The first two terms represent the contribution of the new
sequence "far" from B;,(S (xf); more precisely, they are the I'-limits of two uncoupled problems
defined separately on the upper part and lower part (with respect to the "sieve plane") of the
considered domain. The third one describes, by the nonlinear capacitary formula ¢, the contri-
bution "near" By (z?). Note that the function ¢ is the same in both cases ¢ = 1 and & = §, since
the annulus is contained in a strip of thickness ¢d, with ¢ < 1/2 arbitrarily small independently of
0. The cases § ~ € and J < € can be treated in the same way. This approach follows the method
introduced in [9, 10] where the asymptotic behavior of periodically-perforated nonlinear domains
has been studied; in particular, Lemma 3.4 in [6] is a suitable variant, for the sieve problem,
of Lemma 3.1 in |9, 10]. For related problems to this subject we also refer to [49, 77, 82|, [11],
[41, 42, 43], [52] and |84, 85, 86].

In this work, we focus on the case ¢ < 4. Namely, for every sequence {J;} converging to
0, we assume that €; = 0(d;). We expect, as in [6], the existence of some meaningful radius
rj :=r(gj,0;) < d; for which the limit model is not trivial and we expect also different regimes
which may depend on the behavior of r; with respect to ;. The method introduced in [6] can not
be applied in our case since, by construction, the annuli surrounding the balls BTCJ (:Bf) are well
contained in a strip of thickness ¢d but not necessarily in that of thickness 2¢ since € < § and c is
supposed to be independent of € and §. However, we may adapt the method in [6] by considering,
instead of annuli, suitable cylinders surrounding the balls B, (20) with radii of order of § (but
strictly less than §/2) and thickness 2¢ (see Lemmas 3.4.2 and 3.4.3). Hence, let Q; := Q5 | if

9j,r5°
we define
= W(Vu)dz if ue WHP(Q;;R™),
Fylw) = 7
400 otherwise,

then, denoting

¢:= lim Ue [0, 400,
J—+00 {-:j

there exists a meaningful radius 7; such that, up to subsequences, F; I'-converges to
FOWT u) = / OWo(Vou™) dry + / OWo(Vau™) dze + RY / oD (ut —u”) drg
w w w
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on WHP(w;R™) x WhP(w; R™) with respect to the convergence introduced in Definition 3.3.1,
where QW denotes the (n— 1)-quasiconvexification of Wy and Wo(F) := inf{W (F|z) : z € R™}.
For each regime ¢ € [0, +00], the numbers RY account for the scaling, that is the behavior of
rj with respect to €; and/or §; (see Theorem 3.3.3), while the interfacial energy densities @®
are given by nonlinear capacitary type formulas where boundary conditions are only imposed on
the lateral part of the boundary (see Theorem 3.3.5). Relations (3.5.6) and (3.5.17) show that
whatever the regime, this new energy corresponds to a cohesive interface since ) increases
continuously from zero with the jump in the deformation across the interface.

Let us briefly describe each regime :

(1) The case £ = +oo deals with very thin films because ¢ < r < § and thus, we expect
r = r(J) to depend only on 0. For fixed r and §, passing to the limit when ¢ tends to zero, we have
two pure dimensional reduction problems stated on the upper and lower cylinders respectively.
It leads to a limit functional consisting in two terms, each of them being a copy of the functional
obtained in |74] on the upper and lower part of the domain, respectively. Since the corresponding
limit deformations u™ and w~ must match inside the connecting zones, both terms are not
completely decoupled. We are then in a situation quite similar to that of [9, 10|, except that
here, both periodically perforated (n — 1)-dimensional bodies are linked to each other inside
the perforations. It is thus coherent to expect some meaningful radii of order §(—1/(n=1-p)
This strong separation between both phenomena of reduction and perforation leads to break
the isotropy. This is quite clear from the point of view of the scaling since an inspection of the
proofs of Lemmas 3.6.2 and 3.6.4 shows that the extra interfacial term appears thanks to suitable
dilatations which have not the same scaling in the in-plane and transverse directions. Note that
the formula leading to ¢(>) (see Lemma 3.3.5) involves a "Le Dret-Raoult type" functional,
underlining the importance of the reduction.

(2) On the other hand, the case ¢ = 0 describes larger thin films because r < ¢ < . Here
the meaningful radii 7 = r(g,0) should thus depend on both ¢ and §. Indeed, we obtain that
r must be of order ¢!/("=P)§(=1)/("=P) and we get a better estimate of its rate of convergence
since 7 < 6™/("~P)_ Note that this latter coefficient is exactly that obtained in [6] for the case
0 = e. Contrary to the previous case (£ = +00), the isotropy seems to be preserved because here,
dimensional reduction and perforation are not completely decoupled : the reduction parameter
¢ is sandwiched between both perforation parameters r and §. Mathematically, this can be seen
by noticing that the dilatations leading to the interfacial energy are identical in every directions
(see for instance the end of the proof of Lemma 3.6.4). The price to pay is that ¢(©) is obtained
as the limit of a minimization problem stated on larger and larger cylinders in the in-plane as
well as in the transverse variable. This is more difficult to treat since as usual in dimensional
reduction problems, we have no information on the value of the admissible test functions on the
extreme parts of the boundary. The formula describing ¢(® in Lemma 3.3.5 does not underline
explicitly the reduction procedure which is only characterized by boundary conditions expressed
on the lateral part of the boundary.

95



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTION

(3) In the intermediate case ¢ € (0,400), then r ~ ¢ < ¢ and it turns out that the previous
scalings are equivalent because R© = ¢ R(®)_ From the formulas obtained in Lemma 3.3.5, we
find that the interfacial energy is continuous with respect to ¢ in the extreme regimes since
RO (2) — R)p(®)(2) as £ — +00 and RO (2) — RO (2) as £ — 0. As in the pre-
vious case (¢ = 0), the lateral boundary conditions are the only mean to describe the dimensional
reduction in the formula which gives ¢() in Lemma 3.3.5.

The paper is organized as follows : after recalling some useful notation in Section 3.2, we
state the main result, Theorems 3.3.3 and 3.3.5, in Section 3.3. Then, we establish in Section 3.4
some auxiliary results like rescaled Poincaré type inequalities and joining lemmas. Section 3.5 is
devoted to a definition of the interfacial energy density as a limit of minimum problems ; hence,
in Section 3.6 we prove the I'-convergence result (Theorem 3.3.3). It is only in Section 3.7 that
we give an explicit description in terms of a "capacitary type" formula of the interfacial energy
density (Theorem 3.3.5).

3.2 Notation

Given z € R", we set x,, := (21,...,2,—1) for the in-plane variable and V,, = (6%1, cee %)
(resp. V,,) for the derivative with respect to x, (resp. x,).
The notation R™*™ stands for the set of m x n matrices. Given a matrix F' € R™*™ we write

F = (F|F,) where F = (F,...,F,_1) and F; denotes the i-th column of F, 1 < i < n and
F € Rrx(n),

The Lebesgue measure in R¥ will be denoted by £F (in the sequel, k will always be equal to n
or n—1). We use standard notation for Lebesgue and Sobolev spaces L*(A; R™) and W13(A4;R™).

Let w be a bounded open subset of R"~! and I = (—1,1), we define  := w x I. In the sequel,
we will identify L*(w;R™) (resp. W1¥(w; R™)) with the space of functions v € L*(£; R™) (resp.
WH3(Q; R™)) such that V,,v = 0 in the sense of distributions.

Let a € R"! and p > 0, we denote by By(a) the open ball of R™~1 of center a and radius
p and by Q' (a) the open cube of R"~! with center a and length side p. We write By instead of
B(0) in order not to overburden notation. Let x! = id with i € Z"7!, we set Qi = Q%(x9).

We denote Ut = U x (0,a) and U™% = U x (—a,0) with U C R""! and a > 0, while if
a=1,then U" = Ut and U~ = UL, We set C1 o0 := {(70,0) ER": 1 < |24]} and Oy y =
{(%a,0) € R" : 1 < |z4| < N} for every N > 1.

Let p > 1 and k = n or n — 1. We denote the p-capacity of Bj with respect to an open set
A C RF by

Cap,(Bj; A) = inf {/ V[P dx : o € WyP(A) and ¢ = 1 on Bi}
A
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and the p-capacity of B{ with respect to Rk by

Cwﬁim%:m%/‘WW%&:¢€WM®hmﬁ¢:lmBq.
RF

The letter ¢ will stand for an arbitrary fixed strictly-positive constant.

3.3 Statement of the main result

Since we are going to work with varying domains, we have to precise the meaning of "converging

sequences".

Definition 3.3.1. Let Q; = w9 Uw ™% U (ws, », x{0}). Given a sequence {u;} C WHP(€; R™),
we define U;(zq,xn) = uj(Ta, &5 Tn). We say that {u;} converges (resp. converges weakly) to
(ut,u™) € WHP(w; R™) x WHP(w;R™) if we have

>

;‘ = Ajlyr —uTin LP(wTR™)  (resp. weakly in WP (wh; R™)),
a; = U~ —uin LP(WT;R™)  (resp. weakly in WLP(w™; R™)).

is equi-integrable on w*.

Remark 3.3.2. By virtue of Definition 3.3.1, a sequence {u;} C WHP(Q;;R™) converges to
(ut,u™) € WHP(w; R™) x WHP(w; R™) if and only if

1
lim — / luj — uE|Pdx =0, (3.3.1)
Jj—+oo Ej wisj

while we have weak convergence provided (3.3.1) and

p
dx < +o0 (3.3.2)

1
sup — |Vu,;|P de = sup
. N J .
jeN €5 Jw™ei jeN JwE

1
J

Note that Definition 3.3.1 and Remark 3.3.2 are still valid if we consider the domain wt%iUw =%
instead of ;.
The main result of this paper is the following

hold true.

Theorem 3.3.3. Let 1 < p < n — 1. Let w be a bounded open subset of R"™! satisfying
LY 0w) = 0 and W : R™" — [0,4+00) be a Borel function such that W(0) = 0 and sa-
tisfying a growth condition of order p : there exists a constant 3 > 0 such that

|FIP =1 <W(F)<B(F|P+1), forevery FF € R™*", (3.3.3)
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Let {0}, {e;} and {r;} be sequences of strictly positive numbers converging to zero such that

lim 2 =0
Jj—+00 (5j
and
s 7«’.‘_1_1’
if lim L =¢€(0,+0c], then 0<RY:= lim ~— < +oo
j—+00 € joeo 47
or
7 PP
if lim L =0, then 0< R© = lim J — < +00.
j=+00 € j=toog; 07

Then, upon extracting a subsequence, the sequence of functionals F; : LP(2;;R™) — [0, 400
defined by

1

= W (Vu)dx ifue Wl’p(Qj;Rm),
Fi(w) =4 7

+00 otherwise

T'-converges to

FOuF,u™) :/

w

OWo(Vau't) dwy + / OWy(Vau™)dx, + RY / gp(z) (ut —u7) dzg
on WHP(w; R™) x WHP(w; R™) with respect to the convergence introduced in Definition 3.3.1,
where QWy denotes the (n— 1)-quasiconvezification of Wy and Wo(F) := inf{W (F|z) : z € R™}.

Remark 3.3.4. Theorem 3.3.3 still holds true when R®) = 0 or +oo. However, if RO = 0,
we loose the limit interfacial energy leading to two decoupled problems. Further, if RO = 400,
limit deformations with finite energy must be continuous across the mid-section (4™ = u~) and
we obtain the same result than in [74].

The following result provides a characterization of the interfacial energy density ¢(© according
to each regimes ¢ € [0, +o00].

Theorem 3.3.5. Let p* = (n — 1)p/(n — 1 — p) be the Sobolev exponent in dimension (n — 1).

For the same subsequence than that of Theorem 8.3.3, there exists the limit

T p -1
g(F) = jETmTjQW(rj F),

for all F € R™*" where QW denotes the n-quasiconvezification of W, and the functions o)
R™ — [0, +00) are described by the following formulas : for every z € R™, if £ € (0,400),

() = inf{ / 9(ValltVnQ) do : ¢ € WP(R™! x 1)\ C1os R™),
(R"=1xI)\C1,00
V¢ e LP(R x 1)\ Croo; R™™), ¢ —2z€ LP(0,1; L7 (R*;R™))

¢ € LP(~1,0; L% (R"_I;Rm))},
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if £ = 400

90(00)(73) ;= inf {/R B (QQO(VCMC—‘F) + ng(Vag_)) dre: (e Wﬁ})’f(Rn_l;Rm),
C+ = C_ mn Bi, VQCi c Lp(Rn_l;RmX(n—l))’

(€T —2),¢ € Lp*(R"_l;Rm)},

where Qgo denotes the (n — 1)-quasiconvezification of go and go(F) := inf{g(F|z) : = € R™},
and if £=10

©0(z) = inf {/R » g(V(Q)dz: C € Wli’f(R" \ C1,00; R™), VC € LP(R™ \ C} o0; R™*™),
n 1,00
¢ —z e LP(0,400; LP" (R" L R™)), ¢ € LP(—o0,0; LP" (R"—l;Rm))}.

Remark 3.3.6. Without loss of generality we may assume that W is quasiconvex (upon first
relax the energy); hence, by (3.3.3), W satisfies the following p-Lipschitz condition (See e.g.
441 -

W(F) —W(F)| <c(l+|FP + |BP Y E - F|, forall Fi, F, e R™".  (3.3.4)

3.4 Preliminary results

3.4.1 Some rescaled Poincaré Inequalities

Since we deal with varying domains, depending on different parameters, it is useful to note how
the constant in Poincaré type inequalities rescale with respect to such parameters.

Lemma 3.4.1. Let A be an open bounded and connected subset of R*™ with Lipschitz boundary
and let A, := pA for p > 0.
(i) There exists a constant ¢ > 0 (depending only on (A,n,p)) such that for every p,e >0

/Ais lu — HA#\” dr < c/AiE (PP |VaulP + P|VpulP) de,
p p
for every u € Wl’p(A;tg;Rm) where Upte = fA;tg udx.

(it) If B is an open and connected subset of A with Lipschitz boundary and B, := pB then
there exists a constant ¢ > 0 (depending only on (A, B,n,p)) such that for every p,e >0

/ U — T gz P dr < c/ (PP|Vaul? + P |VyulP) de,
A:l:e 4 A:l:e

P P

for every u € W 1’1’(14?5; R™) where Upte = fB}E udz.
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Proof. Let us define v(zq,x,) := u(pzq,cxy,) then v € WHP(A*;R™). By a change of variable,
we get that HA}E = D 4+. Moreover, by the Poincaré Inequality, there exists a constant ¢ =
¢(A,n,p) > 0 such that

u—TU,+|Pdr = E"_l/ v—Ty+|Pd

/A}E! Az Pt ) Lo Ty

cap"_l/ |VoulP dy
AT

- c/ (P |Vattl? + P |Voul?) da
A:l:e

P

IN

and it completes the proof of (i). Now, if B, C A,, we get that

Wil |P
/A;_LE |u uBgEs] dx

< W1 |P n—1 pn—1 T oite — Uoate P
_c(/AiJu uA3[|dx—|—6p L (A)|uAg[ qui|>

p

Cn—l( 4)
— Epd — T = — spd + — spd
C/;Es |U uA;t | xr 4+ c :n—l(B) /;cs |U UAgZ | i /pis |U UBZE | T

< c/jE (PPIVaulP + eP|V,ulP) de.
A €

p

IN

3.4.2 A joining lemma

The following lemma, which is the key point of the proof of our main result, is very close to
Lemma 3.4 in [6]. However, [6] does not apply to our case since the domain §; has thickness
€j < d;; for this reason we make a different construction introducing cylinders surrounding the

connecting zones (instead of balls as in [6]).
Lemma 3.4.2. Let {u;} C WhP(wT5i Uw™;R™) be a sequence weakly converging to (ut,u™) €
WP (w; R™) x WHP(w; R™) satisfying

1
sup —/ W (Vu;)de < +o0. (3.4.1)
JEN €5 Jw™ei

Let k € N and {J;,¢;} be sequences of strictly positive numbers converging to 0 such that €; < 6;.
Set p;j = ~v6; with v < 1/2 and
Zj={iez" " dist(:nfj,R"_l \w) > ;}.
For all i € Zj, there exists k; € {0,...,k — 1} such that having set
j .

; e 5 ks
Cl = {xaew: 27 kimlp <z — 2P| < 2 klpj},
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u'E ::][ u; dx (3.4.2)
J (C;)iej J
and 5
i . 2ok .
Py =527 s
there exists a sequence {w;} C WhP(wre Uw™=;R™) still weakly converging to (u™,u™) such
that e
wj =u; in <w\ U C’;) ", (3.4.3)
1€Z;
1+ / 5j :|:€j
w; =ul on (8Bpi‘(a:i ) (3.4.4)
J
and satisfying
1
lim sup — / W (Vw;) — W(Vu;)| de < = (3.4.5)
jotoo €5 Jwte k
Proof. For all j e N, i€ Z;, ke Nand h € {0,...,k — 1}, we define
C’;’h = {$a cw: 27" <zy — xfj| < 2_hpj} ,
i,h\+
u; = u; dz
( J ) ][(C;,h):l:e:j J
and 3
'7h o— _h
,0; = 12 pj- (3.4.6)

Let ¢ = gbé.’h € C‘C’O(C';’h; [0,1]) be a cut-off function depending only on z, such that ¢ = 1 on
5 ih e
83/’)2-‘,,1 (z;) and |[Vag| < ¢/p;". For every x € (C;")*<9, we set

wi(x) = P(xa) (W) + (1 — ¢(wa))uj(2),

then

ih i,h
J Ly B (L e RO L

J

(P
c/ N (%HVW’) i
s\ (o

J

J

IN

Since €; < 6;, by (3.4.6) and Lemma 3.4.1 (i), with p = p;’h and A, = C’;’h, we have that
/ , |Vw§-’h|p dx
(Cz_,h)isj

J
<ef VousP + () NP | deve [ [VulPda
hyte. J i,h J hade. J
(e Pl (Cimy*es

<mylk)e [ J

Vu;|P dx, 3.4.7
iy 7 (3.47)
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where,
2k+1 P

m;j(k,vy) = max{l, <W) (Z—j)p} m 1.

As

k—1
14+ |Vu;P d:]j‘é/ 1+ |Vu,|)? dz,
};/(C;,h)igj( | J| ) B;)j( Jj)isj( | ]|)

%

there exists k; € {0,...,k — 1} such that, having set C’]’: = C’Z:’ki, we get

J
/(Cz_)ﬂ (1+ |V ?) da
J

Hence, if we define the sequence

MH

/ (U V) de (3.4.8)
B, (ay+s

w;kl(x) ifx € (C;)iei and i € Z;
wj(x) =

uj(x)  otherwise,

by the p-growth condition (3.3.3), (3.4.7) and (3.4.8), we have

1 1 :
— W (Vw;) = W(Vuy)|de = > — W (Vi) — W (Vuy)| de
€j w:l:e:j iEZj g ( i)isg
c 1 »
< gmiky) ) —f (L [Vyl?)de
iEZj J Pj( ) J

€0 1 .p
< pmn) (142 [ 1vupan).

Then, (3.4.1) concludes the proof of (3.4.5). Note that, by construction, {w;} satisfies (3.4.3)
and (3.4.4) and it converges weakly to (v, u™). In fact,

1 +
— w; —uPdr = — Zi 1-— —uT P dr
= Z/ Tt —
ZEZ
1 +
+— lu; —u™|P dz
Ej :tsj\UiEZ (C’Z:)igj
< _EP < P
ngi\u u\dx—i— Z/ ui|P dz.

ZEZ
Since £; < 6; and p;'» < §;, by Lemma 3.4.1 (i) applied with p = pz-, we get

1
— lwj — utPde < — / —uF|Pdr + el — / |V, P dx; (3.4.9)
€j w:l:e- j w:i:sj
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moreover, by (3.4.7), we have
1 c
— |Vw;|P de < — |V, P dx. (3.4.10)
6] wié‘j 6,7 wj:€j

Hence, by (3.4.9), (3.4.10), (3.4.1) and Remark 3.3.2 we get also the weak convergence of {w;}. [

Y Y

If the sequence {|Vu;|P/e;} is equi-integrable in w*% (see Definition 3.3.1), then we do not
have to choose for every i € Z; a suitable cylinder (C’;)iei but we may consider the same radius
independently of i as the following lemma shows.

Lemma 3.4.3. Let {u;}, {0,}, {¢;}, {p;} and Z; be as in Lemma 3.4.2 and such that {|Vu;?/e;}
is equi-integrable in wtei. Set

Cl = {xa Cw:gp < |zg — ;7| < gpj} and  u; ::]{Ci)iej uj dx
J

for every i € Z;. Then, there exists a sequence {w;} C WP (wrei Uw ™% R™) weakly converging
to (ut,u™) such that

wj =u; in <w\ U C’;)iaj, (3.4.11)

iGZj
wj =u on (9B, (7)) (3.4.12)
and )
lim sup — / W (Vw;) — W(Vu;)|dz <o(1) as v —0. (3.4.13)
]—>+OO 6] wj:€j

Moreover, the sequence {|NVw;[P/e;} is also equi-integrable in w*<i.

Proof. Let ¢ = (;S; € CCOO(C;; [0,1]) be a cut-off function depending only on z, such that ¢ =1
on 0B, (a:fj) and |V,¢| < ¢/p;. For every z € (C;)iej, we define

wj() = ¢(xa)uf + (1~ ¢(2a))u ().

Then, reasoning as in the proof of Lemma 3.4.2, we have that
/ W(Vuwl) d < c/ (14 [Vuy ) da.
(C;,:)isj (C;,:)isj
Hence, if we define
w;(a:) if x € (C]Z:)iej and i € Zj,
wj(x) =

uj(z) otherwise.
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it satisfies (3.4.11) and (3.4.12). Moreover,
1

E] wj:€j

W (Vw;) — W(Vu;)| dx

IA
|

W (Vwh) — W(Vuy;)| dx

1
< CZ;/(B s i_(l—l—’VUj’p)dx.

J €
a1

Since #(Z;) < 6/5?_1, we get that

£ (U (Bl @l ) nw)) < et
1€Z;
and by the equi-integrability of {|Vu;[P/e;}, we obtain (3.4.13). Finally, the weak convergence
of {w;} can be proved as in Lemma 3.4.2 while the equi-integrability of {|Vw;|P/e;} is just a
consequence of the definition of {w;}. O

3.5 Energy contribution close to the "connecting zones"

Let us consider the domain Q; = w¥ Uw ™% U (ws, », X {0}) where ws, ;= Ujezn 1 By (:Efj)ﬂw.
Our I'-convergence analysis deals with the case where the thickness €; of {; is much smaller than
the period §; of distribution of the connecting zones B;,j ($fj) x {0} i.e.

lim == =0.
Jj—+00 (5]‘
The aim of this section is to study the contribution close to the connecting zones. We may
exclude that the radius r; > J;/2 otherwise the zones may overlap. More precisely, we assume
that r; < d; i.e.
r
lim £ =0. (3.5.1)
Jj—+oo 5]
This choice will be justify a posteriori since it will be the only admissible assumption to get a
meaningful ['-convergence result.
Finally, it remains to fix the behavior of r; with respect to ;. Let us denote
r
(:= lim -L.
J—+00 Ej
It yields us to consider all the possible scenario, namely to distinguish the cases where £ is finite,

infinite or zero.

3.5.1 The case ¢ € (0, +o0]

Setting N; = d;/r;, we define the space

X)(2) = {g € W'Y ((Bly, x I)\ CronsR™) : ¢ =2 on (0B,y )", (=0 on (aB,;Nj)—} :
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we consider the following minimum problem
gpﬁfg(z) := inf / W (Tj_lVaC|€j_1VnC) dr: ¢€Xj(z),. (3.5.2)
(Bl n, XID\C1yn;

In the next proposition we study the behavior of {gosfz-} as j — +oo and v — 0T,

Proposition 3.5.1. Let ¢ € (0, +o0]. If
n-l-p

0<RO .= lim - < +00 (3.5.3)
Jj—+oo 57?_1

then,
(1) there exists a constant ¢ > 0 (independent of j and ) such that

0< ¢ S el 9
forallze R™, jeNand~vy>0;
(11) there exists a constant ¢ > 0 (independent of j and ~y) such that
l l — — -1 — —
109(2) = D (w)] < efz — w| (yPDEDP 2Ly 2Pl ) (3.5.4)
for every z,w € R™, j € N and v > 0;
(0

V5J

()

(i11) for every fized v > 0, up to subsequences, @, . converges locally uniformly on R™ to 5

as j — 400 and
0 (2) = P (w)] < elz —w| (Y DEIP g 2 ) (3.5.5)

for every z,w € R™ ;
()

(iv) up to subsequences, @’ converges locally uniformly on R™, as v — 0, to a continuous
function ©© : R™ — [0, 400) satisfying

0< () < 2P, PO) — gD W) < elz—wl (P + ) (356)
for every z,w € R™.

Proof. Fix v > 0, then vN; > 2 for j large enough.
(i) According to the p-growth condition (3.3.3),

n—1
0< €9) < C. . ﬁn—l B! n—1 5] 7
S y(2) S 6| Coy() + L BN mom | (3.5.7)
J

where

p
dr: (€ X](2)

iz
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CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTION

Since C, ;(z) is invariant by rotations, reasoning as in [6] Section 4.1, we can consider the mini-
mization problem with respect to a particular class of scalar test functions as follows

Cule) / <va¢‘ Qvnzp)
|2[P (B, *D\C1an; €j

¥ =1on ((‘9B,’YNJ_)Jr and ¢ = 0 on (8B,’YNJ_)_}

p
dr : p € WHP((Bly, x 1)\ C1yn,),

< inf { /B, (Voo P+ Vo~ P)da: (7 —1), 47 € Wolvp( :/Nj)

YN

and ¥ =1~ in Bg}. (3.5.8)

Let 1/)1i be the unique minimizer of the last strictly convex minimization problem in (3.5.8). It
turns out that w;ﬁ := 1—1){ is also a minimizer. Thus by uniqueness, Q/ch = w;ﬁ and in particular,
Y =1/2 in B}. Hence,

C%j(z) < |Z|p inf { /, (|va7/)+|p + |va7/)_|p) dze : (¢+ - 1)7 (NS W(]Lp( '/yNj)7
YN
+ N
and YT =1 :glnBl
1
= 2|z|Pinf { // IVoolPdzy : 1) € Wol’p( nyj) and Y = 3 in Bi}
TN
_ ’Z‘p . P . 1,p / o . /
= o inf Vo¥[Pdza : ¢ € WyP(B)y,) and ¢ = 1in Bj
By,
_ ’Z‘p C /. /!
= 5-1Cap,(B1; Biw,)- (3.5.9)
Since

lim Capp( 1 :/Nj) = Capp(Bi;R”_l) < 400;

Jj—+oo

hence, by (3.5.3), (3.5.7) and (3.5.9) we conclude the proof of (i).

(ii) For every n > 0, there exists ¢, ; € X/ (2) such that

/ W (Tj_lVan]&?j_anC%O dx < 9022(2) + 1. (3.5.10)
(B;Nj XI)\CI,WNJ-

)

V5J

we just have to modify ¢, ; on a neighborhood of (9B’ ,, )™ to change the boundary condition z
Y. YN; y

We want to modify ¢, ; in order to get an admissible test function for ¢.".(w). More precisely,
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into w. To this aim we introduce a cut-off function § € C°(R*~1; [0, 1]), independent of x,,, such
that
1 if x4 € B,
0(zq) = and |V,0| <ec.
0 if z, ¢ B)

Hence, we define ¢, ; € X} (w) as follows
Cri(@) + (1= 0(za))(w —2) in (Bl )"

5%]‘(517) =
Cy.i() in (Bly,)” U (B} x{0}).
By (3.5.10), since (y,; = ffy,j in (BLYNJ_)_7 we have that
{4 {4
P w) = ()

<r¥

j <W(rj_1va5%j|5j_lvn<~%j) - W(r]._lv(l{%ﬂg;lvng‘%j)) dz +1

/(B',YNJ' XI)\CL'YNJ'
= [ WOV 96) W07 Vol o) e

By (3.3.4) and Hélder’s Inequality, we obtain that

l l
P w) — o 2) —n

<c / (rp_l + ‘ <VQCM-‘QV”§W->
(nyNj)+ &j

~ rs ~
(ot = Voo 295 = 9 )

_ T
< c/ (T§ Ly ‘ (vagw‘—?vngw>
(B;Nj)+ €j

< c[z—w\p/ \VQH\pdxa+c7‘§7_1]z—w]/ |Vl dx,
! B/
YN;

TN

p—1 B . B
ez

<

)

+ | VabP~t fw — z]p_1> |Vl lw — z| dz

X

p—1

p—1

(o)

+2clz —wl| Vol o , rr-1 ,
( "/Nj ) p ((B;Nj)+;Rmxn)
Since yN; > 2 and Supp(f) C Bj, we obtain that
l l
P1(w) = ¢75(2)
p—1

< clz —w| <|z —wP~t + 7";-’_1 + “ <va<%j‘§vngm>
j

) +7.(3.5.11)

Le (B, )+ iR™X)
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By the p-growth condition (3.3.3), (3.5.10) and (i), we have that

»

YN

p
dx

s
<va<'y,j‘€_;vn<’y,j>

)+
< /( W (57 Vel VG ) e £ ()

¢ !
<P (2) +n+ey! Tnj_l_p

J

st
< (2P + 471 +n+c*y"_1rn]_1_p. (3.5.12)
J

Hence, by (3.5.11), (3.5.12) and (3.5.3) we have that

Y

P (w) = 52 < ele —wl (Je 4wl ey REE 0o

and (3.5.4) follows by the arbitrariness of .

By (ii) and Ascoli-Arzela’s Theorem we have that, up to subsequences, gp(z)

Y.J
formly on compact sets of R™ to gof(f) as j — +oo. Moreover, passing to the limit in (3.5.4) as

converges uni-

J — +o0o we get
[P0 (@) = ()] < el = wl |27+l 4+ -DEDR).

Hence, we can apply again Ascoli-Arzela’s Theorem to conclude that, up to subsequences, gof(f)
converges uniformly on compact sets of R™ to cp(é) as v — 0T. In particular, gp(z) :R™ — [0, +00)

is a continuous function and
0<(z) < clzP?, 0O (2) — e (w)] < e (2P + [wP™) |z — w]

for every z,w € R™. O

3.5.2 The case ¢/ =0

If £ = 0 we expect that the contribution due to the connecting zones is obtained studying the

(0)

behavior, as j — +oo and v — 0T, of the sequence ., defined as follows

7.J
() = Zinf / r§W<r;1vagyg;1vng> de: ¢eX)(2)
T] ( IWNj XI)\CI,'yNj
: -1 .
= inf // riW(r; VO dr:  (€Y)(2) (3.5.13)
(B.YNJ. XIj)\C1,N;
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where the second equality has been obtained changing variable, I; := (—¢;/rj,€;/r;) and

Yji(2) = {C € WHP((Bly, x I;)\ Cion;s R™) : ¢ =z on (0By,)T&/m),

C =0 on (aB’,\/Nj)_(aj/rj)}‘

Arguing as in the proof of Proposition 3.5.1, we want to prove the same properties for QD,(YO;.
Proposition 3.5.2. Let £ = 0. If
PP
0< RO = lim -2 < 4o (3.5.14)
Jj—+oo 5;1 €j
then,
(i) there exists a constant ¢ > 0 (independent of j and ~y) such that
0 _
0= el +0m )
forallze R™, jeNand~vy>0;
(11) there exists a constant ¢ > 0 (independent of j and ) such that
0 0 — — — _ —
\@E/;(z) - @E/;(w)\ <clz—w| (’y(” De-1/p 4 i V2Pt + wlP 1) (3.5.15)

for every z,w € R™, j € N and v > 0;
(0)

V5J

(0)

(i11) for every fized v > 0, up to subsequences, . converges locally uniformly in R™ to ¢

as j — 400, and
0 () = p()| < ez = wl (5O L up ) @516)

for every z,w € R™ ;
(0)

(iv) up to subsequences, @y’ converges locally uniformly in R™, as v — 0%, to a continuous
function ¢ : R™ — [0, +00) satisfying
0<eO@) <clzl,  [eO0) - D) < clz —w] (|27 + [w]P™) (3.5.17)
for every z,w € R™.

Proof. Fix v > 0, then yN; > 2 and €;/r; > 2 for j large enough.
(i) According to the p-growth condition (3.3.3),

g, on !
0<¢z) <8 (Cw(z) +2L"7 (B ! ;—”_p) , (3.5.18)
J

where

Cy,j(z) = inf / IV¢[Pde: (€Y](2)
(B, xI)\C1 4N

YN
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Arguing similarly as in the proof of Proposition 3.5.1, we can rewrite

Cyi(2)

|2[P

= inf {/ VY|P da 4 € WHP((Bly, x Ij) \ C14n;),
(Bl n; XI)\C1n;
Y =1on (B,y)"E/) 4 =0o0n (aB;Nj)—@j/?"j)}. (3.5.19)

Let 11 be the unique minimizer of the strictly convex minimization problem (3.5.19). It turns
out that ¥o(za,x,) := 1 — 1 (zq, —x,) is also a minimizer. Thus by uniqueness, 1)1 = 9 and in
particular, 1)1 = ¢ = 1/2 on Bf x {0}. Thus

i Q‘Z’pmf{/ gy [T s € W8 )67,
(B:/Nj) €317

1
¢ =0on (OB y,) /) and ¢ = 5 on B x {0}}

_ 7 / P da - Lo((B! v e/
= T g [T W EWI(B) )
J
1 =0 on (aB;Nj)‘F(Ej/T’j) and ¢ = 1 on B] x {0}}
|2l )
< 2—pcapp(Bl;ByNj x 1) . (3.5.20)

Since
Jlim Cap,, (Bi; By, x ;) = Cap, (B R") < +00

hence, by (3.5.14), (3.5.18) and (3.5.20) we conclude the proof of (i).

(ii) We can proceed as in the proof of Proposition 3.5.1 (ii) using a different cut-off function
also depending on x,. Namely, let § € C2°(R™;[0,1]) be such that

1 if (zq,2p) € By x (—1,1),
O(za, ) = and |VO| <ec.
0 if (zq,xn) & By x (—2,2)

(0)

g e define

Hence, if ¢, ; € Yf’(z) is a sequence which almost attains the infimum value ¢
Cy,j € Y} (w) as follows
Cr(@) + (1= (@)W —2) in (Bly e,
éw‘(x) =
Cy.i(@) in ((Byy,) /) U (B x {0}).

J
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By (3.5.14) we conclude the proof of (ii) by similar computations as in the proof of Proposition
3.5.1 (i).
The proof of (iii) and (iv) follows as in the proof of Proposition 3.5.1 (iii) and (iv). O

3.5.3 Discrete approximation for the interfacial energy

We are now able to describe the contribution close to the connecting zones as j — +o0o0 and
v — 0t

Proposition 3.5.3. Let ¢ € [0,+00|. Let {u;} be a sequence weakly converging to (u™,u™) in

the sense of Definition 3.3.1 such that sup;ey ||u;l| Lo (q,rm) < +00, and let u;i be as in (3.4.2).
Then,

lim lim /‘Z P (uit — uﬁ‘)xQ;ﬁj — O (ut — u‘)‘ dze = 0. (3.5.21)

y—0+ j—+o0

Proof. Since supje |||~ @, rm) < +00, by Propositions 3.5.1 or 3.5.2, we have that

limsup/‘z 90%] - Ué_)Xngaj - QD(Z) (ut — U_)‘ drg

Jmtee Jwlicy,

j—+oo

. £ d i— i i—
< hmsup/ Z ‘gofy’;(uf —uj ) — <,0(Z)(ujJr — u; )‘XQQ«SJ- dx,,
j

+lim Sup/w‘ Z (p(f) (u;"" — u;_)XQ;,sj — (,D(Z) (u+ _ u_)‘ d.Z'a

j—+oo

<o —i—hmsup/‘ng u;._)XQ;& —cp(é)(qu—u_)‘da:a,
Jmteo Jwliey; Y

as v — 01. By (3.5.6) or (3.5.17) and Hélder’s Inequality we have that

lim sup/‘z o) (u;+ - U;"_)XQQ,(;J. — Ot —u)|dzg
w 1€Z;

j—+oo

< lim sup Z / ]cp(é) (u;Jr — u;_) — SO(Z) (ut —u7)|dzy

J=toeo 1€Z; 28
1/p
< ¢ limsup Z / —utPP+ ]u;_ — u_\p) dz,,
J=too 1€Z;
Hence, it remains to prove that
lim sup ) / P de, =0, (3.5.22)

J=+ ez,
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By Lemma 3.4.1 (ii) applied with p = d;, B, = C; and A, = Q; 6 we have since €; < 0;

/ lut —uEPdr, < < / luj —uE|Pde + / luj — uiE|P da
'- ’ g \J@))* (@)% ’
1,6j 1,6j z,6j
¢ + cdj
< — / lu; — P de + —/ |Vu;Pde, (3.5.23)
€5 J (@5 )* € J(@s)*
z,dj 1,5]

for all + € Z; ; hence, summing up on ¢ € Z;, we get

P

co;
Z/ ’i\pdxa < —/ uj —ut P de + —L /lL |Vu,; P de,
/ j w Ej

1€EZ;

and, passing into the limit as j — 400, by Remark 3.3.2 we get (3.5.22) which concludes the
proof of (3.5.21). O

Remark 3.5.4. If £ € (0,+00) then

n—1—p n—p

0 _ 1 T . ) T )

0< RY = lim — < +oo if and only if 0 < lim —— < +00;
Jj—-o0 ;L_ j—-o0 5? £

hence, both describe equivalently the meaningful radius.

3.6 TI'-convergence result

3.6.1 The liminf inequality

Let {u;} C WhP(Q;;R™) N L®(2;;R™) be a sequence converging to (u™,u~) € WhP(w,R™) x
WhP(w,R™), in the sense of Definition 3.3.1, such that sup,cy [l Lo (@ mm) < +00 and

lim inf Fj(u;) < +00.

Jj—+oo

By Lemma 3.4.2, for every fixed k € N, there exists a sequence {w;} C WhP(Q;R™) N
L>(;; R™) weakly converging to (u™,u™) satisfying (3.4.3), (3.4.4) and such that

lim inf — </ W(Vu;)dx +/ W(Vuj)da:>
i

j—+o0 gj

>11m1nf—</ W(Vuw;) da:—i—/ W(Vw;) dzx ) —

J—+too g5

> lim inf 1 / W (Vw;) dx —I—/ W (Vw;) dx
I=ro0 &5 \ J(w\E;) e (W\E;) ™"

Flim inf — (/ W (Vaw;) d:z:+/ W (Vuw,) dz ) - % (3.6.1)

j—+oo 63

o
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5.
where E; := Uz‘er B;;'_ (z;7)-

We first treat the contribution far from the connecting zones. In this case, we just extend the
i
J
upper and lower part, respectively. Then, we apply the classical result of dimensional reduction

sequence {w;} inside each cylinder surrounding the contact zones by the value u * and ué-_ in the

proved in [74] to the upper and lower part of the cylinder, separately.

Proposition 3.6.1. We have

lim inf 1 / W (Vw;) dx + / W (Vw;) dx
J7He0 &5 \J(w\Bj) (W\E;)~

> / (QWo(Vau™) + QWo(Vau™)) dra.

Proof. We define

wi i (w\ Ej)FE, )
YT Wi i B;; (@) if i € Z;. (36:2)
Then {v;} C WHP(Q;;R™) converges weakly to (u*,u™). In fact,
1 1
sup — |Vv;|P de < sup — |V, P de < +o0. (3.6.3)
JEN €j Ju*es JEN €j Jures
Moreover, since pé < pj < 6;/2, then B;;._ (xff) C Qgﬁj : hence,
i+
/is‘ lvj — uF P dx < / L lwj — u|P de + Z / R lu* —ui|Pd
w=cI (W\E;)™ iez; Y Qi)
and arguing as in (3.5.23), we obtain that
1 1
—/ lvj —utPde < —/ \wj—ui]pda:—i—i/ luj — uF|P dx
Ej wisj Ej wisj Ej wisj
co?
+—L |V P da. (3.6.4)
E] w:tsj

Passing to the limit as j — +ooin (3.6.4), by (3.6.3) and Remark 3.3.2 we get that {v;} converges
weakly to (u™,u™).
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Since W(0) =0, by (3.6.2) and [74] Theorem 2, we have

lim inf 1 (/ W(Vw;) dx + / W(Vw;) da:)
(W\Ej)*es (W\E;) ™

J—+oo &5
= lim inf 1 / W (Vv;)dx + / W (Vv;)dx
JmHeo &5 \J(w\E;) " (W\Ej)~"
= lim inf e < W (Vv;)dx + / W (Vvj;) dx)
J—+o0 5]‘ wtei w i

Z/QWO(Vau+)da:a+/ OWo(Vau™ ) dry.

O

Let us now deal with the contribution near the connecting zones. We want to modify {w;} in
each surrounding cylinder in order to get an admissible test function for the minimum problems

(3.5.2) or (3.5.13).

Proposition 3.6.2. Let ¢ € [0,+00]|. Then

lim inf 1 W NVwj)de+ | W(Vwj)dz | > R / o O(ut —u") dzg + o(1),
J—too €5 E;_FEJ E, € w

asy — 0.

Proof. Let £ € (0,400], the case £ = 0 can be treated similarly. Let ¢ € Z;. Since pé < y6;, we

can define

6 i— .
w;(@;" + 75 Ya,€jYn) —uj  in (B,/g;l/rj x I) \CLp;/T’j’
. . . . +
C]Z'(yaayn) = (u;+ - u; ) n (B:/Nj \B;;/TJ) ’
0 in (B:/Nj \B;§/rj)_

where Nj = d;/r;. Then (i € WP((B)y x I)\ Ch ;i R™), ¢4 = (uf™ —ul) on (0B, )" and
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C; =0 on (E?B;Nj)_. Since W(0) = 0, changing variable, by (3.5.2) we get

1

— W (Vw; da:—l—/ W (Vw;) dx

2 / )t (V) B, (a}) 7" (ves)
J J

:r;?—l /(B, )+W<r].—1vacj|e]flvng§) dy+/(B, 7W(r]flva§§|€]'_1vn<;) dy

/J;-/T'j)
= 7«;—1/ W<r;1vag;\a;1vn¢;) d
(Bl n. xI\C1,9N;

n—1-p (€)/ i+ i—
> e —uiT). (3.6.5)
Summing up in (3.6.5), for i € Z;, we get that
1
— < . W(ij)dx+/ ‘W(ij)da:>
E] E €5 E] €5
- Z / W(ij)dx+/  W(Vwy)de
icZ, B, (I ) ;;‘_(xi])isj
) ® i ®
n—1— i+ =\ ] n—1 i+ i—
2T Y eyt — ) = e D0 et — ).
1€Z; J 1€EZ;
Passing to the limit as j — +o0o we get, by (3.5.3) and Proposition 3.5.3, that
|
EIE}-‘,{EE 5 ( 5o W (Vw;) dx + /Ejsf W (Vw;) dm)
> R / Ot —u™)dz,
i i— l —
(2 5, o
= RrY / oO(ut —u) deg +0(1),

as v — 07, which completes the proof.

We now prove the liminf inequality for any arbitrary converging sequence.

Lemma 3.6.3. Let { € [0,+00]. Then for every sequence {u;} converging to (u,u™) we have

liminf Fj(u;) > /QWO(Vau+)da:a+/QWO(Vau_)da:a

o0
+R® / Ot —u”) da, .
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Proof. Let uj — (u™,u™) such that liminf; . F;(uj) < +o0o. Reasoning as in [6] Proposition
5.2, by [33] Lemma 3.5, upon passing to a subsequence, we have for every M > 0 and n > 0,
the existence of Ry; > M and of a Lipschitz function ®,; € C}(R™; R™) with Lip(®,,) = 1 such

that
z if |z| < Ry,

(I)M(Z) =
0 if |z| >2Ry
and
liminf]—"j(uj) > liminf]—}-(@M(uj)) —n. (3.6.6)
j—+oo j—+oo

Note that ®pr(uj) € WHP(Q;R™) N L2(,; R™), supjen [|®ar(uj)|| Lo rmy) < R and it
converges to (®p(ut),®p(u™)) as j — +oo. Hence, if we apply (3.6.1), Propositions 3.6.1 and
3.6.2 to {®ar(u;)} in place of {u;}, we get, letting k — +o00 and v — 0, that

lim inf (@ as(uj)) > / OWo(Va®r(u™)) dao + / OW(Va @ (u™)) dzg

J—+00
+R<e>/¢<z>(¢M(u+)_¢M(u—))d%. (3.6.7)

Note that ®y/(u®) — u® weakly in WhP(w;R™) as M — +oo; hence, by (3.6.6), (3.6.7),
(3.5.6) and the lower semicontinuity of | OWy(Va() dza with respect to the weak WP (w; R™)-

convergence (see [1]), we have that

liminf Fj(u;) > /QWO(Vau+)d:Ea+/QWO(VQu_)d:Ea

j—+00
+R® / oD (ut —u”) dag .

by the arbitrariness of 7. O

3.6.2 The limsup inequality

For every (ut,u™) € WHP(w,R™) x WP(w,R™) the limsup inequality is obtained by suitably
modifying the recovery sequences {qu} for the I'-limits of

1 1

— W(Vut)dr and —/ W(Vu™)dx.

5j w+sj €j —&;

Lemma 3.6.4. Let £ € [0, +00] and let w be an open bounded subset of R"~! such that L1 (0w)
0. Then, for all (ut,u~™) € WHP(w,R™) x WIP(w,R™) and for all n > 0 there exists a sequence

{a;} € WIP(Q;;R™) converging to (u™,u™) such that

limsup Fj(u;) < /QWO(VQu+)d$a+/QWO(VQU_)d:Ea

j—oo

+RY / e (ut —u7)dr +nROLHw).
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roof. The proof of the upper bound is divided into three steps. We first construct a sequence
P Th f of th bound is divided into th t We first truct

{u;} C Wl’p(Qj; R™) that we expect to be a recovery sequence. In the second step we prove that
{@;} converges to (u™,u~) in the sense of Definition 3.3.1. Finally, we prove that it satisfies the
lim sup inequality. We first deal with the case £ € (0, +o0].

Step 1 : Definition of a recovery sequence. Let u™ € WP(w; R™) N L™ (w; R™). Accor-
ding to [74] Theorem 2 and [25] Theorem 1.1, there exist two sequences {u]i} C Whp(w*ei; R™)

+

such that u]i — u™, with respect to the convergence as in Definition 3.3.1, the sequences of

gradients {]VuiE P/e;} are equi-integrable on w*<i, respectively, and

1
lim - / W (Vut) de = / OWo (Vo) da (3.6.9)
Jj—+o0 gj wiei J w
Moreover, using a truncation argument (as in [9] Lemma 6.1, Step 2), we may assume without
loss of generality that

+
jlelg [uj ”Loo(w:l:ej;Rm) < +00.

Let uj := ujxwﬂj +u;x,-¢ € WP (wte Uw™=; R™) and let {w;} be the sequence obtained

from {u;} as in Lemma 3.4.3, then sup;cy ||wj||Loo(wisj gy < 00

We first define u; far from the connecting zones i.e.

uj(x) == w;(z) for every z € <w\ U B;j (xfj)>iaj . (3.6.9)

iezn—1

Then we pass to define 4; on each By (x?j)isf making a distinction between i € Z; and i €
Z1\ Z;.
If i € Zj, by (3.5.2), for every nn > 0 there exists Cfm € X](U;Jr — u;_) such that

N — , N -
/ AW (151 Vall 51Vl de < 0050~ n (610)
(B;Nj XI)\CI,WNJ-
Then, we define
 (za—aV 2 - 5
Uj(Ta, Tn) = () (ari]l, E—?) +uy” for every z € B;j (x5, i€ Z;. (3.6.11)

In particular, @; = u;i = wj on (OB;J_ (:L'fj))iaj.
Let us now treat the contact zones not well contained in w, i.e. when i ¢ Z;. For fixed v > 0
and j large enough we have that yN; > 2. Let 1 € W1P(B};[0,1]) be such that ¢ = 1 on 9B}

and ¢ = 0 in B{ and define
(xo) in (By)T,

Vy,j(x) =

— e O
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Then v, ; € Wl’p((Bﬁ{Nj x 1)\ C14n;5[0,1]), 14, = 1 on ((‘9B,’YNJ_)Jr and v, ; = 0 on (8B£{Nj)_.

Let wi = w; X +e;, we extend them to the whole w x (—¢&;,e;) by reflection i.e. we define
j § XpEei 3> &j

4 + +

W5 (Ta, Tn) = w5 (Ta, —2n) for every z € wTs and ?I);t(x) = w; (z) for every z € w¥ei. Hence,

we define

9 9
To — T Tp\ . To — T _
Uj(Ta, Tn) =y (%, €—n> Wy (x) + (1 — 1y (%, €—n> >wj ()  (3.6.12)
j j j j

for every z € (B;)j (:Efj) x (—€j,€;)) NQ; and i € Z" '\ Z;. In particular, we have that @; = w;
on (8B;)j (xf]) x (—€j,€;)) N €. We have thus define a sequence {@;} C W'P(Q;; R™).

Step 2 : The sequence {@;} weakly converges to (u%,u”). Let us check (3.3.1) and
(3.3.2). We will only treat the upper cylinder w™i, the lower part being analogous. First

1
— i — uT|Pda
€5 Jutei
1 4P
=— 5 \+e (Wi —uTPdz
€ (W\Uieznfl B/Pj (z; ))
(Sj p
+iz g (Ba T Tn) - g
Ej : 1 (22 | r; £ J
1€Z5 " TPj\i
1 To— 1) 8
St M + _ 5T e +
= / st Py j i (wj —w;)+w; —u™| dx
J iezn—1\7; (wﬂBpj(xi )) J J
1 ,
< — ]wj—uﬂpdx—kcz 5. ]u+—u}+]pda:a
€5 Jwte iez; 7 Bp; (@)
5 P
+53 ¢ (Te Tt Tn) (it i) da
o ; @iy | - o j j
T iez; 7 Pry (i J J
c L
+ & - <|wj+|P @y P+ |u+|p) dz . (3.6.13)
€ (WmUieanl\zj Blpj (xi]))

. . _ &5
Since lim;_, 4 o0 L 1<w N Uz‘eznfl\zj B, (xzj)) = 0 and sup,ey H’LU;-‘:HLOO(wisj gmy < 100, then
we have that

c
Jim —/ ey (1P (P P de =0, (3.6.14)
j—+00 € (wﬂUieznfl\zj B;)j(xfy)) i \IM j

Moreover, reasoning as in the proof of Proposition 3.5.3 (see relation (3.5.23)), we have that

jEI—iI-loo Z //

o lut — u;'ﬂp dre =0, (3.6.15)
iez; Bp; (@)
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and, by the convergence w; — (u*,u7), it remains only to prove that

9j
Lo — Ty In i+ i
lim Z/ N Cy.i —= — | = (uj" —uy)
J—o+too €j /( J gj T €j

In fact, changing variable, we get that

d;
—Z/ Y ) O
8iae. |2V75d ) ' J J
zeZ .J +e; T‘j €j
— n 12 :
l

1€Z;

dz =0. (3.6.16)

7.]

and by, Poincaré’s Inequality
. . Y .
/ i (s Tn) — (u;+ - u;_)‘ dz, < c(’yNj)p/ Val j(Tas zn) [P drg
LN Bl y.
R TR
for a.e. x, € (0,1). Hence, by the p-growth condition (3.3.3) and (3.6.10) if we integrate with
respect to x, and sum up in i € Z;, we get that

5j p
YsJ . ? . J J
ZEZ / 'I"] 5]
1 prZ |VaCf,7j|pd$
1€Z; 'YN]‘
p
T .
GREDY (vac,,jtg—%vna,,j) g
1€Z; J
! N”Z(sow ) L Vzv))
1€Z;
n—1—p -1
<cqps? + eyt ) L w)+ > ot + i) [(3.6.17)
= ’Y ] 571_1 7] C’Y 7"” 1— —p (10'\{‘7 ,7 s
J 7 1€EZ;

By Proposition 3.5.3 and (3.5.3), passing into the limit as j — 400 in (3.6.17), we get (3.6.16).
It remains to prove that (3.3.2) holds. In fact,

1
— |Vﬂj|p dzx
Ej w+sj
1 P
= - 5 +e; |V'LUJ| dr
%5 (Ao By, )
1 T :E6j T T :E6j T P
-1 i a &y Tp\| 1 i (faT Ly In
t 55,15 [\ VO‘CV’j( T ’5‘)‘63' V"CW( T ’5‘) de
J Uier B;j(xi) J J J J j
1

Tz ey VP de (3.6.18)
€ (Uieznfl\sz,’aj(xfj)ﬂw) !
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We can be easily shown that

8 p
1 : 7 J
= o, |77 Vel (P ) | (P ) )| e
€i IUiez, By, (x)% Tj £j £;
Tﬂ—l—p 0 ' Tﬂ—l—p
S = (> ottt —ui)) + £~ (w) (n = +9"7)5 (36.19)
J iGZj J
while,
1
. 5 ve; [V [P da
€j (Uiezn,l\zj B;,j(miﬂ)rw>
1 Ta —xfj T\ P, 4 o
<c Z > 5. . Vaty, <7 , —>‘ (|wj P+ |wj |p) dr
iczn\z, T3 (B (a7 )nw)te Tj &j
1 N N_
+— 5. (IVw} P + [V ) dz
€5 By, (@ )nw) I
1
n—1—p 4
<c Z <7‘j /B/ Vo) dzg + ol R P VP dx
iezZn—1\2; 2 3 (B, (27 )Nw)
1 _
+— s [Vw; [P dx
€5 J(By, (a7 )nw)

n—1—p
T 1
<c Z ( e A (VB —/ s Vwl [P da
icznz, \ 9 gy, @ et
1
+— s Vw; [Pdz | . (3.6.20)
€5 S (By, (@ )nw) ™

Note that the previous sum can be computed over all i € Z"~1\ Zj such that Q;ﬁj Nw # (. Let

/ /
U.)] = U Qi,5j7

iezZn=1\Z;, Qg’éj Nw#£0

then
> LN Q)s,) = LM w)) — L7 (0w) = 0. (3.6.21)

ieZn—1\Z;, Qg’éj Nw#£D

Moreover, by Lemma 3.4.3 we have that sup; % fw:tsj |iji|p dx < 4+00; hence, by Proposition
3.5.3, (3.5.3), (3.6.18), (3.6.19) and (3.6.20) we get (3.3.2).
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Step 3 : The sequence {4;} is a recovery sequence. We now prove the lim sup inequality.

limsup/i W (Vi ) dx
w>EI

j—+oo

1
= limsup — / e, W(Vay) de + / - W(Vauy)dx
j—>+00 Ej < (W\Uieznfl B;j (xfj )) ! UiEZj B;j (xfj)igj

se; W(Vuj)dx) : (3.6.22)

+/ .
(enUiezn-11z, B, @)

We deal with the first term in (3.6.22). By definition of @; (3.6.9), Lemma 3.4.3 and (3.6.8), we
have that

1
lim sup — / e W V) de
j—too €j (W\UiEZ"71 Bo; @ )) J

1
= limsup — / e W (V) de
j—too €j (‘”\Uieznf1 B, (@ )) J

1
< limsup — / W (Vu) dz + o(1)
j—4oo &5 wEEi J

:/QWO(VQui)dzpa—l—o(l), (3.6.23)

as v — 0T. For every i € Z;, by (3.6.11) and (3.6.10) we get that

1
— W (Vu; dx—l—/ W(Vu;)dz
& </sz<xfj>+fj ) By, ()% ) )

i
W (171 VGl jle 'Vl ;) da
/(\B”YNJ X[)\Cl’,yNj ] Y217 YsJ
—1— Y4 ; P —
<r P (e — i) )

hence, by (3.5.3) and Proposition 3.5.3 we get

1
lim sup — </ 5. W(Vﬂj) dx + / 5. W(Vﬂj) d:L')
j—+oo &j Uier Blpj (xi])+sj Uier B//Jj (7)™
< RY / Ot —u")dey + RO LY w)n
. £) ¢ d i— -
pimsnp [ 5 A8 gy, o )| o
J=ree i€, 7

= R / Ot —u")dey + RO LY w)n + o(1), (3.6.24)
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as v — 07. Finally, if i ¢ Z;, by the p-growth condition (3.3.3) and (3.6.20), we obtain that

1

— N W(Vﬂ-)dm)
< </(UiEZ"1\Zj B}j(mf])ﬂw> ! !

p / _
< = 14 |Va,P)dx
2 ( (B;jufj)nw)ﬁj( vl

5
iezn—1\z; 7/

< cﬁ"_l( U B;j (xfj) N w)

iezn—1\z;
pnoiop 1
+c Z ( gn_l L ;751.) +f/ 5 e \ij‘de
i€Zn—1\Z; j €j (B;)j(wij)ﬂw) J

1
+— _ \ij_\pdx) .

. 6 _
€5 J (B, (a7 )w) ™%

Since
. e 55
e B eng) <o
i€Zn—1\Z;

by (3.5.3), the equi-integrability of {|Vw]i|p/6j} on wt% and (3.6.21), we have that

. 1
lim sup —

o a, W(Va;)da = 0. (3.6.25)
j—4oco &5 /(meiEZ":l\Zj B;,j (:cf])) J J

Gathering (3.6.22)-(3.6.25) and passing to the limit as v — 0 we get the lim sup inequality for
every ut € WHP(w;R™) N L (w; R™).

We now remove the boundedness assumption simply noting that any arbitrary WP (w;R™)
function can approximated by a sequence of functions belonging to W1P(w; R™) N L>®(w;R™)
with respect to the strong convergence of WP (w; R™). Then, by the lower semicontinuity of the

I'-lim sup and the continuity of
(vt v7) = / OWo(Vav™) dz, +/ QWo(Vov™) dzg + RO / oD (vt —v7) drg

with respect to the strong WP (w; R™)-convergence we get the thesis for £ € (0, +o0].

If £ = 0, we may repeat the proof for the case ¢ € (0,+o0] with slight changes. Let us start
by dealing with Step 1. First, we have to notice that for the definition of {@;} on B;j (xfj)iaj,
for i € Z;, we have to consider, for any n > 0, a function (, ; € Y](z) such that

_ 0
W <7~j 1vgw-> de < o0(2) +n;

/(B’,YNJ' le)\cly'yNj
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hence,

6.
To — 2.

i In

_ i i— o4 . .
Ui (T, Tn) = () < ) + uj~ for every z € B;j (x7)F e z;.

r;
While for the definition of {u;} on By, (xfﬂ )Eei, for i € Z"1\ Z;, we have to introduce a suitable
function 1, ; different from that one used in (3.6.12). In fact, for a fixed v > 0 and j large enough

we can always assume that YN; > 2 and €;/r; > 2. Let v € WHP(B) x (0,2);[0,1]) such that
1 =0on B} x {0} and ¢y =1 on 9B x (0,2). We then define

0 in (B;Nj)_(aj/rj)’
Vyj() == P(Ta,2p) in (Bé)+2,
1 in (Bl )HE)\ (B

The functions 1, ; € Wl’p((B,’yNj x 1)\ C1 N, [0,1]) and satisfy ¢, ; = 1 on (8B£/Nj)+(€j/7“j)
and 1, ; =0 in (B;Nj)_(ej/’“j). Hence, we define

5; 8
B To — T, T - Lo — T4 ~—
Uj(x) ==y, ("Tijl, 7‘_:> w;_(ﬂf) + (1 — 1y ( : r; — ’7‘_:> )wj (x)

for every z € (B;j (a;fj) x (—€j,¢;)) NQ; and i € Z" 1\ Z;. In particular, we have that @; = w;
on (0B, (xfj) X (—€j,€5)) Ny,

Taking into account the definition of {u;} we can proceed as in Steps 2 and 3 also in the case
¢ =0. O

8

3.7 Representation formula for the interfacial energy density

This section is devoted to describe explicitly the interfacial energy density o® for £ € [0, 400].
As in [6], we expect to find a "capacitary type" formula for each regime ¢ € (0,+00), £ = +00
and £ = 0.

We recall that go(é) can be obtained as pointwise limit of the sequence {gosf’z} as j — 4oo and
v — 0% where for ¢ € (0, +o0]

o (z) = inf / W <7«j—1 (vag‘r—ivnc» de: ¢eX)(z)
(BfYNj XI\C1 4N; €j
while if £ =0,
4,022;(2) = inf / ry W(rj_lvg) dr: (€Y)(2)
(BfYNj XIj)\C1,N;
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(see Section 3.5). Then the main difficulty occurring in the description of ¢® is due to the fact
that the minimum problems are stated on (increasingly) varying domains.

We first introduce convenient notation for the sequel. Let g; : R™*™ — [0,400) be the
sequence of functions given by

gj(F) := rf W(rj_lF)
for every F' € R™*™. By (3.3.3) and (3.3.4) it follows that
|FIP — 17 < g;(F) < B(% + |FP), for all F € R™" (3.7.1)

and the following p-Lipschitz condition holds :

—1

195(F1) = gj(Fo)| < c(rf ™ + [P~ 4 [P H|F = Fof,  forall By, Fp € R™™

Then, according to the Ascoli-Arzela Theorem, up to subsequences, g; converges locally uniformly
in R™*™ to a function g that satisfies the conditions :

|F|P < g(F) < B|F|P, forall F e R™" (3.7.2)
and

lg(F1) — g(Fy)| < ¢(|F1 )P~ + | B P~ Y| Fy — Fy|,  for all Fy, Fy € R™*™, (3.7.3)

The proof of the representation formula for the energy density ¢ will be performed in
three main steps : we first prove an auxiliary I'-convergence result for a suitable sequence of
energies stated on a fixed domain, then we describe the limit functional space occurring in the
limit "capacitary" formula, finally, we prove that ¢ is described by a representation formula
of "capacitary type".

3.7.1 The case /{ € (0,+0)

We define
Xn(z) = {g e WYP((Bly x I)\ CLa;R™): ¢ =2z on (9Bjy)"
and ¢ =0 on (8B§V)_}
for N > 1. We recall the following I'-convergence result.
Proposition 3.7.1. Let
¢ = lim i ¢ (0, +00),
J—to0 €5
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then the sequence of functionals Gy) tLP((By x I)\ C1,n;R™) — [0, 400], defined by

/ gj <va<
(B;VXI)\CI,N

400 otherwise,

ﬁwc) dr if ¢ € Xn(2)
gj

I'-converges, with respect to the LP-convergence, to

/. §(VaCleVaQ)dr if ¢ € Xn(2)
G(g) (C) — (BNXI)\C'LN

400 otherwise .
Proof. Since £ = lim;_,;o(7;/€j) € (0,400), by the local uniform convergence of g; to g we

have that the sequence of quasiconvex functions F +— g;(F|(r;/e;)F,) pointwise converges to
F +— g(F|(F,). Hence the conclusion comes from [32] Propositions 12.8 and 11.7. O

Remark 3.7.2. We denote by p* the Sobolev exponent in dimension (n — 1) i.e.

n—1—p

We recall that if (a,b) C R, the space LP(a,b; LP" (R"™1;R™)) is a reflexible and separable Ba-
nach space (see e.g. |2] or [89]). Hence, by the Banach-Alaoglu-Bourbaki Theorem, any bounded
sequence admits a weakly converging subsequence.

Proposition 3.7.3 (Limit space). Let

n—1-p
. r.
(= lim 2 e(0+400), 0<RY= lim L —— <400 (3.7.4)
j—+o0 €j j—too O
and let {(y,;} C X](z) such that, for every fized v > 0,
sup/ 9; (VQCW-‘QV”CW-) dr < c. (3.7.5)
JEN (Bl xD\C1 £

Then, there exists a sequence {(;} C VVli’p((]R”_l X I)\ C1,00; R™) such that

C

(G=Cn  on  (Biy, xI)\ Ciyn,
and such that, up to subsequences, it converges weakly to ¢ in VVli’p((R"_l x I)\ C1,00;R™).

C
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Moreover, the function ¢ satisfies the following properties

¢ € WEP(R™! x 1)\ O oo; R™),
V(¢ € LP((R™L x 1)\ Of o0; R™XM),

(3.7.6)
¢ —z€ Lr(0,1; LP" (R, R™)),

¢ € LP(~1,0; L¥" (R" ", R™)) .

Proof. By (3.7.1), (3.7.4) and (3.7.5) we deduce that, for every fixed v > 0,

Y

8 o e o T 005 61

We now define
. -1 +
z o in (R*1\ B;Nj )7,

Cj = C“/,j in (B',yNj X I) \ Cl,'yNjy

0 in (R™! \B;Nj)‘ ;

by (3.7.7), we get that

/( e | (vac}-[—jvn@) e = /( . | (vag%j[—jvngw) "dr<e. (379)

Hence,

Gl xn) —z € WHP(RLR™) for ae. z, € (0,1
J

and
(i xn) € WHP(RLR™) for ae. x, € (—1,0).

Since p < n — 1, according to the Sobolev Inequality (see e.g. [2|), there exists a constant
¢ =c(n,p) > 0 (independent of z,,) such that

_ . p/p* _
</ 1G5 (@arsn) — 2P dxa> < c/ IV 0G (s )P deva (3.7.9)
Rn—1 Rn—1

for a.e. ,, € (0,1), and

i N i
Ci(Ta, xn) [P dxg <ec Vali(za, zn)|P dza (3.7.10)
J J

Rnfl Rnfl
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for a.e. z, € (—1,0). If we integrate (3.7.9) and (3.7.10) with respect to x,, by (3.7.8) and Remark
3.7.2, we get that there exist ¢; € LP(0,1; LP" (R* 5 R™)) and ¢ € LP(—1,0; LP" (R"~1;R™))

such that, up to subsequences,

{j—z— ¢ in LP(0,1; LP" (R™ L, R™)),

G — G in LP(—1,0; LP" (R" 1, R™)),

V(= VG i LP(RMTHH RN,
V(= Ve i LP((R"H) 7 R™™).

In particular, we have that

G—=G+z i WP(RH)TR™),

loc

&= G in WP((R™1)=R™).

C

Then, since (; + z = (2 on B] in the sense of traces, we can define

C_ C1+Z in (Rn—l)—i-
] G in (R"1)~ U (B} x {0}),

which satisfies (3.7.6). O

Now we are able to describe the interfacial energy density ¢ as the following nonlinear
capacitary formula.

Proposition 3.7.4 (Representation formula). We have
p0(z) = inf { / 9(Val|EVnQ) da: ¢ € WP (R"! x 1)\ C o3 R™),
(R*=1xI)\C1,00
V(e LP((R"™ X 1)\ Croo; R™"), ( =z € LP(0,1; L7 (R"™H,R™))
and ¢ € LP(—1,0; L* (R”‘l;Rm))}

for every z € R™.

Proof. We define

pO(z) = inf{ / 9(Val|tVnQ) dr: ¢ € WP (R™™! x 1)\ C1 oos R™),
(R"=1xI)\C1,00
V¢ e LP((R™ % 1)\ C1oo; R™™), ( =z € LP(0,1; L7 (R";R™))

and ¢ € LP(—1,0; L7 (R"‘l;Rm))}
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for every z € R™, we want to prove that ¢(©)(z) = () (z). For every fixed n > 0, by definition

of gpgf)j(z) (see (3.5.2)), there exists {(,;} C X;Y(z) such that

.
/ 9j <Va4w,j‘ﬁVnCv,j> dr < ¢\V(2) +n.
(BIWNJ XI)\CI,'yNj J

By Proposition 3.5.1(i) we have that (3.7.5) is satisfied then by Propositions 3.7.3 and 3.7.1 we
get

lim 4,052(2) +n > liminf/ gj <va§j‘ﬁvn§j> dx
J—+0o0 » Jj—+oo (B’,YNj XI)\CL'YNJ' €j
> liminf 9gj <Va§j‘ﬁvn§j> dx
J—+00 J(BY xD\Ch,n €j
>

/ Vol l0V,00) da
(Byy xI\C1,n

where ¢ € Wli’f((R”_l X I)\ C00; R™) satisfies (3.7.6). Note that for every fixed v > 0 and j

large enough we can always assume that vIN; > N for some fixed N > 2. Hence, passing to the
limit as N — o0 and v — 0T, we obtain

PO() 4> / 9(VallEVa0) da > 4O (2) (3.7.11)
(R”fle)\Cl,oo

and by the arbitrariness of 1 we get the first inequality.
We now prove the converse inequality. For every fixed n > 0, there exists { € VVli’f((R"_l X
I) \ C1,00; R™) satisfying (3.7.6) such that

/ 9(VolleV ) dz < 9O (2) 4+ 1. (3.7.12)
(R"*lxl)\cl,oo

Let N > 2, and choose j large enough so that yN; > N. We consider a cut-off function Oy €
C(B)y;10,1]) such that Oy =1 in B§V/27 |Vabn| < ¢/N and we define

HN(‘TQ)C(‘T) + (1 - HN(‘TOC))Z in (BEV)—Fa
CN(a:) =
On(za)C(2) in (By)~ U (By x {0})

so that (xy € Xn(z). By Proposition 3.7.1, there exists a sequence {C]]V} C Xn(z) strongly
converging to (y in LP((B)y x I) \ C1,n;R™) such that

/ g(vaCvanCN) dr = .hm gj <Vagjjv‘r_Jan]]V> dx (3'7'13)
(B xD\C1,n J=F0 J(Bly xI)\C1, N €j
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Let us define ¢, ; € X/ (2) by

¢k in (By xI)\Cuy,
Grjl@):=q 2z in (B:,Nj \ By)™,
0 in (B;Nj \ By)~.
Consequently, ¢, ; is an admissible test function for (3.5.2) and we get, since g;(0) = 0, that

T

Pi() < 9j (Vagy,j ( g—jVnCw') da

/(B;Nj XI\C1,4nN;
= / gj (VaC]]V
(ByxD\C1,n

Taking the limit as j — +oo and using (3.7.13) and (3.7.2), we obtain

i o
= Vack) da.

lim o!%(z) < / 9(Valn Vi) da
’ (Bly xI)\C1,n

j—+oo
< / GV aCl0VnC) da + ¢ / VenlP da
(Bly /s xD\Crn 2 (BY\Bly )+
+c/ V¢nlP da . (3.7.14)
(BY\Bly )

Let us examine the contribution of the gradient in (3.7.14)

Y

/ \VCM”CZ&:—F/ \VCN\pdx
(By\By )T (By\By /)™

N/2 N N/2)
<e / (Vb PIC — 2P + [VCP) da
(Biy\Bly 5)*
te / (Vb PICP + [VCP) da
(By\Bjy/a)~
<c (/ \vquH/ \vqug;>
(Rr-1\BY )" (Rr1\BY )"
o (/ \g—z\l’da;+/ \g\de) . (3.7.15)
NP\ JBy\By, )+ (BN\Bly5)~
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Since p* > p we can apply the Holder Inequality with ¢ = p*/p; hence,

&
< Pt | |<|p>
NP </(B;V\B' )+ (By\Bly )~

N/2 N/2
1 . p/p*
§c</ (/ |¢ — 2|P da:a) dxy,
0 BBy,
0 ) Jp*
+/ </ IC|P da:a>p g dz,
—1 BBy,

! . /"
<c / (/ ¢ — 2|P da:a)pp dxy,
0 \Rrrn\By
0 . p/p*
+/ (/ <" dae) d:nn>. (3.7.16)
-1 MRe-1\BY

N/2

Hence by (3.7.6), (3.7.15) and (3.7.16) we have that, for every fixed 7 > 0,

Y

lim IV{n[Pdx =0
N—+o00 (B}V\Bgv/z)i

which implies thanks to (3.7.12) and (3.7.14) that

lim go(éz-(z) <O (2) + .

oo T
Then we get the converse inequality by letting v — 0 and by the arbitrariness of 7. U

3.7.2 The case ¢ = +00

In this case the description of ¢(°) involves a dimensional reduction type problem stated on
varying domains. We find more convenient to first deal with a fixed domain, applying some well-

known I'-convergence and integral representation results proved in [74] and [35].

Let G;-t : LP((B\)®;R™) — [0, +00] be defined by

. 1,p I \+.Pm
/ gj (VQC‘T_JVnC> dr if Cew ((BA;) J’FR )
GH(C) = (Biy)+ £j ¢ =z on (0BYy)
J :
+00 otherwise
and
[ a(edim)u o f Sowmmr
G_(C) . (Bly)~ gj ¢=0on (8B§V)‘
J
\ +oo otherwise.
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Proposition 3.7.5. Let

then, the sequences of functionals G?E I'-converge, with respect to the LP-convergence, to

Qgo(Val)dza if ¢ — 2 € WP (Bj; R™)

GO =g
+oo otherwise
and
Qgo(Val)dza if ¢ € WyP(Bj; R™)
G (¢):={ "N
+00 otherwise ,

respectively, where go(F) = inf{g(F|F,) : F, € R™} for every F € R™*("=1)

Proof. We prove the I'-convergence result only for G;, the other one being analogous. According
to [35] Theorem 2.5 and Lemma 2.6 there exists a continuous function § : R™*(®=1) — [0, 4-00),
such that, up to a subsequence, G; I"-converges to

/, d(Val)da, f(—z€ Wol’p(Bg\,;Rm)
(=4

+00 otherwise .

Hence, it remains to show that § = Qgo. By [35] Lemma 2.6, it is enough to prove it for W1P-
function without boundary condition; hence, it is not restrictive to take ( an affine function.
Let ((xq) := F - T4, by [35] Theorem 2.5, there exists a sequence {¢;} C WIP((B)y)*;R™) (the
so-called recovery sequence) converging to ¢ in LP((B))";R™), such that

iF) ey =G0 = i [ g (Vag|29.6) do (37.17)
J—+o0 (B§v)+ €j

where ¢y = L"71(Bl;). Moreover, by [25] Theorem 1.1, we can assume, without loss of generality,
that the sequence {‘(VQCHZ—;V,@Q)V)} is equi-integrable. By (3.7.17) and (3.7.1), we have that

jus /<B3V)+ (VaCj‘Z_jv"Cj) "’ dr =

hence, for every fixed M > 0, if we define
r
A;-V[ = {x € (By)*t: '(vagj(a;)‘g—;vngj(x)ﬂ < M} ,
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we get that L"((By)" \ A;VI) < ¢/MP for some constant ¢ > 0 independent of j and M. Fix
M > 0, by (3.7.17), we have

G(F)en > limsup/ gj (VQCJ"QV”CJ) dx. (3.7.18)
AM €j

j—+oo

Moreover, for all x € A;-V[ )

5 (Va6 @[ 29,60 ) 9 (VoG 20,6560 )| < sup 155(F) = o(F)

|Fl<M

and then,

Ly
Aj

Hence, by the uniform convergence of g; to g on compact sets, we have that

r r
. (Vo) =g (Vaci|Zvoci ) ) dz =o0.
[ (o (Taol5m0) o (vt ) )

By (3.7.18), we get

gj <VQCJ‘T—]V71C]> -9 (VQC]‘T_]VnC]> dr < cy sup ’gj(F) - g(F)‘
€ € |F|<M

G(F)en > limsup/ g <vagj‘ﬁvngj> dx. (3.7.19)
j—+oo JAM €j

Note that, since L™((Bjy)™T \ A;VI) — 0 as M — 400, by the p-growth condition (3.7.2) and the
equi-integrability, we get that

lim sup/ g (VaCj‘QVan) dxr =o(1), as M — 4o00. (3.7.20)
(Bjy)H\AM 2

Jj—+oo

Consequently, (3.7.19) and (3.7.20) imply that

g(?) cN > limsup/ g <Va§j
(By)t

j—+oo

ﬁwg) da. (3.7.21)
&

Finally, from [74] Theorem 2, we know that

hminf/ g <Vo¢Cj‘Qanj> dz > Qgo(F)en s
J—+oo (Biy)*+ €j
hence, by (3.7.21) we obtain that §(F') > Qgo(F).
We now prove the converse inequality. By [74] Theorem 2, there exists a sequence {(;} C
WLP((By)T;R™) converging to ¢ in LP((Bj)™;R™) such that

Qgo(F)cey = lim g (VaCj‘QVnC]) dz . (3.7.22)
(By)* €

Jj—+oo
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Without loss of generality, we can still assume that the sequence {|(vagjy§—§vngj)|p} is equi-
integrable. Thus, reasoning as above to prove (3.7.21) assuming (3.7.17), we can obtain, as a
consequence of (3.7.22), that

9 <va<j(2—jvn<j> da . (3.7.23)

j—oo

Qgo(F) cy > limsup /
(By)*

Now, by [35] Theorem 2.5, we have that
hminf/ 9gj (VaCJ‘T_JVnQ) dx > Q(F) CN ;
J—+00 (B}\r)+ €j

hence, Qgo(F) > g(F), which concludes the proof of the proposition. O

Remark 3.7.6. By [74] Theorem 2 for every ¢ € W1P(B;; R™) the recovery sequence is given
by (j(za, zn) := ((za) + (£j/7;) xn bj(x4) for a suitable sequence of functions b; € C°(Bjy; R™).
Note that by definition {(;} keeps the boundary conditions of ¢. Reasoning as in the the proof of
Proposition 3.7.5 we can observed that {¢;} is also a recovery sequence for G;r (see e.g. (3.7.23)).
The same remark holds for G

Proposition 3.7.7. Let

then the sequence of functionals G§-OO) : LP((By x I)\ C1,n;R™) — [0, 400] defined by

/ 9gj (VaC
(B§V XI)\CLN

400 otherwise

ﬁwc) dr  if ¢ € Xn(2)
€j

G(¢) =

I'-converges, with respect to the LP-convergence, to

/ , Qgo(Val)dx if ¢ € Xn(2) and Vo, =0
G(OO)(C) = (ByxI\C1,n

+o00 otherwise.

Proof. The liminf inequality is a straightforward consequence of Proposition 3.7.5.

Dealing with the lim sup inequality, let us consider ( € Xy (z) with V,{ = 0. We denote by
¢t € WHP(B); R™) the restriction of ¢ to (Bjy)™ and (Bly)~, respectively. By Proposition 3.7.5
and Remark 3.7.6, there exist two sequences {C]i} such that

¢ — ¢ in LP((By) B R™), ¢ =z on (0By)*
(3.7.24)
¢ — ¢ in LP((By)"sR™), ¢ =0on (0By)~
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and

lim 9i <vagj+‘ﬁvngj+> dr = Q0o (Val™) dza

i=Fo0 J (B )t € By,

lim gj <VQCJ-_‘QV”CJ-_> dr = Qgo(Val™)dx, . (3.7.25)
i=Fo0 J(By)- & By,

Moreover, since ¢ € WHP((Bj, x I)\ C1 n;R™), by Remark 3.7.6, CJTF and (; have the same trace
on B x {0}; hence, C;r = (; = ( on B} x {0}. Then we can define

G i (By)*,
(=14 ¢ on Bjx{0},
G i (By)”

with ¢; € WIP((Bjy x I) \ C1,n;R™). In particular, by (3.7.24) we have that {(;} C Xn(z) and
(j — Cin LP((Bly x I)\ Cy,n;R™). Finally, by (3.7.25) , we have

lim G°() = lim g <vag-‘ﬁvng-> dz
j—too 7 () i=+oo J(Br xNCix Hey ™
— [ on(Vat)dzat [ (V) dre
By By
-/ Qo(V o) d
(ByxI)\C1,n
which completes the proof of the lim sup inequality. O

Proposition 3.7.8 (Limit space). Let

n—1—p
= lim 5= oo, 0< R = lim L < +oo
J—+o00 €j j—+o0 5”
and let {(y;} C X](z) such that, for every fized v > 0,
sup / 9 (Va2 VG ) do < c. (3.7.26)
jeN (B;ijf)\cMNj €

Then, there exists a sequence {(;} C I/Vlif((R"_l X I)\ C100; R™) such that
G =G, on (B»/yNj x I)\ Cl,'yNj
and such that, up to subsequences, it converges weakly to (T in Wl’p((R”_1)+;Rm) and to (~ in

loc
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Wli’f((R”_l)_;Rm). Moreover, the functions (* satisfy the following properties
C:I: c lep(Rn—l;Rm)

loc

(t=¢  in B

vac:l: c Lp(Rn—l; Rmx(n—l))

(¢t —2) and (- € LP" (R 5 R™).
Proof. We can reason as in Proposition 3.7.3 using the fact that, by (3.7.26),

~ Ei\P
P < =7 .
/(Rnl)i |vn<j| drse <7’> ’

j
hence, in the limit we have that V,¢ = 0 a.e. in (R"™1)*. O

Proposition 3.7.9 (Representation formula). We have

gp(oo)(z) = inf {/R » (ng(VaC+) + ng(VaC_)) drg: (T e I/Vli’f(R”_l;Rm),
(F=¢inBj, Vu(*eLP®HR™0D),

(CT—2) and ¢ € L7 (R"—l;Rm)}

for every z € R™.
Proof. Reasoning as in the proof of Proposition 3.7.4, by Propositions 3.7.7 and 3.7.8 we get the

representation formula for (%) O

3.7.3 The case /=0

We first recall the following I'-convergence result.
Proposition 3.7.10. The sequence of functionals G§0) : LP((By x (=N,N)) \ Cy n;R™) —
[0, +00], defined by

(©) /(B' (=N.N)N\C 9;(VQ)dx if { € WHP((B)y x (=N, N))\ C1 n;R™),
G; (C) = N XN 1L,N
J

400 otherwise ,

T'-converges, with respect to the LP-convergence, to

/ g(V¢)dx if € WHP((By x (=N, N))\ C1 n;R™),
GO(¢) = (B X (=N, N)\C1,n

400 otherwise .
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Proof. The result is an immediate consequence of the pointwise convergence of the sequence of
quasiconvex functions g; towards g together with Proposition 12.8 in [32]. O

Proposition 3.7.11 (Limit space). Let

n—p
(= lim 2=0, 0<R"= lim -1 — < oo (3.7.27)
j—Foo € J—to0 677 e
and let {¢y,;} C Yﬁ(z) such that, for every fized v > 0,
sup/ 9i (V) dx < c. (3.7.28)
JEN (Bi,Nj XIj)\C1,N;

Then, there exists a sequence {(;} C WP (R™\ C1,00; R™) such that

loc
Q:j =Gyj on (B:/Nj x Ij)\ Cran

and such that, up to subsequences, it converges weakly to ¢ in VVli’f(]R” \ C1,00;R™). Moreover,

the function C satisfies the following properties
¢ € WP (R™\ C1 03 R™),

C

V(¢ e LP(R™\ O o0; R™*™),

(3.7.29)
¢ — 2 € LP(0, +o0; IV (RP-;R™)),
. * —1.
| ¢ IP(—00,0, L7 (R R™)).
Proof. By (3.7.28), (3.7.1) and (3.7.27), we deduce that, for every fixed v > 0,
Sup/ V(P de < c. (3.7.30)
JENJ (Bl XI\C1 i,

Let us extend (, ; by reflection
Cy.j <xa,2i—; - xn) if x4 € B;Nj and z,, € (g;/rj,2¢;/15),
Crjl) = (3.7.31)
Cyj <xa, —2‘:,—; — xn> if o€ By, and x, € (—2¢5/rj,—€;/r;)

and then, we extend it by (2¢;/r;)-periodicity in the z,, direction. The resulting sequence, still
denoted by {C, ;}, is defined in (B;Nj x R) \ C14n;- Hence, we define on R\ C ,

C i @\ Bly) x (0.400)
((x) =1 Gi@) in (Biy, xR)\ Ciyn,, (3.7.32)
0 in (R"1\ Bl ) x (~00,0).
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Let us now introduce the cut-off functions ¢; € C°(—2¢;/rj,2¢;/r;;[0,1]) such that ¢;(z,) =1
if |z, <ej/rj, ¢j(an) = 0if |z,| > 2¢;/r; and |Vy,¢;| < ¢(r;/€;). Then, we introduce our last
sequence,

Q_Sj(fﬂn)gj(fnavfnn) +(1— ﬁbj(xn))z if  (za,zn) € R x (0, 4+00),

Gj(Ta,mp) =

j(n)(Ta, zn) if  (2q,2n) € R" x (—00,0).

Note that

Cj = C’y,j on (B’/YNj X Ij) \ Cl,'yNj . (3.7.33)

Moreover, by (3.7.30)-(3.7.33) we have that

sup/ |Va§~j |Pdx <c, (3.7.34)
JEN JRM\C1, 0

while, for every (a,b) C R, with —oo < a < b < +00, we have

Vil da < c, (3.7.35)

/(Rnl x(a,) ) \C1 00

for j large enough and ¢ independent of (a,b). Reasoning as in Proposition 3.7.3, with (0, +00)
and (—o00,0) in place of (0,1) and (—1,0), respectively, we can conclude that there exist (; €
LP(0, 4+00; LP" (R™ 1, R™)) and (3 € LP(—00,0; LP" (R™~1; R™)) such that, up to subsequences,

G—z—C in LP(0,+o00; L’ (R"";R™))

and
{j— ¢ in LP(—o00,0; LP (R"HR™)).

Moreover, by (3.7.34) and (3.7.35), we have that, up to subsequences, C} converges weakly to ¢
in WhP(R™ \ C1,00; R™) where

loc

‘= (1+2z in R"1 x (0, +00)
(2 in (R""' x (—00,0)) U (B} x {0}).

In particular, for every compact set K C R" \ C o, we have that
/ |V¢[P da < Liminf/ VP da < e
K J=toe JK

for some constant ¢ independent of K ; hence, we get that V{ € LP(R™ \ C} o0; R™*™) which
concludes the description of the limit function (. O
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Proposition 3.7.12 (Representation formula). We have
PO(z) = mf{/ﬁ G(VO) dz : ¢ € WiEP(R™\ C1 oo R™), VC € IP(R™\ O 03 R™M),
Rn\cl,oo
¢ —z € LP(0,400; LP (R"1,R™)) and ¢ € LP(—o0,0; LF" (R"‘l;Rm))}

for every z € R™.

Proof. We define
PpO(z2) = mf{/’ g(V¢)dz : ¢ € WP (R"\ Cp 003 R™), VC € LP(R™ \ O o; R™™),
R"\Cl,oo
¢ —z € LP(0,4o00; LP" (R" 1 R™)) and ¢ € LP(—00,0; LP (R"‘l;Rm))}

and let us prove that o0 (2) = O (2).
By definition of gp% (see (3.5.13)), for every fixed n > 0, there exists ¢, ; € Y;(2) such that

0
/ 9i(V¢y5) de < sog,;-(Z) +n; (3.7.36)
(B;Nj XI;)\C1,yN;
hence, by Proposition 3.5.2 (i), (3.7.28) is satisfied. Then by Propositions 3.7.10 and 3.7.11 we
get that

lim ()»(z)—kn > liminf/ 9;(V¢)) da
j—>+oo Y] J—+o00 (BlejXIj)\Clej ! !
> liminf [ 6;(V&) da
i=+%0 J(Byx(~N,N))\C1,5

9(VQ) dz (3.7.37)

/(B;Vx(—N,N))\cl,N

for some fixed N > 1, where ( satisfies (3.7.29). Thus, passing to the limit in (3.7.37) as N — 400
and v — 07, it follows that

ﬁ%@z/’ 9(VO) da > $O(z).
R"\Cl,oo

Let us prove now the converse inequality. For any fixed n > 0, let € Wl’p(R" \ C100;R™)

loc

be as in (3.7.29) and satisfying
/ g(V¢) dz < O (2) + . (3.7.38)
R"\CLOO
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For every j € N and v > 0, we consider a cut-off function 6., ; € CSO(B;N],; [0,1]) such that
6y;=11in B@Nj)/? Vbl < ¢/yNj and we define ¢, ; € Y'(2) by

Oy (2a)((x) + (1 = 0 5(xa))z in (Bl )T/

Cw‘(x) =
0..(xa)C(2) in (Bly,) /) u(B] x {0}).

Consequently, ¢, ; is an admissible test function for (3.5.13) and we get that

W) < /( 0;(V, ) d.

fYNj le)\cl,'yNj

The same kind of computations as those already employed in the proof of Lemma 3.7.4 (see
(3.7.14)-(3.7.16)) show that

lim cp,(y(?;-(z) < lim sup

| / Gi(VQ)du+o(1), as y—0".
oo j=o0 (B <IN\,

On the other hand, Fatou’s Lemma implies that

$(VOdz< [ g(VOdr+ol), as y -0
Rn\cl,oo

lim sup /
Jj—+oo (B',YN]‘ XIJ')\CL'YN]‘

Hence by (3.7.38), passing to the limit as v — 0T, we get that

¢V (z) <O (2) + 1.

By the arbitrariness of 17 we conclude the proof. O
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Chapitre 4

(Quasistatic evolution of a brittle thin
film
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4.1. INTRODUCTION

4.1 Introduction

Following Griffith’s theory of brittle fracture, the variational model of quasistatic crack evolution
proposed in [64] is based on the competition between the elastic energy and a surface energy
which is necessary to produce a new crack or extending a preexisting one. The classical model
was plagued by a few defects, being unable to initiate a crack, or to predict its path during the
propagation ; the authors were able to overcome these weaknesses, assuming neither a preexisting
crack, nor a pre-defined crack path. In their formulation, the time-continuous growth of the cracks
is seen as a limit of a discrete time evolution as the time step tends to zero. The first precise
mathematical justification of this limit process in the scalar-valued case was given in [63] in the
framework of Special Functions of Bounded Variation (SBV'). It was subsequently generalized to
the vector-valued case in [46, 47| (see references therein) in the framework of Generalized Special
Functions of Bounded Variation (GSBV). To obtain compactness, the authors had to either
add some conservative body and surface loadings with appropriate coerciveness as in [46], or
to impose an empirical L>°-boundness hypothesis on every minimizing sequence as in [47]. This
latter assumption permits to work in the space SBV?P of all SBV-functions with p-integrable
approximate gradient and whose jump set has finite area, in lieu of GSBV (see Definition 4.1.1
below). The limit crack was defined through a new notion of convergence of rectifiable sets,
called oP-convergence, related to the notion of jump sets of SBV functions and based on the
weak convergence in SBVP.

Before dealing with quasistatic evolutions, let us briefly describe the static model. Let U an
open subset of R™ representing the reference configuration of a homogeneous elastic material
with cracks, whose stored energy density is given by the function W : R™*™ — R, where R™*"
stands for the set of real m x n matrices. According to Griffith’s theory, the total energy under
the deformation u : U \ K — R™ is given by

E(u, K) = W(Vu)dL™ + H" 1 (U N K),
U\K

where K is an unknown crack. Throughout the paper, £” and H"~! denote the n-dimensional
Lebesgue measure and the (n — 1)-dimensional Hausdorff measure in R™ respectively (in the
sequel, n will always be equal to 2 or 3). It is often convenient to use the weak formulation of
this problem in the framework of Special Functions of Bounded Variation, replacing the crack K
by the jump set S(u) of the deformation u € SBV (U;R™) and where Vu is now the approximate
gradient of u. We refer to [5, 55] for the definitions and basic properties of Functions with Bounded
Variation. It is also usual to impose polynomial growth of order 1 < p < co on W. Thus, a natural
space is the space SBVP(U;R™) of functions u € SBV (U;R™) such that H"~1(S(u)NU) < +o0
and Vu € LP(U;R™*"™); for such functions, the energy becomes

£(u) = E(u, S(u)) = / W (Vu)dL™ + H™ (S(u) N U).
U
Let us now return to the quasistatic evolution. Adding some appropriate boundary conditions
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and possibly some body and surface loadings, at each time ¢ € [0,7], we seek to minimize the
total energy (u, K) — &(u, K) among all legal competitors. Namely, (u(t), K(t)) is a minimum

energy configuration provided that
E(u(t), K(t)) < €(u, K)

for every crack K containing K (t) and every deformation wu, possibly discontinuous across K
and satisfying the boundary conditions. More precisely, an irreversible quasistatic evolution of
minimum energy configuration is an application [0,T] 3 ¢t — (u(t), K (t)) satistying the following
conditions :

(i) Irreversibility : K(t) increases with t;

(ii) Static equilibrium : for every t € [0,T], the pair (u(t), K(t)) is a minimum energy confi-

guration ;

(iii) Nondissipativity : the function ¢t — E(u(t), K(t)) is absolutely continuous.
Condition (iii) express the conservation of the energy in the sense that the derivative of the
internal energy £ (u(t), K(t)) is equal to the power of the applied forces.

Sometimes a natural small parameter, denoted by € > 0, is involved in the model and one
should look at the behavior of the energy and of the quasistatic evolution (u®(t), K°(¢)) when e
tends to zero. The notion of I'-convergence — see [45] for a complete treatment on that subject —
has proved useful in investigating the variational convergence for static problems; in the present
context of variational evolution, it remains to see whether such a process is compatible with the
evolution. A problem of this type have been studied in [70] where the authors proved a stability
result of variational models of quasistatic crack evolution under I'-convergence in the antiplanar
case. Indeed, they have shown that (u®(t), K(t)) converges, in a certain sense, to a quasistatic
evolution of the relaxed model. They had to define a new variational notion of convergence for
rectifiable sets that they called o-convergence. The limit crack is thus seen as the o-limit of K¢(t)
while the limit deformation is nothing but the weak SBVP?(U)-limit of u®(t). In the same spirit,
[69] investigates a notion of quasistatic evolution for the elliptic approximation of the Mumford-
Shah functional and proves its convergence to a quasistatic growth of brittle fractures in linearly

elastic bodies.

In this paper we treat cylindrical bodies whose thickness becomes arbitrarily small and ask how
the quasistatic evolution behaves when the small parameter, the thickness of the cylinder, tends
to zero. It leads us to perform a 3D-2D asymptotic analysis of a thin film, taking into account
the possibility of fracture. An abundant literature exists on dimensional reduction problems and
we point the reader to e.g. [23, 34, 35, 74| and references therein.

Let Q. := w X (—¢,¢) be a three-dimensional cylinder of basis w, a bounded open subset of
R? and of thickness 2¢, representing the reference configuration of a homogeneous elastic body
containing some cracks. The study of the static problem relies on the computation of the I'-limit
of the sequence of functionals associated to the internal energy, as € tends to zero. Namely, we
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want to look at the behavior of the functional

SBVP(Q R 3w [ W(Vu)dL? + H2(S(u) N QL)
Qe
when ¢ — 0, in the sense of I'-convergence. It is convenient to rescale the problem on the
unit cylinder  := Q;. Denoting by z, := (x1,2z2) the in-plane variable, we set v(zq,23/c) =
u(zq, z3). Replacing u by v in the previous energy, changing variables and dividing by &, we are
led to studying the equivalent sequence of functionals

1
SBVP(QR?) 5 v / W <vav(—v3v> acs +/
Q € S(v)NQ

(a2 0003 | a2,

where, from now on, V,, (resp. V3) will stand for the (approximate) differential with respect to z,
(resp. x3), F = (Fy|F3) for some matrix F' € R3*3 and z = (z4]23) for some vector z € R3. Such
studies have been performed in [23| where the authors imposed to the crack to live on the mid-
surface of the plate and also in |28, 34|. Unlike the latest references, we are working with materials
satisfying Griffith’s principle. This was not previously taken into account because the authors
forced the surface energy to grow linearly with respect to the jump of the deformation. This
restriction was due to the application of Integral Representation Theorems in SBV (Q;R3) (see
e.g. Theorem 2.4 in [31] or Theorem 1 in |28]) which hold for such surface energies. Furthermore,
it was necessary to obtain a bound in BV (€2;R?) of any minimizing sequence. We are convinced
that such a behavior is not very realistic because it does not permit to take into account neither
Griffith nor Barenblatt theory in which the surface energy behaves asymptotically like a constant :
the toughness. However, in [34], Example 2.10, the authors suggest a way to recover a brittle
elastic material obeying Griffith’s law by a singular perturbation approach (see also [33], Section
8).

The originality of our work comes from the fact that we are directly dealing with Griffith sur-
face energy, which was proscribed in |28, 34| as explained above. We propose here an alternative
proof of this result, deriving the I'-limit by an argument very closed to that used in the proof of
Theorem 2.1 in [56]. Indeed, to overcome the lack of compactness in BV (£2;R3), we use a regular
truncation function. It permits us to show that for a deformation belonging to L>(2;R?), there is
no loss of generality in requiring that any minimizing sequence is uniformly bounded in L>(Q;R3)
and thus, weak SBVP(Q; R3)-compactness follows. The two-dimensional surface energy remains
of Griffith type whereas the bulk energy follows the one obtained in |28, 34| : the stored energy
density is given by the function QW : R3*? — R where Wy(F) := inf {W(F|z) : z € R?} and
OW, is the 2D-quasiconvexification of Wy. Note that we obtain exactly the same energy density
as in [74], in which the authors were treating healthy materials, that is without any crack.

Then, it remains to pass to the limit in the quasistatic evolution. We need a notion of conver-
gence of rectifiable sets, in the spirit of oP-convergence introduced in [46], but better adapted
to the dimensional reduction problems. Intuitively, any limit crack should be a one-dimensional

set, that is a two-dimensional set which is invariant by translation in the x3 direction. It seems
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that oP-convergence do not permit to obtain such limit cracks. This is why we are led to defining
a new notion of convergence (see Definition 4.4.1) similar to that of oP-convergence (see Defini-
tion 4.1 in [46]), but for the fact that we impose to any sequence of test functions to have an
approximate scaled gradient uniformly bounded in LP. Nevertheless it is not sufficient to pass
to the limit in the surface term because we need to have compactness for sequences of cracks
with bounded scaled surface energy. This difficulty is overcome thanks to Proposition 4.4.3. The
last tool is a Jump Transfer Theorem (see Theorem 2.1 in [63]) stated in a rescaled version in
Theorem 4.4.4 and whose proof uses a De Giorgi type slicing argument.

As in |47|, we will assume that any minimizing sequence involved in the quasistatic evolution,
remains bounded in L°°(£2; R3) uniformly in € > 0 and in time ¢ € [0,7] (see (4.2.8) and the
proof of Lemma 4.5.1). We do not attempt to justify this hypothesis which appears naturally in
the scalar case by a truncation argument, whenever the prescribed boundary deformation is also
bounded in L>®(2 x [0, T];R), uniformly in € > 0. It will yield weak SBVP(Q;R3)-compactness
and thus allow to define a limit deformation field. Note that we could also have taken the path to
add appropriate body and surface loadings, as in [46], with the right order of magnitude, in which
case we should be working in a suitable subspace of GSBV (£; R3) instead of SBV?(£); R3). We
insist on the fact that this boundness hypothesis is completely empirical but has the advantage
of avoiding technical difficulties connected with the space GSBV (Q;R3).

As mentioned before, we adopt the following

Definition 4.1.1. For any open set U C R",

SBVP(U;R™) := {w € SBV(U;R™) : Vw € L’(U; R™") and H* ' (S(w) N U) < oo}

Throughout the text, letters as C stand for generic constants which may vary from line to
line. We will denote by C and = inclusion and equality of sets up to a set of zero H" '-measure
respectively. As for notation, M(U) stands for the space of signed Radon measures with finite
total variation. If 4 € My(U) and E is a Borel subset of R", we will denote by u| g the restriction
of the measure u to F that is, for every Borel subset B of RV, pe(B) = p(E N B). For any
pu-measurable set A C R™ and any p-measurable function f : R™ — R, we write fAfd,u =
pu(A)~t fA f du for the average of f over A. For the remainder of the paper, strong convergence
will always be denoted by —, whereas weak (resp. weak-x) convergence will be denoted by —
(resp. —). We recall that a sequence {uy} € SBVP(U;R™) is said to converge weakly to some
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u € SBVP(U;R™), and we write ux — u in SBVP(U;R™), if
u, — u in LY(U;R™),

up = u in L®°(U;R™),

Vu — Vu in LP(U; R™*™),

*

= (ut —uT) @ Mg, in My(U;R™™).

(uf —u)® VukaS_(tk)

4.2 Formulation of the problem

4.2.1 The physical configuration

Reference configuration : Let w be a bounded open subset of R? with Lipschitz boundary and
define Q). := w x (—¢,¢). The cylinder Q. denotes the reference configuration of a homogeneous
elastic body with cracks, whose stored energy density is given by the function W : R3*3 — R.
We assume W to be a C! and quasiconvex function satisfying standard p-growth and p-coercivity
conditions (1 < p < o0) : there exists § > 0 such that

%|F|p — B<W(F) < B(1+|FP), for all F € R¥*3. (4.2.1)

Let p’ = (p — 1)/p be the conjugate exponent of p. In particular (see [44]), the derivative of W,
denoted by OW | satisfies some (p — 1)-growth condition, namely

OW (F)| < B(1 + |F|P71), for all F € R3*3, (4.2.2)

Boundary conditions : Let o’ C R? be such that @ C w’ and € := w’ x (—¢, ) be the enlarged
cylinder. We submit the body to a “smooth” given deformation

G ¢ Wh([o, T); WhP(QL; R3))

on the lateral boundary dw x (—¢,¢) of the cylinder €.. For homogeneity, we assume that G®
satisfies
||G€HWU([O,T];Wl)P(Q’E;RS)) < Ce'/P (4.2.3)

As in [47, 63], we express the lateral boundary condition at time ¢ by requiring that U = G°(t)
a.e. on [w' \ @] x (—¢,¢) whenever U € SBVP(QL;R3) is a kinematically admissible deformation
field. Since the Dirichlet boundary condition is only prescribed on the lateral boundary, we do
not need, as in [47, 63], to extend the whole cylinder but only its lateral part, which can be
trivially done by extending the base domain w to w’. As a consequence, any admissible crack
will necessarily be contained in @ x (—e&,e). We will assume that the remainder of the boundary,
w x {—¢,¢e}, is traction free so that the prescribed boundary deformation is the only driving
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mechanism. Since the admissible cracks never run into w x {—e&, e}, there is no need, in contrast
to [47, 63], to remove the part w x {—¢, e} from the surface energy of the crack, so that the surface
energy of a crack associated to a test function V € SBVP(QL; R3) will be exactly H2(S(V)).

Initial conditions : As in [63], we consider a body without any preexisting crack (see Remark
4.5.4). If Us € SBVP(QL;R?) is a given initial deformation satisfying Us = G°(0) a.e. on [’ \
W] x (—¢,¢€), we suppose that the Griffith equilibrium condition is satisfied, that is U§ minimizes

Vi [ W(VV)de+H*(S(V))
Qe

among {V € SBVP(QL;R3):  V =G%(0) a.e. on [w' \ @] x (—¢,¢)}.

Quasistatic evolution : If we follow word for word the arguments developed in [46, 47|, applying
them to w’ x (—&,€) in place of what is used in those references, namely Q7 a Lipschitz extension
of wx (—g,e) withwx [—e,e] C QY we get the existence of a crack K*(t) C @ x (—¢, ) increasing
in time and a deformation field U¢(t) € SBVP(2L; R3) such that

U¢(0) = U§, K¢(0) = S(Ug) and U#(0) minimizes

Vi [ W(VV)dz 4+ H2(S(V))
Qe

among {V € SBVP(QL;R3):  V =G*(0) ae. on [ \@] x (—¢,¢)};
for any t € (0,7, S(U*(t)) C K*(t) and U®(t) minimizes

Vi | W(VV)dz +H*(S(V)\ K5(t))
Qe

among {V € SBVP(QL;R3):  V =G(t) ae. on [\ @] x (—¢,6)};
the total energy

E.(t) := i W (VUE(t)) dx + H*(K°(t))

is absolutely continuous with respect to the time ¢ and

B.(t) = E.(0) + /0 t [ ow(vUs(e) - V67 () daar.

4.2.2 The rescaled configuration

As usual in dimension reduction, we perform a scaling so as to study an equivalent problem
stated on a cylinder of unit thickness Q := w x I, where I := (—1,1). Let Q' := ' x I be the
enlarged rescaled cylinder.
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Boundary conditions (rescaled) : Let ¢°(t, 24, 23) = G*(t, z4,cx3) be the rescaled boundary
deformation. Changing variables, (4.2.3) implies that

9% lwa o, 73; 0 (0 m3)) H( ad ‘ Vsg® )H <C. (4.2.4)
wi 1( 0 T} Lp(Q/ RSXS))

In fact, we will further restrict ¢° in (4.2.7) by requiring the strong convergence of both ¢°
and its scaled gradient together with a uniform bound in L°°(€ x [0,T];R?). In particular,
the limit g € WHL([0, T]; WIP(Q/;R?)) satisfies V3g = 0. In the sequel, we will identify the
space SBVP(w;R3) (resp. W1P(w;R?), LP(w;R3)) with those functions v € SBVP(Q;R3) (resp.
WEP(Q;R3), LP(£;R?)) such that Dsv = 0 in the sense of distributions. As a consequence
g € WHY([0,T); WP (W' R?)).

Initial conditions (rescaled) : Let uj(zq,z3) = Uj(xq,ex3) the rescaled initial deformation,
then u§ € SBVP(QV;R3), u§ = ¢°(0) a.e. on [’ \ ©] x I and u§ minimizes

UH/ < vgq)) dx+/s(v) <(VU)QE(VU)3>‘ dH?,

among {v € SBVP(QV;R?): v =g°(0) ae. on [ \ @] x I}.

Quasistatic evolution (rescaled) : We set
U (t, xa,x3) = US(t,zq,623) and T°(t) = {z € W x [+ (za,e3) € K°(1)}.

Then, u¢(t) € SBVP(Q;R3) and I'*(t) C @ x [ is increasing in time. Moreover,
uF(0) = u, T=(0) = S(us):
1
- (Vv)3>

— for all t € (0,T], S(u(t)) C T°(t) and u®(t) minimizes
1
v / w <Vav —V3v> dx ~|—/ ((uv)a
Q € S\ (?)
among {v € SBVP(Q/;R3): v =g°(t) a.e. on [ \ @] x I};
— the total energy

E.(t) = /Q W(Vaue(t)‘§V3u€(t)> de + / y

is absolutely continuous in time and

dH?, (4.2.5)

dH?

(Or-0), |2 Or-); )

E.(1) = £.(0) + /0 t /Q oW (VQUE(T)‘§V3U€(T)> - <vag€(7)(§vggf(7)> do dr. (4.2.6)

We would like to perform an asymptotic analysis of this quasistatic evolution when the thi-
ckness ¢ tends to zero. To this end, we start by stating a I"-convergence result in order to guess
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how the energy is behaving through the dimensional reduction. In fact, we will prove in Section

4.3 that the functional
1
—Vg’u) da:+/
€ S(v)

I'-converges for the strong L' (€2;R?)-topology to

SBVP(Q;R?) 3 v — / W (Vo/u
Q

S, ‘ a2

(0]

SBVP(w: R%) 5 v 2 / QWo(Vav) dire + 2H (S(0),
where Wy : R3*2 — R is defined by Wy(F) := inf{W (F|z) : z € R3},
OWo(F) = inf Wo(F + Vap(za)) dze
PEW, > (QR?) JQ/

is the 2D-quasiconvexification of Wy and @’ := (0,1)? is the unit square of R?. A two-dimensional
quasistatic evolution relative to the boundary data g(t) for the relaxed model is an application
[0,T] >t~ (u(t),y(t)) such that u(t) € SBVP(w';R3), u(t) = g(t) a.e. on o'\ @, y(t) C @ and
the three following properties hold :

(i) Irreversibility : y(t1) C y(t2), for every 0 <ty <ty < T';

(ii) Minimality : S(u(0)) = ~v(0), w(0) minimizes
S / QWo(Vav) dia + 2H' (S(v)),

among {v € SBVP(W;R3) : v = g(0) a.e. on w'\@} and, for every t € (0, T}, S(u(t)) C y(t)
and u(t) minimizes

v 9 / QWo (Vo) dza + 2H! (S(0) \ 7(£),

among {v € SBVP(W;R?) : v =g(t) a.e. on '\ @};
(iii) Nondissipativity : The total energy

E(t) =2 / QWo(Vau(t)) die + 2H' (7(1))

is absolutely continuous in time and

E(t) = £(0) + 2 /0 / QW) (Vau(r)) - V§(r) die dr.

Note that the previous equality makes sense because we will prove in Proposition 4.4.7 that
QW) is of class C* provided W is also of class C* (see also the Appendix for an alternative proof).
The main result of this paper is that the three-dimensional quasistatic evolution converges, in
the sense detailed below, towards a two-dimensional quasistatic evolution associated with the
I'-limit model. This is formally expressed as the following
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4.2. FORMULATION OF THE PROBLEM

Theorem 4.2.1. For all e > 0, let [0,T] >t — (u®(t),I°(t)) be a three-dimensional (rescaled)
quasistatic evolution relative to the boundary data g°(t). Assume that

sup || g%( oo (c x [0, 77;R3)) < +00,
e>0

: 1,1 1 I 3 1 . 1,1 I 3 (4.27)
g° — g in W ([0, T); WHP(Q;R?)), EVgg€ — H in W5 ([0,T]; LP(Q'; R?))

and that

sup [|u® (t)]| Lo (r;m3) < +00 (4.2.8)
e>0

uniformly with respect to t € [0,T]. Then, there exists a two-dimensional quasistatic evolution
[0,T] 3t — (u(t),(t)) relative to the boundary data g(t) for the relazed model and a sequence
{en} \\ 0T such that for every t € [0,T],

~ T (t) converges to y(t) in the sense of Definition 4.4.1, u®"(0) — u(0) in SBVP(Y;R3);

— e (t) — u(t) in SBVP(Q;R3), for some t-dependent subsequence {e,,} C {en};

— the total energy &, (t) converges to E(t) and more precisely,

fw (Vu (t
/pen " <(”F€n(t>)a

As it has been discussed in the introduction, it seems that the right functional setting for this

ngua"(t)> dx — 2/ OWo(Vau(t)) dza,

€n

1

— (Vrsn(w)g)

€n

dH? — 2H (v(1)).

kind of problems is that of Generalized Special Functions of Bounded Variation (see [46]) adding
appropriate conservative surface and body forces. Here, as in [47], we will only deal with Special
Functions of Bounded Variation, imposing, without any justification, that the minimizing fields
are bounded in L°°(£2;R?), uniformly in time (see (4.2.8) and the proof of Lemma 4.5.1). Note
that this assumption is automatically satisfied in the scalar case by a truncation argument, pro-
vided that ¢ is also bounded in L (€2’ x [0, T]; R). This will let us get a bound in BV (; R3) for
any sequence with bounded energy and thus apply Ambrosio’s Compactness Theorem in SBV
(Theorem 4.8 in [5]). In a GSBV context, we could state a result similar to that in [46] upon
adding some appropriate conservative body and surface loadings with the right order of magni-
tude. Adequate coerciveness assumptions would allow us to get rid of the empirical L*-bound
(4.2.8) because we would have natural compactness in a suitable subspace of GSBV (£; R3) and
we would then obtain a membrane limit model.

Let us first state a compactness result in SBVP?(£2;R3) which ensures that any limit deforma-
tion field does not depend on the x3 variable.
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Lemma 4.2.2. Let {e,} \, 07 and {u,} C SBVP(Q;R3) such that

1 p
SUP{HunHLw(Q;RS) +/ ‘<vaun —V3Un> dx
neN Q En

R (CRNEORY

Then, there exists a subsequence {en,} C {en} and a function u € SBVP(w;R3) such that
Up, — u in SBVP(Q;R?).

dH2} < 4oo.  (42.9)

Proof. In view of (4.2.9), we have in particular
sup {{lnllpoo@r3) + [ VUnll Lo @rox3) + HA(S(un)) } < +oc.
ne

Thus, according to Ambrosio’s Compactness Theorem (Theorem 4.8 in [5]), we can find a subse-
quence {e,, } C {e,} and a function v € SBV?({; R3) such that u,, — u in SBVP(Q;R3). Let
us show that u does not depend on x3. Indeed, (4.2.9) implies that

fimmars [ o) | oe| <c

1

Eng

By lower semicontinuity of

vn—>/ ]ng\pda:—F/ |(vv)s] dH?
Q S(v)

with respect to the SBVP(Q;R3)-convergence (see [28, 34]), we deduce that Vsu = 0 £L3-a.e. in
Q and that (I/u)g = 0 H%a.e. in S(u). Since u € SBVP(Q;R?), it implies that D3u = 0 in the
sense of Radon measures and thus u € SBVP(w;R3). O

Note that the L*-bound in (4.2.9) will follow from assumption (4.2.8), an assumption that

we do not attempt to justify, while the two other bounds will appear naturally in the energy
estimates.

4.3 A TI'-convergence result

This section is devoted to the study of the static problem. Let us define Z. : BV (£2;R?) — R by

/ W <vau(1v3u> dz +/
Q € S(u)

+00 otherwise

(u) <(Vu)a (é(uu)i),)‘d?ﬂ if u € SBVP(Q;R?),
Zo(u) :=

Then, the following I'-convergence result holds :
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Theorem 4.3.1. Let w be a bounded open subset of R? and W : R3*3 — R be a continuous
function satisfying (4.2.1). Then the functional I T-converges for the strong L'(2;R3)-topology
towards J : BV (Q;R3) — R defined by

2 / OWo(Var) dza + 2H'(S(w)) if u € SBVP(w; R?),
J(u) = w

+00 otherwise.

Remark 4.3.2. It has been noted in [74] p. 556 (see also |34 p. 306) that the function R3*3 3
(F|F3) — QWy(F) is quasiconvex : for any ¢ € W(}’OO(Q;R?’),

QW (F) < /Q OWo(F + Vap(y)) dy,

where Q := (0,1)3 is the unit square of R3.

We first localize our functionals on A(w), the family of open subsets of w. Define Z. and
J : BV(;R3) x A(w) — R by

1
/ w <Vau‘—V3u> dx
AxI ° ) if u e SBVP(A x I;R3),
T.(u: A) = ¥ (|2 000, )| are
S(u)N[AxI] €
+00 otherwise
(4.3.1)
and
2 / QWo(Vot) dve + 2H (S(w) N A) i u € SBVP(A; R?),
J(u; A) == 4 (4.3.2)

400 otherwise.

For every sequence {;} \, 07 and all (u; 4) € BV (;R?) x A(w), we define the Ilower limit
by

Z(u; A) := inf {liminf T. (uj; A) s uj — win LY(A x I;]R?’)} . (4.3.3)

{u} Li—too

Let R(w) be the countable subfamily of A(w) obtained by taking every finite union of open cubes
of w, centered at rational points and with rational edge length. Theorem 8.5 in [45] together with
a diagonalization argument imply the existence of a subsequence {e,} = {¢;, } such that, for any
C € R(w) (or C = w), Z(-;C) is the T-limit of Z.,(-;C) for the strong L*(C x I;R?)-topology.
To prove Theorem 4.3.1, it is enough to show that Z(u;w) = J (u;w).
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4.3.1 A truncation argument

The main problem with definition (4.3.3) of Z is that any minimizing sequence is not necessarily
bounded in BV (Q; R3) and thus, not necessarily weakly convergent in this space. What is missing
is either a bound on the jump part of the derivative (this bound was appearing naturally in [34, 28|
because the authors were considering a surface energy density with linear growth with respect
to the jump of the deformation), or an L*°-bound on the minimizing sequences. In the spirit of

[56], we define for all (u; A) € BV (£;R3) x A(w)

Zoo(u; A) == inf {liminf T., (un; A) : uy — uin L'(A x I; R3), sup lunll oo (axrr3) < —1—00} .
{un} (n—+00 neN
Obviously, we have that Z(u; A) < Zoo(u; A). In fact, we will prove that both functionals coin-
cide if the deformation belongs to BV (€2;R?) N L>(£;R3) in Lemma 4.3.3 below. Thus for a
deformation u € BV (€2;R3) N L>®(Q; R3), strong L(; R3)-convergence and weak BV (€2;R?)-
convergence are, in a sense, equivalent for the computation of the I'-limit. This will permit us to
prove in Lemma 4.3.6 that for such deformations Z,(u;-) is a Radon measure on w, absolutely
continuous with respect to sum of the Lebesgue measure and of the restriction of the Haus-
dorff measure to S(u). By Lebesgue’s Decomposition Theorem, it will be enough to identify the
Radon-Nikodym derivatives of T, (u;-) with respect to £2 and Hts(u). This will be done for the
proof of the upper bound in Lemma 4.3.7 by a blow up argument. The general case will be trea-
ted in Lemma 4.3.8 thanks to a truncation argument. The lower bound will be proved in Lemma
4.3.9 using the quasiconvexity properties of QW (see Remark 4.3.2) and a lower semicontinuity

result in SBVP(; R3).

Lemma 4.3.3. For any C € R(w) (or C = w) and all uw € BV (;R3) N L>®(QR3), T(u;C) =
Too(u; C).

Proof. Tt is enough to show that Z(u;C) > Zoo(u;C) for all u € BV (;R3) N L2(;R3). If
Z(u; C) = 400, the result is obvious, thus there is no loss of generality in assuming that Z(u; C') <
+00. By the very definition of the I-limit, there exists a sequence u,, — u in L'(C x I;R?) such
that

TZ(u;C) = lim  Z., (up; C). (4.3.4)

n—-4oo

Since Z(u;C') < 400, in view of (4.3.1), we deduce that, for n large enough, u, € SBVP(C x
I;R3). We consider only those n'’s.
Let us define a smooth truncation function ¢; € C}(R3;R?) satisfying

z if |z| <€,
; = ) ; <1 3.
©i(2) { 0 if |z > oitl and  [Vyi(z)] <1 (4.3.5)

Let w?, := ¢;(uy), thanks to the Chain Rule formula, Theorem 3.96 in [5|, wi € SBVP?(C x I;R3)
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and ] )
lwp | Lo (ox 1;r3) < €,

S(w}) € S(un), (4.3.6)

Vi (z) = Vi(uy(z)) o Vuy(r) L3-ae. on C x I.

Since u € L>®(Q;R3), we can choose i > My large enough so that u = ;(u), thus according to
(4.3.5)

lwy, — ull 1 exrrsy = loi(un) — i)l L oxrrs) < lun — ullpicxrrs)- (4.3.7)

The growth condition (4.2.1), (4.3.5) and (4.3.6) imply that

/ w (Vaw
CxI
1
:/ w <Vaun —
{un<e’} €

1
+/ W (Vg@i(un) o Valn|—
{ei<up<eitl} €

+W(0)L({un > 7))

< / w <Vaun ngun> dz + BL3({u, > €'})
CxI En

1
+ﬂ <V0cun —V3Un>
{et<up<eitl} En

1
< / W <Vaun —vgun> a4+ D funll 11 o rmn
CxI En e

1
+03 <vaun _v3un>
{e?<unp<eit1} En

where we have used Chebyshev’s inequality. Let M € N, a summation for ¢ = My + 1 to M
implies using (4.3.6) and the fact that v, (x) = £, (z) for H*a.e. x € S(w}),

1 .
" —Vgu}%) dz
€n

V3Un> dx

Vi(uy) o Vgun> dx

p
dx

P
dx,

1 M 1
L etimn)on ] (e o)l
imMo41 [/ OXI N[CxI] €n
1 c
aln Vgun> / < Vun ) | — (Vun > dH2—|-—,
/ < €n S(un)N[CXI) ) En ( )3 M
where
1 p
c= ﬁSUP [unllLroxrre) Z + G sup <Vaun —V3Un> < +o00.
i>1 neN n LP(CXI;R3%3)
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We may find some i, € {My+ 1,..., M} such that
1
— (vyin ) || dH?
En <Vw” )3>‘

1 .
/ w (Vaw%" —V3w2"> dr + / . <<Vwin>
CxI €n S(wi)N[CxI] "a
1
- (Vun)3>

1
S / W (vaZLn _v3un> dx + / <(Vun)a
OxI En S(un)N[CXI] €n

Set vy, := wir, thus in view of (4.3.7), v, — u in L}(C x I;R3). Moreover, (4.3.6) implies that

dH* + % (4.3.8)

[onll oo (o xrimay < € < M.
Finally, by virtue of (4.3.4) and (4.3.8),

Z(u; C) + ﬁ > liminf Z, (v,;C) > Too(u; C).

n—-+o0o

The proof is achieved upon letting M tend to +o0 O

To prove the upper bound in Lemma 4.3.7 below, we need a little bit more than the only
continuity condition imposed on W, namely a p-Lipschitz condition. If W was quasiconvex, this
property would be immediate. Since we do not want to restrict too much the stored energy
density, we will show that there is no loss of generality in assuming W to be quasiconvex. Let
OW be the 3D-quasiconvexification of W defined by

QW (F) := inf / W(F +Vp(z))dz for all F € R33,
PeWy @ (QiR?) JQ

Lemma 4.3.4. For all u € SBVP(w;R3) N L>®(w;R3), the value of Too(u;w) does not change if
we replace W by QW in (4.3.1).

Proof. We denote T2 (resp. T, T2), the value of Z. (resp. Z, Zs,) with QW instead of W in
(4.3.1). By the same arguments as above, we may assume that {e,} is a subsequence of {¢;}
such that 79(u;w) = I2 (u;w) is the I-limit of T2 (u;w), for every u € BV (Q; R?) N L>(Q; R3).

Let u € SBVP(w; R3) N L™ (w; R3), since W > QW , we obviously have Zo,(u;w) > I (u;w).
Let us prove the converse inequality. By the definition of the I'-limit, we may find a sequence
{un} € SBVP(;R?) such that u, — u in L'(Q;R?), sup,,ey [[tn/| 00 (r3) < +00 and

ngun> dr +/ '((l/un)a ! dH2} .
En S (un)

- (),)
We undo the scaling by letting v, (24, 73) := Uy (Ta, 3/€,). Then v, € SBVP(Q., ;R3)

n—-+o00

72(u;w) = lim { / oW (Vaun
Q

n

1

- [vp, —uldr — 0, sup [|vy||ree(q., m3) < +00
€n Qe neN
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and

n—-4oo En

72 (u;w) = lim i{ i QW(an)da:+H2(S(vn))}. (4.3.9)

For all n € N, Theorem 8.1 in [31] and Proposition 2.8 in [56] yield the existence of a sequence
{vnkken C SBVP(Q,; R3) satisfying vy, — vy, in L (Qg,;R3) as k — +oo,

QW (Vv,) dz + H?(S(v,)) = lim { W (Vg k) dx + HQ(S(vn,k))} (4.3.10)
Qe k—4o00 Qe

and supgey [|[vn,kll Lo (q., k%) < +00. Since the previous bound is of the form e (see [56] p. 417),
for some constant M > 0 independent of n, this last relation holds uniformly with respect to
n € N. Gathering (4.3.9) and (4.3.10), we get

T2(u;w) = lim  lim i{ W(vun,k)dx+H2(S(vn,k))}.
Qeyy

n—+400 k——+o00 Ep

Let up k(zq,x3) := Uy k(Ta, ens), then {u, ,} C SBVP(;R?)

Y

lim  lim / [Un ke —uldr =0, sup |[ugkl Lo @rs) < +00
Q

n——+oo0 k—-+oo n,ke

and

1
T8 (u;w) = lim  lim {/ w (Vaumk e—Vgun,k> dz
Q n

n——+00 k—400
1 2
+/s(un,k) <(V“"”“)a‘5(yu"”“)3> " }

By a diagonalization argument, we can find a sequence k, /' 400 such that upon denoting
Wy, i= Unk,, then w, € SBVP(Q;R?), w, — win L (4 R3), sup,ey [|wpl| oo @r3) < +00 and

1 1
Quw) — 1 W = — 2
T (uw) = ngrfoo{/ﬂ (Vawn - V3wn> d$+/5(wn) ((an)a‘en (’/wn)s,) ‘ dH }

> Too(u;w).

0

Remark 4.3.5. From Comments on Theorem 8. (iii) p. 560 in [74], we always have QW =
Q((QW)g). As a consequence, by Lemma 4.3.4, we may assume without loss of generality, upon
replacing W by QW , that W is quasiconvex. In particular (see [44]), the following p-Lipschitz
condition holds,

W (F) — W(F)| < B+ |FP™ + | |P~Y|FL — Fyl, for all Fy, Fy € R33, (4.3.11)
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4.3.2 Integral Representation of the I'-limit

Lemma 4.3.3 is essential for the proof of the following result because it allows us to replace strong
LY(£2; R3)-convergence of any minimizing sequence by strong LP(£2; R?)-convergence, where 1 <
p < oo is the same exponent as in (4.2.1).

Lemma 4.3.6. For all u € SBVP(w;R3) N L®(w;R3), Zoo(u;-) is the restriction to A(w) of a

Radon measure absolutely continuous with respect to £ + HiS(u)'

Proof. Let u € SBVP(w; R?) N L>®(w;R3). The p-growth condition (4.2.1) implies that
Too(us A) < 23 / (1+ |Vaul?) dea + 2H (S(u) N A). (4.3.12)
A

Thus, thanks to e.g. Lemma 7.3 in [35], it is enough to show the existence of a Radon measure
i on R? such that for every A, B and C € A(w),

(1) Zoo(w; A) < Zoo(u; A\ O) + Ioo(u; B) if C C B C A;

(ii) for any & > 0, there exists Cs € A(w) such that Cs C A and Zoo(u; A\ Cs) < §;

(1) Too(50) > A(R?)

(iv) Zoolus A) < ().

Since u € SBVP(w;R3), HY(S(u)) < +o0, thus His(u) is a Radon measure. Then, for any
d > 0, there exists C5 € A(w) such that C's C A and

28 [ (1+|Vaul)dze + 2H' (S(u) N [A\ Cs)) < 6.
A\Cs

Thus, thanks to the growth condition (4.2.1), we have Zo(u; A\ Cs) < § and item (ii) holds
true. Furthermore, by Lemma 4.3.3 and the definition of the I'-limit, there exists a sequence
{un} € SBVP(£;R3) such that u,, — u in L'(Q;R3) and Z., (un; w) — Zoo(u;w). Denoting by

1
Uy 1= %4 <Vaun avi’,un) ﬁ?[Q + ‘ <(Vu")o¢

1
e (VU7L)3> ‘ HfS(un)mﬂv

for a subsequence of {e,} (not relabeled), there exists a Radon measure p such that u, — g in
My(R3). Let i(B) := p(B x [~1,1]), for every Borel set B C R2. Thus, i(R?) < Zoo(u;w) and
item (iii) follows. Moreover, for every A € A(w)

Y

Too(u; A) < limJiranEn(un;A) < limsup pn (A x [-1,1]) < p(A x [=1,1]) = a(A)
n—T00 n——+o00
which establishes item (iv). We now show the subadditivity condition expressed in item (i).
For any 1 > 0, we can find a sequence {v,} C SBVP([A\ C] x I;R3) such that v, — u in
LY([A\C] x I; R?),

neN
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and

limJiranen(vn; A\C) < Too(u; A\ C) + 1.

In particular, v, — uin LP([A\ O] x I;R?) and we may extract a subsequence {e,, } C {e,} for
which

khIJ,I-l Ie,, (Uny; A\ O) < Too(u; A\ C) + 1. (4.3.14)
Let Ry € R(w) satisfy C' CC Ry CC B, thus, since Z(u; Ro) is the Ilimit of Z., (u; Ro),

thanks to Lemma 4.3.3, there exists a sequence {uy} C SBVP(Ry x I;R3) such that uy — u in
LY (Rg x I; R3),

sup [|uk | oo (ryx 1;r3) < 400 (4.3.15)
keN

and
Ze,,, (ur; Ro) — Too (us Ro). (4.3.16)

In particular, we have u, — u in LP(Rg x I;R3). According to the p-coercivity condition (4.2.1)
the following sequence of Radon measures

1
A = (1 + '(Vcﬂ)nk E—V3’Unk>
+ (1 + ‘ (Vauk

i 3
> Llroeysa
1 2
()] 200 ) P e
1 nN
%V?’“’f) )ﬁuRo\@)xz

|6,

Nk

1 2
% (Vuk)?)) ‘ HLS(uk)ﬂ[(Ro\é)Xﬂ

is uniformly bounded, and thus, for a subsequence that will not be relabeled, there exists a po-
sitive Radon measure X such that A\, = X in My(Rg \ C).

Let t > 0, define Ry := {xo € Ry : dist(zq,0Rp) > t} and for any 0 < § < n, Ls :=
R, s\ Ry4s. Since we are localizing in R?, we consider a cut-off function @5 € C2°(R,_s;[0,1])
depending only on z, and satisfying o5 = 1 on R, and @5z (r,_;) < C/d. Define

wi(%) = up(2) @5 (Ta) + v, () (1 = @5(2a))-
Then, wy, € SBVP(A x I;R3), wy, — u in LP(A x I;R3) and in view of (4.3.13) and (4.3.15)

sup ||wk||Loo(Ax1;R3) < sup ||Uk||L°°(R0x1;R3) +sup ||Unk||L0<>([A\6}><];R3) < +00.
keN keN keN
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From (4.3.3), (4.3.14) and (4.3.16), we deduce that

Too(u; A) < liminfZ,, (wg; A)

k—+4o00 k

< lminf {Ze,, (i Ryps) + Zey, (005 A\ Rys)

C
+C)\k(L5) + — / |uk — Unk|p d:E.}
0P Jpsxr

Zoo(u; Ro) + Zoo(u; A\ C) + 1+ OXN(Ls)

<
< Too(u; B) + Zoo(u; A\ C) + 1+ CX(Ls),

where we have used the fact that Zoo(u;-) is an increasing set function. Note that the previous
computation would not hold if we had considered 7 instead of Z., because the minimizing

sequences would only converge in L'. Letting § tend to zero, we obtain,
Too(u; A) < Zoo(u; B) + Zoo(u; A\ C) 4+ 1+ CA(OR,).
Now choose a sequence 7, — 0 such that A(OR,, ) = 0. Letting h /" +oc yields
Too(u; A) < Too(u; B) + I (u; A\ C)

which completes the proof of item (i). Thus, according to (4.3.12) and Lemma 7.3 in [35], Zoo (u; )
is the restriction to A(w) of the Radon measure f which is absolutely continuous with respect

2 1

As a consequence of Lemma 4.3.6 and Lebesgue’s Decomposition Theorem, there exists a
L2-measurable function h and a Hts(u)—measurable function g such that for every A € A(w),

Ioo(u;A):/hd£2+/ gdH!. (4.3.17)
A ANS (u)

We denote by Q’p(azo) the open cube of R? centered at 2y € w and of side length p > 0, where p
is small enough so that Q),(9) € A(w). Since the measures £ and His(u) are mutually singular,

h is the Radon-Nikodym derivative of Z(u;-) with respect to L2

5 , for L% ae. xg € w

h(zo) = lim, P

and g is the Radon-Nikodym derivative of Zo(u;-) with respect to HtS(u)’

iy Zoolu3 Q) (0))
9(xo) = Iy sy Q) (x0))”

Now we would like to identify both densities g and h. Note that we cannot use classical

for H'-a.e. zg € S(u).

Integral Representation Theorems in SBV (see e.g. Theorem 2.4 in [31]| or Theorem 1 in [28])
because the term of surface energy does not grow linearly in the deformation jump.
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4.3.3 Characterization of the I'-limit
The upper bound

We will proceed in two steps to prove the upper bound. Firstly, we will show that the inequality
holds for deformations belonging to L>°(£2; R3) (see Lemma 4.3.7 below). Indeed, for those, we
will use the integral representation proved above. In fact, we will show, with the help of a blow
up argument, that the inequality holds separately for the surface and the bulk terms. Then, we
will prove the inequality in its full generality in Lemma 4.3.8, using a truncation argument as in
the proof of Lemma 4.3.3.

Lemma 4.3.7. For all u € BV (;R3) N L®(Q;R3), oo (u;w) < T (w;w).

Proof. Tt is enough to consider the case where J(u;w) < 4oo and thus u € SBVP(w;R3).
Let u € L®(w;R3) N SBVP(w;R3), according to (4.3.17) and (4.3.2), we must show that
h(zo) < 20Wo(Vau(zg)) for L2-a.e. xg € w and g(zg) < 2 for Hi-a.e. zo € S(u).

Let us first treat the surface term. We have for H!-a.e. zg € S(u),

VAN (u§ Q;,(xo))

9T0) = 1M 2 TS ) @ (o)
: 1 1 /
< S St A ) | /Q;@O) W VaulO)dze + 2SN Qplro)
= limsup M(Q;(l’o)) + 2,

p—0 - H'(S(u) N Q) (x0))

where we set p 1= 2W(V,u|0)£2. But since p and HiS(u) are mutually singular, we have for
Hl-a.e. 2g € S(u)

i (@) (o))
im —— ; =0.
=0 HY(S(u) N Q) (x0))
This shows that g(xg) < 2 for Hl-a.e. 29 € S(u).
Concerning the bulk term, choose zg € w such that
lim |Vau(za) — Vau(z)|P deg = 0. (4.3.18)
P=0JQ1 (x0)
and ) )
H(S(u) N
lim 75 ZQ”(%)) = 0. (4.3.19)
p—0 p

Since Vau € LP(w;R3*?) and the measures £2 and His(u) are mutually singular, it follows
that £%-a.e. 29 € w satisfies (4.3.18) and (4.3.19). For every p > 0, Theorem 2 in |74| implies
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the existence of a sequence {un} C WhP(Q)(x0) x I;R?) such that v — Vau(zg) - Zo in
LP(Q)(x0) x I;R?) (thus a fortiori in L'(Q),(x0) x I;R?)) and

/ W <Vo/u5 ngUﬁ) dx — 20 QWo(Vau(xo)). (4.3.20)
Qh(wo)xTI €n

Moreover, by the construction of this recovery sequence (see [74]), there is no loss of generality

in assuming that {vf,} further satisfies

sup |[v2]| 100 3y < +00.
p>0’n€NH nll oo (@) (o) x 1;R?)

From the coercivity condition (4.2.1), we get

P
dr < 400. (4.3.21)

1
<Va'UTpL 6_ V3’U£>

Define up (z) := u(xs) + V5 (Ta, 23) — Vau(zo) - 4. Then,

M := sup ][
p>0,neNJ QY (z0)x 1

uf — win L'(Q)(z0) x I;R?) as n — 400,  sup [l Lo (@1 (o) x 1 RE) < +00
p>0,neN

and S(up) N[Q),(z0) x I] = [S(u) N Q),(x0)] x I. Thus,

e

< lim inf % / w <Vau,pl ngUﬁ) dx
notee p Q) (o)Xt En
1
Lol 0
S)NIQ) (z0)x T} () en ()
< lim inf %/ w <Vau(xa) — Vau(zo) + Vvl (z) ngUﬁ(@) dx
Q) (o) x I €n

n—+oo P
S G

Thus from (4.3.19), we obtain

h(zg) < liminf lim inf iz/ w <Vau($a) — Vau(zo) + Vvl (z)
Q;(wo))([

1
_ 14 d .
migflimnf ~Varh(a) ) da

n
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4.3. A I'-CONVERGENCE RESULT

Relations (4.3.11), (4.3.20), (4.3.21) and Holder’s inequality yield

Y Y

h(zo) < liminfliminf % / w <Vav£ ngUﬁ) dx
p—0 n—+oo p Q' (z0)xI En
+C <1 + [ Vau(ty) — Veu(xg) P~
Q) (wo)x I
1 p—1
+| (Vavh (@) = Vavi(@) ) ) Vau(za) — Vau(zo)| dm}
< 20Wp(Vau(zg)) + C limsup <][ IVau(za) — Vau(zo)|P d:na)
p—0 Q) (o)
1/p
+C(1+ M(p_l)/p) lim sup ][ |Vau(za) — Vau(zo)|P deg .
p—0 Q) (wo)
Thanks to (4.3.18), we conclude that h(xg) < 20Wy(Vau(zg)) for L2-a.e. g € w. O

Let us now turn back to the general case.
Lemma 4.3.8. For all u € BV(Q;R?), T(u;w) < J(u;w).

Proof. As in the proof of Lemma 4.3.7, we can assume without loss of generality that J(u;w) <
+o00 and thus that v € SBVP(w;R3). In particular, it implies that Z(u;w) < +oc. Let ; €
CH(R3;R3) be the truncation function introduced in Lemma 4.3.3 and defined by (4.3.5). The
Chain Rule formula, Theorem 3.96 in [5], implies that ¢;(u) € SBVP(w;R3) N L>®(w;R3) and

H(pi(u)”LC’o(w;R3) < eiy
S(pi(u) € S(u), (4.3.22)

Va (goz(u(:na))) = Vpi(u(ry)) o Vou(re) L*ae. in w
and o;(u) — uin L' (w;R3) as i — +o0. Since ¢;(u) € L®(w;R?)NSBVP(w;R3), it follows from
Lemmas 4.3.3 and 4.3.7 that
I(pi(u);w) = Too(pi(u);w) < T (pi(u);w)
and by lower semicontinuity of Z(-;w) with respect to the strong L!(w; R3)-convergence, we have

T(u;w) < liminf Z(p;(u);w) < limsup J (p;(u); w). (4.3.23)

i—+00 i—+400

But, in view of (4.3.22), H!(S(¢;(u))) < H'(S(u)) and, thanks to (4.3.5),

[ oWSaptmdn < [ @WyTadra+s [ (04SP o

|ul<e’} {lul=e}
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Thus,

lim sup J (i (u); w)

i——+00

< lim sup {2/ OWy(Vau) dzgy + 2ﬂ/ (14 |Voul?)dxq + 2H1(S(u))}
imtoo | Ju {lul2ei}
<9 / QWo(Vau) daa + 2H' (S(w))

= j(u;w)7 (4324)

where we have used the fact that, by Chebyshev’s inequality, £2({|u| > €'}) < [Jul| 1 (rs)/¢" — 0
as i — +o00. Gathering (4.3.23) and (4.3.24), we deduce that Z(u;w) < J(u;w) and this completes
the proof of the Lemma. O

The lower bound

Let us now prove the lower bound. The proof is essentially based on a lower semicontinuity result
in SBVP(Q;R3). The main difficulty remains to show that any deformation u € BV (Q;R3)
satisfying Z(u;w) < 400 belongs in fact to SBVP(w;R3).

Lemma 4.3.9. For all u € BV(;R?), T(u;w) > J(u;w).

Proof. 1t is not restrictive to assume that Z(u;w) < 4oo. By I'-convergence, there exists a

sequence {u,} C SBV?(£;R?) such that u, — u in L'(Q;R3) and

. 1 1
i | (sl mam)ae s [ (e 0

Let us show that u € SBV (w;R3). We will use the truncation function ¢; € C}(R3;R?) defined
in (4.3.5). The Chain Rule formula, Theorem 3.96 in [5], implies that ¢;(u,) € SBVP(£;R3) and

dH?| = T(w;w).  (4.3.25)

ll0i (un)|l oo (r3) < €,
S(pi(un)) C S(un),

V(gi(un)(x)) = Vi (un(x)) o Vuy(z) L3-ae. in Q.
AS vy, (7)) = £V, (0 (x) Tor HE-ae. € S(pi(un)), we get

1 P 1
Va 1\Un —V 1\Un d +/ ‘( en — (u > dH2
sup [/Q < (iun) | - Va(eilu >)> T Jooniu |\ oo 2 (Paan)s
1 P 1 9
< sup / Vaun|—Viuy, dx—l—/ (Vun)a —(Vun)3 dH”| < +o0,
neN [Ja €n S(un) En
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where we used (4.3.25) together with the coercivity condition (4.2.1). Lemma 4.2.2 and a diago-
nalization argument yield the existence of a subsequence (still denoted by {e,}), and a function
v; € SBVP(w;R3) such that o;(u,) — v; in SBVP(;R3) as n — +o0. But, since u, — u and
©0i(un) — @i(u) in LY(Q;R3) as n — +o00, we deduce that v; = p;(u) € SBVP(w;R3) for every
i € N. By virtue of Theorem 3.96 in [5],

0= D%; =Vy;(a) oD% inw)\S(u),

where @ denotes the approximate limit of u at x, € w \ S(u). Define E; := {z, € w\ S(u) :
|ti(z4)] < €'}, since @ is a Borel function and S(u) is a Borel set (see Proposition 3.64 (a) in [5]),
E; is a Borel set. Moreover, as {E;} is an increasing sequence of sets whose union is w\ S(u), we
get

[Dul(w) = |Dl(w\ S(u)) = lim |D%|(E;) = lim |Ve;(a)o D%|(E;)
= lim |D%;|(E;) =0,

i——+00

where we have used the fact that V;(ii(z,)) = Id for all z, € E;. Thus u € SBV (w; R3) and
by (4.3.25), Remark 4.3.2, Theorem 5.29 in |5| and Theorem 3.7 in [4]

Z(u;w)

v

n—-+o0o

lim inf [ /Q QW (V i) dz + H(S(un))
> 9 / QW (Vo) dire + 2H'(S(u).

In particular, the p-coercivity of QW implies that v € SBVP(w;R3) and thus, according to
(4.3.2), that Z(u;w) > J (u,w). O

Proof of Theorem 4.3.1. We have shown that for any sequence {¢;} \, 0T, there exists a further
subsequence {e;,} = {e,} such that Z., (-;w) T-converges to Z(-;w) for the strong L'(2;R3)-
topology. By virtue of Lemmas 4.3.8 and 4.3.9, we have Z(;w) = J(-;w). Since the I'-limit does
not depend upon the extracted subsequence, we deduce, in the light of Proposition 8.3 in [45],
that the whole sequence Z.(-;w) I'-converges to J (;w). O

4.3.4 Boundary conditions

Let us now deal with boundary condition constraints that will be of use in Lemmas 4.5.2 and
4.5.5 in order to prove the minimality property of the limit quasistatic evolution. Indeed, it will
allow to extend functions on the enlarged cylinder €’ by the value of the boundary condition. The
following result, very close in spirit to Lemma 2.6 in [35], relies on De Giorgi’s slicing argument
together with the fact that we can consider cut-off functions depending only on x,, (see also the
proof of Lemma 4.3.6). It is established that any recovery sequence can be chosen so as to match

the lateral boundary condition of its target.
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We recall that w’ is a bounded open subset of R? containing w and that ' = ' x I. In all
that follows, if v € SBVP(Q);R?), we will denote by v~ (resp. v*) the inner (resp. outer) trace
of v on dw x I.

Lemma 4.3.10. For every u € SBVP(w;R3) N L>®(w;R3), there erists a sequence {u.} C
SBVP(;R3) such that 4. — u in LP(Q;R3), @ic = u in a neighborhood of Ow x I and

gt =ty | fow (ot ar [ [(es, L),

Proof. According to Theorem 4.3.1 and Lemma 4.3.3, there exists {u.} C SBV?(£; R3) strongly
converging to u in L' (;R?), satisfying sup.~g [[uc ||z (o;r3) < 400 and

1 1
/QW (Vaua EV3U5> dx +/S(u5) <(Vug)a‘g(1/u€)3>

In particular, u. — u in LP(Q;R3) and from the p-coercivity condition (4.2.1), it follows that

P
C := sup [/ (1 + ‘ (Vaue 1Vgu€> > dx +
0 | Ja €
Lo (a0, )| o
S (ue) *le

K, = 11/2 , M, .= [[\/E}]

e — u”Lp(Q;RB)_

dH?

J(u) = lim

e—0

dH2] .

< 4oo0.  (4.3.26)

Set

and denote

M, 141
w(e) = {xa € w: dist(zq,0w) < FZ} and w; = {xa € w: dist(zq,0w) € [KLE’ %) }7

for all i € {0,..., M. — 1}. From (4.3.26), we get the existence of a i(¢) € {0,..., M. — 1} such

that
: p) / ( : >
-V dx + ue) | = (Va
€ 3u€> v S(u)nfws, x1] (vuc). a(l/ )s

C
/ <1 + ‘ <Vaua dH? < —. (4.3.27)
we,_ %I M,
Let us now consider a cut-off function ¢. € C°(w; [0, 1]) independent of x5 and satisfying

£

i(e) 1

1 if dist(zg,0w) > Z(E;(—i_ 1,
¢E(xa) = Z(E)
0 if dist(zq,0w) < %

L)

and |’va¢5”Loo(w) < 2K5.
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Define . () 1= ¢-(2a)u:(2) + (1 — ¢o(20))u(ry) ; then 4. € SBVP(;R3), 4. — u in LP(Q;R3),
. = u in a neighborhood of dw x I and S(u.) C S(uz) U (S(u) x I). The p-growth condition
(4.2.1) implies that

J(w) > limsup / ~ W<V“u
( ) e—0 [ {waew:dist(mmaw)>l(2—:1}>d 8

1Vgug> dx
g
+/ ((uug) ‘l(uus)?’)‘d?{z
S(ﬁg)ﬂ[{xQEW:dist(gca,aw)>i(2—:l}><I] Ale
. |1 _ 1
g | [ (Sondm e [ [(e),[Fn,)

—20 (1+ |VaulP)dx,

i i(<)
{za€w: dist(zq,0w)< Z}((—EE}

dH?

v

—oH! <S(u) N {xa € w: dist(za, dw) < 1) })

K.

1 p

—clKg’/ |ue — ulP do — 02/ <1 + |Voul? + ‘ <Vau€ —V3u€> > dx
Wiy X1 Wiy X1 €

—03/ <(1/u6)a 1(Vug)g> dH? — exH* (S(u) ﬁwf(e))]
S(ug)ﬂ[wf(s)xl] €

lim su / W <V i 1V 0] > dx—I—/ ((V— ) 1(V— ) >
5—>0p 0 oltbe - 3Ue S(a) Ue ) o - Ue ) 3

1
_C</w(a)(1 + |VoulP) dzo + HY(S(u) Nw(e)) + ||us — UHZE(Q;W) + M)] ,

dH?

v

where we have used (4.3.27) in the last inequality. Thus, since M, — 400, M./K. — 0 and
H(S(u)) < +oo, we obtain from the previous relation and the I'-liminf inequality

J(u) = lim [/QW <vaa€ §V3ﬂ5> d$+/5(ﬁs> ((uﬂs)a‘é(uﬂs):,))‘d#].

O

Let us now state a ['-convergence result involving the boundary conditions. Consider a se-
quence of boundary conditions {g.} € WHP(Q/;R3), and let g € WP(w';R3) and H € LP(Q;R3)
be such that

sup [ ge || Lo (rir3) < 400,
>0 1 (4.3.28)
ge — g in WYP(QV;R3), —V3g. — H in LP(QV;R3).

€

Then,
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Corollary 4.3.11. The functional T¢° : BV (;R3) — R defined by

/ w <Vau 1V3u> dx
Q 3

1
Ig5(u) = +/S(u) <(V“)a E

+00 otherwise

if u € SBVP(Y;R3),
(Vu)3> ‘ dH2 u=g. on [w\©] xI,

\

I'-converges for the strong L'(Q'; R3)-topology towards J9 : BV (;R3) — R defined by

u € SBVP(W';R3),
u=g onw \D,

2 / OWo (Vo) dg + 2H (S(1) z’f{
Ty =4 I

+00 otherwise.

Remark 4.3.12. Note that in the statement of the previous Corollary, the bulk integrals are still
computed over 2 (resp. w) as in Theorem 4.3.1, however, since the jump set of the deformations
can now reach the lateral boundary dw x I, the surface integrals are implicitly computed over
w x I (resp. w) or equivalently €' (resp. w').

Proof. Let us first prove the I'- lim inf inequality. Consider a sequence {u.} C L*(Q; R3) strongly
converging to u in L'(Q;R3). It is not restrictive to assume that

lim inf 7%¢ (u.) < +o0.

e—0

Then, for a (not relabeled) subsequence, u. € SBVP();R3), u. = g. on [’ \ @] x I and arguing
as in the proof of Lemma 4.3.9, we get that u € SBVP(w';R3). Consequently, since u = g on
W'\ @, we get from Theorem 4.3.1 and the definition of J9 that

J9(u) < lim ionf T (ue).
e—
Let u € SBVP(w';R?) satisfying v = g on w’\ @. It remains to construct a recovery sequence.
We first assume that u € L>(w’;R?). Then, by virtue of Lemma 4.3.10, there exists a sequence

{a.} € SBVP(;R3) satisfying @ — v in L'(Q;R3), %, = u in a neighborhood of dw x I and

5 / QW (V) dae + 2H'(S(u) N w)

/Q W <Vaa€ évg,aE) iz + /S .- <(yﬂ5)a(§(yﬂs)3>‘dﬁ2l. (4.3.20)

Since g € WHP(w' \ @; R?), by Corollary 3.89 in [5], the function

= lim
e—0

Ve = UXQ + gX[w\zx1 € BV (3 R?)
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and, viewing Di. (resp. Dg) as measures on all R® and concentrated on € (resp. [w' \ @] x I),
we get as v7 = uZ =u~ and vI =g on Jw x [

Dv. = D, + (g7 — 47) ® vgux1 + Dg.

In particular, we observe that v. € SBVP(Y;R3) and v. — u in L'(€';R3) but we may have
created some additional jump set on dw x I. However, S(v.) N [0w x I] = [S(u) N Ow] x I, and
since Vg,x1 = Vy, H2-a.e. in S(v.) N [0w x I] and (Vawx_[)3 =0,

/S(vs)ﬂ[awxl}

Replacing in (4.3.29), it yields

<(VUE)QE(%)3> ‘ a2 = H2(S(0.) 1 [0w x 1]) = 2H1 (S(u) N 0w).

Tw) = 2 / OWo(Vatt) de + 2H(S(u)
. 1
= lim /W (Vavg —V3v5> d:E—{—/
e—0 [ Q E S(’Ug)

Actually, v. = g on [w' \ @] X I so that we need to modify v. in order it to have the value g.

<(uv5)a é(uvs)?)) ‘ dH2] . (4.3.30)

instead of g on the enlarged part of the domain. Let H; € C°(;R3) be a sequence strongly
converging to H in LP(Q;R?) and extended by the value zero on [w'\w] x I, and set b; (x4, z3) =
J5 Hj(xq,s) ds. We now define

ug(x) = 0e(7) — g(wa) + ge(x) — Ebj(x)’

It follows that vl € SBVP(V;R3), ul — uin LY(Q;R¥) ase — 0, ul = g on [w' \ @] x I.

Furthermore, since u is a smooth perturbation of v. on the whole domain €', both sequences

have the same jump set, namely S(ué) = S(ue), and consequently, the surface energy is not

affected,
/ i — / <(,,v5) ‘l(yvs)?,)
S(ul) S(ve) e

Let us treat now the bulk energy. According to Remark 4.3.5, (4.3.11) and Holder’s Inequality,

dH>. (4.3.31)

()] (22)s
(
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we have

/ w <Vaug
Q

1 1
= / w <Vav€ —Vag+Vage — evabj‘gV;;ve + EV?)“% - Hj> dx
Q

1 1 1
< / w <Vav€ —V3v5> dx + B/ (1 + ‘ <Voﬂj6 —ng€> —Vgga>
Q 3 Q 3 3

_ _ 1
‘Hvag‘p 1 + ’(Evab]“Hj)’p 1) ‘ <Vagg — Vag — Evab]“gV;}g& — H]>

1 1
< / w <Vav€ EV3U5> dxr + c(l + H <Vav5 EV3U5>
Q

1 o 1 1
#|(Vase 270 e Tl + 1T I

1
<vaga ~ Vag = Vabj| - Vag. - Hj>

1 ‘
—Vguﬁ) dx
€

p—1 p—1

(s

dzx

p—1

Lr(Q;R3%3)

X

LP(Q;R3%3)

Passing to the limit when ¢ — 0, (4.3.28) yields

limsup/ w <Vaug
e—0 Q

1 .
—Vgué) dx
€

< lim Sup/ w (Vave
e—0 Q

Gathering (4.3.30), (4.3.31), (4.3.32) and remembering that H; — H in LP(€;R3), we get that

at)ars [ (ot o] s

where we have also used the I'-liminf inequality. A standard diagonalization procedure (see

1
EV3U5> dx + C/HH — HjHLP(Q;R?’)‘ (4332)

j—4o0e—0

J9u) = lim lim [ / W (vaug
Q

e.g. Lemma 7.1 in [35]|) implies the existence of a sequence j. / +00 as € — 400 such that
ue = u € SBVP(V;R?), u. — uwin LY(Q;R3), ue = g. on [w' \ @] x I and

1 1 )
/QW <V06ua ngug> dxr + /S(us) <(Vue)a‘g(Vue)3> ‘ dH ]

If u does not belong to L (w'; R?), we can consider o;(u) € SBVP(w'; R3)NL>®(w'; R?) where
©; € CL(R3;R3) is the truncation function defined in (4.3.5) and i is large enough (independently

JY(u) = lim

e—0

of €) so that €' > ||g|l oo (r;r3). In particular, ;(u) = @i(g) = g on '\ @ and we can apply
the previous case. It implies, for each i € N, the existence of a sequence {ut} C SBVP?({);R?)
strongly converging to ;(u) in L'(Q'; R3) satisfying u’ = g. on [’ \ @] x I and

T (iu)) = lim T9(ut).
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Since @;(u) — u in L'(w'; R?) we get that

lim lim |Jul — ul| L1 (or;r3) = 0. (4.3.34)

i——400 e—0
Furthermore, by (4.3.24) together with the lower semicontinuity of J with respect to the strong

L' (w'; R3)-convergence, we obtain that

J9(u) = lim lim 7% (ul). (4.3.35)

i——4o00 e—0

A standard diagonalization argument (see e.g. Lemma 7.1 in [35]) applied to (4.3.34) and (4.3.35)
yields the existence of a sequence i. / +00 as € — 0 such that u. := u’s € SBVP(Q,R3), u. = g,
on [w'\ @] x I and

J9(u) = lim 2 (ue).

4.4 A few tools

4.4.1 Convergence of sets

The notion of oP-convergence introduced in [46, 47| does not seem to naturally provide a one
dimensional limit crack. Indeed, let T',, C €’ be a sequence of H?2-rectifiable sets; we denote by
vr, its generalized normal defined H?-a.e. on I',. We assume that there is an a priori bound on
the scaled surface energy associated with this sequence of cracks i.e.

sup /
neNJT,

Note that this bound will appear naturally in the energy estimates. Intuitively, we expect that

((wn)a(i(wn%) ‘ dH? < +o0. (4.4.1)

any limit crack of I';, will be a subset of w’ of Hausdorff dimension equal to one. But, the
sequences of test functions taken in the definition of the oP-convergence do not contain enough
information in order for this to be true. Indeed, (4.4.1) implies in particular that H?(I',,) < C,
thus according to Lemma 4.7 in [46], we have (for a subsequence) that I';, oP-converges in ' to
some H2-rectifiable set I' € /. We would like to be able to state that I' is of the form ~ x I for
some H!-rectifiable set v C w’. By lower semicontinuity of

v |(VU)3‘ dH?
5(v)
for the weak SBVP(Q)-convergence, we have, according to Lemma 4.3 in [46] and (4.4.1), that
(1/1")3(33‘) = 0 H?-a.e. x € I'. But this does not tell us that I' = v x I. We know, by the very
definition of the oP-convergence, that there exists a function v € SBVP({)) and a sequence
up — win SBVP(Q') such that S(u,) C T, and T' = S(u). To prove that I' = v x I, it would
be enough to show that Dsu = 0 in the sense of Radon measures. This would be immediate if
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the approximate scaled gradient of u, was bounded in LP(Q;R?). Since, in the sequel, we will
only be interested in minimizing sequences satisfying this property, it prompts us to redefine the
notion of oP-convergence in a 3D-2D dimensional reduction setting.

Definition 4.4.1. Let {g,} \, 07 and I, C €' be a sequence of H?-rectifiable sets. We say that
'), converges towards v in Q' if v C ', (4.4.1) holds and
(a) if up — win SBVP(Q), S(ug) C Ty, and

1
sup / (Vauk
keN Jqy €

—Vguk>
ng
for a subsequence {e,, } C {&,}, then u € SBVP(w') and S(u) C ~v;
(b) there exists a function v € SBVP(w') and a sequence u,, € SBVP() such that u,, — u
in SBVP(Q), S(un) € Ty
1
_v3un>

sup / (Vaun
neN / €n

According to property (b) of Definition 4.4.1, v is necessarily a H!'-rectifiable set. In the

P
dr < +00,

P
dr < 400

and S(u) =~.

following Remark, we state few properties of this kind of convergence as lower semicontinuity
with respect to the Hausdorff measure and stability with respect to the inclusion.

Remark 4.4.2. Let I';;, — « in the sense of Definition 4.4.1, then
1. for every Borel set E C w’ such that H'(E) < 400 (or E a compact set),

2H! (v \ B) < lim inf H?(Pn \ (B x [-1,1]));

2. if ', C T/, and I/, — 7/ in the sense of Definition 4.4.1, then v C ~/;
3. if Ty 25T, then y x I C T .

Replacing every approximate gradients by approximate scaled gradients and using Lemma
4.2.2 instead of Ambrosio’s Compactness Theorem, the exact analogues of the proofs of Lemma
4.5 and Proposition 4.6 in [46] would demonstrate that any sequence of H2-rectifiable sets T',, C €'
satisfying (4.4.1) admits a convergent subsequence in the sense of Definition (4.4.1). But this
compactness result will not be sufficient because, in the proof of Theorem 4.2.1, we will deal
with sequence of H2-rectifiable sets which are increasing with respect to the time parameter t.
The following Proposition, which is the analogue of Lemma 4.8 in [46], states a version of Helly’s
Theorem for a sequence of increasing H?-rectifiable sets.

Proposition 4.4.3. Let [0,T] >t — I',(t) a sequence of H2-rectifiable sets of Q' that increases
with t, i.e.

Ln(s) CTL(t) C Q)  for every s, t € [0,T] with s < t.
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Assume that
1

— 2
TSlléII\)] /Fn(t) <(Vrn(t))a‘ En (Vrn(t))3> ‘ dH < +007

uniformly in t. Then, there exists a subsequence I'y, (t) and a t-increasing H-rectifiable set
v(t) C w' such that for every t € [0,T], Ty, (t) converges to ~y(t) in the sense of Definition 4.4.1.

4.4.2 Transfer of jump sets

We now state a transfer of jump sets result in a rescaled version. It permits, under weak
SBVP(); R3)-convergence assumptions of a sequence {u,} — with associated bounded scaled
bulk energy — toward its limit u, the transfer of the part of the jump set of a 2D admissible
deformation that lies in the jump set of u onto that of the sequence {u,}. The proof relies on

De Giorgi’s slicing argument.

Theorem 4.4.4 (Jump Transfer). Let {u,} C SBVP(Q;R3) and u € SBVP(w';R?) such that
S(uy) C@ x I, up — u in L'(;R3) and

1

—Vgun>

M = sup/ (Vaun
neN JQ/ €n

Then, for all ¢ € SBVP(w';R3), there exists {¢n} C SBVP(Y;R3) such that
On=¢ a.e. on [W\w| x 1,
bn — ¢ in LY(Q;R3),

- (va% giwn) — (Vagl0) in LP(QR39),
1
(6], 2 0, ) an2 0.

Proof. We first undo the scaling, coming back to the cylinder of thickness 2¢,. Then, we ex-

P
dxr < 4o00.

/[S(aﬁn)\S(un)}\[S(¢)\S(u)]

tend periodically the function in the transverse direction. Note that the periodic extension may
generate some additional jump at the interface of each slice of thickness 2e,. Despite this new
discontinuities, we can still apply the classical Jump Transfer Theorem (Theorem 2.1 in [63])
and, by contradiction, we show that we can choose a slice of thickness 2¢,, that satisfies good es-
timations. Finally, we observe that, after translation and dilation, the restriction of the function
to this particular slice satisfies the conclusion of Theorem 4.4.4.

Step 1. We come back to the non rescaled cylinder Q’En of thickness 2¢,,. We set vy, (x4, x3) :=
Un(Ta,23/€n). Thus v, € SBVP(QL ;R?) and S(v,) C W X (—&p,p). Moreover,

1

— \vn—u\dx:/ luy, — u| dz,

E Q/ Q!

L ) » (4.4.2)
— Vo, P de = / ' (Vaun —Vgun> dx.

En QL. 194 En
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We now to extend v, by periodicity in the x3 direction. The discontinuities of the resulting
function will be those inherited from the discontinuities of v,, and from additional jumps that

may occur at the interface of each slice. Let

1 1

1
- f— y-eN,
%, 2 Mgz T3
N, =
LM otherwi
—_— — (6] erwise.
%, 2 W

For every i € {—N,,..., Ny}, we set [; , == ((22 — ey, (20 + 1)5n) and ng = w' x I; . Note
that N, is the smaller integer such that ' N Q;,n # () for every i € {—N,,..., N,}. We define
the function wy, on Q'(n) := W’ x (=(2N,, + 1)en, (2N,, + 1)e,) by extending v, by periodicity in
the x5 direction on '(n) :

Wn (Tq, 3) = Vp (T, 23 — 2icy,) if 3 € I; 5.

Since Q' C €'(n), wy, is a fortiori defined on €', w, € SBVP(Y;R3) and S(w,) N Cw x I.

Step 2. We would like to apply the classical Jump Transfer Theorem (Theorem 2.1 in [63])
to the function wy,. From (4.4.2), we have that

Nn

/ lw, —uldx = Z / |on (2q, x3 — 2iey) — u(zy)| do
Q/

! !
=, I 00

< (2N, + 1)/ |vp, — ul dx
Q

/
&n

= e,2N, +1) | |up —u|dzx
Q/

< (1+42e) | |Jup—uldz—0
Q/

and

Np,
/ |Vw,|? dx Z // |V (2, x3 — 2ie,) P dx
94 i=—N,, Qi,nmﬂl

< (2N, +1) / Vo, |P dx
QL
1 p
= &,(2N, + 1)/ (Vaun €—V3un> dx
< (14 2e,)M,

which implies, thanks to De La Vallée Poussin criterion (see Proposition 1.27 in [5]), that the
sequence {|Vw,|} is equi-integrable. We are now in position to apply Theorem 2.1 in [63] to
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the sequence {w,}. Indeed, an inspection of the proof of this result shows that the weak L'-
convergence required by {|Vw,|} can be replaced, without passing to a subsequence, by its
equi-integrability (see p. 1477 in [63]). Thus, for all ¢ € SBVP(w';R3), we get the existence of a
sequence {1, } C SBVP(€);R?) such that

= ¢ ae. on [W\©W| x I,

Yo — ¢ in L'(Q;R?),

Vo, — (Vag|0) in LP(Q; R¥*?),

= H([S(n) \ S(wn)] \ [S(#) \ S(u)]) — 0.

Step 3. Since Uf\il__]\lfnﬂ Q;,, C ', we may find a i, € {~N, +1,..., N, — 1} such that

(2, - 1>{ L Wa=dldes [ 190, = (Vaslo)P da

in,m in,n

Mo, ([9(Wn) \ Swn)]\ [S(9)\ S(U)D}

< / o — 9| do + / IVin — (VadlO)P d 4+ H2 ([S(6n) \ S(wn)] \ [S(6) \ S(w)]).
Q Q/

Since 2N,, — 1 > 1/&,, — 2, we have

%{ // |¢n - ¢| dx +// |V7/)n - (Va¢|0)|pd$

in,n in,n

Mo, ([9Wn) \ S(wn)]\ [$(9)\ S(U)D}

<3 [ | olde +3/ Vi — (Vad|0)]? da
Q/ Q/

+3H2([S(n) \ S(wn)] \ [S(9) \ S(u)]).

Step 4. We will show that, after a translation and a dilation, ¥, l/  is the right candidate
for Theorem 4.4.4. Let us come back to the cylinder Q. = w' x (—¢p,&y) ; letting

Pn(Ta,3) 7= Un|q;  (Ta, 3+ 2inen) if 23 € (—€n,€n),

then ¢, € SBVP(QU ;R?), o, = ¢ a.e. on [w' \ @] x (—ep,&,) and

1
a{ | en=dldos [ 1Von = (Vi) do

en en

g, ([S(en) \ S(0a)] \ [5(6)\ S(w)) }

<3 [ Wu—olda+3 [ V0, (Vaol)p do
+3H2([S(n) \ S(wa)] \ [S(#) \ S(w)]).
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Performing the scaling so as to come back to the unit cylinder, we get, upon setting ¢, (x4, x3) :=
on(Ta,enx3), that ¢, € SBVP(Q;R3), ¢, = ¢ a.e. on [w' \ @] x I and

[ [

y/
[S(@n)\S (un)\[S(#)\S (u)]

dx

p
V3¢n> - (Va(mo)

(e

<3 [ [ —olde+3 / Vi — (Vad|O)P da
Q/ Q/
+3H2 ([S(¥n) \ S(wn)] \ [S(#) \ S(u)]) — 0.

dH?

(o))

Remark 4.4.5. Since for H2a.e. x € S(¢n) N S(9), vy, (¥) = £vy(x), we have

1 2
" [ V¢n > ‘ dH

v, 2_ v 2
( ool o)y )| = [ (), 0]
(0,)u] ), )| 62 = 2705000\ SCa)

1
lim sup / ( Vén) ol — Vo >
n—+00 JS(pn)\S(un) ( ) En( )3

The following Theorem establishes a link between the convergence in the sense of Definition

¢n NS (un)

¢n \S (un)
thus

dH? < 2H(S(¢) \ S(u)).

4.4.1 and the Jump Transfer Theorem. It will allow to pass to the limit in the surface energy.

Theorem 4.4.6. Let T',, C ' be a sequence of H2-rectifiable sets converging towards ~ in the
sense of Definition 4.4.1. Then, for every v € SBVP(W';R3), there exists {v,} C SBVP(Q/;R3)
such that v, = v a.e. on [W' \©] X I,

- vy, — v in LYY R3),

1
Vatn €—V3Un> — (Vqv|0) in LP(SY;R3%3),
lim Sup/ <(an)a i(1/%)3> dH? < 2HY(S(v) \ 7).
n—+00 JS(vn)\I'n €n

Proof. According to Definition 4.4.1 (b), there exists a function u € SBVP(w'; R3) and a sequence
{un} € SBVP(SY;R?) such that u, — u in SBVP(;R3), S(u,) C T'yn, S(u) = v and

1 p
Sup/ <Vaun —Vgun>
neN ! En

dzr < +o0.
Theorem 4.4.4 and Remark 4.4.5 yield, for any v € SBVP(w';R3), the existence of a sequence
{v,} € SBVP(Y;R3) such that v, = v a.e. on [\ @] x I,
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~ v, — v in LY (Q;R3),
1
<Vavn €—V3vn> — (Vqv|0) in LP(€Y; R3%3),

— limsup/ <(an)a :
n—+00 J S (wn)\S(un) &n

dH?* < 2HY(S(v) \ S(u)).

(), )

As S(up) C T, and S(u) = v, we get

1
1. Un - Un
meup [ (el 0

4.4.3 Convergence of the stresses

dH? < 2H'(S(v) \ 7).

The energy conservation involves the derivative of the stored energy density. Thus, we have to
ensure that the C! character of W is preserved by passing to the I'-limit. The following Proposition
provides an answer to this question. In the Appendix, we will present an alternative proof which
could also apply in a more general setting.

Proposition 4.4.7. Let W : R®3 — R be a C' function satisfying (4.2.1), then the function
OW, : R3*2 S R s of class cl.

Proof. According to [74], the function Wy is continuous and satisfies
1 _ _
Gl =B < WolF) < B+ [FI7)

for every F € R3*2. As a consequence, since p — 1 > 0,

Wo(F Wo(F
lim inf _0( 1) =400 and limsup 0_( ) =0 < 4o0.
[Fl—too [F[P~ Flotoo ETP

Furthermore, for all F' € R3*2 there exists F3 € R such that Wo(F) = W (F|F3). Since W is
differentiable,

W()(F-i—a) — W()(F) —d-G

lim sup —
|G|—0 |G
F|F. G|0)) — W(F|F5) — F|F;) - (G
< oy WUFIF) + (G10) = W(F|Fy) ~ oW(FIF) - (©10) _
IGl—0 |(G10)]
where d € R3*? is defined by d;; := (6W(F|F3))Z.j for all i € {1,2,3} and all j € {1,2}. It yields
that Wy is upper semidifferentiable and the thesis follows from Theorem B in [19]. g

From the previous Lemma, the function QW is of class C' and we denote by 9(QWj) its
differential. The following result is the analogue of Lemma 4.11 in [46] in a 3D-2D dimensional
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reduction setting. It asserts, under assumptions of weak SBVP(Q;R3)-convergence of the defor-
mations together with the convergence of the bulk energy, the weak Lf”,(Q;R?’X?’)—convergence
the stresses.

Lemma 4.4.8. Let {u,} C SBVP(;R3) and u € SBVP(w;R3) be such that u, — u in
SBVP(Q;R3) and

/ w <Vaun %Vgun> dx — 2/ OWy(Vau) dzy,. (4.4.3)
Q n w
Then,

ow <Vaun Eivgun> — (3(QWo)(Vau)|0)  in LF'(Q;R¥3).

Proof. Let ¥ € LP(Q;R3*3), we denote by ¥ € LP(Q;R3*2) the restriction of ¥ to R3*? i.e.
U, =W, if i € {1,2,3} and j € {1,2}. It is enough to show that

/ D(OWy) (Vo) - Tz — / (B(QWo)(Vau)|0) - ¥ da
Q Q

n—-+o0o

1
< liminf/ ow <Vaun E—Vgun> - W dx.
Q

n

Let hy \, 07, according to Remark 4.3.2, Theorem 5.29 in |5] we have

/ OWo(Vau+ h¥)dz < liminf [ QWo(Vau, + b W) do
Q Q

n—-+o0o

n—-4o0o n

< liminf [ W <<Vaun %Vgun> + hk\I/> dx.
Q

As a consequence, from (4.4.3) we get that

dx

/ QWO(Vau + hkﬁ) - QWQ(VQU)
Q

h
.. 1 1

< hmlnf/ — [W <<Vaun —Vgun> + hk\I’> 4 <Vaun
n—+oo Jo hi En

We may find a ny € N such that

ngun> } dx.
3

n

de — —

h k
1
—Vgun> + hk\I’> -W (Vaun

Lo
Q hk €n

/ QWO(VQU + hkﬁ) - QWO(VaU) 1
Q

ngun> ] dx
En
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for all n > ng. We define n, = hi if np < n < ngyq and pass to the limit when n — 4o00. Since
P — [, W(®)dx is a C*-map from LP(Q;R**3) to R with differential ¥ — [, OW(®) - ¥ dz, it
follows that

/ QWo(Vau + mp¥) — QWo(Vau)
(9] Tin

1
< liminf/ — [W <<Vaun
n—-+o0o Q Mn

<liminf [ OW <<Vaun ;V;gun) + Tn\IJ> -WUd,
Q

n—-+o0o n

lim dx
n—-4o0o

1 1
g—Vgun> +17n\1f> - W <Vaun e—Vgunﬂ dx

for some 7, € [0, 7,]. Lebesgue’s Dominated Convergence Theorem in the left hand side, together
with Lemma 4.9 of [46] in the right hand side yield

/ 3(QW0)(Vau) 'de = lim QWO(VO!U + nn\I’) — QWo(Vau)
. n—tee Ja M

< liminf/ ow <<Vaun ngun> +Tn\I’> -Udr
n——+oo Q En

= liminf [ OW <Vaun 6ng%) - U dzx.

n—-+o00 Q n

dx

4.5 Convergence of the quasistatic evolution

The first step of the analysis consists in defining a limit deformation field and a crack. This
is done in Lemma 4.5.1 by means of energy estimates which are possible, thanks to the L*°-
boundness assumption (4.2.8) and to the bound of the prescribed boundary deformation (4.2.4).
The limit deformation u(¢) turns out to be the weak SBVP(Q; R3)-limit of u°(t) while the limit
crack y(t) is obtained through the convergence of I'?(¢) in the sense of Definition 4.4.1. Then,
we derive a minimality property for u(t). At time ¢ = 0 in Lemma 4.5.2, we use a I'-convergence
argument. This is possible because, in the absence of preexisting cracks, the surface term of the
energy at time 0 is precisely that introduced in the I'-limit analysis of Section 4.3. Nevertheless,
we cannot proceed in this way for the next times in Lemma 4.5.5 because of the presence of
I'%(t) in the surface term. We need here to construct directly a sequence thanks to the Jump
Transfer Theorem, Theorem 4.4.4. Then, we show that (u(t),~(t)) is a quasistatic evolution for
the relaxed model by proving that the energy conservation holds. To do this, we use, on the one
hand, the approximation of the Lebesgue integral by Riemann sums in Lemma 4.5.7, and, on the
other hand, the convergence of the total energy at the initial time (that can be proved directly)
together with the weak convergence of the stresses and the strong convergence assumption (4.2.7)
in Lemma 4.5.8. Finally, in Lemma 4.5.9, we show the convergence of the total energy at any time.
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4.5.1 Energy estimates and compactness

Lemma 4.5.1. There ezists a subsequence {e,} \, 0, a deformation field u(t) € SBVP(w'; R?)
satisfying u(t) = g(t) L?-a.e. on W' \©, and a time-increasing crack y(t) C @ such that, for every

€ [0,T], S(u(t)) C y(t). Moreover, T°"(t) converges to y(t) in the sense of Definition 4.4.1,
u(0) — u(0) in SBVP(Y;R3) and, for every t € (0,T), there exists a t-dependent subsequence
{en,} C {en} such that ure(t) — u(t) in SBVP(Q;R3).

Proof. Firstly, at time ¢ = 0, we test the minimality of u®(0) with v = ¢°(0). Since we have
S(uf(0)) =T¢(0), we deduce by (4.2.4) and the growth condition (4.2.1) that £.(0) < C.

Then, we take v = ¢°(¢) as test function in (4.2.5) at time ¢t. As S(u®(t)) C Ié(¢), it follows
from (4.2.4) together with the growth condition (4.2.1) that

/QW <Vau€(t)EV3u5(t)> dx < /QW <Vag€(t)EV3g€(t)> dx < C. (4.5.1)

Thus, Holder’s inequality, (4.2.2), (4.2.6) and (4.5.1) imply the existence of a constant C' > 0,
independent of ¢ and € such that for every ¢t € [0,T], E(t) < C. Hence, by the coercivity condition

(4.2.1),
p
/ dzx +/
Q (1)

In view of Proposition 4.4.3, we may find a subsequence {&,} \, 07 and an H!-rectifiable set

1

. (Vrg(t))?,)

dH? < C. (4.5.2)

<Vau5(t)EV3ua(t)>

<(Vrs(t>)a

v(t) C W', increasing in time, such that I'*(¢) converges to y(t) in the sense of Definition 4.4.1.

According to Remark 4.4.2-1, since @ is compact, v(t) C @ and
1 2
‘ dH". (4.5.3)

((Vm(t))a - (Vrsw(t))?,)

As S(uf(t)) C Te(t) and uf(t) = ¢°(t) L3-a.e. on [w' \ D] x I, we have by (4.2.8) and (4.5.2)

n—-4o0o n—-4o0o

2H (y(t)) < liminf H2(I'*"(t)) < lim inf/
Ten (1)

p

Ol + [ |(Var|2vaco)| o

1
+ e — (Vye dH? < C,
/s(us(t)) <(V (t))“‘e(y (t))?’)‘

for some constant C' > 0 independent of ¢ > 0 and t € [0, T]. We insist, once again, on the fact

that we do not try to justify the boundness assumption on u®(¢). In view of Lemma 4.2.2, there
exists a further subsequence of {g,} (still denoted by {¢,}) and u(0) € SBVP(w';R?) such that
ufn(0) — u(0) in SBVP(Y;R3). Moreover, as v (0) = g°(0) £3-a.e. on [w'\@] x I, from (4.2.7)
we get u(0) = g(0) £%-a.e. on '\ ©. Thanks to condltlon (a) of Definition 4.4.1, we deduce that
S(u(0)) (0.
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We set for a.e. t € [0,T],

On(t) = /Q oW (vaufn(t)

ivguan (t)> : <Vaga" (t)

€n

(4.5.4)
O(t) = limsup 6,(¢).

n—-+o0o

From (4.2.2), (4.2.4), (4.5.2), § € L*(0,T) and by virtue of Fatou’s Lemma
t t
limsup/ 0.(s) ds §/ 0(s)ds. (4.5.5)
n—-+oo J0 0

For a.e. t € [0,T], we extract a t-dependent subsequence {n;} such that

O(t) = lim 6,,(t). (4.5.6)

ng—-+00
Lemma 4.2.2 implies that for every ¢t € (0,T], upon extracting a further subsequence (not rela-
beled), uf™ (t) — u(t) in SBVP(Y;R3) for some u(t) € SBVP(w'; R3). Moreover, as u™ (t) =
g (t) L3-a.e. on [w' \ @] x I, from (4.2.7), we get u(t) = g(t) L?-a.e. on w’ \ @. By condition (a)
of Definition 4.4.1, we get that S(u(t)) C y(t). O

4.5.2 Minimality property

For all t € [0,T], we define the limit energy by
E(t) =2 / QWo(Vau(t)) dre + 2H (4(1)). (4.5.7)

Our goal is to show that u(t) satisfies some minimality property inherited from that of u®(t).
We will distinguish the initial time from the subsequent times. At time t = 0, we will further
show the convergence of the bulk and the surface energy to their two-dimensional counterpart
respectively, for the subsequence {e, }. Concerning the next times, we will only be able to prove
the convergence of the bulk energy toward its two-dimensional analogue, for the t-dependent
subsequence {e,, }. The convergence of the total energy, or equivalently of the surface energy,
will be established later in Lemma 4.5.9 for a subsequence independent of the time.

Lemma 4.5.2. At time t = 0, u(0) minimizes
v 2/ OWo(Vav) dag + 2H! (S(v)),

among {v € SBVP(W;R3): v =g(0) a.e. on '\ @}. Moreover, v(0) = S(u(0)) and we have

1
W Vau(0) E—VguE”(O) dx — 2/ OWy(Vau(0)) dzq,
1 w

Q
/F o) ((Vrsn(m)a —

— (Vl"sn(o))3> ‘ dH2 — 27’(1(’)’(0)).
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CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM

In particular, &, (0) — £(0) and

ow <Vau€”(0) %Vgﬂf”(())) — (2(QWo)(Vau(0))[0)  in L¥ (Q;R¥3).

Proof. Let v € SBVP(w'; R3) such that v = g(0) £L2-a.e. on w’ \ @. By virtue of Corollary 4.3.11,
there exists a sequence {w,} C SBVP(Q;R3) satisfying w, = ¢°*(0) L3-a.e. on [ \ @] x I,
wy, — v in LY(Q;R3) and

2 / QWo(Vav) dza + 2H' (S(v))
i(’/Wn)?,>

1
= lim / w (Vawn —ngn> dx +/ ((an)a

Taking wy, as test function in the minimality condition for u"(0) we get
1

1
W Vaut™ (0)|—Vsus™(0) | d +/ < wen — (Vyen )‘d?—(z
/Q < B ( ) €n i ( )> v S(usn (0)) (V (0))a En (V (0))3
1
(0l

1
< / W (Vawn —ngn> dx +/ (an)3> ‘ dH?.  (4.5.9)
Q €n S(wn) n
Remark 4.3.2 and Theorem 5.29 in [5] yield

dH2] . (4.5.8)

2/ OWo(Vau(0))dz, < hminf AWy (Vau™(0)) dz
< limJirnf/ w <Vau5”(0) Eng?f”(O)) dx (4.5.10)
n—-+0oo 0 n

and thanks to (4.5.3) together with the fact that T'°»(0) = S(u"(0)),

2H ((0)) < liminf H3(T*"(0))

n—-+o0o

= liminf H%(S(u"(0)))

n—-400
< Vuen (0)) o | = (Vuen <o>)3>
)

Finally, from (4.5.8), (4.5.9), (4.5.10) and (4.5.11) we get by letting n — o0,

< liminf dH?. (4.5.11)

n—+00 Jg(uen (0))

5 / OWy(Vau(0)) dae + 2H(7(0)) < 2 / QWo(Vav) dea + 2H (S(v)).

Taking v = u(0) in the previous inequality, we observe that H'(v(0)) < H'(S(u(0))), which
implies, as S(u(0)) C v(0), that S(u(0)) = v(0). It establishes the minimality property satisfied
by u(0). Taking still v = u(0), (4.5.9) and (4.5.11) give

1
limsup/ W <Vau€”(0) €—V3u€”(0)> dx < 2/ OWo(Vau(0)) dayg .
n—+oo JQ n w
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4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTION

and this shows with (4.5.10) that
1
—vgusn(0)> dz — 2 / QWo(Vau(0)) dae.

/Q % (Vaua”(O) :

We report in (4.5.9) and obtain

1
li ufn ~ \Musn
:L%—?-licl? /S(uE”(O)) ‘ <(V (0))04‘ En (V (0))3>

which implies together with (4.5.11) that
1

Vyen )a — \Vyen >
/S(W(O)) <( 0)a|z (Vuse @)y

This yields that &, (0) — £(0) and the convergence of the stresses follows from Lemma 4.4.8. [

dH? < 2H' (S (u(0))),

dH? — 2H(S(u(0))).

Remark 4.5.3. It is immediate from the previous lemma that «(0) minimizes
02 [ QW (Vav)de + 21! (S()\2(0)
w

among {v € SBVP(W;R3): v = g(0) a.e. on ' \ @}.

Remark 4.5.4. Note that the previous result holds because we did not allow the body to contain
a preexisting crack. Indeed, in this case, since the energy we are minimizing at the initial time
is the same as the functional involved in the I'-limit analysis, we can take as competitor in the
minimization a recovery sequence. It permits us to show the convergence of the total energy at
time ¢t = 0; that is essential if one is to prove that it still holds true at subsequent times in
Lemma 4.5.8. If we had considered a body containing a preexisting crack, we would be unable
to obtain such a convergence, but only a convergence of the bulk energy. Indeed, if I'f§ C w x I
denoted a preexisting (rescaled) crack with bounded scaled surface energy, then, according to
the formulation in [46], (u{, ') would have to minimize

(U,F)H/QW<VQUEV3U> d:1:+/F ((up)a‘é(yp)?))‘dﬁz

among every H?-rectifiable crack I' C @ x I with ['g C I, and all deformation v € SBVP(Q; R3)
such that v = ¢g°(¢) a.e. on [w'\ @] x I and S(v) C T'. In particular, setting I' := I'§ U S(v) for all
v € SBVP(QY;R3) satisfying v = ¢°(0) a.e. on [’ \ @] x I, we would get that u§ must minimize

V / w <Vav 1ng> dx +/ <(1/U)a‘1(1/v)3>
Q € S()\I's €

among such v’s. Hence, since by Theorem 3.15 in [46] (or Theorem 2.1 in [47]) (u®(0),T¢(0)) =
(u§,I'G), the argument used in the proof of Lemma 4.5.2 would not hold anymore. We would

dH?

only be able to state, as in the following Lemma 4.5.5, the convergence of the bulk energy.

Unfortunately, the convergence of the surface energy would then remain an open question.
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CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM

We are now going to state a minimality property satisfied by w(¢) for ¢ € (0,T]. The following
result ensures the convergence of the three-dimensional bulk energy to its two-dimensional coun-
terpart for a t-dependent subsequence. But the convergence of the total energy, or equivalently
of the surface energy, cannot be established at this stage in a manner similar to that used in
Lemma 4.5.2 at the initial time.

Lemma 4.5.5. For every t € (0,T], u(t) minimizes

o / OWo(Vav) d + 2H(S(v) \ 1(1)),

among {v € SBVP(W;R3): v =g(t) a.e. on ' \©W}. Moreover, we have
—Vau (t)> dx — 2/ OWH(Vau(t)) da,,.

[ (s
Q S

nt

In particular,

ow <Vau€"t (t)

ivguaw (t)> — (3(QWo)(Vau(t)[0))  in LF'(Q;R¥®)

e

and thus, for a.e. t € [0,T],

o(t) = 2 / D(OW) (Vau(t)) - Vai(t) dae. (4.5.12)

w
Proof. We first prove the minimality property. In this case, unlike Lemma 4.5.2, we cannot use
a I'-convergence argument because of the presence of an e-dependent crack in the surface term.
We will construct a minimizing sequence with the help of the Jump Transfer Theorem.
Let w € SBVP(w';R3) such that w = g(t) £L?-a.e. on w’ \ @. Since I'*"(¢) converges to (t) in
the sense of Definition 4.4.1, from Theorem 4.4.6, there exists a sequence {w,} C SBVP({);R3)
satisfying w, = w = g(t) a.e. on (W' \ @] x I, w, — w in L'(Y;R3) and

1
Van, e—vgwn> — (Vaw|0) in LP(QY;R3*3),

1 (4.5.13)
lim sup / <(an)a
n=+00 JS(wn)\Ien (1)

dH? < 2HH(S(w) \ (1))

e (an)3>

A measurable selection criterion (see e.g. [54]) together with the coercivity condition (4.2.1) imply
the existence of z € LP(w;R3) such that Wy(Vaw) = W (Vaw|z) L2-a.e. in w. By density, there
exists a sequence z; € C°(S;R3) such that z; — H(t) — z in LP(Q;R?) where H(t) is defined
in (4.2.7). Denoting by b; := [} z;(-, s) ds, we take wy, + g°"(t) — g(t) — enbj as test function in
(4.2.5) and we get

/Q % (vaufn(t)

< / W (Vawn Vg () = Vag(t) — enVab;
Q

1
+/ <ana_an>
(G ()
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4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTION

We replace n by n; (see Lemma 4.5.1) and pass to the limit when n; tends to +oo. In view of
Theorem 5.29 in |5] and of Remark 4.3.2,

2/ OWo(Vau(t)) de, < liminf/ OWo(Vqu (t)) da
w Q

ng—-+00

LVgu‘f"t (t)> dx.  (4.5.14)

e

< liminf/ W<Vau€"t(t)
Q

ng—-+400

Thus, using (4.2.7) and (4.5.13) in the right hand side, we get
2 / QW (Vau(t)) drg < /Q W (VawH(t) — 2;) de + 2H (S(w) \ 1(t).
Passing to the limit when j — 400 we obtain
2/ OWy(Vau(t))de, < /QW(VO/w]z) dx + 2H(S(w) \ 7(t))
= 2 [ Wol(Vauw) da + 21 (S(w) \ 1(0)

We would like to replace Wy by its quasiconvexification in the previous relation. To this end,
we use a relaxation argument. First of all, we approach ~(¢) from inside by a compact set, so
as to work on an open subset of w. This is possible because, since H!(v(t)) < +o0, then Htv(t)
is a Radon measure. Thus, for any n > 0, there exists a compact set K;) C 7(t) such that
HY(v(t) \ K}) < 7. In particular,

2 / OWo(Vau(t)) dza < 2 / Wo(Vaw) dzg + 2H (S(w) \ K7). (4.5.15)

Let v € SBVP(w'; R3) satisfying v = g(t) £?-a.e. on w’\@. In view of Theorem 8.1 together with
Remark 8.2 in 31| and arguing as in the proof of Lemma 4.3.10 and Corollary 4.3.11, it is easily
deduced that there exists a sequence {wy} C SBVP(w';R3) such that wy — v in L}(w';R3),
wy = g(t) L%a.e. on ' \ @ and

/ OWo(Vav) do + HH(S(v) \ KJ) = Jim [/ Wo(Vawg) drg + H(S(wi) \ K| -

In (4.5.15), we replace w by wy and we pass to the limit when k — +o00; we get

2 / OWy(Vau(t))de, < 2 / OWo(Vav) dao 4+ 2H (S(v) \ K7)

IN

5 / QWo(Vav) dae + 2H! (S(0) \ 7(1)) + 21,

The minimality property follows after letting  — 0.

185



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM

Concerning the convergence of the bulk energy, the previous calculation with v = u(t) and
the fact that S(u(t)) C y(t) yield

n—-+o0 En

limsup/QW <Vau5”(t) ngtf"(lﬁ)) dx < 2/w OWH(Vau(t)) da,,. (4.5.16)

Note that (4.5.16) holds for the sequence {e,} which is independent of the time. Thus, from
(4.5.14), we deduce that

[ (s
Q e

L Ggun (t)) dz — 2 / OWo(Vau(t)) dee.

In particular, Lemma 4.4.8 implies the convergence of the stresses and thanks to (4.2.7), (4.5.4)

and (4.5.6), we have for a.e. t € 0,77,
1 1
6(t) = lim ow (Vaua”t (t)|—Vau ™ (t)> . <vag€"t (t)|—V3g°m (t)> dx
n¢——+00 Q N Ent

- /Q (D(QWo) (Vau())[0) - (Vad(t)|H (1)) da
= 9 / QW) (Vau(t)) - Vi (t) dica.

0

Remark 4.5.6. According to Remark 4.5.3 and Lemma 4.5.5, for every t € [0,T], the function
u(t) minimizes

o / QWo(Vav) dea + 2H' (S(0) \ (1), (4.5.17)

among {v € SBVP(wW;R3): v = g(t) a.e. on w’'\@}. Equivalently, the pair (u(t),(t)) satisfies
the following unilateral minimality property :

5 / OWo(Vau(t)) dag + 2H! (4(1)) < 2 / OWo (Vo) dze + 2H (7)), (4.5.18)

w

for every H!-rectifiable set 7/ C @ such that v(t) C 7' and every v € SBVP(w';R3) satisfying
v=g(t) a.e. on w \ W and S(v) C +'. Indeed, for such pairs (v,7’), from (4.5.17) we get that

5 / OWo(Vou(t)) dze < 2 / QWo(Vav) dra + 2H (S() \ 7(2))
< 2 / QWo(Vav) dia + 2H' (7' \ 7(t))
- 2 / QWo(Vav) dag + 2H' (7)) — 2H! (7(t))

where the second inequality holds since S(v) C ' and the last equality because v(t) C 7/. On
the other hand, (4.5.17) follows from (4.5.18) by taking ~' := S(v) U~(t).
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4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTION

4.5.3 Energy conservation

The last step in proving that (u(t),y(t)) is a quasistatic evolution relative to the boundary data
g(t) consists in showing that the two-dimensional total energy £(t) defined in (4.5.7) is absolutely
continuous in time. This is the aim of Lemmas 4.5.7 and 4.5.8 that follow.

Lemma 4.5.7. For every t € [0,T],

E(t) > £(0) +2 /0 / D(QW)(Vats(7)) - Vag(7) de dr.

Proof. We proceed as in [47] by approximation of the Lebesgue integral by Riemann sums. Let
s < t,at time s we test the minimality of u(s) against u(t) + g(s) — g(¢). By Lemma 4.5.5,

2 /w QWo(Vau(s)) drg < 2 /w QWo(Vault) + Vag(s) — Vag(t)) da + 2H (S(u(t)) \ 7(s)).
Thus, since S(u(t)) C v(t) and v(s) C v(t),
E(s) = 2 /w QWo(Vau(s)) dea + 2H (+(s))
< 2 [ QW(Tau(t) + Vasls) = Vag(t) doa + 21 (1(0)
~ /w QWo(Vati(t) + Vag(s) — Vag(t)) dza — 2 /w OWo(Vau(t)) dza + £(2).

It implies that for some p(s,t) € [0, 1],

E(t) — £(s) > 2/

[a(gwo) <Vau(t)+p(s,t) / tvag(T)dT> . / tvag-(T)dT] dr. (45.19)

Fix t € [0,T], thanks to Lemma 4.12 in [46], there exists a subdivision 0 < sj < s < ... <

SZ(n) = ¢t such that

lim sup (sf—s;;)=0
=400 1 <i<k(n)

and

D

lim Z
n—-4o0o

i=1

=0
L (wiRx2) (4.5.20)

(87— s ) Vad(s?) — / Vag(r) dr
siq

For all s € (s}, s}, ], we define

un(s) = ulsiy),  and Wn(s) = p(si,sia) [ Vag(r)dr.

187



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM

As Vo9 € LY(0,T; LP(w'; R3*2)), we have
W3 ()| Lo (o m3x2) — 0, (4.5.21)

uniformly with respect to s € [0,%]. In (4.5.19), we replace s by 57 and ¢ by s}, |, then a summation
for i =0 to k(n) — 1 yields

t
E(t) — £(0) > 2 / / HQWo)(Vatin(7) + U (7)) - Vil () i .
0 Jw
From (4.5.21) and Lemma 4.9 in [46|, we have for a.e. 7 € (0,¢),

— 0.

/ a(QWO)(Vaun(T) + \I/n(T)) : Vocg(T) dl’a - / a(QWO)(Vocun(T)) : VQQ(T) dxa

Thus, according to (4.2.2) together with Lebesgue’s Dominated Convergence Theorem,

t
/ / QW) (Vatin(r) + (1)) - Vi () s — / QW) (Vatin(7)) - Vo (7) dia| d — 0.
0 w w
Thus,
t
E(t) —&(0) > lim sup2/ / I(OW)(Vaun(T)) - Vag(T) day dr.
n—+o0o 0 Jw

But in view of (4.5.20), (4.2.2) and Holder’s inequality,

) /3(QW0)(VaU(S?))‘ ((S?—S?—l)vag(s?) —/ Vag(7) dT) do

i=1 7% Si1

< O (U IVatll o) D |68 = st Vadlsl) = [ Vair)dr
=1 Si—1 LP(W;RBXQ)

— 0,

thus, using again (4.5.20) and (4.5.12),
E()—&E(0) > 2limsup Z(SZ" - s?_l)/ I(OWH)(Vau(s))) - Vag(sl) dx
noteo oy w
t
_ / / DQW)(Vats(7)) - Vo (7) de .
0 Jw
g

It now remains to show that the inequality proved in Lemma 4.5.7 is actually an equality.
This is the object of the following Lemma.
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Lemma 4.5.8. For every t € [0,T],

E(t) < £(0) +2 /0 / D(QW)(Vats(7)) - Vo (7) de dr.

Proof. According to (4.5.3) and (4.5.14),

liminf &, () = liminf [/ w <Vau€”t (t)
Q

nt——+00 nt—-+00
+ /
rene (¢)

> 9 / QWo(Vau(t)) dra + 2H' (4(1))
. (4.5.22)

1
— Vaum (t)> dx

ne

1

<(Vr€nt ) | = (vrn <t>)3> ‘ de]

Eny

On the other hand, by Lemma 4.5.2, (4.5.4), (4.5.5) and (4.5.12) we have

limsupé&, (t) < limsupé;, (t)

n¢——+00 n—-+oo

¢
< lim &,(0) + lim Sup/ On(7)dr
0

n—+00 n—+o0

t

= 5(0)+/ 0(r)dr
0
t

= 5(0)+/ /a(QWQ)(Vau(T))‘Vag(T) dzy dr. (4.5.23)
0 Jw

Accordingly, relations (4.5.22) and (4.5.23) complete the proof of the Lemma. O

By virtue of Lemmas 4.5.7 and 4.5.8, the two-dimensional total energy £(t) is absolutely
continuous with respect to the time ¢ and

E(t) = £(0) +2 /0 / QW) (Vo(r)) - Vi (r) dit

hence, (u(t),~(t)) is a quasistatic evolution relative to the boundary data g(t). Let us show now
that the three-dimensional bulk and surface energies are converging towards the two-dimensional
bulk and surface energies respectively. Note that the following convergence result holds for a
subsequence {&,} independent of ¢ unlike in Lemma 4.5.5 where we stated the convergence of
the volume energy for a t-dependent subsequence {ey, }.

Lemma 4.5.9. For every t € [0,T],

/Q W <Vau€"(t) -

nguE" (t)> dx — 2/ AWy (Vau(t)) dza,
/rsn(t)

n

1
<(V1"57L(t))a ‘6_ (VI‘En(t))3> ‘ dH? — 2H1(’y(t))-
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CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM

In particular, &, (t) — E(t).
Proof. For t = 0, the result is already proved in Lemma 4.5.2. Assume now that ¢ € (0,7] and
let {n;} be a t-dependent subsequence such that

liminf [ W <Vau€” (t)

n—-+o0o Q

ngUE” (t)> dx

n

= lim w (Vaua”j (t)
Q

Jj—+oo

ivgu% (t)) do. (4.5.24)

En;
Arguing as in the proofs of Lemmas 4.5.1 and 4.5.5, we can suppose that, for a subsequence of
n; (still denoted by n;), u (t) — u*(t) in SBVP(Y;R3) for some u*(t) € SBVP(w';R?) with
u*(t) = g(t) a.e. on W' \ @, S(u*(t)) C (t), and which is also a minimizer of

v 2 [ QW (Var) dea +2H!(S(0) \ (1),
among {v € SBVP(w;R3): v =g(t) a.e. on w’ \ w}. Hence,

/ OWH(Vau*(t))day = / OWH(Vau(t)) dag. (4.5.25)

According to Remark 4.3.2 and Theorem 5.29 in [5],

5 / OWo(Vau® () dze < limin / OWo (Vo™ (1)) da
w Q

o0

IN

lim w <Vau€”i (t)
)=+ Jo

LVguenﬂ' (t)) d.

En,

Thus, (4.5.24) and (4.5.25) imply that

1
/QWO au(t)) dxy < hmlnf/ w (Vauen(t) 6—V31f"(7§)> dx,
Q n

n—-+o0o

which ensure together with (4.5.16) the convergence of the bulk energy i.e.

/QW <Vau€" (t) i

But in view of (4.2.6), (4.5.5) and Lemmas 4.5.2 and 4.5.5,

Vglf"(lﬁ)) dx — 2/ OWH(Vau(t)) dz,. (4.5.26)

t
limsup&;,(t) = limsupé&., (0)+ limsup / On(7)dr
0

n—-+o0o n—-+o00 n—-+o0o

< £(0) + /te(T)dT
0

= £(0)+ 2/0 / A(OWY)(Vou(T)) - Vag(r)dzy dr
= E@®). (4.5.27)
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Thus (4.5.26) and (4.5.27) yield

lim sup /
n—-+oo I‘En(t)

which, together with (4.5.3), gives the convergence of the surface term

1
/ <(VF67L(t))OC ‘— (VI‘En(t))3> ‘ d’H2 — 2H1(fy(t))-
Den (t) En

4.6 Appendix

dH? < 2H (7(t))

((Vm ) (i (vren (t>)3>

€n

For the convenience of the reader, we propose an alternative proof of Proposition 4.4.7. We feel
it interesting because the same one could be used to show that, in the Integral Representation
Theorem, Theorem 2.5 in [35] and at least in the homogeneous case, the integrand of the I'-limit
is of class C!.

Proof of Proposition 4.4.7. The proof is divided into two steps. We first prove that QWy admits
partial derivatives and then we show that they are continuous which is sufficient to state that
OW, is a C! function.

Step 1 : QW, admits partial derivatives. Let F, G € R3*? and h,, \, 07. According
to Theorem 2 in [74], there exists a sequence {u.} C WHP(Q' x I;R3?) such that u. — 0 in
LP(Q" x I;R3) and

e—0

20Wy(F) = lim W <F+ Ve §V3u5> dx. (4.6.1)
Q'xI

The coercivity condition (4.2.1) implies that the sequence {(F—{—Vaue‘%Vgue)} is bounded
in LP(Q" x I;R3*3) uniformly with respect to ¢ > 0. Thus, Hélder’s inequality together with
(4.2.2) imply that, for a subsequence, {8W (F + Vaua|%V3ua)} is weakly convergent in Lp/(Q’ X
I;R3*3). In particular, there exists ¢* € R3*3 such that

][ ow <F + Vaue
Q'xI

Since ® +— fQ’XI W(®)dzx is a Cl-map from LP(Q' x I;R3*3) into R with differential given by
U fQ,XI(?W(@) - Wdz, we get using the I'-liminf inequality and (4.6.1)

OWo(F + h,G) — QW (F)
hn

< liminf i ]l [W (F + hy,G + Vau.
Q'xI

év%) dx — €*. (4.6.2)

e—0 n

§V3u5> -Ww (F + VQU€ §V3u5>:| dx

e—0

< lim inf][ ow <F +t5G + Vaue
Q'x1I

§V3u€> dz - (G|0),
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n
for some t5, € [0, hy,]. Consider &, > 0, with &, \, 0, such that

QWo(F + hnG) — QWo(F) < ][ oW (F + 157G + Vau
Q'xI "

1 1 —

Thus, from Lemma 4.9 in [46] and (4.6.2), we get

QWo(F + hnG) — QW (F)

lim sup
n——+o0o hn
_ _ 1 _
< lim sup][ ow <F +t:"G + Vue, —VguEn) dx - (G|0)
n—+oo JQ'xI €n

= lim sup][ ow <F + Vaue,
Q'xI

n—-4o0o

Enguan) dz - (G0).
=¢" - (Glo).

Let i € {1,2,3} and j € {1,2}, we choose G = te; ® e;, where {e1, e2,e3} denotes the canonical
basis of R? and t € R. Then

Jim sup QW(](F + hpte; ® Ej) — QWO(F)

n—-+o0o hn

< g (4.6.3)

Since QW) is quasiconvex, it is rank one convex (see [44]) thus t — fi;(t) := QW (F + te; ® e;)
is convex. Let I} € 0f;;(0) (the subdifferential of f;; in 0), we have

fij(hnt) > fi;(0) + F{;hnt

hence

(4.6.4)

tF:; < liminf QW()(F + hpte; ® ej) - QWO(F)

n—-+4oo hn

In view of (4.6.3) and (4.6.4), we deduce that

F,;; :fz*] — 1lim QW()(F-i-hnei ®6]’) — QWO(F)

n—-+oo hn

Thus, the subdifferential of f;; in 0 is reduced to a point, which shows that QW admits partial
derivatives, denoted by 9;;(QW)) ; in particular, applying the same argument to another recovery
sequence, we deduce that the value of fl’fj does not depend upon the sequence {u.} satisfying
(4.6.1). From this and from (4.6.2), we conclude that, for any sequence {u.} satisfying (4.6.1)

Y

935 (QWo)(F) = lim O W <F + Ve

1
—V3u€> dz, (4.6.5)
e—0 Q'xI 15

where 0;;WW are the partial derivatives of W.
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Step 2 : The partial derivatives of QW are continuous. Let F,, — F, our aim is to show
that 0;;(QWo)(Frn) — 0;;(QWo)(F). To this end, we will construct a common recovery sequence
for the computation of the I-limit at both w and w,,, where w(z) := F -z and wy,(z) := F, - Tqa.
Thanks to Theorem 2 in [74], there exists a sequence {u?} C WHP(Q' x I;R3) such that u? — 0
in LP(Q' x I;R3) as ¢ — 0 and

OWo(F,) = lim W F,+Vu”
e—0 Q'xI €

1

—Vgu?) dx.
€

The continuity of QW) yield that

OWo(F) = lim lim w <Fn + Voul

n——4o0o0 e—0 Q'xI

1
—Vgu?) dx.
£

By virtue of the coercivity condition (4.2.1), the sequence {(Vau?‘%Vg,u?)} is bounded in
LP(Q" x I;R3*3) uniformly with respect to n € N and ¢ > 0. Furthermore, from (4.6.5), we
get
aw(QWO)(Fn) = lim aijW (Fn + Vau?
e—0 Q’XI

1
—Vgu?> dx.
£

It implies, according to (4.2.2) that for a (not relabeled) subsequence, the limit of 8;;(QW)(F'y)
exists as n — +o00 and thus

111_1’_1 alj(QWO)(Fn) = lim lim OZJW (Fn + Vau?

n—+oo0 e—0 Q'xI

1
—Vgu?> dx.
€

By a standard diagonalization process, we may find a sequence {g,} \, 07 such that letting
vy :=ul , then v, — 0 in LP(Q" x I;R?),

_ — 1
OWy(F) = lim w (Fn + Vaun —ngn> dz (4.6.6)
n—-4o0o Q'xI En
and )
lim 8Z](QW0)(Fn) = lim 8ijW <Fn 4+ Van —ngn> dx. (4.6.7)
n—-+4o0o n——4oo Q'xI En

Let us show that {v,} is a recovery sequence for the computation of the I-limit at w. We need
to prove that we can replace F,, by F in (4.6.6). To this end, we are going to use a uniform
continuity argument. Since W is continuous, it is uniformly continuous on any compact subset
of R3*3, We thus restrict ourselves to those x’s such that the scaled gradient of v,, lives in a ball
of R3*3 of arbitrarily large radius. Indeed, let M > 0, we define

Ay = {:1: eQ x1I: ‘<Fn + Vaun(z)

ivwn(x))‘ < M}. (4.6.8)

Chebyshev’s inequality yield that £3([Q" x I] \ Ay) < C/MP, where C > 0 is a constant
independant of n. Moreover, according to Theorem 1.1 in [25], there is no loss of generality to
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assume that the sequence of scaled gradients {!(Vavn\ivzwn) !p} is equi-integrable. Hence by
(4.2.1), we have that

/ w <Fn + Vatn ng%) dx
[Q'x I\ A €n
_ 1 p
<p <1 + ‘ <Fn + VaUn —ngn> ) de — 0 (4.6.9)
Q' <I\Ap En M—+o0

uniformly with respect to n € N, then

— 400 Nn——+400

_ 1 — 1
OWy(F) = lim lim —/ W <Fn + Vatn —ngn> dx.
Apm €n

Let us choose n large enough (independently of M) such that |F,, — F| < 1. Denoting by
wyr ¢ [0,400) — [0,4+00) the modulus of continuity of W on B(0, M + 1), we get for every
M >0,

1
/ —ngn>
An €n

Consequently, by the same argument than for (4.6.9), we obtain that

dr < 2wy (|Fy — F|) —— 0.

n—-+o0o

w <F + Vatn

§V3vn> 4 <Fn + Vatn

_ 1 — 1
OWy(F) = lim lim —/ w <F+ Vatn —ngn> dx
M —+o00 n——+00 A En
— 1
= lim w <F+ Vavn —ngn> dx,
n—-4o0o Q'xI En
hence, thanks to (4.6.5),
_ — 1
82](QW0)(F) = lim aijW <F + Vaun —V3vn> dx.
n—+00 Q' xI En

To show the continuity of 9;;(QW)), it is enough to show that we can replace F by F, in the
previous equality and then, relation (4.6.7) will complete the proof of the Lemma. Since

/ 0 W (F + Vatn
[Q'xI\Ap

1
—V3Un> dzx
En

1 p-1
< ﬁ/ 1+ ‘ <Vavn —ngn> dr
(@' xI\Ap En
1/p 1 p—1
< % + ¢ <Vo/Un _VSUn> —0
MP M En LP(Q' x I;R3%3) M—+o0

uniformly with respect to n € N, then

0 (QWo)(F) =  lim  lim % /A W <F+Vavn
M

—~400 N—+00

1
—ngn> dzx.
En
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We are going to use the same uniform continuity argument than before to 9;;W. Indeed, as 0;; W
is continuous, it is also uniformly continuous on B(0, M + 1) for all M > 0 and

1
/ —V3’Un>
An €n

where wM : [0,+00) — [0,400) denotes the modulus of continuity of 9;;/W on B(0, M + 1).
Hence, we get that

dz < 20M(|F,—F|) —— 0,

n—-+o0o

aijW <Fn + Vaun

1 _
E—V:ﬂ)n) — 82-]-W <F + Vaun

9;5(QWo)(F) = lim  lim 1/ ;W (FnJrVavn
2 Ans

M —+o00 n—+00

1
—ngn> dx
En

and arguing as above,

0 (QWo)(F) = lim {  a,w (E+vavn

1
—ngn> dx.
n—-+o0o Q'xI En

According to (4.6.7)
0 (QWo)(F) = Tlim_ 0;;(QWo)(F),

which shows the continuity of the partial derivatives of QWj. O
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