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Rédu
tion dimensionnelle pour desmilieux hétérogènes, troués ou fissurés
RésuméCette thèse traite de la justi�
ation de modèles de membranes 
omme limites de � 
omportementsélastiques � non linéaires tridimensionnels (les guillemets ont trait à l'absen
e de l'hypothèse
lassique d'explosion de l'énergie lorsque le Ja
obien de la transformation tend vers zéro). Larédu
tion dimensionnelle est vue 
omme un problème de Γ-
onvergen
e sur l'énergie élastique,lorsque l'épaisseur tend vers zéro. Dans un premier temps, nous dé
rirons des hétérogénéitésma
ros
opiques où les for
es de surfa
e peuvent engendrer une densité de moment �é
hissant,produisant un ve
teur de Cosserat. Puis nous 
onsidérerons des hétérogénéités mi
ros
opiquesréparties périodiquement, donnant lieu à prendre en 
ompte deux types de problèmes simultanés :la rédu
tion de dimension et l'homogénéisation réitérée. Ensuite, des �lms min
es possédant unemi
rostru
ture dégénérée due à la présen
e de vide sur la surfa
e moyenne seront étudiés dans le
as où l'épaisseur est beau
oup plus petite que la période de distribution des perforations. En�n,nous envisagerons la possibilité de rupture et analyserons l'évolution quasistatique des �ssurespour une énergie de surfa
e de type Gri�th.Mots 
lés : Γ-
onvergen
e, relaxation, rédu
tion de dimension, quasi
onvexité, homogénéisation,domaines perforés, 
apa
ité non linéaire, fon
tions à variation bornée, problèmes aux dis
onti-nuités libres, mé
anique de la rupture.





Dimensional redu
tion forheterogeneous, slit or 
ra
ked bodies
Abstra
tThis thesis is 
on
erned with the justi�
ation of membrane models as zero-thi
kness limits ofthree dimensional nonlinear � elasti
 behavior � (the quotes refer to the absen
e of the usualrequirement that the energy should blow up as the Ja
obian of the transformation tends to zero).The dimensional redu
tion is viewed as a Γ-
onvergen
e problem for the elasti
 energy. We �rst
onsider ma
ros
opi
 heterogeneities, also taking into a

ount the 
ase where the external loadsindu
e a density of bending moment that produ
es a Cosserat ve
tor. Then, we study periodi
mi
ros
opi
 heterogeneities, whi
h introdu
es two 
ompeting features : dimensional redu
tionand reiterated homogenization. Thin �lms with 
omplex degenerate mi
rostru
ture due to thepresen
e of voids on the mid-surfa
e are investigated when the thi
kness is mu
h smaller than theperiod of distribution of the perforations. Finally, brittle thin �lms and their quasistati
 
ra
kevolution are presented for a Gri�th type surfa
e energy density.Key words : Γ-
onvergen
e, relaxation, dimensional redu
tion, quasi
onvexity, homogeniza-tion, perforated domains, nonlinear 
apa
ity, fun
tions of bounded variation, free dis
ontinuityproblems, brittle fra
ture.
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NotationsEx
epté au 
hapitre 3, la dimension n sera toujours égale à 2 ou 3.Mesures
Ln mesure de Lebesgue n-dimensionnelle dans R

n

Hn−1 mesure de Hausdor� (n− 1)-dimensionnelle
# mesure de dénombrement
µ⌊E µ restreinte à l'ensemble E
µ⊗ ν mesure produit entre µ et ν
Capp p-
apa
itéVe
teurs et ensembles
R

m×n ensemble des matri
es réelles m× n

xα (x1, . . . , xn−1)

Q′
r(a) 
ube (n− 1)-dimensionnel de 
entre a ∈ R

n−1 et de 
�té r > 0

Q′ (0, 1)n−1

Q (0, 1)n

B′
r(a) boule (n− 1)-dimensionnelle de 
entre a ∈ R

n−1 et de rayon r > 0

C1,N {(xα, 0) ∈ R
n : 1 ≤ |xα| < N}

C1,∞ {(xα, 0) ∈ R
n : |xα| ≥ 1}

ω ouvert borné de R
n−1

I (−1, 1)

Ω ω × I

A(ω) famille des ouverts 
ontenus dans ω
A0 familles des ouverts bornés 
ontenus dans R

n−1

R(ω) sous-famille de A(ω) obtenue en prenant toute union �nie de 
ubes ouverts in
lusdans ω, 
entrés en des points rationnels et de 
�tés rationnels
⊂̃, =̃ in
lusion, égalité à un ensemble de Hn−1-mesure nulle près
JaK partie entière de a 3



NOTATIONSNotations fon
tionnelles
−
∫
E u dµ µ(E)−1

∫
E u dµ moyenne de u sur E par rapport à µ

Supp(u) support de u
Du dérivée distributionnelle
Dau partie absolument 
ontinue de la dérivée
Dju partie saut de la dérivée
Dcu partie Cantor de la dérivée
S(u) ensemble des sauts (
omplémentaire des points de Lebesgue)
νu normale appro
hée à S(u)

u± limites appro
hées supérieures et inférieures
∇u gradient (appro
hé)
∇αu (resp. ∇nu) gradient (appro
hé) par rapport à xα (resp. xn)Espa
es fon
tionnelsSoit U un ouvert de R

n.
Ck

c (U ; Rm) {u : U → R
m k-fois 
ontinûment di�érentiables : Supp(u) ⊂ U}

C∞
c (U ; Rm)

⋂
k∈N

Ck
c (U ; Rm)

Cc(U ; Rm) C0
c (U ; Rm)

C0(U ; Rm) fermeture de Cc(U ; Rm) pour la 
onvergen
e uniforme
Mb(U ; Rm) espa
e des mesures de Radon à valeur dans R

m, identi�é à [C0(U ; Rm)]′

Lp(U ; Rm)
{
u : U → R

m mesurables : ∫U |u|p dx < +∞
} (1 ≤ p <∞)

L∞(U ; Rm) {u : U → R
m mesurables : ess supU |u| < +∞}

W 1,p(U ; Rm) {u ∈ Lp(U ; Rm) : Du = ∇u ∈ Lp(U ; Rm×n)} (1 ≤ p ≤ ∞)
W 1,p

0 (U ; Rm) fermeture de C∞
c (U ; Rm) dans W 1,p(U ; Rm)

BV (U ; Rm) {u ∈ L1(U ; Rm) : Du ∈ Mb(U ; Rm×n)}
SBV (U ; Rm) {u ∈ BV (U ; Rm) : Dcu = 0}
SBV p(U ; Rm) {u ∈ SBV (U ; Rm) : ∇u ∈ Lp(U ; Rm×n) et Hn−1(S(u)) < +∞}
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Introdu
tion généraleLa déformation d'une surfa
e élastique dans l'espa
e, soumise à des 
ontraintes mé
aniques,donne prin
ipalement lieu à deux types de phénomènes : l'étirement et la �exion. Une manièrede modéliser de tels matériaux 
onsiste à les assimiler à des objets tridimensionnels dont une desdimensions, que nous appellerons l'épaisseur, est beau
oup plus petite que les autres. Il s'agitalors de � passer à la limite � lorsque 
ette épaisseur, notée ε, tend vers zéro tout en essayantd'exhiber des propriétés inhérentes au modèle que nous souhaitons dé
rire. L'avantage d'unetelle appro
he repose sur une bonne 
ompréhension de l'élasti
ité non linéaire tridimensionnelle(voir Ciarlet [39℄) mais la di�
ulté 
onsiste à donner un sens rigoureux à 
e passage à la limite.Sur la modélisation des plaques élastiquesUne première méthode pour aborder 
e type de problèmes est 
elle dite des développementsasymptotiques. Cette méthode est basée sur l'Anzatz que les données et les solutions (éven-tuelles) du problème à ε �xé admettent un développement en puissan
e de ε. Cette analyseformelle, aussi utilisée en théorie de l'homogénéisation, a le mérite d'identi�er e�
a
ement lesmodèles limites mais ne se veut au
unement d'être rigoureuse. Elle a été utilisée dans le 
ontextede la rédu
tion dimensionnelle de deux façons di�érentes pour un même matériau de Saint Ve-nant Kir
hho� : d'une part par Fox, Raoult & Simo dans [62℄ qui, pour 
haque ordre degrandeur en ε, résolvent une suite d'équations d'Euler-Lagrange, et d'autre part par Pantz dans[78℄ (voir aussi [79, 80, 81℄) qui résoud une suite de problèmes de minimisation. Ces résultatsont en 
ommun qu'ils établissent formellement les ordres de grandeur des énergies de membraneet de �exion sous des hypothèses sur le 
hargement appliqué. En parti
ulier, il se trouve quel'énergie de membrane apparaît à l'ordre ε du développement asymptotique lorsque les for
es desurfa
e sont d'ordre ε et les for
es de volume d'ordre 1. Il est 
ependant suprenant de 
onstaterque leurs résultats di�èrent ; en e�et, l'énergie de membrane obtenue par Pantz n'est autre quela quasi
onvexi�ée de 
elle obtenue par Fox, Raoult & Simo à un terme près, qui est dû aufait que 
es derniers sont 
ontraints à restreindre leur ensemble de fon
tions tests pour assurerl'existen
e d'une solution de 
haque problème aux limites. Par ailleurs, l'énergie de �exion se
omporte en ε3 à 
ondition que les for
es de surfa
e soient d'ordre ε3 et les for
es de volumed'ordre ε2. 5



INTRODUCTION GÉNÉRALEAyant identi�é des 
andidats pour dé
rire les modèles limites, il s'agit ensuite de justi�errigoureusement 
es résultats formels grâ
e à un mode de passage à la limite approprié. Lesproblèmes d'élasti
ité non linéaire étant usuellement formulés 
omme des problèmes de minimi-sation portant sur l'énergie élastique, nous avons besoin d'un 
ritère de 
onvergen
e adapté auCal
ul des Variations. Une notion adéquate de 
onvergen
e variationnelle a été introduite parDe Giorgi & Franzoni dans [51℄ sous le nom de Γ-
onvergen
e (voir les livres de Dal Maso[45℄ et Braides [30℄ pour une étude approfondie) dont nous rappelons la dé�nition :Dé�nition 1. Soit (X, d) un espa
e métrique et Fε : X → [0,+∞]. On dit que Fε Γ-
onvergevers F si pour toute suite {εj} ց 0+ et pour tout u ∈ X,(i) pour toute suite uj → u dans X
F (u) ≤ lim inf

j→+∞
Fεj(uj);(ii) il existe une suite uj → u dans X telle que

F (u) = lim
j→+∞

Fεj(uj).On dit alors que F est la Γ-limite de Fε.Cette notion est e�e
tivement 
ohérente ave
 les problèmes de minimisation 
ar elle assure, sousune hypothèse de 
ompa
ité des suites minimisantes, la 
onvergen
e des minimiseurs ainsi quede la valeur minimum. Cette propriété est traduite par le théorème suivant qui est le résultatfondamental de la théorie de la Γ-
onvergen
e :Théorème 2. Soit (X, d) un espa
e métrique et Fε : X → [0,+∞] une suite de fon
tions qui
Γ-
onverge vers F : X → [0,+∞]. S'il existe un 
ompa
t K ⊂ X (indépendant de ε) satisfaisant

inf
X
Fε = inf

K
Fε,alors

∃min
X

F = lim
ε→0

inf
X
Fε.De plus, si {uε} est une suite telle que limε→0 Fε(uε) = limε→0 infX Fε, alors tout point d'a

u-mulation de {uε} est un minimiseur de F .Il s'agit à présent d'appliquer 
es méthodes aux problèmes de rédu
tion de dimension. Pour
e faire, dé
rivons tout d'abord le modèle type qui sera, sous une forme ou une autre, le 
entred'intérêt de 
ette thèse. Soit ω ⊂ R

2 un ouvert borné à frontière Lips
hitz et ε > 0 ; notons
Ωε = ω × (−ε, ε) le 
ylindre o

upé par un matériau hyperélastique dans sa 
on�guration deréféren
e (voir �gure 1) et dont la densité d'énergie élastique est donnée par la fon
tion deCarathéodory W (ε) : Ωε × R

3×3 → [0,+∞) que nous supposerons à 
roissan
e 1 < p < ∞.Nous soumettons à 
e matériau des for
es de volume f(ε) ∈ Lp′(Ωε; R
3) et des for
es de surfa
e6



INTRODUCTION GÉNÉRALE
εΣ

εΣ

ε
ε

Ω ε

ω

−

+

Fig. 1 � Cylindre d'épaisseur ε
g(ε) ∈ Lp′(Σε; R

3) sur les parois extrêmes Σε = ω×{−ε, ε}, où p′ = p/(p− 1) désigne l'exposant
onjugué de p. Nous adopterons par ailleurs une 
ondition d'en
astrement u(x) = x sur le bordlatéral ∂ω × (−ε, ε) du 
ylindre. En l'absen
e de dis
ontinuité du 
hamp des déformations, le
adre fon
tionnel naturel s'avère être 
elui des Espa
es de Sobolev. Notons à titre de remarqueque dans le Chapitre 4, 
e 
adre fon
tionnel sera insu�sant pour dé
rire la présen
e de �ssures etil sera né
essaire de travailler dans un sous espa
e des Fon
tions à Variation Bornée. L'ensembledes déformations 
inématiquement admissibles est alors donné par
C(ε) :=

{
v ∈W 1,p(Ωε; R

3) : v(x) = x sur ∂ω × (−ε, ε)
}et pour de telles déformations, l'énergie totale s'é
rit 
omme l'énergie élastique privée du travaildes for
es extérieures, 
'est-à-dire

E(ε)(u) =

∫

Ωε

W (ε)(x;∇u) dx −
∫

Ωε

f(ε) · u dx−
∫

Σε

g(ε) · u dH2. (1)Le problème 
onsiste alors à trouver la 
on�guration d'équilibre de 
e système mé
anique, au-trement dit de résoudre le problème de minimisation
inf {E(ε)(u) : u ∈ C(ε)} . (2)La première di�
ulté à laquelle nous sommes 
onfrontés est liée à l'existen
e d'une solution à(2) pour ε �xé. Il se trouve qu'en l'absen
e d'hypothèses supplémentaires sur le potentiel élastique

W (ε), nous ne pouvons pas nous attendre, en général, à l'existen
e d'une telle solution. En e�et,une 
ondition su�sante pour que la fon
tionnelle (1) admette un minimiseur sur C(ε) est qu'ellesoit semi-
ontinue inférieurement pour la topologie faible de W 1,p(Ωε; R
3). Dans le 
as ve
torielet sous une hypothèse de 
roissan
e d'ordre 1 < p < ∞, 
e
i se traduit par une 
ondition dequasi
onvexité sur la fon
tion W (ε) (voir A
erbi & Fus
o [1℄, Ball & Murat [18℄ ou Da
o-rogna [44℄). Une 
ondition plus naturelle est 
elle dite de poly
onvexité. Il s'agit d'une notionplus restri
tive que la quasi
onvexité mais qui a le mérite d'être 
ompatible ave
 la propriété,requise en hyperélasti
ité, que l'énergie devrait exploser quand le Ja
obien de la transformation7



INTRODUCTION GÉNÉRALEtend vers zéro, 
ontrairement à la quasi
onvexité où nous avons besoin d'imposer une borne su-périeure. Sous 
ette hypothèse, Ball a démontré dans [17℄, l'existen
e d'un minimiseur pour (1)sur C(ε) en tenant 
ompte du fait que W (ε)(x;F ) → +∞ quand det(F ) → 0. Cependant, nousne ferons au
une de 
es hypothèses sur W (ε) 
ar 
ela nous interdirait de prendre en 
ompte desmatériaux importants de type Saint Venant Kir
hho� dont la densité d'énergie élastique n'estpas ni quasi
onvexe ni poly
onvexe (voir Raoult [83℄).Bien que seul le modèle tridimensionnel ait un sens physique, nous ne nous attarderons pasà l'étudier en détail. En e�et, selon notre appro
he, notre 
entre d'intérêt est le problème deminimisation asso
ié à la Γ-limite qui lui admettra toujours une solution 
ar la théorie de la
Γ-
onvergen
e implique une relaxation de l'énergie. D'autre part, faute d'avoir l'existen
e d'unminimiseur pour (1), on peut toujours dé�nir une suite de quasi-minimiseurs {uε} ⊂ C(ε) de lafaçon suivante : pour toute suite h(ε) ց 0+, il existe {uε} ⊂ C(ε) telle que

E(ε)(uε) ≤ inf{E(ε)(v) : v ∈ C(ε)} + h(ε).Asymptotiquement, la suite {uε} se 
omporte exa
tement 
omme une suite de minimiseurs, en 
esens que, si elle 
onverge vers une limite notée u, né
essairement u sera une solution du problèmede minimisation asso
ié à la Γ-limite.La dépendan
e du domaine d'intégration en ε, et don
 a fortiori de l'espa
e fon
tionnel surlequel est dé�nie l'énergie, nous suggère d'e�e
tuer un 
hangement d'é
helle (voir �gure 2) a�nd'étudier un problème équivalent formulé sur un domaine �xe Ω := ω× (−1, 1). Dans l'étude desproblèmes non linéaires, il s'agit simplement de dilater la variable transverse x3, 
ontrairementau 
as linéaire (voir Ciarlet [40℄) où la troisième 
omposante du 
hamp des dépla
ements doitaussi être modi�ée. Nous renvoyons le le
teur à Fonse
a & Fran
fort [58℄ pour une dis
ussionplus approfondie sur 
es di�éren
es de s
aling entre les problèmes linéaires et non linéaires. Pourtout u ∈ C(ε), on dé�nit v ∈ Cε par u(xα, x3) := v(xα, x3/ε) où xα := (x1, x2) ∈ ω désigne lavariable du plan et
Cε :=

{
v ∈W 1,p(Ω; R3) : v(x) = (xα, εx3) sur ∂ω × (−1, 1)

}
.En remplaçant u par v dans l'expression de l'énergie (1) nous obtenons que

Eε(v) = E(ε)(u) = ε

∫

Ω
Wε

(
x;∇αv

∣∣∣
1

ε
∇3v

)
dx− ε

∫

Ω
fε · v dx−

∫

Σ
gε · v dH2.où Σ := ω × {−1, 1} et





Wε(x;F ) := W (ε)(xα, εx3;F ),

gε(x) := g(ε)(xα, εx3), gε ∈ Lp′(Σ; R3),

fε(x) := f(ε)(xα, εx3), fε ∈ Lp′(Ω; R3).8
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Fig. 2 � Changement d'é
helleLes résultats obtenus par développement asymptotique formel ont été justi�és rigoureusement,a posteriori, pour une plus large 
lasse de matériaux homogènes au sens de la Γ-
onvergen
e.Etant donné que 
ette notion de 
onvergen
e variationnelle est 
ompatible ave
 le type de 
ondi-tions limites que nous employons, nous prendrons le parti de les supprimer, étant entendu qu'ellesne modi�ent pas la forme de la Γ-limite (voir Theorem 21.1 dans Dal Maso [45℄). Il en serade même pour la forme linéaire 
orrespondant au travail des for
es extérieures (voir Proposition6.21 dans Dal Maso [45℄).Le Dret & Raoult ont obtenu un modèle de membrane dans [73, 74℄ en démontrant quela fon
tionnelle Eε
m : Lp(Ω; R3) → [0,+∞] dé�nie par
Eε

m(u) :=





∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx si u ∈W 1,p(Ω; R3),

+∞ sinon (3)
Γ-
onverge pour la topologie forte de Lp(Ω; R3) vers

Em(u) :=





2

∫

ω
QW0(∇αu) dxα si u ∈W 1,p(ω; R3),

+∞ sinon,où W0 : R
3×2 → [0,+∞) est dé�nie par W0(F ) := inf{W (F |z) : z ∈ R

3} et QW0 est laquasi
onvexi�ée de W0. Ils ont par ailleurs démontré dans l'étude de modèles ave
 dire
teursdans [75℄, que les déformations tridimensionnelles a�nes en la variable transverse x3, 
'est-à-direde la forme uε(xα, x3) = u(xα) + εx3d(xα) où d désigne le ve
teur dire
teur, 
apturent totale-ment les e�ets membranaires. Ce
i 
on�rme ainsi la 
onsistan
e des hypothèses 
inématiques deCosserat selon lesquelles les �bres orthogonales à la surfa
e moyenne se déforment linéairement.Néanmoins, au vu de la 
ondition de 
roissan
e imposée sur la densité d'énergie élastique, leurrésultat ne permet pas de prendre en 
ompte le fait que W (F ) devrait tendre vers +∞ quand9
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det(F ) → 0. Ce type de 
omportement a été étudié par Ben Belga
em dans [20, 21℄ qui adémontré que la Γ-limite de (3) est donnée dans 
e 
as par

Em(u) :=





2

∫

ω
QRW0(∇αu) dxα si u ∈W 1,p(ω; R3),

+∞ sinon,où R désigne l'opération de rang-1-
onvexi�
ation. Comme l'ont remarqué Le Dret & Raoultdans [73, 74℄ et Ben Belga
em dans [20, 21℄, si W satisfait le Prin
ipe de l'Indi�éren
e Maté-rielle, alors il en est de même pour QW0 et QRW0. Autrement dit (voir Ciarlet [39℄), QW0 et
QRW0 peuvent s'é
rire 
omme des fon
tions de la première forme fondamentale ∇αu

T∇αu 
or-respondant à la métrique de la surfa
e déformée. C'est en 
e sens qu'ils ont obtenu des modèlesde membranes, mettant en éviden
e les phénomènes d'étirement dus au 
hangement de métrique.L'étude des modèles de plaques inextensibles a été entreprise par Friese
ke, James &Müller dans [65, 66℄. Notons par ailleurs que de tels modèles ont été partiellement justi�éspar Pantz dans [78, 80, 81℄ pour un matériau de Saint Venant Kir
hho�. Ceux-
i semblent plusdéli
ats à obtenir dans la mesure où nous nous attendons à 
e que les phénomènes de �exionfassent apparaître des dérivées d'ordre supérieur. En e�et, 
omme toute solution 
orrespond àdes déformations isométriques ∇αu
T∇αu = Id, l'énergie dépend 
ette fois de la se
onde formefondamentale qui mesure la 
ourbure de la surfa
e moyenne. Il s'avère alors naturel de supposerque W s'annule sur le groupe des rotations de R

3 dans R
3 noté SO(3), annihilant ainsi les e�etsmembranaires. De plus, étant donné que toute déformation à énergie �nie est très pro
he d'uneisométrie, nous supposerons que W (F ) ≥ cdist(F,SO(3))2 impliquant que l'espa
e fon
tionnelnaturel est H1(Ω; R3). Si W est de 
lasse C2 et satisfait le Prin
ipe de l'Indi�éren
e Matérielle,Friese
ke, James & Müller ont démontré que la fon
tionnelle Eε

f : H1(Ω; R3) → [0,+∞)dé�nie par
Eε

f (u) :=
1

ε2

∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx

Γ-
onverge pour la topologie faible ou forte de H1(Ω; R3) vers
Ef (u) :=





1

3

∫

ω
Q2

(
∇αu

T∇αb
)
dxα si u ∈ Cf ,

+∞ sinon,où b = ∇1u ∧∇2u,
Cf :=

{
u ∈ H2(ω; R3) : |∇1u| = |∇2u| = 1, ∇1u · ∇2u = 0

}et Q2 : R
2×2 → [0,+∞) est la forme quadratique dé�nie par

Q2(F ) := inf
z∈R3

∂2W

∂F 2
(Id)







F11 F12 z1
F21 F22 z2
z1 z2 z3


 ,




F11 F12 z1
F21 F22 z2
z1 z2 z3





 .10



INTRODUCTION GÉNÉRALECe résultat est basé sur un Lemme de rigidité (Theorem 3.1 dans [66℄) qui établit que si unedéformation est pro
he d'une rotation au sens de la norme L2(Ω; R3×3), alors 
ette rotation est
onstante.Pour un exposé plus exhaustif sur la hiérar
hie de divers modèles de plaques, nous renvoyonsle le
teur à [68℄. Les modèles de membraneDans 
ette thèse, nous nous 
on
entrons ex
lusivement sur divers types de modèles membra-naires dérivés par la méthode de Γ-
onvergen
e. Le point de départ repose sur un résultat abs-trait d'existen
e et de représentation intégrale de Γ-limite démontré par Braides, Fonse
a &Fran
fort dans [35℄. Il est établi que si Wε : Ω×R
3×3 → [0,+∞) est une famille de fon
tionsde Carathéodory satisfaisant des 
onditions de 
roissan
e et de 
oer
ivité d'ordre 1 < p < ∞uniformément en ε alors, pour une sous suite, la fon
tionnelle Eε : Lp(Ω; R3) → [0,+∞] dé�niepar

Eε(u) :=





∫

Ω
Wε

(
x;∇αu

∣∣∣
1

ε
∇3u

)
dx si u ∈W 1,p(Ω; R3),

+∞ sinon
Γ-
onverge pour la topologie forte de Lp(Ω; R3) vers

E(u) :=





2

∫

ω
Ŵ (xα;∇αu) dxα si u ∈W 1,p(ω; R3),

+∞ sinon,où Ŵ : ω × R
3×2 → [0,+∞) est une fon
tion universelle. Par la suite, nous identi�erons sys-tématiquement les fon
tions dé�nies sur ω ave
 
elles dé�nies sur Ω indépendantes de x3. A 
edegré d'abstra
tion, il semble impossible de dé
rire plus pré
isément la forme de Ŵ . La question
onsiste alors à essayer d'identi�er Ŵ dans 
ertains 
as parti
uliers. Une large littérature existeà 
e sujet et nous nous proposons d'en donner un bref aperçu tout en soulignant les problèmesrestés jusque là en suspens. Notons que dans la plupart des études à 
e sujet, les auteurs imposentune 
ondition de 
roissan
e sur l'énergie. Il ne s'agit don
 pas rigoureusement d'hyperélasti
ité,
ar 
ela pros
rit la 
ontrainte usuelle que l'énergie devrait exploser quand le Ja
obien de la trans-formation tend vers zéro, mais plut�t d'élasti
ité non linéaire.Dans la Se
tion 3 de [35℄, Braides, Fonse
a & Fran
fort ont généralisé le résultat deLe Dret & Raoult [74℄ au 
as de matériaux hétérogènes dans la se
tion, 
'est-à-dire dont la11



INTRODUCTION GÉNÉRALEdensité d'énergie élastique est donnée par Wε(x;F ) = W (x3;F ). Ils ont démontré que
Ŵ (F ) := inf

L,φ

{
−
∫

(0,1)2×(−1,1)
W (x3;F + ∇αφ|L∇3φ) dxα dx3 : L > 0,

φ ∈W 1,p((0, 1)2 × (−1, 1); R3), φ = 0 sur ∂(0, 1)2 × (−1, 1)

} (4)et que si W est indépendant de x3, Ŵ 
oïn
ide exa
tement ave
 QW0. Cependant, leurs argu-ments ne semblent pas su�re à traiter le 
as d'une hétérogénéité ma
ros
opique quel
onque etindépendante de ε, 
'est-à-dire quandWε(x;F ) = W (x;F ). Ce
i fait l'objet de la première partiedu Chapitre 1 de 
ette thèse.Ensuite, dans la Se
tion 4 de [35℄, Braides, Fonse
a & Fran
fort ont appliqué leurrésultat abstrait à un problème typique d'homogénéisation, 
'est-à-dire au 
as d'un matériaupossédant une mi
rostru
ture et un pro�l périodiquement os
illants à une vitesse du même ordrede grandeur que l'épaisseur. Parallèlement, dans [8℄, Ansini & Braides ont traité le 
as où lapériode d'os
illation de la frontière est beau
oup plus petite que l'épaisseur. Il s'agit alors d'unproblème multi-é
helle dans lequel on s'attend heuristiquement dans un premier temps à étudierun problème 
lassique d'homogénéisation et ensuite de rédu
tion de dimension portant sur lafon
tionnelle homogénéisée. Par ailleurs, des problèmes d'homogénéisation réitérée ont été misen oeuvre par Shu dans [88℄. L'auteur a 
onsidéré des matériaux martensitiques dans lesquelssont mis en 
ompétition d'une part un terme 
lassique d'énergie élastique, et d'autre part unterme d'énergie interfa
iale de type Van der Waals, quadratique par rapport aux dérivées d'ordredeux. Le 
as général d'une énergie non linéaire dépendant du tenseur des dérivées d'ordre deuxa été étudié de façon abstraite par Santos & Zappale dans [87℄. Les problèmes 
ités 
i-dessusne dé
rivent seulement que des phénomènes d'homogénéisation dans le plan, faisant intervenirune densité d'énergie du type Wε(x;F ) = W (xα/ε, x3;F ) où W (·, x3;F ) est (0, 1)2-périodique.Dans 
e 
as, il a été démontré dans [35, 88℄ que
Ŵ (F ) := inf

T,φ

{
−
∫

(0,T )2×(−1,1)
W (xα, x3;F + ∇αφ|∇3φ) dxα dx3 : T > 0,

φ ∈W 1,p((0, T )2 × (−1, 1); R3), φ = 0 sur ∂(0, T )2 × (−1, 1)

}
.Cependant, l'homogénéisation dans la dire
tion transverse x3, 
'est-à-dire la dire
tion par rap-port à laquelle on réduit la dimension, n'a pas été traitée. Cette situation 
orrespond à un 
asparti
ulier des problèmes d'homogénéisation réitérée étudiés dans le Chapitre 2 de 
ette thèse.Dans la Se
tion 5 de [35℄, Braides, Fonse
a & Fran
fort donnent une appli
ation auxproblèmes d'optimisation de forme. Dans [57℄, Fonse
a & Fran
fort ont préalablement 
onsi-12



INTRODUCTION GÉNÉRALEdéré le 
as de mixtures à géométrie 
ylindrique, 
'est-à-dire dont la fon
tion 
ara
téristique desphases ne dépend pas de x3. Ce résultat a été généralisé dans [35℄ au 
as où la distribution dematériau peut aussi dépendre de la variable transverse x3. Le prix à payer est que les auteursn'obtiennent pas exa
tement une 
ara
térisation de la Γ-limite mais seulement une borne infé-rieure.Des problèmes de dé
ollement de �lms min
es ont été traités par Bhatta
harya, Fonse
a &Fran
fort dans [23℄ qui ont 
onsidéré la superposition de deux matériaux dont la possibilité dedé
ollement est pénalisée par une énergie interfa
iale payant le saut de déformation à l'interfa
e.Autrement dit, ils ont étudié la Γ-
onvergen
e de fon
tionnelles du type
∫

ω×(0,1)
W+

(
∇αu

∣∣∣
1

ε
∇3u

)
dx+

∫

ω×(−1,0)
W−

(
∇αu

∣∣∣
1

ε
∇3u

)
dx+ εα−1

∫

ω
Ψ(u+ − u−) dxαsur W 1,p(ω× (0, 1); R3)∪W 1,p(ω× (−1, 0); R3) où u±(xα) := u(xα,±1). Quand α < 1, l'énergieinterfa
iale est forte et tend vers l'in�ni à moins que les déformations deviennent asymptotique-ment 
ontinues à travers la surfa
e moyenne. En revan
he, lorsque α ≥ 1, l'énergie interfa
ialeest faible et la Γ-limite peut être �nie même si les déformations sont dis
ontinues à travers l'in-terfa
e. En parti
ulier, si α = 1, on obtient un modèle 
ontenant des énergies de volume etinterfa
iale alors que si α > 1, l'énergie interfa
iale disparaît à la limite. Une autre étude menéedans [6℄ par Ansini dans le 
ontexte du Problème de la Passoire de Neumann, donne aussi lieu àdes phénomènes similaires. Contrairement à Bhatta
harya, Fonse
a & Fran
fort, il n'ya pas d'énergie interfa
iale présente au début de l'analyse et le dé
ollement est dû à la présen
ed'une zone de 
onta
t périodiquement distribuée entre les deux �lms min
es. Dans [6℄, Ansinia 
onsidéré le 
as où l'épaisseur des 
ylindres ε et la période de distribution des trous δ sontdu même ordre de grandeur et on peut remarquer que les mêmes arguments subsistent lorsque

δ ≪ ε. Cependant, ils ne permettent pas de traiter le 
as où ε ≪ δ qui fait l'objet du Chapitre3 de 
ette thèse.Dans [34℄, Braides & Fonse
a ont appliqué 
es te
hniques de rédu
tion dimensionnelleà des problèmes de mé
anique de la rupture. Comme une déformation peut être dis
ontinue àtravers les �ssures, le 
adre fon
tionnel des Espa
es de Sobolev semble insu�sant. Dans [50℄, DeGiorgi, Carriero & Lea
i ont suggéré, pour l'étude de la fon
tionnelle de Mumford-Shah,d'utiliser une formulation faible de 
e type de Problèmes aux Dis
ontinuités Libres en rempla-çant les �ssures par l'ensemble des dis
ontinuités du 
hamp des déformations. On peut alorsdé�nir un 
adre fon
tionnel dans l'espa
e des fon
tions Spé
iales à Variation Bornée. Braides& Fonse
a ont obtenu un résultat de Γ-
onvergen
e dans [34℄, par la suite amélioré par Bou-
hitté, Fonse
a, Leoni & Mas
arenhas dans [28℄ qui ont imposé moins de restri
tions surla densité d'énergie de surfa
e. Néanmoins, dans les deux 
as, les auteurs ont dû 
onsidérer desénergies de surfa
e qui 
roissent linéairement par rapport au saut de déformation. Or, 
e type de
omportement n'est pas très réaliste 
ar il pros
rit des énergies de type Gri�th ou Barenblatt13



INTRODUCTION GÉNÉRALEqui se 
omportent asymptotiquement 
omme une 
onstante. Braides & Fonse
a ont toutefoissuggéré une manière de traiter une énergie de type Gri�th par perturbation singulière. Dans leChapitre 4, nous présentons une démonstration alternative basée sur un argument dire
t. Notonsque le problème étudié par Bhatta
harya, Fonse
a & Fran
fort dans [23℄ peut être vu
omme un problème de rupture en imposant à toute �ssure de rester dans la se
tion moyenne dela plaque.Les problèmes dé
rits 
i-dessus ont en 
ommun qu'ils né
essitent une bonne 
ompréhensionde 
e que nous appellerons le gradient res
alé. En e�et, dans le 
adre des Espa
es de Sobolev,si nous nous donnons une suite minimisante {uε} ⊂ Lp(Ω; R3) à énergie �nie et 
onvergeantfortement vers u dans Lp(Ω; R3), au vu de la 
ondition de 
oer
ivité d'ordre 1 < p <∞ satisfaitepar Wε, la borne
sup
ε>0

∫

Ω

∣∣∣∣
(
∇αuε

∣∣∣
1

ε
∇3uε

)∣∣∣∣
p

dx < +∞ (5)apparaît naturellement. Ce
i implique que u ∈W 1,p(ω; R3) et que (pour une sous suite) 1
ε∇3uε ⇀

b faiblement dans Lp(Ω; R3). Bo
ea & Fonse
a ont étudié la stru
ture de telles suites dans[25℄. Ils ont démontré que uε peut toujours se dé
omposer en une somme de deux suites wε et
zε, où zε porte les e�ets de 
on
entration, 
'est-à-dire {∣∣(∇αwε|1ε∇3wε

)∣∣p} est équi-intégrable,et wε porte les os
illations, autrement dit zε → 0 en mesure. Plus pré
isément,Théorème 3. Soit ω ⊂ R
2 un ouvert borné à frontière Lips
hitz, Ω := ω × (−1, 1) et {uε} unesuite bornée dans W 1,p(Ω; R3) satisfaisant (5). Supposons de plus que uε ⇀ u faiblement dans

W 1,p(Ω; R3) et 1
ε∇3uε ⇀ b faiblement dans Lp(Ω; R3). Alors il existe une sous suite (toujoursnotée {ε}) et une suite {wε} ⊂W 1,∞(Ω; R3) telles que(i) L3({x ∈ Ω : uε(x) 6= wε(x)}) → 0 ;(ii) {∣∣(∇αwε|1ε∇3wε

)∣∣p} est équi-intégrable ;(iii) wε ⇀ u faiblement dans W 1,p(Ω; R3) ;(iv) 1
ε∇3wε ⇀ b faiblement dans Lp(Ω; R3).Ce résultat est à rappro
her du Lemme de Dé
omposition démontré par Fonse
a, Müller& Pedregal dans [61℄ (voir aussi Fonse
a & Leoni [59℄) établi pour des suites de gradients.Comme, a priori, le ve
teur de Cosserat b est 
omplètement indépendant de la déformation u, ilsemble naturel de le prendre en 
ompte lors du pro
essus de relaxation et de déterminer 
ommentla fon
tionnelle relaxée en dépend. Une première appro
he a été donnée par Bou
hitté, Fon-se
a & Mas
arenhas dans [27℄. En e�et, le développement asymptotique mis en oeuvre parFox, Raoult & Simo dans [62℄ ne pros
rit pas totalement des for
es de surfa
e d'ordre 1. Enfait, les for
es de surfa
e du type gε = g0 + εg sont admissibles à 
ondition que la résultante du14



INTRODUCTION GÉNÉRALEterme d'ordre 1 soit nul : g0(xα, 1) + g0(xα,−1) = 0. Dans [74℄, Le Dret & Raoult imposentimpli
itement à g0 d'être identiquement nul, 
e qui se traduit physiquement par le fait que laplaque ne peut pas supporter une 
harge qui ne tend pas vers zéro ave
 l'épaisseur. Néanmoins, ilest possible de prendre en 
ompte le 
as général 
omme l'ont fait Bou
hitté, Fonse
a & Mas-
arenhas dans [27℄, faisant apparaître à la limite, en plus du 
hamp des déformations u, unedensité de moment �é
hissant obtenue en faisant la moyenne dans l'épaisseur du ve
teur de Cos-serat b. Autrement dit, ils ont démontré que la fon
tionnelle Fε : Lp(Ω; R3)×Lp(ω; R3) → [0,+∞]dé�nie par
Fε(u, b) :=





∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx si { u ∈W 1,p(Ω; R3),

1
ε −
∫ 1
−1 ∇3u(·, x3)dx3 = b,

+∞ sinon,
Γ-
onverge vers

F (u, b) =





2

∫

ω
Q∗W (∇αu|b) dxα si u ∈W 1,p(ω; R3),

+∞ sinon,où, pour tout (F |z) ∈ R
3×2 × R

3,
Q∗W (F |z) := inf

L>0,ϕ

{
−
∫

(0,1)2×(−1,1)
W (F + ∇αϕ|L∇3ϕ) dxα dx3 :

ϕ ∈W 1,p((0, 1)2 × (−1, 1); R3), ϕ(·, x3) est (0, 1)2-périodique p.p. tout x3 ∈ (−1, 1)et L−
∫

(0,1)2×(−1,1)
∇3ϕdx = z

}
. (6)Ce résultat a été généralisé dans la deuxième partie du Chapitre 1 de 
ette thèse au 
asd'une hétérogénéité ma
ros
opique quel
onque, indépendante de ε. Il semble 
ependant di�-
ile d'étendre 
es résultats au 
as plus général où l'on ne fait pas la moyenne dans la se
-tion. Dans [24℄, Bo
ea a obtenu une représentation intégrale de la Γ-limite de la fon
tionnelle

Gε : Lp(Ω; R3) × Lp(Ω; R3) → [0,+∞] dé�nie par
Gε(u, b) :=





∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx si { u ∈W 1,p(Ω; R3),

1
ε∇3u = b,

+∞ sinon,en terme de mesures d'Young engendrées par des gradients res
alés (α-gradient p-Young mea-sures). Cependant, il manque une bonne 
ompréhension de 
e que sont de telles mesures. Dans[26℄, Bo
ea & Fonse
a ont réussi à 
ara
tériser les mesures d'Young engendrées par des gra-dients res
alés lorsque le terme en dérivée par rapport à x3 est intégré dans la se
tion (bendingYoung measures). Le 
as général semble en
ore à l'heure a
tuelle hors de portée.15



INTRODUCTION GÉNÉRALEDes
ription des résultatsLe premier 
hapitre de 
ette thèse 
onstitue un travail en 
ollaboration ave
 Gilles Fran
fortet a donné lieu à une publi
ation [15℄ dans la revue ESAIM : Control, Optimization and Cal
ulusof Variations. Le but est de généraliser les résultats de Le Dret & Raoult [74℄, de Braides,Fonse
a & Fran
fort [35℄ et de Bou
hitté, Fonse
a & Mas
arenhas [27℄ au 
as d'unedensité d'énergie élastique hétérogène de la forme Wε(x;F ) = W (x;F ), où W : Ω × R
3×3 →

[0,+∞) est une fon
tion de Carathéodory satisfaisant des 
onditions de 
roissan
e et de 
oer
ivitéusuelles d'ordre 1 < p <∞. Plus pré
isément, il s'agit d'étudier le 
omportement asymptotiqueau sens de la Γ-
onvergen
e de la fon
tionnelle
W 1,p(Ω; R3) ∋ u 7→

∫

Ω
W

(
x;∇αu

∣∣∣
1

ε
∇3u

)
dxlorsque ε tend vers zéro. Comme toute suite minimisante à énergie �nie admet une borne sur songradient dans Lp(Ω; R3×3), le 
adre fon
tionnel naturel pour l'étude de tels problèmes est 
eluide l'espa
e de Sobolev W 1,p(Ω; R3) muni de sa topologie faible. Dans la 
ontinuité des travauxe�e
tués par Le Dret & Raoult [74℄ et Braides, Fonse
a & Fran
fort [35℄, nous donnonsune expression de la Γ-limite généralisant ainsi leurs résultats au 
as d'une membrane hétérogène.On démontre dans 
e 
as que la Γ-limite est donnée par

W 1,p(ω; R3) ∋ u 7→ 2

∫

ω
W (xα;∇αu) dxα,où la densité d'énergie élastique W : ω×R

3×2 → [0,+∞) est la fon
tion de Carathéodory dé�niepar
W (x0;F ) := inf

L,φ

{
−
∫

(0,1)2×(−1,1)
W (x0, x3;F + ∇αφ|L∇3φ) dxα dx3 : L > 0,

φ ∈W 1,p((0, 1)2 × (−1, 1); R3), φ = 0 sur ∂(0, 1)2 × (−1, 1)

}
.Il est trivial de 
onstater que 
e résultat étend e�e
tivement (4) au 
as hétérogène.Comme nous l'avons souligné pré
édemment, si {uε} ⊂W 1,p(Ω; R3) est une suite minimisanteà énergie �nie, elle satisfait né
essairement (pour une sous suite) 1

ε∇3uε ⇀ b faiblement dans
Lp(Ω; R3), faisant apparaître à la limite un ve
teur de Cosserat. Il semble alors naturel de prendreen 
ompte 
e 
omportement lors de l'analyse par Γ-
onvergen
e. Tout 
omme dans Bou
hitté,Fonse
a & Mas
arenhas [27℄, faute de pouvoir 
onsidérer le 
as général, nous traitons unproblème simpli�é qui 
onsiste à prendre la moyenne dans la se
tion de 
e terme. Nous sommesalors amenés à étudier exa
tement la même fon
tionnelle que pré
édemment mais 
ette fois-
ipour la topologie faible de W 1,p(Ω; R3) × Lp(ω; R3). La Γ-limite dépend alors de deux 
hampsde ve
teur : la déformation u et la moyenne dans la se
tion du ve
teur de Cosserat b, interprétée16



INTRODUCTION GÉNÉRALE
omme une densité de moment �é
hissant. Elle est donnée par
W 1,p(ω; R3) × Lp(ω; R3) ∋ (u, b) 7→ 2

∫

ω
Q∗W (xα;∇αu|b) dxα,où la fon
tion Q∗W : ω × R

3×2 × R
3 → [0,+∞) est dé�nie par

Q∗W (x0;F |z) := inf
L>0,ϕ

{
−
∫

(0,1)2×(−1,1)
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 :

ϕ ∈W 1,p((0, 1)2 × (−1, 1); R3), ϕ(·, x3) est (0, 1)2-périodique p.p. tout x3 ∈ (−1, 1),et L−
∫

(0,1)×(−1,1)
∇3ϕdx = z

}
.Contrairement à (6), il semble né
essaire de quasi
onvexi�er W dans la formule pré
édente. Ce
iest dû au fait que nous avons besoin d'exploiter le 
ara
tère p-Lips
hitz de l'intégrande qui n'esten général pas véri�é parW mais qui l'est toujours pour QW (voir Da
orogna [44℄). D'après laProposition 1.1 dans Bou
hitté, Fonse
a & Mas
arenhas [27℄, nous 
onstatons que 
ettedernière formule généralise e�e
tivement (6).Bien que nous étudions deux fois la même fon
tionnelle, la di�éren
e des topologies nous
onduit à deux modèles de membrane di�érents. Nous démontrons toutefois que le premier modèleest un 
as parti
ulier du deuxième via un problème de minimisation, 
'est-à-dire

∫

ω
W (xα;∇αu) dxα = min

b∈Lp(ω;R3)

∫

ω
Q∗W (xα;∇αu|b) dxα.La démonstration de 
es deux résultats repose sur le lemme d'équi-intégrabilité démontré parBo
ea & Fonse
a dans [25℄ (voir Théorème 3) qui assure que toute suite atteignant la Γ-limitepeut être 
hoisie de telle sorte que son gradient res
alé est p-équi-intégrable. La stratégie 
onsistealors à se servir du résultat préalablement établi dans le 
as homogène (pas de dépendan
e en

xα). Pour 
e faire, nous introduisons une méthode de dédoublement de variable qui 
onsiste àgeler la variable ma
ros
opique xα. Le Théorème de S
orza-Dragoni (voir Ekeland & Temam[54℄) nous permet d'a�rmer que la restri
tion de W sur un 
ompa
t K ⊂ Ω, dont le 
omplé-mentaire a une mesure de Lebesgue arbitrairement petite, est 
ontinue. L'équi-intégrabilité dugradient res
alé assurera que l'énergie 
al
ulée sur Ω\K tend vers zéro. La di�
ulté qui apparaîtalors est la di�éren
e de stru
ture entre le problème de départ et le problème limite : 
omme lepassage à la limite fait disparaître une dimension, nous ne pouvons pas, tout 
omme en relaxation
lassique, utiliser dire
tement un argument de 
ontinuité uniforme. En e�et, si x0 ∈ ω est �xé,pour tout (xα, x3) ∈ K, nous devons assurer que (x0, x3) ∈ K 
e qui n'est en général pas le 
as
ar K n'est que 
ompa
t. Une façon de remédier à 
e problème 
onsiste à étendre W en unefon
tion 
ontinue sur tout Ω×R
3×3. Ce
i est rendu possible grâ
e à un théorème d'extension defon
tions 
ontinues en dehors d'un 
ompa
t (voir Theorem 1, Se
tion 1.2 dans Evans & Ga-riepy [55℄). Nous avons toutefois besoin de nous restreindre à l'ensemble des points x ∈ Ω tels17



INTRODUCTION GÉNÉRALEque le gradient res
alé reste dans une boule fermée B de R
3×3 de rayon �xe mais arbitrairementgrand. L'inégalité de Chebyshev implique alors que le 
omplémentaire de 
et ensemble a unemesure de Lebesgue arbitrairement petite, et don
, l'énergie 
al
ulée sur 
et ensemble tend verszéro. Comme W est 
ontinue sur K × B et que K × B est un 
ompa
t de R

3 × R
3×3, on peutétendreW en une fon
tion 
ontinue, notéeW , sur R

3×R
3×3. L'équi-intégrabilité et le fait que les� mauvais ensembles � ont une mesure de Lebesgue qui tend vers zéro, impliquent que l'énergie
al
ulée sur Ω\K et sur l'ensemble des points x ∈ Ω tels que le gradient res
alé n'appartient pasà B tend vers zéro. Nous pouvons alors rempla
er W par W sous le signe intégral. Ensuite, nousappliquons un argument de 
ontinuité uniforme à 
ette nouvelle fon
tion et nous nous servonsde l'équi-intégrabilité du gradient res
alé pour revenir à W en remontant les étapes pré
édentes.Le deuxième 
hapitre de 
ette thèse a fait l'objet d'un travail en 
ollaboration ave
 Marga-rida Baía et a donné lieu à deux arti
les : le premier [13℄ a été a

epté dans la revue Pro
eedingsof the Royal So
iety of Edinburgh, Se
tion A, et l'autre [14℄ a été soumis dans la revue Asymp-toti
 Analysis. Il s'agit toujours d'étudier des �lms min
es hétérogènes, mais 
ette fois-
i, noussupposons que le matériau possède une mi
rostru
ture périodique 
'est-à-dire une hétérogénéitédépendant périodiquement de l'épaisseur ε (voir �gure 3). Ce
i nous 
onduit à 
onsidérer les

ε

ε

ε2εFig. 3 � Exemple de domaine possèdant une mi
rostru
ture périodique d'ordre ε et ε2deux phénomènes simultanés de rédu
tion dimensionnelle et d'homogénéisation réitérée. Pluspré
isément, il s'agit d'étudier le 
omportement asymptotique de la fon
tionnelle
W 1,p(Ω; R3) ∋ u 7→

∫

Ω
W

(
x,
x

ε
,
xα

ε2
;∇αu

∣∣∣
1

ε
∇3u

)
dxquand ε tend vers zéro, où W : Ω× R

3 ×R
2 × R

3×3 → [0,+∞) satisfait, 
omme pré
édemment,des 
onditions de 
roissan
e et de 
oer
ivité d'ordre 1 < p < ∞. Dans un premier temps, il
onvient de dis
uter sous quelles hypothèses de régularité et de périodi
ité surW , la fon
tionnellepré
édente est bien dé�nie. A�n d'étendre le résultat établi dans la première partie du 
hapitre 1,nous avons pris le parti de supposer que W est mesurable en sa première variable x et 
ontinuepar rapport aux autres arguments. Nous verrons que 
ela ne sera pas su�sant pour donnerun sens au problème et nous pré
iserons ultérieurement 
es hypothèses. Pour 
e qui est de la18



INTRODUCTION GÉNÉRALEpériodi
ité, revenons temporairement à la 
on�guration physique en e�e
tuant le 
hangementd'é
helle inverse : de façon équivalente, on est amené à étudier la fon
tionnelle
W 1,p(Ωε; R

3) ∋ v 7→ 1

ε

∫

Ωε

W
(
xα,

x3

ε
,
xα

ε
,
x3

ε2
,
xα

ε2
;∇v

)
dx.Comme ε2 ≪ L3(Ωε), heuristiquement on s'attend tout d'abord à étudier un problème d'ho-mogénéisation pure (
'est-à-dire sans rédu
tion dimensionnelle) dans lequel il est naturel desupposer que z 7→ W (xα, y3, yα, z3, zα;F ) est (0, 1)3-périodique. Passant à la limite lorsque ε2tend vers zéro, laissant ε �xé, 
e
i nous 
onduit à une fon
tionnelle homogénéisée de la forme

W 1,p(Ωε; R
3) ∋ v 7→ 1

ε

∫

Ωε

Whom

(
xα,

x3

ε
,
xα

ε
;∇v

)
dx, (7)où Whom : Ω × R

2 × R
3×3 → [0,+∞) est dé�nie par

Whom(xα, y3, yα;F ) := inf
T∈N

inf
φ

{
−
∫

(0,T )3
W (xα, y3, yα, z3, zα;F + ∇φ(z)) dz :

φ ∈W 1,p
0 ((0, T )3; R3)

}
. (8)L'analyse asymptotique de (7) révèle que les phénomènes d'homogénéisation et de rédu
tion dedimension apparaissent en même temps à l'ordre ε. En revenant par 
hangement d'é
helle à la
on�guration � res
alée �, il est équivalent d'étudier la fon
tionnelle

W 1,p(Ω; R3) ∋ u 7→
∫

Ω
Whom

(
x,
xα

ε
;∇αu

∣∣∣
1

ε
∇3u

)
dx.Dans 
e 
as, on remarque que l'homogénéisation n'est e�e
tive que dans le plan et don
, nous sup-posons que yα 7→ Whom(xα, y3, yα;F ) est (0, 1)2-périodique. En parti
ulier, 
ette 
ondition peutêtre obtenue à partir de la (0, 1)2-périodi
ité de yα 7→W (xα, y3, yα, z3, zα;F ). Nous démontronsalors que 
ette dernière fon
tionnelle Γ-
onverge vers

W 1,p(ω; R3) ∋ u 7→ 2

∫

ω
W hom(xα;∇αu) dxα, (9)où W hom : ω × R

3×2 → [0,+∞) est donnée par
W hom(xα;F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )2×(−1,1)
Whom(xα, y3, yα;F + ∇αφ(y)|∇3φ(y)) dy :

φ ∈W 1,p((0, T )2 × (−1, 1); R3), φ = 0 sur ∂(0, T )2 × (−1, 1)

}
. (10)Au vu des formules (8) et (10), un 
ritère de mesurabilité global sur W par rapport aux va-riables ma
ros
opiques et os
illantes s'impose 
ar le 
ara
tère Carathéodory, préalablement re-quis sur W , ne paraît pas se 
onserver lors du passage à la Γ-limite. En e�et, 
omme Whom19



INTRODUCTION GÉNÉRALEet W hom s'obtiennent en 
roisant les variables os
illantes, il est né
essaire de supposer que
(xα, y, z) 7→ W (xα, y3, yα, z3, zα;F ) est L3 ⊗ L3 ⊗ L2-mesurable pour assurer, au �nal, que lesintégrales dans (7), (8) (9) et (10) sont bien dé�nies.La te
hnique utilisée dans la démonstration de 
e résultat est très similaire à 
elle du 
hapitre1. Dans un premier temps, nous prouvons le résultat dans le 
as où la densité d'énergie élastique
W ne dépend pas expli
itement de la variable ma
ros
opique xα. Il su�t alors d'adapter les ar-guments employés dans la démonstration du résultat d'homogénéisation réitérée (voir Theorem22.1 dans Braides & Defran
es
hi [32℄) au 
as de la rédu
tion dimensionnelle. Ensuite nousétudions le 
as général grâ
e à 
ette même te
hnique de dédoublement de variable. Nous avonspu ra�ner 
ette méthode grâ
e au théorème d'extension de Tietze (voir DiBenedetto [53℄)qui permet d'étendre sur tout l'espa
e n'importe quelle fon
tion 
ontinue dé�nie sur un fermé(au lieu d'un 
ompa
t 
omme 
'était le 
as du Theorem 1, Se
tion 1.2 dans Evans & Gariepy[55℄). En utilisant le théorème de S
orza-Dragoni, nous sommes alors à même d'établir que toutefon
tion de Carathéodory 
oïn
ide ave
 une fon
tion 
ontinue à l'extérieur d'un ensemble demesure de Lebesgue arbitrairement petite. De plus, 
ette fon
tion 
ontinue hérite des propriétésde 
roissan
e et de périodi
ité faites surW . Nous remplaçons alorsW par 
ette fon
tion 
ontinueet nous pro
édons 
omme dans le 
hapitre 1 via un argument de 
ontinuité uniforme. A nouveau,les termes résiduels tendent vers zéro 
ar il s'agit juste d'estimer l'énergie sur des ensembles demesure arbitrairement petite. Le lemme d'équi-intégrabilité de Bo
ea & Fonse
a [25℄ rend
ela possible 
ar les suites minimisantes peuvent être 
hoisies de façon à avoir un gradient res
alé
p-équi-intégrable.Le troisième 
hapitre a fait l'objet d'un travail en 
ollaboration ave
 Nadia Ansini et Cate-rina Ida Zeppieri. Il s'agit d'étudier le 
omportement asymptotique de l'énergie élastique d'unmatériau formé de deux 
ou
hes min
es dont l'interfa
e est 
onstituée de zones de 
onne
tionpériodiquement distribuées. Notons que l'un des deux �lms min
es pourrait être rempla
é parun substrat min
e de telle sorte que notre problème s'interpréterait 
omme le dé
ollement � dûà un défaut de l'interfa
e � d'un �lm min
e à partir de 
e même substrat. Nous étudions i
i le
as où l'épaisseur des �lms ε est beau
oup plus petite que la période de distribution δ des zonesde 
onne
tion. Notre appro
he est très similaire de 
elle employée par Ansini dans [6℄ qui atraité le 
as où ε ∼ δ. Contrairement aux autres 
hapitres de 
ette thèse, nous ne nous pla
eronspas dans le 
adre du passage 3D-2D mais dans 
elui plus général du passage nD-(n − 1)D 
ari
i, la dimension n de l'espa
e de départ joue un r�le parti
ulièrement important. Une zone de
onne
tion est une boule (n− 1)-dimensionnelle, notée B′

r(iδ), de 
entre iδ, ave
 i ∈ Z
n−1, et derayon r > 0 à déterminer de façon à obtenir un modèle limite non trivial. Si ω ⊂ R

n−1 est unouvert borné, le matériau que nous allons prendre en 
ompte o

upe dans sa 
on�guration deréféren
e l'ouvert Ωε
δ,r (voir �gure 4) paramétré par

Ωε
δ,r := [ω × (−ε, 0)] ∪ [ω × (0, ε)] ∪



⋃

i∈Zn−1

B′
r(iδ) ∩ ω × {0}


 .20



INTRODUCTION GÉNÉRALEPSfrag repla
ements
δ

ε

−ε

B′
r(iδ) × {0}

ω \⋃i∈Zn−1(B′
r(iδ) ∩ ω)

0

Fig. 4 � Le domaine Ωε
δ,r.Tout 
omme dans Ansini [6℄, nous nous attendons à voir apparaître à la limite un termed'énergie interfa
iale d'ordre zéro pour des zones de 
onne
tion ayant un rayon r bien déterminé.Ce problème ainsi posé met en jeu trois paramètres ε, δ et r. Il semble naturel de prendreen 
ompte leurs taux de 
onvergen
e lors de l'analyse asymptotique. Dans 
ette étude, noussupposons que ε≪ δ. Par ailleurs, 
omme ω \⋃i∈Zn−1(B′

r(iδ)∩ω) est une partie de la frontière,toute déformation admissible peut être dis
ontinue à travers 
ette partie du bord. On peut alorstoujours supposer que r ≪ δ 
ar sinon, il se pourrait que les zones de 
onne
tion s'interse
tentdeux à deux, auquel 
as toute déformation admissible serait né
essairement 
ontinue à l'interfa
e,donnant lieu à une énergie interfa
iale identiquement nulle. Reste à prendre en 
ompte le dernierratio r/ε mettant en éviden
e trois régimes di�érents. On se donne trois suites {εj}, {δj} et {rj}qui tendent vers zéro, on note Ωj := Ω
εj

δj ,rj
et nous supposons que

lim
j→+∞

rj
δj

= lim
j→+∞

εj
δj

= 0 et lim
j→+∞

rj
εj

=: ℓ ∈ [0,+∞].Les trois régimes évoqués plus haut 
orrespondent aux 
as où ℓ = 0, 0 < ℓ < +∞ et ℓ = +∞.Nous 
onsidérons des matériaux homogènes dont la densité d'énergie élastique est donnée parla fon
tion W : R
m×n → [0,+∞) à 
roissan
e 1 < p < n− 1. L'énergie élastique est alors dé�niepar

W 1,p(Ωj ; R
m) ∋ u 7→ 1

εj

∫

Ωj

W (∇u) dx.On démontre que 
ette fon
tionnelle Γ-
onverge vers
W 1,p(ω; Rm) ∋ u± 7→

∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα +R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα,où QW0 est la même fon
tion que 
elle obtenue par Le Dret & Raoult dans [74℄. Les nombres

0 < R(ℓ) < +∞ rendent 
omptent de l'ordre de grandeur des rayons 
ritiques selon le régime ℓ :
R(0) = lim

j→+∞

rn−p
j

εjδ
n−1
j

, R(∞) = lim
j→+∞

rn−p−1
j

δn−1
j

et R(ℓ) = R(∞) = ℓ−1R(0) si ℓ ∈ (0,+∞).21



INTRODUCTION GÉNÉRALEEn notant C1,∞ := {(xα, 0) ∈ R
n : |xα| ≥ 1}, les fon
tions ϕ(ℓ) : R

m → [0,+∞) sont donnéespar les formules de type 
apa
ités non linéaires suivantes :
ϕ(0)(z) = inf

{∫

Rn\C1,∞

g(∇ζ) dx : ζ ∈W 1,p
loc (Rn \ C1,∞; Rm), ∇ζ ∈ Lp(Rn \ C1,∞; Rm×n),

ζ − z ∈ Lp(0,+∞;Lp∗(Rn−1; Rm)) et ζ ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm))

}
,si ℓ ∈ (0,+∞),

ϕ(ℓ)(z) := inf

{∫

(Rn−1×(−1,1))\C1,∞

g
(
∇αζ|ℓ∇nζ

)
dx : ζ ∈W 1,p

loc ((Rn−1 × (−1, 1)) \ C1,∞; Rm),

∇ζ ∈ Lp((Rn−1 × (−1, 1)) \ C1,∞; Rm×n), ζ − z ∈ Lp(0, 1;Lp∗(Rn−1; Rm))et ζ ∈ Lp(−1, 0;Lp∗(Rn−1; Rm))

}et en�n
ϕ(∞)(z) := inf

{∫

Rn−1

(
Qg0(∇αζ

+) + Qg0(∇αζ
−)
)
dxα : ζ± ∈W 1,p

loc (Rn−1; Rm),

ζ+ = ζ− sur B′
1(0), ∇αζ

± ∈ Lp(Rn−1; Rm×(n−1)),

ζ+ − z et ζ− ∈ Lp∗(Rn−1; Rm)

}
.Dans les formules pré
édentes, nous avons noté g : R

m×n → [0,+∞) et g0 : R
m×(n−1) → [0,+∞)les fon
tions dé�nies par g(F ) := limj→+∞ rp

jQW (r−1
j F ) et g0(F ) := inf{g(F |z) : z ∈ R

m},
p∗ := (n− 1)p/(n − 1 − p) désigne l'exposant de Sobolev en dimension n− 1.La démonstration, basée sur une méthode introduite par Ansini & Braides dans [9, 10℄,est très semblable à 
elle employée par Ansini dans [6℄. Elle 
onsiste à séparer les 
ontributionspro
hes et lointaines des zones de 
onne
tion en modi�ant les suites minimisantes de façon à
e qu'elles aient une valeur 
onstante sur la partie supérieure et inférieure de la frontière d'unesphère entourant 
haque zone de 
onne
tion. Malheureusement, par 
onstru
tion, le rayon de
ette sphère est du même ordre de grandeur que δ. Dans notre 
as, 
omme ε≪ δ, il se pourraitque 
ette sphère ne soit pas 
ontenue entièrement dans l'épaisseur du 
ylindre. Pour remédier à
et in
onvénient, nous 
hangeons la géométrie du problème en modi�ant les suites minimisantes,non pas sur une sphère, mais sur le bord latéral d'un 
ylindre. La valeur que nous imposonsest exa
tement la moyenne de la suite sur la partie supérieure et inférieure du 
ylindre. Celle-
iest parti
ulièrement intéressante 
ar nous démontrons que le terme d'énergie interfa
iale peuts'é
rire 
omme la limite d'une sorte de somme de Riemann où la valeur de la fon
tion en un22



INTRODUCTION GÉNÉRALEpoint parti
ulier est justement rempla
ée par 
ette moyenne. Le résultat de Γ-
onvergen
e estalors obtenu par un argument dire
t d'estimation des Γ-limites inférieure et supérieure.Le quatrième 
hapitre de 
ette thèse est le 
ontenu d'un arti
le [12℄ a

epté dans la revueCal
ulus of Variations and Partial Di�erential Equations. Il s'agit d'étudier des �lms min
es
assables et l'évolution quasistatique des �ssures au 
ours du temps. L'étude de la formulationfaible du problème statique 
onsiste à étudier le 
omportement asymptotique de la fon
tionnelle
SBV p(Ω; R3) ∋ u 7→

∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx+

∫

S(u)

∣∣∣∣
((
νu

)
α

∣∣∣
1

ε

(
νu

)
3

)∣∣∣∣ dH2lorsque ε tend vers zéro. Le problème majeur intervenant i
i est le manque de 
ompa
ité dans
SBV p(Ω; R3) des suites minimisantes. Contrairement à Braides & Fonse
a dans [34℄ et Bou-
hitté, Fonse
a, Leoni & Mas
arenhas dans [28℄, le terme d'énergie de surfa
e ne permetpas d'avoir une borne sur la partie saut du gradient des suites minimisantes. Pour remédier à 
eproblème, nous pro
édons 
omme Fonse
a & Fran
fort dans [56℄ en utilisant un argumentde tron
ature. Nous pouvons alors démontrer que toute suite minimisante 
onvergeant forte-ment dans L1(Ω; R3) vers une limite essentiellement bornée, est elle-même uniformément bornéedans L∞(Ω; R3). Cet argument nous permet d'établir le résultat de Γ-
onvergen
e pour des dé-formations appartenant à L∞(Ω; R3). Nous traitons ensuite le 
as général par approximationen 
hoisissant 
orre
tement la suite de fon
tions de tron
ature. Nous démontrons alors que la
Γ-limite est donnée par

SBV p(ω; R3) ∋ u 7→ 2

∫

ω
QW0(∇αu) dxα + 2H1(S(u))où QW0 est la même fon
tion que 
elle obtenue par Le Dret & Raoult dans [74℄.L'existen
e d'une évolution quasistatique du modèle de Fran
fort & Marigo [64℄ a étéobtenu par Dal Maso & Toader [48℄ dans le 
as quadratique et antiplan, 
'est-à-dire W (F ) =

|F |2 et u est à valeurs s
alaires. Cependant, leur appro
he né
essite de se restreindre au 
asbidimensionnel ave
 des restri
tions topologiques sur les �ssures : le nombre maximal de 
om-posantes 
onnexes est a priori 
onnu. Ce résultat a par la suite été généralisé par Chambolledans [38℄ au 
as de l'élasti
ité linéaire plane. Une autre appro
he utilisant une formulation faiblesans SBV a permis à Fran
fort & Larsen dans [63℄ d'étendre 
e résultat sans restri
tionau
une sur les �ssures et sur la dimension. Le 
as plus général de l'élasti
ité non linéaire a étépar la suite traité par Dal Maso, Fran
fort & Toader dans [46, 47℄.Nous nous donnons un intervalle de temps [0, T ] pendant lequel nous imposons au matériauune 
ondition limite dépendant de t sur le bord latéral ∂ω × (−1, 1). Cette 
ondition va êtreexprimée d'une façon peu habituelle dans le but de tenir 
ompte des �ssures pouvant apparaîtresur le bord latéral. Pour 
e faire, nous 
onsidérons le 
ylindre élargi Ω′ := ω′ × (−1, 1), où
ω ⊂ ω′ ⊂ R

2, et nous imposons la déformation gε(t) ∈W 1,p(Ω′; R3) sur ∂ω× (−1, 1) en exigeantque toute déformation 
inématiquement admissible v ∈ SBV p(Ω′; R3) au temps t, 
oïn
ide ave
23



INTRODUCTION GÉNÉRALE
gε(t) sur [ω′ \ ω] × (−1, 1). Notons que 
ette 
ondition limite est le seul mé
anisme qui fera
roître les �ssures au 
ours du 
hargement 
ar le reste du bord ω × {−1, 1} est maintenu libre.Supposons qu'il n'y a pas de �ssure préexistante et notons uε

0 ∈ SBV p(Ω′; R3) une déformationinitiale qui minimise l'énergie totale du système à t = 0, 
'est-à-dire
v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2,parmi {v ∈ SBV p(Ω′; R3) : v = gε(0) p.p. sur [ω′\ω]×(−1, 1)}. Tout 
omme dansDal Maso,Fran
fort & Toader [47℄, nous prendrons le parti de supposer que toute suite impliquée estuniformément bornée dans L∞(Ω′; R3). Cette hypothèse, purement arbitraire, permet d'éviterdes points te
hniques liés aux espa
es GSBV . Cependant, elle trouve toute sa justi�
ation dansle 
as s
alaire par un argument de tron
ature à 
ondition que gε(t) soit uniformément bornéedans L∞(Ω′) en ε et t. Le Theorem 2.1 dans [47℄ implique alors que pour tout t ∈ [0, T ], ilexiste un 
ouple (uε(t),Γε(t)) tel que uε(0) = uε
0 et Γε(0) = S(uε

0) possédant les trois propriétéssuivantes :� Irréversibilité : Γε(t1) ⊂ Γε(t2) pour tout 0 ≤ t1 ≤ t2 ≤ T ;� Minimalité : pour tout t ∈ [0, T ], S(uε(t)) ⊂ Γε(t) et uε(t) minimise
v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)\Γε(t)

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2,parmi {v ∈ SBV p(Ω′; R3) : v = gε(t) p.p. sur [ω′ \ ω] × (−1, 1)} ;� Conservation de l'énergie : l'énergie totale
Eε(t) :=

∫

Ω
W

(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)
dx+

∫

Γε(t)

∣∣∣∣
((
νΓε(t)

)
α

∣∣∣
1

ε

(
νΓε(t)

)
3

)∣∣∣∣ dH2est absolument 
ontinue en temps et
Eε(t) = Eε(0) +

∫ t

0

∫

Ω
∂W

(
∇αu

ε(τ)
∣∣∣
1

ε
∇3u

ε(τ)

)
·
(
∇αġ

ε(τ)
∣∣∣
1

ε
∇3ġ

ε(τ)

)
dx dτ.Signalons que le fait que Γε(0) = S(uε

0) ne 
ontredit pas l'hypothèse d'absen
e de �ssure pré-existante. Cela signi�e simplement que la �ssure 
réée à l'instant initial est l'ensemble des dis-
ontinuités de uε
0.La question 
onsiste ensuite à se demander si les pro
essus de Γ-
onvergen
e et d'évolutionquasistatique sont 
ompatibles. Autrement dit, partant d'une évolution quasistatique du modèletridimensionnel, il s'agit de savoir si elle 
onverge en un 
ertain sens vers une évolution quasista-tique asso
iée au modèle bidimensionnel limite. Notons g(t) ∈ W 1,p(ω′; R3) la limite forte dans

W 1,p(Ω′; R3) de la suite {gε(t)}. Grâ
e à des estimations d'énergie nous pouvons déduire l'exis-ten
e d'une déformation u(t) ∈ SBV p(ω′; R3) telle que u(t) = g(t) sur ω′ \ω 
omme limite faibledans SBV p(Ω′; R3) de la suite {uε(t)}. Nous pouvons aussi dé�nir une �ssure γ(t) ⊂ ω 
ommeune variante de la σp-limite, introduite par Dal Maso, Fran
fort & Toader dans [46, 47℄,24



INTRODUCTION GÉNÉRALEde la suite {Γε(t)}. Il s'agit du plus grand ensemble de dis
ontinuité de fon
tions SBV p(ω′)qui sont limites faibles dans SBV p(Ω′) d'une suite de fon
tions dont l'ensemble des dis
ontinui-tés est 
ontenu dans Γε(t), et dont le gradient approximé res
alé est uniformément borné dans
Lp(Ω′; R3). Nous démontrons ensuite que le 
ouple (u(t), γ(t)) est une évolution quasistatiqueasso
iée à la Γ-limite, 
'est à dire γ(0) = S(u(0)) et(i) Irréversibilité : γ(t1) ⊂ γ(t2) pour tout 0 ≤ t1 ≤ t2 ≤ T ;(ii) Minimalité : pour tout t ∈ [0, T ], S(u(t)) ⊂ γ(t) et u(t) minimise

v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v) \ γ(t)),parmi {v ∈ SBV p(ω′; R3) : v = g(t) p.p. sur ω′ \ ω} ;(iii) Conservation de l'énergie : l'énergie totale

E(t) := 2

∫

ω
QW0(∇αu(t)) dxα + 2H1(γ(t))est absolument 
ontinue en temps et

E(t) = E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇ġ(τ) dxα dτ.Le fait que γ(t) est 
roissante en temps est une propriété de la σp-
onvergen
e qui demeure dansnotre 
as malgré les 
hangements e�e
tués. La propriété de minimalité est établie à l'instantinitial grâ
e à un argument de Γ-
onvergen
e ave
 
ondition de bord. Ce
i est rendu possible
ar on suppose justement que l'ouvert ne 
ontient pas de �ssure préexistante. Nous devonspar 
ontre pro
éder autrement pour les temps suivants 
ar l'énergie de surfa
e di�ère alorsde 
elle utilisée dans le résultat de relaxation. Nous utilisons i
i un théorème de transfert desaut qui est établi à partir du Theorem 2.1 de Fran
fort & Larsen dans [63℄ et par unargument de sli
ing. Finalement la 
onservation de l'énergie apparaît 
omme une 
onséquen
e,d'un 
�té du fait que l'on peut appro
her une intégrale de Lebesgue par une somme de Riemann
onvenablement 
hoisie (voir Hahn [71℄ et Hensto
k [72℄), et de l'autre de la 
onvergen
e faibledes 
ontraintes ∂W (∇αu

ε(t)|1ε∇3u
ε(t)
) vers (∂(QW0)(∇αu(t))|0

) dans Lp′(Ω′; R3×3) (voir DalMaso, Fran
fort & Toader [46℄). En�n, nous démontrons la 
onvergen
e des énergies devolume et de surfa
e tridimensionnelles vers leurs analogues bidimensionnelles respe
tivement :




∫

Ω
W

(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα,

∫

Γε(t)

∣∣∣∣
((
νΓε(t)

)
α

∣∣∣
1

ε

(
νΓε(t)

)
3

)∣∣∣∣ dH2 → 2H1(γ(t)).
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Chapitre 1Spatial heterogeneity in 3D-2Ddimensional redu
tion
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1.1. INTRODUCTION1.1 Introdu
tionThe purpose of this arti
le is to study the behavior of a thin elasti
 plate, as the thi
knesstends to zero. This approa
h renders more realisti
 the idealized view of a �lm as a thin plate.The originality of the work 
omes from the heterogeneity of the material under 
onsideration.Previous results have been established in the homogeneous 
ase ; our aim here is to generalizethose. As we will see, a

ounting for inhomogeneity leads to te
hni
al di�
ulties linked to theequi-integrable 
hara
ter of the s
aled gradient. We will use a "
lassi
al" approa
h of the theoryof dimension redu
tion. In re
ent years, the investigation of dimensional redu
tion has fo
ussedon variational methods and used De Giorgi's Γ-
onvergen
e (see [32, 45℄) as its main tool.As far as 3D-2D asymptoti
 analysis is 
on
erned, the seminal paper is [74℄, in whi
h amembrane model is derived from three-dimensional hyperelasti
ity. In its footstep several studieshave derived or re-derived various membrane-like models in various settings ; see in parti
ular[35℄ and referen
es therein ; note that in Se
tion 3 of that paper, a transversally inhomogeneousthin domain is studied, but that in-plane-homogeneity is imposed. Be
ause of frame indi�eren
e,it may o

ur that the membrane e�e
t is not ex
ited by the loads : this is the 
ase for examplewhen the lateral boundary 
onditions on the thin domain are 
ompressive (see e.g. Theorem 6.2in [66℄). Then the membrane energy, whi
h results from a 3D-energy of the order of the thi
kness
ε, is a
tually zero and lower energy modes are a
tivated. In [62℄, a justi�
ation of 
lassi
alnonlinear plate models for a homogeneous isotropi
 material is given by a formal asymptoti
expension. Re
ently, those results have been rigorously justi�ed by means of variational methodsfor general homogeneous hyperelasti
 bodies. A Kir
hho� bending model in [65, 66℄, and a Föppl-von Kármán model in [67℄ have been obtained when the 3D-energy s
ales respe
tively like ε3and ε5.The present study falls squarely within the membrane framework in the sense that, thanks toframe indi�eren
e, the stored energy fun
tion depends only on the �rst fundamental form of thedeformed plate mid-surfa
e. Our goal is to rigorously derive models for heterogeneous membranesfrom their heterogeneous thin 3D-
ounterparts. The paper is devoted to a generalization of theresults established in [74℄, [35℄ and [27℄ to the 
ase of a general inhomogeneity.The key ingredient of this study is the equi-integrability theorem of [25℄ (Theorem 1.1 ofthat referen
e). An alternative proof of that theorem was also 
ommuni
ated to the authors [29℄.This theorem shows that a sequen
e of s
aled gradients {(∇αuε|1ε∇3uε

)}, whi
h is bounded in
Lp(Ω; R3×3), with p > 1, 
an be de
omposed into the sum of two sequen
es {wε} and {zε} where{∣∣(∇αwε|1ε∇3wε

)∣∣p} is equi-integrable and zε → 0 in measure.Let ω be a bounded open subset of R
2. Consider Ωε := ω×(−ε, ε), the referen
e 
on�gurationof a hyperelasti
 heterogeneous thin �lm, with elasti
 energy density given by the ε-dependentCarathéodory fun
tion Wε : Ωε × R

3×3 → R. We will assume e.g. that the body is 
lamped onthe lateral boundary Γε := ∂ω× (−ε, ε) and that it is submitted to the a
tion of surfa
e tra
tiondensities on Σε := ω×{−ε, ε}. The total energy of the system under a deformation u : Ωε → R
329



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONis given by
E(ε)(u) =

∫

Ωε

Wε(x;∇u)dx −
∫

Ωε

fε · u dx−
∫

Σε

gε · u dH2,where H2 stands for the two-dimensional surfa
e measure, fε ∈ Lp′(Ωε; R
3) denotes an appro-priate dead load and gε ∈ Lp′(Σε; R

3) some surfa
e tra
tion densities (1/p+1/p′ = 1). We denotebyW 1,p
Γε

(Ωε; R
3) the spa
e of kinemati
ally admissible �elds, that is the fun
tions inW 1,p(Ωε; R

3)with zero tra
e on Γε. As is 
lassi
al in hyperelasti
ity, the equilibrium problem is viewed as theminimization problem
inf
{
E(ε)(u) : u− x ∈W 1,p

Γε
(Ωε; R

3)
}
.Sin
e the integration domain depends on ε, we reformulate the problem on a �xed domainthrough a 1/ε-dilatation in the transverse dire
tion x3. Let xα the ve
tor (x1, x2) ∈ ω, we set

v(xα, x3/ε) := u(xα, x3) and Eε(v) := E(ε)(u)/ε, then
Eε(v) =

∫

Ω
Wε

(
xε;∇αv(x)

∣∣∣
1

ε
∇3v(x)

)
dx−

∫

Ω
fε(xε) · v(x) dx − 1

ε

∫

Σ
gε(xε) · v(x) dH2,where xε := (xα, εx3). We set I := (−1, 1), Ω := ω × I, Σ := ω × {−1, 1}, denote by ∇αv the

3 × 2 matrix of partial derivatives ∂vi
∂xα

(i ∈ {1, 2, 3}, α ∈ {1, 2}) and by (F |z), the two �rst
olumns of whi
h are those of the matrix F ∈ R
3×2, while the last one is the ve
tor z ∈ R

3. Aformal asymptoti
 expension in [62℄ shows that the membrane theory arises if the body for
es isof order 1 and the surfa
es loadings is of order ε. We next assume that




Wε(xα, εx3;F ) = W (xα, x3;F ),

fε(xα, εx3) = f(xα, x3),

gε(xα, εx3) = g0(xα, x3) + εg(xα, x3)where f ∈ Lp′(Ω; R3), g0, g ∈ Lp′(Σ; R3) and W : Ω × R
3×3 → R is a Carathéodory fun
tionsatisfying 
onditions of p-
oer
ivity and p-growth : for some 0 < β′ ≤ β < +∞ and some

1 < p <∞,
β′|F |p ≤W (x;F ) ≤ β(|F |p + 1), F ∈ R

3×3, for a.e. x ∈ Ω. (1.1.1)The usual Eu
lidian norm on the spa
e R
m×n of real m × n matri
es is denoted by |F |. Theminimisation problem be
omes

inf
{
Eε(v) : v − xε ∈W 1,p

Γ (Ω; R3)
}
, (1.1.2)whereW 1,p

Γ (Ω; R3) stands for the fun
tions inW 1,p(Ω; R3) with zero tra
e on the lateral boundary
Γ := ∂ω × I.If we denote by g±0 (resp. g±) the tra
e of g0 (resp. g) on ω×{±1}, in view of Remark 3.2.3 of[62℄, the loading ve
tors g+

0 and g−0 must satisfy g+
0 + g−0 = 0. In the se
ond se
tion, we assumethe stronger 
ondition that g+

0 = g−0 = 0 . The physi
al impli
ation of this assumption is thatthe plate of thi
kness 2ε 
annot support a non vanishing resultant surfa
e load as the thi
kness30



1.2. CLASSICAL NONLINEAR MEMBRANE MODEL
ε goes to zero. We generalize here the result of [74℄ and [35℄ to a general inhomogeneity. In thethird se
tion, we address the general 
ase of admissible surfa
e loadings. It deals with a similarproblem, in whi
h the 
lass of surfa
e for
es generates a bending moment density as in [27℄ ; thelimit behavior is not solely 
hara
terized by the limit deformations (a R

3-valued �eld de�nedon the mid-plane), but it also involves the average of the Cosserat ve
tor also de�ned on themid-plane. On
e again, we generalize the result of [27℄ to the inhomogeneous 
ase. The fourthand last se
tion demonstrates that the 
lassi
al membrane model 
an be seen as a parti
ular 
aseof the Cosserat model when the bending moment density is zero.As for notation, A(ω) is the family of open subsets of ω ; Ln stands for the n-dimensionalLebesgue measure in R
n (in the sequel, n will be equal to 2 or 3) ; for any measurable set A ⊂ R

nand any measurable fun
tion f : R
n → R, we write −

∫
A f(x) dx := Ln(A)−1

∫
A f(x) dx for theaverage of f over A ; → always denotes strong 
onvergen
e whereas ⇀ (resp. ∗
⇀) denotes weak(resp. weak-∗) 
onvergen
e. Finally, we loosely identify Lp(ω; R3) (resp. W 1,p(ω; R3)) with thosefun
tions in Lp(Ω; R3) (resp. W 1,p(Ω; R3)) that do not depend upon x3.1.2 Classi
al nonlinear membrane modelIn this se
tion, we assume that gε = εg with g ∈ Lp′(Σ; R3). Thus, the minimization problem(1.1.2) be
omes

inf
v−xε∈W 1,p

Γ (Ω;R3)

{∫

Ω
W

(
x;∇αv

∣∣∣
1

ε
∇3v

)
dx−

∫

Ω
f · v dx−

∫

Σ
g · v dH2

}
.De�ne for any (u;A) ∈ Lp(Ω; R3) ×A(ω),

Jε(u;A) :=





∫

A×I
W

(
x;∇αu

∣∣∣
1

ε
∇3u

)
dx if u ∈W 1,p(A× I; R3),

+∞ otherwise,and for any sequen
e {εj} ց 0+

J{εj}(u;A) := inf
{uj}

{
lim inf
j→+∞

Jεj (uj ;A) : uj → u in Lp(A× I; R3)

}
. (1.2.1)Remark 1.2.1. For any A ∈ A(ω), J{εj}(u;A) = +∞ whenever u ∈ Lp(Ω; R3) \W 1,p(A; R3),as is easily seen in view of the de�nition of Jεj , together with the 
oer
ivity 
ondition (1.1.1).By virtue of Remark 1.2.1, together with Theorem 2.5 in [35℄, for all sequen
es {εj} ց 0+,there exists a subsequen
e {εn} ≡ {εjn} su
h that J{εn}(·;A) de�ned in (1.2.1) is the Γ(Lp)-limitof Jεn(·;A). Further, there exists a Carathéodory fun
tion W{εn} : ω × R

3×2 → R su
h that, forall A ∈ A(ω) and all u ∈W 1,p(A; R3)

J{εn}(u;A) = 2

∫

A
W{εn}(xα;∇αu)dxα.31



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONRemark 1.2.2. Lemma 2.6 of [35℄ implies that J{εn}(u;A) is un
hanged if the approximatingsequen
es {un} are 
onstrained to mat
h the lateral boundary 
ondition of their target, i.e.
un ≡ u on ∂A× I.From now onward, we will assume that {εn} denotes a subsequen
e of {εj} su
h that the
Γ(Lp)-limit of Jεn(u;A) exists, in whi
h 
ase it 
oin
ides with J{εn}(u;A). Under the hypothesisthat W is a homogeneous elasti
 energy density, it is proved in [74℄, Theorem 2, that J{εn}(u;A)does not depend upon the 
hoi
e of the sequen
e {εn}. It is given by

J{εn}(u;A) = 2

∫

A
QW0(∇αu) dxα,with for all F ∈ R

3×2,
W0(F ) := inf

z∈R3
W (F |z),and,

QW0(F ) := inf
φ∈W 1,p

0 (Q′;R3)

∫

Q′

W0(F + ∇αφ) dxα,where Q′ := (0, 1)2, and QW0 is the 2D-quasi
onvexi�
ation of W0. This result was extended tothe 
ase where W is also fun
tion of x3 in [35℄, Theorem 3.1. It is proved there that, in su
h a
ase, J{εn} is given by
J{εn}(u;A) = 2

∫

A
W (∇αu) dxα,with for all F ∈ R

3×2,
W (F ) := inf

L,φ

{
−
∫

Q′×I
W (x3;F + ∇αφ|L∇3φ) dxα dx3 : L > 0,

φ ∈W 1,p(Q′ × I; R3), φ = 0 on ∂Q′ × I

}
.We wish to extend those results to the 
ase where W is a fun
tion of both xα and x3. We set, forall F ∈ R

3×2 and for a.e. x0 ∈ ω,
W (x0;F ) := inf

L,φ

{
−
∫

Q′×I
W (x0, x3;F + ∇αφ|L∇3φ) dxα dx3 : L > 0,

φ ∈W 1,p(Q′ × I; R3), φ = 0 on ∂Q′ × I

}
. (1.2.2)The following theorem holds : 32



1.2. CLASSICAL NONLINEAR MEMBRANE MODELTheorem 1.2.3. For any A ∈ A(ω), the sequen
e Jε(·;A) Γ(Lp)-
onverges to J0(·;A) where forall u ∈ Lp(Ω; R3),
J0(u;A) =





2

∫

A
W (xα;∇αu) dxα if u ∈W 1,p(A; R3),

+∞ otherwise.The proof of this Theorem is a dire
t 
onsequen
e of Lemmas 1.2.4, 1.2.5 below.1.2.1 The lower boundLemma 1.2.4. For all F ∈ R
3×2 and for a.e. x0 ∈ ω,

W{εn}(x0;F ) ≥W (x0;F ).Proof. Let us �x F ∈ R
3×2, we set u(xα) := F · xα and let x0 be a Lebesgue point of both

W{εn}(·;F ) and W (·;F ). We denote by Q′
r(x0), the 
ube of R

2 of 
enter x0 and side length r,where r > 0 is �xed and small enough so that Q′
r(x0) ∈ A(ω). A

ording to the equi-integrabilityTheorem (Theorem 1.1 in [25℄), there exists a subsequen
e of {εn} (not relabeled) and a sequen
e

{un} ⊂W 1,p(Q′
r(x0) × I; R3) su
h that





un → 0 in Lp(Q′
r(x0) × I; R3),

{∣∣∣
(
∇αun

∣∣ 1
εn
∇3un

)∣∣∣
p} is equi-integrable,

J{εn}(u;Q
′
r(x0)) = lim

n→+∞

∫

Q′
r(x0)×I

W

(
xα, x3;F + ∇αun

∣∣∣
1

εn
∇3un

)
dxαdx3.Set

Fn(x) :=

(
F + ∇αun(x)

∣∣∣
1

εn
∇3un(x)

)
.For any h ∈ N, we 
over Q′

r(x0) with h2 disjoints 
ubes Q′
i,h of side length r/h. Thus Q′

r(x0) =
⋃h2

i=1Q
′
i,h and

J{εn}(u;Q
′
r(x0)) =

(
lim sup
h→+∞

)
lim sup
n→+∞

h2∑

i=1

∫

Q′
i,h×I

W (x;Fn(x)) dx. (1.2.3)Sin
eW is a Carathéodory integrand, S
orza-Dragoni's Theorem (see [54℄, Chapter VIII) impliesthe existen
e, for any η > 0, of a 
ompa
t set Kη ⊂ Ω su
h that
L3(Ω \Kη) < η, (1.2.4)33



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONand the restri
tion of W to Kη × R
3×3 is 
ontinuous. For any λ > 0, de�ne

Rλ
n :=

{
x ∈ Q′

r(x0) × I : |Fn(x)| ≤ λ
}
.By virtue of Chebyshev's inequality, there exists a 
onstant C > 0 � whi
h does not depend on

n or λ � su
h that
L3([Q′

r(x0) × I] \Rλ
n) <

C

λp
. (1.2.5)Denoting by W η,λ the 
ontinuous extension of W outside Kη ×B(0, λ) (de�ned e.g. in Theorem1, Se
tion 1.2 in [55℄), W η,λ is 
ontinuous on R

3 × R
3×3 and satis�es the following bound

0 ≤W η,λ(x;F ) ≤ max
Kη×B(0,λ)

W ≤ β(1 + λp) for all (x;F ) ∈ R
3 × R

3×3. (1.2.6)In view of (1.2.3), we have
J{εn}(u;Q

′
r(x0)) ≥ lim sup

λ→+∞
lim sup

η→0
lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

∫

[Q′
i,h×I]∩Rλ

n∩Kη

W η,λ(x;Fn(x)) dx.By virtue of (1.2.6) and (1.2.4),
h2∑

i=1

∫

[Q′
i,h×I]∩Rλ

n\Kη

W η,λ(x;Fn(x)) dx ≤ β(1 + λp)η −−−→
η→0

0,uniformly in (n, h). Therefore
J{εn}(u;Q

′
r(x0)) ≥ lim sup

λ→+∞
lim sup

η→0
lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

∫

[Q′
i,h×I]∩Rλ

n

W η,λ(x;Fn(x)) dx.Sin
eW η,λ is 
ontinuous, it is uniformly 
ontinuous on Ω×B(0, λ). Thus there exists a 
ontinuousand in
reasing fun
tion ωη,λ : [0,+∞) → [0,+∞) satisfying ωη,λ(0) = 0 and su
h that
|W η,λ(x;F1)−W η,λ(y;F2)| ≤ ωη,λ(|x−y|+ |F1−F2|), ∀ (x;F1), (y;F2) ∈ Ω×B(0, λ). (1.2.7)Consequently, for all (xα, x3) ∈ [Q′

i,h × I] ∩Rλ
n and all yα ∈ Q′

i,h,
∣∣W η,λ(xα, x3;Fn(xα, x3)) −W η,λ(yα, x3;Fn(xα, x3))

∣∣ ≤ ωη,λ(|xα − yα|) ≤ ωη,λ

(√
2r

h

)
.We get, after integration in (x, yα) and summation,

sup
n∈N

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Rλ
n∩[Q′

i,h×I]

∣∣W η,λ(yα, x3;Fn(x)) −W η,λ(xα, x3;Fn(x))
∣∣ dx

}
dyα

≤ 2r2ωη,λ

(√
2r

h

)
−−−−→
h→+∞

0.34



1.2. CLASSICAL NONLINEAR MEMBRANE MODELHen
e,
J{εn}(u;Q

′
r(x0)) ≥

lim sup
λ→+∞

lim sup
η→0

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

[Q′
i,h×I]∩Rλ

n

W η,λ(yα, x3;Fn(x)) dx

}
dyα.De�ne the following sets whi
h depend on all parameters (η, λ, i, h, n) :

E := {(yα, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (yα, x3) ∈ Kη and (xα, x3) ∈ Rλ
n},

E1 := {(yα, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (yα, x3) 6∈ Kη and (xα, x3) ∈ Rλ
n},

E2 := {(yα, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (xα, x3) 6∈ Rλ
n},and note that Q′

i,h ×Q′
i,h × I = E ∪ E1 ∪ E2. Sin
e W and W η,λ 
oin
ide on Kη ×B(0, λ),

J{εn}(u;Q
′
r(x0))

≥ lim sup
λ→+∞

lim sup
η→0

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

E
W η,λ(yα, x3;Fn(x)) dx dyα

= lim sup
λ→+∞

lim sup
η→0

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

E
W (yα, x3;Fn(x)) dx dyα. (1.2.8)We will prove that the 
orresponding terms over E1 and E2 are zero. Indeed, in view of (1.2.4)and the p-growth 
ondition (1.1.1),

h2∑

i=1

h2

r2

∫

E1

W (yα, x3;Fn(x)) dx dyα ≤
h2∑

i=1

h2

r2
L2(Q′

i,h)L3([Q′
i,h × I] \Kη)β(1 + λp)

= β(1 + λp)L3([Q′
r(x0) × I] \Kη)

< β(1 + λp)η −−−→
η→0

0, (1.2.9)uniformly in (n, h). The bound from above in (1.1.1), the equi-integrability of {|Fn|p} and (1.2.5)imply that
h2∑

i=1

h2

r2

∫

E2

W (yα, x3;Fn(x)) dx dyα

≤
h2∑

i=1

h2

r2
L2(Q′

i,h)β

∫

[Q′
i,h×I]\Rλ

n

(1 + |Fn(x)|p) dx

= β

∫

[Q′
r(x0)×I]\Rλ

n

(1 + |Fn(x)|p)dx −−−−→
λ→+∞

0, (1.2.10)35



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONuniformly in (η, n, h). Thus, in view of (1.2.8), (1.2.9), (1.2.10), Fatou's Lemma yields
J{εn}(u;Q

′
r(x0)) ≥ lim sup

h→+∞
lim sup
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Q′
i,h×I

W (yα, x3;Fn(x)) dx

}
dyα

≥ lim sup
h→+∞

lim inf
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Q′
i,h×I

W (yα, x3;Fn(x)) dx

}
dyα

≥ lim sup
h→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{
lim inf
n→+∞

∫

Q′
i,h×I

W (yα, x3;Fn(x)) dx

}
dyα,We apply, for a.e. yα ∈ Q′

i,h, Theorem 3.1 in [35℄ to the Carathéodory fun
tion (x3;F ) 7→
W (yα, x3;F ) ; in parti
ular

lim inf
n→+∞

∫

Q′
i,h×I

W (yα, x3;Fn(x)) dx ≥ 2r2

h2
W (yα;F ).Thus

J{εn}(u;Q
′
r(x0)) ≥ lim sup

h→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

2r2

h2
W (yα;F ) dyα = 2

∫

Q′
r(x0)

W (yα;F ) dyα.Dividing both sides of the previous inequality by r2 and passing to the limit when r ց 0+, weobtain W{εn}(x0;F ) ≥W (x0;F ). �1.2.2 The upper boundLemma 1.2.5. For all F ∈ R
3×2 and for a.e. x0 ∈ ω,

W{εn}(x0;F ) ≤W (x0;F ).Proof. For all k ≥ 1, let Lk > 0 and ϕk ∈W 1,∞(Q′× I; R3) with ϕk = 0 on ∂Q′× I be su
h that
Zk(x0;F ) := −

∫

Q′×I
W (x0, x3;F + ∇αϕk|Lk∇3ϕk)dxαdx3 ≤W (x0;F ) +

1

k
. (1.2.11)This is legitimate be
ause of the density of W 1,∞(Q′ × I; R3) into W 1,p(Q′ × I; R3) and the

p-growth 
ondition (1.1.1). We extend ϕk to R
2 × I by Q′-periodi
ity and set Fk(x) := (F +

∇αϕk(x)|Lk∇3ϕk(x)). Then, there exists Mk > 0 su
h that
‖Fk‖L∞(R2×I;R3) ≤Mk. (1.2.12)Let F ∈ R

3×2 and x0 be a Lebesgue point of W (·;F ) and Zk(·;F ) for all k ≥ 1. We 
hoose r > 0small enough su
h that Q′
r(x0) ∈ A(ω). Fix k ≥ 1 and set





u(xα) := F · xα,

uk
n(xα, x3) := F · xα + Lkεnϕk

(
xα

Lkεn
, x3

)
.36



1.2. CLASSICAL NONLINEAR MEMBRANE MODELSin
e uk
n −−−−−→

n→+∞
u in Lp(Q′

r(x0) × I; R3),
J{εn}(u;Q

′
r(x0)) ≤ lim inf

n→+∞

∫

Q′
r(x0)×I

W

(
xα, x3;∇αu

k
n

∣∣∣
1

εn
∇3u

k
n

)
dxα dx3

= lim inf
n→+∞

∫

Q′
r(x0)×I

W

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
dxα dx3.As before, we split Q′

r(x0) into h2 disjoint 
ubes Q′
i,h of length r/h. Then,

J{εn}(u;Q
′
r(x0)) ≤

(
lim inf
h→+∞

)
lim inf
n→+∞

h2∑

i=1

∫

Q′
i,h×I

W

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
dxα dx3.Let Kη be like in Lemma 1.2.4 and W η,k be a 
ontinuous extension of W outside Kη ×B(0,Mk)whi
h satis�es the analogue of (1.2.6) with Mk instead of λ. In view of the p-growth 
ondition(1.1.1), (1.2.12) and (1.2.4), we get

sup
n∈N

h2∑

i=1

∫

[Q′
i,h×I]\Kη

W

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
dxα dx3 ≤ β(1 +Mp

k )η −−−→
η→0

0.Thus,
J{εn}(u;Q

′
r(x0))

≤ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

h2∑

i=1

∫

[Q′
i,h×I]∩Kη

W η,k

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
dxα dx3

≤ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

h2∑

i=1

∫

Q′
i,h×I

W η,k

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
dxα dx3.Sin
e W η,k is 
ontinuous, it is uniformly 
ontinuous on Ω × B(0,Mk). Thus, there exists a
ontinuous and in
reasing fun
tion ωη,k : [0,+∞) → [0,+∞) satisfying ωη,k(0) = 0 and theanalogue of (1.2.7), repla
ing λ by Mk. Then, for every (xα, x3) ∈ Q′

i,h × I and every yα ∈ Q′
i,h,

∣∣∣∣W
η,k

(
xα, x3;Fk

(
xα

Lkεn
, x3

))
−W η,k

(
yα, x3;Fk

(
xα

Lkεn
, x3

))∣∣∣∣ ≤ ωη,k(|xα − yα|)

≤ ωη,k(
√

2r/h).Integration and summation yield in turn
h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Q′
i,h×I

∣∣∣∣W
η,k(yα, x3;Fk

(
xα

Lkεn
, x3

)
−W η,k(xα, x3;Fk

(
xα

Lkεn
, x3

)∣∣∣∣ dx
}
dyα

≤ 2r2ωη,k(
√

2r/h) −−−−→
h→+∞

0,37



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONuniformly with respe
t to n ∈ N. Hen
e,
J{εn}(u;Q

′
r(x0))

≤ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Q′
i,h×I

W η,k(yα, x3;Fk

(
xα

Lkεn
, x3

)
dxα dx3

}
dyα.A

ording to (1.2.6) and (1.2.4),

sup
n∈N

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

[Q′
i,h×I]\Kη

W η,k(yα, x3;Fk

(
xα

Lkεn
, x3

)
dyα dx3

}
dxα

≤ β(1 +Mp
k )η −−−→

η→0
0.Sin
e W η,k 
oin
ides with W on Kη ×B(0,Mk), we get

J{εn}(u;Q
′
r(x0))

≤ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

[Q′
i,h×I]∩Kη

W (yα, x3;Fk

(
xα

Lkεn
, x3

)
dyα dx3

}
dxα

≤ lim inf
h→+∞

h2∑

i=1

h2

r2
lim sup
n→+∞

∫

Q′
i,h

{∫

Q′
i,h×I

W (yα, x3;Fk

(
xα

Lkεn
, x3

)
dyα dx3

}
dxα.Riemann-Lebesgue's Lemma applied to the Q′-periodi
 fun
tion

∫

Q′
i,h×I

W (yα, x3;Fk(·, x3)) dyα dx3implies that
J{εn}(u;Q

′
r(x0)) ≤ lim inf

h→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

2r2

h2
Zk(yα;F ) dyα = 2

∫

Q′
r(x0)

Zk(yα;F ) dyα.dividing both sides of the inequality by r2 and letting r ց 0+, we get in view of the de�nitionof x0 and (1.2.11),
W{εn}(x0;F ) ≤ Zk(x0;F ) ≤W (x0;F ) +

1

k
.Passing to the limit when k ր +∞ yields the desired result. �Proof of Theorem 1.2.3. For a.e. x0 ∈ ω and for all F ∈ R

3×2, W{εn}(x0;F ) = W (x0;F ) thusfor any A ∈ A(ω), the sequen
e Jεn(·;A) Γ(Lp)-
onverges to J0(·;A). Sin
e the Γ(Lp)-limit doesnot depend upon the 
hoi
e of sequen
e {εn}, appealing to Proposition 8.3 in [45℄ we 
on
ludethat the whole sequen
e Jε(·;A) Γ(Lp)-
onverges to J0(·;A). �Remark 1.2.6. Proposition 1.4.1 gives another expression for the energy density W .Remark 1.2.7. By 
onstru
tion and thanks to Remark 3.3 of [35℄, Theorem 1.2.3 generalizesboth Theorem 2 of [74℄ and Theorem 3.1 of [35℄.38



1.3. COSSERAT NONLINEAR MEMBRANE MODEL1.3 Cosserat nonlinear membrane modelIn this se
tion, we assume as in [27℄ that gε := g0 + εg with g0, g ∈ Lp′(Σ; R3) and g+
0 + g−0 = 0.Thus, the minimization problem (1.1.2) reads as

inf
v−xε∈W 1,p

Γ (Ω;R3)

{∫

Ω
W

(
x;∇αv

∣∣∣
1

ε
∇3v

)
dx− Lε(v)

}
,with

Lε(v) :=

∫

Ω
f · v dx+

∫

Σ
g · v dH2 +

∫

ω
g+
0 ·
(
v+ − v−

ε

)
dxα, v±(xα) := v(xα,±1).If vε → v in Lp(Ω; R3) is a minimizing sequen
e and if bε := 1

ε∇3vε, then
Lε(vε) =

∫

Ω
f · vε dx+

∫

Σ
g · vε dH2 + 2

∫

ω
g+
0 · bεdxα, where bε = −

∫ 1

−1
bε(·, x3)dx3.By virtue of the 
oer
ivity 
ondition (1.1.1), we dedu
e that the sequen
e {vε} is uniformlybounded inW 1,p(Ω; R3) and that, for a subsequen
e of {ε} still labeled {ε}, vε ⇀ v inW 1,p(Ω; R3)and bε ⇀ b in Lp(Ω; R3) with v ∈ W 1,p(ω; R3). As previously, v is asso
iated to the mid-planedeformation, whereas b is the Cosserat ve
tor. In any 
ase, Lε(vε) → L(v, b), with

L(v, b) :=

∫

ω

(
2f + g+ + g−

)
· v dxα + 2

∫

ω
g+
0 · b dxα, (1.3.1)where b(xα) := −

∫ 1
−1 b(xα, x3)dx3 and f(xα) := −

∫ 1
−1 f(xα, x3)dx3. The desired membrane modelshould thus depend on the average, b, of b with respe
t to x3. On
e we establish our Γ-
onvergen
eresult, we will be in a position to 
on
lude that v and b are truly independent and that the
orresponding model is a Cosserat type membrane model.To this end, we de�ne, for all (u, b;A) ∈ Lp(Ω; R3) × Lp(ω; R3) ×A(ω),

Jε(u, b;A) :=





∫

A×I
W

(
x;∇αu

∣∣∣
1

ε
∇3u

)
dx if { u ∈W 1,p(A× I; R3),

1
ε −
∫ 1
−1 ∇3u(·, x3)dx3 = b,

+∞ otherwise, (1.3.2)and for every sequen
e {εj} ց 0+

J{εj}(u, b;A) := inf
{uj ,bj}

{
lim inf
j→+∞

Jεj(uj , bj ;A) : uj → u in Lp(A× I; R3) and
bj ⇀ b in Lp(A; R3)

}
. (1.3.3)Remark 1.3.1. Let (u, b;A) ∈ Lp(Ω; R3)×Lp(ω; R3)×A(ω) and suppose that J{εj}(u, b;A) <

+∞. Arguing as in Remark 1.2.1, we dedu
e that u ∈ W 1,p(A; R3). Hen
e, if u ∈ Lp(Ω; R3) \
W 1,p(A; R3), then J{εj}(u, b;A) = +∞. 39



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONRemark 1.3.2. Whenever u ∈W 1,p(A; R3), one has J{εj}(u, b;A) < +∞, whi
h is easily obtai-ned by 
onsidering the sequen
e {uj(xα, x3) := u(xα) + εjx3bk(xα)}, where bk ∈ C∞
c (A; R3) and

bk → b strongly in Lp(A; R3).Theorem 1.2 in [27℄ shows that, if W is a homogeneous elasti
 energy density, then J{εj}is the Γ(Lp)-limit of Jεj , by whi
h we mean, from now onward, the Γ-limit with respe
t to,respe
tively, the strong topology of Lp(Ω; R3), and the weak topology of Lp(ω; R3). Furthermore,for all (u, b;A) ∈W 1,p(ω; R3) × Lp(ω; R3) ×A(ω),
J{εj}(u, b;A) = 2

∫

A
Q∗W (∇αu|b)dxα,where, for all F ∈ R

3×2 and z ∈ R
3,

Q∗W (F |z) := inf
L>0,ϕ

{
−
∫

Q′×I
W (F + ∇αϕ|L∇3ϕ) dxα dx3 : ϕ ∈W 1,p(Q′ × I; R3),

ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I and L−

∫

Q′×I
∇3ϕdx = z

}
.We propose to extend this result to the heterogeneous 
ase. We set, for all F ∈ R

3×2, z ∈ R
3and a.e. x0 ∈ ω,

Q∗W (x0;F |z) := inf
L>0,ϕ

{
−
∫

Q′×I
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 :

ϕ ∈W 1,p(Q′ × I; R3), ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I, (1.3.4)and L−

∫

Q′×I
∇3ϕdx = z

}where, for a.e. x ∈ Ω and all F ∈ R
3×3, QW (x; ·), the 3D-quasi
onvexi�
ation of W (x; ·) isde�ned as

QW (x;F ) = inf
φ∈W 1,p

0 (Q;R3)

∫

Q
W (x;F + ∇φ(y)) dywith Q := (0, 1)3. Sin
e QW (x; ·) is quasi
onvex and satis�es a p-growth 
ondition, for all

F1, F2 ∈ R
3×3 and for a.e. x ∈ Ω,

|QW (x;F1) −QW (x;F2)| ≤ β(1 + |F1|p−1 + |F2|p−1)|F1 − F2| (1.3.5)(see [44℄, Lemma 2.2).1.3.1 Some preliminary resultsElementary properties of Q∗W are summarized in the following proposition :40



1.3. COSSERAT NONLINEAR MEMBRANE MODELProposition 1.3.3. i) For all (F , z) ∈ R
3×2 × R

3 and a.e. x0 ∈ ω,
0 ≤ Q∗W (x0;F |z) ≤ β(|F |p + |z|p + 1). (1.3.6)ii) Q∗W is a Carathéodory fun
tion.Proof. Item i). We take ϕ(x) := zx3/L as test fun
tion in (1.3.4) an use the p-growth 
ondition(1.1.1).Item ii). It su�
es to show that Q∗W (x0; ·) is 
ontinuous for a.e. x0 ∈ ω. Let Fn → F and

zn → z. We �rst prove that Q∗W (x0; ·) is upper semi
ontinuous. For any δ > 0, set L > 0 and
ϕ ∈W 1,p(Q′ × I; R3) Q′-periodi
 satisfying L−

∫
Q′×I ∇3ϕdx = z su
h that

Q∗W (x0;F |z) ≤ −
∫

Q′×I
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 ≤ Q∗W (x0;F |z) + δ.The sequen
e {ϕn(x) := ϕ(x) + x3(zn − z)/L} is in W 1,p(Q′ × I; R3) and it is Q′-periodi
.Furthermore, ∇αϕ = ∇αϕn and L

2

∫
Q′×I ∇3ϕn dx = zn. Sin
e

‖(F + ∇αϕ|L∇3ϕ) − (F n + ∇αϕn|L∇3ϕn)‖L∞(Q′×I;R3×3) ≤ |(F |z) − (Fn|zn)| → 0while {∇ϕn} is bounded in Lp(Q′ × I; R3×3), (1.3.5) together with Hölder's inequality, yields
lim sup
n→+∞

Q∗W (x0;Fn|zn) −Q∗W (x0;F |z) − δ

≤ lim sup
n→+∞

−
∫

Q′×I

∣∣QW (x0, x3;F n + ∇αϕn|L∇3ϕn) −QW (x0, x3;F + ∇αϕ|L∇3ϕ)
∣∣ dx

≤ lim sup
n→+∞

β

2

∫

Q′×I

(
1 + |(Fn + ∇αϕn|L∇3ϕn)|p−1 + |(F + ∇αϕ|L∇3ϕ)|p−1

)

×|(F + ∇αϕ|L∇3ϕ) − (F n + ∇αϕn|L∇3ϕn)| dx
≤ lim sup

n→+∞
C
(
1 + ‖∇ϕ‖p−1

Lp(Q′×I;R3×3)
+ ‖∇ϕn‖p−1

Lp(Q′×I;R3×3)

)

×‖(F + ∇αϕ|L∇3ϕ) − (Fn + ∇αϕn|L∇3ϕn)‖Lp(Q′×I;R3×3) = 0Passing to the limit when δց0+ yields the desired upper semi
ontinuity. Let us prove now that
Q∗W (x0; ·) is lower semi
ontinuous. For every n ≥ 1, 
hoose Ln > 0 and ϕn ∈W 1,p(Q′ × I; R3)

Q′-periodi
 satisfying Ln −
∫
Q′×I ∇3ϕndx = zn su
h that

−
∫

Q′×I
QW (x0, x3;F n + ∇αϕn|Ln∇3ϕn) dxα dx3 ≤ Q∗W (x0;F n|zn) +

1

n
.Set ϕ̃n(x) := ϕn(x) +x3(z− zn)/Ln, then the fun
tion ϕ̃n ∈W 1,p(Q′ × I; R3) is Q′-periodi
 andsatis�es Ln

2

∫
Q′×I ∇3ϕ̃ndx = z. Sin
e

‖(F + ∇αϕ̃n|Ln∇3ϕ̃n) − (F n + ∇αϕn|Ln∇3ϕn)‖L∞(Q′×I;R3×3) ≤ |(F |z) − (Fn|zn)| → 041



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONwhile, in view of (1.1.1), the sequen
es {(∇αϕn|Ln∇3ϕn)} and {(∇αϕ̃n|Ln∇3ϕ̃n)} are boundedin Lp(Q′ × I; R3×3) uniformly in n, (1.3.5) implies that
Q∗W (x0;F |z) ≤ lim inf

n→+∞
−
∫

Q′×I
QW (x0, x3;F + ∇αϕ̃n|Ln∇3ϕ̃n) dxα dx3

≤ lim inf
n→+∞

−
∫

Q′×I
QW (x0, x3;F n + ∇αϕn|Ln∇3ϕn) dxα dx3

≤ lim inf
n→+∞

Q∗W (x0;F n|zn).Thus Q∗W (x0; ·) is lower semi
ontinuous and the 
ontinuity follows. �We propose to establish the following Γ-
onvergen
e result.Theorem 1.3.4. For all A ∈ A(ω), the sequen
e Jε(·, ·;A) Γ(Lp)-
onverges to J0(·, ·;A) de�nedfor all (u, b) ∈ Lp(Ω; R3) × Lp(ω; R3), by
J0(u, b;A) =





2

∫

A
Q∗W (xα;∇αu|b)dxα if u ∈W 1,p(A; R3),

+∞ otherwise,where Q∗W is given by (1.3.4).We �rst note, as in [35℄ p. 1374, that, if R(ω) is the 
ountable family of all �nite unions ofopen squares in ω with fa
es parallel to the axes, 
entered at rational points and with rationaledge lengths, then there exists a subsequen
e {εn} ≡ {εjn} of {εj} su
h that J{εn}(·, ·;C) is, forall C ∈ R(ω), the Γ(Lp)-limit of Jεn(·, ·;C).Then, the analogue of Step 2 in the proof of Theorem 2.5 of [35℄ holds, namelyLemma 1.3.5. For any A ∈ A(ω) and (u, b) ∈W 1,p(A; R3)×Lp(A; R3), there exists a sequen
e
{un} ⊂W 1,p(A× I; R3) satisfying





un → u in Lp(A× I; R3),

bn :=
1

εn
−
∫ 1

−1
∇3un(·;x3) dx3 ⇀ b in Lp(A; R3),

lim
n→+∞

Jεn

(
un, bn;A

)
= J{εn}(u, b;A).

(1.3.7)
Proof. The 
oer
ivity 
ondition (1.1.1) implies that whenever u ∈ W 1,p(C; R3), we 
an 
hoosethe attainment sequen
e {un, bn}, so that (1.3.7) holds true. Now let us �x δ > 0 and 
hoose asubset Cδ of A in R(ω) su
h that Cδ ⊂ A and

∫

A\Cδ

(1 + |∇αu|p) dxα <
δ

2β
.42



1.3. COSSERAT NONLINEAR MEMBRANE MODELConsider a sequen
e {vδ
n} ⊂W 1,p(Cδ × I; R3) satisfying





vδ
n −−−−−→

n→+∞
u in Lp(Cδ × I; R3),

b
δ
n :=

1

εn
−
∫ 1

−1
∇3v

δ
n(·, x3) dx3 −−−−−⇀

n→+∞
b in Lp(Cδ; R3),

lim
n→+∞

Jεn

(
vδ
n, b

δ
n;Cδ

)
= J{εn}(u, b;C

δ).

(1.3.8)
In view of Lemma 2.2 in [27℄ (the proof in our 
ontext is identi
al to that of the homoge-neous 
ase), there is no loss of generality to assume, upon extra
ting a subsequen
e of {εn}(not relabeled), that vδ

n = u on a neighborhood of ∂Cδ × I. We extend vδ
n as u outside Cδ(and 
orrespondingly extend bδn as 0). Sin
e J{εn}(u, b; ·) is an in
reasing set fun
tion, we have

J{εn}(u, b;C
δ) ≤ J{εn}(u, b;A) and thus,

lim sup
δ→0+

lim sup
n→+∞

Jεn

(
vδ
n, b

δ
n;A

)

≤ lim sup
δ→0+

{
lim

n→+∞
Jεn

(
vδ
n, b

δ
n;Cδ

)
+ 2β

∫

A\Cδ

(1 + |∇αu|p) dxα

}

= lim sup
δ→0+

J{εn}(u, b;C
δ)

≤ J{εn}(u, b;A)

≤ lim inf
δ→0+

lim inf
n→+∞

Jεn

(
vδ
n, b

δ
n;A

)
.Remark that (1.3.8), together with 
oer
ivity, implies that

‖∇αv
δ
n‖Lp(A×I;R3×2) + ‖bδn‖Lp(A;R3) ≤ C,independently of δ, n ; in parti
ular, {bδn} lies in a subset of Lp(A; R3), whi
h is metrizable for theweak Lp-topology. A simple diagonalization lemma (Lemma 7.1 in [35℄) permits to 
on
lude theexisten
e of a de
reasing sequen
e {δ(n)} ց 0+ su
h that the sequen
es {un := v

δ(n)
n } satis�es(1.3.7). �We now re
all two results that will be of use in the proof of Lemma 1.3.10 below. Theirproof 
an be found in [27℄ in the homogeneous 
ase and the heterogeneity does not 
reate anyadditional di�
ulty.Proposition 1.3.6. For any sequen
e {εj} ց 0+, there exists a subsequen
e {εn} ≡ {εjn} su
hthat, for any (u, b) ∈ W 1,p(ω; R3) × Lp(ω; R3), the set fun
tion J{εn}(u, b; ·) de�ned in (1.3.3)is the tra
e on A(ω) of a Radon measure, whi
h is absolutely 
ontinuous with respe
t to thetwo-dimensional Lebesgue measure. 43



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONBy virtue of Lemma 1.3.5 and Proposition 1.3.6, we will assume hen
eforth that {εn} denotesa subsequen
e of {εj} su
h that the Γ(Lp)-limit of Jεn exists, in whi
h 
ase it 
oin
ides with
J{εn}, and su
h that, for every (u, b) ∈ W 1,p(ω; R3) × Lp(ω; R3), the set fun
tion J{εn}(u, b; ·)is the tra
e on A(ω) of a Radon measure, whi
h is absolutely 
ontinuous with respe
t to thetwo-dimensional Lebesgue measure.Proposition 1.3.7. For all (u, b;A) ∈W 1,p(ω; R3)×Lp(ω; R3)×A(ω), the value of J{εj}(u, b;A)is un
hanged if W is repla
ed by QW in (1.3.2).Remark 1.3.8. If W does not depend on xα, we 
an show as in [27℄ that for all A ∈ A(ω),
Jε(·, ·;A) Γ(Lp)-
onverges to J0(·, ·;A) and

J0(u, b;A) = 2

∫

A
Q∗W (∇αu|b) dxα,for every (u, b) ∈W 1,p(A; R3) × Lp(ω; R3), where Q∗W is given by (1.3.4).Theorem 1.3.4 is a dire
t 
onsequen
e of the following two lemmas.Lemma 1.3.9. For all A ∈ A(ω) and for all (u, b) ∈W 1,p(A; R3) × Lp(A; R3),

J{εn}(u, b;A) ≥ 2

∫

A
Q∗W (xα;∇αu|b) dxα.Lemma 1.3.10. For all A ∈ A(ω) with A Lips
hitz and for all (u, b) ∈W 1,p(A; R3)×Lp(A; R3),

J{εn}(u, b;A) ≤ 2

∫

A
Q∗W (xα;∇αu|b) dxα.1.3.2 The lower boundProof of Lemma 1.3.9. Let (u, b) ∈W 1,p(A; R3)×Lp(A; R3). Take x0 ∈ A to be a Lebesgue pointof the Radon-Nikodym derivative of J{εn}(u, b; ·) with respe
t to the two-dimensional Lebesguemeasure and of xα 7→ Q∗W (xα;∇αu(xα)|b(xα)), and 
hoose r > 0 small enough so that Q′

r(x0) ⊂
A. A

ording to the equi-integrability Theorem (Theorem 1.1 in [25℄) together with Lemma 1.3.5,there exists a subsequen
e of {εn} (not relabeled) and a sequen
e {un} ⊂W 1,p(Q′

r(x0) × I; R3)su
h that




un → u in Lp(Q′
r(x0) × I; R3),

1

εn
−
∫ 1

−1
∇3un(·, x3)dx3 ⇀ b in Lp(Q′

r(x0); R
3),

{∣∣∣
(
∇αun

∣∣ 1
εn
∇3un

)∣∣∣
p} is equi-integrable,

J{εn}(u, b;Q
′
r(x0)) = lim

n→+∞

∫

Q′
r(x0)×I

W

(
xα, x3;∇αun

∣∣∣
1

εn
∇3un

)
dxα dx3.44



1.3. COSSERAT NONLINEAR MEMBRANE MODELWe argue as in the proof of Lemma 1.2.4 with Fn(x) :=
(
∇αun(x)

∣∣ 1
εn
∇3un(x)

) and we obtain,sin
e W ≥ QW

J{εn}(u, b;Q
′
r(x0))

≥ lim sup
h→+∞

h2∑

i=1

−
∫

Q′
i,h

{
lim inf
n→+∞

∫

Q′
i,h×I

W (yα, x3;Fn(xα, x3)) dxα dx3

}
dyα

≥ lim sup
h→+∞

h2∑

i=1

−
∫

Q′
i,h

{
lim inf
n→+∞

∫

Q′
i,h×I

QW (yα, x3;Fn(xα, x3)) dxα dx3

}
dyα.Applying, for a.e. yα ∈ Q′

i,h, Remark 1.3.8 to the Carathéodory fun
tion (x3;F ) 7→W (yα, x3;F ),we get
J{εn}(u, b;Q

′
r(x0)) ≥ lim sup

h→+∞

h2∑

i=1

−
∫

Q′
i,h

{
2

∫

Q′
i,h

Q∗W (yα;∇αu(xα)|b(xα)) dxα

}
dyα.By Proposition 1.3.3 (ii), Q∗W is a Carathéodory integrand, thus S
orza-Dragoni's Theoremimplies the existen
e, for any η > 0, of a 
ompa
t set Cη ⊂ A, su
h that

L2(A \ Cη) < η, (1.3.9)and Q∗W is 
ontinuous on Cη × R
3×2. Let Sλ := {xα ∈ A : |(∇αu(xα)|b(xα))| ≤ λ}, thanks toChebyshev's inequality

L2(A \ Sλ) <
C

λp
. (1.3.10)Consequently

J{εn}(u, b;Q
′
r(x0)) ≥

lim sup
λ→+∞

lim sup
η→0

lim sup
h→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h∩Cη

{
2

∫

Q′
i,h∩Cη∩Sλ

Q∗W (yα;∇αu(xα)|b(xα))dxα

}
dyα.Sin
e Q∗W is 
ontinuous on Cη × R

3×2, it is uniformly 
ontinuous on Cη × B(0, λ) thus thereexists a in
reasing and 
ontinuous fun
tion ωη,λ : [0,+∞) → [0,+∞) satisfying ωη,λ(0) = 0 andfor every yα ∈ Q′
i,h ∩ Cη and every xα ∈ Q′

i,h ∩Cη ∩ Sλ,
∣∣Q∗W (yα;∇αu(xα)|b(xα)) −Q∗W (xα;∇αu(xα)|b(xα))

∣∣ ≤ ωη,λ(|xα − yα|) ≤ ωη,λ(
√

2r/h).Integration and summation yield
h2∑

i=1

h2

r2

∫

Q′
i,h∩Cη

∫

Q′
i,h∩Cη∩Sλ

∣∣Q∗W (yα;∇αu(xα)|b(xα))

−Q∗W (xα;∇αu(xα)|b(xα))
∣∣ dxα dyα ≤ r2ωη,λ(

√
2r/h) −−−−→

h→+∞
0.45



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONTherefore,
J{εn}(u, b;Q

′
r(x0))

≥ lim sup
λ→+∞

lim sup
η→0

lim sup
h→+∞

h2∑

i=1

2L2(Q′
i,h ∩ Cη)

L2(Q′
i,h)

∫

Q′
i,h∩Cη∩Sλ

Q∗W (xα;∇αu(xα)|b(xα)) dxα.By virtue of the p-growth 
ondition (1.3.6) together with (1.3.9), we get
h2∑

i=1

L2(Q′
i,h \ Cη)

L2(Q′
i,h)

∫

Q′
i,h∩Cη∩Sλ

Q∗W (xα;∇αu(xα)|b(xα)) dxα

≤ β(1 + λp)
h2∑

i=1

L2(Q′
i,h \ Cη)

= β(1 + λp)L2(A \ Cη)

< β(1 + λp)η −−−→
η→0

0.Thus, (1.3.9) and (1.3.10) yield
J{εn}(u, b;Q

′
r(x0)) ≥ 2 lim sup

λ→+∞
lim sup

η→0

∫

Q′
r(x0)∩Cη∩Sλ

Q∗W (xα;∇αu(xα)|b(xα)) dxα

= 2

∫

Q′
r(x0)

Q∗W (xα;∇αu(xα)|b(xα)) dxα.The result follows after dividing the previous inequality by r2 and letting r ց 0+. �1.3.3 The upper boundProof of Lemma 1.3.10. The proof is divided into three steps. First, we address the 
ase where uis a�ne and b is 
onstant ; then, that where u is pie
ewise a�ne and 
ontinuous, and b pie
ewise
onstant. Finally, we address the general 
ase.Step 1. Let A ∈ A(ω), we assume that
{
u(xα) = F · xα + c, (F, c) ∈ R

3×2 × R
3,

b(xα) = z, z ∈ R
3.Thanks to the density of W 1,∞(Q′× I; R3) into W 1,p(Q′× I; R3) and to the p-growth hypothesis(1.1.1), for any k ≥ 1, there exists Lk > 0 and ϕk ∈ W 1,∞(Q′ × I; R3) Q′-periodi
 satisfying

Lk
2

∫
Q′×I ∇3ϕkdx = z and su
h that
Zk(x0;F |z) := −

∫

Q′×I
QW

(
x0, x3;F + ∇αϕk|Lk∇3ϕk

)
dxα dx3 ≤ Q∗W (x0;F |z) +

1

k
.46



1.3. COSSERAT NONLINEAR MEMBRANE MODELWe extend ϕk to R
2 × I by Q′-periodi
ity. Choose r > 0 small enough so that Q′

r(x0) ⊂ Awhere x0 is a Lebesgue point of the Radon-Nikodym derivative of J{εn}(u, b; ·) with respe
t tothe two-dimensional Lebesgue measure and of Zk(·;F |z) for all k ≥ 1. Fix k and set
uk

n(x) := F · xα + c+ Lkεnϕk

(
xα

Lkεn
, x3

)
.Then,

uk
n −−−−−→

n→+∞
u in Lp(Q′

r(x0) × I; R3),and by virtue of Riemann-Lebesgue's Lemma,
1

εn
−
∫ 1

−1
∇3u

k
n dx3 = Lk −

∫ 1

−1
∇3ϕk

(
xα

Lkεn
, x3

)
dx3

Lp(Q′
r(x0);R3)−−−−−−−−−⇀

n→+∞
Lk −
∫

Q′×I
∇3ϕk dx = b.So {uk

n} is admissible for J{εn}(u, b;Q
′
r(x0)) and, thanks to Proposition 1.3.7,

J{εn}(u, b;Q
′
r(x0)) ≤ lim inf

n→+∞

∫

Q′
r(x0)×I

QW
(
xα, x3;∇αu

k
n

∣∣∣
1

εn
∇3u

k
n

)
dxα dx3.Using an argument similar to that in the proof of Lemma 1.2.5, with QW instead of W , we get

dJ{εn}(u, b; ·)
dL2

(x0) ≤ 2Q∗W (x0;F |z).Thus, integration over A yields
J{εn}(u, b;A) ≤ 2

∫

A
Q∗W (xα;F |z) dxα.Step 2. Assume that u is 
ontinuous and pie
ewise a�ne and b is pie
ewise 
onstant on A.There exists a partition A1, . . . , AN of A su
h that u(xα) = F i · xα + ci and b(xα) = zi on Ai,for all i = 1, . . . , N . Thanks to step 1, for all i = 1, . . . ,N , we have

J{εn}(F i · xα + ci, zi;Ai) ≤ 2

∫

Ai

Q∗W (xα;F i|zi) dxα.In view of Proposition 1.3.6, J{εn}(u, b; ·) is a measure and we thus get
J{εn}(u, b;A) =

N∑

i=1

J{εn}(F i · xα + ci, zi;Ai)

≤ 2

N∑

i=1

∫

Ai

Q∗W (xα;F i|zi) dxα

= 2

∫

A
Q∗W (xα;∇αu|b) dxα.47



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONStep 3. Consider A ∈ A(ω) with A Lips
hitz and u ∈ W 1,p(A; R3), b ∈ Lp(A; R3). Thereexists a sequen
e {un} of 
ontinuous and pie
ewise a�ne fun
tions inW 1,p(A; R3) and a sequen
e
{bn} of pie
ewise 
onstant fun
tions in Lp(A; R3) su
h that un → u in W 1,p(A; R3) and bn → bin Lp(A; R3). Sin
e J{εn}(·, ·;A) is lower semi
ontinuous, we get, in view of the previous step,

J{εn}(u, b;A) ≤ lim inf
n→+∞

J{εn}(un, bn;A) ≤ lim inf
n→+∞

2

∫

A
Q∗W (xα;∇αun|bn) dxα. (1.3.11)By Proposition 1.3.3 and Lebesgue's Dominated Convergen
e Theorem,

lim
n→+∞

∫

A
Q∗W (xα;∇αun|bn) dxα =

∫

A
Q∗W (xα;∇αu|b) dxα. (1.3.12)Thus (1.3.11) and (1.3.12) yield

J{εn}(u, b;A) ≤ 2

∫

A
Q∗W (xα;∇αu|b) dxα.

�Proof of Theorem 1.3.4. The two previous lemmas demonstrate that, provided A ∈ A(ω) isLips
hitz, then, for all (u, b) ∈ W 1,p(A; R3) × Lp(A; R3), J{εn}(u, b;A) = J0(u, b;A). Whene-ver A ∈ A(ω) is an arbitrary open set, we de�ne the nested sequen
e of Lips
hitz open sub-sets Ak := {xα ∈ A : dist(xα, ∂A) > 1/k} of A, so that Ak ⊂ A and ∪k≥1Ak = A. Sin
e
(u, b) ∈W 1,p(Ak; R3) × Lp(Ak; R

3) and Ak is Lips
hitz,
J{εn}(u, b;Ak) = 2

∫

Ak

Q∗W (xα;∇αu|b) dxα.But J{εn}(u, b; ·) is a measure, thus, letting k ր +∞,
J{εn}(u, b;A) = 2

∫

A
Q∗W (xα;∇αu|b) dxα.In parti
ular, the Γ(Lp)-limit does not depend upon the 
hoi
e of sequen
e {εn} thus, in lightof Proposition 8.3 in [45℄, the whole sequen
e Jε(u, b;A) Γ(Lp)-
onverges to J0(u, b;A). ThenRemark 1.3.1 
ompletes the proof of Theorem 1.3.4. �Remark 1.3.11. If W does not depend upon x, Proposition 1.1 (iii) of [27℄ states that

Q∗W (F |z) = inf
L>0,ϕ

{
−
∫

Q′×I
W (F + ∇αϕ|L∇3ϕ) dxα dx3 : ϕ ∈W 1,p(Q′ × I; R3),

ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I and L−

∫

Q′×I
∇3ϕdx = z

}

= inf
L>0,ϕ

{
−
∫

Q′×I
QW (F + ∇αϕ|L∇3ϕ) dxα dx3 : ϕ ∈W 1,p(Q′ × I; R3),

ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I and L−

∫

Q′×I
∇3ϕdx = z

}
.48



1.4. CLASSICAL MEMBRANE MODEL AS A ZERO BENDING MOMENT DENSITYIn other words, the result of [27℄ is re
overed by Theorem 1.3.4.Remark 1.3.12. Sin
e Q∗W is the integrand of the Γ(Lp)-limit of Jε, whi
h satis�es a p-
oer
ivity 
ondition (see (1.1.1)), for all F ∈ R
3×2, for all z ∈ R

3 and for a.e. x0 ∈ ω,
β′(|F |p + |z|p) ≤ Q∗W (x0;F |z). (1.3.13)Remark 1.3.13. Theorem 1.3.4 implies that the fun
tional
(u, b) 7→

∫

ω
Q∗W (xα;∇αu|b)dxαis sequentially weakly lower semi
ontinuous on W 1,p(ω; R3)×Lp(ω; R3). Therefore, the fun
tion

Q∗W (x0; ·|z) is quasi
onvex and Q∗W (x0;F |·) is 
onvex. Thanks to the p-growth 
ondition(1.3.6), Q∗W (x0; ·|·) is lo
ally Lips
hitz, be
ause it is separately 
onvex (see Theorem 2.3 in[44℄).1.4 Classi
al membrane model as a zero bending moment densityThis se
tion investigates the 
oheren
e of our results. In the absen
e of a bending moment density(g0 = 0), we show below that Theorem 1.3.4 boils down to Theorem 1.2.3. We �rst give anotherform of the energy density W similar to the de�nition of Q∗W (see (1.3.4)). Spe
i�
ally,Proposition 1.4.1. For all F ∈ R
3×2 and for a.e. x0 ∈ ω,

W (x0;F ) = inf
L,ϕ

{
−
∫

Q′×I
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 :

L > 0, ϕ ∈W 1,p(Q′ × I; R3), ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I

}
.Proof. Set

W ∗(x0;F ) := inf
L,ϕ

{
−
∫

Q′×I
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 :

L > 0, ϕ ∈W 1,p(Q′ × I; R3), ϕ(·, x3) Q
′-periodi
 for a.e. x3 ∈ I

}
.It is obvious that W (x0;F ) ≥ W ∗(x0;F ). Conversely, for any δ > 0, 
onsider L > 0 and

ϕ ∈W 1,p(Q′ × I; R3) Q′-periodi
, su
h that
−
∫

Q′×I
QW (x0, x3;F + ∇αϕ|L∇3ϕ) dxα dx3 ≤W ∗(x0;F ) + δ.49



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONWe extend ϕ by Q′-periodi
ity and we set ϕn(xα, x3) := 1
nϕ(nxα, x3). Then, Riemann-Lebesgue'sLemma applied to ∫ 1

−1W (x0, x3;F + ∇αϕ(·, x3)|L∇3ϕ(·, x3)) dx3, implies that
lim

n→+∞
−
∫

Q′×I
QW (x0, x3;F + ∇αϕn|Ln∇3ϕn) dxα dx3 ≤W ∗(x0;F ) + δ. (1.4.1)For �xed n, the relaxation theorem of [1℄ (see Statement III.7 in [1℄) � applied to Q′×

(
− 1

Ln ,
1

Ln

)and to ψn(xα, x3) := ϕn(xα, Lnx3) � yields a sequen
e
ϕn,k −−−−⇀

k→+∞
ϕn in W 1,p(Q′ × I; R3)su
h that,

∫

Q′×I
QW (x0, x3;F + ∇αϕn|Ln∇3ϕn) dxα dx3

= lim
k→+∞

∫

Q′×I
W (x0, x3;F + ∇αϕn,k|Ln∇3ϕn,k) dxα dx3. (1.4.2)Thus (1.4.1) together with (1.4.2) give

lim
n→+∞

lim
k→+∞

−
∫

Q′×I
W (x0, x3;F + ∇αϕn,k|Ln∇3ϕn,k) dxα dx3 ≤W ∗(x0;F ) + δ.Furthermore, we have,

lim
n→+∞

lim
k→+∞

‖ϕn,k‖Lp(Q′×I;R3) = 0.By a standard diagonalization pro
ess, we 
an �nd an in
reasing sequen
e {k(n)}, with k(n)
n
ր

+∞ su
h that, if we set φn := ϕn,k(n),
lim

n→+∞
−
∫

Q′×I
W (x0, x3;F + ∇αφn|Ln∇3φn) dxα dx3 ≤W ∗(x0;F ) + δ, (1.4.3)and φn → 0 in Lp(Q′ × I; R3). By virtue of the 
oer
ivity hypothesis (1.1.1),
sup
n∈N

‖(∇αφn|Ln∇3φn)‖Lp(Q′×I;R3×3) < +∞.We de�ne the following sequen
e of non negative bounded Radon measures
λn := (1 + |(∇αφn|Ln∇3φn)|p)χQ′×IL3.The 
oer
ive 
hara
ter (1.1.1) of W permits to assert that, up to a subsequen
e (not relabeled),there exists a non negative bounded Radon measure λ su
h that

λn
∗
⇀ λ in Mb(R

3).50



1.4. CLASSICAL MEMBRANE MODEL AS A ZERO BENDING MOMENT DENSITYWe 
ut φn near the lateral boundary to obtain a sequen
e whi
h vanishes on ∂Q′ × I. Let
θk ∈ C∞

c (Q′) a 
ut-o� fun
tion de�ned by




θk(xα) :=

{
1 if xα ∈ Q′

1−1/k(0),

0 if xα /∈ Q′
1−1/(k+1)(0),

‖∇αθk‖L∞(Q′) ≤ Ck2,

(1.4.4)We set φk
n := θkφn, sin
e φk

n = 0 on ∂Q′ × I, (1.4.3) together with (1.4.4) yields
W ∗(x0;F ) (1.4.5)

≥ lim inf
k→+∞

lim inf
n→+∞

−
∫

Q′
1−1/k

(0)×I
W (x0, x3;F + ∇αφ

k
n|Ln∇3φ

k
n) dxα dx3 − δ

≥ lim inf
k→+∞

lim inf
n→+∞

−
∫

Q′×I
W (x0, x3;F + ∇αφ

k
n|Ln∇3φ

k
n) dxα dx3

− lim sup
k→+∞

lim sup
n→+∞

−
∫

[Q′
1−1/(k+1)

(0)\Q′
1−1/k

(0)]×I
W (x0, x3;F+∇αφ

k
n|Ln∇3φ

k
n) dxα dx3

−β(1 + |F |p) lim sup
k→+∞

L2
(
Q′ \Q′

1−1/(k+1)(0)
)
− δ

≥W (x0;F ) − lim sup
k→+∞

lim sup
n→+∞

{
Cλn

([
Q′

1−1/(k+1)(0) \Q′
1−1/k(0)

]
× I
)

+C ′k2p

∫

Q′×I
|φn|pdx

}
− δ. (1.4.6)Sin
e Q′

1−1/k(0) is an in
reasing sequen
e of open sets, the union of whi
h is Q′, we get
lim sup
k→+∞

lim sup
n→+∞

λn

([
Q′

1−1/(k+1)(0) \Q′
1−1/k(0)

]
× I
)

≤ lim sup
k→+∞

λ
([
Q′

1−1/(k+1)(0) \Q′
1−1/k(0)

]
× I
)

≤ lim sup
k→+∞

λ
([
Q′ \Q′

1−1/(k−1)(0)
]
× [−1, 1]

)
= 0.Using the fa
t that φn → 0 in Lp(Q′ × I; R3) and letting δ tend to 0 in (1.4.6), we �nally get

W ∗(x0;F ) ≥W (x0;F ).

�Now that W and Q∗W are expressed in near identi
al manner, Remarks 1.3.12 and 1.3.13immediately imply that for all F ∈ R
3×2 and for a.e. x0 ∈ ω, there exists b0 ∈ R

3 su
h that
W (x0;F ) = min

z∈R3
Q∗W (x0;F |z) = Q∗W (x0;F |b0).51



CHAPITRE 1. SPATIAL HETEROGENEITY IN 3D-2D DIMENSIONAL REDUCTIONIn the absen
e of bending moments, the linear form L given by (1.3.1) does not depend upon
b and we may perform expli
itly the minimum in b in the limit minimization problem. For
u ∈ W 1,p(ω; R3), a 
lassi
al measurability sele
tion 
riterion (see [54℄, Chapter VIII, Theorem1.2), together with the 
oer
ivity 
ondition (1.3.13), implies the existen
e of b0 ∈ Lp(ω; R3) su
hthat for a.e. x0 ∈ ω,

W (x0;∇αu(x0)) = min
z∈R3

Q∗W (x0;∇αu(x0)|z) = Q∗W (x0;∇αu(x0)|b0(x0)).Thus,
inf

b∈Lp(ω;R3)

∫

ω
Q∗W (xα;∇αu|b) dxα ≤

∫

ω
Q∗W (xα;∇αu|b0) dxα

=

∫

ω
W (xα;∇αu) dxα

=

∫

ω
min
z∈R3

Q∗W (xα;∇αu|z) dxα

≤
∫

ω
Q∗W (xα;∇αu|b) dxα, (1.4.7)where the last inequality holds for all b ∈ Lp(ω; R3). Taking the in�mum in b in the last term of(1.4.7), the inequalities be
ome equalities thus

inf
b∈Lp(ω;R3)

∫

ω
Q∗W (xα;∇αu|b) dxα =

∫

ω
W (xα;∇αu) dxα.This shows that Theorem 1.2.3 is re
overed from Theorem 1.3.4.
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Chapitre 2Reiterated homogenization of thin �lms
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2.1. INTRODUCTION2.1 Introdu
tionIn this work we study the limit behavior of an elasti
 thin body whose mi
rostru
ture is multi-periodi
. The asymptoti
 analysis of media with multiple s
ale of homogenization is referred toas Reiterated Homogenization. Roughly speaking, we seek to approximate in a 
ertain sense themi
ros
opi
 behavior of su
h materials by a ma
ros
opi
, or average, des
ription.Let Ωε the referen
e 
on�guration of an elasti
 thin �lm that we assume to be a bounded andopen subset of R
3. Let us denote by R

m×n the spa
e of real valued m× n matri
es. To take intoa

ount the periodi
 heterogeneity of this material, we suppose that its stored energy density,given by a fun
tion f : Ωε × R
3 × R

3 × R
3×3 → R, satis�es suitable periodi
ity properties withrespe
t to its se
ond and third variables. Under the deformation u : Ωε → R

3 the elasti
 energyof this body turns out to be given by the fun
tional
∫

Ωε

f
(
x,
x

ε
,
x

ε2
;∇u(x)

)
dx. (2.1.1)When Ωε = Ω, this kind of asymptoti
 problems 
an be seen as a generalization of theIterated Homogenization Theorem for linear integrands, proved in [22℄, in whi
h the homogenizedoperator is derived by a formal two-s
ale asymptoti
 expansion method. This result has beenre
overed in several ways via other types of 
onvergen
e su
h as H-
onvergen
e, G-
onvergen
e,and multis
ale 
onvergen
e (see [76℄ and referen
es therein). In the framework of Γ-
onvergen
e(see e.g. [45, 30, 32℄), the nonlinear setting has been investigated in [36, 32, 60, 16, 14℄. Allthese results share the same property : The homogenized fun
tional, so named in the literatureon Γ-limits, is obtained by iterating twi
e the homogenization formula. The main di�eren
eremains in the assumptions on the elasti
 energy density f . Indeed, it is not 
lear what thenatural regularity on f should be for the integral (2.1.1) to be well de�ned. Su
h problems havebeen dis
ussed in [3℄, Se
tion 5. In parti
ular, for �xed F ∈ R

3×3, the measurability of thefun
tion x 7→ f(x, x/ε, x/ε2;F ) is ensured whenever f is measurable in at most one variable and
ontinuous in the other ones. The most realisti
 situation would 
onsist in assuming measurabilityin one of the os
illating variable, as in [36, 32℄, allowing dis
ontinuities in the mi
rostru
ture ;This is relevant in the 
ase of mixtures and 
omposite materials. Nevertheless, for te
hni
alreasons, the authors �nd it ne
essary to assume a strong uniform 
ontinuity property in the othervariables. On the other hand, in [60, 16, 14℄), the authors 
hoose to assume measurability withrespe
t to the ma
ros
opi
 variable and 
ontinuity in both os
illating variables. In parti
ular, theyare able to remove the uniform 
ontinuity 
ondition but their analysis pros
ribes dis
ontinuousmi
rostru
tures. In what follows, we assume the latter and generalize previous results of [15, 13℄already established in this spirit.We will address the 
ase where Ωε := ω × (−ε, ε) is a three-dimensional 
ylindri
al thindomain of basis ω, a bounded open subset of R
2, of thi
kness 2ε, and whose mi
rostru
ture isperiodi
 of period ε2 in the bulk and also ε in the in-plane dire
tion. Two simultaneous featureso

ur in this 
ase : reiterated homogenization and dimension redu
tion. Our main 
ontribution55



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSis that our arguments allow us to homogenize this material in the redu
ing dire
tion. As usual,in order to study this problem as ε → 0 we res
ale the ε-thin body into a referen
e domain ofunit thi
kness (see e.g. [74, 35℄), so that the resulting energy will be de�ned on a �xed body,while the dependen
e on ε turns out to be expli
it in the transverse derivative. For this, we de�ne
v(xα, x3/ε) = u(xα, x3) on the res
aled 
ylinder Ω := ω×I, where I := (−1, 1) and xα := (x1, x2)is the in-plane variable. In what follows we denote by ∇α (resp. ∇3) the gradient with respe
t to
xα (resp. x3) and, for all F ∈ R

3×2 and z ∈ R
3, (F |z) stands for the 3× 3 matrix whose �rst two
olumns are those of F and whose last one is z. Repla
ing v by u in (2.1.1), 
hanging variablesand dividing by ε, we are led to the study of the sequen
e of res
aled energies

∫

Ω
W

(
x,
x

ε
,
xα

ε2
;∇αv(x)

∣∣∣
1

ε
∇3v(x)

)
dx, (2.1.2)where we set

f(x, y, z;F ) = W (xα, y3, yα, z3, zα;F ), (2.1.3)for some fun
tion W : Ω × R
3 × R

2 × R
3×3 → R. The motivation for studying su
h fun
tionals
omes from the work of [35℄ where an abstra
t dimensional redu
tion variational 
onvergen
eresult has been established in a general setting for a family of stored energies of the formWε(x;F ).Spe
i�
 
hara
terizations were derived for some parti
ular 
ases. In Se
tion 3 of that referen
e aheterogeneous nonlinear membrane model is derived by Γ-
onvergen
e, and heterogeneity in thetransverse dire
tion is 
onsidered. Pre
isely, the authors treat the 
ase where the stored energydensity is of the formW (x3;F ), generalizing the previous work of [74℄ for homogeneous materials.These results have been re
overed in [15℄ for energies with a general heterogeneity independentof the thi
kness, namely W (x;F ). Furthermore in Se
tion 4 of [35℄ � and independently also in[88℄, Theorem 3 (i) � a 3D-2D analysis 
oupled with a homogenization in the in-plane dire
tionis studied in the 
ase where Wε(x;F ) = W (x3, xα/ε;F ). Later, in [13℄, the author treated the
ase where the integrand W depends also on the ma
ros
opi
 in-plane variable xα (see Theorem1.2 in [13℄). Finally, reiterated homogenization of thin �lms has been investigated in [88℄ (seeTheorem 5) under di�erent length s
ales for the �lm thi
kness and the material mi
rostru
ture.Namely, fun
tions of the form W (xα/ε
2;F ) were 
onsidered. However, homogenization in thetransverse dire
tion x3 remained an open question.As for notation, we will denote by Ln the n-dimensional Lebesgue measure in R

n (in thesequel, n will always be equal to 2 or 3) ; for any measurable set A ⊂ R
n and any measurablefun
tion f : R

n → R, we write −
∫
A f(x) dx := Ln(A)−1

∫
A f(x) dx for the average of f over A ;

Q′ := (0, 1)2 and Q := (0, 1)3 stand for the unit 
ubes in R
2 and R

3 respe
tively and we willidentify W 1,p(ω; R3) (resp. Lp(ω; R3)) with those fun
tions u ∈ W 1,p(Ω; R3) (resp. Lp(Ω; R3))su
h that D3u = 0 in the sense of distributions.Following the lines of [13℄ and [15℄ we assume that
(A1) W (x, ·, ·; ·) is 
ontinuous on R

3 × R
2 × R

3×3 for a.e. x ∈ Ω ;
(A2) W (·, ·, ·;F ) is L3 ⊗L3 ⊗ L2-measurable for all F ∈ R

3×3 ;56



2.1. INTRODUCTION
(A3)





yα 7→W (x, y, zα;F ) is Q′-periodi
 for all (zα, y3, F ) ∈ R
3 × R

3×3 and a.e. x ∈ Ω;

(zα, y3) 7→W (x, y, zα;F ) is Q-periodi
 for all (yα, F ) ∈ R
2 × R

3×3 and a.e. x ∈ Ω;

(A4) there exists β > 0 su
h that
1

β
|F |p−β ≤W (x, y, zα;F ) ≤ β(1+|F |p) for all (y, zα, F ) ∈ R

3×R
2×R

3×3 and a.e. x ∈ Ω.Let us formally justify the periodi
ity assumptions (A3) : Sin
e the volume of Ωε is of order
ε and ε2 ≪ ε, in a �rst step, we 
an think of ε as being a �xed parameter and let ε2 tend tozero. Then at this point dimension redu
tion is not o

urring and (2.1.1) 
an be seen as a singleone-s
ale homogenization problem in whi
h it is natural to assume f(x, y, · ;F ) � or equivalently,
(zα, y3) 7→ W (x, yα, y3, zα;F ) (see (2.1.3)) � to be Q-periodi
. The homogenization formula forthis 
ase gives us a homogenized stored energy density Whom(x, yα;F ) that, in a se
ond step, isused as the integrand of a similar problem as that treated in [13℄. In parti
ular, the required Q′-periodi
ity of Whom(x, · ;F ) 
an be obtained from the Q′-periodi
ity of yα 7→W (x, yα, y3, zα;F ).We prove the following theorem.Theorem 2.1.1. Let W : Ω × R

3 × R
2 × R

3×3 → R be a fun
tion satisfying (A1)-(A4). Then,the fun
tional Wε : Lp(Ω; R3) → R de�ned by
Wε(u) :=





∫

Ω
W

(
x,
x

ε
,
xα

ε2
;∇αu(x)

∣∣∣
1

ε
∇3u(x)

)
dx if u ∈W 1,p(Ω; R3),

+∞ otherwise (2.1.4)
Γ-
onverges for the strong Lp(Ω; R3)-topology to Whom : Lp(Ω; R3) → R given by

Whom(u) :=





2

∫

ω
W hom(xα;∇αu(xα)) dxα if u ∈W 1,p(ω; R3),

+∞ otherwise,where
W hom(xα;F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αφ(y)|∇3φ(y)) dy :

φ ∈W 1,p((0, T )2 × I; R3), φ = 0 on ∂(0, T )2 × I

} (2.1.5)for a.e. xα ∈ ω and all F ∈ R
3×2, and 57



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
Whom(x, yα;F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )3
W (x, yα, z3, zα;F + ∇φ(z)) dz :

φ ∈W 1,p
0 ((0, T )3; R3)

}
, (2.1.6)for a.e. x ∈ Ω and all (yα, F ) ∈ R

2 × R
3×3.We would also like to draw attention to assumption (A2) : In the 3D-2D 
ase, if we assumeonly W (·, y, zα;F ) to be L3-measurable for all (y, zα, F ) ∈ R

3×R
2×R

3×3, the fun
tional (2.1.4)would be well de�ned but this would not be the 
ase for the integrals in (2.1.5) and (2.1.6) (seealso Remarks 1.1 and 2.2 in [13℄) be
ause their integrands would be only separately measurable.This global measurability assumption allows us to ensure measurability of the three integrandsin (2.1.4), (2.1.5) and (2.1.6) obtained by 
rossing the variables (see Se
tion 2.2 below).We remark that most of the proofs presented are similar to those in [32℄ (Theorem 22.1 andRemark 22.8), and that our main 
ontribution is to use arguments that allow us to weaken theiruniform 
ontinuity hypothesis. Let us brie�y des
ribe how we pro
eed : The idea 
onsists inproving the result for integrands whi
h do not depend expli
itly on xα (see Theorem 2.3.1 inSe
tion 2.3), and then to treat the general 
ase by freezing this ma
ros
opi
 variable (Se
tion2.4). To do this, we need to extend the Carathéodory integrand W into a 
ontinuous fun
tionby means of Tietze's Extension Theorem (see e.g. [53℄). This argument was already used in [13℄and [15℄ where the authors used a weaker result (see Theorem 1 Se
tion 1.2 in [55℄ and Lemma4.1 in [13℄). Sin
e the problem at �xed ε and the asymptoti
 problem are of di�erent nature (athree-dimensional problem be
oming a two-dimensional one), a new di�
ulty appears. Indeed,arguing like in 
lassi
al relaxation (see e.g. [14℄), we would use the S
orza-Dragoni Theorem to�nd a 
ompa
t set K ⊂ Ω, the 
omplement of whi
h has arbitrarily small Lebesgue measure andsu
h that W is 
ontinuous on K × R
3 × R

2 × R
3×3. To lo
alize our fun
tional on small 
ubesso as to apply a uniform 
ontinuity argument, we �x x0 in ω and for all (xα, x3) ∈ K we mustensure that (x0, x3) ∈ K. But sin
e K is 
ompa
t, we 
annot expe
t this to be true, and thisargument fails. To over
ome this di�
ulty (see also [15, 13℄), we need to repla
e W by a fun
tionwhi
h is 
ontinuous everywhere. That is the aim of Proposition 2.4.1 whi
h provides a 
ontinuousextension of Carathéodory fun
tions.2.2 Properties of the homogenized energy densitiesIn this se
tion we prove properties of the stored energy densities Whom and W hom that will beof use in the proof of Theorem 2.1.1.Remark 2.2.1. Without loss of generality, we assume that W is non negative upon repla
ing

W by W + β whi
h is non negative in view of (A4).58



2.2. PROPERTIES OF THE HOMOGENIZED ENERGY DENSITIES2.2.1 Properties of WhomA

ording to (A1), (A2), (A4) and Fubini's Theorem it follows that the integral in (2.1.6) is wellde�ned for L3 ⊗ L2-a.e. (x, yα) ∈ Ω × R
2. Moreover, the fun
tion

Whom(·, · ;F ) is L3 ⊗ L2-measurable for all F ∈ R
3×3. (2.2.1)In fa
t, it 
an be proved thatWhom(x, ·;F ) is upper semi
ontinuous (as the in�mum of 
ontinuousfun
tions) for a.e. x ∈ Ω and all F ∈ R

3×3. Moreover (see e.g. [32℄)
Whom(x, yα; ·) is 
ontinuous and quasi
onvex for a.e. x ∈ Ω and all yα ∈ R

2. (2.2.2)By 
ondition (A3) it follows that
Whom(x, · ;F ) is Q′-periodi
 for a.e. x ∈ Ω and all F ∈ R

3×3. (2.2.3)Finally, Whom satis�es similar p-growth and p-
oer
ivity 
onditions than W :
1

β
|F |p −β ≤Whom(x, yα;F ) ≤ β(1 + |F |p) for a.e. x ∈ Ω and all (yα, F ) ∈ R

2 ×R
3×3. (2.2.4)In parti
ular (see [44℄) the following p-Lips
hitz property holds :

|Whom(x, yα;F1) −Whom(x, yα;F2)| ≤ β(1 + |F1|p−1 + |F2|p−1)|F1 − F2|, (2.2.5)for all F1 and F2 ∈ R
3×3, all yα ∈ R

2 and a.e. x ∈ Ω.2.2.2 Properties of W homIn view of (2.2.1), (2.2.2) and (2.2.4), another appli
ation of Fubini's Theorem implies that theintegral in (2.1.5) well de�ned for a.e. xα ∈ ω. Thus so is W hom and the fun
tion W hom(·;F ) ismeasurable for all F ∈ R
3×2.Lemma 2.2.2. Let W satisfying (A1)-(A4), then W hom is a Carathéodory fun
tion.Proof. The measurability ofW hom(·;F ) has already been established above. Let us now deal withthe 
ontinuity ofW hom(xα; ·). Let F and Fn ∈ R

3×2 be su
h that Fn → F . From the de�nition of
W hom(xα;F ), for �xed δ > 0 
hoose T ∈ N and ϕ ∈W 1,p((0, T )2×I; R3), ϕ = 0 on ∂(0, T )2×I,su
h that

W hom(xα;F ) + δ ≥ −
∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dyαdy3. (2.2.6)Therefore

lim sup
n→+∞

W hom(xα;F n) ≤ lim sup
n→+∞

−
∫

(0,T )2×I
Whom(xα, y3, yα;F n + ∇αϕ(y)|∇3ϕ(y)) dyαdy3

= −
∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dyαdy359



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSdue to the 
ontinuity (2.2.2) and the p-growth property (2.2.4) together with Lebesgue's Domi-nated Convergen
e Theorem. So by (2.2.6) and letting δ → 0 we 
on
lude that
lim sup
n→+∞

W hom(xα;Fn) ≤W hom(xα;F ). (2.2.7)Similarly, for ea
h n ∈ N 
onsider Tn ∈ N (Tn ր +∞) and ϕn ∈ W 1,p((0, Tn)2 × I; R3), ϕn =

0 on ∂(0, Tn)2 × I, su
h that
W hom(xα;Fn) +

1

n
≥ −
∫

(0,Tn)2×I
Whom(xα, y3, yα;F n + ∇αϕn(y)|∇3ϕn(y)) dyαdy3

= −
∫

Q′×I
Whom(xα, y3, Tnyα;F n + ∇αψn(y)|Tn∇3ψn(y)) dyαdy3,after a 
hange of variables and where ψn(y) := 1

Tn
ϕn(Tnyα, y3). Clearly the fun
tion ψn belongsto W 1,p(Q′ × I; R3) and ψn = 0 on ∂Q′ × I. By (2.2.4), the sequen
e {(∇αψn|Tn∇3ψn)} isbounded in Lp(Q′× I; R3×3) uniformly in n ∈ N. Hen
e, using (2.2.5), Hölder inequality and thefa
t that Fn → F , we obtain

lim
n→+∞

∫

Q′×I

∣∣Whom(xα, y3, Tnyα;F n + ∇αψn(y)|Tn∇3ψn(y))

−Whom(xα, y3, Tnyα;F + ∇αψn(y)|Tn∇3ψn(y))
∣∣ dyα dy3 = 0.Consequently

lim inf
n→+∞

W hom(xα;F n) ≥ lim inf
n→+∞

−
∫

Q′×I
Whom(xα, y3, Tnyα;F + ∇αψn(y)|Tn∇3ψn(y)) dyαdy3

= lim inf
n→+∞

−
∫

(0,Tn)2×I
Whom(xα, y3, yα;F + ∇αϕn(y)|∇3ϕn(y)) dyαdy3

≥ W hom(xα;F ). (2.2.8)From (2.2.7) and (2.2.8), we 
on
lude that W hom(xα; ·) is 
ontinuous. �As a 
onsequen
e of Lemma 2.2.2, the fun
tional Whom makes sense on W 1,p(Ω; R3). Fi-nally, the fun
tion W hom satis�es the same p-growth and p-
oer
ivity 
ondition as W and Whomnamely :
1

β
|F |p − β ≤W hom(xα;F ) ≤ β(1 + |F |p) for a.e. xα ∈ ω and all F ∈ R

3×2. (2.2.9)2.3 Independen
e on the in-plane ma
ros
opi
 variableIn this se
tion, we assume that W does not depend expli
itly on xα, namely W : I × R
3 × R

2 ×
R

3×3 → [0,+∞). For ea
h ε > 0, 
onsider the fun
tional Wε : Lp(Ω; R3) → [0,+∞] de�ned by60



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLE
Wε(u) :=





∫

Ω
W

(
x3,

x

ε
,
xα

ε2
;∇αu(x)

∣∣∣
1

ε
∇3u(x)

)
dx if u ∈W 1,p(Ω; R3),

+∞ otherwise. (2.3.1)Our aim is to prove the following result.Theorem 2.3.1. Under assumptions (A1)-(A4) the fun
tional Wε Γ-
onverges for the strong
Lp(Ω; R3)-topology to Whom : Lp(Ω; R3) → [0,+∞] de�ned by

Whom(u) =





2

∫

ω
W hom(∇αu(xα)) dxα if u ∈W 1,p(ω; R3),

+∞ otherwise,where
W hom(F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )2×I
Whom(y3, yα;F + ∇αφ(y)|∇3φ(y)) dy :

φ ∈W 1,p((0, T )2 × I; R3) and φ = 0 on ∂(0, T )2 × I

}
, (2.3.2)for all F ∈ R

3×2, and
Whom(y3, yα;F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )3
W (y3, yα, z3, zα;F + ∇φ(z)) dz :

φ ∈W 1,p
0 ((0, T )3; R3)

}
, (2.3.3)for all (y, F ) ∈ R

3 × R
3×3.We start by lo
alizing the fun
tionals given in (2.3.1) in order to highlight their dependen
eon the 
lass of bounded and open subsets of R

2, denoted by A0. As it will be 
lear from theproofs of Lemmas 2.3.6 and 2.3.7 below, it would not be su�
ient to lo
alize, as usual, onany open subset of ω. Indeed, formulas (2.3.2) and (2.3.3) suggest to work in 
ubes of thetype (0, T )2, with T arbitrarily large, not ne
essarily 
ontained in ω. For ea
h ε > 0, 
onsider
Wε : Lp(R2 × I; R3) ×A0 → [0,+∞] de�ned by
Wε(u;A) :=





∫

A×I
W

(
x3,

x

ε
,
xα

ε2
;∇αu(x)

∣∣∣
1

ε
∇3u(x)

)
dx if u ∈W 1,p(A× I; R3),

+∞ otherwise. (2.3.4)61



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS2.3.1 Existen
e of Γ-
onvergent subsequen
esGiven {εj} ց 0+ and A ∈ A0, 
onsider the Γ-lim inf of Wεj(·;A) for the Lp(A× I; R3)-topology,de�ned for u ∈ Lp(R2 × I; R3), by
W{εj}(u;A) := inf

{uj}

{
lim inf
j→+∞

Wεj(uj ;A) : uj → u in Lp(A× I; R3)

}
.In view of the p-
oer
ivity 
ondition (A4), for ea
h A ∈ A0 it follows that W{εj}(u;A) is in�nitewhenever u ∈ Lp(R2×I; R3)\W 1,p(A; R3), so it su�
es to study the 
ase where u ∈W 1,p(A; R3).Remark 2.3.2. Arguing similarly than the se
ond step of the proof of Theorem 2.5 in [35℄, one
an show that for every sequen
e {εj} ց 0+, there exists a subsequen
e {εn} ≡ {εjn} su
h thatfor all A ∈ A0 and all u ∈ W 1,p(A; R3), W{εn}(u;A) is the Γ-limit of Wεn(u;A) for the strong

Lp(A×I; R3)-topology. The reason why we 
annot use dire
tly their result is be
ause the authorswere 
onsidering A as any open subset of a bounded domain while we are treating the 
ase wherethe latter domain is the whole R
2.Our next obje
tive is to show that for every A ∈ A0 and every u ∈ W 1,p(A; R3), then

W{εn}(u;A) = Whom(u;A), where Whom : Lp(R2 × I; R3) ×A0 → [0,+∞] is given by
Whom(u;A) =





2

∫

A
W hom(∇αu(xα)) dxα if u ∈W 1,p(A; R3),

+∞ otherwise.2.3.2 Integral representation of the Γ-limitFollowing the proof of Lemma 2.5 in [35℄, it is possible to show that for ea
h U ∈ A0 andall u ∈ W 1,p(U ; R3), the restri
tion of W{εn}(u; ·) to A(U) is a Radon measure, absolutely
ontinuous with respe
t to the two-dimensional Lebesgue measure. But one has to ensure thatthe Integral Representation given by Theorem 4.3.2 in [37℄ is independent of the open set U ∈ A0.The following result, prevents this dependen
e from holding sin
e it leads to an homogeneousintegrand as will be seen in Lemma 2.3.4 below.Lemma 2.3.3. For all F ∈ R
3×2, y0 and z0 ∈ R

2, and r > 0

W{εn}(F · ;Q′
r(y0)) = W{εn}(F · ;Q′

r(z0)).Proof. Clearly, it su�
es to establish the inequality
W{εn}(F · ;Q′

r(y0)) ≥ W{εn}(F · ;Q′
r(z0)).Let {un} ⊂W 1,p(Q′

r(y0) × I; R3) with un → 0 in Lp(Q′
r(y0) × I; R3) be su
h that

W{εn}(F ·;Q′
r(y0)) = lim

n→+∞

∫

Q′
r(y0)×I

W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αun(x)

∣∣∣
1

εn
∇3un(x)

)
dx. (2.3.5)62



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLEBy Theorem 1.1 in [25℄ and Lemma 2.6 in [35℄, we 
an assume without loss of generality thatthe sequen
e {∣∣(∇αun| 1
εn
∇3un

)∣∣p} is equi-integrable and un = 0 on ∂Q′
r(y0) × I. For all n ∈ Nwe write

y0 − z0
εn

= mεn + sεnwith mεn ∈ Z
2 and sεn ∈ [0, 1)2,

mεn

εn
= θεn + lεn (2.3.6)with θεn ∈ Z

2 and lεn ∈ [0, 1)2, and we de�ne
xεn := mεnεn − ε2nlεn . (2.3.7)Note that xεn = y0 − z0 − εnsεn − ε2nlεn → y0 − z0 as n → +∞. For all n ∈ N, extend un byzero to the whole R

2 × I and set vn(xα, x3) = un(xα + xεn , x3) for (xα, x3) ∈ Q′
r(z0) × I. Then

{vn} ⊂W 1,p(Q′
r(z0) × I; R3) and vn → 0 in Lp(Q′

r(z0) × I; R3) be
ause
∫

Q′
r(z0)×I

|vn(x)|pdx =

∫

Q′
r(z0)×I

|un(xα + xεn , x3)|pdx

=

∫

Q′
r(z0+xεn)×I

|un(x)|pdx

≤
∫

Q′
r(y0)×I

|un(x)|pdx, (2.3.8)sin
e un ≡ 0 on [R2 \ Q′
r(y0)] × I. We also remark that by the translation invarian
e of theLebesgue measure, the sequen
e {∣∣(∇αvn| 1

εn
∇3vn

)∣∣p} is still equi-integrable. In view of (2.3.5),(2.3.6), (2.3.7) and (A3),
W{εn}(F ·;Q′

r(y0))

≥ lim sup
n→+∞

∫

Q′
r(y0−xεn)×I

W

(
x3,

xα + xεn

εn
,
x3

εn
,
xα + xεn

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

= lim sup
n→+∞

∫

Q′
r(y0−xεn)×I

W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

≥ lim sup
n→+∞

∫

Q′
r(z0)×I

W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

− lim sup
n→+∞

∫

[Q′
r(z0)\Q′

r(y0−xεn )]×I
W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx.The p-growth 
ondition (A4) and the fa
t that L2(Q′

r(z0) \Q′
r(y0 − xεn)) → 0 yield

lim sup
n→+∞

∫

[Q′
r(z0)\Q′

r(y0−xεn)]×I
W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

≤ lim sup
n→+∞

2β(1 + |F |p)L2
(
Q′

r(z0) \Q′
r(y0 − xεn)

)
= 0,63



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSsin
e vn ≡ 0 on [R2 \Q′
r(y0 − xεn)] × I. Therefore

W{εn}(F ·;Q′
r(y0))

≥ lim sup
n→+∞

∫

Q′
r(z0)×I

W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx. (2.3.9)To eliminate the term εn lεn in (2.3.9), and thus to re
over W{εn}(F ·;Q′

r(z0)), we would like toapply a uniform 
ontinuity argument. Sin
e for a.e. x3 ∈ I the fun
tionW (x3, ·, ·; ·) is 
ontinuouson R
3 × R

2 × R
3×3, then (A3) implies that it is uniformly 
ontinuous on R

3 × R
2 × B(0, λ) forany λ > 0 and a.e. x3 ∈ I, where B(0, λ) stands for the 
losed ball of radius λ in R
3×3. We de�ne

Rλ
n :=

{
x ∈ Q′

r(z0) × I :

∣∣∣∣
(
F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)∣∣∣∣ ≤ λ

}
,and we note that by Chebyshev's inequality

L3([Q′
r(z0) × I] \Rλ

n) ≤ C/λp, (2.3.10)for some 
onstant C > 0 independent of λ or n. Thus, in view of (2.3.9) and the fa
t that W isnonnegative,
W{εn}(F ·;Q′

r(y0))

≥ lim sup
λ→+∞

lim sup
n→+∞

∫

Rλ
n

W

(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx.Denoting by ωλ(x3, ·) : [0,+∞) → [0,+∞) the modulus of 
ontinuity of W (x3, ·, ·; ·) on R

3 ×
R

2 ×B(0, λ) de�ned by
ωλ(x3, t) := sup

{
W (x3, y, zα;F ) −W (x3, y

′, z′α;F ′) : y, y′ ∈ R
3, zα, z

′
α ∈ R

2,

F, F ′ ∈ B(0, λ) and |y − y′| + |zα − z′α| + |F − F ′| ≤ t
}
,we easily 
he
k that for a.e. x3 ∈ I, the fun
tion t 7→ ωλ(x3, t) is 
ontinuous, in
reasing andsatis�es ωλ(x3, 0) = 0. Moreover, by 
ontinuity of W (x3, ·, ·; ·) the previous supremum 
an betaken over rational points ; Thus for all t ∈ [0,+∞), the fun
tion x3 7→ ωλ(x3, t) is measurableas the 
ountable supremum of measurable fun
tions. We get, for any x ∈ Rλ

n

∣∣∣∣W
(
x3,

x

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)

−W
(
x3,

xα

εn
− εnlεn ,

x3

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)∣∣∣∣
≤ ωλ(x3, εnlεn). 64



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLEThen, the properties of ωλ and Beppo-Levi's Monotone Convergen
e Theorem yield
W{εn}(F ·;Q′

r(y0)) ≥ lim sup
λ→+∞

lim sup
n→+∞

{∫

Rλ
n

W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

−r2
∫ 1

−1
ωλ(x3, εnlεn) dx3

}

= lim sup
λ→+∞

lim sup
n→+∞

∫

Rλ
n

W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx.The equi-integrability of {∣∣(∇αvn| 1

εn
∇3vn

)∣∣p}, the p-growth 
ondition (A4) and (2.3.10), implythat
lim sup
λ→+∞

lim sup
n→+∞

∫

[Q′
r(z0)×I]\Rλ

n

W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

≤ β lim sup
λ→+∞

sup
n∈N

∫

[Q′
r(z0)×I]\Rλ

n

(
1 +

∣∣∣∣
(
∇αvn

∣∣∣
1

εn
∇3vn

)∣∣∣∣
p)

dx = 0,and sin
e vn → 0 in Lp(Q′
r(z0) × I; R3),

W{εn}(F ·;Q′
r(y0)) ≥ lim sup

n→+∞

∫

Q′
r(z0)×I

W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)
dx

≥ W{εn}(F ·;Q′
r(z0)).

�As a 
onsequen
e of this lemma, we derive the following result.Lemma 2.3.4. There exists a 
ontinuous fun
tion W{εn} : R
3×2 → [0,+∞) su
h that for all

A ∈ A0 and all u ∈W 1,p(A; R3),
W{εn}(u;A) = 2

∫

A
W{εn}(∇αu(xα)) dxα.Proof. Fix U ∈ A0. By Theorem 4.3.2 in [37℄, there exists a Carathéodory fun
tion WU

{εn}
:

U × R
3×2 → [0,+∞) su
h that

W{εn}(u;A) = 2

∫

A
WU

{εn}
(xα;∇αu(xα)) dxαfor all A ∈ A(U) and all u ∈W 1,p(U ; R3). Furthermore, for all xα ∈ U and all F ∈ R

3×2

WU
{εn}

(xα;F ) = lim sup
r→0

W{εn}(F · ;Q′
r(xα))

2r2
.De�ne W{εn} : R

3×2 → [0,+∞) by 65



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
W{εn}(F ) = lim sup

r→0

W{εn}(F · ;Q′
r(0))

2r2
.As a 
onsequen
e of Lemma 2.3.3,WU

{εn}
(xα;F ) = W{εn}(F ) for all xα ∈ U and for all F ∈ R

3×2.Taking A = U , it turns out that
W{εn}(u;A) = 2

∫

A
W{εn}(∇αu(xα)) dxαholds for all u ∈W 1,p(A; R3). �2.3.3 Chara
terization of the Γ-limitOur next obje
tive is to show that W{εn}(u;A) = Whom(u;A) for any A ∈ A0 and all u ∈

W 1,p(A; R3). In view of Lemma 2.3.4, we only need to prove that W hom(F ) = W{εn}(F ) for all
F ∈ R

3×2, and thus it su�
es to work with a�ne fun
tions instead of general Sobolev fun
tions.The lower boundIn order to estimate W{εn} from below in terms of W hom, we will need the following result, 
losein spirit to Proposition 22.4 in [32℄.Proposition 2.3.5. GivenM > 0, η > 0 and ϕ : [0,+∞) → [0,+∞] a 
ontinuous and in
reasingfun
tion satisfying ϕ(t)/t → +∞ as t→ +∞, there exists ε0 ≡ ε0(M,η) > 0 su
h that for every
0 < ε < ε0, every a ∈ R

2 and every u ∈W 1,p((a+Q′) × I; R3) with
∫

(a+Q′)×I
ϕ(|∇u|p) dx ≤M, (2.3.11)there exists v ∈W 1,p

0 ((a+Q′) × I; R3) with ‖v‖Lp((a+Q′)×I;R3) ≤ η satisfying
∫

(a+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
;∇u

)
dx ≥

∫

(a+Q′)×I
Whom(x3, xα;∇u+ ∇v) dx− η.Proof. The proof is divided into two steps. First, we prove this proposition under the additionalhypothesis that a belong to a 
ompa
t set of R

2. Then, we 
on
lude the result in its full generalityrepla
ing a by its de
imal part a− JaK and using the periodi
ity of the integrands W and Whom.Step 1. For a ∈ [ − 1, 1]2, the 
laim of Proposition 2.3.5 holds. Indeed, if not then we may�nd ϕ, M and η as above, and sequen
es {εn} → 0+, {an} ⊂ [−1, 1]2 and {un} ⊂ W 1,p((an +

Q′) × I; R3) with
∫

(an+Q′)×I
ϕ(|∇un|p) dx ≤M (2.3.12)su
h that, for every n ∈ N 66
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∫

(an+Q′)×I
W

(
x3, xα,

x3

εn
,
xα

εn
;∇un

)
dx

< inf

{∫

(an+Q′)×I
Whom(x3, xα;∇un + ∇v) dx : v ∈W 1,p

0 ((an +Q′) × I; R3)

‖v‖Lp((an+Q′)×I;R3) ≤ η

}
− η. (2.3.13)From (2.3.12) and the Poin
aré-Wirtinger Inequality, up to a translation argument, we 
ansuppose that the sequen
e {‖un‖W 1,p((an+Q′)×I;R3)} is uniformly bounded. From this fa
t andsin
e the set (an +Q′)× I is an extension domain, there is no loss of generality in assuming that

{un} is bounded in W 1,p(R3; R3) and that, due to (2.3.12),
sup
n∈N

∫

R3

ϕ(|∇un|p) dx ≤M1 (2.3.14)for some 
onstant M1 > 0 depending only on M (see the proof of Theorem 1, Se
tion 4.4 in[55℄). Passing to a subsequen
e, we 
an also assume that un ⇀ u in W 1,p(R3; R3). Let B a ballof su�
iently large radius so that an +Q′ ⊂ B for all n ∈ N. De La Vallée Poussin 
riterion (seee.g. Proposition 1.27 in [5℄) and (2.3.14) guarantee that the sequen
e {|∇un|p} is equi-integrableon B × I. This implies that there exists δ = δ(η) su
h that
sup
n∈N

β

∫

E
(1 + |∇u|p + |∇un|p) dx ≤ η

2
(2.3.15)whenever E is a measurable subset of B × I satisfying L3(E) ≤ δ. As {an} ⊂ [−1, 1]2 we maysuppose, without loss of generality, that an → a ∈ [ − 1, 1]2, and that for �xed 0 < ρ < 1, with

ρ2 ≪ δ, the following hold for n large enough :




a+ (1 − ρ)Q′ ⊂ an +Q′ ⊂ a+ (1 + ρ)Q′,

L2(Sn) ≤ δ/2, where Sn := [an +Q′] \ [a+ (1 − ρ)Q′] ⊂ B,

and ‖un − u‖Lp((a+(1+ρ)Q′)×I;R3) ≤ η.

(2.3.16)Take now a sequen
e of 
ut-o� fun
tions ϕn ∈ C∞
c (R2; [0, 1]) su
h that

ϕn =





1 on a+ (1 − ρ)Q′,

0 outside an +Q′,and ‖∇ϕn‖L∞(R2) ≤ C/ρ for some 
onstant C > 0. Let vn = ϕn(u− un), then vn ∈W 1,p
0 ((an +

Q′) × I; R3) and 67



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
∫

(an+Q′)×I
|vn|p dx ≤

∫

(an+Q′)×I
ϕn|u− un|p dx ≤

∫

(an+Q′)×I
|u− un|p dx ≤ ηp.Then, taking vn as test fun
tion in (2.3.13), it follows from (2.3.15), (2.3.16) and (2.2.4) that

∫

(an+Q′)×I
W

(
x3, xα,

x3

εn
,
xα

εn
;∇un

)
dx

<

∫

(an+Q′)×I
Whom(x3, xα;∇un + ∇vn) dx− η

≤
∫

(a+(1−ρ)Q′)×I
Whom(x3, xα;∇u) dx

+β

∫

Sn×I

(
1 + |∇u|p + |∇un|p +

C

ρp
|u− un|p

)
dx− η

≤
∫

(a+(1−ρ)Q′)×I
Whom(x3, xα;∇u) dx− η

2
+
β C

ρp

∫

Sn×I
|u− un|p dx. (2.3.17)Sin
e un → u in Lp(R3; R3), by (2.3.16) and (2.3.17) we have

lim sup
n→+∞

∫

(an+Q′)×I
W

(
x3, xα,

x3

εn
,
xα

εn
;∇un

)
dx

≤
∫

(a+(1−ρ)Q′)×I
Whom(x3, xα;∇u) dx− η

2
, (2.3.18)and by Theorem 1.1 in [16℄ (with f(x, y;F ) = W (x3, xα, y3, yα;F )) and (2.3.18), we get

∫

(a+(1−ρ)Q′)×I
Whom(x3, xα;∇u) dx ≤ lim inf

n→+∞

∫

(a+(1−ρ)Q′)×I
W

(
x3, xα,

x3

εn
,
xα

εn
;∇un

)
dx

≤ lim sup
n→+∞

∫

(an+Q′)×I
W

(
x3, xα,

x3

εn
,
xα

εn
;∇un

)
dx

≤
∫

(a+(1−ρ)Q′)×I
Whom(x3, xα;∇u) dx− η

2whi
h is a 
ontradi
tion.Step 2. Let a ∈ R
2, then a−JaK ∈ [−1, 1]2. Given u ∈W 1,p((a+Q′)×I; R3), set ũ(xα, x3) :=

u(xα + JaK, x3) and thus ũ ∈W 1,p((a− JaK +Q′)× I; R3). Applying Step 1 with η/3, we get theexisten
e of 0 < ε′0 ≡ ε′0(M,η) su
h that, for all 0 < ε < ε′0, there exist ṽ ∈ W 1,p
0 ((a − JaK +

Q′) × I; R3) satisfying ‖ṽ‖Lp((a−JaK+Q′)×I;R3) ≤ η/3 and
∫

(a−JaK+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
;∇ũ(x)

)
dx

≥
∫

(a−JaK+Q′)×I
Whom(x3, xα;∇ũ(x) + ∇ṽ(x)) dx− η

3
.68



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLESetting v(xα, x3) := ṽ(xα − JaK, x3), then v ∈ W 1,p
0 ((a + Q′) × I; R3) and ‖v‖Lp((a+Q′)×I;R3) ≤

η
3 ≤ η. Therefore, by a 
hange of variables

∫

(a+Q′)×I
W

(
x3, xα,

x3

ε
,
xα − JaK

ε
;∇u(x)

)
dx

≥
∫

(a+Q′)×I
Whom(x3, xα;∇u(x) + ∇v(x)) dx− η

3
, (2.3.19)where we have used (A3) and (2.2.3). Writing

JaK
ε

=: mε + rε, with mε ∈ Z
2 and |rε| <

√
2εand using again (A3), the inequality (2.3.19) redu
es to

∫

(a+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)
dx

≥
∫

(a+Q′)×I
Whom(x3, xα;∇u(x) + ∇v(x)) dx− η

3
. (2.3.20)Choose λ > 0 large enough (depending on η) so that

β

∫

{|∇u|>λ}∩[(a+Q′)×I]
(1 + |∇u|p) dx ≤ η

3
. (2.3.21)Then, from (2.3.21) and the p-growth 
ondition (A4),

∫

(a+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)
dx

≤
∫

{|∇u|≤λ}∩[(a+Q′)×I]
W
(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)
dx+

η

3
. (2.3.22)Arguing as in Lemma 2.3.3, for a.e. x3 ∈ I, the fun
tion W (x3, ·, ·; ·) is uniformly 
ontinuouson R

2 × R
3 × B(0, λ). Denoting by ωλ(x3, ·) : [0,+∞) → [0,+∞) the modulus of 
ontinuity of

W (x3, ·, ·; ·) on R
2 × R

3 ×B(0, λ), we get for every x ∈ {|∇u| ≤ λ} ∩ [(a+Q′) × I],
∣∣∣W

(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)
−W

(
x3, xα,

x3

ε
,
xα

ε
;∇u(x)

)∣∣∣ < ωλ(x3, rε).As rε → 0, by Beppo-Levi's Monotone Convergen
e Theorem, we get that
∫ 1

−1
ωλ(x3, rε) dx3 −−−→

ε→0
0,and thus, for any η > 0, there exists ε′′0 ≡ ε′′0(η) > 0 su
h that for all ε < ε′′0,

∫

{|∇u|≤λ}∩[(a+Q′)×I]

∣∣∣W
(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)

−W
(
x3, xα,

x3

ε
,
xα

ε
;∇u(x)

)∣∣∣ dx <
η

3
. (2.3.23)69



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSConsequently, by (2.3.22) and (2.3.23) we have
∫

(a+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
− rε;∇u(x)

)
dx

≤
∫

{|∇u|≤λ}∩[(a+Q′)×I]
W
(
x3, xα,

x3

ε
,
xα

ε
;∇u(x)

)
dx+

2η

3
. (2.3.24)Thus, from (2.3.20), (2.3.24) and the fa
t that W is nonnegative, for all ε < ε0 := min{ε′0, ε′′0}we have that

∫

(a+Q′)×I
W
(
x3, xα,

x3

ε
,
xα

ε
;∇u(x)

)
dx ≥

∫

(a+Q′)×I
Whom(x3, xα;∇u(x) + ∇v(x)) dx − η.

�We now use this Proposition to derive the lower bound of the Γ-limit.Lemma 2.3.6. For all F ∈ R
3×2,

W hom(F ) ≤W{εn}(F ).Proof. Let {wn} ⊂ W 1,p(Q′ × I; R3) be a sequen
e su
h that wn → 0 in Lp(Q′ × I; R3), wn = 0on ∂Q′ × I (see Lemma 2.6 in [35℄), {∣∣(∇αwn

∣∣ 1
εn
∇3wn

)∣∣p} is equi-integrable (see Theorem 1.1in [25℄)) and
W{εn}(F · ;Q′) = lim

n→+∞

∫

Q′×I
W

(
x3,

x

εn
,
xα

εn2
;F + ∇αwn(x)

∣∣∣
1

εn
∇3wn(x)

)
dx.From De La Vallée Poussin 
riterion (see e.g. Proposition 1.27 in [5℄) there exists an in
reasing
ontinuous fun
tion ϕ : [0,+∞) → [0,+∞] satisfying ϕ(t)/t → +∞ as t→ +∞ and su
h that

sup
n∈N

∫

Q′×I
ϕ

(∣∣∣∣
(
∇αwn

∣∣∣
1

εn
∇3wn

)∣∣∣∣
p)

dx ≤ 1.Changing variables it follows that
W{εn}(F ) = lim

n→+∞

1

2T 2
n

∫

(0,Tn)2×I
W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αzn(x)|∇3zn(x)

)
dxand

sup
n∈N

1

T 2
n

∫

(0,Tn)2×I
ϕ(|∇zn|p) dx ≤ 1, (2.3.25)where we set Tn := 1/εn and zn(x) := Tnwn(xα/Tn, x3), zn ∈W 1,p((0, Tn)2 × I; R3) with zn = 0on ∂(0, Tn)2 × I. For any n ∈ N de�ne In :=
{

1, . . . , JTnK2
}, and for i ∈ In take an

i ∈ Z
2 su
hthat 70



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLE
⋃

i∈In

(an
i +Q′) ⊆ (0, Tn)2. (2.3.26)Thus

W{εn}(F ) ≥ lim sup
n→+∞

1

2T 2
n

∑

i∈In

∫

(an
i +Q′)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αzn(x)|∇3zn(x)

)
dx.(2.3.27)Let M > 2 and η > 0. For n ∈ N de�ne

IM
n :=

{
i ∈ In :

∫

(an
i +Q′)×I

ϕ(|∇zn|p) dx ≤M

}
.We note that for any M > 2, there exists n(M) ∈ N su
h that for all n ≥ n(M) su�
iently largeso that Tn > M , IM

n 6= ∅. In fa
t, if not we may �nd M > 2 and a subsequen
e nk ∈ N satisfying
∫

(a
nk
i +Q′)×I

ϕ(|∇znk
|p)dx > M,for all i ∈ Ink

. Summation in i and (2.3.26) would yield to
∫

(0,Tnk
)2×I

ϕ(|∇znk
|p)dx > MJTnk

K2whi
h is in 
ontradi
tion with (2.3.25). We also note that in view of (2.3.25)
#(In \ IM

n )M ≤
∑

i∈In\IM
n

∫

(an
i +Q′)×I

ϕ(|∇zn|p) dx ≤
∫

(0,Tn)2×I
ϕ(|∇zn|p) dx ≤ T 2

n ,and so
#(In \ IM

n ) ≤ T 2
n

M
. (2.3.28)By Proposition 2.3.5, there exists ε0 ≡ ε0(M,η) su
h that, for any n large enough satis-fying 0 ≤ εn < ε0 and for any i ∈ IM

n , we 
an �nd vn,M,η
i ∈ W 1,p

0 ((an
i + Q′) × I; R3) with

‖vn,M,η
i ‖Lp((an

i +Q′)×I;R3) ≤ η and
∫

(an
i +Q′)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αzn|∇3zn

)
dx

≥
∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇α(zn + vn,M,η

i )|∇3(zn + vn,M,η
i )

)
dx− η.Consequently, for n large enough 71



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
∑

i∈In

∫

(an
i +Q′)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αzn|∇3zn

)
dx

≥
∑

i∈IM
n

∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇α(zn + vn,M,η

i )|∇3(zn + vn,M,η
i )

)
dx

−η #(IM
n ).As #(IM

n ) ≤ JTnK2, dividing by T 2
n and passing to the limit when n→ +∞ we obtain

lim sup
n→+∞

1

T 2
n

∑

i∈In

∫

(an
i +Q′)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αzn|∇3zn

)
dx+ η

≥ lim sup
n→+∞

1

T 2
n

∑

i∈IM
n

∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇α(zn + vn,M,η

i )|∇3(zn + vn,M,η
i )

)
dx.(2.3.29)Hen
e, from (2.3.27) and (2.3.29),

W{εn}(F ) ≥

lim sup
M→+∞

lim sup
η→0

lim sup
n→+∞

1

2T 2
n

∑

i∈IM
n

∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇αφ

n,M,η|∇3φ
n,M,η

)
dx (2.3.30)where φn,M,η ∈W 1,p((0;Tn)2 × I; R3) is de�ned by

φn,M,η(x) :=





zn(x) + vn,M,η
i (x) if x ∈ (an

i +Q′) × I and i ∈ IM
n ,

zn(x) otherwiseand satis�es φn,M,η = 0 on ∂(0, Tn)2 × I. Now, in view of the de�nition of φn,M,η, the p-growth
ondition (2.2.4) and (2.3.28),
1

T 2
n

∑

i∈In\IM
n

∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇αφ

n,M,η|∇3φ
n,M,η

)
dx

=
1

T 2
n

∑

i∈In\IM
n

∫

(an
i +Q′)×I

Whom

(
x3, xα;F + ∇αzn|∇3zn

)
dx

≤ C

T 2
n

∑

i∈In\IM
n

∫

(an
i +Q′)×I

(1 + |∇zn|p) dx

≤ C

M
+ β

∫ S
i∈In\IM

n

1
Tn

(an
i +Q′)×I

∣∣∣∣
(
∇αwn

∣∣∣
1

εn
∇3wn

)∣∣∣∣
p

dx. (2.3.31)72



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLEBy (2.3.28), L2
(⋃

i∈In\IM
n

1
Tn

(an
i +Q′)

)
≤ 1/M , 
onsequently, in view of the equi-integrabilityof {∣∣(∇αwn

∣∣ 1
εn
∇3wn

)∣∣p}, we get
sup
n∈N

∫ S
i∈In\IM

n

1
Tn

(an
i +Q′)×I

∣∣∣∣
(
∇αwn

∣∣∣
1

εn
∇3wn

)∣∣∣∣
p

dx −−−−−→
M→+∞

0. (2.3.32)Therefore, (2.3.30), (2.3.31) and (2.3.32) imply
W{εn}(F )

≥ lim sup
M→+∞

lim sup
η→0

lim sup
n→+∞

1

2T 2
n

∑

i∈In

∫

(an
i +Q′)×I

Whom(x3, xα;F + ∇αφ
n,M,η|∇3φ

n,M,η) dx

= lim sup
M→+∞

lim sup
η→0

lim sup
n→+∞

1

2T 2
n

∫

(0,Tn)2×I
Whom(x3, xα;F + ∇αφ

n,M,η|∇3φ
n,M,η) dx, (2.3.33)be
ause by de�nition of φn,M,η and the p-growth property of Whom, (2.2.4),

1

T 2
n

∫

(0,Tn)2\[
S

i∈In
(an

i +Q′)]×I
Whom(x3, xα;F + ∇αφ

n,M,η|∇3φ
n,M,η) dx

=
1

T 2
n

∫

(0,Tn)2\[
S

i∈In
(an

i +Q′)]×I
Whom(x3, xα;F + ∇αzn|∇3zn) dx

≤ C

T 2
n

∫

(0,Tn)2\[
S

i∈In
(an

i +Q′)]×I
(1 + |∇zn|p) dx

= C

∫

Q′\
hS

i∈In
1

Tn
(an

i +Q′)
i
×I

(
1 +

∣∣∣∣
(
∇αwn

∣∣ 1

εn
∇3wn

)∣∣∣∣
p)

dx.and 
onsequently, the equi-integrability of {∣∣(∇αwn

∣∣ 1
εn
∇3wn

)∣∣p} and the fa
t that
L2

(
Q′ \

[
⋃

i∈In

1

Tn
(an

i +Q′)

])
→ 0as n→ +∞ yield

lim sup
M→+∞

lim sup
η→0

lim sup
n→+∞

1

T 2
n

∫

(0,Tn)2\[
S

i∈In
(an

i +Q′)]×I
Whom(x3, xα;F + ∇αφ

n,M,η|∇3φ
n,M,η) dx = 0.Hen
e by (2.3.33) and (2.3.2) we get that W{εn}(F ) ≥W hom(F ). �73



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSThe upper boundLet us now prove the 
onverse inequality.Lemma 2.3.7. For all F ∈ R
3×2,

W hom(F ) ≥W{εn}(F ).Proof. In view of (2.3.2), for δ > 0 �xed take T ≡ Tδ ∈ N, with Tδ → +∞ as δ → 0, and
φ ≡ φδ ∈W 1,p((0, T )2 × I; R3) be su
h that φ = 0 on ∂(0, T )2 × I and

W hom(F ) + δ ≥ −
∫

(0,T )2×I
Whom(x3, xα;F + ∇αφ(x)|∇αφ(x)) dx. (2.3.34)By Theorem 1.1 in [16℄ (with f(y, z;F ) = W (y3, yα, z3, zα;F )) and, for instan
e, Theorem 21.1in [45℄, there exists {φn} ⊂W 1,p

0 ((0, T )2 × I; R3) with φn → φ in Lp((0, T )2 × I; R3) su
h that
∫

(0,T )2×I
Whom(x3, xα;F + ∇αφ(x)|∇3φ(x)) dx

= lim
n→+∞

∫

(0,T )2×I
W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx. (2.3.35)Further, in view of the De
omposition Lemma (see [61℄), we 
an assume � upon extra
ting asubsequen
e � {|∇φn|p} to be equi-integrable. Fix n ∈ N su
h that εn ≪ 1. For all i ∈ Z

2 let
an

i ∈ εnZ
2 ∩
(
i(T + 1) + [0, εn)2

) (uniquely de�ned). In parti
ular, the 
ubes an
i + (0, T )2 are notoverlapping be
ause if i, j ∈ Z

2 with i 6= j, then |i− j| ≥ 1 and thus |an
i − an

j | > T . Set
φ̃n(x) :=





φn(xα − an
i , x3) if x ∈

(
an

i + (0, T )2
)
× I and i ∈ Z

2,

0 otherwise,then φ̃n ∈W 1,p(R2 × I; R3). Let In := {i ∈ Z
2 : (0, T/εn)2 ∩ (an

i + (0, T )2) 6= ∅}. Note that
#(In) ≤

(s
1

εn

{
+ 1

)2

. (2.3.36)74



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLEIf ψn(x) := εnφ̃n(xα/εn, x3) then ψn → 0 in Lp((0, T )2 × I; R3), as n→ +∞, be
ause
∫

(0,T )2×I
|ψn(x)|pdx = εpn

∫

(0,T )2×I

∣∣∣∣φ̃n

(
xα

εn
, x3

)∣∣∣∣
p

dx

= εp+2
n

∫

(0,T/εn)2×I
|φ̃n(x)|pdx

≤ εp+2
n

∑

i∈In

∫

(an
i +(0,T )2)×I

|φn(xα − an
i , x3)|pdx

= εp+2
n #(In)

∫

(0,T )2×I
|φn(x)|pdx

≤ εp+2
n

(s
1

εn

{
+ 1

)2 ∫

(0,T )2×I
|φn(x)|pdx→ 0,where we have used the fa
t that φ̃n ≡ 0 on [(0, T/εn)2 \⋃i∈In

(an
i + (0, T )2)

]
× I and that thesequen
e {φn} is uniformly bounded Lp((0, T )2 × I; R3). Consequently, the p-growth 
ondition

(A4) implies that
W{εn}(F ·; (0, T )2)

≤ lim inf
n→+∞

∫

(0,T )2×I
W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αψn(x)

∣∣∣
1

εn
∇3ψn(x)

)
dx

= lim inf
n→+∞

∫

(0,T )2×I
W

(
x3,

x

εn
,
xα

ε2n
;F + ∇αφ̃n

(
xα

εn
, x3

) ∣∣∣∇3φ̃n

(
xα

εn
, x3

))
dx

= lim inf
n→+∞

ε2n

∫

(0,T/εn)2×I
W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφ̃n(x)|∇3φ̃n(x)

)
dx

≤ lim inf
n→+∞

ε2n

[
∑

i∈In

∫

(an
i +(0,T )2)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφ̃n(x)|∇3φ̃n(x)

)
dx

+2β(1 + |F |p)L2

((
0,
T

εn

)2

\
⋃

i∈In

(an
i + (0, T )2)

)]
. (2.3.37)Sin
e an

i ∈ i(T+1)+[0, εn)2, for n large enough it follows that an
i +(0, T )2 ⊂ i(T+1)+(0, T+1)2.Hen
e

#

({
i ∈ In : an

i + (0, T )2 ⊂
(

0,
T

εn

)2
})

≥ #

({
i ∈ In : i(T + 1) + (0, T + 1)2 ⊂

(
0,
T

εn

)2
})

=

s
T

εn(T + 1)

{2

.75



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSConsequently, we 
an estimate the Lebesgue measure in (2.3.37) by
L2

((
0,
T

εn

)2

\
⋃

i∈In

(an
i + (0, T )2)

)

≤ L2



(

0,
T

εn

)2

\
⋃

i∈In:an
i +(0,T )2⊂(0,T/εn)2

(an
i + (0, T )2)




=
T 2

ε2n
− #

({
i ∈ In : an

i + (0, T )2 ⊂
(

0,
T

εn

)2
})

T 2

≤ T 2

ε2n

(
1 − ε2n

s
T

εn(T + 1)

{2
)
.Letting n tend to +∞ yields that

W{εn}(F ·; (0, T )2)

≤ lim inf
n→+∞

ε2n
∑

i∈In

∫

(an
i +(0,T )2)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφ̃n(x)|∇3φ̃n(x)

)
dx

+2β(1 + |F |p)T 2

(
1 −

(
T

T + 1

)2
)
, (2.3.38)By a 
hange of variables, for all i ∈ In

∫

(an
i +(0,T )2)×I

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφ̃n(x)|∇3φ̃n(x)

)
dx

=

∫

(0,T )2×I
W

(
x3, xα + an

i ,
x3

εn
,
xα + an

i

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

=

∫

(0,T )2×I
W

(
x3, xα + an

i − i(T + 1),
x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx, (2.3.39)where we have used (A3), the fa
t that T ∈ N and an

i /εn ∈ Z
2. In order to apply a uniform 
onti-nuity argument and re
over (2.3.35) we de�ne Rλ

n := {x ∈ (0, T )2×I : |(F+∇αφn(x)|∇3φn(x))| ≤
λ} and we observe that, a

ording to Chebyshev's inequality,

L3([(0, T )2 × I] \Rλ
n) ≤ C/λp,for some 
onstant C > 0 whi
h does not depend on n and λ. Then by (2.3.38) and (2.3.39)76



2.3. INDEPENDENCE ON THE IN-PLANE MACROSCOPIC VARIABLE
W{εn}(F ·; (0, T )2)

≤ lim inf
λ→+∞

lim inf
n→+∞

∑

i∈In

ε2n

∫

Rλ
n

W

(
x3, xα + an

i − i(T + 1),
x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

+2β(1 + |F |p)T 2

(
1 −

(
T

T + 1

)2
)
. (2.3.40)Indeed, the p-growth 
ondition (A4), the equi-integrability of {|∇φn|p} and (2.3.36) imply that

lim sup
λ→+∞

lim sup
n→+∞

∑

i∈In

ε2n

∫

[(0,T )2×I]\Rλ
n

W

(
x3, xα + an

i − i(T + 1),
x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

≤ lim sup
λ→+∞

lim sup
n→+∞

β ε2n #(In)

∫

[(0,T )2×I]\Rλ
n

(1 + |(F + ∇αφn(x)|∇3φn(x))|p)dx = 0.Arguing as in the proof of Lemma 2.3.3, for a.e. x3 ∈ I, the fun
tion W (x3, ·, ·; ·) is uniformly
ontinuous on R
3 × R

2 ×B(0, λ), thus for all x ∈ Rλ
n,

∣∣∣∣W
(
x3, xα + an

i − i(T + 1),
x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)

−W
(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)∣∣∣∣
≤ ωλ(x3, |an

i − i(T + 1)|) ≤ ωλ(x3, εn). (2.3.41)In view of (2.3.41), (2.3.36), and Beppo-Levi's Monotone Convergen
e Theorem we get
lim inf
λ→+∞

lim inf
n→+∞

ε2n
∑

i∈In

∫

Rλ
n

W

(
x3, xα + an

i − i(T + 1),
x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

≤ lim inf
λ→+∞

lim inf
n→+∞

(1 + ε2n)

{∫

Rλ
n

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

+T 2

∫ 1

−1
ωλ(x3, εn) dx3

}

≤ lim inf
λ→+∞

lim inf
n→+∞

∫

Rλ
n

W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx

≤ lim inf
n→+∞

∫

(0,T )2×I
W

(
x3, xα,

x3

εn
,
xα

εn
;F + ∇αφn(x)|∇3φn(x)

)
dx.Consequently by (2.3.34), (2.3.35), (2.3.40) and Lemma 2.3.4

W{εn}(F ) ≤W hom(F ) + δ + 2β(1 + |F |p)
(

1 −
(

T

T + 1

)2
)
.77



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSThe result follows by letting δ tend to zero. �Proof of Theorem 2.3.1. From Lemma 2.3.6 and Lemma 2.3.7, we 
on
lude that W hom(F ) =

W{εn}(F ) for all F ∈ R
3×2. As a 
onsequen
e, W{εn}(u;A) = Whom(u;A) for all A ∈ A0 and all

u ∈W 1,p(A; R3). Sin
e the Γ-limit does not depend upon the extra
ted subsequen
e, Proposition8.3 in [45℄ implies that the whole sequen
e Wε(·;A) Γ-
onverges to Whom(·;A) for the strong
Lp(A× I; R3)-topology. �2.4 The general 
ase2.4.1 Existen
e and integral representation of the Γ-limitTo prove Theorem 2.1.1 it is 
onvenient to lo
alize the fun
tionals Wε in (2.1.4) on the 
lassof all bounded open subsets of ω, denoted by A(ω). For ea
h ε > 0 we 
onsider the family offun
tionals Wε : Lp(Ω; R3) ×A(ω) → [0,+∞] de�ned by

Wε(u;A) :=





∫

A×I
W

(
x,
x

ε
,
xα

ε2
;∇αu(x)

∣∣∣
1

ε
∇3u(x)

)
dx if u ∈W 1,p(A× I; R3),

+∞ otherwise. (2.4.1)Given {εj} ց 0+ and A ∈ A(ω) we de�ne the Γ-lower limit of Wεj(· ;A) with respe
t to the
Lp(A× I; R3)-topology by

W{εj}(u;A) := inf
{uj}

{
lim inf
j→+∞

Wεj(uj ;A) : uj → u in Lp(A× I; R3)

}for all u ∈ Lp(Ω; R3). Our main obje
tive is to show that
W{εj} = Whom (2.4.2)where Whom : Lp(Ω; R3) ×A(ω) → [0,+∞] is given by

Whom(u;A) =





2

∫

A
W hom(xα;∇αu(xα)) dxα if u ∈W 1,p(A; R3),

+∞ otherwise.By hypothesis (A4) it follows that W{εj}(u;A) = +∞ for ea
h A ∈ A(ω) whenever u ∈
Lp(Ω; R3) \W 1,p(A; R3). As a 
onsequen
e of Theorem 2.5 in [35℄, given {εj} ց 0+ there existsa subsequen
e {εjn} ≡ {εn} of {εj} su
h that, for ea
h A ∈ A(ω), the fun
tional W{εn}(· ;A) isthe Γ-limit of Wεn(· ;A) for the strong Lp(A× I; R3). Moreover given u ∈W 1,p(A; R3)78



2.4. THE GENERAL CASE
W{εn}(u;A) = 2

∫

A
W{εn}(xα;∇αu(xα)) dxα,for some Carathéodory fun
tion W{εn} : ω × R

3×2 → R.A

ordingly, to prove equality (2.4.2) it su�
es to show that W{εn}(xα;F ) = W hom(xα;F )for a.e. xα ∈ ω and all F ∈ R
3×2, whi
h allow us to work with a�ne fun
tions instead of withgeneral Sobolev fun
tions.The following proposition, that is of use in the sequel, allows us to extend 
ontinuously Cara-théodory integrands. It relies on S
orza-Dragoni's Theorem (see [54℄) and on Tietze's ExtensionTheorem (see Theorem 3.1 in [53℄).Proposition 2.4.1. Let W : Ω×R

3×R
2×R

3×3 → R satisfying (A1)-(A4). Then for any m ∈ N,there exists a 
ompa
t set Cm ⊂ Ω and a 
ontinuous fun
tion Wm : Ω × R
3 × R

2 × R
3×3 → Rsu
h that Wm(x, ·, · ; ·) = W (x, ·, · ; ·) for all x ∈ Cm and

L3(Ω \ Cm) <
1

m
. (2.4.3)Moreover,- yα 7→Wm(x, yα, y3, zα;F ) is Q′-periodi
 for all (zα, y3, F ) ∈ R

3 × R
3×3 and a.e. x ∈ Ω,- (zα, y3) 7→Wm(x, yα, y3, zα;F ) is Q-periodi
 for all (yα, F ) ∈ R

2 × R
3×3 and a.e. x ∈ Ω ;and for some β > 0, we have

−β ≤Wm(x, y, zα;F ) ≤ β(1+|F |p) for all (y, zα, F ) ∈ R
3×R

2×R
3×3 and a.e. x ∈ Ω. (2.4.4)Proof. By S
orza-Dragoni's Theorem for any m ∈ N there exists a 
ompa
t set Cm ⊂ Ω with

L3(Ω\Cm) < 1/m su
h thatW is 
ontinuous on Cm×R
3×R

2×R
3×3. Sin
e Cm×R

3×R
2×R

3×3is a 
losed set, a

ording to Tietze's Extension Theorem one 
an extend W into a 
ontinuousfun
tion Wm outside Cm × R
3 × R

2 × R
3×3. By the 
onstru
tion of Wm it 
an be seen that itsatis�es the same periodi
ity and growth 
ondition than W and that it is bounded from belowby −β. �Note that the above result improve Lemma 4.1 in [13℄ in whi
h only a separately 
ontinuousfun
tion was obtained.2.4.2 Chara
terization of the Γ-limitLet F ∈ R

3×2 and x0 ∈ ω be a Lebesgue point of both W{εn}(·;F ) and W hom(·;F ). Consider
r > 0 small enough so that Q′

r(x0) ∈ A(ω).The lower boundLemma 2.4.2. For all F ∈ R
3×2 and a.e. x0 ∈ ω,
W{εn}(x0;F ) ≥W hom(x0;F ).79



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMSProof. By Theorem 1.1 in [25℄ we 
an �nd a sequen
e {un} ⊂W 1,p(Q′
r(x0)× I; R3) with un → 0in Lp(Q′

r(x0) × I; R3), su
h that the sequen
e of s
aled gradients {(∇αun| 1
εn
∇3un

)} is p-equi-integrable and
W{εn}(F · ;Q′

r(x0)) = 2

∫

Q′
r(x0)

W{εn}(xα;F ) dxα

= lim
n→+∞

∫

Q′
r(x0)×I

W

(
x,

x

εn
,
xα

ε2n
;F + ∇αun(x)

∣∣∣
1

εn
∇3un(x)

)
dx.To simplify notation, set

Fn(x) :=

(
F + ∇αun(x)

∣∣∣
1

εn
∇3un(x)

)
.Given m ∈ N let Cm and Wm be given by Proposition 2.4.1. Then sin
e W ≥ 0 and W = Wmon Cm × R

3 × R
2 × R

3×3 we get
W{εn}(F · ;Q′

r(x0)) ≥ lim sup
m→+∞

lim sup
n→+∞

∫

[Q′
r(x0)×I]∩Cm

Wm

(
x,

x

εn
,
xα

ε2n
;Fn(x)

)
dx.By the p-growth 
ondition (2.4.4), the equi-integrability of {|Fn|p} and relation (2.4.3), we obtain

∫

[Q′
r(x0)×I]\Cm

Wm

(
x,

x

εn
,
xα

ε2n
;Fn(x)

)
dx ≤ β

∫

[Q′
r(x0)×I]\Cm

(1 + |Fn(x)|p) dx −−−−−→
m→+∞

0,uniformly with respe
t to n ∈ N. Then, we get that
W{εn}(F · ;Q′

r(x0)) ≥ lim sup
m→+∞

lim sup
n→+∞

∫

Q′
r(x0)×I

Wm

(
x,

x

εn
,
xα

ε2n
;Fn(x)

)
dx.For any h ∈ N, we split Q′

r(x0) into h2 disjoint 
ubes Q′
i,h of side length r/h so that

Q′
r(x0) =

h2⋃

i=1

Q′
i,hand

W{εn}(F · ;Q′
r(x0))

≥ lim sup
m→+∞

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

∫

Q′
i,h×I

Wm

(
x,

x

εn
,
xα

ε2n
;Fn(x)

)
dx

≥ lim sup
λ→+∞

lim sup
m→+∞

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

∫

[Q′
i,h×I]∩Rλ

n

Wm

(
x,

x

εn
,
xα

ε2n
;Fn(x)

)
dx80



2.4. THE GENERAL CASEwhere, given λ > 0, we de�ne Rλ
n := {x ∈ Q′

r(x0) × I : |Fn(x)| ≤ λ}. Note that thanks toChebyshev's inequality,
L3([Q′

r(x0) × I] \Rλ
n) ≤ C/λp, (2.4.5)for some 
onstant independent of λ and n. Sin
e Wm is 
ontinuous and separately periodi
 it isin parti
ular uniformly 
ontinuous on Ω × R

3 × R
2 ×B(0, λ). Let ωm,λ : [0,+∞) → [0,+∞) themodulus of 
ontinuity of Wm on Ω×R

3×R
2×B(0, λ). Then, for every (xα, x3) ∈ [Q′

i,h× I]∩Rλ
nand every x′α ∈ Q′

i,h,
∣∣∣∣W

m

(
xα, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
−Wm

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)∣∣∣∣ ≤ ωm,λ

(√
2r

h

)
.We get, after integration in (xα, x3, x

′
α) and summation,

h2∑

i=1

h2

r2

∫

Q′
i,h

{∫

Rλ
n∩[Q′

i,h×I]

∣∣∣∣W
m

(
xα, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)

−Wm

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)∣∣∣∣ dx
}
dx′α

≤ 2r2ωm,λ

(√
2r

h

)
−−−−→
h→+∞

0,uniformly with respe
t to n ∈ N. Hen
e,
W{εn}(F ·;Q′

r(x0)) ≥

lim sup
λ→+∞

lim sup
m→+∞

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

Q′
i,h

∫

[Q′
i,h×I]∩Rλ

n

Wm

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
dx dx′α.De�ne the following sets whi
h depend on all parameters (m,λ, i, h, n) :





E := {(x′α, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (x′α, x3) ∈ Cm and (xα, x3) ∈ Rλ
n},

E1 := {(x′α, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (x′α, x3) 6∈ Cm and (xα, x3) ∈ Rλ
n},

E2 := {(x′α, xα, x3) ∈ Q′
i,h ×Q′

i,h × I : (xα, x3) 6∈ Rλ
n},and note that Q′

i,h×Q′
i,h× I = E∪E1∪E2. Sin
e W and Wm 
oin
ide on Cm×R

3×R
2×R

3×3,we have 81



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
W{εn}(F ·;Q′

r(x0))

≥ lim sup
λ→+∞

lim sup
m→+∞

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

E
Wm

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
dx dx′α

= lim sup
λ→+∞

lim sup
m→+∞

lim sup
h→+∞

lim sup
n→+∞

h2∑

i=1

h2

r2

∫

E
W

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
dx dx′α. (2.4.6)We will prove that the 
orresponding terms over E1 and E2 are zero. Indeed, in view of (2.4.3)and the p-growth 
ondition (A4),

h2∑

i=1

h2

r2

∫

E1

W

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
dx dx′α

≤
h2∑

i=1

h2

r2
L2(Q′

i,h)L3([Q′
i,h × I] \ Cm)β(1 + λp)

<
β(1 + λp)

m
−−−−−→
m→+∞

0, (2.4.7)uniformly in (n, h). The bound from above in (A4), the equi-integrability of {|Fn|p} and (2.4.5)imply that
h2∑

i=1

h2

r2

∫

E2

W

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(xα, x3)

)
dx dx′α

≤
h2∑

i=1

h2

r2
L2(Q′

i,h)β

∫

[Q′
i,h×I]\Rλ

n

(1 + |Fn|p) dx

= β

∫

[Q′
r(x0)×I]\Rλ

n

(1 + |Fn|p) dx −−−−→
λ→+∞

0, (2.4.8)uniformly in (m,n, h). Thus, in view of (2.4.6), (2.4.7), (2.4.8), Fatou's Lemma yields
W{εn}(F · ;Q′

r(x0))

≥ lim sup
h→+∞

lim sup
n→+∞

h2

r2

h2∑

i=1

∫

Q′
i,h

∫

Q′
i,h×I

W

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(x)

)
dx dx′α

≥ lim sup
h→+∞

h2

r2

h2∑

i=1

∫

Q′
i,h

lim inf
n→+∞

∫

Q′
i,h×I

W

(
x′α, x3,

x

εn
,
xα

ε2n
;Fn(x)

)
dx dx′α. (2.4.9)82



2.4. THE GENERAL CASEWe now �x x′α ∈ Q′
i,h su
h that W hom(x′α, x3, y, zα;F ) is well de�ned, then by Theorem 2.3.1 weget that

lim inf
n→+∞

∫

Q′
i,h×I

W

(
x′α, x3,

x

εn
,
xα

ε2n
;F + ∇αun(x)

∣∣∣
1

εn
∇3un(x)

)
dx ≥ 2

r2

h2
W hom(x′α;F ). (2.4.10)Gathering (2.4.9) and (2.4.10), we get

∫

Q′
r(x0)

W{εn}(xα;F ) dxα ≥
∫

Q′
r(x0)

W hom(x′α;F ) dx′α.As a 
onsequen
e the 
laim follows by the 
hoi
e of x0, after dividing the previous inequality by
r2 and letting r → 0. �The upper boundLemma 2.4.3. For all F ∈ R

3×2 and a.e. x0 ∈ ω,
W{εn}(x0;F ) ≤W hom(x0;F ).Proof. For every m ∈ N, 
onsider the set Cm and the fun
tion Wm given by Proposition 2.4.1,and de�ne (Wm)hom and (Wm)hom as (2.1.5) and (2.1.6), with Wm in pla
e of W . ApplyingLemma 2.2.2 with still Wm instead of W , it follows that (Wm)hom is a Carathéodory integrand.Thus, by S
orza-Dragoni's Theorem, for �xed η > 0 and any m ∈ N there exists a 
ompa
tsubset Km

η of ω with
L2(ω \Km

η ) ≤ η (2.4.11)and su
h that (Wm)hom : Km
η × R

3×2 → R is 
ontinuous .Step 1. We �rst state that,
2 lim inf

m→+∞

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα ≥ 2

∫

Q′
r(x0)

W{εn}

(
xα, F

)
dxα. (2.4.12)To show this inequality we �rst de
ompose Q′

r(x0) into h2 small disjoint 
ubes Q′
i,h su
h that

Q′
r(x0) =

h2⋃

i=1

Q′
i,h and L2(Q′

i,h) = (r/h)2.Let
Im
h,η :=

{
i ∈ {1, . . . , h2} : Km

η ∩Q′
i,h 6= ∅

}
.For i ∈ Im

h,η 
hoose xh,η,m
i ∈ Km

η ∩Q′
i,h. By Theorem 2.3.1 together with Lemma 2.6 in [35℄ thereexists a sequen
e {un,h,η,m

i } ⊂W 1,p(Q′
i,h×I; R3) with un,h,η,m

i = 0 on ∂Q′
i,h×I, un,h,η,m

i −−−−−→
n→+∞

0in Lp(Q′
i,h × I; R3), and su
h that 83



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
2

∫

Q′
i,h

(Wm)hom(xh,η,m
i ;F ) dxα

= lim
n→+∞

∫

Q′
i,h×I

Wm

(
xh,η,m

i , x3,
x

εn
,
xα

ε2n
;F + ∇αu

n,h,η,m
i

∣∣∣
1

εn
∇3u

n,h,η,m
i

)
dx.Setting

uη,m
n (x) :=





un,h,η,m
i (x) if xα ∈ Q′

i,h and i ∈ Im
h,η,

0 otherwise,it follows that {uη,m
n } ⊂W 1,p(Q′

r(x0) × I; R3) and uη,m
n −−−−−→

n→+∞
0 in Lp(Q′

r(x0) × I; R3). Thus
2 lim inf

η→0
lim inf
h→+∞

∑

i∈Im
h,η

∫

Q′
i,h

(Wm)hom(xh,η,m
i ;F ) dxα

≥ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

∑

i∈Im
h,η

∫

Q′
i,h×I

Wm

(
xh,η,m

i , x3,
x

εn
,
xα

ε2n
;F + ∇αu

η,m
n

∣∣∣
1

εn
∇3u

η,m
n

)
dx.(2.4.13)In view of (2.2.4) and (2.4.11) we have

sup
h∈N

∑

i∈Im
h,η

∫

Q′
i,h\K

m
η

(Wm)hom(xh,η,m
i ;F ) dxα ≤ β(1 + |F |p)L2(Q′

r(x0) \Km
η ) −−−→

η→0
0. (2.4.14)To simplify notation we set

F η,m
n (x) :=

(
F + ∇αu

η,m
n (x)

∣∣∣
1

εn
∇3u

η,m
n (x)

)
.From (2.4.13) and (2.4.14) it 
omes

2 lim inf
η→0

lim inf
h→+∞

∑

i∈Im
h,η

∫

Q′
i,h∩Km

η

(Wm)hom(xh,η,m
i ;F ) dxα

≥ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

∑

i∈Im
h,η

∫

[Q′
i,h∩Km

η ]×I
Wm

(
xh,η,m

i , x3,
x

εn
,
xα

ε2n
;F η,m

n

)
dx. (2.4.15)Sin
e (Wm)hom(· ;F ) is 
ontinuous on Km

η , it is uniformly 
ontinuous. Thus, denoting by ωm
η itsmodulus of 
ontinuity on Km

η , we have for all xα ∈ Q′
i,h ∩Km

η ,
|(Wm)hom(xα;F )−(Wm)hom(xh,η,m

i ;F )| ≤ ωm
η (|xα−xh,η,m

i |) ≤ ωm
η

(√
2r

h

)
−−−−→
h→+∞

0. (2.4.16)84



2.4. THE GENERAL CASEIn view of (2.4.11), (2.4.16) and (2.4.15), we get sin
e Q′
i,h ∩Km

η = ∅ for i 6∈ Im
h,η,

2

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα

= 2 lim
η→0

∫

Km
η

(Wm)hom(xα;F ) dxα

= 2 lim inf
η→0

lim inf
h→+∞

∑

i∈Im
h,η

∫

Q′
i,h∩Km

η

(Wm)hom(xα;F ) dxα

= 2 lim inf
η→0

lim inf
h→+∞

∑

i∈Im
h,η

∫

Q′
i,h∩Km

η

(Wm)hom(xh,η,m
i ;F ) dxα

≥ lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

∑

i∈Im
h,η

∫

(Q′
i,h∩Km

η )×I
Wm

(
xh,η,m

i , x3,
x

εn
,
xα

ε2n
;F η,m

n

)
dx. (2.4.17)Let Rλ

n,η,m := {x ∈ Q′
r(x0) × I : |F η,m

n (x)| ≤ λ}. From (2.4.13) and the fa
t that uη,m
n ≡ 0 on

[Q′
r(x0) × I] \⋃i∈Ih,η

Qi,h, we get
sup

n,m,η

∫

Q′
r(x0)×I

∣∣∣∣
(
∇αu

η,m
n

∣∣∣
1

εn
∇3u

η,m
n

)∣∣∣∣
p

dx < +∞. (2.4.18)In parti
ular, a

ording to Chebyshev's inequality, we have
L3([Q′

r(x0) × I] \Rλ
n,η,m) ≤ C

λp
, (2.4.19)for some 
onstant C > 0 independent of n, η, m and λ. Sin
e Wm is 
ontinuous on Ω × R

3 ×
R

2 ×R
3×3 and separately periodi
 in its se
ond and third variable, it is uniformly 
ontinuous on

Ω×R
3×R

2×B(0, λ). Thus, denoting by ωm,λ its modulus of 
ontinuity on Ω×R
3×R

2×B(0, λ),we have for all x ∈ [(Q′
i,h ∩Km

η ) × I] ∩Rλ
n,η,m,

∣∣∣∣W
m

(
x,

x

εn
,
xα

ε2n
;F η,m

n (x)

)
−Wm

(
xh,η,m

i , x3,
x

εn
,
xα

ε2n
;F η,m

n (x)

)∣∣∣∣

≤ ωm,λ(|xα − xh,η,m
i |)

≤ ωm,λ

(√
2r

h

)
−−−−→
h→+∞

0,uniformly with respe
t to n ∈ N. Then, a

ording to (2.4.17) and the fa
t that Q′
i,h ∩Km

η = ∅for i 6∈ Im
h,η, 85



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
2

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα

≥ lim inf
λ→+∞

lim inf
η→0

lim inf
h→+∞

lim inf
n→+∞

∑

i∈Im
h,η

∫

[(Q′
i,h∩Km

η )×I]∩Rλ
n,η,m

Wm

(
x,

x

εn
,
xα

ε2n
;F η,m

n

)
dx,

= lim inf
λ→+∞

lim inf
η→0

lim inf
n→+∞

∫

[Km
η ×I]∩Rλ

n,η,m

Wm

(
x,

x

εn
,
xα

ε2n
;F η,m

n

)
dx.In view of the p-growth 
ondition (2.4.4), (2.4.11) and the de�nition of Rλ

n,η,
sup
n∈N

∫

Rλ
n,η,m\[Km

η ×I]
Wm

(
x,

x

εn
,
xα

ε2n
;F η,m

n

)
dx ≤ 2β(1 + λp)η −−−→

η→0
0,then

2

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα ≥ lim inf
λ→+∞

lim inf
η→0

lim inf
n→+∞

∫

Rλ
n,η,m

Wm

(
x,

x

εn
,
xα

ε2n
;F η,m

n

)
dx.By a diagonalization argument, given λm ր +∞, and ηm ց 0+ there exists nm ր +∞ su
hthat

2 lim inf
m→+∞

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα ≥ lim inf
m→+∞

∫

Rm

Wm

(
x,

x

εnm

,
xα

ε2nm

;F + ∇αvm

∣∣∣
1

εnm

∇3vm

)
dx,where vm := uηm,m

nm ∈ W 1,p(Q′
r(x0) × I; R3) with vm → 0 in Lp(Q′

r(x0) × I; R3), and where
Rm := Rλm

nm,ηm,m. Using Theorem 1.1 in [25℄, we 
an assume, without loss of generality, that thesequen
e {∣∣(∇αvm| 1
εnm

∇3vm

)∣∣p} is equi-integrable. Then, sin
eWm = W on Cm×R
3×R

2×R
3×3

2 lim inf
m→+∞

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα

≥ lim inf
m→+∞

∫

Q′
r(x0)×I

Wm

(
x,

x

εnm

,
xα

ε2nm

;F + ∇αvm| 1

εnm

∇3vm

)
dx

≥ lim inf
m→+∞

∫

[Q′
r(x0)×I]∩Cm

W

(
x,

x

εnm

,
xα

ε2nm

;F + ∇αvm| 1

εnm

∇3vm

)
dx

= lim inf
m→+∞

∫

Q′
r(x0)×I

W

(
x,

x

εnm

,
xα

ε2nm

;F + ∇αvm| 1

εnm

∇3vm

)
dxwhere we have used the growth 
onditions on W , the p-equi-integrability of the above sequen
eof s
aled gradients, and (2.4.4) and (2.4.3). As a result we get inequality (2.4.12).86



2.4. THE GENERAL CASEStep 2. Fixed δ > 0, let T ∈ N and ϕ ∈W 1,p((0, T )2 × I; R3) with ϕ = 0 on ∂(0, T )2 × I besu
h that
W hom(x0;F ) + δ ≥ −

∫

(0,T )2×I
Whom(x0, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy. (2.4.20)Taking (T,ϕ) in the de�nition of (Wm)hom it follows that

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα

≤ 1

2T 2

∫

Q′
r(x0)

∫

(0,T )2×I
(Wm)hom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα. (2.4.21)De�ne Em := {(xα, yα, y3) ∈ Q′

r(x0)× (0, T )2 × I : (xα, y3) ∈ Cm}. From (2.4.3) it follows that
L2 ⊗ L3

(
[Q′

r(x0) × (0, T )2 × I] \ Em

)
= T 2L3

(
[Q′

r(x0) × I] \ Cm

)

≤ T 2/m. (2.4.22)Sin
e (Wm)hom = Whom on Cm × R
2 × R

3×3

∫

Q′
r(x0)

∫

(0,T )2×I
(Wm)hom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα

=

∫

Em

Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα

+

∫

[Q′
r(x0)×(0,T )2×I]\Em

(Wm)hom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα

≤
∫

Q′
r(x0)×(0,T )2×I

Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα

+C

∫

[Q′
r(x0)×(0,T )2×I]\Em

(1 + |∇ϕ(y)|p) dy dxα (2.4.23)by property (2.2.4) with Wm in pla
e of W . Passing to the limit as m→ +∞, relations (2.4.21),(2.4.22) and (2.4.23) yield to
lim sup
m→+∞

∫

Q′
r(x0)

(Wm)hom(xα;F ) dxα

≤ 1

2T 2

∫

Q′
r(x0)

∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα.Hen
e by (2.4.12) we obtain 87



CHAPITRE 2. REITERATED HOMOGENIZATION OF THIN FILMS
∫

Q′
r(x0)

W{εn}

(
xα;F

)
dxα ≤ 1

2T 2

∫

Q′
r(x0)

∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy dxα.Choose x0 ∈ ω to be also a Lebesgue point of the fun
tion

xα 7→
∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy.Dividing the previous inequality by r2 and letting r → 0, we get a

ording to (2.4.20) that

W{εn}

(
x0;F

)
≤ 1

2T 2

∫

(0,T )2×I
Whom(x0, y3, yα;F + ∇αϕ(y)|∇3ϕ(y)) dy

≤ W hom(x0;F ) + δ.The result follows by letting δ → 0. �Proof of Theorem 2.1.1. As a 
onsequen
e of Lemmas 2.4.3 and 2.4.2, we have W hom(xα;F ) =

W{εn}(xα;F ) for a.e. xα ∈ ω and all F ∈ R
3×2. Therefore, we have W{εn}(u;A) = Whom(u;A)for all A ∈ A(ω) and all u ∈ W 1,p(A; R3). Sin
e the result does not depend upon the spe
i�

hoi
e of the subsequen
e, we 
on
lude thanks to Proposition 8.3 in [45℄ that the whole sequen
e

Wε(· ;A) Γ-
onverges to Whom(· ;A) for the Lp(A× I; R3)-topology. �To 
on
lude, let us state an interesting 
onsequen
e of Theorem 2.1.1.Corollary 2.4.4. Let W : Ω × R
3 × R

3×3 → R be a 
ontinuous fun
tion satisfying (A1), (A2)and (A4), and su
h that W (x, · ;F ) is Q-periodi
 for all F ∈ R
3×3 and a.e. x ∈ Ω. Then, thefun
tional Wε : Lp(Ω; R3) → [0,+∞] de�ned by

Wε(u) :=





∫

Ω
W

(
x,
x

ε
;∇αu(x)

∣∣∣
1

ε
∇3u(x)

)
dx if u ∈W 1,p(Ω; R3),

+∞ otherwise.
Γ-
onverges for the strong Lp(Ω; R3)-topology toward Whom : Lp(Ω; R3) → [0,+∞] given by

Whom(u) :=





2

∫

ω
W hom(xα,∇αu(xα)) dxα if u ∈W 1,p(ω; R3),

+∞ otherwise,where
W hom(xα, F ) := inf

T∈N

inf
φ

{
−
∫

(0,T )2×I
Whom(xα, y3, yα;F + ∇αφ(y)|∇3φ(y)) dy :

φ ∈W 1,p((0, T )2 × I; R3), φ = 0 on ∂(0, T )2 × I

}
,88



2.4. THE GENERAL CASEfor all F ∈ R
3×2 and a.e. xα ∈ ω and

Whom(x, yα;F ) := inf
T∈N

inf
φ

{
−
∫

(0,T )3
W (x, yα, z3;F + ∇φ(z)) dz : φ ∈W 1,p

0 ((0, T )3; R3)

}
,for all (yα, F ) ∈ R

2 × R
3×3 and a.e. x ∈ Ω.
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3.1. INTRODUCTION3.1 Introdu
tionThis paper deals with a bilayer thin �lm 
onne
ted through a separation hyperplane ("sieveplane") by δ-periodi
ally distributed "
onta
t zones". Repla
ing one of the two thin �lms bya thin substrate, one 
an think of the problem as modeling the debonding of a �lm from thissubstrate. Spe
i�
ally, we 
onsider nonlinear elasti
 bodies where the thi
kness is des
ribed by theparameter ε and the 
onne
ting zones are (n− 1)-dimensional balls B′
r(x

δ
i ) with 
enter xδ

i := iδ,
i ∈ Z

n−1, and radius r > 0. Then, the investigated domain o

upies the referen
e 
on�gurationparametrized as
Ωε

δ,r := ω+ε ∪ ω−ε ∪
(
ωδ,r × {0}

)where ω is a bounded open subset of R
n−1, ω+ε := ω × (0, ε), ω−ε := ω × (−ε, 0) and ωδ,r :=⋃

i∈Zn−1 B′
r(x

δ
i ) ∩ ω.In the nonlinear membrane setting the elasti
 energy of su
h materials is given by the fun
-tional

1

ε

∫

Ωε
δ,r

W (∇u) dx,where u : Ωε
δ,r → R

m is the deformation �eld and W stands for the stored energy density, whi
his a Borel fun
tion satisfying standard 
oer
ivity and growth 
onditions of order p. In this paper,we study the multiple s
ales asymptoti
 behavior of the previous fun
tional as ε, δ and r tend tozero at the same time. The notion of Γ-
onvergen
e (see [30, 32, 45℄) has proved to be su

essfulin order to obtain limit models (see e.g. [35℄ and referen
es therein). It is natural to expe
t limitbehaviors that depend on the mutual vanishing rates of 
onvergen
e of ε, δ and r.Sin
e, at �xed ε, δ and r, (ω \ ωδ,r) × {0} is a part of the boundary of Ωε
δ,r, admissible defor-mations may be dis
ontinuous a
ross this part of the mid-se
tion. This failure of the interfa
emay asymptoti
ally 
reate a debonding whi
h 
osts a possible interfa
ial energy of order zero,penalizing the jump of the deformation. This new energy des
ribes, by a nonlinear 
apa
itarytype formula, the 
ontribution near ea
h balls B′

r(x
δ
i ) and its value seems to be 
losely related tothe s
aling of the radius of the 
onne
ting zones with respe
t to the thi
kness and the period ofdistribution of the zones. Indeed, if the radius is too large, this interfa
ial energy will blow up andthus, deformations with �nite energy will be 
ontinuous a
ross the mid-se
tion. Consequently,the e�e
tive energy would be exa
tly the same as that where the body is perfe
t. On the otherhand, if the radius is too small, it yields to a zero interfa
ial energy leading to two de
oupledproblems. Although the dis
ontinuities remain present, we loose the intera
tion energy betweenthe two regions. In other words, in order to re
over non trivial models, by whi
h we mean limitmodels remembering the presen
e of the zones, we need the right assumptions on the mutualrates of 
onvergen
e of the three small parameters ε, δ and r.The 
ases ε = 1 and ε = δ have been studied in [6℄, whi
h investigates in addition theintera
tion through the separating surfa
e of two di�erent energies, possibly satisfying di�erentgrowth 
onditions. It is proved there that, in order to re
over a non trivial limit model, the93



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONmeaningful radii (
riti
al size) of the 
onta
t zones must be of order of δ(n−1)/(n−p) and δn/(n−p),respe
tively. In fa
t, as noti
ed above, if the radius rδ tends to zero faster than the 
riti
al sizethen, in the limit, we obtain two de
oupled problems, while if rδ tends to zero slower than the
riti
al size, we get exa
tly the same result as that obtained in the absen
e of 
onne
ting zonesin the mid-se
tion.The proof of [6℄ is based on a te
hni
al result (see Lemma 3.4 of that referen
e) that allowsto modify a sequen
e on a suitable n-dimensional annulus surrounding the (n − 1)-dimensionalballs B′
rδ

(xδ
i ), and to study the behavior of the family of energies along the modi�ed sequen
e. Itgives rise to three terms in the Γ-limit. The �rst two terms represent the 
ontribution of the newsequen
e "far" from B′

rδ
(xδ

i ) ; more pre
isely, they are the Γ-limits of two un
oupled problemsde�ned separately on the upper part and lower part (with respe
t to the "sieve plane") of the
onsidered domain. The third one des
ribes, by the nonlinear 
apa
itary formula ϕ, the 
ontri-bution "near" B′
rδ

(xδ
i ). Note that the fun
tion ϕ is the same in both 
ases ε = 1 and ε = δ, sin
ethe annulus is 
ontained in a strip of thi
kness cδ, with c < 1/2 arbitrarily small independently of

δ. The 
ases δ ∼ ε and δ ≪ ε 
an be treated in the same way. This approa
h follows the methodintrodu
ed in [9, 10℄ where the asymptoti
 behavior of periodi
ally-perforated nonlinear domainshas been studied ; in parti
ular, Lemma 3.4 in [6℄ is a suitable variant, for the sieve problem,of Lemma 3.1 in [9, 10℄. For related problems to this subje
t we also refer to [49, 77, 82℄, [11℄,[41, 42, 43℄, [52℄ and [84, 85, 86℄.In this work, we fo
us on the 
ase ε ≪ δ. Namely, for every sequen
e {δj} 
onverging to
0, we assume that εj = o(δj). We expe
t, as in [6℄, the existen
e of some meaningful radius
rj := r(εj , δj) ≪ δj for whi
h the limit model is not trivial and we expe
t also di�erent regimeswhi
h may depend on the behavior of rj with respe
t to εj . The method introdu
ed in [6℄ 
an notbe applied in our 
ase sin
e, by 
onstru
tion, the annuli surrounding the balls B′

rδ
(xδ

i ) are well
ontained in a strip of thi
kness cδ but not ne
essarily in that of thi
kness 2ε sin
e ε≪ δ and c issupposed to be independent of ε and δ. However, we may adapt the method in [6℄ by 
onsidering,instead of annuli, suitable 
ylinders surrounding the balls B′
rδ

(xδ
i ) with radii of order of δ (butstri
tly less than δ/2) and thi
kness 2ε (see Lemmas 3.4.2 and 3.4.3). Hen
e, let Ωj := Ω

εj

δj ,rj
, ifwe de�ne

Fj(u) :=





1

εj

∫

Ωj

W (∇u) dx if u ∈W 1,p(Ωj; R
m),

+∞ otherwise,then, denoting
ℓ := lim

j→+∞

rj
εj

∈ [0,+∞],there exists a meaningful radius rj su
h that, up to subsequen
es, Fj Γ-
onverges to
F (ℓ)(u+, u−) =

∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα +R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα94



3.1. INTRODUCTIONon W 1,p(ω; Rm) ×W 1,p(ω; Rm) with respe
t to the 
onvergen
e introdu
ed in De�nition 3.3.1,where QW0 denotes the (n−1)-quasi
onvexi�
ation ofW0 andW0(F ) := inf{W (F |z) : z ∈ R
m}.For ea
h regime ℓ ∈ [0,+∞], the numbers R(ℓ) a

ount for the s
aling, that is the behavior of

rj with respe
t to εj and/or δj (see Theorem 3.3.3), while the interfa
ial energy densities ϕ(ℓ)are given by nonlinear 
apa
itary type formulas where boundary 
onditions are only imposed onthe lateral part of the boundary (see Theorem 3.3.5). Relations (3.5.6) and (3.5.17) show thatwhatever the regime, this new energy 
orresponds to a 
ohesive interfa
e sin
e ϕ(ℓ) in
reases
ontinuously from zero with the jump in the deformation a
ross the interfa
e.Let us brie�y des
ribe ea
h regime :(1) The 
ase ℓ = +∞ deals with very thin �lms be
ause ε ≪ r ≪ δ and thus, we expe
t
r = r(δ) to depend only on δ. For �xed r and δ, passing to the limit when ε tends to zero, we havetwo pure dimensional redu
tion problems stated on the upper and lower 
ylinders respe
tively.It leads to a limit fun
tional 
onsisting in two terms, ea
h of them being a 
opy of the fun
tionalobtained in [74℄ on the upper and lower part of the domain, respe
tively. Sin
e the 
orrespondinglimit deformations u+ and u− must mat
h inside the 
onne
ting zones, both terms are not
ompletely de
oupled. We are then in a situation quite similar to that of [9, 10℄, ex
ept thathere, both periodi
ally perforated (n − 1)-dimensional bodies are linked to ea
h other insidethe perforations. It is thus 
oherent to expe
t some meaningful radii of order δ(n−1)/(n−1−p).This strong separation between both phenomena of redu
tion and perforation leads to breakthe isotropy. This is quite 
lear from the point of view of the s
aling sin
e an inspe
tion of theproofs of Lemmas 3.6.2 and 3.6.4 shows that the extra interfa
ial term appears thanks to suitabledilatations whi
h have not the same s
aling in the in-plane and transverse dire
tions. Note thatthe formula leading to ϕ(∞) (see Lemma 3.3.5) involves a "Le Dret-Raoult type" fun
tional,underlining the importan
e of the redu
tion.(2) On the other hand, the 
ase ℓ = 0 des
ribes larger thin �lms be
ause r ≪ ε ≪ δ. Herethe meaningful radii r = r(ε, δ) should thus depend on both ε and δ. Indeed, we obtain that
r must be of order ε1/(n−p)δ(n−1)/(n−p) and we get a better estimate of its rate of 
onvergen
esin
e r ≪ δn/(n−p). Note that this latter 
oe�
ient is exa
tly that obtained in [6℄ for the 
ase
δ = ε. Contrary to the previous 
ase (ℓ = +∞), the isotropy seems to be preserved be
ause here,dimensional redu
tion and perforation are not 
ompletely de
oupled : the redu
tion parameter
ε is sandwi
hed between both perforation parameters r and δ. Mathemati
ally, this 
an be seenby noti
ing that the dilatations leading to the interfa
ial energy are identi
al in every dire
tions(see for instan
e the end of the proof of Lemma 3.6.4). The pri
e to pay is that ϕ(0) is obtainedas the limit of a minimization problem stated on larger and larger 
ylinders in the in-plane aswell as in the transverse variable. This is more di�
ult to treat sin
e as usual in dimensionalredu
tion problems, we have no information on the value of the admissible test fun
tions on theextreme parts of the boundary. The formula des
ribing ϕ(0) in Lemma 3.3.5 does not underlineexpli
itly the redu
tion pro
edure whi
h is only 
hara
terized by boundary 
onditions expressedon the lateral part of the boundary. 95



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTION(3) In the intermediate 
ase ℓ ∈ (0,+∞), then r ∼ ε ≪ δ and it turns out that the previouss
alings are equivalent be
ause R(0) = ℓR(∞). From the formulas obtained in Lemma 3.3.5, we�nd that the interfa
ial energy is 
ontinuous with respe
t to ℓ in the extreme regimes sin
e
R(ℓ)ϕ(ℓ)(z) → R(∞)ϕ(∞)(z) as ℓ → +∞ and R(ℓ)ϕ(ℓ)(z) → R(0)ϕ(0)(z) as ℓ → 0. As in the pre-vious 
ase (ℓ = 0), the lateral boundary 
onditions are the only mean to des
ribe the dimensionalredu
tion in the formula whi
h gives ϕ(ℓ) in Lemma 3.3.5.The paper is organized as follows : after re
alling some useful notation in Se
tion 3.2, westate the main result, Theorems 3.3.3 and 3.3.5, in Se
tion 3.3. Then, we establish in Se
tion 3.4some auxiliary results like res
aled Poin
aré type inequalities and joining lemmas. Se
tion 3.5 isdevoted to a de�nition of the interfa
ial energy density as a limit of minimum problems ; hen
e,in Se
tion 3.6 we prove the Γ-
onvergen
e result (Theorem 3.3.3). It is only in Se
tion 3.7 thatwe give an expli
it des
ription in terms of a "
apa
itary type" formula of the interfa
ial energydensity (Theorem 3.3.5).3.2 NotationGiven x ∈ R

n, we set xα := (x1, . . . , xn−1) for the in-plane variable and ∇α =
(

∂
∂x1

, . . . , ∂
∂xn−1

)(resp. ∇n) for the derivative with respe
t to xα (resp. xn).The notation R
m×n stands for the set of m×n matri
es. Given a matrix F ∈ R

m×n, we write
F = (F |Fn) where F = (F1, . . . , Fn−1) and Fi denotes the i-th 
olumn of F , 1 ≤ i ≤ n and
F ∈ R

m×(n−1).The Lebesgue measure in R
k will be denoted by Lk (in the sequel, k will always be equal to nor n−1). We use standard notation for Lebesgue and Sobolev spa
es Ls(A; Rm) andW 1,s(A; Rm).Let ω be a bounded open subset of R

n−1 and I = (−1, 1), we de�ne Ω := ω× I. In the sequel,we will identify Ls(ω; Rm) (resp. W 1,s(ω; Rm)) with the spa
e of fun
tions v ∈ Ls(Ω; Rm) (resp.
W 1,s(Ω; Rm)) su
h that ∇nv = 0 in the sense of distributions.Let a ∈ R

n−1 and ρ > 0, we denote by B′
ρ(a) the open ball of R

n−1 of 
enter a and radius
ρ and by Q′

ρ(a) the open 
ube of R
n−1 with 
enter a and length side ρ. We write B′

ρ instead of
B′

ρ(0) in order not to overburden notation. Let xδ
i = iδ with i ∈ Z

n−1, we set Q′
i,δ := Q′

δ(x
δ
i ).We denote U+a = U × (0, a) and U−a = U × (−a, 0) with U ⊆ R

n−1 and a > 0, while if
a = 1, then U+ = U+1 and U− = U−1. We set C1,∞ := {(xα, 0) ∈ R

n : 1 ≤ |xα|} and C1,N :=

{(xα, 0) ∈ R
n : 1 ≤ |xα| < N} for every N > 1.Let p ≥ 1 and k = n or n − 1. We denote the p-
apa
ity of B′

1 with respe
t to an open set
A ⊂ R

k by
Capp(B

′
1;A) = inf

{∫

A
|∇ψ|p dx : ψ ∈W 1,p

0 (A) and ψ = 1 on B′
1

}96



3.3. STATEMENT OF THE MAIN RESULTand the p-
apa
ity of B′
1 with respe
t to R

k by
Capp(B

′
1; R

k) = inf

{∫

Rk

|∇ψ|p dx : ψ ∈W 1,p(Rk) and ψ = 1 on B′
1

}
.The letter c will stand for an arbitrary �xed stri
tly-positive 
onstant.3.3 Statement of the main resultSin
e we are going to work with varying domains, we have to pre
ise the meaning of "
onvergingsequen
es".De�nition 3.3.1. Let Ωj = ω+εj ∪ω−εj ∪

(
ωδj ,rj

×{0}
). Given a sequen
e {uj} ⊂W 1,p(Ωj ; R

m),we de�ne ûj(xα, xn) := uj(xα, εj xn). We say that {uj} 
onverges (resp. 
onverges weakly) to
(u+, u−) ∈W 1,p(ω; Rm) ×W 1,p(ω; Rm) if we have

û+
j := ûj|ω+ → u+ in Lp(ω+; Rm) (resp. weakly in W 1,p(ω+; Rm)),

û−j := ûj|ω− → u− in Lp(ω−; Rm) (resp. weakly in W 1,p(ω−; Rm)).Moreover, we say that the sequen
e {|∇uj |p/εj} is equi-integrable on ω±εj if {∣∣(∇αûj| 1
εj
∇nûj

)∣∣p}is equi-integrable on ω±.Remark 3.3.2. By virtue of De�nition 3.3.1, a sequen
e {uj} ⊂ W 1,p(Ωj; R
m) 
onverges to

(u+, u−) ∈W 1,p(ω; Rm) ×W 1,p(ω; Rm) if and only if
lim

j→+∞

1

εj

∫

ω±εj

|uj − u±|p dx = 0, (3.3.1)while we have weak 
onvergen
e provided (3.3.1) and
sup
j∈N

1

εj

∫

ω±εj

|∇uj|p dx = sup
j∈N

∫

ω±

∣∣∣∣
(
∇αûj

∣∣∣
1

εj
∇nûj

)∣∣∣∣
p

dx < +∞ (3.3.2)hold true.Note that De�nition 3.3.1 and Remark 3.3.2 are still valid if we 
onsider the domain ω+εj∪ω−εjinstead of Ωj.The main result of this paper is the followingTheorem 3.3.3. Let 1 < p < n − 1. Let ω be a bounded open subset of R
n−1 satisfying

Ln−1(∂ω) = 0 and W : R
m×n → [0,+∞) be a Borel fun
tion su
h that W (0) = 0 and sa-tisfying a growth 
ondition of order p : there exists a 
onstant β > 0 su
h that

|F |p − 1 ≤W (F ) ≤ β(|F |p + 1), for every F ∈ R
m×n. (3.3.3)97



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONLet {δj}, {εj} and {rj} be sequen
es of stri
tly positive numbers 
onverging to zero su
h that
lim

j→+∞

εj
δj

= 0and if lim
j→+∞

rj
εj

= ℓ ∈ (0,+∞], then 0 < R(ℓ) := lim
j→+∞

rn−1−p
j

δn−1
j

< +∞or if lim
j→+∞

rj
εj

= 0, then 0 < R(0) := lim
j→+∞

rn−p
j

εj δ
n−1
j

< +∞ .Then, upon extra
ting a subsequen
e, the sequen
e of fun
tionals Fj : Lp(Ωj ; R
m) → [0,+∞]de�ned by

Fj(u) :=





1

εj

∫

Ωj

W (∇u) dx if u ∈W 1,p(Ωj ; R
m),

+∞ otherwise
Γ-
onverges to

F (ℓ)(u+, u−) =

∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα +R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxαon W 1,p(ω; Rm) ×W 1,p(ω; Rm) with respe
t to the 
onvergen
e introdu
ed in De�nition 3.3.1,where QW0 denotes the (n−1)-quasi
onvexi�
ation of W0 and W0(F ) := inf{W (F |z) : z ∈ R

m}.Remark 3.3.4. Theorem 3.3.3 still holds true when R(ℓ) = 0 or +∞. However, if R(ℓ) = 0,we loose the limit interfa
ial energy leading to two de
oupled problems. Further, if R(ℓ) = +∞,limit deformations with �nite energy must be 
ontinuous a
ross the mid-se
tion (u+ = u−) andwe obtain the same result than in [74℄.The following result provides a 
hara
terization of the interfa
ial energy density ϕ(ℓ) a

ordingto ea
h regimes ℓ ∈ [0,+∞].Theorem 3.3.5. Let p∗ = (n − 1)p/(n − 1 − p) be the Sobolev exponent in dimension (n − 1).For the same subsequen
e than that of Theorem 3.3.3, there exists the limit
g(F ) := lim

j→+∞
rp
jQW (r−1

j F ),for all F ∈ R
m×n, where QW denotes the n-quasi
onvexi�
ation of W , and the fun
tions ϕ(ℓ) :

R
m → [0,+∞) are des
ribed by the following formulas : for every z ∈ R

m, if ℓ ∈ (0,+∞),
ϕ(ℓ)(z) := inf

{∫

(Rn−1×I)\C1,∞

g
(
∇αζ|ℓ∇nζ

)
dx : ζ ∈W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm),

∇ζ ∈ Lp((Rn−1 × I) \ C1,∞; Rm×n), ζ − z ∈ Lp(0, 1;Lp∗(Rn−1; Rm))

ζ ∈ Lp(−1, 0;Lp∗(Rn−1; Rm))

}
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3.4. PRELIMINARY RESULTSif ℓ = +∞

ϕ(∞)(z) := inf

{∫

Rn−1

(
Qg0(∇αζ

+) + Qg0(∇αζ
−)
)
dxα : ζ± ∈W 1,p

loc (Rn−1; Rm),

ζ+ = ζ− in B′
1, ∇αζ

± ∈ Lp(Rn−1; Rm×(n−1)),

(ζ+ − z) , ζ− ∈ Lp∗(Rn−1; Rm)

}
,where Qg0 denotes the (n − 1)-quasi
onvexi�
ation of g0 and g0(F ) := inf{g(F |z) : z ∈ R

m},and if ℓ = 0

ϕ(0)(z) = inf

{∫

Rn\C1,∞

g(∇ζ) dx : ζ ∈W 1,p
loc (Rn \ C1,∞; Rm), ∇ζ ∈ Lp(Rn \ C1,∞; Rm×n),

ζ − z ∈ Lp(0,+∞;Lp∗(Rn−1; Rm)), ζ ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm))

}
.Remark 3.3.6. Without loss of generality we may assume that W is quasi
onvex (upon �rstrelax the energy) ; hen
e, by (3.3.3), W satis�es the following p-Lips
hitz 
ondition (See e.g.[44℄) :

|W (F1) −W (F2)| ≤ c (1 + |F1|p−1 + |F2|p−1)|F1 − F2|, for all F1, F2 ∈ R
m×n . (3.3.4)3.4 Preliminary results3.4.1 Some res
aled Poin
aré InequalitiesSin
e we deal with varying domains, depending on di�erent parameters, it is useful to note howthe 
onstant in Poin
aré type inequalities res
ale with respe
t to su
h parameters.Lemma 3.4.1. Let A be an open bounded and 
onne
ted subset of R

n−1 with Lips
hitz boundaryand let Aρ := ρA for ρ > 0.(i) There exists a 
onstant c > 0 (depending only on (A,n, p)) su
h that for every ρ, ε > 0
∫

A±ε
ρ

|u− uA±ε
ρ
|p dx ≤ c

∫

A±ε
ρ

(ρp|∇αu|p + εp|∇nu|p) dx,for every u ∈W 1,p(A±ε
ρ ; Rm) where uA±ε

ρ
= −
∫
A±ε

ρ
u dx.(ii) If B is an open and 
onne
ted subset of A with Lips
hitz boundary and Bρ := ρB thenthere exists a 
onstant c > 0 (depending only on (A,B, n, p)) su
h that for every ρ, ε > 0

∫

A±ε
ρ

|u− uB±ε
ρ
|p dx ≤ c

∫

A±ε
ρ

(ρp|∇αu|p + εp|∇nu|p) dx,for every u ∈W 1,p(A±ε
ρ ; Rm) where uB±ε

ρ
= −
∫
B±ε

ρ
u dx.99



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONProof. Let us de�ne v(xα, xn) := u(ρxα, εxn) then v ∈ W 1,p(A±; Rm). By a 
hange of variable,we get that uA±ε
ρ

= vA± . Moreover, by the Poin
aré Inequality, there exists a 
onstant c =

c(A,n, p) > 0 su
h that
∫

A±ε
ρ

|u− uA±ε
ρ
|p dx = ερn−1

∫

A±

|v − vA± |p dy

≤ cερn−1

∫

A±

|∇v|p dy

= c

∫

A±ε
ρ

(ρp|∇αu|p + εp|∇nu|p) dxand it 
ompletes the proof of (i). Now, if Bρ ⊂ Aρ, we get that
∫

A±ε
ρ

|u− uB±ε
ρ
|p dx

≤ c

(∫

A±ε
ρ

|u− uA±ε
ρ
|p dx+ ερn−1Ln−1(A)|uA±ε

ρ
− uB±ε

ρ
|p
)

≤ c

∫

A±ε
ρ

|u− uA±ε
ρ
|p dx+ c

Ln−1(A)

Ln−1(B)

(∫

B±ε
ρ

|u− uA±ε
ρ
|p dx+

∫

B±ε
ρ

|u− uB±ε
ρ
|p dx

)

≤ c

∫

A±ε
ρ

(ρp|∇αu|p + εp|∇nu|p) dx.

�3.4.2 A joining lemmaThe following lemma, whi
h is the key point of the proof of our main result, is very 
lose toLemma 3.4 in [6℄. However, [6℄ does not apply to our 
ase sin
e the domain Ωj has thi
kness
εj ≪ δj ; for this reason we make a di�erent 
onstru
tion introdu
ing 
ylinders surrounding the
onne
ting zones (instead of balls as in [6℄).Lemma 3.4.2. Let {uj} ⊂W 1,p(ω+εj ∪ω−εj ; Rm) be a sequen
e weakly 
onverging to (u+, u−) ∈
W 1,p(ω; Rm) ×W 1,p(ω; Rm) satisfying

sup
j∈N

1

εj

∫

ω±εj

W (∇uj) dx < +∞. (3.4.1)Let k ∈ N and {δj , εj} be sequen
es of stri
tly positive numbers 
onverging to 0 su
h that εj ≪ δj .Set ρj = γδj with γ < 1/2 and
Zj := {i ∈ Z

n−1 : dist(x
δj

i ,R
n−1 \ ω) > δj} .For all i ∈ Zj, there exists ki ∈ {0, . . . , k − 1} su
h that having set

Ci
j :=

{
xα ∈ ω : 2−ki−1ρj < |xα − x

δj

i | < 2−kiρj

}
,100



3.4. PRELIMINARY RESULTS
ui±

j := −
∫

(Ci
j)

±εj

uj dx (3.4.2)and
ρi

j :=
3

4
2−kiρj,there exists a sequen
e {wj} ⊂ W 1,p(ω+εj ∪ ω−εj ; Rm) still weakly 
onverging to (u+, u−) su
hthat

wj = uj in (
ω \

⋃

i∈Zj

Ci
j

)±εj

, (3.4.3)
wj = ui±

j on (
∂B′

ρi
j
(x

δj

i )
)±εj (3.4.4)and satisfying

lim sup
j→+∞

1

εj

∫

ω±εj

∣∣W (∇wj) −W (∇uj)
∣∣ dx ≤ c

k
. (3.4.5)Proof. For all j ∈ N, i ∈ Zj , k ∈ N and h ∈ {0, . . . , k − 1}, we de�ne

Ci,h
j :=

{
xα ∈ ω : 2−h−1ρj < |xα − x

δj

i | < 2−hρj

}
,

(ui,h
j )± := −

∫

(Ci,h
j )±εj

uj dxand
ρi,h

j :=
3

4
2−hρj. (3.4.6)Let φ ≡ φi,h

j ∈ C∞
c (Ci,h

j ; [0, 1]) be a 
ut-o� fun
tion depending only on xα su
h that φ = 1 on
∂B′

ρi,h
j

(x
δj

i ) and |∇αφ| ≤ c/ρi,h
j . For every x ∈ (Ci,h

j )±εj , we set
wi,h

j (x) := φ(xα)(ui,h
j )± + (1 − φ(xα))uj(x),then ∫

(Ci,h
j )±εj

|∇wi,h
j |p dx ≤ c

∫

(Ci,h
j )±εj

(
|∇αφ|p|uj − (ui,h

j )±|p + |∇uj |p
)
dx

≤ c

∫

(Ci,h
j )±εj

(
|uj − (ui,h

j )±|p

(ρi,h
j )p

+ |∇uj |p
)
dx.Sin
e εj ≪ δj , by (3.4.6) and Lemma 3.4.1 (i), with ρ = ρi,h

j and Aρ = Ci,h
j , we have that

∫

(Ci,h
j )±εj

|∇wi,h
j |p dx

≤ c

∫

(Ci,h
j )±εj

(
|∇αuj|p +

( εj

ρi,h
j

)p
|∇nuj |p

)
dx+ c

∫

(Ci,h
j )±εj

|∇uj|p dx

≤ mj(k, γ) c

∫

(Ci,h
j )±εj

|∇uj |p dx, (3.4.7)101



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONwhere,
mj(k, γ) := max

{
1,
(2k+1

3γ

)p(εj
δj

)p}
−−−−→
j→+∞

1 .As
k−1∑

h=0

∫

(Ci,h
j )±εj

(1 + |∇uj |p) dx ≤
∫

B′
ρj

(x
δj
i )±εj

(1 + |∇uj |)p dx,there exists ki ∈ {0, . . . , k − 1} su
h that, having set Ci
j := Ci,ki

j , we get
∫

(Ci
j)

±εj

(1 + |∇uj|p) dx ≤ 1

k

∫

B′
ρj

(x
δj
i )±εj

(1 + |∇uj |p) dx. (3.4.8)Hen
e, if we de�ne the sequen
e
wj(x) :=





wi,ki
j (x) if x ∈ (Ci

j)
±εj and i ∈ Zj

uj(x) otherwise ,by the p-growth 
ondition (3.3.3), (3.4.7) and (3.4.8), we have
1

εj

∫

ω±εj

∣∣W (∇wj) −W (∇uj)
∣∣ dx =

∑

i∈Zj

1

εj

∫

(Ci
j)

±εj

∣∣W (∇wi,ki
j ) −W (∇uj)

∣∣ dx

≤ c

k
mj(k, γ)

∑

i∈Zj

1

εj

∫

B′
ρj

(x
δj
i )±εj

(1 + |∇uj |p) dx

≤ c

k
mj(k, γ)

(
1 +

1

εj

∫

ω±εj

|∇uj |p dx
)
.Then, (3.4.1) 
on
ludes the proof of (3.4.5). Note that, by 
onstru
tion, {wj} satis�es (3.4.3)and (3.4.4) and it 
onverges weakly to (u+, u−). In fa
t,

1

εj

∫

ω±εj

|wj − u±|p dx =
1

εj

∑

i∈Zj

∫

(Ci
j)

±εj

|φui±
j + (1 − φ)uj − u±|p dx

+
1

εj

∫

ω±εj \
S

i∈Zj
(Ci

j)
±εj

|uj − u±|p dx

≤ c

εj

∫

ω±εj

|uj − u±|p dx+
c

εj

∑

i∈Zj

∫

(Ci
j )±εj

|uj − ui±
j |p dx.Sin
e εj ≪ δj and ρi

j ≤ δj , by Lemma 3.4.1 (i) applied with ρ = ρi
j , we get

1

εj

∫

ω±εj

|wj − u±|p dx ≤ c

εj

∫

ω±εj

|uj − u±|p dx+ cδp
j

1

εj

∫

ω±εj

|∇uj |p dx ; (3.4.9)102



3.4. PRELIMINARY RESULTSmoreover, by (3.4.7), we have
1

εj

∫

ω±εj

|∇wj |p dx ≤ c

εj

∫

ω±εj

|∇uj |p dx. (3.4.10)Hen
e, by (3.4.9), (3.4.10), (3.4.1) and Remark 3.3.2 we get also the weak 
onvergen
e of {wj}. �If the sequen
e {|∇uj |p/εj} is equi-integrable in ω±εj (see De�nition 3.3.1), then we do nothave to 
hoose for every i ∈ Zj a suitable 
ylinder (Ci
j)

±εj but we may 
onsider the same radiusindependently of i as the following lemma shows.Lemma 3.4.3. Let {uj}, {δj}, {εj}, {ρj} and Zj be as in Lemma 3.4.2 and su
h that {|∇uj |p/εj}is equi-integrable in ω±εj . Set
Ci

j :=

{
xα ∈ ω :

2

3
ρj < |xα − x

δj

i | < 4

3
ρj

} and ui±
j := −

∫

(Ci
j )±εj

uj dxfor every i ∈ Zj . Then, there exists a sequen
e {wj} ⊂W 1,p(ω+εj ∪ω−εj ; Rm) weakly 
onvergingto (u+, u−) su
h that
wj = uj in (

ω \
⋃

i∈Zj

Ci
j

)±εj

, (3.4.11)
wj = ui±

j on (
∂B′

ρj
(x

δj

i )
)±εj (3.4.12)and

lim sup
j→+∞

1

εj

∫

ω±εj

∣∣W (∇wj) −W (∇uj)
∣∣ dx ≤ o(1) as γ → 0 . (3.4.13)Moreover, the sequen
e {|∇wj |p/εj} is also equi-integrable in ω±εj .Proof. Let φ ≡ φi

j ∈ C∞
c (Ci

j; [0, 1]) be a 
ut-o� fun
tion depending only on xα su
h that φ = 1on ∂B′
ρj

(x
δj

i ) and |∇αφ| ≤ c/ρj . For every x ∈ (Ci
j)

±εj , we de�ne
wi

j(x) := φ(xα)ui±
j + (1 − φ(xα))uj(x).Then, reasoning as in the proof of Lemma 3.4.2, we have that

∫

(Ci
j )±εj

W (∇wi
j) dx ≤ c

∫

(Ci
j )±εj

(1 + |∇uj |p) dx.Hen
e, if we de�ne
wj(x) :=





wi
j(x) if x ∈ (Ci

j)
±εj and i ∈ Zj,

uj(x) otherwise.103



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONit satis�es (3.4.11) and (3.4.12). Moreover,
1

εj

∫

ω±εj

∣∣W (∇wj) −W (∇uj)
∣∣ dx ≤

∑

i∈Zj

1

εj

∫

(Ci
j)

±εj

∣∣W (∇wi
j) −W (∇uj)

∣∣ dx

≤ c
∑

i∈Zj

1

εj

∫

(B′
4ρj /3

(x
δj
i )∩ω)±εj

(1 + |∇uj |p) dx.Sin
e #(Zj) ≤ c/δn−1
j , we get that

Ln−1
( ⋃

i∈Zj

(B′
4ρj/3(x

δj

i ) ∩ ω)
)
≤ cγn−1and by the equi-integrability of {|∇uj |p/εj}, we obtain (3.4.13). Finally, the weak 
onvergen
eof {wj} 
an be proved as in Lemma 3.4.2 while the equi-integrability of {|∇wj |p/εj} is just a
onsequen
e of the de�nition of {wj}. �3.5 Energy 
ontribution 
lose to the "
onne
ting zones"Let us 
onsider the domain Ωj = ω+εj ∪ω−εj ∪

(
ωδj ,rj

×{0}
) where ωδj ,rj

:=
⋃

i∈Zn−1 B′
rj

(x
δj

i )∩ω.Our Γ-
onvergen
e analysis deals with the 
ase where the thi
kness εj of Ωj is mu
h smaller thanthe period δj of distribution of the 
onne
ting zones B′
rj

(x
δj

i ) × {0} i.e.
lim

j→+∞

εj
δj

= 0 .The aim of this se
tion is to study the 
ontribution 
lose to the 
onne
ting zones. We mayex
lude that the radius rj ≥ δj/2 otherwise the zones may overlap. More pre
isely, we assumethat rj ≪ δj i.e.
lim

j→+∞

rj
δj

= 0 . (3.5.1)This 
hoi
e will be justify a posteriori sin
e it will be the only admissible assumption to get ameaningful Γ-
onvergen
e result.Finally, it remains to �x the behavior of rj with respe
t to εj. Let us denote
ℓ := lim

j→+∞

rj
εj
.It yields us to 
onsider all the possible s
enario, namely to distinguish the 
ases where ℓ is �nite,in�nite or zero.3.5.1 The 
ase ℓ ∈ (0, +∞]Setting Nj = δj/rj , we de�ne the spa
e

Xγ
j (z) :=

{
ζ ∈W 1,p((B′

γNj
× I) \ C1,γNj ; R

m) : ζ = z on (∂B′
γNj

)+, ζ = 0 on (∂B′
γNj

)−
}
,104



3.5. ENERGY CONTRIBUTION CLOSE TO THE "CONNECTING ZONES"we 
onsider the following minimum problem
ϕ

(ℓ)
γ,j(z) := inf





∫

(B′
γNj

×I)\C1,γNj

rp
j W

(
r−1
j ∇αζ|ε−1

j ∇nζ
)
dx : ζ ∈ Xγ

j (z)



 . (3.5.2)In the next proposition we study the behavior of {ϕ(ℓ)

γ,j} as j → +∞ and γ → 0+.Proposition 3.5.1. Let ℓ ∈ (0,+∞]. If
0 < R(ℓ) := lim

j→+∞

rn−1−p
j

δn−1
j

< +∞ (3.5.3)then,(i) there exists a 
onstant c > 0 (independent of j and γ) su
h that
0 ≤ ϕ

(ℓ)
γ,j(z) ≤ c

(
|z|p + γn−1

)for all z ∈ R
m, j ∈ N and γ > 0 ;(ii) there exists a 
onstant c > 0 (independent of j and γ) su
h that

|ϕ(ℓ)
γ,j(z) − ϕ

(ℓ)
γ,j(w)| ≤ c |z − w|

(
γ(n−1)(p−1)/p + rp−1

j + |z|p−1 + |w|p−1
) (3.5.4)for every z,w ∈ R

m, j ∈ N and γ > 0 ;(iii) for every �xed γ > 0, up to subsequen
es, ϕ(ℓ)
γ,j 
onverges lo
ally uniformly on R

m to ϕ(ℓ)
γas j → +∞ and

|ϕ(ℓ)
γ (z) − ϕ(ℓ)

γ (w)| ≤ c |z − w|
(
γ(n−1)(p−1)/p + |z|p−1 + |w|p−1

) (3.5.5)for every z,w ∈ R
m ;(iv) up to subsequen
es, ϕ(ℓ)

γ 
onverges lo
ally uniformly on R
m, as γ → 0, to a 
ontinuousfun
tion ϕ(ℓ) : R

m → [0,+∞) satisfying
0 ≤ ϕ(ℓ)(z) ≤ c|z|p , |ϕ(ℓ)(z) − ϕ(ℓ)(w)| ≤ c |z − w|

(
|z|p−1 + |w|p−1

) (3.5.6)for every z,w ∈ R
m.Proof. Fix γ > 0, then γNj > 2 for j large enough.(i) A

ording to the p-growth 
ondition (3.3.3),

0 ≤ ϕ
(ℓ)
γ,j(z) ≤ β

(
Cγ,j(z) + Ln−1(B′

1)γ
n−1

δn−1
j

rn−1−p
j

)
, (3.5.7)where

Cγ,j(z) := inf





∫

(B′
γNj

×I)\C1,γNj

∣∣∣∣
(
∇αζ

∣∣∣
rj
εj
∇nζ

)∣∣∣∣
p

dx : ζ ∈ Xγ
j (z)



 .105



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONSin
e Cγ,j(z) is invariant by rotations, reasoning as in [6℄ Se
tion 4.1, we 
an 
onsider the mini-mization problem with respe
t to a parti
ular 
lass of s
alar test fun
tions as follows
Cγ,j(z)

|z|p = inf

{∫

(B′
γNj

×I)\C1,γNj

∣∣∣∣
(
∇αψ

∣∣∣
rj
εj
∇nψ

)∣∣∣∣
p

dx : ψ ∈W 1,p((B′
γNj

× I) \ C1,γNj ),

ψ = 1 on (∂B′
γNj

)+ and ψ = 0 on (∂B′
γNj

)−
}

≤ inf

{∫

B′
γNj

(
|∇αψ

+|p + |∇αψ
−|p
)
dx : (ψ+ − 1) , ψ− ∈W 1,p

0 (B′
γNj

)and ψ+ = ψ− in B′
1

}
. (3.5.8)Let ψ±

1 be the unique minimizer of the last stri
tly 
onvex minimization problem in (3.5.8). Itturns out that ψ±
2 := 1−ψ∓

1 is also a minimizer. Thus by uniqueness, ψ±
1 = ψ±

2 and in parti
ular,
ψ±

1 = 1/2 in B′
1. Hen
e,

Cγ,j(z) ≤ |z|p inf

{∫

B′
γNj

(
|∇αψ

+|p + |∇αψ
−|p
)
dxα : (ψ+ − 1) , ψ− ∈W 1,p

0 (B′
γNj

),and ψ+ = ψ− =
1

2
in B′

1

}

= 2|z|p inf

{∫

B′
γNj

|∇αψ|p dxα : ψ ∈W 1,p
0 (B′

γNj
) and ψ =

1

2
in B′

1

}

=
|z|p
2p−1

inf

{∫

B′
γNj

|∇αψ|p dxα : ψ ∈W 1,p
0 (B′

γNj
) and ψ = 1 in B′

1

}

=
|z|p
2p−1

Capp

(
B′

1;B
′
γNj

)
. (3.5.9)Sin
e

lim
j→+∞

Capp

(
B′

1;B
′
γNj

)
= Capp

(
B′

1; R
n−1
)
< +∞ ;hen
e, by (3.5.3), (3.5.7) and (3.5.9) we 
on
lude the proof of (i).(ii) For every η > 0, there exists ζγ,j ∈ Xγ

j (z) su
h that
∫

(B′
γNj

×I)\C1,γNj

rp
j W

(
r−1
j ∇αζγ,j |ε−1

j ∇nζγ,j

)
dx ≤ ϕ

(ℓ)
γ,j(z) + η. (3.5.10)We want to modify ζγ,j in order to get an admissible test fun
tion for ϕ(ℓ)

γ,j(w). More pre
isely,we just have to modify ζγ,j on a neighborhood of (∂B′
γNj

)+ to 
hange the boundary 
ondition z106



3.5. ENERGY CONTRIBUTION CLOSE TO THE "CONNECTING ZONES"into w. To this aim we introdu
e a 
ut-o� fun
tion θ ∈ C∞
c (Rn−1; [0, 1]), independent of xn, su
hthat

θ(xα) =





1 if xα ∈ B′
1,

0 if xα 6∈ B′
2

and |∇αθ| ≤ c .Hen
e, we de�ne ζ̃γ,j ∈ Xγ
j (w) as follows

ζ̃γ,j(x) =





ζγ,j(x) + (1 − θ(xα))(w − z) in (B′
γNj

)+

ζγ,j(x) in (B′
γNj

)− ∪
(
B′

1 × {0}
)
.By (3.5.10), sin
e ζγ,j = ζ̃γ,j in (B′

γNj
)−, we have that

ϕ
(ℓ)
γ,j(w) − ϕ

(ℓ)
γ,j(z)

≤ rp
j

∫

(B′
γNj

×I)\C1,γNj

(
W
(
r−1
j ∇αζ̃γ,j|ε−1

j ∇nζ̃γ,j

)
−W

(
r−1
j ∇αζγ,j|ε−1

j ∇nζγ,j

))
dx + η

= rp
j

∫

(B′
γNj

)+

(
W
(
r−1
j ∇αζ̃γ,j |ε−1

j ∇nζ̃γ,j

)
−W

(
r−1
j ∇αζγ,j|ε−1

j ∇nζγ,j

))
dx + η .By (3.3.4) and Hölder's Inequality, we obtain that

ϕ
(ℓ)
γ,j(w) − ϕ

(ℓ)
γ,j(z) − η

≤ c

∫

(B′
γNj

)+

(
rp−1
j +

∣∣∣∣
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∣∣∣∣
p−1

+

∣∣∣∣
(
∇αζ̃γ,j

∣∣∣
rj
εj
∇nζ̃γ,j

)∣∣∣∣
p−1

)

×
∣∣∣∣
(
∇αζ̃γ,j −∇αζγ,j

∣∣∣
rj
εj

(∇nζ̃γ,j −∇nζγ,j)

)∣∣∣∣ dx

≤ c

∫

(B′
γNj

)+

(
rp−1
j + 2

∣∣∣∣
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∣∣∣∣
p−1

+ |∇αθ|p−1 |w − z|p−1

)
|∇αθ| |w − z| dx

≤ c |z − w|p
∫

B′
γNj

|∇αθ|p dxα + c rp−1
j |z − w|

∫

B′
γNj

|∇αθ| dxα

+2c |z − w| ‖∇αθ‖Lp(B′
γNj

;Rn−1)

∥∥∥∥
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∥∥∥∥
p−1

Lp
(
(B′

γNj
)+;Rm×n

) .Sin
e γNj > 2 and Supp(θ) ⊂ B′
2, we obtain that

ϕ
(ℓ)
γ,j(w) − ϕ

(ℓ)
γ,j(z)

≤ c|z −w|
(
|z − w|p−1 + rp−1

j +

∥∥∥∥
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∥∥∥∥
p−1

Lp
(
(B′

γNj
)+;Rm×n

)

)
+ η.(3.5.11)107



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONBy the p-growth 
ondition (3.3.3), (3.5.10) and (i), we have that
∫

(B′
γNj

)+

∣∣∣∣
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∣∣∣∣
p

dx

≤
∫

(B′
γNj

)+
rp
j W

(
r−1
j ∇αζγ,j|ε−1

j ∇nζγ,j

)
dx+ rp

j Ln−1
(
B′

γNj

)

≤ ϕ
(ℓ)
γ,j(z) + η + cγn−1

δn−1
j

rn−1−p
j

≤ c(|z|p + γn−1) + η + cγn−1
δn−1
j

rn−1−p
j

. (3.5.12)Hen
e, by (3.5.11), (3.5.12) and (3.5.3) we have that
ϕ

(ℓ)
γ,j(w) − ϕ

(ℓ)
γ,j(z) ≤ c |z − w|

(
|z|p−1 + |w|p−1 + rp−1

j + γ(n−1)(p−1)/p + η(p−1)/p
)

+ ηand (3.5.4) follows by the arbitrariness of η.By (ii) and As
oli-Arzela's Theorem we have that, up to subsequen
es, ϕ(ℓ)
γ,j 
onverges uni-formly on 
ompa
t sets of R

m to ϕ(ℓ)
γ as j → +∞. Moreover, passing to the limit in (3.5.4) as

j → +∞ we get
|ϕ(ℓ)

γ (w) − ϕ(ℓ)
γ (z)| ≤ c |z − w|

(
|z|p−1 + |w|p−1 + γ(n−1)(p−1)/p

)
.Hen
e, we 
an apply again As
oli-Arzela's Theorem to 
on
lude that, up to subsequen
es, ϕ(ℓ)

γ
onverges uniformly on 
ompa
t sets of R
m to ϕ(ℓ) as γ → 0+. In parti
ular, ϕ(ℓ) : R

m → [0,+∞)is a 
ontinuous fun
tion and
0 ≤ ϕ(ℓ)(z) ≤ c|z|p , |ϕ(ℓ)(z) − ϕ(ℓ)(w)| ≤ c

(
|z|p−1 + |w|p−1

)
|z − w|for every z,w ∈ R

m. �3.5.2 The 
ase ℓ = 0If ℓ = 0 we expe
t that the 
ontribution due to the 
onne
ting zones is obtained studying thebehavior, as j → +∞ and γ → 0+, of the sequen
e ϕ(0)
γ,j de�ned as follows

ϕ
(0)
γ,j(z) :=

εj
rj

inf





∫

(B′
γNj

×I)\C1,γNj

rp
j W

(
r−1
j ∇αζ|ε−1

j ∇nζ
)
dx : ζ ∈ Xγ

j (z)





= inf





∫

(B′
γNj

×Ij)\C1,γNj

rp
j W (r−1

j ∇ζ) dx : ζ ∈ Y γ
j (z)



 (3.5.13)108



3.5. ENERGY CONTRIBUTION CLOSE TO THE "CONNECTING ZONES"where the se
ond equality has been obtained 
hanging variable, Ij := (−εj/rj , εj/rj) and
Y γ

j (z) =
{
ζ ∈W 1,p((B′

γNj
× Ij) \ C1,γNj ; R

m) : ζ = z on (∂B′
γNj

)+(εj/rj),

ζ = 0 on (∂B′
γNj

)−(εj/rj)
}
.Arguing as in the proof of Proposition 3.5.1, we want to prove the same properties for ϕ(0)

γ,j .Proposition 3.5.2. Let ℓ = 0. If
0 < R(0) = lim

j→+∞

rn−p
j

δn−1
j εj

< +∞ (3.5.14)then,(i) there exists a 
onstant c > 0 (independent of j and γ) su
h that
0 ≤ ϕ

(0)
γ,j(z) ≤ c

(
|z|p + γn−1

)for all z ∈ R
m, j ∈ N and γ > 0 ;(ii) there exists a 
onstant c > 0 (independent of j and γ) su
h that

|ϕ(0)
γ,j(z) − ϕ

(0)
γ,j(w)| ≤ c |z − w|

(
γ(n−1)(p−1)/p + rn−1

j + |z|p−1 + |w|p−1
) (3.5.15)for every z,w ∈ R

m, j ∈ N and γ > 0 ;(iii) for every �xed γ > 0, up to subsequen
es, ϕ(0)
γ,j 
onverges lo
ally uniformly in R

m to ϕ(0)
γas j → +∞, and

|ϕ(0)
γ (w) − ϕ(0)

γ (z)| ≤ c |z − w|
(
γ(n−1)(p−1)/p + |z|p−1 + |w|p−1

) (3.5.16)for every z,w ∈ R
m ;(iv) up to subsequen
es, ϕ(0)

γ 
onverges lo
ally uniformly in R
m, as γ → 0+, to a 
ontinuousfun
tion ϕ(0) : R

m → [0,+∞) satisfying
0 ≤ ϕ(0)(z) ≤ c|z|p , |ϕ(0)(z) − ϕ(0)(w)| ≤ c |z − w|

(
|z|p−1 + |w|p−1

) (3.5.17)for every z,w ∈ R
m.Proof. Fix γ > 0, then γNj > 2 and εj/rj > 2 for j large enough.(i) A

ording to the p-growth 
ondition (3.3.3),

0 ≤ ϕ
(0)
γ,j(z) ≤ β

(
Cγ,j(z) + 2Ln−1(B′

1) γ
n−1

εj δ
n−1
j

rn−p
j

)
, (3.5.18)where

Cγ,j(z) = inf





∫

(B′
γNj

×Ij)\C1,γNj

|∇ζ|p dx : ζ ∈ Y γ
j (z)



 .109



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONArguing similarly as in the proof of Proposition 3.5.1, we 
an rewrite
Cγ,j(z)

|z|p = inf

{∫

(B′
γNj

×Ij)\C1,γNj

|∇ψ|p dx : ψ ∈W 1,p((B′
γNj

× Ij) \ C1,γNj ),

ψ = 1 on (∂B′
γNj

)+(εj/rj) , ψ = 0 on (∂B′
γNj

)−(εj/rj)

}
. (3.5.19)Let ψ1 be the unique minimizer of the stri
tly 
onvex minimization problem (3.5.19). It turnsout that ψ2(xα, xn) := 1−ψ1(xα,−xn) is also a minimizer. Thus by uniqueness, ψ1 = ψ2 and inparti
ular, ψ1 = ψ2 = 1/2 on B′

1 × {0}. Thus
Cγ,j(z) = 2|z|p inf

{∫

(B′
γNj

)+(εj/rj)
|∇ψ|p dx : ψ ∈W 1,p((B′

γNj
)+(εj/rj)),

ψ = 0 on (∂B′
γNj

)+(εj/rj) and ψ =
1

2
on B′

1 × {0}
}

=
|z|p
2p−1

inf

{∫

(B′
γNj

)+(εj/rj )
|∇ψ|p dx : ψ ∈W 1,p((B′

γNj
)+(εj/rj)),

ψ = 0 on (∂B′
γNj

)+(εj/rj) and ψ = 1 on B′
1 × {0}

}

≤ |z|p
2p

Capp

(
B′

1;B
′
γNj

× Ij
)
. (3.5.20)Sin
e

lim
j→+∞

Capp

(
B′

1;B
′
γNj

× Ij
)

= Capp

(
B′

1; R
n
)
< +∞ ;hen
e, by (3.5.14), (3.5.18) and (3.5.20) we 
on
lude the proof of (i).(ii) We 
an pro
eed as in the proof of Proposition 3.5.1 (ii) using a di�erent 
ut-o� fun
tionalso depending on xn. Namely, let θ ∈ C∞

c (Rn; [0, 1]) be su
h that
θ(xα, xn) =





1 if (xα, xn) ∈ B′
1 × (−1, 1),

0 if (xα, xn) 6∈ B′
2 × (−2, 2)

and |∇θ| ≤ c.Hen
e, if ζγ,j ∈ Y γ
j (z) is a sequen
e whi
h almost attains the in�mum value ϕ(0)

γ,j, we de�ne
ζ̃γ,j ∈ Y γ

j (w) as follows
ζ̃γ,j(x) =





ζγ,j(x) + (1 − θ(x))(w − z) in (B′
γNj

)+(εj/rj),

ζγ,j(x) in (
(B′

γNj
)−(εj/rj)

)
∪
(
B′

1 × {0}
)
.110



3.5. ENERGY CONTRIBUTION CLOSE TO THE "CONNECTING ZONES"By (3.5.14) we 
on
lude the proof of (ii) by similar 
omputations as in the proof of Proposition3.5.1 (ii).The proof of (iii) and (iv) follows as in the proof of Proposition 3.5.1 (iii) and (iv). �3.5.3 Dis
rete approximation for the interfa
ial energyWe are now able to des
ribe the 
ontribution 
lose to the 
onne
ting zones as j → +∞ and
γ → 0+.Proposition 3.5.3. Let ℓ ∈ [0,+∞]. Let {uj} be a sequen
e weakly 
onverging to (u+, u−) inthe sense of De�nition 3.3.1 su
h that supj∈N ‖uj‖L∞(Ωj ;Rm) < +∞, and let ui±

j be as in (3.4.2).Then,
lim

γ→0+
lim

j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ
(ℓ)
γ,j(u

i+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα = 0 . (3.5.21)Proof. Sin
e supj∈N ‖uj‖L∞(Ωj ;Rm) < +∞, by Propositions 3.5.1 or 3.5.2, we have that

lim sup
j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ
(ℓ)
γ,j(u

i+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα

≤ lim sup
j→+∞

∫

ω

∑

i∈Zj

∣∣∣ϕ(ℓ)
γ,j(u

i+
j − ui−

j ) − ϕ(ℓ)(ui+
j − ui−

j )
∣∣∣χQ′

i,δj
dxα

+ lim sup
j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ(ℓ)(ui+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα

≤ o(1) + lim sup
j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ(ℓ)(ui+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα,as γ → 0+. By (3.5.6) or (3.5.17) and Hölder's Inequality we have that

lim sup
j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ(ℓ)(ui+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα

≤ lim sup
j→+∞

∑

i∈Zj

∫

Q′
i,δj

|ϕ(ℓ)(ui+
j − ui−

j ) − ϕ(ℓ)(u+ − u−)| dxα

≤ c lim sup
j→+∞



∑

i∈Zj

∫

Q′
i,δj

(∣∣ui+
j − u+|p + |ui−

j − u−|p
)
dxα




1/p

.Hen
e, it remains to prove that
lim sup
j→+∞

∑

i∈Zj

∫

Q′
i,δj

|u± − ui±
j |p dxα = 0 . (3.5.22)111



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONBy Lemma 3.4.1 (ii) applied with ρ = δj , Bρ = Ci
j and Aρ = Q′

i,δj
, we have sin
e εj ≪ δj

∫

Q′
i,δj

|u± − ui±
j |p dxα ≤ c

εj



∫

(Q′
i,δj

)±
|uj − u±|p dx+

∫

(Q′
i,δj

)±
|uj − ui±

j |p dx




≤ c

εj

∫

(Q′
i,δj

)±
|uj − u±|p dx+

c δp
j

εj

∫

(Q′
i,δj

)±
|∇uj |p dx , (3.5.23)for all i ∈ Zj ; hen
e, summing up on i ∈ Zj , we get

∑

i∈Zj

∫

Q′
i,δj

|u± − ui±
j |p dxα ≤ c

εj

∫

ω±εj

|uj − u±|p dx+
c δp

j

εj

∫

ω±εj

|∇uj |p dx ,and, passing into the limit as j → +∞, by Remark 3.3.2 we get (3.5.22) whi
h 
on
ludes theproof of (3.5.21). �Remark 3.5.4. If ℓ ∈ (0,+∞) then
0 < R(ℓ) = lim

j→+∞

rn−1−p
j

δn−1
j

< +∞ if and only if 0 < lim
j→+∞

rn−p
j

δn−1
j εj

< +∞ ;hen
e, both des
ribe equivalently the meaningful radius.3.6 Γ-
onvergen
e result3.6.1 The liminf inequalityLet {uj} ⊂W 1,p(Ωj; R
m) ∩ L∞(Ωj ; R

m) be a sequen
e 
onverging to (u+, u−) ∈W 1,p(ω,Rm) ×
W 1,p(ω,Rm), in the sense of De�nition 3.3.1, su
h that supj∈N ‖uj‖L∞(Ωj ;Rm) < +∞ and

lim inf
j→+∞

Fj(uj) < +∞ .By Lemma 3.4.2, for every �xed k ∈ N, there exists a sequen
e {wj} ⊂ W 1,p(Ωj ; R
m) ∩

L∞(Ωj; R
m) weakly 
onverging to (u+, u−) satisfying (3.4.3), (3.4.4) and su
h that

lim inf
j→+∞

1

εj

(∫

ω+εj

W (∇uj) dx+

∫

ω−εj

W (∇uj) dx

)

≥ lim inf
j→+∞

1

εj

(∫

ω+εj

W (∇wj) dx+

∫

ω−εj

W (∇wj) dx

)
− c

k

≥ lim inf
j→+∞

1

εj

(∫

(ω\Ej)
+εj

W (∇wj) dx+

∫

(ω\Ej)
−εj

W (∇wj) dx

)

+ lim inf
j→+∞

1

εj

(∫

E
+εj
j

W (∇wj) dx+

∫

E
−εj
j

W (∇wj) dx

)
− c

k
, (3.6.1)112



3.6. Γ-CONVERGENCE RESULTwhere Ej :=
⋃

i∈Zj
B′

ρi
j
(x

δj

i ).We �rst treat the 
ontribution far from the 
onne
ting zones. In this 
ase, we just extend thesequen
e {wj} inside ea
h 
ylinder surrounding the 
onta
t zones by the value ui+
j and ui−

j in theupper and lower part, respe
tively. Then, we apply the 
lassi
al result of dimensional redu
tionproved in [74℄ to the upper and lower part of the 
ylinder, separately.Proposition 3.6.1. We have
lim inf
j→+∞

1

εj

(∫

(ω\Ej)
+εj

W (∇wj) dx+

∫

(ω\Ej)
−εj

W (∇wj) dx

)

≥
∫

ω

(
QW0(∇αu

+) + QW0(∇αu
−)
)
dxα.Proof. We de�ne

vj :=

{
wj in (ω \Ej)

±εj ,

ui±
j in B′

ρi
j
(x

δj

i )±εj if i ∈ Zj .
(3.6.2)Then {vj} ⊂W 1,p(Ωj; R

m) 
onverges weakly to (u+, u−). In fa
t,
sup
j∈N

1

εj

∫

ω±εj

|∇vj |p dx ≤ sup
j∈N

1

εj

∫

ω±εj

|∇uj |p dx < +∞. (3.6.3)Moreover, sin
e ρi
j < ρj < δj/2, then B′

ρi
j
(x

δj

i ) ⊂ Q′
i,δj

; hen
e,
∫

ω±εj

|vj − u±|p dx ≤
∫

(ω\Ej )±εj

|wj − u±|p dx+
∑

i∈Zj

∫

(Q′
i,δj

)±εj

|u± − ui±
j |p dxand arguing as in (3.5.23), we obtain that

1

εj

∫

ω±εj

|vj − u±|p dx ≤ 1

εj

∫

ω±εj

|wj − u±|p dx+
c

εj

∫

ω±εj

|uj − u±|p dx

+
c δp

j

εj

∫

ω±εj

|∇uj |p dx. (3.6.4)Passing to the limit as j → +∞ in (3.6.4), by (3.6.3) and Remark 3.3.2 we get that {vj} 
onvergesweakly to (u+, u−). 113



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONSin
e W (0) = 0, by (3.6.2) and [74℄ Theorem 2, we have
lim inf
j→+∞

1

εj

(∫

(ω\Ej)
+εj

W (∇wj) dx+

∫

(ω\Ej)
−εj

W (∇wj) dx

)

= lim inf
j→+∞

1

εj

(∫

(ω\Ej )+εj

W (∇vj) dx+

∫

(ω\Ej )−εj

W (∇vj) dx

)

= lim inf
j→+∞

1

εj

(∫

ω+εj

W (∇vj) dx+

∫

ω−εj

W (∇vj) dx

)

≥
∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα.

�Let us now deal with the 
ontribution near the 
onne
ting zones. We want to modify {wj} inea
h surrounding 
ylinder in order to get an admissible test fun
tion for the minimum problems(3.5.2) or (3.5.13).Proposition 3.6.2. Let ℓ ∈ [0,+∞]. Then
lim inf
j→+∞

1

εj

(∫

E
+εj
j

W (∇wj) dx+

∫

E
−εj
j

W (∇wj) dx

)
≥ R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα + o(1) ,as γ → 0+.Proof. Let ℓ ∈ (0,+∞], the 
ase ℓ = 0 
an be treated similarly. Let i ∈ Zj . Sin
e ρi

j < γδj , we
an de�ne
ζi
j(yα, yn) :=





wj(x
δj

i + rj yα, εj yn) − ui−
j in (B′

ρi
j/rj

× I
)
\ C1,ρi

j/rj
,

(ui+
j − ui−

j ) in (B′
γNj

\B′
ρi

j/rj

)+
,

0 in (B′
γNj

\B′
ρi

j/rj

)−where Nj = δj/rj . Then ζi
j ∈W 1,p((B′

γNj
× I) \C1,γNj ; R

m), ζi
j = (ui+

j − ui−
j ) on (∂B′

γNj

)+ and114



3.6. Γ-CONVERGENCE RESULT
ζi
j = 0 on (∂B′

γNj

)−. Sin
e W (0) = 0, 
hanging variable, by (3.5.2) we get
1

εj



∫

B′
ρi
j

(x
δj
i )+εj

W (∇wj) dx+

∫

B′
ρi
j

(x
δj
i )−εj

W (∇wj) dx




= rn−1
j



∫
(
B′

ρi
j
/rj

)+ W
(
r−1
j ∇αζ

i
j|ε−1

j ∇nζ
i
j

)
dy +

∫
(
B′

ρi
j
/rj

)− W
(
r−1
j ∇αζ

i
j|ε−1

j ∇nζ
i
j

)
dy




= rn−1
j

∫

(B′
γNj

×I)\C1,γNj

W
(
r−1
j ∇αζ

i
j |ε−1

j ∇nζ
i
j

)
dy

≥ rn−1−p
j ϕ

(ℓ)
γ,j(u

i+
j − ui−

j ) . (3.6.5)Summing up in (3.6.5), for i ∈ Zj, we get that
1

εj

(∫

E
+εj
j

W (∇wj) dx+

∫

E
−εj
j

W (∇wj) dx

)

=
∑

i∈Zj

1

εj



∫

B′
ρi
j

(x
δj
i )+εj

W (∇wj) dx+

∫

B′
ρi
j

(x
δj
i )−εj

W (∇wj) dx




≥ rn−1−p
j

∑

i∈Zj

ϕ
(ℓ)
γ,j(u

i+
j − ui−

j ) =
rn−1−p
j

δn−1
j

∑

i∈Zj

δn−1
j ϕ

(ℓ)
γ,j(u

i+
j − ui−

j ) .Passing to the limit as j → +∞ we get, by (3.5.3) and Proposition 3.5.3, that
lim inf
j→+∞

1

εj

(∫

E
+εj
j

W (∇wj) dx+

∫

E
−εj
j

W (∇wj) dx

)

≥ R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα

+R(ℓ) lim inf
j→+∞

∫

ω

(∑

i∈Zj

ϕ
(ℓ)
γ,j(u

i+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
)
dxα

= R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα + o(1) ,as γ → 0+, whi
h 
ompletes the proof. �We now prove the liminf inequality for any arbitrary 
onverging sequen
e.Lemma 3.6.3. Let ℓ ∈ [0,+∞]. Then for every sequen
e {uj} 
onverging to (u+, u−) we have

lim inf
j→+∞

Fj(uj) ≥
∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα

+R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα .115



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONProof. Let uj → (u+, u−) su
h that lim infj→+∞Fj(uj) < +∞. Reasoning as in [6℄ Proposition5.2, by [33℄ Lemma 3.5, upon passing to a subsequen
e, we have for every M > 0 and η > 0,the existen
e of RM > M and of a Lips
hitz fun
tion ΦM ∈ C1
c (Rm; Rm) with Lip(ΦM ) = 1 su
hthat

ΦM (z) =





z if |z| < RM ,

0 if |z| > 2RMand
lim inf
j→+∞

Fj(uj) ≥ lim inf
j→+∞

Fj(ΦM (uj)) − η . (3.6.6)Note that ΦM(uj) ∈ W 1,p(Ωj ; R
m) ∩ L∞(Ωj; R

m), supj∈N ‖ΦM (uj)‖L∞(Ωj ;Rm) < RM and it
onverges to (ΦM (u+),ΦM (u−)) as j → +∞. Hen
e, if we apply (3.6.1), Propositions 3.6.1 and3.6.2 to {ΦM (uj)} in pla
e of {uj}, we get, letting k → +∞ and γ → 0, that
lim inf
j→+∞

Fj(ΦM (uj)) ≥
∫

ω
QW0(∇αΦM(u+)) dxα +

∫

ω
QW0(∇αΦM(u−)) dxα

+R(ℓ)

∫

ω
ϕ(ℓ)(ΦM (u+) − ΦM(u−)) dxα. (3.6.7)Note that ΦM (u±) ⇀ u± weakly in W 1,p(ω; Rm) as M → +∞ ; hen
e, by (3.6.6), (3.6.7),(3.5.6) and the lower semi
ontinuity of ∫ω QW0(∇αζ) dxα with respe
t to the weak W 1,p(ω; Rm)-
onvergen
e (see [1℄), we have that

lim inf
j→+∞

Fj(uj) ≥
∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα

+R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα .by the arbitrariness of η. �3.6.2 The limsup inequalityFor every (u+, u−) ∈ W 1,p(ω,Rm) ×W 1,p(ω,Rm) the limsup inequality is obtained by suitablymodifying the re
overy sequen
es {u±j } for the Γ-limits of

1

εj

∫

ω+εj

W (∇u+) dx and 1

εj

∫

ω−εj

W (∇u−) dx.Lemma 3.6.4. Let ℓ ∈ [0,+∞] and let ω be an open bounded subset of R
n−1 su
h that Ln−1(∂ω) =

0. Then, for all (u+, u−) ∈W 1,p(ω,Rm)×W 1,p(ω,Rm) and for all η > 0 there exists a sequen
e
{ūj} ⊂W 1,p(Ωj; R

m) 
onverging to (u+, u−) su
h that
lim sup
j→+∞

Fj(ūj) ≤
∫

ω
QW0(∇αu

+) dxα +

∫

ω
QW0(∇αu

−) dxα

+R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα + ηR(ℓ)Ln−1(ω) .116



3.6. Γ-CONVERGENCE RESULTProof. The proof of the upper bound is divided into three steps. We �rst 
onstru
t a sequen
e
{ūj} ⊂W 1,p(Ωj; R

m) that we expe
t to be a re
overy sequen
e. In the se
ond step we prove that
{ūj} 
onverges to (u+, u−) in the sense of De�nition 3.3.1. Finally, we prove that it satis�es the
lim sup inequality. We �rst deal with the 
ase ℓ ∈ (0,+∞].Step 1 : De�nition of a re
overy sequen
e. Let u± ∈W 1,p(ω; Rm)∩L∞(ω; Rm). A

or-ding to [74℄ Theorem 2 and [25℄ Theorem 1.1, there exist two sequen
es {u±j } ⊂W 1,p(ω±εj ; Rm)su
h that u±j → u±, with respe
t to the 
onvergen
e as in De�nition 3.3.1, the sequen
es ofgradients {|∇u±j |p/εj} are equi-integrable on ω±εj , respe
tively, and

lim
j→+∞

1

εj

∫

ω±εj

W (∇u±j ) dx =

∫

ω
QW0(∇αu

±) dxα . (3.6.8)Moreover, using a trun
ation argument (as in [9℄ Lemma 6.1, Step 2), we may assume withoutloss of generality that
sup
j∈N

‖u±j ‖L∞(ω±εj ;Rm) < +∞ .Let uj := u+
j χω+εj + u−j χω−εj ∈ W 1,p(ω+εj ∪ ω−εj ; Rm) and let {wj} be the sequen
e obtainedfrom {uj} as in Lemma 3.4.3, then supj∈N ‖wj‖L∞(ω±εj ;Rm) < +∞.We �rst de�ne ūj far from the 
onne
ting zones i.e.

ūj(x) := wj(x) for every x ∈
(
ω \

⋃

i∈Zn−1

B′
ρj

(x
δj

i )
)±εj

. (3.6.9)Then we pass to de�ne ūj on ea
h B′
ρj

(x
δj

i )±εj making a distin
tion between i ∈ Zj and i ∈
Z

n−1 \ Zj.If i ∈ Zj , by (3.5.2), for every η > 0 there exists ζ i
γ,j ∈ Xγ

j (ui+
j − ui−

j ) su
h that
∫

(B′
γNj

×I)\C1,γNj

rp
j W

(
r−1
j ∇αζ

i
γ,j|ε−1

j ∇nζ
i
γ,j

)
dx ≤ ϕ

(ℓ)
γ,j(u

i+
j − ui−

j ) + η. (3.6.10)Then, we de�ne
ūj(xα, xn) := ζi

γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
+ ui−

j for every x ∈ B′
ρj

(x
δj

i )±εj , i ∈ Zj . (3.6.11)In parti
ular, ūj = ui±
j = wj on (∂B′

ρj
(x

δj

i )
)±εj .Let us now treat the 
onta
t zones not well 
ontained in ω, i.e. when i 6∈ Zj. For �xed γ > 0and j large enough we have that γNj > 2. Let ψ ∈ W 1,p(B′

2; [0, 1]) be su
h that ψ = 1 on ∂B′
2and ψ = 0 in B′

1 and de�ne
ψγ,j(x) :=





0 in (B′
γNj

)−,

ψ(xα) in (B′
2)

+,

1 in (B′
γNj

\B′
2)

+ .117



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONThen ψγ,j ∈W 1,p((B′
γNj

× I) \C1,γNj ; [0, 1]), ψγ,j = 1 on (∂B′
γNj

)+ and ψγ,j = 0 on (∂B′
γNj

)−.Let w±
j = wj χω±εj , we extend them to the whole ω × (−εj , εj) by re�e
tion i.e. we de�ne

w̃±
j (xα, xn) = w±

j (xα,−xn) for every x ∈ ω∓εj and w̃±
j (x) = w±

j (x) for every x ∈ ω±εj . Hen
e,we de�ne
ūj(xα, xn) := ψγ,j

(
xα − x

δj

i

rj
,
xn

εj

)
w̃+

j (x) +

(
1 − ψγ,j

(
xα − x

δj

i

rj
,
xn

εj

))
w̃−

j (x) (3.6.12)for every x ∈
(
B′

ρj
(x

δj

i )× (−εj , εj)
)
∩Ωj and i ∈ Z

n−1 \Zj . In parti
ular, we have that ūj = wjon (∂B′
ρj

(x
δj

i ) × (−εj , εj)
)
∩ Ωj. We have thus de�ne a sequen
e {ūj} ⊂W 1,p(Ωj; R

m).Step 2 : The sequen
e {ūj} weakly 
onverges to (u+, u−). Let us 
he
k (3.3.1) and(3.3.2). We will only treat the upper 
ylinder ω+εj , the lower part being analogous. First
1

εj

∫

ω+εj

|ūj − u+|p dx

=
1

εj

∫�
ω\
S

i∈Zn−1 B′
ρj

(x
δj
i )

�+εj |w+
j − u+|p dx

+
1

εj

∑

i∈Zj

∫

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣ζ
i
γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
+ ui−

j − u+

∣∣∣∣∣

p

dx

+
1

εj

∑

i∈Zn−1\Zj

∫
(
ω∩B′

ρj
(x

δj
i )
)+εj

∣∣∣∣∣ψγ,j

(
xα − x

δj

i

rj
,
xn

εj

)
(w+

j − w̃−
j ) + w̃−

j − u+

∣∣∣∣∣

p

dx

≤ 1

εj

∫

ω+εj

|wj − u+|p dx+ c
∑

i∈Zj

∫

B′
ρj

(x
δj
i )

|u+ − ui+
j |p dxα

+
c

εj

∑

i∈Zj

∫

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣ζ
i
γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
− (ui+

j − ui−
j )

∣∣∣∣∣

p

dx

+
c

εj

∫�
ω∩

S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )

�+εj

(
|w+

j |p + |w̃−
j |p + |u+|p

)
dx . (3.6.13)Sin
e limj→+∞Ln−1

(
ω ∩ ⋃i∈Zn−1\Zj

B′
ρj

(x
δj

i )
)

= 0 and supj∈N ‖w±
j ‖L∞(ω±εj ;Rm)

< +∞, thenwe have that
lim

j→+∞

c

εj

∫�
ω∩

S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )

�+εj

(
|w+

j |p + |w̃−
j |p + |u+|p

)
dx = 0 . (3.6.14)Moreover, reasoning as in the proof of Proposition 3.5.3 (see relation (3.5.23)), we have that

lim
j→+∞

∑

i∈Zj

∫

B′
ρj

(x
δj
i )

|u+ − ui+
j |p dxα = 0 , (3.6.15)118



3.6. Γ-CONVERGENCE RESULTand, by the 
onvergen
e wj → (u+, u−), it remains only to prove that
lim

j→+∞

1

εj

∑

i∈Zj

∫

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣ζ
i
γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
− (ui+

j − ui−
j )

∣∣∣∣∣

p

dx = 0 . (3.6.16)In fa
t, 
hanging variable, we get that
1

εj

∑

i∈Zj

∫

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣ζ
i
γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
− (ui+

j − ui−
j )

∣∣∣∣∣

p

dx

= rn−1
j

∑

i∈Zj

∫

(B′
γNj

)+

∣∣∣ζi
γ,j(x) − (ui+

j − ui−
j )
∣∣∣
p
dx ,and by, Poin
aré's Inequality

∫

B′
γNj

∣∣∣ζi
γ,j(xα, xn) − (ui+

j − ui−
j )
∣∣∣
p
dxα ≤ c (γNj)

p

∫

B′
γNj

|∇αζ
i
γ,j(xα, xn)|p dxαfor a.e. xn ∈ (0, 1). Hen
e, by the p-growth 
ondition (3.3.3) and (3.6.10) if we integrate withrespe
t to xn and sum up in i ∈ Zj, we get that

1

εj

∑

i∈Zj

∫

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣ζ
i
γ,j

(
xα − x

δj

i

rj
,
xn

εj

)
− (ui+

j − ui−
j )

∣∣∣∣∣

p

dx

≤ c rn−1
j γpNp

j

∑

i∈Zj

∫

(B′
γNj

)+
|∇αζ

i
γ,j|p dx

≤ c rn−1
j γpNp

j

∑

i∈Zj

∫

(B′
γNj

)+

∣∣∣∣
(
∇αζ

i
γ,j

∣∣∣
rj
εj
∇nζ

i
γ,j

)∣∣∣∣
p

dx

≤ c rn−1
j γpNp

j

∑

i∈Zj

(
ϕ

(ℓ)
γ,j(u

i+
j − ui−

j ) + η + rp
j Ln−1(B′

γNj
)
)

≤ c γp δp
j

rn−1−p
j

δn−1
j



(
η + c γn−1

δn−1
j

rn−1−p
j

)
Ln−1(ω) +

∑

i∈Zj

δn−1
j ϕ

(ℓ)
γ,j(u

i+
j − ui−

j )


 .(3.6.17)By Proposition 3.5.3 and (3.5.3), passing into the limit as j → +∞ in (3.6.17), we get (3.6.16).It remains to prove that (3.3.2) holds. In fa
t,

1

εj

∫

ω+εj

|∇ūj |p dx

=
1

εj

∫�
ω\
S

i∈Zn−1 B′
ρj

(x
δj
i )

�+εj |∇wj |p dx

+
1

εj

∫S
i∈Zj

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣

(
r−1
j ∇αζ

i
γ,j

(xα − x
δj

i

rj
,
xn

εj

)∣∣∣ε−1
j ∇nζ

i
γ,j

(xα − x
δj

i

rj
,
xn

εj

))∣∣∣∣∣

p

dx

+
1

εj

∫�S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )∩ω

�+εj |∇ūj|p dx . (3.6.18)119



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONWe 
an be easily shown that
1

εj

∫S
i∈Zj

B′
ρj

(x
δj
i )+εj

∣∣∣∣∣

(
r−1
j ∇αζ

i
γ,j

(xα − x
δj

i

rj
,
xn

εj

)∣∣∣ε−1
j ∇nζ

i
γ,j

(xα − x
δj

i

rj
,
xn

εj

))∣∣∣∣∣

p

dx

≤
rn−1−p
j

δn−1
j

(∑

i∈Zj

δn−1
j ϕ

(ℓ)
γ,j(u

i+
j − ui−

j )
)

+ Ln−1(ω)
(
η
rn−1−p
j

δn−1
j

+ γn−1
)

; (3.6.19)while,
1

εj

∫�S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )∩ω

�+εj |∇ūj |p dx

≤ c
∑

i∈Zn−1\Zj

(
1

rp
j εj

∫

(B′
ρj

(x
δj
i )∩ω)+εj

∣∣∣∇αψγ,j

(xα − x
δj

i

rj
,
xn

εj

)∣∣∣
p (

|w+
j |p + |w̃−

j |p
)
dx

+
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)+εj

(|∇w+
j |p + |∇w̃−

j |p) dx
)

≤ c
∑

i∈Zn−1\Zj

(
rn−1−p
j

∫

B′
2

|∇αψ|p dxα +
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)+εj

|∇w+
j |p dx

+
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)−εj

|∇w−
j |p dx

)

≤ c
∑

i∈Zn−1\Zj

(
rn−1−p
j

δn−1
j

Ln−1(Q′
i,δj

) +
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)+εj

|∇w+
j |p dx

+
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)−εj

|∇w−
j |p dx

)
. (3.6.20)Note that the previous sum 
an be 
omputed over all i ∈ Z

n−1 \Zj su
h that Q′
i,δj

∩ ω 6= ∅. Let
ω′

j :=
⋃

i∈Zn−1\Zj , Q′
i,δj

∩ω 6=∅

Q′
i,δj
,then ∑

i∈Zn−1\Zj , Q′
i,δj

∩ω 6=∅

Ln−1(Q′
i,δj

) = Ln−1(ω′
j) → Ln−1(∂ω) = 0. (3.6.21)Moreover, by Lemma 3.4.3 we have that supj

1
εj

∫
ω±εj |∇w±

j |p dx < +∞ ; hen
e, by Proposition3.5.3, (3.5.3), (3.6.18), (3.6.19) and (3.6.20) we get (3.3.2).120



3.6. Γ-CONVERGENCE RESULTStep 3 : The sequen
e {ūj} is a re
overy sequen
e.We now prove the lim sup inequality.
lim sup
j→+∞

∫

ω±εj

W (∇ūj) dx

= lim sup
j→+∞

1

εj

(∫�
ω\
S

i∈Zn−1 B′
ρj

(x
δj
i )

�±εj W (∇ūj) dx+

∫S
i∈Zj

B′
ρj

(x
δj
i )±εj

W (∇ūj) dx

+

∫�
ω∩

S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )

�±εj W (∇ūj) dx

)
. (3.6.22)We deal with the �rst term in (3.6.22). By de�nition of ūj (3.6.9), Lemma 3.4.3 and (3.6.8), wehave that

lim sup
j→+∞

1

εj

∫�
ω\
S

i∈Zn−1 B′
ρj

(x
δj
i )

�±εj W (∇ūj) dx

= lim sup
j→+∞

1

εj

∫�
ω\
S

i∈Zn−1 B′
ρj

(x
δj
i )

�±εj W (∇wj) dx

≤ lim sup
j→+∞

1

εj

∫

ω±εj

W (∇u±j ) dx+ o(1)

=

∫

ω
QW0(∇αu

±) dxα + o(1) , (3.6.23)as γ → 0+. For every i ∈ Zj , by (3.6.11) and (3.6.10) we get that
1

εj

(∫

B′
ρj

(x
δj
i )+εj

W (∇ūj) dx+

∫

B′
ρj

(x
δj
i )−εj

W (∇ūj) dx

)

= rn−1
j

∫

(B′
γNj

×I)\C1,γNj

W
(
r−1
j ∇αζ

i
γ,j|ε−1

j ∇nζ
i
γ,j

)
dx

≤ rn−1−p
j

(
ϕ

(ℓ)
γ,j(u

i+
j − ui−

j ) + η
)

;hen
e, by (3.5.3) and Proposition 3.5.3 we get
lim sup
j→+∞

1

εj

(∫S
i∈Zj

B′
ρj

(x
δj
i )+εj

W (∇ūj) dx+

∫S
i∈Zj

B′
ρj

(x
δj
i )−εj

W (∇ūj) dx

)

≤ R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα +R(ℓ) Ln−1(ω) η

+ lim sup
j→+∞

∫

ω

∣∣∣
∑

i∈Zj

ϕ
(ℓ)
γ,j(u

i+
j − ui−

j )χQ′
i,δj

− ϕ(ℓ)(u+ − u−)
∣∣∣ dxα

= R(ℓ)

∫

ω
ϕ(ℓ)(u+ − u−) dxα +R(ℓ) Ln−1(ω) η + o(1) , (3.6.24)121



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONas γ → 0+. Finally, if i 6∈ Zj, by the p-growth 
ondition (3.3.3) and (3.6.20), we obtain that
1

εj

(∫�S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )∩ω

�±εj W (∇ūj) dx

)

≤
∑

i∈Zn−1\Zj

β

εj

(∫

(B′
ρj

(x
δj
i )∩ω)±εj

(1 + |∇ūj|p) dx
)

≤ cLn−1
( ⋃

i∈Zn−1\Zj

B′
ρj

(x
δj

i ) ∩ ω
)

+c
∑

i∈Zn−1\Zj

(
rn−1−p
j

δn−1
j

Ln−1(Q′
i,δj

) +
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)+εj

|∇w+
j |p dx

+
1

εj

∫

(B′
ρj

(x
δj
i )∩ω)−εj

|∇w−
j |p dx

)
.Sin
e

lim
j→+∞

Ln−1
( ⋃

i∈Zn−1\Zj

B′
ρj

(x
δj

i ) ∩ ω
)

= 0 ;by (3.5.3), the equi-integrability of {|∇w±
j |p/εj} on ω±εj and (3.6.21), we have that

lim sup
j→+∞

1

εj

∫�
ω∩

S
i∈Zn−1\Zj

B′
ρj

(x
δj
i )

�±εj W (∇ūj) dx = 0 . (3.6.25)Gathering (3.6.22)-(3.6.25) and passing to the limit as γ → 0 we get the lim sup inequality forevery u± ∈W 1,p(ω; Rm) ∩ L∞(ω; Rm).We now remove the boundedness assumption simply noting that any arbitrary W 1,p(ω; Rm)fun
tion 
an approximated by a sequen
e of fun
tions belonging to W 1,p(ω; Rm) ∩ L∞(ω; Rm)with respe
t to the strong 
onvergen
e of W 1,p(ω; Rm). Then, by the lower semi
ontinuity of the
Γ-lim sup and the 
ontinuity of

(v+, v−) 7→
∫

ω
QW0(∇αv

+) dxα +

∫

ω
QW0(∇αv

−) dxα +R(ℓ)

∫

ω
ϕ(ℓ)(v+ − v−) dxαwith respe
t to the strong W 1,p(ω; Rm)-
onvergen
e we get the thesis for ℓ ∈ (0,+∞].If ℓ = 0, we may repeat the proof for the 
ase ℓ ∈ (0,+∞] with slight 
hanges. Let us startby dealing with Step 1. First, we have to noti
e that for the de�nition of {ūj} on B′

ρj
(x

δj

i )±εj ,for i ∈ Zj, we have to 
onsider, for any η > 0, a fun
tion ζγ,j ∈ Y γ
j (z) su
h that

∫

(B′
γNj

×Ij)\C1,γNj

rp
j W

(
r−1
j ∇ζγ,j

)
dx ≤ ϕ

(0)
γ,j(z) + η ;122



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYhen
e,
ūj(xα, xn) := ζi

γ,j

(
xα − x

δj

i

rj
,
xn

rj

)
+ ui−

j for every x ∈ B′
ρj

(x
δj

i )±εj , i ∈ Zj .While for the de�nition of {ūj} on B′
ρj

(x
δj

i )±εj , for i ∈ Z
n−1 \Zj , we have to introdu
e a suitablefun
tion ψγ,j di�erent from that one used in (3.6.12). In fa
t, for a �xed γ > 0 and j large enoughwe 
an always assume that γNj > 2 and εj/rj > 2. Let ψ ∈ W 1,p(B′

2 × (0, 2); [0, 1]) su
h that
ψ = 0 on B′

1 × {0} and ψ = 1 on ∂B′
2 × (0, 2). We then de�ne

ψγ,j(x) :=





0 in (B′
γNj

)−(εj/rj),

ψ(xα, xn) in (B′
2)

+2,

1 in (B′
γNj

)+(εj/rj) \ (B′
2)

+2.The fun
tions ψγ,j ∈ W 1,p((B′
γNj

× Ij) \ C1,γNj ; [0, 1]) and satisfy ψγ,j = 1 on (∂B′
γNj

)+(εj/rj)and ψγ,j = 0 in (B′
γNj

)−(εj/rj). Hen
e, we de�ne
ūj(x) := ψγ,j

(
xα − x

δj

i

rj
,
xn

rj

)
w̃+

j (x) +

(
1 − ψγ,j

(
xα − x

δj

i

rj
,
xn

rj

))
w̃−

j (x)for every x ∈
(
B′

ρj
(x

δj

i )× (−εj , εj)
)
∩Ωj and i ∈ Z

n−1 \Zj . In parti
ular, we have that ūj = wjon (∂B′
ρj

(x
δj

i ) × (−εj , εj)
)
∩ Ωj.Taking into a

ount the de�nition of {ūj} we 
an pro
eed as in Steps 2 and 3 also in the 
ase

ℓ = 0. �3.7 Representation formula for the interfa
ial energy densityThis se
tion is devoted to des
ribe expli
itly the interfa
ial energy density ϕ(ℓ) for ℓ ∈ [0,+∞].As in [6℄, we expe
t to �nd a "
apa
itary type" formula for ea
h regime ℓ ∈ (0,+∞), ℓ = +∞and ℓ = 0.We re
all that ϕ(ℓ) 
an be obtained as pointwise limit of the sequen
e {ϕ(ℓ)
γ,j} as j → +∞ and

γ → 0+ where for ℓ ∈ (0,+∞]

ϕ
(ℓ)
γ,j(z) = inf





∫

(B′
γNj

×I)\C1,γNj

rp
j W

(
r−1
j

(
∇αζ

∣∣∣
rj
εj
∇nζ

))
dx : ζ ∈ Xγ

j (z)



while if ℓ = 0,

ϕ
(0)
γ,j(z) = inf





∫

(B′
γNj

×Ij)\C1,γNj

rp
j W (r−1

j ∇ζ) dx : ζ ∈ Y γ
j (z)



123



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTION(see Se
tion 3.5). Then the main di�
ulty o

urring in the des
ription of ϕ(ℓ) is due to the fa
tthat the minimum problems are stated on (in
reasingly) varying domains.We �rst introdu
e 
onvenient notation for the sequel. Let gj : R
m×n → [0,+∞) be thesequen
e of fun
tions given by

gj(F ) := rp
j W (r−1

j F )for every F ∈ R
m×n. By (3.3.3) and (3.3.4) it follows that

|F |p − rp
j ≤ gj(F ) ≤ β(rp

j + |F |p), for all F ∈ R
m×n (3.7.1)and the following p-Lips
hitz 
ondition holds :

|gj(F1) − gj(F2)| ≤ c(rp−1
j + |F1|p−1 + |F2|p−1)|F1 − F2|, for all F1, F2 ∈ R

m×n.Then, a

ording to the As
oli-Arzela Theorem, up to subsequen
es, gj 
onverges lo
ally uniformlyin R
m×n to a fun
tion g that satis�es the 
onditions :

|F |p ≤ g(F ) ≤ β|F |p, for all F ∈ R
m×n (3.7.2)and

|g(F1) − g(F2)| ≤ c(|F1|p−1 + |F2|p−1)|F1 − F2|, for all F1, F2 ∈ R
m×n. (3.7.3)The proof of the representation formula for the energy density ϕ(ℓ) will be performed inthree main steps : we �rst prove an auxiliary Γ-
onvergen
e result for a suitable sequen
e ofenergies stated on a �xed domain, then we des
ribe the limit fun
tional spa
e o

urring in thelimit "
apa
itary" formula, �nally, we prove that ϕ(ℓ) is des
ribed by a representation formulaof "
apa
itary type".3.7.1 The 
ase ℓ ∈ (0, +∞)We de�ne

XN (z) :=
{
ζ ∈W 1,p((B′

N × I) \ C1,N ; Rm) : ζ = z on (∂B′
N )+and ζ = 0 on (∂B′

N )−
}for N > 1. We re
all the following Γ-
onvergen
e result.Proposition 3.7.1. Let

ℓ = lim
j→+∞

rj
εj

∈ (0,+∞) ,124



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYthen the sequen
e of fun
tionals G(ℓ)
j : Lp((B′

N × I) \ C1,N ; Rm) → [0,+∞], de�ned by
G

(ℓ)
j (ζ) :=





∫

(B′
N×I)\C1,N

gj

(
∇αζ

∣∣∣
rj
εj
∇nζ

)
dx if ζ ∈ XN (z)

+∞ otherwise ,
Γ-
onverges, with respe
t to the Lp-
onvergen
e, to

G(ℓ)(ζ) :=





∫

(B′
N×I)\C1,N

g(∇αζ|ℓ∇nζ) dx if ζ ∈ XN (z)

+∞ otherwise .Proof. Sin
e ℓ = limj→+∞(rj/εj) ∈ (0,+∞), by the lo
al uniform 
onvergen
e of gj to g wehave that the sequen
e of quasi
onvex fun
tions F 7→ gj(F |(rj/εj)Fn) pointwise 
onverges to
F 7→ g(F |ℓFn). Hen
e the 
on
lusion 
omes from [32℄ Propositions 12.8 and 11.7. �Remark 3.7.2. We denote by p∗ the Sobolev exponent in dimension (n− 1) i.e.

p∗ :=
(n− 1)p

n− 1 − p
.We re
all that if (a, b) ⊂ R, the spa
e Lp(a, b;Lp∗(Rn−1; Rm)) is a re�exible and separable Ba-na
h spa
e (see e.g. [2℄ or [89℄). Hen
e, by the Bana
h-Alaoglu-Bourbaki Theorem, any boundedsequen
e admits a weakly 
onverging subsequen
e.Proposition 3.7.3 (Limit spa
e). Let

ℓ = lim
j→+∞

rj
εj

∈ (0,+∞) , 0 < R(ℓ) = lim
j→+∞

rn−1−p
j

δn−1
j

< +∞ (3.7.4)and let {ζγ,j} ⊂ Xγ
j (z) su
h that, for every �xed γ > 0,

sup
j∈N

∫

(B′
γNj

×I)\C1,γNj

gj

(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)
dx ≤ c . (3.7.5)Then, there exists a sequen
e {ζ̃j} ⊂W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm) su
h that
ζ̃j = ζγ,j on (B′

γNj
× I) \ C1,γNjand su
h that, up to subsequen
es, it 
onverges weakly to ζ in W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm).125



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONMoreover, the fun
tion ζ satis�es the following properties




ζ ∈W 1,p
loc ((Rn−1 × I) \ C1,∞; Rm),

∇ζ ∈ Lp((Rn−1 × I) \ C1,∞; Rm×n),

ζ − z ∈ Lp(0, 1;Lp∗(Rn−1; Rm)),

ζ ∈ Lp(−1, 0;Lp∗(Rn−1; Rm)) .

(3.7.6)
Proof. By (3.7.1), (3.7.4) and (3.7.5) we dedu
e that, for every �xed γ > 0,

sup
j∈N

∫

(B′
γNj

×I)\C1,γNj

∣∣∣
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∣∣∣
p
dx ≤ c . (3.7.7)We now de�ne

ζ̃j :=





z in (
R

n−1 \B′
γNj

)+
,

ζγ,j in (B′
γNj

× I) \ C1,γNj ,

0 in (
R

n−1 \B′
γNj

)−
;by (3.7.7), we get that

∫

(Rn−1×I)\C1,∞

∣∣∣
(
∇αζ̃j

∣∣∣
rj
εj
∇nζ̃j

)∣∣∣
p
dx =

∫

(B′
γNj

×I)\C1,γNj

∣∣∣
(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)∣∣∣
p
dx ≤ c . (3.7.8)Hen
e,

ζ̃j(·, xn) − z ∈W 1,p(Rn−1; Rm) for a.e. xn ∈ (0, 1)and
ζ̃j(·, xn) ∈W 1,p(Rn−1; Rm) for a.e. xn ∈ (−1, 0) .Sin
e p < n − 1, a

ording to the Sobolev Inequality (see e.g. [2℄), there exists a 
onstant

c = c(n, p) > 0 (independent of xn) su
h that
(∫

Rn−1

|ζ̃j(xα, xn) − z|p∗ dxα

)p/p∗

≤ c

∫

Rn−1

|∇αζ̃j(xα, xn)|p dxα (3.7.9)for a.e. xn ∈ (0, 1), and
(∫

Rn−1

|ζ̃j(xα, xn)|p∗ dxα

)p/p∗

≤ c

∫

Rn−1

|∇αζ̃j(xα, xn)|p dxα (3.7.10)126



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYfor a.e. xn ∈ (−1, 0). If we integrate (3.7.9) and (3.7.10) with respe
t to xn, by (3.7.8) and Remark3.7.2, we get that there exist ζ1 ∈ Lp(0, 1;Lp∗(Rn−1; Rm)) and ζ2 ∈ Lp(−1, 0;Lp∗(Rn−1; Rm))su
h that, up to subsequen
es,




ζ̃j − z ⇀ ζ1 in Lp(0, 1;Lp∗(Rn−1; Rm)),

ζ̃j ⇀ ζ2 in Lp(−1, 0;Lp∗(Rn−1; Rm)),

∇ζ̃j ⇀ ∇ζ1 in Lp((Rn−1)+; Rm×n),

∇ζ̃j ⇀ ∇ζ2 in Lp((Rn−1)−; Rm×n).In parti
ular, we have that




ζ̃j ⇀ ζ1 + z in W 1,p
loc ((Rn−1)+; Rm),

ζ̃j ⇀ ζ2 in W 1,p
loc ((Rn−1)−; Rm) .Then, sin
e ζ1 + z = ζ2 on B′

1 in the sense of tra
es, we 
an de�ne
ζ =

{
ζ1 + z in (Rn−1)+

ζ2 in (Rn−1)− ∪
(
B′

1 × {0}
)
,whi
h satis�es (3.7.6). �Now we are able to des
ribe the interfa
ial energy density ϕ(ℓ) as the following nonlinear
apa
itary formula.Proposition 3.7.4 (Representation formula). We have

ϕ(ℓ)(z) = inf

{∫

(Rn−1×I)\C1,∞

g
(
∇αζ|ℓ∇nζ

)
dx : ζ ∈W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm),

∇ζ ∈ Lp((Rn−1 × I) \ C1,∞; Rm×n), ζ − z ∈ Lp(0, 1;Lp∗(Rn−1; Rm))and ζ ∈ Lp(−1, 0;Lp∗(Rn−1; Rm))

}for every z ∈ R
m.Proof. We de�ne

ψ(ℓ)(z) := inf

{∫

(Rn−1×I)\C1,∞

g
(
∇αζ|ℓ∇nζ

)
dx : ζ ∈W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm),

∇ζ ∈ Lp((Rn−1 × I) \ C1,∞; Rm×n), ζ − z ∈ Lp(0, 1;Lp∗(Rn−1; Rm))and ζ ∈ Lp(−1, 0;Lp∗(Rn−1; Rm))

}127



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONfor every z ∈ R
m, we want to prove that ϕ(ℓ)(z) = ψ(ℓ)(z). For every �xed η > 0, by de�nitionof ϕ(ℓ)

γ,j(z) (see (3.5.2)), there exists {ζγ,j} ⊂ Xγ
j (z) su
h that

∫

(B′
γNj

×I)\C1,γNj

gj

(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)
dx ≤ ϕ

(ℓ)
γ,j(z) + η.By Proposition 3.5.1(i) we have that (3.7.5) is satis�ed then by Propositions 3.7.3 and 3.7.1 weget

lim
j→+∞

ϕ
(ℓ)
γ,j(z) + η ≥ lim inf

j→+∞

∫

(B′
γNj

×I)\C1,γNj

gj

(
∇αζ̃j

∣∣∣
rj
εj
∇nζ̃j

)
dx

≥ lim inf
j→+∞

∫

(B′
N×I)\C1,N

gj

(
∇αζ̃j

∣∣∣
rj
εj
∇nζ̃j

)
dx

≥
∫

(B′
N×I)\C1,N

g(∇αζ|ℓ∇nζ) dxwhere ζ ∈ W 1,p
loc ((Rn−1 × I) \ C1,∞; Rm) satis�es (3.7.6). Note that for every �xed γ > 0 and jlarge enough we 
an always assume that γNj > N for some �xed N > 2. Hen
e, passing to thelimit as N → +∞ and γ → 0+, we obtain

ϕ(ℓ)(z) + η ≥
∫

(Rn−1×I)\C1,∞

g(∇αζ|ℓ∇nζ) dx ≥ ψ(ℓ)(z) (3.7.11)and by the arbitrariness of η we get the �rst inequality.We now prove the 
onverse inequality. For every �xed η > 0, there exists ζ ∈ W 1,p
loc ((Rn−1 ×

I) \ C1,∞; Rm) satisfying (3.7.6) su
h that
∫

(Rn−1×I)\C1,∞

g(∇αζ|ℓ∇nζ) dx ≤ ψ(ℓ)(z) + η . (3.7.12)Let N > 2, and 
hoose j large enough so that γNj > N . We 
onsider a 
ut-o� fun
tion θN ∈
C∞

c (B′
N ; [0, 1]) su
h that θN = 1 in B′

N/2, |∇αθN | ≤ c/N and we de�ne
ζN (x) :=





θN (xα)ζ(x) + (1 − θN (xα))z in (B′
N )+,

θN (xα)ζ(x) in (B′
N )− ∪ (B′

1 × {0})so that ζN ∈ XN (z). By Proposition 3.7.1, there exists a sequen
e {ζj
N} ⊂ XN (z) strongly
onverging to ζN in Lp((B′

N × I) \ C1,N ; Rm) su
h that
∫

(B′
N×I)\C1,N

g(∇αζN |ℓ∇nζN ) dx = lim
j→+∞

∫

(B′
N×I)\C1,N

gj

(
∇αζ

j
N

∣∣∣
rj
εj
∇nζ

j
N

)
dx (3.7.13)128



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYLet us de�ne ζγ,j ∈ Xγ
j (z) by

ζγ,j(x) :=





ζj
N in (B′

N × I) \ C1,N ,

z in (B′
γNj

\B′
N )+,

0 in (B′
γNj

\B′
N )−.Consequently, ζγ,j is an admissible test fun
tion for (3.5.2) and we get, sin
e gj(0) = 0, that

ϕ
(ℓ)
γ,j(z) ≤

∫

(B′
γNj

×I)\C1,γNj

gj

(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)
dx

=

∫

(B′
N×I)\C1,N

gj

(
∇αζ

j
N

∣∣∣
rj
εj
∇nζ

j
N

)
dx.Taking the limit as j → +∞ and using (3.7.13) and (3.7.2), we obtain

lim
j→+∞

ϕ
(ℓ)
γ,j(z) ≤

∫

(B′
N×I)\C1,N

g(∇αζN |ℓ∇nζN ) dx

≤
∫

(B′
N/2

×I)\C1,N/2

g(∇αζ|ℓ∇nζ) dx+ c

∫

(B′
N\B′

N/2
)+

|∇ζN |p dx

+c

∫

(B′
N\B′

N/2
)−

|∇ζN |p dx . (3.7.14)Let us examine the 
ontribution of the gradient in (3.7.14),
∫

(B′
N\B′

N/2
)+

|∇ζN |p dx+

∫

(B′
N \B′

N/2
)−

|∇ζN |p dx

≤ c

∫

(B′
N\B′

N/2
)+

(|∇αθN |p|ζ − z|p + |∇ζ|p) dx

+c

∫

(B′
N\B′

N/2
)−

(|∇αθN |p|ζ|p + |∇ζ|p) dx

≤ c

(∫

(Rn−1\B′
N/2

)+
|∇ζ|p dx+

∫

(Rn−1\B′
N/2

)−
|∇ζ|p dx

)

+
c

Np

(∫

(B′
N\B′

N/2
)+

|ζ − z|p dx+

∫

(B′
N\B′

N/2
)−

|ζ|p dx
)
. (3.7.15)129



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONSin
e p∗ > p we 
an apply the Hölder Inequality with q = p∗/p ; hen
e,
c

Np

(∫

(B′
N\B′

N/2
)+

|ζ − z|p dx+

∫

(B′
N \B′

N/2
)−

|ζ|p
)

≤ c

(∫ 1

0

(∫

B′
N\B′

N/2

|ζ − z|p∗ dxα

)p/p∗

dxn

+

∫ 0

−1

(∫

B′
N\B′

N/2

|ζ|p∗ dxα

)p/p∗

dxn

)

≤ c

(∫ 1

0

(∫

Rn−1\B′
N/2

|ζ − z|p∗ dxα

)p/p∗

dxn

+

∫ 0

−1

(∫

Rn−1\B′
N/2

|ζ|p∗ dxα

)p/p∗

dxn

)
. (3.7.16)Hen
e by (3.7.6), (3.7.15) and (3.7.16) we have that, for every �xed γ > 0,

lim
N→+∞

∫

(B′
N\B′

N/2
)±

|∇ζN |p dx = 0whi
h implies thanks to (3.7.12) and (3.7.14) that
lim

j→+∞
ϕ

(ℓ)
γ,j(z) ≤ ψ(ℓ)(z) + η.Then we get the 
onverse inequality by letting γ → 0 and by the arbitrariness of η. �3.7.2 The 
ase ℓ = +∞In this 
ase the des
ription of ϕ(∞) involves a dimensional redu
tion type problem stated onvarying domains. We �nd more 
onvenient to �rst deal with a �xed domain, applying some well-known Γ-
onvergen
e and integral representation results proved in [74℄ and [35℄.Let G±

j : Lp((B′
N )±; Rm) → [0,+∞] be de�ned by

G+
j (ζ) :=





∫

(B′
N )+

gj

(
∇αζ

∣∣∣
rj
εj
∇nζ

)
dx if { ζ ∈W 1,p((B′

N )+; Rm)

ζ = z on (∂B′
N )+

+∞ otherwiseand
G−

j (ζ) :=





∫

(B′
N )−

gj

(
∇αζ

∣∣∣
rj
εj
∇nζ

)
dx if { ζ ∈W 1,p((B′

N )−; Rm)

ζ = 0 on (∂B′
N )−

+∞ otherwise.130



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYProposition 3.7.5. Let
ℓ = lim

j→+∞

rj
εj

= +∞ ,then, the sequen
es of fun
tionals G±
j Γ-
onverge, with respe
t to the Lp-
onvergen
e, to

G+(ζ) :=





∫

B′
N

Qg0(∇αζ) dxα if ζ − z ∈W 1,p
0 (B′

N ; Rm)

+∞ otherwiseand
G−(ζ) :=





∫

B′
N

Qg0(∇αζ) dxα if ζ ∈W 1,p
0 (B′

N ; Rm)

+∞ otherwise ,respe
tively, where g0(F ) = inf{g(F |Fn) : Fn ∈ R
m} for every F ∈ R

m×(n−1).Proof. We prove the Γ-
onvergen
e result only for G+
j , the other one being analogous. A

ordingto [35℄ Theorem 2.5 and Lemma 2.6 there exists a 
ontinuous fun
tion ĝ : R

m×(n−1) → [0,+∞),su
h that, up to a subsequen
e, G+
j Γ-
onverges to

G+(ζ) :=





∫

B′
N

ĝ(∇αζ) dxα if ζ − z ∈W 1,p
0 (B′

N ; Rm)

+∞ otherwise .Hen
e, it remains to show that ĝ = Qg0. By [35℄ Lemma 2.6, it is enough to prove it for W 1,p-fun
tion without boundary 
ondition ; hen
e, it is not restri
tive to take ζ an a�ne fun
tion.Let ζ(xα) := F · xα, by [35℄ Theorem 2.5, there exists a sequen
e {ζj} ⊂W 1,p((B′
N )+; Rm) (theso-
alled re
overy sequen
e) 
onverging to ζ in Lp((B′

N )+; Rm), su
h that
ĝ(F ) cN = G+(ζ) = lim

j→+∞

∫

(B′
N )+

gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx (3.7.17)where cN = Ln−1(B′

N ). Moreover, by [25℄ Theorem 1.1, we 
an assume, without loss of generality,that the sequen
e {∣∣(∇αζj | rj

εj
∇nζj

)∣∣p} is equi-integrable. By (3.7.17) and (3.7.1), we have that
sup
j∈N

∫

(B′
N )+

∣∣∣
(
∇αζj

∣∣∣
rj
εj
∇nζj

)∣∣∣
p
dx ≤ c ;hen
e, for every �xed M > 0, if we de�ne

AM
j :=

{
x ∈ (B′

N )+ :

∣∣∣∣
(
∇αζj(x)

∣∣∣
rj
εj
∇nζj(x)

)∣∣∣∣ ≤M

}
,131



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONwe get that Ln((B′
N )+ \ AM

j ) ≤ c/Mp for some 
onstant c > 0 independent of j and M . Fix
M > 0, by (3.7.17), we have

ĝ(F ) cN ≥ lim sup
j→+∞

∫

AM
j

gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx. (3.7.18)Moreover, for all x ∈ AM

j ,
∣∣∣∣gj

(
∇αζj(x)

∣∣∣
rj
εj
∇nζj(x)

)
− g

(
∇αζj(x)

∣∣∣
rj
εj
∇nζj(x)

)∣∣∣∣ ≤ sup
|F |≤M

|gj(F ) − g(F )|,and then,
∫

AM
j

∣∣∣∣gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
− g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)∣∣∣∣ dx ≤ cN sup
|F |≤M

|gj(F ) − g(F )|.Hen
e, by the uniform 
onvergen
e of gj to g on 
ompa
t sets, we have that
lim

j→+∞

∫

AM
j

(
gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
− g

(
∇αζj

∣∣∣
rj
εj
∇nζj

))
dx = 0.By (3.7.18), we get

ĝ(F ) cN ≥ lim sup
j→+∞

∫

AM
j

g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx. (3.7.19)Note that, sin
e Ln((B′

N )+ \ AM
j ) → 0 as M → +∞, by the p-growth 
ondition (3.7.2) and theequi-integrability, we get that

lim sup
j→+∞

∫

(B′
N )+\AM

j

g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx = o(1) , as M → +∞ . (3.7.20)Consequently, (3.7.19) and (3.7.20) imply that

ĝ(F ) cN ≥ lim sup
j→+∞

∫

(B′
N )+

g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx. (3.7.21)Finally, from [74℄ Theorem 2, we know that

lim inf
j→+∞

∫

(B′
N )+

g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx ≥ Qg0(F ) cN ;hen
e, by (3.7.21) we obtain that ĝ(F ) ≥ Qg0(F ).We now prove the 
onverse inequality. By [74℄ Theorem 2, there exists a sequen
e {ζj} ⊂

W 1,p((B′
N )+; Rm) 
onverging to ζ in Lp((B′

N )+; Rm) su
h that
Qg0(F ) cN = lim

j→+∞

∫

(B′
N )+

g

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx . (3.7.22)132



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYWithout loss of generality, we 
an still assume that the sequen
e {∣∣(∇αζj| rj

εj
∇nζj

)∣∣p} is equi-integrable. Thus, reasoning as above to prove (3.7.21) assuming (3.7.17), we 
an obtain, as a
onsequen
e of (3.7.22), that
Qg0(F ) cN ≥ lim sup

j→+∞

∫

(B′
N )+

gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx . (3.7.23)Now, by [35℄ Theorem 2.5, we have that

lim inf
j→+∞

∫

(B′
N )+

gj

(
∇αζj

∣∣∣
rj
εj
∇nζj

)
dx ≥ ĝ(F ) cN ;hen
e, Qg0(F ) ≥ ĝ(F ), whi
h 
on
ludes the proof of the proposition. �Remark 3.7.6. By [74℄ Theorem 2 for every ζ ∈ W 1,p(B′
N ; Rm) the re
overy sequen
e is givenby ζj(xα, xn) := ζ(xα) + (εj/rj)xn bj(xα) for a suitable sequen
e of fun
tions bj ∈ C∞

c (B′
N ; Rm).Note that by de�nition {ζj} keeps the boundary 
onditions of ζ. Reasoning as in the the proof ofProposition 3.7.5 we 
an observed that {ζj} is also a re
overy sequen
e for G+

j (see e.g. (3.7.23)).The same remark holds for G−
j .Proposition 3.7.7. Let

ℓ = lim
j→+∞

rj
εj

= +∞ ,then the sequen
e of fun
tionals G(∞)
j : Lp((B′

N × I) \ C1,N ; Rm) → [0,+∞] de�ned by
G

(∞)
j (ζ) :=





∫

(B′
N×I)\C1,N

gj

(
∇αζ

∣∣∣
rj
εj
∇nζ

)
dx if ζ ∈ XN (z)

+∞ otherwise
Γ-
onverges, with respe
t to the Lp-
onvergen
e, to

G(∞)(ζ) :=





∫

(B′
N×I)\C1,N

Qg0(∇αζ) dx if ζ ∈ XN (z) and ∇nζ = 0

+∞ otherwise .Proof. The lim inf inequality is a straightforward 
onsequen
e of Proposition 3.7.5.Dealing with the lim sup inequality, let us 
onsider ζ ∈ XN (z) with ∇nζ = 0. We denote by
ζ± ∈W 1,p(B′

N ; Rm) the restri
tion of ζ to (B′
N )+ and (B′

N )−, respe
tively. By Proposition 3.7.5and Remark 3.7.6, there exist two sequen
es {ζ±j } su
h that
ζ+
j → ζ+ in Lp((B′

N )+; Rm) , ζ+
j = z on (∂B′

N )+

ζ−j → ζ− in Lp((B′
N )−; Rm) , ζ−j = 0 on (∂B′

N )−
(3.7.24)133



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONand
lim

j→+∞

∫

(B′
N )+

gj

(
∇αζ

+
j

∣∣∣
rj
εj
∇nζ

+
j

)
dx =

∫

B′
N

Qg0(∇αζ
+) dxα

lim
j→+∞

∫

(B′
N )−

gj

(
∇αζ

−
j

∣∣∣
rj
εj
∇nζ

−
j

)
dx =

∫

B′
N

Qg0(∇αζ
−) dxα . (3.7.25)Moreover, sin
e ζ ∈W 1,p((B′

N ×I)\C1,N ; Rm), by Remark 3.7.6, ζ+
j and ζ−j have the same tra
eon B′

1 × {0} ; hen
e, ζ+
j = ζ−j = ζ on B′

1 × {0}. Then we 
an de�ne
ζ̄j :=





ζ+
j in (B′

N )+,

ζ on B′
1 × {0},

ζ−j in (B′
N )−with ζ̄j ∈W 1,p((B′

N × I) \C1,N ; Rm). In parti
ular, by (3.7.24) we have that {ζ̄j} ⊂ XN (z) and
ζ̄j → ζ in Lp((B′

N × I) \ C1,N ; Rm). Finally, by (3.7.25) , we have
lim

j→+∞
G

(∞)
j (ζ̄j) = lim

j→+∞

∫

(B′
N×I)\C1,N

gj

(
∇αζ̄j

∣∣∣
rj
εj
∇nζ̄j

)
dx

=

∫

B′
N

Qg0(∇αζ
+) dxα +

∫

B′
N

Qg0(∇αζ
−) dxα

=

∫

(B′
N×I)\C1,N

Qg0(∇αζ) dxwhi
h 
ompletes the proof of the lim sup inequality. �Proposition 3.7.8 (Limit spa
e). Let
ℓ = lim

j→+∞

rj
εj

= +∞ , 0 < R(∞) = lim
j→+∞

rn−1−p
j

δn−1
j

< +∞and let {ζγ,j} ⊂ Xγ
j (z) su
h that, for every �xed γ > 0,

sup
j∈N

∫

(B′
γNj

×I)\C1,γNj

gj

(
∇αζγ,j

∣∣∣
rj
εj
∇nζγ,j

)
dx ≤ c . (3.7.26)Then, there exists a sequen
e {ζ̃j} ⊂W 1,p

loc ((Rn−1 × I) \ C1,∞; Rm) su
h that
ζ̃j = ζγ,j on (B′

γNj
× I) \ C1,γNjand su
h that, up to subsequen
es, it 
onverges weakly to ζ+ in W 1,p

loc ((Rn−1)+; Rm) and to ζ− in134
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W 1,p

loc ((Rn−1)−; Rm). Moreover, the fun
tions ζ± satisfy the following properties




ζ± ∈W 1,p
loc (Rn−1; Rm)

ζ+ = ζ− in B′
1

∇αζ
± ∈ Lp(Rn−1; Rm×(n−1))

(ζ+ − z) and ζ− ∈ Lp∗(Rn−1; Rm).Proof. We 
an reason as in Proposition 3.7.3 using the fa
t that, by (3.7.26),
∫

(Rn−1)±
|∇nζ̃j|p dx ≤ c

(εj
rj

)p
;hen
e, in the limit we have that ∇nζ = 0 a.e. in (Rn−1)±. �Proposition 3.7.9 (Representation formula). We have

ϕ(∞)(z) = inf

{∫

Rn−1

(
Qg0(∇αζ

+) + Qg0(∇αζ
−)
)
dxα : ζ± ∈W 1,p

loc (Rn−1; Rm),

ζ+ = ζ− in B′
1, ∇αζ

± ∈ Lp(Rn−1; Rm×(n−1)),

(ζ+ − z) and ζ− ∈ Lp∗(Rn−1; Rm)

}for every z ∈ R
m.Proof. Reasoning as in the proof of Proposition 3.7.4, by Propositions 3.7.7 and 3.7.8 we get therepresentation formula for ϕ(∞). �3.7.3 The 
ase ℓ = 0We �rst re
all the following Γ-
onvergen
e result.Proposition 3.7.10. The sequen
e of fun
tionals G(0)

j : Lp((B′
N × (−N,N)) \ C1,N ; Rm) →

[0,+∞], de�ned by
G

(0)
j (ζ) :=





∫

(B′
N×(−N,N))\C1,N

gj(∇ζ) dx if ζ ∈W 1,p((B′
N × (−N,N)) \ C1,N ; Rm),

+∞ otherwise ,
Γ-
onverges, with respe
t to the Lp-
onvergen
e, to

G(0)(ζ) :=





∫

(B′
N×(−N,N))\C1,N

g(∇ζ) dx if ζ ∈W 1,p((B′
N × (−N,N)) \ C1,N ; Rm),

+∞ otherwise .135



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONProof. The result is an immediate 
onsequen
e of the pointwise 
onvergen
e of the sequen
e ofquasi
onvex fun
tions gj towards g together with Proposition 12.8 in [32℄. �Proposition 3.7.11 (Limit spa
e). Let
ℓ = lim

j→+∞

rj
εj

= 0 , 0 < R(0) = lim
j→+∞

rn−p
j

δn−1
j εj

< +∞ (3.7.27)and let {ζγ,j} ⊂ Y γ
j (z) su
h that, for every �xed γ > 0,

sup
j∈N

∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζγ,j) dx ≤ c . (3.7.28)Then, there exists a sequen
e {ζ̃j} ⊂W 1,p
loc (Rn \ C1,∞; Rm) su
h that

ζ̃j = ζγ,j on (B′
γNj

× Ij) \ C1,γNjand su
h that, up to subsequen
es, it 
onverges weakly to ζ in W 1,p
loc (Rn \ C1,∞; Rm). Moreover,the fun
tion ζ satis�es the following properties





ζ ∈W 1,p
loc (Rn \ C1,∞; Rm),

∇ζ ∈ Lp(Rn \ C1,∞; Rm×n),

ζ − z ∈ Lp(0,+∞;Lp∗(Rn−1; Rm)),

ζ ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm)) .

(3.7.29)
Proof. By (3.7.28), (3.7.1) and (3.7.27), we dedu
e that, for every �xed γ > 0,

sup
j∈N

∫

(B′
γNj

×Ij)\C1,γNj

|∇ζγ,j|p dx ≤ c . (3.7.30)Let us extend ζγ,j by re�e
tion
ζ̄γ,j(x) =





ζγ,j

(
xα, 2

εj

rj
− xn

) if xα ∈ B′
γNj

and xn ∈ (εj/rj , 2εj/rj),

ζγ,j

(
xα,−2

εj

rj
− xn

) if xα ∈ B′
γNj

and xn ∈ (−2εj/rj ,−εj/rj)
(3.7.31)and then, we extend it by (2εj/rj)-periodi
ity in the xn dire
tion. The resulting sequen
e, stilldenoted by {ζ̄γ,j}, is de�ned in (B′

γNj
× R

)
\ C1,γNj . Hen
e, we de�ne on R

n \ C1,∞,
ζ̄j(x) :=





z in (
R

n−1 \B′
γNj

)
× (0,+∞),

ζ̄γ,j(x) in (
B′

γNj
× R

)
\ C1,γNj ,

0 in (
R

n−1 \B′
γNj

)
× (−∞, 0) .

(3.7.32)136



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYLet us now introdu
e the 
ut-o� fun
tions φj ∈ C∞
c (−2εj/rj , 2εj/rj ; [0, 1]) su
h that φj(xn) = 1if |xn| ≤ εj/rj , φj(xn) = 0 if |xn| ≥ 2εj/rj and |∇nφj| ≤ c(rj/εj). Then, we introdu
e our lastsequen
e,

ζ̃j(xα, xn) :=





φ̄j(xn)ζj(xα, xn) + (1 − φj(xn))z if (xα, xn) ∈ R
n−1 × (0,+∞),

φj(xn)ζ̄j(xα, xn) if (xα, xn) ∈ R
n−1 × (−∞, 0).Note that

ζ̃j = ζγ,j on (B′
γNj

× Ij) \ C1,γNj . (3.7.33)Moreover, by (3.7.30)-(3.7.33) we have that
sup
j∈N

∫

Rn\C1,∞

|∇αζ̃j|p dx ≤ c , (3.7.34)while, for every (a, b) ⊂ R, with −∞ < a < b < +∞, we have
∫
(

Rn−1×(a,b)
)
\C1,∞

|∇nζ̃j|p dx ≤ c , (3.7.35)for j large enough and c independent of (a, b). Reasoning as in Proposition 3.7.3, with (0,+∞)and (−∞, 0) in pla
e of (0, 1) and (−1, 0), respe
tively, we 
an 
on
lude that there exist ζ1 ∈
Lp(0,+∞;Lp∗(Rn−1; Rm)) and ζ2 ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm)) su
h that, up to subsequen
es,

ζ̃j − z ⇀ ζ1 in Lp(0,+∞;Lp∗(Rn−1; Rm))and
ζ̃j ⇀ ζ2 in Lp(−∞, 0;Lp∗(Rn−1; Rm)) .Moreover, by (3.7.34) and (3.7.35), we have that, up to subsequen
es, ζ̃j 
onverges weakly to ζin W 1,p

loc (Rn \ C1,∞; Rm) where
ζ =

{
ζ1 + z in R

n−1 × (0,+∞)

ζ2 in (Rn−1 × (−∞, 0)) ∪ (B′
1 × {0}) .In parti
ular, for every 
ompa
t set K ⊂ R

n \ C1,∞, we have that
∫

K
|∇ζ|p dx ≤ lim inf

j→+∞

∫

K
|∇ζ̃j|p dx ≤ cfor some 
onstant c independent of K ; hen
e, we get that ∇ζ ∈ Lp(Rn \ C1,∞; Rm×n) whi
h
on
ludes the des
ription of the limit fun
tion ζ. �137



CHAPITRE 3. THE NEUMANN SIEVE PROBLEM IN DIMENSIONAL REDUCTIONProposition 3.7.12 (Representation formula). We have
ϕ(0)(z) = inf

{∫

Rn\C1,∞

g(∇ζ) dx : ζ ∈W 1,p
loc (Rn \ C1,∞; Rm), ∇ζ ∈ Lp(Rn \ C1,∞; Rm×n),

ζ − z ∈ Lp(0,+∞;Lp∗(Rn−1; Rm)) and ζ ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm))

}for every z ∈ R
m.Proof. We de�ne

ψ(0)(z) := inf

{∫

Rn\C1,∞

g(∇ζ) dx : ζ ∈W 1,p
loc (Rn \ C1,∞; Rm), ∇ζ ∈ Lp(Rn \ C1,∞; Rm×n),

ζ − z ∈ Lp(0,+∞;Lp∗(Rn−1; Rm)) and ζ ∈ Lp(−∞, 0;Lp∗(Rn−1; Rm))

}and let us prove that ϕ(0)(z) = ψ(0)(z).By de�nition of ϕ(0)
γ,j (see (3.5.13)), for every �xed η > 0, there exists ζγ,j ∈ Y γ

j (z) su
h that
∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζγ,j) dx ≤ ϕ
(0)
γ,j(z) + η ; (3.7.36)hen
e, by Proposition 3.5.2 (i), (3.7.28) is satis�ed. Then by Propositions 3.7.10 and 3.7.11 weget that

lim
j→+∞

ϕ
(0)
γ,j(z) + η ≥ lim inf

j→+∞

∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζ̃j) dx

≥ lim inf
j→+∞

∫
(
B′

N×(−N,N)
)
\C1,N

gj(∇ζ̃j) dx

≥
∫
(
B′

N×(−N,N)
)
\C1,N

g(∇ζ) dx (3.7.37)for some �xed N > 1, where ζ satis�es (3.7.29). Thus, passing to the limit in (3.7.37) as N → +∞and γ → 0+, it follows that
ϕ(0)(z) ≥

∫

Rn\C1,∞

g(∇ζ) dx ≥ ψ(0)(z) .Let us prove now the 
onverse inequality. For any �xed η > 0, let ζ ∈ W 1,p
loc (Rn \ C1,∞; Rm)be as in (3.7.29) and satisfying

∫

Rn\C1,∞

g(∇ζ) dx ≤ ψ(0)(z) + η. (3.7.38)138



3.7. REPRESENTATION FORMULA FOR THE INTERFACIAL ENERGY DENSITYFor every j ∈ N and γ > 0, we 
onsider a 
ut-o� fun
tion θγ,j ∈ C∞
c (B′

γNj
; [0, 1]) su
h that

θγ,j = 1 in B′
(γNj )/2, |∇αθγ,j | ≤ c/γNj and we de�ne ζγ,j ∈ Y γ

j (z) by
ζγ,j(x) :=





θγ,j(xα)ζ(x) + (1 − θγ,j(xα))z in (B′
γNj

)+(εj/rj)

θγ,j(xα)ζ(x) in (B′
γNj

)−(εj/rj) ∪ (B′
1 × {0}) .Consequently, ζγ,j is an admissible test fun
tion for (3.5.13) and we get that

ϕ
(0)
γ,j(z) ≤

∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζγ,j) dx.The same kind of 
omputations as those already employed in the proof of Lemma 3.7.4 (see(3.7.14)-(3.7.16)) show that
lim

j→+∞
ϕ

(0)
γ,j(z) ≤ lim sup

j→+∞

∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζ) dx+ o(1) , as γ → 0+ .On the other hand, Fatou's Lemma implies that
lim sup
j→+∞

∫

(B′
γNj

×Ij)\C1,γNj

gj(∇ζ) dx ≤
∫

Rn\C1,∞

g(∇ζ) dx+ o(1) , as γ → 0+.Hen
e by (3.7.38), passing to the limit as γ → 0+, we get that
ϕ(0)(z) ≤ ψ(0)(z) + η.By the arbitrariness of η we 
on
lude the proof. �
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Chapitre 4Quasistati
 evolution of a brittle thin�lm
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4.1. INTRODUCTION4.1 Introdu
tionFollowing Gri�th's theory of brittle fra
ture, the variational model of quasistati
 
ra
k evolutionproposed in [64℄ is based on the 
ompetition between the elasti
 energy and a surfa
e energywhi
h is ne
essary to produ
e a new 
ra
k or extending a preexisting one. The 
lassi
al modelwas plagued by a few defe
ts, being unable to initiate a 
ra
k, or to predi
t its path during thepropagation ; the authors were able to over
ome these weaknesses, assuming neither a preexisting
ra
k, nor a pre-de�ned 
ra
k path. In their formulation, the time-
ontinuous growth of the 
ra
ksis seen as a limit of a dis
rete time evolution as the time step tends to zero. The �rst pre
isemathemati
al justi�
ation of this limit pro
ess in the s
alar-valued 
ase was given in [63℄ in theframework of Spe
ial Fun
tions of Bounded Variation (SBV ). It was subsequently generalized tothe ve
tor-valued 
ase in [46, 47℄ (see referen
es therein) in the framework of Generalized Spe
ialFun
tions of Bounded Variation (GSBV ). To obtain 
ompa
tness, the authors had to eitheradd some 
onservative body and surfa
e loadings with appropriate 
oer
iveness as in [46℄, orto impose an empiri
al L∞-boundness hypothesis on every minimizing sequen
e as in [47℄. Thislatter assumption permits to work in the spa
e SBV p of all SBV -fun
tions with p-integrableapproximate gradient and whose jump set has �nite area, in lieu of GSBV (see De�nition 4.1.1below). The limit 
ra
k was de�ned through a new notion of 
onvergen
e of re
ti�able sets,
alled σp-
onvergen
e, related to the notion of jump sets of SBV fun
tions and based on theweak 
onvergen
e in SBV p.Before dealing with quasistati
 evolutions, let us brie�y des
ribe the stati
 model. Let U anopen subset of R
n representing the referen
e 
on�guration of a homogeneous elasti
 materialwith 
ra
ks, whose stored energy density is given by the fun
tion W : R

m×n → R, where R
m×nstands for the set of real m× n matri
es. A

ording to Gri�th's theory, the total energy underthe deformation u : U \K → R

m is given by
E(u,K) :=

∫

U\K
W (∇u) dLn + Hn−1(U ∩K),where K is an unknown 
ra
k. Throughout the paper, Ln and Hn−1 denote the n-dimensionalLebesgue measure and the (n − 1)-dimensional Hausdor� measure in Rn respe
tively (in thesequel, n will always be equal to 2 or 3). It is often 
onvenient to use the weak formulation ofthis problem in the framework of Spe
ial Fun
tions of Bounded Variation, repla
ing the 
ra
k Kby the jump set S(u) of the deformation u ∈ SBV (U ; Rm) and where ∇u is now the approximategradient of u. We refer to [5, 55℄ for the de�nitions and basi
 properties of Fun
tions with BoundedVariation. It is also usual to impose polynomial growth of order 1 < p <∞ onW . Thus, a naturalspa
e is the spa
e SBV p(U ; Rm) of fun
tions u ∈ SBV (U ; Rm) su
h that Hn−1(S(u)∩U) < +∞and ∇u ∈ Lp(U ; Rm×n) ; for su
h fun
tions, the energy be
omes

E(u) := E(u, S(u)) =

∫

U
W (∇u) dLn + Hn−1(S(u) ∩ U).Let us now return to the quasistati
 evolution. Adding some appropriate boundary 
onditions143



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMand possibly some body and surfa
e loadings, at ea
h time t ∈ [0, T ], we seek to minimize thetotal energy (u,K) 7→ E(u,K) among all legal 
ompetitors. Namely, (u(t),K(t)) is a minimumenergy 
on�guration provided that
E(u(t),K(t)) ≤ E(u,K)for every 
ra
k K 
ontaining K(t) and every deformation u, possibly dis
ontinuous a
ross Kand satisfying the boundary 
onditions. More pre
isely, an irreversible quasistati
 evolution ofminimum energy 
on�guration is an appli
ation [0, T ] ∋ t 7→ (u(t),K(t)) satisfying the following
onditions :(i) Irreversibility : K(t) in
reases with t ;(ii) Stati
 equilibrium : for every t ∈ [0, T ], the pair (u(t),K(t)) is a minimum energy 
on�-guration ;(iii) Nondissipativity : the fun
tion t 7→ E(u(t),K(t)) is absolutely 
ontinuous.Condition (iii) express the 
onservation of the energy in the sense that the derivative of theinternal energy E(u(t),K(t)) is equal to the power of the applied for
es.Sometimes a natural small parameter, denoted by ε > 0, is involved in the model and oneshould look at the behavior of the energy and of the quasistati
 evolution (uε(t),Kε(t)) when εtends to zero. The notion of Γ-
onvergen
e � see [45℄ for a 
omplete treatment on that subje
t �has proved useful in investigating the variational 
onvergen
e for stati
 problems ; in the present
ontext of variational evolution, it remains to see whether su
h a pro
ess is 
ompatible with theevolution. A problem of this type have been studied in [70℄ where the authors proved a stabilityresult of variational models of quasistati
 
ra
k evolution under Γ-
onvergen
e in the antiplanar
ase. Indeed, they have shown that (uε(t),Kε(t)) 
onverges, in a 
ertain sense, to a quasistati
evolution of the relaxed model. They had to de�ne a new variational notion of 
onvergen
e forre
ti�able sets that they 
alled σ-
onvergen
e. The limit 
ra
k is thus seen as the σ-limit of Kε(t)while the limit deformation is nothing but the weak SBV p(U)-limit of uε(t). In the same spirit,[69℄ investigates a notion of quasistati
 evolution for the ellipti
 approximation of the Mumford-Shah fun
tional and proves its 
onvergen
e to a quasistati
 growth of brittle fra
tures in linearlyelasti
 bodies.In this paper we treat 
ylindri
al bodies whose thi
kness be
omes arbitrarily small and ask howthe quasistati
 evolution behaves when the small parameter, the thi
kness of the 
ylinder, tendsto zero. It leads us to perform a 3D-2D asymptoti
 analysis of a thin �lm, taking into a

ountthe possibility of fra
ture. An abundant literature exists on dimensional redu
tion problems andwe point the reader to e.g. [23, 34, 35, 74℄ and referen
es therein.Let Ωε := ω × (−ε, ε) be a three-dimensional 
ylinder of basis ω, a bounded open subset of

R
2 and of thi
kness 2ε, representing the referen
e 
on�guration of a homogeneous elasti
 body
ontaining some 
ra
ks. The study of the stati
 problem relies on the 
omputation of the Γ-limitof the sequen
e of fun
tionals asso
iated to the internal energy, as ε tends to zero. Namely, we144



4.1. INTRODUCTIONwant to look at the behavior of the fun
tional
SBV p(Ωε; R

3) ∋ u 7→
∫

Ωε

W (∇u) dL3 + H2(S(u) ∩ Ωε)when ε → 0, in the sense of Γ-
onvergen
e. It is 
onvenient to res
ale the problem on theunit 
ylinder Ω := Ω1. Denoting by xα := (x1, x2) the in-plane variable, we set v(xα, x3/ε) =

u(xα, x3). Repla
ing u by v in the previous energy, 
hanging variables and dividing by ε, we areled to studying the equivalent sequen
e of fun
tionals
SBV p(Ω; R3) ∋ v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dL3 +

∫

S(v)∩Ω

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2,where, from now on,∇α (resp.∇3) will stand for the (approximate) di�erential with respe
t to xα(resp. x3), F = (Fα|F3) for some matrix F ∈ R
3×3 and z = (zα|z3) for some ve
tor z ∈ R

3. Su
hstudies have been performed in [23℄ where the authors imposed to the 
ra
k to live on the mid-surfa
e of the plate and also in [28, 34℄. Unlike the latest referen
es, we are working with materialssatisfying Gri�th's prin
iple. This was not previously taken into a

ount be
ause the authorsfor
ed the surfa
e energy to grow linearly with respe
t to the jump of the deformation. Thisrestri
tion was due to the appli
ation of Integral Representation Theorems in SBV (Ω; R3) (seee.g. Theorem 2.4 in [31℄ or Theorem 1 in [28℄) whi
h hold for su
h surfa
e energies. Furthermore,it was ne
essary to obtain a bound in BV (Ω; R3) of any minimizing sequen
e. We are 
onvin
edthat su
h a behavior is not very realisti
 be
ause it does not permit to take into a

ount neitherGri�th nor Barenblatt theory in whi
h the surfa
e energy behaves asymptoti
ally like a 
onstant :the toughness. However, in [34℄, Example 2.10, the authors suggest a way to re
over a brittleelasti
 material obeying Gri�th's law by a singular perturbation approa
h (see also [33℄, Se
tion8).The originality of our work 
omes from the fa
t that we are dire
tly dealing with Gri�th sur-fa
e energy, whi
h was pros
ribed in [28, 34℄ as explained above. We propose here an alternativeproof of this result, deriving the Γ-limit by an argument very 
losed to that used in the proof ofTheorem 2.1 in [56℄. Indeed, to over
ome the la
k of 
ompa
tness in BV (Ω; R3), we use a regulartrun
ation fun
tion. It permits us to show that for a deformation belonging to L∞(Ω; R3), there isno loss of generality in requiring that any minimizing sequen
e is uniformly bounded in L∞(Ω; R3)and thus, weak SBV p(Ω; R3)-
ompa
tness follows. The two-dimensional surfa
e energy remainsof Gri�th type whereas the bulk energy follows the one obtained in [28, 34℄ : the stored energydensity is given by the fun
tion QW0 : R
3×2 → R where W0(F ) := inf

{
W (F |z) : z ∈ R

3
} and

QW0 is the 2D-quasi
onvexi�
ation of W0. Note that we obtain exa
tly the same energy densityas in [74℄, in whi
h the authors were treating healthy materials, that is without any 
ra
k.Then, it remains to pass to the limit in the quasistati
 evolution. We need a notion of 
onver-gen
e of re
ti�able sets, in the spirit of σp-
onvergen
e introdu
ed in [46℄, but better adaptedto the dimensional redu
tion problems. Intuitively, any limit 
ra
k should be a one-dimensionalset, that is a two-dimensional set whi
h is invariant by translation in the x3 dire
tion. It seems145



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMthat σp-
onvergen
e do not permit to obtain su
h limit 
ra
ks. This is why we are led to de�ninga new notion of 
onvergen
e (see De�nition 4.4.1) similar to that of σp-
onvergen
e (see De�ni-tion 4.1 in [46℄), but for the fa
t that we impose to any sequen
e of test fun
tions to have anapproximate s
aled gradient uniformly bounded in Lp. Nevertheless it is not su�
ient to passto the limit in the surfa
e term be
ause we need to have 
ompa
tness for sequen
es of 
ra
kswith bounded s
aled surfa
e energy. This di�
ulty is over
ome thanks to Proposition 4.4.3. Thelast tool is a Jump Transfer Theorem (see Theorem 2.1 in [63℄) stated in a res
aled version inTheorem 4.4.4 and whose proof uses a De Giorgi type sli
ing argument.As in [47℄, we will assume that any minimizing sequen
e involved in the quasistati
 evolution,remains bounded in L∞(Ω; R3) uniformly in ε > 0 and in time t ∈ [0, T ] (see (4.2.8) and theproof of Lemma 4.5.1). We do not attempt to justify this hypothesis whi
h appears naturally inthe s
alar 
ase by a trun
ation argument, whenever the pres
ribed boundary deformation is alsobounded in L∞(Ω × [0, T ]; R), uniformly in ε > 0. It will yield weak SBV p(Ω; R3)-
ompa
tnessand thus allow to de�ne a limit deformation �eld. Note that we 
ould also have taken the path toadd appropriate body and surfa
e loadings, as in [46℄, with the right order of magnitude, in whi
h
ase we should be working in a suitable subspa
e of GSBV (Ω; R3) instead of SBV p(Ω; R3). Weinsist on the fa
t that this boundness hypothesis is 
ompletely empiri
al but has the advantageof avoiding te
hni
al di�
ulties 
onne
ted with the spa
e GSBV (Ω; R3).As mentioned before, we adopt the followingDe�nition 4.1.1. For any open set U ⊂ R
n,

SBV p(U ; Rm) := {w ∈ SBV (U ; Rm) : ∇w ∈ Lp(U ; Rm×n) and Hn−1(S(w) ∩ U) <∞}.Throughout the text, letters as C stand for generi
 
onstants whi
h may vary from line toline. We will denote by ⊂̃ and =̃ in
lusion and equality of sets up to a set of zero Hn−1-measurerespe
tively. As for notation, Mb(U) stands for the spa
e of signed Radon measures with �nitetotal variation. If µ ∈ Mb(U) and E is a Borel subset of R
n, we will denote by µ⌊E the restri
tionof the measure µ to E that is, for every Borel subset B of R

N , µ⌊E(B) = µ(E ∩ B). For any
µ-measurable set A ⊂ R

n and any µ-measurable fun
tion f : R
n → R, we write −

∫
A f dµ :=

µ(A)−1
∫
A f dµ for the average of f over A. For the remainder of the paper, strong 
onvergen
ewill always be denoted by →, whereas weak (resp. weak-∗) 
onvergen
e will be denoted by ⇀(resp. ∗−⇀). We re
all that a sequen
e {uk} ⊂ SBV p(U ; Rm) is said to 
onverge weakly to some146



4.2. FORMULATION OF THE PROBLEM
u ∈ SBV p(U ; Rm), and we write uk ⇀ u in SBV p(U ; Rm), if





uk → u in L1(U ; Rm),

uk
∗−⇀ u in L∞(U ; Rm),

∇uk ⇀ ∇u in Lp(U ; Rm×n),

(u+
k − u−k ) ⊗ νuk

Hn−1
⌊S(uk)

∗−⇀ (u+ − u−) ⊗ νuHn−1
⌊S(u) in Mb(U ; Rm×n).4.2 Formulation of the problem4.2.1 The physi
al 
on�gurationReferen
e 
on�guration : Let ω be a bounded open subset of R

2 with Lips
hitz boundary andde�ne Ωε := ω × (−ε, ε). The 
ylinder Ωε denotes the referen
e 
on�guration of a homogeneouselasti
 body with 
ra
ks, whose stored energy density is given by the fun
tion W : R
3×3 → R.We assumeW to be a C1 and quasi
onvex fun
tion satisfying standard p-growth and p-
oer
ivity
onditions (1 < p <∞) : there exists β > 0 su
h that

1

β
|F |p − β ≤W (F ) ≤ β(1 + |F |p), for all F ∈ R

3×3. (4.2.1)Let p′ = (p − 1)/p be the 
onjugate exponent of p. In parti
ular (see [44℄), the derivative of W ,denoted by ∂W , satis�es some (p− 1)-growth 
ondition, namely
|∂W (F )| ≤ β(1 + |F |p−1), for all F ∈ R

3×3. (4.2.2)Boundary 
onditions : Let ω′ ⊂ R
2 be su
h that ω ⊂ ω′ and Ω′

ε := ω′×(−ε, ε) be the enlarged
ylinder. We submit the body to a �smooth� given deformation
Gε ∈W 1,1([0, T ];W 1,p(Ω′

ε; R
3))on the lateral boundary ∂ω × (−ε, ε) of the 
ylinder Ωε. For homogeneity, we assume that Gεsatis�es

‖Gε‖W 1,1([0,T ];W 1,p(Ω′
ε;R

3)) ≤ Cε1/p. (4.2.3)As in [47, 63℄, we express the lateral boundary 
ondition at time t by requiring that U = Gε(t)a.e. on [ω′ \ ω] × (−ε, ε) whenever U ∈ SBV p(Ω′
ε; R

3) is a kinemati
ally admissible deformation�eld. Sin
e the Diri
hlet boundary 
ondition is only pres
ribed on the lateral boundary, we donot need, as in [47, 63℄, to extend the whole 
ylinder but only its lateral part, whi
h 
an betrivially done by extending the base domain ω to ω′. As a 
onsequen
e, any admissible 
ra
kwill ne
essarily be 
ontained in ω× (−ε, ε). We will assume that the remainder of the boundary,
ω × {−ε, ε}, is tra
tion free so that the pres
ribed boundary deformation is the only driving147



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMme
hanism. Sin
e the admissible 
ra
ks never run into ω ×{−ε, ε}, there is no need, in 
ontrastto [47, 63℄, to remove the part ω×{−ε, ε} from the surfa
e energy of the 
ra
k, so that the surfa
eenergy of a 
ra
k asso
iated to a test fun
tion V ∈ SBV p(Ω′
ε; R

3) will be exa
tly H2(S(V )).Initial 
onditions : As in [63℄, we 
onsider a body without any preexisting 
ra
k (see Remark4.5.4). If U ε
0 ∈ SBV p(Ω′

ε; R
3) is a given initial deformation satisfying U ε

0 = Gε(0) a.e. on [ω′ \
ω]× (−ε, ε), we suppose that the Gri�th equilibrium 
ondition is satis�ed, that is U ε

0 minimizes
V 7→

∫

Ωε

W (∇V ) dx+ H2(S(V ))among {V ∈ SBV p(Ω′
ε; R

3) : V = Gε(0) a.e. on [ω′ \ ω] × (−ε, ε)}.Quasistati
 evolution : If we follow word for word the arguments developed in [46, 47℄, applyingthem to ω′×(−ε, ε) in pla
e of what is used in those referen
es, namely Ω′′
ε , a Lips
hitz extensionof ω×(−ε, ε) with ω× [−ε, ε] ⊂ Ω′′

ε , we get the existen
e of a 
ra
k Kε(t) ⊂ ω×(−ε, ε) in
reasingin time and a deformation �eld U ε(t) ∈ SBV p(Ω′
ε; R

3) su
h that� U ε(0) = U ε
0 , Kε(0) =̃ S(U ε

0 ) and U ε(0) minimizes
V 7→

∫

Ωε

W (∇V ) dx+ H2(S(V ))among {V ∈ SBV p(Ω′
ε; R

3) : V = Gε(0) a.e. on [ω′ \ ω] × (−ε, ε)} ;� for any t ∈ (0, T ], S(U ε(t)) ⊂̃ Kε(t) and U ε(t) minimizes
V 7→

∫

Ωε

W (∇V ) dx+ H2(S(V ) \Kε(t))among {V ∈ SBV p(Ω′
ε; R

3) : V = Gε(t) a.e. on [ω′ \ ω] × (−ε, ε)} ;� the total energy
Eε(t) :=

∫

Ωε

W (∇U ε(t)) dx + H2(Kε(t))is absolutely 
ontinuous with respe
t to the time t and
Eε(t) = Eε(0) +

∫ t

0

∫

Ωε

∂W (∇U ε(τ)) · ∇Ġε(τ) dx dτ.4.2.2 The res
aled 
on�gurationAs usual in dimension redu
tion, we perform a s
aling so as to study an equivalent problemstated on a 
ylinder of unit thi
kness Ω := ω × I, where I := (−1, 1). Let Ω′ := ω′ × I be theenlarged res
aled 
ylinder. 148



4.2. FORMULATION OF THE PROBLEMBoundary 
onditions (res
aled) : Let gε(t, xα, x3) = Gε(t, xα, εx3) be the res
aled boundarydeformation. Changing variables, (4.2.3) implies that
‖gε‖W 1,1([0,T ];Lp(Ω′;R3)) +

∥∥∥∥
(
∇αg

ε
∣∣∣
1

ε
∇3g

ε

)∥∥∥∥
W 1,1([0,T ];Lp(Ω′;R3×3))

≤ C. (4.2.4)In fa
t, we will further restri
t gε in (4.2.7) by requiring the strong 
onvergen
e of both gεand its s
aled gradient together with a uniform bound in L∞(Ω′ × [0, T ]; R3). In parti
ular,the limit g ∈ W 1,1([0, T ];W 1,p(Ω′; R3)) satis�es ∇3g = 0. In the sequel, we will identify thespa
e SBV p(ω; R3) (resp. W 1,p(ω; R3), Lp(ω; R3)) with those fun
tions v ∈ SBV p(Ω; R3) (resp.
W 1,p(Ω; R3), Lp(Ω; R3)) su
h that D3v = 0 in the sense of distributions. As a 
onsequen
e
g ∈W 1,1([0, T ];W 1,p(ω′; R3)).Initial 
onditions (res
aled) : Let uε

0(xα, x3) = U ε
0 (xα, εx3) the res
aled initial deformation,then uε

0 ∈ SBV p(Ω′; R3), uε
0 = gε(0) a.e. on [ω′ \ ω] × I and uε

0 minimizes
v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2,among {v ∈ SBV p(Ω′; R3) : v = gε(0) a.e. on [ω′ \ ω] × I}.Quasistati
 evolution (res
aled) : We set
uε(t, xα, x3) = U ε(t, xα, εx3) and Γε(t) =

{
x ∈ ω × I : (xα, εx3) ∈ Kε(t)

}
.Then, uε(t) ∈ SBV p(Ω′; R3) and Γε(t) ⊂ ω × I is in
reasing in time. Moreover,� uε(0) = uε

0, Γε(0) =̃ S(uε
0);� for all t ∈ (0, T ], S(uε(t)) ⊂̃ Γε(t) and uε(t) minimizes

v 7→
∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)\Γε(t)

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2, (4.2.5)among {v ∈ SBV p(Ω′; R3) : v = gε(t) a.e. on [ω′ \ ω] × I} ;� the total energy
Eε(t) :=

∫

Ω
W

(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)
dx+

∫

Γε(t)

∣∣∣∣
((
νΓε(t)

)
α

∣∣∣
1

ε

(
νΓε(t)

)
3

)∣∣∣∣ dH2is absolutely 
ontinuous in time and
Eε(t) = Eε(0) +

∫ t

0

∫

Ω
∂W

(
∇αu

ε(τ)
∣∣∣
1

ε
∇3u

ε(τ)

)
·
(
∇αġ

ε(τ)
∣∣∣
1

ε
∇3ġ

ε(τ)

)
dx dτ. (4.2.6)We would like to perform an asymptoti
 analysis of this quasistati
 evolution when the thi-
kness ε tends to zero. To this end, we start by stating a Γ-
onvergen
e result in order to guess149



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMhow the energy is behaving through the dimensional redu
tion. In fa
t, we will prove in Se
tion4.3 that the fun
tional
SBV p(Ω; R3) ∋ v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)

∣∣∣∣
(

(νv)α

∣∣∣
1

ε
(νv)3

)∣∣∣∣ dH2

Γ-
onverges for the strong L1(Ω; R3)-topology to
SBV p(ω; R3) ∋ v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v)),where W0 : R

3×2 → R is de�ned by W0(F ) := inf{W (F |z) : z ∈ R
3},

QW0(F ) := inf
ϕ∈W 1,∞

0 (Q′;R3)

∫

Q′

W0(F + ∇αϕ(xα)) dxαis the 2D-quasi
onvexi�
ation ofW0 and Q′ := (0, 1)2 is the unit square of R
2. A two-dimensionalquasistati
 evolution relative to the boundary data g(t) for the relaxed model is an appli
ation

[0, T ] ∋ t 7→ (u(t), γ(t)) su
h that u(t) ∈ SBV p(ω′; R3), u(t) = g(t) a.e. on ω′ \ ω, γ(t) ⊂ ω andthe three following properties hold :(i) Irreversibility : γ(t1) ⊂̃ γ(t2), for every 0 ≤ t1 ≤ t2 ≤ T ;(ii) Minimality : S(u(0)) =̃ γ(0), u(0) minimizes
v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v)),among {v ∈ SBV p(ω′; R3) : v = g(0) a.e. on ω′\ω} and, for every t ∈ (0, T ], S(u(t)) ⊂̃ γ(t)and u(t) minimizes

v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v) \ γ(t)),among {v ∈ SBV p(ω′; R3) : v = g(t) a.e. on ω′ \ ω} ;(iii) Nondissipativity : The total energy

E(t) := 2

∫

ω
QW0(∇αu(t)) dxα + 2H1(γ(t))is absolutely 
ontinuous in time and

E(t) = E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇ġ(τ) dxα dτ.Note that the previous equality makes sense be
ause we will prove in Proposition 4.4.7 that

QW0 is of 
lass C1 provided W is also of 
lass C1 (see also the Appendix for an alternative proof).The main result of this paper is that the three-dimensional quasistati
 evolution 
onverges, inthe sense detailed below, towards a two-dimensional quasistati
 evolution asso
iated with the
Γ-limit model. This is formally expressed as the following150



4.2. FORMULATION OF THE PROBLEMTheorem 4.2.1. For all ε > 0, let [0, T ] ∋ t 7→ (uε(t),Γε(t)) be a three-dimensional (res
aled)quasistati
 evolution relative to the boundary data gε(t). Assume that




sup
ε>0

‖gε‖L∞(Ω′×[0,T ];R3)) < +∞,

gε → g in W 1,1([0, T ];W 1,p(Ω′; R3)),
1

ε
∇3g

ε → H in W 1,1([0, T ];Lp(Ω′; R3))
(4.2.7)and that

sup
ε>0

‖uε(t)‖L∞(Ω′;R3) < +∞ (4.2.8)uniformly with respe
t to t ∈ [0, T ]. Then, there exists a two-dimensional quasistati
 evolution
[0, T ] ∋ t 7→ (u(t), γ(t)) relative to the boundary data g(t) for the relaxed model and a sequen
e
{εn} ց 0+ su
h that for every t ∈ [0, T ],� Γεn(t) 
onverges to γ(t) in the sense of De�nition 4.4.1, uεn(0) ⇀ u(0) in SBV p(Ω′; R3) ;� uεnt (t) ⇀ u(t) in SBV p(Ω′; R3), for some t-dependent subsequen
e {εnt} ⊂ {εn} ;� the total energy Eεn(t) 
onverges to E(t) and more pre
isely,





∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα,

∫

Γεn (t)

∣∣∣∣
((
νΓεn (t)

)
α

∣∣∣
1

εn

(
νΓεn (t)

)
3

)∣∣∣∣ dH2 → 2H1(γ(t)).As it has been dis
ussed in the introdu
tion, it seems that the right fun
tional setting for thiskind of problems is that of Generalized Spe
ial Fun
tions of Bounded Variation (see [46℄) addingappropriate 
onservative surfa
e and body for
es. Here, as in [47℄, we will only deal with Spe
ialFun
tions of Bounded Variation, imposing, without any justi�
ation, that the minimizing �eldsare bounded in L∞(Ω; R3), uniformly in time (see (4.2.8) and the proof of Lemma 4.5.1). Notethat this assumption is automati
ally satis�ed in the s
alar 
ase by a trun
ation argument, pro-vided that gε is also bounded in L∞(Ω′× [0, T ]; R). This will let us get a bound in BV (Ω; R3) forany sequen
e with bounded energy and thus apply Ambrosio's Compa
tness Theorem in SBV(Theorem 4.8 in [5℄). In a GSBV 
ontext, we 
ould state a result similar to that in [46℄ uponadding some appropriate 
onservative body and surfa
e loadings with the right order of magni-tude. Adequate 
oer
iveness assumptions would allow us to get rid of the empiri
al L∞-bound(4.2.8) be
ause we would have natural 
ompa
tness in a suitable subspa
e of GSBV (Ω; R3) andwe would then obtain a membrane limit model.Let us �rst state a 
ompa
tness result in SBV p(Ω; R3) whi
h ensures that any limit deforma-tion �eld does not depend on the x3 variable. 151



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMLemma 4.2.2. Let {εn} ց 0+ and {un} ⊂ SBV p(Ω; R3) su
h that
sup
n∈N

{
‖un‖L∞(Ω;R3) +

∫

Ω

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx

+

∫

S(un)

∣∣∣∣
(

(νun)α

∣∣∣
1

εn
(νun)3

)∣∣∣∣ dH2

}
< +∞. (4.2.9)Then, there exists a subsequen
e {εnk

} ⊂ {εn} and a fun
tion u ∈ SBV p(ω; R3) su
h that
unk

⇀ u in SBV p(Ω; R3).Proof. In view of (4.2.9), we have in parti
ular
sup
n∈N

{
‖un‖L∞(Ω;R3) + ‖∇un‖Lp(Ω;R3×3) + H2(S(un))

}
< +∞.Thus, a

ording to Ambrosio's Compa
tness Theorem (Theorem 4.8 in [5℄), we 
an �nd a subse-quen
e {εnk

} ⊂ {εn} and a fun
tion u ∈ SBV p(Ω; R3) su
h that unk
⇀ u in SBV p(Ω; R3). Letus show that u does not depend on x3. Indeed, (4.2.9) implies that

1

εnk

[∫

Ω
|∇3unk

|p dx+

∫

S(unk
)

∣∣∣
(
νunk

)

3

∣∣∣ dH2

]
≤ C.By lower semi
ontinuity of

v 7→
∫

Ω
|∇3v|p dx+

∫

S(v)
|(νv)3| dH2with respe
t to the SBV p(Ω; R3)-
onvergen
e (see [28, 34℄), we dedu
e that ∇3u = 0 L3-a.e. in

Ω and that (νu

)
3

= 0 H2-a.e. in S(u). Sin
e u ∈ SBV p(Ω; R3), it implies that D3u = 0 in thesense of Radon measures and thus u ∈ SBV p(ω; R3). �Note that the L∞-bound in (4.2.9) will follow from assumption (4.2.8), an assumption thatwe do not attempt to justify, while the two other bounds will appear naturally in the energyestimates.4.3 A Γ-
onvergen
e resultThis se
tion is devoted to the study of the stati
 problem. Let us de�ne Iε : BV (Ω; R3) → R by
Iε(u) :=





∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx+

∫

S(u)

∣∣∣∣
(

(νu)α

∣∣∣
1

ε
(νu)3

)∣∣∣∣ dH2 if u ∈ SBV p(Ω; R3),

+∞ otherwiseThen, the following Γ-
onvergen
e result holds :152



4.3. A Γ-CONVERGENCE RESULTTheorem 4.3.1. Let ω be a bounded open subset of R
2 and W : R

3×3 → R be a 
ontinuousfun
tion satisfying (4.2.1). Then the fun
tional Iε Γ-
onverges for the strong L1(Ω; R3)-topologytowards J : BV (Ω; R3) → R de�ned by
J (u) :=





2

∫

ω
QW0(∇αu) dxα + 2H1(S(u)) if u ∈ SBV p(ω; R3),

+∞ otherwise.Remark 4.3.2. It has been noted in [74℄ p. 556 (see also [34℄ p. 306) that the fun
tion R
3×3 ∋

(F |F3) 7→ QW0(F ) is quasi
onvex : for any ϕ ∈W 1,∞
0 (Q; R3),

QW0(F ) ≤
∫

Q
QW0(F + ∇αϕ(y)) dy,where Q := (0, 1)3 is the unit square of R

3.We �rst lo
alize our fun
tionals on A(ω), the family of open subsets of ω. De�ne Iε and
J : BV (Ω; R3) ×A(ω) → R by
Iε(u;A) :=





∫

A×I
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx

+

∫

S(u)∩[A×I]

∣∣∣∣
(

(νu)α

∣∣∣
1

ε
(νu)3

)∣∣∣∣ dH2
if u ∈ SBV p(A× I; R3),

+∞ otherwise (4.3.1)and
J (u;A) :=





2

∫

A
QW0(∇αu) dxα + 2H1(S(u) ∩A) if u ∈ SBV p(A; R3),

+∞ otherwise. (4.3.2)For every sequen
e {εj} ց 0+ and all (u;A) ∈ BV (Ω; R3) × A(ω), we de�ne the Γ-lower limitby
I(u;A) := inf

{uj}

{
lim inf
j→+∞

Iεj(uj ;A) : uj → u in L1(A× I; R3)

}
. (4.3.3)Let R(ω) be the 
ountable subfamily of A(ω) obtained by taking every �nite union of open 
ubesof ω, 
entered at rational points and with rational edge length. Theorem 8.5 in [45℄ together witha diagonalization argument imply the existen
e of a subsequen
e {εn} ≡ {εjn} su
h that, for any

C ∈ R(ω) (or C = ω), I(·;C) is the Γ-limit of Iεn(·;C) for the strong L1(C × I; R3)-topology.To prove Theorem 4.3.1, it is enough to show that I(u;ω) = J (u;ω).153



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM4.3.1 A trun
ation argumentThe main problem with de�nition (4.3.3) of I is that any minimizing sequen
e is not ne
essarilybounded in BV (Ω; R3) and thus, not ne
essarily weakly 
onvergent in this spa
e. What is missingis either a bound on the jump part of the derivative (this bound was appearing naturally in [34, 28℄be
ause the authors were 
onsidering a surfa
e energy density with linear growth with respe
tto the jump of the deformation), or an L∞-bound on the minimizing sequen
es. In the spirit of[56℄, we de�ne for all (u;A) ∈ BV (Ω; R3) ×A(ω)

I∞(u;A) := inf
{un}

{
lim inf
n→+∞

Iεn(un;A) : un → u in L1(A× I; R3), sup
n∈N

‖un‖L∞(A×I;R3) < +∞
}
.Obviously, we have that I(u;A) ≤ I∞(u;A). In fa
t, we will prove that both fun
tionals 
oin-
ide if the deformation belongs to BV (Ω; R3) ∩ L∞(Ω; R3) in Lemma 4.3.3 below. Thus for adeformation u ∈ BV (Ω; R3) ∩ L∞(Ω; R3), strong L1(Ω; R3)-
onvergen
e and weak BV (Ω; R3)-
onvergen
e are, in a sense, equivalent for the 
omputation of the Γ-limit. This will permit us toprove in Lemma 4.3.6 that for su
h deformations I∞(u; ·) is a Radon measure on ω, absolutely
ontinuous with respe
t to sum of the Lebesgue measure and of the restri
tion of the Haus-dor� measure to S(u). By Lebesgue's De
omposition Theorem, it will be enough to identify theRadon-Nikodym derivatives of I∞(u; ·) with respe
t to L2 and H1

⌊S(u). This will be done for theproof of the upper bound in Lemma 4.3.7 by a blow up argument. The general 
ase will be trea-ted in Lemma 4.3.8 thanks to a trun
ation argument. The lower bound will be proved in Lemma4.3.9 using the quasi
onvexity properties of QW0 (see Remark 4.3.2) and a lower semi
ontinuityresult in SBV p(Ω; R3).Lemma 4.3.3. For any C ∈ R(ω) (or C = ω) and all u ∈ BV (Ω; R3) ∩ L∞(Ω; R3), I(u;C) =

I∞(u;C).Proof. It is enough to show that I(u;C) ≥ I∞(u;C) for all u ∈ BV (Ω; R3) ∩ L∞(Ω; R3). If
I(u;C) = +∞, the result is obvious, thus there is no loss of generality in assuming that I(u;C) <

+∞. By the very de�nition of the Γ-limit, there exists a sequen
e un → u in L1(C × I; R3) su
hthat
I(u;C) = lim

n→+∞
Iεn(un;C). (4.3.4)Sin
e I(u;C) < +∞, in view of (4.3.1), we dedu
e that, for n large enough, un ∈ SBV p(C ×

I; R3). We 
onsider only those n's.Let us de�ne a smooth trun
ation fun
tion ϕi ∈ C1
c (R3; R3) satisfying

ϕi(z) =

{
z if |z| < ei,

0 if |z| ≥ ei+1 and |∇ϕi(z)| ≤ 1. (4.3.5)Let wi
n := ϕi(un), thanks to the Chain Rule formula, Theorem 3.96 in [5℄, wi

n ∈ SBV p(C×I; R3)154



4.3. A Γ-CONVERGENCE RESULTand 



‖wi
n‖L∞(C×I;R3) ≤ ei,

S(wi
n) ⊂ S(un),

∇wi
n(x) = ∇ϕi(un(x)) ◦ ∇un(x) L3-a.e. on C × I.

(4.3.6)Sin
e u ∈ L∞(Ω; R3), we 
an 
hoose i ≥ M0 large enough so that u = ϕi(u), thus a

ording to(4.3.5)
‖wi

n − u‖L1(C×I;R3) = ‖ϕi(un) − ϕi(u)‖L1(C×I;R3) ≤ ‖un − u‖L1(C×I;R3). (4.3.7)The growth 
ondition (4.2.1), (4.3.5) and (4.3.6) imply that
∫

C×I
W

(
∇αw

i
n

∣∣∣
1

εn
∇3w

i
n

)
dx

=

∫

{un<ei}
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx

+

∫

{ei≤un<ei+1}
W

(
∇ϕi(un) ◦ ∇αun

∣∣∣
1

εn
∇ϕi(un) ◦ ∇3un

)
dx

+W (0)L3({un ≥ ei+1})

≤
∫

C×I
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+ βL3({un ≥ ei})

+β

∫

{ei≤un<ei+1}

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx

≤
∫

C×I
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+

β

ei
‖un‖L1(C×I;R3)

+β

∫

{ei≤un<ei+1}

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx,where we have used Chebyshev's inequality. Let M ∈ N, a summation for i = M0 + 1 to Mimplies using (4.3.6) and the fa
t that νwi
n
(x) = ±νun(x) for H2-a.e. x ∈ S(wi

n),
1

M

M∑

i=M0+1

[∫

C×I
W

(
∇αw

i
n

∣∣∣
1

εn
∇3w

i
n

)
dx+

∫

S(wi
n)∩[C×I]

∣∣∣∣
((
νwi

n

)
α

∣∣∣
1

εn

(
νwi

n

)
3

)∣∣∣∣ dH2

]

≤
∫

C×I
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+

∫

S(un)∩[C×I]

∣∣∣∣
(

(νun)α

∣∣∣
1

εn
(νun)3

)∣∣∣∣ dH2 +
c

M
,where

c = β sup
n∈N

‖un‖L1(C×I;R3)

∑

i≥1

1

ei
+ β sup

n∈N

∥∥∥∥
(
∇αun

∣∣∣
1

εn
∇3un

)∥∥∥∥
p

Lp(C×I;R3×3)

< +∞.155



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMWe may �nd some in ∈ {M0 + 1, . . . ,M} su
h that
∫

C×I
W

(
∇αw

in
n

∣∣∣
1

εn
∇3w

in
n

)
dx+

∫

S(win
n )∩[C×I]

∣∣∣∣
((

νwin
n

)
α

∣∣∣
1

εn

(
νwin

n

)
3

)∣∣∣∣ dH2

≤
∫

C×I
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+

∫

S(un)∩[C×I]

∣∣∣∣
(

(νun)α

∣∣∣
1

εn
(νun)3

)∣∣∣∣ dH2 +
c

M
. (4.3.8)Set vn := win

n , thus in view of (4.3.7), vn → u in L1(C × I; R3). Moreover, (4.3.6) implies that
‖vn‖L∞(C×I;R3) ≤ ein ≤ eM .Finally, by virtue of (4.3.4) and (4.3.8),

I(u;C) +
c

M
≥ lim inf

n→+∞
Iεn(vn;C) ≥ I∞(u;C).The proof is a
hieved upon letting M tend to +∞ �To prove the upper bound in Lemma 4.3.7 below, we need a little bit more than the only
ontinuity 
ondition imposed on W , namely a p-Lips
hitz 
ondition. If W was quasi
onvex, thisproperty would be immediate. Sin
e we do not want to restri
t too mu
h the stored energydensity, we will show that there is no loss of generality in assuming W to be quasi
onvex. Let

QW be the 3D-quasi
onvexi�
ation of W de�ned by
QW (F ) := inf

ϕ∈W 1,∞
0 (Q;R3)

∫

Q
W (F + ∇ϕ(x)) dx for all F ∈ R

3×3.Lemma 4.3.4. For all u ∈ SBV p(ω; R3) ∩ L∞(ω; R3), the value of I∞(u;ω) does not 
hange ifwe repla
e W by QW in (4.3.1).Proof. We denote IQ
ε (resp. IQ, IQ

∞), the value of Iε (resp. I, I∞) with QW instead of W in(4.3.1). By the same arguments as above, we may assume that {εn} is a subsequen
e of {εj}su
h that IQ(u;ω) = IQ
∞(u;ω) is the Γ-limit of IQ

εn
(u;ω), for every u ∈ BV (Ω; R3)∩L∞(Ω; R3).Let u ∈ SBV p(ω; R3) ∩L∞(ω; R3), sin
e W ≥ QW , we obviously have I∞(u;ω) ≥ IQ

∞(u;ω).Let us prove the 
onverse inequality. By the de�nition of the Γ-limit, we may �nd a sequen
e
{un} ⊂ SBV p(Ω; R3) su
h that un → u in L1(Ω; R3), supn∈N ‖un‖L∞(Ω;R3) < +∞ and

IQ
∞(u;ω) = lim

n→+∞

{∫

Ω
QW

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+

∫

S(un)

∣∣∣∣
((
νun

)
α

∣∣∣
1

εn

(
νun

)
3

)∣∣∣∣ dH2

}
.We undo the s
aling by letting vn(xα, x3) := un(xα, x3/εn). Then vn ∈ SBV p(Ωεn ; R3),

1

εn

∫

Ωεn

|vn − u| dx→ 0, sup
n∈N

‖vn‖L∞(Ωεn ;R3) < +∞156



4.3. A Γ-CONVERGENCE RESULTand
IQ
∞(u;ω) = lim

n→+∞

1

εn

{∫

Ωεn

QW (∇vn) dx+ H2(S(vn))

}
. (4.3.9)For all n ∈ N, Theorem 8.1 in [31℄ and Proposition 2.8 in [56℄ yield the existen
e of a sequen
e

{vn,k}k∈N ⊂ SBV p(Ωεn ; R3) satisfying vn,k → vn in L1(Ωεn ; R3) as k → +∞,
∫

Ωεn

QW (∇vn) dx+ H2(S(vn)) = lim
k→+∞

{∫

Ωεn

W (∇vn,k) dx+ H2(S(vn,k))

} (4.3.10)and supk∈N ‖vn,k‖L∞(Ωεn ;R3) < +∞. Sin
e the previous bound is of the form eM (see [56℄ p. 417),for some 
onstant M > 0 independent of n, this last relation holds uniformly with respe
t to
n ∈ N. Gathering (4.3.9) and (4.3.10), we get

IQ
∞(u;ω) = lim

n→+∞
lim

k→+∞

1

εn

{∫

Ωεn

W (∇vn,k) dx+ H2(S(vn,k))

}
.Let un,k(xα, x3) := vn,k(xα, εnx3), then {un,k} ⊂ SBV p(Ω; R3),

lim
n→+∞

lim
k→+∞

∫

Ω
|un,k − u| dx = 0, sup

n,k∈N

‖un,k‖L∞(Ω;R3) < +∞and
IQ
∞(u;ω) = lim

n→+∞
lim

k→+∞

{∫

Ω
W

(
∇αun,k

∣∣∣
1

εn
∇3un,k

)
dx

+

∫

S(un,k)

∣∣∣∣
((
νun,k

)
α

∣∣∣
1

εn

(
νun,k

)
3

)∣∣∣∣ dH2

}
.By a diagonalization argument, we 
an �nd a sequen
e kn ր +∞ su
h that upon denoting

wn := un,kn, then wn ∈ SBV p(Ω; R3), wn → u in L1(Ω; R3), supn∈N ‖wn‖L∞(Ω;R3) < +∞ and
IQ
∞(u;ω) = lim

n→+∞

{∫

Ω
W

(
∇αwn

∣∣∣
1

εn
∇3wn

)
dx+

∫

S(wn)

∣∣∣∣
((
νwn

)
α

∣∣∣
1

εn

(
νwn

)
3

)∣∣∣∣ dH2

}

≥ I∞(u;ω).

�Remark 4.3.5. From Comments on Theorem 8. (iii) p. 560 in [74℄, we always have QW0 =

Q((QW )0). As a 
onsequen
e, by Lemma 4.3.4, we may assume without loss of generality, uponrepla
ing W by QW , that W is quasi
onvex. In parti
ular (see [44℄), the following p-Lips
hitz
ondition holds,
|W (F1) −W (F2)| ≤ β(1 + |F1|p−1 + |F2|p−1)|F1 − F2|, for all F1, F2 ∈ R

3×3. (4.3.11)157



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM4.3.2 Integral Representation of the Γ-limitLemma 4.3.3 is essential for the proof of the following result be
ause it allows us to repla
e strong
L1(Ω; R3)-
onvergen
e of any minimizing sequen
e by strong Lp(Ω; R3)-
onvergen
e, where 1 <

p <∞ is the same exponent as in (4.2.1).Lemma 4.3.6. For all u ∈ SBV p(ω; R3) ∩ L∞(ω; R3), I∞(u; ·) is the restri
tion to A(ω) of aRadon measure absolutely 
ontinuous with respe
t to L2 + H1
⌊S(u).Proof. Let u ∈ SBV p(ω; R3) ∩ L∞(ω; R3). The p-growth 
ondition (4.2.1) implies that

I∞(u;A) ≤ 2β

∫

A
(1 + |∇αu|p) dxα + 2H1(S(u) ∩A). (4.3.12)Thus, thanks to e.g. Lemma 7.3 in [35℄, it is enough to show the existen
e of a Radon measure

µ̂ on R
2 su
h that for every A, B and C ∈ A(ω),(i) I∞(u;A) ≤ I∞(u;A \ C) + I∞(u;B) if C ⊂ B ⊂ A ;(ii) for any δ > 0, there exists Cδ ∈ A(ω) su
h that Cδ ⊂ A and I∞(u;A \ Cδ) ≤ δ ;(iii) I∞(u;ω) ≥ µ̂(R2) ;(iv) I∞(u;A) ≤ µ̂(A).Sin
e u ∈ SBV p(ω; R3), H1(S(u)) < +∞, thus H1

⌊S(u) is a Radon measure. Then, for any
δ > 0, there exists Cδ ∈ A(ω) su
h that Cδ ⊂ A and

2β

∫

A\Cδ

(1 + |∇αu|p) dxα + 2H1(S(u) ∩ [A \ Cδ]) ≤ δ.Thus, thanks to the growth 
ondition (4.2.1), we have I∞(u;A \ Cδ) ≤ δ and item (ii) holdstrue. Furthermore, by Lemma 4.3.3 and the de�nition of the Γ-limit, there exists a sequen
e
{un} ⊂ SBV p(Ω; R3) su
h that un → u in L1(Ω; R3) and Iεn(un;ω) → I∞(u;ω). Denoting by

µn := W

(
∇αun

∣∣∣
1

εn
∇3un

)
L3
⌊Ω +

∣∣∣∣
((
νun

)
α

∣∣∣
1

εn

(
νun

)
3

)∣∣∣∣H2
⌊S(un)∩Ω,for a subsequen
e of {εn} (not relabeled), there exists a Radon measure µ su
h that µn

∗−⇀ µ in
Mb(R

3). Let µ̂(B) := µ(B × [−1, 1]), for every Borel set B ⊂ R
2. Thus, µ̂(R2) ≤ I∞(u;ω) anditem (iii) follows. Moreover, for every A ∈ A(ω),

I∞(u;A) ≤ lim inf
n→+∞

Iεn(un;A) ≤ lim sup
n→+∞

µn(A× [−1, 1]) ≤ µ(A× [−1, 1]) = µ̂(A)whi
h establishes item (iv). We now show the subadditivity 
ondition expressed in item (i).For any η > 0, we 
an �nd a sequen
e {vn} ⊂ SBV p([A \ C] × I; R3) su
h that vn → u in
L1([A \ C] × I; R3),

sup
n∈N

‖vn‖L∞([A\C]×I;R3) < +∞ (4.3.13)158



4.3. A Γ-CONVERGENCE RESULTand
lim inf
n→+∞

Iεn(vn;A \ C) ≤ I∞(u;A \ C) + η.In parti
ular, vn → u in Lp([A \C]× I; R3) and we may extra
t a subsequen
e {εnk
} ⊂ {εn} forwhi
h

lim
k→+∞

Iεnk
(vnk

;A \ C) ≤ I∞(u;A \ C) + η. (4.3.14)Let R0 ∈ R(ω) satisfy C ⊂⊂ R0 ⊂⊂ B, thus, sin
e I(u;R0) is the Γ-limit of Iεnk
(u;R0),thanks to Lemma 4.3.3, there exists a sequen
e {uk} ⊂ SBV p(R0 × I; R3) su
h that uk → u in

L1(R0 × I; R3),
sup
k∈N

‖uk‖L∞(R0×I;R3) < +∞ (4.3.15)and
Iεnk

(uk;R0) → I∞(u;R0). (4.3.16)In parti
ular, we have uk → u in Lp(R0 × I; R3). A

ording to the p-
oer
ivity 
ondition (4.2.1)the following sequen
e of Radon measures
λk :=

(
1 +

∣∣∣∣
(
∇αvnk

∣∣∣
1

εnk

∇3vnk

)∣∣∣∣
p)

L3
⌊(R0\C)×I

+

∣∣∣∣
((
νvnk

)
α

∣∣∣
1

εnk

(
νvnk

)
3

)∣∣∣∣H2
⌊S(vnk

)∩[(R0\C)×I]

+

(
1 +

∣∣∣∣
(
∇αuk

∣∣∣
1

εnk

∇3uk

)∣∣∣∣
p)

L3
⌊(R0\C)×I

+

∣∣∣∣
((
νuk

)
α

∣∣∣
1

εnk

(
νuk

)
3

)∣∣∣∣H2
⌊S(uk)∩[(R0\C)×I]is uniformly bounded, and thus, for a subsequen
e that will not be relabeled, there exists a po-sitive Radon measure λ su
h that λk

∗−⇀ λ in Mb(R0 \ C).Let t > 0, de�ne Rt := {xα ∈ R0 : dist(xα, ∂R0) > t} and for any 0 < δ < η, Lδ :=

Rη−δ \ Rη+δ . Sin
e we are lo
alizing in R
2, we 
onsider a 
ut-o� fun
tion ϕδ ∈ C∞

c (Rη−δ ; [0, 1])depending only on xα and satisfying ϕδ = 1 on Rη and ‖ϕδ‖L∞(Rη−δ) ≤ C/δ. De�ne
wk(x) := uk(x)ϕδ(xα) + vnk

(x)(1 − ϕδ(xα)).Then, wk ∈ SBV p(A× I; R3), wk → u in Lp(A× I; R3) and in view of (4.3.13) and (4.3.15)
sup
k∈N

‖wk‖L∞(A×I;R3) ≤ sup
k∈N

‖uk‖L∞(R0×I;R3) + sup
k∈N

‖vnk
‖L∞([A\C]×I;R3) < +∞.159



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMFrom (4.3.3), (4.3.14) and (4.3.16), we dedu
e that
I∞(u;A) ≤ lim inf

k→+∞
Iεnk

(wk;A)

≤ lim inf
k→+∞

{
Iεnk

(uk;Rη+δ) + Iεnk
(vnk

;A \Rη−δ)

+Cλk(Lδ) +
C

δp

∫

Lδ×I
|uk − vnk

|p dx.
}

≤ I∞(u;R0) + I∞(u;A \ C) + η + Cλ(Lδ)

≤ I∞(u;B) + I∞(u;A \ C) + η + Cλ(Lδ),where we have used the fa
t that I∞(u; ·) is an in
reasing set fun
tion. Note that the previous
omputation would not hold if we had 
onsidered I instead of I∞ be
ause the minimizingsequen
es would only 
onverge in L1. Letting δ tend to zero, we obtain,
I∞(u;A) ≤ I∞(u;B) + I∞(u;A \ C) + η + Cλ(∂Rη).Now 
hoose a sequen
e ηh → 0 su
h that λ(∂Rηh

) = 0. Letting hր +∞ yields
I∞(u;A) ≤ I∞(u;B) + I∞(u;A \ C)whi
h 
ompletes the proof of item (i). Thus, a

ording to (4.3.12) and Lemma 7.3 in [35℄, I∞(u; ·)is the restri
tion to A(ω) of the Radon measure µ̂ whi
h is absolutely 
ontinuous with respe
tto L2 + H1

⌊S(u). �As a 
onsequen
e of Lemma 4.3.6 and Lebesgue's De
omposition Theorem, there exists a
L2-measurable fun
tion h and a H1

⌊S(u)-measurable fun
tion g su
h that for every A ∈ A(ω),
I∞(u;A) =

∫

A
hdL2 +

∫

A∩S(u)
g dH1. (4.3.17)We denote by Q′

ρ(x0) the open 
ube of R
2 
entered at x0 ∈ ω and of side length ρ > 0, where ρis small enough so that Q′

ρ(x0) ∈ A(ω). Sin
e the measures L2 and H1
⌊S(u) are mutually singular,

h is the Radon-Nikodym derivative of I∞(u; ·) with respe
t to L2,
h(x0) = lim

ρ→0

I∞(u;Q′
ρ(x0))

ρ2
, for L2-a.e. x0 ∈ ωand g is the Radon-Nikodym derivative of I∞(u; ·) with respe
t to H1

⌊S(u),
g(x0) = lim

ρ→0

I∞(u;Q′
ρ(x0))

H1(S(u) ∩Q′
ρ(x0))

, for H1-a.e. x0 ∈ S(u).Now we would like to identify both densities g and h. Note that we 
annot use 
lassi
alIntegral Representation Theorems in SBV (see e.g. Theorem 2.4 in [31℄ or Theorem 1 in [28℄)be
ause the term of surfa
e energy does not grow linearly in the deformation jump.160



4.3. A Γ-CONVERGENCE RESULT4.3.3 Chara
terization of the Γ-limitThe upper boundWe will pro
eed in two steps to prove the upper bound. Firstly, we will show that the inequalityholds for deformations belonging to L∞(Ω; R3) (see Lemma 4.3.7 below). Indeed, for those, wewill use the integral representation proved above. In fa
t, we will show, with the help of a blowup argument, that the inequality holds separately for the surfa
e and the bulk terms. Then, wewill prove the inequality in its full generality in Lemma 4.3.8, using a trun
ation argument as inthe proof of Lemma 4.3.3.Lemma 4.3.7. For all u ∈ BV (Ω; R3) ∩ L∞(Ω; R3), I∞(u;ω) ≤ J (u;ω).Proof. It is enough to 
onsider the 
ase where J (u;ω) < +∞ and thus u ∈ SBV p(ω; R3).Let u ∈ L∞(ω; R3) ∩ SBV p(ω; R3), a

ording to (4.3.17) and (4.3.2), we must show that
h(x0) ≤ 2QW0(∇αu(x0)) for L2-a.e. x0 ∈ ω and g(x0) ≤ 2 for H1-a.e. x0 ∈ S(u).Let us �rst treat the surfa
e term. We have for H1-a.e. x0 ∈ S(u),

g(x0) = lim
ρ→0

I∞(u;Q′
ρ(x0))

H1(S(u) ∩Q′
ρ(x0))

≤ lim sup
ρ→0

1

H1(S(u) ∩Q′
ρ(x0))

[
2

∫

Q′
ρ(x0)

W (∇αu|0)dxα + 2H1(S(u) ∩Q′
ρ(x0))

]

= lim sup
ρ→0

µ(Q′
ρ(x0))

H1(S(u) ∩Q′
ρ(x0))

+ 2,where we set µ := 2W (∇αu|0)L2. But sin
e µ and H1
⌊S(u) are mutually singular, we have for

H1-a.e. x0 ∈ S(u)

lim
ρ→0

µ(Q′
ρ(x0))

H1(S(u) ∩Q′
ρ(x0))

= 0.This shows that g(x0) ≤ 2 for H1-a.e. x0 ∈ S(u).Con
erning the bulk term, 
hoose x0 ∈ ω su
h that
lim
ρ→0

−
∫

Q′
ρ(x0)

|∇αu(xα) −∇αu(x0)|p dxα = 0. (4.3.18)and
lim
ρ→0

H1(S(u) ∩Q′
ρ(x0))

ρ2
= 0. (4.3.19)Sin
e ∇αu ∈ Lp(ω; R3×2) and the measures L2 and H1
⌊S(u) are mutually singular, it followsthat L2-a.e. x0 ∈ ω satis�es (4.3.18) and (4.3.19). For every ρ > 0, Theorem 2 in [74℄ implies161



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMthe existen
e of a sequen
e {vρ
n} ⊂ W 1,p(Q′

ρ(x0) × I; R3) su
h that vρ
n → ∇αu(x0) · xα in

Lp(Q′
ρ(x0) × I; R3) (thus a fortiori in L1(Q′

ρ(x0) × I; R3)) and
∫

Q′
ρ(x0)×I

W

(
∇αv

ρ
n

∣∣∣
1

εn
∇3v

ρ
n

)
dx→ 2ρ2QW0(∇αu(x0)). (4.3.20)Moreover, by the 
onstru
tion of this re
overy sequen
e (see [74℄), there is no loss of generalityin assuming that {vρ

n} further satis�es
sup

ρ>0, n∈N

‖vρ
n‖L∞(Q′

ρ(x0)×I;R3) < +∞.From the 
oer
ivity 
ondition (4.2.1), we get
M := sup

ρ>0, n∈N

−
∫

Q′
ρ(x0)×I

∣∣∣∣
(
∇αv

ρ
n

∣∣∣
1

εn
∇3v

ρ
n

)∣∣∣∣
p

dx < +∞. (4.3.21)De�ne uρ
n(x) := u(xα) + vρ

n(xα, x3) −∇αu(x0) · xα. Then,
uρ

n → u in L1(Q′
ρ(x0) × I; R3) as n→ +∞, sup

ρ>0, n∈N

‖uρ
n‖L∞(Q′

ρ(x0)×I;R3) < +∞and S(uρ
n) ∩ [Q′

ρ(x0) × I] = [S(u) ∩Q′
ρ(x0)] × I. Thus,

I∞(u;Q′
ρ(x0))

ρ2

≤ lim inf
n→+∞

1

ρ2

{∫

Q′
ρ(x0)×I

W

(
∇αu

ρ
n

∣∣∣
1

εn
∇3u

ρ
n

)
dx

+

∫

S(uρ
n)∩[Q′

ρ(x0)×I]

∣∣∣∣
((
νuρ

n

)
α

∣∣∣
1

εn

(
νuρ

n

)
3

)∣∣∣∣ dH2

}

≤ lim inf
n→+∞

1

ρ2

∫

Q′
ρ(x0)×I

W

(
∇αu(xα) −∇αu(x0) + ∇αv

ρ
n(x)

∣∣∣
1

εn
∇3v

ρ
n(x)

)
dx

+2
H1(S(u) ∩Q′

ρ(x0))

ρ2
.Thus from (4.3.19), we obtain

h(x0) ≤ lim inf
ρ→0

lim inf
n→+∞

1

ρ2

∫

Q′
ρ(x0)×I

W

(
∇αu(xα) −∇αu(x0) + ∇αv

ρ
n(x)

∣∣∣
1

εn
∇3v

ρ
n(x)

)
dx.162



4.3. A Γ-CONVERGENCE RESULTRelations (4.3.11), (4.3.20), (4.3.21) and Hölder's inequality yield
h(x0) ≤ lim inf

ρ→0
lim inf
n→+∞

1

ρ2

{∫

Q′
ρ(x0)×I

W

(
∇αv

ρ
n

∣∣∣
1

εn
∇3v

ρ
n

)
dx

+C

∫

Q′
ρ(x0)×I

(
1 + |∇αu(xα) −∇αu(x0)|p−1

+
∣∣∣
(
∇αv

ρ
n(x)

∣∣∣
1

εn
∇3v

ρ
n(x)

)∣∣∣
p−1
)
|∇αu(xα) −∇αu(x0)| dx

}

≤ 2QW0(∇αu(x0)) + C lim sup
ρ→0

(
−
∫

Q′
ρ(x0)

|∇αu(xα) −∇αu(x0)|p dxα

)

+C
(
1 +M (p−1)/p

)
lim sup

ρ→0

(
−
∫

Q′
ρ(x0)

|∇αu(xα) −∇αu(x0)|p dxα

)1/p

.Thanks to (4.3.18), we 
on
lude that h(x0) ≤ 2QW0(∇αu(x0)) for L2-a.e. x0 ∈ ω. �Let us now turn ba
k to the general 
ase.Lemma 4.3.8. For all u ∈ BV (Ω; R3), I(u;ω) ≤ J (u;ω).Proof. As in the proof of Lemma 4.3.7, we 
an assume without loss of generality that J (u;ω) <

+∞ and thus that u ∈ SBV p(ω; R3). In parti
ular, it implies that I(u;ω) < +∞. Let ϕi ∈
C1

c (R3; R3) be the trun
ation fun
tion introdu
ed in Lemma 4.3.3 and de�ned by (4.3.5). TheChain Rule formula, Theorem 3.96 in [5℄, implies that ϕi(u) ∈ SBV p(ω; R3) ∩ L∞(ω; R3) and




‖ϕi(u)‖L∞(ω;R3) ≤ ei,

S(ϕi(u)) ⊂ S(u),

∇α

(
ϕi(u(xα))

)
= ∇ϕi(u(xα)) ◦ ∇αu(xα) L2-a.e. in ω (4.3.22)and ϕi(u) → u in L1(ω; R3) as i→ +∞. Sin
e ϕi(u) ∈ L∞(ω; R3)∩SBV p(ω; R3), it follows fromLemmas 4.3.3 and 4.3.7 that

I(ϕi(u);ω) = I∞(ϕi(u);ω) ≤ J (ϕi(u);ω)and by lower semi
ontinuity of I(·;ω) with respe
t to the strong L1(ω; R3)-
onvergen
e, we have
I(u;ω) ≤ lim inf

i→+∞
I(ϕi(u);ω) ≤ lim sup

i→+∞
J (ϕi(u);ω). (4.3.23)But, in view of (4.3.22), H1(S(ϕi(u))) ≤ H1(S(u)) and, thanks to (4.3.5),

∫

ω
QW0(∇α(ϕi(u))) dxα ≤

∫

{|u|<ei}
QW0(∇αu) dxα + β

∫

{|u|≥ei}
(1 + |∇αu|p) dxα.163



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMThus,
lim sup
i→+∞

J (ϕi(u);ω)

≤ lim sup
i→+∞

{
2

∫

ω
QW0(∇αu) dxα + 2β

∫

{|u|≥ei}
(1 + |∇αu|p) dxα + 2H1(S(u))

}

≤ 2

∫

ω
QW0(∇αu) dxα + 2H1(S(u))

= J (u;ω), (4.3.24)where we have used the fa
t that, by Chebyshev's inequality, L2({|u| ≥ ei}) ≤ ‖u‖L1(ω;R3)/e
i → 0as i→ +∞. Gathering (4.3.23) and (4.3.24), we dedu
e that I(u;ω) ≤ J (u;ω) and this 
ompletesthe proof of the Lemma. �The lower boundLet us now prove the lower bound. The proof is essentially based on a lower semi
ontinuity resultin SBV p(Ω; R3). The main di�
ulty remains to show that any deformation u ∈ BV (Ω; R3)satisfying I(u;ω) < +∞ belongs in fa
t to SBV p(ω; R3).Lemma 4.3.9. For all u ∈ BV (Ω; R3), I(u;ω) ≥ J (u;ω).Proof. It is not restri
tive to assume that I(u;ω) < +∞. By Γ-
onvergen
e, there exists asequen
e {un} ⊂ SBV p(Ω; R3) su
h that un → u in L1(Ω; R3) and

lim
n→+∞

[∫

Ω
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx+

∫

S(un)

∣∣∣∣
((
νun

)
α

∣∣∣
1

εn

(
νun

)
3

)∣∣∣∣ dH2

]
= I(u;ω). (4.3.25)Let us show that u ∈ SBV (ω; R3). We will use the trun
ation fun
tion ϕi ∈ C1

c (R3; R3) de�nedin (4.3.5). The Chain Rule formula, Theorem 3.96 in [5℄, implies that ϕi(un) ∈ SBV p(Ω; R3) and




‖ϕi(un)‖L∞(Ω;R3) ≤ ei,

S(ϕi(un)) ⊂ S(un),

∇
(
ϕi(un)(x)

)
= ∇ϕi(un(x)) ◦ ∇un(x) L3-a.e. in Ω.As νun(x) = ±νϕi(un)(x) for H2-a.e. x ∈ S(ϕi(un)), we get

sup
n∈N

[∫

Ω

∣∣∣∣
(
∇α

(
ϕi(un)

)∣∣∣
1

εn
∇3

(
ϕi(un)

))∣∣∣∣
p

dx+

∫

S(ϕi(un))

∣∣∣∣
((
νϕi(un)

)
α

∣∣∣
1

εn

(
νϕi(un)

)
3

)∣∣∣∣ dH2

]

≤ sup
n∈N

[∫

Ω

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx+

∫

S(un)

∣∣∣∣
((
νun

)
α

∣∣∣
1

εn

(
νun

)
3

)∣∣∣∣ dH2

]
< +∞,164



4.3. A Γ-CONVERGENCE RESULTwhere we used (4.3.25) together with the 
oer
ivity 
ondition (4.2.1). Lemma 4.2.2 and a diago-nalization argument yield the existen
e of a subsequen
e (still denoted by {εn}), and a fun
tion
vi ∈ SBV p(ω; R3) su
h that ϕi(un) ⇀ vi in SBV p(Ω; R3) as n → +∞. But, sin
e un → u and
ϕi(un) → ϕi(u) in L1(Ω; R3) as n → +∞, we dedu
e that vi = ϕi(u) ∈ SBV p(ω; R3) for every
i ∈ N. By virtue of Theorem 3.96 in [5℄,

0 = Dcvi = ∇ϕi(ũ) ◦Dcu in ω \ S(u),where ũ denotes the approximate limit of u at xα ∈ ω \ S(u). De�ne Ei := {xα ∈ ω \ S(u) :

|ũ(xα)| < ei}, sin
e ũ is a Borel fun
tion and S(u) is a Borel set (see Proposition 3.64 (a) in [5℄),
Ei is a Borel set. Moreover, as {Ei} is an in
reasing sequen
e of sets whose union is ω \S(u), weget

|Dcu|(ω) = |Dcu|(ω \ S(u)) = lim
i→+∞

|Dcu|(Ei) = lim
i→+∞

|∇ϕi(ũ) ◦Dcu|(Ei)

= lim
i→+∞

|Dcvi|(Ei) = 0,where we have used the fa
t that ∇ϕi(ũ(xα)) = Id for all xα ∈ Ei. Thus u ∈ SBV (ω; R3) andby (4.3.25), Remark 4.3.2, Theorem 5.29 in [5℄ and Theorem 3.7 in [4℄
I(u;ω) ≥ lim inf

n→+∞

[∫

Ω
QW0(∇αun) dx+ H2(S(un))

]

≥ 2

∫

ω
QW0(∇αu) dxα + 2H1(S(u)).In parti
ular, the p-
oer
ivity of QW0 implies that u ∈ SBV p(ω; R3) and thus, a

ording to(4.3.2), that I(u;ω) ≥ J (u, ω). �Proof of Theorem 4.3.1. We have shown that for any sequen
e {εj} ց 0+, there exists a furthersubsequen
e {εjn} ≡ {εn} su
h that Iεn(·;ω) Γ-
onverges to I(·;ω) for the strong L1(Ω; R3)-topology. By virtue of Lemmas 4.3.8 and 4.3.9, we have I(·;ω) = J (·;ω). Sin
e the Γ-limit doesnot depend upon the extra
ted subsequen
e, we dedu
e, in the light of Proposition 8.3 in [45℄,that the whole sequen
e Iε(·;ω) Γ-
onverges to J (·;ω). �4.3.4 Boundary 
onditionsLet us now deal with boundary 
ondition 
onstraints that will be of use in Lemmas 4.5.2 and4.5.5 in order to prove the minimality property of the limit quasistati
 evolution. Indeed, it willallow to extend fun
tions on the enlarged 
ylinder Ω′ by the value of the boundary 
ondition. Thefollowing result, very 
lose in spirit to Lemma 2.6 in [35℄, relies on De Giorgi's sli
ing argumenttogether with the fa
t that we 
an 
onsider 
ut-o� fun
tions depending only on xα (see also theproof of Lemma 4.3.6). It is established that any re
overy sequen
e 
an be 
hosen so as to mat
hthe lateral boundary 
ondition of its target. 165



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMWe re
all that ω′ is a bounded open subset of R
2 
ontaining ω and that Ω′ = ω′ × I. In allthat follows, if v ∈ SBV p(Ω′; R3), we will denote by v− (resp. v+) the inner (resp. outer) tra
eof v on ∂ω × I.Lemma 4.3.10. For every u ∈ SBV p(ω; R3) ∩ L∞(ω; R3), there exists a sequen
e {ūε} ⊂

SBV p(Ω; R3) su
h that ūε → u in Lp(Ω; R3), ūε = u in a neighborhood of ∂ω × I and
J (u) = lim

ε→0

[∫

Ω
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx+

∫

S(ūε)

∣∣∣∣
((
νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

]
.Proof. A

ording to Theorem 4.3.1 and Lemma 4.3.3, there exists {uε} ⊂ SBV p(Ω; R3) strongly
onverging to u in L1(Ω; R3), satisfying supε>0 ‖uε‖L∞(Ω;R3) < +∞ and

J (u) = lim
ε→0

[∫

Ω
W

(
∇αuε

∣∣∣
1

ε
∇3uε

)
dx+

∫

S(uε)

∣∣∣∣
((
νuε

)
α

∣∣∣
1

ε

(
νuε

)
3

)∣∣∣∣ dH2

]
.In parti
ular, uε → u in Lp(Ω; R3) and from the p-
oer
ivity 
ondition (4.2.1), it follows that

C := sup
ε>0

[∫

Ω

(
1 +

∣∣∣∣
(
∇αuε

∣∣∣
1

ε
∇3uε

)∣∣∣∣
p)

dx+

∫

S(uε)

∣∣∣∣
((
νuε

)
α

∣∣∣
1

ε

(
νuε

)
3

)∣∣∣∣ dH2

]
< +∞. (4.3.26)Set

Kε :=

u
v 1

‖uε − u‖1/2
Lp(Ω;R3)

}
~ , Mε :=

r√
Kε

zand denote
ω(ε) :=

{
xα ∈ ω : dist(xα, ∂ω) <

Mε

Kε

} and ωε
i :=

{
xα ∈ ω : dist(xα, ∂ω) ∈

[
i

Kε
,
i+ 1

Kε

)}
,for all i ∈ {0, . . . ,Mε − 1}. From (4.3.26), we get the existen
e of a i(ε) ∈ {0, . . . ,Mε − 1} su
hthat

∫

ωε
i(ε)

×I

(
1 +

∣∣∣∣
(
∇αuε

∣∣∣
1

ε
∇3uε

)∣∣∣∣
p)

dx+

∫

S(uε)∩[ωε
i(ε)

×I]

∣∣∣∣
((
νuε

)
α

∣∣∣
1

ε

(
νuε

)
3

)∣∣∣∣ dH2 ≤ C

Mε
. (4.3.27)Let us now 
onsider a 
ut-o� fun
tion φε ∈ C∞

c (ω; [0, 1]) independent of x3 and satisfying
φε(xα) =





1 if dist(xα, ∂ω) >
i(ε) + 1

Kε
,

0 if dist(xα, ∂ω) ≤ i(ε)

Kε

and ‖∇αφε‖L∞(ω) ≤ 2Kε.166



4.3. A Γ-CONVERGENCE RESULTDe�ne ūε(x) := φε(xα)uε(x)+ (1−φε(xα))u(xα) ; then ūε ∈ SBV p(Ω; R3), ūε → u in Lp(Ω; R3),
ūε = u in a neighborhood of ∂ω × I and S(ūε) ⊂ S(uε) ∪

(
S(u) × I

). The p-growth 
ondition(4.2.1) implies that
J (u) ≥ lim sup

ε→0

[∫n
xα∈ω: dist(xα,∂ω)>

i(ε)+1
Kε

o
×I
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx

+

∫

S(ūε)∩
hn

xα∈ω: dist(xα,∂ω)>
i(ε)+1

Kε

o
×I
i ∣∣∣∣((νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

]

≥ lim sup
ε→0

[∫

Ω
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx+

∫

S(ūε)

∣∣∣∣
((
νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

−2β

∫

{xα∈ω: dist(xα,∂ω)≤ i(ε)
Kε

}
(1 + |∇αu|p) dxα

−2H1

(
S(u) ∩

{
xα ∈ ω : dist(xα, ∂ω) ≤ i(ε)

Kε

})

−c1Kp
ε

∫

ωε
i(ε)

×I
|uε − u|p dx− c2

∫

ωε
i(ε)

×I

(
1 + |∇αu|p +

∣∣∣∣
(
∇αuε

∣∣∣
1

ε
∇3uε

)∣∣∣∣
p)

dx

−c3
∫

S(uε)∩[ωε
i(ε)

×I]

∣∣∣∣
((
νuε

)
α

∣∣∣
1

ε

(
νuε

)
3

)∣∣∣∣ dH2 − c4H1
(
S(u) ∩ ωε

i(ε)

)
]

≥ lim sup
ε→0

[∫

Ω
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx+

∫

S(ūε)

∣∣∣∣
((
νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

−c
(∫

ω(ε)
(1 + |∇αu|p) dxα + H1(S(u) ∩ ω(ε)) + ‖uε − u‖p/2

Lp(Ω;R3)
+

1

Mε

)]
,where we have used (4.3.27) in the last inequality. Thus, sin
e Mε → +∞, Mε/Kε → 0 and

H1(S(u)) < +∞, we obtain from the previous relation and the Γ-lim inf inequality
J (u) = lim

ε→0

[∫

Ω
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx+

∫

S(ūε)

∣∣∣∣
((
νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

]
.

�Let us now state a Γ-
onvergen
e result involving the boundary 
onditions. Consider a se-quen
e of boundary 
onditions {gε} ⊂W 1,p(Ω′; R3), and let g ∈W 1,p(ω′; R3) and H ∈ Lp(Ω′; R3)be su
h that 



sup
ε>0

‖gε‖L∞(Ω′;R3) < +∞,

gε → g in W 1,p(Ω′; R3),
1

ε
∇3gε → H in Lp(Ω′; R3).

(4.3.28)Then, 167



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMCorollary 4.3.11. The fun
tional Igε
ε : BV (Ω′; R3) → R de�ned by

Igε
ε (u) :=





∫

Ω
W

(
∇αu

∣∣∣
1

ε
∇3u

)
dx

+

∫

S(u)

∣∣∣∣
(

(νu)α

∣∣∣
1

ε
(νu)3

)∣∣∣∣ dH2
if { u ∈ SBV p(Ω′; R3),

u = gε on [ω′ \ ω] × I,

+∞ otherwise
Γ-
onverges for the strong L1(Ω′; R3)-topology towards J g : BV (Ω′; R3) → R de�ned by

J g(u) :=





2

∫

ω
QW0(∇αu) dxα + 2H1(S(u)) if { u ∈ SBV p(ω′; R3),

u = g on ω′ \ ω,

+∞ otherwise.Remark 4.3.12. Note that in the statement of the previous Corollary, the bulk integrals are still
omputed over Ω (resp. ω) as in Theorem 4.3.1, however, sin
e the jump set of the deformations
an now rea
h the lateral boundary ∂ω × I, the surfa
e integrals are impli
itly 
omputed over
ω × I (resp. ω) or equivalently Ω′ (resp. ω′).Proof. Let us �rst prove the Γ- lim inf inequality. Consider a sequen
e {uε} ⊂ L1(Ω′; R3) strongly
onverging to u in L1(Ω′; R3). It is not restri
tive to assume that

lim inf
ε→0

Igε
ε (uε) < +∞.Then, for a (not relabeled) subsequen
e, uε ∈ SBV p(Ω′; R3), uε = gε on [ω′ \ω]× I and arguingas in the proof of Lemma 4.3.9, we get that u ∈ SBV p(ω′; R3). Consequently, sin
e u = g on

ω′ \ ω, we get from Theorem 4.3.1 and the de�nition of J g that
J g(u) ≤ lim inf

ε→0
Igε

ε (uε).Let u ∈ SBV p(ω′; R3) satisfying u = g on ω′ \ω. It remains to 
onstru
t a re
overy sequen
e.We �rst assume that u ∈ L∞(ω′; R3). Then, by virtue of Lemma 4.3.10, there exists a sequen
e
{ūε} ⊂ SBV p(Ω; R3) satisfying ūε → u in L1(Ω; R3), ūε = u in a neighborhood of ∂ω × I and

2

∫

ω
QW0(∇αu) dxα + 2H1(S(u) ∩ ω)

= lim
ε→0

[∫

Ω
W

(
∇αūε

∣∣∣
1

ε
∇3ūε

)
dx+

∫

S(ūε)∩Ω

∣∣∣∣
((
νūε

)
α

∣∣∣
1

ε

(
νūε

)
3

)∣∣∣∣ dH2

]
. (4.3.29)Sin
e g ∈W 1,p(ω′ \ ω; R3), by Corollary 3.89 in [5℄, the fun
tion

vε := ūεχΩ + gχ[ω′\ω]×I ∈ BV (Ω′; R3)168



4.3. A Γ-CONVERGENCE RESULTand, viewing Dūε (resp. Dg) as measures on all R
3 and 
on
entrated on Ω (resp. [ω′ \ ω] × I),we get as v−ε = ū−ε = u− and v+

ε = g+ on ∂ω × I

Dvε = Dūε + (g+ − ū−) ⊗ ν∂ω×I +Dg.In parti
ular, we observe that vε ∈ SBV p(Ω′; R3) and vε → u in L1(Ω′; R3) but we may have
reated some additional jump set on ∂ω × I. However, S(vε) ∩ [∂ω × I] =̃ [S(u) ∩ ∂ω] × I, andsin
e ν∂ω×I = νvε H2-a.e. in S(vε) ∩ [∂ω × I] and (ν∂ω×I

)
3

= 0,
∫

S(vε)∩[∂ω×I]

∣∣∣∣
((
νvε

)
α

∣∣∣
1

ε

(
νvε

)
3

)∣∣∣∣ dH2 = H2
(
S(vε) ∩ [∂ω × I]

)
= 2H1

(
S(u) ∩ ∂ω

)
.Repla
ing in (4.3.29), it yields

J g(u) = 2

∫

ω
QW0(∇αu) dxα + 2H1(S(u))

= lim
ε→0

[∫

Ω
W

(
∇αvε

∣∣∣
1

ε
∇3vε

)
dx+

∫

S(vε)

∣∣∣∣
((
νvε

)
α

∣∣∣
1

ε

(
νvε

)
3

)∣∣∣∣ dH2

]
. (4.3.30)A
tually, vε = g on [ω′ \ ω] × I so that we need to modify vε in order it to have the value gεinstead of g on the enlarged part of the domain. Let Hj ∈ C∞

c (Ω; R3) be a sequen
e strongly
onverging to H in Lp(Ω; R3) and extended by the value zero on [ω′ \ω]×I, and set bj(xα, x3) :=∫ x3

−1 Hj(xα, s) ds. We now de�ne
uj

ε(x) := vε(x) − g(xα) + gε(x) − εbj(x).It follows that uj
ε ∈ SBV p(Ω′; R3), uj

ε → u in L1(Ω′; R3) as ε → 0, uj
ε = gε on [ω′ \ ω] × I.Furthermore, sin
e uj

ε is a smooth perturbation of vε on the whole domain Ω′, both sequen
eshave the same jump set, namely S(uj
ε) =̃ S(uε), and 
onsequently, the surfa
e energy is nota�e
ted,

∫

S(uj
ε)

∣∣∣∣
((
ν

uj
ε

)
α

∣∣∣
1

ε

(
ν

uj
ε

)
3

)∣∣∣∣ dH2 =

∫

S(vε)

∣∣∣∣
((
νvε

)
α

∣∣∣
1

ε

(
νvε

)
3

)∣∣∣∣ dH2. (4.3.31)Let us treat now the bulk energy. A

ording to Remark 4.3.5, (4.3.11) and Hölder's Inequality,169



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMwe have
∫

Ω
W

(
∇αu

j
ε

∣∣∣
1

ε
∇3u

j
ε

)
dx

=

∫

Ω
W

(
∇αvε −∇αg + ∇αgε − ε∇αbj

∣∣∣
1

ε
∇3vε +

1

ε
∇3gε −Hj

)
dx

≤
∫

Ω
W

(
∇αvε

∣∣∣
1

ε
∇3vε

)
dx+ β

∫

Ω

(
1 +

∣∣∣∣
(
∇αvε

∣∣∣
1

ε
∇3vε

)∣∣∣∣
p−1

+

∣∣∣∣
(
∇αgε

∣∣∣
1

ε
∇3gε

)∣∣∣∣
p−1

+|∇αg|p−1 + |(ε∇αbj|Hj)|p−1

)∣∣∣∣
(
∇αgε −∇αg − ε∇αbj

∣∣∣
1

ε
∇3gε −Hj

)∣∣∣∣ dx

≤
∫

Ω
W

(
∇αvε

∣∣∣
1

ε
∇3vε

)
dx+ c

(
1 +

∥∥∥∥
(
∇αvε

∣∣∣
1

ε
∇3vε

)∥∥∥∥
p−1

Lp(Ω;R3×3)

+

∥∥∥∥
(
∇αgε

∣∣∣
1

ε
∇3gε

)∥∥∥∥
p−1

Lp(Ω;R3×3)

+ ‖∇αg‖p−1
Lp(Ω;R3×2)

+ ‖(ε∇αbj |Hj)‖p−1
Lp(Ω;R3×3)

)

×
∥∥∥∥
(
∇αgε −∇αg − ε∇αbj

∣∣∣
1

ε
∇3gε −Hj

)∥∥∥∥
Lp(Ω;R3×3)

.Passing to the limit when ε→ 0, (4.3.28) yields
lim sup

ε→0

∫

Ω
W

(
∇αu

j
ε

∣∣∣
1

ε
∇3u

j
ε

)
dx

≤ lim sup
ε→0

∫

Ω
W

(
∇αvε

∣∣∣
1

ε
∇3vε

)
dx+ c′‖H −Hj‖Lp(Ω;R3). (4.3.32)Gathering (4.3.30), (4.3.31), (4.3.32) and remembering that Hj → H in Lp(Ω; R3), we get that

J g(u) = lim
j→+∞

lim
ε→0

[∫

Ω
W

(
∇αu

j
ε

∣∣∣
1

ε
∇3u

j
ε

)
dx+

∫

S(uj
ε)

∣∣∣∣
((
ν

uj
ε

)
α

∣∣∣
1

ε

(
ν

uj
ε

)
3

)∣∣∣∣ dH2

] (4.3.33)where we have also used the Γ-lim inf inequality. A standard diagonalization pro
edure (seee.g. Lemma 7.1 in [35℄) implies the existen
e of a sequen
e jε ր +∞ as ε → +∞ su
h that
uε := ujε

ε ∈ SBV p(Ω′; R3), uε → u in L1(Ω′; R3), uε = gε on [ω′ \ ω] × I and
J g(u) = lim

ε→0

[∫

Ω
W

(
∇αuε

∣∣∣
1

ε
∇3uε

)
dx+

∫

S(uε)

∣∣∣∣
((
νuε

)
α

∣∣∣
1

ε

(
νuε

)
3

)∣∣∣∣ dH2

]
.If u does not belong to L∞(ω′; R3), we 
an 
onsider ϕi(u) ∈ SBV p(ω′; R3)∩L∞(ω′; R3) where

ϕi ∈ C1
c (R3; R3) is the trun
ation fun
tion de�ned in (4.3.5) and i is large enough (independentlyof ε) so that ei > ‖g‖L∞(ω′;R3). In parti
ular, ϕi(u) = ϕi(g) = g on ω′ \ ω and we 
an applythe previous 
ase. It implies, for ea
h i ∈ N, the existen
e of a sequen
e {ui

ε} ⊂ SBV p(Ω′; R3)strongly 
onverging to ϕi(u) in L1(Ω′; R3) satisfying ui
ε = gε on [ω′ \ ω] × I and

J (ϕi(u)) = lim
ε→0

Igε
ε (ui

ε).170



4.4. A FEW TOOLSSin
e ϕi(u) → u in L1(ω′; R3) we get that
lim

i→+∞
lim
ε→0

‖ui
ε − u‖L1(Ω′;R3) = 0. (4.3.34)Furthermore, by (4.3.24) together with the lower semi
ontinuity of J with respe
t to the strong

L1(ω′; R3)-
onvergen
e, we obtain that
J g(u) = lim

i→+∞
lim
ε→0

Igε
ε (ui

ε). (4.3.35)A standard diagonalization argument (see e.g. Lemma 7.1 in [35℄) applied to (4.3.34) and (4.3.35)yields the existen
e of a sequen
e iε ր +∞ as ε→ 0 su
h that uε := uiε
ε ∈ SBV p(Ω′,R3), uε = gεon [ω′ \ ω] × I and

J g(u) = lim
ε→0

Igε
ε (uε).

�4.4 A few tools4.4.1 Convergen
e of setsThe notion of σp-
onvergen
e introdu
ed in [46, 47℄ does not seem to naturally provide a onedimensional limit 
ra
k. Indeed, let Γn ⊂ Ω′ be a sequen
e of H2-re
ti�able sets ; we denote by
νΓn its generalized normal de�ned H2-a.e. on Γn. We assume that there is an a priori bound onthe s
aled surfa
e energy asso
iated with this sequen
e of 
ra
ks i.e.

sup
n∈N

∫

Γn

∣∣∣∣
((
νΓn

)
α

∣∣∣
1

εn

(
νΓn

)
3

)∣∣∣∣ dH2 < +∞. (4.4.1)Note that this bound will appear naturally in the energy estimates. Intuitively, we expe
t thatany limit 
ra
k of Γn will be a subset of ω′ of Hausdor� dimension equal to one. But, thesequen
es of test fun
tions taken in the de�nition of the σp-
onvergen
e do not 
ontain enoughinformation in order for this to be true. Indeed, (4.4.1) implies in parti
ular that H2(Γn) ≤ C,thus a

ording to Lemma 4.7 in [46℄, we have (for a subsequen
e) that Γn σ
p-
onverges in Ω′ tosome H2-re
ti�able set Γ ⊂ Ω′. We would like to be able to state that Γ is of the form γ × I forsome H1-re
ti�able set γ ⊂ ω′. By lower semi
ontinuity of

v 7→
∫

S(v)

∣∣(νv

)
3

∣∣ dH2for the weak SBV p(Ω′)-
onvergen
e, we have, a

ording to Lemma 4.3 in [46℄ and (4.4.1), that(
νΓ

)
3
(x) = 0 H2-a.e. x ∈ Γ. But this does not tell us that Γ =̃ γ × I. We know, by the veryde�nition of the σp-
onvergen
e, that there exists a fun
tion u ∈ SBV p(Ω′) and a sequen
e

un ⇀ u in SBV p(Ω′) su
h that S(un) ⊂̃ Γn and Γ =̃ S(u). To prove that Γ =̃ γ × I, it wouldbe enough to show that D3u = 0 in the sense of Radon measures. This would be immediate if171



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMthe approximate s
aled gradient of un was bounded in Lp(Ω′; R3). Sin
e, in the sequel, we willonly be interested in minimizing sequen
es satisfying this property, it prompts us to rede�ne thenotion of σp-
onvergen
e in a 3D-2D dimensional redu
tion setting.De�nition 4.4.1. Let {εn} ց 0+ and Γn ⊂ Ω′ be a sequen
e of H2-re
ti�able sets. We say that
Γn 
onverges towards γ in Ω′ if γ ⊂ ω′, (4.4.1) holds and(a) if uk ⇀ u in SBV p(Ω′), S(uk) ⊂̃ Γnk

and
sup
k∈N

∫

Ω′

∣∣∣∣
(
∇αuk

∣∣∣
1

εnk

∇3uk

)∣∣∣∣
p

dx < +∞,for a subsequen
e {εnk
} ⊂ {εn}, then u ∈ SBV p(ω′) and S(u) ⊂̃ γ ;(b) there exists a fun
tion u ∈ SBV p(ω′) and a sequen
e un ∈ SBV p(Ω′) su
h that un ⇀ uin SBV p(Ω′), S(un) ⊂̃ Γn,

sup
n∈N

∫

Ω′

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx < +∞and S(u) =̃ γ.A

ording to property (b) of De�nition 4.4.1, γ is ne
essarily a H1-re
ti�able set. In thefollowing Remark, we state few properties of this kind of 
onvergen
e as lower semi
ontinuitywith respe
t to the Hausdor� measure and stability with respe
t to the in
lusion.Remark 4.4.2. Let Γn → γ in the sense of De�nition 4.4.1, then1. for every Borel set E ⊂ ω′ su
h that H1(E) < +∞ (or E a 
ompa
t set),
2H1(γ \E) ≤ lim inf

n→+∞
H2
(
Γn \ (E × [−1, 1])

)
;2. if Γn ⊂̃ Γ′

n and Γ′
n → γ′ in the sense of De�nition 4.4.1, then γ ⊂̃ γ′ ;3. if Γn

σp

−→ Γ, then γ × I ⊂̃ Γ .Repla
ing every approximate gradients by approximate s
aled gradients and using Lemma4.2.2 instead of Ambrosio's Compa
tness Theorem, the exa
t analogues of the proofs of Lemma4.5 and Proposition 4.6 in [46℄ would demonstrate that any sequen
e ofH2-re
ti�able sets Γn ⊂ Ω′satisfying (4.4.1) admits a 
onvergent subsequen
e in the sense of De�nition (4.4.1). But this
ompa
tness result will not be su�
ient be
ause, in the proof of Theorem 4.2.1, we will dealwith sequen
e of H2-re
ti�able sets whi
h are in
reasing with respe
t to the time parameter t.The following Proposition, whi
h is the analogue of Lemma 4.8 in [46℄, states a version of Helly'sTheorem for a sequen
e of in
reasing H2-re
ti�able sets.Proposition 4.4.3. Let [0, T ] ∋ t 7→ Γn(t) a sequen
e of H2-re
ti�able sets of Ω′ that in
reaseswith t, i.e.
Γn(s) ⊂̃ Γn(t) ⊂ Ω′, for every s, t ∈ [0, T ] with s < t.172



4.4. A FEW TOOLSAssume that
sup
n∈N

∫

Γn(t)

∣∣∣∣
((
νΓn(t)

)
α

∣∣∣
1

εn

(
νΓn(t)

)
3

)∣∣∣∣ dH2 < +∞,uniformly in t. Then, there exists a subsequen
e Γnk
(t) and a t-in
reasing H1-re
ti�able set

γ(t) ⊂ ω′ su
h that for every t ∈ [0, T ], Γnk
(t) 
onverges to γ(t) in the sense of De�nition 4.4.1.4.4.2 Transfer of jump setsWe now state a transfer of jump sets result in a res
aled version. It permits, under weak

SBV p(Ω′; R3)-
onvergen
e assumptions of a sequen
e {un} � with asso
iated bounded s
aledbulk energy � toward its limit u, the transfer of the part of the jump set of a 2D admissibledeformation that lies in the jump set of u onto that of the sequen
e {un}. The proof relies onDe Giorgi's sli
ing argument.Theorem 4.4.4 (Jump Transfer). Let {un} ⊂ SBV p(Ω′; R3) and u ∈ SBV p(ω′; R3) su
h that
S(un) ⊂ ω × I, un → u in L1(Ω′; R3) and

M := sup
n∈N

∫

Ω′

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx < +∞.Then, for all φ ∈ SBV p(ω′; R3), there exists {φn} ⊂ SBV p(Ω′; R3) su
h that� φn = φ a.e. on [ω′ \ ω] × I,� φn → φ in L1(Ω′; R3),� (∇αφn

∣∣∣
1

εn
∇3φn

)
→ (∇αφ|0) in Lp(Ω′; R3×3),� ∫

[S(φn)\S(un)]\[S(φ)\S(u)]

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2 → 0.Proof. We �rst undo the s
aling, 
oming ba
k to the 
ylinder of thi
kness 2εn. Then, we ex-tend periodi
ally the fun
tion in the transverse dire
tion. Note that the periodi
 extension maygenerate some additional jump at the interfa
e of ea
h sli
e of thi
kness 2εn. Despite this newdis
ontinuities, we 
an still apply the 
lassi
al Jump Transfer Theorem (Theorem 2.1 in [63℄)and, by 
ontradi
tion, we show that we 
an 
hoose a sli
e of thi
kness 2εn that satis�es good es-timations. Finally, we observe that, after translation and dilation, the restri
tion of the fun
tionto this parti
ular sli
e satis�es the 
on
lusion of Theorem 4.4.4.Step 1. We 
ome ba
k to the non res
aled 
ylinder Ω′
εn

of thi
kness 2εn. We set vn(xα, x3) :=

un(xα, x3/εn). Thus vn ∈ SBV p(Ω′
εn

; R3) and S(vn) ⊂ ω × (−εn, εn). Moreover,




1

εn

∫

Ω′
εn

|vn − u| dx =

∫

Ω′

|un − u| dx,

1

εn

∫

Ω′
εn

|∇vn|p dx =

∫

Ω′

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx.
(4.4.2)173



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMWe now to extend vn by periodi
ity in the x3 dire
tion. The dis
ontinuities of the resultingfun
tion will be those inherited from the dis
ontinuities of vn and from additional jumps thatmay o

ur at the interfa
e of ea
h sli
e. Let
Nn :=





1

2εn
− 1

2
if 1

2εn
+

1

2
∈ N,

s
1

2εn
+

1

2

{ otherwise.For every i ∈ {−Nn, . . . , Nn}, we set Ii,n :=
(
(2i − 1)εn, (2i + 1)εn

) and Ω′
i,n := ω′ × Ii,n. Notethat Nn is the smaller integer su
h that Ω′ ∩ Ω′

i,n 6= ∅ for every i ∈ {−Nn, . . . ,Nn}. We de�nethe fun
tion wn on Ω′(n) := ω′ × (−(2Nn + 1)εn, (2Nn + 1)εn) by extending vn by periodi
ity inthe x3 dire
tion on Ω′(n) :
wn(xα, x3) = vn(xα, x3 − 2iεn) if x3 ∈ Ii,n.Sin
e Ω′ ⊂ Ω′(n), wn is a fortiori de�ned on Ω′, wn ∈ SBV p(Ω′; R3) and S(wn) ∩ Ω′ ⊂ ω × I.Step 2. We would like to apply the 
lassi
al Jump Transfer Theorem (Theorem 2.1 in [63℄)to the fun
tion wn. From (4.4.2), we have that

∫

Ω′

|wn − u| dx =

Nn∑

i=−Nn

∫

Ω′
i,n∩Ω′

|vn(xα, x3 − 2iεn) − u(xα)| dx

≤ (2Nn + 1)

∫

Ω′
εn

|vn − u| dx

= εn(2Nn + 1)

∫

Ω′

|un − u| dx

≤ (1 + 2εn)

∫

Ω′

|un − u| dx→ 0and
∫

Ω′

|∇wn|p dx =

Nn∑

i=−Nn

∫

Ω′
i,n∩Ω′

|∇vn(xα, x3 − 2iεn)|p dx

≤ (2Nn + 1)

∫

Ω′
εn

|∇vn|p dx

= εn(2Nn + 1)

∫

Ω′

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx

≤ (1 + 2εn)M,whi
h implies, thanks to De La Vallée Poussin 
riterion (see Proposition 1.27 in [5℄), that thesequen
e {|∇wn|} is equi-integrable. We are now in position to apply Theorem 2.1 in [63℄ to174



4.4. A FEW TOOLSthe sequen
e {wn}. Indeed, an inspe
tion of the proof of this result shows that the weak L1-
onvergen
e required by {|∇wn|} 
an be repla
ed, without passing to a subsequen
e, by itsequi-integrability (see p. 1477 in [63℄). Thus, for all φ ∈ SBV p(ω′; R3), we get the existen
e of asequen
e {ψn} ⊂ SBV p(Ω′; R3) su
h that� ψn = φ a.e. on [ω′ \ ω] × I,� ψn → φ in L1(Ω′; R3),� ∇ψn → (∇αφ|0) in Lp(Ω′; R3×3),� H2
(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
→ 0.Step 3. Sin
e ⋃Nn−1

i=−Nn+1 Ω′
i,n ⊂ Ω′, we may �nd a in ∈ {−Nn + 1, . . . ,Nn − 1} su
h that

(2Nn − 1)

{∫

Ω′
in,n

|ψn − φ| dx+

∫

Ω′
in,n

|∇ψn − (∇αφ|0)|p dx

+H2
⌊Ω′

in,n

(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
}

≤
∫

Ω′

|ψn − φ| dx+

∫

Ω′

|∇ψn − (∇αφ|0)|p dx+ H2
(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
.Sin
e 2Nn − 1 ≥ 1/εn − 2, we have

1

εn

{∫

Ω′
in,n

|ψn − φ| dx+

∫

Ω′
in,n

|∇ψn − (∇αφ|0)|p dx

+H2
⌊Ω′

in,n

(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
}

≤ 3

∫

Ω′

|ψn − φ| dx+ 3

∫

Ω′

|∇ψn − (∇αφ|0)|p dx

+3H2
(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
.Step 4. We will show that, after a translation and a dilation, ψn⌊Ω′

in,n
is the right 
andidatefor Theorem 4.4.4. Let us 
ome ba
k to the 
ylinder Ω′

εn
= ω′ × (−εn, εn) ; letting

ϕn(xα, x3) := ψn⌊Ω′
in,n

(xα, x3 + 2inεn) if x3 ∈ (−εn, εn),then ϕn ∈ SBV p(Ω′
εn

; R3), ϕn = φ a.e. on [ω′ \ ω] × (−εn, εn) and
1

εn

{∫

Ω′
εn

|ϕn − φ| dx+

∫

Ω′
εn

|∇ϕn − (∇αφ|0)|p dx

+H2
⌊Ω′

εn

(
[S(ϕn) \ S(vn)] \ [S(φ) \ S(u)]

)
}

≤ 3

∫

Ω′

|ψn − φ| dx+ 3

∫

Ω′

|∇ψn − (∇αφ|0)|p dx

+3H2
(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
.175



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMPerforming the s
aling so as to 
ome ba
k to the unit 
ylinder, we get, upon setting φn(xα, x3) :=

ϕn(xα, εnx3), that φn ∈ SBV p(Ω′; R3), φn = φ a.e. on [ω′ \ ω] × I and
∫

Ω′

|φn − φ| dx+

∫

Ω′

∣∣∣∣
(
∇αφn

∣∣∣
1

εn
∇3φn

)
− (∇αφ|0)

∣∣∣∣
p

dx

+

∫

[S(φn)\S(un)]\[S(φ)\S(u)]

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2

≤ 3

∫

Ω′

|ψn − φ| dx+ 3

∫

Ω′

|∇ψn − (∇αφ|0)|p dx

+3H2
(
[S(ψn) \ S(wn)] \ [S(φ) \ S(u)]

)
→ 0.

�Remark 4.4.5. Sin
e for H2-a.e. x ∈ S(φn) ∩ S(φ), νφn(x) = ±νφ(x), we have
∫

[S(φn)\S(un)]\[S(φ)\S(u)]

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2

≥
∫

S(φn)\S(un)

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2 −
∫

S(φ)\S(u)

∣∣((νφ

)
α
|0
)∣∣ dH2

=

∫

S(φn)\S(un)

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2 − 2H1(S(φ) \ S(u)),thus
lim sup
n→+∞

∫

S(φn)\S(un)

∣∣∣∣
((
νφn

)
α

∣∣∣
1

εn

(
νφn

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(φ) \ S(u)).The following Theorem establishes a link between the 
onvergen
e in the sense of De�nition4.4.1 and the Jump Transfer Theorem. It will allow to pass to the limit in the surfa
e energy.Theorem 4.4.6. Let Γn ⊂ Ω′ be a sequen
e of H2-re
ti�able sets 
onverging towards γ in thesense of De�nition 4.4.1. Then, for every v ∈ SBV p(ω′; R3), there exists {vn} ⊂ SBV p(Ω′; R3)su
h that vn = v a.e. on [ω′ \ ω] × I,� vn → v in L1(Ω′; R3),� (∇αvn

∣∣∣
1

εn
∇3vn

)
→ (∇αv|0) in Lp(Ω′; R3×3),� lim sup

n→+∞

∫

S(vn)\Γn

∣∣∣∣
((
νvn

)
α

∣∣∣
1

εn

(
νvn

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(v) \ γ).Proof. A

ording to De�nition 4.4.1 (b), there exists a fun
tion u ∈ SBV p(ω′; R3) and a sequen
e
{un} ⊂ SBV p(Ω′; R3) su
h that un ⇀ u in SBV p(Ω′; R3), S(un) ⊂̃ Γn, S(u) =̃ γ and

sup
n∈N

∫

Ω′

∣∣∣∣
(
∇αun

∣∣∣
1

εn
∇3un

)∣∣∣∣
p

dx < +∞.Theorem 4.4.4 and Remark 4.4.5 yield, for any v ∈ SBV p(ω′; R3), the existen
e of a sequen
e
{vn} ⊂ SBV p(Ω′; R3) su
h that vn = v a.e. on [ω′ \ ω] × I,176



4.4. A FEW TOOLS� vn → v in L1(Ω′; R3),� (∇αvn

∣∣∣
1

εn
∇3vn

)
→ (∇αv|0) in Lp(Ω′; R3×3),� lim sup

n→+∞

∫

S(vn)\S(un)

∣∣∣∣
((
νvn

)
α

∣∣∣
1

εn

(
νvn

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(v) \ S(u)).As S(un) ⊂̃ Γn and S(u) =̃ γ, we get
lim sup
n→+∞

∫

S(vn)\Γn

∣∣∣∣
((
νvn

)
α

∣∣∣
1

εn

(
νvn

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(v) \ γ).

�4.4.3 Convergen
e of the stressesThe energy 
onservation involves the derivative of the stored energy density. Thus, we have toensure that the C1 
hara
ter ofW is preserved by passing to the Γ-limit. The following Propositionprovides an answer to this question. In the Appendix, we will present an alternative proof whi
h
ould also apply in a more general setting.Proposition 4.4.7. Let W : R
3×3 → R be a C1 fun
tion satisfying (4.2.1), then the fun
tion

QW0 : R
3×2 → R is of 
lass C1.Proof. A

ording to [74℄, the fun
tion W0 is 
ontinuous and satis�es

1

β
|F |p − β ≤W0(F ) ≤ β(1 + |F |p)for every F ∈ R

3×2. As a 
onsequen
e, sin
e p− 1 > 0,
lim inf
|F |→+∞

W0(F )

|F |p−1
= +∞ and lim sup

|F |→+∞

W0(F )

|F |p
= β < +∞.Furthermore, for all F ∈ R

3×2 there exists F3 ∈ R
3 su
h that W0(F ) = W (F |F3). Sin
e W isdi�erentiable,

lim sup
|G|→0

W0(F +G) −W0(F ) − d ·G
|G|

≤ lim sup
|G|→0

W ((F |F3) + (G|0)) −W (F |F3) − ∂W (F |F3) · (G|0)
|(G|0)|

= 0,where d ∈ R
3×2 is de�ned by dij :=

(
∂W (F |F3)

)
ij
for all i ∈ {1, 2, 3} and all j ∈ {1, 2}. It yieldsthat W0 is upper semidi�erentiable and the thesis follows from Theorem B in [19℄. �From the previous Lemma, the fun
tion QW0 is of 
lass C1 and we denote by ∂(QW0) itsdi�erential. The following result is the analogue of Lemma 4.11 in [46℄ in a 3D-2D dimensional177



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMredu
tion setting. It asserts, under assumptions of weak SBV p(Ω; R3)-
onvergen
e of the defor-mations together with the 
onvergen
e of the bulk energy, the weak Lp′(Ω; R3×3)-
onvergen
ethe stresses.Lemma 4.4.8. Let {un} ⊂ SBV p(Ω; R3) and u ∈ SBV p(ω; R3) be su
h that un ⇀ u in
SBV p(Ω; R3) and

∫

Ω
W

(
∇αun

∣∣∣
1

εn
∇3un

)
dx→ 2

∫

ω
QW0(∇αu) dxα. (4.4.3)Then,

∂W

(
∇αun

∣∣∣
1

εn
∇3un

)
⇀
(
∂(QW0)(∇αu)|0

) in Lp′(Ω; R3×3).Proof. Let Ψ ∈ Lp(Ω; R3×3), we denote by Ψ ∈ Lp(Ω; R3×2) the restri
tion of Ψ to R
3×2 i.e.

Ψij = Ψij if i ∈ {1, 2, 3} and j ∈ {1, 2}. It is enough to show that
∫

Ω
∂(QW0)(∇αu) · Ψ dx =

∫

Ω

(
∂(QW0)(∇αu)|0

)
· Ψ dx

≤ lim inf
n→+∞

∫

Ω
∂W

(
∇αun

∣∣∣
1

εn
∇3un

)
· Ψ dx.Let hk ց 0+, a

ording to Remark 4.3.2, Theorem 5.29 in [5℄ we have

∫

Ω
QW0(∇αu+ hkΨ) dx ≤ lim inf

n→+∞

∫

Ω
QW0(∇αun + hkΨ) dx

≤ lim inf
n→+∞

∫

Ω
W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ hkΨ

)
dx.As a 
onsequen
e, from (4.4.3) we get that

∫

Ω

QW0(∇αu+ hkΨ) −QW0(∇αu)

hk
dx

≤ lim inf
n→+∞

∫

Ω

1

hk

[
W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ hkΨ

)
−W

(
∇αun

∣∣∣
1

εn
∇3un

)]
dx.We may �nd a nk ∈ N su
h that

∫

Ω

QW0(∇αu+ hkΨ) −QW0(∇αu)

hk
dx− 1

k

≤
∫

Ω

1

hk

[
W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ hkΨ

)
−W

(
∇αun

∣∣∣
1

εn
∇3un

)]
dx178



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTIONfor all n ≥ nk. We de�ne ηn = hk if nk ≤ n ≤ nk+1 and pass to the limit when n → +∞. Sin
e
Φ 7→

∫
ΩW (Φ) dx is a C1-map from Lp(Ω; R3×3) to R with di�erential Ψ 7→

∫
Ω ∂W (Φ) · Ψ dx, itfollows that

lim
n→+∞

∫

Ω

QW0(∇αu+ ηnΨ) −QW0(∇αu)

ηn
dx

≤ lim inf
n→+∞

∫

Ω

1

ηn

[
W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ ηnΨ

)
−W

(
∇αun

∣∣∣
1

εn
∇3un

)]
dx

≤ lim inf
n→+∞

∫

Ω
∂W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ τnΨ

)
· Ψ dx,for some τn ∈ [0, ηn]. Lebesgue's Dominated Convergen
e Theorem in the left hand side, togetherwith Lemma 4.9 of [46℄ in the right hand side yield

∫

Ω
∂(QW0)(∇αu) · Ψ dx = lim

n→+∞

∫

Ω

QW0(∇αu+ ηnΨ) −QW0(∇αu)

ηn
dx

≤ lim inf
n→+∞

∫

Ω
∂W

((
∇αun

∣∣∣
1

εn
∇3un

)
+ τnΨ

)
· Ψ dx

= lim inf
n→+∞

∫

Ω
∂W

(
∇αun

∣∣∣
1

εn
∇3un

)
· Ψ dx.

�4.5 Convergen
e of the quasistati
 evolutionThe �rst step of the analysis 
onsists in de�ning a limit deformation �eld and a 
ra
k. Thisis done in Lemma 4.5.1 by means of energy estimates whi
h are possible, thanks to the L∞-boundness assumption (4.2.8) and to the bound of the pres
ribed boundary deformation (4.2.4).The limit deformation u(t) turns out to be the weak SBV p(Ω′; R3)-limit of uε(t) while the limit
ra
k γ(t) is obtained through the 
onvergen
e of Γε(t) in the sense of De�nition 4.4.1. Then,we derive a minimality property for u(t). At time t = 0 in Lemma 4.5.2, we use a Γ-
onvergen
eargument. This is possible be
ause, in the absen
e of preexisting 
ra
ks, the surfa
e term of theenergy at time 0 is pre
isely that introdu
ed in the Γ-limit analysis of Se
tion 4.3. Nevertheless,we 
annot pro
eed in this way for the next times in Lemma 4.5.5 be
ause of the presen
e of
Γε(t) in the surfa
e term. We need here to 
onstru
t dire
tly a sequen
e thanks to the JumpTransfer Theorem, Theorem 4.4.4. Then, we show that (u(t), γ(t)) is a quasistati
 evolution forthe relaxed model by proving that the energy 
onservation holds. To do this, we use, on the onehand, the approximation of the Lebesgue integral by Riemann sums in Lemma 4.5.7, and, on theother hand, the 
onvergen
e of the total energy at the initial time (that 
an be proved dire
tly)together with the weak 
onvergen
e of the stresses and the strong 
onvergen
e assumption (4.2.7)in Lemma 4.5.8. Finally, in Lemma 4.5.9, we show the 
onvergen
e of the total energy at any time.179



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILM4.5.1 Energy estimates and 
ompa
tnessLemma 4.5.1. There exists a subsequen
e {εn} ց 0+, a deformation �eld u(t) ∈ SBV p(ω′; R3)satisfying u(t) = g(t) L2-a.e. on ω′ \ω, and a time-in
reasing 
ra
k γ(t) ⊂ ω su
h that, for every
t ∈ [0, T ], S(u(t)) ⊂̃ γ(t). Moreover, Γεn(t) 
onverges to γ(t) in the sense of De�nition 4.4.1,
uεn(0) ⇀ u(0) in SBV p(Ω′; R3) and, for every t ∈ (0, T ], there exists a t-dependent subsequen
e
{εnt} ⊂ {εn} su
h that uεnt (t) ⇀ u(t) in SBV p(Ω′; R3).Proof. Firstly, at time t = 0, we test the minimality of uε(0) with v = gε(0). Sin
e we have
S(uε(0)) =̃ Γε(0), we dedu
e by (4.2.4) and the growth 
ondition (4.2.1) that Eε(0) ≤ C.Then, we take v = gε(t) as test fun
tion in (4.2.5) at time t. As S(uε(t)) ⊂̃ Γε(t), it followsfrom (4.2.4) together with the growth 
ondition (4.2.1) that

∫

Ω
W

(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)
dx ≤

∫

Ω
W

(
∇αg

ε(t)
∣∣∣
1

ε
∇3g

ε(t)

)
dx ≤ C. (4.5.1)Thus, Hölder's inequality, (4.2.2), (4.2.6) and (4.5.1) imply the existen
e of a 
onstant C > 0,independent of t and ε su
h that for every t ∈ [0, T ], Eε(t) ≤ C. Hen
e, by the 
oer
ivity 
ondition(4.2.1),

∫

Ω

∣∣∣∣
(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)∣∣∣∣
p

dx+

∫

Γε(t)

∣∣∣∣
((
νΓε(t)

)
α

∣∣∣
1

ε

(
νΓε(t)

)
3

)∣∣∣∣ dH2 ≤ C. (4.5.2)In view of Proposition 4.4.3, we may �nd a subsequen
e {εn} ց 0+ and an H1-re
ti�able set
γ(t) ⊂ ω′, in
reasing in time, su
h that Γεn(t) 
onverges to γ(t) in the sense of De�nition 4.4.1.A

ording to Remark 4.4.2-1, sin
e ω is 
ompa
t, γ(t) ⊂̃ ω and

2H1(γ(t)) ≤ lim inf
n→+∞

H2(Γεn(t)) ≤ lim inf
n→+∞

∫

Γεn (t)

∣∣∣∣
((
νΓεn (t)

)
α

∣∣∣
1

εn

(
νΓεn (t)

)
3

)∣∣∣∣ dH2. (4.5.3)As S(uε(t)) ⊂̃ Γε(t) and uε(t) = gε(t) L3-a.e. on [ω′ \ ω] × I, we have by (4.2.8) and (4.5.2)
‖uε(t)‖L∞(Ω′;R3) +

∫

Ω′

∣∣∣∣
(
∇αu

ε(t)
∣∣∣
1

ε
∇3u

ε(t)

)∣∣∣∣
p

dx

+

∫

S(uε(t))

∣∣∣∣
((
νuε(t)

)
α

∣∣∣
1

ε

(
νuε(t)

)
3

)∣∣∣∣ dH2 ≤ C,for some 
onstant C > 0 independent of ε > 0 and t ∈ [0, T ]. We insist, on
e again, on the fa
tthat we do not try to justify the boundness assumption on uε(t). In view of Lemma 4.2.2, thereexists a further subsequen
e of {εn} (still denoted by {εn}) and u(0) ∈ SBV p(ω′; R3) su
h that
uεn(0) ⇀ u(0) in SBV p(Ω′; R3). Moreover, as uεn(0) = gεn(0) L3-a.e. on [ω′ \ω]×I, from (4.2.7)we get u(0) = g(0) L2-a.e. on ω′ \ω. Thanks to 
ondition (a) of De�nition 4.4.1, we dedu
e that
S(u(0)) ⊂̃ γ(0). 180



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTIONWe set for a.e. t ∈ [0, T ],




θn(t) :=

∫

Ω
∂W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
·
(
∇αġ

εn(t)
∣∣∣

1

εn
∇3ġ

εn(t)

)
dx,

θ(t) := lim sup
n→+∞

θn(t).

(4.5.4)From (4.2.2), (4.2.4), (4.5.2), θ ∈ L1(0, T ) and by virtue of Fatou's Lemma
lim sup
n→+∞

∫ t

0
θn(s) ds ≤

∫ t

0
θ(s) ds. (4.5.5)For a.e. t ∈ [0, T ], we extra
t a t-dependent subsequen
e {nt} su
h that

θ(t) = lim
nt→+∞

θnt(t). (4.5.6)Lemma 4.2.2 implies that for every t ∈ (0, T ], upon extra
ting a further subsequen
e (not rela-beled), uεnt (t) ⇀ u(t) in SBV p(Ω′; R3) for some u(t) ∈ SBV p(ω′; R3). Moreover, as uεnt (t) =

gεnt (t) L3-a.e. on [ω′ \ω]× I, from (4.2.7), we get u(t) = g(t) L2-a.e. on ω′ \ω. By 
ondition (a)of De�nition 4.4.1, we get that S(u(t)) ⊂̃ γ(t). �4.5.2 Minimality propertyFor all t ∈ [0, T ], we de�ne the limit energy by
E(t) := 2

∫

ω
QW0(∇αu(t)) dxα + 2H1(γ(t)). (4.5.7)Our goal is to show that u(t) satis�es some minimality property inherited from that of uε(t).We will distinguish the initial time from the subsequent times. At time t = 0, we will furthershow the 
onvergen
e of the bulk and the surfa
e energy to their two-dimensional 
ounterpartrespe
tively, for the subsequen
e {εn}. Con
erning the next times, we will only be able to provethe 
onvergen
e of the bulk energy toward its two-dimensional analogue, for the t-dependentsubsequen
e {εnt}. The 
onvergen
e of the total energy, or equivalently of the surfa
e energy,will be established later in Lemma 4.5.9 for a subsequen
e independent of the time.Lemma 4.5.2. At time t = 0, u(0) minimizes

v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v)

)
,among {v ∈ SBV p(ω′; R3) : v = g(0) a.e. on ω′ \ ω}. Moreover, γ(0) =̃ S(u(0)) and we have





∫

Ω
W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
dx→ 2

∫

ω
QW0(∇αu(0)) dxα,

∫

Γεn (0)

∣∣∣∣
((
νΓεn (0)

)
α

∣∣∣
1

εn

(
νΓεn (0)

)
3

)∣∣∣∣ dH2 → 2H1(γ(0)).181



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMIn parti
ular, Eεn(0) → E(0) and
∂W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
⇀
(
∂(QW0)(∇αu(0))|0

) in Lp′(Ω; R3×3).Proof. Let v ∈ SBV p(ω′; R3) su
h that v = g(0) L2-a.e. on ω′ \ ω. By virtue of Corollary 4.3.11,there exists a sequen
e {wn} ⊂ SBV p(Ω′; R3) satisfying wn = gεn(0) L3-a.e. on [ω′ \ ω] × I,
wn → v in L1(Ω′; R3) and

2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v)

)

= lim
n→+∞

[∫

Ω
W

(
∇αwn

∣∣∣
1

εn
∇3wn

)
dx+

∫

S(wn)

∣∣∣∣
((
νwn

)
α

∣∣∣
1

εn

(
νwn

)
3

)∣∣∣∣ dH2

]
. (4.5.8)Taking wn as test fun
tion in the minimality 
ondition for uεn(0) we get

∫

Ω
W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
dx+

∫

S(uεn (0))

∣∣∣∣
((
νuεn(0)

)
α

∣∣∣
1

εn

(
νuεn (0)

)
3

)∣∣∣∣ dH2

≤
∫

Ω
W

(
∇αwn

∣∣∣
1

εn
∇3wn

)
dx+

∫

S(wn)

∣∣∣∣
((
νwn

)
α

∣∣∣
1

εn

(
νwn

)
3

)∣∣∣∣ dH2. (4.5.9)Remark 4.3.2 and Theorem 5.29 in [5℄ yield
2

∫

ω
QW0(∇αu(0)) dxα ≤ lim inf

n→+∞

∫

Ω
QW0(∇αu

εn(0)) dx

≤ lim inf
n→+∞

∫

Ω
W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
dx (4.5.10)and thanks to (4.5.3) together with the fa
t that Γεn(0) =̃ S(uεn(0)),

2H1(γ(0)) ≤ lim inf
n→+∞

H2(Γεn(0))

= lim inf
n→+∞

H2(S(uεn(0)))

≤ lim inf
n→+∞

∫

S(uεn (0))

∣∣∣∣
((
νuεn (0)

)
α

∣∣∣
1

εn

(
νuεn(0)

)
3

)∣∣∣∣ dH2. (4.5.11)Finally, from (4.5.8), (4.5.9), (4.5.10) and (4.5.11) we get by letting n→ +∞,
2

∫

ω
QW0(∇αu(0)) dxα + 2H1(γ(0)) ≤ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v)

)
.Taking v = u(0) in the previous inequality, we observe that H1(γ(0)) ≤ H1

(
S(u(0))

), whi
himplies, as S(u(0)) ⊂̃ γ(0), that S(u(0)) =̃ γ(0). It establishes the minimality property satis�edby u(0). Taking still v = u(0), (4.5.9) and (4.5.11) give
lim sup
n→+∞

∫

Ω
W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
dx ≤ 2

∫

ω
QW0(∇αu(0)) dxα.182



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTIONand this shows with (4.5.10) that
∫

Ω
W

(
∇αu

εn(0)
∣∣∣

1

εn
∇3u

εn(0)

)
dx→ 2

∫

ω
QW0(∇αu(0)) dxα.We report in (4.5.9) and obtain

lim sup
n→+∞

∫

S(uεn(0))

∣∣∣∣
((
νuεn (0)

)
α

∣∣∣
1

εn

(
νuεn (0)

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(u(0))),whi
h implies together with (4.5.11) that
∫

S(uεn (0))

∣∣∣∣
((
νuεn (0)

)
α

∣∣∣
1

εn

(
νuεn(0)

)
3

)∣∣∣∣ dH2 → 2H1(S(u(0))).This yields that Eεn(0) → E(0) and the 
onvergen
e of the stresses follows from Lemma 4.4.8. �Remark 4.5.3. It is immediate from the previous lemma that u(0) minimizes
v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v) \ γ(0)

)
,among {v ∈ SBV p(ω′; R3) : v = g(0) a.e. on ω′ \ ω}.Remark 4.5.4. Note that the previous result holds be
ause we did not allow the body to 
ontaina preexisting 
ra
k. Indeed, in this 
ase, sin
e the energy we are minimizing at the initial timeis the same as the fun
tional involved in the Γ-limit analysis, we 
an take as 
ompetitor in theminimization a re
overy sequen
e. It permits us to show the 
onvergen
e of the total energy attime t = 0 ; that is essential if one is to prove that it still holds true at subsequent times inLemma 4.5.8. If we had 
onsidered a body 
ontaining a preexisting 
ra
k, we would be unableto obtain su
h a 
onvergen
e, but only a 
onvergen
e of the bulk energy. Indeed, if Γε

0 ⊂ ω × Idenoted a preexisting (res
aled) 
ra
k with bounded s
aled surfa
e energy, then, a

ording tothe formulation in [46℄, (uε
0,Γ

ε
0) would have to minimize

(v,Γ) 7→
∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

Γ

∣∣∣∣
((
νΓ

)
α

∣∣∣
1

ε

(
νΓ

)
3

)∣∣∣∣ dH2among every H2-re
ti�able 
ra
k Γ ⊂ ω× I with Γε
0 ⊂̃ Γ, and all deformation v ∈ SBV p(Ω′; R3)su
h that v = gε(t) a.e. on [ω′ \ω]× I and S(v) ⊂̃ Γ. In parti
ular, setting Γ := Γε

0 ∪S(v) for all
v ∈ SBV p(Ω′; R3) satisfying v = gε(0) a.e. on [ω′ \ ω] × I, we would get that uε

0 must minimize
v 7→

∫

Ω
W

(
∇αv

∣∣∣
1

ε
∇3v

)
dx+

∫

S(v)\Γε
0

∣∣∣∣
((
νv

)
α

∣∣∣
1

ε

(
νv

)
3

)∣∣∣∣ dH2among su
h v's. Hen
e, sin
e by Theorem 3.15 in [46℄ (or Theorem 2.1 in [47℄) (uε(0),Γε(0)) =

(uε
0,Γ

ε
0), the argument used in the proof of Lemma 4.5.2 would not hold anymore. We wouldonly be able to state, as in the following Lemma 4.5.5, the 
onvergen
e of the bulk energy.Unfortunately, the 
onvergen
e of the surfa
e energy would then remain an open question.183



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMWe are now going to state a minimality property satis�ed by u(t) for t ∈ (0, T ]. The followingresult ensures the 
onvergen
e of the three-dimensional bulk energy to its two-dimensional 
oun-terpart for a t-dependent subsequen
e. But the 
onvergen
e of the total energy, or equivalentlyof the surfa
e energy, 
annot be established at this stage in a manner similar to that used inLemma 4.5.2 at the initial time.Lemma 4.5.5. For every t ∈ (0, T ], u(t) minimizes
v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v) \ γ(t)

)
,among {v ∈ SBV p(ω′; R3) : v = g(t) a.e. on ω′ \ ω}. Moreover, we have

∫

Ω
W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα.In parti
ular,

∂W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
⇀
(
∂(QW0)(∇αu(t)|0)

) in Lp′(Ω; R3×3)and thus, for a.e. t ∈ [0, T ],
θ(t) = 2

∫

ω
∂(QW0)(∇αu(t)) · ∇αġ(t) dxα. (4.5.12)Proof. We �rst prove the minimality property. In this 
ase, unlike Lemma 4.5.2, we 
annot usea Γ-
onvergen
e argument be
ause of the presen
e of an ε-dependent 
ra
k in the surfa
e term.We will 
onstru
t a minimizing sequen
e with the help of the Jump Transfer Theorem.Let w ∈ SBV p(ω′; R3) su
h that w = g(t) L2-a.e. on ω′ \ ω. Sin
e Γεn(t) 
onverges to γ(t) inthe sense of De�nition 4.4.1, from Theorem 4.4.6, there exists a sequen
e {wn} ⊂ SBV p(Ω′; R3)satisfying wn = w = g(t) a.e. on [ω′ \ ω] × I, wn → w in L1(Ω′; R3) and





(
∇αwn

∣∣∣
1

εn
∇3wn

)
→ (∇αw|0) in Lp(Ω′; R3×3),

lim sup
n→+∞

∫

S(wn)\Γεn (t)

∣∣∣∣
((
νwn

)
α

∣∣∣
1

εn

(
νwn

)
3

)∣∣∣∣ dH2 ≤ 2H1(S(w) \ γ(t)).
(4.5.13)A measurable sele
tion 
riterion (see e.g. [54℄) together with the 
oer
ivity 
ondition (4.2.1) implythe existen
e of z ∈ Lp(ω; R3) su
h that W0(∇αw) = W (∇αw|z) L2-a.e. in ω. By density, thereexists a sequen
e zj ∈ C∞

c (Ω; R3) su
h that zj → H(t) − z in Lp(Ω; R3) where H(t) is de�nedin (4.2.7). Denoting by bj :=
∫ x3

−1 zj(·, s) ds, we take wn + gεn(t)− g(t) − εnbj as test fun
tion in(4.2.5) and we get
∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx

≤
∫

Ω
W

(
∇αwn + ∇αg

εn(t) −∇αg(t) − εn∇αbj

∣∣∣
1

εn
∇3wn +

1

εn
∇3g

εn(t) − zj

)
dx

+

∫

S(wn)\Γεn (t)

∣∣∣∣
((
νwn

)
α

∣∣∣
1

εn

(
νwn

)
3

)∣∣∣∣ dH2.184



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTIONWe repla
e n by nt (see Lemma 4.5.1) and pass to the limit when nt tends to +∞. In view ofTheorem 5.29 in [5℄ and of Remark 4.3.2,
2

∫

ω
QW0(∇αu(t)) dxα ≤ lim inf

nt→+∞

∫

Ω
QW0(∇αu

εnt (t)) dx

≤ lim inf
nt→+∞

∫

Ω
W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
dx. (4.5.14)Thus, using (4.2.7) and (4.5.13) in the right hand side, we get

2

∫

ω
QW0(∇αu(t)) dxα ≤

∫

Ω
W (∇αw|H(t) − zj) dx+ 2H1(S(w) \ γ(t)).Passing to the limit when j → +∞ we obtain

2

∫

ω
QW0(∇αu(t)) dxα ≤

∫

Ω
W (∇αw|z) dx + 2H1(S(w) \ γ(t))

= 2

∫

ω
W0(∇αw) dxα + 2H1(S(w) \ γ(t)).We would like to repla
e W0 by its quasi
onvexi�
ation in the previous relation. To this end,we use a relaxation argument. First of all, we approa
h γ(t) from inside by a 
ompa
t set, soas to work on an open subset of ω. This is possible be
ause, sin
e H1(γ(t)) < +∞, then H1

⌊γ(t)is a Radon measure. Thus, for any η > 0, there exists a 
ompa
t set Kη
t ⊂ γ(t) su
h that

H1(γ(t) \Kη
t ) ≤ η. In parti
ular,

2

∫

ω
QW0(∇αu(t)) dxα ≤ 2

∫

ω
W0(∇αw) dxα + 2H1(S(w) \Kη

t ). (4.5.15)Let v ∈ SBV p(ω′; R3) satisfying v = g(t) L2-a.e. on ω′ \ω. In view of Theorem 8.1 together withRemark 8.2 in [31℄ and arguing as in the proof of Lemma 4.3.10 and Corollary 4.3.11, it is easilydedu
ed that there exists a sequen
e {wk} ⊂ SBV p(ω′; R3) su
h that wk → v in L1(ω′; R3),
wk = g(t) L2-a.e. on ω′ \ ω and

∫

ω
QW0(∇αv) dxα + H1(S(v) \Kη

t ) = lim
k→+∞

[∫

ω
W0(∇αwk) dxα + H1(S(wk) \Kη

t )

]
.In (4.5.15), we repla
e w by wk and we pass to the limit when k → +∞ ; we get

2

∫

ω
QW0(∇αu(t)) dxα ≤ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v) \Kη

t )

≤ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v) \ γ(t)) + 2η.The minimality property follows after letting η → 0.185



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMCon
erning the 
onvergen
e of the bulk energy, the previous 
al
ulation with v = u(t) andthe fa
t that S(u(t)) ⊂̃ γ(t) yield
lim sup
n→+∞

∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx ≤ 2

∫

ω
QW0(∇αu(t)) dxα. (4.5.16)Note that (4.5.16) holds for the sequen
e {εn} whi
h is independent of the time. Thus, from(4.5.14), we dedu
e that

∫

Ω
W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα.In parti
ular, Lemma 4.4.8 implies the 
onvergen
e of the stresses and thanks to (4.2.7), (4.5.4)and (4.5.6), we have for a.e. t ∈ [0, T ],

θ(t) = lim
nt→+∞

∫

Ω
∂W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
·
(
∇αġ

εnt (t)
∣∣∣

1

εnt

∇3ġ
εnt (t)

)
dx

=

∫

Ω

(
∂(QW0)(∇αu(t))|0

)
·
(
∇αġ(t)|Ḣ(t)

)
dx

= 2

∫

ω
∂(QW0)(∇αu(t)) · ∇αġ(t) dxα.

�Remark 4.5.6. A

ording to Remark 4.5.3 and Lemma 4.5.5, for every t ∈ [0, T ], the fun
tion
u(t) minimizes

v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v) \ γ(t)

)
, (4.5.17)among {v ∈ SBV p(ω′; R3) : v = g(t) a.e. on ω′ \ω}. Equivalently, the pair (u(t), γ(t)) satis�esthe following unilateral minimality property :

2

∫

ω
QW0(∇αu(t)) dxα + 2H1(γ(t)) ≤ 2

∫

ω
QW0(∇αv) dxα + 2H1(γ′), (4.5.18)for every H1-re
ti�able set γ′ ⊂ ω su
h that γ(t) ⊂̃ γ′ and every v ∈ SBV p(ω′; R3) satisfying

v = g(t) a.e. on ω′ \ ω and S(v) ⊂̃ γ′. Indeed, for su
h pairs (v, γ′), from (4.5.17) we get that
2

∫

ω
QW0(∇αu(t)) dxα ≤ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
S(v) \ γ(t)

)

≤ 2

∫

ω
QW0(∇αv) dxα + 2H1

(
γ′ \ γ(t)

)

= 2

∫

ω
QW0(∇αv) dxα + 2H1(γ′) − 2H1

(
γ(t)

)where the se
ond inequality holds sin
e S(v) ⊂̃ γ′ and the last equality be
ause γ(t) ⊂̃ γ′. Onthe other hand, (4.5.17) follows from (4.5.18) by taking γ′ := S(v) ∪ γ(t).186



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTION4.5.3 Energy 
onservationThe last step in proving that (u(t), γ(t)) is a quasistati
 evolution relative to the boundary data
g(t) 
onsists in showing that the two-dimensional total energy E(t) de�ned in (4.5.7) is absolutely
ontinuous in time. This is the aim of Lemmas 4.5.7 and 4.5.8 that follow.Lemma 4.5.7. For every t ∈ [0, T ],

E(t) ≥ E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτ.Proof. We pro
eed as in [47℄ by approximation of the Lebesgue integral by Riemann sums. Let

s < t, at time s we test the minimality of u(s) against u(t) + g(s) − g(t). By Lemma 4.5.5,
2

∫

ω
QW0(∇αu(s)) dxα ≤ 2

∫

ω
QW0(∇αu(t) + ∇αg(s) −∇αg(t)) dxα + 2H1(S(u(t)) \ γ(s)).Thus, sin
e S(u(t)) ⊂̃ γ(t) and γ(s) ⊂ γ(t),

E(s) = 2

∫

ω
QW0(∇αu(s)) dxα + 2H1(γ(s))

≤ 2

∫

ω
QW0(∇αu(t) + ∇αg(s) −∇αg(t)) dxα + 2H1(γ(t))

= 2

∫

ω
QW0(∇αu(t) + ∇αg(s) −∇αg(t)) dxα − 2

∫

ω
QW0(∇αu(t)) dxα + E(t).It implies that for some ρ(s, t) ∈ [0, 1],

E(t) − E(s) ≥ 2

∫

ω

[
∂(QW0)

(
∇αu(t) + ρ(s, t)

∫ t

s
∇αġ(τ) dτ

)
·
∫ t

s
∇αġ(τ) dτ

]
dx. (4.5.19)Fix t ∈ [0, T ], thanks to Lemma 4.12 in [46℄, there exists a subdivision 0 ≤ sn

0 ≤ sn
1 ≤ . . . ≤

sn
k(n) = t su
h that

lim
n→+∞

sup
1≤i≤k(n)

(sn
i − sn

i−1) = 0and 



lim
n→+∞

k(n)∑

i=1

∥∥∥∥∥(s
n
i − sn

i−1)∇αġ(s
n
i ) −

∫ sn
i

sn
i−1

∇αġ(τ) dτ

∥∥∥∥∥
Lp(ω;R3×2)

= 0

lim
n→+∞

k(n)∑

i=1

∣∣∣∣∣(s
n
i − sn

i−1)θ(s
n
i ) −

∫ sn
i

sn
i−1

θ(τ) dτ

∣∣∣∣∣ = 0.

(4.5.20)For all s ∈ (sn
i , s

n
i+1], we de�ne
un(s) := u(sn

i+1), and Ψn(s) := ρ(sn
i , s

n
i+1)

∫ sn
i+1

sn
i

∇αġ(τ) dτ.187



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMAs ∇αġ ∈ L1(0, T ;Lp(ω′; R3×2)), we have
‖Ψn(s)‖Lp(ω′;R3×2) → 0, (4.5.21)uniformly with respe
t to s ∈ [0, t]. In (4.5.19), we repla
e s by sn

i and t by sn
i+1, then a summationfor i = 0 to k(n) − 1 yields

E(t) − E(0) ≥ 2

∫ t

0

∫

ω
∂(QW0)(∇αun(τ) + Ψn(τ)) · ∇αġ(τ) dxα dτ.From (4.5.21) and Lemma 4.9 in [46℄, we have for a.e. τ ∈ (0, t),

∣∣∣∣
∫

ω
∂(QW0)(∇αun(τ) + Ψn(τ)) · ∇αġ(τ) dxα −

∫

ω
∂(QW0)(∇αun(τ)) · ∇αġ(τ) dxα

∣∣∣∣→ 0.Thus, a

ording to (4.2.2) together with Lebesgue's Dominated Convergen
e Theorem,
∫ t

0

∣∣∣∣
∫

ω
∂(QW0)(∇αun(τ) + Ψn(τ)) · ∇αġ(τ) dxα −

∫

ω
∂(QW0)(∇αun(τ)) · ∇αġ(τ) dxα

∣∣∣∣ dτ → 0.Thus,
E(t) − E(0) ≥ lim sup

n→+∞
2

∫ t

0

∫

ω
∂(QW0)(∇αun(τ)) · ∇αġ(τ) dxα dτ.But in view of (4.5.20), (4.2.2) and Hölder's inequality,

k(n)∑

i=1

∣∣∣∣∣

∫

ω
∂(QW0)(∇αu(s

n
i )) ·

(
(sn

i − sn
i−1)∇αg(s

n
i ) −

∫ sn
i

sn
i−1

∇αġ(τ) dτ

)
dxα

∣∣∣∣∣

≤ C
(
1 + ‖∇αu‖p−1

L∞(0,t;Lp(ω;R3×2))

) k(n)∑

i=1

∥∥∥∥∥(s
n
i − sn

i−1)∇αġ(s
n
i ) −

∫ sn
i

sn
i−1

∇αġ(τ) dτ

∥∥∥∥∥
Lp(ω;R3×2)

→ 0,thus, using again (4.5.20) and (4.5.12),
E(t) − E(0) ≥ 2 lim sup

n→+∞

k(n)∑

i=1

(sn
i − sn

i−1)

∫

ω
∂(QW0)(∇αu(s

n
i )) · ∇αġ(s

n
i ) dxα

= 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτ.

�It now remains to show that the inequality proved in Lemma 4.5.7 is a
tually an equality.This is the obje
t of the following Lemma. 188



4.5. CONVERGENCE OF THE QUASISTATIC EVOLUTIONLemma 4.5.8. For every t ∈ [0, T ],
E(t) ≤ E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτ.Proof. A

ording to (4.5.3) and (4.5.14),

lim inf
nt→+∞

Eεnt
(t) = lim inf

nt→+∞

[∫

Ω
W

(
∇αu

εnt (t)
∣∣∣

1

εnt

∇3u
εnt (t)

)
dx

+

∫

Γεnt (t)

∣∣∣∣
((
νΓεnt (t)

)
α

∣∣∣
1

εnt

(
νΓεnt (t)

)
3

)∣∣∣∣ dH2

]

≥ 2

∫

ω
QW0(∇αu(t)) dxα + 2H1(γ(t))

= E(t). (4.5.22)On the other hand, by Lemma 4.5.2, (4.5.4), (4.5.5) and (4.5.12) we have
lim sup
nt→+∞

Eεnt
(t) ≤ lim sup

n→+∞
Eεn(t)

≤ lim
n→+∞

Eεn(0) + lim sup
n→+∞

∫ t

0
θn(τ) dτ

= E(0) +

∫ t

0
θ(τ) dτ

= E(0) +

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτ. (4.5.23)A

ordingly, relations (4.5.22) and (4.5.23) 
omplete the proof of the Lemma. �By virtue of Lemmas 4.5.7 and 4.5.8, the two-dimensional total energy E(t) is absolutely
ontinuous with respe
t to the time t and

E(t) = E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτhen
e, (u(t), γ(t)) is a quasistati
 evolution relative to the boundary data g(t). Let us show nowthat the three-dimensional bulk and surfa
e energies are 
onverging towards the two-dimensionalbulk and surfa
e energies respe
tively. Note that the following 
onvergen
e result holds for asubsequen
e {εn} independent of t unlike in Lemma 4.5.5 where we stated the 
onvergen
e ofthe volume energy for a t-dependent subsequen
e {εnt}.Lemma 4.5.9. For every t ∈ [0, T ],





∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα,

∫

Γεn (t)

∣∣∣∣
((
νΓεn (t)

)
α

∣∣∣
1

εn

(
νΓεn (t)

)
3

)∣∣∣∣ dH2 → 2H1(γ(t)).189



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMIn parti
ular, Eεn(t) → E(t).Proof. For t = 0, the result is already proved in Lemma 4.5.2. Assume now that t ∈ (0, T ] andlet {nj} be a t-dependent subsequen
e su
h that
lim inf
n→+∞

∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx

= lim
j→+∞

∫

Ω
W

(
∇αu

εnj (t)
∣∣∣

1

εnj

∇3u
εnj (t)

)
dx. (4.5.24)Arguing as in the proofs of Lemmas 4.5.1 and 4.5.5, we 
an suppose that, for a subsequen
e of

nj (still denoted by nj), uεnj (t) ⇀ u∗(t) in SBV p(Ω′; R3) for some u∗(t) ∈ SBV p(ω′; R3) with
u∗(t) = g(t) a.e. on ω′ \ ω, S(u∗(t)) ⊂̃ γ(t), and whi
h is also a minimizer of

v 7→ 2

∫

ω
QW0(∇αv) dxα + 2H1(S(v) \ γ(t)),among {v ∈ SBV p(ω′; R3) : v = g(t) a.e. on ω′ \ ω}. Hen
e,

∫

ω
QW0(∇αu

∗(t)) dxα =

∫

ω
QW0(∇αu(t)) dxα. (4.5.25)A

ording to Remark 4.3.2 and Theorem 5.29 in [5℄,

2

∫

ω
QW0(∇αu

∗(t)) dxα ≤ lim inf
j→+∞

∫

Ω
QW0(∇αu

εnj (t)) dx

≤ lim
j→+∞

∫

Ω
W

(
∇αu

εnj (t)
∣∣∣

1

εnj

∇3u
εnj (t)

)
dx.Thus, (4.5.24) and (4.5.25) imply that

2

∫

ω
QW0(∇αu(t)) dxα ≤ lim inf

n→+∞

∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx,whi
h ensure together with (4.5.16) the 
onvergen
e of the bulk energy i.e.

∫

Ω
W

(
∇αu

εn(t)
∣∣∣

1

εn
∇3u

εn(t)

)
dx→ 2

∫

ω
QW0(∇αu(t)) dxα. (4.5.26)But in view of (4.2.6), (4.5.5) and Lemmas 4.5.2 and 4.5.5,

lim sup
n→+∞

Eεn(t) = lim sup
n→+∞

Eεn(0) + lim sup
n→+∞

∫ t

0
θn(τ) dτ

≤ E(0) +

∫ t

0
θ(τ) dτ

= E(0) + 2

∫ t

0

∫

ω
∂(QW0)(∇αu(τ)) · ∇αġ(τ) dxα dτ

= E(t). (4.5.27)190



4.6. APPENDIXThus (4.5.26) and (4.5.27) yield
lim sup
n→+∞

∫

Γεn (t)

∣∣∣∣
((
νΓεn (t)

)
α

∣∣∣
1

εn

(
νΓεn (t)

)
3

)∣∣∣∣ dH2 ≤ 2H1(γ(t))whi
h, together with (4.5.3), gives the 
onvergen
e of the surfa
e term
∫

Γεn (t)

∣∣∣∣
((
νΓεn (t)

)
α

∣∣∣
1

εn

(
νΓεn (t)

)
3

)∣∣∣∣ dH2 → 2H1(γ(t)).

�4.6 AppendixFor the 
onvenien
e of the reader, we propose an alternative proof of Proposition 4.4.7. We feelit interesting be
ause the same one 
ould be used to show that, in the Integral RepresentationTheorem, Theorem 2.5 in [35℄ and at least in the homogeneous 
ase, the integrand of the Γ-limitis of 
lass C1.Proof of Proposition 4.4.7. The proof is divided into two steps. We �rst prove that QW0 admitspartial derivatives and then we show that they are 
ontinuous whi
h is su�
ient to state that
QW0 is a C1 fun
tion.Step 1 : QW0 admits partial derivatives. Let F , G ∈ R

3×2 and hn ց 0+. A

ordingto Theorem 2 in [74℄, there exists a sequen
e {uε} ⊂ W 1,p(Q′ × I; R3) su
h that uε → 0 in
Lp(Q′ × I; R3) and

2QW0(F ) = lim
ε→0

∫

Q′×I
W

(
F + ∇αuε

∣∣∣
1

ε
∇3uε

)
dx. (4.6.1)The 
oer
ivity 
ondition (4.2.1) implies that the sequen
e {(F + ∇αuε

∣∣1
ε∇3uε

)} is boundedin Lp(Q′ × I; R3×3) uniformly with respe
t to ε > 0. Thus, Hölder's inequality together with(4.2.2) imply that, for a subsequen
e, {∂W (
F + ∇αuε

∣∣1
ε∇3uε

)} is weakly 
onvergent in Lp′(Q′×
I; R3×3). In parti
ular, there exists ξ∗ ∈ R

3×3 su
h that
−
∫

Q′×I
∂W

(
F + ∇αuε

∣∣∣
1

ε
∇3uε

)
dx→ ξ∗. (4.6.2)Sin
e Φ 7→

∫
Q′×I W (Φ) dx is a C1-map from Lp(Q′ × I; R3×3) into R with di�erential given by

Ψ 7→
∫
Q′×I ∂W (Φ) · Ψ dx, we get using the Γ-lim inf inequality and (4.6.1)
QW0(F + hnG) −QW0(F )

hn

≤ lim inf
ε→0

1

hn
−
∫

Q′×I

[
W

(
F + hnG+ ∇αuε

∣∣∣
1

ε
∇3uε

)
−W

(
F + ∇αuε

∣∣∣
1

ε
∇3uε

)]
dx

≤ lim inf
ε→0

−
∫

Q′×I
∂W

(
F + tεnG+ ∇αuε

∣∣∣
1

ε
∇3uε

)
dx · (G|0),191



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMfor some tεn ∈ [0, hn]. Consider εn > 0, with εn n
ց 0, su
h that

QW0(F + hnG) −QW0(F )

hn
− 1

n
≤ −
∫

Q′×I
∂W

(
F + tεn

n G+ ∇αuεn

∣∣∣
1

εn
∇3uεn

)
dx · (G|0).Thus, from Lemma 4.9 in [46℄ and (4.6.2), we get

lim sup
n→+∞

QW0(F + hnG) −QW0(F )

hn

≤ lim sup
n→+∞

−
∫

Q′×I
∂W

(
F + tεn

n G+ ∇αuεn

∣∣∣
1

εn
∇3uεn

)
dx · (G|0)

= lim sup
n→+∞

−
∫

Q′×I
∂W

(
F + ∇αuεn

∣∣∣
1

εn
∇3uεn

)
dx · (G|0).

= ξ∗ · (G|0).Let i ∈ {1, 2, 3} and j ∈ {1, 2}, we 
hoose G = tei ⊗ ej , where {e1, e2, e3} denotes the 
anoni
albasis of R
3 and t ∈ R. Then

lim sup
n→+∞

QW0(F + hntei ⊗ ej) −QW0(F )

hn
≤ tξ∗ij. (4.6.3)Sin
e QW0 is quasi
onvex, it is rank one 
onvex (see [44℄) thus t 7→ fij(t) := QW0(F + tei ⊗ ej)is 
onvex. Let F ∗

ij ∈ ∂fij(0) (the subdi�erential of fij in 0), we have
fij(hnt) ≥ fij(0) + F ∗

ijhnthen
e
tF ∗

ij ≤ lim inf
n→+∞

QW0(F + hntei ⊗ ej) −QW0(F )

hn
(4.6.4)In view of (4.6.3) and (4.6.4), we dedu
e that

F ∗
ij = ξ∗ij = lim

n→+∞

QW0(F + hnei ⊗ ej) −QW0(F )

hn
.Thus, the subdi�erential of fij in 0 is redu
ed to a point, whi
h shows that QW0 admits partialderivatives, denoted by ∂ij(QW0) ; in parti
ular, applying the same argument to another re
overysequen
e, we dedu
e that the value of ξ∗ij does not depend upon the sequen
e {uε} satisfying(4.6.1). From this and from (4.6.2), we 
on
lude that, for any sequen
e {uε} satisfying (4.6.1),

∂ij(QW0)(F ) = lim
ε→0

−
∫

Q′×I
∂ijW

(
F + ∇αuε

∣∣∣
1

ε
∇3uε

)
dx, (4.6.5)where ∂ijW are the partial derivatives of W . 192



4.6. APPENDIXStep 2 : The partial derivatives of QW0 are 
ontinuous. Let F n → F , our aim is to showthat ∂ij(QW0)(F n) → ∂ij(QW0)(F ). To this end, we will 
onstru
t a 
ommon re
overy sequen
efor the 
omputation of the Γ-limit at both w and wn, where w(x) := F ·xα and wn(x) := Fn ·xα.Thanks to Theorem 2 in [74℄, there exists a sequen
e {un
ε } ⊂W 1,p(Q′ × I; R3) su
h that un

ε → 0in Lp(Q′ × I; R3) as ε→ 0 and
QW0(Fn) = lim

ε→0
−
∫

Q′×I
W

(
F n + ∇αu

n
ε

∣∣∣
1

ε
∇3u

n
ε

)
dx.The 
ontinuity of QW0 yield that

QW0(F ) = lim
n→+∞

lim
ε→0

−
∫

Q′×I
W

(
Fn + ∇αu

n
ε

∣∣∣
1

ε
∇3u

n
ε

)
dx.By virtue of the 
oer
ivity 
ondition (4.2.1), the sequen
e {(∇αu

n
ε

∣∣1
ε∇3u

n
ε

)} is bounded in
Lp(Q′ × I; R3×3) uniformly with respe
t to n ∈ N and ε > 0. Furthermore, from (4.6.5), weget

∂ij(QW0)(F n) = lim
ε→0

−
∫

Q′×I
∂ijW

(
Fn + ∇αu

n
ε

∣∣∣
1

ε
∇3u

n
ε

)
dx.It implies, a

ording to (4.2.2) that for a (not relabeled) subsequen
e, the limit of ∂ij(QW0)(F n)exists as n→ +∞ and thus

lim
n→+∞

∂ij(QW0)(F n) = lim
n→+∞

lim
ε→0

−
∫

Q′×I
∂ijW

(
Fn + ∇αu

n
ε

∣∣∣
1

ε
∇3u

n
ε

)
dx.By a standard diagonalization pro
ess, we may �nd a sequen
e {εn} ց 0+ su
h that letting

vn := un
εn
, then vn → 0 in Lp(Q′ × I; R3),

QW0(F ) = lim
n→+∞

−
∫

Q′×I
W

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx (4.6.6)and

lim
n→+∞

∂ij(QW0)(F n) = lim
n→+∞

−
∫

Q′×I
∂ijW

(
F n + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx. (4.6.7)Let us show that {vn} is a re
overy sequen
e for the 
omputation of the Γ-limit at w. We needto prove that we 
an repla
e Fn by F in (4.6.6). To this end, we are going to use a uniform
ontinuity argument. Sin
e W is 
ontinuous, it is uniformly 
ontinuous on any 
ompa
t subsetof R

3×3. We thus restri
t ourselves to those x's su
h that the s
aled gradient of vn lives in a ballof R
3×3 of arbitrarily large radius. Indeed, let M > 0, we de�ne

AM :=

{
x ∈ Q′ × I :

∣∣∣∣
(
Fn + ∇αvn(x)

∣∣∣
1

εn
∇3vn(x)

)∣∣∣∣ ≤M

}
. (4.6.8)Chebyshev's inequality yield that L3([Q′ × I] \ AM ) ≤ C/Mp, where C > 0 is a 
onstantindependant of n. Moreover, a

ording to Theorem 1.1 in [25℄, there is no loss of generality to193



CHAPITRE 4. QUASISTATIC EVOLUTION OF A BRITTLE THIN FILMassume that the sequen
e of s
aled gradients {∣∣(∇αvn| 1
εn
∇3vn

)∣∣p} is equi-integrable. Hen
e by(4.2.1), we have that
∣∣∣∣∣

∫

[Q′×I]\AM

W

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx

∣∣∣∣∣

≤ β

∫

[Q′×I]\AM

(
1 +

∣∣∣∣
(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)∣∣∣∣
p)

dx −−−−−→
M→+∞

0 (4.6.9)uniformly with respe
t to n ∈ N, then
QW0(F ) = lim

M→+∞
lim

n→+∞

1

2

∫

AM

W

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx.Let us 
hoose n large enough (independently of M) su
h that |Fn − F | ≪ 1. Denoting by

ωM : [0,+∞) → [0,+∞) the modulus of 
ontinuity of W on B(0,M + 1), we get for every
M > 0,
∫

AM

∣∣∣∣W
(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
−W

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)∣∣∣∣ dx ≤ 2ωM (|F n − F |) −−−−−→
n→+∞

0.Consequently, by the same argument than for (4.6.9), we obtain that
QW0(F ) = lim

M→+∞
lim

n→+∞

1

2

∫

AM

W

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx

= lim
n→+∞

−
∫

Q′×I
W

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx,hen
e, thanks to (4.6.5),

∂ij(QW0)(F ) = lim
n→+∞

−
∫

Q′×I
∂ijW

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx.To show the 
ontinuity of ∂ij(QW0), it is enough to show that we 
an repla
e F by Fn in theprevious equality and then, relation (4.6.7) will 
omplete the proof of the Lemma. Sin
e

∣∣∣∣∣

∫

[Q′×I]\AM

∂ijW

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx

∣∣∣∣∣

≤ β

∫

[Q′×I]\AM

(
1 +

∣∣∣∣
(
∇αvn

∣∣∣
1

εn
∇3vn

)∣∣∣∣
p−1
)
dx

≤ Cβ

Mp
+
C1/p

M

∥∥∥∥
(
∇αvn

∣∣∣
1

εn
∇3vn

)∥∥∥∥
p−1

Lp(Q′×I;R3×3)

−−−−−→
M→+∞

0uniformly with respe
t to n ∈ N, then
∂ij(QW0)(F ) = lim

M→+∞
lim

n→+∞

1

2

∫

AM

∂ijW

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx.194



4.6. APPENDIXWe are going to use the same uniform 
ontinuity argument than before to ∂ijW . Indeed, as ∂ijWis 
ontinuous, it is also uniformly 
ontinuous on B(0,M + 1) for all M > 0 and
∫

AM

∣∣∣∣∂ijW

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)
− ∂ijW

(
F + ∇αvn

∣∣∣
1

εn
∇3vn

)∣∣∣∣ dx ≤ 2ωM (|F n−F |) −−−−−→
n→+∞

0,where ωM : [0,+∞) → [0,+∞) denotes the modulus of 
ontinuity of ∂ijW on B(0,M + 1).Hen
e, we get that
∂ij(QW0)(F ) = lim

M→+∞
lim

n→+∞

1

2

∫

AM

∂ijW

(
F n + ∇αvn

∣∣∣
1

εn
∇3vn

)
dxand arguing as above,

∂ij(QW0)(F ) = lim
n→+∞

−
∫

Q′×I
∂ijW

(
Fn + ∇αvn

∣∣∣
1

εn
∇3vn

)
dx.A

ording to (4.6.7)

∂ij(QW0)(F ) = lim
n→+∞

∂ij(QW0)(F n),whi
h shows the 
ontinuity of the partial derivatives of QW0. �
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