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❝✛✉r ❢❡rr♦♠❛❣♥✓❡t✐q✉❡✱ ❢r✉✐t ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ▲❡❙■❘ ✭▼✳ ▲✓❡❝r✐✈❛✐♥✮ ♣♦✉r ♣r♦❞✉✐r❡

❞❡s ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ✐♥t❡♥s❡s✳ ❉✐✈❡rs❡s ✈❡rs✐♦♥s ♣❧✉s ♦✉ ♠♦✐♥s ✓❡✈♦❧✉✓❡❡s ❞❡ ❝❡ ❝♦♥❝❡♣t

♦♥t ✓❡t✓❡ ❡t s♦♥t t♦✉❥♦✉rs ✉t✐❧✐s✓❡❡s s✉r ❧❡s ❞❡✉① ♠♦♥t❛❣❡s ❡①♣✓❡r✐♠❡♥t❛✉① q✉❡ ❥✬✉t✐❧✐s❡ ❛✉ s❡✐♥

❞✉ ❣r♦✉♣❡ ❞✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡✳ ❈❡ ❝❤❛♣✐tr❡ s❡ t❡r♠✐♥❡ s✉r ✉♥❡ r❡✈✉❡ ❝♦♠♣❧✒❡t❡ ❞❡s r✓❡s✉❧t❛ts

❡①♣✓❡r✐♠❡♥t❛✉① ♦❜t❡♥✉s s✉r ❧❡ ♣r❡♠✐❡r ♠♦♥t❛❣❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞✓❡♠❛rr✓❡ ✒❛ ♠♦♥ ❛rr✐✈✓❡❡ ❞❛♥s

❧❡ ❣r♦✉♣❡ ❡♥ ✶✾✾✻ ✭❧❡ ❝♦♥❞❡♥s❛t ❛②❛♥t ✓❡t✓❡ ♦❜t❡♥✉ ❡♥ ✶✾✾✽✮✱ ♣❡r♠❡tt❛♥t ❞✬✉♥❡ ♣❛rt ❞❡ ♠❡ttr❡

❡♥ ✓❡✈✐❞❡♥❝❡ ❝❡rt❛✐♥❡s ❧✐♠✐t❛t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s ✒❛ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢

❡♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ✐♥t❡♥s❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt ❞✬✐♥❞✐q✉❡r ❧❡ r❫♦❧❡ ♣r✓❡♣♦♥❞✓❡r❛♥t ❞❡s ♣❤✓❡♥♦✲

♠✒❡♥❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s s✉r ❧❡s ♣r♦♣r✐✓❡t✓❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s✳ ▲❡ ❝❤❛♣✐tr❡ ✹ ❛❜♦r❞❡

♣❧✉s s♣✓❡❝✐☞q✉❡♠❡♥t ❧❡ ♣r♦❜❧✒❡♠❡ ❞❡ ❧✬❡①tr❛❝t✐♦♥ ❞✬✉♥ ❢❛✐s❝❡❛✉ ❛t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t ❞❡ ❧❛ ❝❛✈✐t✓❡

❛t♦♠✐q✉❡ ♦✒✉ ❡st ♦❜t❡♥✉ ❧❡ ❝♦♥❞❡♥s❛t✳ ❆♣r✒❡s ✉♥❡ ❜r✒❡✈❡ ♣r✓❡s❡♥t❛t✐♦♥ ❞✉ ♠♦❞✒❡❧❡ t❤✓❡♦r✐q✉❡

❞✓❡✈❡❧♦♣♣✓❡ ❞❛♥s ♥♦tr❡ ❣r♦✉♣❡✱ ❛✐♥s✐ q✉✬✉♥❡ r❡✈✉❡ ❞❡s ❝♦♥tr❛✐♥t❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ❧✐✓❡❡s ✒❛ ❝❡tt❡

❛♣♣❧✐❝❛t✐♦♥✱ ❧❡s r✓❡s✉❧t❛ts ❡①♣✓❡r✐♠❡♥t❛✉① ♦❜t❡♥✉s s✉r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉

♦✉ ♣✉❧s✓❡ s♦♥t ✐♥❞✐q✉✓❡s✳ ❈❡s ❡①♣✓❡r✐❡♥❝❡s ♦♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ♣❡r♠✐s ❞❡ ❢❛✐r❡ ✉♥ ❧✐❡♥ ❡♥tr❡ ❧❡s

❧❛s❡rs ✒❛ ❛t♦♠❡s ❡t ❧❡s ❧❛s❡rs ♦♣t✐q✉❡s✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ♠♦♥tr❛♥t q✉✬✉♥ ❢♦r♠❛❧✐s♠❡ s✐♠✐❧❛✐r❡ ✒❛

❝❡✉① ❞❡ ❧✬♦♣t✐q✉❡ ❣❛✉ss✐❡♥♥❡✱ ❧❡s ♠❛tr✐❝❡s ❆❇❈❉✱ ♣❡r♠❡tt❛✐t ❞✬❛♥❛❧②s❡r ❡♥ ❞✓❡t❛✐❧ ❧❛ ♣r♦♣❛✲

❣❛t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡✳ ▲❡ ❝❤❛♣✐tr❡ ✺ ❛❜♦r❞❡ ✉♥❡ ❞❡s ❞❡r♥✐✒❡r❡s ❡①♣✓❡r✐❡♥❝❡s ♠❡♥✓❡❡ ❛✉

s❡✐♥ ❞✉ ❣r♦✉♣❡ ❡t q✉✐ ✈✐s❛✐t ✒❛ ✉t✐❧✐s❡r ✉♥ ♦✉t✐❧ ❞✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡✱ ✉♥ r✓❡s❡❛✉ ❞❡ ❞✐☛r❛❝t✐♦♥✱

♣♦✉r ✓❡t✉❞✐❡r ♣r✓❡❝✐s✓❡♠❡♥t ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❡ ❧❛ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❞✓❡❣✓❡♥✓❡r✓❡❡✳ ❈❡

♣r♦❥❡t t✐r❡ ♣r♦☞t ❞✉ s❛✈♦✐r✲❢❛✐r❡ ❡①♣♦s✓❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ♠❛✐s ❡st ❛✉ss✐ ✉♥ ♣r✓❡❝✉rs❡✉r ❞❡s

❢✉t✉r❡s ❡①♣✓❡r✐❡♥❝❡s ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s✳ ▲❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❡☛❡❝t✉✓❡❡ ❛✈❡❝ ❝❡t ♦✉t✐❧✱ q✉❡ ❝❡ s♦✐t s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ s♣❡❝tr♦s❝♦♣✐❡

❞❡ ✧❧♦♥❣✉❡✉r ❞✬♦♥❞❡✧ ♦✉ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❛ ♣❡r♠✐s ❞❡ ♠♦♥tr❡r q✉✬✉♥❡ ❢♦✐s ❞❡ ♣❧✉s ❧❡s ♣r♦✲

♣r✐✓❡t✓❡s ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣♦✉✈❛✐❡♥t ❫❡tr❡ ❧♦✐♥ ❞✬✐❞✓❡❛❧❡s✳ ❈❡s ♣r❡♠✐❡rs r✓❡s✉❧t❛ts

❛❜♦✉t✐ss❡♥t ♥❛t✉r❡❧❧❡♠❡♥t ✒❛ ✉♥❡ ❡①♣✓❡r✐❡♥❝❡ ♣♦✉r ✓❡t✉❞✐❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❛✉ s❡✉✐❧

❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ✉♥ ♣r♦❜❧✒❡♠❡ ❡♥❝♦r❡ ♣❡✉ ♦✉ ♣❛s ❛❜♦r❞✓❡✱ t❛♥t ❡①♣✓❡r✐✲

♠❡♥t❛❧❡♠❡♥t q✉❡ t❤✓❡♦r✐q✉❡♠❡♥t✳ ▲❡ ❞♦❝✉♠❡♥t s❡ t❡r♠✐♥❡ s✉r q✉❡❧q✉❡s ♣❡rs♣❡❝t✐✈❡s ♦✉✈❡rt❡s

♣❛r ❧❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s ♣♦✉r ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳ ❉❡✉① ❛s♣❡❝ts s♦♥t ❡♥ ♣❛rt✐❝✉❧✐❡r

❛❜♦r❞✓❡s ✿ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ ❢❛✐r❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡ ✧q✉❛♥t✐q✉❡✧ ❛✈❡❝ ✉♥ ❝♦♥❞❡♥s❛t ♣♦✉r✱

❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❛tt❡✐♥❞r❡ ✉♥❡ ❧✐♠✐t❡ ❞❡ ❜r✉✐t ❞❡ ❞✓❡t❡❝t✐♦♥ ✐♥❢✓❡r✐❡✉r ❛✉ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥

q✉❛♥t✐q✉❡ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ✓❡✈❡♥t✉❡❧❧❡ ❞❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s ❞❛♥s ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ❣r❛♥❞

t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡st✐♥✓❡s ✒❛ ❞❡s ❡①♣✓❡r✐❡♥❝❡s ❡♥ ♠✐❝r♦❣r❛✈✐t✓❡✳

❈❡ ❞♦❝✉♠❡♥t ❡st ❞✬❛❜♦r❞ ✉♥❡ s②♥t❤✒❡s❡ ❞❡s tr❛✈❛✉① ♠❡♥t✐♦♥♥✓❡s ❝✐✲❞❡ss✉s✳ ▲❡ ❧❡❝t❡✉r s♦✉✲

❤❛✐t❛♥t ❡♥ s❛✈♦✐r ❞❛✈❛♥t❛❣❡ tr♦✉✈❡r❛ ❞❡s ❞❡s❝r✐♣t✐♦♥s ❞✓❡t❛✐❧❧✓❡❡s ❞❛♥s ❧❡s ♣✉❜❧✐❝❛t✐♦♥s ❝✐t✓❡❡s



✺

❛✐♥s✐ q✉❡ ❞❛♥s ❧❡s ♠✓❡♠♦✐r❡s ❞❡ t❤✒❡s❡ ❞❡ ❇✳ ❉❡sr✉❡❧❧❡s✱ ❱✳ ❇♦②❡r✱ ●✳ ❉❡❧❧❛♥♦②✱ ❨✳ ▲❡ ❈♦q✱

❋✳ ●❡r❜✐❡r ❡t ❙✳ ❘✐❝❤❛r❞ q✉❡ ❥✬❛✐ ❞✐r❡❝t❡♠❡♥t ❡♥❝❛❞r✓❡s✱ ❛✐♥s✐ q✉❡ ❧❡ tr❛✈❛✐❧ ❞❡ t❤✒❡s❡ ❞❡ ❉✳

❍♦❧❧❡✈✐❧❧❡ ❡t ❏✳ ❋✐❧s ♣♦✉r ❧❡ ❣②r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ q✉❡ ❥✬❛✐ s✉✐✈✐ ❞❡ ♣r✒❡s✳ ❚♦✉t❡❢♦✐s✱ ❝❡rt❛✐♥s

❛s♣❡❝ts✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛❜♦r❞✓❡s ❛✉ ❞❡r♥✐❡r ❝❤❛♣✐tr❡✱ r❡❧✒❡✈❡♥t ♣❧✉s ❞❡ ❧❛ ♣r♦s♣❡❝t✐✈❡ ❡t ❞❡s

♣r♦❥❡ts ❡♥ ❝♦✉rs✱ ❡t ✐❧ s✬❛❣✐t ❞♦♥❝ ❞❡ tr❛✈❛✉① ❧♦✐♥ ❞✬❫❡tr❡ ❝♦♠♣❧✒❡t❡♠❡♥t ❛❜♦✉t✐s✳



✻



❘❡♠❡r❝✐❡♠❡♥ts

▲❡s tr❛✈❛✉① ♣r✓❡s❡♥t✓❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t s♦♥t ❧❡ ❢r✉✐t ❞❡ ♥♦♠❜r❡✉s❡s ❝♦❧❧❛❜♦r❛t✐♦♥s ❛✈❡❝ ♣❧✉✲

s✐❡✉rs ❝❤❡r❝❤❡✉rs ❢r❛♥✘❝❛✐s ❡t ✐♥t❡r♥❛t✐♦♥❛✉①✳ ■❧ ❡st ❞✐✍❝✐❧❡ ❡♥ q✉❡❧q✉❡s ❧✐❣♥❡s ❞❡ ❧❡s r❡♠❡r❝✐❡r

t♦✉s✱ ❡t ❥❡ ♣r✐❡ ❞✬❛✈❛♥❝❡ t♦✉s ❝❡✉① q✉❡ ❥❡ ♥❡ ♣♦✉rr❛✐ ❝✐t❡r ❞❡ ❜✐❡♥ ✈♦✉❧♦✐r ♠✬❡♥ ❡①❝✉s❡r✳

❏❛❝q✉❡s ❱✐❣✉✓❡✱ ❑❧❛✉s ❙❡♥❣st♦❝❦ ❡t ▼❛ss✐♠♦ ■♥❣✉s❝✐♦ ♦♥t ❡✉ ❧❛ ❣❡♥t✐❧❧❡ss❡ ❞✬❛❝❝❡♣t❡r ❞❡

r❛♣♣♦rt❡r ❝❡ ♠✓❡♠♦✐r❡✳ ❏✬❛✐ ❜❡❛✉❝♦✉♣ ❛♣♣r✓❡❝✐✓❡ ❧❡✉rs r❡♠❛rq✉❡s ❡t ❝♦♠♠❡♥t❛✐r❡s✱ ❡t ❥✬❛✐ ✓❡t✓❡

t♦✉❝❤✓❡ ♣❛r ❧❡✉rs ♠❛rq✉❡s ❞✬✐♥t✓❡r❫❡t ♣♦✉r ♠♦♥ tr❛✈❛✐❧✳ ▼❡r❝✐ ✓❡❣❛❧❡♠❡♥t ✒❛ ❈❤r✐st✐❛♥ ❇♦r❞✓❡✱

❈❤r✐st♦♣❤❡ ❙❛❧♦♠♦♥ ❡t P✐❡rr❡ P✐❧❧❡t ❞✬❛✈♦✐r ❛❝❝❡♣t✓❡ ❞❡ ♣❛rt✐❝✐♣❡r ✒❛ ♠♦♥ ❥✉r②✳

▼♦♥ tr❛✈❛✐❧ ❞❡ t❤✒❡s❡ ❛ ✓❡t✓❡ r✓❡❛❧✐s✓❡ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❑❛st❧❡r✲❇r♦ss❡❧ ❞❡ ❧✬✓❊❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣✓❡✲

r✐❡✉r❡ ✒❛ P❛r✐s ✭❋r❛♥❝❡✮✳ ❏✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞✬② tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧❡s ❝❤❡r❝❤❡✉rs ❡①❝❡♣t✐♦♥♥❡❧s q✉❡

s♦♥t ❈❧❛✉❞❡✲❈♦❤❡♥ ❚❛♥♥♦✉❞❥✐✱ ❏❡❛♥ ❉❛❧✐❜❛r❞ ❡t s✉rt♦✉t ❈❤r✐st♦♣❤❡ ❙❛❧♦♠♦♥ q✉✐ ❛ ✓❡t✓❡ ♠♦♥

❞✐r❡❝t❡✉r ❞❡ t❤✒❡s❡✳ ▲❡✉r ❡♥t❤♦✉s✐❛s♠❡ ❡t ❧❡✉r ❝r✓❡❛t✐✈✐t✓❡ s♦♥t ❝❡rt❛✐♥❡♠❡♥t ♣♦✉r ❜❡❛✉❝♦✉♣

❞❛♥s ♠❛ ✈♦❧♦♥t✓❡ ❞❡ ♣♦✉rs✉✐✈r❡ ✉♥❡ ❝❛rr✐✒❡r❡ ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡✳ ❏❡ ♠❡ r❛♣♣❡❧❧❡ ❞✬❛✐❧❧❡✉rs q✉✬❛✉

♠♦♠❡♥t ❞❡ ♠✬❡♥❣❛❣❡r ❛✉♣r✒❡s ❞❡ ❈❤r✐st♦♣❤❡✱ ◆❛t❤❛❧✐❡ ❲❡st❜r♦♦❦✱ ❛✉ ❞✓❡t♦✉r ❞✬✉♥ ❝♦✉❧♦✐r ❞❡

❙✉♣✬❖♣t✐q✉❡ ♠✬❛✈❛✐t ♣r✓❡✈❡♥✉ q✉❡ ❥❡ ♣r❡♥❛✐s ❧❡ ❁ r✐sq✉❡ ❃ ❞✬❫❡tr❡ ❞✓❡☞♥✐t✐✈❡♠❡♥t ❝♦♥t❛♠✐♥✓❡ ♣❛r

❧❛ r❡❝❤❡r❝❤❡ ❛♣r✒❡s ✉♥❡ ♠♦♥ ♣❛ss❛❣❡ ❛✉ ▲❑❇✳ ▼❡s tr❛✈❛✉① ❞❡ t❤✒❡s❡ ♠✬♦♥t ❛✉ss✐ ❞♦♥♥✓❡ ❧✬♦❝❝❛✲

s✐♦♥ ❞❡ ♣❛rt❛❣❡r ❧❡s ♠♦♠❡♥ts ♣r✐✈✐❧✓❡❣✐✓❡s q✉❡ s♦♥t ❧❡s ✐♥st❛♥ts ♦✒✉ ❧❡s s✐❣♥❛✉① t❛♥t r❡❝❤❡r❝❤✓❡s

❛♣♣❛r❛✐ss❡♥t s♦✉❞❛✐♥ ✒❛ ❧✬✓❡❝r❛♥ ❞❡ ❧✬♦s❝✐❧❧♦s❝♦♣❡ ❛✈❡❝ ❈❛r❧ ❆♠✐♥♦☛✱ P✐❡rr❡ ❉❡s❜✐♦❧❧❡s✱ ❆♥❞r❡✇

❙t❡❛♥❡✱ P✐❡rr❡ ▲❡♠♦♥❞❡ ❡t ▼❛①✐♠❡ ❉❛❤❛♥✳ ❏✬❛✐ ❡✉ ❛✉ss✐ ❧❛ ❝❤❛♥❝❡✱ ♣❡♥❞❛♥t ❝❡tt❡ ♣✓❡r✐♦❞❡✱

❞❡ ❝♦❧❧❛❜♦r❡r ❛✈❡❝ ❘✉❞✐ ●r✐♠♠✱ ❏♦❤❛♥♥❡s ❙⑧♦❞✐♥❣✱ ❆♥❞r❡❛ ❋✐♦r❡tt✐ ❡t ❨✉r✐ ❖✈❝❤✐♥✐❦♦✈ s✉r

❧✬✓❡t✉❞❡ ❞❡s ❢♦r❝❡s r❡❝t✐☞✓❡❡s✳ ❏❡ ❣❛r❞❡ t♦✉❥♦✉rs ✉♥ tr✒❡s ❜♦♥ s♦✉✈❡♥✐r ❞❡ ❝❡s q✉❡❧q✉❡s s❡♠❛✐♥❡s

♣❛ss✓❡❡s ✒❛ ❍❡✐❞❡❧❜❡r❣✱ ❛✐♥s✐ q✉❡ ❞✉ ✈♦②❛❣❡ ❞❛♥s ❧❛ ❘✶✶ ❞❡ ❈❤r✐st♦♣❤❡ ❛✈❡❝ ❧❛ ♠❛♥✐♣ ❞❛♥s ❧❡

❝♦☛r❡✳

❏✬❛✐ ❡✉ ❡♥s✉✐t❡ ❧❛ ❝❤❛♥❝❡ ❞❡ r❡❥♦✐♥❞r❡ ❧✬✓❡q✉✐♣❡ ❞❡ ▼❛r❦ ❑❛s❡✈✐❝❤ ✒❛ ❧✬✉♥✐✈❡rs✐t✓❡ ❞❡ ❙t❛♥❢♦r❞✳

❏❡ ❧❡ r❡♠❡r❝✐❡ ❞❡ ♠✬❛✈♦✐r ❛❝❝✉❡✐❧❧✐ ❡t ❞❡ ♠✬❛✈♦✐r tr✒❡s r❛♣✐❞❡♠❡♥t ❧❛✐ss✓❡ ✉♥❡ ❣r❛♥❞❡ ❛✉t♦♥♦♠✐❡

❞❛♥s ❧❡s ❝❤♦✐① s♣✓❡❝✐☞q✉❡s ❞❡s ❞❡✉① ♠♦♥t❛❣❡s ❡①♣✓❡r✐♠❡♥t❛✉①✳ ❏✬❛✐ ✓❡♥♦r♠✓❡♠❡♥t ❛♣♣r✓❡❝✐✓❡ s♦♥

❡♥t❤♦✉s✐❛s♠❡ s❛♥s ❢❛✐❧❧❡ ❡t s❛ s♣♦♥t❛♥✓❡✐t✓❡ q✉✐ ♠✬♦♥t ❧❛r❣❡♠❡♥t ✐♥s♣✐r✓❡✳ ❈❡s ❞❡✉① ❛♥♥✓❡❡s ♦♥t

❛✉ss✐ ✓❡t✓❡ ❧✬♦❝❝❛s✐♦♥ ♣♦✉r ♠♦✐ ❞✬❡♥❝❛❞r❡r ❚♦❞❞ ●✉st❛✈s♦♥✱ ❏❡☛ ▼❝●✉✐r❦ ❡t ❑❡✈✐♥ ❍❛r✐t♦s✱

❡t ❧❡ s✉❝❝✒❡s ❞❡s ❞❡✉① ♠♦♥t❛❣❡s ❡①♣✓❡r✐♠❡♥t❛✉① ❞♦✐t ❧❡✉r ❫❡tr❡ ❧❛r❣❡♠❡♥t ❛ttr✐❜✉✓❡✳ ❈❡s ❛♥♥✓❡❡s

✒❛ ❙t❛♥❢♦r❞ ♠✬♦♥t ❛✉ss✐ ♣❡r♠✐s ❞❡ r❡♥❝♦♥tr❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❡rs♦♥♥❡s tr❛✈❛✐❧❧❛♥t ❛✈❡❝

▼❛r❦ ♦✉ ❛✈❡❝ ❙t❡✈❡ ❈❤✉✳ ❏✬❛✐ ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❛♣♣r✓❡❝✐✓❡ ❧❡s ❞✐s❝✉ss✐♦♥s ❛✈❡❝ ❆❧❛st❛✐r ❙✐♥❝❧❛✐r✱

❇r✐❛♥ ❆♥❞❡rs♦♥✱ ❡t ❆❦✐♠ P❡t❡rs✱ ❡t ❧❡s ♣❛rt✐❡s ❞❡ ❜❛s❦❡t✲❜❛❧❧ ❛✈❡❝ ❙t❡✈❡ ◗✉❛❦❡✳



✽

❏❡ s✉✐s tr✒❡s r❡❝♦♥♥❛✐ss❛♥t ✒❛ ❆❧❛✐♥ ❆s♣❡❝t ❞❡ ♠✬❛✈♦✐r ❢❛✐t ❝♦♥☞❛♥❝❡ ❡t ❞❡ ♠✬❛✈♦✐r ♦☛❡rt

❧✬♦♣♣♦rt✉♥✐t✓❡ ❞✬❫❡tr❡ r❡❝r✉t✓❡ ❞❛♥s s♦♥ ✓❡q✉✐♣❡✳ ❚♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡s ❛♥♥✓❡❡s ❥✬❛✐ ✓❡♥♦r♠✓❡♠❡♥t

❛♣♣r✓❡❝✐✓❡ ❧✬❛♠❜✐❛♥❝❡✱ s❝✐❡♥t✐☞q✉❡♠❡♥t r✐❝❤❡ ❡t ❤✉♠❛✐♥❡♠❡♥t ❝♦♥✈✐✈✐❛❧❡ q✉✐ r✒❡❣♥❡ ❞❛♥s s♦♥

❣r♦✉♣❡✳ ❙❡s t❛❧❡♥ts ❞❡ ♣✓❡❞❛❣♦❣✉❡✱ ❛♣♣✉②✓❡s s✉r ✉♥❡ ❝✉❧t✉r❡ s❝✐❡♥t✐☞q✉❡ ♣r♦❢♦♥❞❡ ♦♥t ♣❡r♠✐s

❞✬✓❡❝❧❛✐r❡r ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ♦❜s❝✉rs t♦✉t ❛✉ ❧♦♥❣ ❞❡s ❞✐✈❡rs tr❛✈❛✉① ❞✓❡❝r✐ts ❞❛♥s ❝❡ ♠❛♥✉s✲

❝r✐t✳ ❏❡ r❡♠❡r❝✐❡ ❆❧❛✐♥ ❞❡ ♠✬❛✈♦✐r ❧❛✐ss✓❡ ✉♥❡ ❣r❛♥❞❡ ❧✐❜❡rt✓❡ ❞❛♥s ♠❡s ❝❤♦✐① s❝✐❡♥t✐☞q✉❡s✱

t♦✉t ❡♥ ♠❡ ♣r♦❞✐❣✉❛♥t tr✒❡s s♦✉✈❡♥t s❡s ❝♦♥s❡✐❧s✱ ❞♦♥t ❥✬❡s♣✒❡r❡ ❡♥❝♦r❡ ♣r♦☞t❡r ❧♦♥❣t❡♠♣s✳

❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❣r❛♥❞❡♠❡♥t ◆❛t❤❛❧✐❡ ❲❡st❜r♦♦❦ ❡t ❈❤r✐s ❲❡st❜r♦♦❦ ♣♦✉r ♠✬❛✈♦✐r ❛✐❞✓❡ ✒❛

♠✬✐♥s✓❡r❡r r❛♣✐❞❡♠❡♥t ❞❛♥s ❝❡ ❣r♦✉♣❡✳ ❏❡ s✉✐s ❤❡✉r❡✉① ❞❡ ❝♦❧❧❛❜♦r❡r ❛✉❥♦✉r❞✬❤✉✐ ❞✐r❡❝t❡♠❡♥t

❛✈❡❝ ◆❛t❤❛❧✐❡ s✉r ❧✬✓❡t✉❞❡ ❞❡s ❜✐♦♠♦❧✓❡❝✉❧❡s✳ ❏✬❛♣♣r✓❡❝✐❡ ✓❡❣❛❧❡♠❡♥t ♠❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❈❤r✐s

♣♦✉r s❡s ♣r♦❢♦♥❞❡s ❝♦♥♥❛✐ss❛♥❝❡s ❡♥ ♣❤②s✐q✉❡ ❡t ❞❛♥s ❧❛ ❣❡st✐♦♥ q✉♦t✐❞✐❡♥♥❡ ❞❡ ♥♦s ❞✐✈❡rs❡s

✓❡q✉✐♣❡s✳ ❏✬❡s♣✒❡r❡ q✉❡ ♥♦✉s ♣♦✉rr♦♥s ❢♦♥❝t✐♦♥♥❡r ❧♦♥❣t❡♠♣s ❛✐♥s✐✳

▲❡s ✓❡❧❡❝tr♦❛✐♠❛♥ts q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s ♣♦✉r ❧❡ ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡ s♦♥t r✓❡❛❧✐s✓❡s ❡♥ ❝♦❧❧❛❜♦r❛✲

t✐♦♥ ❛✈❡❝ ▼✐❝❤❡❧ ▲✓❡❝r✐✈❛✐♥ ❞✉ ▲✳✓❡✳❙■✳❘✳✱ q✉❡ ❥❡ r❡♠❡r❝✐❡ ♣♦✉r s❛ ❝r✓❡❛t✐✈✐t✓❡ ❡t s❛ r❡♠❛rq✉❛❜❧❡

❡✍❝❛❝✐t✓❡ q✉✐ ❛ ♣❡r♠✐s ❞✬❛❜♦✉t✐r ✒❛ ✹ ❣✓❡♥✓❡r❛t✐♦♥s ❞✬❛♣♣❛r❡✐❧s✳

▲✬❡♥s❡♠❜❧❡ ❞❡s tr❛✈❛✉① r❡❧❛t✓❡s ✐❝✐ ❝♦♥st✐t✉❡ ❜✐❡♥ ❡♥t❡♥❞✉ ✉♥ tr❛✈❛✐❧ ❞✬✓❡q✉✐♣❡s✳ ❏✬❛✐♠❡r❛✐

❞✬❛❜♦r❞ r❡♠❡r❝✐❡r ❧❡s ❝❤❡r❝❤❡✉rs ♣♦st✲❞♦❝t♦r❛♥ts q✉✐ ♠✬♦♥t ❛ss✐st✓❡ ❞❛♥s ❧❛ ❣❡st✐♦♥ ❞❡ ❝❡s

✓❡q✉✐♣❡s✱ ❙t✉❛rt ▼✉r❞♦❝❤✱ ❙❛❞✐q❛❧✐ ❘❛♥❣✇❛❧❧❛✱ ❏♦s❡♣❤ ❚❤②✇✐ss❡♥✱ ❏♦❝❡❧②♥ ❘❡tt❡r✱ ❨❛♥♥ ▲❡

❈♦q✱ ❘♦❜❡rt ◆②♠❛♥ ❡t ❑❛r❡♥ P❡r♦♥♥❡t✳ ❏❡ r❡♠❡r❝✐❡ t♦✉t ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❏♦s❡♣❤ s✉r q✉✐ ❥✬❛✐

♣✉ ♠❡ r❡♣♦s❡r ❧♦rs ❞❡ ♠♦♥ ❤♦s♣✐t❛❧✐s❛t✐♦♥ ❞❡ q✉❡❧q✉❡s ♠♦✐s✳ ❏✬❛✐ ❛✉ss✐ ❛♣♣r✓❡❝✐✓❡ ❧❡ ❞②♥❛♠✐s♠❡

❞❡ ❨❛♥♥ q✉✐ ❛ ❝♦♥tr✐❜✉✓❡ ❛❝t✐✈❡♠❡♥t ✒❛ ❝❤❛❝✉♥ ❞❡ ♠❡s tr♦✐s ♠♦♥t❛❣❡s✳

❏❡ ❣❛r❞❡ ✉♥ s♦✉✈❡♥✐r ✓❡♠✉ ❞❡s ♥✉✐ts ♣❛ss✓❡❡s ✒❛ ❧✬✐♥st✐t✉t ❛✈❡❝ ❇r✉♥♦ ❉❡sr✉❡❧❧❡s✱ ❱✐♥❝❡♥t ❇♦②❡r

❡t ●✉✐❧❧❛✉♠❡ ❉❡❧❛♥♥♦②✳ ◆♦✉s ❛✈♦♥s ♣❛rt❛❣✓❡ ♣❡♥❞❛♥t ♣❧✉s✐❡✉rs s❡♠❡str❡s ❧❡s ♠♦♠❡♥ts ❞❡

❞✓❡❝♦✉r❛❣❡♠❡♥ts ❞❫✉s ❛✉① ❝❛♣r✐❝❡s ❞❡ ❧❛ ♠❛♥✐♣✱ ❛✐♥s✐ q✉❡ ❧❡s ♠♦♠❡♥ts ❞❡ ❥♦✐❡s ❞❡✈❛♥t ❧❡s

s✐❣♥❛✉① ❞✉ ♣r❡♠✐❡r ❝♦♥❞❡♥s❛t✳ ❈❡tt❡ ❥♦✐❡ ♥✬❛✉r❛✐t ♣✉ ❫❡tr❡ ❧✒❛ s❛♥s ❧✬❛✐❞❡ ♠❛t✓❡r✐❡❧❧❡ ❞❡ ▲❛✉r❡♥t

❇❛r✐❧❧❡t ❞✉ ▲❍❆✳ ❇r✉♥♦ ❛ ✓❡t✓❡ ❧❡ ♣r❡♠✐❡r t❤✓❡s❛r❞ q✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞✬❡♥❝❛❞r❡r ❛♣r✒❡s ♠♦♥

❡♥tr✓❡❡ ❛✉ ❈◆❘❙✱ ❡t s❡s q✉❛❧✐t✓❡s s❝✐❡♥t✐☞q✉❡s ❡t ❤✉♠❛✐♥❡s✱ ❛✐♥s✐ q✉❡ s❛ ❝r✓❡❛t✐✈✐t✓❡ ♦♥t ✓❡t✓❡ ♣♦✉r

♠♦✐ ❞✬✉♥❡ ❣r❛♥❞❡ ❛✐❞❡ ❞❛♥s ❝❡s ♣r❡♠✐✒❡r❡s ❛♥♥✓❡❡s✳

❙✐♠♦♥ ❘✐❝❤❛r❞ ❡t ❋❛❜r✐❝❡ ●❡r❜✐❡r ♥♦✉s ♦♥t r❡❥♦✐♥ts ✈❡rs ❧❛ ☞♥ ❞❡s ❡①♣✓❡r✐❡♥❝❡s s✉r ❧❡s ❧❛✲

s❡rs ❛t♦♠✐q✉❡s✳ ◆♦✉s ❛✈♦♥s ♣❛rt❛❣✓❡ ❡♥s❡♠❜❧❡ ❧❡s ♠♦♠❡♥ts ✐♥t❡♥s❡s ❡t r✐❝❤❡s ❡♥ ❞✐s❝✉ss✐♦♥s

❞❡ ❧✬❡♥❣❛❣❡♠❡♥t ✈❡rs ❧❡ ♥♦✉✈❡❧ ❛①❡ ❞❡ r❡❝❤❡r❝❤❡ q✉✬❡st ❧✬✓❡t✉❞❡ ❞❡s s②st✒❡♠❡s q✉❛s✐✲✶❉✳ ❏✬❛✐

♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❛♣♣r✓❡❝✐✓❡ ❧❛ ☞♥❡ss❡ ❞✬❛♥❛❧②s❡ ❡t ❧❡s t❛❧❡♥ts ❞✬❡①♣✓❡r✐♠❡♥t❛t❡✉rs ❞❡ ❙✐♠♦♥✳ ▲❡

❞②♥❛♠✐s♠❡✱ ❧❛ r✐❣✉❡✉r ❡t ❧❛ ❝r✓❡❛t✐✈✐t✓❡ ❞❡ ❋❛❜r✐❝❡ ♦♥t s♦✉✈❡♥t ❝♦♥❞✉✐t ✒❛ ❞❡s ✓❡❝❤❛♥❣❡s ❛♥✐♠✓❡s✱

❞♦♥t ❧❡ r✓❡s✉❧t❛t ❛ ✓❡t✓❡ ✉♥❡ ✐♠♣r❡ss✐♦♥♥❛♥t❡ s✓❡r✐❡ ❞❡ ♣✉❜❧✐❝❛t✐♦♥s✳ ▼❛t❤✐❧❞❡ ❍✉❣❜❛r❞ ❛ r❡♣r✐s ❧❡

✌❛♠❜❡❛✉ ❛✈❡❝ ❜r✐♦ ❡t r✐❣✉❡✉r✱ t♦✉t ❡♥ ♣r❡♥❛♥t ❧❡ t❡♠♣s ❞✬❛❣r❛♥❞✐r s❛ ❢❛♠✐❧❧❡✳ ❊❧❧❡ ❛ ❡♥s✉✐t❡

✓❡t✓❡ r❡❥♦✐♥t❡ ♣❛r ❆♥❞r❡ ❱❛r✒♦♥ ♣✉✐s ❉❛✈✐❞ ❈❧✓❡♠❡♥t✱ q✉✐ ♦♥t ❞♦♥♥✓❡ ✉♥ ♥♦✉✈❡❛✉ s♦✉✎❡ ✒❛ ❝❡tt❡

♠❛♥✐♣ ❡♥ s❡ ❧❛♥✘❝❛♥t ❞❛♥s ❧✬✓❡t✉❞❡ ❞✉ ❞✓❡s♦r❞r❡✳ ❏✬❛♣♣r✓❡❝✐❡ ❛✉ss✐ ❝❤❛q✉❡ ❥♦✉r ❧❡s ❢r✉❝t✉❡✉s❡s

❞✐s❝✉ss✐♦♥s ❛✈❡❝ ▲❛✉r❡♥t ❙❛♥❝❤❡③✲P❛❧❛♥❝✐❛✱ ❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❝❡ s✉❥❡t ♦✒✉ s❛ r✐❣✉❡✉r ❡t s♦♥



✾

♣r♦❢❡ss✐♦♥♥❛❧✐s♠❡ ♥♦✉s ♦♥t ♣❡r♠✐s ❞✬❛❜♦✉t✐r r❛♣✐❞❡♠❡♥t✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ●♦r❛ ❙❝❤❧②❛♣✲

♥✐❦♦✈ ❡t ❉✐♠❛ ●❛♥❣❛r❞t ❞❡ ♥♦✉s ❛✈♦✐r ✐♥❞✐q✉✓❡ ❝❡tt❡ ✈♦✐❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♥♦✉s ♥♦✉s s♦♠♠❡s

❡♥❣♦✉☛r✓❡s✳

▼❛r✐❡ ❋❛✉q✉❡♠❜❡r❣✉❡ ♥✬❛ ♣❛s ❤✓❡s✐t✓❡✱ t♦✉t ❝♦♠♠❡ ❇r✉♥♦ ❉❡sr✉❡❧❧❡s ❛✉♣❛r❛✈❛♥t ❡t ●❛❡❧

❱❛r♦q✉❛✉① ♣❛r ❧❛ s✉✐t❡✱ ❛ ❞✓❡❜✉t❡r ✉♥❡ t❤✒❡s❡ ❞❛♥s ✉♥❡ s❛❧❧❡ ✈✐❞❡ ❞❛♥s ❧❡ ❜✉t ❞❡ ❝♦♥str✉✐r❡

✉♥ ♠♦♥t❛❣❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ❙❛ ❥♦✈✐❛❧✐t✓❡ ❡t s♦♥ ❝♦✉r❛❣❡ ❢❛❝❡ ✒❛ ❧❛ t❛❝❤❡

✒❛ ❛❝❝♦♠♣❧✐r ♦♥t ♣❡r♠✐s ❞❡ ♠❡♥❡r ❧❡ ❞✐s♣♦s✐t✐❢ ✒❛ ♠❛t✉r✐t✓❡ ❡t ✒❛ ❞❡ tr✒❡s ❜❡❧❧❡s ❡①♣✓❡r✐❡♥❝❡s✳ ❏❡

r❡♠❡r❝✐❡ ✓❡❣❛❧❡♠❡♥t ❊☛r♦ss✐♥✐ ❚s♦✉❝❤♥✐❦❛✱ q✉✐ ❛ ♣❛rt✐❝✐♣✓❡ ❛✉① ♣r❡♠✐✒❡r❡s ♣❤❛s❡s ❞❡ ❝♦♥❝❡♣t✐♦♥

❡t ❞❡ ♠♦♥t❛❣❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛✈❡❝ t❛❧❡♥t ❡t ❡♥t❤♦✉s✐❛s♠❡✳ ❏❡❛♥✲❋✓❡❧✐① ❘✐♦✉ ❡t ❲✐❧❧✐❛♠ ●✉✓❡r✐♥

♦♥t s✉ ♣r❡♥❞r❡ ❡♥ ♠❛✐♥ ❝❡ ❞✐s♣♦s✐t✐❢ ❡♥ ❝♦♥s❡r✈❛♥t ❧❡✉r ❡♥t❤♦✉s✐❛s♠❡ ❡t ❜♦♥♥❡ ❤✉♠❡✉r ♠❛❧❣r✓❡

❧❡s ❝❛t❛str♦♣❤❡s s✉❝❝❡ss✐✈❡s✳ ❈❡tt❡ ✈♦❧♦♥t✓❡✱ ❝♦✉♣❧✓❡❡ ✒❛ ❧❡✉rs q✉❛❧✐t✓❡s s❝✐❡♥t✐☞q✉❡s✱ ❛ ❛❜♦✉t✐ ❛✉①

❞❡r♥✐❡rs r✓❡s✉❧t❛ts ❞✬♦♣t✐q✉❡s ❛t♦♠✐q✉❡s ❞♦♥t ❥❡ s✉✐s t♦✉t ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ☞❡r✳ ❏❡ s✉✐s tr✒❡s

❤❡✉r❡✉① q✉❡ ❱✐♥❝❡♥t ❏♦s❡❡ ♥♦✉s ❛✐t r✓❡❝❡♠♠❡♥t r❡❥♦✐♥ts✱ ❝❛r s♦♥ ❡♥t❤♦✉s✐❛s♠❡ ❡t s❡s q✉❛❧✐t✓❡s

s❝✐❡♥t✐☞q✉❡s ♥♦✉s ♠✒❡♥❡♥t ❞✓❡❥✒❛ ✈❡rs ✉♥❡ ♥♦✉✈❡❧❧❡ ✈♦✐❡ ♣❛ss✐♦♥♥❛♥t❡✳

▼❡r❝✐ ❛✉ss✐ ✒❛ ❉❡❧♣❤✐♥❡ ❙❛❝❝❤❡t ❡t ❇r✐❝❡ ❱✐❧❧✐❡r ♣♦✉r ❧❡✉r ✐♠♣❧✐❝❛t✐♦♥ ❛✈❡❝ ●❛❡❧ ❡t ❘♦❜❡rt s✉r

❧❡ ♥♦✉✈❡❛✉ ♠♦♥t❛❣❡ ❑❘❯❇✳ ▲❡ ❞②♥❛♠✐s♠❡ ❞❡ ●❛❡❧ ❡t ❘♦❜❡rt ♥♦✉s ♠✒❡♥❡r❛ s❫✉r❡♠❡♥t ✒❛ ✉♥

tr✒❡s ❜❡❛✉ ♠♦♥t❛❣❡ ❡①♣✓❡r✐♠❡♥t❛❧✳ ▼❡r❝✐ ❡♥☞♥ ❛✉① ♥♦✉✈❡❛✉① ✈❡♥✉s✱ ❏❡❛♥✲❋r❛♥✘❝♦✐s ❈❧✓❡♠❡♥t ❡t

▼❛①✐♠✐❧✐❛♥ ❙❝❤✉❧t③ ❞❡ ♥♦✉s r❡❥♦✐♥❞r❡ ❞❛♥s ❝❡tt❡ ❛✈❡♥t✉r❡✳

▼♦♥ tr❛✈❛✐❧ s✉r ❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ♥✬❛✉r❛✐t ♣✉ ❝♦♥t✐♥✉❡r s❛♥s ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❢r✉❝t✉❡✉s❡

❛✈❡❝ ❈❤r✐st✐❛♥ ❇♦r❞✓❡✱ ◆♦❡❧ ❉✐♠❛rq✱ ❆♥❞r✓❡ ❈❧❛✐r♦♥ ❡t ❆r♥❛✉❞ ▲❛♥❞r❛❣✐♥✳ ❏✬❛♣♣r✓❡❝✐❡ ❧❡✉r

r✐❣✉❡✉r ❃♠✓❡tr♦❧♦❣✐q✉❡❁ q✉✐ ♠❡ ❢❛✐t ♣❛r❢♦✐s ❞✓❡❢❛✉t✳ ❏❡ s✉✐s t♦✉s ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❤❡✉r❡✉① ❞❡

♣♦✉rs✉✐✈r❡ ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❈❤r✐st✐❛♥ ❛✉ tr❛✈❡rs ❞❡s ✓❡t✉❞❡s t❤✓❡♦r✐q✉❡s q✉❡ ♥♦✉s ♠❡♥♦♥s

❛✈❡❝ ❋r❛♥❝♦✐s ■♠♣❡♥s ❡t ❞❡ ❝r♦✐s❡r ❈❤r✐st♦♣❤❡ ❧♦rs ❞❡ r✓❡✉♥✐♦♥s s✉r ❝❡ t❤✒❡♠❡✳ ❏✬❛✐ ❛✉ss✐

❛♣♣r✓❡❝✐✓❡ ❧❡s ✓❡❝❤❛♥❣❡s ❢r✉❝t✉❡✉① ❛✈❡❝ ❊r♥st ❘❛s❡❧✱ ❲♦❧❢❣❛♥❣ ❊rt♠❡r✱ ❆❦✐♠ P❡t❡rs ❡t ▲✉✐❣✐

❈❛❝❝✐❛♣✉♦t✐ ❧♦rs ❞✉ ♣r♦❥❡t ❍❨P❊❘✳ ❏✬❛✐ ❡✉ ❛✉ss✐ ❧❛ ❝❤❛♥❝❡ ❞✬✐♥t❡r❛❣✐r ❛✈❡❝ ●♦r❣✐♦ ❇❛❣♥❛s❝♦✱

❝❤❡❢ ❞❡ ♣r♦❥❡t ❞❡ ❧✬❊❙❆✱ ❞♦♥t ❥✬❛✐ ❛♣♣r✓❡❝✐✓❡ ❧❛ r✐❣✉❡✉r ❡t ❧❛ ❞✓❡t❡r♠✐♥❛t✐♦♥✳

❏✬❛✐ ❡✉ ❧❡ ♣r✐✈✐❧✒❡❣❡ ❛✉ ❝♦✉rs ❞❡ ❝❡s ❛♥♥✓❡❡s ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❆♥❞r✓❡ ❱✐❧❧✐♥❣✱ ❋r✓❡❞✓❡r✐❝ ▼♦r♦♥ ❡t

❙t✓❡♣❤❛♥❡ ▼❛rt✐♥✱ ♥♦s t❛❧❡♥t✉❡✉① ✓❡❧❡❝tr♦♥✐❝✐❡♥s✳ ■❧s ♦♥t ❝♦♥✘❝✉ ❡t r✓❡❛❧✐s✓❡ ✭s♦✉✈❡♥t ❡♥ ❞❡s t❡♠♣s

r❡❝♦r❞s✮ ❧❡s ♥♦♠❜r❡✉① s②st✒❡♠❡s ✓❡❧❡❝tr♦♥✐q✉❡s ♥✓❡❝❡ss❛✐r❡s ❛✉ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s ♠❛♥✐♣s✳ ❏❡

❧❡s r❡♠❡r❝✐❡ ❝❤❛❧❡✉r❡✉s❡♠❡♥t ♣♦✉r ❧❡✉r ❡✍❝❛❝✐t✓❡✱ ❧❡✉r ❝♦♠♣✓❡t❡♥❝❡ ❡t ❧❡✉r ❞✐s♣♦♥✐❜✐❧✐t✓❡✳ ■❧s

♦♥t t♦✉❥♦✉rs s✉ ❞♦♥♥❡r ❞❡ ❜♦♥s ❝♦♥s❡✐❧s ❡t r✓❡♣♦♥❞r❡ ✒❛ ♥♦s ❛tt❡♥t❡s ❛✈❡❝ ❜♦♥♥❡ ❤✉♠❡✉r✱

❣❡♥t✐❧❧❡ss❡ ❡t s❛♥s ❥❛♠❛✐s ♠✓❡♥❛❣❡r ♥✐ ❧❡✉rs t❡♠♣s ♥✐ ❧❡✉rs ♣❡✐♥❡s✳

❉❡ ♥♦♠❜r❡✉s❡s ♣❡rs♦♥♥❡s ✒❛ ❧✬■♥st✐t✉t ❞✬❖♣t✐q✉❡ ♦♥t ❛✐❞✓❡ ✒❛ ❧✬❛❜♦✉t✐ss❡♠❡♥t ❞❡ ❝❡s tr❛✈❛✉①✳

❈❤r✐st✐❛♥ ❍✐♠❜❡rt✱ ❆♥❞r✓❡ ❉✉❝❛ss❡ ❡t ❆r♥♦❧❞ ▼✐❣✉s ♦♥t s✉❝❝❡ss✐✈❡♠❡♥t ❝♦♥tr✐❜✉✓❡ ❛✉ ❞✓❡✈❡✲

❧♦♣♣❡♠❡♥t ❞❡ ❝❡t ✐♥st✐t✉t✱ ❡t ❥❡ r✓❡❛❧✐s❡ ❝❤❛q✉❡ ❥♦✉r ✉♥ ♣❡✉ ♣❧✉s ❧❛ ❝❤❛♥❝❡ q✉❡ ♥♦✉s ❛✈♦♥s

❞✬✓❡✈♦❧✉❡r ❞❛♥s ❝❡ ❝❛❞r❡ ♣r✐✈✐❧✓❡❣✐✓❡ ❡t r❡❧❛t✐✈❡♠❡♥t ✉♥✐q✉❡ ❡♥ ❋r❛♥❝❡✳ ❏❡ ❞✓❡❝♦✉✈r❡ ❛✉ss✐ ❝❤❛q✉❡

❥♦✉r ✉♥ ♣❡✉ ♣❧✉s ❧❛ ❝❤❛♥❝❡ q✉❡ ♥♦✉s ❛✈♦♥s ❞✬❛✈♦✐r P✐❡rr❡ ❈❤❛✈❡❧ ❝♦♠♠❡ ❞✐r❡❝t❡✉r ❞✉ ❧❛❜♦r❛✲

t♦✐r❡✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ t♦✉s ❧❡s ♠❡♠❜r❡s ❞✉ ❧❛❜♦r❛t♦✐r❡ ♣♦✉r ❧❡✉r ♣❛t✐❡♥❝❡ ❛♣r✒❡s ♥♦s ❛❝❝✐❞❡♥ts



✶✵

r✓❡❝❡♥ts✳ ❏❡ r❡♠❡r❝✐❡ ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❧❡s ❚Ps ❞❡ ❧✬✓❡❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞✬❖♣t✐q✉❡✱ q✉✐ ♥♦✉s ♦♥t

s✐ s♦✉✈❡♥t ♣r❫❡t✓❡ ❞✉ ♠❛t✓❡r✐❡❧✱ ❡♥ ❞✓❡♣✐t ❞❡ ♥♦tr❡ ♣❡✉ ❞✬❡♥tr❛✐♥ ✒❛ ❧❡✉r r❡♥❞r❡ ✒❛ t❡♠♣s✳ ▼❡r❝✐ ❛✉

s❡r✈✐❝❡ ❡♥tr❡t✐❡♥✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ✒❛ ❏❡❛♥✲▲♦✉✐s ❉✉❝❤❡♠✐♥ ❡t ✒❛ ❏❛❝❦② ❘♦❣❡r ♣♦✉r ❧❡✉rs ✐♥t❡r✲

✈❡♥t✐♦♥s r❛♣✐❞❡s ❡t ❧❡✉rs ♣r❫❡ts ❞❡ ♠❛t✓❡r✐❡❧✳ ◆♦✉s ❛✈♦♥s ✓❡❣❛❧❡♠❡♥t ❜✓❡♥✓❡☞❝✐✓❡ ❞❡ ❧❛ ❝♦♠♣✓❡t❡♥❝❡

❞❡ ▼✳ ❚✉t♦✉ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❆✐♠✓❡ ❈♦tt♦♥ ♣♦✉r ❧❡s s♦✉❞✉r❡s ✉❧tr❛✲✈✐❞❡✳ ▼❡r❝✐ ✓❡❣❛❧❡♠❡♥t ✒❛

❧✬❛t❡❧✐❡r ♠✓❡❝❛♥✐q✉❡✱ ❛✐♥s✐ q✉✬✒❛ ❆❧❛✐♥ ❆✐❞❡✳ ❏❡ r❡♠❡r❝✐❡ ✓❡❣❛❧❡♠❡♥t ❈❤r✐st✐♥❡ ❆✈✐❣♥♦♥✲❱✓❡r✐t✓❡

♣♦✉r ❛✈♦✐r s✉♣♣♦rt✓❡ ❛✈❡❝ ♣❛t✐❡♥❝❡ ❡t ❝♦♠♣r✓❡❤❡♥s✐♦♥ ♥♦s ❞❡♠❛♥❞❡s ❞✬❛❝❤❛ts ✉r❣❡♥t❡s ❛✉①

♠♦♠❡♥ts ❧❡s ♣❧✉s ✐♥❝♦♥❣r✉s✳

❏✬❛✐ ❡✉ ✓❡♥♦r♠✓❡♠❡♥t ❞❡ ♣❧❛✐s✐r ✒❛ ❞✐s❝✉t❡r ✭❡t ♣❛s s❡✉❧❡♠❡♥t ❞❡ ♣❤②s✐q✉❡✮ ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡

❞❡s ♠❡♠❜r❡s ❞✉ ❣r♦✉♣❡ ❞✬❖♣t✐q✉❡ ❆t♦♠✐q✉❡ q✉❡ ❥✬❛✐ ♣✉ ❝❫♦t♦②❡r ❛✉ ❝♦✉rs ❞❡ ❝❡s ❛♥♥✓❡❡s✳

▼❡r❝✐ ❞♦♥❝ ✒❛ ❆♥t♦✐♥❡✱ ❏✉❧✐❡✱ ❆❧✐❝❡✱ ❙t❡♣❤❛♥✱ ❖❧✐✈✐❡r✱ ❏♦s✓❡✱ ❉❡♥✐s✱ ❘♦❞♦❧♣❤❡✱ ■s❛❜❡❧❧❡✱ ❉❛✈✐❞✱

❏✓❡r❫♦♠❡✱ ❈❤r✐st✐♥❡✱ ❚❤♦rst❡♥✱ ❏❡❛♥✲❇❛♣t✐st❡✱ ❆✉r✓❡❧✐❡♥✱ ▼❛rt✐❥♥✱ ❘♦♥ ❡t t♦✉s ❧❡s ❛✉tr❡s✳

❊♥☞♥✱ ❥❡ s♦✉❤❛✐t❡ r❡♠❡r❝✐❡r ♠❛ ❢❛♠✐❧❧❡✱ ❏♦❤❛♥♥❛✱ ❈❛♠✐❧❧❡✱ ❆♥❛✐s ❡t ❋✓❡❧✐❝✐❡ ♣♦✉r ❧❡✉r s♦✉t✐❡♥

❡t ❧❡✉r ♣❛t✐❡♥❝❡ ❛✉ ❧♦♥❣ ❞❡ t♦✉t❡s ❝❡s ❛♥♥✓❡❡s✳ ▼❡r❝✐ ❛✉ss✐ ✒❛ ♠❡s ♣❛r❡♥ts ❞✬❫❡tr❡ t♦✉❥♦✉rs

❞✐s♣♦♥✐❜❧❡s ♣♦✉r ♥♦✉s ❛✐❞❡r ✒❛ ❣✓❡r❡r ❧❡s ❛❧✓❡❛s ❞❡ ♥♦s ❝❛rr✐✒❡r❡s ❡♥ s❡r✈❛♥t s♦✉✈❡♥t✱ ❝❡s ❞❡r♥✐❡rs

t❡♠♣s✱ ❞❡ ❁ ♥♦✉♥♦✉ ❃ t❡♠♣♦r❛✐r❡✳



❚❛❜❧❡ ❞❡s ♠❛t✐✒❡r❡s

✶ Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉① ✶✻

❘✓❡❢✓❡r❡♥❝❡s r❡❧❛t✐✈❡s ✒❛ ❝❡ ❝❤❛♣✐tr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝❧❛s✲

s✐q✉❡s ✷✼

✷✳✶ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡t s❡♥s❡✉rs ✐♥❡rt✐❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✷ ■♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡s ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ✿ ❣✓❡♥✓❡r❛❧✐t✓❡s ✳ ✳ ✳ ✷✾

✷✳✷✳✶ ▲❛ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ❧✉♠✐♥❡✉s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷✳✷ ▲✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ❘❛♠s❡②✲❇♦r❞✓❡ s②♠✓❡tr✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✷✳✸ ❚❡r♠❡ ❞❡ ❞✓❡♣❤❛s❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✷✳✹ ❯t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ✒❛ ❞❡✉① ♣❤♦t♦♥s ✲ ❚r❛♥s✐t✐♦♥ ❘❛♠❛♥ ✳ ✳ ✳ ✸✺

✷✳✸ ❙❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸✳✶ ❆❝❝✓❡❧✓❡r♦♠✓❡tr✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸✳✷ ▲❡ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❙t❛♥❢♦r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✸✳✸ ▲❡ ●r❛❞✐♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❨❛❧❡ ✫ ❙t❛♥❢♦r❞ ✳ ✳ ✳ ✳ ✳ ✸✾
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✻ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✷✼✸
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✻✳✶✳✶ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❛t♦♠❡s ❡♥ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ✿ ❣r❛✈✐t❛t✐♦♥ ❡t r❡✲

❧❛t✐✈✐t✓❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✹

✻✳✶✳✷ ▲❡ ♣r♦❥❡t ❡✉r♦♣✓❡❡♥ ❍❨P❊❘ ❡t ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼✼
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✻✳✷ ❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ♥♦♥✲❝❧❛ss✐q✉❡s ✷✽✼

✻✳✷✳✶ ▲❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ✿ ♣r✐♥❝✐♣❡ ❞✬✐♥❝❡rt✐t✉❞❡ ✳ ✳ ✳ ✷✽✽

✻✳✷✳✷ ❆tt❡✐♥❞r❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ♣❤❛s❡✲♥♦♠❜r❡ ❞❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡

❞❡ ▼❛❝❤✲❩❡♥❤❞❡r ❛t♦♠✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾✵

✻✳✷✳✸ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ♣♦✉r ❝r✓❡❡r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ ❧❛ ❧✐♠✐t❡ ❞❡
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✻✳✹✳✶ ❍❡✐s❡♥❜❡r❣✲❧✐♠✐t❡❞ s♣❡❝tr♦s❝♦♣② ✇✐t❤ ❞❡❣❡♥❡r❛t❡ ❇♦s❡✲❊✐♥st❡✐♥ ❣❛s❡s ✷✾✾

✻✳✹✳✷ ❈♦❤❡r❡♥t ♠❛tt❡r ✇❛✈❡ ✐♥❡rt✐❛❧ s❡♥s♦rs ❢♦r ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✐♥
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✻✳✺ ❆♥♥❡①❡ ✿ q✉❡❧q✉❡s ♥♦t✐♦♥s ❞❡ ❣r❛✈✐t❛t✐♦♥ ❡t ❞❡ r❡❧❛t✐✈✐t✓❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✼
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✼ ❈♦♥❝❧✉s✐♦♥ ✸✸✾
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Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉①

❆♣r✒❡s ♠♦♥ ❞✐♣❧❫♦♠❡ ❞✬✐♥❣✓❡♥✐❡✉r ❞❡ ❧✬✓❊❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞✬❖♣t✐q✉❡ ♦❜t❡♥✉ ❡♥ ✶✾✾✶✱ ❥✬❛✐ ❡☛❡❝t✉✓❡

✉♥❡ t❤✒❡s❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ❈❧❛✉❞❡ ❈♦❤❡♥✲❚❛♥♥♦✉❞❥✐ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❑❛st❧❡r✲❇r♦ss❡❧ s♦✉s

❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❈❤r✐st♦♣❤❡ ❙❛❧♦♠♦♥✳ ❉✉r❛♥t ❝❡tt❡ ♣✓❡r✐♦❞❡✱ ❥✬❛✐ ♣❛rt✐❝✐♣✓❡ ✒❛ q✉❛tr❡ ♠♦♥t❛❣❡s

❡①♣✓❡r✐♠❡♥t❛✉① ❬✶❪✳ ▲❡ ♣r❡♠✐❡r ♠♦♥t❛❣❡ ❝♦♥s✐st❛✐t ✒❛ ✓❡t✉❞✐❡r ✉♥❡ ❝❛✈✐t✓❡ ❛t♦♠✐q✉❡ ✈❡rt✐❝❛❧❡

❢♦r♠✓❡❡ ♣❛r ✉♥ ♠✐r♦✐r ✓❡❧❡❝tr♦♠❛❣♥✓❡t✐q✉❡ ❝♦♥✈❡①❡✱ ❧❛ ❣r❛✈✐t✓❡ ❥♦✉❛♥t ❧❡ r❫♦❧❡ ❞❡ s❡❝♦♥❞ ♠✐r♦✐r✳ ❈❡

♠✐r♦✐r ❛t♦♠✐q✉❡ ✉t✐❧✐s❛✐t ✉♥❡ ♦♥❞❡ ✓❡✈❛♥❡s❝❡♥t❡ ✐♥t❡♥s❡ ✒❛ ❧❛ s✉r❢❛❝❡ ✐♥❝✉r✈✓❡❡ ❞✬✉♥ ❞✐✓❡❧❡❝tr✐q✉❡✳

◆♦✉s ❛✈♦♥s ♠♦♥tr✓❡ q✉❡ ❧❡ ❝♦♥☞♥❡♠❡♥t ♣❛r❛①✐❛❧ ❞❡s ❛t♦♠❡s ✓❡t❛✐t ♣♦ss✐❜❧❡ ❞❛♥s ✉♥ t❡❧ ♣✐✒❡❣❡

❡♥ ♦❜s❡r✈❛♥t ✉♥❡ ❞✉r✓❡❡ ❞❡ ✈✐❡ ❞❡ ♣❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐s❡❝♦♥❞❡s ✭❡♥✈✐r♦♥ ✶✵ r❡❜♦♥❞s

❝♦♠♠❡ ✐♥❞✐q✉✓❡ s✉r ❧❛ ☞❣✉r❡ ✶✳✶✮✱ ♦✉✈r❛♥t ❛✐♥s✐ ❧❛ ✈♦✐❡ ✈❡rs ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s

❞✬♦♣t✐q✉❡ ❡t ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳

❋✐❣✳ ✶✳✶ ✿ ◆♦♠❜r❡ ❞✬❛t♦♠❡s ♣❛ss❛♥t
❞❛♥s ✉♥ ❢❛✐s❝❡❛✉ s♦♥❞❡ ♣❧❛❝✓❡ ✒❛ ✉♥❡ ❤❛✉✲
t❡✉r ☞①✓❡❡ ❛✉✲❞❡ss✉s ❞✬✉♥ ♠✐r♦✐r ❛t♦♠✐q✉❡
❝♦♥❝❛✈❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s✳ ❖♥ ♣❡✉t ❢❛✲
❝✐❧❡♠❡♥t ♦❜s❡r✈❡r ❥✉sq✉✬✒❛ ❞✐① r❡❜♦♥❞s✱ ❧❡s
♣❡rt❡s ❞❡ ❝❡tt❡ ❝❛✈✐t✓❡ ❛t♦♠✐q✉❡ ✓❡t❛♥t ❡s✲
s❡♥t✐❡❧❧❡♠❡♥t ❧✐✓❡❡s ✒❛ ❧❛ q✉❛❧✐t✓❡ ❞✉ ✈✐❞❡ r✓❡✲
s✐❞✉❡❧✳

❯♥ s❡❝♦♥❞ ♠♦♥t❛❣❡ ✓❡t❛✐t ✉♥ ♥♦✉✈❡❛✉ ♣✐✒❡❣❡ ✒❛ ♣r❡ss✐♦♥ ❞❡ r❛❞✐❛t✐♦♥ ❜❛s✓❡ s✉r ❧❡ ♣♦♠♣❛❣❡

♦♣t✐q✉❡ q✉✐ ❢♦♥❝t✐♦♥♥❡ ❡♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ♥✉❧ ✿ ❧❡ ❚❘❖❖P ✭❚r❛♣ ❘❡❧②✐♥❣ ❖♥ ❖♣t✐❝❛❧

P✉♠♣✐♥❣✮✳ ❈♦♠♠❡ ✐♥❞✐q✉✓❡ s✉r ❧❛ ☞❣✉r❡ ✶✳✷✱ ✐❧ ✓❡t❛✐t ❝♦♥st✐t✉✓❡ ❞❡ s✐① ❢❛✐s❝❡❛✉① ❞✐✈❡r❣❡♥ts ❞❡

♣♦❧❛r✐s❛t✐♦♥ ❝✐r❝✉❧❛✐r❡ ❡t ❢♦♥❝t✐♦♥♥❛✐t s✉r ❧❡ r♦✉❣❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❏❡ ✦ ❏❣ ❂ ❏❡ ✰ ✶ ❛✈❡❝

❏❣ ✻❂ ✵ ✳ ❈❡ ♣✐✒❡❣❡ ♣❡r♠❡tt❛✐t ❞❡ ❝❛♣t✉r❡r ❡♥✈✐r♦♥ ✶✵✼ ❛t♦♠❡s ❞❡ ❝✓❡s✐✉♠ ❡♥ ❝❡❧❧✉❧❡✱ ❝❡ ♥♦♠❜r❡

✓❡t❛♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✐♠✐t✓❡ ♣❛r ❧❛ r❡❧❛t✐✈❡ ✐♥❡✍❝❛❝✐t✓❡ ❞✉ ❝❤❛r❣❡♠❡♥t ♣❛r r❛♣♣♦rt ✒❛ ✉♥ P▼❖

✒❛ ❝❛✉s❡ ❞❡ ❧✬❛❜s❡♥❝❡ ❞❡ ❣r❛❞✐❡♥t ❞❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡✳

❏✬❛✐ ❛✉ss✐ ❝♦♥s❛❝r✓❡ ✉♥❡ ♣❛rt✐❡ ❞❡ ♠❛ t❤✒❡s❡ ✒❛ ❧✬✓❡t✉❞❡ ❞✬✉♥ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ❢♦r❝❡✱ ❧❡s ❢♦r❝❡s

❞✐♣♦❧❛✐r❡s r❡❝t✐☞✓❡❡s✱ ❡t ❧❡✉r ❛♣♣❧✐❝❛t✐♦♥ ❛✉ r❛❧❡♥t✐ss❡♠❡♥t ❞✬❛t♦♠❡s s✉r ❞❡s ❞✐st❛♥❝❡s ❝♦✉rt❡s

✭❝❡ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ s✬❡st ❡☛❡❝t✉✓❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ✒❛ ❍❡✐❞❡❧❜❡r❣ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝



Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉① ✶✼

❋✐❣✳ ✶✳✷ ✿ ❚❘❖❖P

❘✳ ●r✐♠♠✮✳ ❉❡ ♠❫❡♠❡✱ ❥✬❛✐ r✓❡❛❧✐s✓❡ ✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡ ✭P▼❖✮ ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥

✭♥✉❛❣❡ ❞✬❛t♦♠❡ ❞❡ ✶ ❝♠✸✮ ♣♦✉r ❝❛♣t✉r❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✭✘ ✶✵✶✶✮✳

❉❡♣✉✐s ❧❡s ❛♥♥✓❡❡s ✶✾✽✵✱ ❧❡ ❞♦♠❛✐♥❡ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ❞✬❛t♦♠❡s ♣❛r ❧❛s❡r ❛✈❛✐t ♣r✐s ✉♥

❡ss♦r ❝♦♥s✐❞✓❡r❛❜❧❡ ❡t ♣❡♥❞❛♥t ♠❡s ❛♥♥✓❡❡s ❞❡ t❤✒❡s❡✱ ❝✬✓❡t❛✐t ✉♥ ♥♦✉✈❡❛✉ ❞♦♠❛✐♥❡ q✉✐ ✓❡t❛✐t

❡♥ tr❛✐♥ ❞❡ s❡ ❢♦r♠❡r ❀ ❧✬❖♣t✐q✉❡ ❡t ❧✬■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡✳ ❖♥ ❝♦♠♠❡♥✘❝❛✐t ❡♥ ❢❛✐t ✒❛

✈♦✐r ❛♣♣❛r❛❫✏tr❡ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡①♣✓❡r✐❡♥❝❡s ❞❡ ♣r✐♥❝✐♣❡ ❬✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽❪ ♠♦♥tr❛♥t q✉❡

❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡ ✓❡t❛✐t ✉♥❡ r✓❡❛❧✐t✓❡ ♣r✓❡s❡♥t❛♥t ✉♥ ❢♦rt ♣♦t❡♥t✐❡❧✳ ❚♦✉t ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t✱ ♦✉tr❡

❧❡s ❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❬✾❪✱ ❞❡✉① ❞♦♠❛✐♥❡s s✉♣♣❧✓❡♠❡♥t❛✐r❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s

s❡♠❜❧❛✐❡♥t ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ♣r♦♠❡tt❡✉rs✳ ❉✬✉♥ ❝❫♦t✓❡✱ ✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ❧❛❜♦r❛t♦✐r❡s

s❡ ❝♦♥s❛❝r❛✐t ✒❛ ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞✬✓❡❧✓❡♠❡♥ts ❞❡ ❜❛s❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡✱ ❛✈❡❝ ✉♥❡ ♠❡♥t✐♦♥

s♣✓❡❝✐❛❧❡ ♣♦✉r ❧❡s ♠✐r♦✐rs ✒❛ ❛t♦♠❡s ❬✶✵✱ ✶✶✱ ✶✷✱ ✶✸✱ ✶✹❪ ❡t ❧❡s str✉❝t✉r❡s ❞✐☛r❛❝t✐✈❡s ❬✷✱ ✽✱ ✹❪✳

❖♥ ♣❡✉t ❞✬❛✐❧❧❡✉rs ♠❡♥t✐♦♥♥❡r q✉❡❧q✉❡s ♥✉♠✓❡r♦s s♣✓❡❝✐❛✉① ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❝♦♥s❛❝r✓❡s ✒❛ ❝❡tt❡

t❤✓❡♠❛t✐q✉❡ ❝♦♠♠❡ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣t✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ❇ ✭♥✍✶✶✱ ✈♦❧✳ ✷✱ ✶✾✽✺✮ ♦✉ ❙♣❡❝✐❛❧

■ss✉❡ ♦♥ ❆t♦♠ ❖♣t✐❝s ♦❢ ❆♣♣❧✳ P❤②s✳ ❇ ✭♥✍ ✺✹✱ ✶✾✾✷✮ q✉✐ ♦☛r❡ ✉♥ r❡❝✉❡✐❧ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ❞❡s

♠❡✐❧❧❡✉rs ❣r♦✉♣❡s ❞❛♥s ❧❡ ♠♦♥❞❡✳ ▲❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ ❞✐r✐❣❡r ❡t s✉rt♦✉t ❞❡ ❢♦❝❛❧✐s❡r ✉♥ ❢❛✐s❝❡❛✉

❞✬❛t♦♠❡s ♦✉✈r❛✐t ❛❧♦rs ❧❛ ✈♦✐❡ ✒❛ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♣♦t❡♥t✐❡❧❧❡♠❡♥t s♣❡❝t❛❝✉❧❛✐r❡ ✿ ❧❛ ❧✐t❤♦❣r❛♣❤✐❡

❛t♦♠✐q✉❡✳ ❉❛♥s ❝❡ ❞♦♠❛✐♥❡ ♣❛rt✐❝✉❧✐❡r✱ ❧✬✐❞✓❡❡ ✓❡t❛✐t ❞✬✉t✐❧✐s❡r ✉♥❡ ☞❣✉r❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ♦♣t✐q✉❡

♣♦✉r ❡①❡r❝❡r ❞❡s ❢♦r❝❡s tr✒❡s ❧♦❝❛❧✐s✓❡❡s s✉r ❧❡s ❛t♦♠❡s ❬✶✺✱ ✶✻✱ ✶✼✱ ✶✽✱ ✶✾✱ ✷✵✱ ✷✶❪ ❡t ❛✐♥s✐

r❡♣r♦❞✉✐r❡ ❧❛ ☞❣✉r❡ ♦♣t✐q✉❡ s✉r ❧❡ ❢❛✐s❝❡❛✉ ❛t♦♠✐q✉❡✳

❋✐❣✳ ✶✳✸ ✿ ❯♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡ ❛❣✐t
❝♦♠♠❡ ✉♥ r✓❡s❡❛✉ ❞❡ ♠✐❝r♦❧❡♥t✐❧❧❡s ❛t♦✲
♠✐q✉❡s s✓❡♣❛r✓❡❡s ❞❡ ✕❂✷ ♦✉ ✕ ✘ ✶ ✖♠
❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♦♣t✐q✉❡✳ ❊♥ ✐♥s❡rt✱
❡①❡♠♣❧❡ ❞❡ ❞✓❡♣❫♦t ❞✬❛t♦♠❡s ❞❡ ❈❤r♦♠❡ ♦❜✲
t❡♥✉ ❞❛♥s ❧❡ ❧❛❜♦r❛t♦✐r❡ ❞❡ ❏✳❏✳ ▼❝❈❧❡❧✲
❧❛♥❞ ❛✉ ◆■❙❚
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◆✓❡❛♥♠♦✐♥s✱ ❧❡s ❢❛✐❜❧❡s ✌✉① ❛t♦♠✐q✉❡s ✭q✉❡ ❧✬♦♥ ♣♦✉rr❛✐t ❛♣♣❛r❡♥t❡r ✒❛ ✉♥❡ ❢❛✐❜❧❡ ❧✉♠✐♥❛♥❝❡✮

♥✬♦♥t ♣♦✉r ❧✬✐♥st❛♥t ♣❛s ♣❡r♠✐s ✒❛ ❝❡ ❞♦♠❛✐♥❡ ❞❡ tr♦✉✈❡r ♣❧❡✐♥❡♠❡♥t s❛ ♣❧❛❝❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡

✐♥❞✉str✐❡❧ ♣♦✉r ❝♦♥❝✉rr❡♥❝❡r ❧❡s ❞✐s♣♦s✐t✐❢s ❡①✐st❛♥ts✱ ♠❛❧❣r✓❡ ❞❡s r✓❡s♦❧✉t✐♦♥s q✉✐ ♣❡✉✈❡♥t

❞✓❡s♦r♠❛✐s ❛tt❡✐♥❞r❡ ❧✬✓❡❝❤❡❧❧❡ ❞❡ ❧❛ ❞✐③❛✐♥❡ ❞❡ ♥❛♥♦♠✒❡tr❡s ❬✷✷✱ ✷✸❪✳

▲❡ ❞♦♠❛✐♥❡ ♣❛rt✐❝✉❧✐❡r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛ ❧✉✐ ❛✉ss✐ ✓❡✈♦❧✉✓❡ r❛♣✐❞❡♠❡♥t✳ ❆♣r✒❡s ❧❡s

♣r❡♠✐✒❡r❡s ❞✓❡♠♦♥str❛t✐♦♥s ❬✷✱ ✹✱ ✼✱ ✻✱ ✷✹❪✱ ❧❡ ❞♦♠❛✐♥❡ s✬♦r✐❡♥t❛✐t ❞✬✉♥❡ ♣❛rt ✈❡rs ❧✬❡①♣❧♦r❛t✐♦♥

❞❡ ♥♦✉✈❡❛✉① t②♣❡s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❬✷✺✱ ✷✻✱ ✷✼✱ ✷✽✱ ✷✾✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✸❪✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❛

s❡♥s✐❜✐❧✐t✓❡ ❡①tr❫❡♠❡ ❞❡ ❝❡s ❛♣♣❛r❡✐❧s ♣❡r♠❡tt❛✐t ❞✬✉t✐❧✐s❡r ❝❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ♣♦✉r ♠❡ttr❡

❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡s ❡☛❡ts s♣❡❝tr♦s❝♦♣✐q✉❡s ❬✸✹✱ ✸✺✱ ✸✻✱ ✸✼✱ ✸✽❪ ♦✉ ❞❡s ❡☛❡ts ♣❧✉s s♣✓❡❝✐☞q✉❡s ✒❛

❧✬✓❡✈♦❧✉t✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ❬✸✾✱ ✹✵✱ ✹✶✱ ✹✷✱ ✹✸✱ ✹✹❪✳ ❈❡rt❛✐♥s ❣r♦✉♣❡s s❡ ❝♦♥s❛❝r❛✐❡♥t

❛✉ss✐ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❝♦♥st❛♥t❡s ❢♦♥❞❛♠❡♥t❛❧❡s ❬✹✺❪✳ ❊♥☞♥✱ ✐❧ r❡st❛✐t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ tr✒❡s

♣r♦♠❡tt❡✉s❡ ♣♦✉r ❧✬❛✈❡♥✐r ✿ ❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ❬✹✻✱ ✹✼✱ ✻❪✳

❆♣r✒❡s ♠❛ t❤✒❡s❡ ♦❜t❡♥✉❡ ❡♥ ✶✾✾✺✱ ❥✬❛✐ ❛✐♥s✐ ❛❜♦r❞✓❡ ❝❡ t❤✒❡♠❡ ❞❡ r❡❝❤❡r❝❤❡✳ ❏✬❛✐ ♣♦✉r ❝❡❧❛

❡☛❡❝t✉✓❡ ✉♥ s✓❡❥♦✉r ♣♦st✲❞♦❝t♦r❛❧ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ▼❛r❦ ❑❛s❡✈✐❝❤ ✒❛ ❙t❛♥❢♦r❞✳ ❏✬❛✈❛✐s ❧❛

r❡s♣♦♥s❛❜✐❧✐t✓❡ ❞❡ ✷ ♠♦♥t❛❣❡s ❡①♣✓❡r✐♠❡♥t❛✉① ✿

④ ●②r♦♠✒❡tr❡ ✒❛ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ✿ s✉r ❧❡ ♣r❡♠✐❡r ♠♦♥t❛❣❡ ✭♣❛❣❡ ✹✶✮✱ ❥✬❛✐ ♠❡s✉r✓❡ ❧❛ r♦t❛t✐♦♥

❞❡ ❧❛ t❡rr❡ ❛✈❡❝ ✉♥ ❣②r♦s❝♦♣❡ ❞❡ ❤❛✉t❡ s❡♥s✐❜✐❧✐t✓❡ ❢♦♥❞✓❡ s✉r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡✳ ❈❡t

✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✉t✐❧✐s❡ ❞❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r ♣♦✉r ❞✐☛r❛❝t❡r ❧❡s ♣❛q✉❡ts ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s✳

▲❡s ♣r❡♠✐❡rs r✓❡s✉❧t❛ts ♦♥t ♣❡r♠✐s ❞❡ ❞✓❡♠♦♥tr❡r ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ✓❡❣❛❧❡ ♦✒✉ s✉♣✓❡r✐❡✉r❡ ✒❛ ✶✵�✸✡❚

❍③�✶❂✷ ♦✒✉ ✡❚ ❂ ✼ ✂ ✶✵�✺ r❛❞ s�✶ r❡♣r✓❡s❡♥t❡ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ t❡rr❡✳ ❆♣r✒❡s ✉♥❡ s❡❝♦♥❞❡

❞✬✐♥t✓❡❣r❛t✐♦♥✱ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✓❡t❛✐t ❞❡ ✷✂✶✵�✽ r❛❞ s�✶❍③�✶❂✷✱ ❝❡ q✉✐ ❡st ❞✉

♠❫❡♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❡s ♠❡✐❧❧❡✉rs ❣②r♦❧❛s❡rs✳ ❯♥ s♦✐♥ ♣❛rt✐❝✉❧✐❡r ❛ ✓❡t✓❡ ♣♦rt✓❡ ✒❛ ❧❛

st❛❜✐❧✐s❛t✐♦♥ ❞❡s s♦✉r❝❡s ❧❛s❡r✱ ❝❡❝✐ ❛☞♥ ❞✬♦❜t❡♥✐r ✉♥❡ ❜♦♥♥❡ st❛❜✐❧✐t✓❡ ✒❛ ❧♦♥❣ t❡r♠❡ ❞❡ ♥♦tr❡

s②st✒❡♠❡✳ ▲❡s ♣r❡♠✐✒❡r❡s ✓❡t✉❞❡s ♦♥t ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❞❡s t❡♠♣s ❞✬✐♥t✓❡❣r❛t✐♦♥ s✉♣✓❡r✐❡✉rs ✒❛

✉♥❡ ❤❡✉r❡ ❡t ❞❡ ❞✓❡t❡❝t❡r ✉♥ s✐❣♥❛❧ ❞❡ r♦t❛t✐♦♥ ✐♥❢✓❡r✐❡✉r ✒❛ ✶✵ ♥r❛❞ s�✶✳ ❯♥ t❡❧ ♥✐✈❡❛✉ ❞❡

❞✓❡t❡❝t✐♦♥ r❡♣r✓❡s❡♥t❛✐t ❧❡ ♠❡✐❧❧❡✉r ❥❛♠❛✐s ❛tt❡✐♥t ❛✈❡❝ ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡✳

▲❛ s❡♥s✐❜✐❧✐t✓❡ ✓❡t❛✐t ❝♦♠♣❛r❛❜❧❡ ❛✉① ♠❡✐❧❧❡✉rs ❣②r♦s❝♦♣❡s ♦♣t✐q✉❡s✳ ❉❛♥s ❝❡s ❡①♣✓❡r✐❡♥❝❡s✱

❧❡s ❢❛✐s❝❡❛✉① ❧❛s❡r s♦♥t ♠♦♥t✓❡s s✉r ✉♥❡ t❛❜❧❡ ♦♣t✐q✉❡ ❞❡ ❤❛✉t❡ q✉❛❧✐t✓❡✳ ▲❛ ❝❤❛♠❜r❡ ✒❛ ✈✐❞❡

❡st ♠♦♥t✓❡❡ s✉r ✉♥❡ ♣❧❛t❡✲❢♦r♠❡ ❛♥♥❡①❡✱ ♠✐♥✐♠✐s❛♥t ❛✐♥s✐ ❧❡s ❝♦✉♣❧❛❣❡s ✈✐❜r❛t✐♦♥♥❡❧s ❡♥tr❡

❧❡s ♣♦♠♣❡s ❡t ❧❡s ❧❛s❡rs✳ ▲❡s t❡❝❤♥✐q✉❡s ❞❡ ❞✐☛r❛❝t✐♦♥ ♣❛r ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s ❞❡♠❛♥❞❡♥t

✉♥❡ ❝♦❧❧✐♠❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ❞✉ ❥❡t ✭✘ ✶✵ ✖r❛❞✮ q✉✐ r❡str❡✐♥t ❢♦rt❡♠❡♥t ❧❡s ✌✉① ❛t♦♠✐q✉❡s✳

❆☞♥ ❞✬❛♠✓❡❧✐♦r❡r ❧❡ ❞✐s♣♦s✐t✐❢✱ ❧❛ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❛ ❡♥s✉✐t❡ ✓❡t✓❡ ♠♦❞✐☞✓❡❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s

✌✉① ♣❧✉s ✐♠♣♦rt❛♥ts✳ ▲❛ r✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ❥❡t ❛t♦♠✐q✉❡ ❝♦♥tr❡ ♣r♦♣❛❣❡❛♥t ✭❝♦♠♠❡ ❞❛♥s ❧❡s

❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s✮ ❛ ❛♠✓❡❧✐♦r✓❡ ❧✬✐♥s❡♥s✐❜✐❧✐t✓❡ ❛✉① ❛❝❝✓❡❧✓❡r❛t✐♦♥s ♣❛r❛s✐t❡s ❡t ❛✉① ✌✉❝t✉❛t✐♦♥s

❞❡ ♣❤❛s❡✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❛❝t✉❡❧❧❡s s♦♥t ✶✵ ✒❛ ✶✵✵ ❢♦✐s ♠❡✐❧❧❡✉r❡s q✉❡ ❧❡s ♣r❡♠✐❡rs r✓❡s✉❧t❛ts✱

r❡♥❢♦r✘❝❛♥t ❡♥❝♦r❡ ❧✬✐♥t✓❡r❫❡t ❞❡ ❝❡ t②♣❡ ❞❡ s❡♥s❡✉rs ✐♥❡rt✐❡❧s✳

④ ●r❛❞✐♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ✿ ❧❡ ❞❡✉①✐✒❡♠❡ ♠♦♥t❛❣❡ ✭♣❛❣❡ ✸✾✮ ❛ ♣❡r♠✐s ❞❡ ♠❡s✉r❡r ❧❡ ❣r❛❞✐❡♥t

❞❡ ❧❛ ❣r❛✈✐t✓❡ t❡rr❡str❡✳ ■❧ ❡st ❜❛s✓❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ s✐♠✉❧t❛♥✓❡❡ ❞❡ ❞❡✉① ❣r❛✈✐♠✒❡tr❡s ❛t♦♠✐q✉❡s



Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉① ✶✾

q✉✐ ♦♥t ❞✓❡❥✒❛ ❞✓❡♠♦♥tr✓❡ ✉♥❡ tr✒❡s ❢♦rt❡ s❡♥s✐❜✐❧✐t✓❡ ✭✁❣❂❣ ✘ ✶✵�✾✮✳ ❙✐ ❝❡s ❞❡✉① ❣r❛✈✐♠✒❡tr❡s

s♦♥t s✓❡♣❛r✓❡s ❞✬✉♥❡ ❞✐st❛♥❝❡ ☞①❡ ✭✶ ♠ ❞❛♥s ♥♦tr❡ ❝♦♥☞❣✉r❛t✐♦♥✮ s✉✐✈❛♥t ❧❛ ✈❡rt✐❝❛❧❡✱ ♦♥

❛❝❝✒❡❞❡ ❞✐r❡❝t❡♠❡♥t✱ ♣❛r ♠❡s✉r❡ ❞✐☛✓❡r❡♥t✐❡❧❧❡✱ ❛✉ ❣r❛❞✐❡♥t ❞❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳

▲❛ ♣❛rt✐❝✉❧❛r✐t✓❡ ❞✉ ❞✐s♣♦s✐t✐❢ q✉❡ ❥✬❛✐ ❝♦♥str✉✐t ✒❛ ❙t❛♥❢♦r❞ ✓❡t❛✐t q✉✬✐❧ ✉t✐❧✐s❡ ❧❡s ♠❫❡♠❡s

✐♠♣✉❧s✐♦♥s ❧❛s❡r ♣♦✉r ❞✐☛r❛❝t❡r ❧❡s ❛t♦♠❡s ❞❛♥s ❧❡s ❞❡✉① ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳ ❖♥ ❜✓❡♥✓❡☞❝✐❡

❛✐♥s✐ ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ r✓❡❥❡❝t✐♦♥ ❞❡ ♠♦❞❡ ❝♦♠♠✉♥ ❡♥tr❡ ❧❡s ❞❡✉① ♠❡s✉r❡s✱ ❝❡ q✉✐ ♣❡r♠❡t

❞✬♦❜t❡♥✐r ✉♥ s②st✒❡♠❡ ✐♥s❡♥s✐❜❧❡ ❛✉① ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞❡s ❢❛✐s❝❡❛✉① ✭❡ss❡♥t✐❡❧❧❡♠❡♥t

✐ss✉❡s ❞❡s ✈✐❜r❛t✐♦♥s ♣❛r❛s✐t❡s✮✳ ❏✬❛✐ ✐♥✐t✐✓❡ ❧❡ ♠♦♥t❛❣❡ ❡t ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝❡ ❞✐s♣♦s✐t✐❢ q✉✐

❛ ❞♦♥♥✓❡ s❡s ♣r❡♠✐✒❡r❡s ♠❡s✉r❡s ❛♣r✒❡s ♠♦♥ ❞✓❡♣❛rt ❡♥ ✶✾✾✻✳

▲❡ s✉❝❝✒❡s ❞❡ ❝❡s ❞❡✉① ♠♦♥t❛❣❡s✱ ❛ss♦❝✐✓❡ ❛✉① r✓❡s✉❧t❛ts s♣❡❝t❛❝✉❧❛✐r❡s ❞✬❛✉tr❡s ❣r♦✉♣❡s ❬✹✽✱

✹✾✱ ✺✵✱ ✸✶❪ ❛ ❞♦♥♥✓❡ ✉♥ ♥♦✉✈❡❧ ✓❡❧❛♥ ✒❛ ❝❡ s✉❥❡t q✉✐✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❞❛♥s ❧❡s ❝❤❛♣✐tr❡s

✷ ❡t ✻✱ ❡st ❛✉❥♦✉r❞✬❤✉✐ ❡♥ ♣❧❡✐♥❡ ❡①♣❧♦s✐♦♥✳

❉✉r❛♥t ❝❡s ❛♥♥✓❡❡s ✒❛ ❙t❛♥❢♦r❞✱ ✉♥ r✓❡s✉❧t❛t s❝✐❡♥t✐☞q✉❡ ❞✓❡t❡r♠✐♥❛♥t ♦❜t❡♥✉ ♣❛r ❊✳ ❈♦r♥❡❧❧✱ ❈✳

❲✐❡♠❛♥ ❡t ❲✳ ❑❡tt❡r❧❡ ❛❧❧❛✐t r✓❡✈♦❧✉t✐♦♥♥❡r ❧❛ t❤✓❡♠❛t✐q✉❡ ❞❡ ❧✬♦♣t✐q✉❡ ❡t ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡

❛t♦♠✐q✉❡✳ ❊♥ ❡☛❡t✱ ❧✬❛♥♥✓❡❡ ✶✾✾✺ ❛ ✈✉ ❧❡ s✉❝❝✒❡s ❞❡ ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞❡ ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲

❊✐♥st❡✐♥ ✒❛ ♣❛rt✐r ❞✬✉♥ ❣❛③ ❞✐❧✉✓❡ ✭r✉❜✐❞✐✉♠✱ s♦❞✐✉♠ ❡t ❧✐t❤✐✉♠✮✳ ❯♥ t❡❧ ❝♦♥❞❡♥s❛t ❡st ♦❜t❡♥✉

❧♦rsq✉✬✉♥ ♥✉❛❣❡ ❞❡ ❜♦s♦♥s ✒❛ ❢❛✐❜❧❡ ❞❡♥s✐t✓❡ ❡st r❡❢r♦✐❞✐ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡ t❡❧❧❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r

❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦❣❧✐❡ t❤❡r♠✐q✉❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ❞✐st❛♥❝❡ ✐♥t❡r❛t♦♠✐q✉❡✳ ❉❛♥s ✉♥ t❡❧ ✓❡t❛t✱

t♦✉s ❧❡s ❛t♦♠❡s s♦♥t ❞❛♥s ❧❡ ♠❫❡♠❡ ♠♦❞❡ q✉❛♥t✐q✉❡✳ ❯♥ t❡❧ ♣❤✓❡♥♦♠✒❡♥❡ ❛✈❛✐t ❞✓❡❥✒❛ ✓❡t✓❡ ♦❜s❡r✈✓❡

❞❛♥s ❧❡s s✉♣❡r✌✉✐❞❡s ❡t ❧❡s s✉♣r❛❝♦♥❞✉❝t❡✉rs ♠❛✐s ❥❛♠❛✐s ❞❛♥s ❧❡s ❣❛③ ❞✐❧✉✓❡s✳ ❖✉tr❡ s♦♥ ✐♥t✓❡r❫❡t

♣r♦♣r❡✱ ❛❜♦r❞✓❡ ❛✉ ❝❤❛♣✐tr❡ ✸✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ s✉♣❡r✌✉✐❞✐t✓❡✱ ❧❡ ❝♦♥❞❡♥s❛t

r❡♣r✓❡s❡♥t❛✐t ✉♥❡ r✓❡✈♦❧✉t✐♦♥ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬♦♣t✐q✉❡ ❡t ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡t ❧❡s

❞✐s❝✉ss✐♦♥s ❛♥✐♠✓❡❡s ❡♥tr❡ ❝❤❡r❝❤❡✉rs ✒❛ ❧✬✓❡♣♦q✉❡ ❡♥ ✓❡t❛✐❡♥t ❧❛ ♣r❡✉✈❡✳ ❊♥ ❡☛❡t✱ ✉♥ ❝♦♥❞❡♥s❛t

❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❡✉t ❫❡tr❡ ❝♦♥s✐❞✓❡r✓❡ ❝♦♠♠❡ ✉♥❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s✱ ❝♦♠♠❡

❧❡ ❧❛s❡r ❡st ✉♥❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ❞✬♦♥❞❡s ✓❡❧❡❝tr♦♠❛❣♥✓❡t✐q✉❡s ✭✈♦✐r ❝❤❛♣✐tr❡ ✹✮✳

■❧ s❡♠❜❧❛✐t ❞♦♥❝ ✓❡✈✐❞❡♥t q✉❡ ❧✬❛✈❡♥✐r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ♣❛ss❛✐t ♣❛r ❧❡s ❝♦♥❞❡♥s❛ts

❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❥✬❛✐ ❞♦♥❝ ✐♥t✓❡❣r✓❡ ❧❡ ❈◆❘❙ ❡♥ ♥♦✈❡♠❜r❡ ✶✾✾✻ ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡ ❞✬❖♣t✐q✉❡

❆t♦♠✐q✉❡ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s ❋❛❜r② ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝❤❛r❣❡ ❧❛ ♣r❡♠✐✒❡r❡ ❡①♣✓❡r✐❡♥❝❡ ❞❡

❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ q✉✐ ✈❡♥❛✐t ❞✬❫❡tr❡ ❞✓❡♠❛rr✓❡❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❡t q✉✐ ❛ ❛❜♦✉t✐ ✒❛

❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❡♥ ❥✉✐♥ ✶✾✾✽✳

▼♦♥ ❛❝t✐✈✐t✓❡ s❝✐❡♥t✐☞q✉❡ s✬❡st ❛❧♦rs ❝♦♥❝❡♥tr✓❡❡ s✉✐✈❛♥t tr♦✐s t❤✒❡♠❡s ♣r✐♥❝✐♣❛✉① ✿

✶✳ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s ✿ ❉❛♥s ❧❛ ❝♦♥t✐♥✉✐t✓❡ ❞❡ ♠❡s tr❛✈❛✉① ✒❛

❙t❛♥❢♦r❞✱ ❥✬❛✐ ❝♦♥s❛❝r✓❡ ✉♥❡ ♣❛rt ❞❡ ♠♦♥ ❛❝t✐✈✐t✓❡ ❞❡ r❡❝❤❡r❝❤❡ ❛✉ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞❡s

s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s✳ ❏✬❛✐ ❡♥ ♣❛rt✐❝✉❧✐❡r ❝♦♥tr✐❜✉✓❡ ❛✉ ♣r♦❥❡t ❞❡ ●②r♦♠✒❡tr❡ ✒❛

❖♥❞❡ ❞❡ ▼❛t✐✒❡r❡ q✉✐ ❛ ❝♦✉rs ❛✉ ❙❨❘❚❊ s♦✉s ❧❛ ❞✐r❡❝t✐♦♥ ❞✬❆r♥❛✉❞ ▲❛♥❞r❛❣✐♥ ❞❡✲

♣✉✐s ✷✵✵✵✳ ▲✬✐♥t✓❡r❫❡t ❣r❛♥❞✐ss❛♥t ❞❡ ❝❡s s❡♥s❡✉rs✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❡✉r s❡♥s✐❜✐❧✐t✓❡ tr✒❡s

♣r♦♠❡tt❡✉s❡ ❡♥ ♠✐❝r♦❣r❛✈✐t✓❡✱ ♠✬❛ ❛✉ss✐ ❛♠❡♥✓❡ ✒❛ ❝♦♥tr✐❜✉❡r ❛✉ ♣r♦❥❡t ❍❨P❊❘✱ ♣r♦❥❡t

s♣❛t✐❛❧ ❞❡ t❡sts ❞❡ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❞❛♥s ❧✬❡s♣❛❝❡✳ ■❧ ♠✬❛ ❛✉ss✐ ❛♠❡♥✓❡ ✒❛ ❝♦♦r❞♦♥♥❡r



✷✵ ❈❤❛♣ ✶ ✲ Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉①

❋✐❣✳ ✶✳✹ ✿ ■♠❛❣❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡
❇♦s❡✲❊✐♥st❡✐♥✱ ♦❜t❡♥✉❡ ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡
❢♦✐s ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡ ❞✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡
❡♥ ❥✉✐♥ ✶✾✾✽✳

✉♥ ♣r♦❣r❛♠♠❡ ❢r❛♥✘❝❛✐s ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❞❛♥s ❧✬❡s♣❛❝❡✱ ■❈❊✱ ❛✉q✉❡❧ ❧❡ ♠♦♥✲

t❛❣❡ ❞❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡ ❛✐♥s✐ q✉❡ ❧❡ ♥♦✉✈❡❛✉ ♠♦♥t❛❣❡ ❞❡ ♠✓❡❧❛♥❣❡

❢❡r♠✐♦♥s✴❜♦s♦♥s ✭q✉❡ ❥❡ ♥✬❛❜♦r❞❡ ♣❛s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✮ s♦♥t ❞✓❡❞✐✓❡s ❡♥ ♣❛rt✐❡✳

✷✳ ❈♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ▲❛s❡r ✒❛ ❆t♦♠❡s ✿ ▲✬✓❡t✉❞❡ ❞❡s ❝♦♥❞❡♥s❛t

❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❞❡s ❧❛s❡r ✒❛ ❛t♦♠❡s s✬❛rt✐❝✉❧❡ ❛✉t♦✉r ❞❡s ❞❡✉① ♣r❡♠✐❡rs ♠♦♥t❛❣❡s

❡①♣✓❡r✐♠❡♥t❛✉① q✉❡ ❥✬❛✐ r✓❡❛❧✐s✓❡ ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡✳ ❙❛♥s ♣♦✉r ❛✉t❛♥t ❞✓❡❧❛✐ss❡r ❞✬❛✉tr❡s

❛s♣❡❝ts✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧✬✓❡t✉❞❡ ❞❡s ♣❤✓❡♥♦♠✒❡♥❡s ❞❡ ❧♦❝❛❧✐s❛t✐♦♥ ❞❛♥s ❞❡s ♣♦t❡♥t✐❡❧s

❛❧✓❡❛t♦✐r❡s✱ ❥✬❛✐ ♦r✐❡♥t✓❡ ♠❛ r❡❝❤❡r❝❤❡ s✉r ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s ❡♥ r❡❧❛t✐♦♥

❛✈❡❝ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳ ❈❡❝✐ ❝♦♥❝❡r♥❡ ❛✉ss✐ ❜✐❡♥ ❧✬✓❡t✉❞❡

❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡ ❧❛s❡r ✒❛ ❛t♦♠❡s q✉❡ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❡s

❝♦♥❞❡♥s❛ts q✉❛s✐ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s✳ ▲❡ ❞❡✉①✐✒❡♠❡ ♠♦♥t❛❣❡ ❞❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡

✈❡rs❛t✐❧❡ ❡st ❞✬❛✐❧❧❡✉rs ❡♥t✐✒❡r❡♠❡♥t ❞✓❡❞✐✓❡ ✒❛ ❧✬✓❡t✉❞❡ ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s✱

❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ■❈❊ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧✬❖◆❊❘❆ ❡t ❧❡ ❙❨❘❚❊✳

✸✳ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ✒❛ s♦✉r❝❡s ❁ ♥♦♥ ❝❧❛ss✐q✉❡s ❃ ✿ ❏❡ ❝♦♥s❛❝r❡ ❛✉ss✐

❞✓❡❥✒❛ ❞❡♣✉✐s q✉❡❧q✉❡s ❛♥♥✓❡❡s ✉♥❡ ♣❛rt ❞❡ ♠♦♥ t❡♠♣s ✒❛ ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ♣♦ss✐❜✐❧✐t✓❡s

❢✉t✉r❡s ❞❛♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡♥ ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳

▼✐s✲✒❛✲♣❛rt ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❢♦rt❡ ❧✉♠✐♥❛♥❝❡ ♣♦✉r ❧❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ❧♦♥❣ t❡♠♣s

❞✬✐♥t❡rr♦❣❛t✐♦♥✱ ✐❧ ❡①✐st❡ ❡♥ ❡☛❡t ❞❡s ♣❡rs♣❡❝t✐✈❡s ✐♥t✓❡r❡ss❛♥t❡s ❞❛♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s

s♦✉r❝❡s ❛t♦♠✐q✉❡s ♥♦♥ ❝❧❛ss✐q✉❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ r✓❡❛❧✐s❡r ❞❡s

✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ✓❡t❛ts ✐♥tr✐q✉✓❡s ♦✉ ❞❡ r✓❡❛❧✐s❡r ❞❡s ❜♦✉❝❧❡s s✉♣❡r✌✉✐❞❡s✳ ❈❡tt❡ ❛❝t✐✈✐t✓❡✱

❡ss❡♥t✐❡❧❧❡♠❡♥t ♣r♦s♣❡❝t✐✈❡✱ ❝♦♠♣♦rt❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ✉♥❡ ❡①♣❧♦r❛t✐♦♥ t❤✓❡♦r✐q✉❡✱ ❜✐❡♥

q✉❡ s♦♥ ❛♣♣❧✐❝❛t✐♦♥ s✉r ❧❡ ♠♦♥t❛❣❡ ❞❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡ s♦✐t ❞✓❡❥✒❛

❡♥✈✐s❛❣✓❡❡✳

❚♦✉t❡s ❝❡s ❛❝t✐✈✐t✓❡s ♠✬♦♥t ❞♦♥❝ ❝♦♥❞✉✐t ✒❛ ❞✓❡✈❡❧♦♣♣❡r ❞✐✈❡rs ♠♦♥t❛❣❡s ❡①♣✓❡r✐♠❡♥t❛✉① ❡t ✒❛

♣❛rt✐❝✐♣❡r ✒❛ ♣❧✉s✐❡✉rs ❝♦❧❧❛❜♦r❛t✐♦♥s ❞♦♥t ❝❡rt❛✐♥s s♦♥t ♣r✓❡s❡♥t✓❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ✿

④ ❈♦♥❞❡♥s❛ts ✶❉ ❡t q✉❛s✐✲❝♦♥❞❡♥s❛ts ✿ ❧❡ ♣r❡♠✐❡r ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ q✉❡ ❥✬❛✐ ✐♥✐t✐✓❡



Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉① ✷✶

❡♥ ✶✾✾✻ ✉t✐❧✐s❡ ✉♥ ❞✐s♣♦s✐t✐❢ ♦r✐❣✐♥❛❧ ♣♦✉r ♣✐✓❡❣❡r ❧❡s ❛t♦♠❡s ✿ ✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t ✒❛ ♥♦②❛✉

❢❡rr♦♠❛❣♥✓❡t✐q✉❡✳ ❈❡t ✓❡❧❡❝tr♦❛✐♠❛♥t ❡st ❧❡ ❢r✉✐t ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡

❞✬✓❡❧❡❝tr♦t❡❝❤♥✐q✉❡ ▲❊❙■❘ ❞❡ ❧✬❊◆❙✲❈❛❝❤❛♥ ❡t ❞✉ ❈◆❘❙✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ ❛❜♦✉t✐ ✒❛ ❧❛

❢❛❜r✐❝❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ✓❡❧❡❝tr♦❛✐♠❛♥ts ✿ ✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t ♣❡r♠❡tt❛♥t ❞✬❛❝❝✓❡❞❡r ❛✉ r✓❡❣✐♠❡

❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ q✉❛♥t✐q✉❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧ ✭✶❉✮✱ ✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t ❤②❜r✐❞❡✱ ♣❧✉s ❝♦♠✲

♣❛❝t ❡t ♣❧✉s s✐♠♣❧✐☞✓❡✱ q✉✐ ❡st ✉t✐❧✐s✓❡ ❞❛♥s ❧❡ ♥♦✉✈❡❛✉ ❞✐s♣♦s✐t✐❢ ❞❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡

❡t ❞♦♥t ❧❛ ❝♦♥❝❡♣t✐♦♥ ❛ ❡♥tr❛❫✏♥✓❡ ❧❡ ❞✓❡♣❫♦t ❞✬✉♥ ❜r❡✈❡t✳ ❈❡tt❡ ❞❡r♥✐✒❡r❡ ✈❡rs✐♦♥ ❡st ❞❡st✐♥✓❡❡

✒❛ ❡①♣❧♦r❡r ❧❡s ♣❡rs♣❡❝t✐✈❡s ❞✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❛✉① ✐♥t❡r❢✓❡r♦✲

♠✒❡tr❡s ❝♦♠♠❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ❞✬❛t♦♠❡s✳ ▲❡s r✓❡s✉❧t❛ts ♦❜t❡♥✉s s✉r ❝❡ ♣r❡♠✐❡r ❞✐s♣♦s✐t✐❢

❡①♣✓❡r✐♠❡♥t❛❧ s♦♥t ♣r✓❡s❡♥t✓❡s ❛✉① ❝❤❛♣✐tr❡s ✸ ❡t ✺✳ ❆♣r✒❡s ❛✈♦✐r ♦❜t❡♥✉ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡

❇♦s❡✱ ♠♦♥ ✓❡q✉✐♣❡ ❛ ♠✐s ❡♥ ✓❡✈✐❞❡♥❝❡ ❝❡rt❛✐♥s ♣❤✓❡♥♦♠✒❡♥❡s ♥♦✉✈❡❛✉① ❧✐✓❡s ✒❛ ❧✬❡☛❡t ❩❡❡♠❛♥

q✉❛❞r❛t✐q✉❡ ♣♦✉✈❛♥t ❡♠♣❫❡❝❤❡r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✭♣❛❣❡ ✾✽✮✳ ◆♦✉s ❛✈♦♥s

❞♦♥❝ ✓❡t✉❞✐✓❡ ❞✐✈❡rs❡s ♠✓❡t❤♦❞❡s ♣♦✉r ❞✓❡♣❛ss❡r ❝❡s ❧✐♠✐t❛t✐♦♥s✳ ◆♦✉s ❛✈♦♥s ❡♥☞♥ ✓❡t✉❞✐✓❡ ❧❛

r✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ❧❛s❡r ✒❛ ❛t♦♠❡s ♣❛r ❛♣♣❧✐❝❛t✐♦♥ ❞✬✉♥ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ r❛❞✐♦❢r✓❡q✉❡♥❝❡✳ ❈❡❝✐

♥♦✉s ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥

❞✬✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❛t♦♠✐q✉❡ ✭❝❤❛♣✐tr❡ ✹✮✳ ❈❡ ♠♦♥t❛❣❡ ❡①♣✓❡r✐♠❡♥t❛❧ ❛ ❡♥s✉✐t❡ ✓❡t✓❡ tr❛♥s✲

❢♦r♠✓❡ ♣♦✉r ❫❡tr❡ ❞✓❡❞✐✓❡ ✒❛ ❧✬✓❡t✉❞❡ ❞❡s ♣r♦♣r✐✓❡t✓❡s ❞❡s ❝♦♥❞❡♥s❛ts ❡♥ r✓❡❣✐♠❡ tr✒❡s ❛♥✐s♦tr♦♣❡✳ ❯♥❡

❣r❛♥❞❡ ♣❛rt✐❡ ❞❡s q✉❛tr❡ ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s✱ r❡❧❛t✓❡❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ♦♥t ✓❡t✓❡ ❝♦♥s❛❝r✓❡❡s ✒❛

♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥ ♦✉t✐❧ ❞✬❛♥❛❧②s❡ tr✒❡s ♣r✓❡❝✐s✱ ✉t✐❧✐s❛♥t ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡ ❞❡

❇r❛❣❣ ❛t♦♠✐q✉❡✳ ■❧ ❛ ♣❡r♠✐s ❞❡r♥✐✒❡r❡♠❡♥t ❞❡ ♠❡s✉r❡r ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ❧❛ ❧♦♥❣✉❡✉r ❞❡

❝♦❤✓❡r❡♥❝❡ ❞❡ ❝♦♥❞❡♥s❛ts ✒❛ ❁ ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❃ ✱ ✉♥ ♣❤✓❡♥♦♠✒❡♥❡ q✉✐ ❞❡✈✐❡♥t ✌❛❣r❛♥t

❧♦rsq✉❡ ❧✬♦♥ s✬❛♣♣r♦❝❤❡ ❞✬✉♥ r✓❡❣✐♠❡ ♦✒✉ ❞❡✉① ❞❡❣r✓❡s ❞❡ ❧✐❜❡rt✓❡ s✉r tr♦✐s s♦♥t ❁ ❣❡❧✓❡s ❃ ✱

❝✬❡st✲✒❛✲❞✐r❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❣❛③ ✶❉✳ ▲❛ ♠❛t✉r✐t✓❡ ❞❡ ❝❡ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ ♥♦✉s ❛ ❞❡

♣❧✉s ❛✉ss✐ ♣❡r♠✐s ❞✬✓❡t✉❞✐❡r ❡♥ ❞✓❡t❛✐❧ ❝❡rt❛✐♥❡s ♣r♦♣r✐✓❡t✓❡s ❢♦♥❞❛♠❡♥t❛❧❡s ❞✉ ❝♦♥❞❡♥s❛t ❞❡

❇♦s❡✲❊✐♥st❡✐♥✱ ❝♦♠♠❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❡t ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s s✉r ❝❡❧❧❡✲❝✐✳ ▲❡s

❞❡r♥✐❡rs r✓❡s✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ r❡♣r✓❡s❡♥t❡♥t ✉♥❡ ❛✈❛♥❝✓❡❡ s✐❣♥✐☞❝❛t✐✈❡ ❞❛♥s ❧❛

❝♦♠♣r✓❡❤❡♥s✐♦♥ ❞❡ ❧❛ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ q✉❛♥t✐q✉❡ ❞❡s ❣❛③ ♣✐✓❡❣✓❡s ❡♥ ✐♥t❡r❛❝t✐♦♥✳

④ ❙♦✉r❝❡ ❆t♦♠✐q✉❡ ❈♦❤✓❡r❡♥t❡ ❱❡rs❛t✐❧❡ ✿ ❧❡ ❞❡✉①✐✒❡♠❡ ❞✐s♣♦s✐t✐❢ ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ❆❝✲

t✐♦♥ ❈♦♥❝❡rt✓❡❡ ■♥❝✐t❛t✐✈❡ ♣♦✉r ❥❡✉♥❡s ❝❤❡r❝❤❡✉rs✳ ❙❛ ❝♦♥str✉❝t✐♦♥ ❛ ❞✓❡❜✉t✓❡ ❡♥ ❞✓❡❜✉t ❞✬❛♥✲

♥✓❡❡ ✷✵✵✶ ❡t ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❛ ✓❡t✓❡ ❛❝❤❡✈✓❡❡ ☞♥ ✷✵✵✸ ❡t ♥♦✉s ❛✈♦♥s ❞❡r♥✐✒❡r❡♠❡♥t

♣✉ ✓❡t✉❞✐❡r ❧❡s str✉❝t✉r❡s ❞❡s ♠♦❞❡s ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✭❝❤❛♣✐tr❡ ✹ ♣❛❣❡ ✶✺✶✮✳ ❈❡ ❞✐s♣♦s✐t✐❢ ❛

✈♦❝❛t✐♦♥ ❞✬❫❡tr❡ ✉♥❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡ ♣♦✉r ✉t✐❧✐s❡r ❧❡ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

❞❛♥s ❞❡s ❡①♣✓❡r✐❡♥❝❡s ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳ ❯♥ ♣r♦❣r❛♠♠❡ ❞❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❞❛♥s ❧❡

❝❛❞r❡ ❞✬✓❡t✉❞❡s ❛✈❡❝ ❧❡ ❙❨❘❚❊ ❡t ❧✬❖◆❊❘❆ ❡st ❞✬❛✐❧❧❡✉rs ❡♥ ❝♦✉rs ❛❝t✉❡❧❧❡♠❡♥t ✭✈♦✐r ♣❛❣❡

✷✽✷✮✳ ❈❡ ❞✐s♣♦s✐t✐❢ ♣❡r♠❡t ❞❡ tr❛♥s❢✓❡r❡r ❡♥s✉✐t❡ ❧❡s ❛t♦♠❡s ❞❛♥s ✉♥ ♣✐✒❡❣❡ ❞✐♣♦❧❛✐r❡ ♦♣t✐q✉❡✱

q✉✐ ♣❡r♠❡t ♣❛r ❡①❡♠♣❧❡ ❞❡ ❞✓❡♣❧❛❝❡r ❧❡ ❝♦♥❞❡♥s❛t✳ ▲❡ ♠♦♥t❛❣❡ ❞❡ ♣✐♥❝❡ ♦♣t✐q✉❡ ♣❡r♠❡t✲

tr❛ ❛✉ss✐✱ ❣r❫❛❝❡ ✒❛ ♥♦tr❡ ❝♦♥❝❡♣t✐♦♥ ❞✉ s②st✒❡♠❡ ♦♣t✐q✉❡✱ ❧✬✓❡t✉❞❡ ❞❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡s ♦♥❞❡s

❝♦❤✓❡r❡♥t❡s ❞❛♥s ❞❡s ♣♦t❡♥t✐❡❧s ❝♦♠♣❧❡①❡s ❝♦♠♠❡ ❞❡s ♣✐✒❡❣❡s t♦r✐q✉❡s ♦✉ ❞❡s ❞♦✉❜❧❡s ♣✉✐ts✳

④ ●②r♦♠✒❡tr❡ ✒❛ ❖♥❞❡ ❞❡ ▼❛t✐✒❡r❡ ✿ P❛r❛❧❧✒❡❧❡♠❡♥t ✒❛ ♠❡s ❛❝t✐✈✐t✓❡s ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡✱



✷✷ ❈❤❛♣ ✶ ✲ Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉①

❥✬❛✐ ♣❛rt✐❝✐♣✓❡ ❞✒❡s ✶✾✾✼ ✒❛ ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❆♥❞r✓❡ ❈❧❛✐r♦♥ ✭❙❨❘❚❊✮✱ ◆♦⑧❡❧ ❉✐♠❛rq

✭❙❨❘❚❊✮✱ ❆r♥❛✉❞ ▲❛♥❞r❛❣✐♥ ✭❙❨❘❚❊✮✱ ❈❤r✐st♦♣❤❡ ❙❛❧♦♠♦♥ ✭❊◆❙✴▲❑❇✮ ❡t ❈❤r✐st✐❛♥

❇♦r❞✓❡ ✭▲P▲✴▲●❈❘✮ s✉r ❧❡ t❤✒❡♠❡ ❁❈❛♣t❡✉rs ■♥❡rt✐❡❧s ✒❛ ❖♥❞❡s ❆t♦♠✐q✉❡s❃✳ ❈❡ Pr♦❥❡t ❛

❞♦♥♥✓❡ ❧✐❡✉ ✒❛ ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ✉♥ ✐♥❞✉str✐❡❧ ✭❙❆●❊▼✮ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ♣❧❛♥ ❞✬✓❡t✉❞❡

❛♠♦♥t ❞❡ ❧❛ ❉✐r❡❝t✐♦♥ ●✓❡♥✓❡r❛❧❡ ❞❡ ❧✬❆r♠❡♠❡♥t✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ ♣❡r♠✐s ❞✬❛❜♦✉t✐r

❞❡r♥✐✒❡r❡♠❡♥t ✒❛ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❡t ✒❛ ✉♥❡ ♣r❡♠✐✒❡r❡ ❝❛r❛❝t✓❡r✐s❛t✐♦♥ ❞✉

●②r♦s❝♦♣❡ ✒❛ ❖♥❞❡s ❞❡ ▼❛t✐✒❡r❡s ✭●❖▼✮✱ ❝♦♠♠❡ ♠❡♥t✐♦♥♥✓❡ ✒❛ ❧❛ ☞♥ ❞✉ ❝❤❛♣✐tr❡ ✷✱ ♣❛❣❡ ✹✹✳

④ ❍❨P❊❘ ✿ ▲✬✐♥t✓❡r❫❡t ❣r❛♥❞✐ss❛♥t ♣♦✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❝♦♠♠❡ s❡♥s❡✉rs

✐♥❡rt✐❡❧s ❞❡ tr✒❡s ❤❛✉t❡ ♣r✓❡❝✐s✐♦♥ ♠✬❛ ♣❡r♠✐s ❞❡ ♠✬✐♠♣❧✐q✉❡r ❞❛♥s ✉♥❡ ❞❡✉①✐✒❡♠❡ ❝♦❧❧❛❜♦✲

r❛t✐♦♥ q✉✐ r❡❣r♦✉♣❡ ♣❧✉s✐❡✉rs ❧❛❜♦r❛t♦✐r❡s ❡✉r♦♣✓❡❡♥s ✭❆♥❣❧❛✐s✱ ❆❧❧❡♠❛♥❞✱ ■t❛❧✐❡♥s ❡t ❋r❛♥✲

✘❝❛✐s✮✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ ✓❡❧❛❜♦r✓❡ ✉♥ ♣r♦❥❡t ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ s♣❛t✐❛❧❡✱ ❧❡ ♣r♦❥❡t ❍❨P❊❘

✭✈♦✐r ♣❛❣❡ ✷✽✶✮✱ s♦✉s ❧✬✓❡❣✐❞❡ ❞❡ ❧✬❊❙❆✳ ❈❡ ♣r♦❥❡t ❛✈❛✐t ♣♦✉r ❜✉t ❞✬✉t✐❧✐s❡r ❧❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s

❛t♦♠✐q✉❡s ♣♦✉r ❞❡s t❡sts ❞❡ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳ ❆✈❡❝ tr♦✐s ❛✉tr❡s ❝♦❧❧❛❜♦r❛t❡✉rs ❡✉r♦♣✓❡❡♥s✱

♥♦✉s ❛✈♦♥s ♣❛rt✐❝✐♣✓❡ ❛✉ ❧❛♥❝❡♠❡♥t ❡♥ ❥✉✐♥ ✷✵✵✷ ❞✬✉♥❡ ✓❡t✉❞❡ ✐♥❞✉str✐❡❧❧❡ ❞❡ ✻ ♠♦✐s ❞♦♥t

❧❡ ❜✉t ✓❡t❛✐t ❞❡ ❝❡r♥❡r ❧❡s ❜❡s♦✐♥s t❡❝❤♥✐q✉❡s ❡t t❡❝❤♥♦❧♦❣✐q✉❡s ❞✬✉♥❡ t❡❧❧❡ ♠✐ss✐♦♥✳ ❈❡tt❡

✓❡t✉❞❡✱ r✓❡❛❧✐s✓❡❡ ♣❛r ❆str✐✉♠ ●♠❜❤✱ ❛ ♣❡r♠✐s ❞❡ ❞✓❡♠♦♥tr❡r ❧❛ ❢❛✐s❛❜✐❧✐t✓❡ ❞✬✉♥❡ t❡❧❧❡ ♠✐ss✐♦♥✱

t♦✉t ❡♥ ♠❡tt❛♥t ❧✬❛❝❝❡♥t s✉r ❧❡s ❞✐✍❝✉❧t✓❡s t❡❝❤♥♦❧♦❣✐q✉❡s ❡♥❝♦r❡ ❡①✐st❛♥t❡s✳

④ ■❈❊ ✿ ❉❛♥s ❧✬♦♣t✐q✉❡ ❞✉ ♣r♦❣r❛♠♠❡ ❡✉r♦♣✓❡❡♥ ❍❨P❊❘✱ ❥✬❛✐ ❡♥s✉✐t❡ ✐♥✐t✐✓❡ ✉♥ ♣r♦❥❡t ♥❛t✐♦✲

♥❛❧ ♥♦♠♠✓❡ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❈♦❤✓❡r❡♥t ♣♦✉r ❧✬❊s♣❛❝❡ ✭■❈❊✮✱ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❨❘❚❊

✱❧✬■❖❚❆ ❡t ❧✬❖◆❊❘❆ q✉✐ ❛ ♠❛✐♥t❡♥❛♥t ✓❡t✓❡ ❛❝❝❡♣t✓❡ ♣❛r ❧❡ ❈◆❊❙✳ ▲❡ ❜✉t ❞❡ ❝❡ ♣r♦❥❡t ❡st ❞❡

r✓❡❛❧✐s❡r ❞❡s ✓❡t✉❞❡s ❡♥ ♠✐❝r♦❣r❛✈✐t✓❡ ❞✬✉♥ ♣r♦t♦t②♣❡ ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✉t✐❧✐s❛♥t ✉♥ ❝♦♥❞❡♥s❛t

❞❡ ❇♦s❡✳ ❈❡ ♣r♦❥❡t✱ ♣r✓❡s❡♥t✓❡ ❛✉ ❝❤❛♣✐tr❡ ✻ ♣❛❣❡ ✷✽✷ ❞❡✈r❛✐t ❞✓❡❥✒❛ ♣❡r♠❡ttr❡ ❞✬❡☛❡❝t✉❡r

✉♥❡ ♠❡s✉r❡ ♣r✓❡❝✐s❡ ❞✉ r❛♣♣♦rt ❤❂♠ ❡♥tr❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦ ❡t ❧❛ ♠❛ss❡ ❛t♦♠✐q✉❡✳

❉❡s ✓❡t✉❞❡s ♣r✓❡❧✐♠✐♥❛✐r❡s s♦♥t ❞✓❡❥✒❛ ❡♥ ❝♦✉rs ❛✉ s❡✐♥ ❞❡s tr♦✐s ❧❛❜♦r❛t♦✐r❡s ❡t ❞❡ ♣♦ss✐❜❧❡s

✓❡t✉❞❡s ❡♥ ♠✐❝r♦❣r❛✈✐t✓❡ s♦♥t ❡♥✈✐s❛❣✓❡❡s ❞✒❡s ✷✵✵✻✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❝❡tt❡ ❛❝t✐✈✐t✓❡✱ ❥❡ ♣❛rt✐✲

❝✐♣❡ ❞✬❛✐❧❧❡✉rs r✓❡❣✉❧✐✒❡r❡♠❡♥t ❛✉① r✓❡✉♥✐♦♥s ❞✉ ❣r♦✉♣❡ ❞❡ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✉ ❈◆❊❙✱

❛✐♥s✐ q✉✬❛✉① r✓❡✉♥✐♦♥s ❞❡ ❧✬✓❡q✉✐♣❡ t❤✓❡♠❛t✐q✉❡ ❞❡ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t ❞✬❛t♦♠❡s ❢r♦✐❞s

❡♥ ♠✐❝r♦❣r❛✈✐t✓❡ ❞❡ ❧✬❊❙❆✳ ❏✬❛✐ ❛✉ss✐ ❜✓❡♥✓❡☞❝✐✓❡ ❞✬✉♥ ♣r♦❣r❛♠♠❡ ❞❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✳

❑❛s❡✈✐❝❤ ❞❡ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t② ✭❯❙❆✮ ❝❤❡③ q✉✐ ❥✬❛✐ ♣❛ss✓❡ ✉♥ s✓❡❥♦✉r ❞❡ q✉❡❧q✉❡s s❡♠❛✐♥❡s✱

❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ♣r♦❣r❛♠♠❡ ❈◆❘❙✴◆❙❋✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ ♣♦✉r ❜✉t ❞❡ t❡st❡r ❧❡s

♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❛❝❝❡ss✐❜❧❡s ♣❛r ❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s✳ ❈❡s ❝♦♥t❛❝ts r❛♣♣r♦✲

❝❤✓❡s ♦♥t ❛❜♦✉t✐ ✒❛ ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❞❡ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❛✉ s❡✐♥ ❞❡ ❧✬❊❙❆ ❞❛♥s ❧❡

❝❛❞r❡ ❞✬✉♥ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❛♣♣❧✐q✉✓❡ ✒❛ ❧❛ ♠✐❝r♦❣r❛✈✐t✓❡✳

❈❡ ♠❛♥✉s❝r✐t ❡st ♦r❣❛♥✐s✓❡ ❡♥ ✺ ❝❤❛♣✐tr❡s q✉✐ ❛❜♦r❞❡♥t ❧❡s ❞✐☛✓❡r❡♥ts ❛s♣❡❝ts ❞❡ ♠♦♥ ❛❝t✐✈✐t✓❡✳

④ ▲❡ ❝❤❛♣✐tr❡ ✷ ♣r✓❡s❡♥t❡ ❧❛ t❤✓❡♠❛t✐q✉❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡t ❞❡ s♦♥ ❛♣♣❧✐❝❛t✐♦♥

❛✉① s❡♥s❡✉rs ✐♥❡rt✐❡❧s ✒❛ tr❛✈❡rs ❧❡s tr♦✐s ♠♦♥t❛❣❡s ❛✉①q✉❡❧s ❥✬❛✐ ♣❛rt✐❝✐♣✓❡ ✿ ❧❡ ❣②r♦♠✒❡tr❡ ✒❛

❥❡t t❤❡r♠✐q✉❡ ✭♣✳ ✹✶✮✱ ❧❡ ❣r❛❞✐♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s ✭♣✳ ✸✾✮ ❡t ❧❡ ●❖▼ ✭♣✳ ✹✹✮✳

④ ▲❡ ❝❤❛♣✐tr❡ ✸ ♣r✓❡s❡♥t❡r❛ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❧❡s r✓❡s✉❧t❛ts q✉❡ ❥✬❛✐ ♦❜t❡♥✉s

s✉r ❧❡✉rs ♣r♦♣r✐✓❡t✓❡s ✿ ❧✬✐♥t❡rr✉♣t✐♦♥ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❡♥ ❝❤❛♠♣ ❢♦rt ✭♣✳ ✾✽✮✱ ❧❡



Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉① ✷✸

r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ ✭♣✳ ✶✵✶✮ ❡t ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s s✉r ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡

✭♣✳ ✶✶✶✮✳

④ ▲❡ ❝❤❛♣✐tr❡ ✹ ❛❜♦r❞❡r❛ ❧❛ t❤✓❡♠❛t✐q✉❡ ♣❧✉s s♣✓❡❝✐☞q✉❡ ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ❡t ❞❡ ❧❡✉rs ♣r♦✲

♣r✐✓❡t✓❡s✱ ❛✈❡❝ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✓❡t✉❞❡ ❞❡ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✭♣✳ ✶✺✶✮✳

④ ▲❡ ❝❤❛♣✐tr❡ ✺ ♣r✓❡s❡♥t❡r❛ ♣❧✉s ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❧✬❛❝t✐✈✐t✓❡ r✓❡❝❡♥t❡ s✉r ❧❡ ♠♦♥t❛❣❡ ❈♦♥❞❡♥s❛ts

✶❉ ❡t q✉❛s✐✲❝♦♥❞❡♥s❛ts ✿ ❧✬✓❡t✉❞❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❛r ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣

✭♣✳✷✶✵✮ ❡t ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✭♣✳ ✷✷✵✮✳

④ ▲❡ ❝❤❛♣✐tr❡ ✻ ♣r✓❡s❡♥t❡r❛ ❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ ❝❡tt❡ t❤✓❡♠❛t✐q✉❡ q✉❡ ❥✬❛✐ ❛❜♦r❞✓❡❡ s✉r ❧❡ ♣❧❛♥

t❤✓❡♦r✐q✉❡ ❡t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ♣r♦❣r❛♠♠❡s s♣❛t✐❛✉① ✿ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s ✓❡t❛ts

✐♥tr✐q✉✓❡s ❡t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s s♣❛t✐❛❧❡s✳



✷✹ ❈❤❛♣ ✶ ✲ Pr✓❡s❡♥t❛t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡s tr❛✈❛✉①

❘✓❡❢✓❡r❡♥❝❡s r❡❧❛t✐✈❡s ✒❛ ❝❡ ❝❤❛♣✐tr❡
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❞❡ ❧❛ ♣❤❛s❡ ❧✉♠✐♥❡✉s❡ ❧♦rs ❞❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r✳ ●r❫❛❝❡ ✒❛ ❝❡tt❡ ✐♠❛❣❡ s✐♠♣❧❡✱ ♥♦✉s ♣♦✉rr♦♥s

❡♥s✉✐t❡ ❡①♣❧✐q✉❡r ❧❡s ❢♦♥❝t✐♦♥♥❡♠❡♥ts ❞❡s ❞✐☛✓❡r❡♥ts s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❞✓❡✈❡❧♦♣♣✓❡s ✒❛ ❧✬❛✐❞❡ ❞❡

❝❡s t❡❝❤♥✐q✉❡s ✿ ✉♥ ❣r❛✈✐♠✒❡tr❡ r✓❡❛❧✐s✓❡ ✐♥✐t✐❛❧❡♠❡♥t ♣❛r ❧❡ ❣r♦✉♣❡ ❞❡ ❙✳ ❈❤✉✱ ❛✐♥s✐ q✉❡ ❧❡

❣r❛❞✐♦♠✒❡tr❡ q✉❡ ❥✬❛✐ ❞✓❡✈❡❧♦♣♣✓❡ ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡ ❞❡ ▼✳ ❑❛s❡✈✐❝❤✳ ▲❛ ❞❡r♥✐✒❡r❡ ♣❛rt✐❡ ❞❡ ❝❡

❝❤❛♣✐tr❡ s❡ ❝♦♥❝❡♥tr❡ s✉r ✉♥❡ r❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡s ❞❡✉① ❣②r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s s✉r ❧❡sq✉❡❧s

❥✬❛✐ tr❛✈❛✐❧❧✓❡✱ ❧❡ ❣②r♦♠✒❡tr❡ ✒❛ ❥❡t ❝♦❧❧✐♠❛t✓❡ ❞❡ ❙t❛♥❢♦r❞✱ ❡t ❧❡ ●②r♦♠✒❡tr❡ ✒❛ ❖♥❞❡s ❞❡ ▼❛t✐✒❡r❡

✭❛t♦♠❡s ❢r♦✐❞s✮✱ ❢r✉✐t ❞❡ ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ❙❨❘❚❊ ✭❆✳ ▲❛♥❞r❛❣✐♥✱ ❆✳ ❈❧❛✐r♦♥ ❡t ◆✳

❉✐♠❛rq✮✱ ❧❡ ▲❈❋■❖ ✭♠♦✐✲♠❫❡♠❡✮✱ ❧❡ ▲❑❇ ✭❈✳ ❙❛❧♦♠♦♥✮ ❡t ❧❡ ▲P▲ ✭❈✳ ❇♦r❞✓❡✮ ❛✈❡❝ ❧❡ s♦✉t✐❡♥

❞❡ ❧❛ ❉●❆ ❡t ❧❛ ♣❛rt✐❝✐♣❛t✐♦♥ ❞❡ ❙❆●❊▼✳ ❖♥ s✬✐♥t✓❡r❡ss❡r❛ ❡♥ ♣❛rt✐❝✉❧✐❡r ❛✉① ❞✓❡t❛✐❧s ❞❡ ❧❛

r✓❡❛❧✐s❛t✐♦♥ ❡①♣✓❡r✐♠❡♥t❛❧❡ ❞❡ ❝❡s ❞❡✉① ❞✐s♣♦s✐t✐❢s ❛✐♥s✐ q✉❡ ❧❡s ❞✐✍❝✉❧t✓❡s ✒❛ s✉r♠♦♥t❡r ♣♦✉r

❛tt❡✐♥❞r❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❞❡ ❝❡s ❞❡✉① ❛♣♣❛r❡✐❧s✳



✷✽
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

✷✳✶ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡t s❡♥s❡✉rs ✐♥❡rt✐❡❧s

▲❡s ♣r♦❣r✒❡s ❝♦♥s✐❞✓❡r❛❜❧❡s r✓❡❛❧✐s✓❡s ❞❛♥s ❧❡ ♣✐✓❡❣❡❛❣❡ ❡t ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❞✬❛t♦♠❡s ♥❡✉tr❡s✱

t❛♥t ❞❛♥s ❧❛ ❝♦♠♣r✓❡❤❡♥s✐♦♥ ❞❡s ♣❤✓❡♥♦♠✒❡♥❡s ♣❤②s✐q✉❡s ♠✐s ❡♥ ❥❡✉ q✉❡ ❞❛♥s ❧❛ r✓❡❛❧✐s❛t✐♦♥

❞✬❡①♣✓❡r✐❡♥❝❡s✱ ♦♥t ♦✉✈❡rt ❧❛ ✈♦✐❡ ✒❛ ✉♥ ♥♦✉✈❡❛✉ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡s ❛♥♥✓❡❡s ✶✾✾✵ ✿ ❧✬♦♣t✐q✉❡

❛t♦♠✐q✉❡✳ ❖♥ ❛ ♣✉ ♦❜s❡r✈❡r ❛✉ ❝♦✉rs ❞❡s ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s ❧❡ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞❡ ♥♦♠❜r❡✉s❡s

t❡❝❤♥✐q✉❡s ♣♦✉r ♠❛♥✐♣✉❧❡r ❞❡ ♠❛♥✐✒❡r❡ ❝♦❤✓❡r❡♥t❡ ❧❡s ♣❛q✉❡ts ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s ❬✶❪ ✒❛ ❧✬❛✐❞❡

❞❡ ♠✐r♦✐rs ❬✷❪✱ ❞❡ r✓❡s❡❛✉① ❞❡ ❞✐☛r❛❝t✐♦♥ ❬✸✱ ✹❪✱ ❞❡ ❧❛♠❡s s✓❡♣❛r❛tr✐❝❡s ❬✺✱ ✻❪ ❡t ❞❡ ❧❡♥t✐❧❧❡s ❬✼❪✳ ▲❛

♠❛❫✏tr✐s❡ ❞❡ ❝❡s ❞✐✈❡rs❡s t❡❝❤♥✐q✉❡s ❛ ❝♦♥❞✉✐t ❧♦❣✐q✉❡♠❡♥t ❛✉ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞✬❡①♣✓❡r✐❡♥❝❡s

❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ♠❡tt❛♥t ❡♥ ❥❡✉ ❞❡s ♦♥❞❡s ❛t♦♠✐q✉❡s ❬✽❪ ❞❡♣✉✐s ✉♥ ♣❡✉ ♣❧✉s ❞✬✉♥❡ ❞✓❡❝❡♥♥✐❡✳

❆❝t✉❡❧❧❡♠❡♥t✱ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ r❡♥❝♦♥tr❡ ✉♥ ✐♥t✓❡r❫❡t t♦✉t ♣❛rt✐❝✉❧✐❡r✱ ❡♥

♣❛rt✐❝✉❧✐❡r ❝♦♠♠❡ ❛♣♣❧✐❝❛t✐♦♥ ❡♥ s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❞✬❡①tr❫❡♠❡ s❡♥s✐❜✐❧✐t✓❡✳

▲❛ s❡♥s✐❜✐❧✐t✓❡ ✐♥❡rt✐❡❧❧❡ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ♥✬❡st ♣❛s ♥♦✉✈❡❧❧❡✳ ❆✐♥s✐✱ ❞❡s

✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ♥❡✉tr♦♥s ♦♥t ♣❡r♠✐s ❞❡ ♠❡s✉r❡r ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ t❡rr❡ ❬✾❪ ❡t ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥

❞❡ ❧❛ ❣r❛✈✐t✓❡ t❡rr❡str❡ ❬✶✵❪✳ ❉❡ ♠❫❡♠❡ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ❛t♦♠❡s ♦♥t ♣❡r♠✐s ❞❡ ♠❡s✉r❡r ❣ ❬✺❪

❡t ❧❛ r♦t❛t✐♦♥ t❡rr❡str❡ ❬✶✶❪✳ ❈❡s ❡①♣✓❡r✐❡♥❝❡s s♦✉☛r❛✐❡♥t ❝❡rt❡s ❞✬✉♥ ♠❛♥q✉❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡

✓❡✈✐❞❡♥t ❡♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡s t❡❝❤♥✐q✉❡s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐s✓❡❡s ✭s❡♥s❡✉rs ♠✓❡❝❛♥✐q✉❡s ✳✳✳✮✱

♠❛✐s ❧❛ s❡♥s✐❜✐❧✐t✓❡ ✐♥tr✐♥s✒❡q✉❡ ❞❡ ❝❡s s❡♥s❡✉rs✱ ♣♦✉r ✉♥❡ ♠❫❡♠❡ ❛✐r❡ ❡t ✉♥ ♠❫❡♠❡ ✌✉①✱ ♣❡✉t

❛tt❡✐♥❞r❡ ✭♠❝✷✮❂✭⑦✦✵✮ ✘ ✶✵✶✶ ✭✈♦✐r ♣✳ ✹✵✮✳ ❖♥ ✈♦✐t ❛✐♥s✐ q✉❡ ❧❛ ♠❛ss❡ ✓❡❧❡✈✓❡❡ ❞❡s ❛t♦♠❡s r❡♥❞

❧❛ s❡♥s✐❜✐❧✐t✓❡ ✉❧t✐♠❡ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ s✉♣✓❡r✐❡✉r❡ ✒❛ ❝❡❧❧❡ ❞❡s s②st✒❡♠❡s

♦♣t✐q✉❡s✱ ♠❫❡♠❡ ❛✈❡❝ ❧❡s ✌✉① ❞❡ ♣❛rt✐❝✉❧❡s ❡t ❧❡s ❛✐r❡s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ♣❡✉ ✓❡❧❡✈✓❡s q✉❡ ❧✬♦♥ s❛✐t

r✓❡❛❧✐s❡r ❬✶✷✱ ✶✸❪✳ ❈❡tt❡ s❡♥s✐❜✐❧✐t✓❡ ❛tt❡✐♥t ❞✬❛✐❧❧❡✉rs ✉♥ t❡❧ ♥✐✈❡❛✉ q✉✬❡❧❧❡ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r

❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ t❡❧s s❡♥s❡✉rs ✒❛ ❞❡s t❡sts ❞❡ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❬✶✹✱ ✶✺✱ ✶✻✱ ✶✼✱ ✶✽❪✳

❖♥ ♣❡✉t ❛r❜✐tr❛✐r❡♠❡♥t ❞✐st✐♥❣✉❡r ❞❡✉① ❝❧❛ss❡s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s✳ ▲❛ ♣r❡♠✐✒❡r❡

❝♦♥❝❡r♥❡ ❧❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ♥✬✉t✐❧✐s❛♥t q✉✬✉♥ s❡✉❧ ✓❡t❛t ✐♥t❡r♥❡ ❛t♦♠✐q✉❡✱ q✉✬✐❧s ✉t✐❧✐s❡♥t ❞❡s

str✉❝t✉r❡s s♦❧✐❞❡s ❬✹❪ ♦✉ ❞❡s ❝❤❛♠♣s ❧✉♠✐♥❡✉① ♣✓❡r✐♦❞✐q✉❡s ❬✻✱ ✶✾❪ ❀ ♥♦✉s ✈❡rr♦♥s ✉♥❡ ❛♣♣❧✐✲

❝❛t✐♦♥ ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❛♣♣❧✐q✉✓❡❡ ❛✉① ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✳ ▲❛

s❡❝♦♥❞❡ r❡✘❝♦✐t ❧✬❛♣♣❡❧❧❛t✐♦♥ ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡ ❘❛♠s❡②✲❇♦r❞✓❡ ❡t ❝♦♥❝❡r♥❡ ❧❡s ✐♥t❡r❢✓❡✲

r♦♠✒❡tr❡s q✉✐ ❢♦♥t ✐♥t❡r✈❡♥✐r ❞❡✉① ✓❡t❛ts ❛t♦♠✐q✉❡s ✐♥t❡r♥❡s ❞✐☛✓❡r❡♥ts ❬✺✱ ✽✱ ✶✶✱ ✷✵✱ ✷✶❪✱ ❞✬✉♥❡

❢❛✘❝♦♥ ❛♥❛❧♦❣✉❡ ✒❛ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ❡♥ ♦♣t✐q✉❡✳ ❊♥ ❢❛✐t✱ ❧❡ ❢♦r♠❛❧✐s♠❡ t❤✓❡♦r✐q✉❡

❡st ❛ss❡③ s✐♠✐❧❛✐r❡ ❬✷✷❪✱ ❡t ♥♦✉s ♥♦✉s ❧✐♠✐t❡r♦♥s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ✒❛ ❧❛ ♣r✓❡s❡♥t❛t✐♦♥ ❧❡ ❝❡tt❡

s❡❝♦♥❞❡ ❝❧❛ss❡✳



✷✳✷ ■♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡s ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ✿ ❣✓❡♥✓❡r❛❧✐t✓❡s ✷✾

✷✳✷ ■♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡s ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s

❧✉♠✐♥❡✉s❡s ✿ ❣✓❡♥✓❡r❛❧✐t✓❡s

✷✳✷✳✶ ▲❛ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ❧✉♠✐♥❡✉s❡

▲✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ t②♣❡ ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ❡①♣❧♦✐t❡ ❧❡ tr❛♥s❢❡rt ❞✬✐♠♣✉❧s✐♦♥

❡♥tr❡ ❧❡s ❛t♦♠❡s ❡t ✉♥❡ ♦♥❞❡ ✓❡❧❡❝tr♦♠❛❣♥✓❡t✐q✉❡ ♣♦✉r ♠❛♥✐♣✉❧❡r ❧❡s ❞❡❣r✓❡s ❞❡ ❧✐❜❡rt✓❡ ❡①t❡r♥❡s

❞❡s ♣❛rt✐❝✉❧❡s✱ ❡♥ ♠❫❡♠❡ t❡♠♣s q✉❡ ❧❡✉r ✓❡t❛t ✐♥t❡r♥❡✳ ■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s

❞✬❛❜♦r❞❡r ❧❡ ♣r✐♥❝✐♣❡ ❞✬✉♥❡ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ♣♦✉r ❛t♦♠❡s ❛ss♦❝✐✓❡❡ ✒❛ ✉♥❡ ♦♥❞❡ ❧✉♠✐♥❡✉s❡

❬✷✸❪✳ P♦✉r ❝❡❧❛✱ ♦♥ ❝♦♥s✐❞✒❡r❡ ❞✬❛❜♦r❞ ✉♥ ❛t♦♠❡ ✒❛ ❞❡✉① ♥✐✈❡❛✉① ✐♥t❡r♥❡s ❥❣✐ ❡t ❥❡✐ st❛❜❧❡s

♦✉ ♠✓❡t❛st❛❜❧❡s ✭✒❛ ❧✬✓❡❝❤❡❧❧❡ ❞✉ t❡♠♣s ❞❡ s✓❡❥♦✉r ❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✮ q✉✐ tr❛✈❡rs❡ ✉♥❡ ♦♥❞❡

✓❡❧❡❝tr♦♠❛❣♥✓❡t✐q✉❡ ❊ ❂ ❊✵ ❝♦s✭✦t ✰ ✣✮ ✭❊✵ ❡st ❝♦♥s✐❞✓❡r✓❡ ❝♦♥st❛♥t✮✱ ❡♥ ♥✓❡❣❧✐❣❡❛♥t ❞❛♥s ✉♥

♣r❡♠✐❡r t❡♠♣s ❧✬❡☛❡t ♠✓❡❝❛♥✐q✉❡ ✐♥❞✉✐t ♣❛r ❧✬✐♥t❡r❛❝t✐♦♥ ❛t♦♠❡ ❧❛s❡r ✭tr❛♥s❢❡rt ❞✬✐♠♣✉❧s✐♦♥✮✳

▲❡ ❤❛♠✐❧t♦♥✐❡♥ t♦t❛❧ ❞✉ s②st✒❡♠❡ ❛t♦♠❡✰❝❤❛♠♣ s✬✓❡❝r✐t ✿

❫❍ ❂ ⑦✦❡❥❡✐❤❡❥✰ ⑦✦❣❥❣✐❤❣❥ � ❫❞ ✁ ❊ ✭✷✳✶✮

♦✒✉ ❫❞ r❡♣r✓❡s❡♥t❡ ❧✬♦♣✓❡r❛t❡✉r ♠♦♠❡♥t ❞✐♣♦❧❛✐r❡ ✓❡❧❡❝tr✐q✉❡ ❞❡ ❧✬❛t♦♠❡✳

❖♥ ♣❡✉t ❞✓❡❝r✐r❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ✓❡t❛t ❛t♦♠✐q✉❡ ❥✥✭t✮✐ ❂ ❛❡✭t✮❥❡✐ ✰ ❛❣✭t✮❥❣✐ ✒❛

❧✬❛✐❞❡ ❞❡ ❧✬✓❡q✉❛t✐♦♥ ❞❡ ❙❝❤r⑧♦❞✐♥❣❡r✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❛❡✭t✮ ❡t

❛❣✭t✮ ✿ ✭
✐⑦ ❴❛❡✭t✮ ❂ ⑦✦❡❛❡✭t✮ ✰ ❱❡❣❛❣✭t✮

✐⑦ ❴❛❣✭t✮ ❂ ❱ ✄
❡❣❛❡✭t✮ ✰ ⑦✦❣❛❣✭t✮

✭✷✳✷✮

❛✈❡❝ ❧❡ ❝♦✉♣❧❛❣❡ ❛t♦♠❡ ❧❛s❡r ❱❡❣ ❂ ⑦✡❡❣ ❝♦s✭✦t ✰ ✣✮✳ ✡❡❣ ✑ �❤❡❥❫❞ ✁ ❊✵❥❣✐
⑦

r❡♣r✓❡s❡♥t❡ ❧❛ ❢r✓❡✲

q✉❡♥❝❡ ❞❡ ❘❛❜✐✳ ❖♥ ♣❡✉t r✓❡✓❡❝r✐r❡ ❧✬✓❡q✉❛t✐♦♥ ✭✷✳✷✮ ❡♥ ❡☛❡❝t✉❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ r✓❡s♦♥♥❛♥t❡✶✳

❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧❡ s②st✒❡♠❡ ❞✬✓❡q✉❛t✐♦♥s ❝♦✉♣❧✓❡❡s ✿✽❃❁
❃✿

❴❝❡✭t✮ ❂ �✐✡❡❣

✷
❡�✐✭✍t✰✣✮❝❣✭t✮

❴❝❣✭t✮ ❂ �✐✡❡❣

✷
❡✐✭✍t✰✣✮❝❡✭t✮

✭✷✳✸✮

♦✒✉ ✍ ✑ ✦�✦❡❣ r❡♣r✓❡s❡♥t❡ ❧❡ ❞✓❡s❛❝❝♦r❞ ❡♥tr❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❧✬♦♥❞❡ ❧❛s❡r ❡t ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❧❛

tr❛♥s✐t✐♦♥ ❛t♦♠✐q✉❡✳ ❊♥ ❢❛✐t✱ ❝❡s ✓❡q✉❛t✐♦♥s ♣❡✉✈❡♥t ❫❡tr❡ r❡♥❞✉❡s ✒❛ ❝♦❡✍❝✐❡♥ts ✐♥❞✓❡♣❡♥❞❛♥ts

❞✉ t❡♠♣s✱ ❡♥ ♣♦s❛♥t ⑦❝❡✭t✮ ❂ ❝❡✭t✮❡
�✐✍t❂✷ ❡t ⑦❝❣✭t✮ ❂ ❝❣✭t✮❡

✐✍t❂✷✱ ❝✬❡st✲✒❛✲❞✐r❡ ❡♥ r❡♣r✓❡s❡♥t❛♥t

❧✬❛t♦♠❡ ✒❛ ❞❡✉① ♥✐✈❡❛✉① ♣❛r ✉♥ s♣✐♥ ☞❝t✐❢ ❬✷✹❪✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧✬✓❡q✉❛t✐♦♥ ❞✬✓❡✈♦❧✉t✐♦♥ ❞❡

✶❖♥ ❛♣♣❧✐q✉❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❛❡❀❣✭t✮ ❂ ❝❡❀❣✭t✮ ❡①♣✭�✐✦❡❀❣t✮ ❡t ♦♥ ♥❡ ❝♦♥s❡r✈❡ q✉❡ ❧❛ ♣❛rt✐❡ ♥♦♥ ♦s❝✐❧❧❛♥t❡
❞✉ ❦❡t ❥✥✭t✮✐



✸✵
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

❧✬✓❡t❛t ❛t♦♠✐q✉❡ ❥✥✭t✮✐❘ ❂ ❉✭❫③❀�✍t✮❥✥✐ ✭❉✭❫③❀�✍t✮ ✑ ❡✐✛③✍t❂✷✮ ✿

✐⑦
❞

❞t
❥✥✐❘ ❂ ❫❍❘❥✥✐❘ ✭✷✳✹✮

❛✈❡❝

❫❍❘ ✑ ⑦

✷

✧
�✍ ✡❡❣❡

�✐✣

✡✄
❡❣❡

✐✣ ✍

★
✭✷✳✺✮

❧❛ r❡♣r✓❡s❡♥t❛t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ ❞✉ ❤❛♠✐❧t♦♥✐❡♥ ❞❛♥s ❧❛ ❜❛s❡ ❢❥❣✐❀ ❥❡✐❣✳ ❈❡ ❤❛♠✐❧t♦♥✐❡♥ ❞✓❡❝r✐t

✉♥ ❝♦✉♣❧❛❣❡ ❡♥tr❛❫✏♥❛♥t ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❞❡ ❘❛❜✐ ❡♥tr❡ ❧❡s ♥✐✈❡❛✉① ❥❣✐ ❡t ❥❡✐ ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡

✡r ❂
♣
✍✷ ✰ ✡✷

❡❣s✐♠❡q✡❡❣ ✭❧❡ ❧❛s❡r ❡st q✉❛s✐♠❡♥t ✒❛ r✓❡s♦♥❛♥❝❡✮✱ ❝♦♠♠❡ ✐♥❞✐q✉✓❡ s✉r ❧❛ ☞❣✉r❡

✷✳✶✳

❋✐❣✳ ✷✳✶ ✿ ❖s❝✐❧❧❛t✐♦♥ ❞❡ ❘❛❜✐ ✿ ❧✬❡①♣✓❡r✐❡♥❝❡ ❬✷✺✱ ✷✻❪ ❛ ✓❡t✓❡ r✓❡❛❧✐s✓❡❡ s✉r ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❊✐♥st❡✐♥
✭❝❤❛♣✐tr❡ ✺✮ ❛✈❡❝ ❞❡s ❛t♦♠❡s ✐♥✐t✐❛❧❡♠❡♥t q✉❡ ❞❛♥s ❧✬✓❡t❛t ❥❋ ❂ ✶❀♠❋ ❂ �✶✐✳ ❖♥ ✉t✐❧✐s❡ ✉♥ ✐♠❛❣❡r✐❡
♣❛r ❛❜s♦r♣t✐♦♥ ✿ ✉♥ ♦♥❞❡ ❧✉♠✐♥❡✉s❡ ❡st ❛♣♣❧✐q✉✓❡❡ s✉r ❝❡ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❡t ♦♥ r❡❣❛r❞❡ ❛✐♥s✐ ❧✬♦♠❜r❡
♣♦rt✓❡❡ s✉r ❧❡ ❢❛✐s❝❡❛✉ ❧❛s❡r✳ ▲❡s ❢❛✐s❝❡❛✉① ❧❛s❡r ♣❡r♠❡tt❛♥t ❞❡ r✓❡❛❧✐s❡r ❧❡s ♦s❝✐❧❧❛t✐♦♥s r✓❡s♦♥♥❛♥t❡s
s♦♥t ❛♣♣❧✐q✉✓❡s ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❛t♦♠❡s q✉✐ s❡ r❡tr♦✉✈❡♥t ❛❧♦rs
❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ tr❛♥s✈❡rs❡ ❞✬❡♥✈✐r♦♥ ✶✷ ♠♠✴s✳ ✒❆ ❣❛✉❝❤❡✱ ❧❡s ❝❡r❝❧❡s ♣❧❡✐♥s ❞♦♥♥❡♥t ❧❛ ♣♦♣✉❧❛t✐♦♥
✭r❡❧❛t✐✈❡ ❛✉ ♥♦♠❜r❡ t♦t❛❧ ❞✬❛t♦♠❡s✮ ❞❡ ❧✬✓❡t❛t ✐♥✐t✐❛❧ ❡t ❞❡ ❧✬✓❡t❛t ❞✐☛r❛❝t✓❡✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ ❡st ✉♥
❛❥✉st❡♠❡♥t ♣❛r ✉♥❡ s✐♥✉s♦⑧✏❞❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❛♠♦rt✐❡✱ q✉✐ ❞♦♥♥❡ ✉♥ t❡♠♣s ❞❡ ❞✓❡❝♦❤✓❡r❡♥❝❡ ✒❛ ✶❂❡
❞❡ ✶✱✻ ♠s✳

❙✉♣♣♦s♦♥s q✉❡ ❧✬❛t♦♠❡ s♦✐t ✐♥✐t✐❛❧❡♠❡♥t ❞❛♥s ❧✬✓❡t❛t

❥✥✭t✵✮✐ ❂ ❝❡✭t✵✮ ❡①♣✭�✐✦❡t✵✮❥❡✐✰ ❝❣✭t✵✮ ❡①♣✭�✐✦❣t✵✮❥❣✐

✒❛ t ❂ t✵✳ ❆♣r✒❡s tr❛✈❡rs✓❡❡ ❞✬✉♥❡ ✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ ❞✬❛♠♣❧✐t✉❞❡ ❝♦♥st❛♥t❡ ❡t ❞❡ ❞✉r✓❡❡ ✜ ✱ ✐❧

s❡r❛ ❞❛♥s ❧✬✓❡t❛t

❥✥✭t✵ ✰ ✜✮✐ ❂ ❝❡✭t✵ ✰ ✜✮ ❡①♣✭�✐✦❡✭t✵ ✰ ✜✮✮❥❡✐✰ ❝❣✭t✵ ✰ ✜✮ ❡①♣✭�✐✦❣✭t✵ ✰ ✜✮✮❥❣✐
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❈✬❡st ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❝♦❤✓❡r❡♥t❡ ❞❡ ❞❡✉① ✓❡t❛ts ❛t♦♠✐q✉❡s ❞✬✐♠♣✉❧s✐♦♥s ❞✐☛✓❡r❡♥t❡s✳

▲❡s ❞❡✉① ♣❛q✉❡ts ❞✬♦♥❞❡s ❛✐♥s✐ ❝r✓❡✓❡s ♣❛r ❝❡tt❡ ✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ q✉✐ ❥♦✉❡ ❧❡ r❫♦❧❡ ❞✬✉♥❡

❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ✈♦♥t ❛❧♦rs ✓❡✈♦❧✉❡r ❧✐❜r❡♠❡♥t ❛✈❛♥t ❞✬❫❡tr❡ s♦✉♠✐s ✒❛ ✉♥❡ s❡❝♦♥❞❡ ✐♠♣✉❧s✐♦♥

❧✉♠✐♥❡✉s❡ ✒❛ ❧✬✐♥st❛♥t t✶ ✬ t✵ ✰ ❚ ✳ ❈❡tt❡ ✐♠♣✉❧s✐♦♥ ❡st ❞❡ ♠❫❡♠❡ ❧❛r❣❡✉r ✜ ❡t ❞❡ ❢r✓❡q✉❡♥❝❡

❞❡ ❘❛❜✐ ❞❡✉① ❢♦✐s ♣❧✉s ❣r❛♥❞❡ ✡r ❂ ✙❂✜ ✭✐♠♣✉❧s✐♦♥ ❁ ✙ ❃ ✮✳ ❆♣r✒❡s ❝❡tt❡ ❞❡✉①✐✒❡♠❡ ✐♠♣✉❧s✐♦♥✱



✷✳✷ ■♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡s ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ✿ ❣✓❡♥✓❡r❛❧✐t✓❡s ✸✸

❧✬❛t♦♠❡ ❡st ❞❛♥s ❧✬✓❡t❛t ✿

❥✥✭t✶✰✜✮✐ ❂ ✶♣
✷

✥
�❥❣❀♣✐❡�✐❬✣✶✭t✵✮�✣✷✭t✶✮❪❡�✐

✒
✦❡✰

❥♣✰⑦❦❥✷

✷♠⑦

✓
❚ � ✐❥❡❀♣✰ ⑦❦✐❡�✐✣✷✭t✶✮❡�✐

✒
✦❣✰

❥♣❥✷

✷♠⑦

✓
❚

✦
✭✷✳✶✷✮

❖♥ ❛ tr❛♥s❢✓❡r✓❡ t♦t❛❧❡♠❡♥t ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬✓❡t❛t ❥❡❀♣✰ ⑦❦✐ ✈❡rs ❧✬✓❡t❛t ❥❣❀♣✐ ❡t r✓❡❝✐♣r♦q✉❡✲
♠❡♥t✱ ❧✬✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ ❥♦✉❛♥t ❛❧♦rs ❧❡ r❫♦❧❡ ❞✬✉♥ ♠✐r♦✐r✳ ▲❡s ♣❛q✉❡ts ❞✬♦♥❞❡s ❛ss♦❝✐✓❡s

s♦♥t ❛✐♥s✐ r❡❞✐r✐❣✓❡s ❞❡ ♠❛♥✐✒❡r❡ ✒❛ s❡ s✉♣❡r♣♦s❡r ❞❡ ♥♦✉✈❡❛✉ ✒❛ ❧✬✐♥st❛♥t t✷ ✬ t✶✰❚ ✳ ❖♥ ❛♣♣❧✐q✉❡

❛❧♦rs ❧❛ ❞❡r♥✐✒❡r❡ ✐♠♣✉❧s✐♦♥ ✙❂✷✱ s✓❡♣❛r❛tr✐❝❡ q✉✐ ✈❛ r❡❝♦♠❜✐♥❡r ❧❡s ❞✐☛✓❡r❡♥ts ♣❛q✉❡ts ❞✬♦♥❞❡s✳

❆♣r✒❡s ❝❡tt❡ ❞❡r♥✐✒❡r❡ ✐♠♣✉❧s✐♦♥✱ ❧✬❛t♦♠❡ ❡st ❞❛♥s ❧✬✓❡t❛t ✿

❥✥✭t✷ ✰ ✷✜✮✐ ❂ ❡�✐✂

✷

✭
�❥❣❀♣✐ �❡�✐❬✣✶✭t✵✮�✣✷✭t✶✮❪ � ❡�✐❬✣✷✭t✶✮�✣✸✭t✷✮❪

✁
�✐❥❡❀♣✰ ⑦❦✐ �❡�✐✣✷✭t✶✮ � ❡�✐❬✣✶✭t✵✮�✣✷✭t✶✮✰✣✸✭t✷✮❪

✁
✮
❀ ✭✷✳✶✸✮

❛✈❡❝ ✂ ❂
✏
✦❣ ✰

❥♣❥✷
✷♠⑦

✰ ✦❡ ✰
❥♣✰⑦❦❥✷
✷♠⑦

✑
❚ ✳

✒❆ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ❞✓❡t❡❝t❡r ❧❡s ❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ❡①❝✐t✓❡ ❥❡✐ ❡st ✿

P❡ ❂ ❥❝
❡❀♣✰⑦❦✭✷❚ ✮❥✷ ❂

✶

✷
❬✶� ❝♦s ✭✁✣✮❪ ✭✷✳✶✹✮

❖♥ ❝♦♥st❛t❡ q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ❝❤❛♥❣❡♠❡♥t ❞✬✓❡t❛t ✐♥t❡r♥❡ P❣ ❂ ✶ � P❡ ✈❛r✐❡ ❞❡ ♠❛✲

♥✐✒❡r❡ s✐♥✉s♦⑧✏❞❛❧❡ ❛✈❡❝ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡ ♣❤❛s❡ ✁✣ ❂ ✣✶✭t✵✮ � ✷✣✷✭t✶✮ ✰ ✣✸✭t✷✮ ❛❝q✉✐s❡ ♣❛r ❧❡s

❛t♦♠❡s ❡♥tr❡ ❧❡s ❞❡✉① ❝❤❡♠✐♥s ♣♦ss✐❜❧❡s✳ ■❧ ❛♣♣❛r❛❫✏t ❞♦♥❝ ❞❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s s✉r ❧❡s

♣♦♣✉❧❛t✐♦♥s ❛t♦♠✐q✉❡s✳

✷✳✷✳✸ ❚❡r♠❡ ❞❡ ❞✓❡♣❤❛s❛❣❡

■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ❝♦♠♣r❡♥❞r❡ ❝❡ q✉✐ ✐♥✌✉❡ s✉r ❧❡ t❡r♠❡ ❞❡ ❞✓❡♣❤❛s❛❣❡ ✁✣ ❂ ✣✶✭t✵✮ �
✷✣✷✭t✶✮ ✰ ✣✸✭t✷✮ q✉✐ ❛♣♣❛r❛❫✏t ❡♥ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ♣❡✉t

❝♦♥st❛t❡r q✉❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡s ❧❛s❡rs ✈✉❡ ♣❛r ❧❡s ❛t♦♠❡s ❛✉ ♠♦♠❡♥t ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡

❡st ❞✓❡♣❧❛❝✓❡❡ ♣❛r ❧✬❡☛❡t ❉♦♣♣❧❡r ❞❫✉ ✒❛ ❧❛ ✈✐t❡ss❡ ✈❄✭t✮ ❞❡s ❛t♦♠❡s ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉①

❧❛s❡r ❬✶✶✱ ✷✽❪ ✿ ✍✭t✮ ❂ �❦✿✈❄✭t✮✳ ❆ ❧✬✐♥st❛♥t t ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❘❛♠❛♥✱ ❧❛ ♣❤❛s❡ ❞✉ ❧❛s❡r

s✬✓❡❝r✐t ❛❧♦rs ✣✐✭t✮ ❂

❩ t

t✵❂✵

✍✭t✵✮❞t✵✳ ❆✐♥s✐✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ s②♠✓❡tr✐q✉❡ ❝♦♠♠❡

♣r✓❡s❡♥t✓❡ ❝✐✲❞❡ss✉s✱ ♦♥ r❡tr♦✉✈❡ ❜✐❡♥ q✉❡ ❧❛ ✈✐t❡ss❡ ✐♥✐t✐❛❧❡ ✈❄✭✵✮ ❞❡s ❛t♦♠❡s ♥✬✐♥✌✉❡ ♣❛s s✉r

❧❡ ❞✓❡♣❤❛s❛❣❡ ✿ ✁✣ ❂ ❦✿✈❄✭✵✮ ✭✵� ✷ ✄ ❚ ✰ ✷❚ ✮ ✑ ✵✳ ❆✉ ❝♦♥tr❛✐r❡✱ s✐ ❧❛ ✈✐t❡ss❡ ❞❡s ♣❛q✉❡ts

❞✬♦♥❞❡s ❛t♦♠✐q✉❡s ♥✬❡st ♣❛s ❝♦♥st❛♥t❡ ❛✉ ❝♦✉rs ❞❡ ❧✬✐♥t❡rr♦❣❛t✐♦♥✱ ❧❡ ❞✓❡♣❤❛s❛❣❡ s❡r❛ ♥♦♥ ♥✉❧ ❀

❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥ ❝♦♥st❛♥t❡✱ ♦♥ ♦❜t✐❡♥t ✁✣ ❂ ✭❦ ✁ ❛✮❚ ✷✳

❙✐ ❧❡s ❛r❣✉♠❡♥ts ♣r✓❡❝✓❡❞❡♥ts ♣❡r♠❡tt❡♥t ❞❡ r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧✬✐♥✌✉❡♥❝❡ ❞❡s ❛❝❝✓❡❧✓❡r❛t✐♦♥s r❡❧❛✲

t✐✈❡s ❡♥tr❡ ❛t♦♠❡s ❡t ❧❛s❡r s✉r ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❡❧❧❡s s♦♥t ♥✓❡❛♥♠♦✐♥s ✐♥s✉✍s❛♥t❡s

♣♦✉r ❝❛❧❝✉❧❡r r✐❣♦✉r❡✉s❡♠❡♥t ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❝❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s✳ ❯♥ tr❛✐t❡♠❡♥t r✐❣♦✉r❡✉①

✉t✐❧✐s❡ ✉♥❡ ♠✓❡t❤♦❞❡ ❣✓❡♥✓❡r❛❧✐s❛♥t ❧✬♦♣t✐q✉❡ ❞❡ ●❛✉ss ✭♠❛tr✐❝❡s ❁ ❆❇❈❉✘ ❃ ✮ ❬✷✾✱ ✷✷❪✳ ■❧ ❡①✐st❡



✸✹
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

♥✓❡❛♥♠♦✐♥s ✉♥❡ ♠✓❡t❤♦❞❡ ❛♣♣r♦❝❤✓❡❡ ❬✷✸✱ ✸✵❪ q✉✐ ♣❡r♠❡t ❞✬✓❡✈❛❧✉❡r ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❧❛ ✈❛❧❡✉r

❡①❛❝t❡ ❞✉ ❞✓❡♣❤❛s❛❣❡ ✿ ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡s ✐♥t✓❡❣r❛❧❡s ❞❡ ❝❤❡♠✐♥ ❞❡ ❋❡②♥♠❛♥✳ ▲✬✐❞✓❡❡ ❞❡ ❜❛s❡

❡st q✉❡ ❧❡ ♣r♦♣❛❣❛t❡✉r ❑ ❞♦♥♥❛♥t ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ tr♦✉✈❡r ✉♥ ❛t♦♠❡ ❡♥ ✉♥ ♣♦✐♥t ❇✭r❀ t✮ ❞❡

❧✬❡s♣❛❝❡ r✓❡s✉❧t❡ ❞❡ ❧✬✐♥t❡r❢✓❡r❡♥❝❡ ❞❡ t♦✉s ❧❡s ❝❤❡♠✐♥s ♣♦ss✐❜❧❡s ♣❛rt❛♥t ❞❡ ❆✭r❀ t✮ ❡t ♠❡♥❛♥t ✒❛

❇✭r❀ t✮✳ ❈❡❝✐ ❡st ❡♥ q✉❡❧q✉❡ s♦rt❡ ❧✬✓❡q✉✐✈❛❧❡♥t ❞✉ ♣r✐♥❝✐♣❡ ❞✬❍✉②❣❡♥s✲❋r❡s♥❡❧ ♣♦✉r ❧❡s ♦♥❞❡s

❛t♦♠✐q✉❡s✳ ❙✐ ❧✬❛❝t✐♦♥ ❙ ❂ � ❘
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❍ ✁ ❞r ❡st ❣r❛♥❞❡ ❞❡✈❛♥t ⑦✱ s❡✉❧s ❧❡s ❝❤❡♠✐♥s

♣r♦❝❤❡s ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❝❧❛ss✐q✉❡ r✓❡❡❧❧❡✱ ❝✬❡st✲✒❛✲❞✐r❡ ✈✓❡r✐☞❛♥t ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ♠♦✐♥❞r❡ ❛❝t✐♦♥
❅❙
❅③

❂ ❅❙
❅t

❂ ✵ ❞♦♥♥❡♥t ❞❡s ✐♥t❡r❢✓❡r❡♥❝❡s ❝♦♥str✉❝t✐✈❡s✱ ❧❡s ❛✉tr❡s s❡ ❜r♦✉✐❧❧❛♥t ✒❛ ❝❛✉s❡ ❞❡s

♦s❝✐❧❧❛t✐♦♥s r❛♣✐❞❡s✳ ❖♥ ❛❜♦✉t✐t ❛❧♦rs ✒❛ ✉♥❡ ❞✓❡♠❛r❝❤❡ ❛♥❛❧♦❣✉❡ ✒❛ ❝❡❧❧❡ ❞❡ ❧✬♦♣t✐q✉❡ ♣❤②s✐q✉❡

♦✒✉ ♦♥ ❝❛❧❝✉❧❡ ❧❡ ❞✓❡♣❤❛s❛❣❡ ❧❡ ❧♦♥❣ ❞❡s r❛②♦♥s ❞❡ ❧✬♦♣t✐q✉❡ ❣✓❡♦♠✓❡tr✐q✉❡✳

▲❡s tr❛❥❡❝t♦✐r❡s ❝❧❛ss✐q✉❡s r❡♣r✓❡s❡♥t✓❡❡s s✉r ❧❛ ☞❣✉r❡ ✷✳✷ ♣r❡♥♥❡♥t ❛❧♦rs t♦✉t❡ ❧❡✉r s✐❣♥✐☞❝❛t✐♦♥ ✿

♦♥ ♣❡✉t ♠♦❞✓❡❧✐s❡r ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡♥ ♣r❡♥❛♥t s✐♠♣❧❡♠❡♥t ❞❡s ♦♥❞❡s ❛t♦♠✐q✉❡s ♣❧❛♥❡s ❡t ❡♥

❝❛❧❝✉❧❛♥t ❧❛ ♣❤❛s❡ ❛t♦♠✐q✉❡✱ ❝✬❡st✲✒❛✲❞✐r❡ ❧✬❛❝t✐♦♥✱ ❧❡ ❧♦♥❣ ❞❡ ❝❤❛q✉❡ tr❛❥❡❝t♦✐r❡ ❝❧❛ss✐q✉❡✳

▲❛ ☞❣✉r❡ ✷✳✷ r❡♣r✓❡s❡♥t❡ ❧❡s tr❛❥❡❝t♦✐r❡s ❝❧❛ss✐q✉❡s ♥♦♥ ♣❡rt✉r❜✓❡❡s✱ ❝✬❡st✲✒❛✲❞✐r❡ s❛♥s ❧✬❛❝t✐♦♥

❞✬✉♥ ❝❤❛♠♣ ❡①t✓❡r✐❡✉r✳ ▲❛ ♣r❡♠✐✒❡r❡ ✐♠♣✉❧s✐♦♥ ❧❛s❡r ✙❂✷ ❝r✓❡❡ ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s ❞❡✉① ✓❡t❛ts

❛t♦♠✐q✉❡s ❥❣❀♣✐ ❡t ❥❡❀♣ ✰ ⑦❦✐✳ ▲❡s ❞❡✉① tr❛❥❡❝t♦✐r❡s ❝❧❛ss✐q✉❡s ❛✐♥s✐ ❝r✓❡✓❡s ♣❛r ❝❡tt❡ ❧❛♠❡

s✓❡♣❛r❛tr✐❝❡ ✈♦♥t ❛❧♦rs ❫❡tr❡ s✓❡♣❛r✓❡❡s ❞❡ ✁① ❂ ✭⑦❦❂♠✮❚ ✭♠ r❡♣r✓❡s❡♥t❡ ❧❛ ♠❛ss❡ ❞❡s ♣❛rt✐❝✉❧❡s✮

✒❛ ❧✬✐♥st❛♥t ❞❡ ❧❛ s❡❝♦♥❞❡ ✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ ✒❛ ❧✬✐♥st❛♥t t✶✳ ▲❡s tr❛❥❡❝t♦✐r❡s ✈♦♥t ❛❧♦rs ❫❡tr❡

♠♦❞✐☞✓❡❡s ♣♦✉r s❡ r❡❝r♦✐s❡r ✒❛ ❧✬✐♥st❛♥t t✷ ♦✒✉ ❧❡ ❞✓❡♣❤❛s❛❣❡ s❡r❛ ❁ ❧✉ ❃ ♣❛r ❧❛ ❞❡r♥✐✒❡r❡ ✐♠♣✉❧s✐♦♥

❧❛s❡r✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ❞✓❡♣❤❛s❛❣❡✱ q✉✐ ❞♦✐t t❡♥✐r ❝♦♠♣t❡ ✒❛ ❧❛ ❢♦✐s ❞❡ ❧❛ ♣❤❛s❡ ❛❝❝✉♠✉❧✓❡❡ s✉r

❧❡s tr❛❥❡❝t♦✐r❡s ❛t♦♠✐q✉❡s ❡t ❞❡ ❧❛ ♣❤❛s❡ ✐♠♣❛rt✐❡ ♣❛r ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ❧❛s❡rs✱ ♥✬❡st

♣❛s ♣r✓❡s❡♥t✓❡ ✐❝✐✳ ▲❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❞❫✉ ✒❛ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ♣❡✉t s✬✓❡❝r✐r❡ s✐♠♣❧❡♠❡♥t ✣tr❛❥ ❂✏
✦❡❀❣ ✰

♣✷❡❀❣

✷♠⑦

✑
❚ ❡t ♦♥ r❡tr♦✉✈❡ ❧❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❝❛❧❝✉❧✓❡ ❞✐r❡❝t❡♠❡♥t ❞❛♥s ❧✬✓❡q✉❛t✐♦♥ ✭✷✳✶✷✮✳

▲❡ t❡r♠❡ ❞❡ ♣❤❛s❡ ❞❫✉ ✒❛ ✉♥❡ tr❛♥s✐t✐♦♥ ✐♥❞✉✐t❡ ♣❛r ❧❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r ✈❛✉t ✝✣❧❛s ❂ ✝✭❦✁r✰✟✮

♦✒✉ ✟ ❡st ❧❡ ❞✓❡♣❤❛s❛❣❡ ✓❡✈❡♥t✉❡❧ ❞❡s ❧❛s❡rs r❡s♣♦♥s❛❜❧❡s ❞❡s ✐♠♣✉❧s✐♦♥s✱ ❡♥tr❡ ❝❤❛❝✉♥❡ ❞✬❡❧❧❡s✳

■❧ r✓❡s✉❧t❡ ❞❡ ❝❡ ❝❛❧❝✉❧ q✉❡ ❧❡s ❞❡✉① ❝♦♥tr✐❜✉t✐♦♥s s♦♥t ♥✉❧❧❡s✱ ❛✉ t❡r♠❡ ✟ ❞❡ ❞✓❡♣❤❛s❛❣❡ ❞❡s

❧❛s❡rs ❡♥tr❡ ❝❤❛q✉❡ ✐♠♣✉❧s✐♦♥ ♣r✒❡s✳ ❈❡ ❞❡r♥✐❡r t❡r♠❡ ♣❡r♠❡t ❞✬❛✐❧❧❡✉rs ❞❡ ❜❛❧❛②❡r ❧❡s ❢r❛♥❣❡s

❛t♦♠✐q✉❡s✱ ❝♦♠♠❡ ♣❡✉t ❧❡ ❢❛✐r❡ ✉♥❡ ❧❛♠❡ ❞❡ ♣❤❛s❡ ❞❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♦♣t✐q✉❡✳

❉❛♥s ❧❡ ❝❛s ♦✒✉ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡st s♦✉♠✐s ✒❛ ✉♥❡ ♣❡rt✉r❜❛t✐♦♥ ❡①t✓❡r✐❡✉r❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡

✉♥❡ r♦t❛t✐♦♥ ♦✉ ✉♥❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥✱ ✐❧ s✉✍t ❞♦♥❝ ❞❡ ❞✓❡t❡r♠✐♥❡r ❧❡s ♥♦✉✈❡❧❧❡s tr❛❥❡❝t♦✐r❡s ❛t♦✲

♠✐q✉❡s ♣❡rt✉r❜✓❡❡s ♣❛r ❝❡ ❝❤❛♠♣ ❡①t✓❡r✐❡✉r✳ ❖♥ ❞♦✐t ❛❧♦rs r❡❝❛❧❝✉❧❡r ❧✬❛❝t✐♦♥ ❝❧❛ss✐q✉❡ s✉r ❝❡s

tr❛❥❡❝t♦✐r❡s✱ ❧❡ ❞✓❡♣❤❛s❛❣❡ ✐♠♣❛rt✐ ❛✉ ❧❛s❡r ✓❡t❛♥t ❧✉✐ ❛✉ss✐ ♠♦❞✐☞✓❡ ♣❛r ❧❛ ♣♦s✐t✐♦♥ ❞❡s tr❛❥❡❝✲

t♦✐r❡s ❛✉ ♠♦♠❡♥t ❞❡ ❧✬✐♠♣✉❧s✐♦♥✳ ■❧ r✓❡s✉❧t❡ ❞❡ ❝❡ ❝❛❧❝✉❧✱ q✉❡ ❧✬♦♥ ♣♦✉rr❛ tr♦✉✈❡r ❞✓❡✈❡❧♦♣♣✓❡

❞❛♥s ❬✷✷✱ ✷✾✱ ✸✵❪✱ q✉❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ ✒❛ ❧❛ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❝❧❛ss✐q✉❡ ❡st

♥✉❧❧❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❧✬❡☛❡t ❞✉ ♣♦t❡♥t✐❡❧ ❡①t✓❡r✐❡✉r s✉r ❧❡ t❡r♠❡ ❞❡ ❞✓❡♣❤❛s❛❣❡ s✬❛♥♥✉❧❛♥t

❛✈❡❝ ❧❡ ❞✓❡♣❤❛s❛❣❡ ✐♥❞✉✐t ♣❛r ❧❛ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ tr❛❥❡❝t♦✐r❡✳ ▲❛ s❡✉❧❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♠♣♦rt❛♥t❡

✈✐❡♥t ❞♦♥❝ ❞❡ ❧❛ ♠♦❞✐☞❝❛t✐♦♥ ❞✉ t❡r♠❡ ✣❧❛s ❂ ❦ ✁ r ✰ ✟ ❛✉ ♠♦♠❡♥t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❧✉♠✐✲

♥❡✉s❡ ❬✷✷✱ ✷✾✱ ✸✵❪✳ ❈❡❝✐ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ✉♥❡ ✐♠❛❣❡ ♥❛⑧✏✈❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✿

✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ♠❡s✉r❡✱ ❡♥ q✉❡❧q✉❡ s♦rt❡✱ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥ ❛t♦♠❡



✷✳✷ ■♥t❡r❢✓❡r♦♠✒❡tr❡s ❞❡ t②♣❡s ❘❛♠s❡②✲❇♦r❞✓❡ ✒❛ ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ✿ ❣✓❡♥✓❡r❛❧✐t✓❡s ✸✺

❛✉ ❝♦✉rs ❞✉ t❡♠♣s ♣❛r r❛♣♣♦rt ✒❛ ✉♥❡ r✒❡❣❧❡ ♦♣t✐q✉❡ ❞❡ r✓❡❢✓❡r❡♥❝❡✳ ❈❡❝✐ ♣❡r♠❡t ❞✐r❡❝t❡♠❡♥t

❞❡ ❝♦♠♣r❡♥❞r❡ q✉❡ ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❞✓❡♣❤❛s❛❣❡ ❧✐✓❡ ✒❛ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ s❡r❛ ♣r♦♣♦rt✐♦♥♥❡❧ ✒❛ ❛❚ ✷✳

❖♥ ❝♦♠♣r❡♥❞r❛ ❛✉ss✐ ✭✈♦✐r ♣✳ ✸✼✮ q✉❡ ❧❡ ❢❛✐t ❞✬❡☛❡❝t✉❡r ❧❛ ♠❡s✉r❡ ❛✈❡❝ tr♦✐s ✐♠♣✉❧s✐♦♥s ❧❛s❡r

♣❡r♠❡t ❞❡ s✬❛☛r❛♥❝❤✐r ❞❡ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧❛ ✈✐t❡ss❡ ✐♥✐t✐❛❧❡✳

✷✳✷✳✹ ❯t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ✒❛ ❞❡✉① ♣❤♦t♦♥s ✲ ❚r❛♥s✐t✐♦♥ ❘❛✲

♠❛♥

❯♥ ❡☛❡t ✐♠♣♦rt❛♥t ❞❛♥s ❧❡ ❜♦♥ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❛ ✓❡t✓❡ ♥✓❡❣❧✐❣✓❡ ❥✉sq✉✬✒❛

♠❛✐♥t❡♥❛♥t ✿ ❧✬❡☛❡t ❞❡ ❧✬✓❡♠✐ss✐♦♥ s♣♦♥t❛♥✓❡❡ ❡♥tr❡ ❧✬✓❡t❛t ❡①❝✐t✓❡ ❥❡✐ ❡t ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❥❣✐✳
❈❡ ♣r♦❝❡ss✉s✱ ❧♦rsq✉✬✐❧ ❛ ❧✐❡✉✱ ❝♦♥❞✉✐t ✒❛ ✉♥❡ r❡❞✐str✐❜✉t✐♦♥ ❛❧✓❡❛t♦✐r❡ ❞❡s ✈✐t❡ss❡s ❛t♦♠✐q✉❡s

❬✷✸❪✳ ■❧ r✓❡s✉❧t❡ ❛❧♦rs ❡♥ ✉♥ ❜r♦✉✐❧❧❛❣❡ ❞❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s✱ ♦✉✱ s✐♠✐❧❛✐r❡♠❡♥t✱ ✉♥❡ ♣❡rt❡

❞❡ ❝♦♥tr❛st❡ ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❘❛❜✐ ❝♦♠♠❡ ✐♥❞✐q✉✓❡ s✉r ❧❛ ☞❣✉r❡ ✷✳✶✳ ❈❡tt❡ ♣❡rt❡ ❞❡ ❝♦♥tr❛st❡

❡st ❧❛ s✐❣♥❛t✉r❡ ❞✐r❡❝t❡ ❞✬✉♥❡ ♣❡rt❡ ❞❡ ❝♦❤✓❡r❡♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣❛q✉❡ts ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s✳

P♦✉r ❧✐♠✐t❡r ❝❡tt❡ ❞✓❡❝♦❤✓❡r❡♥❝❡✱ ✐❧ ❡st ✐♠♣✓❡r❛t✐❢ q✉❡ ❧❡s ✓❡t❛ts ❛t♦♠✐q✉❡s ❥❣✐ ❡t ❥❡✐ s♦✐❡♥t ♠✓❡t❛✲

st❛❜❧❡s ♣❡♥❞❛♥t ❞❡s t❡♠♣s ❞❡ ❧✬♦r❞r❡ ❞✉ t❡♠♣s ❞❡ s✓❡❥♦✉r ❞❡s ♣❛rt✐❝✉❧❡s ❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱

✉s✉❡❧❧❡♠❡♥t ❛♣♣❡❧✓❡ t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ✉t✐❧✐s❡r ❞❡s ✓❡t❛ts ❡①❝✐t✓❡s ❞❡

❧♦♥❣✉❡ ❞✉r✓❡❡ ❞❡ ✈✐❡ ��✶ ✭❞❛♥s ❬✶✶❪✱ ❧❛ tr❛♥s✐t✐♦♥ ❞✬✐♥t❡r❝♦♠❜✐♥❛✐s♦♥ ✸P✶ ✦✶P✵ ❛✈❡❝ �
�✶ ❂ ✵✿✹

♠s ❞❡ ❧❛ ♠♦❧✓❡❝✉❧❡ ❞❡ ◆❛✷ ✓❡t❛✐t ✉t✐❧✐s✓❡❡✮✳ ❈❡tt❡ s♦❧✉t✐♦♥ ♣r✓❡s❡♥t❡ ♥✓❡❛♥♠♦✐♥s ✉♥ ✐♥❝♦♥✈✓❡♥✐❡♥t

♠❛❥❡✉r✳ ▲❛ ❧♦♥❣✉❡ ❞✉r✓❡❡ ❞❡ ✈✐❡ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ✉♥❡ tr✒❡s ❢❛✐❜❧❡ ❧❛r❣❡✉r ❞❡ r❛✐❡✱ ✐❧ ❡st ❞♦♥❝ ♥✓❡✲

❝❡ss❛✐r❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ❧❛s❡rs ❞❡ ❢r✓❡q✉❡♥❝❡ tr✒❡s ❜✐❡♥ ❞✓❡☞♥✐❡ ❡t ❞♦♥❝ ❞❡♠❛♥❞❛♥t ✉♥ ❣r♦s

❡☛♦rt t❡❝❤♥✐q✉❡✳ ❉❛♥s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ ✒❛ ❞❡✉① ♣❤♦t♦♥s ❬✺✱ ✸✶❪ ♣❡r✲

❋✐❣✳ ✷✳✸ ✿ Pr✐♥❝✐♣❡ ❞❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ ✿ ❖♥ ❝❤❡r❝❤❡ ✒❛ ✐♥❞✉✐r❡ ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❞❡ ❘❛❜✐ ❡♥tr❡
❞❡✉① ✓❡t❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❧❛ str✉❝t✉r❡ ❤②♣❡r☞♥❡ ❞✬✉♥ ❛❧❝❛❧✐♥ ✭✐❝✐✱ ❧❡ ❝✓❡s✐✉♠✮✳ ▲❛ ❢r✓❡q✉❡♥❝❡ ❞❡
tr❛♥s✐t✐♦♥ ❡♥tr❡ ❝❡s ❞❡✉① ✓❡t❛ts✱ ❛❝❝❡ss✐❜❧❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ♠✐❝r♦✲♦♥❞❡ ✭●❍③✮✱ ♣❡✉t ❫❡tr❡ s②♥t❤✓❡t✐s✓❡❡
❞❡ ♠❛♥✐✒❡r❡ ♦♣t✐q✉❡ ✒❛ ❧✬❛✐❞❡ ❞❡ ❞❡✉① ❢❛✐s❝❡❛✉① ❧❛s❡r ❛ss❡r✈✐s ❡♥ ♣❤❛s❡✳ ❉❡ ❝❡tt❡ ♠❛♥✐✒❡r❡✱ ♦♥ ✐♥❞✉✐t
✉♥❡ tr❛♥s✐t✐♦♥ ✒❛ ❞❡✉① ♣❤♦t♦♥s ❡♥tr❡ ❝❡s ✓❡t❛ts✳ ❙✐ ❧❡s ❢❛✐s❝❡❛✉① ❧❛s❡r q✉✐ ✐♥❞✉✐s❡♥t ❝❡tt❡ tr❛♥s✐t✐♦♥
s♦♥t ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s✱ ❧❡ tr❛♥s❢❡rt ❡♥tr❡ ❧❡s ❞❡✉① ✓❡t❛ts s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥ tr❛♥s❢❡rt ❞✬✐♠♣✉❧s✐♦♥
✐♠♣♦rt❛♥t q✉✐ ♣❡r♠❡t ❞❡ ♠❛♥✐♣✉❧❡r ❧✬✓❡t❛t ❡①t❡r♥❡ ❞❡ ❧✬❛t♦♠❡✳



✸✻
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

♠❡tt❡♥t ❞❡ s✬❛☛r❛♥❝❤✐r ❞❡ ❝❡s ❞✐☛✓❡r❡♥t❡s ❧✐♠✐t❛t✐♦♥s✷✳ ❈♦♥s✐❞✓❡r♦♥s ❡♥ ❡☛❡t ✉♥ ❛t♦♠❡ ✒❛ ❞❡✉①

♥✐✈❡❛✉① ❢♦♥❞❛♠❡♥t❛✉① ❣ ❡t ❡ ✭❊❣ � ❊❡ ❂ ⑦✦❣❡✮ ❡t ✉♥ ♥✐✈❡❛✉ ❡①❝✐t✓❡ ✐ ❞❡ ❧❛r❣✉❡✉r ♥❛t✉r❡❧❧❡

�✳ ▲❡s ❞❡✉① ♥✐✈❡❛✉① ❢♦♥❞❛♠❡♥t❛✉① ✭❧❡s ❞❡✉① ♥✐✈❡❛✉① ❤②♣❡r☞♥s ✻❙✶❂✷❀ ❋ ❂ ✸ ❡t ✻❙✶❂✷❀ ❋ ❂ ✹

❞❡ ❧✬❛t♦♠❡ ❞❡ ❝✓❡s✐✉♠ ❞❛♥s ❧❡s ❞✐s♣♦s✐t✐❢s ❞✓❡❝r✐ts ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✮ ♦♥t ✉♥❡ ❞✉r✓❡❡ ❞❡ ✈✐❡

✐♥☞♥✐❡✳ ▲❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ s♦♥t st✐♠✉❧✓❡❡s ♣❛r ❞❡✉① ❢❛✐s❝❡❛✉① ❧❛s❡r ❞❡ ❢r✓❡q✉❡♥❝❡s ✦✶ ❡t ✦✷

✭✦✷�✦✶ ❂ ✦❣❡�✍✮ ❡t ❞❡ ✈❡❝t❡✉rs ❞✬♦♥❞❡s ❦✶ ❡t ❦✷✳ ❈❡s ❧❛s❡rs s♦♥t ♣r♦❝❤❡s ❞❡ r✓❡s♦♥❛♥❝❡✱ ♠❛✐s

♣❛s ❛✈❡❝ ❧❡s tr❛♥s✐t✐♦♥s ♦♣t✐q✉❡s ❣ ✩ ✐ ❡t ❡ ✩ ✐ ✭❞✓❡s❛❝❝♦r❞ ✁✮✳ P♦✉r ✁ ✢ �✱ ❧✬✐♥t❡r❛❝t✐♦♥

❡♥tr❡ ❧✬❛t♦♠❡ ❡t ❧❡s ♦♥❞❡s ❧✉♠✐♥❡✉s❡s ♣❡✉t ❫❡tr❡ ❞✓❡❝r✐t❡ ♣❛r ✉♥ ❤❛♠✐❧t♦♥✐❡♥ ❡☛❡❝t✐❢ ✒❛ ❞❡✉①

♥✐✈❡❛✉① ❣ ❡t ❡ ❞♦♥t ❧❛ ♣✉❧s❛t✐♦♥ ❞❡ ❘❛❜✐ ✈❛✉t ✡❡☛ ❂
✡✄
✷✡✶

✷✁
✱ ✡✶❀✷ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧❛ ♣✉❧s❛t✐♦♥

❞❡ ❘❛❜✐ ✐♥❞✉✐t❡ ♣❛r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧✬✓❡t❛t ❡①❝✐t✓❡ ✐ ❡t ❧❡s ❞❡✉① ✓❡t❛ts ❢♦♥❞❛♠❡♥t❛✉① ❣ ❡t ❡

r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲✬✓❡✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❛t♦♠✐q✉❡ ❡st ❞♦♥❝ ❡♥❝♦r❡ ❞✓❡❝r✐t❡ ♣❛r ❧❡s

✓❡q✉❛t✐♦♥s ✭✷✳✻✮ ❡t ✭✷✳✼✮ ❡♥ ♣r❡♥❛♥t ✣❡☛ ❂ ✣✷�✣✶ ♣♦✉r ❧❛ ♣❤❛s❡ ❞❡ ❧✬♦♥❞❡ ❧❛s❡r ❡t ❦❡☛ ❂ ❦✷�❦✶

♣♦✉r ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡✳ ❙✐ ❧❡s ❞❡✉① ♦♥❞❡s ❧✉♠✐♥❡✉s❡s s♦♥t ❝♦♥tr❛✲♣r♦♣❛❣❛t✐✈❡s ✭❦✶ ✬ �❦✷✮✱

❝❤❛q✉❡ ✐♠♣✉❧s✐♦♥ ❘❛♠❛♥ tr❛♥s❢✒❡r❡ ✷ q✉❛♥t✐t✓❡s ❞❡ ♠♦✉✈❡♠❡♥t ❞❡ ♣❤♦t♦♥s ⑦❦ ✭❞❛♥s ❧❡ ❝❛s

❞✬✉♥ ✐♠♣✉❧s✐♦♥ ♠✐❝r♦✲♦♥❞❡✱ ❧❡ tr❛♥s❢❡rt ❞❡ q✉❛♥t✐t✓❡ ❞❡ ♠♦✉✈❡♠❡♥t ❡st ♣❧✉s ❢❛✐❜❧❡ ❞✬✉♥ ❢❛❝t❡✉r

✦❣❡❂✦✶✷ ✜ ✶✮✳ ▲❡ ❞✓❡s❛❝❝♦r❞ s✬✓❡❝r✐t ✍❡☛ ❂ ✍✰
♣ ✁ ❦❡☛
♠

✰
⑦❥❦❡☛❥✷
✷♠

� ✍❛❝ ♦✒✉ ✍❛❝ r❡♣r✓❡s❡♥t❡ ❧❡ ❞✓❡♣❧❛✲

❝❡♠❡♥t ❧✉♠✐♥❡✉① ❞❡s ✓❡t❛ts ❢♦♥❞❛♠❡♥t❛✉①✳ P♦✉r ❞❡s ♦♥❞❡s ❝♦♥tr❡✲♣r♦♣❛❣❛t✐✈❡s✱ ❧❡ ❞✓❡s❛❝❝♦r❞

✍❡☛ ❞✓❡♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡s ✈✐t❡ss❡s ❛t♦♠✐q✉❡s ✒❛ ❝❛✉s❡ ❞❡ ❧✬❡☛❡t ❉♦♣♣❧❡r✳ ▲❛ s✓❡♣❛r❛t✐♦♥ ❞❡s

♣❛q✉❡ts ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s s✬❛❝❝♦♠♣❛❣♥❡ ❞♦♥❝ ❞✬✉♥❡ ✐♠♣♦rt❛♥t❡ s✓❡❧❡❝t✐♦♥ ❡♥ ✈✐t❡ss❡ ❬✸✶❪✱

❝♦♠♠❡ ♥♦✉s ❧❡ ❞✐s❝✉t❡r♦♥s ♣❧✉s ❡♥ ❞✓❡t❛✐❧ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✳ ❙✐ ❧❡s ❞❡✉① ♦♥❞❡s ❧✉♠✐♥❡✉s❡s

s♦♥t ❝♦✲♣r♦♣❛❣❛t✐✈❡s ✭❦✶ ✬ ❦✷✮✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡ ❘❛♠❛♥ ❡st ✐♥❞✓❡♣❡♥❞❛♥t❡ ❞❡s ✈✐✲

t❡ss❡s ❛t♦♠✐q✉❡s✱ ♠❛✐s ❧❡s tr❛♥s✐t✐♦♥s ♥❡ s✬❛❝❝♦♠♣❛❣♥❡♥t ♣❛s ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞✬✐♠♣✉❧s✐♦♥

✭tr❛♥s✐t✐♦♥ ❘❛♠❛♥ s❛♥s ❡☛❡t ❉♦♣♣❧❡r✮ ❡t s♦♥t ❞♦♥❝ ✐♥✉t✐❧✐s❛❜❧❡s ♣♦✉r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛

❛✐r❡ ♥♦♥ ♥✉❧❧❡✳

■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❛ ❧❛r❣❡✉r ❞❡ r❛✐❡ ❞❡s ❧❛s❡rs ❘❛♠❛♥ ♥✬❛ ♣❛s ❜❡s♦✐♥ ❞✬❫❡tr❡ tr✒❡s

♣❡t✐t❡✳ P❛r ❝♦♥tr❡✱ ❧❛ ❢r✓❡q✉❡♥❝❡ r❡❧❛t✐✈❡ ✦✷�✦✶ ❞♦✐t ❫❡tr❡ tr✒❡s ❜✐❡♥ ❞✓❡☞♥✐❡✸✳ P♦✉r ❛tt❡✐♥❞r❡ ✉♥❡

t❡❧❧❡ st❛❜✐❧✐t✓❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ✉♥ s②st✒❡♠❡ ❞✬❛ss❡r✈✐ss❡♠❡♥t ❡♥ ♣❤❛s❡ ❞❡ ❞❡✉① ❞✐♦❞❡s

❧❛s❡r ♠♦♥t✓❡❡s ❡♥ ❝❛✈✐t✓❡s ✓❡t❡♥❞✉❡s ❬✸✷❪✱ ✉♥ s②st✒❡♠❡ ♣❧✉s ❝♦♠♣❛❝t ❜❛s✓❡ s✉r ❧✬❛ss❡r✈✐ss❡♠❡♥t

♣❛r ✐♥❥❡❝t✐♦♥ ❞❡ ❞❡✉① ❞✐♦❞❡s ❧❛s❡r ❞❡ ♣✉✐ss❛♥❝❡ ❬✸✸❪ ♦✉ ♣❛r ❧❛ ❝r✓❡❛t✐♦♥ ❞❡ ❜❛♥❞❡s ❧❛t✓❡r❛❧❡s

s✉r ✉♥❡ ❞✐♦❞❡ ❧❛s❡r ♠♦♥♦♠♦❞❡ ❬✸✹✱ ✸✺❪✳

✷◆♦✉s ✈❡rr♦♥s ❛✉ss✐ ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ q✉❡ ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ s❛♥s ❝❤❛♥❣❡♠❡♥t ❞✬✓❡t❛t ✐♥t❡r♥❡✱
q✉✐ ❡st ❜❛s✓❡❡ s✉r ✉♥ ♣r✐♥❝✐♣❡ ♣❤②s✐q✉❡ ✐❞❡♥t✐q✉❡✱ ♣❡r♠❡t ❛✉ss✐ ❞❡ s✬❛☛r❛♥❝❤✐r ❞❡ ❧✬✓❡♠✐ss✐♦♥ st✐♠✉❧✓❡❡✳

✸❖♥ ♣❡✉t ❝♦♥st❛t❡r q✉✬✉♥ ❞✓❡♣❤❛s❛❣❡ ❞❡ ✶ r❛❞✐❛♥ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥ ✓❡❝❛rt ❡♥ ❢r✓❡q✉❡♥❝❡ ✁✦ ✘ ✷✙❂❚ ❞❡ ❧✬♦r❞r❡
❞❡ ✶ ❍③ ♣♦✉r ❚ ✬ ✶✵✵ ♠s✳ P♦✉r ❞✓❡t❡❝t❡r ✉♥ ♣❡t✐t ❞✓❡♣❤❛s❛❣❡✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ♠r❛❞✱ ✐❧ ❡st ❞♦♥❝ ♥✓❡❝❡ss❛✐r❡
❞✬❛tt❡✐♥❞r❡ ✉♥❡ st❛❜✐❧✐t✓❡ ♠❡✐❧❧❡✉r❡ q✉❡ ✶ ♠❍③✱ s♦✐t ✉♥❡ st❛❜✐❧✐t✓❡ r❡❧❛t✐✈❡ ❞❡ ✶✵�✶✸ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥
♠✐❝r♦✲♦♥❞❡ ✭✦❣❡ ✘ ✶●❍③✮✱ ❡t ✶✵�✶✽ ♣♦✉r ✉♥❡ tr❛♥s✐t✐♦♥ ♦♣t✐q✉❡ ✭✦❣❡ ✘ ✶✵✵❚❍③✮✳



✷✳✸ ❙❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ✸✼

✷✳✸ ❙❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s

✷✳✸✳✶ ❆❝❝✓❡❧✓❡r♦♠✓❡tr✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❋✐❣✳ ✷✳✹ ✿ Pr✐♥❝✐♣❡ ❞❡ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡
❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ❛✉① ❡☛❡ts ✐♥❡r✲
t✐❡❧s✳ ❖♥ ❛ r❡♣r✓❡s❡♥t✓❡ s❝❤✓❡♠❛t✐q✉❡♠❡♥t ❧❛
✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❝♦s✭❦① ✰ ✣✮ ❝♦♠♠❡
✉♥❡ s✉❝❝❡ss✐♦♥ ♣✓❡r✐♦❞✐q✉❡ ❞❡ ♥✛✉❞s ❡t ❞❡
✈❡♥tr❡s✳ ✒❆ ❣❛✉❝❤❡✱ ❧♦rsq✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬❛❝✲
❝✓❡❧✓❡r❛t✐♦♥✱ ❧❛ ♣❤❛s❡ ❞❡s ❢❛✐s❝❡❛✉① ♥✬❡st ♣❛s
♠♦❞✐☞✓❡❡ ❞❛♥s ❧❡ t❡♠♣s ❡t ❧❛ ♣❤❛s❡ ❛❝❝✉✲
♠✉❧✓❡❡ s✉r ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡ ❞r♦✐t❡ ❡st ❧❛
♠❫❡♠❡ q✉❡ ❝❡❧❧❡ ❛❝❝✉♠✉❧✓❡❡ s✉r ❧❛ tr❛❥❡❝✲
t♦✐r❡ ❞❡ ❣❛✉❝❤❡✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❛❝❝✓❡❧✓❡✲
r❛t✐♦♥✱ ❧❛ ♣❤❛s❡ ❞❡s ❧❛s❡rs ✓❡✈♦❧✉❡ ❞❛♥s ❧❡
t❡♠♣s ❡t ❧❡s ♣❤❛s❡s r❡s♣❡❝t✐✈❡s ❛❝❝✉♠✉❧✓❡❡s
s✉r ❧❡s tr❛❥❡❝t♦✐r❡s ❞❡ ❞r♦✐t❡ ❡t ❞❡ ❣❛✉❝❤❡
♥❡ s♦♥t ♣❧✉s ✐❞❡♥t✐q✉❡s✱ ❞✬♦✒✉ ✉♥ s✐❣♥❛❧ ❞❡
❞✓❡♣❤❛s❛❣❡✳

P♦✉r ✉♥❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥ ❛ q✉❡❧❝♦♥q✉❡✱ ❧❡ ❞✓❡♣❤❛s❛❣❡ ❛❝❝✉♠✉❧✓❡ ❡♥tr❡ ❧❡s ❞❡✉① ❜r❛s ❞❡ ❧✬✐♥t❡r❢✓❡✲

r♦♠✒❡tr❡ ✈❛✉t ✁✣ ❂ � ✭❦ ✁ ❛✮❚ ✷ ✱ ♦✒✉ ❚ ❡st ❧❡ t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❡♥tr❡ ❝❤❛q✉❡ ✐♠♣✉❧s✐♦♥

❧❛s❡r✳ ❈❡ ❞✓❡♣❤❛s❛❣❡ ♣❡✉t s❡ ❝♦♠♣r❡♥❞r❡ s✐♠♣❧❡♠❡♥t s✐ ❧✬♦♥ ❝♦♥s✐❞✒❡r❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛ ❞❡

❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r ✉t✐❧✐s✓❡s ♣♦✉r ❧❡s s✓❡✲

♣❛r❛tr✐❝❡s✳ ▲❛ ❢r✓❡q✉❡♥❝❡ ❞❡s ❧❛s❡rs ✈✉❡ ♣❛r ❧❡s ❛t♦♠❡s ❛✉ ♠♦♠❡♥t ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡

❡st ❞✓❡♣❧❛❝✓❡❡ ♣❛r ❧✬❡☛❡t ❉♦♣♣❧❡r ❞❫✉ ✒❛ ❧❛ ✈✐t❡ss❡ ❛t ❞❡s ❛t♦♠❡s ✿ ✍✭t✮ ❂ �❦✿❛t ✑ ✭❦ ✁ ❛✮ t✳ ✒❆

❧✬✐♥st❛♥t t ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❘❛♠❛♥✱ ❧❛ ♣❤❛s❡ ❞✉ ❧❛s❡r s✬✓❡❝r✐t ✣✐✭t✮ ❂

❩ t

t✵❂✵

✍✭t✵✮❞t✵ ❂ � ✭❦ ✁ ❛✮ t
✷

✷

❈❡tt❡ ❡①♣r❡ss✐♦♥ ❞✉ ❞✓❡♣❤❛s❛❣❡ ❛❝❝✓❡❧✓❡r♦♠✓❡tr✐q✉❡ ♣❡r♠❡t ❞❡ ❞✓❡❞✉✐r❡ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❧✬❛♣✲

♣❛r❡✐❧ ❞❡ ✷✙❚ ✷✕�✶ r❛❞✳s✷✴♠✱ ❝♦♠♠✉♥✓❡♠❡♥t ❛♣♣❡❧✓❡ ❢❛❝t❡✉r ❞✬✓❡❝❤❡❧❧❡✳ ❉❡ ❝❡ ❢❛❝t❡✉r✱ ♦♥ ♣❡✉t

❡♥s✉✐t❡ ❞✓❡❞✉✐r❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ♠✐♥✐♠❛❧❡ ❞✓❡t❡❝t❛❜❧❡ ✍❛ ❂ ❙
❇

✕
✷✙❚ ✷ ✭❙✴❇ ❡st ❧❡ r❛♣♣♦rt s✐❣♥❛❧ ✒❛

❜r✉✐t ❞❡ ❧❛ ❞✓❡t❡❝t✐♦♥ ❛t♦♠✐q✉❡✮✱ q✉✐ ❡st ❧❛ ✈✓❡r✐t❛❜❧❡ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❧✬❛♣♣❛r❡✐❧✹✳ ▲✬✉t✐❧✐s❛t✐♦♥

❞✬❛t♦♠❡s ❢r♦✐❞s ❞❡✈✐❡♥t ✐❝✐ ❢♦♥❞❛♠❡♥t❛❧❡ ♣✉✐sq✉❡ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❛✉❣♠❡♥t❡ ❝♦♠♠❡ ❧❡ ❝❛rr✓❡ ❞✉

t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s ❬✸✻✱ ✸✼✱ ✸✽❪✱ ✐❧ ❡st ❛✐♥s✐ ♣♦s✲

s✐❜❧❡ ❞❡ ♣r♦♣❛❣❡r ❞❡s ❛t♦♠❡s ❢r♦✐❞s ✭q✉❡❧q✉❡s ✖❑✱ s♦✐t ❞❡s ✈✐t❡ss❡s ❞✬❡①♣❛♥s✐♦♥s ❞❡ q✉❡❧q✉❡s

❝♠✴s✮ ✒❛ ❞❡s ✈✐t❡ss❡s ❞✬❡♥s❡♠❜❧❡ ❢❛✐❜❧❡s ✭❞❡ ❧✬♦r❞r❡ ❞✉ ♠✴s✮ ❡t ❞✬♦❜t❡♥✐r ❛✐♥s✐ ❞❡s t❡♠♣s

❞✬✐♥t❡rr♦❣❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ s❡❝♦♥❞❡ t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❞❡s ❞✐♠❡♥s✐♦♥s r✓❡❞✉✐t❡s✳

✹❈❡tt❡ s❡♥s✐❜✐❧✐t✓❡ ♥✬✐♥❞✐q✉❡ ❡♥ r✐❡♥ ❧❛ ♣r✓❡❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡✱ q✉✐ ❡st ❧✐✓❡ ✒❛ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ♣r✓❡❝✐s❡ ❞✉
❢❛❝t❡✉r ❞✬✓❡❝❤❡❧❧❡ ❡t ❞❡s ❞✐☛✓❡r❡♥ts ❞✓❡♣❤❛s❛❣❡s ♣❛r❛s✐t❡s q✉✐ ♣❡✉✈❡♥t ❡♥tr❛❫✏♥❡r ✉♥ ❜✐❛✐s ❞❡ ♠❡s✉r❡✳ ❈❡ ❜✐❛✐s ❡st
s♦✉✈❡♥t ✉♥❡ ❧✐♠✐t❛t✐♦♥ s✓❡✈✒❡r❡ ❞❡s ❞✐✈❡rs s❡♥s❡✉rs ❡①✐st❛♥ts



✸✽
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

✷✳✸✳✷ ▲❡ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❙t❛♥❢♦r❞

❋✐❣✳ ✷✳✺ ✿ ❙❝❤✓❡♠❛ ❞✉ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ r✓❡❛❧✐s✓❡ ✒❛ ❧✬✉♥✐✈❡rs✐t✓❡ ❞❡ ❙t❛♥❢♦r❞ ✒❛ ❧❛ ☞♥ ❞❡s ❛♥♥✓❡❡s
✶✾✾✵ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ❙✳ ❈❤✉✳ ❙✉r ❧❛ ❞r♦✐t❡✱ ♦♥ ♣❡✉t ♦❜s❡r✈❡r ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ ❧❛ ♣❡s❛♥t❡✉r ❛✉
❝♦✉rs ❞✉ t❡♠♣s ✭✐❝✐ s✉r ❞❡✉① ❥♦✉rs✮✳ ▲❛ ♣r✓❡❝✐s✐♦♥ ❞❡ ❝❡s ♠❡s✉r❡s ♣❡r♠❡t ❡♥tr❡ ❛✉tr❡s ❞✬❛♥❛❧②s❡r
❧✬✐♥✌✉❡♥❝❡ ❞❡ ❧❛ ❧✉♥❡ ❡t ❞❡s ♠❛r✓❡❡s✱ s♦✐t ❞❡s ✓❡❝❛rts ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵�✼❣✳

❯♥❡ ❡①♣✓❡r✐❡♥❝❡ ❞❡ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ ✭☞❣✉r❡ ✷✳✺✮ ❛ ♠♦♥tr✓❡ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ✷✂✶✵�✽ ❣ ❡♥

✶ s❡❝♦♥❞❡ ❞✬✐♥t✓❡❣r❛t✐♦♥ ❡t ✉♥❡ ❡①❛❝t✐t✉❞❡ ❞✬❡♥✈✐r♦♥ ✸✂ ✶✵�✾ ❣ ❬✶✸✱ ✸✾❪✳ ❈❡ ♥✐✈❡❛✉ ❞❡ ♣❡r❢♦r✲

♠❛♥❝❡ ❡st ❞✓❡❥✒❛ s✉♣✓❡r✐❡✉r ✒❛ ❝❡❧✉✐ ❞❡s s❡✉❧s ❣r❛✈✐♠✒❡tr❡s ❛❜s♦❧✉s ❡①✐st❛♥ts✱ ❞♦♥t ❧❡ ❢♦♥❝t✐♦♥♥❡✲

♠❡♥t r❡♣♦s❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❝❤✉t❡ ❞✬✉♥ ❝♦✐♥ ❞❡ ❝✉❜❡ ❞❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♦♣t✐q✉❡ ❞❡

▼✐❝❤❡❧s♦♥✳ ❉❛♥s ❧❡ ❣r❛✈✐♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s✱ ❧❡s ❛t♦♠❡s✱ ✐ss✉s ❞✬✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡✱

s♦♥t ❧❛♥❝✓❡s ✈❡rt✐❝❛❧❡♠❡♥t ❝♦♠♠❡ ❞❛♥s ❧❡s ❢♦♥t❛✐♥❡s ❛t♦♠✐q✉❡s ❡t ✐♥t❡r❛❣✐ss❡♥t ❛✈❡❝ ✉♥❡ ♣❛✐r❡

❞❡ ❢❛✐s❝❡❛✉① ✈❡rt✐❝❛✉① ✐♥❞✉✐s❛♥t ❧❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ st✐♠✉❧✓❡❡s✳

▲❛ ❧✐♠✐t❡ ❛❝t✉❡❧❧❡ ❞❡ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❝❡t ❛♣♣❛r❡✐❧ ❡st ♣✉r❡♠❡♥t t❡❝❤♥♦❧♦❣✐q✉❡✳ ❊♥ ❡☛❡t✱ ❝♦♠♠❡

♥♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✳✷✳✷✱ ❧❡ ❞✓❡♣❤❛s❛❣❡ ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✐♥❝❧✉❡ ✉♥❡

♣❛rt✐❡ ❧✐✓❡❡ ✒❛ ❧❛ ♣❤❛s❡ ❞❡s ❧❛s❡rs✱ ❡t ❞♦♥❝ ❛✉① ✌✉❝t✉❛t✐♦♥s ❞❡ ❝❡tt❡ ♣❤❛s❡✳ ❙✐ ❧❡ s②st✒❡♠❡ ♦♣t✐q✉❡

q✉✐ ♣r♦❞✉✐t ❡t tr❛♥s♣♦rt❡ ❧❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ✈❡rs ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♥✬❡st ♣❛s st❛❜❧❡✱ ❧❡s

✈✐❜r❛t✐♦♥s ♠✓❡❝❛♥✐q✉❡s ♦✉ ❧❡s ✌✉❝t✉❛t✐♦♥s ❞✬✐♥❞✐❝❡ ❞❡ ❧✬❛✐r ♣♦✉rr♦♥t ✐♥tr♦❞✉✐r❡ ✉♥ ❞✓❡♣❤❛s❛❣❡

♣❛r❛s✐t❡ q✉✐ s❡r❛ ❁ ❧✉ ❃ ♣❛r ❧❡s ❛t♦♠❡s ❝♦♠♠❡ ✉♥❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥✳ P♦✉r ❝❡tt❡ r❛✐s♦♥✱ ✉♥❡ ♣❛rt✐❡

❝♦♥s✐❞✓❡r❛❜❧❡ ❞✉ tr❛✈❛✐❧ r✓❡❛❧✐s✓❡ ✒❛ ❙t❛♥❢♦r❞ ❛ ✓❡t✓❡ ❝♦♥s❛❝r✓❡❡ ❛✉ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥ s②st✒❡♠❡ ❞❡

st❛❜✐❧✐s❛t✐♦♥ ❛❝t✐❢ ❞❡s ♠✐r♦✐rs ❞✉ s②st✒❡♠❡ ♦♣t✐q✉❡ ❞❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ❬✹✵❪✳ ◆✓❡❛♥♠♦✐♥s✱ ❞❡s

❡☛♦rts t❡❝❤♥♦❧♦❣✐q✉❡s s✉♣♣❧✓❡♠❡♥t❛✐r❡s ❞❡✈r❛✐❡♥t ♣❡r♠❡ttr❡ ❞✬❛♠✓❡❧✐♦r❡r ❞❡ ♣❧✉s ❞✬✉♥ ♦r❞r❡ ❞❡

❣r❛♥❞❡✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ t❡❧ ❣r❛✈✐♠✒❡tr❡✳ ▲✬❡①❛❝t✐t✉❞❡ ❡st ❛❧♦rs ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧✐♠✐t✓❡❡

♣❛r ❧❡ ❞✓❡♣❤❛s❛❣❡ ♣❛r❛s✐t❡ ✐♥❞✉✐t ♣❛r ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ❬✸✾❪✳ ❊♥ ❡☛❡t✱ ❧✬❛♣♣❛r❡✐❧ ❞❡✈r❛✐t

❫❡tr❡ ✐♥s❡♥s✐❜❧❡ ✒❛ ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥ ❝❛r✱ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ❛t♦♠❡s ✓❡t❛♥t

♣❛r❛❧❧✒❡❧❡ ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡rs✱ ❧✬❛✐r❡ ♣❤②s✐q✉❡ ✐♥❝❧✉s❡ ❡♥tr❡ ❧❡s

❞❡✉① ❜r❛s ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡st ♥✉❧❧❡✳ ◆✓❡❛♥♠♦✐♥s✱ ❧❛ ❞✐✈❡r❣❡♥❝❡ r✓❡s✐❞✉❡❧❧❡ ❞❡s tr❛❥❡❝t♦✐r❡s

❛t♦♠✐q✉❡s ❡♥tr❛❫✏♥❡ ✉♥❡ tr✒❡s ❢❛✐❜❧❡ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧❛ r♦t❛t✐♦♥✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬❛t♦♠❡s ❡♥❝♦r❡

♠✐❡✉① ❝♦❧❧✐♠❛t✓❡s✱ ✐ss✉s ♣❛r ❡①❡♠♣❧❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ♣❡r♠❡ttr❛ s❛♥s ❞♦✉t❡

❞❡ r✓❡❞✉✐r❡ ❝❡t ❡☛❡t ❡t ❞♦♥❝ ❞✬❛♠✓❡❧✐♦r❡r ❧✬❡①❛❝t✐t✉❞❡✳



✷✳✸ ❙❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ✸✾

✷✳✸✳✸ ▲❡ ●r❛❞✐♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❨❛❧❡ ✫ ❙t❛♥❢♦r❞

❋✐❣✳ ✷✳✻ ✿ ●r❛❞✐♦♠✒❡tr❡ ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❙t❛♥❢♦r❞✳ ❊♥ ✐♥s❡rt ✭❡♥ ❜❛s ✒❛ ❞r♦✐t❡✮✱ ❡①❡♠♣❧❡ ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ❝❡ ❣r❛❞✐♦♠✒❡tr❡ ♣♦✉r ❡☛❡❝t✉❡r ✉♥❡ ♠❡s✉r❡ ❞❡ ● ❬✹✶❪✳ ❯♥❡ ♠❛ss❡ ❞❡ ✺✹✵ ❦● ❞❡ ♣❧♦♠❜ ❡st ❛❧t❡r♥❛✲
t✐✈❡♠❡♥t r❛♣♣r♦❝❤✓❡❡ ❞❡ ❝❤❛q✉❡ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡✳ ❈❡tt❡ ♠❡s✉r❡✱ ♣r✓❡❧✐♠✐♥❛✐r❡✱ ❛ ♠♦♥tr✓❡ ❧❡ ❢♦rt
♣♦t❡♥t✐❡❧ ❞❡ ❝❡ s②st✒❡♠❡ ♣♦✉r ❞❡s ♠❡s✉r❡s ❞❡ ♣r✓❡❝✐s✐♦♥s✳

▲❛ ♠❡s✉r❡ ❞✉ ❣r❛❞✐❡♥t ❞❡ ❧❛ ❣r❛✈✐t✓❡ t❡rr❡str❡ ❡st ❢♦♥❞❛♠❡♥t❛❧❡ ❞❛♥s ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛♣♣❧✐✲

❝❛t✐♦♥s✱ ❝♦♠♠❡ ❧❛ ♠❡s✉r❡ ❞❡ ●✱ ❝❡rt❛✐♥s t❡sts ❞❡ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❬✹✷✱ ✹✸❪✱ ❧❛ ♥❛✈✐❣❛t✐♦♥ ♦✉

❧❛ ❣✓❡♦❞✓❡s✐❡ ❬✹✹❪✳ ❊♥ ✶✾✾✺✱ ♥♦✉s ❛✈♦♥s ❞♦♥❝ ❞✓❡❜✉t✓❡ ✒❛ ❙t❛♥❢♦r❞ ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ❣r❛❞✐♦♠✒❡tr❡

✉t✐❧✐s❛♥t ❧❡ ♠❫❡♠❡ ♣r✐♥❝✐♣❡ q✉❡ ❧❡ ❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ ❞✓❡♠♦♥tr✓❡ ♣r✓❡❝✓❡❞❡♠♠❡♥t✳

▲❡ ❞✐s♣♦s✐t✐❢✱ ✐❧❧✉str✓❡ ☞❣✉r❡ ✷✳✻✱ ✉t✐❧✐s❡ ✉♥❡ ♠❡s✉r❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✒❛ ✐♠♣✉❧s✐♦♥s

❧✉♠✐♥❡✉s❡s ❝♦♠♠❡ ✐♥❞✐q✉✓❡ ❝✐✲❞❡ss✉s✱ ♠❛✐s ❝❡tt❡ ❢♦✐s✲❝✐ ❡♥ ❡☛❡❝t✉❛♥t ❧❛ ♠❡s✉r❡ s✐♠✉❧t❛♥✓❡♠❡♥t

s✉r ❞❡✉① ♥✉❛❣❡s ❞✬❛t♦♠❡s ❢r♦✐❞s s✓❡♣❛r✓❡s s♣❛t✐❛❧❡♠❡♥t ❛✈❡❝ ❧❛ ♠❫❡♠❡ ♣❛✐r❡ ❞❡ ❢❛✐s❝❡❛✉① ❧❛s❡r✳

▲❡s ✌✉❝t✉❛t✐♦♥s q✉✐ ❛☛❡❝t❡♥t ❧❡s ❢❛✐s❝❡❛✉① ❧❛s❡rs ✭✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡✱ ✈✐❜r❛t✐♦♥s✮ ❧✐♠✐t❡ ❧❡

❣r❛✈✐♠✒❡tr❡ ❛t♦♠✐q✉❡ q✉✐ ❡☛❡❝t✉❡ ♠❡s✉r❡ ❛❜s♦❧✉❡ ❞❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥✳ ■❝✐✱ ♣✉✐sq✉❡ ❧✬♦♥ ❡☛❡❝t✉❡

❧❛ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❞❡✉① ❛❝❝✓❡❧✓❡r❛t✐♦♥s ♠❡s✉r✓❡❡s ❛✈❡❝ ❧❡ ♠❫❡♠❡ ❢❛✐s❝❡❛✉✱ ❧❛ ♠❡s✉r❡ ❞✉ ❣r❛✲

❞✐❡♥t ❞❡✈✐❡♥t ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡ ✐♥s❡♥s✐❜❧❡ ✒❛ ❝❡s ✌✉❝t✉❛t✐♦♥s✳ ❈♦♠♣❛r✓❡ ❛✉① ❛✉tr❡s ❣✓❡♦♠✓❡tr✐❡s

❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s ❬✶✻❪✱ ❝❡ s②st✒❡♠❡ ❡♥tr❛❫✏♥❡ ❛✐♥s✐ ✉♥❡ ❝♦♠♣❧✐❝❛t✐♦♥ ✓❡✈❡♥t✉❡❧❧❡ ❞✉

❞✐s♣♦s✐t✐❢ ✭❞❡✉① s♦✉r❝❡s ❞✬❛t♦♠❡s ❢r♦✐❞s✮✱ ♠❛✐s ❡st ❜❡❛✉❝♦✉♣ ♠♦✐♥s s❡♥s✐❜❧❡ ❛✉① ✈✐❜r❛t✐♦♥s

r✓❡s✐❞✉❡❧❧❡s✳ ❈❤❛q✉❡ ♠❡s✉r❡ ❧♦❝❛❧❡ ❞✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ✉t✐❧✐s❡ ✉♥❡ s✓❡q✉❡♥❝❡ ✙❂✷ � ✙ � ✙❂✷ ❝♦♠♠❡

♣♦✉r ❧❡ ❣r❛✈✐♠✒❡tr❡✳

▲❡ ❞✐s♣♦s✐t✐❢ ❡st ❞♦♥❝ ❝♦♠♣♦s✓❡ ❞❡ ✷ ♣✐✒❡❣❡s ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡s ❬✹✺❪ s✓❡♣❛r✓❡s ✈❡rt✐❝❛❧❡♠❡♥t ❞❡

❥r✶� r✷❥ ✘ ✶ ♠ ✳ P♦✉r ❝❤❛q✉❡ ♣✐✒❡❣❡✱ ♥♦✉s ❛✈♦♥s ❝♦♥✘❝✉ ✉♥❡ ❝❤❛♠❜r❡ ✒❛ ✈✐❞❡ ✐♥❞✓❡♣❡♥❞❛♥t❡✳ ❯♥

❛❝❝✒❡s ♦♣t✐q✉❡ ✈❡rt✐❝❛❧✱ ✉t✐❧✐s❛♥t ❞❡s ❤✉❜❧♦ts ❞❡ ❜♦♥♥❡ q✉❛❧✐t✓❡ ✭✕❂✶✵ ♣✲♣ s✉r ✸✧ ❞❡ ❞✐❛♠✒❡tr❡✮

✐♥st❛❧❧✓❡s s✉r ❝❤❛q✉❡ ❡♥❝❡✐♥t❡ ♣❡r♠❡t ❞✬✉t✐❧✐s❡r ❧❛ ♠❫❡♠❡ ♣❛✐r❡ ❞❡ ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ♣♦✉r r✓❡❛❧✐✲



✹✵
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

s❡r ❧❡s ❞❡✉① ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ❣r❛✈✐♠✒❡tr❡✱ ❧✬❡①♣✓❡r✐❡♥❝❡ ❡st ❝♦♥✘❝✉❡ ♣♦✉r

❢♦♥❝t✐♦♥♥❡r ❡♥ ♠♦❞❡ ♣✉❧s✓❡✱ ✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❢r♦✐❞s ✓❡t❛♥t ❧❛♥❝✓❡ ❡t ✐♥t❡rr♦❣✓❡ ❞❛♥s ❝❤❛q✉❡

❡♥❝❡✐♥t❡ t♦✉t❡ ❧❡s ✺✵✵ ♠s ✭✷ ❍③ ❞❡ t❛✉① ❞❡ r✓❡♣✓❡t✐t✐♦♥✮✳ ✒❆ ❝❤❛q✉❡ ❧❛♥❝❡♠❡♥t ❞✬❛t♦♠❡s✱ ♦♥

r✓❡❛❧✐s❡ ❧❛ s✓❡q✉❡♥❝❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ s✉✐✈❛♥t❡ ✿ ♣r✓❡♣❛r❛t✐♦♥ ❞❡s ❛t♦♠❡s ❞❛♥s ❧❡ ❜♦♥ ✓❡t❛t ❤②♣❡r☞♥

✭♠❋ ❂ ✵✮✱ ✐♥t❡rr♦❣❛t✐♦♥ ❞❡s ❛t♦♠❡s ❣r❫❛❝❡ ❛✉① ✐♠♣✉❧s✐♦♥s ❘❛♠❛♥ ✭s✉✐✈❛♥t ❧❡ ♠❫❡♠❡ ♠♦❞❡

q✉✬✉♥ ❣r❛✈✐♠✒❡tr❡✮ ❡t ❞✓❡t❡❝t✐♦♥✳ ❈❡tt❡ ❞❡r♥✐✒❡r❡✱ tr✒❡s ❝r✐t✐q✉❡ ✈✐s✲✒❛✲✈✐s ❞❡s ♣❡r❢♦r♠❛♥❝❡s ✉❧✲

t✐♠❡s ❞✉ ❣r❛✈✐♠✒❡tr❡✱ ❛ s✉❜✐ ❞❡ ❢♦rt❡s ♠♦❞✐☞❝❛t✐♦♥s ❡t ♦♣t✐♠✐s❛t✐♦♥s ❛✉ ❝♦✉rs ❞❡s ❞❡r♥✐✒❡r❡s

❛♥♥✓❡❡s ❬✹✶❪✳

✷✳✸✳✹ ▲❡s ❣②r♦♠✒❡tr❡s ✒❛ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡

❙✐ ❧❡s ❛t♦♠❡s ♣♦ss✒❡❞❡♥t ✉♥❡ ✈✐t❡ss❡ ♦rt❤♦❣♦♥❛❧❡ ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r✱ ❧❡s tr♦✐s

✐♠♣✉❧s✐♦♥s ❧❛s❡r s♦♥t ❡☛❡❝t✉✓❡❡s ✒❛ ❞❡s ♣♦s✐t✐♦♥s ❞✐☛✓❡r❡♥t❡s ✭❝❢ ☞❣✉r❡ ✷✳✷✮ ❡t ♦♥ ♦❜t✐❡♥t ✉♥

✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ t②♣❡ ▼❛❝❤✲❩❡♥❤❞❡r✳ ❈❡t ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡st s❡♥s✐❜❧❡ ✒❛ ❧❛ r♦t❛t✐♦♥✳ P♦✉r ❧❡

✈✓❡r✐☞❡r s✐♠♣❧❡♠❡♥t✱ ❝♦♥s✐❞✓❡r♦♥s ❧❡ ❝❛s ♦✒✉ ❧❡s ❛t♦♠❡s s♦♥t ❞❛♥s ✉♥ r✓❡❢✓❡r❡♥t✐❡❧ t♦✉r♥❛♥t ✒❛ ❧❛

✈✐t❡ss❡ ✡ ✭♦♥ ♥✓❡❣❧✐❣❡r❛ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❞✐r❡❝t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r ❞❛♥s ❝❡ r✓❡❢✓❡r❡♥t✐❡❧✱ ❝❡ q✉✐

r❡✈✐❡♥t ✒❛ ♥✓❡❣❧✐❣❡r ❧✬❡☛❡t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ s✉r ❧❡ ♠♦✉✈❡♠❡♥t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉① ♦♥❞❡s

❧❛s❡rs✮✳

❉❛♥s ❝❡ r✓❡❢✓❡r❡♥t✐❡❧✱ ❧❡s ❛t♦♠❡s s✉❜✐ss❡♥t ✉♥❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥ ❞❡ ❈♦r✐♦❧✐s ❛❝ ❂ ✷✡ ✂ ✈❧ ✭✈❧

❡st ❧❛ ✈✐t❡ss❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞❡s ❛t♦♠❡s✮✳ ❆✐♥s✐✱ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡s ❧❛s❡rs ✈✉❡ ♣❛r ❧❡s ❛t♦♠❡s ❡st

❞✓❡♣❧❛❝✓❡❡ ♣❛r ❡☛❡t ❉♦♣♣❧❡r ❞✬✉♥❡ q✉❛♥t✐t✓❡ ✍r♦t✭t✮ ❂ � ✭❦ ✁ ❛❝✮ t ✑ �✷❦✁✭✡✂ ✈❧✮ t✳ ▲❛ ♣❤❛s❡ ❞❡

❧✬♦♥❞❡ ❧❛s❡r ✐ ✒❛ ❧✬✐♥st❛♥t t s✬✓❡❝r✐t ❛❧♦rs ✣✐✭t✮ ❂

❩ t

t✵❂✵

✍✭t✵✮❞t✵ ❂ �✡ ✁ ✭❦✂ ✈❧✮ t
✷ ❡t ❧❡ ❞✓❡♣❤❛s❛❣❡

❡♥tr❡ ❧❡s ♣❛q✉❡ts ❞✬♦♥❞❡s ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✈❛✉t ✁✣ ❂ �✷✡ ✁ ✭❦✂ ✈❧✮❚
✷✳ ❖♥

r❡tr♦✉✈❡ ☞♥❛❧❡♠❡♥t✱ ❝♦♠♠❡ ❞✓❡♠♦♥tr✓❡ ♣❧✉s r✐❣♦✉r❡✉s❡♠❡♥t ❞❛♥s ❬✹✻✱ ✹✼✱ ✹✽❪✱ ❧❛ ❢♦r♠✉❧❡ ❜✐❡♥

❝♦♥♥✉❡ ♣♦✉r ❧✬❡☛❡t ❙❛❣♥❛❝ ❬✹✾✱ ✺✵❪ ❡♥ ♦♣t✐q✉❡ ✿

✁✣ ❂
✷♠

⑦
✡ ✁ ❙ ❂

✹✙

✕❞❇✈❛t
✡ ✁ ❙ ✭✷✳✶✺✮

❡♥ ♣♦s❛♥t ❙ ❂
⑦❦✂ ✈

♠
❚ ✷✱ ❧✬❛✐r❡ ♦r✐❡♥t✓❡❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳

■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ❝♦♠♣❛r❡r ❧❛ ❢♦r♠✉❧❡ ✷✳✶✺ ❛✈❡❝ ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❞✓❡♣❤❛s❛❣❡ ❞❛♥s ✉♥ ❣②r♦✲

♠✒❡tr❡ ♦♣t✐q✉❡ ✿ ✁✣ ❂
✹✙

✕❝
✡ ✁ ❙✳ ❖♥ ❝♦♥st❛t❡ q✉❡ ♣♦✉r ✉♥❡ ♠❫❡♠❡ ❛✐r❡ ❙ ❡t ✉♥ ♠❫❡♠❡ r❛♣♣♦rt

s✐❣♥❛❧ ✒❛ ❜r✉✐t✱ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✉t✐❧✐s❛♥t ❞❡s ❛t♦♠❡s ❡st ✒❛ ♣r✐♦r✐ s✉♣✓❡r✐❡✉r❡ ✒❛

❝❡❧❧❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♦♣t✐q✉❡ ♣❛r ✉♥ ❢❛❝t❡✉r ✭♠❝✷✮❂✭⑦✦✵✮ ✘ ✶✵✶✶✳ ❯♥❡ t❡❧❧❡ s❡♥s✐❜✐❧✐t✓❡ ✐♥tr✐♥✲

s✒❡q✉❡ r❡♥❞ ❧❡s ❣②r♦s❝♦♣❡s ❛t♦♠✐q✉❡s ❝♦♠♣✓❡t✐t✐❢s ♠❫❡♠❡ ❡♥ ❝♦♥s✐❞✓❡r❛♥t ❧❡s ❛✐r❡s ✐♠♣♦rt❛♥t❡s

q✉✐ ♣❡✉✈❡♥t ❫❡tr❡ r✓❡❛❧✐s✓❡❡s ❛✈❡❝ ❧❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ♦♣t✐q✉❡s✳

❊♥ ❡☛❡t✱ ❧✬❛✐r❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ s❡r❛ ❡♥ ♣r✐♥❝✐♣❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ❝♠✷ ✿ ❧❛ ✈✐t❡ss❡

❞❡ r❡❝✉❧
⑦❦

♠
❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ❝♠✴s ♣♦✉r ❧❡ ❝✓❡s✐✉♠ ❡t ❧❡ r✉❜✐❞✐✉♠✱ ❧❛ ✈✐t❡ss❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥

✈ ✈❛r✐❡ ❡♥tr❡ ✸✵✵ ♠✴s ♣♦✉r ✉♥ ❥❡t t❤❡r♠✐q✉❡ ❡t ✺✵ ❝♠✴s ♣♦✉r ❞❡s ❛t♦♠❡s ❢r♦✐❞s ❡t ❧❡ t❡♠♣s



✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉① ✹✶

❞✬✐♥t❡rr♦❣❛t✐♦♥ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵ ♠s ♣♦✉r ✉♥ ❥❡t ✭❞✐s♣♦s✐t✐❢ ❞❡ ✸ ♠ ❞❡ ❧♦♥❣✮ ✒❛ ✶✵✵ ♠s ♣♦✉r

❧❡s ❛t♦♠❡s ❢r♦✐❞s ✭❞✐s♣♦s✐t✐❢ ❞❡ ✺ ❝♠ ❞❡ ❧♦♥❣✮✳ ▲❡ ❢❛❝t❡✉r ❞✬✓❡❝❤❡❧❧❡ ✈❛✉t ❛❧♦rs ❢r❛❝✷♠❙⑦ ✬ ✶✵✺

r❛❞✴✭r❛❞✴s✮✱ ♣❡r♠❡tt❛♥t✱ ❛✈❡❝ ✉♥❡ ❞✓❡t❡❝t✐♦♥ ❛t♦♠✐q✉❡ ❞❡ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ✐♠♣♦rt❛♥t ✭❃

✶✵✹✮✱ ❞❡ ❞✓❡t❡❝t❡r ❞❡s r♦t❛t✐♦♥s ✐♥❢✓❡r✐❡✉r❡s ❛✉ ♥r❛❞✴s✳ ■❧ ❡st ❡♥ ❡☛❡t r❡❧❛t✐✈❡♠❡♥t ❢❛❝✐❧❡ ❞✬♦❜t❡♥✐r

❞❡s ✌✉① ❛t♦♠✐q✉❡s ✐♠♣♦rt❛♥ts ✭❈❡rt❛✐♥❡s ❤♦r❧♦❣❡s ✒❛ ❥❡t ❛t♦♠✐q✉❡ ❞❡ ❝✓❡s✐✉♠ ✉t✐❧✐s❡♥t ❞❡s ✌✉①

❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵✶✹ ❛t♦♠❡s✴s ♦✉ ♣❧✉s ❬✺✶❪✮✱ ♣❡r♠❡tt❛♥t ❞✬❡s♣✓❡r❡r ❞❡s s❡♥s✐❜✐❧✐t✓❡s ✒❛ ❝♦✉rt t❡r♠❡

❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵�✶✷ ✭r❛❞ s�✶❍③�✶❂✷ ❝♦♠❜✐♥✓❡❡s ❛✈❡❝ ✉♥❡ tr✒❡s ❜♦♥♥❡ st❛❜✐❧✐t✓❡ ✒❛ ❧♦♥❣ t❡r♠❡✳

✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉①

✷✳✹✳✶ ❧❡ ❣②r♦♠✒❡tr❡ ✒❛ ❥❡t ❛t♦♠✐q✉❡ ❞❡ ❙t❛♥❢♦r❞

❋✐❣✳ ✷✳✼ ✿ ❉✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ ✿ ▲❡ ❥❡t ❛t♦♠✐q✉❡ ✐ss✉ ❞✉ ❢♦✉r ✭✈✐t❡ss❡ ❧❛ ♣❧✉s ♣r♦❜❛❜❧❡ ✿ ✷✼✵ ♠✴s✮
❡st ❝♦❧❧✐♠❛t✓❡ ♣❛r ✉♥ ❞✐❛♣❤r❛❣♠❡ ❞❡ ✶ ♠♠ ✒❛ ✸✵ ❝♠ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ✈✐t❡ss❡ tr❛♥s✈❡rs❡ ❞❡ ✬ ✶ ♠✴s✳
❈❡ ❥❡t ❡st ❡♥s✉✐t❡ ❝♦❧❧✐♠❛t✓❡ ❣r❫❛❝❡ ✒❛ ✉♥❡ ♠✓❡❧❛ss❡ ✒❛ ❞❡✉① ❞✐♠❡♥s✐♦♥s ♣✉✐s ❧❡s ❛t♦♠❡s s♦♥t ♣♦♠♣✓❡s
❞❛♥s ✉♥ ♥✐✈❡❛✉ ✐♥s❡♥s✐❜❧❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ✭❋ ❂ ✹❀♠❋ ❂ ✵✮✳ ■❧s s♦♥t ❡♥s✉✐t❡ tr❛♥s❢✓❡r✓❡s ❞❛♥s
❋ ❂ ✸❀♠❋ ❂ ✵ ✒❛ ❧✬❛✐❞❡ ❞✬✉♥❡ ✐♠♣✉❧s✐♦♥ ❘❛♠❛♥ q✉✐ r✓❡❛❧✐s❡ ❛✐♥s✐ ✉♥❡ s✓❡❧❡❝t✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞❡s
✈✐t❡ss❡s ❛t♦♠✐q✉❡s✳ ▲❡s ❛t♦♠❡s r❡st✓❡s ❞❛♥s ❋ ❂ ✹ s♦♥t ❡①♣✉❧s✓❡s ✒❛ ❧✬❛✐❞❡ ❞✬✉♥ ❢❛✐s❝❡❛✉ r✓❡s♦♥♥❛♥t
s✉r ❧❛ tr❛♥s✐t✐♦♥ ♦♣t✐q✉❡ ❋ ❂ ✹ ✦ ❋ ✵ ❂ ✺✳ ▲❡s ❛✉tr❡s ♣✓❡♥✒❡tr❡♥t ❛❧♦rs ❧❛ ③♦♥❡ ❞✬✐♥t❡rr♦❣❛t✐♦♥ ♦✒✉
r✒❡❣♥❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ✉♥✐❢♦r♠❡ ❞❡ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉ ❥❡t ❛t♦♠✐q✉❡✳ ■❧s ② s✉❜✐ss❡♥t
❧❛ s✓❡r✐❡ ❞✬❡①❝✐t❛t✐♦♥s ❧✉♠✐♥❡✉s❡s ♣✉✐s s♦♥t ❞✓❡t❡❝t✓❡s ♣❛r ✌✉♦r❡s❝❡♥❝❡ ❣r❫❛❝❡ ✒❛ ✉♥ t✉❜❡ ♣❤♦t♦♠✉❧t✐♣❧✐✲
❝❛t❡✉r ✭P▼❚✮✳ ❊♥ s✉r✐♠♣r❡ss✐♦♥ ❡st r❡♣r✓❡s❡♥t✓❡ ❧❡ ❞✐s♣♦s✐t✐❢ ❞✉ ❞❡✉①✐✒❡♠❡ ❥❡t ❛t♦♠✐q✉❡ q✉✐ ♣❡r♠❡t
❞✬❡☛❡❝t✉❡r ✉♥❡ ❞♦✉❜❧❡ ♠❡s✉r❡ s✐♠✉❧t❛♥✓❡❡✳

P♦✉r ❝♦♠♣r❡♥❞r❡ ✉♥ ♣❡✉ ♠✐❡✉① ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✬✉♥ ❣②r♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s✱ ❛♥❛❧②s♦♥s ❡♥

❞✓❡t❛✐❧ ❧❡ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ ❞✓❡✈❡❧♦♣♣✓❡ ✐♥✐t✐❛❧❡♠❡♥t ✒❛ ❙t❛♥❢♦r❞ ❡t ♣r✓❡s❡♥t✓❡ ☞❣✉r❡ ✷✳✼✳

❈❡❧✉✐✲❝✐ ✉t✐❧✐s❡ ✉♥ ❥❡t ❞✬❛t♦♠❡s ❝♦❧❧✐♠❛t✓❡ ✐❞❡♥t✐q✉❡ ❛✉① ♣r❡♠✐✒❡r❡s ❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s✳ ▲❡s

❛t♦♠❡s s♦rt❡♥t ❞✬✉♥ ❢♦✉r ❡t ❢♦r♠❡♥t ✉♥ ❥❡t t❤❡r♠✐q✉❡ ❛✈❡❝ ✉♥ ✌✉① ❛t♦♠✐q✉❡ ❞✬❡♥✈✐r♦♥ ✶✵✽

❛t♦♠❡s✴s✱ ✉♥❡ ✈✐t❡ss❡ tr❛♥s✈❡rs❡ ✈t ❞❡ ❧✬♦r❞r❡ ❞✉ ♠✴s ❡t ✉♥❡ ✈✐t❡ss❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❥✈❧❥ ❂ ✷✼✵

♠✴s ✳ ❆✈❡❝ ❞❡ t❡❧s ♣❛r❛♠✒❡tr❡s✱ ❧❡ ❥❡t ❛ ✉♥❡ ✓❡t❡♥❞✉❡ s♣❛t✐❛❧❡ ❞✬❡♥✈✐r♦♥ ✶ ❝♠ ❞❛♥s ❧❛ ③♦♥❡

❞❡ ❞✓❡t❡❝t✐♦♥ s✐t✉✓❡❡ ✸ ♠ ❡♥ ❛✈❛❧✺✳ ❏✉st❡ ❛♣r✒❡s ❧❡ ❞✐❛♣❤r❛❣♠❡✱ ❧❡s ❛t♦♠❡s s♦♥t r❡❢r♦✐❞✐s ❞❛♥s

✺◆♦✉s ❞✐s❝✉t❡r♦♥s ❛✉ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❡t ✓❡t❛❧❡♠❡♥t tr❛♥s✈❡rs❡ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s✱ ❡♥
♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s s♣❛t✐❛❧❡s✳
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❝❧❛ss✐q✉❡s

❋✐❣✳ ✷✳✽ ✿ P❤♦t♦❣r❛♣❤✐❡ ❞✉ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ ❞❡ ❣②r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ✒❛ ❥❡t ♥♦♥ r❛❧❡♥t✐✳

✉♥❡ ♠✓❡❧❛ss❡ tr❛♥s✈❡rs❡ ✒❛ ❞❡✉① ❞✐♠❡♥s✐♦♥s ❬✺✷✱ ✺✸❪ ♣♦✉r ❛tt❡✐♥❞r❡ ✉♥❡ ❝♦❧❧✐♠❛t✐♦♥ ❞❡ ❧✬♦r❞r❡

❞❡ ✵✳✸ ♠r❛❞ ✭❥✈t❥ ✘ ✶✵ ❝♠✴s✮ ❡♥ ❝♦♥s❡r✈❛♥t ✉♥ ✌✉① ✐♠♣♦rt❛♥t✳ ❈❡ r❡❢r♦✐❞✐ss❡♠❡♥t ♣❡r♠❡t

♥♦♥ s❡✉❧❡♠❡♥t ❞✬❛✈♦✐r ✉♥ ❥❡t ❜❡❛✉❝♦✉♣ ♠✐❡✉① ❧♦❝❛❧✐s✓❡ ✭✬ ✶ ♠♠✮ ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ❞✓❡t❡❝t✐♦♥✱

♠❛✐s ✐❧ ❡st ❞❡ ♣❧✉s ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ s✓❡❧❡❝t✐✈❡s ❡♥ ✈✐t❡ss❡✱

♣✉✐sq✉❡ ❧❡✉r s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧✬❡☛❡t ❉♦♣♣❧❡r ❡st ❞❡ q✉❡❧q✉❡s ❝♠✴s ❬✷✵❪✳

❆✈❛♥t ❞❡ ♣✓❡♥✓❡tr❡r ❞❛♥s ❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❧❡s ❛t♦♠❡s s♦♥t ♣♦♠♣✓❡s ♦♣t✐q✉❡♠❡♥t ❞❛♥s ✉♥

♥✐✈❡❛✉ ✐♥s❡♥s✐❜❧❡ ✭❛✉ ♣r❡♠✐❡r ♦r❞r❡✮ ❛✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❋ ❂ ✹❀♠❋ ❂ ✵ ❬✺✹✱ ✺✶❪✳ ▲❡s

❛t♦♠❡s ❛✐♥s✐ ♣r✓❡♣❛r✓❡s s♦♥t ❡♥s✉✐t❡ tr❛♥s❢✓❡r✓❡s ❞❡ ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❋ ❂ ✹❀♠❋ ❂ ✵ ✭❥❡✐✮ ✈❡rs
❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❋ ❂ ✸❀♠❋ ❂ ✵ ✭❥❣✐✮ ❣r❫❛❝❡ ✒❛ ✉♥❡ ✐♠♣✉❧s✐♦♥ ❘❛♠❛♥ ✙ ✐♥s❡♥s✐❜❧❡ ✒❛ ❧✬❡☛❡t

❉♦♣♣❧❡r ✭r✓❡❛❧✐s✓❡ ✒❛ ❧✬❛✐❞❡ ❞❡ ❞❡✉① ❧❛s❡rs s❡ ♣r♦♣❛❣❡❛♥ts ❞❛♥s ❧❡ ♠❫❡♠❡ ❞✐r❡❝t✐♦♥✮✱ q✉✐ ❡☛❡❝t✉❡

✉♥❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❝❡s ❞❡✉① ✓❡t❛ts s❛♥s ✓❡❝❤❛♥❣❡ ❞✬✐♠♣✉❧s✐♦♥ ✭✈♦✐r ❝❤❛♣✐tr❡ ✷✳✷✳✷ ❡t ✷✳✹✳✷✮✳

▲❡s ❛t♦♠❡s q✉✐ ♥✬♦♥t ♣❛s ❡☛❡❝t✉✓❡ ❧❛ tr❛♥s✐t✐♦♥ s♦♥t ❛❧♦rs ♣♦✉ss✓❡s ❤♦rs ❞❡ ❧✬❡①♣✓❡r✐❡♥❝❡ ♣❛r ✉♥❡

♦♥❞❡ ♣r♦❣r❡ss✐✈❡ tr❛♥s✈❡rs❡ r✓❡s♦♥♥❛♥t❡ ❛✈❡❝ ❧❛ tr❛♥s✐t✐♦♥ ♦♣t✐q✉❡ ❋ ❂ ✹ ✦ ❋ ✵ ❂ ✺✳ ❈❡tt❡

♣r✓❡♣❛r❛t✐♦♥ ❞❡s ❛t♦♠❡s ♣❡r♠❡t ❞✬❛♠✓❡❧✐♦r❡r s❡♥s✐❜❧❡♠❡♥t ❧❛ ❞✓❡t❡❝t✐✈✐t✓❡ t♦✉t ❡♥ ❛♠✓❡❧✐♦r❛♥t ❧❛

❝♦❧❧✐♠❛t✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞✉ ❥❡t ❛t♦♠✐q✉❡✳

▲❡s ❛t♦♠❡s ♣✓❡♥✒❡tr❡♥t ❡♥s✉✐t❡ ❞❛♥s ❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥ q✉✐ ❡st ❡♥t♦✉r✓❡❡ ❞✬✉♥ ❞♦✉❜❧❡ ❜❧✐♥❞❛❣❡

♠❛❣♥✓❡t✐q✉❡✳ ■❧ ② r✒❡❣♥❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❤♦r✐③♦♥t❛❧ ❡t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞✉

❥❡t ❛t♦♠✐q✉❡✳ ❈❡ ❝❤❛♠♣ ❞✐r❡❝t❡✉r✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✷✵✵ ♠● ✉♥✐❢♦r♠❡ ✒❛ ♠✐❡✉① q✉❡ ✶✪✱ ❡st ❝r✓❡✓❡

♣❛r q✉❛tr❡ ☞❧s ♣❛r❝♦✉r✉s ♣❛r ✉♥ ❝♦✉r❛♥t ❞❡ ✵✳✷ ❆✳ ■❧ ♣❡r♠❡t ❞❡ ❝♦♥s❡r✈❡r ❧❡s ❛t♦♠❡s ❞❛♥s



✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉① ✹✸

❧❡ s♦✉s✲♥✐✈❡❛✉ ❩❡❡♠❛♥ ♥♦♥ ♠❛❣♥✓❡t✐q✉❡ ♠❋ ❂ ✵ ❧♦rs ❞❡ ❧❛ ♠❛♥✐♣✉❧❛t✐♦♥ ❞❡s ♣❛q✉❡ts ❞✬♦♥❞❡s

❛t♦♠✐q✉❡s ❬✺❪ ♣❛r ❧❡s ✐♠♣✉❧s✐♦♥s ❧✉♠✐♥❡✉s❡s✳

▲❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ s♦♥t ✐ss✉s ❞❡ ❞❡✉① ❢❛✐s❝❡❛✉① ❧❛s❡r ❞❡ ♣✉✐ss❛♥❝❡ P ✔ ✶✺✵ ♠❲✱ ❛ss❡r✈✐s

❡♥ ♣❤❛s❡ ❬✸✸❪✳ ❈❤❛q✉❡ ❢❛✐s❝❡❛✉ ❘❛♠❛♥ ❡st s✓❡♣❛r✓❡ ❡♥ tr♦✐s ❢❛✐s❝❡❛✉① ❞♦♥t ❧❡s ✐♥t❡♥s✐t✓❡s r❡❧❛✲

t✐✈❡s s♦♥t ✶ ✿✷ ✿✶✳ ❖♥ ♦❜t✐❡♥t ❜✐❡♥ ❛✐♥s✐ ❧❡s ❢r✓❡q✉❡♥❝❡s ❞❡ ❘❛❜✐ ❡☛❡❝t✐✈❡s✱ ♣r♦♣♦rt✐♦♥♥❡❧❧❡s✻

✒❛ ❢r❛❝■✁✱ q✉✐ ✈❛r✐❡ ❞✬✉♥ ❢❛❝t❡✉r ✷ ❡♥tr❡ ❧❡s ③♦♥❡ ❞✬✐♠♣✉❧s✐♦♥ ✙ ❡t ❧❡s ③♦♥❡s ❞✬✐♠♣✉❧s✐♦♥

✙❂✷✳ ▲❡s ❢❛✐s❝❡❛✉① s♦♥t ❡♥s✉✐t❡ ❛❧✐❣♥✓❡s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s ❞❡✉① ✒❛ ❞❡✉①✳ ❈❡s tr♦✐s ♣❛✐r❡s ❞❡

❢❛✐s❝❡❛✉① s♦♥t ✉t✐❧✐s✓❡❡s ♣♦✉r ❡☛❡❝t✉❡r ❧❛ s✓❡q✉❡♥❝❡ ❞✬✐♠♣✉❧s✐♦♥s ❧✉♠✐♥❡✉s❡s ✙
✷
� ✙ � ✙

✷
❞❛♥s

❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✳ ❊❧❧❡s s♦♥t ❛❧✐❣♥✓❡❡s ❤♦r✐③♦♥t❛❧❡♠❡♥t✳ ▲❡✉r ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❡st

♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ❧❛ ✈✐t❡ss❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞❡s ❛t♦♠❡s ❞✉ ❥❡t✳ ▲✬♦r✐❡♥t❛t✐♦♥ ❞❡ ❝❤❛q✉❡ ♣❛✐r❡ ❡st

❞✓❡☞♥✐❡ ✒❛ ♠✐❡✉① q✉❡ ✶✵ ✖r❛❞ ❣r❫❛❝❡ ✒❛ ✉♥ s②st✒❡♠❡ ✐♥t❡r❢✓❡r♦♠✓❡tr✐q✉❡ ❝♦♠❜✐♥✓❡ ❛✈❡❝ ✉♥ s❡♥s❡✉r

❞❡ ♣♦s✐t✐♦♥ ❬✶✷❪✳ ▲❡s ③♦♥❡s ❞✬✐rr❛❞✐❛t✐♦♥ s♦♥t s✓❡♣❛r✓❡❡s ♣❛r ✵✳✾✻ ♠ ❡t ❧❛ ❧❛r❣❡✉r ❞❡ ❝❤❛q✉❡

❢❛✐s❝❡❛✉ ❡st ✓❡t❛❜❧✐❡ ♣❛r ❞❡s ❢❡♥t❡s ✈❡rt✐❝❛❧❡s ❞❡ ❧❛r❣❡✉r ✺✳✺ ♠♠ ✭✜ ✘ ✷✵ ✖s✮✳

▲✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❢♦♥❝t✐♦♥♥❡ ❝♦♠♠❡ ✐♥❞✐q✉✓❡ ✒❛ ❧❛ s❡❝t✐♦♥ ✷✳✷✳✷ ✿ ❧❡s ❛t♦♠❡s s♦♥t ✐♥✐t✐❛❧❡♠❡♥t

❞❛♥s ❧✬✓❡t❛t ❥❋ ❂ ✸❀♠❋ ❂ ✵❀♣✵✐ ✭♣✵ ❡st ❧✬✐♠♣✉❧s✐♦♥ ❛t♦♠✐q✉❡ ✐♥✐t✐❛❧❡✮ ❧♦rsq✉✬✐❧s ♣✓❡♥✒❡tr❡♥t ❞❛♥s

❧❛ ③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✳ ■❧s tr❛✈❡rs❡♥t ❛❧♦rs ❧❛ ♣r❡♠✐✒❡r❡ ③♦♥❡ ❞✬✐rr❛❞✐❛t✐♦♥ ✭✐♠♣✉❧s✐♦♥ ❁ ✙❂✷ ❃ ✮

q✉✐ ❧❡s tr❛♥s❢✒❡r❡ ❞❛♥s ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s ✓❡t❛ts ❥❋ ❂ ✸❀♠❋ ❂ ✵❀♣✵✐ ❡t ❥❋ ❂ ✹❀♠❋ ❂

✵❀♣✵✰✷⑦❦✐✳ ▲❛ ✈✐t❡ss❡ ❞❡ r❡❝✉❧ ✷⑦❦ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥❡ ✈✐t❡ss❡ tr❛♥s✈❡rs❡ ❞❡ ✼ ♠♠✴s✱ ❧❡s ❞❡✉①

♣❛q✉❡ts ❞✬♦♥❞❡s s❡r♦♥t ❞♦♥❝ s✓❡♣❛r✓❡s ❞✬❡♥✈✐r♦♥ ✷✻ ✖♠ ❛♣r✒❡s ✶ ♠ ❞❡ ✈♦❧ ❧✐❜r❡✳ ■❧s s✉❜✐ss❡♥t

❛❧♦rs ❧✬✐♠♣✉❧s✐♦♥ ❘❛♠❛♥ ❁ ✙ ❃ q✉✐ ✈❛ r❡❞✐r✐❣❡r ❧❡s tr❛❥❡❝t♦✐r❡s ❛t♦♠✐q✉❡s✳ ▲♦rsq✉❡ ❧❡s ❞❡✉①

♣❛q✉❡ts ❞✬♦♥❞❡s s❡ r❡❝♦✉✈r❡♥t ❞❡ ♥♦✉✈❡❛✉✱ ✶ ♠ ❡♥ ❛✈❛❧✱ ✐❧s s♦♥t r❡❝♦♠❜✐♥✓❡s ♣❛r ❧❛ ❞❡r♥✐✒❡r❡

✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡✳ ▲❡s ❛t♦♠❡s q✉✐ ♦♥t ❡☛❡❝t✉✓❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❋ ❂ ✸ ✒❛ ❋ ❂ ✹ s♦♥t ❞✓❡t❡❝t✓❡s

✒❛ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡♥ ❝♦❧❧❡❝t❛♥t ❧❛ ✌✉♦r❡s❝❡♥❝❡ ✐♥❞✉✐t❡ ♣❛r ✉♥❡ s♦♥❞❡ ✒❛ r✓❡s♦♥❛♥❝❡

❛✈❡❝ ❋ ❂ ✹✦ ❋ ✵ ❂ ✺ s✉r ✉♥ t✉❜❡ ♣❤♦t♦♠✉❧t✐♣❧✐❝❛t❡✉r✳

▲❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❞✓❡♣❡♥❞❛♥t ❞❡ ❧❛ r♦t❛t✐♦♥ s♦♥t ✐♥❞✐q✉✓❡❡s ☞❣✉r❡ ✷✳✾ ♣♦✉r ✉♥ t❡♠♣s

❞✬✐♥t✓❡❣r❛t✐♦♥ ❞❡ ✽✵✵ ♠s ♣❛r ♣♦✐♥t✳ ❊♥✈✐r♦♥ ✶✵✼ ❛t♦♠❡s ❝♦♥tr✐❜✉❡♥t ❛✉ s✐❣♥❛❧ ❞❡ ❢r❛♥❣❡s

❛✉ ♣♦✐♥t ❞❡ ♣❧✉s ❢♦rt ❝♦♥tr❛st❡✳ ▲❛ ❧✉♠✐✒❡r❡ ♣❛r❛s✐t❡ ❡st ❡♥✈✐r♦♥ ✶✵ ❢♦✐s ♣❧✉s ✐♠♣♦rt❛♥t❡

q✉❡ ❧❡ s✐❣♥❛❧ ❛t♦♠✐q✉❡✳ ❆☞♥ ❞❡ s✉♣♣r✐♠❡r ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡ ❢♦♥❞ ❧✉♠✐♥❡✉① ❛✉ s✐❣♥❛❧ ❞❡

❞✓❡t❡❝t✐♦♥✱ ♦♥ ❛❧t❡r♥❡ ✉♥❡ ♣❤❛s❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t tr❛♥s✈❡rs❡ ❞✉ ❥❡t ❛t♦♠✐q✉❡ ❛✈❡❝ ✉♥❡ ♣❤❛s❡

❞✬❡①♣✉❧s✐♦♥ ❞❡ t♦✉s ❧❡s ❛t♦♠❡s ✭♠✓❡❧❛ss❡ tr❛♥s✈❡rs❡ ✒❛ r✓❡s♦♥❛♥❝❡✮ ✒❛ ✉♥❡ ❝❛❞❡♥❝❡ ❞❡ q✉❡❧q✉❡s

❦❍③✳ ❈❡❝✐ ❛ ♣♦✉r ❝♦♥s✓❡q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❡r ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s s♦rt❛♥t ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ ❖♥

❞✓❡♠♦❞✉❧❡ ❛❧♦rs ❧❡ s✐❣♥❛❧ ❛t♦♠✐q✉❡ ❡♥ ❡☛❡❝t✉❛♥t ✉♥❡ ❞✓❡t❡❝t✐♦♥ s②♥❝❤r♦♥❡ ❞❡ ❧❛ ✌✉♦r❡s❝❡♥❝❡

r✓❡❝♦❧t✓❡❡ s✉r ❧❡ t✉❜❡ ♣❤♦t♦♠✉❧t✐♣❧✐❝❛t❡✉r✳ ▲❡ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ♠❡s✉r✓❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡

✹✵✵ ✿✶✱ s♦✐t ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❝♦✉rt t❡r♠❡ ♠❡s✉r✓❡❡ ❞❡ ✷✂ ✶✵�✽ ✭r❛❞ s�✶❍③�✶❂✷✳

P❡✉ ❞❡ ❢r❛♥❣❡s s♦♥t ✈✐s✐❜❧❡s✳ ▲❛ ❜❛✐ss❡ ❞❡ ❝♦♥tr❛st❡ ♣♦✉r ❞❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ ✓❡❧❡✈✓❡❡s ❡st

✐♥❞✉✐t❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡s ❧♦♥❣✐t✉❞✐♥❛❧❡s ❞❛♥s ❧❡ ❥❡t ❛t♦♠✐q✉❡✳ ❊♥ ❡☛❡t✱ ✒❛ ❝❤❛q✉❡

✻❘❛♣♣❡❧♦♥s ✐❝✐ q✉❡ ✡ ✴ ♣
■✱ ❡t q✉✬❛✐♥s✐✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ✒❛ ✶ ♣❤♦t♦♥✱ ❧❡s r❛♣♣♦rts ❡♥tr❡

✐♥t❡♥s✐t✓❡s ❞♦✐✈❡♥t ❫❡tr❡ ✶ ✿✹ ✿✶



✹✹
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

❋✐❣✳ ✷✳✾ ✿ ❋r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ✒❛ ❧❛ s♦rt✐❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ ❥❡t ❛t♦♠✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡

❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✉ ❞✐s♣♦s✐t✐❢ ✭♠❡s✉r✓❡ ✒❛ ❧✬❛✐❞❡ ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ❛♥❝r✓❡s s✉r ❧❡ ❞✐s♣♦s✐t✐❢✮✳ ✒❆
❣❛✉❝❤❡✱ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❡ s✐❣♥❛❧ ♦❜t❡♥✉ ♣♦✉r ✉♥ ❥❡t s✐♠♣❧❡ ❡t ❧❡ s✐❣♥❛❧ t❤✓❡♦r✐q✉❡ ❛tt❡♥❞✉✳ ✒❆
❞r♦✐t❡✱ ✉t✐❧✐s❛t✐♦♥ ❞❡ ❞❡✉① ❥❡ts ❛t♦♠✐q✉❡s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s✳ ❈❡tt❡ t❡❝❤♥✐q✉❡✱ ❝♦✉r❛♠♠❡♥t ✉t✐❧✐s✓❡❡
❞❛♥s ❧❡s ❤♦r❧♦❣❡s ✒❛ ❥❡t✱ ♣❡r♠❡t ❞❡ s❡ ❞✓❡❜❛rr❛ss❡r ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡☛❡ts ♣❛r❛s✐t❡s ♣❛r r✓❡❥❡❝t✐♦♥
❞❡ ♠♦❞❡s ❝♦♠♠✉♥s

✈✐t❡ss❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❝♦rr❡s♣♦♥❞ ✉♥❡ ❛✐r❡ ❞✐☛✓❡r❡♥t❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ P♦✉r ❞❡s ✈✐t❡ss❡s

❞❡ r♦t❛t✐♦♥ s✉✍s❛♠♠❡♥t ✓❡❧❡✈✓❡❡s✱ ❝❤❛q✉❡ ✈✐t❡ss❡ ✐♥❞✉✐t ✉♥ ❞✓❡♣❤❛s❛❣❡ tr✒❡s ❞✐☛✓❡r❡♥t✱ ❡t ❧❡

❝♦♥tr❛st❡ ❡st ❢♦rt❡♠❡♥t ❞✐♠✐♥✉✓❡ ❛♣r✒❡s ♠♦②❡♥♥❡ s✉r ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡ t♦✉s ❧❡s ❛t♦♠❡s ❞✉

❥❡t✳ ❖♥ r❡tr♦✉✈❡ ✐❝✐ ✉♥ ♣r♦❜❧✒❡♠❡ ❜✐❡♥ ❝♦♥♥✉ ❡♥ ♦♣t✐q✉❡✱ ♦✒✉ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ♠❫❡♠❡ ❡♥

❧✉♠✐✒❡r❡ ❜❧❛♥❝❤❡ ✭❢♦rt❡♠❡♥t ❛❝❤r♦♠❛t✐q✉❡✮✱ ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❢r❛♥❣❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡s ❡♥ ❡♥❝♦r❡

♣♦ss✐❜❧❡✱ ♠❛✐s s❡✉❧❡♠❡♥t ♣♦✉r ❧❛ t❡✐♥t❡ ♣❧❛t❡ ✭❞✐☛✓❡r❡♥❝❡ ❞❡ ♠❛r❝❤❡ ♥✉❧❧❡✮✳

❖♥ ❝♦♥st❛t❡ ❛✉ss✐ q✉❡ ❧❛ ❢r❛♥❣❡ ❝❡♥tr❛❧❡ ✭❞✓❡♣❤❛s❛❣❡ ♥✉❧✮ ♥❡ ❝♦rr❡s♣♦♥❞ ♣❛s ✒❛ ✡t ❂ ✵ ♠❡s✉r✓❡

✒❛ ❧✬❛✐❞❡ ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ❛♥❝r✓❡s s✉r ❧❡ ❞✐s♣♦s✐t✐❢✳ ❈❡s ❞❡r♥✐❡rs s♦♥t s❡✉❧❡♠❡♥t s❡♥s✐❜❧❡s ❛✉①

♣❡rt✉r❜❛t✐♦♥s ❛❧t❡r♥❛t✐✈❡s ❛❧♦rs q✉❡ ♥♦tr❡ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♠❡s✉r❡ ❞❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥s

❝♦♥t✐♥✉❡s✳ ❈❡ ❞✓❡♣❧❛❝❡♠❡♥t ❝♦rr❡s♣♦♥❞ ✒❛ ✹✸ ✖r❛❞✴s✱ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ t❡rr❡ ❡♥ t❡♥❛♥t

❝♦♠♣t❡ ❞❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ s✉r ❧❛ ♥♦r♠❛❧❡ ✒❛ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡

❬✶✷❪✳

✷✳✹✳✷ ▲❡ ●✳❖✳▼✳ ✿ ●②r♦♠✒❡tr❡ ✒❛ ❖♥❞❡s ❞❡ ▼❛t✐✒❡r❡ ✉t✐❧✐s❛♥t ❞❡s

❛t♦♠❡s r❡❢r♦✐❞✐s ♣❛r ❧❛s❡r

❊♥ ✶✾✾✼✱ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ◆✳ ❉✐♠❛r❝q ❡t ❆✳ ❈❧❛✐r♦♥ ❞✉ ❙❨❘❚❊✱ ❈✳ ❙❛❧♦♠♦♥ ❞✉ ▲❛❜♦✲

r❛t♦✐r❡ ❑❛st❧❡r✲❇r♦ss❡❧✱ ❈✳ ❇♦r❞✓❡ ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ P❤②s✐q✉❡ ❞❡s ▲❛s❡r✱ ❧❛ ❉●❆ ❡t ❙❆●❊▼

✭✐♥✐t✐❛❧❡♠❡♥t ❧❛ ❙❋■▼✮✱ ♥♦✉s ❛✈♦♥s ❞✓❡❜✉t✓❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ❣②r♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s✱

r❡❥♦✐♥ts ❡♥s✉✐t❡ ♣❛r ❆✳ ▲❛♥❞r❛❣✐♥ q✉✐ ❛ ♣r✐s ❡♥ ❝❤❛r❣❡ ❝❡ ❞✐s♣♦s✐t✐❢✳ ■♥s♣✐r✓❡ ❞❡s ❞✓❡✈❡❧♦♣♣❡✲

♠❡♥ts r❛♣✐❞❡s ❞✉ ♣r♦❥❡t P❍❆❘❆❖✱ ❤♦r❧♦❣❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s tr❛♥s♣♦rt❛❜❧❡✱ ❝❡ ♣r♦❥❡t ❛ ♣♦✉r

❜✉t ❞❡ r✓❡❛❧✐s❡r ✉♥ ❛♣♣❛r❡✐❧ ♠✓❡tr♦❧♦❣✐q✉❡ tr❛♥s♣♦rt❛❜❧❡✳ ▲✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ♥✬❡st ❞♦♥❝ ♣❛s✱

❝♦♠♠❡ ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ❞✬❛tt❡✐♥❞r❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ✉❧t✐♠❡s ❛❝❝❡ss✐❜❧❡s ♣❛r ❝❡tt❡ t❡❝❤♥✐q✉❡✱

♠❛✐s ❛✉ ❝♦♥tr❛✐r❡ ❞❡ r✓❡❛❧✐s❡r ✉♥ ❛♣♣❛r❡✐❧ tr✒❡s st❛❜❧❡ ✒❛ ❧♦♥❣ t❡r♠❡✳ ❈❡ s♦✉❝✐ ❛ ❣✉✐❞✓❡ ❝❡rt❛✐♥s



✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉① ✹✺

❋✐❣✳ ✷✳✶✵ ✿ ●❛✉❝❤❡ ✿ Pr✐♥❝✐♣❡ ❞✉ ❣②r♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❀ ✉♥❡ ❜♦✉❧❡ ❞✬❛t♦♠❡s ❢r♦✐❞s ❡st ❧❛♥❝✓❡❡
❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✓❡t❡r♠✐♥✓❡❡✳ ❈❡tt❡ ❜♦✉❧❡ tr❛✈❡rs❡ ❛❧♦rs ✉♥❡ ③♦♥❡ ❞❡ ♣r✓❡♣❛r❛t✐♦♥ ❞❡s ✓❡t❛ts ❛t♦✲
♠✐q✉❡s ✭✉t✐❧✐s❛♥t ❡♥ ♣r✐♥❝✐♣❡ ✉♥❡ ❝❛✈✐t✓❡ r❛❞✐♦❢r✓❡q✉❡♥❝❡ ❛❝❝♦r❞✓❡❡ s✉r ❧❛ tr❛♥s✐t✐♦♥ ❞✬❤♦r❧♦❣❡✮✱ ♣✉✐s
s✉❜✐t ❧❡s tr♦✐s ✐♥t❡r❛❝t✐♦♥s ❧❛s❡r ♣♦✉r ♦❜t❡♥✐r ❡♥ s♦rt✐❡ ✉♥ s✐❣♥❛❧ ❞✬✐♥t❡r❢✓❡r❡♥❝❡✳ ❉r♦✐t❡ ✿ r✓❡❛❧✐s❛t✐♦♥
♣r❛t✐q✉❡ ♣♦✉r ❧❡ ●✳❖✳▼✳ ❀ ❞❡✉① ❜♦✉❧❡s ❞✬❛t♦♠❡s ❢r♦✐❞s s♦♥t ❧❛♥❝✓❡❡s s②♠✓❡tr✐q✉❡♠❡♥t ♣❛r r❛♣♣♦rt ✒❛ ❧❛
✈❡rt✐❝❛❧❡✳ ▲✬✐♥t❡rr♦❣❛t✐♦♥ s❡ ❢❛✐t ❛✉ s♦♠♠❡t ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ♣❛r❛❜♦❧✐q✉❡ ❞❡s ❛t♦♠❡s ✒❛ ❧✬❛✐❞❡ ❞✬✉♥❡
✉♥✐q✉❡ ♣❛✐r❡ ❞❡ ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ♠♦❞✉❧✓❡s ❞❛♥s ❧❡ t❡♠♣s✳

❞❡ ♥♦s ❝❤♦✐①✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧✬✐❞✓❡❡ ❞✬✉t✐❧✐s❡r ✉♥ s❡✉❧ ❢❛✐s❝❡❛✉ ♣✉❧s✓❡ ♣♦✉r r✓❡❛❧✐s❡r ❧❡s tr♦✐s

③♦♥❡s ❞✬✐♥t❡rr♦❣❛t✐♦♥✱ ❞✬✉t✐❧✐s❡r ✉♥❡ ♣❛r❛❜♦❧❡ ❛ss❡③ ✧❢❡r♠✓❡❡✧ ❡t ❞❡ ❝♦♥❝❡✈♦✐r ❧❡ s②st✒❡♠❡ ❛✈❡❝

❞❡✉① s♦✉r❝❡s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐✈❡s✳

▲❡ ❞✐s♣♦s✐t✐❢ ❛❝t✉❡❧❧❡♠❡♥t ❡♥ t❡st s❡ ❝♦♠♣♦s❡ ❞♦♥❝ ❞❡ ❞❡✉① s♦✉r❝❡s ❞✬❛t♦♠❡s ❢r♦✐❞s ♣❧❛❝✓❡s

t❫❡t❡✲❜❫❡❝❤❡✳ ❈❡s ❞❡✉① s♦✉r❝❡s ❛t♦♠✐q✉❡s s♦♥t ❞❡s ♥✉❛❣❡s ❞✬❛t♦♠❡s ❞❡ ❝✓❡s✐✉♠ ♣♦♠♣✓❡s ❞❛♥s

❧✬✓❡t❛t ✐♥t❡r♥❡ ❋ ❂ ✹✱ ❝❛♣t✉r✓❡s ❡t r❡❢r♦✐❞✐s ❞❛♥s ✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡

❞❡ q✉❡❧q✉❡s ♠✐❝r♦❑❡❧✈✐♥s✳ P♦✉r ❝❤❛q✉❡ ❜♦✉❧❡✱ ❧❡s s✐① ❢❛✐s❝❡❛✉① ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❢♦r♠❡♥t

✉♥ tr✐✒❡❞r❡ ❞♦♥t ❧❛ ❞✐r❡❝t✐♦♥ ✭✶✱✶✱✶✮ ❡st ❧❛ ❞✐r❡❝t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡ ❧❛♥❝❡♠❡♥t ❞❡s ❛t♦♠❡s✳ ❈❡tt❡

❞❡r♥✐✒❡r❡ ❢❛✐t ✉♥ ❛♥❣❧❡ ❞❡ ✽✷✍ ❛✈❡❝ ❧✬❤♦r✐③♦♥t❛❧❡✳ ▲❛ ✈✐t❡ss❡ ❞❡ ❧❛♥❝❡♠❡♥t ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥

❡st ❞❡ ✷✳✹ ♠✴s✳ ❆✐♥s✐✱ ❧❡s ❛t♦♠❡s ❛tt❡✐❣♥❡♥t ❧✬❛♣♦❣✓❡❡ ❞❡ ❧❡✉r tr❛❥❡❝t♦✐r❡ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡

❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ❞✬❡♥✈✐r♦♥ ✸✵ ❝♠✴s✳ ▲❛ s✓❡q✉❡♥❝❡ ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❛ ❧✐❡✉ ❛✉t♦✉r

❞✉ s♦♠♠❡t ❞❡ ❝❡tt❡ tr❛❥❡❝t♦✐r❡ ❞❡ ♠❛♥✐✒❡r❡ s②♠✓❡tr✐q✉❡ ♣❛r r❛♣♣♦rt ✒❛ ❧✬❛♣♦❣✓❡❡✳ ▲❡s tr♦✐s

✐♠♣✉❧s✐♦♥s ✙❂✷✱ ✙ ❡t ✙❂✷✱ ❝❤❛❝✉♥❡ ❞✬✉♥❡ ❞✉r✓❡❡ ❞❡ ✷✵ ✖s s♦♥t s✓❡♣❛r✓❡❡s t❡♠♣♦r❡❧❧❡♠❡♥t ♣❛r ✹✺

♠s✳ ❈❡s ✐♠♣✉❧s✐♦♥s s♦♥t r✓❡❛❧✐s✓❡❡s ✒❛ ♣❛rt✐r ❞✬✉♥❡ s❡✉❧❡ ♣❛✐r❡ ❞❡ ❢❛✐s❝❡❛✉① ❧❛s❡r ❤♦r✐③♦♥t❛✉①

❞♦♥t ❧❡ ❞✐❛♠✒❡tr❡ ❞❡ ✹✷ ♠♠ ✒❛ ✶❂❡✷ ❡st ❝❤♦✐s✐ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ❧✬✐♥t❡♥s✐t✓❡ ❧❛s❡r ❛✉ ♥✐✈❡❛✉ ❞❡s

✐♠♣✉❧s✐♦♥s ✙❂✷ s♦✐t ✓❡❣❛❧❡ ✒❛ ❧❛ ♠♦✐t✐✓❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ✙ ✭☞❣✉r❡ ✷✳✶✶✮✳

❊♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ✭✷✳✶✺✮✱ ♦♥ ♣❡✉t ❡st✐♠❡r ❧❛ s❡♥s✐❜✐❧✐t✓❡ ✐♥tr✐♥s✒❡q✉❡ ❞❡ ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥

✒❛ ✵✳✼ ♠r❛❞✴s ♣♦✉r ✉♥ ❞✓❡♣❤❛s❛❣❡ ❞❡ ✷✙✳ ❊♥ ❝♦♥s✐❞✓❡r❛♥t ✉♥ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ❞❡ ✶✵✵✵

✭s♦✐t ✶✵✻ ❛t♦♠❡s ❞✓❡t❡❝t✓❡s✮✱ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ ❝♦✉rt t❡r♠❡ ❡st ❛❧♦rs ❞❡ ✼✵✵

♥r❛❞ s�✶❍③�✶❂✷✱ s♦✐t ✉♥ ♣❡✉ ♣❧✉s ❞✬✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♠♦✐♥s ❜✐❡♥ q✉❡ ❧❡ ❞✐s♣♦s✐t✐❢ ❞❡ ❧❛

s❡❝t✐♦♥ ♣r✓❡❝✓❡❞❡♥t❡✳ ◆✓❡❛♥♠♦✐♥s✱ ♥♦tr❡ s②st✒❡♠❡ ❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞✬❛♠✓❡❧✐♦r❡r s❡♥s✐❜❧❡♠❡♥t ❧❛

st❛❜✐❧✐t✓❡ ✒❛ ❧♦♥❣ t❡r♠❡ ❞✉ ❞✐s♣♦s✐t✐❢✳ ▲❛ ❞✓❡❣r❛❞❛t✐♦♥ ❞❡ ❧❛ st❛❜✐❧✐t✓❡ ✒❛ ❝♦✉rt t❡r♠❡ ❛✉ ♣r♦☞t ❞❡ ❧❛

st❛❜✐❧✐t✓❡ ✒❛ ❧♦♥❣ t❡r♠❡ ♣❡✉t ❞✬❛✐❧❧❡✉rs ❫❡tr❡ ✉♥ ❛✈❛♥t❛❣❡ ♣♦✉r ❧❡s s②st✒❡♠❡s ♣✉❧s✓❡s ❝♦♠♠❡ ❝❡❧✉✐✲



✹✻
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

❋✐❣✳ ✷✳✶✶ ✿ ❙❝❤✓❡♠❛ ❡t ♣❛r❛♠✒❡tr❡s ❢♦♥❝t✐♦♥♥❡❧s ❞✉ ●✳❖✳▼✳

❝✐✳ ❊♥ ❡☛❡t✱ ❝♦♠♠❡ ❞❛♥s ❧❡s ❤♦r❧♦❣❡s✱ ❧❛ st❛❜✐❧✐t✓❡ ✒❛ ❝♦✉rt t❡r♠❡ ❞✬✉♥ t❡❧ ❞✐s♣♦s✐t✐❢ ♣✉❧s✓❡ ✭♦✉

❧❡s ♠❡s✉r❡s s♦♥t ✐♥t❡r♠✐tt❡♥t❡s✮ ♣❡✉t ❫❡tr❡ ♠❛✐♥t❡♥✉❡ ❡♥tr❡ ❧❡s ❞✐☛✓❡r❡♥t❡s ♠❡s✉r❡s s✉❝❝❡ss✐✈❡s

❣r❫❛❝❡ ❛✉ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ✉♥ ❣②r♦♠✒❡tr❡ ❞❡ r✓❡❢✓❡r❡♥❝❡✳ ■❧ ❡①✐st❡ ♥✓❡❛♥♠♦✐♥s tr✒❡s ♣❡✉ ❞❡ s♦❧✉t✐♦♥s

q✉✐ ♣❡r♠❡tt❡♥t ❞✬✓❡❣❛❧❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s s❡♥s❡✉rs ❛t♦♠✐q✉❡s✱ ♠❫❡♠❡ ✒❛ ❝♦✉rt t❡r♠❡✳

❈❡ ❞✐s♣♦s✐t✐❢ ♣r✓❡s❡♥t❡ ❛✉ss✐ ❧✬✐♥t✓❡r❫❡t ❞✬❫❡tr❡ ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✉♥❡ ❜❛s❡ ✐♥❡rt✐❡❧❧❡ q✉❛s✐ ❝♦♠♣❧✒❡t❡✱

q✉✐ ♣❡r♠❡ttr❛ ❞✬❡①tr❛✐r❡ ❞❡s s✐❣♥❛✉① ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ s✉✐✈❛♥t tr♦✐s ❛①❡s ❡t

❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ❛❜s♦❧✉❡ s✉✐✈❛♥t ❞❡✉① ❛①❡s✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ✒❛ ❧❛ ☞♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❈♦♥☞❣✉r❛t✐♦♥ ❁ s❛♥s ❡☛❡t ❉♦♣♣❧❡r ❃ ✿ ✭❢r❛♥❣❡s ❞❡ ❘❛♠s❡② ❡t✮ t❡st ❞❡s ♣❡r❢♦r✲

♠❛♥❝❡s ❞✉ s②st✒❡♠❡

■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠♦❞✐☞❡r ❧✓❡❣✒❡r❡♠❡♥t ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ ❞✉ s❡♥s❡✉r ✐♥❡rt✐❡❧ ♣♦✉r ❧❡ r❡♥❞r❡

✐♥s❡♥s✐❜❧❡ ❛✉① ❞✐☛✓❡r❡♥ts ❡☛❡ts ✐♥❡rt✐❡❧s ✭❛❝❝✓❡❧✓❡r❛t✐♦♥ ❡t r♦t❛t✐♦♥✮✳ P♦✉r ❝❡❧❛✱ ❧❡s ❞❡✉① ❢❛✐s❝❡❛✉①

❘❛♠❛♥ s♦♥t ❛❧✐❣♥✓❡s ❞❡ ♠❛♥✐✒❡r❡ ✒❛ s❡ ♣r♦♣❛❣❡r ❞❛♥s ❧❛ ♠❫❡♠❡ ❞✐r❡❝t✐♦♥✳ ❉❡ ❝❡tt❡ ♠❛♥✐✒❡r❡✱

✉♥❡ ✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ ♣❡✉t ❡①❝✐t❡r ✉♥❡ tr❛♥s✐t✐♦♥ ❁ ♠✐❝r♦✲♦♥❞❡ ❃ ❡♥tr❡ ❧❡s ❞❡✉① ✓❡t❛ts

❤②♣❡r☞♥s ❞✬✉♥❡ ♠❛♥✐✒❡r❡ ❛♥❛❧♦❣✉❡ ❛✉① ❝❛✈✐t✓❡s✲❤②♣❡r❢r✓❡q✉❡♥❝❡s ✉t✐❧✐s✓❡❡s ❞❛♥s ❧❡s ❤♦r❧♦❣❡s

❛t♦♠✐q✉❡s ❬✸✸❪✳ ❉❛♥s ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡ ✭❋✐❣✉r❡ ✷✳✶✷✮✱ ❧❛ ♣❤❛s❡ ❞✉ ♣r❡♠✐❡r ♣✉❧s❡ ❘❛♠❛♥ ❡st

✈❛r✐✓❡❡ ♣♦✉r ♦❜s❡r✈❡r ❧❛ ♠♦❞✉❧❛t✐♦♥✳ ▲❡ t❡♠♣s ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ✐♠♣✉❧s✐♦♥s ✙❂✷ ❡st

✷✵ ♠s✱ ❧❡ t❡♠♣s ❡♥tr❡ ❝❤❛q✉❡ ♠❡s✉r❡ ✭✉♥❡ ♠❡s✉r❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❧❛♥❝❡r ❞✬✉♥ P▼❖ ❞❛♥s

❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✮ ❡st ❞❡ ✺✻✵ ♠s✳ ●r❫❛❝❡ ✒❛ ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡✱ ✐❧ ❡st ❛❧♦rs ♣♦ss✐❜❧❡ ❞✬✓❡t✉❞✐❡r ❧❡s



✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉① ✹✼

❋✐❣✳ ✷✳✶✷ ✿ ❋r❛♥❣❡s ❞❡ ❘❛♠s❡② ♣❛r tr❛♥s✐t✐♦♥ ❘❛♠❛♥✳ ❉r♦✐t❡ ✿ ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t
✒❛ ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ❞✓❡t❡❝t❡r ❧❡s ❛t♦♠❡ ❞❛♥s ❧✬✓❡t❛t ❋❂✹ ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❝❤❛❝✉♥ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳
●❛✉❝❤❡ ✿ ✈❛r✐❛♥❝❡ ❞✬❆❧❧❛♥ ♦❜t❡♥✉❡ ♣♦✉r ❧❛ s♦♠♠❡ ✭♣♦✐♥t✐❧❧✓❡s✮ ❡t ❧❛ ❞✐☛✓❡r❡♥❝❡ ✭❝♦♥t✐♥✉✮ ❞❡s ♣❤❛s❡s
❞✓❡❞✉✐t❡s ❞❡ ❝❤❛q✉❡ s✐❣♥❛❧✳

✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ❞✉ s②st✒❡♠❡ ❡♥ r✓❡❣❧❛♥t ❧❛ ♣❤❛s❡ ❞❡ ♠❛♥✐✒❡r❡ ✒❛ ❫❡tr❡ ♣♦s✐t✐♦♥♥✓❡ s✉r ❧❡

✌❛♥❝ ❞✬✉♥❡ ❢r❛♥❣❡✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ❞❡✉① s✐❣♥❛✉① ♣r♦♣♦rt✐♦♥♥❡❧s ❛✉ ❞✓❡♣❤❛s❛❣❡ ✐♥❞✉✐t ❞❛♥s

❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ♣♦✉r ❝❤❛q✉❡ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛♥❝❡♠❡♥t ❞❡s ❛t♦♠❡s✳ ❖♥ ♣❡✉t

❡♥s✉✐t❡ ✓❡t✉❞✐❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ s❡✉❧✱ ❛✐♥s✐ q✉❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦❜t❡♥✉❡s

❛♣r✒❡s ❛✈♦✐r ❡☛❡❝t✉✓❡ ❧❛ s♦♠♠❡ ♦✉ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡s r✓❡s✉❧t❛ts ♦❜t❡♥✉s s✉r ❝❤❛q✉❡ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✳

❖♥ ❝♦♥st❛t❡ q✉❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ❡st ♥❡tt❡♠❡♥t ❛♠✓❡❧✐♦r✓❡ s✐ ❧✬♦♥ ✉t✐❧✐s❡ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡s

s✐❣♥❛✉① ✭❙❂❇ ❂ ✷✽✵ ❝♦♥tr❡ ❙❂❇ ❂ ✶✼ ♣♦✉r ❧❛ s♦♠♠❡✮✱ ❝❡ q✉✐ ❡st ✉♥❡ ✐♥❞✐❝❛t✐♦♥ ❞❡ ❧✬❡✍❝❛❝✐t✓❡

❞❡ ❧❛ r✓❡❥❡❝t✐♦♥ ❞❡s ❜r✉✐ts t❡❝❤♥✐q✉❡s ❞❛♥s ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥✳ ❈❡tt❡ ♠✓❡t❤♦❞❡ ✒❛ ❞❡✉① ❥❡ts

❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s ❡st ❝♦✉r❛♠♠❡♥t ✉t✐❧✐s✓❡❡ ❞❛♥s ❧❡s ❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s tr❛❞✐t✐♦♥♥❡❧❧❡s✼✳ ▲❡s

♣❡r❢♦r♠❛♥❝❡s ❞✉ s②st✒❡♠❡ q✉❡ ❧✬♦♥ ❡①tr❛✐t ❞❡ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡s s✐❣♥❛✉① s♦♥t ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝

❧❡s ♣❡r❢♦r♠❛♥❝❡s ❛tt❡♥❞✉❡s ♣♦✉r ✉♥ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ❧✐♠✐t✓❡ ♣❛r ❧❡ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥

q✉❛♥t✐q✉❡ ✭❂
♣
◆❛t✮✱ ♠♦♥tr❛♥t ❛✐♥s✐ t♦✉t❡ ❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❝❡tt❡ ♠✓❡t❤♦❞❡ ♣♦✉r ❧❛ r✓❡❥❡❝t✐♦♥ ❞❡s

❞✐✈❡rs ❜r✉✐ts ❞❡ ♣❤❛s❡s ✭❧❛s❡rs✱ s♦✉r❝❡ ♠✐❝r♦✲♦♥❞❡✱ ❡t❝✳✮ q✉✐ ♣❡✉✈❡♥t ❧✐♠✐t❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s

❞✬✉♥ s❡✉❧ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✳

❈♦♥☞❣✉r❛t✐♦♥ ❁ ❝♦♥tr❛✲♣r♦♣❛❣❛t✐✈❡ ❃ ✿ s❡♥s❡✉r ✐♥❡rt✐❡❧ ❛t♦♠✐q✉❡ ✭●❖▼✮

▲❛ ❝♦♥☞❣✉r❛t✐♦♥ ❁ ❝♦♥tr❛✲♣r♦♣❛❣❛t✐✈❡ ❃ ✱♠✐❝r♦✲♦♥❞❡ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ s♦♥t

❛❧✐❣♥✓❡s ❞❡ ♠❛♥✐✒❡r❡ ✒❛ s❡ ♣r♦♣❛❣❡r ❞❛♥s ❞❡s ❞✐r❡❝t✐♦♥s ♦♣♣♦s✓❡❡s✱ ♣❡r♠❡t ❞❡ r❡♥❞r❡ ❧❡s tr❛♥s✐✲

t✐♦♥s ❘❛♠❛♥ s❡♥s✐❜❧❡s ✒❛ ❧✬❡☛❡t ❉♦♣♣❧❡r ❡t ❞♦♥❝ ❞❡ r❡♥❞r❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ s❡♥s✐❜❧❡ ❛✉① ❡☛❡ts

✐♥❡rt✐❡❧s ✭r♦t❛t✐♦♥ ❡t ❛❝❝✓❡❧✓❡r❛t✐♦♥✮✳ ▲❛ ☞❣✉r❡ ✷✳✶✸ ✐♥❞✐q✉❡ ❧❡s s✐❣♥❛✉① ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ♦❜t❡♥✉s

❞❛♥s ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥✳ ▲❡s ♣❛r❛♠✒❡tr❡s ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ s♦♥t ❧❡s ♠❫❡♠❡s q✉❡ ♣r✓❡❝✓❡❞❡♠✲

♠❡♥t ✿ t❡♠♣s ❞✬✐♥t❡r❛❝t✐♦♥ ✷✵ ♠s ❡t t❛✉① ❞❡ r✓❡♣✓❡t✐t✐♦♥ ✶ ✿✺✻✵ ♠s�✶✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ❜r✉✐t

✼❉❛♥s ❧❡s ❤♦r❧♦❣❡s ✒❛ ❛t♦♠❡s ❢r♦✐❞s✱ ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ ❡♥ ❢♦♥t❛✐♥❡ ❛t♦♠✐q✉❡ ❡♥tr❛❫✏♥❡ ♥❛t✉r❡❧❧❡♠❡♥t ✉♥❡
r✓❡❥❡❝t✐♦♥ ❞❡s ❜r✉✐ts t❡❝❤♥✐q✉❡s ♣✉✐sq✉❡ ❧❛ ♠❫❡♠❡ ❝❛✈✐t✓❡ ❡st ✉t✐❧✐s✓❡✱ r❡♥❞❛♥t ✐♥✉t✐❧❡ ✉♥ s②st✒❡♠❡ ✒❛ ❞❡✉① s♦✉r❝❡s



✹✽
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

❋✐❣✳ ✷✳✶✸ ✿ ❋r❛♥❣❡s ❞✉ s❡♥s❡✉r ✐♥❡rt✐❡❧ ❛t♦♠✐q✉❡✳ ❉r♦✐t❡ ✿ ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t
✒❛ ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ❞✓❡t❡❝t❡r ❧❡s ❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ❋❂✹ ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❝❤❛❝✉♥ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳
●❛✉❝❤❡ ✿ ✈❛r✐❛♥❝❡ ❞✬❆❧❧❛♥ ♦❜t❡♥✉❡ ♣♦✉r ❧❛ s♦♠♠❡ ✭♣♦✐♥t✐❧❧✓❡s✮ ❡t ❧❛ ❞✐☛✓❡r❡♥❝❡ ✭❝♦♥t✐♥✉✮ ❞❡s ♣❤❛s❡s
❞✓❡❞✉✐t❡s ❞❡ ❝❤❛q✉❡ s✐❣♥❛❧✳

✈✐❡♥t ❞❡s ✈✐❜r❛t✐♦♥s ♣❛r❛s✐t❡s s✉r ❧✬❡①♣✓❡r✐❡♥❝❡✱ q✉✐ ✐♥❞✉✐s❡♥t ✉♥❡ ✌✉❝t✉❛t✐♦♥ ❞❡ ♣❤❛s❡ ❞❡s

❧❛s❡rs ❘❛♠❛♥ q✉✐ s✬❛❥♦✉t❡ ❞✐r❡❝t❡♠❡♥t ❛✉ ❞✓❡♣❤❛s❛❣❡ ❞❫✉ ✒❛ ❧❛ r♦t❛t✐♦♥✳ ❈❡s ✌✉❝t✉❛t✐♦♥s ❡♥✲

tr❛❫✏♥❡♥t ✉♥❡ ❁ ❞✓❡❝♦rr✓❡❧❛t✐♦♥ ❃ ❞❡ ❧❛ ♣❤❛s❡ ❞❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r ♣♦✉r ❞❡s tr♦♣ ❣r❛♥❞❡s ❞✉r✓❡❡s

❞❡ ✈♦❧ ❧✐❜r❡ ❡♥tr❡ ❞❡✉① ✐♠♣✉❧s✐♦♥s✱ ❡t ❧✐♠✐t❡♥t ❞♦♥❝ ❧✬❛✐r❡ ❛❝❝❡ss✐❜❧❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳

❊♥ ❝♦rr✐❣❡❛♥t ❝❡ ♣r♦❜❧✒❡♠❡ ❞❡ ✈✐❜r❛t✐♦♥s✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❡♥ ✐♥st❛❧❧❛♥t ❧✬❡♥❝❡✐♥t❡ ✒❛ ✈✐❞❡ s✉r

❧❡sq✉❡❧s ❧❡s s②st✒❡♠❡s ♦♣t✐q✉❡s ❞❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥s s♦♥t ✐♥st❛❧❧✓❡s s✉r ✉♥❡ ♣❧❛t❡❢♦r♠❡ ❛♥t✐

✈✐❜r❛t✐♦♥s✱ ✐❧ ❛ ✓❡t✓❡ ♣♦ss✐❜❧❡ ❞✬❛♠✓❡❧✐♦r❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡t ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡♥ ❛✉❣♠❡♥t❛♥t

❧✬❛✐r❡ ❞❡ ♣r✒❡s ❞✬✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ✿ ❧❡ t❡♠♣s ❡♥tr❡ ❞❡✉① ✐♠♣✉❧s✐♦♥s ❡st ♣❛ss✓❡ ❞❡ ✷✵ ♠s ✒❛ ✻✵

♠s✳ ❆✐♥s✐✱ ♣♦✉r ❧❡ s✐❣♥❛❧ ❞❡ r♦t❛t✐♦♥ ✭❞✐☛✓❡r❡♥❝❡✮✱ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ✓❡t❛✐t ❞❡ ✸✽✱ s♦✐t ✉♥❡

s❡♥s✐❜✐❧✐t✓❡ ❞❡ ✷✿✺✂ ✶✵�✻ r❛❞✳s�✶ ❡♥ ✶ s❡❝♦♥❞❡✳ P♦✉r ❧❡ s✐❣♥❛❧ ❞✬❛❝❝✓❡❧✓❡r❛t✐♦♥✱ ❧❛ ♠♦✐♥s ❜♦♥♥❡

r✓❡❥❡❝t✐♦♥ ❞❡s ❞✓❡♣❤❛s❛❣❡s ♣❛r❛s✐t❡s ❡♥tr❛❫✏♥❡ ✉♥❡ ❜❛✐ss❡ ❞❡ ❝♦♥tr❛st❡ ❡t ✉♥ r❛♣♣♦rt s✐❣♥❛❧ ✒❛

❜r✉✐t r✓❡❞✉✐t ❞❡ ✶✷✱ s♦✐t ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ✻✿✷✂ ✶✵�✻ ♠✳s�✷ ❡♥ ✶ s❡❝♦♥❞❡✳

❯♥❡ ❞❡s ♣❛rt✐❝✉❧❛r✐t✓❡s ❞✉ ●②r♦♠✒❡tr❡ ❞✓❡✈❡❧♦♣♣✓❡ ❛✉ ❙❨❘❚❊ ❡st ❞❡ ♣♦✉✈♦✐r ❛❝❝✓❡❞❡r ✒❛ ♣❧✉s✐❡✉rs

❝♦♥☞❣✉r❛t✐♦♥s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❡r♠❡tt❛♥t ❞❡ ♠❡s✉r❡r ❡♥ ♣r✐♥❝✐♣❡ ❧❛ r♦t❛t✐♦♥ s✉✐✈❛♥t tr♦✐s

❞✐r❡❝t✐♦♥s ❞❡ ❧✬❡s♣❛❝❡ ❡t ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ s✉✐✈❛♥t ❞❡✉① ❞✐r❡❝t✐♦♥s ❞❡ ❧✬❡s♣❛❝❡✳ ❉❛♥s ❧❛ ❝♦♥☞❣✉✲

r❛t✐♦♥ ❁ ❝❧❛ss✐q✉❡ ❃ q✉✐ ❛ ♣r✐♥❝✐♣❛❧❡♠❡♥t ✓❡t✓❡ ✓❡t✉❞✐✓❡❡✱ ❧❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ s❡ ♣r♦♣❛❣❡♥t

❤♦r✐③♦♥t❛❧❡♠❡♥t✱ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ❛t♦♠❡s ✓❡t❛♥t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛✲

t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉①✳ ■❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ ❝♦♥☞❣✉r❡r ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉①

✈❡rt✐❝❛❧❡♠❡♥t ✭✒❛ ❞r♦✐t❡ s✉r ❧❛ ☞❣✉r❡ ✷✳✶✺✮ ❡t ❛✐♥s✐ ❞❡ ♠❡s✉r❡r ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ s✉✐✈❛♥t

✉♥❡ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡✱ ❛✐♥s✐ q✉❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ✈❡rt✐❝❛❧❡✳ ❈❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥ ❡st ❛✉t♦r✐s✓❡❡

❝❛r ❧✬✐♥t❡rr♦❣❛t✐♦♥ ❞❡s ❛t♦♠❡s s❡ ♣r♦❞✉✐t ❛✉ s♦♠♠❡t ❞❡ ❧❡✉r tr❛❥❡❝t♦✐r❡ ♣❛r❛❜♦❧✐q✉❡✱ ♦✒✉ ❧❛

✈✐t❡ss❡ ❛t♦♠✐q✉❡ ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❤♦r✐③♦♥t❛❧❡ ❡t ❡♥❝♦r❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s

❧❛s❡rs✳ ▲❛ ❞❡r♥✐✒❡r❡ ❝♦♥☞❣✉r❛t✐♦♥ ❡st ♣❧✉s ❛st✉❝✐❡✉s❡✱ ❡t ✉t✐❧✐s❡ ♣❧❡✐♥❡♠❡♥t ❧❡ r❡♣❧✐❡♠❡♥t ❞❡

❧❛ tr❛❥❡❝t♦✐r❡ ♣❛r❛❜♦❧✐q✉❡✳ ❈♦♠♠❡ ✐♥❞✐q✉✓❡ ✒❛ ❣❛✉❝❤❡ ❞❡ ❧❛ ☞❣✉r❡ ✷✳✶✺✱ ❡❧❧❡ ✉t✐❧✐s❡ ❧❛ ♠❫❡♠❡



✷✳✹ ❘❡✈✉❡ ❞❡ ❞✓❡t❛✐❧ ❞❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❡①♣✓❡r✐♠❡♥t❛✉① ✹✾

❋✐❣✳ ✷✳✶✹ ✿ ❋r❛♥❣❡s ❞✉ s❡♥s❡✉r ✐♥❡rt✐❡❧ ❛t♦♠✐q✉❡ ❛♣r✒❡s ✐s♦❧❛t✐♦♥ ❞❡s ✈✐❜r❛t✐♦♥s ♣❛r❛s✐t❡s✳ ●❛✉❝❤❡ ✿
❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧❛ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ❞✓❡t❡❝t❡r ❧❡s ❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ❋❂✹ ✒❛ ❧❛
s♦rt✐❡ ❞❡ ❝❤❛❝✉♥ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳ ▲❡ t❡♠♣s ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❞❡✉① ✐♠♣✉❧s✐♦♥s ✙❂✷ ♦✉ ✙ ❡st
♠❛✐♥t❡♥❛♥t ❞❡ ✻✵ ♠s✳ ❉r♦✐t❡ ✿ ✈❛r✐❛♥❝❡ ❞✬❆❧❧❛♥ ♦❜t❡♥✉❡ ♣♦✉r ❧❛ s♦♠♠❡ ✭♣♦✐♥t✐❧❧✓❡s✮ ❡t ❧❛ ❞✐☛✓❡r❡♥❝❡
✭❝♦♥t✐♥✉✮ ❞❡s ♣❤❛s❡s ❞✓❡❞✉✐t❡s ❞❡ ❝❤❛q✉❡ s✐❣♥❛❧✳

❝♦♥☞❣✉r❛t✐♦♥ ❞❡ ❢❛✐s❝❡❛✉ q✉❡ ♣♦✉r ❧❛ ♠❡s✉r❡ ❞❡ r♦t❛t✐♦♥ ✈❡rt✐❝❛❧❡✱ ♠❛✐s ✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥

❞✬✐♠♣✉❧s✐♦♥ ❞✐☛✓❡r❡♥t❡ ♦✒✉ ❧❡s ❛t♦♠❡s s♦♥t ✐♥t❡rr♦❣✓❡s ✉♥❡ ♣r❡♠✐✒❡r❡ ❢♦✐s ❞❛♥s ❧❡✉r ♣❤❛s❡ ❛s❝❡♥✲

❞❛♥t❡✱ ♣✉✐s ✉♥❡ ❞❡✉①✐✒❡♠❡ ❢♦✐s ❞❛♥s ❧❛ ♣❤❛s❡ ❞❡s❝❡♥❞❛♥t❡✱ ❡t ❝❡ ❞❡ ♠❛♥✐✒❡r❡ s②♠✓❡tr✐q✉❡✳ ❖♥

❝♦♥st❛t❡ ❛✐♥s✐ q✉❡ ❧✬❛✐r❡ ❡☛❡❝t✐✈❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❡st ♦r✐❡♥t✓❡❡ ❤♦r✐③♦♥t❛❧❡♠❡♥t✳ ❊♥ ❡☛❡t✱

❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡ ❧✬❛✐r❡ ❞❛♥s ✉♥ ♣❧❛♥ ❤♦r✐③♦♥t❛❧ ❡st s②♠✓❡tr✐q✉❡ ♣❛r r❛♣♣♦rt ✒❛ ❧✬❛♣♦❣✓❡❡ ❞❡s

tr❛❥❡❝t♦✐r❡s ✿ ❧❡s ❛✐r❡s ❞❡ ♣❛rt ❡t ❞✬❛✉tr❡ s♦♥t ✐❞❡♥t✐q✉❡s✱ ♠❛✐s ♣❛r❝♦✉r✉❡s ❡♥ s❡♥s ✐♥✈❡rs❡

♣❛r ❧❡s ❛t♦♠❡s✱ ❡❧❧❡s s❡ ❝♦♠♣❡♥s❡♥t ❞♦♥❝✳ ▲❛ s❡♥s✐❜✐❧✐t✓❡ ❣②r♦s❝♦♣✐q✉❡ ♣r❡♥❞ ❞❛♥s ❝❡ ❝❛s ✉♥❡

❢♦r♠❡ s✐♠✐❧❛✐r❡ ✒❛ ❧✬✓❡q✉❛t✐♦♥ ✭✷✳✶✺✮ ✿

✁✣ ❂ ❦✂ ❣ ✁ ✡❚ ✸ ✭✷✳✶✻✮

◆♦✉s ❛✈♦♥s ❞❡r♥✐✒❡r❡♠❡♥t ♠✐s ❡♥ ✛✉✈r❡ ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥✱ ♠♦♥tr❛♥t ❛✐♥s✐ q✉❡ ❧❛ ❞✓❡t❡❝✲

❋✐❣✳ ✷✳✶✺ ✿ ▲❡s ❞❡✉① ❛✉tr❡s ❝♦♥☞❣✉r❛t✐♦♥s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❡r♠❡tt❛♥t ❞❡ ♠❡s✉r❡r ❡♥ t♦✉t ❧❛ r♦t❛✲

t✐♦♥ s✉✐✈❛♥t ❧❡s tr♦✐s ❞✐r❡❝t✐♦♥s ❞❡ ❧✬❡s♣❛❝❡ ❡t ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ s✉✐✈❛♥t ✷ ❞✐r❡❝t✐♦♥s✳ ✒❆ ❞r♦✐t❡✱ ✉♥❡ ❝♦♥☞✲
❣✉r❛t✐♦♥ ♦✒✉ ❧❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ s❡ ♣r♦♣❛❣❡♥t ✈❡rt✐❝❛❧❡♠❡♥t ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ❧❛ r♦t❛t✐♦♥ s✉✐✈❛♥t
✉♥ ❛①❡ ❤♦r✐③♦♥t❛❧ ❡t ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉① ❀ ✒❆ ❣❛✉❝❤❡✱ ✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥
✉t✐❧✐s❛♥t ❧❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ✐♥✐t✐❛✉①✱ ♠❛✐s ✉t✐❧✐s❛♥t ✹ ✐♠♣✉❧s✐♦♥s ❧❛s❡r ✙❂✷ � ✙ � ✙ � ✙❂✷ ♣❡r♠❡t
❞❡ ♠❡s✉r❡r ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧✬❛✉tr❡ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡✳ ❊❧❧❡ ❡st ❞❡ ♣❧✉s ✐♥s❡♥s✐❜❧❡ ✒❛ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥
❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s ❢❛✐s❝❡❛✉①✳



✺✵
❈❤❛♣ ✷ ✲ ❙❡♥s❡✉rs ❞✬✐♥❡rt✐❡ ♣❛r ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝❧❛ss✐q✉❡s

t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ ♣♦✉✈❛✐t ❛tt❡✐♥❞r❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s r❛✐s♦♥♥❛❜❧❡s✱ ❞❡

❧✬♦r❞r❡ ❞❡ ✷✂✶✵�✺ r❛❞✳s�✶✳ ■❧ r❡st❡ ♥✓❡❛♥♠♦✐♥s ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ r✓❡s✐❞✉❡❧❧❡ ❛✉① ✈❛r✐❛t✐♦♥s ❞❡ ❧✬❛❝✲

❝✓❡❧✓❡r❛t✐♦♥ s✉✐✈❛♥t ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ❛t♦♠❡s✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞✉❡ ❛✉① ❣r❛❞✐❡♥ts ❞❡ ❣r❛✈✐t✓❡ q✉✐

❜r✐s❡♥t ❧❛ s②♠✓❡tr✐❡ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♠❡♥t✐♦♥♥❡r q✉❡ ❧❡ ❢❛✐t ❞❡ ♣♦✉✈♦✐r

❋✐❣✳ ✷✳✶✻ ✿ ❱❛r✐❛♥❝❡ ❞✬❆❧❧❛♥ ❞❡ ❧❛ ❝♦♥☞✲
❣✉r❛t✐♦♥ ✒❛ ✹ ✐♠♣✉❧s✐♦♥s ❧❛s❡r✳ ▲❛ ❝♦✉r❜❡
❡♥ ❜❧❡✉ r❡♣r✓❡s❡♥t❡ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧❛ r♦✲
t❛t✐♦♥✱ ❝❡❧❧❡ ❡♥ r♦✉❣❡ ❧✬❡☛❡t ❞❡ ❞✓❡♣❤❛s❛❣❡
r✓❡s✐❞✉❡❧ ❞✉ ❛✉① ✈❛r✐❛t✐♦♥s ❞❡ ❧❛ ❣r❛✈✐t✓❡ ❧❡
❧♦♥❣ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞❡s ❛t♦♠❡s✳

❛❝❝✓❡❞❡r ❛✉① tr♦✐s ❝♦♥☞❣✉r❛t✐♦♥s ❞✓❡❝r✐t❡s ❝♦♠♣❧✐q✉❡ s✓❡r✐❡✉s❡♠❡♥t ❧❡ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧✳

❖✉tr❡ ❧❡s ♣r♦❜❧✒❡♠❡s ❞✬❛❝❝✒❡s ♦♣t✐q✉❡✱ ❛✉① ❢❛✐s❝❡❛✉① ❘❛♠❛♥ ❡st ❛ss♦❝✐✓❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡

st❛t✐q✉❡ ❞✐r✐❣✓❡ ❞❛♥s ❧❡ s❡♥s ❞❡s ❧❛s❡rs✱ ❛☞♥ ❞❡ ♥❡ r❡♥❞r❡ r✓❡s♦♥♥❛♥t q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❛t♦♠✐q✉❡

❡♥tr❡ ❧❡s ✓❡t❛ts ❡ ❡t ❣✳ ■❧ ❢❛✉t ❞♦♥❝ ♣r✓❡✈♦✐r ❞❡✉① ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ♦rt❤♦❣♦♥❛✉① ❞❛♥s ❧❛

③♦♥❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❝❡s ❝❤❛♠♣s ❞❡✈❛♥t ❛✉ss✐ ❫❡tr❡ ♣r✓❡s❡♥ts ❧♦rs ❞❡ ❧❛ ♣r✓❡♣❛r❛t✐♦♥ ❞❡s ✓❡t❛ts

❛t♦♠✐q✉❡s✳ ❈♦♠♠❡ ❝❡tt❡ ♣r✓❡♣❛r❛t✐♦♥ ❡st r✓❡❛❧✐s✓❡❡ ❣r❫❛❝❡ ✒❛ ❞❡✉① ❝❛✈✐t✓❡s ♠✐❝r♦✲♦♥❞❡ ❛❝❝♦r❞✓❡❡s✱

✐❧ ❡st ❡♥ ❢❛✐t ♥✓❡❝❡ss❛✐r❡ ❞✬✉t✐❧✐s❡r ❞❡✉① ❝❛✈✐t✓❡s ❛❧✐❣♥✓❡❡s ❝❤❛❝✉♥❡ s✉r ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✉ ❝❤❛♠♣✳

✷✳✺ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t ❧❡s ✓❡❧✓❡♠❡♥ts ❡ss❡♥t✐❡❧s ✒❛ ❧❛ ❝♦♠♣r✓❡❤❡♥s✐♦♥ ❞✬✉♥ s❡♥✲

s❡✉r ✐♥❡rt✐❡❧ ❛t♦♠✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❝♦♥❝❡♥tr✓❡ ♥♦s r❡♠❛rq✉❡s s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ tr❛♥s✐t✐♦♥

✒❛ ❞❡✉① ♣❤♦t♦♥s ❡♥tr❡ ❞❡✉① ✓❡t❛ts ✐♥t❡r♥❡s ❛t♦♠✐q✉❡s st❛❜❧❡s ✭tr❛♥s✐t✐♦♥ ❘❛♠❛♥✮ ♣♦✉r r✓❡❛❧✐s❡r

❞❡s ✓❡❧✓❡♠❡♥ts ❞✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡ ✲ ♠✐r♦✐rs✱ ❧❛♠❡s s✓❡♣❛r❛tr✐❝❡s✱ ✓❡❧✓❡♠❡♥ts ♣♦❧❛r✐s❛♥ts ✭♦♥ ♣❡✉t

❝♦♥s✐❞✓❡r❡r ❧✬✓❡t❛t ✐♥t❡r♥❡ ❛t♦♠✐q✉❡ ❝♦♠♠❡ ✉♥ ✓❡t❛t ❞❡ ♣♦❧❛r✐s❛t✐♦♥✮ ✉t✐❧✐s✓❡s ❞❛♥s ✉♥ ✐♥t❡r❢✓❡r♦✲

♠✒❡tr❡ ❛t♦♠✐q✉❡✳ ◆♦✉s ❛✈♦♥s ❡♥s✉✐t❡ ❛♣♣❧✐q✉✓❡ ❝❡s ✓❡❧✓❡♠❡♥ts ✒❛ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s r❡❢r♦✐❞✐❡s

♣❛r ❧❛s❡r✱ ❡t ❛✐♥s✐ ❞✓❡♠♦♥tr✓❡ ❧❡ tr✒❡s ❢♦rt ♣♦t❡♥t✐❡❧ ❞❡ ❝❡s s❡♥s❡✉rs ❡♥ t❡r♠❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡s✳
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Precision Rotation Measurements with an Atom Interferometer Gyroscope
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We report the demonstration of a Sagnac-effect atom interferometer gyroscope which uses stimulated
Raman transitions to coherently manipulate atomic wave packets. We have measured the Earth’s
rotation rate, and demonstrated a short-term sensitivity to rotations of2 3 1028 sradysdy

p
Hz.
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Matter-wave interferometry has the potential to be an
extremely sensitive probe for inertial forces. For example,
neutron interferometers have been used to measure the
rotation of the Earth [1] and the acceleration due to
gravity [2]. More recently, atom interference techniques
have been used in demonstration experiments to measure
rotations [3] and accelerations [4]. In this Letter, we
present an atom-based Sagnac gyroscope that has a short-
term sensitivity comparable to state-of-the-art optical
gyroscopes [5,6], and is at least 2 orders of magnitude
better than previous matter-based experiments [1,3,7].

In the Sagnac geometry [8], rotation induces a phase
shift Df between two interfering propagation paths. For
a Sagnac loop enclosing areaA, a rotationV produces a
shift Df 

4p
ly V ? A, wherel is the particle wavelength

and y its velocity [9–11]. Thus the inherent sensitivity
of a matter-wave gyroscope exceeds that of a photon-
based system by a factor ofmc

2yh̄v ,1011 (m is the
particle mass,v the photon frequency). Although optical
gyroscopes have higher particle fluxes and larger enclosed
areas, atom-based systems should still out-perform optical
systems by several orders of magnitude. Higher precision
gyroscopes could find practical applications in navigation
or in geophysical studies. They could also be used in tests
of general relativity [6,12,13]. For example, one might
realize a ground-based detection of the dragging of inertial
frames [14].

We have developed an atomic state interferometer [15]
which uses two-photon velocity selective Raman transi-
tions [16,17] to manipulate atoms while keeping them in
long-lived ground states. With the Raman method, two
laser beams of frequencyv1 andv2 are tuned to be nearly
resonant with an allowed optical transition. Their fre-
quency differencev1 2 v2 is chosen to be resonant with
a microwave transition between two atomic ground-state
levels. Under appropriate conditions, the atomic popula-
tion Rabi flops between the ground-state levels with a rate
proportional to the product of the two single-photon Rabi
frequencies and inversely proportional to the optical de-
tuning. When the beams are aligned to counterpropagate,
a momentum exchange of approximately twice the single-
photon momentum accompanies these transitions. This
leads to a strong Doppler sensitivity of the two-photon

transition frequency, and can be used to coherently divide
(with a py2 pulse) or deflect (with ap pulse) atomic
wave packets. (On the other hand, when the beams are
aligned to copropagate, these transitions have a negligible
effect on the atomic momentum, and the transition fre-
quency is Doppler insensitive.) A Mach-Zehnder-type
interferometer is formed using apy2-p-py2 pulse se-
quence to coherently divide, deflect, and finally recom-
bine atomic wave packets. The resulting interference can
be directly observed by measuring the atomic ground-state
populations [18].

Our experimental setup is shown in Fig. 1. An effusive
beam of cesium atoms is collimated by two 1 mm
diameter apertures and transversely cooled in a 2D optical
molasses [19,20]. The resulting beam has a flux of,6 3
108 atomsys with a most probable longitudinal velocity
of 290 mys and a transverse velocity spread of 10 cmys
(0.3 mrad collimation). The base pressure of the vacuum
system is,5 3 1029 Torr.

We drive stimulated Raman transitions between the Cs
6S1y2, F  3, mF  0 and 6S1y2, F  4, mF  0 magnetic
field insensitive ground-state hyperfine levels. State prepa-
ration was accomplished by first optically pumping the
atoms into theF  4, mF  0 level with ,95% efficiency

FIG. 1. Experimental apparatus. A cesium atomic beam is
collimated and transversely cooled in a two-dimensional mo-
lasses. The atoms are then optically pumped into a magnetic
field insensitive hyperfine state before entering the 2 m long
magnetically shielded interrogation region of the vacuum cham-
ber. Two-photon stimulated Raman transitions are used to drive
the py2-p-py2 interferometer pulse sequence. Atoms making
the ground stateF  3 ! F  4 transition are detected by
resonance fluorescence.
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[21,22]. We then transferred the atoms from theF 

4, mF  0 to theF  3, mF  0 level with ap Raman pulse
(Doppler insensitive). Residual atoms remaining in the
F  4 states were blown away by a resonant blaster beam.
We use this three-step scheme to enable efficient detection
on a cycling transition. It also allows for clean state prepa-
ration and improves longitudinal velocity collimation.

Following state preparation, atoms enter a,2 m long,
magnetically shielded, interrogation region. In this region
three pairs of counterpropagating beams are used to
drive the Raman transitions. The beams are oriented
perpendicular to the atomic beam in a horizontal plane,
with a 0.96 m separation between each pair. The atoms
begin in thejF  3, mF  0; p0l state upon entering the
interrogation region (p0 is the initial momentum). The
first py2 pulse puts the atoms in a superposition ofjF 

3, mF  0; p0l and jF  4, mF  0; p0 1 2h̄kl states.
(The two-photon recoil momentum2h̄k corresponds to
a 7 mmys transverse velocity.) The two wave packets
then separate by on average23 mm during,1 m of free
flight. Next, they pass through thep Raman beams,
which exchange the two ground states and momenta.
The redirected trajectories meet again after,1 m, where
the last py2 pulse overlaps the two wave packets.
The average total area enclosed by the interferometer
is 22 mm2. Atoms which made the transition from the
F  3 to theF  4 state are detected by a resonant probe
laser beam tuned to the6S1y2, F  4 ! 6P3y2, F  5

cycling transition. The resulting fluorescence was imaged
onto a photomultiplier tube. An average of 1.2 photons
per atom was detected.

The implementation of our Raman laser system has
been described in detail in a prior publication [23].
Briefly, 852 nm light from a distributed Bragg reflec-
tor diode laser passes through a 4.6 GHz acousto-optic
modulator and is retroreflected. The11 and 21 dif-
fracted orders are amplified by optical injection locking
two 150 mW diode lasers. The injected lasers have a
stable frequency difference of 9.2 GHz, the cesium clock
frequency corresponding to transitions between theF  3

and F  4 ground states. After passing through optical
isolators the output beams are spatially filtered and ex-
panded to a1.1 cm 1ye

2 diameter.
As the Raman lasers run continuously, the atoms see

a pulse area determined by their time of flight through
the laser beams. Vertical slits of width 5.5 mm were
placed in front of the Raman beam windows to set the
pulse length. A uniform 200 mG bias field is applied
along the axis of the Raman beams to maintain well-
defined internal atomic states in the interrogation region.
The Raman lasers were detuned from the 852 nmD2

line by D  23.0 GHz to avoid spontaneous emission.
The intensity of the laser beam coupling the6S1y2, F  4

and 6P3y2 levels was twice that of the beam coupling
the 6S1y2, F  3 and 6P3y2 levels. This intensity ratio
balanced the Raman laser-induced ac Stark shifts of the

ground-state levels. When unbalanced, the resonance
frequencies in thepy2 and p regions were offset by an
amount comparable with the transition linewidth.

We first observed interference fringes by varying the
optical phase of the finalpy2 pulse (Fig. 2). This was
achieved either by tilting a phase plate located in the
beam path of one of the two Raman laser beams just
before the finalpy2 region or by scanning the horizontal
alignment of one of these beams. The maximum contrast
is about 20% when the Raman beam propagation axes
are parallel [24]. The fringe peak-to-peak amplitude is
.107 atomsys. The noise level is currently limited by
scattered light from the detection beam which creates a
background,10 times the fringe signal.

We rotated the propagation axes of the three Raman
beam pairs simultaneously in the horizontal plane to
observe the Sagnac phase shift. This was done by
applying a sinusoidally varying force to the (floating)
optical table on which the Raman beam optics were
mounted. A piezoelectric transducer (PZT) anchored to
the floor through a separate vibrationally isolated platform
was used for this purpose. We independently measured
the rotation rate of the table with a calibrated seismometer
(Kinemetrics SS1). Figure 3 shows the variation of the
interfering signal with the rotation rate inferred from
the seismometer. The integration time was 800 ms per
point. The loss of contrast for large rotation rates is
due to the averaging of the Sagnac phase shift over the
longitudinal velocity distribution. A signal-to-noise ratio
of 400 : 1 can be extracted from a fit to the central
fringe. The corresponding short-term sensitivity is2 3
1028 sradysdy

p
Hz.

The center of the contrast envelope does not correspond
with the zero rotation rate measured by the seismometer.
Since the seismometer is not sensitive to dc rotations,
but the gyroscope is, the signal is offset by the Earth’s
rotation rate. In order to quantify this offset we fit a model

FIG. 2. Atoms in theF  4 state detected at the exit of
the interrogation region as a function of the optical phase
of the final py2 pulse. The phase is scanned by rotating a
0.5 in. plate in the optical path of one of the Raman beams.
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FIG. 3. Measurement of an atom interference pattern versus
rotation rate. Black dots: experimental data. Open circles:
calculated signal. The shift of the contrast envelope provides a
measurement of the Earth’s rotation rate.

to the signal with the offset as an adjustable parameter,
as show in Fig. 3. To calculate the modeled signal we
treat the atomic trajectories and the Raman transitions
semiclassically. In this model we chose the viewpoint that
the Sagnac phase shift arises from the atom’s interaction
with the rotating laser beams [25]. The model includes
averages over the measured longitudinal and transverse
velocity distributions, but does not include averages over
the transverse spatial profiles of the Raman or atomic
beams. It also accounts for an arbitrary (experimentally
uncontrolled) initial optical phase offset, which determines
the fringe location within the contrast envelope. We
omit higher order rotation terms and corrections for the
change in the rotation rate during the atom’s time of flight
through the interferometer, both of which are negligible
for our operating conditions. From the fit we extract a
Sagnac phase shift of 4.2 rad, which corresponds to a
rotation offset of45 6 3 mradys. The uncertainty is due
to the calibration of the seismometer. At our latitude
the projection of the Earth’s rotation rateVe ? n (where
n ; AyjAj) is 44.2 mradys, which is consistent with our
measured value. The discrepancy between the calculated
and observed wave forms at large rotation rates is not fully
understood.

We investigated the gyroscope’s sensitivity for different
integration times. For these measurements we applied a
sinusoidal varying rotation rate to the table. The maximum
rotation rate was typically set between50 nradys and
1 mradys. This resulted in a phase modulation of the
signal df ø p rad. We set the operating point on the
side of a fringe to increase our sensitivity to small rotations.
We servoed the angle of the final Raman beam with a PZT
to keep the signal locked to this operating point. This
compensated for slow phase drifts, primarily due to air
currents, and allowed for integration times as long104 s.
In this scheme the rotation-induced phase modulation
appears on the lock feedback signal. It was analyzed in

the frequency domain using a low frequency spectrum
analyzer (HP3562A). We show the results of a typical
measurement in Fig. 4.

Alignment of the Raman beams is critical for obtaining
good fringe contrast [24]. The beams need to be aligned
to within 1024 rad to observe interference. The horizontal
alignment can be set by exploiting the Doppler sensitivity
of the Raman transitions. The Raman resonances in the
p andpy2 regions occur at the same rf frequency when
the Raman beams are parallel. In the vertical direction
we had no Doppler shift diagnostic. Instead, we aligned
all six beams normal to a vertical reference mirror using
optical interferometric methods. A tilt sensor attached to
the reference mirror mount was used to define the vertical
plane to within 1024 rad. This alignment technique
suppresses gravitational phase shifts and centripetal phase
shifts arising from the Earth’s rotation.

Vibration isolation of the optical table (Newport RS-
4000 floating on I-2000 legs) is also essential. Rotational
and translational noise produces random phase shifts
on the interference signal. The vacuum chamber was
mounted on a freestanding platform just above the optical
table to prevent vacuum pump vibrations from coupling
to the Raman laser beams. Highly stable mirror mounts
were used for the Raman optics and in other key beam
paths to avoid vibration-induced optical phase shifts and
beam pointing variations. Optical phase shifts due to
convection have been reduced by enclosing the Raman
beams in 1 in. diameter tubes.

It is useful to compare our Raman transition method with
other coherent atom manipulation techniques. In compari-
son with mechanical nanofabricated gratings [26], optical
gratings can be easily vibrationally isolated from the vac-
uum chamber. Scattering from standing waves [27,28]
can be efficient and capable of large momentum trans-
fer. However, these beam splitters typically require a
highly collimated atomic beam. In contrast, the stimulated
Raman transition linewidth can be adjusted to address large

FIG. 4. Power spectrum of the servo error signal correspond-
ing to a1 Hz, 60 nradys rms rotational excitation of the optical
table after103 s.
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transverse velocity spreads, relaxing collimation require-
ments and increasing interferometer count rates.

We can still improve the short-term sensitivity. We are
installing higher flux cesium ovens which will increase
our count rate by a factor of 100. Because sensitivity
scales with the square of the length of the interferometer,
a longer apparatus could yield significant improvement.
Larger interferometer areas might also be achieved using
multiple Raman pulse sequences [29] or a slower atomic
beam.

We are also installing a second, counterpropagating,
atomic beam. When each atomic beam is aligned to
interact with the same set of Raman beams, the area vectors
for the resulting Sagnac loops have opposite directions,
and the corresponding phase shiftsDf have opposite
signs. Taking the difference between the two phase shifts,
common mode rejects many systematic errors which do not
reverse sign with the direction of the atomic beam. These
include phase shifts arising from uniform accelerations.
It also reduces sensitivity to low frequency optical phase
fluctuations, and should significantly improve long-term
stability.

In conclusion, we have demonstrated a gyroscope based
on velocity sensitive Raman transitions which has a2 3
1028 sradysdy

p
Hz short-term sensitivity. We believe this

to be 2 orders of magnitude better than any other exist-
ing atom interferometer and comparable to the best active
ring laser gyroscopes [5]. By making straightforward im-
provements, we hope to increase performance by twenty-
fold to 1 3 1029 sradysdy

p
Hz. Care has been taken to

make the apparatus stable to allow the possibility of in-
tegrating for long periods of times,104 sd. Long-term
stability is crucial for many gyroscope applications, and
we plan to study this in future work.
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Measurement of the Earth’s Gravity Gradient with an Atom Interferometer-Based
Gravity Gradiometer
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We report the demonstration of an atom interferometer-based gravity gradiometer. The gradiometer
uses stimulated two-photon Raman transitions to measure the relative accelerations of two ensembles of
laser cooled atoms. We have used this instrument to measure the gradient of the Earth’s gravitational
field. [S0031-9007(98)06679-4]

PACS numbers: 39.20.+q, 03.75.Dg, 04.80.–y, 32.80.Pj

Measurement of the gradient of gravitational fields has
important scientific and technical applications. These ap-
plications range from measurement ofG, the gravitational
constant, and tests of general relativity [1,2] to covert
navigation, underground structure detection, oil-well log-
ging, and geodesy [3]. This Letter describes the develop-
ment of a gravity gradiometer whose operation is based on
recently developed atom interference and laser manipu-
lation techniques. A crucial aspect of our design is its in-
trinsic immunity to spurious accelerations.

Our method is illustrated in Fig. 1. We use light pulse
atom interferometer techniques [4–6] to measure the
simultaneous acceleration of two laser cooled ensembles
of atoms. The relative acceleration of the atom clouds
is measured by driving Doppler-sensitive stimulated two-
photon Raman transitions [7] between atomic ground-
state hyperfine levels. Our geometry is chosen so that
the measurement axis passes through both laser cooled
ensembles. Since the acceleration measurements are
made simultaneously at both positions, many systematic
measurement errors, including platform vibration, cancel
as a common mode.

This instrument is fundamentally different from current
state-of-the-art instruments [8,9]. First, the proof masses
used in our work are individual atoms rather than pre-
cisely machined macroscopic objects. This reduces sys-
tematic effects associated with the material properties of
macroscopic objects. Second, the calibration for the two
accelerometers is referenced to the wavelength of a single
pair of frequency-stabilized laser beams, and is identi-
cal for both accelerometers. This provides long term
accuracy. Finally, large separationss¿1 md between
accelerometers are possible. This allows for development
of high sensitivity instruments.

Our design also differs significantly from that of previ-
ously proposed atom interference-based instruments [10].
The “figure-eight” geometry of prior proposals essen-
tially implements two sequential acceleration measure-
ments with a single ensemble of atoms. Consequently,
it exhibits poor immunity to platform vibrations. In con-
trast, our instrument is based on simultaneous acceleration
measurements.

Each acceleration measurement uses apy2 2 p 2
py2 pulse sequence of stimulated Raman laser pulses.
This method is described in detail in Refs. [4,5]. Here
we briefly summarize the essential ideas. The two-photon
Raman pulses drive Rabi oscillations between two atomic
ground-state hyperfine levels (for our experiment, the Cs
F  3, mf  0 andF  4, mf  0 6S1y2 ground states)
via nearly resonant optical levels (the6P3y2 states). The
three pulse sequence results in an atom interferometer
if the propagation axes for each of the two Raman
laser beams counterpropagate. In the limit of short,
intense Raman pulses, atoms initially prepared in the
F  3 state have probabilityP  f1 2 cosDfsrdgy2

of making the transition to theF  4 state following
the excitation sequence. For atoms accelerating at a
rate gsrd, Dfsrd  sk1 2 k2d ? gsrdT2, whereT is the
time between successive pulses, andk1 and k2 are the
propagation vectors for the Raman beams of frequency
v1 and v2. By measuring the ground-state populations
following the sequence we are able to determineDfsrd
and thus the projection ofg along the Raman propagation
axes (at positionr). In this simplified treatment we
have neglected the change ingsrd experienced by each

FIG. 1. (a) Schematic illustration of the experiment. (b) Im-
plementation of the optical system.

0031-9007y98y81(5)y971(4)$15.00 © 1998 The American Physical Society 971
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ensemble over the course of the interferometer pulse
sequence [11].

We measure the relative acceleration of the two en-
sembles along the axis defined by the Raman beams by
subtracting the measured phase shiftsDfsr1d andDfsr2d
at each of two locationsr1 andr2. We extract the gradient
by dividing the relative acceleration by the separation of
the ensembles. Note that this method determines only one
component of the gravity gradient tensor.

In order to see how this scheme is intrinsically immune
to platform vibration, we examine the origin of the phase
shift Df for each interferometer. In the short, intense
pulse limit,Df  fst1d 2 2fst2d 1 fst3d, with fstd R

fsk1 2 k2d ? Dvstd 2 sv1 2 v2 2 vhfsdg dt [5]. Here
Dvstd is the mean velocity of the atomic wave packet (un-
perturbed by photon recoil effects) relative to the reference
platform at timet; the timest1, t2, andt3 are the times of
thepy2, p, andpy2 pulses, respectively; andvhfs is the
ground-state hyperfine transition frequency. Vibration of
the reference platform will lead to extra phase terms for
both the upper and lower interferometers through their in-
fluence on the relative velocityDv. However, these terms
will be identical for both locations, and will cancel in com-
putation of the phase difference.

The apparatus consisted of two magneto-optical traps
[12] separated vertically byjr1 2 r2j , 1.09 m. Each
trap was produced in a separate vacuum chamber. High
quality, antireflection coated, optical viewports (ly10 p-p

over a3
00 diameter substrate) on each chamber allowed the

same pair of Raman laser beams to interact with atoms in
both chambers. The experiment was run in a pulsed mode,
at a repetition rate of 2 Hz. Each shot in principle resulted
in a gravitational gradient measurement, and consisted of
three sequences: a state-preparation sequence, an interfer-
ometer interrogation sequence, and a detection sequence.
Each sequence is described in detail below.

The aim of the state-preparation sequence was to pro-
duce an ultracold ensemble of atoms in the CsF  3,
mf  0 hyperfine level. We used the magnetic field in-
sensitivemf  0 Zeeman sublevel to minimize spurious
forces associated with magnetic field gradients. Initially,
,5 3 10

7 Cs atoms were captured in each trap from a
background Cs vapor pressure of,3 3 10

29 Torr [13].
Following this loading interval, the trapping quadrupole
magnetic fields were switched off and the atoms were
cooled to ,3 mK in polarization gradient optical mo-
lasses [14]. The atoms were then optically pumped into
theF  4 ground state. Next, a,300 mG magnetic bias
field was pulsed on and a Doppler-sensitive Ramanp
pulse tuned to be resonant with theF  4, mf  0 !
F  3, mf  0 transition was applied. The temporal du-
ration of this Raman pulse was chosen to transfer a nar-
row velocity slice into theF  3, mf  0 level [7]. This
velocity preselection pulse was used to enhance interfer-
ometer contrast. After this pulse, atoms remaining in the
F  4 manifold were cleared out of the interaction region

using momentum transfer from a resonant laser beam. Fi-
nally, the magnetic bias field was reduced to,20 mG.
The remainingF  3, mf  0 population served as the
source distribution for the interferometer pulse sequence.
We used diode lasers to generate the light needed for
the above steps. These lasers were frequency stabilized
to atomic resonances using saturated absorption locking
techniques.

Following the state-preparation sequence, atoms were
subjected to thepy2 2 p 2 py2 interference sequence.
We used an all-diode laser system similar to that described
in Ref. [15] to drive the Raman transitions, which require
two laser beams whose frequency difference is resonant
with the Cs 9.2 GHz ground-state hyperfine transition fre-
quency. We generated these beams in the following way.
A master laser (SDL 5712 DBR) was both frequency up-
shifted and down-shifted with a 4.6 GHz acousto-optic
modulator. The two diffracted beams were subsequently
amplified using optical injection locking techniques by us-
ing each as a seed beam for SDL 5422 laser diodes. The
output of each laser then passed through a low frequency
acousto-optic modulators,40 MHzd, with one modula-
tor aligned to produce a frequency up-shift and the other
to produce a frequency down-shift. The diffracted beams
were overlapped on a polarizing beam-splitting cube, spa-
tially filtered, and then collimated to a 1.7 cm1ye2 di-
ameter. The resulting frequency difference was twice the
sum of the low frequency and high frequency modulation
sources. A low phase noise HP 8770A arbitrary wave-
form generator was used as the common source for the
low frequency modulators, and provided fine control over
the phase and frequency of the Raman difference fre-
quency. We also used these modulators to switch on and
off the Raman laser beams.

The pair of collimated Raman beams then copropagated
in free space to the apparatus. Copropagating beams
minimize potential Doppler shifts of the Raman tran-
sition frequency due to vibration of the beam steering
optics. The beams were separated using a pair of po-
larizing beam-splitting cubes just before they entered the
vacuum chamber as illustrated in Fig. 1(b). The beam of
frequencyv1 was aligned to pass through both ensembles
of atoms, while the other beam of frequencyv2 was made
to propagate parallel to this beam along an axis chosen
to miss the atomic clouds. A pair of mirrors mounted
just below the exit window of the lower chamber was
used to direct the beam of frequencyv2 along the axis of
the downward propagating beam of frequencyv1. The
advantages of this method over the direct retroreflection
method used in previous work are that we are able to
avoid standing wave excitation of atoms which are nearly
at rest and that we minimize ac Stark shifts and residual
spontaneous emission due to nonessential beams.

The Raman excitation parameters were chosen with
the aim of minimizing unwanted ac Stark shifts and
spontaneous emission due to single photon coupling with
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the optical transitions, while maintaining an effective two-
photon Rabi frequency large enough to excite a signifi-
cant fraction of the Doppler broadened atomic sources.
We typically obtained two-photon Rabi frequencies of
,20 kHz operating at a detuning of,4.6 GHz from the
optical transition. We used a 2.3:1 intensity ratio between
the two Raman beams to minimize ac Stark shifts [16].

Over the three pulse sequence the Doppler shift of the
Raman resonance induced by the gravitational accelera-
tion was,1 MHz, while the two-photon Rabi frequency
was only,20 kHz. In order to maintain the resonance
condition we phase-continuously chirped the Raman fre-
quency to compensate for this gravitationally induced de-
tuning. We accomplished this by loading the appropriate
waveforms into the arbitrary waveform generator.

We detected the number of atoms making the transi-
tion to theF  4, mf  0 level with resonance fluores-
cence. A counterpropagating pair of beams was aligned
along the vertical Raman beam axis and was tuned to
excite the6S1y2, F  4 ! 6P3y2, F  5 cycling transi-
tion. These beams were pulsed on just after the Raman
excitation sequence. TheF  4, mf  0 population was
inferred from the scattered light during this detection in-
terval. Since the same beams were used for detection at
both locations, noise due to amplitude and frequency fluc-
tuation of these beams was common to both signals.

Characteristic interference data are shown in Fig. 2.
We electronically scanned the interference fringes by
adding a phase offset to the waveform for the finalpy2-
pulse. A uniform background (due to light scattered from
background Cs atoms) approximately 10 times larger than
the peak-to-peak interference signal has been suppressed.
The presence of a gravitational gradient is manifested in a
45 mrad phase shift between the two traces.

In order to suppress further possible systematic phase
shifts we also took data with the effective Raman propa-
gation vector reversed. The idea is that reversing the di-
rection of the effective propagation vector will reverse the
sign of the gravitational gradient induced phase shift while

FIG. 2. Typical interference fringes forT  30 msec be-
tween each of the Raman pulses. The upper trace is data
collected from the upper chamber and the lower trace is data
collected from the lower chamber.

leaving unchanged the sign and magnitude of possible sys-
tematic shifts which are independent of the propagation
directions of these beams. Such shifts arise, for example,
from time varying magnetic fields (induced by eddy cur-
rents associated with the bias field switching used for state
preparation) and ac Stark shifts (due to slight mismatches
in the spatial modes of the two Raman beams).

In analyzing these data, we were faced with the chal-
lenge of extracting the relative phase between two signals
with correlated amplitude and phase noise, in the pres-
ence of uncorrelated amplitude noise. Before discussing
our approach, we will first detail the noise contributions.
The dominant source of correlated phase noise was the
vibration of the retroreflecting mirror assembly [shown in
Fig. 1(b)]. This assembly was rigidly attached to a pneu-
matically isolated optical table (Newport Research Series
with XLA isolators). For theT  30 msec interrogation
time data shown in Fig. 2, we estimate the phase noise
to be ,400 mrad rms. Sources of correlated amplitude
noise included fluctuations in the intensity and frequency
of the detection light, as well as the initial number of
trapped atoms (the same laser was used for both traps),
and were at the 1% rms level (percentage is referenced to
the peak-to-peak interference signal level). Uncorrelated
noise sources included shot noise due to photons scattered
from background Cs atoms during the detection pulse (5%
rms) and shot noise due to the number of atoms contribut-
ing to the interference signal (6% rms).

We tested several algorithms using simulated data sets.
We found that the efficacy of a particular algorithm was
strongly dependent on correlated and uncorrelated noise
levels. For the noise levels of Fig. 2, the most effective
method of determining the relative phase was the subtrac-
tion of the phase values extracted from nonlinear curve
fits of sinusoids to each data set. In this case, the noise
correlation is manifested in a reduced variance for the
phase difference as compared with the individual phase
variances for the upper and lower data sets. We observed
a factor of 2 reduction in the relative phase variance over
the estimated variance for completely uncorrelated sig-
nals, in good agreement with our simulations. These re-
sults were limited by uncorrelated amplitude noise, which
we believe can be reduced in future work.

To test the system we have investigated the Earth’s
gravitational gradient by measuring the phase differ-
ence between the two chambers as a function of the
time between the interferometer pulsesT , as illustrated
in Fig. 3. Each data point corresponds to an average
of 4 3 10

4 shots. We used the beam reversal tech-
nique described above to suppress a systematic offset of
,10 mrad. A least-squares fit to the expected quadratic
dependence of the measured phase difference onT yields
a value for the gravity gradient of3370 6 175 E s1 E 

10
29 sec22d. The measured gradient value is consistent

with the expected value of 3080 E (estimated assuming an
inverse square law scaling forg).
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FIG. 3. Measurement of the gravitational gradient of the
Earth. The solid line is a least-squares fit to the data.

Significant sources of systematic error include time
varying magnetic fields, ac Stark shifts, and platform rota-
tions. We estimate contributions arising from magnetic
fields and ac Stark shifts to be below the 10 E level.
There are two contributions due to rotations: a Coriolis
term and a centrifugal term. The centrifugal term, pro-
portional to V2, is at the 1 E level forV  Ve (the
Earth’s rotation rate). The Coriolis contribution is pro-
portional toDv 3 V, whereDv is the difference of the
mean initial velocities of atoms in the upper and lower
chambers, respectively. We estimatejDvj to be no worse
than 1 mmysec, putting an upper limit of 100 E on this
contribution forV  Ve.

In future work we will explore performance for longer
interrogation times and higher momentum transfer atomic
beam splitters. For example, working with 200 msec
interrogation times, a signal-to-noise ratio of 1000:1 and
a 6h̄k beam splitter should produce a device with a
1 EyHz1y2 sensitivity. In comparison, the state of the
art for mobile gravity gradient sensors achieves sensitivi-
ties of ,30 EyHz1y2 on noisy platforms [8]. Prototype
mobile superconducting sensors have demonstrated sensi-
tivities of ,1 EyHz1y2, but suffer from1yf noise at low
frequencies [17]. For some applications, larger physical
separations between the accelerometers are possible. In
these cases sensitivity scales inversely with accelerometer
separation.

Our method can be generalized to measurement of
higher order curvature of the gravitational field. For
example, apy2 2 p 2 p 2 py2 sequence could be
used to measure the second order curvature of the
gravitational field. This would allow massive, distant
objects to be distinguished from lighter, local objects.

In conclusion, we have developed an atom
interferometer-based gravity gradiometer. With this
device we have measured the gradient of the Earth’s
gravitational field, and demonstrated its immunity to
spurious vibrations. The performance of future devices is
likely to exceed that of the present state of the art.
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Abstract
In our high-precision atom interferometer, the measured atomic phase shift
is sensitive to rotations and accelerations of the apparatus, and also to phase
fluctuations of the Raman lasers. In this paper we study two principal noise
sources affecting the atomic phase shift, induced by optical phase noise and
vibrations of the setup. Phase noise is reduced by carrying out a phase lock
of the Raman lasers after the amplification stages. We also present a new
scheme to reduce noise due to accelerations by using a feed-forward on the
phase of the Raman beams. With these methods, it should be possible to
reach the range of the atomic quantum projection noise limit, which is about
1 mrad rms for our experiment, i.e. 30 nrad s−1 Hz−1/2 for a rotation
measurement.

Keywords: Atom interferometer, Raman transitions, laser phase lock, phase
noise in optical fibres, acceleration compensation in precision measurements

1. Introduction

Recent progress in atom interferometry [1] enables the

development of new inertial sensors, using the potential of
matter-waves to lead to high-precision detectors. Since the first

atom interferometer showing a phase shift owing to rotation
in 1991 [2], several gyroscopes have been developed and

their sensitivities are already similar to those obtained with
the best optical gyroscopes [3]. The first high-sensitivity

measurement of the local acceleration of gravity based on
atom interferometry was achieved the same year, and has been

strongly improved since [4].
In the last decade, the laser cooling techniques have

been considerably improved and developed for metrological
applications, as exemplified in the field of atomic clocks [5].

For inertial sensors based on de Broglie waves, they lead
to drastic improvements in stability and sensitivity, while

enabling a reduction of the dimensions of the apparatus.
High-sensitivity inertial sensors with good long-term

stability have applications in various domains: gravimetry and

gradiometry, inertial navigation, geophysics, measurements of

fundamental constants [6] and tests of general relativity, like

the equivalence principle and the Lense–Thirring effect [7].

2. Description of our apparatus

The design of our apparatus has been guided by two

goals: long-term stability and compactness. The expected

sensitivity is 30 nrad s−1 Hz−1/2 as a rate-gyroscope and 4 ×
10−8 m s−2 Hz−1/2 as an accelerometer, when about 106

atoms are detected at the output of the interferometer. This

corresponds to a signal-to-noise ratio of 1000, so that the

atomic quantum projection noise limit is 1 mrad rms.

A scheme of the setup is shown in figure 1. The atomic

sources are caesium atoms cooled in a magneto-optical trap

to a few microkelvin. Then, the atoms are launched by a

moving molasses technique at 2.4 m s−1 with a repetition rate

of 2 Hz. This value corresponds to the first characteristic

frequency of the instrument, leading to a pass band of the

1464-4266/03/020136+07$30.00 © 2003 IOP Publishing Ltd Printed in the UK S136
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Figure 1. Principle of our cold atom inertial sensor. It uses two
atomic sources launched in opposite trajectories and sharing the
same Raman lasers. Horizontal velocity: 0.3 m s−1.

interferometer of about 1 Hz. The atoms are prepared in the

(6S1/2, F = 3, m F = 0) state by using microwave and optical

pulses, and then reach the interferometer zone. The duration of

one measurement in this zone is 2T � 100 ms, which defines

the second characteristic frequency of the instrument.

The interferometer configuration is similar to an opti-

cal Mach–Zehnder interferometer, and uses a π/2−π−π/2

sequence of counterpropagating laser pulses to induce stim-

ulated Raman transitions [8] and coherently manipulate the

atomic wavepackets (splitting, deviation and recombination).

At the output of the interferometer, we measure the popula-

tion of both hyperfine states (6S1/2, F = 3, m F = 0) and

(6S1/2, F = 4, m F = 0) by laser-induced fluorescence and

calculate the transition probability P between the two states.

The transition probability P is a function (1) of

accelerations in the direction of the Raman laser beams,

(2) of the rotation rate around the axis normal to the oriented

area enclosed between the two arms of the interferometer,

and (3) of fluctuations of the phase difference between the

Raman lasers [9]. This last point will be further discussed

in section 3. The phase shifts induced on the atomic wave

phase are respectively named ��acc, ��rot and ��laser . The

transition probability induced by the Raman sequence can be

written as

P = 1
2
[1 + C cos(��acc + ��rot + ��laser )] (1)

where C is the contrast of the atomic fringes.

In order to distinguish between atomic phase shifts

induced by rotation and acceleration, the experiment uses

two counterpropagating atomic clouds diffracted by the same

Raman pulses. The phase shifts measured by the two
interferometers are then opposite for rotations, while they are
identical for both accelerations and laser fluctuations. We thus

discriminate between acceleration and rotation by adding or
subtracting the phase shifts extracted from the two atomic

clouds signals, as already demonstrated in [10].
Atom interferometry using either time domain (pulsed

laser beams) [11] or space domain (focussed continuous laser

beams) [12] can be built. The interferometer phase shifts
induced by rotation and acceleration are

��rot = 2ke f f �V T 2 (2)

��acc = ke f f aT 2 (3)

for an interferometer operating in the time domain, and

��rot = 2ke f f �
L2

V
(4)

��acc = ke f f a
L2

V 2
(5)

in the space domain. ke f f
∼= 2klaser represents the effective

wavevector of the Raman laser pair, � is the rotation rate, and

a the acceleration. In normal operation, V is the horizontal
projection of the atomic mean velocity. T corresponds to the

time between two successive Raman pulses and L is the spatial
distance between two successive Raman beams.

In the time domain, the parameter determining the scaling

factors is the time T between two successive interactions,
whereas the important parameter in the space domain is the

distance L between them.
A precise measurement requires a good definition of the

scaling factor. Compared to thermal atomic beams, cold atom
sources enable a smaller velocity dispersion of the atomic
cloud and a better defined velocity by the use of the moving

molasses technique. This leads to a better definition of the
rotation scaling factor. Also, acceleration rejection by the use

of two counterpropagating atomic clouds is more efficient in
the time domain, as the velocity of the atoms does not appear
in the scaling factor, which is thus better defined. For these

reasons we have chosen to work with cold atoms and in the
time domain.

Time intervals can be measured with a very high precision:
in our apparatus, Raman pulses are generated by an acousto-

optic modulator (AOM) with less than 100 ns rise time.
Moreover, when using cold atoms launched by a moving
molasses, the velocity of the atoms is very well known and

stable: we can reach a stability of 10−4 m s−1 or better from
shot to shot. The scaling factor of the gyroscope is then very

well defined, and we can expect to know the rotation scaling
factor with a relative uncertainty of 4 × 10−5 or better in one

cycle. In the case of the Earth rotation rate measurement, this
ensures an uncertainty below 3 nrad s−1 per shot, which is ten
times lower than the short-term interferometer sensitivity.

Furthermore, the three laser pulses are generated by
switching on and off three times the same pair of large Raman

laser beams. The rotation noise induced in space domain
gyroscopes by misalignments of the Raman laser pairs between
each other is thus strongly reduced in our case.

However, our setup is also sensitive to temporal
fluctuations of the Raman phase difference, which can lead

to a degradation of the signal-to-noise ratio.
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3. Influence of phase noises on rotation and
acceleration measurements

The atomic phase shift measured at the output of the

interferometer is a function of the phase difference between

the two counterpropagating Raman lasers [13]:

��laser = �1(t) − 2�2(t + T ) + �3(t + 2T ) (6)

where �i(t) represents the phase difference between the two

Raman lasers during the i th pulse. This phase is considered at

the location of the centre of the atomic wavepacket [14]. This

means that the atomic phase shift measured is also sensitive

to any fluctuations of the phase difference between the Raman

pulses. As laser phase noise induces identical phase shifts

for both atomic clouds, it is seen as acceleration by the

interferometer.

For an acceleration measurement, phase noise on the

Raman phase difference and vibrations of the setup have to

be minimized so that their contributions to the atomic phase

noise remain below the 1 mrad rms interferometer noise.

For a rotation measurement, laser phase noise is rejected

by the use of two counterpropagating atomic clouds. However,

the phase shifts induced by these perturbations must remain

negligible compared with 2π , in order to avoid any ambiguity

on the fringe number. Moreover, to simplify the extraction of

rotation and acceleration phase shifts from the experimental

signals, the interferometer’s phase fluctuations and vibrations

should be reduced to less than 0.1 rad rms, which allows a

linearization of equation (1) near the operating point.

In our setup, we have implemented a phase lock scheme

that enables a reduction of the phase noise induced by the

semiconductor (SC) amplifiers. In addition to a passive

isolation from the vibrations, we also show here the possibility

to implement a feed-forward compensation of the effect of

vibrations by directly acting on the phase of the Raman beams.

4. Measurement and rejection of the phase noise of
the Raman beams

The difference between the two Raman laser frequencies must

be stabilized at 9.19 GHz to be tuned to the clock transition

frequency of the caesium atoms. This stabilization is also

crucial to prevent any degradation of the signal-to-noise ratio

in the interferometer.

Several noise sources could spoil the Raman phase

difference: internal noise of the microwave generator, optical

amplification by slave lasers, independent propagation of

the beams through air and various optical elements (AOM,

polarization maintaining fibre). In this study, we will focus on

optical phase noise sources, such as optical amplification and

propagation in the polarization maintaining fibre, and on their

contributions to the interferometer noise.

In order to deduce the contribution of the optical phase

noise to the noise degrading the atomic phase shift, the

measured phase noise spectra have to be weighted by the

interferometer transfer function. As shown in equation (6),

the atomic phase shift measurement consists in reading the

Raman phase difference at three times t = 0, T , 2T , because

of the π/2−π−π/2 configuration. We calculate the transfer

function by expressing the atomic phase shift as a function

of fluctuations of the phase difference �i(t) between the two

Raman lasers during the i th pulse.

We first suppose that the three laser pulses have an

infinitely short duration. When expressing the Fourier

transform of the laser phase fluctuation, with amplitude � f and

arbitrary phase ϕ f at frequency f , each �i(t) corresponding

to the phase difference between the two Raman lasers during

the i th pulse can be written as

�i(t) =
∫

f

� f cos (2π f t + ϕ f ) d f. (7)

Calculated from equation (6), the atomic phase shift induced

by the laser phase fluctuation component at frequency f is thus

��laser ( f ) = −4� f sin2(π f T ) cos(2π f T + ϕ f ). (8)

A quadratic average of equation (8) on the arbitrary phase

ϕ f gives the contribution of the laser phase fluctuation to the

atomic phase shift at frequency f :

√

〈��2
laser ( f )〉ϕ f

= 2
√

2� f sin2(π f T ). (9)

The rms atomic phase shift due to a laser phase fluctuation at

frequency f is thus obtained by multiplying the amplitude

� f of the fluctuation by a transfer function defined by a

square sine function of the frequency f . This implies that the

interferometer transfer function cancels at frequency multiples

of 1/T and expresses the fact that the atomic phase shift

measurement results in a sampled measurement of the rotation

rate or the acceleration [4].

Furthermore, the study of the real case of square Raman

pulses with a finite duration τ induces a well-known first-order

low-pass filter in the transfer function of the interferometer,

with a cut-off frequency fc = 1/2τ . From equation (9), the

transfer function of the interferometer can be written as

|H( f )|2 =
8 sin4(π f T )

1 + (
f

fc
)2

(10)

where T is the time interval between two consecutive Raman

pulses, and fc the cut-off frequency of the low-pass filter due

to the pulses’ finite duration τ (τ = 30 µs in our experimental

case).

Each measured phase noise spectrum has thus to be

weighted by this transfer function in order to evaluate its

contribution to the noise degrading the atomic phase shift.

Phase noise measurements due to the optical amplification

and to the propagation in the fibre are detailed after a short

description of the optical bench generating the Raman laser

beams.

The Raman laser beams are generated with two extended

cavity laser diodes (ECLD) emitting at 852 nm. ECLD outputs

are amplified to get the optical power needed for about 30 µs

Raman pulses (figure 2). Therefore we use a slave laser diode

(SD) for one path, from which we get 200 mW. On the other

path, a tapered SC amplifier increases the laser power up to

500 mW. After superimposition in a polarization beam splitting

cube, both beams are deflected by an AOM used as an optical

switch to generate the three pulses. They are then injected with
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Figure 2. Principle of generation of the Raman laser beams. The
laser frequency difference is 9.19 GHz and the AOM is used only as
a switch of the Raman beams.

Figure 3. Scheme of the experiment used to measure the phase noise
generated in the optical amplification path using the SC amplifier.

crossed polarizations into the two proper axes of a polarization

maintaining fibre and propagate towards the interaction zone

with the atoms.

The first step is to measure the phase noise induced by one

of the two amplification stages, realized with the SC amplifier.

The injection of the slave diode is supposed to add a similar

phase noise. A photodiode detects the beat-note between the

ECLD and the amplified laser beam, frequency shifted by

80 MHz using an AOM (figure 3). Phase noise is measured

by mixing the photodiode output with a reference signal at

80 MHz.

The power spectral density (PSD) of the phase noise

spoiling this beat-note is shown in figure 4. Low-frequency

noise up to 3 kHz is due to temperature fluctuations on the

optical bench and in the SC amplifier, and to mechanical

vibrations. At higher frequencies, phase noise sources are

mostly electrical and result in high narrow peaks of noise.

After weighting this spectrum by the interferometer trans-

fer function to phase fluctuations described in equation (10),

we estimate the atomic phase noise induced by the SC ampli-

fier at the level of 180 mrad rms. This value greatly exceeds

the limit of 1 mrad rms set by the expected signal-to-noise ratio

of 1000.

We have to implement a method to imprint the phase

quality of the microwave generator on the Raman phase

difference. Usually, this Raman laser frequency stabilization

is realized by phase locking one ECLD on the other [15]. But,

doing so, the phase noise induced by the amplification stages

is not compensated for, and degrades the phase difference

between the laser beams at the level previously measured.

That is the reason why we chose to phase lock the Raman laser

beams after the optical amplification stages. With this method,

Figure 4. PSD measured in the experiment described in figure 3.
The phase noise is mostly due to the SC amplifier and optical path
fluctuations.

Figure 5. Principle of measurement of the residual phase noise
between the two phase-locked Raman beams, directly imprinted on
the atomic wave phase.

the loop delay is certainly increased, but all optical phase shifts

introduced while the Raman beams do not copropagate are

strongly reduced.

One could propose that the phase noise induced by the

polarization maintaining fibre can also be rejected with a phase

lock after the fibre. But, as Raman lasers are pulsed by the

AOM, it is impossible to make any continuous servo-control

including this AOM in the loop. The only way to servo-

control the phase shift after the fibre is to use an external

continuous laser, far detuned from the atomic transitions and

copropagating in the optical fibre. For reasons of simplicity

and easy implementation, the Raman laser beams are phase

locked just before the AOM. Residual noise spoiling the phase

difference between the phase-locked lasers is measured after

propagation in the polarization maintaining fibre, in order to

control whether this method is sufficient to preserve a high

signal-to-noise ratio.

The phase difference between the two amplified laser

beams is phase locked at the superimposition point by carrying

out a beat-note between the laser beams on a Hamamatsu

ultrafast photoconductor G4176, named PD1 (figure 5). The

amplified beat-note is mixed with a reference signal at
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Figure 6. Beat-note detected on the photoconductor PD1, with a
resolution bandwidth of 10 kHz. The central peak contains about
90% of the total power.

Figure 7. PSD of the phase noise measured on PD2 after the phase
lock and propagation in the fibre. This Raman phase noise is
directly seen by the atoms.

9.19 GHz. The error signal is then used to generate a

correction signal fed back to the ECLD current and piezo-

electric transductor (PZT).

Figure 6 shows the beat-note measured by a spectrum

analyser with a resolution bandwidth of 10 kHz. We observe

a lock bandwidth of 1.2 MHz. This is enough to reduce the

phase noise of the Raman beams to the phase noise level of the

microwave generator.

In figure 7 is shown the residual phase noise after

propagation in a 3 m long optical fibre, and table 1 gives the

induced phase noise in the atom interferometer after weighting

by H( f ) (see equation (10)), for each frequency decade.

We can see a high phase noise at low frequencies up to

10 Hz. This phase noise is due to temperature fluctuations

in the polarization maintaining fibre. For comparison, we

measured the phase noise induced by propagation without

any fibre, which showed a much lower contribution to the

atomic phase noise in this decade (0.38 mrad rms compared to

1.01 mrad rms).

At Fourier frequencies from 100 Hz to 1 kHz, we

measure many peaks at harmonic frequencies of 50 Hz.

Their contribution to the atomic phase noise is significant

(0.49 mrad rms) but does not represent the principal noise

Table 1. Contribution of the Raman phase noise in each frequency
decade calculated from the PSD (figure 7) weighted by the
interferometer transfer function H ( f ).

Frequency band Atomic phase noise (mrad rms)

0–10 Hz 1.01
10– 100 Hz 0.37
100 Hz–1 kHz 0.87
1 kHz–10 kHz 0.48
10 kHz–100 kHz 0.37

Total 1.51

source. Moreover, they could come from electrical artefacts

and their existence on the Raman phase difference is not

certain. This means that the contribution of the frequency band

from 100 Hz to 1 kHz to the atomic phase noise is probably

lower than what we measured.

At frequencies higher than 1 kHz, the PSD reaches the

noise level of the measurement setup.

Thus, a direct phase lock of optical amplified lasers

enables a rejection of the major part of the phase noise induced

by the amplification stages and non-counterpropagating paths.

With this method, the contribution of the Raman lasers’ phase

noise falls down to the level of 1.5 mrad rms.

The optical fibre is the most important source of noise on

the Raman laser phase difference. With a better control of the

fibre temperature, we expect to reduce the interferometer phase

noise to the range of 1.2 mrad rms.

5. Acceleration compensation

Because of an aliasing effect due to our sampling frequency

of 2 Hz, the high-frequency part of the acceleration noise is

transferred to the low frequencies (lower than 1 Hz) and can

degrade the signal-to-noise ratio of the interferometer. In order

to evaluate the effect of vibrations on the interferometer, we

measured the acceleration noise and deduced its contribution to

the interferometer phase shift by weighting it by equation (10).

Because the interferometer signal depends only on the

difference of position (or phase) between the three pulses (see

equation (6)), the accelerometer signal has to be converted

in a position (or phase) signal. This means that it has to be

integrated in the frequency band from 0.1 to 200 Hz. Vibrations

of the lab floor have been measured with an accelerometer (IMI

model 626A04) and would contribute to the interferometer

phase noise at the level of 1 rad rms. This value is too high

compared with the limits of 1 mrad rms and 0.1 rad rms required

respectively for acceleration and rotation measurements.

Two methods can be implemented to reduce vibrations of

the setup: putting it on an isolation platform or compensating

for vibrations actively. We installed our interferometer on an

optimized NanoK isolation platform. This enabled us to reduce

vibrations so that their contribution to the interferometer phase

noise is estimated at about 0.1 rad rms. This method, alone, is

not sufficient to reach the interferometer sensitivity. Moreover,

the platform could lead to additional rotation noise [4]. For

these reasons, we have tested a new scheme to reduce the effect

of vibrations by using a feed-forward on the phase of the Raman

beams. If the method is efficient and robust enough, it will be

possible to avoid using any vibration isolation platform.
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Figure 8. Principle of setup for acceleration compensation on the
inertial sensor. The accelerometer signal is used to generate a
correction signal on the Raman phase, which cancels the phase shift
induced by vibrations.

a

1

Figure 9. Auxiliary experiment testing the acceleration rejection.
The accelerometer signal is used as a feed-forward correction signal
and is added into the Raman phase lock loop.

Figure 10. PSD of the phase noise measured on PD2 (figure 9).
Solid curve: without rejection. Dashed curve: with rejection. Grey
curve: accelerometer’s internal noise.

The basic principle of the method is schematized in

figure 8. A low-noise sensor is rigidly fixed on the table

supporting the interferometer. This sensor provides an

acceleration signal at high frequencies used in the feed-forward

compensation on the phase of the Raman beams. After the two

integrations and proper adjustment of the gain, it is applied to

the phase lock setup of the Raman beams. This adjustment

can be performed by minimizing the interferometer noise. By

doing so, we have the advantage of the high sensitivity of

mechanical accelerometers at high frequencies and the stability

of atomic interferometers at low frequencies and continuous

accelerations.

In order to test this method, we built the auxiliary exper-

iment schematized in figure 9. The first step is to implement

a setup similar to the original optical bench. The two laser

beams representing the Raman lasers come from the same

ECLD diffracted in zero and first orders of an AOM, fed with a

voltage-controlled oscillator (VCO). The two laser beams are

then recombined in a polarization beam splitting cube.

At one output of the cube, a first photodiode PD1 measures

the beat-note between the two beams. This signal is mixed with

an 80 MHz reference signal to obtain the phase error signal ϕ1

used to drive the VCO feeding the AOM. In this way, we servo-

lock the phase difference between the two beams at the location

of the photodiode, as it is done in the original setup.

At the second output, the beams are separated again into

a Michelson interferometer and we simulate vibrations of the

setup by moving one mirror with a PZT. A second photodiode

PD2 is placed at the output of the interferometer to measure the

optical phase shift ϕ2 that would be imprinted on the atomic

wave phase.

Our method to compensate for this phase shift consists

in measuring the mirror’s vibrations with an accelerometer

to generate a correction signal. For this study, we use an

accelerometer working in the frequency range from 0.1 to

200 Hz. In order to suppress low frequencies below 0.1 Hz

which lead to a drift of the correction signal, we use a high-

pass filter with a cut-off frequency of 0.16 Hz. The signal has to

be integrated twice and scaled in order to be compared with ϕ2.

The integration used a second-order low-pass filter with a cut-

off frequency of 3 Hz. Finally, this correction signal, named

ϕa , is added to the phase error signal ϕ1 of the servo-loop.

When the compensation is perfectly adjusted, no modulation

induced by the PZT should appear on ϕ2. The scaling factor

G is chosen experimentally to minimize the modulation of ϕ2.

We show in figure 10 the PSD of the phase noise

measured on PD2 for an excitation frequency of 95 Hz, with

and without feed-forward compensation, and the equivalent

accelerometer’s internal noise previously measured.

Any active rejection will add the noise of its reference.

Here, the feed-forward compensation adds the accelerometer’s

noise to the final measured phase noise. One can notice that,

at low frequency (below 60 Hz), the accelerometer’s noise is

at the level of or higher than the vibration noise. This leads to

an increased noise level for frequencies lower than 20 Hz in

this case. Wherever the accelerometer’s noise is low enough,

we observe a decrease of the noise level and we reach a 35 dB

rejection efficiency for the frequency modulation of the PZT

at 95 Hz.

To fully characterize the rejection process, the last step

is to study the efficiency of the vibration compensation as a

function of the modulation frequency. To do so, we use a

PZT modulation amplitude high enough to be only partially

rejected, so that the rejection process is not limited by the

accelerometer’s noise. We found a strong dependence on the

modulation frequency. In order to better understand this result,

we modelled the rejection efficiency, taking into account the

processing of the acceleration signal before its addition in the

servo-loop.

For low frequencies, the phase shift introduced by the

high-pass filters and integration device prevents an exact

cancellation. This will reduce the rejection efficiency. For
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Figure 11. Phase noise rejection of the modulation induced by the
PZT. Black dots: experimental result. Solid curve: simulated
rejection in the actual experimental conditions. Dashed curve:
calculated rejection that could be obtained by using a better
accelerometer with a lower noise level and a lower working
frequency (0.01 Hz cut-off frequency).

the best rejection efficiency, the scaling factor error will limit

the rejection.

Finally, for the highest frequencies, the accelerometer’s

sensitivity presents a mechanical resonance around 2 kHz.

This will induce a decrease of the rejection efficiency.

We can see in figure 11 that the simulation is in good

agreement with the experimental results. This means that the

rejection measured here is limited by the analogical processing

of the signal.

We plan to replace the accelerometer by a seismometer

working in the 0.01–50 Hz frequency range, which presents a

lower noise level (Guralp CMG-T40). This will allow us to

reduce the cut-off frequencies on the analogical filters, in order

to optimize the rejection. We plotted also in figure 11 with a

dashed curve the case with cut-off frequencies of 0.01 Hz, with

a scaling error of 1:1000. This will lead at least to a 25 dB

rejection from 1 to 100 Hz. We could further improve this

result by using a numerical filtering instead of an analogical

one. This would enable the use of the optimum filter taking

into account the real transfer function of the setup.

Traditional criticisms made against feed-forward compen-

sation schemes concern the difficulties due to the need for a

very good knowledge of the scaling factors. They do not really

apply here for at least three reasons: first, we only need to re-

duce the interferometer phase noise induced by high-frequency

noise aliased to low frequency. Second, the compensation is

not totally an open-loop configuration; a numerical minimiza-

tion of the interferometer noise allows at least for gain adjust-

ment of the vibration compensation in the long term. Third,

we do not suspect the mechanical transfer function to vary

significantly during the course of a measurement.

6. Conclusions

In this paper we have demonstrated our ability to reduce two

principal noise sources in the atom interferometer. A phase

lock after the amplification stages reduces the phase noise on

the Raman phase difference. The residual noise contributes to

the atomic phase noise at the level of 1.5 mrad rms.

A preliminary test of acceleration compensation by acting

on the optical phase has been validated. The method enables us

to reach a 35 dB rejection, and this value can be easily improved

by using a seismometer with better low-frequency internal

noise. This should allow us to operate the inertial sensor on

the ground and perhaps to free the setup from potential rotation

noise added by the isolation platform.

More work is necessary to fully demonstrate the efficiency

of this feed-forward vibration compensation. However, it

looks very promising and its implementation is much easier

than the traditional method used for active vibration isolation.

A generalization to three dimensions is possible, and it

could also be applied in other high-precision measurements,

particularly for vibration compensation of lasers stabilized in

supercavities.

Thus, we expect that these two main noise sources

can be reduced to the intrinsic limit of the interferometer

sensitivity. The remaining main noise source is due to

wavefront distortions of the Raman lasers. This can lead to a

systematic error if the two atomic trajectories do not perfectly

overlap [16].
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❬✺✻❪ ▼✳ ❋❛tt♦r✐ ❡t ❛❧✳✱ ❭❚♦✇❛r❞s ❛♥ ❛t♦♠ ✐♥t❡r❢❡r♦♠❡tr✐❝ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ◆❡✇t♦♥
❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✧✱ P❤②s✐❝s ▲❡tt❡rs ❆ ✸✶✽✱ ✶✽✹ ✭✷✵✵✸✮✳

❬✺✼❪ ❆✳ ❲✐❝❤t✱ ❏✳ ❤❡♥s❧❡②✱ ❊✳ ❙❛r❛❥❧✐❝✱ ❛♥❞ ❙✳ ❈❤✉✱ ❭❆ Pr❡❧✐♠✐♥❛r② ▼❡❛s✉r❡♠❡♥t ♦❢
t❤❡ ❋✐♥❡ ❙tr✉❝t✉r❡ ❈♦♥st❛♥t ❇❛s❡❞ ♦♥ ❆t♦♠ ■♥t❡r❢❡r♦♠❡tr②✧✱ P❤②s✐❝❛ ❙❝r✐♣t❛ ✶✵✷✱ ✽✷
✭✷✵✵✷✮✳



❈ ❍ ❆ P ■ ❚ ❘ ❊ ✸

❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❈❡ ❝❤❛♣✐tr❡ ✈❛ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❛❜♦r❞❡r ❞❡ ♠❛♥✐✒❡r❡ ❣✓❡♥✓❡r❛❧❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲

❊✐♥st❡✐♥ ♣♦✉r s✬✐♥t✓❡r❡ss❡r ♣❧✉s ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ❡♥s✉✐t❡ ❛✉① ♠♦②❡♥s q✉❡ ❥✬❛✐ ♠✐s ❡♥ ✛✉✈r❡

❞❡♣✉✐s ✶✾✾✻ ❛✉ s❡✐♥ ❞✉ ●r♦✉♣❡ ❞✬❖♣t✐q✉❡ ❆t♦♠✐q✉❡ ♣♦✉r ❛tt❡✐♥❞r❡ ❝❡ r✓❡❣✐♠❡✳ ❉❛♥s ❧❛ ♣❡rs✲

♣❡❝t✐✈❡ ❞✬✉♥❡ ✉t✐❧✐s❛t✐♦♥ ❝♦♠♠❡ ❢✉t✉r❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡✱ ✉♥ ❡☛♦rt ♣❛rt✐❝✉❧✐❡r ❛ ✓❡t✓❡ ❢♦✉r♥✐ ❞❛♥s

❧❡ s❡♥s ❞✬✉♥❡ s✐♠♣❧✐☞❝❛t✐♦♥ ❞✉ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧✱ ❛☞♥ ❞✬❡♥ ❢❛✐r❡ ✉♥❡ s♦✉r❝❡ ❞✬❛t♦♠❡s

st❛❜❧❡✱ ✈❡rs❛t✐❧❡ ❡t ❢❛❝✐❧❡ ✒❛ ✉t✐❧✐s❡r✳ ▲✬❡♠♣❧♦✐ ❞❡ ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ❛ ♥♦t❛♠♠❡♥t

♣❡r♠✐s ❞❡ s✬❛☛r❛♥❝❤✐r ❞❡s ❢♦rts ❝♦✉r❛♥ts ❡t ♣✉✐ss❛♥❝❡s ✓❡❧❡❝tr✐q✉❡s q✉✐ s♦♥t ❡♥ ❣✓❡♥✓❡r❛❧ ❞❡

r✐❣✉❡✉r ❞❛♥s ❝❡ t②♣❡ ❞✬❡①♣✓❡r✐❡♥❝❡✳ ❉❡ ♣❧✉s✱ ❧❡ ♣♦✉✈♦✐r ❞❡ ❝♦♥☞♥❡♠❡♥t ❛❝❝r✉ ❞❡s ✓❡❧❡❝tr♦❛✐✲

♠❛♥ts ✒❛ ♥♦②❛✉ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡ ♥♦✉s ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ❞❡s r✓❡❣✐♠❡s ♣❧✉s ♣r♦❝❤❡s ❡♥❝♦r❡

❞❡ ❧❛ ♠❛t✐✒❡r❡ ❝♦♥❞❡♥s✓❡❡✱ ❝♦♠♠❡ ❧❡ r✓❡❣✐♠❡ ❤②❞r♦❞②♥❛♠✐q✉❡ ❡t ❧❛ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ ✒❛ ❢❛✐❜❧❡

❞✐♠❡♥s✐♦♥✳

❯♥❡ ♣r❡♠✐✒❡r❡ ♣❛rt✐❡ ✐♥tr♦❞✉✐r❛ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❞✉ r❡❢r♦✐✲

❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✳ ❏✬❛❜♦r❞❡r❛✐ ❡♥s✉✐t❡ ♣❧✉s s♣✓❡❝✐☞q✉❡♠❡♥t ❧❛ ♣r♦❜❧✓❡♠❛t✐q✉❡ ❞✉ ♣✐✓❡❣❡❛❣❡

♠❛❣♥✓❡t✐q✉❡✱ ❛✈❡❝✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s q✉✐ ❛ ❝♦♥st✐t✉✓❡

❧✬❡☛♦rt ♠❛❥❡✉r q✉❡ ❥✬❛✐ ❢♦✉r♥✐ ❝❡s ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s ♣♦✉r ♦❜t❡♥✐r ✉♥ ❞✐s♣♦s✐t✐❢ ♣❡r❢♦r♠❛♥t✳ ❏❡

♣r✓❡s❡♥t❡r❛✐ ❡♥s✉✐t❡ ❧❡ ♣r❡♠✐❡r ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ q✉❡ ❥✬❛✐ r✓❡❛❧✐s✓❡✳

❏✬✐♥tr♦❞✉✐r❛✐s ❡♥s✉✐t❡ ❧❡s r✓❡s✉❧t❛ts ♦❜t❡♥✉s s✉r ❝❡ ❞✐s♣♦s✐t✐❢ ✿

④ ▲❡s r✓❡s✉❧t❛ts ♦r✐❣✐♥❛✉① ♦❜t❡♥✉s ❛✈❡❝ ✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t tr❛✈❛✐❧❧❛♥t ❛✈❡❝ ❞❡ ❢♦rts ❝❤❛♠♣s

♠❛❣♥✓❡t✐q✉❡s ✿ ❛rr❫❡t ❞✉ ♣r♦❝❡ss✉s ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ✒❛ ❝❛✉s❡ ❞❡ ❧✬❡☛❡t ❩❡❡♠❛♥

q✉❛❞r❛t✐q✉❡ ✭♣❛❣❡ ✾✽✮✱ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❁ ♠✉❧t✐❢r✓❡q✉❡♥❝❡ ❃ ❡t r❡❢r♦✐❞✐ss❡♠❡♥t

s②♠♣❛t❤✐q✉❡ ✭♣❛❣❡ ✶✵✶✮✳

④ ▲❡s r✓❡s✉❧t❛ts r✓❡❝❡♥ts ♦❜t❡♥✉s s✉r ❧✬✓❡t✉❞❡ ❞❡s ♣r♦♣r✐✓❡t✓❡s ❞✬✉♥ ❣❛③ ❞✬❛t♦♠❡s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s✱

❛✉ ❞❡ss✉s ❡t ❡♥ ❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ✿ ♠✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡s ❡☛❡ts ❤②❞r♦❞②♥❛✲

♠✐q✉❡s✱ ❞✓❡❝❛❧❛❣❡ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡t ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛ ❢r❛❝t✐♦♥

❝♦♥❞❡♥s✓❡❡ ✭♣❛❣❡ ✶✶✶✮✳



✽✷
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✒❛ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

P❛r♠✐ ❧❡s ❣r❛♥❞❡s ❞✓❡❝♦✉✈❡rt❡s ♣❤②s✐q✉❡s ❞✉ s✐✒❡❝❧❡ ❞❡r♥✐❡r✱ ❧❛ s✉♣r❛❝♦♥❞✉❝t✐✈✐t✓❡✱ ❧❛ s✉♣❡r✌✉✐✲

❞✐t✓❡ ❞❡ ❧✬❍✓❡❧✐✉♠ ❧✐q✉✐❞❡ ❡t ❧✬❡☛❡t ❧❛s❡r s♦♥t ❞❡s ♠❛♥✐❢❡st❛t✐♦♥s ♠❛❝r♦s❝♦♣✐q✉❡s ❞❡ ❧❛ ♣❤②s✐q✉❡

q✉❛♥t✐q✉❡✱ r✓❡s✉❧t❛♥t ❞❡ ❧✬♦❝❝✉♣❛t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❞✬✉♥ s❡✉❧ ✓❡t❛t q✉❛♥t✐q✉❡✳ ❈❡t ❡☛❡t ❡st

❧✐✓❡ ✒❛ ❧✬✐♥❞✐s❝❡r♥❛❜✐❧✐t✓❡ ❞❡s ♣❛rt✐❝✉❧❡s ✐❞❡♥t✐q✉❡s ❡♥ ♠✓❡❝❛♥✐q✉❡ q✉❛♥t✐q✉❡✱ ❝❡ q✉✐ ❝♦♥❞✉✐t ❞❛♥s

❧❡ ❝❛s ❞❡s ❜♦s♦♥s ✒❛ ❧❛ st❛t✐st✐q✉❡ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ❡①♣❧✐❝✐t✓❡❡ ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ♣❛r ❇♦s❡

♣♦✉r ❧❡s ♣❤♦t♦♥s ❬✶❪✱ ❡t ❣✓❡♥✓❡r❛❧✐s✓❡❡ ♣❛r ❊✐♥st❡✐♥ ♣♦✉r ❧❡s ♣❛rt✐❝✉❧❡s ♠❛t✓❡r✐❡❧❧❡s ❬✷❪✳ ❉✒❡s ✶✾✷✹✱

❊✐♥st❡✐♥ ❛ ❢❛✐t r❡♠❛rq✉❡r q✉❡ ❧❛ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞✬✉♥ ❣❛③ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❜❛s✓❡❡ s✉r ❧❛ st❛✲

t✐st✐q✉❡ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡①❤✐❜❡ ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❧♦rsq✉❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞❡✈✐❡♥t ❛ss❡③

❜❛ss❡ ❬✸✱ ✷❪✳ ❆✉ ❝♦✉rs ❞❡ ❝❡tt❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡✱ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ t❤❡r♠✐q✉❡ ❞❡✈✐❡♥t ❞❡

❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡ ❧❛ ❞✐st❛♥❝❡ ✐♥t❡r❛t♦♠✐q✉❡ ❡t ✉♥❡ ❢r❛❝t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❞❡s ❛t♦♠❡s s❡

❝♦♥❞❡♥s❡ ❞❛♥s ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②st✒❡♠❡✳ ❆✉❥♦✉r❞✬❤✉✐✱ ❧❛ s✉♣❡r✌✉✐❞✐t✓❡ ❡st ❝♦♥❝❡♣t✉❡❧❧❡✲

♠❡♥t ❝♦♠♣r✐s❡ ❝♦♠♠❡ ✓❡t❛♥t ✉♥❡ ♠❛♥✐❢❡st❛t✐♦♥ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✭❈❇❊✮✳

▲❡s ❞❡s❝r✐♣t✐♦♥s t❤✓❡♦r✐q✉❡s s♦♥t ❝❡♣❡♥❞❛♥t s♦✉✈❡♥t ❝♦♠♣❧❡①❡s ❝❛r ❡❧❧❡s ❞♦✐✈❡♥t t❡♥✐r ❝♦♠♣t❡

❞❡s ✐♥t❡r❛❝t✐♦♥s ❢♦rt❡s ❡♥tr❡ ❧❡s ♣❛rt✐❝✉❧❡s ❞✉ ✌✉✐❞❡✳ ❉❡ ♠❫❡♠❡✱ ❧❡s s✉♣r❛❝♦♥❞✉❝t❡✉rs ✒❛ ❜❛ss❡

t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ s♦♥t ❜✐❡♥ ❞✓❡❝r✐ts ♣❛r ❧❛ t❤✓❡♦r✐❡ ❇❈❙ ❬✹❪✱ q✉✐ r❡♣♦s❡ s✉r ✉♥❡ ❝♦♥❞❡♥s❛✲

t✐♦♥ ❞✬✓❡❧❡❝tr♦♥s ❛♣♣❛r✐✓❡s✱ ♠❛✐s ❧❡s ♠✓❡❝❛♥✐s♠❡s ❞❡ ❧❛ s✉♣r❛❝♦♥❞✉❝t✐✈✐t✓❡ ✒❛ ❤❛✉t❡ t❡♠♣✓❡r❛t✉r❡

❝r✐t✐q✉❡ r❡st❡♥t ❡♥❝♦r❡ ✐♥❝♦♠♣r✐s✳

❯♥ ♣❛s ❛ ✓❡t✓❡ ❢r❛♥❝❤✐ ✈❡rs ✉♥❡ ♠❡✐❧❧❡✉r❡ ❝♦♠♣r✓❡❤❡♥s✐♦♥ ❡t ✉♥❡ ✉♥✐☞❝❛t✐♦♥ ❞❡ ❝❡s ♣❤✓❡♥♦♠✒❡♥❡s

❛♣r✒❡s q✉❡ ❧❛ ❈❇❊ ❞✬✉♥ ❣❛③ ❞✬❛t♦♠❡s ❞✐❧✉✓❡ ❛✐t ✓❡t✓❡ ♦❜s❡r✈✓❡❡ ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ❡♥ ✶✾✾✺

❬✺✱ ✻✱ ✼❪✳ ▲❡s ❡①♣✓❡r✐❡♥❝❡s r✓❡❛❧✐s✓❡❡s ❛✈❡❝ ❧❡s ❝♦♥❞❡♥s❛ts ❝♦✉✈r❡♥t ❞❡ tr✒❡s ♥♦♠❜r❡✉① ❛s♣❡❝ts✳

P❛r❝❡ q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞❛♥s ✉♥ ❣❛③ ❞✐❧✉✓❡ s♦♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❞❛♥s

❧❡s s②st✒❡♠❡s ❞❡ ❧❛ ♠❛t✐✒❡r❡ ❝♦♥❞❡♥s✓❡❡✱ ❧❡s ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲ ❊✐♥st❡✐♥ ❞❡ ❣❛③ ❞✐❧✉✓❡s ❝♦♥st✐✲

t✉❡♥t ❞✬❡①❝❡❧❧❡♥ts s②st✒❡♠❡s ❞✬✓❡t✉❞❡ ♣♦✉r ✓❡❧✉❝✐❞❡r ❧❡ r❫♦❧❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❛ s✉♣❡r✌✉✐❞✐t✓❡✳

❆✐♥s✐✱ ❧❡s ♣r❡♠✐✒❡r❡s ❡①♣✓❡r✐❡♥❝❡s s✉r ❧❡s ❝♦♥❞❡♥s❛ts s❡ s♦♥t ❝♦♥❝❡♥tr✓❡❡s s✉r ❧❛ ❞✓❡t❡r♠✐♥❛t✐♦♥

❞✉ s♣❡❝tr❡ ❞❡s ❡①❝✐t❛t✐♦♥s ✓❡❧✓❡♠❡♥t❛✐r❡s ♣❛r ❧✬✓❡t✉❞❡ ❞❡s ♠♦❞❡s ❝♦❧❧❡❝t✐❢s ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❞❛♥s

❞✐✈❡rs r✓❡❣✐♠❡s ❞❡ t❡♠♣✓❡r❛t✉r❡ ❡t ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s ❬✽✱ ✾✱ ✶✵✱ ✶✶❪✳ ❈❡s ❡①♣✓❡r✐❡♥❝❡s ♦♥t

✓❡t✓❡ s✉✐✈✐❡s ❞✬✉♥ ❣r♦s ❡☛♦rt t❤✓❡♦r✐q✉❡ ❡t s♦♥t ❜✐❡♥ ❝♦♠♣r✐s❡s s✉✍s❛♠♠❡♥t ❧♦✐♥ ❞❡ ❧❛ t❡♠♣✓❡r❛✲

t✉r❡ ❝r✐t✐q✉❡✳ ❉✬❛✉tr❡s ♠♦❞❡s ♣❧✉s ❝♦♠♣❧❡①❡s ♦♥t ❞❡♣✉✐s ✓❡t✓❡ ❣✓❡♥✓❡r✓❡s✱ ♥♦t❛♠♠❡♥t ❞❡s ✈♦rt❡①

❬✶✷✱ ✶✸❪✳ ❘✓❡❝❡♠♠❡♥t✱ ✐❧ ❛ ✓❡t✓❡ ♣♦ss✐❜❧❡ ❞✬♦❜s❡r✈❡r ❞✐r❡❝t❡♠❡♥t ❧✬❛❜s❡♥❝❡ ❞❡ ❞✐ss✐♣❛t✐♦♥ ❧♦rs ❞❡

❧✬✓❡❝♦✉❧❡♠❡♥t ❞✬✉♥ ❝♦♥❞❡♥s❛t ❛✉t♦✉r ❞✬✉♥ ♦❜st❛❝❧❡ ❬✶✹✱ ✶✺❪✱ ❝❡ q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ s✐❣♥❛t✉r❡ ❞❡

❧✬✓❡t❛t s✉♣❡r✌✉✐❞❡✳

▲✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t r❡♣r✓❡s❡♥t❡ ❡♥❝♦r❡ ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ ✉♥ ❡☛♦rt ❡①♣✓❡r✐♠❡♥t❛❧ ❡t

t❤✓❡♦r✐q✉❡ ✐♠♣♦rt❛♥t✳ ❉✬✉♥❡ ♣❛rt✱ ❧❡s tr✒❡s ❜❛ss❡s t❡♠♣✓❡r❛t✉r❡s ♥✓❡❝❡ss❛✐r❡s ♣♦✉r ♣❛ss❡r ❛✉✲

❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ♥✓❡❝❡ss✐t❡♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♣✐✒❡❣❡ ❁ ♥♦♥ ❞✐ss✐♣❛t✐❢s❃ ✱ ✉t✐❧✐s❛♥t

s♦✐t ❞❡s ♣✐✒❡❣❡s ♦♣t✐q✉❡s tr✒❡s ❞✓❡s❛❝❝♦r❞✓❡s✱ s♦✐t ❞❡s ♣✐✒❡❣❡s ♠❛❣♥✓❡t✐q✉❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ❢♦rt❡s

❞❡♥s✐t✓❡s ♥✓❡❝❡ss❛✐r❡s ♣♦✉r ♦❜s❡r✈❡r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡♠❛♥❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ t♦✉t❡ ❧❛ ♣❛♥♦♣❧✐❡

❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❞✬❛t♦♠❡s ❞✓❡✈❡❧♦♣♣✓❡❡s ❞❡♣✉✐s ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞✬❛♥♥✓❡❡s✳ ❊♥☞♥✱ ❧❡



✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✒❛ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✽✸

♣r♦❝❡ss✉s ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✉t✐❧✐s✓❡✱ ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✱ ♣r❡♥❞ ❞✉ t❡♠♣s ❡t ♥✓❡❝❡ss✐t❡

❞♦♥❝ ✉♥ tr✒❡s ❜♦♥ ✈✐❞❡ ♣♦✉r ❧✐♠✐t❡r ❧❡s ♣❡rt❡s ❛✈❡❝ ❧❡ ❣❛③ r✓❡s✐❞✉❡❧✳

✸✳✶✳✶ P✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡

▲❡ ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡ ❞❡ ♣❛rt✐❝✉❧❡s ♥❡✉tr❡s ♣❛r❛♠❛❣♥✓❡t✐q✉❡s ✭♣♦ss✓❡❞❛♥t ✉♥ ♠♦♠❡♥t ♠❛✲

❣♥✓❡t✐q✉❡ ♣❡r♠❛♥❡♥t✮✱ ✉t✐❧✐s✓❡ ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s s✉r ❧❡s ♥❡✉tr♦♥s ❬✶✻❪✱ r❡♣♦s❡ s✉r ❧✬✐♥t❡r❛❝t✐♦♥

❡♥tr❡ ❧❡ ♠♦♠❡♥t ❞✐♣♦❧❛✐r❡ ♠❛❣♥✓❡t✐q✉❡ ✖ ❞❡ ❧✬❛t♦♠❡ ❡t ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❇ ✿

❍❩ ❂ �✖ ✁❇✿ ✭✸✳✶✮

P♦✉r ✉♥ ❛❧❝❛❧✐♥ ❝♦♠♠❡ ✽✼❘❜ ✱ ❧❡ ♠♦♠❡♥t ♠❛❣♥✓❡t✐q✉❡ ❡st ❧❛r❣❡♠❡♥t ❞❫✉ ✒❛ ❧✬✓❡❧❡❝tr♦♥ ❞❡ ✈❛❧❡♥❝❡

❡t ❞♦♥❝ ❞❡ ❧✬♦r❞r❡ ❞✉ ♠❛❣♥✓❡t♦♥ ❞❡ ❇♦❤r ✖❇✳

❙✐✱ ❛✉ ❝♦✉rs ❞❡ s♦♥ ❞✓❡♣❧❛❝❡♠❡♥t ❞❛♥s ❧❡ ♣✐✒❡❣❡✱ ✉♥ ❛t♦♠❡ ❞❛♥s ✉♥ s♦✉s✲♥✐✈❡❛✉ ♠❛❣♥✓❡t✐q✉❡

♣❛rt✐❝✉❧✐❡r ✈♦✐t ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❧♦❝❛❧ ♣❡t✐t❡ ❞❡✈❛♥t s❛ ❢r✓❡q✉❡♥❝❡

❞❡ ▲❛r♠♦r✱ ✐❧ ❝♦♥s❡r✈❡ s❛ ♣♦❧❛r✐s❛t✐♦♥ ❡t s♦♥ s♣✐♥ s✉✐t ❛❞✐❛❜❛t✐q✉❡♠❡♥t ❧❛ ❞✐r❡❝t✐♦♥ ❧♦❝❛❧❡ ❞✉

❝❤❛♠♣ ✭q✉✐ ❞✓❡☞♥✐t ❧✬❛①❡ ❧♦❝❛❧ ❞❡ q✉❛♥t✐☞❝❛t✐♦♥✮✳ ▲❡ ♠♦❞✉❧❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❞♦✐t ♣❛r

❝♦♥s✓❡q✉❡♥t ❫❡tr❡ t♦✉❥♦✉rs s✉✍s❛♠♠❡♥t ❣r❛♥❞ ♣♦✉r ❛ss✉r❡r ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❞❡ ▲❛r♠♦r ✓❡❧❡✈✓❡❡

❡t ✓❡✈✐t❡r q✉❡ ❧❡s ❛t♦♠❡s ♥❡ s❡ ❞✓❡♣♦❧❛r✐s❡♥t ✭tr❛♥s✐t✐♦♥ ♥♦♥ ❛❞✐❛❜❛t✐q✉❡ ♦✉✱ ❞❛♥s ❧❡ ❝❛s ♦✒✉ ❧❡

❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❞❡✈✐❡♥t ♥✉❧✱ ♣❡rt❡s ❞❡ ▼❛❥♦r❛♥❛ ❬✶✼❪✮✳ P♦✉r ❧❡s ✈✐t❡ss❡s ❛t♦♠✐q✉❡s ❡t ❧❡s

❝♦✉r❜✉r❡s ♠❛❣♥✓❡t✐q✉❡s q✉✐ s♦♥t ❡♥ ❥❡✉ ❞❛♥s ♥♦s ❡①♣✓❡r✐❡♥❝❡s✱ ✶● s✉✍t✳

❙✉✐✈❛♥t ❧❡ s♦✉s✲♥✐✈❡❛✉ ❩❡❡♠❛♥ ❞❛♥s ❧❡q✉❡❧ ✐❧ s❡ tr♦✉✈❡ ✭❞✓❡t❡r♠✐♥✓❡ ♣❛r ❧❡ ♥♦♠❜r❡ ♠❛❣♥✓❡t✐q✉❡

♠✮✱ ✉♥ ❛t♦♠❡ ❡st ❛tt✐r✓❡ ♦✉ r❡♣♦✉ss✓❡ ♣❛r ✉♥❡ r✓❡❣✐♦♥ ❞❡ ❝❤❛♠♣ ❢❛✐❜❧❡✳ ▲❡ ♥✐✈❡❛✉ ❡st ❛❧♦rs ❞✐t

r❡s♣❡❝t✐✈❡♠❡♥t ❁ ♣✐✓❡❣❡❛♥t ❃ ♦✉ ❁ ❛♥t✐✲♣✐✓❡❣❡❛♥t ❃✳ ❊♥ ❡☛❡t✱ ❝♦♠♠❡ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ ❝r✓❡❡r

✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧ ❞❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❧✐❜r❡ ❬✶✽❪✱ ❧❛ s❡✉❧❡ ♣♦ss✐❜✐❧✐t✓❡✶ r❡st❡

❞❡ ♣✐✓❡❣❡r ❞❛♥s ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❞❡ ❥❇❥ ❧❡s ❛t♦♠❡s ❛②❛♥t ✉♥ ❞✓❡♣❧❛❝❡♠❡♥t ❩❡❡♠❛♥ ♣♦s✐t✐❢✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ❘✉❜✐❞✐✉♠ ✽✼✱ ✐❧ s✬❛❣✐t ❞❡s ✓❡t❛ts ❥❋ ❂ ✷❀♠ ❂ ✷✐✱ ❥❋ ❂ ✷❀♠ ❂ ✶✐✱
❥❋ ❂ ✷❀♠ ❂ ✵✐ ❡t ❥❋ ❂ ✶❀♠ ❂ �✶✐✳ ▲✬✓❡t❛t ❥❋ ❂ ✷❀♠ ❂ ✵✐ ❡st ✉♥ ♣❡✉ ♣❛rt✐❝✉❧✐❡r ♣✉✐sq✉✬❡♥

♣r✐♥❝✐♣❡✱ ✐❧ ♥✬❡st ♣❛s s❡♥s✐❜❧❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♠❛✐s s❡✉❧❡♠❡♥t ❛✉①

♦r❞r❡s s✉♣✓❡r✐❡✉rs ✭♦♥ ♣❛r❧❡ ❞✬❡☛❡t ❩❡❡♠❛♥ q✉❛❞r❛t✐q✉❡✮✳

◆♦t♦♥s ❡♥☞♥ q✉✬✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s ✒❛ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❚ ♥❡ ♣❡✉t ❫❡tr❡ ❝♦♥☞♥✓❡ ♣❛r ✉♥ ♣♦t❡♥t✐❡❧

❤❛r♠♦♥✐q✉❡ ♠❛❣♥✓❡t✐q✉❡ ❞❡ ♣r♦❢♦♥❞❡✉r ✁❇ q✉❡ s✐ ❧❛ ♣r♦❢♦♥❞❡✉r ❡♥ ✓❡♥❡r❣✐❡ ✈❛✉t ♣❧✉s✐❡✉rs

❢♦✐s ❧✬✓❡♥❡r❣✐❡ ♠♦②❡♥♥❡ ♣❛r ♣❛rt✐❝✉❧❡ ✸❦❇❚ ✱ s♦✐t ✿

✖❇✁❇ ✘ ☛✸❦❇❚❀ ✭✸✳✷✮

♦✒✉ ☛ ✈❛✉t q✉❡❧q✉❡s ✉♥✐t✓❡s✳ ❆✐♥s✐✱ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ❚ ❂ ✶♠❑ ❝♦rr❡s♣♦♥❞ ✉♥❡ ♣r♦❢♦♥❞❡✉r

✶■❧ ❡st ❝❡♣❡♥❞❛♥t ♣♦ss✐❜❧❡ ❞❡ ❝♦♥☞♥❡r ❧❡s ❛t♦♠❡s ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧ s♦✉s✲♥✐✈❡❛✉ ❞❛♥s ✉♥ ♣✐✒❡❣❡ ❛❧t❡r♥❛✲
t✐❢ ❬✶✾❪✳



✽✹
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

✁❇ ❂ ☛✂ ✺✵●✳ ❈❡❧❛ s✐❣♥✐☞❡ q✉❡ ♣♦✉r ❞❡s ❝❤❛♠♣s r❛✐s♦♥♥❛❜❧❡s✱ ❧❡s ♣✐✒❡❣❡s ♠❛❣♥✓❡t✐q✉❡s s♦♥t

♣❡✉ ♣r♦❢♦♥❞s ⑤ ❡♥tr❡ ✶ ❡t ✶✵♠❑ ⑤✱ ❡t ♥❡ ♣❡✉✈❡♥t ❝♦♥☞♥❡r q✉❡ ❞❡s ❛t♦♠❡s ❞✓❡❥✒❛ r❡❢r♦✐❞✐s✳

❈✬❡st ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡ ❞♦✐t ♥✓❡❝❡ss❛✐r❡♠❡♥t ❫❡tr❡ ♣r✓❡❝✓❡❞✓❡ ❞✬✉♥❡

♣❤❛s❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❧❛s❡r✳

✸✳✶✳✷ ❘❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢

❈♦♠♠❡ ❧❡ ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡ ❡st ♥♦♥✲❞✐ss✐♣❛t✐❢✱ ✐❧ ❛ ❢❛❧❧✉ ✐♠❛❣✐♥❡r ✉♥❡ ♥♦✉✈❡❧❧❡ t❡❝❤♥✐q✉❡

❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✿ ❧✬✓❡✈❛♣♦r❛t✐♦♥ ❬✷✵❪✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ❝♦♥s✐st❡ ❡♥ ❧✬✓❡❧✐♠✐♥❛t✐♦♥ s✓❡❧❡❝t✐✈❡

❞✬❛t♦♠❡s ❛②❛♥t ✉♥❡ ✓❡♥❡r❣✐❡ t♦t❛❧❡ s✉♣✓❡r✐❡✉r❡ ✒❛ ❧✬✓❡♥❡r❣✐❡ ♠♦②❡♥♥❡ ♣❛r ♣❛rt✐❝✉❧❡✳ ❆♣r✒❡s r❡✲

t❤❡r♠❛❧✐s❛t✐♦♥✱ ❧❡s ♣❛rt✐❝✉❧❡s r❡st❛♥t❡s s♦♥t ❝❛r❛❝t✓❡r✐s✓❡❡s ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ▼❛①✇❡❧❧✲

❇♦❧t③♠❛♥ ❞✬✓❡♥❡r❣✐❡ ♠♦②❡♥♥❡ ♠♦✐♥❞r❡✱ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞✉ s②st✒❡♠❡ ❛ ❞♦♥❝ ❞✐♠✐♥✉✓❡✳ ❯♥❡ r❡✈✉❡

❡①❤❛✉st✐✈❡ ❞✉ s✉❥❡t s❡ tr♦✉✈❡ ❞❛♥s ❬✷✶❪✳

■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❢❛✘❝♦♥s ❞✬✓❡❧✐♠✐♥❡r ❧❡s ❛t♦♠❡s ❧❡s ♣❧✉s ✓❡♥❡r❣✓❡t✐q✉❡s✳ ▲❛ ♣❧✉s s✐♠♣❧❡ ❡st ❞❡

❝♦♥s✐❞✓❡r❡r ✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ♣r♦❢♦♥❞❡✉r ☞♥✐❡✱ ❡t ❞❡ s✉♣♣♦s❡r q✉❡ t♦✉t ❛t♦♠❡ ❛②❛♥t ✉♥❡ ✓❡♥❡r❣✐❡

♠✓❡❝❛♥✐q✉❡ t♦t❛❧❡ s✉♣✓❡r✐❡✉r❡ ✒❛ ❧❛ ❤❛✉t❡✉r ❞✉ ♣♦t❡♥t✐❡❧ ✧ ❡st ✓❡❥❡❝t✓❡✳ ❈✬❡st ❧✬❤②♣♦t❤✒❡s❡ ❞❡

♠♦✉✈❡♠❡♥t ❡r❣♦❞✐q✉❡ ❞❡s ❛t♦♠❡s ✿ ❝❤❛q✉❡ ❛t♦♠❡ ❡①♣❧♦r❡ t♦✉t ❧❡ ✈♦❧✉♠❡ ❞❡ ❧✬❡s♣❛❝❡ q✉❡

s♦♥ ✓❡♥❡r❣✐❡ ❧✉✐ ♣❡r♠❡t✳ ▲✬✓❡✈❛♣♦r❛t✐♦♥ ❡st ❞♦♥❝ ✉♥ ♣r♦❝❡ss✉s ❤♦rs ❞✬✓❡q✉✐❧✐❜r❡✱ q✉✐ ♣❡r♠❡t

r✓❡❣✉❧✐✒❡r❡♠❡♥t ✒❛ ❞❡s ❛t♦♠❡s q✉✐ ♦♥t ❛❝q✉✐s ✉♥❡ ✓❡♥❡r❣✐❡ s✉♣✓❡r✐❡✉r❡ ✒❛ ✧✱ s✉✐t❡ ✒❛ ✉♥❡ ❝♦❧❧✐s✐♦♥

❛✈❡❝ ✉♥ ❛✉tr❡ ❛t♦♠❡✱ ❞❡ s✬✓❡❝❤❛♣♣❡r ❞✉ ♣✐✒❡❣❡✳ ❙✐ ❧❛ ❤❛✉t❡✉r ❞✉ ♣✐✒❡❣❡ ❡st ❣r❛♥❞❡ ❞❡✈❛♥t ❧✬✓❡♥❡r❣✐❡

♠♦②❡♥♥❡ ♣❛r ♣❛rt✐❝✉❧❡✱ ❝✬❡st✲✒❛✲❞✐r❡ s✐ ❧❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣s ❞❡ ❧❛ r❡t❤❡r♠❛❧✐s❛t✐♦♥ ❡st tr✒❡s

♣❡t✐t❡ ❞❡✈❛♥t ❝❡❧❧❡ ❛ss♦❝✐✓❡❡ ❛✉ ♣r♦❝❡ss✉s ❞✬✓❡✈❛♣♦r❛t✐♦♥✱ ♦♥ ♣❡✉t ♥✓❡❛♥♠♦✐♥s ♠♦♥tr❡r ♣❛r

r✓❡s♦❧✉t✐♦♥ ♥✉♠✓❡r✐q✉❡ ❞❡ ❧✬✓❡q✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥ q✉❡ s✐ ❧❛ ✈❛r✐❛t✐♦♥ r❡❧❛t✐✈❡ ❞✬❛t♦♠❡s ♣❛r ✉♥✐t✓❡

❞❡ t❡♠♣s ❡st ❢❛✐❜❧❡✱ ❞❡✈❛♥t ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s ✓❡❧❛st✐q✉❡s✱ ❧❡ s②st✒❡♠❡ ❡st ❡♥ ✓❡t❛t ❞❡ q✉❛s✐✲

✓❡q✉✐❧✐❜r❡ ❬✷✷✱ ✷✸❪✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✓❡♥❡r❣✐❡ ❡st ❛❧♦rs ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❇♦❧t③♠❛♥ tr♦♥q✉✓❡❡

✒❛ ✧✱ ❛ss♦❝✐✓❡❡ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ❡☛❡❝t✐✈❡ ❚ ✭☞❣✉r❡ ✸✳✶✮✳ ❈❡t ✓❡t❛t ❞❡ q✉❛s✐✲✓❡q✉✐❧✐❜r❡ ❡st

❝♦♠♣❧✒❡t❡♠❡♥t ❞✓❡❝r✐t ✒❛ ♣❛rt✐r ❞❡ ❧❛ ❣✓❡♦♠✓❡tr✐❡ ❞✉ ♣✐✒❡❣❡✱ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡

❡t ❞❡ ❧❛ ❤❛✉t❡✉r r❡❧❛t✐✈❡ ❞❡ ❧❛ tr♦♥❝❛t✉r❡ ✑ t❡❧ q✉❡ ✧ ❂ ✑❦❇❚ ❛✈❡❝ ✑ ❝♦♠♣r✐s ❡♥tr❡ ✺ ❡t ✶✵✳

▲❡ ♣r♦❝❡ss✉s ❞✬✓❡✈❛♣♦r❛t✐♦♥ ❡st ❛❧♦rs ❝❛r❛❝t✓❡r✐s✓❡ ♣❛r ❝❡ ♣❛r❛♠✒❡tr❡ ✑✳ ❖♥ ♣❡✉t ❛✐♥s✐ ♠♦♥tr❡r

q✉❡ ❧✬✓❡♥❡r❣✐❡ ♠♦②❡♥♥❡✷ ❞✬✉♥ ❛t♦♠❡ ✓❡✈❛♣♦r✓❡ ✈❛✉t ❡♥✈✐r♦♥ ✭✑ ✰ ✶✮❦❇❚ ✳

▲♦rsq✉❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞✐♠✐♥✉❡✱ ✑ ❛✉❣♠❡♥t❡ ❡t ❧❡ ♣r♦❝❡ss✉s ❞✬✓❡✈❛♣♦r❛t✐♦♥ s❡ r❛❧❡♥t✐t ❝❛r ✐❧ ②

❛ ❞❡ ♠♦✐♥s ❡♥ ♠♦✐♥s ❞✬❛t♦♠❡s ♣❛r ✉♥✐t✓❡ ❞❡ t❡♠♣s q✉✐ ❛❝q✉✐✒❡r❡♥t ✉♥❡ ✓❡♥❡r❣✐❡ s✉✍s❛♥t❡ ♣♦✉r

s✬✓❡❝❤❛♣♣❡r ❞✉ ♣✐✒❡❣❡✳ ■❧ ❢❛✉t ❞♦♥❝ ❛❜❛✐ss❡r ❧❛ ❤❛✉t❡✉r ❞✉ ♣♦t❡♥t✐❡❧ ❛✉ ❢✉r ❡t ✒❛ ♠❡s✉r❡ q✉❡ ❧❛

t❡♠♣✓❡r❛t✉r❡ ❞✐♠✐♥✉❡ s✐ ❧✬♦♥ s♦✉❤❛✐t❡ ❣❛r❞❡r ✑ ❝♦♥st❛♥t✳ ❈✬❡st ❝❡ q✉✬♦♥ ❛♣♣❡❧❧❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥

❢♦r❝✓❡❡✳

✷▲✬✓❡♥❡r❣✐❡ ❞❡ ❧❛ ♠❛❥♦r✐t✓❡ ❞❡s ❛t♦♠❡s ✓❡✈❛♣♦r✓❡s ❡st ❡♥ ❢❛✐t ❝♦♠♣r✐s❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❬✑❦❇❚ ❀ ✭✑✰✷✮❦❇❚ ❪❬✷✸❪✳



✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✒❛ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✽✺

❋✐❣✳ ✸✳✶ ✿ Pr✐♥❝✐♣❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✳ ❉✐str✐❜✉t✐♦♥ ♣✭❊✮ ❞❡ q✉❛s✐✲
✓❡q✉✐❧✐❜r❡ ❞❛♥s ✉♥ ♣✐✒❡❣❡ tr♦♥q✉✓❡ ✒❛ ✉♥❡ ❤❛✉t❡✉r ✧✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❇♦❧t③♠❛♥ tr♦♥q✉✓❡❡
✒❛ ❧❛q✉❡❧❧❡ ♦♥ ♣❡✉t ❛ss♦❝✐❡r ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ❡☛❡❝t✐✈❡ ❚ t❡❧❧❡ q✉❡ ♣✭❊✮ ❂ ❨ ✭✧� ❊✮ ❡①♣✭�✧❂❦❇❚ ✮✳

Pr♦♣r✐✓❡t✓❡s ❝♦❧❧✐s✐♦♥♥❡❧❧❡s ✒❛ ❜❛ss❡ t❡♠♣✓❡r❛t✉r❡

▲❛ r❡t❤❡r♠❛❧✐s❛t✐♦♥ ❡st ✉♥ ✐♥❣r✓❡❞✐❡♥t ❡ss❡♥t✐❡❧ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✱ ❡t ❡❧❧❡ ❡st ❞✬❛✉✲

t❛♥t ♣❧✉s r❛♣✐❞❡ q✉❡ ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ✓❡❧❛st✐q✉❡ ❡st ❣r❛♥❞✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞❡ ❝♦♥♥❛❫✏tr❡

❧❡s ♣r♦♣r✐✓❡t✓❡s ❝♦❧❧✐s✐♦♥♥❡❧❧❡s ❞❡s ❛t♦♠❡s ❛✉① t❡♠♣✓❡r❛t✉r❡s ❛✉①q✉❡❧❧❡s ♥♦✉s tr❛✈❛✐❧❧♦♥s✱ ❡♥ ♣❛r✲

t✐❝✉❧✐❡r ❧❛ s❡❝t✐♦♥ ❡✍❝❛❝❡ ❞❡ ❝♦❧❧✐s✐♦♥✳

▲❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ❝♦❧❧✐s✐♦♥s ❡♥ ♠✓❡❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ s❡ ❢❛✐t ♣❛r ✉♥❡ ❞✓❡❝♦♠♣♦s✐t✐♦♥ ❞❡s

❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❡t ❞✐☛✉s✓❡❡ ❡♥ ♦♥❞❡s ♣❛rt✐❡❧❧❡s ❞❡ ♠♦♠❡♥t ❝✐♥✓❡t✐q✉❡ ❞♦♥♥✓❡✳ ✒❆ tr✒❡s

❜❛ss❡ t❡♠♣✓❡r❛t✉r❡ ✭❛t♦♠❡s ✉❧tr❛❢r♦✐❞s✮✱ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦❣❧✐❡ ❞❡s ❛t♦♠❡s ❡st ♣❧✉s

❣r❛♥❞❡ q✉❡ ❧❛ ♣♦rt✓❡❡ ❞✉ ♣♦t❡♥t✐❡❧ ✐♥t❡r❛t♦♠✐q✉❡✱ ❡t s❡✉❧❡ ❧✬♦♥❞❡ ❞❡ ♠♦♠❡♥t ❝✐♥✓❡t✐q✉❡ ♥✉❧✱

❛♣♣❡❧✓❡❡ ♦♥❞❡ s✱ ❝♦♥tr✐❜✉❡ ❞❡ ♠❛♥✐✒❡r❡ s✐❣♥✐☞❝❛t✐✈❡ ✒❛ ❧❛ ❝♦❧❧✐s✐♦♥✳ ▲❛ s❡❝t✐♦♥ ❡✍❝❛❝❡ ✒❛ ✓❡♥❡r❣✐❡

♥✉❧❧❡ ❞❛♥s ❧✬♦♥❞❡ s ❞✓❡♣❡♥❞ ❞✬✉♥ ✉♥✐q✉❡ ♣❛r❛♠✒❡tr❡ ✿ ✛ ❂ ✽✙❛✷ ♦✒✉ ❛ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐☛✉s✐♦♥✳

P♦✉r ❧❡ ❘✉❜✐❞✐✉♠✱ ❛ ✈❛✉t ✺❀✺ ♥♠ ✭r❡s♣✳ ✹❀✽ ♥♠✮ ❞❛♥s ❧✬✓❡t❛t tr✐♣❧❡t ✭r❡s♣✳ s✐♥❣✉❧❡t✮ ❬✷✹❪✳ ❉❡

♣❧✉s✱ ❛✉① t❡♠♣✓❡r❛t✉r❡s q✉✐ ♥♦✉s ✐♥t✓❡r❡ss❡♥t✱ ❝✬❡st✲✒❛✲❞✐r❡ ✐♥❢✓❡r✐❡✉r❡s ✒❛ ✸✵✵ ✖❑✱ ❧❛ s❡❝t✐♦♥

❡✍❝❛❝❡ ❞❡ ❝♦❧❧✐s✐♦♥ ✛ ❡st ✐♥❞✓❡♣❡♥❞❛♥t❡ ❞❡ ❧❛ ✈✐t❡ss❡ r❡❧❛t✐✈❡ ❞❡s ❛t♦♠❡s q✉✐ ❡♥tr❡♥t ❡♥

❝♦❧❧✐s✐♦♥ ❬✷✺❪✱ ❞♦♥❝ ❞❡ ❚ ✳

▲♦✐s ❞✬✓❡❝❤❡❧❧❡

▲❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ♥❡ ♣❡✉t s❡ ❢❛✐r❡ q✉✬❛✉ ♣r✐① ❞✬✉♥❡ ♣❡rt❡ ❞✬❛t♦♠❡s✳ ❖♥ ♣❡✉t

✓❡✈❛❧✉❡r ❧✬❡✍❝❛❝✐t✓❡ ❞✉ ♣r♦❝❡ss✉s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣✐✒❡❣❡ ❤❛r♠♦♥✐q✉❡ ✒❛ ✸ ❞✐♠❡♥s✐♦♥s✳ ▲♦rsq✉❡

❞◆ ♣❛rt✐❝✉❧❡s s♦♥t ✓❡✈❛♣♦r✓❡❡s✱ ❡❧❧❡s ❡♠♣♦rt❡♥t ✉♥❡ ✓❡♥❡r❣✐❡ ❞❊ ✬ ❞◆✭✑ ✰ ✶✮❦❇❚ ✳ ❉✬❛♣r✒❡s ❧❡

t❤✓❡♦r✒❡♠❡ ❞✬✓❡q✉✐♣❛rt✐t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡✱ ❊ ❂ ✸◆❦❇❚ ✳ ▲❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ s✬✓❡❝r✐t ❞♦♥❝

✭☞❣✉r❡ ✸✳✶✮ ✿

❞❊ ❂ ✸◆❦❇❚ � ✸✭◆ � ❞◆✮❦❇✭❚ � ❞❚ ✮ ❂ ❞◆✭✑ ✰ ✶✮❦❇❞❚❀ ✭✸✳✸✮



✽✻
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❞✬♦✒✉ ❧✬♦♥ t✐r❡ ❞❚❂❚ ❂ ☛✭❞◆❂◆✮ ❛✈❡❝ ☛ ❂ ✭✑�✷✮❂✸✳ ❆♣r✒❡s ✐♥t✓❡❣r❛t✐♦♥ ❡♥tr❡ ❧✬✓❡t❛t ✐♥✐t✐❛❧ ✐ ❡t

❧✬✓❡t❛t ☞♥❛❧ ❢ ✱ ❡t ❡♥ s✉♣♣♦s❛♥t ✑ ❝♦♥st❛♥t ✭✓❡✈❛♣♦r❛t✐♦♥ ❢♦r❝✓❡❡✮ ✿

❚❢
❚✐

❂

✒
◆❢

◆✐

✓☛

✿ ✭✸✳✹✮

▲✬✓❡q✉❛t✐♦♥ ✸✳✹ ♥❡ ❞✓❡❝r✐t q✉❡ ❧✬❛s♣❡❝t t❤❡r♠♦❞②♥❛♠✐q✉❡ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t✱ ❝✬❡st✲✒❛✲❞✐r❡ q✉❡

❧✬♦♥ s✉♣♣♦s❡ q✉❡ ❧❡ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❡st ❝♦♥st❛♠♠❡♥t ✒❛ ❧✬✓❡t❛t ❞❡ ✭q✉❛s✐✲✮✓❡q✉✐❧✐❜r❡✳ ❆☞♥ ❞❡

❜✐❡♥ ♠❛❫✏tr✐s❡r ❧❡ ♣r♦❝❡ss✉s ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t✱ ✐❧ ❡st ❛✉ss✐ ✐♠♣♦rt❛♥t ❞❡ r❡♥❞r❡ ❡♥ ❝♦♠♣t❡

❧❡s ❛s♣❡❝ts ❝✐♥✓❡t✐q✉❡s q✉✐ ❡♥tr❡♥t ❡♥ ❥❡✉✳ ▲❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❡st ❜❛s✓❡ s✉r ❧❛ r❡✲

t❤❡r♠❛❧✐s❛t✐♦♥ ❞❡s ❛t♦♠❡s ❞❛♥s ❧❡ ♣✐✒❡❣❡✱ ✈✐❛ ❧❡s ❝♦❧❧✐s✐♦♥s ✓❡❧❛st✐q✉❡s✳ ❯♥ ❞❡s ♣❛r❛♠✒❡tr❡s

❢♦♥❞❛♠❡♥t❛✉① ❞✉ ♣r♦❝❡ss✉s ❡st ❞♦♥❝ ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ✓❡❧❛st✐q✉❡✳ P❧✉s ✐❧ ❡st ✓❡❧❡✈✓❡ ❡t ♣❧✉s

❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❡st r❛♣✐❞❡✳ ❉✬❛♣r✒❡s ❧✬✓❡q✉✐♣❛rt✐t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡✱ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥

❡♥ ♣♦s✐t✐♦♥ ✛① ❛✐♥s✐ q✉❡ ❧❛ ✈✐t❡ss❡ ♠♦②❡♥♥❡ ✈ s♦♥t ❡♥ ❚ ✶❂✷✳ ❖♥ ❡♥ ❞✓❡❞✉✐t ❧❡s ❧♦✐s ❞✬✓❡❝❤❡❧❧❡

s✉✐✈❛♥t❡s ♣♦✉r ❧❡ ♣❛r❛♠✒❡tr❡ ❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ ❡t ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ✿

♥✵✄
✸
❞❇ ✴ ◆✛�✸① ❚�

✸
✷ ✴ ◆✶�✸☛ ✭✸✳✺✮

♥✵✛✈ ✴ ◆✛�✸① ❚
✶
✷ ✴ ◆✶�☛✿ ✭✸✳✻✮

❘✓❡❣✐♠❡ ❞✬❡♠❜❛❧❧❡♠❡♥t

▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ♣❛r❛♠✒❡tr❡ ❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ ❧♦rsq✉❡ ◆ ❞✐♠✐♥✉❡ ✐♠♣♦s❡✱ ❞✬❛♣r✒❡s ✭✸✳✺✮✱

✑ ❃ ✸✳ ❙❡❧♦♥ ✭✸✳✻✮✱ ✐❧ ❡st ✓❡❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞✬❛✉❣♠❡♥t❡r ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ❡♥ ❝♦✉rs ❞✬✓❡✈❛✲

♣♦r❛t✐♦♥ s✐ ✑ ❃ ✺✳ ❈❡ r✓❡s✉❧t❛t r❡♠❛rq✉❛❜❧❡ ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❞❛♥s ✉♥ ♣✐✒❡❣❡ ❤❛r♠♦♥✐q✉❡✱

❧♦rsq✉❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞✐♠✐♥✉❡✱ ❧❛ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡s ❛t♦♠❡s ❛✉ ❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡ ❝♦♠♣❡♥s❡ ❧❛

♣❡rt❡ ❞✬❛t♦♠❡s✳

❈❡tt❡ ❝✐r❝♦♥st❛♥❝❡ ❡st ❡①tr❫❡♠❡♠❡♥t ❢❛✈♦r❛❜❧❡✱ ♣✉✐sq✉✬❡❧❧❡ s✐❣♥✐☞❡ q✉❡ s✐ ♦♥ ❢♦r❝❡ ❧✬✓❡✈❛♣♦r❛✲

t✐♦♥ ❡♥ ❛❜❛✐ss❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t ❧❛ ❤❛✉t❡✉r ❞✉ ♣♦t❡♥t✐❡❧ ❞❡ ❢❛✘❝♦♥ ✒❛ ❝♦♥s❡r✈❡r ✑ ❃ ✺✱ ❧❛

✈✐t❡ss❡ ❞❡ r❡t❤❡r♠❛❧✐s❛t✐♦♥ ❡t ❞♦♥❝ ❞✬✓❡✈❛♣♦r❛t✐♦♥ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧✬❛✈❛♥❝❡♠❡♥t ❞✉ ♣r♦❝❡ss✉s✳

❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ r✓❡❣✐♠❡ ❞✬❡♠❜❛❧❧❡♠❡♥t✳ ❖♥ ♥❡ ♣❡✉t ❝❡♣❡♥❞❛♥t ♣❛s ❝❤♦✐s✐r ✑ ❛r❜✐tr❛✐r❡♠❡♥t

❣r❛♥❞✱ ❝❛r ❧✬✓❡✈❛♣♦r❛t✐♦♥ ❡st ❛❧♦rs tr♦♣ ❧❡♥t❡✳ ■❧ ❢❛✉t ❡♥ ❡☛❡t t❡♥✐r ❝♦♠♣t❡ ❞❡ ❞✐✈❡rs ♣r♦❝❡ss✉s

❧✐♠✐t❛♥t ❧❡ t❡♠♣s ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❡☛❡❝t✉❡r ❧✬✓❡✈❛♣♦r❛t✐♦♥✱ ✒❛ ❝♦♠♠❡♥❝❡r ♣❛r ❧❡s ❝♦❧❧✐s✐♦♥s ❛✈❡❝

❧❡ ❣❛③ r✓❡s✐❞✉❡❧ ✒❛ ✸✵✵❑✱ q✉✐ ✓❡❥❡❝t❡♥t ❧❡s ❛t♦♠❡s ❢r♦✐❞s ❤♦rs ❞✉ ♣✐✒❡❣❡✳ P♦✉r q✉❡ ❝❡s ♣❡rt❡s ♥❡

♣❡rt✉r❜❡♥t ♣❛s ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t✱ ✐❧ ❢❛✉t q✉❡ ❧❡✉r t❛✉① s♦✐t tr✒❡s ♣❡t✐t ❞❡✈❛♥t ❝❡❧✉✐ ❞✬✓❡✈❛♣♦r❛✲

t✐♦♥✱ ❝❡ q✉✐ ❝♦♥❞✉✐t ✒❛ ❧❛ ❝♦♥❞✐t✐♦♥ s✉r ❧❛ ❞✉r✓❡❡ ❞❡ ✈✐❡ ✜ ❞✉ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ✿ ✜✌❝ ✕ ✸✵✵ ❬✷✻❪✳

❉✬❛✉tr❡s ♣r♦❝❡ss✉s ❞❡ ❝♦❧❧✐s✐♦♥s ♣❡✉✈❡♥t ❛✉ss✐ ✈❡♥✐r ❧✐♠✐t❡r ❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥✳ ❉❡s

❝♦❧❧✐s✐♦♥s ✐♥✓❡❧❛st✐q✉❡s ♣❡✉✈❡♥t ♠♦❞✐☞❡r ❧✬✓❡t❛t ❞❡ s♣✐♥ ❞❡s ❛t♦♠❡s✱ ❡t ❧❡s ❢❛✐r❡ ♣❛ss❡r ❞❛♥s ✉♥

✓❡t❛t ❛♥t✐✲♣✐✓❡❣❡❛♥t✳ ❉✬❛✉tr❡ ♣❛rt✱ s✐ ❝❡s ❝♦❧❧✐s✐♦♥s s♦♥t ❢♦rt❡♠❡♥t ❡①♦t❤❡r♠✐q✉❡s✱ ✉♥❡ ♣❛rt✐❡

❞❡ ❧✬✓❡♥❡r❣✐❡ ✐♥t❡r♥❡ ❡st ❝♦♥✈❡rt✐❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡✱ ❡t ❧❡s ❛t♦♠❡s s♦♥t ❡①♣✉❧s✓❡s ❞✉ ♣✐✒❡❣❡✳

■❧ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❝❡s ❝♦❧❧✐s✐♦♥s q✉✐ ♣❡✉✈❡♥t ❛☛❡❝t❡r ❧✬✓❡✈❛♣♦r❛t✐♦♥ ❀ ❧❡s ❝♦❧❧✐s✐♦♥s



✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✒❛ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✽✼

❞✬✓❡❝❤❛♥❣❡ ❞❡ s♣✐♥✱ ♦✉ ❧❡ s♣✐♥ t♦t❛❧ ❞❡s ♣❛rt✐❝✉❧❡s q✉✐ ❡♥tr❡♥t ❡♥ ❝♦❧❧✐s✐♦♥ ❡st ❝♦♥s❡r✈✓❡ s❛♥s

♣♦✉r ❛✉t❛♥t ❣❛r❛♥t✐r ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡s s♣✐♥s ❞❡ ❝❤❛q✉❡ ♣❛rt✐❝✉❧❡✳ ▲❡s ❞❡✉① ✓❡t❛ts q✉❡ ♥♦✉s

✉t✐❧✐s♦♥s✱ ✒❛ s❛✈♦✐r ❥ ❋ ❂ ✷❀♠❋ ❂ ✷✐ ❡t ❥ ❋ ❂ ✶❀♠❋ ❂ �✶✐ ♥❡ s♦♥t ♣❛s ❛☛❡❝t✓❡s ♣❛r ❝❡s

❝♦❧❧✐s✐♦♥s ✒❛ ❝❛✉s❡ ❞❡s r✒❡❣❧❡s ❞❡ s✓❡❧❡❝t✐♦♥ ❬✷✼✱ ✷✽❪✳ ▲❛ r❡❧❛①❛t✐♦♥ ❞✐♣♦❧❛✐r❡ ♣❡✉t✱ ❡❧❧❡✱ ❛☛❡❝t❡r

❧❡s ✓❡t❛ts ❝✐✲❞❡ss✉s✳ ❊❧❧❡ s❡ tr❛❞✉✐t ♣❛r ✉♥ tr❛♥s❢❡rt ❡♥tr❡ s♣✐♥ ❡t ♠♦♠❡♥t ❝✐♥✓❡t✐q✉❡ ♦r❜✐t❛❧

✐♥❞✉✐t ♣❛r ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉① s♣✐♥s ✓❡❧❡❝tr♦♥✐q✉❡s ❬✷✾✱ ✸✵❪✳ ✒❆ ❢♦rt ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡✱

❧❡ t❛✉① ❞❡ r❡❧❛①❛t✐♦♥ ❡st ✐♥❢✓❡r✐❡✉r ✒❛ ✶✵�✶✹ ❝♠✸✴s ❬✸✶❪✳ ❊♥☞♥✱ ✉♥ ❞❡r♥✐❡r ♣r♦❝❡ss✉s ♣❡✉t ❞❡✲

✈❡♥✐r tr✒❡s ❧✐♠✐t❛t✐❢ ❛✉① ❢♦rt❡s ❞❡♥s✐t✓❡s q✉✐ s♦♥t ❛tt❡✐♥t❡s ❛✉ ♠♦♠❡♥t ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✳ ▲❛

r❡❝♦♠❜✐♥❛✐s♦♥ ✒❛ tr♦✐s ❝♦r♣s✱ ♦✒✉ ✉♥ ❛t♦♠❡ ♣❡✉t ❡♠♣♦rt❡r ❧❡ s✉r♣❧✉s ❞✬✓❡♥❡r❣✐❡ ♥✓❡❝❡ss❛✐r❡ ✒❛ ❧❛

♣r♦❞✉❝t✐♦♥ ❞✬✉♥ ❞✐♠✒❡r❡✸✱ ♣❡✉t ❡♥ ❡☛❡t ❛✈♦✐r ❧✐❡✉ ❛✈❡❝ ✉♥ t❛✉① ❑✸ ✬ ✹ ✂ ✶✵�✷✾ ❝♠✻✴s✱ s♦✐t

✉♥❡ r❡❝♦♠❜✐♥❛✐s♦♥ ♣❛r s❡❝♦♥❞❡ ♣♦✉r ✉♥❡ ❞❡♥s✐t✓❡ ❞❡ ✶✵✶✺ ❛t✴❝♠✸ ❬✸✷✱ ✸✸❪✳

✸✳✶✳✸ ❈❤❡♠✐♥❡♠❡♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s

▲❛ ❢❛✐❜❧❡ ♣r♦❢♦♥❞❡✉r ❞✉ ♣♦t❡♥t✐❡❧ ♠❛❣♥✓❡t✐q✉❡ ❢❛✐t q✉❡ ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❡t ❧❡

r❡❢r♦✐❞✐ss❡♠❡♥t ❧❛s❡r s♦♥t ❞❡✉① t❡❝❤♥✐q✉❡s ❝♦♠♣❧✓❡♠❡♥t❛✐r❡s ♣❧✉t❫♦t q✉❡ ❝♦♥❝✉rr❡♥t❡s✳ ▲❛ s♦✲

❧✉t✐♦♥ ✉s✉❡❧❧❡♠❡♥t r❡t❡♥✉❡ ❡st ❞❡ ❝❤❛r❣❡r ✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡ ❡t ❞❡ r❡❢r♦✐❞✐r ♣❛r ❧❛s❡r

❧❡ ❣❛③ ❥✉sq✉✬✒❛ ❡♥✈✐r♦♥ ✶✵✵✖❑✱ ♣✉✐s ❞❡ tr❛♥s❢✓❡r❡r ✐♥ s✐t✉ ❬✸✹❪ ❧❡s ❛t♦♠❡s ❞❛♥s ✉♥ ♣✐✒❡❣❡ ♠❛✲

❣♥✓❡t✐q✉❡ ❛☞♥ ❞✬② ♣r♦❝✓❡❞❡r ✒❛ ✉♥ r❡❢r♦✐❞✐ss❡♠❡♥t ♣❛r ✓❡✈❛♣♦r❛t✐♦♥✳ ▲❡ ❝❤❡♠✐♥ ♣❛r❝♦✉r✉ ❞❛♥s

❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞❡♣✉✐s ❧❛ ✈❛♣❡✉r ✒❛ ✶✸✵✍❈ ❥✉sq✉✬❛✉ ❝♦♥❞❡♥s❛t ❡st r❡♣r✓❡s❡♥t✓❡ s✉r ❧❛ ☞❣✉r❡

✸✳✷✳

❋✐❣✳ ✸✳✷ ✿ ❈❤❡♠✐♥❡♠❡♥t ✒❛ tr❛✈❡rs ❧✬❡s✲
♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❞❡ ❧❛ ✈❛♣❡✉r t❤❡r♠✐q✉❡
❛✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ♣♦✉r ♥♦tr❡
♣r❡♠✐✒❡r❡ ❡①♣✓❡r✐❡♥❝❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ✭t✐r✓❡
❞❡ ❬✸✺❪✮✳ ❆✉ t♦t❛❧✱ ❧❛ ❞❡♥s✐t✓❡ ♥✬❛ ♣r❛t✐✲
q✉❡♠❡♥t ♣❛s ❝❤❛♥❣✓❡ ♠❛✐s ❧❛ t❡♠♣✓❡r❛t✉r❡
❡st ♣❛ss✓❡❡ ❞❡ ✶✸✵✍❈ ✒❛ ✺✵✵♥❑✳ ◆♦t❡r q✉❡
❧❡s ❧✐❣♥❡s ❞✬✓❡❣❛❧ ♣❛r❛♠✒❡tr❡ ❞❡ ❞✓❡❣✓❡♥✓❡r❡s✲
❝❡♥❝❡ s♦♥t ❞❡s ❞r♦✐t❡s ❞❡ ♣❡♥t❡ ✲✶✱ ♣❛r❛❧✲
❧✒❡❧❡s ✒❛ ❧❛ ❁ ❢r♦♥t✐✒❡r❡ ❃ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥
✭♥✄✸

❞❇ ❂ ✷❀ ✻✶✷✮

✸❈❡ ♣r♦❝❡ss✉s ❞❡ ♣r♦❞✉❝t✐♦♥ ❡st ✐♥t❡r❞✐t ❞❛♥s ✉♥❡ ❝♦❧❧✐s✐♦♥ ❡♥tr❡ ❞❡✉① ♣❛rt✐❝✉❧❡s ✒❛ ❝❛✉s❡ ❞❡s ❧♦✐s ❞❡
❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❡t ❞❡ ❧✬✐♠♣✉❧s✐♦♥✳



✽✽
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

✸✳✷ ❯♥ ♥♦✉✈❡❧ ✓❡❧❡❝tr♦❛✐♠❛♥t ♣♦✉r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡

❇♦s❡✲❊✐♥st❡✐♥

●r❫❛❝❡ ✒❛ ❞❡s ♣❡r♠✓❡❛❜✐❧✐t✓❡s ♠❛❣♥✓❡t✐q✉❡s t②♣✐q✉❡s ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵✸ ♦✉ ♣❧✉s✱ ❛❧❧❛♥t ❥✉sq✉✬✒❛ ✶✵✺

♣♦✉r ❧❡ ✖✲♠✓❡t❛❧✱ ❧❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ❝r✓❡❡r ❞❡s ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s

❇ ❢♦rts ✒❛ ♣❛rt✐r ❞✬❡①❝✐t❛t✐♦♥s ♠♦❞❡st❡s✳ ■❧ ❡st ❞♦♥❝ ♥❛t✉r❡❧ ❞❡ ♣❡♥s❡r q✉❡ ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ♣❡✉t

❣r❛♥❞❡♠❡♥t ❛✐❞❡r ✒❛ ❝r✓❡❡r ✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐✓❡❣❡❛❣❡ ❡✍❝❛❝❡✳

✸✳✷✳✶ P♦✉rq✉♦✐ ❞❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ✿ ❧❡ r❫♦❧❡ ❞✉ ❣✉✐✲

❞❛❣❡ ♠❛❣♥✓❡t✐q✉❡

❋✐❣✳ ✸✳✸ ✿ ❈♦♥☞♥❡♠❡♥t ❛①✐❛❧ ❝r✓❡✓❡ ♣❛r ❞❡✉① ❜♦❜✐♥❡s ❝❡♥tr✓❡❡s✳ ✒❆ ♥♦♠❜r❡ ❞✬❆♠♣✒❡r❡s✳t♦✉rs ❝♦♥st❛♥t✱
❧❡ ❝❤❛♠♣ ❛✉ ♣♦✐♥t P ❞✓❡♣❡♥❞ ❞❡ ❧❛ ❣✓❡♦♠✓❡tr✐❡ ❞❡s ❜♦❜✐♥❡s ❡t ❞❡ ❧✬❛♥❣❧❡ s♦✉s ❧❡q✉❡❧ ❡❧❧❡s s♦♥t ✈✉❡s✳
❊☛❡t ❞❡ ❣✉✐❞❛❣❡ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣✳ ▲✬❡①❝✐t❛t✐♦♥ ❡st ♣r♦❞✉✐t❡ ✒❛ ❞✐st❛♥❝❡ ♣❛r ✉♥❡ ❣r♦ss❡ ❜♦❜✐♥❡✱
❡t ❧❡ ❜❛rr❡❛✉ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡ ❣✉✐❞❡ ❧❡ ❝❤❛♠♣ ✒❛ ♣r♦①✐♠✐t✓❡ ❞✉ ❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡✱ s✉r ❞❡s ❞✐♠❡♥s✐♦♥s
s✉✍s❛♠♠❡♥t ♣❡t✐t❡s ♣♦✉r ❣✓❡♥✓❡r❡r ❞❡s ❝♦✉r❜✉r❡s ❡t ❞❡s ❣r❛❞✐❡♥ts ❢♦rts✳

P❛r❝❡ q✉❡ ❧❡ ❝❤❛♠♣ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ❤❛r♠♦♥✐q✉❡ ❝r♦❫✏t q✉❛❞r❛t✐q✉❡♠❡♥t ❛✈❡❝ ❧❛ ❞✐st❛♥❝❡ ❛✉

❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡✱ ❧❡ ❝♦✉r❛♥t ♥✓❡❝❡ss❛✐r❡ ✒❛ ❧❛ ❝r✓❡❛t✐♦♥ ❞✬✉♥ t❡❧ ❝❤❛♠♣ ❞❡✈✐❡♥t ✈✐t❡ tr✒❡s ❣r❛♥❞

❧♦rsq✉❡ ❧❡s ❞✐♠❡♥s✐♦♥s ❞✉ s②st✒❡♠❡ ❞❡✈✐❡♥♥❡♥t ✐♠♣♦rt❛♥t❡s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❥✉❞✐❝✐❡✉s❡ ❞❡ ♠❛t✓❡✲

r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ♣❡r♠❡t ❞❡ ❝♦♥t♦✉r♥❡r ❝❡tt❡ ❞✐✍❝✉❧t✓❡✳ ▲✬✐❞✓❡❡ ❣✓❡♥✓❡r❛❧❡ ❡st ❞❡ ❝r✓❡❡r ✉♥❡

❡①❝✐t❛t✐♦♥ ❢♦rt❡ ❞❛♥s ✉♥❡ ③♦♥❡ ✓❡❧♦✐❣♥✓❡❡ ❞✉ ♣✐✒❡❣❡✱ ♦✒✉ ❧✬❡s♣❛❝❡ ❡st ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❣✓❡♥✓❡r❡r ✉♥

❣r❛♥❞ ♥♦♠❜r❡ ❞✬❆♠♣✒❡r❡s✳t♦✉rs s❛♥s ✓❡❝❤❛✉☛❡♠❡♥t ♥♦t❛❜❧❡✱ ❡t ❞❡ ❣✉✐❞❡r ❧❡ ❝❤❛♠♣ ❛✐♥s✐ ❝r✓❡✓❡

❥✉sq✉✬❛✉ ❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡ ✭☞❣✉r❡ ✸✳✸✮✳ ▲❡ ♣♦✉✈♦✐r ❣✉✐❞❛♥t ❞❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s r✓❡✲

s✉❧t❡ ❞❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡ ❧❛ r✓❡❧✉❝t❛♥❝❡ ♣❛r ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣✳ ◆♦✉s ♥❡ ❞♦♥♥❡r♦♥s ✐❝✐ q✉✬✉♥

r✓❡s✉♠✓❡ ❞❡s ♣r♦♣r✐✓❡t✓❡s ❞❡ ❝❡s ♠❛t✓❡r✐❛✉①✱ ✉♥❡ ✓❡t✉❞❡ ♣❧✉s ❝♦♠♣❧✒❡t❡ s❡ tr♦✉✈❡ ❞❛♥s ❬✸✻✱ ✸✺❪✳

✸✳✷✳✷ ❈✉❧❛ss❡ ❡t r❡❝✐r❝✉❧❛t✐♦♥ ❞✉ ❝❤❛♠♣

■❧ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣r✓❡❝❛✉t✐♦♥s ✒❛ ♣r❡♥❞r❡ ♣♦✉r r✓❡❛❧✐s❡r ✉♥ ❝✐r❝✉✐t ♠❛❣♥✓❡t✐q✉❡

❡✍❝❛❝❡✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❝♦♥s✐st❡ ✒❛ s✬❛ss✉r❡r q✉❡ ❧❛ r✓❡❧✉❝t❛♥❝❡ ❞✉ ❝✐r❝✉✐t ❡st ❞♦♠✐♥✓❡❡ ♣❛r ❧❛

③♦♥❡ q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ ✒❛ ♠❛❣♥✓❡t✐s❡r ✭✐✳❡ ❧❛ ③♦♥❡ ❞❡ ♣✐✓❡❣❡❛❣❡✮✳ P❧✉s ♣r✓❡❝✐s✓❡♠❡♥t✱ s✐ ♦♥ s❡



✸✳✷ ❯♥ ♥♦✉✈❡❧ ✓❡❧❡❝tr♦❛✐♠❛♥t ♣♦✉r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✽✾

❝♦♥t❡♥t❡ ❞✬✉t✐❧✐s❡r ❞❡s ❜❛rr❡❛✉① ❞❡ ❢❡r ❞♦✉① ♣♦✉r ❣✉✐❞❡r ❧❡ ❝❤❛♠♣ ❞❡s ❜♦❜✐♥❡s✱ ❧❡ r✓❡s✉❧t❛t

♥✬❡st ❣✉✒❡r❡ ♠❡✐❧❧❡✉r q✉✬❛✈❡❝ ❞❡s ❜♦❜✐♥❡s s✐♠♣❧❡s✳ ❊♥ ❡☛❡t✱ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ q✉✐ ✓❡♠❡r❣❡♥t

❞✉ ❜♦✉t ❞✉ ❜❛rr❡❛✉ ✈♦✐❡♥t ✉♥❡ r✓❡❧✉❝t❛♥❝❡ ✒❛ ♣❡✐♥❡ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡s q✉✐ ✓❡♠❡r❣❡r❛✐❡♥t ❞✬✉♥❡

❜♦❜✐♥❡ s❡✉❧❡✳ ◗✉❛♥t✐t❛t✐✈❡♠❡♥t✱ ❧❡ ❧♦♥❣ ❞✬✉♥❡ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ �✱ ❧❡ t❤✓❡♦r✒❡♠❡ ❞✬❆♠♣✒❡r❡ s✬✓❡❝r✐t

❬✸✺❪ ✿

◆■ ❂

■
�

❍✿❞❵ ❂

■
�

❇ ❞❵

✖r✖✵
✿ ✭✸✳✼✮

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❜♦❜✐♥❡ s✐♠♣❧❡✱ ✖r ❂ ✶ ❧❡ ❧♦♥❣ ❞❡ �✱ ❛❧♦rs q✉✬❡♥ ♣r✓❡s❡♥❝❡ ❞✉ ❜❛rr❡❛✉✱ ✖r ✢ ✶

✒❛ ❧✬✐♥t✓❡r✐❡✉r ❞✉ ❢❡r ❞♦✉①✱ ❝❡ q✉✐ ❢❛✐t q✉❡ s❡✉❧❡ ❧❛ ♣❛rt✐❡ ❞❡ � ❡①t✓❡r✐❡✉r❡ ❛✉ ❜❛rr❡❛✉ ❝♦♥tr✐❜✉❡

❞❡ ❢❛✘❝♦♥ ♥♦t❛❜❧❡ ✒❛ ❧✬✐♥t✓❡❣r❛❧❡ ✭✸✳✼✮✳ ❈❡♣❡♥❞❛♥t✱ ❝❡❧❛ ❞✐♠✐♥✉❡ ❧❛ r✓❡❧✉❝t❛♥❝❡ ❞✬❛✉ ♠✐❡✉① ✉♥

❢❛❝t❡✉r ✷✳ ■❧ ❡♥ r✓❡s✉❧t❡ q✉❡ ❧❛ ♣r✓❡s❡♥❝❡ ❞✉ ❜❛rr❡❛✉ ❁ ❛♠♣❧✐☞❡ ❃ ❧❡ ❝❤❛♠♣ ✒❛ s♦♥ ❡①tr✓❡♠✐t✓❡

❜❡❛✉❝♦✉♣ ♠♦✐♥s q✉❡ ♥❡ ❧❡ ❧❛✐ss❡ ♣r✓❡✈♦✐r ❧❛ ♣❡r♠✓❡❛❜✐❧✐t✓❡ ✖r ✕ ✶✵✹ ♣♦✉r ❧❡ ❢❡r ❞♦✉①✳ ❖♥ ♣❡✉t

✓❡❣❛❧❡♠❡♥t ✐♥t❡r♣r✓❡t❡r ❝❡tt❡ ♣❡rt❡ ❞✬❡✍❝❛❝✐t✓❡ ❡♥ t❡r♠❡ ❞❡ ❝❤❛♠♣ ❞✓❡♠❛❣♥✓❡t✐s❛♥t ❬✸✻✱ ✸✺❪✳ P♦✉r

❞✐♠✐♥✉❡r✱ ✈♦✐r❡ ❛♥♥✉❧❡r ❧❛ r✓❡❧✉❝t❛♥❝❡ ❞❡ ❧❛ ♣❛rt✐❡ ❞✉ ❝✐r❝✉✐t ♠❛❣♥✓❡t✐q✉❡ s❡ s✐t✉❛♥t ❤♦rs ❞❡

❧❛ ③♦♥❡ ❞❡ ♣✐✓❡❣❡❛❣❡✱ ✐❧ s✉✍t ❞❡ ❝♦♥♥❡❝t❡r ❧❡s ♣❫♦❧❡s ❞❡ ♥❛t✉r❡s ♦♣♣♦s✓❡❡s ♣❛r ✉♥❡ ❝✉❧❛ss❡ ❡❧❧❡

❛✉ss✐ ❡♥ ♠❛t✓❡r✐❛✉ ♠❛❣♥✓❡t✐q✉❡✳ ❈❡❧❛ ♣❡r♠❡t ❧❡ r❡❜♦✉❝❧❛❣❡ ❞❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣✱ s❛♥s ♣❡rt❡

❞✬✓❡♥❡r❣✐❡✳

✸✳✷✳✸ ✓❊q✉✐✈❛❧❡♥❝❡ ♣❫♦❧❡ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡ ✲ ❜♦❜✐♥❡

❋✐❣✳ ✸✳✹ ✿ ▲❡ ❝✐r❝✉✐t ♠❛❣♥✓❡t✐q✉❡ ❞❡ ❧❛ ☞✲
❣✉r❡ ✭❛✮ ❝r✓❡❡ ✉♥ ❝❤❛♠♣ s❡♥s✐❜❧❡♠❡♥t ✓❡q✉✐✲
✈❛❧❡♥t ❛✉ ❥❡✉ ❞❡ ❞❡✉① ❜♦❜✐♥❡s ❞❡ ❧❛ ☞✲
❣✉r❡ ✭❜✮✱ ♣♦✉r ❧❡ ♠❫❡♠❡ ♥♦♠❜r❡ ❞✬❆♠✲
♣✒❡r❡s✳t♦✉rs✳

Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ❝r✓❡✓❡ ♣❛r ❧❡ ❝✐r❝✉✐t ♠❛❣♥✓❡t✐q✉❡ ❞❡ ❧❛ ☞❣✉r❡ ✸✳✹❛

r❡♣r✓❡s❡♥t❛♥t ❞❡✉① ♣❫♦❧❡s ❝♦♥♥❡❝t✓❡s ♣❛r ✉♥❡ ❝✉❧❛ss❡ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡✳ ▲❡s ❞❡✉① ❡①tr✓❡♠✐t✓❡s ❞❡s

♣❫♦❧❡s s♦♥t s✓❡♣❛r✓❡❡s ♣❛r ✉♥ ❡s♣❛❝❡ ❡ ❞❡ q✉❡❧q✉❡ ❝❡♥t✐♠✒❡tr❡✳ ▲❛ str✉❝t✉r❡ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡

✭♣❫♦❧❡s ✰ ❝✉❧❛ss❡✮ ❛ ✉♥❡ ❧♦♥❣✉❡✉r t♦t❛❧❡ ❧ ❡t ✉♥❡ s❡❝t✐♦♥ ❙✳ ▲❛ str✉❝t✉r❡ ❡♥t✐✒❡r❡ ❡st ❡①❝✐t✓❡❡

♣❛r ✉♥ ❡♥r♦✉❧❡♠❡♥t ❞❡ ◆ s♣✐r❡s ♣❛r❝♦✉r✉❡s ♣❛r ✉♥ ❝♦✉r❛♥t ■✱ ♠❡♥❛♥t ✒❛ ✉♥❡ ❡①❝✐t❛t✐♦♥ ◆■✳

▲❡ t❤✓❡♦r✒❡♠❡ ❞✬❆♠♣✒❡r❡ ❬✸✼❪✱ ♥♦✉s ♣❡r♠❡t ❞✬✐♥tr♦❞✉✐r❡ ❧❛ r✓❡❧✉❝t❛♥❝❡ ❘❢❡rr♦ ✿

❘❢❡rr♦ ❂

■
�✐

❞❧

✖r✖✵
✬ ❧

✖r✖✵
✭✸✳✽✮



✾✵
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

✒❛ ❧✬✐♥t✓❡r✐❡✉r ❞✉ ♥♦②❛✉ ❞❡ ❢❡r ❡t ❘❣❛♣ ✿

❘❣❛♣ ❂

■
�❣

❞❧

✖✵
✬ ❡

✖✵
✭✸✳✾✮

❞❛♥s ❧✬❡♥tr❡❢❡r✳ ❖♥ ♦❜t✐❡♥t ❡♥s✉✐t❡ ✉♥❡ r❡❧❛t✐♦♥ s✐♠♣❧❡ ❡♥tr❡ ❧✬❡①❝✐t❛t✐♦♥ ◆■ ❡t ❧❡ ✌✉① ♠❛✲

❣♥✓❡t✐q✉❡ ❇

❇❙ ❂
◆■

❘❢❡rr♦ ✰❘❣❛♣
✿ ✭✸✳✶✵✮

❉❛♥s ❧❡ ❝❛s ❞❡ ♥♦tr❡ ✓❡❧❡❝tr♦❛✐♠❛♥t✱ ❧✬❡s♣❛❝❡ ❡ ❡t ❧❛ t❛✐❧❧❡ ❧ ❞❡ ❧❛ str✉❝t✉r❡ s♦♥t ❝♦♠♣❛r❛❜❧❡s✳

P✉✐sq✉❡ ✖r ❡st tr✒❡s ✐♠♣♦rt❛♥t ✭✖r ❃ ✶✵✹✮ ♣♦✉r ❧❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s✱ s❡✉❧❡ ❧❛

❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡♥tr❡❢❡r ❡st ✐♠♣♦rt❛♥t❡✳ ❖♥ ♣❡✉t ❛✉ss✐ r✓❡❛❧✐s❡r ❞❡s ❝♦♥☞❣✉r❛t✐♦♥s ♦✒✉ ❧✬❡♥✲

tr❡❢❡r ❡st tr✒❡s ♣❡t✐t ✭❘✐r♦♥ ✕ ❘❣❛♣✮✱ ♦♥ ♣❡✉t ❛❧♦rs ♦❜s❡r✈❡r q✉❡ ❧❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s

❛♠♣❧✐☞❡♥t ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❬✸✽❪✳ ❉❡s ❝❛❧❝✉❧s ❝♦♠♣❧❡ts ❬✸✻❪ ♠♦♥tr❡♥t ❛❧♦rs

q✉❡ ❧❡ ❝❤❛♠♣ ❝r✓❡✓❡ ❞❛♥s ❧✬❡♥tr❡❢❡r ❡st ❝♦♠♣❛r❛❜❧❡ ✒❛ ❝❡❧✉✐ ❝r✓❡✓❡ ❛✈❡❝ ❞❡✉① ❡♥r♦✉❧❡♠❡♥ts ❞✬❡①✲

❝✐t❛t✐♦♥ ◆■❂✷ ♣❧❛❝✓❡s ❡♥ ❧✐❡✉ ❡t ♣❧❛❝❡ ❞❡s ❡①tr✓❡♠✐t✓❡s ❞❡s ♣❫♦❧❡s ✭☞❣✉r❡ ✸✳✹✮✳ ❆✐♥s✐✱ ♦♥ ❛ ❣✉✐❞✓❡

❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r ❞❡ ❣r❛♥❞s ❡♥r♦✉❧❡♠❡♥ts ❛r❜✐tr❛✐r❡♠❡♥t ❧♦✐♥ ❞✉ ✈♦❧✉♠❡ ❞❡

♣✐✓❡❣❡❛❣❡✳ ▲❡ ❣❛✐♥ ❞❡ ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥ ♥✬❡st ❞♦♥❝ ♣❛s ❞✐r❡❝t❡♠❡♥t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡s

❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ♣♦✉r ✉♥❡ ♠❫❡♠❡ ❡①❝✐t❛t✐♦♥✳ P♦✉r ❝♦♠♣r❡♥❞r❡ ❧✬✐♥t✓❡r❫❡t ❞❡ ❝❡tt❡ ♠✓❡t❤♦❞❡✱

✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ❝♦♥st❛t❡r q✉❡ ♣♦✉r ✉♥❡ ❡①❝✐t❛t✐♦♥ ◆■ ❞♦♥♥✓❡❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞✐ss✐♣✓❡❡ ❡st

✐♥✈❡rs❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉ ✈♦❧✉♠❡ ❞❡ ❝✉✐✈r❡✱ ❡t ❞♦♥❝ ✒❛ ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❜♦❜✐♥❡s ✭❞❛♥s

✉♥ s♦❧✓❡♥♦⑧✏❞❡✱ P ❂ ✭◆■✮✷❂✌▲ ♦✒✉ ▲ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✉ s♦❧✓❡♥♦⑧✏❞❡✮✳ ❖♥ ❛ ❞♦♥❝ t♦✉t ✐♥t✓❡r❫❡t ✒❛

s✬✓❡❧♦✐❣♥❡r ♣♦✉r ✉t✐❧✐s❡r ❞❡s ❣r♦ss❡s ❜♦❜✐♥❡s✱ ♣✉✐s ✒❛ ❣✉✐❞❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❛✉ ♣❧✉s ♣r✒❡s

❞❡ ❧❛ ③♦♥❡ ❞❡ ♣✐✓❡❣❡❛❣❡✹✳

▲❡ ❝✐r❝✉✐t ♠❛❣♥✓❡t✐q✉❡ ❞❡ ❧❛ ☞❣✉r❡ ✸✳✹❛✱ ❝❛r❛❝t✓❡r✐s✓❡ ♣❛r ❞❡s ♣❫♦❧❡s ❞❡ r❛②♦♥ r✱ ✉♥ ❡♥tr❡❢❡r

✷❡✱ ❡t ✉♥❡ ❡①❝✐t❛t✐♦♥ ◆■ ✭❆♠♣✒❡r❡s✳t♦✉rs✮✱ ❡st ❛✐♥s✐ ✓❡q✉✐✈❛❧❡♥t ✒❛ ❞❡✉① ❞✐sq✉❡s ❉✶ ❡t ❉✷ ❞❡

❞❡♥s✐t✓❡ s✉r❢❛❝✐q✉❡ ♠❛❣♥✓❡t✐q✉❡ ✛ ❂ ✝▼ ✱ ♦✒✉ ▼ ❡st ❧✬❛✐♠❛♥t❛t✐♦♥ ❞✉ ♠❛t✓❡r✐❛✉✳ ❉❛♥s ❧❛ ❧✐♠✐t❡

❞✬✉♥❡ ♣❡r♠✓❡❛❜✐❧✐t✓❡ ♠❛❣♥✓❡t✐q✉❡ tr✒❡s ❣r❛♥❞❡✱ ❧❛ ✈❛❧❡✉r ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡st ❞♦♠✐♥✓❡❡ ♣❛r ❧❛

r✓❡❧✉❝t❛♥❝❡ ❞❡ ❧✬❡♥tr❡❢❡r✳ ❊♥ ❢❛✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❡ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ♦♥t ✉♥❡ ❧♦♥❣✉❡✉r

✷❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣❫♦❧❡s✺✱ ❝❡tt❡ ❞❡r♥✐✒❡r❡ ✈❛✉t ❘ ❂ ✷❡
✖✵❙

✱ ♦✒✉ ❙ ❡st ❧❛ s❡❝t✐♦♥ ❞✉ ❜❛rr❡❛✉✳ ▲❡

❝❤❛♠♣ ❝r✓❡✓❡ ♣❛r ❧❡s ❞❡✉① ❞✐sq✉❡s s✉r ❧✬❛①❡ ❛✉ ♣♦✐♥t P ✈❛✉t ❛✐♥s✐ ✿
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❊♥ ❝♦♠♣❛r❛✐s♦♥✱ ❞❡✉① ❜♦❜✐♥❡s ❞❡ r❛②♦♥ r r❡♣r✓❡s❡♥t❛♥t ❧❡ ♠❫❡♠❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬❆♠♣✒❡r❡s✳t♦✉rs

◆■✱ ❡t s✓❡♣❛r✓❡❡s ❞✬✉♥❡ ❞✐st❛♥❝❡ ✷❡ ✭☞❣✉r❡ ✸✳✹❜✮✱ ❝r✓❡❡♥t s✉r ❧✬❛①❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡

✹❯♥❡ ❛✉tr❡ t②♣❡ ❞❡ ♣✐✒❡❣❡ ❬✸✾❪ ✉t✐❧✐s❡ ✉♥ ❛✉tr❡ ❝♦♠♣r♦♠✐s ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥ ✒❛ tr♦✐s ❜♦❜✐♥❡s
❞♦♥t ✉♥❡ ♣❡t✐t❡ ❜♦❜✐♥❡ ♣❧❛❝✓❡❡ ♣r✒❡s ❞❡ ❧❛ ③♦♥❡ ❞❡ ♣✐✓❡❣❡❛❣❡✳ ❈❡ ❝♦♠♣r♦♠✐s ❡st ♥✓❡❛♥♠♦✐♥s ♠♦✐♥s ♣❡r❢♦r♠❛♥t
❡♥ t❡r♠❡ ❞❡ ❝♦♥☞♥❡♠❡♥t ❡t ❞❡ ♣✉✐ss❛♥❝❡ ❞✐ss✐♣✓❡❡✳

✺❊♥ r✓❡❛❧✐t✓❡✱ ❧❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❢♦r♠❡♥t ✉♥❡ ❁ ❜♦✉t❡✐❧❧❡ ♠❛❣♥✓❡t✐q✉❡ ❃ ✱ ❡t ♦♥t ✉♥❡ ❧♦♥❣✉❡✉r ❧✓❡❣✒❡r❡♠❡♥t
s✉♣✓❡r✐❡✉r❡ ✒❛ ✷❡✳



✸✳✷ ❯♥ ♥♦✉✈❡❧ ✓❡❧❡❝tr♦❛✐♠❛♥t ♣♦✉r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✾✶
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✭s✐♥✸ ✒✶ ✰ s✐♥✸ ✒✷✮✳ ❈❡tt❡ ✈❛❧❡✉r ❡st tr✒❡s ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❝❛❧❝✉❧✓❡❡ ♣♦✉r ❧❡s ♣❫♦❧❡s

✭✸✳✶✶✮✱ ❝❡ q✉✐ ❥✉st✐☞❡ ❧✬✐❞✓❡❡ ❞❡ ❣✉✐❞❡r ♣❛r ❞❡s ♠❛t✓❡r✐❛✉① ♠❛❣♥✓❡t✐q✉❡s ✉♥❡ ❡①❝✐t❛t✐♦♥ ❢♦rt❡

✈❡rs ✉♥ ♣❡t✐t ✈♦❧✉♠❡✳ ❈❡ ❣✉✐❞❛❣❡ ♥✬❡st ❜✐❡♥ s❫✉r ✈❛❧✐❞❡ q✉❡ s✐ ✉♥❡ ❝✉❧❛ss❡ ❧✐❡ ✉♥ ♣❫♦❧❡ ♥♦r❞

✒❛ ✉♥ ♣❫♦❧❡ s✉❞✳ ■❧ ❡①✐st❡ ✉♥❡ ❧✐♠✐t❛t✐♦♥ ❛✉ ❣✉✐❞❛❣❡ ♠❛❣♥✓❡t✐q✉❡✱ ❝❛r ❧❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛✲

❣♥✓❡t✐q✉❡s ♣♦ss✒❡❞❡♥t t♦✉s ✉♥ ❝❤❛♠♣ ❞❡ s❛t✉r❛t✐♦♥✱ ❛✉✲❞❡❧✒❛ ❞✉q✉❡❧ ❧❡ ❝❤❛♠♣ ♥✬❡st ♣❧✉s ❣✉✐❞✓❡✳

◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬✉t✐❧✐s❡r ❞✉ ❢❡r ♣✉r ♦✉ ❞✉ ❢❡r✲s✐❧✐❝✐✉♠✱ ❝❛r ❝❡s ♠❛t✓❡r✐❛✉① ♦♥t ✉♥ ❢♦rt s❡✉✐❧

❞❡ s❛t✉r❛t✐♦♥✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✷❚✳

✸✳✷✳✹ ❈♦♥❝❡♣t✐♦♥ ❞✬✉♥ ♣✐✒❡❣❡ ❢❡rr♦✲♠❛❣♥✓❡t✐q✉❡

❋✐❣✳ ✸✳✺ ✿ P♦t❡♥t✐❡❧ ♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥ ❣r❛❞✐❡♥t ❧✐♥✓❡❛✐r❡ ❡t ❞✬✉♥ ❝❤❛♠♣
❞✐♣♦❧❛✐r❡✳ ❊♥ ✭❛✮✱ s❡❧♦♥ ✉♥ ❛①❡ r❛❞✐❛❧ ❞✉ ♣❧❛♥ ③ ❂ ✵✱ ❡t ❡♥ ✭❜✮✱ s❡❧♦♥ ❧✬❛①❡ ❞✉ ❞✐♣❫♦❧❡✳

▲❛ ❝♦♥☞❣✉r❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐❡✱ ❞✐t❡ ❞❡ ■♦☛❡✲Pr✐t❝❤❛r❞✱ ❞✓❡r✐✈❡ ❞✬✉♥ t②♣❡ ❞❡ ♣✐✒❡❣❡

♣r♦♣♦s✓❡ ✐♥✐t✐❛❧❡♠❡♥t ♣♦✉r ❝♦♥☞♥❡r ❞❡s ♣❧❛s♠❛s ❬✹✵❪✱ ♣✉✐s r✓❡❡♠♣❧♦②✓❡ ♣♦✉r ❧❡ ♣✐✓❡❣❡❛❣❡ ❞❡s

♣❛rt✐❝✉❧❡s ♥❡✉tr❡s ❬✹✶❪✳ ▲✬✐❞✓❡❡ ❞❡ ❜❛s❡ ❡st ❞❡ s✉♣❡r♣♦s❡r ✉♥ ❝❤❛♠♣ q✉❛❞r✐♣♦❧❛✐r❡ ❧✐♥✓❡❛✐r❡✱

❛ss✉r❛♥t ❧❡ ❝♦♥☞♥❡♠❡♥t r❛❞✐❛❧ ✭s✉✐✈❛♥t ① ❡t ②✮✱ ✒❛ ✉♥ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ r❡s♣♦♥s❛❜❧❡ ❞✉ ❝♦♥☞✲

♥❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ✭s✉✐✈❛♥t ③✮ ✿

❇ ❂ ❇q✉❛❞ ✰❇❞✐♣ ❂

✷
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✸
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✷
✻✻✹

�❜✵✵①③❂✷

�❜✵✵②③❂✷
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❜✵✵

✷

✏
③✷ � ①✷✰②✷

✷

✑
✸
✼✼✺ ✿ ✭✸✳✶✷✮

▲❡ ❝❤❛♠♣ q✉❛❞r✐♣♦❧❛✐r❡ ❡st ❝❛r❛❝t✓❡r✐s✓❡ ♣❛r s♦♥ ❣r❛❞✐❡♥t ❜✵ ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❖① ❡t ❖②✱ ❡t

❧❡ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ♣❛r s❛ ❝♦✉r❜✉r❡ ❜✵✵ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❖③ ❡t s♦♥ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❇✵✳ ▲❡

♠♦❞✉❧❡ ❞✉ ❝❤❛♠♣ q✉✐ r✓❡s✉❧t❡ ❞❡ ❝❡tt❡ s✉♣❡r♣♦s✐t✐♦♥ ❡st ❁ s❡♠✐✲❧✐♥✓❡❛✐r❡ ❃ ❞❛♥s ❧❡ ♣❧❛♥ ③ ❂ ✵✱

❡t ❤❛r♠♦♥✐q✉❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ③ ✭☞❣✉r❡ ✸✳✺✮✳ ❆✉t♦✉r ❞❡ ❧✬♦r✐❣✐♥❡✱ ✐❧ ✈❛✉t✱ ✒❛ ❧✬♦r❞r❡ ✷ ✿

❥❇❥ ❂ ❇✵ ✰

✒
❜✵✷

✷❇✵
� ❜✵✵

✹

✓�
①✷ ✰ ②✷

✁
✰

❜✵✵

✷
③✷✿ ✭✸✳✶✸✮

❈❡tt❡ ❡①♣r❡ss✐♦♥ ❡st ✈❛❧❛❜❧❡ t❛♥t q✉❡ ❧❛ t❛✐❧❧❡ ❞✉ ♥✉❛❣❡ r❡st❡ ✐♥❢✓❡r✐❡✉r❡ ✒❛ ❇✵❂❜✵✳ ❆✉✲❞❡❧✒❛ ❞❡

❝❡tt❡ t❛✐❧❧❡✱ ❧❡s ❛t♦♠❡s ❧❡s ♣❧✉s ✓❡♥❡r❣✓❡t✐q✉❡s ❝♦♠♠❡♥❝❡♥t ✒❛ ❡①♣❧♦r❡r ❧❛ ♣❛rt✐❡ ❧✐♥✓❡❛✐r❡ ❞✉



✾✷
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

♣♦t❡♥t✐❡❧ ✭☞❣✉r❡ ✸✳✺❛✮✳

❇✐❡♥ q✉✬✒❛ ❧✬♦r✐❣✐♥❡✱ ❝❡ t②♣❡ ❞❡ ♣✐✒❡❣❡ s♦✐t ❝♦♥st✐t✉✓❡ ❞❡ ✹ ❜❛rr❡s ♣♦✉r ❧❡ ❣r❛❞✐❡♥t ❧✐♥✓❡❛✐r❡✱ ❡t

❞❡ ✷ ❜♦❜✐♥❡s ♣♦✉r ❧❛ ❝♦✉r❜✉r❡ ❧♦♥❣✐t✉❞✐♥❛❧❡✱ ✐❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ❝♦♥☞❣✉r❛t✐♦♥s t♦♣♦❧♦✲

❣✐q✉❡♠❡♥t ✓❡q✉✐✈❛❧❡♥t❡s ❬✹✷✱ ✹✸✱ ✹✹❪✳ ◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬✉t✐❧✐s❡r ✻ ♣❫♦❧❡s ❞✐s♣♦s✓❡s ♣❛r ♣❛✐r❡s

s✉r ❝❤❛❝✉♥ ❞❡s tr♦✐s ❛①❡s ✭☞❣✉r❡ ✸✳✻✮✱ s❡❧♦♥ ✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥ ♣r✓❡❝✓❡❞❡♠♠❡♥t r✓❡❛❧✐s✓❡❡ ❛✈❡❝

❞❡s ❛✐♠❛♥ts ♣❡r♠❛♥❡♥ts ❬✹✺❪✳ ▲❡ q✉❛❞r✉♣❫♦❧❡ ❧✐♥✓❡❛✐r❡ ❡st ❝r✓❡✓❡ ♣❛r ❞❡✉① ♣❛✐r❡s ❞❡ ♣❫♦❧❡s ❡♥

❝♦♥☞❣✉r❛t✐♦♥ ❛♥t✐✲❍❡❧♠❤♦❧t③✱ ✐❧ r✓❡s✉❧t❡ ❛✐♥s✐ ♣r❛t✐q✉❡♠❡♥t ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ❞❡✉① q✉❛✲

❞r✉♣❫♦❧❡ s♣❤✓❡r✐q✉❡s ♦rt❤♦❣♦♥❛✉①✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❤❛♠♣ ❝r✓❡✓❡ ♣❛r ❞❡s ❜❛rr❡s r❡❝t✐❧✐❣♥❡s✱ ❧❡

q✉❛❞r✉♣❫♦❧❡ ♥✬❡st ❧✐♥✓❡❛✐r❡ q✉✬❛✉ ✈♦✐s✐♥❛❣❡ ❞✉ ❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡✻✳ ▲❡ ❝♦♥tr❫♦❧❡ s✓❡♣❛r✓❡ ❞❡ ❧✬❡①❝✐✲

❋✐❣✳ ✸✳✻ ✿ ●✓❡♦♠✓❡tr✐❡ ❞❡s ♣❫♦❧❡s r✓❡❛❧✐s❛♥t ✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥ ♠❛❣♥✓❡t✐q✉❡ ❞❡ t②♣❡ ■♦☛❡✲Pr✐t❝❤❛r❞✳ ▲❡s
❜♦❜✐♥❡s ❡t ❧❛ ❝✉❧❛ss❡ ♥❡ s♦♥t ♣❛s r❡♣r✓❡s❡♥t✓❡❡s✳ ❊♥ ✐♥s❡rt ✭✒❛ ❣❛✉❝❤❡✮✱ ❧❛ ❞✐str✐❜✉t✐♦♥ s✉r❢❛❝✐q✉❡ ❞❡
♠❛ss❡ ♠❛❣♥✓❡t✐q✉❡ ♠♦❞✒❡❧❡ ♣♦✉r ❧❡s ♣❫♦❧❡s ❞✉ q✉❛❞r✉♣❫♦❧❡ ❡st r❡♣r✓❡s❡♥t✓❡❡✳

t❛t✐♦♥ ❞✉ q✉❛❞r✉♣❫♦❧❡ ❡t ❞✉ ❞✐♣❫♦❧❡ ♣❡r♠❡t ❞❡ ♠♦❞✐☞❡r ❧❛ ❣✓❡♦♠✓❡tr✐❡ ❞✉ ♣✐✒❡❣❡✳ ❈♦♥❝r✒❡t❡♠❡♥t✱

❧✬✓❡❧❡❝tr♦❛✐♠❛♥t✱ r❡♣r✓❡s❡♥t✓❡ ☞❣✉r❡ ✸✳✼✱ ❡st ❝♦♥st✐t✉✓❡ ❞❡ s✐① ♣❫♦❧❡s ❞❡ ✷ ❝♠ ❞❡ ❞✐❛♠✒❡tr❡✱ ❝❤❛❝✉♥

❡①❝✐t✓❡ ♣❛r ✉♥❡ ❜♦❜✐♥❡✳ ■❧s s♦♥t ♠❛✐♥t❡♥✉s ♣❛r ✉♥❡ ❝✉❧❛ss❡ ❢♦r♠✓❡❡ ❞❡ ❞❡✉① t♦r❡s ❞❡ ✹✵ ❝♠

❞❡ ❞✐❛♠✒❡tr❡ ❡♥✈✐r♦♥✱ ❡t s❡ ❝r♦✐s❛♥t ✒❛ ✾✵✍ s✉r ❧✬❛①❡ ❞✉ ❞✐♣❫♦❧❡✳ ❆☞♥ ❞✬✓❡✈✐t❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡

❝♦✉r❛♥ts ❞❡ ❋♦✉❝❛✉❧t ❧♦rs ❞❡ ❧✬✓❡t❛❜❧✐ss❡♠❡♥t ❡t ❞❡ ❧❛ ❝♦✉♣✉r❡ ❞✉ ❝❤❛♠♣✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡

❞✬✉t✐❧✐s❡r ❞❡s ♠❛t✓❡r✐❛✉① ❢❡✉✐❧❧❡t✓❡s✳ ❆✐♥s✐✱ ❧❡s ♣❫♦❧❡s s♦♥t r✓❡❛❧✐s✓❡s ✒❛ ♣❛rt✐r ❞✬✉♥ ❛ss❡♠❜❧❛❣❡ ❞❡

♣❧❛q✉❡s ❞❡ ❢❡r ♣✉r ❞❡ ✶♠♠ ❞✬✓❡♣❛✐ss❡✉r✱ ❡♠♣✐❧✓❡❡s ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉① ❛①❡s ♣r♦♣r❡s ❞❡s

♣♦❧❡s✱ ❛❧♦rs q✉❡ ❧❛ ❝✉❧❛ss❡ ❡st ❢❛✐t❡ ❞✬✉♥ ❡♥r♦✉❧❡♠❡♥t ❞✬✉♥❡ ❜❛♥❞❡ ❞❡ ❢❡r✲s✐❧✐❝✐✉♠ ❞❡ ✺✵✖♠

❞✬✓❡♣❛✐ss❡✉r✳ ▲❡s ♣❫♦❧❡s ❞✉ q✉❛❞r✉♣❫♦❧❡ s♦♥t ❜✐s❡❛✉t✓❡s ❛☞♥ ❞✬♦❝❝✉♣❡r ❛✉ ♠✐❡✉① ❧✬❡s♣❛❝❡ ❞✐s✲

♣♦♥✐❜❧❡ s❛♥s r✓❡❞✉✐r❡ ♣♦✉r ❛✉t❛♥t ❧✬❛❝❝✒❡s ♦♣t✐q✉❡ ✭☞❣✉r❡ ✸✳✻✮✳ ▲❡s ♣♦✐♥t❡s ❡♥ ✈✐s✲✒❛✲✈✐s s♦♥t

❞✐st❛♥t❡s ❞❡ ✷ ❝♠✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❧❛✐ss❡r ❧❛ ♣❧❛❝❡ ✒❛ ✉♥❡ ❝❡❧❧✉❧❡ ❞❡ ✶❀✷ ❝♠ ❞✬✓❡♣❛✐ss❡✉r✳ ▲❡s

♣❫♦❧❡s ❞✉ ❞✐♣❫♦❧❡ s♦♥t q✉❛♥t ✒❛ ❡✉① s✓❡♣❛r✓❡s ♣❛r ✸ ❝♠✱ ♣♦✉r ✉♥❡ ❧❛r❣❡✉r ❞❡ ❝❡❧❧✉❧❡ ❞❡ ✷✱✷ ❝♠✳ ■❧s

s♦♥t ❧✓❡❣✒❡r❡♠❡♥t tr♦♥❝♦♥✐q✉❡s ✒❛ ❧❡✉r ❡①tr✓❡♠✐t✓❡ ♣♦✉r ♠✓❡♥❛❣❡r ✉♥ ♣❛ss❛❣❡ ♣❧✉s ✐♠♣♦rt❛♥t ❛✉①

❢❛✐s❝❡❛✉① ❞✉ P▼❖✱ ❡t s♦♥t ♣❡r❝✓❡s ❡♥ ❧❡✉r ❝❡♥tr❡ ❞✬✉♥ tr♦✉ ❞❡ ✺♠♠ ❞❡ ❞✐❛♠✒❡tr❡ ♣♦✉r ❧❛✐ss❡r

✻▲❛ ❢♦r♠❡ ❜✐s❡❛✉t✓❡❡ ❞❡s ♣❫♦❧❡s q✉❡ ♥♦✉s ❛✈♦♥s ☞♥❛❧❡♠❡♥t ❛❞♦♣t✓❡❡ ♥❡ ✈✓❡r✐☞❡ ♣❧✉s t♦✉t ✒❛ ❢❛✐t ❝❡tt❡ ❛✍r✲
♠❛t✐♦♥✱ ❧❛ s②♠✓❡tr✐❡ s♣❤✓❡r✐q✉❡ ✓❡t❛♥t ❛❧♦rs ❜r✐s✓❡❡ ❡t ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ s❡ r❛♣♣r♦❝❤❡ ♣❧✉s ❞❡ ❧❛ ❝♦♥☞❣✉r❛t✐♦♥
♦r✐❣✐♥❛❧❡ ❞❡ ■♦☛❡✳ ◆✓❡❛♥♠♦✐♥s✱ ❧❡ ❝❤❛♠♣ ♥✬❡st s✐♠✐❧❛✐r❡ ❛✉ ❝❤❛♠♣ ❝r✓❡✓❡ ♣❛r ❞❡s ❜❛rr❡s r❡❝t✐❧✐❣♥❡s q✉❡ tr✒❡s
♣r♦❝❤❡ ❞✉ ❝❡♥tr❡✱ ♦✒✉ ❧❡s ❡☛❡ts ❞❡ ❜♦r❞s s♦♥t ♥✓❡❣❧✐❣❡❛❜❧❡s✳ ❈❡tt❡ ♣r♦♣r✐✓❡t✓❡ ❡st ❞✬❛✐❧❧❡✉rs ❡①♣❧♦✐t✓❡❡ ♣♦✉r ♥♦s
❡①♣✓❡r✐❡♥❝❡s s✉r ❧❡s ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣✓❡s✳



✸✳✷ ❯♥ ♥♦✉✈❡❧ ✓❡❧❡❝tr♦❛✐♠❛♥t ♣♦✉r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✾✸

♣❛ss❡r ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r✳ ▲❡s ❜♦❜✐♥❡s ❞✬❡①❝✐t❛t✐♦♥ ❝♦♥s✐st❡♥t ❡♥ ◆ ❂ ✹✵✵ t♦✉rs ❞❡ ☞❧ ❞❡

❋✐❣✳ ✸✳✼ ✿ ❱✉❡ ❞❡ ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ ❞❡s ✓❡❧❡❝✲
tr♦❛✐♠❛♥ts ❞❡ ❞❡✉①✐✒❡♠❡ ❡t tr♦✐s✐✒❡♠❡ ❣✓❡♥✓❡✲
r❛t✐♦♥s✳ ❙❡✉❧❡s ❧❡s ❜♦❜✐♥❡s ♣r✐♥❝✐♣❛❧❡s s♦♥t
r❡♣r✓❡s❡♥t✓❡❡s✳ ▲❡s ❛♥♥❡❛✉① ❞❡ ❧❛ ❝✉❧❛ss❡
❢♦♥t ❡♥✈✐r♦♥ ✹✵ ❝♠ ❞❡ ❞✐❛♠✒❡tr❡✳

❝✉✐✈r❡ ❞❡ ✶❀✷✺♠♠ ❞❡ ❞✐❛♠✒❡tr❡✳ ❊❧❧❡s ♦♥t ✉♥❡ r✓❡s✐st❛♥❝❡ ❞❡ ✶✡ ❝❤❛❝✉♥❡✱ ❡t s♦♥t ✐♥s✓❡r✓❡❡s ❞❛♥s

✉♥ ❝❛rt❡r ❡♥ ♣❧❛st✐q✉❡ ♣❡r♠❡tt❛♥t ❧❡ ♣❛ss❛❣❡ ❞✬✉♥ ✌✉✐❞❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t✳ ✓❊t❛♥t ❞♦♥♥✓❡ ❧❛

❢❛✐❜❧❡ss❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✐ss✐♣✓❡❡✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵✵❲ ♣❛r ❜♦❜✐♥❡ ❛✉ ♠❛①✐♠✉♠✱ ♥♦✉s ❛✈♦♥s

✉t✐❧✐s✓❡ ✉♥ s✐♠♣❧❡ ✌✉① ❞✬❛✐r✳ ▲❡s ❜♦❜✐♥❡s ❞✉ q✉❛❞r✉♣❫♦❧❡ s♦♥t ❛❧✐♠❡♥t✓❡❡s ✐♥❞✓❡♣❡♥❞❛♠♠❡♥t

❞❡ ❝❡❧❧❡s ❞✉ ❞✐♣❫♦❧❡✱ ❛☞♥ ❞❡ ♣♦✉✈♦✐r ❝♦♥tr❫♦❧❡r s✓❡♣❛r✓❡♠❡♥t ❧❛ ❝♦✉r❜✉r❡ r❛❞✐❛❧❡ ❡t ❧❛ ❝♦✉r❜✉r❡

❧♦♥❣✐t✉❞✐♥❛❧❡ ❞✉ ♣♦t❡♥t✐❡❧ ♠❛❣♥✓❡t✐q✉❡✳ ▲❡s ✓❡❧❡❝tr♦❛✐♠❛♥ts q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s s♦♥t ❧❡s ❢r✉✐ts

❋✐❣✳ ✸✳✽ ✿ ✭❛✮ ✿ ❈♦✉♣❡ ❞❡s ♣❫♦❧❡s ❞✉ ❞✐✲
♣❫♦❧❡ ✒❛ ❜✐❛✐s ❝♦♠♣❡♥s✓❡ ✉t✐❧✐s✓❡ ❞❛♥s ❧✬❛✐♠❛♥t
❞❡ tr♦✐s✐✒❡♠❡ ❣✓❡♥✓❡r❛t✐♦♥✳ ▲❡s ❝♦t❡s s♦♥t ❡♥
♠♠✳
✭❜✮ ✿ ❙❝❤✓❡♠❛ ❡t ♣❤♦t♦ ❞❡ ❧✬✓❡❧❡❝tr♦✲❛✐♠❛♥t
❞❡ ✹❡ ❣✓❡♥✓❡r❛t✐♦♥✳ ▲❡ ❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ❡st
❝r✓❡✓❡ ♣❛r ❞❡ s✐♠♣❧❡s ❜♦❜✐♥❡s✱ ❛❧♦rs q✉❡ ❧❡
❝❤❛♠♣ q✉❛❞r✐♣♦❧❛✐r❡ ❡st ❝r✓❡✓❡ ✒❛ ❧✬❛✐❞❡ ❞❡
♣❫♦❧❡s ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s✳ ▲❡ ❜✐❛✐s ♠❛❣♥✓❡✲
t✐q✉❡ ❡st ❝♦♠♣❡♥s❛❜❧❡ ✒❛ ❧✬❛✐❞❡ ❞❡s ❞❡✉①
❜♦❜✐♥❡s ❡♥ ❝♦♥☞❣✉r❛t✐♦♥ ❍❡❧♠❤♦❧t③ ❞✐t❡s
❁ ❜♦❜✐♥❡s ❛♥t✐✲❞✐♣❫♦❧❡s ❃✳ ▲❡s ❜♦❜✐♥❡s ❞❡
❝♦♠♣❡♥s❛t✐♦♥ ❞❡s ❝❤❛♠♣s r✓❡♠❛♥❡♥ts s♦♥t
s✉♣❡r♣♦s✓❡❡s ❛✈❡❝ ❧❡s ❜♦❜✐♥❡s ❞✬❡①❝✐t❛t✐♦♥
q✉❛❞r✉♣♦❧❛✐r❡s✳

❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡ ❈◆❘❙ ❞✬✓❡❧❡❝tr♦t❡❝❤♥✐q✉❡ ▲❊❙■❘ ❞❡ ❧✬❊◆❙✲❈❛❝❤❛♥✳

❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ ❛❜♦✉t✐ ✒❛ ❧❛ ❢❛❜r✐❝❛t✐♦♥ ❞✬✉♥ ♣r❡♠✐❡r ✓❡❧❡❝tr♦❛✐♠❛♥t q✉✐ ♥♦✉s ❛ ♣❡r♠✐s

❞✬❛tt❡✐♥❞r❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❛✈❡❝ ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❛✉ ❝❡♥tr❡ ✭❜✐❛✐s

♠❛❣♥✓❡t✐q✉❡✮ ✓❡❧❡✈✓❡✳ ❯♥❡ ❞❡✉①✐✒❡♠❡ ✈❡rs✐♦♥ ❛ ❡♥s✉✐t❡ ✓❡t✓❡ r✓❡❛❧✐s✓❡❡ ❬✸✺✱ ✹✻❪✳ ❈❡tt❡ ✈❡rs✐♦♥ ❛✉t♦✲

r✐s❡ ❞❡s ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡s ❢❛✐❜❧❡s ❡t ❞♦♥❝ ✉♥ tr✒❡s ❢♦rt ♣♦✉✈♦✐r ❞❡ ❝♦♥☞♥❡♠❡♥t✱ ♣❡r♠❡tt❛♥t



✾✹
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❞✬❛❝❝✓❡❞❡r ❛✉ r✓❡❣✐♠❡ ✶❉✳ ❈❡tt❡ ✓❡✈♦❧✉t✐♦♥ ❛ ❡♥tr❛❫✏♥✓❡ ❧❡ ❞✓❡♣❫♦t ❞✬✉♥ ❜r❡✈❡t ❡t ❧❛ ❝♦♥❝❡♣t✐♦♥

❞✬✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t ❤②❜r✐❞❡ r❡♣r✓❡s❡♥t✓❡ ☞❣✉r❡ ✸✳✽✱ ♣❧✉s ❝♦♠♣❛❝t ❡t ♣❧✉s s✐♠♣❧❡✱ q✉✐ ❡st ✉t✐❧✐s✓❡

❞❛♥s ❧❡ ♥♦✉✈❡❛✉ ❞✐s♣♦s✐t✐❢ ❬✹✼❪✳

✸✳✷✳✺ Pr✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤②st✓❡r✓❡s✐s

❯♥ tr❛✐t ❝❛r❛❝t✓❡r✐st✐q✉❡ ❞❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ❡st ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❤②st✓❡r✓❡s✐s ❞❛♥s

❧❛ r✓❡♣♦♥s❡ ❞✉ ❝❤❛♠♣ ✒❛ ✉♥❡ ❡①❝✐t❛t✐♦♥✳ ❈❡❧❛ s✐❣♥✐☞❡ ❡♥tr❡ ❛✉tr❡s q✉❡ ❧✬✓❡t❛t ❞❡ ❧❛ ♠❛❣♥✓❡t✐s❛t✐♦♥

♣♦✉r ✉♥❡ ❡①❝✐t❛t✐♦♥ ❞♦♥♥✓❡❡ ❞✓❡♣❡♥❞ ❞❡ ❧✬❤✐st♦✐r❡ ❞❡ ❧✬✓❡t❛t ❞✉ ♠❛t✓❡r✐❛✉✳ P♦✉r ❛tt❡✐♥❞r❡ ✉♥

♥✐✈❡❛✉ ❞❡ r❡♣r♦❞✉❝t✐❜✐❧✐t✓❡ ❝♦♥✈❡♥❛❜❧❡✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞❡ ❣✓❡♥✓❡r❡r r✓❡❣✉❧✐✒❡r❡♠❡♥t ❧❛ ♠❫❡♠❡

s✓❡q✉❡♥❝❡ ❞✬❡①❝✐t❛t✐♦♥✱ ❛☞♥ ❞❡ r❡st❡r s✉r ✉♥ ❝②❝❧❡ ❞✬❤②st✓❡r✓❡s✐s ❜✐❡♥ ❞✓❡☞♥✐✳ ▲❡ ❝♦♥tr❫♦❧❡ ❞❡

❧✬❡①♣✓❡r✐❡♥❝❡ ♣❛r ♦r❞✐♥❛t❡✉r✱ ❤♦r♠✐s ❧❡ ❢❛✐t q✉✬✐❧ ❡st ❜✐❡♥ ❛❞❛♣t✓❡ ✒❛ ✉♥❡ ❡①♣✓❡r✐❡♥❝❡ ❝②❝❧✐q✉❡✱

♣❡r♠❡t ❞❡ s❛t✐s❢❛✐r❡ ✒❛ ❝❡s ❡①✐❣❡♥❝❡s ❞❡ r✓❡❣✉❧❛r✐t✓❡ ❊♥ ♣r❛t✐q✉❡✱ ✉♥❡ ❢♦✐s q✉❡ ❧❡s r✓❡❣❧❛❣❡s s♦♥t

❡☛❡❝t✉✓❡s✱ ✐❧ ❢❛✉t ❢❛✐r❡ ❝②❝❧❡r ❧✬❡①♣✓❡r✐❡♥❝❡ ❞❡✉① ♦✉ tr♦✐s ❢♦✐s ♣♦✉r ❫❡tr❡ ❝❡rt❛✐♥ ❞❡ s❡ tr♦✉✈❡r

s✉r ✉♥ ❝②❝❧❡ st❛❜❧❡✳

❋✐❣✳ ✸✳✾ ✿ ❘❡♣r✓❡s❡♥t❛t✐♦♥ ❞✬✉♥ ❝②❝❧❡
❞✬❤②st❡r❡s✐s t②♣✐q✉❡ ❞❡ ♥♦s ✓❡❧❡❝tr♦❛✐♠❛♥ts✱
♦✒✉ ❧✬♦♥ ✈♦✐t q✉❡ ❧❡s ❝❤❛♠♣s r✓❡♠❛♥❡♥ts
♣❡✉✈❡♥t ❛tt❡✐♥❞r❡ ♣❧✉s✐❡✉rs ●❛✉ss✳ ❙✉r ❧❛
❞r♦✐t❡✱ ♦♥ ♣❡✉t ✈♦✐r ❧❛ ❞✐s♣♦s✐t✐♦♥ ❞❡s ❜♦✲
❜✐♥❡s ❞❡ ❝♦♠♣❡♥s❛t✐♦♥ ❞❡s ❝❤❛♠♣s r✓❡♠❛✲
♥❡♥ts s✉r ❝❤❛q✉❡ ♣❫♦❧❡ ❞❡ ❧✬✓❡❧❡❝tr♦❛✐♠❛♥t✳

✓❊t❛♥t s✉r ✉♥ ❝②❝❧❡ st❛❜❧❡✱ ❧✬❛♥♥✉❧❛t✐♦♥ ❞✉ ❝❤❛♠♣ r✓❡♠❛♥❡♥t s❡ ❢❛✐t ♣❛r ✉♥❡ ❡①❝✐t❛t✐♦♥ ♥✓❡❣❛t✐✈❡

♣❛r r❛♣♣♦rt ✒❛ ❧✬❡①❝✐t❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡✳ ❈♦♠♠❡ ✐❧ ♥✬❡st ♣❛s ♣r❛t✐q✉❡ ❞✬✐♥✈❡rs❡r ❧❡ s❡♥s ❞✉ ❝♦✉r❛♥t

❞❛♥s ❧❡s ❜♦❜✐♥❡s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ r❛❥♦✉t❡r ❞❡ ♣❡t✐t❡s ❜♦❜✐♥❡s s✉♣♣❧✓❡♠❡♥t❛✐r❡s✱ ❞❡ ✶✵ ✒❛ ✹✵

t♦✉rs ❝❤❛❝✉♥❡✱ ❛♣♣❡❧✓❡❡s ❁ ❜♦❜✐♥❡s ❞❡ ❝♦♠♣❡♥s❛t✐♦♥ ❃ ✱ ❡t q✉✐ s♦♥t ♣❛r❝♦✉r✉❡s ❡♥ ♣❡r♠❛♥❡♥❝❡

♣❛r ✉♥ ❝♦✉r❛♥t ♦♣♣♦s✓❡ ❛✉ ❝♦✉r❛♥t ♣r✐♥❝✐♣❛❧ ✭✐✳❡ ❝❡❧✉✐ q✉✐ ❣✓❡♥✒❡r❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐✓❡❣❡❛❣❡✮✳

❊♥ ❢❛✐t✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞❡ ❝♦♠♣❡♥s❡r ✓❡❣❛❧❡♠❡♥t ❧❡s ❝❤❛♠♣s ♣❛r❛s✐t❡s ❞✬♦r✐❣✐♥❡ ❡①t✓❡r✐❡✉r❡✱

✒❛ ❝♦♠♠❡♥❝❡r ♣❛r ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ t❡rr❡str❡✳ ❈❤❛q✉❡ ♣❛✐r❡ ❞❡ ♣❫♦❧❡s ❡st ❞♦♥❝ ❞♦t✓❡❡

❞❡ ❞❡✉① ♣❛✐r❡s ❞❡ ❜♦❜✐♥❡s ❞❡ ❝♦♠♣❡♥s❛t✐♦♥✱ ❧✬✉♥❡ ❡♥ ❝♦♥☞❣✉r❛t✐♦♥ ❞❡ ❝♦✉r❛♥t ❍❡❧♠❤♦❧t③✱

❛❣✐ss❛♥t s✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ❝♦♥st❛♥t❡ ❞✉ ❝❤❛♠♣ ♣❛r❛s✐t❡✱ ❡t ❧✬❛✉tr❡ ❡♥ ❝♦♥☞❣✉r❛t✐♦♥ ❛♥t✐✲

❍❡❧♠❤♦❧t③✱ ❛❣✐ss❛♥t s✉r ❧❡s ❣r❛❞✐❡♥ts r✓❡s✐❞✉❡❧s✳ ▲❡ r✓❡❣❧❛❣❡ ❞❡s ❝♦✉r❛♥ts s❡ ❢❛✐t ❡♥ ❝♦♥tr❫♦❧❛♥t

❧✬❡①♣❛♥s✐♦♥ ❞✉ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❞❛♥s ✉♥❡ ♣❤❛s❡ ❞❡ ♠✓❡❧❛ss❡ ♦♣t✐q✉❡ ❞❡ ✶ s ✭✐✳❡ ❛✈❡❝ ✉♥ ❝❤❛♠♣

♥✉❧ ❡t ❧❡s ❢❛✐s❝❡❛✉① ❞✉ P▼❖ ❛❧❧✉♠✓❡s✮✳ ❚❛♥t q✉✬✐❧ r❡st❡ ✉♥ ❝❤❛♠♣ r✓❡♠❛♥❡♥t ❞❛♥s ❧❛ ③♦♥❡

❞❡ ♣✐✓❡❣❡❛❣❡✱ ❧✬❡①♣❛♥s✐♦♥ ♥✬❡st ♣❛s r✓❡❣✉❧✐✒❡r❡ ❡t ✐s♦tr♦♣❡✳ ❈❡tt❡ ♠✓❡t❤♦❞❡ ♣❡r♠❡t ❞✬❛♥♥✉❧❡r ❧❡s

❝❤❛♠♣s r✓❡s✐❞✉❡❧s ❞❛♥s ❧❡ ✈♦❧✉♠❡ ♦✒✉ s❡r♦♥t ♣✐✓❡❣✓❡s ❧❡s ❛t♦♠❡s ✒❛ ❜✐❡♥ ♠✐❡✉① q✉❡ ✶✵✵♠●✳



✸✳✸ ▲❡ ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✾✺

✸✳✸ ▲❡ ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

✸✳✸✳✶ ❉❡s❝r✐♣t✐♦♥ ❞✉ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧

▲❡ r❡♠♣❧✐ss❛❣❡ ❞✬✉♥ ♣✐✒❡❣❡ ♣✉r❡♠❡♥t ♠❛❣♥✓❡t✐q✉❡ ✒❛ ♣❛rt✐r ❞✬✉♥ ♣✐✒❡❣❡

♠❛❣♥✓❡t♦✲♦♣t✐q✉❡ ✭P▼❖✮ ❞♦✐t r❡s♣❡❝t❡r ❧❡s ❝♦♥tr❛✐♥t❡s ❢♦rt❡s q✉✐ ♣❡r♠❡tt❡♥t ✉♥ r❡❢r♦✐❞✐ss❡✲

♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❡✍❝❛❝❡✳ ▲❛ ♣r❡♠✐✒❡r❡ ❝♦♥tr❛✐♥t❡ ♣♦rt❡ s✉r ❧❛ ❞✉r✓❡❡ ❞❡ ✈✐❡ ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡

♣✐✓❡❣✓❡ ♠❛❣♥✓❡t✐q✉❡♠❡♥t✱ ❧✐♠✐t✓❡❡ ❡♥ ♣r❡♠✐❡r ❧✐❡✉ ♣❛r ❧❡s ❝♦❧❧✐s✐♦♥s ❛✈❡❝ ❧❡ ❣❛③ r✓❡s✐❞✉❡❧✱ ❡t ❞♦♥❝

♣❛r ❧❛ q✉❛❧✐t✓❡ ❞✉ ✈✐❞❡✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❢❛✘❝♦♥s ❞❡ r✓❡❛❧✐s❡r ✉♥ P▼❖ ♣♦✉r ❛❧❝❛❧✐♥ ❡♥ ♠✐❧✐❡✉

✉❧tr❛✲✈✐❞❡✳ ▲❛ ♣❧✉s s✐♠♣❧❡ ❝♦♥s✐st❡ ❡♥ ✉♥ ♣✐✒❡❣❡ ❁ ❡♥ ❝❡❧❧✉❧❡ ❃ ❬✸✹❪✱ ♦✒✉ ❧❡ P▼❖ ❡st ❝❤❛r❣✓❡

❋✐❣✳ ✸✳✶✵ ✿ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ❧✬✓❡❧❡❝tr♦❛✐✲
♠❛♥t ❛✉t♦✉r ❞❡ ❧❛ ❝❡❧❧✉❧❡

♣❛r ❧❛ q✉❡✉❡ ❧❡♥t❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ t❤❡r♠✐q✉❡ ❞✬✉♥❡ ✈❛♣❡✉r ❞✬❛❧❝❛❧✐♥ ❝♦♥t❡♥✉❡ ❞❛♥s ❧✬❡♥✲

❝❡✐♥t❡ ✒❛ ✈✐❞❡✳ ❖♥ ♥♦t❡ ❘ ❧❡ t❛✉① ❞❡ ❝❤❛r❣❡♠❡♥t✳ ■❧ ❡①✐st❡ ❛✉ss✐ ✉♥ t❡r♠❡ ❞❡ ♣❡rt❡✱ ❝❛r ❧❛

♣❧✉♣❛rt ❞❡s ❝♦❧❧✐s✐♦♥s ❞✬✉♥ ❛t♦♠❡ t❤❡r♠✐q✉❡ ❛✈❡❝ ✉♥ ❛t♦♠❡ ♣✐✓❡❣✓❡ ❡♥tr❛❫✏♥❡♥t ❧✬❡①♣✉❧s✐♦♥ ❞❡

❝❡ ❞❡r♥✐❡r ❤♦rs ❞✉ ♣✐✒❡❣❡✳ ❙♦✐t ✌r ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ❡①♣✉❧s❛♥t❡ ❡♥tr❡ ❧❡s ❛t♦♠❡s ♣✐✓❡❣✓❡s ❡t ❧❡

❣❛③ r✓❡s✐❞✉❡❧✱ ❡t ✌❛ ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ❡①♣✉❧s❛♥t❡ ❡♥tr❡ ❧❡s ❛t♦♠❡s ♣✐✓❡❣✓❡s ❡t ❧❡s ❛t♦♠❡s ❞❡ ❧❛

✈❛♣❡✉r ❞✬❛❧❝❛❧✐♥✳ ❚❛♥t q✉❡ ❧❡s ❝♦❧❧✐s✐♦♥s ✐♥✓❡❧❛st✐q✉❡s ❡♥tr❡ ❛t♦♠❡s ❞✉ P▼❖ s♦♥t ♥✓❡❣❧✐❣❡❛❜❧❡s✱

❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♣✐✓❡❣✓❡s ✈❛✉t ◆ ❂ ❘❂✭✌r✰✌❛✮✳ ▲❛ ♣r❡ss✐♦♥ ♣❛rt✐❡❧❧❡ ❞✉ ❣❛③ r✓❡s✐❞✉❡❧ ❛✉tr❡

q✉❡ ❧✬❛❧❝❛❧✐♥ ❞♦✐t ❫❡tr❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ✈❛♣❡✉r ❞✬❛❧❝❛❧✐♥✱ ❛☞♥ ❞❡ r✓❡❛❧✐s❡r

✌r ✜ ✌❛✱ ❡t ❝❤❛r❣❡r ❧❡ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ♣♦ss✐❜❧❡✳ ❈♦♠♠❡ ❘ ❡st ❧✉✐✲♠❫❡♠❡ ♣r♦♣♦r✲

t✐♦♥♥❡❧ ✒❛ ✌❛✱ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ P▼❖ ◆ ❞✓❡♣❡♥❞ ❛❧♦rs ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s

❢❛✐s❝❡❛✉① ❞✉ ♣✐✒❡❣❡✱ ❡t ♣❛s ❞❡ ❧❛ ♣r❡ss✐♦♥ ❞❡ ❧✬❛❧❝❛❧✐♥ ❬✸✹❪✳ ▼❛✐s ❧❛ ✈❛♣❡✉r ❞✬❛❧❝❛❧✐♥ ✈✐❞❡ ♣❛r

❝♦❧❧✐s✐♦♥s ❧❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ❞❡ ❧❛ ♠❫❡♠❡ ❢❛✘❝♦♥ q✉✬❡❧❧❡ ✈✐❞❡ ❧❡ P▼❖✳ ▲❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣s

❞✉ ❝❤❛r❣❡♠❡♥t ❞✉ P▼❖✱ ✓❡❣❛❧❡ ✒❛ ❝❡❧❧❡ ❞❡ ✈✐❞❛❣❡✱ ❡st ❞♦♥❝ ✐❞❡♥t✐q✉❡ ✒❛ ❧❛ ❞✉r✓❡❡ ❞❡ ✈✐❡ ❞✉

♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡✳ ❊♥ ❝♦♥s✓❡q✉❡♥❝❡✱ ❧❛ ♣r❡ss✐♦♥ ❞❡ ❧✬❛❧❝❛❧✐♥ ❞♦✐t ❫❡tr❡ s✉✍s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r

❛✉t♦r✐s❡r ✉♥ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ❞✬✉♥❡ ♠✐♥✉t❡ ♦✉ ❞❡✉①✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ ✓❡t✓❡ ♠✐s❡ ❡♥

✛✉✈r❡ ❧♦rs ❞❡ ❧✬❡①♣✓❡r✐❡♥❝❡ ❤✐st♦r✐q✉❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ✒❛ ❏■▲❆ ❬✺❪✳ ▲❡ P▼❖ ✓❡t❛✐t ❝❤❛r❣✓❡ ♣❛r

✶✵✼ ❛t♦♠❡s ❞❡ ❘✉❜✐❞✐✉♠ ❡♥ ✸✵✵ s ♣♦✉r ✉♥❡ ❞✉r✓❡❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥ ❞❡ ✼✵ s✳

❉❛♥s ❧❛ ♠✓❡t❤♦❞❡ ♣r✓❡❝✓❡❞❡♥t❡✱ ❧❡ t❡♠♣s ❞❡ ❝❤❛r❣❡♠❡♥t ❞✉ P▼❖ ❡st ✐♥tr✐♥s✒❡q✉❡♠❡♥t ❧✐✓❡ ❛✉



✾✻
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

t❡♠♣s ❞✬✓❡✈❛♣♦r❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♥✐t✐❛❧❡♠❡♥t ❝❛♣t✉r✓❡s ♣❛r ❧❡ P▼❖ ❞✓❡♣❡♥❞

❢♦rt❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r q✉✐ ❧❡ ❝♦♠♣♦s❡♥t✳ ❖r✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬✓❡❧❡❝tr♦❛✐♠❛♥t

❞❛♥s ❧❡s ♠❡✐❧❧❡✉r❡s ❝♦♥❞✐t✐♦♥s ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♥♦✉s ✐♠♣♦s❡ ❞❡s ❢❛✐s❝❡❛✉① ❞❡ ♣❡t✐t❡ t❛✐❧❧❡ q✉✐

♣✉✐ss❡♥t ♣❛ss❡r ❞❛♥s ❧❡s ❡♥tr❡❢❡rs ✭☞❣✉r❡ ✸✳✶✵✮✳ ❉❡ ❝❡ ❢❛✐t✱ ❧❡ ❝❤❛r❣❡♠❡♥t ❞✐r❡❝t ❞✉ P▼❖

✒❛ ♣❛rt✐r ❞✬✉♥❡ ✈❛♣❡✉r ♥❡ ♣❡✉t ❫❡tr❡ ❡✍❝❛❝❡✳ P♦✉r ❝♦♥t♦✉r♥❡r ❝❡tt❡ ❧✐♠✐t❛t✐♦♥✱ ♥♦✉s ❛✈♦♥s

❝❤♦✐s✐ ❞✬❛❧✐♠❡♥t❡r ❧❡ P▼❖ ♣❛r ✉♥ ❥❡t ❝♦❧❧✐♠❛t✓❡ ❞✬❛t♦♠❡s r❛❧❡♥t✐s ❛②❛♥t ✉♥❡ ✈✐t❡ss❡ ✐♥❢✓❡r✐❡✉r❡

✒❛ ❧❛ ♣❧❛❣❡ ❞❡ ❝❛♣t✉r❡ ❞✉ ♣✐✒❡❣❡ ✭q✉❡❧q✉❡s ♠✿s�✶✮✳ ◆♦tr❡ ❝❤♦✐① ❝♦♥s✐st❡ ✒❛ r❛❧❡♥t✐r ✉♥ ❥❡t

t❤❡r♠✐q✉❡ ❞✬❛t♦♠❡s ✐ss✉ ❞✬✉♥ ❢♦✉r ❝♦♥t❡♥❛♥t ✉♥❡ ✈❛♣❡✉r ❞❡ ❘✉❜✐❞✐✉♠✱ ❣r❫❛❝❡ ✒❛ ❧❛ ♣r❡ss✐♦♥ ❞❡

r❛❞✐❛t✐♦♥ ❞✬✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢ ❝♦♠❜✐♥✓❡❡ ✒❛ ✉♥ ❣r❛❞✐❡♥t ❞❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡

❧♦♥❣✐t✉❞✐♥❛❧ ❬✹✽❪✳ ▲❡ ❜✉t ❡st ❞❡ ♣r♦❞✉✐r❡ ✉♥ ❥❡t ❞✬❛t♦♠❡s r❛❧❡♥t✐s ❝❛♣❛❜❧❡ ❞❡ ❝❤❛r❣❡r ❧❡ P▼❖

❛✈❡❝ q✉❡❧q✉❡s ✶✵✾ ❛t♦♠❡s ❡♥ q✉❡❧q✉❡s s❡❝♦♥❞❡s✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ♣r✓❡s❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❢♦✉r♥✐r

❢❛❝✐❧❡♠❡♥t ✉♥ ❥❡t ❛t♦♠✐q✉❡ ✐♥t❡♥s❡✱ ♣✉✐sq✉✬✐❧ s✉✍t ❞✬❛✉❣♠❡♥t❡r ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞✉ ❢♦✉r ♣♦✉r

❛✉❣♠❡♥t❡r s♣❡❝t❛❝✉❧❛✐r❡♠❡♥t ❧❡ ✌✉① ❛t♦♠✐q✉❡ ✓❡♠✐s✳ ❊❧❧❡ ❡st ❝❡♣❡♥❞❛♥t ✉♥ ♣❡✉ ❞✓❡❧✐❝❛t❡ ✒❛

♠❡ttr❡ ❡♥ ✛✉✈r❡ ❝❛r ❧❡s ❛t♦♠❡s ♥♦♥ r❛❧❡♥t✐s ♣❡✉✈❡♥t r❡♣r✓❡s❡♥t❡r ✉♥❡ ❝❤❛r❣❡ ❞❡ ❣❛③ ♥♦♥

♥✓❡❣❧✐❣❡❛❜❧❡ ❡t ❞✓❡❣r❛❞❡r ❧❛ q✉❛❧✐t✓❡ ❞✉ ✈✐❞❡✳

❋✐❣✳ ✸✳✶✶ ✿ ❙❝❤✓❡♠❛ ❞✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ♣r❡♠✐✒❡r❡ ❡①♣✓❡r✐❡♥❝❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥



✸✳✸ ▲❡ ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✾✼

▲❛ r✓❡♣♦♥s❡ ✒❛ t♦✉t❡s ❝❡s ❝♦♥tr❛✐♥t❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ❡st ❧❡ ❞✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧✱ r❡♣r✓❡s❡♥t✓❡

☞❣✉r❡ ✸✳✶✶✱ q✉✐ s❡ ❝♦♠♣♦s❡ ❞✬✉♥❡ ❡♥❝❡✐♥t❡ ✒❛ ✈✐❞❡ ❞✐✈✐s✓❡❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❡♥ q✉❛tr❡ ♣❛rt✐❡s✱

❝♦rr❡s♣♦♥❞❛♥t ❛✉① q✉❛tr❡ ✓❡t❛♣❡s ❝♦♥❞✉✐s❛♥t ✒❛ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s r❡❢r♦✐❞✐s

♣❛r ❧❛s❡r ❡♥ ♠✐❧✐❡✉ ✉❧tr❛✲✈✐❞❡ ❬✸✻✱ ✸✺❪ ✿

④ ✉♥ ❢♦✉r ✒❛ r❡❝✐r❝✉❧❛t✐♦♥ ♣r♦❞✉✐s❛♥t ✉♥ ❥❡t ✐♥t❡♥s❡ ❞✬❛t♦♠❡s t❤❡r♠✐q✉❡s ❞❛♥s ❧✬❡♥❝❡✐♥t❡

♣r✐♠❛✐r❡ ❀

④ ❧✬❡♥❝❡✐♥t❡ ♣r✐♠❛✐r❡✱ ♣♦♠♣✓❡❡ ♣❛r ✉♥❡ ♣♦♠♣❡ t✉r❜♦♠♦❧✓❡❝✉❧❛✐r❡✱ q✉✐ ✐♥❝❧✉t ✉♥❡ ③♦♥❡ ❞❡ r❡✲

❢r♦✐❞✐ss❡♠❡♥t tr❛♥s✈❡rs❡ ♣❛r ❧❛s❡r ♣❡r♠❡tt❛♥t ❞❡ ❝♦❧❧✐♠❛t❡r ❧❡ ❥❡t ✭♠✓❡❧❛ss❡ tr❛♥s✈❡rs❡✮ ❀

④ ✉♥ t✉❜❡ ❞✬✐s♦❧❡♠❡♥t r❡❢r♦✐❞✐ ✒❛ ❧✬❛③♦t❡ ❧✐q✉✐❞❡ r❡❧✐❛♥t ❧✬❡♥❝❡✐♥t❡ ♣r✐♠❛✐r❡ ✒❛ ❧✬❡♥❝❡✐♥t❡ s❡❝♦♥✲

❞❛✐r❡✱ ❛✉ ♥✐✈❡❛✉ ❞✉q✉❡❧ ❧❡s ❛t♦♠❡s s♦♥t r❛❧❡♥t✐s ♣❛r ❧❛s❡r ✭r❛❧❡♥t✐ss❡✉r ❩❡❡♠❛♥✮ ❀

④ ❧✬❡♥❝❡✐♥t❡ s❡❝♦♥❞❛✐r❡ ✒❛ ✉❧tr❛✲✈✐❞❡✱ ♣r♦❧♦♥❣✓❡❡ ♣❛r ✉♥❡ ❝❡❧❧✉❧❡ ❡♥ ✈❡rr❡ ❞❛♥s ❧❛q✉❡❧❧❡ s✬❡☛❡❝t✉❡

❧✬❡①♣✓❡r✐❡♥❝❡ ♣r♦♣r❡♠❡♥t ❞✐t❡ ✿ ♣✐✓❡❣❡❛❣❡ ❡t r❡❢r♦✐❞✐ss❡♠❡♥t ♣❛r ❧❛s❡r✱ ♣✉✐s ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡✲

t✐q✉❡ ❡t r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✳ ❊❧❧❡ ❡st ♣♦♠♣✓❡❡ ♣❛r ✉♥❡ ♣♦♠♣❡ ✐♦♥✐q✉❡ ❞❡ ✹✵ ❧✿s�✶ ❡t

✉♥❡ ♣♦♠♣❡ ✒❛ s✉❜❧✐♠❛t✐♦♥ ❞❡ t✐t❛♥❡✳

✸✳✸✳✷ ❈♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

❋✐❣✳ ✸✳✶✷ ✿ ■♠❛❣❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡
❇♦s❡✲❊✐♥st❡✐♥✱ q✉✐ s❡ tr❛❞✉✐t ♣❛r ❧✬❛♣♣❛r✐✲
t✐♦♥ ❞✬✉♥ ♣✐❝ ❞❡ ❞❡♥s✐t✓❡ ❛✉ ❝❡♥tr❡ ❞✬✉♥❡
❞✐str✐❜✉t✐♦♥ t❤❡r♠✐q✉❡ ❞✬❛t♦♠❡s✳

▲❛ ♣r♦❝✓❡❞✉r❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ♣❡✉t s❡ s✓❡♣❛r❡r ❡♥ ✸ ✓❡t❛♣❡s ♣r✐♥❝✐♣❛❧❡s ✿

✶✳ ❈❤❛r❣❡♠❡♥t ❞✬✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t♦✲♦♣t✐q✉❡ ✭P▼❖✮ ✒❛ ♣❛rt✐r ❞✬✉♥ ❥❡t ❛t♦♠✐q✉❡ r❛❧❡♥t✐ ✿

✶✵✾ ❛t♦♠❡s ❡♥ ❡♥✈✐r♦♥ ✺ s❡❝♦♥❞❡s✳

✷✳ ❚r❛♥s❢❡rt ❞❡s ❛t♦♠❡s ❞✉ P▼❖ ❞❛♥s ❧❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ✭P▼✮ ❛♣r✒❡s ✉♥❡ ♣❤❛s❡ ❞❡

♣♦♠♣❛❣❡ ♦♣t✐q✉❡ ✭❛t♦♠❡s ❞❛♥s ❋ ❂ ✶ ♦✉ ❋ ❂ ✷✮✳

✸✳ ❘❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢ ♣❡♥❞❛♥t t②♣✐q✉❡♠❡♥t ✶✺ s❡❝♦♥❞❡s✳

❆♣r✒❡s ❝❡s s✓❡q✉❡♥❝❡s✱ ♦♥ ☞♥✐t ♣❛r ❛tt❡✐♥❞r❡ ♣♦✉r ❧❡ ♣❛r❛♠✒❡tr❡ ❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ ✉♥❡ ✈❛❧❡✉r

❞❡ ❧✬♦r❞r❡ ❞❡ ✶✳ ▲❡ ♣❤✓❡♥♦♠✒❡♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡ s❡ ♣r♦❞✉✐t ❛❧♦rs✳ ■❧ s❡ tr❛❞✉✐t ♣❛r

❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ❞♦✉❜❧❡ str✉❝t✉r❡ ✭☞❣✉r❡ ✸✳✶✸✮✳ ▲❛ str✉❝t✉r❡ ♣❧✉s ❞❡♥s❡ ❛✉ ❝❡♥tr❡ ❝♦rr❡s✲

♣♦♥❞ ❛✉① ❛t♦♠❡s ❝♦♥❞❡♥s✓❡s✳ ▲❡s ❛t♦♠❡s t❤❡r♠✐q✉❡s s♦♥t s✐t✉✓❡s ✒❛ ❧❛ ♣✓❡r✐♣❤✓❡r✐❡ ❞✉ ❝♦♥❞❡♥s❛t



✾✽
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❞❛♥s ❧❡s ✐♠❛❣❡s ❡♥ t❡♠♣s ❞❡ ✈♦❧✱ ♣✉✐sq✉✬✐❧s s✉❜✐ss❡♥t ✉♥❡ ❡①♣❛♥s✐♦♥ ❜❛❧✐st✐q✉❡ ♣❧✉s ✐♠♣♦r✲

t❛♥t❡✳ ❊♥ ❝♦♥t✐♥✉❛♥t ❧✬✓❡✈❛♣♦r❛t✐♦♥ ❛♣r✒❡s ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❧❛ ❞♦✉❜❧❡ str✉❝t✉r❡✱ ♦♥ ☞♥✐t ♣❛r ❢❛✐r❡

q✉❛s✐♠❡♥t t♦t❛❧❡♠❡♥t ❞✐s♣❛r❛❫✏tr❡ ❧❡s ❛t♦♠❡s ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❛✉ ♣r♦☞t ❞✉ ❝♦♥❞❡♥s❛t ❞❡

❇♦s❡✲❊✐♥st❡✐♥✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❝♦♥❞❡♥s❛ts ♣✉rs✳ ◆♦✉s ♦❜t❡♥♦♥s t②♣✐q✉❡♠❡♥t ❞❡s ❝♦♥❞❡♥s❛ts

♣✉rs ❞❡ ❥✉sq✉✬✒❛ ✺✳✶✵✺ ❛t♦♠❡s ♣♦✉r ❞❡s t❡♠♣✓❡r❛t✉r❡s ❝r✐t✐q✉❡s ❞❡ ❧✬♦r❞r❡ ❞❡ ✹✵✵ ♥❑✳

❋✐❣✳ ✸✳✶✸ ✿ ■♠❛❣❡s ❞✉ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❛♣r✒❡s ✉♥ t❡♠♣s ❞❡ ✈♦❧ ❞❡ ✷✷♠s✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡
❞❡ ☞♥ ❞❡ r❛♠♣❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥ ✭❡♥ ▼❍③✮✳ ▲❛ ❝♦♥❞❡♥s❛t✐♦♥ s❡ tr❛❞✉✐t ♣❛r ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ❞♦✉❜❧❡
str✉❝t✉r❡✳ ▲❛ ♣r❡♠✐✒❡r❡ ✐♠❛❣❡ ❡st ❝❡❧❧❡ ❞✬✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ❧❛ ❞❡r♥✐✒❡r❡ ♠♦♥tr❡ ✉♥ ❝♦♥❞❡♥s❛t
♣r❡sq✉❡ ♣✉r✳

✸✳✹ ◗✉❡❧q✉❡s ❡☛❡ts ♣❤②s✐q✉❡s ♦❜s❡r✈✓❡s ❧♦rs ❞❡ ❧❛ ♣r♦✲

❞✉❝t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts

✸✳✹✳✶ ❘❡❢r♦✐❞✐ss❡♠❡♥t ✐♥t❡rr♦♠♣✉ ❡♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ✐♥t❡♥s❡

▲♦rs ❞❡s ♣r❡♠✐✒❡r❡s ❡①♣✓❡r✐❡♥❝❡s ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❞✬❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ❤②♣❡r☞♥ ❋ ❂ ✷❀♠❋ ❂

✷✱ ♥♦✉s ❛✈♦♥s ❝♦♥st❛t✓❡ ❧✬✐♥t❡rr✉♣t✐♦♥ ❞✉ ♣r♦❝❡ss✉s ❞✬✓❡✈❛♣♦r❛t✐♦♥ ✭q✉✐ ✓❡t❛✐t ♣♦✉rt❛♥t ❞❛♥s ❧❡

r✓❡❣✐♠❡ ❞✬❡♠❜❛❧❧❡♠❡♥t✮ ❧♦rsq✉❡ ❧❡ ❝♦✉t❡❛✉ r❛❞✐♦❢r✓❡q✉❡♥❝❡ s❡ r❛♣♣r♦❝❤❛✐t ❞✉ ❢♦♥❞ ❞✉ ♣✉✐ts

❞❡ ♣♦t❡♥t✐❡❧✱ ✒❛ q✉❡❧q✉❡s ▼❍③ ❬✹✾❪✳ ❯♥❡ ❛♥❛❧②s❡ ☞♥❡ ♥♦✉s ❛ ♣❡r♠✐s ❞❡ r❡❧✐❡r ❝❡ ♣❤✓❡♥♦♠✒❡♥❡

❧✐♠✐t❛♥t ❛✈❡❝ ❧❡s ♥♦♥✲❧✐♥✓❡❛r✐t✓❡s ❞❡s ❞✓❡♣❧❛❝❡♠❡♥ts ❩❡❡♠❛♥ ✒❛ ❞❡s ❜✐❛✐s ❛✉ss✐ ✓❡❧❡✈✓❡s✳

❆✐♥s✐✱ ♥♦✉s ❛✈♦♥s ♣✉ ❝♦♥❝❧✉r❡ q✉❡ ❞❛♥s ✭❋ ❂ ✷❀♠❋ ❂ ✷✮✱ ❧✬✓❡✈❛♣♦r❛t✐♦♥ s✬✐♥t❡rr♦♠♣t ❛✈❛♥t

❞✬❛tt❡✐♥❞r❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✳ ❊♥ ❡☛❡t✱ ❧❡ ♣r♦❝❡ss✉s ❞✬✓❡✈❛♣♦r❛t✐♦♥ ♥✓❡❝❡ss✐t❡ ✸ tr❛♥s✐✲

t✐♦♥s r❛❞✐♦❢r✓❡q✉❡♥❝❡ ✭❘❋✮ ♣♦✉r ♣❛ss❡r ❞❡ ❧✬✓❡t❛t ♣✐✓❡❣✓❡ ✭❋ ❂ ✷❀♠❋ ❂ ✷✮ ✈❡rs ✉♥ ✓❡t❛t ♥♦♥ ♣✐✓❡❣✓❡

✭❋ ❂ ✷❀♠❋ ❂ �✶✮✳
P♦✉r ♥♦tr❡ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡✱ ❝❡s tr❛♥s✐t✐♦♥s ♥❡ s♦♥t ♣❛s r✓❡s♦❧✉❡s ♣♦✉r ❧❛ ♠❫❡♠❡ ❢r✓❡q✉❡♥❝❡✱ ❡t

♥✬♦♥t ♣❛s ❧✐❡✉ ❛✉ ♠❫❡♠❡ ❡♥❞r♦✐t ❞❛♥s ❧❡ ♣✐✒❡❣❡✳ P♦✉r ❞❡s ✈❛❧❡✉rs tr♦♣ ❢❛✐❜❧❡s ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡

❘❋ ✐❧ ♥✬② ❛ ♣❧✉s ❞❡ tr❛♥s✐t✐♦♥ ♣♦ss✐❜❧❡ ✈❡rs ✉♥ ✓❡t❛t ♥♦♥ ♣✐✓❡❣✓❡✱ ❧❡s ❛t♦♠❡s ❁ ❝❤❛✉❞s ❃ ♥❡ s♦♥t

♣❧✉s ✓❡❧✐♠✐♥✓❡s ❡t ❧✬✓❡✈❛♣♦r❛t✐♦♥ s✬❛rr❫❡t❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❝❡ ♣❤✓❡♥♦♠✒❡♥❡ s❡ ♣r♦❞✉✐t ♣♦✉r ❞❡s

❢r✓❡q✉❡♥❝❡s ❘❋ ❞✓❡❝❛❧✓❡❡s ❞❡ ✻ ▼❍③ ♣❛r r❛♣♣♦rt ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ r✓❡s♦♥❛♥❝❡ ❛✉ ❢♦♥❞ ❞✉ ♣✉✐ts

♠❛❣♥✓❡t✐q✉❡✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ❞✬❡♥✈✐r♦♥ ✺✵ ✖❑✱ s♦✐t ✶✵✵ ❢♦✐s ❛✉✲❞❡ss✉s

❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❚❝✳



✸✳✹ ◗✉❡❧q✉❡s ❡☛❡ts ♣❤②s✐q✉❡s ♦❜s❡r✈✓❡s ❧♦rs ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ✾✾

❋✐❣✳ ✸✳✶✹ ✿ ◆✐✈❡❛✉① ✓❡♥❡r❣✓❡t✐q✉❡s ❞❡ ❧✬✓❡t❛t ❤②♣❡r☞♥ ❋ ❂ ✷ ❞❛♥s ❧❛ r❡♣r✓❡s❡♥t❛t✐♦♥ ❞❡ ❧✬❛t♦♠❡ s❡✉❧
✭❛✮✱ ❡t ❞❛♥s ❝❡❧❧❡ ❞❡ ❧✬❛t♦♠❡ ❤❛❜✐❧❧✓❡ ✭❜✮✳ P♦✉r ✉♥❡ ❢r✓❡q✉❡♥❝❡ ✦❘❋ ❞♦♥♥✓❡❡✱ ❧❡s ❞✐☛✓❡r❡♥t❡s tr❛♥s✐t✐♦♥s✱
r❡♣r✓❡s❡♥t✓❡❡s ❡♥ ✭❛✮ ♣❛r ❞❡s ✌✒❡❝❤❡s✱ ♥❡ s♦♥t ♣❛s r✓❡s♦♥♥❛♥t❡s ❛✉ ♠❫❡♠❡ ♣♦✐♥t✳ ❯♥❡ ❝♦♥s✓❡q✉❡♥❝❡
❞✐r❡❝t❡ ❡st ❧❛ s✓❡♣❛r❛t✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♣♦✐♥ts ❞❡ ❝r♦✐s❡♠❡♥t ❞❡s ♥✐✈❡❛✉① ❤❛❜✐❧❧✓❡s ✭❜✮✳

❋✐❣✳ ✸✳✶✺ ✿ ❉✐♠✐♥✉t✐♦♥ ❞❡ ❧✬❡✍❝❛❝✐t✓❡ ❞❡
❧✬✓❡✈❛♣♦r❛t✐♦♥ ❘❋ ❡♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡
✓❡❧❡✈✓❡✳ ✒❆ ❣❛✉❝❤❡✱ ❞❛♥s ❧❡ ❝❛s ♦✒✉ ❧❡s ❛t♦♠❡s
s♦♥t ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✶❀♠❋ ❂ �✶✮✱ ❧✬❡❢✲
☞❝❛❝✐t✓❡ ❡st ❞✬❛✉t❛♥t ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛
♣✉✐ss❛♥❝❡ ❘❋ ❡st ✓❡❧❡✈✓❡❡✳ ✒❛ ❞r♦✐t❡✱ ❞❛♥s ❧❡
❝❛s ♦✒✉ ❧❡s ❛t♦♠❡s s♦♥t ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂
✷❀♠❋ ❂ ✷✮✱ ❧✬❡✍❝❛❝✐t✓❡ ❡st r✓❡❞✉✐t❡ ❡t ♣❛ss❡
♣❛r ✉♥ ♦♣t✐♠✉♠✳

❊♥ ❢❛✐t✱ ♠❫❡♠❡ s✐ ❧❡ ❝❤❛♠♣ ❡st s✉✍s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r q✉✬✐❧ ♥✬② ❛✐t ♣❛s ❞✬✐♥t❡rr✉♣t✐♦♥ t♦t❛❧❡✱

❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥ ❡st tr✒❡s ❞✐♠✐♥✉✓❡❡ ❡t ♣❡✉t ❡♥tr❛❫✏♥❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥

♠❛❝r♦s❝♦♣✐q✉❡ ❞❛♥s ❞❡s ✓❡t❛ts ♣✐✓❡❣✓❡s ✐♥t❡r♠✓❡❞✐❛✐r❡s✳ ❈❡s ❛t♦♠❡s ♣❡✉✈❡♥t ✐♥t❡r❛❣✐r ❛✈❡❝ ❧❡s

❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✷❀♠❋ ❂ ✷✮ ✈✐❛ ❞❡s ❝♦❧❧✐s✐♦♥s ✓❡❧❛st✐q✉❡s ♦✉ ✐♥✓❡❧❛st✐q✉❡s✳ ❉❛♥s ❧❡s

❞❡✉① ❝❛s✱ ❝❡❧❛ ❡♥tr❛❫✏♥❡ ✉♥ ❝❤❛✉☛❛❣❡ ❞✉ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❢r♦✐❞s ✒❛ ✉♥ t❛✉① ❞✬❡♥✈✐r♦♥ ✺✵ ✖❑✴s✱

❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♦❜s❡r✈✓❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ✭❋ ❂ ✶❀♠❋ ❂ �✶✮✱ ❝❡t ❡☛❡t ❡st ✐♥❡①✐st❛♥t ❝❛r
✐❧ ② ❛ ✉♥ s❡✉❧ ♥✐✈❡❛✉ ♣✐✓❡❣❡❛♥t ✭❋ ❂ ✶❀♠❋ ❂ ✵ ❡st ❛♥t✐♣✐✓❡❣❡❛♥t✮ ❡t ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡

❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✳ ▲❛ ☞❣✉r❡ ✸✳✶✸ ❝♦♥☞r♠❡ ❝❡tt❡ ❛♥❛❧②s❡✳

▲❡s r✓❡s✉❧t❛ts ❞❡ ❝❡tt❡ ✓❡t✉❞❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ♦♥t ✓❡t✓❡ ❝♦rr♦❜♦r✓❡s ♣❛r ✉♥❡ ✓❡t✉❞❡ t❤✓❡♦r✐q✉❡ ❝♦♠✲

♣❧✓❡♠❡♥t❛✐r❡ ❡☛❡❝t✉✓❡❡ ♣❛r ❑✳❆✳ ❙✉♦♠✐♥❡♥ ❬✺✵❪✳ ◆♦s r✓❡s✉❧t❛ts ♣❡r♠❡tt❡♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡

♣r♦♣♦s❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ❛✉① ♣r♦❜❧✒❡♠❡s r❡♥❝♦♥tr✓❡s ♣♦✉r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞✉ s♦❞✐✉♠ ❞❛♥s

❧✬✓❡t❛t ❤②♣❡r☞♥ ❋ ❂ ✷✳ ❊♥ ❡☛❡t✱ ♠❫❡♠❡ s✐ ❝❡t ❡☛❡t ❡st ♠♦✐♥s s♣❡❝t❛❝✉❧❛✐r❡ q✉❡ ❞❛♥s ❧❡ ❝❛s

❞✬✉♥ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡ ✓❡❧❡✈✓❡✱ ✐❧ ❞♦✐t ❡①✐st❡r ❞❛♥s ❞❡s ♣✐✒❡❣❡s ✒❛ ❢❛✐❜❧❡ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡ ♣♦✉r

❞❡s ❛t♦♠❡s ❞❡ ❢❛✐❜❧❡ str✉❝t✉r❡ ❤②♣❡r☞♥❡✳

P♦✉r ❝♦♥t♦✉r♥❡r ❝❡t ❡☛❡t✱ ♥♦✉s ❛✈♦♥s ❡①♣❧♦r✓❡ ❞✐✈❡rs❡s ♠✓❡t❤♦❞❡s ♣♦✉r ♦❜t❡♥✐r ✉♥ ❝♦♥❞❡♥s❛t

❞❛♥s ❧❡ ♥✐✈❡❛✉ ✭❋ ❂ ✷❀♠❋ ❂ ✷✮ ❞❛♥s ❞❡s ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ✐♠♣♦rt❛♥ts✳ ◆♦✉s ❛✈♦♥s



✶✵✵
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❡①♣❧✐❝✐t❡♠❡♥t ♠✐s ❡♥ ✛✉✈r❡ ❞❡✉① t❡❝❤♥✐q✉❡s ✿ ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ ❡t ❧✬✉t✐❧✐s❛t✐♦♥

❞❡ ♣❧✉s✐❡✉rs ❝♦✉t❡❛✉① ❘❋✳ ■❧ ❡♥ ❡①✐st❡ ✉♥❡ tr♦✐s✐✒❡♠❡ q✉❡ ♥♦✉s ♥✬❛✈♦♥s ♣❛s t❡st✓❡ ♠❛✐s ❞♦♥t ❧❡

s✉❝❝✒❡s ♥❡ ❢❛✐t ❛✉❝✉♥ ❞♦✉t❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❍❋ ✒❛ ✻✳✽ ●❍③ ♣♦✉r ✐♥❞✉✐r❡ ✉♥ tr❛♥s❢❡rt

❡♥tr❡ ❧❡s ♥✐✈❡❛✉① ❤②♣❡r☞♥s ✭❋ ❂ ✷❀♠❋ ❂ ✷✮ ❡t ✭❋ ❂ ✶❀♠❋ ❂ ✶✮✳

✸✳✹✳✷ ❚❡❝❤♥✐q✉❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ♣❛r ❝♦✉t❡❛✉① ❘❋ ♠✉❧t✐♣❧❡s

❋✐❣✳ ✸✳✶✻ ✿ Pr✐♥❝✐♣❡ ❞❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥ ✒❛
tr♦✐s ❝♦✉t❡❛✉① ❘❋ ✿ ❧❡s ✸ ❢r✓❡q✉❡♥❝❡s ❘❋
✐♥❞✉✐s❡♥t ✸ r✓❡s♦♥❛♥❝❡s ❡♥ ❞❡s ♣♦s✐t✐♦♥s ❞✐❢✲
❢✓❡r❡♥t❡s ♣♦✉r ❝❤❛q✉❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❞❡✉①
s♦✉s ♥✐✈❡❛✉① ❩❡❡♠❛♥ ❛❞❥❛❝❡♥ts✳ ❊♥ ❛❥✉s✲
t❛♥t ♣r✓❡❝✐s✓❡♠❡♥t ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❝❤❛❝✉♥
❞❡s ❝♦✉t❡❛✉① ❘❋✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❢❛✐r❡
❝♦⑧✏♥❝✐❞❡r ✸ r✓❡s♦♥❛♥❝❡s ❡t ❞✬♦❜t❡♥✐r ❛✐♥s✐
✉♥ tr❛♥s❢❡rt ❞✐r❡❝t ❞✬✉♥ ✓❡t❛t ♣✐✓❡❣❡❛♥t ✈❡rs
✉♥ ✓❡t❛t ♥♦♥ ♣✐✓❡❣❡❛♥t✳ ❖♥ ♦❜t✐❡♥t ❛✐♥s✐ ❞❡
♥♦✉✈❡❛✉ ✉♥❡ ✓❡✈❛♣♦r❛t✐♦♥ ❡✍❝❛❝❡✳

◆♦✉s ❛✈♦♥s ✓❡t✉❞✐✓❡ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ r❡❢r♦✐❞✐r ❞✐r❡❝t❡♠❡♥t ❧❡s ❛t♦♠❡s ❞❡ ✽✼❘❜ ❞❛♥s ❧✬✓❡t❛t

✭❋ ❂ ✷❀♠❋ ❂ ✷✮ ❡♥ ✉t✐❧✐s❛♥t ✸ ❢r✓❡q✉❡♥❝❡s ❘❋ ❛❥✉st✓❡❡s ❞❡ ♠❛♥✐✒❡r❡ ✒❛ ✐♥❞✉✐r❡ ✉♥❡ tr❛♥s✐t✐♦♥

❡♥tr❡ ❞❡✉① s♦✉s ♥✐✈❡❛✉① ♣❛rt✐❝✉❧✐❡rs ❛✉ ♠❫❡♠❡ ❡♥❞r♦✐t✳

❊♥ ♣r❛t✐q✉❡✱ ❧❡s tr♦✐s ❝♦✉t❡❛✉① s♦♥t ♦❜t❡♥✉s ❡♥ ❝r✓❡❛♥t ❞❡s ❜❛♥❞❡s ❧❛t✓❡r❛❧❡s s✉r ❧❛ ❢r✓❡q✉❡♥❝❡

❘❋ ❝❡♥tr❛❧❡✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ ❝♦♠♣❡♥s❡r ❝♦rr❡❝t❡♠❡♥t ❧✬❡☛❡t ❩❡❡♠❛♥ q✉❛❞r❛t✐q✉❡✱ q✉✐ ✈❛✉t

❡♥✈✐r♦♥ ✻ ▼❍③ ✒❛ ✉♥ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡ ❞❡ ✷✵✼ ●❛✉ss✳ ■❧ r❡st❡ ♥✓❡❛♥♠♦✐♥s ❞❡s ❝♦rr❡❝t✐♦♥s

r✓❡s✐❞✉❡❧❧❡s ❞✉❡s ❛✉① ♦r❞r❡s s✉♣✓❡r✐❡✉rs ❞✉ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬❡☛❡t ❩❡❡♠❛♥✳ ❈❡s ❝♦rr❡❝t✐♦♥s

✈❛❧❡♥t ✺✵✵ ❦❍③ ✒❛ ✉♥ ❜✐❛✐s ❞❡ ✷✵✼ ●❛✉ss ❡t ❞♦✐✈❡♥t ❫❡tr❡ ❝♦♠♣❛r✓❡❡s ✒❛ ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ♣❛r

s❛t✉r❛t✐♦♥ ❞❡ ❧❛ r✓❡s♦♥❛♥❝❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❘❋✳ ❈❡❧❧❡✲❝✐ ❡st ❢❛✐❜❧❡ ❝❛r ❧❛ ♣✉✐ss❛♥❝❡ ❘❋ ❞♦✐t

❫❡tr❡ ❞✐♠✐♥✉✓❡❡ s✉✍s❛♠♠❡♥t ♣♦✉r ✓❡❧✐♠✐♥❡r ❧❡s ❤❛r♠♦♥✐q✉❡s ♣❛r❛s✐t❡s ❧♦rs ❞✉ ♠✐①❛❣❡✳ ❖♥ ♥✬❡st

❞♦♥❝ ♣❧✉s ❞❛♥s ❧❡ ❝❛s ❞❡ ☞❣✉r❡ ✐❞✓❡❛❧ ❞❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥✱ ❡t ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞❡ ❞✐♠✐♥✉❡r ❧❡ ❜✐❛✐s✳
✒❆ ✉♥ ❜✐❛✐s ❞❡ ✺✾ ●❛✉ss✱ ♥♦✉s ❛✈♦♥s ♦❜s❡r✈✓❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣♦✉r ❞❡s

❢r✓❡q✉❡♥❝❡s ✈❛r✐❛♥t ❡♥tr❡ ✹✹✵ ❦❍③ ❡t ✹✺✵ ❦❍③ ✭❋❲❍▼✮✱ ❝❡ q✉✐ ✐♥❞✐q✉❡ q✉❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡

❘❛❜✐ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧❛ ♣✉✐ss❛♥❝❡ ❛❝❝❡ss✐❜❧❡ ❞❛♥s ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵ ❦❍③✳

❋✐❣✳ ✸✳✶✼ ✿ ❈♦✉r❜❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ❞❡
❧✬✓❡✈❛♣♦r❛t✐♦♥ ✒❛ tr♦✐s ❝♦✉t❡❛✉①



✸✳✹ ◗✉❡❧q✉❡s ❡☛❡ts ♣❤②s✐q✉❡s ♦❜s❡r✈✓❡s ❧♦rs ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ✶✵✶

❋✐❣✳ ✸✳✶✽ ✿ ❘❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡
❞❡s ❛t♦♠❡s ❞❡ ✽✼❘❜ ❞❛♥s ❥❋ ❂ ✷❀♠❋ ❂ ✷✐
✭✐♠❛❣❡s s✉♣✓❡r✐❡✉r❡s✮ ♣❛r ❧❡s ❛t♦♠❡s ❞❛♥s
❥❋ ❂ ✶❀♠❋ ❂ �✶✐ r❡❢r♦✐❞✐s ♣❛r ✓❡✈❛♣♦r❛✲
t✐♦♥ ✭✐♠❛❣❡s ✐♥❢✓❡r✐❡✉r❡s✮ ✿ ❡☛❡t ❞✉ ❝♦♥t❛❝t
t❤❡r♠✐q✉❡✳ ❛✮ ♣❡t✐t ❞✓❡❝❛❧❛❣❡ ❣r❛✈✐t❛✲
t✐♦♥♥❡❧ ✭✼✖♠✮ ❡♥tr❡ ❧❡s ❞❡✉① ♥✉❛❣❡s ✿
❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ ❝♦♥❞✉✐t ✒❛
❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ♣♦✉r ❧❡s ❞❡✉① ❡s♣✒❡❝❡s✳
❜✮ ♣❧✉s ❣r❛♥❞ ❞✓❡❝❛❧❛❣❡ ❣r❛✈✐t❛t✐♦♥♥❡❧
✭✷✻✖♠✮ ✿ ❛✉✲❞❡ss♦✉s ❞❡ ✹✵✵ ♥❑ ✭tr♦✐s✐✒❡♠❡
✐♠❛❣❡✮✱ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞❡ ❧❛ ❝✐❜❧❡ ♥❡ ❞✐♠✐✲
♥✉❡ ♣❧✉s ❞✉ t♦✉t ❛❧♦rs q✉❡ ❧❡ ❣❛③ t❛♠♣♦♥
❡st ❝♦♠♣❧✒❡t❡♠❡♥t ✓❡✈❛♣♦r✓❡

✸✳✹✳✸ ❘❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡

❉❛♥s ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ ♣❧❛❝❡✱ ✉♥❡ ❡s♣✒❡❝❡ ❛t♦♠✐q✉❡ ❡st r❡✲

❢r♦✐❞✐❡ ♣❛r ❧❛ t❡❝❤♥✐q✉❡ ❁ ❝❧❛ss✐q✉❡ ❃ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✳ ❉❛♥s ♥♦tr❡ ❝❛s ❞❡ ☞❣✉r❡✱

❝❡tt❡ ❡s♣✒❡❝❡ ❡st ❧✬❛t♦♠❡ ❞❡ ✽✼❘❜ ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✶❀♠❋ ❂ �✶✮ q✉✐ ♣❡✉t ❫❡tr❡ ❝♦♥❞❡♥s✓❡✳ ▲✬❛✉tr❡
❡s♣✒❡❝❡✱ s♦✐t ❧✬❛t♦♠❡ ❞❡ ✽✼❘❜ ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✷❀♠❋ ❂ ✷✮✱ ✈❛ ❫❡tr❡ r❡❢r♦✐❞✐❡ ❣r❫❛❝❡ ✒❛ ✉♥ ✓❡❝❤❛♥❣❡

❞✬✓❡♥❡r❣✐❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡s♣✒❡❝❡s ♣❛r ❧✬✐♥t❡r♠✓❡❞✐❛✐r❡ ❞❡s ❝♦❧❧✐s✐♦♥s ✓❡❧❛st✐q✉❡s ✐♥t❡r❡s♣✒❡❝❡s✳ ▲❡

r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ s❡r❛ ❡✍❝❛❝❡ t❛♥t q✉✬✉♥ ❜♦♥ ❝♦♥t❛❝t t❤❡r♠✐q✉❡ s❡r❛ ♠❛✐♥t❡♥✉✱

❝✬❡st✲✒❛✲❞✐r❡ t❛♥t q✉❡ ❧❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s ❞❡ ❝❤❛q✉❡ ❡s♣✒❡❝❡ s❡ r❡❝♦✉✈r✐r♦♥t ♣♦✉r ❛✉t♦r✐s❡r

✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝♦❧❧✐s✐♦♥s✳ ❖r✱ ❧❛ ❢♦r❝❡ ❞❡ ♣✐✓❡❣❡❛❣❡ ♠❛❣♥✓❡t✐q✉❡ ❡st ♣❧✉s ❢❛✐❜❧❡ ♣♦✉r ❧❡s

❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✶❀♠❋ ❂ �✶✮ q✉❡ ♣♦✉r ❧❡s ❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ✭❋ ❂ ✷❀♠❋ ❂ ✷✮✳ ■❧

❡♥ r✓❡s✉❧t❡ q✉❡ ❧❡s ❝❡♥tr❡s r❡s♣❡❝t✐❢s ❞❡ ❝❡s ❞❡✉① ♣✐✒❡❣❡s s♦♥t ❞✓❡❝❛❧✓❡s ✈❡rt✐❝❛❧❡♠❡♥t ✭❧❛ ❣r❛✈✐t✓❡

✓❡t❛♥t ❞✉ ♠❫❡♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❛ ❢♦r❝❡ ❞❡ ♣✐✓❡❣❡❛❣❡✮✳ ❈❡ ❞✓❡❝❛❧❛❣❡ ❞♦✐t ❞♦♥❝ ❫❡tr❡ ♣❧✉s

❢❛✐❜❧❡ q✉❡ ❧❡s t❛✐❧❧❡s r❡s♣❡❝t✐✈❡s ❞❡s ♥✉❛❣❡s ❛t♦♠✐q✉❡s ♣♦✉r ❛ss✉r❡r ✉♥ ❜♦♥ r❡❝♦✉✈r❡♠❡♥t✳ ❙✐

❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ♣r❡sq✉❡ t♦✉❥♦✉rs ✈✓❡r✐☞✓❡❡ ❡♥ ❞✓❡❜✉t ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t✱ ❡❧❧❡ ♥❡ ❧✬❡st ♣❧✉s

❢♦r❝✓❡♠❡♥t ❧♦rsq✉❡ ❧❡s ❛t♦♠❡s s♦♥t tr✒❡s ❢r♦✐❞s✱ ❧❛ t❛✐❧❧❡ ❞✬✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s ♣✐✓❡❣✓❡s ♠❛❣♥✓❡t✐✲

q✉❡♠❡♥t ✈❛r✐❛♥t ❛✈❡❝ ❧❛ t❡♠♣✓❡r❛t✉r❡✳ ◆♦✉s ❛✈♦♥s ♠✐s ❡♥ ✓❡✈✐❞❡♥❝❡ ❝❡tt❡ ❧✐♠✐t❛t✐♦♥ ❞❛♥s ♥♦s

❡①♣✓❡r✐❡♥❝❡s✳

◆♦✉s ❛✈♦♥s ✓❡t✉❞✐✓❡✱ ✒❛ ❧❛ ❢♦✐s t❤✓❡♦r✐q✉❡♠❡♥t ❡t ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ r❡❢r♦✐✲

❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞✐✈❡rs ♣❛r❛♠✒❡tr❡s ❡①♣✓❡r✐♠❡♥t❛✉① ✭♥♦♠❜r❡ ❞✬❛t♦♠❡s

❞❡ ❝❤❛q✉❡ ❡s♣✒❡❝❡✱ ❢♦r❝❡ ❞❡ ♣✐✓❡❣❡❛❣❡✮✳ ❉✬✉♥❡ ♣❛rt✱ ♥♦✉s ❛✈♦♥s ❞✓❡✈❡❧♦♣♣✓❡ ✉♥ ❝♦❞❡ ♥✉♠✓❡r✐q✉❡

❞❡ s✐♠✉❧❛t✐♦♥ ▼♦♥t❡✲❈❛r❧♦ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ✓❡✈❛♣♦r❛t✐❢✳ ❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ❛✈♦♥s ❝❛❧❝✉❧✓❡

❧❡ t❡r♠❡ ❞✬✓❡❝❤❛♥❣❡ ❞✬✓❡♥❡r❣✐❡ ❛♥❛❧②t✐q✉❡♠❡♥t ❛☞♥ ❞❡ ❝♦♥❢r♦♥t❡r ❧❡ r✓❡s✉❧t❛t ❛♥❛❧②t✐q✉❡ ❡t ❧❛

s✐♠✉❧❛t✐♦♥ ♥✉♠✓❡r✐q✉❡✳ P♦✉r ❝❛❧❝✉❧❡r ❝❡ t❡r♠❡✱ ♥♦✉s ❛✈♦♥s ❢❛✐t ✉♥ ❛♥s❛t③ ❣❛✉ss✐❡♥ ♣♦✉r ❧✬❛♣✲

♣❧✐q✉❡r ✒❛ ❧✬✓❡q✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥✱ ❝✬❡st✲✒❛✲❞✐r❡ q✉❡ ❧✬♦♥ ❛ ♥✓❡❣❧✐❣✓❡ ❧❡s ❝♦rr✓❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s

♣♦s✐t✐♦♥s ❡t ❧❡s ✈✐t❡ss❡s q✉✐ ♥♦r♠❛❧❡♠❡♥t ❛♣♣❛r❛✐ss❡♥t ❧♦rs ❞✬✉♥ ❝♦♥☞♥❡♠❡♥t ✐♥❤♦♠♦❣✒❡♥❡✳



✶✵✷
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❯♥ ❝❛❧❝✉❧ ✉t✐❧✐s❛♥t ❧❛ ♠✓❡t❤♦❞❡ ❞❡s ♠♦②❡♥♥❡s ❬✺✶❪ ♠♦♥tr❡ ♥✓❡❛♥♠♦✐♥s q✉❡ ❧♦rsq✉✬♦♥ ❡st ❧♦✐♥

❞✉ r✓❡❣✐♠❡ ❤②❞r♦❞②♥❛♠✐q✉❡✱ ❝❡ ❝❛❧❝✉❧ ♣❡r♠❡t ❞✬❡st✐♠❡r ❝♦rr❡❝t❡♠❡♥t ❧❡ t❡♠♣s ❞❡ r❡❧❛①❛t✐♦♥

♥✓❡❝❡ss❛✐r❡ ♣♦✉r ❛tt❡✐♥❞r❡ ❧✬✓❡q✉✐❧✐❜r❡ ❡♥tr❡ ❧❡s ❞❡✉① ❡s♣✒❡❝❡s✳ ◆♦tr❡ ♠♦❞✒❡❧❡ t❤✓❡♦r✐q✉❡ ♣❡r♠❡t

❞❡ ❞✓❡t❡r♠✐♥❡r ❧❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ♥✓❡❝❡ss❛✐r❡s ♣♦✉r ♦❜t❡♥✐r ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

s♦✐t ❞❛♥s ✭❋ ❂ ✶❀♠❋ ❂ �✶✮ s❡✉❧✱ s♦✐t ❞❛♥s ✭❋ ❂ ✷❀♠❋ ❂ ✷✮ s❡✉❧✱ s♦✐t ❞❛♥s ❧❡s ❞❡✉①✳

❋✐❣✳ ✸✳✶✾ ✿ ❊☛❡t ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t s②♠✲
♣❛t❤✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s
❝✐❜❧❡ ◆✷❂◆❝

✷ ✳ ▲❡ ♣❛r❛♠✒❡tr❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥
✑ ❝♦rr❡s♣♦♥❞ ❛✉ r❛♣♣♦rt ❡♥tr❡ ❧❛ ❤❛✉✲
t❡✉r ☞♥✐❡ ❞✉ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ❡t ❧✬✓❡♥❡r❣✐❡
♠♦②❡♥♥❡ ❞✉ ❣❛③ ❦❇❚ ✳ ❉❛♥s ❝❡tt❡ ✓❡t✉❞❡✱
♦♥ ❛ ❝❤♦✐s✐ ✦✷❂✦✶ ❂

♣
✷✳ ▲❡s ❧✐❣♥❡s r❡♣r✓❡✲

s❡♥t❡♥t ❧❡s ✈❛❧❡✉rs ❝r✐t✐q✉❡s ◆❛
✷❂◆❝

✷ ✱ ◆
❜
✷❂◆❝

✷

❡t ◆❝
✷❂◆❝

✷ ✳ ❊❧❧❡s s✓❡♣❛r❡♥t ❧❡s r✓❡❣✐♦♥s ❞❛♥s
❧❡sq✉❡❧❧❡s ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡✉①✱
✉♥ ♦✉ ❛✉❝✉♥ ❝♦♥❞❡♥s❛t✳ ▲❡s ♣♦✐♥ts r❡♣r✓❡✲
s❡♥t❡♥t ♥♦s r✓❡s✉❧t❛ts ❡①♣✓❡r✐♠❡♥t❛✉①

✸✳✺ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞❡ ❜♦s♦♥s ❛✉ ❞❡ss✉s ❡t ❡♥

❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥

❯♥ t❡st ❝❛r❛❝t✓❡r✐st✐q✉❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❧❛ ♠❡s✉r❡ ❞❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡ ❞✉

❝♦♥❞❡♥s❛t ❡♥ ✈♦❧ ❧✐❜r❡✳ P♦✉r ✉♥ tr✒❡s ❢❛✐❜❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ♦✉ ❞❛♥s ❧❡ ❝❛s ❞❡ tr✒❡s ❢❛✐❜❧❡s

✐♥t❡r❛❝t✐♦♥s✱ ❧❡ ❝♦♥❞❡♥s❛t s❡ tr♦✉✈❡ ❞❛♥s ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧✬♦s❝✐❧❧❛t❡✉r ❤❛r♠♦♥✐q✉❡✳ ❈❡t

✓❡t❛t ❡st ♠✐♥✐♠❛❧ ❛✉ s❡♥s ❞❡s r❡❧❛t✐♦♥s ❞✬✐♥❝❡rt✐t✉❞❡ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ❝✬❡st✲✒❛✲❞✐r❡ q✉❡ s❡❧♦♥

❝❤❛q✉❡ ❞✐r❡❝t✐♦♥ ✐✱ ❧❛ ❧❛r❣❡✉r ✁①✐ ❡t ❧❛ ❞✐s♣❡rs✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥ ✁♣✐ ✈✓❡r✐☞❡♥t ❧❛ r❡❧❛t✐♦♥

✁①✐✁♣✐ ❂
⑦

✷
✳ ▲♦rsq✉✬♦♥ ❝♦✉♣❡ ❧❡ ♣✐✒❡❣❡ s✉❜✐t❡♠❡♥t✱ ❧❡ ❝♦♥❞❡♥s❛t t♦♠❜❡ ❡t s✬✓❡t❛❧❡✳ ❆✉ ❜♦✉t

❞✬✉♥ t❡♠♣s s✉✍s❛♠♠❡♥t ❧♦♥❣✱ ❧❛ ❢♦r♠❡ ❞✉ ♥✉❛❣❡ r❡✌✒❡t❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ✈✐t❡ss❡s✱ ❝✬❡st✲

✒❛✲❞✐r❡ q✉❡ ❧❛ t❛✐❧❧❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ✐ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ✁♣✐✱ ❡t ❞♦♥❝ ✐♥✈❡rs❡♠❡♥t

♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ❧❛ t❛✐❧❧❡ ✐♥✐t✐❛❧❡ ✁①✐✳ ▲❡ ❝♦♥❞❡♥s❛t✱ ♣♦ss✓❡❞❛♥t ✐♥✐t✐❛❧❡♠❡♥t ✉♥❡ ❢♦r♠❡ ❞❡

❁ ❝✐❣❛r❡ ❃ ✱ s✉❜✐t ✉♥❡ ❡①♣❛♥s✐♦♥ ❛♥✐s♦tr♦♣❡ q✉✐ ❧❡ tr❛♥s❢♦r♠❡ ❡♥ ❁ ❝r❫❡♣❡ ❃✳ ❈❡tt❡ ✐♥✈❡rs✐♦♥

❞❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡ ❡st ❧❛ s✐❣♥❛t✉r❡ ❡①♣❧✐❝✐t❡ ❞✬✉♥ ❡☛❡t q✉❛♥t✐q✉❡✳ ▲❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ❜✐❡♥ q✉❡

♣♦ss✓❡❞❛♥t ❧❛ ♠❫❡♠❡ ❣✓❡♦♠✓❡tr✐❡ ❛❧❧♦♥❣✓❡❡ q✉❡ ❧❡ ❝♦♥❞❡♥s❛t ❞❛♥s ❧❡ ♣✐✒❡❣❡✱ ❡st ❝❛r❛❝t✓❡r✐s✓❡ ✒❛ ❧✬✓❡q✉✐✲

❧✐❜r❡ ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡s ✈✐t❡ss❡s ✐s♦tr♦♣❡✱ ❡t ❞❡✈✐❡♥t s♣❤✓❡r✐q✉❡ ❛♣r✒❡s ✉♥ ❧♦♥❣ t❡♠♣s ❞❡

✈♦❧✳

❙✉r ♥♦tr❡ ❞✐s♣♦s✐t✐❢ ❞❡ ♣r♦❞✉❝t✐♦♥ ❞❡ ❝♦♥❞❡♥s❛ts ❛❧❧♦♥❣✓❡s✱ ❧❡s ❝♦♥❞✐t✐♦♥s ✓❡t❛✐❡♥t ♥✓❡❛♥♠♦✐♥s



✸✳✺ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞❡ ❜♦s♦♥s ❛✉ ❞❡ss✉s ❡t ❡♥ ❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞❡
❝♦♥❞❡♥s❛t✐♦♥ ✶✵✸

♣r✓❡s❡♥t❡s ♣♦✉r q✉❡ ❝❡tt❡ ✐♠❛❣❡ ✐❞✓❡❛❧❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ q✉❛♥t✐q✉❡ ❞✓❡❣✓❡♥✓❡r✓❡ ♦✉ ♥♦♥

s♦✐t s✓❡r✐❡✉s❡♠❡♥t ❛☛❡❝t✓❡❡✳ ❉✬✉♥❡ ♣❛rt✱ ❧✬❡①♣❛♥s✐♦♥ ❞✬✉♥ ❣❛③ ❞❡ ❜♦s♦♥s ❛✉✲❞❡ss✉s ❞✉ s❡✉✐❧

♥✬❡st ♣❧✉s ✐s♦tr♦♣❡ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♦❜s❡r✈✓❡ ✭s❡❝t✐♦♥ ✸✳✺✳✶✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞✒❡s q✉❡ ❧❡

♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t ❡st s✉♣✓❡r✐❡✉r ✒❛ q✉❡❧q✉❡s ✶✵✸✱ ♦♥ ♥❡ ♣❡✉t ♣❧✉s ✈r❛✐♠❡♥t

♥✓❡❣❧✐❣❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳ ❖♥ ❡st ❛❧♦rs ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ♦✒✉ ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡

❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❧✬❡①♣❛♥s✐♦♥ s♦♥t ❞✐❝t✓❡❡s ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❬✺✷❪✳ ❖♥

♦❜t✐❡♥t ♥✓❡❛♥♠♦✐♥s ❧✒❛ ❡♥❝♦r❡ ✉♥❡ ❡①♣❛♥s✐♦♥ ❛♥✐s♦tr♦♣❡ ✭s❡❝t✐♦♥ ✸✳✺✳✷✮ ✳ ❊♥☞♥✱ ✐❧ ❢❛✉t ❛✉ss✐

♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡ ❝♦♥❞❡♥s❛t ❡t ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❧♦rs ❞❡ ❧✬❡①♣❛♥s✐♦♥

❞✬✉♥ ♥✉❛❣❡ ♠✐①t❡✱ ❝❡ q✉✐ ❡st ♣r❛t✐q✉❡♠❡♥t t♦✉❥♦✉rs ❧❡ ❝❛s✳

✸✳✺✳✶ ❖❜s❡r✈❛t✐♦♥ ❞✬✉♥❡ ❞✓❡✈✐❛t✐♦♥ ✒❛ ❧✬❡①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ t❤❡r✲
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❋✐❣✳ ✸✳✷✵ ✿ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❡♥ t❡♠♣s ❞❡ ✈♦❧✳ ▲✬✓❡✈♦❧✉t✐♦♥ ❞❡s t❛✐❧❧❡s ♠❡s✉r✓❡❡s
❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❞❡ ✈♦❧ ✭❝❡r❝❧❡s✮ ❡st ❜✐❡♥ r❡♣r♦❞✉✐t❡ ♣❛r ❧❡s ✓❡q✉❛t✐♦♥s ♣♦✉r ✉♥ ❣❛③ ✐❞✓❡❛❧✱ s✐
♦♥ ❛✉t♦r✐s❡ ✉♥ ❧✓❡❣❡r ✓❡❝❛rt ✒❛ ❧✬❡①♣❛♥s✐♦♥ ✐s♦tr♦♣❡✳ ▲❡s t❡♠♣✓❡r❛t✉r❡s ❡☛❡❝t✐✈❡s ❚❄ ❡t ❚①✱ ❡①tr❛✐t❡s
❞✬❛❥✉st❡♠❡♥ts ✐♥❞✓❡♣❡♥❞❛♥ts ✭❧✐❣♥❡s ❝♦♥t✐♥✉❡s✮ s♦♥t ❡♥ ❡☛❡t ❧✓❡❣✒❡r❡♠❡♥t ❞✐☛✓❡r❡♥t❡s ✭❚❄❂✻✵✽ ♥❑ ❡t
❚①❂✺✽✽ ♥❑✮✳

▲❡ ♠♦❞✒❡❧❡ ❞✉ ❣❛③ ✐❞✓❡❛❧ ♥✬❡st ♣❛s t♦✉❥♦✉rs ✈❛❧✐❞❡ ♣♦✉r ❞✓❡❝r✐r❡ ❧✬❡①♣❛♥s✐♦♥ ❞✉ ♥✉❛❣❡ t❤❡r✲

♠✐q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧✬♦♥ ❡st ❛ss❡③ ♣r✒❡s ❞✉ s❡✉✐❧ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥✳ ▲❛ ☞❣✉r❡ ✸✳✷✵

✐♥❞✐q✉❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡s t❛✐❧❧❡s ✭✒❛ ◆ ✘ ✹ ✂ ✶✵✻ ❡t ❚ ✘ ✻✵✵ ♥❑ ☞①✓❡s✮ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❞❡

✈♦❧✳ ▲✬✓❡✈♦❧✉t✐♦♥ ❣✓❡♥✓❡r❛❧❡ ❞❡ ❝❡s t❛✐❧❧❡s ❝♦rr❡s♣♦♥❞ ✒❛ ❧✬❛❧❧✉r❡ ❛tt❡♥❞✉❡✱ ♠❛✐s ❧❡s t❡♠♣✓❡r❛t✉r❡s
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❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

r❛❞✐❛❧❡s ❡t ❛①✐❛❧❡s ❞✓❡❞✉✐t❡s ❞❡s ♠❡s✉r❡s ✒❛ ♣❛rt✐r ❞❡ ❝❡s t❛✐❧❧❡s s♦♥t ❧✓❡❣✒❡r❡♠❡♥t ❞✐☛✓❡r❡♥t❡s✱

❚❄ ❂ ✻✵✽ ♥❑ ❡t ❚① ❂ ✺✽✽ ♥❑✳ ❈❡ r✓❡s✉❧t❛t ❡st ♦❜s❡r✈✓❡ ❞❡ ♠❛♥✐✒❡r❡ s②st✓❡♠❛t✐q✉❡ ♣♦✉r ✉♥❡

✈❛st❡ ❣❛♠♠❡ ❞❡ t❡♠♣✓❡r❛t✉r❡s ❡t ❞❡ ❞❡♥s✐t✓❡s✳ ❈❡s ❞♦♥♥✓❡❡s s♦♥t r❡♣♦rt✓❡❡s s✉r ❧❛ ☞❣✉r❡ ✸✳✷✶

♣♦✉r ✉♥ t❡♠♣s ❞❡ ✈♦❧ ❞❡ ✷✷✳✸ ♠s ❡t ❝♦♠♣❛r✓❡❡s ❛✉ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ♣r✓❡❞✐t ♣❛r ❧❡ ♠♦❞✒❡❧❡
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❡st ❢❛✐❜❧❡✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✺ ✪✱ ♠❛✐s ♦♥ ❝♦♥st❛t❡ ♥✓❡❛♥♠♦✐♥s ✉♥❡ ❞✓❡♣❡♥❞❛♥❝❡ ♥❡tt❡♠❡♥t ❧✐♥✓❡❛✐r❡

❛✈❡❝ ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s
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❋✐❣✳ ✸✳✷✶ ✿ ❞r♦✐t❡ ✿ ▲❡ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ♠❡s✉r✓❡ ❛♣r✒❡s ✉♥ t❡♠♣s ❞❡ ✈♦❧ ❞❡ ✷✷✳✸ ♠s ✭❝❡r❝❧❡s✮
❞✓❡✈✐❡ ❞✉ ❝❛s ✐❞✓❡❛❧ ✭♣♦✐♥t✐❧❧✓❡ ❝♦✉rt✮✱ ❡t ❡st ❜✐❡♥ ❛❥✉st✓❡ ♣❛r ✉♥❡ ❞r♦✐t❡ ❞❡ ♣❡♥t❡ ✵✳✶✺ ✭♣♦✐♥t✐❧❧✓❡ ❧♦♥❣✮✳
▲❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s ❡st ❝❛❧❝✉❧✓❡ ❡♥ ✐♥❝❧✉❛♥t ❧❡s ❡☛❡ts ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ ❇♦s❡✳ ❣❛✉❝❤❡ ✿ ▲❡s ♣♦✐♥ts
❡①♣✓❡r✐♠❡♥t❛✉① ❛♣r✒❡s ♠♦②❡♥♥❡ s♦♥t r❡♣r✓❡s❡♥t✓❡s ♣❛r ❧❡s ❝❡r❝❧❡s ❛✈❡❝ ❧❡s ❜❛rr❡s ❞✬❡rr❡✉rs st❛t✐st✐q✉❡s✳
▲❛ ❝♦✉r❜❡ ❝♦♥t✐♥✉❡✱ ❞✓❡❞✉✐t❡ ❞❡s ✓❡q✉❛t✐♦♥s ❞✬✓❡❝❤❡❧❧❡ ❬✺✸❪ q✉✐ ✐♥❝❧✉❡♥t ❧❡s ❡☛❡ts ❤②❞r♦❞②♥❛♠✐q✉❡s ❡t ❧❡
❝❤❛♠♣ ♠♦②❡♥✱ ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ✭✶✺ ✪ ♣r✒❡s ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡ ♣❛r❛♠✒❡tr❡s ♠❡s✉r✓❡s✮ ❛✈❡❝ ❧❡ ♠❡✐❧❧❡✉r
❛❥✉st❡♠❡♥t ❧✐♥✓❡❛✐r❡ ❞❡s ❞♦♥♥✓❡❡s✳ ❊♥ ♠✓❡❞❛✐❧❧♦♥✱ ❧❛ s♦❧✉t✐♦♥ ♥✉♠✓❡r✐q✉❡ ❞❡s ✓❡q✉❛t✐♦♥s ❞✬✓❡❝❤❡❧❧❡ ♣♦✉r
❞❡s t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s ♣❧✉s ✓❡❧❡✈✓❡s ♠♦♥tr❡ ✉♥❡ ❞✓❡✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉ ❞✓❡♠❛rr❛❣❡ ❧✐♥✓❡❛✐r❡ q✉❛♥❞
✌❝♦❧❧ ✘ ✦❄✳

❯♥❡ ✓❡t✉❞❡ s②st✓❡♠❛t✐q✉❡ ❞❡ ♥♦tr❡ ❞✐s♣♦s✐t✐❢ ❬✺✹❪ ♣❡r♠❡t ❞✬❡①❝❧✉r❡ q✉❡ ❧✬❛♥✐s♦tr♦♣✐❡ ♦❜s❡r✈✓❡❡

s✉r ❧❡s ♥✉❛❣❡s t❤❡r♠✐q✉❡s s♦✐t ❝❛✉s✓❡❡ ♣❛r ❞❡s ❡☛❡ts ♣❛r❛s✐t❡s✱ ❞❫✉s ✒❛ ✉♥❡ ❝♦✉♣✉r❡ tr♦♣ ❧❡♥t❡

♦✉ ✒❛ ❞❡s ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ♥♦♥ ❝♦♥tr❫♦❧✓❡s ❬✺✹❪✳ P❛r ❝♦♥tr❡✱ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬❛♥✐s♦tr♦♣✐❡

❛✈❡❝ ❧❛ ❞❡♥s✐t✓❡ ❞❛♥s ❧❡ ♣✐✒❡❣❡ ❝♦♥❞✉✐t ♥❛t✉r❡❧❧❡♠❡♥t ✒❛ ❡♥✈✐s❛❣❡r ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s s✉r

❧✬✓❡✈♦❧✉t✐♦♥ ❞✉ ♥✉❛❣❡✳ ❈❡❧❧❡s✲❝✐ ♣❡✉✈❡♥t ❛✈♦✐r ❞❡✉① ❝♦♥s✓❡q✉❡♥❝❡s ✿

✶✳ ▲❡ ❣❛③ ✒❛ ❧✬✓❡q✉✐❧✐❜r❡ ♣❡✉t s❡ ❞✐❧❛t❡r s♦✉s ❧✬❡☛❡t ❞❡ s♦♥ ♣r♦♣r❡ ❝❤❛♠♣ ♠♦②❡♥ ❡t ❧✬✓❡♥❡r❣✐❡

❝♦rr❡s♣♦♥❞❛♥t❡ s❡ tr❛♥s❢♦r♠❡ ❞❡ ❢❛✘❝♦♥ ❛♥✐s♦tr♦♣❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ ❛✉ ❞✓❡❜✉t ❞❡

❧✬❡①♣❛♥s✐♦♥✳

✷✳ ▲❡s ❝♦❧❧✐s✐♦♥s ♣❡✉✈❡♥t ♠♦❞✐☞❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ✭❤♦rs✲✓❡q✉✐❧✐❜r❡✮ ❞✉ ❣❛③ ❛✉ ❞✓❡❜✉t ❞❡

❧✬❡①♣❛♥s✐♦♥✳
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t✢ ✦�✶
❄ ✮✮✱

❘t❤

▲t❤
✙ ✦①t♣

✶ ✰ ✜ ✷
①

✏
✶ ✰

✤

✷

✜ ✷
①

✶ ✰ ✜ ✷
①

✑
✿ ✭✸✳✶✺✮

❛✈❡❝ ✤ ❂ ✭❣✸✭③✮❯❂❣✹✭③✮◆❦❇❚✮
❘
❞✭✸✮r❬♥t❤✭r✮❪

✷ ✜ ✶ ❬✺✺✱ ✺✻❪✳ P♦✉r ✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ♣r✒❡s ❞✉ s❡✉✐❧

❞❡ ❝♦♥❞❡♥s❛t✐♦♥✱ ♦♥ tr♦✉✈❡ q✉❡ ✤ ✙ ✶✿✷✸ ❛
✕❚
✳ ◗✉❛♥t✐t❛t✐✈❡♠❡♥t✱ ❧❛ q✉❛♥t✐t✓❡ ✤ ♥❡ ❞✓❡♣❛ss❡ ♣❛s ✷

✪ ♣♦✉r ❧❡s ❞♦♥♥✓❡❡s ❞❡ ❧❛ ☞❣✉r❡ ✸✳✷✶✱ ❡t ❧✬❡☛❡t ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ♥❡ ♣❡✉t ❡①♣❧✐q✉❡r ❧✬❛♠♣❧✐t✉❞❡

❞❡ ❧❛ ❞✓❡✈✐❛t✐♦♥ ❛✉ ♠♦❞✒❡❧❡ ✐❞✓❡❛❧✳

❈♦♥s✐❞✓❡r♦♥s ❛❧♦rs ❧✬✐♥✌✉❡♥❝❡ ❞❡s ❝♦❧❧✐s✐♦♥s ❞❛♥s ❧✬✓❡✈♦❧✉t✐♦♥ ❞✉ ♥✉❛❣❡✳ P♦✉r ✉♥ ❣❛③ ♣✐✓❡❣✓❡✱

❝❡ t❡r♠❡ ❡st r❡s♣♦♥s❛❜❧❡ ❡♥ ❣✓❡♥✓❡r❛❧ ❞✉ r❡t♦✉r ✈❡rs ❧✬✓❡q✉✐❧✐❜r❡ ❞✉ ❣❛③✳ P♦✉r ✉♥ ♥✉❛❣❡ tr✒❡s

❛♥✐s♦tr♦♣❡✱ ❝❡♣❡♥❞❛♥t✱ ✐❧ ❡st s✉s❝❡♣t✐❜❧❡ ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❞❛♥s ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥

✈✐t❡ss❡s ❛♣r✒❡s ❡①♣❛♥s✐♦♥ ❬✺✼✱ ✺✽❪✳ ❊♥ ❡☛❡t✱ ❞❛♥s ♥♦tr❡ s✐t✉❛t✐♦♥✱ ❧❡ ❧✐❜r❡ ♣❛r❝♦✉rs ♠♦②❡♥ ❡st

♣❡t✐t ❞❡✈❛♥t ❧❛ t❛✐❧❧❡ ❞✉ ❣r❛♥❞ ❛①❡ ❞❡ ❧✬❡❧❧✐♣s♦⑧✏❞❡ ✭t❛✐❧❧❡ ❛①✐❛❧❡✮✱ t♦✉t ❡♥ ✓❡t❛♥t ❣r❛♥❞ ❞❡✈❛♥t

❧❛ t❛✐❧❧❡ r❛❞✐❛❧❡✳ ❊♥ ❝❡ ❝❛s✱ ✉♥❡ tr❛❥❡❝t♦✐r❡ q✉✐ s✉✐t ✉♥ ❞❡s ❛①❡s tr❛♥s✈❡rs❡s s❡r❛ ♣r❛t✐q✉❡♠❡♥t

s❛♥s ❝♦❧❧✐s✐♦♥s ❡t ❞♦♥❝ ❜❛❧✐st✐q✉❡✳ P❛r ❝♦♥tr❡✱ ❧❡s ♣❛rt✐❝✉❧❡s ❞♦♥t ❧❛ tr❛❥❡❝t♦✐r❡ s✉✐t ❛♣♣r♦①✐✲

♠❛t✐✈❡♠❡♥t ❧✬❛①❡ ❧♦♥❣ ✈♦♥t s✉❜✐r ❞❡s ❝♦❧❧✐s✐♦♥s✱ q✉✐ ♥❡ ♣❡✉✈❡♥t q✉❡ ❢r❡✐♥❡r ❧✬❡①♣❛♥s✐♦♥ s❡❧♦♥

❝❡t ❛①❡✳ ❈❡s ❝♦❧❧✐s✐♦♥s ✈♦♥t r❡❞✐str✐❜✉❡r ✉♥❡ ♣❛rt✐❡ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ ❛①✐❛❧❡ ❞❛♥s ❧❡s ❞❡✉①

❞✐r❡❝t✐♦♥s r❛❞✐❛❧❡s ❡t ✐♥tr♦❞✉✐r❡ ✉♥❡ ❛♥✐s♦tr♦♣✐❡ ❞❛♥s ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥✳ P♦✉r ✉♥❡

❢❛✐❜❧❡ ❛♥✐s♦tr♦♣✐❡✱ ♦♥ s✬❛tt❡♥❞ ✒❛ ❝❡ q✉✬❡❧❧❡ s♦✐t ❞✓❡t❡r♠✐♥✓❡❡ ♣❛r ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s ✐♥✐t✐❛❧

✌❝♦❧❧ ✘ ♥t❤✭✵✮✛❡❧✈t❤✱ ❛✈❡❝ ✛❡❧ ❂ ✽✙❛✷ ❡t ✈t❤ ❂
♣

✽❦❇❚❂✙♠✳ ❉❡ ♣❧✉s✱ ❧❛ ❞❡♥s✐t✓❡ ❞✉ ♥✉❛❣❡ ❝❤✉t❡

❡♥ q✉❡❧q✉❡s ✦�✶
❄ ✱ q✉✐ ❞♦♥♥❡ ✓❡❣❛❧❡♠❡♥t ❧❡ t❡♠♣s s✉r ❧❡q✉❡❧ ❧❛ r❡❞✐str✐❜✉t✐♦♥ ♣❡✉t s❡ ♣r♦❞✉✐r❡✳

❆♣r✒❡s q✉❡❧q✉❡s ♣✓❡r✐♦❞❡s r❛❞✐❛❧❡s✱ ♦♥ ❛tt❡♥❞ ❞♦♥❝ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡s q✉❛s✐♠❡♥t

st❛t✐♦♥♥❛✐r❡ q✉✐ ❝♦♥❞✉✐t ✒❛ ✉♥ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ✿

❘t❤

▲t❤
✙ ✜①♣

✶ ✰ ✜ ✷
①

✏
✶ ✰

☞✌❝♦❧❧
✹✦❄

✶ ✰ ✸✜ ✷
①

✶ ✰ ✜ ✷
①

✑
✿ ✭✸✳✶✻✮

❖♥ tr♦✉✈❡ ❞♦♥❝ ✉♥❡ ❞✓❡♣❡♥❞❛♥❝❡ ❛✍♥❡ ❞✉ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ❛✈❡❝ ❧❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s✱

❧❡s ❛✉tr❡s ♣❛r❛♠✒❡tr❡s ✓❡t❛♥t ☞①✓❡s✳ ❆✈❡❝ ✉♥ ❛❥✉st❡♠❡♥t ❧❛✐ss❛♥t ☞ ❧✐❜r❡✱ ♥♦✉s ♣♦✉✈♦♥s r❡♥❞r❡

❝♦♠♣t❡ ❞❡ ❧❛ t❡♥❞❛♥❝❡ ❣✓❡♥✓❡r❛❧❡ ♦❜s❡r✈✓❡❡ s✉r ♥♦s ❞♦♥♥✓❡❡s✱ ❡♥ ♦❜t❡♥❛♥t ❧❡ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t

♣♦✉r ☞ ❂ ✵✿✶✺✳ ❈❡s ❝♦♥s✐❞✓❡r❛t✐♦♥s ♣❡r♠❡tt❡♥t ❞❡ r❡✈❡♥✐r s✉r ❧❡s ❞♦♥♥✓❡❡s ❞✬❡①♣❛♥s✐♦♥ ❡♥

❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❞❡ ✈♦❧ ♣r✓❡s❡♥t✓❡❡s s✉r ❧❛ ☞❣✉r❡ ✸✳✷✵✳ ❊♥ ❡☛❡t✱ ♣♦✉r ☞✌❝♦❧❧❂✦❄ ✙ ✵✿✵✸✺✱ q✉✐

❝♦rr❡s♣♦♥❞ ❛✉① t❡♠♣✓❡r❛t✉r❡s ❡t ❛✉① ❞❡♥s✐t✓❡s ❡①tr❛♣♦❧✓❡❡s ✒❛ ♣❛rt✐r ❞❡s ✐♠❛❣❡s✱ ♦♥ tr♦✉✈❡ ✒❛

♣❛rt✐r ❞❡s ✈✐t❡ss❡s ❞✬❡①♣❛♥s✐♦♥ ♠❡s✉r✓❡❡s ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ✐♥✐t✐❛❧❡ ❞❡ ✻✵✵ ♥❑ ❡♥ ❡☛❡❝t✉❛♥t ❧❡s

❝♦rr❡❝t✐♦♥s s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥ r❛❞✐❛❧❡✱ ❡t ✺✾✽ ♥❑ s✉✐✈❛♥t ❧✬❛①❡ ❛①✐❛❧✳ ❖♥ r❡tr♦✉✈❡

❞♦♥❝ ✉♥ tr✒❡s ❜♦♥ ❛❝❝♦r❞ s✉r ❧❛ ♠❡s✉r❡ ❞❡ t❡♠♣✓❡r❛t✉r❡ s✉✐✈❛♥t ❧❡s ❞❡✉① ❛①❡s✳

❈♦rr❡❝t✐♦♥ s✉r ❧❛ t❡♠♣✓❡r❛t✉r❡ ♠❡s✉r✓❡❡ ✿ ❈❡s r✓❡s✉❧t❛ts ❡①♣✓❡r✐♠❡♥t❛✉① s♦♥t ❞✬✐♠♣♦r✲

t❛♥❝❡ ❧♦rsq✉✬♦♥ r❡❝❤❡r❝❤❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❧✉s ☞❛❜❧❡ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ✐♥✐t✐❛❧❡ ❚✵ ✒❛ ♣❛rt✐r ❞❡s

✈✐t❡ss❡s ❞✬❡①♣❛♥s✐♦♥✳ P♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✭❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❬✺✼❪✮ ❧✬❡☛❡t ❞❡s ❝♦❧❧✐s✐♦♥s✱



✶✵✻
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

♦♥ ❝♦rr✐❣❡r❛ ❞♦♥❝ ❧❛ t❡♠♣✓❡r❛t✉r❡ ♠❡s✉r✓❡❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❛ ❢♦r♠✉❧❡

❚✵ ✙ ✷✜ ✷①
✶ ✰ ✸✜ ✷①

❚❄ ✰
✶ ✰ ✜ ✷①
✶ ✰ ✸✜ ✷①

❚①❀ ✭✸✳✶✼✮

s♦✉s r✓❡s❡r✈❡ q✉❡ ❧✬✓❡♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ s♦✐t ♥✓❡❣❧✐❣❡❛❜❧❡✳

✸✳✺✳✷ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ♣✉r

❋✐❣✳ ✸✳✷✷ ✿ ■♠❛❣❡s ❞✉ ❝♦♥❞❡♥s❛t ♦❜t❡♥✉❡s ❛♣r✒❡s ✉♥ t❡♠♣s ❞❡ ✈♦❧ ✈❛r✐❛❜❧❡✳ ▲✬✐♥✈❡rs✐♦♥ ❞✬❡❧❧✐♣t✐❝✐t✓❡
❡st ♥❡tt❡✱ ❛❧♦rs q✉❡ ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ✭❤❛❧♦ ✒❛ ♣❡✐♥❡ ✈✐s✐❜❧❡ ✐♥❞✐q✉✓❡ ♣❛r ❧❡ ♣♦✐♥t✐❧❧✓❡ ❜❧❛♥❝✮ t❡♥❞ ✈❡rs
✉♥❡ ❢♦r♠❡ s♣❤✓❡r✐q✉❡✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞✐t ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ✉♥ t❡st ❝❛r❛❝t✓❡r✐st✐q✉❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❧❛

♠❡s✉r❡ ❞❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡ ❞✉ ❝♦♥❞❡♥s❛t ❡♥ ✈♦❧ ❧✐❜r❡✳ ❈❡tt❡ ✐♥✈❡rs✐♦♥ ❞❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡

❡st ❧❛ s✐❣♥❛t✉r❡ ❡①♣❧✐❝✐t❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✱ ♠❛✐s ✐❧ ❢❛✉t ♥✓❡❛♥♠♦✐♥s s✬❛ss✉r❡r✱ ❝♦♠♠❡ ♥♦✉s

❧✬❛✈♦♥s ✈✉ ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ q✉❡ ❧❡s ❡☛❡ts ❤②❞r♦❞②♥❛♠✐q✉❡s ♥❡ ♣✉✐ss❡♥t ♣❛s ❁ s✐♠✉❧❡r ❃ ✉♥

❝♦♠♣♦rt❡♠❡♥t ❛♥❛❧♦❣✉❡ s✉r ✉♥ ❣❛③ ♥♦♥ ❞✓❡❣✓❡♥✓❡r✓❡✳ ❉❛♥s ♥♦s ❡①♣✓❡r✐❡♥❝❡s✱ ❧❛ ❝♦rr❡❝t✐♦♥ ❤②✲

❞r♦❞②♥❛♠✐q✉❡ ♥✬✓❡t❛♥t q✉❡ ❞❡ q✉❡❧q✉❡s ✪✱ ❧✬♦❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ♣❡✉t s❡ ❢❛✐r❡ s❛♥s

❛♠❜✐❣✉⑧✏t✓❡ ❬✺✾❪✳

✒❆ ❝❛✉s❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✉ ❝♦♥❞❡♥s❛t ♥✬❡st ♣❛s ❝❡❧❧❡ ❞✉ ❢♦♥✲

❞❛♠❡♥t❛❧ ❞❡ ❧✬♦s❝✐❧❧❛t❡✉r ❤❛r♠♦♥✐q✉❡✳ ❉❡ ♣❧✉s✱ ❧♦rs ❞❡s ♣r❡♠✐✒❡r❡s ♠✐❧❧✐s❡❝♦♥❞❡s ❞✬❡①♣❛♥s✐♦♥✱

t♦✉t❡ ❧✬✓❡♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞✉❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s ✭r✓❡♣✉❧s✐✈❡s✮ ❡st ❝♦♥✈❡rt✐❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡✲

t✐q✉❡✳ ❈❡♣❡♥❞❛♥t ❝❡t ❡☛❡t ❛❣✐t ❞❛♥s ❧❡ ♠❫❡♠❡ s❡♥s q✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ❁ ♣r❡ss✐♦♥ q✉❛♥t✐q✉❡❃ ❞✓❡❝r✐t

♣r✓❡❝✓❡❞❡♠♠❡♥t✳ ❖♥ ♣❡✉t ♠♦♥tr❡r ❬✺✷❪ q✉❡ ❧♦rs ❞❡ ❧✬❡①♣❛♥s✐♦♥ ❧✐❜r❡✱ ❧❡ ❝♦♥❞❡♥s❛t ❝♦♥s❡r✈❡ s❛

❞✐str✐❜✉t✐♦♥ ❡♥ ❞❡♥s✐t✓❡ ♣❛r❛❜♦❧✐q✉❡✱ ❡t q✉❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡✱ ❞✓❡☞♥✐❡ ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❧❄❂❧③ ❞❡ ❧❛

t❛✐❧❧❡ s✉✐✈❛♥t ❧❡ q✉❛❞r✉♣❫♦❧❡ ♣❛r ❧❛ t❛✐❧❧❡ s✉✐✈❛♥t ❧❡ ❞✐♣❫♦❧❡✱ s✉✐t ❧❛ ❧♦✐ t❡♠♣♦r❡❧❧❡ ✿

❧❄
❧③

❂
✎
♣
✶ ✰ ✜ ✷

✶ ✰ ✎✷✭✜ ❛r❝t❛♥✭✜✮� ❧♥
♣
✶ ✰ ✜ ✷✮

✰❖✭✎✺✮❀ ✭✸✳✶✽✮

♦✒✉ ✎ ❂ ✦③❂✦❄ ❡st ❧❡ r❛♣♣♦rt ❞❡s ❢r✓❡q✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥✱ ❡t ✜ ❂ ✦❄t ✉♥ t❡♠♣s r✓❡❞✉✐t✳



✸✳✺ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞❡ ❜♦s♦♥s ❛✉ ❞❡ss✉s ❡t ❡♥ ❞❡ss♦✉s ❞✉ s❡✉✐❧ ❞❡
❝♦♥❞❡♥s❛t✐♦♥ ✶✵✼

▲❛ ❝♦✉r❜❡ ❞❡ ❧❛ ☞❣✉r❡ ✸✳✷✸ r❡♣r✓❡s❡♥t❡ ❧✬❡❧❧✐♣t✐❝✐t✓❡ ♠❡s✉r✓❡❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❞✉r✓❡❡ ❞✉ t❡♠♣s

❞❡ ✈♦❧✱ ♣♦✉r ❞❡s ❢r✓❡q✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ✦③ ❂ ✷✙ ✂ ✶✻❀✹❍③ ❡t ✦❄ ❂ ✷✙ ✂ ✻✻❀✷❍③✳ ▲❡s ♣♦✐♥ts

❡①♣✓❡r✐♠❡♥t❛✉① s♦♥t ♣r♦❝❤❡s ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ✭✸✳✶✽✮✳ ◗✉❡❧q✉❡s ❡①❡♠♣❧❡s ❞✬✐♠❛❣❡s

❞❡ ❝♦♥❞❡♥s❛t ♣r✐s❡s ✒❛ ❞❡s t❡♠♣s ❞❡ ✈♦❧ ✈❛r✐❛❜❧❡s s♦♥t ♣r✓❡s❡♥t✓❡❡s ☞❣✉r❡ ✸✳✷✷✳

❋✐❣✳ ✸✳✷✸ ✿ ❊❧❧✐♣t✐❝✐t✓❡ ❞✉ ❝♦♥❞❡♥s❛t ❡♥
❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s ❞❡ ✈♦❧✳ ■♥✐t✐❛❧❡♠❡♥t ✐♥✲
❢✓❡r✐❡✉r❡ ✒❛ ✶✱ ❡❧❧❡ ❞❡✈✐❡♥t s✉♣✓❡r✐❡✉r❡ ✒❛ ✶✱ ❝❡
q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ s✐❣♥❛t✉r❡ ✐♥❝♦♥t❡st❛❜❧❡
❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✳ ▲❛ ❧♦✐ t❤✓❡♦r✐q✉❡ ☞❣✉r❡
❡♥ tr❛✐t ♣❧❡✐♥✳

✸✳✺✳✸ ❊①♣❛♥s✐♦♥ ❞✉ ♥✉❛❣❡ ♠✐①t❡
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❋✐❣✳ ✸✳✷✹ ✿ ❊①♣❛♥s✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ♠✐①t❡✳ ❙✉r ❧❛ ☞❣✉r❡ ✭❛✮✱ ♦♥ ❛ r❡♣r✓❡s❡♥t✓❡ ❧❡ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡
♦❜s❡r✈✓❡ ❞✉ ❝♦♥❞❡♥s❛t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ✭❝❡r❝❧❡s✮✱ q✉✐ ❞✓❡✈✐❡ ❞❡ ❝❡❧✉✐ ❝❛❧❝✉❧✓❡ ❞❛♥s ❧❛
❧✐♠✐t❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ♣♦✉r ♥♦s ♣❛r❛♠✒❡tr❡s ✭tr❛❝✓❡ ❡♥ ♣♦✐♥t✐❧❧✓❡s✮✳ ▲❡s ☞❣✉r❡s ✭❜✮ ❡t ✭❝✮ ♠♦♥tr❡♥t
❧❡ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ♦❜s❡r✈✓❡ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡✳ ▲❛ ❧✐❣♥❡ ❡♥
♣♦✐♥t✐❧❧✓❡s ✐♥❞✐q✉❡ ❧❡ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ❛tt❡♥❞✉ ♣♦✉r ✉♥ ❣❛③ ✐❞✓❡❛❧✳

▲✬❡①♣❛♥s✐♦♥ ❞✉ ♥✉❛❣❡ ♠✐①t❡ ❡♥ ❞❡ss♦✉s ❞❡ ❚❈ ❡st ❝♦♥s✐❞✓❡r❛❜❧❡♠❡♥t ♣❧✉s ❝♦♠♣❧❡①❡✱ ✒❛ ❝❛✉s❡



✶✵✽
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❞❡ ❧❛ str✉❝t✉r❡ ❜✐✲♠♦❞❛❧❡✱ ❡t ♦♥ ♥❡ ❞✐s♣♦s❡ ❛✉❥♦✉r❞✬❤✉✐ ❞✬❛✉❝✉♥ ♠♦❞✒❡❧❡ ❛♥❛❧②t✐q✉❡✱ ❝♦♥tr❛✐✲

r❡♠❡♥t ❛✉ ❝❛s ❞✬✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ♣✉r ♦✉ ❞✬✉♥ ❝♦♥❞❡♥s❛t ♣✉r✳ ❉✬✉♥❡ ♣❛rt✱ ❧❡ ❝♦♥❞❡♥s❛t

✈❛ ❡①♣❧♦s❡r s♦✉s ❧✬❡☛❡t ❞❡ s❛ ♣r❡ss✐♦♥ ✐♥t❡r♥❡✱ ❝♦♠♠❡ ✒❛ t❡♠♣✓❡r❛t✉r❡ ♥✉❧❧❡✱ ♠❛✐s ✐❧ ✈❛ ✓❡❣❛✲

❧❡♠❡♥t r❡♣♦✉ss❡r ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ q✉✐ ♥✬❡st ♣❧✉s r❡t❡♥✉ ♣❛r ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐✓❡❣❡❛❣❡✳ ❈❡

❞❡r♥✐❡r ❛❣✐t ❡♥ r❡t♦✉r s✉r ❧❡ ❝♦♥❞❡♥s❛t ❛✉ ❞✓❡❜✉t ❞❡ ❧✬❡①♣❛♥s✐♦♥✳ ❖♥ s✬❛tt❡♥❞ ❛✉ss✐ ✒❛ ❝❡ q✉❡ ❧❡s

❡☛❡ts ❤②❞r♦❞②♥❛♠✐q✉❡s ♥❡ s❡ tr❛❞✉✐s❡♥t ♣❧✉s ✉♥✐q✉❡♠❡♥t ♣❛r ❧❛ r❡❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡

❝✐♥✓❡t✐q✉❡ ❞❛♥s ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ♠❛✐s ❛✉ss✐ ♣❛r ✉♥❡ ❝♦♥✈❡rs✐♦♥ ❞✬✉♥❡ ♣❛rt✐❡ ❞❡ ❧✬✓❡♥❡r❣✐❡

❝✐♥✓❡t✐q✉❡ ❛①✐❛❧❡ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ r❛❞✐❛❧❡ ❞✉ ❝♦♥❞❡♥s❛t✳ ❯♥ tr❛♥s❢❡rt

❞❡ ♣❛rt✐❝✉❧❡s ❞✉ ❝♦♥❞❡♥s❛t ✈❡rs ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ♣❡✉t ✓❡❣❛❧❡♠❡♥t s❡ ♣r♦❞✉✐r❡ ❞❛♥s ✉♥❡

t❡❧❧❡ s✐t✉❛t✐♦♥ ❤♦rs✲✓❡q✉✐❧✐❜r❡✳

◆♦✉s ❛✈♦♥s ❡①❛♠✐♥✓❡ ✉♥❡ s✓❡r✐❡ ❞❡ ❞♦♥♥✓❡❡s ♣r✐s❡s ❡♥tr❡ ✵❀ ✹ ❡t ✵❀ ✾✺ ❚❈✵✱ ♣♦✉r ❡♥✈✐r♦♥ ✷✂ ✶✵✻

❛t♦♠❡s ✒❛ ❧❛ tr❛♥s✐t✐♦♥ ✭☞❣✉r❡ ✸✳✷✹✮✳ ❊①❛♠✐♥❡r ❧❡s r❛♣♣♦rts ❞✬❛♥✐s♦tr♦♣✐❡ ❞❡s ❞❡✉① ❝♦♠♣♦✲

s❛♥t❡s ❡st ❡♥❝♦r❡ ✉♥❡ ❜♦♥♥❡ ♠✓❡t❤♦❞❡ ♣♦✉r ❞✓❡t❡❝t❡r ❞❡s ❞✓❡✈✐❛t✐♦♥s s②st✓❡♠❛t✐q✉❡s✱ ❞❛♥s ❧❛

♠❡s✉r❡ ♦✒✉ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ♦✉ ♣♦✉r ✉♥ ❣❛③ t❤❡r♠✐q✉❡

✐❞✓❡❛❧✱ ✐❧s ♥❡ ❞✓❡♣❡♥❞❡♥t q✉❡ ❞✉ t❡♠♣s ❞❡ ✈♦❧ ❡t ❞❡s ❢r✓❡q✉❡♥❝❡s ❞❡ ♣✐✓❡❣❡❛❣❡✳ ❙✉r ❧❛ ☞❣✉r❡ ✸✳✷✹✱

♦♥ ❝♦♥st❛t❡ q✉❡ ❧❡ r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ❞✬✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❞✓❡✈✐❡ ❡♥❝♦r❡ ❞❡ ❧❛ ❧♦✐ ✐❞✓❡❛❧❡

✭✵✱✼✼✮✱ ❡t q✉❡ ❝❡❧✉✐ ❞✉ ❝♦♥❞❡♥s❛t ❞✓❡✈✐❡ ❞❡ ❧❛ ♣r✓❡❞✐❝t✐♦♥ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ✭✶✱✷✷✮✳ ▲✬❤②♣♦✲

t❤✒❡s❡ s♦✉s ❧❛q✉❡❧❧❡ ♥♦✉s ❛♥❛❧②s♦♥s ❧❡s ❞♦♥♥✓❡❡s✱ q✉✐ s✉♣♣♦s❡ ❧✬❡①♣❛♥s✐♦♥ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡

❞♦♠✐♥✓❡❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡s ✐♥✐t✐❛❧❡✱ ❡t ❝❡❧❧❡ ❞✉ ❝♦♥❞❡♥s❛t ♣❛r ❧✬❡☛❡t ❞❡ s❛ ♣r♦♣r❡

♣r❡ss✐♦♥✱ ❡st ❞♦♥❝ ♠✐s❡ ❡♥ ❞✓❡❢❛✉t✳ ❈❡s ❞♦♥♥✓❡❡s t❡♥❞❡♥t ✒❛ ♠♦♥tr❡r ✉♥ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡✲

❣r✓❡s ❞❡ ❧✐❜❡rt✓❡ ❞✉ ❝♦♥❞❡♥s❛t ❡t ❝❡✉① ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡✳ ❯♥❡ ✐♥✈❡st✐❣❛t✐♦♥ ♣❧✉s ♣♦✉ss✓❡❡✱

q✉❡ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❡ss❛②✓❡ ❞❡ ♠❡ttr❡ ❡♥ ✛✉✈r❡✱ ❝♦♥s✐st❡r❛✐t ✒❛ r✓❡s♦✉❞r❡ ♥✉♠✓❡r✐q✉❡♠❡♥t

✒❛ tr♦✐s ❞✐♠❡♥s✐♦♥s ✉♥❡ ✓❡q✉❛t✐♦♥ ❞❡ ●r♦ss✲P✐t❛❡✈s❦✐✐ ❝♦✉♣❧✓❡❡ ✒❛ ❧✬✓❡q✉❛t✐♦♥ ❞❡ ❇♦❧t③♠❛♥✱ ❡♥

✐♥❝❧✉❛♥t ❧❡s t❡r♠❡s ❞❡ ❝♦❧❧✐s✐♦♥s ❝r♦✐s✓❡s ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✻✵❪✮✳ ❙✉r ❧❡ ♣❧❛♥ ❡①♣✓❡r✐♠❡♥t❛❧✱ ❧❡s

♣❛r❛♠✒❡tr❡s ❛❝❝❡ss✐❜❧❡s ❞❛♥s ♥♦tr❡ ❡①♣✓❡r✐❡♥❝❡ ♥❡ s❡ ♣r❫❡t❡♥t ♣❛s ❜✐❡♥ ✒❛ ✉♥❡ ✐♥✈❡st✐❣❛t✐♦♥ s②st✓❡✲

♠❛t✐q✉❡✱ ❝❡s ❡☛❡ts r❡st❛♥t ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡ ✪✳ P♦✉r ❧❡s ✓❡t✉❞✐❡r ❞❡ ♠❛♥✐✒❡r❡ ❝♦♥❢♦rt❛❜❧❡✱ ✐❧

s✬❛❣✐t ❞✬❛✉❣♠❡♥t❡r s✐❣♥✐☞❝❛t✐✈❡♠❡♥t ❧❛ ❞❡♥s✐t✓❡✱ ❝♦♠♠❡ ❞❛♥s ❧✬❡①♣✓❡r✐❡♥❝❡ ❞✬❆♠st❡r❞❛♠ ❬✺✼❪✱

♦✉ ❞✬✉t✐❧✐s❡r ✉♥ ❛t♦♠❡ ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❞✐☛✉s✐♦♥ ❡st ♣❧✉s ✐♠♣♦rt❛♥t❡ ✭♣❛r ❡①❡♠♣❧❡ ❧✬❛t♦♠❡

❞✬❍✓❡❧✐✉♠✮ ❬✻✶✱ ✻✷❪✳



✸✳✻ Pr♦♣r✐✓❡t✓❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s ❞✬✉♥ ❣❛③ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❛✉t♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s
❝r✐t✐q✉❡s ✶✵✾

✸✳✻ Pr♦♣r✐✓❡t✓❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s ❞✬✉♥ ❣❛③ ❛✈❡❝ ✐♥t❡r✲

❛❝t✐♦♥s ❛✉t♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ❝r✐t✐q✉❡s

✸✳✻✳✶ ■♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡ ❣❛③ ♥♦♥ ❞✓❡❣✓❡♥✓❡r✓❡ ✿ ❞✓❡❝❛❧❛❣❡ ❞❡ ❧❛ t❡♠✲

♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡

P♦✉r ✉♥ ❣❛③ ✐❞✓❡❛❧ ✒❛ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❧❡ s❡✉✐❧ ❞❡ tr❛♥s✐t✐♦♥ ❡st ❛tt❡✐♥t ♣♦✉r ✉♥❡

t❡♠♣✓❡r❛t✉r❡ ❞♦♥♥✓❡❡ ♣❛r

❦❇❚❈✵ ✙ ✵❀ ✾✹⑦✖✦◆✶❂✸✿ ✭✸✳✶✾✮

▲❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❡st ❛tt❡✐♥t❡ q✉❛♥❞ ❧❛ ❞❡♥s✐t✓❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❛tt❡✐♥t ❧❛ ✈❛❧❡✉r

❝r✐t✐q✉❡ ❣✸❂✷✭✶✮ ✙ ✷❀ ✻✶✷✱ ♦✉ ❡♥❝♦r❡ ❧♦rsq✉❡ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❞✉ ♥✉❛❣❡ ♥♦♥ ❝♦♥❞❡♥s✓❡

❛tt❡✐♥t ❧✬✓❡♥❡r❣✐❡ ❞❡ ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧✳ P♦✉r ♦❜t❡♥✐r ❚❈✵✱ ♦♥ ❢❛✐t t❡♥❞r❡ ❧❡s ❢r✓❡q✉❡♥❝❡s ❞✉

♣✐✒❡❣❡ ✈❡rs ③✓❡r♦ ❡t ♦♥ ✐❣♥♦r❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s✱ s✐ ❜✐❡♥ q✉❡ ❚ ❂ ❚❈✵ ❝♦rr❡s♣♦♥❞ ✒❛ ✖ ❂ ✵✳

❊♥ ❢❛✐t✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ♣❡✉✈❡♥t ❛☛❡❝t❡r ❡t ❞✓❡♣❧❛❝❡r ❝❡tt❡ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡✳ ▲❡ ❝❛s ❞✉

❣❛③ ❤♦♠♦❣✒❡♥❡ ✭✒❛ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✮ ❛ s✉s❝✐t✓❡ ✉♥ tr✒❡s ❣r❛♥❞ ✐♥t✓❡r❫❡t ❞❡ ❧❛ ♣❛rt ❞❡s

t❤✓❡♦r✐❝✐❡♥s ❬✻✸✱ ✻✹✱ ✻✺✱ ✻✻✱ ✻✼✱ ✻✽✱ ✻✾✱ ✼✵❪ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣❛r❝❡ q✉❡ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥

❡st ❣♦✉✈❡r♥✓❡❡ ♣❛r ❧❡s ✌✉❝t✉❛t✐♦♥s ❬✼✶❪ ✿ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❞✉ s❡❝♦♥❞

♦r❞r❡✱ ❞❡s ✌✉❝t✉❛t✐♦♥s ❞❡ ❞❡♥s✐t✓❡ ✭❞✐t❡s ❁ ❝r✐t✐q✉❡s ❃ ✮ s♦♥t s✉s❝❡♣t✐❜❧❡s ❞❡ s❡ ❞✓❡✈❡❧♦♣♣❡r✱ ❡t

❞❡ ❢❛✈♦r✐s❡r ❧✬❛♣♣❛r✐t✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ✿ ❧❡✉r ❧♦♥❣✉❡✉r ❞❡ ❝♦rr✓❡❧❛t✐♦♥ ❞❡✈✐❡♥t ♠❛❝r♦s❝♦♣✐q✉❡✱

❝❡ q✉✐ ♣r✓❡☞❣✉r❡ ❧✬♦r❞r❡ ✒❛ ❧♦♥❣✉❡ ♣♦rt✓❡❡ q✉✐ t❡♥❞ ✒❛ ❛♣♣❛r❛❫✏tr❡✳ ❈❡ t②♣❡ ❞❡ ♣❤✓❡♥♦♠✒❡♥❡✱ ❞♦♠✐♥✓❡

♣❛r ❧❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❜❛ss❡ ✓❡♥❡r❣✐❡✱ ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝❛r❛❝t✓❡r✐st✐q✉❡ ❡st ♣❧✉s ❣r❛♥❞❡

q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❞❡ ❇r♦❣❧✐❡ ✕❚ ✈❛ ✐♥❞✉✐r❡ ✉♥ ❞✓❡❝❛❧❛❣❡ ❞❡ ❚❈ ❞❡ ❧✬♦r❞r❡ ❞❡ ✍❚❈
❚❈✵

✑ ❝✶
❛
✕✵

✭❝✶ ✙ ✶❀ ✸ ❬✻✾✱ ✼✷❪✮✳ ✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ❛ ✓❡t✓❡ ♦❜s❡r✈✓❡ ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❞❛♥s ✉♥ ✓❡❝❤❛♥t✐❧❧♦♥

❞❡ ✹❍❡ ❛❞s♦r❜✓❡ s✉r ✉♥ ✈❡rr❡ ♣♦r❡✉① ✭❱②❝♦r✮ ❬✼✸❪✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ♥✬❡st ♣❛s ❡♥t✐✒❡r❡♠❡♥t

q✉❛♥t✐t❛t✐✈❡✱ ❞❛♥s ❧❛ ♠❡s✉r❡ ♦✒✉ ❡❧❧❡ r❡♣♦s❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♠❛ss❡ ❡☛❡❝t✐✈❡ ❡t ❞✬✉♥❡

❁ ❧♦♥❣✉❡✉r ❞❡ ❞✐☛✉s✐♦♥ ❃ ✱ ❡①tr❛♣♦❧✓❡❡s r❡s♣❡❝t✐✈❡♠❡♥t ✒❛ ♣❛rt✐r ❞❡ ❞♦♥♥✓❡❡s ✒❛ ❤❛✉t❡ ❞❡♥s✐t✓❡

❡t ❞❛♥s ❧✬❡s♣❛❝❡ ❧✐❜r❡✱ ♠❛✐s ❡❧❧❡ ❛ ♣❡r♠✐s ❞✬♦❜s❡r✈❡r q✉❡ ❧❡ ❞✓❡♣❧❛❝❡♠❡♥t ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡

❝r✐t✐q✉❡ ❝r♦❫✏t ❧✐♥✓❡❛✐r❡♠❡♥t ❥✉sq✉✬✒❛ ✉♥ ♠❛①✐♠✉♠✱ ♣✉✐s ❞✓❡❝r♦❫✏t ❥✉sq✉✬✒❛ ✉♥❡ ✈❛❧❡✉r ♥✓❡❣❛t✐✈❡ ✒❛

❤❛✉t❡ ❞❡♥s✐t✓❡ ❬✻✺❪✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣❛③ ♣✐✓❡❣✓❡ ❞❛♥s ✉♥ ♣✐✒❡❣❡ ❤❛r♠♦♥✐q✉❡✱ ❧❛ s✐t✉❛t✐♦♥ ❡st t♦✉t ✒❛ ❢❛✐t ❞✐☛✓❡r❡♥t❡✳

❊♥ ❡☛❡t✱ ❞❡✉① ❡☛❡ts✱ ✐♥❡①✐st❛♥ts ❞❛♥s ❧❡ ❝❛s ❤♦♠♦❣✒❡♥❡✱ ❞♦♠✐♥❡♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ♥♦♠❜r❡

❞✬❛t♦♠❡s ❝r✐t✐q✉❡s✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ♣✐✒❡❣❡ ❝♦rr❡s♣♦♥❞❛♥t ❡♥ r✓❡❛❧✐t✓❡ ✒❛

✉♥❡ ✓❡♥❡r❣✐❡ ❞❡ ♣♦✐♥t ③✓❡r♦ ⑦✭✷✦❄✰✦①✮❂✷✱ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❛✉ s❡✉✐❧ ❡st ❞✓❡♣❧❛❝✓❡ ❞❡ ❝❡tt❡ ♠❫❡♠❡

q✉❛♥t✐t✓❡✱ ♣❛r r❛♣♣♦rt ✒❛ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✭❁ ❡☛❡t ❞❡ t❛✐❧❧❡ ☞♥✐❡ ❃ ✮✳ ❉❡✉①✐✒❡♠❡♠❡♥t✱

❧❡s ✐♥t❡r❛❝t✐♦♥s tr❛✐t✓❡❡s ✒❛ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ❛✉❣♠❡♥t❡♥t ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡

❞✬✉♥❡ q✉❛♥t✐t✓❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ❧❛ ❞❡♥s✐t✓❡ ❛✉ ❝❡♥tr❡✱ ♥t❤✭✵✮✱ ❡t ❧✬✓❡♥❡r❣✐❡ ✐♥t❡r♥❡ ❞✬✉♥❡ q✉❛♥✲

t✐t✓❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ❧❛ ❞❡♥s✐t✓❡ ❧♦❝❛❧❡✱ ♥t❤✭r✮✳ P❛r ❝♦♥s✓❡q✉❡♥t✱ ♦♥ tr♦✉✈❡ ✉♥ ❞✓❡♣❧❛❝❡♠❡♥t

♠❫❡♠❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❤♦♠♦❣✒❡♥❡✳ ▲❛



✶✶✵
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

♥♦✉✈❡❧❧❡ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡✱ ♣❧✉s ❜❛ss❡ q✉❡ ❚❈✱ s❛t✐s❢❛✐t t♦✉❥♦✉rs ✒❛ ❧✬✓❡q✉❛t✐♦♥ ❞✬❊✐♥st❡✐♥✱
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❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s r✓❡♣✉❧s✐✈❡s ✓❡t❛♥t ❞❡ ❞✐❧❛t❡r ❧✓❡❣✒❡r❡♠❡♥t ❧❡ ♥✉❛❣❡ ✒❛ ❧✬✓❡q✉✐❧✐❜r❡✱ ❞♦♥❝ ❞❡

❞✐♠✐♥✉❡r ❧❛ ❞❡♥s✐t✓❡ ❛✉ ❝❡♥tr❡✳ ❉❛♥s ✉♥❡ ❜♦❫✏t❡ ✒❛ ✈♦❧✉♠❡ ☞①✓❡✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ ❝❤❛♥❣❡r ❧❛

❞❡♥s✐t✓❡ ✒❛ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝♦♥st❛♥t✱ ♠❛✐s ♣♦✉r ✉♥ ❣❛③ ♣✐✓❡❣✓❡ r✐❡♥ ♥❡ s✬② ♦♣♣♦s❡✱ ❧❡ ✈♦❧✉♠❡

✓❡t❛♥t ❞✓❡t❡r♠✐♥✓❡ ♣❛r ❧❡ ♣♦✐❞s r❡❧❛t✐❢ ❞❡s ❢♦r❝❡s ❞❡ ♣✐✓❡❣❡❛❣❡ ❡t ❞❡ ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s r✓❡✲

♣✉❧s✐✈❡s✳ ■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ♥♦t❡r q✉✬❡♥ t♦✉t❡ r✐❣✉❡✉r✱ ✉♥❡ ♠❡s✉r❡ ❞✐r❡❝t❡ ❞❡ ❧❛ ❞❡♥s✐t✓❡ ❛✉

❝❡♥tr❡ ♥t❤✭✵✮ ❞✬✉♥ ❣❛③ ♣✐✓❡❣✓❡ ♣❡r♠❡ttr❛✐t ❞❡ r❡tr♦✉✈❡r ❧❡s r✓❡s✉❧t❛ts ❞✉ ❣❛③ ❤♦♠♦❣✒❡♥❡ ✿ ❊♥ ❡❢✲

❢❡t✱ ❣r❫❛❝❡ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❝❡tt❡ ❞♦♥♥✓❡❡✱ ♦♥ ✈✓❡r✐☞❡r❛✐t ❞✐r❡❝t❡♠❡♥t ❧✬✓❡q✉❛t✐♦♥ ❞✬❊✐♥st❡✐♥ ✭✸✳✷✵✮

❛✉ ❞✓❡❝❛❧❛❣❡ ❞❡s ✌✉❝t✉❛t✐♦♥s ❝r✐t✐q✉❡s ♣r✒❡s✳ ▲❡ ❢❛✐t ❞❡ ♣r❡♥❞r❡ ❝♦♠♠❡ ♣❛r❛♠✒❡tr❡s ♣❡rt✐♥❡♥ts

❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ◆ ❡t ❧❛ ❢♦r❝❡ ❞❡ ♣✐✓❡❣❡❛❣❡✱ q✉✐ s♦♥t ❧❡s ❣r❛♥❞❡✉rs ❞✐r❡❝t❡♠❡♥t ♠❡s✉✲

r❛❜❧❡s ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❞❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s r❛♠✒❡♥❡ ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡

❞❡ ❧✬✓❡q✉❛t✐♦♥ ✭✸✳✶✾✮✱ ❞✓❡❞✉✐t❡ ❞❡ ❧✬✓❡q✉❛t✐♦♥ ✭✸✳✷✵✮ ❡♥ ♣r❡♥❛♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❇♦s❡ ✐❞✓❡❛❧❡✳

❖♥ ♣❡✉t ❛❧♦rs ❝❛❧❝✉❧❡r ❧❡s ❝♦rr❡❝t✐♦♥s ✒❛ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ♣❡rt✉r❜❛t✐✈❡♠❡♥t ❬✼✹❪ ✿

✍❚❈
❚❈✵

✙ �✵✿✼✷✽ ✦♠
✖✦

◆�✶❂✸⑤ ④③ ⑥
t❛✐❧❧❡ ☞♥✐❡

✐♥t❡r❛❝t✐♦♥s③ ⑥⑤ ④
�✶✿✸✷✻ ❛

✖❛
◆✶❂✻❀ ✭✸✳✷✶✮
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❞❡ ♣✐✓❡❣❡❛❣❡✱ ❡t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ✕✵ ❂
♣
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▲❛ ♠❡s✉r❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❡st ❞✓❡❧✐❝❛t❡✱ ❡t ♥♦✉s ❧✬❛✈♦♥s ♠❡♥✓❡ ❞❡

❧❛ ♠❛♥✐✒❡r❡ s✉✐✈❛♥t❡✳ P♦✉r ✉♥ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝r✐t✐q✉❡ ❞♦♥♥✓❡✱ ♥♦✉s ❛✈♦♥s ♣r✐s ✉♥❡ s✓❡r✐❡ ❞❡

❞♦♥♥✓❡❡s ❁ ❡♥ r❛❢❛❧❡ ❃ ❛✉t♦✉r ❞✉ s❡✉✐❧✱ ❡♥ ✈❛r✐❛♥t r✓❡❣✉❧✐✒❡r❡♠❡♥t ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥

♣❛r ♣❛s ❞❡ ✷ ❦❍③✳ ▲❛ t❡♠♣✓❡r❛t✉r❡✱ ❝♦rr✐❣✓❡❡ s✉✐✈❛♥t ❧✬✓❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ♣♦✉r ✓❡❧✐♠✐♥❡r ❧❡s ❡☛❡ts

❤②❞r♦❞②♥❛♠✐q✉❡s ❡t ❛♠✓❡❧✐♦r❡r ❧❛ ♣r✓❡❝✐s✐♦♥ s✉r ❧❛ t❡♠♣✓❡r❛t✉r❡✱ ❡st ❞✓❡❞✉✐t❡ ❞❡s ❛♥❛❧②s❡s ❞❡s

t❛✐❧❧❡s ❞❡s ♥✉❛❣❡s s✉r ❧❡s ✐♠❛❣❡s✳ ▲❡ ♣r♦❣r❛♠♠❡ ❞✬❛♥❛❧②s❡ q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s ❬✺✹❪ ❡st ❝❛♣❛❜❧❡

❞❡ ❞✓❡t❡❝t❡r ❞❡s ❢r❛❝t✐♦♥s ❝♦♥❞❡♥s✓❡❡s ❞❡ ❧✬♦r❞r❡ ❞❡ ✶ ✪✱ ❡t ❞❡ ❞✐s❝r✐♠✐♥❡r ✉♥ ♥✉❛❣❡ ❝♦♥❞❡♥s✓❡

❞✬✉♥ ♥✉❛❣❡ ♥♦♥ ❝♦♥❞❡♥s✓❡ ✒❛ ❝❡ ♥✐✈❡❛✉ ❞❡ ♣r✓❡❝✐s✐♦♥✳ ▲❡s ❞♦♥♥✓❡❡s ♠♦②❡♥♥✓❡❡s t❡♠♣✓❡r❛t✉r❡✱

♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s ❡t ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ s♦♥t tr❛❝✓❡❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡

❞✬✓❡✈❛♣♦r❛t✐♦♥✱ ❝♦♠♠❡ s✉r ❧❛ ☞❣✉r❡ ✸✳✷✺✳ ▲❛ ✈❛❧❡✉r ✗❈ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥ ✒❛ ❧❛q✉❡❧❧❡

❧❡ s❡✉✐❧ ❡st ❛tt❡✐♥t ❡st ♦❜t❡♥✉❡ ♣❛r ✉♥ ❛❥✉st❡♠❡♥t ❧✐♥✓❡❛✐r❡ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s✳

▲❛ ✈❛r✐❛t✐♦♥ ❞❡ ❚ ❡t ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ ◆ ❡st ✓❡❣❛❧❡♠❡♥t ❛❥✉st✓❡❡ ♣❛r ✉♥❡ ❞r♦✐t❡✱ ❡t

❡♥ r❡♣♦rt❛♥t ❧❛ ✈❛❧❡✉r ❞❡ ✗❈✱ ♦♥ ♦❜t✐❡♥t ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❚❈ ❡t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s

❝r✐t✐q✉❡ ◆❈✳ ❈❡tt❡ ♠❡s✉r❡ ❛ ✓❡t✓❡ ❡☛❡❝t✉✓❡❡ ♣♦✉r ❞❡s ♥♦♠❜r❡s ❞✬❛t♦♠❡s ❝r✐t✐q✉❡s ❞✐☛✓❡r❡♥ts✱

✈❛r✐❛♥t ❡♥tr❡ ✸✂ ✶✵✺ ❡t ✷✂ ✶✵✻✳
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❋✐❣✳ ✸✳✷✺ ✿ ▲♦❝❛❧✐s❛t✐♦♥ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❡t ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✒❛ ❧❛ tr❛♥s✐t✐♦♥✳ ▲❡
♣r♦❣r❛♠♠❡ ❞✬❛❥✉st❡♠❡♥t ♣❡✉t ❞✐s❝r✐♠✐♥❡r ❡♥tr❡ ✉♥ ♥✉❛❣❡ ❥✉st❡ ❛✉✲❞❡ss✉s ❞✉ s❡✉✐❧ ✭❛✮✱ ❡t ✉♥ ♥✉❛❣❡
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❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✉ ❝♦✉t❡❛✉ ❞✬✓❡✈❛♣♦r❛t✐♦♥ ✒❛ ❧❛q✉❡❧❧❡ ❧❛ tr❛♥s✐t✐♦♥ ❡st ❛tt❡✐♥t❡ ❡st ♦❜t❡♥✉❡ ♣❛r ✉♥ ☞t
❧✐♥✓❡❛✐r❡ s✉r ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s ✭❡✮✳ ❊♥ r❡♣♦rt❛♥t s✉r ❧❡s ❝♦✉r❜❡s ❞♦♥♥❛♥t ❚ ✭❝✮ ❡t ◆
✭❞✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ✗r❢ ✱ ♦♥ ♦❜t✐❡♥t ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❚❈ ❡t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝r✐t✐q✉❡ ◆❈✳
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❋✐❣✳ ✸✳✷✻ ✿ ❖❜s❡r✈❛t✐♦♥ ❞✬✉♥ ❞✓❡❝❛❧❛❣❡ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❝r✐t✐q✉❡ ❞❫✉ ❛✉① ✐♥t❡r❛❝t✐♦♥s✳ ▲❛ ♣r✓❡❞✐❝t✐♦♥
❞✉ ❣❛③ ✐❞✓❡❛❧ ✭✐♥❝❧✉❛♥t ❧❡s ❡☛❡ts ❞❡ t❛✐❧❧❡ ☞♥✐❡✮ ❡st tr❛❝✓❡❡ ❡♥ ♣♦✐♥t✐❧❧✓❡s✱ ❧❛ ❝♦✉r❜❡ ❡♥ tr❛✐t ♣❧❡✐♥ t✐❡♥t
❝♦♠♣t❡ ❞✉ ❞✓❡❝❛❧❛❣❡ ❞❫✉ ❛✉ ❝❤❛♠♣ ♠♦②❡♥✳ ▲❛ ③♦♥❡ ❣r✐s✓❡❡ ❞✓❡❧✐♠✐t❡ ❧❡s ✈❛❧❡✉rs ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ♥♦s
❡st✐♠❛t✐♦♥s s✉r ❧❡s ✐♥❝❡rt✐t✉❞❡s ❞❡ ❝❛❧✐❜r❛t✐♦♥✳

▲❡s ✈❛❧❡✉rs ❞❡ ❚❈ s♦♥t r❡♣♦rt✓❡❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ◆❈ s✉r ❧❛ ☞❣✉r❡ ✸✳✷✻✳ ❊♥ ❝♦♠♣❛r❛♥t ✒❛ ❧❛

t❡♠♣✓❡r❛t✉r❡ ❞❡ tr❛♥s✐t✐♦♥ ❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ❣❛③ ✐❞✓❡❛❧ ✭✐♥❝❧✉❛♥t ❧✬❡☛❡t ❞❡ t❛✐❧❧❡ ☞♥✐❡✮

❚ ✐❞✓❡❛❧
❈ ❂ ❚❈✵ � ✏✭✷✮

✻✏✭✸✮

⑦✭✦① ✰ ✷✦❄✮
❦❇

❀ ✭✸✳✷✷✮



✶✶✷
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

♦♥ s❡ r❡♥❞ ❝♦♠♣t❡ q✉❡ ❧❡s ♣♦✐♥ts ❡①♣✓❡r✐♠❡♥t❛✉① s❡ tr♦✉✈❡♥t s②st✓❡♠❛t✐q✉❡♠❡♥t ♣❧✉s ❜❛s✱

❛✈❡❝ ✉♥ ✓❡❝❛rt ❞❡ ❞❡✉① ❞✓❡✈✐❛t✐♦♥s st❛♥❞❛r❞s✳ P❛r ❝♦♥tr❡✱ s✐ ♦♥ ❝♦♠♣❛r❡ ❛✈❡❝ ❧❡ ❞✓❡❝❛❧❛❣❡ ❞❫✉

❛✉ ❝❤❛♠♣ ♠♦②❡♥ ✭❡♥ tr❛✐ts ♣❧❡✐♥s✮✱ ♦♥ ❝♦♥st❛t❡ ✉♥ ❛❝❝♦r❞ ❛ss❡③ ❜♦♥✱ ❜✐❡♥ q✉✬✉♥ ❧✓❡❣❡r ❞✓❡✲

❝❛❧❛❣❡ ✈❡rs ❧❡ ❜❛s ❞❡♠❡✉r❡✳ P♦✉r ❧❡ q✉❛♥t✐☞❡r✱ ♥♦✉s ❛✈♦♥s s✉♣♣♦s✓❡ ❧❛ ❢♦r♠❡ ❢♦♥❝t✐♦♥♥❡❧❧❡

❛tt❡♥❞✉❡✱ ✍❚❈❂❚❈✵ ❂ �☛◆ ✶❂✻✱ ❛✈❡❝ ✉♥ ♣❛r❛♠✒❡tr❡ ❧✐❜r❡ ☛✳ ❯♥ ❛❥✉st❡♠❡♥t ❞❡s ❞♦♥♥✓❡❡s ❞♦♥♥❡

☛ ❂ �✵✿✵✵✾✭✶✮✰✵✿✵✵✸�✵✿✵✵✷✱ ❡♥ ❛❝❝♦r❞ ❛✉① ✐♥❝❡rt✐t✉❞❡s ♣r✒❡s ❛✈❡❝ ☛ ❂ �✶✿✸✷✻❛❂✖❛ ✙ �✵✿✵✵✼ ❛tt❡♥❞✉

♣♦✉r ♥♦s ❢r✓❡q✉❡♥❝❡s ❞❡ ♣✐✓❡❣❡❛❣❡ ❞❛♥s ❧❛ t❤✓❡♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ▲❡s ✐♥❝❡rt✐t✉❞❡s s②st✓❡✲

♠❛t✐q✉❡s ✭❜♦r♥❡s s✉♣✓❡r✐❡✉r❡s ❡t ✐♥❢✓❡r✐❡✉r❡s✮ ❞✓❡♣❡♥❞❡♥t ❞❡ ❧❛ ❝❛❧✐❜r❛t✐♦♥ ❞✉ ❣r❛♥❞✐ss❡♠❡♥t

✭✝✶✿✹ ✪✮ ❡t ❞❡ ❧✬✓❡❝❛rt ♣r♦❜❛❜❧❡ ❞❫✉ ❛✉ t❡♠♣s ❞❡ ❝♦✉♣✉r❡ ☞♥✐ ✭�✶✿✷ ✪✮✳ ❊❧❧❡s ❛☛❡❝t❡♥t ✒❛ ❧❛

❢♦✐s ❧❛ t❡♠♣✓❡r❛t✉r❡ ❡t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✭✒❛ tr❛✈❡rs ❧❡ ❝♦❡✍❝✐❡♥t ❞❡ ❝♦rr❡❝t✐♦♥ ❈◆✮✱ ❡t ❧❡s

✐♥❝❡rt✐t✉❞❡s s✉r ☛ ❡♥ r✓❡s✉❧t❡♥t✳ ❊❧❧❡s ❝♦rr❡s♣♦♥❞❡♥t ✒❛ ✉♥❡ ♣r✓❡❝✐s✐♦♥ ❞❡ ✝✸ ✪ s✉r ❧❡ ❞✓❡❝❛❧❛❣❡

❞❡ ❚❈✳

◆♦s ♠❡s✉r❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ✉♥ ✓❡❝❛rt ❞❡ ❞❡✉① ❞✓❡✈✐❛t✐♦♥s

st❛♥❞❛r❞ ❛✉ ❣❛③ ✐❞✓❡❛❧✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ❧❡ ❞✓❡♣❧❛❝❡♠❡♥t ♠❡s✉r✓❡ ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ❝❛❧❝✉❧

❞❡ ❝❤❛♠♣ ♠♦②❡♥ ♣r✓❡s❡♥t✓❡ ♣❧✉s ❤❛✉t✱ ♥♦s ♠❡s✉r❡s ✐♥❞✐q✉❡♥t ✓❡❣❛❧❡♠❡♥t q✉❡✱ ❝♦♥tr❛✐r❡♠❡♥t

❛✉ ❝❛s ❤♦♠♦❣✒❡♥❡✱ ❧✬❡☛❡t ❞❡s ✌✉❝t✉❛t✐♦♥s ❝r✐t✐q✉❡s ❞❡ ❣r❛♥❞❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❡st ❢♦rt❡♠❡♥t

r✓❡❞✉✐t s✉r ❚❈✱ ❝❡tt❡ ♦❜s❡r✈❛t✐♦♥ ✓❡t❛♥t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❝❡rt❛✐♥❡s ♣r✓❡❞✐❝t✐♦♥s t❤✓❡♦r✐q✉❡s r✓❡❝❡♥t❡s

❬✼✵❪ ✭✐❧ ♥✬❡♥ ❡st ♣❛s ❞❡ ♠❫❡♠❡ ♣♦✉r t♦✉t❡s ❧❡s q✉❛♥t✐t✓❡s ♦❜s❡r✈❛❜❧❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❞❡♥s✐t✓❡

❛✉ ❝❡♥tr❡ ❞✉ ♣✐✒❡❣❡ ❡st s✉s❝❡♣t✐❜❧❡ ❞✬❫❡tr❡ ❛☛❡❝t✓❡❡✱ t♦✉t ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❤♦♠♦❣✒❡♥❡ ❬✼✺❪✮✳

✸✳✻✳✷ ■♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡ ♥✉❛❣❡ ♠✐①t❡ ✿ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛ ❢r❛❝t✐♦♥

❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s

▲❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ❡st ❛✉ss✐ ❛☛❡❝t✓❡❡ ♣❛r ❧✬❡①✐st❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❛✉ s❡✐♥ ❞✉ ♥✉❛❣❡

❞✬❛t♦♠❡s✳ ❉❛♥s ❧❡ ❝❛s ✐❞✓❡❛❧✱ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ s✉✐t ❧❛ ❧♦✐

◆✵

◆
❂ ✶�

✏ ❚

❚❈✵

✑✸
✿ ✭✸✳✷✸✮

❊♥ ♣r✓❡s❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s✱ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ♦❜✓❡✐t ❡♥❝♦r❡ ✒❛ ✉♥❡ ❧♦✐ ✉♥✐✈❡rs❡❧❧❡ ❢♦♥❝t✐♦♥

❞❡ ❞❡✉① ♣❛r❛♠✒❡tr❡s s❡✉❧❡♠❡♥t✱ ❚❂❚❈✵ ❡t ✑ ❂ ✖❚❋❂❦❇❚❈✵✱ ❝♦♠♠❡ ✐♥❞✐q✉✓❡ s✉r ❧❛ ☞❣✉r❡ ✸✳✷✼✳

❇✐❡♥ q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s t♦t❛❧ ✈❛r✐❡ ❛✉ ❝♦✉rs ❞❡ ❧❛ r❛♠♣❡✱ ✒❛ ❝❛✉s❡ ❞❡ ❧✬✓❡✈❛♣♦r❛t✐♦♥✱ ❧❡

♣❛r❛♠✒❡tr❡ ✑ ✘ ◆ ✶❂✶✺ ✈❛r✐❡ ♣❡✉✱ ❡♥tr❡ ✵✳✹✼ ❡t ✵✳✺✶✱ s✐ ❜✐❡♥ q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐s✓❡ ❧❛ ✈❛❧❡✉r

♠♦②❡♥♥❡ ✑ ❂ ✵✿✹✾ ♣♦✉r tr❛❝❡r ❧❡s ❝♦✉r❜❡s t❤✓❡♦r✐q✉❡s ✭❡♥ ✉t✐❧✐s❛♥t ❧❡s ✈❛❧❡✉rs r✓❡❡❧❧❡s✱ ♦♥

❝❤❛♥❣❡ ❞❡ ♠❛♥✐✒❡r❡ ✐♠♣❡r❝❡♣t✐❜❧❡ ❧❡s ❝♦✉r❜❡s t❤✓❡♦r✐q✉❡s✮✱ ✐❧ ♥✬② ❛ ❛❧♦rs ♣❧✉s ❛✉❝✉♥ ♣❛r❛♠✒❡tr❡

❛❥✉st❛❜❧❡ ❞❛♥s ❧❡ ♠♦❞✒❡❧❡ t❤✓❡♦r✐q✉❡✳

❖♥ ❝♦♥st❛t❡ s✉r ❧❛ ☞❣✉r❡ ✸✳✷✼ q✉❡ ❧❡ ♠♦❞✒❡❧❡ ❞✉ ❣❛③ ✐❞✓❡❛❧ ✐♥❝❧✉❛♥t ❧❡s ❡☛❡ts ❞❡ t❛✐❧❧❡ ☞♥✐❡

❬✺✺❪ ❡st ❡①❝❧✉ ♣❛r ♣❧✉s ❞❡ ❞❡✉① ❞✓❡✈✐❛t✐♦♥s st❛♥❞❛r❞s ♣❛r ♥♦s ♠❡s✉r❡s✳ P❛r ❝♦♥tr❡✱ ❧❡s r✓❡s✉❧✲

t❛ts ❡①♣✓❡r✐♠❡♥t❛✉① s♦♥t ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ♠♦❞✒❡❧❡ ❍❛rtr❡❡✲❋♦❝❦ ❞✉ ♥✉❛❣❡ ♠✐①t❡ ✭tr❛✐ts

♣❧❡✐♥s✮✳ ❊♥ ❡☛❡t✱ ❡♥ ♣r✓❡s❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s✱ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✭♣♦s✐t✐❢✮ ❛✉❣♠❡♥t❡ ♣❛r



✸✳✻ Pr♦♣r✐✓❡t✓❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s ❞✬✉♥ ❣❛③ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❛✉t♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s
❝r✐t✐q✉❡s ✶✶✸

T / TC0

N
0
/N

N
 (

1
0

  )6

T / TC0T / TC0

(a)

N
0
/N

(b)2.0

1.0

1.00.80.60.4

1.0

0.8

0.6

0.4

0.2

0.0

1.00.80.60.40.2

0.20

0.10

0.00

0.950.900.850.80

(c)

❋✐❣✳ ✸✳✷✼ ✿ ▼✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡ ❧❛ r✓❡❞✉❝t✐♦♥ ❞❡ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ♣❛r ❧❡s ✐♥t❡r❛❝t✐♦♥s✳ ▲❡s ♣♦✐♥ts
❡①♣✓❡r✐♠❡♥t❛✉① s♦♥t ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❍❛rtr❡❡✲❋♦❝❦ ✭tr❛✐t ♣❧❡✐♥✮✱ ❡t ❡①❝❧✉❡♥t ❝❧❛✐r❡♠❡♥t ✉♥
❝♦♠♣♦rt❡♠❡♥t ✐❞✓❡❛❧ ✭❡♥ ♣♦✐♥t✐❧❧✓❡s✮ ♦✉ ♠❫❡♠❡ s❡♠✐✲✐❞✓❡❛❧ ✭♣♦✐♥ts✮✳ P♦✉r tr❛❝❡r ❧❡s ❝♦✉r❜❡s t❤✓❡♦r✐q✉❡s✱
♦♥ ❛ ✉t✐❧✐s✓❡ ✑ ❂ ✵✿✹✾✳ ❈❡tt❡ ✈❛❧❡✉r ❝♦rr❡s♣♦♥❞ ❛✉① ♣♦✐♥ts ❡①♣✓❡r✐♠❡♥t❛✉① ✒❛ ✹ ✪ ♣r✒❡s✳

r❛♣♣♦rt ✒❛ ✉♥ ❣❛③ ✐❞✓❡❛❧ ♦✒✉ ✖ ❂ ✵✳ ■❧ ❡st ❛❧♦rs ❢❛✈♦r❛❜❧❡ ❞❡ ♣❧❛❝❡r ♣❧✉s ❞✬❛t♦♠❡s ❞❛♥s ❧❛ ♣❛r✲

t✐❡ t❤❡r♠✐q✉❡ ♣♦✉r ❞✐♠✐♥✉❡r ❧✬✓❡♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t✱ q✉✐ ❞♦♠✐♥❡ ❧✬✓❡♥❡r❣✐❡

t♦t❛❧❡✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❝♦♥st✐t✉❡ ✉♥❡ ♣r❡♠✐✒❡r❡ ✒❛ ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ✿ ❞❛♥s ❞❡s ♠❡s✉r❡s

s✐♠✐❧❛✐r❡s ♣r✓❡❝✓❡❞❡♠♠❡♥t ♣✉❜❧✐✓❡❡s✱ ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s s✉r ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ♥❡ ♣♦✉✲

✈❛✐t ❫❡tr❡ ♠❡s✉r✓❡ ✒❛ ❝❛✉s❡ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❜❛rr❡s ❞✬❡rr❡✉r ❡t✴♦✉ ❞❡s ❡☛❡ts ❞❡ t❛✐❧❧❡ ☞♥✐❡✳

❉❛♥s ♥♦tr❡ ❝❛s✱ ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡st ❝❧❛✐r❡♠❡♥t ♠✐s ❡♥ ✓❡✈✐❞❡♥❝❡ ❡t ❧✬✓❡❝❛rt ❛✉ ♠♦❞✒❡❧❡

s❡♠✐✲✐❞✓❡❛❧ ✭tr❛✐ts ✐♥t❡rr♦♠♣✉s✮✱ q✉✐ ♥✓❡❣❧✐❣❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ♣♦✉r

❞❡s t❡♠♣✓❡r❛t✉r❡s ♣r♦❝❤❡s ❞❡ ❚❈ ✭☞❣✉r❡ ✸✳✷✼✭❝✮✮✱ ♠♦♥tr❡ q✉✬✐❧ ❡st ❝r✉❝✐❛❧ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s

✐♥t❡r❛❝t✐♦♥s ❝♦✉♣❧✓❡❡s ❡♥tr❡ ❧❡ ❝♦♥❞❡♥s❛t ❡t ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡✳

✸✳✻✳✸ ❈♦♠♣r❡ss✐♦♥ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ♣❛r ❧❡ ❝♦♥❞❡♥s❛t

❖♥ ♦❜t✐❡♥t ✉♥❡ ✐♥❞✐❝❛t✐♦♥ s✉♣♣❧✓❡♠❡♥t❛✐r❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ♠✉t✉❡❧❧❡ ❡♥tr❡ ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡

❡t ❧❡ ❝♦♥❞❡♥s❛t ❡♥ ❡①❛♠✐♥❛♥t ❧❡s ❞✐♠❡♥s✐♦♥s ❞✉ ❝♦♥❞❡♥s❛t ✭☞❣✉r❡ ✸✳✷✽✮✳ ❊♥ tr❛✘❝❛♥t ❧❛ t❛✐❧❧❡

❛tt❡♥❞✉❡ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐✱ ❡♥ ✐♥❝❧✉❛♥t ❧✬❡①♣❛♥s✐♦♥ ❞❡

✹ ✪ ♣r✓❡❞✐t❡ ♣❛r ❧❡s ✓❡q✉❛t✐♦♥s ❞✬✓❡❝❤❡❧❧❡ ❬✺✷❪✱ ♦♥ s✉r❡st✐♠❡ s②st✓❡♠❛t✐q✉❡♠❡♥t ❧❛ ❧♦♥❣✉❡✉r

♠❡s✉r✓❡❡ ❡t ♦♥ s♦✉s✲❡st✐♠❡ s②st✓❡♠❛t✐q✉❡♠❡♥t ❧❡ r❛②♦♥ ♦❜s❡r✈✓❡✳ ▲❛ ❧♦♥❣✉❡✉r ❝❛❧❝✉❧✓❡❡ ❞❛♥s ❧❡

♠♦❞✒❡❧❡ ❍❛rtr❡❡✲❋♦❝❦ ❞✉ ❣❛③ ♣✐✓❡❣✓❡ ❡st ♣❛r ❝♦♥tr❡ ❧✓❡❣✒❡r❡♠❡♥t ♣❧✉s ❢❛✐❜❧❡✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞✬✉♥❡



✶✶✹
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

❋✐❣✳ ✸✳✷✽ ✿ ▲♦♥❣✉❡✉r ▲ ✭❣❛✉❝❤❡✮✱ r❛②♦♥ ❘ ✭❝❡♥tr❡✮ ❡t r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ✭❞r♦✐t❡✮ ❞✬✉♥ ❝♦♥❞❡♥s❛t
tr✒❡s ❛❧❧♦♥❣✓❡ ❛♣r✒❡s ✷✹✳✸ ♠s ❞❡ t❡♠♣s ❞❡ ✈♦❧✳ ▲❡s ♣♦✐♥ts ❡①♣✓❡r✐♠❡♥t❛✉① ✭❧♦s❛♥❣❡s✮ s♦♥t ❝♦♠♣❛r✓❡s ❛✈❡❝
❧❡ ♠♦❞✒❡❧❡ ❚❤♦♠❛s✲❋❡r♠✐ ✭⑤✮✱ ❡t ❛✈❡❝ ✉♥ ♠♦❞✒❡❧❡ ✐♥❝❧✉❛♥t ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❡t
❧❡s ❡☛❡ts ✶❉ ✭���✮✳ ❖♥ ❛ ❛✉ss✐ ✐♥❞✐q✉✓❡ ❧❡s t❛✐❧❧❡s ❛tt❡♥❞✉❡s ❡♥ ♥❡ t❡♥❛♥t ❝♦♠♣t❡ q✉❡ ❞❡s ❡☛❡ts ✶❉
✭� ✁ � ✁ �✮✳ ▲❛ ③♦♥❡ ❣r✐s✓❡❡ ❛✉t♦✉r ❞❡s ♣♦✐♥ts ❡①♣✓❡r✐♠❡♥t❛✉① r❡♣r✓❡s❡♥t❡ ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧❛ ♠❡s✉r❡
❞✓❡❞✉✐t❡ ❞❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❛ t❡♠♣✓❡r❛t✉r❡ ❡t ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s

t❤✓❡♦r✐❡ ♣❧✉s ❝♦♠♣❧✒❡t❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥✱ ♥♦✉s s✉♣♣♦s♦♥s ♣♦✉r t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥ q✉❡

❧❛ ❧♦♥❣✉❡✉r ❛♣r✒❡s t❡♠♣s ❞❡ ✈♦❧ s❡ ❞✓❡❞✉✐t ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❛♥s ❧❡ ♣✐✒❡❣❡ ♣❛r ❧❡ ♠❫❡♠❡ ❢❛❝t❡✉r

❞✬✓❡❝❤❡❧❧❡ q✉❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ✭✐✳❡✳ ❜① ✙ ✶✿✵✹✮✳ ❊♥ ❝❡ ❝❛s✱ ❧✬❛❝❝♦r❞ ❛✈❡❝

♥♦s ♦❜s❡r✈❛t✐♦♥s ❞❡✈✐❡♥t s❛t✐s❢❛✐s❛♥t✱ ❡t ❝♦♥st✐t✉❡ ✉♥❡ s✐❣♥❛t✉r❡ s✉♣♣❧✓❡♠❡♥t❛✐r❡ ❞❡ ❧✬❡☛❡t ❞❡

❝♦♠♣r❡ss✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ♣❛r ❧❛ ❁ ❝♦q✉✐❧❧❡ t❤❡r♠✐q✉❡ ❃ q✉✐ ❧✬❡♥t♦✉r❡✳

✸✳✻✳✹ ▼❡s✉r❡ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥

●r❫❛❝❡ ✒❛ ✉♥❡ ♠✓❡t❤♦❞❡ ❞❡ ☞❧tr❡ ❞❡ ❇r❛❣❣ q✉❡ ♥♦✉s ❛✈♦♥s ❞✓❡✈❡❧♦♣♣✓❡ ❡t q✉❡ ♥♦✉s ❞✓❡t❛✐❧❧❡r♦♥s

❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✱ ♥♦✉s ❛✈♦♥s ♣✉ ♠❡s✉r❡r ✐♥❞✓❡♣❡♥❞❛♠♠❡♥t ❧❡s t❛✐❧❧❡s q✉❛❞r❛t✐q✉❡s ♠♦②❡♥♥❡s

❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t❤❡r♠✐q✉❡ s❡✉❧❡ ❡t ❞✉ ♥✉❛❣❡ ♠✐①t❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✭r❛❞✐❛❧❡✮ ② ❡t ❛✐♥s✐

r❡♠♦♥t❡r ✒❛ ❧❡✉r ✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥✳

❊♥ ❡☛❡t✱ s✐ ♦♥ ♥✓❡❣❧✐❣❡ ❧❡s ❡☛❡ts ❤②❞r♦❞②♥❛♠✐q✉❡s✱ ❧✬✓❡♥❡r❣✐❡ ❊② ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❧✬❡①♣❛♥s✐♦♥ ❞✉

❝♦♥❞❡♥s❛t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ② ❡st ❞♦♥♥✓❡❡ ♣❛r ❧❛ s♦♠♠❡ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥

② ✭❊❝✐♥
② ❂ ✶

✸
❊❝✐♥✱ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞♦♠✐♥✓❡❡ ♣❛r ❧✬✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡✮ ❡t ❞❡

❧✬✓❡♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥✼✱ ❊② ❂ ✶
✸
❊❝✐♥ ✰ ✶

✷
❊✐♥t✳ ❈♦♠♠❡ ❧✬❡①♣❛♥s✐♦♥ r❛❞✐❛❧❡ ❡st ❛s②♠♣t♦t✐q✉❡✱

❝❡tt❡ ✓❡♥❡r❣✐❡✱ ❡♥t✐✒❡r❡♠❡♥t ❝♦♥✈❡rt✐❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡✱ ♣❡✉t ❫❡tr❡ ♠❡s✉r✓❡❡ ✒❛ ♣❛rt✐r ❞❡ ❤②✷✐ ❂
✷❊②

t✷❂♠✳ ❉❡ ❧❛ ♠❫❡♠❡ ♠❛♥✐✒❡r❡✱ ❧✬✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥ ♣♦✉r ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❊
✭t❤✮
② s❡r❛ r❡❧✐✓❡❡

✒❛ ❧❛ t❛✐❧❧❡ q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❤②✷✐t❤ ♣❛r ❤②✷✐t❤ ❂ ✷❊
✭t❤✮
② t✷❂♠✳ ▲❛ ☞❣✉r❡

✸✳✷✾ ♣r✓❡s❡♥t❡ ❝❡tt❡ ♠❡s✉r❡ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥ t♦t❛❧❡ ✭❣❛✉❝❤❡✮ ❡t ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥

t❤❡r♠✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ✭❞r♦✐t❡✮✳ ▲✬❛❝❝♦r❞ ❡♥tr❡ ❧❛ t❤✓❡♦r✐❡ ❡t ♥♦s ♠❡s✉r❡s ❡st ❝♦rr❡❝t✱ ❡t

❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✓❡♥❡r❣✐❡ ♠❡s✉r✓❡❡ ❡st t♦✉❥♦✉rs ♣❧✉s ✓❡❧❡✈✓❡❡ q✉❡ ❝❡❧❧❡ ❞✉ ❣❛③ ✐❞✓❡❛❧ ❬✺✹❪✳

✼❊♥ t♦✉t❡ r✐❣✉❡✉r✱ ✉♥❡ ❢r❛❝t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ❡st ✓❡❣❛❧❡♠❡♥t ❝♦♥✈❡rt✐❡ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡
❛①✐❛❧❡✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉✱ ❡❧❧❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♣♦✉r ❝❡♥t ❞❛♥s ♥♦tr❡ s✐t✉❛t✐♦♥ ✭✹ ✪ ✒❛ tr✒❡s
❜❛ss❡ t❡♠♣✓❡r❛t✉r❡✮✳ ◆♦✉s ♥✓❡❣❧✐❣❡♦♥s ❧❛ ❝♦rr❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❛♥s ♥♦tr❡ ❞✓❡♠❛r❝❤❡✳
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❋✐❣✳ ✸✳✷✾ ✿ ✓❊♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥ ♠❡s✉r✓❡❡ ❣r❫❛❝❡ ❛✉ ☞❧tr❡ ❞❡ ❇r❛❣❣✳ ❣❛✉❝❤❡ ✿ ✓❊♥❡r❣✐❡ t♦t❛❧❡ ❊②✳
▲❛ ♣r✓❡❞✐❝t✐♦♥ ❞✉ ♠♦❞✒❡❧❡ ❍❛rtr❡❡✲❋♦❝❦✱ tr❛❝✓❡❡ ❡♥ tr❛✐t ❝♦♥t✐♥✉ ♣♦✉r ✑ ❂ ✵✿✹✼✱ ❡st ✈✓❡r✐☞✓❡❡ ❞❛♥s ✉♥❡
❧❛r❣❡ ❣❛♠♠❡ ❞❡ t❡♠♣✓❡r❛t✉r❡s✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ♠♦❞✒❡❧❡ ❞✉ ❣❛③ ✐❞✓❡❛❧ ✭♣♦✐♥t✐❧❧✓❡s ❝♦✉rts✮✱ ❡t ❧✬✓❡♥❡r❣✐❡

❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ❊
✭t❤✮
② ✭♣♦✐♥t✐❧❧✓❡s ❧♦♥❣s✮✳ ❞r♦✐t❡ ✿ ✓❊♥❡r❣✐❡ t❤❡r♠✐q✉❡ ✿ ▲❛ ♣r✓❡❞✐❝t✐♦♥ ❞✉ ♠♦❞✒❡❧❡

❍❛rtr❡❡✲❋♦❝❦ ❡st ✈✓❡r✐☞✓❡❡ ♣♦✉r ❧❡s ♣❧✉s ❤❛✉t❡s t❡♠♣✓❡r❛t✉r❡s✳ P♦✉r ❧❡s ♣❧✉s ❜❛ss❡s✱ ♦♥ ♥❡ ♣❡✉t ♣❛s
✈r❛✐♠❡♥t ❞✐st✐♥❣✉❡r s✉r ❝❡s ❞♦♥♥✓❡❡s ❡♥tr❡ ❧❡ ♠♦❞✒❡❧❡ ❍❛rtr❡❡✲❋♦❝❦ ❡t ❝❡❧✉✐ ❞✉ ❣❛③ t❤❡r♠✐q✉❡ ✐❞✓❡❛❧
✭❡♥ ♣♦✐♥t✐❧❧✓❡s ❝♦✉rts✮✳

✸✳✼ ❈♦♥❝❧✉s✐♦♥

◆♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❝♦♠♠❡♥t r✓❡❛❧✐s❡r ✉♥❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❞✓❡❣✓❡♥✓❡r✓❡❡✱ ❝✬❡st✲✒❛✲

❞✐r❡ ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳ ▲❛ ♣r♦❝✓❡❞✉r❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ♣♦✉r ❛tt❡✐♥❞r❡ ❧❡ r✓❡❣✐♠❡✱ q✉✐

❞❡♠❛♥❞❡ ❞❡s t❡♠♣✓❡r❛t✉r❡s ❡①tr❫❡♠❡♠❡♥t ❢❛✐❜❧❡s ♣♦✉r ❞❡s ❞❡♥s✐t✓❡s ✓❡❧❡✈✓❡❡s✱ ♥✓❡❝❡ss✐t❡ ❧❡ ❞✓❡✈❡✲

❧♦♣♣❡♠❡♥t ❞✬♦✉t✐❧s ❞❡ ♣✐✓❡❣❡❛❣❡ ❡t ❞❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❞✬❛t♦♠❡s ❛✈❡❝ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ r✓❡❛❧✐s❛t✐♦♥

❞❡ ♣✐✒❡❣❡s ♠❛❣♥✓❡t✐q✉❡s tr✒❡s ❝♦♥☞♥❛♥ts✳ ◆♦✉s ❛✈♦♥s ♠✐s ❡♥ ✛✉✈r❡ ✉♥❡ ♠✓❡t❤♦❞❡ ♦r✐❣✐♥❛❧❡ ♣♦✉r

r✓❡❛❧✐s❡r ❝❡ ❝♦♥☞♥❡♠❡♥t✱ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♣✐✒❡❣❡s ✒❛ ♥♦②❛✉ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ❛

✓❡t✓❡ r❛✍♥✓❡❡ ♣❛r ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞❡ ✹ ❣✓❡♥✓❡r❛t✐♦♥s ❞✬✓❡❧❡❝tr♦❛✐♠❛♥ts✱ ❞♦♥t ❧❡s ❞❡✉① ❞❡r♥✐✒❡r❡s s♦♥t

✉t✐❧✐s✓❡❡s s✉r ❧❡s ❞❡✉① ♠♦♥t❛❣❡s ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❈♦♥❞❡♥s❛ts ✶❉ ❡t q✉❛s✐✲❝♦♥❞❡♥s❛ts ❡t

❙♦✉r❝❡ ❆t♦♠✐q✉❡ ❈♦❤✓❡r❡♥t❡ ❱❡rs❛t✐❧❡✳

❯♥❡ ❢♦✐s ❝❡s ❞✐s♣♦s✐t✐❢s r✓❡❛❧✐s✓❡s✱ ♥♦✉s ❛✈♦♥s ♣✉ ❝♦♥st❛t❡r q✉❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥

❡st ✉♥ ♣❤✓❡♥♦♠✒❡♥❡ r✐❝❤❡ ♦✒✉ ❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ♠♦❞✐☞❡ s❡♥s✐❜❧❡♠❡♥t ❧❡s

♣r♦♣r✐✓❡t✓❡s ❞✉ s②st✒❡♠❡✳ ■❧ ❡st ♣❛r❢♦✐s ♣♦ss✐❜❧❡ ❞❡ ❧❡s t♦✉r♥❡r ✒❛ ♥♦tr❡ ❛✈❛♥t❛❣❡✱ ❝♦♠♠❡ ❞❛♥s

❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡ ♦✉ ✉♥❡ ❡s♣✒❡❝❡ ❛t♦♠✐q✉❡ ❡st r❡❢r♦✐❞✐❡ ❣r❫❛❝❡ ❛✉① ❝♦❧❧✐s✐♦♥s

❛✈❡❝ ✉♥❡ ❛✉tr❡ ❡s♣✒❡❝❡✳ ■❧ ❡st s✉rt♦✉t ✐♠♣♦rt❛♥t ❞❡ ❜✐❡♥ ✐❞❡♥t✐☞❡r ❧❡✉r ❡☛❡t✱ ❝❛r ❡❧❧❡ ♠♦❞✐☞❡

s❡♥s✐❜❧❡♠❡♥t ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞✉ ❝♦♥❞❡♥s❛t✱ ❡♥ ♠♦❞✐☞❛♥t ♣❛r ❡①❡♠♣❧❡ ❧❡ s❡✉✐❧ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥✱

❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s ❡t ❧❛ ❢♦r♠❡ ❞✉ ❝♦♥❞❡♥s❛t✳

◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t ❝♦♠♠❡♥t ❡①♣❧♦✐t❡r ❝❡tt❡ s♦✉r❝❡ ❡♥ r✓❡❛❧✐s❛♥t ✉♥ ❢❛✐s❝❡❛✉

❧❛s❡r ❛t♦♠✐q✉❡ ❣r❫❛❝❡ ✒❛ ✉♥ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✳ ◆♦✉s ♦❜s❡r✈❡r♦♥s ❛❧♦rs ✉♥ ❛✉tr❡ ❡☛❡t ❞❡s

✐♥t❡r❛❝t✐♦♥s q✉✐ ✈♦♥t ♠♦❞✐☞❡r ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r✳ ❊♥☞♥✱ ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡✱

♥♦✉s ❛❜♦r❞❡r♦♥s ❧❡ ♣r♦❜❧✒❡♠❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞❡ ❝❡tt❡ s♦✉r❝❡ ❛t♦♠✐q✉❡✱ ❡♥

♠♦♥tr❛♥t ❧✒❛ ❡♥❝♦r❡ ❧❡ r❫♦❧❡ ❝r✉❝✐❛❧ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳



✶✶✻
❈❤❛♣ ✸ ✲ ❱❡rs ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡

❊✐♥st❡✐♥

✸✳✽ ❘❡♣r♦❞✉❝t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ♣✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s ✒❛

❞❡ ❝❤❛♣✐tr❡

✶✳ ❉❊❙❘❯❊▲▲❊✱ ❇✳✱ ❇❖❨❊❘✱ ❱✳✱ ❇❖❯❨❊❘✱ P✳ ❡t ❛❧✳✱ ✧❆♥ ✐r♦♥✲❝♦r❡ ❡❧❡❝tr♦♠❛❣♥❡t ❢♦r

tr❛♣♣✐♥❣ ♥❡✉tr❛❧ ❛t♦♠s✱✧ ❊✉r♦✳ ♣❤②s✳ ❏✳ ❉✳ ✶✱ ✷✺✺✲✷✺✽ ✭✶✾✾✽✮✳

✷✳ ❉❊❙❘❯❊▲▲❊✱ ❇✳✱ ❇❖❨❊❘✱ ❱✳✱ ▼❯❘❉❖❈❍✱ ❙✳ ❡t ❛❧✳✱ ✧■♥t❡rr✉♣t❡❞ ❡✈❛♣♦r❛t✐✈❡ ❝♦♦❧✐♥❣

♦❢ ✽✼❘❜ ❛t♦♠s tr❛♣♣❡❞ ✐♥ ❛ ❤✐❣❤ ♠❛❣♥❡t✐❝ ☞❡❧❞✱✧ P❤②s✳ ❘❡✈✳ ❆ ✻✵ ✭✸✮✱ ❘✶✼✺✾✲✶✼✻✷

✭✶✾✾✾✮✳

✸✳ ❇❖❨❊❘✱ ❱✳✱ ▼❯❘❉❖❈❍✱ ❙✳✱ ▲❊ ❈❖◗✱ ❨✳✱ ❉❊▲❆◆◆❖❨✱ ●✳✱ ❇❖❯❨❊❘✱ P✳ ❛♥❞ ❆❙✲

P❊❈❚✱ ❆✳ ✭✷✵✵✵✮✳ ✧▼✉❧t✐❢r❡q✉❡♥❝② ❡✈❛♣♦r❛t✐✈❡ ❝♦♦❧✐♥❣ t♦ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥

✐♥ ❛ ❤✐❣❤ ♠❛❣♥❡t✐❝ ☞❡❧❞✳✧ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆ ✻✷✵✷✭✷✮ ✿ ❛rt✳ ♥♦✳✲✵✷✶✻✵✶✳

✹✳ ❉❊▲❆◆◆❖❨✱ ●✳✱ ▼❯❘❉❖❈❍✱ ❙✳ ●✳✱ ❇❖❨❊❘✱ ❱✳✱ ❏❖❙❙❊✱ ❱✳✱ ❇❖❯❨❊❘✱ P✳ ❛♥❞ ❆❙✲

P❊❈❚✱ ❆✳ ✭✷✵✵✶✮✳ ✧❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❞✉❛❧ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥

✇✐t❤ s②♠♣❛t❤❡t✐❝ ❝♦♦❧✐♥❣✳✧ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❆ ✻✸✵✺✭✺✮ ✿ ❛rt✳ ♥♦✳✲✵✺✶✻✵✷✳

✺✳ ●❊❘❇■❊❘ ❋✳✱ ❚❍❨❲■❙❙❊◆ ❏✳ ❍✳✱ ❘■❈❍❆❘❉ ❙✳✱ ❍❯●❇❆❘❚ ▼✳✱ ❇❖❯❨❊❘ P✳✱ ❛♥❞
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Trapping cold neutral atoms with an iron-core electromagnet
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Abstract. We have developed an iron-core electromagnet and used it to trap neutral atoms. The magnetic
field can be switched from a spherical quadrupole configuration to a Ioffe configuration within 2 ms. We load
2×107 87Rb atoms from a vapor into a Magneto-Optical Trap (MOT) and transfer them into the purely
magnetic trap with an efficiency of 95%. A strong radial compression is possible since we can generate
quadrupole gradients up to 0.1 T/cm with an excitation current of 10 A (400 W of power consumption).

PACS. 32.80.Pj Optical cooling of atoms; trapping

The ability to magnetically trap neutral atoms has proven
to be an essential step towards Bose-Einstein Condensa-
tion [1–4]. Magnetic trapping allows the use of evaporative
cooling to reach quantum degeneracy, provided that the
initial elastic collision rate is sufficiently high. For this pur-
pose, tightly confining potentials are required to achieve
high atomic densities. In addition, it is desirable to trap
the atoms at a nonzero field minimum to avoid losses due
to Majorana transitions [5].
To fulfill these requirements, many experiments have

used variations of the Ioffe configuration [6]. For example,
experiments with trapped Lithium atoms have been car-
ried out in a static Ioffe trap using permanent magnets
[2]. They produce a very steep potential but the magnetic
field cannot be varied with time. Other setups use coils
to generate similar magnetic field profiles [10,11]. In this
case, the trapping potential can be varied but a signifi-
cant electrical power and a sophisticated cooling system
are required. The use of coils with ferromagnetic cores
offers the possibility of combining the advantages of the
above approaches. For example, reference [7] reports trap-
ping of Lithium in a spherical quadrupole field created by
two µ-Metal needles. In this paper, we describe a novel
electromagnet inspired by that used in [2], but with the
permanent magnets replaced by iron pole pieces.
As shown in Figure 1, the electromagnet consists of

three pairs of 2 cm diameter cylindrical poles positioned
along the X, Y and Z axes. A ferromagnetic yoke sup-
ports the poles and guides the magnetic flux by providing
a low reluctance return path for the magnetic fields. Both
poles and yoke are made with pure iron (Bsat = 2 T,

a e-mail: bruno.desruelle@iota.u-psud.fr
b URA 14 du CNRS
c URA 1375 du CNRS

Y

Z

X
Fig. 1. Diagram showing the position of the poles and the
vapor cell. The tip to tip spacing is 4 cm and the diameter of
the cell 2.5 cm.

µmaxr = 7× 103). The pole pieces are 20 cm long, with a
5 mm diameter hole along the symetry axis. The tip to
tip spacing is 4 cm. Each pole is excited by a 440 turn coil
of copper wire. The opposing poles in the XY plane are
excited with equal and opposite currents. Near the center,
these 4 coils generate a linear quadrupole field, given by:
B = G(xex − yey) to first order in the coordinates. The
quadrupole gradient G can be controlled with the cur-
rent in the 4 quadrupole coils. The two poles along the Z
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Fig. 2. Measured field along the X and Z axes for an exci-
tation current I = 3.5 A in the quadrupole and dipole coils.
The experimental data are fitted with second order polyno-
mials. The bias field is 440 Gauss, the dipole field curvature
170 Gauss/cm2 and the X axis curvature 270 Gauss/cm2. We
estimate a 5% accuracy of the measurements due to sampling
noise of the data acquisistion system and to the fact that the
3 Hall probes are not perfectly orthogonal and are separated
by 1 mm.

axis are excited with equal currents, making a dipole field

whose Z component varies as Bz = B0 + C(z
2 − x2+y2

2
).

The bias field B0 and the dipole field curvature C are de-
termined by the current in the dipole coils. The magnitude
of the total magnetic field can be approximated by:

|B| = B ≃ B0 + (
G2

2B0
−
C

2
)(x2 + y2) + Cz2. (1)

We have mapped the magnetic field using a 3D Hall probe.
Figure 2 shows the variation of the magnetic field magni-
tude along different axes for excitation currents I = 3.5 A
in the 6 coils. Near the center, the field magnitude is found
to be well described by equation (1) with a 440 Gauss
bias field and curvatures of d2B/dx2 = d2B/dy2 =
270 Gauss/cm2, d2B/dz2 = 170 Gauss/cm2. From these
curvatures, we calculate oscillation frequencies νx,y =
30 Hz, νz = 24 Hz for

87Rb trapped in the F = 2,mF =
2 state.
When the current is turned off, the field drops by 30%

within 1 ms and then falls off with a 8 ms time con-
stant limited by eddy currents in the iron structure. Be-
cause of hysteresis in the iron, a remanent bias field of
about 20 Gauss and a remanent quadrupole gradient of
15 Gauss/cm remain after eddy currents are dissipated.
Small compensation coils provide the coercive excitation
necessary to reach zero magnetic field when the excitation
current is turned off.
In order to trap the atoms, the electromagnet is placed

around a 2.5 cm diameter cylindrical glass vacuum cell.
The axis of the cylinder is aligned with the 111 direc-
tion of the electromagnet. The cell is pumped with a

30 l/s ion pump and contains about 10−9 hPa pressure of
Rb. We first load atoms from the vapor into a Magneto-
Optical Trap (MOT) by supplying current to the 2 coils
of the electromagnet along the X axis only. A current of
200 mA generates a spherical quadrupole field with
dBx/dx = 20 Gauss/cm. A 100 mW laser diode produces
6 independent circularly polarized trapping beams, each
with a power of 6 mW and a diameter of 15 mm. They are
detuned by 2Γ to the red of the 5S1/2, F = 2 → 5P3/2,
F = 3 optical transition at 780 nm. Because of the pole
pieces, the beams cannot propagate along the symetry
axes of the magnetic field but the MOT works satisfacto-
rily with the beams tilted by 15 to 40 degrees. A repump-
ing beam, on resonance with the 5S1/2, F = 1 → 5P1/2,
F = 2 transition at 794.7 nm, overlaps the trapping
beams. The density and number of trapped atoms were
measured with a CCD camera by absorption imaging of a
weak resonant probe beam. After 5 s of loading, the MOT
contains about 2.0×107 atoms. We measure the temper-
ature in the MOT by a ballistic expansion method: we
switch off the beams and the magnetic field, and let the
cloud expand for a variable delay time before taking an
absorption image. We find a temperature of about 100 µK.

In order to optimize the phase-space density before
turning on the Ioffe trap, we reduce the temperature by
increasing the detuning and decreasing the intensity of the
laser beams, after switching off the magnetic field. After
12 ms, the atoms are cooled to 20 µK (vxrms = 7.5vrec =
4.5 cm s−1) with a density at the center of the trap of
3 × 1010 cm−3. We then block the trapping beams and
optically pump the atoms into the 5S1/2, F = 2, mF = 2
state. We do this by creating a small bias field along the
Z axis and applying a 250 µs pulse of laser light which
propagates along the Z axis through the 5 mm hole in the
pole tips. This beam is on resonance with the 5S1/2, F =
2→ 5P3/2, F = 2 transition and σ

+ polarized (this choice
minimizes heating because the trapped state is dark). The
repumping beam on the 5S1/2, F = 1 → 5P1/2, F = 2
transition remains on during this procedure and is turned
off after the optical pumping pulse.

We switch to the Ioffe trap by applying an equal cur-
rent to all the coils. The field reaches the final value in
2 ms. This rise time is obtained by putting a 50 µF capac-
itor charged to 700 V in parallel to the power supply in
order to deliver a strong pulse of current when switching
on. The trapped atoms are monitored through their inter-
action with a probe beam. This beam propagates along the
axis of the cell and has a well controlled σ+ component
with respect to the direction of the bias field. Because of
the strong bias field B0, the optical transitions experience
large Zeeman shifts. We thus can monitor selectively the
atoms trapped in the 5S1/2, F = 2,mF = 2 ground state
by detuning the probe beam 600 MHz above the zero field
resonance. This laser beam selectively couples the trapped
ground state to the 5P3/2,mI = 3/2,mJ = 3/2 level of the
excited manifold. Since this excited state is a puremF = 3
state, this forms a two-level cycling transition. From the
analysis of absorption images, we can infer the number of
trapped atoms. We have measured 1.9×107 atoms trapped
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in the mF = 2 state which corresponds to a transfer ef-
ficiency of 95% from the MOT to the Ioffe trap (without
any optical pumping, the measured transfer efficiency is
about 20%). After loading, we observe an exponential de-
cay of the number of atoms remaining in the trap with
a time constant of 2.5 s. This value is consistent with
the Rb vapor pressure and the background gas pressure
which is measured with an ion gauge near the trap (P =
7×10−9 hPa).

If the equilibrium position of the atoms in the MOT
and in the Ioffe trap do not overlap, for example due to
the effect of gravity or imprecise positioning of the poles,
the atoms acquire extra energy during the transfer. Op-
timum transfer is achieved by carefully positioning the
MOT with the help of three additional pairs of coils along
the X, Y , Z axes. These coils generate a small bias field
which translates the center (B = 0) of the MOT. Even
for our best overlap, a residual mismatch of order a few
hundred microns remains. This leads to oscillations of the
atomic cloud. If the atoms were permitted to thermalize
(which they do not in our experiment because of the short
lifetime), the final temperature would be of order 100 µK.

By modulating the current in the coils we are able to
excite various modes of motion in the trap and measure
their frequency [8,9]. When we modulate the quadrupole
field for example, we change the curvature of the trap
and excite parametric resonances (breathing modes) at
2νy along the X and Y axes. Because the minimum of the
potential is determined by the magnetic field and grav-
ity, a modulation of the quadrupole field also results in
a modulation of the position of the potential minimum
at the same frequency. This excites a sloshing motion of
the atoms at νy. Using the latter type of excitation, we
modulate the current in the quadrupole coils for 500 ms,
and monitor the oscillating position of the atomic cloud in
the Y−Z plane. The observation is made by imaging the
fluorescence induced by a saturating probe beam, onto a
CCD camera. In Figure 3 we show a resonance curve of
the amplitude of oscillation along Y . Instead of scanning
the excitation frequency, we scan the curvature of the trap
while keeping the modulation frequency constant at 27.5
Hz. We observe a resonance for a current in the quadrupole
coils of 3.2 A. From this measurement, we calculate a reso-
nance frequency of 29 Hz for a current of 3.5 A, consistent
with the 30 Hz value calculated from the Hall probe mea-
surement. The width of the resonance is determined by the
duration of the modulation period: because we are in the
transient regime of forced oscillation, we observe a beat-
ing between the excitation frequency and the resonance
frequency of the system. As shown in Figure 3, the am-
plitude of oscillation almost vanishes for ν − νy = ±2 Hz,
which is consistent with the 500 ms modulation length.

It is useful to evaluate our trap performance with a
view towards Bose-Einstein condensation. Once the atoms
have thermalized in the trap, they undergo one elastic
collision every few seconds. This collision rate can be in-
creased by adiabatic compression [10,11] of the atomic
cloud. First, we are able to achieve continuous quadrupole
fields with a gradient G of 1 kGauss/cm. This compresses
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Fig. 3. Amplitude of oscillation of the atoms versus the current
in the quadrupole coils with the modulation frequency kept
constant at a value of 27.5 Hz. The upper scale shows the
calculated resonance frequency at each value of the current.
The width of the resonance is determined by the length of the
modulation period (500 ms).

the cloud in the radial directions and increases the collision
rate by a factor of 3. Additional compression can also be
achieved by decreasing the value of the bias field. Since all
the excitations are coupled into the ferromagnetic struc-
ture, this also reduces the longitudinal curvature (along
Z), limiting the maximum increase of the collision rate
to 6:1 with the present geometry. This would allow us to
reach the runaway evaporation regime for a trap lifetime
of a few 100 s [12] (P ≤ 10−11 hPa).

In conclusion, we have demonstrated the transfer of
95% of 87Rb atoms from a MOT to a magnetic poten-
tial generated by an iron-core electromagnet. This design
should already allow Bose-Einstein condensation with an
improved MOT source (ten times more atoms initially
could lead to a 2 s−1 collision rate) and straightforward
improvements of the vaccuum system. In addition, the
electromagnet can be improved for both shorter switch-
ing time and better compression. For instance, employ-
ing laminated materials will allow us to eliminate eddy
currents. Preliminary tests show that a 1 ms switching
time is possible. In addition, better compression can be
achieved with a shorter gap between the tips. Calcula-
tions show that initial collision rate higher than 30 s−1

can be achieved with our new design, allowing faster Bose-
Einstein condensation with high atom number. We there-
fore think that magnetic traps of this type can be useful
tools for the production, study and application of Bose-
Einstein condensates.
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(1997).



Interrupted evaporative cooling of 87Rb atoms trapped in a high magnetic field
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Radio-frequency-induced evaporative cooling of87Rb atoms in theF52, m52 ground state in a magnetic
trap with a high bias field is found to be hampered, and eventually interrupted, by the presence of nonlinear
Zeeman shifts. An experiment studying evaporation at a fixed adjustable rf frequency was used to illustrate this
effect. These nonlinear shifts prevent us from reaching quantum degeneracy in theF52, m52 ground state;
however, evaporation in theF51, m521 ground state is not adversely affected, and we can produce a
Bose-Einstein condensate~BEC!. Our analysis shows that this effect can play a role in many BEC experiments.
@S1050-2947~99!50909-8#

PACS number~s!: 32.80.Pj, 03.75.Fi, 32.60.1i

Radio-frequency-induced evaporative cooling@1,2# of
magnetically trapped neutral atoms has proved to be an effi-
cient way to achieve Bose-Einstein condensation~BEC! in
dilute gases@3–5#. It consists of removing the most energetic
atoms from the trap by coupling a radio-frequency field the
trapping state (F,m), whose potential is minimum at the
center of the trap, to a nontrapping state (F,m8), whose
potential is maximum at the center of the trap. For a small
trapping magnetic field, as in most experiments, the Zeeman
effect is linear, and the rf couplings between adjacent Zee-
man sublevels (uDmu51) result in a multiphotonic transition
from the trapping state to a nontrapping state, allowing effi-
cient forced evaporation. In this paper, we show that in a
magnetic trap with a high magnetic field, where the Zeeman
splitting is no longer negligible compared to the ground-state
hyperfine structure, the evaporation process can be adversely
affected, initially by a reduced evaporation efficiency and
eventually by a complete interruption of the evaporation pro-
cess. With the aid of a complementary experiment, we point
out the dramatic role of the nonlinear component of the Zee-
man shift on the evaporation scheme. This allows us to un-
derstand the interruption of evaporation and the failure to
achieve BEC with87Rb atoms in theF52, m52 ground
state in a magnetic field of 150 G, and our ability to obtain it
in the F51, m521 ground state.

This effect is of importance for BEC experiments using
high-field magnetic traps, or atoms with small hyperfine
structure. It may also play a role in lines of experimental
activity in BEC which investigate the effect of large mag-
netic fields on atomic properties; for instance, the study of
Feshbach resonances.

We will focus here on a Ioffe-type trap, which consists of
a superposition of a linear quadrupole field and dipole field
that is, respectively, perpendicular and parallel to thez axis.
The magnitude of the total magnetic field can be approxi-
mated by

uBu5B5B01S B8
2

2B0
2

B9

2 D ~x2
1y2!1B9z2. ~1!

The resulting Zeeman shift provides an anisotropic trapping
potential for low-field-seekingm states.

A fast thermalization is a key condition for an efficient
evaporative cooling. It relies on the ability to increase the
elastic collision rate by compression of the atomic cloud.
The most widely used means to increase the stiffness of the
trapping potential is to partially cancel the bias fieldB0 . As
seen in Eq.~1!, this increases the radial curvature alongx and
y without changing the axialz curvature. In most experi-
ments, typical values of the compensated bias field are of the
order of a few gauss, and the Zeeman shift is linear in the
magnetic field.

In our trap, based on the use of ferromagnetic materials
@6#, we radially compress the atomic cloud by increasing the
gradientB8 without modifying the bias field. This obliges us
to evaporate in a high bias field, for which the Zeeman shift
is no longer linear in the magnetic field. Defining

«5

mBB

2\vhf
5

vL

vhf
,

wherevL is the linear Zeeman shift between adjacent sub-
levels, andvhf the hyperfine splitting of the ground state, we
may write the Zeeman shift for87Rb to second order in« as

EF,m~« !5EF1~21!F$\vhfm«1\vhf~42m2!«2%. ~2!

When the quadratic term in Eq.~2! is negligible, all the rf
couplings between adjacent Zeeman sublevels are resonant at
the same location in the trap@Fig. 1~a!#. Thus, for a large
enough rf power, any atom trapped in the upper trapping
state, traveling from the center of the trap and crossing the
resonance~rf knife!, experiences an adiabatic passage to the
lower nontrapping state, and is expelled from the trap. By
contrast, in the case of a high bias field, the rf couplings are
not resonant at the same location because of the quadratic
Zeeman effect@see Fig. 1~b!#. Depending on the hyperfine
state, this effect leads to different scenarios, which we have
experimentally investigated.
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Our experimental scheme uses a highly confining iron-
core electromagnet described elsewhere@6#. Recent improve-
ments, including lamination of the pole pieces and the yoke,
greatly reduce eddy currents, and allow us to switch off the
field within 1 ms. The power consumption is 4 W per coil for
a gradientB85900 G/cm, and the maximum gradient at
saturation is 1400 G/cm. The ability to produce large gradi-
ents compensates the fact that the bias fieldB0 cannot be
reduced without also reducing the dipole curvatureB9. The
ratio B0 /B9 is fixed by construction to 1 cm2. The electro-
magnet is placed around a glass cell of inner volume 131
34 cm3, pumped with a ion pump and a titanium sublima-
tion pump. We load a magneto-optical trap~MOT! from a
Zeeman slowed atomic beam, then switch to a forced dark
MOT @7#. We obtain 83108 atoms at a density of 1.5
31011cm23. After additional molasses cooling, we optically
pump the atoms into either theF52, m52 or theF51, m
521 state. We then switch on the electromagnet in a con-
figuration matching the phase-space density of the atomic
cloud. The bias fieldB0 is then fixed to;150 G forF52, or
to ;190 G for F51. At the end of this loading procedure,
the trap containsN543108 atoms at a temperature of 100
mK, with a peak density of 531010 cm23. All this informa-
tion is obtained by absorption imaging on a charge-coupled-
device camera.

We first present the effect of the quadratic Zeeman shift
on the evaporation of an atomic cloud magnetically trapped
in the F52, m52 state. At a bias field of about 150 G, the
transition frequency between the sublevelsm and m21 at
the center of the trap@see Fig. 1~b!# is, from Eq.~2!,

vm˜m215106.51~1.52m33! MHz32p. ~3!

Because these transition frequencies decrease withm, the
atoms inm52 can be transferred to the intermediate trap-
ping statesm51 andm50 @8# without reaching the nontrap-
ping statesm521 and m522. To demonstrate this, we
apply a fixed rf knife, close to the resonance frequencies
vm˜m21 at the center of the trap, for 5 s. The rf power is
adjusted for an efficient transfer between sublevels. Then, we
turn off the trap and image the cloud. As the stiffness of the
potential depends onm, the size of the cloud is an indication
of the internal state of the atoms. Figure 2 shows a plot of the
size of the cloud as a function of the rf frequencyv rf/2p. It

features three discontinuities that indicate different final Zee-
man sublevels of the atoms. Whenv rf,v2˜1 , no transition
is possible at any point of the trap, and the cloud of atoms in
m52 is left unchanged. Whenv2˜1,v rf,v1˜0 , the m
52 andm51 sublevels are coupled, and a significant frac-
tion of the atoms is transferred in them51 sublevel. As the
stiffness of the potential form51 is smaller than form
52, the cloud is broader. Similarly, whenv1˜0,v rf
,v0˜21 , the m52, m51, and m50 sublevels are con-
nected, and a macroscopic population builds up in them
50 sublevel. This results in a broad cloud, since them50
sublevel is a weakly trapping state, with a smaller cloud of
atoms in them52 andm51 states. Finally, whenv0˜21
,v rf , m52 is connected to the nontrapping statem521
via m51 andm50, evaporation occurs, and we observe a
small cloud of cold atoms inm52. The frequency difference
between the discontinuities of 3 MHz in Fig. 2 agrees with
Eq. ~3!. We also checked that it scales asB0

2 by performing
the same experiment for different values of the bias field.

This preliminary experiment suggests that forced evapo-
rative cooling will be subject to unwanted effects as the rf
knife gets close to the bottom of the potential well. This is

FIG. 1. Zeeman shift in a quadratic magnetic
trap. In the linear approximation~a!, the rf cou-
plings between adjacent sublevels are resonant at
the same location~rf knife, in white arrows!.
When the quadratic Zeeman effect is not negli-
gible ~b!, the resonance points of the rf couplings
are separated in space~black arrows!. For the
sake of clarity, the role of the Zeeman quadratic
shift has been exaggerated.

FIG. 2. Measured size of an atomic cloud magnetically trapped
in theF52, m52 state after the application of a 5-s fixed rf knife,
as a function of the rf frequency. We give the rms width of the
fitting Gaussian. When a double structure clearly appears, as shown
in the inset, we use a double Gaussian fit and report both rms widths
~white circles and boxes!.
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confirmed by the observation of an interruption in the evapo-
ration of a cloud of atoms in theF52, m52 state in the
following experiment. After the transfer to the magnetic trap,
we adiabatically compress the atoms by increasing the gra-
dient B8 to 900 G/cm, the oscillation frequencies are 22
Hz32p along the dipole axis, and 90 Hz32p along both
quadrupole axes. The temperature of the atomic cloud in-
creases to 300mK with a collision rate of 30 s21. With our
trap lifetime of 40 s, the condition for a successful runaway
evaporation is fulfilled@1#. Indeed, while ramping down the
rf frequency from 130 MHz to a value close to 110 MHz, we
initially observe that the optical thickness of the sample in-
creases, which is a clear indication of the runaway cooling
regime. We can cool down the sample to about 50mK until
v rf becomes equal tov0˜21 . Then the atoms can no longer
be transferred to a nontrapping state, and cooling stops. If we
proceed, a broad cloud of atoms in theF52, m50 state
appears around the cloud of atoms in theF52, m52 state.

A more subtle consequence of the separation of the vari-
ous transition frequencies hinders the evaporation from the
very beginning of the cooling. As soon as the rf is applied,
the atoms accumulate in the intermediate sublevelsm51
and m50. To understand this effect, we consider the adia-
batic potentials of an atom inF52 dressed by the rf pho-
tons, shown in Fig. 3. Due to the presence of the nonlinear
component of the Zeeman shift, the crossings between dif-
ferent magnetic sublevels do not occur at the same location
in the trap. At a crossing between two adjacent sublevels
(uDmu51), the rf coupling, characterized by a matrix ele-
mentC, causes a splitting~avoided crossing! of the order of
C, clearly visible in the figure. On the other hand, at cross-
ings whereuDmu>2, the splitting is much smaller thanC, as
the quadratic term of the Zeeman shift 2\vhf«

2 ~correspond-
ing to a few MHz! is greater than the matrix elementC
~typically 10 kHz! @9#. At the crossing between adjacent sub-
levels, atoms at a temperature of 300mK or less follow the
dressed state with a~Landau-Zener! probability of the order
of 1, and experience a change of magnetic sublevel
(uDmu51). By contrast, the probability of adiabatic follow-
ing at crossings whereuDmu>2 is negligible for tempera-
tures greater than 300 nK, and the atoms make a nonadia-
batic passage and remain in the same magnetic sublevel.

This means that the sublevel changes are significant only
at crossings between adjacent sublevels. As an immediate
consequence, an atom requires successiveuDmu51 transi-
tions to escape the trap. Figure 3 features one of the most
direct paths for an atom to reach a nontrapping state. It can
be seen that the atom needs several adiabatic and nonadia-
batic passages. As a result, the best evaporation efficiency is
obtained for roughly equal probabilities of adiabatic and
nonadiabatic passage, which entails the existence of an opti-
mum of the rf power. We experimentally checked that the
phase-space density obtained after the evaporation shows a
maximum as a function of the rf power. Nonetheless, since
the optimized probability of transfer between the adjacent
sublevels is of the order of 1/2, a macroscopic population in
the m51 andm50 states grows during the evaporation. A
strong indication of this is the observation of a heating of 5
mK/s of them52 cloud, when we remove the rf knife at the
end of the evaporation ramp, just beforev0˜21 is reached.
This heating may be understood as a thermalization between
the cold atoms inm52 and fast atoms that have accumu-
lated in m50. Inelastic collisions will also heat the cloud.
For instance, a spin exchange collision of the form (m51)
1(m51)˜(m50)1(m52), though its collision rate may
be low @10#, releases an energy 2\vhf«

2'150mK.
In contrast to evaporation inF52, forced evaporative

cooling for atoms trapped inF51, m521 is not adversely
affected by the quadratic Zeeman effect. Asv21˜0,v0˜1
and them50 state is a nontrapping state@Eq. ~2!#, the atom
can be expelled from the trap following a single adiabatic
potential~Fig. 4!, and the usual evaporative cooling scheme
is unhindered. The restriction on the upper value of the rf
power mentioned for theF52 case does not apply here. For
atoms loaded in theF51 state, after adiabatic compression
by increasing the gradientB8 to 1200 G/cm, the oscillation
frequencies are 18 Hz32p along the dipole axis and 75 Hz
32p along both quadrupole axes. By ramping down the rf
frequency from 160 to 130 MHz, we could successfully cool
down the sample, and we observed the BEC transition at a
temperature of;300 nK. With further cooling, we obtained
a quasipure condensate of a few 105 atoms.

In conclusion, the quadratic Zeeman effect can severely
affect evaporative cooling in the upper hyperfine state of

FIG. 3. Adiabatic potentials of the Zeeman
sublevels of theF52 hyperfine state, dressed by
the rf field, in a quadratic magnetic trap. The in-
set is a global view of the trap, while the main
figure shows the rf knife region. It features one of
the most direct paths for an atom to escape from
the trap~dashed line!. At point Q, the multipho-
tonic coupling is too small for the atom to follow
the adiabatic potential. At pointsB and C, the
atom follows the avoided crossing. At pointsA
and D, the atom crosses the avoided crossing
once, and avoids it the other time.
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87Rb, because the rf couplings between adjacent sublevels
(uDmu51) do not occur at the same location. The most ob-
vious effect is the interruption of the coupling between the
trapping and nontrapping states before the atoms reach the
degeneracy regime. A second effect occurs before this situ-
ation is reached: evaporation requires successiveuDmu51
transitions with a probability of less than 1. This results in a
reduced evaporation efficiency@11#, and a macroscopic
population of hot atoms builds up in the intermediate sublev-
els. This second effect may become important when the qua-

dratic Zeeman term 2\vhf«
2 is not negligible compared to

the rf couplingC; here the anticrossings for adjacent sublev-
els do not merge into a single anticrossing. For a coupling
C/h of 10 kHz, the field at which both terms are equal is 4 G
for 23Na, and 8 G for87Rb. For a time-averaged orbiting
potential trap, the rotating bias field can easily be of the
order of 10 G, which is close to this value. Even in experi-
ments with a compensated bias field, evaporation starts at a
position in the trap where the magnetic field is of the order of
10 G. In both cases, the resulting macroscopic population in
the intermediate levels can have dramatic effects if the in-
elastic collision rate is important, as pointed out in@10#.

Several strategies can circumvent the adverse conse-
quences of the quadratic Zeeman effect and achieve efficient
forced evaporative cooling of87Rb in F52. First, one could
use several rf frequencies, in order to induce a direct transi-
tion from m52 to m521. Another solution would be to use
the 6.8-GHz microwave transition fromF52, m52 to the
nontrapping stateF51, m51. Such a hyperfine microwave
evaporation was implemented in the experiments carried on
7Li @4#. On the other hand, the quadratic Zeeman effect lifts
the degeneracy of the rf transitions, which can be a powerful
tool to manipulate the spin of the trapped atoms, and to ad-
dress separately the different spin transitions.

This work was supported by the CNRS, EU~No. ERB
FMRX-CT96-0002!, MENRT, Région Ile de France. S.G.M.
acknowledges support from Ministe`re des Affaires Etran-
gères.
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trap. The dashed line shows the trajectory of an escaping atom. It
follows the adiabatic potential at each avoided crossing.
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Multifrequency evaporative cooling to Bose-Einstein condensation in a high magnetic field

V. Boyer, S. Murdoch, Y. Le Coq, G. Delannoy, P. Bouyer, and A. Aspect
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We demonstrate a way to circumvent the interruption of evaporative cooling observed at high bias field for
87Rb atoms trapped in the (F52,m512) ground state. Our scheme uses a three-frequency rf knife achieved
by mixing two rf frequencies. This compensates part of the nonlinearity of the Zeeman effect, allowing us to
achieve Bose-Einstein condensation where the standard one-frequency rf knife evaporation method did not
work. We are able to get efficient evaporative cooling, provided that the residual detuning between the
transition and the rf frequencies is smaller than the power broadening of the rf transitions at the end of the
evaporation ramp.

PACS number~s!: 03.75.2b, 32.60.1i, 32.80.Pj, 32.80.Wr

Forced evaporative cooling of atoms@1,2# in a magnetic
trap is at the moment the only known way to achieve Bose-
Einstein condensation~BEC! @3–5#. Particles with energy
significantly larger than the average thermal energy are re-
moved from the trap and the remaining ones thermalize to a
lower temperature by elastic collisions. For that, a radio-
frequency~rf! magnetic field is used to induce a multiphoton
transition from a trapping state to a nontrapping state via
all intermediate Zeeman sublevels. Atoms moving in the trap
with sufficient energy can reach the resonance point~rf
knife! and exit the trap. If the rf frequency is decreased
slowly enough, and no other process is hampering the forced
evaporation, the increase of the phase-space density obtained
by this method eventually leads to Bose-Einstein condensa-
tion.

In a previous publication@6#, we reported that rf forced
evaporative cooling of87Rb atoms in the (F52,m512)
ground state in a magnetic trap with a high bias field is
hindered and eventually interrupted. Our interpretation of
this phenomenon is based on the nonlinear terms of the Zee-
man effect that lift the degeneracy of transition frequencies
between adjacent Zeeman sublevels. This interpretation is
supported by numerical calculations@7#. Interrupted evapo-
rative cooling in a large magnetic field is a serious problem
in several situations, which is interesting for practical rea-
sons — like the use of permanent magnets@8# or of an iron
core electromagnet such as the one described in@9#. High-
magnetic-field evaporation is also important in connection
with Feshbach resonances@10–13#. In this paper, we dem-
onstrate that it is possible to achieve efficient evaporative
cooling in a high magnetic field by use of a multifrequency rf
knife allowing a multiphoton transition to take place across
nonequidistant levels. We show that, for our range of mag-
netic fields, it is possible to use a simple experimental
scheme where the three required frequencies are obtained by
rf frequency mixing yielding a carrier and two sidebands.

We focus in this paper on87Rb in theF52 manifold of
the electronic ground state. Atoms are initially trapped in the
m512 state. Our high bias field magnetic trap follows the
Ioffe-Pritchard scheme. To the second order in position@see
Eq. ~1! in @6##, the magnetic field modulusB has a three-
dimensional quadratic dependence allowing trapping, plus a

bias fieldB0 between 50 and 200 G. This is much larger than
in most other experiments whereB0 can be independently
adjusted, and is set typically at 1 G@14#. In a large magnetic
field, the nonlinear terms are not negligible in the Zeeman
shifts given by the Breit-Rabi formula

Em~B!5mgImnB1

\vHF

2
~A11mj1j2

21!, ~1!

with

j5

~gSmB1gImn!B

\vHF
.

HeregS.2.002 andgI.1 are, respectively, the Lande´ factor
for the electron and the nucleus,mB and mn are the Bohr
magneton and the nucleus magneton, andvHF ~2p36834.7
MHz! is the hyperfine splitting.

Compared to the low-magnetic-field case@1,2#, the evapo-
ration process changes drastically. At a given magnetic field,
the spacings between adjacent sublevels (uDmu51) are not
equal and the direct multiphoton transition from trapping to
nontrapping states becomes negligible. Evaporation of hot
atoms can only happen via a sequence of one-photon transi-
tions of limited efficiency~see Fig. 8 in@15#! that are sepa-
rated in space. This results in long lasting atoms in them
511 andm50 states@16# that are responsible for hindered
evaporative cooling. Moreover, transitions to nontrapping
states are suppressed at the end of the evaporation ramp,
leading to an interruption of cooling before BEC is reached.

To overcome these limitations, three distinct rf fields can
be used to induce a direct three-photon transition from the
m512 trapping state to them521 nontrapping state. At a
magnetic fieldB, the three rf frequencies must match the
transition frequencies defined by

v02dv085~E22E1!/\,

v05~E12E0!/\, ~2!

v01dv05~E02E21!/\,

with Em taken from Eq.~1!.
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Figure 1 represents all possible transitions induced by
these three rf frequencies in the magnetic trap. At position
K, each rf field is resonant with a given transition: the
smallest rf frequency with the (m512)→(m511)
transition, the intermediate frequency with the (m511)
→(m50) transition, and the largest frequency with the
(m50)→(m521) transition; this is where the three-
photon transition occurs. Because of the ordering of the
three rf frequencies, the points where one-photon transitions
can be induced fromm512 to m511 by the two larger
frequencies are located beyondK ~the multiphoton knife!.
Consequently, during the evaporation, hot atoms will first
encounter the three-photon knife and be expelled from the
trap, provided that the rf power is large enough to enable
efficient multiphoton adiabatic passage to the nontrapping
statem521.

The discussion above shows that, in principle, the multi-
frequency evaporation requires a synchronized nontrivial
sweep of three different frequencies in the 100-MHz range,
with an accuracy of a few kHz~see below!. We have rather
implemented a simplified scheme where the three frequen-
cies are obtained by mixing a carrier at frequencyv rf with a
smaller frequencydv rf . We then obtain three equally spaced
radio-frequency fields:v rf2dv rf , v rf , and v rf1dv rf , of
approximately the same power~as checked with a spectrum
analyzer!. Since in generaldv0 anddv08 are slightly differ-
ent, the rf frequencies will not exactly match the transition
frequencies of Eq.~2!. Nonetheless, they compensate the
second-order~quadratic! term of the Zeeman shift, and
should work under certain conditions discussed below.

At the position where the three-photon transition is reso-
nant, the carrier frequencyv rf will verify

3v01dv02dv0853v rf , ~3!

but there will be a residual detuning for each one-photon step
of the multiphoton transition. For example, the optimum
dv rf that maximizes the multiphoton transition probability
will be

dv rf5
dv01dv08

2
~4!

and the residual detunings for each intermediate steps of the
three photons transition are then both equal to

D5

dv02dv08

6
. ~5!

If the Rabi frequencyV rf associated with each one-photon
transition is significantly larger than the residual detuningD,
the multiphoton transition is quasiresonant in the intermedi-
ate levels, leading to an effective Rabi frequencyVeff
}V rf . If on the other handV rf is smaller thanD, the effec-
tive Rabi frequency is

Veff}
V rf

3

D2
~6!

and the multiphoton transition is inefficient for evaporation;
we are then in the scheme of hindered and interrupted evapo-
ration. We therefore expect that our scheme will be efficient
for small enough magnetic field when the residual detuning
D is smaller than the one-photon Rabi frequencyV rf .

Table I gives the values of the Zeeman shifts and the
differencedv02dv08 for various magnetic fields. For the rf
power used in this scheme, the one-photon Rabi frequency
V rf is of the order of 10 kHz, and the discussion above
shows that our simplified three-frequency knife evaporation
scheme should work for magnetic fields significantly less
than 100 G. This is what we observe: it is impossible to
achieve BEC in bias fields of 207 and 110 G, but BEC is
obtained in a trap with a bias field of 56 G by using an
appropriate sideband splittingdv rf that is kept constant
while ramping down the carrier frequencyv rf .

Figure 2 shows the effect of the sideband splittingdv rf at
a bias field value of 56 G. We have plotted the number of
condensed atoms as a function ofdv rf , all other parameters
being kept unchanged. This is a good indication of the effi-
ciency of the evaporation. The curve shows a maximum at
dv rf52p30.45 MHz. This value verifies Eq.~4! for a mag-
netic field of 56.6 G. This magnetic field corresponds to the

FIG. 1. Implementation of the three-frequency rf knife to evapo-
rate in a high magnetic field. All possible transitions are repre-
sented. Evaporation happens atK via a three-photon transition reso-
nant in the intermediate states.

TABLE I. Zeeman effect for different magnetic fields, calculated from the Breit-Rabi formula.

B ~G! 56 110 207

(v02dv08)/2p ~MHz! 39.058–0.434 76.255–1.621 141.800–5.398
v0/2p ~MHz! 39.058 76.255 141.800

(v01dv0)/2p ~MHz! 39.05810.449 76.25511.732 141.80016.096
(dv02dv08)/2p ~kHz! 15 111 698
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position of the rf knife at the end of the ramp. We conclude
that frequency matching is mostly important in the last part
of the radio-frequency ramp. The width of the curve is about
10 kHz ~half width at half maximum!, which corresponds to
power broadening@17#.

Table II reports experimental data showing quantitatively
the efficiency of our simplified three-frequency knife
scheme, without which BEC could not be obtained at 56 G.
It is interesting to note that, even when the magnetic field is
too large to allow our simplified three-frequency knife
scheme to reach BEC, it is nevertheless more efficient than a
simple one-frequency knife, since it allows us to reach a
significantly lower temperature. It is also remarkable that an
efficient evaporation was obtained at a bias field of 56 G,
since the beginning of the evaporation takes place in a larger
magnetic field~of the order of 200 G! where the condition
~4! does not hold, and the detuning of the intermediate one-
photon transitions is much larger than the Rabi frequency
V rf . Although it has not been noticed much, a similar situ-
ation is encountered in most BEC experiments~using one-
frequency knife evaporation!: the nonlinear Zeeman effect at
the beginning of the evaporation is often much larger than
the Rabi frequency, and the evaporation hampering de-
scribed in @6# is certainly happening then. The success of
these experiments as well as of our three-frequency scheme
shows that whether the evaporation is hindered or not only
matters at the end of the evaporation ramp. To qualitatively
understand this observation, we can note that the heating
induced by the atoms populating the intermediate levels
should not vary drastically with the temperature of the

cooled cloud. At the beginning of the evaporation, i.e.,
‘‘high’’ temperatures, the relative heating stays negligible
@18#. Close to the end, i.e., ‘‘low’’ temperature, when heating
should give rise to hampered evaporative cooling, evapora-
tion is fully efficient and the intermediate levels are com-
pletely depleted. This could explain the success of BEC ex-
periments. To verify these assumptions, more theoretical
work, for instance in the spirit of@7#, is needed.

In conclusion, we have demonstrated a scheme to circum-
vent the hindrance and interruption of evaporative cooling in
the presence of the nonlinear Zeeman effect. We implement
a three-frequency evaporative knife by a modulation of the rf
field, yielding two sidebands. This scheme allows us to ob-
tain BEC of 87Rb atoms in the (F52,m512) ground state
in a bias field of 56 G, where the standard one-frequency rf
evaporation scheme fails. Our observations also support the
physical ideas presented in our previous work to explain the
hindrance and interruption of evaporative cooling in a high
magnetic field, as well as the qualitative discussions of this
paper.

The success of this simplified scheme and the comple-
mentary observations reported in this paper indicate that a
more sophisticated multifrequency evaporation scheme
should work at larger bias field, provided that the resonance
in the intermediate steps of the multiphoton transition is
achieved within the Rabi frequency of the one-photon tran-
sitions, at the end of the evaporative ramp.
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Understanding the production of dual Bose-Einstein condensation with sympathetic cooling
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We show, both experimentally and theoretically, that sympathetic cooling of87Rb atoms in theuF52,mF

52& state by evaporatively cooled atoms in theuF51,mF521& state can be precisely controlled so as to
produce a condensate in either or both states. We also study the thermalization rate between two species. Our
model renders a quantitative account of the observed role of the overlap between the two clouds and verifies
that sympathetic cooling becomes inefficient when the masses are very different. Our calculation also yields an
analytical expression of the thermalization rate for a single species.

DOI: 10.1103/PhysRevA.63.051602 PACS number~s!: 03.75.Fi, 05.30.Jp, 32.80.Pj, 51.30.1i

Evaporative cooling has proved to be an efficient route
toward Bose-Einstein condensation~BEC! @1#. However, not
all the species are eligible for evaporation. For instance, the
elastic cross section may be small@2,3# or may be forbidden
as for fermions at low temperature@4#. In the case of a rare
species, one may also want to avoid the large loss of atoms
inherent to evaporative cooling. Sympathetic cooling is po-
tentially a very good solution in those cases, and may also be
used to enhance ‘‘standard’’ cooling technics@5#. It consists
in putting the target sample we want to cool in thermal con-
tact with a buffer gas that can be cooled to the desired tem-
perature. This cooling can be done either by conventional
cryogenics@6,7#, or by evaporative cooling as demonstrated
by Myatt et al. @8#. These authors have produced dual BEC
by sympathetic cooling of a gas of87Rb atoms in theuF
52,mF52& state~target gas, notedF52 hereafter! by the
use of an evaporatively cooled gas of87Rb atoms in theuF
51,mF521& state~buffer gas notedF51). In their experi-
ment, the number of target atoms, although almost constant
during the initial phase of the cooling, decreases significantly
near the condensation. In this paper, we investigate a situa-
tion similar to the one of Myattet al., but thanks to a high
bias field, the number of atoms in the target gas remains
constant in the last cooling stage, all the way down to BEC.
This allows us to quantitatively study how the production of
dual BEC relies on a precise control of the initial conditions.
We also study the effect of the interspecies thermalization
rate on sympathetic cooling efficiency, by changing the over-
lap between the buffer and the target gas. Our experimental
observations agree with the results of a calculation of the
thermal contact between the atomic species. This calculation
not only shows the crucial role of the overlap, but also why
sympathetic cooling is very efficient for equal masses of the
target and buffer gases. In addition, it allows us to recover in
an analytic way a result previously found numerically for the
thermalization rate of a single species.

Our experimental apparatus has been described in a pre-
vious publication@9#. After a laser cooling sequence, we
transfer the87Rb atoms from a dark spontaneous-force opti-

cal trap into the magnetic trap. During the transfer, an optical
pumping pulse allows us to transfer most of the atoms inF
51 ~buffer!, while keeping an adjustable fraction inF52
~target!. Our iron-core Ioffe-Pritchard trap operates with a
high bias fieldB0 between 50 and 250 G, and the magnetic-
field curvatureC along the dipole direction is linked toB0
~the ratio B0 /C is fixed by construction to 1 cm2). After
adiabatic compression, the magnetic-field gradient in the
strong ~quadrupole! directions is G51 kG/cm. To cool
downF51, we use standard rf forced evaporation. We char-
acterize both species simultaneously by absorption imaging
after turning off the magnetic trap. During this release, the
atoms experience a magnetic kick due to a Stern-Gerlach
effect that allows us to spatially separate atoms inF51 and
atoms inF52. We probe on theF52→F853 transition
after repumping the atoms fromF51 to F52. With usual
analysis, we derive the temperature of the two clouds from
the image.

In a first experiment, we have studied sympathetic cooling
at a bias of 56 G, with initially 108 atoms in F51 at a
temperature of 300mK, and various initial numbers of at-
oms inF52. We observe no loss of target atoms during the
whole cooling process@10#. Indeed, the atoms inF52 see a
trapping potential twice as steep as forF51, and as in@8#,
very few target atoms are evaporated at the beginning of the
evaporation sequence. Moreover, at our high bias field, the
nonlinear Zeeman effect prevents rf coupling of theuF
52,mF52& trapping state to any nontrapping state at the end
of the evaporation@9,11#. When starting with a very small
(<33104) number of atoms inF52, we get aF51 con-
densate with typically 106 atoms. If we continue the evapo-
ration, another condensate appears inF52 at a lower tem-
perature. For 33104 atoms inF52, both gases condense
simultaneously at a temperature of 200 nK, as shown Fig.
1~a!. If we start with a larger number of target atoms~but
smaller than 83104), a condensate appears first inF52 at
T.200 nK, and then inF51 at T,200 nK. For a yet
larger number of target atoms, we can obtain a condensate in
F52 and no condensate inF51. If the number of atoms in
F52 is more than 23105, BEC is observed in neither hy-
perfine state.

These experimental observations can be explained with a
simple model based on an energy budget. We assume that

*Electronic address: guillaume.delannoy@iota.u-psud.fr, http://
atomoptic.iota.u-psud.fr
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both species are always thermalized~see last part of this
paper!, and that the numberN2 of target atoms is constant.
The total energy of theN1 buffer andN2 target atoms in
harmonic traps is thereforeE53(N11N2)kBT. The buffer
gas is evaporatively cooled with an energy cutoffhkBT. We
denotedN1 the elementary~negative! variation of the num-
ber of buffer atoms. The corresponding~negative! energy
variation isdE5dN1(h1k)kBT, wherekP@0,1# is a func-
tion of h @1,12#. After rethermalization at a lower tempera-
ture T1dT, the total energy becomesE1dE53(N11dN1
1N2)kB(T1dT). Keeping only the first order, we have
dT/T5a dN1 /(N11N2) with a5(h1k)/321. Assuming
that h is constant, we get

T5TminS N1

N2
11D a

with Tmin
5TiniS N2

N1
iniD

a

. ~1!

In this formula, Tini and N1
ini are the initial values,N2 is

constant and has been neglected with respect toN1
ini in the

expression ofTmin ~as the temperature has to be reduced by
several orders of magnitude, the initial fraction of atoms in
the target gas must be very small!. The temperatureTmin is
reached when all the buffer atoms have been evaporated
(N150). To understand the different regimes experimentally
observed, we first study the evolution of the phase-space
densitiesDF52.17NF(\vF /kBT)3 @13# (F51 for the buffer
and F52 for the target gas!, in harmonic traps of mean
frequenciesvF , during the evaporation. Equation~1! allows
us to expressD1 andD2 as functions ofN1. Figure 2 repre-
sents the evolution ofD1 and D2 during the evaporation
~while N1 is decreasing!. We observe that the phase-space
density of the target gasD2 always increases to reach its
maximum value

D 2
max

5

2.17

N2
(3a21) S N1

inia \v2

kBTiniD
3

~2!

at the very end of the evaporation; this is becauseN2 is
constant and the temperature always decreases. We also ob-
serve that the buffer-gas phase-space densityD1 first in-
creases@14# to a maximumD 1

max that we write

D 1
max

5D 2
maxS v1

v2
D 3 ~3a21!(3a21)

~3a !3a
, ~3!

and then decreases to zero. At the intersection of the two
curves, the phase-space densitiesD1 andD2 have the same
value

D
(5)

5D 2
maxF11S v2

v1
D 3G23a

. ~4!

We note that a modification of the various parameters only
changes the relative position of the two curves, in particular
the ordering ofD (5), D 1

max, andD 2
max. This is what deter-

mines the outcome of sympathetic cooling.
We specifically focus on the situation whereD (5) is

reached beforeD 1
max @this happens if 3a21.(v1 /v2)3#,

which corresponds to the case of Fig. 2 and to our experi-
mental parameters. The target gas can condense only if
D 2

max
.2.612, and in the same way, the buffer gas can con-

dense only ifD 1
max

.2.612. If these two conditions are satis-
fied, the buffer condenses first ifD

(5)
.2.612, otherwise the

target condenses first. These three conditions can be written
as conditions on the numberN2 of target atoms. This leads
us to define three critical numbersN2

a , N2
b , andN2

c of target
atoms, for whichD (5), D 1

max, andD 2
max are, respectively,

equal to 2.612. Although each of these numbers depends on
all initial conditions, the ratiosN2

a/N2
c and N2

b/N2
c are inde-

pendent of the initial valuesN1
ini andTini becauseD 1

max/D 2
max

andD
(5)/D 2

max do not depend on the initial conditions@see
Eqs. ~3! and ~4!# and becauseD 2

max}N2
(123a) @see Eq.~2!#.

These ratios are represented in a diagram of the energy cutoff

FIG. 1. Sympathetic cooling of87Rb atoms inuF52,mF52&
~upper images! by evaporatively cooled atoms inuF51,mF521&
~lower images!: effect of the thermal contact.~a! Small sag
(7 mm) between the two clouds: sympathetic cooling yields BEC
for both species.~b! Larger sag (26mm): below 400 nK~third
snapshot!, the temperature of the target does not decrease anymore
while completely evaporating the buffer.

FIG. 2. Phase-space densities of the buffer~solid line! and the
target gas~dashed! as a function of the evaporation progress, char-
acterized by the ratioN1 /N1

ini of remaining buffer atoms. This plot
corresponds to the case 3a21.(v1 /v2)3. The horizontal line is
the critical value 2.612 above which BEC occurs. Here, the target
and then the buffer will condense.
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h versus the number of target atomsN2 /N2
c in Fig. 3. We

can identify four regions on this diagram@15#, corresponding
to the different regimes of sympathetic cooling. From the
experiment, we measureN2

a
533104, N2

b
583104, andN2

c

523105, which is in good agreement with the calculated
values for a typical value of the evaporation parameterh
.6.5 ~see Fig. 3!.

In a second experiment, we have studied the role of
thermalization in sympathetic cooling by changing the
bias field from 56 G to 207 G. In this range of bias field
we can condenseF51 when no target gas is present.
This reduces the vertical oscillation frequenciesvFz
5$(21)FmFmB(G2/B02C)/2M %1/2, whereM is the mass of
the atom andmB the Bohr magneton, and therefore increases
the relative gravitational sagD5g/v1z

2
2g/v2z

2 between the
two clouds@8#. Figure 1~b! represents successive absorption
images while decreasing the final frequency of the evapora-
tion ramp, at a bias field of 207 G (D526 mm). We initially
observe sympathetic cooling of the target gas until a tem-
perature of about 400 nK is reached. Then sympathetic cool-
ing stops. This is in contrast with the first experiment at a
bias field of 56 G, where the relative sag is smaller (D
57 mm), and sympathetic cooling works all the way down
to the BEC of the two species@see Fig. 1~a!#.

To render a quantitative account of these observations, we
study how the thermal contact between the two clouds
evolves during the cooling. For that, we calculate the energy
exchange rateW via interspecies elastic collisions. We as-
sume Maxwell-Boltzman distribution at temperaturesT1 for
the buffer andT2 for the target gas~we neglect the cutoff due
to possible evaporation and quantum effects@16#!. Introduc-
ing the notationsvG for the center-of-mass velocityv andv8

for the relative velocities, respectively, before and after the
collision, the energy received in the laboratory frame by a

buffer atom during the collision is (M /2)vG•(v2v8). At low
temperature we only considers-wave scattering and the term
vG•v8 averages out to zero. After integration over positions
and velocities, we getW5kB(T22T1)G, where G is the
number of interspecies collisions per unit of time, found
equal to

G5

N1N2

p2rxryrz

s12V expS 2

D2

2rz
2D . ~5!

In Eq. ~5!, s12 is the interspecies elastic cross section~taken
independent of the temperature!, V5AkB(T11T2)/M
is the rms sum of thermal velocities, andrz

5A(kB /M )(T1 /v1z
2

1T2 /v2z
2 ) is the rms sum of the vertical

sizes of the clouds~with similar expressions forrx andry).
The exponential term in Eq.~5! describes the overlap of the
two clouds. Thus the energy exchange rateW will become
vanishingly small ifrz becomes smaller than the gravita-
tional sagD. We can now analyze the role of the thermal
contact in the experiments. At a bias field of 207 G~sagD
526 mm), and high temperature~above 400 nK!, the effect
of the sag is negligible and the clouds are thermalized. Dur-
ing the cooling, the sizes of the clouds and thereforerz de-
crease. At the temperature ofT1.T2.400 nK, where we
observed that sympathetic cooling stops, we haverz
512 mm and the exponential term in Eq.~5! takes the value
0.1, so that the energy exchange rate is reduced by an order
of magnitude. In contrast, at a bias field of 56 G, whereD
57 mm, the parameterrz at the temperature of condensa-
tion 300 nK (rz.8 mm) is still bigger thanD, the collision
rate G is only reduced by 30% because of the overlap, and
sympathetic cooling works until reaching BEC.

Starting from the interspecies energy exchange rateW,
and using the total energy conservation, we can derive evo-
lution equations for the temperaturesT1 andT2 of each spe-
cies taken separately at thermal equilibrium. DenotingDT
5T12T2 and T5(T11T2)/2, we obtain an interspecies
thermalization rate, which, for equal trapping frequencies
(v15v25v), takes the simple form

1

t
52

1

DT

dDT

dt
5

~N11N2!

3kBT

v3s12M

2p2
. ~6!

This result is remarkable, by analogy with the individual
thermalization rate of a single speciest21.g/3 @17#, where
g5Nv3sM /2p2kBT is the average elastic collision rate in a
harmonic trap. For87Rb, the three elastic cross sections
s1 , s2, and s12 are nearly equal@18#, and we havet21

.t1
21

1t2
21, wheret1

21 andt2
21 are the thermalization rates

of each species considered separately. This means that ther-
malization between the two species happens faster than ther-
malization of each species. So, if the evaporation ramp is
adapted to cooling of the buffer alone, interspecies thermal-
ization will be efficient.

If the masses are different, Eq.~6! remains valid at
lower order in DT/T, if we replace M by M

5@8(M1M2)2#/@(M11M2)3#, which is symmetric in the
massesM1 of the buffer andM2 of the target. The effective

FIG. 3. Outcome of sympathetic cooling as a function of the
number of target atomsN2 /N2

c . The evaporation parameterh is the
ratio of the energy cutoff to the thermal energykBT. Trap param-
eters are fixed tov2 /v15A2. The lines represent the critical num-
ber ratios N2

a/N2
c , N2

b/N2
c , and N2

c/N2
c . They separate regions

where either dual, single, or no BEC can be formed. Black dots
indicate the critical number found in our experiment.
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massM is maximum forM15M2 as in our experiment, and
decreases for uneven masses~for significant different
masses,M is much smaller than the smallest mass!. It is
interesting to note that if Eq.~6! is applied to any arbitrary
partition in a single species, whereN1 and N25N2N1 at-
oms are taken at different temperatures, then the thermaliza-
tion rate between the two subsamples is exactly equal tog/3,
in agreement with the numerical simulations of@17#. To our
knowledge, such an analytical result has not been published.

To conclude, we have first presented a simple analysis
allowing one to quantitatively predict the outcome of sym-
pathetic cooling, in the case of no losses in the target. We
have then obtained an expression of the thermalization rate
between the buffer and the target that quantitatively de-
scribes the effect of the overlap between the two clouds.
Moreover, when the overlap is good, the interspecies ther-
malization rate is the same of the intraspecies thermalization

rate, and sympathetic cooling is very efficient@4,19#. In con-
trast, we predict a strongly diminished interspecies rether-
malization rate for very different masses of the buffer and
target. Our approach allows one to derive an analytical ex-
pression of the intraspecies thermalization rate in surpris-
ingly good agreement with previous numerical calculation.
Although our modeling is very simple and does not take into
account quantum statistics effects near condensation@16#, it
is a useful tool that can easily be generalized to plan or
analyze experiments using sympathetic cooling.
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Critical Temperature of a Trapped,Weakly Interacting Bose Gas

F. Gerbier,* J. H. Thywissen,† S. Richard, M. Hugbart, P. Bouyer, and A. Aspect

Groupe d’Optique Atomique, Laboratoire Charles Fabry de l’Institut d’Optique,

UMR 8501 du CNRS, 91403 Orsay CEDEX, France
(Received 8 July 2003; published 23 January 2004)

We report on measurements of the critical temperature of a harmonically trapped, weakly interacting
Bose gas as a function of atom number. Our results exclude ideal-gas behavior by more than two
standard deviations, and agree quantitatively with mean-field theory. At our level of sensitivity, we find
no additional shift due to critical fluctuations. In the course of this measurement, the onset of
hydrodynamic expansion in the thermal component has been observed. Our thermometry method
takes this feature into account.

DOI: 10.1103/PhysRevLett.92.030405 PACS numbers: 03.75.Hh, 03.75.Kk

Degenerate atomic Bose gases provide an ideal testing
ground for the theory of quantum fluids. First, their
diluteness makes possible first-principles theoretical ap-
proaches [1]. Second, thanks to the powerful experimen-
tal techniques of atomic physics, static and dynamic
properties can be studied quantitatively through a wide
range of temperature and densities. Furthermore, the
inhomogeneity induced by the external trapping potential
leads to entirely new behavior, when compared to bulk
quantum fluids.

Atomic interactions have previously been found to
affect deeply the dynamical behavior of trapped Bose
gases at finite temperatures [2,3]. By contrast, the influ-
ence of interactions on thermodynamics is less pro-
nounced [4], and has been less studied experimentally.
Pioneering work on thermodynamics [5] concentrated
essentially on the ground state occupation, and the role
of interactions was somewhat hidden by finite-size effects
[1]. Though several such measurements have been re-
ported [3,6], to our knowledge a decisive test of the role
of interactions is still lacking.

In this Letter, we focus on the critical temperature Tc of
a harmonically trapped 87Rb Bose gas to demonstrate the
influence of interactions on the thermodynamics. We
study the behavior of Tc as a function of the number of
atoms at the transition, for a fixed trapping geometry.
We find a deviation from ideal-gas behavior, towards
lower critical temperatures, whose significance will be
discussed below. In the course of this study, we have
observed that collisions induce an anisotropy in the free
expansion of the cloud even far from the hydrodynamic
regime [7,8]. We correct for this effect in our temperature
measurement.

For an ideal Bose gas in a harmonic trap, the critical
temperature is [1]

kBT
ideal
c � �h!

�

N

��3�

�

1=3

� ��2�
6��3� �h�!z � 2!?�: (1)

The first term on the right-hand side is the transition
temperature T0

c in the thermodynamic limit, and the

second represents finite-size corrections. Here N is the
total atom number, !? and !z are the trapping frequen-

cies, ! � !2=3
? !1=3

z is their geometrical average, and � is
the Riemann zeta function.

As stated earlier, the main goal of this paper is to probe
the role of two-body repulsive interactions on Tc.
Corrections to the ideal-gas formula depend on the ra-
tio between the s-wave scattering length a and �0 �
�2 �h2=MkBT

0
c �1=2, the de Broglie wavelength at the tran-

sition. In a trapped gas, the dominant effect of interac-
tions can be understood using a simple mean-field picture
[4]: Interactions lower the density in the center of the trap
n�0�, and accordingly decrease the temperature that meets
Einstein’s criterion n�0��3

0 � ��3=2�. The magnitude of
this reduction has been calculated to leading order [4],

Tc � Tideal
c

T0
c

� �a1

a

�0

� �1:326
a

�
N1=6; (2)

where a1 � 3:426 [4,9], and � �
��������������

�h=M!
p

is the mean
ground state width. In this work, the finite-size correction
in Eq. (1) changes T0

c by at most 2%, whereas the inter-
active shift (2) can be as high as 10%. The measurements
presented below are in quantitative agreement with the
prediction of Eq. (2).

As discussed in [9–14], critical fluctuations that de-
velop in the system near Tc are expected to favor the
formation of the condensate and thus to increase Tc. In
the case of a uniform Bose gas [12–14], this is the leading
effect, because the critical temperature is not affected at
the mean-field level. The correction �Tc=T

0
c � �c1a=�0,

with c1 � 1:3 [14], can be traced back to density fluc-
tuations with a wavelength much larger than the corre-
lation radius rc � �2

0=a [13]. This upwards trend, which
has been observed experimentally in a dilute sample of
4He adsorbed in a porous glass [15], is quite sensitive to
the presence of an external potential [9,11]. In the trapped
case of interest here, the contribution of long wavelength
excitations to the shift in Tc scales as a higher power
of a=�0, making it negligible when compared to the
‘‘compressional’’ shift given by Eq. (2). The quantitative
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agreement we find with the mean-field result can be
considered evidence of this effect, and highlights the
important role played by the trapping potential.

Our experimental setup to reach Bose-Einstein con-
densation in the jF � 1;mF � �1i hyperfine ground
state of 87Rb is similar to that used in [16]. The trap-
ping frequencies are !?=2 � 413�5� Hz and !z=2 �
8:69�2� Hz in the present work. To reduce nonequilibrium
shape oscillations that occur in such anisotropic traps
upon condensation [8,16], the last part of the evaporation
ramp is considerably slowed down (to a ramp speed of
200 kHz=s) and followed by a 1 s hold time in the pres-
ence of a radiofrequency shield. We ensure good repro-
ducibility of the evaporation ramp in the following way.
We monitor regularly (typically every four cycles) the
radiofrequency �0 that empties the trap. This allows us to
detect slow drifts of the trap bottom, and to adjust in real
time the final evaporation radiofrequency �rf to follow
them. In this way, the ‘‘trap depth’’ �rf � �0, is kept con-
stant within �2 kHz. Since we measure � � h��rf � �0�=
kBT � 11 in this final evaporation stage, we estimate the
temperature stability to be �10 nK.

We infer the properties of the clouds by absorption
imaging. After rapid switchoff of the trap (1=e cutoff
time of about 50 �s), a 22.3 ms free expansion, and a
repumping pulse, we probe the ultracold cloud on reso-
nance with the jF � 2i ! jF0 � 3i transition [17]. The
images are analyzed using a standard procedure, de-
scribed, for instance, in [18]. For an ideal thermal cloud
above the transition point, the evolution of the density in
time of flight is related to the initial density profile by
simple scaling relations, so that the column density (in-
tegrated along the probe line of sight, almost perpendicu-
lar to the long axis of the trap) is

~nn th��� � ~nnth�0�g2

�

exp

�

�

kBT
� x2

2R2
th

� z2

2L2
th

��

; (3)

where g2�u� �
P

j�1u
j=j2, and x and z are the coordinates

along the tight and shallow trapping axes, respectively.
For mixed clouds containing a normal and a (small)
Thomas-Fermi (TF) condensate [1], we describe the bi-
modal distribution by an inverted parabola on top of an
ideal, quantum-saturated thermal distribution [Eq. (3)
with � � 0]. The condensed number N0 is then deduced
from the TF fit, and the total atom number N from
integration over the entire image. We estimate that con-
densed fractions as low as 1% can be reliably detected by
the fitting routine. Absolute accuracy on atom number
relies on the precise knowledge of the absorption cross
section of the probe laser, which depends on its polariza-
tion and the local magnetic field. This cross section is
calibrated by fitting the radial sizes of condensates with
no discernible thermal fraction to the TF law R0 / N1=5

0

[1,7,18,19]. We find a reduction of 4.00(14) compared to
the reference value �0 � 3�2

L=2 [17].
We will now discuss the more complex issue of ther-

mometry in some detail. The temperature is usually in-

ferred from the sizes of the thermal cloud after a time of
flight t, assuming a purely ballistic expansion with iso-
tropic mean velocity, v0 �

����������������

kBT=M
p

, as appropriate for an
ideal gas. We show in Fig. 1 that the observed aspect ratio
of noncondensed clouds, in a wide range of temperatures
and atom numbers (corresponding to 1 & T=Tc & 1:8), is
actually larger than the value (0.773) expected for an
ideal gas and !zt � 1:23 that corresponds to our parame-
ters (dotted line in Fig. 1), in contradiction with the
assumption of an isotropic velocity distribution.

In a very elongated trap, this could be explained by two
distinct collisional effects. First, the initial mean-field
energy of the nondegenerate cloud converts almost com-
pletely into radial kinetic energy during time of fight
[20], as for an elongated condensate [7,19]. The magni-
tude of this effect is controlled by the ratio # of the mean-
field energy to the temperature. In our case, the parameter
# does not exceed 0.02, too low to explain the observed
anisotropy (dashed line in Fig. 1, calculated along the
lines of [20]).

Second, as studied theoretically in [7,21,22] and ob-
served in Bose [8] and Fermi gases [23], anisotropic
expansion occurs for a cloud in the hydrodynamic re-
gime, i.e., when the mean-free path at equilibrium is
smaller than the dimensions of the sample. In our very
elongated cloud, the mean-free path is typically smaller
than the axial length, but much larger than the radial size.
Hydrodynamic axial motion of the thermal particles
results in energy transfer from the axial to the radial
degrees of freedom. For weak deviations from ballistic
expansion, this collisional dynamic creates a velocity
imbalance proportional to $coll, the equilibrium collision
rate, in agreement with the trend observed in Fig. 1.

In [22], a set of scaling equations was derived to
investigate how collisions affect the expansion of a non-
condensed cloud. Numerical solution of these equations,
which also include the weak mean-field effect, agrees
well with our data (solid line in Fig. 1). The calculation
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FIG. 1. Onset of hydrodynamic expansion for trapped clouds
above threshold. Measured aspect ratios after expansion (filled
circles, with statistical error bars) are plotted versus the colli-
sion rate $coll, and compared against several hypotheses: a
ballistic expansion (dotted line); a mean field dominated ex-
pansion (dashed line); and a collisional expansion for a non-
condensed Bose gas (solid line).
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makes use of the results of [24] for the collision rate of a
noncondensed, almost ideal Bose gas, in general larger
(by as much as 70% close to Tc) than the classical colli-
sion rate with the same N and T [25]. In view of the
satisfactory agreement of our data with the scaling theory,
we conclude that the observed anisotropy is a signature of
the onset of hydrodynamic expansion.

In the regime $coll & !?, where the anisotropy is weak
and increases linearly with $coll, kinetic energy conser-
vation suggests that mean square expansion velocities
take the form hv2

xi=v2
0 � 1� %$coll=2!?, and hv2

zi=v2
0 �

1� %$coll=!?, where % depends in general on !?; !z; t
(fixed for the measurement presented here). These simple
forms are confirmed by the numerical calculation de-
scribed above. Provided the expansion velocities along
both axes are measured, they allow to infer the initial
temperature T0, independently of the coefficient % [26].
Were this correction not applied, a systematic 10%–15%
discrepancy between the axial and radial temperature
would remain. We estimate the remaining systematic un-
certainties on T as �5% [27].

Having identified an appropriate thermometric tech-
nique, we turn to the measurement of the critical tem-
perature as a function of atom number. Data were taken
in a narrow range around Tc. From the two-component
fit, we extract the number of condensed atoms, the tem-
perature, and the total atom number as a function of
the trap depth, as shown in Figs. 2(a)–2(c), respectively.
The trap depth at which the transition point is reached,
��rf � �0�c, is taken to be the point at which a linear fit to
the condensed number data crosses zero (a linear ap-
proach towards Tc is consistent with the simulations
reported in [28]). The temperature and total number are
also fitted assuming a linear dependency on �rf , and from
the value ��rf � �0�c we extract the critical atom number
Nc and critical temperature Tc.

In Fig. 3, we plot Tc as a function of Nc, measured in
ten independent data sets. The ideal-gas value Tideal

c

(dashed line) lies two standard deviations above our
data. Including the mean-field correction (2) yields a
much better agreement (solid line), which we quantify
by assuming that the interactive shift in Tc can be written
as �Tc=T

0
c � &N1=6, with a free coefficient &. A fit to the

data yields & � �0:009�1��0:002
�0:001, whereas Eq. (2) predicts

& � �0:007 for a scattering length a � 5:31 nm [29] and
� � 1:00 �m. The first uncertainty is statistical, while
the upper and lower bounds reflect calibration and analy-
sis uncertainties. The shaded area in Fig. 3 delineates the
resulting 1� confidence interval compatible with the ex-
perimental results.

The data shown in Fig. 3 reasonably exclude any addi-
tional shift of the same order of magnitude as the com-
pressional effect given by Eq. (2). In particular, if the
(positive) critical shift in Tc predicted in the uniform case
[12] were directly scalable to the trapped one, one would
expect an overall & � �0:004, a value not consistent with
our findings within the estimated accuracy. This observa-
tion is in line with recent theoretical studies [9,11], which
point out that, instead of being delocalized over the
entire system as in the homogeneous case, critical fluctua-
tions in the trapped gas are confined to a small region
around the trap center. This reduces corrections to the
equation of state by a factor ��a=�0�3 � 1, correspond-
ing to the ratio of the volume of the fluctuation region to
the volume of the thermal cloud. Corrections to the criti-
cal temperature are thus fixed by the equation of state of
the whole interacting cloud, and deviations from mean-
field behavior enter only to second order in a=�0 [30]. For
our experimental parameters, we calculate from [9] an
upwards correction to Tc smaller than 1%, below the
sensitivity of the measurement.

In summary, we have measured the critical tempera-
ture of a trapped, weakly interacting 87Rb Bose-Einstein
gas. Our results exclude ideal-gas behavior by two stan-
dard deviations, and we find satisfactory agreement with
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FIG. 2. Procedure to locate the transition point. We plot the
condensed number (a), temperature (b), and total atom number
(c) as a function of the trap depth, fixed by the final rf
frequency �rf and the trap bottom �0. The transition point
(hollow circle, with statistical error bars) is found from a
piecewise linear fit [dotted curve in (a)], and reported in (b)
and (c) to find Tc and Nc.

C
ri
ti
c
a
l
te

m
p
e
ra

tu
re

(n
K

)

6Critical atom number (10 )

600

500

400

300

2.52.01.51.00.5

FIG. 3. Critical temperature as a function of atom number at
the transition. The experimental points (circles) are lower than
the ideal gas law Eq. (1) (dashed) by two standard deviations.
The shaded area is the range of acceptable fits taking statistical
and systematic errors into account. Our results are consistent
with the shift due to the compressional effect given by Eq. (2),
indicated by the solid line. The filled circle represents the data
of Fig. 2.
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mean-field theory. We find no evidence for critical behav-
ior close to Tc within our experimental sensitivity, in line
with recent theoretical estimates for the trapped case. We
have also observed hydrodynamic behavior in the expan-
sion of the thermal cloud, and shown how to correct for it
in the thermometry procedure. We note to conclude that
measuring corrections to Tc beyond the mean field for our
typical experimental parameters would require thermom-
etry with an accuracy of 1% or better. A more direct route
to investigate such effects might be to measure the critical
density near the center of the trap, directly sensitive to
the presence of critical fluctuations. Alternatively, these
many-body effects could be enhanced in the vicinity of a
Feshbach resonance.
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Experimental study of the thermodynamics of an interacting trapped
Bose-Einstein condensed gas
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We have investigated experimentally the finite-temperature properties of a Bose-Einstein condensed cloud of
87Rb atoms in a harmonic trap. Focusing primarily on condensed fraction and expansion energy, we measure
unambiguous deviations from ideal-gas thermodynamics and obtain good agreement with a Hartree-Fock
description of the mixed cloud. Our results offer clear evidence of the mutual interaction between the con-
densed and thermal components. To probe the low-temperature region unaccessible to the usual time-of-flight
technique, we use coherent Bragg scattering as a filtering technique for the condensate. This allows us to
separate spatially the condensed and normal components in time of flight and to measure reliably temperatures
as low as 0.2Tc

0 and thermal fractions as low as 10%. Finally, we observe evidence for the limitations of the
usual image analysis procedure, pointing out to the need for a more elaborate model of the expansion of the
mixed cloud.

DOI: 10.1103/PhysRevA.70.013607 PACS number(s): 03.75.Hh

I. INTRODUCTION

Trapped, dilute atomic gases offer an opportunity to study
the interplay between quantum-statistical phenomena and in-
teractions in Bose systems[1]. A third ingredient, the exter-
nal trapping potential, also plays a key role in understanding
the properties of these gases[2]. At finite temperatures, it
leads to spatially distinct condensed and thermal phases, a
new behavior when compared to bulk quantum fluids, in
which both components overlap everywhere. This spatial
separation allows in particular a clear identification of the
condensed fraction through absorption imaging, in stark con-
trast with superfluid4He, where condensed fraction measure-
ments are only indirect[3].

Much work has been devoted to the properties of con-
densed gases at very low temperatures(much smaller than
the critical temperatureTc), where the noncondensed fraction
is negligible. Then, in the so-called Thomas-Fermi(TF) re-
gime [2], the static and dynamic behavior of the condensate
is essentially determined by the interplay between the trap-
ping potential and the atomic interactions. At higher tem-
peratures, less than but comparable toTc, a significant ther-
mal component is also present, typically much more dilute
than the condensate. In this situation, the kinetic energy per
thermal atom is larger than the mean-field energy, and devia-
tions from ideal gas behavior are small[4–9]. Although sev-
eral key thermodynamical properties, such as condensed
fraction and average energy, are readily measurable experi-
mentally, a detailed comparison of experiments with finite-
temperature theories of the interacting cloud is to our knowl-
edge still lacking.

The goal of this paper is to contribute to fill this gap by
investigating experimentally the thermodynamics of a

trapped87Rb Bose gas belowTc, where both a condensed
and a thermal component are present. We focus on two quan-
tities, the condensed fraction and the expansion(kinetic plus
mean-field) energy in the radial direction. We find that the
condensed fractionN0/N is significantly reduced with re-
spect to the ideal-gas law,N0/N=1−sT/Tc

0d3, whereTc
0 is the

ideal-gas condensation temperature in the thermodynamic
limit, and that the expansion energy is increased, even for the
thermal atoms.

Our measurements thus clearly exclude ideal-gas behav-
ior, and to assess the importance of interactions, we compare
them with two mean-field theories of the interacting cloud
that assume a condensate in the TF regime. The simplest one
is the so-called “semi-ideal” model[10,11], which considers
the thermal cloud as a quantum-saturated gas evolving in the
combined trapping plus condensate-mean-field potential. Al-
though the general trend of our observations is well repro-
duced by this model, finer details are not. To take interac-
tions within the thermal cloud and between the thermal cloud
and the condensate into account, we use a self-consistent
Hartree-Fock(HF) description of the mixed cloud[12–18],
which yields good agreement with the data. We are able to
confirm experimentally its validity over a wide range of tem-
peratures and atom numbers, and to show that despite the
diluteness of the thermal cloud, its mean-field energy affects
both the condensed and noncondensed atoms. Such system-
atic measurements of the mutual interplay between the con-
densed and noncondensed components have not been re-
ported before, although evidence for repulsion of the thermal
atoms by the condensate has been provided in[19], through
a careful study of the interface region between the two com-
ponents.

Our measurements rely on the standard time-of-flight
technique to observe the mixed cloud. A limitation arises at
low temperatures, where the condensate appears broader than
the thermal cloud in time of flight. This limits our measure-
ments with this technique toT/Tc

0.0.3 (condensed fraction
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,80%). To overcome this limitation, we use coherent Bragg
scattering to spatially separate the coherent and incoherent
components of the cloud in time of flight. We apply it for
low-temperature thermometry and measure in this way con-
densed fraction larger than 90% and temperatures below 100
nK (T/Tc

0<0.2).
The paper is organized as follows. Section II first de-

scribes the experimental apparatus used for condensate pro-
duction. Then, after reviewing the widely used procedure of
time-of-flight imaging, we introduce the improved method
based on Bragg diffraction to filter the condensate out of
thermal cloud. The key results of this paper are presented in
Secs. III and IV. In Sec. III, we present a measurement of the
temperature dependence of the condensed fraction. In Sec.
IV, the Bragg filtering scheme is applied to a measurement of
the expansion energy of the thermal component. Both mea-
surements clearly confirm the HF predictions in the whole
temperature range. Further evidence for mutual interaction is
provided in Sec. V, where we analyze the behavior of the
mixed cloud in time of flight and measure a compression of
the condensate axial length by the thermal cloud. For com-
pleteness, we review briefly in the Appendix I the three well-
understood models to which we compare the data: namely,
the ideal-gas model, the semi-ideal model, and the self-
consistent HF model.

II. EXPERIMENTAL METHODS

This section reviews the experimental techniques used in
this work. After a brief description of our experimental ap-
paratus(Sec. II A), we discuss in Sec. II B condensed frac-
tion and temperature measurements via time-of-flight ab-
sorption imaging and point out the limitations of this
technique for high condensed fractions. In Sec. II C, we
show how they can be overcome using coherent Bragg scat-
tering [20,21].

A. Condensate production

Our experimental setup employs the standard combination
of laser and evaporative cooling to reach Bose-Einstein con-
densation in a sample of87Rb atoms, spin polarized in the
uF=1;mF=−1l hyperfine ground state. A Zeeman-slowed
atomic beam loads a magneto-optical trap in 4 s. After spatial
compression(125 ms) and cooling in optical molasses(6
ms), the laser-cooled sample is repumped in theuF=1l hy-
perfine manifold and loaded into an Ioffe-Pritchard-type
magnetic trap. The trap, an iron-core electromagnet, is a spe-
cific feature of our experiment[22]. The guiding of magnetic
flux lines along the ferromagnetic body of the magnet pro-
duces strong(when compared to macroscopic, coil-based de-
vices) radial gradients(1.4 kG/cm), while using a modest
current of 30 A. This produces a cigar-shaped, very elon-
gated harmonic potential of the formVext=Mv

'

2 sx2+y2d /2
+Mvz

2z2/2. In this work, differently from[23], radial and
axial trapping frequencies are, respectively,v' /2p
=413s5d Hz andvz/2p=8.69s2d Hz at a 10-G bias field.

The combined compression and evaporation sequence
typically lasts for 16 s, with the last part of the radio-

frequency(rf) evaporation ramp considerably slowed down
(to a ramp speed of 200 kHz/s) and followed by a 1-s hold
time in the presence of an rf shield. This is done in order to
allow the system to cross slowly the quantum degeneracy
threshold and to relax towards equilibrium. In particular,
nonequilibrium shape oscillations that occur in such aniso-
tropic traps upon condensation[23,24] are strongly reduced.
To ensure the reproducibility of the temperature in the ex-
periment, the radio frequencyn0 that empties the trap is mea-
sured every five experimental cycles, and the rf shield fre-
quencynrf is readjusted in real time to follow slow drifts of
the bottom of the trap. In this way, the “trap depth”nrf −n0 is
controlled within ±2kHz. Since we measurehsnrf −n0d /kBT
<11 in this final evaporation stage, we estimate the tempera-
ture reproducibility to be ±10nK.

B. Time-of-flight imaging

Information about the atomic cloud is obtained through
time-of-flight absorption imaging(see[25] for a detailed ac-
count of imaging techniques and[26] for details of the
implementation in our experiment). This widely employed
method will be referred to as the “standard method” in the
following. Here, two important quantities are measured
through a fit to absorption images: the condensed fraction
and the temperature. To find the condensed fraction, we use
the fitting method described in[25], which assumes that the
atomic density can be described by a parabolic TF profile
describing the condensate plus an ideal Bose-Einstein distri-
bution with zero chemical potential describing the thermal
cloud. The condensed numberN0 is taken to be the number
of atoms integrated under the parabolic profile, while the
total atom numberN is found by integration over the entire
profile.

The temperature is measured through an independent fit to
a thermal Bose-Einstein distribution, restricted to the wings
of the thermal distribution only, in order to minimize the
effect of interactions(see[4,5] and Sec. IV). One typically
assumes that the high-energy atoms selected by this proce-
dure behave as if the gas were ideal and extracts effective
temperaturesTx and Tz from the cloud sizes—for instance,
kBTx=Mv

'

2 Rth
2 / f1+sv'td2g, with Rth the radial size. We ob-

serve a systematic variation of the temperatureTz measured
along the long axis with the size of the exclusion region. This
effect was more pronounced with increasing condensed frac-
tion and disappeared aboveTc. On the contrary, the radial
temperatureTx was barely affected by the actual size of the
exclusion region, provided it was chosen larger than the con-
densate radius and sufficiently small to conserve a reasonable
signal-to-noise ratio(5% or less variation). For this reason,
we infer the initial temperature from the radial valueTx only
[28]. This thermometry procedure assumes a nearly ballistic
expansion. Collisional effects in time of flight may invalidate
this assumption, and it is important to estimate their impor-
tance to quantify the accuracy of our measurements. We de-
fer this discussion to Secs. IV and V.

C. Selective displacement of the condensate using coherent
Bragg scattering

The method described in the last subsection rests on the
clean distinction between the condensed and thermal compo-
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nents. However, for cold samples(kBT&m), the condensate
radius after time of flight is larger than the extension of the
thermal cloud. The details of the thermal distribution are
therefore “buried” under the condensate density profile, and
a reliable fit is not possible. We have found no difficulties for
N0/N,60% (T/Tc

0,0.5), while still being able to extract
valuable information for condensed fractions close to 80%
(T*0.3TC0). For higher condensed fractions, the signal to
noise on the wings is too low to perform a reliable fit.

In this section, we describe an improvement of the time-
of-flight technique that exploits the dramatic difference be-
tween the two components in momentum space[2,20,21].
Our primary motivation for introducing this method is to
improve the resolution at low temperatures, a key advantage
in the condensed fraction measurements presented below.
The principle of the technique is to transfer the whole con-
densate to a center-of-mass momentum state with two photon
recoil velocities (we define the recoil velocity asvR
=h/MlL <5.8 mm/s, wherelL =780 nm is the Bragg laser
wavelength), while leaving the thermal atoms essentially un-
affected. As shown in Fig. 1, after a subsequent time of flight
(typically 20 ms), the condensate has moved away from the
center of the thermal cloud, allowing us to perform separate
fits and revealing previously hidden information about the
thermal component. This technique is related to the filtering
scheme used in[29] to study collective modes in the pres-
ence of a weak optical lattice at finite temperatures.

Momentum transfer is achieved by exposing the sample to
two counterpropagating laser beams detuned with respect to
each other. The moving lattice formed this way can Bragg-
diffract the atoms, promoting them to a two-recoil momen-
tum state. In principle, Bragg scattering is sensitive to the
atomic momentum distribution[20,21]. However, if the
spectral width of the Bragg pulse, Fourier limited by the
pulse durationT to DnF,1/T, is much larger than the con-
densate Doppler widthDn0,2nR/L, the momentum sensi-
tivity of Bragg diffraction is lost and almost complete trans-
fer of the condensate(p pulse) is achieved. On the other
hand, if the thermal component spectral widthDnth
,2nR/lT (lT=Î2p"2/mkBT is the thermal de Broglie wave-
length) is much larger thanDnF, Bragg diffraction is then a
momentum-selective process, and most of the thermal atoms,
being off resonant with the Bragg beams, stay at rest in the
laboratory frame. This filtering technique thus makes pos-
sible independent manipulation of the condensed and non-
condensed atoms.

The experimental setup that we use to generate the Bragg
beams is identical to the one used in[23]. Thep Bragg pulse
is applied after a sudden switch-off of the trapping potential
and a 2-ms time of flight. This decreases the condensate and
thermal cloud densities by a factor of ordersv'td2,30,
making any further mutual interactions negligible. This
avoids in particulars-wave collisions between atoms with
different momenta[30] and suppresses the equilibration of
the thermal cloud with the displaced condensate. The Bragg
beams are counterpropagating and parallel to the elongated
axis of the trap. Since the condensate mean-field energy is
then almost entirely released in the transverse directions, per-
pendicular to the diffraction axis, the ratio between the con-
densate and thermal cloud spectral widths is

S Dn0

Dnth
D

T O F
, S vz

v'

DÎ m

kBT
, s1d

and remains smaller than 1 even at very low temperatures.
Note that this would not have been the case for Bragg beams
parallel to a radial axis, where the momentum width is larger
by a factorsv' /vzd due to the released mean-field energy.

To find the condensate fraction, we simply count the num-
ber of diffracted atoms and identify it with the condensed
number. To obtain a meaningful measurement of the con-
densed fraction, two conditions have to be met. First, almost
all condensate atoms should be diffracted. Transfer efficien-
cies as high as 97% were observed for the coldest clouds we
have produced, indicating that only a few percent of the con-
densate population remains at rest; this is comparable to the
±2% root-mean-square fluctuations of the diffraction effi-
ciency that we have measured experimentally. Second, the
diffracted number of thermal atoms should be small to obtain

FIG. 1. Bragg diffraction as a condensate filter.(a), (b), and(c)

correspond to 92%, 85%, and 30% condensed fraction, respectively
(T/Tc

0<0.2, 0.35, and 0.8). Two-dimensional absorption images are
shown, with a cut along the direction of the trap weakest axis
(“axial cut”). The top images show regular absorption images for a
24.27-ms time of flight(dashed lines in the cut). The bottom im-
ages, also shown as the solid line in the axial cut, corresponding to
the same temperatures and atom numbers within experimental re-
producibility, have been taken after applying a moving optical lat-
tice tuned to realize ap Bragg pulse, transferring two photon re-
coils to almost all condensed atoms(velocity 1.1 cm/s). The
distance traveled by the condensate is verified to be 250mm, cor-
responding to a free flight of 22.27 ms after the Bragg pulse. As can
be seen, the thermal cloud is barely affected, due to its much larger
extent in momentum space.
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a sensible measurement of the condensed number. We esti-
mate the diffractedfraction of thermal atomsf th in the im-
pulse approximation discussed in[31]. In this approximation,
well justified for the low densities considered here, the num-
ber of atoms diffracted from the thermal cloud is taken to be
proportional to the thermal part of the momentum distribu-
tion, integrated over the directions perpendicular to the axis
of the Bragg beams. Treating the thermal cloud as an ideal
Bose gas in a first approximation, we find for a resonantp
pulse,

f th =
p2

4DnthT

fg5/2s1d − g5/2hexpf− 32snR/Dnthd
2gjg

g3/2s1d
, s2d

where Dnth=2vR/Î2plT. Here and below, the Bose func-
tions are defined byg~sud=S jù1uj / j~. The second term in
brackets arises from off-resonant excitations, which are neg-
ligible for the condensate but sizable for the thermal compo-
nent. The quantityf th varies from 6% at 400 nK(T,0.8Tc

0 or
N0/N,20%) to 20% at 150 nK(T,0.2Tc

0 or N0/N,90%).
The ratio between the number of thermal atoms to the num-
ber of BEC atoms in the diffracted peak is given bys1
− fcd / fcf th, where fc=N0N is the condensed fraction, and it
should remain small for the technique to work. All in all, we
estimate from this simplified calculation that the Bragg filter
is a useful technique in a window 5%,N0/N,95%, the
upper bound being set by the first condition(complete con-
densate transfer) and the lower by the second(the number of
condensed atoms larger than the number of thermal atoms in
the diffracted peak). Outside of this window, it becomes sus-
pect to identify unambiguously the diffracted order with the
condensate. Despite this, the technique represents a signifi-

cant improvement over the standard method, as we will see
in the next sections.

III. CONDENSED FRACTION OF THE INTERACTING
GAS VERSUS TEMPERATURE

With the tools of Sec. II in hand, we can investigate the
behavior of the condensed fraction as a function of tempera-
ture. This quantity is of primary importance: the possibility
to measure it directly in trapped gases is in stark contrast
with the situation in traditional, bulk superfluids where such
measurements are intrinsically difficult[3]. We have done
this measurement in two steps, first by using the standard
method and second by taking advantage of the enhanced
resolution of the Bragg filtering scheme.

A. Standard time-of flight measurements

Using the standard analysis technique(i.e. no Bragg fil-
tering), we investigate in this section a temperature interval
ranging from T<1.1Tc

0 down to T<0.3Tc
0, with approxi-

mately 23106 atoms at the transition. Figure 2 shows the
measured condensed fraction as a function ofT/Tc

0. Each
point results from an averaging over several(typically five)

realizations under identical conditions. The expectation for
an ideal gas, including finite-size effects[2], lies distinctly
above our experimental data. The difference can be attributed
to interactions, as shown by the far better agreement with the
self-consistent HF calculation(solid line). The observed re-
duction of the condensed fraction contrasts with the homo-
geneous case[32], where the condensed and normal compo-
nents overlap everywhere and where it is energetically
favorable toincreasethe condensed fraction to diminish the

FIG. 2. Condensed fraction as a function of reduced temperature.(a),(b) Experimental data after averaging are shown as solid circles,
with statistical error bars. Data in(a) were taken using the standard time-of-flight technique, while data in(b) were measured with the Bragg
filtering scheme and extend to lower temperature, down toT<0.2TC0, whereas the standard method is limited toT<0.4TC0. Lines show
theoretical expectations according to an ideal gas calculation, including finite-size effects(dashed line), a “semi-ideal” model that neglects
interactions within the thermal cloud(dotted line), and a self-consistent HF calculation(solid line). Due to a different average atom number,
the parameterh that controls the importance of interactions is different in each case,h=0.49 andh=0.47 for(a) and(b), respectively. The
variation in total number due to evaporative cooling across the data set in(a) is shown in(c), and the corresponding variations ofh in (d)

(note the vertical scale, extending over no more than 5% of the average value). The averageh=0.49 is shown by the dashed line. In(e), we
show an enlargement of(a) around the critical temperature, to highlight the importance of making the full HF calculation to reproduce the
trend seen in the data.
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exchange interaction energy among excited states.
An interesting property, first pointed out in[33], is the

scaling behavior of all thermodynamical quantities, which
depend only on the reduced temperatureT/Tc

0 and on the
parameterh which controls the magnitude of two-body re-
pulsion [34]:

h =
mTFfN0 = Ng

kBTc
0 < 1.57S a

s
D2/5

N1/15. s3d

Alternatively, one can expressh as the ratio between the two
characteristic lengths in the uniform problem—the scattering
length a and the de Broglie wavelengthl0 for T=Tc

0 — as
h<1.07sa/l0d2/5. The power 2/5 reflects the presence of the
trapping potential. A typical value in our experiment ish
=0.5, while previous experiments(for instance,[4]) corre-
spond toh,0.3−0.4. Thus, the effect of two-body interac-
tions is stronger in the work reported here, which explains to
some extent the clarity with which we observe deviations
from ideal-gas behavior.

In the experiment, because the total numberN drops with
T due to evaporation and losses,h decreases slightly across
the temperature range, from 0.51 aboveTc to 0.47 at low
temperature[see Figs. 2(c) and 2(d)]. To compare with
theory, we use the average number of atoms across the data
set,N<1.23106, and the correspondingh=0.49. This does
not lead to a discernible variation of the HF prediction at the
scale of the graph, because of the weakN1/15 dependence of
h. This behavior emphasizes the scaling behavior exhibited
by trapped Bose gases with large atom numbers[33].

Finally, we note that the data in the vicinity ofTc, shown
in Fig. 2(e), emphasize the necessity of the full HF treatment
of the thermal component to understand quantitatively the
thermodynamic properties. As a matter of fact, the semi-ideal
model(dashed line) predicts a condensed fraction systemati-
cally higher than the one we observe. This is clear evidence
for mutual interaction between the condensed and noncon-
densed components. We will return later to this point, which
is an important conclusion to be drawn from this work.

B. Enhanced resolution of low thermal fraction

As discussed earlier, at low temperaturesT&0.4TC, the
standard procedure is unable to extract faithfully the proper-
ties of the thermal cloud. Thanks to the Bragg filtering tech-
nique introduced in Sec. II C, this difficulty can be overcome
and a very small thermal fraction can be detected. The con-
densed fraction measured this way is plotted in Fig. 2(b),
along with theh=0.47 curve that corresponds the valueN
<83105 for this set of measurements. Again, we find good
agreement with the prediction of the HF model within our
uncertainty, even at very low temperatures. One could won-
der whether the contribution from collective excitations
(quantum and low-energy thermal depletion) could be mea-
sured by this technique(the analog of the phonon regime in
superfluid4He). Unfortunately, according to the estimations
of [18], they are always small when compared to the contri-
bution of single-particle excitations in the temperature range
we explore and compared to the estimated sensitivity of the
Bragg technique(Sec. II C). Only by increasing the dilute-

ness parameterÎn0s0da3 significantly could this regime be-
come observable experimentally with the techniques de-
scribed here.

IV. MEASUREMENT OF THE OVERALL AND THERMAL
EXPANSION ENERGIES

Another quantity that can be measured from time-of-flight
expansion is the release energy[2,4,5], the sum of the kinetic
and interaction energy released at the trap cutoff and avail-
able for the expansion of the whole cloud. In an anisotropic
trap such as ours(v' /vz<51), almost all the interaction
energy converts into radial expansion velocity. The radial
expansion of the cloud fort@v

'

−1, observed in they direc-
tion, proceeds at an overall speedvy, fixed by the expansion
energy

Ey =
1

2
Mvy

2 =
1

3
Ekin +

1

2
Eint, s4d

which, if scaled by the characteristicNkBTc
0, is a universal

function ofh andT/Tc
0. We discuss in the Appendix I how to

calculate the kinetic and interaction energies in the HF ap-
proximation.

Experimentally, one measuresEy directly from the root-
mean-square cloud radius, according toky2l=vyt [4,5], with-
out resorting to a detailed fitting model. This expression as-
sumes negligible relaxation between the axial and radial
degrees of freedom. We have plotted the measured value of
Ey in Fig. 3(a) for same data as those shown in Fig. 2(b),
where the Bragg filter has been used(h<0.47 for these
data). As expected, the kinetic energy of the thermal cloud
dominates close toTc, with a small contribution of the mean-
field energy, whereas the interaction energy of the conden-
sateE0 is the most important term at low temperature. The
HF curve connects these two limiting cases and reproduces
well our observations.

A key advantage in our situation is the ability to analyze
separately the condensate and thermal cloud thanks to the
Bragg filtering scheme and, therefore, to measure the release
energy of the thermal cloudalone.To avoid the condensate,
we estimate the thermal cloud rms radius from a fit to a
radial cut to the image[see inset in Fig. 3(b)]. The release
energy of the thermal cloud measured this way is shown in
Fig. 3(b), together with the calculated value:

Ey
sthd =

1

3
Ekin +

kBT

2
sz0 + zthd. s5d

The quantitiesz0 andzth represent the scaled mean-field en-
ergy corresponding to the repulsion felt by a thermally ex-
cited atom due the condensate and to the remaining thermal
atoms, respectively. They are defined more precisely in the
Appendix I. Although the difference with the noninteracting
curve is less pronounced at very low temperatures, where the
thermal energy is very low, close toTc, these results empha-
size the important role of interactions and the good agree-
ment with HF theory once again.
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V. FURTHER EVIDENCE FOR MUTUAL INTERACTION
BETWEEN THE CONDENSED AND THERMAL

COMPONENTS

From images taken employing the Bragg filtering scheme,
it is also possible to examine a radial cut to the profile of the
thermal cloud, as shown in Fig. 4(a). As the initial kinetic
energy of the thermal cloud is typically much larger than its
mean-field energy, one expects that the density distribution
after time of flight reflects at least approximately the initial

momentum distribution, which does not display the “hole”
present in the density distribution in the trap(see the Appen-
dix I for further discussion). This is indeed the case: the
measured profiles show a monotonic behavior near the center
of the cloud[35]. Nevertheless, the density distribution we
observe is somewhat flatter in the central region than the
ideal-gas distribution used in the analysis, as shown by the
residuals of a fit to the radial profile[Fig. 4(b)]. Above Tc,
the effect disappears, which indicates that a flatter profile is
not simply an artifact of our measurement method. Further-
more, such a behavior is to be expected if the condensate
mean field repels the thermal cloud in the early stage of the
expansion, since interactions tend in general to make the
density profile more uniform.

A. Evidence for nonballistic expansion

As stated in Sec. II, this repulsion effect is not taken into
account in our fitting procedure, which assumes an ideal
Bose distribution to fit the profile and ballistic expansion to
deduce temperature from the cloud sizes. To investigate fur-
ther the validity of the analysis, we begin by plotting in Figs.
5(a) and 5(b) the aspect ratio of both components, as a func-
tion of the reduced temperature. One sees from these graphs
that the simple model of a TF condensate on top of an ideal
thermal background is not sufficient to account for the data.
Indeed, for our trapping frequencies and for the time of flight
t=22.3 ms used in these measurements, one would expect
from this model an aspect ratio of 1.17 for the condensate
and 0.77 for the thermal cloud. Both deviate from these val-
ues and vary with temperature, indicating that the expansion
dynamics is more complex than assumed by the analysis
model. Note that although this model fails to describe fully
the expansion dynamics, the observed deviation from ballis-
tic expansion remains small.

As already pointed out, the obvious weakness of the
analysis model is the neglect of collisional effects. We recall
that the expansion model is basically motivated by the ab-
sence of a more elaborate theory to which we could compare
our observations. It is, however, of interest to quantify the
error level on temperature measurements, which we will do

FIG. 3. Expansion energy in the radialx direction as a function of temperature. Solid circles in(a) correspond to the whole cloud and
open circles in(b) to the thermal component only. The data are taken from the same set as in Fig. 2(b). The solid lines on the graphs show
the same quantities predicted by the self-consistent HF model, withh=0.47. The dotted line is the expansion energy(kinetic only) of an ideal
cloud.

FIG. 4. Radial density profile of the thermal cloud. The dashed
line in the inset shows the axis along which the profiles are taken.
(a) Radial cut of the column density profile of the thermal cloud
after 24.3 ms time of flight(solid line) and the best fit to an ideal
Bose-Einstein distribution(dashed line). The Bragg filter has been
employed to separate the thermal and condensed components. The
condensed fraction is indicated in each case.(b) Residual of the fit
for each case in(a).
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in the remainder of this section at the gross estimate level.
Interaction-driven forces that affect the expansion can be

divided into two distinct classes[36]: hydrodynamic forces
on the one hand, predominant aboveTc in [27], and mean-
field repulsion on the other, which play a minor role above
Tc, but become increasingly important with decreasingT due
to the presence of the condensate[37]. Both effects are
roughly speaking comparable in magnitude, and from our
observations aboveTc and HF calculations(see the I), we
estimate an upper bound on the systematic error on tempera-
ture measurements, from 10% close toTc (mostly due to
hydrodynamic behavior) to 20% well below(mostly due to
repulsion by the condensate), compatible with the observed
deviation from the ideal gas expansion.

This is an upper bound because the temperature is found
through a fit to the wings of the distribution the only, which
is expected to reduce effect of mean-field repulsion. The
close agreement we find between the calculated release en-
ergy and the measured one in Fig. 3(b), where we recall that
the radial size used to deduce the expansion energy was
found through a fit to the full profile, seems to indicate that
fitting to the wings avoids counting most of the repulsion
energy in the determination of the temperature, as expected.
However, this need not be true for the hydrodynamic relax-
ation, which affects directly the momentum distribution. Just
as aboveTC, hydrodynamic forces are thus likely to be the
dominant source of systematic error in most of the tempera-
ture range in elongated traps such as ours.

B. Compression of the condensate by the thermal cloud

We conclude this section by examining the axial length of
the condensate, which is reasonably immune to the effects
discussed above because axial expansion of the condensate is
very slow: the measured length thus stays close to the in-trap
length. From condensed fraction measurements, it is clear
that the semi-ideal model is not sufficient to reproduce our
results, meaning that the mutual interaction between con-
densed and noncondensed atoms is observable. This is also
seen from the length of the condensate inferred from the
two-component fit, which is reduced when compared to the
TF length calculated with the number of condensate atoms

we measure. A quantitative comparison can be made only by
taking into account the slow axial expansion. In the absence
of a complete theory, we assume that the axial length is
rescaled from the equilibrium length by the same factor as a
condensate in the TF regime,bz<1+pvz

2t /2v'<1.04 for
our parameters[39,40]. With this assumption, we find our
data to be in reasonable agreement with the HF length,
whereas the TF prediction is found systematically too high
(see Fig. 6). This reduction can be attributed to the thermal
cloud compression discussed in the I: at equilibrium, the
shell of thermal atoms surrounding the condensate exerts a
force towards the trap center, reducing its extension when
compared to a “free” TF condensate.

VI. CONCLUSION

In this paper, we have investigated experimentally the
thermodynamics of a trapped, interacting Bose gas over a
wide range of temperatures, fromTc down to 0.2Tc. We have
used the standard time-of-flight analysis, complemented by
the use of coherent Bragg scattering, to filter the condensate
out of the thermal cloud. The latter technique allows us to
reach lower temperatures and higher condensed fractions
than those accessible by the usual method. We have investi-
gated primarily two quantities: the condensed fraction and

FIG. 5. Deviation from ballistic expansion. The aspect ratios of the condensed(a) and thermal(b) components of mixed clouds, after 22.3
ms of free expansion, are plotted as a function of the reduced temperature. The aspect ratios for noncondensed clouds, analyzed in more
detail in [27], are also shown for comparison. The horizontal dashed lines indicate the aspect ratio of a TF condensate and an ideal thermal
gas, respectively, and the vertical dotted lines show the critical temperature including mean-field and finite-size effects.

FIG. 6. Compression of the condensate by the thermal cloud.
The axial length of the condensate as measured in the absorption
images is shown, with the TF(dashed line) and the HF predictions
for the trapped condensate(dotted line) and after rescaling by the
same factor as a TF condensate(solid line).
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the (radial) release energy. The data display without ambigu-
ity an interacting gas behavior and are in agreement at a few
percent level with a Hartree-Fock description of the mixed
cloud. This highlights the pertinence of this simple descrip-
tion of the interacting, trapped Bose gas at finite temperature.
Moreover, this gives evidence for a mutual interaction be-
tween the condensate and the thermal cloud close toTc. Al-
though these effects are small, they are measurable and
should be taken into account in precise comparisons to the
theory of finite-temperature, Bose-Einstein condensed gases.

A more thorough quantitative test of theory for ground-
state occupation and similar thermodynamic properties is,
however, hindered by the lack of theory to understand the
expansion of a mixed cloud. For instance, the data in Fig.
2(a) lie systematically slightly below the theory, which may
be due to an underestimation of the condensed fraction or the
temperature: as described above, we use an ideal Bose dis-
tribution to fit the thermal component. This assumption con-
tradicts the principal conclusion of this paper, that ideal-gas
approximations are far from sufficient at the desired level of
accuracy. Although the experiments described in this paper
suggest an accuracy on temperature of order 10% at least, we
have also shown that the density profile deviates from an
ideal gas near the center of the cloud and stressed that hy-
drodynamic and mean-field effects in the expansion are not
properly accounted for. Systematic errors may thus still be
present, and a better accuracy is not guaranteed with the
methods used in this paper. Numerical work—for instance,
along the lines of[41]—may help study the expansion of
mixed clouds and improve the standard analysis procedure.
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APPENDIX: SIMPLE MODELS OF A TRAPPED
BOSE-EINSTEIN CONDENSED GAS

AT FINITE TEMPERATURES

In this appendix, we briefly summarize the three different
models to which we compare our observations. We use as a
temperature scale the critical temperature of an ideal gas in
the thermodynamic limit[2], kBTc

0= "vfN/zs3dg1/3, wherez
is the Riemann function andv=v

'

2/3vz
1/3 is the geometrical

mean of the trapping frequencies. We make three key as-
sumptions[labeled(i)—(iii ) in the following] to simplify the
theoretical description. For the condensate, we suppose that
(i) the conditionN0a/s@1 holds, wheres=Î" /Mv is the
mean ground-state width anda the scattering length. This
ensures that the condensate is in the TF regime. At very low

temperatures, where the condensed fraction is almost unity,
this gives the condensate densityn0=nTF as

nTFsr d = fmTF − Vextsr dg/U, sA1d

whereU=4p"2a/M is the mean-field coupling constant. The
TF chemical potential ismTF=s"v /2ds15N0a/sd2/5. For the
thermal cloud, we assume(ii ) kBT@ "v' for the semiclas-
sical approximation to hold and(iii ) use a mean-field de-
scription which treats thermal atoms as independent particles
evolving in a self-consistent static potentialVeffsr d (see be-
low). The distribution function in phase space for thermal
particles then reads

fsr ,pd =
1

ebfHsr ,pd−mg − 1
, sA2d

with the semiclassical HamiltonianHsr ,p d=p2/2M
+Veffsr d, the chemical potentialm, and b=1/kBT. The par-
ticle density distribution for the thermal componentnth is
found by integration over momenta and reads

nthsr d =
1

lT
3 g3/2hexpfbsm − Veffsr ddgj. sA3d

Each model detailed below is thus specified by the precise
form of Veff: in the ideal-gas model,Veff reduces to the trap-
ping potential, in the semi-ideal model, it includes the mean
field of the condensate only, and in the HF model, it also
takes the mean field of the thermal atoms into account.

1. Ideal-gas model

The simplest approximation neglects all interactive con-
tributions to the effective potential, which reduces to the
trapping field:

Veff − m = Vext − m. sA4d

The thermodynamic quantities follow the ideal-gas laws
(see, for instance,[2]) and impose in particularm=0 below
Tc andN0/N=1−sT/Tc

0d3 for TøTc
0. This ideal-gas descrip-

tion is thus incompatible with the existence of a TF conden-
sate, which impliesm=mTF.0, and it should be considered
as a reasonable approximation only forkBT@m.

2. Semi-ideal model

The repulsion of the thermal cloud by condensed atoms is
taken into account in the so-called “semi-ideal” model
[10,11], which considers a TF condensate containingN0,N
atoms plus a quantum-saturated, ideal thermal gas moving in
the combined trapping plus condensate mean-field potential:

Veffsr d − m = Vextsr d + 2UnTFsr d − mTF. sA5d

The factor of 2 accounts for exchange collisions between
atoms in different quantum states[2]. Note that the con-
densed atom numberN0 should be found self-consistently for
a givenT under the constraint that the total atom number be
fixed.
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The semi-ideal model correctly predicts the most impor-
tant feature in the static density profile of trapped interacting
Bose gases. As soon as the condensed fraction is larger than
a few percent, the density of the condensate greatly exceeds
the density of the thermal component. Therefore, the conden-
sate mean field is stronger and repels the thermal cloud from
the center of the trap, digging a hole in the thermal density
distribution.

3. Self-consistent Hartree-Fock model

Although qualitatively correct and appealing because of
its simplicity, the semi-ideal model is not sufficient to de-
scribe precisely our experiments. Interactions among thermal
atoms and the backaction of the thermal cloud on the con-
densate have to be taken into account, which we do here in
the HF approximation[12–18], corresponding to a self-
consistent potential:

Veffsr d − m = Vextsr d + 2Un0sr d + 2Unthsr d − m. sA6d

The equilibrium condensate density is no longer simply
given by the TF profile, but depends also on the thermal
density through

n0sr d =
m − Vextsr d − 2Unthsr d

U
. sA7d

A self-consistent numerical solution with a fixed atom num-
ber N fixes the finite-T chemical potential,m=Un0s0d
+2Unths0d, from which all other quantities can be deter-
mined. For instance, the interaction energy, which contains
mixed terms describing the mutual influence of the conden-
sate and the thermal cloud, can be written asEint=E0
+kBTs2z0+zthd, where

E0 =
U

2
E ds3drn0sr d2, sA8d

z0 =
U

kBT
E ds3drn0sr dnthsr d, sA9d

zth =
U

kBT
E ds3drnthsr d2. sA10d

The kinetic energy is entirely due to the thermal cloud in the
TF approximation and reads

Ekin =E 1

h3ds3drds3dp
p2

2M
fsr ,pd. sA11d

Numerical solution of the HF model displays two addi-
tional features compared to the semi-ideal model. First,
mean-field interactions lower the critical temperature for
Bose-Einstein condensation[27–32]. Second, there is a back-
action of the thermal cloud on the condensate: the mean field
exerted by the shell of thermal atoms surrounding the con-
densate acts in return to compress it, increasing its density
and reducing its axial lengthL0 according to

L0
2 =

2g

mvz
2Hn0s0d +

2

lT
3 hg3/2se

−gn0s0d/kBTd − g3/2f1gjJ .

sA12d

This compression effect is directly observed in Sec. V B and
indirectly through the measurements of condensed fraction in
Sec. III.

A further step forward would be to include collective ef-
fects in the model. However, Ref.[42] points out that low-
energy, collective excitations cause a minute change in the
thermodynamic properties of the system even at relatively
low temperaturesT&m. Another approach, based on quan-
tum Monte Carlo calculations[43,44], has confirmed that the
HF approximation could reproduce thethermodynamicsof
the trapped clouds to a very good accuracy.
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❇♦s❡ ❣❛s✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✽✼✱ ✶✷✵✹✵✶ ✭✷✵✵✶✮✳

❬✼✸❪ ❏✳ ❉✳ ❘❡♣♣② ❡t ❛❧✳✱ ❭❉❡♥s✐t② ❉❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❚r❛♥s✐t✐♦♥ ❚❡♠♣❡r❛t✉r❡ ✐♥ ❛ ❍♦♠♦❣❡✲
♥❡♦✉s ❇♦s❡✲❊✐♥st❡✐♥ ❈♦♥❞❡♥s❛t❡✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✽✹✱ ✷✵✻✵ ✭✷✵✵✵✮✳

❬✼✹❪ ❙✳ ●✐♦r❣✐♥✐✱ ▲✳ P✳ P✐t❛❡✈s❦✐✐✱ ❛♥❞ ❙✳ ❙tr✐♥❣❛r✐✱ ❭❈♦♥❞❡♥s❛t❡ ❢r❛❝t✐♦♥ ❛♥❞ ❝r✐t✐❝❛❧
t❡♠♣❡r❛t✉r❡ ♦❢ ❛ tr❛♣♣❡❞ ✐♥t❡r❛❝t✐♥❣ ❇♦s❡ ❣❛s✧✱ P❤②s✳ ❘❡✈✳ ❆ ✺✹✱ ❘✹✻✸✸ ✭✶✾✾✻✮✳

❬✼✺❪ ▼✳ ❍♦✉❜✐❡rs✱ ❍✳ ❙t♦♦❢✱ ❛♥❞ ❊✳ ❆✳ ❈♦r♥❡❧❧✱ ❭❈r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ ❛ tr❛♣♣❡❞
❇♦s❡ ❣❛s ✿ ♠❡❛♥✲☞❡❧❞ t❤❡♦r② ❛♥❞ ✌✉❝t✉❛t✐♦♥s✧✱ P❤②s✳ ❘❡✈✳ ❆ ✺✻✱ ✷✵✹✶ ✭✶✾✾✼✮✳



❈ ❍ ❆ P ■ ❚ ❘ ❊ ✹

❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡

▲❛s❡r ✒❛ ❆t♦♠❡s

▲❡s ❛t♦♠❡s ❞❛♥s ✉♥ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ❝♦♥st✐t✉❡♥t ✉♥ ❛♥❛❧♦❣✉❡ ❛✉① ♣❤♦t♦♥s ❞❛♥s ✉♥❡ ❝❛✈✐t✓❡

♦♣t✐q✉❡✳ ▲❡ ♣❤✓❡♥♦♠✒❡♥❡ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❝❛r❛❝t✓❡r✐s✓❡ ♣❛r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡

❞✬❛t♦♠❡s ❞❛♥s ❧❡ ♠❫❡♠❡ ✓❡t❛t q✉❛♥t✐q✉❡✳ ❈✬❡st ❧❛ st❛t✐st✐q✉❡ ❞❡ ❇♦s❡ ✒❛ ❜❛ss❡ t❡♠♣✓❡r❛t✉r❡ q✉✐ ✈❛

st✐♠✉❧❡r ❧❡s ❛t♦♠❡s ✒❛ s❡ ♣❧❛❝❡r ❞❛♥s ❝❡t ✓❡t❛t✳ ❈❡tt❡ st✐♠✉❧❛t✐♦♥ ❜♦s♦♥✐q✉❡ ❡st ✉♥❡ ❝♦♥s✓❡q✉❡♥❝❡

❞❡ ❧❛ s②♠✓❡tr✐s❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✬✉♥ s②st✒❡♠❡ ❞❡ ❜♦s♦♥s ♣❛r ✓❡❝❤❛♥❣❡ ❞❡ ♣❛rt✐❝✉❧❡s✱

t♦✉t ❝♦♠♠❡ ❧✬✓❡♠✐ss✐♦♥ st✐♠✉❧✓❡❡✳ ■❧ ❡①✐st❡ ❝❡♣❡♥❞❛♥t ✉♥❡ ❞✐☛✓❡r❡♥❝❡ ❡♥tr❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡

❇♦s❡✲❊✐♥st❡✐♥ ❡t ❧✬❡☛❡t ❧❛s❡r✳ ❈❡ ❞❡r♥✐❡r✱ q✉✐ ♥✓❡❝❡ss✐t❡ ✉♥❡ ✐♥✈❡rs✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥✱ ❡st ❡s✲

s❡♥t✐❡❧❧❡♠❡♥t ✉♥❡ s✐t✉❛t✐♦♥ ❤♦rs ✓❡q✉✐❧✐❜r❡ ❛❧♦rs q✉❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ♦❜t❡♥✉❡ ✒❛ ❧✬✓❡q✉✐❧✐❜r❡

t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ▲✬❡☛❡t ❧❛s❡r ❡st q✉❛♥t ✒❛ ❧✉✐ ✉♥ ♣❡✉ ❞✐☛✓❡r❡♥t✱ ❝❛r ✐❧ s✬❛❣✐t ❞✬✉♥ ♣❤✓❡♥♦✲

♠✒❡♥❡ ❤♦rs ❞❡ ❧✬✓❡q✉✐❧✐❜r❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❝r✓❡✓❡ ♣❛r ✉♥❡ ✐♥✈❡rs✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥ ❞✉ ♠✐❧✐❡✉

❛♠♣❧✐☞❝❛t❡✉r ❞❡ ❧✉♠✐✒❡r❡✳ ■❧ ❡st ❞✓❡s♦r♠❛✐s tr✒❡s ❜✐❡♥ ❝♦♠♣r✐s ❡t ♠❛❫✏tr✐s✓❡✱ ❡t ❧✬❛✈✒❡♥❡♠❡♥t ❞❡s

❧❛s❡rs ❛ ✓❡t✓❡ ❛✉ ❝♦✉rs ❞❡ ❝❡s ✹✵ ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s ✒❛ ❧✬♦r✐❣✐♥❡ ❞✬✉♥ r❡♥♦✉✈❡❛✉ s♣❡❝t❛❝✉❧❛✐r❡ ❞✉

❞♦♠❛✐♥❡ ❞❡ ❧✬♦♣t✐q✉❡✳ ▲❡s ❞❡✉① ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝t✓❡r✐st✐q✉❡s ❞✉ r❛②♦♥♥❡♠❡♥t ❧❛s❡r q✉✐ s♦♥t

✉t✐❧✐s✓❡❡s ❞❛♥s ❧❡s tr✒❡s ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s s♦♥t ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞✉ r❛②♦♥♥❡♠❡♥t✱ ❡t s❛ ❢♦rt❡

❧✉♠✐♥❛♥❝❡✳

▲❡s ♣r♦♣r✐✓❡t✓❡s ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s s♦♥t ❡❧❧❡s ❛✉ss✐ tr✒❡s ♣r♦♠❡tt❡✉s❡s ♣♦✉r ❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡ ❀

❝♦❤✓❡r❡♥❝❡ tr❛♥s✈❡rs❡ ❡t ❧♦♥❣✐t✉❞✐♥❛❧❡✱ ❣r❛♥❞❡ ❜r✐❧❧❛♥❝❡ ❞❡ ❧❛ s♦✉r❝❡ ✭✌✉① tr✒❡s ✓❡❧❡✈✓❡ ❞❡ ♣❛rt✐✲

❝✉❧❡ ♣❛r ✉♥✐t✓❡ ❞✬❛♥❣❧❡ s♦❧✐❞❡✮ ❡t ❧❛✐ss❡♥t ✒❛ ♣❡♥s❡r q✉❡ ❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡ ♣❡✉t s✉✐t❡ ✒❛ ❝❡tt❡

❞✓❡❝♦✉✈❡rt❡ s✉❜✐r ✉♥❡ r✓❡✈♦❧✉t✐♦♥ ❛♥❛❧♦❣✉❡ ✒❛ ❝❡❧❧❡ ❞❡ ❧✬♦♣t✐q✉❡ ❛♣r✒❡s ❧❛ ❞✓❡❝♦✉✈❡rt❡ ❞❡ ❧✬❡☛❡t ❧❛✲

s❡r✱ ♦✒✉ ❧❡s ❝♦♥❞❡♥s❛ts ♣❡✉✈❡♥t ❝♦♥st✐t✉❡r ❞❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s ❡t ❧✉♠✐♥❡✉s❡s ♣♦✉r ❧✬♦♣t✐q✉❡

❛t♦♠✐q✉❡ ❬✶❪✱ ❝♦♠♠❡ ❧❡ s♦♥t ❧❡s ❧❛s❡rs ♣♦✉r ❧✬♦♣t✐q✉❡ ♣❤♦t♦♥✐q✉❡✳ ❆☞♥ ❞❡ ♣r♦❞✉✐r❡ ✉♥ ❢❛✐s❝❡❛✉

❧❛s❡r ✒❛ ❛t♦♠❡s✱ ♦♥ ✈❛ ❞♦♥❝ ✈♦✉❧♦✐r ❢❛✐r❡ s♦rt✐r ❧❡s ♣❛rt✐❝✉❧❡s ❞✉ ♣✐✒❡❣❡ ♦✒✉ ❡❧❧❡s s♦♥t ❝♦♥☞♥✓❡❡s✳

P❧✉s✐❡✉rs s♦❧✉t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s ❡t ♦♥t ✓❡t✓❡ r✓❡❛❧✐s✓❡❡s✱ ♠❛✐s ❛✉❝✉♥❡ ♥❡ ♣❡r♠❡t ❛❝t✉❡❧❧❡♠❡♥t

❞❡ r✓❡❛❧✐s❡r ✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❛t♦♠✐q✉❡ r✓❡❡❧❧❡♠❡♥t ❝♦♥t✐♥✉ ❡t ♦♥ ❞✐s♣♦s❡ ❛✉❥♦✉r❞✬❤✉✐ ❞❡ ❧❛✲

s❡rs q✉❛s✐✲❝♦♥t✐♥✉s✱ q✉✐✱ ❝♦♠♠❡ ❧❡s ♣r❡♠✐❡rs ❧❛s❡rs ✒❛ r✉❜✐s✱ s✬✓❡t❡✐❣♥❡♥t ✉♥❡ ❢♦✐s ❧❡ r✓❡s❡r✈♦✐r

❞✬❛t♦♠❡s ✓❡♣✉✐s✓❡ ❬✷✱ ✸❪✳ ❈❡s ♣r❡♠✐❡rs ❧❛s❡rs ✒❛ ❛t♦♠❡s✱ r✓❡❛❧✐s✓❡s ❡♥ ❡①tr❛②❛♥t ❞✬✉♥ ❝♦♥❞❡♥s❛t ✉♥

✌✉① ❝♦♥t✐♥✉ ❞✬❛t♦♠❡s ❬✹❪✱ ❛ ♣❡r♠✐s ❞❡ ♠❡s✉r❡r ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞❡ ❞❡✉① ❥❡ts ❛✐♥s✐ ♦❜t❡♥✉s ♣❛r

♠❡s✉r❡ ❞❡ ❜❛tt❡♠❡♥ts ❬✺❪✳ ❉❡ ♠❫❡♠❡✱ ❧❛ ♠✐s❡ ❡♥ ✛✉✈r❡ ❞✬✉♥ ❛♠♣❧✐☞❝❛t❡✉r ❝♦❤✓❡r❡♥t ❞✬♦♥❞❡s

❞❡ ♠❛t✐✒❡r❡ ❬✻✱ ✼❪ ❛ ❞✓❡♠♦♥tr✓❡ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❝❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s✳ ❊♥ ♦✉tr❡✱



✶✺✷ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

♠❫❡♠❡ ❢❛✐❜❧❡s✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t ♦☛r❡♥t ✉♥❡ ❢♦rt❡ ♥♦♥✲❧✐♥✓❡❛r✐t✓❡ ♣♦✉r

❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡✱ ✉♥ ♠✓❡❧❛♥❣❡ ✒❛ ✹ ♦♥❞❡s ❛ ♣❛r ❡①❡♠♣❧❡ ✓❡t✓❡ ♦❜s❡r✈✓❡ ❞❛♥s ✉♥ ❝♦♥❞❡♥s❛t ❞❡

❙♦❞✐✉♠ ❬✽❪✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❥❡ ♣r✓❡s❡♥t❡ ❧❡s tr❛✈❛✉① q✉❡ ❥✬❛✐ ❡☛❡❝t✉✓❡s ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❡t ♠❛❫✏tr✐s❡r ❧❡

❧❛s❡r ✒❛ ❛t♦♠❡s ✿

④ ▲✬✓❡t✉❞❡ t❤✓❡♦r✐q✉❡ ❞✉ ♣r♦❝❡ss✉s ❞❡ ❝♦✉♣❧❛❣❡ ❞❡ s♦rt✐❡ ✉t✐❧✐s❛♥t ✉♥ ❝♦✉t❡❛✉ r❛❞✐♦❢r✓❡q✉❡♥❝❡ ❛

♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧❛ ❣r❛✈✐t✓❡ ♣♦✉r ❡①tr❛✐r❡ ✉♥ ❢❛✐s❝❡❛✉ ❝♦❤✓❡r❡♥t

❞✬❛t♦♠❡s✳

④ ▲✬✓❡t✉❞❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❛t♦♠✐q✉❡ ✒❛ tr❛✈❡rs ❧❡ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲

❊✐♥st❡✐♥ ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❧✬❡☛❡t ❞❡ ❧❡♥t✐❧❧❡ ❞✐✈❡r❣❡♥t ❞❫✉ ❛✉① ✐♥t❡r❛❝t✐♦♥s✳

④ ❊♥☞♥✱ ❧✬✓❡t✉❞❡ ❞❡ ❞✐☛✓❡r❡♥ts r✓❡❣✐♠❡s ♣♦✉r ❧❡ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ❛ ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❧✬✓❡q✉✐✈❛❧❡♥t

❞✬✉♥ ❧❛s❡r ✒❛ ❜❧♦❝❛❣❡ ❞❡ ♠♦❞❡s ♣✉❧s✓❡✳

✹✳✶ ❈♦♠♠❡♥t ❡①tr❛✐r❡ ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ♠❛✲

♥✐✒❡r❡ ❝♦❤✓❡r❡♥t❡

❋✐❣✳ ✹✳✶ ✿ ❉✐☛✓❡r❡♥ts ❧❛s❡rs ❛t♦♠✐q✉❡s ♣r♦❞✉✐ts ❞❛♥s ❞❡s ❧❛❜♦r❛t♦✐r❡s ✒❛ tr❛✈❡rs ❧❡ ♠♦♥❞❡✳ ❛✮ ❆✉ ▼■❚✱
❞❡s ✐♠♣✉❧s✐♦♥s ❘❋ ✐♥t❡♥s❡s ❡♥✈♦✐❡♥t ✉♥❡ ♣❛rt✐❡ ❞❡s ❛t♦♠❡s ❞❛♥s ✉♥ ✓❡t❛t ♥♦♥ ♣✐✓❡❣✓❡✳ ■❧s t♦♠❜❡♥t ❛❧♦rs
s♦✉s ❧✬❡☛❡t ❞❡ ❧❛ ❣r❛✈✐t✓❡✳ ❜✮ ✒❆ ❨❛❧❡✱ ❧❡ ❝♦♥❞❡♥s❛t ❡st ❝❤❛r❣✓❡ ❞❛♥s ✉♥ r✓❡s❡❛✉ ♦♣t✐q✉❡✳ ▲✬❡☛❡t t✉♥♥❡❧
❡♥tr❡ ❧❡s ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧s✱ s♦✉s ❧✬❡☛❡t ❞❡ ❧❛ ❣r❛✈✐t✓❡✱ ♣r♦❞✉✐t ❞❡s ✐♠♣✉❧s✐♦♥s ❝♦❤✓❡r❡♥ts ❞✬❛t♦♠❡s✳ ❝✮
❛✉ ◆■❙❚✱ ❞❡s ✐♠♣✉❧s✐♦♥s ❘❛♠❛♥ tr✒❡s ❢r✓❡q✉❡♥ts ❡①♣✉❧s❡♥t ❧❡s ❛t♦♠❡s ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❝♦♥tr❫♦❧✓❡❡✳
◗✉❛♥❞ ❧❡s ✐♠♣✉❧s✐♦♥s s❡ r❡❝♦✉✈r❡♥t ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s✱ ♦♥ ❛ ✉♥ ❧❛s❡r q✉❛s✐✲❝♦♥t✐♥✉✳ ❞✮ ✒❛ ▼✉♥✐❝❤✱
✉♥ ❝♦✉♣❧❡✉r r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ❝♦♥t✐♥✉ ❡t ❞❡ ❢❛✐❜❧❡ ♣✉✐ss❛♥❝❡ ❡①tr❛✐t ✉♥ ✌✉① ❝♦♥t✐♥✉ ❞✬❛t♦♠❡s ❥✉sq✉✬✒❛
✓❡♣✉✐s❡♠❡♥t ❞❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t✳

▲❡ ♣r❡♠✐❡r ❧❛s❡r ✒❛ ❛t♦♠❡s ❛ s✐♠♣❧❡♠❡♥t ❝♦♥s✐st✓❡ ✒❛ ❝♦✉♣❡r ❧❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ❡t ✒❛ ❧❛✐ss❡r

t♦♠❜❡r ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t s♦✉s ❧✬❡☛❡t ❞❡ ❧❛ ❣r❛✈✐t✓❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ❞✬❡①tr❛❝t✐♦♥ ❡st

❛♥❛❧♦❣✉❡ ❛✉ ❝❛✈✐t② ❞✉♠♣✐♥❣✱ ♦✒✉ t♦✉s ❧❡s ♣❤♦t♦♥s s♦♥t ❡①tr❛✐ts ❞❡ ❧❛ ❝❛✈✐t✓❡ ❧❛s❡r ❡♥ ✉♥❡ s❡✉❧❡

❢♦✐s✳



✹✳✶ ❈♦♠♠❡♥t ❡①tr❛✐r❡ ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ♠❛♥✐✒❡r❡ ❝♦❤✓❡r❡♥t❡ ✶✺✸

❊♥ ❧❫❛❝❤❛♥t ❛✐♥s✐ ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥ ❧❛s❡r ♣✉❧s✓❡ ✒❛ tr✒❡s ❢❛✐❜❧❡

❝❛❞❡♥❝❡ ❞❡ r✓❡♣✓❡t✐t✐♦♥ ✭✐♥❢✓❡r✐❡✉r❡ ✒❛ ✵✱✶❍③✮✳

▲✬✓❡t❛♣❡ s✉✐✈❛♥t❡ ❛ ❝♦♥s✐st✓❡ ✒❛ ❝♦✉♣❧❡r ❞❡s ❛t♦♠❡s ✈❡rs ✉♥ ✓❡t❛t ♥♦♥ ♣✐✓❡❣✓❡ t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t

✉♥ ♥✉❛❣❡ ❝♦♥❞❡♥s✓❡ ❞❛♥s ❧❡ ♣✐✒❡❣❡✳ ▲❡ ♣r❡♠✐❡r ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ❛ ✓❡t✓❡ r✓❡❛❧✐s✓❡ ❛✉ ▼■❚ ❬✾❪✳ ❉❛♥s

❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡✱ ✉♥❡ ✐♠♣✉❧s✐♦♥ r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ❜r✒❡✈❡ ✭q✉❡❧q✉❡s ♠✐❝r♦✲s❡❝♦♥❞❡s✮ ❡t ✐♥t❡♥s❡

✭✡❘❋ ❃ ✶✵ ❦❍③✮ tr❛♥s❢✒❡r❡ ❞❡ ❢❛✘❝♦♥ ❝♦❤✓❡r❡♥t❡ ✉♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞✉ ❝♦♥❞❡♥s❛t ✈❡rs ✉♥

✓❡t❛t ♥♦♥ ♣✐✓❡❣✓❡ ✭☞❣✳ ✹✳✶ ❛✮✳ ✒❆ ❨❛❧❡ ❬✶✵❪✱ ✉♥ ❝♦♥❞❡♥s❛t ❛ ✓❡t✓❡ ❝❤❛r❣✓❡ ❞❛♥s ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉①

✈❡rt✐❝❛❧✳ ▲❡s ❛t♦♠❡s s✬✓❡❝❤❛♣♣❡♥t ❞❡s ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧ ♦♣t✐q✉❡ ♣❛r ✉♥ ❡☛❡t t✉♥♥❡❧ ✐♥❞✉✐t ♣❛r

❧❛ ❣r❛✈✐t✓❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ r✓❡❛❧✐s❡ ✉♥ ❝♦✉♣❧❛❣❡ ❝♦♥t✐♥✉ ✈❡rs ♣❧✉s✐❡✉rs ♠♦❞❡s✳ ❉❡ ♣❧✉s✱ ❝❡s

♠♦❞❡s s♦♥t ✈❡rr♦✉✐❧❧✓❡s ❡♥ ♣❤❛s❡✳ ▲❡s ❛t♦♠❡s s♦rt❡♥t ❛❧♦rs ♣❛r ✐♠♣✉❧s✐♦♥s✱ ❝♦♠♠❡ ❧❡ ❢♦♥t ❧❡s

♣❤♦t♦♥s ❞✬✉♥ ❧❛s❡r ✒❛ ♠♦❞❡s✲❜❧♦q✉✓❡s ✭☞❣✳ ✹✳✶ ❜✮✳

▲✬✓❡q✉✐♣❡ ❞✉ ◆■❙❚ ❬✶✶❪ ❛ r✓❡❛❧✐s✓❡ ❧✬❡①tr❛❝t✐♦♥ ❞❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t ❣r❫❛❝❡ ✒❛ ✉♥❡ s✉❝❝❡ss✐♦♥

❞✬✐♠♣✉❧s✐♦♥s ❘❛♠❛♥ tr✒❡s ❜r✒❡✈❡s✱ s②♥❝❤r♦♥✐s✓❡❡s ❛✈❡❝ ✉♥ ♣✐✒❡❣❡ ❚❖P✳ ❈❡tt❡ ♠✓❡t❤♦❞❡ r❡ss❡♠❜❧❡

❛✉① ♣r✓❡❝✓❡❞❡♥t❡s ❞❛♥s s♦♥ ♣r✐♥❝✐♣❡ ✭s✉❝❝❡ss✐♦♥ ❞✬✐♠♣✉❧s✐♦♥s ❞✬❡①tr❛❝t✐♦♥✮✳ ❈❡♣❡♥❞❛♥t✱ ❡❧❧❡

♣❡r♠❡t ❛✉① ♣❛q✉❡ts ❞✬♦♥❞❡s ❞❡ ❝❤❛q✉❡ ✐♠♣✉❧s✐♦♥ ❞❡ s❡ r❡❝♦✉✈r✐r✱ ❡t ❞♦♥❝ ❞✬♦❜t❡♥✐r ✉♥ ❢❛✐s✲

❝❡❛✉ ♣r❛t✐q✉❡♠❡♥t ❝♦♥t✐♥✉ ❧♦rsq✉❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡s ✐♠♣✉❧s✐♦♥s ❘❛♠❛♥ ❡st s✉✍s❛♠♠❡♥t

✓❡❧❡✈✓❡❡ ✭☞❣✳ ✹✳✶ ❝✮✳ ❉❡ ♣❧✉s✱ ❡❧❧❡ ♣❡r♠❡t ✓❡❣❛❧❡♠❡♥t ❞❡ tr❛♥s♠❡ttr❡ ✉♥❡ ✐♠♣✉❧s✐♦♥ ❛✉① ❛t♦♠❡s

❡①tr❛✐ts✱ ❞❡ s♦rt❡ q✉✬✐❧s ♥❡ s❡ ♣r♦♣❛❣❡♥t ♣❛s ♥✓❡❝❡ss❛✐r❡♠❡♥t s✉✐✈❛♥t ❧❛ ❣r❛✈✐t✓❡✳ ◆♦✉s ❛✈♦♥s

♥♦✉s✲♠❫❡♠❡ ✓❡❣❛❧❡♠❡♥t r✓❡❛❧✐s✓❡ ✉♥ t❡❧ ❧❛s❡r q✉❛s✐✲❝♦♥t✐♥✉ ♣❛r ❛♣♣❧✐❝❛t✐♦♥ ❞✬✉♥ ❝♦✉♣❧❡✉r ❘❋

♠♦❞✉❧✓❡ ❡♥ ❢r✓❡q✉❡♥❝❡✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ♣❡r♠❡t ❞❡ ❣✓❡♥✓❡r❡r ❞❡s ✐♠♣✉❧s✐♦♥s ❞✬❛t♦♠❡s ❡①tr❛✐ts

❞❡ ❢❛✘❝♦♥ ❝♦❤✓❡r❡♥t❡✳ ◗✉❛♥❞ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡st ❛ss❡③ ✐♠♣♦rt❛♥t❡✱ ❧❡s ✐♠♣✉❧s✐♦♥s

s❡ r❡❝♦✉✈r❡♥t ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s✱ ❡t ❧✬♦♥ ♦❜t✐❡♥t ✉♥ ✌✉① ❝♦♥t✐♥✉ ❞✬❛t♦♠❡s ❥✉sq✉✬✒❛ ✈✐❞❛❣❡

❞✉ ❝♦♥❞❡♥s❛t✳

P♦✉r s❛ ♣❛rt✱ ❧❡ ❣r♦✉♣❡ ❞❡ ▼✉♥✐❝❤ ❬✹❪ ❛ r✓❡❛❧✐s✓❡ ❡t ✉t✐❧✐s✓❡ ✉♥ ❧❛s❡r ❛t♦♠✐q✉❡ q✉❛s✐✲❝♦♥t✐♥✉

❛✈❡❝ ✉♥ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ❞❡ ❢❛✐❜❧❡ ♣✉✐ss❛♥❝❡ ✭✡❘❋ ❁ ✶✵✵❍③✮✳ ▲✬❡①tr❛❝t✐♦♥

❛ ❛❧♦rs ❧✐❡✉ ❝♦♥t✐♥❫✉♠❡♥t ❥✉sq✉✬❛✉ ✈✐❞❛❣❡ ❝♦♠♣❧❡t ❞❡ ❧❛ ❝❛✈✐t✓❡ ✭☞❣✳ ✹✳✶ ❞✮✳ ▲❡ ❢❛✐s❝❡❛✉ ❡st

❝♦♥t✐♥✉ ♣❡♥❞❛♥t t♦✉t❡ ❧❛ ❞✉r✓❡❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ r❛❞✐♦❢r✓❡q✉❡♥❝❡ ✭t②♣✐q✉❡♠❡♥t q✉❡❧q✉❡s

❞✐③❛✐♥❡s ❞❡ ♠s✮✳ ❉❡ ♣❧✉s✱ ♦♥ s✬❛tt❡♥❞ ✒❛ ❝❡ q✉❡ ❧❡ ❢❛✐s❝❡❛✉ ❡①tr❛✐t ❛✐t ✉♥❡ ❧❛r❣❡✉r s♣❡❝tr❛❧❡

❜✐❡♥ ♣❧✉s ❢❛✐❜❧❡ ❞❛♥s ❧❡ ❝❛s q✉❛s✐✲❝♦♥t✐♥✉ q✉❡ ❞❛♥s ❧❡ ❝❛s ♣✉❧s✓❡ ❬✶✷❪✳ ●r❫❛❝❡ ✒❛ ❝❡tt❡ t❡❝❤♥✐q✉❡✱

❞❡ ♥♦♠❜r❡✉s❡s ❡①♣✓❡r✐❡♥❝❡s ♦♥t ♣✉ ❫❡tr❡ r✓❡❛❧✐s✓❡❡s ❞❛♥s ❝❡ ❣r♦✉♣❡ ❬✺✱ ✶✷✱ ✶✸✱ ✶✹❪ ❛✐♥s✐ q✉❡ ❞❛♥s

❧❡ ♥♦tr❡ ❬✶✺✱ ✶✻✱ ✶✼❪✳ ❖♥ ♣❡✉t ❛✉ss✐ ♥♦t❡r q✉❡ r✓❡❝❡♠♠❡♥t✱ ✉♥❡ t❡❝❤♥✐q✉❡ s✐♠✐❧❛✐r❡ ❛ ✓❡t✓❡ ✉t✐❧✐s✓❡❡

♣♦✉r r✓❡❛❧✐s❡r ✉♥ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ♣❛r ❞✓❡✈❡rs❡♠❡♥t ♣r♦❣r❡ss✐❢ ✒❛ ♣❛rt✐r ❞✬✉♥ ♣✐✒❡❣❡ ♦♣t✐q✉❡

❬✶✽❪✳

▲❛ t❡❝❤♥✐q✉❡ ❞✬❡①tr❛❝t✐♦♥ ♣❛r r❛❞✐♦❢r✓❡q✉❡♥❝❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡ q✉❛s✐✲❝♦♥t✐♥✉ ❡st ♣❛rt✐❝✉❧✐✒❡r❡✲

♠❡♥t ♣r♦♠❡tt❡✉s❡ ❝❛r ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ s♦rt✐❡ r❛❞✐♦❢r✓❡q✉❡♥❝❡ r❡st❡ s✐♠♣❧❡ ✒❛ ♠❡ttr❡ ❡♥ ✛✉✈r❡

❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ♣♦✉rr❛✐t ✒❛ t❡r♠❡ ♠❡♥❡r ✒❛ ❧❛ r✓❡❛❧✐s❛t✐♦♥

❞❡ ❧❛s❡r ✒❛ ❛t♦♠❡s r✓❡❡❧❧❡♠❡♥t ❝♦♥t✐♥✉s✳ ❊♥ ❡☛❡t✱ ❧✬✓❡q✉✐♣❡ ❞❡ ❲✳ ❑❡tt❡r❧❡ ❛✉ ▼■❚ ❬✶✾❪ ❛ r✓❡✉ss✐

✒❛ ❝❤❛r❣❡r ✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❢❛✘❝♦♥ ❝②❝❧✐q✉❡ ✒❛ ❧✬❛✐❞❡ ❞✬✉♥❡ ♣✐♥❝❡ ♦♣t✐q✉❡ ❝♦♥♥❡❝t❛♥t ✉♥❡ r✓❡❣✐♦♥



✶✺✹ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

❞❡ ♣r♦❞✉❝t✐♦♥ ❡t ✉♥❡ r✓❡❣✐♦♥ ❞❡ st♦❝❦❛❣❡ ❜✐❡♥ s✓❡♣❛r✓❡❡s✳ ◆♦✉s ♠❡♥♦♥s ❞❡s ✓❡t✉❞❡s s✐♠✐❧❛✐r❡s

♣♦✉r ♠❡ttr❡ ❛✉ ♣♦✐♥t ✉♥ tr❛♥s♣♦rt ♣❛r ♣✐♥❝❡ ♦♣t✐q✉❡ ❬✷✵❪✶✳

▲♦rs ❞❡ ♥♦s r❡❝❤❡r❝❤❡s s✉r ❧❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s✱ ♥♦✉s ❛✈♦♥s ❞✓❡♠♦♥tr✓❡ q✉❡ t❤✓❡♦r✐q✉❡♠❡♥t✱ ❧❡

♣r♦❜❧✒❡♠❡ s❡ ❝♦♠♣❛r❡ ✒❛ ❝❡❧✉✐ ❞✉ ❝♦✉♣❧❛❣❡ ❞✬✉♥ ✓❡t❛t ❧✐✓❡ ❞✐s❝r❡t ✭❧❡ ♠♦❞❡ ❞✉ ❝♦♥❞❡♥s❛t✮ ❛✈❡❝ ✉♥

❝♦♥t✐♥✉✉♠ ❞✬✓❡t❛ts ❧✐❜r❡s✱ ❞♦♥t ❧❛ r✓❡s♦❧✉t✐♦♥ ❡st ❜✐❡♥ ♠❛❫✏tr✐s✓❡❡✳ P♦✉r ❧❡s ♣❛r❛♠✒❡tr❡s ✉t✐❧✐s✓❡s

❞❛♥s ♥♦s ❡①♣✓❡r✐❡♥❝❡s ❡t ❞❛♥s ❝❡❧❧❡s ❞✉ ❣r♦✉♣❡ ❞❡ ▼✉♥✐❝❤✱ ❧❛ ❣r❛✈✐t✓❡ ❥♦✉❡ ✉♥ r❫♦❧❡ ♣r✓❡♣♦♥❞✓❡r❛♥t

❞❛♥s ❧❛ ❞②♥❛♠✐q✉❡ ❞✬❡①tr❛❝t✐♦♥ ❡t ❧❡ ♠♦✉✈❡♠❡♥t ❧♦♥❣✐t✉❞✐♥❛❧ ❬✷✷❪✳ ❉❛♥s ❧❡s ✓❡t✉❞❡s t❤✓❡♦r✐q✉❡s

❛♥t✓❡r✐❡✉r❡s✱ ❝❡ ♣♦✐♥t ✓❡t❛✐t s♦✉✈❡♥t ♠✓❡s❡st✐♠✓❡✱ ❡t ❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ✓❡t❛✐❡♥t

❞✐s❝✉t✓❡❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ♣r♦♣❛❣❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❧✐❜r❡ ❬✷✸✱ ✷✹✱ ✷✺✱ ✷✻✱ ✷✼✱ ✷✽❪✳ ▲❛

❣r❛✈✐t✓❡ ♥✬✓❡t❛✐t tr❛✐t✓❡❡ q✉❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠✓❡r✐q✉❡s ✶❉✱ ❞♦♥t ❧✬❛❝❝♦r❞ ❛✈❡❝

❧✬❡①♣✓❡r✐❡♥❝❡ ✓❡t❛✐t ♠✓❡❞✐♦❝r❡ ❬✷✾❪✳

✹✳✷ ▲❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉

❖♥ ♣❡✉t r✓❡❛❧✐s❡r ✉♥ ❧❛s❡r ✒❛ ❛t♦♠❡s q✉❛s✐✲❝♦♥t✐♥✉ ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ♦s✲

❝✐❧❧❛♥t ✭❝♦✉♣❧❡✉r r❛❞✐♦❢r✓❡q✉❡♥❝❡ ✭❘❋✮✱ ✒❛ ❡♥✈✐r♦♥ ✸✽✳✻ ▼❍③ ❞❛♥s ♥♦tr❡ ♣r❡♠✐✒❡r❡ ❡①♣✓❡r✐❡♥❝❡✮

♣♦✉r ❢❛✐r❡ ❜❛s❝✉❧❡r ❧❡ ♠♦♠❡♥t ♠❛❣♥✓❡t✐q✉❡ ❛t♦♠✐q✉❡ ❞❛♥s ❧✬✓❡t❛t ♥♦♥ ❝♦✉♣❧✓❡ ♠❋ ❂ ✵✳ ▲✬❛♠♣❧✐✲

t✉❞❡ ❞❡ ❝❡ ❝♦✉♣❧❡✉r ❞♦✐t ❫❡tr❡ ❢❛✐❜❧❡ ❀ ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ✵✳✶ ✖❚ ❡t ❛♣♣❧✐q✉✓❡ ♣♦✉r ✉♥❡ ❞✉r✓❡❡

r❡❧❛t✐✈❡♠❡♥t ❧♦♥❣✉❡ ✭t♦❝ ❂ ✶✵♠s✮✳ ❖♥ ♣❡✉t ❛✐♥s✐ tr❛♥s❢✓❡r❡r ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❧✬✓❡t❛t

♣✐✓❡❣✓❡ ❥❋ ❂ ✶❀♠ ❂ �✶✐ ✈❡rs ❧✬✓❡t❛t ❡♥ ❝❤✉t❡ ❧✐❜r❡ ❥❋ ❂ ✶❀♠ ❂ ✵✐ ✭☞❣ ✹✳✷✮ ❛✈❡❝ ✉♥ t❛✉①

s✉✍s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r ❫❡tr❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡ q✉❛s✐ ❝♦♥t✐♥✉✳

❋✐❣✳ ✹✳✷ ✿ ❘❡♣r✓❡s❡♥t❛t✐♦♥ s❝❤✓❡♠❛t✐q✉❡ ❞✉
❝♦✉♣❧❛❣❡ ❞❡ s♦rt✐❡ ✒❛ ♣❛rt✐r ❞✉ ♣♦t❡♥t✐❡❧ ❞❡
♣✐✓❡❣❡❛❣❡ ❱❥✶❀�✶✐ ✈❡rs ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❝❤✉t❡
❧✐❜r❡ ❱❥✶❀✵✐ ♣❛r ❧✬✐♥t❡r♠✓❡❞✐❛✐r❡ ❞✬✉♥ ♣❤♦t♦♥
❞❡ r❢ ✒❛ ✦r❢ ✳ ▲❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡ ❡st ♥♦t✓❡❡
③✳ ▲❡s ❝♦✉r❜❡s ♠♦♥tr✓❡❡s ✐♥❝❧✉❡♥t ❧✬❡☛❡t ❞❡s
♣♦t❡♥t✐❡❧s ♠❛❣♥✓❡t✐q✉❡s✱ ❞❡ ❧❛ ❣r❛✈✐t✓❡✱ ❡t ❞❡
❧❛ r✓❡♣✉❧s✐♦♥ ❡♥tr❡ ❛t♦♠❡s✳

✹✳✷✳✶ ▼♦❞✒❡❧❡ ❛♥❛❧②t✐q✉❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s

P♦✉r ❞✓❡❝r✐r❡ ❧❡ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✱ ♥♦✉s ❝♦♥s✐❞✓❡r♦♥s ✉♥ ❝♦♥❞❡♥s❛t ❞✬❛t♦♠❡s ❞❡ ✽✼❘❜ ❞❛♥s

❧✬✓❡t❛t ❤②♣❡r☞♥ ❋ ❂ ✶ ✒❛ ✉♥❡ t❡♠♣✓❡r❛t✉r❡ ❚ ❂ ✵ ❑✳ ▲✬✓❡t❛t ❥❋ ❂ ✶❀♠ ❂ �✶✐ ❡st ♣✐✓❡❣✓❡

❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♠❛❣♥✓❡t✐q✉❡ ❤❛r♠♦♥✐q✉❡ ❱tr❛♣ ❂ ✶
✷
♠
P

✐❂①❀②❀③✭✦
✷
✐ r

✷
✐ ✮✳ ▲❡ ❝♦✉♣❧❡✉r r❢ ❇r❢ ❂

❇r❢ ❝♦s ✭✦r❢t✮❡③ ✐♥❞✉✐t ❞❡s tr❛♥s✐t✐♦♥s ✈❡rs ❥❋ ❂ ✶❀♠ ❂ ✵✐ ✭✓❡t❛t ♥♦♥ ♣✐✓❡❣❡❛♥t✮ ❡t ❥❋ ❂ ✶❀♠ ❂

✰✶✐ ✭✓❡t❛t ❛♥t✐✲♣✐✓❡❣❡❛♥t✮✳ ▲❡ ❝♦♥❞❡♥s❛t ♣❡✉t ❫❡tr❡ ❞✓❡❝r✐t ♣❛r ✉♥ s♣✐♥❡✉r ✒❛ tr♦✐s ❝♦♠♣♦s❛♥t❡s

✶■❧ ❡①✐st❡ ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ♥♦♥ ♠♦✐♥s ✐♥t✓❡r❡ss❛♥t❡✱ q✉✐ ❝♦♥s✐st❡ ✒❛ ❝♦♥❞❡♥s❡r ❞✐r❡❝t❡♠❡♥t ✉♥ ❥❡t ❛t♦♠✐q✉❡
r❡❢r♦✐❞✐ ❬✷✶❪✳



✹✳✷ ▲❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉ ✶✺✺

✠
✵
❂ ❬✥

✵

♠❪♠❂�✶❀✵❀✰✶ q✉✐ ♦❜✓❡✐t ✒❛ ✉♥ ❡♥s❡♠❜❧❡ ❞✬✓❡q✉❛t✐♦♥s ❞❡ ❙❝❤r⑧♦❞✐♥❣❡r ♥♦♥ ❧✐♥✓❡❛✐r❡s ❝♦✉♣❧✓❡❡s✳

❖♥ ♣❡✉t ❡♥ ❢❛✐t ❝♦♥s✐❞✓❡r❡r ✉♥✐q✉❡♠❡♥t ❧❡s ✓❡t❛ts ❥❋ ❂ ✶❀♠ ❂ �✶✐ ❡t ❥❋ ❂ ✶❀♠ ❂ ✵✐ ✭❧❛

♣♦♣✉❧❛t✐♦♥ ❞❛♥s ❧✬✓❡t❛t ❥❋ ❂ ✶❀♠ ❂ ✰✶✐ ❡st s✉♣♣♦s✓❡❡ ♥✓❡❣❧✐❣❡❛❜❧❡✮✳ ❉❡ ♣❧✉s✱ ❧❡ ❝♦✉♣❧❛❣❡ ✓❡t❛♥t

❢❛✐❜❧❡✱ ♦♥ ♣❡✉t ❝♦♥s✐❞✓❡r❡r q✉❡ ❧❛ ❞❡♥s✐t✓❡ ❛t♦♠✐q✉❡ ❞❛♥s ❧✬✓❡t❛t ❥❋ ❂ ✶❀♠ ❂ ✵✐ r❡st❡ tr✒❡s

❢❛✐❜❧❡✳ ❖♥ ♣❡✉t ❛❧♦rs ✓❡❝r✐r❡ ❧❛ ❞❡♥s✐t✓❡ ❛t♦♠✐q✉❡ t♦t❛❧❡ ♥✭r✮ ✙❥ ✥�✶✭r❀ t✮ ❥✷✳ ❊♥ ❛♣♣❧✐q✉❛♥t

❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❝❤❛♠♣ t♦✉r♥❛♥t ❡t ❡♥ ♣❛ss❛♥t ❞❛♥s ❧❡ r✓❡❢✓❡r❡♥t✐❡❧ t♦✉r♥❛♥t ✒❛ ✦r❢ ✱ ♦♥ ♦❜t✐❡♥t

✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞❡✉① ✓❡q✉❛t✐♦♥s ❝♦✉♣❧✓❡❡s ♣♦✉r ❧❡s ❝♦♠♣♦s❛♥t❡s ✥♠ ❂ ✥✵
♠❡

✐♠✦r❢ t ❞✉ ♥♦✉✈❡❛✉

s♣✐♥❡✉r ✭❝❡s ✓❡q✉❛t✐♦♥s s♦♥t tr✒❡s s✐♠✐❧❛✐r❡s ✒❛ ❝❡❧❧❡s ❞✓❡❥✒❛ ✓❡t✉❞✐✓❡❡s ❛✉ ❝❤❛♣✐tr❡ ✷✮ ✿

✐⑦
❅✥�✶
❅t

❂ ❬⑦✍r❢ ✰ ❤�✶❪✥�✶ ✰
⑦✡r❢

✷
✥✵ ✭✹✳✶✮

✐⑦
❅✥✵

❅t
❂ ❤✵✥✵ ✰

⑦✡r❢

✷
✥�✶ ✭✹✳✷✮

❛✈❡❝ ❤�✶ ❂ ♣✷❂✷♠ ✰ ❱tr❛♣ ✰ ❯ ❥ ✥�✶ ❥✷✱ ❤✵ ❂ ♣✷❂✷♠ � ♠❣③ ❡t ❯ ❂ ✹✙⑦✷❛◆❂♠✳ ▲❛ ❧♦♥❣✉❡✉r

❞❡ ❞✐☛✉s✐♦♥ ♣♦✉r ❧❡s ❛t♦♠❡s ❞❛♥s ❧✬✓❡t❛t ❥ ❋ ❂ ✶❀♠ ❂ �✶✐ ✈❛✉t ❛ ✙ ✺ ♥♠✳ ◆ ❡st ❧❡

♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♥✐t✐❛❧❡♠❡♥t ♣✐✓❡❣✓❡s✳ ▲❡ ❝♦✉♣❧❡✉r ❘❋ ❡st ❝❛r❛❝t✓❡r✐s✓❡ ♣❛r ❞❡✉① ♣❛r❛♠✒❡tr❡s ❀

s♦♥ ❞✓❡s❛❝❝♦r❞ ⑦✍r❢ ❂ ❱♦☛ � ⑦✦r❢ ❛✈❡❝ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ r✓❡s♦♥❛♥❝❡ ❛✉ ♠✐♥✐♠✉♠ ❞❡ ♣♦t❡♥t✐❡❧ ❡t

s❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❘❛❜✐ ⑦✡r❢ ❂ ✖❇❇r❢❂✷
♣
✷✱ ❡♥ ♣r❡♥❛♥t ❧❡ ❢❛❝t❡✉r ❞❡ ▲❛♥❞✓❡ ❣❢ ❂ �✶❂✷✳

❊①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞✉ ♠♦❞❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s

2 4 6 8 10 12 14-2 (z-zE)/l

état piégé

état non piégé 

(U=-mgz)

Fonction propre 

du continuum (Airy)

Approximation

quasi-classique (WKB)

Fonction d'onde

du CBE (Thomas-Fermi)

CBE

l dB(z)=h/pclassique

∆E=hνRF

E

Voisinage du point de 

rebroussement classique

❋✐❣✳ ✹✳✸ ✿ ❈♦✉♣❧❛❣❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡
❇♦s❡ ✈❡rs ✉♥ ❝♦♥t✐♥✉✉♠ ✭♣♦t❡♥t✐❡❧ ❛✍♥❡✮✳
▲✬❛♣♣r♦①✐♠❛t✐♦♥ q✉❛s✐✲❝❧❛ss✐q✉❡ ✭❲❑❇✮
❡st ✈❛❧❛❜❧❡ ❡♥ t♦✉t ♣♦✐♥t ③ s❛✉❢ ❛✉✲
t♦✉r ❞✉ ♣♦✐♥t ❞❡ r❡❜r♦✉ss❡♠❡♥t ❝❧❛ss✐q✉❡
✭❥③�③❊ ❥❂❧ ✔ ✶✮✳ ❉❛♥s ❧❛ r✓❡❣✐♦♥ ③ ❃ ③❊✱
❧❛ ♣s❡✉❞♦✲♣✓❡r✐♦❞❡ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
❞❡ ❞❡ ❇r♦❣❧✐❡ ✕❞❇ ❂ ❤❂♣ ♦✒✉ ❧✬✐♠♣✉❧✲
s✐♦♥ ♣ ❡st ❞♦♥♥✓❡❡ ♣❛r ❧❡s ✓❡q✉❛t✐♦♥s ❝❧❛s✲
s✐q✉❡s ❞✉ ♠♦✉✈❡♠❡♥t✳ ▲❡ ♣❛r❛♠✒❡tr❡ ❧ ❂
✸
♣

⑦✷❂✷♠❯ ✵✭③❊✮ ❞♦♥♥❡ ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r
❞❡ ❧✬❡①t❡♥s✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❧❛ ♣r❡♠✐✒❡r❡ ❛r❝❤❡
❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✉ ❝♦♥t✐♥✉✉♠ ✈❡rs ❧❛q✉❡❧❧❡
❧❡ ❝♦✉♣❧❛❣❡ s✬❡☛❡❝t✉❡✳ ◆♦t❡ ✿ ▲✬❡①t❡♥s✐♦♥
s♣❛t✐❛❧❡ ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡ ❛ ✓❡t✓❡ tr✒❡s
❢♦rt❡♠❡♥t r✓❡❞✉✐t❡ ♣❛r r❛♣♣♦rt ❛✉ ❝❛s r✓❡❡❧
♣❛r s♦✉❝✐ ❞❡ ❝❧❛rt✓❡✳

▲❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ♣♦✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ♣✐✓❡❣✓❡❡ ✥�✶ ❡st ❞✓❡❝r✐t❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❛♥s

❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ✭❚❋✮ ❬✷✷❪✳ ❊❧❧❡ ❡st ❞✓❡☞♥✐❡ ♣❛r ❧❡s ❞✐♠❡♥s✐♦♥s ❞✉ ❝♦♥❞❡♥s❛t

s♦♥t ❛❧♦rs ❘✐❂①❀②❀③❂✭✷✖❂♠✦✷
✐ ✮

✶❂✷ ♦✒✉ ✖❂✭⑦✦❂✷✮✭✶✺❛◆�✶❂✛✮✷❂✺ ❡st ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✳ ❈♦♠♠❡ ❧❡



✶✺✻ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

♥♦♠❜r❡ ❞✬❛t♦♠❡s ◆�✶ ❞✐♠✐♥✉❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ✒❛

tr❛✈❡rs ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ✖✱ ✈❛ ✓❡✈♦❧✉❡r ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳

P♦✉r ❧✬✓❡t❛t ❥❋ ❂ ✶❀♠ ❂ ✵✐ q✉✐ r❡♣r✓❡s❡♥t❡ ❧❡ ♠♦❞❡ ❡♥ ❝❤✉t❡ ❧✐❜r❡✱ ✐❧ ❢❛✉t r✓❡s♦✉❞r❡ ❧✬✓❡q✉❛t✐♦♥

✭✹✳✷✮ ❡♥ ♣r❡♥❛♥t ✡r❢ ❂✵✳ ▲❡ ❤❛♠✐❧t♦♥✐❡♥ ♣❡✉t ❛❧♦rs ❫❡tr❡ s✓❡♣❛r✓❡ ❡♥ ✉♥❡ ♣❛rt✐❡ ❤♦r✐③♦♥t❛❧❡ ❡t ✉♥❡

♣❛rt✐❡ ✈❡rt✐❝❛❧❡ ✐♥❞✓❡♣❡♥❞❛♥t❡s✳ ❉❛♥s ❧❡ ♣❧❛♥ ❤♦r✐③♦♥t❛❧ ✭①❀ ②✮✱ ❧❡s ✓❡t❛ts ♣r♦♣r❡s s♦♥t ❞❡s ♦♥❞❡s

♣❧❛♥❡s ❞❡ ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❦①✱❦②✳ ❉❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡ ③✱ ❧❡s ✓❡t❛ts ♣r♦♣r❡s s✬✓❡❝r✐✈❡♥t

✣
✭③❊③ ✮
✵ ❂ ❆✿❆✐✭�✏❊③✮✱ ♦✒✉ ❆✐ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬❆✐r② ❝❛❧❝✉❧✓❡❡ ✒❛ ❧✬❛❜s❝✐ss❡ r✓❡❞✉✐t❡ ✏❊③ ❂ ✭③�③❊③ ✮❂❧✳

▲✬✓❡♥❡r❣✐❡ ❊③ ❞❡ ❧✬✓❡t❛t ♣r♦♣r❡ ♣❡r♠❡t ❞❡ ❞✓❡☞♥✐r ❧❡ ♣♦✐♥t ❞❡ r❡❜r♦✉ss❡♠❡♥t ③❊③ ❂ �❊③❂♠❣ q✉✐

❝♦rr❡s♣♦♥❞ ✒❛ ❧❛ ♣♦s✐t✐♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ✉♥❡ ♣❛rt✐❝✉❧❡ ❝❧❛ss✐q✉❡ ❞✬✓❡♥❡r❣✐❡ ❊③ ❛tt❡✐♥t ❧❡ s♦♠♠❡t

❞❡ s❛ tr❛❥❡❝t♦✐r❡✳ ▲❛ ❧♦♥❣✉❡✉r ❝❛r❛❝t✓❡r✐st✐q✉❡ ❧ ❂ ✭⑦✷❂✷♠✷❣✮✶❂✸ ❝♦rr❡s♣♦♥❞ ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t

✒❛ ❧❛ t❛✐❧❧❡ ❞✉ ♣r❡♠✐❡r ❧♦❜❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❆✐r② ❛✉ ♣♦✐♥t ❞❡ r❡❜r♦✉ss❡♠❡♥t✳ ❉❛♥s ❧❡ ❝❛s ❞✉
✽✼❘❜✱ ❧ ✙ ✵✿✷✽✖♠✜ ❘①❀ ❘②❀ ❘③✳

▲❡s ♠♦❞❡s ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s s♦♥t ❞♦♥❝ ❧❡ ♣r♦❞✉✐t ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ tr❛♥s✈❡rs❡s ✭❞❛♥s

❧❡ ♣❧❛♥ ❤♦r✐③♦♥t❛❧✮ ❡t ❧♦♥❣✐t✉❞✐♥❛❧❡ ✭s✉✐✈❛♥t ❧❛ ✈❡rt✐❝❛❧❡✮ s♦✐t ✣
✭♥✮
✵ ✭r✮❂✣❄✵ ✭①❀ ②✮✣

✭③❊③ ✮
✵ ✭③✮✱ ♦✒✉

♥ r❡♣r✓❡s❡♥t❡ ✉♥ ❝❤♦✐① ♣♦ss✐❜❧❡ ❞✉ tr✐♣❧❡t ❞❡ ♥♦♠❜r❡s q✉❛♥t✐q✉❡s ✭❦①❀ ❦②❀ ③❊③✮ ✭❧❛ ❞❡♥s✐t✓❡ ❞❡

♠♦❞❡s✷ ❡st ❛❧♦rs ✚✸❉❂▲
✷☛✷❤❂✷✙✸❧✮✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❡①♣r❡ss✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❝❡

♠♦❞❡ ❬✸✶❪✱ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✱ ♦♥ ♦❜t✐❡♥t ✭✈♦✐r ❋✐❣✳✹✳✹❜✮ ✿

✥✵✭r❀ t✮ ✙ �✷✐✙ ⑦✡r❢

✹♠❣❧
✣�✶✭①❀ ②❀ ③❊�✶✮

❡✐
✷
✸
❥✏❊�✶ ❥✸❂✷�✐

❊�✶t

⑦q
✙ ❥ ✏❊�✶ ❥✶❂✷

✭✹✳✸✮

❛✈❡❝ ③❊�✶❂✭⑦✍r❢✰✖✮❂♠❣✳ ▲❡ ✧❝♦❧✧❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ❛t♦♠✐q✉❡ ❡st ❛❧♦rs ①♦✉t ❂ ❘①✭✶�✭✷❊�✶❂✁✮✷✮✶❂✷

❡t ②♦✉t ❂ ❘②✭✶� ✭✷❊�✶❂✁✮✷✮✶❂✷✱ ♦✒✉ ✁ ❂ ♠❣❘③❂⑦ ❡st ❧❛ ❧❛r❣❡✉r s✉r ❧❛q✉❡❧❧❡ ♦♥ ♣❡✉t ❡✍❝❛❝❡♠❡♥t

❝♦✉♣❧❡r ❧❡ ❝♦♥❞❡♥s❛t✳

▲❡ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡

❋✐❣✳ ✹✳✹ ✿ ▲❛s❡r ✒❛ ❛t♦♠❡s ❞❛♥s ❧❡ r✓❡❣✐♠❡
❞❡ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ ✭✡r❢ ❂ ✸✵✵ ❍③✮✳ ✭❛✮ ✿
✓❊✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡ ❧✬✐♥t❡♥s✐t✓❡ ❞❡ ❧❛✲
s❡r ♦❜t❡♥✉❡ ♣❛r ✉♥❡ ✐♥t✓❡❣r❛t✐♦♥ ♥✉♠✓❡r✐q✉❡
❞❡s ✓❡q✉❛t✐♦♥s ✹✳✶ ❡t ✹✳✷✱ ❛✈❡❝ ◆ ✘ ✷✵✵✵
❛t♦♠❡s✳ ✭❜✮ ✿ Pr♦☞❧ s♣❛t✐❛❧ ❞✬✐♥t❡♥s✐t✓❡ ❞✉
❧❛s❡r ✒❛ ❛t♦♠❡s ✒❛ t✢ t❝ ✭❊q✳✹✳✸✮

P♦✉r ❝♦♠♣r❡♥❞r❡ ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✉ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✱ ❝♦♥st❛t♦♥s ❞✬❛❜♦r❞ q✉❡ ❧✬❡①tr❛❝✲

t✐♦♥ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥s✐st❡ ✒❛ ❝♦✉♣❧❡r ❧✬✓❡t❛t ♣✐✓❡❣✓❡ ❥❋ ❂ ✶❀♠ ❂ �✶✐ ❞✬✓❡♥❡r❣✐❡ ❊�✶❂⑦✍r❢✰✖

✷▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞❡♥s✐t✓❡ ❞❡ ♠♦❞❡s ♣❡✉t ♣♦s❡r q✉❡❧q✉❡s ♣r♦❜❧✒❡♠❡s ❬✸✵❪ q✉✐ ♥♦✉s ♦♥t ❝♦♥❞✉✐ts ✐♥✐t✐❛❧❡♠❡♥t ✒❛
❧❛ s♦✉s✲❡st✐♠❡r ❞✬✉♥ ❢❛❝t❡✉r ✷✳ ❈❡tt❡ ❡rr❡✉r t✐❡♥t ❞❛♥s ❧❛ ♠❛♥✐✒❡r❡ ❞❡ ❝♦♠♣t❡r ❧❡s ♠♦❞❡s ❁ ❣r❛✈✐t❛t✐♦♥♥❡❧s ❃✳
❇✐❡♥ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❆✐r②✱ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞✉ ❤❛♠✐❧t♦♥✐❡♥ ❣r❛✈✐t❛t✐♦♥♥❡❧✱ ♣✉✐ss❡ ❫❡tr❡ ❝♦♥s✐❞✓❡r✓❡❡ ❝♦♠♠❡ ✉♥❡
♦♥❞❡ st❛t✐♦♥♥❛✐r❡✱ ✐❧ ❡st ✐♥❝♦rr❡❝t ❞❡ ❞✐✈✐s❡r ❧❛ ❞❡♥s✐t✓❡ ❞❡ ♠♦❞❡ ♣❛r ✷ ♣♦✉r ♥❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ q✉❡ ❧❡ ✌✉①
s❡ ♣r♦♣❛❣❡❛♥t ✈❡rs ❧❡ ❜❛s✳



✹✳✷ ▲❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉ ✶✺✼

✈❡rs ❧✬✓❡t❛t ☞♥❛❧ ❥❋ ❂ ✶❀♠ ❂ ✵✐ q✉✐ ❡st ❡♥ ❢❛✐t ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬✓❡t❛ts ❞♦♥t ❧✬✓❡♥❡r❣✐❡ ❡st ❝❡♥tr✓❡❡

❛✉t♦✉r ❞❡ ❊
✭♥✮
✵ ❂⑦✷✭❦✷①✰❦✷②✮❂✷♠�♠❣③❊③ ✳

❉❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❝♦✉♣❧❛❣❡ q✉✐ ♥♦✉s ✐♥t✓❡r❡ss❡ ✐❝✐ ✭❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡✮✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡s ✓❡t❛ts

❥❋ ❂ ✶❀♠ ❂ �✶✐ ❡t ❥❋ ❂ ✶❀♠ ❂ ✵✐ ❝♦♠♠❡♥❝❡ ✒❛ ♦s❝✐❧❧❡r ♣❡♥❞❛♥t t ✔ t❝❂❤❂✁ ♣✉✐s ❧❛

♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬✓❡t❛t ❥❋ ❂ ✶❀♠ ❂ �✶✐ ❞✓❡❝r♦❫✏t ❞❡ ♠❛♥✐✒❡r❡ ♠♦♥♦t♦♥❡ ✭❋✐❣✳✹✳✷❛✮✳ ▲❡ t❛✉① ❞❡

❞✓❡♣❛rt � ♣♦✉r t ✕ t❝ ❡st ❛❧♦rs s✐♠♣❧❡♠❡♥t ❞♦♥♥✓❡ ♣❛r ❧❛ r✒❡❣❧❡ ❞✬♦r ❞❡ ❋❡r♠✐ ✿

�

✡✷
r❢

✙ ✶✺✙

✸✷

⑦

✁
❬✶� ✭

✖✰ ⑦✍r❢
✁❂✷

✮✷❪✷ ✭✹✳✹✮

❉❡ ❧✬✓❡q✉❛t✐♦♥ ✭✹✳✹✮✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❞❡ ❘❛❜✐ ❝r✐t✐q✉❡ ✡❈
r❢ ✘ ✵✿✽✁❂⑦ ❛✉✲❞❡ss✉s

❞❡ ❧❛q✉❡❧❧❡ ❝❡tt❡ ❞✓❡❝r♦✐ss❛♥❝❡ ♠♦♥♦t♦♥❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❥❋ ❂ ✶❀♠ ❂ �✶✐ ♥✬❛ ♣❧✉s ❧✐❡✉

✭♦♥ ❡st ❛❧♦rs ❞❛♥s ✉♥ r✓❡❣✐♠❡ ❞✬♦s❝✐❧❧❛t✐♦♥s ❞❡ ❘❛❜✐✮✳

❋✐❣✳ ✹✳✺ ✿ ▲❛s❡r ✒❛ ❛t♦♠❡s ❞❛♥s ❧❡ r✓❡❣✐♠❡
❞❡ ❝♦✉♣❧❛❣❡ ❢❛✐❜❧❡ ✭❛✮ ❡t ❢♦rt ✭❜✮ ♦❜t❡♥✉s
s✉r ❧❡ ♥♦✉✈❡❛✉ ♠♦♥t❛❣❡ ❞❡ ♣✐♥❝❡ ♦♣t✐q✉❡✳

■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❝♦♠♠❡ ❤�✜ ♠❣❘③✱ ❧❛ r✓❡❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥

❝♦✉♣❧❛❣❡ ❡✍❝❛❝❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ❛ ✉♥❡ ❡①t❡♥s✐♦♥ ✁③ ✘ ❤�❂♠❣ q✉✐ ❡st tr✒❡s ✐♥❢✓❡r✐❡✉r❡ ✒❛ ❧❛

t❛✐❧❧❡ ❞✉ ❝♦♥❞❡♥s❛t ✿ ❧❡ ❝♦✉♣❧❛❣❡ s✬❡☛❡❝t✉❡ ❞♦♥❝ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛✉ ♣♦✐♥t ❞❡ r❡❜r♦✉ss❡♠❡♥t

❝❧❛ss✐q✉❡ ③❊③ ✳ ❊♥ ❢❛✐t✱ ✒❛ ❝❛✉s❡ ❞❡ ❧❛ ❣r❛✈✐t✓❡ q✉✐ ❞✓❡❝❛❧❡ ❧❡ ❝♦♥❞❡♥s❛t ♣❛r r❛♣♣♦rt ❛✉ ♠✐♥✐♠✉♠

❞❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡✱ ❝❡tt❡ r✓❡❣✐♦♥ ❞❡ ❝♦✉♣❧❛❣❡ ❡st s✐♠♣❧❡♠❡♥t ✉♥ ♣❧❛♥ ❤♦r✐③♦♥t❛❧ ❬✹❪ ❞♦♥t

❧❛ ❤❛✉t❡✉r ③❊③ ♦❜✓❡✐t ✒❛ ❧❛ r❡❧❛t✐♦♥ ✿

✍r❢ ❂ ✦r❢ � ✦✵ ❂ �✁③❊③

③✵
� ✖

⑦

✒
✶� ③✷❊③

③✷✵

✓
✿ ✭✹✳✺✮

❖♥ ❛ ❝❤♦✐s✐ ✦✵ ❛r❜✐tr❛✐r❡♠❡♥t ♣♦✉r q✉❡ ✍r❢ ❂ ✝✁ q✉❛♥❞ ③❊③ ❂ ✞③✵✳

✹✳✷✳✷ ✓❊t✉❞❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ❞✬✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❛t♦♠✐q✉❡

◆♦✉s ❛✈♦♥s r✓❡❛❧✐s✓❡ ❧✬✓❡t✉❞❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✒❛ ♣❛rt✐r ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❡ ✽✼❘❜

❞✓❡❝r✐t ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣r✓❡❝✓❡❞❡♥t✳ ▲❡s ❢r✓❡q✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❧❛ ❝❛✈✐t✓❡ ♠❛❣♥✓❡t✐q✉❡ ✉t✐❧✐s✓❡❡

❞❛♥s ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡ s♦♥t ✦① ❂ ✦③ ❂ ✷✙ ✂ ✶✹✹❍③ ❡t ✦② ❂ ✷✙ ✂ ✾❍③❂ ✕✦③✳ ❊♥✈✐r♦♥ ✺✂ ✶✵✺

❛t♦♠❡s s♦♥t ♣✐✓❡❣✓❡s ✐♥✐t✐❛❧❡♠❡♥t ❞❛♥s ❝❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡✳



✶✺✽ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

❋✐❣✳ ✹✳✻ ✿ ●❛✉❝❤❡ ✿ ◆♦♠❜r❡ ❞✬❛t♦♠❡s r❡st❛♥t ❞❛♥s ❧❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡ ❛♣r✒❡s ✷✵ ♠s ❞❡ ❝♦✉♣❧❛❣❡✳
▲❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ✐♥✐t✐❛❧ ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t ❡st ◆ ✙ ✼✿✷✂✶✵✺ ❡t ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❘❛❜✐ ❞✉ ❝♦✉♣❧❡✉r
✡r❢❂✸✶✷ ❍③✳ ◆♦✉s ❝♦♠♣❛r♦♥s ✐❝✐ ❧❡s ❞♦♥♥✓❡❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ❞❡ ❇❧♦❝❤ ❡t ❛❧✳ ❬✹❪✱ ❛✈❡❝ ♥♦tr❡ ♠♦❞✒❡❧❡
t❤✓❡♦r✐q✉❡ ❡♥ ♣r❡♥❛♥t ❧❡✉rs ♣❛r❛♠✒❡tr❡s ❡①♣✓❡r✐♠❡♥t❛✉① ✭✒❛ ✉♥ ❢❛❝t❡✉r ❞❡✉① ♣r✒❡s ♣♦✉r ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡
❘❛❜✐ ❬✸✵❪✮✳ ❉r♦✐t❡ ✿ ▲❡s ✐♥st❛❜✐❧✐t✓❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❞❡ ❜✐❛✐s r✓❡s✉❧t❡♥t ❞❛♥s ✉♥ ✓❡❧❛r❣✐ss❡♠❡♥t
❞❡ ❧❛ ❧❛r❣❡✉r ❞✉ ❝♦✉♣❧❛❣❡ r❛❞✐♦❢r✓❡q✉❡♥❝❡✳ ▲❛ ❧❛r❣❡✉r s✉r ❧❛q✉❡❧❧❡ ❧❡ ❝♦✉♣❧❛❣❡ ❛ ❧✐❡✉ ❡st ❞❡ ❧✬♦r❞r❡
❞❡ ✽✵ ❦❍③✱ ❛❧♦rs q✉❡ ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ❛tt❡♥❞✉ ✒❛ ❝❛✉s❡ ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ ❝♦♥❞❡♥s❛t ❡st s❡✉❧❡♠❡♥t ❞❡ ✷✵
❦❍③✳ ▼❫❡♠❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ❞✉ ❝♦✉♣❧❛❣❡ ❞❫✉ ✒❛ ❧❛ ♣r✓❡s❡♥❝❡ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡
✭✷✷ ❦❍③✮✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ❧❛r❣❡✉r ❞❡ ❝♦✉♣❧❛❣❡ ❞❡ ✸✵ ❦❍③✱ ❧✬❡①❝✒❡s ❞❡ ✺✵ ❦❍③ ❡st ❞♦♥❝ ❧❡ r✓❡s✉❧t❛t ❞❡ ❧❛
❝♦♥✈♦❧✉t✐♦♥ ❞❡ ❝❡s ❞❡✉① ❡☛❡ts ❛✈❡❝ ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ❝❛✉s✓❡ ♣❛r ❧❡s ✐♥st❛❜✐❧✐t✓❡s ❞✉ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡✳

t❛✉① ❞❡ ❝♦✉♣❧❛❣❡

▲❡ ❝❤❛♠♣ ❞❡ ❜✐❛✐s ✓❡t❛♥t ❞❛♥s ❝❡tt❡ ♣r❡♠✐✒❡r❡ ✓❡t✉❞❡✸ ❞❡ ❇✵ ❂✺✳✹♠❚✱ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✉ ❝♦✉♣❧❡✉r

❘❋ s❡r❛ ❞♦♥❝ ❝❡♥tr✓❡❡ ❛✉t♦✉r ❞❡ ✸✾ ▼❍③✱ ❞❡ t❡❧❧❡ ♠❛♥✐✒❡r❡ q✉❡ ❧❛ ❤❛✉t❡✉r q✉✐ ❝♦rr❡s♣♦♥❞

❛✉ ❝♦✉♣❧❛❣❡ ♠❛①✐♠❛❧ s♦✐t s✐t✉✓❡❡ ✒❛ ❧✬✐♥t✓❡r✐❡✉r ❞✉ ❝♦♥❞❡♥s❛t✳ ❈♦♥♥❛✐ss❛♥t ❧❛ t❛✐❧❧❡ ✈❡rt✐❝❛❧❡

❞✉ ❝♦♥❞❡♥s❛t✱ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡ ✐♠♣❧✐q✉❡ q✉❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✉ ❝♦✉♣❧❡✉r ❘❋ s♦✐t

❞✓❡t❡r♠✐♥✓❡❡ ✒❛ ♠✐❡✉① q✉❡ ✁❂✖ ✘ ✶✵ ❦❍③✱ ❡t q✉❡ ❧❡s ✌✉❝t✉❛t✐♦♥s r❡❧❛t✐✈❡s ❡♥tr❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✉

❝♦✉♣❧❡✉r ❡t ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ tr❛♥s✐t✐♦♥ ✖❇✵ s♦✐❡♥t ✐♥❢✓❡r✐❡✉r❡s ✒❛ ❝❡tt❡ ✈❛❧❡✉r✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❞❡

st❛❜✐❧✐t✓❡ ✐♠♣❧✐q✉❡ ❞❛♥s ♥♦tr❡ ❝❛s ❡①♣✓❡r✐♠❡♥t❛❧ ✉♥❡ ❝♦♥tr❛✐♥t❡ ❢♦rt❡ ✿ ❧❛ st❛❜✐❧✐s❛t✐♦♥ r❡❧❛t✐✈❡ ❞✉

❜✐❛✐s ✒❛ ♠✐❡✉① q✉❡ ✘ ✶✵�✹✳ ❖♥ ♣❡✉t ❡st✐♠❡r ♣r✓❡❝✐s✓❡♠❡♥t ❧❡s ✌✉❝t✉❛t✐♦♥s ❞✉ ❜✐❛✐s ❡♥ ♦❜s❡r✈❛♥t

❧✬❡✍❝❛❝✐t✓❡ ❞✉ ❝♦✉♣❧❛❣❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ s❛ ❢r✓❡q✉❡♥❝❡✳ P♦✉r ❝❡❧❛✱ ♦♥ ♠❡s✉r❡ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s

r❡st❛♥t ♣✐✓❡❣✓❡s ❞❛♥s ❧✬✓❡t❛t ❥✶❀�✶✐ ❛♣r✒❡s ❛✈♦✐r ❛♣♣❧✐q✉✓❡ ❧❡ ❝♦✉♣❧❡✉r ❘❋ ♣❡♥❞❛♥t ✶✵ ♠s ✭❋✐❣✳

✹✳✻ ❜✮✳ ❯♥❡ ❡st✐♠❛t✐♦♥ q✉❛❧✐t❛t✐✈❡ ❞❡ ❧❛ st❛❜✐❧✐t✓❡ ✒❛ ❝♦✉rt t❡r♠❡ ✭s✉r q✉❡❧q✉❡s ♠✐❧❧✐s❡❝♦♥❞❡s✮

❡st ❛✉ss✐ r✓❡❛❧✐s✓❡❡ ❡♥ ♦❜s❡r✈❛♥t ❧❛ q✉❛❧✐t✓❡ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ❞❡ s♦rt✐❡ ✭❋✐❣✳ ✹✳✼ ❡t ❋✐❣✳ ✹✳✽ ❛✮✳

▲❡s ♠❡✐❧❧❡✉rs r✓❡s✉❧t❛ts ❡♥ t❡r♠❡ ❞❡ st❛❜✐❧✐t✓❡ ❞✉ ❜✐❛✐s ♠❛❣♥✓❡t✐q✉❡ ♦♥t ✓❡t✓❡ ♦❜t❡♥✉s ❡♥ ✉t✐❧✐s❛♥t

✉♥❡ ❛❧✐♠❡♥t❛t✐♦♥ ✉❧tr❛✲st❛❜❧❡ ♦✉ ✉♥❡ ❜❛tt❡r✐❡ ❞❡ ✈♦✐t✉r❡ ✭s❡✉❧❡♠❡♥t ✶✳✸ ❆ s♦♥t ♥✓❡❝❡ss❛✐r❡s

♣♦✉r ❛ss✉r❡r ❧❡ ♣✐✓❡❣❡❛❣❡ ❞❡s ❛t♦♠❡s ❣r❫❛❝❡ ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♥♦②❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s ❞❛♥s

❧✬✓❡❧❡❝tr♦❛✐♠❛♥t✮✳

P♦✉r ♦❜s❡r✈❡r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐s✓❡ ❞❡✉① ❞✐s♣♦s✐t✐❢s ❞✬✐♠❛✲

❣❡r✐❡ ❞✐☛✓❡r❡♥ts✳ ▲❡ ♣r❡♠✐❡r ✭❁ ✐♠❛❣❡r✐❡ ❤♦r✐③♦♥t❛❧❡ ❃✮ ♣❡r♠❡t ❞✬♦❜s❡r✈❡r ❧❡ ❝♦♥❞❡♥s❛t ❛✈❡❝

✸▲❛ ☞♥ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ tr❛✐t❡r❛ ❞❡ r✓❡s✉❧t❛ts ♦❜t❡♥✉s s✉r ✉♥ ♥♦✉✈❡❛✉ ❞✐s♣♦s✐t✐❢ ✒❛ ❜✐❛✐s ♣❧✉s ❢❛✐❜❧❡✳



✹✳✷ ▲❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉ ✶✺✾

y

x

g

kobs

θ g

m  = -1
F

m  = 0
F

❋✐❣✳ ✹✳✼ ✿ ■♠❛❣❡r✐❡ ✈❡rt✐❝❛❧❡ ❞✬✉♥ ❧❛s❡r ✒❛
❛t♦♠❡s✳ ❆ ❣❛✉❝❤❡✱ ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❦♦❜s

❞❡ ❧❛ s♦♥❞❡ ❞❡ ❧✬✐♠❛❣❡r✐❡ ❢❛✐t ✉♥ ❛♥❣❧❡ ✒
❛✈❡❝ ❧✬❛①❡ ❧♦♥❣ ① ❞✉ ❝♦♥❞❡♥s❛t✳ ▲❛ ❝♦♦r✲
❞♦♥♥✓❡❡ ❤♦r✐③♦♥t❛❧❡ ❞❛♥s ❧❡ ♣❧❛♥ ✐♠❛❣❡ ❡st
r✳ ❈♦♠♠❡ ❧✬✐♠❛❣❡ r❡✌✒❡t❡ ✉♥❡ ✐♥t✓❡❣r❛t✐♦♥
❧❡ ❧♦♥❣ ❞❡ ❝❡t ❛①❡✱ ❞✬✓❡✈❡♥t✉❡❧❧❡s str✉❝t✉r❡s
❞❛♥s ❧❡ ♠♦❞❡ ❞✉ ❧❛s❡r ✭s✉✐✈❛♥t ❧✬✉♥ ♦✉
❧✬❛✉tr❡ ❛①❡✮ s♦♥t ♠❛sq✉✓❡❡s ♣❛r ❧✬❡☛❡t ❞✬✐♥✲
t✓❡❣r❛t✐♦♥✳ ▲❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❞❡ ❧❛ s♦♥❞❡
❞✬✐♠❛❣❡r✐❡ ❤♦r✐③♦♥t❛❧❡ s❡ ♣r♦♣❛❣❡ ♣❡r♣❡♥✲
❞✐❝✉❧❛✐r❡♠❡♥t ✒❛ ❝❡tt❡ ☞❣✉r❡✳ ❆ ❞r♦✐t❡✱ ✉♥❡
✐♠❛❣❡ t②♣✐q✉❡ ❞❡ ❧❛s❡r ✒❛ ❛t♦♠❡s✳ ❆ ❧❛ ❝♦✉✲
♣✉r❡✱ ❧❡ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ❞✉ ❝♦♥❞❡♥s❛t s❡
tr♦✉✈❡ ✒❛ ❧✬❡①tr✓❡♠✐t✓❡ ❞✉ ❧❛s❡r✳ P❡♥❞❛♥t ❧❡
t❡♠♣s ❞❡ ✈♦❧✱ ✉♥ ❣r❛❞✐❡♥t ❞❡ ❝❤❛♠♣ ♠❛✲
❣♥✓❡t✐q✉❡ ♣❛r❛s✐t❡ ✒❛ ❧❛ ❝♦✉♣✉r❡ ❞✉ ♣✐✒❡❣❡
❞♦♥♥❡ ✉♥❡ ✈✐t❡ss❡ ❞✬❡♥s❡♠❜❧❡ ❛✉ ❝♦♥❞❡♥✲
s❛t q✉✐ ❡st ❞❛♥s ❧❡ s♦✉s✲♥✐✈❡❛✉ ❥ ❋ ❂
✶❀♠ ❂ �✶✐ s❛♥s ♣❡rt✉r❜❡r ❧❡ ❧❛s❡r✱ ✐♥s❡♥✲
s✐❜❧❡ ✒❛ ❧✬❡☛❡t ❩❡❡♠❛♥ ❛✉ ♣r❡♠✐❡r ♦r❞r❡✳
■❧ ❛❣✐t ❞♦♥❝ ❝♦♠♠❡ ✉♥ ☞❧tr❡ ❞❡ ❙t❡r♥✲
●❡r❧❛❝❤ ♣♦✉r s✓❡♣❛r❡r s♣❛t✐❛❧❡♠❡♥t ❧❡s ❞✐❢✲
❢✓❡r❡♥ts s♦✉s✲♥✐✈❡❛✉① ❩❡❡♠❛♥ ❬✸✷❪✳

✉♥❡ ♦✉✈❡rt✉r❡ ♥✉♠✓❡r✐q✉❡✱ ❡t ❞♦♥❝ ✉♥❡ r✓❡s♦❧✉t✐♦♥ ✐♠♣♦rt❛♥t❡✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ❞❡s r❛✐s♦♥s

❞✬❡♥❝♦♠❜r❡♠❡♥t ❞❡ ❧✬❡①♣✓❡r✐❡♥❝❡✱ ❧❛ s♦♥❞❡ s❡ ♣r♦♣❛❣❡ ♣r❡sq✉❡ ♣❛r❛❧❧✒❡❧❡♠❡♥t ✒❛ ❧❛ ❣r❛✈✐t✓❡✱ ❡t

❝❡ s②st✒❡♠❡ ❡st ❞♦♥❝ ♣❡✉ ❛❞❛♣t✓❡ ✒❛ ❧✬✓❡t✉❞❡ ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s✳ ■❧ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ✉t✐❧✐s✓❡

♣♦✉r ❧✬✓❡t✉❞❡ ❞✉ ❝♦✉♣❧❛❣❡✳ ❯♥❡ ❛✉tr❡ ❣✓❡♦♠✓❡tr✐❡ ✭❁ ✐♠❛❣❡r✐❡ ✈❡rt✐❝❛❧❡ ❃✮ ♣❡r♠❡t ❞❡ ✈✐s✉❛❧✐s❡r

❧❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❧✉✐✲♠❫❡♠❡ ✭✈♦✐r ❋✐❣✉r❡ ✹✳✼✮ ✿ ❧❛ s♦♥❞❡ s❡ ♣r♦♣❛❣❡ ❞❛♥s ✉♥ ♣❧❛♥ ❤♦r✐③♦♥t❛❧✱ ❝❡

q✉✐ ❞♦♥♥❡ ❛❝❝✒❡s ✒❛ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ❧❛s❡r s♦✉s ❧✬❡☛❡t ❞❡ ❧❛ ❣r❛✈✐t✓❡✳ P❛r ❝♦♥tr❡✱ ❧❡ ❧❛s❡r ✓❡t❛♥t

♥♦t❛❜❧❡♠❡♥t ♣❧✉s ❧♦♥❣ q✉❡ ❧❡ ❝♦♥❞❡♥s❛t✱ ❝❡t ❛♥❣❧❡ ❞❡ ✈✉❡ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ ❢❛✐r❡ ❞❡s ❛♥❛❧②s❡s

☞❛❜❧❡s s✉r ❧❡ ❝♦♥❞❡♥s❛t ❧✉✐✲♠❫❡♠❡✱ q✉✐ ♥❡ ❝♦✉✈r❡ q✉❡ q✉❡❧q✉❡s ♣✐①❡❧s ❝❛rr✓❡s ❞❡ ❧❛ ❝❛♠✓❡r❛✳

Pr♦♣r✐✓❡t✓❡s ❞❡ ❝♦❧❧✐♠❛t✐♦♥ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r

◆♦✉s ♣♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ♥♦✉s ✐♥t✓❡r❡ss❡r ♣❧✉s ❡♥ ❞✓❡t❛✐❧ ❛✉ ♠♦❞❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s✳ P♦✉r

❝❡❧❛✱ ♦♥ ♣❡✉t ❞✐r❡❝t❡♠❡♥t ❛♥❛❧②s❡r ❧❡s ✐♠❛❣❡s ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ✭♣❛r ❡①❡♠♣❧❡ ❋✐❣✳ ✹✳✽ ❛✮

❡t ❡♥ ❡①tr❛✐r❡ ❧✬❛❧❧✉r❡ ❞✉ ♠♦❞❡✱ ❧✬✐♥t❡♥s✐t✓❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✭❧❡ ✌✉① ❞✬❛t♦♠❡s ❡①tr❛✐t ♣❛r ❧❡

❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✮✱ ❛✐♥s✐ q✉❡ ❧❛ q✉❛❧✐t✓❡ ❞❡ ❝♦❧❧✐♠❛t✐♦♥ ✭❞✐✈❡r❣❡♥❝❡✮ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r✳

✒❆ ♣❛rt✐r ❞❡ ❧✬✐♠❛❣❡ ❡♥ ❛❜s♦r♣t✐♦♥ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ✭❋✐❣✳ ✹✳✽ ❛✮✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ❧❡s ♣r♦☞❧s

❞❡ ❝❡❧✉✐✲❝✐ ❛✉ ❝♦✉rs ❞❡ s❛ ♣r♦♣❛❣❛t✐♦♥✱ ✒❛ ❞✐☛✓❡r❡♥t❡s ❤❛✉t❡✉rs ❞❡ ❝❤✉t❡ ③♥ ✭☞❣✉r❡s ✹✳✽ ❜ ✒❛

✹✳✽ ❞✮✳ ❈❤❛q✉❡ ♣r♦☞❧ ❛ ❧✬❛❧❧✉r❡ ❞✬✉♥❡ ♣❛r❛❜♦❧❡ ✐♥✈❡rs✓❡❡ ❬✷✷✱ ✸✸✱ ✸✹❪ ✭ ❧❛ ❞❡♥s✐t✓❡ ❝♦❧♦♥♥❡ ❡st



✶✻✵ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

❋✐❣✳ ✹✳✽ ✿ P♦✉r ✓❡t✉❞✐❡r ❧❡ ❧❛s❡r ✒❛ ❛t♦♠❡s✱
♦♥ ♦❜s❡r✈❡ s✉r ✉♥❡ ❝❛♠✓❡r❛ ❈❈❉ ❧✬✐♠❛❣❡
❞❡ ❧✬❛❜s♦r♣t✐♦♥ ♣❛r ❧❡s ❛t♦♠❡s ❞✬✉♥❡ s♦♥❞❡
✒❛ r✓❡s♦♥❛♥❝❡ ✭❧❛ s♦♥❞❡ ❡st ❛♣♣❧✐q✉✓❡❡ ✻ ♠s
❛♣r✒❡s ❧❛ ❝♦✉♣✉r❡ ❞✉ ❝♦✉♣❧❡✉r ❘❋ ❡t ❞✉
♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡✮✳ ❈♦♠♠❡ ✐♥❞✐q✉✓❡ ❡♥ ❞✓❡✲
t❛✐❧ ✭❋✐❣✳✹✳✼✮✱ ❧✬❛♥❣❧❡ ❞❡ ♣r✐s❡ ❞❡ ✈✉❡ ❡st
❞❡ ✣ ❂ ✺✺✍ ♣❛r r❛♣♣♦rt ✒❛ ❧✬❛①❡ ❧♦♥❣ ①

❞✉ ❝♦♥❞❡♥s❛t✳ ▲❛ ☞❣✉r❡ ✭❛✮ r❡♣r✓❡s❡♥t❡ ✉♥
❧❛s❡r ♦❜t❡♥✉ ❛♣r✒❡s ✶✵♠s ❞❡ ❝♦✉♣❧❛❣❡ ✒❛
✸✽✳✺✺✼▼❍③✳ ✭❜✮✲✭❞✮ ❊①❡♠♣❧❡s ❞❡ ♣r♦☞❧s
✐♥t✓❡❣r✓❡s tr❛♥s✈❡rs❡s ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r✳ ▲❛
♣♦s✐t✐♦♥ r❡❧❛t✐✈❡ ✒❛ ❝❤❛q✉❡ ♣r♦☞❧ ❡st ✐♥❞✐✲
q✉✓❡❡ s✉r ❧❛ ☞❣✉r❡ ✭❛✮✳ ✭❡✮ ▲❛ ❞✐✈❡r❣❡♥❝❡
❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ❡st ❝❛❧❝✉❧✓❡❡ ✒❛ ♣❛rt✐r ❞✬✉♥
❛❥✉st❡♠❡♥t ❧✐♥✓❡❛✐r❡ ❞❡ ❧❛ t❛✐❧❧❡ ❢❘♥❣ ❞❡s
♣r♦☞❧s ✓❡t✉❞✐✓❡s✳

❛❧♦rs ❛❥✉st✓❡❡ ♣❛r ✚♥✭✶ � r✷❂❘✷
♥✮

✸❂✷ ♦✒✉ ✚♥ ❡st ❧❛ ❞❡♥s✐t✓❡ ♣✐❝ ❡t ❘♥ ❧❛ t❛✐❧❧❡ ❞✉ ❝♦❧ ❞✉ ❢❛✐s❝❡❛✉

✒❛ ❧❛ ♣♦s✐t✐♦♥ ③♥✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❞✓❡t❡r♠✐♥❡r ❧❡ ✌✉① ❋ ✒❛ ♣❛rt✐r ❞❡ ❧❛ ❞✓❡☞♥✐t✐♦♥ ❞✉ ♠♦❞❡ ❞✉

❧❛s❡r ✭❊q✳✹✳✸✮✳ P♦✉r ✈✓❡r✐☞❡r ❧❛ q✉❛❧✐t✓❡ ❞❡ ❧❛ ❝♦❧❧✐♠❛t✐♦♥✱ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❢❛✐s❝❡❛✉ ♣❡✉t ❫❡tr❡

♠❡s✉r✓❡❡ ✒❛ ♣❛rt✐r ❞❡s ❞♦♥♥✓❡❡s ❞❡ ❘♥ ❡t ③♥ ✭❋✐❣✳ ✹✳✽❡✮✳

■❧ ② ❛ ♣❧✉s✐❡✉rs ❡☛❡ts q✉✐ ✈♦♥t ✐♥✌✉❡r s✉r ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✿ ❧❛

❞✐☛r❛❝t✐♦♥✱ ❧✬❡☛❡t ❞❡ ❧❡♥t✐❧❧❡ ♠❛❣♥✓❡t✐q✉❡ ❞❫✉ ❛✉① ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s r✓❡♠❛♥❡♥ts ❡t ❡♥☞♥

❧✬❡☛❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❛✉ s❡✐♥ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ❡t ❡♥tr❡ ❧❡ ❢❛✐s❝❡❛✉ ❧❛s❡r ❡t ❧❡ ❝♦♥❞❡♥s❛t✳

P♦✉r ❛♥❛❧②s❡r ♣❧✉s ♣r✓❡❝✐s✓❡♠❡♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❤❛❝✉♥ ❞❡ ❝❡s ❡☛❡ts✱ ♥♦✉s ❛✈♦♥s s✉✐✈✐

✉♥❡ ❛♣♣r♦❝❤❡ s✐♠✐❧❛✐r❡ ✒❛ ❧✬♦♣t✐q✉❡ ❣❛✉ss✐❡♥♥❡ tr❛❞✐t✐♦♥♥❡❧❧❡ ❬✸✺❪✳ P♦✉r ❝❡❧❛✱ ♦♥ ✉t✐❧✐s❡ ✉♥

❢♦r♠❛❧✐s♠❡ s✐♠✐❧❛✐r❡ ✒❛ ❝❡❧✉✐ ✉t✐❧✐s✓❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ♠♦❞❡ ❞✉ ❧❛s❡r ❡♥ s✉♣♣♦s❛♥t ❡♥ ♣❧✉s q✉❡

❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r❛①✐❛❧❡ ✭❞✓❡❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞❡❣r✓❡s ❞❡ ❧✐❜❡rt✓❡ tr❛♥s✈❡rs❡s ❡t ❧♦♥❣✐t✉❞✐♥❛✉①

❬✸✻❪✮ ✓❡t❛✐t ✈❛❧✐❞❡✳ ❊♥ s✉♣♣♦s❛♥t ❞❡ ♣❧✉s q✉✬✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣r♦☞❧ ❞❡ ❚❤♦♠❛s✲

❋❡r♠✐ ❡st ✉♥ ♣r♦☞❧ ❣❛✉ss✐❡♥✱ ♦♥ ♣❡✉t ❛❧♦rs ❞✓❡❝r✐r❡ ❧❡s ❞✐str✐❜✉t✐♦♥s s♣❛t✐❛❧❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s

① ❡t ② ♣❛r ✠✭①❀ ②❀ t✮ ❂ ✠✵ ❡①♣ ❬�✐P ✭t✮ ✰ ✐①✷❂✷q①✭t✮ ✰ ✐②✷❂✷q②✭t✮❪✱ ❛✈❡❝ P ✭t✮ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛

♣❤❛s❡ ❣❧♦❜❛❧❡ ❞✉ ❢❛✐s❝❡❛✉ ❡t ♦✒✉ ❧❡s r❛②♦♥s ❣❛✉ss✐❡♥s ✶❂q①❀②✭t✮ ❂ ✐❂✇✷
①❀②✭t✮ ✰ ❝①❀②✭t✮ ❞✓❡❝r✐✈❡♥t

❧❡s t❛✐❧❧❡s ✇①✱ ✇② ❡t ❧❡s r❛②♦♥s ❞❡ ❝♦✉r❜✉r❡s ❝①✱❝② ❞✉ ❢❛✐s❝❡❛✉ ✭❧❛ ❧❛r❣❡✉r ♠❡s✉r✓❡❡ ✇✭t✮ ❂

✭✇✷
①✭t✮ ❝♦s

✷ ✭✣✮ ✰ ✇✷
② s✐♥

✷ ✭✣✮✮✶❂✷✱ ❝♦rr❡s♣♦♥❞ ✒❛ ❧✬✐♥t✓❡❣r❛t✐♦♥ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥

✣ ❝♦♠♠❡ ✐♥❞✐q✉✓❡ ❋✐❣✳ ✹✳✼✮✳ ▲❡s t❛✐❧❧❡s ✐♥✐t✐❛❧❡s ✇✷
①✭✵✮ ❂ ✷❂✺✭❘✷

③�③✷✵✮ ❡t ✇②✭✵✮ ❂ ✇①✭✵✮❂✕ r✓❡s✉❧t❡♥t

❞❛♥s ❞❡s t❛✐❧❧❡s r♠s ✐❞❡♥t✐q✉❡s ♣♦✉r ❧❛ ❣❛✉ss✐❡♥♥❡ ❡t ♣♦✉r ❧❡s ♣r♦☞❧s ❚❤♦♠❛s✲❋❡r♠✐✳

❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣❛✉ss✐❡♥♥❡ ♥♦✉s ♣❡r♠❡t ❞❡ ❢❛✐r❡ ✓❡✈♦❧✉❡r q① ❡t q② ❣r❫❛❝❡ ✒❛ ❞❡s ♠❛tr✐❝❡s

❆❇❈❉ ❬✸✺✱ ✸✶❪ ✿ q✵ ❂ ✭❆q✰❇✮❂✭❈q✰❉✮✱ ❛✈❡❝ ❆✱ ❇✱ ❈✱ ❛♥❞ ❉ ❝❛❧❝✉❧✓❡s ♣♦✉r tr❛♥s❢♦r♠❡r ❧❡s

♣♦s✐t✐♦♥s ❝❧❛ss✐q✉❡s ❤①❀ ♣❂⑦✐ ❡♥ ❤①✵❀ ♣✵❂⑦✐✳
❚r♦✐s ❡☛❡ts ✈♦♥t ❛❧♦rs ❡♥tr❡r ❡♥ ❥❡✉ ♣♦✉r ❝❛❧❝✉❧❡r ❧✬❡①♣r❡ss✐♦♥ ☞♥❛❧❡ ❞❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞✉ ♠♦❞❡



✹✳✷ ▲❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❝♦♥t✐♥✉ ✶✻✶

❋✐❣✳ ✹✳✾ ✿ ❉❡♠✐✲❛♥❣❧❡ ❞❡ ❞✐✈❡r❣❡♥❝❡ ❞✉
❧❛s❡r ✒❛ ❛t♦♠❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡
❞✉ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✳ ▲❡s ♣♦✐♥ts ❡①♣✓❡✲
r✐♠❡♥t❛✉① s♦♥t ❝♦♠♣❛r✓❡s ❛✈❡❝ ❧❡ ♠♦❞✒❡❧❡
t❤✓❡♦r✐q✉❡ ✉t✐❧✐s❛♥t ❧❡s ♠❛tr✐❝❡s ❆❇❈❉
✭tr❛✐ts ♣❧❡✐♥s✮✳ ▲❛ ❝♦✉r❜❡ ❡♥ ♣♦✐♥t✐❧❧✓❡ r❡✲
♣r✓❡s❡♥t❡ ❧❡ ♠❫❡♠❡ ❝❛❧❝✉❧ s❛♥s t❡♥✐r ❝♦♠♣t❡
❞❡ ❧✬❡☛❡t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡ ❝♦♥❞❡♥✲
s❛t✳ ■♥s❡rt ✿ ❋❧✉① ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✉ ❝♦✉♣❧❡✉r ❞❡
s♦rt✐❡

❞✉ ❧❛s❡r✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❡ ❢❛✐s❝❡❛✉ tr❛✈❡rs❡ ❧❡ ❝♦♥❞❡♥s❛t ❞✉q✉❡❧ ✐❧ ❡st ✓❡♠✐s✳ ▲✬✐♥t❡r✲

❛❝t✐♦♥ ❡♥tr❡ ❧❡s ❛t♦♠❡s ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ❡t ❝❡✉① ❞✉ ❝♦♥❞❡♥s❛t ✐♥❞✉✐t ✉♥❡ ✈❛r✐❛t✐♦♥ ❞✬✓❡♥❡r❣✐❡

❧♦❝❛❧❡ ❯✵✶ ❥ ✥�✶ ❥✷ ❛✈❡❝ ❯✵✶ ❂ ✹✙⑦✷❛✵✶❂♠ ❧❡ ❝♦✉♣❛❣❡ ❝♦❧❧✐s✐♦♥♥❡❧ ❡♥tr❡ ❥✶❀ ✵✐ ❡t ❥✶❀�✶✐✳ ◆♦✉s
❛✈✐♦♥s ♣r✓❡❛❧❛❜❧❡♠❡♥t ♥✓❡❣❧✐❣✓❡ ❝❡t ❡☛❡t ❞❛♥s ❧✬❛♥❛❧②s❡ t❤✓❡♦r✐q✉❡ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ s♦rt✐❡ ✭❡q✳

✹✳✷✮✳ ▲❛ ♠❛tr✐❝❡ ❆❇❈❉ ❝♦rr❡s♣♦♥❞ ❛❧♦rs ✒❛ ✉♥❡ ❧❡♥t✐❧❧❡ ♠✐♥❝❡ ❞✐✈❡r❣❡♥t❡

▼✶①✭③❊③✮ ❂

✥
✶ ✵

✷✖
⑦③✷✵

♣
✷✭③✵ ✰ ③❊③✮ ✶

✦
✭✹✳✻✮

♣♦✉r ❧❛ ❞✐r❡❝t✐♦♥ ①✱ ❛✈❡❝ ✉♥❡ ♠❛tr✐❝❡ s✐♠✐❧❛✐r❡ ▼✶② ♣♦✉r ❧❛ ❞✐r❡❝t✐♦♥ ②✳ ❖♥ ❝♦♥st❛t❡ q✉❡ ❝❡t

❡☛❡t ❞❡ ❧❡♥t✐❧❧❡ ❞✐✈❡r❣❡♥t❡ ♥❡ ❞✓❡♣❡♥❞ q✉❡ ❞❡ ③❊③ ✱ ❧❛ ❤❛✉t❡✉r ✒❛ ❧❛q✉❡❧❧❡ ❧❡ ❧❛s❡r ✒❛ ❛t♦♠❡s ❡st

❝♦✉♣❧✓❡ ❛✈❡❝ ❧❡ ❝♦♥❞❡♥s❛t✳

❆ s❛ s♦rt✐❡ ❞✉ ❝♦♥❞❡♥s❛t✱ ❧❡ ❧❛s❡r ✓❡✈♦❧✉❡ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♠❛❣♥✓❡t✐q✉❡ r✓❡s✐❞✉❡❧ q✉✐ ✈❛r✐❡

q✉❛❞r❛t✐q✉❡♠❡♥t ❯◗❩❊✭r✮ ✙ �✖❇❇
✷
✵❂❇❍❋ � ✶❂✷♠✡✷✭①✷ ✰ ③✷✮✱ ❛✈❡❝ ✡ ❂ ✷✙ ✂ ✸✵✿✸✝ ✵✿✶❍③✳ ▲❛

♠❛tr✐❝❡ ❆❇❈❉ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❝❡t ❛♥t✐✲❣✉✐❞❛❣❡ ❡st ❜✐❡♥ ❝♦♥♥✉❡ ✭❧❡♥t✐❧❧❡ ❞✐✈❡r❣❡♥t❡ ✓❡♣❛✐ss❡

✒❛ ❣r❛❞✐❡♥t ❞✬✐♥❞✐❝❡ ♣❛r❛❜♦❧✐q✉❡✮ ❡t ✈❛✉t

▼✷✭t✷✮ ❂

✥
❝♦s❤✭✡t✷✮

⑦

♠✡
s✐♥❤✭✡t✷✮

♠✡
⑦
s✐♥❤✭✡t✷✮ ❝♦s❤✭✡t✷✮

✦
❀ ✭✹✳✼✮

❛✈❡❝ ✵ ❁ t✷ ❁ t♦❝ ❧❡ t❡♠♣s ❞✬✓❡✈♦❧✉t✐♦♥ ❞❛♥s ❝❡tt❡ ❧❡♥t✐❧❧❡ ✓❡♣❛✐ss❡✳ ❈❡tt❡ ❧❡♥t✐❧❧❡ ♥✬❡st ❡☛❡❝t✐✈❡

q✉❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ① ❡t ❧❡ r❛②♦♥ q② ✓❡✈♦❧✉❡ ❧✉✐ s✉✐✈❛♥t ❧❛ ♠❛tr✐❝❡ ❆❇❈❉

▼❋❋✭t✷✮ ❂

✥
✶ ⑦t✷❂♠

✵ ✶

✦
❀ ✭✹✳✽✮

q✉✐ r❡♣r✓❡s❡♥t❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❧✐❜r❡✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ ❧❛s❡r ✓❡✈♦❧✉❡ ❡♥s✉✐t❡ ❞❛♥s ❧✬❡s♣❛❝❡

❧✐❜r❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ✈♦❧ t❋ ❛♣r✒❡s ❝♦✉♣✉r❡ ❞✉ ♣✐✒❡❣❡✳ ❙♦♥ ✓❡✈♦❧✉t✐♦♥ ❡st ❛❧♦rs ❞✓❡❝r✐t❡ ♣❛r

❧❡s ♠❛tr✐❝❡s ❆❇❈❉ ▼❋❋✭t❋✮✳ ▲❛ ❢♦r♠❡ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r ✒❛ ✉♥ ✐♥st❛♥t q✉❡❧❝♦♥q✉❡ ❡st ❛❧♦rs



✶✻✷ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

❞✓❡❝r✐t❡ ♣❛r ❧✬✓❡✈♦❧✉t✐♦♥ ❞❡s r❛②♦♥s ❣❛✉ss✐❡♥s ✐♥✐t✐❛✉① q①✭✵✮ ❂ �✐✇①✭✵✮
✷ ❡t q②✭✵✮ ❂ �✐✇②✭✵✮

✷

♣❛r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❞✐☛✓❡r❡♥t❡s ♠❛tr✐❝❡s ❆❇❈❉ ✓❡❧✓❡♠❡♥t❛✐r❡s ✿ ▼❋❋✭t❋✮▼✷✭t✷✮▼✶①✭③❊③✮

❡t▼❋❋✭t✷ ✰ t❋✮▼✶②✭③❊③✮✳

✹✳✷✳✸ ❙tr✉❝t✉r❡ ❞✉ ♠♦❞❡ tr❛♥s✈❡rs❡ ❡♥ ♣r✓❡s❡♥❝❡ ❞✬✐♥t❡r❛❝t✐♦♥s

▲❛ ❞✐✈❡r❣❡♥❝❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ♥✬❡st ❡♥ ♣r✐♥❝✐♣❡ ♣❛s ❧❡ s❡✉❧ ❡☛❡t ♦❜s❡r✈❛❜❧❡ ❛♣r✒❡s ❧❛ tr❛✈❡rs✓❡❡

❞✉ ❝♦♥❞❡♥s❛t✳ ■❧ ❛ ❡♥ ❡☛❡t ✓❡t✓❡ ♣r✓❡❞✐t ❬✸✼❪ q✉❡ ❧✬❛❞❞✐t✐♦♥ ❝♦❤✓❡r❡♥t❡ ❞❡s ❞✐✈❡rs❡s ❢♦♥❝t✐♦♥s

❞✬♦♥❞❡s ❛ss♦❝✐✓❡❡s ❛✉① ❛t♦♠❡s ❡①tr❛✐ts ❞✉ ❝♦♥❞❡♥s❛t ❞❡✈❛✐❡♥t ❝♦♥❞✉✐r❡ ✒❛ ✉♥ ❝❡rt❛✐♥ ♣r♦☞❧

tr❛♥s✈❡rs❡ ❢❛✐s❛♥t ❡♥ ♣❛rt✐❝✉❧✐❡r ❛♣♣❛r❛❫✏tr❡ ❞❡s str✉❝t✉r❡s ❜r✐❧❧❛♥t❡s s✉r ❧❡s ❜♦r❞s ❞✉ ❢❛✐s❝❡❛✉✱

s❡♠❜❧❛❜❧❡s ✒❛ ❞❡s ❁ ❝❛✉st✐q✉❡s ❃✳ ✓❊t❛♥t ❞♦♥♥✓❡ q✉❡ ❝❡tt❡ str✉❝t✉r❡ tr❛♥s✈❡rs❡ ❡st ❞✉❡ ✒❛ ❧✬❡☛❡t ❞❡

❝❤❛♠♣ ♠♦②❡♥ ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t✱ ❡❧❧❡ ❞✓❡♣❡♥❞ ❢♦rt❡♠❡♥t ❞❡s ♣❛r❛♠✒❡tr❡s ❞✉ ♣✐✒❡❣❡ ✿ ❢r✓❡q✉❡♥❝❡

❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ❞❡♥s✐t✓❡ ❛t♦♠✐q✉❡✳ ❉❡ ❢❛✐t✱ ♣♦✉r ♦❜s❡r✈❡r ❝❡s str✉❝t✉r❡s✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞✬❛✈♦✐r

✉♥ ❢♦rt ❝♦♥☞♥❡♠❡♥t✱ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ❡t ❞✬❛✈♦✐r ❧❛ ❜♦♥♥❡ ❞✐r❡❝t✐♦♥ ❞✬♦❜s❡r✈❛t✐♦♥✱

❝✬❡st✲✒❛✲❞✐r❡ s✉✐✈❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❢❛✐❜❧❡ ❝♦♥☞♥❡♠❡♥t✳

❚♦✉t❡s ❝❡s ❝♦♥❞✐t✐♦♥s ♦♥t ✓❡t✓❡ r❛ss❡♠❜❧✓❡❡s ❞❛♥s ❧❡ ♥♦✉✈❡❛✉ ❞✐s♣♦s✐t✐❢ q✉❡ ❥✬❛✐ ❞✓❡♠❛rr✓❡ ❡♥ ✷✵✵✶✱

♣✉✐sq✉✬✐❧ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ❝♦♥❞❡♥s❛ts ♣✉rs ❞❡ ✶✵✻ ❛t♦♠❡s✱ ♣♦✉r ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❞✬♦s❝✐❧✲

❧❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ✸✸✵ ✂ ✸✸✵ ✂ ✽ ❍③✸✳ ▲❡ s②st✒❡♠❡ ❞✬✐♠❛❣❡r✐❡ ✓❡t❛♥t ❝❡tt❡ ❢♦✐s ❞✐r❡❝t❡♠❡♥t

✐♥st❛❧❧✓❡ s✉✐✈❛♥t ❧✬❛①❡ ❧❡ ♠♦✐♥s ❝♦♥☞♥❛♥t ❞❡ ❧✬✓❡❧❡❝tr♦❛✐♠❛♥t ✭✈♦✐r ☞❣✉r❡ ✹✳✶✵✮✱ ♦♥ ♦❜s❡r✈❡ ❁ ❞❡

❢❛❝t♦ ❃ ❧✬❡①tr❛❝t✐♦♥ ❞✉ ❧❛s❡r ❞❛♥s s❛ ❞✐r❡❝t✐♦♥ ❧❛ ♣❧✉s ❝♦♥☞♥✓❡❡✳ ❖♥ ♦❜s❡r✈❡ ❛❧♦rs ❝❧❛✐r❡♠❡♥t

❧✬❛♥❛❧♦❣✉❡ ❞❡s str✉❝t✉r❡s ♣r✓❡❞✐t❡s ❞❛♥s ❬✸✼❪ ✭❝❛✉st✐q✉❡✮✱ s❛♥s t♦✉t❡❢♦✐s✱ ♣♦✉r ❧✬✐♥st❛♥t✱ ♦❜s❡r✲

✈❡r ❧❡s s♦✉s✲str✉❝t✉r❡s ❞✉❡s ✒❛ ❧❛ ❞✐☛r❛❝t✐♦♥✱ s❛♥s ❞♦✉t❡ ✒❛ ❝❛✉s❡ ❞❡ ♣r♦❜❧✒❡♠❡s ❞❡ r✓❡s♦❧✉t✐♦♥

❡♥ ❝♦✉rs ❞❡ tr❛✐t❡♠❡♥t✳

❋✐❣✳ ✹✳✶✵ ✿ ■♠❛❣❡s ❡♥ ❛❜s♦r♣t✐♦♥ ❞❡ ❧❛s❡rs ✒❛ ❛t♦♠❡s ♣♦✉r ✉♥❡ ❡①tr❛❝t✐♦♥ ❤❛✉t❡ ✭r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ✒❛
✹✳✶✼✺ ▼❍③✮ ♦✉ ❜❛ss❡ ✭r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ✒❛ ✹✳✶✽✷ ▼❍③✮✳ ▲❛ ❞✉r✓❡❡ ❞✉ ❝♦✉♣❧❛❣❡ ❡st ❞❡ ✶✵ ♠s ❡t ❧❡ t❡♠♣s
❞❡ ✈♦❧ ❞❡ ✸ ♠s✳ ✒❆ ❝❫♦t✓❡ ❞❡s ✐♠❛❣❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s s♦♥t ♣r✓❡s❡♥t✓❡❡s ❞❡✉① ❣r❛♣❤✐q✉❡s ❡♥ ❞❡♥s✐t✓❡ ❞❡s
tr❛❥❡❝t♦✐r❡s s✉✐✈✐❡s ♣❛r ❧❡s ❛t♦♠❡s ❡①tr❛✐ts ❞✬✉♥ ❝♦♥❞❡♥s❛t ❡t s♦✉♠✐s ✒❛ ❧❛ ❣r❛✈✐t✓❡ ❛✐♥s✐ q✉✬❛✉ ❝❤❛♠♣
♠♦②❡♥ ❝r✓❡✓❡ ♣❛r ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t✳



✹✳✸ ▲❛s❡rs ✒❛ ♠✉❧t✐♠♦❞❡s ❝♦❤✓❡r❡♥ts ❡t ✐♥t❡r❢✓❡r❡♥❝❡s ❛t♦♠✐q✉❡s ✶✻✸

✹✳✸ ▲❛s❡rs ✒❛ ♠✉❧t✐♠♦❞❡s ❝♦❤✓❡r❡♥ts ❡t ✐♥t❡r❢✓❡r❡♥❝❡s ❛t♦✲

♠✐q✉❡s

❋✐❣✳ ✹✳✶✶ ✿ ▲❡s ❞✐☛✓❡r❡♥ts r✓❡❣✐♠❡s ❞❡ ❢♦♥❝✲
t✐♦♥♥❡♠❡♥t ❞✬✉♥ ❧❛s❡r ♣✉❧s✓❡✳ ✭❛✮ ❢❛✐❜❧❡ ❢r✓❡✲
q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ✭✗♠ ❂ ✷✸✵ ❍③✮✳
✭❜✮ ❧❛s❡r q✉❛s✐✲❝♦♥t✐♥✉ ❛✈❡❝ ✗♠ ❂ ✷✵✵✵
❍③✳ ✭❝✮ ■♠❛❣❡ ❛❣r❛♥❞✐❡ ❞✬✉♥ ❧❛s❡r q✉❛s✐
❝♦♥t✐♥✉ ❛✈❡❝ ✗♠ ❂ ✸✵✵✵ ❍③✳ ✭❞✮ ❆ ✗♠ ❂
✶✼✵✵✵ ❍③✱ ❡☛❡t ❞❡ ❧✬✐♥st❛❜✐❧✐t✓❡ ❞✉ ❝♦✉♣❧❛❣❡
s✉r ❧✬✐♥t❡♥s✐t✓❡ ❧❛s❡r

▲❡s ❧❛s❡rs ✒❛ ❝♦✉♣❧❛❣❡ ❞❡ ♠♦❞❡s ♦✒✉ ✒❛ ♠♦❞❡s ❜❧♦q✉✓❡s ♣❡r♠❡tt❡♥t ❡♥ ♣❤♦t♦♥✐q✉❡ ❞❡ ♣r♦❞✉✐r❡ ❞❡s

✐♠♣✉❧s✐♦♥ ❧❛s❡r ✉❧tr❛❝♦✉rt❡s ❡t ❞✬❛✉tr❡s ❢♦r♠❡s ✉t✐❧❡s ❞❡ s✐❣♥❛✉① ♣✓❡r✐♦❞✐q✉❡♠❡♥t ♠♦❞✉❧✓❡s✳

❉❛♥s ❝❡s ❧❛s❡rs✱ ♥✬✐♠♣♦rt❡ q✉❡❧ ❛rr❛♥❣❡♠❡♥t ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❜❛♥❞❡s ❧❛t✓❡r❛❧❡s ❡♥ ❢r✓❡q✉❡♥❝❡✱

♦✉ ❞❡ ♠♦❞❡s ❛①✐❛✉① ❞❛♥s ❧❡sq✉❡❧s ❧❡s ❜❛♥❞❡s ❧❛t✓❡r❛❧❡s s♦♥t ❡①❛❝t❡♠❡♥t ✓❡q✉✐❞✐st❛♥t❡s ❡♥

❢r✓❡q✉❡♥❝❡✱ ♣r♦❞✉✐t ✉♥❡ ❡♥✈❡❧♦♣♣❡ ❞✉ s✐❣♥❛❧ ❞❡ s♦rt✐❡ q✉✐ ❡st ♣✓❡r✐♦❞✐q✉❡ t❡♠♣♦r❡❧❧❡♠❡♥t✱ ❛✈❡❝

✉♥❡ ♣✓❡r✐♦❞❡ ❢♦♥❞❛♠❡♥t❛❧❡ ✓❡❣❛❧❡ ✒❛ ❧✬✐♥✈❡rs❡ ❞❡ ❧✬❡s♣❛❝❡♠❡♥t ❡♥tr❡ ❧❡s ❜❛♥❞❡s ❛❞❥❛❝❡♥t❡s✳ ❈❡

❁ ❝♦✉♣❧❛❣❡ ❞❡ ♠♦❞❡s ❃ ✱ ♦✒✉ t♦✉s ❧❡s ♠♦❞❡s s♦♥t ❝♦✉♣❧✓❡s ❛✈❡❝ ✉♥❡ ❛♠♣❧✐t✉❞❡ ❡t ✉♥❡ ♣❤❛s❡

☞①✓❡❡s ✭♠❛✐s ♣❛s ❢♦r❝✓❡♠❡♥t r✓❡❣✉❧✐❡rs✮✱ ♣❡✉t ❫❡tr❡ ❛♠✓❡❧✐♦r✓❡ q✉❛♥❞ ❧❡s ❜❛♥❞❡s ❧❛t✓❡r❛❧❡s ♦♥t ❡♥

♦✉tr❡ t♦✉t❡s ❧❛ ♠❫❡♠❡ ♣❤❛s❡✱ ♦✉ ♣r❡sq✉❡✱ ✐♥❞✓❡♣❡♥❞❛♠♠❡♥t ❞❡ ❧❡✉rs ❛♠♣❧✐t✉❞❡s✳ ❈❡tt❡ ❞❡r♥✐✒❡r❡

s✐t✉❛t✐♦♥ ♠✒❡♥❡ ❛✉① ✐♠♣✉❧s✐♦♥s ❝♦✉rt❡s ❞❡s ❧❛s❡rs ✒❛ ♠♦❞❡s ❜❧♦q✉✓❡s✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣r♦❞✉✐r❡

s✐♠✐❧❛✐r❡♠❡♥t ✉♥ ❧❛s❡r ✒❛ ❛t♦♠❡s ✒❛ ❝♦✉♣❧❛❣❡ ❞❡ ♠♦❞❡s ❡♥ ✉t✐❧✐s❛♥t ✉♥ ♣❡✐❣♥❡ ❞❡ ❝♦✉♣❧❡✉rs

r❛❞✐♦❢r✓❡q✉❡♥❝❡ ❛✉ ❧✐❡✉ ❞✬✉♥ s❡✉❧ ❝♦✉♣❧❡✉r r❛❞✐♦❢r✓❡q✉❡♥❝❡ ✭❋✐❣✳✹✳✶✶✮✳ ▲❡ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡s

♣❡✉t ♣❛r ❡①❡♠♣❧❡ ❫❡tr❡ ❝r✓❡✓❡ ♣❛r ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ❡♥ ❢r✓❡q✉❡♥❝❡ ♦✉ ❡♥ ❛♠♣❧✐t✉❞❡ ❞✉ ❝♦✉♣❧❡✉r

❞❡ s♦rt✐❡ r❢✱ ❛✉t♦✉r ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❧❛ ♣♦rt❡✉s❡ ✗r❢ ✳

✹✳✸✳✶ ❆♥❛❧②s❡ ❞✉ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ♠♦❞✉❧✓❡

❈♦♠♠❡ ♣♦✉r ❧❡s ❧❛s❡rs ♣❤♦t♦♥✐q✉❡s ✒❛ ♠♦❞❡s ❜❧♦q✉✓❡s ♣❛r ❆▼ ♦✉ ♣❛r ❋▼✱ ♦♥ ♣❡✉t ❝♦♠♣r❡♥❞r❡

❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✉ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ♠♦❞✉❧✓❡ ♣❛r ✉♥❡ ❛♥❛❧②s❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ t❡♠♣♦r❡❧✳

P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❧❡ ❧❛s❡r ❋▼ ❞❡ ❧❛ ☞❣✉r❡ ✹✳✶✶✱ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ❧❛ ♣♦rt❡✉s❡ ✗r❢ ❡st ♠♦❞✉❧✓❡❡

s✉r ✉♥❡ ❧❛r❣❡✉r ❞❡ ❜❛♥❞❡ ✍ ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ ✗♠ ❡t ❧❡ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ tr❛✈❡rs❡ ❧❡ ❝♦♥❞❡♥s❛t

❞❡✉① ❢♦✐s ♣❛r ❝②❝❧❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✳ ❖♥ ♣❡✉t ❛❧♦rs ❞✐st✐♥❣✉❡r tr♦✐s r✓❡❣✐♠❡s ❞❡ ♠♦❞✉❧❛t✐♦♥s

✒❛ ♣❛rt✐r ❞❡s ❞♦♥♥✓❡❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ✿ ❛✉① ❜❛ss❡s ❢r✓❡q✉❡♥❝❡s ❞❡ ♠♦❞✉❧❛t✐♦♥ ✭❝✳✲✒❛✲❞✳ ✗♠ ✔
✶✵✵✵ ❍③✮✱ ❧❡s ❛t♦♠❡s ❞✉ ❝♦♥❞❡♥s❛t s♦♥t ❝♦✉♣❧✓❡s ❝❤❛q✉❡ ❢♦✐s q✉❡ ❧❡ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡ ❡st ✒❛

r✓❡s♦♥❛♥❝❡ ✭❞❡✉① ❢♦✐s ❝❤❛q✉❡ ❝②❝❧❡✮✳ ▲❡s ❛t♦♠❡s ❡①tr❛✐ts ❢♦r♠❡♥t ❛❧♦rs ❞❡s ❝♦♣✐❡s ❞✐st✐♥❝t❡s

❞✉ ❝♦♥❞❡♥s❛t ✭☞❣✳ ✹✳✶✶❛✮ q✉✐ t♦♠❜❡♥t s♦✉s ❧✬❡☛❡t ❞❡ ❧❛ ❣r❛✈✐t✓❡✳ ❙✐ ♦♥ ❛✉❣♠❡♥t❡ ❧❛ ❢r✓❡q✉❡♥❝❡

❞❡ ♠♦❞✉❧❛t✐♦♥✱ ❝❡s r✓❡♣❧✐q✉❡s ☞♥✐r♦♥t ♣❛r s❡ r❡❝♦✉✈r✐r ♣♦✉r ❞♦♥♥❡r ❡♥ s♦rt✐❡ ✉♥ ❢❛✐s❝❡❛✉

q✉❛s✐✲❝♦♥t✐♥✉ ✭❋✐❣✳ ✹✳✶✶ ❜ ✫ ✹✳✶✶ ❝✮✳ ✒❆ ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❡♥❝♦r❡ ♣❧✉s ✓❡❧❡✈✓❡❡✱



✶✻✹ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

♥♦✉s ♣♦✉✈♦♥s ✈♦✐r r✓❡❛♣♣❛r❛❫✏tr❡ ✉♥❡ ♥♦♥✲✉♥✐❢♦r♠✐t✓❡ ❞✉ ❢❛✐s❝❡❛✉ ❧❛s❡r q✉✐ ♣❡✉t ❫❡tr❡ ❛ttr✐❜✉✓❡❡

✒❛ ❧✬✐♥t❡r❢✓❡r❡♥❝❡ ❡♥tr❡ ❧❡s ❞✐☛✓❡r❡♥ts ❛t♦♠❡s s✉❝❝❡ss✐✈❡♠❡♥t ❡①tr❛✐ts ❞✉ ❝♦♥❞❡♥s❛t ❡t ❞♦♥t ❧❛

♣❤❛s❡ ❡st ♠♦❞✉❧✓❡❡ ♣❛r ❧❡s ✌✉❝t✉❛t✐♦♥s ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ✭❋✐❣✳ ✹✳✶✶ ❞✮✳

2000 Hz400 Hz

800 Hz

1200 Hz

2000 Hz

0 2 mm

Interférences entre

deux pulses succéssifs

Pulses succéssifs

❋✐❣✳ ✹✳✶✷ ✿ ❈❛❧❝✉❧ ♥✉♠✓❡r✐q✉❡ ✶❉ ✭✒❛ ❣❛✉❝❤❡✮ ❡t ❞♦♥♥✓❡❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s ✭✒❛ ❞r♦✐t❡✮ ♣♦✉r ❞✐☛✓❡r❡♥ts
❡s♣❛❝❡♠❡♥ts ❡♥tr❡ ❧❡s ❞❡♥ts ❞✉ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡✳ P♦✉r ✉♥ ✓❡❝❛rt ❡♥tr❡ ❞❡✉① ❞❡♥ts ❝♦♥s✓❡❝✉t✐✈❡s
✐♥❢✓❡r✐❡✉r ✒❛ ✶ ❦❍③ ❡♥✈✐r♦♥✱ ❧❡s ✐♠♣✉❧s✐♦♥s s♦♥t ❜✐❡♥ s✓❡♣❛r✓❡s✳ ❆✉ ❞❡❧✒❛ ❞❡ ✶ ❦❍③ ❡♥✈✐r♦♥✱ ❧❡s ✐♠♣✉❧s✐♦♥s
❝♦♠♠❡♥❝❡♥t ✒❛ s❡ r❡❝♦✉✈r✐r ❧❡s ✉♥s ❧❡s ❛✉tr❡s ✭✈♦✐r ❝❛❧❝✉❧ ♣♦✉r ✶✷✵✵❍③✮✱ ❥✉sq✉✬✒❛ ❞❡✈❡♥✐r ✐♥❞✐s❝❡r✲
♥❛❜❧❡s ✭✈♦✐r ❝❛❧❝✉❧ ✷✵✵✵❍③✮✳ ▲❡s ✐♥t❡r❢✓❡r❡♥❝❡s ❡♥tr❡ ✐♠♣✉❧s✐♦♥s r✓❡s✉❧t❛♥t❡s ♥❡ s♦♥t ♣❛s r✓❡s♦❧✉❡s
❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t✳ ▲❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r ❧❡s ❝❛❧❝✉❧s ♥✉♠✓❡r✐q✉❡s ❝♦♠♠❡ ♣♦✉r ❧❡s ❡①♣✓❡r✐❡♥❝❡s s♦♥t ✿
✶✵♠s ❞❡ ❝♦✉♣❧❛❣❡✱ ♣✉✐s ❝♦✉♣✉r❡ ♣✐✒❡❣❡✱ ♣✉✐s ✻♠s ❞❡ t❡♠♣s ❞❡ ✈♦❧ ❧✐❜r❡ ❛✈❛♥t ✐♠❛❣❡r✐❡✳ ❘❛②♦♥ ❞✉
❝♦♥❞❡♥s❛t ❘③ ❂✸✳✾✖♠✱ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✖❂❤ ❂ ✶✹✵✵❍③✳

❖♥ ♣❡✉t ❛✉ss✐ ❡☛❡❝t✉❡r ✉♥❡ ❛♥❛❧②s❡ ♣❧✉s q✉❛♥t✐t❛t✐✈❡ ❡♥ t❡r♠❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡s ❡♥tr❡ ♣❧✉s✐❡✉rs

❧❛s❡rs ✒❛ ❛t♦♠❡s✳ ❉❛♥s ❝❡tt❡ ❛♥❛❧②s❡✱ ♦♥ r❡♠♣❧❛❝❡ ❧❡ ❝♦✉♣❧❡✉r ♠♦❞✉❧✓❡ ♣❛r ✉♥ ♣❡✐❣♥❡ ❞❡ ❢r✓❡✲

q✉❡♥❝❡✱ s♦✐t ✉♥❡ s✓❡r✐❡ ❞❡ ❝♦✉♣❧❡✉rs ❞❡ s♦rt✐❡ ✓❡q✉✐❞✐st❛♥ts✳ ❙✐ ❝❡ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡ ❡st tr✒❡s

❞❡♥s❡✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❛✉① ♣❡t✐t❡s ❢r✓❡q✉❡♥❝❡s ❞❡ ♠♦❞✉❧❛t✐♦♥ ✭✗♠ ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❛

❧❛r❣❡✉r s♣❡❝tr❛❧❡ ❞✉ ❝♦♥❞❡♥s❛t✮✱ ❜❡❛✉❝♦✉♣ ❞❡ ❧❛s❡rs s❡r♦♥t ❡①tr❛✐ts ❞❡ ❧❛ ❝❛✈✐t✓❡ ♠❛❣♥✓❡t✐q✉❡✳

❈❤❛q✉❡ ❧❛s❡r ❛✉r❛ ✉♥❡ ♣❤❛s❡ ❡t ✉♥❡ ❛♠♣❧✐t✉❞❡ q✉✐ r❡✌✒❡t❡♥t ❧❛ ♣❤❛s❡ ❡t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛

❞❡♥t ❝♦rr❡s♣♦♥❞❛♥t❡ ❞✉ ♣❡✐❣♥❡✱ ❞❡ s♦rt❡ q✉❡ ❧❡ ♠♦❞✒❡❧❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡ r✓❡s✉❧t❛♥t ♠♦♥tr❡ ❧❛

♠♦❞✉❧❛t✐♦♥ ❞❡ ❞❡♥s✐t✓❡ ✭❝✳✲✒❛✲❞✳ ✐♥t❡♥s✐t✓❡✮ ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ ❞✉ ❝♦✉♣❧❡✉r ❞❡ s♦rt✐❡✳

P♦✉r ❝♦♠♣r❡♥❞r❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞✬✐♥t❡♥s✐t✓❡✱ ♥♦✉s ♣♦✉✈♦♥s ❡①♣r✐♠❡r ❧❡ ♠♦❞❡ ❧❛s❡r ❞❛♥s ❧✬❛♣✲

♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ❧♦✐♥t❛✐♥✱ ❝✬❡st✲✒❛✲❞✐r❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❋r❛✉♥❤♦☛❡r ❞❡ ❧✬♦♣t✐q✉❡ tr❛❞✐✲

t✐♦♥♥❡❧❧❡✳ ▲❡ ♠♦❞❡ ❧❛s❡r r✓❡s✉❧t❡ ❛❧♦rs ❞❡ ❧❛ s♦♠♠❡ ❞❡ t♦✉t❡s ❧❡s ❛♠♣❧✐t✉❞❡s ❞❡s ❧❛s❡rs ♠♦♥♦✲

♠♦❞❡s✳ ❖♥ ♣❡✉t ❝❛❧❝✉❧❡r✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ t②♣❡ ❲❑❇✱ ❧❡ ♠♦❞❡ ❧♦♥❣✐t✉❞✐♥❛❧

❞✬✉♥ ❧❛s❡r ❛t♦♠✐q✉❡ ❞✬✓❡♥❡r❣✐❡ ❊ ♣♦✉r ❧❡s ♣❛r❛♠✒❡tr❡s ❡①♣✓❡r✐♠❡♥t❛✉① ❞❡ ♥♦s ❡①♣✓❡r✐❡♥❝❡s ✭❊q✳

✹✳✸✮✳ ❈❤❛q✉❡ ❛♠♣❧✐t✉❞❡ ❛✉r❛ ❧✬✓❡♥❡r❣✐❡✱ ❧✬❛♠♣❧✐t✉❞❡ ❡t ❧❛ ♣❤❛s❡ ❛♣♣r♦♣r✐✓❡❡s ❝♦rr❡s♣♦♥❞❛♥t

r❡s♣❡❝t✐✈❡♠❡♥t ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡✱ ✒❛ ❧✬❛♠♣❧✐t✉❞❡ ❡t ✒❛ ❧❛ ♣❤❛s❡ ❞❡ ❧❛ ❞❡♥t r❡❧❛t✐✈❡ ❞✉ ♣❡✐❣♥❡✳ ▲❛

❝♦♠❜✐♥❛✐s♦♥ ❞❡ ♣❧✉s✐❡✉rs ❞❡ ❝❡s ♠♦❞❡s ❞✬✓❡♥❡r❣✐❡s ❊ ❞✐☛✓❡r❡♥t❡s ❞♦♥♥❡ ❧✐❡✉ ✒❛ ✉♥ ♣❤✓❡♥♦♠✒❡♥❡



✹✳✸ ▲❛s❡rs ✒❛ ♠✉❧t✐♠♦❞❡s ❝♦❤✓❡r❡♥ts ❡t ✐♥t❡r❢✓❡r❡♥❝❡s ❛t♦♠✐q✉❡s ✶✻✺

❞✬✐♥t❡r❢✓❡r❡♥❝❡✳ ❆ss❡③ ❧♦✐♥ ❞❡ ❧❛ r✓❡❣✐♦♥ ❞❡ ❝♦✉♣❧❛❣❡✱ ♥♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❡①♣r✐♠❡r s✐♠♣❧❡♠❡♥t

❧✬✐♥t❡♥s✐t✓❡ ❧❛s❡r ✿

♥♦✉t✭③❀ t✮ ❂
♣

❧❂❥③�③❊③ ❥❥
❩ ✶

�✶
❢✭✦ � ✦❝✮❡

�✐✭✦�✦r❢ ✮✿✭t�
♣

✷❥③�③❊③ ❥❂❣✮✭❞✦ � ✦r❢✮❥✷✮✿ ✭✹✳✾✮

♦✒✉ ❢✭✦ � ✦❝✮ ❡st ❧❡ ♣r♦❞✉✐t ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡

❞❡♥s✐t✓❡ ❞✉ ❝♦♥❞❡♥s❛t✳ ◆♦✉s ✈♦②♦♥s q✉❡ ❧❡ ♠♦❞❡ ❞❡ s♦rt✐❡ r✓❡s✉❧t❛♥t ❡st ❧❛ tr❛♥s❢♦r♠✓❡❡ ❞❡

❋♦✉rr✐❡r ❞✉ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡s ♣♦♥❞✓❡r✓❡ ♣❛r ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ✭✐✳❡✳ ❡♥ ✓❡♥❡r❣✐❡✮ ❞✉

❝♦♥❞❡♥s❛t✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s ❞✐☛✓❡r❡♥t❡s ❝♦♥☞❣✉r❛t✐♦♥s ❞❡ ❧❛s❡rs ✒❛ ♠♦❞❡s

❜❧♦q✉✓❡s ♦❜s❡r✈✓❡❡s s✉r ❧❡s ☞❣✉r❡s ✹✳✶✶ ❡t ✹✳✶✷ ❝♦♠♠❡ ❧❡ ☞❧tr❛❣❡ ❞✉ ♣❡✐❣♥❡ ❞❡ r❛❞✐♦❢r✓❡q✉❡♥❝❡s

♣❛r ❧❡ ❝♦♥❞❡♥s❛t✳

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

800 Hz

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

1200 Hz

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

1900 Hz

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

3800 Hz

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

7000 Hz

2.5 2 1. 5 1 0. 5 0 0.5 1 1.5 2

x 10
� 4

9000 Hz

❋✐❣✳ ✹✳✶✸ ✿ ❈❛❧❝✉❧ ♥✉♠✓❡r✐q✉❡ ❞❡ ❧❛ ☞❣✉r❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ♦❜t❡♥✉❡ ♣♦✉r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ♣❧✉s✐❡✉rs
❧❛s❡rs ✒❛ ❛t♦♠❡s ❞♦♥t ❧❡s ✓❡♥❡r❣✐❡s s♦♥t ❡♥ ♣r♦❣r❡ss✐♦♥s ❛r✐t❤♠✓❡t✐q✉❡s✳ ▲❡ ♠♦❞❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❡st ❝❡❧✉✐
❝❛❧❝✉❧✓❡ ❞❛♥s ❧❡ t❡①t❡✳ ▲❡ ♠♦❞❡ tr❛♥s✈❡rs❡ r✓❡s✉❧t❡ ❞✉ ❝❛❧❝✉❧ ❛♥❛❧②t✐q✉❡ ✒❛ ❧✬❛✐❞❡ ❞❡s ♠❛tr✐❝❡s ❆❇❈❉✳
▲❡s ❝♦♥❞✐t✐♦♥s ❡①♣✓❡r✐♠❡♥t❛❧❡s s♦♥t ✿ ✶✵♠s ❞❡ ❝♦✉♣❧❛❣❡✱ ♣✉✐s ❝♦✉♣✉r❡ ♣✐✒❡❣❡✱ ♣✉✐s ✻♠s ❞❡ t❡♠♣s
❞❡ ✈♦❧ ❧✐❜r❡ ❛✈❛♥t ✐♠❛❣❡r✐❡✳ ❘❛②♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❘③ ❂✸✳✾✖♠✱ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✖❂❤ ❂ ✶✹✵✵❍③✳
❖♥ ❢❛✐t ✐❝✐ ✉♥ ❝❛❧❝✉❧ ✒❛ ✷❉ ✉♥✐q✉❡♠❡♥t✱ ♦✒✉ ❧❛ ❞✐r❡❝t✐♦♥ tr❛♥s✈❡rs❡ ❡st ❝❡❧❧❡ ❞✉ q✉❛❞r✉♣❫♦❧❡ ✭❞✐r❡❝t✐♦♥
r❛❞✐❛❧❡✮✳ ✓❊❝❤❡❧❧❡ ✈❡rt✐❝❛❧❡ ✿ ✶✳✽♠♠✱ ❤♦r✐③♦♥t❛❧❡ ✿ ✵✳✺♠♠✳ ❖♥ ❛ r❡♣r✓❡s❡♥t✓❡ s②♠❜♦❧✐q✉❡♠❡♥t ❡♥ ❜❛s ❧❛
r✓❡♣❛rt✐t✐♦♥ ❞❡s ❞✐☛✓❡r❡♥ts ❝♦✉♣❧❡✉rs r❛❞✐♦❢r✓❡q✉❡♥❝❡ ✒❛ ❧✬✐♥t✓❡r✐❡✉r ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞✉ ❝♦♥❞❡♥s❛t✳

▲❡ ❝❛❧❝✉❧ ❞✉ ♠♦❞❡ tr❛♥s✈❡rs❡ ❞✉ ❧❛s❡r ✒❛ ❛t♦♠❡s ✉t✐❧✐s❡ ✉♥❡ ❡①♣r❡ss✐♦♥ s✐♠✐❧❛✐r❡ ✒❛ ❧✬✓❡q✉❛t✐♦♥

✹✳✾ ❡♥ ✉t✐❧✐s❛♥t ♠❛✐♥t❡♥❛♥t ✒❛ ❧❛ ❢♦✐s ❧✬❡①♣r❡ss✐♦♥ ❞✉ ♠♦❞❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✭❊q✳ ✹✳✸✮ ❡t ❧❡ ♠♦❞❡

tr❛♥s✈❡rs❡ ❝❛❧❝✉❧✓❡ ♣❛r ❧❛ ♠✓❡t❤♦❞❡ ❞❡s ♠❛tr✐❝❡s ❆❇❈❉✳ ❖♥ ♦❜t✐❡♥t ❧❛ ☞❣✉r❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡

❡♥tr❡ ❧❡s ❞✐☛✓❡r❡♥ts ❧❛s❡rs ✒❛ ❛t♦♠❡s✱ ② ❝♦♠♣r✐s s❡❧♦♥ ❧❡s ❞✐r❡❝t✐♦♥s tr❛♥s✈❡rs❡s✳ ▲❛ ☞❣✉r❡ ✹✳✶✸

♣r✓❡s❡♥t❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♥✉♠✓❡r✐q✉❡ ✒❛ ✷ ❞✐♠❡♥s✐♦♥s✱ ❜❛s✓❡❡ s✉r ❧❡s ❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s ❞❛♥s ❧❛

❞✐r❡❝t✐♦♥ ✈❡rt✐❝❛❧❡ ✭♠♦❞❡ ❧♦♥❣✐t✉❞✐♥❛❧✮ ❡t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡✳



✶✻✻ ❈❤❛♣ ✹ ✲ ❯♥ ❋❛✐s❝❡❛✉ ❈♦❤✓❡r❡♥t ❞✬❛t♦♠❡s ✿ ❧❡ ▲❛s❡r ✒❛ ❆t♦♠❡s

❖♥ ❝♦♥st❛t❡ q✉❡✱ ♣♦✉r ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❡♥tr❡ ❞❡✉① ❞❡♥ts ❞✉ ♣❡✐❣♥❡ ✐♥❢✓❡r✐❡✉r❡ ❛✉ ❦✐❧♦✲❍❡rt③✱ ❧❡s

✐♠♣✉❧s✐♦♥s ❛t♦♠✐q✉❡s ♣r♦❞✉✐t❡s s♦♥t ❜✐❡♥ s✓❡♣❛r✓❡s s✉r t♦✉t❡ ❧✬✓❡t❡♥❞✉❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦❣r❛♠♠❡✳

P♦✉r ✉♥❡ ❢r✓❡q✉❡♥❝❡ s✉♣✓❡r✐❡✉r❡✱ ❧❡s ✐♠♣✉❧s✐♦♥s ❝♦♠♠❡♥❝❡♥t ✒❛ s❡ r❡❝♦✉✈r✐r✱ ❡t ❞♦♥♥❡♥t ❧✐❡✉ ✒❛

❞❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s✳ ❙✐ ❧❡s ✐♠♣✉❧s✐♦♥s s❡ r❡❝♦✉✈r❡♥t ❜❡❛✉❝♦✉♣✱ ✐❧s ❞❡✈✐❡♥♥❡♥t ✐♥❞✐st✐♥✲

❣✉❛❜❧❡s ❧❡s ✉♥s ❞❡s ❛✉tr❡s✱ ❡t ♦♥ ♦❜t✐❡♥t ✉♥❡ str✉❝t✉r❡ ✐♥t❡r❢✓❡r❡♥t✐❡❧❧❡ ❝♦♠♣❧❡①❡ ❡t ✈❛r✐❛❜❧❡

❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✓❡❝❛rt❡♠❡♥t ❡♥tr❡ ❧❡s ❞❡♥ts ❞✉ ♣❡✐❣♥❡ ❞❡ ❢r✓❡q✉❡♥❝❡✳ ▲❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s✱

❧❡s ☞❣✉r❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s s♦♥t ♣❧✉s ♣❡t✐t❡s q✉❡ ❧❛ r✓❡s♦❧✉t✐♦♥ ❞❡ ❧✬✐♠❛❣❡r✐❡✱ ❡t ❞♦♥❝ ❞✐✍❝✐❧❡ ✒❛

♦❜s❡r✈❡r✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡rt❛✐♥s ❝❛s ✭✸✽✵✵ ❍③ ♣❛r ❡①❡♠♣❧❡✮✱ ✐❧ s❡r❛✐t ❡♥✈✐s❛❣❡❛❜❧❡ ❞❡ ❧❡s

♦❜s❡r✈❡r✳ ▲❛ ❝♦✉r❜✉r❡ ❞❡s str✉❝t✉r❡s ♦❜s❡r✈✓❡❡ ❡st ❧✐✓❡❡ ❛✉① t❡r♠❡s ❞❡ ❁ ❝♦✉r❜✉r❡s ❞✉ ❢r♦♥t

❞✬♦♥❞❡ ❃❞❡s ❞✐☛✓❡r❡♥ts ❧❛s❡rs ✒❛ ❛t♦♠❡s q✉✐ ✐♥t❡r❢✒❡r❡♥t✳ ◆♦✉s ♥✬❛✈♦♥s ❝❡♣❡♥❞❛♥t ♣❛s ❡♥❝♦r❡ ❡✉

❧✬♦❝❝❛s✐♦♥ ❞❡ ♠❡ttr❡ ❡♥ ✛✉✈r❡ ❧❡s ✓❡t✉❞❡s ♣❡r♠❡tt❛♥t ❞❡ ♠❡ttr❡ ❝❡s str✉❝t✉r❡s ❡♥ ✓❡✈✐❞❡♥❝❡✳

❊♥ ❢❛✐t✱ q✉❛♥❞ ♦♥ ❛✉❣♠❡♥t❡ ❛ss❡③ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ♠♦❞✉❧❛t✐♦♥✱ ♦♥ ♣❡✉t ❛tt❡✐♥❞r❡ ❧❛ ❝♦♥❞✐t✐♦♥

♦✒✉ s❡✉❧❡♠❡♥t ✉♥❡ ❞❡♥t ❞❡ ♣❡✐❣♥❡ ❡st ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❧❡ ❝♦✉♣❧❛❣❡ ✭✐♠❛❣❡ ✒❛ ✾✵✵✵ ❍③ s✉r ❧❛

☞❣✳ ✹✳✶✸✮✱ ❡t ❛✐♥s✐ ♦❜t❡♥✐r ✉♥ ❧❛s❡r ✒❛ ❛t♦♠❡s ♠♦♥♦♠♦❞❡✳ ❖♥ ♣❡✉t ♦❜s❡r✈❡r ✉♥ ✌✉① ❝♦♥t✐♥✉

♣♦✉r ✉♥❡ ♣❧✉s ❜❛ss❡ ❢r✓❡q✉❡♥❝❡✱ q✉❛♥❞ ❜❡❛✉❝♦✉♣ ❞❡ ♠♦❞❡s s♦♥t ❡♥❝♦r❡ ❝♦✉♣❧✓❡s✳ ❉❛♥s ❝❡ ❝❛s✱

❧✬❡☛❡t ❞❡ ☞❧tr❛❣❡ ♠❡♥t✐♦♥♥✓❡ ♣❧✉s ❤❛✉t ❡♥tr❛❫✏♥❡ ✉♥ ❧✐ss❛❣❡ ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❡t ♦♥ ♣❡✉t ♣❛r✲

❧❡r ❞❡ ❧❛s❡r ♠✉❧t✐♠♦❞❡✳ ❇✐❡♥ q✉❡ ❞❡ ❝♦❤✓❡r❡♥❝❡ ❧♦♥❣✐t✉❞✐♥❛❧❡ r✓❡❞✉✐t❡✱ ❝❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✉

❧❛s❡r ✒❛ ❛t♦♠❡s ♣r✓❡s❡♥t❡ t♦✉❥♦✉rs ❞❡s ♣r♦♣r✐✓❡t✓❡s ✐♥t✓❡r❡ss❛♥t❡s t❡❧❧❡s q✉✬✉♥❡ tr✒❡s ❜♦♥♥❡ ❝♦❧❧✐✲

♠❛t✐♦♥ tr❛♥s✈❡rs❡ ❝♦♠♣❛r✓❡❡ ❛✉① s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝❧❛ss✐q✉❡s✱ ❛❝❝♦♠♣❛❣♥✓❡ ❞✬✉♥❡ s❡♥s✐❜✐❧✐t✓❡

❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡ ❛✉① ✐♠♣❡r❢❡❝t✐♦♥s ❡①♣✓❡r✐♠❡♥t❛❧❡s q✉❡ ❧❡ ❧❛s❡r ♠♦♥♦♠♦❞❡✳

✹✳✸✳✷ ❊☛❡t ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❡♥tr❡ ❧❡s ✐♠♣✉❧s✐♦♥s ❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s

▲❡ ❝♦✉♣❧❛❣❡ ♠✉❧t✐♠♦❞❡ ♣❡✉t ✓❡❣❛❧❡♠❡♥t ❫❡tr❡ r✓❡❛❧✐s✓❡ ❛✈❡❝ ❞❡s ❛t♦♠❡s ❥✉st❡ ❛✉✲❞❡ss✉s ❞✉ s❡✉✐❧

❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ✭ ✷✵✵ ♥❑✮✳ ❉❛♥s ❝❡ ❝❛s✲❝✐✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞✉ ♥✉❛❣❡ ❛t♦♠✐q✉❡

❡st ✕t❤ ❂
q

✷♣✐⑦
♠❦❇❚

✘ ✵✿✹✖♠✱ ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t❡ q✉❡ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t✳ ❖♥ ♦❜s❡r✈❡r❛

❛❧♦rs ❡♥❝♦r❡ ✉♥❡ str✉❝t✉r❡ ♣✓❡r✐♦❞✐q✉❡✱ ♠❛✐s ❧❛ t❛✐❧❧❡ ❞❡s ♣✐❝s s❡r❛ ❜❡❛✉❝♦✉♣ ♣❧✉s ❧❛r❣❡ ✭✐✳❡✳ ❧❡

❝♦♥tr❛st❡ s❡r❛ r✓❡❞✉✐t ❬✺❪✮✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ t♦✉s ❧❡s

❧❛s❡rs s♦♥t ❝♦❤✓❡r❡♥ts ❡♥tr❡ ❡✉①✱ ❝✳✲✒❛✲❞✳ q✉❡ ❧❡✉r ♣❤❛s❡ r❡❧❛t✐✈❡ ❡st ☞①❡✳ ▲❛ ☞❣✉r❡ ❞✬✐♥t❡r❢✓❡r❡♥❝❡

r✓❡s✉❧t❛♥t❡ ❡st ❞♦♥❝ ✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ ♣✐❝s ✓❡tr♦✐ts✱ ❧❛ t❛✐❧❧❡ ✓❡t❛♥t ❛❧♦rs ❧✐♠✐t✓❡❡ ♣❛r ✉♥ ❞✓❡♣❤❛s❛❣❡

r❡❧❛t✐❢ ❡♥tr❡ ❧❛s❡rs ❞✉s ❛✉① ✐♥t❡r❛❝t✐♦♥s ❛✈❡❝ ❧❡ ❝♦♥❞❡♥s❛t ❞♦♥t ✐❧s s♦♥t ❡①tr❛✐ts ❬✷✵❪✳

✹✳✹ ❝♦♥❝❧✉s✐♦♥

◆♦✉s ❛✈♦♥s ✓❡t✉❞✐✓❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ✉♥❡ ♠✓❡t❤♦❞❡ ♣♦✉r ❝r✓❡❡r ✉♥ ❧❛s❡r ✒❛ ❛t♦♠❡s ✒❛ ❧✬❛✐❞❡ ❞✬✉♥

❝♦✉♣❧❡✉r r❛❞✐♦❢r✓❡q✉❡♥❝❡ q✉✐ ❡①tr❛✐t ❧❡s ❛t♦♠❡s ❝♦♥❞❡♥s✓❡s ❞✉ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡✳ ◆♦✉s ❛✈♦♥s

❞✬✉♥❡ ♣❛rt ❞✓❡✈❡❧♦♣♣✓❡ ✉♥ ♠♦❞✒❡❧❡ ❛♥❛❧②t✐q✉❡ ♣❡r♠❡tt❛♥t ❞❡ ❞✓❡❝r✐r❡ ❧❡ ♣r♦❝❡ss✉s ❞❡ ❝♦✉♣❧❛❣❡

✒❛ ❧✬❛✐❞❡ ❞❡ ❧❛ r✒❡❣❧❡ ❞✬♦r ❞❡ ❋❡r♠✐✱ ❡♥ ❝♦♥s✐❞✓❡r❛♥t ✉♥ ✓❡t❛t ❞✐s❝r❡t ✭❧❡ ❝♦♥❞❡♥s❛t✮ ❡t ❧❡ ❁ ❝♦♥t✐✲

♥✉✉♠ ❃ ♦✒✉ s❡ ♣r♦♣❛❣❡ ❧❡ ❧❛s❡r✳ ❈❡ ♠♦❞✒❡❧❡ s✬❛♣♣❧✐q✉❡ ❜✐❡♥ ❞❛♥s ❧❡ ❝❛s ❞❡s ❢❛✐❜❧❡s ❞❡♥s✐t✓❡s
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❋✐❣✳ ✹✳✶✹ ✿ ❊♥ ❤❛✉t ✿ ❝❛❧❝✉❧ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❋r❛✉♥❤♦☛❡r ❞❡ ❧❛ ☞❣✉r❡ ♦❜t❡♥✉❡ ♣♦✉r ✉♥ ♣❡✐❣♥❡
❘❋ ✭♠♦❞✉❧❛t✐♦♥ ❞❡ ❢r✓❡q✉❡♥❝❡ ✒❛ ✷✵✵❍③ ❡♥ ❁ ❞❡♥ts ❞❡ s❝✐❡ ❃✮✳ ▲❡ ❝❛❧❝✉❧ s❡ ❜❛s❡ s✉r ❧❡s s♦❧✉t✐♦♥s
❛♥❛❧②t✐q✉❡s ❞✓❡✈❡❧♦♣♣✓❡❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡✳ ❚❡♠♣s ❞❡ ❝♦✉♣❧❛❣❡ ✶✵♠s✱ ✐♠❛❣❡ ♣r✐s❡ ✻♠s ❛♣r✒❡s ❝♦✉♣✉r❡
❞❡s ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s✱ r❛②♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❘③ ❂✸✱✾✖♠✱ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✖❂❤ ❂ ✶✹✵✵❍③✳ ❊♥
♣♦✐♥t✐❧❧✓❡ ✿ ♦♥ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❛t♦♠❡s ❞❛♥s ❧❡ ❝♦♥t✐♥✉✉♠ ❡t ❝❡✉① ❞✉
❝♦♥❞❡♥s❛t✳ ❊♥ tr❛✐t ♣❧❡✐♥ ✿ ❛❥♦✉t ❞✉ t❡r♠❡ ❞❡ ♣❤❛s❡ ❡①♣❬✐✿✁✟✐♥t✭❊✮❪ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧✬❡☛❡t ❞❡s
✐♥t❡r❛❝t✐♦♥s✳ ▲❛ ❝♦✉r❜❡ ❡♥ ♣♦✐♥t✐❧❧✓❡ ❛ ✓❡t✓❡ ❞✐✈✐s✓❡❡ ♣❛r ✺ s❡❧♦♥ s♦♥ ♦r❞♦♥♥✓❡❡ ♣♦✉r ❢❛❝✐❧✐t❡r ❧❛ ❧❡❝t✉r❡✳
❊♥ ❜❛s ✿ ▲❡s ❞♦♥♥✓❡❡s ♦❜t❡♥✉❡s ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ♣♦✉r ✉♥ t❡❧ ❝♦✉♣❧❛❣❡ ✭✮❖♥ ❛ ✐♥t✓❡❣r✓❡ ✐❝✐ s❡❧♦♥ ❧❛
❞✐r❡❝t✐♦♥ tr❛♥s✈❡rs❡ ❧✬✐♠❛❣❡ ♦❜t❡♥✉❡✮✳

❛t♦♠✐q✉❡s✱ ❝✬❡st✲✒❛✲❞✐r❡ ❧♦rsq✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❛t♦♠✐q✉❡s ❡♥tr❡ ❧❡ ❝♦♥❞❡♥s❛t ❡t ❧❡ ❧❛s❡r ✒❛

❛t♦♠❡s✱ ❝❛r❛❝t✓❡r✐s✓❡❡s ♣❛r ✖ ❥♦✉❡♥t ✉♥ r❫♦❧❡ ♥✓❡❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧✬✓❡♥❡r❣✐❡ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡✳ ❖♥

♣❡✉t ❡♥ ❢❛✐t r❛♣✐❞❡♠❡♥t s♦rt✐r ❞❡ ❝❡ r✓❡❣✐♠❡ ✭♠❣✁③ ✘ ✶✵ ❦❍③ ❡t ✖ ✘ ✺ ❦❍③ ❞❛♥s ❧❛ ♣❧✉♣❛rt
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❚ LE CONTEXTE ❚ En 2001, Eric Cornell, Carl Wieman et Wolfgang

Ketterle ont reçu le prix Nobel de physique pour la fabrication, six

ans plus tôt, d’un nouvel état de la matière : le « condensat de

Bose-Einstein ». Grâce à des techniques perfectionnées de refroi-

dissement des gaz d’atomes, ils avaient forcé tous les atomes à

adopter le même comportement, à l’instar des photons dans un

Le

en quête d’un 
laser à

LE PIC ÉTROIT QUI SE FORME progressive-
ment ci-dessus est caractéristique d’un conden-
sat de Bose-Einstein, dans lequel tous les atomes pos-
sèdent les mêmes propriétés et se comportent de la même
manière. Quand on laisse ces atomes s’échapper du piège
où ils sont formés (ci-contre, page 41), ils tombent sous
l’effet de la gravité et forment alors un faisceau d’atomes
identiques, c’est-à-dire un laser à atomes.
© PHOTOS : INSTITUT D’OPTIQUE/CNRS/UNIVERSITÉ PARIS-SUD



C
aisses de supermarché, lecteurs de DVD,
imprimantes de bureau, etc. : les lasers sont
omniprésents. Les qualités de la lumière laser
ont fait son succès. Par exemple, le seul fait
que tous les photons émis par un laser soient

rigoureusement identiques permet que sa longueur d’onde
soit parfaitement définie et que le faisceau reste très fin
sur de longues distances.
Utiliserons-nous tout aussi naturellement des « lasers à
atomes » dans quelques années ? Ces dispositifs, qui émet-
tent des jets d’atomes tous rigoureusement identiques les
uns aux autres, existent déjà dans quelques laboratoires
de recherche fondamentale. Ils sont toutefois encore rudi-
mentaires. Comme les premiers lasers mis au point dans les
années soixante, ils sont volumineux, coûteux et difficiles
à maîtriser. Mais avec quelques progrès, et pour peu que des
industriels s’y intéressent, les lasers à atomes pourraient,

dans les années à venir, devenir indispensables dans de
nombreuses applications.
Comme pour beaucoup de découvertes reposant sur les
lois de la mécanique quantique, c’est Einstein qui a éla-
boré les principes qui sont à la base du laser à atomes. En
l’occurrence, il s’est appuyé sur les travaux théoriques du
physicien indien Satyendranâth Bose. En 1924, ce dernier
lui avait envoyé un article dans lequel il expliquait une
propriété du rayonnement lumineux (le « rayonnement
du corps noir ») par le comportement statistique étrange
des photons. Bose prévoyait que, au lieu de se répartir au
hasard comme des billes, les photons avaient tendance 
à s’agréger. Einstein a étendu ce raisonnement aux atomes.
Il a montré que, dans certaines conditions, les atomes
d’un gaz peuvent de la même façon se « condenser » et
former une seule entité, qui se comporte comme une onde
géante.
Dans cette nouvelle phase de la matière, nommée « conden-
sat de Bose-Einstein », les atomes sont tous rigoureuse-
ment identiques. Bien entendu, ils correspondent tous au
même élément chimique mais, de surcroît, leurs caracté-
ristiques individuelles sont les mêmes : ces atomes se dépla-
cent à la même vitesse et occupent un minuscule espace
dans lequel ils se confondent les uns avec les autres. Ils
sont absolument indiscernables.
En 1925, le physicien d’origine autrichienne Wolfgang
Pauli a montré que cette condensation n’est possible que
pour les photons et pour les atomes ayant un nombre pair
de particules (protons, neutrons et électrons), qualifiés de
« bosons ». Les autres atomes, ainsi que les électrons, sont
des « fermions », qui tendent au contraire à s’éviter les uns
les autres. Ces derniers peuvent être considérés comme
« individualistes », alors que les bosons seraient plutôt
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laser. Les physiciens en ont immédiatement relevé l’intérêt pour

plusieurs applications pratiques. Aujourd’hui, plus de 100 équipes

travaillent sur ce sujet. En outre, alors que les lasers avaient

mis plus de vingt ans à sortir des laboratoires de recherche, les

lasers à atomes commencent à intéresser les industriels à peine

huit ans après leur découverte.

futur industriel
atomes

Dans les années soixante, les physi-
ciens domestiquaient la lumière dans
les lasers. Depuis 1995, ils savent 
également apprivoiser la matière dans
les « condensats de Bose-Einstein »,
dans lesquels il est impossible de dis-
tinguer les atomes les uns des autres.
En les laissant s’échapper, on crée un
laser à atomes. À quand les applica-
tions pratiques ?

➩



des moutons de Panurge. Les physiciens Enrico Fermi
et Paul Dirac ont établi en 1926 les lois statistiques du
comportement de ces fermions.
Dans un condensat de Bose-Einstein, les atomes sont donc
dans la même situation que les photons dans un laser :
toutes les particules sont identiques et possèdent les mêmes
propriétés quantiques. De ce point de vue, un condensat
d’où l’on extrait des atomes est donc un laser à atomes
(lire « Le condensat qui venait du froid », ci-contre).
Les fondements théoriques du laser à atomes ont ainsi été
posés dans la première moitié du XXe siècle. Mais le passage
de la théorie à l’application s’est révélé très long, de la
même façon que le laser : le principe fondamental qui per-
met de fabriquer des photons tous identiques, l’émission
stimulée, avait été imaginé dès 1917 mais n’a été mis en
œuvre que dans les années soixante. Il avait fallu surmon-
ter de nombreuses difficultés scientifiques, et technolo-
giques, qui ont fait l’objet de deux prix Nobel.

Le pari risqué de l’hélium
Pour le condensat de Bose-Einstein, les difficultés ont été
encore bien plus grandes. Premier obstacle : la condensa-
tion n’est possible qu’à très basse température, de quelques
milliardièmes de kelvin. Il fallait donc apprendre à refroi-
dir suffisamment des atomes. Ce n’est qu’en 1995 qu’Eric
Cornell et Carl Wieman, de l’institut JILA (Colorado), ont
obtenu un condensat d’environ 2 000 atomes de rubidium,
à une température de 20 nanokelvins. Quatre mois après,
de façon indépendante, Wolfgang Ketterle, au MIT, en a
formé un autre, de plusieurs centaines de milliers d’atomes
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de sodium. Ils ont partagé le prix Nobel de physique en
2001 pour ces réalisations.
Très vite, Wolfgang Ketterle, qui disposait de suffisamment
d’atomes dans son condensat, a tenté d’en extraire un fais-
ceau. Il a pour cela manipulé l’aimantation des atomes à
l’aide de champs magnétiques oscillants, afin de permettre
à une partie d’entre eux de sortir du piège magnétique
qu’il utilisait pour les confiner et les refroidir. Ces atomes,
en tombant par gravitation, formaient un faisceau qui suf-
fisait à définir un laser à atomes.
Pour notre part, au laboratoire Charles-Fabry, à Orsay,
nous nous sommes intéressés aux condensats de Bose-
Einstein dès 1995. Cela en compétition vive – mais néan-
moins amicale – avec le laboratoire Kastler-Brossel de 
l’École normale supérieure. Notre choix s’est porté sur le
rubidium et l’hélium, car nous possédions déjà des expé-
riences du refroidissement de ces atomes, que l’on peut
manipuler avec des lasers conventionnels. Le rubidium, déjà
condensé par l’équipe de JILA, nous a permis d’apprendre
les techniques de condensation et de mettre au point 
de nouvelles expériences sur un atome connu. En 1998,
nous sommes ainsi arrivés à produire un condensat de
rubidium.
Miser sur l’hélium était en revanche un pari risqué : jusque-
là – et c’est encore vrai aujourd’hui –, tous les autres élé-
ments avec lesquels on avait fabriqué des condensats étaient
de la famille des alcalins* (hydrogène, lithium, sodium,
potassium et rubidium). Or, l’hélium ne fait pas partie de
cette famille : c’est un gaz rare. Nous n’étions donc pas du
tout certains qu’il se laisserait condenser. En effet, lorsque

En présence d’un champ magnétique créé par des bobines, les six lasers exercent
une « pression de radiation » sur les atomes pour les refroidir et les pousser vers le
centre du piège. À droite, représentation du piège à deux dimensions : les atomes les
plus lents (froids) restent piégés ; les plus rapides sont ralentis ou passent au travers
du piège.

Un champ magnétique puissant confine les atomes au centre du piège. En
effet, chaque atome possède un petit dipôle magnétique. À droite, la repré-
sentation de l’énergie des atomes dans le piège : seuls les atomes possédant
un dipôle magnétique orienté dans le bon sens sont retenus dans le piège
et ralentis, les autres s’échappent.

Les quatre étapes de production d’un faisceau laser à atomes

➩

LLaser

Atomes refroidis
Atomes 

1. Refroidissement optique 2. Piégeage magnétique

* Les alcalins sont
une famille
d’éléments chimiques
aux propriétés
semblables situés 
sur la première
colonne du tableau 
de classification
périodique 
de Mendeleïev.
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l’on refroidit les atomes en « évaporant »
les plus chauds d’entre eux, il arrive sou-
vent que l’on en perde trop. Toute la diffi-
culté de l’expérience consiste à trouver la
bonne allure de refroidissement pour
minimiser les déperditions. Mais, pour cer-
tains atomes, les pertes sont par nature
toujours trop importantes pour obtenir
un condensat. On a longtemps cru que
c’était le cas pour le césium, sur lequel des
équipes ont échoué de nombreuses fois
dans le passé, avant de réussir à la fin 2002.
Or, nous ne savons pas calculer a priori les
pertes d’atomes. En cas d’échec, donc, nous
ne savons pas si celui-ci est dû à l’expé-
rience – qui dans notre cas n’était pas
encore au point – ou s’il est physiquement
impossible d’obtenir un condensat avec
l’hélium.
En février 2001, après plusieurs années de
recherches intensives pendant lesquelles
nous avions construit et testé notre expé-
rience, le résultat est apparu subitement.
Depuis quelques semaines déjà, nous détections quelques
atomes refroidis commençant à s’agréger. Mais le signal
grossier représentant la densité d’atomes au centre du
piège disparaissait aussitôt, et nous ne comprenions pas
pourquoi. Un soir, alors que la majorité des membres de
l’équipe était déjà partie, Olivier Sirjean, alors en première
année de thèse, a décidé de continuer à refroidir les atomes
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Énergie

Atomes chauds éjectés

Condndensat

Condensat de Bose-Einstein

Faille dans la cavité
Gravité
terrestre

Faisceau
d’atomes identiques

Un champ magnétique oscillant (au-dessus des atomes) change l’orientation des
dipôles magnétiques aux bords du piège. Les atomes les plus chauds (à droite, en rou-
ge) s’échappent ainsi du piège : ils s’« évaporent ». Les plus froids (en violet) restent
piégés. L’énergie moyenne des atomes diminue. La difficulté consiste à refroidir
suffisamment les atomes (afin d’obtenir un condensat) sans en perdre trop.

Le champ magnétique oscillant (au-dessus du condensat) est réglé pour
changer l’orientation de quelques dipôles magnétiques et libère les atomes
au centre du piège. On obtient ainsi un « trou » dans le piège (à droite). Les
atomes ainsi libérés forment le faisceau d’un laser à atomes. Ils sont comp-
tabilisés par le détecteur situé au-dessous du condensat.

❚ L’OBTENTION D’UN CONDENSAT DE BOSE-EINSTEIN,
PRÉCURSEUR DU LASER À ATOMES, nécessite de refroidir

ces derniers à des températures extrêmement basses,

de quelques milliardièmes de kelvin [fig. 1]. Refroidir équi-

vaut à ralentir ces atomes le plus possible. Paradoxa-

lement, ce sont les lasers, pourtant capables de brû-

ler fortement la matière, qui ont permis de réaliser des

refroidissements très poussés. Dans les années quatre-

vingt, plusieurs équipes ont développé des techniques

de refroidissement fondées sur les lasers, qui for-

maient un piège optique. Des températures très faibles

ont ainsi été atteintes, de quelques microkelvins 

(10–6 kelvin, soit quelques millionièmes de degrés 

au-dessus du zéro absolu). Mais les atomes restaient

encore trop chauds. Pour aller plus loin, il faut arrê-

ter des lasers. C’est peut-être pourquoi ce ne sont pas

les équipes les plus avancées dans le refroidissement

par laser qui ont obtenu les premiers condensats de

Bose-Einstein : difficile d’éteindre les lasers qui avaient

apporté tant de résultats ! Les physiciens ont rajouté

un piège magnétique, formé par un champ magnétique

inhomogène, nul au centre du dispositif et croissant

au fur et à mesure que l’on s’éloigne du centre, empê-

chant les atomes de sortir du piège. La dernière 

étape, dite de refroidissement évaporatif, consiste à

laisser s’échapper les atomes les plus chauds, pour

refroidir l’ensemble. Exactement comme l’évapora-

tion au-dessus d’une tasse de café refroidit le breu-

vage. Pour chasser les atomes chauds, on ajoute un

champ magnétique oscillant qui tronque le piège à une

énergie bien définie. Les atomes les plus chauds (donc

les plus rapides) s’échappent ainsi du piège, alors que

les plus lents sont rattrapés par le champ 

attractif avant d’avoir pu être éjectés par le champ 

répulsif. En diminuant peu à peu la hauteur du piège

(en changeant la fréquence du champ oscillant), on

permet à des atomes de moins en moins rapides de

s’échapper, et seuls les atomes les plus froids restent.

Le condensat qui venait du froidTECHNIQUE

sans chercher à comprendre pourquoi le signal dispa-
raissait. Tout à coup, il a vu un signal plus fin, montrant
qu’environ 100 000 atomes étaient dans le même état. Il
nous a téléphoné immédiatement. Le temps que nous
arrivions, le condensat était là. Une semaine après, le labo-
ratoire Kastler-Brossel parvenait au même résultat [1].
Ce succès n’est pas simplement un condensat de plus ➩

3. Refroidissement évaporatif 4. Émission des atomes



dans la gibecière des physiciens ! En effet, nous avons
utilisé des atomes d’hélium dans un état excité : ils conser-
vent, « cachée » en eux, une énergie considérable, équi-
valente à une température de quelque 200 000 kelvins.
Nous obtenons cet état en bombardant préalablement les
atomes d’hélium par des électrons. Bien que ces atomes
excités aient une durée de vie finie (d’environ deux heures),
ils sont bien plus faciles à manipuler avec des lasers que les
atomes d’hélium dans leur état fondamental. En outre,
ces atomes excités sont plus faciles à détecter : lorsqu’ils
frappent une surface, ils libèrent cette énergie en y arra-
chant des électrons, ce qui revient à créer un courant élec-
trique, facilement mesurable avec une grande précision.
Sans cette technique de détection, la seule manière de dis-
tinguer les atomes du laser est de les éclairer avec un fais-

ceau lumineux et d’observer leur ombre (voir photo p. 41).
En parallèle avec ce travail sur l’hélium, nous poursui-
vions notre travail avec le condensat de rubidium. En par-
ticulier, nous cherchions à mieux maîtriser l’extraction
des atomes. En effet, lors des premières expériences de
laser à atomes au MIT, les atomes sortaient par bouffées.
Nous avons réussi à mieux contrôler les champs oscil-
lants, et à extraire plus régulièrement les atomes pour
obtenir un seul faisceau régulier.

Le défi de la continuité
L’un des principaux aspects de la mise au point de lasers
à atomes concerne aujourd’hui la possibilité d’émettre en
continu des jets atomiques. Un laser à atomes qui fonc-
tionnerait sans discontinuer constituerait une avancée
importante. De la même façon, les premiers lasers optiques
n’émettaient que des impulsions brèves, entre lesquelles il
fallait « recharger » le laser. Mais il n’avait pas fallu plus
de six mois pour concevoir des lasers continus : la création
de photons à partir d’énergie électrique ne pose pas de
problème. En revanche, dans un laser à atomes, nous ne
créons pas ces derniers : ils préexistent, évidemment. Il
faut donc en apporter de l’extérieur si nous voulons rechar-
ger nos condensats de Bose-Einstein d’où sont extraits les
faisceaux. Toute la difficulté est de le faire sans détruire
le condensat lui-même.
Pour fabriquer des lasers à atomes utilisables en continu,
deux stratégies sont aujourd’hui à l’étude. La première
consiste à fabriquer des condensats, puis à les déplacer
vers un réservoir d’où les atomes sont extraits en continu.
Nous savons en effet fabriquer des « pinces optiques »,
formées d’un laser exerçant une action mécanique sur les
atomes et capables de déplacer les condensats sans les
détruire. Notre équipe a entrepris la construction d’un
montage expérimental dans ce but.
L’autre stratégie intéressante, étudiée notamment au labo-
ratoire Kastler-Brossel, est de mener de pair la formation
du condensat et l’écoulement du laser à atomes. Les cher-
cheurs introduisent des atomes dans un guide, sorte de
long tuyau guidant magnétiquement les atomes, et les
refroidissent pendant leur traversée selon les méthodes
classiques de refroidissement évaporatif (lire « Le conden-
sat qui venait du froid », p. 43). Leur difficulté principale
est de charger le guide en continu. Bien entendu, lorsque
l’une de ces deux approches (ou les deux) aura réussi, il
faudra ensuite augmenter le flux d’atomes, puis miniatu-
riser ces dispositifs, qui mesurent encore plusieurs mètres
de long.
Toutefois, des applications sont d’ores et déjà accessibles
aux lasers à atomes pulsés. Ceux-ci sont capables d’émettre
des atomes pendant une fraction de seconde avant d’être
rechargés en quelques dizaines de secondes. Plusieurs dis-
positifs fonctionnant déjà grâce aux sources d’atomes
froids ont tout à gagner des lasers à atomes. C’est le cas
notamment des horloges atomiques, qui permettent de
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❚ UN LASER OPTIQUE ÉMET UNE LUMIÈRE de couleur bien définie : tous les photons pos-

sèdent la même longueur d’onde, qui définit la couleur. Quelle est la couleur d’un 

laser à atomes ? La réponse se trouve dans les travaux du physicien français Louis de

Broglie, qui a montré au début du XXe siècle que chaque particule pouvait aussi être consi-

dérée comme une onde, dont la longueur est inversement proportionnelle à sa vitesse.

Un atome d’hélium d’un condensat, évoluant par exemple à une vitesse de 10 centimètres

par seconde, possède ainsi une longueur d’onde de 1 micromètre : sa couleur corres-

pond donc à l’infrarouge. Lorsque les atomes du laser tombent sous l’effet de la pesan-

teur, leur vitesse augmente et leur « couleur » change, passant du rouge au bleu.

La « couleur » du laser à atomesPRINCIPE

[1] La Recherche, 343, 10,

2001.

➩

LE DISPOSITIF EXPÉRIMENTAL DE FABRICATION D’UN CONDENSAT de Bose-Einstein d’atomes
d’hélium. 



mesurer le temps avec des précisions inégalées et sont uti-
lisées aussi bien en astronomie ou en physique atomique
que dans les télécommunications ou le système de repérage
GPS. Leur principe : mesurer le plus exactement possible
les oscillations naturelles du noyau de césium, qui vibre
9 192 631 770 fois par seconde. Or, le mouvement des
atomes de césium perturbe cette mesure. D’où l’intérêt
de les refroidir davantage, en formant un condensat de
Bose-Einstein. Les progrès seraient alors comparables à
ceux qu’ont apportés les lasers optiques par rapport aux
faisceaux lumineux traditionnels.
Autre application très prometteuse : les gyromètres, qui
sont très utilisés pour la navigation, pour les mesures
géologiques ou pour vérifier expérimentalement avec une
grande précision des effets prévus par les théories. Un
gyromètre mesure une vitesse de rotation en analysant
la modification du trajet d’un faisceau lors des change-
ments de direction. Les faisceaux d’atomes sont plus 
sensibles aux mouvements à cause de leur masse, et sont
potentiellement bien plus précis que les faisceaux laser.
Déjà, les gyromètres utilisant les atomes froids sont 
comparables aux meilleurs gyromètres à laser optique.
Un projet spatial baptisé Hyper, prévoyant d’installer des
gyromètres à atomes froids dans l’espace, est actuelle-
ment à l’étude à l’Agence spatiale européenne (ESA).
Il servirait à vérifier expérimentalement certains effets
prévus par la relativité générale, détectables à proximité
d’une masse en rotation comme la Terre. Lorsque les
lasers à atomes seront utilisables dans de tels projets,
ils offriront une bien meilleure précision, car ils seront
alors mieux focalisés et plus intenses.

Une nécessaire miniaturisation
Les lasers à atomes semblent également prometteurs dans
un domaine très prospectif : l’informatique quantique,
dans laquelle chaque unité d’information (bit) est portée
par un atome individuel (contre plusieurs centaines de
milliers d’atomes aujourd’hui). Une des propositions pour
fabriquer un ordinateur quantique consiste à disposer
régulièrement les atomes sur une surface et à contrôler
les échanges d’informations entre eux. Or, l’interaction
entre un faisceau organisé de lumière (laser optique) et
un faisceau organisé de matière (laser à atomes) peut per-
mettre de piéger préférentiellement des atomes sur des
sites régulièrement espacés, et former ainsi la trame d’un
futur ordinateur quantique.
Les applications des lasers à atomes ne seront pas néces-
sairement celles prévues au départ. De même, pour les
lasers, qui avait prévu que l’une des principales applica-
tions serait l’enregistrement audiovisuel ? Toutes ces appli-
cations nécessiteront une importante miniaturisation des
techniques de manipulation des atomes. De nombreux
efforts sur la fabrication de « puces à atomes », dans les-
quelles le condensat serait contenu dans un centimètre
carré, portent leurs fruits : nous savons fabriquer des cir-

Nº 367 | SEPTEMBRE 2003 | LA RECHERCHE 45

PHYSIQUE

POUR EN SAVOIR PLUS

❚ Alain Aspect et Jean Dalibard, « Le refroidissement des atomes

par laser », La Recherche, janvier 1994.

http://atomoptic.iota.u-psud.fr
Le site des auteurs de l’article.

www.lkb.ens.fr/recherche/atfroids/
Des explications sur le refroidissement des atomes.

www.colorado.edu/physics/2000/index.pl
En cliquant sur « The atomic lab », puis sur « Bose-Einstein conden-

sation », vous accéderez à des animations très pédagogiques sur

les condensats et le refroidissement.

CETTE « PUCE À ATOMES », d’une surface de 1 cm2, permet de fabriquer et de guider
les condensats, ouvrant la voie à la miniaturisation des lasers à atomes.

cuits imprimés par micro-lithographie dans lesquels des
champs magnétiques piègent et guident les atomes
condensés. Grâce à nos puces atomiques, nous envisa-
geons de créer des milliers de pièges par centimètre carré,
joints par des zones de guidage.
Le condensat de Bose-Einstein connaît aujourd’hui un
succès qu’Einstein n’aurait certainement pas imaginé,
lui qui semblait sceptique sur sa découverte. Trois groupes
travaillaient sur ce sujet en 1995. Nous sommes aujour-
d’hui plus de cent, dont plusieurs laboratoires en France,
cherchant à la fois à mieux comprendre la condensation
et les interactions entre les atomes, mais aussi à fabri-
quer des lasers à atomes continus et à développer leurs
applications : 7 types d’atomes ont été condensés, et ce
n’est pas fini. Plusieurs industriels suivent de près ces
recherches en co-finançant des thèses, mais néanmoins
sans s’engager plus avant pour l’instant. Les lasers à
atomes ne demandent qu’à sortir des laboratoires pour
conquérir les industries de pointe, voire à plus long 
terme notre vie quotidienne. Certes, l’obtention du
condensat n’est pas encore une expérience de routine
mais, au fur et à mesure, nous apprenons à simplifier et
miniaturiser les dispositifs. ❚❚ 

C. W., P. B. et C. M.
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Quasicontinuous Atom Laser in the Presence of Gravity
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We analyze the extraction from a trapped Bose-Einstein condensate to a nontrapping state of a coherent
atomic beam and its subsequent fall, at T � 0 K. Our treatment fully takes gravity into account but
neglects the mean-field potential exerted on the free falling beam by the trapped atoms. We derive
analytical expressions for the output rate and the output mode of the quasicontinuous “atom laser.”
Comparison with experimental data of Bloch et al. [Phys. Rev. Lett. 82, 3008 (1999)] is satisfactory.
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Bose-Einstein condensates (BEC) of dilute alkali vapors
[1] constitute a potential source of matter waves for atom
interferometry, since they are first-order coherent [2]. Vari-
ous schemes for “atom lasers” have been used to extract a
coherent matter wave out of a trapped BEC. Pulsed devices
have been demonstrated by using an intense spin-flip radio
frequency (rf) pulse [3], gravity-induced tunneling from an
optically trapped BEC [4] or Raman transitions [5]. Qua-
sicontinuous output has been obtained by using a weak rf
field that continuously couples atoms into a free falling
state [6]. This “quasicontinuous” atom laser promises
spectacular improvements in application of atom optics,
for example, in the performances of atom-interferometer-
based inertial sensors [7].

Gravity plays an important role in outcoupling: in the
case of rf outcouplers, it lies at the very heart of the ex-
traction process, as will be shown in this Letter. However,
most of the theoretical studies do not take gravity into ac-
count (for an up-to-date review, see Ref. [8]). Although
gravity has been included in numerical treatments [9] rele-
vant for the pulsed atom laser of [3], to our knowledge,
only the one-dimensional (1D) simulations of Refs. [8,10]
treat the quasicontinuous case in the presence of gravity,
and the results of [10] compare only qualitatively to the
experimental data of [6].

In this Letter, we present a three-dimensional (3D)
analytical treatment taking gravity fully into account. To
compare with the experimental results of [6], we specifi-
cally focus on rf outcouplers. The extraction of the atoms
from the trapped BEC and their subsequent propagation
under gravity are analytically treated in the case of quasi-
continuous outcoupling with appropriate approximations,
discussed in the text. We derive an expression for the
atom laser wave function and a generalized rate equation
for the trapped atoms that agrees quantitatively with the
experimental results of [6].

We consider a 87Rb BEC in the F � 1 hyperfine level
at T � 0 K. The m � 21 state is confined in a harmonic
magnetic potential Vtrap �

1

2M�v2
xx

2 1 v2
�y

2 1 v2
�z

2�.
A rf magnetic field Brf � Brf cos�vrft�ex can induce tran-
sitions to m � 0 (nontrapping state) and m � 11 (ex-
pelling state). The condensate three-component spinor

wave function C
0

� �c 0
m�m�21,0,11 obeys a set of cou-

pled nonlinear Schrödinger equations [11]. We consider
the “weak coupling limit” [12] relevant to all experiments
done so far with a quasicontinuous atom laser [6]. In
this regime to be defined more precisely later, the cou-
pling strength is low enough that the populations Nm of
the three Zeeman sublevels obey the following inequality:
N11 ø N0 ø N21. In the rest of this paper, we therefore
restrict ourselves to m � 21 and m � 0, and set the total
atomic density n�r� � jc21�r, t�j2.

At this stage, the components cm � c 0
me

2imvrft obey,
under the rotating wave approximation, the following two
coupled equations:

ih̄
≠c21

≠t
� �h̄drf 1 H21�c21 1

h̄Vrf

2
c0 , (1)

ih̄
≠c0

≠t
� H0c0 1

h̄Vrf

2
c21 , (2)

with H21 � p2�2M 1 Vtrap 1 Ujc21j2 and H0 �

p2�2M 2 Mgz 1 Ujc21j2. The strength of interactions
is fixed by U � 4p h̄2aN�M, a � 5 nm being the diffu-
sion length, and N the initial number of trapped atoms.
The rf outcoupler is described by the detuning from the
bottom of the trap h̄drf � Voff 2 h̄vrf and the Rabi
frequency h̄Vrf � mBBrf�2

p
2 (taking the Landé factor

gF � 21�2). The origin of the z axis is at the center of
the condensate, displaced by gravity from the trap center
by zsag � g�v2

�. We have taken the zero of energy at
z � 0 in m � 0, so that the level splitting at the bottom
of the trap is Voff � mBB0�2 1 Mg2�2v2

� (B0 is the
bias field).

The evolution of the m � 21 sublevel at T � 0 K is
described [13] by a decomposition of the wave function
into a condensed part and an orthogonal one that describes
elementary excitations (quasiparticles). As H21 depends
on time through jc21j, both the coefficients and the eigen-
modes depend on time. However, we assume an adiabatic
evolution of the trapped BEC [14], so that the uncondensed
component remains negligible and

c21�r, t� � a�t�f21�r, t�e
2i

R

t

0
�m�t0�� h̄1drf�dt

0
, (3)
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where a�t� � �N21�t��N�1�2. The time-dependent ground
state f21, of energy m is, in the Thomas-Fermi (TF)

approximation [13], f21�r, t� � �m�U�1�2�1 2 r̃
2
� 2

z̃2�1�2, where r̃
2
� � �x�x0�2 1 � y�y0�2 and z̃ � z�z0

are such that r̃2
� 1 z̃2 # 1. The BEC dimensions

are, respectively, x0 � �2m�Mv2
x�1�2 and y0 � z0 �

�2m�Mv2
��1�2. The condensate energy is given by m �

�h̄v�2� �15aN21�s�2�5 [we have set v � �vxv
2
��1�3

and s � �h̄�Mv�1�2]. The time dependence of f21

is contained in m, x0, y0, and z0, which decrease with
N21�t�. In the following, we will take typical val-
ues corresponding to the situation of [6] (reported in
[10]): N � 7 3 105 atoms initially, vx � 2p 3 13 Hz
and v� � 2p 3 140 Hz, which gives x0 � 55.7 mm,
z0 � 5.3 mm, and m�h � 2.2 kHz.

For the m � 0 state, the Hamiltonian of Eq. (2)
with Vrf � 0 becomes in the TF approximation [15]:
H0 � p2�2M 2 Mgz 1 m max�0, 1 2 r̃

2
� 2 z̃2�.

There is a clear hierarchy in the energy scales associated
with each term in H0. For the atom numbers involved in
current experiments, m�Mgz0 is small, and the mean-field
term is only a perturbation as compared with gravity. The
leading term is therefore the gravitational potential that
subsequently converts into kinetic energy along z. By
contrast, the transverse kinetic energy (along x and
y) remains small. Therefore, we neglect the spa-
tial variations of the mean field potential and con-
sider in the following the approximated Hamiltonian
H0 � p2�2M 2 Mgz.

The eigenstates of H0 are factorized products of one-
dimensional wave functions along the three axes. In the
horizontal plane �x, y�, the eigenstates are plane waves
with wave vectors kx , ky that we quantize with periodic
boundary conditions in a 2D box of size L. Conse-
quently, the wave function is f�

0 �x, y� � L21ei�kxx1kyy�

and the density of states rxy � L2�4p2. Along the
vertical direction z, the normalizable solution of the
1D Schrödinger equation in a gravitational field is [16]

f
�zEz �
0 � A ? Ai�2zEz �, where Ai is the Airy function

of the first kind and zEz � �z 2 zEz ��l. The classical
turning point zEz � 2Ez�Mg associated with the vertical

energy Ez labels the vertical solution; l � �h̄2�2M2g�1�3

is a length scale, such that l ø x0, y0, z0 (for 87Rb, l �
0.28 mm). In order to normalize Ai and to work out
the density of states, we restrict the wave function to
the domain �2`,H�, where the boundary at z � H

can be arbitrarily far from the origin. In �2`, zEz �,
Ai falls off exponentially over a distance l, while it
can be identified with its asymptotic form Ai�2s� �
p1�2s21�4 cos�2s3�2�3 2 p�4� for s * 0. To lead-
ing order in H, by averaging the fast oscillating
cos2 term to 1�2, we obtain the normalization factor
A � �pH21�2�l�1�2. The longitudinal density of states
follows from rz�Ez� � h21dV �dEz , where V �
R

dz dpz u�Ez 2 p2
z�2M 1 Mgz� (with u the step

function) is the volume in phase space associated with

energies lower than Ez . We restrict the z space to the
domain defined above, and the pz space to pz $ 0.
In this way, we do not count the component of Ai
that propagates opposite to gravity [17]. We obtain
rz�zEz � � �1�2pl�H1�2. Finally, the output modes are

given by f
�n�
0 �r� � f�

0 �x, y�f
�zEz �
0 �z�, where n stands

for the quantum numbers �kx , ky , zEz �, and the density of

modes is r
�n�
3D � �1�8p3�L2H1�2�l.

Thus, the problem is reduced to the coupling of
an initially populated bound state m � 21, of en-
ergy E21 � h̄drf 1 m to a quasicontinuum of final

states m � 0, with a total energy E
�n�
0 � h̄2�k2

x 1 k2
y ��

2M 2 MgzEz . A crucial feature in this problem is
the resonant bell shape of the coupling matrix element

Wfi � �h̄Vrf�2� �f
�n�
0 jf21�. We work out the overlap

integral I �n�
� �f

�n�
0 jf21� in reduced cylindrical coor-

dinates � ˜r�, u, z̃� and set k̃2
� �kxx0�2 1 �kyy0�2. We

integrate over u and ˜r�, and transform the sum over z
with the Parseval relation [18] to obtain I �n�

� 2pAx0y0�
L�m�U��1�2�

R`
2` g̃�k̃, y�ei�z0�l��y3�32yzEz �l� dy. In this

integral, g̃ is the Fourier transform with respect to
z of g�k̃, z̃� � �p cosp 2 sinp��k̃3, with p�k̃, z̃� �

k̃�1 2 z̃2�1�2, and �2p��21�2�ei�y
3�32yzEz �l� the Fourier

transform of Ai. Since z0�l ¿ 1, the integrand averages
to zero out of a small neighborhood of the origin, where
the linear term in y is dominant. We obtain in this way

I �n�
� 2p

Al

L

r

m

U
x0y0g�k̃, ˜zEz � . (4)

This overlap integral is nonvanishing only if the ac-

cessible final energies E
�n�
0 � E21 are approximately

restricted to an interval �2D�2, D�2�, where D �

2Mgz0 	 22.7 kHz. This gives a resonance condition for
the frequency vrf [6,14]:

jh̄drfj & Mgz0 . (5)

Two different behaviors can be expected in such a situa-
tion [14,19]. In the strong coupling regime (hG ¿ D,
where G is the decay rate worked out with the Fermi golden
rule), Rabi oscillations occur between the BEC bound state
and the narrow-band continuum. This describes the pulsed
atom laser experimentally realized by Mewes et al. [3].
Conversely, in the weak coupling limit (hG ø D), oscil-
lations persist only for t # tc � h�D, while for t $ tc,
the evolution of the BEC bound state is a monotonic de-
cay. We have numerically verified this behavior on a 1D
simulation analogous to [10] (see Fig. 1a).

Equation (2) can be formally integrated [14] with
the help of the propagator G0 of H0: C0�r, t� �

Vrf

2i

R

t

0 dt
0 R d3r0G0�r, t; r0, t0�C21�r0, t0�. Together with

Eqs. (1) and (3), we can derive an exact integro-
differential equation on a2, the fraction of atoms re-
maining in the BEC. In the weak coupling regime, the
condition hG ø D expresses the fact that the memory
time of the continuum tC is much shorter than the damping
time of the condensate level. This allows one to make
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FIG. 1. (a) A 1D numerical integration of the time evolution of
the laser intensity starting with 	2000 atoms for Vrf � 300 Hz
shows that, for t ¿ tc, a quasisteady state is achieved. (b) The
spatial intensity profile of the atom laser according to Eq. (9) is
shown for t ¿ tc.

a Born-Markov approximation [14,20], which yields the
rate equation:

dN21

dt
� 2G�N21�N21 . (6)

The output rate G is given by the Fermi golden rule. By
neglecting the transverse kinetic energy as compared to
E21, we obtain

G

V2
rf

�
15p

32

h̄

D
max�0, 1 2 h2�2, (7)

with h � 22E21�D. The rate equation (6) is nonlin-
ear, since G depends on N21 through D � 2Mgz0. From
Eq. (7) and the condition for weak coupling hG ø D,
we deduce a critical Rabi frequency V

C
rf 	 0.8D�h̄ below

which a quasicontinuous output is obtained. Moreover,
we have assumed from the beginning that the BEC decay
was adiabatic. This requires j≠h21�≠tj 	 Gm ø e2

�i��h̄,
where e�i� is the energy of the ith quasiparticle level in the
trap. Taking e�i� * h̄v�, we deduce from Eq. (7) a con-

dition on the Rabi frequency: Vrf ø 1.6�g�z0�1�2. This
condition turns out to be much more stringent than the con-
dition for weak coupling Vrf ø V

C
rf .

To compare our model to the data of Bloch et al. [6], we
have numerically integrated Eq. (6) with the output rate (7)
and their experimental parameters. We show in Fig. 2a (re-
spectively, Fig. 2b) the number of atoms remaining in the
jF � 1;mF � 21� (respectively, jF � 2;mF � 2�) con-
densate after a fixed time as a function of the detuning. In
the latter case, the condensate is coupled to the continuum
via the intermediate state jF � 2;mF � 1�. If we neglect
the mutual interaction between these two bound states, the

FIG. 2. The number of trapped atoms after 20 ms of rf out-
coupling, starting with �7.2 3 105 condensed atoms, Vrf �

312 Hz for the j1; 21� sublevel (left), and �7.0 3 105 atoms,
Vrf � 700 Hz for the j2; 2� sublevel (right) is plotted versus the
coupler frequency. Diamonds are the experimental points from
[6]; solid line is the prediction based upon our model using the
experimental parameters. The experimental curves have been
shifted in frequency to match theory, since Voff is not experi-
mentally known precisely enough (within a kHz uncertainty).

upper level acquires a decay rate G2,2 	 G2,1�2 for near
resonant coupling and for Vrf ¿ G2,1 [19]. Here G2,1 re-
sults from Eq. (7) applied to the relay state.

The quantitative agreement between theory and experi-
ments underlines the importance of gravity and dimension-
ality in this problem. On one hand, the width and depth
of the resonance curve depend directly on the strength of
gravity g. On the other hand, in a 1D calculation, the
output rate is found to be roughly 3 times higher [10].
The discrepancies on the wings might be explained by
the presence of uncondensed atoms near the condensate
boundaries [14].

Finally, we want to point out that, since hG ø D, the
spatial region where outcoupling takes place, of vertical
extension dz 	 hG�mg, is very thin compared to the BEC
size. Outcoupling can thus be understood semiclassically,
in analogy with a Franck-Condon principle [21]: the cou-
pling happens at the turning point of the classical trajectory
of the free falling atoms. Neglecting the transverse kinetic
energy in the calculation of G amounts to approximating
the Franck-Condon surfaces, whose curvature should be
small over the size of the BEC, by planes.

We have analyzed so far the extraction of the atoms from
the trapped BEC. We address now the question of the
propagation of the outcoupled atoms under gravity. For
times t ¿ tc, the explicit expression of the propagator G0

of H0 is [22]

G0�r, r0, t � t 2 t0� �

µ

M

2p h̄t

∂3�2

eiSclass�r,r0,t�t2t0�u�t� .

(8)

Here, the classical action is given by Sclass�r, r0, t � t 2
t0� � �M�2h̄t� ��r 2 r0�2 1 gt2�z 1 z0� 2 g2t4�12�
and u is the step function. We compute the output wave
function C0 with stationary phase approximations. This
amounts to propagating the wave function along the
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classical trajectory: in the limit where Sclass ¿ h̄ (this is
true as soon as the atom has fallen from a height l), this is
the Feynman path that essentially contributes. We obtain
the following expression for the outcoupled atomic wave
function i.e., the atom laser mode [23] (see Fig. 1b):

c0�r, t� �
p

p
h̄Vrf

2Mgl

3 C21�r�, zres, t 2 tfall�
ei2�3jzresj3�22i�drftfall�

p

jzresj1�2

3 M�t, tfall� . (9)

In this expression, zres � hz0 is the point of extraction,
tfall � �2�g�1�2�z 2 zres�

1�2 is the time of fall from this
point, zres � �z 2 zres��l, and M�t, tfall� is unity if 0 #
tfall # t and zero elsewhere: it describes the finite ex-
tent of the atom laser due to the finite coupling time. We
can deduce from Eq. (9) the size of the laser beam in
the x direction xout � x0�1 2 �2E21�D�2�1�2, and a simi-
lar formula for yout. Because the semiclassical approxi-
mation neglects the quantum velocity spread due to the
spatial confinement of the trapped BEC, this wave func-
tion has planar wave fronts. This property will not per-
sist beyond a distance zR � y4

out�4l3 	 a few mm, analog
to the Rayleigh length in photonic laser beams, where the
transverse diffraction �h̄�Myout� �2zR�g�1�2 becomes com-
parable to the size yout. Beyond zR , diffraction has to be
taken into account.

In conclusion, we have obtained analytical expressions
for the output rate and the output mode of a quasicontinu-
ous atom laser based on rf outcoupling from a trapped
BEC. Our treatment, which fully takes the gravity and the
3D geometry into account, leads to a quantitative agree-
ment with the experimental results of Ref. [6]. This points
out the crucial role played by gravity in the atom laser
behavior. Generalization to other coupling schemes is
straightforward and should allow one to investigate the role
of gravity in these cases. In more elaborated treatments,
interactions between the trapped and the outcoupled atoms
should be taken into account to describe the transverse dy-
namics. Finite temperature effects [14] might be relevant
as well. Nevertheless, the good agreement with experi-
mental data shows that the present zero-temperature theory
is a valuable starting point to describe experiments with the
atom laser.
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Erratum: Quasicontinuous Atom Laser in the Presence of Gravity
[Phys. Rev. Lett. 86, 4729 (2001)]
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DOI: 10.1103/PhysRevLett.93.059905 PACS numbers: 03.75.–b, 03.75.Hh, 99.10.Cd

In a recent Letter [1], we analyzed theoretically the extraction of a quasicontinuous atom laser out of a trapped
Bose-Einstein condensate. The explicit expression for the outcoupling rate given in this Letter was underestimated by a
factor of 2, and the correct expression should read (using the notation of [1]):

�

�2
rf

�
15�

16

	h



Max�0; 1� �2�2: (1)

This mistake follows from an incorrect evaluation of the density of states �z in the gravitational potential, which should

read �z�Ez� � �1=�l�H1=2 instead of �z�Ez� � �1=2�l�H1=2. Good agreement with the data of Bloch et al. [2] is then
obtained by using a Rabi frequency �rf twice as small as the value given in [1]. (Note that this amounts to an overall
rescaling of the curve, whose width and shape are not modified by the present correction.) This lies within the
experimental uncertainty on the magnitude of the magnetic outcoupling field, whose determination is based on a
calibration made at frequencies much lower than the radio frequencies used in the experiment [3]. A similar observation
has already been made in [4]: The 3D numerical calculations reported in this paper showed a similar factor of 2
discrepancy between the calibrated �rf and the one that best reproduces the experiments. A new set of carefully
calibrated data could certainly resolve this issue.
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[2] I. Bloch, T.W. Hänsch, and T. Esslinger, Phys. Rev. Lett. 82, 3008 (1999).
[3] T. Esslinger (private communication). Note that eddy currents or similar influence by nearby conductors tend to reduce the

proportionality factor between the true magnetic field and the current in the coil, compared to the one deduced from a dc
calibration. This is consistent with the sign of the deviation we find.
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VOLUME 93, NUMBER 5
P H Y S I C A L R E V I E W L E T T E R S week ending

30 JULY 2004

059905-1 0031-9007=04=93(5)=059905(1)$22.50  2004 The American Physical Society 059905-1





VOLUME 87, NUMBER 17 P H Y S I C A L R E V I E W L E T T E R S 22 OCTOBER 2001

Atom Laser Divergence

Y. Le Coq, J. H. Thywissen, S. A. Rangwala, F. Gerbier, S. Richard, G. Delannoy, P. Bouyer, and A. Aspect

Laboratoire Charles-Fabry de l’Institut d’Optique, UMRA 8501 du CNRS, 91403 Orsay, France*
(Received 28 June 2001; published 8 October 2001)

We measure the angular divergence of a quasicontinuous, rf-outcoupled, free-falling atom laser as a
function of the outcoupling frequency. The data are compared to a Gaussian-beam model of laser propa-
gation that generalizes the standard formalism of photonic lasers. Our treatment includes diffraction,
magnetic lensing, and interaction between the atom laser and the condensate. We find that the dominant
source of divergence is the condensate-laser interaction.

DOI: 10.1103/PhysRevLett.87.170403 PACS numbers: 03.75.Fi, 05.30.Jp, 32.80.Pj, 04.30.Nk

A dilute gas of atoms condensed in a single quantum
state of a magnetic trap [1–6] is the matter-wave analog
of photons stored in an optical cavity. A further atomic
parallel to photonics is the “atom laser” [7–10], a coher-
ent extraction of atoms from a Bose-Einstein condensate.
Atom lasers are of basic interest as a probe of condensate
properties [11] and as a coherent source of atoms [12]. Fur-
thermore, just as optical lasers greatly exceeded previous
light sources in brightness, atom lasers will be useful in
experiments that simultaneously require monochromatic-
ity, collimation, and intensity, such as holographic atom
lithography [13], continuous atomic clocks [14], and cou-
pling into atomic waveguides [15].

Initial work on atom lasers has demonstrated several
types of coherent, pulsed output couplers [7–9] as well
as a coherent narrow-band coupler [10,16], which is the
type employed in our work. In this Letter, we address the
nature of propagation of an atom laser outcoupled from
a condensate. Our experimental data show that the laser
beam is well characterized by a divergence angle. We mea-
sure this angle versus radio-frequency (rf) outcoupler fre-
quency, which chooses the vertical extraction point of the
atom laser from the condensate (see Fig. 1a). In choosing
the extraction point, one chooses the thickness of the con-
densate to be crossed by the extracted atoms, as well as the
width of the atom laser beam at the extraction plane. To
interpret these data, we use a formalism that generalizes
the ABCD matrices treatment of photonic lasers [17,18].
This treatment allows us to calculate analytically the diver-
gence of the laser due to diffraction, magnetic lensing, and
interactions with the condensate. We find that, for our typi-
cal experimental conditions, the divergence of the laser is
primarily due to interaction between the atoms in the laser
and the atoms remaining in the condensate. We describe
this interaction as a thin lens. Note that the existence of
such an interactive lensing effect is in stark contrast to a
photonic laser, since photons do not interact. Interactions
were estimated to be similarly important for pulsed atom
lasers [7,9]. In our case, the divergence is also magnified
by a thick-lens-like potential due to the quadratic Zeeman
effect of the magnetic trapping fields.

The technique we use to obtain Bose-Einstein con-
densates with 87Rb is described in detail elsewhere [19].
Briefly, a Zeeman-slowed atomic beam loads a magneto-
optical trap in a glass cell. Typically 108 atoms are
transferred to a magnetic trap, which is subsequently
compressed to oscillation frequencies of vx � vz �

2p 3 144 Hz and vy � 2p 3 9 Hz � lvz in the
quadrupole and dipole directions, respectively, where
z is vertical. The Ioffe-Pritchard trap is created with
an iron-core electromagnet, with a typical quadrupole
gradient of 11.7 T ? m21, and an uncompensated dipole
bias field of B0 � 5.4 mT. A 40 s, rf-induced evaporative
cooling ramp in the compressed trap results in condensates
of typically 5 3 105 atoms, with a 15% rms shot-to-shot
variation.

Atom lasers are created by applying a rf field at about
38.6 MHz, to transfer condensate atoms from the trapped
jF, mF� � j1, 21� state to the weakly antitrapped j1, 0�
state, which also falls under gravity (see Fig. 1a). The
rf field is weak (approximately 0.1 mT) and applied for a
relatively long duration (toc � 10 ms) [16]. There is no
significant coupling to the j1, 11� state because the F � 1

FIG. 1. (a) Schematic representation of outcoupling from the
trap potential Vj1,21� to the untrapped Vj1,0� potential via an rf
photon at vrf. The vertical direction is z. The curves shown
include magnetic, gravitational, and mean-field potentials.
(b) The wave vector kobs for the absorptive imaging light beam
at an angle f with respect to the weak axis y of the condensate.
The horizontal coordinate in the imaging plane is r . In both
images, the condensate is crosshatched.
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sublevel transitions are split by 0.8 MHz due to the non-
linear part of the Zeeman effect at 5.4 mT. To measure the
spatial distribution of the atom laser, we take an absorptive
image with a pulse of resonant light 6 ms after the moment
when the rf outcoupling ends and the trap is turned off. As
depicted in Fig. 1b, the image is taken at a f � 55± angle
from the weakly confining y axis of the trap. Figure 2a
shows a typical image of an atom laser.

The gravitational sag g�v2
z shifts the entire conden-

sate from the center of the magnetic trap to a region
where isofield surfaces are planes of approximately con-
stant height z0 across the condensate [10]. The relation
between rf frequency v0 1 drf and coupling height z0 is

drf � 2D
z0

Rz

2
m

h̄

√

1 2
z

2
0

R2
z

!

, (1)

where D � MgRz�h̄ is the spectral half-width of the con-
densate, M is the mass of the atom, g is gravitational accel-
eration, and Rz is the Thomas-Fermi (TF) radius [20] of the
condensate along z. The radius Rz is

p

2m�Mv2
z , and m

is the chemical potential �h̄v̄�2� �15a11N�2�5�Mv̄�h̄�21�5,
where N is the number of atoms in the condensate, a11 �

5.67 nm is the s-wave scattering length between 87Rb
atoms in the j1, 21� state [21], and v̄3

� vxvyvz. In
Eq. (1), we have chosen v0 such that drf � 6D when
z0 � 7Rz. For our experimental parameters, m�h̄ ø D,
so drf is roughly linearly dependent on z0, with slope
2Mg�h̄. Therefore, in choosing the coupling frequency,
we choose the height within the condensate at which the
laser is sourced.

FIG. 2. Typical continuous atom laser output. (a) Absorptive
image of laser, after 10 ms of output coupling at 38.557 MHz
and 6 ms of free flight. The condensate (the darkest area of
image) is displaced from the beginning of the laser because of
a magnetic kick separating atoms in the mF � 21 and mF � 0
states. (b)–(d) Examples of absorption profiles of the atom laser,
taken from the three regions boxed in (a). Each profile is fit to
find a width Rn and density rn. (e) The divergence angle of a
single laser is found with a linear fit to the series of measured
widths �Rn�.

Short-term (ms-scale) stability of the bias field is veri-
fied by the continuity of flux along the laser (Fig. 2a). We
find that the shot-to-shot stability and reproducibility of
the bias field, between each 80 s cycle of trapping, cool-
ing, and condensation, is about 60.4 mT or 63 kHz. This
stability is sufficient to scan through the condensate spec-
tral width of about 20 kHz. In one out of five runs (a run is
a set of about 10 cycles), the data were not self-consistent,
which we attribute to a larger (.1 mT) bias field fluctua-
tion during that run. We could maintain this bias field
stability, typically one part in 104 [22], by using either a
low-noise power supply or a battery, since only 1.3 A is
used to energize the dipole coils during evaporation and
outcoupling.

We analyze the images (such as Fig. 2a) to measure the
flux and divergence of the outcoupled laser. Figures 2b
through 2d show the first step in the analysis, a series of
fits to the transverse spatial profile of the laser, as measured
at several heights zn, averaging across 6140 mm. The col-
umn density profile is fit at each zn by rn�1 2 r2�R2

n�3�2,
where r is the horizontal coordinate in the image plane
(see Fig. 1b), rn is the peak column density, and Rn is the
width. This fit function would be the rigorously correct
function for an atom laser without divergence [23] or for
a free condensate undergoing mean-field expansion [24];
here we observe empirically that the fits are good. From
the integral of the column densities at each height, we de-

termine the output flux F with a fit to F�
p

2g�z 2 z0�, a
form that assumes constant flux, purely gravitational ac-
celeration, and a density that decreases with the inverse of
the classical velocity, valid when jz 2 z0j ¿ �g, where

�g � �h̄2��2gM2��1�3 is the gravitational length. Finally,
from the series �Rn� and �zn�, we determine a geometric ex-
pansion angle by a linear fit (see Fig. 2e). We will discuss
below why one would expect a linear rather than parabolic
shape for a laser falling under gravity.

We repeated the above imaging, and analysis for atom
lasers coupled at a variety of rf coupling frequencies. Fig-
ure 3 shows the averaged half-angle divergence versus out-
coupler detuning, from 15 laser images. We see that the
divergence clearly decreases at higher drf, corresponding
to lower initial heights z0. These divergence data will be
analyzed in more detail below. The inset of Fig. 3 shows
laser flux F versus drf, and is compared to

F

F0

�

√

1 2
z

2
0

R2
z

!

2
"

1 2
2m

h̄D

z0

Rz

1
2m2

3h̄2D2

√

1 2
z

2
0

R2
z

!#

,

(2)

where F0 is the peak flux, and Eq. (1) defines the relation
between z0 and drf. Equation (2) assumes the laser flux is
simply proportional to the linear density of the condensate
at the coupling point. For the solid curve shown in the inset
of Fig. 3, we have used N � 4 3 105 to give D � 2p 3
9.1 kHz and Rz � 4.2 mm. The peak flux is measured
to be about 1 3 107 s21 by the reduction in condensate
number, as in [10]. This is in agreement with the theory
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FIG. 3. Divergence (half-angle) versus output coupler detun-
ing from the condensate center. Experimental points are com-
pared with the theoretical calculation (solid line). The dashed
line represents the same calculation, but excluding the effects
of the condensate-laser interaction. Inset: Output flux (in arbi-
trary units) versus detuning, with the same frequency scale as
the main figure.

of [23], given the applied field strength and uncertainty in
the atom number and field polarization [16].

There are several possible sources of divergence of the
atom laser, including diffraction, magnetic lensing, and
interactions both within the laser and between the laser
and the condensate. In order to understand the diver-
gence with a simple analytical model, we make several
approximations: (1) that the interactions between atoms
within the laser are not significant, valid in the low-flux
limit; (2) that the roughly parabolic density profile of the
atom laser can be approximated by a Gaussian; and (3)
that we can use stationary solutions of the Schrödinger
equation with a paraxial-type of approximation, in which
the fast degrees of freedom [23] are decoupled from the
slow evolution of the transverse degrees of freedom, as
in [25]. We follow a Gaussian optics treatment similar
to that of photonic lasers [17]: the spatial distribution
in x and y described by the wave function C�x, y, t� �

C0 exp�2iP�t� 1 ix2�2qx�t� 1 iy2�2qy �t��, where
P�t� describes the overall phase and amplitude, and
beam parameters 1�qx,y�t� � i�w2

x,y�t� 1 cx,y�t� de-
scribe the widths wx and wy and curvatures cx and
cy of the beam. The observable width is w�t� �

�w2
x �t� cos2�f� 1 w2

y sin2�f��1�2, where f is the ob-

servation angle (Fig. 1b). The initial widths w2
x �0� �

2�R2
z 2 z

2
0 ��5 and wy�0� � wx �0��l give the same rms

width as would an initial Thomas-Fermi density profile.
The beam parameters qx and qy follow an “ABCD

law” similar to that for a photon laser beam: q0
� �Aq 1

B���Cq 1 D�, where the coefficients A, B, C, and D are
the four elements in a matrix which transforms ray vectors
	x, p�h̄� to 	x0, p0�h̄� according to classical equations of
motion in the same potential. In the following paragraphs,
we will calculate the ABCD matrices for interaction with
the condensate, propagation with the magnetic trap on, and

free flight after the trap is turned off. Note that even though
the ray matrices can be derived using classical equations of
motion, their application in the Gaussian beam formalism
includes diffraction.

The mean-field interaction potential between an atom in
the laser and the condensate is UI �r� � g01rc�r�, where
g01 is the s-wave coupling strength 4p h̄2a01�M between
atoms in the j1, 0� state and the trapped j1, 21� state, and
rc�r� is the condensate density. Here we use a01 � a11.
We calculate the action of this potential treating it as a lens,
and using the thin lens approximation that each trajectory
is at its initial transverse position 	x0, y0�. In the Thomas-
Fermi limit, the potential UI �r� is quadratic, and thus gives
an impulse 	Dpx , Dpy� � �2mt1�x0, y0��R2

z � 	x0, l2y0� af-
ter an interaction time t1. The on-axis power of the lens
is given for x0 ø Rx and y0 ø Ry, with which assump-

tion we find t
2
1 
 2�Rz 1 z0��g. This gives the thin lens

ABCD matrix for the x direction

M1x�z0� �

√

1 0
2m
h̄R2

z

p

2�Rz 1 z0� 1

!

. (3)

When applied to the beam parameter qx , the nontrivial term
in Eq. (3) is the wave-front curvature added to the beam. A
similar ray matrix M1y�z0� transforms qy , but with a curva-
ture term multiplied by l2. For both M1x �z0� and M1y�z0�,
the curvature is positive for all z0, since the interaction is
always repulsive. A positive curvature corresponds to an
expanding wave, and thus the condensate with repulsive
interactions (g01 . 0) is always a diverging lens.

When the atom laser falls [26], it evolves in the anti-
trapping potential due to the quadratic Zeeman effect of
the j1, 0� state, UQZE�r� � 2mBB2�r��BHF, where mB is
the Bohr magneton, and BHF � 0.4883 T is the hyperfine
splitting in magnetic units. We can neglect y-dependent
and higher-order terms, since they are several orders
of magnitude smaller for the fields in our experiment,
to get UQZE�r� 
 2mBB

2
0�BHF 2 MV2�x2 1 z2��2,

where V � 2p 3 30.3 6 0.1 Hz. Below, we will return
to evolution in y. The classical motion of a particle in
an inverted quadratic potential is given by hyperbolic
functions. In the vertical direction, an elongation of the
laser is evident: we observe a length of 1.84 6 0.09 mm,
while with gravity alone, one would expect a length of
1.33 mm after 10 ms of coupling and 6 ms of free flight.
Including UQZE�r� and our measured trap parameters, we
calculate 1.87 mm, in agreement with our observations.
The ray matrix for the transverse x direction is

M2�t2� �

√

cosh�Vt2�
h̄

MV sinh�Vt2�
MV

h̄ sinh�Vt2� cosh�Vt2�

!

, (4)

where t2 is the time of evolution, ranging between 0 and
toc. This interaction is a thick lens, since Vtoc . 1, and
thus there is sufficient time for the laser to change diameter
and curvature during its interaction. During the same time,
the beam parameter qy transforms by the free flight matrix
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MFF�t2� �

√

1 h̄t2�M

0 1

!

, (5)

which is the V ! 0 limit of M2�t2�. Note that it is due to
the acceleration in both the z and x directions that make the
atom lasers well characterized by an asymptotic expansion
angle (see Fig. 2e): if there were no acceleration in x, the
laser would have parabolic borders.

The third and final transformation of the laser is free-
flight expansion between turning the trap off and observ-
ing the laser, described by MFF�tF�, where tF is the time
of flight. To find the width of the laser at any position, we
evolve the initial beam parameter qx�0� � 2iwx�0�2 and
qy�0� � 2iwy�0�2 with the elements of the matrix prod-
uct MFF�tF�M2�t2�M1x�z0� and MFF�t2 1 tF�M1y �z0�, re-
spectively. The angle is the ratio of the difference between
the observed rms beam size at t2 � 0 and t2 � toc to the
length of the laser. Note that this theory has no adjustable
parameters since the atom number, output flux, trap fre-
quencies, interaction strength, and bias field have all been
measured.

Figure 3 shows the calculated angle u in comparison
with the data. The primary feature of this curve is its mo-
notonous decrease with increasing drf throughout the range
of the data. This trend is due to the condensate lens, as is
demonstrated by comparison to u without the transforma-
tion M1 (dashed line in Fig. 3). Simply put, a laser sourced
at lower heights (greater drf) interacts for less time with the
condensate. The quadratic Zeeman potential UQZE acts to
magnify the divergence of the condensate lens, increasing
the slope in this region by roughly a factor of 4. Out of
the range of our data, there are two more salient features:
(1) The angle u decreases at drf , 25 kHz. This is due to
a reduction in initial width of lasers sourced from the very
top of the condensate, since divergence angle is propor-
tional to beam radius for a constant focal length. (2) The
angle u increases for drf . 5 kHz due to diffraction. A
combination of diffraction and interactions imposes the
minimum divergence possible on the atom laser, in our
case approximately 6 mrad.

In conclusion, we have measured the divergence of an
atom laser. We demonstrate that in our case, interactions
are a critical contributor to the observed divergence. The
strong parallel between atom and photon laser beams, both
fully coherent, propagating waves, is emphasized by the
success of a model obtained by generalization of the stan-
dard treatment of optical laser beams. The understanding
of atom laser propagation provided by our measurements
and model provide a basic tool for future experiments with
atom lasers.

The authors thank W. D. Phillips, C. I. Westbrook, Ch.
J. Bordé, M. Köhl, and S. Seidelin for comments. J. T.
acknowledges support from a Chateaubriand Fellowship.
This work was supported by the CNRS, Le Ministère de la

Recherche, la Délégation Générale pour l’Armement, and
the European Union (Grant No. HPRN-CT-2000-00125).

*Electronic address: http://atomoptic.iota.u-psud.fr
[1] M. H. Anderson et al., Science 269, 198 (1995).
[2] K. B. Davis et al., Phys. Rev. Lett. 75, 3969 (1995).
[3] C. C. Bradley et al., Phys. Rev. Lett. 75, 1687 (1995); C. C.

Bradley, C. A. Sackett, and R. G. Hulet, Phys. Rev. Lett. 78,
985 (1997).

[4] D. G. Fried et al., Phys. Rev. Lett. 81, 3811 (1998).
[5] A. Robert et al., Science 292, 461 (2001); F. Pereira Dos

Santos et al., Phys. Rev. Lett. 86, 3459 (2001).
[6] See also http://amo.phy.gasou.edu/bec.html/
[7] M.-O. Mewes et al., Phys. Rev. Lett. 78, 582 (1997).
[8] B. P. Anderson and M. A. Kasevich, Science 282, 1686

(1998).
[9] E. W. Hagley et al., Science 283, 1706 (1999).

[10] I. Bloch, T. W. Hänsch, and T. Esslinger, Phys. Rev. Lett.
82, 3008 (1999).

[11] I. Bloch, T. W. Hänsch, and T. Esslinger, Nature (London)
403, 166 (2000).

[12] M. Andrews et al., Science 275, 637 (1997).
[13] J. Fujita et al., Nature (London) 380, 691 (1996);

F. Shimizu, Adv. Atom. Mol. Opt. Phys. 42, 73 (2000).
[14] P. T. H. Fisk, Rep. Prog. Phys. 60, 761 (1997).
[15] J. H. Thywissen, R. M. Westervelt, and M. Prentiss, Phys.

Rev. Lett. 83, 3762 (1999); M. Key et al., Phys. Rev. Lett.
84, 1371 (2000).

[16] In this work, the coupling width is uncertainty limited at
approximately 2p 3 100 Hz with a coupling rate at ap-
proximately 2p 3 6 Hz. These widths are small compared
to the chemical potential h 3 1.6 kHz. We call these atom
lasers “narrow-band” because the energetic width of the
output mode is limited by the coupling rate and/or the rf
pulse length (as in [10]), instead of the spatial size of the
condensate (as in [7–9]).

[17] H. Kogenick, Appl. Opt. 4, 1562 (1965).
[18] Ch. J. Bordé, in Fundamental Systems in Quantum Optics,

edited by J. Dalibard, J.-M. Raimond, and J. Zinn-Justin
(North-Holland, Amsterdam, 1992), p. 291.

[19] B. Desruelle et al., Eur. Phys. J. D 1, 255 (1998);
B. Desruelle et al., Phys. Rev. A 60, R1759 (1999).

[20] For a review of Bose-Einstein condensate theory and an
explanation of the Thomas-Fermi formulas used here, see
F. Dalfovo et al., Rev. Mod. Phys. 71, 463 (1999).

[21] D. S. Hall et al., Phys. Rev. Lett. 81, 1539 (1998).
[22] We attribute this field stability to the magnetic shielding of

the condensate by the iron yoke of the electromagnet.
[23] F. Gerbier, P. Bouyer, and A. Aspect, Phys. Rev. Lett. 86,

4729 (2001).
[24] Y. Castin and R. Dum, Phys. Rev. Lett. 77, 5315 (1996);

Yu. Kagan, E. L. Surkov, and G. V. Shlyapnikov, Phys. Rev.
A 54, R1753 (1996).

[25] H. Wallis, J. Dalibard, and C. Cohen-Tannoudji, Appl.
Phys. B 54, 407 (1992).

[26] The potential UQZE also acts within the condensate, but is
neglected transversely because V2 ø v2

x , and longitudi-
nally because Rz ø g�V2.

170403-4 170403-4























C. R. Acad. Sci. Paris, t. 2, Série IV, p. 657–662, 2001
Atomes, molécules/Atoms, molecules

OPTIQUE ET INTERFÉROMÉTRIE ATOMIQUES

ATOM OPTICS AND INTERFEROMETRY

Experimental study of coupling Bose–Einstein
condensates into weakly non-trapping and trapping
states
P. BOUYER, S.A. RANGWALA, Y. LE COQ, G. DELANNOY, F. GERBIER, S. SEIDELIN,
S. RICHARD, J. THYWISSEN, A. ASPECT

Groupe d’optique atomique, laboratoire Charles-Fabry de l’Institut d’optique, UMRA 8501 du CNRS,
Bât. 503, Campus universitaire d’Orsay, BP 147, 91403 Orsay cedex, France

(Reçu le 1er janvier 2001, accepté le 26 mars 2001)

Abstract. We study the production of an atom laser from a Bose–Einstein condensate using radio-
frequency out-coupling. Single frequency coupling from the Bose–Einstein condensate
leads to unstable production of an atom laser due to the extreme sensitivity of this process
to magnetic field fluctuations. The extent of this experimental instability is quantified.
Stable, repeatable production of an atom laser is achieved by the frequency modulation
of the coupling, which forms a frequency comb across the condensate. Different regimes of
modulated coupling are discussed. In addition the coupling of atoms into a weakly trapping
state is studied. The oscillation frequency of this state in the vertical direction is measured.
Preliminary results indicating qualitative difference between condensate and thermal cloud
coupling are presented. 2001 Académie des sciences/Éditions scientifiques et médicales
Elsevier SAS

cold atoms / Bose–Einstein condensate / output coupler / atom laser / quantum
coherence

Étude du couplage de sortie d’un condensat vers un niveau libre et vers
un niveau faiblement piégeant

Résumé. Nous présentons la réalisation d’un laser à atomes à partir d’un condensat de Bose–
Einstein grâce à lutilisation d’un coupleur radio-fréquence. Dans le cas d’un laser
monomode (un seul coupleur radiofréquence), le couplage de sortie est très sensible aux
fluctuations du champ magnétique qui piège le condensat. Une mesure des instabilités du
laser permet alors de quantifier les fluctuations du champ magnétiques. Afin de rendre
le couplage insensible aux fluctuations, nous avons ensuite utilisé un coupleur radio-
fréquence modulé, qui crée de multiples coupleurs de sortie régulièrement espacés. Nous
présentons finalement l’étude du couplage des atomes vers un état très faiblement piégé.
L’évolution d’un condensat laché dans une telle cavité a pu être étudiée et a permis
de déterminer la fréquence d’oscillation des atomes. Enfin, dans le cas d’un couplage
faible (quasi-continu), il est possible de distinguer entre le couplage d’un condensat,
intrinsèquement cohérent, et un nuage thermique. 2001 Académie des sciences/Éditions
scientifiques et médicales Elsevier SAS
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atomes froids / condensat de Bose–Einstein / coupleur de sortie / laser à atomes /
cohérence quantique

1. Introduction

Since the creation of the first dilute Bose–Einstein Condensate (BEC) [1] atom lasers sourcedfrom them
have been an important topic of study. Pulsed atom lasers have been realized by a variety of techniques,
using: intense, pulsed, spin–flip radio frequency (RF) transitions [2], and gravity induced tunneling from
an optically trapped condensate [3]. A quasi-continuous laser has been realized using Raman transitions
[4] and a continuous atom laser, limited only by the depletion of the condensate, has been achieved byRF
coupling under highly stable conditions [5]. These developments illustrate the atom lasers potential to form
atomic beams of unprecedented brightness and coherence. There is therefore need to control precisely the
production of the laser and to develop tools that characterize the laser. In this proceeding we discuss the
stability requirements for the production of a continuous laser and demonstrate the production of a stable
laser using a frequency comb. Preliminary results on coupling a fraction of the BEC and cold thermal atoms
from the|1,−1〉 state into a weakly trapping state are also presented.

2. Atom laser

The experimental scheme used is described in detail elsewhere [6]. Briefly, a87Rb BEC with
approximately5 · 105 atoms is created in the|1,−1〉 (i.e. F = 1, mF = −1) state. The construction of the
magnetic trap results in the production of a relatively large bias field as well asa large magnetic gradient in
the quadrupole direction (vertical plane). Under these condition the contribution of the quadratic Zeeman
effect makes the|1,0〉 and|2,0〉 states slightly anti-trapping and trapping respectively. We couple the BEC
to one or the other state by using either a radio frequency (RF) or a microwave frequency.

Production of a continuous atom laser, as in [5], is done by coupling the atoms from the trapping|1,−1〉
state to the weakly anti-trapping|1,0〉 state. This is implemented using a RF of approximately 40 MHz.
The frequency is relatively high due to the high bias field of 56 Gauss in our experiment. The RFpower
is adjusted such that the approximate estimation of the Rabi frequency for typical coupling parameters is
about 1 kHz. The RF coupling is applied for a duration of about 20 ms.

Using a single radio frequency we can successfully couple atoms into the|1,0〉 state to produce an atom
laser. However, the atom laser exhibits both intra-shot and shot-to-shot instabilitiesin the density of the
out-coupled beam. In a similar experiment, continuous production of the atom laser has been demonstrated
by Bloch et al. (1999) [5]. They achieve high stability in the laser output with a combination of magnetic
shielding and stable current supply, which ensure magnetic field stability. Our experiment is not stabilized to
the same extent and therefore instabilities of the magnetic field can result in the laser densityfluctuations.1

To quantify the fluctuation of the magnetic trapping potential we study the depletion of the condensate
versus the RF out-coupling frequency. The total number of atoms in the combined thermal cloud and
condensate is approximately1 · 106 of which the condensate fraction is about 50%. Varying the frequency
of the RF coupling, we measure the atoms remaining in|1,−1〉 state after 10 ms of out-coupling. This
measurement does not discriminate between the thermal cloud and the condensate atoms in|1,−1〉
( figure 1). The measured width of the out-coupled atoms in our case is approximately 80 kHz at the
threshold. The spectral width for out-coupling a condensate is given by its spatial extent in the vertical
direction because of the variation in the gravitational potential energy across it. The frequency width is
therefore given by∆ν = MRbg∆s/�, whereMRb is the mass of87Rb, g the acceleration due to gravity,
∆s the spatial extent of the condensate and� the Planck constant. Similar considerations hold for the
thermal atoms in the trap. The calculated spectral width for the condensate is approximately 10 kHz and
the thermal cloud has a calculated one sigma width of 11 kHz. Thus the observed experimental width of
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Figure 1. The filled squares
represent the depletion of the
condensate and thermal atoms

from the|1,−1〉 state as a
function of out-coupling

frequency. The frequency axis
has been centered at the point
for maximum out-coupling.

The line is the convolution of
the atomic density profile in

|1,−1〉 with a normal
distribution of one sigma width

15 kHz, representing the
fluctuations in the magnetic

field bias.

80 kHz is much larger than the expected width due to the condensate and thermal cloud (approximately
30 kHz). The present measurement is therefore a convolution of the condensate and thermal cloud widths,
with the experimental instabilities, which has the effect of broadening the depletion profile.

The primary source of instability in our experiment is from fluctuations in the trapping magnetic field,
which gives rise to a corresponding change in the resonance condition for optimal output coupling. The
efficiency of coupling is sensitive to these instabilities when the amplitude of the magnetic field fluctuations
is comparable to or larger than the spectral width of the condensate. In order to estimate the fluctuation in
the magnetic trapping field, which corresponds to shift in out-coupling frequency, we assume that it is
consistent with a normal distribution. The convolution of a normal distribution with a onesigma value
of 15 kHz, with the calculated spectral density profiles of the condensate and thermal cloud gives good
agreement with the measured depletion of atoms in|1,−1〉 ( figure 1). At this value we agree well with
both the FWHM (40 kHz) of the depletion curve as well as with the lower and upper thresholds for out-
coupling (80 kHz). From this we can conclude that the amplitude of the fluctuations have a spectral width
(two sigma) of approximately 30 kHz. Such an instability in the amplitude of the trapping magnetic field
imposes severe limitations on the ability to produce an atom laser with uniform density distribution, using
a single RF, making other means for is production necessary.

To circumvent the instability we produce an atom laser using a frequency comb instead of a single
frequency, thus countering the magnetic field fluctuations. The frequency comb is created by frequency
modulating the out-coupling RF, about the frequency of maximum output couplingνc (carrier frequency).
The expression for the modulation isνRF = νc + νBWf(νmt), whereνBW is the frequency bandwidth
of the modulation (typical experimental value is 100 kHz) aboutνc and a triangular modulation function
f(νmt). The power of the RF comb is adjusted for individual comb elements to be in the weak coupling
regime.

In the time domain picture of frequency modulation the frequency of the carrier wave (νc) varies across
the bandwidth (νBW) twice every modulation cycle. As the modulation frequency is varied three distinct
regimes of output coupling are evident from the experimental data. At low modulation frequencies (i.e.
νm � 1000 Hz), atoms from the condensate are coupled out each time the frequency modulation crosses
the instantaneous resonance frequency (twice every cycle). The output coupled atoms are non overlapping
and form distinct condensate replicas (figure 2a). On increasing the modulation frequency, the rate of
output from the condensate increases, to give a quasi-continuous output (figures 2band2c). At still higher
modulation frequency we have the overlapping of successively out-coupled atoms from the condensate,
over a considerable spatial extent as they fall under the combined influence of the gravitational and weakly
non-trapping magnetic potential. In this regime we can see non uniformity of the imaged out-coupled atoms,
which may be attributed to the interference between successively out-coupled atoms from the condensate
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(a) (b) (c) (d)

Figure 2. The different
regimes of comb coupling.
(a) At a small modulation
frequency (νm) of 230 Hz.

(b) Quasi-continuous coupling
with νm = 2000 Hz.

(c) Quasi-continuous coupling
with magnified imaging at

νm = 3000 Hz. (d) Unstable
coupling atνm = 17000 Hz in
the magnified imaging system.
Cutting the magnetic field just
before imaging results in the

spatial separation of the
condensate and the atom laser.

in the fluctuating magnetic field. In another measurement, on changing the bandwidth of the frequency
comb, the out-coupling is seen to be reproducible at and above aνBW value of approximately 40 kHz,
whereas below this value it becomes unstable from shot-to-shot. This is consistent with the full width at
half maximum of the stability measurement (figure 1) and gives us an independent measure of the magnetic
field fluctuations.

In the frequency domain the three regimes of out-coupling can be understood as follows. If the frequency
comb is very dense, which is the case at small modulation frequencies (νM much less than the condensate
spectral width), we can expect to see interference between the matter waves coupled out of different
spatial regions of the condensate and this behaviour manifests in the appearance of discrete atom-bunches
in time (figure 2a). A crude simulation of the time interval between successive atom-bunches can be
done by fourier transforming the product of a frequency comb with appropriate phase relations and the
Thomas–Fermi condensate shape. Such a simulation is in rough agreement with the observed data. As the
modulation frequency increases the temporal spacing between the out-coupled atom bunches decreases and
at νM approximately few thousand Hz all the discreteness in the out-coupling disappears within the limits
of the imaging system and a quasi-continuous beam of out-coupled atoms is seen (figures 2band 2c).
On increasing the comb frequency still further we achieve the condition that one or less comb teeth are
available for output coupling and we revert to the situation analogous to single frequency coupling,where
the instabilities in the magnetic field start affecting the out coupling (figure 2d).

3. Atom ‘cavity’

It is also interesting to study the coupling of a condensate in an weakly trapping state thatis much larger
in spatial extent than the condensate. Such a state can be considered as an atomic cavity and can be used
to study the dynamics of coherent evolution of the atoms from the condensate. In our experiment the|2,0〉
state of theF = 2 manifold is such a state. Atoms are coupled directly from the|1,−1〉 condensate state to
the cavity using a single microwave frequency of approximately 6.8 GHz.

In our experiment the measured frequency for the BEC state in the vertical direction isν⊥,BEC =
132.5 Hz, with an experimental uncertainty of±0.25 Hz. Using this value to establish the magnetic
gradient field of the trap we estimate the trap frequency of the cavity state in the vertical direction as
ν⊥,cav ≈ 29 Hz, with a few percent accuracy. Gravity shifts the trap centers for the various magnetic
sublevels by different amounts. The cavity state sags vertically byzcav = g/(2πν⊥,cav)

2 ≈ 310 µm. By
comparison, the condensate shifts down byzBEC ≈ 15 µm, giving a relative shift of 300 µm. Since the
atoms are coupled from the highly localized condensate in the vertical direction into the cavity state by
a microwave photon, they are coupled to a region away from the cavity centre. The atoms are therefore
coupled in the high lying energy levels of the cavity state.
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Figure 3. Measurement of the
period of oscillation of the

atoms coupled into the|2,0〉
(cavity) state. The filled circles

are the data points while the line
through them is a single

frequency sinusoidal fit which
gives a cavity frequency of

30.3 Hz (period= 33 ms). The
statistical error on the measured

position of the atoms in the
cavity is at most one division
along the amplitude axis for

each point.

(a) (b) (c)

Figure 4. Atoms coupled into
the cavity state from the|1,−1〉

state. (a) An over evaporated
condensate coupled into the

cavity state. (b) A pure
condensate in the cavity state

where we see a distinct
structures in the spatial density
distribution of atoms while (c)

is the case of thermal cloud
coupling into the cavity state
resulting in a uniform spatial

distribution of atoms.

To determine the cavity state frequency, the oscillation of atoms coupled into the cavity was measured as
a function of time. For this experiment a fraction of the atoms were out-coupled from the condensate into
the cavity state by a strong, resonant microwave pulse of short duration (2 ms). The cavity state frequency
was measured by studying the position of centre of mass of the atomic cloud as shown infigure 3. The
fitted value of the oscillation period is found to be 33 ms corresponding to an oscillation frequency of
30.3 Hz. This value agrees with the the estimated trap frequency given above. The goodness of fit for a
single frequency sinusoid fit over several periods of oscillation in the cavity indicates that we are in the
region of the cavity where deviations from the simple harmonic nature of the oscillations are small, despite
its relatively large spatial extent. The one sigma error on the fit value is under 0.1% in frequency.

As we lower the microwave power (i.e. go to weaker coupling intensities) and increase the coupling time
of the atoms from the BEC, structures are observed in the cavity state (figures 4aand4b). These structures
represent a non uniform spatial density distribution of atoms in the cavity state. By contrast,coupling from
a cold thermal cloud results in a uniform density distribution of atoms in the cavity (figure 4c). The above
results are preliminary as systematic study is limited by instability in the bias field. Numerical integration of
the Gross–Pitaevskii equation yields structures similar to those observed inthe cavity state. This suggests
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that the structures in the cavity state are signature of the coherence of a BEC, while lackof structure for the
thermal cloud is due to its lack of coherence.

4. Conclusions

We have demonstrated a method for continuous output coupling of a condensate into a non trapping
state which overcomes the problem of small fluctuations in the trapping magnetic field. The method
involves the modulation of the frequency of out-coupling over a bandwidth larger than the bandwidth of
the fluctuation. Various regimes of operation for this method have been explored and discussed. In addition
certain preliminary results of coupling the atoms into a extended, weakly trapping state have been discussed.
Coupling into this state seems to show different behaviour for the condensate as opposed to a thermal cloud.

1 Since the measurements reported here we have successfully suppressed the fluctuations in the magnetic bias field
using a better stabilized power supply, which enables us to produce a continous atom lasers using single radio frequency.
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t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❣r❛✈✐t② ❬P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✽✻✱ ✹✼✷✾ ✭✷✵✵✶✮❪✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✸✱ ✵✺✾✾✵✺
✭✷✵✵✹✮✳

❬✸✶❪ ❈✳ ❏✳ ❇♦r❞✓❡✱ ❭❚❤❡♦r❡t✐❝❛❧ t♦♦❧s ❢♦r ❛t♦♠ ♦♣t✐❝s ❛♥❞ ❛t♦♠ ✐♥t❡r❢❡r♦♠❡tr②✧✱ ❈✳ ❘ ❆❝❛❞✳
❙❝✳ ✲ s✓❡r✐❡s ■❱ ✲ P❤②s✐❝s ✷✱ ✺✵✾ ✭✷✵✵✶✮✳

❬✸✷❪ ●✳ ❉❡❧❛♥♥♦②✱ ✓❊t✉❞❡ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣r♦❞✉❝t✐♦♥ ❞❡ ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✿
✓❡✈❛♣♦r❛t✐♦♥ ♠✉❧t✐✲❢r✓❡q✉❡♥❝❡ ❡t r❡❢r♦✐❞✐ss❡♠❡♥t s②♠♣❛t❤✐q✉❡✱ ❚❤✒❡s❡ ❞❡ ❞♦❝t♦r❛t✱ ❯♥✐✈❡r✲
s✐t✓❡ ❞❡ P❛r✐s ❱■✱ ✷✵✵✶✳

❬✸✸❪ ❨✳ ❈❛st✐♥ ❛♥❞ ❘✳ ❉✉♠✱ ❭❇♦s❡✲❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t❡s ✐♥ t✐♠❡✲❞❡♣❡♥❞❡♥t tr❛♣s✧✱ P❤②s✳
❘❡✈✳ ▲❡tt✳ ✼✼✱ ✺✸✶✺ ✭✶✾✾✻✮✳

❬✸✹❪ ❨✳ ❑❛❣❛♥✱ ❊✳ ▲✳ ❙✉r❦♦✈✱ ❛♥❞ ●✳ ❱✳ ❙❤❧②❛♣♥✐❦♦✈✱ ❭❊✈♦❧✉t✐♦♥ ♦❢ ❛ ❇♦s❡✲❝♦♥❞❡♥s❡❞
❣❛s ✉♥❞❡r ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❝♦♥☞♥✐♥❣ ♣♦t❡♥t✐❛❧✧✱ P❤②s✳ ❘❡✈✳ ❆ ✺✹✱ ❘✶✼✺✸ ✭✶✾✾✻✮✳

❬✸✺❪ ❨❛r✐✈✱ ◗✉❛♥t✉♠ ❊❧❡❝tr♦♥✐❝s ✭❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱◆❡✇ ❨♦r❦✱ ✶✾✽✾✮✱ ♣♣✳ ✶✵✻④✶✸✷✳

❬✸✻❪ ❍✳ ❲❛❧❧✐s✱ ❏✳ ❉❛❧✐❜❛r❞✱ ❛♥❞ ❈✳ ❈♦❤❡♥✲❚❛♥♥♦✉❞❥✐✱ ❭❚r❛♣♣✐♥❣ ❛t♦♠s ✐♥ ❣r❛✈✐t❛✲
t✐♦♥❛❧ tr❛♣✧✱ ❆♣♣❧✳ P❤②s✳ ❇ ✺✹✱ ✹✵✼ ✭✶✾✾✷✮✳

❬✸✼❪ ❚✳ ❇✉s❝❤✱ ▼✳ ❑⑧♦❤❧✱ ❚✳ ❊ss❧✐♥❣❡r✱ ❛♥❞ ❑✳ ▼⑧♦❧♠❡r✱ ❭❚r❛♥s✈❡rs❡ ♠♦❞❡ ♦❢ ❛♥
❛t♦♠ ❧❛s❡r✧✱ P❤②s✳ ❘❡✈✳ ❆ ✻✺✱ ✵✹✸✻✶✺ ✭✷✵✵✷✮✳
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■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿

❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r

❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ❛❜♦r❞❡r ✉♥❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❧✬♦♣t✐q✉❡ ❡t ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡

❛t♦♠✐q✉❡ q✉❡ ❥✬❛✐ ♠✐s ❡♥ ✛✉✈r❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s✳ ❈❡s ♦✉t✐❧ ♦♥t ♣❡r♠✐s

❞✬❡①♣❧♦r❡r ❡t ❞✬❛❜♦r❞❡r ✉♥ ♣r♦❜❧✒❡♠❡ ✐♠♣♦rt❛♥t✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞✬✉♥ ❝♦♥❞❡♥s❛t✱

❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡ r✓❡❣✐♠❡ ♣❛rt✐❝✉❧✐❡r ❞❡s ❝♦♥❞❡♥s❛ts tr✒❡s ❛❧❧♦♥❣✓❡s ♦✒✉ ❝❡tt❡ ❝♦❤✓❡r❡♥❝❡ ❡st

s❡✉❧❡♠❡♥t ♣❛rt✐❡❧❧❡✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛ts✳ ❚♦✉t❡ ❝❡tt❡ ✓❡t✉❞❡ ♠✬❛ ♣❡r♠✐s ❞❡

♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥ ♦✉t✐❧ ♣r✓❡❝✐s ♣♦✉r ♠❛♥✐♣✉❧❡r ❧❡ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ✿ ✉♥ r✓❡s❡❛✉ ❞❡

❞✐☛r❛❝t✐♦♥ r✓❡❛❧✐s✓❡ ✒❛ ♣❛rt✐ ❞✬✉♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡ ♦♣t✐q✉❡✳

❈❡t ♦✉t✐❧ ❛ ✓❡t✓❡ ✉t✐❧✐s✓❡ ❞❡ ❞✐✈❡rs❡s ♠❛♥✐✒❡r❡s q✉✐ s♦♥t ✐♥❞✐q✉✓❡❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ✿

④ ❉❛♥s ❝❡rt❛✐♥❡s ❝♦♥☞❣✉r❛t✐♦♥s✱ ❧❛ s✓❡❧❡❝t✐✈✐t✓❡ ❞✉ ♣r♦❝❡ss✉s ❞❡ ❞✐☛r❛❝t✐♦♥ ♣❡r♠❡t ❞❡ s✓❡❧❡❝✲

t✐♦♥♥❡r ❧❛ ♣❛rt✐❡ ❁ ❝♦❤✓❡r❡♥t❡ ❃ ❞✉ ❢♦♥❞ ✐♥❝♦❤✓❡r❡♥t✳ ❈❡ ☞❧tr❛❣❡✱ ❞✓❡❝r✐t ♣❛❣❡ ✷✵✽✱ ❛ ♣❡r♠✐s

♣❛r ❡①❡♠♣❧❡ ❞❡ ♠❡s✉r❡r ♣❧✉s ♣r✓❡❝✐s✓❡♠❡♥t ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞❡s ❛t♦♠❡s✱ ❛✐♥s✐ q✉❡ ❧❛ ❢r❛❝t✐♦♥

❞✬❛t♦♠❡s ❝♦♥❞❡♥s✓❡s✳

④ ❙✐ ♦♥ ❛✉❣♠❡♥t❡ ❡♥❝♦r❡ ♣❧✉s ❧❛ s✓❡❧❡❝t✐✈✐t✓❡ ❡♥ ✈✐t❡ss❡✱ ♦♥ ♣❡✉t ❛❧♦rs ❞✐r❡❝t❡♠❡♥t ♠❡s✉r❡r ❧❛

❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡ ❛✉ s❡✐♥ ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❬✶❪✱ ❡t ❛✐♥s✐ r❡♠♦♥t❡r ✒❛ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞✉ ❝♦♥❞❡♥s❛t ❝♦♠♠❡ ✐♥❞✐q✉✓❡ ♣❛❣❡ ✷✶✵✳

④ ❙✐✱ ❛✉ ❝♦♥tr❛✐r❡✱ ♦♥ r✒❡❣❧❡ ❧❛ s✓❡❧❡❝t✐✈✐t✓❡ ❞✉ ♣r♦❝❡ss✉s ❞❡ ❞✐☛r❛❝t✐♦♥ ♣♦✉r ❞✐☛r❛❝t❡r t♦✉t ❧❡

❝♦♥❞❡♥s❛t✱ ♦♥ ♣❡✉t ❛❧♦rs ♠❛♥✐♣✉❧❡r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❛♥s s♦♥ ❡♥s❡♠❜❧❡ ❝♦♠♠❡ ❞❛♥s ❧❡

❝❤❛♣✐tr❡ ✷✳ ❖♥ r✓❡❛❧✐s❡ ❛❧♦rs ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ q✉✐ ♣❡r♠❡t ❛❧♦rs✱ ❡♥ ♦❜s❡r✈❛♥t ❧❡ ❝♦♥tr❛st❡

❞❡s ❢r❛♥❣❡s✱ ❞❡ r❡♠♦♥t❡r ✒❛ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❬✷✱ ✸❪✳ ❈❡tt❡ ♠✓❡t❤♦❞❡ ❡st ♥✓❡❛♥♠♦✐♥s

❞✓❡❧✐❝❛t❡ ❝❛r ❡❧❧❡ ✐♠♣❧✐q✉❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ❝♦♥tr❛st❡ q✉✐ ♣❡✉t ❫❡tr❡ s✉❥❡t ✒❛ ❜❡❛✉❝♦✉♣ ❞❡

❧✐♠✐t❛t✐♦♥s ❡①♣✓❡r✐♠❡♥t❛❧❡s✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❛❣❡ ✷✷✵



✷✵✻
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

✺✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ✉♥

r✓❡s❡❛✉ ❧✉♠✐♥❡✉①

✺✳✶✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ♣❛r ✉♥❡ ♦♥❞❡ ❧✉♠✐♥❡✉s❡

st❛t✐♦♥♥❛✐r❡

▲❛ ❞✐☛r❛❝t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ♣❛r ✉♥❡ ♦♥❞❡ st❛t✐♦♥♥❛✐r❡ ❧✉♠✐♥❡✉s❡ ❛ ✓❡t✓❡ r✓❡❛❧✐s✓❡❡

♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ❛✈❡❝ ✉♥❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ❝❧❛ss✐q✉❡ ❞❛♥s ❧❡s ❛♥♥✓❡❡s ✶✾✽✵ ❛✈❡❝ ❧❛ ❞✓❡✲

♠♦♥str❛t✐♦♥ q✉✬❡♥ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❧❛ ❧✉♠✐✒❡r❡ ♣❛r ✉♥❡ str✉❝t✉r❡ ♣✓❡r✐♦❞✐q✉❡✱

✐❧ ✓❡t❛✐t ♣♦ss✐❜❧❡ ❞❡ ❞✐☛r❛❝t❡r ✉♥ ❥❡t ❛t♦♠✐q✉❡ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ❢♦r♠✓❡ ❞❡ ❢❛✐s❝❡❛✉①

❧❛s❡rs ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s ❬✹✱ ✺✱ ✻✱ ✼✱ ✽❪✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ✈✉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ q✉❡ ❞✬❛✉tr❡s

t②♣❡s ❞❡ str✉❝t✉r❡s ❞✐☛r❛❝t✐✈❡s✱ ✉t✐❧✐s❛♥t ♣❛r ❡①❡♠♣❧❡ ❞❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥ ❬✾❪✱ ❛✈❡❝ ✓❡❝❤❛♥❣❡

❞✬✐♠♣✉❧s✐♦♥ ♠❛✐s ❛✉ss✐ ❝❤❛♥❣❡♠❡♥t ❞✬✓❡t❛t ✐♥t❡r♥❡✱ ♣❡r♠❡tt❡♥t ❞❡ ♠❡s✉r❡r ♦✉ ❞❡ ♠❛♥✐♣✉❧❡r ❧❛

❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥✳ ❉❡ ❧❛ ♠❫❡♠❡ ♠❛♥✐✒❡r❡ q✉❡ ♣♦✉r ❧❡s tr❛♥s✐t✐♦♥s ❘❛♠❛♥✱ ❧❛ ❝♦♥❞✐t✐♦♥

✒❛ r❡♠♣❧✐r ♣♦✉r ♦❜t❡♥✐r ✉♥ ❜♦♥ ❝♦♥tr❛st❡ ❞❡ ❧❛ ☞❣✉r❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❡st ✓❡✈✐❞❡♠♠❡♥t ❞❡ ❞✐s♣♦s❡r

❞✬✉♥❡ s♦✉r❝❡ ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ tr❛♥s✈❡rs❡ ❡st s✉♣✓❡r✐❡✉r❡ ❛✉ ♣❛s ❞✉ r✓❡s❡❛✉✳

❆✈❡❝ ❞❡s s♦✉r❝❡s ❝❧❛ss✐q✉❡s✱ ❝❡tt❡ ❝♦❤✓❡r❡♥❝❡ tr❛♥s✈❡rs❡ ❡st ♦❜t❡♥✉❡ ❡♥ ❝♦❧❧✐♠❛t❛♥t s✓❡✈✒❡r❡♠❡♥t

❧❡ ❥❡t ❬✶✵❪✱ s♦✐t ♣❛r ❞❡s ❞✐❛♣❤r❛❣♠❡s✱ s♦✐t ♣❛r ✉♥ ☞❧tr❛❣❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ✈✐t❡ss❡s✳ P♦✉r ✉♥

❝♦♥❞❡♥s❛t✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❡st ❡♥ ❣✓❡♥✓❡r❛❧ tr✒❡s ❣r❛♥❞❡ ❞❡✈❛♥t ❧❡ ♣❛s ❞✉ r✓❡s❡❛✉

♦♣t✐q✉❡✱ s✐ ❜✐❡♥ q✉✬♦♥ ♣❡✉t ❛tt❡✐♥❞r❡ ❞❡s ❡✍❝❛❝✐t✓❡s ❞❡ ❞✐☛r❛❝t✐♦♥ ♣r♦❝❤❡s ❞❡ ✶✵✵ ✪✱ ❝♦♠♠❡

❧✬♦♥t ♠♦♥tr✓❡ ❧❡s ♣r❡♠✐✒❡r❡s ❡①♣✓❡r✐❡♥❝❡s ♠❡♥✓❡❡s ♣❛r ▼✳ ❑♦③✉♠❛ ❡t ❛❧✳ ❬✶✶❪✳

▲❡ r✓❡❣✐♠❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞✬✉♥❡ ♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ♣❡✉t✱ ❝♦♠♠❡ ❡♥

♦♣t✐q✉❡ ♣❤♦t♦♥✐q✉❡✱ s❡ ❞✐st✐♥❣✉❡r s✉✐✈❛♥t ❞❡✉① ❝♦♥☞❣✉r❛t✐♦♥s ❡①tr❫❡♠❡s✳ ❙✐ ❧❡ r✓❡s❡❛✉ ❡st tr✒❡s

♠✐♥❝❡ ❝♦♠♣❛r✓❡ ❛✉ ♣❛s ❞✉ r✓❡s❡❛✉✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s q✉❛♥❞ ♦♥ ❛♣♣❧✐q✉❡ ❧❡s ❢❛✐s❝❡❛✉① ❧❛s❡rs

♣❡♥❞❛♥t ✉♥ t❡♠♣s ✜ ❝♦✉rt ❞❡✈❛♥t ❧✬✐♥✈❡rs❡ ❞❡ ❧❛ s✓❡♣❛r❛t✐♦♥ ❡♥ ❢r✓❡q✉❡♥❝❡ ❡♥tr❡ ❧✬✓❡t❛t ☞♥❛❧ ❡t

❧✬✓❡t❛t ✐♥✐t✐❛❧✱ ✜ ❁ ✭✹✦❘✮
�✶✱ ❛❧♦rs ❧❛ r❡❧❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ ♥✬❡st ♣❧✉s s✓❡❧❡❝t✐✈❡

q✉✬✒❛ ⑦❂✜ ♣r✒❡s✱ ❡t ♦♥ ♦❜s❡r✈❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❞✐☛r❛❝t✐♦♥ ✭✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✶✷✱ ✶✸✱ ✺✱ ✶✹✱ ✶✺❪✮✳

❈✬❡st ❧✬❛♥❛❧♦❣✉❡ ❞✉ r✓❡❣✐♠❡ ❞❡ ❘❛♠❛♥✲◆❛t❤ ❡♥ ♦♣t✐q✉❡ tr❛❞✐t✐♦♥♥❡❧❧❡✱ ❞❛♥s ❧❡q✉❡❧ ❧❡ ♥♦♠❜r❡

❞✬♦r❞r❡s ❞✐☛r❛❝t✓❡s ❡t ❧❡✉r ♣♦♣✉❧❛t✐♦♥ ♥❡ ❞✓❡♣❡♥❞ q✉❡ ❞❡ ✡✜ ❡t ♣❛s ❞❡ ❧✬❛♥❣❧❡ ❞✬✐♥❝✐❞❡♥❝❡

❬✻✱ ✶✸✱ ✶✻✱ ✶✼❪✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❧♦rsq✉❡ ❧✬✓❡♣❛✐ss❡✉r ❞✉ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ❡st ❣r❛♥❞❡ ❞❡✈❛♥t s♦♥ ♣❛s✱

♦♥ ❡st ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❇r❛❣❣ ♦✒✉ s❡✉❧ ✉♥ ♦r❞r❡ ❡st ❞✐☛r❛❝t✓❡ ♣♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ♣r✓❡❝✐s❡s ✿ ✐❧

❢❛✉t q✉❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧✬♦♥❞❡ ✐♥❝✐❞❡♥t❡ ❢❛ss❡ ❛✈❡❝ ❧❡ r✓❡s❡❛✉ ✉♥ ❛♥❣❧❡ ♣r✓❡❝✐s✳ ❊♥

❢❛✐t✱ ❛✉ ❧✐❡✉ ❞❡ ❞✐☛r❛❝t❡r ✉♥ ❝♦♥❞❡♥s❛t ❡♥ ♠♦✉✈❡♠❡♥t s✉r ✉♥ r✓❡s❡❛✉ st❛t✐♦♥♥❛✐r❡✱ ✐❧ ❡st s♦✉✈❡♥t

♥❡tt❡♠❡♥t ♣❧✉s s✐♠♣❧❡ ❞❡ s❡ ♣❧❛❝❡r ❞❛♥s ❧❛ s✐t✉❛t✐♦♥ ✐♥✈❡rs❡✱ ✓❡q✉✐✈❛❧❡♥t❡ ♣❛r ❝❤❛♥❣❡♠❡♥t ❞❡

r❡♣✒❡r❡ ❣❛❧✐❧✓❡❡♥✳ ▲❡ ❝♦♥❞❡♥s❛t ❡st ✭✐♥✐t✐❛❧❡♠❡♥t✮ ❛✉ r❡♣♦s✱ ❡t ❧❡ r✓❡s❡❛✉ ❡st ♠✐s ❡♥ ♠♦✉✈❡♠❡♥t ❡♥

✐♠♣♦s❛♥t ✉♥❡ ❞✐☛✓❡r❡♥❝❡ ❞❡ ❢r✓❡q✉❡♥❝❡ ✦ ❡♥tr❡ ❧❡s ❞❡✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❝♦♥tr❛✲♣r♦♣❛❣❛t✐✈❡s

q✉✐ ❢♦r♠❡♥t ❧✬♦♥❞❡ st❛t✐♦♥♥❛✐r❡ ✭✈♦✐r ❧❛ ☞❣✉r❡ ✺✳✶✮✳ ▲❛ ❢r✓❡q✉❡♥❝❡ ❝♦♠♠✉♥❡ ✦▲ ❡st ❞❛♥s ❧❡

❞♦♠❛✐♥❡ ♦♣t✐q✉❡✱ ♠❛✐s ❧♦✐♥ ❞❡ t♦✉t❡ r✓❡s♦♥❛♥❝❡ ♣♦✉r ✓❡✈✐t❡r ❧❡s ❡☛❡ts ❞❡ ❞✓❡❝♦❤✓❡r❡♥❝❡ ❧✐✓❡s ✒❛



✺✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ✷✵✼
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❋✐❣✳ ✺✳✶ ✿ Pr✐♥❝✐♣❡ ❞❡ ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❞✬✉♥ ❛t♦♠❡ ❧✐❜r❡✳ ▲❡ s❝❤✓❡♠❛ ❞❡ ❞r♦✐t❡ ✐♥❞✐q✉❡ ❧❛
❝♦♥☞❣✉r❛t✐♦♥ ❡①♣✓❡r✐♠❡♥t❛❧❡✱ ♦✒✉ ❧❡ ❢❛✐s❝❡❛✉ ❧❛s❡r ✈❡♥❛♥t ❞❡ ❧❛ ❣❛✉❝❤❡ ❛ ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❦▲ ❡t ❞❡
❢r✓❡q✉❡♥❝❡ ✦▲ ✰ ✦✱ ❡t ❧❡ ❢❛✐s❝❡❛✉ ✈❡♥❛♥t ❞❡ ❧❛ ❞r♦✐t❡ ❛ ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♦♣♣♦s✓❡ �❦▲✱ ❞❡ ❢r✓❡q✉❡♥❝❡
✦▲✳ ▲❛ ❢r✓❡q✉❡♥❝❡ ❝♦♠♠✉♥❡ ✦▲ ❡st ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ♦♣t✐q✉❡✱ ♠❛✐s ❧♦✐♥ ❞❡ t♦✉t❡ r✓❡s♦♥❛♥❝❡ ♣♦✉r ✓❡✈✐t❡r
❧❡s ❡☛❡ts ❞❡ ❞✓❡❝♦❤✓❡r❡♥❝❡ ❧✐✓❡s ✒❛ ❧✬✓❡♠✐ss✐♦♥ s♣♦♥t❛♥✓❡❡✳ ▲✬❛❜s♦r♣t✐♦♥ ❞✬✉♥ ♣❤♦t♦♥ ❞❡ ❢r✓❡q✉❡♥❝❡ ✦▲✰✦✱
s✉✐✈✐❡ ❞❡ ❧❛ r✓❡✓❡♠✐ss✐♦♥ st✐♠✉❧✓❡❡ ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ ✦▲✱ s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥ tr❛♥s❢❡rt ❞✬✐♠♣✉❧s✐♦♥ ✷⑦❦▲

❡t ❞✬✓❡♥❡r❣✐❡ ⑦✦✳ ❉r♦✐t❡ ✿ tr❛♥s✐t✐♦♥ ❞✬✉♥ ❛t♦♠❡ ❞✬✐♠♣✉❧s✐♦♥ ✐♥✐t✐❛❧❡ ♣✐ ✈❡rs ❧✬✓❡t❛t ☞♥❛❧ ❞✬✐♠♣✉❧s✐♦♥
♣✐ ✰ ✷⑦❦▲✳ ▲❡ ❧✓❡❣❡r ❞✓❡❝❛❧❛❣❡ ♣❛r r❛♣♣♦rt ✒❛ ❧✬✓❡♥❡r❣✐❡ ✹❊❘ ❡st ❞❫✉ ✒❛ ❧✬❡☛❡t ❉♦♣♣❧❡r✳

❧✬✓❡♠✐ss✐♦♥ s♣♦♥t❛♥✓❡❡✳ ▲✬❛❜s♦r♣t✐♦♥ ❞✬✉♥ ♣❤♦t♦♥ ❞❛♥s ✉♥❡ ❞❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s✱ s✉✐✈✐❡ ❞❡

❧❛ r✓❡✓❡♠✐ss✐♦♥ st✐♠✉❧✓❡❡ ❞❛♥s ❧✬❛✉tr❡✱ s✬❛❝❝♦♠♣❛❣♥❡ ❛❧♦rs ❞✬✉♥ tr❛♥s❢❡rt ❞✬✐♠♣✉❧s✐♦♥ ✷⑦❦▲ ❡t

❞✬✓❡♥❡r❣✐❡ ⑦✦ ❝♦♠♠❡ r❡♣r✓❡s❡♥t✓❡ s✉r ❧❛ ☞❣✉r❡ ✺✳✶✳ ❈❡ ♣r♦❝❡ss✉s ♥✬❡st ❡✍❝❛❝❡ q✉✬❛✉t♦✉r ❞❡ ❧❛

r✓❡s♦♥❛♥❝❡ ❞❡ ❇r❛❣❣✱ ♦✒✉ ❧❡s ❧♦✐s ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❡t ❞❡ ❧✬✐♠♣✉❧s✐♦♥ s♦♥t ✈✓❡r✐☞✓❡❡s ✿

♣❢ ❂ ♣✐ ✰ ✷⑦❦▲❀ ✭✺✳✶✮

❊❢ ❂ ❊✐ ✰ ⑦✦✿

▲❡ tr❛♥s❢❡rt ❞✬✓❡♥❡r❣✐❡ ❝♦♠♣❡♥s❡ ❛❧♦rs ❡①❛❝t❡♠❡♥t ❧❡ ❣❛✐♥ ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡✱ ❝✬❡st✲✒❛✲❞✐r❡

q✉❡ ❧✬♦♥ ❛ ✦ ❂ ✹✦❘✱ ❛✈❡❝ ✦❘ ❂ ⑦❦✷▲❂✷♠ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ r❡❝✉❧ ✒❛ ✉♥ ♣❤♦t♦♥ ✭✈♦✐r ❡♥ ❞✓❡t❛✐❧ ❛✉

❝❤❛♣✐tr❡ ✷✮✳

❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ❁ r✓❡s♦♥❛♥❝❡s ✐♥❞✉✐t❡s ♣❛r ❧❡ r❡❝✉❧ ❃ ❬✶✽❪ ❡t ❞❡s r✓❡s♦♥❛♥❝❡s ❘❛♠❛♥

❬✾❪✱ ❝❡s ♣r♦❝❡ss✉s r✓❡s♦♥♥❛♥ts s♦♥t s❡♥s✐❜❧❡s ✒❛ ❧❛ ✈✐t❡ss❡ ❞❡s ❛t♦♠❡s ♣❛r r❛♣♣♦rt ❛✉ r✓❡s❡❛✉✳ ❊♥

❡☛❡t✱ s✐ ♦♥ ❝♦♥s✐❞✒❡r❡ ✉♥ ❛t♦♠❡ ❡♥ ♠♦✉✈❡♠❡♥t✱ ❧❡s ❢r✓❡q✉❡♥❝❡s ❞❡s ❞❡✉① ♦♥❞❡s ✈✉❡s ♣❛r ❧❡s

❛t♦♠❡s s♦♥t ❞✓❡♣❧❛❝✓❡❡s ❡♥ s❡♥s ♦♣♣♦s✓❡s ♣❛r ❡☛❡t ❉♦♣♣❧❡r ✿ ❛✉ t♦t❛❧✱ ❧❛ r✓❡s♦♥❛♥❝❡ ❡st ❞✓❡♣❧❛❝✓❡❡

❞✬✉♥❡ q✉❛♥t✐t✓❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ❧❛ ✈✐t❡ss❡ ❛t♦♠✐q✉❡✱ ❡t ❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❞✐☛r❛❝t✐♦♥ r❡✌✒❡t❡ ❧❛

♣♦♣✉❧❛t✐♦♥ ❞❡ ❧❛ ❝❧❛ss❡ ❞❡ ✈✐t❡ss❡ r✓❡s♦♥♥❛♥t❡ ✈r❡s✱ q✉✐ ✈✓❡r✐☞❡

✦ ❂ ✹✦❘ ✰ ✷❦▲ ✁ ✈r❡s✿ ✭✺✳✷✮



✷✵✽
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

❖♥ ♣❡✉t ❛❧♦rs r❡♣r♦❞✉✐r❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥ ❞✉ ♥✉❛❣❡ ❡♥ ♠❡s✉r❛♥t ❧✬❡✍❝❛❝✐t✓❡ ❞❡

❞✐☛r❛❝t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ r❡❧❛t✐✈❡ ✦ ❬✶❪✳ ❈✬❡st ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡

❡♥ ✐♠♣✉❧s✐♦♥ ♣❛r ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣✱ q✉❡ ♥♦✉s ❞✓❡t❛✐❧❧❡r♦♥s ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❈❡tt❡ ♠✓❡t❤♦❞❡✱ ❛♥❛❧♦❣✉❡ ❛✉① ♠✓❡t❤♦❞❡s ❞❡ s✓❡❧❡❝t✐♦♥ ❡♥ ✈✐t❡ss❡ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ tr❛♥s✐t✐♦♥s

❘❛♠❛♥ s✓❡❧❡❝t✐✈❡s ❡♥ ✈✐t❡ss❡ ❬✾❪✱ ❛ ✓❡t✓❡ ♠✐s❡ ❛✉ ♣♦✐♥t ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ❲✳ ❑❡tt❡r❧❡ ❛✉ ▼■❚

❬✶✱ ✶✾✱ ✷✵❪✱ q✉✐ ❛ ♣✉ ✈✓❡r✐☞❡r s✉r ✉♥ ❝♦♥❞❡♥s❛t q✉❛s✐✲s♣❤✓❡r✐q✉❡ q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡

❞✉ ❝♦♥❞❡♥s❛t ✓❡t❛✐t ❜✐❡♥ ❞❡ ❧✬♦r❞r❡ ❞❡ s❛ t❛✐❧❧❡✳ ❊❧❧❡ ❛ ❛✉ss✐ ♣❡r♠✐s ❞❡ s♦♥❞❡r ❧❡ s♣❡❝tr❡ ❞❡s

❡①❝✐t❛t✐♦♥s ✓❡❧✓❡♠❡♥t❛✐r❡s ❞✉ s②st✒❡♠❡ ❬✶✾✱ ✷✶❪✳

❊♥☞♥ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ✐♠♣✉❧s✐♦♥s r✓❡s♦♥♥❛♥t❡s s✉r ✉♥❡ tr❛♥s✐t✐♦♥ ❘❛♠❛♥

✭❝❤❛♣✐tr❡ ✷✮✱ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ r❡✈✐❡♥t ✒❛ ❝♦✉♣❧❡r ❞❡ ♠❛♥✐✒❡r❡ ❝♦❤✓❡r❡♥t❡

❞❡✉① ✓❡t❛ts ❞✐☛✓❡r❡♥ts✱ ♣✉✐sq✉❡ ❞✬✐♠♣✉❧s✐♦♥s ❞✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ❞✐☛✓❡r❡♥t❡s ❜✐❡♥ q✉❡ ❧✬✓❡t❛t

✐♥t❡r♥❡ s♦✐t ✐♥❝❤❛♥❣✓❡✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ❝❤❛♣✐tr❡ ✷✱ s❡✉❧s ❞❡✉① ✓❡t❛ts ❜✐❡♥ ❞✓❡☞♥✐s s♦♥t

❝♦✉♣❧✓❡s ✒❛ ❝❛✉s❡ ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡✳ ❖♥ ♣❡✉t ❞♦♥❝ ♦❜s❡r✈❡r ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡

❘❛❜✐ ❡♥tr❡ ❝❡s ❞❡✉① ✓❡t❛ts ❞✬✐♠♣✉❧s✐♦♥ ✐♥❞✉✐t❡s ♣❛r ❧❡ r✓❡s❡❛✉ ♦♣t✐q✉❡ ✭☞❣✉r❡ ✷✳✶✮✳ ■❧ ❡st ❛❧♦rs

❢❛❝✐❧❡ ❞❡ ❝♦♥str✉✐r❡ ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ♣♦✉r ❝♦♥❞❡♥s❛ts ❡♥ ✉t✐❧✐s❛♥t ❝❡tt❡ t❡❝❤♥✐q✉❡ ❞❡ ❇r❛❣❣

❬✸✱ ✷✷✱ ✷✸✱ ✷✹❪✳ ▲❡ tr❛✐t❡♠❡♥t ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✉t✐❧✐s❛♥t ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❡st ❛❧♦rs

❝♦♠♣❧✒❡t❡♠❡♥t ✐❞❡♥t✐q✉❡ ✒❛ ❝❡❧✉✐ ❞✓❡✈❡❧♦♣♣✓❡ s✉❝❝✐♥❝t❡♠❡♥t ❛✉ ❝❤❛♣✐tr❡ ✷ ♣♦✉r ❧❡s tr❛♥s✐t✐♦♥s ✒❛

❝❤❛♥❣❡♠❡♥t ❞✬✓❡t❛t ✐♥t❡r♥❡✳

✺✳✶✳✷ ▲❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❝♦♠♠❡ ✉♥ ☞❧tr❡ ❡♥ ✈✐t❡ss❡ ✿ s✓❡♣❛r❛✲

t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s t❤❡r♠✐q✉❡s ❡t ❝♦♥❞❡♥s✓❡❡s

(a)

(b) (d)

(c)

❋✐❣✳ ✺✳✷ ✿ ❙✓❡♣❛r❛t✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❡t ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ♣❛r ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣✱ ❛♥❛❧♦❣✉❡ ✒❛ ❧❛
♠✓❡t❤♦❞❡ ♦♣t✐q✉❡ ❞❡ ☞❧tr❛❣❡ ♣❛r s♣❡❝tr♦♠✒❡tr❡✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s ✭❛ ❡t ❜✮✱ ♦♥ ❛ r✓❡❣❧✓❡ ❧❡s ♣❛r❛♠✒❡tr❡s
♣♦✉r ❞✐☛r❛❝t❡r ✉♥ ♠❛①✐♠✉♠ ❞✬❛t♦♠❡s ✒❛ ♣❛rt✐r ❞✬✉♥ ❝♦♥❞❡♥s❛t ❧❡ ♣❧✉s ♣✉r ♣♦ss✐❜❧❡✳ ❖♥ ❛tt❡✐♥t ❞❡s
❡✍❝❛❝✐t✓❡s ♣r♦❝❤❡s ❞❡ ✶✵✵ ✪ ✭✾✻ s✉r ❧✬❡①❡♠♣❧❡ ❝❤♦✐s✐✮✳ ❉❛♥s ❧❡ s❡❝♦♥❞ ❝❛s ✭❝ ❡t ❞✮✱ ♦✒✉ ❧❡s ♣❛r❛♠✒❡tr❡s
❞✉ r✓❡s❡❛✉ s♦♥t ✐❞❡♥t✐q✉❡s✱ s❡✉❧❡ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ❡st ❛☛❡❝t✓❡❡ ♣❛r ❧❡ r✓❡s❡❛✉ ❞✐☛r❛❝t❛♥t✱ ❡t✱ ✒❛
❝❛✉s❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ✐♠♣❛rt✐❡ ♣❛r ❧❡ ♣r♦❝❡ss✉s✱ ❡❧❧❡ s❡ s✓❡♣❛r❡ ❞❡ ❧❛ ❢r❛❝t✐♦♥ t❤❡r♠✐q✉❡ ❡♥ t❡♠♣s ❞❡
✈♦❧✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✐♥❞✐q✉✓❡ ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ✐♥❞✉✐t ✉♥❡ s✓❡✈✒❡r❡ s✓❡❧❡❝✲

t✐♦♥ ❡♥ ✈✐t❡ss❡ ❛✉ s❡✐♥ ❞✉ ♥✉❛❣❡ ❞✬❛t♦♠❡s ✓❡t✉❞✐✓❡✳ ❊♥ ❢❛✐t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r ✒❛ ♣❛rt✐r ❞✬✓❡q✉❛t✐♦♥s

s✐♠✐❧❛✐r❡s ❛✉① ✓❡q✉❛t✐♦♥s ✷✳✻ q✉❡ ❝❡tt❡ s✓❡❧❡❝t✐✈✐t✓❡ ❡♥ ✈✐t❡ss❡ ❝♦rr❡s♣♦♥❞ ✒❛ ❧❛ ❧❛r❣❡✉r ❞❡ ❧❛ r✓❡✲



✺✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ✷✵✾

s♦♥❛♥❝❡ ✁ ✴ ✶❂✜ ✭✜ ❡st ✐❝✐ ❡♥❝♦r❡ ❧❛ ❞✉r✓❡❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡✮ ❬✾✱ ✼❪✳ ❆✐♥s✐✱ ♣♦✉r ✉♥❡

✐♠♣✉❧s✐♦♥ ❧✉♠✐♥❡✉s❡ ❞✬✉♥❡ ❞✉r✓❡❡ ✜ ❂ ✷ ♠s✱ ♦♥ ❛tt❡♥❞ ✉♥❡ ❧❛r❣❡✉r ✁ ✘ ✷✵✵ ❍③ s♦✐t ✉♥❡

r✓❡s♦❧✉t✐♦♥ ❡♥ ✈✐t❡ss❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵✵ ✖♠✴s✳ P♦✉r ❞❡s ❞✉r✓❡❡s ❞✬✐♠♣✉❧s✐♦♥ ♣❧✉s ❢❛✐❜❧❡s✱ ♦♥

s❡r❛ ❛❧♦rs ♣❡✉ s❡♥s✐❜❧❡ ✒❛ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡s ❞✉ ❝♦♥❞❡♥s❛t ✭♣♦✉r ♥♦s ❡①♣✓❡r✐❡♥❝❡s✱ ❡❧❧❡

❝♦rr❡s♣♦♥❞ ✒❛ ✁ ✘ ✷✵✵ ❍③✮✱ ❝♦♥❞✐t✐♦♥ ♥✓❡❝❡ss❛✐r❡ ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ♣♦✉r

♠❛♥✐♣✉❧❡r ❧❡ ❝♦♥❞❡♥s❛t ❞❛♥s s♦♥ ❡♥s❡♠❜❧❡ ❧♦rs ❞❡ ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ ❚②♣✐✲

q✉❡♠❡♥t✱ ♦♥ ✉t✐❧✐s❡ ✉♥ ♣✉❧s❡ ❞❡ ❇r❛❣❣ ❞✬✉♥❡ ❞✉r✓❡❡ ❞❡ ✷✺✵ ✖s✱ ❛✈❡❝ ✉♥❡ ❡♥✈❡❧♦♣♣❡ t❡♠♣♦r❡❧❧❡

❡♥ ❢♦r♠❡ ❞❡ ❝r✓❡♥❡❛✉✳ ❉❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❢r✓❡q✉❡♥❝❡s✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥❡ ❧❛r❣❡✉r ❞❡ ✶✳✺ ❦❍③

❡♥✈✐r♦♥✱ s✐ ❜✐❡♥ q✉✬♦♥ ♥✬❛ ❛✉❝✉♥❡ s✓❡❧❡❝t✐✈✐t✓❡ ❡♥ ✈✐t❡ss❡s✱ ❡t q✉✬♦♥ ♣❡✉t ❞✐☛r❛❝t❡r ✶✵✵ ✪ ❞❡s

❛t♦♠❡s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❁ ♣✉❧s❡ ✙ ❃ ✳

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝♦♥❞❡♥s❛t✱ ❧❛ ❧❛r❣❡✉r t②♣✐q✉❡ ❡♥ ✈✐t❡ss❡s ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱
♣

✽❦❇❚✵❂✙♠✱

❝♦rr❡s♣♦♥❞ ✒❛ ✉♥❡ ❧❛r❣❡✉r ❉♦♣♣❧❡r ✁t❤ ✈❛r✐❛♥t ❡♥tr❡ ✶✷ ❡t ✷✽ ❦❍③✱ s✐ ❚✵ ✈❛r✐❡ ❡♥tr❡ ✶✵✵ ❡t ✺✵✵

♥❑✳ ❱✐s✲✒❛✲✈✐s ❞❡ ❧❛ ♣❛rt✐❡ t❤❡r♠✐q✉❡✱ ♦♥ ❡st ❞♦♥❝ s✓❡❧❡❝t✐❢ ❡♥ ✈✐t❡ss❡s ❬✶✱ ✷✺❪✱ ❝❡ q✉✐ s✐❣♥✐☞❡

q✉❡ ❧✬❡✍❝❛❝✐t✓❡ ❣❧♦❜❛❧❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❡st r✓❡❞✉✐t❡ ♣❛r ✉♥ ❢❛❝t❡✉r ✁✵❂✁t❤ ✘ ✶✵�✷ ♣❛r r❛♣♣♦rt ❛✉①

❛t♦♠❡s ❝♦♥❞❡♥s✓❡s✳ ▲❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ s❡r❛ ❞♦♥❝ ♣❡✉ ❛☛❡❝t✓❡ ♣❛r ❧❡ r✓❡s❡❛✉ ❞❡ ❞✐☛r❛❝t✐♦♥ ✿

❞✬✉♥❡ ♣❛rt✱ ♠♦✐♥s ❞❡ ✺ ✪ ❞❡s ❛t♦♠❡s s♦♥t ❞✐☛r❛❝t✓❡s ♣r✒❡s ❞❡ ❚❈✱ ❡t ❡♥✈✐r♦♥ ✶✵ ✪ ♣♦✉r ❚ ✘
✵❀ ✸❚❈✵ ❀ ❞❡ ♣❧✉s✱ ♣♦s✐t✐♦♥s ❡t ✈✐t❡ss❡s s♦♥t ❡♥ ♣r✐♥❝✐♣❡ ❧❛r❣❡♠❡♥t ❞✓❡❝♦rr✓❡❧✓❡❡s ❞❛♥s ❧❡ ♥✉❛❣❡

t❤❡r♠✐q✉❡ ✭❝✬❡st r✐❣♦✉r❡✉s❡♠❡♥t ✈r❛✐ ♣♦✉r ✉♥ ❣❛③ ❞❡ ❇♦❧t③♠❛♥✱ q✉❡❧q✉❡ s♦✐t ❧❡ ♣♦t❡♥t✐❡❧✮ ❡t

❧❡ ♣r♦☞❧ ❞❡ ❞❡♥s✐t✓❡ ♥❡ ❞❡✈r❛✐t ❛❧♦rs ♣❛s ❫❡tr❡ ♠♦❞✐☞✓❡ s✐❣♥✐☞❝❛t✐✈❡♠❡♥t✳ ❈❡❝✐ ❡st ✐❧❧✉str✓❡ s✉r

❧❛ ☞❣✉r❡ ✺✳✷✱ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t ♣r❡sq✉❡ ♣✉r ❡t ♣♦✉r ✉♥ ♥✉❛❣❡ ❛✈❡❝ ✉♥❡ ❢r❛❝t✐♦♥ t❤❡r♠✐q✉❡

s✐❣♥✐☞❝❛t✐✈❡✳ ❯♥❡ t❡❝❤♥✐q✉❡ ❛♥❛❧♦❣✉❡ ❛ ✓❡t✓❡ ✉t✐❧✐s✓❡❡ ❞❛♥s ❬✷✺❪ ♣♦✉r s✓❡♣❛r❡r ❧❡ ❝♦♥❞❡♥s❛t ❞✉

♥✉❛❣❡ t❤❡r♠✐q✉❡ ❞❛♥s ✉♥ r✓❡s❡❛✉ ♦♣t✐q✉❡ ❡t ✓❡t✉❞✐❡r ❧❡s ♠♦❞❡s ❝♦❧❧❡❝t✐❢s ❞❡ ❝❡ s②st✒❡♠❡✳ ◆♦tr❡
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❋✐❣✳ ✺✳✸ ✿ Pr♦☞❧ r❛❞✐❛❧ ❞✉ ♥✉❛❣❡ t❤❡r✲
♠✐q✉❡✱ ❞✓❡✈♦✐❧✓❡ ♣❛r ❧❡ ☞❧tr❡ ❞❡ ❇r❛❣❣✳ ▲❡
♣r♦☞❧ ❡①♣✓❡r✐♠❡♥t❛❧ ✭❧✐❣♥❡ ❝♦♥t✐♥✉❡✮ ❡st ❡♥
❣✓❡♥✓❡r❛❧ ♣❧✉s ♣❧❛t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❇♦s❡
❣✷ ❛❥✉st✓❡❡ s✉r ❧❡s ✐♠❛❣❡s ✭tr❛❝✓❡❡s ❡♥ ♣♦✐♥✲
t✐❧❧✓❡s✮✳ ▲❛ ❝♦✉r❜❡ ✭❛✮ ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥
♥✉❛❣❡ ❛✉✲❞❡ss✉s ❞✉ s❡✉✐❧✱ ❡t ❡❧❧❡ ❡st ♣❛r
❝♦♥tr❡ ❜✐❡♥ ❛❥✉st✓❡❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡
❇♦s❡✳ ▲❡s ❝♦✉r❜❡s ✭❜✮✱ ✭❝✮✱ ✭❞✮ ❡t ✭❡✮ ❝♦r✲
r❡s♣♦♥❞❡♥t ✒❛ ❞❡s ❢r❛❝t✐♦♥s ❝♦♥❞❡♥s✓❡❡s ❞❡
✺✱ ✶✺✱ ✸✺ ❡t ✻✵ ✪✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲✬❛♣❧❛✲
t✐ss❡♠❡♥t ♣❡✉t ❫❡tr❡ ❛ttr✐❜✉✓❡ ✒❛ ❧❛ r✓❡♣✉❧s✐♦♥
❞✉ ❝♦♥❞❡♥s❛t✳

t❡❝❤♥✐q✉❡ ♣r✓❡s❡♥t❡ ❝❡rt❛✐♥s ❛✈❛♥t❛❣❡s q✉❡ ♥♦✉s ❛✈♦♥s ❡①♣❧♦✐t✓❡s✳ ❉✬✉♥❡ ♣❛rt✱ ❡♥ s✓❡♣❛r❛♥t

❛✐♥s✐ ❧❛ ♣❛rt✐❡ t❤❡r♠✐q✉❡ ❞✉ ❝♦♥❞❡♥s❛t✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s q✉❛♥t✐t❛t✐✈❡s s✉r

❧❡ s②st✒❡♠❡ ✭❢r❛❝t✐♦♥ ♥♦♥ ❝♦♥❞❡♥s✓❡❡ ❡t t❡♠♣✓❡r❛t✉r❡✮ ♣♦✉r ❞❡s ❢r❛❝t✐♦♥s ❝♦♥❞❡♥s✓❡❡s ♣r♦❝❤❡s

❞❡ ✶ ✭☞❣✉r❡ ✺✳✷ ✭❛✮ ❡t ✭❜✮✮✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡s ♠✓❡t❤♦❞❡s ❝❧❛ss✐q✉❡s ❞✬❛♥❛❧②s❡ ❞✬✐♠❛❣❡r✐❡

♥❡ ♣❡r♠❡tt❡♥t ♣❧✉s ❞❡ ❞✓❡t❡❝t❡r ❧❛ ♣❛rt✐❡ t❤❡r♠✐q✉❡ q✉✐ ❡st ❁ ❡♥❢♦✉✐❡ ❃ s♦✉s ❧❡ ❝♦♥❞❡♥s❛t✳



✷✶✵
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

❉✬❛✉tr❡ ♣❛rt✱ ❧✬❛♥❛❧②s❡ ❞✓❡t❛✐❧❧✓❡❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ✒❛ ❧❛

♣♦s✐t✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t✱ ♣❡r♠❡t ❞❡ t✐r❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❝♦♥❞❡♥s❛t

❡t ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡✳ ▲❛ ❞✐str✐❜✉t✐♦♥ q✉❡ ♥♦✉s ♦❜s❡r✈♦♥s ❡st ❡♥ ❣✓❡♥✓❡r❛❧ ♣❧✉s ♣❧❛t❡ q✉❡ ❧❛

❢♦♥❝t✐♦♥ ❞❡ ❇♦s❡ ❣✷✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ♠♦♥tr♦♥s s✉r ❧❛ ☞❣✉r❡ ✺✳✸✳

✺✳✶✳✸ ▲❛ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ❝♦♠♠❡ s♦♥❞❡ ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❡♥

♣❤❛s❡ ✿ ✈✓❡❧♦❝✐♠✓❡tr✐❡ ❉♦♣♣❧❡r
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❋✐❣✳ ✺✳✹ ✿ ✭❛✮ ■♠❛❣❡s ❡♥ ❛❜s♦r♣t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❡t ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✐☛r❛❝t✓❡❡s✱ ♣♦✉r ♣❧✉s✐❡✉rs
❞✓❡s❛❝❝♦r❞s ❡♥tr❡ ❧❡s ❧❛s❡rs ❇r❛❣❣✳ ❖♥ ❛ ♠♦♥tr✓❡ ♣❛r ❞❡s r❡❝t❛♥❣❧❡s ❡♥ ♣♦✐♥t✐❧❧✓❡s ❧❡s ③♦♥❡s ✉t✐❧✐s✓❡❡s
♣♦✉r ✐♥t✓❡❣r❡r ❡t ♦❜t❡♥✐r ❧❡s ♣♦♣✉❧❛t✐♦♥s ❞❡s ♦r❞r❡s ❞✐☛r❛❝t✓❡s ❡t ❞✉ ❝♦♥❞❡♥s❛t✳ ▲❡ r❛♣♣♦rt ❡♥tr❡ ❧❡s
❞❡✉① ❞♦♥♥❡ ❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❞✐☛r❛❝t✐♦♥✳ ▲❡s s♣❡❝tr❡s ❞❡ ❇r❛❣❣ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧✬♦r❞r❡ ✰✹⑦❦ ✭❝❡r❝❧❡s
♣❧❡✐♥s✮ ❡t �✹⑦❦ ✭❝❡r❝❧❡s ❝r❡✉①✮ s♦♥t r❡♣♦rt✓❡s s✉r ❧❡ ❣r❛♣❤❡ ✭❜✮✳

▲❛ ☞♥❡ss❡ s♣❡❝tr❛❧❡ ❞❡s r✓❡s♦♥❛♥❝❡s ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❡♥ ❢♦♥t ✉♥ ♦✉t✐❧ ♣♦✉r s♦♥❞❡r ❧❛

❞✐str✐❜✉t✐♦♥ ❡♥ ✓❡♥❡r❣✐❡ ❛✉ s❡✐♥ ❞✉ ❝♦♥❞❡♥s❛t✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ❞❡ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣

❬✷✻✱ ✷✼✱ ✷✽❪✱ ❛ ♣❡r♠✐s ❞✬✓❡t✉❞✐❡r ❡♥ ❞✓❡t❛✐❧ ❧❡s s♣❡❝tr❡s ❞❡s q✉❛s✐♣❛rt✐❝✉❧❡s ❛✉ s❡✐♥ ❞✉ ❝♦♥❞❡♥s❛t

❬✶✾✱ ✷✾✱ ✷✶✱ ✸✵❪✳ ❉❡ ♣❧✉s✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞✓❡❥✒❛ ♠♦♥tr✓❡ ♣♦✉r ❧❛ ❞✐☛r❛❝t✐♦♥ ❞✬❛t♦♠❡s ❧✐❜r❡s

♣❛r ❞❡s ❢❛✐s❝❡❛✉① ❘❛♠❛♥✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ✈✐t❡ss❡s s❡❧♦♥ ❧✬❛①❡ ❞❡s ❧❛s❡rs ❡st ✐♠♣r✐♠✓❡❡

❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡ ❇r❛❣❣ ♣❛r ❧✬✐♥t❡r♠✓❡❞✐❛✐r❡ ❞✉ t❡r♠❡ ❞✬❡☛❡t ❉♦♣♣❧❡r ❞❛♥s ❧❛ ❝♦♥❞✐t✐♦♥

❞❡ r✓❡s♦♥❛♥❝❡✳ P♦✉r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡s ❞❡ ❧❛r❣❡✉r ✁✈✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❛✉ s♣❡❝tr❡

❡st ❞❡ ❧❛r❣❡✉r ✁✦ ❂ ✷❦▲✁✈✳ ■❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡✱ ❡♥ ♠❡s✉r❛♥t ❧❛ ❧❛r❣❡✉r ❞✉ s♣❡❝tr❡ ❞❡



✺✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ✷✶✶

❇r❛❣❣✱ ❞✬❡st✐♠❡r ♣r✓❡❝✐s✓❡♠❡♥t ❝❡tt❡ ❝♦♥tr✐❜✉t✐♦♥ s♣❡❝tr❛❧❡ ❡t ❛✐♥s✐ ❞✬✓❡t❛❜❧✐r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥

✈✐t❡ss❡ ❛✉ s❡✐♥ ❞✉ ❝♦♥❞❡♥s❛t ✿ ❝✬❡st ❝❡tt❡ ♠✓❡t❤♦❞❡ q✉❡ ♥♦✉s ❛♣♣❡❧♦♥s ✈✓❡❧♦❝✐♠✓❡tr✐❡ ❉♦♣♣❧❡r✳

▲❛ ♣r✓❡❝✐s✐♦♥ ❞❡ ❧❛ ♠❡s✉r❡ s❡r❛ ♥✓❡❛♥♠♦✐♥s ❧✐♠✐t✓❡❡ ♣❛r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡☛❡ts ♣❛r❛s✐t❡s✳

❙❛♥s ❡♥tr❡r ❞❛♥s ❧❡s ❞✓❡t❛✐❧s✱ ♦♥ ♣❡✉t ❝❧❛ss❡r ❝❡s ❡☛❡ts ❡♥ ❞❡✉① ❝❛t✓❡❣♦r✐❡s ✿ ❧❡s ♣❛r❛s✐t❡s

t❡❝❤♥✐q✉❡s ❞♦♥t ♥♦✉s ❢❡r♦♥s ✓❡t❛t ♣❛r ❧❛ s✉✐t❡ ❡t ❧❡s ❡☛❡ts ♣❧✉s ❢♦♥❞❛♠❡♥t❛✉① q✉✐ t❡♥❞❡♥t

✒❛ ❞✓❡♣❧❛❝❡r ❧❡s ♥✐✈❡❛✉① ❞✬✓❡♥❡r❣✐❡ ❝♦✉♣❧✓❡s ❡t ❞♦♥❝ ✒❛ ♠♦❞✐☞❡r✱ ♣❛r❢♦✐s ❞❡ ❢❛✘❝♦♥ ✐♥❤♦♠♦❣✒❡♥❡✱

❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡✳ ❆✐♥s✐✱ ❧❡s ❝♦❧❧✐s✐♦♥s ❛✉ s❡✐♥ ♠❫❡♠❡ ❞✉ ❝♦♥❞❡♥s❛t ✈♦♥t✱ ✒❛ ❝❛✉s❡

❞✉ ❝❤❛♠♣ ♠♦②❡♥ q✉✬❡❧❧❡ ❁ ✐♥❞✉✐s❡♥t ❃ ♣r♦✈♦q✉❡r ✉♥ ✓❡❧❛r❣✐ss❡♠❡♥t ❞✉ s♣❡❝tr❡ ❞❡ ❇r❛❣❣✳

❖♥ ♣❡✉t ❝♦♠♣r❡♥❞r❡ ❝❧❛ss✐q✉❡♠❡♥t ❝❡t ❡☛❡t ✿ ✉♥ ❛t♦♠❡ ✐♥✐t✐❛❧❡♠❡♥t ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t✱ ❛✉

♣♦✐♥t r✱ ❛✈❡❝ ✉♥❡ ✐♠♣✉❧s✐♦♥ ⑦❦ ♣♦ss✒❡❞❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✉♥❡ ✓❡♥❡r❣✐❡

❝❧❛ss✐q✉❡ ❊✐ ❂ ⑦✷❦✷❂✷♠✰❣♥✵✭r✮✳ ❙✬✐❧ ❡st ❞✐☛r❛❝t✓❡✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✐♠♣❛❝t✱ s♦♥ ✐♠♣✉❧s✐♦♥

❞❡✈✐❡♥t ⑦✭❦✰q✮ ❡t ❧✬✓❡♥❡r❣✐❡ ☞♥❛❧❡ ❡st ❊❢ ❂ ⑦✷✭❦✰q✮✷❂✷♠✰✷❣♥✵✭r✮
✶✳ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡

♣♦✉r ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❞✓❡♣❡♥❞ ❞✉ ♣♦✐♥t ❝♦♥s✐❞✓❡r✓❡✱ ❡t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ♠♦②❡♥♥❡ ❞✉ t❡r♠❡

❞✬✐♥t❡r❛❝t✐♦♥s s✬♦❜t✐❡♥t ♣❛r ✉♥❡ ♠♦②❡♥♥❡ s♣❛t✐❛❧❡ s✉r ❧❡ ♣r♦☞❧ ❞❡ ❞❡♥s✐t✓❡ ✭♣❛r❛❜♦❧✐q✉❡✮✳ ❈❡tt❡

♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡ ✐♥❞✉✐t ❛❧♦rs ✉♥ ❞✓❡♣❧❛❝❡♠❡♥t ❞❡ ❧❛ r✓❡s♦♥❛♥❝❡ ❞✬✉♥❡

q✉❛♥t✐t✓❡ ✷✖❂✼⑦✱ ❛✐♥s✐ q✉✬✉♥ ✓❡❧❛r❣✐ss❡♠❡♥t ❞✬✉♥❡ q✉❛♥t✐t✓❡
q

✽
✶✸✼

✖ ❬✶✱ ✷✻✱ ✶✾✱ ✷✵❪✳

x

q// [1/ζ]

q  [1/ζ]
0 1-1

2

4

0T

❋✐❣✳ ✺✳✺ ✿ ❈♦❧❧✐s✐♦♥s ❡♥tr❡ ✉♥ ❝♦♥❞❡♥s❛t
❛✉ r❡♣♦s ❡t ✉♥ ❝♦♥❞❡♥s❛t r❛♣✐❞❡ ❝r✓❡✓❡ ♣❛r
❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣✳ ▲✬✐♠❛❣❡ ❞❡ ❣❛✉❝❤❡
❡st ♣r✐s❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✉ r✓❡s❡❛✉ ❞❡ ❞✐❢✲
❢r❛❝t✐♦♥✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❝❡ ❞❡r♥✐❡r ❞❛♥s
❞❡s ❝♦♥❞✐t✐♦♥s ✐❞❡♥t✐q✉❡s✱ ❧❡s ❝♦❧❧✐s✐♦♥s
✓❡❧❛st✐q✉❡s r❡❞✐str✐❜✉❡♥t ❧❡s ❛t♦♠❡s ✈❡rs
❞❡ ♥♦♠❜r❡✉① ✓❡t❛ts ❞✬✐♠♣✉❧s✐♦♥ ❡t ❞✓❡✲
tr✉✐s❡♥t ❧❡ ❝♦♥❞❡♥s❛t ✭✐♠❛❣❡ ❞❡ ❞r♦✐t❡✮✳
P♦✉r ♠❡ttr❡ ❧✬❡☛❡t ❡♥ ✓❡✈✐❞❡♥❝❡✱ ♦♥ ❛ ❞✐❢✲
❢r❛❝t✓❡ ✉♥❡ ❢r❛❝t✐♦♥ ✐♠♣♦rt❛♥t❡ ❞❡s ❛t♦♠❡s
✭❞❡ ❧✬♦r❞r❡ ❞❡ ✺✵ ✪✮✳ ◆♦✉s ❛✈♦♥s ✓❡❣❛❧❡✲
♠❡♥t ✐♥❞✐q✉✓❡ s✉r ❧❛ s❝❤✓❡♠❛ ❞✉ ❜❛s ❧❡s ✈❡❝✲
t❡✉rs ❞✬♦♥❞❡ ❛✉t♦r✐s✓❡s✱ q❂❂ ❞❛♥s ❧✬❛①❡ ❞❡s
❢❛✐s❝❡❛✉① ❡t q❄ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t✱ ♣♦✉r
tr♦✐s ✈❛❧❡✉rs ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ✐♥✐t✐❛❧❡✱ ✵✱✺ ✱
✷ ❡t ✹ ▼❝❙✳

❉✬❛✉tr❡s ❡☛❡ts ❝♦❧❧✐s✐♦♥♥❡❧s✱ s✬✐❧s ♥✬♦♥t ♣❛s ❞✬❡☛❡ts ❞✐r❡❝t❡♠❡♥t ✈✐s✐❜❧❡s s✉r ❧❛ ❧❛r❣❡✉r ❞❡s

s♣❡❝tr❡s ❞❡ ❇r❛❣❣✱ ❞♦✐✈❡♥t ❫❡tr❡ ✓❡✈✐t✓❡s ❛☞♥ ❞✬♦❜t❡♥✐r ✉♥❡ ♠❡s✉r❡ q✉❛♥t✐t❛t✐✈❡ ❞❡ ❜♦♥♥❡ q✉❛❧✐t✓❡

❞❡ ❧❛ ❧❛r❣❡✉r ❡♥ ✐♠♣✉❧s✐♦♥ ❛✉ s❡✐♥ ❞✉ ❝♦♥❞❡♥s❛t✳ ❉✬✉♥❡ ♣❛rt✱ ❞❡s ❝♦❧❧✐s✐♦♥s ✓❡❧❛st✐q✉❡s s❡

♣r♦❞✉✐s❡♥t ❡♥tr❡ ❧❡ ❝♦♥❞❡♥s❛t ❛✉ r❡♣♦s ❡t ❧❡s ❛t♦♠❡s ❞✐☛r❛❝t✓❡s s❡ ♣r♦♣❛❣❡❛♥t ✒❛ q✉❡❧q✉❡s

✈✐t❡ss❡s ❞❡ r❡❝✉❧ ✭q✉❡❧q✉❡s ❝♠✴s✮✳ ▲❡ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥s✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ✌❝♦❧❧ ❂ ♥✵✛✈❘ ❬✸✸✱ ✸✹❪✱ ❡st

✶▲❡ ❢❛❝t❡✉r ✷ ❞❛♥s ❧✬✓❡♥❡r❣✐❡ ❞✬✐♥t❡r❛❝t✐♦♥ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s ♣❛rt✐❡s ❞✐☛r❛❝t✓❡❡s ❡t ♥♦♥ ❞✐☛r❛❝t✓❡❡s ❞✉
❝♦♥❞❡♥s❛t s♦♥t ♠❛✐♥t❡♥❛♥t ❞✐s❝❡r♥❛❜❧❡s✱ ❡♥tr❛❫✏♥❛♥t ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ t❛✉① ❞❡ ❝♦❧❧✐s✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r ✷ ❬✸✶❪✳
■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡❝✐ ♥✬❡①✐st❡ ♣❛s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❘❛♠❛♥ ♣♦✉r ❧❡ r✉❜✐❞✐✉♠ q✉✐
❝♦♥❝❡r♥❡ ✷ ✓❡t❛ts ❤②♣❡r☞♥s ❞✐☛✓❡r❡♥ts ❬✸✷❪✳



✷✶✷
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

tr✒❡s ✓❡❧❡✈✓❡✱ s✐ ❜✐❡♥ q✉❡ ❧❡ ❧✐❜r❡ ♣❛r❝♦✉rs ♠♦②❡♥ ❡st tr✒❡s ♣❡t✐t ❞❡✈❛♥t ❧❛ ❧♦♥❣✉❡✉r ❞✉ ❝♦♥❞❡♥s❛t✳

▲❡s ❛t♦♠❡s ❞✐☛r❛❝t✓❡s ✈♦♥t ❛❧♦rs s✉❜✐r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝♦❧❧✐s✐♦♥s ❛✈❛♥t ❞❡ s❡ s✓❡♣❛r❡r

❞✉ ❝♦♥❞❡♥s❛t✱ ❡t s❡r♦♥t ❞✐s♣❡rs✓❡s ✈❡rs ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬✓❡t❛ts q✉❛♥t✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t ✒❛

❞❡s ✐♠♣✉❧s✐♦♥s ♠♦②❡♥♥❡s ❞✐☛✓❡r❡♥t❡s✳ ❆✐♥s✐✱ ❛✉ ❧✐❡✉ ❞✬♦❜s❡r✈❡r ❞❡✉① ♥✉❛❣❡s ❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡

❞✐s♣❡rs✐♦♥ ❡♥ ✈✐t❡ss❡ ❡t ♥❡tt❡♠❡♥t s✓❡♣❛r✓❡s ❛♣r✒❡s ❧❡ t❡♠♣s ❞❡ ✈♦❧✱ ♦♥ ❛✉r❛ ❛✉ ❝♦♥tr❛✐r❡ ❞❡✉①

♥✉❛❣❡s ❞✐☛✉s ❝♦♠♠❡ s✉r ❧❛ ☞❣✉r❡ ✺✳✺✳

❆✈❡❝ ❧❡s ✈❛❧❡✉rs ❞❡ ❞❡♥s✐t✓❡s ❛t♦♠✐q✉❡s✱ ❞❡ ♣✉✐ss❛♥❝❡s ❧✉♠✐♥❡✉s❡s ❡t ❞✬❛♥✐s♦tr♦♣✐❡ ❛tt❡✐♥t❡s

❞❛♥s ♥♦s ❡①♣✓❡r✐❡♥❝❡s✱ ❞❡s ❡☛❡ts ❞❡ s✉♣❡r✲r❛❞✐❛♥❝❡ ❬✶✻❪ ✈♦♥t ❛✉ss✐ ♣❡rt✉r❜❡r ❧❛ ♠❡s✉r❡✳ ❈❡

♣❤✓❡♥♦♠✒❡♥❡ ♣r♦❞✉✐t ✉♥ ✌✉① ❞❡ ♣❤♦t♦♥s ✓❡♠✐s ❞❛♥s ❧✬❛①❡ ❧♦♥❣ ❞✉ ♣✐✒❡❣❡ ❞❡ ♠❛♥✐✒❡r❡ ❁ ❝♦♦♣✓❡✲

r❛t✐✈❡ ❃ ✱ ✒❛ ♣❛rt✐r ❞❡ q✉❡❧q✉❡s ✓❡✈✓❡♥❡♠❡♥ts ✐♥✐t✐❛✉① ❞❡ ❞✐☛✉s✐♦♥ ❘❛②❧❡✐❣❤✳ P❛r ❝♦♥s❡r✈❛t✐♦♥

❞❡ ❧✬✐♠♣✉❧s✐♦♥✱ ❞❡s ❛t♦♠❡s ❛②❛♥t ✓❡♠✐s ✉♥ ♣❤♦t♦♥ r❡❝✉❧❡♥t ❛✉ss✐ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❛①❡

❣❫❡♥❛♥t ❛✐♥s✐ ❝♦♥s✐❞✓❡r❛❜❧❡♠❡♥t ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥✳

P♦✉r ✓❡✈✐t❡r t♦✉s ❝❡s ❡☛❡ts ❧✐✓❡s ✒❛ ❧❛ ❞❡♥s✐t✓❡✱ ♥♦✉s ❝♦✉♣♦♥s ❧❡ ♣✐✒❡❣❡ ❡t ❛tt❡♥❞♦♥s ✉♥ t❡♠♣s

❞❡ ✈♦❧ t ❂ ✷ ♠s ❛✈❛♥t ❞✬❛♣♣❧✐q✉❡r ❧❡s ❢❛✐s❝❡❛✉① ❞❡ ❇r❛❣❣✳ ❆✐♥s✐✱ ❧❛ ❞❡♥s✐t✓❡ ❝❤✉t❡ ❞❡ ❞❡✉①

♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❬✭✦❄t✮✷ ✙ ✾✶❪ ✒❛ ❝❛✉s❡ ❞❡ ❧✬❡①♣❛♥s✐♦♥ tr❛♥s✈❡rs❡ ❛❧♦rs q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥

❧♦♥❣✐t✉❞✐♥❛❧❡ ♥✬✓❡✈♦❧✉❡ q✉❛s✐♠❡♥t ♣❛s✳ ▲✬✓❡❧❛r❣✐ss❡♠❡♥t ❞❫✉ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ ♥✬❡st ❛❧♦rs ♣❧✉s

q✉❡ ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞❡ ❍③✱ ❡t ❧❡ ❧✐❜r❡ ♣❛r❝♦✉rs ♠♦②❡♥ ❞❡✈✐❡♥t ❣r❛♥❞ ❞❡✈❛♥t ❧❛ t❛✐❧❧❡ ❞✉ ♥✉❛❣❡✱

s✐ ❜✐❡♥ q✉✬♦♥ ♣❡✉t ❡♥ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥s✐❞✓❡r❡r q✉✬♦♥ s♦♥❞❡ ❞❡s ♣❛rt✐❝✉❧❡s ❧✐❜r❡s ❡t

✐♥❞✓❡♣❡♥❞❛♥t❡s ❬✸✺❪✳
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❋✐❣✳ ✺✳✻ ✿ ❖s❝✐❧❧❛t✐♦♥s ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t
❤♦rs ❞✬✓❡q✉✐❧✐❜r❡ ♦❜s❡r✈✓❡❡s ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s ✈✐t❡ss❡s ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣✳
P♦✉r ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡✱ ❧✬❛♠♣❧✐t✉❞❡ r❡❧❛✲
t✐✈❡ ✁▲❂▲ ✓❡t❛✐t ❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♣♦✉r
❝❡♥ts✱ ❞✐✍❝✐❧❡ ✒❛ ♦❜s❡r✈❡r ❞✐r❡❝t❡♠❡♥t s✉r
❧❡s ✐♠❛❣❡s ❞✬❛❜s♦r♣t✐♦♥ ❛✈❡❝ ✉♥ r❛♣♣♦rt s✐✲
❣♥❛❧ ✒❛ ❜r✉✐t s✉✍s❛♥t✳

❯♥ ❛✉tr❡ ❡☛❡t ♣❛r❛s✐t❡✱ ❧✐✓❡ ✒❛ ❧❛ ❣✓❡♦♠✓❡tr✐❡ ❞✉ ♣✐✒❡❣❡ q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s✱ s✬❡st r✓❡✈✓❡❧✓❡ ❫❡tr❡ ♣❛rt✐✲

❝✉❧✐✒❡r❡♠❡♥t ❝♦♥tr❛✐❣♥❛♥t✳ ❊♥ ❡☛❡t✱ ❧❡ ❢r❛♥❝❤✐ss❡♠❡♥t ❞✉ s❡✉✐❧ ❞❛♥s ✉♥ ♣✐✒❡❣❡ ❞❛♥s ❧❡ r✓❡❣✐♠❡

❤②❞r♦❞②♥❛♠✐q✉❡ t❡❧ q✉❡ ❧❡ ♥❫♦tr❡ ♣r♦✈♦q✉❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❤♦rs✲✓❡q✉✐❧✐❜r❡ ❬✸✻❪ q✉❛s✐♠❡♥t ✐♠✲

♣♦ss✐❜❧❡s ✒❛ ✓❡✈✐t❡r✳ ❯♥ ❝❤❛♠♣ ❞❡ ✈✐t❡ss❡s s❡ ❞✓❡✈❡❧♦♣♣❡ ❛❧♦rs✱ s✐ ❜✐❡♥ q✉✬✉♥❡ s✐❣♥❛t✉r❡ ❞❡s

♦s❝✐❧❧❛t✐♦♥s ❡①✐st❡ ✓❡❣❛❧❡♠❡♥t s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐s✓❡ ❧❛ s♣❡❝✲

tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ❁ ❡♥ t❡♠♣s r✓❡❡❧ ❃ ✭☞❣✉r❡ ✺✳✻✮ ♣♦✉r ♦❜s❡r✈❡r ❝❡t ❡☛❡t ❛✈❡❝ ✉♥❡ r❛♠♣❡

❞✬✓❡✈❛♣♦r❛t✐♦♥ tr✒❡s ❧❡♥t❡ ❬✸✻✱ ✸✼❪✳ ❉❛♥s ❝❡ ❝❛s✱ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧✬♦s❝✐❧❧❛t✐♦♥ s✉r ❧❛ ❧❛r❣❡✉r ❡st

❢❛✐❜❧❡✱ ❡t ❞✐✍❝✐❧❡♠❡♥t ♦❜s❡r✈❛❜❧❡ s✉r ❧❡s ✐♠❛❣❡s ❜r✉t❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧✬♦s❝✐❧❧❛t✐♦♥ ❡st tr✒❡s

✈✐s✐❜❧❡ s✉r ❧❡s s♣❡❝tr❡s ❡♥ ✈✐t❡ss❡✱ ❞♦♥t ❧❛ ❧❛r❣❡✉r ♦s❝✐❧❧❡ ❛✉ ❞♦✉❜❧❡ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ♣r♦♣r❡ ❞✉

♠♦❞❡✱ s♦✐t ✷✦◗ ❂
♣
✶✵✦①✳ ❊♥ ❡☛❡t✱ ❞❛♥s ❝❡ ♠♦❞❡ q✉❛❞r✉♣♦❧❛✐r❡✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥

❡st ❧❛ ♠❫❡♠❡ q✉❡ ❧❡ ✭q✉❛s✐✮❝♦♥❞❡♥s❛t s♦✐t ❞❛♥s ✉♥❡ ♣❤❛s❡ ❞✬❡①♣❛♥s✐♦♥ ♦✉ ❞❡ ❝♦♥tr❛❝t✐♦♥✳



✺✳✶ ❉✐☛r❛❝t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ✉♥ r✓❡s❡❛✉ ❧✉♠✐♥❡✉① ✷✶✸

❆♣r✒❡s ❞❡ ♥♦♠❜r❡✉① t❡sts✱ ♥♦✉s s♦♠♠❡s ❛rr✐✈✓❡s ✒❛ ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉❡ ♠❫❡♠❡ ✉♥❡ r❛♠♣❡ tr✒❡s

❧❡♥t❡ ♥✬✓❡t❛✐t ♣❛s s✉✍s❛♥t❡ ♣♦✉r ✓❡✈✐t❡r ❧❡ ❞✓❡❝❧❡♥❝❤❡♠❡♥t ❞❡ ❝❡s ♦s❝✐❧❧❛t✐♦♥s q✉✐ ✈♦♥t ✓❡❧❛r❣✐r

❧❡ s♣❡❝tr❡ ❡♥ ✈✐t❡ss❡ ❞✉ ♥✉❛❣❡ ❞❛♥s ❧✬❛①❡ ❧♦♥❣✳ P♦✉r q✉❡ ❧✬♦s❝✐❧❧❛t✐♦♥ ♥❡ ♣❛rt✐❝✐♣❡ ♣❛s ♣♦✉r

♣❧✉s ❞❡ ✶✵✵ ❍③ ✒❛ ❧❛ ❧❛r❣❡✉r ❉♦♣♣❧❡r t♦t❛❧❡✱ ♥♦✉s ❛✈♦♥s ❞♦♥❝ ❧❛✐ss✓❡ ✉♥ t❡♠♣s ❞❡ r❡❧❛①❛t✐♦♥

❞❡ ✻✳✺ s ❛♣r✒❡s ❧❛ ☞♥ ❞❡ ❧❛ r❛♠♣❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥✳ ▲✬❡①♣✓❡r✐❡♥❝❡ ♠♦♥tr❡ ❛❧♦rs ✉♥ ✓❡❧❛r❣✐ss❡♠❡♥t

r✓❡s✐❞✉❡❧ ✐♥❢✓❡r✐❡✉r ✒❛ ✶✵✵ ❍③✱ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ r✓❡s♦❧✉t✐♦♥ ❧✐✓❡❡ ✒❛ ❧❛ ❞✉r✓❡❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥✳

✺✳✶✳✹ ❉✐s♣♦s✐t✐❢ ❡①♣✓❡r✐♠❡♥t❛❧ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣

▲❡ ❞✐s♣♦s✐t✐❢ q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s ❛✉ ♣♦✐♥t ♦☛r❡ ✉♥❡ r✓❡s♦❧✉t✐♦♥ ♠❡✐❧❧❡✉r❡ q✉❡ ❧❡ ❞✐s♣♦s✐t✐❢ ♦r✐❣✐✲

♥❛❧ ❞❡ ▼■❚ ♣❛r ❡♥✈✐r♦♥ ✶ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r✳ ❈❡ r✓❡s✉❧t❛t ❛ ✓❡t✓❡ ♦❜t❡♥✉ ❛✉ ♣r✐① ❞❡ ♣r✓❡❝❛✉t✐♦♥s

❞♦♥t ♥♦✉s ❛❧❧♦♥s ❞♦♥♥❡r ✐❝✐ ✉♥ ❛♣❡r✘❝✉✳ ▲❛ ☞❣✉r❡ ✺✳✼ ♣r✓❡s❡♥t❡ ✉♥ s❝❤✓❡♠❛ ❞✉ ❞✐s♣♦s✐t✐❢ ♦♣t✐q✉❡

A
O

M

AOMlaser 

ralentisseur

transport par fibre optique

obturateur

λ / 2

λ / 4

Electro-aimant

cellule en verre

périscope

Tel. 2

Tel. 1

Miroir (M1)+λ/4

Miroir (M2)
Condensat

340 m
m

4
0
0
 m

m

170 m
m

❋✐❣✳ ✺✳✼ ✿ ▼♦♥t❛❣❡ ♦♣t✐q✉❡ ✉t✐❧✐s✓❡ ♣♦✉r ❣✓❡♥✓❡r❡r ❧❡ r✓❡s❡❛✉ ❞✐☛r❛❝t❛♥t✳ ▲❡s ♠✐r♦✐rs s✉r ❧❡s ❝❤❡♠✐♥s
❞❡s ❛❝♦✉st♦✲♦♣t✐q✉❡s ✭❆❖▼✮ s♦♥t ✒❛ q✉❡❧q✉❡s ❝❡♥t✐♠✒❡tr❡s ❞❡ ❧❛ t❛❜❧❡ ♦♣t✐q✉❡✱ s✉r ❞❡s ♣✐❡❞s ❡♥ ❧❛✐t♦♥
♠❛ss✐❢✱ ❡t ✈✐❜r❡♥t ♣❡✉✳ ▲❡s ♠✐r♦✐rs ✭▼✶✮ ❡t ✭▼✷✮ ✒❛ ✸✺ ❝♠ ❞❡ ❤❛✉t❡✉r ♥✓❡❝❡ss✐t❡♥t ❞❡s s✉♣♣♦rts ♣❛rt✐✲
❝✉❧✐❡rs✱ tr✒❡s r✐❣✐❞❡s ❧♦♥❣✐t✉❞✐♥❛❧❡♠❡♥t✱ ❞✬♦✒✉ ❧❡ ❝❤♦✐① ❞❡ ♣❧❛q✉❡s ❞❡ ❉✉r❛❧✳ ❈❡s ♣❧❛q✉❡s s♦♥t ✉♥ ♣❡✉
✐s♦❧✓❡❡s ❞❡ ❧❛ t❛❜❧❡ ♣❛r ✉♥❡ ☞♥❡ ✓❡♣❛✐ss❡✉r ❞❡ s♦r❜♦t❤❛♥❡ ✭♥♦♥ r❡♣r✓❡s❡♥t✓❡❡✮✳ ❉❛♥s ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥
❧❡ ♠✐r♦✐r ❝r✐t✐q✉❡ ❡st ❧❡ ♠✐r♦✐r ❞❡ r✓❡tr♦✲r✓❡✌❡①✐♦♥ ✭▼✶✮✳ ▲❛ ❧❛♠❡ ✕❂✹ ❞❡✈❛♥t ✭▼✶✮ s❡rt ✒❛ r✓❡❣❧❡r ❧❡s
♣♦❧❛r✐s❛t✐♦♥s r❡❧❛t✐✈❡s ❞❡s ❢❛✐s❝❡❛✉① ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s✳

✉t✐❧✐s✓❡ ♣♦✉r ❣✓❡♥✓❡r❡r ❧❡ ♣♦t❡♥t✐❡❧ ❞✐☛r❛❝t❛♥t✳ ◆♦✉s ❞✓❡t♦✉r♥♦♥s ❡♥ ❢❛✐t ✉♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡

❞✉ ❧❛s❡r r❛❧❡♥t✐ss❡✉r✱ ❞✓❡❝❛❧✓❡ ❞❡ ✲✶✸✸ ▼❍③ ♣❛r r❛♣♣♦rt ✒❛ ❧❛ tr❛♥s✐t✐♦♥ ❥ ❋ ❂ ✷✐ ✦❥ ❋ ✵ ❂ ✸✐✳
▲❡s ❛t♦♠❡s ✓❡t❛♥t ♣♦❧❛r✐s✓❡s ❞❛♥s ❥ ❋ ❂ ✶❀♠❋ ❂ �✶✐✱ ❧❡ ❧❛s❡r ❡st ❞♦♥❝ ❞✓❡s❛❝❝♦r❞✓❡ ❞❡ ✁ ✙ ✻❀ ✽✸

●❍③✱ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧✬✓❡❝❛rt ❤②♣❡r☞♥ ❞❛♥s ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ✓❡❧❡❝tr♦♥✐q✉❡✳ ▲❡ t❛✉① ❞✬✓❡♠✐ss✐♦♥

s♣♦♥t❛♥✓❡❡ t②♣✐q✉❡ ❡st ❛❧♦rs ❞❡ �s♣ ✘ �✭✡✶❂✁✮✷ ✘ ✷✙ ✂ ✵❀ ✷ s�✶✱ s♦✐t ✉♥❡ ♣r♦❜❛❜✐❧✐t✓❡ ❞❡ ✵✱✶ ✪

♣❡♥❞❛♥t ❧❛ ❞✉r✓❡❡ ❞✉ ♣✉❧s❡✳ ▲❡ ❢❛✐s❝❡❛✉ ❡st ❛♠❡♥✓❡ ✈✐❛ ✉♥❡ ☞❜r❡ ♦♣t✐q✉❡ ♠♦♥♦♠♦❞❡ ✒❛ ♠❛✐♥✲

t✐❡♥ ❞❡ ♣♦❧❛r✐s❛t✐♦♥ ✈❡rs ❧❡ ♣✐✒❡❣❡ ♠❛❣♥✓❡t✐q✉❡✳ ▲❡ ❢❛✐s❝❡❛✉ ❧❛s❡r ❡st ❡♥s✉✐t❡ s✓❡♣❛r✓❡ ❡♥ ❞❡✉①

♣❛rt✐❡s ❞✬✓❡❣❛❧❡ ✐♥t❡♥s✐t✓❡✱ ❝❤❛❝✉♥ ❞✬❡✉① ♣❛ss❛♥t ❞❛♥s ✉♥ ♠♦❞✉❧❛t❡✉r ❛❝♦✉st♦✲♦♣t✐q✉❡ ✒❛ ✽✵

▼❍③ ✭❈r②st❛❧ ❚❡❝❤♥♦❧♦❣✐❡s✮✳ P♦✉r ❛ss✉r❡r ✉♥❡ tr✒❡s ❜♦♥♥❡ st❛❜✐❧✐t✓❡ ❡♥ ❢r✓❡q✉❡♥❝❡✱ ❧❡s s✐❣♥❛✉①

r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ q✉✐ ❛❧✐♠❡♥t❡♥t ❧❡s ♠♦❞✉❧❛t❡✉rs s♦♥t ❣✓❡♥✓❡r✓❡s ♣❛r ❞❡✉① s②♥t❤✓❡t✐s❡✉rs st❛❜❧❡s

❛✉ ❍❡rt③ ♣r✒❡s✳ ▲✬✉♥ ❞✬❡♥tr❡ ❡✉① ✭❍❛♠❡❣ ❍▼ ✽✶✸✸✲✷✮ ❡st ☞①✓❡ ✒❛ ✉♥❡ ❢r✓❡q✉❡♥❝❡ ❞❡ ✽✵ ▼❍③✳ ▲❡

s❡❝♦♥❞ ✭❍❡✇❧❡tt✲P❛❝❦❛r❞ ✽✻✹✼❆✮ ❡st ❝♦♠♠❛♥❞✓❡ ♣❛r ♦r❞✐♥❛t❡✉r ✈✐❛ ✉♥❡ ❝♦♥♥❡①✐♦♥ ●P■❇✱ s✐



✷✶✹
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

❜✐❡♥ q✉❡ s❛ ❢r✓❡q✉❡♥❝❡ ♣❡✉t ❫❡tr❡ ✈❛r✐✓❡❡ ❛✉t♦✉r ❞❡ ✽✵ ▼❍③ ❞❡ ❧❛ q✉❛♥t✐t✓❡ ✦ ♥✓❡❝❡ss❛✐r❡ ♣♦✉r

s❡ ♣❧❛❝❡r ❛✉t♦✉r ❞❡ ❧❛ r✓❡s♦♥❛♥❝❡ ❞❡ ❇r❛❣❣✳ ▲❛ s✓❡♣❛r❛t✐♦♥ ❡♥ ❞❡✉① ❢❛✐s❝❡❛✉① ❡st ❢❛✐t❡ ✒❛ ❧✬❛✐❞❡

❞✬✉♥ ❝✉❜❡ ♣♦❧❛r✐s❡✉r✱ s✐ ❜✐❡♥ q✉✬❛♣r✒❡s ♣❛ss❛❣❡ ❞❛♥s ❧❡s ♠♦❞✉❧❛t❡✉rs ♣✉✐s r❡❝♦♠❜✐♥❛✐s♦♥✱ ♦♥

❞✐s♣♦s❡ ❞❡ ❞❡✉① ❢❛✐s❝❡❛✉① ❞✓❡❝❛❧✓❡s ❡♥ ❢r✓❡q✉❡♥❝❡✱ q✉✐ s❡ ♣r♦♣❛❣❡♥t ♣❛r❛❧❧✒❡❧❡♠❡♥t ❛✈❡❝ ❞❡s ♣♦✲

❧❛r✐s❛t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s✳ ❈❡s ❢❛✐s❝❡❛✉① s♦♥t ❡♥s✉✐t❡ ❡♥✈♦②✓❡s s✉r ❧❛ ❝❡❧❧✉❧❡ ❞❡ ♣✐✓❡❣❡❛❣❡✳ ❊♥

♣r❛t✐q✉❡ ❧✬❛❧✐❣♥❡♠❡♥t ❞❡s ❢❛✐s❝❡❛✉① s✉r ❧✬❛①❡ ❞✉ ❞✐♣❫♦❧❡ ❡st ❛✉t♦♠❛t✐q✉❡♠❡♥t ❛ss✉r✓❡✱ ❝♦♠♠❡

❧❡ ♠♦♥tr❡ ❧❛ ❋✐❣✳ ✺✳✽✳

400

θmax ~ 2 mrad

5

faisceaux  de Bragg
pôle du dipôle cellule

condensat

❋✐❣✳ ✺✳✽ ✿ ❈♦♥tr❛✐♥t❡s ♣r❛t✐q✉❡s s✉r ❧✬❛❧✐❣♥❡♠❡♥t ❞❡s ❢❛✐s❝❡❛✉① ❇r❛❣❣ s✉r ❧✬❛①❡ ❞✉ ❞✐♣❫♦❧❡✳ ▲❡s ❝♦t❡s
s♦♥t ❡♥ ♠✐❧❧✐♠✒❡tr❡s✳ ▲❡ ❞✐❛♠✒❡tr❡ ✈✐s✐❜❧❡ ❞❡s ❢❛✐s❝❡❛✉① ❡st ❞✬❡♥✈✐r♦♥ ✸♠♠✳ ❈❡ q✉✐ ♣❡r♠❡t ❞✬❡st✐♠❡r
❧❛ ♣r✓❡❝✐s✐♦♥ ❞❡ ❧✬❛❧✐❣♥❡♠❡♥t ✒❛ ❡♥✈✐r♦♥ ✒♠❛① ❂ ✷♠r❛❞✳

▲❡s tr♦✉s ❛✉① ❡①tr✓❡♠✐t✓❡s ❡①t❡r♥❡s ❞❡s ♣❫♦❧❡s ❞✉ ❞✐♣❫♦❧❡ ♦♥t ✉♥ ❞✐❛♠✒❡tr❡ ❞❡ ✺♠♠✱ ❡t s♦♥t

❞✐st❛♥ts ❞❡ ✹✵✵♠♠✳ ▲❡s ❢❛✐s❝❡❛✉① ♣❡✉✈❡♥t ❫❡tr❡ ❛❧♦rs ❝❡♥tr✓❡s s✉r ❧✬❛①❡ ❝❡♥tr❛❧ ❞✉ ❞✐♣❫♦❧❡ ✒❛

♠✐❡✉① q✉❡ ✶♠♠✱ s♦✐t ✉♥ ❛♥❣❧❡ ❡♥tr❡ ❧❡s ❢❛✐s❝❡❛✉① ❇r❛❣❣ ❡t ❧✬❛①❡ ❞✉ ❞✐♣❫♦❧❡ ✐♥❢✓❡r✐❡✉r ♦✉ ✓❡❣❛❧

✒❛ ✷♠r❛❞✳ P❛r ❝♦♥s✓❡q✉❡♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ ✈✐t❡ss❡ r❛❞✐❛❧❡ ❛✉ s♣❡❝tr❡ ❡st

❞❡ ❧✬♦r❞r❡ ❞❡ ✶✵❍③✳ ❈❡tt❡ s♦✉r❝❡ ❞✬✓❡❧❛r❣✐ss❡♠❡♥t ❡st ♥✓❡❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ❞❡

✶✶✺❍③ ❞❫✉ ✒❛ ❧❛ ❞✉r✓❡❡ ☞♥✐❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s ❧❛s❡rs ❞❡ ❇r❛❣❣ ✭✷♠s✮✳

ωa < ωb

ωa ωb

temps de volωa ωb

=

condensat condensat
atomes diffractés

4vrecule∗ tvol

❋✐❣✳ ✺✳✾ ✿ ❉✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ♣❛r ❞❡✉①
r✓❡s❡❛✉① ♦♣t✐q✉❡s s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ❞❡s
❞✐r❡❝t✐♦♥s ♦♣♣♦s✓❡❡s✳ ❖♥ ♦❜s❡r✈❡ ❞❡✉① ♣✐❝s✱
❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❝♦♠♣♦s❛♥t❡s ✰✈ ❡t �✈
❞✉ s♣❡❝tr❡✳ ❚❡♠♣s ❞❡ ✈♦❧ ❛♣r✒❡s ❞✐☛r❛❝t✐♦♥ ✿
✷✷♠s✳ ❙✓❡♣❛r❛t✐♦♥ ✺✶✵✖♠✳

P♦✉r ❢♦r♠❡r ❧❡ r✓❡s❡❛✉ ♦♣t✐q✉❡✱ ✐❧ ✐♠♣♦rt❡ ❞❡ s✉♣❡r♣♦s❡r ❧❡s ❞❡✉① ❢❛✐s❝❡❛✉① ❞❡ ♠❛♥✐✒❡r❡ ✒❛ ❝❡

q✉✬✐❧s s♦✐❡♥t ❝♦♥tr❛✲♣r♦♣❛❣❛t✐❢s ❡t ❞❡ ♠❫❡♠❡ ♣♦❧❛r✐s❛t✐♦♥ ❛✉ ♥✐✈❡❛✉ ❞❡s ❛t♦♠❡s✳ P♦✉r ✉♥ ♠❛①✐✲

♠✉♠ ❞❡ st❛❜✐❧✐t✓❡✱ ❧❡s ❞❡✉① ❢❛✐s❝❡❛✉① ❧❛s❡rs ❞❡ ❢r✓❡q✉❡♥❝❡ ❞✓❡❝❛❧✓❡❡ ❞❡ ✦ s♦♥t ❝♦✲♣r♦♣❛❣❛t✐❢s t♦✉t

❞✉ ❧♦♥❣✱ ♠❛✐s ❛✈❡❝ ❞❡s ♣♦❧❛r✐s❛t✐♦♥s ♦rt❤♦❣♦♥❛❧❡s✳ ■❧s ♣❛ss❡♥t ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✱ ♣✉✐s tr❛✈❡rs❡♥t

✉♥❡ ❧❛♠❡ q✉❛rt✲❞✬♦♥❞❡ ❛✈❛♥t ❞✬❫❡tr❡ r✓❡tr♦✲r✓❡✌✓❡❝❤✐s✳ ❉❛♥s ❝❡tt❡ ❝♦♥☞❣✉r❛t✐♦♥✱ s❡✉❧ ❧❡ ♠✐r♦✐r ❞❡

r✓❡tr♦r✓❡✌❡①✐♦♥ ❡st ♥♦♥✲♣❛rt❛❣✓❡ ❡t ❝♦♥tr✐❜✉❡ ❛✉① ✌✉❝t✉❛t✐♦♥s ❞❡ ❧❛ ♣❤❛s❡ ❞✉ r✓❡s❡❛✉ ❬✸✽❪✳ ▲❡s

❞❡✉① ❢❛✐s❝❡❛✉① q✉✐ r❡✈✐❡♥♥❡♥t✱ ♦♥t ✉♥❡ ♣♦❧❛r✐s❛t✐♦♥ t♦✉r♥✓❡❡ ❞❡ ✙❂✷ ♣❛r r❛♣♣♦rt ❛✉① ❢❛✐s❝❡❛✉①

✐♥❝✐❞❡♥ts✱ ❛✈❡❝ ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡s ♦♣♣♦s✓❡s✳ ❊♥ ❧❡s r❡❝♦✉✈r❛♥t ❛✈❡❝ ❧❡s ❢❛✐s❝❡❛✉① ❛❧❧❡r✱ ♦♥

❢♦r♠❡ ❞❡✉① r✓❡s❡❛✉① ❞❡ ❞✐☛r❛❝t✐♦♥ ✐♥❞✓❡♣❡♥❞❛♥ts ❡t s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ❞❡s ❞✐r❡❝t✐♦♥s ♦♣♣♦✲

s✓❡❡s✳ ■❧s s♦♥t r✓❡s♦♥♥❛♥ts ♣♦✉r ❧❛ ♠❫❡♠❡ ❢r✓❡q✉❡♥❝❡✱ ♠❛✐s tr❛♥s❢✒❡r❡♥t ✉♥❡ ✐♠♣✉❧s✐♦♥ ♦♣♣♦s✓❡❡

❛✉① ❛t♦♠❡s✳ ❆✐♥s✐✱ ♣♦✉r ✉♥❡ ✐♠❛❣❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞♦♥♥✓❡❡✱ ♦♥ ♦❜s❡r✈❡ ❞❡✉① ♥✉❛❣❡s ❞✐☛r❛❝t✓❡s✱



✺✳✷ ✓❊t✉❞❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ✷✶✺

✈✐s✐❜❧❡s s✉r ❧❡s ☞❣✉r❡s ✺✳✹ ❡t ✺✳✾✳ P♦✉r ✉♥❡ s❡✉❧❡ s✓❡r✐❡ ❞✬❛❝q✉✐s✐t✐♦♥✱ ♥♦✉s ♦❜t❡♥♦♥s ❞♦♥❝ ❞❡✉①

s♣❡❝tr❡s ❞✐☛r❛❝t✓❡s✱ ✉♥ ♣♦✉r ❝❤❛q✉❡ r✓❡s❡❛✉✳ ❆✈❡❝ ❝❡ ♠♦♥t❛❣❡✱ ❧❡ s♣❡❝tr❡ ❞❡ ❜r✉✐t ❞✉ r✓❡s❡❛✉

❡st ❧✐♠✐t✓❡ ♣❛r ❧❡ t❡♠♣s ❞❡ ♣✉❧s❡ ✭✷ ♠s✮✱ ❡t s❛ ❧❛r❣❡✉r ✒❛ ♠✐✲❤❛✉t❡✉r ❞❡ ✶✽✵ ❍③ ❡st t♦✉t ✒❛ ❢❛✐t

❛❝❝❡♣t❛❜❧❡✳

✺✳✷ ✓❊t✉❞❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❛r s♣❡❝tr♦s❝♦✲

♣✐❡ ❞❡ ❇r❛❣❣

✺✳✷✳✶ ❙♣❡❝tr♦s❝♦♣✐❡ ❡♥ ✐♠♣✉❧s✐♦♥ ✒❛ t❡♠♣✓❡r❛t✉r❡ ☞♥✐❡
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Désaccord (kHz)

Recentrage, normalisation, soustraction du fond

Superposition

τ=0 ms

τ=25 ms

31.030.029.0 31.030.029.0

10

0

10

0

τ=50 ms

τ=75 ms

31.030.029.0 31.030.029.0

10

0

10

0

Désaccord (kHz) (a)

(b)

❋✐❣✳ ✺✳✶✵ ✿ ✭❛✮ ❊♥s❡♠❜❧❡ ❞❡s s♣❡❝tr❡s
✓❡❧✓❡♠❡♥t❛✐r❡s ♠❡s✉r✓❡s ❞❛♥ ❞❡s ❝♦♥❞✐t✐♦♥s
✐❞❡♥t✐q✉❡s✱ ✒❛ ❧✬❡①❝❡♣t✐♦♥ ❞✉ t❡♠♣s ❞✬❛t✲
t❡♥t❡ ✜ ✳ ▲✬❡✍❝❛❝✐t✓❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❡st ❞♦♥✲
♥✓❡❡ ❡♥ ♣♦✉r❝❡♥t❛❣❡ ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s
❞❛♥s ❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ▲❡s s♣❡❝tr❡s ♠❡✲
s✉r✓❡s s✐♠✉❧t❛♥✓❡♠❡♥t ✭❣r❫❛❝❡ ❛✉① ❞❡✉① r✓❡✲
s❡❛✉① ❞❡ ❇r❛❣❣✮ s♦♥t ♣❧❛❝✓❡s ❝❫♦t❡✲✒❛✲❝❫♦t❡✳
▲❡ t❡♠♣s ✜ r❡❧❛t✐❢ ✒❛ ❝❡s ♣❛✐r❡s ❞❡ s♣❡❝tr❡s
✐♥❞✐q✉❡ ❧❡ t❡♠♣s ❞❡ ♠❛✐♥t✐❡♥t ❞✉ q✉❛s✐✲
❝♦♥❞❡♥s❛t ❞❛♥s ❧❡ ♣✐✒❡❣❡ ❡♥ ♣❧✉s ❞❡s ✻✳✺ s
❞❡ t❤❡r♠❛❧✐s❛t✐♦♥✳❯♥❡ ❜❛rr❡ ❞✬❡rr❡✉r t②✲
♣✐q✉❡ ❡st r❡♣♦rt✓❡❡ s✉r ❧❛ ♣r❡♠✐✒❡r❡ ❝♦✉r❜❡✱
✐♥❞✐q✉❛♥t ❧❛ ❞✐s♣❡rs✐♦♥ ❞❡s ✼ ♠❡s✉r❡s ✭❡♥✲
✈✐r♦♥✮ ❡☛❡❝t✉✓❡❡s ♣♦✉r ❝❤❛q✉❡ ❞✓❡s❛❝❝♦r❞✳
✭❜✮ ❙♣❡❝tr❡ r✓❡s✉❧t❛♥t ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥
❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s ❞♦♥♥✓❡❡s✱ ❛♣r✒❡s r❡✲
❝❡♥tr❛❣❡✱ ♥♦r♠❛❧✐s❛t✐♦♥ ✒❛ ✉♥❡ ♠❫❡♠❡ ❛✐r❡
❡t s♦✉str❛❝t✐♦♥ ❞✉ ❢♦♥❞✳ ▲❛ ❢♦r♠❡ ❞✉
♣r♦☞❧ ❛♣♣❛r❛❫✏t ❛❧♦rs ♣❧✉s ❝❧❛✐r❡♠❡♥t✳ ❯♥
❛❥✉st❡♠❡♥t ♣❛r ✉♥ ♣r♦☞❧ ❧♦r❡♥t③✐❡♥ ❞♦♥♥❡
✉♥❡ ❞❡♠✐✲❧❛r❣❡✉r ✒❛ ♠✐✲❤❛✉t❡✉r ✁✗ ❂
✷✸✶✭✶✹✮❍③✳

❆✈❡❝ t♦✉t❡s ❧❡s ♣r✓❡❝❛✉t✐♦♥s ❡①♣✓❡r✐♠❡♥t❛❧❡s ♠❡♥t✐♦♥♥✓❡❡s ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ♥♦✉s ❛✈♦♥s ♣✉ ♦❜✲

t❡♥✐r ❞❡s q✉❛s✐✲❝♦♥❞❡♥s❛ts ✒❛ ❧✬✓❡q✉✐❧✐❜r❡ ❡t ✉♥ ❞✐s♣♦s✐t✐❢ ❞❡ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ❛✈❡❝ ✉♥❡

r✓❡s♦❧✉t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞❡ ✷✵✵ ❍③✳ ❉❛♥s ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ ❧❛ ♣❧✉s ❛♥✐s♦tr♦♣❡✱ ❝♦rr❡s♣♦♥❞❛♥t ✒❛

✦① ❂ ✷✙✂✺ ❍③ ❡t ✦❄ ❂ ✷✙✂✼✻✵ ❍③✱ ♥♦✉s ❛✈♦♥s ♣r✐s ❞❡s s♣❡❝tr❡s ❞❡ ❇r❛❣❣ ♣♦✉r s❡♣t ✈❛❧❡✉rs

❝❛r❛❝t✓❡r✐st✐q✉❡s ❞❡ ❧❛ r❛♠♣❡ r❛❞✐♦✲❢r✓❡q✉❡♥❝❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥✱ ✗r❢ ✱ ✈❛r✐❛♥t ❛✐♥s✐ ❧❛ t❡♠♣✓❡r❛t✉r❡

❞❡ ✾✵ ✒❛ ✸✺✵ ♥❑ ❡♥✈✐r♦♥✱ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❡ ✽✂✶✵✹ ✒❛ ✷✂✶✵✹✱ ❡t ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ❞❡ ✼✵

✪ ✒❛ ✽ ✪✳ P❧✉s✐❡✉rs s♣❡❝tr❡s ♦♥t ✓❡t✓❡ ♣r✐s ♣♦✉r ❝❤❛q✉❡ ✈❛❧❡✉r ❞❡ ✗r❢ ✭t②♣✐q✉❡♠❡♥t ✺✮✱ ❡♥ ✈❛r✐❛♥t



✷✶✻
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

❧❡ t❡♠♣s ❞✬❛tt❡♥t❡ ❛♣r✒❡s ❧❛ ☞♥ ❞❡ r❛♠♣❡✱ ♣♦✉r ♥❡ ♣❛s ✐♥tr♦❞✉✐r❡ ❞✬❡☛❡ts s②st✓❡♠❛t✐q✉❡s ❞❫✉s

✒❛ ❞❡ ♣♦ss✐❜❧❡s ♦s❝✐❧❧❛t✐♦♥s q✉❛❞r✉♣♦❧❛✐r❡s r✓❡s✐❞✉❡❧❧❡s✳ ❱✉ ❧❡ ♥♦♠❜r❡ ❞❡ ❞♦♥♥✓❡❡s ✒❛ ❛❝q✉✓❡r✐r✱

❧❛ ❞✉r✓❡❡ t♦t❛❧❡ ❞✬❛❝q✉✐s✐t✐♦♥ ♣♦✉r ❝❤❛q✉❡ ✗r❢ s✬❡st ♥✓❡❝❡ss❛✐r❡♠❡♥t ✓❡t❛❧✓❡❡ s✉r ♣❧✉s✐❡✉rs ❥♦✉rs✳

❉❛♥s ❧✬❡s♣♦✐r ❞❡ ♠♦②❡♥♥❡r ❞✬✓❡✈❡♥t✉❡❧❧❡s ✌✉❝t✉❛t✐♦♥s tr✒❡s ❧❡♥t❡s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬❛❝q✉✓❡r✐r

❝❤❛q✉❡ ❥♦✉r ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ☞♥❛❧❡s ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✬✓❡✈❛♣♦r❛t✐♦♥✳ ❆✐♥s✐✱ ♣❧✉s ❞❡ ✾✵✵ ✐♠❛❣❡s

♦♥t ✓❡t✓❡ ♣r✐s❡s ♣♦✉r ❝❤❛q✉❡ ✈❛❧❡✉r ❞❡ ✗r❢ ✱ ❧❡ t❡♠♣s ❞✬❛❝q✉✐s✐t✐♦♥ t♦t❛❧ ❞❡s ❞♦♥♥✓❡❡s ✓❡t❛♥t ❞❡ ✶✺

❥♦✉rs ❡♥✈✐r♦♥✳ ▲❡s ♣❛r❛♠✒❡tr❡s ♠♦②❡♥s ✭t❡♠♣✓❡r❛t✉r❡✱ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ✳✳✳✮ s♦♥t ❞✓❡t❡r♠✐♥✓❡s

s✉r ❞❡s ✐♠❛❣❡s t✓❡♠♦✐♥s ✭t②♣✐q✉❡♠❡♥t ✉♥❡ ❞✐③❛✐♥❡ ♣♦✉r ❝❤❛q✉❡ ✗r❢✮✱ ♣r✐s❡s ❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s

✐❞❡♥t✐q✉❡s✱ ♠❛✐s s❛♥s ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣✳

▲❛ ♣r♦❝✓❡❞✉r❡ ☞♥❛❧❡ ❝♦♥s✐st❡ ✒❛ r❡♣♦rt❡r t♦✉t❡s ❧❡s ❞♦♥♥✓❡❡s ✒❛ ✉♥❡ ♠❫❡♠❡ t❡♠♣✓❡r❛t✉r❡ s✉r ✉♥

♠❫❡♠❡ s♣❡❝tr❡ r❡♥♦r♠❛❧✐s✓❡ ✭☞❣✉r❡ ✺✳✶✵✮✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❢❛✐s♦♥s ✉♥ ♣r❡♠✐❡r ❛❥✉st❡♠❡♥t ♣❛r

✉♥❡ ▲♦r❡♥t③✐❡♥♥❡✱ ♣♦✉r tr♦✉✈❡r ❧❡ ❝❡♥tr❡✱ ❧❡ ❢♦♥❞ ❡t ❧❛ ❤❛✉t❡✉r ❞❡ ❝❤❛q✉❡ s♣❡❝tr❡ ✐♥❞✐✈✐❞✉❡❧✳

▲❡s s♣❡❝tr❡s ✐♥❞✐✈✐❞✉❡❧s s♦♥t ❛❧♦rs r❡❝❡♥tr✓❡s✱ ❝♦rr✐❣✓❡s ❞✉ ❢♦♥❞ ❡t r❡♥♦r♠❛❧✐s✓❡s ♣❛r ❧❡✉r ❛✐r❡

t♦t❛❧❡✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥ s♣❡❝tr❡ ❣❧♦❜❛❧ ✭✈♦✐r ☞❣✉r❡ ✺✳✶✷✮ ❛✈❡❝ ✉♥ ❜✐❡♥ ♠❡✐❧❧❡✉r r❛♣♣♦rt

s✐❣♥❛❧✲✒❛✲❜r✉✐t✳

3210-1-2

Désaccord (kHz)
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profondeur : 80 kHz

profondeur : 60 kHz

profondeur : 50 kHz

profondeur : 40 kHz

profondeur : 30 kHz

profondeur : 20 kHz

profondeur : 70 kHz

T= 90 nK

T= 216 nK

T= 261 nK

T= 286 nK

T= 347 nK

T= 177 nK

T= 124 nK

❋✐❣✳ ✺✳✶✶ ✿ ❊♥s❡♠❜❧❡ ❞❡s s♣❡❝tr❡s
♠♦②❡♥s✱ r✓❡s✉❧t❛♥t✱ ♣♦✉r ❝❤❛q✉❡ ♣r♦❢♦♥✲
❞❡✉r ❞❡ ♣✐✒❡❣❡✱ ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ✽
✒❛ ✶✷ s♣❡❝tr❡s ✓❡❧✓❡♠❡♥t❛✐r❡s✳ ▲❡s t❡♠♣✓❡✲
r❛t✉r❡s s♦♥t ✓❡❣❛❧❡♠❡♥t ✐♥❞✐q✉✓❡❡s✳ ❚♦✉s
❧❡s s♣❡❝tr❡s ❞❡ ❝❡tt❡ ☞❣✉r❡ ♦♥t ❧❛ ♠❫❡♠❡
❛✐r❡✱ ♣♦✉r ❢❛❝✐❧✐t❡r ❧❛ ❝♦♠♣❛r❛✐s♦♥✳ ▲❡s
❧✐❣♥❡s ♣♦✐♥t✐❧❧✓❡❡s ✐♥❞✐q✉❡♥t ❧❛ ❧❛r❣❡✉r ✒❛ ♠✐✲
❤❛✉t❡✉r ❞❡ ❝❤❛q✉❡ s♣❡❝tr❡✳ ❖♥ ❝♦♥st❛t❡
❝❧❛✐r❡♠❡♥t ✉♥ ✓❡❧❛r❣✐ss❡♠❡♥t ❞❡s s♣❡❝tr❡s
❛✈❡❝ ❧❛ t❡♠♣✓❡r❛t✉r❡✳

❊♥ ♦❜s❡r✈❛♥t ❧❡s s♣❡❝tr❡s r❡♣♦rt✓❡s s✉r ❧❛ ☞❣✉r❡ ✺✳✶✶✱ ♦♥ ❝♦♥st❛t❡ s❛♥s ❛♠❜✐❣✉⑧✏t✓❡ ✉♥ ✓❡❧❛r❣✐s✲

s❡♠❡♥t ❞❡s s♣❡❝tr❡s ❛✈❡❝ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ✐♥❞✐❝❛t✐♦♥ q✉❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞✉ ❝♦♥❞❡♥s❛t ❞✐♠✐♥✉❡ ❧♦rsq✉❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❛✉❣♠❡♥t❡✳ ❖♥ ❡st ❛✐♥s✐

❞❛♥s ✉♥ r✓❡❣✐♠❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ♦✒✉ ❧❛ ♣❛rt✐❡ ❞✓❡❣✓❡♥✓❡r✓❡❡ ❞✉ ❣❛③ s✉❜✐t ❞❡ ❢♦rt❡s ✌✉❝t✉❛t✐♦♥s

❞❡ ♣❤❛s❡s✳

▲❛ ❢♦r♠❡ ❞❡ r❛✐❡ ❞❡s s♣❡❝tr❡s ❢♦✉r♥✐t ✓❡❣❛❧❡♠❡♥t ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ✿ ♦♥ ✈♦✐t s✉r



✺✳✷ ✓❊t✉❞❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ✷✶✼

❧❛ ☞❣✉r❡ ✺✳✶✷ q✉❡ ❧❡s s♣❡❝tr❡s ♦❜s❡r✈✓❡s s♦♥t ❜✐❡♥ ❛❥✉st✓❡s ♣❛r ✉♥❡ ▲♦r❡♥t③✐❡♥♥❡✳ ❉❡ ♠❛♥✐✒❡r❡

♣❧✉s r✐❣♦✉r❡✉s❡✱ ❝❡ ♣♦✐♥t ❡st ❝♦♥☞r♠✓❡ ♣❛r ❧✬❡①❛♠❡♥ ❞❡s r✓❡s✐❞✉s ❞❡ ❧✬❛❥✉st❡♠❡♥t ❡♥ ❝❤♦✐s✐ss❛♥t

s♦✐t ✉♥❡ ▲♦r❡♥t③✐❡♥♥❡✱ s♦✐t ✉♥❡ ●❛✉ss✐❡♥♥❡✱ q✉✐ s♦♥t ✓❡❣❛❧❡♠❡♥t tr❛❝✓❡s s✉r ❝❡tt❡ ☞❣✉r❡ ✿ ❧❡

♣r❡♠✐❡r ❡st r❡❧❛t✐✈❡♠❡♥t ♣❧❛t✱ t❛♥❞✐s q✉❡ ❧❡ s❡❝♦♥❞ ❡st ♥❡tt❡♠❡♥t ♣❧✉s ❝♦♥tr❛st✓❡✳ ▲❛ ❢♦r♠❡

▲♦r❡♥t③✐❡♥♥❡✱ q✉✐ ✐♠♣❧✐q✉❡ ❞❡s ❝♦rr✓❡❧❛t✐♦♥s ❡♥ ♣❤❛s❡ ❞✓❡❝r♦✐ss❛♥t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❛✈❡❝ ❧❛

❞✐st❛♥❝❡✱ ❡st ❝❛r❛❝t✓❡r✐st✐q✉❡ ❞❡s ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡ ✒❛ ✉♥❡ ❞✐♠❡♥s✐♦♥ ❬✸✺❪✳ ❈❡tt❡ ❢♦r♠❡

❞❡ r❛✐❡ ❡t ❧✬✓❡❧❛r❣✐ss❡♠❡♥t ❛✈❡❝ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❞✐s❝✉t✓❡s ♣r✓❡❝✓❡❞❡♠♠❡♥t ✐♥❞✐q✉❡♥t ❞❡ ♠❛♥✐✒❡r❡

♥❡tt❡ ❧✬❡①✐st❡♥❝❡ ❞❡ q✉❛s✐✲❝♦♥❞❡♥s❛ts ❞❛♥s ♥♦tr❡ ♣✐✒❡❣❡✳
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❋✐❣✳ ✺✳✶✷ ✿ ❙♣❡❝tr❡ ❣❧♦❜❛❧ ❛♣r✒❡s tr❛✐t❡♠❡♥t ❞❡ ✾✵✵ ✐♠❛❣❡s ❡♥✈✐r♦♥✱ ❝♦♠♣♦s✓❡ ❞❡ ✺ s♣❡❝tr❡s ✐♥❞✐✈✐❞✉❡❧s
♣❛r ♦r❞r❡ ❞✐☛r❛❝t✓❡ ✭❛✮✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♣♦✐♥t ✒❛ ✷✼✵ ♥❑ ✭♣r♦❢♦♥❞❡✉r ❞❡ ♣✐✒❡❣❡ ❞❡ ✻✵ ❦❍③✮✳ ❙♣❡❝tr❡
❛❥✉st✓❡ ♣❛r ✉♥❡ ❧♦r❡♥t③✐❡♥♥❡ ✭❛✮✱ ❡t ♣❛r ✉♥❡ ❣❛✉ss✐❡♥♥❡ ✭❜✮✳ ✭❝✮ ❘✓❡s✐❞✉s ❞❡ ❧✬❛❥✉st❡♠❡♥t ♣❛r ✉♥❡
❧♦r❡♥t③✐❡♥♥❡✳ ✭❞✮ ❘✓❡s✐❞✉s ❞❡ ❧✬❛❥✉st❡♠❡♥t ♣❛r ✉♥❡ ❣❛✉ss✐❡♥♥❡✳ ▲❡s r✓❡s✐❞✉s s♦♥t ❁ r❡♣❧✐✓❡s ❃ ❛✉t♦✉r
❞✉ ❞✓❡s❛❝❝♦r❞ ♥✉❧✱ ❡t ❧✐ss✓❡s ♣❛r ✉♥❡ ♠♦②❡♥♥❡ ❣❧✐ss❛♥t❡ ❞❡ ✻ ♣♦✐♥ts✳

▲❡ r✓❡❣✐♠❡ ❞❡ ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡s ❡t ❧❡s q✉❛s✐✲❝♦♥❞❡♥s❛ts
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❋✐❣✳ ✺✳✶✸ ✿ ❉❡♠✐✲❧❛r❣❡✉r ✒❛ ♠✐✲❤❛✉t❡✉r ✁✗▼ ❞❡s s♣❡❝tr❡s ❡①♣✓❡r✐♠❡♥t❛✉① ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ✁✗✣✳ ▲❡s
❜❛rr❡s ❞✬❡rr❡✉r ✈❡rt✐❝❛❧❡s r❡♣r✓❡s❡♥t❡♥t ❧❛ ❞✓❡✈✐❛t✐♦♥ st❛♥❞❛r❞ ❞❡ ❧❛ ❧❛r❣❡✉r ❞♦♥♥✓❡❡ ♣❛r ❧✬❛❥✉st❡♠❡♥t
♣❛r ✉♥❡ ❧♦r❡♥t③✐❡♥♥❡ ❞❡s s♣❡❝tr❡s✱ t❛♥❞✐s q✉❡ ❧❡s ❜❛rr❡s ❞✬❡rr❡✉r ❤♦r✐③♦♥t❛❧❡s r❡♣r✓❡s❡♥t❡♥t ❧❛ ❞✓❡✈✐❛✲
t✐♦♥ st❛♥❞❛r❞ ❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ ✁✗✣✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ ❡st ✉♥ ❛❥✉st❡♠❡♥t q✉✐ s✉♣♣♦s❡
✉♥ ♣r♦☞❧ ❞❡ ❱♦✐❣t ♣♦✉r ❧❡s s♣❡❝tr❡s✱ ❞♦♥t ❧❛ ❝♦♠♣♦s❛♥t❡ ❣❛✉ss✐❡♥♥❡ ❡st ✐❞❡♥t✐q✉❡ ❞✬✉♥ s♣❡❝tr❡ ✒❛
❧✬❛✉tr❡✳ ◆♦✉s ✐♥❞✐q✉♦♥s ✓❡❣❛❧❡♠❡♥t ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ ❚❂❚✣ s✉r ❧❛ ☞❣✉r❡ ✭❜✮✳



✷✶✽
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

P♦✉r ❝♦♠♣❛r❡r q✉❛♥t✐t❛t✐✈❡♠❡♥t ♥♦s ♦❜s❡r✈❛t✐♦♥s ✒❛ ❧❛ t❤✓❡♦r✐❡ ❞❡s q✉❛s✐✲❝♦♥❞❡♥s❛ts ❬✸✾✱ ✸✺✱

✹✵❪✱ ❝❡rt❛✐♥❡s ♣r✓❡❝❛✉t✐♦♥s ❞♦✐✈❡♥t ❫❡tr❡ ♣r✐s❡s✳ ❊♥ ❡☛❡t✱ ✒❛ ❝❛✉s❡ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞❡ ♣✐✓❡❣❡❛❣❡

tr❛♥s✈❡rs❡ ✓❡❧❡✈✓❡❡ ✭✦❄ ❂ ✷✙ ✂ ✼✻✵ ❍③✮ ❡t ❞✉ ❁ ❢❛✐❜❧❡ ❃ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ q✉❛s✐✲

❝♦♥❞❡♥s❛t ✭◆✵ ✘✷ ✒❛ ✼✂✶✵✹✮✱ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ❡st ❡♥ ❢❛✐t ❞❡✉① ✒❛ tr♦✐s ❢♦✐s ♣❧✉s ❣r❛♥❞ q✉❡

❧❛ ❢r✓❡q✉❡♥❝❡ tr❛♥s✈❡rs❡✱ s✐ ❜✐❡♥ q✉❡ ❧❡ t❡r♠❡ ❞❡ ♣r❡ss✐♦♥ q✉❛♥t✐q✉❡ r❛❞✐❛❧ ♥❡ ♣❡✉t ♣❛s ❫❡tr❡

❡♥t✐✒❡r❡♠❡♥t ♥✓❡❣❧✐❣✓❡✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞✓❡❥✒❛ ✈✉ ❛✉ ❝❤❛♣✐tr❡ ✸✳ ❉❡ ♣❧✉s✱ ❧❡ ❝❤❛♠♣ ♠♦②❡♥

❡①❡r❝✓❡ ♣❛r ❧❡ ♥✉❛❣❡ t❤❡r♠✐q✉❡ ✐♥t❡r✈✐❡♥t ❝♦♠♠❡ ✉♥❡ ❝♦rr❡❝t✐♦♥ s✉♣♣❧✓❡♠❡♥t❛✐r❡ ✒❛ ❤❛✉t❡ t❡♠✲

♣✓❡r❛t✉r❡✳ ◆♦✉s ❛✈♦♥s ❞✓❡❥✒❛ ♠❡♥t✐♦♥♥✓❡ q✉✬✉♥ ❛❥✉st❡♠❡♥t ♣❛r ✉♥❡ ♣❛r❛❜♦❧❡ ✒❛ ❞❡✉① ❞✐♠❡♥s✐♦♥s

❡t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❇♦s❡ ✐❞✓❡❛❧❡ ❣✷ r❡♣r♦❞✉✐s❛✐t t♦✉t ❞❡ ♠❫❡♠❡ ❧❡s ✐♠❛❣❡s ❞❡ ♠❛♥✐✒❡r❡ s❛✲

t✐s❢❛✐s❛♥t❡✱ ♠❛✐s q✉❡ ❧❡s ♣❛r❛♠✒❡tr❡s ❞❡ ❝❡tt❡ ♣❛r❛❜♦❧❡ ✭❘❀▲✮ ♠♦♥tr❡♥t ❞❡s ❞✓❡✈✐❛t✐♦♥s ♣❛r

r❛♣♣♦rt ❛✉① ❧♦✐s ❛tt❡♥❞✉❡s ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ❬✹✶❪✳

❖♥ ♣❡✉t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ t♦✉s ❝❡s ❡☛❡ts ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥ ❡t ❧❛

❞✐str✐❜✉t✐♦♥ ❡♥ ✐♠♣✉❧s✐♦♥ t❤✓❡♦r✐q✉❡s✳ ❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❞❡♥s✐t✓❡ ❧♦❝❛❧❡✱ ❝❡s ❢♦♥❝t✐♦♥s

❞✓❡♣❡♥❞❡♥t s❡✉❧❡♠❡♥t ❞❡ ▲✣ ❡t ❞❡ ❧❛ ❞❡♥s✐t✓❡ ✶❉ ♥✶✳ ❊♥ ♣r❛t✐q✉❡✱ ♥♦✉s ✉t✐❧✐s♦♥s t♦✉❥♦✉rs

❧✬❛❥✉st❡♠❡♥t ✒❛ ❞❡✉① ❞✐♠❡♥s✐♦♥s ♣❛r ✉♥❡ ♣❛r❛❜♦❧❡ ❡t ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❇♦s❡✳ ❊♥ ❞✓❡❞✉✐s❛♥t ❧❡

♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ◆✵ ❡t s❛ ❧♦♥❣✉❡✉r ▲ ♣❛r ❧❡ ♣r♦❣r❛♠♠❡ ❞✬❛❥✉st❡✲

♠❡♥t✱ ❛✐♥s✐ q✉❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ♣❛r ✉♥ ❛❥✉st❡♠❡♥t s✉r ❧❡s ❛✐❧❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ t❤❡r♠✐q✉❡✱

♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ▲✣ ❂ ⑦✷♥✶✭✵✮❂▼❦❇❚ ❛✈❡❝ ♥✶✭✵✮ ❂ ✶✺◆✵❂✶✻▲✳ ▲✬✓❡❝❤❡❧❧❡ ❝❛r❛❝t✓❡r✐st✐q✉❡ ♣♦✉r ❧❛

❧❛r❣❡✉r s♣❡❝tr❛❧❡ ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❛❧♦rs ❞♦♥♥✓❡❡ ♣❛r ❧❛ ❧❛r❣❡✉r ❉♦♣♣❧❡r q✉✐ ❝♦rr❡s♣♦♥❞

✒❛ ♣✣ ❂ ⑦❂▲✣✱ ❝✬❡st✲✒❛✲❞✐r❡
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▼▲✣

❂
✶

✙

✈❘
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✿ ✭✺✳✸✮

❖♥ ❛ ♥✓❡❣❧✐❣✓❡ ❧❛ ❧❛r❣❡✉r ❉♦♣♣❧❡r ❞✉❡ ✒❛ ❧✬✐♠♣✉❧s✐♦♥ ❧✐❜✓❡r✓❡❡ s❡❧♦♥ ❧✬❛①❡ ❧♦♥❣ ♣❡♥❞❛♥t ❧✬❡①♣❛♥✲

s✐♦♥ q✉✐ ❝♦♥tr✐❜✉❡ ✒❛ ❧❛ ❧❛r❣❡✉r ♣♦✉r ✺✵ ❍③ ❛✉ ♣❧✉s✱ s♦✐t ❜✐❡♥ ♠♦✐♥s q✉❡ ❧❛ ❧❛r❣❡✉r ♠❡s✉r✓❡❡

❡t ❧❛ r✓❡s♦❧✉t✐♦♥ ❞❡ ❧✬❡①♣✓❡r✐❡♥❝❡✳ P❛r ❝♦♥tr❡✱ ♥♦✉s ❞❡✈♦♥s t❡♥✐r ❝♦♠♣t❡ ❞❡s ❝❛✉s❡s ❁ t❡❝❤✲

♥✐q✉❡s ❃ ❞✬✓❡❧❛r❣✐ss❡♠❡♥t ❞✐s❝✉t✓❡❡s ♣❧✉s ❤❛✉t✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❧❛r❣❡✉r ☞♥✐❡ ❞✉ ♣✉❧s❡✱ ❧❡s

✈✐❜r❛t✐♦♥s r✓❡s✐❞✉❡❧❧❡s ❞❡s ♠✐r♦✐rs✱ ❡t ❧✬♦s❝✐❧❧❛t✐♦♥ ❞✉ ❝❡♥tr❡ ❞❡ ♠❛ss❡ ♦❜s❡r✈✓❡❡✳ ❊♥ ❧✬❛❜s❡♥❝❡

❞✬✐♥❢♦r♠❛t✐♦♥s ❞✓❡t❛✐❧❧✓❡❡s s✉r ❝❡s ❝❛✉s❡s ❞✬✓❡❧❛r❣✐ss❡♠❡♥t✱ ♥♦✉s ❛✈♦♥s s✉♣♣♦s✓❡ q✉✬❡❧❧❡s ✓❡t❛✐❡♥t

✐♥❞✓❡♣❡♥❞❛♥t❡s ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ❡t ❞✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t✱ ❡t q✉✬❡❧❧❡s

♥✬❛☛❡❝t❛✐❡♥t q✉❡ ❧❛ ❢r✓❡q✉❡♥❝❡ r❡❧❛t✐✈❡ ❞❡s ❛t♦♠❡s ❡t ❞❡s ❢❛✐s❝❡❛✉①✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ✉♥❡

♠♦❞✓❡❧✐s❛t✐♦♥ r❛✐s♦♥♥❛❜❧❡ ❝♦♥s✐st❡ ✒❛ ❝♦♥s✐❞✓❡r❡r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬❛♣♣❛r❡✐❧ ❣❛✉ss✐❡♥♥❡✱ ❞❡ ❧❛r✲

❣❡✉r ✒❛ ♠✐✲❤❛✉t❡✉r ✇r❡s ❝♦♥st❛♥t❡✳ ▲❡ s♣❡❝tr❡ ❉♦♣♣❧❡r ❛tt❡♥❞✉ ♣♦✉r ❧❡ q✉❛s✐✲❝♦♥❞❡♥s❛t ✓❡t❛♥t

▲♦r❡♥t③✐❡♥✱ ❞❡ ❧❛r❣❡✉r ☛✁✗✣✱ ❧❡ s♣❡❝tr❡ ♠❡s✉r✓❡ ❡st ❞♦♥❝ ❞✓❡❝r✐t ❞❛♥s ♥♦tr❡ ♠♦❞✒❡❧❡ ♣❛r ❧❛

❝♦♥✈♦❧✉t✐♦♥ ❞✬✉♥❡ ▲♦r❡♥t③✐❡♥♥❡ ❡t ❞✬✉♥❡ ●❛✉ss✐❡♥♥❡ ✿ ✉♥ ♣r♦☞❧ ❞❡ ❱♦✐❣t✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝

❡①tr❛✐t ❧❛ ❞❡♠✐✲❧❛r❣❡✉r ❣❧♦❜❛❧❡ ✁✗▼ ❞❡ ❝❤❛q✉❡ s♣❡❝tr❡ ✭✉♥ ❛❥✉st❡♠❡♥t ▲♦r❡♥t③✐❡♥ ♦✉ ♣❛r ✉♥

♣r♦☞❧ ❞❡ ❱♦✐❣t ❞♦♥♥❡ ❧❡s ♠❫❡♠❡s r✓❡s✉❧t❛ts✮✱ q✉❡ ♥♦✉s ❛✈♦♥s r❡♣♦rt✓❡ s✉r ❧❛ ☞❣✉r❡ ✺✳✶✸✳ ❯♥



✺✳✷ ✓❊t✉❞❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ✷✶✾

❛❥✉st❡♠❡♥t ❞❡ ✁✗▼ s✉r ❧❛ ❣❛♠♠❡ ❡♥t✐✒❡r❡ ❞❡ t❡♠♣✓❡r❛t✉r❡ ❡st ❡♥s✉✐t❡ ❡☛❡❝t✉✓❡ ❞✬❛♣r✒❡s ❧❛ ❧♦✐✷
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q✉✐ ❞♦♥♥❡ ❧❛ ❞❡♠✐✲❧❛r❣❡✉r ❞✬✉♥ ♣r♦☞❧ ❞❡ ❱♦✐❣t✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❞❡♠✐✲❧❛r❣❡✉rs ✇r❡s ❞❡ ❧❛

●❛✉ss✐❡♥♥❡ ❡t ☛✁✗✣ ❞❡ ❧❛ ▲♦r❡♥t③✐❡♥♥❡✳ ◆♦✉s ♦❜t❡♥♦♥s ❛✐♥s✐ ❧❡ ♠❡✐❧❧❡✉r ❛❥✉st❡♠❡♥t ♣♦✉r

✇r❡s ❂ ✶✼✻✭✶✻✮ ❍③ ❡t ☛ ❂ ✵✿✻✺✭✺✮✭✺✮✳

▲❛ ✈❛❧❡✉r ❞❡ ☛ ♦❜t❡♥✉❡ s❡ ❝♦♠♣❛r❡ ❢❛✈♦r❛❜❧❡♠❡♥t ✒❛ ❧❛ t❤✓❡♦r✐❡✳ ❊❧❧❡ s❡r❛✐t ✓❡❣❛❧❡ ✒❛ ✶❂✷ ♣♦✉r ✉♥

❣❛③ ✉♥✐❢♦r♠❡✱ ❡t ❧❛ ✈❛❧❡✉r q✉❡ ♥♦✉s ♠❡s✉r♦♥s r❡✌✒❡t❡ ❧✬✐♥❤♦♠♦❣✓❡♥✓❡✐t✓❡ ❞✉ ♣r♦☞❧ ❞❡ ❞❡♥s✐t✓❡✳ ❖♥

❛tt❡♥❞ ❡♥ ❢❛✐t ☛ ❂ ✵✿✻✼ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡ ❚❤♦♠❛s✲❋❡r♠✐ ✸❉✱ ❡t ☛ ❂ ✵✿✻✸ ❞❛♥s ❧❡ r✓❡❣✐♠❡ ❞❡

❚❤♦♠❛s✲❋❡r♠✐ ✶❉✳ ▲❛ ✈❛❧❡✉r ✐♥t❡r♠✓❡❞✐❛✐r❡ q✉❡ ♥♦✉s ♠❡s✉r♦♥s ♣♦✉rr❛✐t r❡✌✓❡t❡r ❧❡ ❢❛✐t q✉❡

♥♦s ❡①♣✓❡r✐❡♥❝❡s ♦♥t ✓❡t✓❡ r✓❡❛❧✐s✓❡❡s ❞❛♥s ✉♥ r✓❡❣✐♠❡ ✐♥t❡r♠✓❡❞✐❛✐r❡✳ ❈❡ ❜♦♥ ❛❝❝♦r❞ ❡♥tr❡ t❤✓❡♦r✐❡

❡t ❡①♣✓❡r✐❡♥❝❡ ✈❛❧✐❞❡ ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❧❡s ♣r✓❡❞✐❝t✐♦♥s ❞❡ ❬✹✵❪✳ ❈♦♠♠❡ ♦♥ ❧❡ ✈♦✐t s✉r ✺✳✶✹✱

❝❡s r✓❡s✉❧t❛ts ✐♥❞✐q✉❡♥t ✉♥❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ✭q✉❡ ♥♦✉s ❞✓❡☞♥✐ss♦♥s ✐❝✐ ♣❛r r❛♣♣♦rt ✒❛ ❧❛

❧❛r❣❡✉r ❡♥ ✐♠♣✉❧s✐♦♥ ♠❡s✉r✓❡❡✱ ▲❈ ❂ ⑦❂✁♣ ✮ r✓❡❞✉✐t❡ ♣❛r ✉♥ ❢❛❝t❡✉r ❚✣❂❚ ✱ ❝♦♠♣r✐s ❡♥tr❡ ✶❂✻ ❡t ✶❂✷✽✱

♣❛r r❛♣♣♦rt ✒❛ ❧✬❡①t❡♥s✐♦♥ ♣❤②s✐q✉❡ ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ▲✬❡①♣✓❡r✐❡♥❝❡ ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ♠❡♥✓❡❡

✒❛ ❍❛♥♦✈r❡ ❬✸❪ ❛tt❡✐♥t ❞❡s ❝♦♥❝❧✉s✐♦♥s s✐♠✐❧❛✐r❡s✱ ❡♥ tr❛✈❛✐❧❧❛♥t ❞✐r❡❝t❡♠❡♥t s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡

❝♦rr✓❡❧❛t✐♦♥ s♣❛t✐❛❧❡ ✳
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Longueur typique du quasi-condensat :

	 	 2L=240 µm

❋✐❣✳ ✺✳✶✹ ✿ ▲♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ✁✗✣✳ ▲❡s ♣♦✐♥ts ❛✈❡❝ ❧❡s ❜❛rr❡s ❞✬❡rr❡✉r r❡✲

♣r✓❡s❡♥t❡♥t ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ▲
♠❡s
❝ ❞✓❡❞✉✐t❡ ❞❡s ❞♦♥♥✓❡❡s ❡①♣✓❡r✐♠❡♥t❛❧❡s✳ ▲❡s ❜❛rr❡s ❞✬❡rr❡✉r

✈❡rt✐❝❛❧❡s ♣r♦✈✐❡♥♥❡♥t ❞❡ ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❧❛r❣❡✉r ❞❡s s♣❡❝tr❡s✱ ❡t s✉r ❧❛ ❞✓❡t❡r♠✐✲
♥❛t✐♦♥ ❞❡ ✇●✱ t❛♥❞✐s q✉❡ ❧❡s ❜❛rr❡s ❞✬❡rr❡✉r ❤♦r✐③♦♥t❛❧❡s r❡♣r✓❡s❡♥t❡♥t ❧❛ ❞✐s♣❡rs✐♦♥ ❞❡s ♠❡s✉r❡s ❞❡
✁✗✣✳ ▲❛ ❧✐❣♥❡ ❝♦♥t✐♥✉❡ ❡st ❧❛ ❝♦✉r❜❡ t❤✓❡♦r✐q✉❡ ▲✣❂☛✳ ❘❛♣♣❡❧♦♥s q✉❡ ❝❡s ♠❡s✉r❡s ❝♦rr❡s♣♦♥❞❡♥t ✒❛ ✉♥
r❛♣♣♦rt ✻ ❁ ❚❂❚✣ ❁ ✷✽✳

✷❈❡tt❡ ❢♦r♠❡ ❛♣♣r♦❝❤✓❡❡ ❡st ❞♦♥♥❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❧❛r❣❡✉r ❞✬✉♥ ♣r♦☞❧ ❞❡ ✈♦✐❣t ❛✈❡❝ ✉♥ ❡rr❡✉r ✐♥❢✓❡r✐❡✉r❡
✒❛ ✸ ✪ s✉r ✉♥❡ ❧❛r❣❡ ❣❛♠♠❡ ❞❡ ❧❛r❣❡✉rs ❡t ❞❡ ❢♦♥❝t✐♦♥s ❞✬❛♣♣❛r❡✐❧✳



✷✷✵
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

✺✳✸ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡

✺✳✸✳✶ Pr✐♥❝✐♣❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣♦✉r ♠❡s✉r❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡

❝♦❤✓❡r❡♥❝❡

❖♥ ♣❡✉t ❛✉ss✐ t❡st❡r ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞❡s ❝♦♥❞❡♥s❛ts ♣❛r ✉♥❡ ♠✓❡t❤♦❞❡ ✐♥t❡r❢✓❡r♦♠✓❡tr✐q✉❡✳ P♦✉r

❝❡❧❛✱ ♦♥ ✉t✐❧✐s❡ t♦✉❥♦✉rs ❧❡s ❞❡✉① ❢❛✐s❝❡❛✉① ❧❛s❡r ❇r❛❣❣ ♠❛✐s ❛✈❡❝ ✉♥❡ ❢♦rt❡ ✐♥t❡♥s✐t✓❡ ❡t ✉♥❡

❞✉r✓❡❡ ❞✬✐♠♣✉❧s✐♦♥ ❝♦✉rt❡✳ ▲♦rsq✉❡ ❧❡s ❢❛✐s❝❡❛✉① ❧❛s❡r s♦♥t ❛♣♣❧✐q✉✓❡s ❛✉ ❝♦♥❞❡♥s❛t✱ ❧❡s ❛t♦♠❡s

❡☛❡❝t✉❡♥t ✉♥❡ ♦s❝✐❧❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ✓❡t❛ts ❝♦✉♣❧✓❡s✳ P❧✉s ❧✬✐♥t❡♥s✐t✓❡ ❞❡s ❧❛s❡rs ❡st ✓❡❧❡✈✓❡❡✱

♣❧✉s ❧❛ ♣✓❡r✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st ✓❡❧❡✈✓❡❡✳ ▲✬✐♥t❡♥s✐t✓❡ ❡t ❧❛ ❞✉r✓❡❡ ❞❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r ❡st ❞♦♥❝

❛❥✉st✓❡❡ ❞❡ ❢❛✘❝♦♥ ✒❛ ♣♦✉✈♦✐r r✓❡❛❧✐s❡r ✉♥❡ ✐♠♣✉❧s✐♦♥ ✙❂✷ ✭❝❤❛q✉❡ ✓❡t❛t ❝♦✉♣❧✓❡ ❝♦♥t✐❡♥t ❧❛ ♠♦✐t✐✓❡

❞❡s ❛t♦♠❡s✮ q✉✐ ❝♦✉♣❧❡ t♦✉t ❧❡ ❝♦♥❞❡♥s❛t ❡t ♥❡ s♦✐t ❞♦♥❝ ♣❧✉s s✓❡❧❡❝t✐❢ ❡♥ ✈✐t❡ss❡ ❝♦♠♠❡ ❞❛♥s ❧❡

❝❛s ❞❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡✳ ❚②♣✐q✉❡♠❡♥t✱ ❧✬✐♠♣✉❧s✐♦♥ ❛ ✉♥❡ ❞✉r✓❡❡ ✜ ✘ ✶✵✵ ✖s✳ ❈❡tt❡ ✐♠♣✉❧s✐♦♥

π/2

π/2

s = 2vRTs

t=t1+Ts

t=TTOF

t=0

t1=2 ms

z

❋✐❣✳ ✺✳✶✺ ✿ Pr✐♥❝✐♣❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡

✙❂✷ r✓❡❛❧✐s❡ ✉♥❡ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ✭✈♦✐r ❝❤❛♣✐tr❡ ✷✮✳ ◆♦✉s r✓❡❛❧✐s♦♥s ❛❧♦rs ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡

✒❛ ❞❡✉① ❧❛♠❡s s✓❡♣❛r❛tr✐❝❡s ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥❡ ❞❡✉①✐✒❡♠❡ ✐♠♣✉❧s✐♦♥ ✙❂✷ ✭❋✐❣✉r❡ ✺✳✶✺✮✳ ❯♥❡

♣r❡♠✐✒❡r❡ ✐♠♣✉❧s✐♦♥ ✙❂✷ s✓❡♣❛r❡ ❧❡ ❝♦♥❞❡♥s❛t ❡♥ ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❝♦❤✓❡r❡♥t❡ ❞❡s ❞❡✉① ✓❡t❛ts

❞✬✐♠♣✉❧s✐♦♥ ✵ ❡t ✷⑦❦▲ ✭tr❛♥s✐t✐♦♥ ✒❛ ✷ ♣❤♦t♦♥s✮✳ ❆♣r✒❡s ✉♥ t❡♠♣s ❞❡ ✈♦❧ ❧✐❜r❡ ❚ ✱ ❧❡s ❞❡✉①

❝♦♣✐❡s s❡ s♦♥t s✓❡♣❛r✓❡❡s ❞✬✉♥❡ ❞✐st❛♥❝❡ s ❂ ✷✈❘❚ ✳ ❊♥ ❛♣♣❧✐q✉❛♥t ✉♥❡ ❞❡✉①✐✒❡♠❡ ✐♠♣✉❧s✐♦♥ ✙❂✷✱

♦♥ r❡❝♦♠❜✐♥❡ ❛❧♦rs ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ❡t ♦♥ ♦❜s❡r✈❡ ❧❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s ❞❛♥s ❧❛ ③♦♥❡

❞❡ r❡❝♦✉✈r❡♠❡♥t ✭❋✐❣✉r❡ ✺✳✶✻✮✳ ❈❡❝✐ ✓❡q✉✐✈❛✉t ✒❛ ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r✳ ❈♦♠♠❡

♣♦✉r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♦♣t✐q✉❡✱ ♥♦✉s ♦❜s❡r✈♦♥s ❞❡✉① ✈♦✐❡s ❞❡ s♦rt✐❡✱ ❧❡s ❢r❛♥❣❡s ♦❜s❡r✈✓❡❡s

❞❛♥s ❝❤❛q✉❡ s♦rt✐❡ ✓❡t❛♥t ❜✐❡♥ s❫✉r ❝♦♠♣❧✓❡♠❡♥t❛✐r❡✳

P♦✉r ❝♦♠♣r❡♥❞r❡ ❞✬♦✒✉ ✈✐❡♥♥❡♥t ❧❡s ❢r❛♥❣❡s✱ ❝♦♥s✐❞✓❡r♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡ ❝❛s ❞✬✉♥ ❝♦♥❞❡♥s❛t

❝♦♠♣❧✒❡t❡♠❡♥t ❝♦❤✓❡r❡♥t ✿ ❧♦rsq✉❡ ❧❡ ♣✐✒❡❣❡ ❡st ❝♦✉♣✓❡✱ ❧❛ ❝♦♥✈❡rs✐♦♥ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥

❞✉ ❝♦♥❞❡♥s❛t ❡♥ ✓❡♥❡r❣✐❡ ❝✐♥✓❡t✐q✉❡ ❞♦♥♥❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ✈✐t❡ss❡ ✈❛r✐❛♥t ❧✐♥✓❡❛✐r❡♠❡♥t ❛✈❡❝

③✱ ❡t ❞♦♥❝ ✉♥❡ ✈❛r✐❛t✐♦♥ q✉❛❞r❛t✐q✉❡ ❞❡ ❧❛ ♣❤❛s❡✱ ✣✭③✮ ✴ ③✷✳ ▲❛ ❞✐☛✓❡r❡♥❝❡ ❞❡ ♣❤❛s❡ ❧♦❝❛❧❡ ❡♥tr❡

❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts ❞✓❡❝❛❧✓❡s ✈❛r✐❡ ❞♦♥❝ ❧✐♥✓❡❛✐r❡♠❡♥t ❛✈❡❝ ❧❛ ♣♦s✐t✐♦♥ ✿ ✣✭③✮�✣✭③✰s✮ ✴ ✷③s✱ ❝❡



✺✳✸ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ✷✷✶

6 µm   12 µm    23 µm    35 µm

47 µm   59 µm    70 µm    82 µm

S =

S =

z ❋✐❣✳ ✺✳✶✻ ✿ ❋r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s ❡♥tr❡
❞❡✉① ❝♦♥❞❡♥s❛ts ♣♦✉r ❞✐☛✓❡r❡♥t❡s s✓❡♣❛r❛✲
t✐♦♥s s

q✉✐ ❡①♣❧✐q✉❡ ❧❛ ♣r✓❡s❡♥❝❡ ❞❡ ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡ ❛✈❡❝ ✉♥ ✐♥t❡r❢r❛♥❣❡ ♣r♦♣♦rt✐♦♥♥❡❧ ✒❛ ✶❂s✳ ❉❛♥s

❧❡ ❝❛s ❞✬✉♥ ❝♦♥❞❡♥s❛t ❛✈❡❝ ❞❡s ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡✱ ❧✬✐♥t❡r❢r❛♥❣❡ ♥♦✉s ❞♦♥♥❡ ❧✬✐♥❢♦r♠❛t✐♦♥

s✉r ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡ ♣❤❛s❡ ❧♦❝❛❧❡ ❡t ❧❡ ❝♦♥tr❛st❡ ♠♦②❡♥ ❞❡s ❢r❛♥❣❡s ♥♦✉s ❞♦♥♥❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥

s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥ ❈✭s✮ ❂ ❤❫✠②✭r✮ ❫✠②✭r✰ s✮✐✳ ❆✐♥s✐✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♣❡✉t

❫❡tr❡ ❞✓❡❞✉✐t❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ❝♦♥tr❛st❡ ❞❡s ❢r❛♥❣❡s ❛✈❡❝ ❧❛ s✓❡♣❛r❛t✐♦♥ s✳ ▲✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡

❞♦✐t ♥♦✉s ♣❡r♠❡ttr❡ ❞❡ ♠❡s✉r❡r ❞❡ ❣r❛♥❞❡s ❧♦♥❣✉❡✉rs ❞❡ ❝♦❤✓❡r❡♥❝❡ ▲ ✢ ▲✣ ✢ ▲❂✺✳ ❖♥ ♣❡✉t

❛✐♥s✐ ❡s♣✓❡r❡r ♦❜s❡r✈❡r ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥ ❝♦♥❞❡♥s❛t ❡t ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ▲❛ ♣❧✉s ♣❡t✐t❡

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ♠❡s✉r❛❜❧❡ ❡st ❧✐♠✐t✓❡❡ ♣❛r ❧❛ s✓❡♣❛r❛t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ✐♠♣✉❧s✐♦♥s✳

✺✳✸✳✷ ▼❡s✉r❡ ❞✐r❡❝t❡ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡

❋✐❣✳ ✺✳✶✼ ✿ Pr♦☞❧ ❞❡s tr❛♥s❢♦r♠✓❡❡s ❞❡
❋♦✉r✐❡r ❞❡s ❢r❛♥❣❡s ❞✬✐♥t❡r❢✓❡r❡♥❝❡s✳ ▲❛
❤❛✉t❡✉r ❞✉ ♣✐❝ ❝❡♥tr❛❧ ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡
❛✉ ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ❧❡ ♣❡t✐t ♣✐❝ ❧❛t✓❡r❛❧
❛♣♣❛r❛❫✏t ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ s♣❛t✐❛❧❡ ❞❡ ❧✬✐♥✲
t❡r❢r❛♥❣❡✳ ▲❡ ❝♦♥tr❛st❡ ❡st ❞♦♥♥✓❡ ♣❛r ❧❛
❤❛✉t❡✉r ❞✉ ♣✐❝ ❧❛t✓❡r❛❧ ♣❛r r❛♣♣♦rt ❛✉ ♣✐❝
❝❡♥tr❛❧✳

P♦✉r ❛♥❛❧②s❡r ♥♦s ✐♠❛❣❡s✱ ♥♦✉s ♣r❡♥♦♥s ❧❛ tr❛♥s❢♦r♠✓❡❡ ❞❡ ❋♦✉r✐❡r ♥✉♠✓❡r✐q✉❡ ❞❡ ❝❡s ❞❡r♥✐✒❡r❡s

✭❋✐❣✉r❡ ✺✳✶✼✮✳ ▲❛ ♣♦s✐t✐♦♥ ❞✉ ♣✐❝ ❧❛t✓❡r❛❧ s❡ tr♦✉✈❡ ✒❛ ❧❛ ❢r✓❡q✉❡♥❝❡ s♣❛t✐❛❧❡ ❝♦rr❡s♣♦♥❞❛♥t ✒❛

❧✬✐♥t❡r❢r❛♥❣❡✳ ▲❛ ❤❛✉t❡✉r ❞❡ ❝❡ ♣✐❝✱ ❛♣r✒❡s ♠♦②❡♥♥❡ st❛t✐st✐q✉❡✱ ❝♦♠♣❛r✓❡❡ ✒❛ ❧❛ ❤❛✉t❡✉r ❞✉ ♣✐❝

✒❛ ❢r✓❡q✉❡♥❝❡ ♥✉❧❧❡ ♥♦✉s ❞♦♥♥❡ ❧❡ ❝♦♥tr❛st❡ ❞❡s ❢r❛♥❣❡s ❡t ❞♦♥❝ ✉♥ ♣♦✐♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡

❝♦rr✓❡❧❛t✐♦♥ s♣❛t✐❛❧❡ ❈✭s✮✳



✷✷✷
❈❤❛♣ ✺ ✲ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ❝♦❤✓❡r❡♥t❡ ✿ ❛♣♣❧✐❝❛t✐♦♥ ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛

❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts

▲❡ ♣r♦❜❧✒❡♠❡ q✉❡ ♥♦✉s ❛✈♦♥s r❡♥❝♦♥tr✓❡ ❡st ❞✬✓❡❧❛❜♦r❡r ❧❛ ❜♦♥♥❡ str❛t✓❡❣✐❡ ❞❡ ♠♦②❡♥♥❛❣❡✳ ❊♥

❡☛❡t✱ ♣♦✉r r✓❡❡❧❧❡♠❡♥t ♠❡s✉r❡r ❈✭s✮ ❡♥ ♣r✓❡s❡♥❝❡ ❞❡ ✌✉❝t✉❛t✐♦♥s ❞❡ ♣❤❛s❡s✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞❡

♠♦②❡♥♥❡r ❧❡s tr❛♥s❢♦r♠✓❡❡s ❞❡ ❋♦✉r✐❡r ✭♣❤❛s❡ ❡t ❛♠♣❧✐t✉❞❡✮ ❞❡ ♣❧✉s✐❡✉rs ❡①♣✓❡r✐❡♥❝❡s r✓❡❛❧✐s✓❡❡s

❞❛♥s ❧❡s ♠❫❡♠❡s ❝♦♥❞✐t✐♦♥s✳ ❯♥❡ s♦❧✉t✐♦♥ ✭❧❛ ♣❧✉s ✓❡✈✐❞❡♥t❡✮ s❡r❛✐t ❞❡ ♠♦②❡♥♥❡r ❧❡s ✐♠❛❣❡s

❞✐r❡❝t❡♠❡♥t ♣✉✐s ❞❡ ♣r❡♥❞r❡ ❧❛ tr❛♥s❢♦r♠✓❡❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞❡s ✐♠❛❣❡s✳ P♦✉r q✉❡

❝❡tt❡ ♠✓❡t❤♦❞❡ s♦✐t ❡✍❝❛❝❡✱ ✐❧ ❢❛✉t q✉❡ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❣❧♦❜❛❧❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥❞❡♥s❛ts

✐♥t❡r❢✓❡r❛♥t ♥❡ ❝❤❛♥❣❡ ♣❛s ❞✬✉♥ ❝♦✉♣ s✉r ❧✬❛✉tr❡✳ ❈❡❝✐ s❡ tr❛❞✉✐r❛✐t ♣❛r ✉♥ ❞✓❡♣❧❛❝❡♠❡♥t ❛❧✓❡❛✲

t♦✐r❡ ❡t ❡♥ ❜❧♦❝ ❞❡ ❧✬✐♥t❡r❢✓❡r♦❣r❛♠♠❡✱ ❧❡ ♠♦②❡♥♥❛❣❡ ❞❛♥s ❧✬❡s♣❛❝❡ r✓❡❡❧ ❡♥tr❛❫✏♥❛♥t ❛❧♦rs ✉♥

❜r♦✉✐❧❧❛❣❡ ❞❡s ❢r❛♥❣❡s✳ P♦✉r ✉♥❡ ❡①♣✓❡r✐❡♥❝❡ ♣❛r❢❛✐t❡✱ ❝❡ ♠♦②❡♥♥❛❣❡ ♥❡ ❞❡✈r❛✐t ❞♦♥❝ ♣♦s❡r

❛✉❝✉♥ ♣r♦❜❧✒❡♠❡✱ ✉♥ ❞✓❡❢❛✉t ❞❡ ♣❤❛s❡ ♥❡ ♣♦✉✈❛♥t ❛rr✐✈❡r q✉❡ s✐ ❧❛ ♣❤❛s❡ r❡❧❛t✐✈❡ ❞❡s ❞❡✉①

❧❛s❡rs ❝❤❛♥❣❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣✉❧s❡s ✙❂✷ ✭♦♥ r❡tr♦✉✈❡ ✐❝✐ ❧❡s ♣r♦❜❧✒❡♠❡s t②♣✐q✉❡s r❡♥❝♦♥tr✓❡s s✉r

❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s✮✳ ◆♦tr❡ ❡①♣✓❡r✐❡♥❝❡ ♥✬❛ ♣❛s ❧❡ ♥✐✈❡❛✉ ❞❡ st❛❜✐❧✐t✓❡ ❞✬✉♥ s❡♥s❡✉r

✐♥❡rt✐❡❧ ❡t✱ s✉r ❞❡s t❡♠♣s ✜ ❡♥tr❡ ✷ ♠s ❡t ✶✵ ♠s✱ ♥♦✉s ❛✈♦♥s ❝♦♥st❛t✓❡ q✉❡ ❧❛ ♣❤❛s❡ ❞❡s ❧❛s❡rs

❜♦✉❣❡ ❬✹✷❪✱ t♦✉❥♦✉rs ✒❛ ❝❛✉s❡ ❞❡s ✈✐❜r❛t✐♦♥s ❞❡s ♠✐r♦✐rs✳

s (µm)

In
te

rf
ra

n
g

e

❋✐❣✳ ✺✳✶✽ ✿ ❱❛r✐❛t✐♦♥ ❞❡ ❧✬✐♥t❡r❢r❛♥❣❡ ❛✈❡❝
❧❛ s✓❡♣❛r❛t✐♦♥ ❡♥tr❡ ❝♦♥❞❡♥s❛ts✳ ❈❡ q✉❡ ❧✬♦♥
❛tt❡♥❞ ❞✬❛♣r✒❡s ❧❛ t❤✓❡♦r✐❡ ❚❤♦♠❛s✲❋❡r♠✐
❡st ♠♦♥tr✓❡ ♣❛r ❧❛ ❝♦✉r❜❡ ❡♥ tr❛✐t ♣❧❡✐♥✱ ❡♥
❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ♥♦s ❞♦♥♥✓❡❡s✳

P♦✉r s✬❛☛r❛♥❝❤✐r ❞❡ ❝❡ ♣r♦❜❧✒❡♠❡✱ ♥♦✉s ❛✈♦♥s ❞✓❡❝✐❞✓❡ ❞❡ ♠♦②❡♥♥❡r ❧❡s ✈❛❧❡✉rs ❛❜s♦❧✉❡s ❞❡s

tr❛♥s❢♦r♠✓❡❡s ❞❡ ❋♦✉r✐❡r✳ ❉❛♥s ❝❡ ❝❛s✱ ♦♥ ♥❡ ♠❡s✉r❡ ♣❧✉s ❞✐r❡❝t❡♠❡♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥

❡♥ ♣❤❛s❡ ♠❛✐s ♣❧✉t❫♦t ✉♥❡ s♦rt❡ ❞❡ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥ ❡♥ ✐♥t❡♥s✐t✓❡ ♦✒✉ ❧❡s ❝♦rr✓❡❧❛t✐♦♥s ❞❡

♣❤❛s❡ ❥♦✉❡♥t t♦✉❥♦✉rs ✉♥ r❫♦❧❡✳ ■❧ ♥♦✉s s✉✍t ❞❡ ♠♦❞✓❡❧✐s❡r ❝❡❝✐ ♣♦✉r ❝♦♥♥❛❫✏tr❡ ❧❡s ❝♦✉r❜❡s

q✉❡ ❧✬♦♥ s✬❛tt❡♥❞ ✒❛ ♦❜s❡r✈❡r ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤✓❡♦r✐❡ ❞✓❡✈❡❧♦♣♣✓❡❡ ❞❛♥s ❬✸✺❪✳ ◆♦s ❞♦♥♥✓❡❡s

♦♥t ✓❡t✓❡ r✓❡❛❧✐s✓❡❡s ♣♦✉r ❞❡✉① ♣✐✒❡❣❡s ❞✐☛✓❡r❡♥ts ❡t ♣♦✉r ❞✐☛✓❡r❡♥ts ♥♦♠❜r❡s ❞✬❛t♦♠❡s✱ ❧❡ ❜✉t

✓❡t❛♥t ❞❡ ❢❛✐r❡ ✈❛r✐❡r ❚❂❚✣ ❡♥tr❡ ✵ ❡t q✉❡❧q✉❡s ✉♥✐t✓❡s ❛☞♥ ❞✬♦❜s❡r✈❡r ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ✉♥

❝♦♥❞❡♥s❛t ♣❛r❢❛✐t❡♠❡♥t ❝♦❤✓❡r❡♥t ❡t ✉♥ q✉❛s✐✲❝♦♥❞❡♥s❛t✳ ▲❡s ❢r✓❡q✉❡♥❝❡s ❞❡s ♣✐✒❡❣❡s r✓❡❛❧✐s✓❡s

s♦♥t ✽✿✻✼ ✂ ✸✾✺ ❍③ ✭❢r✓❡q✉❡♥❝❡s ❛①✐❛❧❡ ❡t r❛❞✐❛❧❡✮ ❡t ✻✿✺✺ ✂ ✻✺✺ ❍③✱ ❝❡ q✉✐ ❞♦♥♥❡ ❝♦♠♠❡

r❛♣♣♦rt ❞✬❛♥✐s♦tr♦♣✐❡ ✹✻ ❡t ✶✵✵✳ ❈❡s r❛♣♣♦rts ❞✬❛♥✐s♦tr♦♣✐❡ s♦♥t ♣❧✉s ♣❡t✐t q✉❡ ❝❡❧✉✐ ✉t✐❧✐s✓❡

♣♦✉r ❧✬❡①♣✓❡r✐❡♥❝❡ s✉r ❧❛ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❞✓❡❝r✐t❡ ♣❧✉s ❤❛✉t✳ ▲❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❞❛♥s ❧❡

❝♦♥❞❡♥s❛t ✈❛r✐❡ ❡♥tr❡ ✵✿✽✂ ✶✵✺ ❡t ✸✂ ✶✵✺ ❡t ❧❛ t❡♠♣✓❡r❛t✉r❡ ❡♥tr❡ ✾✵ ❡t ✶✾✵ ♥❑✳ P♦✉r tr❛❝❡r

✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥✱ ♥♦✉s ♣r❡♥♦♥s t②♣✐q✉❡♠❡♥t ❝✐♥q ✐♠❛❣❡s ♣❛r s✓❡♣❛r❛t✐♦♥ ♣♦✉r ❧❡

♠♦②❡♥♥❛❣❡✳ ❯♥❡ ♣r❡♠✐✒❡r❡ ❝♦♥st❛t❛t✐♦♥ ❞❡s r✓❡s✉❧t❛ts ❞❡ ❧❛ ☞❣✉r❡ ✺✳✶✽ ♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡ q✉❡

❧✬✐♥t❡r❢r❛♥❣❡ ♠❡s✉r✓❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ s✓❡♣❛r❛t✐♦♥ ❡st ❡♥ ❜♦♥ ❛❝❝♦r❞ ❛✈❡❝ ❝❡ q✉❡ ❧✬♦♥ ❛tt❡♥❞

t❤✓❡♦r✐q✉❡♠❡♥t✳



✺✳✸ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❆t♦♠✐q✉❡ ✷✷✸
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T/Tϕ = 1.13
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T/T ϕ = 1.95  

L/Lϕ = 3.37  
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Fonction de 

corrélation  

❋✐❣✳ ✺✳✶✾ ✿ ❊①❡♠♣❧❡s ❞❡ ❞❡✉① ♠❡s✉r❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥ ✭❝♦♥tr❛st❡ ❞❡s ❢r❛♥❣❡s✮ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ s✓❡♣❛r❛t✐♦♥ s ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♣✐❡s ❞✉ ❝♦♥❞❡♥s❛t✳

❖♥ ♣❡✉t ❡♥s✉✐t❡ s✬✐♥t✓❡r❡ss❡r ❛✉ ❝♦♥tr❛st❡✱ ♦✉ ♣❧✉s ❡①❛❝t❡♠❡♥t ❛✉ ♠♦❞✉❧❡ ❞❡ ❧❛ ❤❛✉t❡✉r ❞❡s

♣✐❝s✳ ◆♦✉s ❛✈♦♥s r❡♣♦rt✓❡ s✉r ❧❛ ❋✐❣✉r❡ ✺✳✶✾ ❞❡✉① ♠❡s✉r❡s t②♣✐q✉❡s✱ ♣♦✉r ❚ ❞❡ ❧✬♦r❞r❡ ❞❡

❚✣✱ ❡t ♣♦✉r ❚ ❃ ❚✣✳ ▲❛ ♣r❡♠✐✒❡r❡ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rr✓❡❧❛t✐♦♥ s✬❛❥✉st❡ ❜✐❡♥ s✉r ✉♥❡ ❣❛✉ss✐❡♥♥❡✱

❝❡ q✉✐ ❡st ❛tt❡♥❞✉ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t ❝♦♠♣❧✒❡t❡♠❡♥t ❝♦❤✓❡r❡♥t✳ ❉❛♥s ❧❡ ❞❡✉①✐✒❡♠❡ ❝❛s✱ ✉♥❡
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❊♥ ❡☛❡❝t✉❛♥t✱ ❝♦♠♠❡ ♣♦✉r ❧❛ s♣❡❝tr♦s❝♦♣✐❡✱ ♣❧✉s✐❡✉rs ♠❡s✉r❡s ♣♦✉r ❞✐☛✓❡r❡♥t❡s t❡♠♣✓❡r❛t✉r❡s

❡t ♥♦♠❜r❡ ❞✬❛t♦♠❡s✱ ♥♦✉s ♣♦✉✈♦♥s r❡♣♦rt❡r ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ ❧❛r❣❡✉r ✒❛ ♠✐✲❤❛✉t❡✉r s✉r ✉♥

♠❫❡♠❡ ❣r❛♣❤❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣✓❡r❛t✉r❡ ✭☞❣✉r❡ ✺✳✷✵✮✳ ◆♦✉s ❝♦♥st❛t♦♥s q✉❡ ♥♦✉s s♦♠♠❡s
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✺✳✹ ❈♦♥❝❧✉s✐♦♥

◆♦✉s ❛✈♦♥s ✈✉✱ ❣r❫❛❝❡ ❛✉① ♦✉t✐❧s ❞✓❡✈❡❧♦♣♣✓❡s ❛✉ ❧❛❜♦r❛t♦✐r❡✱ q✉✬✉♥ ❝♦♥❞❡♥s❛t ♥✬❡st ♣❛s t♦✉❥♦✉rs

✉♥ ♦❜❥❡t ❁ ♣❛r❢❛✐t ❃ ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♥♦t✐♦♥ ❞❡ ❝♦❤✓❡r❡♥❝❡ ❡st tr✒❡s r❡❧❛t✐✈❡ ❡t ♠❫❡♠❡ ❞❛♥s

❝❡rt❛✐♥s ❝❛s t❤✓❡♦r✐q✉❡♠❡♥t ♣❛r❢❛✐t❡♠❡♥t ❝♦❤✓❡r❡♥ts✱ ✐❧ ❡st ❞✐✍❝✐❧❡ ❞❡ ❞✓❡☞♥✐r ✉♥❡ ❧♦♥❣✉❡✉r ❞❡

❝♦rr✓❡❧❛t✐♦♥ ✐♥☞♥✐❡ ❬✷✱ ✹✸❪✳ ❯♥❡ ❛✉tr❡ q✉❡st✐♦♥ ♣❡✉t ❛❧♦rs ❫❡tr❡ s♦✉❧❡✈✓❡❡ ✿ s✐ ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡

♣♦♣✉❧❛t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❞❛♥s ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ♣✐✒❡❣❡ ❡st r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥ ❝♦♠♣r✐s❡
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P♦✉r r✓❡♣♦♥❞r❡ ✒❛ ❝❡s q✉❡st✐♦♥s✱ ✐❧ s❡♠❜❧❡ q✉❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ❛♣♣❧✐q✉✓❡❡ ✒❛ ✉♥ ❝♦♥❞❡♥✲

s❛t ❡♥ ❢♦r♠❛t✐♦♥ ❡st tr✒❡s ♣r♦♠❡tt❡✉s❡✳ ▲❡s ✓❡t✉❞❡s ♣r✓❡s❡♥t✓❡❡s ❞❛♥s ❬✸✻❪✱ s✉❣❣✒❡r❡♥t q✉✬✒❛ ❧❛ ❢♦✐s

❧❡ ♣r♦☞❧ ❞❡ ❞❡♥s✐t✓❡ ❡t ❧❛ ♣❤❛s❡ ❞❡ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥s✓❡❡ ♣❛ss❡♥t ♣❛r ✉♥ r✓❡❣✐♠❡ tr❛♥s✐t♦✐r❡✱

❧♦rs ❞❡ ❧❛ r❡❧❛①❛t✐♦♥ ❞✬✉♥ ♥✉❛❣❡ t❤❡r♠✐q✉❡✱ ♠✐s ❤♦rs ❞✬✓❡q✉✐❧✐❜r❡✱ ✈❡rs ✉♥ ♥✉❛❣❡ ♣❛rt✐❡❧❧❡♠❡♥t

❝♦♥❞❡♥s✓❡✳ ❖♥ ♦❜s❡r✈❡✱ ❛✈❛♥t ❧✬✓❡t❛t ❞✬✓❡q✉✐❧✐❜r❡✱ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❧❛ ❞❡♥s✐t✓❡✱ ❝♦♠♠❡ ❝❡❧❧❡s
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Momentum distribution and correlation function of quasicondensates in elongated traps
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We calculate the spatial correlation function and momentum distribution of a phase-fluctuating, elongated
three-dimensional condensate in a trap and in free expansion. We take the inhomogeneous density profile into
account via a local-density approximation. We find an almost Lorentzian momentum distribution, in stark
contrast with a Heisenberg-limited Thomas-Fermi condensate.
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Low-dimensional, degenerate Bose gases are expected to
have significantly different coherence properties than their
three-dimensional~3D! counterparts. In one-dimensional
~1D! uniform systems, no true condensate can exist at any
temperatureT because of a large population of low-lying
states that destroys the phase coherence~see Ref.@1# and
references therein!. For a trapped gas, the situation is
different—the finite size of the sample naturally introduces a
low-momentum cutoff, and at sufficiently low temperature,
T!Tf , a phase coherent sample can exist@1#. Above Tf ,
the degenerate cloud is a so-calledquasicondensate—the
density has the same smooth profile as a true condensate, but
the phase fluctuates in space and time. As shown in Ref.@2#,
this analysis holds also for 3D condensates in elongated traps
even if, strictly speaking, radial motion is not frozen. Such
3D, phase-fluctuating condensates have been recently ob-
served experimentally in equilibrium@3# and nonequilibrium
@4# samples.

Phase fluctuations of the condensate are caused mainly by
long-wavelength ~or low-energy! collective excitations
@1,2,5#. In elongated traps, the lowest-energy modes are 1D
excitations along the long axis of the trap@6#. Furthermore,
in the long-wavelength limit, density fluctuations are small
and can be neglected for the calculation of the correlation
function @1,7#. Then, the single-particle density matrix is,
assuming cylindrical symmetry,

^Ĉ†~r,z!Ĉ~r,z8!&'x~r,Z,s!e2(1/2)Df2(Z,s). ~1!

We have introducedDf2(Z,s)5^@f(z)2f(z8)#2&, the
variance of the phase difference between two pointsz,z8 on
the axis of the trap, with mean coordinateZ5(z1z8)/2 and
relative distances5z2z8, and the overlap functionx
5An0(r,z)n0(r,z8), wheren0 is the~quasi!condensate den-
sity. The varianceDf2(Z,s), the key quantity to characterize
the spatial fluctuations of the phase of the condensate, has
been calculated in Ref.@2#, and an analytical form has been
given, which is valid near the center of the trap~i.e., for
Z,s!L, with L the condensate half length!. The first goal of
this paper is to find an analytical approximation for the vari-

ance Df2(Z,s) valid across the whole sample. This is
motivated by the fact that experiments with quasicondensates
@15,16# are quite sensitive to the inhomogeneity of the
sample. In position space, interferometry@10,11# gives ac-
cess to the spatial correlation functionC (1)(s) ~see, e.g., Ref.
@12#!

C (1)~s!5E d3R^Ĉ†~r,Z1s/2!Ĉ~r,Z2s/2!&. ~2!

Equivalently, one can measure the axial~i.e., integrated over
transverse momenta! momentum distributionP(pz), which
is the Fourier transform ofC (1)(s) @12,13,14#:

P~pz!5

1

2p\
E dsC (1)~s!e2 ipzs/\. ~3!

A powerful tool to measureP(pz) is Bragg spectroscopy
with large momentum transfer, as demonstrated in Ref.@14#
for a 3D condensate, and recently applied in our group to
perform the momentum spectroscopy of a quasicondensate
@15#. It is clear that bothC (1) and P are sensitive to the
inhomogeneity of the system. Our second goal is to obtain
explicit expressions for these two important quantities.

This paper is organized as follows. First, we summarize
the results of Ref.@2#, and give an energetic interpretation of
Tf . Next, we discuss in detail a local-density approach
~LDA ! to compute the variance of the phase for any mean
position in the trap. This approximation is found to be accu-
rate forT>8Tf , when applied to a trapped condensate. Us-
ing the LDA, we then address the problem of a phase-
fluctuating condensate in free expansion. In particular, we
point out that at a higher temperature, the phase fluctuations
dominate over the mean-field release velocity and govern the
shape of the momentum distribution.

We considerN0 condensed atoms, trapped in a cylindri-
cally symmetric harmonic trap, with an aspect ratiol
5vz /v'!1. If m@$\v' ,\vz%, the condensate is in the
3D Thomas-Fermi~TF! regime @16#. The density has the
well-known inverted parabola form:n0(r )5n0m(12 r̃2

2 z̃2), with the peak densityn0m5m/g related to the chemi-
cal potentialm. From now on, we will use the reduced co-
ordinatesr̃5r/R and z̃5z/L, with R2

52m/Mv
'

2 and L2

52m/Mvz
2 , respectively.

As shown in Ref.@1#, the phase fluctuations in trapped
gases are mostly associated with thermally excited, low-
energy quasiparticles~the quantum fluctuations are negli-
gible!. Under these conditions, the varianceDf

2
(Z̃,s̃) is
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Df
2
~ Z̃,s̃!'(

j

2kBT

\v j
uf j~ Z̃1 s̃/2!2f j~ Z̃2 s̃/2!u2, ~4!

where the sum extends over the 1D axial excitations, with
energy \v j and occupation numberN j'kBT/\v j for N j
@1. For a 3D condensate in an elongated trap, the amplitude
f j is proportional to a Jacobi polynomialP j

(1,1) , and v j

5vzAj ( j 13)/2 @6# for integer j. The explicit result for the
variance is then@2#

Df
2
~ Z̃,s̃!5

T

Tf
f ~ Z̃,s̃!, ~5!

with f (Z̃,s̃)5( jF j@P j
(1,1)(Z̃1 s̃/2)2P j

(1,1)(Z̃2 s̃/2)#2 and
the coefficientsF j5( j 12)( j 13/2)/4j ( j 11)( j 13). Below
the characteristic temperatureTf 5 15N0(\vz)

2/32mkB ,
the phase profile is almost flat, and the single-particle density
matrix ~1! is limited by the overlap functionx; therefore the
characteristic width ofC (1) ~i.e., the coherence length! is of
the order ofL. On the other hand, ifT@Tf the varianceDf

2

dominates the behavior ofC (1), and the coherence length is
substantially smaller thanL. Near the center of the trap
(Z̃,s̃!1), Petrov et al. @2# have derived the simple law
Df

2
(Z̃,s̃)'(T/Tf)us̃u and introduced the characteristic

phase-coherence lengthLf5LTf /T which depends implic-
itly on the temperature, on the number of condensed atoms,
and on the trapping geometry.

We can understand this expression forLf from energetic
considerations. A random-phase gradient of the condensate
wave function, on a length scaleLf , requires an average
kinetic energyEf;N0\2/MLf

2 . This kinetic energy is sup-
plied by the thermal excitations that drive the fluctuations of
the phase@5#. As these excitations are quasiclassical (Nk
@1), this energy is of orderkBT times the number of rel-
evant modes. In 1Dk space, the distribution of the relevant
excitations extends over;1/Lf , and the spacing between
modes is;1/L because of the finite size of the system—this
givesL/Lf relevant modes. By equating the two expressions
for Ef , we recover finallyLf;LN0(\vz)

2/mkBT.
As indicated earlier, it is important to take the full spatial

dependence ofDf
2
(Z̃,s̃) into account for quantitative com-

parison with experiments. In any case, Eq.~5! can be evalu-
ated numerically. However, we gain physical insight with an
analytical approach based on the LDA, also used in Ref.@3#
to calculate the evolution of the density in time of flight. This
approximation considers that the condensate is locally
equivalent to a homogeneous medium, however, with a
slowly varying density that depends on the trapping poten-
tial. If T@Tf , the coherence length is sufficiently small
compared toL, so that the LDA is valid for the calculation of
correlation properties.

The first step is to consider a finite cylinder of length 2L,
with radial harmonic trapping and periodic boundary condi-
tions alongz ~and therefore homogeneous axial density!. For
this geometry, we find in the TF regimen0(r )5n0m(1
2 r̃2) for the condensate wave function. The low-lying exci-
tations are found using standard Bogoliubov theory@5# after

averaging over the transverse degrees of freedom@6#. The
Bogoliubov spectrum for the excitation frequencies isvk

B

5@vk(vk1Mc1d
2 /\)#1/2'c1Dk for small k, with the free

particle energy\vk5\2k2/2M and the 1D speed of sound
c1D5Am/2M @17#. The Fourier component for phase fluc-
tuations with wave vectork is

fk5A vk
B

2vk

1

AV
'AMc1D

\k

1

AV
, ~6!

where the final expression holds for low-lying phonon states
(k→0), andV52pn0mR2L. In a second step, we take into
account the trapping potential by the substitution

m→m2

1

2
Mvz

2z2. ~7!

This implies directly the following replacements:

density: n0m~}m ! → n0m~12 z̃ 2!,

speed of sound: c1D~}Am ! → c1DA12 z̃ 2,

radius: R~}Am ! → RA12 z̃ 2,

half length: L → L. ~8!

With these substitutions, we recover the 3D TF density pro-
file. We require that the excitation frequencyc1Dk is not
modified as well, which implies replacingk with k(1
2 z̃ 2)21/2 and using a density of statesN(k)dk5(L/p)(1
2 z̃ 2)21/2dk. For the position-dependent variance of the
phase, we find@18#

Df
2
~ Z̃,s̃!'

T

Tf

us̃u

~12Z̃2!2
. ~9!

The Z̃-dependent phase-coherence lengthLf(12Z̃2)2, ap-
pearing in Eq.~9!, can be substantially smaller near the
edges of the trap than in the center. We will see that this
reduces the average coherence length below its value at the
center of the trap.

We deduce from Eqs.~1!, ~2!, and ~9! the correlation
function

C trap,T
(1) ~ s̃!'

15N0

8 E
0

A12 s̃ 2/4
dz̃~12 z̃ 2

2 s̃ 2/4!2

3expS 2

T

2Tf

us̃u

~12 z̃ 2!2D . ~10!

In deriving Eq.~10!, we have used the approximation for the
overlap functionx(r,Z,s)'(12 r̃2

2 z̃ 2
2 s̃ 2/4), which is

valid near the center of the trap. In Fig. 1, we compare the
result ~10! to the correlation function following from the
numerical integration of Eq.~5!. In the T50 limit, the cor-
relation function is limited by the overlapx. Because of the
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approximate form of x, our result C trap,T50
(1) 'N0@1

2( s̃/2)2#5/2 is about 25% too broad, and one should rather
use the Gaussian approximation toC (1), derived in Ref.@13#.
As T increases,C (1) turns to an exponential-like function,
and our approximation approaches the numerical calculation.
For T.8Tf , the LDA result is very close to the numerical
one ~maximum error'3%). For T@Tf , Eq. ~10! can be
further simplified by keeping thes̃-dependent term only in
the exponential. The Fourier transform then gives the mo-
mentum distribution

Ptrap,T~pz!'
15N0pf

32p
E

21

1

dz̃
~12 z̃ 2!4

~12 z̃2!4pz
2
1pf

2 /4
, ~11!

wherepf5\/Lf is a typical momentum associated with the
phase fluctuations. This function is self-similar inpz /pf ,
and approximated to better than 4% by a normalized Lorent-
zian with a half-width at half maximum~HWHM! of Dp
50.67pf . This Lorentzian shape of the momentum distribu-
tion differs qualitatively from the fully coherent case, where
it is almost Gaussian and limited by the Heisenberg principle
@14#. The increase of the phase fluctuations with increasingT
not only broadens the momentum distribution, but also in-
duces the appearance of ‘‘wings,’’ which form the ‘‘high-
energy tail’’ of the quasicondensate. To quantify the accuracy
of our approximation, we have calculated numerically the
Fourier transform of the correlation function. We find empiri-
cally that the HWHM is accounted for by the formulaDp2

'(2.04\/L)2
1(0.65\/Lf)2. The first term corresponds to

the Heisenberg-limited momentum width, and the second to
the phase fluctuations. ForT>8Tf , the height and width
agree to better than 4% with the Lorentzian approximation.
For lowerT, the overlap functionx still affects the momen-
tum distribution.

Note finally that the momentum distribution is Lorentzian
only in the domaink!R21. Outside this region, the 3D na-
ture of the excitations should be taken into account properly.

However, this does not affect the quasicondensate peak we
are investigating here, but only the much smoother thermal
background@13,14#.

The results of the above paragraphs are valid for an equi-
librium situation. However, coherence measurements involv-
ing Bragg scattering@10,14# suffer from two major difficul-
ties in a very elongated trap@15#: mean-field broadening of
the resonance@14# and elastic scattering from the recoiling
atoms and the condensate towards initially empty modes
@19#. Both of these problems can be solved by opening the
trap abruptly, and allowing the Bose-Einstein condensates to
expand to decrease its density before measurement. In the
remainder of this paper, we discuss how expansion modifies
the momentum distribution and the correlation function, as-
suming that the expansion time is chosen to be long enough
to neglect the collisions.

For a pure elongated condensate, abruptly released from
the trap att50, the explicit solution was found in Ref.@20#.
The condensate density keeps its initial Thomas-Fermi
shape, with the coordinates rescaled. The~small! axial mo-
mentum from the released mean-field energy is linear in po-
sition: pz'pexpz̃, with pexp5(p/A2)lMcS for t5v't@1,

andcS5Am/M is the 3D speed of sound. The axial momen-
tum distribution mirrors the~integrated! density distribution:

Pexp,T50~pz!5

15

16pexp
F12S pz

pexp
D 2G2

. ~12!

This expression holds for a pure condensate, atT50, as
indicated. For a phase-fluctuating condensate at finiteT, it is
necessary to consider the time evolution of the fluctuations
as well. As shown in Ref.@3#, the momentum distribution
partially converts into density modulations after time of
flight. An explicit solution was derived for the density fluc-
tuations in the axially homogeneous case. Using the continu-
ity equation~after radial averaging!, we find for t@1,

fk~z,t !'fk~z,0!t2(vk
B/v

'
)2

cosS vk

v'

t D . ~13!

If vzt!(m/\vz)(T/Tf)2, then for all k&Lf
21 , the phase

distribution is essentially frozen:fk(z,t)'fk(z,0). Physi-
cally, this condition states that for such a time of flight, the
excitations that have significant contributions to the phase
fluctuations have not yet been converted into density modu-
lations. This condition is not at all restrictive for typical ex-
perimental parameters@3,4,15#, and we suppose it is met in
the remainder of the paper.

Using the rescaled wave function from Ref.@20#, together
with Eq. ~9!, we find the correlation function for the expand-
ing quasicondensate:

C exp,T
(1) ~ s̃!'

15N0

16 E
21

1

dz̃~12 z̃ 2!2

3expS i
pm

\v'

z̃s̃2

T

2Tf

us̃u

~12 z̃ 2!2D . ~14!

FIG. 1. Spatial correlation functionC (1)( s̃) of a trapped quasi-
condensate. The solid lines follow from the numerical evaluation of
the result~5! derived in Ref.@2#, for T50, T/Tf54, andT/Tf

58, in order of decreasing width. The dashed lines follow from the
local-density approximation~10!. Note that for convenience,

C (1)( s̃) as shown here is normalized to 1 rather than toN0, differ-
ent from what is done in the text.
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The phase factor in Eq.~14! accounts for the local expansion
momentum introduced above~recall pm/\v'@1). The
Fourier transform gives the momentum distribution

Pexp,T~pz!'
N0

pexp
gg5pf /pexpS pz

pexp
D . ~15!

The functiongg is given by

gg~x!5

15g

32p
E

21

1

dz̃
~12 z̃ 2!4

~12 z̃ 2!4~x2 z̃!2
1

g2

4

, ~16!

and the ratiog5pf /pexp controls the component of the mo-
mentum distribution which dominates. In the limitT→0,

using g/(x2
1g2)→pd(x) as g→0, we recover the zero-

temperature result~12!. On the other hand, ifg@1, we ex-
pect the momentum distribution to be similar to the distribu-
tion in the trap~11!. Figure 2 shows a numerical calculation
of gg for various values ofg. We find that already forpf

*2pexp, the momentum distribution is almost entirely domi-
nated by phase fluctuations and, as in the trapped case, is
very well approximated by a normalized Lorentzian with
HWHM 50.67pf . Here, we note the following two points:
first, that the Heisenberg width;\/L is negligible at any
temperature, and second that, for large enough condensates,
we can havepexp@pf even if the coherence length is smaller
thanL.

In summary, we have analyzed the measurement of phase
fluctuations in elongated Bose condensates. Within a local-
density approach, we have been able to take the density pro-
file into account, and derived analytical formulas for the cor-
relation function and the momentum distribution of static
and freely expanding quasicondensates. In the regime of in-
terest, the formula compares well to a numerical evaluation
based on the results of Ref.@2#, which are exact in the long-
wavelength limit. In particular, we show how the shape of
the momentum distribution tends to a Lorentzian with half-
width '0.67\/Lf as one goes further in the phase-
fluctuating regime. We believe that these results may be
helpful to understand quantitatively the experiments involv-
ing quasicondensates@3,4,15#.
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Momentum Spectroscopy of 1D Phase Fluctuations in Bose-Einstein Condensates
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We measure the axial momentum distribution of Bose-Einstein condensates with an aspect ratio of
152 using Bragg spectroscopy. We observe the Lorentzian momentum distribution characteristic of one-
dimensional phase fluctuations. The temperature dependence of the width of this distribution provides a
quantitative test of quasicondensate theory. In addition, we observe a condensate length consistent with
the suppression of density fluctuations, even when phase fluctuations are large.
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One of the most striking features of Bose-Einstein
condensates is their phase coherence. Extensive experi-
mental work on dilute atomic gases has demonstrated a
uniform phase of three-dimensional (3D) trapped con-
densates [1,2], even at finite temperature [3]. In low
dimensional systems, however, phase fluctuations of the
order parameter are expected to destroy off-diagonal long
range order (see [4,5] and references therein). This phe-
nomenon also occurs in sufficiently anisotropic 3D
samples, where phase coherence across the axis (long
dimension) is established only below a temperature T�,
that can be much lower than the critical temperature Tc
[6]. In the range T� < T < Tc, the cloud is a ‘‘quasicon-
densate,’’ whose incomplete phase coherence is due to
thermal excitations of 1D axial modes, with wavelengths
larger than its radial size. Quasicondensates in elongated
traps have been observed by Dettmer et al. [7], who
measured the conversion, during free expansion, of the
phase fluctuations into ripples in the density profile.
Although the conversion dynamics is well understood
[8], the measured amplitude of density ripples was a
factor of 2 smaller than expected. In addition, nonequili-
brium phase fluctuations in elongated condensates have
been observed with the condensate focusing method [9].

In this Letter, we report on the measurement of the
axial coherence properties of quasicondensates via mo-
mentum Bragg spectroscopy. In previous work using this
technique [2,10], the finite size and mean-field energy
were the primary contributors to the spectral width. By
contrast, the dominant broadening in our conditions re-
sults from thermally driven fluctuations of the phase,
which reduce the coherence length [4,6]. Indeed, the axial
momentum distribution is the Fourier transform of
the spatial correlation function C�s� �

R

d3r h�̂�y�r�
suz=2��̂��r� suz=2�i [11], where uz is the axial unit
vector. When phase fluctuations dominate (i.e., T 	
T�), the axial momentum width is, hence, proportional
to �h=L�, where L� is the characteristic axial decay length
of C�s�. Experimentally, for 6< T=T� < 28, we find mo-
mentum distributions with Lorentzian shapes, whose
widths increase with T. Such a shape is characteristic of
large phase fluctuations in 1D [12], which result in a

nearly exponential decay of C�s�. Moreover, the momen-
tum half-width 	p agrees quantitatively with theoretical
predictions to within our 15% experimental uncertainty.
This implies, in this temperature range, a coherence
length �h=	p substantially smaller than the quasiconden-
sate length 2L, from about L=18 to L=4 [13].We have also
checked an important feature of quasicondensates: the
suppression of density fluctuations even in the presence of
large phase fluctuations.

We produce a Bose-Einstein condensate of 87Rb in the
5S1=2 jF � 1; mF � �1i state. A new design of our iron-
core electromagnet, with respect to our previous work
[14], allows us to lower the bias field of the Ioffe-
Pritchard trap to obtain tighter radial confinement.
Final radial and axial trap frequencies are, respectively,
!?=2� � 760�20� and !z=2� � 5:00�5� Hz . The con-
densates, containing around 5� 104 atoms [15], are nee-
dle shaped, with a typical half-length L ’ 130 �m and
radius R ’ 0:8 �m. The chemical potential being a few
times �h!?, the clouds are between the 3D and 1D
Thomas-Fermi regime [17]. However, the low-lying ex-
citations of the condensate are 1D in character, due to the
large aspect ratio of the trap [18].

Our momentum distribution measurement is based
on four-photon velocity-selective Bragg diffraction
[2,10,11,19]. Atoms are diffracted out of the condensate
by a moving standing wave, formed by two counterpro-
pagating laser beams with a relative detuning �. Because
of the Doppler effect, the momentum component reso-
nantly diffracted out of the condensate is pz � M���
8!R�=�2kL� with !R � �hk2L=�2M�, M the atomic mass,
and kL � 2�=� (� � 780:02 nm). The lasers are tuned
6.6 GHz below resonance to avoid Rayleigh scattering.
The laser intensities (about 2 mW=cm2) are adjusted to
keep the diffraction efficiency below 20%.

To build the momentum spectrum of the quasiconden-
sate, we measure the fraction of diffracted atoms versus
the detuning � between the Bragg laser beams. The
differential frequency � must be stable to better than
the desired spectral resolution, about 200 Hz for our
typical L� � 10 �m. The optical setup is as follows. A
single laser beam is spatially filtered by a fiber optic,
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separated into two arms with orthogonal polarizations,
frequency shifted by two independent 80 MHz acousto-
optic modulators, and recombined. The modulators are
driven by two synthesizers stable to better than 1 Hz over
the typical acquisition time of a spectrum. The overlap-
ping, recombined beams are then sent through the vac-
uum cell, parallel (to within 1 mrad) to the long axis of
the trap, and retroreflected to obtain two standing waves
with orthogonal polarizations, moving in opposite direc-
tions. After we mounted the critical retroreflecting
mirror on a long, rigid plate to minimize axial vibra-
tions, the average over ten beat notes had a half width
at half maximum (HWHM) of 216(10) Hz for a 2-ms
pulse [20].

The following procedure is used to acquire a momen-
tum spectrum. At the end of evaporative cooling, the
radio frequency knife is held fixed for 6.5 s to allow the
cloud to relax to equilibrium. Indeed, we observe axial
shape oscillations of the cloud, triggered by the onset of
Bose-Einstein condensation [9,21], despite a slow evapo-
ration (less than 100 kHz=s) across Tc. The magnetic trap
is then switched off abruptly, in roughly 100 �s, and the
cloud expands for 2 ms before the Bragg lasers are pulsed
on for 2 ms. We wait for a further 20 ms to let each
diffracted component (one per laser standing wave) sepa-
rate from the parent condensate, and take an absorption
image [Fig. 1(a)]. Diffraction efficiency is defined as
the fraction of atoms in each secondary cloud. We repeat
this complete sequence for several detunings (typically
15), several times (typically 5). After averaging the dif-
fraction efficiencies measured at each detuning �, we
obtain two ‘‘elementary spectra,’’ one for each diffraction
component.

We take the Bragg spectrum after expansion rather
than in the trap to overcome two severe problems. In
the trapped condensate, first, the mean-free path (about
10 �m) is much smaller than its axial size, typically
260 �m, so that fast Bragg-diffracted atoms would
scatter against the cloud at rest [22]. Second, the inho-
mogeneous mean-field broadening [2] would be of the
order of 300 Hz, i.e., larger than the spectral width
expected from phase fluctuations. By contrast, after
2 ms of free expansion, the peak density has dropped
by 2 orders of magnitude [23], and both effects become
negligible. In addition, the phase fluctuations do not sig-
nificantly evolve in 2 ms, since the typical time scale for
their complete conversion into density ripples varies from
400 ms to 15 s for the range of temperatures we explore
[12]. Also, the mean-field energy is released almost en-
tirely in the radial direction, because of the large aspect
ratio of the trap [23], and contributes only about 50 Hz of
Doppler broadening in the axial direction. The only per-
turbation of in-trap axial momenta due to the trap release
seems to be small overall shifts (around 100 �m=s) at-
tributed to residual magnetic gradients that merely dis-
place the spectra centers.

Bragg spectra have been taken at various temperatures
between 90(10) and 350(20) nK, while Tc varied from
280(15) to 380(20) nK. The temperature was fixed to
within 20 nK by controlling the final trap depth to a
precision of 2 kHz, and measured from a fit to the wings
of an averaged absorption image. The fitting function is
an ideal Bose distribution with zero chemical potential,
plus an inverted parabolic profile for the quasicondensed
cloud. At each temperature, pairs of elementary spectra
(described above) were collected across a 125-ms-wide
range of hold times to average over residual oscillations
and slowly varying fluctuations. All elementary spectra
corresponding to the same temperature are reduced to the
same surface, background, and center, and superposed, as
in Fig. 1(b).

The line shape of the resulting spectra is clearly closer
to a Lorentzian than to a Gaussian (see Figs. 1(c) and
1(d)). This is a significant result, because a Lorentzian-
like profile is expected for a momentum distribution
dominated by phase fluctuations (see [12] and below),
in contrast to the Gaussian-like profile expected for a
pure condensate [2,11]. From the Lorentzian fit, we ex-
tract the measured half-width 	�M for each temperature.

FIG. 1. (a) Absorption image of degenerate cloud (center) and
diffracted atoms (left and right), averaged over several shots,
after free-flight expansion. (b) Diffraction efficiency versus
relative detuning of the Bragg lasers at T � 261�13� nK, with
T=T� � 20�2�. A typical statistical error bar is shown. This
spectrum is the superposition of 12 ‘‘elementary spectra’’ (see
text). The true average center is 30.18(2) kHz, close to
30.17 kHz, the four-photon resonance frequency. The solid
line is a Lorentzian fit of width 316(10) Hz (HWHM). (c)
and (d) show, respectively, the residual of a Lorentzian and
of a Gaussian fit to the above spectrum. Residuals are folded
around the � � 0 axis, and smoothed with a six-point-wide
sliding average.
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The theoretical results obtained in [6,12] do not apply
directly to our experiment. In those works, a 3D Thomas-
Fermi density profile was assumed, whereas in our case
modification of the density profile by the thermal cloud
and radial quantum pressure must be accounted for. We
find (and discuss below) that a parabolic profile is still a
good fit function, but that the usual T � 0 relations
between �, L, R, and the number of condensed atoms
N0 are no longer valid.We therefore extend the calculation
of the axial correlation function in [12] to an arbitrary
density profile, in the local density approximation. In the
mean-field regime [4], from the result of [24] for a 1D
uniform Bose gas at finite-temperature, we obtain

C�s� �
Z

dz n1�z� exp

�

�
n1�0�jsj

2n1�z�L�

�

; (1)

where n1�z� �
R

d2r?n0�r?; z� is the axial 1D density of
the quasicondensate, while n0�r� is its 3D density profile.
The coherence length near the center of the trap is 2L�,
withL� � �h2n1�0�=�MkBT�. Following Petrov et al. [4,6],
we define the temperature which delineates the border
between coherent and phase-fluctuating condensates as
T� � L�T=L. Since n1�0�, L, and T are extracted directly
from the images, the definitions of L� and T� relate the
coherence properties to experimentally measured quan-
tities. The axial momentum distribution follows from a
Fourier transform of C�s� and is well approximated by a
Lorentzian of width 	p� � � �h=L� (HWHM), with � �
0:67 for a parabolic n0�r� [12]. The predicted spectral
half-width is therefore �	��, where

	�� �
2 �hkL
2�ML�

: (2)

In the following, we will use � as a free parameter to test
the theory outlined above.

Figure 2 shows the measured spectral width 	�M ver-
sus 	��. The measured widths increase at higher 	�� as
expected. To compare these data to theory, we need to
take into account a finite ‘‘instrumental’’ width of the
Bragg spectra, including the effect of the mirror vibra-
tions, residual sloshing in the trap, and Fourier broad-
ening due to the 2-ms pulse length (125 Hz HWHM). We
assume that all experimental broadenings result in a
Gaussian apparatus function of half-width wG, to be
convolved by the Lorentzian momentum profile with a
half-width �	��. The convolution, a Voigt profile, has a

half-width �	��=2�
�������������������������������������

w2G � ��	���
2=4

q

. Note that

fitting a Voigt profile instead of a Lorentzian to a spec-
trum gives the same total HWHM to less than 5%, but the
Lorentzian shape is too predominant to extract reliably
the Gaussian and the Lorentzian contributions to the
profile. Using � and wG as free parameters to fit the
data of Fig. 2, we find wG � 176�6� Hz, and � �
0:64�5��5�. The first uncertainty quoted for � is the stan-
dard deviation of the fit value. The second results from

calibration uncertainties on the magnification of the
imaging system and on the total atom number, which do
not affect wG. The agreement of the measured value of �
with the theoretical value 0.67, to within the 15% experi-
mental uncertainty, confirms quantitatively the tempera-
ture dependence of the momentum width predicted in
Ref. [6]. The coherence length �h=p� deduced from this
measurement varies between 5:9�8� and 39�4� �m, in the
range 6< T=T� < 28.

Another important aspect of quasicondensates, the
suppression of axial density fluctuations, is investigated
here through the size of the trapped condensate. In the
presence of density fluctuations, the resulting interaction
energy [25] would increase the size with respect to the
expectation for a smooth density profile. The measured
axial half-length L after release faithfully reflects the
half-length in the trap since axial expansion is found
experimentally to be negligible. Figure 3 shows that the
measured values of L at various temperatures (filled
circles) deviate from the standard Thomas-Fermi predic-
tion (diamonds) L2TF � 2�=�M!2z�, with � given by
2� � �h �!!�15N0a= �

2=5 [16], where �!! � �!2?!z�
1=3,  �������������������

�h=�M �!!�
p

, and a � 5:31 nm [26]. We understand this
smaller value by taking into account the compression of
the quasicondensate by the 3D thermal component (ex-
citations with energy much larger than �h!?), and the
radial quantum pressure. The 3D excited states contribute
negligibly to the fluctuations of the phase [6] and only the
density profile is affected. Using a Hartree-Fock approach
[16,27], we find

L2 �
2g

M!2z

�

n0�0� �
2

�3T
�g3=2�e

�gn0�0�=�kBT�� � g3=2�1��

	

;

(3)

with the coupling constant g � 4� �h2a=M, the thermal
de Broglie wavelength �T � �2� �h2=�MkBT��

1=2, and
g3=2�x� �

P
1
n�1 x

n=n3=2. The open circles in Fig. 3 show
the solution of Eq. (3) assuming a parabolic profile, such

FIG. 2. Half widths at half maximum 	�M of the experi-
mental Bragg spectra versus 	��. Vertical error bars are the
standard deviations of the fit width; the horizontal error bars
are the one-sigma statistical dispersions of 	��. The solid line
is a fit assuming a Voigt profile for the spectra.
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that n0�0� � 15N0L
�3$2=�8��. The aspect ratio $ is

calculated according to the theory developed in [29],
which takes into account radial quantum pressure. The
calculated lengths are in agreement with our measure-
ments to within our estimated calibration uncertainty. We
conclude, in line with [8], that a phase-fluctuating con-
densate has the same smooth profile as a true condensate
[29], and thus that the axial density fluctuations are sup-
pressed even when phase fluctuations are large.

In conclusion, we have demonstrated three important
features of quasi–Bose-Einstein condensates: (i) the mo-
mentum distribution shape, found Lorentzian; (ii) the
temperature dependence of the momentum width; and
(iii) the suppression of density fluctuations. Our results
are in quantitative agreement with the finite-temperature,
interactive theory developed in [4,6] supplemented by a
Hartree-Fock treatment of 3D excited states. The same
method could be applied to investigate how long range
order develops during the condensate growth.
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The experimental study of one dimensional (1D) degenerate Bose gases, where the radial
motion is“frozen”, is currently an important direction of research in ultracold atom physics
(1; 2; 3). In uniform 1D systems, fluctuations of the condensate wavefunction around equi-
librium are pronounced, because of a large population of low-lying states; as a result, no long
range order exists at any temperature. In a trapped 1D gas, the finite size of the sample natu-
rally introduces a low-momentum cutoff, and at sufficientlylow temperature a phase coherent
sample can exist (see (4) and references therein for the properties of 1D gases). Essentially,
the same analysis holds for three dimensional (3D) trapped gases in very elongated traps (5):
here the interaction energy per particle is larger than the radial frequency, and the conden-
sate wavefunction is built from several radial modes. Still, low-energy excitations with a
frequency smaller than the radial frequency are effectively one-dimensional, and induce large
fluctuations of the condensate phase (5). Such condensates with a fluctuating phase, orqua-
sicondensates, were recently observed experimentally in (6; 7). In this paper, we first discuss
how to measure the velocity distributionvia Bragg transitions, and why this is an (indirect)
measurement of the coherence length. Then we present our measurements (11) for very elon-
gated traps, that agree well with the theory developed by Petrov et al. (5; 12).

Phase coherence of the (quasi)condensate can be characterized by the1/e decay length
of the spatial correlation function,C(1)(s) = 1/N

∫
d3

R〈Ψ†(R + sez/2)Ψ(R − sez/2)〉
(13), with Ψ the atomic field operator. Consider a sample ofN0 condensed atoms, trapped
in a cylindrically symmetric, harmonic trap with an aspect ratio λ = ωz/ω⊥ ≪ 1, in the
3D Thomas-Fermi regime. Petrovet al. (4; 5) investigated the long wavelength fluctuations
of the phase ofΨ, with the following conclusions. Below a characteristic temperatureTφ =
15N0(~ωz)

2/32µ, the phase fluctuations are small, and the coherence length is essentially the
condensate sizeL, as in “ordinary” 3D condensates (9; 10) (to put it differently, C(1) is limited
by the density envelope ofΨ). On the other hand, forT ≫ Tφ the coherence length is limited
to a value much smaller thanL, the value at the center of the trap beingLφ = LTφ/T .

A convenient technique to measure the coherence length is Bragg Spectroscopy, as was
done in (9) in the radial direction. One illuminates the atomic sample with counter-propagating
laser beams with frequency differenceω and wavevectors±kL, parallel to the long axisz
of a cigar-shaped condensate (see Fig. 1). The basic processinvolves the absorption of a
photon in one beam and stimulated emission into the other, with a net momentum and energy
transfer±2~kL and ~ω, respectively. This process is resonant around the frequency that
matches the gain in kinetic energy: for an atom at rest it isω = 4~k2

L/2M = ω0. If the
initial velocity is non-zero, then the resonance frequencyis Doppler-shifted according toω =
ω0 + 2kLvz. Therefore, by scanning the relative frequency of the two beams one scans the
velocity distributionP(vz). SinceP is the Fourier transform ofC(1)(s) (13), the root mean
square (rms) width of the spectrum (“Doppler width”) can be used to infer the coherence
length according to∆ωD = 2kLvrms ∼ 2(~kL/MLφ), to within a numerical factor that
depends on the lineshape. In other words, we probe the phase fluctuations of the wavefunction
by measuring the momentum distribution,i.e. by probing the spatial gradient of the phase,
rather than the phase itself .

Experimentally, axial Bragg spectroscopy directly in the trap is difficult because of col-
lisions between the diffracted atoms and the parent BEC. First, mean-field interactions inho-
mogeneously broaden the line (typically by∼ 500Hz in our case) (9; 13). Second, the mean
free path of the diffracted atomslmfp is typically much smaller than L, thus producing a dif-
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fuse background, rather than a well-defined diffracted cloud (15). We solve these problems
by opening the trap abruptly, and letting the BEC expand for 2ms before applying the Bragg
pulse: the density drops by a factor∼ 90, and the mean field broadening and destructive colli-
sions are suppressed. The released mean field energy converts mainly into radial velocity in a
timeω⊥, while a small axial velocity field develops (17; 16). For ourexperimental parameters
the latter is negligible (∼ 40 Hz to be compared to the typical linewidth∼ 200Hz, see below).
The fluctuating velocity distribution is essentially frozen during the release of the condensate,
and the velocity width remains∼ ~/MLφ during the expansion (12). For quantitative com-
parison with our data, we have assumed that all contributions to the width add in quadrature. A
gaussian fit to the “ideal” velocity distribution calculated in (12) gives an effective rms width
vφ,rms ≈ 0.62~/MLφ.

In our experiment, we produce a condensate of87Rb in the|F = 1; mF = −1〉 hyper-
fine level. The magnetic trap is an iron-core electromagnet producing a Ioffe-Pritchard type
potential. However, an important difference with respect to the trap used in (18; 19) is the
possibility to compensate the bias field down to a few Gauss. Together with a strong radial
gradient of1400G/cm, this allows to reach radial frequencies of∼ 800 Hz. At the same time
the axial confinement is shallow, with a typical frequency∼ 5 Hz. The overall duty cycle,
including laser-cooling and evaporation phases, is typically 30 s. After the last evaporation
ramp, we observe the formation of a condensate that exhibitsstrong shape oscillations (see
(14) and references therein), as shown in Fig.2a. This is in line with a recent observation by
Schvarchucket al. (20), who propose the picture of a BEC locally in equilibriumat each point
on the axis, but globally out of equilibrium. Indeed, the radial degrees of freedom are rapidly
thermalized, but axial motion damps on a much longer time scale. We plot in Fig. 2b the width
of the Bragg resonance for such a non-equilibrium condensate as a function of time. It also
reveals an oscillation, however at about twice the mode frequency, because the velocity width
is not sensitive to whether the condensate contracts or expands. The amplitude in velocity
space is quite large and disturbs significantly momentum spectroscopy: therefore we hold the
condensate for a variable time (typically 7 seconds) in presence of an rf shield, so that the
collective oscillation damps completely.

Let us discuss briefly a few important experimental points. As shown in Fig. 1a, the beams
that form the lattice travel parallel to the long axis of the cloud. The beams are retroreflected to
form two standing waves with orthogonal polarizations and opposite chirp directions: there-
fore two distinct clouds with opposite velocities are seen after time of flight (Fig. 1b). Stabi-
lizing the last mirror against mechanical vibrations was crucial for achieving sufficient resolu-
tion. We mounted the mirror on a massive (30×30×2cm) aluminium plate, oriented such that
vibrations essentially occur perpendicular to the opticalpath. The Bragg pulse is applied for a
duration of2 ms at around30.1 kHz to stimulate four-photon scattering. We used second-order
instead of first-order (two-photon) Bragg scattering to increase the seperation of the diffracted
clouds from the parent condensate. After a 20 ms free flight, we measure the relative number
of diffracted atoms by absorption imaging. The temperatureand condensate energies are also
measured from this image, after correcting for a small probeangle (∼ 20 mrad) with respect
to the vertical. The temperature is carefully controlled during each spectrum by controlling
the trap depth to2 kHz precision (corresponding to∼ 10 nK).

We take Bragg spectra (diffraction efficiency versus detuning), fixing the final rf frequency
and therefore the number of condensed atoms and the temperature of the surrounding thermal
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cloud (see Fig. 1c for a typical spectrum). Typically, each point of the spectrum is averaged
over five individual measurements. Figure 3a shows the Doppler width as a function of tem-
perature. A clear increasing trend is seen, suggesting the presence of phase fluctuations in
our sample. At each temperature, between four and six spectra were taken, at a variety of
delays to sample any residual oscillations of the trapped cloud. A closer look at the resonance
width as a function of this delay (for a fixed temperature) reveals an oscillation at the trap
frequency. This is consistent with a center of mass oscillation having a fluctuatingamplitude,
causing line shifts random from shot to shot: averaging overmany points therefore results
in line broadening. However, as thephaseof this oscillation is well defined, we are able to
quantify the broadening and correct for it. The Doppler width extracted after correction of this
spurious broadening is plotted in Fig. 3b versus the expected width,∆φ = 2kL×0.62~/MLφ

(12). Using a quadrature fit,∆2 = ∆2
0 + α2∆2

φ, with ∆0 the experimental resolution, we find
a slopeα = 0.96(8), sufficiently close to1 to indicate good agreement with theoretical ex-
pectations. Thus, our experiment provides a quantitative (and successful) test of the theory of
phase fluctuations in BEC developed in (5). The coherence length deduced after substraction
of the experimental resolution is shown in inset of Fig. 3b, and seen to be substantially smaller
than the condensate length.

Although quasicondensates have reduced long-range order,local correlation properties
are expected to be identical to those of a pure condensate (4;5). We test this prediction
quantitatively by measuring the release energy of the cloud. As discussed in Ref. (21), if we
assume that the density fluctuations areδn = Cn0, we find for the release energyErel = (1+
C2)5µ/7, with µ the chemical potential calculated for zero density fluctuations and Thomas-
Fermi condensate (14). This quantity depends (not sensitively) on atom number calibration,
which can be done by measuring the transition temperature: since the explicit expression (14)
depends only on the properties of the thermal cloud above thetransition, this is an independent
calibration. We measure the release energy by a standard time of flight technique (22), and
from this deduce−0.03 ≤ C ≤ 0.05, consistent with zero density fluctuations, as for a true
(ı.e.phase-coherent) condensate.1

In conclusion, we have measured the temperature-dependentcoherence length of an elon-
gated Bose condensate. We find quantitative agreement between our measurements and the
predictions of Shlyapnikov and coworkers (4; 5; 12). In addition, our measurements are con-
sistent with the absence of density fluctuations, even in thephase-fluctuating regime. There-
fore they confirm the picture of this new regime of quantum degeneracy in elongated traps: a
macroscopic wavefunction is still the correct concept, butits phase is random, such that phase
coherence does not extend across the whole sample.

We gratefully acknowledge D. S. Petrov and G. V. Shlyapnikovfor many stimulating dis-
cussions. This work was supported by CNRS, DGA, and EU. FG stay in Heidelberg was
funded by the European Science Fundation under the project BEC 2002+.

1Related work has been carried out at the Institute for Quantum Optics in Hannnover (J. J. Arlt, presentation at
the meeting “Recent developments in the physics of cold atomic gases,” Trento (2002)).
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Figure 1: a) Schematics of the optical setup for Bragg spectroscopy, as done in our experiment (see text
for details). b) Density distribution after a 20 ms time of flight. The diffracted atoms are clearly seen as
the two peaks recoiling from the condensate. c) A typical spectrum, recording the number of recoiling
atoms in each peak as a function of relative detuning betweenthe Bragg beams.

Figure 2: Axial oscillations triggered by abrupt condensation (see text). a) Oscillations in the aspect
ratio of the condensate after a 24 ms free expansion. The dashed line is a damped sinusoid fit, yielding
a frequency of7.8(3) Hz, in good agreement with the expected value (1.58 times thetrap frequency
νz = 5.0 Hz (14)), and a1/e decay time of760 ms. b) The corresponding oscillation oscillation of the
velocity width, observed via Bragg spectroscopy. The frequency is about twice the bare frequency (more
precisely we find14.1(6) Hz), because the width is not sensitive to whether the cloud is contracting or
expanding.
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Figure 3: a) Width of the Bragg resonance as a function of temperature.The trapping geometry is
ω⊥ = 2π × 780 Hz, ωz = 2π × 5.0 Hz and typicallyN0 = 5 × 104. For a given temperature, each
point correspond to a given delay before opening of the trap.The large dispersion is due to a spurious
center of mass motion and can be corrected for (see text). b) Doppler width for elongated condensates,
corrected for the spurious sloshing, compared to the theoretical expectation∆φ = 2kL × 0.62~/MLφ.
Dashed line is a fit with the form(∆2

0 +α2∆2

φ)1/2, yielding∆0 = 185(9) Hz (experimental resolution)
and α = 0.96(8). In inset, we show the coherence length in an elongated trap deduced from this
measurement.
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Abstract

We study the properties of elongated Bose-Einstein condensates. First, we show that the
dimensions of the condensate after expansion differs from the 3D Thomas-Fermi regime.
We also study the coherence length of such elongated condensates.

1 INTRODUCTION

The experimental study of one dimensional (1D) degenerate Bose gases, where the radial motion
is“frozen”, is currently an important direction of research in ultra-cold atom physics [1,2,3]. In
uniform 1D systems, fluctuations of the condensate phase are pronounced, because of a large
population of low-lying states; as a result, no long range order exists at any temperature. In a
trapped 1D gas, the finite size of the sample naturally introduces a low-energy cutoff, and at
sufficiently low temperature a phase coherent sample can exist (see [4] and references therein
for the properties of 1D gases). Essentially, the same analysis holds for three dimensional (3D)
trapped gases in very elongated traps [5]: here the interaction energy per particle is larger than
the radial frequency, and the condensate wavefunction is built from several radial modes. Still,
low-energy excitations with a frequency smaller than the radial frequency are effectively one-
dimensional, and induce large fluctuations of the condensate phase [5]. Such condensates with
a fluctuating phase, or quasicondensates, have been observed experimentally in [6, 7, 8, 10, 9].

We present here an overview of our experimental study of elongated condensates in a very
anisotropic trap. Our set-up, presented in section 2 allows us to characterize precisely the
properties of degenerate gases between the 3D and 1D regimes. In this regime, we first show
(section 3) that the (quasi)condensates exhibit the same smooth profile as a true (fully coherent)
condensate. This profile, however, is affected by both the radial quantum pressure (zero point
oscillation in the tight trapping potential) and the presence of an interacting thermal cloud
surrounding the condensate and interacting with it through two-body repulsive interactions.
In section 4, we discuss the coherence length of such elongated condensates. Using Bragg
spectroscopy [13,10,12,11], we show in section 4.1 that the coherence length is indeed strongly
affected by large fluctuations of the condensate phase [5] and that the measured momentum
width depends strongly on temperature; the corresponding coherence length Lφ, in the ratio
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5 < L
Lφ

< 30, is in good agreement with theory [5, 12]. For larger coherence length, Bragg

spectroscopy becomes increasingly difficult to apply, and a second method, using a π/2 − π/2
interferometer similar to [9] is presented in section 4.2.

2 CREATION OF ELONGATED BEC IN A IRON-CORE ELECTROMAGNET

The experimental setup has been described elsewhere [14]. Briefly, a Zeeman-slowed atomic
beam of 87Rb is trapped in a MOT, and after optical pumping into the F = 1 state is transferred
to a magnetic Ioffe-Pritchard trap created by an iron-core electromagnet. A new design allows
us to lower the bias field to a few Gauss and thus to obtain very tight radial confinement [15].
Final radial and axial trap frequencies (ω⊥ and ωz) are respectively 760 Hz and 5 Hz (i.e.
aspect ratio = 152). In this way, we obtain needle-shaped condensates containing around
5 × 104 atoms [16], with a typical half-length L ≃ 130 µm and radius R ≃ 0.8 µm. Since
the chemical potentiel µTF

~ω⊥
∼ 4 (see definition in section 3), the clouds are between the 3D

and 1D Thomas-Fermi (TF) regimes [1, 2, 3]. The measurement of the number of atoms is
calibrated from a measurement of TC . The temperature T is extracted from a two-component
fit to the absorption images or is extrapolated from the final frequency of the rf ramp when the
thermal fraction is indiscernible. After the last evaporation ramp, we observe the formation of
a condensate that exhibits strong shape oscillations (see [17] and references therein). This is in
line with a recent observation by Shvarchuck et al. [8], who propose the picture of a BEC locally
in equilibrium at each point on the axis, but globally out of equilibrium. Indeed, the radial
degrees of freedom are rapidly thermalized, but axial motion damps on a much longer time
scale. We therefore hold the condensate for a variable time (typically 7 seconds) in presence
of an rf shield, so that these collective oscillations have no influence on the Bragg spectra.

3 EXPANSION OF ELONGATED CONDENSATES

In anisotropic traps, the aspect ratio of the ballistically expanding cloud can be used to find
a signature of Bose-Einstein Condensation. For a Bose gas above critical temperature, the
expanding cloud is expected to become isotropic at long expansion times (typically for times
larger than 1/ωz, where ωz is the smaller trap oscillation frequency). On the contrary, a Bose-
Einstein condensate of initial aspect ratio ǫ = ωz/ω⊥ will only become isotropic at a fixed time
∼ ω−1

z and then will invert its anisotropy for longer expansion time.
The transition from a 3D to a lower dimension (1D) condensate is also observable through

the expansion of the degenerate gas [1]. For a Bose-Einstein condensate in the 3D Thomas-
Fermi regime (µ ≫ ~ω⊥), the half-length LTF(long axis) and the radius RTF (confined di-
mension) of the condensate vary similarly with the number of atoms N0. More precisely, one
finds the 3D Thomas-Fermi length L2

TF = 2µ/(Mω2
z) and radius RTF = ǫLTF, with µ given

by 2µ = ~ω̄(15N0a/σ)2/5 [17], where ω̄ = (ω2
⊥ωz)

1/3, σ =
√

~/(Mω̄) and a = 5.32 nm [18]. As
a result, the initial degree of anisotropy ǫ = R/L = ωz/ω⊥ ≪ 1 is independent of the num-
ber of atoms. After a period of free expansion of duration t, the dimension of the expanding
condensate are found using the scaling solutions [19]:

R(t) = RTF

√

1 + τ2. (3.1)

L(t) = LTF(1 + ǫ2
[

τ arctan τ − ln
√

1 + τ2
]

) ≃ LTF. (3.2)

with the dimensionless time variable τ = ω⊥t. Equations (3.1,3.2) show that the aspect ratio
is independent of the atom number at any time, and approaches ωt for τ ≫ 1
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Fig. 1. Half-length L (upper-left), radius R (lower-left) and aspect ration (right) of the quasi-1D

condensate versus the condensed atom number after a 24.3 ms time of flight. Experimental values

(diamonds) are compared to the standard T = 0 Thomas-Fermi (plain), and the self consistent solution

of equations (3.4) and (3.3) (dashed). The effect of quantum pressure alone is also shown (dot-dashed).

Calculations use the measured temperature and number of condensed atoms, as determined by a two-

component fit to averaged absorption images. Combined statistical and systematic errors are indicated

with the confidence band (grayed area) around the experimental points.

As one pushes towards the 1D regime (µ ∼ ~ω⊥), the radial expansion is increasingly
affected by radial zero-point motion in the trap, neglected in the 3D TF approximation. Ulti-
mately, the radial size in the trap should approach a⊥ =

√

~/Mω⊥, and the radial expansion

velocity ω⊥a⊥ =
√

~ω⊥/M . Since axially the TF approximation (µ ≫ ~ωz) is still valid, the
length still depends on N0, and so does the aspect ratio. Accordingly, a dependence of the
aspect ratio on N0 at near-zero temperature can be seen as a signature of the breakdown of
the TF approximation in the radial direction [1].

To show how quantum pressure manifests itself in our experiment, we first turn to the
measurement of the axial half-length L after release, which faithfully reflects the half-length in
the trap since axial expansion is negligible (eq. 3.2) for our experimental parameter. Figure 1
shows that the measured values of L for various number of condensed atoms (filled diamonds)
are smaller than the standard Thomas-Fermi prediction (solid line). This smaller value results
from radial quantum pressure (1D), and to a slightly larger extent from the compression of
the quasi-condensate by the 3D thermal component (excitations with energy much larger than
~ω⊥).

We take into account radial quantum pressure in this crossover regime by finding the optimal
ground state energy [21]

E

N
= max

γx,γy,γz

[

3
∑

i=1

~ωi

2

√
γi +

5

14
(
15

4π
gNm3/2

3
∏

i=1

(
√

1 − γiωi))
2/5]. (3.3)

where γi are effective parameters taking the zero-point energy contribution in the direction
i = {x, y, z} into account. Solving (eq. 3.3) allows then to calculate a modified aspect ratio
in the trap ǫ̃ = γz/γx,y. To include the effect of the thermal cloud, we use the Hartree-Fock
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approach [20, 17] and calculate the modified length :

L2 =
2g

Mω2
z

{

n0(0) +
2

λ3

T

[

g
3/2

(e
−

gn0(0)
kBT ) − g

3/2
(1)

]}

, (3.4)

with the coupling constant g = 4π~
2a/M , the thermal de Broglie wavelength λT = [2π~

2/(MkBT )]1/2,
and g3/2(x) =

∑∞

n=1 xn/n3/2. The black dashed line in Fig. 1 shows the solution of Eq. (3.4)

assuming a parabolic profile, such that n0(0) = 15N0L
−3ǫ̃2/(8π). The modified aspect ratio in

the trap ǫ̃ is calculated according to 3.3 and by a self-consistent iteration of equations (3.4) and
(3.3) we obtain L and γx,y,z. We find that the calculated lengths are close to our measurements
to within our estimated calibration uncertainty (shown by the grayed area explained in the
caption).

We then turn to the measurement of the cloud radius after 24.3 ms of time of flight. Figure 1
shows that the measured values of R at various condensed atom number (filled diamonds) are
larger by about 20% than the standard Thomas-Fermi prediction (filled line). This increased
radius results again from quantum pressure, which leads to an excess released energy in the
transverse direction. Using again [21], the radius after time of flight is found to be:

R(t)2 = R2
TF

∏3
i=1(1 − γi)

1
5

√

1 − γx,y

(1 + τ2), (3.5)

with γi calculated from (eq. 3.3). Calculating the effect of the compression of the thermal cloud
and the subsequent evolution in time of flight is more complex, since it involves energy exchange
between both components. By making the extreme assumption that all the interaction energy
is converted to kinetic energy into the condensate after expansion, we can use again equation 3.5
with correction from 3.4 and 3.3. The results presented in figure 1 show that, both approaches
agree with the experiment to within our calibration errors.

Finally, we observe a clear dependence of the aspect ratio on the condensed atom number,
which can be correctly reproduced by our theoretical approach. This proves that in our trap,
with this atom number (∼ 5 × 104), the condensate is at the onset of 1D.

4 MEASUREMENT OF THE 1D PHASE FLUCTUATIONS

Phase coherence of the (quasi)condensate can be characterized by the 1/e decay length of the
spatial correlation function, C(1)(s) = 1/N

∫

d3
R〈Ψ̂†(R + sez/2)Ψ̂(R − sez/2)〉 [27], with Ψ̂

the atomic field operator and ez the unit vector in the axial direction. Consider a sample
of N0 condensed atoms, trapped in a cylindrically symmetric, harmonic trap with an aspect
ratio λ = ωz/ω⊥ ≪ 1, in the 3D Thomas-Fermi regime. Petrov et al. [4, 5] investigated
the long wavelength fluctuations of the phase of Ψ, with the following conclusions. Below a
characteristic temperature Tφ = 15N0(~ωz)

2/32µ, the phase fluctuations are small, and the
coherence length is essentially the condensate size L, as in “ordinary” 3D condensates [13, 22]
(to put it differently, C(1) is limited by the density envelope of Ψ). On the other hand, for
T ≫ Tφ the coherence length is limited to a value much smaller than L, the value at the center
of the trap being Lφ = LTφ/T .

The theoretical results obtained in [5,12] do not apply directly to our experiment. In those
works, a 3D Thomas-Fermi density profile was assumed, whereas in our case modification of
the density profile by the thermal cloud and radial quantum pressure must be accounted for.
As discussed in the previous section, we indeed find that a parabolic profile is still a good fit
function, but that the usual T = 0 relations between µ, L, R, and the number of condensed
atoms N0 are no longer valid. We therefore extend the calculation of the axial correlation
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function in [12] to an arbitrary density profile, in the local density approximation. In the mean
field regime [4], from the result of [23] for a 1D uniform Bose gas at finite temperature, we
obtain:

C(s) =

∫

dz n1(z) exp(−
n1(0)|s|

2n1(z)Lφ
), (4.1)

where n1(z) =
∫

d2
r⊥ n0(r⊥, z) is the axial 1D density of the quasi-condensate, while n0(r)

is its 3D density profile. The coherence length near the center of the trap is given by Lφ =
~

2n1(0)/(MkBT ) [24]. Following Petrov et al. [4,5], we define the temperature which delineates
the border between coherent and phase-fluctuating condensates as Tφ = LφT/L. Since n1(0),
L, and T are extracted directly from the images, the definitions of Lφ and Tφ relate the
coherence properties to experimentally measured quantities. The axial momentum distribution
follows from a Fourier transform of C(s) and is well approximated by a Lorentzian of width
∆pφ = α~/Lφ (HWHM), with α = 0.67 for a 3D Thomas-Fermi condensate [12, 25].

4.1 Momentum spectroscopy with Bragg diffraction

A convenient technique to measure the coherence length is to analyse the momentum distri-
bution along the long direction of the condensate. Our measurement is based on four-photon
velocity-selective Bragg diffraction. Atoms are diffracted out of the condensate by interaction
with a moving standing wave, formed by two counter-propagating laser beams with a relative
detuning δ [13,26]. Due to the Doppler effect, the momentum component resonantly diffracted
out of the condensate is pz = M(δ − 8ωR)/(2kL) with ωR = ~k2

L/(2M), M the atomic mass,
and kL = 2π/λ (λ = 780.2nm). The predicted spectral width is therefore α∆νφ, where

∆νφ =
2~kL

2πMLφ
. (4.2)

To build the momentum spectrum of the quasi-condensate, we measure the fraction of
diffracted atoms versus the detuning δ between the counter-propagating laser beams. The
differential frequency δ must be stable to better than the desired spectral resolution, about
200Hz for our typical Lφ = 10 µm. The optical setup is as follows. A single laser beam
is spatially filtered by a fiber optic, separated into two arms with orthogonal polarizations,
frequency shifted by two independent 80MHz acousto-optic modulators, and recombined. The
modulators are driven by two synthesizers stable to better than 1 Hz over the typical acquisition
time of a spectrum. The overlapping, recombined beams are then sent through the vacuum
cell, parallel (to within 1mrad) to the long axis of the trap, and retro-reflected to obtain two
standing waves with orthogonal polarizations, moving in opposite directions. The lasers are
tuned 6.6GHz below resonance to avoid Rayleigh scattering. The laser intensities (about 2
mW/cm2) are adjusted to keep the diffraction efficiency below 20%.

Bragg spectra have been taken at various temperatures between 90(10)nK and 350(20)nK,
while Tc varied from 280(15)nK to 380(20)nK. The temperature was fixed to within 20 nK by
controlling the final trap depth to a precision of 2 kHz. The line shape of the spectra is clearly
Lorentzian, not Gaussian (see Fig. 2). This is a significant result, because a Lorentzian-like
profile is expected for a momentum distribution dominated by phase fluctuations (see [12]), in
contrast to the gaussian-like profile expected for a pure condensate [27,13]. From the Lorentzian
fit, we extract the measured half-width ∆νM for each temperature.

Figure 3 shows the measured spectral width ∆νM versus ∆νφ. Dispersion of the measured
n1(0) and T results in the horizontal error bars on ∆νφ, while vertical error bars indicate the
standard deviation of the fit width. We assume that all experimental broadenings result in a
Gaussian apparatus function of half-width wG, to be convolved by the Lorentzian momentum
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Fig. 2. (a) Absorption image of degenerate cloud (center) and diffracted atoms (left and right),

averaged over several shots, after free-flight expansion. (b) Diffraction efficiency (rescaled) versus

relative detuning of the Bragg lasers at T = 261(13) nK, corresponding to T/Tφ = 20(2). A typical

statistical error bar is shown. This spectrum is the superposition of 12 “elementary spectra”, as

described in the text. The true average center is 30.18(2) kHz, close to 30.17 kHz, the four-photon

recoil frequency. The solid line is a Lorentzian fit, giving a half-width at half-maximum (HWHM) of

316(10) Hz. (c) and (d) show respectively the residual of a Lorentzian and of a Gaussian fit to the

above spectrum. Residuals are folded around the δ = 0 axis, and smoothed with a six-point-wide

sliding average.

Fig. 3. Left : Half-widths at half-maximum ∆νM of the experimental Bragg spectra versus the pa-

rameter ∆νφ ∝ ~/Lφ (see text). Vertical error bars are the standard deviations of the fit width; the

horizontal error bars are the one-sigma statistical dispersions of ∆νφ. The solid line is a fit assuming

a Voigt profile for the spectra. Right : coherence length deduced from the width, after correction for

the gaussian broadening,

profile with a half-width α∆νφ. The convolution, a Voigt profile, has a half-width α∆νφ/2 +
√

w2
G + (α∆νφ)2/4. Note that fitting a Voigt profile instead of a Lorentzian to a spectrum

gives the same total HWHM to less than 5 %, but the Lorentzian shape is too predominant to
extract reliably the Gaussian and the Lorentzian contributions to the profile. Using α and wG

as free parameters to fit the data of Fig. 3, we find wG = 176(6)Hz, and α = 0.64(5)(5). The
first uncertainty quoted for α is the standard deviation of the fit value. The second results
from calibration uncertainties on the magnification of the imaging system and on the total
atom number, which do not affect wG. The agreement of the measured value of α with the
theoretical value 0.67, to within the 15% experimental uncertainty, confirms quantitatively
the temperature dependence of the momentum width predicted in Ref. [5]. The coherence
length ~/pφ deduced from this measurement varies between 5.9(8) and 39(4)µm, in the range
6 < T/Tφ < 28.
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Fig. 4. Left : The atom interferometer used for our coherence length measurement uses 2 π/2 pulse to

create and overlap 2 displaced copies of the same condensate. Right : The fringe spacing and contrast

changes as the time between the 2 pulses (i.e. the separation between the 2 copies) is changed. A

measurement of the fringe contrast directly measures the spatial first-order correlation function of the

matter-wave field.

4.2 Interferometry with elongated BECs

The Bragg spectroscopy method has proven to be appropriate for measuring short coherence
lengths. However, when applied to nearly coherent condensates (LC ∼ L), the extremely nar-
row Bragg resonance becomes increasingly difficult to resolve (for LΦ ∼ 40µm, the momentum
width is already of the order of our resolution). However, since our goal is to investigate the
cross-over from a phase coherent to a phase-fluctuating condensate, we need to measure co-
herence length larger than the 39(4)µm attainable with Bragg spectroscopy. For this, we have
implemented a matter-wave interferometer [9]. As shown on figure 4, this interferometer uses
a first π

2 bragg pulse to split the condensate in 2 equal copies that fly apart from each other

at a velocity 2vR = 2~k
M ≃ 1.2 cm/s. After a time of flight 2ms < T < 10ms, the 2 copies, that

separate by 2vR ×T , are recombined using a second π
2 pulse, that creates 2 interferometer out-

put (see fig. 4). For finite T, complementary fringes appear in the two output ports, because
of the smoothly varying expansion phase that results from the conversion of a small fraction
of the initial mean-field energy (∼ ǫ2µ) into axial kinetic energy. The resulting fringe pattern
is Fourier analyzed to find the contrast and the fringe spacing in reciprocal space. In this way,
we filter out shot-to-shot, global phase fluctuations that would result in a translation of the
fringe pattern as a whole. This method allows for averaging many processed images without
artificially reducing the contrast. After this processing, this method allows a direct measure-
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Fig. 5. Example of 2 direct measurements of the correlation function (fringe contrast) as a function

of the separation s between the two copies of the condensate ; left : TΦ/T = 0.45 and 2 × 105 atoms

(LTF ∼ 100µm), right : Tφ/T = 0.75 and 1.3 × 105 atoms (LTF ∼ 90µm)
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ment of the correlation function C(1) as a function of separation s (see figure 5), irrespective of
the amount of phase fluctuations.

5 CONCLUSION

We have demonstrated two important features of elongated Bose-Einstein condensates: (i) the
dimension of the condensate after expansion; (ii) the momentum distribution of quasiconden-
sates; Our method, along with atom interferometry can be applied to investigate how long
range order develops during the condensate growth.
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1. Introduction: BEC beyond the ideal case

Degenerate atomic Bose gases provide a remarkable testing ground for the

theory of dilute quantum fluids, allowing for an extensive comparison of

theory and experiment1,2.

First studies on trapped dilute Bose gases have shown behaviors in good

agreement with the predictions for homogeneous ideal Bose gases. With

the refinement of experimental techniques, however, it becomes possible to

study deviations from the ideal case. We have recently made quantitative

studies of such deviations, for two different phenomenon:

(i) Phase fluctuations in an elongated quasi 1D condensate, that lead to

a coherence length smaller than the condensate axial size3.

(ii) Shift of the critical temperature of condensation due to interactions4.

In the context of this series of Conferences On Laser Spectroscopy, where

we have so strong traditions, I will concentrate on the first study, since

we will see that these measurements involve many methods of ”Good Old

Spectroscopy”, transposed from the world of Lasers and Photon Optics, to

the world of Bose-Einstein Condensates and Atom Optics.

∗This work is supported by CNRS, Ministère de la Recherche, DGA, EU (Cold Quantum
Gases network; ACQUIRE collaboration), INTAS(project 01-0855)
†Present adress: Department of Physics, 60 St George Street, University of Toronto,
Toronto, ON, M5S 1A7, Canada
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2. Phase fluctuations in a trapped elongated BEC

Three-dimensional (3D) trapped condensates are predicted to have a uni-

form phase, extending over the whole condensate, even at finite tempera-

ture, and this has been confirmed experimentally5,6,7. In low dimensional

systems, however, phase fluctuations are predicted to reduce the spatial co-

herence length (see 8,9 and references therein). This phenomenon also oc-

curs in sufficiently anisotropic 3D samples, where complete phase coherence

across the axis (long dimension) is established only below a temperature Tφ,

that can be much lower than the critical temperature Tc
10. In the range

Tφ < T < Tc, the cloud is a “quasi-condensate”, whose incomplete phase

coherence is due to thermal excitations of 1D axial modes, with wavelengths

larger than its radial size. Phase fluctuations of quasi-condensates in elon-

gated traps have been observed first in Hannover by Dettmer et al.11, who

measured the conversion, during free expansion, of the phase fluctuations

into ripples in the density profile. Although the conversion dynamics is well

understood12, the measured amplitude of density ripples was found smaller

than expected by a factor of two. In Amsterdam, Shvarchuck et al.13 have

used a “focusing” method to show that the coherence length is smaller than

the sample size during the formation of a condensate.

3. Production and observation of an elongated BEC in an

iron-core electromagnet

Our experimental setup has been described elsewhere14. Briefly, a Zeeman-

slowed atomic beam of 87Rb is trapped in a MOT, and after optical pumping

into the F = 1 state is transferred to a magnetic Ioffe-Pritchard trap created

by an iron-core electromagnet. A new design allows us to lower the bias

field to a few Gauss and thus to obtain very tight radial confinement15.

Final radial and axial trap frequencies (ω⊥ and ωz) are respectively 760

Hz and 5 Hz (i.e. an aspect ratio of 152). We typically obtain needle-

shaped condensates containing around 5 × 104 atoms, with a typical half-

length L ≃ 130 µm and radius R ≃ 0.8 µm. Since the chemical potential

is only slightly larger than the radial vibration quantum, (µTF/~ω⊥ ∼ 4),

we work at the crossover between the 3D and 1D Thomas-Fermi (TF)

regimes16,17,18.

To obtain the number of atoms in the condensate and in the thermal

cloud, and the temperature, we make an absorption image after a 20 ms

time of flight. The number of atoms, obtained to within 20%, is calibrated

from a measurement of the temperature of condensation Tc. The temper-
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ature T is extracted from a two-component fit to the absorption images,

yielding the temperature of the thermal cloud fitted by an ideal Bose func-

tion with zero chemical potential. In fact, the temperature obtained at the

end of the evaporation ramp can be chosen a priori to within 20 nK by

controlling the final trap depth (final rf frequency, as compared to the one

totally emptying the trap, with is checked every five ramps) to a precision

of 2 kHz. This provides a high reproducibility which is a real asset for these

experiments.

As Shvarchuck et al.13, we observe strong shape oscillations at the

formation of the condensate19, despite a slow evaporation (less than

100kHz/s) across Tc. We then hold the condensate for a time of typically

7 seconds in the presence of an rf shield, to damp the axial oscillations

enough that they do not affect the Bragg spectra (see below).

4. Measurement of the spatial coherence function by Bragg

spectroscopy

The most direct way to measure the spatial coherence function relies on

atom interferometry. It turns out, however, that this method demands a

high level of shot to shot stability of the interferometer21, and we have

decided to first use a complementary method, that directly yields the mo-

mentum distribution (momentum spectrum) P(pz), which is nothing else

than the Fourier transform of C(s) .

This is analogous to the two complementary methods of “Good Old

Spectroscopy”, where one can either measure the temporal correlation func-

tion of the light (the so called “Fourier-transform spectroscopy”), or directly

obtain the frequency spectrum. It is well known that the second type of

method is much easier to implement, because some physical phenomena (as

dispersion in dielectric media) or ”simple” devices (as diffraction gratings)

are able to separate frequency components whose weight can be directly

measured. The methods yielding directly the spectrum were in fact the

only ones that were used for centuries, until stable and reliable enough

interferometers became available.

In our problem of Atom Optics, it turns out that we also have a

method that directly yields the momentum spectrum: this is “Bragg

Spectroscopy”6,22. Our momentum distribution measurement is based on

four-photon velocity-selective Bragg diffraction. In this process, atoms are

extracted out of the condensate by interaction with a moving standing

wave, formed by two counter-propagating laser beams with a relative de-
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tuning δ. In a wave picture, this can be interpreted as a (second order)

Bragg diffraction of the atomic matter waves off the grating formed by the

light standing wave, and it is therefore resonant only for a given atomic

de Broglie wavelength, or equivalently for a given value of the atomic mo-

mentum. The number of extracted atoms is therefore proportional to the

density of probability of that particular value of the momentum. Writing

the Bragg condition of diffraction off a thick grating, one finds that the

momentum component resonantly diffracted out of the condensate depends

on the velocity of the light standing wave, and therefore on the detuning δ,

according to

pz = M(δ − 8ωR)/(2kL) , (1)

with ωR = ~k2

L
/(2M), M the atomic mass, and kL = 2π/λ (λ = 780.02nm).

By varying the detuning δ between the counter-propagating laser beams

that make the moving standing wave, and measuring the fraction of

diffracted atoms vs. δ, one can build the momentum distribution spec-

trum.

The stability of the differential frequency δ determines the spectral res-

olution, and must be as good as possible. The optical setup is as follows.

A single laser beam is spatially filtered by a fiber optic, separated into

two arms with orthogonal polarizations, frequency shifted by two indepen-

dent 80MHz acousto-optic modulators, and recombined. The modulators

are driven by two synthesizers stable to better than 1Hz over the typi-

cal acquisition time of a spectrum. The overlapping, recombined beams

are then sent through the vacuum cell, parallel (to within 1 mrad) to the

long axis of the trap, and retro-reflected to obtain two standing waves with

orthogonal polarizations, moving in opposite directions. To check the dif-

ferential frequency stability, we have measured the beat note between the

two counter-propagating beams forming a standing wave. The average over

ten beat notes had a half-width at half-maximum (HWHM) of 216(10)Hz

for a 2 ms pulse23.

5. Axial Bragg spectrum of an elongated condensate

The following experimental procedure is used to acquire a momentum spec-

trum. At the end of forced evaporative cooling, the radio frequency knife

is held fixed for about 7 s to allow the cloud to relax to equilibrium (see

above). The magnetic trap is then switched off abruptly, in roughly 100µs,
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and the cloud expands for 2 ms before the Bragg lasers are pulsed on for

2ms. The lasers are tuned 6.6GHz below resonance to avoid Rayleigh scat-

tering, and the laser intensities (about 2 mW/cm2) are adjusted to keep

the diffraction efficiency below 20%.

We take the Bragg spectrum after expansion rather than in the trap to

overcome two severe problems. First, in the trapped condensate, the mean

free path (about 10µm) is much smaller than its axial size of 260µm, so

that fast Bragg-diffracted atoms would scatter against the cloud at rest25.

Second, the inhomogeneous mean field broadening6 would be of the order

of 300Hz, i.e. larger than our instrumental resolution. By contrast, af-

ter 2ms of free expansion, the peak density has dropped by two orders of

magnitude26, and both effects become negligible. One may wonder whether

this 2 ms expansion doesn’t affect the momentum distribution we want to

study. In fact, the phase fluctuations do not significantly evolve in 2ms,

since the typical timescale for their complete conversion into density ripples

varies from 400ms to 15 s for the range of temperatures we explore27. Also,

the mean field energy is released almost entirely in the radial direction, be-

cause of the large aspect ratio of the trap26, and contributes only about

50Hz of Doppler broadening in the axial direction. The only perturba-

tion due to the trap release seems to be small axial velocity shifts (around

100 µm/s) attributed to stray magnetic gradients that merely displace the

spectra centers.

After application of the Bragg pulses, we wait for a further 20ms to

let the diffracted atoms separate from the parent condensate, and take an

absorption image. Diffraction efficiency is defined as the fraction of atoms

in the secondary cloud. We repeat this complete sequence typically five

times at each detuning, and we average the diffraction efficiency for this

particular value of the detuning. Repeating this process at various values

of the detuning (typically 15), we plot the diffraction efficiency vs. δ, and

obtain an “elementary spectrum”.

As shown on Fig. 1a, an elementary spectrum at a given temperature

still shows a lot of noise. To average out this noise, we have taken many

elementary spectra at the same temperature (between 10 and 40), but dur-

ing different runs (on different days). We have also varied the hold time (of

about 7 s, see above) over a range of 125ms, to average on possible residual

shape oscillations. We then take all the spectra corresponding to the same

temperature, and we reduce them to the same surface, background, and

center, and superpose them24.

Fig. 1b shows the result of such a data processing, at a temperature
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Figure 1. Bragg spectrum of an elongated BEC at T = 261(13) nK, corresponding
to T/Tφ = 20(2).(a) Elementary spectrum (i.e. diffraction efficiency vs. relative detun-
ing of the Bragg lasers) corresponding to 75 diffraction efficiency measurements made at
the same temperature, but at various detunings (see text). Measurements at the same
detuning (typically 5) are averaged. (b) Averaged spectrum, obtained by averaging 12
(recentered and rescaled, see text) elementary spectra. A typical statistical error bar is
shown. This spectrum is the superposition of 12 “elementary spectra”, as described in
the text. The solid line is a Lorentzian fit, giving a half-width at half-maximum (HWHM)
of 316(10) Hz. (c) and (d) show respectively the (folded) residuals of a Lorentzian and
of a Gaussian fit to the above spectrum.

well above Tφ, i.e. for a case where the broadening due to phase fluc-

tuations is expected to dominate over the instrumental resolution. The

width (316(10)Hz, HWHM) is definitely larger than the resolution (less

than 216(10)Hz,HWHM). Moreover, it is clear by simple visual inspection,

and confirmed by examining the residuals of fits (see Fig. 1c an d) that

the profile shape is definitely closer to a Lorentzian than to a Gaussian.

Such a shape is in contrast to the gaussian-like profile expected for a pure

condensate6,20, and it is characteristic of large 1D phase fluctuations27,

which result in a nearly exponential decay of the correlation function.

6. Results. Comparison to theory

Bragg spectra have been taken at various temperatures between Tφ and Tc.

Using a Lorentzian fit, we extract a measured half-width ∆νM for each tem-

perature, and plot it (Figure 2a) vs. ∆νφ, a parameter convenient to com-

pare to the theory. That parameter can be directly expressed as a function

of the number of atoms and the temperature, and theory predicts that the

ideal spectrum half-width should be proportional to ∆νφ, with a multiply-

ing factor α, depending on the density profile, of the order of 1 (α = 0.67 in

our case)27,3. In fact, since our spectral resolution is limited, the measured

spectrum width ∆νM results from a convolution of the ideal Lorentzian

profile by the resolution function, that we assume to be a Gaussian, of half-

width wG. The measured spectrum is then expected to be a Voigt profile,

whose shape can hardly be distinguished from a Lorentzian in our range

of parameters, but with a width (HWHM) α∆νφ/2 +
√

w2

G
+ (α∆νφ)2/4.
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We use that expression to fit the data of Fig. 2a, taking α and wG as free

parameters. We find wG = 176(6)Hz, and α = 0.64(5)(5). The first uncer-

tainty quoted for α is the standard deviation of the fit value. The second

results from calibration uncertainties on the magnification of the imaging

system and on the total atom number, which do not affect wG. We note

first that the fitted value of wG is slightly smaller than 216Hz, as it should

be23. The agreement of the measured value of α with the theoretical value

0.67, to within the 15% experimental uncertainty, confirms quantitatively

the temperature dependence of the momentum width predicted in Ref. 10.

T / T�

L
c

/ 
L

T / T�φ

L
c

/ 
L

ba

Figure 2. Momentum distribution width and coherence length for T/Tφ > 1.
(a) Half-widths at half-maximum ∆νM of the experimental Bragg spectra versus the
parameter ∆νφ (see text). The solid line is a fit assuming a Voigt profile with a con-
stant Gaussian resolution function. (b) Coherence length Lc(divided by the condensate
half size L) vs. temperature (divided by Tφ). The coherence length is obtained after
deconvolution from the resolution function.

Conclusion

We have shown that the momentum spectrum of an elongated conden-

sate at a temperature smaller than Tc but larger than Tφ has a Lorentzian

shape, in contrast with the Gaussian shape of a ”normal” condensate. That

shape, as well as the measured broadening, agree quantitatively with the

predictions for a phase fluctuating condensate. The coherence lengths cor-

responding to the spectrum widths are smaller than the condensate axial

size (Fig. 2b). It would be interesting to also measure the coherence length

for temperatures approaching Tφ, to study how coherence develops over

the whole condensate. Since this corresponds to smaller and smaller mo-

mentum widths, the method presented here is not well adapted, and an

interferometric measurement directly yielding the spatial correlation func-

tion at large separations would be a method of choice. Such measurements

require a large path difference of the interferometer, and the stability of the
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interferometer is a crucial issue. We are currently working in that direction.
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Abstract. We measure the spatial correlation function of Bose-Einstein condensates in the cross-over region between
phase-coherent and strongly phase-fluctuating condensates. We observe the continuous path from a gaussian-like shape
to an exponential-like shape characteristic of one-dimensional phase-fluctuations. The width of the spatial correlation
function as a function of the temperature shows that the condensate coherence length undergoes no sharp transition
between these two regimes.

PACS. 03.75.Hh Static properties of condensates; thermodynamical, statistical and structural properties – 03.75.Dg
Atom and neutron interferometry – 39.20.+q Atom interferometry techniques

1 Introduction

The high atomic phase-space density provided by a Bose-
Einstein condensate (BEC) [1] has driven interest in guiding
atoms in a manner analogous to guiding laser light through
single-mode optical fibres. The most advanced technology to
date is based onatom chips, where the fields which trap and
guide the atoms are created by microfabricated structures [2–
7]. Many groups around the world have already succeeded in
preparing BEC on an atom chip [8–14] and one can envisage
using this technology to create integrated atom interferometers
[15–18]. In this context, a precise characterization of the phase
coherence properties of the condensate is crucial [19–21].

Trapping quantum gases on atom chips naturally involves
highly elongated, guide-like traps. Changing the dimensional-
ity of the system from three-dimensional (3D) towards one-
dimensional (1D) has a profound effect on the phase coherence
of the condensate. In 3D condensates of modest aspect ratio,
experimental results show that phase coherence extends across
the whole cloud [22,23], even at finite temperature [24]. How-
ever, in the 1D regime, thermal excitations of the low energy
axial modes lead to phase fluctuations which degrade the phase
coherence [25,26]. Condensates exhibiting such phase fluctua-
tions are known asquasi-condensates.

In the intermediate regime of elongated 3D condensates
with a high aspect ratio, a behaviour similar to the 1D case

a e-mail: mathilde.hugbart@iota.u-psud.fr

is observed [27]: below a characteristic temperatureTφ deter-
mined by the atom number and the trapping frequencies, the
condensate is nearly phase coherent, but aboveTφ the popu-
lation of the axial modes is high and phase fluctuations may
be pronounced. For weakly elongated condensates,Tφ can be
higher than the transition temperatureTc, so that the conden-
sate is nearly phase coherent at all temperatures. In contrast,
atom chips can easily produce traps with high aspect ratios
(∼ 1000) for which Tφ can be much smaller thanTc. Phase
fluctuations are therefore likely to impose limits on the perfor-
mance of atom chip devices and need to be well understood.

In an elongated condensate, the wavelength of the low en-
ergy axial modes is longer than the radial size of the conden-
sate, so these excitations have a 1D character. However, the
wavelength of these excitations can be much shorter than the
axial length of the condensate, reducing the phase coherence
length in the axial direction. An important feature of quasi-
condensates is that density fluctuations remain suppressed in
the trap, due to the mean field energy, even in the presence
of large phase fluctuations [27,21]. Therefore, the 3D quasi-
condensate has the usual parabolic profile in the Thomas-Fermi
limit.

Phase-fluctuating condensates in elongated traps were first
observed by the conversion of phase fluctuations into density
fluctuations after a sufficiently long free expansion [19] and by
a condensate-focussing technique [20]. Quantitative measure-
ments of the phase coherence length have since been obtained
from the momentum distribution [21] and the second-order cor-
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relation function [28]. The results of each of these experiments
showed good agreement with theory [27] in the strongly phase-
fluctuating regime (at temperaturesT ≫ Tφ). However, neither
experiment explored the cross-over region (T ∼ Tφ) between
phase-coherent and strongly phase-fluctuating condensates.

In this article we describe a new experiment using a matter-
wave interferometer and Fourier-space analysis to measure the
spatial correlation function, thereby extending our measure-
ments into the cross-over region(T ∼ Tφ). Our results agree
with the predicted shapes of the correlation function: forT ≫
Tφ, we find exponential-like correlation functions as predicted
for significant phase fluctuations, whereas atT ∼ Tφ we find
a gaussian-like shape, as expected when the phase profile is
nearly flat and the correlation function decay is dominated by
the density profile. The coherence length as a function ofT/Tφ

follows the trend predicted by theory, showing that the coher-
ence length increases smoothly as the temperature falls and
that there is no sharp transition atTφ. This highlights the fact
that phase fluctuations occur at all finite temperatures, even if
these effects are too small to be resolved experimentally for
more spherical traps. However, whereas our previous measure-
ments based on momentum spectroscopy [21], realized for high
T/Tφ, were in full agrement with the theory, two observations
remain unexplained in the interferometric method. First, as in
a previous experiment [22], our experimental measurements of
the coherence length are shifted from the theoretical prediction,
by about25% for T/Tφ = 1, even after taking the limitations
of our imaging system into account. Second, our interferome-
ter produces unexplained supplementary fringes outside of the
region where the condensates overlap, and we note that similar
unexplained fringes appear in other published data [29]. These
supplementary fringes do not seem to be compatible with in-
terference of the thermal cloud observed in [30].

2 Measurement of the coherence length by
atom interferometry

A natural method to study the coherence length along the long
axis z of a condensate, or a quasi-condensate, is to use atom
interferometry. With atomic beam-splitters, one produces two
daughter copies of the initial condensate with a separations,
and observes the interference pattern appearing in the atomic
density:

n(r) ∝ |Ψ0(r −
s

2
ez) + eiφrelΨ0(r +

s

2
ez)|2

∝ |Ψ0(r −
s

2
ez)|2 + |Ψ0(r +

s

2
ez)|2

+ 2Re[eiφrelΨ∗
0 (r − s

2
ez)Ψ0(r +

s

2
ez)], (1)

whereez is the axial unit vector,Ψ0(r) is the wavefunction de-
scribing the initial condensate andφrel a relative phase shift
produced by the interferometer and the free fall of the conden-
sate.

Let us first consider the behaviour of a fully phase coherent
condensate. During free expansion, it acquires a phase distri-
bution proportional toz2 [31]. The phase differenceφrel be-
tween two displaced copies of the condensate is therefore pro-
portional tozs, giving rise to an interference pattern of straight

fringes, uniformly spaced along the longitudinal direction, the
spatial frequency of the fringes being proportional to the sepa-
rations. The fringe contrast integrated over the entire conden-
sate gives the first-order correlation function ats:

C(1)(s) =

∫

d3
rΨ∗

0 (r − s

2
ez)Ψ0(r +

s

2
ez). (2)

Repeating this contrast measurement for different separations
s, one can study the decay ofC(1)(s) with increasings [22].
For a fully phase coherent condensate, the first-order correla-
tion function decay reflects only the width of the density profile
n(r) [32].

In the case of a quasi-condensate, 1D thermal excitations
cause the phase to fluctuate along the longitudinal axis, both
spatially and temporally. In our experiment, these fluctuations
are small compared to the parabolic phase developed during
free expansion. Therefore when we image the overlapping con-
densates after free expansion, we still observe straight fringes,
but they are no longer strictly periodic. Small local phase shifts
add a “jitter” to the fringe spacing, which in Fourier space has
the effect of broadening the peak at the spatial frequency of
the fringes and thereby reducing its height. Ass is increased,
the fringes are perturbed more strongly, because the condensate
phase becomes less correlated at larger separations. The con-
trast therefore decreases faster withs than in the fully phase-
coherent case. The greater the amplitude of the phase fluctu-
ations, the faster the contrast decreases withs. Therefore by
measuring the width of the correlation function at different
temperatures, we extract the temperature dependence of the co-
herence length. Further information is obtained from the shape
of the correlation function [33].

In the presence of phase fluctuations, each realization of
the experiment gives a different interference pattern, even with
fixed experimental conditions. Expression (2) must therefore
be generalized to:

C(1)(s) =

∫

d3
r 〈Ψ∗

0 (r − s

2
ez)Ψ0(r +

s

2
ez)〉, (3)

where the brackets〈〉 denote a statistical average of the random
process describing the random phase. In practice, one must re-
peat the experiment at a given separations and average the
contrast measurements over many quasi-condensates to obtain
C(1)(s).

This principle was used by Michelson in his famous astro-
nomical interferometer, whose goal was to measure the spa-
tial coherence of the light field arriving from a star, in order
to deduce the diameter of the star [34]. However, Michelson’s
method is plagued by the existence of a randomly fluctuating
relative phase between the two inputs of the interferometer, and
various methods insensitive to the relative phase fluctuations
had to be developed [35]. A similar problem appears when one
tries to determine the coherence length of a condensate or a
quasi-condensate with interferometry. In addition to the con-
trolled relative phase between the two components interfering
in (1), there is an uncontrollable relative phase due to exper-
imental problems such as a residual phase shift between the
lasers creating the two copies or a random velocity kick im-
parted to the sample. In order to overcome this problem [36],
D. Hellweget al. [28] have used an analysis analogous to the
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Hanbury Brown and Twiss method [37], since it is based on the
measurement of the second-order correlation function which is
insensitive to global phase shifts. In contrast, our method is
in line with the initial method of Michelson who could visu-
ally evaluate the contrast of the randomly moving fringes he
was observing. The decrease of this contrast as a function of
the telescopes’ separation gave a direct measurement of the co-
herence length. Similarly, we directly evaluate the contrast of
the fringes by taking the modulus of the Fourier transform of
the fringe pattern. The decrease of that contrast as a function
of the separations yields the coherence length of the quasi-
condensate.

3 Experiment

3.1 Creation of elongated Bose-Einstein
condensates

In our experimental setup [38], a Zeeman-slowed atomic beam
of 87Rb is trapped in a MOT, and after optical pumping into
the5S1/2|F = 1,mF = −1〉 state is transferred to a magnetic
Ioffe-Pritchard trap created by an iron-core electromagnet. Our
design allows us to lower the magnetic field at the bottom of
the trap to a few Gauss and thus to obtain very tight radial con-
finement [39]. Using this trap, we are able to create condensates
very close to the 1D Thomas-Fermi regime [40], as was demon-
strated in [41–43]. In the present experiment, we produce con-
densates further into the 3D regime so that we can explore the
cross-over regime (T ∼ Tφ). We use two different trap configu-
rations: in the first, the final radial and axial trap frequencies are
respectivelyω⊥ = 2π×395 Hz andωz = 2π×8.67 Hz, giving
an aspect ratio of 45; for the second trap configuration, the final
frequencies areω⊥ = 2π × 655 Hz andωz = 2π × 6.55 Hz,
with aspect ratio 100. In this way, we obtain needle-shaped
condensates containing around3 × 105 atoms, with a typical
half-lengthL ≃ 85 µm in the first trap andL ≃ 120 µm in the
second. We control the final number of atoms by holding the
condensate for a variable time, typically a few seconds, in the
presence of an rf shield. The absolute number of atoms is cal-
ibrated from a measurement of the critical temperature, taking
into account the effects of interactions [44]. For condensates
with small condensate fractions (less than 60 %), the tempera-
ture is obtained by fitting a gaussian distribution to the thermal
wings of the cloud. The temperature is then extrapolated from
the final frequency of the rf ramp to lower temperatures for
which the thermal fraction is indiscernible [45,43].

3.2 Interferometry set-up and timing

As shown in Figure 1, we implement the interferometer using
a sequence of twoπ2 -Bragg pulses, which act as matter-wave
beamsplitters. The set-up consists of two laser beams counter-
propagating along the longitudinal trap axis, each of intensity
∼2 mW cm−2, red-detuned by∆ = 6.6 GHz from the87Rb D2
line at λ = 780.02 nm. Two acousto-optic modulators driven
by frequency synthesizers produce a small relative detuning
δ, tuned to the two-photon Bragg resonanceδ = 2~k2

L/m,
with m the atomic mass andkL = 2π/λ. The momentum

π/2

π/2

s = 2vRTs

t = t1+Ts

t = TTOF

t = 0

t1 = 2 ms

z

2L

Fig. 1.The condensate is released from the trap att = 0 and has a half-
length ofL. A sequence of two Bragg pulses is applied to generate the
interferometer. Two output ports are created (p = 0, p = 2~kL) with
complementary fringe patterns.

width alongz of the expanding condensate corresponds to a
frequency width of 200 Hz. Therefore we use Bragg pulses of
∼ 100 µs, short enough such that the corresponding1.6 kHz
frequency width (full width at half maximum) is sufficient to
couple the entire condensate. The thermal cloud surrounding
the condensate has a momentum distribution with a frequency
width ranging from 12 kHz to 60 kHz, much larger than that of
the condensate. Thus, only a small fraction of the thermal cloud
is coupled by the Bragg pulses [45]. By controlling the Bragg
pulse length, we realize aπ2 -pulse which splits the condensate
into a coherent superposition of two wavepackets with veloc-
ities differing by 2vR = 2~kL/m = 11.72 mm s−1, where
vR is the recoil velocity. The interferometer sequence is illus-
trated in Figure 1. The condensate is held in the trap for at
least 2 s at the end of the final rf evaporative-cooling ramp, to
allow residual oscillations to be damped [21,20]. After switch-
ing off the trap, the condensate is allowed to expand freely for
2 ms before the firstπ2 -pulse is applied. During this expansion
the condensate density reduces by two orders of magnitude,
so collisions between the diffracted wavepacket and the origi-
nal condensate become negligible. During a free-evolution time
2 ms< Ts < 10 ms, the two wavepackets separate to a distance
s = 2vRTs. The secondπ2 -pulse completes the interferometer,
and we observe interference in each of the two output ports,
which differ in momentum byp = 2~kL. The condensate is
imaged by absorption perpendicular to the long axisz after a
29 ms total time-of-flight [46].

For a given set of experimental conditions (condensate atom
number and temperature), the experimental correlation func-
tion is acquired by taking a sequence of interference images
with different condensate separationss ranging from0.2L to
1.2L, varied by changingTs. For smaller separations, we do
not observe enough fringes to obtain a reliable measurement
of the contrast. At the maximum value ofs, the contrast has
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reduced such that the fringes are no longer discernible above
the noise. Typical images for0.3L ≤ s ≤ 1.1L are shown
in Figure 2. For each value ofs, typically 5 images are taken,
so that a statistical average can be performed. The fringe con-
trast is then measured, giving the correlation function. Corre-
lation functions have been obtained at various temperaturesT
between 100 and230 nK and for condensate atom numbersN0

between0.5× 105 and2.5× 105. These conditions correspond
to 0.8 < T/Tφ < 8, whereTφ = 15~

2N0/16mL2 [27][47].

4 Analysis of interferograms

4.1 Interferogram

As shown in [25], a quasi-condensate is well-described by a
fluctuating complex fieldΨ(ρ, z) =

√

n(ρ, z)eiΦ(ρ,z), with
fixed density distributionn(ρ, z) and fluctuating phaseΦ(ρ, z).
In the following, Ψ(ρ, z) represents the wavefunction of the
condensate after the free-fall expansion. The first Bragg pulse
is applied after 2 ms of free expansion, at which time the den-
sity has reduced such that interactions between the atoms are
negligible. We therefore assume that the different copies of
the condensate propagate independently. The phase distribu-
tion can be expressed asΦ(ρ, z) = αz2 +βρ2 +φth(z), where
φth(z) represents the thermal phase fluctuations and the quadra-
tic terms represent the parabolic phase developed during expan-
sion.

We now consider the interference pattern produced at one
of the output ports of the interferometer. For a separations, we
obtain the atomic density distribution:

nout(ρ, z) =
1

4
|Ψ(ρ, z − s/2) + Ψ(ρ, z + s/2)|2

=
n+

4
+

n−

4
+

√
n+n−

2
cos[∆Φ(z) + φg], (4)

with n± = n(ρ, z ± s/2) and∆Φ(z) = Φ(z + s/2) − Φ(z −
s/2). The global phase shiftφg is due to random, uncontrolled
phase shifts between the two Bragg pulses. The phase differ-
ence between the two copies is∆Φ(z) = αzs+φth(z+s/2)−
φth(z − s/2). The density of the condensate is small when the
first Bragg pulse is applied, so we neglect a small relative ve-
locity due to repulsion between the two copies. At the second
output port, the two condensate copies have an additionalπ rel-
ative phase shift due to the Bragg pulses, thereby producing a
complementary fringe pattern. In our data analysis, the images
of each output port are treated separately.

Since the global phase shiftφg fluctuates from shot to shot,
we cannot average over different images at the same separation
s. Instead, we take the contrast of each image individually and
then average the contrast.

4.2 Analysis in Fourier Space

The atoms are imaged by absorption along the verticaly-axis,
perpendicular to the long axis of the trap. The image we obtain,
rescaled to units of 2D atomic density, is the integrated density:

I(x, z) = const

∫

dy nout. (5)

kz0

24

36

48

60

72

84

96

s (µm)

z

Fig. 2. Left: One of the two output ports of the interferometer for
different separationss between the two condensate copies. The half-
length of the initial condensate isL = 85µ m. Right: Profiles of the
2D Fourier transform (absolute value) of each of the images on the
left. The profiles are normalized to equal central peak height (propor-
tional to total atom number). The position of the second peak (delim-
ited by the two lines) gives the spatial frequency of the fringes, and
the ratio of the height of the second peak to the central peak gives the
fringe contrast.

We take the 2D Fourier transform of this image and extract its
profile along the zero radial frequencykx = 0 axis:

Ĩ[0, kz] = const

∫

d3r noute
ikzz. (6)

Typical images and their 2D Fourier transform profiles are shown
in Figure 2 for different separationss. The contrast of the fringe
pattern is given by the ratio2Ĩ[0, k0(s)]/Ĩ[0, 0], wherek0(s) ≃
αs is the dominant spatial frequency of the fringe pattern. The
profiles of Figure 2 show clearly the increasing spatial fre-
quency and decreasing contrast as a function ofs.

To extract the correlation function, we take the complex
amplitude of the Fourier peak at the spatial frequencyk0 of the
fringes:

Ĩ[0, k0(s)] = eiφg

∫

d3r
√

n+n−ei∆Φth . (7)

In the absence of the global phase shiftsφg, the correlation
functionC(1)(s) would be obtained by taking the statistical av-
erage of equation (7):

C(1)(s) = 〈Ĩ[0, k0(s)]〉 =

∫

d3r 〈√n+n−ei∆Φth〉 (8)

which is identical to relation (3). However,φg changes from
shot to shot and prevents us from averaging Fourier transforms
directly in this way [48]. To eliminate this random phase, we
can take the absolute value of the Fourier transform before av-
eraging. Thus we obtain an effective correlation function:
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∣
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Fig. 3. Points represent the contrast extracted from our simulated ab-
sorption images (see text) as a function ofs/L, L being the conden-
sate half-length, forT/Tφ = 1. These points are fitted by the product
of a gaussian and an exponential (solid line) which we take to be our
theoretical effective correlation functionCeff(s).
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Fig. 4.Top: Lines are simulated effective correlation functionCeff(s)
(described in the text) as a function ofs/L for differentT/Tφ. From
the top,T/Tφ = 0, 1, 3, 10. With increasingT/Tφ, the curve changes
from a quasi-gaussian to an exponential and the width decreases. In-
set: Comparison ofCeff(s) (solid line) andC(1)(s) (dashed line) at
T/Tφ = 10. Bottom: Width at1/e of Ceff(s) (solid line) andC(1)(s)
(dashed line) as a function ofT/Tφ.

Note that although it has similar behaviour, our effective cor-
relation function is expected to be quantitatively different from
C(1)(s). Taking the absolute value of the transform reduces the
cancelling effect between the random thermal phase shifts in
the statistical average, so that the effective correlation function
Ceff(s) decays more slowly withs thanC(1)(s), as calculated
in the next section.

4.3 Simulation

The 1st order correlation functionC(1)(s) can be calculated an-
alytically [33], using the theory of [27] to account for the phase
fluctuations. However, it is not possible to obtain an analytic
expression for the effective correlation functionCeff(s) (equa-
tion (9)) which we measure. Therefore, to calculateCeff(s), we
first simulate the quasi-condensate phase fluctuations following
the theory in [27]. The phase operator is given by:

φ̂th(r) = [4n(r)]−1/2
∑

j

f+
j (r)âj + h.c., (10)

where âj is the annihilation operator of the excitation with
quantum numberj. The solution of the Bogoliubov-de Gennes
equations for “low energy” excitations (with energiesǫν <
~ω⊥) gives the wavefunctions of these modes:

f+
j (r) =

√

(j + 2)(2j + 3)gn(r)

4π(j + 1)R2Lǫj
P

(1,1)
j (z/L), (11)

whereP
(1,1)
j are Jacobi polynomials,g = 4π~

2a/m is the in-
teraction strength,a is the scattering length,R andL are the
size of the condensate in the trap andǫj = ~ωz

√

j(j + 3)/4
is the energy of modej [40]. We assume the Thomas-Fermi
approximation for the densityn(r), takingR andL from fits
to images after expansion. To simulate numerically the phase
fluctuations, we replace the operatorsâj and â†

j by complex
Gaussian random variablesαj and α∗

j . These variables have
a mean value of zero and the correlation〈αjα

∗
j′〉 = δjj′Nj

whereNj = kBT/(~ωz

√

j(j + 3)/4) is the occupation num-
ber for the quasiparticle modej at a given temperatureT . We
assume that the phase fluctuations do not evolve on the time
scale of the expansion [33]. We have verified this by studying
images of condensates after the same time-of-flight, but with-
out the interferometer pulses. In this case, we observe a smooth
density profile, with no extra features appearing in the Fourier
transform.

For a givenT/Tφ, 20 condensates are generated at each
value ofs, with s ranging from0.2L to 2L. Each condensate
is integrated overy as in equation (5). These simulated absorp-
tion images are analysed in exactly the same way as the real
experimental images. The absolute values of the Fourier trans-
forms of the images are averaged, and the contrast extracted as
in equation (9). The points in Figure 3 show the typical con-
trast extracted from our simulations forT/Tφ = 1. We found
that these points are very well fitted by the product of a gaus-
sian and an exponential, for allT/Tφ. We use these fits as our
theoretical effective correlation functionsCeff(s).

The effective correlation function was simulated for0 ≤
T/Tφ ≤ 20. Figure 4a presents results for differentT/Tφ. At
T = 0, Ceff(s) coincides withC(1)(s) [33]. This function is
simply the integrated overlap function between the two con-
densates, and is approximately a gaussian function of the sepa-
rations [32]. As T/Tφ increases, the width of the function de-
creases and its form gradually becomes exponential. In Figure
4b we plot the1/e widths of the simulatedCeff(s) functions as
a function ofT/Tφ. For comparison we show also the width of
C(1)(s) [33] which decreases much faster withT/Tφ.
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Fig. 5. Example of two experimental effective correlation profiles
(points) as a function ofs/L showing clearly the change in shape
and width withT/Tφ. Each point is averaged over 5 condensates,
each with 2 output port images. Top: AtT/Tφ = 1.35, the effec-
tive correlation curve is fitted by a gaussian (solid line), with1/e
width LC/L = 0.62. The fit to an exponential (dashed line) is shown
for comparison. Bottom: AtT/Tφ = 4.86, the effective correlation
curve is fitted better by an exponential (solid line), with1/e width
LC/L = 0.46. The fit to a gaussian (dashed line) is shown for com-
parison.

5 Experimental results

Figure 5 shows two examples of effective correlation curves
measured using our interferometer and analysed as described
above. The points shown in Figure 5a were obtained using a
magnetic trap with an aspect ratio of 45, and with an atom
number and temperature corresponding toT/Tφ = 1.35, that
is for small-amplitude phase fluctuations. The points in Fig-
ure 5b were obtained using a trapping aspect ratio of 100, and
with T/Tφ = 4.86. The contrast is plotted as function ofs/L,
obtained from a fit to a truncated parabola. Each point corre-
sponds to an average over 5 condensates. The difference in the
range ofs/L explored is due to different expansion dynamics
after release from the two different traps. In the more tightly
confined trap (Figure 5b), the axial expansion is much slower,
and thus the fringe spacing decreases more slowly withs. At
the smallest values ofs, it is therefore impossible to measure
the contrast reliably since we do not observe enough fringes.
We can extract information about the phase fluctuations from
both the shape and the width of these effective correlation func-
tions.

5.1 Shape of the effective correlation functions

First, we observe qualitatively that the shape of the effective
correlation functionsCeff(s) changes asT/Tφ increases. For
smallT/Tφ, as in Figure 5a, the curves are clearly gaussian, as
shown by the fit in the figure. As we increaseT/Tφ, the pro-
files become rapidly exponential. We see in Figure 5b that at
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Fig. 6. LC/L as a function ofT/Tφ. The solid curve is a fit using an
exponential with offset. Empty circles correspond to the two exper-
imental correlation profiles of Figure 5. Error bars represent typical
systematic errors. Inset: The solid curve is the simulated effective cor-
relation function of Figure 4b.

T/Tφ = 4.86, the curve is already better fitted by an exponen-
tial than a gaussian. At intermediate values ofT/Tφ, we can
use the product of a gaussian and an exponential to fit a smooth
curve through the data. The contribution of the exponential in-
creases rapidly in importance at finiteT , in agreement with
the simulation, reflecting the increasing amplitude of the phase
fluctuations withT/Tφ.

5.2 Comparison of coherence length LC

In order to extract quantitative information from the effective
correlation functions, we define a coherence lengthLC, equal
to the1/e width of the effective correlation curveCeff(s) [49].
We then use this parameter to compare the widths of the mea-
sured and simulated effective correlation functions. A smooth
curve is fitted through the data (using the product of a gaussian
and an exponential) and the1/e width extracted. Although the
thermal cloud plays no role in the interference pattern we ob-
serve, it appears behind the condensates in thep = 0 output
of the interferometer and thus reduces the measured contrast.
Independent measurements of the thermal fraction (between
60 % and 80 % for this experiment) allow us to renormalize
the experimental effective correlation functions to take account
of this effect. When fitting the renormalized curves, we then fix
the value ats/L = 0 to unity.

In Figure 6, we plotLC/L as a function ofT/Tφ. Impor-
tantly, we see that the coherence length varies smoothly as a
function of T/Tφ, even when the temperature is close toTφ.
This is what we should expect sinceTφ is simply a charac-
teristic temperature, defined as that at which the mean square
fluctuations of the phase difference between two points sepa-
rated by a distanceL is equal to 1. Therefore it should be borne
in mind that even condensates at temperatures belowTφ are not
necessarily fully coherent.

The inset of Figure 6 compares the measured coherence
widths with the results of the simulation (Figure 4b). Despite
the offset between the two curves, the trend of the data follows
very well that of the simulation. To compare the decrease of
the experimental and simulated coherence lengths, we fit the
data by an exponential with an offset. The experimental co-
herence length decreases by30(7)% betweenT/Tφ = 1 and
T/Tφ = 6, in good agreement with the corresponding decrease
of 28(1)% for the simulation. In the following discussion we



M. Hugbartet al.: Coherence length of an elongated condensate: a study by matter-wave interferometry 7

consider possible explanations for the observed reduction in
contrast.

5.3 Discussion

As shown in the inset of Figure 6, the measured coherence
length is offset by about25% from the results of the simula-
tion atT/Tφ = 1. In order to eliminate various possible causes
of this discrepancy, and to understand better the limitations of
our experiment, we have performed several tests.

Since the accuracy of our experiment relies on the com-
parison of fringe contrast at different spatial frequencies, it is
important to take great care in setting up and characterising
the imaging system. Therefore we measured the modulation
transfer function (MTF) (seee.g.[50]) of our complete imag-
ing systemin situ, using a USAF1951 resolution target en-
graved with 3-bar square wave patterns of spatial frequency
4–200 lines/mm, covering the range of spatial frequencies ob-
served in our interference experiment. By Fourier transform-
ing images of different regions of the target, we were able to
compare the magnitude of the different Fourier components in
the image with those of the target pattern, thereby obtaining
the MTF of our system. We found that the MTF is approxi-
mately linear, falling from 1 at zero spatial frequency to 0 at
118 lines/mm. This resolution limit at8.5 µm is in agreement
with earlier characterisations of the system [42]. The shape of
the MTF is due almost entirely to the CCD camera [51], and
is surprisingly significant at fringe spacings much greater than
the effective pixel size of2.5 µm. All contrast measurements
were corrected by this MTF. In fact, for the data obtained using
the second trapping aspect ratio, the axial expansion (and thus
the phase difference developed) was sufficiently small that the
maximum observed fringe spatial frequency was16 lines/mm
and therefore the MTF correction had a negligible effect on the
experimental effective correlation functions. In the first set of
data, where the maximum fringe frequency was38 lines/mm (a
fringe spacing of25 µm), the correction was more significant,
changing the width of the curves by typically 10%, though still
leaving a 20% discrepancy with the simulation.

We also considered the error introduced by a small focus-
sing error. The imaging system is focussed onto the conden-
sate to within±0.2 mm by minimising the imaged size of a
small condensate as a function of the objective lens position.
However, by varying the time-of-flight used, we may have in-
troduced an error of up to±1 mm. Such an error could also
be introduced by small changes to the residual magnetic fields,
which lead to changes in the release velocity of the condensate
when the magnetic trap is switched off. We measured effective
correlation curves for different foci of the imaging system, but
found that the width of the effective correlation curve changed
by less than the existing spread in the points.

Other possible sources of error, such as the alignment of the
imaging beam with respect to the condensates’ fringes and cor-
rect background subtraction have also been eliminated. On Fig-
ure 6, we indicate the systematic errors for two points. These
include calibration errors on the atom number and the image
magnification. The uncertainty on the focussing adds a further
error toLC/L, which depends on the fringe spacing and thus
on the axial trap frequency. These error bars show clearly that

24 36 48 60 s (µm)

72 84 96 s (µm)

Fig. 7. Zoom on images of Figure 2. Circles represents the edge of
the two condensates displaced by a distances. The “extra” fringes are
visible outside of the overlap region of the two condensates.

these systematic uncertainties are not sufficient to explain the
discrepancy between the data and the theoretical prediction.

There remains in our experiment an unexplained pheno-
menon regarding the distribution of the fringe pattern. We ex-
pect to see fringes only in the region where the two condensates
overlap. However, it can be seen in the images of Figure 7 that
the fringes extend to the edges of each condensate. Moreover,
these “extra” fringes have the same spatial frequency and phase
as the central fringes. Although it is possible that a small frac-
tion of the thermal cloud is coupled by the Bragg beams, inter-
ference fringes produced in this way [30] would have a much
smaller fringe spacing, less than6 µm. More importantly, the
contributions from different parts of the original thermal cloud,
whose width is∼100 µm, would sum incoherently to wash out
the fringe pattern. It is more likely that these extra fringes arise
as a result of interactions during the application of the Bragg
pulses, but better modelling is still needed before evaluating
whether their presence should increase or decrease the overall
measured contrast.

6 Conclusion

We have demonstrated a new type of matter-wave interferom-
etry using Bragg beam-splitter pulses and Fourier space anal-
ysis. Our results show that the expected shape of the correlation
functions changes from a gaussian-like shape to an exponential-
like shape when the amplitude of phase fluctuations is increased.
The coherence length of elongated condensates varies smoothly
at temperatures close toTφ, as predicted by theory. This high-
lights the fact that the characteristic phase temperatureTφ does
not indicate a transition to full phase coherence, but rather that
condensates exhibit phase fluctuations at all finite temperatures,
albeit of small amplitude. This may place constraints on the
trapping geometries which can be used for creating measure-
ment devices based on the phase coherence of condensates.
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(1999)

3. D. Müller, D.Z. Anderson, R.J. Grow, P.D.D. Schwindt and E.A.
Cornell, Phys. Rev. Lett.83, 5194 (1999)

4. N.H. Dekkeret al, Phys. Rev. Lett.84, 1124 (2000)
5. A. Haase, D. Cassettari, B. Hessmo and J. Schmiedmayer, Phys.

Rev. A64, 043405 (2001)
6. J. Fort́agh, H. Ott, G. Schlotterbeck and C. Zimmermann, Appl.

Phys. Lett.81, 1146 (2002)
7. M.P.A. Jones, C.J. Vale, D. Sahagun, B.V. Hall and E.A. Hinds,

Phys. Rev. Lett.91, 080401 (2003)
8. W. Hänsel, P. Hommelhoff, T.W. Ḧansch and J. Reichel, Nature
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❧♦♥❣✉❡✉r ❞❡ ❝♦❤✓❡r❡♥❝❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts
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▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❏✬❛❜♦r❞❡ ❞❛♥s ❝❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❧❡s ❛s♣❡❝ts ♣❧✉s ♣r♦s♣❡❝t✐❢ ❞❡ ♠♦♥ ❛❝t✐✈✐t✓❡✳ ▲❡s q✉❡st✐♦♥s

❢♦♥❞❛♠❡♥t❛❧❡s ❛✉①q✉❡❧❧❡s ♦♥ ♣❡✉t s✬✐♥t✓❡r❡ss❡r s♦♥t ✿ ❁ ◗✉❡❧ ❢✉t✉r ♣♦✉r ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s

❝♦❤✓❡r❡♥ts ❄ ◗✉❡❧❧❡s s♦♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡ ❝❡s s♦✉r❝❡s ❄ ❃✳ ❏✬❛✐ ❛❜♦r❞✓❡ ❝❡tt❡ ♣r♦✲

❜❧✓❡♠❛t✐q✉❡ s❡❧♦♥ tr♦✐s ♣♦✐♥ts ❞❡ ✈✉❡ ❝♦♠♣❧✓❡♠❡♥t❛✐r❡s q✉✐ s♦♥t ❛❜♦r❞✓❡s ✐❝✐ ✿

✶✳ ◗✉❡❧❧❡ s♦♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❧❛ ❢♦rt❡ ❧✉♠✐♥❛♥❝❡ ❡t ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞❡s ❝♦♥❞❡♥s❛ts ❞❡

❇♦s❡✲❊✐♥st❡✐♥ ❡t ❧❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ❄ Pr✐♥❝✐♣❛❧❡♠❡♥t✱ ❧❛ ❢♦rt❡ ❧✉♠✐♥❛♥❝❡ ♣❡r♠❡t ❞✬❡♥✈✐✲

s❛❣❡r ❞❡s ❧♦♥❣✉❡✉rs ❞❡ ❜r❛s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✭♦✉ ❞❡s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥✮ ❜❡❛✉❝♦✉♣

♣❧✉s ✐♠♣♦rt❛♥t q✉✬❛✈❡❝ ❞❡s s♦✉r❝❡s ❝❧❛ss✐q✉❡s✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❡♥✈✐s❛❣❡r ❞❡s ❞✐s♣♦s✐t✐❢s

❛st✉❝✐❡✉① ♦✒✉ ❧❡s ❛t♦♠❡s s♦♥t ❝♦♥s❡r✈✓❡s ❛✉ ♠❫❡♠❡ ❡♥❞r♦✐t ♣❡♥❞❛♥t ✉♥❡ ❧♦♥❣✉❡ ✐♥t❡rr♦❣❛✲

t✐♦♥✱ ❡♥ ✉t✐❧✐s❛♥t ♣❛r ❡①❡♠♣❧❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ ❇❧♦❝❤ ❬✶❪✱ ♦✉✱ ❞❡s ♣✉❧s❡s ❞❡ ❞✐☛r❛❝t✐♦♥

r✓❡♣✓❡t✓❡s ✭♣r♦❣r❛♠♠❡ ✒❛ ❧✬✓❡t✉❞❡ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❈✳ ❇♦r❞✓❡ ❡t ❋✳ ■♠♣❡♥s✮✳ ◆✓❡❛♥♠♦✐♥s✱

✉♥❡ ❛✉tr❡ ❣r❛♥❞❡ ♦♣♣♦rt✉♥✐t✓❡ ❞✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ❧♦♥❣s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❡st ❞❡

s✬❛☛r❛♥❝❤✐r ❞❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ❡♥ ❛❧❧❛♥t ❞❛♥s ❧✬❡s♣❛❝❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡

❝❡tt❡ ♣❡rs♣❡❝t✐✈❡ ♦✉✈r❡ ❞❡ ♣❧✉s ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ t❡st❡r ✒❛ ✉♥❡ ❣r❛♥❞❡ ♣r✓❡❝✐s✐♦♥ ❧❡s ❡☛❡ts

✐♥❡rt✐❡❧s r❡❧✐✓❡s ✒❛ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳

✷✳ ◗✉❡❧❧❡ ✉t✐❧✐s❛t✐♦♥ ♣❡✉t✲♦♥ ❢❛✐r❡ ❞❡ ❧❛ ♥❛t✉r❡ q✉❛♥t✐q✉❡ ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡st ♣❡✉t✲❫❡tr❡ ♣♦ss✐❜❧❡ ❞❡ r✓❡❛❧✐s❡r ❞❡s ✓❡t❛ts ❢♦rt❡♠❡♥t ❝♦rr✓❡❧✓❡s✱ s❛♥s

✓❡q✉✐✈❛❧❡♥ts ❝❧❛ss✐q✉❡s✳ ❖♥ ♣❡✉t ❛✐♥s✐ ♠♦♥tr❡r ✭✈♦✐r ♣❛❣❡ ✷✽✼✮ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛✉❣✲

♠❡♥t❡r ❣r❛♥❞❡♠❡♥t ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✉t✐❧✐s❛♥t ❞❡s ✓❡t❛ts ✐♥tr✐q✉✓❡s ❡♥

❡♥tr✓❡❡✳

✸✳ ❊♥☞♥✱ ❧❛ ❢♦rt❡ ❧✉♠✐♥❛♥❝❡ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ❧❡ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞❡ s❡♥s❡✉rs ♠✐♥✐❛t✉r❡✱

✐♥t✓❡❣r✓❡s s✉r ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s ❬✷✱ ✸✱ ✹❪ ♦✉ ❞❛♥s ❞❡s ♠✐❝r♦str✉❝t✉r❡s ♦♣t✐q✉❡s ❬✺❪✳

◆♦✉s ♣r✓❡s❡♥t❡r♦♥s ❜r✐✒❡✈❡♠❡♥t ❝❡t ❛s♣❡❝t q✉✐ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❛❜♦r❞✓❡ s✉r ❧❡ ♠♦♥t❛❣❡

❞❡ ❙♦✉r❝❡ ❆t♦♠✐q✉❡ ❈♦❤✓❡r❡♥t❡ ❱❡rs❛t✐❧❡✳

✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ✷✱ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❛ s✉s❝✐t✓❡ ❝❡s ❞❡r♥✐✒❡r❡s

❛♥♥✓❡❡s ✉♥ ✐♥t✓❡r❫❡t t♦✉t ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧✬♦❜❥❡❝t✐❢ ❞✬✉♥❡ ✉t✐❧✐s❛t✐♦♥ ❝♦♠♠❡ ❝❛♣t❡✉r ✐♥❡rt✐❡❧✳

❊♥ ❡☛❡t✱ ❝❡s ♥♦✉✈❡❛✉① ❝❛♣t❡✉rs ♣❡r♠❡tt❡♥t ✉♥❡ tr✒❡s ❜♦♥♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❛ ♣r✐♦r✐ ❞✉ ❢❛❝t❡✉r



✷✼✹ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❞✬✓❡❝❤❡❧❧❡ ❡t ❛❜♦✉t✐ss❡♥t ❞♦♥❝ ✒❛ ✉♥❡ tr✒❡s ❜♦♥♥❡ ❡①❛❝t✐t✉❞❡ ❞❡s ❛♣♣❛r❡✐❧s✳ ❉❡ ♣❧✉s✱ ❧❡ ❢♦♥❝✲

t✐♦♥♥❡♠❡♥t ❞❡ ❝❡s ❝❛♣t❡✉rs r❡♣♦s❡ s✉r ❞❡s ♣r✐♥❝✐♣❡s ♣❤②s✐q✉❡s ❢♦♥❞❛♠❡♥t❛✉① ✿ ❧❛ ♠✓❡❝❛♥✐q✉❡

q✉❛♥t✐q✉❡✱ ❡t ♥♦t❛♠♠❡♥t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❛t♦♠❡✴❧✉♠✐✒❡r❡✳ ❈❡tt❡ ❁ ♦r✐❣✐♥❛❧✐t✓❡ ❃ ♣❡r♠❡t ✉♥❡

❝♦♠♣r✓❡❤❡♥s✐♦♥ tr✒❡s ☞♥❡ ❞❡ ❧❡✉r ❢♦♥❝t✐♦♥♥❡♠❡♥t✱ ❥✉st✐☞❛♥t ❛✐♥s✐ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡ t②♣❡ ❞❡ s❡♥✲

s❡✉rs ❞❛♥s ❧❛ ❞✓❡☞♥✐t✐♦♥ ❞❡s ❣r❛♥❞❡✉rs ❞❡ r✓❡❢✓❡r❡♥❝❡ ✭❤♦r❧♦❣❡s ❛t♦♠✐q✉❡s ❡t ❜❛❧❛♥❝❡ ❞✉ ❲❛tt✮✳

❈❡s q✉❛❧✐t✓❡s s♦♥t ♥♦♥ ♠♦✐♥s ♣r✐♠♦r❞✐❛❧❡s ❞❛♥s ❧✬♦❜❥❡❝t✐❢ ❞❡ t❡sts ❞❡ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t

♥♦t❛♠♠❡♥t ♣♦✉r ❛tt❡✐♥❞r❡ ❧❡s ♥✐✈❡❛✉① ❞❡ ♣❡r❢♦r♠❛♥❝❡ ✉❧t✐♠❡s q✉❡ r❡q✉✐✒❡r❡♥t ❧❡s t❡sts ❞❡ ❧❛

r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳ ◆✓❡❛♥♠♦✐♥s✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❛♣t❡✉rs ✐♥❡rt✐❡❧s ✒❛ ❛t♦♠❡s ❢r♦✐❞s s♦✉☛r❡ ❞✬✉♥❡

s✓❡✈✒❡r❡ ❧✐♠✐t❛t✐♦♥ ✿ ❧❛ ❣r❛✈✐t✓❡✳ ❈❡tt❡ ❛❝❝✓❡❧✓❡r❛t✐♦♥ ❝♦♥s✓❡q✉❡♥t❡✱ ❜✐❡♥ q✉✬❡❧❧❡ ♣✉✐ss❡ ❫❡tr❡ ✉t✐❧✐s✓❡❡

✒❛ ❜♦♥ ❡s❝✐❡♥t ❞❛♥s ❞❡s ❝♦♥☞❣✉r❛t✐♦♥s s✐♠✐❧❛✐r❡s ❛✉① ❤♦r❧♦❣❡s ❡♥ ❢♦♥t❛✐♥❡✱ ❧✐♠✐t❡ ❧❡ t❡♠♣s ❞✬✐♥✲

t❡rr♦❣❛t✐♦♥✱ ❡t ❞♦♥❝ ❞✐r❡❝t❡♠❡♥t ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❝❡s ❛♣♣❛r❡✐❧s✳ ▲❡✉r ✉t✐❧✐s❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡

♣❡r♠❡t ❞❡ ❜✓❡♥✓❡☞❝✐❡r ❞❡ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ③✓❡r♦✲❣ ❡t ❞✬❛✉❣♠❡♥t❡r ❛✐♥s✐ ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡

❣r❛♥❞❡✉r ❧❡✉r s❡♥s✐❜✐❧✐t✓❡✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞✬✉♥ ❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ❝r♦❫✏t ❝♦♠♠❡ ❧❡ ❝❛rr✓❡

❞✉ t❡♠♣s ❞✬✐♥t❡r❛❝t✐♦♥✳ ❖♥ ♣❛ss❡ ❛❧♦rs ❞✬✉♥❡ ❞✉r✓❡❡ t②♣✐q✉❡ ❞❡ ✶✵✵ ♠s s✉r t❡rr❡ ✒❛ ♣❧✉s✐❡✉rs

s❡❝♦♥❞❡s ✈♦✐r❡ ♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞❡ s❡❝♦♥❞❡s ❞❛♥s ❧✬❡s♣❛❝❡✳ P♦✉r ❝❡s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥

❝♦♥s✓❡q✉❡♥ts✱ ✉♥❡ ❛✉tr❡ ❧✐♠✐t❡ ♣❡✉t ❛♣♣❛r❛❫✏tr❡✳ P❛r ❡①❡♠♣❧❡✱ ❞❡s ❛t♦♠❡s ❢r♦✐❞s ✭❞❡ ❧✬♦r❞r❡ ❞❡

✶ ✖❑✮ s✬✓❡t❛❧❡♥t s✉r ♣r❡sq✉❡ ✶✵ ❝♠ ❛♣r✒❡s q✉❡❧q✉❡s s❡❝♦♥❞❡s ❞✬✐♥t❡rr♦❣❛t✐♦♥✳ ▲✬❡①♣❧♦✐t❛t✐♦♥ ❞✉

❢♦r♠✐❞❛❜❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❝❡s s❡♥s❡✉rs ❞❛♥s ❧✬❡s♣❛❝❡✱ ❞❡♠❛♥❞❛♥t ❛❧♦rs ❧❡s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥

♠❛①✐♠❛✉①✱ r❡♣♦s❡ ❞♦♥❝ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ♥♦♥ ♣❧✉s ❞✬❛t♦♠❡s ❢r♦✐❞s ♠❛✐s ❞✬❛t♦♠❡s ✉❧tr❛✲❢r♦✐❞s

❝♦♠♠❡ ❧❡s ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♦✉ ❧❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s✳

✻✳✶✳✶ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❛t♦♠❡s ❡♥ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ✿ ❣r❛✈✐✲

t❛t✐♦♥ ❡t r❡❧❛t✐✈✐t✓❡

❆♣r✒❡s ❧❛ ♠✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❡①♣✓❡r✐♠❡♥t❛❧❡ ❞✉ ❞✓❡❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ ❞❡ ❧❛ ❢r✓❡q✉❡♥❝❡ ❞✬✉♥

♣❤♦t♦♥ s✬✓❡❧♦✐❣♥❛♥t ❞✬✉♥ ❝♦r♣s ♠❛ss✐❢ ❬✻❪✱ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡①♣✓❡r✐❡♥❝❡s ♦♥t ✓❡t✓❡ ✓❡❧❛❜♦r✓❡❡s

♣♦✉r ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡s ❡☛❡ts ♣r✓❡❞✐ts ♣❛r ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡t✱ ❥✉sq✉✬✒❛

♣r✓❡s❡♥t✱ ❡ss❡♥t✐❡❧❧❡♠❡♥t q✉❛tr❡ ❡☛❡ts ♦♥t ♣❡r♠✐s ❞❡ ❧❛ ✈❛❧✐❞❡r ✿ ❧❡ ❞✓❡❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡

❞❡s ♣❤♦t♦♥s s✬✓❡❧♦✐❣♥❛♥t ❞✬✉♥ ❝♦r♣s ♠❛ss✐❢ ❬✻✱ ✼❪✱ ❧❛ ❞✓❡✌❡①✐♦♥ ♣❛r ❧❡ s♦❧❡✐❧ ❞❡s ♣❤♦t♦♥s ✐ss✉s

❞❡s ✓❡t♦✐❧❡s ❬✽✱ ✾✱ ✶✵❪ ❡t ♣❧✉s ❣✓❡♥✓❡r❛❧❡♠❡♥t ❧❡s ❧❡♥t✐❧❧❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s✱ ❧❡ ❞✓❡♣❧❛❝❡♠❡♥t ❞✉

♣✓❡r✐❤✓❡❧✐❡ ❞❡ ▼❡r❝✉r❡ ❬✶✶❪ ❡t ❧❛ ♠✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡ ❧✬❡☛❡t ❙❤❛♣✐r♦ ❬✶✷✱ ✶✸❪✳ ❉❡♣✉✐s ◆❡✇t♦♥✱

❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ ❛ ✉♥ r❛♣♣♦rt ♣r✐✈✐❧✓❡❣✐✓❡ ❛✈❡❝ ❧❡ s②st✒❡♠❡ s♦❧❛✐r❡✳ ❆✉❥♦✉r❞✬❤✉✐ ❧❡s

♠❡s✉r❡s ❞❡ ❧❛ st❛t✐♦♥ ▲❛s❡r✲▲✉♥❡ ❝♦♥❞✉✐s❡♥t ✒❛ ❞❡s t❡sts ❡①tr❫❡♠❡♠❡♥t ☞♥s ❞❡ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛

❣r❛✈✐t❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ❧❡s t❡❝❤♥✐q✉❡s s♣❛t✐❛❧❡s ♣❡r♠❡tt❡♥t ♠❛✐♥t❡♥❛♥t ❞❡ ♣r♦♣♦s❡r ❞❡ ♥♦✉✈❡❧❧❡s

❡①♣✓❡r✐❡♥❝❡s ♣❡r♠❡tt❛♥t ❞❡ ✈✓❡r✐☞❡r ❧❡s ❧♦✐s ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ ❛✈❡❝ ❧❛ ♠❡✐❧❧❡✉r❡ ♣r✓❡❝✐s✐♦♥ ♣♦ss✐❜❧❡

❡t ✒❛ ❞✐✈❡rs❡s ✓❡❝❤❡❧❧❡s ❞❡ ❞✐st❛♥❝❡✳ ▲✬❛❜s❡♥❝❡ ❞❡ ❜r✉✐t s✐s♠✐q✉❡ ❡t ❧❛ q✉❛s✐✲❛♣❡s❛♥t❡✉r q✉✐

❝❛r❛❝t✓❡r✐s❡♥t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t s♣❛t✐❛❧ ❡♥ ❢♦♥t ✉♥ ❧❛❜♦r❛t♦✐r❡ ♣r✐✈✐❧✓❡❣✐✓❡ ♣♦✉r ✉♥ t❡❧ ♣r♦❣r❛♠♠❡✳

❈❡❝✐ ❡st ✈r❛✐ ♣♦✉r ❧❡s ♣r♦❥❡ts ❞❡ ❞✓❡t❡❝t✐♦♥ ❞❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s ❡t ❞❡ t❡st ❞✉ ♣r✐♥❝✐♣❡

❞✬✓❡q✉✐✈❛❧❡♥❝❡ ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡s ♣r♦❥❡ts ❞❡ t❡st ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❢♦♥❞✓❡s s✉r ❞❡s ❤♦r❧♦❣❡s



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✼✺
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Interrogation time (s)

ultra-cold

sub-Doppler

Doppler

❋✐❣✳ ✻✳✶ ✿ ❚❡♠♣✓❡r❛t✉r❡ ♠❛①✐♠✉♠ q✉❡ ❞♦✐t ❛✈♦✐r ✉♥❡ s♦✉r❝❡ ❛t♦♠✐q✉❡ ♣♦✉r q✉❡ ❧❡ s✐❣♥❛❧ ♥❡ s♦✐t ♣❛s
❞✓❡❣r❛❞✓❡ ♣❛r ❧✬❡①♣❛♥s✐♦♥ ❜❛❧✐st✐q✉❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥✳ ❈❡tt❡ t❡♠♣✓❡r❛t✉r❡ ❛ ✓❡t✓❡ ❝❛❧❝✉❧✓❡❡
♣♦✉r ✉♥ t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❞♦♥♥✓❡ ❡♥ ♣r❡♥❛♥t ✉♥ ❞✓❡t❡❝t❡✉r ❞✬❛t♦♠❡s ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ✶✵ ❝♠✷ ❡t ❡♥
❞✓❡☞♥✐ss❛♥t ❧❛ ❧✐♠✐t❡ ❞❡ ❞✓❡❣r❛❞❛t✐♦♥ ❞✉ s✐❣♥❛❧ ❧♦rsq✉❡ ❧❛ ♠♦✐t✐✓❡ ❞❡s ❛t♦♠❡s ♥❡ s♦♥t ♣❧✉s ❞✓❡t❡❝t✓❡s✳ ▲❡s
❧✐❣♥❡s ❤♦r✐③♦♥t❛❧❡s ♣♦✐♥t✐❧❧✓❡❡s ❞✓❡☞♥✐ss❡♥t ❧❡s ❧✐♠✐t❡s ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ❉♦♣♣❧❡r ❡t s✉❜✲❉♦♣♣❧❡r✳ ❖♥
❝♦♥st❛t❡ q✉❡ ♠❫❡♠❡ ❛✈❡❝ ✉♥ ❞✓❡t❡❝t❡✉r ❞❡ ❝❡tt❡ t❛✐❧❧❡✱ ❞❡s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs s❡❝♦♥❞❡s
♥✓❡❝❡ss✐t❡♥t ❞❡s t❡♠♣✓❡r❛t✉r❡s ♥❡tt❡♠❡♥t s✉❜✲❉♦♣♣❧❡r✱ ♦✒✉ ❧❡ r✓❡❣✐♠❡ ❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ q✉❛♥t✐q✉❡ ♣❡✉t
❫❡tr❡ ❛tt❡✐♥t✳

✒❛ ❛t♦♠❡s ❢r♦✐❞s✳

❇✐❡♥ q✉✬❡❧❧❡ s♦✐t ❧❛ ♣❧✉s ❛♥❝✐❡♥♥❡ ❞❡s ❝♦♥st❛♥t❡s ❢♦♥❞❛♠❡♥t❛❧❡s ❞❡ ❧❛ ♣❤②s✐q✉❡✱ ❧❛ ❝♦♥st❛♥t❡

❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ● ❡st ❛✉ss✐ ❝❡❧❧❡ q✉✐ ❡st ♠❡s✉r✓❡❡ ❛✈❡❝ ❧❛ ♠♦✐♥s ❜♦♥♥❡ ♣r✓❡❝✐s✐♦♥✳

P❛r❛❧❧✒❡❧❡♠❡♥t✱ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ ❛ ❛✉ss✐ s✉❜✐ ❞❡ ♣r♦❢♦♥❞s ❝❤❛♥❣❡♠❡♥ts ❛✈❡❝ ❧✬❛♣♣❛r✐✲

t✐♦♥ ❞✬✉♥❡ ♠✉❧t✐t✉❞❡ ❞❡ t❤✓❡♦r✐❡s ❛❧t❡r♥❛t✐✈❡s ✒❛ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❞✬❊✐♥st❡✐♥ ❞♦♥t ❝❡rt❛✐♥❡s

s♦♥t ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ ✈✐❛❜❧❡s✳ ❊♥ ❡☛❡t✱ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡st ✉♥❡ t❤✓❡♦r✐❡ ♣✉r❡♠❡♥t ❝❧❛s✲

s✐q✉❡✳ ❊❧❧❡ ♣r✓❡s❡♥t❡ ❞❡s ❞✐✍❝✉❧t✓❡s t♦✉t ✒❛ ❢❛✐t ♣❛rt✐❝✉❧✐✒❡r❡s ✈✐s✲✒❛✲✈✐s ❞❡ ❧❛ q✉❛♥t✐☞❝❛t✐♦♥✳ ❖♥

♥❡ ❞✐s♣♦s❡ ♣❛s ❡♥❝♦r❡ ✒❛ ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡ ❞✬✉♥❡ t❤✓❡♦r✐❡ q✉❛♥t✐q✉❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥✳ ❉❡ ❝❡

❢❛✐t✱ ❞❡ ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s s❡ tr♦✉✈❛♥t ✒❛ ❧✬✐♥t❡r❢❛❝❡ ❡♥tr❡ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥

❡t ❝❡❧❧❡ ❞❡s ❛✉tr❡s ✐♥t❡r❛❝t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s✱ ❞♦♠✐♥❛♥t❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ♠✐❝r♦s❝♦♣✐q✉❡✱

s♦♥t ❡♥❝♦r❡ ♠❛❧ ❝♦♠♣r✐s❡s✳ ❉❡ ♣❧✉s✱ t♦✉t❡s ❧❡s t❡♥t❛t✐✈❡s ❞✬✉♥✐☞❝❛t✐♦♥ t❤✓❡♦r✐q✉❡ q✉✐ s♦♥t

tr✒❡s ❛❝t✐✈❡♠❡♥t ❞✓❡✈❡❧♦♣♣✓❡❡s ❝♦♥❞✉✐s❡♥t ✒❛ ❞❡s ♠♦❞✐☞❝❛t✐♦♥s ❞❡ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥✳

❈❡❧❧❡s✲❝✐ ✐♥tr♦❞✉✐s❡♥t s♦✉✈❡♥t ❞❡s ✈✐♦❧❛t✐♦♥s ❛♣♣❛r❡♥t❡s ❞✉ ♣r✐♥❝✐♣❡ ❞✬✓❡q✉✐✈❛❧❡♥❝❡ q✉✐ ❡st ❧❛

❜❛s❡ ❞❡ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳

❈❡s ✈✐♦❧❛t✐♦♥s ♣♦✉rr❛✐❡♥t s❡ ♠❛♥✐❢❡st❡r ❞❛♥s ❧❡s t❡sts ❡①♣✓❡r✐♠❡♥t❛✉① ✒❛ ✉♥ ❞❡❣r✓❡ ❞❡ ♣r✓❡❝✐s✐♦♥

♠❡✐❧❧❡✉r❡ q✉❡ ❝❡❧✉✐ q✉✐ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❞✓❡♠♦♥tr✓❡✳ ▲❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ✓❡t❛♥t ✉♥❡ t❤✓❡♦r✐❡

❢♦♥❞❛♠❡♥t❛❧❡ s❛♥s ❛✉❝✉♥ ♣❛r❛♠✒❡tr❡ ❧✐❜r❡✱ t♦✉t t❡st ❞✐s❝r✐♠✐♥❛♥t ❝♦♥❞✉✐s❛♥t ✒❛ ✉♥❡ ✓❡✈❡♥t✉❡❧❧❡

❞✓❡✈✐❛t✐♦♥ ❛✉r❛✐t ✉♥ ✐♠♣❛❝t ❝♦♥s✐❞✓❡r❛❜❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥ ❛str♦♣❤②s✐q✉❡ ❡t ❡♥ ❝♦s♠♦❧♦❣✐❡✳ ❆



✷✼✻ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❝♦♥tr❛r✐♦✱ t♦✉t❡ ❝♦♥☞r♠❛t✐♦♥ ✒❛ ✉♥ ♠❡✐❧❧❡✉r ❞❡❣r✓❡ ❞❡ ♣r✓❡❝✐s✐♦♥ ✈✐❡♥t ❝♦♥❢♦rt❡r ❧✬✉♥ ❞❡s ♣✐❧✐❡rs

❞❡ ❧❛ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t ❝♦♥tr❛✐♥❞r❡ ❧❡s ♥♦♠❜r❡✉① ♠♦❞✒❡❧❡s ❛❧t❡r♥❛t✐❢s✳ ▲✬✐♥t❡r❛❝t✐♦♥

❣r❛✈✐t❛t✐♦♥♥❡❧❧❡ ❥♦✉❡ ✉♥ r❫♦❧❡ ♣r✓❡❞♦♠✐♥❛♥t ❞❛♥s ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧✬✓❡❝❤❡❧❧❡ ♠❛❝r♦s❝♦♣✐q✉❡ ❥✉s✲

q✉✬✒❛ ❧✬✓❡❝❤❡❧❧❡ ❞❡ ❧✬✉♥✐✈❡rs✳ ❊❧❧❡ ❡st ❜✐❡♥ ❞✓❡❝r✐t❡ ♣❛r ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ♠❛✐s

❞❡s q✉❡st✐♦♥s ✐♠♣♦rt❛♥t❡s r❡st❡♥t ❝❡♣❡♥❞❛♥t ❡♥ s✉s♣❡♥s✳ ❯♥❡ ♣r✓❡❞✐❝t✐♦♥ ❡ss❡♥t✐❡❧❧❡ ❞❡ ❧❛

r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡st ❧✬❡①✐st❡♥❝❡ ❞❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥♥❡❧❧❡s ❬✶✹❪ s❡ ♣r♦♣❛❣❡❛♥t ❝♦♠♠❡ ❧❡s

♦♥❞❡s ✓❡❧❡❝tr♦♠❛❣♥✓❡t✐q✉❡s ✒❛ ❧❛ ✈✐t❡ss❡ ❞❡ ❧❛ ❧✉♠✐✒❡r❡✳ ❈❡ r❛②♦♥♥❡♠❡♥t ❛ ✓❡t✓❡ ♠✐s ❡♥ ✓❡✈✐❞❡♥❝❡

❞❡ ♠❛♥✐✒❡r❡ ✐♥❞✐r❡❝t❡ ♣❛r ❧❡ ❝❤r♦♥♦♠✓❡tr❛❣❡ ❞❡s ♣✉❧s❛rs ❜✐♥❛✐r❡s✱ ♠❛✐s ✐❧ ♥✬❛ ♣❛s ❡♥❝♦r❡ ✓❡t✓❡

♦❜s❡r✈✓❡ ❞✐r❡❝t❡♠❡♥t✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞✐r❡❝t❡ ❞✉ r❛②♦♥♥❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ❡st ❧✬♦❜❥❡❝t✐❢ ❞❡s

❣r❛♥❞s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❝♦♠♠❡ ❧❡ ♣r♦❥❡t ❢r❛♥❝♦✲✐t❛❧✐❡♥ ❱■❘●❖ ❡♥ ❝♦♥str✉❝t✐♦♥ ♣r✒❡s ❞❡ P✐s❡✱

❧❡ ♣r♦❥❡t ❛❧❧❡♠❛♥❞ ●❊❖ ✻✵✵✱ ❧❡ ♣r♦❥❡t ❛♠✓❡r✐❝❛✐♥ ▲■●❖✳ ❖✉tr❡ s♦♥ ❣r❛♥❞ ✐♥t✓❡r❫❡t s❝✐❡♥t✐☞q✉❡✱

❝❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❞✐r❡❝t❡ ♦✉✈r✐r❛✐t ✉♥❡ ♥♦✉✈❡❧❧❡ ❢❡♥❫❡tr❡ ❞✬♦❜s❡r✈❛t✐♦♥ ❛str♦♣❤②s✐q✉❡✳ ❉❡ ❢✉✲

t✉rs ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❡♥❝♦r❡ ♣❧✉s ❣r❛♥❞s✱ ❡♥ ♦r❜✐t❡ ❛✉t♦✉r ❞❡ ❧❛ ❚❡rr❡ ♦✉ ♠❫❡♠❡ ❛✉t♦✉r ❞✉

❙♦❧❡✐❧✱ ♣❡r♠❡ttr❛✐❡♥t ❞❡ ❞✓❡t❡❝t❡r ❧❡ r❛②♦♥♥❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ✒❛ ❞❡s ❢r✓❡q✉❡♥❝❡s ♣❧✉s ❜❛ss❡s

✭♣r♦❥❡t ▲■❙❆✮✳

P♦✉rq✉♦✐ ✉t✐❧✐s❡r ❧❡s s❡♥s❡✉rs ✒❛ ❛t♦♠❡s ❢r♦✐❞s

❚♦✉t❡s ❧❡s ❡①♣✓❡r✐❡♥❝❡s ❝✐t✓❡❡s ❝✐✲❞❡ss✉s ♣r✓❡s❡♥t❡♥t ❧❛ ❝❛r❛❝t✓❡r✐st✐q✉❡ ❝♦♠♠✉♥❡ ❞❡ ❝❤❡r❝❤❡r ✒❛

♠❡s✉r❡r ❞❡s ❡☛❡ts ❡①tr❫❡♠❡♠❡♥t ♣❡t✐ts✱ q✉❡ ❝❡ s♦✐t ❧❡s ❡☛❡ts ✐♥❞✉✐ts ♣❛r ❧❡s ♦♥❞❡s ❣r❛✈✐t❛t✐♦♥✲

♥❡❧❧❡s ♦✉ ❞✬✓❡✈❡♥t✉❡❧❧❡s ✈✐♦❧❛t✐♦♥s ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳ ❊❧❧❡s ❢♦♥t ❛♣♣❡❧ ❛✉① t❡❝❤♥♦❧♦❣✐❡s ❧❡s

♣❧✉s ❛✈❛♥❝✓❡❡s✱ ❧❡s t❡❝❤♥♦❧♦❣✐❡s ❝r✐t✐q✉❡s ✓❡t❛♥t s♦✉✈❡♥t s✐♠✐❧❛✐r❡s ❞❛♥s ♣❧✉s✐❡✉rs ❡①♣✓❡r✐❡♥❝❡s✳

▲❡s ♣r♦❜❧✒❡♠❡s ❞❡ s✐♠✉❧❛t✐♦♥✱ ❞❡ ❝♦♥tr❫♦❧❡ ❞✉ ❜r✉✐t✱ ❞❡ tr❛✐t❡♠❡♥t ❞❡s ❞♦♥♥✓❡❡s ♦♥t s♦✉✈❡♥t

❞❡s ❛s♣❡❝ts ❧✐♠✐t❛♥t ✒❛ t♦✉t❡s ❝❡s ❡①♣✓❡r✐❡♥❝❡s✳

▲❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s✱ ♣❛r ❧❡ ❢❛✐t q✉❡ ♣❛r ❞✓❡❢❛✉t✱ ❧❡s ♠♦✉✈❡♠❡♥ts ❛t♦♠✐q✉❡s s♦♥t

♣❛r❢❛✐t❡♠❡♥t ❝♦♥tr❫♦❧✓❡s ✭✒❛ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣✮✱ ♦☛r❡♥t ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ♣♦t❡♥t✐❡❧❧❡♠❡♥t

♣r♦♠❡tt❡✉s❡ ✒❛ t♦✉t❡s ❝❡s ❡①♣✓❡r✐❡♥❝❡s✱ ❡t ❛✉❥♦✉r❞✬❤✉✐ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡①♣✓❡r✐❡♥❝❡s ❝♦♠✲

♠❡♥❝❡♥t ✒❛ s✬✐♥t✓❡r❡ss❡r ✒❛ ❧❛ ♠❡s✉r❡ ❞❡ t♦✉s ❝❡s ❡☛❡ts ❢♦♥❞❛♠❡♥t❛✉①✳ ❆✐♥s✐✱ ❧❡ ❣r❛❞✐♦♠✒❡tr❡

❛t♦♠✐q✉❡ ♣r✓❡s❡♥t✓❡ ❛✉ ❝❤❛♣✐tr❡ ✷ ❛ ♣❡r♠✐s ❞✬❡☛❡❝t✉❡r ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ✉♥❡ ♠❡s✉r❡ ❞❡ ●

❛✈❡❝ ❧❡s ❛t♦♠❡s✳ ❯♥ ❞✐s♣♦s✐t✐❢ ❞✓❡❞✐✓❡ ✒❛ ❝❡tt❡ ♠❡s✉r❡ ❡st ♠❛✐♥t❡♥❛♥t ❞✓❡✈❡❧♦♣♣✓❡ ✒❛ ❋❧♦r❡♥❝❡ ❬✶✺❪✳

❖♥ ♣❡✉t ❛✉ss✐ ♠❡♥t✐♦♥♥❡r ✉♥❡ ♣r❡♠✐✒❡r❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ s✉❜✐❡ ♣❛r ❞❡✉① ❡s♣✒❡❝❡s

❛t♦♠✐q✉❡s ❡♥ ❝❤✉t❡ ❧✐❜r❡ ❬✶✻❪✳ ❊♥☞♥✱ ❞❡ ♥♦♠❜r❡✉① ❛rt✐❝❧❡s t❤✓❡♦r✐q✉❡s ❝♦♠♠❡♥❝❡♥t ✒❛ ✓❡t✉❞✐❡r

❧✬♦♣♣♦rt✉♥✐t✓❡ ❞❡ ❞✓❡t❡❝t❡r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐t❛t✐♦♥ ❛✈❡❝ ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s✳ ■❧ ❡①✐st❡ ❡♥☞♥

❞❡✉① ♣r♦❥❡ts ❞✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝❛♣t❡✉rs ✐♥❡rt✐❡❧s ❞❛♥s ❧✬❡s♣❛❝❡ ♣♦✉r ❞❡s t❡sts ❞❡ r❡❧❛t✐✈✐t✓❡ ✿

❍❨P❊❘ ❡t ■❈❊✳



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✼✼

✻✳✶✳✷ ▲❡ ♣r♦❥❡t ❡✉r♦♣✓❡❡♥ ❍❨P❊❘ ❡t ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

▲❡ ♣r❡♠✐❡r ♣r♦❥❡t ❝♦♥❝r❡t ❞✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❛♣t❡✉rs ✐♥❡rt✐❡❧s ✒❛ ❛t♦♠❡s ❢r♦✐❞s ❞❛♥s ❧✬❡s♣❛❝❡

❛ ✓❡t✓❡ s♦✉♠✐s ✒❛ ❧✬❊❙❆ ❡♥ ✷✵✵✵ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❢r❛♥❝♦✲❛♥❣❧♦✲❛❧❧❡♠❛♥❞❡ ✿ ❧❡

♣r♦❥❡t ❍❨P❊❘ ❡♥ r✓❡♣♦♥s❡ ✒❛ ❧✬❛♣♣❡❧ ❞✬♦☛r❡ ❞❡ ✌❡①✐✲♠✐ss✐♦♥ ❞❡ ❧✬❊❙❆✳ ❈❡ ♣r♦❥❡t s✬❛rt✐❝✉❧❛✐t

s✉r ✉♥ t❡st ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡♥ ♠❡tt❛♥t ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡ ❧✬❡☛❡t ❞✬❡♥tr❛❫✏♥❡♠❡♥t ❞✉

r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❧♦❝❛❧ ♣❛r ✉♥ ❝♦r♣s ♠❛ss✐❢ ❡♥ r♦t❛t✐♦♥✱ ❛♣♣❡❧✓❡ ❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ❬✶✼❪✳ ❈❡t

❡☛❡t r❡♣♦s❡ s✉r ❧✬❡①✐st❡♥❝❡ ❞✉ ❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡✱ ♣r✓❡❞✐t ♣❛r ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✱

♠❛✐s ❡♥❝♦r❡ ❥❛♠❛✐s ❞✓❡t❡❝t✓❡ ❞✐r❡❝t❡♠❡♥t✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❧❡ ♠❡s✉r❡r ✒❛ ❧✬❛✐❞❡ ❞✬✉♥ s❛t❡❧❧✐t❡

♠✉♥✐ ❞❡ ❁ ❞❡✉① r❡♣✒❡r❡s ❞✬✐♥❡rt✐❡ ❃✳ ▲❡ ♣r❡♠✐❡r✱ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❣❧♦❜❛❧✱ ❡st

❞✓❡☞♥✐ ♣❛r r❛♣♣♦rt ✒❛ tr♦✐s ✓❡t♦✐❧❡s ❧♦✐♥t❛✐♥❡s ♣♦✐♥t✓❡❡s ♣❛r ❞❡s ✈✐s❡✉rs ❞✬✓❡t♦✐❧❡s✳ ▲❡ s❡❝♦♥❞✱

❛♣♣❡❧✓❡ r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❧♦❝❛❧✱ ❡st ❞✓❡☞♥✐ ✒❛ ❧✬❛✐❞❡ ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ❡t ❞❡ ❣②r♦♠✒❡tr❡s ❡♠❜❛rq✉✓❡s✳

❈❡s ❞❡✉① r❡♣✒❡r❡s ♦♥t ❧❛ ♠❫❡♠❡ ♦r✐❣✐♥❡ ❡t ✐♥✐t✐❛❧❡♠❡♥t ❧❡s ♠❫❡♠❡s ❛①❡s✳ ▲✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

s❡ tr❛❞✉✐t ❛❧♦rs ♣❛r ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ♠♦✉✈❡♠❡♥t ❞❡ ♣r✓❡❝❡ss✐♦♥ ❞❡s ❛①❡s ❞✉ r❡♣✒❡r❡ ❧♦❝❛❧ ♣❛r

r❛♣♣♦rt ✒❛ ❝❡✉① ❞✉ r❡♣✒❡r❡ ❣❧♦❜❛❧ ❧✐✓❡ ✒❛ ❧❛ ♣r✓❡s❡♥❝❡ ❞✬✉♥ ❝♦r♣s ♠❛ss✐❢ ❡♥ r♦t❛t✐♦♥ ❛✉ ✈♦✐s✐♥❛❣❡

❞✉ s❛t❡❧❧✐t❡ ✭❧❛ ❚❡rr❡ ♣❛r ❡①❡♠♣❧❡✮✳ ❈❡tt❡ ❡①♣✓❡r✐❡♥❝❡ ❛ ✓❡t✓❡ ✐♥✐t✐❛❧❡♠❡♥t ♣r♦♣♦s✓❡❡ ♣❛r ❙❝❤✐☛

❡♥ ✶✾✻✵ ❬✶✽❪✱ ♠❛✐s ❡❧❧❡ ✓❡t❛✐t ♣r♦♣♦s✓❡❡ s✉r ❚❡rr❡ ❡t ♥♦♥ ❞❛♥s ✉♥ s❛t❡❧❧✐t❡ ✭❋✐❣✉r❡ ✻✳✷✮✳ ▲❡s

❣②r♦s❝♦♣❡s ❛✉r❛✐❡♥t ❛❧♦rs ✓❡t✓❡ ✓❡❣❛❧❡♠❡♥t s❡♥s✐❜❧❡s ✒❛ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡✳

❋✐❣✳ ✻✳✷ ✿ ❊①♣✓❡r✐❡♥❝❡ ❞❡ ♠✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡
❞❡ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ♣r♦♣♦s✓❡❡ ✐♥✐t✐❛❧❡✲
♠❡♥t ♣❛r ❙❝❤✐☛✳ ❯♥ ❣②r♦s❝♦♣❡ ♠✓❡❝❛♥✐q✉❡
❡st ♣❧❛❝✓❡ s✉r ❚❡rr❡ ❡♥ ✉♥ ♣♦✐♥t ❞❡ ❧❛t✐t✉❞❡
❞♦♥♥✓❡❡ ♣❛r ❧✬❛♥❣❧❡ ❞❡ ❝♦❧❛t✐t✉❞❡ ✒③ ✳ P❛r
r❛♣♣♦rt ✒❛ ✉♥ r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❣❧♦❜❛❧ ❞✓❡☞♥✐
♣❛r tr♦✐s ✓❡t♦✐❧❡s ❧♦✐♥t❛✐♥❡s✱ ❝❡ ❣②r♦s❝♦♣❡ ✈❛
♣r✓❡s❡♥t❡r ✉♥ ♠♦✉✈❡♠❡♥t ❞❡ ♣r✓❡❝❡ss✐♦♥ ❞❡
s♦♥ ❛①❡ ❞♦♥t ❧✬♦r✐❣✐♥❡ ❛ ✉♥❡ ❝♦♥tr✐❜✉t✐♦♥
❧✐✓❡❡ ✒❛ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ❡t ✉♥❡ ❝♦♥tr✐✲
❜✉t✐♦♥ ❞✬♦r✐❣✐♥❡ r❡❧❛t✐✈✐st❡✳

P♦✉r ❝♦♠♣r❡♥❞r❡ ❡♥ q✉♦✐ ❧✬❡①♣✓❡r✐❡♥❝❡ ♣r♦♣♦s✓❡❡ ♣❛r ❙❝❤✐☛ ♣❡✉t s✬❛♣♣❧✐q✉❡r ❛✉① ❣②r♦♠✒❡tr❡s

❛t♦♠✐q✉❡s✱ ❡t ♣♦✉rq✉♦✐ ✉♥❡ t❡❧❧❡ ❡①♣✓❡r✐❡♥❝❡ ♣r✓❡s❡♥t❡ ✉♥ ❣r❛♥❞ ✐♥t✓❡r❫❡t✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡

♥♦t❡r q✉❡ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ♥✬❡st ♣❛s ❧❛ s❡✉❧❡ t❤✓❡♦r✐❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥

♣❡r♠❡tt❛♥t ❞✬❡①♣❧✐q✉❡r ❝❡rt❛✐♥s ♣❤✓❡♥♦♠✒❡♥❡s ♣❤②s✐q✉❡s✱ ❡t ♦♥ ♣❡✉t tr♦✉✈❡r ♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s

❞❡ t❤✓❡♦r✐❡s ❛❧t❡r♥❛t✐✈❡s✱ ♣❧✉s ♦✉ ♠♦✐♥s ❝♦♠♣❧❡①❡s✱ q✉✐ s✬❛♣♣✉✐❡♥t s✉r ❧❛ r❡❧❛t✐✈✐t✓❡ r❡str❡✐♥t❡

✭✒❛ ❧❛ ❧✐♠✐t❡ ♦✒✉ ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❣r❛✈✐t❛t✐♦♥ ❡st ♥✉❧✮ ❡t ✉t✐❧✐s❡♥t ✉♥ ❡s♣❛❝❡ ✒❛ q✉❛tr❡ ❞✐♠❡♥s✐♦♥s

✭❧✬❡s♣❛❝❡✲t❡♠♣s ♦✒✉ ❧❡s ✓❡✈✓❡♥❡♠❡♥ts s♦♥t r❡♣r✓❡s❡♥t✓❡s ♣❛r ❞❡s ♣♦✐♥ts s♣❛t✐♦✲t❡♠♣♦r❡❧s✮ ♣♦✉r



✷✼✽ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❞✓❡❝r✐r❡ ❧❡s ✓❡✈✓❡♥❡♠❡♥ts ♣❤②s✐q✉❡s✳ P❛r♠✐ t♦✉t❡s ❝❡s t❤✓❡♦r✐❡s✱ ♦♥ ♣❡✉t ❞✐st✐♥❣✉❡r ❧❡s t❤✓❡♦r✐❡s

♠✓❡tr✐q✉❡s ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ q✉✐ ✐♥t❡r♣r✒❡t❡♥t ❧❛ ❣r❛✈✐t❛t✐♦♥ ❝♦♠♠❡ ✉♥❡ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛

❝♦✉r❜✉r❡ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s✱ ❞❡ ❧❛ ♠❫❡♠❡ ❢❛✘❝♦♥ q✉✬✉♥❡ ♠❛ss❡ ♣♦s✓❡❡ s✉r ✉♥ tr❛♠♣♦❧✐♥❡ ❞✓❡❢♦r♠❡

❧♦❝❛❧❡♠❡♥t ❝❡ ❞❡r♥✐❡r✳ ▲❛ ❢♦r♠❡ ❧♦❝❛❧❡ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ❡♥ ✉♥ ♣♦✐♥t ❡st ❛❧♦rs ❞♦♥♥✓❡❡ ♣❛r

✉♥❡ ❣r❛♥❞❡✉r q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❧❛ ♠✓❡tr✐q✉❡ ❡t q✉✐ ❞✓❡♣❡♥❞ ❞❡ ❧❛ r✓❡♣❛rt✐t✐♦♥ ❞❡s ♠❛ss❡s ❡t

❞❡s ❝♦✉r❛♥ts ❞❡ ♠❛ss❡s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❝❡ ♣♦✐♥t✳ ▲❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡

t❤✓❡♦r✐❡ ♠✓❡tr✐q✉❡ ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥✱ ♠❛✐s ❡❧❧❡ ♥✬❡st ♣❛s ❧❛ s❡✉❧❡ ✭♦♥ ♣❡✉t ❛✐♥s✐ ♠❡♥t✐♦♥♥❡r ❧❡s

t❤✓❡♦r✐❡s ◆■ ♦✉ ❞❡ ❇r❛♥s✲❉✐❝❦❡✲❏♦r❞❛♥✮✱ ❝❤❛q✉❡ t❤✓❡♦r✐❡ s❡ ❞✐st✐♥❣✉❛♥t ♣❛r ❧❛ ❢❛✘❝♦♥ ❞♦♥t ❧❡s

❞✐str✐❜✉t✐♦♥s ❞❡ ♠❛ss❡s ❡t ❞❡ ❝♦✉r❛♥ts ❞❡ ♠❛ss❡s ✐♥✌✉❡♥t s✉r ❧❛ ♠✓❡tr✐q✉❡✳

▲✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

▲❡s ♠❛ss❡s ❡♥ ♠♦✉✈❡♠❡♥t ♣r♦❞✉✐s❡♥t ✉♥❡ ❞♦✉❜❧❡ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ✿ ✉♥❡ ♠♦❞✐☞✲

❝❛t✐♦♥ ❧✐✓❡❡ ✒❛ ❧❡✉r ♠❛ss❡✱ ❝♦♠♠❡ ♦♥ ✈✐❡♥t ❞❡ ❧❡ ✈♦✐r✱ ❡t ✉♥❡ ♠♦❞✐☞❝❛t✐♦♥ ❧✐✓❡❡ ✒❛ ❧❡✉r ✓❡♥❡r❣✐❡

❝✐♥✓❡t✐q✉❡✳ P♦✉r ✉♥ ❝♦r♣s ❡♥ r♦t❛t✐♦♥ ♣❛r ❡①❡♠♣❧❡✱ ♦♥ ♣❡✉t ❞♦♥♥❡r ✉♥❡ ✐♠❛❣❡ s✐♠♣❧❡✳ ❈♦♥s✐✲

❞✓❡r♦♥s ✉♥❡ s❡r✈✐❡tt❡ q✉❛❞r✐❧❧✓❡❡ s✉r ❧❛q✉❡❧❧❡ ♦♥ ♣♦s❡ s♦♥ ❞♦✐❣t✳ ▲❡ q✉❛❞r✐❧❧❛❣❡ ✈❛ ❫❡tr❡ ♥♦tr❡

r✓❡❢✓❡r❡♥t✐❡❧ ❞✬✐♥❡rt✐❡✳ ❙✐ ♦♥ t♦✉r♥❡ s♦♥ ❞♦✐❣t s✉r ❧✉✐✲♠❫❡♠❡✱ ♦♥ ❡♥tr❛❫✏♥❡ ❧♦❝❛❧❡♠❡♥t ❧❛ s❡r✈✐❡tt❡✱

q✉✐ ✈❛ ❞♦♥❝ s✬❡♥r♦✉❧❡r ❛✉t♦✉r ❞✉ ❞♦✐❣t✱ ❛✐♥s✐ ❧❡ q✉❛❞r✐❧❧❛❣❡ ✈❛ ❧♦❝❛❧❡♠❡♥t s❡ ❞✓❡❢♦r♠❡r ❡t s❡

♠❡ttr❡ ✒❛ t♦✉r♥❡r ❛✈❡❝ ❧❡ ❞♦✐❣t✱ ♠❛✐s ♣❛s ❢♦r❝✓❡♠❡♥t ✒❛ ❧❛ ♠❫❡♠❡ ✈✐t❡ss❡ ✿ ❧❛ ✈✐t❡ss❡ ❞✬❡♥r♦✉❧❡♠❡♥t

❞✓❡♣❡♥❞ ❞❡ ❧❛ ♣r❡ss✐♦♥ q✉❡ ❧✬♦♥ ❡①❡r❝❡ ❛✈❡❝ ❧❡ ❞♦✐❣t s✉r ❧❛ s❡r✈✐❡tt❡✳ ▲✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

❡st ❛♥❛❧♦❣✉❡ ✒❛ ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ☞❣✉r❡ ✻✳✶✸✳ ❖♥ ❝♦♥st❛t❡ q✉❡ ❧✬❡♥tr❛❫✏✲

♥❡♠❡♥t ❞✉ r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❧♦❝❛❧ s❡ ❢❛✐t ❞❛♥s ❧❡ ♠❫❡♠❡ s❡♥s q✉❡ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ♣♦✉r

✸ ❝♦s ✒ ✕ ✶✱ ❡t ❞❛♥s ❧❡ s❡♥s ✐♥✈❡rs❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ♣♦✉r ❧❡s ♣♦✐♥ts ♣r♦❝❤❡s ❞❡

❧✬✓❡q✉❛t❡✉r ✸ ❝♦s ✒ ✔ ✶✳ ❯♥ ❡♥tr❛❫✏♥❡♠❡♥t ❞❛♥s ❧❡ s❡♥s ✐♥✈❡rs❡ ♣❡✉t ♣❛r❛❫✏tr❡ s✉r♣r❡♥❛♥t✱ ♦♥

♣❡✉t t♦✉t❡❢♦✐s ❡♥ ❞♦♥♥❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ✐♥t✉✐t✐✈❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣②r♦s❝♦♣❡ ♠✓❡❝❛♥✐q✉❡✳ ❙✐

❝❡ ❣②r♦s❝♦♣❡ ❡st ♣❧❛❝✓❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬✓❡q✉❛t❡✉r✱ ❧✬❛❝t✐♦♥ ❞❡ ❧✬❡♥tr❛❫✏♥❡♠❡♥t ❞❡ r❡♣✒❡r❡ ❧♦❝❛❧ ❡st

♣❧✉s ✐♠♣♦rt❛♥t s✉r ❧❛ ♣❛rt✐❡ ❞✉ ❣②r♦s❝♦♣❡ ♣r♦❝❤❡ ❞❡ ❧❛ ❚❡rr❡✱ q✉❡ s✉r ❧❛ ♣❛rt✐❡ ♣❧✉s ✓❡❧♦✐❣♥✓❡❡✳

▲✬❡♥tr❛❫✏♥❡♠❡♥t ❞✉ r❡♣✒❡r❡ ❞✬✐♥❡rt✐❡ ❛ ❛❧♦rs t❡♥❞❛♥❝❡ ✒❛ ♣r♦✈♦q✉❡r ❧❛ r♦t❛t✐♦♥ ❞✉ ❣②r♦s❝♦♣❡

❝♦♠♠❡ s✬✐❧ ✓❡t❛✐t ❧✐✓❡ ✒❛ ❧❛ ❚❡rr❡ ❝♦♠♠❡ ✉♥ ❡♥❣r❡♥❛❣❡✱ ❧❛ r♦t❛t✐♦♥ ❞✉ ❣②r♦s❝♦♣❡ ❡st ❛❧♦rs ❞❡

s❡♥s ♦♣♣♦s✓❡ ✒❛ ❝❡❧❧❡ ❞❡ ❧❛ ❚❡rr❡✳

P♦✉rq✉♦✐ t❡st❡r ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

❚♦✉s ❧❡s ❝❛❧❝✉❧s ♣r✓❡❝✓❡❞❡♥ts s✉♣♣♦s❡♥t q✉❡ ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❡st ❝♦rr❡❝t❡✳ ■❧s

♣❡✉✈❡♥t ❫❡tr❡ ❣✓❡♥✓❡r❛❧✐s✓❡s ❞❛♥s ❧❡ ❝❛s ❞❡s ❝❤❛♠♣s ❞❡ ❣r❛✈✐t❛t✐♦♥ ❢❛✐❜❧❡s ❡t ❞❡s ❞✓❡♣❧❛❝❡♠❡♥ts

❧❡♥ts✱ ✒❛ ❧✬❡♥s❡♠❜❧❡ ❞❡s t❤✓❡♦r✐❡s ♠✓❡tr✐q✉❡s ❛❧t❡r♥❛t✐✈❡s✳ ▲❡ ❢♦r♠❛❧✐s♠❡ ❞❡s ♣❛r❛♠✒❡tr❡s ♣♦st

♥❡✇t♦♥✐❡♥s ✭PP◆✮ ♦☛r❡ ✉♥ ❝❛❞r❡ ❞✬✓❡t✉❞❡ ✐❞✓❡❛❧ ♣♦✉r ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s t❤✓❡♦r✐❡s ❛❧t❡r♥❛t✐✈❡s✳

❉❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ❝❤❛♠♣s ❞❡ ❣r❛✈✐t❛t✐♦♥ ❢❛✐❜❧❡s ❡t ❞❡s ❢❛✐❜❧❡s ❞✓❡♣❧❛❝❡♠❡♥ts✱ ❞♦♥t ❧❡

s②st✒❡♠❡ s♦❧❛✐r❡ ❝♦♥st✐t✉❡ ✉♥ ❜♦♥ ❡①❡♠♣❧❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ❡♥tr❡ ❧❡s ❞✐str✐❜✉t✐♦♥s ❞❡ ♠❛ss❡s ❡t

❧❛ ♠✓❡tr✐q✉❡ ♣❡✉t ❫❡tr❡ ❝❛r❛❝t✓❡r✐s✓❡ ❧❡s ♣❛r❛♠✒❡tr❡s PP◆ ❬✶✾✱ ✷✵❪✳ ❖✉tr❡ ❧❡ ❢❛✐t ❞❡ ♣r✓❡s❡♥t❡r ✉♥



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✼✾

❝❛❞r❡ ❞✬✓❡t✉❞❡ s✐♠♣❧✐☞✓❡ ♣♦✉r ❧❡s ❝❤❛♠♣s ❢❛✐❜❧❡s ❡t ❧❡s ❢❛✐❜❧❡s ❞✓❡♣❧❛❝❡♠❡♥ts✱ ❧✬✐♥t✓❡r❫❡t ❞❡ ❝❡

❢♦r♠❛❧✐s♠❡ ❡st ❞❡ ❝♦♠♣❛r❡r ❡♥tr❡ ❡❧❧❡s ❧❡s ❞✐☛✓❡r❡♥t❡s t❤✓❡♦r✐❡s ♠✓❡tr✐q✉❡s ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥✳

❈❤❛q✉❡ t❤✓❡♦r✐❡ ❡st r❡♣r✓❡s❡♥t✓❡❡ ♣❛r ❧❛ ❞♦♥♥✓❡❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞✐① ♣❛r❛♠✒❡tr❡s PP◆ ❬✷✶✱ ✷✷❪✳

❖♥ ❝♦♠♣❛r❡ ❞♦♥❝ ❧❡s t❤✓❡♦r✐❡s ❡♥ ❝♦♠♣❛r❛♥t ❧❡s ✈❛❧❡✉rs ❞❡ ❧❡✉rs ♣❛r❛♠✒❡tr❡s PP◆✳ ▲❡ ♣r✐♥❝✐♣❛❧

♦❜❥❡❝t✐❢ ❞❡s t❡sts ❞❡ ❧❛ ❣r❛✈✐t❛t✐♦♥ ❡st ❞♦♥❝ ❞❡ ❞✓❡t❡r♠✐♥❡r ❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❧❡s ✈❛❧❡✉rs ❞❡

❝❡s ❞✐① ♣❛r❛♠✒❡tr❡s ❧❡ ♣❧✉s ♣r✓❡❝✐s✓❡♠❡♥t ♣♦ss✐❜❧❡ ❛☞♥ ❞❡ ✈❛❧✐❞❡r ♦✉ ❞✬✓❡❧✐♠✐♥❡r ❝❡rt❛✐♥❡s t❤✓❡♦r✐❡s✳

P♦✉r ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣✱ s❡✉❧s q✉❛tr❡ ♣❛r❛♠✒❡tr❡s s♦♥t ✐♠♣♦rt❛♥ts✳

▲❡ ♣r❡♠✐❡r ♣❛r❛♠✒❡tr❡✱ ☛✶✱ ❡st ❛ss♦❝✐✓❡ ❛✉ ❁ r✓❡❢✓❡r❡♥t✐❡❧ ❞❡ ♣r✓❡❢✓❡r❡♥❝❡ ❃ ❬✷✸❪✳ ▲❛ t❤✓❡♦r✐❡ ❞❡

❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡ ❞✬❊✐♥st❡✐♥ ♣r✓❡✈♦✐t q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ r✓❡❢✓❡r❡♥t✐❡❧ ❞❡ ♣r✓❡❢✓❡r❡♥❝❡ ♣♦✉r

❛♣♣❧✐q✉❡r ❧❡s ❧♦✐s ❞❡ ❧❛ ♣❤②s✐q✉❡✳ ❚♦✉s ❧❡s r✓❡❢✓❡r❡♥t✐❡❧s ❡♥ tr❛♥s❧❛t✐♦♥ ✉♥✐❢♦r♠❡ ❧❡s ✉♥s ♣❛r

r❛♣♣♦rt ❛✉① ❛✉tr❡s s♦♥t ✓❡q✉✐✈❛❧❡♥ts✳ ❉❛♥s ❝❡tt❡ t❤✓❡♦r✐❡ ❧❡ ♣❛r❛♠✒❡tr❡ ☛✶ ❡st ❞♦♥❝ ♥✉❧ ❀ ❧❡s

❡①♣✓❡r✐❡♥❝❡s ♣❡r♠❡tt❡♥t ♣♦✉r ❧✬✐♥st❛♥t ❞❡ ❞✐r❡ q✉✬✐❧ ❡st ✐♥❢✓❡r✐❡✉r✱ ❡♥ ✈❛❧❡✉r ❛❜s♦❧✉❡✱ ✒❛ ✵✱✵✷

❬✷✹❪✳ ❉✬❛✉tr❡s t❤✓❡♦r✐❡s ♣r✓❡✈♦✐❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ r✓❡❢✓❡r❡♥t✐❡❧ ❞❛♥s ❧❡q✉❡❧ ❧✬✉♥✐✈❡rs ❡st ❛✉ r❡♣♦s

q✉✐ s❡r❛✐t ❧❡ r✓❡❢✓❡r❡♥t✐❡❧ ❞❡ ♣r✓❡❢✓❡r❡♥❝❡✳ ❈❡ r✓❡❢✓❡r❡♥t✐❡❧ s❡r❛✐t ♣❛r ❡①❡♠♣❧❡ ❝❡❧✉✐ ❞❛♥s ❧❡q✉❡❧ ❧❡

r❛②♦♥♥❡♠❡♥t ✒❛ ✸ ❑ ✭r❛②♦♥♥❡♠❡♥t ❢♦ss✐❧❡ ❞✉ ❇✐❣ ❇❛♥❣ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ r❛②♦♥♥❡♠❡♥t ❞✉ ❝♦r♣s

♥♦✐r ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧✬✉♥✐✈❡rs✮ s❡r❛✐t ✐s♦tr♦♣❡✳ ❆✐♥s✐✱ ❧❡s r✓❡s✉❧t❛ts ❡①♣✓❡r✐♠❡♥t❛✉① ❬✷✺✱ ✷✻❪

✐♥❞✐q✉❡♥t q✉❡ ❧❛ ❚❡rr❡ s❡ ❞✓❡♣❧❛❝❡ ♣❛r r❛♣♣♦rt ❛✉ r✓❡❢✓❡r❡♥t✐❡❧ ❞❡ r✓❡❢✓❡r❡♥❝❡ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ ❞❡

❧✬♦r❞r❡ ❞❡ ✸✾✵ ❦♠✳s�✶ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛ ❝♦♥st❡❧❧❛t✐♦♥ ❞✉ ▲✐♦♥✳ ▲❡ ❞❡✉①✐✒❡♠❡ ♣❛r❛♠✒❡tr❡✱

✌✱ ❞✓❡t❡r♠✐♥❡ ❧❡ r❛②♦♥ ❞❡ ❝♦✉r❜✉r❡ ❞❡ ❧✬❡s♣❛❝❡✲t❡♠♣s ♣r♦✈♦q✉✓❡❡ ♣❛r ❧❛ ♣r✓❡s❡♥❝❡ ❞✬✉♥❡ ♠❛ss❡

❛✉ r❡♣♦s ❞❡ ✶ ❦❣✳ ■❧ ✐♥t❡r✈✐❡♥t ❞❛♥s ❧✬❡☛❡t ❞❡ ❞✓❡❝❛❧❛❣❡ ✈❡rs ❧❡ r♦✉❣❡ ♦✉ ❞❛♥s ❧❛ ❞✓❡✌❡①✐♦♥

❞❡s r❛②♦♥s ❧✉♠✐♥❡✉①✳ ❉❛♥s ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✱ ✌ ✈❛✉t ✶ ❡t ❛ ✓❡t✓❡ ❞✓❡t❡r♠✐♥✓❡

❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t ❡♥ ✉t✐❧✐s❛♥t ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❱▲❇■ ✭❱❡r② ▲❛r❣❡ ❇❛s❡ ■♥t❡r❢❡r♦♠❡tr②✮ ❬✷✼❪

❡t ❛ ✓❡t✓❡ tr♦✉✈✓❡❡ ✓❡❣❛❧❡ ✒❛ ✶✿✵✵✵✷✝ ✵✿✵✵✷✳ ▲❡s ❞❡✉① ❞❡r♥✐❡rs ♣❛r❛♠✒❡tr❡s✱ ✁✶ ❡t ✁✷ ❞✓❡t❡r♠✐♥❡♥t

❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧✬❡☛❡t ❞✬❡♥tr❛❫✏♥❡♠❡♥t ❞❡s ❛①❡s ❞✬✉♥ r✓❡❢✓❡r❡♥t✐❡❧ ❞✬✐♥❡rt✐❡ ♣❛r ✉♥ ❝♦r♣s ♠❛ss✐❢

❡♥ r♦t❛t✐♦♥ ❡t ✈❛❧❡♥t t♦✉s ❧❡s ❞❡✉① ✶ ❞❛♥s ❧❛ t❤✓❡♦r✐❡ ❞❡ ❧❛ r❡❧❛t✐✈✐t✓❡ ❣✓❡♥✓❡r❛❧❡✳
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❧❛ t❡rr❡ ❞❛♥s ❝❡ r✓❡❢✓❡r❡♥t✐❡❧✮✱ ❧❡s ❛✉tr❡s t❡r♠❡s ✓❡t❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ♠♦❞✐☞✓❡s ♣❛r ✌✰✶
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✽
♣♦✉r ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣✳

❋✐❣✳ ✻✳✸ ✿ ❆ ❣❛✉❝❤❡✱ ❧❡ ♣r♦❥❡t ●r❛✈✐t② Pr♦❜❡ ❇ ❞♦♥t ❧❡ ❜✉t ❡st ❞❡ ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ✉♥ ♠♦✉✈❡♠❡♥t
❞❡ ♣r✓❡❝❡ss✐♦♥ ❞❡ ❧✬❛①❡ ❞❡s ❣②r♦s❝♦♣❡s ♣r♦♣♦rt✐♦♥♥❡❧ ✒❛ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣
❡t ❞❡ ❧✬❡☛❡t ❞❡ ❙✐tt❡r s✉r t♦✉t❡ ❧❛ tr❛❥❡❝t♦✐r❡ ❞✉ s❛t❡❧❧✐t❡✳ ▲❡ ❣②r♦s❝♦♣❡ ♠✓❡❝❛♥✐q✉❡ ❡st ❝♦♥st✐t✉✓❡ ❞✬✉♥
r♦t♦r ✲ ✉♥❡ s♣❤✒❡r❡ ❡♥ q✉❛rt③ ❞❡ ✸✱✽ ❝♠ ❞❡ ❞✐❛♠✒❡tr❡ r❡❝♦✉✈❡rt❡ ❞❡ ◆✐♦❜✐✉♠ s✉♣r❛❝♦♥❞✉❝t❡✉r ✲ ❡♥
s✉s♣❡♥s✐♦♥ ✓❡❧❡❝tr♦st❛t✐q✉❡✳ ✒❆ ❞r♦✐t❡✱ ❧❡ ♣r♦❥❡t ▲❆●❊❖❙ q✉✐ ✓❡t✉❞✐❡ ❧❛ ♣r✓❡❝❡ss✐♦♥ ❞❡ ♣❧❛♥ ❞❡ ❧✬♦r❜✐t❡
❞✬✉♥ s❛t❡❧❧✐t❡ s♦✉♠✐s ✒❛ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣

▲❡s ❡☛❡ts ❞❡ ❙✐tt❡r ❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ♥✬♦♥t ♣♦✉r ❧✬✐♥st❛♥t ❥❛♠❛✐s ✓❡t✓❡s ♦❜s❡r✈✓❡s✳ ❈❡♣❡♥❞❛♥t

❞❡s ♠❡s✉r❡s ❞✉ ♣❛r❛♠✒❡tr❡ ✌ ♦♥t ❞✓❡❥✒❛ ✓❡t✓❡ r✓❡❛❧✐s✓❡❡s ❛✈❡❝ ❞❡ tr✒❡s ❜♦♥♥❡s ♣r✓❡❝✐s✐♦♥s ♣❛r ❞✬❛✉tr❡s

❡①♣✓❡r✐❡♥❝❡s✱ ♥♦t❛♠♠❡♥t ♣❛r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❱▲❇■ ❬✷✼❪✱ ❡t ♣❛r ❞❡s ♠❡s✉r❡s ❞❡ ❧✬❡☛❡t ❙❤❛♣✐r♦

❬✶✸❪✳ ▲❛ ♠✐s❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❡ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ♣❡r♠❡ttr❛ ❧✬✓❡✈❛❧✉❛t✐♦♥ ❞❡s ♣❛r❛♠✒❡tr❡s ✁✶

❡t ✁✷✳ ❈✬❡st ❧❡ ❜✉t ❞❡ ❧❛ ♠✐ss✐♦♥ ●r❛✈✐t②✲Pr♦❜❡ ❇ ❬✷✾❪ q✉✐ ❛ ✓❡t✓❡ ✐♥✐t✐✓❡❡ ❞❛♥s ❧❡s ❛♥♥✓❡❡s ✶✾✼✵

✒❛ ❧✬✉♥✐✈❡rs✐t✓❡ ❞❡ ❙t❛♥❢♦r❞ ❡t ❛ ✓❡t✓❡ ❧❛♥❝✓❡❡ ❡♥ ❛✈r✐❧ ✷✵✵✹✳ ❚r♦✐s ❣②r♦s❝♦♣❡s ♠✓❡❝❛♥✐q✉❡s s♦♥t

♣❧❛❝✓❡s ❞❛♥s ✉♥ s❛t❡❧❧✐t❡ ❡♥ ♦r❜✐t❡ ♣♦❧❛✐r❡ ❛✉t♦✉r ❞❡ ❧❛ ❚❡rr❡ ✒❛ ✉♥❡ ❛❧t✐t✉❞❡ ❞❡ ✻✺✵ ❦✐❧♦♠✒❡tr❡s✳

▲✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ❢❛✐t t♦✉r♥❡r ❧✬❛①❡ ❞✉ r✓❡❢✓❡r❡♥t✐❡❧ ❧♦❝❛❧ ❞❡ ✷✹✂✶✵�✸ ❛r❝s❡❝ ❡♥ ✉♥ ❛♥ ❞❛♥s

❧❡ s❡♥s ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡✳ ❈❡ r✓❡❢✓❡r❡♥t✐❡❧ ❡st ❛✉ss✐ s♦✉♠✐s ✒❛ ❧✬❡☛❡t ❞❡ ❙✐tt❡r✳ ❈❡t ❡☛❡t ❢❛✐t

t♦✉r♥❡r ❧❡ r✓❡❢✓❡r❡♥t✐❡❧ ❧♦❝❛❧ ❞❡ ✻✳✻ ❛r❝s❡❝ ❞❛♥s ❧❡ ♣❧❛♥ ❞❡ s♦♥ ♦r❜✐t❡✳ ●r❛✈✐t②✲Pr♦❜❡ ❇ ❞❡✈r❛✐t

❫❡tr❡ ❝❛♣❛❜❧❡ ❞❡ ♠❡s✉r❡r ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ✒❛ ✶ ✪ ♣r✒❡s ❡t ❧✬❡☛❡t ❞❡ ❙✐tt❡r ✒❛ ✶ ✿ ✶✵✺ ♣r✒❡s✳ ❯♥❡

❛✉tr❡ ❡①♣✓❡r✐❡♥❝❡ ✈✐s❡ ✒❛ ✉t✐❧✐s❡r ❧❛ ❚❡rr❡ ❝♦♠♠❡ ✉♥ ✓❡♥♦r♠❡ ❣②r♦s❝♦♣❡ ✭♣♦✉r ✉♥ ♠♦✉✈❡♠❡♥t

s♦✉♠✐s ✒❛ ✉♥❡ ❢♦r❝❡ ❝❡♥tr❛❧❡✮ q✉✐ ✈❛ ❫❡tr❡ ❡♥tr❛❫✏♥✓❡ ♣❛r ❧❡ ❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r ❧❛

❚❡rr❡ ❡♥ r♦t❛t✐♦♥ ❬✸✵✱ ✸✶❪✳ ▲✬♦r❜✐t❡ ❞❡ s❛t❡❧❧✐t❡s ❡♥ r♦t❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧❛ t❡rr❡ ✈❛ ❛❧♦rs s✉❜✐r

✉♥ ❝♦✉♣❧❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥ ♠♦✉✈❡♠❡♥t ❞❡ r♦t❛t✐♦♥ ❞❡s ♣♦✐♥ts ❞✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ ❧✬♦r❜✐t❡

❞✉ s❛t❡❧❧✐t❡ ❡t ❧❡ ♣❧❛♥ ✓❡q✉❛t♦r✐❛❧ ❞❡ ❧❛ ❚❡rr❡ ❬✸✷❪✳ ▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✍❝✉❧t✓❡ ❡st ❞❡ s♦✉str❛✐r❡ ❧❡s

❞✐☛✓❡r❡♥ts ❡☛❡ts ♣❛r❛s✐t❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ❡☛❡ts ❞❡ ♠❛r✓❡❡ ❡t ❞✉ ♠♦♠❡♥t q✉❛❞r✉♣♦❧❛✐r❡ ❞❡

❧❛ ❚❡rr❡✱ q✉✐ ❡♥tr❛❫✏♥❡♥t ✉♥❡ ♣r✓❡❝❡ss✐♦♥ ❡♥✈✐r♦♥ ✶✵ ♠✐❧❧✐♦♥s ❞❡ ❢♦✐s ♣❧✉s ❣r❛♥❞❡ q✉❡ ❝❡❧❧❡ q✉❡

❧✬♦♥ ✈❡✉t ❞✓❡t❡❝t❡r✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞❡✉① s❛t❡❧❧✐t❡s ❞♦♥t ❧❡s ♣❧❛♥s ❞✬♦r❜✐t❡s s♦♥t s②♠✓❡tr✐q✉❡s

❞❡ ♣❛rt ❡t ❞✬❛✉tr❡ ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧❛ ❚❡rr❡ ♣❡r♠❡t ✉♥❡ ❜✐❡♥ ♠❡✐❧❧❡✉r❡ r✓❡❥❡❝t✐♦♥ ❞❡ ❝❡s

❡☛❡ts ♣❛r❛s✐t❡s ❡t ❛ ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❬✸✷❪ ✼✁✶✰✁✷

✽
❂ ✶✿✶✝ ✵✿✸✳ ❈❡ r✓❡s✉❧t❛t r❡st❡ ♣♦✉r ❧✬✐♥st❛♥t

❛ss❡③ ❝♦♥tr♦✈❡rs✓❡ ❝♦♠♣t❡ t❡♥✉ ❞❡ ❧✬✐♥❝❡rt✐t✉❞❡ tr✒❡s ✐♠♣♦rt❛♥t❡ ✭✸✵✪✮ q✉✐ ❡♥t❛❝❤❡ ❧❛ ✈❛❧❡✉r

tr♦✉✈✓❡❡ ❡t ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠♦❞✒❡❧❡s ♣♦✉r ❞✓❡t❡r♠✐♥❡r ❧❡s ❡☛❡ts ♣❛r❛s✐t❡s ✒❛ s♦✉str❛✐r❡✳



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✽✶

▲❛ ♠✐ss✐♦♥ ❍❨P❊❘

❋✐❣✳ ✻✳✹ ✿ ▲❛ ♠✐ss✐♦♥ ❍❨P❊❘ ♣♦✉r ♠❡s✉r❡r ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣✳ ▲❡s ❧✐❣♥❡s ♥♦✐r❡s ✐♥❞✐q✉❡♥t ❧❡s
❧✐❣♥❡s ❞✉ ❝❤❛♠♣ ❣r❛✈✐t♦♠❛❣♥✓❡t✐q✉❡✳ ▲❡ s❛t❡❧❧✐t❡ ❡st s✉r ✉♥❡ ♦r❜✐t❡ ♣♦❧❛✐r❡ ✧♣♦✐♥t❛♥t✧ ✈❡rs ❧❡ s♦❧❡✐❧
✭r♦✉❣❡✮✳ ▲❡s ❞❡✉① ❛①❡s ❞❡ ♠❡s✉r❡ ✭❜❧❡✉✮ ❞❡s ❞❡✉① ❣②r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s s♦♥t ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t
❞❛♥s ❧❡ ♣❧❛♥ ❞❡ ❧✬♦r❜✐t❡✱ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ❧✬❛①❡ ❞✉ ♣♦✐♥t❡✉r ❞✬✓❡t♦✐❧❡✳ ▲❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❡♥tr❛❫✏♥❡✲
♠❡♥t ✐♥❡rt✐❡❧ ♣❛r ❧❛ t❡rr❡ ✈❛r✐❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬♦r❜✐t❡✱ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ♠❡s✉r✓❡
r❡♣r♦❞✉✐s❛♥t ❛✐♥s✐ ❧❛ str✉❝t✉r❡ ❞✉ ❝❤❛♠♣ ❝r✓❡✓❡ ♣❛r ✉♥ ❞✐♣❫♦❧❡ ♠❛❣♥✓❡t✐q✉❡✳

❍❨P❊❘ s❡ ♣r♦♣♦s❡ ❞✬❡①♣❧♦✐t❡r ❧✬❡①tr❫❡♠❡ s❡♥s✐❜✐❧✐t✓❡ ❡t ❡①❛❝t✐t✉❞❡ ❞❡s ❣②r♦♠✒❡tr❡s ✒❛ ♦♥❞❡ ❞❡

♠❛t✐✒❡r❡ ♣♦✉r ♠❡ttr❡ ❡♥ ✓❡✈✐❞❡♥❝❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞❡s ❞❡✉① ❝♦♠♣♦s❛♥ts ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡s

❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ✐♥❞✉✐r❛

❞✐r❡❝t❡♠❡♥t ✉♥ ❞✓❡♣❤❛s❛❣❡ ❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✁✣ ❂ ✷✙ ✷♠
⑦
❆✡▲❚ ♦✒✉ ✡▲❚ ❂ ●❏

❝✷
✸✭✦✁r✮r�✦r✷

r✺

❡st ❧❛ ♣r✓❡❝❡ss✐♦♥ ❞❡ ▲❡♥s❡✲❚❤✐rr✐♥❣✱ ❛✈❡❝ ✦ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞✉ s❛t❡❧❧✐t❡✳ ▲❡s ❣②r♦♠✒❡tr❡s

❛t♦♠✐q✉❡s ✉t✐❧✐s✓❡s ❞❛♥s ❍❨P❊❘ s✉✐✈❡♥t ❧❛ ❝♦♥☞❣✉r❛t✐♦♥ ❞✉ ❝❤❛♣✐tr❡ ✷✳ ✒❆ ❧✬❡♥tr✓❡❡ ❞❡ ❧✬✐♥✲

t❡r❢✓❡r♦♠✒❡tr❡✱ ❧✬♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ✐♥❝✐❞❡♥t❡ ❡st s✓❡♣❛r✓❡❡ ❡♥ ❞❡✉① ♣❛r ❧❛ ♣r❡♠✐✒❡r❡ ✐♠♣✉❧s✐♦♥ ✙❂✷

❡t ❡st r❡❝♦♠❜✐♥✓❡❡ ❡♥ s♦rt✐❡ ♣❛r ❧❛ ❞❡r♥✐✒❡r❡ ✐♠♣✉❧s✐♦♥ ❛♣r✒❡s q✉❡ ❝❤❛q✉❡ ♣❛rt✐❡ ❛✐t s✉✐✈✐ ✉♥❡

tr❛❥❡❝t♦✐r❡ ❞✐☛✓❡r❡♥t❡✳ ▲✬❡☛❡t ❞❡ ♣r✓❡❝❡ss✐♦♥ ✡▲❚ ✈❛ ❛❧♦rs ❝♦✉r❜❡r ❧❡s ❞❡✉① tr❛❥❡❝t♦✐r❡s ❛t♦✲

♠✐q✉❡s✳ ▲❡s ❢❛✐s❝❡❛✉① ❧❛s❡r r✓❡❛❧✐s❛♥t ❧❛ ♠❛♥✐♣✉❧❛t✐♦♥ ❞❡s ♣❛q✉❡ts ❞✬♦♥❞❡ ♣❡✉✈❡♥t✱ q✉❛♥❞ ✒❛

❡✉①✱ ❫❡tr❡ ❁ ❛❝❝r♦❝❤✓❡s ❃ ❛✉ r✓❡❢✓❡r❡♥t✐❡❧ ✐♥❡rt✐❡❧ ❞❡ r✓❡❢✓❡r❡♥❝❡✳ P♦✉r ❝❡❧❛✱ ❧❛ ♣♦s✐t✐♦♥ ❞❡ ❧✬❡♥✲

s❡♠❜❧❡ ❞❡s ❢❛✐s❝❡❛✉① ❧❛s❡r ❡st ❛ss❡r✈✐❡ s✉r ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥❡ ✓❡t♦✐❧❡ ☞①❡ ❧♦✐♥t❛✐♥❡ ✒❛ ❧✬❛✐❞❡ ❞✬✉♥

♣♦✐♥t❡✉r ❞✬✓❡t♦✐❧❡ ✉❧tr❛✲♣r✓❡❝✐s✳ ▲❡ s❛t❡❧❧✐t❡ ❡♠❜❛rq✉❡ ❞❡✉① ❣②r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s ❞♦♥t ❧❡s ❛①❡s

❞❡ ♠❡s✉r❡ ❢✡①❀✡②❣ s♦♥t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡s ❡t ✐♥❝❧✉s ❞❛♥s ❧❡ ♣❧❛♥ ♦r❜✐t❛❧✱ ❧✬♦r❜✐t❡ ✓❡t❛♥t ✉♥❡

♦r❜✐t❡ ♣♦❧❛✐r❡ s②♥❝❤r♦♥✐s✓❡❡ s✉r ❧❡ s♦❧❡✐❧✳ P♦✉r ✉♥❡ ❛❧t✐t✉❞❡ ♦r❜✐t❛❧❡ ❞❡ ✼✵✵ ❦♠✱ ❧❡s ❣②r♦♠✒❡tr❡s

♠❡s✉r❡r♦♥t ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ r❡❧❛t✐✈❡ ♣❛r r❛♣♣♦rt ✒❛ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬✓❡t♦✐❧❡ ☞①❡✭
✡①

✡②

✮
✴
✭

s✐♥ ✷✒

❝♦s ✷✒ � ✶
✸

✮
✭✻✳✷✮

▲✬❡♥tr❛❫✏♥❡♠❡♥t s✉❜✐t ♣❛r ❧❡s ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ❡st ♠❛①✐♠❛❧ ❛✉① ♣❫♦❧❡s t❡rr❡str❡s✱ ♦✒✉ ❧❡s ♣❛q✉❡ts

❞✬♦♥❞❡ ✈♦♥t s✉✐✈r❡ ❧❡ ♠♦✉✈❡♠❡♥t ❞❡ r♦t❛t✐♦♥ t❡rr❡str❡✳ ✒❆ ❧✬✓❡q✉❛t❡✉r✱ ❛✉ ❝♦♥tr❛✐r❡✱ ❧✬❡♥tr❛❫✏♥❡✲

♠❡♥t ❡st ❡♥ s❡♥s ✐♥✈❡rs❡ ❡t ❞❡✉① ❢♦✐s ♠♦✐♥s ✐♠♣♦rt❛♥t✳ ❈❡tt❡ ❞✐☛✓❡r❡♥❝❡ ♣❡✉t s❡ ❝♦♠♣r❡♥❞r❡



✷✽✷ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❡♥ ❝♦♥st❛t❛♥t q✉❡ ❧✬❡☛❡t ❞✬❡♥tr❛❫✏♥❡♠❡♥t ✈❛r✐❡ ✐♥✈❡rs❡♠❡♥t ❛✈❡❝ ❧❛ ❞✐st❛♥❝❡ ✿ ♣❧✉s ♦♥ ❡st ♣r❫❡t✱

♣❧✉s ❧✬❡☛❡t ❡st ✐♠♣♦rt❛♥t✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❛✉① ♣❫♦❧❡s✳ ❉❡ ♣❧✉s✱ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ❛✉r❛

✉♥ s✐❣♥❡ ♦♣♣♦s✓❡ ✒❛ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛ t❡rr❡ ✒❛ ❧✬✓❡q✉❛t❡✉r✳

❋✐❣✳ ✻✳✺ ✿ ❱✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ ❢✡①❀✡②❣
♠❡s✉r✓❡❡s ♣❛r ❧❡s ❞❡✉① ❣②r♦♠✒❡tr❡s ❛t♦✲
♠✐q✉❡s ❛✉ ❝♦✉rs ❞❡ ❧❡✉r r♦t❛t✐♦♥ ❛✉t♦✉r
❞❡ ❧❛ t❡rr❡✳ ❚❖r❜✐t ❡st ❧❡ t❡♠♣s ♠✐s ♣❛r ❧❡
s❛t❡❧❧✐t❡ ♣♦✉r ❡☛❡❝t✉❡r ✉♥ t♦✉r✳

✻✳✶✳✸ ■♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❈♦❤✓❡r❡♥t❡ ❞❛♥s ❧✬❊s♣❛❝❡ ✭■❈❊✮✱ ☛ ❡t ❧❡ ♣r✐♥✲

❝✐♣❡ ❞✬✓❡q✉✐✈❛❧❡♥❝❡

▲❡s ❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s✱ q✉✐ ♥✬♦♥t ♣❛s ✓❡t✓❡ ❡♥✈✐s❛❣✓❡s ❞❛♥s ❍❨P❊❘✱ ♦☛r❡♥t ❛✉ss✐ ✉♥ ❢♦rt

♣♦t❡♥t✐❡❧ ❡t ❞✬❛✉tr❡s t❡sts ❞❡ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ♣❡✉✈❡♥t ❫❡tr❡ ❡♥✈✐s❛❣✓❡s✳ ▲❛ ❝♦♥☞❣✉r❛t✐♦♥

❞❡ ❝❡s ❝❛♣t❡✉rs ❡st ♠♦✐♥s ❝♦♥tr❛✐❣♥❛♥t❡ q✉❡ ❧❡s ❣②r♦♠✒❡tr❡s ❝❛r ✉♥❡ s❡✉❧❡ s♦✉r❝❡ ❛t♦♠✐q✉❡

❛✉ r❡♣♦s ❡st ♥✓❡❝❡ss❛✐r❡✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ r✓❡❞✉✐r❡ ❝♦♥s✐❞✓❡r❛❜❧❡♠❡♥t ❧❡ ✈♦❧✉♠❡ ❡t ❧❛ ♠❛ss❡ ♣❛r

r❛♣♣♦rt ✒❛ ✉♥ ❣②r♦♠✒❡tr❡✱ ♠❛✐s ❧❡s ❧♦♥❣s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥ ❛❝❝❡ss✐❜❧❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡✲

♠❛♥❞❡♥t ❛❧♦rs ♣❧✉s ❞✐r❡❝t❡♠❡♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s✳ ❈✬❡st ❧❡ ❝❛s

❞✉ ♣r♦❥❡t ■❈❊ ✭■♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ s♦✉r❝❡ ❈♦❤✓❡r❡♥t❡ ♣♦✉r ❧✬❊s♣❛❝❡✮ ✐♥✐t✐✓❡ ❞✒❡s ✷✵✵✷ ♣❛r ✉♥❡

❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ▲❈❋■❖✱ ❧❡ ❙❨❘❚❊ ❡t ❧✬❖◆❊❘❆✳ ▲❡ ❜✉t ❞❡ ❝❡ ♣r♦❥❡t ❡st ❡ss❡♥t✐❡❧❧❡✲

♠❡♥t ❞❡ ♣r♦s♣❡❝t❡r ❧❡s ❢✉t✉r❡s ♣♦ss✐❜✐❧✐t✓❡s ❞❡ ❞✓❡✈❡❧♦♣♣❡r ❡t ❞✬✉t✐❧✐s❡r ❞❡s s❡♥s❡✉rs ❛t♦♠✐q✉❡s

❞❛♥s ❧✬❡s♣❛❝❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ✈✓❡r✐☞❝❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❞❡ ❝❡s s❡♥s❡✉rs ♣❡✉t

❫❡tr❡ ❡☛❡❝t✉✓❡❡ ❡♥ ♠❡s✉r❛♥t ❧❛ ❝♦♥st❛♥t❡ ❞❡ str✉❝t✉r❡ ☞♥❡ ☛ ✒❛ ❧✬❛✐❞❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦✲

♠✐q✉❡ ✒❛ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✭❈♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✮✳ ❈❡tt❡ ❞✓❡t❡r♠✐♥❛t✐♦♥ r❡♣♦s❡ s✉r ❧❛

♠❡s✉r❡ ❞❡ ❧❛ ✈✐t❡ss❡ ✭♦✉ ❞❡ ❧✬✓❡♥❡r❣✐❡✮ ❞❡ r❡❝✉❧ ❞✬✉♥ ❛t♦♠❡ ❞❡ ♠❛ss❡ ▼ ❧♦rs ❞❡ ❧✬❛❜s♦r♣t✐♦♥

❞✬✉♥ ♣❤♦t♦♥ ❞✬✐♠♣✉❧s✐♦♥ ⑦❦✳ ❊♥☞♥✱ ❝❡ ♣r♦❥❡t ❛ ♣♦✉r ❜✉t ❞✬❡☛❡❝t✉❡r ❞❡s ❝♦♠♣❛r❛✐s♦♥s ❡♥tr❡

❧❡s ♠❡s✉r❡s ❛❝❝✓❡❧✓❡r♦♠✓❡tr✐q✉❡s ❡☛❡❝t✉✓❡❡s ♣❛r ❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ❡t ❧❡s s❡♥s❡✉rs

❁ ❝❧❛ss✐q✉❡s ❃ ❞✉ t②♣❡ ❞❡ ❝❡✉① q✉✐ s♦♥t ❞✓❡✈❡❧♦♣♣✓❡s ✒❛ ❧✬❖◆❊❘❆✱ ♦☛r❛♥t ❛✐♥s✐ ✉♥ t❡st ❞✉

♣r✐♥❝✐♣❡ ❞✬✓❡q✉✐✈❛❧❡♥❝❡✱ ✒❛ ♣❡r❢♦r♠❛♥❝❡ ❧✐♠✐t✓❡❡✱ ❡♥tr❡ ✉♥ ♦❜❥❡t ♠✓❡s♦s❝♦♣✐q✉❡ ❡t ♦❜❥❡t ♠✐❝r♦✲

s❝♦♣✐q✉❡✳

▲❛ ♠❡s✉r❡ ❞❡ ❤❂♠

▲❛ ♠❡s✉r❡ ♣r✓❡❝✐s❡ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❞❡ str✉❝t✉r❡ ☞♥❡ ☛ ♣❛r ❞✐☛✓❡r❡♥t❡s ♠✓❡t❤♦❞❡s ❬✸✸✱ ✸✹✱ ✸✺✱

✸✻✱ ✸✼✱ ✸✽✱ ✸✾❪✱ ❝❤❛❝✉♥❡ s✬❛♣♣✉②❛♥t s✉r ❞✐☛✓❡r❡♥ts ♣r✐♥❝✐♣❡s ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❧❛ ♣❤②s✐q✉❡

r❡❧✐✓❡s ✒❛ ❧❛ ♣❤②s✐q✉❡ ❛t♦♠✐q✉❡✱ ❧✬✓❡❧❡❝tr♦❞②♥❛♠✐q✉❡ q✉❛♥t✐q✉❡ ♦✉ ❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ ♠❛t✐✒❡r❡

❝♦♥❞❡♥s✓❡❡ ♣❛r ❡①❡♠♣❧❡✱ ♦☛r❡ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ ✈✓❡r✐☞❡r ❧❛ ❝♦♥s✐st❛♥❝❡ ❞❡s t❤✓❡♦r✐❡s ❧♦rsq✉✬❡❧❧❡s



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✽✸

s♦♥t ❝♦♥❢r♦♥t✓❡❡s ✒❛ ❞✬❛✉tr❡s ❞♦♠❛✐♥❡s ❞❡ ❧❛ ♣❤②s✐q✉❡✳ ❆✐♥s✐✱ ❧❛ ♠❡s✉r❡ ❧❛ ♣❧✉s ♣r✓❡❝✐s❡ ❞❡

☛ r❡♣♦s❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ✭❣ � ✷✮ ♣♦✉r ❧✬✓❡❧❡❝tr♦♥ ❡t ❧❡ ♣♦s✐tr♦♥✳ ❈❡s ❞❡✉① ♠❡s✉r❡s ♦♥t ✓❡t✓❡

r✓❡❛❧✐s✓❡❡s ❛✈❡❝ ✉♥❡ ♣r✓❡❝✐s✐♦♥ ❞❡ ✹ ♣♣❜✱ ✐❧ ② ❛ ✉♥❡ q✉✐♥③❛✐♥❡ ❞✬❛♥♥✓❡❡s✳ ❯♥❡ ❛✉tr❡ ♠❡s✉r❡✱ r✓❡❛❧✐s✓❡❡

✒❛ ♣❛rt✐r ❞✬❡①♣✓❡r✐❡♥❝❡ ❞❡ ♠❛t✐✒❡r❡ ❝♦♥❞❡♥s✓❡❡✱ ❛ ❛tt❡✐♥t ✉♥❡ ♣r✓❡❝✐s✐♦♥ ❞❡ ✷✹ ♣♣❜✱ ✐♥s✉✍s❛♥t❡

♣♦✉r ♣❡r♠❡ttr❡ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❡✍❝❛❝❡ ❛✈❡❝ ❧❛ ♠❡s✉r❡ ❞❡ ✭❣ � ✷✮✳ ■❧ ❡①✐st❡ ☞♥❛❧❡♠❡♥t ✉♥❡

❁tr♦✐s✐✒❡♠❡ ✈♦✐❡❃ r❡♣♦s❛♥t s✉r ❞❡s ❡①♣✓❡r✐❡♥❝❡s ❞❡ ♣❤②s✐q✉❡ ❛t♦♠✐q✉❡ ♣♦✉r ♠❡s✉r❡r ❧❡ r❛♣♣♦rt

❤❂♠✳ ❖♥ ♣❡✉t ❡♥ ❡☛❡t ❞✓❡☞♥✐r ☛ ✒❛ ♣❛rt✐r ❞❡ ❬✸✸❪

☛✷ ❂
✷❘✐♥❢

❝

▼

▼❡

❤

♠
❀ ✭✻✳✸✮

❛✈❡❝▼ ❡t♠ ❧❡s ♠❛ss❡s ❞❡ ❧❛ ♣❛rt✐❝✉❧❡ ❡♥ ✉♥✐t✓❡ ❛t♦♠✐q✉❡ ❡t ❡♥ ✉♥✐t✓❡ ❙■✱ ❧❛ ♠❛ss❡ ❞✉ r✉❜✐❞✐✉♠

✓❡t❛♥t ❝♦♥♥✉ ✒❛ ✷✂ ✶✵�✶✵ ♣r✒❡s ❡♥ ✉♥✐t✓❡ ❛t♦♠✐q✉❡ ❬✹✵❪✳ ▲❛ ❝♦♥st❛♥t❡ ❞❡ ❘②❞❜❡r❣ ❘✐♥❢ ❡st tr✒❡s

❜✐❡♥ ❝♦♥♥✉❡ ❬✹✶✱ ✹✷❪ ✭✉♥❡ ✐♥❝❡rt✐t✉❞❡ ❞❡ ✽ ✂ ✶✵�✶✷✮✱ t♦✉t ❝♦♠♠❡ ❧❛ ♠❛ss❡ ❞❡ ❧✬✓❡❧❡❝tr♦♥ ▼❡

❬✹✸✱ ✹✹❪ ✭✐♥❝❡rt✐t✉❞❡ ❞❡ ✼✂ ✶✵�✶✵✮✳ ❖♥ ❝♦♥st❛t❡ ❞♦♥❝ q✉❡ ❝❤❛q✉❡ ❢r❛❝t✐♦♥ s❛✉❢ ❧❛ ❞❡r♥✐✒❡r❡ ❡st

❝♦♥♥✉❡ ✒❛ ♠✐❡✉① q✉❡ ✷ ♣♣❜✳ ❯♥❡ ❞✓❡t❡r♠✐♥❛t✐♦♥ ❞❡ ❤❂♠ ✒❛ ♠✐❡✉① q✉❡ ✶ ♣♣❜ ♣❡r♠❡ttr❛ ❞♦♥❝ ❞❡

r✓❡❛❧✐s❡r ✉♥❡ ✈✓❡r✐☞❝❛t✐♦♥ ☞❛❜❧❡ ❞❡ ❧❛ ♠❡s✉r❡ ♣❛r ✭❣ � ✷✮✱ ❡t ♣❛r ❧✒❛ ♠❫❡♠❡ ❞❡ ✈✓❡r✐☞❡r ❧✬✉♥✐t✓❡ ❞❡

❝❡s ❞✐☛✓❡r❡♥ts ❞♦♠❛✐♥❡s ❞❡ ❧❛ ♣❤②s✐q✉❡✳ P❧✉s✐❡✉rs ♠❡s✉r❡s ❞❡ ❤❂♠ ♦♥t ✓❡t✓❡ r✓❡❛❧✐s✓❡❡s ❡♥ ✉t✐❧✐s❛♥t

❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ❬✹✺✱ ✹✻✱ ✹✼✱ ✹✽✱ ✶❪✳ ▲❛ ♠❡s✉r❡ ❧❛ ♣❧✉s ♣r✓❡❝✐s❡ ❛ ✓❡t✓❡

r✓❡❛❧✐s✓❡❡ ✒❛ ❙t❛♥❢♦r❞ s✉r ✉♥❡ ❢♦♥t❛✐♥❡ ❛t♦♠✐q✉❡ ❬✹✻❪✳ ❊❧❧❡ ❛ ♣❡r♠✐s ❞✬❛tt❡✐♥❞r❡ ✉♥❡ r✓❡s♦❧✉t✐♦♥ ❞❡

q✉❡❧q✉❡s ♣♣❜✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❝❡s ♣❡r❢♦r♠❛♥❝❡s s♦♥t ♦❜t❡♥✉❡s ❛✉ ♣r✐① ❞❡ ❧✬❛❥♦✉t ❞✬❡rr❡✉rs

s②st✓❡♠❛t✐q✉❡s ✐♠♣♦rt❛♥t❡s q✉✬✐❧ s❡♠❜❧❡ ❞✓❡s♦r♠❛✐s ❞✐✍❝✐❧❡ ❞✬✓❡✈❛❧✉❡r ❡t ❞❡ r✓❡❞✉✐r❡✳ ▲❡ ♣r♦❥❡t

■❈❊ ♣r♦♣♦s❡✱ ❡♥tr❡ ❛✉tr❡s✱ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ ❞✐♠✐♥✉❡r ❞❡s ❡☛❡ts s②st✓❡♠❛t✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡s

tr✒❡s ❧♦♥❣s t❡♠♣s ❞✬✐♥t❡rr♦❣❛t✐♦♥s ❛❝❝❡ss✐❜❧❡s ❡♥ ③✓❡r♦ ❣r❛✈✐t✓❡ ✭♣❧✉s✐❡✉rs s❡❝♦♥❞❡s ❝♦♥tr❡ ✉♥❡

❝❡♥t❛✐♥❡ ❞❡ ♠✐❧❧✐s❡❝♦♥❞❡s ✒❛ ❧❛ s✉r❢❛❝❡✮✳

❯♥❡ ♣r❡♠✐✒❡r❡ ♠❡s✉r❡ ❞❡ ♣r✐♥❝✐♣❡ ❛ ✓❡t✓❡ ♦❜t❡♥✉❡ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❡♥ r❡♣r❡♥❛♥t ❞❡s ❞♦♥♥✓❡❡s

♦❜t❡♥✉❡s ❧♦rs ❞❡ ❧✬✓❡t✉❞❡ s✉r ❧❛ ❝♦❤✓❡r❡♥❝❡ ❞✉ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ♣❛r ❞✐☛r❛❝t✐♦♥ ❞❡

❇r❛❣❣✳ ▲❡ s❝❤✓❡♠❛ ❞❡ ❧✬❡①♣✓❡r✐❡♥❝❡ ❛ ✓❡t✓❡ ❡①♣❧✐q✉✓❡ ❡♥ ❞✓❡t❛✐❧ ❛✉ ❝❤❛♣✐tr❡ ✺ ❡t ❧❡ ♣r✐♥❝✐♣❡ ❡st

r❡♣r✐s s✉r ❧❛ ☞❣✉r❡ ✻✳✻✳

■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❡ ❞✐s♣♦s✐t✐❢✱ q✉✐ ✉t✐❧✐s❡ ❞❡✉① ♣❛✐r❡s ❞❡ ❢❛✐s❝❡❛✉① r✓❡tr♦r✓❡✌✓❡❝❤✐s✱

❝r✓❡❡ ❞❡✉① r✓❡s❡❛✉① ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ❞❡ ❁ ❞✐r❡❝t✐♦♥ ❃ ♦♣♣♦s✓❡s✳ ❉❛♥s ❝❡ ❝❛s ❧❛ ❝♦♥❞✐t✐♦♥

❞❡ r✓❡s♦♥❛♥❝❡ ✍✗✝ ♣♦✉r ❧❡s ❞❡✉① r✓❡s❡❛✉① ❞❡ ❞✐☛r❛❝t✐♦♥ s✬✓❡❝r✐t ✿

✍✗✰ ❂ ✍✗✵✭✶ ✰ ♣✐❂✷⑦❦▲✮ ✭✻✳✹✮

✍✗� ❂ ✍✗✵✭✶� ♣✐❂✷⑦❦▲✮

❛✈❡❝ ✍✗✵ ❂ ✭✽❂✷✙✮✭⑦❦✷▲❂✷♠✮ ❧❡ ❞✓❡❝❛❧❛❣❡ ❝♦rr❡s♣♦♥❞❛♥t ✒❛ ❧✬✓❡♥❡r❣✐❡ ❞❡ r❡❝✉❧ ✭✈♦✐r ☞❣✉r❡ ✻✳✻✮

❡t ♦✒✉ ♣✐❂✷⑦❦▲ r❡♣r✓❡s❡♥t❡ ❧✬❡☛❡t ❉♦♣♣❧❡r ✐♥❞✉✐t ♣❛r ✉♥ ✈✐t❡ss❡ ❞✬❡♥s❡♠❜❧❡ ❞✉ ❝♦♥❞❡♥s❛t✳ ❊♥

♠❡s✉r❛♥t ❞♦♥❝ ❧✬❡✍❝❛❝✐t✓❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❛♥s ❧✬♦r❞r❡ ✰✹⑦❦▲ ♣❛r ✉♥ r✓❡s❡❛✉✱ ❡t ❧✬❡✍❝❛❝✐t✓❡ ❞❡

❞✐☛r❛❝t✐♦♥ ❞❛♥s ❧✬♦r❞r❡ �✹⑦❦▲ ♣❛r ❧✬❛✉tr❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞✓❡s❛❝❝♦r❞ ✍✗✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡



✷✽✹ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡
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❋✐❣✳ ✻✳✻ ✿ Pr✐♥❝✐♣❡ ❞❡ ♥♦tr❡ ❞✐s♣♦s✐t✐❢
❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ✒❛ q✉❛tr❡ ♣❤♦t♦♥s✳
❉❡ss✉s ✿ ❧❡ s❝❤✓❡♠❛ ❞✉ ❞✐s♣♦s✐t✐❢✳ ▲❡s ❞❡✉①
❢❛✐s❝❡❛✉① ❧❛s❡r r✓❡tr♦r✓❡✌✓❡❝❤✐s s✉r ✉♥ s❡✉❧
♠✐r♦✐r ❢♦r♠❡♥t ❞❡✉① r✓❡s❡❛✉① ❧✉♠✐♥❡✉①✱
s❡ ❞✓❡♣❧❛✘❝❛♥t ❞❡s ❞✐r❡❝t✐♦♥s ♦♣♣♦s✓❡❡s✳ ❆✉
❝❡♥tr❡ ✿ s♣❡❝tr❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞❡ ❇r❛❣❣ ♦❜✲
t❡♥✉ ♣♦✉r ❧❡s ❞❡✉① r✓❡s❡❛✉① ❡♥ ❢♦♥❝t✐♦♥ ❞✉
❞✓❡s❛❝❝♦r❞ ✍✗ ❡♥tr❡ ❧❡s ♦♥❞❡s ❧❛s❡r✳ ✭■♥s❡rt ✿
❯♥❡ ✐♠❛❣❡ t②♣✐q✉❡ ❞❡ ❞✐☛r❛❝t✐♦♥ ❞✬❛t♦♠❡s
❛♣r✒❡s ✉♥ t❡♠♣s ❞❡ ✈♦❧ tt♦❢ ✳✮ ❇❛s ✿ ❉✐❛✲
❣r❛♠♠❡ ❞✬✓❡♥❡r❣✐❡ ✐♥❞✐q✉❛♥t ❧❛ ❝♦♥❞✐t✐♦♥
❞❡ r✓❡s♦♥❛♥❝❡ ❞❡ ❇r❛❣❣✳ P♦✉r ✉♥❡ ✐♠♣✉❧✲
s✐♦♥ ✐♥✐t✐❛❧❡ ♥✉❧❧❡✱ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦✲
♥❛♥❝❡ ❡st ✈✓❡r✐☞✓❡❡ ❧♦rsq✉❡ ❧❡ ❞✓❡s❛❝❝♦r❞ ✈❛✉t
✍✗✵✳ ❙✐ ❧❡s ❛t♦♠❡s ♦♥t ✉♥❡ ✐♠♣✉❧s✐♦♥ ✐♥✐✲
t✐❛❧❡ ♣✐✱ ❧❛ r✓❡s♦♥❛♥❝❡ ❡st ❞✓❡❝❛❧✓❡❡ ♣❛r ❡☛❡t
❉♦♣♣❧❡r✳

❞✐st✐♥❣✉❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❧✬❡☛❡t ❉♦♣♣❧❡r ❞❡ ❝❡❧❧❡ ❞❡ ❧✬✓❡♥❡r❣✐❡ ❞❡ r❡❝✉❧✳

4.14.03.93.83.73.63.53.4
� �� � �� �� �� �� � �� �� �� �� ��δν0/8 (kHz)
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❋✐❣✳ ✻✳✼ ✿ ❙♣❡❝tr❡ ♠♦②❡♥♥✓❡ ❡t r❡❝❡♥tr✓❡
❛✉t♦✉r ❞❡ ❧❛ ✈❛❧❡✉r ✍✗✵ q✉✐ ❡st ❡①tr❛✐t❡ ♣❛r
❛❥✉st❡♠❡♥t✳ ✒❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ✈❛❧❡✉r✱ ♦♥
♣❡✉t r❡♠♦♥t❡r ✒❛ ❤❂♠✳

P♦✉r ❝❡ ❢❛✐r❡✱ ♦♥ ❡☛❡❝t✉❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ✉♥ ❛❥✉st❡♠❡♥t ❞❡ ❝❤❛q✉❡ s♣❡❝tr❡ s✓❡♣❛r✓❡♠❡♥t✱

♣♦✉r ♦❜t❡♥✐r ❛✐♥s✐ ❧❡s ❝❡♥tr❡s ❞❡s ❞❡✉① s♣❡❝tr❡s ✍✗✝✳ ❈❤❛q✉❡ s♣❡❝tr❡ ❡st ❛❧♦rs r❡❝❡♥tr✓❡ ❛✉t♦✉r

❞❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ✍✗✵ ❂ ✭✍✗✰✰✍✗�✮❂✷✳ ❊♥ ❡☛❡❝t✉❛♥t ❛❧♦rs ✉♥ ♠♦②❡♥♥❛❣❡ s✉r ♣❧✉s ❞❡ ✸✺✵

s♣❡❝tr❡s ✭✈♦✐r ☞❣✉r❡ ✻✳✼✮ ♥♦✉s ❛✈♦♥s ♣✉ ❡①tr❛✐r❡ ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ✍✗✵ ❂ ✸✵✿✶✽✾✭✹✮ ❦❍③ ♦✒✉

❧❡ ♥♦♠❜r❡ ❡♥tr❡ ♣❛r❡♥t❤✒❡s❡s r❡♣r✓❡s❡♥t❡ ❧✬✐♥❞✐❝❡ ❞❡ ❝♦♥☞❛♥❝❡ ❞❡ ❧✬❛❥✉st❡♠❡♥t✳ ❖♥ ❞✓❡❞✉✐t ❛❧♦rs

❞❡ ❝❡tt❡ ♠❡s✉r❡ ✉♥❡ ✈❛❧❡✉r ♣♦✉r ❤❂♠ ✑ ✕✷ ✂ ✍✗✵❂✹ ❂ ✹✿✺✾✹✻✭✼✮ ✂ ✶✵�✾ ❏✿s✿❦❣�✶ ❧✓❡❣✒❡r❡♠❡♥t

❞✓❡❝❛❧✓❡❡ ❞❡ ❧❛ ✈❛❧❡✉r ♦✍❝✐❡❧❧❡ ❈❖❉❆❚❆ ✹✿✺✾✶✸✻✂✶✵�✾ ❏✿s✿❦❣�✶✳ ❈❡t ✓❡❝❛rt s✬❡①♣❧✐q✉❡ ♣❛r ❞❡✉①

❡☛❡ts ❞♦♥t ❧✬✉♥ ❡st ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ✐♥t✓❡r❡ss❛♥t✳



✻✳✶ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s ✒❛ ❧✬❡s♣❛❝❡ ✷✽✺

④ ❉✬✉♥❡ ♣❛rt✱ ❝❡s r✓❡s✉❧t❛ts ✓❡t❛♥t ✐ss✉s ❞✬✉♥❡ ❛♥❛❧②s❡ ❛ ♣♦st❡r✐♦r✐ ❞❡ r✓❡s✉❧t❛ts ♣✉❜❧✐✓❡s ❞❛♥s ❬✹✾❪✱

♥♦✉s ❛✈♦♥s ❝♦♥st❛t✓❡ q✉❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❡♥ ❢r✓❡q✉❡♥❝❡ ♥✬✓❡t❛✐t ♣❛s ❡①❛❝t❡ ❝❛r ❧✬♦s❝✐❧❧❛t❡✉r ❞❡

r✓❡❢✓❡r❡♥❝❡ ❞✉ ❝♦♠♣t❡✉r ✉t✐❧✐s✓❡ ❞✓❡r✐✈❡ ♥❛t✉r❡❧❧❡♠❡♥t ❬✹✽❪✳ ❈❡tt❡ ❡rr❡✉r s②st✓❡♠❛t✐q✉❡ ❡♥tr❛❫✏♥❡

❛❧♦rs ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ❞❡ ✷✂ ✶✵�✶✷ ❏✿s✿❦❣�✶ s✉r ❧❛ ✈❛❧❡✉r ❞❡ ❤❂♠✳

④ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❛t♦♠❡s ❡♥tr❛❫✏♥❡♥t ✉♥ ❞✓❡❝❛❧❛❣❡ ❡♥ ❢r✓❡q✉❡♥❝❡✱ ✐❞❡♥t✐q✉❡

♣♦✉r ❧❡s ❞❡✉① r✓❡s❡❛✉① ❞❡ ❞✐☛r❛❝t✐♦♥ ❝❛r ✐❧ ♠♦❞✐☞❡ ❧❡ ❞✐❛❣r❛♠♠❡ ❞✬✓❡♥❡r❣✐❡ ❞❡ ❧❛ ☞❣✉r❡

✻✳✻ ♣❛r ✁❊✐ ❂ ❯♥✭r✮ ❬✺✵❪ ♦✒✉ ♥✭r✮ r❡♣r✓❡s❡♥t❡ ❧❛ ❞❡♥s✐t✓❡ ❛t♦♠✐q✉❡ ❞✉ ❝♦♥❞❡♥s❛t ❡t ❯ ❂

✺✿✶✹✼✭✺✮✂✶✵�✺✶ ❏✳♠✸ ❡st ❧❡ ♣❛r❛♠✒❡tr❡ ❞✬✐♥t❡r❛❝t✐♦♥✱ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳

▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ r✓❡s♦♥❛♥❝❡ ❁ ❧♦❝❛❧❡ ❃ s✬✓❡❝r✐t ❛❧♦rs ✿

✷❤✍✗✵✭r✮ ❂ ✶✻
⑦
✷❦✷▲
✷♠

✰ ❯♥✭r✮ ✭✻✳✺✮

❆♣r✒❡s ♠♦②❡♥♥❛❣❡ s✉r ❧❡ ♣r♦☞❧ ❞✉ ❝♦♥❞❡♥s❛t✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥ ❞✓❡❝❛❧❛❣❡ ❞❡ ❧❛ r✓❡s♦♥❛♥❝❡

♣❛r ❯❤♥✐❂✷❤ ✘ ✹❯♥✵❂✼✳

❆✉ ☞♥❛❧✱ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❞❡✉① ❡☛❡ts s②st✓❡♠❛t✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t ✿

❤❂♠ ❂ ✕✷❂✹ ✁ ❬❤✍✗✵✐ � ❯❤♥✐❂✷❤❪
✬ ✹✿✺✾✸✾✭✷✶✮✭✼✮✂ ✶✵�✾❏✿s✿❦❣�✶✿ ✭✻✳✻✮

q✉✐ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ✈❛❧❡✉r ❈❖❉❆❚❆✳

▲❡ ♣r♦❥❡t ■❈❊

❋✐❣✳ ✻✳✽ ✿ ❙❝❤✓❡♠❛ ❞✉ s②st✒❡♠❡ ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❞✉ ♣r♦❥❡t ■❈❊✳ ▲✬❡♥❝❡✐♥t❡ ✒❛ ✈✐❞❡ s❡r❛ ❞✓❡✈❡❧♦♣♣✓❡❡ ❛✉
▲❈❋■❖✱ ❧❡ s②st✒❡♠❡ ❧❛s❡r ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t s❡r❛ ❞✓❡✈❡❧♦♣♣✓❡ ♣❛r ❧✬❖◆❊❘❆ ❡t ❧❛ ♣❛rt✐❡ ♠❛♥✐♣✉❧❛t✐♦♥
❞❡s ♦♥❞❡s ❛t♦♠✐q✉❡s ❞✓❡✈❡❧♦♣♣✓❡❡ ♣❛r ❧❡ ❙❨❘❚❊



✷✽✻ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❈♦♠♠❡ ✐♥❞✐q✉✓❡ ♣r✓❡❝✓❡❞❡♠♠❡♥t✱ ❧❡ ♣r♦❥❡t ■❈❊ ❛ ♣♦✉r ❜✉t ✉❧t✐♠❡ ❞✬❡☛❡❝t✉❡r ❞❡s ❝♦♠♣❛r❛✐s♦♥s

❡♥tr❡ ❧❡s ♠❡s✉r❡s ❛❝❝✓❡❧✓❡r♦♠✓❡tr✐q✉❡s ❡☛❡❝t✉✓❡❡s ♣❛r ❧❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s ❛t♦♠✐q✉❡s ❡t ❧❡s

s❡♥s❡✉rs ❁ ❝❧❛ss✐q✉❡s ❃ ❞✉ t②♣❡ ❞❡ ❝❡✉① q✉✐ s♦♥t ❞✓❡✈❡❧♦♣♣✓❡s ✒❛ ❧✬❖◆❊❘❆✱ ♦☛r❛♥t ❛✐♥s✐ ✉♥

t❡st ❞✉ ♣r✐♥❝✐♣❡ ❞✬✓❡q✉✐✈❛❧❡♥❝❡✱ ✒❛ ♣❡r❢♦r♠❛♥❝❡ ❧✐♠✐t✓❡❡✱ ❡♥tr❡ ✉♥ ♦❜❥❡t ♠✓❡s♦s❝♦♣✐q✉❡ ❡t ✉♥

♦❜❥❡t ♠✐❝r♦s❝♦♣✐q✉❡✳ P♦✉r ❡☛❡❝t✉❡r ❝❡s ♠❡s✉r❡s✱ ♦♥ ✉t✐❧✐s❡r❛ ✉♥ ❞✐s♣♦s✐t✐❢ ❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡

✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ❜❛s✓❡ s✉r ✉♥❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✭❧❛s❡r ✒❛ ❛t♦♠❡s✮ ❞♦♥t ❧❡s ♣r❡♠✐❡rs t❡sts

s❡r♦♥t ❡☛❡❝t✉✓❡s s✉r ❧❡ ♠♦♥t❛❣❡ ❞❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡ ❬✺✶✱ ✺✷❪✳ ❈❡ ♣r♦❥❡t ♣❡r♠❡ttr❛

✉❧t✐♠❡♠❡♥t ❞✬❛❜♦✉t✐r ✒❛ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ❞✬❛t♦♠❡s ✭❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡✲

❊✐♥st❡✐♥ ♦✉ ❧❛s❡r ✒❛ ❛t♦♠❡s✮ s♣❛t✐❛❧✐s❛❜❧❡ ❝❡rt❛✐♥❡♠❡♥t ✐♥❞✐s♣❡♥s❛❜❧❡ ♣♦✉r ❧❡s ❡①♣✓❡r✐❡♥❝❡s

❞✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❞❛♥s ❧✬❡s♣❛❝❡✳ ❉❡ ♣❧✉s✱ ❧✬❛♣♣❛r✐t✐♦♥ r✓❡❝❡♥t❡ ❞❡ ❞✐s♣♦s✐t✐❢s ❝♦♠♣❛❝ts

✭❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ❁♣✉❝❡s ❛t♦♠✐q✉❡s❃✮ ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞✬❡♥✈✐s❛❣❡r ❧✬✐♥t✓❡❣r❛t✐♦♥ ❞❡ t❡❧s

❞✐s♣♦s✐t✐❢s ❞❛♥s ❞❡s ♠✐❝r♦s❛t❡❧❧✐t❡s ♦✉ ❞❡s ♠✐♥✐s❛t❡❧❧✐t❡s✳

▲❡s ❞❡✉① t❡❝❤♥♦❧♦❣✐❡s ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ✐♠♣❧✐q✉✓❡❡s ❞❛♥s ■❈❊ ❛♣♣❛r❛✐ss❡♥t ❝♦♠♠❡ ❝♦♠♣❧✓❡♠❡♥✲

t❛✐r❡s ❝❛r ♣❡r♠❡tt❛♥t ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❡t ✒❛ t❡r♠❡ ✉♥❡ ♠❡s✉r❡ ❛❝❝✓❡❧✓❡r♦♠✓❡tr✐q✉❡ ✒❛ ✉♥ ♥✐✈❡❛✉

❡①tr❫❡♠❡♠❡♥t ☞♥ s✉r ✉♥❡ ❣❛♠♠❡ ❞❡ ❢r✓❡q✉❡♥❝❡s r❡❧❛t✐✈❡♠❡♥t ❧❛r❣❡✱ ❝♦♠♠❡ ❧✬✐♥❞✐q✉❡ ❧❛ ☞❣✉r❡
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Fréquence (Hz)

 Mesure Accéléromètre Atomique en chute libre (4s)

 Performance de l'Accéléromètre Electrostatique
 Performances de l'Accéléromètre Atomique dans l'espace
 Meilleurs performances de gravimètre atomique (sur terre)

❋✐❣✳ ✻✳✾ ✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♣❡r❢♦r♠❛♥❝❡s
❞❡s ❞✐☛✓❡r❡♥ts t②♣❡s ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ✉t✐✲
❧✐s✓❡s ♣♦✉r ■❈❊✳ ▲❛ ❝♦✉r❜❡ ♣♦✐♥t✐❧❧✓❡❡ ✐♥✲
❞✐q✉❡ ❧❡s ♠❡s✉r❡s ♣✉❜❧✐✓❡❡s ❞❛♥s ❬✺✸❪ q✉✐
r❡♣r✓❡s❡♥t❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❧❡s ♠❡✐❧❧❡✉r❡s
♣❡r❢♦r♠❛♥❝❡s ❛tt❡✐♥t❡s ❛✈❡❝ ✉♥ ❛❝❝✓❡❧✓❡r♦✲
♠✒❡tr❡ ✭❣r❛✈✐♠✒❡tr❡✮ ❛t♦♠✐q✉❡✳ ❈❡s ♠❡✲
s✉r❡s ♣❡✉✈❡♥t ❫❡tr❡ ❡①tr❛♣♦❧✓❡❡s ♣♦✉r ❞✓❡✲
❞✉✐r❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♣♦t❡♥t✐❡❧❧❡s ❞✬✉♥
❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ❡♥ ❝❤✉t❡ ❧✐❜r❡
✭❝♦✉r❜❡ ♥♦✐r❡✮✳ ❊♥ ❝♦♠♣❛r❛♥t ❛✈❡❝ ❧❡s ♣❡r✲
❢♦r♠❛♥❝❡s ❞❡s ❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ✓❡❧❡❝tr♦st❛✲
t✐q✉❡s ❞❡ ❧✬❖◆❊❘❆✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ❧❡s
♣❡r❢♦r♠❛♥❝❡s ❞❡s ❞❡✉① s②st✒❡♠❡s s♦♥t ✓❡q✉✐✲
✈❛❧❡♥t❡s ♣♦✉r ❞❡s t❡♠♣s ❞❡ ♠❡s✉r❡s ❞❡ ✶✵
s❡❝♦♥❞❡s✱ ❧✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡ ❞❡✈❡✲
♥❛♥t ❧✉✐ tr✒❡s ✐♥t✓❡r❡ss❛♥t ♣♦✉r ❧❡s ♠❡s✉r❡s
❞✬❛❝❝✓❡❧✓❡r❛t✐♦♥s ❁ q✉❛s✐✲❝♦♥t✐♥✉❡s ❃✳

▲✬✉t✐❧✐s❛t✐♦♥ ❝♦♠♣❧✓❡♠❡♥t❛✐r❡ ❞❡ ❝❡s ❞❡✉① t②♣❡s ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ♣♦✉r ❞❡s ♠✐ss✐♦♥s ✒❛ ❣r❛♥❞❡

❞✐st❛♥❝❡ ♣❡r♠❡t ❞✬❡♥✈✐s❛❣❡r ❧❡✉r ✉t✐❧✐s❛t✐♦♥ s✐♠✉❧t❛♥✓❡♠❡♥t ❛✈❡❝ ❞❡s ♠✓❡t❤♦❞❡s ❞❡ ❘❛♥❣✐♥❣

❝♦♥✈❡♥t✐♦♥♥❡❧ ♣♦✉r ❧❡✈❡r ❧❡s ❛♠❜✐❣✉⑧✏t✓❡s s✉r ❧✬❛♥♦♠❛❧✐❡ ❞❡s tr❛❥❡❝t♦✐r❡s ❞❡s s♦♥❞❡s ❞❡ t②♣❡ P✐♦✲



✻✳✷ ❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ♥♦♥✲❝❧❛ss✐q✉❡s✷✽✼

♥❡❡r✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ❡①❛❝ts ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ✒❛ ❜♦r❞ ❧✬❛❝❝✓❡❧✓❡r❛t✐♦♥ ♠♦②❡♥♥❡

s❛♥s ❜❡s♦✐♥ ❞❡ ♠♦❞✓❡❧✐s❛t✐♦♥ ❞❡s ♣♦ss✐❜❧❡s ❢♦r❝❡s ❛♣♣❧✐q✉✓❡❡s s✉r ❧❡ s❛t❡❧❧✐t❡✳ ❉❡ ♣❧✉s ❧❡s ❝♦♠✲

♣❛r❛✐s♦♥s ❡♥tr❡ ❧❡s ❞❡✉① t②♣❡s ❞✬❛❝❝✓❡❧✓❡r♦♠✒❡tr❡s ♣❡✉✈❡♥t ❞♦♥♥❡r ❧✐❡✉ ✒❛ ✉♥ t❡st ❞✉ ♣r✐♥❝✐♣❡

❞✬✓❡q✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ✉♥ s②st✒❡♠❡ ❁ ❝❧❛ss✐q✉❡ ❃ ❡t ✉♥ s②st✒❡♠❡ q✉❛♥t✐q✉❡ ❛✉ ♥✐✈❡❛✉ ❞✉ ♠❡✐❧❧❡✉r

t❡st ❡♥✈✐s❛❣✓❡ ❛❝t✉❡❧❧❡♠❡♥t ✭✖s❝♦♣❡✮ t♦✉t ❡♥ ♣❡r♠❡tt❛♥t ❧❛ ❞✓❡♠♦♥str❛t✐♦♥ ❞❡s ♣♦ss✐❜✐❧✐t✓❡s ❞❡

❝❡ t②♣❡ ❞❡ ❝❛♣t❡✉rs✱ ♣♦✉✈❛♥t ❡♥s✉✐t❡ ❫❡tr❡ ✉t✐❧✐s✓❡s ♣♦✉r ❧❛ ♥❛✈✐❣❛t✐♦♥ s♣❛t✐❛❧❡ ♦✉ ♣♦✉r ❞✬❛✉tr❡s

t②♣❡s ❞❡ ♠✐ss✐♦♥s✳

✻✳✷ ❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝

❞❡s s♦✉r❝❡s ♥♦♥✲❝❧❛ss✐q✉❡s

❯♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❝❧❛ss✐q✉❡ ❣✓❡♥✓❡r✐q✉❡ ❛ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ❧✐♠✐t✓❡❡ ♣❛r ❧❡ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥

q✉❛♥t✐q✉❡ ♣r♦♣♦rt✐♦♥♥❡❧ ✒❛ ✶❂
♣
◆ ✭❁ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❃✮✳ ■❝✐✱ ◆ ♣❡✉t ❫❡tr❡ s♦✐t ❧❡ ♥♦♠❜r❡

♠♦②❡♥ ❞❡ ♣❛rt✐❝✉❧❡s ♣❛ss❛♥t ♣❛r ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ♠❡s✉r❡✱ s♦✐t ❧❡ ♥♦♠❜r❡

❞❡ ❢♦✐s q✉❡ ❧✬❡①♣✓❡r✐❡♥❝❡ ❛ ✓❡t✓❡ ❡①✓❡❝✉t✓❡❡ ❛✈❡❝ ✉♥❡ s❡✉❧❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❬✺✹✱ ✺✺❪✳

❈❡tt❡ ❧✐♠✐t❛t✐♦♥ s✬❛♣♣❧✐q✉❡ ❛✉ ❝❛s ❞❡ ♣❛rt✐❝✉❧❡s st❛t✐st✐q✉❡♠❡♥t ✐♥❞✓❡♣❡♥❞❛♥t❡s✱ ❡t ♣♦✉r ❞❡s

✓❡t❛ts ♦✒✉ ❧❡s ♣❛rt✐❝✉❧❡s s♦♥t ❝♦rr✓❡❧✓❡❡s ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❡✉t ❫❡tr❡ ❛♠✓❡❧✐♦r✓❡❡

♣❛r ✉♥ ❢❛❝t❡✉r ❞❡
♣
◆ ✱ ❝✬❡st✲✒❛✲❞✐r❡ ❛tt❡✐♥❞r❡ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ✶❂◆✳ ❈❡tt❡

✉❧t✐♠❡ ❧✐♠✐t❡ ❡st ✐♠♣♦s✓❡❡ ♣❛r ❧❡ ♣r✐♥❝✐♣❡ ❞✬✐♥❝❡rt✐t✉❞❡ ❞❡ ❍❡✐s❡♥❜❡r❣✳ P♦✉r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡

♦♣t✐q✉❡ ❢♦♥❝t✐♦♥♥❛♥t ❛✈❡❝ ✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬❡♥tr✓❡❡ ❞❡ ♣❧✉s✐❡✉rs ♠✐❧❧✐❲❛tts✱ ❧✬❛♠✓❡❧✐♦r❛t✐♦♥ ❞❡

❧❛ s❡♥s✐❜✐❧✐t✓❡ ♣❛r ❝❡s ♠✓❡t❤♦❞❡s q✉❛♥t✐q✉❡s ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞✉ r❛♣♣♦rt s✐❣♥❛❧

✒❛ ❜r✉✐t ❞❡ ♣❧✉s✐❡✉rs ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r✳

❉✒❡s ✶✾✽✶✱ ❈❛✈❡s ❛ ♠♦♥tr✓❡ q✉✬❛❧✐♠❡♥t❡r ❧❡ ♣♦rt ❞✬❡♥tr✓❡❡ s❡❝♦♥❞❛✐r❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡

▼❛❝❤✲❩❡♥❤❞❡r ♦♣t✐q✉❡ ❛✈❡❝ ✉♥ ✓❡t❛t ❝♦♠♣r✐♠✓❡ ❞❡ ❧❛ ❧✉♠✐✒❡r❡ ❛❜❛✐ss❡ ❧❡ ❜r✉✐t ❞❡ ♣❤♦t♦♥s ❡♥

❞❡ss♦✉s ❞✉ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡ ✶❂
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◆ ✭♦✒✉ ◆ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ❡♥ ♠♦②❡♥♥❡

❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✮ ❬✺✻❪✳ ❨✉r❦❡ ❡t ❛❧✳ ❬✺✼✱ ✺✽❪ ♦♥t ♠♦♥tr✓❡ ❡♥ ✶✾✽✻ q✉✬✉t✐❧✐s❡r ✉♥❡ s✉♣❡r♣♦✲

s✐t✐♦♥ ❁ ❝♦rr✓❡❧✓❡❡ ❃ ❞✬✓❡t❛ts ❞❡ ❋♦❝❦ ✭✉♥ ✓❡t❛t ❞❡ ❨✉r❦❡✮ ✒❛ ❧✬❡♥tr✓❡❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲

❩❡♥❤❞❡r ♣♦✉rr❛✐t ♠❡♥❡r ✒❛ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ❛✉ ❞✓❡♣❤❛s❛❣❡ ✁✣ ✬ ✶❂◆ ♣♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞✉

❞✓❡♣❤❛s❛❣❡ ❛❜s♦❧✉ ✣✳ ❙❛♥❞❡rs✱ ▼✐❧❜✉r♥✱ ❡t ❖✉ ♦♥t ❣✓❡♥✓❡r❛❧✐s✓❡ ❝❡tt❡ ♠✓❡t❤♦❞❡ ♣♦✉r ♦❜t❡♥✐r ✉♥❡

s❡♥s✐❜✐❧✐t✓❡ ❛✉ ❞✓❡♣❤❛s❛❣❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ✒❛ ✶❂◆ ♣♦✉r t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❞❡ ✣ ❬✺✾✱ ✻✵❪✳

P❛r ❧❛ s✉✐t❡✱ ❍♦❧❧❛♥❞ ❡t ❇✉r♥❡tt ♦♥t ♣r♦♣♦s✓❡ ❧✬✉s❛❣❡ ❞✬✉♥ ❞♦✉❜❧❡ ✓❡t❛t ❞❡ ❋♦❝❦ ✭❞❡ ❧❛ ❢♦r♠❡

❥◆❀◆✐✮ ♣♦✉r ❛tt❡✐♥❞r❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ❬✻✶❪✱ ❝❡ ❝♦♥❝❡♣t ❛②❛♥t ❡♥s✉✐t❡ ✓❡t✓❡ ✉t✐❧✐s✓❡ ♣❛r

❏❛❝♦❜s♦♥ ❡t ❛❧✳ ❬✻✷❪✳ ❊♥☞♥✱ ▼✳ ❑❛s❡✈✐❝❤ ❡t ♠♦✐✲♠❫❡♠❡ ❛✈♦♥s ♠♦♥tr✓❡ q✉✬✉♥❡ ❝♦♥☞❣✉r❛t✐♦♥

s✐♠✐❧❛✐r❡✱ ♠❛✐s ❛♣♣❧✐q✉✓❡❡ ✒❛ ❧✬♦♣t✐q✉❡ ❛t♦♠✐q✉❡✱ ♣❡r♠❡ttr❛✐t ❞✬❛tt❡✐♥❞r❡ ❧❡ ♠❫❡♠❡ ♥✐✈❡❛✉ ❞❡

s❡♥s✐❜✐❧✐t✓❡✳ ❊♥ ❢❛✐t✱ ✉♥❡ t❡❧❧❡ ❛♠✓❡❧✐♦r❛t✐♦♥ s❡r❛✐t ✓❡❣❛❧❡♠❡♥t ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❞❡s ❤♦r❧♦❣❡s ❛t♦✲

♠✐q✉❡s ❀ ✉♥❡ ❤♦r❧♦❣❡ ❛t♦♠✐q✉❡ ✉t✐❧✐s❛♥t ❞❡s ❢r❛♥❣❡s ❞❡ ❘❛♠s❡② ❡st ❢♦r♠❡❧❧❡♠❡♥t ✓❡q✉✐✈❛❧❡♥t❡

✒❛ ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r ❬✻✸❪✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✐♥❞✐q✉✓❡ ❛✉ ❝❤❛♣✐tr❡ ✷✳ ■❝✐✱

❧❡s ✐♠♣✉❧s✐♦♥s ✙❂✷ s♦♥t ✓❡q✉✐✈❛❧❡♥t❡s ❛✉① ❧❛♠❡s s✓❡♣❛r❛tr✐❝❡s✳ ❲✐♥❡❧❛♥❞ ❡t ❛❧✳ ♦♥t ❞✓❡♠♦♥tr✓❡



✷✽✽ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❡①♣✓❡r✐♠❡♥t❛❧❡♠❡♥t q✉✬✐❧ ✓❡t❛✐t ♣♦ss✐❜❧❡ ❞❡ ❜❛ttr❡ ❧❡ ❜r✉✐t ❞❡ ❣r❡♥❛✐❧❧❡ ❞❛♥s ❧❡s ❤♦r❧♦❣❡s ✒❛ ✐♦♥s

✉t✐❧✐s❛♥t ❞❡s ✓❡t❛ts ✐♥tr✐q✉✓❡s ❬✻✹❪✳ ❊♥☞♥✱ ✐❧ ❛ ✓❡t✓❡ ♠♦♥tr✓❡ ❞❡r♥✐✒❡r❡♠❡♥t q✉❡ ❝❡tt❡ s❡♥s✐❜✐❧✐t✓❡

❛♠✓❡❧✐♦r✓❡❡ ♣❡✉t ❫❡tr❡ ❡①♣❧♦✐t✓❡❡ ❞❛♥s ❧❡s ❣②r♦s❝♦♣❡s ❛t♦♠✐q✉❡s ❬✻✺❪✳

✻✳✷✳✶ ▲❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ✿ ♣r✐♥❝✐♣❡ ❞✬✐♥❝❡r✲

t✐t✉❞❡

❋✐❣✳ ✻✳✶✵ ✿ ▲❡ ♣r✐♥❝✐♣❡ ❞✬✐♥❝❡rt✐t✉❞❡ ❞❡
❍❡✐s❡♥❜❡r❣✳

❙✉♣♣♦s♦♥s ✉♥ s②st✒❡♠❡ ✒❛ ✭◆✰✶✮ ✓❡t❛ts ♣♦ss✐❜❧❡s ❢♦r♠❡❧❧❡♠❡♥t ❞✓❡❝r✐t ♣❛r ✉♥ ♦♣✓❡r❛t❡✉r ♠♦♠❡♥t

❛♥❣✉❧❛✐r❡ ❫❏③✳ ❙✐ ❫◗ ❡st ✉♥❡ ♦❜s❡r✈❛❜❧❡ ❝♦♥❥✉❣✉✓❡❡ ❞❡ ❫❏③✱ ❝❡s ❞❡✉① ♦♣✓❡r❛t❡✉rs ♦❜✓❡✐ss❡♥t ✒❛ ❧❛

r❡❧❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ✁◗✁❏③ ✕ ✶
✷
✭♦♥ ❛ ♣r✐s ⑦ ❂ ✶✮ q✉✐ r✓❡❣✐t ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡

❧❛ ❞✐s♣❡rs✐♦♥ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ❝❤❛q✉❡ ♦❜s❡r✈❛❜❧❡ ✿ s✐ ❧✬♦♥ ✈❡✉t ✉♥❡ ✐♥❝❡rt✐t✉❞❡ ✁◗ ♠✐♥✐♠✉♠

s✉r ❧❛ ♠❡s✉r❡ ♣❛r ❫◗✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞❡ ♠❛①✐♠✐s❡r ❧✬✐♥❝❡rt✐t✉❞❡ ✁❏③ s✉r ❧❛ ♠❡s✉r❡ ♣❛r ❫❏③✳
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◆ ✳ P❛r ❝♦♥tr❡✱ s✐ ♦♥ ♣r❡♥❞ ✉♥❡ r✓❡♣❛rt✐t✐♦♥ ✉♥✐❢♦r♠❡ ❞❡ ❝❤❛q✉❡ ✈❡❝t❡✉r ♣r♦♣r❡

❥✥✐ ❂
P✰◆❂✷

�◆❂✷
❡✐✣♠ ❥♠✐♣

◆✰✶
✱ ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❧❛ ♠❡s✉r❡ ❞❡ ❫❏③ ❡st ❛❧♦rs ✭✁❏③✮

✷ ❂ ✶
✸

✏
◆✷

✹
✰ ◆

✷

✑
❡t ♦♥

✈✓❡r✐☞❡ ❜✐❡♥ q✉❡ ✁❏③ ✴ ◆ ✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ❛✉t♦r✐s❡ ❛❧♦rs ✉♥❡ r✓❡❞✉❝t✐♦♥



✻✳✷ ❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ♥♦♥✲❝❧❛ss✐q✉❡s✷✽✾

❞❡ ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❫◗ ✿ ✁◗ ✴ ✶
◆
✳ ❖♥ ✈♦✐t ❛✐♥s✐ q✉✬✉♥ ✓❡t❛❧❡♠❡♥t ❞❡ ❧❛ ❞✐s♣❡rs✐♦♥ s✉r ✉♥❡

q✉❛❞r❛t✉r❡ ✐♠♣❧✐q✉❡ ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞❡ ❝♦♠♣r✐♠❡r ❧❛ ❞✐s♣❡rs✐♦♥ s✉r ❧✬❛✉tr❡ q✉❛❞r❛t✉r❡✱ ✒❛ ❧❛

❝♦♥❞✐t✐♦♥ ❞✬✉t✐❧✐s❡r ✉♥ ✓❡t❛t q✉❛♥t✐q✉❡ ❛♣♣r♦♣r✐✓❡✳

❧❡ ❝❛s ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❛t♦♠✐q✉❡

P♦✉r ❝♦♠♣r❡♥❞r❡ ♠❛✐♥t❡♥❛♥t ❝♦♠♠❡♥t ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧❡ ✌✉① ✭♦✉ ❧❡ ♥♦♠❜r❡ ❞✬✓❡✈✓❡♥❡♠❡♥ts✮

❡t ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧❛ ♣❤❛s❡ s♦♥t ❧✐✓❡❡s ❞❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❝♦♥s✐❞✓❡r♦♥s ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ◆

s②st✒❡♠❡s ✒❛ ❞❡✉① ♥✐✈❡❛✉① ❢❥✵✐❀ ❥✶✐❣ ❞❛♥s ❧✬✓❡t❛t ✶♣
✷
❥✣✐ ❂ �❥✵✐✰ ❡✐✣❥✶✐✁✱ ❛✐♥s✐ q✉❡ ❧✬♦❜s❡r✈❛❜❧❡

❫❆ ❂ ❥✵✐❤✶❥ ✰ ❥✶✐❤✵❥ t❡❧❧❡ q✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❫❆ s♦✐t ❤✣❥ ❫❆❥✣✐ ❂ ❝♦s✣✳ ❙✐ ♠❛✐♥t❡♥❛♥t ♦♥

r✓❡♣✒❡t❡ ◆ ❢♦✐s ❝❡tt❡ ♠❡s✉r❡✱ ♦♥ ♦❜t✐❡♥t ✿

◆❤✣❥ ✿ ✿ ✿ ✶❤✣❥
✥

◆

✟
❦❂✶

❫❆✭❦✮

✦
❥✣✐✶ ✿ ✿ ✿ ❥✣✐◆ ❂ ◆ ❝♦s✣ ❀ ✭✻✳✽✮

❡t ❧❛ ✈❛r✐❛♥❝❡ ❞❡ ❫❆ ❛♣r✒❡s ❝❡s ◆ ♠❡s✉r❡s ❡st s✐♠♣❧❡♠❡♥t ✭✁❆✮✷ ❂ ◆✭✶� ❝♦s✷ ✬✮ ❂ ◆ s✐♥✷ ✬✳

❖♥ ♣❡✉t ❛❧♦rs ❝❛❧❝✉❧❡r ❧✬✐♥❝❡rt✐t✉❞❡ s✉r ❧❛ ♠❡s✉r❡ ❞❡ ✣ ❬✺✺❪ ✿

✁✣ ❂
✁❆

❥❞❤ ❫❆✐❂❞✣❥ ❂
✶♣
◆

✿ ✭✻✳✾✮

❖♥ r❡tr♦✉✈❡ ❛✐♥s✐ ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡✳

▲✬✐♥tr✐❝❛t✐♦♥ q✉❛♥t✐q✉❡ ♣❡r♠❡ttr❛ ❞✬❛♠✓❡❧✐♦r❡r ❧❛ q✉❛❧✐t✓❡ ❞❡ ❝❡tt❡ ♠❫❡♠❡ ♠❡s✉r❡ ❡♥ ❞✐♠✐♥✉❛♥t

❧❛ ❞✐s♣❡rs✐♦♥ ✒❛ ✉♥❡ ❧✐♠✐t❡ ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞✉ ♣r✐♥❝✐♣❡ ❞❡ ❍❡✐s❡♥❜❡r❣✳ P♦✉r ❝♦♠♣r❡♥❞r❡ ❝❡t

❡☛❡t✱ ♣r❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞❡ ❧✬✓❡t❛t ✐♥tr✐q✉✓❡ ✭✐✳❡✳ ♥♦♥ ❢❛❝t♦r✐s❛❜❧❡✮ ✒❛ ◆ ♣❛rt✐❝✉❧❡s ❥✬✐ ✑ ❥◆❀ ✵✐✰
❡✐◆✬❥✵❀ ◆✐ ❛✈❡❝ ❥◆❀ ✵✐ ❂ ❥✵✐✶❥✵✐✷ ✁ ✁ ✁ ❥✵✐◆ ❡t ❥✵❀ ◆✐ ❂ ❥✶✐✶❥✶✐✷ ✁ ✁ ✁ ❥✶✐◆ ✳ ▲✬❡①♣r❡ss✐♦♥ ❞❡

❥✬✐ s✐❣♥✐☞❡ q✉❡ ❝❤❛q✉❡ ♣❛rt✐❝✉❧❡ ❞❛♥s ❧✬✓❡t❛t ❥✶✐ ❛❝q✉✐✒❡r❡ ✉♥❡ ♣❤❛s❡ ❡✐✬✳ ▲❛ ♠❡s✉r❡ ❛✈❡❝

❧✬♦❜s❡r✈❛❜❧❡ ❫❆◆ ❂ ❥✵❀ ◆✐❤◆❀ ✵❥✰ ❥◆❀ ✵✐❤✵❀ ◆ ❥✱ ✓❡q✉✐✈❛❧❡♥t❡ ✒❛ ❧✬♦❜s❡r✈❛❜❧❡ ❫❆ ❞✉ ❝❛s ❝♦❤✓❡r❡♥t ✒❛

✶ ♣❛rt✐❝✉❧❡ r✓❡s✉❧t❡ ❛❧♦rs ❡♥ ✉♥❡ ♣r♦❜❛❜✐❧✐t✓❡ ❤✬❥ ❫❆◆ ❥✬✐ ❂ ❝♦s◆✬ ✳ ▲❛ ✈❛r✐❛♥❝❡ ❞❡ ❫❆◆ ❛♣r✒❡s ❝❡s

◆ ♠❡s✉r❡s ❡♥ ♣❛r❛❧❧✒❡❧❡ ❡st ❛❧♦rs ✭✁❆◆✮
✷ ❂ ✶� ❝♦s✷◆✬ ❂ s✐♥✷◆✬ ❡t ❧✬✐♥❝❡rt✐t✉❞❡ r✓❡s✉❧t❛♥t❡

s✉r ❧❛ ♠❡s✉r❡ ❞❡ ✬ ✿

✁✬ ❂
✁❆◆

❥❞❤ ❫❆◆ ✐❂❞✬❥ ❂
✶

◆
✿ ✭✻✳✶✵✮

▲❛ ♣r✓❡❝✐s✐♦♥ ❡st ❞♦♥❝ ❛✉❣♠❡♥t✓❡❡ ❞✬✉♥ ❢❛❝t❡✉r
♣
◆ ❛✉✲❞❡ss✉s ❧❛ ❧✐♠✐t❡ ❞❡ ❜r✉✐t st❛♥❞❛r❞

❬✻✻✱ ✻✼✱ ✻✹❪✳

▲❛ ❧✐t❤♦❣r❛♣❤✐❡ ❡t ❧❛ ♠✐❝r♦s❝♦♣✐❡ q✉❛♥t✐q✉❡ ♣♦✉rr❛✐❡♥t ❛✉ss✐ ❜✓❡♥✓❡☞❝✐❡r ❞❡ ❝❡tt❡ s❡♥s✐❜✐❧✐t✓❡

❛♠✓❡❧✐♦r✓❡❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❛ ❧✐♠✐t❡ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❧✐r❡ ❡t ✓❡❝r✐r❡ ❛✈❡❝ ❧❛ ❧✉♠✐✒❡r❡ ❡st ❧❛ ❧✐♠✐t❡

❞❡ ❞✐☛r❛❝t✐♦♥✱ q✉✐ ❡st r❡❧✐✓❡❡ ✒❛ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧❛ ❧✉♠✐✒❡r❡ ✉t✐❧✐s✓❡❡✳ ❉❛♥s ❧❛ ❧✐t❤♦❣r❛♣❤✐❡

♦♣t✐q✉❡ ❝❧❛ss✐q✉❡ ❧❛ t❛✐❧❧❡ ❝❛r❛❝t✓❡r✐st✐q✉❡ ♠✐♥✐♠✉♠ ❡st ❞✓❡t❡r♠✐♥✓❡❡ ♣❛r ❧❛ ❧✐♠✐t❡ ❞❡ ❞✐☛r❛❝t✐♦♥

❞❡ ❘❛②❧❡✐❣❤ ✕❂✹✱ ♦✒✉ ✕ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧❛ ❧✉♠✐✒❡r❡✳ ■❧ ❛ ✓❡t✓❡ ♠♦♥tr✓❡ q✉❡ ❝❡tt❡ ❧✐♠✐t❡

❝❧❛ss✐q✉❡ ♣❡✉t ❫❡tr❡ s✉r♠♦♥t✓❡❡ ❡♥ ❡①♣❧♦✐t❛♥t ❧❛ ♥❛t✉r❡ q✉❛♥t✐q✉❡ ❞❡ ♣❤♦t♦♥s ✐♥tr✐q✉✓❡s ❬✻✽✱



✷✾✵ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

✻✾✱ ✼✵✱ ✼✶✱ ✼✷✱ ✼✸❪✳ ❉❛♥s ❧❛ ♠✐❝r♦s❝♦♣✐❡ ♦♣t✐q✉❡ ❝❧❛ss✐q✉❡ ❛✉ss✐✱ ❧❡ ♣❧✉s ♣❡t✐t ❞✓❡t❛✐❧ q✉✐

♣❡✉t ❫❡tr❡ r✓❡s♦❧✉ ♥❡ ♣❡✉t ♣❛s ❫❡tr❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ♦♣t✐q✉❡✳ ❊♥

✉t✐❧✐s❛♥t ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ♣❤♦t♦♥s ✐♥tr✐q✉✓❡s✱ ✐❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ r✓❡s♦✉❞r❡ ❞❡s str✉❝t✉r❡s

s✉❜st❛♥t✐❡❧❧❡♠❡♥t ♣❧✉s ♣❡t✐t❡s q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡ ❧❛ ❧✉♠✐✒❡r❡✳

✻✳✷✳✷ ❆tt❡✐♥❞r❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ♣❤❛s❡✲♥♦♠❜r❡ ❞❛♥s ✉♥

✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r ❛t♦♠✐q✉❡

❉❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r✱ ❧❡ ✌✉① ❧✉♠✐♥❡✉① ✒❛ ❧✬❡♥tr✓❡❡ ❡st ❞✐✈✐s✓❡ ❡♥ ❞❡✉① ♣❛r

✉♥❡ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡✱ ♣✉✐s ❝❡s ❞❡✉① ❢❛✐s❝❡❛✉① s♦♥t r❡❝♦♠❜✐♥✓❡s s✉r ❧❛ ❧❛♠❡ s✓❡♣❛r❛tr✐❝❡ ❞❡

s♦rt✐❡✳ ▲❛ ❞✐☛✓❡r❡♥❝❡ ❞❡ ♣❤❛s❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝❤❡♠✐♥s ❡st ❡♥s✉✐t❡ ♠❡s✉r✓❡❡ ♣❛r ❧❛ ❞✓❡t❡❝t✐♦♥

❝♦♠♣❛r❛t✐✈❡ ❞❡s ❞❡✉① ♣♦rts ❞❡ s♦rt✐❡✳ ❙✉r ✉♥ t❡❧ ❞✐s♣♦s✐t✐❢✱ s✐ ✉♥ s❡✉❧ ♣♦rt ❞✬❡♥tr✓❡❡ ❡st

❛❧✐♠❡♥t✓❡✱ q✉❡ ❝❡ s♦✐t ♣❛r ✉♥ ✓❡t❛t ❝♦❤✓❡r❡♥t ♦✉ ♣❛r ✉♥ ✓❡t❛t ❞❡ ❋♦❝❦✱ ❧❛ s❡♥s✐❜✐❧✐t✓❡ s❡r❛ ❧✐♠✐t✓❡❡

❛✉ ❜r✉✐t ❞❡ ♣r♦❥❡❝t✐♦♥ q✉❛♥t✐q✉❡ ✶❂
♣
◆ ❡t ❡♥ ❛✉❝✉♥ ❝❛s ♣❛r ❧❡s ✌✉❝t✉❛t✐♦♥s ❞✬✐♥t❡♥s✐t✓❡ ✒❛

❧✬❡♥tr✓❡❡ ❬✻✺✱ ✼✹❪✳ ❉❛♥s ✉♥❡ ❤♦r❧♦❣❡ ❛t♦♠✐q✉❡ ✉t✐❧✐s❛♥t ❞❡s ❢r❛♥❣❡s ❞❡ ❘❛♠s❡②✱ ❧❡s ❛t♦♠❡s s♦♥t

♠✐s ❞❛♥s ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❞❡ ❧✬✓❡t❛t ❡①❝✐t✓❡ ✒❛ ❧✬❛✐❞❡ ❞✬✉♥❡ ✐♠♣✉❧s✐♦♥

✙❂✷ ✭❋✐❣✳ ✻✳✶✶❜✮✳ ❆♣r✒❡s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s ♣❡♥❞❛♥t ❧❡q✉❡❧ ❧✬❛t♦♠❡ ✓❡✈♦❧✉❡ ❧✐❜r❡♠❡♥t✱ ✉♥

❞❡✉①✐✒❡♠❡ ♣✉❧s❡ ✙❂✷ ❡st ❛♣♣❧✐q✉✓❡ ✒❛ ❧✬❛t♦♠❡✱ ❡t ❧✬✓❡t❛t ❞❡ ❝❡❧✉✐✲❝✐ ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡

❞✓❡♣❡♥❞ ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ♣❤❛s❡ r❡❧❛t✐❢ ♦❜t❡♥✉ ♣❛r ❧✬✓❡t❛t ❡①❝✐t✓❡ ♣❡♥❞❛♥t ❧✬✓❡✈♦❧✉t✐♦♥ ❧✐❜r❡✳ ❙✐

♦♥ r✓❡♣✒❡t❡ ❧❛ ♠❫❡♠❡ ♠❡s✉r❡ ◆ ❢♦✐s✱ ❧❛ ♣❤❛s❡ ✣ ❡st ❞✓❡t❡r♠✐♥✓❡ ❛✈❡❝ ❧❛ ♣r✓❡❝✐s✐♦♥
♣
◆ ❬✼✺✱ ✼✻❪✳

▲❡s ❞❡✉① ❡①❡♠♣❧❡s ❝✐✲❞❡ss✉s s♦♥t ✓❡q✉✐✈❛❧❡♥ts✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s ♦♥ ♠❡s✉r❡ ❧❡ ❝❤❛♥❣❡♠❡♥t

❞❡ ♣❤❛s❡✱ ❝❛✉s✓❡ s♦✐r ♣❛r ✉♥❡ ❞✐☛✓❡r❡♥❝❡ ❞❡ ❝❤❡♠✐♥ ❡♥tr❡ ❧❡s ❞❡✉① tr❛❥❡ts ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱

s♦✐t ♣❛r ✉♥❡ ❞✐☛✓❡r❡♥❝❡ ❞✉ t❡♠♣s ♣r♦♣r❡ ❞✬✓❡✈♦❧✉t✐♦♥ ❬✼✼❪ ❞❡s ❞❡✉① ✓❡t❛ts ✐♥t❡r♥❡s ❞❛♥s ❧❡ ❝❛s

❞❡ ❧✬❤♦r❧♦❣❡✳

ϕ

ϕ

    pulse π/2

A

B

Séparatrice

B

A

(a)

(b)

❋✐❣✳ ✻✳✶✶ ✿ ✓❊q✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ✉♥ ✐♥t❡r❢✓❡✲
r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r ❡t ✉♥❡ ❤♦r❧♦❣❡
❛t♦♠✐q✉❡✳

❖♥ ♣❡✉t ❛✉ss✐ r❡tr♦✉✈❡r ✉♥❡ ✓❡q✉✐✈❛❧❡♥❝❡ ❡♥ ✐♥❢♦r♠❛t✐♦♥ q✉❛♥t✐q✉❡ ❬✼✽✱ ✼✾✱ ✽✵❪ ❡♥ ♣r❡♥❛♥t ♣❛r

❡①❡♠♣❧❡ ✉♥ q✉❜✐t q✉✐ s✉❜✐t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❍❛❞❛♠❛r❞✳ ❆♣r✒❡s ❝❡tt❡ ♣r❡♠✐✒❡r❡ tr❛♥s❢♦r✲

♠❛t✐♦♥✱ ❝❡ q✉❜✐t ❛❝q✉✐❡rt ✉♥❡ ♣❤❛s❡ r❡❧❛t✐✈❡ ✒❛ s♦♥ ✓❡t❛t ✐♥t❡r♥❡ ❛✈❛♥t ❞❡ s✉❜✐r ✉♥❡ ❞❡✉①✐✒❡♠❡

tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❍❛❞❛♠❛r❞✳ ❉❛♥s t♦✉s ❝❡s ♣r♦t♦❝♦❧❡s✱ ❧✬✓❡t❛t ✐♥✐t✐❛❧ s✉❜✐t ❞❡✉① tr❛♥s❢♦r✲

♠❛t✐♦♥s q✉❛♥t✐q✉❡s s✐♠✐❧❛✐r❡s ❬✽✶❪ ✭s✓❡♣❛r❛tr✐❝❡✱ ♣✉❧s❡ ✙❂✷ ♦✉ ❍❛❞❛♠❛r❞ ✓❡t❛♥t ✓❡q✉✐✈❛❧❡♥ts✮✱



✻✳✷ ❖♣t✐q✉❡ ❛t♦♠✐q✉❡ ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❛✈❡❝ ❞❡s s♦✉r❝❡s ♥♦♥✲❝❧❛ss✐q✉❡s✷✾✶

❡t ❛❝q✉✐✒❡r❡ ✉♥❡ ♣❤❛s❡ ❡♥tr❡ ❝❡s ❞❡✉① tr❛♥s❢♦r♠❛t✐♦♥s✳ ❖♥ r❡tr♦✉✈❡ ❛✐♥s✐ ✉♥❡ ❛♥❛❧♦❣✐❡ ❛✈❡❝

❧❡s ❛❧❣♦r✐t❤♠❡s q✉❛♥t✐q✉❡s ❞❡ ❜❛s❡ ❡t ❧❡✉r ✐♠♣❧✓❡♠❡♥t❛t✐♦♥ ❡♥ ♦♣t✐q✉❡ ❬✽✷✱ ✽✸✱ ✽✹❪ ❛✉ss✐ ❜✐❡♥

q✉✬❛✈❡❝ ❞❡s ♣❛rt✐❝✉❧❡s ♠❛ss✐✈❡s ✭✐♦♥s✱ ❛t♦♠❡s ✳✳✳✮ ❬✽✺✱ ✽✻✱ ✽✼✱ ✽✽❪✳ ❈❡tt❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ✉♥

✐♥t❡r❢✓❡r♦♠✒❡tr❡ q✉❛♥t✐q✉❡ ✭❝✲✒❛✲❞ ❡♥ ❞❡ss♦✉s ❞❡ ❧❛ ❧✐♠✐t❡
♣
◆ ✮ ❡t ✉♥ ♦r❞✐♥❛t❡✉r q✉❛♥t✐q✉❡ ❞❡

❜❛s❡ ♣❡r♠❡t ❛✉ss✐ ❛ ♣r✐♦r✐ ❞✬❡♥✈✐s❛❣❡r ❛✉❣♠❡♥t❡r ❧❛ ❁ r♦❜✉st❡ss❡ ❃ ❞❡s ✓❡t❛ts ✐♥tr✐q✉✓❡s ♣♦✉r

❛tt❡✐♥❞r❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡s str❛t✓❡❣✐❡s ✭t❡❝❤♥✐q✉❡s ❞❡ ❝♦rr❡❝t✐♦♥ ❞❡s

❡rr❡✉rs✱ ❝♦♥tr❫♦❧❡ ❞❡ ❧❛ ❞✓❡❝♦❤✓❡r❡♥❝❡ ✳✳✳✮ ❞✓❡❥✒❛ ❡♥✈✐s❛❣✓❡❡s ❞❛♥s ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡s ♦r❞✐♥❛t❡✉rs

q✉❛♥t✐q✉❡s✳

✻✳✷✳✸ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ♣♦✉r ❝r✓❡❡r ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛

❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣

❋✐❣✳ ✻✳✶✷ ✿ ✭❛✮ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐t✓❡
♣♦✉r ✁♥ ✑ ♥♦✉t❡ � ♥✐♥❣ ♦❜t❡♥✉ ♥✉♠✓❡r✐q✉❡✲
♠❡♥t ♣♦✉r ✉♥ ✓❡t❛t ❞❡ ❋♦❝❦ ❞♦✉❜❧❡ ❛✈❡❝
✶✵✵ ❛t♦♠❡s ❞❛♥s ❝❤❛q✉❡ ❝♦♥❞❡♥s❛t✳ ▲✬❤✐s✲
t♦❣r❛♠♠❡ ❁ ❝r❡✉① ❃ ✐♥❞✐q✉❡ ❧❛ ❞✐str✐❜✉✲
t✐♦♥ r✓❡s✉❧t❛♥t ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ♣❤❛s❡
❞❡ ✁✣ ❂ ✵✿✵✺ r❛❞ ♣❡♥❞❛♥t ❧✬✓❡✈♦❧✉t✐♦♥
❧✐❜r❡✱ ❧✬❤✐st♦❣r❛♠♠❡ ❁ ♣❧❡✐♥ ❃ ✐♥❞✐q✉❡ ❧❛
❞✐str✐❜✉t✐♦♥ ♣♦✉r ✁✣ ❂ ✵✳ ✭❜✮ ♠❫❡♠❡ ❝❛❧✲
❝✉❧ ♠❛✐s ♣♦✉r ✉♥ ✓❡t❛t ❞❡ ❋♦❝❦ ❛✈❡❝ ✷✵✵
❛t♦♠❡s s✉r ✉♥❡ s❡✉❧❡ ❡♥tr✓❡❡✱ ✁✣ ❂ ✵✿✵✺
r❛❞ ✭❁ ❝r❡✉① ❃ ✮ ❡t ✁✣ ❂ ✵ ✭❁ ♣❧❡✐♥ ❃ ✮✳ ✭❝✮
✈❛r✐❛♥❝❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ✁♥ ❡♥ ❢♦♥❝t✐♦♥
❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ♣❤❛s❡ ✁✣ ♣♦✉r ❧✬✓❡t❛t
❥✶✵✵❀ ✶✵✵✐✳ ✭❞✮ ✈❛r✐❛♥❝❡ ♣♦✉r ❧✬✓❡t❛t ❥✷✵✵❀ ✵✐✳

■❧ ② ❛ ❡✉ ❞✐✈❡rs❡s ♠✓❡t❤♦❞❡s ♣r♦♣♦s✓❡❡s ❡t ❡ss❛②✓❡❡s ♣♦✉r ❛tt❡✐♥❞r❡ ✉♥❡ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧❛ ❧✐♠✐t❡

❞✬❍❡✐s❡♥❜❡r❣ ❬✺✼✱ ✺✽✱ ✽✾✱ ✾✵✱ ✻✺✱ ✻✶✱ ✾✶✱ ✾✷✱ ✾✸✱ ✻✷✱ ✾✹✱ ✼✺✱ ✾✺✱ ✾✻✱ ✾✼✱ ✻✹✱ ✾✽❪✳ ◆♦✉s ❛❜♦r❞♦♥s ✐❝✐

❧❛ tr❛♥s❝r✐♣t✐♦♥ ❛✉① ❛t♦♠❡s ❞✬✉♥❡ ♠✓❡t❤♦❞❡ ✐♥✐t✐❛❧❡♠❡♥t ♣r♦♣♦s✓❡❡ ♣❛r ❍♦❧❧❛♥❞ ❡t ❇✉r♥❡tt ❬✻✶❪

♣♦✉r ❛tt❡✐♥❞r❡ ✉♥❡ t❡❧❧❡ s❡♥s✐❜✐❧✐t✓❡ q✉✐ ❝♦♥s✐st❡ ✒❛ ❡♥✈♦②❡r ✉♥ ✓❡t❛t ❞❡ ❋♦❝❦ ❞♦✉❜❧❡ ❥◆✐❆✡❥◆✐❇
✒❛ ❧✬❡♥tr✓❡❡ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❞❡ ▼❛❝❤✲❩❡♥❤❞❡r✱ ✉♥ t❡❧ ✓❡t❛t ♣♦✉✈❛♥t ❫❡tr❡ ❡♥❣❡♥❞r✓❡✱ ♣❛r

❡①❡♠♣❧❡✱ ♣❛r ✉♥ ♦s❝✐❧❧❛t❡✉r ♣❛r❛♠✓❡tr✐q✉❡ ❬✾✾❪✳

P♦✉r ♦❜t❡♥✐r ❧❛ s❡♥s✐❜✐❧✐t✓❡ ✒❛ ❧❛ ❧✐♠✐t❡ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ✐❧ ❢❛✉t ♥✓❡❛♥♠♦✐♥s✱ ❡♥ ♣❧✉s ❞❡ ❝❡t ✓❡t❛t ❞❡

❋♦❝❦ ❞♦✉❜❧❡✱ ✓❡❧❛❜♦r❡r ✉♥ ♠♦❞❡ ❞❡ ❞✓❡t❡❝t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ♣❛rt✐❝✉❧✐❡r✳ ❉❛♥s ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡

❝♦♥✈❡♥t✐♦♥♥❡❧✱ s❡✉❧❡ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❤♦t♦♥s ✒❛ ❝❤❛q✉❡ ♣♦rt ❞❡ s♦rt✐❡ ❡st ♠❡s✉r✓❡❡✳

❉❡ ♠❫❡♠❡✱ ❞❛♥s ❧❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❛t♦♠✐q✉❡s✱ ❧❡s ♠❡s✉r❡s s♦♥t ❡☛❡❝t✉✓❡❡s ❡♥ ❡♥r❡❣✐str❛♥t

❧❛ ✌✉♦r❡s❝❡♥❝❡ ✒❛ ♣❛rt✐r ❞✬✉♥ ✓❡t❛t ✐♥t❡r♥❡ s♣✓❡❝✐☞q✉❡✳ ❆✈❡❝ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ❞♦✉❜❧❡ ✓❡t❛t ❞❡

❋♦❝❦✱ ✐❧ ❡st ♥✓❡❝❡ss❛✐r❡ ❞✬♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉♣♣❧✓❡♠❡♥t❛✐r❡s ♣✉✐sq✉❡ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡

❞❡ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞✬✐♥t❡♥s✐t✓❡ ❡♥tr❡ ❧❡s ❞❡✉① ♣♦rts ❞❡ s♦rt✐❡ ♥❡ ❝♦♥t✐❡♥t ♣❛s ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r



✷✾✷ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❧❡ ❞✓❡♣❤❛s❛❣❡ ✭❋✐❣✳ ✻✳✶✷❛✮✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ♠❡s✉r❡r ❧❛ s♦♠♠❡ ❡t ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡ ❧✬✐♥✲

t❡♥s✐t✓❡ ❞❛♥s ❧❡s ❞❡✉① ♣♦rts ❞❡ s♦rt✐❡✳ ▲❛ s♦♠♠❡ ❝♦♥t✐❡♥t ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧✬✐♥t❡♥s✐t✓❡ t♦t❛❧❡

❞❛♥s ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❡t ❧❛ ❞✐☛✓❡r❡♥❝❡ ❝♦♥t✐❡♥t ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ❞✓❡♣❤❛s❛❣❡✳ ❖♥ ♣❡✉t ❛❧♦rs

❢❛❝✐❧❡♠❡♥t r❡♠♦♥t❡r ♥♦♥ ♣❧✉s ✒❛ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧❛ ❞✐☛✓❡r❡♥❝❡ ❞❡s ✐♥t❡♥s✐t✓❡s✱ ♠❛✐s ✒❛ ❧❛

✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ✌✉❝t✉❛t✐♦♥s ❞✬✐♥t❡♥s✐t✓❡ r❡❧❛t✐✈❡ q✉✐ ❡st ❞✐r❡❝t❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧❧❡ ❛✉

❞✓❡♣❤❛s❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉① ❜r❛s ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ ▲✬✐♥t✓❡r❫❡t ❞❡ ❝❡tt❡ ♠✓❡t❤♦❞❡ r❡♣♦s❡ ❞❛♥s s❛

❁ r♦❜✉st❡ss❡ ❃ ❛✉① ✐♠♣❡r❢❡❝t✐♦♥s s✉r ❧✬✓❡t❛t ❞✬❡♥tr✓❡❡ ✿ ✐❧ ♥✬❡st ♣❛s ♥✓❡❝❡ss❛✐r❡ ❞❡ r❡♣r♦❞✉✐r❡ ✒❛

❝❤❛q✉❡ ❢♦✐s ❡①❛❝t❡♠❡♥t ❧❡ ♠❫❡♠❡ ❞♦✉❜❧❡ ✓❡t❛t ❞❡ ❋♦❝❦✱ ♥✐ ♠❫❡♠❡ ❞✬❛✈♦✐r ✉♥ ✓❡q✉✐❧✐❜r❡ ♣❛r❢❛✐t

❡♥tr❡ ❧❡s ❞❡✉① ♣♦rts ❞✬❡♥tr✓❡❡✳ ❊❧❧❡ ✐♠♣♦s❡ ♥✓❡❛♥♠♦✐♥s ✉♥❡ ❝♦♥tr❛✐♥t❡ ✐♠♣♦rt❛♥t❡ ♣✉✐sq✉✬✐❧ ❡st

❛❧♦rs ♥✓❡❝❡ss❛✐r❡ ❞❡ r✓❡❛❧✐s❡r ✉♥❡ ♠❡s✉r❡ q✉❛♥t✐q✉❡ ♥♦♥ ❞❡str✉❝t✐✈❡ ❬✶✵✵✱ ✶✵✶✱ ✶✵✷❪ ❞✉ ♥♦♠❜r❡

❞✬❛t♦♠❡s ✒❛ ❧✬❡♥tr✓❡❡✳ ❉✬❛✉tr❡s ♠✓❡t❤♦❞❡s✱ ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡✲❝✐✱ ♠❛✐s ✉t✐❧✐s❛♥t ❡♥ ❡♥tr✓❡❡ ❞❡s ✓❡t❛ts

❢♦rt❡♠❡♥t ✐♥tr✐q✉✓❡s ❬✻✹✱ ✾✽❪✱ ♣❡r♠❡tt❡♥t ❞✬❛tt❡✐♥❞r❡ ❧❡s ♠❫❡♠❡s ♣❡r❢♦r♠❛♥❝❡s✳✳

✻✳✸ ▲✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ✐♥t✓❡❣r✓❡❡

❆✉ ❝♦✉rs ❞❡s ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s✱ ❧❡s ♣r♦❣r✒❡s s❝✐❡♥t✐☞q✉❡s ❡t t❡❝❤♥♦❧♦❣✐q✉❡s✱ ❡♥ ♣❤②s✐q✉❡ ❞❡s

s❡♠✐✲❝♦♥❞✉❝t❡✉rs ♦✉ ❡♥ ♦♣t✐q✉❡ ✐♥t✓❡❣r✓❡❡ ♣❛r ❡①❡♠♣❧❡✱ ♦♥t ❝♦♥tr✐❜✉✓❡ ✒❛ ♣r♦✉✈❡r q✉❡ ❧❛ ♠✐♥✐❛✲

t✉r✐s❛t✐♦♥ ❡t ❧✬✐♥t✓❡❣r❛t✐♦♥ s♦♥t ✉♥ ♣❛ss❛❣❡ ♦❜❧✐❣✓❡ ✈❡rs ❧❛ ♠✐s❡ ❡♥ ❛♣♣❧✐❝❛t✐♦♥ ❞❡s r✓❡s✉❧t❛ts ❞❡

❧❛ ♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡✳ P❛r✈❡♥✐r ✒❛ ♠✐♥✐❛t✉r✐s❡r ❧❡s ❞✐s♣♦s✐t✐❢s ❞❡ ❣✓❡♥✓❡r❛t✐♦♥s ❡t ❞❡ ♠❛✲

♥✐♣✉❧❛t✐♦♥s ❞✬♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ❝♦❤✓❡r❡♥t❡s s❡r❛✐t ✉♥❡ ❛✈❛♥❝✓❡❡ ❝♦♥s✐❞✓❡r❛❜❧❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡

❞❡ ❧❛ ♣❤②s✐q✉❡ ❛t♦♠✐q✉❡✳ ■❧ ❡①✐st❡ ❞✓❡❥✒❛ ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉① ♣♦✉r ♠❡ttr❡ ❡♥ ✛✉✈r❡ ❞❡s

s②st✒❡♠❡s ❛t♦♠✐q✉❡s ♠✐♥✐❛t✉r✐s✓❡s ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥❝r✒❡t❡s ❡t r✓❡♣❛♥❞✉❡s ❛❧❧❛♥t ❞❡s

❝❛♣t❡✉rs ✉❧tr❛✲s❡♥s✐❜❧❡s ♣♦✉r ❞❡s ♠❡s✉r❡s ❞❡ t❡♠♣s ❡t ❞✬❛❝❝✓❡❧✓❡r❛t✐♦♥s ❛✉① t❡❝❤♥♦❧♦❣✐❡s ❞❡

❧✬✐♥❢♦r♠❛t✐q✉❡ q✉❛♥t✐q✉❡✳ ❇✐❡♥ s❫✉r✱ ❧❡ ❝❤❡♠✐♥ ✒❛ ♣❛r❝♦✉r✐r ♣♦✉r ❛❜♦✉t✐r ✒❛ ❞❡ t❡❧s r✓❡s✉❧t❛ts

❡st ❡♥❝♦r❡ ❧♦♥❣ ❡t ❞✐✍❝✐❧❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ❡①♣✓❡r✐❡♥❝❡s ✈✐s❛♥t ✒❛ ♠✐♥✐❛t✉r✐s❡r ❧❡s ❞✐s♣♦s✐t✐❢s ❞❡

♠❛♥✐♣✉❧❛t✐♦♥s ❞✬♦♥❞❡ ❞❡ ♠❛t✐✒❡r❡ ❝♦❤✓❡r❡♥t❡s s❡ ♠✉❧t✐♣❧✐❡♥t ❝❡s ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s✳

❯♥❡ ❞❡s ♣r❡♠✐✒❡r❡s ♠❛♥✐♣✉❧❛t✐♦♥s ❝♦♥s✐st❛✐t ✒❛ ❣✉✐❞❡r ❧❡s ❛t♦♠❡s ✒❛ ❧✬❛✐❞❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡

❝r✓❡✓❡ ♣❛r ✉♥ ❝♦✉r❛♥t ❝✐r❝✉❧❛♥t ❞❛♥s ✉♥ ♦✉ ♣❧✉s✐❡✉rs ☞❧s ♣❧❛❝✓❡s ✒❛ ❧✬✐♥t✓❡r✐❡✉r ❞❡ ❧✬❡♥❝❡✐♥t❡ ✒❛

✈✐❞❡✱ r❡❝t✐❧✐❣♥❡s ❬✶✵✸✱ ✶✵✹✱ ✶✵✺✱ ✶✵✻❪ ♦✉ ❝♦✉r❜❡s ❬✶✵✼❪✳ ▲✬❛ss♦❝✐❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡

✐♥❤♦♠♦❣✒❡♥❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r ❧❡ ☞❧ ❝♦♥❞✉❝t❡✉r ♣❡r♠❡t ❞❡ r✓❡❛❧✐s❡r ✉♥ ♠✐❝r♦♣✐✒❡❣❡

♠❛❣♥✓❡t✐q✉❡ ❬✶✵✽❪✳ ❈❡s tr❛✈❛✉① ♦♥t ❛♠❡♥✓❡ ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r

❞❡ s✐♠♣❧❡s ☞❧s ♠✐❝r♦❢❛❜r✐q✉✓❡s ❞✓❡♣♦s✓❡s s✉r ✉♥❡ s✉r❢❛❝❡ ❬✶✵✾❪✱ ❛♣♣❡❧✓❡❡ ❝♦♠♠✉♥✓❡♠❡♥t ♣✉❝❡ ✒❛

❛t♦♠❡s✱ ♣♦✉r r✓❡❛❧✐s❡r ❞❡s ❣✉✐❞❡s ❬✶✶✵✱ ✶✶✶❪ ♦✉ ❞❡s ♠✐❝r♦♣✐✒❡❣❡s ❬✶✶✷✱ ✶✶✸✱ ✶✶✹✱ ✶✶✺❪✳ ❯♥❡ ❛✉tr❡

❛♣♣r♦❝❤❡ ✈✐s❡ ✒❛ ✉t✐❧✐s❡r ❞❡s ♠✐❝r♦str✉❝t✉r❡s ♦♣t✐q✉❡s r✓❡❛❧✐s✓❡❡s ✒❛ ❧✬❛✐❞❡ ❞❡ ♠✐❝r♦❧❡♥t✐❧❧❡s ❬✺❪ ♦✉

❞❡ ♠♦❞✉❧❛t❡✉rs ♦♣t✐q✉❡s ❬✶✶✻❪✳

❊♥ ♣❛r❛❧❧✒❡❧❡✱ ❧❡ ❣r♦✉♣❡ ❞✬❊✳ ❈♦r♥❡❧❧ ♦❜s❡r✈❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬✉♥ ♥✉❛❣❡ ❞✬❛t♦♠❡s ❞❛♥s ✉♥ ❣✉✐❞❡

❞✐♣♦❧❛✐r❡ ❬✶✶✼❪ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬❛✐♠❛♥ts ♣❡r♠❛♥❡♥ts ❬✶✶✽❪ ♦✉ ❞❡ ♠❛t✓❡r✐❛✉① ❢❡rr♦♠❛❣♥✓❡t✐q✉❡s

❬✶✶✾✱ ✶✷✵❪ ♣♦✉r r✓❡❛❧✐s❡r ❞❡s str✉❝t✉r❡s ❣✉✐❞❛♥t❡s s❡ ❞✓❡✈❡❧♦♣♣❡ ✓❡❣❛❧❡♠❡♥t✳ ❈❡♣❡♥❞❛♥t✱ ❧❡s ♣✉❝❡s



✻✳✹ ❘❡♣r♦❞✉❝t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ♣✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s ✒❛ ❝❡ ❝❤❛♣✐tr❡ ✷✾✸

✒❛ ❛t♦♠❡s r❡st❡♥t ♣❧✉s s✐♠♣❧❡s ✒❛ ✉t✐❧✐s❡r q✉❡ ❧❡s str✉❝t✉r❡s ✒❛ ❛✐♠❛♥ts ♣❡r♠❛♥❡♥ts ❝❛r ✐❧ ❡st

♣♦ss✐❜❧❡ ❞❡ ❝♦✉♣❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❝r✓❡✓❡ ♣❛r ✉♥❡ ♣✉❝❡✳ P❛r ❛✐❧❧❡✉rs✱ ❜✐❡♥ q✉❡ ❧❡s ❣✉✐❞❡s

✒❛ ❛t♦♠❡s r✓❡❛❧✐s✓❡s ♣❛r ❧❡ ❣r♦✉♣❡ ❞❡ ▼✳ Pr❡♥t✐ss ✒❛ ♣❛rt✐r ❞✬✉♥ ♠❛t✓❡r✐❛✉ ❢❡rr♦♠❛❣♥✓❡t✐q✉❡ ❬✶✷✵❪
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Heisenberg-limited spectroscopy with degenerate Bose-Einstein gases
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We propose an experiment that exploits the quantum interference between two noninteracting ensembles of
spatially degenerate Bose-Einstein atoms to measure phase shifts of atomic coherences at the Heisenberg limit.
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The recent experiments demonstrating Bose-Einstein con-
densation~BEC! in alkali-metal vapors@1–3# have opened
the possibility of studying the phase properties of degenerate
atomic samples. For example, one might look for spatial in-
terference fringes between two freely evolving condensates
@4,5# or study the atom-counting statistics for two conden-
sates overlapped at a beam splitter@6#. Given the coherence
properties of Bose-Einstein condensed sources, one might
hope to develop high-resolution spectroscopic techniques
that exploit the quantum degeneracy of these samples to en-
hance measurement precision.

In this Rapid Communication we propose a scheme that is
capable of detecting small phase shifts of atomic coherences
with a precision that scales inversely with the number of
atoms N used in the measurement. In principle, this
Heisenberg-limited method could afford significant gains in
precision over standard techniques, where the shot-noise lim-
ited precision scales as 1/AN. Our method uses two degen-
erate ensembles of Bose-Einstein atoms as inputs to a
Ramsey-type atom interferometer@7#. We show that phase
shifts introduce fluctuations in the number of atoms detected
at the interferometer output ports, and that these fluctuations
can then be used as a signature for a phase imbalance be-
tween interferometer arms.

The Ramsey technique uses a sequence of twop/2 pulses
separated by an interrogation timeT to probe the time evo-
lution of an atomic coherence. This separated oscillatory
fields configuration is analogous to a Mach-Zehnder interfer-
ometer in optics when the evolution of the ground and ex-
cited electronic states is viewed as the two arms of the inter-
ferometer. It is used in many experiments as a method to
detect small shifts in the relative phase between an atomic
coherence and the driving field. These shifts, for example,
may arise from a small detuning of the driving field from the
atomic resonance or from the presence of an external pertur-
bation.

The proposed method is related to previous work on
quantum noise reduction. Optical interferometry with Fock
states has been shown to enable Heisenberg-limited phase
detection@8#. For atoms, Winelandet al. have shown that
Ramsey interferometry with maximally entangled spin states
can achieve the Heisenberg limit@9#.

In order to motivate our method, which requires two con-
densates at the interferometer inputs ports, we will begin by
showing that interferometry with a single condensate is not
capable of providing enhanced spectroscopic resolution@10#.
Consider a condensate of two-level atoms that is driven with
a single resonant excitation pulse. We assume throughout
that the atoms are noninteracting, and we neglect spontane-
ous emission from the excited level. The initial condensate
state is taken to be the Fock state

un&5)
i 51

N

ufg~xi !&, ~1!

where the subscriptg indicates the ground electronic state,
xi is the spatial coordinate of thei th atom, andN is the
number of atoms in the condensate. The evolution of this
system is described by the Schro¨dinger equationĤuc&
5 i\duc&/dt, with the HamiltonianĤ given by a sum over
the free particle contributionsĤ i

(0) and the coupling terms
V̂i , i.e., Ĥ5( i 51

N (Ĥ i
(0)

1V̂i). To be explicit, one might con-
sider a magnetic dipole interaction that resonantly couples
atomic hyperfine levels of atoms confined in the ground state
of a harmonic potential. Substitution of the product state

uc&5)
i 51

N

uf~xi !& ~2!

into Schrödinger’s equation yields an equation of motion that
separates into equations of motion for the individual par-
ticles: Ĥ i uf(xi)&5 i\duf(xi)&/dt, with Ĥ i5Ĥ i

(0)
1V̂i . Spe-

cializing to the Fock state@Eq. ~1!#, we find that the time
evolution of this state is identical to that ofN nondegenerate
atoms.

We can immediately apply this result to a Ramsey-type
experiment. For nondegenerate ensembles of atoms, the
phase sensitivity is shot-noise limited. Following the argu-
ment of the preceding paragraph, we then conclude that the
sensitivity obtained with a Bose-Einstein condensed source
must also be shot-noise limited.

One might be led to conclude that all interference with
Bose condensed sources would be shot-noise limited; how-
ever, we note that only a restricted class of states can be
factored into products of single-particle states@Eq. ~2!#. For
example, the initial state consisting ofng

in degenerate atoms
in the electronic ground stateug& andne

in atoms in the elec-
tronic excited stateue& cannot be factored in this form.

*Permanent address: Groupe d’Optique Atomique, Institut
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We next consider interferometry with this nonfactorizable
state consisting of two condensates. The initial system is
taken as the dual Fock stateuc&5ung

in ,ne
in&. All atoms are

assumed to occupy identical center-of-mass states, and for
simplicity we neglect recoil effects in driving the transitions.
In the interaction picture, after making the rotating-wave ap-
proximation, the Hamiltonian matrix elements are

^ng ,neuĤung ,ne&52\ned ~3!

and

^ng ,neuĤung21,ne11&5

\Veg

2
Ang~ne11!, ~4!

whered is the laser detuning andVeg is the single-atom Rabi
frequency associated with the couplingV̂. The scaling of the
matrix elements with the number of ground-state atomsng
and excited-state atomsne follows directly from the proper-
ties of the condensate wave functions@11#. For an interaction
time t such thatVegt[p/2 (p/2 pulse!, the excitation pulse
creates a coherent mixing of the ground stateug& and the
excited stateue&. Ford50 ~resonant excitation!, we note that
the evolution of the internal states can be described by a
unitary operator that is equivalent to the operator describing
a beam splitter in quantum optics.

We are now in a position to investigate the state of the
system following the twop/2 pulse sequence. First, we note
that if the detuningd is zero, there is no phase shift during
the free propagation interval between pulses, and the number
of atoms exiting in the excited state,ne

out, is equal to the
number of atoms initially in the ground state,ng

in . A phase
shift inserted during the free propagation interval manifests
itself as fluctuations at the output ports. We characterize
these fluctuations by calculating the probability distribution
for the quantityDn[ne

out
2ng

in . This is illustrated for the
dual Fock stateung

in
5100,ne

in
5100& @Fig. 1~a!# and for the

single Fock stateung
in

5200,ne
in

50& @Fig. 1~b!#, and a phas-

eshift Df50.05 rad. We parametrize these distributions by
their variance var(n)[A^n2&2^n&2. Figures 1~c! and 1~d!
show the scaling of var(Dn) with the phase shiftDf for both
the dual Fock state and single Fock state inputs.

We now show how observation of these fluctuations can
lead to Heisenberg-limited sensitivity. To do this, we exploit
the result that var(Dn) is proportional to the phase shift~for
smallDf) to estimate the phase shiftDfmin that results in a
variance of one atom. The idea is that the presence of a phase
imbalance ofDfmin in principle is likely to lead to a nonzero
value for the measured number differenceDn for any given
measurement. On the other hand, the presence of a shift
Df,Dfmin is not likely to result in a fluctuation away from
Dn50 after a single measurement, and is thus considered
unresolvable. The scaling ofDfmin for different atom num-
bersN is shown in Fig. 2. For the dual Fock state,Dfmin
;1/N when N@1, while for the single Fock stateDfmin

FIG. 1. ~a! Probability distribution forDn
[ne

out
2ng

in obtained by numerical diagonaliza-
tion the matrix defined by Eqs.~3! and ~4!. The
input is a dual Fock state with 100 atoms in each
condensate. Open bars indicate the distribution
resulting from a phase shift ofDf50.05 rad dur-
ing the free evolution interval. For comparison,
the solid bar indicates the distribution ofDn for
Df50. ~b! Probability distribution for a single
Fock state input with 200 atoms, with phase
shiftsDf50.05 rad~open bars! andDf50 ~solid
bar!. ~c! Variance of the distributions forDn as a
function of the phase shiftDf for the input state
u100,100&. ~d! Variance of the distribution for
Dn for the input stateu200,0&.

FIG. 2. Variation of the minimum detectable phase shift
Dfmin with the total numberN of atoms for a dual Fock state
uN/2,N/2& ~solid! and a single Fock stateuN,0& ~dashed! at the
input.
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;1/AN. The 1/N scaling for the dual Fock state is the sig-
nature of a Heisenberg-limited phase measurement.

Insight into this result can be gained by analyzing the
state of the system after the first beam splitter~p/2 pulse!, as
shown in Fig. 3. After the beam splitter, the system is in a
state characterized by a large uncertainty in the number of
atoms in each arm of the interferometer. One might expect
that this large uncertainty in number, then, would allow pre-
cise definition of the phase@12#. In fact, it can be shown that
a simultaneous measurement of the phase of each output port
results in a Heisenberg-limited correlation between them@8#.
The Ramsey~or Mach-Zehnder! interferometer geometry ex-
ploits these correlations to measure small phase shifts with-
out requiring an explicit measurement of the absolute phase
of each interfering beam. For comparison, we have also
shown the much narrower output distribution for a single
Fock state input.

In the examples above we have assumed an equal number
of atoms in each input port. In practice it is unlikely that such
a state could be prepared. It is important, therefore, to ex-
plore the phase sensitivity to the initial balance of ground-
and excited-state atoms. Figure 4 shows that in fact the phase
sensitivity is only weakly sensitive to an imbalance over a
broad range. As in the balanced input case above, the phase
sensitivity Dfmin is inferred from the phase shift that pro-
duces a variance of one atom in the distribution forDn.

The method presented above provides an algorithm for
determining the presence of a small phase shift. In practice
one may want to measure a larger phase shiftfsig. This can
be accomplished by application of a compensating phase
shift fc . The shiftfc would then be adjusted to minimize
the observed fluctuations at the output ports, so thatfc
1fsig;0. This method requires single-atom detection reso-
lution at the output port. If some technical noise occurs dur-
ing the detection process, the precision of the measurement
is reduced toDfmin5dn/N, wheredn is the atom number
resolution of the detection process.

In order to implement this scheme, it is necessary to mea-
sure the initial number of atoms in one of the condensates as
well as the number of atoms at the output port~e.g.,ng

in and
ne

out). The output atom number can be measured with stan-
dard fluorescence techniques. On the other hand, knowledge
of the number of atoms at the input port requires a nonde-
structive number measurement just before the interferometer
sequence. Such a measurement might be accomplished with
dispersive light scattering@13#.

It is interesting to consider the experimental sensitivities
that might be achieved using these methods. For example, if
a dual Fock stateun,n& (n5106) is used in a Cs atomic
fountain clock with interrogation timeT51 s, the quantum-
noise-limited short-term stability is of the order of
10216/AHz. For spectroscopy in traps, interrogation times
greater than 100 s might be achieved. This could lead to a
resolution better than 10 nHz in a single shot. Such gains
could be significant in, for example, searches for a perma-
nent electric dipole moment~EDM experiments!. We note
that recently Myattet al. @14# have experimentally realized a
dual condensate source.

To conclude, we have shown that under certain conditions
the use of degenerate Bose-Einstein ensembles as input
states to a Ramsey-type interferometer can lead to
Heisenberg-limited phase measurements. Although we stud-
ied the case of nuclear magnetic resonance spectroscopy us-
ing the Ramsey method of separated oscillatory fields, these
arguments apply to any system of coupled Fock states, in-
cluding, for example, tunneling between wells in a double-
well potential.

This work was supported by grants from the National Sci-
ence Foundation and Office of Naval Research. P.B. ac-
knowledges support from DRET~Contract No. 9381148!and
the French government.

FIG. 3. Probability distributions forDn fol-
lowing a singlep/2 pulse.~a! Distribution for the
single Fock stateu400,0&. ~b! Distribution for the
dual Fock stateu200,200&.

FIG. 4. Variation of the minimum detectable phase shift
Dfmin with the initial balance of ground- and excited-state atoms
(ng

in
2ne

in)/N for a total number of atomsN550.

RAPID COMMUNICATIONS

56 R1085HEISENBERG-LIMITED SPECTROSCOPY WITH . . .



@1# M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman,
and E. A. Cornell, Science269, 193 ~1995!.

@2# C. C. Bradley, C. A. Sackett, J. J. Tollett, and R. G. Hulet,
Phys. Rev. Lett.75, 1687~1995!.

@3# K. Davis, M. O. Mewes, M. R. Andrews, N. J. van Druten, D.
S. Durfee, D. M. Kurn, and W. Ketterle, Phys. Rev. Lett.75,
3969 ~1995!.

@4# M. Naraschewski, H. Wallis, A. Schenzle, J. I. Cirac, and P.
Zoller ~unpublished!.

@5# J. Javanainen and S. M. You, Phys. Rev. Lett.76, 161 ~1996!.
@6# Y. Castin and J. Dalibard~unpublished!.
@7# N. F. Ramsey,Molecular Beams~Oxford, London, 1963!, p.

124.

@8# M. J. Holland and K. Burnett, Phys. Rev. Lett.71, 1355
~1993!.

@9# D. J. Wineland, J. J. Bollinger, W. M. Itano, F. L. Moore, and
D. J. Heinzen, Phys. Rev. A46, R6797~1992!.

@10# We will use the word condensate here, and in subsequent text,
to refer to an ensemble containing a definite number of degen-
erate, but noninteracting, bosons.

@11# M. A. Kasevich and S. Harris, Opt. Lett.21, 677 ~1996!.
@12# Z. Y. Ou, Phys. Rev. Lett.77, 2352~1996!.
@13# M. R. Andrews, M.-O. Mewes, N. J. van Druten, D. S. Durfee,

D. M. Kurn, and W. Ketterle, Science273, 84 ~1996!.
@14# C. J. Myatt, E. A. Burt, R. W. Ghrist, E. A. Cornell, and C. E.

Wieman, Phys. Rev. Lett.78, 586 ~1997!.

RAPID COMMUNICATIONS

R1086 56P. BOUYER AND M. A. KASEVICH



Coherent matter wave inertial sensors for

precision measurements in space

Y. Le Coq, a J.A. Retter a S. Richard b A. Aspect a P. Bouyer a

aGroupe d’Optique Atomique, Laboratoire Charles-Fabry de l’Institut d’Optique,

UMRA 8501 du CNRS, Bât. 503, B.P. 147, 91403 ORSAY, France

bThales TRT France, Domaine de Corbeville, 91404 ORSAY, France

Abstract

We analyze the advantages of using ultra-cold coherent sources of atoms for matter-
wave interferometry in space. We present a proof-of-principle experiment that is
based on an analysis of the results previously published in [1] from which we extract
the ratio h/m for 87Rb. This measurement shows that a limitation in accuracy arises
due to atomic interactions within the Bose-Einstein condensate. Finally we discuss
the promising role of coherent-matter-wave sensors, in particular inertial sensors, in
future fundamental physics missions in space.

Key words: Matter Waves, Optical Cooling and Trapping, Bose-Einstein
Condensation, Atom Interferometry, Metrology

Atom interferometry [2–6] has long been one of the most promising candidates
for ultra-precise and ultra-accurate measurement of gravito-inertial forces [7–
13] or for precision measurements of fundamental constants [14]. The realiza-
tion of Bose-Einstein condensation (BEC) of a dilute gas of trapped atoms
in a single quantum state [15–17] has produced the matter-wave analog of
a laser in optics [18–21]. As lasers have revolutionized optical interferometry
[22–24], so it is expected that the use of Bose-Einstein condensed atoms will
bring the science of atom optics, and in particular atom interferometry, to
an unprecedented level of accuracy [25,26]. In addition, BEC-based coherent
atom interferometry would reach its full potential in space-based applications
where micro-gravity will allow the atomic interferometers to reach their best
performance [27].

In this document, we discuss the prospects of using atom-lasers in future space
missions to study fundamental physics. We point out that atomic ensembles
at sub-microKelvin temperatures will be required, if the sensitivity of space-
based atom-interferometers is to reach its full potential. In addition, we show
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that interactions within a Bose-Einstein condensate (or atom laser) will limit
the measurement accuracy of such devices and must be controlled to a very
high level. We demonstrate the latter in a ground-based measurement, by re-
analyzing the Bragg-spectroscopy data of [1] to extract the ratio h/m of the
Planck constant h to the atomic mass m of 87Rb. This ratio h/m is related to
the fine structure constant α [28], of which precise knowledge is essential for
testing the validity of measurements related to different branches of physics
(QED, solid state physics, . . .) [29–34]. A measurement of h/m has been
proposed as a candidate microgravity mission in the HYPER [27] and ICE
[35] programs, as a follow-up to the state-of-the art measurements on earth
using cold atoms [36,37].

Generally, atom interferometry is performed by applying two successive coher-

ent beam-splitting processes separated by a time T to an ensemble of particles
(see Figure 1) [38,39], followed by detection of the particles in each of the two
output channels. The interpretation in terms of matter waves follows from
the analogy with optical interferometry. The incoming matter wave is sepa-
rated into two different paths by the first beam-splitter. The accumulation of
phases along the two paths leads to interference at the second beam-splitter,
producing complementary probability amplitudes in the two output channels
[40–42]. The detection probability in each channel is then a sine function of
the accumulated phase difference, ∆φ.

Atomic clocks [43–45] can be considered the most advanced application of
atom interferometry. In this “interferometer”, the two different paths of Fig-
ure 1 consist of the free evolution of atoms in different internal states with
an energy separation h̄∆ω. An absolute standard of time is then obtained
by servo-locking a local oscillator to the output signal of the interferometer,
which varies as cos(∆ω × T ). Atom interferometers can also be used as a
probe for gravito-inertial fields. In such applications, the beam-splitters nor-
mally consist of pulsed near-resonance light fields which interact with the
atoms to create a coherent superposition of two different external degrees of
freedom, by coherent transfer of momentum from the light field to the atoms
[2,38]. Consequently, the two interferometer paths are separated in space, and
a change in the gravito-inertial field in either path will result in a modification
of the accumulated phase difference. Effects of acceleration and rotation can
thus be measured with very high accuracy. To date, ground-based experiments
using atomic gravimeters (measuring acceleration) [7,46], gravity gradiometers
(measuring acceleration gradients) [11,47] and gyroscopes [8,9] have been re-
alized and proved to be competitive with existing optical [48] or artifact-based
devices [49].

The ultimate phase-sensitivity of an atom interferometer is, aside from techni-
cal difficulties, limited by the finite number of detected particles N and scales
as ∆φmin = 2π/

√
N (quantum projection noise limit [50,51]). Of course, the
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Fig. 1. Principle of an atom-interferometer. An initial atomic wavepacket is split
into two parts by the first beam splitter. The wavepackets then propagate freely
along the two different paths for an “interrogation time” T , during which the two
wavepackets can accumulate different phases. A second pulse is then applied to the
wavepackets so that the number of atoms at each output is modulated with respect
to this phase difference. The maximum sensitivity achievable for such an apparatus
can be defined by comparing the variation of the number of atoms ∆N due to the
phase difference ∆φ at the output (∆N ∼ N∆φ/2π ∝ NTα) with the quantum
projection noise arising from atom counting

√
N . It scales as

√
N × Tα.

relation between the relative phases accumulated along the two different paths
and the actual physical property to be measured is a function of to the “in-
terrogation” time T spent by the particles between the two beam-splitters.
Thus, the ideal sensitivity of an atom interferometer is expected to scale 1 as√

N × Tα with α > 0, and it is obviously of strong interest to increase these
two factors.

Nevertheless, in practice, the absolute accuracy of an atom-interferometer is
limited by uncontrolled, environmental phase shifts in the interferometer, for
example, due to stray electromagnetic fields or mechanical vibrations. These
residual phase shifts must therefore be controlled and measured to better than
the desired accuracy. This is usually best achieved by keeping these shifts as
small as possible, using passive isolation and active feedback [52]. Such con-
straints forbid in general the use of external fields as means of controlling the
position of the atoms during the phase accumulation period. In addition, any
inhomogeneity in an external potential applied to the atoms would usually
result in a loss of coherence, decreasing the sensitivity and dynamics of the
atom interferometer. As a consequence, most high-precision atom interferom-
eters require that the atoms are in free-fall between the two beam-splitting
processes.

1 An atomic clock or an atomic gyrometer, for example, has a sensitivity propor-
tional to T and on-ground gravimeter has a sensitivity proportional to T 2 due to
the quadratic nature of free-fall trajectory in a constant gravitational field.

3



0.01

0.1

1

10

100

100 0

 M
a
x
im

a
l 
te

m
p
e
ra

tu
re

 (
µ

K
)

0.01
2 3 4 5 6 7

0.1
2 3 4 5 6 7

1
2 3 4 5 6 7

10

Interrogation time (s)

ultra-cold

sub-Doppler

Doppler
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a detection area of 10 cm2 and defined as the time at which half of the atoms are no
longer detected. The dashed lines indicate the limits of Doppler and sub-Doppler
cooling. Interrogation times of several seconds are compatible only with clouds of
atoms at ultra-cold temperatures, close to the quantum degenerate regime.

Seeking to increase the sensitivity of on-ground atom interferometers by in-
creasing the interrogation time T , one soon reaches a limit imposed by gravity.
With the stringent requirements of ultra-high vacuum and a very well con-
trolled environment, current state-of-the-art experimental apparatus does not
allow more than a few meters of free-fall, with corresponding interrogation
times of the order of T ∼ 200 ms. Space-based applications will enable much
longer interrogation times to be used, thereby increasing dramatically the sen-
sitivity and accuracy of atom interferometers [27].

Even in space, atom interferometry with a classical atomic source will not
outperform the highest-precision ground-based atom interferometers that use
samples of cold atoms prepared using standard techniques of Doppler and
sub-Doppler laser cooling [53]. Indeed, the temperature of such sub-Doppler
laser-cooled atom cloud is typically ∼ 1 µK (vrms ∼ 1 cm/s). In the absence of
gravity, the time evolution of cold samples of atoms will be dominated by the
effect of finite temperature: in free-space, a cloud of atoms follows a ballistic
expansion until the atoms reach the walls of the apparatus where they are
lost. Therefore the maximum interrogation time reasonably available for space-
based atom interferometers will strongly depend on the initial temperature of
the atomic source. As shown in Figure 2, the 200 ms limit imposed by gravity
for a 30 cm free fall is still compatible with typical sub-Doppler temperatures,
whereas an interrogation time of several seconds is only accessible by using
an “ultra-cold” source of atoms (far below the limit of laser cooling) with a
temperature of the order of a few hundred nanokelvin.
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Fig. 3. Principle of Bragg scattering: a moving standing wave, formed from two
counter-propagating laser beams with a small relative detuning δν, can coherently
transfer a fraction of the atoms to a state of higher momentum when the resonance
condition is fulfilled. A 2-photon Bragg scattering event imparts a momentum 2h̄kL,
and an energy of hδν to the atoms: thus, the first-order (2-photon) Bragg resonance
for atoms with zero initial velocity occurs at a detuning of hδν = 4h̄2k2

L/2m. This
resonance condition depends on the initial velocity of the atoms relative to the
optical standing wave.

These dense, ultra-cold samples of atoms are now routinely produced in lab-
oratories all around the world. Using evaporative cooling techniques [15–17],
one can cool a cloud of a few 106 atoms to temperatures below 100 nk [54]. At
a sufficiently low temperature and high density, a cloud of atoms undergoes
a phase transition to quantum degeneracy. For a cloud of bosonic (integer
spin) atoms, this is known as Bose-Einstein condensation, in which all the
atoms accumulate in the same quantum state (the atom-optical analogy of
the laser effect in optics). A BEC exhibits long range correlation [55–57] and
can therefore be described as a coherent “matter wave”: an ideal candidate for
the future of atom interferometry in space. The extremely low temperature
associated with a BEC results in a very slow ballistic expansion, which in turn
leads to interrogation times of the order of several tens of seconds in a space-
based atom interferometer. In addition, the use of such a coherent source for
atom optics could give rise to novel types of atom interferometry [25,26,58,59].

In our laboratory we have realized a coherent matter-wave interferometer
based on Bragg scattering [59]. The principle of Bragg scattering is the fol-
lowing [60,61]: two counter-propagating laser beams of wavevector ±kL and
frequencies νL and νL + δν form a moving light-grating. The common fre-
quency νL is chosen to be in the optics domain but far detuned from atomic
resonances to avoid spontaneous emission. A two-photon transition, involving
absorption of a photon from one beam and stimulated re-emission into the
other beam, results in a coherent transfer of momentum pf − pi = 2h̄kL from
the light field to the atoms, where pi and pf are the initial and final momenta
of the atoms. Conservation of energy and momentum leads to the resonance
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conditions Ef = Ei +hδν, where (in free space) the initial and final energies of
the atoms are given by Ei = p2

i /2m and Ef = p2
f /2m respectively. Bragg scat-

tering can be used for different types of matter-wave manipulation, depending
on the pulse length τ . Using a short pulse (τ < 100 µs), the Bragg beams
are sufficiently frequency broadened that the Bragg process is insensitive to
the momentum distribution within the condensate: the resonance condition
is then satisfied simultaneously for the entire condensate. If the Bragg laser
power and pulse duration are then selected to correspond to the π/2 condi-
tion, the probability of momentum transfer to the atoms is 50 percent: this is
a 50/50 beam splitter for the condensate, between two different momentum
states. When using longer pulses (for example τ = 2 ms in [1]), the Bragg
process is velocity selective, and one can apply this technique to momentum
spectroscopy [57,1].

By carefully re-analyzing the Bragg-spectroscopy data of [1], we have extracted
a measurement of the ratio h/m of the Planck constant h to the atomic mass m
of 87Rb. The experimental sequence proceeds as follows: a laser-cooled sample
of 87Rb atoms is magnetically trapped in the 5S1/2 |F = 1, mF = −1〉 state [62]
and then evaporatively cooled to quantum degeneracy. The magnetic trapping
fields are switched off and the atoms fall for 25ms. During this free-fall period,
the coherent Bragg-scattering “velocimeter” pulse is applied. In this experi-
ment, the implementation of Bragg scattering is as follows: two orthogonally
polarised, co-propagating laser beams of frequencies νL and νL + δν and wave
vector kL are retro-reflected by a highly stable mirror, with 90◦ polarisation
rotation (see Figure 4). With this scheme, the atoms are subject to two stand-
ing waves moving in opposite directions and with orthogonal polarisations. In
addition, the relative detuning δν is chosen so as to fulfill the second-order
(4-photon) resonance condition. This four laser Bragg-scattering scheme pro-
duces a coherent transfer of momentum of +4h̄kL and −4h̄kL. This scheme
enables us to reject the effect of a non-zero initial velocity, which can arise from
imperfections in the magnetic trap switch-off. For an initial velocity pi/m, the
4-photon resonance conditions for the two oppositely moving standing-waves
are δν+ = δν0(1 + pi/2h̄kL) and δν− = δν0(1 − pi/2h̄kL) where δν0 is the
Doppler-free value, δν0 = (8/2π)(h̄k2

L/2m) (see Figure 4). Scanning the Bragg
scattering efficiency in the two directions as a function of δν yields two peaks
with widths corresponding to the condensate momentum width, centred at
each of the resonance frequencies, δν+ and δν− (Figure 4). After fitting each
individual spectrum with a gaussian distribution, we can extract the two cen-
ter frequencies δν±. To correct the data for the non-zero initial velocity, we
then re-center both spectra around the average value δν0 = (δν+ + δν−)/2.

Using this method and averaging over 350 spectra (Figure 5), we find δν0 =
30.189(4) kHz where the figure in parentheses is the 68% confidence interval of
the fit. We then deduce a value h/m ≡ λ2 × δν0/4 = 4.5946(7)× 10−9 J.s.kg−1

where the wavelength λ = 780.246291(2) × 10−9 of the Bragg beams, slightly
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Fig. 4. Principle of our four photon, dual direction Bragg scattering scheme. Top:
schematic of the experimental apparatus. Two retro-reflected laser beams form two
standing waves of orthogonal polarisations, moving in opposite directions. Middle:
normalized number of atoms diffracted into each of the two output channels as a
function of Bragg detuning δν. (Inset: typical absorption image after Bragg diffrac-
tion and free evolution during a time ttof .) Bottom: schematic of the 4-photon Bragg
resonance condition. For zero initial momentum, the resonance condition is fulfilled
by both standing waves for a detuning δν0. For non-zero initial momentum pi, the
resonance frequency is equally and oppositely shifted for each of the two channels.

detuned from the
(

52S1/2, F = 2
)

→
(

52P3/2, F = 3
)

optical transition, is very

accurately known from [63,64]. The offset between our measurement and the
CODATA value of h/m (4.59136 × 10−9 J.s.kg−1) can be explained by two
major systematic effects. First, as described in [1], the frequencies νL and
νL + δν of the Bragg scattering beams were obtained by using two indepen-
dently driven acousto-optical modulators (AOM) of center frequency 80 MHz.
The frequency difference δν was then deduced from the measurement of the
frequency of each AOM driver with a high precision frequency meter. The ref-
erence oscillator used in the frequency meter was later characterized to have
an accuracy of about 4 × 10−7, giving a ±16 Hz inaccuracy in the actual fre-
quency difference δν. The resulting systematic error in our measurement then
gives h/m = 4.5946(20)(7) × 10−9 J.s.kg−1. The second systematic effect is a
collisional shift due to interactions in the high density atomic cloud. In the
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following, we will show that this accounts for the remaining offset.

Indeed, ultra-cold 87Rb atoms have repulsive interactions which modify the
Bragg-scattering resonance condition. The energy of an atom in the con-
densate is Ei = p2

i /2m + Un(r). The second term is the condensate inter-
action energy: n(r) is the local atomic density of the condensate and U =
5.147(5) × 10−51 J.m3 is the interaction parameter. Immediately after Bragg
scattering into a different momentum state, an atom experiences an effective
potential 2Un(r) due to the surrounding condensate, and its energy is then
Ef = p2

f /2m+2Un(r) [57]. We therefore replace the Bragg resonance condition
(for zero initial momentum) with a local resonance condition which takes into
account the effect of interactions:

2hδν0(r) = 16
h̄2k2

L

2m
+ Un(r) (1)

The parabolic density distribution of our Bose-Einstein condensate, at the
moment when the Bragg diffraction occurs, is

n(x, y, z) = n0 · max
[

0 ; 1 − (x2 + y2)/R2
⊥
− z2/R2

z

]

with peak density n0 ≃ 3.6(4) × 1018 m−3 and half-lengths R⊥ ≃ 9.8 µm and
Rz ≃ 126 µm, where z is the direction of the Bragg-scattering. Since our
measurement of the diffraction efficiency averages over the whole cloud, the
resulting spectrum is then shifted by U〈n〉/2h ∼ 4Un0/7 and broadened.
Taking this interaction shift into account, we correct our measured value of
h/m:

h/m = λ2/4 · [〈δν0〉 − U〈n〉/2h]

≃ 4.5939(21)(7) × 10−9J.s.kg−1. (2)

which is in agreement with the CODATA value. Here, the first figure in paren-
theses is the systematic errors discussed above when we take into account both
the frequency calibration inaccuracy and the error on evaluatating the atomic
density in the collisional shift. The second figure is the 68% confidence interval
of the fit determination.

The fact that ultra-cold bosons interact is a major drawback for precision
measurements using atom interferometry. As we have seen, interactions re-
sult in a systematic shift as well as a decrease in measurement precision. In
principle, the systematic shifts can be calculated. However, the interaction
parameter U is hard to measure and is generally not known to better than
∼ 10−4. The atomic density is also subject to time fluctuations and is diffi-
cult to know to better than ∼ 10−3, reducing the absolute accuracy. We have
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Fig. 5. Final spectrum (corrected for Doppler effect). The fit to this spectrum yields
the centre frequency δν0, from which we obtain the ratio h/m.

furthermore demonstrated, in an earlier experiment [1,65], that interactions
produce a loss of coherence of the atomic samples at ultra-low, finite temper-
atures, limiting the maximum interrogation time of a coherent matter-wave
atom interferometer. Finally, even at zero temperature, the mean-field energy
due to interactions is converted into kinetic energy during free fall, giving rise
to a faster ballistic expansion. This last effect will ultimately reduce interro-
gation times.

From these observations, we conclude that one should ideally use an interaction-
free, ultra-cold atomic source for ultimate-precision atom interferometry in
space. Using bosons, one could think of two ways of decreasing interaction
effects. Close to a Feshbach resonance [66], one can control the interaction
parameter U , which can be made equal to zero for a certain magnetic field
[67,68]. However magnetic fields introduce further systematic shifts that are
not controllable to within a reasonable accuracy. Alternatively, one could try
to decrease the density of the sample of atoms, but the production of large
atom number, ultra-low density Bose-Einstein condensate is a technical chal-
lenge not yet overcome [69].

A promising alternative solution is to use quantum-degenerate fermionic atomic
sources [70]. The Pauli exclusion principle forbids symmetric 2-body collision
wavefunctions, so at zero temperature a sample of neutral atomic fermions
has no interactions. An ultra-cold fermionic source may still allow very long
interrogation times, even if limited by the excess energy of the Fermi pressure,
and would therefore be an ideal candidate for atom interferometry in space
with ultimate precision and accuracy. On-ground experiments using ultra-cold
fermions (Potassium 40) are now under development in our laboratory and
around the world.

To conclude, we have shown that coherent atomic sources are very promising
for high-precision atom interferometry measurements. Nevertheless, interac-
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tions in quantum-degenerate bosonic gases cause phase shifts which are dif-
ficult to control and will ultimately limit the measurement accuracy. These
shifts could be overcome either by precise control of the interaction properties,
or by using fermionic, non-interacting samples of ultra-cold atoms. The use of
atom interferometry with ultra-cold sources of atoms in micro-gravity are of
great interest for tests of fundamental physics in space. There are potentially
many experiments which would benefit from this technology, based on atomic
clocks, interferometers and gravito-inertial sensors. In space, applications of
these include ultra-precise definition of time, verification of the equivalence
principal, measurement of the fine structure constant α and its drift in time,
and tests of general relativity and post-newtonian gravitation theories. As an
example, the Hyper project [27], which aims to measure the Lense-Thirring
effect with orbiting atom-optical gyroscopes, would greatly benefit from using
such coherent sources of cold atoms. In addition, sending an interplanetary
probe equipped with ultra-cold atom interferometer into space would enable
precise mapping of the Pioneer anomaly [71].
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1.1.1 Le refroidissement des atomes : 
des atomes froids aux lasers à 
atomes 

1.1.2 L’interaction entre lumière et 
matière pour le refroidir les atomes. 

L'action mécanique de la lumière sur les objets 

matériels  avait été pressentie dès le début du XVII
e
 

siècle par  Kepler
1
. Il expliquait ainsi que si la queue 

des  comètes est toujours orientée à l'opposé du 

Soleil, c'est à  cause de la pression exercée par la 

lumière solaire sur les  particules qui compose cette 

queue. Même si l'explication actuelle  de ce 

phénomène est plus complexe, elle est toujours  

qualitativement basée sur l'échange d'impulsion entre 

le rayonnement et la lumière et peut conduire à un 

refroidissement (affinement de la vitesse autour d'une 

vitesse moyenne) ou à un piégeage (confinement dans 

l'espace).   

La première expérience mettant en évidence l'action 

de la lumière sur les atomes fut réalisée par R. Frisch 

: un jet d'atomes de sodium était dévié sous l'effet du 

                                                

* Mèl : philippe.bouyer@iota.u-psud.fr 

rayonnement d'une lampe à décharge de sodium.  La 

vitesse de recul 
  

hk

M
, c'est-à-dire la vitesse induite par 

l'absorption ou l'émission d'un photon de fréquence 

" = k
c

 est de l'ordre de quelques cm/s. L'observation 

de tels phénomènes restait donc difficile, les vitesses 

mises en jeu étant beaucoup plus faibles que les 

vitesses thermiques à température ambiante (quelques 

centaines de m/s). L'avènement des lasers continus 

accordables, capables de saturer une transition 

atomique permise, comme une raie de résonance, et 

par conséquent de répéter ce processus élémentaire 

un grand nombre de fois par unité de temps, a permis 

de réaliser des expériences spectaculaires en agissant 

de façon appréciable sur les degrés de liberté externes 

de l'atome.  Par exemple, un atome placé dans un 

faisceau laser est poussé dans  la direction de 

propagation de ce faisceau. L'accélération 

correspondante peut prendre des valeurs  

considérables (100000 fois l'accélération de la 

pesanteur). 
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La pression de radiation : cette force résulte de la  répétition 

des reculs encaissés par l'atome à chaque fois  qu'il absorbe un 

photon. Un photon possède en effet une quantité  de mouvement 

qu'il transfère à l'atome, provoquant alors une  modification de 

la vitesse atomique suivant la direction du faisceau.  Ce 

changement de vitesse par photon absorbé était prévu par  

Einstein dès 1917. Il est appelé vitesse de recul et peut varier,  

 suivant la nature des atomes, de quelques millimètres par 

seconde à  quelques mètres par seconde. L'atome subit aussi un 

recul lors de la  réémission du photon, dit photon de 

fluorescence, qui suit chaque  absorption. A la différence des 

reculs liés à l'absorption des  photons, qui s'ajoutent dans la 

même direction, les reculs  associés à l'émission spontanée se 

produisent dans des  directions aléatoires : leur somme est 

donc nulle en moyenne. 



 

On sait ainsi depuis une vingtaine d'années ralentir de 

nombreuses espèces atomiques : alcalins, alcalino-

terreux, gaz rares portés dans un niveau métastable. 

Ce ralentissement est obtenu en éclairant le jet 

atomique à contre courant par un faisceau laser 

résonnant avec une transition atomique g" e . Il 

conduit à un ensemble d'atomes de vitesse moyenne 

ajustable, éventuellement nulle, avec une dispersion 

autour de cette vitesse moyenne très faible. 

Si on utilise maintenant deux faisceaux se propageant 

en sens inverse, on peut freiner l'atome dans deux 

directions opposées et il est possible d'obtenir un 

refroidissement dont le principe, suggéré en  1975, est 

basé sur l'effet Doppler
2
.  Dans le référentiel d'un 

atome en mouvement à une vitesse v, la fréquence du 

laser, initialement " = c
#

 est légèrement décalée par 

une  quantité "# = $k % v  (k est le  vecteur d'onde 

laser) : un atome se propageant dans la même 

direction qu’une onde laser voit la longueur d’onde   

augmenter (la fréquence "  diminue). Dans le cas 

contraire, "  augmente. En choisissant judicieusement 

la longueur d’onde (la fréquence laser doit être un 

peu plus petite que la fréquence d’excitation 

atomique), un atome qui se  déplace dans quelque  

direction que ce soit voit l'efficacité du laser qui 

s’oppose à son mouvement décuplée au  détriment de 

l'onde opposée. L’atome est alors «englué» dans une 

mélasse optique. Il est aussi possible de généraliser 

cette technique à trois dimensions dans des mélasses 

optiques en utilisant 3 paires de faisceaux 

orthogonales.  

On peut comprendre l'origine du refroidissement 

dans ces mélasses optiques en  considérant des 

bilans d'échange d'énergie entre le  laser et 

l'atome. Le cas «simple» d'un atome à deux 

niveaux peut être comparé à un oscillateur de 

fréquence propre d’excitation 
"
0

2#
, l'énergie 

nécessaire pour «exciter» un atome correspond 

alors à   h"0
. Comme pour un oscillateur «forcé», 

il est possible de réaliser une excitation hors 

résonance avec un laser de longueur d'onde  λ 

telle que l'énergie «transportée» par un photon  

  
E

p
= 2"hc

#
 soit légèrement inférieure à   h"0

. 

Contrairement à un oscillateur «classique», un 

atome excité est en principe  instable ou 

métastable, c'est-à-dire qu'il se désexcitera en un  

temps moyen " = 1
#

 (qui correspond à l'inverse de la  

largeur de raie atomique). Lors de ce processus, un  

photon d'énergie   h"0
 est émis dans une direction  

aléatoire de l'espace. Lors d'un cycle absorption 

stimulée-émission spontanée, l'atome a  alors 

globalement perdu une énergie    "h# = h$
0
" E

p  : il 

se refroidis. Ce raisonnement simple ne tiens pas 

compte du chauffage induit par le  mouvement 

aléatoire des atomes après l’émission spontanée.  

Cette diffusion conduit à une température  minimale 

limite accessible dans ces mélasses optiques. Cette 

température de  refroidissement Doppler vaut entre 

1mK et 100 µK suivant la  nature de l'atome utilisé. 

Vingt-cinq ans après cette proposition initiale, le 

refroidissement Doppler reste pour les ions le moyen 

le plus utilisé pour obtenir une agitation thermique 

minimale. Pour les particules neutres, en revanche, il 

a été découvert en 1988 des processus de 

refroidissement nettement plus efficaces : les 

processus sub-Doppler permettent d'atteindre des 

températures limites de quelque µK ; les processus 

permettant de s'affranchir de la limite induite par  

l'émission spontanée (piégeage cohérent de 

population sélectif en vitesse et refroidissement 

Raman)   permettent d'obtenir des températures 

inférieures au microKelvin
3
.  

 

Ralentissement des atomes : dispositif ralentisseur à effet  Zeeman (on 

peut voir le solénoïde utilisé pour adapter la  fréquence atomique et la 

fréquence du laser en tout point du  ralentissement) et analyse de la vitesse 

des atomes par  spectroscopie de fluorescence. On voit qu'en ajustant le 

champ  magnétique dans le solénoïde, on rassemble une grande quantité  

d'atomes autour de la vitesse nulle 



1.2 Utiliser la lumière pour piéger les 
atomes  

Dans les mélasses optiques présentées ci-dessus, le 

seul effet de confinement produit est dû à la force de 

friction : les atomes effectuent une marche au hasard 

dans le volume défini par l'intersection des six 

faisceaux laser, et la densité est pratiquement 

uniforme dans ce volume. Pour certaines applications, 

il peut être utile d'avoir des nuages atomiques plus 

compacts et plus denses. Il faut donc créer une force 

de rappel
4
.   

La première expérience de piégeage des particules 

neutres à l'aide de la lumière a permis de réaliser un 

piège utilisant la force dipolaire, qui est 

proportionnelle au gradient d'intensité de l'onde laser. 

Ce piège consiste simplement en une onde laser 

progressive fortement focalisée. Si la fréquence de 

l'onde laser est inférieure à la fréquence atomique, 

l'atome est attiré vers les zones de haute intensité, 

donc vers le foyer de l'onde. Ces types de  pièges sont 

encore utilisés couramment aujourd’hui dans la  

manipulation d'objets microscopiques. En effet, en 

choisissant un laser  adapté, on peut pratiquement 

tout piéger (atomes, microbilles, molécules) et 

déplacer à volonté en influant sur la direction  du 

faisceau. Ces «pinces optiques» sont d'ailleurs 

fréquemment  utilisées dans des applications en 

biologies. Pour les applications au piégeage d'atomes, 

malheureusement, les fluctuations de ce type de force 

entraînent un chauffage, et il est alors nécessaire 

d'avoir un refroidissement  additionnel pour 

conserver les particules piégées. On peut diminuer ce 

chauffage en augmentant le désaccord de l'onde laser, 

mais seuls les atomes d'énergie très basse sont alors 

capturés (on parle d'un piège peu profond). Cet effet, 

combiné avec la nécessité de focaliser fortement 

l'onde laser (le volume caractéristique d'un piège est 

alors très petit), rend  très difficile le chargement de 

beaucoup d'atomes.  

Il est en fait plus intéressant de pouvoir piéger les 

atomes en utilisant non plus la force dipolaire, mais la 

pression de radiation résonnante que nous avons vu 

précédemment. Il est en effet possible d'obtenir une 

force importante sur une grande  échelle de longueur, 

ce qui permet de capturer efficacement un grand 

nombre d’atomes. C’est en 1986 que fut réalisé le 

premier Piège Magnéto-Optique en ajoutant un 

champ magnétique à une configuration statique 

d'ondes laser monochromatiques (une mélasse 

optique). Le point fort d'un tel piège est que pour un 

laser de fréquence bien choisie, il conjugue à la fois 

les effets de piégeage induit par le gradient de champ 

magnétique et de refroidissement performant qui 

permet d'obtenir des températures de l'ordre de 

quelques microKelvins.  

1.3 Utiliser les atomes comme la lumière : 
les sources atomiques cohérentes et 
les lasers à atomes. 

La possibilité d’atteindre des densités élevées, c’est-

à-dire d’observer un signal important, tout en 

combinant une température des atomes très proche du 

zéro absolu (1 millionième de degré) offre alors un 

rôle prépondérant à l’aspect ondulatoire des atomes, 

comme l’a exprimé Louis de Broglie en introduisant 

l’équivalent pour les atomes de la longueur d’onde 

optique.  Néanmoins, la luminance des sources 

obtenues par ces techniques de refroidissement 

pourrait d’apparenter à celles de très bonnes lampes à 

sodium, alors que l’optique bénéficie depuis presque 

 

Le piège magnéto-optique : c'est est aujourd'hui la technique 

la plus utilisée pour obtenir un échantillon important d'atomes 

de densité élevée et de très faible vitesse moyenne.  Il a été 

principalement développé pour les alcalins, et permet 

maintenant de "filtrer" certains isotopes rares grâce à leur 

extrême sensibilité à l'espèce atomique.  C'est l'ajout d'un 

champ magnétique dépendant de la position à une configuration 

statique d'ondes laser monochromatiques. Le gradient de champ 

magnétique va alors décaler les fréquences des transitions. En 

choisissant bien la direction du champ magnétique par rapport 

aux polarisations des ondes laser, un atome décalé du point où 

B=0 subira plus l'effet  de l'onde laser qui le rappelle vers le 

centre que celle qui l'en expulse.  Il en résulte une nette force de 

rappel vers le centre (B=0) qui s'accompagne de plus d'un 

amortissement des vitesses important (le refroidissement sub-

Doppler). 



un demi-siècle de sources lasers à la fois très intenses 

et parfaitement cohérentes.  

L'obtention du condensat de Bose-Einstein
5
 ouvre la 

voie à l’utilisation de l’équivalent de ces lasers pour 

l’optique atomique. Depuis 1995, ces «condensats» 

permettent d'observer directement les ondes  de 

matière, et ainsi de mettre en évidence les paradoxes 

de la  mécanique quantique qu’avait énoncé entre 

autres Louis de Broglie. Ainsi, lorsque plusieurs 

atomes sont dans  un  même état quantique, comme  

c'est le cas pour le condensat, aucune  mesure ne 

permet de les discerner. Ces atomes occupent le 

même  volume de l'espace, se déplacent à la même 

vitesse et, par exemple, diffusent la  lumière de la 

même manière. Ce sont les températures 

extrêmement basses qui sont atteintes dans ces 

       

Condensation de Bose-Einstein et Laser à Atomes 

Gauche : Distribution spatiale d'atomes lâchés d'un piège magnétique. Chaque image 

correspond à la concentration du nombre d'atomes (axe vertical) en fonction de la 

position dans un plan (2 axes horizontales). 1
e
 image: le nuage est au-dessus du seuil de 

condensation. 2
e
 image:  la température du nuage est juste en dessous du seuil. Un 

condensat (pic central) coexiste avec un gaz normal (pedestal). 3
e
 image: la température 

est nettement en dessous du seuil de condensation – les atomes forment un condensat 

presque pur. 

Centre : Principe de l’extraction d’un laser à atome de la cavité magnétique. Une onde 

radiofréquence fait basculer l’aimantation des atomes avec un champ magnétique 

oscillant (c’est une technique de résonance magnétique) pour qu’ils ne soient plus 

retenus par le piège magnétique. Cette onde radiofréquence crée une faille à une hauteur 

bien définie par laquelle les atomes s’échappent. Si cette faille est très étroite, peu 

d’atomes peuvent s’échapper à la fois, on a alors un coupleur de sortie assez faible, 

comme pour les lasers photoniques. 

Droite : Quand ils sont lâchés du piège, les atomes tombent dans le champ de pesanteur. 

On obtient alors rapidement un faisceau d'atomes comme indiqué sur cette image qui 

représente une «photographie» instantanée de la distribution d’atomes. La longueur du 

faisceau est à peu près 2 mm, pour une largeur inférieure à 100 µm. Le faisceau se 

propage dans la direction de la gravité (vers le bas). L’accélération des atomes par la 

pesanteur explique la diminution de la densité du faisceau. Son flux (si on le calcule) est 

en fait presque constant, il n'est pas atténué. La tache au-dessus du faisceau correspond 

aux atomes restant dans le piège. Ce faisceau est l'analogue d'un faisceau laser en 

optique. Comme pour un laser, la divergence est à peu près aussi petite que permise par 

la mécanique quantique : pour un faisceau laser, on parle habituellement de la "limite de 

diffraction".  



expériences (moins  de 100 nK) qui permettent 

d'atteindre cette situation quantique paradoxale que 

l’on peut exprimer ainsi :  

Aux températures et aux échelles de longueur de 

notre  vie quotidienne, on peut décrire l'état de 

n’importe quel système (et en particulier un gaz 

d’atomes) par la  position et la vitesse de chacun de 

ses éléments. Ainsi, les atomes d'un  gaz se 

comportent-ils comme des boules de billard qui 

s'entrechoquent  entre elles au gré de leurs trajectoires 

respectives.   

Aux très  basses températures, ou aux petites échelles 

de longueur, les  atomes ne se comportent plus 

comme des boules de billard. On ne peut  pas 

connaître la position exacte de chaque atome, qu'il 

vaut mieux  représenter comme une tache aux 

contours flous. Cette tache  représente la région de 

l'espace où la probabilité de  détecter un atome est 

maximale.  Lorsque l'on refroidit des atomes, la 

région de l’espace où cette amplitude de probabilité 

est non nulle augmente. Tant que les régions 

respectives de chaque atome sont bien séparées, on 

peut  identifier séparément ces atomes.  

Si la température est  suffisamment basse, néanmoins, 

on ne pourra plus les distinguer. Si les atomes sont 

des bosons, ils ont tendance à s'agréger, il se  passe 

alors un phénomène qui l'on peut appeler 

amplification  bosonique, par analogie avec 

l'amplification qui a lieu dans les  lasers. Les atomes 

vont ainsi s’accumuler (se condenser) dans l'état  

d'énergie minimale et les différents paquets d'ondes 

vont  fusionner en un seul mode, comme dans un 

laser.   

Pour atteindre cette condensation, il faut dépasser les 

limites du  refroidissement par laser. Pour cela, il  

faut utiliser une autre  technique de piégeage utilisant 

des champs magnétiques et une  autre méthode de 

refroidissement : le refroidissement par  évaporation. 

Ce refroidissement est un peu celui que l'on obtient 

quand on  souffle sur de l'eau chaude. Les molécules 

d'eau les plus  énergétiques qui s'échappent du bol 

vers l'air sont  éliminées par le souffle, de sorte que 

l'énergie moyenne du  liquide restant diminue; les 

molécules du liquide se redistribuent  l'énergie par 

d'innombrables collisions, puis celles qui ont le  plus 

d'énergie s'échappent et sont éliminées, et ainsi de 

suite.  Pour notre gaz d'atomes, le piége magnétique 

fait office du bol,   mais la densité d'atomes est 

beaucoup moins importante et le succès  de cette 

technique repose sur des efforts technologiques 

considérables : il faut comprimer le gaz d'atomes 

avec des champs  magnétiques intenses et attendre 

plusieurs minutes, ce qui  nécessite une enceinte dans 

laquelle réside un vide poussé.  Moyennant ces 

efforts, il est alors possible, en observant l'ombre des  

atomes traversés par une onde laser, de voire 

apparaître au centre  du gaz un pic infiniment haut et 

étroit, similaire à l'apparition d'un spot laser au milieu 

d’une tache de fluorescence. C'est le condensat de 

Bose-Einstein.  

Le condensat est un peu l’analogue du milieu 

amplificateur dans la cavité laser. On peut ensuite 

obtenir un faisceau laser à atomes très analogue au 

laser en optique en utilisant un «coupleur de sortie»
6
. 

Comme pour les photons d'un faisceau laser, les 

atomes de ce faisceau se propagent exactement dans 

la même  direction, et ils ont exactement la même 

fréquence (c’est-à-dire la même vitesse) et  la même  

phase. Ils forment ainsi un faisceau facile à 

commander et à  utiliser que l'on peut réfléchir,  

 focaliser, diffracter, moduler en fréquence et en 

amplitude. 

2 Les applications des atomes Froids 

Les principales applications nées de l’utilisation des 

atomes froids sont liées à l’optique et à 

l’interférométrie atomique
7
, que ce soit dans les 

horloges atomiques ou dans les capteurs inertiels. Les 

principaux avantages des atomes froids dans les deux 

cas sont d’une part le ralentissement et d’autre part le 

refroidissement. La réduction de la vitesse moyenne 

des atomes permet d’augmenter le temps 

d’interaction. Le refroidissement des atomes 

(réduction de la dispersion en vitesse) correspond à 

une augmentation de la cohérence de la source 

atomique qui permet une augmentation du contraste 

des franges d’interférences. Enfin, les techniques de 

refroidissement atomique permettent de contrôler très 

précisément la vitesse moyenne et la dispersion de la 

source atomique dont dépendent le facteur d’échelle 

et une partie des effets systématiques, liés notamment 

à l’effet Doppler. 

2.1 Les horloges atomiques : 

La principale application des atomes froids concerne 

l’amélioration des performances des horloges 

atomiques utilisant des transitions de référence dans 



le domaine micro-onde (9,2 GHz pour le césium ou 

6,8 GHz pour le rubidium). Ces horloges se 

composent d’un oscillateur macroscopique (un quartz 

par exemple), appelé oscillateur local, dont la 

fréquence est asservie sur celle de la transition 

atomique de référence. Dans les horloges n’utilisant 

pas des atomes froids, la source atomique est réalisée 

par un jet thermique d’une vitesse de 100 à 200 m.s
-1

. 

Le succès de cette technique, découverte en 1952
8
, a 

conduit en 1967 à définir la seconde par rapport à la 

transition entre les deux niveaux
 
fondamentaux de 

l’atome de césium (9,192 631 770 GHz). En pratique, 

on fait interagir les atomes avec un champ 

électromagnétique oscillant à la fréquence ν pendant 

un temps t0, puis on mesure le taux de transition d’un 

niveau atomique vers l’autre. On observe un pic de 

résonance de ce taux de transition (ou des franges 

d’interférences selon le mode d’interrogation) autour 

de la fréquence de résonance de la transition 

atomique 
"
0

2#
. Sa largeur à mi-hauteur Δν est 

inversement proportionnelle à t0 : 
0
t

!
" =# , où η est 

un facteur proche de 1 et qui dépend de la méthode 

d’interrogation.  

La stabilité de fréquence de l’horloge étant d’autant 

meilleure que la raie est étroite, on peut donc 

l’améliorer en augmentant le temps d’interaction t0. 

Cet argument simple
9
, formulé par Zacharias en 

1953, a pris forme en 1991 avec la première 

réalisation d’une horloge atomique utilisant des 

atomes froids de césium, au moment où la 

technologie des horloges utilisant des jets arrivait à 

maturité. L’utilisation d’atomes froids a très vite 

montré une meilleure stabilité court terme et surtout 

une meilleure exactitude (amélioration d’un ordre de 

grandeur)
10

. 

2.1.1 Principe de fonctionnement d’une 
fontaine 

La source atomique est réalisée à l’aide d’une 

mélasse optique. Les atomes sont ensuite lancés 

verticalement à l’aide des faisceaux lasers. Compte 

tenu de la distribution en vitesse transverse des 

atomes (dispersion d’environ 7 mm.s
-1

 pour le 

césium), le nuage atomique grossit avec le temps, de 

façon similaire au jet d’une fontaine verticale, d’où le 

nom de fontaine atomique utilisé pour ce type 

d’horloge. Avant l’interrogation proprement dite, la 

préparation d’un état quantique pur est effectuée, 

pour ne garder que les atomes dans l’état fondamental 

F = 3, MF = 0. L’état MF = 0 est choisi car il est le 

moins sensible aux champs magnétiques parasites qui 

peuvent déplacer les niveaux atomiques. Les atomes 

interagissent alors avec le rayonnement micro-onde 

dans la cavité d’interrogation une première fois en 

 
 

Horloge à atomes froids 

Schéma d’une horloge atomique utilisant des atomes froids. Franges d’interférence obtenues pour t0=0,7 s. 



montant et une deuxième fois en retombant sous 

l’action de la gravité. La probabilité de transition est 

déduite des mesures des populations des états 

fondamental et excité. Lorsque la fréquence du signal 

de l’oscillateur local, injecté dans la cavité, 

correspond exactement à la fréquence de la transition 

atomique, la probabilité de trouver les atomes dans 

l’état initial (ici F = 3, MF = 0) est égale à 1. Par 

contre si l’on désaccorde la fréquence, on observe 

une oscillation de la probabilité de transition comme 

on peut l’observer sur la figure. 

2.1.2 Quelle est la stabilité d’une horloge 
à atomes froids  

On peut montrer que l’écart type des fluctuations 

relatives de fréquence (Δν/ν0) en fonction du temps 

d’intégration τ vaut : 

( )
!"#

!$ c
t

BSt /2

1

00

= , 

où tc est la durée d’un cycle et S/B est le rapport 

signal à bruit sur une mesure, qui est intrinsèquement 

limité par le bruit de projection quantique dû au 

nombre fini N d’atomes contribuant au signal : 

N
B

S =  

Pour un cycle de durée tc = 1s, un temps 

d’interrogation t0 = 0,7s et un nombre d’atomes N = 5 

x 10
4
 atomes, on obtient une stabilité de Δν/ν0 = 4 x 

10
-14

 en une seconde
11

. La stabilité est actuellement 

limitée par la pureté spectrale de l’oscillateur local 

(oscillateur à quartz), mais l’utilisation d’un 

oscillateur cryogénique de grande stabilité devrait 

permettre d’atteindre rapidement un niveau de 10
-14

 

en une seconde d’intégration. 

2.1.3 Quelle est l’exactitude d’une 
horloge à atomes froids  

En moyennant sur des temps plus longs, la stabilité 

relative s’améliore comme la racine du temps 

d’intégration. Par contre la connaissance exacte de la 

fréquence de transition est limitée par des effets 

systématiques, qui sont dominés par les collisions 

entre atomes froids de césium dans le cas des 

fontaines atomiques. Cette limite correspond 

actuellement à une inexactitude sur la fréquence au 

niveau de 10
-15 

en valeur relative. L’utilisation des 

atomes froids a donc déjà permis d’augmenter d’un 

ordre de grandeur l’exactitude des horloges 

atomiques qui est limitée par les effets Doppler du 1
er

 

et du 2
e
 ordre liés à la vitesse moyenne et à la 

dispersion de vitesse importantes. 

Mais cette limite n’est pas fondamentale et peut être 

améliorée soit en utilisant des atomes de rubidium 

dont le déplacement de fréquence dû aux collisions 

est 100 fois plus faible que pour le césium, soit en 

optimisant la phase de préparation de l’état quantique 

des atomes de césium. Une limite au niveau de 10
-16

 

est envisagée dans les prochaines années. 

2.1.4 Application au Temps Atomique 
International  

Les fontaines atomiques sont des étalons primaires de 

fréquence dont l’application principale est la 

contribution à la réalisation du Temps Atomique 

International (TAI). Cette échelle de temps est 

réalisée par le Bureau International des Poids et 

Mesures (BIPM) en comparant les échelles de temps 

fournies par un ensemble d’horloges atomiques 

fonctionnant dans de nombreux laboratoires 

internationaux.  La stabilité à très long terme et 

l’exactitude du TAI sont assurées grâce aux étalons 

primaires de. Les premières contributions au TAI des 

fontaines à atomes froids datent de 1994 et ont permis 

d’augmenter d’un ordre de grandeur sa stabilité et son 

exactitude. Outre la France, de nombreux pays dont la 

contribution au TAI est importante (USA, Allemagne, 

Angleterre, Japon, Italie, Canada…) ont également 

développé des fontaines atomiques comme étalon 

primaire de fréquence. 

2.1.5 Applications dans l’espace 

PHARAO : Projet d’Horloge à Atomes Refroidis pour 

Applications en Orbite 

Le temps d’interrogation des atomes froids dans une 

horloge atomique est limité à 1 seconde sur terre, et 

cela à cause de la gravité. C’est pourquoi plusieurs 

projets d’horloges à atomes froids en microgravité 

sont en cours de développement : en Europe (projet 

ACES) et aux Etats-unis (projets PARCS et RACE). 

Le projet ACES
12

 (Atomic Clock Ensemble in Space) 

comporte une horloge à atomes froids de césium 

(PHARAO) dont l’étude a débuté en 1994
13

 et dont le 

vol est programmé en 2006 sur la station spatiale 

internationale (ISS) (voir figure). Ce projet, financé 

par le Centre National d’Etudes Spatiales (CNES) et 



l’Agence Spatiale Européenne (ESA), permettra de 

comparer directement la fréquence de l’horloge 

spatiale PHARAO à celles d’un ensemble d’horloges 

atomiques aux sol au niveau sans précédent de 10
-16

 . 

Ces comparaisons permettront de réaliser des tests de 

physique fondamentale en relativité restreinte et 

relativité générale. 

 

  

Prototype PHARAO : Prototype d’horloge à atomes froids testée en microgravité lors d’une 

campagne de vols paraboliques dans l’airbus Zéro-g  du CNES en 1997. A droite l’enceinte 

d’interaction et à gauche le banc laser. 

 

Système de positionnement par satellite 

Le fonctionnement des systèmes de positionnement 

par satellite (GPS, GLONASS, GALILEO) repose sur 

le principe de triangulation à partir d’une 

constellation de satellites autour de la terre. La 

détermination de la position d’un récepteur est 

réalisée en comparant les datations des signaux issus 

de plusieurs satellites, connaissant la position de 

chacun d’entre eux. Il est donc nécessaire d’avoir à 

bord de chaque satellite des horloges de grande 

stabilité pour éviter les dérives entre deux 

synchronisations avec les stations au sol, notamment 

sur des périodes de l’ordre de quelques heures. Les 

systèmes actuels reposent principalement sur des 

horloges à césium à jet thermique ou des horloges à 

cellule de rubidium dont les performances de stabilité 

long terme sont similaires. L’amélioration des 

performances des horloges embarquées est nécessaire 

pour permettre aux futurs systèmes de positionnement 

par satellite de dépasser les performances actuelles. 

Sans envisager d’utiliser des horloges du type 

PHARAO, trop performant et trop coûteux pour ce 

type d’applications, il est possible de tirer profil des 

avantages des atomes froids dans l’espace pour 

réaliser des horloges à la fois très compactes et de 

grande sensibilité. C’est le cas du projet HORACE 

(HOrloge à Refroidissement d’Atomes en CEllule) en 

cours de développement
14

, et dont l’ensemble des 

phases de refroidissement des atomes, d’interrogation 

et de détection sont réalisées à l’intérieur de la cavité 

micro-onde. L’utilisation d’atomes froids, de vitesse 

moyenne nulle, permet des temps d’interrogation 

relativement longs (quelques dizaines de 

millisecondes) dans un volume très restreint (environ 

20 cm
3
). 

Application à la physique fondamentale 



Le temps joue un rôle particulier dans de nombreuses 

théories et les excellentes stabilité et exactitude des 

horloges à atomes froids permettent de réaliser des 

expériences très précises visant à tester la validité de 

ces théories. Par exemple, un test du principe 

d’équivalence en relativité générale consiste à mettre 

en évidence une éventuelle dérive de la constante de 

structure fine α en mesurant à différentes dates la 

différence entre deux fréquences de transition de 

deux atomes différents. Une mesure de la stabilité de 

α avec une précision sur 
dt

d
.!

!  de 7x10
-15

 par an a 

été réalisée en comparant les fréquences des 

transitions entre les deux niveaux fondamentaux du 

césium et du rubidium 85, soit une amélioration d’un 

facteur cinq par rapport aux expériences précédentes. 

Les améliorations en cours sur les fontaines 

atomiques devraient conduire à un test avec une 

résolution meilleure que 10
-15

 par an. De plus, les 

projets d’horloges à atomes froids dans l’espace vont 

permettre des comparaisons avec de nombreuses 

horloges réparties à travers la planète et utilisant 

d’autres transitions, améliorant encore la précision de  

ce test et la confiance dans le résultat. L’expérience 

spatiale ACES/PHARAO permettra aussi d’améliorer 

d’un facteur 30 la détermination du décalage vers le 

rouge lié au potentiel gravitationnel, effet  prévu par 

la relativité générale d’Einstein. Le test reposera sur 

la mesure de la différence de fréquence entre 

l’horloge PHARAO située à 400 km au-dessus de la 

surface de la terre et une horloge au sol. Cette mesure 

est un test de la relativité générale d’Einstein. De 

plus, comme la station spatiale se déplace par rapport 

aux horloges situées au sol, il est possible de vérifier 

que le décalage Doppler est bien indépendant de la 

direction de propagation, ce qui constitue un test de la 

relativité restreinte, aussi appelé improprement ‘test 

de l’isotropie de la vitesse de la lumière’. 

2.2 Horloges optiques 

La limite envisagée de l’exactitude des horloges à 

atomes froids utilisant des transitions dans le domaine 

micro-onde est de 10
-16

. Pour dépasser cette limite 

deux types de candidats sont envisagés : les ions 

piégés et les atomes neutres ayant une transition 

métastable dans le domaine optique. En effet, la 

stabilité relative étant inversement proportionnelle à 

la fréquence de référence, une augmentation de celle-

ci de près de cinq ordres de grandeur permet 

d’envisager une amélioration significative de la 

stabilité et de l’exactitude. Dans le cas des atomes 

neutres, les meilleurs candidats font partie de la 

famille des alcalino-terreux (magnésium, calcium et 

strontium), car ils peuvent facilement être refroidis 

par lasers et présentent des transitions adéquates dans 

le domaine optique. Le fonctionnement de ce type 

d’horloge est similaire à celui des horloges micro-

ondes, mais l’oscillateur local est dans ce cas un laser 

ultra-stable dont la largeur de raie doit être de l’ordre 

de 1 Hz.  

L’utilisation d’atomes froids dans les horloges 

optiques représente une étape décisive, plus encore 

que pour les horloges micro-ondes. En effet, elle 

permet d’obtenir des gains similaires sur le temps 

d’interrogation des atomes et sur la réduction de 

l’influence de l’effet Doppler proportionnel à la 

fréquence d’interrogation et à la vitesse des atomes : 

Δν/ν0 = v/c. Mais le bénéfice apporté par les atomes 

froids porte également sur l’amélioration du rapport 

signal à bruit, donc de la stabilité de fréquence, et sur 

la réduction des effets systématiques liés aux 

déformations de front d’onde des lasers 

d’interrogation. Ainsi, l’utilisation d’atomes froids, 

dont la dispersion de vitesse est très faible, permet de 

limiter la perte de signal associée à la perte d’atomes 

au cours de l’interrogation optique. Enfin, les 

déformations de front d’onde du faisceau laser 

d’interrogation se traduisent par une fluctuation de 

phase du laser d’interrogation au cours de 

l’interaction avec les atomes qui conduit à un biais de 

fréquence. Le refroidissement permet de réduire le 

déplacement des atomes pour un même temps 

d’interrogation et donc de limiter cette contribution. 

De plus, la trajectoire des atomes froids pouvant être 

bien mieux contrôlée, il est possible de mesurer 

l’effet des déformations de front d’onde en utilisant 

plusieurs trajectoires différentes. L’exactitude des 

horloges dans le domaine optique
15

 est pour l’instant 

d’environ 8x10
-14

, mais l’utilisation des atomes 

froids, conjuguée au développement rapide des 

chaînes de fréquences optiques nécessaires pour les 

comparer aux autres horloges dans le domaine micro-

onde, doit permettre d’atteindre la gamme des 10
-17

 

dans les années à venir. 



2.3 Capteurs inertiel 

Le développement du refroidissement d’atomes a 

également permis l’émergence du domaine des 

capteurs inertiels basés sur l’interférométrie 

atomique. Ces expériences tirent partie de la 

sensibilité à l’effet Doppler pour mesurer les forces 

d’inerties entre le référentiel des atomes (référentiel 

en chute libre qui sert de référence) et le référentiel 

supportant les séparatrices atomiques. 

En réalisant un interféromètre atomique similaire à 

l’interféromètre de Mach-Zender en optique, on 

obtient un dispositif sensible aux accélérations et aux 

rotations. Dans ce dispositif, on utilise l’aspect 

ondulatoire de la matière : l’onde atomique incidente 

est séparée en deux à l’aide d’une première 

séparatrice, les deux ondes sont ensuite défléchies 

puis recombinées au niveau de la seconde séparatrice. 

La probabilité de trouver les atomes dans l’un des 

deux ports de sortie de l’interféromètre dépend du 

déphasage relatif accumulé le long des deux 

trajectoires. Depuis les premiers interféromètres 

réalisés en 1991, différentes configurations et 

différents types de séparatrices ont été utilisés
16

. Mais 

les expériences ayant donné les meilleurs résultats 

sont basées sur l’utilisation des techniques de 

refroidissement des atomes et de séparatrices 

réalisées à l’aide de transitions Raman stimulées
17

. 

Les transitions Raman stimulées sont réalisées en 

illuminant les atomes à l’aide de deux faisceaux 

lasers contra-propageants ; les atomes effectuent alors 

un cycle d’absorption d’un photon d’un faisceau et 

émission spontanée d’un photon dans l’autre faisceau. 

La déflection spatiale de l’onde 

atomique résulte de  

l’impulsion acquise qui est égale à la 

somme des impulsions des deux 

photons : hkeff = h(k1+k2) ≈ 2hk1. La 

vitesse atomique typique 

communiquée à l’atome est de 

1cm. s
-1

. 

Les atomes froids apportent le même 

type d’avantage que pour les horloges 

optiques : augmentation du temps 

d’interrogation et donc de la 

sensibilité, amélioration du rapport 

signal à bruit grâce à la faible 

distribution de vitesse, réduction des 

effets systématiques, notamment ceux 

qui sont liés aux déformations de 

front d’onde des faisceaux lasers 

utilisés pour les séparatrices. 

2.3.1 Gyromètre 

Le déphasage induit par une rotation autour de la 

normale à l’aire d’un interféromètre atomique 

correspond à l’effet Sagnac pour les ondes de 

matière, de façon similaire au déphasage induit dans 

un interféromètre optique. 

Pour une vitesse de rotation Ω normale à l’aire 

orientée de l’interféromètre, le déphasage accumulé 

entre les deux bras de l’interféromètre
18

 vaut :  

 � )
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où v est la vitesse moyenne des atomes orthogonale à 

la direction de propagation des faisceaux lasers, T est 

le temps d’interrogation total entre la première et la 

dernière séparatrice et L = vT est la distance 

parcourue pendant le temps T. On en déduit 

facilement la sensibilité correspondant à la plus petite 

rotation mesurable : 
B
S

Lkeff 2

v2=!"  , où S/B est le 

rapport signal à bruit. On constate bien que pour une 

longueur de la zone L d’interrogation donnée, la 

sensibilité est d’autant meilleure que la vitesse des 

atomes est faible. 

Le gyromètre atomique le plus performant réalisé est 

un appareil utilisant des jets de césium dont la 

source 
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Interféromètre atomique : Schéma d’un interféromètre atomique utilisant des 

transitions Raman stimulées comme séparatrices atomiques. Les atomes issus d’un piège 

magnéto-optique sont préparés dans un état quantique pur avant d’entrer dans la zone 

d’interrogation, qui est réalisée à l’aide de trois impulsions Raman permettant de séparer 

le paquet d’onde initial en deux, puis de défléchir les trajectoires et enfin de les 

recombiner au niveau de la seconde séparatrice.  



dispersion des vitesses transverses est réduite par 

refroidissement laser, permettant d’augmenter le  

rapport signal à bruit. De plus, la perte de sensibilité 

due à la vitesse élevée des atomes (280 m.s-
1
) est 

compensée par l’augmentation de la longueur de la 

zone d’interrogation (L = 2 m). L’appareil utilise 

deux sources atomiques créant deux jets de même 

direction mais de sens opposées qui traversent les 

mêmes séparatrices atomiques, ce qui permet de 

discriminer le signal dû à la rotation de celui dû à 

l’accélération. L’appareil a montré une sensibilité de 

6.10
-10

 rad.s
-1

 en 1 seconde d’intégration
19

, qui est 

équivalente à celle des meilleurs gyrolasers optiques. 

Mais l’expérience présente des problèmes de stabilité 

sur le long terme difficiles à résoudre, et qui sont 

probablement liés à des défauts de front d’onde des 

lasers et à la fluctuation de direction des jets 

atomiques. Afin de réaliser des gyromètres de grande 

stabilité sur le long terme en contrôlant mieux la 

direction de propagation des atomes, des dispositifs 

beaucoup plus compacts utilisant des atomes froids 

issus de pièges magnéto-optiques sont en cours de 

développement. 

2.3.2 Accéléromètre 

Pour une accélération a le long de la direction de 

propagation des faisceaux lasers utilisés pour les 

séparatrices, le déphasage accumulé entre les deux 

bras de l’interféromètre vaut :  2

4
Tk

a
eff=!" , 

où T est le temps d’interrogation total entre la 

première et la dernière séparatrice. L’accélération 

minimale  détectable δa vaut : 
B

S

Tk
a

eff

2

4
=! , 

où S/B est le rapport signal à bruit. L’utilisation 

d’atomes froids est ici encore plus importante puisque 

la sensibilité augmente comme le carré du temps 

d’interrogation. Une expérience de gravimètre 

atomique
20

 a montré une sensibilité de 2.10
-8

 g en 1 

seconde d’intégration et une exactitude d’environ 3 

10
-9

 g. Ce niveau de performance est déjà supérieur à 

celui des seuls gravimètres absolus existants, dont le 

fonctionnement repose sur la mesure de la chute d’un 

coin de cube dans un interféromètre optique de 

Michelson. Dans le gravimètre à atomes froids, les 

atomes, issus d’un piège magnéto-optique, sont 

lancés verticalement comme dans les fontaines 

atomiques et interagissent avec une paire de faisceaux 

verticaux induisant les transitions Raman stimulées. 

La limite actuelle de la sensibilité de cet appareil est 

purement technologique (problème de vibrations 

parasites…) et peut être améliorée de plus d’un ordre 

de grandeur. La limite de l’exactitude est 

principalement limitée par le déphasage parasite 

induit par la rotation de la Terre. En effet, l’appareil 

devrait être insensible à la rotation dans cette 

  

Gyromètre à atomes froids : 

Enceinte d’interaction d’un 

prototype de gyromètre à atomes 

froids. Les atomes, préparés dans 

deux pièges magnéto-optiques, 

sont lancés sur deux trajectoires 

paraboliques en sens opposés. Ils 

interagissent avec les faisceaux 

lasers Raman avant d’arriver 

dans la zone de détection. Les 

deux signaux issus des deux 

interféromètres  permettent 

d’avoir accès à l’accélération et à 

la rotation suivant 1 axe. 



configuration car, la trajectoire des atomes étant 

parallèle à la direction de propagation des faisceaux 

lasers, l’aire physique incluse entre les deux bras de 

l’interféromètre est nulle. Mais, la divergence 

résiduelle des trajectoires atomiques entraîne une très 

faible sensibilité à la rotation. L’utilisation d’atomes 

encore plus froids, issus par exemple d’un condensat 

de Bose-Einstein, permettra sans doute de réduire cet 

effet et donc d’améliorer l’exactitude.  

 

2.3.3 Applications des capteurs inertiels 
atomiques 

Différents types d’applications sont envisagés en 

physique fondamentale, en géophysique ou en 

navigation inertielle pour les capteurs inertiels 

(accéléromètre ou gyromètre) de très grande 

sensibilité sur des temps d’intégration longs. 

Physique fondamentale :  

Certains tests de la relativité générale d’Einstein 

requièrent des capteurs inertiels de sensibilité encore 

meilleure que celles qui sont accessibles aujourd’hui. 

Comme pour les horloges atomiques, il est envisagé 

d’effectuer une expérience sur un capteur inertiel à 

atomes froids fonctionnant en microgravité afin 

d’obtenir des temps d’interrogation plus longs, mais 

également un niveau de vibrations parasites plus 

faible. Le projet spatial HYPER
21

, proposé à 

l’Agence Spatiale Européenne (ESA) en 2000, a pour 

but d’effectuer de tels tests.  

Le premier consiste à mesurer l’effet Lense-Thirring 

dû à la proximité d’une masse en rotation. En effet, la 

rotation de la Terre provoque un entraînement des 

référentiels d’inertie locaux, qui précessent par 

rapport à un référentiel lointain défini par exemple 

par trois étoiles fixes dans le ciel. Pour mesurer cet 

effet, il est nécessaire de disposer d’un gyromètre 

d’une très grande sensibilité (3x10
-12

 rad.s
-1

 en 1 

seconde d’intégration) et une stabilité à long terme 

permettant de mesurer cet effet avec une résolution au 

niveau de 10
-15

 rad.s
-1

 en un an. Il est également 

possible de tester le principe d’équivalence (égalité 

de la masse liée à l’inertie et de la masse liée à la 

force de gravité) avec une résolution au niveau de 10
-

15
 en utilisant un accéléromètre de très grande 

sensibilité (10
-12

 g en 1 seconde d’intégration). 

Géophysique 

Des capteurs inertiels de très grande sensibilité sont 

des outils importants en géophysique. La mesure des 

fluctuations du champ de pesanteur et de la vitesse de 

rotation locale donne des informations nécessaires à 

la modélisation de l’écorce terrestre et de sa 

déformation sous l’effet d’éléments perturbateurs 

(effets de marée, poids des océans et des nuages...). 

Ces informations sont également nécessaires à la 

compréhension des variations de la vitesse de rotation 

de la Terre. L’utilisation de gyromètres peut 

également contribuer directement à la mesure de la 

rotation de la terre, même si les dispositifs actuels ne 

peuvent rivaliser, pour les temps d’intégration très 

longs, avec les techniques d’astronomie VLBI (Very 

 

 

Gravimètre atomique : Schéma du gravimètre atomique réalisé à l’université de Stanford dans le groupe de 

S. Chu (Nobel 1998). Sur la droite, on peut observer les variations de la pesanteur au cours du temps (ici sur 

deux jours). La précision de ces mesures permet d’analyser l’influence de la lune et des marées entre autres. 



Large Base Interferometry) basées sur le pointer 

d’étoiles lointaines. Mais une amélioration de leur  

sensibilité d’un ordre de grandeur suffirait à les 

rendre compétitifs et surtout apporterait des données 

complémentaires pour des temps d’intégration plus 

courts. Enfin, la mesure du gradient de gravité 

terrestre à l’aide de gradiomètres atomiques de 

grande précision
22

 est envisagée pour des études de 

composition de l’écorce terrestre avec des 

applications en recherche pétrolière. 

Navigation inertielle 

Les capteurs inertiels de grande précision sont 

également utilisés pour la navigation inertielle, 

notamment des sous-marins ou des satellites, où une 

très grande stabilité à long terme est exigé
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Mission HYPER : La proposition de mission HYPER, utilisant des interféromètres embarqués dans l’espace, a été étudiée par l’ESA dans 

le cadre de la campagne de FLEXI-MISSION F2/F3, puis dans le cadre d’une étude industrielle qui a montré avec succès la faisabilité 

technique de cette mission. Cette mission doit mesurer la rotation d’un satellite grâce à deux gyromètres atomiques embarqués (figure de 
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❝❤❛♠♣ ❞❡ ♣❡s❛♥t❡✉r ● ✭❛♣♣❡❧✓❡ ❛✉ss✐ ❝❤❛♠♣ ❣r❛✈✐t♦✲✓❡❧❡❝tr✐q✉❡✮ ❞✓❡❝♦✉❧❡ ❞✉ ♣♦t❡♥t✐❡❧ ♥❡✇✲

t♦♥✐❡♥ ❯ ❡t✱ ♣❛r ❛♥❛❧♦❣✐❡ ✐❧ ❞❡✈r❛✐t ❡①✐st❡r ✉♥ ❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ ❍ ❂ r ✂ ❤ q✉✐

❞✓❡❝♦✉❧❡r❛✐t ❞✬✉♥ ♣♦t❡♥t✐❡❧ ✈❡❝t❡✉r ❤✳ P❛r ❡①❡♠♣❧❡✱ ✉♥ ❝❤❛♠♣ ✓❡❧❡❝tr✐q✉❡ ♣✉r ❊ ❞❛♥s ✉♥ r✓❡❢✓❡✲

r❡♥t✐❡❧ ❞♦♥♥✓❡ ♣❡✉t ❛♣♣❛r❛❫✏tr❡ ❝♦♠♠❡ ✉♥ ♠✓❡❧❛♥❣❡ ❞❡ ❝❤❛♠♣s ❊ ❡t ❇ ❞❛♥s ✉♥ ❛✉tr❡ r✓❡❢✓❡r❡♥t✐❡❧✳

❆✐♥s✐ ✉♥ ♦❜s❡r✈❛t❡✉r✱ q✉✐ s❡ ❞✓❡♣❧❛❝❡ ✒❛ ❧❛ ✈✐t❡ss❡ ✈ ♣❛r r❛♣♣♦rt ✒❛ ✉♥ ❝❤❛♠♣ ❊ ♣✉r ✈♦✐t ❛♣♣❛✲

r❛❫✏tr❡ ✉♥ ❝❤❛♠♣ ❇ ✙ ✈✂❊ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✒❛ ✈ ✳ ❉❡ ❧❛ ♠❫❡♠❡ ❢❛✘❝♦♥ ♦♥ ♣❡✉t ❞✐r❡ q✉❡ ❧❛ ❚❡rr❡

r❛②♦♥♥❡ ❞✉ ❢❛✐t ❞❡ s❛ ♠❛ss❡✱ ✉♥ ❝❤❛♠♣ ● r❛❞✐❛❧ ♣✉r✳ ❯♥ ♦❜s❡r✈❛t❡✉r ♣❧❛❝✓❡ ✒❛ ✉♥❡ ❞✐st❛♥❝❡

r ❞✬✉♥❡ ♠❛ss❡ ▼ ❡t s❡ ❞✓❡♣❧❛✘❝❛♥t ♣❛r r❛♣♣♦rt ✒❛ ❡❧❧❡ ✒❛ ❧❛ ✈✐t❡ss❡ ✈✱ ✈❛ s❡ ❞✓❡♣❧❛❝❡r ❞❛♥s ❝❡

❝❤❛♠♣ ❞❡ ❣r❛✈✐t❛t✐♦♥ ❡t ✈❛ ❞♦♥❝ ✈♦✐r ❛♣♣❛r❛❫✏tr❡ ✉♥ ❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡

❍ ❂ r✂ ❤ ❂ �✸

✷

●▼

❝✷r✸
✭r✂ r✮✿ ✭✻✳✶✸✮

P❛r ❛♥❛❧♦❣✐❡ ❡♥tr❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥✓❡t✐q✉❡ ❡t ❧❡ ❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡✱ ✉♥❡ s♣❤✒❡r❡ ❞❡

♠❛ss❡ ▼ ✱ ❞❡ r❛②♦♥ ❛ ✱ ❡t ❞❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ✡✱ ✈❛ ♣r♦❞✉✐r❡✱ ♦✉tr❡ ❧❡ ❝❤❛♠♣ ❞❡ ♣❡s❛♥t❡✉r

● ❞❫✉ ✒❛ s❛ ♠❛ss❡✱ ✉♥ ❝❤❛♠♣ ❬✶✸✷❪ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡

❍ ❂ r✂ ❤ ❂ � ✶

❝✷

✒
✸r✭❏ ✁ r✮� ❏

r✺

✓
✭✻✳✶✹✮

●r❫❛❝❡ ✒❛ ❝❡ ❢♦r♠❛❧✐s♠❡ ✧❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡✧✱ ♦♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t s✐♠♣❧❡♠❡♥t ❝❛❧❝✉❧❡r ❧❡

❞✓❡♣❤❛s❛❣❡ ❞✬♦r✐❣✐♥❡ r❡❧❛t✐✈✐st❡ ✒❛ ❧❛ s♦rt✐❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❝♦♠♠❡ ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ✌✉① ❞✉



✻✳✺ ❆♥♥❡①❡ ✿ q✉❡❧q✉❡s ♥♦t✐♦♥s ❞❡ ❣r❛✈✐t❛t✐♦♥ ❡t ❞❡ r❡❧❛t✐✈✐t✓❡ ✸✷✾

❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ ✒❛ tr❛✈❡rs ❧✬❛✐r❡ ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✒❡tr❡✳ ❈❡ r✓❡s✉❧t❛t ❛ ✓❡t✓❡ ♠♦♥tr✓❡ ❞❛♥s

❧❡ ❝❛s ❞✬✉♥ ❣②r♦♠✒❡tr❡ ♦♣t✐q✉❡ ❬✶✸✸❪✱ ❛✈❡❝ ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞✓❡♣❛rt ❧❡s ✓❡q✉❛t✐♦♥s ❞❡ ▼❛①✇❡❧❧ ❡♥

t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❧❛ ♠✓❡tr✐q✉❡ ❞❡ ❑❡rr✲◆❡✇♠❛♥✳ ❖♥ ♣❡✉t ❛❧♦rs ♠♦♥tr❡r q✉✬♦♥ ♣❡✉t ♥✓❡❣❧✐❣❡r

❧❛ ♠✓❡tr✐q✉❡ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ♦♥❞❡s ❧✉♠✐♥❡✉s❡s s❡ ♣r♦♣❛❣❡♥t ❞❛♥s ✉♥ ❞✐✓❡❧❡❝tr✐q✉❡ ❞♦♥t ❧❡s

✓❡q✉❛t✐♦♥s ❝♦♥st✐t✉t✐✈❡s s♦♥t ❞✐r❡❝t❡♠❡♥t r❡❧✐✓❡❡s ❛✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t♦♠❛❣♥✓❡t✐q✉❡✳ ❉❛♥s ❧❡ ❝❛s

❞❡s ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡✱ ♦♥ ♣❡✉t ❡☛❡❝t✉❡r ✉♥ ❝❛❧❝✉❧ ♣r✓❡❝✐s ❞✉ ❞✓❡♣❤❛s❛❣❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❛t♦♠❡

✒❛ ❞❡✉① ♥✐✈❡❛✉① ❞❡ s♣✐♥✱ ♣❛r ✐♥t✓❡❣r❛t✐♦♥ ❞❡ ❧✬✓❡q✉❛t✐♦♥ ❞❡ ❉✐r❛❝ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♠✓❡tr✐q✉❡

r❡❧❛t✐✈✐st❡ ❧✐♠✐t✓❡❡ ❛✉① ❝❤❛♠♣s ❢❛✐❜❧❡s ❞❛♥s ❬✶✸✹❪✳ ❈❡ ❝❛❧❝✉❧ ♣❡✉t ❫❡tr❡ ❡♥s✉✐t❡ ❣✓❡♥✓❡r❛❧✐s✓❡ ❡t

✐♥t❡r♣r✓❡t✓❡ ❡♥ t❡r♠❡ ❞❡ ❝❤❛♠♣s ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ ❡t ❣r❛✈✐t♦✓❡❧❡❝tr✐q✉❡ ❬✶✸✺✱ ✶✸✻✱ ✶✸✼✱ ✻✸✱ ✶✸✽❪

♦✉ ❧✬❡☛❡t ▲❡♥s❡✲❚❤✐rr✐♥❣ ❛♣♣❛r❛❫✏t ❝♦♠♠❡ ✓❡t❛♥t ❞❫✉ ♣♦✉r ♠♦✐t✐✓❡ ✒❛ ❧✬❛❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❣r❛✈✐t♦✲

♠❛❣♥✓❡t✐q✉❡ ❡t ♣♦✉r ❧✬❛✉tr❡ ♠♦✐t✐✓❡✱ ✒❛ ❧✬❛❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❣r❛✈✐t♦✓❡❧❡❝tr✐q✉❡✳

❋✐❣✳ ✻✳✶✹ ✿ ▲❡s ❧✐❣♥❡s ❞❡ ❝❤❛♠♣ ❞✉
❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ r❡ss❡♠❜❧❡♥t
❛✉① ❧✐❣♥❡s ❞❡ ❝❤❛♠♣s ♠❛❣♥✓❡t✐q✉❡s ❝r✓❡✓❡❡s
♣❛r ✉♥ ❞✐♣❫♦❧❡ ✭■♠❛❣❡ t✐r✓❡❡ ❞✉ ♣r♦❥❡t ●P❇
❤tt♣ ✿✴✴❡✐♥st❡✐♥✳st❛♥❢♦r❞✳❡❞✉✮✳

▲❡ ❞✓❡♣❤❛s❛❣❡ ❡♥tr❡ ❧❡s ❞❡✉① ✈♦✐❡s ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡✱ ❞✐r❡❝t❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ✌✉① ❞✉

❝❤❛♠♣ ❣r❛✈✐t♦✲♠❛❣♥✓❡t✐q✉❡ ✒❛ tr❛✈❡rs s♦♥ ❛✐r❡✱ s✬✓❡❝r✐t ❛❧♦rs ✿

✁✣ ❂
✷

✕

❩ ❩
❍❞❙ ❂

✷

✕
❍ ✁❆ ✭✻✳✶✺✮

❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❤♦t♦♥✐q✉❡ ❡t s✐♠✐❧❛✐r❡♠❡♥t

✁✣ ❂
✷♠❝

⑦
❍ ✁❆ ✭✻✳✶✻✮

▲❡ ❞✓❡♣❤❛s❛❣❡ t♦t❛❧ ✒❛ ❧❛ s♦rt✐❡ ❞✉ ❣②r♦♠✒❡tr❡ ❡st ❞♦♥❝ ❞♦♥♥✓❡ ♣❛r ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ❣r❛✈✐t♦✲

♠❛❣♥✓❡t✐q✉❡✱ ❡t✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❣②r♦♠✒❡tr❡ ♦r✐❡♥t✓❡ s✉✐✈❛♥t ✭❖③✮ ♣♦s✓❡ s✉r ❧❛ ❚❡rr❡ ❡♥ ✉♥ ♣♦✐♥t

❞♦♥t ❧❛ ❝♦❧❛t✐t✉❞❡ ❡st ③ ✈❛✉t ✿

✁✣ ❂
✷❆♠

⑦

✚
✡� ✶

❝

✒
✸●▼

✷r
✡ s✐♥✷ ✒

✓
✰

✶

❝

❏

r

�
✶� ✸ ❝♦s✷ ✒

✁✛
✭✻✳✶✼✮

♦✒✉ ▼ ✱ r✱ ✡ ❡t ❏ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ♠❛ss❡✱ ❧❡ r❛②♦♥✱ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❡t ❧❡ ♠♦♠❡♥t

❛♥❣✉❧❛✐r❡ ❞❡ ❧❛ ❚❡rr❡✳ ▲❡ ♣r❡♠✐❡r t❡r♠❡ ❡st ❜✐❡♥ s❫✉r ❧❡ ❞✓❡♣❤❛s❛❣❡ ❧✐✓❡ ✒❛ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧❛



✸✸✵ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

❚❡rr❡✳ ▲❡ ❣②r♦♠✒❡tr❡ ✓❡t❛♥t ♣♦s✓❡ s✉r ❧❡ s♦❧ ❛✈❡❝ s♦♥ ❛①❡ ❞✬❡♥tr✓❡❡ ♣❛r❛❧❧✒❡❧❡ ✒❛ ❝❡❧✉✐ ❞❡ ❧❛ r♦t❛t✐♦♥

❞❡ ❧❛ ❚❡rr❡✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❛✉ ❞✓❡♣❤❛s❛❣❡ ❡st ❞✐r❡❝t❡♠❡♥t ✁✣ ❂ ✷❆♠
⑦

✡✳ ▲❡ ❞❡✉①✐✒❡♠❡ t❡r♠❡

❝♦rr❡s♣♦♥❞ ✒❛ ❧✬❡☛❡t ❞❡ ❙✐tt❡r✳ ■❧ ❡st ❞❫✉ ❛✉ ❢❛✐t q✉❡ ❧❛ ♠❛ss❡ ❞❡ ❧❛ ❚❡rr❡ ❝♦✉r❜❡ ❧✓❡❣✒❡r❡♠❡♥t

❧✬❡s♣❛❝❡✲t❡♠♣s ❡t q✉❡ ❧❡s ♦♥❞❡s ❛t♦♠✐q✉❡s ❞❡ ♥♦tr❡ ❣②r♦♠✒❡tr❡ s❡ ❞✓❡♣❧❛❝❡♥t ❞❛♥s ❝❡t ❡s♣❛❝❡

❝♦✉r❜✓❡✳ ❖♥ ❝♦♥st❛t❡ q✉❡ s✐ ❧❡ ❣②r♦♠✒❡tr❡ ❡st ♣❧❛❝✓❡ ✒❛ ❧✬✉♥ ❞❡s ♣❫♦❧❡s ❞❡ ❧❛ ❚❡rr❡ ✭✒ ❂ ✵✮ ✱ ❝❡t
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❬✶✸✹❪ ❈❤✳ ❏✳ ❇♦r❞✓❡✱ ❆✳ ❑❛r❛s✐❡✇✐❝③✱ ❛♥❞ P❤✳ ❚♦✉rr❡♥❝✱ ❭●❡♥❡r❛❧ r❡❧❛t✐✈✐st✐❝ ❢r❛♠❡✲
✇♦r❦ ❢♦r ❛t♦♠✐❝ ✐♥t❡r❢❡r♦♠❡tr②✧✱ ■♥t✳ ❏✳ ♦❢ ▼♦❞✳ P❤②s✳ ❉ ✸✱ ✶✺✼ ✭✶✾✾✹✮✳

❬✶✸✺❪ ❈✳ ❏✳ ❇♦r❞✓❡✱ ❭❚❤❡♦r❡t✐❝❛❧ t♦♦❧s ❢♦r ❛t♦♠ ♦♣t✐❝s ❛♥❞ ❛t♦♠ ✐♥t❡r❢❡r♦♠❡tr②✧✱ ❈✳ ❘ ❆❝❛❞✳
❙❝✳ ✲ s✓❡r✐❡s ■❱ ✲ P❤②s✐❝s ✷✱ ✺✵✾ ✭✷✵✵✶✮✳

❬✶✸✻❪ ❈✳ ❏✳ ❇♦r❞✓❡✱ ❏✳ ❈✳ ❍♦✉❛r❞✱ ❛♥❞ ❆✳ ❑❛r❛s✐❡✇✐❝③✱ ❞❛♥s ●②r♦s✱ ❈❧♦❝❦s ❛♥❞ ■♥✲
t❡r❢❡r♦♠❡t❡rs ✿ ❚❡st✐♥❣ ❘❡❧❛t✐✈✐st✐❝ ●r❛✈✐t② ✐♥ ❙♣❛❝❡✱ ✓❡❞✐t✓❡ ♣❛r ❈✳ ▲⑧❛♠♠❡r③❛❤❧✱

❈✳ ❲✳ ❋✳ ❊✈❡r✐tt✱ ❛♥❞ ❋✳ ❲✳ ❍❡❤❧ ✭P❯❇▲■❙❍❊❘✱ ✷✵✵✵✮✱ ♣✳ ✹✵✸✳

❬✶✸✼❪ ❈✳ ▲⑧❛♠♠❡r③❛❤❧ ❛♥❞ ❈✳ ❏✳ ❇♦r❞✓❡✱ ❞❛♥s●②r♦s✱ ❈❧♦❝❦s ❛♥❞ ■♥t❡r❢❡r♦♠❡t❡rs ✿ ❚❡st✐♥❣
❘❡❧❛t✐✈✐st✐❝ ●r❛✈✐t② ✐♥ ❙♣❛❝❡✱ ✓❡❞✐t✓❡ ♣❛r ❈✳ ▲⑧❛♠♠❡r③❛❤❧✱ ❈✳ ❲✳ ❋✳ ❊✈❡r✐tt✱ ❛♥❞

❋✳ ❲✳ ❍❡❤❧ ✭❙♣r✐♥❣❧❡r ❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✷✵✵✵✮✳

❬✶✸✽❪ P✳ ❲♦❧❢ ❛♥❞ ❈✳ ❏✳ ❇♦r❞✓❡✱ ❭❘❡❝♦✐❧ ❡☛❡❝ts ✐♥ ♠✐❝r♦✇❛✈❡ ❘❛♠s❡② s♣❡❝tr♦s❝♦♣②✧✱
q✉❛♥t✲♣❤✴✵✹✵✸✶✾✹ ✭✷✵✵✹✮✳



✸✸✽ ❈❤❛♣ ✻ ✲ ▲❡ ❢✉t✉r ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡



❈ ❍ ❆ P ■ ❚ ❘ ❊ ✼

❈♦♥❝❧✉s✐♦♥

▲❛ ☞♥ ❞✉ ❳❳❡ s✐✒❡❝❧❡ ❛ ♠❛rq✉✓❡ ✉♥ t♦✉r♥❛♥t ✐♠♣♦rt❛♥t ♣♦✉r ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬♦♣t✐q✉❡ ❡t ❞❡

❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❝✬❡st ❧❡ ❢♦r♠✐❞❛❜❧❡ ♣♦t❡♥t✐❡❧ ❞❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s

✒❛ ❛t♦♠❡s r❡❢r♦✐❞✐s q✉✐ ❛ ✓❡t✓❡ ♠✐s ❡♥ ✓❡✈✐❞❡♥❝❡ ❞❛♥s ❞❡s ❡①♣✓❡r✐❡♥❝❡s ♣✐♦♥♥✐✒❡r❡s ❛✉① ❊t❛ts✲❯♥✐s✱

r❡❧❛②✓❡❡s ❡♥s✉✐t❡ ♣❛r ❧❡s ♣r♦❥❡ts ❡✉r♦♣✓❡❡♥s ❝♦♠♠❡ ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ■❖❚❆ ✲ ❙❨❘❚❊ s✉r ❧❡

❣②r♦♠✒❡tr❡ ❛t♦♠✐q✉❡✳ Pr❡sq✉❡ s✐♠✉❧t❛♥✓❡♠❡♥t✱ ❝❡ ❞♦♠❛✐♥❡ ✈♦②❛✐t ❛♣♣❛r❛❫✏tr❡ ✉♥❡ r✓❡✈♦❧✉t✐♦♥

✐❞❡♥t✐q✉❡ ✒❛ ❧❛ ❞✓❡❝♦✉✈❡rt❡ ❞✉ ❧❛s❡r ❞❛♥s ❧❡s ❛♥♥✓❡❡s ✶✾✻✵ ✿ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳

❆✉❥♦✉r❞✬❤✉✐✱ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡ ❡st ✉♥ t❤✒❡♠❡ ♠❛❥❡✉r ❛✉ s❡✐♥ ❞❡ ♥♦tr❡ ❝♦♠♠✉♥❛✉t✓❡✱

❡t s♦♥ ❛ttr❛✐t s✬✓❡t❡♥❞ t❛♥t ❛✉① ❛♣♣❧✐❝❛t✐♦♥s ♠✓❡tr♦❧♦❣✐q✉❡s ✭♣r♦❥❡t ❞❡ ❜❛❧❛♥❝❡ ❞✉ ❲❛tt ❞✉

▲◆❊✮✱ ❛✉① ❛♣♣❧✐❝❛t✐♦♥s ✐♥❞✉str✐❡❧❧❡s ✭❧❡s ❣r❛♥❞s ✐♥❞✉str✐❡❧s ❝♦❧❧❛❜♦r❡♥t ♠❛✐♥t❡♥❛♥t ❛✈❡❝ ❧❡s

❧❛❜♦r❛t♦✐r❡s ❞❡ r❡❝❤❡r❝❤❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡✮✱ q✉✬❛✉① ❛♣♣❧✐❝❛t✐♦♥s ♣❧✉s ❢✉t✉r✐st❡s

❞❛♥s ❧✬❡s♣❛❝❡ ✭♣r♦❥❡t ❍❨P❊❘ ❡t ■❈❊✮✳

❋♦rt ❞❡ ♠♦♥ tr❛✈❛✐❧ s✉r ❧❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s✱ ❥✬❡s♣✒❡r❡ ❛✉ ❝♦✉rs ❞❡s ♣r♦❝❤❛✐♥❡s

❛♥♥✓❡❡s ♣♦✉✈♦✐r ❞✓❡♠♦♥tr❡r✱ ❧♦rs ❞✬❡①♣✓❡r✐❡♥❝❡s s✉r ❧❡ ♠♦♥t❛❣❡ ❞❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡

❛❝❤❡✈✓❡ ❡♥ ✷✵✵✸ ❬✶❪✱ ❧❡s ♣♦ss✐❜✐❧✐t✓❡s ❞✬❛♠✓❡❧✐♦r❛t✐♦♥ ❞❡ ❧❛ ❞✓❡t❡❝t✐♦♥ ✐♥❡rt✐❡❧❧❡ ❣r❫❛❝❡ ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥

❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ❞❛♥s ❞❡ ♥♦✉✈❡❧❧❡s ❝♦♥☞❣✉r❛t✐♦♥s ❞✬✐♥t❡r❢✓❡r♦♠✒❡tr❡s✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡

♣❡♥s❡r ✒❛ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❣✉✐❞❡ ❧✉♠✐♥❡✉① t♦r✐q✉❡ ♣♦✉r ❛t♦♠❡s ❞❛♥s ❧❡q✉❡❧ ❧❡s ♣r♦♣r✐✓❡✲

t✓❡s s✉♣❡r✌✉✐❞❡s ❞❡s ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ s❡r✈✐r❛✐❡♥t ❞✐r❡❝t❡♠❡♥t ✒❛ ❧❛ ❞✓❡t❡❝t✐♦♥ ❞❡ ❧❛

✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥✱ ❞✬✉♥❡ ♠❛♥✐✒❡r❡ ✐❞❡♥t✐q✉❡ ❛✉① ❣②r♦♠✒❡tr❡s s✉♣❡r✌✉✐❞❡s ❬✷❪✳ ❙✉r ❝❡ ♠♦♥t❛❣❡

❞❡ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡ ✈❡rs❛t✐❧❡✱ ♦✉tr❡ ❧❡ tr❛♥s♣♦rt ❞✉ ❝♦♥❞❡♥s❛t ❞❛♥s ❧❛ ❁ ❝❤❛♠❜r❡ ❞❡ s❝✐❡♥❝❡

❃ q✉✐ ❡st ♣r❛t✐q✉❡♠❡♥t ❛❝❤❡✈✓❡✱ ❥✬❡s♣✒❡r❡ ❛✉ss✐ ❛✈❛♥❝❡r s✐❣♥✐☞❝❛t✐✈❡♠❡♥t ❞❛♥s ❧✬✓❡t✉❞❡ ❞✉ ❝❤❛r✲

❣❡♠❡♥t ❝♦♥t✐♥✉ ❞✬✉♥❡ ❝❛✈✐t✓❡ ❛t♦♠✐q✉❡ ♣♦✉r ❛tt❡✐♥❞r❡ ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❝♦♥t✐♥✉ ❞✬✉♥ ❧❛s❡r

✒❛ ❛t♦♠❡s✱ ✉♥ ❞❡s ♣r♦❜❧✒❡♠❡s ❡♥❝♦r❡ ♥♦♥ r✓❡s♦❧✉ ❛❝t✉❡❧❧❡♠❡♥t✳

▼♦♥ ❛❝t✐✈✐t✓❡ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ s❡ ❝♦♠♣❧✒❡t❡r❛ ❛✉ss✐ ♣❛r ❧❛ ♣♦✉rs✉✐t❡ ❞✉ ♣r♦❥❡t ❞✬■♥t❡r❢✓❡r♦♠✓❡tr✐❡

❈♦❤✓❡r❡♥t❡ ♣♦✉r ❧✬❊s♣❛❝❡ ✭■❈❊✮✳ ❯♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♥♦tr❡ ❛❝t✐✈✐t✓❡ s❡r❛ ❝♦♥s❛❝r✓❡❡ ✒❛ ❧❛

❝♦♥❝❡♣t✐♦♥ ❡t ✒❛ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ ❡♥❝❡✐♥t❡ ✒❛ ✈✐❞❡ ❡t ❞❡ s❡s s②st✒❡♠❡s ❞❛♥s ❧❡ ❜✉t ❞✬♦❜t❡♥✐r

✉♥❡ ♣r❡♠✐✒❡r❡ ✈❡rs✐♦♥ ❞✬✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ❁ ❝❧❛ss✐q✉❡ ❃✱ ♣♦✉✈❛♥t ❫❡tr❡ ✉t✐❧✐s✓❡ ♣♦✉r ❞❡s t❡sts

♣r✓❡❧✐♠✐♥❛✐r❡s ❡♥ ❝❤✉t❡ ❧✐❜r❡ ✭❡♥ ✈♦❧ ♣❛r❛❜♦❧✐q✉❡ s✐ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ✈✐❜r❛t♦✐r❡ ❧❡ ♣❡r♠❡t✮✱ ♣♦✉r

❡♥s✉✐t❡ ❢❛✐r❡ ✓❡✈♦❧✉❡r ❝❡ ❞✐s♣♦s✐t✐❢ ✈❡rs ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ✒❛ s♦✉r❝❡ ❝♦❤✓❡r❡♥t❡✳ ❉❛♥s ❝❡ ❝❛❞r❡✱

✉♥ ❡☛♦rt s❡r❛ ♣♦rt✓❡ s✉r ❧❛ ♣♦ss✐❜✐❧✐t✓❡ ❞✬✉t✐❧✐s❡r ❧❛ s♦✉r❝❡ ❧❛s❡r s♣❛t✐❛❧✐s❛❜❧❡ ❞❡ ❧✬❖◆❊❘❆✱

✓❡✈❡♥t✉❡❧❧❡♠❡♥t ♠♦❞✐☞✓❡❡✱ ♣♦✉r r✓❡❛❧✐s❡r t♦✉t❡s ❧❡s ✓❡t❛♣❡s ❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t✳ ❉❡s ❞✓❡✈❡❧♦♣♣❡✲

♠❡♥ts ❢✉t✉rs ♣❡r♠❡ttr♦♥t ❞✬❛❜♦✉t✐r ✒❛ ✉♥ ✐♥t❡r❢✓❡r♦♠✒❡tr❡ ♣❡r♠❡tt❛♥t ❞✬❛tt❡✐♥❞r❡ ❞❡s t❡♠♣s



✸✹✵ ❈❤❛♣ ✼ ✲ ❈♦♥❝❧✉s✐♦♥

❞✬✐♥t❡rr♦❣❛t✐♦♥s ❞❡ ♣❧✉s✐❡✉rs s❡❝♦♥❞❡s ❡♥ ♠✐❝r♦❣r❛✈✐t✓❡✳ ▲✬❡①♣✓❡r✐❡♥❝❡ ❡t ❧❡s r✓❡s✉❧t❛ts ♦❜t❡♥✉s

❞❡✈r❛✐❡♥t ♣❡r♠❡ttr❡ ♣❛r ❧❛ s✉✐t❡ ❞✬❡♥t❛♠❡r ✉♥❡ ♣❤❛s❡ ❞❡ ❞✓❡☞♥✐t✐♦♥ ❞✬✉♥ ♣r♦t♦t②♣❡ s♣❛t✐❛✲

❧✐s❛❜❧❡ ❡t ❞✬❡♥✈✐s❛❣❡r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❡♥tr❡ ✉♥ ❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ✒❛ ❛t♦♠❡s

❢r♦✐❞s ❡t ✉♥ ❛❝❝✓❡❧✓❡r♦♠✒❡tr❡ ✓❡❧❡❝tr♦st❛t✐q✉❡✳

▼❛ ♣❛rt✐❝✐♣❛t✐♦♥ ❞❛♥s ❧❡s ❞✐✈❡rs ♣r♦❣r❛♠♠❡s s♣❛t✐❛✉① q✉✐ ♦♥t tr❛✐t ❛✈❡❝ ❧❡s ❛t♦♠❡s ❢r♦✐❞s

❞❡✈r❛✐t s❡ r❡♥❢♦r❝❡r ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥✓❡❡s s✐ ❧✬✐♥t✓❡r❫❡t ❞❡ ❧✬❡s♣❛❝❡ ♣♦✉r ❧❡s ❛t♦♠❡s ❢r♦✐❞s

❝♦♥t✐♥✉❡ ✒❛ ❣r❛♥❞✐r ❝♦♠♠❡ ✐❧ ❧✬❛ ❢❛✐t ❝❡s ❞❡r♥✐✒❡r❡s ❛♥♥✓❡❡s✳ ❊♥ ❡☛❡t✱ ✐❧ s❡♠❜❧❡ ✐♥❞✐s♣❡♥✲

s❛❜❧❡ q✉✬❡♥ ♣❛r❛❧❧✒❡❧❡ ❛✈❡❝ ❧❡ ❞✓❡✈❡❧♦♣♣❡♠❡♥t t❡❝❤♥♦❧♦❣✐q✉❡ ❧✐✓❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥

❞✬❛t♦♠❡s ❢r♦✐❞s ✭❝♦♠♠❡ P❍❆❘❆❖ ♦✉ ❍❨P❊❘✮✱ ✉♥ ❡☛♦rt s♦✐t ❧❛♥❝✓❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ s❡♥✲

s❡✉rs ✐♥❡rt✐❡❧s ❞❡ ♥♦✉✈❡❧❧❡ ❣✓❡♥✓❡r❛t✐♦♥ ✉t✐❧✐s❛♥t ❞❡s s♦✉r❝❡s ❛t♦♠✐q✉❡s ❝♦❤✓❡r❡♥t❡s ✭❝♦♥❞❡♥s❛ts

❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❧❛s❡r ✒❛ ❛t♦♠❡s✮✳ ▲❡s ❛✈❛♥t❛❣❡s ❞❡ t❡❧❧❡s s♦✉r❝❡s ♣❡✉✈❡♥t ❫❡tr❡ ♥♦♠❜r❡✉①✳

▲❛ t❛✐❧❧❡ ❞❡ ❧✬✓❡❝❤❛♥t✐❧❧♦♥ ❛t♦♠✐q✉❡ ♣❡✉t ❫❡tr❡ ❞❡ q✉❡❧q✉❡s ♠✐❝r♦♠✒❡tr❡s✱ ❡t ❧✬♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t

r✓❡❛❧✐s❡r ❞❡s ✐♥t❡r❢✓❡r♦♠✒❡tr❡s ❞✬❛✐r❡ ✐♠♣♦rt❛♥t❡ ❛✈❡❝ ✉♥ ❡♥❝♦♠❜r❡♠❡♥t r✓❡❞✉✐t✱ ❡♥ ✉t✐❧✐s❛♥t ✒❛

❧❛ ❢♦✐s ❞❡ ❢❛✐❜❧❡s ✈✐t❡ss❡s ❧♦♥❣✐t✉❞✐♥❛❧❡s ❝♦♠❜✐♥✓❡❡s ❛✈❡❝ ❞❡s s✓❡♣❛r❛t✐♦♥s ✐♠♣♦rt❛♥t❡s ❡♥tr❡

♣❛q✉❡ts ❞✬♦♥❞❡s ❛t♦♠✐q✉❡s✳ ▲❛ ❢♦rt❡ ❝♦❤✓❡r❡♥❝❡ ❞❡ ❝❡s s♦✉r❝❡s ♣❡r♠❡ttr❛ ❞✬❛✉❣♠❡♥t❡r ❡♥❝♦r❡

❞✬❛✉ ♠♦✐♥s ✉♥ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❧❡ t❡♠♣s ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥ ❝♦♥s❡r✈❛♥t ✉♥ tr✒❡s ❜♦♥ r❛♣♣♦rt

s✐❣♥❛❧ ✒❛ ❜r✉✐t✳ ❉❡ ♣❧✉s✱ ❧❡ ♥♦♠❜r❡ ❞✬❛t♦♠❡s ❛❝❝❡ss✐❜❧❡s ✭❡♥✈✐r♦♥ ✶✵✻✮ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥

r❛♣♣♦rt s✐❣♥❛❧ ✒❛ ❜r✉✐t ❞❡ ✶✵✵✵ ❛✈❡❝ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ❞✓❡t❡❝t✐♦♥ ❝❧❛ss✐q✉❡✱ ❡t ♣♦✉rr❛✐t ❫❡tr❡

❛♠✓❡❧✐♦r✓❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ✓❡t❛ts ♥♦♥ ❝❧❛ss✐q✉❡s✳ ▲❡ ♣r♦❥❡t ■❈❊ s✬✐♥s❝r✐t ❞❛♥s ❝❡tt❡ ❧♦❣✐q✉❡ ❡♥

♣r♦❥❡t❛♥t ❞✬✉t✐❧✐s❡r ♣♦✉r ❧❛ ♣r❡♠✐✒❡r❡ ❢♦✐s ❞❡s ❧❛s❡rs ✒❛ ❛t♦♠❡s ❞❛♥s ❞❡s s❡♥s❡✉rs ✐♥❡rt✐❡❧s✳

◆✓❡❛♥♠♦✐♥s✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❛♥s ❝❡s ❞♦♠❛✐♥❡s ❛♣♣❧✐q✉✓❡s ♥✓❡❝❡s✲

s✐t❡ ✉♥ ♥♦✉✈❡❧ ❡☛♦rt ✒❛ ❧❛ ❢♦✐s s❝✐❡♥t✐☞q✉❡ ❡t t❡❝❤♥♦❧♦❣✐q✉❡✳ ❯♥❡ ♣r❡♠✐✒❡r❡ ♠✓❡t❤♦❞❡ ♥✓❡❝❡ss✐t❡

❧❡ ❞✓❡✈❡❧♦♣♣❡♠❡♥t ❞✬✓❡❧❡❝tr♦❛✐♠❛♥ts ♣✉✐ss❛♥ts ❡♥ ✉t✐❧✐s❛♥t ♣❛r ❡①❡♠♣❧❡ ❞❡s ♠❛t✓❡r✐❛✉① ❢❡rr♦✲

♠❛❣♥✓❡t✐q✉❡s ❧✓❡❣❡rs ♣♦✉r ❧✐♠✐t❡r ❧❡ s✉r♣❧✉s ❞❡ ♣♦✐❞s t♦✉t ❡♥ ✉t✐❧✐s❛♥t ❞❡ ❢❛✐❜❧❡s ♣✉✐ss❛♥❝❡s

✓❡❧❡❝tr✐q✉❡s✱ ♦✉ ❞❡s ♣✉❝❡s ❛t♦♠✐q✉❡s q✉✐ ♣❡r♠❡ttr❛✐❡♥t ❞✬✐♥t✓❡❣r❡r t♦✉t ❧❡ ❞✐s♣♦s✐t✐❢✳ ❯♥❡ ❛✉tr❡

♠✓❡t❤♦❞❡ ❡st ❜❛s✓❡❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞✐s♣♦s✐t✐❢s t♦✉t ♦♣t✐q✉❡ ♥✓❡❝❡ss✐t❛♥t ❧❡ ❞✓❡✈❡❧♦♣♣❡♠❡♥t

❞❡ ❢❛✐s❝❡❛✉① ❧❛s❡r ❞❡ ♣✉✐ss❛♥❝❡ ✭♣❧✉s✐❡✉rs ❲❛tts✮ ❞❛♥s ❧✬✐♥❢r❛r♦✉❣❡ ♣♦✉r ✉t✐❧✐s❛t✐♦♥ ❞❛♥s

❧✬❡s♣❛❝❡✳ ■❧ ❡st ✐♥t✓❡r❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❧❛ s♦✉r❝❡ ♣✉✐ss❛♥t❡ ✉t✐❧✐s❛❜❧❡ ❞❛♥s ❝❡ ❝❛s ❡st ❝♦♠♣❛✲

t✐❜❧❡✱ ♣❛r ❡①❡♠♣❧❡✱ ❛✈❡❝ ❧❡s ❜❡s♦✐♥s ❞❡ ▲■❙❆ ✭❧❛s❡r ❨❆● ✒❛ ✶✵✻✹ ♥♠✮✳ ❏❡ ❝♦♠♣t❡ ❝♦♥t✐♥✉❡r

♠❡s ✐♥✈❡st✐❣❛t✐♦♥s ❞❛♥s ❝❡s ✈♦✐❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❧❡ ♥♦✉✈❡❛✉ ♠♦♥t❛❣❡ ❞❡ ♠✓❡❧❛♥❣❡ ❜♦✲

s♦♥s✴❢❡r♠✐♦♥s✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥ ♥♦✉✈❡❛✉ ❞✐s♣♦s✐t✐❢ ♣♦✉r ❧✬✓❡t✉❞❡ ❞✬✉♥ ♠✓❡❧❛♥❣❡ ❜✐♥❛✐r❡ ❞❡

❜♦s♦♥s ✭r✉❜✐❞✐✉♠✮ ❡t ❞❡ ❢❡r♠✐♦♥ ✭♣♦t❛ss✐✉♠✮✱ ❞✓❡❣✓❡♥✓❡r✓❡s ♦✉ ♥♦♥ ♠❡ s❡♠❜❧❡ ❛✉ss✐ ❫❡tr❡ ✉♥❡

✓❡✈♦❧✉t✐♦♥ ❧♦❣✐q✉❡ ❞❡ ♠❛ ♣r♦s♣❡❝t✐♦♥ ❞❡s s♦✉r❝❡s ❝♦❤✓❡r❡♥t❡s✳ ❯♥ t❡❧ ❞✐s♣♦s✐t✐❢ ♣r✓❡s❡♥t❡ ❞✬✉♥❡

♣❛rt ✉♥ tr✒❡s ❣r❛♥❞ ✐♥t✓❡r❫❡t ♣♦✉r ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡✳ ❖♥ ♣❡✉t ❡♥ ❡☛❡t ♠♦♥tr❡r ❞❛♥s

❧❡s ❡①♣✓❡r✐❡♥❝❡s ♣r✓❡❧✐♠✐♥❛✐r❡s q✉✬✉♥❡ tr✒❡s ❢♦rt❡ ❧✐♠✐t❛t✐♦♥ ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦♥❞❡♥s❛ts ❞❡

❇♦s❡✲❊✐♥st❡✐♥ r✓❡s✐❞❡ ❞❛♥s ❧❛ ❢♦rt❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❛t♦♠❡s q✉✐ r✓❡s✉❧t❡ ♥♦♥ s❡✉❧❡♠❡♥t ❡♥ ✉♥❡

tr✒❡s ❣r❛♥❞❡ ✓❡♥❡r❣✐❡ ❞✬❡①♣❛♥s✐♦♥ ❞✉ ❣❛③ ♥♦♥ ♣✐✓❡❣✓❡✱ ♠❛✐s ❛✉ss✐ ❞❛♥s ❞❡s ❞✓❡❝❛❧❛❣❡s ❝♦❧❧✐s✐♦♥♥❡❧s

✐♠♣♦rt❛♥ts q✉✐ ♣❡✉✈❡♥t ❧✐♠✐t❡r ❧❛ s❡♥s✐❜✐❧✐t✓❡ ❞❡s ♠❡s✉r❡s ✐♥t❡r❢✓❡r♦♠✓❡tr✐q✉❡s ❬✸✱ ✹✱ ✺✱ ✻❪✳ ▲❡

♠✓❡❧❛♥❣❡ q✉❛♥t✐q✉❡ ❘✉❜✐❞✐✉♠✴P♦t❛ss✐✉♠ ♣r✓❡s❡♥t❡ ✉♥❡ r✐❝❤❡ss❡ ✐♠♣♦rt❛♥t❡ ♣♦✉r ❞❡s ✓❡t✉❞❡s



❈♦♥❝❧✉s✐♦♥ ✸✹✶

❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✱ ❝❛r ❞✬✉♥❡ ♣❛rt ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠♦❞✐☞❡r ❧❡s ♣r♦♣r✐✓❡t✓❡s ❝♦❧❧✐s✐♦♥♥❡❧❧❡s

❞✉ ❣❛③✱ ❡♥ ✉t✐❧✐s❛♥t ♣❛r ❡①❡♠♣❧❡ ❞❡s r✓❡s♦♥❛♥❝❡s ❞❡ ❋❡s❤❜❛❝❤ ❬✼❪✳ ❉✬❛✉tr❡ ♣❛rt✱ ✉♥ ❡♥s❡♠❜❧❡

❞❡ ❢❡r♠✐♦♥s ✉❧tr❛✲❢r♦✐❞s ❝♦rr❡s♣♦♥❞ ✒❛ ✉♥ ❣❛③ ♣❛r❢❛✐t✱ ♦✒✉ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ♣❛rt✐❝✉❧❡s s♦♥t

q✉❛s✐ ♥✉❧❧❡s✳ ■❧ s❡♠❜❧❡ ❞❡ ♣❧✉s ❛ss❡③ ❝❡rt❛✐♥ q✉❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♠✓❡❧❛♥❣❡s q✉❛♥t✐q✉❡s ❜✐♥❛✐r❡s✱

❞♦♠❛✐♥❡ ❢♦rt❡♠❡♥t ✓❡t✉❞✐✓❡ ❡♥ ♠❛t✐✒❡r❡ ❝♦♥❞❡♥s✓❡❡✱ ❞❡✈r❛✐t s✬❛✈✓❡r❡r ❞✬✉♥❡ ❣r❛♥❞❡ r✐❝❤❡ss❡ ❞❛♥s

❧❡s ❝❛s ❞❡s ❛t♦♠❡s✳

❙✉r ✉♥ ❛s♣❡❝t ♣❧✉s ❢♦♥❞❛♠❡♥t❛❧✱ ❧✬❛♠✓❡❧✐♦r❛t✐♦♥ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣r♦❞✉❝t✐♦♥ ❞❡s ❝♦♥❞❡♥✲

s❛ts ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✱ ✈♦✐r ❞❡ ❧❡✉r ♣r♦❞✉❝t✐♦♥ ❡♥ ❝♦♥t✐♥✉✱ r❡st❡ ✉♥ ♣r♦❜❧✒❡♠❡ ♦✉✈❡rt q✉❡

q✉❡❧q✉❡s ❧❛❜♦r❛t♦✐r❡s✱ ❞♦♥t ❧❡ ❧❛❜♦r❛t♦✐r❡ ❑❛st❧❡r✲❇r♦ss❡❧ ❡t ♠♦♥ ✓❡q✉✐♣❡ ❡♥ ❋r❛♥❝❡✱ s♦♥t ❡♥

tr❛✐♥ ❞✬❛❜♦r❞❡r✳ P❧✉s ❢♦♥❞❛♠❡♥t❛❧❡♠❡♥t✱ ❧❡s q✉❡st✐♦♥s ❧✐✓❡❡s ✒❛ ❧❛ ❝♦❤✓❡r❡♥❝❡✱ ❡t ✒❛ s♦♥ ♠❛✐♥t✐❡♥

❧♦rs ❞❡ ❧✬✓❡✈♦❧✉t✐♦♥ ❞✬✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❝♦❤✓❡r❡♥t❡ ❁ ♠❛❝r♦s❝♦♣✐q✉❡ ❃ r❡st❡♥t tr✒❡s ♦✉✈❡rt❡s ❡t

❧❡ ❝♦♥❞❡♥s❛t ❡st t♦✉t ♣❛rt✐❝✉❧✐✒❡r❡♠❡♥t ♣r✐✈✐❧✓❡❣✐✓❡ ♣♦✉r ❝❡ t②♣❡ ❞✬✓❡t✉❞❡✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡

❧❡ ❞✐s♣♦s✐t✐❢ ❧❡ ♣❧✉s ❛♥❝✐❡♥ q✉✐ ❛ ❢♦✉r♥✐ ❧❡ ❝♦❡✉r ❞❡s r✓❡s✉❧t❛ts ♣r✓❡s❡♥t✓❡s ✐❝✐✱ ❧❡s ♣♦ss✐❜✐❧✐t✓❡s

r❡st❡♥t ♥♦♠❜r❡✉s❡s✳ ❉✬✉♥❡ ♣❛rt✱ ❧❛ q✉❛❧✐t✓❡ ❞❡ ❝❡ ❞✐s♣♦s✐t✐❢✱ ❝♦♠❜✐♥✓❡ ❛✈❡❝ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡

❞✬✉♥ ❞✐s♣♦s✐t✐❢ ❞✬❛♥❛❧②s❡ ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡ ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣ ♣❡r♠❡t ❞✬✓❡t✉❞✐❡r ❡♥ ❞✓❡✲

t❛✐❧ ❧✬✓❡✈♦❧✉t✐♦♥ ❝✐♥✓❡t✐q✉❡ ❞✬✉♥ ❣❛③ q✉❛♥t✐q✉❡ ❛✉ s❡✉✐❧ ❞❡ ❧❛ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡✳ ❙✐ ❞❡s ♣r❡♠✐✒❡r❡s

❡①♣✓❡r✐❡♥❝❡s✱ ♦❜s❡r✈❛♥t ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❧✬✓❡t❛t ❢♦♥❞❛♠❡♥t❛❧✱ ♦♥t ❞✓❡♠♦♥tr✓❡

❝❡rt❛✐♥❡s s✐♠✐❧✐t✉❞❡s ❡♥tr❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❡t ❧✬❡☛❡t ❧❛s❡r✱ ✉♥❡ ✓❡t✉❞❡ ♣❧✉s ♣♦✉s✲

s✓❡❡ ❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞❡ r✓❡s♦✉❞r❡ ❧❡ ♠②st✒❡r❡ ❞❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞✉ ♣❛r❛♠✒❡tr❡ ❞✬♦r❞r❡ ✒❛ ❣r❛♥❞❡

✓❡❝❤❡❧❧❡ ✭✓❡t❛❜❧✐ss❡♠❡♥t ❞❡ ❧❛ ❝♦❤✓❡r❡♥❝❡✮ ❞❛♥s ❧❡ ❝♦♥❞❡♥s❛t✳ ❉✬❛✉tr❡ ♣❛rt ✱ ♥♦tr❡ ❞✐s♣♦s✐t✐❢ ♣❡r✲

♠❡t ❞✬❛tt❡✐♥❞r❡ ❞❡s r✓❡❣✐♠❡s ❞❡ ❞✓❡❣✓❡♥✓❡r❡s❝❡♥❝❡ q✉❛♥t✐q✉❡ ❁ ❡①♦t✐q✉❡s ❃ ❞❡ ❞✐♠❡♥s✐♦♥ r✓❡❞✉✐t❡

❞♦♥t ❧✬✓❡t✉❞❡ ♣♦✉rr❛ ❫❡tr❡ ♣♦✉rs✉✐✈✐❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐✓❡❣❡❛❣❡ ❁ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧

❃ ❛♣✓❡r✐♦❞✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ✉t✐❧✐s❡ ♠❛✐♥t❡♥❛♥t ❧❡ ❞✐s♣♦s✐t✐❢ ❞❡ s♣❡❝tr♦s❝♦♣✐❡ ❞❡ ❇r❛❣❣

♣♦✉r ✓❡t✉❞✐❡r ❧❛ ♠♦❞✐☞❝❛t✐♦♥ ❞❡ ♣r♦♣r✐✓❡t✓❡s t❤❡r♠♦❞②♥❛♠✐q✉❡s ❡t ❧❛ ❞✐s♣❛r✐t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s

✒❛ ❧♦♥❣✉❡ ♣♦rt✓❡❡ ❡♥tr❡ ❧❡s ✓❡❧✓❡♠❡♥ts ❞✬✉♥ ❝♦♥❞❡♥s❛t ♣❧❛❝✓❡ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ✧❛❧✓❡❛t♦✐r❡✧ ✭❞✐s✲

♣❛r✐t✐♦♥ ♣❛r r❛♣♣♦rt ✒❛ ❝❡ q✉✐ ❛ ❧✐❡✉ ❞❛♥s ✉♥ ♣♦t❡♥t✐❡❧ ♣✓❡r✐♦❞✐q✉❡✮✳ ❈❡ ♣♦t❡♥t✐❡❧ ❛❧✓❡❛t♦✐r❡

❡st ♦❜t❡♥✉ ♣❛r s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥ ♣♦t❡♥t✐❡❧ ✧r✉❣✉❡✉①✧ ❛✉ ♣♦t❡♥t✐❡❧ ❞❡ ♣✐✓❡❣❡❛❣❡✳ ❈❡ ♣♦t❡♥t✐❡❧

✧r✉❣✉❡✉①✧✱ ❞❡ ❤❛✉t❡✉r ❝♦♥tr❫♦❧❛❜❧❡✱ ❡st r✓❡❛❧✐s✓❡ ✒❛ ♣❛rt✐r ❞✬✉♥ ❢❛✐s❝❡❛✉ ❧❛s❡r ❝♦♠♣♦rt❛♥t ✉♥❡

☞❣✉r❡ ❞❡ s♣❡❝❦❧❡✳ ❙✐ ❧❛ t❛✐❧❧❡ ❞❡s ❣r❛✐♥s ❞❡ s♣❡❝❦❧❡ ❡st ❣r❛♥❞❡ ❞❡✈❛♥t ❧❛ t❛✐❧❧❡ ❞✉ ❝♦♥❞❡♥s❛t

❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s tr❛♥s✈❡rs❡s ♠❛✐s ♣❡t✐t❡ ❞❡✈❛♥t s♦♥ ❡①t❡♥s✐♦♥ ❧♦♥❣✐t✉❞✐♥❛❧❡✱ s❡✉❧❡ ❧❛ ❞②♥❛✲

♠✐q✉❡ ❛①✐❛❧❡ ❞✉ q✉❛s✐✲❝♦♥❞❡♥s❛t ❡st ❛☛❡❝t✓❡❡ ♣❛r ❧❛ ♣r✓❡s❡♥❝❡ ❞✉ ♣♦t❡♥t✐❡❧ ❛❧✓❡❛t♦✐r❡✳ ▲❛ ♠✐s❡

❡♥ ♣❧❛❝❡ ❞❡ ❝❡ ❞✐s♣♦s✐t✐❢ ♦✉✈r❡ ❡♥ ♦✉tr❡ ✉♥❡ t♦✉t❡ ♥♦✉✈❡❧❧❡ t❤✓❡♠❛t✐q✉❡ ❧✐✓❡❡ ❛✉① ♣r♦❜❧✒❡♠❡s ❞❡

❧♦❝❛❧✐s❛t✐♦♥ ❞❛♥s ❞❡s ♣♦t❡♥t✐❡❧s ❛❧✓❡❛t♦✐r❡s✳

P♦✉r ☞♥✐r✱ ❥✬❛✐♠❡r❛✐ ♠❡♥t✐♦♥♥❡r ♠♦♥ ✐♠♣❧✐❝❛t✐♦♥ ❞❛♥s ✉♥❡ ❛❝t✐✈✐t✓❡ ❡♥ ❜✐♦♣❤②s✐q✉❡✳ ❈❡tt❡

❛❝t✐✈✐t✓❡✱ ✐♥✐t✐✓❡❡ ❡♥ ✷✵✵✷ ♣❛r ❉✳ ❋♦✉r♠②✱ ❙✳ ❨♦s❤✐③❛✇❛ ❡t ♠♦✐✲♠❫❡♠❡✱ ❛ ❡✉ ❞✉ ♠❛❧ ✒❛ tr♦✉✈❡r

s♦♥ r②t❤♠❡ ❞❡ ❝r♦✐s✐✒❡r❡✱ ♠❛✐s ❛rr✐✈❡ ♠❛✐♥t❡♥❛♥t ✒❛ ♠❛t✉r✐t✓❡ ❡t ♥♦✉s ❞❡✈r✐♦♥s r❛♣✐❞❡♠❡♥t

❛❜♦r❞❡r ❧❡s ❡①♣✓❡r✐❡♥❝❡s ♣r♦❥❡t✓❡❡s ✐♥✐t✐❛❧❡♠❡♥t✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧✬✓❡t✉❞❡ ❝✐♥✓❡t✐q✉❡ ❞❡

❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬✉♥❡ ♣r♦t✓❡✐♥❡✱ ❡♥ ♦❜s❡r✈❛♥t ❧✬❛❞❥♦♥❝t✐♦♥ ❞✬❛❝✐❞❡s ❛♠✐♥✓❡s ♠❛rq✉✓❡s ❛✉ ❝♦✉rs ❞✉

t❡♠♣s✱ ❞❡✈r❛✐t ♣r✓❡s❡♥t❡r ✉♥❡ ♣r❡♠✐✒❡r❡ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡✳ ❈❡tt❡ ❡①♣✓❡r✐❡♥❝❡ r❡❧✒❡✈❡ ❝❡♣❡♥❞❛♥t



✸✹✷ ❈❤❛♣ ✼ ✲ ❈♦♥❝❧✉s✐♦♥

❝❡rt❛✐♥❡s ❞✐✍❝✉❧t✓❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ♥✓❡❝❡ss✐t✓❡ ❞❡ ♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs ❝♦♠♣❛t✐❜❧❡s

❡♥tr❡ ❡✉①✳ ▲❛ r❡❝❤❡r❝❤❡ ❞❡ ❝❡s ❁ ♥♦✉✈❡❛✉① ♠❛rq✉❡✉rs ❃✱ ❡t ❞❡ ❧❡✉r s♦✉r❝❡ ❞✬❡①❝✐t❛t✐♦♥

♦♣t✐q✉❡ ♣♦✉rr❛✐t ❞✬❛✐❧❧❡✉rs ✒❛ t❡r♠❡ r❡♣r✓❡s❡♥t❡r ✉♥❡ ❛❝t✐✈✐t✓❡ ♦r✐❣✐♥❛❧❡ ❡①♣❧♦✐t❛♥t ♣❧❡✐♥❡♠❡♥t

❧✬❡♥s❡♠❜❧❡ ❞❡ ❧✬❡①♣❡rt✐s❡ ❡①✐st❛♥t ❛✉ s❡✐♥ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s ❋❛❜r②✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡

♣❡♥s❡r ✒❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♥♦✉✈❡❛✉① ❁ ♣♦✐♥ts q✉❛♥t✐q✉❡s ❃ ❡t ❧✬✓❡t✉❞❡ ❞❡ ❧❡✉r ❝♦♠♣❛t✐❜✐❧✐t✓❡

❛✈❡❝ ❧❡s t❡❝❤♥✐q✉❡s ❞❡ ❋❘❊❚ ❝♦✉r❛♠♠❡♥t ✉t✐❧✐s✓❡❡s ❛✈❡❝ ❧❡s ♠❛rq✉❡✉rs ❝❧❛ss✐q✉❡s✳ ❯♥❡ ❛✉tr❡

❣r❛♥❞❡ ✓❡t❛♣❡ ❞❛♥s ❧✬❛✈❛♥❝❡♠❡♥t ❞❡ ❝❡tt❡ ❡①♣✓❡r✐❡♥❝❡ s❡r❛ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s t❡❝❤♥✐q✉❡s ❞❡

❞✓❡t❡❝t✐♦♥ ❞❡ ✌✉♦r❡s❝❡♥❝❡ ❛✈❡❝ ❧❡ ♣✐✓❡❣❡❛❣❡ ❞❡ ❧✬❆❘◆ ♠❡ss❛❣❡r ❡t ❧❛ ♠❡s✉r❡ ❞❡s ❢♦r❝❡s q✉✐

s✬❡①❡r❝❡♥t s✉r ❧✉✐ ❛✉ ❝♦✉rs ❞❡ ❧❛ tr❛♥s❧♦❝❛t✐♦♥✳



✼✳✵ ❘✓❡❢✓❡r❡♥❝❡s r❡❧❛t✐✈❡s ✒❛ ❝❡ ❝❤❛♣✐tr❡ ✸✹✸

❘✓❡❢✓❡r❡♥❝❡s r❡❧❛t✐✈❡s ✒❛ ❝❡ ❝❤❛♣✐tr❡

❬✶❪ ▼✳ ❋❛✉q✉❡♠❜❡r❣✉❡✱ ❘✓❡❛❧❧✐s❛t✐♦♥ ❞✬✉♥ ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡t ❞❡ tr❛♥s♣♦rt ❞✬✉♥
✓❡❝❤❛♥t✐❧❧♦♥ ❝♦❤✓❡r❡♥t ❞✬❛t♦♠❡s✱ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐t✓❡ P❛r✐s ❳■✱ ✷✵✵✹✳

❬✷❪ ❖✳ ❆✈❡♥❡❧✱ P✳ ❍❛❦♦♥❡♥✱ ❛♥❞ ❊✳ ❱❛r♦q✉❛✉①✱ ❭❉❡t❡❝t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡
❊❛rt❤ ✇✐t❤ ❛ s✉♣❡r✌✉✐❞ ❣②r♦♠❡t❡r✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✼✽✱ ✸✻✵✷ ✭✶✾✾✼✮✳

❬✸❪ ❨✳ ▲✳ ❈♦q ❡t ❛❧✳✱ ❭❈♦❤❡r❡♥t ♠❛tt❡r ✇❛✈❡ ✐♥❡rt✐❛❧ s❡♥s♦rs ❢♦r ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✐♥
s♣❛❝❡✧✱ ❝♦♥❞✲♠❛t✴✵✺✵✶✺✷✵ ✭✷✵✵✺✮✳

❬✹❪ ●✳ ❘♦❛t✐ ❡t ❛❧✳✱ ❭❆t♦♠ ■♥t❡r❢❡r♦♠❡tr② ✇✐t❤ ❚r❛♣♣❡❞ ❋❡r♠✐ ●❛s❡s✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✷✱
✭✷✵✵✹✮✳

❬✺❪ ●✳ ▼♦❞✉❣♥♦ ❛♥❞ ❛❧✳✱ ❭❆t♦♠ ✐♥t❡r❢❡r♦♠❡tr② ✐♥ ❛♥ ♦♣t✐❝❛❧ ❧❛tt✐❝❡✧✱ ❛r❳✐✈ ✿♣❤②✲
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❬✻❪ ▼✳ ❩✇✐❡r❧❡✐♥✱ ❩✳ ❍❛❞③✐❜❛❜✐❝✱ ❙✳ ●✉♣t❛✱ ❛♥❞ ❲✳ ❑❡tt❡r❧❡✱ ❭❙♣❡❝tr♦s❝♦♣✐❝ ✐♥✲
s❡♥s✐t✐✈✐t② t♦ ❝♦❧❞ ❝♦❧❧✐s✐♦♥s ✐♥ ❛ t✇♦✲st❛t❡ ♠✐①t✉r❡ ♦❢ ❢❡r♠✐♦♥s✧✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✾✶✱
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❬✼❪ ❆✳ ❙✐♠♦♥✐ ❡t ❛❧✳✱ ❭▼❛❣♥❡t✐❝ ❝♦♥tr♦❧ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐♥ ✉❧tr❛❝♦❧❞ ❑✲❘❜ ♠✐①t✉r❡s✧✱ P❤②s✳
❘❡✈✳ ▲❡tt✳ ✾✵✱ ✶✻✸✷✵✷ ✭✷✵✵✸✮✳
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❉♦♥♥✓❡❡s P❡rs♦♥♥❡❧❧❡s

◆♦♠ ✿ ❇❖❯❨❊❘ ●r♦✉♣❡ ❞✬❖♣t✐q✉❡ ❆t♦♠✐q✉❡

Pr✓❡♥♦♠ ✿ P❤✐❧✐♣♣❡ ▲❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s ❋❛❜r②

❆❣❡ ✿ ✸✻ ❛♥s ❇P ✶✹✼✱ ✾✶✹✵✸ ❖rs❛② ❋r❛♥❝❡

❚✓❡❧✳ ♣r♦❢✳ ✿ ✭✰✸✸✮ ✶✳✻✾✳✸✺✳✽✼✳✾✽

❋❛① ✿ ✭✰✸✸✮ ✶✳✻✾✳✸✺✳✽✼✳✵✵

❊♠❛✐❧ ✿ ♣❤✐❧✐♣♣❡✳❜♦✉②❡r❅✐♦t❛✳✉✲♣s✉❞✳❢r

■♥❣✓❡♥✐❡✉r ❞❡ ❧✬✓❊❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞✬❖♣t✐q✉❡ ❀ ❉♦❝t❡✉r ❞❡ ❧✬❯♥✐✈❡rs✐t✓❡ P❛r✐s ❳■
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❈❤❛r❣✓❡ ❞❡ ❘❡❝❤❡r❝❤❡s ❛✉ ❈◆❘❙ ❀ ❈♦♦r❞✐♥❛t❡✉r ❞❡ ❧✬✓❡q✉✐♣❡ ❙♦✉r❝❡s ❛t♦♠✐q✉❡s

❝♦❤✓❡r❡♥t❡s ❡t ✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦♠✐q✉❡

✓❊t✉❞❡s ❡t ❉✐♣❧❫♦♠❡s

✵✷✴✶✾✾✺ ✿ ❉✐♣❧❫♦♠❡ ❞❡ ❞♦❝t♦r❛t ❞❡ ❧✬❯♥✐✈❡rs✐t✓❡ P❛r✐s ❳■ ❖rs❛② s♣✓❡❝✐❛✲

❧✐t✓❡ ♣❤②s✐q✉❡ ❛t♦♠✐q✉❡ ❀ ▼❡♥t✐♦♥ tr✒❡s ❤♦♥♦r❛❜❧❡ ❛✈❡❝ ❢✓❡❧✐❝✐t❛t✐♦♥s✳

❈♦♥☞♥❡♠❡♥t ♣❛r ❧❛s❡r ❞✬❛t♦♠❡s ❢r♦✐❞s ❞❛♥s ✉♥❡ ❝❛✈✐t✓❡ ❣r❛✲

✈✐t❛t✐♦♥♥❡❧❧❡ ❡t ❞❛♥s ✉♥ ♣✐✒❡❣❡ ✒❛ ♣♦♠♣❛❣❡ ♦♣t✐q✉❡✳

✵✾✴✶✾✾✶ ✲✵✷✴✶✾✾✺ ✿ ❚❤✒❡s❡ ❞❡ ❞♦❝t♦r❛t ❞❡ ❧✬❯♥✐✈❡rs✐t✓❡ P❛r✐s ❳■ ❖rs❛② ❛✉ ❧❛❜♦r❛t♦✐r❡

❑❛st❧❡r ❇r♦ss❡❧ ❞❡ ❧✬✓❊❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡

r❡❢r♦✐❞✐ss❡♠❡♥t r❛❞✐❛t✐❢ ❞✉ ♣r♦❢❡ss❡✉r ❈❧❛✉❞❡ ❈♦❤❡♥✲❚❛♥♥♦✉❞❥✐ s✉s

❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❈❤r✐st♦♣❤❡ ❙❛❧♦♠♦♥✳

✵✻✴✶✾✾✶ ✿ ❖❜t❡♥t✐♦♥ ❞✉ ❉✐♣❧❫♦♠❡ ❞✬■♥❣✓❡♥✐❡✉r ❞❡ ❧✬✓❊❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡

❞✬❖♣t✐q✉❡

✵✾✴✶✾✽✽ ✲✵✻✴✶✾✾✶ ✿ ✓❊❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞✬❖♣t✐q✉❡ ❈❡♥tr❡ ❙❝✐❡♥t✐☞q✉❡ ❞✬❖rs❛②✳

✵✻✴✶✾✽✻ ✲✵✾✴✶✾✽✽ ✿ ❈❧❛ss❡ ♣r✓❡♣❛r❛t♦✐r❡s t❡❝❤♥✐q✉❡s ✭❚✬✮ ❛✉ ▲②❝✓❡❡ ❉✓❡♦❞❛t ❞❡ ❙❡✈❡r❛❝ ✒❛

❚♦✉❧♦✉s❡✳

✵✻✴✶✾✽✻ ✿ ❖❜t❡♥t✐♦♥ ❞✉ ❜❛❝❝❛❧❛✉r✓❡❛t s✓❡r✐❡ ❊ ❛✈❡❝ ♠❡♥t✐♦♥ ❚❇
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❇♦✉rs❡s ❡t Pr✐①

✷✵✵✶ ✿ ❆❈■ ❏❡✉♥❡ ❈❤❡r❝❤❡✉r ❙♦✉r❝❡ ❛t♦♠✐q✉❡ ❈♦❤✓❡r❡♥t❡ ❱❡rs❛t✐❧❡

✷✵✵✵ ✿ Pr✐① ❏❆❈◗❯❊❙ ❍❊❘❇❘❆◆❉ ❞❡ ❧✬❛❝❛❞✓❡♠✐❡ ❞❡s s❝✐❡♥❝❡s✳

✵✾✴✶✾✾✺ ✿ ❇♦✉rs❡ ▲❛✈♦✐s✐❡r ❞✉ ▼✐♥✐st✒❡r❡ ❞❡s ❆☛❛✐r❡s ✓❊tr❛♥❣✒❡r❡s✳ ❇♦✉rs❡ ❞❡

s✓❡❥♦✉r ♣♦st✲❞♦❝t♦r❛❧ ❞❡ ❧❛ ❉✐r❡❝t✐♦♥ ♣♦✉r ❧❛ ❘❡❝❤❡r❝❤❡ ❊t ❧❛ ❚❡❝❤✲
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✵✾✴✶✾✾✶ ✲

✵✷✴✶✾✾✺

✿ ❇♦✉rs❡ ❞❡ ❉♦❝t❡✉r ■♥❣✓❡♥✐❡✉r ❞✉ ❈◆❘❙ ❡t ❆❧❧♦❝❛t✐♦♥ ❞❡ r❡❝❤❡r❝❤❡

❞✉ ❈◆❊❙✴❈◆❘❙✳✳

✵✹✴✶✾✾✸ ✲

✵✻✴✶✾✾✸
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❏✉✐❧❧❡t ✷✵✵✵✮

✷✵✵✵ ✿ ❈♦♦r❞✐♥❛t❡✉r ❞✉ ❣r♦✉♣❡ ❵✬❆t♦♠ ▲❛s❡rs ❛♥❞ q✉❛♥t✉♠ ♠❛tt❡r ✐♥ s♣❛✲

❝❡✧ ♣♦✉r ❧❡ ❣r♦✉♣❡ t❤✓❡♠❛t✐q✉❡ ❞❡ ❧✬❊❙❆ ❆❚❖P■❙

✷✵✵✵ ✲ ✷✵✵✸ ✿ ❈♦✲r❡s♣♦♥s❛❜❧❡ s❝✐❡♥t✐☞q✉❡ ❞✉ ♣r♦❥❡t ❋❧❡①✐♠✐ss✐♦♥ ❊❙❆ ❍❨P❊❘✳

❊①♣❡rt ❛✉♣r✒❡s ❞❡ ❧✬❊❙❆ ♣♦✉r ❧✬✓❡t✉❞❡ ✐♥❞✉str✐❡❧❧❡ ✭♣r✓❡✲P❤❛s❡ ❆✮ ❞❡

❧❛ ♠✐ss✐♦♥ ❍❨P❊❘



❉♦♥♥✓❡❡s P❡rs♦♥♥❡❧❧❡s ✸✹✼

✶✾✾✼ ✿ ■♥✐t✐❛t✐♦♥ ❞✉ ♣r♦❥❡t ❞❡ ❣②r♦♠✒❡tr❡ ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡ ✭●❖▼✮ ❛✉

▲❍❆ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❈✳ ❇♦r❞✓❡✱ ❆✳ ❈❧❛✐r♦♥✱ ◆✳ ❉✐♠❛rq✳

✶✶✴✶✾✾✻ ✲✶✷✴✷✵✵✹ ✿ P♦st❡ ❞❡ ❝❤❛r❣✓❡ ❞❡ r❡❝❤❡r❝❤❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞✬❖♣t✐q✉❡ ❆t♦♠✐q✉❡

❞✉ ❧❛❜♦r❛t♦✐r❡ ❈❤❛r❧❡s ❋❛❜r②✳ ❘✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ❝♦♥❞❡♥s❛t ❞❡ ❇♦s❡

❊✐♥st❡✐♥ ❛✈❡❝ ✉♥ ✓❡❧❡❝tr♦❛✐♠❛♥t ❡t ❉✓❡✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ❜❛s❡ ✐♥❡r✲

t✐❡❧❧❡ ✒❛ ♦♥❞❡s ❞❡ ♠❛t✐✒❡r❡

✵✸✴✶✾✾✺ ✲✶✶✴✶✾✾✻ ✿ P♦st❡ ❞❡ ❝❤❡r❝❤❡✉r P♦st✲❞♦❝t♦r❛❧ ✒❛ ❧✬❯♥✐✈❡rs✐t✓❡ ❞❡ ❙t❛♥❢♦r❞✳ ❉✓❡✈❡✲

❧♦♣♣❡♠❡♥t ❞✬✉♥ ❣②r♦s❝♦♣❡ ❛t♦♠✐q✉❡ ✭☞♥❛♥❝❡♠❡♥t ♣❛r ❧❛ ◆❆❙❆✮ ❡t

❞✬✉♥ ❣r❛✈✐♠✒❡tr❡ ✭☞♥❛♥❝❡♠❡♥t ♣❛r ❧✬❖◆❘✮✳

✵✹✴✶✾✾✸ ✲✵✻✴✶✾✾✸ ✿ ❙✓❡❥♦✉r ✒❛ ❍❡✐❞❡❧❜❡r❣ ✭❆❧❧❡♠❛❣♥❡✮ ❛✉❭▼❛① P❧❛♥❝❦ ■♥st✐t⑧✉t ❢⑧✉r ❑❡r♥✲

♣❤②s✐❦✧ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ▲❛❜♦r❛t♦✐r❡

❑❛st❧❡r✲❇r♦ss❡❧ ❡t ❉♦❝t❡✉r ❘✉❞♦❧♣❤ ●r✐♠♠✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥

✈✐s❛✐t ✒❛ t❡st❡r ❞❡ ♥♦✉✈❡❧❧❡s ♣r♦♣r✐✓❡t✓❡s ❞❡s ❢♦r❝❡s r❛❞✐❛t✐✈❡s ❡♥ ❧❡s

❛♣♣❧✐q✉❛♥t ❛✉ r❛❧❡♥t✐ss❡♠❡♥t ❞❡s ❛t♦♠❡s ♥❡✉tr❡s✳

✵✹✴✶✾✾✶ ✲✵✼✴✶✾✾✶ ✿ ❙t❛❣❡ ❛✉ ▲❛❜♦r❛t♦✐r❡ ❑❛st❧❡r✲❇r♦ss❡❧ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ r❡❢r♦✐❞✐s✲

s❡♠❡♥t r❛❞✐❛t✐❢ ❞✉ ♣r♦❢❡ss❡✉r ❈❧❛✉❞❡ ❈♦❤❡♥✲❚❛♥♥♦✉❞❥✐✳ ▼✐s❡ ❛✉

♣♦✐♥t ❞✬✉♥ ❧❛s❡r ✒❛ ❙❛♣❤✐r ❞♦♣✓❡ ❛✉ ❚✐t❛♥❡

✶✷✴✶✾✾✵ ✲✵✸✴✶✾✾✶ ✿ ❙t❛❣❡ ❞❛♥s ❧❡ ▲❛❜♦r❛t♦✐r❡ ❞✬❖♣t✐q✉❡ ◗✉❛♥t✐q✉❡ ❞❡ ❧✬■♥st✐t✉t ❞✬❖♣✲

t✐q✉❡ ❚❤✓❡♦r✐q✉❡ ❡t ❆♣♣❧✐q✉✓❡ ✒❛ ❖rs❛② s♦✉s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ♣r♦❢❡s✲

s❡✉r ❆❧❛✐♥ ❇r✉♥✳ ❊t✉❞❡ ❞❡s ❞✓❡❢♦r♠❛t✐♦♥s ❞❡s ✐♠♣✉❧s✐♦♥s ❧❛s❡r

❞❛♥s ✉♥ ❛♠♣❧✐☞❝❛t❡✉r ❞✬✐♠♣✉❧s✐♦♥s ✉❧tr❛✲❜r✒❡✈❡s

✵✷✴✶✾✽✾ ✲✵✷✴✶✾✾✵ ✿ ❘✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥ ♣r♦❥❡t ❞✬✓❡t✉❞❡ ♣♦✉r ❧❡ ❝❡♥tr❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ❧❛

P♦st❡ ✭◆❛♥t❡s✮✳ ❊t✉❞❡ ❞❡ ❢❛✐s❛❜✐❧✐t✓❡ ❞✬✉♥ s②st✒❡♠❡ ❞❡ t❡st ❞❡s

❝♦❞❡s ❜❛rr❡ ♣♦✉r tr✐❡✉s❡ ❛✉t♦♠❛t✐q✉❡ ❡t r✓❡❛❧✐s❛t✐♦♥ ❞✬✉♥

♣r♦t♦t②♣❡

✵✾✴✶✾✽✽ ✲✵✷✴✶✾✽✾ ✿ P❛rt✐❝✐♣❛t✐♦♥ ✒❛ ❧❛ ♠✐ss✐♦♥ ❊①♣♦rt ❞❡s ❥✉♥✐♦r ❡♥tr❡♣r✐s❡s ❞❡s ❣r❛♥❞❡s

✓❡❝♦❧❡s ❞✬✐♥❣✓❡♥✐❡✉rs ✿ r❡❝❤❡r❝❤❡ ❞✬❡♥tr❡♣r✐s❡ ❡t ❞❡ ♠❛r❝❤✓❡s ♣♦t❡♥t✐❡❧s

✒❛ ❧✬✓❡tr❛♥❣❡r ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❍❊❈✳



✸✹✽ ❈❤❛♣ ✽ ✲ ❉♦♥♥✓❡❡s P❡rs♦♥♥❡❧❧❡s

❊①♣✓❡r✐❡♥❝❡ P✓❡❞❛❣♦❣✐q✉❡

❉❡♣✉✐s ✶✾✾✻ ✿ ❊♥❝❛❞r❡♠❡♥t ❞✬✓❡t✉❞✐❛♥t ❡♥ t❤✒❡s❡✳

❊♥s❡✐❣♥❡♠❡♥t ✒❛ ❧✬✓❊❝♦❧❡ ❙✉♣✓❡r✐❡✉r❡ ❞✬❖♣t✐q✉❡ ✭❚r❛✈❛✉① ♣r❛t✐q✉❡s ❡t

❚r❛✈❛✉① ❞✐r✐❣✓❡s ❞❡ ♠✓❡❝❛♥✐q✉❡ q✉❛♥t✐q✉❡✮

✵✸✴✶✾✾✺ ✲ ✶✶✴✶✾✾✻ ✿ ❈♦♥❢✓❡r❡♥❝❡s ❜✐♠❡♥s✉❡❧❧❡s ❛✉♣r✒❡s ❞❡s ✓❡t✉❞✐❛♥ts ❡♥ t❤✒❡s❡ ❞✉ ❧❛❜♦r❛✲

t♦✐r❡ ✿ ❭■♥tr♦❞✉❝t✐♦♥ ❞❡s ❛t♦♠❡s ❢r♦✐❞s ❡t ❞❡ ❧✬✐♥t❡r❢✓❡r♦♠✓❡tr✐❡ ❛t♦✲

♠✐q✉❡✧✳

❊♥❝❛❞r❡♠❡♥t ❞✬✓❡t✉❞✐❛♥ts ♣♦✉r ❧❛ r✓❡❛❧✐s❛t✐♦♥ ❞❡ ♠♦♥t❛❣❡s ❡①♣✓❡r✐✲

♠❡♥t❛✉①✳

✶✾✽✽ ✲ ✶✾✾✶ ✿ ❊♥s❡✐❣♥❛♥t ♣r✐✈✓❡ ❞❡ ▼❛t❤✓❡♠❛t✐q✉❡s ❡t ❞❡ ❙❝✐❡♥❝❡s P❤②s✐q✉❡s

Pr♦❢❡ss❡✉r ❞❡ ❣✉✐t❛r❡ ❞❛♥s ✉♥❡ ❛ss♦❝✐❛t✐♦♥ ❜✓❡♥✓❡✈♦❧❡ ❞✉ t②♣❡ ▼✳❏✳❈✳

✶✾✽✻ ✲ ✶✾✽✽ ✿ ❊♥s❡✐❣♥❛♥t ❞❡ ▼❛t❤✓❡♠❛t✐q✉❡s ♣♦✉r ❡♥❢❛♥ts ❡♥ ❞✐✍❝✉❧t✓❡✳

❉✐✈❡rs❡s r✓❡❛❧✐s❛t✐♦♥s

④ ❈♦✲✐♥✐t✐❛t❡✉r ❞✉ ❥♦✉r♥❛❧ ❙✉♣✬❖♣t✐❝ ✫ ❛✈❡♥✐r ✒❛ ❞✐☛✉s✐♦♥ ❞❛♥s ❧❡s ❡♥tr❡♣r✐s❡s ❡t ❝❧❛ss❡s

♣r✓❡♣❛r❛t♦✐r❡s ❞❛♥s ❧❡ ❜✉t ❞❡ ♣r♦♠♦✉✈♦✐r ❙✉♣❖♣t✐q✉❡✳

④ ▼❡♠❜r❡ ❞✬✉♥❡ ❢♦r♠❛t✐♦♥ ❞❡ ❏❛③③ ❞❡ ✶✾✽✽ ✒❛ ✶✾✾✷✳ P❛rt✐❝✐♣❛t✐♦♥ ❛✉① ❥♦✉r♥✓❡❡s ❞❡ ❧✬❤✐st♦✐r❡

❞✉ ♠✐♥✐st✒❡r❡ ❞❡ ❧❛ ❝✉❧t✉r❡✳

❘❡♥s❡✐❣♥❡♠❡♥ts ❞✐✈❡rs

❆✍❧✐❛t✐♦♥ ✒❛ ❞❡s ❛ss♦❝✐❛t✐♦♥s ✿

▼❡♠❜r❡ ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❞❡s ❛♥❝✐❡♥s ✓❡❧✒❡✈❡s ❞❡ ❧✬❊❙❖✳

▼❡♠❜r❡ ❞❡ ❧❛ ❙♦❝✐✓❡t✓❡ ❊✉r♦♣✓❡❡♥♥❡ ❞✬❖♣t✐q✉❡✳

▼❡♠❜r❡ ❞❡ ❧❛ ❙♦❝✐✓❡t✓❡ ❋r❛♥❝❛✐s❡ ❞✬❖♣t✐q✉❡✳

▼❡♠❜r❡ ❞❡ ❧❛ ❭P❤②s✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛✧



✽✳✵ P✉❜❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s r❡✈✉❡s ✒❛ ❝♦♠✐t✓❡ ❞❡ ❧❡❝t✉r❡ ✸✹✾

P✉❜❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s r❡✈✉❡s ✒❛ ❝♦♠✐t✓❡ ❞❡ ❧❡❝t✉r❡

❬✶❪ ❈✳ ●✳ ❆♠✐♥♦❢❢✱ P✳ ❇♦✉②❡r✱ ❛♥❞ P✳ ❉❡s❜✐♦❧❧❡s✱ ❭▼✉❧t✐♣❧❡ r❡✌❡❝t✐♦♥ ♦❢ ❝♦❧❞ ❝❡s✐✉♠
❛t♦♠s ♦♥ ❛ ♣❛r❛❜♦❧✐❝ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♠✐rr♦r✧✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ✸✶✻✱ ✶✺✸✺ ✭✶✾✾✸✮✳

❬✷❪ ❈✳ ●✳ ❆♠✐♥♦❢❢ ❡t ❛❧✳✱ ❭❈❡s✐✉♠ ❆t♦♠s ❇♦✉♥❝✐♥❣ ✐♥ ❛ ❙t❛❜❧❡ ●r❛✈✐t❛t✐♦♥❛❧ ❈❛✈✐t②✧✱
P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✼✶✱ ✸✵✽✸ ✭✶✾✾✸✮✳

❬✸❪ P✳ ❇♦✉②❡r ❡t ❛❧✳✱ ❭❆♥ ❆t♦♠ ❚r❛♣ ❘❡❧②✐♥❣ ♦♥ ❖♣t✐❝❛❧✲P✉♠♣✐♥❣✧✱ ❊✉r♦♣❤②s✐❝s ▲❡tt❡rs
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