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� 1,5�8\>X<=:�± � a ± � <XN � AR39C²± .Ûa ± A+:VC � 3S2(^�± U a Â )6*6* À[Ã a¢
���� T A³791[1,>E7S1{C(8\798ON�7_W � 163K7�<=:[c'8;3�798OCWS8;?,^�8;:[79W�<=:³A´54<=16>X16?,<XNOAR>dWS8OY[248;:VNP8 aEµ ¶`·;¸g¹²º$·P»�¼x½O¹d¾�¿�½O¹ ±4À4Á,ÂKÁ;À[Ã TÄÀ,Å6Å6ÆoÇ]À,Å e Á a
� 1,WS8;:'7 � AR>�± � 8��r3S8\É'± 
ra ÂKÁ;Æ,Æ - Ã aá� 16:[c'8\3S?,8\:VN\8�3BAo798;WF16Î�^�AR3SÏ,1xc´N � AR<X:(W a�ì ë º$øËÔB¿PõO»�¿�é ±,À e T À Ù[e ÇÚ,*'- a
� AR:`A+Ï+A�± .Ûa ± � AR04W9N\1+7S7x± 
ra"�(a ± � 39A+WSÏr±!U aE�(a ±!A+:VC � AR1V± �bañ&�� a Â )+*6*') Ã aG
]� 163K7¬<=:[c,8;3K7S8OC�3S8 &0�8xAo79W�<=:4<g79<ZAR7S8Û?68;:48 AR^_04>=<.�`NOAo79<=1,:©7 � 3K1,2(? � 7 � 8@ÎQ1,3K^�AR7S<=1,:©1,ÎéA´>ZAR3S?,8 ����� 0VA+>=<=:VC(3S16^_8@<X:^�AR^_^�AR>X<ZAR:�N\8;>=>XW a�æ µ�º ì ±4Æ,Æ4ÂKÁ;À'Ã T Ù'e,e+) Ç Ù'e,e6e a
� 1,>=Îç1xc�WSÏ[É'± �Ûa ± . A6A+WO±�U a ±�AR:VC 
 AR>XÌ\5�8;3S?4± 
�a Â )6*6* ÁoÃ a�� N\>=24WK798;3K<X:4? ^_8\7 � 1]C�ÎQ1,3!3S8;0�8xAo7�AR:`AR>=É]W9<=W<=:³C(:`AfWS8OY[248;:VNP8;W aä�¿PÒáÑoÕ�¿�Ð"»�Ñ6¸gÑ9â+ã ± ) Â Ù Ã$TÄ3S8\W98xAR39N � *,*,),e a Á�Ç[3S8;WS8xAR39N � *,*,)'e a Á6Á a
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�¬¥ðï �� H���¡  � �²�°���ñY°�Oï �� 

ÐN[\Z ]R^�_a`cb
dfefgh_ji�b�^
� 8�N � AR04<g793S8�3SM\0�8;3K79163S<=8�>X8;WFC(<.�áM;3K8;:[7S8;WF^_1]C(M;>=<XWBAo79<=1,:(W!C�8�WSMOY'248;:VN\8;WF54<=16>X16?6<ZY[2(8;W	8��r8ONP7S24M;8;W

��> I AR<ZC(8"C(8;WéN � A10Q:48\W C(8 � AR3SÏ,1xcÛY[248E> I 16: 793S162(c'8EN\>ZA+WSWS<ZY'248;^_8;:[7éCVA+:(Wé>ZA�>=<g7S79M;39AR7S243S8 a+� >=>X8\WéWS16:[72(79<=>=<=W9M;8\WfA;c'8ON_C(<gc'8;3KW@165ò�#8;NP79<=ÎçWÛ8;:bA+:`AR>gÉ�WS8LC(8_WSMOY[248;:VN\8P�dN\<g7916:4WO±�0`AR3@8 � 8\^_04>=8,±�>ZA©C(M\7S8ONP79<=16:C(8$^_1+79<=ÎçW"C�1,:[7E>ZAÛÎQ3SMOY[248;:4N\8 8;WK7�A+:4163S^LA+>=8;^_8;:'7"M;>=8\c,M;8�C4A+:4WE24:48$WSMOY[248;:4N\8�C IÄ��� � ±[162¬>QA@3S8 &N � 8;3SN � 8�C I 24:48�WS8;?,^�8;:[7�Ao79<=16:©8;:�Ì;16:48 � 1,^_16? � :48ÛA&�V:�C I <XC(8;:[79<.�V8;3�C(8;W�M\>XM;^�8;:[79W�Îç16:VNP79<=16:4:48;>=W798;>=W�Y[2(8�>=8;W�? � :48;W�0`A+3"8 � 8;^�04>X8 aV� :�162(793S86±�>QA 04>=240`A+3�7�C(8;W�:(167�Ao79<=16:4W�2(79<=>X<=WSM;8;W�CVA+:(W�N\8�C(1]N\2 &^_8;:'7�8;WK7@C(M��V:4<=8¥�jN\8\7K798´1�N;NOARWS<X16: a�� 8;W�043S<=:VN\<=0`A+>=8;W@043K1,0(3S<=M\79M;W@C�8;W@N � A10Z:48;W@C(8 � AR3SÏ,1xcÞY[248:41624WÛ2(7S<X>=<=W98\3S1,:(WfCVAR:4WÛ>=8�C�M\c'8;>=1,040�8\^_8;:[7 C(8�NP8\7S798�7 �4� W98_WS1,:'7ÛM;?'A+>=8;^_8;:[7Û3BAR040�8;>=M;8;WÛ<XN\< at� :<=:[79M;3 � 7Û0`AR3K79<XN\24>=<=8;3Û8\WS7@^_16:[793KM_0�1,243�>QA©C(<=WK793K<X542�79<=1,:ÜC�2b:(1,^f5(3S8LC I A+040`AR3S<g79<=16:ÜC I 2(:ÜNP8;3K7�AR<=:
�#^_1+7ª��CVA+:(W�24:48@N � A10Q:(8ÛC(8 � AR3SÏ,1xc aótÖL¼'í1��¶(×!¼'¿�¸=Ö�ß�Ô9¿PÕ´»®ôPÔB¿!ßVÖoÔ\×|»�¿�ö�Ô9ÖBß'ßV¿;¸á¼'¿�½@¼o»öõ$íPÔ9¿PÒ`×¿B½$Õ�Ñx¼,í;¸J»Q½OÖR×Ø»�ÑRÒ4½$ÕLÖRÔø÷,ÑRõx»È¿PÒVÒá¿�½BöF¿�½P×»çÒ(½ ß�»çÔ9í´¼'¿Û¸=ÖL×|ïòôB½O¿´¼,¿
äEÔBí â[ÑoÔPã´µ ¶V¿;¸Pù�ú�û�ûýü°þ'¹
ÐN[²Ð ÿ b?_an?_ai�b�^
� A�798;3K^_<X:(1,>=1,?6<=8 8;^_04>=1xÉ'M;8$8;WK7"<=:4W90(<X3KM;8�C(8$>ZAÛ54<X16>=1,?6<=8,±�^�AR<XW�AR24W9WS<áC(8$> I AR:`AR>=É]W98�798 � 7S248;>=>X8 a

A C(M;WS<=?6:48Û24: ~`�ç���d~D* l'k C(8 NOAR39C(<=:`AR> |A| = k C(1,:[7�1,:�0�8;2(7�W92(040�1,WS8;3;±`WBA+:(W�0�8;3K7S8 C(8@?6M;:4M &3BAR>=<=7SM,±VY[2 I <X>�8\WS7�M;?'A+>c� 0, ..., k − 1
a

� :48FW9MOY'248;:VN\8	1,54WS8;3�c'M;8!C(8F>X16:4?6248;243 n WS8;3BA�:41+79M;8 x = x1, ..., xn
A;c'8ON ∀i ∈ 1, ..., n, xi ∈ A

ax� AWSMOY[248;:VNP8�A+>=MxAo7916<X3K8?�@c,AR>=8;243�CVAR:4W An Y[24<r>=24<r8;WK7�A+WSWS1�N\<=M;8 8;WK7�C(M;WS<=?,:4M;8 0`AR3 X = X1, ..., Xn
a

W = w1...wh
AOc,8ON ∀i ∈ {1, ..., h}, wi ∈ A C(M;WS<=?,:48�24: z{pVk C(8�>=16:4?,248;2(3 h 1,2©24: �BH�z{pVk'a

Á;À
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� A�c6AR3S<ZA+5(>X8$A+>=MxAo7916<X3K8 ARWSWS1�N\<=M;8$A+2L:416^f543S8�C I 1]N;N\243S3K8;:VN\8;WEC�2L^_167 W CVA+:(W!>ZA�WSMOY[248\:VN\8 X 8;WK7:41+79M NW T
NW =

n−h+1∑

i=1

IWi

1F© IWi =
�
{Xi=wi} × ...×

�
{Xi+h=wi+h}

8;WK7�> I <X:VC(<XNOAo793K<ZN\8�C(8 >QAÛ043SM;WS8;:VN\8�C�2�^_1+7 W ÂØN\16^_^_8;: &
� AR:[7PÃ��´>ZA´0�16WS<=7S<X16: i CVAR:4W X aD :HW I <=:[79M\3S8;WSWS8;3BAÞM;?'A+>=8;^_8;:[7¬AR2H:416^f543K8�C I AR040`AR3S<g79<=16:4W�C(2H^_1+7 W CVA+:(WL>ZA WS1624W & W9MOY'248;:VN\8
Xi...Xi+l−1

C(8�>=1,:(?,248;243 l > h Y[248�> I 16:©:4167S8;3BA NW
i,l

a
ÐN[�� �Ìk Ò dfi�� q `ck�^�_aÒ r b¥d
	 l�k Ò�� n�`��b��ßi�k ^fÒ
� 1,24WÛ043KM;WS8;:[7916:4WÛ<XN\<	>=8;WÛ^_1]C � >=8;W ^LA+3KÏ,1xc�<X8\:4W N\>ZA+WSWS<XY[248;^_8;:'7 2(79<=>=<XWSM;WÛ8;:¡AR:`AR>=É�WS8�C(8LWSM &Y[248;:4N\8;W a"� 16243¬N � A+N\24:èC I 8;2 � ±	1,:%^_8\7S7S3BAä8\: M\c�<XC(8;:VN\8�WBAä3S8;>ZAo79<=1,: AR2 ^_1]C � >=8�^�AR3SÏ,1xc�<=8;:C I 1639C�3S8@ÁÛÂØC(M��V:4<`N\< & C(8;WSWS1,24W�Ã a'� 8�:(1,^f5(3S8�C(8�0`AR3BAR^ � 7S3S8;WF>=<X:4MOA+<=3S8;^�8;:[7!<=:VC(M;0�8\:VCVA+:'79W!C(8�N � A &N\24:�C(8@N\8;W�^_1�C � >X8;W�8;WK7�M;?'A+>=8;^_8;:'7�043SMON\<=WSM a

��w�� wxv � z�{�Û��#ú����)�]þ�û��>�#ú����
� A$WSMOY[248;:VNP8�C I ��� � 0�8;2�7FWS8�3S8\043SM;WS8;:[7S8;3FN\16^_^_8"24:48�>=1,:4?6248�0 � 39A+WS8�N\16^_0�16W9M;8�C(8�>=8\7K793S8;W<=W9WS248;W�C I 24:�AR>X0 � A+5�8\7��´Y[2`Ao793K8�>X8\7K793K8;W a4� :�^_1]C � >X8�WS<X^�04>X8�:48�N\16:4WS<XWK798�Y[2 I � W I <=:[79M;3K8;WSW98\3��f>ZA043S165`AR54<=>X<g79M@C I AR040`AR3S<g79<=1,:�C(8@N � A+N\24:48@C(8;W�>X8\7K793K8;W��4CVA+:(W�N\8�^�1�C � >=8,±VN\8P7S798@C(<=WK793K<X542(7S<=1,:©8;WK7�>ZA^ � ^�8�79162(7�>X8@>=16:4?�C(8@>ZA�WSMOY[248;:VNP8,±V8\7�>ZA´c6AR>X8\243�043S<=WS8���24:48�0r16WS<g79<=1,:³8\WS7�<=:VC(M;0�8;:VCVAR:[7S8 C(8;WAR2(793S8\W">=8\7K793S8;W"C(8$>ZAÛWSMOY[248;:4N\8 aV�!� A+Y[248$>X8\7K793K8�C�8 >ZAÛWSMOY[2(8;:VN\8 8\WS7!79<=3SM;8$<=:VC(M;0�8;:VCVAR^_^_8\:[7�C(8;WAR2(793S8\W�WS8;>=1,:©24:48�>=1,<�<XC(8;:[7S<ZY'248 a

hji��éq�nZkonçprq # E  � $ p�s����çl
M0

�
(Xi)i∈{1,...,n}

¿�½P× ¶�ÒèíB·Bï4ÖRÒ`×Ø»|¸ç¸=ÑRÒè¼'¿¬×ÖR»Ø¸ç¸g¿
n
¼,¿�¸=ÑR»

µ
ù����! "��¸=¿�½

n
õ6ÖoÔP»�Ö��;¸=¿�½©Ö6¸gíBÖ+×ÑR»QÔB¿�½L½;ÑRÒ`×»çÒr¼'íßV¿PÒá¼,ÖRÒ`×¿�½ ¿\×F»�¼'¿PÒ`×|»�÷P¶`¿�Õ�¿PÒ`×"¼R»Q½P×ØÔ�»��P¶VíB¿�½@ò#���$����%&�FòE½O¿;¸=ÑRÒ

µ
þ'¹

'©przÂ*tvxlästlä�t~Vvx~`z(�[kxvxl]w��|n|qdi[~`nçvxl(z{l�q�k�n|qdsti��él�qtst~`qrkxw³� |A| − 1 ÂÈNOAR3$>ZALWS1,^_^�8fC(8;W043S165`AR54<=>X<g79M;W�C(8�79162(798\W�>X8;W�>X8P7S793K8;W�8\WS7�M;?'A+>=8��jÁoÃ a
Ï@vxpC*t~D*�n|�|nQkOi�s�'=~V���t~VvRnZkonçprq�s�'Xu�q

h
H�z{pVk

W ) utqdl�� p�wxnZkonQpáq%stprq�q�i]l
P(IWi = 1) = µ(w1)× ...× µ(wh)

� 8�^�1�C � >=8,±]793 � W�WS<=^_04>=8�8\7�:4MxAR:4^_16<X:(W�8���NOA+N\8�ÎØA+N\8� N\8;3K7BA+<=:4W�043S1654> � ^_8;WO±�: I 8;WK7�M\c]<ZC(8;^ &^_8;:'7�0`ARW�3KMxA+>=<=WK798 a � :48©AR^_M;>=<X163BAo79<=1,:¢0�1,WSWS<=54>X8�C(8©N\8j^_1]C � >=8©N\16:4WS<=WS7S8è�³W9240(0�1,WS8;3�Y[248j>=8;W>=8\7S7S3S8;W�c'16<XWS<=:48;W@16:[7@24:48�<=:+*V248;:VNP8_WS243�>ZAj>=1,<FC I AR040`A+3K<=7S<X16:bC(8�>ZAj>=8\7S7S3S8_N\16:4WS<ZC(M;3KM;8 at� I 8;WS7�>X8



# E , E 7 l]w_s�n � i]vxl�q�kxwLz{p�s����Ql]w $ ~`v&%Vp]}tnQl(qtw  �K

NOARW�CVAR:4W$24:48´N � A&0Z:48´C�8 � AR3SÏ61oc a�� A�C�M;0�8;:VCVAR:VN\8,±r^_8;WS243SM\8 0`A+3�8 � 8;^_04>=8 0`A+3$2(: NP3S<g79M;3S8fC(8^_M;>ZAR:4?,8$ÂÈC�8F7#É�0�8 α 162 β ^_M;>ZA+:4?68oÃP±oC(8\W�>=8\7K793S8;WtWS<g7924M;8\W���C(8;2 � 0�16W9<g79<=16:4W�8;WS0`A+N\M;8;W�C(8 d >X8\7K793K8;WC(MON\3K1Æ0X7@AR>=1,3KW�8 � 0�1,:48;:'79<=8;>X>=8;^_8\:[7ÛA;c'8ON d ar� >�W I A+?�0Z7�C(1,:4NfC I 24:Þ^_1]C � >=8f1�©Þ>ZA�C(M;0�8;:VCVAR:VN\8´8;WK7>=1�NOAR>=8,±`8\7�Y[24<�:48@043S8;:VC(39A�0`A+W�8;:³N\16^_0(7S8 C I M\c'8;:'79248;>=>=8;W$N\163S3SM\>QAo79<=16:4W���>=16:4?,248@0�1,3�79M;8 a�� AR:4WN\8E^_1�C � >X8,±R>ZA C(<=WK793K<X542(7S<X16:�C(8E>ZA$>=8\7S7S3S8E1654W98\3Kc'M;8���24:48�N\8\3K7�AR<=:48"0�1,WS<g79<=16:_C�M;0�8;:VC´C(<=3S8ONP7S8;^_8;:[7C(8�>ZA´>=8\7S7S3S8�043SMONPMOC(8;:[798�8\7�<=:VC(<=3S8ONP7S8;^_8;:[7�C�8;W$AR2(793K8;W�>X8\7K793S8\W a
hji��éq�nZkonçprq # E # � $ p�s����çl

M1
�ì`»

(Xi)i∈{1,...,n}
¿�½P×�¶�Òá¿@·�ï4Ö�,QÒá¿Û¼'¿�-/.10321465³¼87 ÑRÔ9¼RÔ9¿

1
ç ∀i ∈ {1, . . . , n} ¿\× ∀x1, . . . , xi ∈ A

öÑRÒäÖ
P(Xi = xi|X1 = x1, . . . , Xi−1 = xi−1) = P(Xi = xi|Xi−1 = xi−1)

= 9 (xi−1, xi).

9 ¿�½P×"¶�Òr¿´ÕLÖ+×ØÔ�»�·B¿ ½P×ÑO·�ï4Öo½P×Ø»È÷P¶`¿L÷P¶V¿_¸:7 ÑRÒäÒáÑRÕfÕ�¿PÔ9Ö<;=.?>@03��A� =%B =>@0C.1DFEG�@>@��46D ¼'¿�¸=Ö�·�ï4ÖG,çÒá¿¼'¿H-/.10321465V¹
ódÖ³¼R»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ

µ
¶�ÒV»�÷�¶`¿f½OÑ6¸J¶(×|»�ÑRÒ§¼'¿_¸:7 íB÷P¶`ÖR×Ø»�ÑRÒ

µT 9 = µT
½B»�¿;¸Q¸=¿�¿°�6»Z½P×¿�¿�½P×$ÖBß,ßV¿;¸=íB¿I%6�@E�J

>@03��K3L�>@��46DME3>N.?>@��46DODP.1�Q0� ]¹
'©przÂ*tvxl´stl´�t~`vx~`z(�'kovxl]w$�|n|qdi[~`n|vxl�z{l�q�k�n|qtsti]�él(qdst~�q�kxw@� |A|×(|A|−1) ÂÈN;A+3�>ZA�W916^_^_8C(8@N � A+Y[248�>X<=?6:48ÛC(8�>ZA´^�Ao793K<ZNP8�8;WK7�M;?'A+>=8��jÁ a Ã
Ï@vxpC*t~D*�n|�|nQkOi{s�'g~`���t~VvRnZkonQpáqès�'Xu�q

h
H�z{pVk

W ) u�qdl � p�wxnZkonçprq stprq�qdi[l � :�3SM;?6<=^_8 WK7BA &79<=16:4:`A+<=3S8 ∗ ±[>ZA@043S165`A+5(<X>=<g79M�Y'248$>=8$^_1+7 W AR040`AR3BA+<=WSWS8:�Û>ZA@0�1,WS<g79<=1,: i 0�16243 i = 1, ..., n−h+ 1c6A+2(7�W91624W�N\8�^_1�C � >X8_T
P(IWi = 1) = µ(w1)×

h∏

j=2

3
(wj−1, wj).

D :å?,M;:4M;39A+>=<=WS8bN\8{^_1]C � >=8{8;:åW92(040�1,WBAR:[7³Y[248{>ZA¢C(<XWK793K<X5(2(79<=1,:�C(8{>ZA¢>=8\7S7S3S8{1654WS8;3Kc,M;8Ì�24:48�N\8;3�7�AR<X:48�0�1,WS<g79<=1,:©C(M;0�8;:VC©C(<=3S8;NP798;^_8;:'7�C(8;W m >=8\7K793S8;W�043KMON\MOC(8;:[7S8;W�8\7�<X:VC�<X3K8ONP798;^�8;:[7�C(8;WAR2(793S8\W�>=8\7S7S3S8;W a
hji��éq�nZkonçprq # E , � $ p�s����çl

Mm
�

(Xi)i∈{m,m+1,...,n}
·BÑRÒ(½P×Ø»|×Ø¶V¿¬¶�Òá¿�·�ï4Ö�,QÒá¿�¼'¿I-/.10321465H¼R7 ÑRÔ9¼RÔ9¿

m
½�»ZöÛ¿\×$½O¿�¶4¸=¿PÕL¿PÒ`×$½�»Qö ∀i ∈

{1, . . . , n} ¿\× ∀x1, . . . , xi ∈ A
ö"ÑoÒbÖ

P(Xi = xi|X1 = x1, . . . , Xi−1 = xi−1) = P(Xi = xi|Xi−m = xi−m, . . . Xi−1 = xi−1)

= 9 (xi−m . . . xi−1, xi).

∗ S-¯j«QTÆ¯NU ¶1»c·1»RV¯ø¬�W�µ°º�»ªÅ ±R·&³ ±�»O»ª¶/¬®:X�³ZY/»�Å ±Ô¯²±´³	µ�¶&¶�¯¢³¾¬®»O½¾µ�¬�Å®Ã\¹1»�½ ¯�[&¬®µ�¼Æ¯ø¼Æ³¾½È³ ±��·�¸ö¯\[G[Æ¯ø¬�³	±´³	µ�¶�·1»�¶ý¸ ³ZY#[Fµ�¬�±�»Ã<¹&»ª½"Y/µ¢±a¶&»�·1:[F»°¶&·H[F¯¢Åc·1»�Å´¯#[Fµ�Å�³ ±´³¾µ�¶?·�¯¢¶&Åc½ ¯�«QTÆ¯�U.¶1»�]F¿a¹\±�¬®»NY/»ª¶�±a·&³	±°ÄÆ½ ¯�«QT�¯NU.¶1»�¯_^+µ�¹&¼�½¾³¾a`�Å�µ�¶H[Fµ�³È¶�±j·&»·1:[F¯ø¬�±°Ä1µ�¹ X0
»ªÅ�±c·1»P·�³¾Å�±®¬�³¾¼�¹1±�³¾µ�¶ µ ]
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ì`» 9 âýôPÔ9¿´¸g¿�½ ×ØÔ9ÖRÒ(½�»|×Ø»�ÑoÒ4½�¼'¿f¸=Ö©·Bï4Ö�,çÒá¿Bö	½�»E¸:7 íB÷P¶`ÖR×Ø»�ÑRÒÜ·P»|òK¼'¿�½B½;ÑR¶]½´Ö�¶�Òr¿Û½OÑ6¸ ¶(×Ø»ÈÑRÒ4ö�ÑRÒ ÒáÑ+×¿ µ¸=Öj¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ³½�¶�Ô Am õ6íPÔ�»ñðEÖRÒV×�ç
∀x1, . . . , xm, xm+1 ∈ A,

∑

x1∈A
µ(x1, . . . , xm) 9 (x1 . . . xm+1) = µ(x2, . . . , xm+1).

'©przÂ*tvxl�stl��t~`vx~`z(�'kxvxl�w_�Øn|qdi[~`nçvxl(z{l�q�k¬n|qtsti]�él(qdst~�q�kxw�� |A|m × (|A| − 1)

Ï@vxpC*t~D*�n|�|nQkOi{s�'g~`���t~VvRnZkonQpáqès�'Xu�q
h
H�z{pVk

W ) u�qdl � p�wxnZkonçprq stprq�qdi[l � :�3SM;?6<=^_8 WK7BA &79<=16:4:`A+<=3S86±,>QA 043S165`A+5(<X>=<g79M�Y[248�>=8 h & ^�167 W A+040VA+39A+<=WSW98�� >QA 0�1,WS<g79<=1,: i 0�1,2(3 i = 1, ..., n−h+1c6A+2(7�W91624W�>=8@^_1]C � >=8 Mm T

P(IWi = 1) = µ(w1, ..., wm)×
h∏

j=m+1

3
(wj−m, ..., wj).

G (�u�nZ}(~��Ql�qtm,l ) u�q�l�m+�d~"b qdl©stl $ ~Vv&%Vp�}¢s�'gp�vos�vxl  � :48�N � A10Q:48�C(8 � AR3SÏ,1xc�C I 1639C(3K8 m8;WK7@MOY'24<=c6AR>X8;:'798
�j24:48_N � A10Z:48LC(8 � AR3SÏ61ocÞC I 1639C(3K8�Á�C(M��V:4<=8_WS243�24:bA+>=0 � AR5�8\7 N\163S3K8ONP798;^�8;:[7N � 16<=W9< aá
 <t16:�C(M��V:4<g7$>X8 m & 2404>=8\7 Zi = (Xi, ..., Xi+m−1) ±�AR>X163SW�>QA�W9M;Y[248;:VN\8 Z = Z1, ..., Zn−m8;WK7�24:48´N � A&0Z:48�C�8 � A+3KÏ,1xc�C I 1639C�3S8jÁ´C(1,:'7�>QA�^�Ao793K<ZN\8´C(8 7939A+:4WS<g79<=1,:ÞW I 8 � 043K<X^�8´8\: Îç16:VNP79<=16:C(8�N\8;>=>=8ÞC(8 (X)
aE� 8\7K798³043S16043K<XM\7SM³8;WK7¬<=>X>=24WK793KM;8³W9243L> I 8 � 8\^_04>X8³WS24<gc,AR:[7 a"D : N\16:4WS<ZC � 3S8�2(:483SMxAR>=<XWBAo79<=16:³C I 24:48@N � A10Z:48ÛC(8 � AR3SÏ,1xcjC I 1639C(3S8 2 W92(3�> I AR>X0 � A+5�8\7 A = {a, c, g, t} T

x = agtgatgccccgt.

� >=1,3KWO±d>ZA©WSMOY'248;:VN\8 z C I 1639C(3K8³Á_>X2(<!N\163S3S8;WS0�16:VCVAR:[7 W I MON\3K<=7 CVA+:4WÛ> I AR>=0 � A+5�8\7 Az = A2 C(8L>ZAÎØA � 16:�WS24<gc,AR:[798_T
z = (ag)(gt)(tg)(ga)(at)(tg)(gc)(cc)(cc)(cc)(cg)(gt).


 <�16:©:41+798 3
x
>ZA´^�Ao793K<ZN\8@C�8�793BAR:4WS<=7S<X16:�C(8 X 8\7 3

z
N\8;>=>X8@C(8 Z ±416:³A_AR>=1,3KWÛT

3
z ((u, v), (u′, v′)) =

{ 3
x(uv, v

′) WS< v = u′

0 WS<=:41,:
8 z�* p6bØkOl(z{l�q�k�stlfm,l]w�z{p�s����Ql]w 
 16<X8\:[7 M 8\7 M ′ C(8;2 � ^�1�C � >=8;WO±x1,:Û0�16W98EAR>X163SWt>QA�3K8;>QAo79<=16:WS24<gc,AR:[798_T M ⊂M ′ Y[2(<�WS<X?6:4<.�V8ÛY[248 M 0�8;2�7 � 7S3S8�c�2�N\16^_^_8�24:³N;A+W�0`A+3�79<XN\24>=<X8;3�C(8 M ′ a�D :C(<g7$AR>X163SW�Y[248 M 8;WK7 l�z�* p6bØkOi CVAR:4W M ′ aD :³A_AR>=1,3KWÛT

M0 ⊂M1 ⊂ . . . ⊂Mm ⊂Mm+ 1 ⊂ . . .
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��w�� w�� � z�{�Û��#ú��c��²ü4þxz�{$þx��|�ú��
� 8\W¬0`A+3�79<=8;WjC(8³> I ��� � Y[24<�WS1,:[7¬2�79<=>X<=WSM;8;W¬0�1,243¬N\1]C(8;3¬>=8;W¬0(3S1+79M;<=:48;W¬WS1,:[7��ÜNP1,:4WS<XC(M;3S8;30`AR3�793K<=04>X8\7ÛC(8_>=8\7S793K8;W�ÂÈN\Î a 7�AR54>=8 ) a ÁLN\< & C(8;WSWS1,24W�Ã a�� > : I 8;WK7Û0`ARW@3SMxAR>X<=WK798LC(8LN\16:4WS<ZC�M;3S8;3ÛY[248_>ZA>=1,<�C I A+040`AR3S<g79<=16:�C(8;W_>=8\7S7S3S8;W_8;:§043S8;^�< � 3K8©0�16WS<=7S<X16:�C I 2(:§793K<X04>=8\7_8;WK7_>ZAÞ^ � ^_8©Y[248©N\8;>=>X8©8;:C(8;2 � < � ^�8�1,2�8;:�7S3S16<XWS< � ^_8�0�16WS<g79<=1,: a4� A 7BA+5(>X8@C�8;W�A+N\<ZC(8\W$AR^_<=:4M;W�^_16:[7S3S8,±(0`AR3�8 � 8;^�04>X86±VY[248>=8�:41,^ 543S8�C I A+N\<XC(8;W�AR^_<=:4M;WEY[2 I <=>�8\WS7!0�1,WSWS<=54>X8$C(8$N\1]C(8;3!8;:¬N\16:4:`AR<=W9WBAR:[7E>ZA@043S8\^_< � 3S8�>=8\7S7S3S8$C(2N\1]C(1,:�±�8;WK7"5r8OA+2VN\16240�04>=24W�Î|A+<=54>=8�Y[248�N\8 ^ � ^�8 :416^f543K8 W9<r16:�N\1,:4:`A10X7�WS8;24>=8;^_8\:[7�>ZAfC(8;3S:(< � 3K8>=8\7S7S3S8 a�� :{C I AR2(793K8;W�7S8;3S^_8;WO±r>QA¬043K8;^_< � 3S8´>X8P7S793K8_C(2{N\1]C(1,:{8;WK7�5�8xAR2VN\16240ä04>=24W@C(M\7S8;3S^_<=:`AR:[798Y[2`AR:[7�AR2©N � 1,< � C(8�> I A+N\<ZC�8ÛA+^�<X:4M�Y[24<²WS8;39A´N\1]C(M,±4Y[248�>ZAfC(8;3S:4< � 3S8 aV� AR:4W�>X8;W�0`AR3K79<=8;W�N\1]CVA+:'798;WC(8�> I ��� � ±[16:¬WS1,2 � A+<g798;39A@0`A+3EN\16:4WSMOY[248;:'7E7S8;:4<=3"N\16^_0(7S8$C(8$>ZA ���d~Vw;l C(8�>=8ONP79243K8,±]N I 8;WK7��ÛC(<=3S8C(8�>ZA´0�16W9<g79<=16:�^_1]C(24>X1´793S16<=W�C(8;W�>=8\7S7S3S8;W�CVAR:4W�>ZA´WSMOY[248\:VN\8 a
� 3S8;^_< � 3K80�16WS<=7S<X16:

� 8;2 � < � ^_8@0�16WS<=7S<=1,: � 3S16<=W9< � ^_80�1,WS<g79<=1,:� � � �
�

���$� � É�W �$�!� ��� 3 � � � � 3K? �F�t� � >=8 ��$��� � WS: ����� ��� 3 � � � 
 8;3 �F��� � >=8 ��$� � � É�W �$� � ��� 3 � �@� � 3K? �F� � � 8\7 ��$�F� � WS: ���"� ��� 3 � � � 
 8;3 �F��� � >=8 �
�

�!�$� � >=: ���E� � 3S1 � � � � 3K? �E�t� � 8;2 ��E�$� . <XW ����� � 3S1 � � � � 3K? �E��� � 8;2 ��!� � � >=: ��� � � 3S1 � �@� � 3K? �E� � � 8;2 ��E�F� . <XW ���"� � 3S1 � � � � 3K? �E��� � 8;2 �
�

� �$� � >=2 � �E� � >ZA �@� � �$>=É � �t� � A+> �
� ��� � WS0 � ��� � >ZA �@� � �$>=É � ��� � A+> �
� � � � >=2 � � � � >ZA �@��� �$>=É � � � � A+> �� �F� � WS0 � �E� � >ZA �@� � �$>=É � ��� � A+> �

�
�t�$� 
 7S1,0 ���E� 
 8;3 � � � 
 79160 ���t� � 8;2 ��t�$� � É�3 ����� 
 8;3 � � � � É�W ����� � � 8 ��d� � 
 7S1,0 ��� � 
 8;3 � �@� � 3K0 ��� � � 8;2 ��t�F� � É�3 ���"� 
 8;3 � � � � É�W ����� � � 8 �

�h�j��� ) a Á$Ç � AR54>X8;W�C(8;W�A6N\<XC(8;W$AR^_<=:4M;W
hji��éq�nZkonçprq # E @ � $ p�s����çl

Mm d 3
�

ód¿@Õ�ÑO¼�ô;¸=¿
Mm e 3

ö ½;¿;¸=ÑRÒ ¸=Ö_ÒáÑR×Ö+×Ø»�ÑoÒÞ»çÒ`×|ÔBÑx¼o¶�»|×¿"ßVÖRÔ�ì²·�ïò�9Ö+×|ïÍù�ü3fgfgh¢þoöEÖBß'ßV¿\¸=í@ÕLÑx¼�ô;¸g¿�ßVíPÔ�»�Ñ+ò¼R»�÷�¶`¿´¼'¿"ßVíPÔ�»�Ñx¼'¿ji+ö"¿B½P×�¼'íØðéÒV»!ÖR»çÒ4½�»�ç
P(Xi = xi|X1 = x1, ..., Xi−1 = xi−1) = 9 φ(i)(xi−m, ..., xi−1, xi)
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ÖRõ6¿B·
φ(i) =





1
½�»

i = 1[3]
2
½�»

i = 2[3]
3
½�»

i = 0[3]

φ(i)
¼'í�½�»=â+Òá¿�¸=Ö´����~`w;l§¼'ÖoÒ4½´¸=Ö'÷P¶V¿;¸ç¸=¿ ½O¿´×ØÔ9ÑR¶]õ6¿�¸=Ö

ime
¸=¿\×È×ØÔ9¿L¼'¿�¸=ÖL½OíB÷P¶`¿PÒr·B¿x¹�ì`»�¿;¸ç¸=¿L¿°�6»Z½P×¿�öÑRÒ�ÒáÑ+×¿

µi
¸�7 ¶�Ò4»�÷P¶`¿´¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ�½B¶�Ô Am õ+íPÔP» ðEÖRÒ`× ∀i ∈ {1, 2, 3} ö

µTi 9 φ(i+1) 9 φ(i+2) 9 φ(i) = µTi

= l(z{~Vv&(�udl # E K ót¿�½!ÕLÑx¼�ô;¸=¿B½tßVíPÔ�»�Ñx¼o»�÷P¶`¿B½EÒ&7 Ö'¼RÕ�¿P×È×¿PÒ`×]ßVÖo½�¼'¿�¼R»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ�½P×Ö+×Ø»ÈÑRÒVÒáÖo»çÔB¿Böt·BÖRÔ¸=¿�½�ï[ãBßVÑ+×|ïòôB½O¿�½�ÒáíB·9¿�½B½OÖR»çÔ9¿�½�Òá¿�½OÑRÒ`×4ßVÖo½�õ6íPÔ�»ñðEíB¿�½;¹VµÛíBÖRÒ4Õ�ÑR»QÒ4½Bö�¸=¿�½ ¼R»Z½P×ØÔP»®�P¶(×Ø»ÈÑRÒ4½
µi, i = 1, 2, 3k ÑR¶V¿PÒ`×E¸g¿@Ô\l+¸=¿´¼,¿´·B¿�½ ¼R»Q½P×ØÔ�»���¶(×Ø»�ÑoÒ4½"ßVÑR¶]Ôf·�ï4Ö'÷P¶V¿�ß`ï4Öx½O¿

i
¹

7 l�zbz{l # E "ñ�ÛÖRÒ(½$¶�Ò©ÕLÑx¼�ô;¸=¿	ßVíPÔ�»�Ñx¼R»È÷P¶`¿
Mm e 3

ö	¿�Ò ·9ÑRÒ4½O¿PÔ�õ6ÖRÒ`× ¸g¿�½�ÒáÑ+×Ö+×|»�ÑRÒ4½�»çÒ`×ØÔ9Ñx¼R¶]»|×¿�½ß�Ô9íB·BíB¼'¿PÕfÕ�¿�Ò`×|ö"½�»�¸=¿�½�¼R»Q½P×|ÔP»®�P¶(×Ø»ÈÑRÒ4½
µ1, µ2

¿\×
µ3

¿ª�6»Q½P×¿PÒV×|ö Ö6¸gÑRÔ�½_¸=¿�½�í â[Ö6¸J»ç×í�½´½B¶�»çõ6ÖoÒ`×¿�½´½OÑoÒ`×õ6íPÔ�»ñðEí9¿�½�ç
µT1 9 2 = µT2
µT2 9 3 = µT3
µT3 9 1 = µT1

Ï@vxl�u�}�lLE!D :b^�1,:[7S3S8LY[248LN\8;W@7S3S16<XW@M;?[AR>=<=7SM;W@c'M;3S<.�V8;:[7Û>ZA©C(M��V:4<g79<=16:¡C(8 µi, i = 1, 2, 3
a�D :¡A

µT1
3

2

3
3

3
1 = µT1

a`� I 1F© µT2 3 3

3
1 = µT1

±40424<=W µT3 3 1 = µT1
aV� >�8;:©8;WK7�C(8@^ � ^_8�0�1,243�>=8;W�C(8;2 �AR2(793S8\W�C(<=WK793K<X542(7S<X16: µ2

8\7 µ3

a� A´C(<=WS7S3S<=542(79<=16: µi 8;WK7�> I 24:4<XY[248�W916>=2(79<=1,:�C(8
µTi
3
φ(i+1)

3
φ(i+2)

3
φ(i) = µTi .

= l(z{~Vv&(�udl # E Q ë ¸�Ò&7 ¿�½P×�ß4Öo½�×Ño¶ k ÑR¶]Ô�½{Öo»Q½Oí{¼'¿Í��»�¿PÒ ¼R»Z½P×Ø»çÒ]â+¶`¿PÔÞ¸=¿B½³ÒáÑ+×Ø»ÈÑRÒ4½ ¼'¿Lß`ï(Öo½O¿�ö�¼'¿ßVíPÔ�»�Ñx¼,¿ ÑR¶�¼87 ÑRÔ9¼RÔB¿O¹�ótÖL·BÑRÒVõ6¿PÒV×Ø»�ÑRÒ�¶(×Ø»|¸J»Q½OíB¿ ¼'ÖRÒ(½Û·B¿ ¼'ÑO·P¶�ÕL¿PÒ`×E¿�½P×F¸=Öf½�¶]»çõ6ÖRÒ`× ¿�çt¸=ÑRÔB½O÷P¶`¿�¸�7 ÑRÒßVÖRÔ\¸=¿ ¼'¿�ÕLÑ+×E¿PÒ_ß`ï4Öo½O¿
i
öE·B¿\¸=Öf½�»Xâ+ÒV» ðE¿ ÷P¶`¿@¸=Ö�stl]vRq�nm�]vxl{¸=¿P×È×ØÔB¿ ¼o¶©ÕLÑ+×é½O¿�×ØÔ9ÑR¶�õ6¿ ¿PÒ_ßVï4Öo½O¿

i
¹

Ý �]¿PÕ�ßá¸=¿>çò�ÛÖRÒ4½�¸�7 ¿ª�]¿PÕ$ßr¸=¿"½�¶�»çõ+ÖRÒ`×|ö²ÒáÑR¶[½$Öoõ6ÑRÒ4½"¶]Ò¬ÕLÑx¼�ô;¸=¿�¼'¿�ßVíPÔ�»�Ñx¼'¿�i+ö�¿\×t¸=¿�ÕLÑ+×[Ó\ÑRÔ�Õ�íßVÖRÔÛ¸g¿�½Û¸=¿P×È×ØÔB¿B½�å[º�º�ä�å ù�¿PÒ�âRÔBÖo½´þ´½O¿@×ØÔ9ÑR¶�õ6¿´¿�Ò�ß`ï4Öx½O¿áü,¹
æ	ï(Öo½O¿

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1ì²íB÷P¶V¿PÒá·B¿
A T G A G G T A T A A G T A A A

'©przÂ*tvxljsdl¬�t~`vx~`z(�'kovxl]wÛ�|n|qdi[~�nçvxl�z{l�q�kfn|qtsti]� l�qtsd~�q�kxw�� � :_798;>V^_1]C � >=8�0r16WSW � C(8�7S3S16<XWÎç16<=W�04>X24W$C(8@0`A+39A+^ � 793S8\W$Y[2 I 24:³^_1]C � >=8 Mm 0424<XW9Y[2 I 24:48Û^�Ao793S<XN\8ÛC(8@7S3BAR:4WS<=7S<X16:³0`AR3K79<XN\24>=< � 3S88;WK7�2(7S<X>=<=W9M\8@0�16243�N � A+Y[248�0 � A+WS8 a�
 16<g7ÛT 3× |A|m × (|A| − 1)
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Ï@vxpC*t~D*�n|�|nQkOi�sh'=~V���t~VvRnQkonQprqÞs�'Xu�q
h
H�z{pVk

W ) u�q�l��ép�wxnQkonQprq stprq�q�i]l � 8\7S7S8E043K1,5`AR54<=>X<g79MC(M;0�8;:VCäC(8_>ZA�0 � ARWS8
��>ZA+Y[248;>=>X8�NP1,^_^�8;:VN\8_>=8_^_1+7 ad� :ä3KM;?6<X^_8_WK7BAR79<=16:4:`AR<X3K8,±�>QAj043S165`AR54<=>X<g79MY[248@>=8 h & ^�167 W Â h > m) AR040`A+39A+<=WSWS8��´>ZA�0�16WS<=7S<X16: i 0r16243 i = 1, ..., n− h+ 1 c6A+2(7�W91624W�>=8^_1]C � >=8 Mm n 3 T

P(IWi = 1) = µφ(i+m−1)(w1, ..., wm)×
h∏

j=m+1

3
φ(i+j−1)(wj−m, ..., wj)

G (�u�nZ}(~��Ql�qtm,l ) u�qdl�m+�d~+b qdl�stl $ ~Vv&%Vp�}äs�'gp�vos�vxl  � 1+7916:4W!Y[2 I <=>`8;WK7	0�16WSW9<=54>=8$C(8�3BAR^_8 &:48;3�N\8!^_1�C � >X8"AR2´N;A+W�^�AR3SÏ61oc�<=8;: WS<=^_04>=8!8;: ^_1]C(<¡��AR:[7�> I AR>=0 � AR5�8\7é2(7S<X>=<=WSM"C(8!>ZA�Î|A � 16: W924<gc6A+:'798 a�FI AR>=0 � A+5�8\7�8;WK7���MP798;:VC(2-� 8;:�WS24040�16WBA+:[7�Y[248�N � A+N\24:48@C(8;W�>=8\7S7S3S8;W�<=:4<=7S<ZA+>=8;W�W98\3BAfC(<XWK79<=:4?624M;8�8;:793K1,<=W!8 � 8;^�04>QAR<=3S8;W!WS8;>X16:�>QA�0 � ARWS8:��>ZA6Y'248;>=>X8�8;>X>=8 A+040VA+39A&0X7 a[� 79<g793K8$C I 8 � 8;^_04>=8,±[N\1,:4WS<XC(M;3S16:4WE>ZAWSMOY[248;:VNP8@MON\3K<=7S8ÛCVAR:4W�> I A+>=0 � AR5�8\7 A = {a, c, g, t} T
x = atgctcgatctcggtcgagcgcaa.

� A+:4W�>X8�:(1,2(c,8;>tA+>=0 � AR5�8\7 A3 = {a, c, g, t} × {1, 2, 3} ±VN\8\7K798�WSMOY[248;:4N\8@WS8�3SM;M;N\3S<g7ÛT
x = a1t2g3c1t2c3g1a2t3c1t2c3g1g2t3c1g2a3g1c2g3c1a2a3.

� 8":416^f543S8�C(8"0`AR3BAR^ � 793K8;WFC�8�NP8\7S798�N � A10Z:48�C(8 � A+3KÏ,1xc : I 8;WK7 0VA+Wé0�1,243FAR2(7�AR:[7 |A3|m×(|A3|−
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� 8\W�>=1,:(?,248;W�WSMOY'248;:VN\8;W�5(<X16>X16?6<ZY'248;W�043SM;WS8;:[7S8;:[7�?6M;:4M;3BAR>=8;^_8;:[7_C(8\W�WS8;?6^_8;:[7BAR7S<X16:4W´Îç1,:4N &79<=16:4:48;>=>X8;W�8;:�C(<.�áM;3K8;:[79WE7#É�0�8\W@ÂØN\1�CVAR:[7x±�:(1,:�N\1�CVAR:[7x±�<=:[7S3S16:�±�8 � 16:�±�<X:'798;3S?6M;:4<XY[248 a=aXa Ã a(� 8;W�^_1 &C � >=8;W"C(8 � AR3SÏ61oc_NOA+N � M;WE0�8\3S^_8\7K798;:[7EC(8�043K8;:VC(3S8�8;:�N\1,^�0(798$N\8\7K798 � M\7SM;3S16?,M\:4M;<g79M$8;:�2(7S<X>=<=WBA+:[7C(<.�áM\3S8;:[7SW	^_1]C � >=8;WEC�8 � A+3KÏ,1xc´0�1,2(3!N � A+Y[248�7#É�0�8�C(8�W98\?,^_8;:'7 a'� 8;W 793BAR:4WS<=7S<=1,:4W	8;:'793S8�24:_7É�0�88\7�24:³AR2(793K8�WS1,:[7O±48\>X>=8;W$AR24WSW9<È±4?6M;3SM\8;W�0`AR3�24:©^_1]C � >X8@C(8 � A+3KÏ,1xc a� 163S^_8;>=>=8;^_8;:[7O±²16:äN\1,:4WS<XC � 3S8�>ZAjWSMOY[248;:4N\8 X = X1, ..., Xn

AOc,8ON Xi ∈ A 8\7@>ZA¬W924<g7S8_C(8;WM\7�Ao79WéNOA6N � M;W	ARWSWS1�N\<=M;W S = S1, ..., Sn
A;c'8ON Si ∈ {1, ..., s} a Si Y'24<4C�M;W9<=?6:48">X8E7É�0�8�C(8"WS8;?6^_8;:[7SWO±8;WK7�C(<g798���NOA+N � M;8¢�LÂØ162�c6A+3K<QAR54>=8@>ZAR7S8;:[7S8oÃP±VNOAR3�8;>=>=8@: I 8;WK7�0`ARW�C(<=3S8;NP798;^_8;:'7�1654W98\3Kc'M;8 a
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hji��éq�nZkonçprq # E ¤ � $ p�s����çl
M1−Mm

�
ódÖä½OíB÷P¶V¿PÒá·B¿

S
¿�½P×�â[íPÒáíPÔ9íB¿�ßVÖoÔ�¶�Òá¿ ·�ï4Ö�,QÒá¿{¼,¿�ø{ÖoÔ¢÷,Ñoõ¡¼87 ÑRÔ9¼RÔ9¿Íü ½�¶�Ô�¸:7 ¿�½ ßVÖ'·9¿{¼,¿�½ í\× Ö+×|½·BÖ'·�ï(í�½ {1, ..., s} ¿\× Xi

·BÑRÒr¼R»|×Ø»�ÑoÒVÒá¿;¸Q¸=¿PÕ�¿�Ò`×ts
Si
¿B½P×�â[íPÒríPÔBí�½O¿;¸=ÑoÒ�¶�Òá¿�·�ï4Ö�,QÒá¿³¼'¿�ø{ÖRÔ¢÷6ÑRõ¼R7 ÑoÔB¼RÔ9¿

m
ç
P(Xi = xi| X1 = x1, ..., Xi−1 = xi−1, S1 = s1, ..., Si−1 = si−1)

= P(Xi = xi|Xi−1 = xi−1, ..., Xi−m = xi−m, Si = si)
= 9 si(Xi−1 = xi−m, ..., xi−1, xi)

� 8 ?,39A+0 � 8´A6N�É(N\>=<ZY[2(8�C(<=3S<=?6Mf3S8;043KM;WS8;:[79M W92(3$>QAN�V?6243S8 ) a Á <X>=>=24WK793S8f>=8;W�C�M;0�8;:VCVAR:VN\8;W�C I 24:48N � A10Z:48 � AR3SÏ,1xc�N;A6N � M\8ÛC(8�7#É]0r8 M1−Mm
a

� 7�Ao79W�NOA+N � M\W si−2 → si−1 → si → si+1 → si+2

↓ ↓ ↓ ↓ ↓W9M;Y[248;:VN\8�1,54WS8;3�c'M;8 xi−2 → xi−1 → xi → xi+1 → xi+2

É�Ê+Ë � ) a Á_Ç¡� 39A+0 � 8 � NPÉ(N\>=<XY[248 � <=3S<=?6Mj3S8;043KM;WS8;:[7�AR:[7´24:¢^_1]C � >=8©C(8 � A+3SÏ61xc¡NOA+N � M�C(8¬7É�0�8
M1−M1

� 8´798;3S^�8���N � A10Z:48�C(8 � A+3SÏ61xc{NOA+N � M;8���043K1oc]<X8;:'7 C(8_>ZA�WSMOY'248;:VN\8_^�A+3KÏ,1xc�<=8;:4:48LC(8;W@M\7�Ao79WNOA+N � M;W ar� >t8;WK7$<=^_0�1,3�7�AR:[7 C(8 :41+798;3$Y[248Û>QA_WSMOY[248;:VNP8f1654WS8;3Kc,M;8 X1, ..., Xn
ÂØ:(1,:�N\1,:VC(<g7S<X16:4:48;> &>=8;^_8;:[7�� S Ã!: I 8;WK7�0VA+W�^�AR3SÏ,1xc�<=8;:4:48LÂÈN\Î a >=8�?,39A+0 � 8ÛA+NPÉ(N\>=<XY[248ÛC(<=3S<=?6M,±ò�V?6243K8 ) a ÁxÃ a�	I 8;WK79<=^�Ao79<=1,:�C I 24:f798\>(^_1�C � >X8"8;WK7FN\16^_04>=8 � <.�VM;8�0`AR3é>X8"ÎØAR<g7FY[248">QA$WSMOY[2(8;:VN\8�C I M\7�Ao79W NOA+N � M;W

S : I 8;WK7Û0`A+W NP1,:4:]2(8 a�� >=24WS<=8;243SWÛ^_M\7 � 1�C(8;W C I 8;WK79<=^�Ao79<=1,:ä8 � <=WK798;:[7 a�D :ä0�1,243K3BA�WS8L3K8;0�1,3�798;3��U"AR24^ A+:4C � 8\793S<=8¢ÂKÁ;Æ,Å6Å'ÃP± � A+54<=:48;3 Â�ÁOÆ Ù Æ'Ã_8\7 � 243S<´Â�ÁOÆ6Æ e Ã_0�16243j0(>X24WjC(8 C�M\7�AR<X>=WjWS243¬>=8;W^_M\7 � 1�C(8;W�C I 8;WK7S<X^LAR7S<X16:³C�8�798;>=W�^�1�C � >=8;W�8\7�>=8;243SW�A+0404>=<XNOAR7S<X16:4W a
'©przÂ*tvxl�stl³�t~`vx~`z(�'kovxl]w_�|n|qdi[~�nçvxl�z{l�qrk�n|qtsti]�él(qdst~�q�kxwj� � :�7S8;>²^_1�C � >=8�0�16WSW � C�8@24:48^�Ao793K<ZN\8EC(8 � A+3KÏ,1xcÛC I 1639C(3K8 m 0�1,243�N � A+Y[248!M\7�Ao7éNOA+N � M,±RN\8"Y'24<]3S8;043KM;WS8;:[798 s×|A|m×(|A|−1)0`AR3BAR^ � 793K8;W ad� 8�04>=24WO±²>X8;W�M\7�Ao79WÛN;A6N � M;W@W916:[7@3SM\?,<=W@0`AR3�24:48LN � A&0Z:48LC(8 � AR3SÏ61xc C I 1639C(3K8�Á_N\8Y[24<FA&�#1,2�798 s × (s − 1) 0`AR3BAR^ � 793K8;W a²� <X:`AR>=8;^_8;:[7O±²>=8´:41,^ 543S8f791+7�AR> C(8´0`AR3BAR^ � 793K8;W�W I M;> � c,8¥�
s× (s− 1) + s× |A|m × (|A| − 1)
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W ) utqdl´�ép�wxnQkonQprqÞsdpáqtqdi]l � 8ENOAR>ZNP24>�C(8EN\8\7S7S8043S165`AR54<=>X<g79M�:48�043KM;WS8;:[798�0`ARWEC(8�C(<.��N\24>g79M�7 � M;163S<XY[248,±'^�AR<=W!: I 8;WK7!:4MxAR:4^_16<=:4W!0`A+W	<X^�^_MOC(<ZAR7 a[� >2(79<=>=<=W98 24:48 Îç163S^ 24>ZAR79<=16:�3KMON\243KW9<gc'8 Y[24<á:(MON\8;WSW9<g7S8;3BAR<=7�> I <=:[793K1�C(2VNP7S<=1,:�C(8 :4167BAR7S<X16:4W"W92(0404>XM\^_8;: &7�AR<=3S8;W 0�16243 � 793K8�043KM;WS8;:[79ML<XN\< at� A©WS24<=7S8¬C(8�N\8¬C�1�N\24^_8\:[7f:(8�:4MON\8\W9WS<g798�0`ARW >ZA�N\1,:4:VA+<=WSW�AR:VN\8C(8 N\8 NOA+>XN\24>��]>X8;WE>X8ON�798;243KW"<X:'79M;3K8;W9WSM;WEWS1,:[7E<X:[c]<=7SM;W � NP1,:4WS24>g798;3E>=8;W"162(c�3BAR?68;W�C(8$3SM;ÎçM;3K8;:VN\8�NP<=7SM;W043SM;N\MOC(8;^_^_8\:[7 aá� 8�NOAR>ZN\2(>FC�8�N\8\7S7S8´043S165`AR54<X>=<g79M´W98f7S3S162(c'8f?,M;:(M;3BAR>X8;^�8;:[7�WS1624W�2(:48´3S24543S<XY[248<=:[79<g7924>=M���MP7�A+0�8�Îç163�Í�AR39C)� a
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G (�u�nZ}(~��Ql�qtm,l ) u�qdl¡m+�d~"b qdl¡stl $ ~`v&%Vp]}Gs�'gp�vos�vxl  
 <é>=8;W@M\7BAR7SW@NOA6N � M;W@WS1,:'7ÛN\16:4:]24WO±16:©0�8;2(7�WS8�3BAR^_8;:48;3�24:48�Îç16<=W�8;:VN\163S8ÛA+2�^_1�C � >=8@C(8 � AR3SÏ61oc¬WS<=^_04>=8�0`AR3�24:48�7S3BAR:4W9ÎQ1,3K^�Ao79<=1,:WS<X^�04>X8 aV� A´N � A10Z:48ÛC(8 � AR3SÏ61ocjN\1,:4WS<XC(M;3SM\8 A+2439A�N\16^_^_8�8\W90`A+N\8ÛC I M\7�Ao7 A× {1, ..., s} ±4N I 8\WS7>�C(<=3S8 Y[248 N � A6NP24:48fC(8;W�>=8\7S7S3S8;W�WS8;3BA_C(<=WS7S<X:(?,24M;8ÛW98;>=16:�> I M\7�Ao7 Y[24<d>=24<t8;WK7�ARWSWS1�N\<=M ar� AR3�8 � 8;^_04>=8,±16:�N\1,:4WS<XC � 3S8�>QA´WSMOY'248;:VN\8@WS24<gc6A+:'798_T
x = aatttgtgatgccgatgt

�´>ZA+Y[248;>=>=8@8;WK7$A+WSWS1]N\<XM\8@>QAfW924<g798�C I M\7�Ao79W�WS24<gc,AR:[7S8LT
s = 121431112314432214

� 8\7S798�WSMOY'248;:VN\8@WS8�3KM;MON\3S<g7�CVAR:4W�>=8�:41,2�c'8;>tAR>=0 � A+5�8\7�C(8�>QAfÎØA � 1,:©WS24<=c6AR:[798_T
x = a1a2t1t4t3g1t1g1a2t3g1c4c4g3a2t2g1t4

��w�� wmu � z�{�Û��#ú�� {�ú � �Fü+rhz � }�{��8�@údÿ�{��	ÿ�ýrú � �Fü4þÔ�wv��ú
� 16:[7939A+<=3S8;^�8;:[7�AR2%^_1]C � >=8;W Mm ±F>X8;W�^_1]C � >=8;WjC(8 � AR3SÏ,1xcí�äC(M;0�8;:VCVAR:VN\8³c6AR3S<ZA+54>=8�:(8WS24040�16W98;:'7L0`ARWLY[248�>X8�:416^f543S8©C(8©0�16WS<g79<=1,:4W_043SMONPMOC(8;:[798\W�C(16:[7LC(M;0�8;:VCHC(<=3S8;NP798;^_8;:'7L>ZAÞ>=1,<C I 2(:48 0�1,WS<g79<=1,:�C(1,:(:4M;8�8\WS7/� � M?� m a(� AR:4W�N\8;W"^_1�C � >=8;WO±(N\8 :(1,^f5(3S8�C�8 0r16WS<g79<=1,:4W�C�M;0�8;:VC�C�2m,prq�kOlýAákxl N I 8;WK7���C(<=3S8@C(2©^_1+7�Y[2(<�043KMON � C(8@>ZA´0�16WS<=7S<X16:³NP1,:4WS<XC(M;3SM;8 aD :�3K8;043SM;WS8;:'798�C(8�798;>=W	^_1]C � >X8\W���> I AR<XC(8$C I A+3K543S8;W!C(8�N\16:[798 � 798 Âçc'16<X3Fx <X>=>=8;^_W!8\7EA+> a Â�ÁOÆ6Æ - Ã8\7 � <=WSWBA+:48;: ÂKÁ;Æ Ù À'Ã�0�16243Û04>=24WfC(8�C(M\7BA+<=>XW�Ã a�� AR:4W > I 8 � 8;^_04>=8¬C(8L>ZAf�V?6243S8 ) a ) ±�1,:ÜN\16:4WS<ZC � 3S824: ^_1]C � >=8�CVA+:(W�>X8OY'248;>é>=8;W�1�N;N\2(3S3S8;:4N\8;W@C(8;W�>=8\7S7S3S8;W�WS24<gc6A+:[7�24:zyj162|{�WS1,:'7�3KM;?,>=M;8;W�0`AR3�24:^_1]C � >=8 M2 7�AR:VC(<=W_Y[248�N\8\>X>=8;W_Y[24<EW92(<=c,8;:[7�>=8;W�>=8\7S7S3S8;W<}�162c~Ü>=8jW916:[7´0`A+3f24:¢^_1�C � >X8 M10�16243E24:L791+7�AR>L�V:`AR>rC(8 30 0`AR3BAR^ � 7S3S8;W Â�AR2¬>=<=8;2jC(8;W Ú,Ù 0`AR3BAR^ � 793K8;WEC(2¬^_1]C � >=8 M2 N\1,^_0(>X8\7�Ã a� A+:4W�>=8�NOARW@C�8´> I A+3K543S8´3K8;043SM;WS8;:'79M´8;:Â�4?,243K8 ) a À(±r<=>é: I 8\WS7�^ � ^�8´04>=24W�0�1,WSWS<=54>X8�C(8�C(MON\3K<X3K8´>X8^_1]C � >=8f3SM;WS24>g7�AR:[7�A;c'8ONÛ>=8;W ^�1�C � >=8;W 0(3SMON\MOC(8;:'79W ar� NP<�±�<=>�:48 3S8;WK798Û04>X24W Y[248 >X8;W 21 0`A+39A+^ � 793S8\WN\163S3S8\W90�16:VCVAR:[7$A+2 � 043K1,5VA+54<=>=<=7SM;W�W924<gc6A+:'798;W@T





P(Xi = x|Xi−2 = } , Xi−1 = y )
P(Xi = x|Xi−2 6= } , Xi−1 = y )
P(Xi = x|Xi−1 = } )
P(Xi = x|Xi−2 = y , Xi−1 = { )
P(Xi = x|Xi−2 = { , Xi−1 = { )
P(Xi = x|Xi−2 6= y , Xi−2 6= { , Xi−1 = { )
P(Xi = x|Xi−1 = ~ )

A;c'8ON x ∈ A a� :_ÎØAR<=7O±,16:_2(79<=>=<XWS8�NP8;W!A+3K543S8;WF0�1,243FN\1,:(:`A&0X793K8�>=8�N\1,:'798 � 7S8�0�8;3K7S<X:48\:[7	8;:_24:48�0�1,WS<g79<=16:�CVAR:4W>ZA{WSMOY[248;:VNP8 a!� 16243�N\8;>ZA�±F1,:�3S8\?[AR39C(8³C I A+5�1639CH>QA >=8\7S793K8�043SMON\MOC4A+:[7�>ZA{0�16WS<=7S<=1,:%M\7S2VC(<=M;8ÜT WS<N\8\7K798�>X8P7S793K8�:48�0�1,WSW � C(8_0VA+W@C(8_5(3BA+:4N � 8LCVAR:4W�> I A+3K543S8�^_8;:`AR:[7��j24:{:41,2�c'8xAR2ä:6��2VC{C(8;0424<=W
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∅
y } { ~

y<} { ~ y
} { ~
É�Ê+Ë � ) a ) Ç ��� 8;^�04>X8@C I AR3S543S8@C(8@N\16:[798 � 798@N\16^_04>=8\7�CVAR:4W�> I AR>=0 � A+5�8\7 A = { y , } , { , ~ } a

∅
y } { ~

} yO�:{w�@~ y { }��@~
É�Ê+Ë � ) a À Ç ��� 8;^_04>=8@C I A+3K543S8@C(8@N\16:[798 � 798�<=:VN\1,^�04>X8P7$CVAR:4W�> I AR>=0 � AR5�8\7 A = { y , } , { , ~ } a

>ZA´39A6NP<X:48 ∅ AR>=1,3KW�1,:�W I A+3K3 � 7S8h��W9<=:416:�±416:©3KM;<g7 � 3S8�>=8�043S1]N\MOC(M�8;:j793BAR<g7�AR:[7�>=8�:6��2VC©N\16^_^_8�24:48:4162(c'8;>=>=8 3BA+N\<=:48 ar� 8 C(8;3S:4<=8;3�:6��2VC³C(M;WS<X?6:4M 0`AR3$N\8\7�AR>X?6163S<g7 � ^_8 N\1,:(WS7S<=7S248 >=8fNP1,:[7S8 � 798Û0�8;3�79< &:48;:[7$3S8;N � 8;39N � Mh��N I 8;WS7:�LC(<=3K8 >X8\W$M;>XM\^_8;:[79W$C(2��B0`A+WSWSM���Y[2 I <=>tÎØAR2(7 N\1,:4WS<XC(M;3S8\3$0�1,243$N\16:4:`A&0X793K8>ZA�C(<=WS7S3S<=542(79<=16:³C I M;^_<=W9WS<=1,:�C(2�NOAR3BA+NP7 � 3S8��´>ZA´:4162(c'8;>=>=8@0�1,WS<g79<=1,: a
'©przÂ*tvxl¢stl¢�t~`vx~`z(�'kxvxl�w³�|nØq�i]~`nçvxl�z{l(q�kÞn|qtsti]� l�qtst~`q�kxwä�æ� 8�:41,^ 543S8LC(8�0`A+39A+^ � 793S8;WC(M;0�8;:VCbC(2ä:416^f543S8LC(8�N\16:[7S8 � 798;WÛY[24<	N\16:VC(24<=3S16:[7á�©C(<.�rM;3S8;:'798;WÛ043K1,5`AR54<=>X<g79M;W C I M;^_<=WSWS<X16:ÜC(8>ZA�>=8\7S7S3S8_WS24<gc,AR:[7S8 a�� 8_:41,^ 543S8_0�8;2�7 C(1,:VN�Î|A6N\<=>=8;^_8;:[7ÛWS8LC(M;C(24<X3K8�C�8L> I A+3S5(3S8LC(8;WÛN\16:[798 � 798;WO±0424<=W9Y[2 I <=>�W I AR?,<g7�C(2©:416^f543K8@C(8�Îç8;24<=>=>X8;W�C(8�> I AR3S543K8@Y[248�^f24>g79<=04>=<X8�>ZAf7�AR<X>=>=8ÛC(8�> I AR>=0 � A+5�8P7 & Á a
��w�� w�� � z�{�Û��#ú�� {�ú � �Fü+rhz � × �Fü4ýáþ�ûÙz	ÿ$þú�|��
�	I 2(79<=>=<XWBAo79<=1,:�C(8;W�^_1]C � >=8;W�C(8 � A+3KÏ,1xc2�´C(M\0r8\:VCVA+:VNP8�c,AR3S<ZAR54>=8 AfM\79M�8;WSWS8;:[79<=8;>=>=8;^_8;:[7�^_1 &79<gc'M;8³0`AR3�24: 043S1654> � ^_8�C(8�0`AR39N\<=^_16:4<=8ÞCVA+:4W�>X8;W¬^�1�C � >=8;WjC(8 � AR3SÏ61oc aE� :%8��á8\7O±	1,:èA{c�2Y[248 >=8 :41,^ 543S8fC(8 0`AR3BAR^ � 7S3S8;W C I 24:�^_1�C � >X8fC(8 � A+3KÏ,1xc�AR24?,^�8;:[798 8 � 0�16:48;:[7S<=8;>X>=8;^_8;:'7@A;c'8ONWS1,:¢1639C(3K8 m a � MOA+:4^_16<=:4WO±�>ZA�^_1]C(M;>=<XWBAo79<=1,:HC I 24:48jWSMOY[248;:VN\8j3KM;8;>X>=8j:4MON\8;WSWS<=7S8�?6M;:4M;39A+>=8;^_8;:'7C I 2�79<=>X<=WS8;3�24:§1639C(3K8�WS240�M;3S<=8;243¥�¡Á©A��V:HC I 165(798;:4<=3�24:48�A+C(MOY[2`Ao79<=16:HWS2��LWBAR:[798 a �FI 2�79<=>X<=WBAR7S<X16:C(8;W ^�1�C � >=8;W�C�8 � AR3SÏ,1xc���C(M\0�8;:VCVA+:4N\8fc6A+3K<ZA+54>=8f0�8;3K^_8\7�C I A6CVAR0(798\3 >ZA_7�AR<=>X>=8´C�8f>ZAL^_M;^_16<=3S8AR2ÜN\16:[7S8 � 798LN\1,:4WS<XC(M;3SM6±d8\7fAR<X:(W9<	C I M;N\1,:416^_<=WS8;3 C(8;W@0`A+39A+^ � 793S8\WÛ0`AR3@3BAR040�1,3�7fA+2b^�1�C � >=8�C(<g7N\16^_04>=8\7 a� 8 ^_1]C � >=8FC(8 � AR3SÏ61oc$0`A+3SN\<=^_1,:4<=8;2 � ?,M;:4M\3BAR>X<=WS8	N\8;W�^_1�C � >=8;W�8;:ÛA+2(7S1,3K<XWBAR:[7tY[248 >=8FN\1,:'798 � 7S8N\16:4WS<ZC(M\3SMfWS16<g7 24:�^_1+79<=Î ar� :³8 � 8;^_04>=8fC(8 ^_1+79<=Î 8\WS7 C(16:4:4Mf0VA+3 m = a[gc]tc Y'24<�N\163S3K8;WS0r16:VC�Þ> I 8;:4WS8;^f54>=8�C(8\W�C�8;2 � ^_1+79W_WS24<gc6A+:'79W { y3{�~�}��|y"}�~�} } aF� AR:4W_>QA��V?6243S8 ) a ) ±é24:H^_1]C � >X8�C(8� A+3KÏ,1xc©0`AR39N\<=^_16:4<X8\2 � A+2�79163S<=W98\3BA+<g7 Y[248Û>ZA_>X16<�C I M;^�<XWSWS<=1,:�C(8 >ZA_>=8\7S7S3S8��_>ZA_0�1,WS<g79<=16: t 8;WK7$>ZA^ � ^�8�WS<V>QA�>=8\7S793K8>��>ZA�0�1,WS<g79<=16: t−1 8;WK7	24: a 1,2L24: c a]� 8ON\<VWS8�3SM\W924^�8�CVAR:4W	>QA��V?6243S8 ) a Ú a]� 8



# E , E 7 l]w_s�n � i]vxl�q�kxwLz{p�s����Ql]w $ ~`v&%Vp]}tnQl(qtw #L,

^_1]C � >=8�NP1,:[7S<X8;:'7�Á Ù 0VA+39A+^ � 7S3S8;WO±+A+2f>=<=8;2´C(8 Ú,Ù CVAR:4W�>X8!^_1�C � >=8 M2 ��N\16^_04>=8\7ª�B±RN\1,3K3S8;WS0�16:VCVA+:'7AR2 � 043S165`AR54<X>=<g79M;W�WS24<gc,AR:[798\WÛT




P(Xi = x|Xi−1 = y����M{ , Xi−2 = y )
P(Xi = x|Xi−1 = y����M{ , Xi−2 = { )
P(Xi = x|Xi−1 = y����M{ , Xi−2 = } )
P(Xi = x|Xi−1 = y����M{ , Xi−2 = ~ )
P(Xi = x|Xi−1 = } )
P(Xi = x|Xi−1 = ~ )

A;c'8ON x ∈ A a
∅

yO�:{ } ~
y<} { ~

É�Ê+Ë � ) a Ú Ç ��� 8;^_04>=8�C(8�3S8\043SM;WS8;:[7BAR7S<X16:¬A+3K5�1,3K8;W9N\8;:[798�C I 24:_^_1�C � >=8�C(8 � A+3KÏ,1xc�0`AR39N\<=^_16:4<=8;2 �CVAR:4W�> I AR>=0 � A+5�8\7 A = { y , } , { , ~ } a
� 8;W"^_1�C � >=8;W�WS16:[7�C(<g7�0`AR39N\<=^_16:4<X8\2 � NOAR3�<=>=W�0�8;3S^�8\7S798\:[7�C(8 3SM;C(24<X3K8�C(8 ÎØA � 16:�<=^_0�163K7�AR:[798>=8@:41,^ 543S8ÛC�8Û0VA+3BAR^ � 7S3S8;W�C I 24:�^_1]C � >=8 C(8 � AR3SÏ61oc a�� 8;^�AR39Y'241,:4W�Y[2(8ÛN\8\7S7S8ÛC(<=^_<X:[2(79<=1,:�8;WK7C I AR2(7BA+:[7�04>X24W�<=^_0�1,3�7�AR:[798@Y[2(8�>X8��#3S8;?63S16240�8;^_8;:'7ª�@A´>=<=8;2�8;: � AR2(7�C(8�> I AR3S543K8 a� AR:4WLN\8j7É�0�8©C(8�043S1654>=M;^�Ao79<XY[248,±é>X8©N � 1,< � C(2H^�1�C � >=8�3S8\c � 7�24:48�<X^�0�1,3�7�AR:VN\8©0`AR3K7S<ZNP2 &>=< � 3K8,±]NOA+3	>X8�^_1�C � >X8$N � 16<XWS<rC(8\c]3BA@0�8;3K^_8\7S7S3S8�24:�5�1,:¬N\1,^�043S16^_<XW!8;:[7S3S8�0`AR39N\<=^_16:4<=8$8\7"Y[2`AR>=<=7SMC I A&�#24WK798;^_8\:[7 a4�FI <=:4ÎçM;3K8;:VN\8@C(1,<g7�C(16:VN�N\1,:(W9<XC(M;3KM;8@>=8�043S1654> � ^_8@C(2�N � 16< � C(2©^_1]C � >X8�0`AR3S^_<²>ZAÎØAR^_<=>X>=8ÛC(8\W�^_1�C � >X8@0`AR39NP<X^_16:4<=8;2 �²a`� Af7BA+<=>=>X8@8 � 793 � ^_8;^_8;:[7�<=^_0�1,3�7�AR:[798@C(2�:416^f543K8ÛC I AR3S543S8;WC(8¬N\16:[798 � 798�0�16W9WS<=54>=8;W�NP1,^_04>=8 � <.�V8¬N\8\7S7S8L7��+N � 8 a��FI <=:4ÎQM;3S8;:VN\8�5`A;É'M;WS<X8\:4:48jC(8¬N\8;W ^_1�C � >X8;W 8\7>=8;243�A+0404>=<XNOAR7S<=1,:³8\:�?6M;:41,^�<ZY[2(8Û8\WS7�>=8@WS2F�8\7$C(8�>ZAf7 �4� WS8ÛC(8 � <=8;3S3K8 &È� c,8;W$U	1,243K?,24<=?6:41,: ∗ a`� :48^_M\7 � 1�C(8�5`A;É'M\W9<=8;:4:48�C I 8;WS7S<X^LAR7S<X16:�A M\79M�<X^�04>XM;^�8;:[79M;8�� > I AR<ZC�8�C I 24:�AR>X?6163S<g7 � ^_8�C(8�043K1,?63BAR^ &^�Ao79<=1,:jC�É]:`A+^_<XY[2486±�8P7"0�8;3S^_8\7�C I 8;WK79<=^_8;3EN\8;W"^_1]C � >=8;W"8;:¬24:�798;^_04WE39A+<=WS1,:4:`AR54>=8�C4A+:4WE>X8 NOARWC(8�> I AR>X0 � A+5�8\7�:[2VN\>=M;167S<ZC(<XY[248�ÂÈU!1,2(3S?624<X?6:416:�A+:VC � 165�8;>X<=:�± )6*6*+Ú Ã a

'©przÂ*tvxl£stl �t~Vvx~�z(�'kxvxl]w �|nØq�i]~`nçvxl�z{l(q�k n|qtsti]�él(qdst~�q�kxw�� � 16^_^_8{CVAR:4W©>=8äNOA+W©C(8;W^_1]C � >=8;W$C(8 � AR3SÏ,1xcè��C(M;0�8;:VCVAR:VN\8@c6AR3S<ZA+54>=8,±V>=8@:41,^ 543S8ÛC(8@0`AR3BAR^ � 7S3S8;W�8;WK7�M\?[AR>�AR2�:41,^ 543S8C(8�Îç8\24<X>=>=8;W$C(8�> I AR3S5(3S8@Y[248�^f24>g79<=04>=<=8@>ZAf7BA+<=>X>=8@C(8@> I A+>=0 � AR5�8\7 & Á a
G (�u�nZ}(~��Ql�qtm,l ) u�qdl©m+�d~"bq�l�sdl $ ~`v&%Vp]}¢s�'gprvostvxl³z � 8;W"N � A10Q:48;W�C(8 � AR3SÏ,1xcL0`AR39N\<=^_1 &:4<=8;24WS8;W@C I 1639C(3K8 m WS16:[7�24:äNOARW�0`A+3�79<XN\24>=<X8\3@C(8;W@N � A10Z:48;WÛC(8 � A+3KÏ,1xcÞC I 1639C(3K8 m a�� :{8��á8\7O±²<=>

∗ ¼Fµ�¹1¬�X�¹&³�X�¶1µ�¶���X�»ª¶&µ�[Fµ�½	»�] «�¶&¬�Å:] Ç ¬



# E , E 7 l]w_s�n � i]vxl�q�kxwLz{p�s����Ql]w $ ~`v&%Vp]}tnQl(qtw # @

W I AR?,<g7�C I 24:�^�1�C � >=8@C(8 � A+3KÏ,1xcjC I 1639C(3K8 m C(16:[7�>ZAf^�AR7S3S<XN\8�N\16:[79<=8;:[7�N\8;3�7�AR<X:48;W�>=<=?,:(8;W�M;?[AR>=8;W a� A+:4W_> I 8 � 8\^_04>=8³N\< & C(8;WSWS24WO± >=8;WL>=<X?6:48;WLN\1,3K3S8;WS0�16:VCVA+:'7jAR2�N\1,:'798 � 7S8 aa 8\7 ga WS8;3S16:[7_M;?[AR>=8;WO±AR<X:4WS<dY[248�>=8;W�>X<=?6:48;W�N\163S3S8\W90�16:VCVAR:[7$A+2�N\16:[798 � 798 ca ± cg ± cc 8\7 ct 0`A+3�8 � 8;^_04>=8 a
��w�� wo� � z�{�Û��#ú�� {�ú ûÙ���x�Fÿ��FúV{�ú ��ü��	ÿ���þ��(þxz	ÿ � �Fü+rhz � þ#údÿ�ÿ�ú
� 8\Wf^_1�C � >=8;W´C(8 � A+3KÏ,1xc ��C(M;0�8;:VCVAR:VN\8¬c6A+3K<QAR54>=8,±�8\7f>=8;Wf^_1]C � >=8;W´C(8 � AR3SÏ,1xcä0`AR39N\<=^_1 &:4<=8;2 � ±!WS8�Îç16:VC(8;:[7¬79162(7�C(8\2 � WS243¬>=8ÞN\16:[798 � 798�0�1,243¬MONP1,:416^_<=WS8;3�C(8;W¬0`AR3BAR^ � 793K8;W a"� 8³798;>=W^_1]C � >=8;WfWS8;3K1,:[7 0`AR3K7S<ZN\24>=< � 3S8;^�8;:[7�A+CVA+0�79M;Wá��C(8;W WSMOY[248;:VN\8;W Îç16:VC(M;8;W WS243 C(8;W WS1,3�798;WfC(8LWSÉ]> &>ZA+5�8;W at� A�7�AR<X>=>=8¬C(8L>ZA©^_M;^_16<X3K8�N\1,3K3S8;WS0�16:VC¡A+>=163SW��©>QA�7BA+<=>=>X8�C(8�>ZA©WKÉ�>=>ZA+5�8¬N\16:4WS<ZC�M;3SM;8 a�� 8;W^_1]C � >=8;W�C(8$^_M;>ZAR:4?,8 C(8�7939A+:4WS<g79<=16: ∗ 16:[7"M;?'A+>=8;^�8;:[7"M\79M$^_1+79<gc'M\WE0`A+3!24:¬W9162VN\<áC(8�0`A+3SN\<X^�1,:4<=8Â�U	8;39N � 791,>XC²± )+*,* ÁoÃ a�� MxA+:4^�1,<=:4WO±VN\8\7S7S8 AR04043S1]N � 8@:48@WS8�Îç1,:4C(8@0`A+W�W9243�>ZA´:41+79<=1,:³C�8ÛN\16:[798 � 798,±^�AR<XW�04>=2(7²Ö+7�C(8�0�16W9<g79<=16:�±VN\1,^�^_8�>ZA�C(M��V:4<g79<=16:³N\< & C�8;W9WS1624W�>=8�043SMON\<=WS8 a

hji��éq�nZkonçprq # E J � $ p�s����çl�stlÞz{i��ç~`qdy`l�stl�s�nçw\kxvRn+*�u�konQpáq%s�'gp�vos�vxl
m
�

(Xi)i=1,...,n
·BÑRÒ4½P×Ø»ç×Ø¶`¿�¶�Ò�Õ�ÑO¼�ô;¸=¿f¼'¿�ÕLí;¸=ÖRÒ�â'¿´¼'¿ ¼R»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒä¼R7 ÑoÔB¼RÔ9¿

m
½�»Zö"¿\× ½O¿�¶4¸=¿PÕL¿PÒ`× ½�»Qö

∀i ∈ {m,m+ 1, ..., n} ¿\× ∀x1, ..., xi ∈ A
ö"ÑRÒäÖ

P(Xi = xi|X1 = x1, . . . , Xi−1 = xi−1) = P(Xi = xi|Xi−m = xi−m, . . . Xi−1 = xi−1)

=
m∑

g=1

φgP(Xi = xi|Xi−g = xi−g)

=
m∑

g=1

φg 9 g(xi−g, xi)
Ñ�� ∀g ∈ {1, ...,m}, φg > 0

¿\× ∑m
g=1 φg = 1� AL>=1,<�C I AR040`AR3S<g79<=1,: C I 24:48 >X8\7K793S8fN\1,:4C(<=7S<X16:4:48;>=>=8;^_8;:[7ÛAR2 � m >X8\7K793S8\W 043SMON\MOC(8\:[798;W 8;WK7�2(:^_M;>ZAR:4?,8jC(8jN � A10Z:48;W�C(8 � AR3SÏ,1xcbC I 1639C(3S8�ÁjC(8¬0�16<XC(W φ = (φ1, ..., φm) ±�N I 8;WS7��³C(<X3K8jY[2 I 8;>=>=8C(M;0�8;:VCäC(8�>QA ième 0�1,WS<g79<=16:b043KMON\MOC(8;:[7S8�AOc,8ON�>ZAj043S165`A+5(<X>=<g79M φi 8\7@>QAj>=1,<FC(8_WS2VN;N\8;WSWS<=1,:ä8;WK7C(16:4:4M;8�0`AR3_>ZA ^�Ao793K<ZN\8�C�8©7S3BAR:4W9<g79<=16: 3

i

a � 8�0VA+39A+^ � 7S3S8 φi 3S8�* � 798©> I <=^_0�1,3�7�AR:VN\8³C(8�NP8\7S7980�16W9<g79<=16:�0�16243�043SMOC(<=3S8�>ZA´>=8\7S7S3S8�WS2VN;N\8;WSWS<gc'8 a� :48�^_M\7 � 1]C(8©C(8©^LA � <=^_<=WBAR7S<X16:HC(8�>QA³c�3BAR<=W98;^ 54>ZA+:VN\8�0`A+3�C(8;W9N\8;:[798©C(2§?,39A6C�<X8;:'7¬A�M\79M043S160�16W9M\8�0r16243	8;WK79<=^_8;3!N\8�^�1�C � >=8$CVAR:4W!>X8�NOA+W!1F©�>=8;W!^�Ao793K<ZNP8;WEC(8�7S3BAR:4W9<g79<=16: 3
g, g = 1, ...,mWS1,:'7	M;?'A+>=8;W$Â�U!8;3SN � 7S1,>XC²± )+*,* ÁoÃ a]
 1,0 � <X8 ��� 543K8$A�^�<XW!A+2_0�16<X:'7!24:�AR>X?61,3K<=7 � ^_8 �	� 0�8;3K^_8\7S7BA+:'7C I 8\WS7S<X^�8;3 C(8Û798;>�^_1]C � >=8f0�16243�C(8\W ^�Ao793S<XN\8;W C(8Û793BAR:4WS<g79<=1,: Y'248;>XN\1,:VY'248;W_Â �d� 543S8,± )+*6*6Ú Ã aá� >=>=8A�AR24WSW9<F^�1,:[7S3SMLY[248_>QA�0`AR3BAR^ � 793K<=W�Ao79<=16:b8;: (φg,

3
g)
C(8LN\8;WÛ^_1]C � >=8;W : I 8;WK7Û0`ARWÛ<ZC�8;:[79<.��AR54>X88\7�AÛ043S160�1,WSM 24:48 3S8;0`AR3BAR^_M\7S3S<=WBAR79<=16: a4� 8;W"7S3BA;c6A+2 � 8��r8ONP7S24M;W�WS16:[7�8\:©N\16243SW"0�16243"8;WK79<=^_8;3�NP8;W^_1]C � >=8;W�C(8F^LA+:4< � 3S8 5`AOÉ,M;WS<X8;:(:48,±xCVA+:4Wd>=8	NOARWt1F©@>=8;Wd0�1,<XC(Wt0�8;2(c,8;:[7t043K8;:VC(3S8FC(8;W�c,AR>=8;243SWd:]24>=>X8\Wx±1F©¬>=8;WE^�Ao793K<ZN\8\W"C(8�793BAR:4WS<g79<=1,:4WE0�8\2(c'8;:[7 � 793K8�M;?'A+>=8$8\7E1F©¬> I 1639C(3K8 m : I 8;WK7E0`ARWE:4MONP8;W9WBAR<=3S8;^_8;:'7N\16:4:]2 † a

∗ ^oV?³��<±´¹1¬®»w�-¬´¯¢¶&Å®³	±´³	µ�¶�Àa³ÈÅ ±�¬�³¾¼�¹\±´³¾µ�¶�`a��V��OÀP��³È¶�»°¶CX�½¾³ÈÅ�T
† Y/»P«xµ�¶�±´¯¢«x±®»ª¬�Å®³�º�µ�¹�Å&��±®»°ÅO³È¶�±��¬®»ªÅ�Å�ªÅ



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} #CK

'©przÂ*tvxlästlb�d~`vx~`z(�[kxvxl]w��|n|qdi[~�nçvxl�z{l�q�k�n|qtsti]� l�qtst~`q�kxw � 8f^_1]C � >=8´N\16^_0�1,3�798 m ^LA &793K<ZNP8;W�C(8 � A+3KÏ,1xc�C I 1,3SC(3S8¬Á,±áA+<=:4WS<éY[2(8 m − 1 0`AR3BAR^ � 7S3S8;W 0�16243 >=8 c'8ON�798;243 φ ±rWS16<=7 24:�7S167BA+>C(8 m× |A| × (|A| − 1) +m− 1

G (�u�nZ}(~��Ql�qtm,l ) u�q�låm+�d~"b qdlåstl $ ~Vv&%Vp�} s�'gprvostvxlåz � A{C(M��V:4<=7S<X16:%C(8;WL^_1]C � >X8\W¬C(8^_M;>ZAR:4?,8;W©C(8{C�<XWK793K<X5(2(79<=1,:åC I 1,3SC(3S8 m ^_1,:'793S8Þ>=8;243j<X:VN\>=24WS<=1,:åCVA+:4W�>=8 ^�1�C � >=8{C(8 � AR3SÏ,1xcC I 1639C�3S8 m a
��w�� w�� � z�{�Û��#ú�� {�ú ýòÚ��OqBÿ�úV{�ú � � ü+rhz � {���ü4þ � �	ÿ���ú��
� 8�^_1]C � >=8�W I 8;^_04>=16<X82�Þ>=8\c,8;3�> IÄ� É�0�167 �4� WS8©C(8�WK7�Ao79<=1,:4:`AR3S<g79M�>=8�>=16:4?äC(8�>ZA�WSMOY[248;:VNP8©8;:ÎØAR<=W�AR:[7�c6A+3K<X8;3�>ZAä^�Ao793S<XN\8�C(8³7S3BAR:4WS<=7S<X16: 8;:%Îç16:VNP79<=16:èC(8�>ZAä0�1,WS<g79<=1,: CVA+:4W¬>ZAäWSMOY[248;:VNP8 a!�N � A+Y[248�0�16W9<g79<=16:³CVA+:(W�>ZA´WSMOY[248;:VN\86±V:41624W$AR243S16:4W�24:48@:(1,2(c,8;>X>=8@^�Ao793K<ZNP8@C(8�7S3BAR:4WS<=7S<X16:äT 3

φ(t)1F© φ 8;WK7@24:48_Îç16:VNP7S<X16:ä>=<X:(MxA+<=3S8_162ä0�16>gÉ�:41,^�<QAR>=8�C(8 t ad� 1624W@:41624WÛC(16:4:416:4W@24:48_^LAR793K<XN\8LC�8C(M;0`AR3K7 3
0
8P7 24:48 ^�Ao793K<ZN\8 C I AR3S3K<=c,M;8 3

1
0424<XW$:41624W 0`ARWSWS1,:4W C(8 > I 24:48 > I AR2(793K8 8;:�Îç16:VNP79<=16: C(8>ZA´0�1,WS<g79<=16: t CVA+:4W�>ZA´WSMOY[248;:VNP8 a�� AR:4W�>=8@NOARW�1F© φ 8\WS7�>X<=:4MxAR<X3K8,±V>=8�^_1]C � >=8@8;WK7�C(16:4:4M�0`AR3@T

3
t
n

=

(
1− t

n

) 3
0 +

t

n

3
1

ÂØ1F© n 8;WK7�<XN\<�>ZAf7BA+<=>=>X8@C(8�>QAfWSMOY[248;:VN\8oÃ a�	I M\792VC(8�8\7F> I <X:4ÎQM;3S8;:VNP8�C(8"798;>4^_1]C � >X8�8\WS7F> I 165ò�8\7!C(8�>QA$7 �4� W98�8;:LN\16243SW	C(8 � <ZNP1,>ZA+W � 8;3S?6:48 ∗ a
ÐN[@� � e�k l<sNe�k Ò of`ab�of`ji�q/_cq�Ò d�k Ò gPã�nH�Æ^�k Ò d�k � n�`��b��
��w$u�wxv ¡ ���(þ�ûÙ���(þxz	ÿØ{�ú��c���Fü��	û ÛR�(ü(úO�
� :b^_1]C � >=8�C(8 � AR3SÏ61oc Mm 0�1,WSW � C(8 (k − 1)km 0`AR3BAR^ � 793K8;W a�� 8;WÛ0`AR3BAR^ � 7S3S8;W@:48LWS16:[7?6M;:4M;3BAR>=8;^_8;:[7�0`ARW�N\16:4:]24W a�D :©WS8�043S160�16W98@C(8�>=8;W�8\WS7S<X^�8;3�0`AR3�^�A � <=^f24^ C(8�c�3BAR<=W98\^f54>ZA+:VN\8 a� 16243�N\8;>ZA(±416:©2(79<=>=<XWS8�>X8�>=8;^_^_8�WS24<gc6A+:'7ÛT

7 l�zbz{l # E  )M ô Òb·BÑRÒ4½�»È¼�ôPÔ9¿ ¸gÖ�Ó;ÑRÒr·\×Ø»�ÑRÒ
f : Rd → R

(x1, . . . , xd) 7→
∑d

i=1 ci log xi

Ñ��
(c1, . . . , cd) ∈ (R+)d

ÖRõ6¿B·
C =

∑d
i=1 ci 6= 0

ö"Ö+¸=ÑRÔB½
inf
x∈Γ

f(x) = f
(c1

C
, . . . ,

cd
C

)
.

Ñ��
Γ
¿�½P×!¸=¿�½�»çÕ�ßá¸=¿°�[¿@¶�ÒV»ç×íx¹

∗ º�»�¬!X�¶&»���X�»ª¶&µ�[Fµ�½	»�] «�¶&¬�Å:] Ç ¬



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} # "

Ï@vxl�u�}�lLE�� ALÎç16:VNP79<=16: f 8;WK7�N\1,:[7S<X:[248fW9243$>=8´N\1,^�0`A6NP7 Γ 8\7�AR7K798;<=:[7�C(16:VN WS1,:Þ^�<X:4<=^f24^ WS243
Γ 8;:©24:�N\8;3�7�AR<X: a ∈ Γ

a`D :©0�1,WS8
g : Rd → R

(x1, . . . , xd) 7→
∑d

i=1 xi − 1

N\8@Y[24<²0�8;3S^�8\7�C I MON\3S<=3S8 Γ = {x ∈ (R+)d, g(x) = 0} 8\7�16:©WBA+<g7$AR>=1,3KWO±4?,3��6N\8ÛAR2�7 � M;163 � ^�8@C(8;W8 � 7S3S8;^�Af>=<=M;Wx±VY'248 ∃λ ∈ R 798;>�Y[248 dfa = λdga
N I 8;WK7>��C(<=3S8�798\>dY[248

∂f

∂xi
(a) = λ

∂g

∂xi
(a) ∀i ⇐⇒ ci

ai
= λ ∀i

163�N\16^_^_8 a = (a1, . . . , ad) ∈ Γ ±4<=>d8;WK7$N\>ZAR<X3�Y[2(8 λ = C N\8ÛY[24<dC(1,:4:48@>=8@3SM;WS24>g7�Ao7�3S8ON � 8;39N � M a

 1,24W�>X8�^_1]C � >=8 Mm ±(>QA c�3BAR<=WS8;^f54>ZA+:VNP8ÛC(8;W�1,54WS8;3�c,Ao79<=16:4W�W I MONP3S<g7ÛT

L = log(µ0(x1, ..., xm)) +
n−m∑

i=1

log
3

(xi, ..., xi+m+1)

= log(µ0(x1, ..., xm)) +
∑

x1...xm+1∈A
n(x1...xm+1) log

3
(x1, ..., xm+1)

1F© µ0
8;WK7�>ZA�C(<=WS7S3S<=542(79<=16:³C(8;W m 043S8;^_< � 3K8;W�1654WS8;3Kc6Ao79<=1,:4W8\7 N(x1...xm+1) >=8�:41,^ 543S8@C I 1�N\N\243S8;:VNP8 C(2©^�167 x1...xm+1

a� :§2(7S<X>=<=WBA+:[7�>X8�>=8;^_^�8 ) a Á * ±é16:§165(79<=8;:[7�> I 8;WK79<=^�Ao798;243�C(2§^LA � <=^f24^ C(8jc�39A+<=WS8;^f54>ZA+:4N\8WS24<gc,AR:[7ÛT
ˆ3 (x1...xm+1) =

n(x1...xm+1)∑
y∈A n(x1...xmy)

,∀(x1...xm+1) ∈ Am+1

� <=:`AR>X8;^�8;:[7x±V> I 8;WK7S<X^�Ao79<=16:�C I 24:�^_1]C � >=8 C(8 � AR3SÏ,1xc©C I 1,3SC(3S8 m 2(7S<X>=<=W98@>=8;W$N\16^_0(7BA+?68;W�C(8;W^_1+79W�C(8�7BA+<=>=>X8;W m+ 1 ±VC(16:[7�16:�C(MOC(24<g7�M;?[AR>=8;^_8;:[7�N\8;2 � C�8�7BA+<=>=>X8 m a� 1+798;3�Y[248 > I 16:�W92(040�1,WS8�<XN\<²Y[248 791624W">X8;W�^_1+79W�C(8$7�A+<=>=>=8;W m A+040`AR3BAR<=W9WS8;:'7�A+2j^_1,<=:4W�24:48 Îç16<XW a� A+:4W >=8´NOARW�N\16:[7S3BAR<X3K8,±r16:Þ0�8;2(7�^�1,:[7S3S8;3 Y'248f> I 8;WK79<=^�Ao798;243 C(2Þ^�A � <X^ 24^ C(8 c�39A+<=WS8;^f54>ZA+:4N\8C(16:4:48@>ZAfc6AR>X8\243 * A+2©0VA+39A+^ � 7S3S8@N\163S3K8;WS0�1,:VCVAR:[7 a� 8;^LA+3SY[248_TÇ �FI 8;WK79<=^�Ao798;243 C(2Þ^LA � <=^f24^ C(8 c�39A+<=WS8;^f54>ZAR:VN\8f1,5�798;:]2Þ8\WS7$c6AR>QAR54>=8´^ � ^_8 WS<�>ZA�N � A10Z:48C�8 � AR3SÏ,1xc¬: I 8;WK7�0`ARW��´> I M\7BAR7�WK7BAR7S<X16:4:`AR<X3K8 aÇ � >é8\WS7@N\16243BAR:[7@C(8´WS24040�1,WS8;3�Y[248�>ZAjN � A&0Z:48_C(8 � A+3KÏ,1xc�8;WS7��¬> I M\7�Ao7�WK7�Ao79<=1,:4:`AR<=3S8,±�N I 8;WK7
�{C(<=3S8�Y[248©>QA{C(<=WS7S3S<=542(79<=16: C�8;W m 043K8;^_< � 3S8;WL>=8\7S7S3S8;W µ0

8;WK7L>ZAäC(<=WK793K<X542(7S<X16:�WK7�Ao79<=16: &:VA+<=3S8¬C(8�>ZA³N � A10Z:48 a�� AR:4WfN\8¬NOARWx±d> I 8;WK79<=^�AR7S8;243fC�2¡^LA � <=^f2(^�C�8�c]3BAR<XWS8;^ 54>QAR:VN\8¬C(1,<g70(3S8;:VC(3K8Û8\:³N\1,^�0(798�>X8@ÎØAR<g7$Y[248�>X8�7S8;3S^_8 µ(x1, ..., xm) 8;WK7�24:48@Îç16:VNP79<=16:�C(2�0VA+39A+^ � 7S3S83 a�� AÞN\1,:'793BAR<=:[798jWS243 µ 8;WS7�C(<¡�LN\<=>X8è�³043S8;:VC(3K8�8;:§N\16^_0(798j>=163SW_C(8j>ZA�^�A � <=^_<XWBAo79<=1,:



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} #RQ

C�8©>ZA�c]3BAR<XWS8;^f5(>QAR:VN\8 aF� MxAR:4^_16<X:(Wx±�>X163SW9Y[248�>ZAÞWSMOY[248\:VN\8©8;WK7�W92��_WBA+^�^_8;:[7�>X16:4?6248,±é>X87S8;3S^�8 log(µ(x1, ..., xm)) C(8\c�<=8;:[7�:4M\?,>=<=?,8xAR54>=8ÞC(8Pc,AR:[7�>ZAäC�8;2 � < � ^_8�0`A+3�79<=8³C(8�>ZA{>=1,? &c]3BAR<XWS8;^ 54>QAR:VN\8 a
��w$u�w�� ¢ ����ú�ü4û°þ�ÿ����(þÔz	ÿ {�ú �x�Ù{$þx����ü4þav�| �(þxzFÿ ���-���(þxzFÿ$ÿ��	þ#ü(ú {¤£ |$ÿ�úåýDÚ��Oq9ÿ�ú

{�ú � � ü+r�z � {t£+zFüò{�ü(ú
m� 163SW9Y[2 I 8;>=>X8L8 � <=WK798,±d>ZA�C(<=WK793S<=542(7S<X16:ÜWK7BAR7S<X16:4:`AR<X3K8 µ C I 24:(8¬N � A&0Z:48¬C(8 � AR3SÏ61oc{8\WS7 C(M��V:4<=80`AR3@T

∀x1, . . . , xm, xm+1 ∈ A ±
∑

x1∈A
µ(x1, . . . , xm)

3
(x1 . . . xm+1) = µ(x2, . . . , xm+1)

162�±(C(8 ^LA+:4< � 3S8 ^LAR7S3S<XN\<X8\>X>=8 8;:j2(79<=>=<XWBAR:[7�>=8$c'8ONP7S8;243�N\16>=1,:4:48 µ N\1,:'798;:`AR:[7�N\8\7K798�C(<=WK793K<X542�79<=1,: T
µT
3

= µT

� 8\7K798ÛC(<=WS7S3S<=542(79<=16:³8 � <=WK798@W9<È±48\7�WS8;24>X8\^_8;:[7�WS<È±V>ZA_N � A10Q:48@8;WK7�8;3S?61]C(<ZY'248 N\8ÛY[24<dWS8;3BA´?,M;:(M &3BAR>=8;^_8;:[7�>X8@NOARW�CVAR:4W�>X8;W�AR0404>=<ZNOAo79<=16:4W�?6M;:416^_<XY[248;W a� A{:4167BAR7S<X16: ^�Ao793K<ZN\<=8;>=>=8�<X:VC�<ZY[248�Y[248�>=8�c'8ONP7S8;243 µ 8;WK7¬>=8³c,8ONP798;243�0(3S1,0(3S8 �äC(3S16<=7S8ÞC(8>ZA©^�Ao793K<ZNP8 3 ARWSW91]N\<=M���>ZAjc,AR>=8;243Û043K1,043K8³Á ad� >F0�1,243K3BA�C�1,:VN � 7S3S8LC(M\798;3K^_<=:4Mß�©> I A+<XC(8�C I 24:48C(<ZA+?616:`A+>=<=W�Ao79<=16:¡C�8L^LAR7S3S<XN\8,±²1,2 �j> I AR<XC(8�C(8_>ZAj043S1]N\MOC(243S8LC IÄ� 3S:416>ZC(<FY[24< 0�8;3S^_8\7ÛC I 8 � 7939A+<=3S8<g79M;39AR7S<=c,8;^_8;:[7�>X8\W�c6A+>=8;243KWé8P7�c'8ONP7S8;243SW�043K1,0(3S8;WéC I 24:48E^�Ao793K<ZNP8�Â � 8 � 162VN;Y � 8\7 A+> a ±�ÁOÆ6Æ6Å[Ã a,� 8\7K798C(8;3K:4< � 3K8$WS1,>=2(79<=16:¬043SM;WS8;:[7S8$> I A;c6A+:[7BA+?68 C I � 793S8�5�8xAR2VN\16240j^_16<=:4W"N\13¥(798;24WS8$8;:L798;^_0(W"C(8 N;A+>XN\24> a� A�043S160�1,WS<g79<=1,: WS24<gc6A+:[7S8¡0r8\3S^_8\7{C I M\c�<g798;3 N\8P7S798¡M\7BA+0�8¢C(8§C�M\798;3S^�<X:`Ao79<=16:£C(8Üc'8ONP7S8;243043S16043K8,± CVA+:(W_>=8�N;A+W�1�©§>ZAÞ^�Ao793K<ZN\8©C(8j7S3BA+:(W9<g79<=16:H8;WK7_8\WS7S<X^�M;8�0`A+3´^�A � <X^ 24^ C�8�c]3BAR<XWS8;^ &54>ZA+:VNP8 a
Ï@vxp�� p�wxnZkonQprq # E  L ì²ÑR»ç×

X1, ..., Xn

¶]Òá¿_·�ï4Ö�,QÒá¿_¼'¿Ûø ÖRÔ¢÷6ÑRõj¼R7 ÑRÔB¼oÔB¿
m
ö�¿P×!½OÑR»|× 9̂ ¸�7 ¿�½P×|»çÕ�Ö+ò×¿P¶]ÔÞ¼R¶§Õ�Ö<�6»QÕ´¶]Õ ¼'¿©õxÔ9ÖR»Q½O¿�Õ
�;¸=ÖoÒá·B¿Þ¼'¿j½OÖ{Õ�Ö+×|ÔP»È·B¿Þ¼'¿�×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒr¹"º ¸=ÑoÔ�½BöÛ¸=Ö¡¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ½P×Ö+×|»�ÑRÒVÒrÖR»çÔ9¿´Öo½B½;Ñx·P»�íB¿¤s�¸=Ö�Õ�ÖR×ØÔP»È·B¿ 9̂ ¿B½P×�¼'ÑoÒVÒáíB¿"ßVÖRÔ�ç

∀(x1, ..., xm) ∈ Am, µ̂(x1, ..., xm) =
N(x1...xm)

n−m+ 1

Ï@vxl�u�}�lLE � M;3S<.�V1,:(W³Y'248 µ̂(x1, ..., xm) = N(x1...xm)
n−m+1

8\7 µ̂(x2, ..., xm+1) = N(x2...xm+1)
n−m+1

WS16:[7WS1,>=2(7S<X16:4W�C(8�> I MOY'2`AR7S<X16:�0�16243�79162(7 x1...xm+1 ∈ Am+1 T
∑

x1∈A
µ̂(x1, . . . , xm) ˆ3 (x1 . . . xm+1) = µ̂(x2, . . . , xm+1)



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} # ¤

WS1,24W�>ZA�N\16:[7939A+<=:[7S8 ∑
x1,...,xm∈Am µ̂(x1, ..., xm) = 1

a
D :³A�T ˆ3 (x1 . . . xm+1) = N(x1...xm+1)

N(x1...xm)
C(16:VN

∑

x1∈A
µ̂(x1, . . . , xm) ˆ3 (x1 . . . xm+1) =

∑

x1∈A

N(x1...xm)

n−m+ 1

N(x1...xm+1)

N(x1...xm)

=
N(x2...xm+1)

n−m+ 1
= µ̂(x2...xm+1)

8\7�16:³A´5(<X8;:
∑

x1,...,xm∈Am
µ̂(x1, ..., xm) =

∑

x1,...,xm∈Am
N(x1, ..., xm)/(n−m+ 1)

= 1

��w$u�wo� ¦ þ´��ú��)�]ú {�úGýRz	ÿ � ú�ü��Fú�ÿ$ýrú � ú²üò� �x��{$þx����ü4þ@v>| �(þxz	ÿØ���-���(þxz	ÿ�ÿ��	þü4ú
� AR:4W >ZAL04>=240`AR3K7�C(8;W$043S1654> � ^�8;W$7939A+<g79M\Wx±`>ZA�N\1,^�04>X8 � <=7SM´C(8 >ZALWS1,>=2(79<=16:Þ8;WK7 ?6M;:4M;39A+>=8;^_8;:[7AR2¢^�1,<=:4W´>=<=:4MxAR<X3K8©AOc,8ON�>QA©7�AR<X>=>=8 n C(8¬>QA�N � A&0Z:48 a �$I 8;WK7´>=8�N;A+WO±�0`AR3f8 � 8;^_0(>X8,±�C(2¢NOAR>ZNP24>�C(8>ZAÞc6A+3K<ZA+:VN\8�C(2H:41,^ 543S8�C I 1�N\N\243S8;:VN\8\W¬C I 24:H^_1+7�C(16:4:4M,±FCVAR:4W_24:48�N � A10Q:48�C(8 � A+3KÏ,1xcåÂÈNPÎ a0`AR3BAR?,39A+0 � 8 ) a Ú a Ú 0`A+?68@À6À[Ã aV� 163SW�C(8�>ZA´^_1]C(M;>=<XWBAo79<=1,:©?,M\:41,^�<ZY[2486±4>X8;W�WSMOY[248;:4N\8;W�N\16:4WS<ZC�M;3SM;8;W0�8;2(c,8;:[7 � 7S3S8"C(8">=16:4?,248;2(3SW <=^_0�163K7�AR:[7S8;W�ÂØ04>=24WS<=8;243SW C(<=ÌxAR<X:48;W C(8"^_<=>=>X<=8;3KW���04>=24WS<=8;243SW N\8;:[7BA+<=:48;WC(8�^_<=>X>=<=8;3SWFC(8�>=8\7K793S8;W�Ã�±,N\8�Y[24<(8;:[7S3BA10Q:48�C(8;Wé798;^_04WFC(8�NOAR>XN\24>=W	<=^_0�163K7BA+:[7SW a,� >48;WK7	C(16:VN"2(79<=>=8�C(8N � 8;3SN � 8;3���C(<X^�<X:]2(8;3!N\8P7S798�N\16^_04>=8 � <g79M a[� 1,243FN\8;>QA�±,1,:_W I <=:[79M\3S8;WSWS8���>QA$c�<=7S8;WSWS8�C(8�N\16:[c,8;3S?68;:VN\8C(8Þ>ZA¡N � A10Z:48 � AR3SÏ,1xc�c,8;3SWjWBAÜC(<XWK7S3S<=542(79<=1,:èWK7�Ao79<=1,:4:`AR<=3S8 a�� :è8��r8\7O±��Ü0`AR3K7S<X3jC I 2(:åNP8;3K7�AR<=:3BAR:4? k ±²>ZA¬^�AR7S3S<XN\8_C(8´7S3BAR:4WS<=7S<X16: 3 k 0�1,243K3BA � 793S8_A+04043K1�N � M;8_0`AR3�>ZAj^LAR7S3S<XN\8�WK7�Ao79<=1,:4:`AR<=3S8©T3 ∞ = limn→∞

3 n aá� AR:4W >=8´NOARW�C I 24:48fN � A10Q:48´C(8 � A+3KÏ,1xc³8;3K?,1]C(<XY[248,±r>ZAL^�AR7S3S<XN\8 3 ∞ 8\WS7 >ZA^�Ao793K<ZN\8_N\1,^_0�163K7BA+:'7Û>QA�C(<=WS7S3S<=542(79<=16:bWK7�Ao79<=16:4:`A+<=3S8_WS243ÛN � A6N\24:48LC(8_WS8;W@>X<=?6:48;W at� 8_043K1,54> � ^_88;WK7�C(16:VN�C(8@C(M\798;3K^_<=:48;3�N\8�3BAR:4? k 8;:�ÎQ1,:VN�79<=1,:�C I 24:48�043SM;N\<XWS<=1,: ε N � 1,<=WS<=8 Af043S<=1,3K< a� 8\7K798ÜY[2(8;WS7S<X16:G8;WK7�7939A+<g79M;8bC(8b^�AR:4< � 3S8ä7S3 � W³C(<ZCVA+NP7S<ZY[2(8Ü8\7ÞAR?,3KMxA+54>=8ÜCVA+:(W � 16WS8;:[7 � A+>ÂKÁ;Æ6Æ - ÃR�4>QA´5�163S:48@043K1,0�16WSM;8 A´M\7SM AR^_M;>=<X163SM;8@CVA+:4W�C(<.�rM;3S8;:'79W�7S3BA;c,AR2 � �416:©c'8;3K3BAf0`A+3�8 � 8;^�04>X8� 1,WS8;:'7 � AR>	Â )6*6*') ÃE162 � 8\É�:�A+:VC � Í"8;8OC(<=8LÂKÁ;Æ6Æ Ú Ã aV� AR:4W�24:48@N � A&0Z:48@C(8 � A+3KÏ,1xcj<=3S3KMOC(2VNP7S<X54>=88\7$AR0�M;3S<=1]C(<ZY'248,±V16:³A´>ZA´043S16043S<=M\7SM@WS24<gc6A+:[7S8LT
Ï@vxp�� p�wxnZkonQprq # E  -# ì`»t¶�Òr¿@·�ï4Ö�,çÒr¿Û¼,¿�ø{ÖRÔø÷,ÑRõ

X1, ..., Xn

¼87 ÑRÔ9¼RÔ9¿�ü§s_¿�½ ßVÖ'·B¿@¼87 í\×Ö+×|½�¼o»Q½O·PÔ9¿\×
A ð ÒV»!¿�½P×	»QÔPÔ9íB¼R¶V·\×Ø»��;¸g¿´¿\×�Ö9ßVíPÔ�»�Ñx¼R»�÷�¶`¿´¿\×"¼'¿@ÕLÖ+×ØÔ�»�·B¿´¼,¿Û×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ö²ß4ÑR¶�Ô@×ÑR¶�× n ∈ N ç

|| 9 n − 9 ∞||vt 6 C|β1|n



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} # J

Ñ��
β1
¿�½P×�¸gÖ�ßá¸J¶]½Eâ+Ô9ÖRÒá¼,¿�õ6Ö6¸g¿P¶�Ôéß�Ô9ÑBß�Ô9¿�¿PÒjÕLÑx¼R¶(¸=¿�¼R»Q½P×Ø»QÒá·\×¿�¼,¿?üf¼'¿$¸gÖÛÕLÖ+×ØÔ�»�·B¿�¼,¿�×ØÔ9ÖRÒ4½�»|×|»�ÑRÒ

9¿\× || • ||vt ¼'íB½�»Xâ+Òá¿Û¸=Ö¬¼R»Q½P×ÖoÒá·B¿´¿PÒ�õ6ÖRÔ�»�ÖR×Ø»�ÑRÒ × Ñ+×Ö6¸=¿ ∗¿\× 9 ∞ = limn→∞ 9 n¿\×!¸=Öj·BÑRÒ(½P×ÖRÒ`×¿"ßVÑx½�»|×Ø»çõ+¿
C = 1

2

∑
x∈ACx

Ñ��

Cx =

|A|∑

m=2

|amvm(x)|

ÖRõ6¿B·
v1, ..., v|A|

¿�½P×"¶]Òá¿¥�BÖo½O¿_¼'¿ õ6¿B·\×¿P¶]Ô�½�ß�ÔBÑ9ß�Ô9¿�½¨s�¼RÔBÑo»|×¿L¼,¿�¸gÖ¬Õ�Ö+×ØÔ�»�·9¿ 9 ö�·BÑRÔPÔ9¿�½ ßVÑoÒá¼'ÖRÒV×Ô9¿�½ ßV¿B·\×Ø»Qõ6¿PÕ�¿�Ò`×"ÖR¶��Lõ6Ö6¸=¿P¶]Ô�½Eß�ÔBÑ9ß�ÔB¿�½
beta1 = 1,
beta2, ..., βA¿\×

(a1, ...., a|A|)
¿�½P×!¸=Ö�½OÑ6¸ ¶(×Ø»�ÑoÒb·BÑRÕ�ßá¸=¿°�]¿�¶�ÒV»È÷P¶`¿´¼'¿Û¸�7 í9÷P¶`Ö+×Ø»ÈÑRÒ

µ1 = a1v1 + ...+ a|A|v|A|

¸=ÑRÔB½O÷P¶V¿
µ1

¿�½P×E¸gÖj¼R»Q½P×|ÔP»���¶(×Ø»�ÑoÒb¼'¿
X1

ö

� 8�3SM;WS24>g7�Ao7L<=:VC(<XY[248�Y'248©>ZA�c�<g798;WSWS8©C(8�N\16:[c'8\3S?,8\:VN\8©8;WK7_8 � 0�16:48;:[7S<X8\>X>=8�0`AR3�3BAR040�163K7�A+2^_1]C(24>=8ÛC(8�>ZA�C(8;2 � < � ^_8�c6AR>X8;243�043K1,0(3S8@C(8�>QAf^�AR7S3S<XN\8@C(8�7939A+:4WS<g79<=16: a� : 043BAo79<XY[2486±á<=>é043KM;WS8;:[798�C�8;2 � <=:VN\1,:'c'M;:4<=8;:[7SW a²� 8f043S8;^_<=8;3�N\1,:4WS<=WK798N�¬C(8\c,1,<=3�NOAR>XN\24>=8;3�>ZAC(8;2 � < � ^�8�04>=24W!?63BAR:VC(8�c6AR>X8\243!0(3S1,0(3S8�8;:L^_1�C(2(>X8 a]�è� ^_8�W I <=>`8 � <XWK7S8$C(8;WEA+>=?61,3K<=7 � ^_8;W!8���NOA+N\8;WÂ � 8 � 162VN;Y � 8\7 A+> a ±�Á;Æ,Æ6Å'ÃP±+N\8\7S7S8E1,0�M;39AR7S<X16:´3S8;WK798E:4MOA+:4^_16<=:4W N\1©¥(7S8;24WS8"8\:�NOAR>ZNP24> a+� 8"C(8;2 � < � ^�8043S1654> � ^_8�8;WK7�>QA´C(M\798;3K^_<=:`AR7S<X16:�C(8�>ZA�N\16:4WK7�AR:[798 C �VN\8�0�16<=:[7�3S8\c � 7�^_16<X:4W�C I <=^_0�163K7BA+:VN\8@NOAR3N\8\7K798@N\16:4WK7�AR:[798�: I 8;WK7�<X:+*V248\:[798@Y[248�0�1,2(3�C(8;W�c6AR>X8\243SW�C(8 n Î|A+<=54>=8 a� 8�3SM\W924>g7BAR7EWS24<gc6A+:[7O±]C+¥�� � 1]165 Â�ÁOÆ - À[Ã�±[M\c�<g798$N\8;W!043S1654> � ^�8;W a]� >`WS8 C(M\^_1,:'793S8�C(8$^LA+:4< � 3S8043S165`AR54<=>X<=WK798@8;:©2(79<=>=<=W�AR:[7�C(8;W�798ON � :4<XY[248;W�C(8@N\162404>ZA+?68;W�C(8�c,AR3S<ZAR54>=8;W$A+>=MxAo7916<X3K8;W a
Ï@vxp�� p�wxnZkonQprq # E  ), ì²ÑR»ç×é¶�Òá¿Û·�ï(Ö�,çÒá¿Û¼'¿$ø ÖRÔ¢÷6ÑRõ

X = X1, ..., Xn

¼87 ÑRÔ9¼RÔ9¿�üªsL¿�½ ßVÖ'·B¿@¼R7 íP×Ö+×|½
A ¼'¿$ÕLÖ+×ØÔ�»�·B¿@¼'¿ ×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ¹ X ¿B½P× × ¿;¸ç¸=¿@÷P¶_7 »Ø¸²¿ª�6»Q½P×¿$¶�Ò©Ô9íB¿;¸

β
×¿;¸Q¸=¿@÷P¶`¿ 9 (x,A) > βζ(A)ßVÑR¶]ÔÛ×ÑR¶�×

x ∈ A ¿\×�ßVÑo¶�ÔÛ×ÑR¶�×�¿PÒ4½O¿PÕ¥�;¸=¿@ÕL¿�½�¶�Ô9Ö��;¸=¿´¼'¿
A ⊆ A ¿\×	¶�Òá¿´¼R»Q½P×|ÔP»®�P¶(×Ø»�ÑoÒ

ζ
½�¶]Ô A ¹ô ÒäÖjÖ6¸gÑRÔB½"ßVÑR¶]ÔÛ× ÑR¶(×

n ∈ N ç

|| 9 n − 9 ∞||vt 6 (1− β)n

Ñ�� || • ||vt ¼'í�½�»Xâ+Òr¿ ¸=Ö¬¼R»Q½P×ÖRÒr·B¿´¿PÒ�õ6ÖRÔ�»�Ö+×|»�ÑRÒÞ×Ñ+×Ö6¸g¿¿\× 9 ∞ = limn→∞ 9 n ¸=Öj¼R»Z½P×ØÔ�»��P¶(×|»�ÑRÒ�½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿x¹
∗ S-¯�·&³ÈÅ ±Ô¯¢¶&«�»j»°¶ º�¯ø¬�³ ¯²±�³¾µ�¶�±�µ¢±Ô¯ø½¾»�»ª¶�±�¬®»P·1»ª¹C�«Y�¯²±�¬�³È«x»ªÅO·1»j±�¬´¯¢¶&Å®³	±´³	µ�¶ P »x± Q »ªÅ ±�·&µ�¶&¶1�»F[F¯²¬ D(P,Q) =

1
2

∑
u,v∈{a,c,g,t} |P (u, v)−Q(u, v)|



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} ,CM

� A³04>=24W´?63BAR:VC(8¬c6AR>X8\243�C�8 β W�Ao79<=WSÎØAR<XWBAR:[7´>X8;W´N\1,:4C(<=7S<X16:4W�C(8¬>QA³043K1,0�16WS<=7S<X16:¢043KMON\MOC(8;:[7S8j8;WK7C(16:4:4M;8@0VA+3
β =

∑

y∈A
min
x∈A

3
(x, y)

�$I 8;WK7 �fC(<=3K8�Y[248 β 8\WS7"WS<=^_04>=8;^_8;:[7">QAÛWS16^_^_8 C(8;W"^_<=:4<X^LAfC(8�N � A6Y'248�N\1,>=16:4:48�C(8$>QAÛ^�Ao793S<XN\8C(8�7939A+:(W9<g79<=16: a� :äC(8;W�043S1654> � ^_8;W@C(8_NP8\7S798_AR04043S1]N � 8�8;WK7@Y[248 β 8\WS7�Î|A6N\<=>=8;^_8;:[7�:]24>é8;:{0(3BAo79<XY[248,±²NOAR3�<=>WS2��_7 Y[2 I <=>FÉäAR<=7Û24:48L043K1,5VA+54<=>=<=7SM¬C(8_7S3BAR:4WS<=7S<X16:b:]24>=>=8�CVA+:4W N � A6Y'248�N\1,>=16:4:48�C(8L>ZA©^LAR7S3S<XN\8 a� 1]165§ÂKÁ;Æ - À'Ã�WS24?6? � 3S8´CVAR:4W�NP8´NOARW�C(8fN\1,:4WS<XC(M;3S8\3 >ZA¬N\16:[c,8;3S?68;:VN\8´C(8 3 n0 ±áA;c'8ON n0
N � 16<=W9<�C(8ÎØA � 16:2� N\8�Y[248�791624W">=8;W"M;>XM\^_8;:[79W"C(8 3 n0 W916<g7�WK793K<ZN�798;^_8;:'7"0�1,WS<g79<=Î#±�8P7�C(8$3S8;^�04>QA+N\8;3E>QA@c6A+>=8;243C(8 n C(8�>ZA´043S160�16W9<g79<=16:�0`AR3 n/n0

a
8 A²l(zä���QlÜ�dD :�N\16:4WS<XC � 3S8@>ZA´^LAR7S3S<XN\8@C(8�793BAR:4WS<=7S<=1,:©WS24<=c6AR:[798_T

3
=




0.2 0.2 0.3 0.3 0
0.4 0 0.3 0.3 0
0.2 0.2 0.4 0.1 0.1
0.2 0.1 0.3 0.1 0.3
0.2 0 0.5 0.3 0




D :äA 1 − β = 1 − (0.2 + 0 + 0.3 + 0.1 + 0) = 0.4 8\7�>ZA¬C(8;2 � < � ^�8´04>X2(W�?63BAR:VC(8 c,AR>=8;243043S16043K8�8;:�^�1�C(24>=8�c,AR2(7 |β1| = 0.31

� 1,24W@:41624W@043S160�16W916:4WÛC(8_?,M;:4M\3BAR>X<=WS8;3ÛN\8_3SM\W924>g7�Ao7fAR2bNOARWÛC(8LN � A10Z:48�C�8 � A+3KÏ,1xc{C I 1,3SC(3S8WS240�M;3S<=8;243��´Á a'� 163SW9Y[248�> I 16:_W I <=:[79M\3S8;WSWS8���24:48�N � A10Z:48 X C I 1639C(3K8 m > 1 ±,>ZA�043K8;^_< � 3S8�3SMOA6NP7S<X16:N\16:4WS<XWK798�?6M;:4M;3BAR>=8;^_8;:[7���C(M��V:4<=3 >QA�N � A10Q:48¬C(8 � A+3KÏ,1xc Y C I 1639C�3S8�ÁLMOY[24<gc,AR>=8;:[798ÞÂÈN\Î a 0`A+39A &?63BAR0 � 8 ) a À a ÁÛ0`AR?68¬Á;Å'Ã aá� 8\7K798Û1,0�M\3BAo79<=1,:�±�CVAR:4W�:4167S3S8 NOARWO±�N\16:VC(24<g7:��24:48@c,AR>=8;243$C(8 β :]24>=>X8,±NOAR3�N � A+Y[248�N\16>=1,:4:48�C(8´>ZA¬^�Ao793K<ZNP8�C(8f793BAR:4WS<g79<=1,:{C(8 Y 0�1,WSW � C(8´:4MON\8;WSWBA+<=3S8;^�8;:[7�24:48fc6A+>=8;243C(8�7939A+:(W9<g79<=16:�:]24>=>=8 aV� 8�3SM;WS24>g7�Ao7�WS8�793K1,2(c,8@CVA+:4W�>ZA´043S160�16W9<g79<=16:�WS24<=c6AR:[798 a
Ï@vxp�� p�wxnZkonQprq # E  @ ì²ÑR»ç×d¶�Òá¿$·�ï4Ö�,QÒá¿ ¼'¿"ø{ÖRÔ¢÷6ÑRõ

X = X1, ..., Xn

¼R7 ÑoÔB¼RÔ9¿
m
s ¿�½ ßVÖ'·B¿$¼R7 í\×Ö+×|½

A ¼'¿$ÕLÖ+×ØÔ�»�·B¿@¼'¿ ×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ¹ X ¿B½P× × ¿;¸ç¸=¿@÷P¶_7 »Ø¸²¿ª�6»Q½P×¿$¶�Ò©Ô9íB¿;¸
β
×¿;¸Q¸=¿@÷P¶`¿ 9 (x,A) > βζ(A)ßVÑR¶]Ô�×ÑR¶(×

x ∈ Am ¿\×�ßVÑR¶�Ô�×ÑR¶�× ¿PÒ(½O¿PÕ
�;¸g¿�ÕL¿�½�¶�Ô9Ö��;¸g¿¬¼'¿
A ⊆ A ¿\×�¶�Òr¿¬¼R»Z½P×ØÔP»®�P¶(×Ø»ÈÑRÒ

ζ
½�¶]Ô

A ¹ ô ÒäÖjÖ6¸=ÑoÔ�½EßVÑR¶�Ô@×Ño¶(× n ∈ N ç
|| 9 n − 9 ∞||vt 6 qmn (β)

Ñ�� || • ||vt ¼'í�½�»Xâ+Òr¿ ¸=Ö¬¼R»Q½P×ÖRÒr·B¿´¿PÒ�õ6ÖRÔ�»�Ö+×|»�ÑRÒÞ×Ñ+×Ö6¸g¿¿\× 9 ∞ = limn→∞ 9 n ¸=Öj¼R»Z½P×ØÔ�»��P¶(×|»�ÑRÒ�½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿¿\×
qmn (β)

¼'í�½�»=â+Òá¿Û¸=Ö�ß�Ô9Ñ��BÖ��P»|¸J»|×íf¼R7 Ñ���½O¿PÔ�õ6¿PÔfÖR¶`·�¶�Òá¿�½�¶�»|× ¿´¼'¿
m
½�¶V·B·øô�½f·9ÑRÒ4½OíB·P¶�×Ø»ñÓ9½ ¼'ÖRÒ4½�¶�Òá¿½�¶�»ç×¿´¼'¿

n
õ6ÖRÔ�»�Ö��;¸=¿�½ ¼'¿�Ð�¿PÔ�ÒáÑR¶(¸ç¸J» »çÒr¼'íßV¿PÒr¼'ÖRÒ`×¿�½ ¼'¿"ßVÖRÔ9ÖRÕ
ôP×ØÔB¿

β
¹

Ï@vxl(u²}rlLEr� AÛ043S8;2�c'8 W I <=:4WS04<=3S8�C(8 >ZA C(M;^_16:4WK793BAo79<=16:jÎç16243S:4<=8�CVA+:(W � 16WS8;:[7 � A+>éÂKÁ;Æ,Æ - Ã	CVAR:4W>=8fN;A+W$C I 24:48 N � A10Q:48 C(8 � A+3SÏ61xc�C I 1639C(3K8¬Á ar� >X>=8fNP1,:4WS<=WS7S8á�_C(M��V:4<=3 C(8;2 � N � A&0Z:48;W C(8 � AR3SÏ,1xcC I 1639C�3S8 m > 1 C(8"^ � ^_8E^�AR7S3S<XN\8�C(8E7S3BAR:4W9<g79<=16: 3 �+>ZA$WS8;24>=8�C(<¡�rM;3S8\:VN\8�8;:'793S8�NP8;WFC(8\2 � N � A&0Z:48;W



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} ,� 

C(8 � A+3KÏ,1xcÛ3SM;WS<XC(8�CVAR:4Wé>ZA�>=1,<(C�2´0�16<X:[7 C(8"C(M;0`AR3K7 a6� :f8��r8\7x±R>=8E0�1,<=:[7 C(8"C(M;0`AR3K7 C(8">ZA�0(3S8;^_< � 3S8N � A10Z:48	8;WK7t<=WSWS248!C I 24:48F>X16<[Y[248\>ZN\16:VY[2486±RA+>=163SWtY[248F>=8	0�16<X:'7�C(8	C(M;0`A+3�7�C(8F>ZA�C(8;2 � < � ^_8	N � A10Z:48	8;WK7<=W9WS248�C(8�>ZA´C�<XWK793K<X5(2(79<=1,:�WK7�Ao79<=16:4:`A+<=3S8�N\16^_^f24:48�fNP8;W�C(8;2 � N � A10Q:48\W a4� AfC(8;2 � < � ^_8�N � A10Z:48�WS8793K1,2(c,8"C(16:VN���> I M\7BAR7éWK7BAR7S<X16:4:`AR<X3K8,±+N I 8\WS7P�$C(<=3S8"Y[248 P [(Zi, Zi+1, ..., Zi+k) = (zi, zi+1, ..., zi+k)]:48@C(M;0�8;:VC�0`A+W�C(8 i a
 16<=7�>=8@N\162404>=8 (Xk, Zk), k ∈ N C(M��4:4<dC(8@>ZA´Î|A � 16:©W92(<=c6AR:[798_T
• (X0, ..., Xm−1) WS24<=7�24:48@C(<XWK7S3S<=542(79<=1,:�Y[248;>XN\16:VY[248 µ0

• 8\7 (Z0, ..., Zm−1) W924<g7�>ZA�C(<=WK793K<X542(7S<X16:�WK7BAR7S<X16:4:`AR<X3K8ÛC(8�>ZA�N � A10Z:48 X :4167SM;8 µ∞ aD : C(M��V:4<g7�M;?[AR>=8;^_8;:[7�>ZAÜWS24<g798 C(8�c6A+3K<QAR54>=8;W�AR>XMxAo7916<=3S8;WO±E<X:VC(M\0�8;:VCVA+:'798;W�8\7�<XC(8;:[7S<ZY[2(8;^_8;:[7C(<=WK793S<=5424M;8;W@T
∀i ∈ N, Ui ∼ U!8\3S:41624>X>=< (β)

a
� 1,:VC(<g79<=16:4:48;>=>X8;^�8;:[7�� (Xk−m, ..., Xk−1) 8\7 (Zk−m, ..., Zk−1) ±'>ZA@C(<XWK7S3S<=542(79<=1,:�C(8 (Xk, Zk)

8;WK7>ZA´WS24<=c6AR:[798_T
A'Ã¬WS< Uk = 1 AR>X163SW z 8;WK7�7S<X3KM�WS8;>X16:©>QA´C(<XWK793K<X5(2(79<=1,: ζ(.) 8\7 Xk = Zk = z5�Ã¬WS< Uk = 0 AR>X163SW Xk

8\7 Zk W916:[7�7S<=3SM;8;W�<X:4C(M;0�8;:VCVAR^_^_8;:[7$A;c'8ON�T
P(Xk ∈ A|Xk−m...Xk−1, Uk = 0) =

3
(Xk−m...Xk−1, A)− βζ(A)

1− β

P(Zk ∈ A|Zk−m...Zk−1, Uk = 0) =

3
(Zk−m...Zk−1, A)− βζ(A)

1− β� : WS<X^_04>=8_NOAR>XN\24> ^_16:[7S3S8�Y[248�> I 1,:bA¬54<=8;: P(Xk ∈ A|Xk−m...Xk−1) =
3

(Xk−m...Xk−1, A)ÂÈC(8j^ � ^_8j0�16243 Zk Ã a � 8©NP8\7S798jÎØA � 1,:²±é>=8;W�W924<g798\W X0, ..., Xk
8\7 Z0, ..., Zk

N\16:4WK79<g79248;:[7�54<=8;:C(8;2 � N � A&0Z:48;W�C(8 � AR3SÏ,1xcjC I 1,3SC(3S8 m C(8�^ � ^�8�^�Ao793K<ZN\8�C(8 793BAR:4WS<=7S<X16: 3 aV� 8�04>=24WO±(<X>rÉ�Af24:(8043S165`AR54<=>X<g79M β �jN � A+Y[248´798\^_04W k 0�16243@Y'248�>=8;W@C(8;2 � N � A&0Z:48;W�043K8;:4:48;:[7�>QA¬^ � ^_8fc,AR>=8;243 ad
 <N\8;>ZA´WS8�043S1]C(24<=7 m Îç16<=W�C(8�WS24<g798,±`AR>=1,3KW�16:�N\1,2(04>X8@>=8;W�C(8;2 � N � A10Z:48;W a
 16<=7 T >X8�043K8;^_<=8;3�<=:4WK7�AR:[7�1F© UT−m+1 = ... = UT = 1
a�D :�C�M��V:4<g7

Yk =

{
Zk

WS< k 6 T
Xk

WS< k > T

� A$N � A10Q:(8 (Xk, Yk)
C(M��V:4<g7 24:�NP1,2404>ZAR?,8�AOc,8ON T N\16^_^_8E7S8;^_04WéC(8�N\162404>ZA+?68 a'D :´0�8;2(7 3KM;MON\3K<X3K8>ZA�C(<=WS7BA+:4N\8@8;:�c6AR3S<ZAR7S<X16:©7S167BA+>=8@N\1,:VNP8;3S:4M;8,±VC(8�>ZA´^�AR:4< � 3S8�WS24<=c6AR:[798_T

|| 3 n − 3 ∞||vt = ||L(Xk)− L(Yk)||vt� A�7 � M;1,3K<X8¬WS243f>=8;Wf7S8;^_04W´C(8jN\162404>QAR?68j:41,24Wf0�8;3S^_8\7´C(8¬^�A��#163S8;3 >QA�C(<=WK7�AR:VN\8j8;:Üc6A+3K<QAo79<=16:791+7�AR>=8@8;:'793S8�C(8;2 � >X16<=WÛT
||L(Xk)− L(Yk)||vt 6 P(Xk 6= Yk)8\7

P(Xk 6= Yk) 6 P(T > k)



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} ,R#

D 3O± T 8\WS7ÛARWSW91]N\<=M�AR2 043S8;^_<=8;3 798\^_04W�1F©{8;WK7�1654WS8;3Kc'M´24:48´W924<g798�C(8 r Á´WS2VN;N\8;WSWS<=ÎçW@CVA+:4W�24:(8WS24<g798@C(8ÛU!8;3S:(1,24>=>=<d<=:VC(M;0�8;:VC4A+:[7S8;W$C�8@0`AR3BAR^ � 7S3S8 β ±416:³A�C(1,:4N P(T > k) = qmn (β)
a
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qrn(β) = qrn−1(β)− βr(1− β)qrn−r−1(β)

A;c'8ON�N\16^_^_8 c,AR>=8;243SW�<X:4<g79<ZAR>X8\W T { 1 WS< n < r
1− βr WS< n = r� 8;>=>X8\3 Â�ÁOÆ6Å Ù Ã"C(16:4:48�>X8@N\16^_0�1,3�798;^�8;:[7$ARWKÉ�^_0(7S167S<ZY'248@8;: n C(8ÛNP8\7S798�0(3S165`A+54<=>=<=7SMLT

qrn(β) ∼ 1− βx
(r + 1− rx)(1− β)

1

xn+1

Â ) a ÁxÃ
1F© x 8;WK7�>ZA´WS8;24>=8�3BA+N\<X:48�0�16W9<g79<gc'8@C(2©0�1,>gÉ�:416^_8@C(8@C(8;?63SM r WS24<gc6A+:'7ÛT

p(x) = (1− β)
r−1∑

k=0

βkxk − 1


 1,24>=<=?,:416:4W�Y[2(8	>=8;Wt3SM;WS24>g7�Ao79Wt165(798\:]24Wj��> I AR<ZC(8!C(8	N\8\7K798EAR04043S1 � <=^�Ao79<=1,:@W916:[7tM\7S1,:4:VA+^_^�8;:[7043SM;N\<XWO±�^ � ^_8 0�16243 n 0�8\7S<g7@ÂÈN\Î a >ZAÛ7BA+54>=8 ) a ) N\< & C(8;WSWS1,24W�Ã a�� 8;W�AR04043K1 � <=^�Ao79<=16:4W�WS16:[7�165(798;:[248;W�´> I A+<XC(8ÛC(8�> I MOY'2`AR7S<X16: ) a Á a
r = 2 r = 3 r = 4

n q2
n(0.5)

� 04043K1 �áa 8;3S3K8;243 q3
n(0.5)

� 04043S1 �²a 8;3K3S8;243 q4
n(0.5)

� 0(043S1 �²a 8;3S3K8;243) * a e6- * a e Å6Å6À * a * Á;Å,ÀÀ * a Å )6- * a Å )+*6* * a *6*6Ù,* * a Ù[e+- * a Ù6Ù+Ú Å * a *,* Æ eÚ * a -6*6* * a -6* Á;Å * a *6* ÁOÅ * a Ù Á ),- * a Ù Á;À - * a *,* Á6Á * a Æ6À e+- * a Æ Ú Á;Æ * a *,*+Ú,Ú- * a Ú'* Å ),- * a Ú'*,-+Ù * a *6*6*'- * a e6- * a eoÚ,Ù') & * a *,* Á Ù * a Æ * Å )6- * a Æ *[eRÙ * a *,* Á -
�h�j��� ) a ) Ç � 3S165`A+54<=>=<g79M�8 � A+NP798�8\7"AR04043S1]N � M;8�WS8;>=1,: � 8;>=>X8\3 ÂKÁ;Æ6Å Ù Ã C(8�: I 1654WS8;3Kc'8;3EAR2VN\24:48�WS24<g798C(8 r Á�N\16:4WSMON\2(79<=ÎçWECVAR:4W	24:48�WSMOY[2(8;:VN\8$C(8�7�AR<=>X>=8 n C(8$U!8\3S:41624>X>=<`<X:VC�M;0�8;:VCVAR:[798;WEC(8�0VA+39A+^ � 7S3S8
β = 0.5
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= l(z{~Vv&(�udl # E  �K à	¿\×È×¿EÔ9¿PÕ�ÖRÔ9÷P¶V¿�Ö	ßVÑo¶�Ô��P¶�×�¼'¿Fâ[ÖOâRÒá¿PÔ�¿PÒL× ¿PÕ$ß`½�¼'¿�·BÖ6¸=·�¶4¸Cù�Õ�ÖR»Z½�¼'¿tßV¿PÔ9¼RÔ9¿¿PÒ�ß�Ô9íB·P»Q½�»�ÑoÒFþ ¿PÒ í�õx»|×ÖRÒV×@¼'¿�·�ï4¿PÔ9·�ï4¿PÔ�¸=¿�½_ÔBÖ,·P»çÒá¿�½j¼R7 ¶]ÒÞßVÑ6¸ ã+ÒBlRÕL¿©¼'¿�¼'¿ â+Ô9í
r
¹ Ý Ò%¿�õ$¿\×|ö$¸=Öß�Ô9ÑBßVÑo½�»ç×Ø»�ÑRÒ ú(¹ ü1ú�â[ÖoÔBÖRÒV×Ø»|×�÷P¶`¿¬¸=Ö{¼o»Q½P×ÖRÒr·B¿�¿PÒ¢õ6ÖRÔ�»�Ö+×Ø»ÈÑRÒH×Ñ+× Ö6¸=¿�¿PÒ`×ØÔ9¿ 9 n ¿\× ¸=Ö{¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ½P×Ö+×|»�ÑRÒVÒrÖR»çÔ9¿�¿�½P× ¼'¿$¸=Ö!Ó;ÑoÔPÕL¿?ç

aγn
¹L�ÛÖRÒ4½�¸=¿�·BÖo½ Ñ��

m = 1
ö�¸=Ö�ß`ÔBÑBß4Ño½�»|×Ø»ÈÑRÒfú(¹+ü�i_¼'ÑRÒVÒá¿

a = 1¿\×
γ = 1 − β ¹Pæ�ÑR¶]Ô r > 1

ö�ÑRÒ©ß�Ô9ÑBßVÑx½O¿´»�·P»�¼'¿�¼,í\×¿PÔ�Õ´»QÒá¿PÔ�·B¿B½fõ6Ö6¸=¿�¶�ÔB½
a
¿\×
γ
Ö�ð Ò§÷P¶w7 ¿;¸ç¸g¿�½·BÑ�¬QÒá·P»�¼'¿�Ò`×�ÖRõ+¿B· ¸=¿B½"ß�Ô9¿PÕ´»È¿PÔB½@×¿PÔ�Õ�¿B½f¼'¿Û¸=Ö�½OíPÔ�»�¿

qmn (β)
¹ô Òä·BÑRÒ4½�»È¼�ôPÔ9¿ ¸g¿�½@×ØÔ9ÑR»Q½Eß�ÔB¿PÕf»�¿PÔB½�×¿PÔPÕL¿�½�ç

aγ = qmm(β)

aγ2 = qmm+1(β)

aγ3 = qmm+2(β)

à	ÑoÕ´ÕL¿
m > 1

ö�¶�Ò ½B»çÕ$ßr¸=¿ ·BÖ6¸g·P¶4¸��BÖo½Oí�½�¶]Ô³¸=Ö_Ó;ÑRÔ�Õ�¿©Ô9íB·P¶�ÔB½�»çõ6¿Þ¼'¿
qrn
¼'ÑRÒ4Òá¿

qmm+1(β) =
1− βm − βm(1− β)

¿\×
qmm+2(β) = 1− βm − 2βm(1− β)

¹�ótÖfõ6Ö6¸=¿P¶]Ô ¼'¿
γ
¿�½P×E¼'ÑoÒVÒáíB¿!ßVÖRÔ@¸g¿Ô9ÖBß'ßVÑRÔP×�¼,¿�·B¿�½´¼,¿P¶���÷P¶VÖRÒ`×Ø»ç×í�½?�ÑRÒb¿PÒÜ¼'í9¼R¶�»|×�¿�Ò4½�¶�»ç×¿f¸=ÖLõ6Ö6¸g¿P¶�Ô´¼'¿

a
¹�ót¿�½�Ô9í�½�¶4¸ × Ö+×|½�½OÑRÒ`×E¸=¿�½½�¶�»Qõ6ÖRÒ`×|½�ç

γ = 1− βm(1− β)

1− βm − βm(1− β)

a =
[1− βm − βm(1− β)]3

[1− βm − βm(1− β)]2

I p�vxpá�|�Q~`nçvxl # E  "£ìáÑR»|×E¶�Òr¿L·Bï4Ö�,çÒr¿_¼'¿Ûø{ÖRÔø÷,ÑRõ
X = X1, ..., Xn

¼R7 ÑRÔB¼oÔB¿
m

s©¿�½ ßVÖ,·B¿_¼R7 í\×Ö+×|½
A ¼'¿$ÕLÖ+×ØÔ�»�·B¿@¼'¿ ×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ¹ X ¿B½P× × ¿;¸ç¸=¿@÷P¶_7 »Ø¸²¿ª�6»Q½P×¿$¶�Ò©Ô9íB¿;¸

β
×¿;¸Q¸=¿@÷P¶`¿ 9 (x,A) > βζ(A)ßVÑR¶]ÔÛ×ÑR¶�×

x ∈ A ¿\×�ßVÑo¶�ÔÛ×ÑR¶�×�¿PÒ4½O¿PÕ¥�;¸=¿@ÕL¿�½�¶�Ô9Ö��;¸=¿´¼'¿
A ⊆ A ¿\×	¶�Òá¿´¼R»Q½P×|ÔP»®�P¶(×Ø»�ÑoÒ

ζ
½�¶]Ô A ¹ô ÒäÖjÖ6¸gÑRÔB½"ßVÑR¶]ÔÛ× ÑR¶(×

n ∈ N ç
|| 9 n − 9 ∞||vt 6 C(1− βm)n

Ñ�� || • ||vt ¼'í�½�»Xâ+Òr¿ ¸=Ö¬¼R»Q½P×ÖRÒr·B¿´¿PÒ�õ6ÖRÔ�»�Ö+×|»�ÑRÒÞ×Ñ+×Ö6¸g¿¿\× 9 ∞ = limn→∞ 9 n ¸=Öj¼R»Z½P×ØÔ�»��P¶(×|»�ÑRÒ�½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿�ö¿\×
C
¿�½�×	¶�Òr¿´·BÑRÒ(½P×ÖRÒ`×¿O¹

Ï@vxl�u�}�lLE�� A 043S8\2(c'8�8;WK7L<X^�^_MOC(<ZAR7S8�8;:�2(79<=>=<XWBAR:[7�>=8;W�0(3S160r16WS<g79<=1,:4W ) a Á Ú 8\7 ) a Á ) a!� :H8��á8\7O±
qmm(β) = 1− βm a
��w$u�wmu ¢ þ�����üVþav�|��4þÔz	ÿ {�ú�� ÿ�z	û®v$ü(ú�� {¤£+z�ýáý�|�ü(ü(ú�ÿ$ýrú {�ú ûÙz���� {��Fÿ>� |�ÿ�ú

ýDÚ���qBÿ�ú {�ú � �Fü+rhz �
D :äW I <=:[79M\3S8;WSWS8_<XN\<��j>ZA�C(<XWK7S3S<=542(79<=1,:f�#1,<=:[7S8LC(8 (NW1, NW2 , ...) 1F© Wi

8;WK7@24:{^_1+7ÛC(8 hi>=8\7S7S3S8;W!8\7 NWi 8\WS7!>ZA�c,AR3S<ZAR54>X8 AR>XMxAo7916<=3S8�M;?'A+>=8 A+2�:416^f543K8$C I 1�N;NP243S3S8\:VN\8;W"C(8�N\8�^_1+7ECVA+:4W!24:48WSMOY[248;:VNP8�C(8f>=1,:(?,248;243 n a�� N\8\7S7S8f1�N;NOARWS<=1,:�±r>X8´N;A+>XN\24>éC(8f> I 8;WS0�M;39A+:VN\8´C(8´N\8;W :41,^ 543S8;WO±áAR<X:4WS<Y[248@C(8�>=8;243SW�N\1xc6A+3K<QAR:VN\8;W�8;WK7�C�M\7�AR<X>=>=M a
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� 8�5(2(7	C(8�N\8�0`AR3BAR?,39A+0 � 8�: I 8;WK7F0`ARWFC(8�043KM;WS8;:[798;3é24:48�3K8\c�248�C(8E79162(798;W >=8;W	A+04043K1 � <X^LAR7S<X16:4W8 � <=WK7�AR:[798;WdC(8FN\8\7S7S8	C�<XWK793K<X5(2(79<=1,:�±;^�AR<=Wd04>=2(7°Ö67tC I <X:'793S1]C(24<=3S8	Y'248;>XY[248;Wd3SM;WS24>g7�Ao79WdY[24<6:41,24W�WS8;3S16:[72(79<=>=8;W�0�16243�>QA�WS24<g798 a�� 16243$A;c'16<X3�04>X2(W$C(8 C�M\7�AR<X>=W�WS243�>=8;W�3KM;WS24>=7BAR7SW�043KM;WS8;:[79M;W�162³WS243�C I AR2(793S8;WWS8Þ3SM;ÎçM;3K8;3O±E0`AR3j8 � 8;^�04>X8,±�� � 8;<=:48;3�7�8\7�A+> a Â )+*,*6* ÃP± � 1,5(<X:�AR:VC 
 N � 5`Ao7 � Â )+*,* ÁoÃL8\7 � 1654<=:AR:VC � AR2VC(<=:GÂ�ÁOÆ6Æ,Æ'Ã a � 248;>�Â )+*,*+Ú ÃÛW I <X:'79M;3S8\W9WS8è��>ZA C(<=WK793S<=542(7S<X16:�C�8�N\8\WLN\16^_0(7BA+?68;WLA��4:�C(8C(MON\162(c�3K<X3�C(8;WL^_167SW�C(1,:'7�>QA Îç3SMOY'248;:VN\8³8\WS7L8 � N\8;0(7S<X16:4:48;>=>=8;^_8;:[7¬M;>=8\c,M;8³162%Î|A+<=54>=8�CVAR:4W�>=8;WWSMOY[248;:VNP8;W¬54<=1,>=1,?6<XY[248;W��	24:48�N\1,^�0`A+39A+<=WS1,: C(8�C(<.�áM;3K8;:[798\W�AR04043S1 � <=^�Ao79<=1,:4W�8;WK7¬043SM;WS8;:[7SM;8Â�N\8\7K798�1�N\NOA+WS<=1,: a� 8\WF3KM;WS24>=7BAR7SWF0(3SM;WS8;:[7SM;WF<XN\<(W916:[7 043S<=:VN\<=0`A+>=8;^_8;:'7	<=WSWS24W	C�8�> I 162(c�39A+?68�C(8#x¢Ao798;3K^�AR:�ÂKÁ;Æ6Æ - ÃP±:41+7�AR^_^_8;:[7�>=8�7 � M;163 � ^_8�W924<gc6A+:'7ÛT
4 ��i]p�vC��z{l # E  �Q ù 7 prnaS\prn|q�kxlbstl]w�m6pázä��kx~4y`l]w�þ¬ì²ÑR»|×

X
¶]Òá¿L·�ï4Ö�,çÒr¿�¼'¿ ø{ÖRÔø÷,ÑRõ_½P×Ö+×Ø»ÈÑRÒ`òÒáÖR»QÔB¿�ö!»QÔPÔ9íB¼R¶`·P×Ø»��;¸=¿_¿\×�ÖBß4íPÔP»ÈÑx¼R»�÷P¶V¿_¼R7 ÑRÔ9¼RÔ9¿¥ü,¹�ì²ÑR»|× W = {w1, ..., wm}

¶]Ò¡¿PÒ4½O¿PÕ¥�;¸=¿_¼'¿ ÕLÑ+×|½¿\×
N = (Nw1 , ..., Nwm)

¸=¿P¶�Ô�·BÑRÕ�ßr×ÖOâ[¿�¼'ÖRÒ4½j¶�Òá¿�½OíB÷P¶V¿PÒá·B¿�¼'¿³¸=ÑRÒ]â+¶`¿P¶]Ô
n
¹"º$¸=ÑRÔB½Bö

n−1N¿�½P×�Öx½�ã+Õ�ßr×Ñ+×Ø»È÷P¶`¿PÕL¿PÒ`×_â[ÖR¶[½B½�»�¿PÒ ¼'¿bÕ�ÑRã'¿PÒVÒá¿
ν
¿\×�¼'¿ÜÕLÖ+×ØÔ�»�·B¿H¼'¿H·BÑoõ6ÖRÔ�»�ÖRÒá·B¿

n−1Σ
¹ ì`»

det(Σ) 6= 0
ö"Ö6¸=ÑRÔB½

n1/2Σ−1/2(N/n− ν)→d N (0, 1)Ñ��
ν = limn→∞ n−1 (E(Nw1), ...,E(Nwm))
Σ = (σij)ÖRõ6¿B·

σij = limn→∞ n−1 à	Ñoõ (Nwi , Nwj)

I ~��çm[ut�!stlÞ�´'=l]wO� i]vx~`qtm,l
D :%NP1,:4WS<XC � 3S8�C(8;2 � ^_1+79W U 8\7 V C(8©>=16:4?,248\243SWL3S8\W90�8ON�79<gc'8;W k 8\7 l ±é8\7L24:(8³N � A&0Z:48�C(8� A+3KÏ,1xc X WK7�Ao79<=1,:4:`AR<=3S8�C I 1,3SC(3S8 m C(8j>=16:4?,248;2(3 n a D :¢WS24040�16WS8 l > k > m

a�� 8;W´NOA+>XN\24>=WC(8;WÛ^_16^_8;:'79W@3S8;0�16WS8;:[7ÛW9243@>=8LÎ|A+<g7 Y[248³T NU =
∑n−k+1

i=1 Y U
i
1�© Y U

i
8;WK7 > I <=:VC(<XNOAo793S<XN\8�C(8L>ZA043SM\W98;:4N\8ÛC(2©^_1+7 U �´>ZA´0�16W9<g79<=16: i CVAR:4W X a

∀i = 1, ..., n− k+ 1, E(Y U
i ) 8;WK7E>QA�043S165`A+54<=>=<=7SM C I AR040`AR3S<g79<=1,:jC(2�^_1+7 U a]� A@N � A10Z:48$M\7�AR:[7WK7�Ao79<=1,:(:`A+<=3S8,±416:³A�T

E(Y U
i ) = E(Y U

0 ) = µ(u1...um)
k−1∏

j=m

3
(uj−m+1...uj, uj+1)

D :�8;:�C(M;C(24<=7ÛT
E(NU) = (n− k + 1)µ(u1...um)

k−1∏

i=m

3
(ui−m+1...ui, ui+1)

� 16243�>=8	NOAR>XN\24>'C(8F>ZA�N\1xc6A+3K<QAR:VN\8,±;:41624W�A;c'16:4Wd5�8;WS16<=:ÛC(8FN\1,:4:`A10X793S8 ∀i = 1, ..., n−k+1, ∀j =
1, ..., n− l + 1, E(Y U

i Y
V
j )
a
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= l�m6páu²}dvxl�z{l(q�kbstl%stl�uOA°z{p`kxw � 8�NOAR>XN\24>"8;WK7�3S8\:VC(2¢04>X24W�C(<.��N\<=>=8�0`A+3f>X8jÎØAR<g7_Y[248j>=8;W^_1+79W U 8\7 V 0�8;2(c'8;:'7�W98 vxl]m,pru�}dvRnçv[a� 16:4WS<ZC(M;3K1,:(W_> I 8 � 8;^_0(>X8�WS24<gc,AR:[7©T U ¯ �#A+5rN;C)�B± V ¯ �N;C(8¢��8P7 W ¯ � � < � � a � :48�WSMOY[248\:VN\8©C(8>=1,:4?6248;243 - 0�8;2(7ÛN\1,:'798;:4<=3�24:48�Îç16<XW�>=8�^_167 U �F� 24:48�ÎQ1,<=W�>X8�^_1+7 V �²<=> WS2���7ÛC I A��#162(798;3�>ZA>=8\7S7S3S8��#8�� AR2³^_1+7 U ar� A+3�N\16:[793K8,±`<=>t: I 8;WK7$0`ARW�0�1,WSWS<=54>X8ÛWS243�24:48ÛWSMOY[248\:VN\8fC�8fN\8P7S798@>X16:4?6248;243C I 165(7S8;:4<X3@Á�Îç16<XW�>=8@^_1+7 U 8\7ÛÁ�Îç16<XW�>=8@^_1+7 W a� 8ON\<!8;WK7´C+¥¢AR2¡Î|A+<g7´Y[248 U 8P7 V WS8�3S8ONP1,2(c�3K8;:[7O±�N I 8;WK7��³C(<=3S8¬Y[248�>ZA2�V:¢C�2¡^_1+7 U 8;WK7M;?'A+>=8�AR2bC(M;542(7ÛC(2ä^�167 V ad� 8;^�AR39Y'241,:4WÛY'248LN\8\7K798�:4167S<X16:ä: I 8;WK7Û0`ARW@WKÉ�^_MP793S<XY[248 atD :äC(16<=7M;?'A+>=8;^_8;:'7L043KMON\<=W98;3�WS243_N\1,^ 54<X8\:�C(8©0�16WS<=7S<=1,:4W_>X8;W�^_167SW_WS8�3S8ON\162(c�3S8\:[7 a � 163S^�8;>X>=8;^_8;:'7x±é1,:C(M��V:4<g7�>=8 *�nQkLstl�vxl]m,pru�}dvxl�z{l�q�k C(8@C�8;2 � ^_167SW U 8\7 V �f>QAf0�1,WS<g79<=1,: j ± βU,V (j) 798;>�Y[248_T
βU,V (j) =

{
1 WS< U1+j = V1, ..., Uk = Vk−j
0 WS<=:41,:� A�7BA+54>=8 ) a Àj0`AR?68_À - C�1,:4:48�24: 8 � 8;^_0(>X8�C(8_NOAR>ZNP24>FC(8;W�5(<=7SW@C(8�3K8ON\162(c�3S8;^�8;:[7�0�1,243�>=8;W^_1+79W U 8\7 V aV� 8;W�54<g79W�C(8@3K8ON\162(c�3S8;^�8;:[7�C(8 W AOc,8ON W WS1,:'7ÛT βW,W = (1, 0, 1)

a
�h�j��� ) a À�Ç ��� 8;^_04>=8EC(8!NOA+>XN\24>�C(8!5(<=7SW�C(8!3S8;N\1,2(c]3S8;^_8;:'7 A;c'8ONF>X8;W�^_1+79W U ¯ �#A+5rN\C)�	8\7 V ¯ �N;C(8��� * Á ) ÀAR>X<=?6:48;^_8;:'7

a b c d

c d e

a b c d

c d e

a b c d

c d e

a b c d

c d e

β(j)
* * Á *

I ~��çm[ut�!stl]wLz{prz{l(q�kxw_s�'=p�vos�vxl #
� 1,24WÛAR>=>X16:4W@<XN\< NOA+>XN\24>=8;3�>QAjN\1xc6A+3K<ZA+:VN\8_C(8;W�:416^f543K8;W@C I AR040`AR3S<g79<=1,:4W@C(8_C(8;2 � ^_167SW@C(<.�rM &3S8;:'79WO±6>ZA$c6AR3S<ZA+:VN\8�C(2_:(1,^ 543S8�C I AR040`AR3S<g79<=1,:_C I 24:�^_1+7F8;:�8;WK7F24:_NOARWF0`AR3K79<XN\24>=<=8;3 a,�FI 8 � 043K8;WSW9<=16:C(8EN\8\7K798	c6A+3K<QAR:VN\8E: I M\7�AR:[7�0`A+W�04>=24W�WS<=^_04>=8EY[248!> I 8 � 043S8\W9WS<=1,:fC(8!>QA�N\1xc,AR3S<ZAR:VN\8,±oW98\24>X8!>ZA�Îç163S^f24>=8C(8�>ZA�N\1xc6A+3K<QAR:VN\8@8;WK7�C(1,:4:(M;8 arD :©165(7S<X8;:'7�Î|A6NP<X>=8;^_8;:'7 V(NU) =

� 1xc (NU , NU)
aD :b2(79<=>=<XWS8L>=8L54<g7 C(8L3K8ON\162(c�3S8;^�8;:[7 0�16243ÛNOA+>XN\24>=8;3Û> I 8;WS0�M;39A+:VN\8�C(8 Y U

i Y
V
j

a�D :bC(<XWK7S<X:4?6248C(8;2 � NOARWjTdWS1,<g7f>=8;WfC(8;2 � ^_167SW´AR040`A+39A+<=WSWS8;:[7��³C(8;W 0�16W9<g79<=16:4W 798;>=>=8;W´Y[2 I <=>XW W916:[7Û791+7�AR>X8;^�8;:[7WSM;0`AR3SM;WLÂ k 6 j − i ÃP±áWS1,<g7@<=>XW�WS8�3S8ON\162(c�3K8;:[7�Â j − i < k Ã�8\7@16:äC(1,<g7@043K8;:VC(3S8�8;:äN\16^_0(7S8�>X8;W>=8\7S7S3S8;W�3S8;WK7�AR:[7S8;W�C(2³C(8\2 � < � ^_8�^_167@T� 16243 k 6 j − i ±
E(Y U

i Y
V
j ) = E(Y U

i )p(j−i−k+1)
uk−m+1...uk,v1...vm

j+l−1∏

s=j+1

3
(vs−m...vs−1, vs)

� 16243 i 6 j 8\7 j − i < k ±
E(Y U

i Y
V
j ) = βU,V (j − i)E(Y U

i )

i+k−j+l−1∏

s=i+k

3
(vs−m...vs−1, vs)
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1�© pnw1...wm,w′1...w
′
m

8;WK7F>ZA$043S165`A+54<=>=<g79M�C I AR>=>X8;3FC�2�^_167FC(8"7BA+<=>=>X8 m w1...wm
A+2�^_1+7 w′1..., w′m8;: n 0`ARW aV� 163S^_8;>=>=8;^_8;:'7x±

pnw1...wm,w′1...w
′
m

= P(Xn+m = w′1, ..., Xn+2m−1 = w′m|X1 = w1, ..., Xm = wm)


 < X 8;WK7�C I 1,3SC(3S8_Á6±416:³A pnw1,w2
=
3 n(w1, w2)

D :�8;:�C(M;C(24<=7�>ZAfc6AR>X8;243�C�8� 1oc (Y U
i , Y

V
j ) = E(Y U

i , Y
V
j )− E(Y U

i )E(Y V
j )

=





E(Y U
0 )
{
βU,V (j − i)∏i+k−j+l

s=i+k

3
(vs−m...vs−1, vs)− E(Y V

0 )
} WS< 0 6 j − i < k

E(Y V
0 )
{
βV,U(i− j)∏j+l−i+k

s=j+l

3
(us−m...us−1, us)− E(Y U

0 )
} WS< 0 6 i− j < l

E(Y U
0 )
{
p

(j−i−k+1)
uk,v1

∏j+l−1
s=j+1

3
(vs−m...vs−1, vs)− E(Y V

0 )
} WS< k 6 j − i

E(Y V
0 )
{
p

(i−j−l+1)
vk,u1

∏i+k−1
s=i+1

3
(us−m...us−1, us)− E(Y U

0 )
} WS< l 6 i− jD :�NOAR>XN\24>X8Û8;:4WS24<g798@>QA_N\1xc6A+3K<QAR:VN\8 C(8;W�:41,^ 543S8;W�C I AR040`AR3S<g79<=1,:4W$C(8 U 8\7$C(8 V C(8@>QA�Î|A � 16:WS24<gc,AR:[798_T

� 1xc (NU , NV ) =
� 1oc (n−k+1∑

i=1

Y U
i ,

n−l+1∑

j=1

Y V
j

)

=
n−k+1∑

i=1

n−l+1∑

j=1

� 1xc (Y U
i , Y

V
j )

U!8xA+24N\1,240�C(8�7S8;3S^_8;WE16:[7">ZAÛ^ � ^�8�c6A+>=8;243"CVAR:4W�N\8\7K798 C(162454>=8 WS1,^_^�8 a(� :¬8��á8\7O±]>ZA N � A10Z:48M\7�AR:[7¬8;:%3SM\?,<=^_8�WK7BAR7S<X16:4:`AR<X3K8,±�� δ � � M,± δ = 0, ..., n − l ±F79162(798;W�>X8\W � 1xc (Y U
i , Y

V
i+δ)

0�1,243
i = 1, ..., n − k − δ + 1 WS1,:[7 M;?[AR>=8;WO±á>=8´:416^f543K8´C(8 798;3S^�8;W M;?[AR2 � M\7�AR:[7 n − k + 1 − δ a²� :ÎØAR<=W�AR:[7�>ZA´^ � ^_8�3K8;^�A+3SY[248�0�16243 � 1oc (Y V

i , Y
U
i+δ)

±416:©3SM;MON\3K<=7@T
� 1xc (NU , NV ) = (n− l + 1)× � 1oc (Y U

1 , Y
V

1 ) +
n−l∑

δ=1

(n− l + 1− δ)× � 1xc (Y U
1 , Y

V
1+δ) +

n−k∑

δ=1

(n− k + 1− δ)× � 1xc (Y V
1 , Y

U
1+δ)

8 q%��vx~(kon+(�udlLE�E E
� AR:4W´>=8;W�AR0404>X<XNOAo79<=16:4W´?,M;:416^_<XY[248;WO±�>ZA³>=1,:4?6248;243 n C(8¬>ZA�N � A10Z:48j0�8;2�7 � 793K8�793 � WfM;>=8\c'M;8 a� AR3 N\16:4WSMOY[248;:'7�>=8´NOAR>XN\24>éC(8f>ZA�N\1xc6A+3K<QAR:VN\8f8;:[7S3S8 >X8\W :41,^ 543S8;W C I 1]N;N\243S3K8;:VN\8;W�C(8´C(8\2 � ^_1+79W8;WK7�3S8;>ZAo79<gc'8;^_8\:[7�>=16:4?äÂ|8;: o(n) Ã a²� :Þ798\:`A+:[7�NP1,^_0(7S8�C(2ÞÎØAR<=7�Y[248f>ZA�043SMON\<=WS<X16:{C(8;W�:416^f543K8;W3S8;0(3SM;WS8;:[7SM;W�0`AR3�> I 1639C(<=:`Ao798;243�8;WK7�>=<=^_<=7SM;8,±416:©0�8;2(7�ÎØAR<X3K8@>=8@NOAR>ZN\2(>�8;: o(1)
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� :Ü8��r8\7O±t>=8�NOA+>XN\24>EC�8�>ZA³NP1oc6AR3S<ZA+:VN\8�8\:[793S8�C(8;2 � :41,^ 543S8;W C I AR040`AR3S<g79<=1,:4W ÎØAR<=7 <=:[798\3Kc'8;:4<=3� 1oc (Y U
1 , Y

V
1+δ)

ar� 8\7S7S8ÛN\1xc6A+3K<QAR:VN\8�798;:VC�c,8;3SW * Y[2`AR:VC δ 798;:VC�c'8\3SW +∞ a`�FI 1,39C�<X:`Ao798;2(3�N\1,:4WS< &C(M;3K8;3BAÞN\16^_^_8j:]24>=>=8©N\8;W_NP1oc6AR3S<ZA+:VN\8\W_0�16243 δ > δ0
0�16243�24:§N\8;3�7�AR<X: δ0

a�� >": I 8;WK7_C(16:VNj0`ARW:4MON\8;WSWBAR<X3K8ÛC(8�ÎØAR<=3S8�c,AR3S<=8;3�>ZA´WS16^_^_8�W92(3 δ C(8LÁ� n− l ±(^�AR<XW�C(8_Á� min(δ0, n− l)
a� 8¬043S1654> � ^_8j8;WK7�C(16:VN¬>=8jWS24<gc6A+:'7©T 
 <E> I 1,:¡:4167S8 ε >ZA³043SMON\<=WS<=1,:§C(8¬>QA³^�A+N � <=:48¬2(79<=>X<=WSM;8ÂØ?6M;:4M;39A+>=8;^_8;:'7x±²N\8´:(1,^f5(3S8´8;WK7�C(8´> I 1,3SC(3S8�C�8 10−16 ÃP±áY[248\>X>=8´8;WS7�>ZA�c6A+>=8;243�WS8;24<=> δ0
7S8;>=>X8�Y[2480�16243 79162(7 δ > δ0

±t>ZA�3S8;043KM;W98\:[7�Ao79<=1,:¡8\:¡^�A6N � <X:(8jC(8 � 1oc (Y U
1 , Y

V
1+δ)

0�8;2�7 � 793K8jN\16:4WS<ZC(M\3SM;8N\16^_^_8�:[24>X>=8�°
� 1xc (Y U

1 , Y
V

1+δ) = E(Y U
1 Y

V
1+δ)− E(Y U

1 )E(Y V
1+δ)D :�N\16:4WS<ZC � 3K8 δ > k ±VC(16:VN

E(Y U
1 Y

V
1+δ) = E(Y U

i )p(δ−k+1)
uk−m+1...uk,v1...vm

j+l−1∏

s=j+1

3
(vs−m...vs−1, vs)

= E(Y U
i )p(δ−k+1)

uk−m+1...uk,v1...vm
E(Y V

1+δ)/µ(v1, ..., vm)

D :�A´C(1,:VN�> I MOY'24<=c6AR>X8\:VN\8@W92(<=c6AR:[798_T
� 1xc (Y U

1 , Y
V

1+δ) = 0⇐⇒ p(δ−k+1)
uk−m+1...uk,v1...vm

= µ(v1, ..., vm)

� :äN\8�Y[24<é:41,24W@N\16:VN\8;3K:48,±²:41624W�043SM;ÎQM;3S8;3K1,:4W�<XN\<È±²> I AR04043S1]N � 8�2(79<=>=<XWBAR:[7@>ZAjWS8ON\16:VC(8´c6AR>X8;243043S16043K8 a,� 8"N � 16< � 8;WK7�^_1+79<gc'M!0`AR3�>=8EÎ|A+<g7éY[2 I <=>]8 � <=WS7S8"C(8;W AR>=?,163S<g7 � ^�8;W�8���N;A6N\8;WéC(8E3K8ON � 8;3SN � 8"C(8c6A+>=8;243KW�043K1,043K8;WO±]8\7�Y[2 I 24:48 WS16>X2(7S<=1,:j04>=24W"043SMON\<=WS8�8\WS7"Îç16243K:4<X8 a�� <=:`AR>=8;^_8;:[7O± δ0
8;WK7">QAÛWS1,>=2(79<=16:C(8�> I MOY'2`AR7S<X16:�WS24<gc,AR:[798�8;: δ T

ε = C|β1|δ−k+1

C(1,:VN δ0
8;WK7�M;?'A+>=8��jT

δ0 =
log ε− logC

log (|β1|)
+ k − 1

k C(M;WS<=?,:48@CVAR:4W�N\8\7K798�Îç163S^ 24>X8�>ZAf>X16:4?6248;243�C(2©^�167�>X8�04>=24W�>X16:4? a� 8�7�AR54>=8xA+2 ) a Ú 043SM;WS8;:[7S8�C(8\WEc6A+>=8;243SW"C(8 δ0
0�1,243"C(8;WE^�AR7S3S<XN\8;W"C(8$7S3BAR:4W9<g7S<X16:j8;WK79<=^_M;8;WEWS243>=8;W�?,M\:41,^_8\W�NP1,^_0(>X8\7SW�C(8@Y'248;>ZY'248;W�1,3K?[AR:4<=WS^_8;WÛÂ�A;c'8ON k = 1 Ã aV� 1,2(W�AOc,1,:4W�N\16:4WS<ZC(M\3SM�<ZN\<�Y[2(8>ZAfN\1,:4WK7BA+:[7S8 C c6AR>QAR<g7@Á aV� 8\7K798$c,AR>=8;243�8;WK7�C(8 > I 1,3SC(3S8�C(8�N\8�Y[24<á8;WK7�1,5(W98;3�c'M;8 8;:�0439AR7S<ZY'248�WS243C(8;W�WSMOY[248;:VN\8\W�?,M;:416^_<XY[248;W a

±¬kRn|�|nçw;~4konQprq stl¡�Q~�w;i�vonçlÜstl�w©��utn|wOw;~`qtm,l]w©stl²� � A¬WS16>X2(7S<=1,:{043SM;WS8;:'79M;8�043KMON\MOC(8;^_^�8;:[70�8;3S^�8\7 C I AR04043S1 � <=^_8;3$C(8Û^�A+:4< � 3K8 WS2��LWBAR^_^_8;:[7�043SMONP<XWS8 >=8;W�c6A+3K<QAR:VN\8;W C(8;W N\16^_0(7�AR?68;W CVAR:4W>=8;W�NOARWt3KM;8;>=WO±oN I 8;WK7j��C(<X3K8!Y'248F>QA�Y'2`A+:'79<g79MF:4M;?,>=<=?,M\8	3S8;WK798F?6M;:4M;3BAR>=8;^_8;:[7d793 � WdÎØAR<X54>=8 ao� MxAR:4^_16<X:4WO±> I 8;3K3S8;243!NP1,^_^�<XWS8�W9243F24:48�WSMOY[2(8;:VN\8$C(8�7�AR<X>=>=8 n 798;:VC�c'8\3SW	> I <=:��V:4<`>=1,3KW9Y[248 n 7S8;:VC�c'8;3KW	> I <=:��V:4< a



# E @ E_�Ludl��+(�udl]w_��vxp���vRnQi[kOi]w_stl]w_m+�d~"b qdl�w�stl $ ~Vv&%Vp�} , ¤


 MOY[248;:VN\8 \ D 39C(3K8 Á ) À Ú -. <gc Á;Å ) Æ Ú'- Å6À Ù6Ú
 A+N;N � AR3S16^ É�N\8;W � 8;3S8\c]<XWS<ZA+8 Á - )6Ù -+* -6) Å *U"A+N\<=>X>=24W 
 245(7S<X>=<=W Á Ù À ) Ú,Ù Å ) Å )� WBN � 8;3S<XN � <ZA � 16>=< Á e ) Æ -6- - Æ Å e
�h�j��� ) a Ú Ç 3 248;>ZY'248;W 8 � 8;^_04>=8;W C(8Ûc6AR>X8\243SW C(8 δ0

0�16243$C(8;W N � A10Z:48;W�C(8 � AR3SÏ61oc©8;WK7S<X^_M\8 WS243C(8;W�WSMOY[248;:VN\8\W�C IÄ��� � 8\7�24:48�043SMON\<=WS<X16:�^LA6N � <X:48@C(8 ε = 10−16 Â�A;c'8;N�Ï ¯ ÁxÃ a
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∑n

k=1

3 k 8\7 ∑n
k=1 k

3 k a
Ï@vxp�� p�wxnZkonQprq # E  ¤£ì²ÑR»ç×

X
¶]Òá¿Þ·Bï4Ö�,çÒr¿Þ¼,¿�ø ÖRÔ¢÷6ÑRõ�»çÔ�ÔBí9¼R¶`·\×Ø»®�;¸=¿�¼R7 ÑRÔ9¼RÔ9¿ÂüÜ¼'¿�ÕLÖ+×ØÔ�»�·B¿�¼'¿×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ¹ ô Ò�ÒrÑ+×¿ 9 i ¸=Ö ième ß�¶]»Q½B½OÖRÒá·9¿Û¼'¿ 9 ¿\× 9 ∞ = limn→∞ 9 n ¹ ô Ò Ö´¸=¿�½$Ô9í�½�¶4¸J×Ö+×|½½�¶�»Qõ6ÖRÒ`×|½�ç

n∑

k=0

9 k = (I − 9 n+1 + 9 ∞)(I − 9 + 9 ∞)−1 + n 9 ∞ Â ) a ) Ã
n∑

k=1

9 k = ( 9 − 9 n+1)(I − 9 + 9 ∞)−1 + n 9 ∞ Â ) a À'Ã
n∑

k=0

k 9 k = (n 9 n+2 − (n+ 1) 9 n+1 + 9 )(I − 9 + 9 ∞)−2 +
n(n+ 1)

2
9 ∞ Â ) a Ú Ã

Ï@vxl(u²}rlLE�D : 3BA+0(0�8;>X>=8Þ>X8\Wj3SM;WS24>g7�Ao79WjWS24<gc,AR:[7SW�CVAR:4Wj>X8ÞNOA+W¬1�© I − A 8;WK7�2(:48Þ^�Ao793S<XN\8<=:[c'8;3KW9<=54>=8 a I C(M;WS<=?,:48�>QAf^�Ao793S<XN\8�<XC(8;:[7S<=7SM a∑n
k=0 A
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3 ∞

=
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3 k =
∑n

k=0(
3 − 3 ∞)k + n

3 ∞� Af^�AR7S3S<XN\8 I − (
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3 − 3 ∞) :48_0�16WSW � C(8�AR2VN\24:48c6A+>=8;243�043K1,043K8@:[24>X>=8 aD :äAR0404>=<XY[248´>X8f3SM;WS24>g7�Ao7�WS243 >=8;W�WSM;3S<=8;W�C(8´^LAR7S3S<XN\8;W�M;:(1,:VN\M´043KMON\MOC(8;^�^_8;:[7�0�1,243$793K1,2(c,8;3 >X83SM;WS24>g7�Ao7 a

� 16243�>=8ÛC(8\2 � < � ^_8�3SM;WS24>g7�Ao7x±VN\8\>QA�C(16:4:48_T
∑n

k=1

3 k = (
3 − 3 ∞)(I − (

3 − 3 ∞)n)(I − 3
+
3 ∞)−1 + n

3 ∞
= (

3 − 3 n+1 +
3 ∞ − 3 ∞ +

3 ∞ − 3 ∞)(I − 3 +
3 ∞)−1 + n

3 ∞
= (

3 − 3 n+1)(I − 3 +
3 ∞)−1 + n

3 ∞
� 16243�^_16:[793K8;3�>=8´793K1,<=WS< � ^_8_3KM;WS24>g7�Ao7x±²16:{2(79<=>X<=WS8_>=8�ÎØA+<g7ÛY[248©T ∑n

k=0 k
3 k =

∑n
k=0 k(

3 −3 ∞)k +
3 ∞∑n

k=0 k
a'� ��8;:VN\163S8,±'16:LW I A+040424<=8�WS243F>QA�WSM;3S<=8�C(8 ∑n

k=0 k(
3 − 3 ∞)k 0�1,243 793S162(c'8\3>=8@3KM;WS24>=7BAR7 a

= l(z{~Vv&(�udl # E  J à	¿"ÔBí�½B¶4¸ ×ÖR×(ßV¿�¶(×á½17 í\× ¿PÒá¼RÔ9¿�ÖR¶��f·�ï4Ö�,QÒá¿�½�¼'¿Eø{ÖoÔ¢÷,Ñoõ�¼R7 ÑRÔ9¼RÔ9¿E½�¶oßVíPÔ�»�¿P¶]Ô«s�ü,¹
ódÖ_ÕLÖ+×ØÔ�»�·B¿f¼'¿@×ØÔBÖoÒ4½�»|×Ø»ÈÑRÒ 9 ½;¿PÔBÖ¬Ö6¸gÑRÔ�½@¸=Ö�Õ�ÖR×ØÔP»È·B¿´·BÖoÔPÔ9íB¿fÑ��\×¿�ÒV¶`¿f¿PÒä·BÑRÒ4½B»�¼'íPÔ9ÖRÒ`×!¸=Ö¬·�ï4ÖG,çÒá¿¼'¿�ø{ÖRÔø÷,ÑRõ�¼87 ÑRÔ9¼RÔ9¿�ü�íB÷P¶�»çõ+Ö6¸=¿PÒ`× ¿
ù�·x¹ Ó;¹VßVÖOâ[¿áüg³²þ,¹
� 2¬0�16<=:[7�C(8�c�248 C(8�>QAÛN\16^_04>=8 � <g79M,±�NP8\7S798�^_M\7 � 1�C(8$:4M;N\8;WSW9<g798�7S3S16<XW!7É�0�8;WEC I 160�M;3BAo79<=1,: a�� 8043S8\^_<X8\3�N\1,:4WS<=WK798@8\:�>=8ÛNOAR>XN\24>tC(8 3 ∞ ±VN I 8;WK7>��C(<=3S8@C(2©c'8;NP798;243�043K1,043K8�Â®�´?'A+2VN � 8oÃ�ARWSW91]N\<=M;8��>ZA�c6A+>=8;243�043K1,043K8�Á aá� A¬>=<=543BAR<X3K<X8 �������$� Î <X^�04>XM\^_8;:[798f>QA¬^�M\7 � 1]C(8�C IÄ� 3K:41,>XC(<é0�8;3K^_8\7S7BA+:'7C I 8 � 7939A+<=3S8jN\8¬c,8ONP798;2(3f043S16043S8¬W�AR:4Wf:4MON\8;WSWBA+<=3S8;^�8;:[7�8 � 793BAR<=3S8¬>=8;W_AR2(793S8;W�Â � 8 � 162VN;Y � 8\7_AR> a ±Á;Æ,Æ6Å[Ã ad� A�N\16^_04>=8 � <g79MLC(8LNP8\7fAR>X?6163S<g7 � ^_8_8;WK7@24:48_ÎQ1,:VNP7S<X16:ä8;:[c�<=3S16:ä>=<=:4MxA+<=3S8LC(2ä:416^f543K8LC(8c6A+>=8;243KW�:41,:©:]24>X>=8;W�C(8�>ZA�^�Ao793K<ZNP8ÛN\16:4WS<XC(M;3SM;8,±VN I 8;WK7>��C(<=3S8 |A|m+1 CVAR:4W�24:©^_1�C � >X8 Mm

aV� 8C(8;2 � < � ^�8_8;WK7@> I <=:[c,8;3SWS<X16:äC(8 (I − 3
+
3 ∞) Y[24< 8;WK7@24:48�160�M;3BAo79<=1,:äC(1,:'7@>ZA©NP1,^_0(>X8 � <=7SM_8;WK7C(8L> I 1639C(3S8�C(8 k2 0�16243 2(:48�^LAR7S3S<XN\8�NOAR3S3SM�C(8_7BA+<=>=>X8 k AOc,8ON6±tCVAR:4W :(167S3S8�NOARWx± k = |A|m at� 8793K1,<=WS< � ^_8 8;WK7">X8�NOAR>XN\24>²C(8 3 n+1 C(16:[7�>ZA N\16^_04>X8 � <g79M 8;WK7�04>=24W"M;>=8\c'M;8P��8;:j8��r8\7x±]24:j043K1�C(24<g7�C(8C(8;2 � ^�Ao793S<XN\8;W C(8�7�AR<X>=>=8 k 0�16WSW � C(8L24:48�N\16^_04>=8 � <g79M�C(8_> I 1,3SC(3S8LC(8 k3 A;c'8ON_CVA+:(WÛ:4167S3S8�NOARWO±

k = |A|m a��FI 1,0�M;39AR7S<X16:¡0�16243S39A � 793S8�160(79<=^_<=WSM;8jC(8L798\>X>=8¬ÎØA � 16:¢Y[2 I <X>	:48¬WS1,<g7f0`ARWf:4MONP8;WSW�AR<=3S8C I 8��á8ON�79248;3 n 043S1]C(24<g79W�C(8f^�AR7S3S<XN\8;W ∗ ±r:4MxA+:4^�1,<=:4W�>ZA¬N\16^_04>=8 � <g79M´3S8\WS7S8fM;>X8\c,M;8 aá� >�8;WS7?��:4167S8;3
∗ »ª¶>»:´F»ª«Ô±´¹�¯¢¶�±c¹&¶1»h·1ª«�µµY#[Fµ�Å®³	±´³	µ�¶�»ª¶>¼Æ¯¢Å�»·¶�·1» n [F¯ø¬O»@�1»�Y#[�½¾»



# E K E I �d~+b q�lÞsdl $ ~Vv&%`p]}%n|q�}�l]vow;i]l @ M

Y[2 I �¡0`AR3K7S<X3�C(8 n = δ0
NOAR>ZN\24>=MäNP< & C(8;WSWS24WO±">=8;W�c6AR>X8;2(3SW�C�8 3 k 8P7�C(8 3 ∞ W916:[7�ARW9WS<=^_<=>XM;8\W a� 16243�24:48ÛWSMOY[248;:VN\8 WS2��_W�AR^_^_8\:[7$>=1,:4?6248,±`>X8fN;A+>XN\24>�C(8 3 n+1 0�8;2(7 � 793K8 M\c]<=7SM´AR2�043K< � C I 24:48AR04043S1 � <=^�Ao79<=1,: a4� >�8\WS7�<=^_0�163K7�AR:[7�C(8�:4167S8;3�<ZNP<dY[248�> I 8;3S3K8;243�C(248��´N\8\7K798ÛAR04043K1 � <=^�Ao79<=16:�798;:VCc'8;3KW * Y[2VA+:VC n c'8\3SW�> I <=:��V:4<dN\8@Y[24<�: I M\7�AR<g7�0`ARW�>=8@NOA+W�043SMONPMOC(8;^_^_8;:'7 a

ÐN[�¸ ¹Ùã�nH�Æ^fktd�k � n�`��b�� i<^¤��k�`jÒOq�k
� AR:4W	N\8�0`A+39A+?63BAR0 � 8,±6:41,24W c,8;3S3S16:4WFY[248�WS< X = X1...Xn

8;WK7F24:(8�N � A10Q:48�C(8 � AR3SÏ,1xcá±'AR>=1,3KW
X− = Xn...X1

8;WK7ÛM\?[AR>X8\^_8;:[7@24:48LN � A10Z:48LC(8 � A+3KÏ,1xc C(1,:[7@>ZAj^�AR7S3S<XN\8LC(8´793BAR:4WS<g79<=1,:ä8P7Û>ZAC(<=WK793S<=542(7S<X16:�WK7�Ao79<=16:4:`A+<=3S8 WS1,:[7�N\1,:(:]248;W aV� 8\7K798 :41+79<=1,:j8;WK7�>=8�N\1]8;243�C(2¬7S3BA;c,AR<=>á043SM;WS8;:'79M�CVAR:4W>=8f3K8;WK798fN\8\7K798Û7 �4� W98 ar� 1,24W$<=:[7S3S1�C(2(<XWS16:4W M;?[AR>=8;^_8;:[7�C(8;W$:41+7�Ao79<=1,:4W Y[24<�WS8;3K1,:'7 2(79<=>=8;W�CVAR:4W >ZAWS24<g798@C(2�C(1�N\24^�8;:[7 a
��w���wxv º z����j�4þÔz	ÿ>�

 1,<g7�24:©^_1+7 W = w1...wh

a`D :©:4167S8@>=8�^_1+7�<=:[c,8;3SWS8 W− = wh...w1

aD : :41+798´M;?'AR>X8;^�8;:[7 w̄ ∈ A >=8�N\16^_04>=M;^_8;:'7�A+<=3K8�C I 24:48f>X8\7K793S8 w ∈ A a�D :{A�>QA�043K1,043K<XMP79MWS24<gc,AR:[798_T
¯̄w = w� 16243�>X8;W�:]2VN\>=M;1+79<XC(8;WO±V16:³A ā = t 8\7 c̄ = gD :{C(M��V:4<g7�M;?'A+>=8;^_8;:'7�>=8´^_1+7�<X:'c'8;3SWS8�NP1,^_04>=M;^_8\:[7�AR<X3K8�C(8 W T W̄ = w̄h...w̄1

a�D : 16^_8\7> I 8 � 0�16WBA+:'7/� − ��0�16243�:48�0`A+W�A+>=162439C(<=3�>=8;W�:41+7�Ao79<=1,:(Wx±4^LA+<=W W̄ 8;WK7�:4MxAR:4^_16<=:4W�<=:[c'8;3KW9M a� AR:4W">ZAÛWS24<g798 C(2jC(1]N\24^_8\:[7x±]>=8;WEÎç163S^f24>=8;WEWS8;3S16:[7EM\7�AR54>=<X8\W�8\:¬W92(040�1,WBAR:[7�Y[248$> I 16:¬0`A+WSWS8:�> I AR>X0 � A+5�8\7ÛN\1,^�04>XM\^_8;:[7�AR<=3S8 ad� 1,243�3S8\7S3S162(c'8;3�>X8;W�Îç163S^ 24>=8;W@WBAR:4W�0`A+WSWS8;3ÛAR2äN\1,^�04>XM;^�8;:[7�AR<=3S8,±<=>�WS2��_7�C(8�0�1,WS8;3 w̄ = w
a

Ï@vxp�� p�wxnZkonQprq # E #DM ì²ÑR»ç×
X = X1...Xn

¶�Òá¿�·�ï4Ö�,çÒr¿³¼'¿¬ø{ÖoÔ¢÷,Ñoõ{¼R7 ÑRÔB¼oÔB¿
m
¼,¿jÕ�ÖR×ØÔP»È·B¿³¼'¿×ØÔ9ÖRÒ4½�»ç×Ø»�ÑRÒ 9 ¿\×L¼,¿ä¼R»Z½P×ØÔP»®�P¶(×Ø»ÈÑRÒ ½�×Ö+×Ø»�ÑoÒVÒáÖR»çÔ9¿

µ
¹�º ¸=ÑRÔB½

X̄ = X̄n...X̄1
¿�½P×_í â[Ö+¸=¿PÕ�¿�Ò`× ¶�Òá¿·�ï4ÖG,çÒá¿@¼'¿�ø{ÖRÔø÷,ÑRõ´¼R7 ÑoÔB¼RÔ9¿

m
¼'¿$Õ�Ö+×ØÔ�»�·B¿@¼'¿ ×ØÔ9ÖRÒ4½�»|×|»�ÑRÒ 9̄ ¿\×	¼'¿@¼R»Z½P×ØÔP»®�P¶(×Ø»ÈÑRÒ©½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿ µ̄ ¹ô ÒäÖ

µ̄(x1...xm) = µ(x̄m...x̄1)

9̄ (x1...xm+1) = 9 (x̄m+1...x̄1)× µ(x̄m+1...x̄2)

µ̄(x1...xm)

Ï@vxl(u²}rlLEdD :©043S162(c'8@Y[248 X̄ 8;WK7�24:48@N � A10Q:(8ÛC(8 � AR3SÏ,1xc aV� 16243 i = 1, ..., n T

P(X̄i = x̄i|X̄i+1 = x̄i+1, ..., X̄n = x̄n) =
P(X̄i = x̄i, X̄i+1 = x̄i+1, ..., X̄n = x̄n)

P(X̄i+1 = x̄i+1, ..., X̄n = x̄n)
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D 3O±4>=8�:]24^_M\3BAR7S8;243�c6AR2(7ÛT
P(X̄i = x̄i, X̄i+1 = x̄i+1, ..., X̄n = x̄n) = P(X̄i = x̄i, ..., X̄i+m−1 = xi+m−1)×

P(X̄i+m = x̄i+m|X̄i = x̄i, ..., X̄i+m−1 = xi+m−1)×
P(X̄i+m+1 = x̄i+m+1|X̄i = x̄i, ..., X̄i+m = xi+m)

� 16^_^_8 X 8;WK7�24:48@N � A10Z:48ÛC(8 � A+3KÏ,1xc�C I 1,3SC(3S8 m ±
P(X̄i = x̄i, X̄i+1 = x̄i+1, ..., X̄n = x̄n) = P(X̄i = x̄i, ..., X̄i+m−1 = xi+m−1)×

P(X̄i+m = x̄i+m|X̄i = x̄i, ..., X̄i+m−1 = xi+m−1)×
P(X̄i+m+1 = x̄i+m+1|X̄i+1 = x̄i+1, ..., X̄i+m = xi+m)

� 8�^ � ^�8,±416:³A´0�16243�>=8@C(M;:41,^�<X:`Ao798\243ÛT
P(X̄i+1 = x̄i+1, ..., X̄n = x̄n) = P(X̄i+1 = x̄i+1, ..., X̄i+m = xi+m)×

P(X̄i+m = x̄i+m|X̄i+1 = x̄i+1, ..., X̄i+m = xi+m)×
P(X̄i+m+1 = x̄i+m+1|X̄i+1 = x̄i+1, ..., X̄i+m = xi+m)

� :©WS<X^�04>X<.��AR:[7x±416:©1,5(7S<X8;:'7 �V:`AR>X8;^�8;:[7ÛT
P(X̄i = x̄i|X̄i+1 = x̄i+1, ..., X̄n = x̄n) = P(X̄i = x̄i, ..., X̄i+m−1 = xi+m−1)×

P(X̄i+m = x̄i+m|X̄i = x̄i, ..., X̄i+m−1 = ¯xi+m−1)/

P(X̄i+1 = x̄i+1, ..., X̄i+m = ¯xi+m)

= P(X̄i = x̄i|X̄i+1 = x̄i+1, ..., X̄i+m = x̄i+m)

� >d8\WS7�0VA+3$AR<X>=>=8;243SW�M\c�<XC(8;:[7$Y[248 µ̄(x1...xm) = µ(x̄m...x̄1) 0(24<XW9Y[248@>X8@WS8;:4W$C(2©798;^�04W�: I <=: &798;3�c�<=8;:[7�0`ARW�CVA+:4W�>ZA�C(<=WK793S<=542(7S<X16:�WK7�Ao79<=1,:4:VA+<=3S8 aD :³NOAR>XN\24>=8@>QAf^�AR7S3S<XN\8@C(8�7939A+:4WS<g79<=16: a�D :³A´0�16243 x1, ..., xm+1
Y[248;>XN\16:VY[248ÛC(8 A T

P̄(x1, ..., xm+1) = P(x̄m+1, ..., x̄1)

1F© P̄ 3K8;043SM;WS8;:'798�>ZA´043S165`AR54<X>=<g79M@WS1624W�>=8�^_1]C � >X8�<=:[c'8;3KW9M aC I 1F©
¯3 −(x1...xm+1) =

3
(x̄m+1...x̄1)× µ(x̄m+1...x̄2)

µ̄−(x1...xm)
)
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â i�p2l<i�b�u�`an�o2ãfi�k
U"AR24^�± �Fa AR:VC � 8\793K<X86± ��a ÂKÁ;Æ6Å,Å'Ã a�
 7�Ao79<=WK79<XNOA+>t<=:4Îç8;3S8;:4N\8 Îç1,3�0(3S165`A+54<=>=<XWK7S<ZNÛÎç24:VNP7S<X16:4W$16Î��V:4<g798WK7�Ao798�^LA+3KÏ,1xc�N � A+<=:4W a!º�ÒVÒr¹dø{Ö+×|ï4¹�ì�×Ö+× ¹ ±VÀ e T=Á -6-RÚ Ç�Á - Å6À a
U!8;3SN � 7S1,>XC²± �fa Â )+*,* ÁxÃ a�� WK79<=^�Ao79<=1,:�<X:³7 � 8 ^_< � 79243K8 7S3BAR:4W9<g79<=16: C(<=WK793S<=542(7S<X16:Þ^_1�C(8;> a ó ÑR¶�Ô�ÒáÖ6¸Ñ�Óßå�»çÕL¿�ì²¿PÔ�»�¿�½�º�ÒáÖ6¸ ãR½�»Q½ ± )6) Â Ú Ã T À e ÆoÇ]À,Æ e a
U!16243S?624<=?,:416:�± ��añ&È��a AR:VC � 1,5�8\>X<=:�± �fa Â )+*6*6Ú Ã a�� 1]C � >X8EC(8!^�AR3SÏ61oc�0`AR39N\<=^_16:4<=8;2 �²a�� :¬ó Ño¶�Ô�ÒáíB¿�½ô ¶]õ6¿PÔP×¿�½f¿�Ò�Ð"»�Ñ6¸gÑ9â+»�¿�ö ë ÒOÓ;ÑRÔ�Õ�Ö+×|»�÷P¶`¿´¿P×Fø{Ö+×|ï(íPÕ�Ö+×Ø»È÷P¶`¿�½PaV� 16:[793KMxA+> a
� 1]165�± � ± �Ba Â�ÁOÆ - À[Ã a"ì�×Ñx·�ï(Öo½P×Ø»�·:æ	ÔBÑO·B¿�½B½O¿�½Pa xå<=>=8\É a
� 8\>X>=8;3O±gx a ÂKÁ;Æ6Å Ù Ã a�º�Ò�»QÒ`×ØÔ9Ñx¼R¶`·\×|»�ÑRÒ³×Ñ�ß�Ô9Ñ��BÖ��P»|¸J»|×Øã�×|ï(¿BÑRÔPãLÖRÒá¼f»|×ç½ÛÖBß,ßá¸J»�·BÖR×Ø»�ÑRÒ(½Pa x <X>=8\ÉLW98\3S<=8;W<=: � 3S165`A+54<=>=<=7É©A+:VC � Ao7 � 8;^�Ao79<XNOAR> 
 7�Ao79<=WK79<XN\W a xå<=>=8\É'±VÀ�8OC(<g7S<X16: a
� 8 � 162VN;Y � ±RU a ± 
 163S8\:4W98\:�± � ± � a ±+AR:VC � AR:4?4± �$a Â�ÁOÆ6Æ,Å'Ã a[� ������� Î � WS8;3SW I � 24<XC(8 T 
 16>X2(7S<X16: 1,Î� A+3K?,8 
 NOAR>X8 � <X?68;:[c6AR>X248 � 3K1,54>=8;^_W�Í�<g7 � � ^_04>=<ZN\<g7S>=É � 8;WK7�AR3K7S8OC � 3S:416>ZC(< � 8\7 � 1�C(W a]� 8;N � :4<XNOA+>3S8;0�163K7O± � <XN\8 � :(<=c,8;3SWS<g7#É a
��� 543S86± 
ra Â )+*,*+Ú Ã a²� WK79<=^�Ao79<=16:�C(2L^_1]C � >=8�^Û7BC��B^_< � 79243K8�7939A+:4WS<g79<=16:¬C(<=WK793K<X542(7S<=1,:�� a²� 8;N � :4<XNOA+>3S8;0�163K7O± � � �£� Ao7 � M;^LAR7S<ZY[2(8;W � 16:VCVAR^_8;:[7BA+>=8;W�8\7 � 0404>=<ZNOAo79<=16:4WO± � :4<gc'8\3SWS<=7SM@C(8 � 8\:4:48;WÛÁ a
� 8\É�:�± 
 ± ��a AR:VC � Í"8;8OC(<=8,± � ± �	a Â�ÁOÆ6Æ Ú Ã af� 16^_042(7�AR54>=8´5�1,24:VC(W�Îç163�?68;1,^�8\793S<XN´N\16:[c,8;3S?68;:VN\83BAo798;W�16Î�^�AR3SÏ,1xcjN � AR<X:4W a!º�ÒVÒá¹²º!ß'ßá¸=¹�æ	Ô9Ñ��BÖ�� ± Ú TÄÆ Ù ÁBÇrÁ * Á,Á a
� 243S<È± �Ea ÂKÁ;Æ,Æ e Ã adàFÑRÕ�ßVÖRÔBÖo»Q½OÑRÒ�¼R7 Ö6¸ â'ÑRÔ�»|×|ï[ÕL¿�½�¼R7 »�¼,¿PÒ`×Ø»ñð!·BÖ+×Ø»�ÑoÒ¬¼'¿�·�ï4ÖG,çÒá¿�½�¼,¿	ø{ÖRÔø÷,ÑRõ$·BÖ'·�ï4íB¿B½¿\×�ÖBß,ßá¸J»�·BÖR×Ø»�ÑRÒ4½<s�¸=Ö ¼,í\×¿B·\×Ø»ÈÑRÒ%¼'¿LÔ9í â+»ÈÑRÒ4½�ï(ÑRÕ�Ñ9â�ôPÒá¿�½¬¼'ÖRÒ4½L¸=¿�½�½OíB÷P¶V¿PÒá·B¿�½¬¼R7 º>��µÛ¹©�é�`�
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Xi → s(Xi)ô Òä¼'íØð Ò4»|×E¸g¿�½O·BÑRÔ9¿ ¸gÑx·BÖ6¸
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Ç 
 < E[Xi] < 0 8\7�WS< P(s(Xi) > 0) > 0 AR>=1,3KW
lim
n→∞

P
(
Hn 6

lnn

λ
+ x

)
= exp(−K exp(−λx)) ÂÈÀ a ÁxÃ

1F© λ 8P7 K WS16:[7	C(8;2 � NP1,:4WK7�AR:[7S8;W	Y[24<4:48�C(M;0�8;:VC�8;:[7!Y[248�C(8�>QA�C(<=WK793S<=542(7S<X16:LC(8 Xi
a
λ 8;WK7> I 24:4<ZY'248ÛWS1,>=2(79<=16:³0�1,WS<g79<gc'8 C(8@> I MOY[2`Ao79<=16:³8;: x ± E[exs(Xi)] = 1 8\7 K 8;WK7�24:48 NP1,:4WK7�AR:[7S8C�1,:[7�>QA´ÎQ1,3K^f24>=8�8;WK7�C(16:4:4M;8ÛNP< & C(8;WSWS1624W a

K =
exp

{
−2
∑∞

k=1
1
k

(
E[eλSk ;Sk < 0] + P(Sk > 0)

)}

λE(s(X)eλs(X))

1F© Sk C(M;WS<X?6:48@>ZA´WS16^_^_8@NP24^f24>=M;8@C(8;W�W9N\163S8\Wh�#2(WBY'2 I �´> I <=:VC(<XN\8 k T Sk =
∑k

i=1 s(Xk)� 8;W�C(8;2 � N\1,:(WS7BA+:'798;W�0�8;2(c,8;:[7 � 793S8�<=:[798;3K043SM\7SM;8;W@T K 043K8;:VC�8;:©N\16^_0(798�>ZA�C(M;0�8\:VCVA+:VNP8Y'24<�8 � <=WK798�8;:[793K8©>=8;WLC�<¡�rM;3S8\:[79W_165ò�8\79WLC�1,:[7_16:HN\1,:4WS<XC � 3S8©>=8�^�A � <X^ 24^�±�8\7 λ 8\WS7_2(:0VA+39A+^ � 7S3S8�C(8L:4163S^�AR>=<XWBAo79<=1,:ÜC(2ÜW9N\163S8�Y[24< c,AR2(7¬Á_WS<	>=8LWBNP1,3K8�8;WK7 N\1,:4WK7S3S24<g7 W98\>X16:Ü24:>=16? & 39A+040�163K7�C(8�c�39A+<=WS8;^f54>ZA+:4N\8 aÇ 
 < E[Xi] = 0 A+>=163SW
lim
n→∞

Hn√
n

= σB∗1
ÂÈÀ a ) Ã

1F© B∗1 = max06u61 |Bu| ±48\7 Bu
8;WK7�24:©^_162(c'8;^_8\:[7�543K1xÍ�:4<=8;:©WS7BA+:VCVAR39C a� A�043S160�1,WS<g79<=16: ) 043S1�C�24<=7S8 0VA+3 � AR2VC(<=:�8\7 A+> a Â )6*6* À'Ã�0�8;3K^_8\7�>X8 NOAR>XN\24>�C(8Û>ZA_Îç16:VNP79<=16:C�8@3KM;0`A+3�79<g79<=16:³C(8 B∗1 T

P(B∗1 6 x) =
2

π

∑

k∈Z

(−1)k

2k + 1
exp

(
−(2k + 1)2π2

8x2

)
, x > 0 ÂØÀ a À[Ã

Ç 
 < E[Xi] > 0 A+>=163SW Hn/n
798;:VC�043K8;W9Y[248�W�¥(3S8;^_8;:'7�c'8\3SW E(s(X1))� AR2VC(<=:å8\7�A+> a Â )6*6* À'Ã�8\7 � 7S<X8;:4:(8�Â )6*6*') Ã�16:[7�M;?[AR>=8;^_8;:[7©^�1,:[7S3SMÞ>QA¡N\16:[c'8;3K?,8;:VNP8{WS24< &c6A+:'798HC(8¢>QAèC(<=WS7S3S<=542(79<=16:°C�8 Hn
Y[2`AR:VC �´'=l]wO�éi]vx~�qtm,l s�u�wOm,p�vxl¨l]w\kÈÇx� l'konZkOl�É 8\7äY[248WBAÞc,AR3S<ZAR:VN\8�8;WK7¥�V:4<=8 a!� >X24W_043SMON\<=WSM;^_8;:[7O±F16:�WS8�04>ZA6NP8�CVAR:4WL>=8³NOA+WLC I 24:48�Î|A+^_<=>=>X8³C(8©WBN\163S8{(

s(N)(Xi)
)
i>1

;N > 1
} <X:4C(M;0�8;:VCVAR:[798@8\7�<=:VC(<XN\M;8@0VA+3 N a`D :©W92(040�1,WS8ÛY'248

limN→∞
√
NE[s(N)(Xi)] = δ ∈ R 8\7 limN→∞V[s(N)(Xi)] = σ2 > 0

a(� >=1,3KWx±

lim
N→∞

H
(N)
N√
N

= σξδ/σ

1F© ξγ = max06u61 {B(u) + γu−min06s6u(B(s) + γs)} a$� 8;W AR2(798;243KWÞ^_16:[7S3S8;:[7ÞY[248Ü>ZAY[248;2(8ÛC(8�>ZA�C(<=WK793K<X542(7S<X16:³C(8 ξγ 8;WK7$AR04043S1]N � M;8@0VA+3

P(ξγ > a) ∼
a→∞

2

√
2

π

1

a
e−(γ−a)2/2
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� 16243�7S8;3S^_<=:48;3�N\8\7K798E3K8\c�248,±RN\<g7916:4W�>X8!7S3BA;c6A+<=>�C(8 � 8;39N\<=8;3�8\7 � AR2VC(<=:©Â � A+2VC(<=:�A+:VC � 8;3SN\<=8;3O±Á;Æ,Æ6Æò� � 8;39NP<X8;3´A+:VC � AR2VC(<=:�± )+*6* ÁxÃÛY'24<ENOA+>XN\24>=8j>ZA s�nçw\kxvRn+*�u�konQprq£l�A�~`m6kOl�s�u£wOm,p�vxl%�Qp�m,~`�CVAR:4Wé>=8�N;A+W�1�©f>ZA�Îç16:VNP79<=1,:´C(8EWBN\163S8E8;WK7h��c,AR>=8;243éCVA+:4W Z a+� 8;243 AR04043K1�N � 8EW I A+0(0424<X8EW92(3�> I M;?'A+>=<g79MWS24<gc,AR:[798_T
Hn = max

06j6n
UjA;c'8ON

Uj = (Uj−1 + s(Xj))
+ 8\7 U0 = 0

(Un) 8;WK7@>=8�043S1]N\8;WSWS24WÛC(8 � <=:VC(>X8PÉäARW9WS1]N\<XM\8
��N\8\>X24<FC(8;W (s(Xn))
a²� A¬c6A+>=8;243@C(8 Uj 8\WS7�M;?'A+>=8� Sj −min16i6j Si

1F© Sj =
∑j

i=1 s(Xi)
8\WS7�>ZA�WS1,^_^�8ÛN\24^f24>=M;8ÛC(8;W�W9N\163S8;W a�� :�8��r8\7x± (Sj −

min16i6j Si) = max16i6j s(Xi+1) + ... + s(Xj)
8\7Û16:äW I A+0�8;3 � 16<=7ÛÎØA6NP<X>=8;^_8;:'7fY[2 I <X>FWS2���7fC(8C(M\7S8;3S^_<=:48;3E>ZAÛc6AR>X8\243 j Y'24<r^�A � <X^�<XWS8 N\8\7S7S8�Y[2`AR:[79<g79M$0�16243�C(M\7S8;3S^_<=:48;3 Hn

a]� A@c6AR>=8;243�C(8 HnW I <=>=>X24WK793K8�?63BAR0 � <XY[248;^_8;:[7 0`AR3Û>QA©04>=24W ?63BAR:VC(8jAR24?,^�8;:[7�Ao79<=1,:b8;:[7S3S8�C(8;2 � 0�16<=:[79WfC(2b?63BAR0 � 8C(8;W Sj a4� AR:4W�> I AR>=?,163S<g7 � ^_8�À a À�C�8�C(M\7S8;3S^_<=:`Ao79<=1,:©C(2jW9N\1,3K8�>=1�NOAR>á043SM;WS8;:[7SM�0`AR?,8 -6) ±�>QAÛc6AR>X8;243C(8 Uj N\1,3K3S8;WS0�16:VC �f>QAfc6AR3S<ZA+5(>X8�:4167SM;8 sj a� 16243�N;A+>XN\24>=8;3�>ZA�043S165`AR54<X>=<g79M P(Hn < x) ±r16: W I <=:[79M\3S8;WSWS8_AR2 043S1]N\8;WSWS24W Ui 7BA+:[7�Y'2 I <=>é: I A0`ARW�043K<XW�>ZA�c6AR>X8;2(3 x a�D :{C(M��V:4<g7�0`A+3�NP1,:4WSMOY[2(8;:[7�>=8�043K1�N\8\W9WS24W@A+3K3 � 7SM Ũn Y[24<�8;WK7�M;?'A+>P� Un7�AR:[7�Y[248 Un : I A´0`ARW$Ao7S798\<X:'7�>QA c6A+>=8;243 x 8P7�Y[24<ác,AR2(7 x WS<X:416: a
Ũn

8;WS7@24:48�N � A&0Z:48LC(8 � AR3SÏ,1xcÍ�¬c6A+>=8;243ÛCVAR:4W {0, 1, ..., x} a�
 A�^LAR7S3S<XN\8LC(8_7S3BAR:4WS<=7S<X16: QC(8 7�AR<X>=>=8 (x + 1) × (x + 1) W I 8 � 043S<=^_8f8;:ÞÎç1,:VN�79<=1,:{C�8´>ZA¬C(<XWK7S3S<=542(79<=1,:{C(8 s(Xi)
C(8f>QA�ÎØA � 16:WS24<gc,AR:[798_T

P(Ũi+1 = 0 | Ũi = y) = P(s(X1) 6 −y) ∀y ∈ {0, ..., x− 1}
P(Ũi+1 = z | Ũi = y) = P(s(X1) = y − z) ∀y ∈ {0, ..., x− 1},∀z ∈ {1, ..., x− 1}

P(Ũi+1 = x | Ũi = y) = 1−
x−1∑

y=0

P(Ũi+1 = z | Ũi = y) ∀y ∈ {0, ..., x− 1}

P(Ũi+1 = x | Ũi = x) = 1

P(Ũi+1 = z | Ũi = x) = 0 ∀z ∈ {0, ..., x− 1}

� 1,^_^�8E>=8E043K1�N\8;WSWS24W Ũn N\16:4WS8;3Kc,8E>QA�c6AR>X8;2(3 x >X163SW9Y[2 I <=>�> I A$Ao7S798;<=:[7S8,±o>QA�043S165`AR54<X>=<g79M P(Hn < x)8;WK7�M;?'AR>X8���>ZA�043S165`AR54<X>=<g79M 1 − P(Ũn 6= x | Ũ0 = 0)
aá� >=>X8fW I 8 � 0(3S<=^_8���> I AR<ZC�8�C(2�c'8ONP7S8;243 PnC(8�7�AR<=>X>=8 x+ 1 T

Pn = P0Q
n

1F© P0 = (1, 0, ..., 0) 8;WK7ÛC(8_>=16:4?,2(8;243 x 8\7 Q 8\WS7@>ZAj^�Ao793S<XN\8_C(8�7939A+:4WS<g79<=1,:äC(8_>ZA�N � A10Q:48LC(8� A+3KÏ,1xc Ũ C(M��V:4<X8@N\< & C(8\W9WS24W a�D :³A_AR>=1,3KW
P(Hn > x) = Pn(x)� 8;^�AR39Y[2416:4W�Y[248�N\8�3KM;W92(>=7BAR7�8\WS7fc,AR>ZA+54>=8©Y[248;>�Y'248�WS16<=7�>=8jW9<=?6:48©C(8j> I 8;WS0�M;3BAR:VN\8©C(2¢W9N\163S8 a� MxAR:4^_16<X:(Wx±xW916: 2(7S<X>=<=W�Ao79<=16:f043BAo79<XY[248!0�8;2(7�0�16WS8;3�Y[248;>XY[248\W�043S1654> � ^_8;W a+� : 8��á8P7x±o>ZA�7�AR<X>=>=8"C(8!>ZA
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^�Ao793K<ZN\8 Q WS8;39A(±+8;:�?,M;:4M\3BAR>�±+793 � WF<=^_0�163K7BA+:[7S8�M\7�AR:[7	C(16:4:4M�Y[2 I 8;>=>=8�8;WK7	C(8�>ZA$7�AR<=>X>=8�C(8�>ZA$c6AR>X8;243C(2_W9N\163S8�>=1�NOAR> a]D :�A$c�2_0`AR3F8 � 8;^_04>=8�Y[248�>=8�W9N\1,3K8�>X1]NOAR>V8;WK7	043K8;W9Y[248�WN¥43S8;^�8;:[7F043S160�1,3�79<=1,:4:(8;>
�¬>ZA¬7BA+<=>=>X8_C(8´>QA¬WSMOY[248;:VN\8�>=163SW9Y[248�> I 8;WS0�M;39A+:VN\8_C(2{W9N\163S8´8;WS7�WK793K<XNP798;^_8;:'7�0�1,WS<g79<gc'8 ad� 8�0(>X24WO±>=8;WEW9M;Y[248;:VN\8;W"Y[248$> I 16:¬M\7924C(<X8$WS16:[7E8;:¬?6M;:4M;3BAR>áC(8�7BA+<=>=>X8 n 793 � WEM;>X8Pc'M;8 a(� 8ON\<áA��#162(798$8;:VNP1,3K8�C(8>ZAjN\16^_04>=8 � <g79M´0�16243�NOAR>ZN\24>=8;3 Qn a²� :��V:�±r<=>é8;WK7�:4MON\8;WSWBA+<=3S8´0�1,243 2(79<=>=<XWS8;3�N\8P7S798�A+04043K1�N � 8�Y[248>ZA Îç16:VNP7S<X16:�C(8 W9N\1,3K8 WS16<=7 �Ûc6AR>X8\243�CVAR:4W Z �[7S3 � W"WS162(c'8;:'7x±]>QAÛÎç16:VNP79<=16:©C(8$WBNP1,3K8 8;WK7�<=WSWS248�C I 24:3BAR040�163K7�C(8 c�3BAR<XWS8;^ 54>QAR:VN\8´8P7�8;WK7�C(1,:4N��Lc6AR>X8;243KW�CVAR:4W R aá� 8;W c6AR>X8\243SW�C(16<gc'8;:[7�CVAR:4W�N\8´NOARW� 793K8�AR3S3S16:VC(<=8;W	N\8�Y[24<4: I 8;WK7F0`ARWF:4M;N\8;WSW�AR<=3S8;^_8;:'7	WS162 � AR<=7BA+54>=8 a[� 8�3SM\W924>g7�Ao7FWS8;3BA C(1,:VNE793 � W 2(79<=>=8CVAR:4WF>=8;W	NOARWF1F©�>X8;W 3SM;WS24>g7�Ao79W!ARWKÉ�^_0(7S167S<ZY'248;WF:48�0�8;2(c,8;:[7 � 793K8�A+0404>=<XY[24M;WO±,^LA+<=W W916:_2�79<=>X<=WBAR7S<X16:3S8;WK7S8 0�16243�> I <=:4WS7BA+:'7 >=<=^_<g79M;8 8\:�043BAo79<XY[248Û0`A+3�24:48Û?,39A+:4C(8fN\16^_04>=8 � <g79M´AR>X?6163S<g7 � ^_<XY[248 8\7$24:481�N\N\240`Ao79<=1,:�^_M;^�1,<=3S8�<=^_0�163K7BA+:[7S8 a
s(X1)s(X2)...s(Xn)

qdl´w;prq�k��t~Vw�n|qtsti]� l�qtst~`q�kxw � >]: I É A�0`ARW�C(8!3SM;WS24>g7�Ao79W�?6M;:4M;39A+2 � CVAR:4W>=8 NOA+WE1F© s(X1)s(X2)...s(Xn) :48�W916:[7"0VA+WE<=:VC(M;0�8;:VCVAR:[79W a4� 8;3�7�AR<X:(W�C(8\W"3SM\W924>g7�Ao79W!043SMON\MOC(8\:[79WWS1,:'7 M;?'AR>X8\^_8;:[7�c,AR>ZA+54>=8"W9< s(X1)s(X2)...s(Xn) ÎQ1,3K^_8;:[7é24:48"N � A10Q:48�C(8 � AR3SÏ61oc a,� 8;^LA+3SY[241,:(W<XN\<�±FY[248�WS<�>ZA{WSMOY[248\:VN\8 X1...Xn
8;WK7�2(:48�N � A&0Z:48³C(8 � A+3KÏ,1xcá±	A+>=163SW�>ZA{WSMOY'248;:VN\8³C(8�W9N\1,3K8;WARW9WS1]N\<XM\8©: I 8;WK7_?6M;:4M;39A+>=8;^_8\:[7_0`A+W´24:48©N � A10Q:(8�C(8 � A+3KÏ,1xcá±P��^_16<X:4W_Y'248�>QA�ÎQ1,:VNP7S<X16: s WS16<=754< �#8ONP7S<=c,8,±41,2�Y[248 s c'M;3K<.�V8�>X8@N\3K<=7 � 3S8@C(8 � É�:4Ï]<=:�±43BAR040�8;>=MÛN\< & C(8;WSWS1,24W a

Ï@vxp�� p�wxnZkonQprq , E # I vRnZkÊ�]vxlÞstl�hß§tqc%�n|qì²ÑR»ç×
(Xn)

¶]Òá¿�·�ï4Ö�,çÒr¿�¼'¿@ø{ÖRÔø÷,ÑRõf½�¶�Ô
E
¼'íPÒrÑRÕ
�PÔ9Ö��;¸g¿�ö�¼'¿ÛÕLÖ+×ØÔ�»�·B¿�¼'¿ ×ØÔ9ÖRÒ(½�»|×Ø»�ÑoÒ

P
¹tì²Ño»|×

φ¶�Òr¿´ÖBß'ßá¸ »�·BÖ+×Ø»ÈÑRÒ�½�¶]Ô k ¿B·\×Ø»çõ+¿´¼'¿
E
¼'ÖRÒ(½

F
¹

Yn = φ(Xn)
¿�½P×F¶�Òá¿f·�ï4Ö�,çÒr¿´¼'¿�ø{ÖRÔø÷,ÑRõL¼'¿�Õ�Ö+×ØÔ�»�·B¿f¼'¿Û×ØÔ9ÖRÒ4½B»|×Ø»�ÑoÒ

Q
ö ½B»/ç

∀j ∈ F,∀x ∈ E, φ(x) = φ(y)⇒ P (x, φ−1(j)) = P (y, φ−1(j)))

Ñ��
φ−1(j)

¼,íPÒáÑ+×¿Û¸�7 ¿PÒ4½O¿PÕ¥�;¸=¿´¼'¿B½fÖRÒ`× íB·BíB¼'ÖRÒ`×ç½f¼'¿
j
¹ ô ÒbÖjÖ6¸gÑRÔB½�ç

∀i, j ∈ F,Q(i, j) = P (x, φ−1(j))

Ñ��
x
¿�½�×	¶�Òäí\×Ö+×"÷P¶`¿;¸g·BÑRÒá÷P¶V¿´¼'¿

E
×¿\¸t÷P¶`¿

φ(x) = i
¹

� AR:4W´>=8jNOA+Wf1�©¡> I 8;WS0�M;39A+:VN\8jC(2¡WBN\163S8¬8;WK7f:]24>X>=8,±�>=8¬3SM;WS24>g7�Ao7´M;:41,:4N\Mj043SMONPMOC(8;^_^_8;:'7´WS243>ZA¬C�<XWK793K<X5(2(79<=1,:{ARWSÉ]^_0(791+79<XY[248fC(2ÞW9N\1,3K8f3S8\WS7S8 c6AR>QAR54>=8 aá� A�C(M;^_16:4WK793BAo79<=1,:ÞWS8Û793K1,2(c,8´CVAR:4W >X87 �4� W98�C(8 � 7S<X8;:(:48äÂ )+*,*,) Ã aé� 8j3SM;WS24>g7�Ao7LC(8fÎ@A+3K>X<=:�± Y'24<"8;WK7_>=8�04>=24W�2(79<=>=<XWSM,±é3K8;WK798jM;?'A+>=8;^_8;:[7c6A+>ZAR54>X8LÂ � 8;^f5�1LA+:VC2Î@AR3S>=<=:�±�ÁOÆ6Æ4ÁOA,Ã"WS<²>X8\W�W9N\163S8;W�Îç1,3K^_8;:[7�24:48@N � A10Z:48ÛC(8 � AR3SÏ,1xc a� 8;^LA+3SY[2416:4W�Y'248fC(8;W�7S3BA;c,AR2 � WS1,:'7 8;:�N\1,243KW$0�1,2(3$8;WSWBAOÉ,8;3$C(8 ^_16:[793K8;3$Y[248 N\8\7S7S8 >X<=^_<g7988;WK7�8;:4N\1,3K8@c6A+>ZAR54>X8@>X163SW9Y[248@>ZA�WSMOY[248;:VN\8@<X:4<g79<ZAR>X8 X1...Xn
8;WK7�24:48ÛN � A10Z:48 C(8 � A+3KÏ,1xcá±48\7x±V0`AR3N\16:4WSMOY[248;:[7O±�>=1,3KWBY'248 s(X1)...s(Xn) 8;WK7"24:48 Îç16:VNP79<=16:©C I 24:48�N � A&0Z:48�C(8 � A+3KÏ,1xcÞÂØN\1,^�^f24:4<XNOA &79<=16:�0�8;3KWS1,:4:48;>=>=8ÛC(8 
 AR54<X:48 � 8;39N\<=8;3�Ã a
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� w®��wo� ¡ ÿË��üò�j�4þx��|�úVÜ#Ìí�x�hz ü4þ´��Ú$û�ú {�ú�ü(ú�ýDÚ�ú²ü4ýDÚ�úHú�� {�����ú�ü4û þ#ÿ����(þxzFÿ {�ú
�x����þÔ�	ÿ$þQÃ�ýR���(þ � þ´�-� ���-���(þ����(þ���|�ú w

� 8j542(7LC(8©NP8\7S798j0`AR3K79<=8�8;WK7_C(8�043SM;WS8;:[7S8;3�N\1,^�^_8;:[7_C(M\7S8;3S^_<=:48;3�8���NOA+N\8;^_8;:'7_>ZA�c6AR>X8;243C(2�W9N\163S8�>=1�NOAR> Hn
AR<X:4WS<dY[248�>X8�WS8;?,^�8;:[7 Xi...Xj

Y[24<�>=24<�8;WK7 ARWSW91]N\<=M arD :�793BAR<g798;39A´M;?'A+>=8;^_8;:[7>ZALC(M\798;3K^_<=:`AR7S<X16:�043BAo79<XY[248fC(8\W N\1,:4WK7BA+:[7S8;W K 8P7 λ C(8�Î@AR3S>=<=:�0�1,243 A+WSWS1�NP<X8;3�24:48 ^_8;WS243K8fC(8WS<X?6:4<.�`NOAo79<gc�<g79M���N\8�W9N\163S8 a�D :�NP1,:4WS<XC � 3S8@Y[248�> I 16:�1654WS8;3Kc,8@2(:48�W9M;Y[248;:VN\8@C(8@W9N\163S8 c1...cn
a

5 �çy`p�vRnZko��z{l¡stlÜvxl]m+�dl]vom+�dl D :{N � 8;39N � 8_CVAR:4W@N\8\7K798´WSMOY[248;:VNP8�>X8´04>=24W�?,39A+:VCÞW9N\163S8´>X1]NOA+>AR<X:4WS<²Y[248�>=8�WS8;?6^_8;:[7 ∗ Y[24<á>X2(<²8;WK7�A+WSWS1]N\<XM a4� 8\^�A+3SY[2416:4W�Y[2 I <X>á: I ÉjA 0`A+W"24:48�WS1,>=2(79<=16:�24:4<ZY'2480�16243�>ZA§C(M\798;3K^_<=:`AR7S<X16:GC(8äN\8äWS8;?,^�8;:[7 a�� :�8��á8\7O±�NP1,:4WS<XC(M;3S16:4W�0`A+3©8 � 8;^_04>=8ä>QA¢WSMOY[248;:4N\8C(8ÞW9N\163S8ÞWS24<gc6A+:[7S8¢T Ú ± & - ± À(± & À(±XÁ6± ) ± & ) ± ) ±XÁ6± - aE� 043 � Wj24:è39A+04<XC(8 NOAR>XN\24>�C(8�79162(798\W�>=8;WjWS16^_^_8;W0�16W9WS<=54>=8;WO±	1,:�W I A+0�8\3 � 16<=7¬Y[248³>=8³W9N\163S8�>X1]NOAR>�c6A+2(7jAR>X163SW e 8\7�<X>�É�AäC(8;2 � W98\?,^_8\:[79W�Y[24<�>X83SMxAR>=<XWS8;:'7ETO>X8;WtWS8;?6^_8;:[79W [1, 2,−2, 2, 1, 5] 8P7 [3,−3, 1, 2,−2, 2, 1, 5]
ax� �V:�±xC(8	>=<X^_<g798\3t>=8	:416^f543S8C(8@WS1,>=2(79<=16:4WO±V1,:³N � 1,<=WS<=7 AR3S54<g7939A+<=3S8;^�8;:[7$C(8ÛN\16:4WS<XC(M;3S8;3�>=8@WS8;?,^_8\:[7�>=8@04>=24W$N\16243K7�0VA+3S^�<�7S1,24W>=8;WéWS8;?6^_8;:[79WéC(8"^ � ^_8EW9N\163S8,±R8\7 Y[24<�:(8"WS1,:'7é0`ARW C I <=:[7S8;3SWS8ONP79<=16:fc�<XC(8 a6� 8;^LA+3SY[2416:4W Y[2 I <X>�: I ÉfA0`ARW":(MON\8;WSWBA+<=3S8;^�8;:[7"24:4<XN\<g79M C(8$>ZAÛWS16>X2(7S<=1,: a(� :¬8��r8\7x±[<X>�WS8$0�8;2(7"Y[248 C(8;2 � W98;?6^_8;:'79W"C(<=W®�#1,<=:[7SW3SMxAR>=<XWS8;:'7�>=8�^_8;<=>X>=8;243¬W9N\1,3K8�>X1]NOA+>F�"N I 8;WK7j>X8ÞNOARWx±	0`A+3¬8 � 8;^_04>=8,±!>=1,3KWBY'248 N\8\W�C(8;2 � WS8;?6^_8;:[79WWS1,:'7 <XC(8;:[79<XY[248\W aá� AR:4W�N\8\7K798 0`AR3K7S<X8,±�2(:ÞWS8;?6^_8;:[7$WS8;3BALN � 1,<=WS<éAR3S54<g7939A+<=3S8;^�8;:[7 0`AR3S^�<t791624W$>=8;WWS8;?6^_8;:[79W�Y'24<á3KMxA+>=<=W98 >=8 W9N\1,3K8 >X1]NOAR>á^�A � <X^LA+>éÂØW I <X>�É�8;:©AÛ04>=24WS<X8;2(3SW�Ã aVD :¬c,8;3S3BA C4A+:4W">ZA WS24<g798,±>=8 NOARWjC(8Þ04>=24WS<X8\243SWjWS8;?6^_8;:[7SW�C(8�W9N\163S8;W¬M;>=8\c'M;W{Âçc'16<X3¬>=8�0`A+39A+?63BAR0 � 8 À a À'ÃP±!Y[24<$0�8;3K^_8\7�C(8N\16:[7916243S:48\3�N\8@N � 16< � AR3S54<g7939A+<=3S8 a� 3S162(c'8;3�>=8©WS8;?,^�8;:[7LC(8©W9N\163S8©^�A � <=^�AR>�A+<=:4WS<�Y[2(8©>ZAÞc6AR>X8;243_C(8©W9N\163S8©>=1]NOA+>�Y[24<�>X24<�8;WK7ARW9WS1]N\<XM�8;WK7f24:¡043K1,5(> � ^�8jY[24<	W98�3KM;WS1,2(7f8;:b798\^_04W >X<=:4MxAR<=3S8�AOc,8ONL>ZA©7�AR<X>=>=8jC(8�>QA�WSMOY[2(8;:VN\8 nÂ�UEAR7S8;W�A+:VC � 1,:4WK7BA+54>=8,±áÁ;Æ Ù,- Ã a4� 1,243"N\8;>ZA(±�>ZAÛW916^_^_8 N\24^f2(>XM;8�C(8\W�W9N\163S8;Wj�#2(WBY'2 I 8;:j0�16W9<g7S<X16: i8;WK7�2(7S<X>=<=W9M\8LT Si =

∑i
j=1 s(Xi)

a�	I A+>=?61,3K<=7 � ^_8E3S8\0�1,WS8EWS243�>=8EÎØAR<g7éY[248E> I 16:f0�8;2(7�3SM\MON\3S<=3S8!>X8!WBNP1,3S8!>=1�NOAR>(C(8!>QA�ÎØA � 16:fWS24<gc,AR:[798$T
Hn = max{Si − min

16j6i
Sj}

� >4WS2��_7FC(1,:VN�C(8�N\16:4WK793S2(<X3K8�<g79M;3BAo79<gc'8\^_8;:[7F>ZA W916^_^_8�NP24^f24>=M;8�C(8;WFW9N\163S8;WO±+79162(7F8;:_N\1,:4WS8;3 &c6A+:'7���N � A+Y[248@<=7SM;3BAo79<=1,:�>=8@^_<=:4<=^f24^ª165(7S8;:]2N�#24W9Y[2 I <ZN\<d8P7�>ZA´c6AR>X8;2(3�^�A � <X^LA+>=8ÛC(8@>ZA�WS1,^�^_8N\24^ 24>XM;8��©>QA+Y[248;>=>=8¬8;WK7fWS1624WK793BAR<g798¬N\8�^_<=:4<=^f24^ a�� 8;W 0�16WS<=7S<X16:4Wf3S8\W90�8ON�79<gc'8;W´C(8\Wf^_<=:4<=^�A©8\7^�A � <=^�A´C(1,<gc'8\:[7�M;?[AR>=8;^_8;:[7 � 7S3S8@N\16:4WS8;3Kc,M;8;W a� A@c,AR>=8;243�C(8 >QAÛWS1,^_^�8�N\24^f24>=M;8 0�8;2(7�C(8\c,8;:4<=3"7S3 � W"?63BAR:VC(8�NP8�Y[2(<á0�1,WS8;39AfC(8;W�0(3S1654> � ^�8;W>=1,3KWFC(8"> I <=^_04>XM\^_8;:[7BAR79<=16:_C(8"> I A+>=?61,3K<=7 � ^_8 a'� :�8��r8\7O±+>ZA$c6AR>X8\243 ^�A � <=^�AR>X8�Y[248"0�8;2(7 WK791�N9Ï,8;3é24:1639C(<=:`AR7S8;243�8;WK7a� � M;8�Â|0`A+3�>=8E:41,^ 543S8EC(8E54<g79W�2(7S<X>=<=WSM;Wé0�16243éN\1]C(8;3�>=8E:416^f543S8xÃ a+� 16243�N\1,:'7916243S:48;3N\8�043S1654> � ^_8,±416:©2(79<=>=<XWS8;3BA´>=8�W9N � M;^�AfMOY[24<gc6A+>=8;:'7$C(8�043S16?63BAR^_^�Ao79<=1,:�C�É]:`A+^_<XY[248�WS24<gc,AR:[7ÛT
∗ Íc¶&»�Å�µ�¹&Å�Î Å�ªÃ\¹1»ª¶�«x»�«xµ�¶�±´³�X�¹1»_[Fµ�¹1¬®¬´¯Ï��±®¬®»�·1°¶1µµYÏY/ª»w[Æ¯ø¬j½	»°Å�±®»ª¬!Y/»ªÅwÐ�ÑmÒ\Ó�Ñ@Ô�Õ×Ö?Ð:Ø�Ù�ÐaÚ�Û@ÜCÝ�Þ×Ô©ÑaÖ?ßàÔ3ÕmÑ@áaâ\Ý�ãàãZÑØ�ÙHá!ämÒ�ßåØ�Ô©æ
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5 �çy`p�vRnZko��z{l , E , � = l]m+�dl]vom+�dl�s�u�wOm,p�vxlÞ�çp²m,~��®�
ü6¹ ë Ò4»|×Ø»�Ö+¸J»Q½OÖ+×|»�ÑRÒÌç

s1 =

{
0
½�»
c1 6 0

c1

½�»çÒáÑRÒ
ú�¹:æ�ÑR¶]Ô

i
Ö6¸ç¸=ÖoÒ`×�¼'¿ú½s

n

si =

{
0
½B»
si−1 + ci 6 0

si−1 + ci
½�»çÒáÑRÒ

i[¹LàFÑRÒ�¸ ¶]½�»�ÑRÒÌç
ód¿�Õ�Ö<�6»QÕ´¶�Õ�¼'¿�½

si
·BÑRÔ�ÔB¿�½ ß4ÑRÒá¼�s³¸gÖ©õ6Ö6¸g¿P¶�Ô¬¼R¶ ½O·BÑRÔ9¿�¸=ÑO·BÖ6¸�Ô9¿B·�ï4¿PÔ9·�ï4íBö ¿P×$¸=¿´½O¿ â+Õ�¿�Ò`×¸ ¶�»�·BÑRÔ�Ô9¿�½ ßVÑRÒá¼,ÖRÒ`×�½O¿¬×¿PÔ�Õ´»çÒr¿½s ¸gÖLßVÑo½�»ç×Ø»�ÑRÒ ¼R¶¡ÕLÖ<�6»çÕf¶�Õ ¼,¿�½

si
¿\×Û·BÑoÕ´Õ�¿�Òá·B¿½sÞ¸=Öß4Ño½�»|×Ø»ÈÑRÒb·BÑRÔ�Ô9¿�½ ßVÑRÒá¼,ÖRÒ`×Ïs�¸gÖj¼'¿PÔ�ÒV»®ôPÔB¿�õ6Ö6¸g¿P¶�Ô�ÒV¶4¸Q¸=¿´¼'¿�½

si
ÖRõ6ÖRÒV×�·B¿�Õ�Ö��6»çÕ´¶]Õ�¹

� AR:4W�N\8\7�AR>X?6163S<g7 � ^_8,±�>ZALc6AR>X8\243 ^�A � <=^�AR>X8fC(8;W si 8;WK7 >QAR3S?68;^_8;:'7 <X:4ÎQM;3S<=8;243S8���N\8;>=>=8´C(8f>ZAWS1,^�^_8@N\24^ 24>XM\8ÛC(8;W�W9N\163S8;WO±VNOAR3�8;>=>=8@8;WK7�M;?'AR>X8��´>ZAfc6AR>X8;243�C(8 Si −min16j6i Sj
a

hji'kxl]vRzbn|qd~(konQpáq sdl_�Q~jwxnQyrq�nm��m,~(konZ}tnZkxi_s�u wOm6prvxl_�Qp�m6~�� D :�N � 8;39N � 86±6CVAR:4WéN\8"0`AR3BAR?63BAR0 � 8
� C�M\798;3S^�<X:48\3é8;:´043BAo79<XY[248">ZA$043K1,5`AR54<=>X<g7SM�N\3S<g79<XY[248 ∗ WS24<gc6A+:'798 p = P(Hn > hn) WS1,2(W 24:´^_1]C � >=8C(8�WSMOY[248;:4N\8ÛC(M\798\3S^_<=:4MÛA´043K<X163S<FÂØ0`AR3�8 � 8;^�04>X8 M0 ± M1 ±(8\7BN a Ã a� 1,24W$A;c,1,:4W�c�2³CVAR:4W�>=8@0`AR3BAR3BAR0 � 8@043SMONPMOC(8;:[7O±V24:©8;:4WS8;^f54>=8ÛC(8�3SM;WS24>g7�Ao79W$ARWKÉ�^_0(791+79<XY[248;WWS243�>ZA_>=16<�C(8 Hn

Y[2`A+:4C³>ZA�7BA+<=>=>X8 C(8Û>ZA_WSMOY[248;:VN\8 n 7S8;:VC©c'8;3KW�> I <X:��V:(< ar� 1624W�043SM;WS8;:[7S1,:(W$04>=24W5`ARW@24:48�043S1]N\MOC(243K8L0�16243@C(M\798\3S^_<=:48;3�>=8;W@0`AR3BAR^ � 793K8;W@C(8LN\8;W�>X16<=W@8\7 AR<X:4WS<FC(M\7S8;3S^_<=:48;3�>ZAj>=1,<ARWSÉ]^_0(791+79<XY[248@C(2©W9N\163S8�>=1�NOAR> Hn

a� c�<XC(8;^_^_8\:[7x±rN\8;W 3SM;WS24>g7�Ao79W�A+WKÉ�^�0(791+79<XY[248;W :48fWS8;3S16:[7 0`A+W W92-�LWBA+^�^_8;:[7 043SM;N\<XW WS<�>QA�WSM &Y[248;:4N\8´: I 8;WK7�0`ARW�WS2��LWBAR^_^_8;:[7�>=16:4?,248 a�� A+:4W�N\8�NOARWO±á>ZA¬Î|A+<=54>=8_NP1,^_04>=8 � <g7SM_C(8´> I AR>=?,163S<g7 � ^�80�8;3S^�8\7S7BA+:[7�C(8f793S162(c'8\3�>ZA�c6A+>=8;243�C(8 Hn
ÂØ043SM\W98;:'79M�CVAR:4W�>=8´0`AR3BAR?,39A+0 � 8´043SMON\MOC�8;:[7PÃ�0�8;3K^_8\7C I 8\WS7S<X^�8;3f>QA³>=16<�C(2¢W9N\163S8¬>X1]NOAR>"0`AR3 � 16:[798 &�� A+3K>=1{CVAR:4W´24:¡7S8;^_04W_A+N;N\8;0�7�AR54>X8j8\7_AOc,8ON¬24:48043SM;N\<XWS<=1,:�N\1,:'793°Ö6>ZA+54>=8 aV� A´043K1�N\MOC(243K8@8;WK7�C�M\7�AR<X>=>=M;8ÛN\< & C(8;WSW91624W a

5 �çy`p�vRnZko��z{l , E @ ��hji[kOl]vRzbn|qd~(kRnQprq©stlÛ�Q~_�Qprn`s�u©wOm,p�vxlÛ�Qp�m,~`�`�t~Vv $ prq�kxl�H I ~VvR�çpN(�u�~�qts
n
l]w\kL� l'konZkÆ�

æ�ÑR¶�Ô
i
Ö6¸Q¸=ÖRÒ`×"¼'¿�üçs

N
ç

ü6¹�ìV»çÕ´¶(¸=¿PÔ�¶�Òá¿�½;íB÷P¶`¿PÒá·9¿
x1x2...xn

½;¿;¸=ÑRÒ ¸=¿@ÕLÑx¼�ô;¸=¿f¼'í�½�»QÔBí
ú�¹:�Ûí\× ¿PÔPÕf»çÒá¿�Ô ¸g¿�½O·BÑRÔ9¿ ¸gÑx·BÖ6¸

h
(i)
n
Öo½B½OÑx·P»�í¤sj·9¿\×È×¿�½OíB÷P¶`¿�Òá·B¿

ô ÒbßV¿P¶�×ÛÕLÑRÒ`×ØÔ9¿PÔÞ÷P¶`¿³¸=ÖLÓ\ÑRÒá·\×|»�ÑRÒG¼'¿©Ô9íßVÖRÔP×Ø»|×|»�ÑRÒ�¿PÕ$ß�»QÔP»È÷P¶`¿ ¼R¶
N
òKíB·�ï4ÖRÒ`×|»Ø¸ç¸=ÑoÒ

h
(1)
n ...h

(N)
n×¿PÒr¼¢õ6¿PÔB½ ¸=Ö�Ó;ÑoÒá·\×Ø»�ÑoÒ£¼'¿ÞÔ9íßVÖRÔP×Ø»|×Ø»ÈÑRÒ£¼,¿

Hn

÷P¶`ÖoÒá¼
N
× ¿PÒá¼¡õ6¿PÔB½{¸�7 »QÒxð ÒV»È¹�ótÖ³ß�Ô9Ñ��BÖ��P»|¸J»|×í

P (Hn > hobs)
¿�½P×"Ö6¸=ÑRÔB½f¿�½�×Ø»çÕ�í9¿�ßVÖRÔÛ¸gÖ�ß�Ô9ÑBßVÑRÔP×Ø»�ÑRÒä¼,¿

h
(i)
n
½�¶oßVíPÔ�»�¿�¶�ÔB½¤s

hobs
¹

∗ ¯\[G[F»ª½¾h¯¢¹&Å�Å®³�^ ·1»�X¢¬�P·1»hÅ®³�X�¶�³�è�«°¯²±�³¾µ�¶�`�µ�¹�^$[CÎ º�¯¢½	»ª¹&¬o`
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� A_042(<XWSWBA+:VNP8´C�8fNOA+>XN\24>�C(8\c'8;:VA+:[7 C(8 04>=24W$8;:³04>=24W$?,39A+:VC(8,±`>=8 043S<=:VN\<=0`AR>�<=:VN\1,:'c'M;:4<=8;:[7�C(8>ZA_043S1]N\MOC(243K8fC(8 � 16:[798 � AR3S>=14±�Y[24<tN\1,:4WS<=WK798Û8;:�C(8;W�798;^_04W$C(8 NOAR>XN\24>d793K1,0³>=1,:4?6WO±�C(8\c�<=8;:[7 C(8^_16<X:(W!8;:L^_16<X:4W	3SMOC � <=54<g7916<=3S8 a(� 8\7S7S8�3S8;^�AR39Y[248�8;WS7!C I AR2(7�AR:[7!04>=24W	c6A+>ZAR54>X8$Y'248�N\8\7S7S8�^_M\7 � 1�C(8043SM\W98;:'798$C(8;W"A;c6A+:[7BA+?68;W!WS243!>=8;W!^_M\7 � 1]C(8;W!0`A+39A+^�M\793S<XY[248\W a]� 3K8;^_< � 3S8;^_8\:[7x±'8;>=>X8�:48�3K8;0�1,WS8�0`ARWWS243_24:H3SM\W924>g7BAR7¬ARWKÉ�^_0(7S167S<ZY[2(8ÜÂÈAOc,8ON�>QA�7�AR<X>=>=8³C(8©>QAÞWSMOY[248;:VN\8xÃ´8\7_0�8;3S^_8\7LC(1,:VN©C I 1,5(7S8;:4<X3>ZA¬>=16< C(8 Hn
0�16243�>ZAL7�AR<X>=>=8�C(8´WSMOY[248;:4N\8�Y[24<�:41624W�<X:[7SM;3S8;WSWS8f8��á8ON�79<gc'8;^_8;:'7 aá� 8�C(8;2 � < � ^�8´8\7043S<=:VN\<=0`AR> A;c6A+:'7�AR?,8á�L^_16:�?61©¥(7 8;WK7$>X8 ÎØAR<=7 Y[248 >QA_>X16<�C(8 >QA_WSMOY[248;:VN\8 : I 8;WK7 0`ARW 3K8;WK793S8\<X:[7S8á�24:�^_1]C � >X8�C(8�WSMOY'248;:VN\8�1F©�>X8\W Xi

W916:[7�<X:VC(M\0r8\:VCVA+:'79W�8\7�<XC(8;:[79<XY[248;^�8;:[7�C(<=WS7S3S<=5424M;WO±4162�54<=8;:� A+3KÏ,1xc�<=8;:4W a[� >V8\WS7F7S1,2(7EA�ÎØAR<g7!0�16WSW9<=54>=8�C I 165(798;:(<X3F>ZA�>=1,<`C(2_W9N\1,3K8�>=1�NOAR>`WS1624W!C I AR2(793K8;W	^�1�C � >=8;WC(8�WSMOY[248;:VN\8;W�Â|8;:¢N\16:4WS<XC(M;3BAR:[7f24:¢C(M;WSMOY'24<X>=<=543S8jC(8¬>=<ZA+<=WS16:¡0�1,243fC(8;W´C(16:4:4M;8;WfC(8 
(�$� Wx±d1,224:¡^_1]C � >X8jC(8 � A+3KÏ,1xcb:416:¢WK7�Ao79<=16:4:`AR<X3K8j0`AR3f8 � 8;^�04>X8oÃ a�� >EWS2��_7f0�1,243´N\8\>QA�C(8¬WS<X^ 24>X8\3f>=8;WWSMOY[248;:VNP8;W�W91624W�>=8Û^_1]C � >=8 C�M;W9<=3SM6±V>QA´WS8;24>X8@>=<X^�<=7S8Û3KM;WS<ZCVAR:[7$CVAR:4W�>QA�N\1,^�04>X8 � <=7SM��´?,M;:4M\3S8;3�>=8;WC(16:4:4M;8;W�WS1624W�NP8@^_1]C � >=8 a
h�~`qtw��çl´m,~Vw�pÄéÞ�´'=l]wO�éi�vx~`qtm,l´s�uÞwOm,p�vxlfl]w\k q²u��|�Ql ±o8\7�>X8;W�W9N\1,3K8;W s(X1), s(X2), ..., s(Xn)WS1,:'7�<=:VC(M;0�8;:VCVAR:[79W�8\7�<ZC(8\:[79<XY[248;^_8\:[7$C(<=WK793K<X542(M;W�1,2©Îç163S^_8;:'7�24:48ÛN � A&0Z:48ÛC(8 � A+3KÏ,1xcá±4>ZA�C(<=W &793K<X542�79<=1,:³C(8 Hn

:48ÛC(M;0�8;:VC³Y'248ÛC(8@>QA´c6AR3S<ZA+:VNP8 V(X1) = σ2 ÂÈN\Î a Îç163S^f2(>X8ÛÀ a ) Ã aV�	I 8;WS0�M;3BAR:VN\8
µ 8\7E>ZA�c,AR3S<ZAR:VN\8 σ2 C(2�W9N\163S8�W I 1,5(7S<=8;:4:48;:[7EWBA+:4WEC(<.��N\24>g79M6±]> I AR>=0 � A+5�8P7"M\7�AR:[7E?6M;:4M;39A+>=8;^_8;:'7�C(87�AR<=>X>=8@3KMOC(24<g798_T

µ =
∑

x∈A
P(X1 = x)s(x) 8\7 σ2 =

∑

x∈A
P(X1 = x)s(x)2 − µ2

� A_W9M;3K<X8 À a À¬N\16:[c,8;3S?68 3BAR04<XC(8;^_8;:[7$8\7$<X>tWS8;3BA�AR>X163SW$0�16W9WS<=54>=8´C(8 > I AR04043S1]N � 8;3�A;c'8ON@24:48 5�16:4:48043SM;N\<XWS<=1,:©8;:©1,^_8P7S7�AR:[7�>X8;W�7S8;3S^_8;W��f0`AR3K79<=3�C I 24:�N\8;3K7BA+<=:©3BAR:4? L∗ T
P(B∗1 6 x) ' 2

π

L∑

k=−L

(−1)k

2k + 1
exp

(
−(2k + 1)2π2

8x2

)
, x > 0

h�~`qtwj�Qläm,~`wj�Qlä���|utw¬m,prutvx~`q�k¬pBéå�´'gl�wO�éi]vx~�qtm,l{s�u wOm,p�vxl l�w\k©q�i]y`~(kRnZ}�l ±�> I AR04043S1 � < &^�Ao79<=1,:¬C(8>Î@AR3S>=<X:�0�1,243K3BA � 7S3S8 AR0404>X<XY[24M\8�C � W"Y[248�>ZA@W9MOY'248;:VN\8$N\1,:4WS<XC(M;3SM\8 WS8;39A@WS2��LWBAR^_^_8;:'7>=1,:4?6248 ar� >�3K8;WS7S8f:4MOA+:4^�1,<=:4W?��C(M\798;3K^_<=:48;3$8;:Þ0439AR7S<ZY[2(8f>ZALc6AR>X8;2(3�C(8;W�C(8\2 � N\16:4WK7�AR:[798;W K 8\7
λ
a
Ï@vxp�� p�wxnZkonQprq , E K ô Ò§·BÑRÒ4½�»È¼�ôPÔ9¿´¶�Òr¿f½�¶�»ç×¿�¼'¿´õ6ÖoÔP»�Ö��;¸=¿�½_Ö6¸=íBÖ+× ÑR»çÔ9¿�½

X1...Xn

»QÒá¼'íßV¿PÒr¼'ÖRÒ`×¿B½¿\×F»�¼,¿PÒ`×Ø»È÷P¶`¿PÕL¿PÒ`×"¼R»Z½P×ØÔP»®�P¶`íB¿�½js�õ6Ö6¸=¿�¶�ÔB½ ¼'ÖRÒ4½ ¶�ÒäÖ6¸ ß`ï4Ö��B¿\× A ¼'¿�×ÖR»Ø¸Q¸=¿Fð ÒV»�¿BöE¿\×F¶�Òá¿ Ó;ÑRÒá·\×|»�ÑRÒ¼'¿f½;·BÑRÔB¿
s
Öo½B½OÑO·P»�íB¿L¼R7 ¿�½ ßVí�ÔBÖRÒr·B¿fÒáí â[Ö+×Ø»Qõ6¿x¹éìV»�¸=Ö�Ó;ÑoÒá·\×Ø»�ÑoÒ§¼'¿f½O·9ÑRÔB¿L¿�½P×"»Q½B½�¶`¿L¼R¶ä¸gÑ9â6ò ÔBÖ9ß'ßVÑRÔP×¼'¿�õxÔBÖo»Q½O¿PÕ¥�;¸=ÖRÒá·9¿áç

∀u ∈ A, s(u) = log

(
P1(X1 = u)

P0(X1 = u)

)

Ñ��
P0

ù�Ô9¿�½ ß�¹
P1
þ�·BÑRÔ�ÔB¿�½ ß4ÑRÒá¼çs_¸=Ö_¸=ÑR»	¼'¿Eß�ÔBÑ��BÖ��P»Ø¸ »|×í ¼'¿

Xi
¼'¿@¸:7 ï[ã�ß4Ñ+×|ïòô�½O¿�ÒV¶4¸Q¸=¿Nù�ÔB¿�½�ß�¹�Ö6¸ ×¿�Ô\òÒáÖ+×|»çõ6¿ÔþoöEÖ6¸=ÑRÔB½

λ = 1
¿B½P×F½OÑ6¸ ¶(×Ø»�ÑoÒb¼'¿Û¸�7 íB÷P¶VÖ+×Ø»�ÑoÒ

E
[
exs(X1)

]
= 1

∗L ' 100 ·1µ�¶&¶1»h·1»ªÅO¬®ªÅ�¹&½	±´¯²±´ÅO«�µ�¶�º�»ª¶�¯ø¼�½¾»ªÅ
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Ï@vxl�u�}�lLE�� Af043S8;2(c'8�8;WS7�<X^�^_MOC(<ZAR7S8�0`A+3�W9<=^_04>=8@NOA+>XN\24>FT
E[eλs(X1)] =

∑
u∈A P0(X1 = u)eλs(u)

=
∑

u∈A P0(X1 = u)
(
P1(X1=u)
P0(X1=u)

)λ

λ = 1 8;WK7$AR>X163SW�WS1,>=2(79<=16:³C(8�> I MOY'2`AR7S<X16: E[eλs(X1)] = 1 ±VNOAR3
E[es(X1)] =

∑
u∈A P0(X1 = u)P1(X1=u)

P0(X1=u)

=
∑

u∈A P1(X1 = u)
= 1

� 8E0VA+39A+^ � 7S3S8 K ±RY[2`AR:[7h��>X24<È±R: I 8;WK7é0`ARW A+24WSWS<�Î|A6N\<=>=8 �$C�M\798;3S^�<X:48\3 a+� A�043S1]N\MOC(243S8EWS24<gc,AR:[7980�16243S3BA � 793K8�AR0404>=<ZY'24M;8�0�16243é8;WK79<=^_8;3 K ±R8\7 λ CVA+:4Wé>=8�NOARW 1F©´>=8"W9N\1,3K8": I 8;WK7é0`ARW 2(:´>X16? & 3BAR040�1,3�7C(8�c�3BAR<=W98\^f54>ZA+:VNP8 ar� 8\7S7S8�7S8ON � :4<XY[248�8;WK7�<=:4<=7S<QAR>=8;^_8;:[7�043S160�1,WSM;8�0`A+3 � A\Í�>X8;WSWÛÂKÁ;Æ Ù,) ÃE0�16243�>=8;WC(16:4:4M;8;W�798;^�0r163S8\>X>=8;W ar� >X>=8fA´8;:4WS24<=7S8ÛM\79M@3K8;043S<=WS8Û0`AR3êx¢Ao798;3K^�AR:¡Â�ÁOÆ6Æ - Ã�CVAR:4W�>X8ÛNOA+C(3S8ÛC(8Û>ZA043S1654>=M;^�Ao79<XY[248@C(2©WBNP1,3S8�>=1�N;A+> a� 8\7K798�798;N � :4<XY[248_3S8;0�16WS8_W92(3@>ZAj>X<=:4MxAR3S<=WBAR7S<X16:ÜC(8�>QAj>=1,<FC(8¬� 24^ 5�8;> ad� :{8��á8P7x±�C I AR043 � W@>ZAÎç163S^ 24>X8@À a Á�0`AR?,8 Ú'Ù ±416:³A´> I AR04043S1 � <=^�Ao79<=1,:©WS24<=c6AR:[798@C � W�>=1,3KW�Y[2(8 n 8;WS7��#?,39A+:4C)�_T
ln(− ln(P(Hn 6 y))) ' lnK − λy + lnn

� 8\7S798$Îç163S^ 24>QAo79<=16:j0�8;3S^_8P7�C I 8;WK79<=^_8;3E>=8;W"0`A+39A+^ � 793S8\W λ 8\7 K 0`AR3 � 1,:[7S8 &�� AR3S>=1f8;:j24:¬7S8;^_04W
�V:4<È±VY[248;>=>=8ÛY[248�WS16<=7�>ZA c,AR>=8;243�C(8 n ±4?63\�+N\8��´> I AR>=?,163S<g7 � ^_8@N\< & C(8;WSWS1,24W a
5 �çy`p�vRnZko��z{l , E¨"���hji[kOl]vRzbn|qd~(kRnQprq©stlÛ�Q~_�Qprn`s�u©wOm,p�vxlÛ�Qp�m,~`�`�t~Vv $ prq�kxl�H I ~VvR�çpN(�u�~�qts
n
l]w\k_y�vx~�qtsP�
ë à�ï(ÑR»Q½�»çÔ ¶]Òá¿ä×Öo»Ø¸ç¸=¿Ü¼'¿ ½OíB÷�¶`¿PÒá·B¿ n0

¹ ô Ò�ß�Ô9¿PÒá¼oÔBÖ¡½OÑR»QÒ�¼'¿Ü·�ï4ÑR»Z½�»çÔ
n0

½�¶�ì¢½;ÖRÕ´ÕL¿PÒ`×í;¸=¿�õ6í�ßVÑR¶]Ô_÷P¶V¿´¸=¿ Ô9í�½�¶4¸ × Ö+×�Öo½�ã+Õ�ßr×Ñ+×Ø»È÷P¶`¿_¼'¿f¸=Öj¸=ÑR»�¼R¶³½O·BÑoÔB¿�ß�¶�»Z½B½O¿ªí\×ØÔ9¿_ÖBß'ßá¸ »�÷P¶`íÛ½OÖoÒ4½ßV¿PÔ9¼RÔ9¿j×ØÔBÑ9ß�¼'¿Ûß�Ô9íB·P»Q½�»ÈÑRÒá¹��î7 ÖR¶(×ØÔ9¿ ßVÖoÔ\×|ö	ßá¸J¶[½
n0

½O¿PÔ9Öäí;¸=¿Põ6í�ö	ßá¸J¶[½�¸=¿�¼'íPÔ9ÑR¶4¸=¿PÕL¿PÒ`×Û¼'¿¸�7 Ö6¸ â[ÑRÔ�»|×|ï'Õ�¿�½O¿�ÔBÖ¬·BÑ�ï(×¿�¶��©¿�Ò ×¿PÔ�Õ�¿f¼'¿´·9Ö6¸=·P¶4¸d¿\×�¼87 ¶(×Ø»|¸J»Q½OÖ+×|»�ÑRÒÞÕ�íPÕLÑR»çÔ9¿x¹
ë à	Ö+¸=·P¶4¸g¿PÔ�¸=Ö_Ó\ÑRÒá·\×Ø»ÈÑRÒ�¼'¿�Ô9íßVÖRÔP×Ø»�ÑRÒå¿�Õ$ß�»çÔ�»�÷�¶`¿ F̂n0

¼'¿
Hn0

¹ à	¿P×È×¿ÞíP×ÖBßV¿j½17 ¿�õ�¿B·\×Ø¶`¿�s¸�7 ÖR»�¼'¿´¼,¿ ¸�7 Ö6¸ â[ÑRÔ�»|×|ï'Õ�¿ti]¹�ð�¹
ë º¨¸:7 ÖR»�¼,¿´¼R7 ¶]Òá¿@Ô9í â+ÔB¿B½B½�»�ÑRÒ ¸J»QÒáíBÖR»çÔ9¿�öE¿�½P×Ø»çÕL¿PÔÛ¸=¿�½"ß4ÖRÔBÖoÕ
ô\×ØÔ9¿�½

a
¿P×
b
ù=ßVÖRÔ

â
¿\×
b̂
þ¬¼'¿áç

ln(− ln(F̂n0(y))) = a+ b× y
ë ô Òä¿�½P×Ø»QÕ�¿ λ ¿\× K ßVÖRÔ

λ̂ = −b̂ ¿\× K̂ = eâ/n0

� A N\16^_04>=8 � <g79M�C(8�N\8P7S798�A+>=?,163S<g7 � ^_8 8;WK7�C�8 > I 1639C(3S8 C(8 n0

a(� 8 N � 16< � C(8 n0
8;WK7"7S3 � WE<X^_0�163 &7�AR:[7O±tNOA+3 N\8�0VA+3BAR^ � 7S3S8�C(M\798;3K^_<=:48�>=8�3BAR040�1,3�7 8;:[793K8�>ZA©c]<=7S8;WSW98L8\7 >ZA�043KMON\<=W9<=16:¢C(M\W9<=3SM;8 a�� :8��r8\7x±`WS< n0

8;WK7�793S160³ÎØAR<X54>=8,±�>ZA_>X16<�C(8 Hn0

W98\3BA_8;:VN\163S8Û7S3S160�M;>=1,<=?6:4M;8´C(8Û>ZAL>=1,<�ARWKÉ�^_0(791+79<XY[248



, E # E 7 l�wOm,p�vxlÞ�Qp�m,~`�"z{~�Atn|z{~`� KCK

C(8áÎ@A+3K>=<X:�±r8\7 WS< n0
8;WK7 7S3S1,0ÞM\>X8\c,M,±r> I AR>X?61,3K<g7 � ^_8´C(8´C(M\798;3K^_<=:`AR7S<X16: C(2ÞWBNP1,3S8f>=1�N;A+>È±²C(8´NP1,^ &04>=8 � <g79M�>=<=:4MxAR<X3K8�A;c'8ON">ZA$7�AR<X>=>=8�C(8�>ZA W9M;Y[248;:VN\8,±62(7S<X>=<=W98\3BA�C(8;WF3K8;WSW916243SN\8;WF<=:]2(7S<X>=8;^_8;:'7 a,� A$c6A+>=8;243

��C(16:4:48;3>� n0
C(M;0�8;:4C³C(8@>ZA´Îç16:VNP79<=1,:³C(8�WBN\163S8@N � 16<XWS<=8@8\7$C(8�>QA�C(<=WK793S<=542(79<=16:³C(8@>ZA�WSMOY[248;:4N\8

X1...Xn

aV� >�8;WK7�:4MON\8;WSWBA+<=3S8ÛC�8�043S1]N\MOC(8;3��´24:48@C(M\7S8;3S^_<=:`Ao79<=1,:©8;^_04<=3S<XY[248@C(8 n0

a
= l(z{~Vv&(�udl , E Q º ð Ò�¼'¿jâ[ÖOâ+Òr¿PÔÞ¼'¿�¸gÖ©ß`ÔBíB·�»Q½�»�ÑRÒ%½�¶�Ô³¸�7 ¿�½P×Ø»çÕLÖ+×Ø»�ÑoÒG¼'¿�½´ßVÖoÔBÖRÕ¥ô\×ØÔ9¿�½Bö@»|¸�¿�½P×»çÕ�ßVÑRÔP×ÖRÒ`×�¼'¿!ðc�]¿PÔf¸gÖ�õ6Ö6¸g¿P¶�Ô�¼'¿

λ
s2ü¬¸=ÑRÔB½´¼'¿f¸=Ö�Ô9í â+Ô9¿�½B½�»�ÑoÒä¸J»çÒáíBÖo»çÔB¿f¸=ÑRÔB½O÷P¶V¿´¸=Ö�Ó;ÑRÒr·\×Ø»�ÑRÒÜ¼'¿½O·BÑRÔ9¿f¿�½P×�·9ÑRÒ4½P×ØÔ�¶�»ç×¿�ßVÖRÔ�¶]Ò{¸=ÑSâ6ò ÔBÖ9ß'ßVÑRÔP×�¼'¿�õxÔ9ÖR»Q½O¿PÕ¥�;¸=ÖRÒr·B¿x¹µÛíBÖRÒVÕLÑR»çÒ4½9ö�¸=Ö_ß�ÔBíB·�»Q½�»�ÑRÒ¢½�¶]Ôj¸=¿ÛßVÖoÔBÖRÕ¥ô\×ØÔ9¿

λ
Ò&7 ¿�½P×	ßVÖo½LÒáíB·B¿�½B½;ÖR»çÔ9¿PÕ�¿PÒV×�¸=ÖLßr¸J¶]½�»QÕ$ßVÑoÔ\ò×ÖRÒV×¿�ö�·BÑRÒ`×ØÔ9ÖR»QÔB¿PÕL¿PÒ`×ñs{·9¿�÷�¶_7 »|¸"¿�½P×	ßVÖoÔØÓ\ÑR»Q½�Ö:ì¢ÔPÕLíx¹ Ý Ò ¿�õ$¿\×çö$¶]Òè·9Ö6¸=·P¶4¸E¼'¿©¼,íPÔP»Qõ6íB¿$Ó\ÑRÒá¼'í½�¶�Ô

Fn(x,K, λ) = exp
(
−Ke−λy+lnn

)
¼'ÑRÒ4Òá¿áç

dFn(x,K, λ)

dλ
= −yK dFn(x,K, λ)

dK��ô�½L¸=ÑoÔ�½�÷P¶`¿
Ky

¿�½P×�½�¶oß4íPÔP»È¿P¶�Ô<s üxö�¸=Ö´ß�Ô9íB·P»Z½�»�ÑRÒb½�¶�ÔL¸=¿�ß4ÖRÔBÖoÕ
ô\×ØÔ9¿
K
ß�Ô9¿PÒá¼³¸g¿�ßVÖo½f½�¶�ÔL¸=Öß�Ô9íB·P»Q½�»ÈÑRÒb¼o¶�ßVÖRÔ9ÖRÕ¥ô\×ØÔ9¿

λ
¹¾�¿PÕLÖRÔ9÷P¶`ÑRÒ(½�í â[Ö6¸g¿PÕ�¿PÒV×	÷P¶`¿ ¸=Ö�ß�Ô9íB·P»Q½�»ÈÑRÒ�½�¶]Ô�¸g¿�½FßVÖRÔ9ÖRÕ¥ô\×ØÔB¿B½�¼'í ßV¿PÒá¼�ßá¸J¶]½�¼R¶�·�ï4Ño»¡��¼R7 ¶�Òá¿õ6Ö6¸g¿P¶�Ô

n0

½�¶µì¡½OÖRÒV×¿´÷�¶`¿´¼o¶�ÒáÑRÕ¥�PÔ9¿´¼R7 »|×íPÔ9Ö+×Ø»ÈÑRÒ4½f¼'¿�ø{ÑRÒ`×¿Pò�à	ÖRÔ\¸=Ñ'¹
= l(z{~Vv&(�udl , E ¤ ótÖ´¼R»Q½P×ØÔ�»���¶(×Ø»�ÑoÒ�¼R¶L½O·BÑRÔ9¿$¸=Ñx·BÖ6¸(Õ�Ö<�6»QÕ�Ö6¸r¿�½P×t»Q½B½�¶V¿�¼'¿ ¸gÖ ×|ï4íBÑRÔ�»�¿�¼'¿�½�õ+Ö6¸=¿P¶�ÔB½¿°�,×ØÔ�íPÕL¿�½O¹!à	¿\×Ø×¿Û×|ï(íBÑRÔP»È¿"ß�ÔBÑ9ßVÑo½O¿�¶�Òá¿"ßVÖRÔ9ÖRÕ�íP×ØÔP»Z½OÖ+×Ø»�ÑoÒ�ßr¸J¶]½�â[íPÒáíPÔ9Ö6¸=¿f¼'¿Û¸=ÖL¸=ÑR»!¼R¶�ÕLÖ<�6»çÕf¶�Õ¼'¿

n
õ6ÖRÔ�»�Ö��;¸g¿�½¬Ö+¸=íBÖ+×Ño»çÔB¿B½èù|â'íPÒáíPÔ9Ö6¸=¿PÕL¿PÒ`× ¼'í�ÒáÑRÕ´ÕLíB¿L¸=Ö�¼R»Q½P×ØÔ�»���¶(×Ø»�ÑRÒH¼'¿�õ6Ö6¸=¿�¶�Ô¬¿°�6×ØÔ\íPÕL¿ â[í\òÒáíPÔ9Ö6¸J»Z½OíB¿ ∗ þ��·B¿ ÕLÑx¼�ô;¸g¿�ßVÑo½9½\ôB¼'¿Û¶�Ò¬ßVÖRÔ9ÖRÕ
ô\×|ÔB¿@½�¶xß'ßá¸=íPÕL¿PÒ`×Öo»çÔ9¿_÷P¶]»�¼'ÑRÒ4Òá¿�ßá¸J¶]½´¼'¿Û½;ÑR¶oßá¸g¿�½B½O¿sä¸gÖ�Ó;ÑoÔPÕL¿�¼'¿©¸=Öb¼'¿PÒ4½�»|× íx¹Ïò´ÖoÔ;¸ »çÒåÖRÒr¼Â�Û¿PÕ¥�BÑ ùªü�fgfÆú<þbÑRÒ`×�Õ�ÑoÒ`×ØÔ9í�÷P¶V¿�¸=Öb¼R»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ ¼R¶½O·BÑRÔ9¿�¸=Ñx·9Ö6¸é·BÑRÒVõ+¿PÔ â[¿ õ6¿PÔB½´¸=Ö�¸=ÑR»�¼'¿fäE¶�Õ¥�B¿;¸ öE¶(×Ø»|¸J»Q½OíB¿L·P»|òK¼'¿B½B½�¶]½O¹�µ@íBÖRÒVÕLÑR»çÒ4½Bö�¸gÖ³¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ¼'¿´õ6Ö6¸=¿P¶]Ô�¿°�,×ØÔ�íPÕ�¿Ûâ[íPÒáí�ÔBÖ6¸ »Q½OíB¿$ßVÑR¶�Ô�Ô9ÖR»|×óí\×ØÔ9¿�¶�×Ø»Ø¸J»Q½;íB¿L¸=ÑRÔB½O÷P¶`¿_¸=¿�½ ï[ã�ßVÑ+×çïòô�½O¿�½fÒáíB·B¿B½B½OÖR»çÔ9¿�½fÒá¿½OÑRÒV×�ßVÖo½�Ô9¿�½ ßV¿B·\×íB¿B½Bö ·BÑRÕfÕ�¿�·B¿�½O¿�ÔBÖR»ç× ¸=¿�·BÖo½�¼R7 ¶�Òr¿�½OíB÷P¶V¿PÒá·B¿�¼'¿�½O·BÑRÔ9¿�½�ÒáÑRÒ�»çÒá¼,íßV¿PÒá¼'ÖoÒ`×|½BötÒV»ø{ÖRÔø÷,ÑRõx»È¿PÒ4½BöéßVÖRÔ¬¿°�]¿PÕ�ßá¸=¿x¹tôdÒá¿jí\×Ø¶V¼'¿�¼'¿�½�»çÕf¶4¸gÖ+×Ø»�ÑRÒ³ßV¿PÔ�Õ�¿\×Ø×ØÔBÖo»|×�¼R7 Ö k ¶[½P×¿PÔ�¸=¿B½�ßVÖoÔBÖRÕ¥ô\×ØÔ9¿�½¼'¿f·B¿\×È×¿f¼R»Q½P×ØÔ�»���¶(×Ø»�ÑoÒb¿\×�¼'¿�õ6íPÔ�»ñðE¿PÔf÷�¶_7 ¿;¸Q¸=¿�½17 Ö k ¶]½P× ¿´·BÑRÔ�ÔB¿B·P×¿PÕ�¿PÒV×"ÖR¶�ÕLÑx¼�ô;¸=¿x¹¾�¿PÕLÖRÔ9÷P¶`ÑRÒ(½äí â'Ö6¸=¿PÕL¿PÒ`×L÷P¶V¿b¼R7 ÖR¶(×ØÔ9¿�½³ÕLí\×|ï4Ñx¼'¿B½{¼R7 ¿�½P×|»çÕ�Ö+×|»�ÑRÒ ¼'¿�½_ßVÖoÔBÖRÕ¥ô\×ØÔ9¿�½

K
¿\×
λßV¿PÔ�Õ�¿P×È×¿PÒ`×�¼R7 ¶�×Ø»Ø¸J»Q½;¿PÔLÕf»�¿P¶�� ¸:7 »çÒxÓ\ÑRÔ�Õ�Ö+×Ø»ÈÑRÒ%·BÑRÒ`×¿PÒ4¶`¿�¼,ÖRÒ4½L¸=¿�½j¼'ÑRÒ4ÒáíB¿�½O¹$à	¿�½�Õ�í\×|ï(Ñx¼'¿�½¬ÑRÒ`×¶�Ò ·BÑ�ï�×_¿PÒå×¿PÔ�ÕL¿{¼'¿{·BÑRÕ�ßá¸=¿°�6»ç×íäÖ+¸ â[ÑRÔ�»|×|ï'Õ´»�÷P¶V¿ä¿P×_¼'¿³Ô9Ñ��P¶]½P×¿B½B½O¿{÷P¶V¿³ÒáÑR¶]½ ÖRõ6ÑoÒ4½ ·�ï4Ño»Q½�»¼R7 í�õx»|×¿PÔO¹

= l(z{~Vv&(�udl , E Jªà	¿\×È× ¿©Õ�íP×|ï4Ñx¼'¿�¼'¿³¸J»QÒáíBÖRÔ�»Q½OÖ+×Ø»ÈÑRÒ�¿�½�×	ÓBÔ9íB÷P¶`¿PÕfÕ�¿�Ò`×@¶(×Ø»|¸J»Q½OíB¿Þ¼,ÖRÒ4½�¸=¿�·BÖ'¼RÔ9¿¼'¿¬¸=Ö ·BÑRÕ�ßVÖRÔ9ÖR»Q½OÑoÒ%¼'¿�¼'¿P¶���½OíB÷P¶`¿PÒr·B¿�½O¹	¾�íB·B¿PÕfÕ�¿PÒV×|ö ô ¸ ½O¿�Ò ¿P×@Ö+¸=¹�ùªü3fgfgf¢þ ÑoÒ`×Fß�Ô9ÑBßVÑo½Oí_¶�Òá¿ÖR¶�×ØÔB¿³ÕLí\×|ï4Ñx¼'¿ ù ë ½P¸=ÖRÒá¼+ò ÕL¿\×|ï4ÑO¼øþ©ßVÑo¶�Ô{¿�½P×|»çÕ�¿PÔ�¸=¿�½�ßVÖRÔ9ÖRÕ¥ô\×ØÔ9¿�½ K ¿P×
λ
¼'ÖRÒ(½{·9¿{·BÖ'¼RÔ9¿�ö�¼'¿·BÑRÕ�ßá¸=¿°�6»ç×í�¸=í â[í�ÔB¿PÕL¿PÒ`×4ßr¸J¶]½$í;¸=¿Põ+íB¿x¹(º ¸J×|½O·�ï[¶4¸`¿\×éÖ+¸=¹aù�ú�û�ûýü°þfÑRÒ`×dÕLÑRÒ`×ØÔ9íHsÛ¸�7 Öo»�¼'¿ ¼'¿�½�»çÕf¶4¸=ÖR×Ø»�ÑRÒ

∗ õOö1÷»ø ^ õ »ª¶1»�¬´¯¢½È³�ùª»ª· ö �<±�¬®»�Y�» ÷ ¯¢½È¹1»P·�³¾Å ±�¬�³¾¼�¹\±´³¾µ�¶�`
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÷P¶_7 ¿;¸ç¸=¿ ÖoÕ�í;¸J»ÈÑRÔBÖo»|×E¼'¿éÓ;Ö3ûRÑRÒ©½�»Xâ+ÒV» ðE·BÖ+×Ø»Qõ6¿@¸=Ö$ß`ÔBíB·P»Z½�»�ÑRÒ ¼'¿�½@¿�½P×Ø»çÕLÖ+×Ø»�ÑoÒ4½Û¼'¿
K
¿\×
λ
¹�æ�Ño¶�Ô ¶�Òá¿ß�Ô9íB·P»Q½�»ÈÑRÒÛðc�]íB¿�ö	·B¿\×È× ¿�ÕLí\×|ï4Ñx¼,¿ ½O¿�ÔBÖ"ð ÒáÖ+¸=¿PÕ�¿�Ò`×rßá¸J¶]½$ÔBÖ9ß�»�¼'¿Û÷P¶`¿�¸=Ö´ÕLí\×|ï4ÑO¼'¿ ¼,¿ ø ÑRÒ`×¿\ò�àFÖRÔ\¸=Ñ·;¸=Öx½B½�»�÷P¶V¿x¹

�
[�� ¹ñn�ÒØd�k ÒØd�k eNÕfiµ	�r kjüÂ_c`ab�i<Ò�iµ	�r kjü<[<[�[�ü
rième o2l<efÒ u�`an�^fd�k�Ò

�:n�l�k e�`jÒ d�kmÒ�g/b�`ck l�b¥g�n�l
� w�� wxv y ÿ���ü�z�{>|�ýL�(þxz	ÿ
� AR:4W >QAL04>X240VA+3K7�C(8;W 043S1654> � ^_8;W 54<X16>=1,?6<XY[248;WO±á>=8;W 0 � M;:416^ � :48;W M\792VC(<=M;W�L> I AR<XC(8�C�2ÞWBN\163S8>=1�NOAR>"0�8\2(c'8;:[7´WS8j3KM;0�M\798;3f04>=24WS<X8;243KW´Îç16<XW´>=8j>=16:4?{C I 24:48jWSMOY[2(8;:VN\8 aé� >E0�8;2�7�8 � <=WK798;3f04>=24WS<X8\243SW3SM;?6<=1,:4W � É�C(3S160 � 1,5�8\Wx±d162äÉäAOc,1,<=3@04>X2(W9<=8;243KW Ì;16:48;W C(8LÎç163K7S8;W � 16^_1,>=16?,<=8;WO±d0`AR3Û8 � 8;^_04>=8 at� < &:`AR>X8\^_8;:[7x±�>=8;W�C�8;2 � < � ^_8,±�7S3S16<XWS< � ^_8,± aXaXa ± rième 04>=24W�?63BAR:VC(8;W�c6AR>X8;2(3SW�C�8�WBNP1,3K8�>X1]NOAR>�0(3SM;WS8;:[7S8;:[7M;?'A+>=8;^_8;:'7�24:�<=:[7SM;3 � 7 a� >é8;WK7�:4MON\8;WSWBAR<X3K8,±²<XN\<�±²C(8_N;A+3BA+NP7SM;3S<=WS8;3@N\8_Y'24<éW98\3BAjC(M;WS<=?,:4M�0`AR3�>=8´7S8;3S^�8���C(8\2 � < � ^_8�04>=24W?63BAR:VC W9N\163S8!>X1]NOA+> � a6� : 8��r8\7x±o>ZA�WS1,24W & WSMOY[248;:VN\8EY[24<�C(1,:(:48;3BA�>ZA�C(8;2 � < � ^_8E04>=24W�?63BAR:VC(8!c6A+>=8;243��>ZA�WS1,^_^�8 s(Xi)+ ...+s(Xj)

W98\3BA�043K1,5VA+54>=8;^_8;:'7	>QA�^ � ^_8�Y[248�>ZA�WS1624W & WSMOY'248;:VN\8�Y'24<`N\16:VC(24<g7AR2Ü04>=24Wf?63BAR:VCbW9N\1,3K8,±t8 � N\8\0(79M¬Y[248;>XY[248\W 798;3K^_8;W 8;:ÜC(M;542(7f162Ì�V:¡C(8�WS8;?6^_8;:[7 aé� 8�WS8;?,^�8;:[7N\<E: I 8;WK7f0`A+W 793 � Wf<=:[79M;3K8;WSW�AR:[7�C4A+:4Wf>ZA³3S8ON � 8;39N � 8�C I 24:48¬WS8ON\16:VC(8jÌ;16:48jC(8¬W9N\163S8¬M;>X8Pc'M�AOÉ[A+:'724:48 0�8\3K79<=:48;:VN\8 54<=1,>=1,?6<XY[248 aVD :�C(M��V:(<=7�C�1,:VN$>ZA kième ^_8;<=>X>=8;243S8 WS1624W & W9M;Y[248;:VN\8�N\16^_^_8$M\7�AR:[7N\8;>=>=8$Y[24<V^�A � <X^_<=WS8 s(Xi) + ...+s(Xj)
0`A+3K^_<V7S1,2(7S8�>=8;W!WS1624W & WSMOY'248;:VN\8;W s�nçwÔS\prn|qrkOl]w C(8;W k−1^_8;<=>=>X8\243S8;W�WS1,2(W & WSMOY[248\:VN\8;W aV� 8�04>=24WO±(0�1,2(3�M\c�<g798;3�>ZAf^ 24>=7S<X0(>X<XN\<g79M@C(8\W�3SM\W924>g7�Ao79WO±�1,:©N\16:4WS<ZC � 3S8>ZAÛWS1,24W & WSMOY[248;:VN\8$>QAÛ0(>X24W"N\1,243�798$0`AR3S^_<rN\8;>=>X8;W�Y[2(<r1,:[7E>=8 ^ � ^�8$W9N\1,3K8,±�N\16^_^_8 N\8;>ZAÛM\7�AR<g7�C�Mª�KA>=8ÛN;A+W�0�1,243�>ZA´^�8;<X>=>=8;243S8�WS1,24W & WSMOY[248;:VN\8 a� 163S^_8;>=>=8;^_8;:[7O± � 24Ì;Ì;1�AR:VC � 1,^�0`A©Â�ÁOÆ6Æ,Æ'Ã"C(16:4:48;:[7�>ZA�C(M��4:4<=7S<X16:�WS24<gc,AR:[7S8LT

hji��éq�nZkonçprq , E  )M 9 l[yrz{l(q�kLstl�wOm,p�vxlÞ�Qp�m,~`�Ez{~òAtn|z{~`�ì²ÑR»ç×
C
¶�Òr¿ ½OíB÷P¶`¿�Òá·B¿fÒrÑRÒäõx»�¼'¿_¼'¿ ½O·BÑRÔ9¿x¹�ôdÒr¿f½;ÑR¶]½Pò�½OíB÷�¶`¿PÒá·B¿

I
¿�½P×�¼,¿ ½O·BÑRÔ9¿fÕLÖ<�6»çÕLÖ6¸ ¼,ÖRÒ4½

C
½�»Qö"¿P×F½O¿P¶(¸=¿PÕ�¿�Ò`×F½�»�ç
ü6¹�å`ÑR¶(× ¿�½Û¸=¿�½�½;ÑR¶]½Pò�½OíB÷�¶`¿PÒá·B¿B½ ¼'¿

I
ÑRÒ`×	¶]Ò�½O·BÑRÔ9¿"ßá¸J¶]½ Ó;ÖR»��;¸g¿�ö

Ý å
ú�¹$º�¶`·P¶]Òá¿�½�¶�ÔPò�½OíB÷P¶V¿PÒá·B¿f¼'¿

I
·BÑRÒ`×¿�ÒV¶Þ¼'ÖRÒ4½

C
Òá¿�½OÖR×Ø»Q½|Ó;Öo»|×E¸=Öj·9ÑRÒá¼R»|×|»�ÑRÒÌü,¹

D :ÛW I <=:[79M;3K8;WSW98	<XN\<-� kOpru�kOl]w��Ql�w�w;páudw�HBw;i)(�udl�qtm,l]w�stl wOm,p�vxl´�Qp�m,~`�áz{~òAdnØz ~�� C I 2(:48!WSMOY[248;:4N\8C(16:4:4M;8 a
8 A�l�zä���QlÜ� D :�N\1,:(W9<XC � 3K8@>ZA´WSMOY[248;:VN\8@C(8�W9N\1,3K8��fc6A+>=8;243�CVAR:4W {−1, 1} WS24<=c6AR:[798_T

0�16WS<=7S<X16:bT Á ) À Ú - Å e Ù Æ Á * Á,Á Á ) ÁOÀ Á Ú Á - Á;ÅW9N\163S8_T Á & Á & Á Á Á & Á Á Á & Á & Á Á Á & Á & Á & Á ÁW9N\163S8@N\24^ 24>XM\8LT Á * & Á * Á * Á ) Á * Á ) Á * & Á *
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�	I 8;:4WS8;^f54>=8@C(8;W�WBNP1,3K8;W�>=1�NOAR2 � ^�A � <X^�AR2 � Ik 8;WS7�C(16:4:4M@0`AR3@T
I1 I2 I3 I4� 16W9<g79<=16:bT {1} {4, 5, 6, 7, 8} {11, 12} {16}� A+>=8;243@T Á À ) Á

D :ä0�8;2(7�c,M;3S<.�V8;3@Y[248´7S1,24W@N\8;W�WS8;?,^_8\:[79W�WS1,:[7�8;:bA+N;N\1,3SCbA;c'8ON´>ZA�C(M��V:4<g7S<X16:bÀ a Á * 043SMONPM &C(8;:[7S8h� � 8�0r16<=:[7ÛÁ a 8;WK7�Î|A6N\<=>=8;^_8;:[7�c'M;3K<¡�`A+54>=8LTÇ � 8;WEWS1,24W & WSMOY[248;:4N\8;W�C(8 {11, 12} WS1,:[7"C(8 W9N\163S8;W Á$8\7E1,:'7"0`AR3"N\1,:(W9MOY'248;:[7"24:¬W9N\1,3K8 04>=24WÎ|A+<=54>=8ÛY[248@N\8\>X24<dC(2©WS8;?6^_8;:[7 {11, 12} Y[24<ác,AR2(7 ) aÇ � 8;W�WS1,24W & WSMOY[248;:4N\8;W�C(8 {4, 5, 6, 7, 8} WS16:[7©04>=24W�:41,^ 543S8;24WS8;W a�� A¡WSMOY[2(8;:VN\8äC(8 W9N\163S8ARWSWS1�N\<=M;8�8;WK7 {1, 1,−1, 1, 1} � D :äc,M;3S<.�V8LÎØA+N\<=>X8;^�8;:[7fY[2 I AR2VN\24:48LWS1,24W & WSMOY[248;:VNP8�: I A©24:W9N\163S8�04>=24W�M;>=8\c,MÛY'248@À a� 8�0�16<=:[7 ) C(8�>ZA{C(M��V:4<g79<=1,:�8;WK7L04>X24W�C�<¡�LN\<=>X8Â�Þc,M;3S<.�V8;3 a	� :�N\8³Y'24<�N\16:VN\8;3K:48 I2
± <X>�W I AR?,<g7C(2%W9N\163S8³>=1�NOAR>�^�A � <=^�AR>�WS243_79162(798³>ZA{W9M;Y[248;:VN\8,±	<=>�: I É%AäC(16:VNÞAR2VN\24:%WS8;?6^_8;:[7jAOÉ[A+:'7¬24:W9N\163S8¬04>=24WfM;>X8Pc'M,±�8\7f0`AR3´N\16:4WSMOY[248;:[7O±t7S1,2(7S8¬WS243 & WSMOY[248;:4N\8�C�8 I2

0�16W9WSMOC(8;39A³:4MON\8\W9WBAR<X3K8;^_8;:[724:48 WS1624W & W9MOY'248;:VN\8´A;É]AR:[7$24:³WBN\163S8Û04>=24W$M;>X8Pc'M aá� :�N\8fY[24<�N\16:VN\8;3K:48 >X8;W�AR2(7S3S8;W$WS8;?6^_8;:[7SWx±`<=>=WWS1,:'7�791624W�5�1639C(M;W�0`A+3�C(8;W�:41,^ 543S8;W�:4M;?'AR7S<XÎQW ad
 <é16:{<=:VN\>=2(7@WS8;24>=8;^_8;:'7@N\8;W�:416^f543K8;W�:4M;?'Ao79<=ÎçWCVAR:4W_>=8�WS8;?,^�8;:[7x± A+>=1,3KW_>ZA N\16:VC(<g79<=16:GÁj:48�WS8;3BA�04>X24W�3S8;WS0�8ONP7SM;8 a	
 <�16:§<X:VNP>X2(7LN\8;W�:416^f543S8;W:4M;?'AR7S<XÎQW�8\7�>X8;W�:41,^ 543S8;W�0�1,WS<g79<=ÎçW�WS24<gc,AR:[7SWÛÂØ162©043KMON\MOC(8;:'79WO±(W98\>X16:©>=8�WS8;:4W�C(8�> I M;>ZAR3S?,<=WSWS8;^_8;:[7�ÃP±16:©W I A+0�8;3 � 16<=7�WS243�:41+793K8@8 � 8;^_04>=8@Y[248�>ZA�N\16:VC(<=7S<X16:bÁ�:48�WS8;3BAf0`A+W�3S8;WS0�8ONP7SM;8 a� :'c'8;3SWS8;^_8\:[7x±E>=8ÞW98;?6^_8;:'7 {4, 5, 6} ±"C(8 W9N\163S8 À4±E: I 8;WK7�0`A+Wj24: WS8;?6^_8;:[7©C(8ÞWBN\163S8Þ>=1�NOAR>^�A � <=^�AR> a � :§8��á8\7O±�>ZAÞN\1,:4C(<=7S<X16: ) : I 8;WK7�0`ARW�3S8;WS0�8ONP7SM;8,±éNOA+3´>ZA�WS243 & WSMOY[248\:VN\8 {4, 5, 6, 7, 8}WBAR7S<XWSÎ|A+<g7�>QA´N\1,:VC�<=7S<X16:bÁ a
� w�� w�� ¢ þ�����üVþav�|��4þÔz	ÿ ����Æ�û/���-z��(þ���|�úÂ{�úO�¨�>��|>�á�Fü��	ÿ�{�ú�� � ���ú�|�üò��{�úÂ�]ýRzFü(ú

�xz�ýR����ý\ýR���¢þ w þ w { w�þ
h©nçw\kxvRn *�u�konçprq ~Vw�§tzä�dkOpVkon+(�udlås�u ���|utwby�vx~`qts¨wOm,p�vxlå�Qp�m,~`� � c6AR:[7�C(8�C(<=W9N\2(798;3LC(8©>ZAC(<=WK793S<=542(7S<X16:_C(8;W 04>=24WF?63BAR:VC(8;Wéc6A+>=8;243KWFC(2�W9N\163S8�>=1�NOAR>È±6:41624WFC(M\7�AR<=>X>=1,:(WF>QA C(M;^�AR39N � 8�8;^_0(>X1xÉ'M;80`AR3áÎ@AR3S>=<=:§A+:VC � 8\^f5�1¢ÂKÁ;Æ,Æ ) Ã�0�16243 7S3S162(c'8;3 >ZA³C(<XWK7S3S<=542(79<=1,:¢C(2ÜWBNP1,3K8¬>=1�NOAR>E^�A � <=^�A+> HnCVAR:4W�>X8@N;A+W�1F©©>ZA´WSMOY'248;:VN\8�WS1,24W & �KA+N\8;:'798�WS24<=7�24:©^�1�C � >=8 M0

8\7�1�©©> I 8;W90�M\3BAR:VN\8ÛC�2©W9N\1,3K8�8;WK7:4M;?'AR7S<=c,8 ar� 8@39A+040�8;>d8\WS7�> I 1�N\NOA+WS<=1,:�C I <X:[7S3S1]C(24<X3K8 C�8;W�:41+7�Ao79<=16:4W�8\7$C(8\W�:41+79<=1,:(W$Y[24<�W98;3�c�<=3S16:[7
�f7S3S162(c'8;3�>ZA�C(<=WS7S3S<=542(79<=16:³C(8;W�A+2�793S8;W�04>=24W�?63BAR:VC(8;W�c,AR>=8;243SW�C(2�W9N\163S8�>=1�N;A+> a
� A_043S<=:VN\<=0`A+>=8f<XC(M;8fC(8 >X8\243�A+040(3S1�N � 8f8;WK7�C(8fC(M;N\1,240�8;3$>ZALWSMOY[248;:VNP8f8;:�54>=1�N\W C(M\798;3K^_<=:4M;WC(8�^�AR:4< � 3S8�AR>XMxAo7916<=3S8,±68\7	C�1,:[7 >X8\W	C(<=WK793K<X542(7S<X16:4WFWS16:[7 <X:VC(M\0�8;:VCVA+:'798;WF8\7F<XC(8;:[7S<ZY'248;^_8;:[7	C(<=WK793K< &5424M;8;W a[� A�^LA+:4< � 3K8$C(16:[7!N\8;W	54>X1]N\W!WS1,:'7EC(M\7S8;3S^_<=:4M;W	8;WK7!043KM;WS8;:[79M;8�CVAR:4W!>ZA�WS24<g798 a'� A�^_M\7 � 1�C(8N\16:4WS<XWK798è��3SM;MONP3S<=3S8�>=8©W9N\163S8�>=1]NOA+>�WS243´>QA�W9MOY'248;:VN\8�8;:[79< � 3S8è��> I AR<ZC(8©C I 24:48�Îç16:VNP79<=1,:HC(M��V:4<=8WS243LN � A6NP24: C(8³NP8;W�5(>X1]N\W aE� 8³N\8P7S798�ÎØA � 16:�±F>=8�WBNP1,3K8³>=1]NOA+>�W I 8 � 043S<=^_8³NP1,^_^�8�24:48�Îç16:VNP79<=16:C(8_c,AR3S<ZAR54>X8;W´A+>=MxAo7916<X3K8;W 3SM;8;>=>=8;Wf<=:VC(M;0�8;:VC4A+:[7S8;Wf8\7 <XC(8;:[79<XY[248\^_8;:[7fC(<XWK7S3S<=5424M;8;W��t>ZA©>=1,<!C(8¬NP8;Wc6A+3K<QAR54>=8;W$AR>XMxAo7916<=3S8;W�8;WK7�MP792VC(<=M;8@WS243�>X8�043K8;^_<=8;3�54>=1�N a
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D :�C(M��V:4<g7�>QA@c6A+3K<QAR54>=8@AR>=MxAR7S1,<=3S8 Ci = s(Xi)
±]1F© s 8;WK7�>ZAÛÎç1,:4NP79<=1,:�C(8 W9N\163S8�N � 1,<=WS<X8,±]8\7 Xi>ZAfc6A+3K<QAR54>=8 AR>XMOAR7916<=3S8ÛA+WSWS1�N\<=M;8��f>ZA ième >=8\7S7S3S8@C(8�>ZA´WSMOY[248;:VNP8@M\7S2VC(<XM\8 aD :�:41+798 ∀k ∈ N, Sk =

∑k
i=1 Ci

±4>=8;W�WS16^_^_8;W�N\24^f24>=M;8;W�0`A+3�79<=8;>X>=8;WO±48\7�16:©0�1,WS8 S0 = 0
aD :�:41+798 M >X8�^�A � <=^f24^ C(8;W�WS1,^_^�8;W�N\24^f2(>XM;8;W�0`AR3K79<=8;>=>X8\W M = supk>0 Sk� A�C(M;^�AR39N � 8jC�8�Î�A+3S>=<=:§AR:VC � 8\^f5�1¢Â�ÁOÆ6Æ ) Ã@N\16:4WS<=WS7S8f�©M\792VC(<=8;3 >ZA³C(<=WK793K<X542(7S<X16:¢C(8 M ±0�16243�8\:4W92(<=7S8�8;:©C(MOC(2(<X3K8�>ZA´C(<=WS7S3S<=542(79<=16:�C(2�^�A � <=^f24^ C(8;W�WS16^_^_8;W�N\24^f24>=M;8;W�0`AR3K7S<X8\>X>=8;W�WS243>=8�043S8;^_<=8;3�54>=1�N a�� 8\7S7S8@C(<=WS7S3S<=542(79<=16:�0�8;3K^_8\7�8;:4WS24<=7S8@C(8@NOA+39A6NP7SM;3S<=WS8;3�>ZA�C(<=WK793K<X542(7S<=1,:�C(2©04>=24W?63BAR:VC©W9N\163S8�>=1�N;A+> a� 8\WÛ54>X1]N\W WS16:[7 C(M��V:4<=W���0`A+3�79<=3 C�8;W kOl(zä�tw�stl§vxl]m,p�vos�w�qdi[y`~4kon ¦ w C(8L>ZA�^�AR39N � 8�AR>XMxA &7916<=3S8 (Sk)k>0

a`� 8;W�7S8;^_04W$C(8Û3K8ON\1639C(W$:4M\?[Ao79<=ÎçW�W916:[7$C(M��V:4<=W N\16^_^_8ÛM\7BA+:'7$>=8;W�798\^_04W$C I A+3K3 � 79WWS24<gc,AR:[79W@T
T0 = 0 8P7 Tk+1 = inf{i : i > Tk

8\7 Si 6 STk}� :j7S8;^_04W�C(8�3K8ON\1639C�N\163S3S8;WS0�16:VCè� 24:©:4162(c'8xAR2�^_<X:4<=^f2(^ CVA+:(W�>ZAf^�AR39N � 8@AR>=MxAo791,<=3K8�Îç1,3K^_M;80`AR3 (Sk)k>0

a�� AR:4W�> I AR>X?6163S<g7 � ^_8_À a Àj0`AR?,8 -6) 24: 798\^_04W@C(8´3S8ON\1639C{NP1,3K3S8;WS0�1,:VCÍ�¬24: si :]24> a� 1,^_^�8�> I 8;WS0�M;3BAR:VN\8ÛC(2©W9N\163S8�8;WK7�:4M\?[Ao79<gc'8,±416:³A P (Tk <∞) = 1
a`� 7�16:�:41+798

µ = E[T1]

� :[793K8_C(8;2 � 7S8;^_04W@C(8_3K8ON\1,3SC(W@WS2VN;N\8;WSWS<=Î#±�16:äW I <X:'79M;3S8;WSWS8LA+2 � c6A+3K<QAR54>=8;W A+>=MxAo7916<X3K8;W@c6AR>QAR:[7>=8@^LA � <=^f2(^ªC(8;W�WS1,^�^_8;W�N\24^ 24>=M;8;W�0`AR3K7S<X8;>=>=8;W�WS243�24:©54>=1�N�T
Qi = max

Ti6k<Ti+1

(Sk − STi)
�fI A+2(7S3S8³0`AR3K7O±F>=8;WL793BA��8ONP7916<=3S8;W¬C(8;W�WS16^_^_8;W�N\24^f2(>XM;8;W�0`AR3K7S<=8;>X>=8;W�8;:[793K8�C(8\2 � 798\^_04W¬C(83S8ONP1,3SC(W WS2VN;N\8;WSWS<=ÎçW Σk = (Si, Tk 6 i 6 Tk+1)k

WS1,:'7 <=:VC(M;0�8;:VCVAR:[798;W 8\7 <XC(8;:'79<XY[248;^_8;:'7�C(<=WK793K< &5424M;8;W aF� 8ON\<"8;WK7_C+¥ �³> I <X:4C(M;0�8;:VCVAR:VN\8�C(8;Wfc6A+3K<QAR54>=8;WLAR>XMxAo7916<=3S8;W Ci 8\7_A+2¢ÎØAR<g7_Y[2 I 8;>=>=8;W�WS16:[7<XC(8;:[79<XY[248\^_8;:[7$C(<XWK7S3S<=5424M;8;W ar� A+3�N\16:4WSMOY[248;:[7O±`>=8;W�^�A � <=^�A�C(8 N\8;W�793BA&�#8ONP7916<=3S8;WO± Qi
±4W916:[7�M;?'A &>=8;^_8;:[7�C(8;W�c6AR3S<ZA+5(>X8;W$AR>=MxAR7S1,<=3K8;W�<X:4C(M;0�8;:VCVAR:[798;W�8\7�<XC(8;:[7S<ZY'248;^_8;:[7�C(<=WK793K<X5424M\8;W a� 8ÞW9N\163S8�>X1]NOA+> ^LA � <=^�AR>$1,5�798;:]2 �b24: N\8;3�7�AR<X: 7S8;^_04W�C(8Þ3K8ON\1639C W I 8 � 043K<=^_8 N\16^_^_8�>X8^�A � <=^f24^ C(8�c6A+3K<QAR54>=8;W$A+>=MxAo7916<=3S8;W�< a < a C{T

∀m > 0, HTm = max
06i6Nn

Qi

1F© Nn
8;WK7�>X8�:416^f543K8LÂ�AR>XMOAR7S1,<=3S8oÃ"C(8�7S8;^_04W�C(8�3S8ON\1639C(W�CVAR:4W�>ZA´WSMOY[248;:4N\8ÛC(8�7BA+<=>=>X8 n a� 8\7K798�043S16043S<=M\7SM$A <=:4WS04<X3KM�> I AR>X?6163S<g7 � ^_8�À a À@C�2LW9N\163S8�>=1]NOA+>V^�A � <=^�AR>�±,NOAR3F8;>=>X8�8;:[7939A&0Z:48�Y[248>=8�C(M;542�7�C(2 WS8;?6^_8;:[7�C(8fW9N\163S8f>X1]NOAR>é^�A � <=^�AR>�8;WK7�24:�798;^_0(W�C(8´3S8;N\1,3SC²±r8\7�Y[248f>ZA¥�V:{C�8�N\8WS8;?6^_8;:[7�N\1,3K3S8;WS0�16:VC �f>QA´3KMxAR>X<=WBAR7S<X16:³C(2©^�A � <=^f24^ 8;:[7S3S8@N\8�798\^_04W�C(8�3S8ON\1639C�8\7�>X8�WS24<gc,AR:[7 a

Î@A+3K>X<=:jA+:4C � 8;^ 5�1¬ÂKÁ;Æ,Æ ) Ãé1,:'7EMP7�AR54>X<`24:48 AR04043S1 � <=^�Ao79<=1,:¬C(8�>QA@Y[248;248$C�8�>QA@C(<=WS7S3S<=542(79<=16:C(2©^�A � <=^f24^ C(8;W�WS1,^_^�8;W�N\24^f24>=M;8;W�0`A+3�79<=8;>X>=8;W�8\:[793S8@C�8;2 � 798;^_04W�C(8@3K8ON\1639C(W@T
P (Q1 > y)

y→+∞∼ Ce−λy
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rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� K J

1F© λ 8;WK7©> I 24:4<XY[248 WS1,>=2(79<=16:�C(8 > I MOY[2`Ao79<=1,: 8;: x ± E[e−xC1 ] = 1 ±"8P7 C 8\WS7�24:48äNP1,:4WK7�AR:[7S8C(M;0�8;:VCVAR:[7�C(8 >ZAL>=16<�C(8 Ci ar� >=W$1,:[7$M;?'A+>=8;^_8\:[7 M\7�AR54>=<�Y[248 >=8fC(16^�A+<=:48fC I Ao7S7S3BA+NP79<=1,:�C(8 >QA_>=1,<C(8 Qi
8;WK7�>QA�>=16<éC(8L� 24^ 5�8;> aá� 2�793S8;^�8;:[7�C�<=7O±r>QA¬C(<=WK793K<X542(7S<X16:{C(2Þ^�A � <X^ 24^ËC(8;W Qi

±áN I 8;WK7�C(<=3S8 Hn
±VN\163S3K8ONP798;^_8\:[7�:4163S^�AR>=<XWSM,±VN\16:[c'8\3S?68�c'8;3SW�24:(8@>=16<dC(8 � 24^f5�8;> a�D :©:41+798_T

MNn = max
16i6Nn

Qi

� I AR043 � W_>ZA�7 � M;163S<=8�C(8;W�c6AR>X8;243KW_8 � 793 � ^_8;W_8P7L>=8©3KM;WS24>=7BAR7LC(8èÎ@AR3S>=<=:%A+:VC � 8;^ 5�1%Â�ÁOÆ6Æ ) Ã�± <=>8 � <=WK798@C(8;2 � WSMOY[248\:VN\8;W ak 8P7 bk 798;>=>=8;W�Y[248
lim
k→∞

P((Mk − bk)/ak < x) = e−e
−x

Ï@vxp�� p�wxnZkonQprq , E  L Ý ÒL¶�×Ø»Ø¸J»Z½OÖRÒ`×t¸=¿�½EÒáÑ+×Ö+×|»�ÑRÒ4½tß�Ô9íB·BíB¼'¿PÒV×¿�½Bö�¸=¿�½!½OíB÷P¶`¿PÒr·B¿�½ ak ¿\× bk ½�¶]»çõ6ÖRÒV×¿�½½OÑRÒV×!×¿;¸Q¸=¿�½f÷P¶V¿áç
lim
k→∞

P((Mk − bk)/ak < x) = e−e
−x

ÖRõ6¿B·
ak =

1

λ

bk =
ln k + lnC

λ

Ï@vxl�u�}�lLE�� Af043S8;2(c'8�W I 8��r8ONP79248�0`AR3�24:©WS<X^�04>X8@NOAR>XN\24> a
P((Mk − bk)/ak < (y − bk)/ak)) = P(Mk < y)

= (1− P(Q1 > y))k

D :©0�1,WS8 x = (y − bk)/ak ±VN I 8\WS7���C(<=3S8 x = λy − ln k − lnC ±VC I 1�© y = (x+ ln k + lnC)/λ
aD :³A�C�1,:VN

P((Mk − bk)/ak < x) =

(
1− P

(
Q1 >

x+ ln k + lnC

λ

))k

∼
(

1− C exp

(
−λx+ ln k + lnC

λ

))k

=

(
1− exp(−x)

k

)k

k→∞→ exp(−e−x)

� 8\7K798j0(3S1,0�16WS<g79<=1,:§C(16:4:48j>=8;W�N\16:4WK7�AR:[798;W�C(8¬:4163S^�AR>=<XWBAo79<=1,:¢8;:¡Îç16:VNP79<=16:HC�2¢:416^f543K8�C(8798;^�04W³C(8{3S8ON\1639C(W a�� >�3S8;WK798Ì�¡793K1,2(c,8;3�N\8;W³N\16:4WK7�AR:[798;W�8;:åÎç16:VNP79<=16: C�8ä>ZA§>=16:4?,248\243³C(8ä>ZA



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
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WSMOY[248;:VNP8 a�D :ä2(79<=>=<=W98_0�16243ÛN\8;>ZA�>ZA�N\1,:[c,8;3S?68;:VN\8_043S8;W9Y[2(8_WN¥43S8LC�8 Nn/n
c'8;3SW 1/µ

a�D :ä0�8;2(7C(16:VN@A��_3S^_8;3�Y[248 Nn
WS8@N\1,^�0r163K7S8�043S8;W9Y[248�WN¥43S8\^_8;:[7�N\1,^�^_8 n/µ a� 8\7K798�1654W98\3Kc6AR7S<X16:³N\16:VC(24<g7$A+2 � NP1,:4WK7�AR:[7S8;W�C(8�:4163S^�AR>=<XWBAo79<=1,:(W�W92(<=c6AR:[798;W�0�1,243 Hn

T
Ï@vxp�� p�wxnZkonQprq , E  -# Ý Ò_¶(×|»Ø¸J»Q½;ÖRÒ`×d¸=¿B½EÒáÑ+×ÖR×Ø»�ÑRÒ4½dß�Ô9íB·BíB¼'¿PÒV×¿�½Bö²¸g¿�½!½OíB÷P¶V¿PÒá·B¿�½ an ¿\× bn ½�¶]»çõ6ÖRÒV×¿�½½OÑRÒV×!×¿;¸Q¸=¿�½f÷P¶V¿áç

lim
n→∞

P((Hn − bn)/an < x) = e−e
−x

ÖRõ6¿B·
an =

1

λ

bn =
lnn+ ln(C/µ)

λ

Ï@vxl�u�}�lLEt� A_043S8;2(c,8,±`043SM;WS8;:'79M;8fCVAR:4W � 8;39NP<X8;3fÂKÁ;Æ,Æ6Æ'ÃP±`W I AR040424<=8 W9243$C�8;2 � 3KM;WS24>=7BAR7SW a�� 8Û043S8 &^_<=8;3�8;WS7�>QA´N\1,:'c'8;3S?68;:VN\8�043S8;W9Y[248�WN¥43S8�C(8 Nn/n
a

lim
n→∞

Nn

n

p.s.
=

1

µ� 8@C(8;2 � < � ^_8�8;WK7�>=8�ÎØAR<=7�Y[248 Hn
8;WK7�N\3S16<XWSWBA+:'798�8;WK7�8;: n C(16:VN�T

P(HTNn+1
6 x) 6 P(Hn < x) 6 P(HTNn

6 x)

D :�N\16:4WS<ZC � 3K8 ε > 0 ±48\7�>ZAf^�A��#163BAo79<=1,:©WS24<gc,AR:[7S8LT
P(HTNn

6 x) = P(HTNn
6 x;n(1/µ− ε) 6 Nn 6 n(1/µ+ ε))

+P(HTNn
6 x; |Nn/n− 1/µ| > ε)

6 P(HTdn(1/µ−ε)e 6 x) + P(HTNn
6 x; |Nn/n− 1/µ| > ε)

= (P(Q1 6 x))dn(1/µ−ε)e + o(1)

NOAR3�0�16243�79162(7 ε > 0 ±
lim
n→∞

P(|Nn/n− 1/µ| > ε) = 0� 8�^�AR:4< � 3S8�WS<X^_<=>ZA+<=3S86±41,:©165(79<=8;:[7�>ZA´^_<=:4163BAo79<=1,:©WS24<gc,AR:[798_T
P(H

Nn+1
6 x) > (P(Q1 6 x))bn(1/µ+ε)c+1 − o(1)

� <=:`AR>X8;^�8;:[7x±
Gn(ε) 6 P(Hn 6 x) 6 Dn(ε)A;c'8ON

Gn(ε) = (P(Q1 6 x))bn(1/µ+ε)c+1 − o(1)



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
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8\7
Dn(ε) = (P(Q1 6 x))dn(1/µ−ε)e + o(1)D :©0�16W98

x = anz + bn

=
1

λ
(z + lnn+ ln(C/µ))

� 7�1,:³A�±L�f> I AR<ZC(8@C(2©3SM;WS24>g7�Ao7�WS243�>ZA�Y[248;2(8ÛC(8@C(<=WK793S<=542(7S<X16:³C(8 Q1
T

Gn(ε)
n→∞∼

(
1− C exp

(
−λ1

λ
(z + lnn+ ln(C/µ))

))bn(1/µ+ε)c+1

=

(
1− µe−z

n

)bn(1/µ+ε)c+1

n→∞∼
(

1− µe−z

n

)n(1/µ+ε)

n→∞∼ exp
(
−(1 + εµ)e−z

)

� 1,:VN
lim
n→∞

Gn(ε) = exp
(
−(1 + εµ)e−z

)

� 8�>QAf^ � ^_8�Î|A � 16:äT
lim
n→∞

Dn(ε) = exp
(
−(1− εµ)e−z

)

D :�A´C(1,:VN�T
lim
n→∞

Gn(ε) 6 P
(
Hn 6

1

λ
(z + lnn+ ln(C/µ))

)
6 lim

n→∞
Dn(ε)

D 3
lim

n→∞,ε→0
Gn(ε) = lim

n→∞,ε→0
Dn(ε) = exp

(
−e−z

)

� 1624WFAOc,1,:4W C(16:VNE^_1,:'793SM"Y[248">=8;WFNP1,:4WK7�AR:[7S8;WFC(8":4163S^�AR>=<XWBAo79<=1,:�±6C(M��V:4<X8\WFCVA+:4Wé>QA�043S160�1,WS<g79<=16:�±N\16:VC(24<=W98\:[7��f>ZA�N\16:[c'8;3K?,8;:VNP8ÛC(8�>QAf>=1,<�W9N\163S8�>=1�NOAR>�^�A � <X^LA+>ác'8;3KW�>QAf>X16<dC(8 � 24^f5�8\> a� 8�3KM;WS24>=7BAR7 8;WK7f>=<=M���>ZA�N\16:[c'8;3K?,8;:VNP8jC(2Ü^LA � <=^f2(^ C(8;W Qi
c,8;3SWÛ>QA©>=1,<!C(8�� 24^f5�8\> at� AY[2`AR>=<=7SM$C�8�> I AR04043S1 � <=^�Ao79<=1,:�C(8�>QA�>X16<`C(8 Hn

0`AR3	WBA�>=1,<V>X<=^_<g7986±[CVAR:4W	>X8�NOA+W	24WS248;>`C(8�WSMOY[2(8;:VN\8;WC(8$7�A+<=>=>=8;W��V:4<=8;WO±4C(M\0�8;:VC(3BAf0`AR3�N\16:4WSMOY[248;:[7�C(2j:416^f543S8�C(8 7S8;^_04W�C(8�3S8ONP1,3SC(W a4� :j<=:VC(<ZN;AR7S8;243<=:[79M;3K8;WSW�AR:[7	8;WK7!>ZA�c6AR>X8\243!C(8�> I 8;WS0�M;39A+:VNP8$C(8�N\8�:416^f543K8ÛT n/µ ±'C(16:[7!24:_8;WS7S<X^LAR7S8;243	:(1,:L54<ZAR<XWSM8;WK7 Nn

a
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rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� " #

h©nçw\kxvRn *�u�konçprq ~Vw�§tzä�dkOpVkRn+(�u�l§m,prq-S\prn|qrkOl¢stl]w³���|utw�y�vx~`qtstl]w©}(~��Ql�utvow³stl¢wOm,p�vxl§�Qp�m,~`�� 1624WF043K1,0�16WS1,:4WFCVA+:4WFN\8�0`A+39A+?63BAR0 � 8�C(8�C(M\798\3S^_<=:48;3 >ZA�C(<=WK793S<=542(7S<X16:�ARWSÉ]^_0(791+79<XY[248�N\16:F�#16<X:'798C(8;W r 04>=24W�?63BAR:VC(8;W$c6AR>X8;2(3SW�C(8fW9N\163S8f>=1]NOA+>È±�798\>X>=8;W�Y[2 I 8\>X>=8;W WS1,:[7�C(M��4:4<X8;W 0`AR?,8 - ÅÞÂÈC(M��V:4<=7S<X16:À a Á * Ã a'D :fWS8"0(>QA+N\8�CVAR:4Wé>=8�NOARWé1F©´>=8;Wé>=8\7S7S3S8;WéC(8">ZA�WSMOY[248;:VN\8"WS1624W & ��A6N\8\:[798"WS16:[7é<=:VC(M;0�8;:VCVAR:[798\W8\7�<XC(8;:[7S<XY[248;^_8;:[7�C�<XWK793K<X542(M;8;WO±48\7�CVAR:4W�>=8@NOARW�>=8@04>=24W�Îç3SMOY'248;:[7�1F©äT
E[C1] < 0 8\7 P(C1 > 0) > 0

A;c'8ON Ci = s(Xi)
±(1�© s 8\WS7�>QAfÎç1,:VN�79<=1,:³C(8�W9N\163S8@N � 16<XWS<=8,±V8P7 Xi

>QAfc6AR3S<ZA+54>=8 AR>XMOAR7S1,<=3S8 ARWSWS1�N\<=M;8
�´>ZA ième >=8\7S7S3S8@C(8�>QAfW9M;Y[248;:VN\8�M\792VC(<=M;8 a'�pVkO~(kRnQprq§��
 <4> I 16:LN\16:4WS<ZC � 3S8�24:48�WS24<g798�C(8�c6AR3S<ZA+54>=8;WEAR>=MxAR7S1,<=3S8\Wx± Z1, ..., Zn

±6>=8�^LA � <=^f24^C(8´NP8\7S798 WS24<=7S8fWS8;3BAL:41+79M Z(1) = maxi=1,...,n Zi
±�>ZA¬C�8;2 � < � ^_8f04>=24W ?,39A+:4C(8 c,AR>=8;243 WS8;3BAL:41+79M;8

Z(2) ±48P7BN ∗ a`� AR:4W�>ZA´WS24<g798,±4:41624W�NP1,:4WS<XC(M;3S8;3K1,:(WÛTÇ H
(1)
n > ... > H

(r)
n
T4>=8;W r 04>X2(W�?63BA+:4C(8;W�c6AR>X8;243KW�C(8�W9N\163S8�>=1�NOAR> aÇ Q

(1)
n > ... > Q

(r)
n
T�>=8;W r 04>X2(W�?,39A+:VC(8;Wfc,AR>=8;243SW_C(8;W´^�A � <X^LAÞC(8;W´W916^_^_8\W_N\24^ 24>XM\8;W0VA+3�79<=8;>X>=8;W�8;:[7S3S8@C(8\2 � 7S8;^_04W�C(8�3S8;N\1,3SC(W a� 1,24W�AOc,1,:4W!c�2�±�CVA+:4W">=8$0`A+39A+?63BAR0 � 8 043SMON\M;C(8;:[7x±�Y[248$>X8$W9N\1,3K8 >=1�NOAR>á^�A � <=^�AR>r8;WK7">X8$^�A � < &^f24^ C(8�Y[2`AR:[79<g79M;W <X:VC(M\0�8;:VCVA+:'798;W�8\7�<ZC(8\:[79<XY[248;^_8\:[7@C(<=WK793K<X5424M\8;WLÂ Q1, ..., Qn

Ã aá� A�>=16< C(8�N\8^�A � <=^f24^�±�:(1,3K^�A+>=<=WSM;8´0`AR3 >=8;W�N\16:4WK7�AR:[798\W an 8\7 bn C(M��V:4<=8;W�CVAR:4W�>ZA�043K1,0�16WS<=7S<X16:{À a Á ) 0`AR?68Å * ±6NP1,:[c,8;3S?68"c,8;3SWé>ZA$>=1,<4C(8�� 24^ 5�8;> a,� 16243 C(M\7S8;3S^_<=:48;3é>ZA C(<=WK793S<=542(7S<X16:LARWKÉ�^_0(791+79<XY[248�C(8\W 04>=24W?63BAR:VC(8;W!c,AR>=8;243SW"C(8�W9N\1,3K8$>=1�NOAR>È±]1,:�2(79<=>=<XWS8;39AÛ24:�3SM;WS24>g7�Ao7"N\1,:4:[2¬WS243!>QAÛC(<=WK793S<=542(7S<X16:jN\16:F�#16<X:'798ARWSÉ]^_0(791+79<XY[248�C(8;W r 04>X2(W�?,39A+:VC(8\W"c,AR>=8;243SW�C I 2(:�MON � A+:'79<=>X>=16:bÂ$xb8;<=W9WS^�AR:�±áÁ;Æ eRÙ � 
 ^�<=7 � ±áÁOÆ Ù Åò�� 1,>=8;WO± )6*6* ÁoÃ T
Ï@vxp�� p�wxnZkonQprq , E  ), ì²ÑR»ç×

Y1...Yn
¶]Òá¿ ½�¶]»|×¿ ¼,¿�õ6ÖRÔ�»�Ö��;¸=¿�½ÛÖ+¸=íBÖ+×Ño»çÔB¿B½ »QÒá¼'íßV¿PÒr¼'ÖRÒ`×¿B½Û¿\×é»�¼'¿�Ò`×Ø»|ò÷P¶`¿�Õ�¿PÒ`×é¼R»Q½P×ØÔ�»��P¶VíB¿�½O¹ ô ÒjÒáÑ+×¿

M
(k)
n
¸=Ö
kième

ßá¸J¶[½Eâ+ÔBÖoÒá¼'¿�õ+Ö6¸=¿P¶]Ôx¹ ô Ò¬½O¿ ßá¸gÖ'·B¿�¼'ÖRÒ(½�¸=¿�·BÖx½ Ñ��
M

(1)
n

·BÑoÒVõ6¿PÔ�â[¿Ûõ+¿PÔ�½�¶�Òr¿f¸=ÑR»E¼'¿ßäE¶�Õ
�9¿;¸aç
limn→∞ P(M

(1)
n < anx + bn) = exp(− exp(−(x−

µ)/σ))
Ñ��
an
¿\×
bn
½OÑRÒ`×"¼,¿P¶���½�¶�»ç×¿�½ ¼'¿ ·BÑRÒ4½P×ÖoÒ`×¿�½Û¼'íßV¿�Òá¼'ÖRÒ`× ¿�½Û¼'¿Û¸gÖL¸=ÑR»	¼'¿

Yi
¹�ótÖ�¼'¿PÒ4½�»ç×í

k ÑR»QÒ`×¿´¼,¿�½
r
ßr¸J¶]½$â+Ô9ÖRÒá¼,¿�½�õ+Ö6¸=¿P¶]Ô�½BöE·BÑRÔ�ÔB¿B·\× ¿PÕ�¿PÒV×	ÒrÑRÔ�Õ�Ö6¸J»Z½OíB¿�½"ß4ÖRÔ

an
¿\×
bn

(
M

(1)
n − bn
an

, ...,
M

(r)
n − bn
an

)

¿�½P×"¼'ÑRÒVÒríB¿�ß4ÖRÔáç

L(•) = exp

{
− exp

(
−M

(r)
n − µ
σ

)}
r∏

i=1

σ−1 exp

(
−M

(i)
n − µ
σ

)

� :48 3S8;^�AR39Y'248 <X^�0�1,3�7�AR:[798fN\16:VN\8;3S:VA+:[7�N\8\7K798fC(8;:4WS<g79M 8;WK7�Y[248 >=8;W N\1,:(WS7BA+:[7S8;W C(8f:4163S^�A &>=<XWBAo79<=1,: an 8\7 bn WS1,:[7@>X8;W@^ � ^_8;W@0�16243@7S1,2�798;WÛ>=8;WÛWK7BAR7S<XWK79<XY[248\W¬ÂØ^�A � <=^f24^�±�C(8\2 � < � ^_8L04>=24W?63BAR:VC(8�c6AR>X8\243O±48\79N a Ã a`� 8\7S798�1654WS8;3Kc6Ao79<=1,:��#24WK79<.�V8�>QAf3S8;^�AR39Y'248@N\< & C(8;WSW91624W a
∗ ¿�±�±�»°¶�±´³	µ�¶ ø «x»x±®±�»¶&µø±Ô¯²±´³¾µ�¶f¶�¸ »ªÅ�±«[Æ¯¢Å�«x»°½¾½¾»�¹\±´³¾½È³¾Å®�»ñX�ª¶1�¬Ô¯ø½¾»�Y/»°¶�±>·Æ¯ø¶�Å�½¾»ªÅ�·1µ1«�¹GY�»ª¶�±´Å�±�¬´¯¢³	±Ô¯¢¶�±>·1»ªÅÅ ±Ô¯²±´³¾Å�±´³¾Ã\¹1»ªÅ�·�¸ µ�¬�·1¬®»�Ä�·�¯¢¶&Å�½	»ªÅ�Ã<¹&»ª½¾Å Z(1) ·1ªÅ®³�X�¶1»h¹&Å®¹&»ª½¾½¾»�Y�»ª¶�±c½¾»wY�³¾¶�³�Y�¹GY�·1»h½¡¸ ª«aT�¯¢¶�±´³È½¾½¾µ�¶g]
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= l(z{~Vv&(�udl , E  @ ótÖ ¼R»Q½P×|ÔP»���¶(×Ø»�ÑoÒ�·BÑRÒ k ÑR»çÒ`× ¿ ¼'¿B½
r
ßr¸J¶]½!â+Ô9ÖRÒr¼'¿�½"õ6Ö6¸=¿P¶]Ô�½�í\×ÖRÒV×é·BÑoÒVÒV¶`¿"ö|»Ø¸V¿�½P×ßVÑo½B½B»��;¸=¿L¼R7 ÖRÕLí;¸J»�ÑoÔB¿PÔ�¸�7 ¿B½P×Ø»çÕLÖ+×Ø»�ÑRÒ§¼'¿B½L·BÑRÒ4½�×ÖRÒ`×¿�½_¼'¿jò´ÖRÔ\¸J»çÒ

K
¿\×
λ
ù�õ6Ño»çÔ�¸�7 Ö6¸ñâ[ÑRÔ�»|×|ï[ÕL¿ªi]¹o³ßVÖOâ[¿�hÊð�þ ¿PÒ�Òá¿"½O¿�Ó;ÑRÒr¼'ÖRÒ`×(ßVÖo½"¶]ÒV»�÷P¶V¿PÕ�¿PÒV×�½�¶]Ô�¶�Ò©íB·�ï4ÖoÒ`×Ø»Ø¸Q¸=ÑRÒ©¼'¿�½"õ6Ö6¸g¿P¶�ÔB½"Õ�Ö<�6»QÕ�Ö6¸g¿�½Bö�ÕLÖR»Q½¿PÒb·BÑRÒ4½�»�¼,íPÔBÖoÒ`×�í â[Ö6¸=¿PÕL¿PÒ`×E¸�7 »QÒxÓ;ÑRÔ�Õ�ÖR×Ø»�ÑRÒÜ·BÑRÒ`× ¿PÒV¶`¿´¼'ÖRÒ(½ ¸=¿�½

r
ßá¸J¶[½ â+ÔBÖoÒá¼'¿�½�õ6Ö6¸=¿P¶]Ô�½f¼'¿�½

Qi

¹ì`Õf»|×|ïÍùªü3f3ÿ"³²þjÖj¼,íPõ6¿;¸=ÑBß,ßVí@¶�Òá¿@ÕLí\×|ï4ÑO¼'¿´¼R7 ¿B½P×Ø»çÕLÖ+×Ø»�ÑRÒ�ßVÖoÔ@ÕLÖ<�6»çÕf¶�ÕË¼'¿@õOÔBÖR»Z½O¿PÕ
�;¸gÖRÒá·B¿@¶�×Ø»|ò¸J»Z½OÖRÒ`×F·B¿\×È×¿�Ô9¿PÕLÖRÔB÷�¶`¿x¹C� ¶oß�¶]»Q½�ùªü�fgf���þ�ÖÛÕ�ÑoÒ`×ØÔ9í�÷P¶`¿�·B¿\×F¿�½P×Ø»QÕ�Ö+×¿P¶]Ô�ÕLÖRÒá÷P¶VÖR»|×F¼'¿�ÔBÑ���¶]½P×¿�½B½;¿¿\×²ß�ÔBÑ9ßVÑo½O¿�¶�Òb¿B½P×Ø»çÕLÖ+×¿P¶�Ô��P»ÈÖR»Q½Pò Ô9Ñ��P¶[½P×¿´ÑBß�×Ø»çÕLÖ6¸ ∗ ù��ÛÖRÕ�ßV¿;¸t¿\×"Ö6¸=¹ ö�ü3f©ÿ"³²þ,¹
� 8$043K1,54> � ^_8 C(8$>ZA C(<=WS7S3S<=542(79<=16:�N\16:F�#16<X:'798�C(8;WE04>=24W"?63BAR:VC(8;WEc6AR>X8\243SW�C(8$W9N\163S8$>=1�NOAR>rW98\3BA+<g73SM;WS16>=2ß�@N\8�0�16<=:[7x±,W9<V>ZA rième 04>=24W!?63BAR:VC(8�c6A+>=8;243	C(8�W9N\1,3K8�>X1]NOAR>�N\1,3K3S8;WS0�16:VCVA+<g7���>ZA rième 04>=24W?63BAR:VC(8�c,AR>=8;243EC(8�> I MON � AR:[79<=>=>X16:¬< a < a C a Q1, ..., QNn

a�� 8�: I 8\WS7!0`ARW!>X8$N;A+WO±[NOAR3EC(8;2 � 04>=24W!?63BAR:VC(8;Wc6A+>=8;243KW C(8LW9N\163S8_>X1]NOA+>F0�8;2(c'8;:'7 WS8�793S162(c'8\3 C4A+:4W@>QA�^ � ^�8_8 � N\243SWS<=1,:ä8;:[793K8�C(8;2 � 798;^�04W C(83S8ONP1,3SC(W�WS2VN;N\8\W9WS<=ÎçW a
8 A�l�zä���Ql �áD :jNP1,:4WS<XC � 3S8$>ZAÛWSM;3K<X8$C(8$W9N\163S8;WEM;>=M;^_8;:[7BA+<=3S8;WEWS24<gc6A+:[7S8fT�Á,± & - ± Ù ± & À4±]Å(± & Ù ± e ± & Æ(±À(± & Á * a4� 8\7K798 WSM;3S<=8 8;WK7"M\c�<XC(8;^_^_8;:'7�24:�N\16243K7"8 � 8;^_04>=8 0�8;3S^_8\7K7�AR:[7�C I <=>=>X24WK7S8;3�Y'248 >=8�043K8;^_<=8;38\7�>=8�C(8;2 � < � ^_8´04>=24W�?,39A+:4CÞWBNP1,3K8´>X1]NOAR>é0�8;2(c'8;:'7�WS8f793K1,2(c,8;3�CVAR:4W�>QA�^ � ^_8f8 � N\243SWS<=1,:HÂÈN I 8;WK7
�ÞC(<=3S8�8;:[7S3S8©C(8;2 � 798;^_0(W_C(8�3S8;N\1,3SC(W_WS2VN\N\8;WSW9<=ÎçW�Ã aFD :§0�8;2(7_<=^�AR?6<X:48;3_Y'248©N\8�WS8;?6^_8;:[7�WS1,<g78 � 7S3BAR<=7�C I 24:48�WSMOY[248;:VNP8@04>=24W�>=16:4?,248 a� 8¬7BA+54>=8xAR2§N\< & C�8;W9WS1624W´043SM;WS8;:'798j>=8;W´W9N\163S8;WO±�>=8;W´W9N\1,3K8;W�N\24^ 24>XM;Wf0�8;3S^_8\7K7�AR:[7�C(8�793S162(c'8;3fÎ|A &N\<=>X8\^_8;:[7�Â|8\7�c�<=WS248;>=>X8\^_8;:[7�Ã$>X8;W�04>=24W@?63BAR:VC(8;W�8 � N\2(3SWS<X16:4WO±dA+<=:4WS<FY[248�>=8;W�c6A+3K<QAR54>=8;W si = Si −
minj6i Sj

2(79<=>=<XWSM;8;W CVA+:4Wé> I AR>X?6163S<g7 � ^_8�C(8�C(M\7S8;3S^_<=:`Ao79<=1,:�C(2´W9N\1,3K8">=1�NOAR>(^�A � <X^�AR>²Â�AR>X?6163S<g7 � ^_8À a À�0VA+?68 -6) Ã a
i Á ) À Ú - Å e Ù Æ Á *
 N\1,3K8;W�<=:4<g79<ZA+2 � ci Á & - Ù & À Å & Ù e & Æ À & Á *
 N\1,3K8;W�N\24^ 24>=M;W Si Á & Ú Ú Á e & Á Å & À * & Á *
si

Á * Ù - Á,Á�� À Á * Á Ú *
D :ä39A+040�8;>=>=8LY[2 I 24:48´c,AR>=8;243�:]24>=>=8LC(8 si N\163S3K8;W90�16:VCÍ�j24: 7S8;^_04W@C(8�3S8ON\1639C a�� >éÉ{AjC(16:VNC(8;2 � 798;^_04WjC(8³3S8ON\1639C(W¬<XN\<´ÂØC(<¡�rM;3K8;:[79W T0 = 1 Ã�T T1 = 2 8\7 T2 = 10

aE�FI AR>X?6163S<g7 � ^_8ÞC�83S8ON � 8;39N � 8fC(2�04>=24W$?63BAR:VC³W9N\163S8 >=1�NOAR>�C(1,:4:48 >=8 WS8;?6^_8;:[7 {3, 4, 5} C(8 W9N\163S8�Á,Á a�� ALC(8;2 � < � ^_804>=24W�?,39A+:VC(8jc6AR>X8;243_C�8�W9N\1,3K8�>=1�NOAR>"c6A+2(7 e 8\7_8;WK7�1,5�798;:]248�0`AR3�>=8�WS8;?6^_8;:[7_N\16:4WK79<g7924M©C I 24:WS8;24>EM;>=M;^_8;:[7�T {7} aFD :¡0�8;2(7fc'M;3S<.�V8;3´Y[248jN\8�C(8;2 � < � ^_8jWS8;?6^_8;:[7´8;WK7´54<=8;:¢8;:HA+N;N\1639C§A;c'8ON>ZA©C(M��V:4<g79<=1,:ÜÀ a Á * 043SM;WS8;:[7SM;8L0`AR?68 - Å at� :ÜA+>=?61,3K<=7 � ^_8�C(8LC(M\798ON�79<=1,:bWKÉ�WK79M\^�AR7S<ZY'248LC(8;WÛ04>=24W?63BAR:VC(8;W�c,AR>=8;243SW�C(8�W9N\163S8�>=1�NOAR>tAR<=:4W9<�Y[248@C(8\W�W98;?6^_8;:'79W�A+WSWS1]N\<XM\W�8;WK7�C(1,:4:(MÛCVAR:4W�>ZA´WS24<g798@C(2C(1]N\24^_8;:[7 ÂÈA+>=?61,3K<=7 � ^_8@À a Á * 0`A+?68 - Å'Ã a� A��V?6243S8�À a Á"0`AR?,8�Å Ú 3S8\043SM;WS8;:[7S8�>=8;W W9N\1,3K8;WFN\24^f2(>XM;WFA+<=:4WS<4Y[248�>=8;Wé798\^_04WFC�8�3K8ON\1,3SC(W 8\7 >=8;W04>=24W�?63BAR:VC(8;W"c,AR>=8;243SW�C(8 W9N\1,3K8�>=1�NOAR> a`
 243�N\8\7K798�N\1,2(3S5�8,±(>=8;W"7S8;^_04W�C(8�3K8ON\1,3SC(W�N\163S3S8\W90�16:VC(8;:[7
�L24:Þ:4162(c'8xAR2 ^�<X:4<=^f2(^ ar� 8\W W98\?,^_8;:'79WO±áNP1,3K3S8;WS0�1,:VC4A+:[7@AR2 � 7S3S1,<=W 04>=24W ?,39A+:VC(8\W c6A+>=8;243KW�C(8W9N\163S8�>=1�NOAR>�±4WS8�WS<=7S248;:[7�7S1,24W�8;:[7S3S8�>=8;W�^ � ^_8;W�C(8;2 � 798;^_04W�C(8�3S8;N\1,3SC(W�NP1,:4WSMON\2(7S<XÎQW a

∗ ^���[1±´³ZY�¯¢½���³ ¯¢ÅoÎ	��µ�¼�¹&Å ± ö Å ±´³ZY�¯²±�µ�¬o`O[Fµ�¹1¬�
CT�¯\W¢»°Å�[F»°¯ø¬®»�]



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� " @

2 4 6 8 10

0
2

4
6

8
10

position

Sc
ore

s c
um

ulé
es

É�Ê+Ë � À a Á�Ç � 8;043KM;WS8;:[7�Ao79<=16: C(8\WjW9N\163S8;WjN\24^f2(>XM;WjC(8�> I 8 � 8;^�04>X8ÞC(16:4:4M�0`A+?68ÞÅ,À��	>X8;W¬>=<X?6:48;WC(8;WSWS<X:(M;8;W¬8;:%?63BARWjNP1,3K3S8;WS0�1,:4C(8;:[7�AR2 0(>X24W�?63BAR:VC(8;W�c6AR>X8;243KWjC�8³WBN\163S8³>=1]NOA+> a!� 8;W�7S8;^_04W¬C(83S8ONP1,3SC(W�WS8�7S3S1,2�c'8;:[7�8;:©0�1,WS<g79<=1,: ) 8\7@Á * a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� " K

� 8\W r 04>=24W$?,39A+:VC(8;W�c6A+>=8;243KW�C�8 WBNP1,3K8 >X1]NOAR>�:48 WS1,:'7 C(1,:VNÛ0`ARW$>=8;W r 04>=24W$?,39A+:VC(8\W$c6A+>=8;243KWC I 2(:©M;N � A+:'79<=>X>=16:©< a < a C a=a`D :�W I <=:[79M;3K8;WSW98 <ZN\<O�f>ZA´C(<=WK793K<X542(7S<X16:�N\16:F�#16<=:[798�C(8�N\8;W"c6A+>=8;243SW�>X163SW9Y[248>ZA 7�AR<X>=>=8�C(8�>ZA{WSMOY[248;:VN\8ÜÂØ8\7L0`A+3�N\16:4WSMOY[248\:[7�>X8�:41,^ 543S8³C(8©798;^�04W�C(8³3K8ON\1639C(W�Ãf7S8;:VCHc,8;3SW> I <=:��V:4< a]� A+:4W!N\8�NOARWO±'>ZA�043S165`A+5(<X>=<g79M$Y[2 I 24:L:416^f543K8 �V:4<`C(8�04>=24W � AR2(798;WFc6A+>=8;243KWEC(8�WBN\163S8�>X1]NOA+>WS1,<=8;:[7"<=WSW92(8;W�C(8$W98;?6^_8;:'79W"N\16:[798;:]2(W�CVA+:(W">QAÛ^ � ^_8$8 � NP243SWS<=1,:{Â|8;:[793K8 C(8;2 � 798;^�04W�C�8 3S8;N\1,3SC(WWS2VN;N\8;WSWS<=Î9Ã@798;:VCÜc'8;3KW * a � 8\7K798j3K8;^�A+3SY[248j:41624W´0�8;3S^_8P7S7939AÞC(8�NP1,:VN\>=243S8�Y[248j>ZAÞC(<=WS7S3S<=542(79<=16:ARWSÉ]^_0(791+79<XY[248�N\16:F�#16<=:[798�C(8;W r ÂÈAOc,8ON r �V:4<QÃé04>=24W!?63BAR:VC(8;WFc6A+>=8;243SW!C(8�W9N\1,3K8�>X1]NOA+>`WS8�N\16^_0�163K798N\16^_^_8�>ZA�C(<=WK793K<X542(7S<=1,:�C(8;W r 04>=24W�?,39A+:VC(8\W�c,AR>=8;243SW�C I 24:©MON � A+:[7S<=>X>=16:�< a < a C a
Ï@vxp�� p�wxnZkonQprq , E  -K ì²ÑR»ç×

C1, ..., Cn
¶]Òá¿�½;íB÷P¶`¿PÒr·B¿´¼,¿�½O·BÑRÔ9¿�½�»�¹=»�¹Q¼'¹ì²ÑR»ç×

H
(1)
n > ... > H

(r)
n
¸g¿�½

r
ßá¸J¶]½�âRÔBÖRÒr¼'¿�½$õ6Ö6¸g¿P¶�ÔB½Û¼,¿ ½O·BÑRÔ9¿�¸=Ñx·9Ö6¸r×¿\¸ç¸=¿�½@÷P¶_7 ¿\¸ç¸=¿�½�½OÑRÒ`×!¼'íØð ÒV»È¿�½

sL¸=Ö�ßVÖOâ[¿th�³2ù®�ÛíØð ÒV»|×|»�ÑRÒ(i[¹ ü�ûøþ¬·BÑRÔ�ÔB¿�½�ßVÑRÒá¼'ÖRÒV×Ïsj·B¿\×È× ¿�½OíB÷P¶V¿PÒá·B¿x¹ ô ÒÞÒáÑ+× ¿
[
H

(1)
n − bn
an

, ...,
H

(r)
n − bn
an

]

¸=Öj¼,¿PÒ4½�»|× í k Ño»çÒ`×¿´¼,¿
H

(1)
n , ..., H

(r)
n
¹ ô ÒäÖ�ç

lim
n→∞

[
H

(1)
n − bn
an

, ...,
H

(r)
n − bn
an

]
= exp

{
− exp

(
−H(r)

n

)} r∏

i=1

exp
(
−H(i)

n

)

ÖRõ6¿B·
an =

1

λ

¿\×
bn =

lnn+ ln(C/µ)

λ

Ï@vxl(u²}rlLEdD :©3BAR040�8;>=>X8@>=8;W�:4167BAR7S<X16:4W�2(7S<X>=<=WSM;8;W�043SMON\M;C(8;^_^_8;:'7x±416:©<X:'793S1]C(24<g7 H ′ 8P7 Σ(k) TÇ H
′(k)
n = (H

(k)
n − bn)/an

>X8�W9N\163S8�>=1�NOAR>�:41,3K^�AR>X<=WSM,±Ç Si =
∑i

j=1 Si, i = 1, ..., n ±(>X8;W�WS1,^_^�8;W�N\24^ 24>XM;8\W�0`AR3K79<=8;>=>=8;Wx±Ç Tk, k = 1, ..., Nn
>X8\W�798;^�04W�C(8�3S8ON\1639C(W�:4M;?'AR7S<XÎQW�C(8�>QAfWSM;3S<=8 {Si}i=1,...,n

±Ç Σk = (Si, Tk 6 i 6 Tk+1)k , k = 1, ..., Nn − 1 >=8;W�8 � N\243SWS<=1,:4WL8;:[7S3S8³C(8;2 � 798;^_04W�C�83K8ON\1639C(W�W92VN\N\8;WSW9<=ÎçW aÇ Σ(k) > I 8 � N\243KWS<X16:³N\16:[7S8;:`A+:'7�>X8�WS8;?6^_8;:[7�Y[24<�3KMxA+>=<=W98 H(k)
n
aD :¡C�MON\1,^�0�1,WS8�>ZA³C(8\:4W9<g79ML8;:¡C(8;2 � 798;3K^_8;WÛW98;>=16:¡Y[248L>X8\W r 04>=24W ?,39A+:VC(8\W c6AR>X8\243SWfC(8LWBN\163S8>=1�NOAR>�W916:[7�79162(798;W�<=W9WS248;W�C I 8 � N\243SWS<=1,:4W�C(<.�áM;3K8;:[798\W�162�:416:äT

[
H
′(1)
n , ..., H

′(r)
n

]
=

[
H
′(1)
n , ..., H

′(r)
n | ∃1 6 i < j 6 Nn,Σ

(i) = Σ(j)
]

[
∃1 6 i < j 6 Nn,Σ

(i) = Σ(j)
]

+
[
H
′(1)
n , ..., H

′(r)
n | ∀1 6 i < j 6 Nn,Σ

(i) 6= Σ(j)
]

[
∀1 6 i < j 6 Nn,Σ

(i) 6= Σ(j)
]



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� "C"

D 3O± r 8;WK7 �V:4<È±48\7 C1, ..., Cn
WS1,:[7�<=:VC(M;0�8;:VCVAR:[798\Wx±VC(1,:4N_T

lim
n→∞

[
∃1 6 i < j 6 Nn,Σ

(i) = Σ(j)
]

= 0.

� 2(7S3S8;^_8;:'7�C(<g7ÛT
lim
n→∞

[
∀1 6 i < j 6 Nn,Σ

(i) 6= Σ(j)
]

= 1

8\7
lim
n→∞

[
H
′(1)
n , ..., H

′(r)
n | ∃1 6 i < j 6 Nn,Σ

(i) = Σ(j)
]
<∞.� <=:`AR>X8;^�8;:[7ÛT

lim
n→∞

[
H
′(1)
n , ..., H

′(r)
n

]
= lim

n→∞

[
H
′(1)
n , ..., H

′(r)
n | ∀1 6 i < j 6 Nn,Σ

(i) 6= Σ(j)
]
.

D 3O±
∀1 6 i < j 6 Nn,Σ

(i) 6= Σ(j) ⇒ ∀1 6 i 6 r,H (i)
n = Q(i)

n .� 1,:VN+±
lim
n→∞

[
H(1)
n , ..., H (r)

n

]
= lim

n→∞

[
Q(1)
n , ..., Q(r)

n

]
.� 1,^_^�8 Q1, ..., QNn

8;WS7�24:©MON � AR:[79<=>=>X16:�< a < a C a ±4>ZA´043S160�16W9<g7S<X16:³N\< & C(8;WSW92(W�8;WK7�043K1,2(c,M;8 a
� w�� wo� Ìí�x�hz üVþ���Ú$û°úV{�ú�ü(údýDÚ�ú�ü4ýDÚ�ú
� A¡^�M\7 � 1]C(8{>ZA¡04>=24W�N\1,2(3BA+^�^_8;:[7�2(79<=>X<=WSM;8{0�16243�7S3S162(c'8;3j>X8 kième W9N\1,3K8{>=1]NOA+>�>=8{04>=24WM;>=8\c'M@N\16:4WS<=WS7S8���A+0404>=<XY[248;3�WS2VN;N\8;WSWS<=c,8;^_8;:[7�> I A+>=?61,3K<=7 � ^_8@C(8�3K8ON � 8;3SN � 8@C(2©^_8;<=>=>X8;243�W9N\1,3K8,±48;:WS2404043S<=^�AR:[7�>=8;W�WS8;?6^_8;:[79W�N\163S3S8\W90�16:VCVAR:[7$AR2 � ^�8;<X>=>=8;243SW�W9N\163S8;W�C(Mª�ª�´C(M\798;NP79M;W aV� AR3K7BA+:[7�C(8�>ZAWSMOY[248;:VNP8�<X:(<=7S<QAR>=8,±,>=8�WS8;?6^_8;:[7FC(8�0(>X24W � A+2(7FW9N\163S8�8;WK7F3S8ON � 8;39N � M�8\7F>ZA$c6A+>=8;243FC(8�W9N\1,3K8�ARWSWS1�N\<=M;88;WK7 h(n)

1

a]� :4WS24<g798,±[>=8 C(8\2 � < � ^_8$^_8\<X>=>=8;243EW9N\163S8�8;WK7E3S8ON � 8;39N � M$0`AR3S^_<`>X8\W"C(8;2 � WSMOY[248;:VN\8;WE165(798 &:]248;W"AR043 � W!>QA�WS2404043K8;WSW9<=16:¬C(2�^_8;<=>=>X8;243	WBNP1,3K8 a(� 8\7K798�160�M;3BAo79<=16:¬8\WS7!<g79M;3KM;8��#24W9Y[2 I ��> I 1,5(7S8;:[79<=16:C(2©:416^f543K8@C(8�W98\?,^_8;:'79W�C(M;WS<X3KM�1,2��#24W9Y[2 I ��NP8ÛY[2 I <=>�:48�3S8\WS7S8@Y[248@C(8;W�WBNP1,3S8\W�:4M\?[Ao79<=ÎçW a� AR:4W�>=8�0(<X3K8@C(8;W�NOARWx±(N\8\7�A+>=?61,3S<g7 � ^_8�0�16WSW � C(8�24:48�N\16^_04>=8 � <g79M@C(8�> I 1639C(3K8@C(8 n2 1�© n 8;WK7>ZA´7�AR<=>X>=8ÛC(8@>QA´W9M;Y[248;:VN\8 ar� 8ÛNOARW$NP1,3K3S8;WS0�1,:VC ��>ZA�WS<g792`Ao79<=16:³1F©�>=8;W�WS8;?6^_8;:[7SW�C(M\798ON�79M;W�W916:[7>�N � A+Y[248@ÎQ1,<=W�C(8�7BA+<=>=>X8LÁ a�D :�^_16:[7S3S8@N\< & C(8;WSW91624W�Y[248ÛNP8\7 AR>=?,163S<g7 � ^�8@0�1,WSW � C(8@24:48@N\1,^�04>X8 � <=7SM^_1xÉ'8;:4:(8´C�8f> I 1,39C�3S8fC(8 n log n CVAR:4W >=8fNOA+W$1F©Þ> I 8;WS0�M;39A+:VN\8 8;WS7$:4M;?'AR7S<=c,8,±�8\7 >=8;W M;>=M;^_8\:[79W C(8>ZA´WSMOY[248;:VN\8�WS1,24W & �KA+N\8;:[7S8@WS16:[7�C(<XWK7S3S<=5424M;W�C(8�^�AR:4< � 3S8�<=:VC(M;0�8;:VCVAR:[798@8\7�<ZC(8;:'79<XY[248 a� 8�ÎØAR<=7�Y[248�> I 8;WS0�M;3BAR:VN\8@W916<g7�:(M;?[Ao79<gc'8@:(1,24W�0�8;3K^_8\7�C(8�:4M;?,>=<=?,8\3�>ZA´>=1,:4?6248;243�C(2©WS8;?,^�8;:[7C(M\7S8ONP79M 0`A+3$39A+040�163K7?�_>QAL>=16:4?,248\243�C(8 >QALWSMOY[2(8;:VN\8 a²� :(8f<g79M\3BAo79<=1,:ÞC(8f> I AR>=?,163S<g7 � ^_8Ûc6A�C(16:VNN\16240�8;3�>ZA_WSMOY[2(8;:VN\8Û8;: ) 0`AR3K7S<X8;W a`� ALY'248;WK79<=1,:�C(8@>QA_N\16^_04>=8 � <g79M C(8Û> I AR>=?,163S<g7 � ^�8ÛW98@3BAR^ � :488;:©N\8;W"798;3K^_8;W�T4NP1,^f5(<X8;:jc6A & 7 & <=>áÎØAR>X>=16<X3�C I <g79M;39AR7S<=1,:4W�0�16243�: I AOc,1,<=3�04>=24W�Y[248�C(8;W�WSMOY'248;:VN\8;W�C(87�AR<=>X>=8�Á�° � A�3SM;0�16:4WS8 8;WK7 k 7S8;>tY[248 n = 2k ±`8\:³WS24040�1,WBAR:[7 Y[2(8Û>ZA_WSMOY[248;:VNP8 WS16<=7$C I 2(:48@7�AR<=>X>=8Y[24<	W916<g7f24:48�0424<XWSWBAR:VN\8jC(8 ) aéD :Ü8;:¢C�MOC(24<g7�Y'248 k = ln2(n) ±d1�© ln2
8;WK7f>=8¬>=16?[AR3S<g7 � ^�8¬8;:5`ARW98 ) a�� 7�AR:[7@C(16:4:4M_C I A+2(7S3S8´0`A+3�7@Y[248´>QA¬3S8;N � 8;39N � 8_C(2 WS8;?,^_8\:[7@C(8�W9N\163S8´^�A � <X^�AR>é8;WK7@C(8



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� " Q

N\16^_04>=8 � <g79M O(ni)
0�1,2(3!24:48�WS1624W & WSMOY[2(8;:VN\8$C(8�7�AR<=>X>=8 ni ±'>ZAÛN\16^_04>=8 � <g79M$C(8�>ZA�3S8ON � 8;39N � 8:��24:48M\7�AR0�8´C(16:4:4M;8 c,AR2(7 ∑

iO(ni) = O(n) A;c'8ON n =
∑

i ni
ar� <X:`AR>=8;^_8;:[7O±r>ZA¬N\16^_04>=8 � <g79Mf?6>X165`AR>X8^_1xÉ'8;:4:(8�c,AR2(7ÛT kO(n) WS1,<g7 O(n lnn)

a
� 24Ì\Ì;1ÜA+:4C � 16^_0`A§ÂKÁ;Æ6Æ,Æ'Ãf043S160�16W98\:[7L24:%AR>X?61,3K<g7 � ^_8�C(8©3S8ON � 8;39N � 8³C(8�7S1,24W_>=8;W_W9N\1,3K8;W>=1�NOAR2 � 0�16W9<g79<=ÎçW�043KM;WS8;:[79W�CVA+:4W�24:48@WSMOY[248;:4N\8ÛCVAR:4W�24:©7S8;^_04W�>X<=:4MxAR<=3S8 ∗ a`� 1624W�043SM;WS8;:[7S1,:(W�N\8\7AR>X?6163S<g7 � ^_8�N\< & C(8;WSWS1624W a,� 8;WéWBN\163S8\W WS1,:'7 >X24W C(8"?[AR2VN � 8��$C(3S16<=7S8 a+� N � A6Y'248�<g79M\3BAo79<=1,:�Â|:41,2(c,8xA+2W9N\163S8$>=2�ÃP±[24:48$>=<=WS7S8 C(8$WS8;?,^_8\:[79WEC(<XW®�#16<=:[79WE:4167SM;W I1, ..., Ik

M\c'16>=248 a]� N � A6NP24:�C�8 N\8;WEWS8;?6^_8;:[79W
Ij
8;WK7éARWSWS1�N\<=M;8	>QA�WS16^_^_8	N\24^f24>=M Lj C(8F7S1,24Wt>=8;WtW9N\163S8;Wt043KMON\MOCVAR:[79W�N\8	WS8;?6^_8;:[7��O8;WK7tM;?'A+>=8;^_8;:[7ARW9WS1]N\<XM\8�>ZA�W916^_^_8´NP24^f24>=M;8 Rj

C�8f791624W�>=8;W�WBNP1,3K8;W�C(2{C(M\542(7@C(8´>ZA�WSMOY[248;:VN\8��#2(WBY'2 I ��>ZA
�V:C(2©WS8;?6^_8;:[7�<=:VN\>=24WS8 a
5 �çy`p�vRnZko��z{l , E  " ótÖ¢¸J»Z½P×¿ä¿�½P×f»çÒ4»|×Ø»�Ö6¸g¿PÕ�¿PÒV×´õx»È¼'¿x¹$ì²¿P¶(¸=¿�½Þ¸=¿�½�½O·BÑRÔ9¿�½_ß4Ño½�»|×Ø» Ó9½³½;ÑRÒ`×f»çÒr·;¸J¶]½¼'ÖRÒ(½�¶�Ò�ÒáÑR¶�õ+¿;¸

Ik
öE÷P¶�»!¿�½P×�¿PÒ(½�¶�»|× ¿Û×ØÔ9ÖR»|×í"ßVÖRÔÛ¸=Ö�ß`ÔBÑx·9íB¼R¶�Ô9¿�½�¶�»çõ6ÖoÒ`×¿áç

ü6¹�ódÖL¸J»Q½P×¿´¿B½P×�ßVÖoÔB·BÑR¶]ÔP¶V¿´¼,¿´¼RÔ9ÑR»|×¿¤sfâ[ÖR¶V·�ï4¿ k ¶]½O÷�¶_7 sj·B¿f÷P¶`¿
Lj < Lk

¹
ú�¹�ìÏ7 »Ø¸áÒ&7 ã�Ö�ßVÖx½f¼'¿@×¿;¸

j
öEÖ6¸=ÑRÔB½Û¸g¿�½O¿ â+ÕL¿PÒ`×

Ik
¿�½P×"Ö k ÑR¶�×í´¿PÒfð Òb¼'¿Û¸J»Q½P× ¿x¹

i[¹�ìÏ7 »Ø¸áãjÖ_¶�ÒÞ×¿;¸
j
ö"¿P×

Rj > Rk

öEÖ6¸=ÑRÔB½Û¸=¿�½O¿ â+ÕL¿PÒ`×
Ik
¿�½P×"Ö k ÑR¶�×í´¿PÒfð Òb¼,¿ ¸J»Z½P×¿x¹

ð`¹�ìV»çÒáÑRÒÍç
ë ód¿�½O¿ â+ÕL¿PÒ`× Ik ¿�½P×"í\×¿PÒr¼R¶©½�¶]ÔÛ¸=Öfâ[Öo¶`·�ï4¿ k ¶]½;÷P¶_7 s¬·B¿´÷P¶w7 »Ø¸t·BÑRÒ`×|»�¿PÒVÒá¿Û¸=¿�½O¿ â+Õ�¿�Ò`× Ij ¹ë ód¿�½�½O¿ â+Õ�¿�Ò`×|½@ÒV¶]Õ�íPÔ9Ñ+×í�½´¼,¿ j s k − 1

½OÑRÒ`×�í;¸ »çÕ´»QÒáí�½�¼,¿´¸ »Q½P×¿�ö�¿\×"¸=¿@½O¿ â+ÕL¿PÒ`×
Ik
¿�½P×Ô9¿PÒáÑRÕfÕ�í

Ij
¹

ë à	¿�½O¿ â+ÕL¿PÒ`× Ij ½�¶D�P»|×ês�ÒáÑR¶]õ6¿BÖR¶³¸=¿�ß�Ô9Ñx·B¿�½9½�¶]½ts�¸�7 íP×ÖBßV¿áü,¹
8 A�l�zä���QlÜ�D :�N\16:4WS<ZC � 3K8@>ZA´WSM;3S<=8@C(8�W9N\163S8;W�M\>XM;^�8;:[7�AR<=3S8;W�WS24<gc6A+:[7S8_T

i Á ) À Ú - Å e Ù Æ
 N\163S8;W�<=:4<g79<ZAR2 � ci Á & - Ù & À Å & Ù e & Æ À
 N\163S8;W�NP24^f24>=M;W Si Á & Ú Ú Á e & Á Å & À *
si

Á * Ù - Á,Á�� À Á * Á Ú
� A©C(8;2 � < � ^_8�>=<=?,:48�C(2ä7�A+5(>X8xAR2¡NP1,3K3S8;WS0�1,:4C¡A+2 � WS16^_^_8;W N\24^ 24>=M;8;W Sk, k = 1, ..., 9

at� A793K1,<=WS< � ^_8©>X<=?6:48³C(2§7BA+54>=8xAR2%NP1,3S3K8;WS0�1,:VC�AR2 � si 798;>�Y[2 I <X>=W_W916:[7LNOA+>XN\24>=M;W�CVAR:4WL> I AR>=?,163S<g7 � ^�8043S160�16W9M 0�16243�7S3S162(c'8;3�>ZAL04>=24W$?63BAR:VC(8Ûc,AR>=8;243 C(8 W9N\163S8 >=1�N;A+>"Âçc'16<X3 AR>X?6163S<g7 � ^_8fÀ a ÀL0`AR?,8 -6) Ã a� 8@WKÉ�^f5�16>X8>���\�@C(M\W9<=?6:48Û>QAfc,AR>=8;243�^�A � <X^LA+>=8,±V8\7�>=8ÛWS8;?6^_8;:[7$C�8ÛW9N\163S8@>=1�NOAR>t^LA � <=^�AR>dWS8;3BA´>X8WS8;?6^_8;:[7 (8,−3, 6) C(16:[7�>=8�W9N\163S8�>=1�NOAR>ác6A+2(7�Á,Á aV� AR:4W�N\8\7�8 � 8;^_04>=8�WS<=^_04>=8,±(16:�W I AR0�8;3 � 1,<g7x±��ª�> I 1[8;<X> �B±dY[248�>X8_C(8;2 � < � ^_8_W9N\163S8�>X1]NOAR>F0�1,WS<g79<=ÎEWS8;3BA�C(16:4:4M_0`AR3@>=8_WS8;?6^_8;:[7 (7) ±²8;:4WS24<g798 (3) 8\78;:��V: (1)
a� M;3K1,24>=16:4WL^LA+<=:[7S8;:`A+:'7_> I A+>=?61,3K<=7 � ^_8�À a Á;Å aé� N � A6Y[248�M\7BA+0�8,±é16:H043KM;WS8;:[798�>X8\W_WS8;?6^_8;:[79WN\16:[798;:[24W@CVA+:(W�>QA¬>=<XWK7S8h�²N � A+Y[248´W98;?6^_8;:'7 Ii 8;WK7ÛC�MON\3S<g7@0`AR3�WBA¬0�1,WS<g79<=16:bCVAR:4W�>ZA¬WSMOY[248;:VN\8�Â [

∗ R»x±a¯¢½�X�µ�¬�³	±!T�Y/»h¯�x±�h³�Y#[Æ½	�Y�»ª¶�±��»°¶�f»x±�»ªÅ ±c·&³ÈÅ�[Fµ�¶�³	¼�½¾»hÅ®¹1¬c·1»�Y ¯ø¶�·1»h¯¢¹C[�¬��ªÅO·&»ªÅc¯ø¹1±�»ª¹1¬�Å



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� "C¤

C(M;542(7��j�V: ] Ã�±é>QAÞWS1,^�^_8�NP24^f24>=M;8³A;c,AR:[7_>=8�C(M;542(7�C(2§W98\?,^_8\:[7 Li ±é8\7L>ZAÞW916^_^_8©N\24^ 24>XM;8�#24W9Y[2 I �´>ZA��V:�C(2©WS8;?6^_8;:[7�<X:VNP>X24WS8 Ri

aD :�>=<g7�>=8@043K8;^_<=8;3�:416^f543K8 c1 = 1
I1 {1} L1 = 0 R1 = 1

c2
8;WK7�:4M;?[Ao79<=Î#±4<=>�: I 8;WK7�0`ARW�7S3BAR<=7SM aD :�7939A+<g798�8;:(W924<g7S8 c3 = 8

I1 {1} L1 = 0 R1 = 1
I2 {3} L2 = −4 R2 = 4� >²: I 8 � <=WS7S8�0VA+W�CVA+:4W�>QAf>=<=WK798 Li C I M;>XM\^_8;:[7�<=:4ÎçM;3S<=8;243�� L2

aVD :©0VA+WSWS8@C(16:VN�A+2�:416^f543K8�0�16WS<=7S<=ÎWS24<gc,AR:[7ÛT c5 = 6
I1 {1} L1 = 0 R1 = 1
I2 {3} L2 = −4 R2 = 4
I3 {5} L3 = 1 R3 = 7

L2
8;WK7�<=:4ÎçM;3S<=8;243�WK7S3S<XNP798;^_8\:[7�� L3

±(8\7 R2
8;WK7�W92(0�M;3S<=8;243�� R3

±�>=8;W�WS8;?,^�8;:[79W I2
8\7 I3

WS1,:'7�0`AR3N\16:4WSMOY[248;:[7�ÎQ24W9<=16:4:4M;WO±VN\8ÛY'24<dC(16:4:48_T
I1 {1} L1 = 0 R1 = 1
I2 [3; 5] L2 = −4 R2 = 7� 1,^_^�8 L2

: I 8\WS7�0`A+W�<=:4ÎçM;3K<X8;243�� L1
±416:©0`A+WSWS8��´> I M;>=M;^_8;:'7�0�1,WS<g79<=Î�W924<gc6A+:'7x± c7 = 7 T

I1 {1} L1 = 0 R1 = 1
I2 [3; 5] L2 = −4 R2 = 7
I3 {7} L3 = −1 R3 = 6

L2
8;WK7"<=:4ÎçM;3K<X8;243EWK793K<ZN�798;^_8;:'7 � L3

±[^�AR<XW R2
8;WK7EW92(0rM\3S<=8;243 � R3

a�� AR3"N\16:4WSMOY[248;:'7x± I3
3S8;WK798$8;:

�V:�C(8�>=<XWK798 aD :�7939A+<g798�^LA+<=:[798\:`A+:[7�>X8@C(8;3K:4<X8\3�:41,^ 543S8�0�16WS<=7S<XÎ c9 = 3
a

I1 {1} L1 = 0 R1 = 1
I2 [3; 5] L2 = −4 R2 = 7
I3 {7} L3 = −1 R3 = 6
I4 {9} L4 = −3 R4 = 0� 8 ^ � ^_8 NOARW�C(8>�V?6243K8 8;WK7"1,5�798;:]2�±�N I 8;WK7��ÛC(<X3K8�Y[248 L2

8;WK7�<=:4ÎçM\3S<=8;243"WK7S3S<XNP798;^_8\:[7 � L4
±]^�AR<XW

R2
8;WS7�WS240�M;3S<=8;243�� R4

a`� 16:VN I4
3K8;WK798�<=:VN � AR:4?6M a�	I A+>=?61,3K<=7 � ^_8$WS8�7S8;3S^_<=:48,±]N;A+3!04>=24W�AR2VN\24:�WBN\163S8�0�16WS<=7S<XÎ²: I 8;WK7"C�<XWS0�16:4<X54>=8 a�� A@>=<=WK798$C(8�7S1,24W>=8;W W9N\163S8;W$>X1]NOAR2 � 0�16W9<g79<=ÎçW�C�8f>ZALWSMOY[248\:VN\8f<=:4<g79<ZA+>=8f8;WK7�C(16:4:4M;8f0`AR3$>=8;W WS8;?6^_8;:'79W I1

� I4
a²D :3S8\7S3S162(c'8�54<=8;:©>=8;W�WS8;?6^_8;:[79W�Y'248�> I 1,:³A;c6A+<g7�043KM\c�2
�°�f> I 1[8;<=>.� a

� 8\7 A+>=?61,3K<=7 � ^_8,±+Y'24<]8;WK7é> I AR>=?,163S<g7 � ^_8!<X:4<g79<ZAR>�043S160�1,WSME0`AR3 � 24Ì\Ì;1�AR:VC � 16^_0`A Â�ÁOÆ6Æ,Æ'ÃP±o0�8;2(7� 793K8�1,0(7S<X^�<XWSM_C(8_^�AR:4< � 3S8_N\1,:4WSMOY'248;:[798 at� :{8��r8\7x±²WS< > I M\7BA+0�8 ) 8;WK7 A+0(04>X<XY[24M;8�AR>X163SW�7S1,24W�>=8;WWS8;?6^_8;:[79W I1, ..., Ik−1
WS16:[7�^LA � <=^�AR2 �²a�� >XW"0�8;2(c,8;:[7 � 7S3S8 3K8\79<=3SM;W�C(8 >ZAÛ>X<=WK798�C(8 3K8ON � 8;39N � 8 0r16243� 793K8´04>ZA6NPM;W@CVA+:4W�24:48_A+2�793S8´>=<=WS7S8_N\16:[7S8;:`A+:'7�>X8\W�WS8;?6^_8;:[7SW@C�M��V:4<g79<gc'8;^_8;:'7ÛC(M;N\>QAR3SM\W@C(8´WBN\163S8^�A � <=^�AR> a�D :©3K8;^_04>ZA+N\8ÛC(16:VN�> I M\7�AR0�8 2 0`AR3�> I M\7BA+0�8 2′ TúF7éìÏ7 »Ø¸²Ò&7 ã©Ö�ß4Öo½´¼'¿ ×¿\¸

j
ö�Ö+¸=ÑRÔB½Û×ÑR¶]½Û¸=¿�½�½O¿ âRÕ�¿PÒ`×ç½

I1, ..., Ik−1
½OÑRÒV×!Õ�Ö<�+»çÕ´¶]Õ�¹"à	¿�½�½O¿ â6òÕL¿PÒ`×|½�½OÑRÒV×FÖ6¸=ÑRÔB½�¼'íßr¸=Ö'·Bí�½ ¼'ÖRÒ4½$¸=Öf¸ »Q½P×¿

M
¼'¿�½�½O¿ â+Õ�¿PÒV×|½�¼'¿�½O·9ÑRÔB¿�Õ�Ö<�6»QÕ�Ö6¸ÄöF¿\×é¸gÖ´¸ »Q½P×¿¼'¿��Q×ØÔ9ÖRõ6ÖR»Ø¸��$¿�½P×FÔ9íP»çÒV»|×|»�Ö6¸J»Z½OíB¿�ßVÑR¶�Ô�Òr¿´·BÑRÒV×¿PÒV»çÔf÷P¶V¿

Ik
ù�ÔB¿PÒrÑRÕ´ÕLí@ÕLÖR»çÒV×¿PÒáÖRÒ`×

I1

þ'¹



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� "CJ

� A�3S8ON � 8\39N � 8�C(8L> I M\7BA+0�8 1 0�8;2(7O±d8;>=>X8¬A+2(W9WS<È± � 793K8¬A6N\N\M;>XM\3SM;8 a�� 16243 N\8;>ZA�±t>=8;WÛWS8;?,^_8\:[79W IkA��#162(79M\W�� > I M\7BA+0�8 3 C(16<gc'8;:[7 � 793K8�>=<XM\WÞÂ|0`A+3_24:�0�16<=:[798;2(3�ÃN� >ZA{WS1624W & W9M;Y[248;:VN\8 Ij 3SM;WS24>g7�AR:[7C(8�> I M\7�AR0�8 1
a�� 8P7S798�1,0�M\3BAR7S<=1,:èÎQ1,243K:4<X39Ab24:48Þ>=<=WK798 C�8ÞWS8;?6^_8;:[7SW�C(16:[7j>=8;W¬c6A+>=8;243KW Lj WS16:[7C(MON\3K1,<=WSWBA+:[7S8;W a4� A 3S8ON � 8;39N � 8�C(8�> I M\7�AR0�8�Á WS8;3BAfC(16:VN 8��r8ONP7924M\8�WS243�N\8\7K798 >X<=WK798 & N\<�A+2�>=<=8;2©C(8�>ZA>=<XWK7S8ÛN\16^_04> � 798 a

= l(z{~Vv&(�udl , E  òQ ótÖ ¸J»Q½P× ¿³¼'¿�½L½O·BÑRÔ9¿�½j¸=Ñx·BÖR¶F�¡¼'ÑoÒVÒáíB¿ÛßVÖRÔ�¸:7 Ö6¸ â[ÑoÔP»ç×|ï[Õ�¿jÒB7 ¿�½P×!ßVÖo½j×|ÔP»ÈíB¿ ßVÖRÔõ6Ö6¸g¿P¶�Ôf¼'¿�½;·BÑRÔB¿Û¸=ÑO·BÖ6¸Pù�·PÔ9ÑR»Q½9½OÖRÒ`×¿fÑR¶Þ¼'íB·PÔ9ÑR»Q½9½OÖRÒ`×¿Ôþ'¹
= l(z{~Vv&(�udl , E  ¤ ótÖ�õ6Ö6¸=¿P¶]Ô´¼o¶©½O·9ÑRÔB¿Û¸=Ñx·BÖ6¸d¼R7 ¶�Ò�½O¿ â+ÕL¿PÒ`×

Ii
¼'ÑRÒVÒáíf¿�½P×

Ri − Li
¹

� w�� wmu ¢ ����ú�ü4û°þ�ÿ����(þÔz	ÿ {�ú �Ô�t�]þx�	ÿ�þaÃ ýR���(þ � þ´�-� {�úO� �>��|�� �Fü��	ÿ�{>� ��ýRzFü(úO�
�xz�ýR��|ê�

� A�WS8;24>=8�C(16:4:4M;8©C(8;W�W9N\1,3K8;W�>X1]NOA+2 � 8\7_C(8;W�W98;?6^_8;:'79W_Y[24<">=8;243�WS1,:'7�ARWSW91]N\<=M;W_: I 8;WS7�0`ARWWS2��LWBAR:[798 a(� :j8��r8\7x±]16:�N � 8\39N � 8,±]<XN\<á8;:4N\1,3K8,±ò�fARW9WS1]N\<=8;3 � N\8;WEc6A+>=8;243SW"2(:�N\3S<g7 � 3K8�C I 8 � N\8;0(7S<X16: &:`AR>X<g79M�0`AR3�3BAR040�1,3�7�A+2�^�1�C � >=8�WS24040�16WSM aV� 16243�N\8;>ZA�±4>ZAfWS<=?6:4<¡�`N;AR79<gc�<g79M�WK7BAR7S<XWK79<XY[248�C(2�3KM;W92(>=7BAR71654W98\3Kc'M@C(16<g7 � 793S8�M;043S162(c'M;8 a� :41+793K8³N\16:4:`AR<=W9WBAR:VN\8,±FWS8;24>�24:%A+3�79<XN\>X8bÂ®Î@AR3S>=<=: A+:4C � >g79W9N � 24> 
 798;0 � 8\:�±�Á;Æ6Æ,À'Ã�CVAR:4WL>ZA>=<=7K79M;39AR7S243S8�N\16:4WS<ZC � 3S8L>X8L0(3S1654> � ^�8¬C�8;W r 04>=24W ?63BAR:VC(8;W@c6A+>=8;243KWfC(8LW9N\163S8_>X1]NOAR> at� 8;WfAR2(798;243KWN\16:4WS<ZC � 3S8;:[7�>ZA´WS1,^_^�8@C(8;W r 04>X24W�?,39A+:VC�W�W9N\1,3K8�>X1]NOA+2 � ±`C�1,:[7�<X>=W�8 � 04>X<XN\<g798;:'7�>ZA´>=1,<tARWKÉ�^_0(791 &79<XY[248,±tAR<=:4WS<!Y[2 I 24:48¬AR04043K1 � <=^�Ao79<=16:ÜC(8�NP8\7S798_>X16< at� >=W N\16:4WS<ZC � 3S8;:[7Û8;:4WS24<=7S8�N\16^_^_8_<=:VC(<ZNP8¬C(8WS<X?6:4<.�`NOAo79<gc�<g79M >ZA_043K1,5`AR54<=>X<g79MfC I 1654W98\3Kc'8;3�24:48@c6A+>=8;243$C(8 N\8\7K798ÛWS16^_^_8 A+2³^_16<=:4W A+24WSWS<tM;>=8\c,M;8Y[248©N\8;>X>=8©1,5(W98;3�c'M;8�W9243�> I MON � A+:'79<=>X>=16: aED 2(7S3S8�>X8�ÎØAR<=7LY[248�N\8\7K798�^_M\7 � 1�C(8©:4M;N\8;WSW9<g798�C(8f� � 8;3>=8�:41,^ 543S8 r C�8©WS8;?6^_8;:[7SW_N\16:4W9<XC(M;3KM;W�A�043S<=1,3K<�±�8;>X>=8�043SM;WS8;:[7S8�M;?[AR>=8;^_8;:[7_> I <X:VN\16:[c,M;:4<=8;:[7�C(8�#:41xÉ'8;3x��> I 8��á8P7�C I 24:¬WS8;?6^_8;:[7E8 � N\8;0(79<=16:4:48;>r0`AR3S^_<�>=8;W r− 1 WS8;?6^_8;:[7SWEWS1,2(W H0
CVAR:4WE>=8 NOARWE1�©

r 8;WK7�^�A+> N � 1,<=WS< ad� :{8��r8\7x±²>ZA¬WS7BAR7S<XWK7S<ZY'248_N\1,:4WS<XC(M;3KM;8_8;WK7@24:(8�W916^_^_8©ÂØ162äC(8�ÎØA � 16:äMOY'24<=c6A &>=8;:[7986±V24:48Û^�1oÉ,8;:4:48oÃ�C�8;W�W9N\163S8;W�>X1]NOA+2 � ±`1F©©791624W�>=8;W�WBNP1,3K8;W�>=1�N;A+2 � 16:[7�>X8@^ � ^_8�0�1,<XC(W a�� AR3N\16:4WSMOY[248;:[7O±`<=^�AR?,<=:416:4W$Y[2 I <X>d: I É�A+<g7�8;:�3SMxAR>X<g79MÛY[2 I 2(:48ÛWS8;24>=8ÛÌ;16:48ÛWS1624W H1
8\7$Y[248@>X8;W r − 1AR2(793S8\W$Ì;16:48;W�W916<=8;:[7$WS1,24W H0

±rAR>=1,3KW$>ZALC(<=WK793S<=542(7S<X16:ÞC(8Û>ZA_WK7�Ao79<=WK79<XY[248 C(8@798\WS7�WS8;3BA�5�8xA+2VNP1,24004>=24W!043K1�N � 8�C(8�WBA�>=1,<`WS1624W H0
Â�A;c'8;N�24:�0�16<XC(W r−1/r Ã Y'248�C(8�WBA�>X16<`WS1,24W H1

ÂÈAOc,8ON�24:L0�1,<XC(W
1/r Ã a

� A³^_M\7 � 1�C(8 � A+54<g7S248;>X>=8;^_8\:[7�043BAo79<XY[24M;8�N\16:4WS<XWK7S82��N\1,:4WS<XC(M;3S8\3�>ZA³>=1,<"C(2¢^�A � <=^f24^�C(8;WW9N\163S8;W Hn
±V798\>�Y[248 N\8;>ZA¬A�M\79MÛ8��r8ONP7924M CVA+:4W�>=8 0`AR3BAR?,39A+0 � 8Û043SMON\MOC(8\:[7 ar� :4WS24<g798,±`24:³WS8;24<=>�C(8WS<X?6:4<.�`NOAo79<gc�<g79M s 8;WK7´C(M\7S8;3S^_<=:4M�8;:¡ÎQ1,:VN�79<=1,:¡C(2Ü3S<=WBY'248jC(8�043K8;^_< � 3S8�8;WS0 � N\8 α C(M;WS<=3SM,±tC(8¬>ZAÎØA � 16:jWS24<=c6AR:[798fT P(Hn > s) 6 α

a�� <=:`AR>X8;^�8;:[7x±[791624W">=8;W"W9N\1,3K8;W">=1�NOAR2 � H(r)
n
Y[24<áC(M;0`ARWSW98\:[7�N\8WS8;24<=>�W98\3S16:[7�N\16:4WS<XC(M;3SM;W�NP1,^_^�8�W9<=?6:4<¡�VNOAR7S<XÎQW AR2©3S<=W9Y[248 α a� 8\7K798�^�M\7 � 1]C(8�043SM;WS8;:'798�> I A;c6A+:'7�AR?,8�C(8 043SM;WS8;3�c'8;3">=8�3S<=W9Y[248�C(8 043S8;^�< � 3K8�8;WS0 � N\8�C(2¬798;WK7�T

H0
T � A´WSMOY[248;:VNP8@8;WK7�< a < a C a Â »Ø¸áÒB7 ã�Ö ßVÖo½��|¼R7 Ö'·B·P¶]Õ´¶(¸=Ö+×Ø»�ÑoÒ�� ÃN\1,:[7S3S8



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QDM

H1
T � A´WSMOY[248;:VNP8@: I 8;WK7�0`A+W�< a < a C a Â »Ø¸áãjÖjÖR¶©Õ�ÑR»QÒ4½�¶�Òr¿��ØÖ'·B·�¶�Õ´¶(¸=Ö+×Ø»ÈÑRÒ�� Ã� 8Û3KM;WS24>=7BAR7�8;WK7�<=: � AR54<=7S248;>È±�NOAR3�24:�043S1654> � ^_8ÛC(8�798;WK7�^f24>g79<=04>=8ÛWS8;^f54>=8 AR040`AR3BA10Z7S3S8 a�� :©8��á8\7O±04>=24WS<X8;2(3SW©7S8;WK79W©WS16:[7©8��r8ONP7924M\W�AR2å3S<=W9Y[248 α ±�N\8{Y[24<�?,M;:4M\3BAR>X8;^�8;:[7�8;:[7S3BA10Z:48{24:å3S<=W9Y[248äC(8043S8\^_< � 3S8F8;WS0 � N\8	?,>=165`A+>'WS240�M;3S<=8;243a� α aO� 8F3S<=W9Y[248F?,>=165`A+>'WS8!C(M��V:4<=7�N\16^_^_8FM\7BA+:[7t>ZA�043K1,5`AR54<=>X<g79MC(8�3S8ª�8\798;3 H0

A+>=163SW�Y'248 H0
8;WK7�c�3BAR<=8,±4162�±`A+2�793S8;^�8;:[7�C(<g7ÛÁ�^�1,<=:4W�>ZA´043K1,5`AR54<=>X<g7SM C I A+N;N\8;0(798;3

H0
>X163SW9Y[248 H0

8;WK7�c�39A+<=8 a`� AR:4W�:41+793K8@NOA+WO±VNP8\7S798@C(8\3S:4< � 3S8�043S165`A+5(<X>=<g79M�c6A+2�7ÛT
P( A+N;N\8;0(7S8;3 H0 | H0) = P(H

(1)
n 6 s,H

(2)
n 6 s, ... | H0)

= P(H
(1)
n 6 s | H0)

= 1− α
� 8@NOA+W�0`A+3�79<XN\24>=<X8;3�8;WK7�C+¥³AR2©ÎØAR<=7�Y'248�>X8\W�W9N\163S8;W�>X1]NOAR2 � WS1,:'7�1639C(16:4:4M;WO±VC(1,:4N

{
H(1)
n 6 s

}
⇒
{
H(i)
n 6 s

}
i>1� >=24W�ÎQ1,3K^_8;>=>X8;^�8;:[7x±�> I � É�0�1+7 �4� WS8j:]24>=>=8©NP< & C(8;WSWS24W´0�8;2(7 &´� 7S3S8jMON\3K<=7S8�N\16^_^_8j> I <=:[7S8;3SWS8ONP79<=16:C(8�04>X24WS<=8;243SW � É�0�167 �4� WS8;W@:]24>=>=8;W@<X:'798;3S^�MOC(<ZA+<=3S8;WÛN\163S3K8;WS0�1,:VCVAR:[7ÛN � A6NP24:48
�j>ZAjWK7�Ao79<=WS7S<XY[248LC(8798;WK7 H(i)

n
a²� :Þ8��r8\7x±�1,: C(M;WS<=3S8fW�A;c'16<=3 WS< H(i)

n
8;WK7��793K1,0-�ÛM;>=8\c'Mf1,2Þ:416:�±r0`A+3 39A+0(0r163K7��N\8´Y[24<8;WK7@Ao7S7S8;:VC(2 CVAR:4W >X8´NOARW 1F©Þ>QALWSMOY[248;:VN\8f8;WK7 <X:VC�M;0�8;:VCVAR:[798´8\7 <XC(8;:[79<XY[248\^_8;:[7�C(<=WK793K<X5424M\8,±r8\7N\8;>ZA�±]<=:VC(M;0�8;:VCVAR^_^_8\:[7�C(2�ÎØAR<=7"Y[248 H(i−1)

n
>X8�WS1,<g7E1,2�:416: a[� 2(793K8;^_8;:[7EC(<g7x±[0�16243E> IÄ� É�0�167 �4� WS8:]24>=>=8 H(i)

0
±61,:LN\16:4WS<XC(M;3S8;39A�>QA�WSMOY'248;:VN\8�043S<gc'M;8�C(8;WFWS8;?,^_8\:[79W	Y[24<41,:'7	3KMxA+>=<=W9M�>=8;W	W9N\163S8;WF>=1�NOAR2 �

H
(j)
n
±(0�1,243�7S1,2(7 j < i

aD :Ü:41+798 Σ
′(k) >X8 w;l[yáz{l�q�k Y[24<!3KMxA+>=<=WS8 H(k)

n
Â��©:48�0`A+WfN\16:4Îç16:VC(3S8jAOc,8ON Σ(k) Y[2(<EC(M;WS<=?,:`AR<g7�´'=l�Adm'utvowxnQpáq N\16:[798\:`A+:[7�N\8�W98;?6^_8;:'7PÃ aD :�C(M��V:4<g7�>X8\W � É]0�167 �4� WS8;W�:]24>=>X8\W�8\7$AR>g798;3K:`AR7S<=c,8;W�WS24<gc,AR:[7S8;Wx±(0�1,243�7S1,2(7 i > 2 T

H
(i)
0
T�>QA WSMOY[2(8;:VN\8�043S<gc'M;8�C�8 Σ

′(k), k < i 8\WS7�<=:VC(M;0�8;:VC4A+:[7S8�8\7�<ZC�8;:[79<XY[248;^�8;:[7�C(<=WK793K<X5424M\8 a
H

(i)
1
TE>ZAÜW9M;Y[248;:VN\8 043K<=c,M;8{C(8 Σ

′(k), k < i : I 8;WK7�0`A+W�<=:VC(M;0�8\:VCVA+:'798{8P7©<XC(8;:[7S<ZY'248;^_8;:[7C(<=WK793S<=5424M;8 a8\7
H

(1)
0
T(>QA´WSMOY'248;:VN\8@8\WS7�<X:VC(M\0�8;:VCVA+:'798@8\7�<ZC(8;:'79<XY[248;^_8;:'7$C(<=WK793K<X542(M;8 a

H
(1)
1
T(>QA´WSMOY'248;:VN\8@: I 8;WK7�0`ARW�<=:VC(M;0�8\:VCVA+:'798@8\7�<XC(8;:[7S<ZY'248;^_8;:[7�C(<=WK793K<X5424M\8 a

� 8;W@C�<¡�rM;3S8\:[798;W � É�0�1+7 �4� WS8;W�:]24>=>=8;W�1,:'7�24:48´WS7S3S2VNP7S243S8´0`AR3K7S<ZNP24>X< � 3S8_CVAR:4W�>X8´W98\:4W�1F©{8\>X>=8;WWS1,:'7�8;^ 5�1,<g79M;8;W�C(8�>QAfÎØA � 1,:©WS24<=c6AR:[798_T
H

(1)
0 ⇒ H

(2)
0 ⇒ H

(3)
0 ⇒ . . .

� :Ü8��r8\7O±t7S1,2�798�WSMOY[248;:VN\8�c,M;3S<.��AR:[7 H(i)
0
c'M;3K<¡�V8�:4MON\8;WSWBA+<=3S8\^_8;:[7 H(j)

0 , j > i ±t^�AR<XW > I <=:[c'8;3KWS8: I 8\WS7�0`A+W�c�39A+< a� 8\7K798_WS7S3S2VNP7S243S8_<X^�0�1,WS8_24:48�C(M;^LA+3SN � 8_0`A+3�79<XN\24>=< � 3K8¬C�8_798;WK7fA&�V:bC(8L:48_0`ARW N\16:VC(24<X3K8ß�C(8;W@N\16:VN\>=24WS<X16:4W@<=:VN\1 � M;3S8;:[7S8;W ad� AR3�8 � 8;^_04>=8,±á<X>éWS8;3BAR<=7�79162(7��jÎ|A+<g7@?6M;:`AR:[7@C(8�:48�0`ARW�3S8ª�#8\7S8;3
H

(1)
0
8P7�C(8�3S8ª�8\798;3 H(2)

0

a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QB 

� A�C(M;^�AR39N � 8�N\16:4WS<=WS7BA+:'7���NOAR>ZN\24>=8;3F>=8�WS8;24<=>`C(8�WS<X?6:4<.�`NOAo79<gc�<g79M s ��0`AR3K7S<X3	C�8�>ZA�>=16<`C(2_WBN\163S8>=1�NOAR>`^�A � <=^�AR>�±,8P7���N\16:4WS<XC(M;3S8;3	>=8;W	W9N\163S8;W!C(M\0`A+WSWBA+:'7EN\8�WS8;24<=>`0�8;2(7	WS8�Îç163S^f2(>X8;3	C(8�>QA�^LA+:4< � 3S8WS24<gc,AR:[798_T
5 �çy`p�vRnZko��z{l , E  J���h�i�z{~Vvom+�dlj�d~L*�nQkoudl��|�Qljstl¬sti'kOl]vRzbn|qd~4konQprqÜstl�w�wOm,p�vxl�w@�çp²m,~�uOAbwxn Hyrq�nm��m,~(kon ¦ w�� ô Ò¡ÒáÑ+×¿ sα ¸g¿�½O¿P¶�»Ø¸	Ñ��P×¿PÒV¶¢¿PÒÜ½O¿�Ó;ÑRÒá¼'ÖoÒ`×�½�¶�Ô�¸gÖ ¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒ�¼R¶{½O·BÑRÔ9¿�¸gÑx·BÖ6¸Õ�Ö��6»çÕLÖ6¸ ö!¸=ÑRÔB½O÷P¶V¿ ¸=Ö´½OíB÷P¶`¿PÒr·B¿f¿�½P×	»È¹=»�¹ç¼,¹

ë i← 1ë å�ÖoÒ`×�÷P¶V¿
H

(i)
n > sα

ö
ë ÑRÒ�ÔB¿ k ¿\×È×¿ H(i)

0ë i← i+ 1ë ô Ò�Òá¿@Ô9¿ k ¿\×È×¿�ß4Öo½Û¸=¿B½�ï[ãBßVÑ+×|ïòô�½O¿B½�ç ∀j > i,H
(j)
0� AR040�8;>=1,:(W�>=8;W_:4167S<=1,:4WLC(8 m,pr�di]vxl(qtm6l 8\7 m,prqtw;prqd~`qtm,l C I 24:48�C(M;^�AR39N � 8 � <XM;39A+3SN � <XY[248CVAR:4W�>X8ÛNOA+C(3S8ÛC(8;W�7S8;WK79W�^f24>g79<=04>=8;W ar� 8;W�:4167S<=1,:4W�WS1,:[7�C(248;W>�L��A+543K<X8\>!ÂKÁ;Æ,Å6Æ[ÃE8\7�3K8;043S<=WS8ÛCVAR:4W. 1]N � 5�8;3K?�A+:VC � AR^ � AR:48LÂKÁ;Æ Ù'e Ã a

hji��éq�nZkonçprq , E #DM � I pr�di]vxl�qtm,l¬l'k I prqtw;prqd~`qtm,l¬s�'Zutqdljsti�z{~`vom+�dl��tnQi�vx~Vvom+��n+(�udljst~`qtw�Ql�m,~`s�vxl�sdl�wfkxl]w\kxwLzÞu��Zkon|���çl]w��
ôdÒá¿�¼'í�Õ�ÖRÔ9·�ï4¿ ¿�½P×é¼R»|×¿	m,pr�di]vxl(q�kOlj½�»t¸:7 Ö'·B·B¿ß�×Ö+×Ø»�ÑoÒ³¼R7 ¶�Òá¿�ï[ã�ßVÑ+×çïòô�½O¿�ÒV¶4¸Q¸=¿�¿PÒ`×|ÔBÖ�,QÒá¿$¸:7 Ö'·\ò·B¿ßr× Ö+×Ø»�ÑRÒä¼'¿@×ÑR¶(× ¿�½Û¸=¿�½ ½OÑR¶]½Pò�ï'ã�ßVÑ+×|ï�ô�½O¿�½ ÷P¶_7 ¿;¸ç¸=¿�»çÕ$ßr¸J»�÷P¶V¿x¹
ôdÒá¿´¼'íPÕLÖRÔ9·�ï4¿´¿B½P×�¼R»|×¿�m6páqdw;páq�~�q�kOlÞ½�»	¸=¿@Ô9¿ k ¿P×�¼R7 ¶�Òr¿�ï[ã�ßVÑR×|ïòô�½O¿�ÒV¶4¸Q¸=¿�¿�Ò`×ØÔ9Ö�,çÒá¿ ¸g¿@Ô9¿ k ¿\×¼R7 Öo¶�ÕLÑR»çÒ4½�¶]Òá¿´¼,¿�½�½OÑR¶[½Pò�ï[ã�ß4Ñ+×|ïòô�½O¿B½ ÷P¶_7 ¿;¸Q¸=¿@»çÕ�ßá¸J»�÷P¶V¿x¹

Ï@vxp�� p�wxnZkonQprq , E #B ótÖ¬¼'íPÕLÖRÔ9·�ï4¿"ß�ÔBÑ9ßVÑo½OíB¿f¿�½P×"·BÑoï4íPÔ9¿PÒ`×¿BöFÕLÖR»Q½EßVÖo½f·BÑoÒ4½OÑRÒáÖoÒ`×¿x¹
Ï@vxl�u�}�lLE²� 8;W�WS1,24W & � É�0�1+7 �4� W98;W�<=^_04>=<ZY'24M;8;W�0`AR3�> IÄ� É�0�1+7 �4� W98 H(i)

0
WS1,:[7"79162(798;W�>=8;W � É�0�1+7 �4� WS8;W

{H(j)
0 , j > i} aI prqtw;prqd~�qtm6l� A+:4WF:4167S3S8�NOARWx±,>=8�3K8ª�#8\7!C(8�> IÄ� É�0�1+7 �(� W98 H(i)

0
:48�?'A+39A+:[7S<=7	0`ARW!Y[2 I A+2_^_16<=:4W	24:48�C(8;W	WS24<gc,AR:[7S8;W>=8@WS8;39A´M;?'AR>X8;^�8;:[7 aV� A´C(M;^�AR39N � 8�: I 8;WK7�C(16:VN�0VA+W�N\16:4W916:`AR:[798 ∗ aI pr�di]vxl(qtm6l� AR3�N\16:[793K8,±`>=8Û:416:³3S8ª�8\7 C(8@> I � É�0�1+7 �4� WS8Û:]24>=>=8 H(i)

0
8;:[7S3BA10Q:48Û8��á8ON�79<gc'8;^_8;:'7$> I A+N;N\8;0(7BAR7S<X16:ÞC(8

79162(798\W�>=8;W � É�0�167 �4� WS8;W�:[24>X>=8;W�<=^_04>=<XY[24M;8;W�0`AR3 H(i)
0
±(0`AR3�N\16:4WS7S3S2VNP7S<X16:³C�8@>ZA�C�M;^�A+3SN � 8� 8\7K798fC(M;^�AR39N � 8f:48 WS8;3BAR<g7 0`A+W N\1 � M;3S8;:[7S8,±�W I <=>�M\7BA+<g7 0�1,WSWS<=54>X8´C(8 :48 0`ARW 3K8ª�#8\7S8;3 H(3)

0
0`AR3

8 � 8;^�04>X86±4^�A+<=W�C(8�3S8ª�8\798;3 H(4)
0
±4N\8ÛY'24<�: I 8;WK7�0`ARW�>=8@NOA+W�<XN\< a

∗ S-¯�¶1µ¢±´³	µ�¶á·1»�«xµ�¶&Å®µ�¶Æ¯¢¶&«x» ¶ý¸ »°Å ±_[Æ¯¢ÅPº\¬´¯¢³ZY/»ª¶�±�¯¢·Æ¯�[&±��»�Å�«�»�±��Ê[�» ·1»�[&¬®µ�¼Æ½���Y�»�] ö ½È½	»�«xµ�¶�º1³¾»ª¶�±#Y�³¾»ª¹Ê�½	µ�¬´Å®Ã<¹&»�½	»�¬®»��+»�±h·&»�½¡¸ T��Ê[Fµ¢±QT��ªÅ®»�¶\¹&½¾½¾» ³¾¶�·&¹&³	±w[�½È¹&Å®³¾»ª¹1¬�Åh¶1µ�¹\º�»ª½È½	»ªÅwT��Ê[Fµ¢±QT��ªÅ®»ªÅh¶<¹&½È½	»ªÅP[Fµ�Å�Å®³¾¼�½	»°Å:]�a¸ »°Å ±h½¾» «ª¯¢Å·�¯¢¶&ÅP¹�¶±�»ªÅ ±�·�¸ :X<¯¢½¾³	±��·�¸ »ªÅ�[Fª¬´¯¢¶&«x»ªÅP·&»Ï[�½¾¹�Å®³¾»ª¹1¬�Åjº�¯ø¬�³ ¯ø¼�½	»°ÅP«xµµYÏY�»/»ª¶�¯¢¶Æ¯ø½��1Å®»�·1»/º�¯ø¬�³È¯¢¶�«x»�Ä�[Æ¯ø¬P»@�\»NY#[�½¾»�]À�¯¢¶&Åa«x»�«ª¯¢Å�Ä�¯\[&¬��ªÅj¯�º�µ�³¾¬c¬®»��+»x±��½ ¸ :X<¯¢½¾³	±��·1» k »ªÅ�[F�¬´¯¢¶&«�»ªÅ�ÄÆµ�¶?Å�»�·&»�Y�¯¢¶&·&»�¬´¯�«x»�Ã<¹�¸ ³È½)»ª¶�»°Å ±j·1»°Åc·&³�´F�¬®»ª¶�±�»ªÅÇ.¯��xµ�¶�ÅO·1»h«xµµY#[F¯²¬�»�¬ k − 1 [Æ¯ø¬QY�³�½¾»ªÅ k



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QL#

� MxA+:4^�1,<=:4WO±68;>=>X8�0�16W9W � C(8�> I <=:VN\1,:'c'M;:4<=8;:[7	C(8�:48�0`A+W � 793K8�160(79<=^f24^£8;:´798;3K^_8�C(8�0424<=WSWBA+:VNP8 a� :L8��r8\7x±'16:¬N\16^_043K8;:VCL<=:[7S24<=7S<gc'8;^_8;:'7EY[248�>=8�W98\24<X>rA+WSWS1]N\<XM���>QA@C(8\2 � < � ^_8�04>=24W!?63BAR:VC(8�c6AR>X8;243C(8\c�39A+<g7 � 793K8�04>=24W ÎØAR<=54>=8jY'248�>=8�WS8;24<=>EA+WSWS1�N\<=MjAR2Ü^�A � <=^f24^ ad� C(8;^�0�16243 >ZA�793S16<=WS< � ^�8,±�Y'2`A &793K< � ^_8,± a=aXa ± rième 04>X24W�?63BAR:VC(8´c6AR>X8\243@C(8´WBNP1,3K8�>=1�NOAR> ad� 7S<X>=<=W98\3�>ZA¬^_M\7 � 1�C(8 � A+54<g792(8;>X>=8�0�1,243K3BAC(16:VN�N\1,:VC�24<X3K8�� WS1,24W & 8;WK79<=^_8;3">ZAfWS<=?,:4<.�`NOAo79<gc�<g79M@C(8�N\8;3�7�AR<=:4W�WS8;?6^_8;:[7SWx±�8\7�WS1,24W & 8;WK79<=^_8;3�AR<X:4WS<24:©M\c,8;:[79248;>²0 � M;:416^ � :48�54<X16>=1,?6<XY[248ÛWS1624W & �KA6NP8;:[7 a� 8;2 � 7É�0�8;WEC(8�^_MP7 � 1]C(8;W"AR^_M;>=<X163BAR:[7!> I AR04043S1]N � 8$N\>ZARW9WS<XY[248�WS16:[7!043KM;W98\:[79M;W!N\< & C�8;W9WS1624W a]� 8043S8\^_<X8\3´N\16:4WS<XWK798f�è� � 8\3�A³0(3S<=1,3K<E>X8¬:416^f543K8jC(8¬^�A � <X^LA�N\16:4WS<XC(M;3SM;WO�éC(8\2 � 043K1�N\MOC�243S8;W�C(8798;WK7@WS16:[7 AR>X163SWÛC(M;C(24<=7S8;W C�8LN\8\7K798LA+04043K1�N � 8 ad� 8LC�8;2 � < � ^_8�7É�0�8LC(8�^_M\7 � 1�C(8�:48�� � 8�0`A+WÛA043S<=163S<�>=8�:41,^ 543S8�C(8@^LA � <=^�A a4� >²W I AR?,<g7$AR>X163SW�C I 24:48�0(3S1�NPMOC(243S8@WSMOY[2(8;:[79<=8;>=>X8 a
hji'kxl]vRzbn|qd~(konQpáq¡stl��Q~�wxnQyrq�nm��m,~(konZ}tnZkxi�sdl�wÛ���Øudw@y�vx~�qtstwÛwOm,p�vxl]w �Qp�m,~�uBA Hó'©przÂ*tvxl�stlwOm,p�vxl]wä�çp²m,~�uOA �cA²i �FI 8;:4WS8;^ 54>X8jC(8�N\8;W´^_M\7 � 1�C(8;W´3S8\0r16WS8jWS243´>ZA�C(<XWK7S3S<=542(79<=1,:§N\16:F�#16<X:'798C(8;Wjc,AR>=8;243SW©C(8;W k 04>X24W�?63BAR:VC(8;W�c6A+>=8;243KW�C I 24: MON � AR:[79<=>=>X16:å3BAR040�8;>=M;8{043SMONPMOC(8;^_^_8;:'7bÂ|c,1,<=3043S160�16W9<g79<=16:¬À a Á;À@0`AR?,8�Å ) 8\7!>=8;WF7939AOc6AR2 � C(8êxb8;<=W9WS^�AR:�ÂKÁ;Æ e+Ù Ã�� 
 ^_<g7 � Â�ÁOÆ Ù Å[Ã¢� � 16>=8;W Â )6*6* ÁoÃSÃ a� <=7S1,:4W!M;?'AR>X8;^�8;:[7x±'>X8\W	793BA;c6A+2 � C(8 D :VN\8;>`8\7�AR> a Â )6*6*'- Ã Y[24<`M\7�AR54>=<XWSWS8;:[7EC(8;W!3SMON\243K3S8;:VNP8;W!W9243	>ZAC(<=WK793S<=542(7S<X16:4W!C(8;WFc6AR>X8;243KW	043S<=WS8;WEAR2�C(<.�rM;3S8;:'79WF798;^�04W!C(8�3S8;N\1,3SC(WO±,8\7	W9243FN\8;>=>X8�C(8;WFWS7BAR7S<XWK7S<ZY'248;WC I 1639C�3S8,±RC(8!^�A+:(< � 3K8EM;>=M;?'A+:[7S8,±F��> I A+<XC(8"C(8	798ON � :4<ZY'248;W C�8"N\16:[7S3BA6N�79<=1,:4WéC(8	c6A+3K<QAR54>=8;WFAR>=MxAR7S1,<=3S8\W a� :�:41+7�AR:[7 M (i)

n
>ZA ième 04>=24W$?,39A+:VC(8@c,AR>=8;243SW C I 24:�: & MON � A+:[7S<=>X>=1,:²±r>ZA_Îç16:VNP7S<X16:ÞC(8 3KM;0`A+3 &79<g79<=16:§C�8�N � A6Y[2(8¬c6A+>=8;243 M (i)

n
:41,3K^�AR>X<=WSM;8j0`AR3 an 8P7 bn WS8�C�MOC(24<=7�C(8jN\8\7K798jC(8;:4WS<g79M��#16<X:'798 a� 8_NOA+>XN\24> 8;WK7ÛC(M\7BA+<=>=>XM_8\:ÜAR:4:48 � 8 �fa�� 3K1,<=W�^�A+:4< � 3K8;WÛC(8�> I 8 � 0(>X<XN\<g798;3@WS16:[7@043KM;WS8;:[79M;8\W@<XN\<È±�8;::41+7�AR:[7 M ′(i)

n = (M
(i)
n − bn)/an

T

P
(
M
′(i)
n < x

)
= exp

{
− exp

(
−x− µ

σ

)} i−1∑

j=0

exp
(
−x−µ

σ

)j

j!

P
(
M
′(i)
n < x

)
= P

(
M (i−1)

n < x
)
+

1

(i− 1)!

{
exp

(
−x− µ

σ

)}i−1

exp

{
− exp

(
−x− µ

σ

)}

P
(
M
′(i)
n < x

)
= P (Y < i) 1F© Y ∼ Poisson

{
exp

(
−x− µ

σ

)}

� MxA+:4^�1,<=:4WO±x>ZA�C(M;^LA+3SN � 8!Y[24<[N\16:4W9<=WK798/�"798;WK798;3dWS2VN;N\8\W9WS<gc'8;^_8\:[7�>X8\Wtc6AR>X8;2(3SWt>X8;Wt04>=24WtM;>X8\c,M;8;WC(8;W"W9N\163S8;W":48$0�8;2(7�WS8$ÎØAR<X3K8 WBA+:4W"1654WS8;3Kc,8;3E24:48�AR24?,^�8;:[7�Ao79<=16:�C(2j3S<=W9Y[248 C(8 043S8;^�< � 3S8 8;WS0 � N\8 a� : 8��á8\7O±!WS<$N � A+Y[248�7S8;WK7j8;WK7¬8��r8ONP7924M AR2 3S<=W9Y[248 α ±	>ZAb043K1,5`AR54<=>X<g79MÞC(8�3S8ª�#8\7S8;3¬> IÄ� É�0�167 �4� WS8:]24>=>=8�AR>X163SW�Y'2 I 8;>=>=8�8;WK7_c�3BAR<=8�8;WK7�C4A+:4W�N\8�NOARW 1 − (1 − α)r >X163SW9Y[248 r 798;WK79W_<=:VC(M;0�8;:VCVAR:[7SWWS1,:'7_8��á8;NP7924M;W aF� AR:4W_:41+793S8©NOARWx±é>=8;W�798;WK7SW_:48�WS1,:[7_0`ARW_<=:VC(M;0�8;:VCVAR:[79W³ÂÈNOAR3�>X8;W�WS7BAR7S<XWK7S<ZY'248;WC I 1639C�3S8 :48ÛWS1,:'7 0VA+W�<X:VC(M\0�8;:VCVA+:'798;W�Ã�8\7$> I A+24?6^_8;:'7�AR7S<=1,:ÞC(2³3S<=W9Y[248fC(8Û043S8;^�< � 3S8 8;WS0 � N\8 WS8;39A0`AR3�N\16:4WSMOY[248;:[7�04>=24W�ÎØA+<=54>=8 a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QD,

D :©:41+798 sα1 , sα2 , ...., sαr >=8;W�c6A+>=8;243KW�798\>X>=8;W�Y'248
P
(
M
′(i)
n < sαi

)
= 1− α

D : C(M��4:4<=7³>QA§3 � ?6>=8ÜC(8ÜC(MON\<=WS<X16: WS24<gc6A+:[7S8%T�� D :G3S8ª�8\7S798 H0
WS< A+2G^_16<=:4W³24:48ÜC(8;W³3KMxA+>=< &WBAR7S<X16:4W C(8 M ′(i)

n
C(M;0`ARWSWS8 sαi � a�� A+:4W N\8¢NOA+WO±�>X8¡3S<=W9Y[248¢C(8¡043S8;^�< � 3K8¡8;WS0 � N\8¢?6>X165`AR>fc6AR2(7

1− P
(
M
′(1)
n < sα1 , ...,M

′(r)
n < sαr

) >X163SW9Y[248 r 798;WK7SW�W916:[7�8��á8ON�7924M;W a� A´7�AR54>=8fÀ a ) C(16:4:48Û>X8;W�c,AR>=8;243SW$C(8;W�3S<=WBY'248;W$C(8Û043S8;^_< � 3K8Û8;WS0 � N\8 8��r8ONP7S<XÎQW$8;:³Îç16:VNP7S<X16:ÞC(23S<=W9Y[248ÛAR>X0 � A�N\>QARWSWS<ZY[2(8;^_8;:[7�2(79<=>=<XWSM�0�1,243�N � A6Y[248�7S8;WS7O±48P7�C(2©:416^f543S8 r C(8�7S8;WK79W�8��r8ONP792(M;W a
HHHHHHα

r ) - Á * )6*
Á&£ Á a Æý£ À a - £ - a Á&£ Å a e £Â ) £_Ã Â - £_Ã ÂKÁ * £_Ã ÂKÁ Ù £�Ã- £ Ù a Åý£ Á Ú a - £ Á;Æ a ) £ )+Ú a Ù £ÂKÁ * £_Ã Â ) À�£_Ã Â Ú,* £_Ã ÂÈÅ Ú £�ÃÁ * £ Á;Å a ) £ ) Å a Ú £ À ) a Á&£ À Ù a Ú £ÂKÁ;Æ�£_Ã Â Ú Á1£_Ã ÂÈÅ - £_Ã Â Ù'e £�Ã

�h�j��� À a ) Ç � <=W9Y[248�C(8�0(3S8;^_< � 3S8´8;WS0 � N\8´?,>=165`A+>=8�>=1,3KW9Y[248 r 798;WK79W�WS16:[7�8��r8ONP7S24M;WÛAR2 3S<=WBY'248 α8;:L2�79<=>X<=WBA+:'7!>=8;W	>=1,<=W	^�AR3S?6<=:`A+>=8;WEA+WKÉ�^�0(791+79<XY[248;W	C(8;W	WK7�Ao79<=WS7S<ZY'248;W!C I 1,3SC(3S8�0�1,243	C(M\798\3S^_<=:48;3F>=8;WWS8;24<=>XW a²� 8;W�:416^f543K8;W�8;:[7S3S8´0`AR3S8;:'7 �4� WS8;W c,AR>=8;:[7 1 − (1 − α)r Tr3S<=W9Y[248�C(8´043K8;^_< � 3S8´8;WS0 � N\8´WS<>=8;W�7S8;WS7SW�WS1,:[7�<=:VC(M;0�8;:VCVAR:[79W a
D :¬W I <=:[79M;3K8;WSWS8$<XN\<²AR2jNOARWE1F©¬>X8�:41,^ 543S8$C(8$04>=24WE?,39A+:VC�8;WEc6AR>X8\243SW"N\16:4W9<XC(M;3KM;8;W"8\WS7�� � M a(D ::41+798 r N\8�:416^f543S8 aV�FIÄ� É�0�167 �4� WS8@:]24>=>=8@C(2©7S8;WK7�N\16:4WS<ZC�M;3SM@8\WS7�>QAfWS24<=c6AR:[798_T

H0
T4>=8;W�C(16:4:4M;8;W Y1...Yn

WS1,:[7�<X:VC(M\0�8;:VCVA+:'798;W�8\7�<XC(8;:[7S<ZY'248;^_8;:[7�C(<=WK793K<X542(M;8;W a� AR:4W@>ZA¬043S1654>XM\^�AR7S<ZY'248LC(8�>ZA¬3S8ON � 8;3SN � 8_C I A+N;N\24^ 24>QAo79<=16:4WÛC(8´c6A+>=8;243KW@M;>=8\c'M\8;Wx±²C(8;2 � � É &0�1+7 �4� WS8;W$AR>=7S8;3S:`Ao79<gc'8\W�WS1,:'7�N\16:4WS<ZC(M\3SM;8;W�<XN\<FT
Ç H1

T(>X8;W�C(16:4:4M;8;W Y1...Yn
:(8�W916:[7�0`A+W�<=:VC(M;0�8;:VCVAR:[798\W�8\7�<XC(8;:[79<XY[248;^�8;:[7�C(<=WS7S3S<=5424M;8;W aV� >É�A_AR2©^_1,<=:4W 1 A6N;NP24^f24>ZAR7S<X16:³C(8�c6AR>X8;243KW�M;>=8\c'M\8;W a

Ç H ′1
T(>X8;W�C(16:4:4M;8;W Y1...Yn

:(8�W916:[7�0`A+W�<=:VC(M;0�8;:VCVAR:[798\W�8\7�<XC(8;:[79<XY[248;^�8;:[7�C(<=WS7S3S<=5424M;8;W aV� >É�A_AR2©^_1,<=:4W r A6N\N\24^f24>ZAo79<=1,:4W�C(8�c6AR>X8;243KW�M;>=8\c'M\8;W a
� 8;W�C(8;2 �³� É]0�167 �4� WS8;W@AR>g798;3S:VAR7S<=c,8;W�N\1,:4C(24<XWS8;:[7?��C(8;2 � Îç1,3K^_8;W C(<¡�rM;3K8;:[798;W�C�8f3SM;?6<=1,:4W�C(83S8ª�8\7$C(8 H0

a�� :�8��á8P7x±V1,:�3S8ª�#8P7S798;39A H1
WS<�A+2�^_1,<=:4W�24:48�c,AR>=8;243�8 � N\8;0(79<=16:4:48;>=>X8 8;WK7�1654W98\3Kc'M;80`AR3S^_<�>=8;W r 04>=24WE?,3BAR:VC(8;W!c6A+>=8;243SWO�]1,:¬3K8ª�#8\7K798;3BA H ′1 W9<`79162(798;WE>=8;W r 04>X2(W"?,39A+:VC�8;WEc6AR>X8;243KW"WS16:[78 � N\8\0(79<=1,:4:48\>X>=8;W a � A³0(3S8;^_< � 3S8�A+>g798;3K:`AR7S<gc'8j0�8;3K^_8\7´WS<X^�04>X8;^�8;:[7�C I A��_3S^_8;3´Y'248j>=8;W�C(16:4:4M;8;W



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� Q @

:48�WS1,:'7_0`ARW_8;:HA6N;N\1639CHA;c'8ONj> IÄ� É]0�167 �4� WS8©:]24>=>=8,±éWBA+:4W�8;:§043KMON\<=W98;3�>ZA�7S8;:48;243 a � A C(8;2 � < � ^�8AR>=7S8;3S:`Ao79<gc'8�N\1,:VC(2(<=7��¬24:48�N\16:VN\>=24W9<=16:{5r8OA+2VN\16240{04>=24W@N\8;3�7�AR<X:48´0424<=WBY'2 I 8;:{2(:{WS8;:4W�8\>X>=8���C(M &WS<X?6:48�>X8\W¬N\1,2(0`A+54>=8;W�� aE� A+3LN\1,:[7S3S8,±F8\>X>=8³:48�3S8��#8\7S7S8;3BA 0`A+W H0
>=1,3KW9Y[248³>=8�:41,^ 543S8³C(8�0�1,<=:[7SWC I A+N;N\24^ 24>ZAR79<=16:�: I 8\WS7�0`ARW�WS2��_W�AR:[7 aD :b:41+798 α >=8L3K<XW9Y[248LC(8L043K8;^_< � 3S8L8\W90 � NP8¬C(2{798;WK7 a�� 8;W C(8;2 � :]2`AR:VN\8;W N\1,:4C(24<XWS8;:'7´A+>=1,3KW�ÜC(8\2 � ^�AR:4< � 3S8;WjC(<¡�rM;3K8;:[798;WjC(8ÞC(M\798;3K^_<=:48;3¬>=8;WjWS8;24<=>XWj:41+79M;W¬3S8;WS0�8ONP7S<gc'8;^_8;:'7 s(1)

n ...s
(r)
n
8\7

s
′(1)
n ...s

′(r)
n

T
H1 : 1− P(M

(1)
n < s

(1)
n , ...,M

(r)
n < s

(r)
n | H0) = α

H ′1 : P(M
(1)
n > s

′(1)
n , ...,M

(r)
n > s

′(r)
n | H0) = α� 8"^�AR:4< � 3S8�C(2`A+>=8,±+1,:´W I <=:[7SM;3S8;WSWS8�AR2�C(8;?,3KM�C(8�WS<=?,:4<.�`NOAo79<=16:LC(8;W�c6A+>=8;243SW m(1)

n ...m
(r)
n
1654WS8;3 &c'M;8\W a'� A+:4WF>=8�043S8;^_<=8;3FNOA+WO±,N\8�C(8;?63SM�C(8�WS<X?6:4<.�`NOAo79<=1,:_c6AR2(7 p = 1−P(M

(1)
n < m

(1)
n , ...,M

(r)
n <

m
(r)
n | H0) ±48\7�CVAR:4W�>=8ÛC�8;2 � < � ^_8@NOA+WO±(<X>²c6AR2(7 p′ = P(M

(1)
n > m

(1)
n , ...,M

(r)
n > m

(r)
n | H0)

a� A�7 � M;163S<=8�C�8;Wé7S8;WK79Wé:41,2(W 0�8;3S^�8\7FC I A��_3S^_8;3éY[2 I <X>�8;WS7éMOY[24<gc6A+>=8;:[7FC(8�N\1,^�0`A+3K8;3é>=8;Wéc6A+>=8;243KW1654W98\3Kc'M;8\W´AR2bWS8;24<=>!C(M\7S8;3S^_<=:4M¬AR2b3S<=W9Y[248 α ±�8\7fC(8�NP1,^_0`AR3S8\3Û>X8LC(8;?,3KM�C(8LWS<X?6:4<.�`NOAo79<=1,: � α a� 8\7S798j3K8;^�AR39Y[248j043K8;:VC¡W916:¢<X^_0�163K7BA+:VNP8�0�16243´8��á8ON�79248;3´>X8¬7S8;WS7�N\16:VN\3 � 7S8;^_8;:[7 a � :¢8��r8\7x±�<=>WS8;3BA³CVA+:4W´N\8;3K7BA+<=:4W�NOARWO±�04>X2(W´ÎØA+N\<X>=8j162¢04>=24W´39A+04<XC(8jC I 165(798;:4<=3´:[24^_M;3S<XY[248\^_8;:[7´>=8jC(8;?,3KM�C(8WS<X?6:4<.�`NOAo79<=1,:³Y[248�>=8;W�c,AR>=8;243SW�C(8;W�W98;2(<X>=W��416:©c,8;3S39A´24:©8 � 8;^_04>=8@N\< & C(8\W9WS1624W a� :48 A+2(7S3S8@3S8;^LA+3SY[248,±VY[24<d0(3S8;:VC©W916:�<=^_0�1,3�7�AR:VN\8Û8\:³0(3BAo79<XY[248,±V8;WK7�>=8@ÎØAR<=7$Y'248�79162(798;W�>=8;Wc6A+>=8;243KW@>X8\W@04>X2(W@?,39A+:VC(8\W@WS1,:[7@:4163S^LA+>=<=W9M\8;W@0`A+3�>=8;W@^ � ^_8;W@N\16:4WS7BA+:'798;W an 8\7 bn ÂÈNPÎ a >=8;^_^_8À a Á;À[Ã�>=1,3KWfC(8�>ZA�N\16:[c'8;3K?,8\:VN\8Lc'8;3SWÛ>ZA©>X16<��#16<X:[7S8 at� >	W92���7fC(8L>X8;WfC(M\7S8;3S^�<X:48;3Û0�16243Û>QA�c6AR>X8;243^�A � <=^�AR>X8�8\7�C(8@>=8;W�2(79<=>=<XWS8;3�8;:4WS24<g798�0�1,2(3�>=8;W�A+2(7S3S8;W�c6AR>X8;243KW a� 8\c,8;:416:4W	8;:�A+2LNOA+W	C(8;W	04>=24W	?63BAR:VC(W	W9N\163S8;WF>X1]NOA+2 � >X163SW9Y[248�>=8;W	W9N\163S8;W	WS16:[7	<=:VC(M;0�8;:VCVAR:[7SW8\7"<XC(8;:[7S<ZY'248;^_8;:[7�C(<=WK793S<=5424M;W a4D :jN � 8;39N � 8�AR>=1,3KW � C(M\7S8;3S^_<=:48;3E>=8;W�C(8\?,3KM;W�C(8$W9<=?6:4<¡�`N;AR7S<X16:�C(8;W798;WK7SWF043KM;WS8;:[79M\WF04>=24W � AR2(7 a[D :�:4167S8�>=8;W c6A+3K<ZA+54>=8;W!AR>XMxAo7916<=3S8;W!A+WSWS1�NP<XM;8\WEAR2 � 04>X2(WF?,39A+:VC�WFW9N\1,3K8;W1654W98\3Kc'M;W$3BAR:4?,M;W�C4A+:4W$> I 1,3SC(3S8fC(MON\3S16<=W9WBAR:[7 (H
(1)
n , ..., H

(r)
n )
aá� I AR043 � W$>X8 3SM;WS24>g7�Ao7�C(8áÎ@AR3S>=<=:Þ8\7AR> a ±r>=8;W�N\16:4WS7BA+:'798;W�C(8f:4163S^�AR>=<XWBAo79<=1,:ÞWS16:[7 an = 1 8\7 bn = ln(n)/λ

ar� >�WS2��_7�A+>=163SW�C I 2(79<=>X<=WS8;3>=8�>X8\^_^_8©À a Á;ÀÞ0�1,243�8;:HC�MOC(24<=3S8�>X8\W_043K1,5`AR54<=>=<=7SM;W_3S8ON � 8\39N � M;8\W a � A�Îç163S^�8�AR:`A+>gÉ]7S<ZY[2(8�C(8�>ZA
Îç16:VNP79<=16:GC�8{3SM;0`AR3K79<g7S<X16:å^f24>g79<XC(<=^_8;:[7S<X16:4:48;>=>=8bC(8 (M (1)

n − bn)/an, ..., (M
(r)
n − bn)/an

) 8;WK7
C(16:4:4M;8@0�16243�24:48�c6A+>=8;243�Y[248\>ZN\16:VY[248@C(8 r 0`A+3�>QA´ÎQ1,3K^_8�3KMON\243SWS<gc'8�WS24<=c6AR:[798LÂØ>=8;W�NOAR>ZN\24>=W�WS16:[7C(M\7BA+<=>=>XM;W�CVAR:4W�> I AR:4:48 � 8 � Ã$T

P
(
M (i)

n < xi,M
(i+1)
n < xi+1, ...,M

(r)
n < xr

)
=

P
(
M (r)

n < xr
)
−

r−1∑

j=i

(
e−

xj−µ
σ

)j

j!
P
(
M (1)

n < xj+1, ...,M
(r−j)
n < xr

)

� 8\7K798{Îç163S^ 24>ZAR7S<X16:å3SM;N\243SWS<gc'8 0r8\2(7 &´� 793K8äN\13¥(798;2(W98{8;:è798;^_04W©C(8äN;A+>XN\24>�8\7©8;: ^_M;^_16<=3S8>=1,3KWBY'248 r C(8\c�<=8;:[7´?,39A+:4C aé� :48�AR>=7S8;3S:`Ao79<gc'8jN\16:4WS<XWK798f��2(79<=>X<=WS8;3´C(8;Wf^_M\7 � 1]C(8;W´C I <=:[79M\?,3BAo79<=16::]24^_M\3S<XY[248�0�16243_NOAR>XN\24>=8;3_N\8;W�Îç16:VNP79<=16:4WLC(8j3SM;0`AR3K7S<=7S<X16: a � 8;W�WS<=^f24>ZAo79<=1,:4W_C(8 � 16:[798 &�� A+3K>=1V±



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QLK

8��r8ONP792(M;8;WECVAR:4W!24:L043S8;^�<X8;3 798;^_0(W	0�1,243!C(M\7S8;3S^_<=:48;3 K 8\7 λ 0�8;2(c,8;:[7!:41+7�AR^_^_8;:'7 � 7S3S8�3SM;2(7S< &>=<XWSM;8;W CVA+:(WFNP8"542(7 a,� 8\7K798"0(3S1�N\M;C(243S8"0�8;3S^_8P7 24:(8�M;N\1,:416^_<=8"W9245(WS7BA+:VNP<X8;>=>=8�C(8E798\^_04W C(8�N;A+>XN\24>È±^ � ^�8�W I <=>�8;>=>=8@8;WK7�NP1©¥(7S8;24WS8@8;:©8;WS0`A+N\8@^_M\^_1,<=3S8 aV� Af043S1�NPMOC(243S8�8;WK7�C(M\7�AR<=>X>=M;8ÛNP< & C(8;WSWS1,2(W a
5 �çy`p�vRnZko��z{l , E #L# ��h�i'kOl]vRzbn|qd~4konQprq%stl��Q~äwxnQyrq�nm��m,~4konZ}tnZkOiÞsdl�w

r
���|utw´y�vx~�qts�w�wOm6prvxl]w�Qp�m,~`uOA��t~Vv $ páq�kOl�H I ~`vR�Qp (�u�~�qts

n
l]w\k_y�vx~�qdsP�

ë à�ï(ÑR»Q½�»çÔ�¶�Òá¿�×Öo»Ø¸ç¸=¿�¼'¿�½OíB÷P¶V¿PÒá·B¿ n0
¹ ô Ò ß`ÔB¿PÒr¼RÔBÖ�½OÑR»çÒ³¼'¿�·Bï4ÑR»Q½�»QÔ

n0
½�¶�ì¡½OÖRÕ´ÕL¿PÒ`× í;¸g¿Põ6íßVÑR¶]ÔÛ÷P¶`¿�¸=¿�Ô9í�½�¶(¸ ×Ö+×!Öo½�ãRÕ$ßr×ÑR×Ø»�÷P¶V¿ ¼'¿�¸=Ö_¸gÑR»	¼R¶¬½O·BÑRÔ9¿!ß�¶�»Z½B½O¿tí\×ØÔ9¿ÛÖBß'ßá¸ »�÷P¶`í$½OÖRÒ4½	ßV¿PÔ9¼RÔ9¿×ØÔ9ÑBß�¼,¿�ß�ÔBíB·�»Q½�»�ÑRÒr¹�µÛíBÖRÒ4Õ�ÑR»çÒ(½Bö]ßá¸J¶[½

n0
½O¿PÔ9ÖÛí;¸g¿Põ6í�ö]ßá¸ ¶]½�¸=¿�¼'íPÔ9ÑR¶(¸=¿PÕ�¿�Ò`×�¼'¿�¸:7 Ö6¸ â[ÑoÔP»ç×|ï[Õ�¿ß�Ô9¿PÒá¼RÔ9Ö¬¼R¶³× ¿PÕ$ß`½;¹

ë ì`»QÕ´¶4¸g¿PÔ N ½OíB÷P¶`¿PÒr·B¿�½Bö ·BÖ6¸=·P¶(¸=¿PÔ�¿\×F·BÑRÒ4½O¿PÔ�õ6¿PÔ ¸g¿�½�õ6Ö+¸=¿P¶�ÔB½�¼,¿�½Fßá¸ ¶]½�â+Ô9ÖRÒr¼o½�½O·9ÑRÔB¿B½ ¸=ÑO·BÖR¶��
{

(h
(1)
n0,i
, ..., h

(r)
n0,i

), i = 1, ..., N
} ¹

ë �ÛíB¼R¶]»çÔB¿
K
¿\×
λ
¼'¿_¸=Ö�Ó;ÑRÒr·\×Ø»�ÑRÒ§¼'¿´ÔBíß4ÖRÔ\×|»|×Ø»�ÑoÒH¼,¿

H
(1)
n0

¼'¿_¸=ÖjÕ�ÖRÒ4»�ôPÔ9¿�»QÒá¼R»�÷P¶VíB¿¬¼'ÖoÒ4½¸�7 Ö6¸ â[ÑRÔ�»|×|ï'Õ�¿ti]¹$³,¹
ë P(H(1)

n < h
(1)
n , ..., H

(r)
n < h

(r)
n

) ¿�½P×�¿B½P×Ø»çÕLí�ßVÖRÔ

p̂ =
1

N

N∑

i=1

I

{
h

(1)
n0,i

< h(1)
n +

lnn0 − lnn

λ
, ..., h

(r)
n0,i

< h(r)
n +

lnn0 − lnn

λ

}

ë P(H(1)
n > h

(1)
n , ..., H

(r)
n > h

(r)
n

) ¿�½P×�¿B½P×Ø»çÕLí�ßVÖRÔ

p̂′ =
1

N

N∑

i=1

I

{
h

(1)
n0,i

> h(1)
n +

lnn0 − lnn

λ
, ..., h

(r)
n0,i

> h(r)
n +

lnn0 − lnn

λ

}

� 8\7K798�^_M\7 � 1]C(8@0(3SM;WS8;:[798�> I A;c6A+:'7�AR?,8ÛC(8�0�162(c'16<X3�3S8\>QA � 8;3�> IÄ� É�0�1+7 �4� W98ÛC I <=:VC(M;0�8;:VCVAR:VN\8 C(8>ZA³W9M;Y[248;:VN\8,±�8;:¢WS<=^f24>ZA+:'7�>=8;W�C(16:4:4M;8;W´WS1,2(W´>X8¬^_1]C � >=8�Y[24<E:41624W´<=:[79M;3K8;WSW98 aé� :¢8��r8\7x±�NP8\7S798043S1]N\MOC(243K8$: I 2(7S<X>=<=W98$0`ARWE>ZA C(8;:(W9<g79M��#1,<=:[7S8 C(8;W r 04>X24WE?63BAR:VC(8;W!c6A+>=8;243KWO±]^�AR<XW!WS8;24>X8\^_8;:[7E>X8�ÎØA+<g7Y[248 >=8;W N\16:4WS7BA+:'798;W C(8 :4163S^�AR>X<=WBAo79<=1,: an 8\7 bn 3K8;WK798;:[7$>=8;W$^ � ^_8;W�0�1,243�7S1,2(7S8;W$>X8\W$c6A+3K<ZA+54>=8;W
H

(1)
n , ..., H

(r)
n
a� AR3_N\16:[7S3S8,±�8;>X>=8�043SM\W98;:'798�> I <X:VN\16:[c,M;:4<X8\:[7LC I	� 7S3S8¥�#?61,243K^�AR:VC(8��j8;:¢^_M;^_16<X3K8�8\7�8;:HNP1,^ &04>=8 � <g79M a!� :%N\8³Y[24<�N\1,:VNP8;3S:48³>ZA{^�M;^_16<X3K8,±F<=>�WS8;3BA :4MON\8;WSWBA+<=3S8³C(8³N\1,:(W98;3�c'8;3L>ZA 791+7�AR>=<=7SM³C(8;W3SM;WS24>g7�Ao79W$C(8\W$WS<=^f24>ZAR7S<X16:4W$C(8 � 1,:'798 &�� A+3K>X1L0�1,243�0�1,2(c,1,<=3$NOAR>XN\24>X8\3$>=8;W�043S165`AR54<X>=<g79M;W C(M;WS<=3SM;8;W a�FI 8;WS0`A+N\8�^_M;^_16<=3S8³1�N;N\2(0�MÞ0`AR3jN\8;W�3SM;WS24>g7�Ao79W¬WS8;3BAbC(8³7BA+<=>=>X8 N × r ±!1F© N 8;WS7¬>=8�:416^f543S8C I <g7SM;3BAo79<=1,:4WÛC(8 � 16:[798 &�� A+3K>X1©8\7 r 8;WK7Û>=8_:416^f543S8_C(8_04>=24WÛ?63BAR:VC(8;W�c6A+>=8;243SWÛN\16:4WS<XC(M;3SM;8;W at� :?6M;:4M;3BAR>È± N WS8;39A�C(8�> I 1639C(3S8@C(8�>ZA�C(<=ÌxAR<=:48ÛC(8�^_<X>=>=<=8;3SW�8P7 r C(8�> I 1,3SC(3S8@C(8�>ZA�C(<=ÌxAR<X:48 a� A©7�AR54>=8xA+2¢À a À�0(3SM;WS8;:[7S8¬>QA©7�AR<=>X>=8j^�M;^_16<X3K8¬1�N\N\240�M;8j0`AR3f> I AR>=?,163S<g7 � ^_8¬0�16243´C(<.�áM\3S8;:[7S8;Wc6A+>=8;243KW�C(8 N 8\7 C(8 r a�� A_7BA+<=>=>X8 ^_M;^_16<=3S8 1]N;N\240�M;8f0VA+3$N � A6Y'248Ûc,AR>=8;243$8;WK7 WS24040�16WSM;8 � 793S8fC�8Ù 1]NP798\7SW@N\16^_^_8�N I 8;WK7�?6M;:4M;3BAR>=8;^_8;:[7�>=8_NOARW�0r16243�>=8´7É�0�8�C(162454>X8´0r16243�>=8;W@N\16^_04<=>ZAR798\243SW@C(2>ZA+:4?'AR?,8 � � � Ê�Ê a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� Q "

HHHHHHr
n Á *,*6* Á *6*,*6* -+*6*,*6* Á *,*6*6*,*

- * a *+Ú * a Ú,* ) a *6* Ú a *,*
Á * * a *6Ù * a Ù6* Ú a *6* Ù a *,*
Á - * a Á ) Á a )+* Å a *6* Á ) a *,*-+* * a Ú Ú a * )+* a * Ú'* a *
Á *,* * a Ù Ù a * Ú,* a * Ù,* a *

�h�j��� À a ÀjÇ � AR<X>=>=8L^_M;^_16<X3K8L2(7S<X>=<=W9M\8ÞÂØ8\: � 1]Ã 0`AR3Û> I AR>=?,163S<g7 � ^�8¬C(8�C�M\798;3K^_<X:`Ao79<=16:¡C�8L>QA�WS< &?6:4<¡�`N;AR7S<=c�<g79M�C(8;W r 04>X24W"?,39A+:VC�W�W9N\1,3K8;W">X1]NOA+2 � 0`AR3 � 1,:'798 &�� A+3K>X1 aV�E� A+Y[248 :416^f543S8$WK791�N9Ï,M 8;WK7WS24040�16W9M�<ZNP<�2(79<=>=<XWS8;3 Ù 1]NP798P79W a
� A"C(M\798;3K^_<=:`AR7S<X16:@C(2@:(1,^f5(3S8FC(8 Îç16<=Wd1F© {h(1)

n0,i
< h

(1)
n + lnn0−lnn

λ
, ..., h

(r)
n0,i

< h
(r)
n , i = 1...N

}

W I 8��r8ONP7S248@WS<=^_04>=8;^_8;:'7�C(8�>ZA´^�AR:4< � 3K8�W924<gc6A+:'798_T
5 �çy`p�vRnZko��z{l , E #D, � I ~`�çm[u��Vs�u©m6~`vos�n|qd~`�Vstl {

h
(1)
n0,i

< h
(1)
n + lnn0−lnn

λ
, ..., h

(r)
n0,i

< h
(r)
n , i = 1...N

} �
ë comptage← 0ë ßVÑR¶]Ô i Ö6¸ç¸gÖRÒ`×�¼'¿áü<s Në ½�» h(1)

n,i < h
(1)
n
Ö6¸=ÑRÔB½

ë j ← 2ë Trouve = FAUXë ×ÖRÒ`×�÷�¶`¿ j <= r
¿\×
Trouve = FAUXë Trouve← (

h
(j)
n,i < h

(j)
n

)

ë j ← j + 1ë ½�» Trouve = V RAI
ö"Ö6¸gÑRÔB½

comptage← comptage+ 1

D :�043K1�N � C�8ÛC(8�^ � ^�8�0�1,2(3�C�M\798;3K^_<X:(8;3�>=8ÛNOAR39C(<=:`AR>dC(8
{
h

(1)
n0,i

> h(1)
n +

lnn0 − lnn

λ
, ..., h

(r)
n0,i

> h(r)
n , i = 1...N

}
.

� 24<=WBY'248"NP8;W�043S165`A+54<=>=<=7SM;W�WS8;3S16:[7éA+^�8;:4M;8;W�� � 7S3S8EN;A+>XN\24>=M;8;W�04>=24WS<X8;2(3SW�ÎQ1,<=WO±o<=>]8;WK7�<X:'79M;3S8;WSWBAR:[7C(8_793S<=8;3Û>=8;W 3SM;WS24>g7�Ao79W WS8;>=16:Ü>QA�c6AR3S<ZA+54>=8 h(1)
n
∗ at� A�N\1,^�04>X8 � <=7SM¬C(8¬N\8\7´AR>=?,163S<g7 � ^_8LW98�NOAR>ZN\2(>X8ARW9WS8;Ì�ÎØA+N\<=>X8;^�8;:[7 a,� 8�:416^f543K8�C I <g79M;3BAo79<=16:4W�� 8��r8ONP79248;3 0�16243 7S3S162(c'8;3 >=8�:(1,^f5(3S8�C(8 h(1)

n,i < h
(1)
n
±

CVAR:4W$>=8 NOARW$1F©³>=8;W C(16:4:4M;8;W�W916:[7�793K<XM;8;WO±V8;WS7�8;:³^_1xÉ'8;:4:48 N × P(H(1)
n < h

(1)
n

) a�� :4WS24<g7986±`1,:
W I <=:[79M\3S8;WSWS8�AR2bNOARW@1F© h(2)

n,i < h
(2)
n
24:4<XY[248;^�8;:[7@WS< h(1)

n,i < h
(1)
n
±�N\8_Y[24<FN\16:VC(24<g7��j24:{:41,^ 543S8

C I <g7SM;3BAo79<=1,:4W ^_1xÉ'8\:_C�8 N×P(H(2)
n < h

(2)
n | H(1)

n < h
(1)
n

) a,� :´0�1,2(3SWS24<gc,AR:[7	N\8"3BAR<=W916:4:48;^_8\:[7x±
∗ ½	»ªÅO¬®°Å®¹&½	±Ô¯°±´Å�¶1»PÅ®»�¬®µ�¶�±R[Æ¯¢Å8[Fµ�¹1¬c¯¢¹\±Ô¯¢¶�±B±�¬�³¾ªÅ8[Fµ�¹1¬�½	»°Å�¯¢¹1±®¬�»ªÅ�º�¯ø¬�³È¯ø¼�½¾»ªÅ



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� QCQ

16:�C(MOC(24<g7�>ZA�N\16^_04>=8 � <g79M�^_1xÉ'8;:4:(8@C(8@> I AR>=?,163S<g7 � ^�8LT
N r × P

(
H(1)
n < h(1)

n

)
×

r∏

j=2

P
(
H(j)
n < h(j)

n |
{
H(j−1)
n < h(j−1)

n

}
k=1,...,j−1

)

N\8@Y[24<�C(1,:4:(8?�V:`AR>X8\^_8;:[7ÛT
N r × P

(
H(1)
n < h(1)

n , ..., H (r)
n < h(r)

n

)
.

� :Ü0439AR79<XY[2486±t>=8;WÛc6A+>=8;243KWf1654WS8;3Kc,M;8;W WS243 C(8;W WSMOY[248;:VN\8;W WS8;3S16:[7 8;:Ü?6M;:4M;39A+>	M;>=8\c'M;8;W aé� 8ON\<c6A¬N\1,:VC�24<X3K8¥��24:48fc6AR>X8\243�M;>=8\c'M;8�C(8 P(M
(1)
n < m

(1)
n , ...,M

(r)
n < m

(r)
n | H0) 8\7�ÎØAR<=54>X8fc6AR>X8;2(3C(8 P(M

(1)
n > m

(1)
n , ...,M

(r)
n > m

(r)
n | H0)

a�� AR3fN\16:4W9M;Y[248;:[7O±�>ZA³N\1,^_0(>X8 � <=7SMj^�1oÉ,8;:4:48�0�1,243C(M\7S8;3S^_<=:48;3�>QA¬043K8;^_< � 3S8´043S165`A+54<=>=<=7SM_WS8;39A¬5�8xA+2VNP1,240{04>X2(W@M;>=8\c,M;8_Y[248_NP8;>X>=8�0�1,243�C(M\7S8;3S^_<=:48;3>ZA�C(8;2 � < � ^_8 a� 8\7K798�^�M\7 � 1]C(8�0�8;3K^_8\7	C(8�C�M\798;3K^_<X:(8;3F>=8�C(8;?,3KM�C(8�W9<=?6:4<.�`NOAR7S<X16:LC I 24:�3SM;WS24>g7�Ao7	1654WS8;3Kc,M�8;:24:�798;^_04W�N\8;3�798;W�<=^_0�163K7�AR:[7�^�AR<=W�N\16:VN\8\c6AR54>X8 adD :�c'16<=7�5(<X8;: <XN\<éY[248f>QA¬C�M\798;3S^�<X:`Ao79<=16:{C I 24:w;l�u�n|��sdlbwxnQyrq�nm��m,~(konZ}tnZkxi 8;:ÞÎç16:VNP7S<X16: C I 24:�3S<=WBY'248´C(8f043K8;^_< � 3S8 8;WS0 � N\8´N � 16<XWS<éAL043S<=1,3K<�WS8;39A5�8xAR2VN\16240�04>X2(W�C(M;>=<XNOAR7S8 a�� 8�04>=24WO±4<X>²: I É©AR243BAf0`A+W�24:48�WS1,>=2(79<=16:�24:4<XY[248 a
hji'kxl]vRzbn|qd~(konQpáq stl]w_���|utw_y�vx~�qds�w_wOm,p�vxl]w��çp²m,~�uOA�wxnQyrq�nm��m,~(kRn ¦ wáHj'�prz�*�vxlÞstlÞwOm6prvxl]w�Qp�m,~`uOA qdprq �cA�i � 8;Wé^_M\7 � 1�C(8;Wé043KMON\MOC(8;:[7S8;W 043KM;WS8;:[798;:'7 > I A;c6A+:'7�AR?,8�C I 8 � 043S<=^_8;3�>=8"3KM;W92(>=7BAR7C(2Ü798;WK7��³> I AR<ZC(8jC I 2(:§C(8\?,3KM�C(8¬WS<X?6:4<.�`NOAo79<=1,: a � 8\7K798�A+040(3S1�N � 8j8;WK7´WS162(c'8;:'7´043SM\ÎçM;3SM;8f�³24:48AR04043S1]N � 8jC(8L7#É�0�8¬C(M\7S8;3S^_<=:`Ao79<=1,:¢C I 24:ÜW98\24<X>EC(8�WS<X?6:4<.�`NOAR7S<=c]<=7SM aé� MxA+:(^_1,<=:4WO±t>=8¬:416^f543S8¬C(8W9N\163S8;WÛ>X1]NOAR2 � �©N\1,:4WS<XC(M;3S8\3Û8;WK7�� � Mß� r a�� 8\7S7S8L>X<=^_<g798L8;WK7Û? � :`AR:[7S8�0�16243Û04>=24WS<X8\243SW 39A+<=WS1,:4W a3 2 I 8\:�8;WK7 & 7 & <=>�C(2 (r + 1)− < � ^_8 W9N\163S8Û>X1]NOAR>G° � 1,^_^�8;:[7 N � 1,<=WS<X3 r ° 
 < r 8;WK7�793S160³?,39A+:VC²±`16:: I A+N;N\8;0�798;3BA{0(3S1,5VA+54>=8;^_8;:'7�0`ARW�> I � É�0�1+7 �4� WS8�Y'248©791624WL>=8;WLWBNP1,3S8\W�>=1]NOA+2 � WS1,:'7L7S3S160�M;>=8\c'M;WO±8\7�W9<�> I 16:{3K8ª�#8\7K798´> IÄ� É�0�1+7 �4� W98�Y[248´>ZA¬WSMOY[248\:VN\8�<=:4<g79<ZA+>=8�8;WK7�<=:VC(M;0�8;:VC4A+:[7S8�8\7�<XC(8;:[7S<ZY[2(8;^_8;:[7C(<=WK793S<=5424M;8,±416:©:48�W�AR243BAf0`ARW�043KMON\<=W98\3�Y'248;>�ÂØW�ÃEWS8;?6^_8;:[7oÂ|W�ÃE8;:©8;WK7 Â|WS1,:[7�Ã!3S8;WS0�1,:4WBAR54>=8'ÂØW�Ã aD :¬3S8;043K8;:VC¬N � A+N\24:48 C(8;W"C(8;2 ��� É�0�1+7 �4� WS8;WE043SMON\M;C(8;:[798;WO±[^�A+<=WE8;:�:48$WS24040�1,WBAR:[7"0(>X24W"Y[248>=8L:416^f543K8LC(8_W9N\1,3K8;WÛ>=1�NOAR2 � ��N\1,:4WS<XC(M;3S8\3Û8;WK7?� � M¬Aj043S<=163S< a�D :ÜN � 8;39N � 8
�©C(MP798ONP7S8;3@>X8_04>=24W?63BAR:VCÞ:41,^ 543S8�C(8´W9N\163S8;W�>=1�NOAR2 � 79162(7�8;: ^�A10X793S<=WBAR:[7�>=8´3S<=W9Y[248�C(8´043K8;^_< � 3S8´8;WS0 � N\8�C(2Þ798;WK7 a� 16243�N\8;>ZA(±416:©Îç1,3K^f24>=8�>ZA�N\1,:Æ�#8ONP792(3S8@WS24<gc6A+:[7S8_Th 'Xu�q�� prn|q�kbsdl�}dudlí*�nQpá�Qp`yrn+(�udl�ú����|utwä�Q~ }(~��Ql�utvbs�'Xu�q�wOm,p�vxl �Qp�m,~`�Ûl]w\käi��Ql'}�i]l�ú���|utwL�Ql�w;l[yrz{l(q�k¥(�u�nE�´'=~{l�qdy`l(qds�vxi³l]w\k�m6~`vx~Vm6kOi�vRnçw\kon+(�udl�s�u����di�qdprz(�(q�l³i[kouts�nçiLE
� :�8��r8\7x±�>X8\W�Îç16:VNP7S<X16:4W�C(8�W9N\163S8;W�W916:[7�N\16:4WK793S24<g798;W�0�16243�3S8µ*VM\7S8;3�24:�0 � M\:41,^ � :48�0 � É�WS<XN\1 &N � <=^_<XY[248j798\>�Y[248j> I � É(C(3K1,0 � 1654<XN\<=7SM©0`A+3´8 � 8\^_04>=8 a � 8�W9N\1,3K8�1,54WS8;3�c'M©C I 24:HN\8;3K7BA+<=:§WS8;?,^�8;:[73S8µ* � 798�C(16:VN�NP8\7S798�043S16043S<=M\79M aE
 7�Ao79<=WS7S<ZY'248;^_8;:[7O± <=>�: I 8;WK7L0`ARWLC(<¡�LN\<=>X8�C I 8 � 04>X<XY[248\3L0�16243SY[241,<>=8�793S16<=W9< � ^_8�W9N\1,3K8,±	0`AR3�8 � 8;^_04>=8,±	8;WK7�WS<X?6:4<.�`NOAR7S<XÎ@A+>=163SW¬Y[248³>=8;W¬C(8;2 � 043K8;^_<=8;3SW�:48�>X8³WS16:[70`ARW a ��� 8;^_0(>X8{TFAR>X163SW_Y[248�>X8\WLC(8;2 � 043S8\^_<X8\3SW�WBNP1,3K8;W_1,5(W98\3Kc'M;W�WS8;3S16:[7LN\16^_0`Ao79<=54>=8;W�AOc,8ONj>X8^_1]C � >=8 H0

±E>=8³793S16<=W9< � ^�8ÞW9N\163S8ÞWS8;39A+<g7¬793S160 M;>=8\c'M,±EN I 8;WK72�ÜC(<=3S8ÞY[248�W�A{c,AR>=8;243jWS8;39A+<g7¬793K1,0
�#043S1]N � 8��LC(8L>ZA�C(8;2 � < � ^�8�04>=24WÛ?,39A+:VC(8_c6A+>=8;243 ad� >FWS8;^f54>=8�C(<.��N\<=>=8¬CVA+:4W N\8�NOARWO±tC(8�N\16:VN\>=243S8



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� Q ¤

54<=1,>=16?,<XY[248;^�8;:[7EY[248�>=8�WS8;?6^_8;:[7	N\1,3K3S8;WS0�16:VCVA+:'7"AR2_7S3S16<XWS< � ^_8�W9N\1,3K8�0(3SM;WS8;:[7S8�24:48��KAR:41,^�AR>=<X8¢��±^�AR<XWd0`A+Wt>=8	W98\?,^_8\:[7�Y[24<]A�N\16:VC(24<g7���>QA�C(8;2 � < � ^_8Fc6A+>=8;243 a+� 8	W98\3BAR<=7O±oC(8	04>=24WO±RA+N;N\1639C(8;3�793S160 C(8N\16:���AR:VN\8 A+2©^_1]C � >X8�WS24040�1,WSM�?,M;:(M;3S8;3�>=8;W�C(16:4:4M;8;W a4� �L3K^_8;3�Y'248�>X8;W�WSMOY[248;:VN\8;W�54<=16>X16?,<XY[248\W:48 W916:[7�Y'248f39A+3K8;^_8;:[7$?,M;:(M;3SM;8;W WS8;>=1,:�24:Þ^�1�C � >=8´C(8Ûc6AR3S<ZA+54>=8;W�AR>XMxAo7916<=3S8;W <X:4C(M;0�8;:VCVAR:[798;W 8\7<XC(8;:[79<XY[248\^_8;:[7´C(<=WK793K<X5424M\8;Wx±d1,2Ü^ � ^_8L24:48¬N � A10Z:48¬C(8 � AR3SÏ61oc 7S<X8;:'7f04>=24WfC(8�> I 8;2(0 � M;^_<=W9^�8Y[248@C(8�>ZA´043S16Îç8;WSWS<=1,:�C(8�Îç16< a� 8\7K798fN\16:F�#8;NP79243K8 0�8;3S^_8\7 C�8 W I <X:[7SM;3S8;WSWS8;3��_>ZA_WS<X?6:4<.�`NOAo79<gc�<g79M´C�8;W$W9N\1,3K8;W$WS2VN;N\8\W9WS<gc'8;^_8\:[7x±CVAR:4W_24:48©C(M;^LA+3SN � 8©C(2¢7#É�0�8{TO� 
 <�24:§W9N\163S8�>X1]NOAR>�8\WS7�W9<=?6:4<.�`NOAR7S<XÎ±	AR>X163SW�1,:§W I <=:[7SM;3S8;WSWS8�A+2WS24<gc,AR:[7ª� a`� 8\7K798@C(M;^�AR39N � 8�W I AR040424<X8�WS243�>ZA´ÎQ1,3S^ 24>ZAR7S<X16:�C IÄ� É�0�1+7 �4� W98;W�WS24<=c6AR:[798;W@T
H
′(i)
0

T � >áÉ©A©ÂÈA+2©04>=24W�Ã i− 1 A6N\N\24^f24>ZAR7S<X16:4W�C(8�c6A+>=8;243KW�M;>=8\c'M;8\WN\16:[7S3S8
H
′(i)
1

T � >²É�A_AR2�^�1,<=:4W i A+N;N\24^f24>ZAo79<=1,:4W�C(8�c6AR>X8;2(3SW�M;>=8\c,M;8;W
� 8´NOA+W i = 1 8;WK7�N\8;>=24<é1F© >=8�^LA � <=^f2(^ËC(8;W c,AR>=8;243SW�8;WK7 798;WK79M,±áN I 8;WS7�¬C(<=3S8�N\8;>=24< N\163S3K8;W &0�16:VCVA+:'7 AR2 ��� É�0�1+7 �4� W98;W�043SMONPMOC(8;:[798\W H0

8\7 H1

a� A´C(M;^�AR39N � 8ÛC(8�7S8;WK7�043K1,0�16WSM;8@8;WK7�>ZA´WS24<gc6A+:[7S8LT
5 �çy`p�vRnZko��z{l , E # @ ��h�i�z{~Vvom+�dl�stl kxl]w\k �épáudv sti'kxl]vRzbn|qdl]v��Q~¬wxnQyrq�nm��m,~(kRnZ}tnZkOi_sdl�w����|utwy�vx~�qds�w_wOm,p�vxl]w��
ü6¹ Ý õ$¿B·P×Ø¶`¿PÔÛ¸g¿Û×¿�½P×"¼'¿ ¸:7 ï[ã�ßVÑR×|ïòô�½O¿ H ′(i)0

·BÑRÒV×ØÔB¿
H
′(i)
1

¹
ú�¹�ìV»	¸=¿Û× ¿�½P×�¿�½�×F½�»XâRÒV»ñðE·BÖR×Ø»ñÓ Öo¶�Ô�»Q½O÷P¶V¿

αi
·�ï4ÑR»Z½�»Qö"Ö+¸=ÑRÔB½

i← i+ 1
¿\×"·BÑRÒ`×Ø»QÒV¶`¿PÔfÖR¶´ßVÑR»QÒ`× ü,¹

i[¹�ìV»çÒáÑRÒàFÑRÒá·;¸ ¶�Ô9¿áç
ë ½�» i > 1

Ö6¸=ÑRÔB½��¡ót¿�½
i− 1

ßá¸J¶]½�â+Ô9ÖRÒá¼o½ ½O·BÑRÔ9¿�½�½;ÑRÒ`× ½�»Xâ+ÒV» ðE·BÖ+×Ø» Ó9½ ∗ ¹ �
ë ½�»çÒrÑRÒ!� ë ¸rÒ&7 ã�Ö ßVÖo½ ¼'¿�½O·9ÑRÔB¿�½�»XâRÒV»ñðE·BÖR×Ø»ñÓ ¼'ÖoÒ4½Û¸gÖ�½OíB÷P¶V¿PÒá·B¿"�|¹

� >�:41624W�3S8;WK7S8N��043KMON\<=WS8;3�N\16^_^_8;:'7�8��r8ONP79248;3 >=8f798\WS7��> I M\7BA+0�8 i a²� 3SM;N\<XWS16:4W 79162(7�C I AR5�1,3SC>=8³:4<gc'8xAR2 C(8�3K<XW9Y[248�AR2VY[248;>�N � A+Y[248�7S8;WK7�WS8;3BA 8��á8;NP7924M aED :%C(M;WS<X3K8�N\16:[793ªÖ,>=8;3L>=8³:4<gc'8xAR2 C(83S<=W9Y[248�?6>X165`AR> α ±,N I 8;WK7/��C�<X3K8�Y[2(8�>ZA�043S165`A+5(<X>=<g79M�C(8�3S8��#8\798;3 > IÄ� É�0�1+7 �4� W98 H0
Â � 8;W	C(16:4:4M;8;W	WS16:[7<=:VC(M;0�8;:VCVAR:[798\W�8\7�<XC(8;:'79<XY[248;^_8;:'7�C(<XWK793K<=5424M;8;W�Ã�A+>=163SW�Y'248 H0

8;WK7�c�3BAR<=8�c6AR2(7 α a
Ï@vxp�� p�wxnZkonQprq , E #LK ì²ÑR»ç× ¶�Òr¿ ½OíB÷P¶V¿PÒá·B¿ÛÑRÔ9¼'ÑRÒVÒríB¿Û¿\×	¸ »çÒáíBÖR»QÔB¿Û¼'¿�× ¿�½P×|½Bö	¼'ÖRÒ4½�¸=Ö'÷�¶`¿;¸ç¸g¿@¸=¿

i
ôPÕ�¿×¿�½P×d¿�½P×t¿�õ$¿B·P×Ø¶`í!½;¿P¶4¸=¿PÕL¿PÒ`×r½�»r¸=¿"×¿�½P×]ß�Ô9íB·BíB¼'¿�Ò`×t¿B½P×r½�»Xâ+Ò4»ñðE·BÖ+×|»ñÓ�ÖR¶fÔ�»Q½O÷P¶V¿

α
ù�Ö+¸ â[ÑRÔ�»|×|ï'Õ�¿êi]¹.ú�ð�þ'¹º ¸gÑRÔ�½9ö�¸g¿�ÒV»çõ6¿BÖo¶j¼'¿�Ô�»Q½O÷P¶V¿Eâ,¸=Ñ��BÖ6¸`¼,¿ ·B¿\×È×¿ ¼,íPÕ�ÖRÔ9·�ï4¿�õ6ÖR¶(×

α
ö�÷P¶V¿;¸`÷P¶`¿�½;ÑR»|×�¸=¿�ÒáÑoÕ
�PÔ9¿ ¼'¿�× ¿�½P×|½¿�õ$¿9·\×Ø¶`í�½O¹

∗ Sý»�¬�³ÈÅ®Ã\¹1»P»ªÅ ±�Å·[&¬�ª«�³¾Å®»�¬O»°¶>Ç µ�¶&«Ô±´³	µ�¶�·1»ªÅ�Å ±Ô¯²±´³ÈÅ ±´³¾Ã\¹1»ªÅO·&»j±�»ªÅ�±c¹\±´³¾½È³¾Å®�»ªÅ



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� Q J

Ï@vxl�u�}�lLE
H

(i)
0
C(M\W9<=?6:48�> IÄ� É]0�167 �(� W98´:]24>=>X8´:]24^�M;3S1 i adD : :41+798 s(i) >=8´W98\24<X> C(8´WS<=?,:4<.�`NOAo79<gc�<g79MARW9WS1]N\<XM�AR2�7S8;WS7�C(8f> IÄ� É�0�167 �4� WS8 H(i)

0
AR2Þ3K<XW9Y[248 α ar� 8f3K<XW9Y[248 ?,>=165`A+>�8\WS7�C(M��4:4<éN\16^_^_8 M\7�AR:[7>ZAÞ043S165`AR54<=>X<g79M�C�8�3S8ª�#8P798;3LAR2§^_16<=:4W_2(:48 � É�0�167 �4� WS8 H(i)

0
A+>=163SW_Y[248j7S1,2(7S8;W_N\8;W � É�0�1+7 �4� WS8;W

WS1,:'7Ec'M;3K<¡�4M;8;W a(�FI M\c'M;:48;^�8;:[7�NP1,^_04>=M;^_8\:[7�AR<X3K8 8;WK7�C(8$:48$3S8ª�8\798;3�AR2VN\24:48 � É�0�1+7 �4� WS8 H(i)
0
AR>=1,3KWY[2 I 8;>=>X8;W�WS16:[7tc'M\3S<.�VM;8;W ao� A�043S165`A+54<=>=<g79MEC(8ENP8\7�MPc'M;:48;^_8\:[7�N\1,^�04>XM\^_8;:[7�AR<=3S8	W98!NOAR>XN\24>X8"AR<XWSM;^�8;:[7CVAR:4W�>ZA�C(M\^�A+3SN � 8@C(8�> I AR>X?61,3K<g7 � ^_8@À a )+Ú a�D :³AjT

P( 3S8ª�8\7�C�8 H0 | H0) = 1− P( A+N;N\8;0(7S8;3 H0 | H0)

= 1− P
( A+N;N\8;0(798\3 H(1)

0 | H0

)

= 1− (1− α)
= α

� 8\7K798¬043S8\2(c'8¬W I AR040424<=8jWS243 >X8¬ÎØAR<g7�Y[248¬>=8¬:4<gc'8xAR2¢?6>X165`AR>E:48jC(M;0�8;:VC¡Y[248jC(2¡:4<gc'8xAR2§C(2043S8\^_<X8\3´7S8;WK7 aF� 8ON\<"0�8;2(7�WS8;^f54>=8;3´? � :`A+:'7x±éNOAR3´24:48�3 � ?,>=8©C(8�C(MON\<=WS<X16:HY[248;>XN\1,:4Y[248�0�1,243´>=8;WAR2(793S8\W�04>=24W�?63BAR:VC(8;W�c6AR>X8\243SW�?[AR3BAR:[7S<=7�:4MxAR:4^_1,<=:4W�>=8@3K<XW9Y[248@C(8@043S8;^�< � 3K8@8;WS0 � N\8@?,>=165`A+>È±479162(78;:ÜÎç16243S:4<=WSWBA+:'7´C(8;W 3SM;WS24>g7�Ao79WfY[24<	0�8;2(c'8;:[7 : I A;c'16<X3fA+24N\24:¡WS8;:4W aé� 8;>ZA�W I 8 � 04>X<XY[248�0`AR3 >=8�ÎØA+<g7Y[248�:41624W"A;c'16:4W	<=^_04>=<ZN\<g798\^_8;:[7!WS24040�1,WSM�Y[248�> I AR>=7S8;3S:`Ao79<gc'8�8;WK7 H1
T�� � >VÉ_AÛAR2L^_1,<=:4W u�q WBN\163S8793K1,0©M;>=8\c'M�� a`� AR:4W�N\8@NOA+WO±48\7�8;:©WS24040�1,WBAR:[7�>QA�N\16:F�#8ON�79243S8@Y[248�>X8;W�W9N\163S8\W�>=8;W�04>=24W�M;>=8\c'M;W�WS16:[7AR24W9WS<r>=8;W"04>=24W"<X:'79M;3S8\W9WBAR:[79WO±]<=>rWS8;^f54>=8 M\c�<XC(8;:[7�Y[2 I <X>rWS2���7�C(8$798;WK7S8;3E>ZAÛc6AR>X8;2(3"^�A � <=^�AR>X8$0r16243N\16:VN\>=243S8 a� 8\7K798 3K8;^�AR39Y[248Þ:41624W©N\1,:VC�24<=7è�Ü<X:[7S3S1]C(24<=3S8 >ZA¡:41+79<=16:åC(8 3K<XW9Y[248 C(8 0(3S8;^_< � 3S8Þ8;WS0 � N\80`AR3K79<=8;>È±VC(16:[7�>ZA�C(M��V:4<g79<=16:�8;WK7�>ZA´WS24<gc,AR:[7S8 a

hji��éq�nZkonçprq , E # " � = nçw\(�udl%stl%��vxl�zbnm�]vxl%l]wO�P�]m,l%�t~`vOkonQl��®� ô Òè·BÑRÒ4½�»�¼�ôPÔB¿¬¶]Òá¿¬½Oí9÷P¶`¿PÒá·9¿ÑRÔ9¼'ÑRÒVÒríB¿j¿\×$¸J»çÒríBÖR»çÔ9¿�¼,¿L×¿�½P×|½Bö ¼,ÖRÒ4½L¸=Ö'÷P¶V¿;¸ç¸=¿�¸=¿
i
ôPÕ�¿L× ¿�½P×�¿�½P×�¿�õ$¿9·\×Ø¶`í�½O¿P¶(¸=¿PÕL¿PÒ`×�½�»�¸=¿�× ¿�½P×ß�Ô9íB·BíB¼'¿PÒV×Û·BÑRÒr·;¸J¶(×ÛÖo¶¡ÔB¿ k ¿\×Û¼'¿�¸�7 ï[ã�ßVÑ+×çïòô�½O¿¬ÒV¶(¸ç¸=¿Ûß�Ô9íB·BíB¼'¿�Ò`×¿x¹

H i
0

¼'í�½�»=â+Òá¿�¸�7 ï[ã�ßVÑR×|ïòô�½O¿¬Ò4¶4¸ç¸=¿ÒV¶]Õ�íPÔ9Ñ
i
¹ ô Ò�¼'íØð Ò4»|× ¸=¿©ÔP»Z½O÷P¶`¿Þ¼'¿´ß�Ô9¿PÕ´»�ô�ÔB¿Þ¿�½ ßòôB·B¿´ßVÖRÔP×Ø»È¿;¸�¼,¿�Ô9ÖRÒ�â

i
ÒáÑR×í

αi
·BÑRÕfÕ�¿³¸=Öß�Ô9Ñ��BÖ��P»|¸J»|×í ¼'¿�ÔB¿ k ¿\×¿PÔts�×ÑRÔP×!¸�7 ï'ã�ßVÑ+×|ï�ô�½O¿�Ò4¶4¸ç¸g¿�ÒV¶�ÕLíPÔBÑ

i
·BÑRÒr¼R»|×Ø»ÈÑRÒVÒá¿;¸Q¸=¿PÕ�¿�Ò`×"ÖR¶�Ó;ÖR»ç×"÷P¶`¿@¸=¿�½ï[ã�ß4Ñ+×|ïòô�½O¿B½�Ò4¶4¸ç¸=¿B½"ß�ÔBí9·BíB¼'¿PÒ`×¿B½ ÑRÒ`×�í\× í@Ô9¿ k ¿\×í9¿�½O¹

αi = P

(⋃

j>i

{ ¾�¿ k ¿\× ¿PÔ
Hj

0

}
|
⋃

j<i

{ ¾�¿ k ¿\× ¿PÔ
Hj

0

}
)

ód¿@Ô�»Q½O÷P¶V¿´¼'¿�ß`ÔB¿PÕf»�ôPÔ9¿´¿B½ ßDôB·B¿$â,¸=Ñ��BÖ6¸Pù�ÑR¶©Ô�»Q½O÷P¶V¿´¼'¿�ß`ÔB¿PÕf»�ôPÔ9¿´¿B½ ßDôB·B¿Ôþ¬¿�½P×"Ö6¸=ÑRÔB½
α1

¹
� >]WS8;^f54>=8E24:48E043S16043K<XM\7SME<X:'79M;3S8\W9WBAR:[798E0�16243�24:48"C�M;^�A+3SN � 8EWSMOY[248;:[7S<=8;>X>=8"C(8E7S8;WK7éC(8E?[AR3BAR:[79<=3Y[248 >X8 3S<=WBY'248	C(8 043S8;^�< � 3K8F8;WS0 � N\8F0`AR3K79<=8;>'C(8FN � A+Y[248F3BAR:4?�8;WK7d^�A��#163SM 0`AR3d>=8F3K<XW9Y[248FC(8F0(3S8;^_< � 3S88;WS0 � N\8�?,>=1,5VA+> a� Af043S160�16W9<g79<=16:³À a ),- :48�?[AR3BAR:[79<g7�0`ARW�NP8\7S798�0(3S1,0(3S<=M\79M a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� ¤ M

Ï@vxp�� p�wxnZkonQprq , E #CQ ì²ÑR»ç×F¶]Òá¿ ½OíB÷P¶`¿PÒr·B¿ ÑRÔ9¼'ÑRÒVÒáíB¿Û¿\×	¸J»çÒáí9ÖR»çÔ9¿f¼'¿�×¿�½P×ç½�n|qdsti��él�qtst~`qrkxw+ö!¼'ÖoÒ4½¸=Ö'÷�¶`¿;¸ç¸g¿�¸g¿
i
ôPÕ�¿¬× ¿�½P×@¿�½P×@¿�õ�¿B·\×Ø¶`í_½O¿P¶4¸g¿PÕ�¿PÒV×�½�»$¸=¿¬×¿�½P×Fß�ÔBí9·BíB¼'¿PÒ`×�¿�½P×�½�»=â+ÒV»ñð!·BÖ+×Ø»ñÓjÖR¶bÔP»Z½O÷P¶`¿

α′i−1

¹�º ¸=ÑoÔ�½Bö�½B»$ÑRÒ�Ö9ß'ßá¸J»È÷P¶`¿_¶]Ò¡Ô�»Q½O÷P¶V¿
α′i

sÞ·�ï4Ö,÷P¶`¿_×¿�½P×|ö�¸=¿�½�ÒV»Qõ6¿BÖR¶�� ¼'¿_Ô�»Q½O÷�¶`¿ ßVÖRÔP×Ø»�¿;¸ ½
αi¼'¿j·B¿\×Ø×¿j¼'íPÕLÖRÔ9·�ï4¿�½OÑRÒV×�×ÑR¶]½¬í â[Öo¶��(s

α′i
¹Fì`»

k
×¿�½P×|½f½OÑRÒ`×�¿�õ�¿B·\×Ø¶`í�½Bö�¸=¿_ÔP»Z½O÷P¶`¿j¼'¿ ß�Ô9¿PÕ´»�ô�ÔB¿¿�½ ßDôB·9¿ â,¸gÑ��BÖ6¸rõ6ÖR¶(×"Ö6¸=ÑRÔB½�ç

α
¹

Ï@vxl�u�}�lLE�� Af043S8;2(c'8�8;WS7�W9<=^_<=>ZA+<=3S8��f>QA´0(3S8;2(c'8�043KMON\MOC(8;:[7S8h� � :©8��á8P7ÛT
αi = P

(⋃

j>i

{ � 8��#8\798;3 Hj
0

}
|
⋃

j<i

{ � 8ª�#8\7S8;3 Hj
0

}
)

= 1− P
(⋂

j>i

{ � N;N\8\0(798;3 Hj
0

}
|
⋃

j<i

{ � 8ª�#8\7S8;3 Hj
0

}
)

= 1− P
(
{ � N\N\8;0(798;3 H i

0

}
|
⋃

j<i

{ � 8ª�#8\7S8;3 Hj
0

}
)

= 1− (1− α′i)
= α′i

� AR:4W!:(16793K8�NOA+C(3S8,±,> I � É�0�1+7 �4� WS8$A+>g798;3K:`AR7S<gc'8$A6C(MOY'2`AR7S8�8;WK7	24:48 � É�0�1+7 �4� WS8�C(2_7#É]0�8�C(8 H ′1 T� � >tÉ�A¬AR2�^_1,<=:4W r WBNP1,3K8;W$793K1,0�M;>=8\c'M\Wª�B± r C(8\c6AR:[7 � 793K8 >X8 04>X24W$?,39A+:VC³0�16W9WS<=54>=8 a²� A+:4W N\8´N;A+WO±>=8@3K<XW9Y[2(8@C(8@043K8;^_< � 3S8�8;WS0 � N\8�W I 8 � 0(3S<=^_8@C(8�>QAfÎØA � 1,:©WS24<=c6AR:[798_T
α = P(H(1)

n > s′(1), ..., H (r)
n > s′(r))1F© s′(1), ..., s′(r) WS1,:'7�>=8;W�WS8;24<=>=W�C(8�WS<X?6:4<.�`NOAo79<gc�<g79M a� Af043S8;^�< � 3K8�<ZC(M;8�3K8;0�1,WS8@WS243�>ZA´ÎØA+NP79163S<=WBAR7S<X16:³C(8�>ZA´043K1,5`AR54<=>X<g7SMÛWS24<gc6A+:[7S8_T

P(H(1)
n > s(1), ..., H (r)

n > s(r)) =

P
(
H(1)
n > s(1)

)
×

r∏

j=2

P
(
H(j)
n > s(j) |

{
H(j−1)
n > s(j−1)

}
k=1,...,j−1

)

� 8\7S798�ÎØA+NP79163S<=WBAR7S<X16:�WS24?,? � 3S8ÛC�8ÛC(M\798;3K^_<=:48;3�>X8@WS8;24<=>dC(8@WS<=?,:4<.�`NOAo79<gc�<g79M s(1) 0�1,243�>X8�798;WK7�C(8@>ZA
c6A+>=8;243"^�A � <X^LA+>=8� > I AR<ZC(8�C(8 P(H(1)

n > s(1)
) ±(0(24<XW�>=8�WS8;24<=> s(2) 0�16243�>=8 798\WS7�C(8 >ZA´C(8;2 � < � ^�8

04>=24Wé?,39A+:VC�8Ec,AR>=8;243P��> I A+<XC(8�C(8 P(H(2)
n > s(2) | H(1)

n > s(1)
) ±R0424<=Wé>=8"WS8;24<=> s(3) 0�1,243�>X8!798;WK7 C(8

>ZAf793K1,<=WS< � ^_8�04>X2(W�?63BAR:VC(8�c6AR>X8\243��´> I AR<ZC(8@C(8 P(H(3)
n > s(3) | H(2)

n > s(2), H
(1)
n > s(1)

) ±(8\7BN a� AR:4WtN\8	NOARWx±ON\8\7S7S8FWSM;3K<X8	C(8 7S8;WK79WtA�>ZA"043S16043S<=M\79MF<=:[79M\3S8;WSWBA+:[7S8	C(8F?'AR3BA+:'79<=3tY[248 >QA"043S165`AR54<=>X<g79M
P(H

(1)
n > h(1), ..., H

(r)
n > h(r)) 8;WK7¬<=:4ÎçM;3S<=8;243K8 � α a"� 8P7S798�C(M;^�AR39N � 8�N\1,:4WK79<g7S248ÞC(1,:4N�24:(8?6M;:4M;3BAR>=<XWBAo79<=1,:©C(2�NOA+W�1F©j>X8 :416^f543S8 r C(8 W9N\1,3K8;W��fN\16:4WS<ZC�M;3S8;3"8;WK7�� � M�A 043S<=163S< aV� 8;^LA+39Y'241,:4W:4MxAR:4^_16<X:4W Y[248L>ZA©N\1,:F�8ONP79243K8¬NP1,:VN\8\3S:`AR:[7 >ZA�c6A+>=<XC(<g79M�5(<X16>X16?6<ZY'248¬C I 24:äWBN\163S8_8;WK7 :4MONP8;WSW�AR<=3S80�16243�8��á8;NP79248;3�N\8\7K798�?6M;:4M;39A+>=<XWBAo79<=16: a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� ¤  

= l(z{~Vv&(�udl , E # ¤ � ÖoÒ4½�·B¿©·BÖo½Bö ¸=Ö³õ6Ö+¸=¿P¶�Ô�¼R¶b½O¿P¶�»|¸
s′(1) ßVÑR¶]Ôj¸=¿�Õ�Ö<�6»QÕ´¶]Õ ¿�½P×	ßá¸J¶[½$Ó\ÖR»��;¸=¿÷P¶`¿�¼'ÖRÒ(½¬¸=¿�·BÖo½jÑ��§·B¿L½O¿P¶]»Ø¸

s(1) ¿B½P×�ðc�]íL½B¶�Ô¬¸=Ö �BÖo½O¿�¼'¿j¸gÖ{¼R»Z½P×ØÔ�»��P¶(×|»�ÑRÒ ¼'¿ H(1)
n

½O¿P¶4¸g¿x¹�ódÖÓ;Ö'·P×ÑRÔ�»Q½OÖ+×Ø»ÈÑRÒb¼'¿Û¸=Ö�ß�Ô9Ñ��BÖ��P»Ø¸J»ç×í�½�¶]»çõ6ÖRÒ`× ¿�ßV¿PÔ�ÕL¿\×�¼'¿�½17 ¿PÒ�ÔB¿PÒr¼RÔB¿f·BÑRÕ�ßr×¿�ç

α = P
(
H(1)
n > s′(1)

)
×

r∏

j=2

P
(
H(j)
n > s′(j) |

{
H(j−1)
n > s′(j−1)

}
k=1,...,j−1

)

Ý Òb¿�õ�¿\×|ö
{
α = P

(
H

(1)
n > s(1)

) Ý å s′(1) > s(1)
}
⇒ P

(
H

(1)
n > s′(1)

)
< α

⇒ P
(
H

(1)
n > s′(1), ..., H

(r)
n > s′(r)

)
< α

à	¿\×È×¿f¼,íPÕ�ÖRÔ9·�ï4¿�»|×íPÔ9Ö+×Ø»Qõ6¿fÖR¶�Ô9Ö¬¼'ÑRÒr·�¶�Òr¿"ß�¶�»Q½B½;ÖRÒá·B¿"ßr¸J¶]½ Ó;Öo»��;¸=¿f÷P¶V¿f¼'ÖRÒ4½�¸=¿f·BÖo½ ÑG�
r
¿�½P×·BÑRÒ4ÒV¶�ß4ÑR¶�Ôf¼'í\×¿B·P×¿PÔ

r
½O·9ÑRÔB¿B½@×ØÔ9ÑBßÜí;¸=¿Põ6íB½O¹

� :jÎØAR<g7x±]>QAÛ043S165`AR54<X>=<g79M P(H
(1)
n > h(1), ..., H

(r)
n > h(r)) 8;WK7�<=:4ÎçM\3S<=8;243S8?� αr WS<r16:�0(3S8;:VC¬24:3S<=W9Y[248 α 0�1,243�NOAR>ZNP24>X8;3�>=8;W�c6AR>X8;243KW�C(8@N � A6Y'248�W98\24<X> a`D :©3BAR040�8;>=>X8@Y[248 r : I 8;WK7�0`A+W�C�M\798;3K^_<X:4M�´> I A;c6A+:VNP8ÛCVAR:4W�N\8\7K798@C(M;^�AR39N � 8 aV� 8�7BA+54>=8xAR2³À a Ú C(16:4:48@8\:�<=>X>=24WK7939AR7S<X16:³Y[248;>XY[248\W�c,AR>=8;243SW�C(8

αr 8;:¬Îç16:VNP79<=16:�C(8 r a4� 8;W!c6A+>=8;243KW"WS1,:[7E5�8xA+24N\1,240j04>=24W"ÎØAR<=54>X8\W�Y[248 >ZA@c6AR>X8\243�C(2¬3S<=W9Y[248 α 043K<=WCVAR:4W�>=8ÛNOA+W�1�© r 8;WK7�� � M,±`N\8ON\<d8;WK7�24:�<=:VC(<XNOAR7S8;243$C�8Û>ZA�5`AR<=W9WS8 C(8@042(<XWSWBA+:4N\8 Y[24<dWS8@043K1�C(24<=3BA>=1,WS39Y'248 r : I 8;WK7!0VA+WP� � M a[� MxAR:4^_16<=:4Wx±'NP8\7S798�5`AR<XWSWS8�C�8�0424<=WSWBA+:VN\8�8;WK7!0(3S1,?63S8\W9WS<gc'8,±'CVAR:4W	>=8�WS8;:4W1F©¬>ZAÛ0424<=WSWBA+:VNP8 0�16243"C(MP798ONP7S8;3E24:(8$W98\24>X8�c6AR>=8;243EM;>=8\c'M$WS8;39A@M\c�<XC(8;^_^_8;:'7">ZA@^ � ^_8,±[8\:4W92(<=7S8$>X83S<=W9Y[248"0�1,243é8;:�C(M\798;NP798;3 C(8;2 � N\163S3S8;WS0�16:VCN� α2 ±+8\7BN a=a'� 8\7K798"043S1]N\MOC(243K8�8;WK7x±6C(8E79162(798"^�AR:4< � 3S8,±04>=24W 0424<=WSWBA+:[7S8´Y[248 >ZAL^_M\7 � 1�C(8 24WS248;>=>X8\^_8;:[7 2(79<=>=<XWSM;8´Y[24<�N\1,:4WS<=WK798á��N\1,:(W9<XC(M;3K8;3 s(1) N\16^_^_8c6A+>=8;243�WS8;24<=>�0�1,2(3�791,2�798;W�>X8\W�c6AR3S<ZA+54>=8;W a
HHHHHHα

r ) - Á * Á - -+* Á *6*
Á 0.01 10−8 10−18 10−28 10−98 10−198-

0.25 3× 10−5 10−13 3× 10−19 9× 10−65 8× 10−130Á * 1 0.001 10−8 10−13 10−48 10−98

�h�j��� À a Ú Ç 3 2(8;>ZY'248;W"c6A+>=8;243KW�C(8 αr 0�16243�C(8;W"3S<=W9Y[248;W�C(8 043K8;^_< � 3S8 8;WS0 � N\8 α 8P7�C(8;W":416^f543S8\WC(8�WS8;?6^_8;:[7SW r AR3S54<g7939A+<=3S8;WÛÂØ8 � 043S<=^_M;8;W l�q$# Ã a
� MxA+:4^�1,<=:4WO±t>ZA³C(M\7S8;3S^_<=:`Ao79<=1,:¡N\16:VN\3 � 798¬C(8¬N\8;W WS8;24<=>=Wf: I 8\WS7 0`ARW�AR<=WSM;8¬NOA+3Û>X8\WfÎç16:VNP7S<X16:4WC(8�3SM;0`AR3K79<g7S<X16:äWS16:[7ÛN\8;3K7S8;WÛN;A+>XN\24>ZA+54>=8;WO±�^�AR<XW�>=8;243�Îç1,3K^_8�8;WK7ÛN\16^_04>=8 � 8³ÂØN\Î a AR:4:48 � 8 � Ã atD :0�16243S3BAR<g7�<XN\<�AR24W9WS<r3SM;2(7S<X>=<=WS8;3">X8;W"WS<=^f24>ZAR7S<X16:4W�C(8 � 1,:[7S8 &�� AR3S>=1f8��á8ON�7924M;8;W"0�1,243"C(M\798;3K^_<X:(8;3">=8;WN\16:4WK7�AR:[798;W K 8\7 λ a�� 8;0�8;:VCVAR:[7O±]16:�W I <X:'79M;3K8;W9WS8�<XN\<áAR2 � Y'248;248;W"C(8$C(<=WK793S<=542(79<=16:�±[8\7E<=>�ÎØAR2VC(3BAR<g724:{?,39A+:VC :416^f543K8_C I <=7SM;3BAo79<=1,:4W�0�1,243ÛA;c'16<=3�24:48�043SMON\<=WS<=1,:äWS2��_WBA+:[7S8�0�1,243�>ZA�C�M\798;3S^�<X:`Ao79<=16:C(8;W�WS8;24<=>XW Â|>QAf043S165`AR54<X>=<g79M@3K8ON � 8;3SN � M;8�c,AR2(7 αr Ã a



, E , E I ~`w�stl]w # ��z{l�ú , nm��z{l�ú�E E E�ú
rième ���|utw�y�vx~`qtstl]w´}(~��Ql�utvow_stl�wOm6prvxlÞ�Qp�m,~`� ¤ #

� 16243�N\16:[7916243S:(8;3�N\8\7K798ÛC(<.��NP24>=7SM,±V24:48 A+2(7S3S8�W916>=2(79<=1,:³N\16:4WS<XWK798���N\16:VC(<g79<=1,:4:48;3�>=8;W$C(<=WK793K< &
542(7S<X16:4W�C(8\W�M\c'M;:(8;^_8;:[7SW H(j)

n > s(j) 0`AR3 {H(j−1)
n = h(j−1), k = 1, ..., j − 1

} 162©0`A+3
{
H

(j−1)
n = s(j−1), k = 1, ..., j − 1

} ad� :ä8��r8\7x±²>X8\W C(<=WK793S<=542(7S<X16:4W@1,5(7S8;:]248;W@WS1,:[7@8 � 04>X<XN\<g798;W N\8
Y[24<²0�8;3S^_8\7�C(8�W9<=^_04>=<.�V8;3�C(8�ÎØA � 1,:©<=^_0�163K7�AR:[7S8�>X8;W�NOA+>XN\24>=W>�´8��r8ONP7S248;3@T
7 l�zbz{l , E # J ódÖ@¼o»Q½P×ØÔ�»��P¶�×Ø»�ÑRÒj¼,¿�¸gÖ

k
»�ô�Õ�¿dßá¸J¶]½éâ+Ô9ÖRÒá¼'¿!õ6Ö6¸=¿�¶�Ô�·BÑRÒr¼R»|×Ø»ÈÑRÒVÒá¿;¸Q¸=¿PÕL¿PÒ`×tÖo¶��

k−1õ6Ö6¸g¿P¶�ÔB½�ßá¸J¶]½�í;¸=¿�õ6íB¿�½�¼R7 ¶]Ò§Ò`òKíB·�ï4ÖRÒV×Ø»Ø¸ç¸gÑRÒ§Òá¿©¼'íßV¿PÒr¼{÷P¶`¿©¼'¿j¸gÖ�õ6Ö+¸=¿P¶�ÔL»çÕfÕ�íB¼R»ÈÖ+×¿PÕL¿PÒ`×!ßr¸J¶]½í;¸=¿�õ6íB¿áç
[M (i) |M (i−1), ...,M (1)] = [M (i) |M (i−1)]Ñ��³¸=Ö_ÒáÑ+× Ö+×Ø»�ÑRÒ

[X]
¼'í�½�»=â+Òá¿ ¸gÖj¼R»Z½P×ØÔ�»��P¶(×Ø»ÈÑRÒb¼'¿Û¸=Ö_õ6ÖRÔ�»�Ö��;¸=¿´Ö+¸=íBÖ+×ÑR»QÔB¿

X
¹

ótÖL¼'¿PÒ4½�»ç×í Öx½�ã+Õ$ß�×Ñ+×Ø»�÷�¶`¿ ¼'¿
(M (i)− bn)/an

·BÑRÒá¼R»ç×Ø»�ÑRÒVÒr¿;¸ç¸=¿PÕL¿PÒ`×·s
(M (i−1)− bn)/an

ö	Ñ��
an
¿P×
bn
½OÑRÒ`×!¸=¿�½ ·BÑRÒ4½P×ÖoÒ`×¿�½ ¼'¿@ÒrÑRÔ�Õ�Ö6¸ »Q½OÖ+×Ø»ÈÑRÒbÖ'¼'íB÷�¶`Ö+×¿�½9ö"¿�½P×"¼'ÑRÒ4ÒáíB¿"ßVÖRÔ�ç

fM(i)|M(i−1)(m(i) | m(i−1)) =
fM(1)(m(i))

FM(1)(m(i−1))¿\×
P
(
M (i) 6 m(i)|M (i−1) = m(i−1)

)
=

FM(1)(m(i))

FM(1)(m(i−1))·�7 ¿B½P×êsj¼o»çÔB¿Bö"¼'ÖRÒ(½Û¸g¿´·BÖo½fÑG��¸=Ö¬¼R»Q½P×|ÔP»���¶(×Ø»�ÑoÒb¼R¶�ÕLÖ<�6»çÕf¶�Õ
M (1) ¿�½P×	¶]Òá¿ ¸=Ño»E¼'¿¥ä"¶]Õ
�B¿;¸�ç

fM(i)|M(i−1)(m(i) | m(i−1)) =
1

σ

exp
{
− exp

(
−m(i)−µ

σ

)}
exp

(
−m(i)−µ

σ

)

exp
{
− exp

(
−m(i−1)−µ

σ

)} ë
{m(i)6m(i−1)}

¿\×
P
(
M (i) 6 m(i) |M (i−1) = m(i−1)

)
= exp

(
−e−m

(i)−µ
σ + e−

m(i−1)−µ
σ

)

Ñ��
FM(1)

¼'í�½�»=â+Òá¿Û¸=Ö�Ó\ÑRÒá·\×Ø»ÈÑRÒb¼'¿�ÔBí ßVÖRÔP×Ø»|×Ø»�ÑoÒb¼R¶©Õ�Ö��6»çÕ´¶]ÕË¼'¿Û¸�7 íB·�ï(ÖRÒ`×Ø»Ø¸Q¸=ÑRÒá¹
Ï@vxl�u�}�lLEt� A_043S8;2(c,8 W I 8��r8ONP7S248 0`AR3�W9<=^_04>=8 NOA+>XN\24>�C I <=:[79M;?63BAo79<=1,: a²� 8;W NOAR>XN\24>XW$WS1,:'7$043SM;WS8;:[7SM;W8;:³AR:4:48 � 8 �fa
� <=:`AR>X8;^�8;:[7x±4:41624W�043S160�1,WS16:4W�>X8\W�C(8;2 � C(M;^LA+39N � 8;W�C(8�798;WK79W�WS24<gc6A+:[7S8;WÛT
Á a�� AR>ZN\24>dC(8;W�N\16:4WK7�AR:[798;W�C(8�:4163S^�AR>X<=WBAo79<=1,:4W K 8\7 λ) a�
 7�AR:VCVA+3SC(<XWBAo79<=1,:�C(8;W�04>=24W�?63BAR:VC(8;W�c,AR>=8;243SW�C(8�W9N\1,3K8@>=1]NOA+>FT

∀j,H ′(j)n = λH(j)
n − log(K × n)
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À a�D :�7S8;WS7S8ÛAR2�3K<XW9Y[2(8 α >ZA´04>=24W�?,3BAR:VC(8�c6A+>=8;243��f> I A+<XC(8@C(2©W98\24<X> s(1) 798;>�Y[248
exp(− exp(−s(1))) = 1− α aD 2²±VC(8�^�A+:(< � 3K8�MOY[24<gc6A+>=8;:[7S8,±V16:�N\1,^�0`A+3K8@>=8@C(8;?63SM@C(8�WS<X?6:4<.�`NOAR7S<=1,:
p = exp(− exp(−h′(1)

n )) � α aÚ a�� A+:[7�Y[248�> IÄ� É�0�1+7 �(� W98 H(i)
0
8;WK7�3K8ª�#8\7SM;8_±

16:Þ8��á8ON�79248´>=8 798;WK7�C(8f>ZALc,AR>=8;243 H ′(i+1)
n

8\: 2(7S<X>=<=WBA+:[7�24:48´C(8;W�C(8;2 � 3 � ?,>=8;W�C(8´C(MON\<=WS<X16:WS24<gc6A+:'798;WÛT(16:³NOAR>XN\24>=8@>X8�WS8;24<=> s(i+1) 798;>�Y[248
Â�A,Ã = �[yr�Ql  T P(H

′(i+1)
n > s(i+1) | H ′(i)n = s(i)) = αD 2�±VC(8�^�AR:4< � 3S8�MOY[24<gc6A+>=8;:'798,±41,:�N\16^_0`AR3S8�>=8ÛC�8;?,3KMÛC(8�WS<=?6:4<¡�`NOAo79<=16:

p = exp
(
− exp(−h′(i+1)

n ) + exp(−s(i))
) � α a

Â|5�Ã = �[yr�Ql # T P(H
′(i+1)
n > s(i+1) | H ′(i)n = h′(i)) = αD 2�±VC(8�^�AR:4< � 3S8�MOY[24<gc6A+>=8;:'798,±41,:�N\16^_0`AR3S8�>=8ÛC�8;?,3KMÛC(8�WS<=?6:4<¡�`NOAo79<=16:

p = exp
(
− exp(−h′(i+1)

n ) + exp(−h′(i)n )
) � α a� A$C(8\2 � < � ^_8"3 � ?,>=8�C(8"C(MON\<=WS<X16:�WS8;^ 54>=8�A�043K<X163S<�0(>X24Wé:`Ao79243K8;>=>X8,±+NOAR3é16:�NP1,:VC(<g79<=16:4:48�0VA+3�>=8;Wc6A+>=8;243KW�C(Mª�ª�Û1654WS8;3Kc,M;8;W a(� MxAR:4^_16<X:4WO±�N\8 N\16:VC(<g79<=1,:4:48;^�8;:[7�: I <X:'798;3Kc]<X8\:[7�Y[248$>=1,3KWBY'248 >ZA@c6AR>X8;2431654W98\3Kc'M;8��Û> I M\7�AR0�8 0(3SMON\MOC(8;:'798´ÂØ8\7E0`AR3E>ZA+Y[248;>=>X8$1,:jNP1,:VC(<g79<=16:4:48oÃF8;WK7h�KAR:41,3K^�AR>X8;^�8;:[7ª��M;>=8\c'M;8,±8\7�WBA+:4W�C(1,2(7S8�>=8�^_1]C � >=8�< a < a C a : I 8;WK7�0`ARW�c6A+>ZAR54>X8 a�� 8�N\1,:4WK7BAR7�W91624W & 798;:VCj>ZA´0(3S1,0�16WS<g79<=1,:�C(8�>ZA043S8\^_< � 3S8�3 � ?6>=8ÛC(8@C(MONP<XWS<=1,: a� A$043S8;^�< � 3K8�3 � ?,>=8�C(8�C(M;N\<XWS<=16:_043SM\W98;:'798�> I AOc6AR:[7�AR?,8�C I	� 793K8�8��LNOA+N\8�C I 24:�0�16<=:[7	C�8"c�248�NOAR>XN\24>ZA &7916<=3S8 a,� :�8��r8\7x±+8;:�2(79<=>=<=W�AR:[7F>=8;W W9N\1,3K8;W 3S8;:4163S^�AR>=<XWSM;W H ′(i)n

±6N\8;W W98\24<X>=WF0�8\2(c'8;:[7 � 7S3S8�C(M\798;3K^_<=:4M;W24:48 Îç1,<=W�0�16243"7S1,2(7S8;W�8\7"7BA+5424>=M;W a4� 8$7�AR54>=8xA+2©À a - C(16:4:48�>=8;W�N\<=:VY[2`AR:[7S8;W�0(3S8;^_< � 3S8\W"c,AR>=8;243SW�C(8N\8;W�WS8;24<=>XW s(i) a
üRò:h ) a Æ eR* ) a ),e,e Á a Ù[e+) Á a -6Ù+Ú Á a À6Å(Á³Rò°ü�û Á a Á eRÙ Á a *,)+Ú * a Ù Æ(Á * a e,e À * a Å6Å Ùü�üRò°ü�h * a -'e+) * a Ú,Ù'- * a Ú'*,- * a À,À(Á * a ) Å )üg³Rò´ú-û * a ÁOÆ Ù * a Á;À e * a *,Ù6* * a *') Å & * a *') ÅúòüRò´ú�h & * a *'eRÚ & * a Á ) Á & * a Á;Å - & * a )+*,Ù & * a )+Ú Æú6³Rò@iýû & * a )+Ù,Ù & * a À ) Å & * a À6Å ) & * a À6Æ e & * a Ú À(Ái-üRò@igh & * a Ú Å Ú & * a Ú Æ,Å & * a -6) Å & * a -6- Å & * a -6Ù,-
i"³RòoðLû & * a Å(ÁOÀ & * a Å Ú Á & * a Å6Å e & * a Å6Æ,À & * a e Á;ÆðRüRòoð1h & * a eoÚ À & * a e Å e & * a e Æ4Á & * a Ù Á Ú & * a Ù À6ÅðÄ³Rò:h�û & * a Ù,-6Ù & * a Ù6Ù,* & * a Æ * Á & * a Æ ),) & * a Æ Ú')

�h�j��� À a - Ç -6* 043K8;^_< � 3S8;W�c,AR>=8;243SW C�8;W$WS8;24<=>XW s(i) 0�16243�>QA�3 � ?6>X8 C(8fC�MON\<XWS<=16:Þ:[24^_M;3S1³ÁÛ8\7$C(8;Wc6A+>=8;243KW�C(8�W9N\163S8�>X1]NOAR>d3K8;:41,3K^�AR>X<=WSM;8;W a
� 8;^LA+3SY[2416:4W�Y'248

P
(
H ′(i)n < h′(i)n | H ′(i−1)

n = h′(i−1)
n

)
> P

(
H ′(i)n < h′(i)n | H ′(i−1)

n = s(i−1)
n

)
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NOAR3 h′(i−1)
n > s

(i−1)
n

ar� A�C�8;2 � < � ^_8f3 � ?,>=8fC(8fC(MON\<=W9<=16:ÞWS8;3BA_0`A+3$N\1,:4WSMOY[2(8;:[7�0(>X24W N\16:4WS8;3Kc6AR7S<=c,8Y[248�>ZA´043K8;^_< � 3S8 a
� 8;^LA+3SY[2416:4W�8;:-�V:³Y[248

P
(
H ′(i)n < h′(i)n | H ′(i−1)

n > h′(i−1)
n

)
< P

(
H ′(i)n < h′(i)n | H ′(i−1)

n = h′(i−1)
n

)

� >�WS2���7�C(8�0�16W98\3 h′(i)n = h
′(i−1)
n

0�1,243�W I 8;:�N\16:[c6A+<=:VN\3S8 a� AR3éNP1,:4WSMOY[2(8;:[7x±o>X8E043K1�C(24<g7 C�8"C(8;?,3KM"C(8EWS<=?,:4<.�`NOAo79<=16:�C(8"N � A6Y[2(8!798;WK7�WS1,24W & 8;WK79<=^_8E>=8"C(8;?63SMC(8�WS<=?,:4<.�`NOAo79<=1,:�C�2�798;WK7F?,>=1,5`AR>È±,WS<V16:LN\16:4W9<XC � 3K8�>=8�:416^f543K8 r C(8�798\WS7SW	N\16:4:]2
��> I A;c6A+:4N\8 a]�$I 8;WK7�´C(<=3S8�Y[248�WS<²16:�:4167S8 p(i) = P
(
H
′(i)
n > h

′(i)
n | H ′(i−1)

n = h
′(i−1)
n

) >X8�C(8;?63 � C(8�WS<=?,:(<¡�`NOAo79<=16:³C(2
798;WK7�:]24^_M;3K1 i ±(16:�AjT

r∏

i=1

p(i) < P
(
H ′(1)
n > h′(1)

n , ..., H ′(r)n > h′(r)n

)

� 8�3KM;WS24>g7�Ao7	0�8;2(7	>ZAR<XWSWS8;3F0�8;:4WS8;3	Y[2(8�>QA�C(M;^�AR39N � 8�C(8�798;WK7F043S160�1,WSM;8�<ZN\<`AR243BA 7S8;:VCVAR:VN\8>� WS1,2(W &8;WK79<=^_8;3�>QA_0(3S165`A+54<=>=<=7SM 3SM;8\>X>=8,±`8\7 N\16:VC(24<=3S8á�_C(8;W$3K8ª�#8\7SW C IÄ� É�0�1+7 �4� WS8;W�:]24>=>X8\W$:41,:³Îç16:VC(M;W ar� :ÎØAR<g7x±rN\8\7S7S8f<X^_0(3S8;WSWS<X16:Þ8;WK7�<=:48 � A+NP7S8,±áNOA+3$>QA�C(M;^�AR39N � 8f:48´N\16:VC(24<g7�0`A+W?��N\16^_0`AR3S8;3 ∏r
i=1 p

(i)AR2©3S<=WBY'248ÛC�8�043S8;^_< � 3S8�8;WS0 � N\8�?,>=165`A+> α a
8 koutsdlÞstl 9 nØzÞu��Q~(konçprq
� �V:´C(8�NP1,^_0`AR3S8\3�>X8;W�0424<=W9WBAR:VN\8;Wé3S8\W90�8ON�79<gc'8;W C(8"N\8;WéC(8;2 � AR04043S1]N � 8;WO±+:(1,24W AOc,1,:4W�8��r8ONP7S24M24:48�M\792VC�8@WS<=^_04>=8ÛC�8�W9<=^f24>ZAo79<=1,: aD :¢WS8¬04>ZA+N\8j0�16243´N\8;>ZA�CVAR:4W´>=8jNOA6C(3K8jC I 24:48¬WSMOY[248;:VNP8j< a < a C a �©c6A+>=8;243KW�CVAR:4W {0, 1, 2, 3}A;c'8ON�>=8;W�043K1,5`AR54<=>X<g79M\WjC I 1]N;N\243S8;:4N\8 AR3S54<g7939A+<=3S8;^�8;:[7jN � 1,<=WS<X8\W¬WS24<gc6A+:[7S8;W�T P(X = 0) = 0.5 ±

P(X = 1) = 0.1 ± P(X = 2) = 0.2 ± P(X = 3) = 0.2� 1,24W�M\792VC(<=16:4W¬>=8ÞN\16^_0�163K798\^_8;:[7jC(8³>ZAä^_M\7 � 1�C(8³8;:%Îç1,:4NP79<=1,:èC�8;WjY[2`Ao793K8³0`A+39A+^ � 793S8;WWS24<gc,AR:[79W@T
Á a�� A 7�AR<X>=>=8ÛC(8�>ZA´WSMOY[248;:VNP8LT n = 1000, 10000, 100000

a
) a�� 8�WKÉ�WK7 � ^_8@C(8�W9N\1,3K8_T

Â�A,Ã S1(0) = −4, S1(1) = −3, S1(2) = 1, S1(3) = 3 ±4N\8@Y[24<dC(16:4:48 E[S1(X)] = 1.5Â|5�Ã S2(0) = −8, S2(1) = −6, S2(2) = 2, S2(3) = 6 N\8@Y'24<dC(16:4:48 E[S2(X)] = 3ÂØNxÃ S3(0) = −16, S3(1) = −12, S3(2) = 4, S3(3) = 12 N\8@Y[24<dC(16:4:48 E[S3(X)] = 6À a�� 8�:416^f543K8@C(8�04>ZA+?68;W�WS1624W H1
T r = 0, 5, 10, 20Ú a�� Af>=1,:4?6248;243�C�8;W�04>ZAR?,8;W�W91624W H1
T l = 10, 20
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� 16243"WS<=^f24>=8;3E>=8;W"W9N\163S8;W"WS1624W H1
±]1,:¬2(79<=>X<=WS8 > I 16040�1,WSM�C(8;WEWBN\163S8\W"WS1,24W H0

±]8\7�C(8;2 � 04>ZA+?68;WN\16:4WSMON\2(79<gc'8;W�W91624W H1
WS16:[7�WSM;0`AR3SM\8;W�0`A+3�À * 0�1,WS<g79<=16:4W a� 16243�N � A+Y[248ÛN\16^f54<=:`AR<XWS16:�C(8;W�0`AR3BAR^ � 793K8;WO±dÁ *6*,* MON � A+:'79<=>X>=16:4W�WS1,:[7�79<=3SM;W$AR>XMxAo7916<=3S8;^_8\:[7 a� 16243f3SM;WS24^_8\3´N\8;W´WS<=^f24>ZAR7S<X16:4WO±�16:¢W I <=:[7SM;3S8;WSWS82�³>ZA³043S160�1,3�79<=1,:§C(8¬Îç1,<=W´1F©¢<=>": I É¡A�0VA+W´8;2C IÄ� É�0�167 �4� WS8;W�:]24>=>X8\W�3K8ª�#8\7SM;8;WO±V8P7�1F©�<=>²É�Af8;2 k � É�0�1+7 �4� WS8;W�3S8ª�8\79M;8\W�0�1,243�79162(798;W�>X8;W�c6AR>X8;243KWC(8 k 1654WS8;3Kc'M\8 aV� 8�3S<=WBY'248@C(8�043S8;^_< � 3S8�8\W90 � N\8 α 8;WK7 � � M�� - £ a� 16^_0�1,3�798;^�8;:[7�WS1,2(W H0� 8ON\<d:41624W�0�8;3S^_8P7�8;WSWS8;:[7S<X8\>X>=8;^_8;:'7$C(8ÛN\16:[793ªÖ,>=8;3�Y[248�>ZA�043S16?63BA+^�^�Ao79<=1,:�C(8@> I A+>=?61,3K<=7 � ^_8@8;WK7N\163S3S8;NP798 a � I 8;WK7�54<=8;:¢>=8©N;A+W´<XN\<È±�1�©¢CVA+:4W´8;:[c]<X3K1,:§Æ - £�C(8;W´MON � A+:[7S<X>=>=1,:4WO±�> IÄ� É�0�1+7 �4� W98j:]24>=>=8?6>X165`AR>X8�Â¨�#>ZA¬W9MOY'248;:VN\8�8;WS7�< a < a C a ��Ã$: I 8;WK7@0VA+W�3S8ª�8\79M;8 a²� 8;W�3SM;WS24>g7�Ao79W�:48´W916:[7�0`A+W@C(MP7�AR<X>=>=M;W@<XN\< a� 8�3SM;WS24>g7�Ao7j<=:VC(<XY[248�M;?[AR>=8;^_8;:[7jY[248�> I AR04043S1 � <=^�Ao79<=16: C(8³>QAä>=1,<$C(2 W9N\1,3K8�>=1�NOAR>$0`A+3�WBAä>=1,<>=<X^�<=7S8jÂ � 24^f5�8\>çÃ�8;WK7��#24WK79<.�VMfCVA+:4W N\8fNOARWx±`^ � ^_8Û0�1,243$24:48 WSMOY[248\:VN\8´C(8Û7�AR<=>X>=8jÁ *6*,* ±�8\7 24:488;WS0�M;3BAR:VN\8�C(2�W9N\163S8 3S8;>ZAR7S<=c,8;^_8;:[7�0�8\79<g7S8 a`� 8�3SM;WS24>g7�Ao7�:(8�0�8;2(7�:4MxA+:4^�1,<=:4W�0`A+W�WS8 ?,M;:4M;39A+>=<=WS8;3

�@24:¬WKÉ�WK7 � ^_8$C(8$W9N\163S8 Y[248;>XN\16:VY[248$8\7"24:48 C�<XWK793K<X5(2(79<=1,:jC(8$>ZAÛWSMOY[2(8;:VN\8�Y'248;>XN\1,:VY'248 aV� 1,^�^_80�16243 > I 8;:4WS8;^f54>=8�C(8;W ^_M\7 � 1�C(8;W WS8�Îç16:VCVAR:[7FWS243 >ZA$>X16<`ARWKÉ�^_0(7S167S<ZY[248�C(2�W9N\1,3K8�>X1]NOAR>V0(3SM;WS8;:[79M\8;WCVAR:4W�N\8´N � AR04<g793S8,±r<=>�8;WK7@AR54WS1,>=248;^�8;:[7�:4MON\8;WSWBA+<=3S8�C�8´W I ARWSWS243S8;3 Y[248´N\8\7S7S8_AR04043S1 � <=^�Ao79<=16: 8;WK7c6A+>ZAR54>X8	0�1,2(3t>=8	WKÉ�WK7 � ^_8	C(8	W9N\163S8,±O>QA�C(<=WK793S<=542(7S<X16: C(8	WSMOY[248;:VN\8	8\7t>ZA�7BA+<=>=>X8!C(8	WSMOY[248\:VN\8	2(79<=>X<=WSM;8A;c,AR:[7 C I 8;^_04>=1xÉ'8;3 N\8\W ^_M\7 � 1�C(8;W a�� :48LWS<=^_04>=8�M\7S2VC(8¬C(8LWS<=^f24>ZAR7S<X16:Ü0�8;3K^_8\7fC(8L3SM;0�16:VC(3S8ß�N\8\7K798@Y[248;WK7S<X16: aD : W I AR0r8\3 � 16<=7�M;?[AR>=8;^_8;:[7�Y[248!>=8!:416^f543K8 r C(8	798;WK7SW H(i)
0 , i = 1, ..., r 0�16243�24:48!WSMOY'248;:VN\8!:48C(M;0`ARWSW98��KAR^�AR<XW$ÀLWS243�> I 8;:4WS8;^ 54>X8 C(8;W$NOA+W$C(8��4?,243K8;W$WS<=^f24>=M;W$WS1624W H0

±rA;c'8ON@24:48Û043S165`AR54<=>X<g79MM;>=8\c'M;8©C(8©:48�3S8ª�#8\7S8;3¥��79163K7LY'2 I 24:48�WS8;24>=8 � É�0�1+7 �4� WS8©:]24>=>=8,±FN;A+3_Y[2`ARWS<X^�8;:[7_>ZAÞ7S167BA+>=<g79M©C(8;W- £�C(8;W_WSMOY[248;:VN\8\WL<=WSWS248;WLC(2H3K8ª�#8\7LC(8 H(1)
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� A+2VC(<=:�± �(a ± � 7S<=8;:4:48,± �ba ±VA+:VC � AR>X>=1,<=WO± ��a Â )+*,* À'Ã a � WSÉ]^_0(791+79<XN�5�8 � A;c�<=16243�16Ît7 � 8�>X1]NOAR>�WBN\163S816Ît<=:VC(8;0�8;:VCVAR:[7$AR:VCj<XC(8;:[79<XNOAR>=>=É�C(<=WK793K<X542(7S8OCj3BAR:VC(1,^ WS8OY[248;:VN\8 a!ì`×Ñx·�ï4Öo½P×|»�·�æ!Ô9Ñx·B¿�½B½O¿B½ÛÖRÒá¼×|ï4¿P»QÔ º!ß'ßá¸J»È·BÖ+×Ø»�ÑoÒ4½ ±�Á *'e TXÁBÇ )+Ù a
� A+2VC(<=:�± �(a AR:VC � 8;39N\<=8;3O± 
ra ÂKÁ;Æ6Æ,Æ'Ã a�� <=WK793K<X542(7S<X16: 8 � A6NP7S8�C(2%WBN\163S8³>=1]NOA+>$C I 24:48�WS24<g798�C(8c6A+3K<QAR54>=8;Wf<=:VC(M;0�8;:4CVA+:[7S8;Wf8\7 <XC(8;:[79<XY[248;^�8;:[7´C�<XWK793K<X5(24M;8;W a�à	¹	¾�¹Fº$·BÖ'¼,¹!ìá·P»�¿PÒá·B¿B½ ±tÆbT Ù Á - ÇÙ,)6* a!
 M;3K<X8 � ± � Ao7 ��a
� AOÉ � 1F��± �ba ± Dfa ± 
 N � Í�AR3K7SÌ,± ��a ± �ba ±dAR:VC D 39N\2(7S7O±tU a ± �$a Â�ÁOÆ eRÙ Ã ajº�×�¸=Öo½¬Ñ�Ó$ß�Ô9Ñ+×¿P»QÒÜ½O¿B÷P¶`¿B·9¿ÖRÒá¼ ½P×ØÔ�¶`·\×Ø¶]ÔB¿�öá½�¶oß'ßá¸g¿PÕ�¿PÒV×�i ±6N � AR0(798;3 � ^_1�C(8;>(16Î�8\c,1,>=2(79<=16:`A+3�É´N � AR:4?,8�<=:�043S1+798;<=:4WO±+0`A+?68;WÀ Ú[- Ç�À -6) a	� Ao79<=1,:`AR>tU!<=16^_8OC(<XNOAR> � 8;WS8xA+3SN ��� 1624:VCVAo79<=16: a
� 8;^f5�14± �fa A+:VC Î@AR3S>=<X:²± 
ra ÂKÁ;Æ,Æ(ÁxA,Ã a 
 793K1,:4?§>X<=^_<g7©7 � 8;1,3K8;^_W©1,ÎÛ8;^_04<=3S<XNOA+>@C(<=WK793S<=542(7S<X16:4WÎç163´>ZAR3S?68�WS8;?6^_8;:[7BA+>E8 � N\8;8OC4A+:VN\8\W_16Î�0`AR3K79<ZAR>"WS24^_W´16Î � AR3SÏ,1xcbc6AR3S<ZA+54>=8;W a¡º�ÒVÒá¹�æ	Ô9Ñ��BÖ��x¹ ±Á;ÆVÂ Ú Ã T=Á e+- ÅoÇ�Á e Å e a
� 8;^f5�14± �fa AR:VC Î@A+3K>X<=:�± 
�a Â�ÁOÆ6Æ4Á\5�Ã aÜ
 793K1,:4?Þ>X<=^_<g7´7 � 8;163S8;^_W´16Î�8;^�04<X3K<ZNOAR>"ÎQ24:VNP79<=16:`A+>=W�Îç163>ZA+3K?,8�8 � N\8;8;CVA+:VNP8;W�16Î�0`AR3K79<ZAR>�WS24^_W�16Î�< a < a C a c6A+3K<QAR54>=8;W a!º�ÒVÒr¹�æ!Ô9Ñ��BÖ��x¹ ±²ÁOÆ4Â Ú Ã TXÁ e À e ÇrÁ e+-,- a
� 8;^f5�14± �fa ±&Î@AR3S>=<=:�± 
ra ±RA+:4C&%r8;<g791624:4<È± Dfa Â�ÁOÆ6Æ Ú Ã a[� <X^�<=7�C(<=WK793K<X542(7S<=1,: 16Î4^�A � <=^�AR>[:416: & A+>=<X?6:48OC7Í"1 & W98OY'248;:VN\8�WS8;?,^�8;:[7�AR>�W9N\163S8 a	º�ÒVÒr¹�æ!Ô9Ñ��BÖ��x¹ ± ),) Â Ú Ã T )+*,),) Ç )+* À,Æ a
� 240424<=Wx± �fa	�(a ÂKÁ;Æ,Æ e Ã a���� 793K8;^_8�c6AR>X2(8�7 � 8;163KÉ¢5VA+WS8OC§16:§7 � 8©3�>ZAR3S?68;WS7�AR:4:]2`AR>�8\c'8;:'79W�TFA3S165424WK7$AR04043S1'A6N ��a ó ÑR¶�Ô�ÒáÖ6¸tÑ#Ó>� ã'¼RÔBÑ+¸=Ñ9â+ã ± )+*,* ÂKÁ & Ú Ã T ) Æ - Ç]À * Å a
� 7S<X8\:4:48,± � AR3S<=8,± ��a Â )+*6*') Ã aRód¿�½O·BÑoÔB¿�¸=Ñx·BÖ6¸Dç`¶]Ò�ÑR¶(×|»Ø¸oßVÑo¶�Ô�¸�7 ÖoÒáÖ6¸JãR½;¿ ¼'¿�½Oí9÷P¶`¿PÒá·B¿B½��P»�Ñ6¸gÑ9â+»�÷P¶V¿�½Pa� �`� 7 � 8\W9<=WO± � :4<gc'8;3KWS<=7SMÛC(8 � A+:VNPÉ �Ba
��AR543S<=8;>È±CÎ�± ��a Â�ÁOÆ6Å6Æ[Ã a�
 <=^f24>g7�AR:48;1624W�798;WK7�043K1�N\8OC�243S8;W & WS16^_8�7 � 8;163KÉ�16Îé^ 24>g79<=04>X8ÛN\16^_0`AR3S< &WS1,:4W a	º�ÒVÒr¹dø{Ö+×|ï4¹�ì�×ÖR×¹ ± Ú,* T )6)RÚ Ç ),-+* a



6 ! 6�7 !1ÝßÞf= 5 Ïà ! 8 J #

. AR^_0�8;>È± � 3BAR:4Ïr± ��a ± � 16:VN � 8P7S79<È± � >=c,8;Ì;<=1V± �ba ± � 1624WSW98;8\2'Í ± � 8\7S8;3O± �(a ±éAR:VC 
 7�A � 8;>È±�xb8;3S:48;3;±�fa ÂKÁ;Æ Ù Å'Ã a�¾�Ñ��P¶]½�×!½P×Ö+×Ø»Z½P×Ø»�·�½O¹�å�ï4¿_ÖBß,ß�ÔBÑOÖ'·�ï �9Öo½O¿B¼©ÑoÒ{»çÒ1�	¶`¿PÒá·B¿EÓ9¶�Òá·\×|»�ÑRÒ4½O¹ x <=>X8\É 
 8\3S<=8;W<=: � 3S165`AR54<X>=<g7#É{A+:4C � Ao7 � 8\^�AR7S<ZN;A+> 
 7BAR7S<XWK79<XN\W ad� 3S165`A+5(<X>=<g7#É{A+:4C � Ao7 � 8;^LAR7S<ZNOAR> 
 7BAR7S<XWK7S<ZN\W a� 1 � : x <=>X8PÉ ¼ 
 16:�± � 8PÍ � 1,3KÏ a
. 8;:4<=Ï,1Æ��± 
ra A+:VC . 8;:(<XÏ61F��± � ±�� a ÂKÁ;Æ,Æ ) Ã a@� ^_<=:41�A+N\<XCÞW9245(WS7S<=7S2(79<=16:{^�Ao793K<ZN\8\W�ÎQ3S16^Ë043K167S8;<X:54>=1�NBÏ[W a/æ!Ô9Ñx· µÛÖ+×�¸`º�·BÖ'¼�ì²·�»ñô¡ì�º ó'± Ù Æ©T=Á * Æ4Á - Ç�Æ a
. 1]N � 5�8;3K?V± ��a A+:VC � AR^ � AR:48,± � �<=7O± �$a ÂKÁ;Æ Ù[e Ã a ø³¶4¸J×Ø»Jßá¸g¿{·BÑRÕ$ßVÖoÔP»Z½OÑRÒÜß�Ô9Ñx·B¿B¼R¶]ÔB¿�½O¹ x <=>X8PÉ
 8;3K<X8;W$<=: � 3K1,5`AR54<=>X<g7#É³A+:VC � AR7 � 8;^�Ao79<XNOA+> 
 7BAR7S<XWK79<XN\W a`� 0404>=<=8OC � 3K1,5`AR54<=>X<g7É�A+:4C 
 7BAR7S<XWK7S<ZN\W a� 1 � : x <=>X8PÉ ¼ 
 16:4W a
Î@AR3S>=<X:�± 
ra A+:VC � >=7SW9N � 24>È± 
ra��Ea ÂKÁ;Æ,Æ * Ã a�� 8\7 � 1�C(W"Îç163�A+WSWS8;WSW9<=:4? 7 � 8 WK7BAR7S<XWK79<XNOAR>áWS<=?,:(<¡�`NOAR:VN\8 1,Î^_16>X8;N\24>QAR3�WS8OY[248\:VN\8´Îç8xAo79243S8\W�5'É�24WS<=:4?j?,8;:48;39A+>�WBNP1,3K<X:4?jW9N � 8;^_8\W aáæ	ÔBÑx·O¹�µÛÖ+×È¸=¹�º$·BÖ'¼'¹�ì²·P»�¹ô�ì(º ± Ù'e ÂØÅ[Ã T ),) Å Ú Ç ),) Å Ù a
Î@AR3S>=<X:�± 
ra AR:VC � >g79W9N � 24> 
 798\0 � 8;:�± �Ea Â�ÁOÆ6Æ,À'Ã a�� 0404>=<XNOAR7S<X16:4W�AR:VC�WS7BAR7S<XWK7S<ZN\WEÎç163E^ 24>g79<=04>X8 � <=? ��&W9N\1,3K<=:4?_WS8;?,^�8;:[79W�<=:©^_1,>=8ON\24>ZAR3�WS8OY[2(8;:VN\8;W a�æ!Ô9Ñx·x¹²µÛÖ+×È¸=¹²º$·BÖ'¼,¹dì²·P»È¹ ±VÆ * T -6Ù'e ÀxÇ -6Ù'e,e a
Î@AR3S>=<X:�± 
ra AR:VC � 8;^f5�14± �fa Â�ÁOÆ6Æ ) Ã ad� <=^_<g7�C(<=WK793S<=542(7S<X16:4W"16Î�^�A � <=^�AR>�W98\?,^_8\:[7�AR>rW9N\163S8�AR^_16:4?� A+3KÏ,1xc & C(8;0�8;:VC(8;:'7�0`AR3K7S<QAR>�WS24^_W a	º$¼Rõ+¹²ºEß'ßr¸=¹�æ!Ô9Ñ��BÖ��x¹ ± )+Ú ÂKÁxÃ T=Á,Á;ÀxÇrÁ Ú'* a
Î É]7S8,± �(a A+:4C � 1[1,>=<g7S79>=8,± � ± �Ea Â�ÁOÆ Ù,) Ã a©� WS<X^�04>X8�^�8\7 � 1]CbÎç163fC(<=WS04>QA;É�<=:4?³7 � 8 � É(C(3S160`Ao7 � <XNN � AR3BA+NP798;3�16ÎéAf043S1+798;<=: a ó ø{Ñ6¸�Ð�»ÈÑ6¸ ó'±�Á -'e TXÁ *'- ÇrÁ;À ) a
� A\Í�>=8;WSWO± � ± �Ea Â�ÁOÆ Ù') Ã a�ì�× Ö+×Ø»Q½P×Ø»È·BÖ6¸dÕLÑx¼'¿;¸Ä½_ÖRÒr¼�Õ�¿\×|ï(Ñx¼o½!Ó;ÑRÔ´¸J» Ó;¿\×Ø»QÕ�¿L¼'Ö+× Ö'¹ � 3S165`A+5(<X>=<g7#É�A+:VC� AR7 � 8;^�Ao79<XNOAR> 
 7�Ao79<=WS7S<ZNPW a`� 1 � :
x <X>=8\É ¼ 
 1,:4WO± � 8PÍ � 163SÏ a
� 8;39N\<=8;3;± 
ra Â�ÁOÆ6Æ,Æ'Ã a�ì`×Ö+×Ø»Q½P×|»�÷P¶`¿B½�¼'¿B½�½O·BÑRÔ9¿�½�ßVÑo¶�Ôf¸:7 ÖRÒáÖ6¸ ãR½O¿�¿\×"¸=Ö�·BÑRÕ�ßVÖRÔ9ÖR»Q½OÑoÒÜ¼'¿@½OíB÷�¶`¿PÒá·B¿B½�P»�Ñ+¸=Ñ9â+»�÷P¶V¿�½PaF� �`� 7 � 8;WS<=Wx± � :4<gc'8;3SWS<g79M@C(8 � 16248;: a
� 8;39N\<=8;3;± 
ra A+:4C � AR2VC(<=:�± �(a Â )6*6* ÁoÃ a���� A6NP7¬C(<=WK793S<=542(79<=16: ÎQ1,3_7 � 8�>X1]NOA+>�W9N\163S8�1,Î 1,:48³< a < a C3BAR:VC(16^ WS8OY[248;:VN\8 a ó ÑR¶]ÔPÒrÖ6¸tÑ�ÓÛ·BÑRÕ$ß`¶(×Ö+×Ø»ÈÑRÒáÖ6¸��P»�Ñ6¸=ÑSâ+ã ± Ù T À e ÀxÇ]À Ù6* a
� 248;?6?,8,± �Ba A+:VC � A+3�79<=:�± � ± � a ÂKÁ;Æ,Æ6Æ'Ã a6� ?68;:48;39A+>]AR:VC�ÎØARWS7dW9N\1,3K<X:4?�Îç24:VNP7S<X16:ÛÎç163d0(3S167S8;<=: & >X<=?'A+:VC<=:[798;39A6NP7S<X16:4WÛTVA´WS<=^_04>=<¡�48OC©0�1+798;:[7S<QAR>tAR04043S1'A6N ��a ó ø ¿B¼³àtï4¿PÕ ó'± Ú[) T e Æ4ÁBÇ Ù6*+Ú a
D >=W98\:�± ��a ±rU!24:VC(W9N � 2 � ± �@a ±rA+:VC . Í�A(± ��a Â�ÁOÆ6Æ6Æ[Ã a � AR04<XC ARWSW98;WSWS^_8;:'7 16Î 8 � 793S8;^LA+>tWK7�Ao79<=WK79<XN\WÎç163�?'A+040�8OC�>=1�NOAR>�AR>=<X?6:4^_8;:'7 a�æ	Ô9Ñx· ë Ò`×�à	ÑRÒOÓ ë Ò`×¿;¸Q¸rì`ãR½P× ø{Ñ6¸rÐ"»ÈÑ6¸ ó'±40`AR?,8;W ) Á6ÁBÇ )6)6) a
D :VN\8;>È± 
ra(��a ± �$� WBA+:[24>X>ZA � ± �ba ± � >=<X8\cr± �EaV�fa ±�AR:VC � É]?,24:�± �Ea Â )6*6*,- Ã a�
 Í�<g7BN � <=:4?L3S8ON\1639C³A+:VC1639C(8;3�WK7�Ao79<=WK79<XN\W�c]<QA¬39A+:VC(16^�N\16:[7939A6NP7S<X16:4W a_ì�×Ö+×Ø»Z½P×Ø»�·�½('ñæ!Ô9Ñ��BÖ��P»|¸J»|×Øãßód¿\×È×¿PÔB½ ± e À4ÂÈÀ'Ã T )+*[e Ç) Á e a



6 ! 6�7 !1ÝßÞf= 5 Ïà ! 8 J ,

� 24Ì;Ì;14±&x£± �Fa AR:VC � 16^_0`A�± �ba Â�ÁOÆ6Æ,Æ'Ã a¬� >=<=:48xAR3Û7S<X^�8¬A+>=?61,3S<g7 � ^ ÎQ1,3?�V:VC(<=:4?ÞA+>=>	^�A � <=^�AR>W9N\1,3K<=:4?¬W92(54W98;Y[248;:VN\8;W a$� : ì²¿Põ6¿PÒV×|ï ë Ò`×¿PÔ�ÒáÖ+×Ø»ÈÑRÒáÖ6¸	à	ÑoÒxÓ;¿PÔ9¿PÒá·B¿_ÑRÒ ë Ò`×¿;¸Q¸J»Xâ[¿PÒV×Eì`ão½P×¿PÕ ½EÓ;ÑoÔø{Ñ6¸=¿9·P¶4¸=ÖRÔ�Ð"»ÈÑ6¸=Ñ9â+ã ±40`A+?68;W ) À Ú Ç )+Ú Á6± . 8;<ZC(8\>X5�8;3K?V±�� 8;3S^LA+:[É a

 ^_<g7 � ± �@a��Fa Â�ÁOÆ Ù Å[Ã a���� 793K8;^_8�c6A+>=248$7 � 8;1,3�ÉL5`A+WS8OC�1,:�7 � 8$3E>QAR3S?68;WK7�A+:4:[2`A+>r8\c'8;:'79W a ó ÑR¶�Ô�ÒáÖ6¸Ñ�Ó>�$ã[¼RÔ9Ñ6¸=Ñ9âRã ± Ù ÅVÂ�Á & ) Ã T ),e Ç Ú À a
x¢Ao798\3S^�AR:�± �ba Â�ÁOÆ6Æ - Ã a ë Ò`×ØÔ9Ñx¼R¶`·P×Ø»�ÑRÒ ×Ñ àFÑRÕ$ß`¶(×Ö+×|»�ÑRÒáÖ6¸EÐ�»ÈÑ6¸=Ñ9â+ã�ç�ø{Ö9ß`½Bö@½O¿B÷�¶`¿PÒá·B¿B½ÞÖRÒá¼â[¿PÒáÑoÕ�¿�½Pa	�!� A+04^LA+:½¼ . AR>=> a
xÜ8\<XWSWS^�AR:�± �Ba Â�ÁOÆ e+Ù Ã a²� WK79<=^�Ao79<=1,:L16Îá0`AR3BAR^_8\798;3KWEA+:VC_>QAR3S?68�Y[2`AR:[79<=>=8;W!5`ARWS8OCL16:_7 � 8�Ï´>ZA+3K?,8;WK71654W98\3Kc6AR7S<X16:4W a ó ¹²º�ÕL¹tì`×Ö+×¹áº ½B½OÑx·O¹ ± e À©T Ù Á ) Ç Ù Á - a



T ��VU�����¦�  )

* �©��«   «� �� ¦� ¡�©����¦��   �  ��¨��� +
T �£� «�  ¦� ¡�©�£� ¦©��  �  H�¨��� «�  �²��� Y��  H� ¦
�¡��� �ª�  ��

��[\Z ]R^�_a`cb
dfefgh_ji�b�^
� AR:4W�NP8 N � A+04<g7S3S8,±!:41624W©AR>=>X16:4Wj8;WSWBA;É'8;3¬C I <XC(8;:[7S<.�V8;3jC(8;WjWS8;?6^_8;:[7SW¬3S8\7S1,243K:4M;W�C(8³ÎØAR<X54>=8>=1,:4?6248;243FCVAR:4W 24:48�N � A10Q:48�C(16:4:4M;8 a[� 8"3S8\7916243K:48;^_8;:[7 0�8;2(7 M\c'8;:[7S248;>=>X8\^_8;:[7 � 793S8�A+N;N\1,^�0`A+?6:4M0`AR3�24: 0`A+WSWBAR?,8äA+2åN\16^_04>=M;^_8;:'7�AR<X3K8{0�16243�>=8;W©WSMOY[248;:VNP8;W�C IÄ� ���Ûa"� A¡WSMOY[2(8;:VN\8{8;WK7³AR>=1,3KWWS24040�16W9M;8 � 793K8�0`A+3KWS8;^_M;8@C(8�0�8\79<g79W�WS8;?,^�8;:[79W�C(2©543K<X:�N\16^_04>=M;^_8;:[7BA+<=3S8 a� A_043K<X:4N\<X0`AR>=8f<XC(M;8fC�8 >ZALC(M;^�AR39N � 8fN\16:4WS<XWK7S8á�_2(79<=>=<XWS8;3�>X8ÛÎØAR<=7 Y'2 I 24:48 N � A10Q:48fC(8 � AR3SÏ,1xc8;WK7F163S<=8;:[79M;8 a'� A WSMOY[248\:VN\8 X = X1...Xn

8;WK7F^_1�C�M;>X<=WSM;8�0`A+3 24:(8�N � A10Q:(8�C(8 � AR3SÏ61oc´C I 1,3SC(3S8 m� � M�A@043S<=163S< a(� AR:4W�NP8 NOA+WO±]N\1,^�^_8$16:¬> I A@^_1,:'793SM$CVAR:4WE>X8$043K8;^_<=8;3"N � A+04<g793K8´Â ) a - 0`AR?,8 Ú,* Ã�±]>ZAWSMOY[248;:VNP8 C(2�543K<X:³N\16^_04>=M;^_8;:'7�AR<X3K8@:4167SM;8 X− = X−1 , ..., X
−
n
A;c,8ON X−1 = X̄n

± X−2 = X̄n−1
aXa=a

8;WK7�M;?'AR>X8;^�8;:[7�24:48ÛN � A10Q:(8 C(8 � AR3SÏ,1xc©C I 1,3SC(3S8 m ±4^�A+<=W�C(16:[7�>ZA_C(<=WS7S3S<=542(79<=16:³WS8;39A_C(<.�áM;3K8;:[7S8C(8@N\8;>=>X8 X ±(8 � N\8;0(7SMÛCVAR:4W�>X8@NOARW�0`AR3K79<XN\24>=<=8;3�1F© X 8;WK7�24:(8ÛN � A&0Z:48ÛC(8 � AR3SÏ,1xcj3KM\c'8;3KWS<X54>=8 aV� A^�Ao793K<ZN\8fC(8Û7939A+:4WS<g79<=1,: 3 − C(8 X− ±áAR<=:4WS<éY'248fWBA�C�<XWK793K<X5(2(79<=1,:ÞWK7�Ao79<=16:4:`A+<=3K8 µ− WS16:[7�C(16:4:4M;8;W8;:©Îç16:VNP7S<X16:³C(8;W�0`AR3BAR^ � 793K8;W 3 8\7 µ C(8 X ±VN\< & C(8;WSWS1,2(WÛT
µ−(x1...xm) = µ(x̄m...x̄1) Â Ú a ÁxÃ

3 −(x1...xm+1) =
3

(x̄m+1...x̄1)× µ(x̄m+1...x̄2)

µ−(x1...xm)
Â Ú a ) Ã

�	I <ZC�M;8 8;WK7�C(8 N � 16<XWS<=3�AÛ043K<X163S<r24:48$7BA+<=>=>X8�C(8 WS8;?6^_8;:[7 l ±]8\7�C(8 3S8;?'AR39C(8;3EWS<²N � A6Y'248 WS8;?,^�8;:[7C(8´7�AR<X>=>=8 l C(8_>ZA©N � A&0Z:48_8;WK7@04>=2(7²Ö+7@<XWSWS2bC(8�>QA�C(<=WK793K<X542(7S<X16:bC(8 X 162bC(8 X̄ ad� 1,2(3ÛN\8;>ZA�±�24:48WK7�Ao79<=WK79<XY[248@C(8�3BAR040�1,3�7�C(8�c�3BAR<=W98\^f54>ZA+:VNP8@8;WK7�2(7S<=>X<=WSM;8 a� AR:4W�24:(8�043S8;^_< � 3S8�0VA+3�79<=8,±4>ZA�C(<=WS7S3S<=542(79<=16:�8 � A6NP7S8�8\7$ARWKÉ�^_0(791+79<XY[248@C(8@NP8\7S798�WK7BAR7S<XWK79<XY[2488;WK7�C(1,:(:4M;8ÛC4A+:4W�>=8@NOARW�1�©�24:©WS8;24>²W98\?,^_8;:'7�8;WS7�N\16:4WS<XC(M;3SM aV� 1,24W�M\7S2VC(<=1,:4W�8;:4WS24<g798�>=8@NOARW�1�©
Æ Ú



@ E # E 4 l]w\k�stl�vxl'kOprutvRqdl�z{l�qrkLwxudv¬u�q�w;l]yrz{l�q�k J K

791624W�>=8;W�WS8;?6^_8;:[7SW�0�16WSW9<=54>=8;W$C�8�7�AR<=>X>=8 l WS16:[7�N\16:4WS<ZC(M\3SM;WO±V0`AR3�24:48 AR04043S1]N � 8ÛC(8�7#É]0�8>�#Îç8\: � 793S8?6>X<=WSWBA+:[7S8�� a	� 163SWLC(8�>ZA{C(M\798;3K^_<=:`AR7S<X16:%C(2%C�8;?,3KM³C(8�WS<=?,:4<.�`NOAo79<gc�<g79M³C(2�3KM;WS24>=7BAR7L165(798;:[2�±F24:043S1654> � ^_8�C�8$798;WK7"^f24>g79<=04>=8�AR040`A+39A&0X7x±]0424<=WBY'248 n− l+ 1 C(<.�rM;3S8;:[7SW"WS8;?,^_8\:[79W�C(8�7�AR<X>=>=8;W l W916:[7043SM\W98;:'79WÛCVAR:4W@24:48_WSMOY[248;:VNP8�C(8�7BA+<=>=>X8 n ad� 1,243�0`AR>X>=<=8;3ÛN\8_043K1,54> � ^_8,±²8\7@0424<XW9Y[248_:41624W@:41624W<=:[79M;3K8;WSW916:4WEAR2 � c,AR>=8;243SW	M;>=8\c,M;8;W!C(2L39A+040�163K7!C(8�c�39A+<=WS8;^f54>ZA+:4N\8,±'>ZA�C(<=WS7S3S<=542(79<=16:�C(2L^LA � <=^f24^C(8�N\8\7K798�WK7�Ao79<=WK79<XY[248�C(2_3BAR040�1,3�7!C(8�c�3BAR<=WS8;^f54>ZA+:VNP8�WS8;3BA M\792VC(<=M;8 a]� 8\7S7S8�0`A+3�79<=8�3K8;0�1,WS8�WS243F24:48A+CVA+0(7BAR7S<X16:�C(8$> I A+04043K1 � <X^LAR7S<X16:�C(8 N\8\7S7S8�C(<=WK793K<X542(7S<=1,:j043K1,0�16WSM;8 0`A+3��$>QARÌ�AR:VC�U"AR>ZA+Ï]3K<XW � :`AR:ÂKÁ;Æ6Æ,Æ'Ã"CVAR:4W�>=8@NOA6C(3K8@C(8�W916^_^_8\W�?,>=<XWSWBAR:[798;W�C(8@C(1,:4:4M\8;W�C(<=WBNP3 � 798;W�8\7�< a < a C a
��[²Ð , k Ò�_ d�km`ak/_cb�e�`j^�k�r k�^�_ Ò�e�` ef^ ÒOk ur k ^�_
u�w®��wxv - Æ��zj�òÚ�Û��[ú ��ú����-��ú
D :ÞN\16:4WS<ZC � 3K8 24:48 WSMOY[2(8;:VN\8 1,54WS8;3�c'M;8 x = x1, ..., xl

C(8Û>X16:4?6248;243 l a�� >tW I A+?6<=7 C�8 WBA;c'1,<=3�WS<N\8�WS8;?,^�8;:[7�8\WS7�<XWSWS2�C(8 X 162�C(8 X̄ a4� 8;W�0`AR3BAR^ � 7S3S8;W�C(8@N\8;W�>=1,<=W�WS1,:'7�WS24040�16W9M\8;W�N\16:4:]24W a� 163S^_8;>=>=8;^_8;:[7O±416:�WS8�043S160�16W98@C I 8��á8;NP79248;3�>=8�798;WK7�WS24<gc6A+:'7ÛT
H0

Té>QAÞWSMOY'248;:VN\8 x 8;WK7_<=WSW9248©C I 2(:48�N � A10Q:(8�C(8 � AR3SÏ61oc X C I 1,3SC(3S8 m WK7�Ao79<=16:4:`A+<=3K8³C�8^�Ao793K<ZN\8@C(8�7S3BAR:4WS<=7S<X16: 3 N\1,:4:[248N\1,:[7S3S8
H1

T�>ZA W9M;Y[248;:VN\8 x 8;WK7�<XWSWS248�C(8 >ZAfN � A10Q:48�C(8 � AR3SÏ,1xc X̄ C(8 ^�Ao793K<ZN\8�C(8$793BAR:4WS<g79<=1,: ¯3 ±�1�©
X̄ 8;WK7�>QA´N � A10Q:48 X <=:[c,8;3SWSM;8ÛA;c'8ON�0`ARW9WBAR?,8ÛAR2³NP1,^_0(>XM;^�8;:[7�AR<=3S8 a� AR:4W >ZALWS24<g798,±�16:�:48fN\1,:4WS<XC(M;3K8;3BA�Y[248fC(8;W$WSMOY[248;:VN\8;W x C(8 043S165`A+54<=>=<=7SM;W :416:Þ:]2(>X>=8;W WS1624W
H0

N\16^_^_8´WS1624W H1
a²� AR:4W�>X8�NOARW�N\1,:[7S3BAR<X3K8,±á<=>é8;WK7�ÎØA+N\<=>X8�C(8´W�A;c'16<=3�WS<�>QA�WSMOY[248;:VN\8´8;WK7�<=WSW9248C(8 X 162 X̄ 8\7�>QA´N\16:VN\>X2(W9<=16:�C�2©7S8;WK7�8;WK7�M\c�<XC(8;:[798 a

u�w®��w�� . �-���(þ����(þ���|�úV{�ú ��ú����
D :�2(7S<X>=<=WS8;3BA´0�16243�N\8;>ZA´>QAfWS7BAR7S<XWK7S<ZY[2(8@C(2�39A+040�163K7�C(8�c]3BAR<XWS8;^f5(>QAR:VN\8 T

T = log
P̄(x1, ..., xl)

P(x1, ..., xl)

G m'vRnZkoutvxl]w�i-(²u�nZ}4~`�çl�q�kOl]wLstl
T

T = log
µ̄(X1, ..., Xm)

µ(X1, ..., Xm)
+

l−m∑

k=1

log
¯3 (Xk, ..., Xk+m)3

(Xk, ..., Xk+m)

T =
∑

w1∈A,...,wm∈A

�
{X1=w1,...Xm=wm} log

µ̄(w1, ..., wm)

µ(w1, ..., wm)
+

∑

w1∈A,...,wm+1∈A
Nw1...wm+1 log

¯3 (w1, ..., wm+1)3
(w1, ..., wm+1)



@ E # E 4 l]w\k�stl�vxl'kOprutvRqdl�z{l�qrkLwxudv¬u�q�w;l]yrz{l�q�k JC"

� AR:4W�N\8\7S7S8�C(8;3S:4< � 3S8 MON\3K<=7S243S8�C(8 >ZA WK7BAR7S<XWK79<XY[248 T ±�>ZA WS16^_^_8$W I 8��r8ONP79248 WS243!791624W">X8;W"^_1+79WC(8�043K1,5`AR54<=>X<g79M;W�:416:©:]24>=>X8;W�W91624W H0

a
u�w®��wo� ¢ þ�����üVþav�|��4þÔz	ÿØ{�ú �x���������(þx���(þ���|�ú {�ú �(úO���
� 8�:416^f543S8�C(8�^_1+79WFC(8"7�AR<X>=>=8 l M\7�AR:[7P�V:(<�±6>ZA WS7BAR7S<XWK7S<ZY'248 T A 24:�WS24040�163K7	C(<XW9N\3K8\7 a[� A+>XN\24>=8;3WBA´>=16<�:48�043SM;WS8;:[7S8�8;:�7 � M;163S<=8ÛA+2VN\24:(8ÛC(<.��N\24>g79M a`� >²W92-�_7�C(8_T
Á a �$M;:4M;3S8;3�7S1,24W�>=8;W�W98\?,^_8;:'79W�C(8�7�AR<X>=>=8 l 0�1,WSWS<=54>X86±) a�� 16243�N � A+Y[248�WS8;?,^�8;:[7x±4NOAR>ZN\24>=8;3�>QA c,AR>=8;243�043S<=WS8�0`A+3�>QA´WK7BAR7S<XWK79<XY[248 T ±À a�� <X:4WS<dY'248@>ZAf043S165`A+54<=>=<g79MÛC I 1,54WS8;3�c'8;3�N\8�WS8;?6^_8;:[7 a� MxA+:4^�1,<=:4WO±á>=8´:(1,^f5(3S8´C(8´0�16<=:[79W�C(8fW924040�163K7@AR24?,^�8;:[798f8 � 0�16:48;:[79<=8;>=>=8;^_8;:[7ÛA;c'8ON l a�D :C(M;:416^f543K8 |A|l ^_167SWtC(<.�áM\3S8;:[7SW ax� 8;2 � ^�167SWtC(<.�áM;3K8;:[79Wd0�8;2(c,8;:[7�N\16:VC(24<=3S8!A+2@^ � ^�8F39A+040�163K7�C(8c�39A+<=WS8;^f54>ZA+:4N\8,±]N\16^_^_8$N I 8;WK7E>=8$NOA+WO±'8;:[793K8 AR2(793S8;WO±[C(8�791624W!>X8;W!^_1+79W!WKÉ�^�M\793S<XY[248\W"C�8�>QA�Îç163S^_8

w1w2w3...w̄3w̄2w̄1

a,� <X:`AR>=8;^_8;:[7O±,>=8�:41,^ 543S8�C(8�0�16<=:[79W	C(8�WS24040�1,3�7	8;WK7F<X:(ÎçM;3S<=8;243!A+2�:41,^ 543S8�C(8^_1+79W$C(<¡�rM;3K8;:[79W aá
 < l 8;WK7$0`AR<X3;±�<=>tÉ³A |A|l/2 ^�167SW$WKÉ�^_M\7S3S<XY[248;WO±`8\7$<X>dÉ�8\: A |A|(l+1)/2 WS<X:416: a� A 7BA+5(>X8 Ú a Á WS24<gc,AR:[798�C(16:4:48�>=8�:41,^ 543S8@AR04043K1 � <X^�Ao79<=Î�C(8 ^_167SW�C(<.�rM;3S8;:[7SW�0�1,243�24:©A+>=0 � AR5�8\7C(8�7�AR<=>X>=8 Ú 8;:©Îç16:VNP79<=16:³C(8�>ZAf7�AR<X>=>=8 l C(2©^_1+7 a
�h�j��� Ú a Á@Ç � 1,^ 543S8´C(8´^�167SW�:416: WKÉ�^_MP793S<XY[248;W�C(<.�áM;3K8;:[79W�0�16243 24:äA+>=0 � AR5�8\7@C(8f7BA+<=>=>X8 Ú 8;:Îç16:VNP79<=16:³C(8�>ZAf7BA+<=>X>=8@C(2�^�167 a� AR<=>X>=8ÛC�2�^_1+7 - Á * Á - )+* À *� 16^f543K8@C(8�^_1+79W:416:©WSÉ]^_M\793K<ZY'248;W Æ,Å * Á a *6Ú[e ×106 Á a *'eRÚ ×109 Á a Á *6* ×1012 Á a Á - À ×1018

� A³>=1,<"8 � A6NP7S8©C�8�>ZA³WS7BAR7S<XWK7S<ZY[2(8�C(8\c�<=8;:[7�3BAR04<XC(8;^_8;:[7´<X:]2�79<=>X<=WBA+54>=8�8;:¢0439AR7S<ZY'248 a � 16243´WS8C(16:4:48;3�24:48³<ZC(M;86±!>ZAä>=<X^�<=7S8�1654WS8;3Kc'M\8�WS243�> I 1639C�<X:`Ao798;243¬Y[248¥� I 2(79<=>=<XWS8 A+NP79248\>X>=8;^_8;:'7x±	24: �	�^f24:4<rC(8 - Á ) � 1�C(8 ^_M\^_1,<=3S86±�8;WK7�C(8 l = 11
aVD :¬2(79<=>=<XWS8;39AfC(16:VN$24:48�AR04043S1 � <=^�Ao79<=1,:�C(8 N\8\7S7S8>=1,< a

Ï@vxp�� p�wxnZkonQprq @ E  ìáÑR»|×
x = x1, ..., xl

¶]Òá¿ ÔBíBÖ+¸J»Q½OÖ+×|»�ÑRÒ ¼R7 ¶]Òá¿Û·�ï4Ö�,çÒr¿ ¼,¿$ø{ÖRÔø÷,ÑRõ
X
¹ ô Ò�ÒáÑ+×¿

P()
¸gÖ�õxÔ9ÖR»Q½O¿PÕ¥�;¸=ÖRÒr·B¿f¼,¿

x
½O¿;¸=ÑRÒÞ¸=Ö¬·Bï4Ö�,çÒá¿

X
¿P×
P̄()

¸=Ö´õxÔBÖo»Q½O¿PÕ
�\¸=ÖRÒá·B¿ ¼'¿
x
½O¿\¸=ÑRÒÞ¸=Ö¬·�ï(Ö�,çÒá¿

X̄
¹ Ý ×"ÑRÒb¼,íØð ÒV»|×�ç

T = log
P̄(x1, ..., xl)

P(x1, ..., xl)º ¸gÑRÔ�½
T
×¿PÒá¼f¿PÒ�¸=ÑR»²õ6¿�Ô�½�¶]Òá¿"â[Öo¶]½B½�»�¿�ÒVÒá¿ ¼R7 ¿B½ ßVíPÔ9ÖRÒá·B¿

θ
¿\×é¼'¿�õ6ÖoÔP»ÈÖRÒá·B¿

τ
¼'ÑoÒVÒáíB¿ ·P»çòK¼'¿�½B½OÑR¶[½O¹

Ï@vxl�u�}�lLE
T W I MON\3S<g7�N\16^_^_8F24:48!N\1,^ 54<=:`A+<=WS1,:Û>X<=:4MxAR<=3S8EC(8;W�N\16^_0(7�AR?68;W�C(8;Wt^_1+79W�C(8F7BA+<=>=>X8 m+1

aD 3O±F>X8³c,8ONP798\243¬C(8ÞN\8;WjNP1,^_0(7BA+?68;W�7S8;:VC%8;: C(<XWK7S3S<=542(79<=1,:�c'8;3SW�24:48�?'AR24W9WS<=8;:4:48�^f24>g7S<=c6AR3S<=M;8C I 8\W90�M\3BA+:4N\8�8\7!C(8�c6A+3K<ZA+:VN\8�N\1,:(:]248;WO±'C I AR043 � WF>X8�7 � M;163 � ^_8 ) a Á e M;:416:VN\M�0`AR?,8�À Ú a,� <=:`AR>X8\^_8;:[7x±
T 7S8;:VC�M;?[AR>=8;^_8;:[7�8;:©>=16<²c'8;3SW�24:48@?'AR24WSW9<=8;:4:48 a
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I ~��çm[ut�!stlÞ�´'=l]wO� i]vx~`qtm,l³l'k�stlÞ�Q~ }(~`vRnQ~�qdm,l�stl
T
E

θ = E(T ) = E
(

log
µ̄(X1, ..., Xm)

µ(X1, ..., Xm)

)
+

∑

w1∈A,...,wm+1∈A
E(Nw1...wm+1) log

¯3 (w1, ..., wm+1)3
(w1, ..., wm+1)

=
∑

w1∈A,...,wm∈A
E(
�
{X1=w1,...Xm=wm}) log

µ̄(w1, ..., wm)

µ(w1, ..., wm)
+

∑

w1∈A,...,wm+1∈A
E(Nw1...wm+1) log

¯3 (w1, ..., wm+1)3
(w1, ..., wm+1)

τ = V(T ) = V

( ∑

w1∈A,...,wm∈A

�
{X1=w1,...Xm=wm} log

µ̄(w1, ..., wm)

µ(w1, ..., wm)
+

∑

w1∈A,...,wm+1∈A
Nw1...wm+1 log

¯3 (w1, ..., wm+1)3
(w1, ..., wm+1)




=
∑

w′1∈A,...,w′m∈A

∑

w1∈A,...,wm+1∈A

� 1xc ( � {X1=w′1,...Xm=w′m}, N
w1...wm+1)×

log
µ̄(w′1, ..., w

′
m)

µ(w′1, ..., w
′
m)
× log

¯3 (w1, ..., wm+1)3
(w1, ..., wm+1)

+

∑

w′1∈A,...,w′m∈A

∑

w1∈A,...,wm∈A

� 1oc ( � {X1=w′1,...Xm=w′m},
�
{X1=w1...Xm=wm+1})×

log
µ̄(w′1, ..., w

′
m)

µ(w′1, ..., w
′
m)
× log

µ̄(w1, ..., wm)

µ(w1, ..., wm)
+

∑

w′1∈A,...,w′m+1∈A

∑

w1∈A,...,wm+1∈A

� 1oc (Nw′1...w
′
m+1 , Nw1...wm+1)×

log
¯3 (w′1, ..., w

′
m+1)3

(w′1, ..., w
′
m+1)

× log
¯3 (w1, ..., wm+1)3

(w1, ..., wm+1)

D :�WBA+<g7�N;A+>XN\24>=8;3�79162(798\W$>X8\W 8;WS0�M;39A+:VNP8;W 8\7 N\1xc6A+3K<QAR:VN\8;W$:4MON\8;WSWBA+<=3S8\W�Âçc'1,<=3 ) a Ú a Ú 0`A+?68fÀ6À[Ã�±16:¬A�C(16:VN�C(M\798;3K^_<=:4M�N\16^_04> � 798;^�8;:[7	>QA�>=16<rARWKÉ�^_0(791+79<XY[248�C(8 T >=1,3KWBY'248�>ZA�7BA+<=>=>X8�C(8�>QA�Îç8\: � 793K8
l 798;:VCjc'8\3SW�> I <=:��V:4< a
= l(z{~Vv&(�udl @ E # ô ÒÞ¿B½P×	·BÖBßVÖ��;¸=¿@¼,¿@·BÖ6¸=·P¶(¸=¿PÔ ¸=Ö´¸=ÑR» ¿ª�]Ö'·\×¿�¿\×	ÖBß'ß�Ô9Ñx·�ï(íB¿@¼'¿

T
½OÑR¶]½

H0

ö�ÕLÖR»Q½í â[Ö6¸g¿PÕ�¿PÒV×F½OÑR¶]½
H1

ù/�ç¸=¿�½O¿ âRÕ�¿PÒ`×�¿B½P×!»Z½B½�¶ ¼R¶ �PÔP»QÒÜ·9ÑRÕ$ßá¸gíPÕ�¿PÒV×ÖR»çÔ9¿"� þj·B¿´÷P¶�» ÒáÑR¶[½�ßV¿�ÔPÕL¿\×È×ØÔ9Ö¼'¿f·BÖ6¸=·P¶(¸=¿PÔÛ¸=Ö�ß�¶]»Q½B½OÖRÒr·B¿f¼R¶³×¿�½�×¹



@ E , E 4 l]w\k�stl�vxl'kOprutvRqdl�z{l�qrkLsd~�qtw_u�qdl�w;i)(�udl�qtm,l��t~Vv ¦ l�q10'kxvxl�yr�|nçwOw;~�q�kOl JC¤

��[�� , k Ò�_ d�k `ak/_cb�ef`a^fk�r k ^�_ d�n�^2Ò ef^�k ÒOq sNe�k�^fg�k ofn�` 2�k43
^65�_c`aktu�l<i�ÒcÒOn�^�_ck

u�w�� wxv ¢ �dûÙ�Fü4ýDÚ�ú
� 1,24W!N\1,:4WS<XC(M;3S16:4W!24:48�WSMOY[248\:VN\8$C(8�>=16:4?,248\243 n CVA+:4W!>ZA+Y[248;>=>X8�:41624WEN � 8\39N � 16:4W���>=1�NOAR>X<=WS8;3C(8;W�3S8\7S1,243K:48;^_8;:'79W�C(8�>X16:4?6248;243 l a� 16243�N\8;>ZA(±416:�C(M��V:4<g7�>QA´N � A10Q:48_T

∀i ∈ 1, .., n− l + 1, Ti = log
P̄(xi, ..., xi+l−1)

P(xi, ..., xi+l−1)

Ti
8;WK7�>QA´WK7BAR7S<XWK79<XY[248@C(2©39A+040�163K7�C(8�c�3BAR<=W98\^f54>ZA+:VN\8�M\792VC�<XM;8�043KMON\MOC(8;^_^�8;:[7x±(0r16243�>=8�WS8;? &^_8;:'7�C(8�>=1,:(?,248;243 l ± Xi...Xi+l−1D :HW I <X:[7SM;3S8;WSWS8�AR2 � c6A+>=8;243KW_M;>=8\c'M;8\WLC(8 Ti aé� 8�?,39A+0 � <XY[248©C(8�>ZA2�793BA&�#8ONP7916<=3S8���C�8 Ti 8;WK724:b5�1,:Ü<=:VC(<XNOAo798;243 0�16243fC�M\798ONP7S8;3 24:b3S8\7S1,243K:48;^_8;:[7 a�D :¡C(M\W9<=3S8LW�A;c'16<=3ÛWS<	24: �#04<XN¢�LCVA+:4W >ZA7939A��#8ONP7S1,<=3S8�8;WK7�7S3S160©<=^_043S165`A+5(>X8�0�1,243�Y'2 I <=>�: I É�A+<g7�0`ARW�8\2³C(8�3K8\7916243S:48;^�8;:[7 aD :�ÎQ1,3S^ 24>=8�>=8;W � É�0�1+7 �(� W98\W�WS24<gc,AR:[798\WÛT

H0
T�>ZALWSMOY[248\:VN\8f8\WS7$<XWSWS248fC I 2(:48fN � A10Q:48fC(8 � AR3SÏ61oc X C I 1639C(3S8 m WK7�Ao79<=16:4:`A+<=3S8fC(8 ^�Ao793S<XN\8C(8�7939A+:(W9<g79<=16: 3 N\16:4:]248N\1,:[7S3S8
H1

T'>ZA�W9M;Y[248;:VN\8�8;WK7!<=W9WS248$C(8�>QA@N � A10Z:48 C(8 � A+3KÏ,1xc X 8 � N\8;0(79M�24:L1,2L04>X24WS<=8;243SW!WS8;?6^_8;:[79WC(8 >X16:4?6248;243 l <XWSWS248�C(8 X̄ 1�© X̄ 8;WK7�>ZAfN � A10Z:48 X <=:[c'8\3SWSM;8�AOc,8ON$0`A+WSWBAR?,8@AR2�N\1,^�04>XM\^_8;:[7�AR<=3S8 a� 1,24W´N � 8;39N � 1,:4W�C(8\Wfc,AR>=8;243SW_AR:4163S^�AR>=8;^_8;:[7´M;>=8\c'M;8\W_C�8 Ti a�� A�WS7BAR7S<XWK7S<ZY'248�C(8¬7S8;WK7´WS24< &c6A+:'798_T
Snl = max

i=1,n−l+1
Ti

WS8;3BALM\7S2VC(<XM\8�CVAR:4W 24:48f043S8\^_< � 3S8f0`AR3K79<=8 aá� :48�AR2(793K8fWK7�Ao79<=WS7S<ZY'248f<=:[79M;3K8;WSWBA+:[7S8,±r8;WK7 >=8f:41,^ 543S8C(8@C(M;0`ARWSWS8;^_8;:[7SW�C I 2(:48ÛNP8;3K7�AR<=:48�c6AR>X8\243�WS8;24<=> u T

Un
u =

n−l+1∑

i=1

�
{Ti>u}

� AR:4W$24:�043K8;^_<=8;3�798;^�04Wx±V:41,2(W M\7S2VC(<=8;3S16:4W$>QALN � A10Z:48fC(8;W Ti, i = 1, n − l + 1
aá� 24<XW�:41,24WM\7924C(<X8;3K1,:(W�>X8@N\16^_0�163K798;^�8;:[7�C�8;W�WK7BAR79<=WK79<XY[248;W�C(8�798;WK7 Snl 8P7 Un

u

a
u�w�� w�� � ��|�{�ú {�úV�Ô� ýDÚ��OqBÿ�úV{�ú��

Ti, i = 1, ..., n− l + 1�	I 8;:4WS8;^f54>=8LC(8;W Ti, i = 1, ..., n − l + 1 C�M��V:4<g7Û24:48LN � A10Z:48�C�1,:[7@:41,2(WÛ:(1,24W@043S160�1,WS16:4WC I MP792VC(<=8;3�>ZA´>X16<�<XN\< a
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9 kO~(kRnQprq�qd~VvRnZkOi
� AfWSMOY[248;:VN\8 Xi

M\7�AR:[7�WS24040�16WSM;8@WK7�Ao79<=16:4:`A+<=3S86±V>ZA´WSM;3K<X8@C(8;W Ti > I 8\WS7�M;?'A+>=8;^_8;:'7 a
7�prqtm6konQprq%s�'=~`u�kOp�m,p]}4~VvRnQ~�qtm6l�stl]w

Ti� A�c6AR3S<ZA+:VNP8�C(8 Ti, i = 1, ..., n A�C(Mª�ª�³M\7SMjNOA+>XN\24>=M;8©A+240`AR3BA;c6A+:'7 aé� :¡WS24<=c6AR:[7´>X8¬^ � ^�8043S<=:VN\<=0�8,±41,:©0�8;2(7�NOAR>XN\24>=8;3�> I AR2(791]N\1xc,AR3S<ZAR:VN\8 A+2©39A+:4? j ±(:41+79M ρ(j) 8P7�C(M��V:4<=8@0`AR3
∀i = 1, ..., n− l − j + 1 ρ(j) =

� 1xc (Ti, Ti+j)
D :�A�±

� 1xc (T1, T1+j) =
� 1xc ( ∑

w1∈A,...,wm∈A

�
{X1=w1,...Xm=wm} log

µ̄(w1, ..., wm)

µ(w1, ..., wm)
+

∑

w1∈A,...,wm+1∈A
N
w1...wm+1

1,l log
¯3 (w1, ..., wm+1)3

(w1, ..., wm+1)
,

∑

w′1∈A,...,w′m∈A

�
{X1+j=w′1,...Xj+m=w′m} log

µ̄(w′1, ..., w
′
m)

µ(w′1, ..., w
′
m)

+

∑

w′1∈A,...,w′m+1∈A
N
w1...wm+1

1+j,l log
¯3 (w′1, ..., w

′
m+1)3

(w′1, ..., w
′
m+1)




� :jC(M\c'8;>=16040`A+:'7�NP8\7S798$8 � 043S8;WSWS<X16:�A+2(7S1,243"C(8\W"WS<=?,:48;WP�SÊ��B±]8\7E8;:¬8 � 7939AOÉ[A+:[7E>=8;W"WS<=?,:(8;Wh� Σ �B±16:©1,5(7S<X8;:'7�>X8;W�Y[2`Ao793S8@NP1oc6AR3S<ZA+:VN\8\W�M;>=M;^_8;:[7BA+<=3S8;W�WS24<=c6AR:[798;W@T
(1) A =

� 1oc ( �
{X1=w1,...Xm=wm},

�
{X1+j=w′1,...Xj+m=w′m}

)

(2) B =
� 1oc (Nw1...wm+1

1,l , N
w′1...w

′
m+1

1+j,l

)

(3) C =
� 1oc ( �

{X1=w1,...Xm=wm}, N
w′1...w

′
m+1

1+j,l

)

(4) D =
� 1oc (NX1=w1,...Xm+1=wm+1

1,l ,
�
{Xj+1=w′1,...Xj+m=w′m}

)

Y[248�> I 16:©W�AR<g7�NOAR>ZNP24>X8;3 a
u�w�� wo� � ��|�{�ú {�ú

Snl = max(Ti, i = 1, ..., n− l + 1)� 8\W�3K8\7916243S:48;^�8;:[79W WS8;3S16:[7 W924WS0�8ON�79M;W�>=163SW9Y[248 Ti W98;39AjAR:4163S^�AR>X8\^_8;:[7�M\>X8\c,M a²� 1624W@AR>=>X16:4WC(16:VN :41624Wd<=:[79M\3S8;WSWS8;3a�E>QA">=16<[C�8 Snl = max(Ti, i = 1, ..., n−l+1) WS1,24W�> IÄ� É�0�1+7 �4� W98 H0
Tø�#<=>,: I ÉA�0`ARW!C(8�3S8\7S1,2(3S:48;^_8;:'7ª� a[� 1,243	N\8;>ZA�±':41624WF2(79<=>X<=WS1,:(WEC(8;2 � AR04043S1]N � 8;W!C(<.�áM\3S8;:[7S8;W a'� A�0(3S8;^_< � 3S8
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W I AR040424<=8;3BA_W9243�> I A+04043K1 � <X^LAR79<=16:�?[AR24WSWS<X8;:4:48fC(8Û>QA_>=1,<�C(8 Ti ±`8\7$2(7S<X>=<=W98;39AL>=8;W$3SM;WS24>g7�Ao79W$WS243�>ZAC(<=WK793S<=542(7S<X16:HC(2§^�A � <X^ 24^æC I 24:¢043S1�NP8;W9WS24W�?[AR24WSWS<X8\: a � A C�8;2 � < � ^_8�A+0(043S1�N � 8©8;WK7�<=:4WS04<X3KM;8C(8;W 7S3BA;c6A+2 � WS243 >X8;W ��WK7BAR7S<XWK79<XY[248\W�0`A+3 Îç8\: � 793S8f?,>=<=W9WBAR:[798¢�´C(8L�$>QARÌ_A+:VC U"AR>QARÏ]3K<XW � :`AR:�Â�ÁOÆ6Æ6Æ[Ã8\7�2(7S<=>X<=WS8@>=8�043S<=:VN\<=0�8ÛC(8;W���ÎQ8;: � 793K8;W���C(8�7�AR<X>=>=8 l 0�1,243�A+04043K1�N � 8;3�>ZA´>=16<dC(8 Snl a
$ ~�Atn|zÞu�z s�'Xu�q���vxp�m,l]wOwxutw�y`~`utwOwxnQl(q
� AR:4W©>=8{NOARW�1�©è>QAb7�AR<=>X>=8 l C(8 >ZAÜÎç8;: � 7S3S8 8;WK7�M;>X8\c,M;8,±">ZA¡C(<XWK793K<X5(2(79<=1,:åC(8 Ti 0�8;2(7 � 7S3S8AR04043S1]N � M;8_0`A+3�24:48_>=1,< ?[AR24WSWS<X8;:(:48 at� 8;W@043K1,043K<XMP79M;WÛC(2ä^�A � <=^f24^ C I 24:ä043S1]N\8;WSWS24WÛ?'A+24WSWS<=8;:WS1,:'7tN\16:4:]248;WO±;8\7d16:@39A+040�8\>X>=8	CVAR:4Wd>=8;Wd0`AR3BAR?63BAR0 � 8;WtN\< & C(8\W9WS1624Wd>=8;Wd3SM\W924>g7�Ao79W�WS243�>ZA�C(<=WS7S3S<=542(79<=16:C(8@N\8�^�A � <=^f24^ a

7�p�vRz ut�çl]wGstl = n|m6l D :£NP1,:4WS<XC � 3S8¢24: 043K1�N\8;WSWS24W WS7S1�N � A+WK79<XY[248 (Y (t)) ��793BA��8ONP7916<=3S8;W043S8\WBY'248@WN¥43K8;^_8;:[7�C(8@N\>ZA+WSWS8 C1 ±(1�© t c6A+3K<X8@CVAR:4W�> I <=:[7S8;3Kc6AR>X>=8 [a, b] C(8 R aD :j:4167S8 r W�A@Îç1,:4NP79<=1,:�C(8 N\1oc6AR3S<ZA+:4N\8,±�8\7 λ0
8\7 λ2

>=8;W"^_16^_8;:'79WEWS0r8;NP793BAR2 � C I 1639C(3S8 * 8\7 )C(8@N\8�043S1]N\8;WSWS24W a`� AR040�8;>=16:4W$Y'248�WS< r 8;WK7�C(8\2 � ÎQ1,<=W�C(M\3S<gc,AR54>=8@8;: * ±41,:³AjT
λ0 = r(0) 8\7 λ2 = r′′(0)

a
D :HC(M��V:(<=7 Hu

>=8�:416^f543K8�C(8�ÎQ3BAR:VN � <=WSW98;^�8;:[79W�C(8 u c'8;3KW´>X8 � A+2�7_C(8j>QA³7S3BA��#8;NP7916<X3K8©C(2043S1]N\8;WSWS24W Y T
Hu = #{t : t ∈ [a, b], Y (t) = u, Y ′(t) > 0}� :48fA+040(3S1 � <=^�AR7S<X16:�C(8Û>QA_C(<XWK7S3S<=542(79<=16:ÞC(8 sup[0,L] Yt

043K1oc]<X8;:'7 C(8Û>ZALC(MON\16^_0�16WS<=7S<X16:�WS24< &c6A+:'798{C(8 > I M\c'M;:48\^_8;:[7 {sup[0,L] Yt > u} T"WS16<=7�>X8 0�1,<=:[7�C(8{C(M;0`AR3K7�C�8{>ZAÜ7S3BA��#8ON�791,<=3K8{8;WK7WS240�M;3S<=8;243�� u ±4WS16<=7�<X>²8;WK7�<=:4ÎçM;3S<=8;243�8\7�>ZA 793BA��8ONP7916<=3S8���ÎQ3BAR:VN � <g7ª��:4MON\8\W9WBAR<X3K8;^_8;:[7 u T
{sup

[0,L]

Yt > u} = {Y0 > u}
⋃
{Y0 < u,Hu > 1}.

D :�8;:�C(M;C(24<=7�Y[248_T
P(sup

[0,L]

Yt > u) 6 P(Y0 > u) + P(Hu > 1).

�	I <X:(M;?[AR>=<=7SMÛC(8 � AR3SÏ61oc¬:41624W�0�8;3S^�8\7�C(8�^�A��1,3K8;3�N\8P7S798@Y'2`A+:[7S<=7SM_T
P(sup

[0,L]

Yt > u) 6 P(Y0 > u) + E(Hu).

àj7 ¿�½P×�¸gÖ2�BÑRÔ�Òá¿�¼'¿�ÛÖRõx»Z½�¼'ÖRÒ(½f¸g¿_·BÖo½´¼R7 ¶�Òjß`ÔBÑx·9¿�½B½�¶]½ â[Öo¶]½B½�»�¿�Ò ½�×Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿�·B¿PÒ`×ØÔ9í¨s¬×|ÔBÖ k ¿B·\ò×ÑR»QÔB¿�½Eß�Ô9¿�½O÷P¶`¿�½�ï�Ô9¿PÕL¿PÒ`×�¼,¿´·;¸=Öx½B½O¿
C1
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4 ��i]p�vC��z{l @ E , ù	7�p�vRzÞu��QlÜstl = nçm,l�ú"m,~Vwjy`~�utwOwxnQl�q�w\kO~4konQprq�qd~`n|vxl�þ¬ì²ÑR»ç× {Yt, t ∈ R} ¶�Òß�Ô9Ñx·B¿�½B½�¶[½fâ[ÖR¶]½B½�»È¿PÒ4ö�½P×Ö+×Ø»ÈÑRÒVÒáÖR»QÔB¿�¿\×�·B¿PÒ`×ØÔ9í s�×ØÔ9Ö k ¿B·P×ÑR»çÔ9¿�½�ß�Ô9¿�½O÷P¶`¿_½�ï]ÔB¿PÕL¿PÒ`×�¼'¿©·\¸=Öo½B½O¿
C1 ¹óñ7 ¿�½ ßVíPÔ9ÖRÒá·9¿´¼'¿Û¸=Ö_õ+ÖRÔP»ÈÖ��;¸=¿fÖ6¸=íBÖ+× ÑR»çÔ9¿

Hu

¼,íØð ÒV»È¿�ßVÖRÔ
Hu = #{t : t ∈ [a, b], Y (t) = u, Y ′(t) > 0}

¿�½P×"¼'ÑRÒVÒríB¿�ß4ÖRÔ
E (Hu) =

b− a
2π

√
λ2

λ0

exp

(
− u2

2λ0

)
.

� :48�^�A��#163BAo79<=16:³C(8 P(sup[0,L] Yt > u) WS8@C(MOC(24<g7�C(<=3S8ONP798\^_8;:[7�C(8;W�Îç163S^ 24>X8;W�C(8 � <XN\8_T

P(sup
[0,L]

Yt > u) 6 1− Φ

(
u√
λ0

)
+

L√
2π

√
λ2

λ0

φ

(
u√
λ0

)

1F© Φ 8\7 φ C(M;WS<X?6:48;:[7�3S8;WS0�8ONP79<gc'8\^_8;:[7©>ZAÜÎç1,:4NP79<=1,:åC(8 3SM;0`AR3K7S<=7S<X16: 8\7�>QA¡C(8;:4WS<=7SM{C(8 >QAÜ>=1,<?'A+24WSWS<=8;:4:48ÛN\8;:[7S3SM;8�3SM;C(24<=7S8 a
5 �����|nçm,~4konQprq ) qdpVkxvxl��tvxpR*��$��z{l � 8³043K1�N\8\W9WS24W¬C(8;W Ti 8;WK7��Þ798;^_04W�C(<=W9N\3S8\7 aED :%0�16WS8
Zt = Ti − E(Ti)

A;c'8ON t = i/n
a

Zt
8;WK7"AR>X163SW!C(M��4:4<`WS243	> I <X:[7S8;3Kc6AR>X>=8 [0, 1] ±'8P7EC(8\c]<X8;:'7!24:L043K1�N\8;WSWS24WENP1,:[7S<X:[2�Y[2`AR:VC n 7S8;:VC�c'8;3KW> I <=:��V:4< a� :�2(79<=>=<XWBAR:[7 > I A+04043K1 � <X^LAR7S<X16: C(8 Ti 0`AR3$24:48f>=16<�?'A+2(W9WS<=8;:4:48�ÂÈN I 8;WK7?��C(<=3S8fY[248 >QAL>ZAR3S?68;243�C(8>ZAÞÎQ8;: � 793K8 l 8;WK7�?,39A+:VC(8xÃP±é16:§0�8;2(7LAR0404>=<ZY[2(8;3_>=8j3SM;WS24>g7�Ao7_043KMON\MOC(8;:[7�WS243�>ZAÞC(<=WS7S3S<=542(79<=16:�C(8

sup[0,L] Zt
aF� 1,2(3_NP8;>QA�±é16:HC(16<=7�8;WK79<=^_8;3´>ZA�Îç1,:VN�79<=1,:HC(8�N\1oc6AR3S<ZA+:VNP8 rZ C(8 Z ± AR<=:4W9<�Y[248jW98;WC(8;2 � 043K8;^_< � 3S8;W�C(M;3S<gc'M\8;W$AR2©0�1,<=:[7 * a

rZ(h) =
� 1xc (Zt, Zt+h)

=
� 1xc (Tnt − E(Tnt), Tnt+nh − E(Tnt+nh)

= rT (nh)

λ0 = rZ(0) = rT (0)
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D :�8;WK7S<X^_8�^�AR<X:[7S8;:`AR:[7�>=8;W�C(M;3K<=c,M;8;W�C�8 rZ(h) AR2©0�16<X:[7 * a�D :³A
r′z(0) = lim

h→0

rZ(0)− rZ(h)

h

≈ −rT (0)− rT (1)

1/n

r′z(1/n) = lim
h→1/n

rZ(1/n)− rZ(h)

1/n− h

≈ −rT (1)− rT (2)

1/n

λ2 = r′′z (0) = lim
h→0

r′Z(0)− r′Z(h)

h

≈ −r
′
Z(0)− r′Z(1/n)

1/n

5 ����vxp�m+�dl��t~VvjÇxw\kO~(kon|w\kon+(�udl��t~`v ¦ l(q80[kxvxl³yr�|nçwOw;~�q�kOl�É
� AR:4W@>X8_>=<gc�3S8�� ì²·9ÖRÒÜì�×ÖR×Ø»Q½P×Ø»È·�½¬ÖRÒá¼¬º!ß'ßá¸J»È·BÖ+×Ø»�ÑoÒ ��ÂØ0VA+?68LÀ * & Ú'* Ã@� >ZARÌ¬AR:VCbU"AR>ZA+Ï]3K<XW � :`AR:ÂKÁ;Æ6Æ,Æ'Ã"W I <=:[79M;3K8;WSWS8;:[7���>ZA�W9NOAR:³WK7BAR7S<XWK79<XY[248�c6A+>ZAR:[7�>ZA�W916^_^�8@?6>X<=WSWBA+:[7S8 {Yi + ... + Yi+l−1} 1�©

Yi
8;WK7�24:48´c6AR3S<ZA+5(>X8_A+>=MxAo7916<X3K8�043K8;:`A+:'7�WS8;W�c6AR>X8;2(3SW@C4A+:4W N a²� :48´3K8\c�248�C(8;W@A+040(3S1 � <X^LAR7S<X16:4W0�16W9WS<=54>=8;Wd0�1,243�>ZA"Îç16:VNP79<=1,:@C(8F3KM;0`AR3K79<g79<=16:ÛC(2�^�A � <=^f24^GC�8	N\8P7S798 WS1,^�^_8 ?6>X<=WSWBA+:'798F8\WS7tC(16:4:4M;8 a� 8;W�3SM;WS24>g7�Ao79W�043SM;WS8;:[7SM;W�CVA+:4W�>QAfWS24<g798ÛA+0404>=<XY[248;:[7�N\8;W�A+04043K1 � <X^LAR7S<X16:4W>�f:41+793S8�043K1,54> � ^_8 aD :b3S8;Îç163S^ 24>X8L> I M\c'M;:48;^�8;:[7 A = {Snl < s} ��> I A+<XC(8�C(8 Bi =

⋂l+1
j=1{T(i−1)l+j < s}, i =

1, .., k − 1
a�D :©WS24040�16W98@Y[2 I <X>²8 � <=WS7S8 k 798;>�Y[248 n = k × l aD :³A

B1 = {T1 < s}⋂{T2 < s}⋂ ...
⋂{Tl+1 < s}

B2 = {Tl+1 < s}⋂{Tl+2 < s}⋂ ...
⋂{T2l+1 < s}

B3 = {T2l+1 < s}⋂{T2l+2 < s}⋂ ...
⋂{T3l+1 < s}8\7BN a

D :�3KM;MON\3S<g7ÛT
{Snl < s} =

k−1⋂

i=1

{Bi}

C I 1F©
P (Snl 6 s) = P (

⋂k−1
i=1 {Bi})

= P (B1

⋂
B2)

∏k−1
i=3 P (Bi|

⋂i−1
j=1 Bj).� 16243fWS<X^�04>X<.�V8;3´NP8\7S798¬8 � 043S8;WSWS<=1,:�±�16:¡3S8\?[AR39C(8¬>=8¬>X<=8;:¢Y[24<!8 � <=WK798¬8;:[7S3S8¬>=8;W Bi

8\7f>X8;W Xi<=:4<=7S<ZA+2 �²a4D :jW I A+0�8;3 � 1,<g7�Y[248 Bi
8;WK7"24:48$Îç1,:VN�79<=1,:�C(8 2l 798;3K^_8;W T X(i−1)l+1, ..., X(i+1)l

±�Y[248 Bi8\7 Bi+1
16:[7é8;:�N\16^_^f24: l 7S8;3S^_8\W�T Xil+1, ..., X(i+1)l

±R8\7 Y[248 Bi
8\7 Bi+2

: I 16:[7FAR2VN\24:´7S8;3S^�8"8;:
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N\16^_^f24: a]� A C(M\0r8\:VCVA+:VNP8�Y'24<r8 � <=WK798$8;:[793K8 Bi
8\7 Bi+2
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 <`>ZA@N � A&0Z:48

C(M;0`ARWSW98E04>=24WS<X8;2(3SWéÎç16<XW�>QA�c,AR>=8;243�W98;2(<X> s CVA+:4W�24:f<X:'798;3�c,AR>=>X8�C�8">=1,:4?6248;243 l ±o>ZA�:41,2(c,8;>X>=8Ec6AR3S<ZA+54>=8
I?i
:48�043S8;:VC©Y[2 I 24:48�W98\24>X8�Îç16<=W�>ZAfc6A+>=8;243@Á aD :�:41+798 U?n

u =
∑n−l+1

i=1 I?i (s) ±�>X8�:416^f543S8�C(8@C�M;0`A+WSWS8;^_8;:'79W��KA��#2(WS7SM�� a`D :�AR04043S1]N � 8@N\8\7K798�>=1,<0`AR3�24:48�>=1,<dC(8 � 1,<=WSWS1,:�C I 8;WS0�M;3BAR:VN\8 λ? aD :�0�8;2(7�NOA+>XN\24>=8;3�> I 8;W90�M\3BAR:VN\8ÛC(8 U?n
u
±(8\7�16:©7S3S162(c'8�T

λ? = E(U ?n
u ) = E

(
n−l+1∑

i=1

I?i (s)

)

λ? = P(S2l−2
l > s) + (n− 2l + 2)

(
P(S2l−2

l < s)− P(S2l−1
l < s)

)
.

� 8@NOAR>XN\24>dC(8@N\8\7S7S8�8 � 043S8;WSWS<=1,:©8;WK7�C(M\7BA+<=>=>XM@N\< & C(8;WSWS1624W aD :§C(M��4:4<=7�> I M\c'M;:48;^�8;:[7©T Aj = {Ij = 0} 8\7´1,:§C�<XWK79<=:4?6248j>X8;W l − 1 043S8\^_<=8;3SWf7S8;3S^_8;W´C(8;W



@ E , E 4 l]w\k�stl�vxl'kOprutvRqdl�z{l�qrkLsd~�qtw_u�qdl�w;i)(�udl�qtm,l��t~Vv ¦ l�q10'kxvxl�yr�|nçwOw;~�q�kOl  )MRQ

AR2(793S8\WÛT

E(U ?n
u ) =

n−l+1∑

i=1

E(I?i (s))

= P(Ac1) +
l−1∑

j=2

P

(
Acj
⋂(

j−1⋂

i=1

Ai

))
+ (n− 2l + 2)P

(
Acl
⋂(

l−1⋂

j=1

Aj

))
.

D 3O± P(Ac1) = P(Sll > s) 8\7x±

P

(
Acl
⋂(

l−1⋂

j=1

Aj

))
= P

(
l−1⋂

j=1

Aj

)
− P

(
Al
⋂(

l−1⋂

j=1

Aj

))
.

= P(S2l−2
l < s)− P(S2l−1

l < s)


 8;>=16:�>=8@^ � ^_8�0(3S<=:VN\<X0�86± ∑l−1
j=2 P(Acj

⋂
(
⋂j−1
i=1 Ai)) = P(Sll < s)− P(S2l−2

l < s)
a� :©WS16^_^�AR:[7�N\8;W�793S16<=W�8 � 043S8;WSWS<=1,:4WO±416:�165(79<=8;:[7�>X8�3SM\W924>g7�Ao7 a� 8;^LA+3SY[2416:4W@Y[2(8�>=8;W�Îç16:VNP79<=16:4W@C(8´3SM;0VA+3K7S<g79<=1,:4W�C(8 S2l−2 8\7 S2l−1 W916:[7 793 � W�043K1�N � 8;WO±á8\7Y[248�>=8;243KW�8;WK79<=^�Ao79<=1,:4W�C(16<=c,8;:[7�0`AR3�N\16:4WSMOY[248;:[7 � 7S3S8�043KMON\<=W98\W�0�1,243�2(79<=>X<=WS8;3�N\8\7S7S8ÛA+04043K1�N � 8 a� 8;^LA+3SY[2416:4W�M;?'AR>X8;^�8;:[7�> I MOY[24<gc6A+>=8;:VN\8LT

n−l+1∑

i=1

Ii(s) = 0⇐⇒
n−l+1∑

i=1

I?i (s) = 0.

� >�WS8;39A�C(16:VN�MOY[24<gc,AR>=8;:[7$C�8�W I <X:'79M;3S8\W9WS8;3��´>ZA´>=16<dC(8 Sln 0`AR3�>=8@5(<QAR<XW�C(8 Un
u
8\7�C(8 U?n

u

a
8 q u�kon|�Ønçw;~`q�k��Q~%�Qpán$sdl

Snl
� 8;W�M\c'M;:48\^_8;:[79W {Un

u = 0} 8\7 {Snl < u} M\7�AR:[7�MOY[24<gc6A+>=8;:[7SWx±16:§A P(Un
u = 0) = P(Snl < u)

aé
 <E16:§A+04043K1�N � 8j>ZA³>=16<"C(8 Un
u
0VA+3 24:48¬>X16<"C�8 � 1,<=WSWS1,:¢C(80`AR3BAR^ � 793K8 λ2

±(1,:©0�8;2(7�MONP3S<=3S8_T P(Snl < u) = exp(−λ2)
a� :j2(79<=>X<=WBA+:'7�> I A+04043K1 � <X^LAR7S<X16:©C(8 >ZA >=1,<²C(8 Snl 793S162(c'M\8�A+2j0`AR3BA+?63BAR0 � 8 Ú a À a À4±�16:j1,5�79<=8;:[7�T

exp(−λ2) = P(S3l
l < u)

(
P(S3l

l < u)

P(S2l
l < u)

)k−3

C I 1�© λ2 = (k − 3)
(
logP(S2l

l < u)− logP(S3l
l < u)

)
− logP(S3l

l < u)

1F© k 8;WK7�798;>�Y[248 n = kl
a

�Lud~`�|nZkxi�stl�w ~V����vxp-AdnØz ~4konQprqtw 
 <@> I 1,:GN\16:4W9<XC � 3K8b>X8;W©c,AR3S<ZAR54>X8;W Ti ?'AR24W9WS<=8;:4:48;WO± � A6A+5ÂKÁ;Æ6Æ e ÃÛC(16:4:48¬24:(8¬^�A��#163BAo79<=1,:¡C(8¬>ZA�C�<XWK7�AR:VN\8¬8;:bc,AR3S<ZAo79<=1,:Ü7S167�AR>=8¬8;:[7S3S8�>ZA³>=1,<EC(8 � 16<XWSWS1,:
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C I 8\W90�M\3BA+:4N\8 λ1
8\7�>QAf>X16<dC(8 Un

u
T

||
n−l+1∑

i=1

Ii(s) , Po(λ1(s))||vt 6

1− e−λ1(s)

λ1(s)

(
λ1(s)P(T1 > s) +

n−l+1∑

k=1

n−l+1∑

j=1,j 6=k
| � 1xc (Ik(s), Ij(s))|

)

� 16243	>ZAÛNOAR>XN\24>=8;3O±[<=>`WS2��_7EC I 8;WS7S<=^_8;3	>X8;W!N\1xc,AR3S<ZAR:VN\8;W"C(8;W!<=:VC(<XNOAo793S<XN\8;W a(D :L3BAR040�8;>X>=8�M;?'A+>=8;^_8;:[7>=8�7 � M;163 � ^_8@À a Ú M;:416:VN\MÛCVAR:4W�WBA 7 �4� WS8�0`AR?,8 Ú'Ù Â � A6A+5�±²ÁOÆ6Æ e Ã T
4 ��i]p�vC��z{l @ E @ ìáÑR»|×

Yk
¶]Òá¿�½Oí9÷P¶`¿PÒá·9¿�â[ÖR¶]½B½B»�¿PÒVÒá¿j½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿�¿\×�½P×ÖRÒr¼'ÖRÔ9¼R»Q½OíB¿�¼,¿@Ó\ÑRÒá·\ò×Ø»�ÑoÒ ¼,¿ä·BÑoÔPÔ9í;¸=ÖR×Ø»�ÑRÒè½OÖR×Ø»Q½|Ó;Öo»Q½OÖRÒ`×

ρk 6 A ln k, k > 2
ö�ßVÑo¶�Ô³¶]Òá¿{·BÑRÒ4½P×ÖoÒ`×¿

A
¹�ì²Ño»|×

ρ =
max(0, ρ1, ρ2, ...)

¹"ì²ÑR»ç×
an

¶�Òá¿¬½�¶�»ç×¿�¼'¿jÒáÑRÕ¥�PÔB¿B½jÔ9íB¿;¸ç¸g¿�½�×¿;¸Ä½³÷P¶V¿
n(1 − Φ(an)) = λ

¹ ô Ò¼'íØðéÒV»|×
Un =

∑n
k=1

ë
{Yk<an}

¹²º ¸gÑRÔ�½

||Un, Po(λ)||vt = O

(
n−(1−ρ)/(1+ρ)(lnn)−ρ/(1+ρ) +

1

n

n∑

k=1

|ρk|
)
.

� 8�7 � M;163 � ^_8$W I AR0404>=<ZY'248�CVA+:4W":41+793K8 NOA+WO±]>ZAÛWS24<=7S8�C(8;W ρk M\7�AR:[7"WK793S<XNP7S8;^_8;:[7"C(MON\3S16<=W9WBAR:[798 a
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â i�p2l<i�b�u�`an�o2ãfi�k
� >ZA+Ì6± �4a AR:VC³UEA+>ZARÏ]3S<=W � :`A+:�± �Ûa ÂKÁ;Æ,Æ6Æ[Ã a"ìá·BÖRÒ�ì`×Ö+×Ø»Q½P×|»�·�½fÖRÒr¼fºEß,ßá¸J»�·BÖR×Ø»�ÑRÒ`a U!<=3SÏ � A+24WS8;3 a
� 3K8;8;:�± ��a Â�ÁOÆ6Æ ) Ã a � <XW9N\24WSWS<=1,:�16: � � 1,:4WK7939A+<=:48OC � 16:[798 � AR3S>=1H^�A � <=^f24^ >=<=Ï,8;>=< � 1]1]C�Îç163C(8;0�8;:VC(8\:[7 C4AR7BA�� 5'É �$at�(a � 8\É'8;3@AR:VC ��aá�fa��"� 16^_04WS1,: a ó ¹g¾�¹ ì�×Ö+×Ø»Z½P×¹ ì²Ñx·´Ð ± -+Ú T Å Ù ÀxÇÅ Ù6Ú a
� A,AR5�± �ba Â�ÁOÆ6Æ e Ã aEµ ¶]Õ
�B¿PÔfÑ�Ó ¿ª�]·B¿B¿B¼'ÖRÒr·B¿�½�»çÒ�â[ÖR¶[½B½�»�ÖRÒäÖRÒá¼�ÔB¿;¸gÖ+×¿B¼�½O¿9÷P¶`¿PÒá·B¿B½Pa	�é�`� 7 � 8\W9<=WO±� 1oÉ[A+> � :4WK79<g792(798�16Î � 8;N � :416>X16?6É'± 
 791]NBÏ61,>=^ a
� <=04>X8\É'±,U a6� a ÂKÁ;Æ Ù'e Ã arì�×Ñx·�ï4Öx½P×Ø»�·"ì`»QÕ´¶4¸gÖ+×Ø»�ÑRÒVa xå<=>=8\É WS8;3S<=8;W <=:´043S165`A+5(<X>=<g7#É´A+:VCf^�Ao7 � 8;^�Ao79<XNOAR>WK7�Ao79<=WK79<XN\W a,� 1 � :jx <X>=8\ÉfA+:4C 
 16:4WO± � 8PÍ � 1,3KÏr± ��� ± � 
]� � � 1,:4C(1,:�± � Î�� 
 É�C(:48\É'± � 24WK7939A+>=<ZA a
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�²� �¡��� � �� ��

¸N[\Z ]R^�_a`cb
dfefgh_ji�b�^
� A�04>X240VA+3K7"C(2L798;^_04WO±'>QA�7BA+<=>=>X8 C�8;WE3S8\7S1,243K:48;^_8;:[7SW"CVAR:4WE24:48�WSMOY[248;:4N\8$: I 8;WK7E0`ARW"N\16:4:]248 aD :�0�16243S39A_A+>=163SW�2(79<=>=<XWS8;3�>QA´^_MP7 � 1]C(8@043SMON\M;C(8;:[798�8;:�8;WSWBAOÉ[A+:'7�04>X24WS<=8;243SW�7�AR<=>X>=8;W�C(8@3K8\7916243S:48 &^_8;:'7 a+� 8\7K798EA+04043K1�N � 8E043SM;WS8;:'798!04>=24WS<X8\243SW�<=:VN\16:[c'M\:4<X8;:'79W aR� 8!043S8;^�<X8;3t8;WK7éY[248	> I <X:'798;3K043SM\7�Ao79<=16:C(8;W	3SM;WS24>g7�Ao79W	165(798\:]24WEAOc,8ON�C(<.�rM;3S8;:'798;WF7�AR<X>=>=8;W!:48�WS8;39A�0`A+W	:4MONP8;WSW�AR<=3S8;^_8;:'7!<X^�^_MOC(<ZAR7S8 a[� 8�WS8 &N\16:VC�8;WS7�Y[248�> I 16:�WS8@N\16:4Îç3K1,:[7S8��´:4162(c'8xAR2��f24:©043S1654> � ^_8@C(8�7S8;WK7�^ 24>=7S<X0(>X8 a� AR3FN\16:4WSMOY[248;:[7O±6<X>(WS8;^f54>=8�04>X24W 3S<=?61,243K8;2 � C(8�043S8;:VC(3K8�8;:_N\1,^_0�798�N\8\7K798�<=:VN\8;3K7S<=7S2VC(8�C(<=3S8;N &798;^�8;:[7FCVAR:4W >QA$^_MP7 � 1]C(8�C(8�C(M\7S8ONP79<=16: a'� 1,243 N\8;>ZA�±,C(8;2 � ^_M\7 � 1]C(8;WFC(8E7#É�0�8h��W9N\163S8">X1]NOAR>.�"WS16:[7043SM\W98;:'79M;8;W CVAR:4WfN\8�N � A+0(<=7S3S8 a�D :ÜN � 8;39N � 8;3BA�C(16:VNLC(8;W��#Ì;1,:(8;Wª�_C(8L>QA�WSMOY[248;:VN\8�N\16^_0�1,3�7�AR:[724:48@C(8;:4WS<g79M�<X^�0�1,3�7�AR:[798@C(8�W9N\1,3K8;W�M;>XM\^_8;:[7�AR<=3S8;W�M;>=8\c,M;W a� AR:4W�:41+793K8@N;A+WO±(:41624W�N � 8;39N � 1,:4W�C(8;W�WS8;?6^_8;:[7SW�3K8\7916243S:4M\W��(>=8�WBN\163S8�N\16:4WS<ZC(M\3SM@C(8\c]3BA � 7S3S8C I AR2(7BA+:[7d04>=24WdM;>=8\c'MFY[248F>=8F:[2VN\>=M;167S<ZC(8	N\16:4WS<ZC(M\3SM���C(8FN � AR:VN\8	C I � 793S8 3S8\7S1,243K:4M ax� AR:4Wd>ZA"WS24<=7S8	C(8N\8$N � AR04<g793K8,±]C(8;2 � ^_M\7 � 1�C(8;WEC(8�W9N\163S8;W!WS1,:[7!^_<=W"A+2�0�16<=:[7 a]� A�043S8;^_< � 3K8$C(MON\1624>X8$C(<=3S8ONP7S8;^_8;:[7C(2�N � AR04<g793S8 043KMON\MOCVAR:[7�8\7�0�8\2(7 � 793S8 N\1,:(W9<XC(M;3KM;8�N\16^_^_8 24:48 ?6M;:4M;39A+>=<=WBAR7S<X16:©C(8�>ZAÛ^_M\7 � 1]C(8?�Îç8;: � 793S8�?6>X<=WSWBA+:[7S8@CVA+:4W�>X8@NOARW�1�©©>ZAf7�AR<=>X>=8ÛC�8@>ZA´Îç8\: � 793K8�: I 8;WK7�0`ARW�N\1,:4:[248 a� 043 � W�Y[248_Y[248\>ZY[2(8;W�043S16043S<=M\79M;W@C(8�N\8\7K798�ÎQ1,:VNP7S<X16:äC(8�W9N\163S8´WS1,:'7@^�<XWS8;W�8;:{M\c]<ZC(8;:4N\8,±²1,:c'8;3K3BA©Y[2(8L>X8;W � É]0�167 �4� WS8;W :4MON\8\W9WBAR<X3K8;Wá��> I AR0404>=<ZNOAo79<=16:¡C(8;WÛ3SM;WS24>g7�Ao79W C(8
Î@AR3S>=<=:Ü:48_W916:[7Û0`ARWc'M;3K<¡�4M;8;W�CVAR:4W�:41+793K8@NOARW aV� :48�c6A+>=<XCVAR7S<X16:�8;^_04<=3S<XY[248@C(8;W�3SM;WS24>g7�Ao79W�8;WK7�043KM;WS8;:[79M\8 a� A C�8;2 � < � ^_8$^_M\7 � 1]C(8�C�8 W9N\163S8�AÛ0�16243E542(7�C(8 0VA+>=>=<X8;3"N\8\7S7S8�AR04043K1 � <=^�Ao79<=16: a(� >=>X8$3S8;0�16WS8WS243�24:48E^�AR3K79<=:4?'A+>=8"N\8�Y[2(<�0�8;3S^�8\7S7939A$C I 1,5�798;:4<=3éC(8;Wé3KM;W92(>=7BAR7SWé04>=24Wé3S<=?61,243K8;2 � 7 � M;163S<XY[248;^_8\:[7 a
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¸N[²Ð :Øq ^fq�`an�l�i<ÒOn?_ji�b�^ d�kml�ÓÔn�ofo2`cb
g�ã�ktofn�`;2Æk ^65/_c`akmu�l�i<Ò�Ò�n�^�_ck
��w®��wxv y ÿ���ü�z�{>|�ýL�(þxz	ÿ úR� {�����ú�ü4û°þ�ÿ����4þÔz	ÿØ{�ú �x�=<øzFÿ$ýL�(þxz	ÿØ{�úV�]ýRzFü(ú
�	I A+040(3S1�N � 8�0`AR3�ÎQ8;: � 793K8�?6>X<=WSWBA+:'798�043SM\W98\:[79M;8�CVA+:4W´>X8�N � AR04<g793S8�043KMON\MOC(8;:'7_3K8;0�1,WS8�WS243´>ZAWK7�Ao79<=WK79<XY[248 Ti C(2�39A+040�163K7�C(8 c�3BAR<=W98\^f54>ZA+:VNP8@C I 24:�WS8;?6^_8;:[7�C(1,:(:4M;8 Xi...Xi+l−1

0`AR3�39A+040�163K7AR2 � C(8;2 � ^_1]C � >X8\W X 8\7 X− a
∀i ∈ {1, .., n− l + 1}, Ti = ln

P̄(xi, ..., xi+l−1)

P(xi, ..., xi+l−1)

1F© P(x) 8;WK7�>ZA´c�39A+<=WS8;^f54>ZA+:4N\8 C(8 x WS8;>=1,:�>QA�N � A10Q:48 X 8\7 P̄(x) >ZA´c�3BAR<=WS8;^f54>ZA+:VNP8 C(8 x WS8;>X16:>ZA�N � A10Z:48 X− aD 3O±tN � A+N\24:48¬C(8¬N\8;WfC(8;2 � 043K1,5`AR54<=>=<=7SM;Wf0�8;2(7fWS8¬C(MON\16^_0�16WS8;3 8;:Ü24:48�WS16^_^_8�C(8L798;3K^_8;WM;>=M;^_8;:[7BA+<=3S8\W a�D :�C(M��V:4<=7ÛT
∀i ∈ {1, ..., n−m}, Yi =

∑

(u1,...,um+1)∈Am+1

�
{(Xi−m+1=u1,...,Xi=um+1)} ln

( 3 −(um+1|u1, ..., um)3
(um+1|u1, ..., um)

)
.

� 8�^�AR:4< � 3K8�04>X24W�N\1,:4C(8;:4WSM;8,± Yi 0�8;2(7�WS8�3SM;MON\3K<X3K8_T
Yi = ln

( 3 −(Xi+1|Xi...Xi−m+1)3
(Xi+1|Xi...Xi−m+1)

)
.

� A´WK7BAR79<=WK79<XY[248@C(2©3BAR040�163K7�C(8�c�39A+<=WS8;^f54>ZAR:VN\8@WS8�3SM\MON\3S<g7$AR>X163SW
∀i ∈ {1, .., n− l + 1}, Ti = ln

(
µ−(Xi)

µ+(Xi)

)
+

i+l−1∑

j=1

Yj.

� 8\7S798�MONP3S<g79243S8�WS24?,? � 3S8¬C(8¬N\16:4W9<XC(M;3K8;3f>ZA ¦ prqtm6konQprq�sdl�wOm,p�vxl s WS24<gc6A+:[7S8jCVAR:4Wf2(:¡^_1]C � >=8
Mm T

s : Am+1 → R

(u1, ...,um+1) → ln

( 3 −
(um+1|u1,...,um)3

(um+1|u1,...,um)

)
.

� AR:4WF>=8�NOARWF0`AR3K7S<ZNP24>X<=8;3	C I 24:_^�1�C � >=8�C(8 � A+3KÏ,1xc´C I 1639C(3K8@Á6±6>ZA Îç16:VNP79<=1,:_C(8�W9N\163S8�C(8\c�<=8;:[7�T
s : A2 → R

(u1,u2) → ln

( 3 −
(u2|u1)3

(u2|u1)

)
.

� 8\7K798�Îç16:VNP7S<X16:¬C(8�W9N\163S8$A+WSWS1�N\<=8��@N � A+Y[248$N\162404>=8$C(8�>=8\7S7S3S8;W!WS2VN;N\8;WSWS<gc'8;W (u1, u2) 24:LWBNP1,3S8C I AR2(7BA+:[7�04>X2(W@M;>X8Pc'M_Y[248�>QA¬043S165`A+5(<X>=<g79MLC I 1654WS8;3Kc,8;3 u2
N\1,:4C(<=7S<X16:4:48;>=>=8;^_8;:[7�� u1

8;WK7@?63BAR:VC(8WS1,24W´>=8�^_1]C � >X8�C(2§543S<=:§N\16^_04>XM\^_8;:[7BA+<=3S8,±�0`A+3´39A+040�163K7LAR2§543K<X:Í��0(3S<=:VN\<=0`A+> � a � >"W I AR?,<g7_C I 24:wOm,p�vxl�stl�vxl'kOprutvRqdl�z{l(q�k'a
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��w®��w�� > |�ú�����|�úO�c�$ü�zw��ü4þx���-��� {�úV�x�=<øzFÿ$ýL�(þxz	ÿØ{�ú ��ýRz ü4ú
� 1,24W 043SM;WS8;:[7S1,:4WF<XN\<VY[248;>XY[248;WF3SM;WS24>g7�Ao79WFWS243 >ZA�C(<XWK7S3S<=542(79<=1,:LC(8�>QA Îç16:VNP7S<X16:�C�8�W9N\163S8 a'� 1,24Wc'8;3K3S16:4W�:41+7�AR^_^_8;:[7�Y[248@>ZA�WSMOY'248;:VN\8ÛC(8;W�W9N\1,3K8;W Y1...Yn−m

ÎQ1,3K^_8@?6M;:4M;39A+>=8;^_8;:'7�24:48ÛN � A10Z:48C(8 � AR3SÏ61oc©CVAR:4W$>=8 NOARW�1�©�>QA�WSMOY[248;:VN\8Û<=:4<g79<ZA+>=8 X1...Xn
8;WK7�24:48 N � AR<=:48 C(8 � A+3KÏ,1xc�C I 1,3SC(3S8

m
a�� > Î|A+2(7�0�1,2(3©N\8;>ZA¡Y[248 >=8 3S8P7916243S:48;^_8\:[7�W916<g7³A+N;N\16^_0`AR?,:4M{C I 24: 0`ARWSWBA+?68Í�Ü> I AR>X0 � AR5�8\7N\16^_04>=M;^_8;:[7BA+<=3S8 a`� AR:4W�7S1,24W�>=8;W�NOA+WO±4>ZA�N � A&0Z:48 Y1...Yn−m

8;WK7 α & ^�M;>QAR:4?68xA+:'798 a
� 8 N � 16< � C(8fN\8P7S798ÛÎç16:VNP79<=1,:ÞC(8ÛWBNP1,3S8Û0�8;3S^�8\7 C(8fC(16:4:48;3�24:�WS8;:4W:�_>ZA_W916^_^_8 C(8\W$W9N\1,3K8;WM;>=M;^_8;:[7BA+<=3S8\W�C(2©WS8;?,^�8;:[7�N\16:4WS<XC(M;3SM a`� :©8��á8\7O± ∀(i, j) 798;>dY'248 j > i+m,

s(Xi, ..., Xi+m) + ...+ s(Xj−m, ..., Xj) = ln
P̄(Xi, ..., Xj|Xi, ..., Xi+m−1)

P(Xi, ..., Xj|Xi, ..., Xi+m−1)

� A+:4W�>X8@N;A+W�0`A+3�79<XN\24>=<X8;3�1F© �´'gp�vos�vxl m
}4~`u�k  ±416:³AjT ∀(i, j) 7S8;>�Y[248 j > i+ 1,

s(Xi, Xi+1) + ...+ s(Xj−1, Xj) = ln
P̄(Xi, ..., Xj|Xi)

P(Xi, ..., Xj|Xi)

7 l�zbz{l K E  ìV»$¸=Ö�½;íB÷P¶`¿PÒr·B¿�»QÒV»|×Ø»ÈÖ6¸=¿
X1...Xn

½�¶�»|×�¶�Òá¿�·�ï4Ö�,çÒr¿©¼'¿_ø{ÖRÔø÷,ÑRõ�¼R7 ÑRÔB¼oÔB¿
m
½P×Ö+ò×Ø»�ÑoÒVÒáÖR»QÔB¿�öEÖ6¸=ÑRÔB½Û¸:7 ¿�½ ßVíPÔ9ÖRÒá·9¿´¼R¶�½O·BÑRÔ9¿´¿B½P×F½P×ØÔ�»�·P×¿PÕ�¿PÒV×	Òáí�â[Ö+×Ø»çõ6¿�ç

Eµ (Yi) 6 0.

Ï@vxl�u�}�lLE
Eµ (Yi) = E

(
ln

( 3 −(Xi, Xi+1)3
(Xi, Xi+1)

))

6 ln

(
E
( 3 −(Xi, Xi+1)3

(Xi, Xi+1)

))

= ln

(∑

u,v∈A
µ(u)

3
(u, v)

( 3 −(u, v)3
(u, v)

))

6 ln

(∑

u,v∈A
µ(u)

3
(u, v)

( 3 −(u, v)µ(u)3
(u, v)µ(u)

))

6 ln

(∑

u∈A
µ(u)

∑

v∈A

3 −(u, v)

)

6 ln

(∑

u∈A
µ(u)

)

6 0.
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� 8EÎ|A+<g7éY[248E> I 8;WS0�M;3BAR:VN\8"C(2fW9N\1,3K8EWS1,<g7�:4M;?[Ao79<gc'8E8;WK7�:4MON\8;WSWBAR<X3K8"0�16243 AR0404>=<ZY'248;3�>X8;W�3SM\W924>g7�Ao79WC(8Î@AR3S>=<X:©WS243�>ZA´>=1,<�C(2�W9N\163S8�>=1]NOA+> a
D :�W I <=:[7SM;3S8;WSWS8�^�AR<X:'798;:`AR:[7>�f>QA´C(M;0�8;:VCVAR:VN\8ÛC(8�>ZA´WSM;3S<=8ÛC�8;W�W9N\163S8;W Y1, . . . , Yn

a
7 l�zbz{l K E # ódÖ�½�¶]»|×¿

(Yi)i>1

¿�½P×	¶]Òá¿�½�¶�»|×¿
α
ò ÕLí;¸=ÖRÒ]â[¿BÖRÒ`×¿O¹

Ï@vxl(u²}rlLE!� A+>XN\24>=16:4WÛ7S1,2�7 C I AR5�1,3SC an,k(s, t) = P (Tn = s, Tn+k = t)
at� A+3 � É�0�1+7 �4� WS8�C�8WK7�Ao79<=1,:(:`A+3K<=7SMÛC(8�>ZA�N � A10Z:48ÛC(8 � AR3SÏ,1xcá±(16:�A

an,k(s, t) = P (T1 = s, T1+k = t) ,

=
∑

u1, u2, u3, u4

g(u1, u2) = s
g(u3, u4) = t

µ(u1)
3

(u1, u2)
3 k−1(u2, u3)

3
(u3, u4). Â - a ÁxÃ

� I AR2(793K8�0`A+3�7
P (Tn = s) =

∑

u1, u2

g(u1, u2) = s

µ(u1)
3

(u1, u2) Â - a ) Ã

� 1,:VN
an,k(s, t) − P (Tn = s)P (Tn+k = t)

=
∑

u1, u2, u3, u4

g(u1, u2) = s
g(u3, u4) = t

µ(u1)
3

(u1, u2)
3 k−1(u2, u3)

3
(u3, u4)

−




∑

u1, u2

g(u1, u2) = s

µ(u1)
3

(u1, u2)







∑

u3, u4

g(u3, u4) = t

µ(u3)
3

(u3, u4)




=
∑

u1, u2, u3, u4

g(u1, u2) = s
g(u3, u4) = t

µ(u1)
3

(u1, u2)
3

(u3, u4)
( 3 k−1(u2, u3)− µ(u3)

)

Â - a À'Ã
� <=:4WS<�0�16243�79162(7 n > 1 8\7 k > 1

sup
(s,t)∈R2

| an,k(s, t)− P (Tn = s)P (Tn+k = t) |6 λk1

1F© λ1
C(M;WS<X?6:48�>QAfW98ONP1,:VC(8�04>=24W�?63BAR:VC(8�c,AR>=8;243�043S16043S8LÂ λ1 < 1 ÃEC(8@>ZA´^�Ao793K<ZNP8 3 a
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Ï@vxp�� p�wxnZkonQprq K E , ìV»"¸=Ö$Ó;ÑRÒá·P×Ø»�ÑRÒ¡¼'¿Û½O·BÑRÔ9¿
s
ö�¼'íØð Ò4»�¿_·BÑRÕ´ÕL¿_·P»�¼'¿�½9½�¶]½�¿PÒ=h[¹¡ú(¹+üxö�¿B½P×��P» k ¿B·\ò×Ø»çõ+¿�Ö+¸=ÑRÔB½�¸g¿�½ »çÕLÖOâ[¿�½�ßVÖRÔ_·B¿\×È×¿"Ó;ÑoÒá·\×Ø»�ÑoÒ§¼,¿�½_í;¸=íPÕL¿PÒ`×|½_¼87 ¶�Òá¿L·�ï4Ö�,QÒá¿L¼'¿ ø{ÖRÔø÷,ÑRõj¼R7 ÑRÔ9¼RÔ9¿

m
X1 . . . Xn

Ó;ÑRÔ�ÕL¿@¶�Òá¿f·�ï4Ö�,çÒr¿´¼'¿�ø{ÖRÔø÷,ÑRõL¼R7 ÑRÔ9¼RÔ9¿
m
¹

Ï@vxl�u�}�lLEtD :©0�16WS8 Zi = (Xi, . . . , Xi+m) Y[24<�8\WS7��fc6AR>X8\243�CVA+:4W Am+1 a� A¢WSMOY[248;:VN\8 Z1, . . . , Zn−m
Îç163S^_8;:'7�24:48bN � A10Z:48bC(8 � AR3SÏ,1xc C I 1639C(3K8�Á a$D 3;±�>QA¢WSMOY[248;:4N\8043S1]C(24<g798�0`AR3´24:48�Îç16:VNP7S<X16: f 54< �#8ONP7S<=c,8³AR0404>=<XY[24M;8�A+2 � M;>=M;^_8;:'79W_C I 2(:48©N � A10Z:48©C(8 � AR3SÏ,1xc8;WK7�8;>=>=8 & A+24WSWS<�24:48@N � A10Q:(8ÛC(8 � A+3KÏ,1xc a


 < s : I 8\WS7E0`ARWE54< �#8ONP7S<=c,8,±]>ZA@W9MOY'248;:VN\8 C(8;W!WBN\163S8\WE:48$WS8;3BA�^�A+3KÏ,1xc�<=8;:4:48 Y'248$WS<�>=8 N\3S<g7 � 3S8 C(8� É�:4Ï]<=:©8;WS7�WBAR7S<XWSÎØAR<g7 a�� 8@N\3S<g7 � 3K8@8\WS7�3BAR040�8;>=MÛCVAR:4W�>ZA´043K1,0�16WS<=7S<X16:³À a ) 0`A+?68 -+* a
7 l�zbz{l K E @ ìáÑR»|×

X = X1...Xn

¶�Òá¿ ·�ï(Ö�,çÒá¿ ¼,¿©ø{ÖRÔø÷,ÑRõ=säõ6Ö6¸=¿�¶�Ô ¼,ÖRÒ4½³¸�7 Ö6¸ ß`ï4Ö��B¿\× A ¼'¿Õ�ÖR×ØÔ�»�·B¿�¼'¿$×|ÔBÖRÒ(½�»|×Ø»�ÑoÒ 9 ö ¿\× X− = Xn...X1

¸=Ö�·Bï4Ö�,çÒá¿�¼,¿�ø{ÖRÔø÷,ÑRõ ¼R»|×¿?�X»çÒVõ6¿PÔB½OíB¿"�E¼'¿�ÕLÖ+×ØÔ�»�·B¿¼'¿³×ØÔ9ÖRÒ4½�»|×|»�ÑRÒ 9 − ¹�º ¸=ÑRÔB½Bö�¼,ÖRÒ4½Þ·B¿ ·BÖo½ÞÑ�� ¸�7 »çÒ4õ6¿PÔB½�»�ÑRÒèÒ&7 ¿�½P×�ßVÖo½ÞÖ'·B·BÑoÕ$ßVÖOâRÒáíB¿ ¼R¶{ßVÖo½B½OÖOâ'¿s ¸�7 Ö6¸ ß`ï4Ö��B¿\×Û·BÑRÕ�ßá¸=íPÕL¿PÒ`×Öo»çÔ9¿�ö�¸=ÖfÓ\ÑRÒá·\×Ø»ÈÑRÒè¼'¿L½O·BÑRÔ9¿
s
×¿;¸Q¸=¿�÷P¶`¿©¼'íØð ÒV»È¿�·P»|òK¼'¿B½B½�¶]½LÒ&7 ¿�½P×	ßVÖo½

�P» k ¿B·\×Ø»çõ+¿x¹
Ï@vxl�u�}�lLE�� 16243�8��á8ON�79248;3_N\8\7K798©C(M;^_16:4WK7939AR7S<X16:�±é16:H2�79<=>X<=WS8©>ZA C(M��V:4<g79<=16: ��?6M;:416^_<XY[248���C I 24:0`AR>X<=:VC(3K1,^_8 a
hji��éq�nZkonçprq K E K ��Ï�~��|n|qtstvxpáz{lò�¬ìáÑR»|×�¶]ÒHÖ6¸ ß`ï(Ö��B¿\×�ÒrÑ+×í A ö�Õ´¶]ÒV»�¼'¿_¸=Öj½P×ØÔ�¶`·\×|¶�Ô9¿¬¼'¿¬·BÑRÕ´òßá¸=í�Õ�¿PÒ`× ÖRÔP»ç×í�½�¶]»çõ6ÖRÒ`× ¿áç

∀u ∈ A,
{
ū ∈ alphabet
¯̄u = u.ì²ÑR»ç×Û¶�ÒèÕ�ÑR×

w = w1...wh
¼'¿³× ÖR»Ø¸ç¸=¿

h
·BÑRÕ$ß4Ño½Oí ¼'¿�½³¸g¿\×È×ØÔ9¿�½Þ¼'¿�¸�7 Ö6¸ ß`ï4Ö��B¿\× A ¹ ô ÒèÒáÑ+×¿ w̄¸�7 »çÒVõ6¿PÔB½O¿´·BÑoÕ$ßá¸=í�Õ�¿PÒ`× ÖR»çÔ9¿´¼R¶©Õ�Ñ+×

w
ç

w̄ = w̄h...w̄1.

w
¿�½P×	¶]Ò�ßVÖ+¸J»çÒá¼oÔBÑRÕL¿�½�»QöE¿\×F½O¿P¶(¸=¿PÕL¿PÒ`×F½B»QöF»Ø¸áõ+íPÔP» ðE¿ ¸gÖj·BÑRÒá¼o»|×Ø»�ÑRÒ³½�¶�»Qõ6ÖRÒ`×¿�ç

w = w̄.

� AR3�8 � 8;^_04>=8,±á>=8´^_167��KAR?,?,N;NP7ª�fMON\3K<=7�CVA+:4W�> I AR>X0 � AR5�8\7@:[2VN\>=M;<ZY'248�Â Ā = T 8\7 Ḡ = C Ã�8;WK7�24:0`AR>X<=:VC(3K1,^_8 ∗ a`
 <á> I 16:©N\16:4WS<ZC � 3S8�24:�AR>X0 � A+5�8\7�1F©�<=>á: I ÉjA 0`A+W�C�8�0`A+WSWBAR?,8@AR2©N\16^_04>=M;^_8;:'7�AR<X3K8Â�AR2(793K8;^_8;:[7�C(<=7O± w̄i = wi
ÃP±VN\1,^_^�8Û0`AR3�8 � 8;^_04>=8Û> I AR>X0 � AR5�8\7 C(8;W A+N\<ZC�8;W & AR^_<=:4M;WO±`24:³8 � 8;^�04>X8C(8�0`AR>X<=:VC(3K1,^�8@8;WK7�C(16:4:4M@0VA+3�� � 8;2 &� 8;2 &#� 3S1 & � >ZA &#� 3S1 &� 8;2 &� 8;2-� a

∗ ¿�±�±�»°¶�±´³	µ�¶ ø ¹&¶ç[Æ¯¢½¾³È¶&·1¬�µ�Y�»HX�ª¶1µµY�³¾Ã\¹1»:¶�¸ö¯j[Æ¯¢Å�»@��¯¢«Ô±�»�Y/»°¶�±�½È¯�·1�è�¶&³	±´³	µ�¶
»�Y#[�½¾µ@���»:·Æ¯ø¶�Å�½È¯�½ ¯¢¶CX�¹1»«xµ�¹1¬Ô¯ø¶�±�»�]
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7 l�zbz{l K E "£ìáÑR»|× ¸=Ö Ó\ÑRÒá·\×Ø»ÈÑRÒ%¼'¿_½O·BÑRÔ9¿�¼'¿LÔ9¿\×ÑR¶�Ô�Òá¿PÕL¿PÒ`×
s
×¿;¸ç¸=¿�÷P¶`¿�¼'í|ð ÒV»�¿�·P» ¼'¿�½B½B¶]½j¿PÒ

h[¹¡ú�¹ ü´¼'ÖRÒ(½$¸=¿�·BÖo½ ¼R7 ¶�ÒjÕ�Ñx¼�ô\¸=¿�¼'¿�ø{ÖoÔ¢÷,Ñoõf¼R7 ÑRÔB¼oÔB¿
m
Ñ��f�Ô'Xn|q�}�l�vowxnQprq¡qh'gl�w\kÛ�t~Vw�~Vm'm,przä�t~-Hyrqdi[l³�t~`vLu�q��t~VwOw;~Vy`l ) �´'g~��ç���d~D* l'k_m,przä���Qi�z{l�q�kx~`nçvxl²¹dì²ÑR»ç× w ¶�ÒLßVÖ+¸J»çÒá¼RÔ9ÑRÕL¿f¼'¿@×Öo»Ø¸ç¸=¿

m+ 1
¼'í|ð ÒV»�½�¶�ÔÛ¸=¿@ÕIíPÕ�¿fÖ6¸ ß`ï(Ö��B¿\×"÷P¶`¿

s
¹ ô ÒbÖ¬Ö6¸=ÑRÔB½�ç
s(w) = 0.Ï@vxl�u�}�lLE

s(w) = ln

( 3 −(wm+1|w1...wm)3
(wm+1|w1...wm)

)
.

� I AR043 � W�>ZA´043S160�1,WS<g79<=16: ) a )6* 0`AR?,8 Ú'* C(1,:4:VA+:[7 3 − 8;:©Îç16:VNP7S<X16:³C(8 3 ±(1,:³A
s(w) = ln

(
µ(wm+1...w2)

3
(w1|wm+1...w2)

µ−(w1...wm)
3

(wm+1|w1...wm)

)
.

D 3O± µ−(w1...wm) = µ(wm...w1) NOAR3�<=>�: I É¡0`ARWLC(8�0`ARW9WBAR?,8è�Þ> I AR>=0 � A+5�8P7�N\1,^�04>XM\^_8;:[7�AR<=3S8 aC I 1F©
s(w) = ln

(
µ(wm+1...w2)

3
(w1|wm+1...w2)

µ(wm...w1)
3

(wm+1|w1...wm)

)
.

D 3 w 8;WK7 24:´0`A+>=<=:VC(3S16^_8,±6C(16:VN (wm...w1) = (wm+1...w2) 8\7 (wm+1...w1) = (w1...wm+1) C I 1F©
s(w) = 0.

�$� W	>=1,3KWEY[248�>ZA�7�AR<=>X>=8$C(8�> I AR>=0 � A+5�8P7E8;WK7!WS240�M;3S<=8;243K8�WK793S<XNP7S8;^_8;:[7/��24:�ÂÈNP8$Y'24<`8;WK7	7S1,2F�1,243KW>=8�NOARW�ÃP±]<=>r8 � <=WK798�A+2¬^_16<=:4W�C(8\2 � 0`AR>=<X:VC(3K1,^�8;W�C(<¡�rM;3K8;:[79W a(� 16:VN6± s : I 8;WK7"0`A+WE54< �#8ONP79<gc'8 CVA+:(W">X8NOARW�1F©©<X>²: I É�A´0`ARW�C(8�0`ARWSW�AR?68��f> I A+>=0 � AR5�8\7$N\16^_04>=M;^_8;:'7�AR<X3K8 a� 8jN\3K<=7 � 3S8jC(8 � É�:4Ï]<=:¡<=^_0�1,WS8�A+2 � C�<¡�rM;3S8\:[798;Wf043S165`A+5(<X>=<g79M;W�C(8;W´N\1,:'793BAR<=:[798;W 793 � WfÎç163K798;W0�16243tY[248F>ZA�WSMOY'248;:VN\8F<X^�AR?68	C(8F>QA"Îç16:VNP79<=1,:@3S8;WK7S8 � AR3SÏ,1xc�<=8;:4:48 aR� 8;WtN\1,:'793BAR<=:[798;Wd: I 16:[7�AR2VN\24:483BAR<=W916:%C I	� 7S3S8©c'M;3K<¡�VM;8\W¬CVA+:(W¬C(8;W�^�Ao793K<ZNP8;W¬C(8 � AR3SÏ,1xc§^_1]C(M;>=<XWBAR:[7jC(8\Wá�c�3BAR<=8;W���WSMOY[2(8;:VN\8;W54<=1,>=16?,<XY[248;W aR� >[8\: 3SM\W924>g798!Y[2(8!>ZA�WSMOY[248\:VN\8EC(8;WtW9N\1,3K8;W�:48	WS8;3BA�043S165`A+54>=8;^_8\:[7�0VA+W � AR3SÏ61xc�<X8\:4:48CVAR:4W�>=8@NOARW�1F©©<X>²: I É©Af0`A+W�C(8�0`A+WSWBAR?,8ÛAR2³N\16^_04>=M;^_8;:'7�AR<X3K8 a� 163SW9Y[2 I A+2jN\16:[7939A+<=3S8,±]>=8$3S8\7916243S:48\^_8;:[7"WS8$043S1]C(24<=7�A;c'8ON�24:¬0`A+WSWBA+?68?�@> I A+>=0 � AR5�8\7�N\16^_04>=M &^_8;:'7�AR<X3K8,±�N\16^_^_8jN I 8;WK7´>=8�NOARW�C4A+:4Wf24:48¬^_1,>=MON\2(>X8�C IÄ��� � ±�>ZA³ÎQ1,:VNP7S<X16:§C(8¬W9N\163S8¬WS8;3BA�7S3 � W043S165`AR54>=8;^_8;:[7�54< �#8ONP7S<=c,8Û0�16243�>QA´^ � ^_8@39A+<=WS16:�Y'2 I AR2�0`A+39A+?63BAR0 � 8Û043KMON\MOC(8;:[7��V<=>d8;WK7�8;:�8��á8\7O±79162(7��jÎØAR<=7Û<=^_043K1,5`AR54>=8�Y[248_>=8_3BAR040�1,3�7 3 (v|u)/
3 −(v|u) N\16:VC(24<=W98
��>ZA�^ � ^_8´c,AR>=8;243@0�1,243C(8;2 � NP1,2404>=8;W�C�8�>X8\7K793S8\W (u, v) C(<.�rM;3S8;:'79W a�D :�0�8;2(7�WS8@C(8;^LA+:VC(8;3�N\8@Y[2 I <X>dA6C�c]<X8;:'7�C(8;W�0`AR>X<=: &C(3S16^_8;W	CVAR:4W!NP8�NOA+W a[� :_8 � 8;^_04>=8�C�8�W9N\163S8�C(8�0`AR>X<=:VC(3K1,^�8�8;WK7!C(16:4:4M�N\< & C(8;WSW91624W a]D :LWS8�04>ZA+N\8CVAR:4W�24:©^_1]C � >=8 M1 0�16243�04>=24W�C(8@N\>ZAR3K79M a
 < w = w1w2

8;WS7�24:©0`A+>=<XC(3S16^_8,±416:�AjT
s(w) = ln

( 3 −(w2|w1)3
(w2|w1)

)

= ln

(
µ(w̄2)

3
(w̄1|w̄2)

µ−(w1)
3

(w2|w1)

)
.
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D 3O± w̄1 = w2
8\7 µ−(w1) = µ(w̄1) C(1,:VN�T

s(w) = ln

(
µ(w̄2)

µ(w2)

)
.

� Afc,AR>=8;243�C(2�W9N\163S8ÛC(2�0`AR>X<=:VC(3K1,^_8 w :48@WS8;39A�:]2(>X>=8ÛY[248@WS< µ(w̄2) = µ(w2)
a�� 8ÛWS8;39A�:41+7�AR^ &^_8;:'7 >=8�NOARWé>X163SW9Y[248">ZA C(<=WK793K<X542(7S<=1,:�C(8 X 8\7FN\8;>=>=8�C(2f543S<=:�N\1,^_0(>XM;^�8;:[7�AR<=3S8"WS8;3S16:[7 >=8;Wé^ � ^�8;W a� 8;^�AR39Y[2416:4W	Y[248�CVA+:4W	N\8�NOA+WO±6>X8;WF^�M\7 � 1]C(8;W	C(8�C(M\798;NP79<=1,:_043K1,0�16WSM;8;W!CVAR:4W	N\8\7K798�7 �4� WS8�WS8;3S16:[7791+7�AR>=8;^_8;:[7Û<X:]2�79<=>X8;W a�� 1,2(W 3K8OC(<=WBN\2�798;3S16:4WfN\8L0�1,<=:[7fCVAR:4W >=8�N � AR04<g793S8�Å³N\16:4WBA6N\3KMjAR2 � A+040(>X< &NOAo79<=1,:4W at� 8_^�A+:4< � 3K8_04>X24W@?,M;:(M;3BAR>X8,±dN\8_WS8;3BA�>=8LNOARWÛ>=1,3KW9Y[248_>QA�C(<XWK7S3S<=542(79<=1,:äWK7�AR7S<=1,:4:`AR<=3S8�C(8

X 8;WK7�>ZA_^ � ^_8ÛY[248Û>ZA_C(<=WK793S<=542(7S<X16:³WS7BAR7S<=1,:4:`AR<=3S8 C(2�543S<=:�N\16^_04>=M;^_8;:[7BA+<=3S8 X− Â�AR2³0`ARWSW�AR?68AR2 NP1,^_04>=M;^_8\:[7�AR<X3K8f0(3 � W�Ã ar� A+:4W$>X8;W�AR0404>X<XNOAo79<=16:4W@AR2 � WSMOY[248;:VNP8´C IÄ��� � ±�N\8 0�16<X:[7�A+2439ALWS1,:<=^_0�1,3�7�AR:VN\8,±�N;A+3�<X>é8;WK7�>=<XM¥�¬>ZA�C(8\2 � < � ^_8�3 � ?6>=8LC�8�0`AR3S<g79M�ÂØC(<=7S8_C(8 �!� AR3S?[A&� Â �!� A+3K?[A&�§A+:VC
]� AR04<=3S14±`Á;Æ,Å Ù �]U	8;>X>�AR:VC � 163SW9C�É�Ï68,±VÁ;Æ,Æ6Æ+5�±JA,Ãé1654WS8;3Kc,M;8�WS243	N\8;WFW9MOY'248;:VN\8;W a]� 8\7K798�3 � ?6>=8�M\7�AR54>=<=7Y[248,±+WS243é24:´^ � ^_8"543K<X:�C IÄ��� � ±+>=8":416^f543S8�C I A+C(8;:4<=:48'ÂÈA'Ãt7S8;:VCN� � 793S8">=8�^ � ^�8�Y[248">X8":41,^ 543S8C(8f7 � É�^�<X:48©Âç7PÃP±r8\7@Y[248´>=8�:416^f5(3S8�C(8_N�É]7916WS<X:48©ÂÈNxÃ�8;WK7�043S1]N � 8_C(2 :416^f543S8�C(8´?62`A+:4<=:48�Â|?]Ã a� A+:4W@N\8_NOARWO±²>ZAjÎç16:VNP7S<X16:bC(8�W9N\163S8�:48�WS8;39Aj0`ARW@5(<	�8ONP79<gc'8,±²8\7�>QA¬W9M;Y[248;:VN\8_C(8;W�WBNP1,3K8;WÛY'24< 8;:C(MON\1624>=8@:48�WS8;3BAf0`A+W � A+3KÏ,1xc�<=8;:4:48 a
¸N[�� � q/_jã�b¥d�kA2Æb�^fd�q�kmÒ�ef` l�Óxeß_ai<l<i�Ò�n?_ai�b�^ d�ktr n�`�_ji�^fu�n�l�k
� 8\7K798ÛAR04043S1]N � 8@8;WK7�ÎQ1,:VC�M;8@WS243�>X8;W�7939AOc6AR2 � C(8 � 3K24^ 8\7$A+> a Â�ÁOÆ6Æ - Ã"NP1,:VN\8\3S:`AR:[7�>QA�C(<=WK793K< &542(7S<X16:�C I 24:©^_1+7�C(16:4:4M@CVA+:4W�24:48@N � A10Q:48@C(8�^�AR3SÏ61oc a
D :³C(M��4:4<=7�>ZA��V>g7939AR7S<X16: F = (Fk) 1F© Fk 8\WS7�>ZA σ & A+>=? � 543S8�8;:4?68;:VC(3SM;8�0`A+3 X1, ..., Xk

aD :³C(M��4:4<=7�M;?'AR>X8;^�8;:[7�>ZA´Îç16:VNP79<=16:�WS24<gc,AR:[798 ∗ T
G : Am+1 → R

(Xk−m, ..., Xk−1, Xk) → log
3 −

(Xk−m...Xk−1,Xk)3 +
(Xk−m...Xk−1,Xk)

.

� 16^_^_8ÛAR240`AR3BA;c6A+:[7O±40�1,243�24: l > 0 Y[248;>XN\16:VY[248LT
i+l∑

k=i

G(Xk, ..., Xk+m−1, Xk+m) = log
P̄(Xi+m, ..., Xi+l+m|Xi, ..., Xi+m−1)

P(Xi+m, ..., Xi+l+m|Xi, ..., Xi+m−1)
.

Ï@vxp�� p�wxnZkonQprq K E Q ô Ò{·BÑRÒ(½�»�¼�ôPÔ9¿�¶]Òá¿ ·Bï4Ö�,çÒá¿Û¼'¿ ø{ÖoÔ¢÷,ÑoõÛ½P× Ö+×Ø»�ÑRÒ4ÒáÖR»çÔ9¿ ¿P×E¿PÔ�â[Ñx¼R»�÷P¶V¿x¹ Ý Ò³¶�×Ø»|ò¸J»Z½OÖRÒ`×E¸=¿B½f¼'íØðéÒV»|×Ø»ÈÑRÒ4½f¿\×FÒáÑ+×ÖR×Ø»�ÑRÒ4½ ·P»|òK¼,¿�½B½�¶]½BöE¿\×"¿PÒb¼'í|ð ÒV»Q½B½;ÖRÒ`×�ç
Mn =

1

n−m
∑

(u1,...,um,v)∈Am+1

(N1n(u1...um, v)−N1n(u1...um) 9 +(u1...um, v)) log
9 −(u1...um, v)

9 +(u1...um, v)

∗G(Xk−m, ..., Xk−1, Xk) = Yk
»ª¶�¹\±´³¾½È³¾Å´¯¢¶�±c½¾»ªÅ�¶1µ¢±Ô¯²±�³¾µ�¶&Å&[�¬®ª«xª·&»ª¶�±�»ªÅ
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ÖRõ6¿B·
m 6 n

ö
Mn

·9ÑRÒVõ6¿PÔ�â[¿©¿PÒ�¸=Ño»�õ6¿PÔB½L¶�Òá¿©¼R»Q½P×ØÔ�»���¶(×Ø»�ÑoÒ¡â[ÖR¶[½B½�»�¿PÒ4Òá¿©·B¿PÒ`×ØÔ9íB¿�ö�¼'¿�õ6ÖRÔ�»�ÖRÒr·B¿
σ2
G

ö"÷P¶`ÖoÒá¼
(j − i) × ¿PÒá¼�õ6¿PÔ�½@¸�7 »QÒxð ÒV»Zö�Öoõ6¿B·

σ2
G =

∑

(u1...um,v)∈Am+1

µ(u1, ..., um) 9 +(u1...um, v) log
9 −(u1...um, v)

9 +(u1...um, v)
(

log
9 −(u1...um, v)

9 +(u1...um, v)
−
∑

w∈A
9 +(u1...um, w) log

9 −(u1...um, w)

9 +(u1...um, w)

)
.

Ï@vxl�u�}�lLE� 16243FAR>X>=M;?68;3 >=8;W MON\3K<=7S243S8;WO±+16:�WS8�0(>QA+N\8�CVAR:4W >=8�NOARW 1F© m = 1
a6� A$?,M;:(M;3BAR>X<=WBAR7S<X16:�8;WS7éM\c�<XC(8;:[798 a� AfWK7�Ao79<=WS7S<XY[248 Mn

WS8�3SM;MON\3K<g7�C(8�>QA´Î|A � 16:©WS24<=c6AR:[798_T

Mn = (n− 1)−
1
2

n∑

k=2

G(Xk−1, Xk)− E[G(Xk−1, Xk)|Fk−1]

� :©8��r8\7x±
n∑

k=2

G(Xk−1, Xk) =
∑

(u,v)∈A2

N1n(u, v) log

3 −(u, v)3 +(u, v)

8\7
n∑

k=2

E[G(Xk−1, Xk)|Fk−1] =
∑

(u,v)∈A2

N1n(u)
3 +(u, v) log

3 −(u, v)3 +(u, v)

D :�C(M��V:4<g7�>X8�7BA+54>=8xAR2©7S3S<ZA+:4?624>ZA+<=3S8�W924<gc6A+:'7ÛT
ξn,k =

1√
n− 1

Zk

A;c'8ON
Zk = G(Xk−1, Xk)− E[G(Xk−1, Xk)|Fk−1]

= log

3 −(Xk−1, Xk)3 +(Xk−1, Xk)
−
∑

v∈A

3 +(Xk−1, v) log

3 −(Xk−1, v)3 +(Xk−1, v)

D :�AR>=1,3SW
Mn =

n∑

k=1

ξn,k

=
1√
n− 1

n∑

k=1

Zk
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� AR:4W@24:{043S8;^_<=8;3�7S8;^_04WO±²1,:{^_16:[7S3S8�>ZA©N\16:[c,8;3S?68;:VN\8�c,8;3SW�>QA�C(<=WK793S<=542(7S<X16:ä?'A+24WSWS<=8;:4:48
�> I AR<ZC(8@C�2�7 � M;163 � ^�8@C(8�>QAf>=<X^�<=7S8@N\8;:[7S3BAR>X8�WS243�>=8;W�^�AR3K7S<X:(?[AR>X8\W aV� 16243�AR0404>X<XY[248;3�NP8�7 � M;163 � ^_8,±<=>"W92-�_7_Y[248 {Zk, k > 1} ÎQ1,3K^_8j24:48�WSMOY[248;:4N\8�8;3S?61�C(<XY[248�WK7�Ao79<=16:4:`A+<=3S8j7S8;>X>=8©Y[2(8 E[Z2
1 ] =

σ2 <∞ ±(8\7 E[Zn+1|Fn] = 0
a� ALWK7�Ao79<=1,:4:VA+3S<g7SMf8\7�> I 8;3K?,1]C(<XN\<g79M�C(8f>ZA¬N � A&0Z:48´C(8;W Zk 8;WK7@ARWSWS243SM;8f0`AR3 N\8;>X>=8´C(8f>QA�N � A10Z:48C(8 � AR3SÏ,1xcjWS1,2(W & �KA+N\8;:'798 a� 16243�> I 8;WS0�M;3BAR:VN\8ÛNP1,:VC(<g79<=16:4:48;>=>X8,±V16:³A�T

E[Zn+1|Fn] = E[G(Xn, Xn+1)|Fn]− E[G(Xn, Xn+1)|Fn]

= 0� 8 04>=24WO± Z2
1
0�1,WSW � C(8f24:(8´C(<=WK793S<=542(7S<X16:ÞC(<XW9N\3 � 798á�LWS24040�163K7>�V:4< a²
 1,:�8;WS0�M;3BAR:VN\8 8;WK7�C(16:VN

�V:4< a
I ~��çm[ut�!stl

σ2
G

σ2
G = E[G2]− E[E[G|Fk−1]2]

E[G2] =
∑

(u,v)∈A2

(
log

3 −
(u,v)3 +
(u,v)

)2

µ(u)
3 +(u, v)

8\7 E[E[G(Xk, Xk−1)|Fk−1]2] =
∑

u∈A µ(u)

(∑
v∈A

3 +(u, v) log
3 −

(u,v)3 +
(u,v)

)2

C I 1F©©>=8@3KM;WS24>g7�AR7�793S162(c'M a
��w�� wxv ¡ ��|$þ � ���údÿ$ýrú � � údý �µ£+�P�ó�$ü�z�ýDÚ�úM�>�Fü ��ýRz ü4ú �Ôz�ýR���
� 8\7K798©AR04043K1�N � 8j0`AR3f^�AR3K79<=:4?'A+>=8�N\163S3K8;WS0�1,:VC��³2(:48jÎç16:VNP79<=16:§C(8jW9N\163S8¬0`A+3�79<XN\24>=< � 3K8 a � :8��r8\7x±,1,:L0�8;2(7!ÎQ1,3K^�A+>=<=WS8;3	>X8�043S1654> � ^_8�C(8�>ZA�^ � ^_8�ÎØA � 1,:�Y[248�0�1,243	>=8�W9N\163S8�>X1]NOAR>�8\:�2(7S<X>=<=WBA+:[7>ZA´Îç16:VNP79<=16:³C(8�W9N\163S8�WS24<=c6AR:[798_T

s2 : Am+1 → R
(Xk−m, ..., Xk−1, Xk) → G(Xk−m...Xk−1, Xk)− E[G(Xk−m...Xk−1, Xk)|Xk−m...Xk−1].D :�0�8;2(7�8 � 04>=<ZNP<=7S8;3�N\8\7K798�Îç16:VNP7S<X16:bT

s2(u1, ..., um+1) = log

( 3 −(u1, ..., um+1)3 +(u1, ..., um+1)

)
−
∑

w∈A

3 +(u1, ...um, w) log

( 3 −(u1, ..., um+1)3 +(u1, ..., um+1)

)
.

� AR:4W�>ZA�043S1654> � ^�Ao79<XY[248 C(2�W9N\163S8@>X1]NOAR>�±V1,:³N � 8\39N � 8@>=8ÛWS8;?6^_8;:[7$Y[2(<d^�A � <=^_<=W98@>ZA�WS1,^�^_8C(8_WS8;W@W9N\163S8;W@M;>=M;^_8;:[7BA+<=3S8\Wx±²0`A+3K^_<é791624W@>=8;W@W98;?6^_8;:'79W@0�16W9WS<=54>=8;W at� N\<È±�>ZA�WK7BAR7S<XWK79<XY[248 Mij
8;WK7M;?'A+>=8ÛA+2�WBNP1,3S8�C(2©WS8;?,^�8;:[7 Xi, Xi+1, ..., Xj

3S8;:(1,3K^�A+>=<=W9M�0VA+3�>QAf3BA+N\<=:48@NOA+3K3SM�C(8�W�Af>=16:4?,2(8;243Â��f> I 1639C(3S8@C(8�>ZA�N � A&0Z:48ÛC�8 � AR3SÏ,1xc¬043 � W�Ã a� N\<È±�> I 8;WS0�M;3BAR:VN\8�C(8�>ZA Îç16:VNP79<=16:�C(8 W9N\1,3K8 s2
8\WS7�:]2(>X>=8 a4� 8;W"3SM;WS24>g7�Ao79W�ÎQ1,3K^f24>=M;W�0`AR3 � A+2VC(<=:8\7�AR> a Â )+*,* À[ÃF8\7 � 7S<X8\:4:48_Â )+*6*') ÃP±�8\7"3BAR040�8;>XM\W�0`A+?68 Ú,Ù ±(C(16:4:48;:[7�>QAÛ>X16<²C(2jW9N\1,3K8 >X1]NOA+>²CVAR:4W�N\8



K E , E $ i'ko�dp�sdl ¦ prqtsti[l�wxutv¬�´'Xu�kon|�|n|w;~(konQprq stlÞz{~VvOkonØq�y�~`�Ql  L J

NOARWO±'8\7	^_16:[7S3S8;:[7F8;2 � AR24W9WS<`Y[248�>QA�:4163S^�AR>=<XWBAo79<=1,:�CVAR:4W!N\8�NOARW!C(16<=7 � 793K8�8��r8ONP7S24M;8�8;:LÎç16:VNP79<=16:C(8�>ZA�39A6N\<=:48©C(8j>QA�>=16:4?,248;2(3_C(8�>ZA�WSMOY[248;:VNP8,±é8\7�:416:§8;:¢Îç16:VNP79<=16:HC(2§>=16?[AR3S<g7 � ^�8©C(8©NP8\7S798>=1,:4?6248;243�N\16^_^_8�>=163SW9Y[248�> I 8;WS0�M;3BAR:VN\8ÛC(2©W9N\163S8�8;WK7�:4M;?'Ao79<gc'8 a
��w�� w�� > |�ú�����|�úO� ��þ#û |��x���(þxzFÿ>�
� 8�542(7�C(8;W�WS<=^f24>ZAo79<=1,:4W�8;WK7ÛT
Á a�� 792VC(8´C(8 wO�éi]m[nm��m[nZkOi T � 043K1,2(c,8;3 >ZAjY'2`A+>=<g79M�C(8f> I AR04043S1 � <=^�AR7S<=1,: :4163S^LA+>=8�C(8 M1n

8\7C�2�0`AR3BAR^ � 7S3S8@C(8�c6A+3K<QAR:VN\8 σ2
G
WS1,2(W H0

8;:©Îç16:VNP79<=16:³C(8
Â�A,Ã¬>QAf>X16:4?6248;243�C(8�>QA´N � AR<X:48 nÂ|5�Ã¬>QA¬^LAR793K<XN\8_C(8´7S3BAR:4WS<=7S<X16: P+ ÂØ8P7�>QAjC(<=WS7BA+:4N\8�8;: c6A+3K<ZAR79<=16: 791+7�AR>X8 d 8\:[793S8 P+ 8\7

P− Ã) a�� 792VC(8@C(8 w;l�qtwxn+*�n|�|nZkOi T � 16^_0�163K798;^�8;:[7�C�8 Mij
WS1624W H1

8;:©ÎQ1,:VNP7S<=1,:�C(8
Â�A,Ã¬>QAf>X16:4?6248;243�C(8�>QA´N � AR<X:48 nÂ|5�Ã¬>QA�^�Ao793S<XN\8 C(8@793BAR:4WS<g79<=1,: P+ ÂØ8P7$>QA_C(<XWK7BA+:VN\8Û8;:³c6AR3S<ZAR7S<X16:�79167BA+>=8 d∗ 8\:[793K8 P+ 8\7

P− ÃÂØNxÃ¬>QA³>X16:4?6248;243�ÂÈA+54WS16>X248 l 8\7�3S8\>QAo79<gc'8 r = l/n ��>ZA�>=1,:(?,248;243f791+7�AR>X8xÃfC(2¢WS8;?6^_8;:[73S8\7S1,243K:4M� 8;W W9<=^ 24>QAo79<=16:4W�0�8;2(c,8;:[7�M;?'A+>=8;^�8;:[7�0�8;3S^�8\7S793K8´C(8´C(M\798;NP798;3 2(:48´8\3S3S8;243 C(8f043S16?63BA+^�^�Ao79<=1,:C(8;W�A+>=?61,3K<=7 � ^_8;W a
Ï�~`vx~`z(�'kxvxl�w � 16:4?,248\243�C(8�>ZA´WSMOY[2(8;:VN\8 n : 100, 1000� 1,:(?,248;243�C(2©WS8;?6^_8;:[7�3S8\7S1,243K:4M l : 20, 200 ÂØ0�16W9<g79<=16:4W�3S8;WS0�8ONP7S<=c,8;WÛÁ * & À * 8\7@Á *6* & À *,* Ã

∗d(P, P ′) = 1
2

∑
(u,v)∈A2 |µ(u)P (u, v)− µ′(u)P ′(u, v)| Ä·�¸ µ�B d(P+, P−) = 1

2

∑
(u,v)∈A2 |µ(u)P+(u, v)− µ(v)P−(v, u)|
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P+
1 =




.3 .2 .2 .3

.2 .3 .3 .2

.2 .3 .3 .2

.2 .2 .3 .3


 P+

2 =




.3 .2 .2 .3

.2 .3 .3 .2

.1 .4 .4 .1

.2 .2 .3 .3




d(P+
1 , P

−
1 ) = .123 d(P+

2 , P
−
2 ) = .254

P+
3 =




.5 .1 .1 .3

.3 .2 .1 .4

.1 .2 .05 .65

.7 .1 .1 .1


 P+

4 =




.6 .1 .1 .2

.2 .5 .2 .1
.05 .05 .4 .5
.1 .4 .2 .3




d(P+
3 , P

−
3 ) = .332 d(P+

4 , P
−
4 ) = .491

P+
5 =




.3 .2 .2 .3

.3 .1 .3 .3

.1 .2 .05 .65

.7 .1 .1 .1


 P+

6 =




.1 .2 .2 .4

.5 .2 .2 .4

.8 .1 .05 .05

.2 .4 .3 .1




d(P+
5 , P

−
5 ) = .580 d(P+

6 , P
−
6 ) = .682

= i�wxut�QkO~(kxw_stl]wLwxn|zÞu��Q~(kRnQprqtw
7 l]w@kxvx~Vm,l]w
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1
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√
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2 , P

−
2 ) = .254 Ã a[� 8;WEWS8;?6^_8;:[79WEC(8�>=1,:4?6248;243 )6* WS16:[7E04>=24W"C(<.�LN\<X>=8;^_8\:[7"^_<=W!8;:¬MPc�<ZC�8;:VN\8 a
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P1 (d = .123) P2 (d = .254) P3 (d = .332)
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 1,24W H0
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a
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C(<.�áM\3S8;:VN\8,±"16:å2(7S<X>=<=W98 >X8Þ7�AR2 � C I 8;:[793K1,0(<X8 Er C(8 >QA¢N � A&0Z:48 X+ 3S8;>ZAo79<gc'8Í�¡>ZA¢N � A10Q:48 X−Â � 1xc'8;3�A+:VC ��� 1,^�ARWO±�Á;Æ6Æ4ÁxÃ T
Er(X−, X) =

∑

u,v∈{a,c,g,t}
P+(u, v) log(

3 +(v|u)/
3 −(v|u))

Er 8;WK7@0�16WS<=7S<XÎ	8\7@04>=24W@N\8\7K798_Y'2`A+:[7S<=7SM�8;WK7�M;>=8\c'M;8,±²0(>X24W�>ZAjN � A10Q:48_C(8 � AR3SÏ61oc�8;WK7��#1,3K<X8\:[79M;8�� a� 1+7916:4WEY[2 I <=>�8 � <XWK7S8�M;?'AR>X8;^�8;:[7"C I A+2�793S8;W	^_8;WS243S8�C(8�C(<=WK7�A+:4N\8�W9M\0`A+39A+:[7!C(8;2 � N � A10Z:48;WEC(8 � AR3 &Ï,1xc a�� AR3�8 � 8;^_04>=8,±`>ZALC(<=WK7�AR:VN\8Û8;:�c,AR3S<ZAo79<=1,:�791+7�AR>X8 D(X−, X) = 1
2

∑
u,v∈{a,c,g,t} |P+(u, v)−

P−(u, v)| ±rY'24<tc6A+3K<X8 8;:[793K8 * 8\7´Á,±�8;WK7 24:(8f^_8;WS243S8fN\>ZARWSW9<XY[248 aá� :48´A+2�793S8 ^_8;WS243S8´AR04043S16043K<XM;8CVAR:4Wj:4167S3S8ÞNOA+WjWS8;39A+<g7 M(X−, X) = maxu,v∈{a,c,g,t} log(
3 +(v|u)/

3 −(v|u))
a�� 8;Wj^_8;WS243K8;W0�8;2(c,8;:[7$C(<gc'8;3K?,8\3�>X163SW9Y[248�> I 1,:³N\16^_0`AR3S8@>=8ÛC(8;?63SMÛC I 1,3K<X8;:'7�Ao79<=1,:³C(8ÛC(8\2 � N � A&0Z:48;W�C(8 � AR3SÏ,1xcC(<.�áM\3S8;:[7S8;W¬CVA+:4W�N\8;3K7BA+<=:4W¬NOARW�0`AR3K79<XN\24>=<=8;3SWÞÂ|c'16<=3 � < ÂKÁ;Æ,Æ(ÁxÃ�0�16243L8 � 8;^_04>=8oÃ aE� 8ON\<�8 � 04>=<XY[2480�162439Y[2416< 24:48Þ^_M\7 � 1�C(8{A+0(04>X<XY[24M;8Í�b24:48 N � A10Q:48 C(8 � AR3SÏ61oc�0`A+3�79<XN\24>=< � 3K8 0�8;2(7 � 7S3S8Þ04>=24W0424<=WSW�AR:[7S8 Y'248@>ZA�^ � ^�8@^_M\7 � 1�C(8 AR0404>=<XY[24M;8��´24:48 A+2(7S3S8ÛN � A&0Z:48ÛC(8 � A+3KÏ,1xcá±4^ � ^_8�WS<tNP8\7S798C(8;3K:4< � 3K8 WS8;^ 54>X8Û04>=24W���163S<=8;:[7SM;8�� aá� 8;0�8;:VCVAR:[7$>X8\W C(<.�áM;3K8;:[7S8;W$^_8;WS243K8;W$N\1GFÈ:VN\<XC(8;:[7 162³W916:[7�>=M &? � 3S8;^_8\:[7jC(<.�rM;3S8;:'798;W¬WS243L>QA{^_1]C(M;>=<XWBAo79<=1,:èC(8³WSMOY'248;:VN\8;W¬54<=16>X16?,<XY[248\W aE� 1+791,:(WjY[2(8 Er 8;WK7M;?'A+>=8;^_8;:'7	> I 1,040�16WSM�C(8�> I 8;WS0�M;3BAR:VN\8�C(8�>ZA�Îç16:VNP79<=16:�C(8�W9N\1,3K8 Yi >X163SW9Y[2 I <=>V: I É_A 0`A+W	C(8�WS8;?,^�8;:[73S8\7S1,2(3S:4M a`� 1,24W�N\16:4WS8;3Kc'8;3K1,:(W�N\8\7�<=:VC(<XNOAo798;243�N\1,^�^_8�24:©3SM\W92(^_M@C(2�C(8;?63SM@C I 163S<=8;:[7BAR79<=16: a

I �dprn¨A³stl]w��t~Vvx~�z(�'kxvxl]w � 16243t1654W98\3Kc'8;3�NP1,^_^�8;:[7�>=8;W�^_M\7 � 1�C(8;W�WS8!N\16^_0�1,3�798;:[7O±x1,:ÛWS<X^ 24>X8Á *,*6*,* N � A&0Z:48;W�C(8 � AR3SÏ,1xcá±�CVAR:4W >=8;W9Y[248;>=>=8;W�16:�<=:[793S1]C(24<g7 M\c'8;:[7S248;>=>X8\^_8;:[7 24:�3S8\7S1,243K:48;^_8;:[7 aD :�N � 16<=W9<g7�C(2439A+:[7�>QAfW9<=^f24>ZAo79<=1,:�C(8@N\16:[793ªÖ,>=8;3�7S3S16<XW�M;>=M;^_8;:[7SW�0�8;3�79<=:48;:[7SWÛT
Á a >ZA´>=16:4?,248\243�C(8�>ZA´WSMOY[248;:VNP8@^�AR3SÏ61oc�<=8;:4:48) a >ZAf7BA+<=>=>X8@C(2©W98\?,^_8;:'7�3K8\7916243S:4M
À a >=8;W�0`A+39A+^ � 793S8\W�C�8@>ZA�N � A&0Z:48ÛC(8 � AR3SÏ61oc� 8@043K8;^_<=8;3�M;>=M;^_8\:[7x±V>ZA�>=16:4?,248;2(3$C(8@>ZA�WSMOY[248;:4N\8Û^�AR3SÏ,1xc�<=8;:4:48@WS<=^f24>=M;8,±4: I 8;WK7�0`ARW�N\8;:4WSM3S8µ*4M\798;3�>QA�7�AR<=>X>=8�3SM;8;>=>=8_C(8;W@WSMOY'248;:VN\8;W�54<X16>=1,?6<XY[248,±²^�AR<XW@N\8;>=>=8LC I 24:48�WSMOY[2(8;:VN\8LCVAR:4W�>ZA6Y'248;>=>X824: � É�0�1+7 � M\7S<ZY[248�3S8\7S1,243K:48;^_8;:[7!0�16243S39A+<g7"A+040`AR3BA10X793S8 a�� 1624W!N\1,:4WS<XC(M;3K1,:4WEC(8;W!WSMOY[2(8;:VN\8;W!^�AR3 &Ï,1xc�<=8;:4:48;W�C(8�793S16<=W�>X16:4?6248;243SW n = 1000 ± 5000 1,2 10000

a� 8�WS8ON\16:VC�M;>XM;^�8;:[7�8;WK7�>ZAf7BA+<=>=>X8@C(2©3S8\7916243S:(8;^_8;:[7�<=:[7S3S1]C(24<=7�CVAR:4W�>QA´WSMOY'248;:VN\8 a`� 24<=W9Y[2 I <=>8 � <=WK798�0�8;2_C(8"793BA;c6AR2 � WS243 >=8�WS2F�8\7x±+>X8;Wé7�AR<X>=>=8;WFWS24<gc,AR:[7S8;W�T l =
- ±(Á * ±4Á - ± )6* ± )6- ±6À * ± Ú,* ± -+* ± e+- ±Á *,* 8P7ÛÁ -+* 16:[7�M\79M@N � 16<=W9<=8;W�8\:�A+N;N\1639C�AOc,8ON�> I <=:[7924<g79<=16:³C(8�54<=1,>=16?,<=WK798ÛC(8 � A+:4<=8;>�� 16>XC(WS7S8;<=: a� 8�793K1,<=WS< � ^�8�M;>=M;^_8;:'7¬N\16:VN\8;3K:48³>=8�N � 16< � C(8\WL0`AR3BAR^ � 793K8;W�C(8©>QA{N � A10Z:48³C(8 � AR3SÏ,1xc¢WS< &^f24>=M;8_8P7ÛWS1,:äC(8;?,3KM_3S8;>ZAR7S<XÎ"C I 1,3K<X8\:[7�Ao79<=1,: atD :bN � 16<XWS<g7 Å�^�AR7S3S<XN\8;WÛC(<.�rM;3S8;:[7S8;W C�8_7S3BAR:4WS<=7S<X16: a� A 043K8;^_< � 3S8 8;WK7�>ZAf^LAR7S3S<XN\8�NOA+>XN\24>=M;8�WS243">ZA W9MOY'248;:VN\8 .�����& Á a(� >áWS8$793K1,2(c,8�Y[248,±(N\16^_0`AR3SM�A+2 �AR2(793S8\W 163S?'A+:4<=WS^_8;WO±+>ZA$WSMOY[248;:VN\8�C IÄ��� � C(8 .�����& ÁE8;WK7 04>=2(7²Ö+7F163S<=8;:[7SM;8 a,� :4WS24<g798,±+0�16243éM\7924C(<X8;3> I <=:+*V248;:VN\8ÛC(2�C(8\?,3SM@C I 1,3K<X8;:'7�Ao79<=1,:�±416:�NOA+>XN\24>=8@>=8;W�^LAR7S3S<XN\8;W�W924<gc6A+:'798;W

3
p = p ∗ 3 + (1− p) ∗ 3 −
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1F© p > 0 ± 3 8;WK7j>ZAb^�AR7S3S<XN\8ÞC(8Þ>ZAbWSMOY[248;:VNP8 .�����& Á�8\7 3 − 8;WK7j>ZAb^�AR7S3S<XN\8ÞC(8�>QAÜN � A10Z:48N\16^_04>=M;^_8;:[7BA+<=3S8�<=:[c'8\3SWSM;8 a[� A c6A+>=8;243 p = 1 N\163S3S8;WS0�16:VCLC(1,:VN���>ZA@N � A10Z:48$C(8 � AR3SÏ61oc´<=:4<=7S<QAR>=8,±8\7é>ZA�c6A+>=8;243 p = 0.5 N\1,3K3S8;WS0�16:VC���>ZA$N � A10Z:48�C(8 � A+3KÏ,1xcÛ043S8\WBY'248"3KM\c'8;3SWS<=54>=8 a6� >=24W p 8;WK7é043S1]N � 8C(8 * a - ±�^_16<X:4W >ZA�N � A10Z:48f8;WK7�163S<=8;:[7SM;8 a²� 1,2(3 p ±�:41624W�N � 16<XWS<=WSW916:4W >X8;W$c6AR>X8\243SW WS24<gc,AR:[798\W´T p =* a - ± * a Å4± * a e ± * a Ù ± * a Æ4±áÁ a * ±áÁ a Á,±áÁ a ) ±áÁ a À(±áÁ a Ú 8\7�Á a - aVD :¬c'M;3S<.�V8�Y[248 3
p
C�8;^_8;243S8 24:48 ^�Ao793S<XN\8C(8 � A+3KÏ,1xcL0�16243"N\8;W!c,AR>=8;243SW�C(8 p ÂØ< a 8 a >X8;WEM;>=M;^_8;:[7SW�C(8 3 p W916:[7E0r16WS<g79<=ÎçW"8\7"<=:4ÎçM\3S<=8;243���ÁoÃ a�� 87�AR54>=8xA+2 - a ) 043KM;WS8;:[798@C�<¡�rM;3S8\:[798;W�^_8;WS243S8;W�C I 163S<=8;:[7BAR7S<X16:©0�1,243�N � A6Y'248�c6AR>X8;2(3�C(8 p a

0 * a - * a Å * a e * a Ù * a Æ  E M� AR2 � C I 8;:'793S1604<=8@3K8;>ZAR7S<XÎ 7.10−4 4.10−3 * a * Á * a * À * a *,- M E M J� <XWK7�AR:VN\8�8;:�c6A+3S<ZAo79<=1,:�791+7�AR>X8 * a *,) * a * Å * a Á ) * a Á e * a ) À M E # ¤� A � <X^ 24^ªC(8 Yi * a Á ) * a Á;À * a À(Á * a -6) * a eoÚ M E J Q
0 Á a Á Á a ) Á a À Á a Ú Á a -� AR2 � C I 8;:'793S1604<=8@3K8;>ZAR7S<XÎ * a Á ) * a Á e * a ) À * a À * * a À Ù� <XWK7�AR:VN\8�8;:�c6A+3S<ZAo79<=1,:�791+7�AR>X8 * a À Ú * a À6Æ * a Ú6Ú * a Ú Æ * a -RÚ� A � <X^ 24^ªC(8 Yi Á a ) À Á a -6) Á a Ù'e ) a À ) À a *,)

�h�j��� - a ) Ç � <.�áM\3S8;:[7S8;W ^_8;WS243K8;W�C I 1,3K<X8\:[7�Ao79<=1,:�0�1,243 C(8;W�N � A&0Z:48;W�C(8 � AR3SÏ61oc�C(8f^�Ao793K<ZN\8fC(87939A+:4WS<g79<=16: 3
p = p ∗ 3 + (1− p) ∗ 3 − 1�© 3 8\WS7�>QA´^�Ao793K<ZNP8@8;WK7S<X^_M\8@WS243�>ZA´WSMOY[2(8;:VN\8 .�����& Á a� Afc6AR>X8;2(3 p = 1 N\163S3S8;WS0�16:VC �f>ZA´WSMOY[248;:VN\8 .�����& ÁLÂØN\1,>=16:4:48@8\:�?63BARW�Ã a

�	I A+040(3S1�N � 8�0`AR3a�#Îç8;: � 7S3S8�?6>X<=WSWBA+:[7S8���:4M;N\8;WSW9<g798�24:48�W90�M;N\<¡�`N;AR7S<X16:jA 043S<=163S<VWS243F>ZA 7�AR<=>X>=8�C�8�>ZAÎç8;: � 793S8 a4D :�N � 16<XWS<g7�>X8\W"7BA+<=>=>X8;W"WS24<=c6AR:[798;W�T w = Á * ±áÁ - ± )6* ± )6- ±�À * ± Ú,* ± -6* ± e+- ±rÁ *6* 8P7�Á -6* a(� A7�AR<=>X>=8 - : I 8;WK7�0VA+W�043S<=WS8Û8;:³N\16^_0(7S8 N;A+3�CVAR:4W�N\8 NOARWO±V> I 8\3S3S8;243�C(8@7É�0�8 � :48@0�1,243K3BAR<=7�0`ARW � 7S3S8N\16:[793K1,>=M;8ÛA;c'8ON�A+WSWS8;Ì�C(8�043KMON\<XWS<=16:�±VN\16^_^_8�<=>X>=24WK793KM�WS243�>QA��V?6243S8 - a Ú 0`AR?,8_Á;À(Á aV� A+:4W�N � A6Y'248NOARWO±�Á *6*6*,* WS<=^f24>ZAR7S<X16:4W�16:[7�M\79M�8��r8ONP792(M;8;W aD :�N � 16<=WS<=7$C(8ÛN\1,:(W9<XC(M;3K8;3�24:48@8;3S3K8;243�C�8@7É�0�8 � � � M A´043S<=1,3K<�±V:41+79M\8 α a�� :4W92(<=7S8,±V24:�W98;2(<X>N\163S3S8\W90�16:VCVAR:[7é8;WK7éNOAR>ZN\24>=ME0�1,243�N � A+Y[248E^_MP7 � 1�C�8 aR� 0`AR3K79<=3�C(8"N\8;>=24< & N\<�±o7S3S16<XW�<X:VC(<XNOAo798;243KWéWS16:[7N\16:4WK793S24<g79W�0�16243�3SM;WS24^_8;3�>=8;W�WS<=^f24>ZAR7S<X16:4W@T4>ZA ��u�nçwOw;~`qtm,l ±4>ZA w;l(qtwxnZkonZ}tnZkOi 8P7�>QA wO� i]m[nm��m[nZkOi�a� A�042(<XWSWBA+:4N\8´8;WK7�>ZA�043S160�163K79<=16: 8;^_04<=3S<XY[248´C(8fWSMOY[248;:VN\8;W�WS<=^f24>=M;8;W W91624W H1
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]1^�_a`�bdc@e�_�fhgG_@_�ikj�^kl�m�n"okl�okc/prqs^ktu^kl�mvj�^k_an"okl�gGt�^k_aqsbdl�o�prbdc@^k_ ± pw`"^wxye�lzj�^knGc@o&j|{�gGc@bd^kl�m�p�m�bdgGlc@^kq}p�m�b~`�^kt�^�l�m�okqd^�`"o�fWp�c�c/prf�fhgGc�m�pre��u_@ow��e�^kl�x�^k_��WpGx�m�okc@bd^kl�l�^�_�����l�pa`�e�pre�fWp�c�p�nGc/prf���^�f�c@owxLoL�j�^kl�m���e�^aqd^�j�^knGc@o�j|{Zg"c�bs^�l�m�p�m�bdg"l�j�e6nGokl�gGt�^a^k_�m Î g"cDm�^kt�^�l�m�qsbdo � q	p�f�e�bd_�_/prl�x�^�j�^aq}pyt�o�m@��g�j�^j�^?j�o�m@^wxLm�bdg"l|��]�{Zo�m�e�j�^y_@e�c�x�^k_anGokl�gGt�^k_ Î gGe�c@l�b~m�j�gGl�xye�l�xwpGj�c�^ Î pw`"g"c�p���qd^yfhg"e�c�q {Ze�m�bdqdbs_/p�m�bdg"lj�^y���D�a�]�{Z^kl�_@^kt?��qd^4j�^k_�_@ow��e�^kl�x�^k_�g"l�m�o�m@o�m�okqdowx/�Wprc@nGok^k_�_@e�c1qd^4_@^kcD`�^ke�c�j�e?�a����� Â ��p�m�bdgGlWp�q���^kl�m@^kc
Î gGc��4bdg�m�^wx/��l�g"qdg"n É ��l Î gGc@t�p�m�bdgGl Ã ���gGe�c�x/�Wp�x�e�l�^4j�^4x�^k_1_�ok��e�^kl�x�^k_ ± l�g"e�_ pk`�gGl�_�^k_�m�bdt�o�qd^k_1t�prm@c@bsx�^k_�j�^�m@c/prl�_@bdm@bsgGl�j�^�tug�j�ikqd^k_j�^?¡�prc Ï g�`¢j|{�gGc�j�c�^ Á�� Ú _�e�c�q�{�^kl�_@^kty��qs^yj�e�nGikl�gGt�^"�£��^k_�t�p�m�c�b}xL^k_�c@^kf�c�ok_�^�l�m�^kl�m�q}p�t�p�m�c@bsx�^
3 + j�p�l�_�qd^k_(j�o�`�^kqdgGf�fh^kt�^kl�m@_�m@��okg"c�b}��e�^k_(f�c@ok_@^kl�m@ok_(j�p�l�_�qd^k_(x/�Wprf�bdm@c@^k_�f�c@okx�owj�^kl�m@_��4�¤g"e�_
Î prbd_�gGl�_�j�g"l�x¤bdt�f�qdb}x�b~m�^�t�^kl�m�q�{�� É f£g�m���ik_�^���e�^�qd^k_4o�`�^kl�m@e�^kqd_�c@^�m@g"e�c@l�^kt�^kl�m�_���e�bW_@^�f�c@g�j�e�bs_@^kl�mj�prl�_�q}p�_@ow��e�^kl�xL^¤c@^kf�c�ok_@^kl�m�^�l�m�e�l�^ Î p�bd��qd^¤fWprc�m@bs^¤j�e�n"o�l�g"t�^�^�m ± fWprc�x�g"l�_�ow��e�^kl�m ± bdl * e�^kl�x�^�l�mj�^ut�p�l�bdikc@^&l�okn"qdbdn"^�pr��qd^�q�{�^k_�m�bdt�p�m�bdgGl¥j�^uq}p � `�c�p�bd^ � t�prm@c@bsx�^ 3 + �8�¤g"e�_¦j�^L`�gGl�_v_�gGe�qdbsnGl�^kcvbsx�b��e�^�qd^k_�j�o�`"^kqsgGf�fh^kt�^�l�m�_�m���okg"c�b}��e�^k_�f�c@ok_@^kl�m�ok_�f�c@owx�owj�^�t�t�^kl�m�xLg"l�_@bsj�ikc@^kl�m4��e�^�q}pat�p�m�c�b}xL^¤j�^m�c�p�l�_@b~m�bdgGl 3 + ^k_�m§x�gGl�l�e�^ ± ^�m�l�^�f�c�^kl�l�^kl�m�fWp�_�^kl?x�g"tuf�m�^4q}p�`"prc@b}pr��bdqsb~m�o�qdbso�^ � _@gGly^k_�m�bdt�prm@bsgGl8��¤o�prl�t�gGbsl�_ ± bdq�^k_�m�fhg"_@_@bd��qs^�j�^¤x�g"l�_@bsj�okc�^kc4��e�^¤q}p�t�prm@c@bsx�^�^k_�m�bdt�ok^�_�e�c�q	p�_@ow��e�^�l�x�^¤c@^kf�c�ok_@^kl�m�^qd^k_&f�c�g"�Wpr��bdqsb~m@ok_uj|{¨prf�fWp�c�bdm@bdg"l©j|{�e�l�^(qd^�m@m@c@^6x�gGl�j�b~m�bdg"l�l�^�qsqd^kt�^kl�m � _@gGl!x�gGl�m@^L��m�^ Â e�l�^�p�e�m@c@^qd^�m@m@c@^�fhgGe�cye�lªtug�j�ikqd^�j|{�gGc�j�c@^ ÁxÃ j�prl�_yq}p¢_@ow��e�^kl�x�^(xLg"l�_@bsj�okc@ok^ ± t�prbd_?��e�^(xL^�m@m�^�_@ow��e�^kl�x�^l8{�^�_@myfWpr_uprqdo�prm@g"bdc@^ � ]8^�t�g�j�ikqs^�bdl�j�bs��e�^(_@^ke�qd^kt�^kl�m&��e�^�_@b�q {Zg"l«x�gGl�_@b}j�ikc@^�e�l�^�fhg"_@b~m�bdgGl!p�e�Wpr_�prc�j�j�prl�_4q}p�_@ow��e�^kl�x�^¤^�m4��e�^¤q}pvqd^�m@m@c@^

u
p�f�fWprc/prb~m ± prqdg"c�_�q	p�f�c@gG�Wpr��bsqdb~m�o�j|{�gG��_@^kc�`"^kc�^kl�_@e�bdm@^q}p¤qs^�m�m�c@^

v
^�_@m§j�gGl�l�ok^�fWprc 3

(u, v) Â g © 3 ^k_�m q}p¤t�prm@c@bsx�^�j�^�m�c/prl�_@b~m�bdg"l&j�^4q	p�x��Wp 0 l�^�j�^�¡¬prc Ï g�`p � e�_�m@ok^�_@e�cuq}p¬_@ow��e�^kl�x�^ Ã ���l®pre�m�c@^�fhgGbdl�m�j�^6`�e�^¢x�gGl�_�bd_�m�^ � x�g"l�_�bsj�okc�^kc���e�^�q}p¬_@ow��e�^kl�x�^^k_�m�qd^�c�ok_@e�qdm/prm�j|{�e�l6f�c@g�x�^k_@_@e�_�j|{�o�`"g"qde�m�bdgGl¢x�gGt�f�qd^L��^ ± j�p�l�_�qd^w��e�^kq�qs^a�Wpr_/p�c@j(m�bd^kl�m�e�l�^�f�q}p�x�^bdt�fhg"cDm�prl�m�^ � j�^�xL^�fhgGbdl�m§j�^�`�e�^ ± q}p�x�gGt�fhgG_�b~m�bdgGl&j�^4q}p¤_@ow��e�^�l�x�^�fh^�e�m��´��m�c�^�x�g"l�_@bsj�okc@o�^�x�gGt�t�^prqso�p�m�gGbdc@^"�
��^k_�x�gGl�_@b}j�o�c/prm@bdg"l�_�gGl�m�j�^k_�x�gGl�_@ow��e�^kl�x�^�_�_�e�c�q}pu_@bdn"l�b � xwp�m�b~`�b~m�oyj|{Ze�l�^¦_�m�p�m�bd_�m�bs��e�^�xwprqsx�e��qdok^�_@e�cvq}p6_�ow��e�^kl�x�^ ± m�^kqdqd^���e�^ul�g"_¦tu^k_@e�c@^k_¦j�^�c@^Lm�gGe�c@l�^kt�^�l�m¦fWp�cv^���^kt�f�qd^"�1¯�l°^ � ^Lm ± j�prl�_qd^�f�c@^ktubs^kc¦f£gGbdl�m&j�^�`�e�^ ± q}p¢_@m/prm@bs_�m@b}��e�^�gG��m�^kl�e�^�_@e�c�q	p¢_@ow��e�^kl�xL^(j�g"b~m���m�c�^(x�gGt�fWprc@ok^(p�e��_�m�p�m�bd_�m�bs��e�^k_�g"��m@^kl�e�^k_y_@e�c¦m@g"e�m�^k_yqd^k_�_@ow��e�^kl�x�^k_?��e�b�f�c@o�_�^kl�m�^kl�myqd^k_�tN�kt�^k_�f�c�g"�Wpr��bdqdbdm@ok_&j�^
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_@e�xkx�^k_@_@bdg"lÉj�^6qs^�m�m�c@^�_�Ê ¹�¸1³ ½}±�½�¹£¸�¸8´�ËÌË	´�º°´�¸£± ) Ë	¿Í»k· ( ²1´�¸ Ê ´hÎ xG{�^k_�m�Ï¬j�bdc�^¢��e�b�j�gGl�l�^kc@gGl�m^L��p�xLm�^�t�^kl�mvq}p6t�Ðktu^&t�prm@c@bsx�^&^k_@m@bdt�ok^ 3ÒÑ ^kl°x�g"l�_@bsj�okc/prl�m¦e�l°t�g�j�ikqs^&e�l�bsÄ	g"c�t�^u_@e�cam�gGe�m�^k_x�^k_y_�ow��e�^kl�x�^k_�ÓL� ��g"e�c�e�l«tug�j�ikqd^6j�^6¡�prc@Ô"g�`ªj|{�gGc�j�c@^
m

Î g"lÕ_w{�bdl�m�o�c@^k_@_@^6j�gGl�x(Ï¢m�gGe�m�^k_yqd^k__@ow��e�^kl�xL^k_���e�b�xLg"l�j�e�bd_@^kl�m4pre��?t�Ðkt�^k_§l�g"ty��c@^k_�j|{�g�xkx�e�c@^kl�xL^¤j�^�m�gGe�_�qd^k_�t�g�m�_�j�^�m�prbsqdqd^
m+1��e�^�q}p�_@ow��e�^kl�x�^�x�gGl�_@bsj�okc@ok^?Å�gGl(fWp�c�qs^aj�^�t�g�j�ikqd^�Ö×_@��e�Ø�^LÙ/��Úaprl�_�qd^aj�^ke���bdikt�^�fhgGbsl�m�j�^�`�e�^ Îq}pv_@ow��e�^�l�x�^¤^k_�m4e�l�^¤c@o�prqdbs_/p�m�bdg"l�j|{�e�l�^¤x/�Wp�Û	l�^�j�^�¡�prc@Ô"g�`����4^kq}p�pvj�^ke��ubstuf�qsbsxwp�m�bdg"l�_w��]�p�f�c@^L�t�bdikc@^�^k_�m���e�^�q	p�t�prm�c�bsx�^�j�^4m�c�p�l�_@b~m�bdg"l?l8{�^k_�m§fWpr_�x�gGl�l�e�^ Î t�p�bd_§^k_�m§^k_�m�bdt�o�^ Î xL^���e�b�bdl�j�e�b~m�e�l�^x�^kcDm�prbsl�^&`Gp�c�b}p���bdqdbdm@o�j�^�x�^�m�m�^u^k_�m�bdt�p�m�bdg"l|�8]�p6j�^ke���bdikt�^�x�gGl�_�ok��e�^kl�x�^�^�_@m¦��e�^uq}p6_�m/prm@bs_�m�bs��e�^gG��_�^�c�`�ok^¦j�gGb~m Î fWprc¤x�g"l�_@ow��e�^kl�m Î Ð�m@c@^¦x�gGt�fWp�c�ok^�Ï&q}p&_�m�p�m�bd_@m@b}��e�^¦gG��m@^kl�e�^¦_@e�c�qd^k_�c@o�prqsbd_/p�m�bdg"l�_j�^ux�^�m@m@^�x��Wp�Û}l�^�j�^�¡�prc@Ô"g�` Ñ j�prl�_ve�l�^�prf�f�c@g�x/��^�j�^�¡Sg"l�m�^L�D��prc@qdg�fWprc�^L��^kt�f�qd^�Ó��1��l¥xLg"t&�f�c@^�l�j�bsl�m�e�b~m�b~`�^kt�^�l�mv��e�^yq	p�`Gp�c�b	prl�x�^uj�^?q	p�_�m�p�m�bd_@m@b}��e�^?_@^kc/p�f�qde�_�nGc/prl�j�^&j�prl�_�qd^&j�^ke���bsiktu^t�g�j�ikqd^y��e�^�j�prl�_�qd^¦t�g�j�i�qs^�Ö×_@��e�Ø�^LÙ Î ��e�b1^k_�m�x�g"l�j�b~m�bdgGl�l�ok^�fWp�c�qs^¦l�gGt?��c@^�j�{�g�x�x�e�c@^kl�xL^yj�^k_t�g�m�_¤j�^vq}p&_@ow��e�^kl�x�^�x�gGl�_@b}j�o�c@ok^"�Ú�prl�_�l�gGm�c�^¶xwpr_ Î l�gGe�_�^k_�m�bdt�gGl�_�q}p°t�p�m�c@bsx�^¶j�^¢m@c/prl�_�b~m�bdgGl®_�e�c�q}p°_@ow��e�^kl�x�^ Î f�e�bs_�l�gGe�_^k_�m�bdt�gGl�_�q	p�j�bd_�m�c@bd��e�m�bdgGl�j�^k_�j�b~Ü£okc@^kl�m�^k_�_@m/prm@bs_�m@b}��e�^k_�f�p�c�¡Sg"l�m@^L�D��prc@qdg?^kl�_�bdt?e�q}prl�m�j�^k_�c�o�p��qdbs_/p�m�bdg"lÕj�^�q	p¢x/�Wp�Û	l�^(j�^�¡�p�c�Ô"g�`°_@^kqdgGlªq	p�t�p�m�c@bsx�^�j�^�m�c�p�l�_@b~m�bdgGlª^k_�m�bdt�ok^"���¤gGm@c@^�prf�f�c@g�x/��^j�gGl�l�^kc/p�e�l�^�`Gp�c�b	prl�x�^�j�^�q}p�_�m�p�m�bd_�m�bs��e�^�_@e�fhokc@bd^ke�c�^�Ï�x�^kqdqd^4j�e¦t�g�j�i�qs^�ÖD_@��e�Ø�^LÙ Î xwprc1qd^k_�x/��p�Û}l�^k__@bstye�qdok^k_�l�^�_@gGl�m�fWp�_�x�gGl�m�c�p�bdl�m@^k_�Ïvpk`�gGbsc§qd^k_�tuÐkt�^k_�l�gGt?��c�^k_�j|{Zg�xkx�e�c�^kl�x�^k_�j�^�t�g�m�_�j�^�m�prbdqsqd^

m + 1
qd^�m@m�c�^k_ Î t�p�bd_ae�l�^�`Gp�c@b}prl�x�^?bdl�Ä�okc�bs^ke�c�^uÏ�q {Ýp�f�f�c@g�x���^uxLg"l�_@bsj�okc/prl�mv��e�^?q}p�_�ow��e�^kl�x�^?^k_�me�l�^ac�o�prqsbd_/prm@bsgGl�j|{�e�l�^ax/�Wp�Û	l�^�j�^v¡�p�c�Ô"g�` Î xwprc�q {Zbsl�x�^kc�m�b~m@e�j�^aqsbdok^vÏ�q�{�^k_�m@bst�p�m�bdgGl�j�^aq}p�t�p�m�c@bsx�^j�^�m�c�p�l�_�b~m�bdgGlS^k_�m¤l�okn"qdbdn"ok^G�

� w®��wxv ¦ßÞ×à |�á {¤â �µ£ y"ã=ã |�ä�z�{��BÃ�å Þ â8ä�å£â - | ã � Þ ä�â ¦ y"- v
]�p�_@ow��e�^kl�x�^4e�m@bsqdbd_�o�^4fhg"cDm�^�qs^�l�e�t�okc�g�j|{ÝpGx�x�ik_§�a� n¤æGæ Âwç æ Ç�_@e�c�qd^4_@^kcD`�^ke�c�j�e&�a�����/����{�^k_�me�l¢nGokl�g"tu^¦qdbdl�o�prbsc�^�j|{�e�l¢fh^ke¢t�gGbsl�_¤j�^�Â æ"æGæ"æ �Wp�_@^k_ Î j�gGl�m¤qd^k_�n"ikl�^�_�x�g�j�^kl�m�èuf�c�gGm@okbsl�^�_��]1^�_�nGc/prf���bs��e�^k_ Á �ÝéÕfWp�nG^©Â�ê"é«f�c@o�_�^�l�m�^kl�m6qd^k_(`Gp�qd^ke�c�_

Sk − mini<k Sk
fhgGe�c6Ô!`Gp�c�b	prl�mqd^(qdg"l�n¬j�^�q	pS_@ow��e�^�l�x�^ Î c�^ * o�m�prl�m?q}pSf�c@ok_@^kl�xL^6j|{�bdl�`�^�c@_@bsgGl«fWprcyq}p¶tuo�m���g�j�^6j�eÕ_/x�gGc@^�qdg�xwprq Îqdg"c�_/��e�^vq}p?_@ow��e�^kl�xL^v^k_�m�t�g�j�okqdbs_@ok^vfWprc�e�l�^vx/�Wp�Û}l�^¦j�^¦¡¬prc@ÔGg�`(j|{�gGc�j�c�^�Çy^�m�ê��W��l¢j�bs_�m@bsl�nGe�^m�c�g"bd_�f�b}x�_�_�e�c�qs^¤f�c@^ktubs^kc�nGc/prf���bs��e�^���e�bWl8{¨prf�fWprc/prbs_@_@^kl�m4f�qde�_4qdg"c�_/��e�^�q�{�gGc�j�c�^¤`Gpre�m4ê����4^wx�bW^k_�mf�c@gG�Wpr��qd^kt�^kl�m�j ¥ pre6ÄÌp�b~m���e�^aqs^�_�^�n"t�^kl�m�j�o�m@^wxLm�o�xLg"t�tu^abdl�`�^kc�_@oa^k_�m�x�g"tuf£gG_@o�j�^at�g�m�bdÄ�_�j�^m�prbdqsqd^�Ç Î é�gGe�êyf�c@g�x/��^�j�^�q	p¦_@ow��e�^�l�x�^ax�gGt�f�qdokt�^kl�m�prbsc�^"��Úaprl�_�qd^�t�g�j�ikqd^�j�^�¡�prc@Ô"g�`�j|{Zg"c@j�c@^ê Î qs^ul�gGt?��c�^�j�^&fWp�c�p�tui�m�c@^�_v^k_�mv�h^�p�e�xLg"e�f°f�qde�_vokqs^L`�o Î ^�m¦x�^�_vt�gGm@bsÄ	_v_@g"l�m¦bdl�m@okn"c�ok_¦j�prl�_vqs^t�g�j�ikqd^¢^�mul�^�c@^k_@_@g"cDm�^kl�m�f�qde�_�xLg"t�tu^�^L��x�^�f�m�bdg"l�l�^kqs_w��]8^6m/p���qd^�pre Á �sÂ6fWprn"^°Â�ê"ê°j�g"l�l�^�qd^k_m�c�g"bd_?_@^knGt�^kl�m�_y_@bsnGl�b~ëWxwprm@bdÄ�_uj�prl�_?e�l«t�g�j�ikqd^6j|{�gGc�j�c�^�Ç��§�¤g�m�gGl�_&��e�^(qs^�f�b}x�g"��_@^kcD`�o(_@e�cyqs^nGc/prf���b}��e�^�x�gGc@c�^k_�fhgGl�j�prl�m?p�e¥tug�j�ikqd^�j|{�gGc�j�c�^�ê¢l8{Z^k_�m�fWpr_�_@bdn"l�b~ëWxwp�m�bdÄ Ñ f�c@gG�Wp���bdqdbdm@o�x�c�bdm@b}��e�^j�^ æ �¨ì�Â�Ó��]�p�t�o�m@��g�j�^�fWprc¦Ä�^kl�Ð�m@c@^�n"qdbd_@_�prl�m@^(j�gGl�l�^�qd^k_�c@ok_@e�q~m�p�m�_�qdbs_�m�o�_?j�prl�_�qd^�m�pr��qs^�pre Á �ÝÇ¢fWprnG^Â�ê"ê�fhgGe�c�e�l�t�g�j�ikqd^�j�^�¡�p�c�Ô"g�`�j|{Zg"c@j�c@^�Ç����4^k_4c�ok_@e�qdm/prm@_4_@gGl�m4bdqdqse�_�m@c@ok_4fWprc�qs^¤nGc/prf���b}��e�^ Á ��êfWprn"^�Â�ê�ì�c�^kf�c@o�_�^kl�m�prl�m�q}pu`Gp�qd^ke�c�j�^�q}p�_�m�p�m�bd_�m�bs��e�^yj�^�c/prf�fhgGc�maj�^¦`�c�p�bd_@^kt?��q}prl�x�^

Tk
f£gGe�c

k`Gp�c�b	prl�m¤qd^vqdg"l�n�j�eSnGokl�gGt�^"�
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_@e�caq}p�_�ok��e�^kl�x�^uxLg"t�f�qdi�m@^uj�e�ôabsc�e�_vj�^q�{Ý��t�t?e�l�g�j�o�ëWx�bd^kl�x�^�õ¤e�t�prbsl�^�ô��×õ�Â�fhgGe�c¤j�^k_¤tug�j�ikqd^k_�j�^�¡�prc@ÔGg�`6j|{�gGc�j�c�^�Ç&^�m¤ê�
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��c�j�c�^ ��g"_@b~m�bdg"l ô�prqde�^ f�� `Gp�qde�^Â Â���Â�÷�ê ê�� Á ê æ � æ Ân�m/xLm�xLm/xLm@n"n�m@m/p�n�pGx�xwp�n�prm�xLm�n�prn�xkxLm@n"nGn�p�n"xLm/xLm�xLm�nGn�x�m�pGpGxLm/p�nGnGn�pGpGxkxkxp�xLm�n"xLm@m/p"prn"xkxLm/xwpGp�m�pGp"prn�xLm�m�n"xkxLm@m@n�prn�m�n"xLm@m/xkp"prnGm/p�n�m�n�m�n�m�n"xkxkx�n�m/xLmn�m@m@nGm@nGm@n�p�xLm/xLm@n"n�m�pGpGx�m�prn�prn�p�m/xkx�xLm/xwprn�p�xkxkxLm�m@m�m�p�n�m/xkp�n�m�n�m�nGn�pGpGp"p�m/xLm�xÂ è æ Á ìy�4è�Â�÷�è Ç���è æ æ � æ ìn�m�n"xLm@m�m@m@m@n�xkx�m�n�m�p�xLm�nGn"n�m/xLm�xLm/xLm@n"n�m@m/p�n�pGx�xwp�n�p�m/xLm�n�prn�xkxLm@n"nGn�p�n"xLm/xm�xLm�nGn�xLm/p"p�xLm�prnGn"n�pGpGxkxkxkpGxLm@n�xLm�m�pGp�n"xkxLm/xkp"p�m�pGp"prn"xLm@m�n"xkxLm�m�n�p�n�m�n"xLm@m
Ç Á é�÷G÷�� Á êGê"ê Ç�� Á æ æ � æ ÷prn"n"xkxLm@nGm�xkxwp"pGprn"n�m�p�m/xkx�m@m@m@n�prn�x�xwp"p�m@m�xkxkxwp�m�p�xwprm�m�p�m@m�n�m�n"xkxkxkx�nGn"xLm�nGnGm�m@m@m@n�xLn�p�m@m

ø�ù ú§û�Á �sÂ4Ã?ü�^�m@g"e�c�l�^kt�^kl�m@_�j�o�m@^wxLm�ok_�j�prl�_�qs^�`�bsc�e�_§ô��×õ��/Â�^klue�m�bdqsbd_/p�l�m�e�lutug�j�ikqd^�j�^¤¡�prc@Ô"g�`j|{�gGc�j�c@^�Âv^Lm�Ç&^�m�q	p?t�o�m���g�j�^¦j�e¢_/xLg"c�^vqsg�xwp�q��

x bdl�j�gwý ��gG_�b~m@bsgGl f�� `Gp�qde�^Ç"ì è æ Á è?�4è æ è"é æ �¨Ç�çì æ Á éGè�÷�� Á êGê Á æ �¨ÇGÇÁ éGè Á � Á êGê�ì æ �¨ÇGì÷Gì Á é�÷GÇy� Á êGê Á æ � æ êÁ é�÷�è?� Á ê�ìGé æ � æ êÁ éGç æ � Á ê�ì�ê æ � æ êÁ éGç�Çy� Á ê�ì Á æ � æ ìÁ éGç�Âa� Á ê�ì"ì æ � æ ìÂ æGæ Á é"ì�ê&� Á ê�ìGé æ � æ ìÂ�ì æ Á Ç�è�÷�� Á êGê Á æ � æ ìÁ é æ ê&� Á ê�ìGé æ � æ ìÇ æGæ Á Ç Á è?� Á ê Á ç æ �sÂkè
ø�ù ú§û�Á �¨Ç?ÃSü�^�m�gGe�c�l�^kt�^kl�m@_�_@bdn"l�b~ëWxwp�m�b~`�^kt�^�l�m�j�o�m@^wxLm�ok_�pre�c�bs_���e�^?ì"þÿg"e¶f�qse�_�n"c�p�l�jS_�x�g"c�^k_j�prl�_�qd^�`�bdc@e�_uô��×õ��/Â¢pw`"^wx6q	p¬t�oLm���g�j�^¢fWprcuÄ�^kl�Ð�m@c@^¢nGqdbs_@_/prl�m�^�fhg"e�c�j�^k_&m�prbsqdqd^k_�j�^¢Ä	^kl�Ð�m�c�^k_prqsq}prl�m�j�^�Ç"ìuÏ�Â æ"æ ^�m¤e�l¢t�g�j�ikqd^�j�^vt�prc@ÔGg�`6j|{�gGc�j�c@^�Ç��
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��À�� û�Á ��ê&Ã6ô4prqd^ke�c�j�^�q}p�_�m�p�m�bd_�m�bs��e�^yj�^�c�^�m�gGe�c@l�^�t�^kl�m�j�e¶c/prf�fhgGc�maj�^¦`�c/p�bd_@^kt?��q}prl�x�^
Tk

_@e�cq}py_@ow��e�^kl�x�^�x�gGt�f�qdi�m�^�j�e�ôabdc@e�_�j�^�q {�� tut?e�l�g�j�o�ëWx�bd^kl�x�^võ¤e�t�prbsl�^�ô��×õ�Â�fhgGe�c�e�l(t�g�j�ikqs^�j�^¡�p�c�Ô"g�`�j|{Zg"c@j�c@^�Ç?^�m¤e�l�^vÄ�^kl�ÐLm�c@^vnGqsbd_@_/p�l�m@^�j�^vm/p�bdqdqs^�Ç æGæ �
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�4À�� ûhÁ �Ýì�Ã6ü�^kf�c@ok_@^kl�m/prm@bsgGl¶j�^vq�{Ýp�l�l�g�m�p�m�bdgGl¶j�e¢n"o�l�g"t�^�ô��×õ�Â Ñ _@gGe�c�x�^��a�����DÓL�

��^k_�o�m�e�j�^k_�_�e�nGnGikc@^kl�m�q	p�f�c�ok_@^kl�x�^�j�^�j�^ke��u_�^�n"t�^kl�m�_4j�^�m�prbsqdqd^k_�Âwì æ �Wpr_�^�_4^�l�j�ok��e�m�^�m�ë�lj�^u_�ow��e�^kl�x�^��|^�m¦o�`�^kl�m�e�^kqdqd^kt�^kl�m�j|{�e�l°m�c�g"bd_@bdikt�^�j�^um/p�bdqdqs^(÷ æ �Wpr_�^�_¦^kl°t�bdqsbd^keªj�^u_@ow��e�^kl�x�^"��4^k_�_@^knGt�^kl�m@_�l�^a_@^�x�g"l�Ä	g"l�j�^�l�m�f�p�_�pk`�^wxaj�^k_�n"i�l�^k_�gGe�j|{¨pre�m�c�^k_¤prl�l�g�m�p�m�bdg"l�_�x�gGl�l�e�^k_�j�^�x�^nGokl�g"tu^ Ñ `�gGbsc�qd^¦nGc/prf���bs��e�^ Á �¨ì?fWprn"^�Âkê Á Ó��
���
	���	 . Æ�ä� à���ã â��!â1á�� Þ×à�������Þ à â®Ì Þ����E.������|à â

]�p�_@ow��e�^�l�x�^?e�m�bdqsbd_@ok^?fhg"cDm�^?qd^?l�e�t�okc@g6j|{ÝpGx�x�ik_v�a� n¤æGæ ê�÷�Âwç�_@e�c�qs^?_@^kcD`�^ke�caj�e°�a�����/�£��q_w{¨prn"b~m�j|{Ze�l¢n"okl�gGt�^vf�qde�_¤qdgGl�n Ñ ^kl�`�bsc�g"lSé æ"æGæ"æ �Wp�_@^k_�Ó�j�gGl�m¤qd^k_�n"ikl�^�_�x�g�j�^kl�m�Âkêuf�c@g�m�okbdl�^k_w���^�`�bdc@e�_�o�m�prl�m�f�qde�_�qdg"l�n���bsq8p�o�m�ovprc@��b~m@c/p�bdc�^kt�^kl�m�j�owx�g"e�fhoa^kl¢éyfWprc�m�bd^k_�j�{�^kl�`�bdc�g"lzÂ æGæGæ"æ�Wpr_�^�_ x/�Wp�x�e�l�^"����^4j�owx�gGe�fWprn"^4fh^kc�t�^�m@m@c/p¤j�^�c�owj�e�bdc@^4q�{�^LÜ�^�m j|{Ze�l?x��Wp�l�n"^kt�^�l�m j�^�x�gGt�fhgG_@bdm@bsgGl^kl&l�e�x�qso�gGm@b}j�^�qs^�qdgGl�nvj�^�q}p�_�ow��e�^kl�x�^"�"¤l&tug�j�ikqd^�j�^�¡�prc@Ô"g�`?j�{�gGc�j�c@^aÂ�^k_�m�p! ×e�_�m@o�_@e�c�x��WpG��e�^fWprc�m�bd^"���^ke�qd^yq�{�o�m@e�j�^�Ä�gGl�j�ok^�_@e�c¤qs^�_�x�gGc@^¦qsg�xwp�q1^k_@m�f�c�ok_@^kl�m�ok^"�Wq}pum/p�bdqdqs^yj�^k_�_@^knGt�^kl�m@_�c@^wx���^kc�x���ok_l8{�oLm�prl�maf�p�_ax�gGl�l�e�^��h^�m�q}p�f�e�bd_@_�prl�x�^?j�^?x�^�m�m�^ytuo�m���g�j�^yokn�prq}p�l�m�f�c@^k_���e�^yq}p�f�e�bs_@_/p�l�x�^&j�^yq}pt�o�m@��g�j�^�e�m�bdqsbd_/p�l�m?qd^k_yÄ�^kl�Ð�m@c@^k_ynGqdbs_@_/p�l�m�^k_w��]8^k_ynGc/prf���bs��e�^k_ Á � Á f�p�nG^�Â�ê�÷�t�g"l�m�c@^�q}p¢_�m�p�m�bd_��m�bs��e�^yj�e¬_�x�gGc@^�qsg�xwp�q�_�e�c�x/�Wp���e�^yfWprc�m@bs^?j�e�nGokl�gGt�^yfhgGe�c�e�l�tug�j�ikqd^?j�^&¡�p�c�Ô"g�`¶j|{Zg"c@j�c@^(ÂG�]8^�m�pr��qs^wp�e Á �Ýé¶fWp�nG^zÂ�ê"ç�bsl�j�b}��e�^6qd^k_?_@^kn"t�^�l�m�_?qd^k_&f�qde�_&_@bsnGl�b~ëWxwp�m�bdÄ�_w��¯�l©x�gGt�fWprc/prl�m�pk`�^wxq�{¨prl�l�gGm/prm@bsgGlßj�^¬xL^�nGokl�g"tu^��4gGl _�{Ýp�fh^�c$#�gGbdm6��e�^�qd^¶_�^knGt�^kl�m6j�^�qdg"l�nGe�^ke�c Á æGæ ^kl fhgG_@bdm@bsgGl
[28134−28728]

x�gGc@c�^k_�fhgGl�j�Ï�q	p�f�c@^kt�bdikc@^�t�gGb~m�bdo�j�e&nGikl�^�x�g�j�p�l�m�q}p�f�c�gGm@okbsl�^�l�e�x�qdokg�xwp�f�_@bsj�^"�]�{¨pre�m�c�^a_@^kn"tu^kl�m�j�o�m�^kxLm�o�j�^aqdg"l�nGe�^ke�c¤÷�ì æ l�^a_@^kt?��qd^afWpr_�qsbdivÏ�e�l�^vp�l�l�gGm�p�m�bdgGl�fWprc�m@bsx�e�qsbdikc�^"�



í|î	ï�î§ð ±�²�³�´�³�´¶µW·�¸8¹�º°´�»&¼�½�¾�¿W²8ñ ò�ó í

0 2000 4000 6000 8000 10000

0
1

2
3

4
5

6

Ordre 1         Position

Sco
re

10000 12000 14000 16000 18000 20000

0
1

2
3

Ordre 1         Position

Sco
re

20000 22000 24000 26000 28000 30000

0
1

2
3

4
5

6
7

Ordre 1         Position

Sco
re

��À�� û�Á � Á Ã���x�gGc@^�j�^¤c@^�m@g"e�c�l�^kt�^kl�m
Sk−mini<k Sk

_@e�c�q}pv_�ok��e�^kl�x�^�x�gGt�f�qsiLm�^�j�e���ü�%v�?f£gGe�cj�^k_�t�g�j�ikqs^�_�j�^�¡�p�c�Ô"g�`�j|{�gGc�j�c�^�Â �



í|î	ï�î§ð ±�²�³�´�³�´¶µW·�¸8¹�º°´�»&¼�½�¾�¿W²8ñ ò�ó�&

��gG_@b~m�bdg"l ô4prqse�^ f�� `"prqde�^ì�è�Âwìy� Á"Á ÷rè Ç��¨Çrê æ �dÂ æÇ�ç�ÂkéGê&��Ç�ç�÷GÇ�ç Ç��¨ì�é æ � æ çø�ù ú§û�Á ��é¶Ã«ü�^�m�gGe�c@l�^kt�^kl�m@_�j�o�m�^wxLm@ok_�j�p�l�_uqd^6`�bdc@e�_�j�e ��ü�%v�Õ^�l!e�m�bdqsbd_/prl�m�e�l!t�g�j�ikqd^Sj�^¡�p�c�Ô"g�`�j|{Zg"c@j�c@^�Ç?^�m¤q}p&t�o�m@��g�j�^¦j�e¢_�x�gGc@^vqdg�xwprq8_�e�c�éufWprc�m@bs^k_¤j�^�m�prbdqsqd^�Â æGæ"æGæ x/�Wp�x�e�l�^"�

��À�� ûhÁ �¨÷¦Ã6ü�^�f�c@ok_@^kl�m/prm@bsgGl¶j�^vq�{¨prl�l�g�m�p�m�bdg"lSj�eSnGokl�gGt�^y��ü�%v� Ñ _@gGe�c�x�^��a�����DÓL�



í|î ö î�' ½�» Ê ²�»w»�½	¹£¸ ò�ó)(
���
	��+* ,-� å ���8à�Þ��/.�01�/� â32 ��ã54  �
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