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�]���5ñ�ì;õ��5ì;���?GZö�4�@�����4Pñ��6. § ( 0 �Gñò45��ñò��õ��54L���é4B�?@�3P4V4P����ñ�ì<�9ì<õò4#ö21±�GìR@��P��4�4P1±@����]4P1�õ���ì<1bö�1
÷½3>GZö��µ�é��ì;1±@�4B��������4¯ù¿@�35�Pñ���ë��;1Ñ�����G��ñ�ì<���;üÑ������ì<1;@�öá�9ì;�é4P1Ñ�é��4P��@¦* ���P�é��ì<1±@��;1�õ�ö�124W�54P����ö���4
�£ö�õ��Pö�������ñ�4G�×��ñM@�����GZö�4�<&����óôì<��õB��4]��ì<1�ü3@�4cõòì<1Êü<ñé��1�@¡�FT¶4c4P�W�éñé��1�õòë;45ñ�õ��;��4O�]4P1Ñ�ª<á�54L�
�FT¶4;@C	"ö�1�ü�. §*§©d 0 45õ��W��4²��ñ�4O�]��45ñº<b�×ë<ì<��ñVóôì;ñM�£ö���3	�]������3O�n�µ�é�?GZö�4O�]4P1Ñ�V��4a�GìR@��P��4a����@�ì�ý
�n�;��1�4#451¾@����]4P1�õ���ì<1 d @¦��4P�ò�é4Wóôì<ñC�£ö������é��ì<1&�]3P�é3²ñò45��ñò��õò4	@��;1�õ@�4£1�ì*����ñ�4Pö�õ�4Põ�3P�éöE@�45õOA
ë<ì<��ñ���4P1�ñ���G�ö24>ë�. =�( 0 �9ì<ö�ñ�ö�1�4²ñ�4Lë�ö�4;@Ek�ñ��;õ�õòì(��õCPµ�e4L����� @�. ¨ 8 A ¨ : A ¨R§ 0 A¦4P1í�;õ�õò�?�G������1Z����4
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ì<1Ñ�#3P�¬�B�����hóôì;ñM�G45����4>�G451Ñ����4ª�]ìr@��5��4	����@�ì*�]�;��1�4	<e�Ù*A3P����45����4a�]�;�5ñòì<õ��Pì<���?GZö�4ª<b���;ñ��é��ñ'@�4
��ñ�ì��53O@�35õ¿@¦*ì��ì*�Gì<ü<3P1�35��õé������ì<1�@24#���£õò��ñ�ö��L�éö�ñò4Z�G���Pñ�ì<õò�5ì<����GZö�4;@
��	�2ñ�ì<õò��ìe®L±�¿;¹���. d 0 4L�!����ö�õ�ñ�3P�54O���G451Ñ��ð"451�1����5������ìÇ®L±�¿;¹��E. + « 0 ì<1Ñ�u@�3O�]ì<1Ñ��ñ�3�ñò��ü<ì<ö2ñ�45ö�ý
õ�4O�]4P1Z��÷ô451Êö2��������õé��1Z��@�45õ£��45����12�?GZö�45õª@�4

Γ
ý �5ì<1Ñë<4Pñ�ü<4P1��54×ù£ö�1¡ñ�35õòö����é���a@�4I�Pì<1Ñë<4Pñ�ü<4P1��54

@�45õnõ�ì<��ö2�é��ì<1�õ @�*Aö�1Þ�GìR@E�5��43< � *+35���245����4±�G���Pñ�ì<õò�5ì<����GZö�4�ë;45ñ�õb��45õnõòì<��ö¶�é��ì;1�õ @�ö �Gìr@��5��4
���?@2ì*�n����1�4²��ì<ñ�õCG�ö24n��47�¬��öRTÃ@�4nõòö�ñòó½�;�P4¶@�4��]4O�	��ñé��1�4]�P45����ö����;��ñò4²���;ñ#ö�1�����3 @�4Gë<ì<��ö��G4
�é4P1�@eë;45ñòõ�� *+��1RQ�1��YA�º��½®�����ì<ñ�õCGZö�4B��45õ¿�G������45öRT]��1Z��ñé�74P��4�T���ñé�µý �545����ö����;��ñò45õ�õP*A��1Ñ�é45ñò��3P1��P��ñ�4P1Z�<
� *+��1EQ�1�� @

�%4�]ìr@��5��4����@�ì*�]�;��124���ñò35õò451Ñ�é4D@�45örTb�×ë��;1Ñ�¬�;ü<4Põu�n�©Kò45ö�ñòõ5@��W*+ö�1�4����;ñò�!����ñò45�9ì<õ�4�õòö�ñ
@�45õZ���;õò45õ£���Ñþ�õ���ì<��ì;ü<�?GZö�4PõB3L�¬��������4Põ#4UT¶��3Pñ��?�G451Ñ�é�;��4O�]4P1Z��<e��ñé�×ë<4Pñ�õ£�Ù*A4UT2���]4P1²@�4Põ£õò��ñ�ö��mý
�éö�ñò45õ7�;örT 1�� ë<45�;öRT¡�P45����ö�������ñ�474L�ª�n�;�Pñ�ì<õò�5ì<�2�?GZö�4¶@�ö¡�Pì¶4Pö�ñ5@h�W* ��ö2�éñò4I���;ñò�£�����945ö¶�/�P�éñò4
�5ì<ö2����3��×ë<4P��ö�1W�GìR@��P��4u@�4��Ù* �;�L�é� ë¶� �é3�3P��4P�P�éñò�?GZö�4!���2ì<ñé�;�P�?GZö�4B÷½�P4��5ì<ö��2���;ü<4�3L�¬�;1Ñ����ö����;ö�õ�õò�
3P�é�������%õòö�ñc@�4Põ'���;õ�4Põ����Ñþ�õ���ì<��ì<ü;�?GZö�45õ�3P�é��������45õéùL@��%4Z�]ìr@��P��4��2�?@�ì*�]�;��1�4V45õò���;��1�õò�`��@�3×����4Lý
�]4P1Ñ�C��ì;õ�3'�9ì<ö�ñ%���9ì<ñM@245ñ¦��4`·9ªé³;¸5¹?"L¾n® ã º�ªé®¬çL± ã ®�¹M\ «L¹�®¬çL±½ªé³¯ç�¿;ª ã º ³µ¹�³M];º ®'��1Ñ��ñ�ìr@�ö������;öV�����;�2���éñò4
» Aç@�ì;1Z���Ù*Aì*��Kò45�P����ó945õ������'�]ìr@�3P����õ����é��ì<1�@24��Ù* ���P�é� ë����é3�35��45�P��ñ���G�ö24X@2ö]�Pì<ö�����4!�5ì�45ö�ñ	���M��ì<ñ��FT�@

 �1Ã��ñò35õ�4P1Ñ�é4ó@���1�õ�ö21(��ñò4>�G��45ñI��4>�G��õb��4ã�]ìr@��P��4¾@�4í�é��õ�õ�ö��×�;ñC@����BG�ö24²<¡� *+35����4P����4
�]���5ñòì<õ��Pì<���?GZö�474P1 8¶@ § GZö���õ�45ñ�ë���ñé�;@¦*+��1Ñ�éñòìR@�ö2�P�é��ì<1ß4L��@24ºKòö�õ��é��Q��×������ì<1Ã<��Ù*A��1Z��ñ�ìr@�ö��L�é��ì;1
@�öæ�]ìr@��P��4'����@�ì*�]�;��1�4�451 8¶@ 8 @

{:R;Q D EGF��!JPRoT K5[�_`EBM"[�ES�bKPa]UIR^FIRwO%K5M%M%U [�N�_hFbKPN#a]UIR
 �1B�5ì<12õ��?@E�5ñ�4���4'ë<ì;��ö��G4

H
ì��5�5ö2��3����;ñ"��4��5ì�45ö�ñ"�5ì����G4�õ��5��1�@�3�451�@245öRTBõ�ì;ö�õh4Põ����;�P45õ

Hi

4L�
He

÷½��45õ´�G������4PöRT���1Ñ�éñé��4P�h4�T��éñ��µý/�P45����ö�������ñ�4Põ¬ùm@Ò)V3Pì*�G3P�éñò�?GZö�4O�]4P1Z�
Hi

4P�
He

õ�ì;1Z�´@�45örT
ì<ö2ë;45ñò��õ!�é45��õ¿G�ö24

H = Hi ∪He , Hi ∩He = ∅ ,

4P�e���¡��ñò35õ�4P1��54Ã@�4k1�ì*�	��ñò45ö�õò45õaKòì<1��P����ì<12õe4P1Ñ�éñ�4��54P����ö2��45õ��Wö�õ��Pö����;��ñ�4Põe�5�;ñM@2����GZö�4Põ�4Põò�
��ñ���õ�4B451á�Pì*�]�¶�é4W4P1Çõ�ö��2��ì<õ��;1Ñ�'GZö�4

Hi
4Põò���5ì<1�124�T¶4e÷ôë;ì<��ñXQ�ü<ö�ñò4 8¶@ § ùX@24��:�>�G4ZGZö�4£���

�]4O�	��ñ��;1�4
Γm

õ�3P���;ñ��;1Ñ���P45õX@�45örTbì<ö2ë;45ñò��õ>A

Γm = ∂Hi ∩ ∂He = ∂Hi − ∂H .

 �1Çõ�ö����9ì<õò45ñé��GZö�4²��� �]4O�	��ñ��;1�4£4Põò�Vñ�3Pü<ö����?�5ñò4W4L��ì<1ã@�3OQ�1����
ni

���n1�ì<ñC�n�;��4Wö�12���¬����ñ�4Z<
Γm

õ�ì<ñ��¬�;1Ñ��4#�9ì<ö�ñ
Hi

@
�%4Põ��G������45örTá��1Z��ñé�b4P�B4�T��éñ��µý/�P45����ö����;��ñò45õ�õ�ì;1Z�£�;õ�õò�?�G����35õº<æ@�45õB�5ì<1�@2ö��P��45ö�ñòõ£���;õòõ���óôõZ<

� *+3P�é���XG�ö��;õ���õò�¬�µ�é�?GZö�4n÷½��45õ�35����4P����45õ@24B�é4O�]�2õ�4P1á35��45�P��ñ�ì<�E�Zþ�õò��ì<��ì<ü<��4BA#@�4#� *+ì<ñM@�ñò4Z@24W���b¾W
3P�é�;1Ñ�!�éñM�Põ����;ñòü<45õ!����ñ!ñé�;���9ì<ñ����;öRTb3P����45����4PõX@24��é4>�G��õ�451e35��45�L�éñ�ì��n�;ü;1�3P����õM�G4¯ùUAR@24#õòì<ñò��4
GZö�4²� *+ì<1í��4Pö2�Vñ�4P����45ñ���45õ��9ì;�é4P1Ñ�é��4P��õ�3P��45�L�éñò�?GZö�45õ

φi,e : Hi,e 7→ R
@��;1�õV��4Põ'�]������4PöRTe��1Ñ��ñé�

4P�B4�T��éñ��µý/�P45����ö����;��ñò45õ#�;öRTÃ@�4P1�õ�� �é35õ#ë<ì<��ö��G�?GZö�45õD@�4]�5ì<ö�ñ��;1Ñ�
Ji,e : Hi,e 7→ R3 ���;ñB���b��ì<�@¦*  '�E�|6

Ji = −gi∇φi , Je = −ge∇φe ,

ì�1
gi,e : Hi,e 7→ (0,+∞)

4Põò�G���&�Pì<1�@�ö2�P�é� ë����é3k÷ôõ��5�;���;��ñ�4×ùZ@�45õª�G������45örTk��1Ñ�éñ��á4P�74�T���ñé�µý
�54P����ö2���;��ñ�45õP@
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Hi

Hi

He

He
Γm

Γm

ni ni

���\[&]�8¶@ § �I,�������45öRTc��1Ñ�éñ��£4P��4�T��éñ��µý/�P45����ö����;��ñò45õ5@
��ì<ö�õ��Ù*¼�Ñþ��9ì;�����Põ�4	@24B1�ì;1á�5ñò3×������ì<13@�4W������ñ�ü<4Põ���4Põ��Pì<ö�ñ��;1Ñ�éõ�ë;ì<��ö��G�?GZö�4Põ

Ji,e

õ�ì<1Ñ�c<
@���ë;45ñ�ü;451��P4B1Zö�����4�4L����45õ!�9ì;�é4P1Ñ�é��4P��õ

φi,e

ë<3Pñ��ðQ�451Ñ��ö�1�4V3>GZö�������ì<1æ@�4#�%�;�����;�54²6

div(gi∇φi) = 0
@��;12õ

Hi

÷ 8�@ § ù
div(ge∇φe) = 0

@��;12õ
He .

÷ 8�@ 8<ù
�'*A�;õ��945�L��@2þ�1��B�]��G�ö24@�ö��]ìr@��5��4N�G���Pñ�ì<õò�5ì<�2�?GZö�4�45õ���ö�1���GZö�4>�G451Ñ���9ì<ñ��é3����;ñ���45õ�����3mý

1�ì*�W�51�4Põ�3P��4P�P�éñò�?GZö�4PõX�G4>����ñé�;1��;��ñò45õ5@
 �1ß�3@¦*A���9ì<ñM@�ö�1�4]ñ�45�����é��ì<1â@¦*A3OGZö������?��ñò4Gõòö�ñW���;�G4>����ñé�;124]4UT2�2ñ��?�]�;1Ñ�#���e�5ì<1�õò45ñ�ë;�µ�é��ì;1
@�4����B�����;ñ�ü;4;@��/1Ñ�éñòìR@2ö���õ��;1Ñ�����Z@�451�õò����3�õ�ö�ñ�ó½�;�5��G�ö24c@�4��Pì<ö�ñé��1Z�

Im : Γm 7→ R
�G45õòö�ñ�3P4'@�4

Hi

ë;45ñòõ
He

6
Im = Ji · ni = Je · ni

õ�ö�ñ
Γm ,õ�ì<� ��451b�é45ñC�]4'@24#�9ì;��451Ñ�é��45��õ�6

Im = −gi∇φi · ni = −ge∇φe · ni
õ�ö�ñ

Γm .
÷ 8�@ d ù

 �1e��1Ñ�éñòìR@2ö�������4��9ì;�é4P1Z����4P�¦�éñé��1�õM�G4>�	�2ñé�;1�����ñ�4
Vm : Γm 7→ R

A

Vm = φi − φe .

�"�a�G4>�	�2ñé�;1�4
Γm

�9ì<õòõM�>@24�<²���£óôì<��õ�ö�1e�5ì*�G�9ì<ñò��4>�G451Ñ��35��45�P��ñ���G�ö24#�5�;���;�P������ó%4P��ñò35õ���õò����ó�@
�%4��Pì*�G��ì<ñ��é4O�]4P1Z���×�;�����5������ó%4Põò�¿@��e�;öIó½�;� ��GZö�4V�����G4>����ñé�;124�45õ���óôì;ñM�G354c@¦*+ö�1�4º@�ì;ö�����4
�5ì<ö����24�@�4²��������@�45õ²÷ôë<ì;��ñcQ�ü<ö2ñ�4 § @ § ù���õòì<���;1Ñ����4a�]������45ö&��1Ñ�éñé�Òý/�54P����ö����;��ñ�4º@�öâ�]������45ö&4UT��éñé�Òý
�545����ö����;��ñò4;@2 �1e��1Ñ�éñ�ìr@�ö�� �

Cm

���£�×�;�����5����3����;ñ�ö�1�� �é3'@�4Võòö�ñòó½�;�P4º@�4B���	�]4O�	��ñ��;1�4;@
�%4Põ���ñòì;�é3P��1�4PõN�G4>����ñé�;1��;��ñò45õ��;õ�õòö�ñé��1Z����45õ��éñ��;1�õò��ì<ñ��éõ���ì<12�?GZö�45õ�451Ñ��ñ�4W��45õX�]������45öRTc��1Ñ�éñ��
4P�c4UT��éñé�Òý/�54P����ö����;��ñ�4PõG�Pì<12ó��Pñ�451Ñ�;<ß���Ã�G4>�	�2ñé�;1�4�õ�ì<1Ñ�I�Pì*�G��ì<ñ��é4O�]4P1Z�]ñ�3Põ���õò�é� ó²6

Γm
45õ��

�éñé�×ë;45ñ�õò354e���;ñ7ö�1Õ�5ì<ö2ñé�;1Ñ�G��ì<12�?GZö�4
Iion : Γm 7→ R

A��]4Põ�ö�ñò3;@245��ö���õ
Hi

ë<4Pñ�õ
He
@���4Põ

�5ì<ö�ñ��;1Ñ�éõ���ì;1��?GZö�4Põ!õ�ì<1Ñ��3P��ö�@���3Põ��;ö������;������ñ�4 d @
�/�V4Põò�±<Õñò4>�]�;ñMGZö�4Pñ3GZö�4��54P�ò�é4â@�45õò�5ñò���2����ì<1Ã�×�;���;�5� �é��ë;4©È�ñò35õò��õò����ë;4â@24����Ö�G4>�	�2ñé�;1�4

�545����ö����;��ñò4V45õò�º@23`KM<cö�1�4a�Gìr@�35����õé�µ�é��ì;1�ý��n�;�Pñ�ì<õò�5ì<�2�?GZö�4�þZ@�4
Γm

@C�'1Ç4Oê�4P�#��öÇõ�4512õ#õ��éñò���P�
õ�ì<� �C� *+ì<1�õ�4'��ñ�ì<ö2ë;4'õ�ö�ñ%����@�ì<ö�����4��5ì;ö�����4������2�?@���G�ö24`4L�`���I�G4>�	��ñ��;1�4�þ���ö21#�Pì*�G��ì<ñ��é4O�]4P1Z�
�×�;�����5������ó`A�õ�ì<� �!� *+ì<1bõ�4���ñ�ì<ö¶ë<4Võ�ö�ñ�ö�124#�2ñ�ì;��35��124�ó½�;��õ��;1Ñ���éñ��;1�õ�� �é4Pñ�ö�1�4V45õò���P�54#��ì<12�?GZö�4�4L�
Γm

þ��eö�1ß�Pì*�]�9ì<ñ��é4>�G451Ñ�Bñ�3Põ���õ��é� ó�@"��45�9451�@���1Z�£�545õB��ñ�ì��é35��1�45õBõ�ì<1Ñ�Z@�4n�94P������4G�é�;������4£4L�
@���õ��éñ�����ö�3P45õ�@�4�n�;12�?�5ñò4@�4P1�õ�4�õòö�ñ

Γm

ñò45�����é� ë<4>�G451Ñ��<£���#�é�;������4¿@¦*+ö�1�4��P45����ö���4�@¶����1�õò���Ù*Aì;1
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��4Pö2�#óôì<ñM�£ö2��45ñ�õ��¬������õ��é�?GZö�4O�]4P1Ñ�W��4G�Pì*�G��ì<ñ��é4O�]4P1Z�D�Gì¯þ<451²@�4]���;�G4>����ñé�;124�<e� *+35����4P����4
�54P����ö2���;��ñ�4;@

Im
õ����é��õòó½�;� ���;��ì;ñ�õ��Ù*A3OG�ö����é��ì<1í6

Im = Cm
∂Vm

∂t
+ Iion = −gi∇φi · ni = −ge∇φi · ni ,

÷Ù8¶@¼»Ñù
�%4u�Gìr@��5��4��]���5ñòì<õ��Pì<���?GZö�4I@�4��é��õ�õ�ö7�5�;ñM@�����GZö�4��;�����;ñé�|,��'�5ì����G4�ö�17õòþ�õ����>�G4X@�4u@�45örT

����ð²@�4��%�;�����;�54#÷ 8¶@ § ù�÷ 8¶@ 8 ù´@���1�õ������;�5ö21 @�4PõH@2ì*�n����1�4Põ
Hi

A
He

AÑ�Pì<ö�����354Põ����;ñ'�����Pì<1�@�� ý
�é��ì<1b���?�G����4@2þ�1��B�]��G�ö24c÷ 8¶@¼» ù�õòö�ñ

Γm

@���4P�ò�é4D@2þ�1����G�?GZö�4#45õ����;���?�G451Ñ�é3P4����;ñ���4º�G3P�¬�B��ì�ý
����õM�G4²�545����ö����;��ñò4	GZö���451Ñ�éñò4P����451Ñ��@�45õB�5ì<ö�ñ��;1Ñ�éõ#��ì<12�?GZö�45õZ<I�éñé�×ë;45ñ�õ

Γm

<b�5ì;1Z��ñ�4]�5ì<ö�ñ��;1Ñ�
@�45õ�ü<ñ���@���451Ñ�éõ����Ñþ�õ���G�ö245õ5@
ð`ì<ö2ñ��5ì*�G����3P�é4Pñ��54L����4a@�45õò�5ñ����2�é��ì<1Ç���%ó½�;ö2��ñé�¥Kòì<ö¶�é45ñ@�45õ��Pì<1�@�� �é��ì;1�õ����?�G���é4Põ�õòö�ñ���4Z��ì;ñM@
∂H

@�öc�Pì¶4Pö�ñ>A¶�54Põ��5ì<1E@�������ì<1�õ������]� �é4Põ'õ�ì<1Ñ�u@�3L�¬�;������3545õ�451 8�@ 8¶@ d @¶�'*A4UT2��õò��451��P4'@�4�õòì<��ö2����ì<12õ
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Ĩm

÷ 8�@ ¨ ù
�%4Põ'GZö��;1Ñ�é� �é35õ ∫

∂B
Ji,e · nds/|B|

õP*A��1Ñ�é45ñò��ñ�3L�é4P1Z�Z<c�éñ��×ë<45ñòõV���nóôì<ñC�£ö���4�@�4²���¶@�� ë<4Pñ�ü<4P1��54
�5ì*�W�]4�3P�¬��1Z��3PüÑ�;��4PõX<7���	@���ë;45ñòü<451��P4Z@2ö��Pì<ö�ñé��1Z��ë;ì<��ö��G�?GZö�4��ì*�Gì<ü<351235��õò4

J̃i,e

6
divJ̃i,e :=

1

|B|

∫

∂B

Ji,e · nds .

���é������õ��;1Ñ����4W�¬�;örT¾�GìÒþ;451â@�4²õ�ö2ñòó½�;�P4a�]4O�	��ñé��1��;��ñò4£���;ñ�ö�1�����3a@�4£ë<ì;��ö��G4
Am � 1

A
��45õ!ë;45ñ�õò��ì<12õ��ì*�Gì<ü<3P1�35��õ�3P45õX@�45õ�3>GZö�������ì<1�õW÷ 8�@ § ùV÷ 8¶@¼» ù�õòì<1Ñ�@�ì;1�1�354Põ�����ñ£÷ô451&ì��]4L���¬��1Z�
��45õ�������@�45õ!õòö�ñ���45õuGZö���1Z������35õ¿�n���5ñ�ì;õ��5ì;���?GZö�4Põ¬ù�6

div (Ji + Je) = 0
÷ 8�@ « ù

Am (Cm∂tVm + Iion) = divJe .
÷ 8�@í+Ñù

l&Uml�U+l Ô/oNx`~Rs�prq�s�Ýcx`�)tN�V~ópEx`~r~RvN~��Ù}���|Vw��N�V}`}��h×Ù�=w�qEs=~Rw�s=Ýx`��v�
�C4Põ#ë��;ñò��������45õ'@�4G�9ì;�é4P1Z����4P�

φi

A
φe

A
Vm

�;��1�õ���GZö�4G��47�5ì;ö�ñé�;1Ñ�B��ì<12�?GZö�4a�G4>�	��ñ��;1��;��ñ�4
Iion

õ�ì;1Z��<�� *+35���245����4��]�;�Pñ�ì<õò�5ì<����GZö�4�3L�é4P1�@�ö�õ=<X@�45õhóôì;1��P����ì<1�õ�@�3OQ�1���4Põhõ�ö2ñ
H
��ì<ö2�`451Ñ�é��45ñ�6

φi , φe , Vm , Iion : H 7→ R .���54L���é4�35����4P����4���4X�£ö�õò�5��4��×��ñM@�����GZö�4�4Põò��ì;ñ�üÑ�;12��õ�3�451 Q���ñ�4Põ��£ö�õò�5ö����;��ñò45õ�÷ôë<ì;��ñ=Q�ü<ö�ñò4
§ @¼» ù��54=GZö��<��ö��;�Pì<12ó��5ñò4�ö�1�4'1�����ö�ñ�4=@�4'�Pì<1�@�ö2�P�é4Pö�ñ"�;1���õ�ì;��ñ�ì<�94�6×�����5ì<1�@2ö��P����ë�����3�35��45�P��ñ���G�ö24
45õò��@���ê�35ñò451Ñ�é4�õò45��ì<1aGZö¦*Aì;1²���N�G45õòö�ñ�4!��ì<1�ü<� �éö�@2��1��;��4>�G451Ñ�%ì<öW��ñé�;12õòë<4Pñ�õ��;��4O�]4P1Z�H<����NQ#�2ñ�4;@
 �1í��1Z��ñ�ìr@�ö�� �V�;��ì;ñ�õ���45õ��é4P1�õ�4Pö�ñ�õZ@�4²�5ì;1�@�ö��L�é��ë�� �é3ª�n���5ñ�ì;õ��5ì;���?GZö�4Põ

Gi

A
Ge

ñò45�����é� óôõ��;öRT
�]������4PöRT���1Ñ�éñé��4P�`4�T��éñ��µý/�P45����ö����;��ñò45õ5@Ò���;1�õhö21�4����;õò4�ì<ñ�����ì;1�ì<ñM�G354H@�ì<1Ñ�h��4���ñ�4O�]��45ñ%ë<45�L�é4Pö�ñ
45õò�V�9ì<ñ��é3²���;ñ���� @���ñ�45�L�é��ì<1¾@�4²��� Q���ñ�4a�£ö2õ��5ö2���;��ñ�4²�;öí�9ì<��1Ñ�

x ∈ H
A��545õ���451�õò45ö�ñòõBõòì<1Ñ�

@�ì<1�1�3Põ����;ñV6
Gi,e(x) =

�����;ü (
cli,e, c

t
i,e, c

t
i,e

)
,ì�1

cli,e
4P�

cti,e
@�35õò��ü<1�4P1Ñ����45õá�Pì<1�@�ö2�P�é� ë����é3PõÇ35��45�P��ñ���G�ö245õ¾@�4Põâ�G������4PöRTÃ��1Ñ�éñ�� 4P�Ç4UT��éñé�Òý

�545����ö����;��ñò45õ�@��;1�õ����	@2��ñ�4P�P����ì<1b��ì;1�ü<����ö�@���1��;��4�ì<öI�éñ��;1�õ�ë<45ñòõ�4�<7���	Q#��ñ�4V4P1
x
@

�'1b�é4PñM�G4'@�4B�9ì;��451Ñ�é��45�YA¶��4Põ!3>GZö�������ì<1�õB÷ 8¶@ « ù�÷ 8¶@¼+ ù�õ�4Vñò3535�Pñ�� ë<451Ñ���5ì*�W�G4²6
Vm = φi − φe

÷ 8¶@ § :Ñù
div (Ge∇φe + Gi∇φi) = 0

÷ 8¶@ §*§ ù
Am (Cm∂tVm + Iion) = −div (Ge∇φe) .

÷ 8¶@ § 8<ù



8 « #_^XÊ3`�Ñ>É�ÓNÍ�~�c�Ð� uÎcÒ=Ì�ÍÞÐ;Ê5#�Ó! ¿Ï�#& &`=Ñ%j/"�Í ËIÑ`Îd ¿Ð3ÊÑ��NÍ

l�U+l�U�x nâsHoNtx�pRx`sHoN~¸}`x�×Ùx�pR�V~Ö�=v�õ�s�qEtôtNvôw�su�VvNq
 �17��ñò35õò451Ñ�é4����5�¶��4Põ��Pì<1�@�� �é��ì<1�õ����?�G���é4Põh��ö��9ì<ñM@ª@�ö7�Pì¶4Pö�ñ���1Ñ�éñòìR@�ö2���é4Põ�ì<ñò��ü<��1�45����4>�G451Ñ�

���;ñC	"ö�1�üS. §�§©d 0 @(k�ñé�;õòõ�ì���õMPµ�£®L±C¿;¹���. ¨R§ 0 ì<1Ñ�EKòö�õò����Q�3��54Põ%�5ì<1�@2���é��ì<1�õC���?�G���é4Põ�4P1Bö¶�é������õ��;1Ñ�Cö�1
��ñ�ì��53O@�3=@¦*ì��ì*�Gì<ü<351235��õ����é��ì<1º@�45õ"�5ì;1�@�������ì<12õC���?�G����45õ����Ñþ¶õò��ì<��ì<ü<��G�ö245õ"�×þÑ�;1Ñ�`����4Pö#�;öB12��ë<45�;ö
�54P����ö2���;��ñ�4;@¦�W* ��ö2�éñò45õB�/þ��945õ	@24c�5ì<1E@�������ì<1�õV���?�G���é4Põ�ì<1Ñ�£3L�é3nö¶�é������õò3545õD@��;12õW���e��� ���é3Pñé����ö�ñ�4
. 8;= A = d A ¨*¨ 0 A��54Põ��Pì<1�@�� �é��ì;1�õ�õ�ì;1Z�X@���õ��Pö2�é3P45õ�451 »�@ d @ 8 @
�%4Põ²�5ì<1E@�������ì<1�õB�����]� �é45õVõòì<1Ñ�7451¡ñ�35�;��� �é3 @245õ²ñ�4P��������ì<12õ�@�4c�Pì<ö������;ü<4c4P1Ñ�éñ�4I�Ù* ���P�é� ë����é3

35��45�P��ñ���G�ö243@�ö �5ì�45ö�ñG4P�n�545����4;@�öÏ�M��ì<ñ��FTÏ4�T¶��ñ����n��1Z�]���í�5ì;1Z����1Zö�� �é3;@�ö �9ì;�é4P1Ñ�é��4P��4L�n���
�5ì<1Ñ����1Zö�����3c@�öæS�öRTæ@24��5ì<ö�ñ��;1Ñ�N<²��ñé�×ë<4Pñ�õ����Wóôñòì<1Ñ�é���5ñ�4

∂H
@�öe�5ì�45ö2ñ5@� �1b��1Ñ�éñòìR@2ö���������1�õò�

��4��9ì;��451Ñ�é��45�
φT

4P�����	@�451�õò����3D@24#�Pì<ö�ñ��;1Ñ��ë;ì<��öE�]��G�ö24
JT

@��;1�õ���4��M��ì<ñ��FT�@
�"�71�����ö�ñ�4D@�öe�5ì<ö2�����;ü;4#4P1Ñ�éñ�4B� *A�;�P����ë�����3�35��45�L�éñ���GZö�4Z@2ö��Pì¶4Pö�ñ�4L���P45����4'@�öe����ì<ñ��FTb4Põò�

�;öFKòì<ö2ñM@¦*ì�Zö���451��Pì<ñ�4Â�]�;�!��@�451Ñ�é�ðQ�354e4P� @�3>��������ö�4�JH@�45õcñò45����4Pñ�����4PõIõ�ö��2����3O�]4P1Z�é�;��ñò45õ]�;ö
1���ë;4×�;ö7���Ñþ�õ���ì<��ì;ü<�?GZö�4!�Pì*���G4��;ö71�� ë<4×��ö]1Zö��G35ñò�?GZö�4�õ�ì<1Ñ��4512�5ì<ñò4�1�3P�53Põ�õé����ñ�4Põ��9ì<ö�ñ��P��ì<ñò4
�54L���é4ºGZö�4Põò�é��ì<1¦@
 �1B��ñò35õò451Ñ�é4����5�Ñö21B�/þ���4H@�4��5ì<ö2�����;ü;4��Pì¶4Pö�ñ�ÈÒ����ì<ñ��FTDGZö��Z1�ì<ö�õ"õ�4O�	����4V�L�éñò4��945ñ��é��12451Ñ���×ë;45�
��4Põ@�ì<121�354Põ����Ñþ¶õò��ì<��ì<ü<��G�ö245õ6J9ö�1Çõ�4P�5ì<1E@í�/þ��94	@�4£�Pì<ö������;ü<4B�5ì�45ö�ñ�Èµ����ì;ñé�FT&�5ì<ö2ñé���W�]4P1Ñ�
ö2�é������õ�3�õò45ñ��W@�3L�¬�;������3�4P�¿@���õ��Pö2�é3V451 »�@ d @ 8 @

ðh�;ü<4BA½@���1�õd. + § 0 A¦�nì���õ�4Pñòë<3²4UT¶��3Pñ��?�G451Ñ�é�;��4O�]4P1Z���;öá12��ë<45�;öÇ�54P����ö����;��ñ�4'GZö�4£��4��G������45ö
��1Ñ�éñ��µý/�P45����ö����;��ñò4�1¦*+45õ������;õ�451á�Pì<1Ñ�¬�;�L���×ë<4P�£��4#����ì<ñ��FT�@�����12õ��"��4#�5ì<ö��2���;ü<4#451Ñ��ñ�4£��4B�Pì¶4Pö�ñ
4P����4�����ì<ñ��FTe�²����45öæ<²�éñ��¯ë;45ñòõ���4c�]������45öc4UT¶��ñé�µý �54P����ö2���;��ñ�4

He
ö21��?GZö�4O�]4P1Z�5@

kVñ��;õ�õòì���õMPµ�ß®L±�¿;¹��Cì;1Z��3P�¬�B������õ�óôì<ñC�]4P����4O�]4P1Ñ��ö�124£�éñé�B@�ö��P����ì<1±�n�;�Pñ�ì<õò�5ì<�2�?GZö�4	@�4W�54
�5ì<ö2�����;ü;4����;ñ���ñòì¶�P353º@¦*ì��ì*�Gì¶3P1�45��õé������ì<1�@���1�õ5. ¨R§ 0 @
,&�;�Pñ�ì<õò�5ì<����GZö�4>�G451Ñ����4��5ì<ö��2���;ü<4�õ�4�óôì<ñM�Wö���4!����ñ�ö�124��5ì;1�@�������ì<1W@�4¿S�öRT]1Zö����;ö �9ì<ñM@�@�ö
�5ì�45ö�ñ��9ì<ö�ñ

φi

÷ô4�T¶��ñò�?�]�;1Ñ����4�ó½�;���¿GZö¦*A�;ö��Pö�1&�Pì<ö�ñ��;1Ñ��124Bõòì<ñò�X@�ö;�]������45öc��1Z��ñé�µý �54P����ö2���;��ñ�4
ë<4Pñ�õ#��4£���2ì<ñé�FT�ùUAC���I�5ì<1Ñ����1Zö�����3a@�ök��ì;��451Ñ�é��45�'4L�Z@2öâS�örTâ@�47�5ì<ö�ñ��;1Ñ�#õ�ö�ñ

∂H
õòì<1Ñ�£����1�õò�

ñ�4P��ì<ñ��é3P45õ�õ�ö�ñ
φe

ö�1���G�ö24>�G451Ñ�#6
φe = φT

õòö�ñ
∂H

÷ 8�@ §©d ù
Ge∇φe · n∂H = JT · n∂H

÷ 8�@ § »Ñù
Gi∇φi · n∂H = 0

÷ 8�@ § =;ù
ì�1

n∂H

@�3Põ���ü<1�4V���£1�ì;ñM�]�;��4�õòì<ñò�é�;1Ñ�é4#�;ö;��ì;ñM@æ@�öe�5ì�45ö�ñP@
�¶���P4P����4c��1Ñ��45ñ��2ñ�3P�é���é��ì<1ó�]�;�5ñòì<õ��Pì<����G�ö24n1�ì<ö2õ£õ�4O�	����4n��4Pñò�é��1�451Ñ��4I�×ë<45�I��45õ	@2ì<1�1�3P45õ

���Ñþ�õ���ì;��ì<ü<��GZö�45õOA¶ì<1nõ�ì<ö�����ü<124��P45�9451�@���1Z����4�ó½������G�ö�*A�����e*A4UT¶��õò��4����;õ�@�4���ñò45ö2ë;4'�n�µ����3O�n�µý
�é��G�ö24nñ���ü<ì<ö�ñò45ö�õò4n�9ì<ö�ñ£���3@�3Pñ�� ë;�µ�é��ì;1²@�4Põ£ñ�4P��������ì<1�õD@¦*+��1Ñ�é4Pñòó½�;�P4í÷ 8�@ §©d ùc÷ 8�@ § = ùG6`� *+3P�éöE@�4
@�4:k�ñé�;õòõ�ì���õMPµ�¡®L±�¿;¹��s. ¨R§ 0 45õò�#óôì<ñC�]4P����4B4P�Bñ�4P��ì<õò47451ßì;ö2�éñò4Gõòö�ñVö�1�4G��1Ñ�é4Pñ���ñò3P�é���é��ì<1ã@�4
� *+��1Ñ�é4Pñòó½�;�P4!�5ì�45ö�ñ�Èµ���2ì<ñé�FTG124���ñò451���1Z�����;õ�451]�5ì*�G�2�é4���4Põ=@���ê�35ñò451Ñ�é4PõI�G���5ñòì�ý/õ��éñòö��P��ö�ñ�4Põ����
�5ì*�G�9ì<õé�;1Ñ�5@

ðh�;ñV�;������45ö�ñòõ��Ù* �;ñ��é���5��4D@�47ð`�;ü<4a�G451Ñ�é��ì<1�1�3£�P��@�4Põ�õ�ö2õBõòì<ö�õ�451Ñ��451�@k35üÑ����4>�G451Ñ�'GZö�47��4
�]������45ök4�T��éñ��µý/�P45����ö�������ñ�471�4Iõò4I�5ì*�G�9ì<ñò��4c���;õ£�Pì*�W�]4cö21 �]��������45öâ��ì*�Gì<ü*�P1�4�A��Zþ��9ì;�����õ�4
õ�ö�ñ�����GZö�45����4�4Põò��óôì<1�@�3V��4'�]ìr@��5��4c����@�ì*�]�;��1�4��5ì<12õ��?@235ñ�4V���5� @
l�U+l�U ß � |V~rvc×Ù|ÜtNvÚ×ÙsutNÛV}`�öõcx`tNs�×Ù�=x`o�

�%4��Gìr@��5��4¶���?@2ì*�n����1�4G�5ì*�G�9ì<ñò��4n�éñòì<��õ£��1��5ì;1�1Zö�45õb6
Vm
A
φi
A
φe
@���ì*�W�]4n�545õ²��ñ�ì<��õ

ü<ñé��1�@�45ö2ñ�õ�õòì<1Ñ�!ñ�4P����3P45õ����;ñ
Vm = φi − φe

A¶ì<1I���2ì<��õò����@�4�óôì<ñC�£ö���4Pñ���4�GìR@E�5��4X����@�ì*�]�;��1�4



~�c�~�c3Ðw ¿ÎÒHÌ�ÍÞÐ3Ê5#�Ó3 XÏp#& A`�Ñ%j/"�ÍÞËIÑ`Î} XÐ;ÊÑ��Í 8B+

451bóôì<1��P����ì<1�@24
Vm

4L�
φe

ö�1���GZö�4>�G451Ñ�×@
�����P4P����4]óôì<ñC�£ö������é��ì<1í45õò���n�µ����3O�n�����?GZö�4O�]4P1Z�#õ��éñ����P��4>�G451Ñ�£3OG�ö2��ë��;��4P1Ñ�é4�<&�54P����4ª@�4Põ

õ�45�L�é��ì<1�õ%��ñ�3P�53O@�451Ñ�é4Põ>Aµ���Ñþ�õ���ì;��ì<ü<��GZö�4>�G451Ñ�%����óôì<ñC�£ö������é��ì<1GZö��<ó½�;� �Cõ�4P1�õ"45õò�`�54P����4'451V�é45ñC�]4
@�4
Vm

A
φi

4P�
φe

@µ��ì;�é�����G451Ñ�"���!�Pì<1�@�� �é��ì;1c÷ 8¶@ 8�: ùV@�ì<���9�L�éñò4��9451�õò354��Pì*�W�]4'ö�124��5ì;1�@�������ì<1
@�4'S�öRTb1Zö��Cõòö�ñ

φi
�;öæ��ì;ñM@;@�ö��Pì¶4Pö�ñ5@

 �1kõ�ì<ö2����ü;1�4£35ü<�;��4O�]4P1Z�V���¶@���ê�35ñò451��P47���Ñþ¶õò�?GZö�4�@�471����éö2ñ�4²451Ñ��ñ�4
Vm

4L�
φe
6
φe
45õ��

ö�1��9ì;��451Ñ�é��45�¦4L��4Põò�X@�ì<12�D@23OQ�1��^A��5ì<1Ñ��ñé�;��ñ�4>�G451Ñ�X<
Vm
A�<²ö�124#�Pì<1�õ��¬�;1Ñ�é4B��@�@2���é� ë<4���ñC�5õP@

�C4b��ñòì*���?�O�]4;<Çñ�3Põ�ì<öE@�ñ�4e45õ��n�Pì<1�õò������ö�3æ@¦*Aö21�4�3OGZö����é��ì<1Ö@¦*A3Lë<ì<��ö2�é��ì<1Õ�5ì<ö��2��354e�×ë<4P�
ö�1�4V3>GZö�������ì<1b4P�������2�é��GZö�4�A

Am (Cm∂tVm + Iion) = −div (Ge∇φe)
÷ 8¶@ § (Ñù

div ((Gi +Ge)∇φe) = −div (Gi∇Vm)
÷ 8¶@ §¥¨ ù

�¯ë;45�#��4Põ!�5ì<1�@2���é��ì<1�õ!���?�G���é4Põ��;öæ�9ì<ñM@æ@�öe�5ì�45ö2ñ>A

φe = φT

õ�ö2ñ
∂H

÷ 8¶@ §©« ù
Ge∇φe · n∂H = GT∇φT · n∂H

÷ 8¶@ § +Ñù
Gi∇Vm · n∂H = −Gi∇φe · n∂H

÷ 8¶@ 8;:Ñù
4P�����£�Pì<1�@�� �é��ì;1I��1�� �é������4�õ�ö�ñ

Vm

6

Vm(x, t = 0) = V 0
m ,

÷ 8¶@ 8 § ù
���	@�ì<121�354#��1�� �é���;��4�õ�ö�ñ

φe
3P�é�;1Ñ�N@23OQ�1���4V���;ñ!� *+3>GZö��µ�é��ì;1e4P�������2���?GZö�4²÷ 8¶@ §¥¨ ùm@

��45õ!ë��;��4Pö�ñ�õ!�5�;ñé�;�L�é3Pñ���õ��é��G�ö245õ���ì;ö�ñ���4Põ!�5ì<12õò�¬��1Z��45õ����Ñþ�õ��?GZö�4Põ>A�GZö�ì<��G�ö24�ë;��ñ����B����4Põ�õ�4mý
��ì<1I��45õ��;ö2��45ö�ñòõ>A��945ö2ë;451Ñ�3�L�éñ�4#�×ë��;1��P3545õW÷ôë;ì<��ñ!���;ñ!4�T¶4>�G����46. ¨ = A § :Ñ8 0 ù�6

�5ì<12õò�¬��1Z��4 ë��;��45ö�ñ!4L��ö21�����3
Am 2000

�O� −1

Cm 1.0 µ
�
·
�>� −2

cli 3.0
�n�

·
�>� −1

cti 0.32
�c�

·
�>� −1

cle 2.0
�n�

·
�>� −1

cte 1.35
�c�

·
�>� −1

���´��]�8¶@ § �]ø��;��4Pö�ñ�õ��×��ñé�;�L�é35ñò��õ��é�?GZö�4Põ���ì<ö2ñ!��45õ!�Pì<1�õ��¬�;1Ñ�é4Põ@�öæ�GìR@E�5��4'�2�?@�ì*�]�;��1�4;@

l&Uml�U�� X	�Ü×ÙsutÛV}`�)×Ùs=oNsutsH×Ù�=x�oN�
��1�4¶@����G�5ö�� �é3 �]�¥Kò4Pö�ñ�4á÷ô���235ì<ñò�?GZö�4c4L�£1Zö��G35ñ���GZö�4¯ùZ@2öó�]ìr@��P��4W���?@�ì��n�;��1�4745õ��aGZö�4

@��;1�õb� *+3>GZö��µ�é��ì;1 @¦*A3Lë<ì<��ö2�é��ì<1u÷ 8�@ § ( ùn� *+ì<��3Pñé����45ö�ñ @���ê�35ñò451Ñ�é��45�
−div(Ge∇φe)

1¦*+45õò�e����õ
@�ì<1�1�374UT2�2�����P����4>�G451Ñ�º<I���;ñ��é��ñ'@24

Vm
�]�;��õ�õ�4Pö���4O�]4P1Z�#���]�������P���é4O�]4P1Ñ������ñ���4²��ñòì*���?�O�]4

45�������2���?GZö�4£÷ 8¶@ §¥¨ ùm@
��ö��G35ñò�?GZö�4>�G451Ñ�`ì<1	@�ì;����@�ì<1���ñ�3Põ�ì<ö�@2ñ�4�ö21�4�3>GZö��µ�é��ì;1W45�������2�é��G�ö24=<�������GZö�4����;õ´@24��é4O�]�2õ
�BQ�1æ@�4Vñ�35�;�P��ö��;����õ�4Pñ!���Wë��;ñ���������4

Vm

@



d : #_^XÊ3`�Ñ>É�ÓNÍ�~�c�Ð� uÎcÒ=Ì�ÍÞÐ;Ê5#�Ó! ¿Ï�#& &`=Ñ%j/"�Í ËIÑ`Îd ¿Ð3ÊÑ��NÍ

���;1�õ]��4b�×�;õG���;ñ��é���5ö�����45ñ²ì�1 ��4Põ7ñé�;���9ì<ñ��éõW@¦* ��1���õòì;�éñòì<����4�@��;1�õn��45õW�]������45öRTß��1Ñ�éñ��k4L�
4�T��éñ��µý/�P45����ö����;��ñò45õ�õòì<1Ñ��35üÑ�;örT½A���*A4Põò�<a@���ñò4�õ5*+���¦4UT2��õò��4#ö21�4B�Pì<1�õ��¬�;1Ñ�é4

λ > 0
��45����4cGZö�4

∀ x ∈ H : Gi(x) = λGe(x) ,
÷Ù8¶@ 8;8<ù

�54L���é4¿@����G�5ö�� �é3!�945ö2�V�P��ñ�4��5ì;1Z��ì<ö�ñò1�354�4P����4Põ'3>GZö�������ì<12õ�÷ 8¶@ § ( ù!÷ 8�@ §¥¨ ù���4Pö2ë<4P1Z��õ�4�ñ�3P35�Pñ���ñò4
451eö�1�4Võ�4Pö���4V3OG�ö����é��ì<1bõ�ö�ñ

Vm

@
��1e4Oê�4P�W÷ 8¶@ §©¨ ù�õ�4Vñ�3P35�Pñ������Pì*�W�]4BA

(λ+ 1)div (Ge∇φe) = −div (Gi∇Vm)

@�4Võ�ì<ñ��é4ºGZö�4V� *+ì<1e�I6

Am (Cm∂tVm + Iion) =
1

λ+ 1
div (Gi∇Vm) .

÷ 8�@ 8 d ù
��4P�ò�é4Võ����]������Q��5���é��ì<1 @2ö3�GìR@E�5��4���?@�ì��n�;��1�4�4Põò���;���945��354'�GìR@��P��4£¾n³µ°�³ ã ³µ¾G¿;º�°�®L@

��4P����4�óôì<ñC�£ö����µ�é��ì;1]õò�?�G�����ðQ�354�45õ�����@��;�¶�é354��;öc�×��õ�ì<öI��4��5ì�45ö�ñ�45õò��õ�ö����9ì<õò3���õ�ì;��3;@¶ �1
��4Pö2�n�;��ì<ñòõ²õ�4��5ì<1Ñ�é4P1Ñ�é45ñ�@�4e�×�;���5ö���45ñ7��4b�9ì;�é4P1Z����4P����ñé�;12õM�G4>�	��ñ��;1��;��ñ�4

Vm

<k����ñò�é��ñª@�4
� *+3>GZö�������ì<1Ï÷ 8¶@ 8 d ù��5ì*�G����3P�é3P47���;ñº@�45õB�5ì<1E@�������ì<1�õ'@24WS�örTk1�ö2����45ö��]�;1�1â��ì*�Gì<ü*�P1�4G�;ö
��ì;ñM@æ@�öe�5ì�45ö�ñP@
�'1áñ�4Lë;��1�����4£õò�h� *+ì<1��5ì<1�õò�?@��Pñ�4£��4B�5�;õ�ì�1&� *A�;�P����ë�����3D@2öá�5ì�45ö�ñ�45õ����5ì<ö2����3P4£�×ë<4P�²�545����4D@�ö
����ì;ñé�FT�AZ��4Põ�ñò45���µ�é��ì;1�õ=@�4��Pì<ö������;ü<4W÷ 8¶@ §©« ù�÷ 8¶@ 8;: ù�ñò451�@�4P1Ñ�!1�35�P45õòõé�;��ñ�4c@�4�ñ�4P�×�;���5ö���45ñ���4���ìµý
�é4P1Z����4P��4�T��éñ��µý/�P45����ö����;��ñò4

φe

<V���;ñò����ñ�@�4
Vm

4P�H@�4�� *+3>GZö��µ�é��ì;1e÷ 8¶@ §¥¨ ùUAZ�;ö�GZö�4P���×�;õ���4��Gìr@��5��4
�]ì;1�ìR@2ì*�n����1�4ª@�4Lë¶��451Ñ�73>GZö�� ë��;��4P1Z�£451Ê�é4PñM�G4¶@�4I�5ì��2�²451Ê��4>�G��õ	@�4I�5�;���Pö����;ö �Gìr@��5��4
���?@2ì*�n����1�4�@
�'1EQ�1b� *ì�Ñþ¶�9ì;�M���5õò4 8�@ 8<8 1¦*+45õ������;õ�ë<3Pñ��ðQ�354V���Ñþ�õ���ì<��ì<ü;�?GZö�4>�G451Ñ�>A2��4Põ!ñé�;�2��ì<ñ��éõu@¦*A�;1���õ�ì;��ñ�ì�ý
����4

cli,e/c
t
i,e

@��;1�õ���45õH�G������45öRTW��1Ñ��ñé�B4L��4UT��éñé�Òý/�54P����ö����;��ñ�4Põ�@���ê��5ñò451Ñ�I@�*Aö�1]ó½�;�P��45ö�ñH@�4��Ù*Aì;ñM@�ñò4
@�4D(e÷ôë<ì;��ñ��¬�B����4 8¶@ § ùm@

 �13�]4P1Ñ�é��ì;1�1�4#�545�9451E@��;1Ñ�'GZö�4Wñò35�P4>�W�]4P1Z�£÷ôë;ì<��ñS. § = A 8 « A 8�+ 0 ùUA9��4Z�Gìr@��5��4D�Gì<1�ìr@�ì�ý
�n����1�4]�á3P��3¶@�35ñò��ë;3I�5ì*�W�]4]ö�1�4b�;�2��ñ�ìLT¶�?�]���é��ì<1â@�ö5�]ìr@��5��4��2�?@�ì*�]�;��1�4�A%õé��1�õ²ö2�é������õ�45ñ
� *ì�Ñþ¶�9ì;�M���5õò4	@�45õ�ñ��;���9ì<ñò��õc@¦*A�;1���õ�ì;��ñ�ì<����4W3PüÑ�;öRT�@C��4L����47�;����ñòì©T¶���n������ì<1e�945ñM�G4P�c@�4£�5ì;ö¶ý
����4Pñ�� *A�;�P����ë�����3!35��4P�P��ñ��?GZö�4X@�öc�Pì¶4Pö�ñ�4P���545����4¿@�ön�M��ì<ñ��FT�<#���;ñò����ñ=@�4@245öRT]3>GZö��µ�é��ì;1�õ�4P�������¶ý
�é��G�ö245õ�6¯ö�1�4I@��;1�õ"��4��5ì�45ö�ñ"4P�`ö�1�4H@��;12õ`��4��M��ì<ñ��FT�Aµ�Pì<ö�����354Põ`õòö�ñ`�Ù*A��1Ñ�é45ñ�ó½�;�54��Pì¶4Pö�ñ�Èµ�M��ì<ñ��FT�@



H I f =j4�8;0;-  

 k?> i 4V: f 834�Ù7 kl-/: 2�P�l0 f 7983: 4�Ù7 4EDG�l-1:
. -1. g 0 f 7 f 460;-/:

�XQ�15@�4Ióô45ñC�]4Pñ£��4¶�Gìr@��5��4¶���?@2ì*�n����1�4G��1Ñ�éñòìR@2ö����£�;ö¡�����;��� �éñ�4I�2ñ�35�P3>@�4P1Ñ�LA�����ó½�;ö2�£þ
��1��P��ö�ñò4£ö�1â�]ìr@��5��4	@�öí�éñ��;1�õ��9ì<ñ��V��ì<1���GZö�4ª<c�éñé�×ë;45ñ�õ#���¶�G4>����ñé�;124²�545����ö����;��ñò4i�±@�ì<1Ñ�#���
���Ñþ¶õò��ì<��ì<ü<��4£35��3>�G451Ñ�¬�;��ñ�4²4Põò�Z@�35�Pñ�����47451 § @ § �á�BQ�1â@�4G�×�;���5ö���45ñ���4²�Pì<ö�ñ��;1Ñ�B��ì<1���G�ö24

Iion�]4O�	��ñé��1��;��ñò4;@%�C4]��ñé�;12õ��9ì<ñò�B��ì<12�?GZö�4W�]4O�	��ñé��1��;��ñò4745õò�B�éì<ö¶�a<eó½�����#�5ì*�G����4�T¶4n4L�W1¦*+45õ��
�;öFKòì<ö�ñC@¦*ì��ö2��GZö�4²���;ñ��é��4P����4>�G451Ñ���Pì*�]�2ñ���õP@��/�h1¦*A4Põò�B�;��1�õ��`���;õ�451Ñë���õ��;ü<45������4�@�4a�]ìr@�3P����õò45ñ
�545õG����3P1�ì*�W�51�4Põ�@��;1�õ7��4Pö�ñ²451�õò4>�	�2��4;@� �1Õõ�4b�����]� �é4¶<Ç���ã�Gìr@�35����õé�µ�é��ì;1²@�öÕ�éñé��1�õ��9ì<ñò�
��ì<1���GZö�4N�G4>����ñé�;1��;��ñò4u@�4��éñòì<��õ�4Põ����5�54Põ!��ì<12�?GZö�45õ�6���4�õ�ìr@���ö��

Na+ A¶��4��9ì;�¬��õ�õ���ö�� K+ 4L���4��×�����5��ö��
Ca2+ @�C4���ñé�;1�õò��ì;ñò�=@�4Põ���ì<1�õ�õòìR@2��ö�� 4P���9ì;�¬�;õòõ���ö�� �945ñC�]4L�=@�4u�GìR@�3P����õ�45ñ`��4!�9ì;�é4P1Ñ�é��4P��@¦*A�;�Lý

�é��ì;1á�54P����ö2���;��ñ�4�J9� *+��ì<1
Ca2+ ���;ñ��é���5���94£3PüÑ�;��4O�]4P1Ñ�'<I��� @235�9ì<���;ñò��õ����é��ì<1±@�4²���c�54P����ö2��4;@��'1

ñ�3×��������3I@¦*A�;ö2��ñ�4Põ���ì<1�õ����;ñò�����5����4P1Ñ�'�;öRT£��ñ�ì��54Põ�õòö�õ�@24u@�35�9ì<����ñ���õ����é��ì<1W4L�=@�4!ñ�4P��ì;���;ñò��õé�µ�é��ì;1¦@
��*A4Põò�'��4��×��õ´@�4��Ù*A��ì<1#������ì<ñòö�ñ�4

Cl−
GZö��¶��4PñM�G4P�´@�4��Pì<1�õ�4Pñòë;45ñ�� *+35��45�P��ñ�ì<1245ö2��ñé�;�����é3�@245õ�õòì<��ö¶ý

�é35õP@��¶��@2þ�1����G�?GZö�4�1¦*+��1ES�ö��;1Ñ�����;õ�õ�ö�ñ���4���ñ�ìBQ���@2öc��ì��é451Ñ����45��@�4N�]4O�	��ñ��;1�4
Vm

ì<1c124���4
��ñ�4P1�@]���;õ�451G�5ì*�G�2�é4�@Z�C4���� ÷�@�4¿�6�O�]4uGZö�4��P45ñò�é�;��1245õ=@�ñ�ì;ü<ö�45õéù�4Põò��35ü<�;��4O�]4P1Z����1ES�ö�4P1Ñ�
@��;1�õB���æ�]4Põ�ö�ñò4]ì�1������945ñò��ö�ñM�94G��4G�5ì*�G��ì;ñò�é4O�]4P1Ñ�Z@24n�54Pñò�é�;��1�4PõW��ñòì;�é3P��1�4PõB��1Ñ�é45ñ�ë<4P1��;1Ñ�
@��;1�õ!��4��éñ��;1�õò��ì<ñ��!��ì;1��?GZö�4�@����;12õ!� *A����õ�ì;��öcõòì<1I��1ES�ö�451��P4���ì;ö�ñ�ñ��;���$�P�éñò4���ñ���õ�4�4P1b�5ì*�G�2�é4
451 �GìR@�3P����õé�;1Ñ�#��4G�éñé��1�õ��9ì<ñò�	@�4c� *+��ì;1

H+ <&�éñé�×ë;45ñ�õ²���3�G4>�	�2ñé�;1�4�@h�'1Ê��ñ����é��GZö�4c�54L����4
��1ES�ö2451��P4!õ�45ñ�����ñ���õ�4�4P1G�Pì*�G�2�é4�@24u�n�;12�?�5ñò4���1E@���ñò45�P��4�4P1W�Gìr@���Q���1Z�h�54Pñò�¬����1�õ����;ñé���W�P��ñ�4Põ
@�ö3�Gìr@��5��4;@

�%���Gìr@�35����õé�µ�é��ì;1W@24�����@¶þ¶1����]��GZö�4@�4�� *+��ì<1
Ca2+ �945ñM�G4P�I@�4��Pì<ö�����45ñ�ö21��]ìr@��5��4N@24�����2ñ�ì<����üÑ���é��ì<1	@�ö²�9ì;��451Ñ�é��45�r@¦* ���P�é��ì<1²�×��ñM@�����GZö�4u<�ö�1a�Gìr@��5��4I�G35�×��1��?GZö�4�@2öa�Wþ<ì��×�;ñC@�4;@

��1�4º@�4Põ��5ñò���2����ì<1�Q�124D@24#�P4P����ì;1e4Põò���;��1�õ���óôì;1�@����G451Ñ�¬����4�451e35��45�L�éñ�ì��×��ñM@���ì<��ì<ü;��4;@

¡¢R;Q À._`E][�R�M"M%UbMÁFbU OC_�N#QbM9�ÇEV_"OdKPEBQIK5aGUIR T R�T£�I_�N#QbN#Km_hR
�C4á��ñé�;1�õò����@24kõòö���õ��¬�;1��P45õß÷��Gì<��3P�5ö����;��ñò45õGì<ö ��ì<12�?GZö�45õéù�@¦*+ö�1 �5ì;��3â< � *A�;ö2�éñò4Â@�4í���
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�%4Põ�GìR@E�5��4Põ�ñò35�P451Ñ�éõ'@�4Z�]4O�	��ñ��;1�4W�P���;õòõ�4P1Z����4Põ���ñòì;�é3P��1�4Põ�G4>�	��ñ��;1��;��ñ�4Põ�������ñ�ü<3P45õ
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�éñòì¶�������]��GZö�47ö�1��?GZö�4O�]4P1Ñ�×@��C4PõW�9ì*�]�945õB4P�W��45õ#�éñ��;1�õ��9ì<ñ��é45ö2ñ�õ£ì<1Ñ�W�����5�;���;�P����3 @�4Gó½�;��ñò4
�éñ��;1�õ�� �é4Pñ�ö�1�4G45õò���P�54G��ì<1���GZö�4	@��;12õ#��4²õ�4P1�õB�Pì<1Ñ�éñ��;��ñò4ª<bõòì<1kü<ñé��@2��451Ñ��3P��4P�P�éñòì¶���2�?�G�?GZö�4;@
�C45ö�ñ��;�P����ë�����3#1235�54Põ�õò���é4a@2ì<1��Wö21�4Wõòì<ö�ñ��P4	@¦*+351�4Pñ�ü<��4;@��C4WñZY;��4D@�45õ���ì*�G�945õ�4L�c@�4Põ���ñé�;1�õ�ý
��ì;ñò�é4Pö�ñ�õ�45õ���@�4�ñ����G451�4Pñ���45õ��Pì<1��P451Ñ�éñ����é��ì<1�õ���ì<1���G�ö245õI@��;1�õ����B�P45����ö���4!ë;45ñ�õ!��45ö�ñòõ�ë��;��45ö�ñòõ
1�ì<ñC�n�;��45õ��;��ñM�Põ'GZö�4²�54P����4Põ�ý �5������451Ñ��3P�é3a�Gìr@���Q�3P45õOA����;ñ�� *+ì<ö2ë<4Pñò��ö�ñ�4a@¦*+ö�1í�×��1��;�h��ì<1���G�ö24
1�ì;�é�����G451Ñ�5@
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��1b�×�;1��;�¦��ì;1��?GZö�4����;��õòõ�4����;õ�õò45ñ¿@��;1�õ�ö�1bõò451�õ¿@�ì<121�3Vö�1�4V45õò���P�54V��ì<12�?GZö�4��Pì<12óôì<ñC�]3mý

�]4P1Ñ�a<&õòì<1Êü<ñé�B@���4P1Z�W35��45�P��ñ�ì������?�G�?GZö�4�@`�¶ì<1 �Pì*�]�9ì<ñ��é4>�G451Ñ�W45õò�£õ��?�G����4>�G451Ñ���Gìr@�35����õ�3
���;ñ�ö�124Gñò35õò��õò�é�;1��P4;@" �1����;ñ���4	@�4b±Ùªò¿;°2/·�³µªm±'·2¿µ¬Lº ñßñò45���µ�é��ë;4>�G451Ñ�#�;öRTá�×�;1��;öRTk��ì;1��?GZö�4Põ
@��;1�õ���4�õò451�õ�ì�1n��45ö2ñ!�;�P����ë�����3�124'@�4>�]�;1�@�4��;ö��5ö21b�;���9ì<ñò�!4P1I351�4Pñ�ü<��4;@2��1I�×��1��;����ì<1���G�ö24
45õ����54P��4P1�@��;1Ñ�����P�é� ó�@���1�õh���X�G45õòö�ñ�4�ì�1£õé���5ì<1E@�ö��P����ë�����3�4Põò�hë��;ñò�����2��4�õ�4P��ì<1B��45õ"�5ì;1�@�������ì<12õ
4�T��é3Pñ���45ö�ñò45õ6J�������4Pö2��451e���;ñ��é���Pö�����45ñ��L�éñò4Vóô4PñM�G3;@

�%4��×�;1�������ì;1��?GZö�4���4�����ö�õ�3P�éöE@���3�4Põò�!õ��;1�õu@�ì;ö2�é4���4��5�;1��;��õ�ìr@���ö�� ñ��;���?@24GZö����945ñC�]4L�
�;ö¡õ�ìr@���öE�

Na+ @24e�935123P�éñò45ñW@��;1�õG���á�P45����ö���4;@���4e�×�;1��;�!45õ��]�Ù* ���P�é4Pö�ñ7��ñ���1��5�����;��@24e���
@�35�9ì<���;ñ���õé������ì<1]�545����ö����;��ñò4;@
�C4#�Pì<ö�ñ��;1Ñ�

iNa

@¦*+��ì;1�õ
Na+ <£�éñ��×ë<45ñòõ��P4#�5�;1��;�C4Põò����ñ�ì;��ì<ñ��é��ì<1�1�4P�V<Gõòì<1eü<ñé��@2��451Ñ��35��45�mý

�éñòì¶�������]��GZö�4�A
iNa = gNa (Vm − ENa) ,

÷ d @ § ù
ì�1Õ��4I�9ì;�é4P1Z����4P�!35��4P�P��ñ�ì������?�G�?GZö�4

ENa

@�4e� *+��ì;1
Na+ 4Põò��@�ì<1�1�3e���;ñ7���í��ì<��@�4e��45ñ�12õò�

451Ióôì<1��L�é��ì<1�@�45õ��Pì<1��54P1Ñ�éñé�µ�é��ì;1�õ���1Ñ�éñ��µý/�P45����ö�������ñ�4�4L��4�T��éñ��µý/�P45����ö�������ñ�4
[Na]i

A
[Na]e

451b��ì<1
õ�ìr@���öE�3A

ENa =
RT

F
ln

[Na]e
[Na]i

,
÷ d @ 8;ù

÷
R
A
T
4P�

F
@�35õò��ü<1���1Z��ñ�45õò��4P�P����ë<4O�]4P1Ñ�V���n�Pì<1�õò�é�;1Ñ�é4a@�4Põ�üÑ��ë£���;ñòó½�;� �éõOA����G�é4O�]�935ñ����éö2ñ�4

4P�����7�Pì<1�õ��¬�;1Ñ�é4º@�4#���;ñ���@��×þ2ùL@
�"�²�Pì<1�@�ö��L�é� ë¶� �é3

gNa

@2öe�5�;1��;����ì<1���GZö�4'@�35�9451E@3@�4V����ö�õ���45ö�ñòõ�ó½�;�P��45ö�ñòõV6�@�45õ��5ì;1��54P1¶ý
�éñ����é��ì<1�õ!��1Ñ��ñé�74P��4UT��éñé�Òý/�54P����ö����;��ñ�4Põ�451

Na+ 4P�N@�ö���ì;��451Ñ�é��45�C�éñ��;1�õC�]4O�	��ñé��1��;��ñò4
Vm

1�ìµý
�¬���W�G451Ñ�VJ"�54P�ò�é4b����õò��4n1¦*+3P�é�;1Ñ�7���;õ²4�TR����ö�õò����ë<4�@���1¡��1Z��ñ�ìr@�ö���õé�;1Ñ�£���&ë��;ñ���������4W@�4I�9ì<ñò��4
0 ≤ H ≤ 1

@�35�Pñ�� ë;��1Z�#�Ù*A3L�¬���D@¦*+ì<ö2ë;45ñò��ö�ñ�4�@�öß�5�;1��;����ì<1��?GZö�474L�Wõ����5ì;1�@�ö��L�é��ë�� �é3ª�n�¥T2� ý
�n����4

gNa

ì<1e35�5ñò���V6
gNa = gNaH .

÷ d @ d ù
�/�¦45õ��X@�35�����×�µ�u@�4º@�3P��45ñC�]��1�45ñ!�Ù*A4P1�õ�4O�	����4'@245õ!ë��;ñ���������4Põ���1Ñ��45ñòë;451���1Z�X@���1�õ����Wóôì<1��L�é��ì<1æ@�4
��ì;ñò�é4

H
@"�/��45õ��²4512�5ì<ñò4c����ö2õ	@����G�P����4W@�4¶@2ì<1�1�4Pñ£4�T¶�������5� �é4O�]4P1Z�B���e��ì<�HGZö�������4

H
<&�P45õ

ë��;ñ���������4Põ>A
H = H(Vm, [Na]i, [Na]e, . . . )

A�@¦*A�;ö2�é�;1Ñ�£����ö�õ�GZö�4c�P45õ£���;ñé���W�P��ñ�4PõWõ�ì;1Z�£451
��1Ñ�é4PñM@�3P��4P1�@��;12�54;@
�'1Ç��ñé�����?GZö�4B��4W�Pì*�G��ì<ñ��é4O�]4P1Z�@�4

H
4Põò��3L�¬��������@24Wó½��
5ì;1Ç����3512ì*�]3P1�ì<��ì<ü<�?GZö�4�@9���;1�õ���4

�]ìr@��P��4Iì<ñò��ü<��1�45�u@�4���ìr@�ü*PZ��1Ï4L�I��örT2��4Pþ�. (�» 0 A
H
3P�é�;���W@�3L�é4PñM�G��1�3P4±<k���;ñò����ña@�43@�45örT
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ë;��ñ����B����4Põ�@�4V��ì;ñò�é4BA
H = H(m, h)

A�4P����45õu�:�>�G45õ!ì*�935��õ�õé��1Z�N<a@�4Põ� ����(6
dm

dt
= fm (Vm, m) ,

dh

dt
= fh (Vm, h) .

�B* �;ö¶�éñ�4Põ]ó½�;�L�é4Pö�ñ�õ]��4Pö2ë<4P1Z�I�Bê�4P�P��45ñn��45õG��ñ�ì;��ñ���3P�é3Põ]ü;351�3Pñé�;��45õW@¦*Aö21 �×�;1��;����ì<1���GZö�4;@
ðh�;ñ�4�T¶4>�G����4B���G�Pì<1�@�ö��L�é� ë¶� �é3D�n�¥T2���n����4

gNa

@�ö��×�;1��;�`õòìR@2��ö��Áñ��;����@�4Z@235�9451�@Â@2ö
pH

@
�¶����4 �]������4Pöß��1Z��ñé�µý �54P����ö2���;��ñ�4745õ��G��ñ�ì<�¡���5�?@24�A��P4P����4b�5ì<1�@2ö��P����ë�����3I45õò�ª@2�?�G��1Zö�354BAh�P4;GZö��
�Bê�4P�P��4cõ�4P1�õ�������4O�]4P1Z�£��4c��ñòì�Q���@�öÊ��ì��é451Ñ����45��@¦*A�;�P����ì<1¦@h��4I����3P1�ì*�W�51�4Iõò4c��ñòìR@�ö2���£��ì<ñ�õ
@�4�� *+��õò����3>�G��4#6���4�]�;1�GZö�4�451IìLT�þ¶ü��51�4'@�ö]�é��õòõ�öI�5�;ñM@�����GZö�4�4P1�ü<4P1�@�ñé��1Z��ö21�4��;�P�?@�ì<õò4@�4Põ
�é��õòõ�ö�õP@
ÁH�r�ª����°Ã���R�

�C4PõW�9ì*�]�945õVõòì<1Ñ��@�4PõW��ñòì;�é3P��1�4PõZ�G4>����ñé�;1��;��ñò45õ'GZö�����4Pö2ë<4P1Z�Bó½�;��ñò47451Ñ�éñò45ñ#4P�Bõ�ì<ñ��é��ñ
@�45õ745õò���P�54Põ]��ì<1��?GZö�4Põª<Ç�5ì<1Ñ�éñò4Lý �5ì<ö�ñ��;1Ñ�W@�4I��4Pö�ñ�õ7ü<ñ���@���4P1Ñ�éõ²35��45�L�éñ�ì��������]��G�ö245õ5@h�'*A3P1�45ñ�ý
ü<��4#1�35�P45õòõé�;��ñ�4ª<n��45ö�ñ�óôì<1��P����ì<1�45õ��'@���ñò45�L�é4>�G451Ñ��óôì<ö�ñ�12��4W���;ñ���4��G3P�¬�B��ì<����õC�]4��P45����ö�������ñ�4BA
��ñ�3P�5��õò3>�G451Ñ�£���;ñB��45õD�]ì;��35�Pö���4PõZ@�*

ATP
÷ô�u@�3512ì<õ���1�4n	"ñ���ð���ì<õ��E�����é4×ùD@�ì;1Z�W� *ì�ÑþR@2ñ�ì<� þ¶õò4

�5ì<1�õ��é� �éö�4V���£õòì<ö�ñò�54V351�4Pñ�ü<3L�é��G�ö24Z@�4V���£�545����ö���4;@
�'*+4�T¶4>�G����4]�/þ���4�@24n�9ì*�]�94n4Põò�²�����9ì*�G��4

Na/K − ATP
�;õò4;@`ð`ì<ö�ñWö�1�4¶�Gì<��3P�5ö���4

@¦*
ATP

�Ñþr@�ñ�ì<� þ�õ�354BA��P4P�ò�é4V��ì��]�94�ó½�;����ñò451Ñ�éñò45ñ¿@�4PöRTe��ì<12õ��9ì;�é�;õ�õò��ö��
K+ 4P��õòì<ñò����ñ��éñòì<��õ��ì<1�õ�õ�ìr@���öE�

Na+ @���1�õ!��4N�6�O�]4���4>�G��õ5@¶��öbñ�4P��ì;õ����W�P45����ö���4�45õ���óôì<ñ��é4>�G451Ñ�!�Pì<1��P451Ñ�éñò354
451 �9ì;�¬��õ�õ���ö��^4P�]ó½�;�?�2��4>�G451Ñ�G�5ì;1��54P1Z��ñ�3P4á451 õòìR@2��ö��e@�� ���âQ�1/@2ö ��ì��é451Ñ����45�¿@¦*A�;�L�é��ì;1
�545����ö����;��ñò4�A���� �P45����ö���4áõ5*+45õ���4P1�ñ���������4Ç4P1�õòìR@2��ö�� 4P�e�;�����;ö2ë�ñ���4Ç451Ã��ì;�é�;õ�õò��ö�� ÷½õòö�����4ã<
� *+ì<ö2ë<4Pñò��ö�ñ�4�@�öÕ�×��1��;����ì<1��?GZö�4nõ�ìr@���ö��pñ�4P1Z��ñé�;1Ñ�>A'��ì<ñòõ	@�4b���Â@�3P��ì;���;ñò��õé�µ�é��ì;16A%4P�ª@�öÕ�×�µý
1��;����ì<1���G�ö24���ì��¬�;õòõ���öE�qõòì<ñò�é�;1Ñ�LA2�9451E@��;1Ñ�����£ñò45�9ì<���;ñò��õ����é��ì<1�ùL@Z�'*A�;�P����ë�������ì<1�@�4����W�9ì*�G��4
Na/K

�945ñC�]4L���;��ì<ñ�õN<n���]�54P����ö���4º@�4Bñ�4P��ñ�ì<ö¶ë<45ñ�õò45õ��Pì<1��P451Ñ�éñ����é��ì<1�õ���1��������;��45õ!4P1Çõ�ìr@���ö��
4P����ì��¬�;õòõ���öE��@

�'*A�;�P����ë�����3N@24��54L���é4��9ì*�G��4�45õ��!����354��;öRTn�5ì<12�5451Ñ��ñé������ì<1�õ
[K]i,e

4P�
[Na]i,e

�;��1�õ���GZö¦*A�;ö
��ì;��451Ñ�é��45�N�]4O�	��ñé��1��;��ñò4&4L�;<¡�Ù*

ATP
@��'����4á45õ��I�éñé�×ë;45ñ�õò354k���;ñcö21Ã�Pì<ö�ñ��;1Ñ�æ@¦*A��1Ñ�é4512õ�����3

iNa/K

@�ì<1�1�3V����ñ�6
iNa/K = F (Vm, [Na]i,e, [K]i,e, ATP ) .�C4Põ]�Pì<ö�ñé��1Z��õn4P1Ï��ì<1ÏõòìR@2��ö��;A

iNa, Na/K

A'4P�]451Ï��ì<1¡�9ì;�¬��õ�õ���ö��;A
iK,Na/K

A�<Ç�éñ��×ë<45ñòõ
�54P�ò�é4V�9ì*�]�94�õ�ì;1Z���5�;���Pö���3Põ¿<7���;ñò����ñu@�4V�54V�Pì<ö�ñé��1Z�

iNa, Na/K = 3iNa/K , iK,Na/K = −2iNa/K ,

�54ºGZö��%��4PñM�G4P�¿@�4Vñ�35�;�P��ö��;����õ�4Pñ!��4Põ��Pì<1��P451Ñ�éñ����é��ì<1�õ���1Ñ�éñ��²4P��4�T��éñ��µý/�P45����ö����;��ñò45õ�4P1&õòìR@���ö��
4P����ì��¬�;õòõ���öE��@
ÁH�r�a·©£¥¤#���O����£©·©�r¢�£F�

�C4Põh�éñ��;1�õ��9ì<ñ��é45ö2ñ�õ�ñò3×�;����õ�4P1Ñ��ö�1£��ñé�;1�õò��ì;ñò����ì<1���G�ö24��;�L�é� ó�<��éñ��¯ë;45ñòõ'���N�G4>����ñé�;124I�]�;��õ
1¦*Aö¶�é������õò451Ñ�W���;õ	@���ñ�45�L�é4O�]4P1Z�£� *+351�4Pñ�ü<��4n��õòõ�ö�4 @�ö �]3L�¬���9ì<����õM�G4²�54P����ö����;��ñ�4b6h�Ù*A3P1�45ñòü<��4]45õ��
óôì<ö�ñ�12��4n���;ñWö�1Ê��ì<1²GZö���õ�ö�� �²õ�ì;1 ü<ñé�B@���4P1Z�W35��45�P��ñ�ì������?�G�?GZö�4�@���4n����3512ì*���P1�4cõP* �;�2��4P����4
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Iion = Iion (Vm, u) = −
1

ε
(k f (Vm) − Vmu)

du

dt
= k (Vm − Vr) (Vs + Va − Vm) − u , k > 0 .
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�C4u�GìR@E�5��4�45�?P�ì<1��;�2õ5*A�����é�;����4N<����c�GìR@�3P����õé������ì<1Z@�4����c@2þ�1����G�?GZö�4u@2ö7óôñòì<1Ñ�=@�4�� *+ì<1�@�4

@�4æ@�35�9ì<����ñ���õ����é��ì<1¦@`�/���k�9ì<ö�ñNKòö�õ��é�ðQ��×������ì<1Ê�M��35ì<ñò�?GZö�4b��4Ió½�;� �aGZö�4e�54bóôñ�ì<1Ñ�W@¦*+ì<1�@�4e45õ��
ñé�;��@�4��P4cGZö����945ñC�]4L�u@�4���ñ�ì��53O@�45ñu<Bö�1�4V�;1�����þ�õ�4N@�4��945ñò��ö�ñM�����é��ì<1nõò��1�ü<ö2���?�Pñ�4X@�ö��GìR@��P��4
���?@�ì��n�;��1�4;@

k�4P451�4Pñ!. ( « 0 �B��ñòì<��ì;õ�3�ö21n�é4P���GìR@E�5��4���ñò451��;1Ñ��451c�Pì*�]�¶�é4����D@2��õò��ñ�����ö2�é��ì<1W@�45õHQ#��ñ�4Põ
�£ö�õ��Pö�������ñ�4Põ�õòö�ñ!���#��ñ�ì<���;üÑ������ì<1�@�öIóôñ�ì<1Ñ��@24�� *+ì<1�@�4N@��;1�õ!��4��×�B@�ñ�4c@2ö;�Gìr@��5��4N�Gì<1�ìr@�ì�ý
�n�;��1�4;@Ñ��ì<����� ý���ñ��;1�ë5ì;1�4B®L±�¿;¹��C. 8<= A 8 d A §©« A 8;: 0 ì;1Z����ñòì<��ì;õ�3�ö�1�4�ë<45ñòõ���ì<1c����ö�õ�ü<351�3Pñé�;��4N@24
�54P�ò�é4#�;1�����þ�õ�4º@��;12õ���4��×��@2ñ�4º@�ö;�]ìr@��5��4c����@�ì*�]�;��1�4BARGZö�4#� *+ì<1bñ�3Põ�ö��G4V���P� @

���;1�õW�Ù*Aì;�2�é��G�ö24�@�4W�GìR@�3P����õ�45ñV�Ù*A3Lë<ì<��ö2�é��ì<1ã@�ößóôñ�ì;1Z�Z@¦*+ì<1�@�4BA`���'1¦*+45õò�W���;õB1�35�P45õ�õ��;��ñò4
@�4B��ñé�;� �é45ñ�� *+4512õ�4>������4Z@�45õ��Pì<ö�ñ��;1Ñ�éõ���ì<1��?GZö�4Põ�G4>�	�2ñé�;1�����ñ�4Põ���1Ñ�é45ñ�ë<4P1��;1Ñ�'@��;12õ���4B�Pþ��5��4
�5ì*�G����4L��@�ö£�9ì;�é4P1Z����4P�R@¦*A�;�L�é��ì;1W�54P����ö����;��ñ�4�@¯�%�N@�3P��ì<���;ñ���õé������ì<1V4Põò��@2ö�4��;öW�5ì<ö�ñ��;1Ñ��õòìR@���ö��
ñé�;����@�4

INa

GZö��"45õ���ë<ì;���¬��ü<4Lý�@�35�9451�@��;1Ñ��4L�c@�ì<1Ñ�����ª@2þ�1����G�?GZö�4n÷ôë<ì;��ñ����;ñ�4�T¶4>�G����4¢. 8;= 0 ù
45õò�X�GìR@235����õ�3P4����;ñV6

Iion ' INa = −gNa f(Vm) ,

ì�1
gNa

45õ��������5ì;1�@�ö��L�é��ë�� �é3u�]�FT¶�?�]�;��4H@�ö7�×�;1��;��õ�ìr@���öE� ñ��;���?@24!4P��ì�1
f
45õ���ö�1�4�óôì<1��L�é��ì<1

@�4��/þ¶�94V�5ö��2�?GZö�4�J��;*+45õ��c<a@���ñ�4���45����4cGZö�4
f ∈ C1(R)

õP* ��1�1Zö���4V4�T2�;�L�é4O�]4P1Z���éñòì<��õ�óôì<��õOA

f(Vr) = f(Vs) = f(Va) = 0
4P�

Vr < Vs < Va ,

4P�Ië<3Pñ��ðQ�4
f ′(Vr) < 0

A
f ′(Va) < 0

@
Vr

4Põò�e���ó@��ðê�3Pñ�4P1��54ã@�4Ç�9ì;�é4P1Ñ�é��4P�c�G4>�	��ñ��;1��;��ñ�4
�;öÇñ�4P��ì<õV4L�

Va
��� @��ðê�3Pñ�4P1��54ª@�4²�9ì;�é4P1Ñ�é��4P���G4>�	��ñ��;1��;��ñ�4B451ã���;ö2�º@2öíóôñòì<1Ñ�º@¦*+ì<1�@�4�@C�C4

��ì;��451Ñ�é��45��@�4�õò45ö�����@¦*+4�T¶�P���¬�B���������é3
Vs
@2ì<���s�P��ñ�4���45�½GZö�4 ∫ Va

Vr
f(v)dv > 0

�54cGZö����;õ�õòö�ñ�4cGZö�4
INa

�;ü<�����5ì*�W�]4�ö21�4º���;õ��Pö���4�ó½�;��õé�;1Ñ�!���;õ�õò45ñX@�4V���£ë��;��4Pö�ñ
Vr

<²���Wë;����45ö2ñ
Va

@
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�'*A4UT24O�]�2��4��/þ���4D@�4�óôì<1��L�é��ì<1I�5ö��2�?GZö�4V45õ��@�ì;1�1�3V���;ñ�6

f(v) = −Λ(v − Vr)(v − Vs)(v − Va) , Vr < Vs < Va

4P�
Vs <

Vr + Va

2
.
÷�»�@ § ù

�%4±�]ìr@��5��4±����@�ì*�]�;��124ß÷ 8¶@ § ( ùá÷ 8¶@ 8 § ù]õòö�ñc��4±@�ì*�]�;��1�4
H
ì��5�5ö2��3á���;ñc��4��5ì�45ö�ñnõ�4

ñ�3P35�5ñò�����;��ì<ñ�õI@��;1�õ����£ñò35ü<��ì<1æ@�öIóôñ�ì<1Ñ�X@¦*+ì<1�@�4V�5ì����G4²6
Am Cm∂tVm = −div (Ge∇φe) + Am gNa f(Vm)

÷�»�@ 8;ù
div (G∇φe) = −div (Gi∇Vm) ,

÷�»�@ d ù
ì�1

G = Gi +Ge
45õò�����Wõòì*���G4X@�45õ���451�õò45ö�ñòõu@�4��Pì<1�@�ö��L�é� ë¶� �é3���1Ñ�éñ��W4P��4�T��éñ��µý/�P45����ö�������ñ�4Põ5@

�'1&��@2�?�G451�õò��ì<1�1��;1Ñ�!��4Põ�3P����45����4PõN@�4���4>�G��õ�4P�X@¦*+45õ����;�54Z@�4��é45����4�õòì<ñò��4DGZö�4#���£ë�����45õòõ�4D@�4
��ñ�ì;���;üÑ������ì<1º@�öBóôñ�ì<1Ñ��@�*Aì<1E@�4�õòì<����@�4��Ù*Aì;ñM@�ñò4�@�4 § Aµ4P�`451²ö2��������õé�;1Ñ�%��45õhì;ñM@�ñò45õ´@24�ü<ñ��;1�@�4Pö�ñ
�×�;ñ��;�P��35ñò��õò���?GZö�4Põ�@�4Põ����;ñ����W�P�éñò45õ����Ñþ�õ��?GZö�4Põ>A¶����45õ��!�;��ì<ñ�õ��9ì<õ�õò�?����4N@�4�ñ�3P35�Pñ���ñò4²÷ »�@ 8 ù�÷ »�@ d ù
õ�4P��ì<1bö�1�4�óôì<ñC�£ö������é��ì<1I��@����]4P1�õ���ì<1�1�3P4c@�4��/þ���4#�945ñò��ö�ñM�����é��ì<1bõ���12ü<ö������5ñò4�A

ε ∂tVm = −ε2div
(
G̃e∇φe

)
+ f(Vm)

÷�»�@¼»Ñù
div
(
G̃∇φe

)
= −div

(
G̃i∇Vm

)
,

÷�»�@ =;ù
ì�1b��4PõuG�ö��;1Ñ�é����35õ!�é���?@�3P45õ�õòì<1Ñ�X@�4V� *+ì<ñM@�ñò4c@�4 § 4P��ì�1b��4���4L�é�������;ñé���W�P��ñ�4

ε
45õ��N@24#�Ù*Aì;ñM@�ñò4

@�4
10−3 ÷ôë;ì<��ñi. 8<= 0 ùL@�¶�%� *+ì<1eó½������� *ì�Ñþ¶�9ì;�M���5õò4�@¦*+ö�1�4V·9ª¬³¬·2¿©]Ñ¿;±½º ³µ°&L± ¿;±Ùº ³µ°�°9¿;º�ªé®D@�ö&óôñòì<1Ñ�@24B�Ù*Aì<1E@�4Z@24Z@�3mý

��ì;���;ñò��õé�µ�é��ì;16A'º��½®��'��45����4¶GZö�4æ@�4PöRT¡���;ñ��é��45õa@�ö¡óôñ�ì<1Ñ�ª@¦*+ì<1�@24I1¦*A4P1Ñ�éñ�4P1Ñ�n����õG4P1¡�5ì<������õò��ì<1
4P����45����4	GZö�47� *+ì<1�@�4²1�*A4Põò�#���;õ�ñò3Lý/4P1Ñ�éñé��1Z��4�ACì<1í�945ö2�D@�3�Q�1���ñ�451í������GZö�4G��ì;��1Ñ�

x ∈ H
��4

�é4O�]��õu@�* �;�L�é� ë;�µ�é��ì;1
Ψ(x)

���;ñ!��4��é4>�G��õ¿GZö�4º�]4L����4�óôñòì<1Ñ�N@�*Aì<1E@�4D<G�µ���é4P��1�@2ñ�4��54V�9ì<��1Ñ�>A

Ψ(x) = t
��45�VGZö�4

Vm(x, t) =
Vr + Va

2
,

4P����4�óôñ�ì<1Ñ�X@¦*+ì<1�@�4
S(t)

<7� *+��12õò�¬��1Z�
t
45õ��X@�ì<1�1�3V����ñ���4�����45öIü<3Pì*�]3L�éñò�?GZö�4�A

S(t) = {x ∈ H, Ψ(x) = t} .
�"�5@2þ�1����G�?GZö�4â@�öÃóôñ�ì<1Ñ�3@¦*Aì;1�@�4

S(t)
45õò����1Ñ���?�G4>�G451Ñ�b����354â<Õ���Ö@¶þ¶1����]��GZö�4ã@�45õ

õ�ì<��ö2�é��ì<1�õ�@24V�/þ��94�óôñ�ì<1Ñ�X@¦*+ì<1�@�4º@�4V� *+3>GZö��µ�é��ì;1;�2��õò�é������4�õ�ö�ñ
R
6

ut = uxx + f(u) , x, t ∈ R .
÷�»�@¼(Ñù

��4P����473>GZö�������ì<1í�9ì<õ�õC�>@�4BA�<bö�1�4²��ñé�;1�õò��������ì<1&451k45õ����;�54G��ñM�Põ>ACö�124Gõòì<��ö¶�é��ì;1¾@�4²�/þ¶�94
óôñ�ì<1Ñ�H@¦*+ì<1�@�4W÷ôë;ì<��ñ'���;ñ�4UT¶4>�G����45. » « 0 ù

u(x, t) = U0(x+ c0t)
@�ì;1Z����4���ñòì�Q���4Põò���]ì<12ì;�éì<124

4P�cë;35ñò��Q�4
U0(−∞) = Vr

4L�
U0(+∞) = Va

@��¶��� *+ì<1�?�G��ì;õ�4á4P1Ãì;ö2�éñò4á��� �Pì<1�@�� �é��ì;1
õ�ö�ñ

f
A ∫ Va

Vr
f(v)dv > 0

Ah�;��ì;ñ�õ
c0 > 0

4P�
U0

õ�4I�Pì*�]�9ì<ñ��é4c�Pì*���G4nö21�4¶���;õò�5ö���4�@�4
Vrë<4Pñ�õ

Va

@� �1²@23P�é4PñM�G��1�4Gö�1���GZö�4>�G451Ñ�£��4]�2ñ�ì�Q��
U0

�×ë<4P�c���e�5ì<1�@2���é��ì<1â@�4n1�ì;ñM�]�;����õé������ì<1
U0(0) = (Vr + Va)/2

@
���;1�õ#��4²�5�;õ#ì�1

f
45õ��W4UT2�;�P��4>�G451Ñ�	@2ö��/þ���4G�5öE���?GZö�4&÷ »�@ § ùUA

c0
4P�
U0

õ�ì<1Ñ�B451Ñ�é���5ñò4>�G451Ñ�
@�3P��45ñC�]��1�35õ#÷�ë<ì<��ñ!���;ñ�4�T¶4>�G����4/. «ç¨ A §*§ + 0 ù�6

c0 =

√
Λ

2
(Vr − 2Vs + Va) , U0(η) =

Vr + Va exp
(

Va−Vr√
2Λ

η
)

1 + exp
(

Va−Vr√
2Λ

η
)



·¥c�~�c3Ðw ¿ÎÒHÌ�ÍHÏ±ÎÑ�`u uÌVÊÑ`ÓXÍHÏ » d

��ì;����� ý���ñé��1�ë5ì<124#®L±h¿;¹��Zì<1Ñ�H�Gì<1Ñ�éñ�3u@��;1�õu. 8 d A 8<= 0 GZö�4��Ù*Aì<17�945ö2�H@�3L�é4PñM�G��1�4Pñ'ö�1]ñò45���5ñò4
�]ì*�2����4

ξ, τ
A

ξ = x , τ = ε−1 (t− Ψ(x)) J(x,∇Ψ(x)) ,
÷�»�@ ¨ ù

�é45�VGZö�4V�Ù*Aì<1e�;� ���;öe��ì;��1Ñ�
x
A��;öe��ñ�4O�]��45ñ�ì;ñM@�ñò4#4P1

ε
@

Vm(x, t) = U0(τ) ,
÷�»�@ « ù

�%�bóôì<1��P����ì<1
J > 0

A�¿n·9ªmº ³µªmº���1��5ì<121�ö24�A"4P�Z@�35�9451�@��;1Ñ�ª<����bóôì<��õº@�ö �9ì<��1Ñ�
x
4P��@�4

���²ó½��
5ì<1±@�ì<1Ñ����4#óôñòì<1Ñ�c@¦*+ì<1�@�4W������45��1Z���54W��ì<��1Ñ�LA�45õ����;��ì<ñ�õX@�3P��45ñC�]��1�354#���;ñ�ö�1�4£��1��;��þ�õò4
@�4���4Pñò��ö�ñM���µ�é��ì;1Iõ���12ü<ö������5ñò4�A2��*A4Põò�N<a@���ñò4�451e�?@2451Ñ�é�ðQ��;1Ñ�!��4Põ��é4PñM�G45õu@�4º�:�>�G4�ì<ñM@2ñ�4�451

ε@��;1�õB÷ »2@¼» ù#÷ »�@ = ù!�;��ñC�5õ��×ë<ì<��ñ!4Oê�45�P��ö�3#��4������;12ü<4>�G451Ñ�X@�4�ë��;ñ���������4
(x, t) 7→ (ξ, τ)

@
��4B��ñ�ì��53O@�3#��4PñM�G4P�X@�4�@23P�é4PñM�G��1�4Pñ�� *+3>GZö�������ì<1bõé�µ�é��õ�ó½�;����4V���;ñ���4��é4O�]�2õN@¦*A�;�L�é��ë�������ì<1

Ψ(x)
<7� *+ì<ñM@�ñò4V:²4P�N<²� *+ì<ñM@�ñò4 § 451

ε
÷�ë<ì<��ñi. 8 d 0 ùL@

$�4P��������ë<4O�]4P1Ñ�ª<á� *+3>GZö�������ì<1Ê��1��������;��4�A%� *+3>GZö��µ�é��ì;1 45��P;ì<1�����4æ<á� *+ì<ñC@�ñ�4I:Ç4P1
ε
45õ��ª@�ì<1�1�3P4

���;ñ�6
C1 (∇Ψ · q(∇Ψ))1/2 = 1 ,

÷�»�@í+<ù
4P�N<²� *+ì<ñM@�ñò4 § 451

ε
���;ñV6
− C2 div (q(∇Ψ)) + C1 (∇Ψ · q(∇Ψ))1/2 = 1 ,

÷�»2@ § :<ù
ì�1b��45õ��Pì<1�õò�é�;1Ñ�é4Põ

C1

4P�
C2

õ�ì<1Ñ�X@�3�Q�1���4Põ����;ñ>A

C1 =
c0
Cm

√
gNa

Am
, C2 =

1

AmCm
,

4P��ì�1b���Wóôì<12�P�é��ì<1Ië<4P�P�éì;ñ���4P����4
q
45õ��N@23OQ�1���4V��ì<ö2ñ

ξ ∈ R3 ���;ñV6
q(ξ) =

(
β2

i (ξ)Ge + β2
e (ξ)Gi

)
ξ

÷�»�@ §*§ ù
βi,e(ξ) =

ξTGi,eξ

ξTGξ
.

÷�»�@ § 8<ù
��4Põ�3>GZö�������ì<12õ�õ�ì;1Z���5ì*�G����3L�é3P45õ�����ñ�ö�1�4W�5ì<1�@2���é��ì<1&��1��������;��4�A���*A4Põò�D< @2��ñ�4B���W@�ì<1�1�3P4

@¦*Aö21�4V���;ñò����4'@�öe�5ì�45ö2ñ
H0

4�T¶�P���é3P4�<²�Ù*A��1�õò�é�;1Ñ�!�¾½�:EA
Ψ(x) = 0 , x ∈ H0 .4P�X@¦*+ö�1�4V�5ì<1E@�������ì<1I���?�G���é4�õ�ö2ñ���4'��ì;ñM@

∂H
@�öe�5ì�45ö2ñ5@

ï¶�r°²¤�£F¡6¢��¾À¹��¬���� ÷ ��ì<1E@�������ì<1�õ����?�G���é4Põ��9ì<ö�ñ���4º�]ìr@��P��4�45��P;ì<1��;��ù � %¦¿�ç¬³µ° ã º�±Ùº ³µ°Ç¹»º�¾²º�±/®
�7ç¬³µ°2Lº ã «Lªé®Lª�L´¶ª!¹�®�¸L³µª ãWã ´bç¬³¯®L´�ªh·�³µ´¶ª�ç¬³µ¾�·9¹�«L±/®Lª�¹�®�¾n³ ã "L¹�®�®Lº«�Ñ³µ°9¿;¹2°½\ ®¬L±�·2¿µ�«Lä¯º ã ®L°�±/®��
$ ³µ¹�¹»º�èm2¦ªò¿;°¥¿µ³µ°�®#®L±�¿;¹���³µ°�±C·9ªé³¬·�³¯¯«¬ ã ¿;°2uÀ Á¥Â ÃV¹ ¿eç¬³µ° ã º�±½º ³µ°

Gi∇Ψ · n∂H = 0
L´¶ª

∂H ,³-Ä
n∂H

ã «¬Lºð];°�®V¹ ¿G°�³µªL¾G¿;¹�®�´¶°�º�± ¿;º�ªé®�¯³µªL± ¿;°�±/®�L´¶ªV¹�®B¸L³µª ãIã ®
∂H

�
Åm¹¦®¬L±Æ��·9ªé«¬çLº�¯®Lª�¼5´�®Vç¬®L±Ù±/®Vç¬³µ° ã º�±Ùº ³µ°b¹»º�¾²º�±/®�°½\ ®¬L±9·2¿µ ã « ã ´¶º�±/® ã ®¬Vç¬³µ° ã º�±Ùº ³µ°2�¹»º�¾²º�±/®¬

·# �æÒLº ³µ¹�³M];º½¼5´�®¬c÷ 8¶@ §©d ùB÷ 8¶@ § = ùB¿;´á¸L³µª ãcã ´Çç¬³¯®L´�ª ã º�¯çL´�±/«¬®¬£®L°&¯®¬çL±Ùº ³µ° Á¥�«Á¥�©Ç �
ú�¹�¹�®¬]¯³µ°�±Vº�¬L´�®¬ ã ®¬�ç¬³µ° ã º�±Ùº ³µ°2c¹»º�¾²º�±�®¬Ê÷ »2@ 8 d ù�÷ »�@ 8<= ù ã º�¯çL´¶±/«¬®¬£·9¹»´ÑI¹�³µº�°�®L° ÈC�©Ç��«Á �
$ ®¬ ã ®LªL°�ºY"Lªé®¬áç¬³µ° ã º�±½º ³µ°2e¹»º�¾²º�±/®¬á³µ°�±W´�°�®²·�®Lªm±Ùº�°�®L°�ç¬®²·# �æ¯Lº ³µ¹�³M];º½¼5´�® ã º�¯çL´¶± ¿Ñ¸5¹�®e¾G¿;º�
¯³µ°�±�¾G¿;±! �«L¾G¿;±Ùº½¼5´�®L¾n®L°�±"·9¹»´Ñ�·9ªò¿;±½º½¼5´�®¬��9Éq°�³µ±½ªé®]ç¬³µ°�°9¿;º�¬5¿;°�ç¬®�º�¹`°½\ ®òû<º�L±/®�·2¿µ ã ®�ñ×³µªmè
¾²´¶¹ ¿;±½º ³µ°2 ã ®¬Gç¬³µ° ã º�±½º ³µ°2#¹»º�¾²º�±/®¬ ã ´&¾n³ ã "L¹�®²®Lº«�Ñ³µ°9¿;¹h¿µ¬¯³¯çLº «¬®¬W¿;´�ûáç¬³µ° ã º�±Ùº ³µ°2#¹»º�¾²º�±/®¬
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Vm(x, t) = U0
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φe(x, t) = (Vr − Va)
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Un(x, t) + Ua(x, t)
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mn(ξ)
Gn

‖Gn‖
(ξ) · ∇ξs(x, ξ) dξ

÷�»2@ § =;ù

Ua(x, t) =

∫

S(t)

ma(ξ) a(ξ) · ∇ξs(x, ξ) dξ .
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T
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����ì;ñé�FT�A
div (GT∇φT ) = 0
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T ,
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∂Ω = ∂T −
∂H

6
GT∇φT · n∂H = 0

õ�ö�ñ
∂Ω ,

÷�»�@ §©« ù
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φe = φT

õ�ö�ñ
∂H

÷�»�@ § +Ñù
GT∇φT · n∂H = Ge∇φe · n∂H
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 �1e�ª@¦*A����ì;ñM@b� *+3>GZö�������ì<1k÷ 8¶@ § ( ùI@¦*+3Pë;ì<��ö2����ì<1bõòö�ñ

Vm

A

Am (Cm∂tVm + Iion) = −div (Ge∇φe) ,

@�ì<1Ñ�����Gñò35õ�ì;��ö2����ì<1e1�35�P45õòõ�����4a<]������GZö�4£��12õò�¬��1Z�����7ñ�3Põ�ì<��ö2�é��ì<13@�*Aö�1&��ñ�ì*�2�?�>�G4#451á4Põ����;�P4
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�C4Ç��ñòì*�����>�G4±����@�ì*�]�;��1�4e451 4Põ����;�P4í�5ì<1�õò��õ��é4�A
Vm
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φT
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H
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T
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div ((Gi +Ge)∇φe) = −div (Gi∇Vm)
÷�»�@ 8 § ù

div (GT∇φT ) = 0 ,
÷�»�@ 8<8<ù
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∂H
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∂T − ∂H

4P���é4P�VG�ö24
φe
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∂H

Gi∇φe · n∂H = −Gi∇Vm · n∂H ,
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ó½�;���DGZö�4c����ñ�4P��������ì<1Ã@�4n�Pì<ö������;ü<4á÷ »�@ 8;: ùV1¦*+45õò�£���;õ£�Pì*�]�����é������4G�×ë<4P�c� *+3>GZö�������ì<1 ÷ »�@ 8 § ù
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∂H
@���1�õ

ö�1�4�óôì<ñM�Wö���������ì<1]ë;��ñ����µ�é��ì;1�1�45����4X@�4]÷ »�@ 8 § ù�÷ »�@ 8<8 ùòùL@
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¨ = A ¨*¨ 0 ��ì;ö�ñ��;õ�õòö�ñ�4Pñ���4��5ì<ö2�����;ü;4��5ì�45ö�ñ�Èµ����ì;ñé�FTá6
φe = φT

õ�ö2ñ
∂H

÷�»�@ 8 d ù
(Gi∇φi +Ge∇φe) · n∂H = GT∇φT · n∂H

÷�»�@ 8B»Zù
Gi∇Vm · n∂H = 0

÷�»�@ 8<=<ù
�/��45õ���ó½�;�5����4X@�4�ë;ì<��ñ�G�ö�* �×ë<4P�V�545õ�ñ�45�����é��ì<1�õH@�4��Pì<ö������;ü<4�4L�!���#�5ì<1E@�������ì<1]���?�G����4#÷ »�@ §©« ù
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��4'@�ì*�]�;��1�4

Ω = H ∪ ∂H ∪ T

∀Ψ ∈ H1(Ω) :

∫

Ω

∇Ψ · G̃∇Φ dx = −

∫

H

∇Ψ ·Gi∇Vm dx
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H
4P�
T
õ�ì<1Ñ�

φe

4P�
φT
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∂H
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A
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���;õ!3Lë¶��@�451Ñ��4;@
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È:RQÉ Ê{ËcÌ�Í#Î©ÏÆÐÆÑ:Ì�ÒQÎÓË

o�qlÔÖÕOrO× kQwÓÔ©q�sOkn�vmJq~Ø5× |]k©kn�ÙknÚ�× w�tÙÚ�}+�3}~ÚQ× tªj�tÙ×bÛ@tvÜ@× |OkÖÔgÛ+q�Ún}+w�sOtvr]ÔÝ}+w'k�tvÜ]ÚQw�k�}~m�tvÜOÞl�ÙÛ
Õ!q+Õ]r]�ß}~wÖà�× |]k¦|]kn}+w'×náâm¬}+ÚQ×�tÙj�tÙ×bÛFÞlknÜOknw }¥× knm�}~Ü2kn�vkQÚQ×�w�qlÔÖ}+ÞlÜ]k�× tÙÚ©ãDkQ�vs2tÙÜä× |]kÖ× qlw'm�q]y#}+Ü]s
Õ]w�q�s]r]ÚQknm�}Pm'r]w'Ø¹}~ÚnkGÕ!q+×�knÜ�× tv}+��ÔÖ}+ÕJå�|]tvÚ�|ÓÔÖkn}+m�r]w'k:tÙm�× |]k3å�kQ�v��æbç9Ü]qzå�ÜÓkQ�vkQÚQ× w'q�Ún}+w�sOtvqlÞlw�}+Ô
è�é o�ê�ë�ì]í)×PÞltªjlknmP}cÜ]qlÜ�æbtvÜ�j~}+m'tÙjlkJw'knÕ]w'knm'knÜ�×�}~×�tvqlÜ�q+Ø�× |]k%Ú�}~w�s]tv}+ÚÃkn�ÙknÚ�× w�tÙÚ�}+�!Øîr]Ü]ÚQ×�tvqlÜ«ì

ï�|]tvmÃÕ]}+Õ!kQwXØîq�Únr]m'knmJqlÜ�× |]k¬m(× r]s�ÛÄq+ØG}Cð+ñòãDÜ]tÙ×�kÓj+ql�vr]Ô©knmXÜ9r]ÔÖkQw�tÙÚ�}+��ÔÖk�× |]q�sÄr]m'kns
× qCÚQqlÔ©Õ]rO× k�× |]kgkn�vkQÚQ×�w�tvÚn}+��}+ÚQ×�tÙj�tÙ×bÛóq+Ø?×�|]kgÔÓÛlq�Ú�}+w's]tvr]ÔVqlÜ°rOÜ]m'×�w�r]Ú�× r]w'kns@ÔÖkQm�|]kQmny«}+Ü]s
m�Õ{knÚQtÙãDÚn}+�v�ªÛ¦ÞltÙj+knmXÚnqlÜ]sOtÙ× tÙqlÜ]mPqlÜf×�|]kÓ×�tvÔ©k�æbm(× kQÕ�× qÖknÜ]m'r]w�k¬}

L∞ m'× }+ô]tv�ÙtÙ×bÛ¦ÕOw�qlÕ{knw(×bÛly!Øîq+w
}+Üõk
ö�Õ]�vtÙÚntÙ×©}~Ü]s`}@m�knÔ©tªæ)tvÔ©Õ]�vtÙÚntª×Ó×�tvÔ©k�æbm(× kQÕ]Õ]tvÜOÞFÔ©kQ×�|]q�s«ìGo�qlÜ]m�kQ÷9r]knÜ�× �ªÛly5ÚQqlÜ�jlkQw�ÞlkQÜ]Únk
w�kQm�r]�ª× m�}+w'k�ÕOw�qzjlkQs;ì

ï�|]kpkQ�vknÚ�× w'tvÚ�}~��}+ÚQ×�tÙj�tÙ×bÛ�qlÜ©× |]kP× qlw'm�q�å5}+mGãDw�m(×�sOknÔ©qlÜ]m'×�w }~×�knsU×�qgô{kXsOtvw�kQÚQ×��ÙÛ�Únq+Ü]Ü]knÚ
æ
× kQs©×�q�×�|]kX|Ok�}+w(×�ô{k�}~×GÔ©qlw�k�×�|D}+ÜóøzùlùJÛlk�}~w�m:}+ÞlqÖú ølønû ü�ì�í)×3å�}+m:ã]w�m'×Gm'r]ÞlÞlkQm'× kQsU× q�ô{kPå:kn�Ù�
w�kQÕ]w�kQm�knÜ�×�knsÆô�ÛC}�s]tvÕ{ql�vk~ì�ýXØ�×�knw'å�}+w's;yOÔ©qlw�kPÚnq+ÔÖÕ]�Ùk�öÖÔ©q�s]kQ�vm3ôD}+m'kns¦qlÜUs]tvÕ{ql�vk�w'knÕ]w'knm�kQÜ�æ
×�}~×�tvqlÜó|D}�jlk¬}+�vm'qÖô{knkQÜ°r]m�kQs@}+ÔÖq+Ü]Þ©å�|OtvÚ�|f×�|]kÓØ¹}+Ô©qlr]mPqlô]�Ùtv÷9r]k�s]tvÕ{ql�Ùk��v}�Ûlknwgú þ+ÿ ü�ì!ï�|]tÙm
tvm5×�|]kJ× qlÕ�æ)s]qzå�Üó}+Õ]Õ]w'q�}+Ú�|;yDÕ]w'qzj�tÙs]tvÜOÞ©|Oknr]w'tvm'×�tvÚJÔ©q�sOkn�vmQì
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U#VXWYV[ZS\^]4_a`;bdcfeJ]!Z�`;\ gYg

o�q+Ü9j+knw'm�kn�ªÛly:tvÜ�× |]k g ùOá mihPq�s]Þ+ç�tÙÜõ}~Ü]sjhPr�ö��vkQÛ ú k+û üPk
öOÕO�ß}+tÙÜ]knsS|]qzå × |]kókn�ÙknÚQ×�w�tÙÚ�}+�
}+ÚQ×�tÙj�tÙ×bÛ¦q~Ø?m�qlÔ©k�Ü]knw(jlkgÚQkn�Ù�vm�Ú�}+Üfô!k�ÔÖq�s]kQ�vknsÆØîw�q+ÔV}©Ô©tvÚQw�qlm'ÚnqlÕ]tÙÚ%s]knm'Únw�tÙÕO× tÙqlÜóq+Ø?tvq+Ü]tvÚ
Únr]w'w�knÜ�×�mU× |]w'qlr]Þl|S× |]k�ÔÖkQÔ¬ô]w }~Ü]k+ìGñpr]k�× qF×�|]kfm'qlÕ]|]tÙm'×�tvÚ�}¥× tvq+ÜSq+ØÃk�ö�Õ!kQw�tÙÔÖkQÜ9× }+��× knÚ�|�æ
Ü]tv÷9r]kQmny]× |Oknw�k�}+w'k%Únr]w'w�knÜ�×��ÙÛ¦ÔÖ}+Ü�Û¦m�rOÚ�|fÔ©q�s]kQ�vmQyOm�kQkUú k-l ü�Øîqlw�w�k�j�tÙkQå�mQì
m�knÚQknÜ�×Óm'× rOs]tvkQmÓtÙÜ³kQ�vkQÚQ× w'q�Ún}+w�sOtvql�ÙqlÞ+Ûf}+m�m'r]ÔÖkc×�|]k©}+Ü]tvm'q+× w'qlÕ]tÙÚcÚ�}+w's]tß}+Ú¬×�tvm'm�r]k�× qÆô{k

w�knÕOw�knm'knÜ�× kQs�}~×¬}óÔU}~Únw�q+m�Únq+Õ]tvÚ©�vk�jlkn�Gô�Û@× |]kÖm�q~æ)Ú�}+�Ù�vknsOn£ôOtvs]qlÔÖ}+tÙÜpo¬Ô©q�s]kn��y�s]knm'Õ]tÙ×�kÖ× |Ok
s]tvm'Únw�k�× k¦m(× w�rOÚQ× rOw�kÆq+Ø�× |]kC×�tvm'm�r]k~ì)qäk¦w'kQØîknw¬×�q�ú ð+ù ü5Øîqlwc}ÄÔÖ}~×�|]knÔÖ}~× tÙÚ�}+�Gs]kQw�tÙj~}~×�tvqlÜäq+Ø
× |]k©ô]tvsOqlÔU}~tvÜ°kn÷9rD}¥× tvq+Ü]mny�}+ÜOsF× qFú g k y k-l ü?Øîq+w�w'kQj�tvk�å�mÓq+ÜF× |OkÖô]tÙs]qlÔÖ}+tvÜ°kQ÷9rD}~× tÙqlÜ]mQì�ý
m�tvÔ©Õ]�Ùknw?jlkQw�m�tÙqlÜCÚn}+�v�ÙknsÖ×�|]krnbÔÖq+Ü]q�sOqlÔU}~tvÜpo�ÔÖq�s]kQ�{tÙm:q+ôO×�}+tÙÜ]kns«yO}+m'm�r]Ô©tvÜOÞ¬}+ÜU}+s]s]tª× tvq+ÜD}+�
ÚnqlÜ]sOtÙ× tÙqlÜóqlÜ�×�|]k¬}+ÜOtvm�q~× w�q+Õ9ÛÆq~Ø\× |]k�× tÙm�m�rOk+ì{ýp�Ù×�|]qlr]Þ+|�× |Okanbô]tvs]q+ÔU}+tÙÜpoJq+Ü]kÓtÙmPØ¹}~wXÔ©qlw�k
ÚnqlÔ©Õ]�vk
ö!y]ô!q~× |ÆÔÖq�s]kQ�vm�}+w'k%w�k�}~ÚQ× tÙqlÜ�æ)s]tXs!r]m�tÙqlÜCm(Û�m(× kQÔÖmÓú ø�ù-l y øzù ü�q+Ø�× |]k%ÞlkQÜ]knw�}+�;Øîqlw�Ô

∂tw = Aw + F (w),
è g ìªø�ë

å�|]knw'k
Aw = ∇ · (σ(x)∇w)

}+Ü]s
σ(x)

tvmÃ}CÕ!qlm'tÙ×�tÙjlkÓs]kQã]Ü]tÙ×�kcm'Û�ÔÖÔ©kQ×�w�tÙÚgÔÖ}~× w'tªö!ìutÃÜ]�ªÛ
× |]k%Ô©qlÜ]q�s]qlÔÖ}+tvÜÖÔÖq�s]kn�«tvm�}+s]sOw�knm'm�kQsÄ|]knw'k+ì

ýXÜ�ÛfÔ©tvÚQw�qlm'ÚnqlÕ]tÙÚÓsOknm�ÚQw�tÙÕO× tÙqlÜÄq+Ø?×�|]k¬ÚnkQ�v��ÔÖkQÔ¬ô]w�}+Ü]kgÚn}+ÜÄô{k¬tvÜOm�knw(× kQs°tvÜ�× q©× |]k¬Ô©q~æ
Ü]q�sOqlÔU}~tvÜUkQ÷9rD}~× tÙqlÜ]mQyDÕ]w�qzj�tvs]tÙÜ]Þc}c�ß}~w�ÞlkPj+}~w�tvk�×bÛCq+Ø�ÔÖ}+Únw'qlm�ÚQqlÕ]tÙÚÃÔÖq�s]kQ�vmny�w }+ÜOÞltvÜ]Þ¬Øîw'qlÔ
þ¦×�qÄ}+ô{qlrO×©øzùlùÆkn÷9rD}¥× tvq+Ü]mnì�ýp�ª× |]q+r]Þl|@× |]kÖ}+Õ]Õ]w'q�}+Ú�|³å�qlrO�vs³ô!k�× |]k©m }~ÔÖk�Øîqlw%ÚnqlÔ©Õ]�Ùk�ö
qlÜ]knmQyl× |]tÙm?ÕD}+Õ{knw?qlÜO�ÙÛg×�w�kn}~× m\×�|]k�Ú�}+m'kPq~Ø!×bå:qÓm'tvÔ©Õ]�vtªãDknscþÃj~}+w'tß}+ôO�vknm#ÔÖq�s]kn�Ùmny~ÜD}+Ô©kn�ÙÛ�× |Ok
å�kQ�v�ªæ)ç9Ü]qzå�Üwv#tÙ×*xChPr]Þl|�æ�yp}+ÞlrOÔÖqóqlÜ]k°ú ûzl ü�}+Ü]sF× |]kCq+Ü]kUØîw�q+Ô ýX�vtÙkQj�æ£��}+ÜOãD�Ùq�j�ú l g ü�ì�ï�|]k
�ß}~×'× knw#tvm\jlkQw'Û¬å:kn�Ù�Dm�r]tª× kQs�×�qJ× |]k�ÔgÛ+q�Ún}+w�sOtß}+�]ÚQkn�Ù� yl}~Ü]s�q+Ø�× kQÜ©rOm�kns©tvÜ�Õ]w�}+ÚQ×�tvÚn}+�OÚQqlÔÖÕOrO× kQw
ÔÖq�s]kn�ÙmJú {-l y øzù g y øzù-k ü ì

o�q+ÔÖÕ]r�× knwÖÔÖq�s]kQ�vmUq~ØJ× |]k�|]k�}+w(×¦ôD}+m'kns`qlÜS× |]kQm�k°kn÷9rD}¥× tvq+Ü]m è Ô©qlÜ]qFqlwUôOtvs]qlÔÖ}+tÙÜ;y
þäqlw¦ÔÖq+w�kÄtÙqlÜ]tvÚ�Únr]w'w�kQÜ9×�m�ëCÚnrOw�w�kQÜ�× �ÙÛZ}+w�kÄj+knw(Û`Õ!q+Õ]r]�ß}~wCtvÜ`Ü9r]Ô©knw'tvÚ�}~�pkn�ÙknÚ�× w�q+Õ]|�Û�m'tvq~æ
�vqlÞ+Û+ì)|�kQÚ�}+rOm�k¦× |]kQw�kÆÔÖ}zÛFô{k¦ÔU}+Ü�Ûäs]tXs!knw'knÜ�×c× tÙÔÖkÖm�Ú�}~�vknm�tÙÜ × |]k¦w'k�}+Ú�× tvq+Ü × knw'ÔÖmQy#× |Ok
m�ql�ÙrO× tÙqlÜ]mgk
ö�|]tvô]tª×cm�|]}+w�Õ�Õ]w'qlÕD}+Þ�}¥× tvÜOÞfå5}�j+k�æ)Øîw'qlÜ�× mQì6v�q+wg× |]tÙm¬w�kn}+m�q+Ü]mny\q+Ü]�ÙÛ³× |]k¦w'knÚQknÜ�×
tvÔ©Õ]w�qzjlkQÔÖkQÜ�×�q+Ø\ÚQqlÔÖÕOrO× tÙÜ]ÞcÚ�}+Õ]}+ô]tv�ÙtÙ×�tvknm�}+�v�Ùqzå�ð+ñ=ÚQqlÔÖÕOrO×�}~×�tvqlÜOm5× q©ô!k�}+Ú�|]tÙkQj+kns;ì~}�q~æ
w�knqzj+knwny�r]Ü�× tÙ�Djlknw(Û©w�knÚQknÜ�× �ªÛly9× |]k�Û�å�kQw�kpw'knm(× w�tÙÚQ×�knsÖ×�qgs]t�s«kQw�kQÜ]ÚnkQm�Ô©kQ× |Oq�s]m3qlÜÖm'×�w�r]Ú�× r]w'kns
Þlw�tÙs]m5}+ÜOsCm�tÙÔÖÕ]�ÙkXÞ+knqlÔ©kQ×�w�tvkQmÃú {-l y l�ÿ y ÿYk ü�ìOý ØîkQå w�knm'k�}+w'Ú�|]knw'm�w�kQÚnknÜ�×��ÙÛCm(×�}+w(× kQsC× q¬m(× r]sOÛ
ÚnqlÔ©Õ]rO× }~× tÙqlÜ]mJqlÜäðlñYr]ÜOm'× w'r]ÚQ×�r]w�kQs Ô©knm�|Oknmny�Únq+r]Õ]�vkQs³×�qÄ}+Ü³k�ö�Õ]�ÙtvÚQtÙ×�y«m�knÔ©tªæ)tvÔ©Õ]�vtÙÚntª×pqlw
Øîr]�v�ªÛ9æ)tvÔ©Õ]�vtÙÚntª×?× tvÔ©k�æ)m'×�knÕ]Õ]tÙÜ]Þ�ÔÖk�× |]q�s³ú ÿ+ÿ y { ü�ìDï�|]k¬}+Ü]}+�ÙÛ�m�tÙm�q+Ø?}Öê%}+�vkQw�ç9tvÜÆm�kQÔÖtÙs]tvm'Únw'kQ× k
m�ÕD}+ÚQk©}+Õ]Õ]w'qzö�tÙÔU}~×�tvqlÜÄå�}+m%Únq+Ü]s]r]Ú�× knsFô�Û��!ì!�O}+ÜOØîkQ�vtÙÚnt5ú øzùlð ü ì�ï�qóqlr]wJç9Ü]qzå��vkQs]Þlk+y�×�|]knw'k
|D}+m�ô!kQknÜSÜ]qä}¥×�× kQÔÖÕ�×©}~×©m'× rOsOÛ�tvÜ]Þ@× |]kÆk�s«kQÚQ× mÖq+ØP× |]k¦× tÙÔÖk
æbm(× knÕOÕ]tvÜ]Þ@Ô©kQ×�|]q�s�qlÜ�× |Ok
m'×�}~ô]tv�ÙtÙ×bÛCq~Ø\× |]kÓ}+Õ]ÕOw�q�ö�tvÔÖ}~× tÙqlÜ;ì]ýXmÃ}ÖÔÖ}~×'× knw�q+Ø#Ø¹}+ÚQ×P× |]k�Õ]w'qlô]�vkQÔ q+Ø?m(×�}+ô]tÙ�vtª×bÛCtvÜó× tÙÔÖk
q+Ø#Øîr]�Ù�ÙÛ¦sOtvm�ÚQw�k�× t�xQknsf}+Õ]Õ]w'qzö�tÙÔU}~×�tvqlÜOm�tvmX}+mXsOtX�©Únr]�ª×X}+mX×�|]kÓÕOw�qlô]�ÙknÔ Øîqlw�Þl�ÙqlôD}+��m(×�}+ôOtv�vtª×bÛ
Øîqlw5× |]k%ÚQqlÜ�× tvÜ9r]q+r]m�m�ql�ÙrO× tÙqlÜ¦q+Ø�w�k�}~ÚQ× tÙqlÜ�æ)s]tXs!r]m�tÙqlÜCm(Û�m(× kQÔÖmQì

ï�|OkóÔÖ}+tÙÜ2tvm�m'r]kÆq+Ø�× |]tÙmcÕD}+Õ{knw�tvmÓ× q@m'×�r]sOÛ2× |OkÆ×�|]knq+w�kQ×�tvÚn}+�5m'× }+ô]tÙ�vtÙ×bÛ³ÚQw�tÙ×�knw'tvqlÜ Øîqlw
× |]k�k�ö�Õ]�ÙtvÚntª×X}+Ü]sÄm'knÔ©tªæbtÙÔÖÕO�vtvÚQtÙ× é r]�vkQwXÔ©kQ×�|]q�sOmu�{}+Ü]s�×�qUs]kQw�tªjlkgkQw�w'qlwXkQm'×�tvÔÖ}~× kQmPØîqlw�× |Ok
}+Õ]Õ]w'qzö�tÙÔU}~×�kÃm�q+�vrO×�tvqlÜ]mQì
tÃr]w�tvsOk�}�tvm�ôD}+m'kns¬q+Ü�×�|]k:ÕOw�q�q+Ø]q+ØOk�ö�tvm(× kQÜ]Únk:q+Ø]Þl�ÙqlôD}+�+m�ql�ÙrO× tÙqlÜ]m�× qPw�kn}+ÚQ×�tvqlÜ�æ)s]tXs!r]m'tvqlÜ

m'Û�m'×�knÔ©m5}+mGÕ]w�kQm�kQÜ9×�kns¦tÙÜfú øzù-l ü�à9m'ql�vrO×�tvqlÜOm\Øîqlw
t ∈ [0, T )

k�ö�×�knÜ]sU×�q¬}+Ü�Û
t > 0

s]r]kP× q%× |]k
k�ö�tvm(× knÜOÚnkgq~Ø\m'×�w�tÙÚQ× �ªÛ¦Únq+Ü9×�w }+Ú�× tÙÜ]ÞÖw'knÞltÙqlÜ]m

Σ
Øîqlw�×�|]ka�Dqzå

F (w)
ì]í)×Xtvm�ç9Ü]qzå�Ü2ú øzù-l ü�× |D}~×

m�r]Ú�|©w�kQÞltvqlÜOm?}+w�k�tÙÜ�j+}~w�tß}~Ü9×#m�k�× m?Øîqlw\w'knÞlr]�v}+w\kQÜ]qlr]Þl|�m'ql�vrO×�tvqlÜOm\q+Ø�× |]k�m(Û�m(× kQÔ è g ìªø ë
ìzhXkQw�k+y
å�kÓÕ]w�qzjlkÓtvÜÆ× |]kQqlw�kQÔÖm g ì û]ìªø y g ìâûOì¾þ }+Ü]s g ìâûOì ð × |D}~×Xr]Ü]sOknwPm�r]tª×�}+ô]�Ùk�}+m�m'r]ÔÖÕ�× tvq+Ü]mXq+Ü�× |Ok
× tvÔ©k�æ)m'×�knÕ;y�× |]kJw'knÞltÙqlÜ]m

Σ
}+w�kJm(× tÙ�v�{tvÜ�j~}+w�tv}+Ü�× m5m'kQ× m�Øîqlw:× |]kJs]tÙm�ÚQw�kQ×�k%m�ql�ÙrO× tÙqlÜ;y�Õ]w�qzj�tvÜ]Þ�}~m
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}UÚnq+Ü]m�kQ÷�rOknÜ]ÚQk
L∞ ô{qlr]Ü]s]mpqlÜf× |Ok¬s]tvm'Únw'kQ× kgm�ql�ÙrO× tÙqlÜ;ì�ï�|]k¬ÚQqlÜ�jlknw'ÞlknÜOÚnk�tvmXÕ]w�qzjlkQs³}+Ü]s

knw'w�qlw�kQm'× tÙÔU}¥× knm�kQm'× }+ô]�vtÙm�|]kQs�tÙÜC× |]kQqlw�kQÔ g ì g ìÙø ì
ýpÔ©qlÜ]Þ5× |Ok?Ü�rOÔÖkQw�tvÚn}+�+Ô©kQ×�|]q�s]m;m�rOtÙ× kQsJ× qPðlñ2ÚnqlÔ©Õ]rO× }~× tÙqlÜ]m!qlÜ%r]Ü]m'×�w�r]Ú�× r]w'kns�ÔÖkQm�|]kQmny

å�k�Ú�|]q�qlm'k�}¦ã]Ü]tÙ×�k¬jlql�Ùr]ÔÖkQmJÔÖk�× |]q�s°tvÜ�×�w�q�s]r]ÚnkQs³}+Ü]s³}+ÜD}+�ªÛ2xnkns@tÙÜ�ú û�ð ü y«å:kn�Ù�\m�rOtÙ× kQs°× q
ÞlknÜOknw }~�{rOÜ]m'×�w�r]Ú�× r]w'kns¦Ô©knm�|Oknm5}~Ü]sUkQm�Õ{knÚntv}+�v�ªÛ¬× qÓÔÖkQm�|Öw�kQã]Ü]knÔ©knÜ�×�y�Ü]kQkns]kQs¦|]knw'kX× q�Ú�}~Õ�æ
× r]w'k�m�|D}~w�Õ�å5}�jlk
æ)Øîw'qlÜ�× mnìp}�q+w�knqzj+knwny�tª×3Õ]w�qzj�tvsOknm3}Jm�qlw(×3q+Ø!ÔU}¥ö�tÙÔ¬r]Ô=Õ]w�tÙÜ]ÚntÙÕ]�vk~y¥×�|D}~×3ÔÖ}zÛ
Ü]q+×:ô!kp}+Ú�|]tÙkQjlkQsUØîqlwGÔÖq+m'×GãDÜ]tÙ×�kXkQ�vkQÔÖkQÜ9×:Øîqlw�Ôgr]�ß}~×�tvqlÜOm?ô]rO×:tvm3× |]kXç+kQÛÖtvÜOÞlw�kQs]tvkQÜ9×:q+Ø�q+r]w
Õ]w�q�q+Ø£ì

ï�|]kXÜOk�ö�×�m'knÚ�× tvq+ÜUs]k�×�}+tÙ�vm\× |OkXÔÖ}~× |OknÔÖ}~× tÙÚ�}+��ÔÖq�s]kn��yl}+ÜOsUw�kQÚ�}+�Ù�Dm�qlÔ©k�Ü]knkQs]knsUw�knm'r]�Ù×�m
q+Ø�k�ö�tvm(× kQÜ]Únk%}+ÜOsóm(×�}+ôOtv�vtª×bÛ�Øîqlw5m�q+�vrO×�tvqlÜ]mGØîqlw5w'k�}+Ú�× tvq+Ü�æbs]t�s«rOm�tvq+ÜUm'Û�m(× knÔ©mnyDkQm�m'knÜ�× tv}+�v�ªÛUôD}�æ
m�kQsCqlÜ°ú øzù-l y øzù y g ÿ ü ì���kQÚQ× tÙqlÜ¦ðgôOw�tvk��]Û©k�ö�Õ]�v}+tvÜ]m3× |OkXãDÜ]tª× kPjlql�Ùr]ÔÖkQm:×�knÚ�|]Ü]tÙ÷9r]kpØîqlwGm�ÕD}~Únk
s]tvm'Únw'kQ× tXx�}~×�tvqlÜ«y�}+Ü]s m'knÚQ×�tvqlÜäû°}+Ü]s g w�kQm�Õ{knÚQ×�tÙj+kn�ÙÛFÚnq+Ü]ÚnkQw�Ü]m¬×�|]kUm(×�}+ô]tÙ�vtª×bÛ@}+Ü]s ÚQqlÜ�jlkQw(æ
ÞlknÜOÚnk%w�kQm�r]�ª× mP}+Ü]sóÕ]w�q�q+ØîmQì

È��*� �¡ d¢ £�¤i¥;Ì$¢r¦ Î7§©¨«ª%Í�Ì�Ò/ª7¬® Ò+¯°¢5Í�¢�ËcÌ�Ò=ªM¬®±³²©Ð[ª%Ì�Ò�ÎgË[¥

´¶µ@·¶µ�¸ ¹°º�»½¼¿¾6À~Á�Â�Ã2À?ÂEÄ�Å�À³¼¿Â6Æ�Â;Ç�Â�ÈÉ¾6ÅSÆÊ¼¿Â;Ç�»�Ë
Å�ÆÍÌ[Ë�»�À�Î2Á�Â�ÏzÐ�¾EÁ�Ç�Å�Â6ËSÂ6ÑEÒ

ý5×©}ÄÔÖtÙÚnw�q+m�Únq+Õ]tvÚÖm�Ú�}~�vk+y�× |]k¦m'r]w'Ø¹}~Únk¦Ô©knÔ¬ô]w�}+Ü]kCq~ØP×�|]k¦ÔgÛ+q�Ún}+w�s]tv}+�GÚnkn�Ù�vm¬sOkn�vtÙÔÖtª× m
}+Ü�tvÜ�× w�}@}+Ü]sS}+ÜSk
ö�× w }�æbÚnkQ�v�Ùr]�ß}+wÓÔÖkQs]tvrOÔ�y�ô!q+×�|SÚQqlÜ�×�}+tÙÜ]tvÜOÞ°tvqlÜ]tÙÚCm�Õ{knÚQtvkQmnì3ï�|]kóÔÖq�s]kn�
}+ÚnÚQqlr]Ü�× mPØîqlw�× |]k�sOÛ�ÜD}+Ô©tvÚQmXq~Ø#× |OkÓ× w�}+Ü]m£æbÔ©knÔ¬ô]w�}+Ü]k%tvq+Ü]tvÚJÚQr]w�w'knÜ�× m

Iion

}+Ü]s�s]tXs!knw'knÜ]ÚQk
q+Ø5Õ{q+×�knÜ�× tv}+�

u
y�Õ!kQwÓm'r]w'Ø¹}+ÚQkUr]ÜOtÙ×�ì�ï�|OkÖÔ©knÔ¬ôOw }+Ü]k©tvm%ÚQqlÜ]m�tÙs]knw'knsä×�q�|]}zj+kC}óÚ�}+ÕD}~ÚntÙ×�tÙj+k

ô!kQ|D}�j�tvqlr]wQy]m�q�× |]}~×�× |]kJ×�q+×�}+�«Únr]w'w�knÜ�×P× |]w'qlr]Þl|¦×�|]k%ÔÖkQÔ¬ô]w }~Ü]kJtvm

C
du

dt
+ Iion = I,

è g ì þlë

å�|]knw'k
C
tÙm\× |]kPÚ�}~ÕD}+Úntª×�}+ÜOÚnk�Õ!kQw3m�r]w(Ø¹}+ÚnkPr]Ü]tª×3q+Ø«×�|]k�ÔÖkQÔ¬ô]w }~Ü]k+ì#vDr]w(× |]kQw�Ô©qlw�k~y+× |]kPÚnkQ�v�Ùm

}+w�kJm'kn�ªØßæbqlw'Þ�}+Ü]tXxnkns¦tÙÜ�× q�ÔgÛlq~ãDô!kQw�m�tvÜÆqlw's]knw�×�q�Øîq+w�ÔY×�|]k%ÚnqlÔ©Õ]�ÙkQ× kJÔÓÛlq�Ú�}+w's]tvr]Ôóì
ý5×�}5ÔU}+ÚQw�qlm'ÚnqlÕOtvÚ\m'Ú�}+�Ùk+y�s]rOk\× qP}5|]qlÔ©qlÞlkQÜ]t�xn}~× tÙqlÜpÕ]w'q�ÚQknm'm:ú ðlù ü�yn×�|]k\× w�}+Ü]m(æ)ÔÖkQÔ¬ô]w�}+Ü]k

Õ!q~× knÜ�×�tß}+�
u
tÙmÓs]k�ãDÜ]kQs2qlÜä× |OkÖå�|]ql�ÙkÖ|Ok�}+w(×

Ω
ÚQqlÜ]m�tÙs]knw'kns�}+m%× |OkUm�rOÕ!kQw(æbtÙÔÖÕ{qlm'tÙ× tÙqlÜ@q+Ø

× |]kFtvÜ�× w�}Z}+Ü]s k
ö�× w }�æbÚnkQ�v�Ùr]�ß}+wÆÔ©kns]tÙr]Ôóì�vDw'qlÔ × |]k Ô©tvÚQw�qlm(× w'r]ÚQ×�r]w�kFq+Øc× |]käÔ¬r]m�ÚQ�vk³ãOæ
ô!kQw�m¦tÙmCs]knw'tÙj+kns }~×¦k�}~Ú�| Õ{qltvÜ�×

x ∈ Ω
×�|]k°Õ!q+m�tÙ×�tÙj+kÄs]kQã]Ü]tÙ×�kÄ× knÜOm�qlwÆq+Ø�Únq+Ü]s]r]Ú�× tÙj�tª×bÛ

σ(x) = diag(cl, ct, ct)
tÙÜU× |OkJ�vq�Ú�}+��qlw(× |]qlÜOqlw�ÔÖ}+�{ôD}+m�tÙm

(l, n1, n2)
y�å�|Oknw�k

l
tvm5}¬r]Ü]tÙ×:jlkQÚ�æ

× qlw�× }+Ü]ÞlkQÜ9×X× q©× |]k%ãDô{knwÃ}¥×
x
ìÓq tÙ×�|�×�|]kÓÚQqlÜ]s]rOÚQ× tªj�tÙ×bÛly�× |Ok�j+ql�vr]Ô©kQ×�w�tÙÚ�ÚQr]w�w'knÜ�×JÚn}+Üfô{k

k�ö�Õ]w'knm�m'knsÄtÙÜ¦× knw'ÔÖm�q~Ø
u
yD}+ÜOs�kQ÷�r]}~× tÙqlÜ è g ì þ ë�ô{knÚnq+ÔÖkQm

ρC
du

dt
+ ρIion = ∇ · (σ∇u),

è g ìâð�ë

å�|]knw'k
ρ� 1

tÙm5× |]k%w�}~× tÙqcq+Ø#Ô©knÔgô]w }+ÜOkJm�r]w(Ø¹}+Únk%Õ{knw�r]Ü]tª×�q+Ø�jlql�Ùr]ÔÖk~ì
ï�|]k�ã]ô!kQw�mX}+w�k%×�}+ÜOÞlknÜ�×�× q�× |]k�ô{qlr]Ü]sD}~w'Û

∂Ω
q+Ø�× |]k�|]kn}+w'×nìDýpmX}©w'knm�rO�Ù×�× |]k�Ü]qlw'ÔU}~�

s]tvw'knÚ�× tvq+Ü³×�qf× |]kÖô!q+r]Ü]sD}+w(ÛF}~×gÕ{qltÙÜ9×
x ∈ ∂Ω

tÙmg}+ÜäkntvÞ+knÜ�æ)s]tvw'knÚQ×�tvqlÜ°Øîqlw
σ(x)

}+Ü]sF× |]k
ÚnqlÜOs]r]ÚQ×�tÙj�tÙ×bÛÖ× kQÜ]m�qlw�m�}~× tÙm'ãDkQmP×�|]kJØîql�v�Ùq�å�tÙÜ]Þgô{qlr]ÜOsD}+w'ÛCÚnqlÜ]sOtÙ× tÙqlÜ°à

∀x ∈ ∂Ω, σ(x) · n(x) = λ(x)n(x) (λ(x) > 0),
è g ì û9ë



U#V&Ô�V!]4���©�6b �Õ�!Ö6��]4�×� g ÿ

å�|]knw'k
n
tÙm5× |]k%r]ÜOtÙ×�qlrO×bå�}+w'sój+knÚQ×�qlw�ãDkn�Ùsóq+Ü

∂Ω
ì

v�tvw�m(×5Ô©q�sOkn�vkQsCô�Û[hXq�s]Þlç9tÙÜ¦}+Ü]s[hPr�ö��vkQÛUtvÜ@ú k+û ü�yO×�|]kÃtvq+Ü]tvÚXÚnr]w'w�knÜ�×
Iion

s]kQÚnqlÔ©Õ{qlm�kQm
tvÜ�× qc× |OkJÚnqlÜ�× w'tvô]r�× tvq+Üóq~Ø#m'kQjlkQw }+��tÙqlÜ]tvÚpÚ�|D}+Ü]Ü]kQ�vm

Xi

à

Iion = IX1
+ IX2

+ . . .+ IXp
.

è g ì g ë
ï�|]käm(×�}~×�knmfq~Ø¬× |]kFÚ�|D}+Ü]ÜOkn�vm è qlÕ{knÜ�æbÚn�Ùqlm�kQs�ëÆ}+w�k³s]knm'Únw'tvô{kns ô�Û Þ�}~× tÙÜ]Þ�j+}~w�tß}~ô]�vkQm

v =
(v1, . . . , vp)

å�|]tvÚ�|�}+w�k%ÚQqlÜ�× w�q+�v�vkQs¦ô�Û�t%ñ é mQy
dvi

dt
= εgi(u, vi),

è g ì�k�ë
å�|]knw'k¬× |]k¬Õ]}+w }+Ô©kQ×�knw

ε � 1
ÔÖkn}+Ü]mp×�|D}~×p×�|]kcw�kQÚnqzjlkQw'Û�j+}~w�tß}~ô]�vkQmp|D}�jlkcm'�vqzå=sOÛ�ÜD}+Ô©tvÚQm

ÚnqlÔ©ÕD}+w'kns¦× q�× |]k%Õ{q+× kQÜ�× tß}~�
u
ìOï�|]kÓtÙqlÜ]tÙÚÃÚnr]w'w�kQÜ9×P× |Ow�qlr]Þ+|ó×�|]kÓÚ�|]}+Ü]Ü]kQ�

Xi

s]kQÕ!kQÜ]s]mPqlÜ
u
}+Ü]s

v
y

IXi
= −fi(u, v).

è g ì¾ÿ+ë
|5}+m�kQscqlÜg×�|]k�qlw'tvÞltÙÜD}+�lj+knw�m'tvqlÜ«y+ÔÖ}+Ü�ÛÓm'r]Ú�|�ÔÖq�s]kQ�vm�|D}�jlk5ô{knkQÜcÚnqlÜ]m(× w'r]ÚQ×�knsóú k ü]}+ÚQÚnqlw's]tvÜOÞ
× q�ÔÖqlw'kn�Ùknm�mGÚnq+ÔÖÕ]�Ùk�ö�k
ö�Õ!kQw�tvÔ©knÜ�× }+��m'× rOs]tvkQm:q+Ø«× |]kPÚnkQ�v�vm3Ô©knÔ¬ôOw }+Ü]k~ìp��tvÔ©Õ]�vtªãDkns¬j+knw'm�tvq+Ü]m
q+Ø9× |]kQm�k3ÔÖq�s]kQ�vm;|D}�j+kGô{knkQÜ%Õ]w�qlÕ{qlm'kns;yn×�|]k3m�tÙÔÖÕ]�Ùknm(×;q+Ø9å�|]tÙÚ�|ÓtÙm«× |]k\å:kn�Ù�lç9Ü]qzå�ÜØv�tÙ×Ax=hXr]Þ+|
æ×yp}+ÞlrOÔÖqcqlÜOkÖú ûzl y {-{ ü�ì]í)×�å�w�tÙ×�knm

Iion = −f(u, v) ≡ u(u− 1)(u− a) + v, g(u, v) = ku− v,
è g ì�{lë

å�|]knw'k
0 < a < 1

}+Ü]s
k > 0

}+w�k�ÞltªjlknÜóÕD}+w�}+Ô©kQ× kQw�mQìDí)×Xå�tÙ�v�;ô{k%w�kQØîkQw�w'knsf×�qU}+m�×�|]k�Ù�Ú�Û
ÜiÝ=Þ2ß�à ìpvDqlwQy�tª×5tÙm5}+sD}~ÕO× kQsCØîw�qlÔ × |OkÃqlw�tÙÞltvÜ]}+�DÔÖq�s]kQ�!q+Ø!hPq�sOç�tÙÜ�æShPr�ö��vk�Ûfú k+û ü�yOtª×�m'r]tÙ×�m�× |Ok
ô!kQ|D}�j�tÙqlr]w\q~Ø«}ÃÜOknw'j+kP}¥ö�qlÜ;ìzvDqlw�× |]k�ÔgÛ+q�Ún}+w�sOtß}+��Únkn�Ù�vmQy+}Jm�tÙÔÖÕO�vtÙã]knsgÔ©q�s]kn��å5}+m?ÕOw�qlÕ{qlm�kQs
ô9Û�ýX�vtÙkQjc}~Ü]sU��}+ÜOãD�ÙqzjÆú l g ü{}+Ü]s©|D}+mGô!kQknÜ�å�tvs]kQ�ÙÛcrOm�knsÖtvÜÖðlñ m�tvÔgr]�ß}~×�tvqlÜOm#q+Ø!× |]kP|9r]ÔU}~Ü
jlknÜ�×�w�tvÚQ�vkQmÓú {-l y øzù g ü�ì]í)×�å�w�tª× knm

Iion = −f(u, v) ≡ ku(u− 1)(u− a) + uv, g(u, v) = ku(1 + a− u) − v,
è g ì&l�ë

å�|]knw'k
k > 0

}+ÜOs
0 < a < 1

}+w�kÓm'×�tv�v��ÞltªjlknÜfÕD}+w }~ÔÖk�× knw'mnì!í)×på�tv�Ù��ô!k¬w'kQØîkQw�w�kQsÄ× q¦}~mp× |]k
á â ÜiÝ=Þ2ß�à ì
vDqlw�m�}+ç+kÓq+Ø\m'tvÔ©Õ]�vtÙÚntÙ×bÛ+yOqlÜO�ÙÛC×�|]kÓÚn}+m�kÓq+Ø#×�|]k á â }+ÜOs�Ù)ÚJÛ ÔÖq�s]kn�ÙmP}+w�k�}+s]sOw�knm'm�kQs;y

}+�Ù×�|]qlr]Þl|c×�|]k�k�ö�× kQÜ]m�tÙqlÜUq+Ø!qlr]w3w'knm�rO�Ù× m?×�qÓÔ©qlw�k�ÚQqlÔ©Õ]�vk
ö�qlÜ]kQmGm'|D}+�Ù�Dô!k�m'×�w }+tÙÞl|�×�Øîqlw(å5}~w�s;ì
é ÷9rD}~×�tvqlÜOm è g ì ð ë
y è g ì g ë�y è g ì�k ë
y è g ì ÿ ëGw'kQå�w'tÙ× kQm�tÙÜC}gs]tÙÔÖkQÜ]m�tÙqlÜ]�Ùknm�m3Øîw }~ÔÖk�å�qlw'ç©}+Ü]sUØîqlw

qlÜ]k%Þ�}~×�tvÜ]Þ¬j~}+w'tß}+ô]�Ùk
v
y

εut = ε2∇ · (σ∇u) + f(u, v)
è g ìªøzù�ë

vt = g(u, v),
è g ìÙø+ø�ë

å�|]knw'k�×�|]kcØîr]Ü]Ú�× tvq+Ü]m
f, g : R2 7→ R

}+w�k�ÞltªjlknÜ@ô�Û è g ì&{ ëpØîqlwÃ×�|]kãÙ)Ú�Û Ô©q�s]kn�?}~Ü]s@ô9Û
è g ì&l ë�Øîqlw5×�|]k á â Ô©q�s]kn��ì

ï�|OkÓÕ{q+× kQÜ�× tß}~�
u
m'|D}+�Ù�;m }~×�tvm(Ø�ÛÆ}�yXknrOÔU}+ÜOÜ�ô{qlr]Ü]s]}+w'Û¦ÚQqlÜ]s]tª× tÙqlÜ°à

∀x ∈ ∂Ω, σ(x)∇u · n(x) = 0,
è g ìªø�þlë

ÔÖkn}+Ü]tvÜOÞU× |D}¥×JÜ]qÆÚnr]w'w�kQÜ9×a�]q�å�m%qlr�×Jq+Ø3× |]kc|Ok�}+w(×�ì�yPqÆ}+s]s]tª× tvq+ÜD}+��ô!qlrOÜ]sD}+w(ÛÄÚnq+Ü]s]tÙ×�tvqlÜ
tvm5Ü]kQkns]kQs�ÚQqlÜ]ÚQknw�ÜOtvÜ]Þ

v
yOm'tvÜ]ÚQkJtÙ×�tvm5w'r]�vkQs¦Õ!qltÙÜ�×5å�tvm'kJô9ÛC}+ÜätJñ é ì�tpØ�ÚnqlrOw�m�k~y�}+Ü¦tvÜOtÙ× tv}+�

sD}~×�}ctÙm�Õ]w�qzj�tvs]kQsFà

∀x ∈ Ω, u(x, 0) = u0(x), v(x, 0) = v0(x).
è g ìÙøzðlë
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´¶µ@·¶µ
· Ìdå;Å�ÃzÎp»�Æ�À~»6æ7çÕÆ�ÅSè¶é�»�Æ�»�Ã2Ãê¾�Æ�ÇÍë®»�Ñ6é�ËS¾EÁ�Å@ÎYÒìÂ�í[î;Â6ËSéJÎpÅSÂ6Æ�Ã
ê%kQÜ]knw�}+��w�knm'r]�Ù×�m:Øîqlw3× |OkÃo5}+rOÚ�|9ÛUÕ]w�q+ô]�vkQÔ è g ìªøzù ë)æ è g ìÙø�ð ë3}+w�kPw�kQÚ�}+�Ù�vknsÖ|]knw'k+ì���r]Ú�|Cm(Û�m(æ

× kQÔÖm:q+Ø��3ñ é |D}�j+kJô!kQknÜCå�tvsOkn�ÙÛ©m(× r]s]tÙkns@ú g ÿ y øzù-l y øzù ü�ìÓtÃÜ]�ªÛ©ôD}+m�tÙÚpÜ]q+Ü�æbk
öO|]}+r]m'×�tÙj+k%}+Ü]s
Ü]qlÜ�æ)qlÕO×�tvÔÖ}+�Dw�kQm�r]�ª× m�}+w'kÃw�kQÚ�}+�Ù�vkns«y�× |]}~×�q�ÚnÚnrOw5r]Ü]s]kQw�w�kn}+m�qlÜ]}+ô]�vkÃ}+m�m'r]ÔÖÕ�× tvq+Ü]m5k�ö�Õ{knÚ�× kns
Øîw�qlÔ × |]kJÕO|9Û�m'tvql�ÙqlÞltvÚn}+�«s]}~×�}Oì�v�rOw'× |Oknw�Ô©qlw'k+yD}¬Øîw }~ÔÖk�å�qlw'çÖØîqlw5×�|]k%Õ]w�q�q+Ø�q+Ø�k�ö�tvm(× kQÜ]Únk�q+Ø
m�ql�ÙrO× tÙqlÜ]m�Øîq+w�}+�v�

t > 0
tÙm�s]w }�å�Ü;yD× |]}~×�× |]k%Ü9r]Ô©knw'tvÚ�}~��}+ÜD}+�ªÛ�m�tvm5å�tÙ�v�{Øîql�v�Ùq�å%ì

ïØð$ñ#ò � ñ2óõô �Xö;�ø÷ èøù q�Ún}+� é ö�tvm(× knÜOÚnk�}+Ü]s�úPÜ]tv÷9r]kQÜ]knm'm�ë �Øûuü ß ß*ý=þ�ÿ����
Ý����	� 
����� ����� 
����� �7ÿ��Aß
��Ý������øÞ2ß��Aß*ÞOÝ�� ÿOÞ2Ý�Ü�ÿ���� Ω ⊂ R

d � d = 1, 2, 3 ������� ü ÿ C2 ��ß��Yþ2à�ÿ�����Ý�þ��LÞzÿ��� ∂Ω � ûuü ß��Ý��LÞYþ!���"��#$���" ���ß����	Ý�� σ �%�7ÿ��&��þpÜiß*Þ C1 �Aß��Yþ2à�ÿ��ØÝ�� Ω ÿ��LÞ'�%�aþ(�)� *CÝ��+Ü�ÿYà à+ iß�à à+�-,.�"��� Ý�� Ω /
∃α > 0 , ∀x ∈ Ω, ∀ξ ∈ R

d, ξ 0 σ(x)ξ ≥ α ξ 0 ξ .
ûuü ß�*+þ��1�����
Ý�� f ÿ��LÞ g ÿ��AßØÿ��&��þpÜiß*Þ�à�Ý$�*ÿYà à+ 324�-,)�$� ü ���%5$�6 *7� ü ß8���)���"�øÿYàÓÞzÿ��
ÿ9�=ÿ��"�%�:*� u0 ∈ H2(Ω) ; u0

#Yß���� *� <�����9� ü ß=��Ý�þ��LÞzÿ��� >��Ý��LÞ������
Ý�� è g ìªø�þ ë!?
ÿ��LÞ v0 ∈ L∞(Ω) ; � ü ß��@� ü ßA�� $���Sß�Ü � 
����� ����� 
����� � ü ÿ�� ÿwþ��)�øý=þ�ßB�	Ý�à þ����
Ý�� w(x, t) =
(u(x, t), v(x, t)) Ý�� Ω × [0, T ) *CÝ��	�	Ý�Üiß T > 0 ; ���C� ü ßD*CÝ�à à�Ý��������A�E�fß*ÿ�F&�G�	ß����	ß /H � ü ß^Ü�ÿ�,�,.����� t 7→ w(t) ∈ L2(Ω) × L∞(Ω) �%�'��Ý��)�"���ÓþÓÝ�þI��Ý�� [0, T ) ����� ü w(0) =

(u0, v0) ;H � ü ß�Ü�ÿ�,�,.����� t 7→ w(t) ∈ L2(Ω)×L∞(Ω) �%� Ù �Aß&� ü ß��4Þ�� J ß��Aß��)���øÿ��=à�ß�Ý�� (0, T ) ����� üÞ2ß�����#�ÿ�����#Yß t 7→ dw/dt(t) ∈ L2(Ω) × L∞(Ω) ;H *CÝ�� t ∈ (0, T ) ; �fß ü ÿ�#Yß u(·, t) ∈ H2(Ω) ; f(w(·, t)) ∈ L2(Ω) ÿ��LÞ g(w(·, t)) ∈
L∞(Ω) ;H *CÝ�� t ∈ (0, T ) ; ß*ý=þ�ÿ��"�
Ý����K� 
����� � ; � 
���� �[ÿ��LÞ è g ìÙøzþ ë �Aß&�L,Óß&������#Yß�à+ ü Ý�à�Þ���� L2(Ω) ;
L∞(Ω) ÿ��LÞ L2(∂Ω) �HNM Ý���ß�Ý�#Yß��B����� ü � ü ßA�Aß��Yþ2à�ÿ������� ÿ��&��þpÜiß*ÞwÝ��O� ü ßA���)���"�øÿYàJÞzÿ��@ÿ ; � ü ßäÜ�ÿ�,�,.����� t 7→
w(t) ∈ L∞(Ω) × L∞(Ω) �%�3��Ý��)�����ÓþÓÝ�þ�� Ý�� [0, T ) �á ��à�ÿ���� ; �?Ý���ß�� ü ÿ�� T = +∞ � *3� ü ß��Aß*ÿ������
Ý��P��ß��+Ü>� f ; g ÿ��AßQ�Yà�Ý���ÿYà à+ K24�-,)�$� ü ���%5äÝ��

R2 �
R ñ2ó ó � ô �Xö;�ø÷ è m�knÞ+r]�ß}+w'tÙ×bÛOë �'S ��� ü � ü ß.ÿzÞzÞ����"�
Ý��LÿYà$ÿ��&��þpÜT,.�"�
Ý���� ;H � ü ß[Þ2ß�����#�ÿ��"��#Yß&�äÝU* σ ÿ��Aß ν � ÚQV à�Þ2ß��B��Ý��)�����ÓþÓÝ�þI�äÝ�� Ω ; *CÝ��3�	Ý�Üiß ν > 0 �E�
ß σ ∈

C1+ν(Ω) � ;H � ü ßW��ß*ÿ����"�
Ý��X��ß���Ü>� f ÿ��LÞ g ÿ��Aß C2 ��ß��Yþ2à�ÿ��Y�
H � ü ßW���)�����øÿYà!Þzÿ��
ÿ'�%�	��þ)� ü � ü ÿ�� v0 ∈ Cν(Ω) *CÝ��Z�	Ý�Üiß ν > 0 ;� ü ß=�	Ý�à þ(�"�
Ý�� w(x, t) �%�Q��Ý��)�����ÓþÓÝ�þ���à+ �Þ�� J ß���ß��)�"�øÿ��=à�ßT���[� ü ß9#�ÿ����øÿ��=à�ß t Ý�� Ω× (0, T ) ÿ��LÞ

u(·, t) ∈ C2(Ω) *CÝ�� t ∈ (0, T ) �]\uÝ ; � 
����� ����� 
����� � ü Ý�à�Þ'����ÿA��à�ÿ��&�����*ÿYà^�����"�AÝ������G�	ß����	ß_�

´¶µ@·¶µ"` îfÎp¾�a ÅSËSÅ�Î3ÒÊÂ6í�î;Â6ËSéJÎpÅSÂ6Æ�Ã�¾6Æ�Çcb-Æed4¾EÁ�ÅS¾6Æ×Î ë »�Ñ6ÅSÂ�Æ�Ã
ï�|]k%m�ql�ÙrO× tÙqlÜ]m�q+Ø�× |]kQqlw�kQÔ g ì þ�ìÙø k
öOtÙm'×�mPq+Ü]�ÙÛÖØîqlw

0 < t < T
y�å�|]knw'k

T
s]knÕ{knÜ]sOmXô{q+× |

qlÜ�×�|]kgtÙÜ]tÙ×�tß}+�«sD}~×�}U}+Ü]sfq+Ü
f
}~Ü]s

g
ìL|�rO×Ãq~Ø?ÚnqlrOw�m�k~y«qlÜO�ÙÛÆk�ö�tÙm'× kQÜ]ÚnkÓØîqlwÃ}+�Ù�;× tÙÔÖk

t > 0ÔU}~ç+knm�m�kQÜ]m�kUtvÜF×�|]k©Õ]|�Û�m'tvql�ÙqlÞltÙÚ�}+�?Õ]|OknÜ]qlÔ©knÜ]}Oì!v�q+wÓqlrOwÓm'ql�vrO×�tvqlÜ°×�qfô{kÖw'kn�vk�j~}+Ü�×gå�tÙ×�|
× |]kXÕ]|�Û�m�tvq+�vqlÞltÙÚ�}+�DØîw�}+ÔÖk�å�q+w�ç�tÙ×�tvm�Ô©qlw'knqzjlkQw5Ü]knkQs]knsC×�qc|D}�jlkÃrOÜ]tÙØîqlw'Ô

L∞ ô{qlr]ÜOs]m5qlÜ
u}+Ü]s

v
ì;ï�|]tÙm�tÙmp× |Ok©ÔÖ}+tÙÜ°s]tX�©ÚnrO�Ù×bÛly«w�kQØîkQw�w'kns@× qó}+m ���
ÿ��_� à+���� ì�í)×%Ú�}~ÜFô{kcm'×�r]s]tvkQsFtÙÜÄ×bå�qå5}�Û�mnì



U#V&Ô�V!]4���©�6b �Õ�!Ö6��]4�×� g l

v�tvw�m(×�y�}~m�m�rOÔÖtÙÜ]Þ�}�Õ{ql�ÙÛ�Ü]q+ÔÖtv}+��Þ+w�qzå�× |Ö}~×GtvÜOã]Ü]tÙ×bÛÓØîqlw
f
}+Ü]s

g
yz��qlô{ql�vk�j¬knÔgô!kQs]s]tvÜOÞlm

ú ÿYl ü�}+w�kJrOm�knsó× qcr]ÜOtÙØîqlw'ÔÖ�ªÛUô{qlr]Ü]s
u
}+Ü]s

v
tÙÜ���qlô{ql�vk�jUm'ÕD}+ÚnkQmp}~Ü]só×�|]knÜÆãDÜ]sÆm'ql�vrO×�tvqlÜOm

Øîqlw�}+�v�\×�tvÔ©k
t ≥ 0

y�m�kQkÄú g ÿ y ølølø ü ì4��r]Ú�|³× kQÚ�|]Ü]tv÷9r]kQm¬Ú�}~Üäô{kU}+ÕOÕ]�vtÙkns@× qóm�ql�ÙrO× tÙqlÜ]mJå�tÙ×�|
å�kn}+ç+kQwgw�kQÞlr]�v}+w�tª×bÛ°}+m�tvÜ³�vkQÔÖÔÖ} g ì þ�ìÙø ì$hXqzå�k�jlkQw

L∞ ô{qlr]Ü]s]mÓr]m�r]}+�v�ªÛ°}+w'kÖr]ÜOw�k�}~Ú�|D}+ô]�Ùk
}+�Ù×�|]qlr]Þl|¦ÕO|9Û�m'tvql�ÙqlÞltvÚn}+�v�ªÛ©w�kn�ÙkQj~}+Ü�×�ì

ï�|OkCm�kQÚnqlÜ]s2å�}�ÛF×�qÄm'×�r]sOÛä×�|]kUm(×�}+ôOtv�vtª×bÛ@tvm�× qÄÚQqlÜ]m'×�w�r]Ú�× ���)#�ÿ����øÿ��)�T�Aß����
Ý���� }~mgs]k
æjlkn�ÙqlÕ{knsÄtÙÜ ú øzù-l y øzù ü�ì{ýpÜ ���)#�ÿ����øÿ��)�e�Aß����
Ý�� Øîqlw�× |]k¬o5}+r]Ú�|�ÛÄÕ]w'qlô]�ÙknÔ è g ìÙøzù ëbæ è g ìªøzð ë�tvmp}
Ún�vq+m�kns2m'r]ô]m'kQ×

Σ ⊂ R2 m�rOÚ�|�×�|D}~×�}Äm'ql�vr�× tvq+Üäq+Ø è g ìªøzù ë)æ è g ìÙø�ð ë�|]}zj�tÙÜ]Þ°tÙ×�m¬tvÜ]tª× tv}+�?sD}~× }tvÜ]m'tvs]k
Σ
áâmctÙÜ9×�knw'tvqlw�w�kQÔU}+tÙÜ]mgtÙÜ]m�tÙs]k

Σ
ìE��r]Ú�|�}Äm'ql�vrO×�tvqlÜFtvmÓr]Ü]tÙØîq+w�Ô©�ÙÛ@ô{qlr]Ü]s]kQs2tvÜ

L∞}+Ü]sóÔÖqlw'knqzjlkQwny�m�tÙÜ]ÚnkJ×�|]kÓw'knm(× w�tÙÚQ×�tvqlÜÆq+Ø
f
}+Ü]s

g
× q

Σ
}+w'k ù tÙÕ]m�Ú�|OtÙ×Ax%ÚQqlÜ�× tvÜ9r]q+r]mny�tÙ×�|]}+m

}+ÜÆtvÜOãDÜOtÙ× kJ�ÙtÙØîk�× tvÔ©k
T = +∞

ì
ï�|OkÃm�kQÚnqlÜ]sÆÔ©kQ×�|]q�sUtvm�sOkQ×�}~tv�vkQsU|]kQw�kJô{knÚn}+r]m�kptÙ×5ÕOw�qzj�tvs]kQm5r]Ü]tªØîqlw�Ô

L∞ ô!q+r]Ü]s]m�}~Ü]s
tvm�w�kn}+�v�ªÛUÕ{knw(ØîknÚ�× �ÙÛCm�r]tª× kns¦×�q©×�|]k%Ü�rOÔÖkQw�tvÚn}+��}+Ü]}+�ÙÛ�m�tÙm5ô{kn�vqzå%ìDí)×�w'kn÷9r]tvw'knm

f }gÞlq�q�sUô!kQ|D}�j�tÙqlr]w:q+Ø�× |]kÃÜOqlÜ�æb�ÙtvÜ]kn}+w?× kQw�Ô©m f }+ÜOs g y�m�q¬×�|D}~×�tÙÜ�j+}~w�tß}~Ü9×:m�k�× m�k
öOtÙm'×nym�kQk%ã]Þlr]w�k g ìªø y
f }cm'× w'qlÜ]Þ�ÔÖ}¥ö�tvÔ¬r]ÔYÕ]w�tÙÜ]ÚntÙÕ]�vkXØîqlw5× |]kJq+Õ!kQw }~×�qlw

u 7→ ∇ · (σ∇u)
y

f w�kQÞlr]�ß}~w5m�ql�ÙrO× tÙqlÜ]m�tÙÜ¦qlw�s]kQw�× q©}+Õ]Õ]�ªÛU×�|]k%ÔU}¥ö�tÙÔ¬r]ÔBÕOw�tvÜOÚntvÕO�vk+ì
íbÜ�j~}+w'tß}+Ü�×¬w'knÞltÙqlÜ]mgØîq+w è g ìÙøzù ëbæ è g ìªøzð ëÓ}+w�kÖô]r]tv�ª×¬ô�ÛFÚnqlÜ]m'tvs]kQw�tÙÜ]ÞÄtvÜ�j~}+w'tß}+Ü�×¬w'knÞltÙqlÜ]mÓq+Ø

R2 Øîqlw�× |]k%w'k�}+Ú�× tÙj+k7�]q�å (u, v) ∈ R2 7→ (f(u, v), g(u, v)) ∈ R2 ì�vDqlw5×�|]k%|]k�}~×Xkn÷9rD}¥× tvq+Ü
∂tu = ∇(σ∇u)

yDtvÜ�× kQw'j~}+�vm
[u−, u+]

}+w'k%tvÜ�j~}+w�tv}+Ü�×�w�kQÞltvqlÜOmnìDýpmP}�ÚnqlÜOm�kn÷9r]kQÜ]Únk~y«tÙÜ9j~}+w'tß}+Ü�×
m�kQ×�m

Σ
}+w'k�m'k�}+w'Ú�|]kns�tvÜ¦× |Ok%Øîq+�v�vqzå�tÙÜ]ÞgØîqlw'Ô à

Σ = {(u, v) ∈ R
2, u− ≤ u ≤ u+, v− ≤ v ≤ v+} = [u−, u+] × [v−, v+].

è g ìªø�û9ë
gBh�ikj4l � l ò j ô �Xö��ø÷ è mPkQÚQ× }+Ü]Þlr]�v}+wÃíbÜ�j~}+w�tv}+Ü�×7��k�×
ë �dûuü ßG��ß&���
ÿ����Yþ2à�ÿ��>��þm���	ß�� ÝU*

R2 ; Σ =
[u−, u+] × [v−, v+] �%�.ÿ��X���)#�ÿ����øÿ��)�^�	ß��.*CÝ�� f ÿ��LÞ g � *

∀(u, v) ∈ Σ,

∣∣∣∣∣∣∣∣

u = u−, v− ≤ v ≤ v+ ⇒ f(u, v) > 0,
u = u+, v− ≤ v ≤ v+ ⇒ f(u, v) < 0,
v = v−, u− ≤ u ≤ u+ ⇒ g(u, v) > 0,
v = v+, u− ≤ u ≤ u+ ⇒ g(u, v) < 0.

vDqlw�}+Ü¬tÙÜ�j+}~w�tß}~Ü9×�w�kQÚQ× }+Ü]Þlr]�v}+w�w�knÞ+tvqlÜ
Σ
è s]k�Ø£ì g ì þ�ìªø ë�×�qpô{k�tÙÜ9j~}+w'tß}+Ü�×�Øîqlw è g ìªøzù ë)æ è g ìÙøzð ë�y

} �����AÝ���� Õ!qltÙÜ�×Óå�tÙm�kCÔÖ}¥ö�tvÔ¬rOÔ Õ]w�tÙÜ]ÚntÙÕ]�vk©tvm�Ü]kQkns]kQs�|Oknw�k~ì)m�knÔÖ}+w�ç°×�|D}~×c}óm�tÙÔÖÕ]�ÙtÙãDÚn}¥æ
× tvq+Üfq�ÚnÚnrOw�mÃtÙÜ�× |Okgm�Ún}+�ß}~wpÚ�}~m�k è å�tÙ× |�qlÜ]k¬kQ÷9rD}~× tÙqlÜ�ë5å�|]knw'k�}ã��× }+Ô©ÕD}+ÚnÚ�|Otß}¥æ × w�q+Ü]Ú�}~×�r]w�k
× knÚ�|OÜ]tv÷9r]k�Ú�}+ÜÆô{k%r]m�kQs è m'knk©ú ølø üßë�ì
R ñ2ó ó � ô �Xö;�Xö è ��× w'qlÜ]Þ.}f}¥ö�tÙÔ¬r]Ô �3w'tvÜ]ÚQtvÕ]�Ùkzë � 2$ß�� Ω ��ß�ÿ���Ý&,Óß�����Ý�þ��LÞ2ß*Þ9��þ����	ß��6ÝU*

Rd

� ü Ý$�	ß	��Ý�þ��LÞzÿ��� ∂Ω ü ÿ�� C2 ��ß��Yþ2à�ÿ������� ��n2$ß�� u ∈ C2(Ω) �=ÿ��"�%�:*� 3� ü ß	��Ý�þ(�LÞzÿ��� '��Ý��LÞ����"�
Ý��è g ìªø�þ ë *CÝ��7ÿo�Sß����	Ý�� σ ∈ C1(Ω) �=ÿ����%�:*� ������'� ü ß>��Ý�þ(�LÞzÿ��� ���Ý��LÞ������
Ý�� è g ìâû ë �6 * u ü ÿ���ÿäÜ�ÿqp�� Ü^þ2Ür�E�Aß&�L,1��Ü3���)� Ü^þ2ÜT�=*CÝ�� x ∈ Ω � ü ß�� ∇ · (σ∇u)(x) ≤ 0 �E��ß&�L,1�
∇ · (σ∇u)(x) ≥ 0 ���
q tª× |��vkQÔÖÔÖ} g ì þ�ì þ tvÜ�j~}+w�tv}+Ü�×cw�kQÞltvqlÜOm�}+ÚnÚQqlw�s]tÙÜ]Þ°× q@s]k�ãDÜ]tÙ×�tvqlÜ g ì¾þ�ìªø }+w�kÆtÙÜ9j~}+w'tß}+Ü�×

w�knÞ+tvqlÜ]m5Øîq+w�w�knÞ+r]�ß}+w�m�ql�ÙrO× tÙqlÜ]m�q+Ø�× |]k��3ñ é ì
ïØð$ñ2ò � ñ2ó ô �Xö;��ö è íbÜ�j~}+w'tß}+Ü�×Æm�k�×�Øîq+wC× |]k³�3ñ é ë �ts Ý������øÞ2ß��C� ü ßC�� u����ß�Ü ÝU*�ß*ý=þ�ÿ��"�
Ý����è g ìªøzù ë � è g ìªøzð ë ����� ü � ü ßfÿ��&��þ2ÜT,.���
Ý����×ÝU*6à�ß�Ü^Ü�ÿ 
��%v��� � M Ý��Aß�Ý�#Yß�� ; ÿ��&��þpÜißD� ü ÿ��1� ü ßw��Ý��LÞYþ)�������#$���" '��ß����	Ý�� σ #Yß���� x¶ß&�9� ü ßQ��Ý�þ(�LÞzÿ��� ���Ý��LÞ������
Ý�� è g ìâû ë �



klù e)�J� �EZ=]4_���UzV��ue)������� ����`;�Jc��������4ZS\�Z���e)�$� ���pZ���c4���

6 * Σ �%��ÿ>�Aß&���@ÿ����Yþ2à�ÿ��8���)#�ÿ����øÿ��)�n�	ß��(*CÝ�� f ÿ��LÞ g ; ÿ��&��Ý���Þ������Q��ÝØÞ2ß:xD�)���"�
Ý�� 
��%v��� ; � ü ß�����y�%�7ÿ��X���)#�ÿ����øÿ��)�D�Aß����
Ý��>*CÝ�� è g ìÙøzù ë � è g ìÙøzþ ë /
∀x ∈ Ω, w0(x) ∈ int(Σ) ⇒ ∀t > 0, ∀x ∈ Ω, w(x, t) ∈ Σ.

ÿ��LÞ'� ü þI�	��þ)� ü ÿz�	Ý�à þ����
Ý�� w ü ÿ��.ÿ��X���qxD�)����ßMà+� *Cß���� Üiß T = +∞ �
{ ñ2ó �]�u| ô ��ö;�ø÷D� Ù Ý�� σ = λId ; ÿ3,.��Ý	ÝU* ü ÿ��'��ß�ß��X����#Yß��P�_ �}m�D\�ÜiÝ�à à�ß��G���X~ ���� �3� ü ß��ÿ��&��þpÜ3�����W� ü ÿ���� ü ßT��Ý�þ��LÞzÿ��� Q#�ÿYà þÓß&�aÝU*8� ü ßw�	Ý�à þ(�"�
Ý�� (u, v)|∂Ω ; � ü ��� ü ÿ���ßJþ���F��?Ý���� ü ß��Aß ;�Aß�Ü�ÿ������A�������øÞ2ß Σ

? ÿ��LÞ��_ á �Z\ ü � ü ß��Y��ÿ�FzÝ�#X����~ ��<� �9*CÝ��Oÿ ü Ý�ÜiÝ��2ß��?ß�Ý�þ�� Û ß�þ2Ü�ÿ��)�
��Ý�þ(�LÞzÿ��� N��Ý��LÞ������
Ý��@���@� ü ß��*ÿ��	ß°ÝU*A� ü ß Ù)ÚJÛ ÜiÝ=Þ2ß�à è g ì&{ ë �Z2$ß�Ü^Ü�ÿ 
��%v��%v ÿ��LÞP� ü ß�Ý��
�Aß�Ü 
��%v��%v ß�p���ß��LÞ�� ü ß&�	ßK�Aß&��þ2à+�:�K�SÝ[� ü ß��2ß��?ß���ÿYà7�*ÿ��	ß è g ìªøzù ë � è g ìªø�þ ë *CÝ��dÿ�� ÿ��)�%�	Ý����AÝ&,.���
��Ý��LÞYþ!���"��#$���" ���ß����	Ý��Z�=ÿ����%�:*� ������ è g ì û ë �

é öO}+Ô©Õ]�Ùknmgq~Ø�tvÜ�j~}+w�tv}+Ü�×gw'knÞltÙqlÜ]m�Øîqlw�×�|]käÙ�Ú�Û q+w á�â Ô©q�s]kn�Ùm è g ì�{ ë�y è g ì&l ë�}+w�kÖs]tvm£æ
Õ]�ß}�Û+kns©qlÜÖãDÞ+r]w�k g ìªø ì#yXq~× k�× |D}~×3×�|]knm'kptvÜ�j~}+w'tß}+Ü�×?w'knÞltÙqlÜ]m3ÔU}�Ûcô{kPô]r]tv�ª×G}+m3ô]tvÞÓ}+m?å�tvm'|]knmQy
m�qg×�|D}~×5}+Ü�ÛUw'knÞlr]�v}+wGm�ql�ÙrO× tÙqlÜUq+Ø è g ìÙø�ù ëbæ è g ìªø�þ ë:w�kQÔU}+tÙÜ]mGr]Ü]tÙØîq+w�Ô©�ÙÛcô{qlr]Ü]sOknsCØîqlw:}+�v��× tÙÔÖk
t ≥ 0

ì

1 1

u

g(u, v) = 0

f(u, v) = 0

Σ

a

v

f(u, v) = 0
g(u, v) = 0

Σ

a

a + 1

v

u

�y���w� g ìÙø f íbÜ9j~}+w'tß}+Ü�×�w'knÞltÙqlÜ]m Σ
Øîq+w�Ù)Ú�Û è �vk�Ø�×
ë5}+Ü]s á�â è w'tvÞl|�×
ëGÔÖq�s]kn�Ùm

â ��Ý	ÝU*.ÝU*9� ü ßMà�ß�Ü^Ü�ÿ 
��%v��%v � ý5×�}+Ü°tÙÜ9×�knw'tvqlwXÕ!qltÙÜ�× x ∈ Ω
tÙ×ptvmÃqlô�j�tvq+r]mnì!ýpm�m'r]Ô©k�×�|D}~×

u|D}+m�}ÓÔÖ}¥ö�tvÔ¬r]Ô Øîqlw
x ∈ ∂Ω

ì#q tª× |ÖÚnqlÜ]sOtÙ× tÙqlÜ è g ìâû ëGqlÜOkpÚ�}~ÜUÚnq+Ü]m'×�w�r]Ú�×�}+ÜCqlw(× |]q+Ü]qlw�ÔÖ}+�
ôD}+m'tvm

B = (ξ1, . . . , ξd)
m�rOÚ�|õ× |D}¥×

σ(x) = diag(λ1, . . . , λd)
tÙÜ

B
è å�tÙ×�|

λi ≥ 0
y
i =

1, . . . , d
ë�}+Ü]sõm�r]Ú�|Z×�|D}~×

ξ1
tvm©Ü]qlw'ÔU}+��×�q

∂Ω
}~×

x
ì�o�qlÜ]sOtÙ× tÙqlÜ è g ìÙøzþ ë�×�qlÞlk�× |]kQwÖå�tÙ×�|

è g ì û ë�Þltªjlknm
∂ξ1u(x) = 0

ì�ï�|]kÓØ¹}+Ô©tv�ªÛ
(ξ2, . . . , ξd)

ÞlkQÜ]knw�}~× kQmX×�|]k�× }+Ü]ÞlkQÜ�×Ã|�Û�Õ!kQw(æbm'r]w'Ø¹}~Únk
q+Ø
∂Ω

}¥×�Õ{qltÙÜ9×
x
ì���tvÜOÚnk

u
tvm
C2(∂Ω)

}+ÜOs tª× mów�knm(× w'tvÚQ×�tvqlÜ`×�q
∂Ω

}+�Ùm�q�|D}+m�}��Ùq�Ún}+�
ÔU}�öOtÙÔ¬r]Ô }¥×

x
y�å�k¬|]}zj+k

∂ξi
u(x) = 0

Øîqlw
i = 2, . . . , d

ì!o�qlÜ]m'kn÷9r]kQÜ9×��ÙÛ+y
u ∈ C2(Ω)

|D}+m
}ÖÔÖ}¥ö�tvÔ¬rOÔ tvÜ

x
tÙÔÖÕ]�ÙtvkQm5× |D}~×

∂2
ξi
u(x) ≤ 0

è
i = 1, . . . , d

ë�ì~yXqzå m�tÙÜ]Únk
σ ∈ C1(Ω)

qlÜ]k
|D}+m

∇ · (σ∇u)(x) = λ1∂
2
ξ1
u(x) + . . .+ λd∂

2
ξd
u(x) ≤ 0

ì
â ��Ý	ÝU*.ÝU*9� ü ß9� ü ß�Ý��Aß�Ü 
��%v��%v � q tª× |C× |Ok%}+m�m'r]ÔÖÕ�× tvq+Ü]m5q+Ø��vkQÔÖÔÖ} g ì þ�ìªø y]�ÙkQ× w = (u, v)

ô!k
}Óm'ql�vrO×�tvqlÜ©q+Ø è g ìÙøzù ëbæ è g ìªø�þ ë\å�tÙ×�|UtÙÜ]tÙ×�tß}+�Oj~}+�Ùr]k

w(0, ·)
m'r]Ú�|C× |D}¥×

w(0, x) ∈ int(Σ)
Øîqlw:}+�v�

x ∈ Ω
ìpqFkÃw�kQÚ�}+�Ù�{×�|D}~×

u
tÙm
C2(Ω)

å�tª× |Cw'knm'Õ!kQÚQ×5×�q
x
}+Ü]sC× |]}~×

w
tvm
C1 å�tÙ×�|Cw�kQm�Õ{knÚQ×�× q

t
q+Ü

Ω × (0, T )
ì
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íbÔÖ}+ÞltÙÜ]k#×�|D}~×
w(x, t)

w�kn}+Ú�|]kQm�×�|]k3ô!qlrOÜ]sD}+w(Û
∂Σ

q+Ø
Σ
}~×�×�tvÔ©k

t0
}+Ü]sJ×�|D}~×

w(x, t) ∈ ΣØîqlw3}+�v�
t ≤ t0

ì2��tÙÜ]Únk
w(t) : [0, T ) 7→ L∞(Ω)×L∞(Ω)

tÙm3ÚnqlÜ�× tÙÜ9r]qlr]mQy
t0 > 0

ì ù k�×
x0 ∈ Ωô!k%m�rOÚ�|ó×�|D}~×

w(x0, t0) ∈ ∂Σ
ì

qFkCãDw'm'×�}+m'm�r]Ô©kU×�|D}~×
w(x0, t0)

tvmgq+Ü × |]k¦w'tvÞl|�×¬m'tvs]kUq+Ø
∂Σ

à
u(x0, t0) = u+

}~Ü]s
v− ≤ v(x0, t0) ≤ v+

ìJtÃÜ qlÜ]k@|D}~Ü]s;y�s]kQã]Ü]tÙ×�tvqlÜ g ì þ�ìªø tvÔ©Õ]�vtÙknmÖ×�|D}~×
f(w(x0, t0)) <

0
�3}+Ü]s�qlÜ�× |]kÆq+×�|]knw�|D}+ÜOs

u(·, t0)
m }~×�tvm(ãDknmc× |Ok�ÚQqlÜ]s]tª× tvq+Ü]m¬q+ØX× |]kÆ�vkQÔÖÔÖ} g ì þ�ì þ }~Ü]s

u(x0, t0) = maxΩ u(·, t0)
ì�ýpm�}ÄÚnq+Ü]m�kQ÷�rOknÜ]ÚQk+y

∇ · (σ∇u)(x0, t0) ≤ 0
ì�í)×cÕ]w'q�j+knm�× |D}¥×

∂tu(x0, t0) < 0
ìGï�|]kfØîr]Ü]Ú�× tÙqlÜ

∂tu
ô{kntÙÜ]ÞäÚQqlÜ�× tÙÜ�rOqlr]mCqlÜ

Ω × (0, T )
y3× |]kQw�kÄk
ö�tvm'×�m¦}

Ü]kntÙÞl|9ô!qlrOw�|]q�q�s
U
q+Ø

(x0, t0)
tÙÜ

Ω × (t0, T )
m�r]Ú�| ×�|D}~×

∂tu < 0
qlÜ

U
y�}+Ü]sä×�|]knw'kQØîqlw'k

u(x, t) < maxΩ u(·, t0) = u+

q+Ü
U
ì

yXqzå�tvÔÖ}+ÞltÙÜ]k?× |D}~×
w(x, t)

tÙm�q+Üg× |]k:× qlÕ¬m'tvs]k:q+Ø
Σ
à
v(x0, t0) = v+

}+Ü]s
u− ≤ u(x0, t0) ≤

u+

y�× |]kQÜ�m�tvÜOÚnk
g < 0

qlÜ2× |D}¥×¬× qlÕ2m'tvs]k~y
∂tv(x0, t0) < 0

× q�q@}+Ü]s�m�qÄ×�|]knw'k¦k�ö�tvm(× m©}
Ü]kntÙÞl|9ô!qlrOw�|]q�q�s

U
q+Ø

(x0, t0)
tvÜ

Ω × (t0, T )
m'r]Ú�|�×�|D}~×

v(x, t) < v+

qlÜ
U
ì

ýp�Ù×�qlÞlk�× |]kQw
w
Ú�}+ÜOÜ]q+×%Þlk�×Óq+rO×%q+Ø

Σ
k�jlkQÜ }~×�}¦Únq+w�Ü]kQw�Õ{qltÙÜ9×på�|]knw'k©×�|]k¬×bå�qóÕ]w'knÚnkQs]knÜ�×

w�k�}~m�qlÜ]m�ô{q+× |Æ|]q+�vs;ì
ï�q kQÜ]s;y

w
w�kQÔU}~tvÜ]tÙÜ]ÞFrOÜ]tÙØîqlw'ÔÖ�ªÛ2ô{qlr]Ü]s]kQs;y3× |]kÄw'k�}+Ú�× tÙqlÜS×�knw�Ô©m

f
}+Ü]s

g
Ún}+ÜZô{k

ÚnqlÜ]m'tvs]kQw�kQsF}~mJr]Ü]tÙØîq+w�Ô©�ÙÛ ù tvÕ]m'Ú�|]tÙ×*xcÚnqlÜ�× tÙÜ9r]qlr]m%}+ÜOs@å�tª× |Ä×�|]k��ß}+m(×Jw�kQÔU}+w'ç�q~Ø:×�|]knqlw'knÔ
g ì¾þ�ìÙø

w
|D}+mP}+ÜÆtÙÜOãDÜ]tª× kJ�vtªØîkQ×�tvÔ©k

T = +∞
ì

È���� �¡ [¢���ÒnË¦Ò
Ì$¢�� Î7¬nÐ[¦ ¢r¥����B�¦Í#Î8�CÒ/¦ ª%Ì�Ò�ÎÓË

´;µ"`rµ�¸ ¼¿»�Ã2º�»�Ã~æ7î¶Ä�¾6À?»�Ãê¾6Æ�Ç���Â)Îp¾)Î�ÅSÂ6Æ�Ã
qFkÃm'|D}+�v�!}+Õ]ÕOw�q�ö�tvÔÖ}~× k�× |]kXm�ql�ÙrO× tÙqlÜ]m:q+Ø�m'Û�m(× knÔ è g ìªøzù ë)æ è g ìÙøzþ ë3å�tª× |¦}�ãDÜ]tÙ×�kXj+ql�vr]Ô©knm

ÔÖk�× |]q�s2}+ÚQÚnqlw's]tvÜ]Þ�× qf×�|]kUØîw }~ÔÖk�å�qlw'çFq~Ø�ú û�ð ü y�qlÜ2}+s]Ô©tvm'm�tÙô]�vk©ÔÖkQm�|]kQm�}+sD}+Õ�× kns ×�qf× |Ok
ÚnqlÜ]sOr]ÚQ×�tÙj�tÙ×bÛÓ× knÜOm�qlw

σ
ì~ýpÜ©}+s]Ô©tvm'm�tÙô]�vk:ÔÖkQm�|�q+Ø

Ω
è }Ãô!q+r]Ü]s]kQs©q+Õ!kQÜ©m'r]ô]m'kQ×Gq+Ø

Rd å�|]qlm'kô!qlrOÜ]sD}+w(Û¦tvm�Õ]tÙknÚQkQå�tvm'k
C1 ë�}+s]}+ÕO× kQsó×�q σ tÙm�ÞltÙj+knÜóô�Û°àølìP}¬m�k�×

T
q~Ø�Õ{ql�ªÛ�Þ+qlÜD}+�{ÚnqlÜOÜ]knÚ�× knsóqlÕ{knÜÆm�rOô]m�k�× mPq+Ø

Ω
y]Ú�}+�Ù�vkQs ��ß�à à-� }+Ü]sÆs]kQÜ]q+× kQsÆô9Û

K
y]m�rOÚ�|�× |]}~×

Ω = ∪K∈TK, ∀K,L ∈ T , K 6= L ⇒ K ∩ L = ∅.

íbÜÄ× |]kÓØîql�v�Ùq�å�tÙÜ]Þ
m(K)

å�tv�Ù��m'×�}~Ü]s°ØîqlwX×�|]k¬Ô©k�}+m'r]w�kcq+ØG}CÚQkn�Ù�
K ∈ T

ì?vDqlwÃ}CÚQkn�v�
K ∈ T

�ÙÛ�tvÜ]Þ�qlÜ©× |]kXô!qlrOÜ]sD}+w(Ûly9× |]kXkns]Þlk
K ∩ ∂Ω

Ô©tvÞl|�×Gô!kp}
C1 Únr]w(jlk+yO}+�v�Ùqzå�tvÜ]ÞÜ]qlÜÓÕ!ql�ªÛ�ÞlqlÜD}+�9s]q+ÔU}+tÙÜ]m

Σ
ì~ï�å:qJs]tvm(× tvÜOÚQ×�Únkn�Ù�vm

K
}+Ü]s

L ∈ T
}+w'k:Ún}+�v�ÙknsÓÜ]kntÙÞl|9ô!qlrOw

ÚnkQ�v�vm?tªØ
K ∩L

|D}~m�}JÜ]qlÜ xnkQw�q
(d−1)

æ)s]tvÔ©knÜ]m'tvqlÜ]}+�OÔ©k�}+m'r]w�k è �"�øß_� Ü]qlÜ�xnkQw�qÓm�r]w(Ø¹}+ÚnktÙØ
d = 3

qlw�ÜOqlÜ�xQknw'qU�vkQÜ]Þ+×�|ótªØ
d = 2

ë
ìLtJÜók�}~Ú�|fÚnkQ�v�
K ∈ T

} è Õ{qlm'tÙ× tªjlkJs]k�ãDÜ]tª× kzë
ÚnqlÜOs]r]ÚQ×�tÙj�tÙ×bÛÖ× kQÜ]m�qlw

σK ∈ Md×d tÙm�s]kQã]Ü]kns�ô9Û

∀K ∈ T , σK =
1

m(K)

∫
σ(x)dx.

è g ìÙø g ë

þ�ì�ý m�k�×
S
q+Ø�tvÜ�×�knw'Ø¹}~ÚnknmQyDs]knÜOq+× kQs�ô�Û

e
× |D}~×P}~w�kJq+Ø�×bå�q�×bÛ�Õ!kQmÓà

f kQtÙ×�|]knwP× |]kQw�k¬k
öOtÙm'×�mÃ×bå�q¦Ü]kQtvÞl|9ô{qlr]wXÚnkn�Ù�vm K,L ∈ T
m�r]Ú�|Ä×�|D}~×

e = K ∩ L
y
e
tvm

}~Ü�tÙÜ9×�knw'ÜD}+�;tÙÜ9×�knw(Ø¹}+Únk%}+ÜOsóå:kÓm'kQ×
e = K|L

�
f q+w�×�|]knw'kÖk
öOtÙm'×�mgqlÜ]k©ÚnkQ�v� K ∈ T

m�r]Ú�|ä×�|D}~×
K ∩ ∂Ω

|D}~mg}óÜ]qlÜ xQknw'q
(d − 1)

æ
sOtvÔ©knÜ]m'tvqlÜD}~�«Ô©k�}+m'r]w�k�}+Ü]sóm�rOÚ�|�× |]}~×

e = K ∩ ∂Ω
y
e
tvm�}~Üók
ö�× knw'ÜD}+��tvÜ�×�knw'Ø¹}~Únk+ì
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ï�|]k�m'kQ×3q+Ø�tÙÜ�× knw'ÜD}+��tvÜ�× kQw'Ø¹}+ÚQknm\tÙm#s]kQÜ]q+× kQs�ô9Û
S? }+ÜOs¬× |]k5m'kQ×?q~Ø!k
ö�× knw'ÜD}+�]tÙÜ�× knw(Ø¹}+ÚnkQmô�Û

δS
y�}+Ü]sÖm�q

S = S? ∪ δS
ì�ï�|]k

(d− 1)
æ)s]tvÔ©knÜ]m'tvqlÜ]}+�OÔ©k�}+m'r]w�k�Øîqlw

e ∈ S
tÙm

m(e)}+ÜOsótª×5tÙm5Ü]qlÜdxQknw�qOìÓvDqlw
e ∈ S

}+ÜOs
K ∈ T

m�rOÚ�|ó×�|D}~×
e ⊂ ∂K

å:kJs]kQÜ]q+× kJô�Û
nK,e×�|]k%r]Ü]tÙ×�j+knÚ�× qlwPÜ]qlw'ÔU}+�{× q

e
}~Ü]s�Õ{qltÙÜ9×�tvÜ]Þcq+rO×bå5}~w�sóq+Ø

K
ì

ðOì�ï�å�q2m'kQ×�m¦q+Ø%Õ!q+tvÜ�× m
X = (xK)K∈T

y
Y = (ye)e∈X

y:Ú�}+�Ù�vknsSÚnkQ�v�vmÖ}+Ü]s`tÙÜ�× knw(Ø¹}+ÚnkQm
ÚQknÜ�× kQw�m�}+Ü]s°m'r]Ú�|°× |D}~×

xK ∈ K
y
ye ∈ e

ìLqäkÓØîr]w'×�|]knw'ÔÖqlw'k¬}+m'm�r]Ô©kg×�|D}~×ÃØîqlwXk�}+Ú�|
ÚQkn�v�

K ∈ T
}+Ü]sÆk�}+Ú�|�tvÜ�× kQw'Ø¹}+ÚQk

e ∈ S
m'r]Ú�|�×�|D}~×

e ⊂ ∂K
y

ye − xK

tvm�Únq¥æb�vtÙÜ]k�}~w:× q
σKnK,e.

è g ìÙø	klë
qFk%s]knÜ]q~× kJô�Û

dK,e

× |OkJknr]ÚQ�vtvsOk�}+Ü¦s]tÙm'× }+Ü]Únk
|ye − xK |

}~Ü]sÆô9Û
λK,e

×�|]k è Õ{qlm'tÙ× tªjlk�ë
Õ]w'qlÕ{qlw'×�tvqlÜD}~�vtÙ×bÛ%ÚQq�k��©ÚntvkQÜ�×:ô{kQ×bå:knkQÜ

σKnK,e

}~Ü]sc× |]k�r]ÜOtÙ×?jlkQÚQ×�qlw
(ye−xK)/dK,e

à

σKnK,e = λK,e
ye − xK

dK,e
,

}+Ü]s
λK,e > 0.

è g ìÙøzÿlë

ý�s]s]tª× tvq+ÜD}+�v�ªÛlyO×�|]kgô{qlr]ÜOsD}+w'Û
∂K

q+Ø3}~Ü9Û�ÚnkQ�v�
K ∈ T

Ún}+ÜÄô{kgm�ÕOtÙ×�×�knsÄtÙÜ�× qUtÙÜ�× knw'ÜD}+��}+Ü]s
k�ö�× kQw�ÜD}~��tvÜ�× kQw'Ø¹}+ÚQknmny�}~Ü]sóå:k%s]knÜOq+× k�ô�Û

δK
y
δK? y]×�|]k%m�r]ô]m'kQ×�mXq+Ø S m�r]Ú�|ó× |D}¥×

⋃

e∈δK

e = ∂K,
⋃

e∈δK?

e = ∂K ∩ Ω.

qäk%}~�vm�q�s]k�ãDÜ]k%× |]k%m't�xnk%q+Ø�× |Ok�Ô©knm'|ó}+m�× |]k%ÔÖ}¥ö�tvÔ¬r]Ô q+Ø�× |]k%ÚQkn�v�Ùmná]sOtß}+Ô©kQ×�knw�mQy
m�t�xQk

(T ) = max
K∈T

diam (K) .
è g ìÙøC{�ë

ýpmc}ÄÚQqlÜ]m'kn÷9r]knÜOÚnk+yG}ÄÔ©knm'|2tvm¬s]kQm�ÚQw�tvô{kns�ô�Ûä×�|]kCÚQql�v�ÙknÚQ×�tvqlÜ
(T ,S,X ,Y)

y#ôOrO×¬å�tv�Ù�:ô{k
w�k�Øîknw�w'knsÆ× q©}+m

T
ì

é öO}+Ô©Õ]�Ùknm�q+ØJm'r]Ú�|ZÔ©knm�|OknmC}~w�kÆÞltÙj+knÜStvÜ ú û�ð ü ì3íbÜS×�|]kótvm�q~× w�q+Õ]tvÚ¦Ún}+m�kó× |]k�Û�}+w�kfþ+ñ
ÔÖkQm�|]kQmUq+ØJ×�w�tv}+Ü]Þl�Ùknm�qlwCð+ñ ÔÖkQm�|]kQmCq+ØÃ×�kQ×�w }+|]kQs]w }FtvÜSå�|OtvÚ�|õ×�|]kÄÚnkQÜ�× knw'm

xK

}+w'k�×�|]k
ÚnkQÜ9×�knw'mcq+Ø�× |]kCÚQtvw'Únr]Ô©m�ÚQw�tvô{kns2ÚQtvw'Ún�vkQmgqlwgm�Õ]|]kQw�kQm©q~Ø�× |]kCÚQkn�Ù�vm

K
y#}+Ü]s2Ô©qlw�kÖÞlknÜ]kQw }+�Ù�ÙÛ

�3qlw�q+Ü]q��?Ô©knm'|]knmQì
tJÜÄ}+Ü@}+s]Ô©tvm'm�tvôO�vk%ÔÖkQm�|

T
y{× |]kgã]Ü]tÙ×�kÓjlq+�vr]Ô©knmp}+Õ]Õ]w'qzö�tÙÔU}~×�tvqlÜóØîqlwX×�|]k¬m'ql�vrO×�tvqlÜ�q+Ø

è g ìªøzù ëbæ è g ìªølø ë�tvmÃ}ÖÚnqlr]ÕO�vkgq~Ø?Øîr]Ü]ÚQ×�tvqlÜOm
wT = (uT , vT )

Õ]tÙknÚQkQå�tvm'k¬Únq+Ü]m'× }+Ü�×JqlÜf×�|]k¬ÚnkQ�v�Ùm
K ∈ T

ìDýpmP}cÚnqlÜ]m'kn÷9r]kQÜ]Únk~y!å:k�sOkQãDÜ]k

L2(T ) =

{
uT =

∑

K∈T
uKχK, (uK)K∈T ∈ R

NT

}
⊂ L2(Ω),

è g ìÙøCl�ë

å�|]knw'k
NT

tvmg×�|]kCÚn}+w�s]tÙÜD}+�:q+Ø
T
y?}+Ü]s

χK(x) = 1
Øîq+w

x
tvÜ
K
}+Ü]s

0
kQ�vm�k�å�|]knw'k+ì?ï�|]k

m�ÕD}~Únk
L2(T )

tÙm�ÜD}~×�r]w }+�Ù�ÙÛ©|D}+ÜOs]�vkQsÆå�tª× |¦× |Ok�tÙÜ]Ü]kQw5Õ]w�q�s]r]Ú�×PtvÜ]s]rOÚnknsÆô�Û
L2(Ω)

}+ÜOsÆ×�|]k
}+m�m'q�ÚQtß}~×�knsÆÜ]qlw'Ô à

(uT , vT )L2 =
∑

K∈T
uKvKm(K) , ‖uT ‖

2
L2 =

∑

K∈T
|uK|

2m(K) .
è g ì¾þ~ù�ë

ï�|]tvm�knrOÚn�vtÙs]k�}~Ügm'×�w�r]Ú�× r]w'k5tvm�k�ö�×�knÜ]s]kQsc× q
L2(T )×L2(T )

ì3vDqlw
w = (u, v)

}+Ü]s
ŵ = (û, v̂)å�k%|D}�j+k

(w, ŵ)L2 = (u, û)L2 + (v, v̂)L2 , ‖w‖2
L2 = ‖u‖2

L2 + ‖v‖2
L2.

è g ì¾þ�øzë
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íbÜ@qlw's]knwÃ×�qÆÚnqlÜ]m(× w'r]ÚQ×%× |Ok¬ãDÜ]tÙ×�k¬jlql�Ùr]Ô©knm%}+Õ]ÕOw�q�ö�tvÔÖ}~× tÙqlÜfq+ØGm(Û�m(× kQÔ è g ìªøzù ë)æ è g ìÙølø ë�y

× |]k%ôD}+�v}+Ü]ÚQkJkn÷9rD}~×�tvqlÜÆtvm5å�w'tÙ×'× knÜóqlÜó}+Ü�Û¦ÚQkn�v�
K
à

ε
d

dt

∫

K

udx = ε2

∫

∂K

σ∇u · nKds+

∫

K

f(u, v)dx,
è g ì¾þ+þlë

d

dt

∫

K

vdx =

∫

K

g(u, v)dx.
è g ì¾þ~ð�ë

��r]Õ]Õ{qlm�k�× |D}~×Ök�}~Ú�|Zj+}~�vr]k
uK

y
vK

q~ØÃ× |]k�s]tvm'Únw'kQ× kfm�ql�ÙrO× tÙqlÜõ}~Õ]Õ]w�q�ö�tvÔÖ}~×�knmÖ×�|]kfÔ©k�}~Ü
j+}~�vr]k¬q+Ü

K
q+ØG× |]kck
öO}+ÚQ×�m�q+�vrO×�tvqlÜ

(u, v)
y{× |]kQÜ³×�|]kcs]tvm'Únw'kQ× k�m'ql�vrO×�tvqlÜfm�|D}+�Ù�\m }¥× tvm(Ø�Ûf×�|]k

Øîql�v�Ùq�å�tÙÜ]Þ¬m'knÔ©tªæbsOtvm�ÚQw�k�× kÃkQ÷�r]}~× tÙqlÜFà

ε
duK

dt
(t) =

ε2

m(K)

∑

e∈δK

φK,e(uT )m(e) + fK(uT , vT ),
è g ì þ~û9ë

dvK

dt
(t) = gK(uT , vT ).

è g ì þ g ë
ï�|]kJ× knw'ÔÖm

fK(uT , vT )
}+Ü]s

gK(uT , vT )
m�|D}~�v��}+ÕOÕ]w�q�ö�tvÔÖ}~× k 1

m(K)

∫
K
f(u, v)dx

}~Ü]s
1

m(K)

∫
K
g(u, v)dx

}+ÜOsf}+w'kÃ×�}+ç~knÜf}+m�Øîql�v�Ùq�å�mpà

fK(uT , vT ) = f(uK, vK), gK(uT , vT ) = g(uK, vK).
è g ì þYk�ë

ï�|]kÓ×�knw�Ô
φK,e(uT )

}+Õ]ÕOw�q�ö�tvÔÖ}~× kQmP×�|]kgÔ©k�}+Üä�Dr�öf}+�ÙqlÜ]Þ
e ∈ S

qlrO×bå�}+w�s°q+Ø
K
y!m'Õ!kQÚntÙã�æ

Ú�}+�Ù�ÙÛ 1
m(e)

∫
e
(σ∇u)·nKds

ì�tJÜ�× |]kGk�ö�×�knw�Ü]}+�9tvÜ�× kQw'Ø¹}+ÚQknm�× |]k3ô{qlr]Ü]sD}~w'Û%Únq+Ü]s]tÙ×�tvqlÜ è g ìÙø�þ ë;qlÜ
u
tÙm#×�}+ç~knÜ�tvÜ�×�q%}+ÚnÚQqlr]Ü�×3ô�Û¬ãOö�tvÜ]Þ

φK,e = 0
ìztÃÜc× |]k�tÙÜ9×�knw'ÜD}+�OtÙÜ�× knw(Ø¹}+ÚnkQm\å�k�}~Õ]Õ]w�q�ö�tvÔÖ}~×�k

× |]ka�Dr�öÆ}+m�Øîql�v�Ùq�å�mpà
1

m(e)

∫

e

(σ∇u) · nKds ' ∇u(ye) · (σKnK,e) = λK,e∇u(ye) ·
ye − xK

dK,e
.

ýpÜÆ}+Õ]ÕOw�q�ö�tvÔÖ}~× tÙqlÜUq+Ø�×�|]kÃs]kQw�tÙj~}~×�tÙj+k
∇u(ye) ·

ye−xK

dK,e

q+Ø
u
}~×�Õ{qltvÜ�×

ye
tvm5kQm'×�}~ô]�vtÙm�|]kQs¦ô9Û

}+s]s]tÙÜ]Þ�}+r�ö�tv�Ùtß}+w(ÛUrOÜ]ç9Ü]qzå�Ü]m
(ue)e∈S

}~×�k�}~Ú�|�Õ{qltvÜ�×
(ye)e∈S

à

∇u(ye) ·
ye − xK

dK,e
'
ue − uK

dK,e
.

ýpÜ`}+sOs]tÙ×�tvqlÜD}~��w�kn÷9r]tÙw�kQÔÖkQÜ9×Utvm©× |D}~×©× |OkÄÜ9r]ÔÖkQw�tÙÚ�}+�;�Dr�ö�kQm¦m }~×�tvm'Ø�Û�×�|]kfÚQqlÜ]m�kQw'j~}~×�tÙj�tÙ×bÛ
Õ]w�qlÕ{knw(×bÛly

∀e = K|L ∈ S?, φK,e = −φL,e.
è g ì þlÿlë

ï�|]tvm�Õ]w'qlÕ!kQw'×bÛÆkQÜD}+ô]�Ùknm�r]m�× q�s]kQ×�knw'ÔÖtÙÜ]kJ× |]k�}+s]sOtÙ× tÙqlÜD}+�!r]Ü]ç9Ü]qzå�Ü]m
ue

}~Ü]só×�q�ÚnqlÔ©Õ]rO×�k
× |]k%Ü9r]Ô©knw�tÙÚ�}+�~�Dr�ö�knmPqlÜ¦× |]k%tÙÜ9×�knw'ÜD}+��tvÜ�×�knw'Ø¹}~Únknm%à

∀e = K|L ∈ S?, φK,e = τe (uL − uK) ,
è g ì þY{�ë

å�|]knw'k
τe =

λK,eλL,e

λK,edL,e + λL,edK,e

m(e) > 0.
è g ì¾þ3l�ë
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ï�|]k%w�kQm�r]�ª× tvÜOÞÖ}~Õ]Õ]w�q�ö�tvÔÖ}~×�tvqlÜCq~Ø�×�|]ka�Dr�ö�knmPtvm�ÚQqlÜ]m�tÙm'×�knÜ�×�y{}+m�m'|]qzå�ÜftvÜ³ú û�ð ü�ì
ÚnqlÜ]m'kn÷9r]kQÜ9×��ÙÛ+y�×�|]k%m�kQÔÖt�æbs]tÙm�Únw'kQ×�kÃãDÜ]tÙ×�kÃjlql�Ùr]Ô©knm�Øîqlw�Ôgr]�ß}~×�tvqlÜÖtvmJà

ε
duK

dt
(t) =

ε2

m(K)

∑

e=K|L∈δK?

τe(uL − uK) + f(uK, vK),
è g ì ðlùlë

dvK

dt
(t) = g(uK, vK).

è g ì ðOøzë
qäkÓw�kQÚ�}+�Ù��×�|D}~×XtvÜ è g ìâðlù ë)æ è g ì ðOø ë�×�|]kgô{qlr]ÜOsD}+w'ÛóÚQqlÜ]s]tª× tvq+Ü è g ìÙø�þ ë�tÙmX× }+ç+kQÜÄtvÜ�× qU}+ÚnÚQqlr]Ü�×
ô�ÛCãOö�tvÜ]Þ

φK,e = 0
qlÜÆ× |]k%k
ö�×�knw'ÜD}+��tvÜ�×�knw'Ø¹}~ÚnknmQì

ï�|]k¦ÔÖq+m'×�ÜD}~×�r]w }~��tvÜOtÙ× tv}+�3sD}~× }Ätvm¬ÞltªjlkQÜ�Øîq+wc}+�v�
K ∈ T

ô�Û
wK(0) = w0(xK)

y�qlw
wK(0) = 1

m(K)

∫
K
w0(x)dx

ì
ï�|]k%s]tvm'Únw�k�× k%kn�Ù�vtÙÕO× tÙÚpqlÕ{knw�}~× qlw

AT
s]k�ãDÜ]kQsfqlÜ

L2(T )
ô�Û

AT : uT ∈ L2(T ) 7→ zT ∈ L2(T ), zK =
1

m(K)

∑

e=K|L∈δK?

τe(uL − uK)
è g ì ð�þ+ë

}+Õ]Õ]w'q�öOtÙÔU}¥× knm5×�|]kJÚnq+Ü9×�tvÜ9r]qlrOmXkQ�v�vtÙÕO× tÙÚXq+Õ!kQw }~×�qlw
u 7→ ∇ · (σ∇u)

ì
ý5×X�v}+m'×nyO× |Ok�m'knÔ©tªæ)s]tvm'Únw�k�× kÃm(Û�m'× kQÔVq+ØEtJñ é mPm�tÙÔÖÕ]�ªÛÖå�w'tÙ×�knm

ε
duT
dt

(t) = ε2AT uT + f(uT , vT ),
è g ì ðlðlë

dvT
dt

(t) = g(uT , vT ).
è g ì ð+û�ë

ï�|]k%qlÕ!kQw }~×�qlw
AT

tvm�m(Û�Ô©Ô©kQ× w'tvÚJqlÜ
L2(T )

}+Ü]sÆjlknw'tÙãDkQm%à

(AT uT , uT )L2(Ω) = −
∑

e=K|L∈S?

τe |uL − uK|2 .
è g ì ð g ë

ï�|]knw'kQØîqlw'k
AT

tvm\ÜOqlÜ�æbÜOknÞ�}~×�tÙj+k�}+Ü]sctÙ×�m\ç+kQw�Ü]kQ�Dtvm#×�|]k�m�rOô]m�ÕD}~ÚnkPq+Ø�× |]k�ÚQqlÜ]m'× }+Ü�×?Øîr]Ü]Ú�× tvq+Ü]m
qlÜ

Ω
y�}+Ü]sós]kQã]Ü]kJ× |]kJØîql�Ù�vqzå�tvÜ]Þgm�knÔ©tªæ)Ü]qlw'ÔBqlÜ

L2(T )
y

|uT |
2
1,T = −(AT uT , uT )L2 =

∑

e=K|L∈S?

τe |uL − uK|2 .
è g ì ð-klë

q tÙ×�|C× |]tÙm�m�knÔ©tªæ)Ü]qlw'Ô ×�|]kJm�ÕD}~Únk%q+Ø�× |]kÃãDÜOtÙ× kÃj+ql�vrOÔÖkQm5Øîr]Ü]ÚQ×�tvqlÜOm5å�tv�v�!ô!kJw'kQØîkQw�w�kQsó×�q©}+m
H1(T )

ì#úPÜ]�vtÙç+k�tvÜ�× |OkXÚn}+m�kPq+Ø�}JãDÜ]tª× k�kn�ÙknÔ©knÜ�×�ê�}~�vknw'ç9tvÜcØîqlw�Ôgr]�ß}~×�tvqlÜ«y~× |OkPm'ÕD}+ÚQk
H1(T )tvm�Ü]q~×P}�m'r]ô]m'ÕD}+ÚnkÓq+Ø

H1(Ω)
ôOrO×�qlÜ]�ªÛ¦}�s]tvm'Únw�k�× k%kn÷9r]tªj~}+�vkQÜ9×nì

´¶µ�`rµ"` ¹°Å�ÈÉ»~Ïzî×Îp»uÄ�Ä ÅSÆ�Ñ ¼¿»?Îpº�Â;Ç�Ã
ê%tªjlknÜ }~Ü }+s]Ô©tvm�m'tvô]�Ùk�Ô©knm'| }+m¦s]k�ãDÜ]kns tÙÜ`m�knÚ�× tÙqlÜ g ìâðOìÙø y:å:k@Ú�|]q�q+m�k@}ä× tÙÔÖkóm'×�knÕ

∆t > 0
}+ÜOs`ÚnqlÜ]m'tvs]kQwC× |]k�Øîqlw'å�}+w�s é r]�ÙknwCÔ©kQ×�|]q�s è g ìâð�ÿ ëbæ è g ìâð-{ ëC}+Ü]sZ×�|]k°ôD}+Ú�ç�å�}+w�s

é r]�vkQw�ÔÖk�× |]q�s è g ìâð-l ë)æ è g ìâûlù ë�ì

ε
un+1
T − un

T
∆t

= ε2AT u
n
T + f(un

T , v
n
T ),

è g ì ð�ÿ+ë

vn+1
T − vn

T
∆t

= g(un
T , v

n
T ).

è g ì ð-{lë
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ε
un+1
T − un

T
∆t

= ε2AT u
n+1
T + f(un

T , v
n
T ),

è g ìâð-l�ë

vn+1
T − vn

T
∆t

= g(un
T , v

n
T ).

è g ì û�ù�ë

È��E¢ £�Ì!ª9£óÒ�¬�Ò�Ì�¤ � Ë[ªM¬�¤i¥�Ò=¥

ýXmXk
ö�Õ]�ß}+tÙÜ]kns�tvÜóm�kQÚQ× tÙqlÜ g ì¾þ�ìâð y{}+Ü�ÛÆw'knÞlr]�v}+w�m�ql�ÙrO× tÙqlÜÆtvÜ]tª× tv}+�v�ªÛÖtÙÜf}�Únq+Ü9×�w }+Ú�× tÙÜ]ÞÖw'knÚ
æ
×�}+Ü]Þ+�vk

Σ
è s]kQØ£ì g ì þ�ìªø ëÃk�ö�tvm(× m%Øîqlw�}+�v��× tvÔ©k

t ≥ 0
}+ÜOsFw'knÔÖ}+tvÜ]mÃ×�w }+ÕOÕ!kQsätvÜ

Σ
ì�qFkÖm'|D}+�Ù�

Õ]w�qzjlk�tvÜC×�|]tvm�m'knÚQ×�tvqlÜ¦×�|D}~×
ølì�× |]kUm�knÔ©tªæ)s]tvm'Únw'kQ× kUm�ql�ÙrO× tÙqlÜ]mgq~Ø�× |]kätJñ é m è g ì ðlð ëbæ è g ìâð+û ë�tvÜ]tª× tß}~�v�ÙÛftvÜ

Σ
k�ö�tÙm'×¬Øîqlw

}+�v�
t > 0

}+Ü]sFw�knÔÖ}+tÙÜ@×�w }+ÕOÕ!kQsätvÜ
Σ
}~m�å:kn�Ù� y ����� ü Ý�þ(��ÿ��) ÿzÞzÞ����"�
Ý��LÿYà^�Aß��Yþpà�ÿ������" 

ÿ��&��þpÜT,.�"�
Ý���Ý��C� ü ß7Üiß&� ü �
þ�ì�× |]kÓs]tvm'Únw'kQ× kgm�ql�ÙrO× tÙqlÜ]m�ÞltÙj+knÜÄô�Û è g ìâð�ÿ ë)æ è g ì ð-{ ëPqlw è g ì ð-l ë)æ è g ì û�ù ë�tvÜ]tª× tv}+�v�ªÛUtÙÜ

Σ
}+w'k

å�kQ�v��æbs]k�ãDÜ]kns2Øîqlw�}~�v�
n ≥ 0

}+ÜOsSw'knÔÖ}+tvÜ ×�w }+Õ]Õ{kns�tÙÜ
Σ
}+mcå:kn�v��y\r]Ü]sOknw�Ún�v}+m�m'tvÚ�}~�

ÚnqlÜOs]tÙ×�tvqlÜ]m�qlÜó×�|]kJ× tÙÔÖkÃm(× kQÕ
∆t
ì

í)× knÔ è øzëk¤'r]m(× tªãDknmp×�|]kgÚ�|OqltvÚQk¬q+Ø3}Öã]Ü]tÙ×�kÓjlq+�vr]Ô©knmXÔÖk�× |]q�s;y{}+Ü]sÄÕOw�qzjlkQmÃ× |D}~×pÜ9r]ÔÖkQw�tÙÚ�}+�
tvÜ]m(×�}+ô]tÙ�vtª×bÛ�}+w�kpqlÜ]�ÙÛ©Ún}+r]m�kQsÆô9ÛÖ× |]kX× tvÔ©k�æ)m'×�knÕ]Õ]tÙÜ]ÞgÔ©kQ×�|]q�s;ì�ï�|Ok

∆t
ÚQqlÜ]s]tª× tvq+Ü]m�tÙÜCtÙ×�knÔ

è þlë\m�ÕO�vtÙ×�m3tvÜ�× q%Únq+Ü]m'×�w }+tÙÜ9×�m:sOr]kP×�q�×�|]kPs]tvm'Únw�k�× kPkn�Ù�vtvÕ�× tvÚ�qlÕ!kQw }~×�qlw
AT

}~Ü]s©×�|]kPÜ]qlÜ�æ)�vtvÜOk�}+w
m�qlr]w'ÚnkJ× kQw�Ô©m

fK

y
gK

ì
ï�|OkÄôD}+�v}+Ü]Únk�ô!k�×bå�kQknÜ`× |Oknm�kfÚnqlÜ]m(× w�}+tvÜ�× mÖtvmÖw�r]�Ùknsõô�Û�× |]kfw }~×�tvq³q+ØJ× |]k�ÔÖkQm�|Zm't�xQk

m�t�xQk
(T )

× q�× |Ok3×�tvÔ©k�æ)m�Ú�}~�vk#Ø¹}+Ú�× qlw
ε
yzm'|]qzå�tvÜ]Þ�r]Õ%× |]k3ÔÖ}+tvÜJ÷9r]kQm'×�tvqlÜ�q+Ø�× |]k3s]tÙm�Únw'kQ×�t�x�}¥× tvq+Ücà

|]qzå m�|]qlrO�vsÖ×�|]kpÔ©knm'|C}+ÜOsU× |]kP× tÙÔÖk�m'×�knÕCô{kPÚ�|]qlm�kQÜCå�tÙ×�|Uw�kQm�Õ{knÚ�×5× q�× |]kPj+}~�vr]k�q+Ø
ε
}~Ü]s

× |]k%s]kQm�tvw'kns�}+ÚnÚQr]w }~ÚQÛ7¥
qFkÃw'knÚ�}~�v�D× |D}¥×5tvÜ�j~}+w'tß}+Ü�×:w�knÞ+tvqlÜ]m:Ú�}+ÜUô!kXô]r]tv�ª×5}~m�ô]tÙÞ¬}+m5q+Ü]kXå�tÙm�|]kQm è m'knkpãDÞ+r]w�k g ìÙø ë

m�qU×�|D}~×J}~Ü9Û�m�q+�vrO×�tvqlÜóq+Ø è g ìªøzù ë)æ è g ìÙøzþ ëX}~m�m�q�Úntv}~× kQsfå�tÙ×�|°}Uô{qlr]Ü]sOkns°tvÜOtÙ× tv}+�;sD}¥×�}UÚn}+ÜÄô{k
}+Õ]Õ]w'qzö�tÙÔU}~×�knsCå�tª× |óÜ�rOÔÖkQw�tvÚn}+�;m(×�}+ô]tÙ�vtª×bÛlì

´;µ:¦Jµ�¸ î×Î�¾�a�Å�ËSÅ@Î3ÒÊí�Â6ÁêÎpº�» î¶»$ÈÉÅ
Ï��ÕÅ�Ã2À~Á�»?Îp»¨§OÁ�Â�a ËS»$È
êJtÙj+knÜ@}+Ü�Û°tÙÜ]tÙ×�tß}+��s]}~×�}

w0
T ∈ L2(T ) × L2(T )

y{× |]kcm(Û�m(× kQÔMq+Øft%ñ é m è g ì ð+ð ëbæ è g ìâð+û ë
|D}+mG}�rOÜ]tv÷9r]kPm�ql�ÙrO× tÙqlÜ

w ∈ C1([0, T );L2(T )×L2(T ))
ylØîq+wGm'qlÔ©k

T > 0
y�ô{knÚn}+r]m'k

f
}+Ü]s

g
}+w'kJ�vq�Ú�}+�Ù�ÙÛ ù tvÕ]m'Ú�|]tÙ×*xJqlÜ

R
2 ì

ïØð$ñ2ò � ñ2ó ô �ª©��ø÷D� 2$ß�� Σ ⊂ R2 ��ß.ÿ'�Aß&���@ÿ����Yþ2à�ÿ��9���)#�ÿ����øÿ��)���	ß��«�SÞ2ß:*Y� 
��%v��� ��� ûuü ß�� Σ �%�
ÿ��C���)#�ÿ����øÿ��)�¬�Aß����
Ý��>*CÝ��9� ü ß	�	ß�Ü3�6Þ��%�$���Aß��SßT�� u����ß�Ü è g ìâðlð ë � è g ìâð+û ë /

∀K ∈ T , w0
K ∈ Σ ⇒ ∀t > 0, ∀K ∈ T , wK(t) ∈ Σ.

ÿ��LÞ w ü ÿ��Øÿ��[���qxD�)���SßMà+� *Cß��"� Üiß T = +∞
ï�|OkPÕOw�q�q+Ø{q+Ø�× |]k5×�|]knqlw'knÔLtÙm\m�rOÕ]Õ!q+w'× kQs�ô9Ûg× |]k5Øîql�Ù�vqzå�tvÜOÞp�vkQÔÖÔÖ}Xå�|]tÙÚ�|�tvm?}Js]tÙm�Únw'kQ×�k

}+ÜD}+�ÙqlÞlr]kÃq~Ø#�ÙknÔ©ÔU} g ì¾þ�ì þ ì
R ñ2ó ó � ô �©��ø÷�� 2$ß�� T ��ß�ÿ��äÿzÞYÜ3�%�&���"�=à�ß¶Üiß&� ü ÝU* Ω ÿzÞzÿ�,.��ß*ÞQ�SÝW� ü ß	��Ý��LÞYþ)������#$���" Q��ß����	Ý��
σ ÿ��LÞ AT

��ßW� ü ß^Ý&,Óß���ÿ��SÝ��7Þ2ß:xD�?ß*Þo�_ è g ìâð�þ ë �6 * uT ü ÿ��ãÿ�Ü�ÿqp�� Ü^þ2Ü �E�Aß&�L,1�fÜ3���)� Ü^þpÜT�9*CÝ�� K ∈ T � ü ß�� {AT uT }K ≤ 0 �E�Aß&�L,1�
{AT uT }K ≥ 0 ���
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â ��Ý	ÝU*.ÝU*9� ü ßMà�ß�Ü^Ü�ÿ 
��-®.�� � í)Ø uT ∈ L2(T )
|]}+m�}ÆÔÖ}¥ö�tvÔgr]Ô Øîq+w

K ∈ T
× |]kQÜ³Øîq+wJ}+Ü�Û

ÚnkQ�v�
L ∈ T

ÜOkntvÞ+|�ô{qlr]w'tvÜ]Þ
K
qlÜ]kc|]}+m

uK ≥ uL

ì�ýpm%}¦w�kQm�r]�ª×
uL − uK

tÙmÃÜ]qlÜ�æ)Õ!q+m�tÙ×�tÙj+k
}+Ü]sÆm�q

{AT uT }K ≤ 0

â ��Ý	ÝU*.ÝU*9� ü ß9� ü ß�Ý��Aß�Ü 
��-®.�� � ù kQ× Σ
ô!k2}~Ü tvÜ�j~}+w�tv}+Ü�×fw'knÚ�×�}+Ü]Þ+�vk2}+ÜOs

w0 ∈ L2(T ) ×
L2(T )

m�}~× tÙm'Ø�Û
w0

K ∈ Σ
Øîqlwó}+�Ù�

K ∈ T
ìPo�qlÜ]m�tÙs]knw

T > 0
}~Ü]s ×�|]kFm'ql�vr�× tvq+Ü

w ∈
C1([0, T ];L2(T ) × L2(T ))

q+Ø è g ì ð+ð ëbæ è g ìâð+û ë:å�tÙ× |ÆtÙÜ]tÙ×�tß}+�{sD}~× }
w0

T
ì

ýpm�m'r]Ô©kXÜ]qzåZ×�|D}~×
w
w�kn}+Ú�|]knm

∂Σ
}~×3× tÙÔÖk

t0 ≥ 0
}~Ü]sÖ×�|D}~×

wK(t) ∈ Σ
Øîqlw3}+�Ù�

K ∈ T}+Ü]só}+�Ù�
t ∈ [0, t0]

ì ù kQ×
K ∈ T

ô!k%m�rOÚ�|�× |]}~×
wK(t0) ∈ ∂Σ

ì
v#tvw'm'×3}~m�m�rOÔÖk�× |]}~×

wK(t0)
tvm?qlÜc×�|]k�w�tvÞ+|9×\m�tvsOkPq~Ø

∂Σ
à
uK(t0) = u+

}+Ü]s
v− ≤ vK(t0) ≤

v+

ì]ï�|]knÜ«y{q+ÜÆ×�|]k%qlÜ]k%|D}+ÜOs�s]k�ãDÜ]tª× tvq+Ü g ì¾þ�ìÙø tvÔ©Õ]�Ùtvknm
f(wK(t0)) < 0

y]}+Ü]sóqlÜ¦× |]k%q+×�|]knw
|D}+Ü]s

maxL∈T uL(t0) = u+ = uK(t0)
m�qF×�|D}~×©Õ]w'qlÕ!kQw'×bÛ

{AT uT (t0)}K ≤ 0
è �vknÔ©ÔÖ}

g ì û]ìÙø ë�ìDýXmX}cw'knm�rO�Ù×�å:kÓ|D}�j+k
duK/dt(t0) < 0

}+Ü]sÆm'q
uK(t) < u+

Øîq+w
t ∈ (t0, t0 + δ)

Øîqlw
m�qlÔ©k

δ > 0
ì

yXqzå tªØ
wK(t0)

tvm%qlÜF×�|]k�× qlÕ³m�tÙs]kÖq~Ø
Σ
y
vK(t0) = v+

}+Ü]s
u− ≤ uK(t0) ≤ u+

y�m'tvÜ]ÚQk
g < 0

qlÜó×�|D}~×�×�qlÕÆm�tvsOk%×�|]knÜ
∂tvK(t0) < 0

}+Ü]sóm�q
vK(t) < v+

Øîqlw
t ∈ (t0, t0 + δ)

ì
ýp�{× qlÞlk�× |]kQwny

w
Ú�}+Ü]ÜOq+×�ÞlkQ×5qlrO×�q+Ø

Σ
y]k�jlkQÜf}~×�}¬Únqlw'Ü]knw�Õ{qltvÜ�×5å�|Oknw�kJ×�|]kÃ×bå�q�Õ]w'knÚQkns]kQÜ9×

w�kn}+m�qlÜOmP|Oql�vs;ì
ï�q�knÜOs;y�m�tÙÜ]Únk

w
w'knÔÖ}+tvÜpr]Ü]tÙØîq+w�Ô©�ÙÛPô!q+r]Ü]s]kQs�tª×�|D}+m�}~Ü�tÙÜOãDÜ]tª× k\�ÙtÙØîk�× tvÔ©k

T = +∞
ì

´¶µ"¦Jµ
· îfÎp¾�a ÅSËSÅ�Î3ÒÊí�ÂEÁ®Îpº�»¡î;»$ÈÉÅ
Ïub-È Ä ËSÅSÀ?Å@ÎjÌ[é�Ë�»uÁ ¼¿»?Îpº�Â;Ç
qäkXw�knÚn}+�v�D×�|D}~×G× |]kXqlÕ!kQw }~×�qlw

AT
tÙm:Ü]q+Ü�æbÕ{qlm�tª× tªjlk+y9m'qÓ× |]}~×

Id− ε∆tAT
tvmGm'Û�ÔÖÔ©kQ×�w�tÙÚ

}+Ü]s�Õ{qlm�tª× tÙj+k�æ)s]kQãDÜOtÙ× kCØîq+w�}+Ü�Û
∆t > 0

ì?ýpm©}°ÚnqlÜ]m'kn÷9r]kQÜ]Únk~y�ÞltªjlknÜ
(un

T , v
n
T )
y\kQ÷9rD}~× tÙqlÜ

è g ìâð-l ë�|D}+m3}Jr]Ü]tÙ÷9r]k�m�ql�ÙrO× tÙqlÜa�~}+Ü]scØîqlw?}+Ü�Û
w0

T
y+kn÷9rD}¥× tvq+Ü]m è g ìâð-l ëbæ è g ì û�ù ë#s]k�ãDÜ]k�}Jr]Ü]tÙ÷9r]k

m�kQ÷�rOknÜ]ÚQk
(wn

T )n∈N

tvÜ
L2(T ) × L2(T )

ì
ï�|]kJØîql�v�Ùq�å�tÙÜ]Þ¬�ÙknÔ©ÔU}gÞ+tÙjlkQmP}©ÚQqlÜ]s]tª× tvq+Ü¦qlÜ

∆t
Øîqlw

wn
T
×�q�w�knÔÖ}+tÙÜ¦tvÜ

Σ
tªØ
w0

T ∈ Σ
ì

ïØð$ñ#ò � ñ2ó ô �©��Xö;� 2$ß�� Σ ��ß�ÿB�Aß&���@ÿ����Yþ2à�ÿ��G���)#�ÿ����øÿ��)�e�	ß��9�SÞ2ß:* 
��%v��� ��� 6 *>� ü ßG��� ÜißQ���SßL,
∆t #Yß���� x¶ß&�

∆t

ε

∣∣∣inf
Σ
∂uf
∣∣∣ ≤ 1, ∆t

∣∣∣min
Σ
∂vg
∣∣∣ ≤ 1,

è g ìâûOø�ë

� ü ß�� Σ �%�Øÿ��X���)#�ÿ����øÿ��)�D�Aß����
Ý��>*CÝ��	� ü ß	�	Ý�à þ(�"�
Ý�� (wn
T )n∈N

ÝU* è g ìâð-l ë � è g ì û�ù ë /
∀K ∈ T , w0

K ∈ Σ ⇒ ∀n ∈ N, ∀K ∈ T , wn
K ∈ Σ.

{ ñ2ó �]�u| ô �©��ø÷D�Gs Ý��LÞ����"�
Ý�� è g ì û]ø ë �*ÿ�����ßZ�L,Óß&��� x¶ß*Þ'����� ü F (u) = −u(u− a)(u− 1) /H *CÝ��9� ü ß Ù�Ú�Û ÜiÝ=Þ2ß�à è g ì�{ ë ; �fß ü ÿ�#Yß

|min
Σ
∂uf | = max(|F ′(u−)|, |F ′(u+)|), |min

Σ
∂vg| = 1,

H *CÝ��9� ü ß á�â ÜiÝ=Þ2ß�à è g ì�l ë ; �fß ü ÿ�#Yß

|min
Σ
∂uf | = max(|F ′(u−) − v+|, |F

′(u+) − v+|), |min
Σ
∂vg| = 1.

ûuü �%�9 ��
ß�à�Þ�� ß�pY,Là+�������7��Ý�ÜT,Lþ(�
ÿ����
Ý����ØÝU*9� ü ßW�"� Üiß������SßL,X����ÿ�,�,Là+�
ß*Þ��*ÿ��	ß&�_�



U#V+ #V���]��T¡fZS��Z=]rÖj� \J� �$Ö6�pZ�� klÿ

,.��Ý	ÝU*.ÝU*9� ü ßMà�ß�Ü^Ü�ÿ 
��-®.�%v � é ÷9rD}~× tÙqlÜ]m è g ì ð-l ëbæ è g ì û�ù ë�Ún}+Üóô!k%w�k�å�w�tª×�× kQÜó}+m

(Id − ε∆tAT ) un+1
T = un

T + ∆tf(wn
T )/ε,

vn+1
T = vn

T + ∆tg(wn
T ),

Øîqlw�}+�v�
n ∈ N

y]å�|]tvÚ�|ó|D}+mP}cr]Ü]tÙ÷�rOk�m'ql�vr�× tvq+Ü è m�kQkg}~ô!qzjlk�ë�ì
ù k�×XrOmPÚQqlÜ]m'tvs]kQw�×�|]kJØîql�v�Ùqzå�tvÜ]ÞgØîrOÜ]ÚQ×�tvqlÜÆs]k�ãDÜ]knsóqlÜ

R2 à

φ(w) = (φ1(w), φ2(w)) = (u+ ∆tf(w)/ε, v + ∆tg(w)) .

úXÜ]s]kQw�ÚQqlÜ]s]tª× tÙqlÜ è g ì û]ø ë¦qlÜ]k@|D}~m
∂uφ1 ≥ 0

}+Ü]s m�q
supΣ φ1 = φ1(u+, v) = u+ +

∆tf(u+, v)/ε
Øîqlw�m�qlÔ©k

v
y
v− ≤ v ≤ v+

ìY|�rO×?s]k�ãDÜ]tª× tvq+Ü g ì þ�ìªø knÜ]m'r]w�kQm\× |D}~×
f(u+, v) < 0}+Ü]sÄ× |OknÜ

supΣ φ1 ≤ u+

ì$��tÙÔÖtÙ�ß}+w'�ÙÛly
infΣ φ1 ≥ u−

}+ÜOs
v− ≤ infΣ φ2 ≤ supΣ φ2 ≤ v+

ì
ýpmP}cÚnqlÜ]m'kn÷9r]kQÜ]Únk~y

φ(Σ) ⊂ Σ
ì

yPqzå �vk�×
w0

T ∈ L2(T ) × L2(T )
m }~×�tvm(Ø�Û

w0
K ∈ Σ

Øîqlw�}+�v�
K ∈ T

ì4��tvÜOÚnk
φ(Σ) ⊂ Σå�k�|D}�jlk

({(Id − ε∆tAT ) u1
T }K , v1

K) ∈ Σ
Øîqlw�}+�Ù�

K ∈ T
ìDí)Ø

K ∈ T
tvm�m'r]Ú�|�×�|D}~×

u1
K =

maxL∈T u
1
L

yQ× |]kQÜ
{AT u

1
T }K ≤ 0

è × |]tÙm;tvm«�vknÔ©ÔÖ} g ìâûOìÙø ë;}+Ü]sÃ× |OknÜ
{(Id − ε∆tAT ) u1

T }K ≤
u+

tÙÔÖÕO�vtvkQmP×�|D}~×
u1

K = maxL∈T u
1
L ≤ u+

ìu��tvÔ©tv�v}+w��ªÛly
infL∈T u

1
L ≥ u−

}+ÜOs³m'q
w1

K ∈ ΣØîqlw�}+�v�
K ∈ T

´;µ:¦Jµ�` î×Î�¾�a�Å�ËSÅ@Î3ÒÊí�Â6ÁêÎpº�»½Ìãå;Ä�ËSÅ�À~Å@ÎjÌ[é�ËS»uÁ ¼¿»?Î�º�Â;Ç
êJtÙj+knÜg}+Ü�Û

w0
T ∈ L2(T )×L2(T )

y�×�|]kGs]tvm'Únw�k�× k:m'Û�m'×�knÔ è g ìâð�ÿ ë)æ è g ì ð-{ ë�s]kQãDÜOk�k�ö�Õ]�ÙtvÚQtÙ× �ªÛ
}�rOÜ]tv÷9r]k%m�kQ÷9r]knÜ]ÚQk

(wn
T )n∈N

tvÜ
L2(T ) × L2(T )

ì
ï�|Ok�Øîql�Ù�vqzå�tvÜOÞg�vkQÔÖÔÖ}¬ÞltªjlknmP}cÚnq+Ü]s]tÙ×�tvqlÜ¦q+Ü

∆t
Øîqlw

wn
T
×�q©w'knÔÖ}+tvÜ¦tÙÜ

Σ
tÙØ
w0

T ∈ Σ
ì

ïØð$ñ2ò � ñ2ó ô �ª©��°¯;� 2$ß�� Σ ��ß�ÿt�Aß&���
ÿ����Yþpà�ÿ��>���)#�ÿ����øÿ��)�¬�	ß��9�SÞ2ß:* 
��%v��� ��� 6 *G� ü ß3�"� ÜißG����ßL,
∆t #Yß���� x¶ß&�

∀K ∈ T , ∆t
ε

m(K)

∑

e∈δK?

τe +
∆t

ε
| inf

Σ
∂uf | ≤ 1, ∆t

∣∣∣min
Σ
∂vg
∣∣∣ ≤ 1,

è g ìâû9þ+ë

� ü ß�� Σ �%�.ÿ��X���)#�ÿ����øÿ��)�D�Aß����
Ý��>*CÝ��9� ü ßT�	Ý�à þ(�"�
Ý�� (wn
T )n∈N

ÝU* è g ì ðlÿ ë � è g ìâð-{ ë /
∀K ∈ T , w0

K ∈ Σ ⇒ ∀n ∈ N, ∀K ∈ T , wn
K ∈ Σ.

{ ñ2ó �]�u| ô �©��Xö��7ûuü ß��Aßw�%�JÿG��à�ÿ��&�����*ÿYà!��Ý��LÞ����"�
Ý��dÝU*7�Aß��Yþpà�ÿ������" �*CÝ��rÿD*/ÿYÜ3� à+ ØÝU*;ÿzÞYÜ3�%�&���"�=à�ß
Üiß&� ü ß&�	� ü ÿ��e�%�9� ü ß��Aß^ß�p��%���×þ��)� *CÝ��+Ü±��Ý������@ÿ��)��� α, β > 0 ��þ)� ü � ü ÿ��

∀e = K|L ∈ S?, α∆x ≤ dK,e + dL,e, ∀K ∈ T , ∆xm(∂K) ≤ βm(K) ,

� ü ß���ß ∆x �%�	� ü ßT���ª5�ß.ÝU*Z� ü ßaÜiß&� ü T � Ù Ý��«��þ)� ü ÿw*/ÿYÜ3� à+ iÝU*MÿzÞYÜ3�%�&���"�=à�ß�Üiß&� ü ß&� ; ÿ��LÞz���� ü ßW�%�	Ý��"�AÝ&,.���G�*ÿ��	ß ∇ · (σ∇u) = D∆(u) ; � ü ßDxD�²���D���
ÿ��_� à+���� ���Ý��LÞ����"�
Ý�� è g ìâû9þ ë ��ß&��Ý�Üiß&�

εD
∆t

∆x2

β

α
+

∆t

ε
| inf

Σ
∂uf | ≤ 1.

ûuü �%����Ý��LÞ����"�
Ý��P��Ý�Ü��_���?ß&�Q� ü ß���à�ÿ��&�����*ÿYà1���@ÿ��_� à+���" t��Ý��LÞ����"�
Ý����¬*CÝ��3��Ý�� ü � ü ß ü ß*ÿ��Jß*ý=þ�ÿ��"�
Ý��
u′ = D∆(u) ÿ��LÞ'� ü ß^Ý���Þ����Lÿ��� iÞ�� J ß���ß��)�"�øÿYà!ß*ý=þ�ÿ��"�
Ý�� u′ = f(u) �



k-{ e)�J� �EZ=]4_���UzV��ue)������� ����`;�Jc��������4ZS\�Z���e)�$� ���pZ���c4���

â ��Ý	ÝU*.ÝU*9� ü ßMà�ß�Ü^Ü�ÿ 
��-®.�³� � é ÷9rD}~× tÙqlÜ]m è g ì ð�ÿ ëbæ è g ìâð-{ ë�Ún}+Üóô!k%w�k�å�w�tª×�× kQÜó}+m%à

un+1
T = (Id + ε∆tAT ) un

T +
∆t

ε
f(wn

T ),

vn+1
T = vn

T + ∆tg(wn
T ).

ù kQ×
w0

T ∈ L2(T ) × L2(T )
m�}~× tÙm'Ø�Û

w0
K ∈ Σ

Øîqlw�}+�Ù�
K ∈ T

ì�vDqlw�}+Ü�Û
K ∈ T

y

φ−(w0
K) ≤ u1

K ≤ φ+(w0
K),

å�|]knw'kJ× |]kJ×bå:q©Øîr]ÜOÚQ× tÙqlÜ]m
φ− }+ÜOs

φ+ }~w�k%s]kQã]Ü]kns�ô9Û

φ−(w) = u+
ε∆t

m(K)

∑

e∈δK?

τe(u− − u) +
∆t

ε
f(w),

φ+(w) = u+
ε∆t

m(K)

∑

e∈δK?

τe(u+ − u) +
∆t

ε
f(w).

ï�|]k%m'× }+ô]tv�ÙtÙ×bÛÖÚnqlÜOs]tÙ×�tvqlÜ è g ìâû�þ ë5tvÔ©Õ]�vtÙknmG× |D}~×
∂uφ

− ≥ 0
}+ÜOs

∂uφ
+ ≥ 0

qlÜ
Σ
y�}+Ü]s¦× |]kQÜ;y

u− + ∆tf(u−, v
0
K) ≤ u1

K ≤ u+ + ∆tf(u+, v
0
K).

ý5×\�v}+m'×ny
Σ
ô{kntÙÜ]ÞJ}+Ü¬tÙÜ�j+}~w�tß}~Ü9×�w�kQÚQ× }+Ü]Þl�Ùk è sOkQØ£ì g ì¾þ�ìÙø ë
y

f(u−, v
0
K) > 0

}+Ü]s
f(u+, v

0
K) < 0

ì
ýpmg}�Únq+Ü]m�kQ÷�rOknÜ]ÚQk+y

u− ≤ u1
K ≤ u+

ì���tÙÔÖtÙ�ß}+w'�ÙÛÆå�kU|D}�jlk
v− ≤ v1

K ≤ v+

}+Ü]s }¥×¬�ß}~m'×�y
w1

K ∈ Σ
Øîqlw�}+�v�

K ∈ T

È���È ´=ÎÓËzµØ¢5Ík¶7¢�ËÆÑf¢�� Ë[ª7¬+¤i¥�Ò/¥

o�qlÜ�jlknw'ÞlknÜOÚnkPq+Ø�× |]k5ãDÜOtÙ× k5j+ql�vrOÔÖkQm?}+Õ]Õ]w'q�öOtÙÔU}¥× tvq+Ü]m\}+ÜOscknw�w'qlw?knm(× tÙÔU}~×�knm?}~w�k�Õ]w'q�j+kns
tvÜC×�|]tvm�m�kQÚQ×�tvqlÜ;ì

ï�|]kgØîr]Ü]Ú�× tÙqlÜ]m
f
y
g
}+w�kÓm�r]Õ]Õ{qlm'knsÄ× qUô!k�× |]qlm'k¬q+Ø\×�|]k�Ù�Ú�Û qlw á�â ÔÖq�s]kQ� y{}+Ü]sf×�|]k

q+× |Oknw3sD}~× }
Ω
y
σ
y
w0 = (u0, v0)

}~w�k�m�r]ÕOÕ!qlm'knsU×�qJØîr]�ÙãD�Ù�O× |OkX}~m�m�rOÔÖÕO×�tvqlÜOmGq~Ø«�ÙknÔ©ÔU} g ì þ�ìªø
}+Ü]s³× |]kQqlw�kQÔ g ì¾þ�ì þ y�tvÜ³qlw's]knw�ØîqlwJ× |]kÖm�ql�ÙrO× tÙqlÜ

w(t)
×�qfk�ö�tÙm'× m�ØîqlwÓ}+�v�

t > 0
tvÜF}óãOö�kQs

w�kQÚQ×�}~Ü]Þl�vk
Σ
yDsOknÕ{knÜ]s]tÙÜ]Þ�qlÜ]�ªÛCqlÜ

w0 ìíbÜ¬× |]tÙm\Ú�}+m'k+y+×�|]k�m�q+�vrO×�tvqlÜ
w(x, t)

tvm
C2(Ω)

å�tÙ×�|cw�knm'Õ!kQÚQ×?×�q
x
}+ÜOs

C1([0,+∞))
å�tª× |

w�kQm�Õ{knÚQ×�×�q
t
ì

ê%tªjlknÜó}+Ü�}+s]Ô©tvm'm�tÙô]�vkXÔÖkQm�|�}+m�s]kQãDÜOknsftÙÜÆm�knÚ�× tÙqlÜ g ì ð�ìÙø y]}+Ü]s
∆t > 0

y�å�k�s]knÜOq+× k%ô�Û
(wn

T )n∈N

×�|]k�m�kn÷9r]kQÜ]Únkps]kQãDÜOknsUô�Û è g ì ð-l ëbæ è g ì û�ù ë#q+w è g ìâð�ÿ ë)æ è g ì ð-{ ë?}+Ü]s
w0

K = w0(xK)
Øîq+w

}+�v�
K ∈ T

ì
úXÜ]s]kQw�× |]k%Únq+Ü]s]tÙ×�tvqlÜ è g ì û]ø ë5qlw è g ìâû�þ ë�yDô{q+×�|

w
}~Ü]s

wn
T
w'knÔÖ}+tvÜ¦tÙÜ

Σ
ì

íbÜÄqlw�sOknwX×�qUÚQqlÔÖÕ]}+w�k%× |]kÓs]tvm'Únw'kQ× kg}+Ü]sf×�|]kgÚQqlÜ�× tÙÜ�rOqlr]mpm'ql�vr�× tvq+Ü]mPå:kgtÙÜ�× w�q�s]r]ÚQkÓ×�|]k
m�kQ÷�rOknÜ]ÚQk

(wn
T )n∈N

tvÜ
L2(T ) × L2(T )

s]k�ãDÜ]kns�ô�Û

wn
K = w(xK, t

n) = (u(xK, t
n), v(xK, t

n)) .
è g ìâûlð�ë

ï�|]k%knw'w�qlw
(en

T )n∈N

å�w�tª× kQm

en
T = wn

T − wn
T ∈ L2(T ) × L2(T ).

è g ìâû+û9ë
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ïØð$ñ2ò � ñ2óõô � ô ��÷ è o�q+Ü9j+knw'ÞlknÜ]ÚQkP}+Ü]s é w�w�q+w é m'× tÙÔU}¥× kzë � \�þ$,�,ÓÝ$�	ßw� ü ÿ��]� ü ßJÞzÿ��@ÿ¬*+þ2à x6à à�� ü ß
ÿ��&��þpÜT,.�"�
Ý����MÝU*�à�ß�Ü^Ü�ÿ 
��%v��� ÿ��LÞG� ü ß�Ý��Aß�Ü 
��%v��%v � á �&��þ2Üiß4*+þ(��� ü ß���ÜiÝ��AßZ� ü ÿ�� Σ ⊂ R2 �%�
ÿ��A���)#�ÿ����øÿ��)�4��ß&���
ÿ����Yà�ß>�SÞ2ß:*Y� 
��%v��� �e*CÝ�� f ÿ��LÞ g ��þ)� ü � ü ÿ��k� ü ßT���)�����øÿYà~Þzÿ��
ÿ w0 �%�Z��� Σ ¸ ����)�Sß����
Ý��Y�S ß^ÿzÞzÞ����"�
Ý��LÿYà à+ dÿ��&��þ2Üiß>� ü ÿ�� ∂tw

ÿ��LÞK� ü ßW�	ß&��Ý��LÞ�Ý���Þ2ß��^Þ2ß�����#�ÿ�����#Yß&�Q���X�L,�ÿ���ß ∂2
ξi
uÝU* u ÿ���ßaþ(�)� *CÝ��+Ü^à+ o��Ý�þ(�LÞ2ß*Þ[Ý�� Ω × (0, T ] �2$ß�� wn

T
��ß7� ü ß;ÿ�,�,.��ÝYp�� Ü�ÿ��"�
Ý��ãÝU* w ÿ��;Þ2ß:xD�?ß*Þ9�_ è g ì ðlÿ ë � è g ìâð-{ ë ��Ý��e��� è g ìâð-l ë � è g ì û�ù ë �

����� ü � ü ßW���)���"�øÿYà!Þzÿ��@ÿ
∀K ∈ T , w0

K = w0(xK) = (u0(xK), v0(xK)).
è g ìâû g ë

6 *3� ü ßG���@ÿ��_� à+���" X��Ý��LÞ������
Ý�� è g ìâû]ø ë ��Ý�� è g ìâû9þ ë �B�Aß�à�ÿ��"��#Yßz��Ý Σ �%�G�=ÿ����%�:x¶ß*Þ ; � ü ß��¹� ü ß��Aßß�p��%���:�Z���fÝK��Ý������
ÿ��)��� C ÿ��LÞ µ ; Ý��Óà+ Þ2ßL,Óß��LÞ������ãÝ��t� ü ß.Þzÿ��
ÿ[� Ω ; w0 ; f ; g ÿ��LÞ Σ �3��þ)� ü� ü ÿ��!*CÝ�� n∆t ≤ T � ü ß^ß�����Ý��	�%�
‖en

T ‖L2 ≤ CeµT ( ���ª5�ß (T ) + ∆t).

â �AÝ	ÝU*ØÝU*9� ü ßW� ü ß�Ý���ß�Ü 
���
��� � qFkPm'|D}+�Ù�DÕ]w�qzjlk�× |Oknqlw'knÔ g ì g ìªø Øîq+w\× |]k é r]�vkQw3m�knÔ©tDtvÔ©Õ]�ÙtvÚntª×
m�Ú�|]kQÔÖk è g ìâð�ÿ ë æ è g ìâð-{ ë
y5× |]k³Õ]w�q�q+ØÓô!kQtvÜ]Þ�m�tÙÔÖtÙ�ß}+w©ØîqlwC× |Ok é r]�ÙknwÆm�kQÔÖtJk
öOÕO�vtvÚQtÙ×Æm'Ú�|]knÔ©k
è g ìâð-l ë)æ è g ìâûlù ë�ì�v�q+w5m�tÙÔÖÕ]�ÙtvÚQtÙ×bÛcå:k�m'|D}+�Ù�;}+�Ùm�q¬×�}~ç+k

ε = 1
ì�q tª× |C× |Ok�ÜOq+×�}~×�tvqlÜOm�Õ]w'kQj�tvqlrOm��ÙÛ

s]kQãDÜOkns;y+×�|]k�ôD}+�v}+Ü]ÚQk�kn÷9rD}¥× tvq+Ü�}~×\× tÙÔÖk
tn+1 Øîqlw è g ìªøzù ë)æ è g ìÙøzþ ë�q+Ü�}+Ü�Û¬ÚnkQ�v� K ∈ T

w�kn}+s]m5à

d

dt

∫

K

u(x, tn+1)dx =

∫

∂K∩Ω

σ∇u(x, tn+1)) · nKds+

∫

K

f(w(x, tn+1))dx

d

dt

∫

K

v(x, tn+1)dx =

∫

K

g(w(x, tn+1))dx.

× qlÞlk�× |]kQw5å�tÙ×�|�s]k�ãDÜ]tª× tvq+Ü è g ì û�ð ë�×�|]tvm��Ùk�}+s]m5×�q�à

un+1
K − un

K

∆t
+ T 1,n

K = {AT u
n+1
T }K +

1

m(K)

∑

e∈δK?

F n
e,K + f(wn

K) +R1,n
K

è g ì ûzk�ë

vn+1
K − vn

K

∆t
+ T 2,n

K = g(wn
K) +R2,n

K ,
è g ì û9ÿlë

å�|]knw'kÖà
• F n

e,K

m'× }+Ü]s]mGØîqlw?× |]k�ÚQqlÜ]m�tÙm'×�knÜ]ÚQkpknw'w�qlwGqlÜ�× |]kPÜ9r]Ô©knw�tÙÚ�}+��}~Õ]Õ]w�q�ö�tvÔÖ}~×�tvqlÜ�q+Ø!× |]kr�Dr�ö
∫

e
σ∇u · nK,e

q+Üó×�|]k%kns]Þlk
e ∈ δK? à

∫

e

σ(x)∇u(x, tn+1) · nKds = τe(u
n+1
L − un+1

K ) + F n
e,Km(e) ,

F n
eK

Øîr]�ªãD�v�Ùm:×�|]kJØîql�v�Ùq�å�tÙÜ]Þ¬ÚQqlÜ]m�kQw'j~}~×�tÙj�tÙ×bÛUÕ]w�qlÕ{knw(×bÛ@à

∀ e = K|L ∈ S? , F n
e,K = −F n

e,L ,
è g ì ûz{�ë

}+Ü]sÆm�tÙÜ]Únk
u
tÙm�}+m'm�r]Ô©knsÆ× q�|D}�jlk�r]Ü]tªØîqlw�Ô©�ÙÛ©ô{qlr]Ü]sOknsóm�knÚQqlÜ]sóqlw�sOknw�s]knw'tÙj~}~×�tÙjlkQm�qlÜ

Ω ×
(0, T ]

tÙ×�tÙm�ÚnqlÜ�× w'ql�v�ÙknsÆô�ÛC× |Ok�m't�xQk�q~Ø�×�|]k%ÔÖkQm�| è m�kQk©ú û�ð üßëpà

|F n
e,K| ≤ Cw,σsize(T ) ,

è g ìâû-l�ë
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è å�|]kQw�k
Cα

ÞlknÜ]kQw�tÙÚ�}+�Ù�ÙÛÖs]knÜ]q~× knmX}cÚnqlÜOm'×�}~Ü9×Ps]kQÕ!kQÜ]s]tÙÜ]ÞÖq+ÜÆ×�|]k%sD}~× }
α
qlÜO�ÙÛOë�ì

• T n
K = (T 1,n

K , T 2,n
K )

m(×�}+Ü]sOmPØîqlw5×�|]k%ÚnqlÜOm�tvm(× kQÜ]Únk�knw'w�qlw�qlÜÆ× |Ok%×�tvÔ©kÃtvÜ�×�knÞlw�}~× tÙqlÜ°à

1

m(K)

∫

K

∂tw(x, tn+1)dx =
wn+1

K − wn
K

∆t
+ T n

K

å�|]tvÚ�|ótvm�q~Ø#qlw's]knw�q+Ü]k%m�tvÜOÚnk
∂tw

tvm�r]Ü]tªØîqlw�Ô©�ÙÛÖô{qlr]Ü]s]kQs�q+Ü
Ω × (0, T ]

à

|T n
K| ≤ Cw (size(T ) + ∆t) .

è g ì g ù�ë
qäk%m�|]}+�v�;ÚQqlÜ]m'tvs]kQw

T n
T

}~mX}¬ãDÜOtÙ× kÃj+ql�vrOÔÖkQm�ØîrOÜ]ÚQ×�tvqlÜ
T n
T ∈ L2(T ) × L2(T )

ì
• Rn

K = (R1,n
K , R2,n

K )
tvm5×�|]k%ÚnqlÜOm�tvm(× kQÜ]Únk�knw'w�qlw�qlÜ¦× |Ok�w'k�}+Ú�× tÙqlÜ¦× knw'Ô�y�Øîqlw

F = (f, g)
à

1

m(K)

∫

K

F (w(x, tn+1))dx = F (wn+1
K ) +Rn

K .

��tvÜOÚnk
w
w'knÔÖ}+tvÜOm\ô!q+r]Ü]s]kQs è tvÜ]m'tvs]k

Σ
ë\}+Ü]s

f
y
g
}~w�k5�Ùq�Ún}+�v�ªÛ ù tÙÕ]m�Ú�|OtÙ×Ax~yltÙ×#tvm\q~Ø«qlw's]knw#qlÜ]kJà

|Rn
K| ≤ Cw,f,g,Σsize(T ) .

è g ì g ø�ë
ýpÞ�}~tvÜ�å�kJm'|D}+�v��ÚQqlÜ]m�tÙs]knw

Rn
T
}+m5}�ãDÜ]tÙ×�kXj+ql�vr]Ô©knmGØîr]Ü]Ú�× tvq+Ü

Rn
T ∈ L2(T )×L2(T )

ìpyXqzå%y
m�r]ô�× w }~ÚQ× tÙÜ]Þ è g ìâð-l ëbæ è g ìâûlù ë\× q è g ì ûzk ë)æ è g ìâû9ÿ ë�yl×�|]kpkQw�w�q+w

en
T
sOkQãDÜ]kQsCtvÜ è g ìâûlû ë3m�}~× tÙm'ãDkQm:×�|]k

Øîql�v�Ùqzå�tvÜ]ÞÓkn÷9rD}~×�tvqlÜ³à

e1,n+1
K − e1,n

K

∆t
+ T 1,n

K = {AT e
1,n+1
T }K +

1

m(K)

∑

e∈δK?

F n
e,Km(e) + (f(wn

K) − f(wn
K)) +R1,n

K

e2,n+1
K − e2,n

K

∆t
+ T 2,n

K = g(wn
K) − g(wn

K) +R2,n
K ,

è g ì g þ+ë

Ô¬r]�ª× tvÕO�ÙÛ�tvÜ]Þ:× |]k3ãDw�m(×#kQ÷9rD}~× tÙqlÜ�ô9Û
m(K) e1,n+1

K

}+ÜOsÓm'r]ÔÖÔ©tvÜOÞPqzj+knw\}~�v�lÚQkn�v�Ùm
K ∈ T

�vk�}~s]m
× q]y�ô�ÛóÔU}~ç�tÙÜ]Þ©r]m�k¬q~Ø\× |]kÓtvÜ]ÜOknwPÕ]w�q�s]r]Ú�× è g ì¾þ~ù ë�y�q+Ø\×�|]kgsOtvm�ÚQw�k�× k

H1 m�kQÔÖt�æbÜ]qlw'Ô è g ì ð-k ë
}+Ü]sÆq+Ø�× |]kJØîqlw'Ô¬r]�v} è g ìâð g ëÃà

1

∆t

(
e1,n+1
T , e1,n+1

T − e1,n
T
)

L2 + |e1,n+1
T |21,T =

(
e1,n+1
T , R1,n

T − T 1,n
T
)

L2

+
(
e1,n+1
T , f(wn

T ) − f(wn
T )
)

L2

è g ì g ðlë

+
∑

K∈T
e1,n+1

K

∑

e∈δK?

F n
e,Km(e)

v#tvw'm'×?q~Ø;}+�Ù� y~m�tvÜOÚnk�× |]k�w'knm'×�w�tÙÚQ× tÙqlÜ¬× q
Σ
q~Ø
f
tÙm ù tÙÕ]m�Ú�|OtÙ×Ax�ÚQqlÜ�× tÙÜ�rOqlr]mny�×�|]knw'kPtÙm3}JÚnqlÜ]m(×�}+Ü�×

Λf,Σ
m'r]Ú�|g× |]}~×Gà

‖f(wn
T )−f(wn

T )‖L2 ≤ Λ‖en
T ‖L2

ìzï�|OknÜ;y¥ô�Û%ÔU}+ç9tÙÜ]Þ�r]m�kGq+ØO×�|]kf��Ú�|�å5}+w(×Ax
tvÜ]kQ÷9rD}+�vtª×bÛfà

∣∣(e1,n+1
T , f(wn

T ) − f(wn
T )
)

L2

∣∣ ≤ Λ‖en
T ‖L2‖e1,n+1

T ‖L2 ,
å�tÙ×�|Æ×�|]k.��Ú�|�å5}~w'×Ax�tvÜOkn÷9rD}+�ÙtÙ×bÛ¦}~Þ�}+tvÜ°à

∣∣(e1,n+1
T , e1,n

T
)

L2

∣∣ ≤ ‖e1,n+1
T ‖L2‖en

T ‖L2

∣∣(e1,n+1
T , R1,n

T − T 1,n
T
)∣∣

≤ (‖Rn
T ‖L2 + ‖T n

T ‖L2)︸ ︷︷ ︸
≤Cw,Ω,f,g,Σ(∆t+size(T ))

‖e1,n+1
T ‖L2 .
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ï�|]k%ÚnqlÜ]m'knw(j+}¥× tÙj�tª×bÛ è g ì ûz{ ë�q+Ø
F n

K,e

w�k�}~s]mÓà
∣∣∣∣∣
∑

K∈T
e1,n+1

K

∑

e∈δK?

F n
e,Km(e)

∣∣∣∣∣ =

∣∣∣∣∣∣

∑

e=K|L∈S?

F n
e,K(e1,n+1

K − e1,n+1
L )m(e)

∣∣∣∣∣∣

≤ |e1,n+1
T |1,T

(
∑

e∈S?

|F n
e |

2m(e)2 /τe

)1/2

︸ ︷︷ ︸
≤Cwsize(T )

P

e∈S? m(e)2/τe

.

× |]kcÚQqlÜ]s]r]Ú�× tªj�tª×bÛf×�knÜ]m'qlw%ô!kQtvÜ]Þ¦r]ÜOtÙØîqlw'ÔÖ�ªÛ�kQ�v�ÙtvÕO×�tvÚ�qlÜ
Ω
y ∑

e∈S? m(e)2 /τe ≤ Cσm(Ω)
y

å�|]knw'k
m(Ω)

tvm5×�|]k%ÔÖkn}+m�r]w'kJq+Ø�× |]k%s]qlÔÖ}+tÙÜ
Ω
ìDýp�ª× qlÞlk�× |]kQw5å�tÙ×�|ókQ÷9rD}~× tÙqlÜ è g ì g ð ë:×�|]knm'k

r]Õ]Õ{knw�ô!q+r]Ü]s]m��vkn}+s¦× qÆà

1

∆t
‖e1,n+1

T ‖2
L2 + |e1,n+1

T |21,T ≤ (Λ +
1

∆t
)‖e1,n+1

T ‖L2‖en
T ‖L2

+ C(size(T ) + ∆t)
(
‖e1,n+1

T ‖L2 + |e1,n+1
T |1,T

)
,

}+Ü]sÆr]m�tÙÜ]ÞciGqlr]Ü]Þ]á m�tvÜ]kQ÷9rD}+�vtª× tÙknm:Øîq+w5× |]kJ× |Ow�knkJ×�knw�Ô©m�qlÜÆw�tÙÞl|�×�|D}+Ü]sóm�tÙs]kÃå�w�tª× knm%à

‖e1,n+1
T ‖2

L2 ≤
(1 + Λ∆t)2

1 − ∆t
‖en

T ‖
2
L2 + C (size(T ) + ∆t)2 ∆t

úXm�tÙÜ]Þg×�|]kJm }+Ô©kÃÕ]w'q�ÚQknm'm�qlÜ è g ì g þ ë:ÞltÙj+knm�×�|]kJm }~ÔÖkÃrOÕ]Õ!kQw5ô{qlr]Ü]s¦qlÜ
‖e2,n+1

T ‖2
L2

}~Ü]s¦m�q]y
tÙØ

(n+ 1)∆t ≤ T
qlÜ]k%|D}~m�à

‖en+1
T ‖2

L2 ≤ eµT
(
‖e0T ‖

2
L2 + C (size(T ) + ∆t)2)

Øîqlw�m�qlÔ©kJÚnq+Ü]m'× }+Ü�×
µ
w�kQ�ß}~×�kns¦å�tÙ×�|

Λ
yOå�|]tÙÚ�|�kQÜ]s]m�× |]k%Õ]w'q�q~Ø�Øîq+w5× |]kQqlw�kQÔ g ì g ìÙø ì
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È���º £�Ì!ª9£ÆÒ/¬�Ò�Ì]» Ïd¢r¥¼¶�Í�ªÓÏ¦Ò�¢�Ë�Ì!¥ Ë©Ð[¦ »5Í#Ò/²©Ð[¢r¥
tJÜFmná tvÜ�×²½Qw�kQm�m�kUsD}+Ü]mÓÚnkQ×'× kÖm�knÚ�× tÙqlÜ }+rFÚnqlÜ�×�w�¾l�ÙkÖs]kQmgÞlw�}+s]tÙknÜ�× mÓÜ�rOÔ'½Qw�tv÷9r]kQmgs]kQm¬}+Õ�æ

Õ]w�q�ö�tvÔÖ}~×�tvqlÜ]mGjlql�Ùr]Ô©knm�ãDÜ]tÙm�s]k è g ìªøzù ë)æ è g ìÙø�ð ë�ì
tJÜ�ÚQqlÔÖÔ©knÜOÚnkÆÕD}+w3½QÜ]qlÜ]ÚQknw©r]Ü]kÆtvÜm½QÞ�}+�ÙtÙ×²½Ös;á¿½nÜ]kQw�ÞltÙkóÚQ�ß}+m'm�tÙ÷�rOkóÕ{qlr]wc�Ùknmcm'ql�vrO×�tvqlÜOm

w = (u, v)
s]rCÕ]w'qlô]�vuQÔÖkPÚnq+Ü9×�tvÜ9rU÷9r]t{Õ{knw�Ô©kQ×:s]kXÚnqlÜ�× w�¾l�vkQw:�ÙkXÞ+w }+s]tÙknÜ�×:s]k

u À ÚnqlÜ]sOtÙ× tÙqlÜ÷9r]k%�ß}¬s]qlÜOÜm½nk�tvÜ]tª× tv}+�vk
w(·, t = 0)

m�qltª×�tvÜ]ÚQ�vr]m'kJsD}+Ü]m�r]Üów�kQÚQ× }+Ü]Þl�Ùk�tÙÜ�j+}~w�tß}~Ü9×
Σ
ì

tJÜ¦×�w }+Ü]m'Õ!q+m�k�knÜ]m'r]tÙ×�k�ÚQkQ×'× k%Õ]w�q+Õ]w�t°½Q×²½Js]}+Ü]m��vkJÚn}+m�s]tvm'Únw�k�×�ì
Á_j]hIÂ �)Ã l � hAÄDÅªh�j ñ � Â.l ñCÆEò.Ç �oÃ ñtÆ � ò �4Ã"È ó ñ � ò j � l�j Ç
��r]Õ]Õ{qlm�q+Ü]m�÷9r]k

Σ ⊂ R2 m�qltª×5r]Ü¦w'knÚ�×�}+Ü]Þ+�vkÃtÙÜ9j~}+w'tß}+Ü�×:Õ!q+r]w5�vkXm'Û�m'×�unÔ©k è g ìªøzù ëbæ è g ìªø�þ ë
ì��qltÙ×©}~�vqlw'm
w = (u, v)

r]Ü]kóm�ql�ÙrO× tÙqlÜ2s]kÆÚnkóm'Û�m(× unÔ©kóÕ!qlrOwcr]Ü]kós]qlÜ]Üm½Qk�tÙÜ]tÙ×�tß}+�Ùk
w0tvÜ]ÚQ�vr]m'kJsD}+Ü]m��ÙkJw�knÚ�×�}+ÜOÞl�vkJtÙÜ9j~}+w'tß}+Ü�×

Σ
y

∀x ∈ Ω : w0(x) ∈ Σ ,
}+�vq+w�m��vk3× |m½Qqlw�uQÔÖk:s]k�m(×�}+ôOtv�vtª×²½ g ì þ�ì þ }+m'm�r]w'k5÷9r]k5�v}Pm'ql�vrO×�tvqlÜ

w
knm'×\ô!qlw'Üm½nk è r]ÜOtÙØîqlw'Ô'½QÔÖkQÜ9×

knÜÆ× kQÔÖÕ]m ë�sD}+Ü]m
L∞(Ω)

ì
o�kQ×�×�k%Õ]w�qlÕOw�t%½�×²½%Õ{knw�Ô©kQ×8½QÞ�}+�ÙknÔ©knÜ�×�s]k%ÚnqlÜ�×�w�¾l�Ùknw��vkQm�Þlw }~s]tvkQÜ9×�m�s]k

u
à

É � ò!ÆEò � l � l ò j ô �%Ê;�ø÷ è íbÜ�½nÞ�}+�ÙtÙ×�½¬s;á¿½nÜ]kQw�ÞltÙkzë � pBËe���	ßZ,Là�ÿ�Ì�ÿ��)��Þzÿ����^à�ßK�*ÿzÞ��Aß ÞYþ°à�ß�Ü^Üiß
Þ2ß9�²Í��Yþpà�ÿ������LÍ 
��%v��� ß��fÿ�#Yß&�Mà�ß&� ü  &,ÓÝ�� ü)Î �	ß&�3���6Þ2ß&�&��þ�� ;

ε2

T∫

0

∥∥σ1/2∇u
∥∥

L2 dt ≤
ε

2
‖u0‖

2
L2 + T CΩ,Σ,f ,

è g ì g û�ë

Ý�Ï�à�ÿ���Ý������@ÿ��)��ß CΩ,Σ,f
�?ß.Þ�ÍL,Óß��LÞãý=þÓßØÞYþOÞ2Ý�Ü�ÿ����?ß Ω ; ÞYþA�Aß&���@ÿ����Yà�ß	���)#�ÿ����øÿ��)� Σ ÿ��������

ý=þ�ß7ÞYþt��ß��+ÜißØÞ2ß9�²Í*ÿ������
Ý�� f �Aß&�����Aß����)�eÐ Σ �Ñ Í�ÜiÝ������"�*ÿ��"�
Ý��.� mPkQÕ]w�kQÜD}+Ü�×P� á¿½n÷9rD}~×�tvqlÜÆÕD}+w�}+ô{ql�vtÙ÷�rOk è g ìªøzù ë�m }~×�tvm'Ø¹}~tÙ× kJÕ]}+w u y
ε∂tu = ε2∇ · (σ∇u) + f(u, v) ,

knÜó�ß}¬Ô¬rO�Ù× tÙÕ]�vtv}+Ü�×�Õ]}+w
u
k�×XtÙÜ�×²½nÞ+w }+Ü�×�m�rOwP�ÙkJs]qlÔÖ}+tvÜOk

Ω
k�×X��áâtÙÜ�× knw(j~}+�v�Ùkps]kJ× kQÔÖÕOm

[0, T ]
y

ε2

T∫

0

‖σ∇u · ∇u‖L2 dt =
ε

2
‖u(·, t = 0)‖2

L2−
ε

2
‖u(·, t = T )‖2

L2+

T∫

0

∫

Ω

f(w(x; t)) u(x; t) dx dt .

o�qlÜ]m'tvsm½Qw�qlÜ]m
Λ
�ß}�ÚnqlÜ]m(×�}+Ü�×�k�s]k ù tvÕ]m'Ú�|]tÙ×*x:s]r�× kQw�Ô©k:s]kGw�½n}+ÚQ×�tvqlÜ

f
w�knm(× w'kntvÜ�×\}+rÓw'knÚ�×�}+Ü]Þ+�vk

Σ
ì

�#}+wGsm½�ãDÜ]tÙ×�tvqlÜ g ì þ�ìªø s;á r]ÜCw'knÚQ× }+Ü]Þl�Ùk�tvÜ�j~}+w�tv}+Ü�×:tÙ�Dk�ö�tvm(× kXr]ÜCÕ{qltvÜ�×
P ∈ Σ

×�kn��÷9r]k
f(P ) =

0
y]q+Ü�}©}+�Ùqlw�m5�v}cÔU}u¤'q+w }~×�tvqlÜCm'r]tÙj~}+Ü�×�k©à

|w(x, t)| = |w(x, t) − w(P )| ≤ Λ diam (Σ) ,
kQ×�m't

MΣ = sup {|u| , (u, v) ∈ Σ}
qlÜó} à

∣∣∣∣∣∣

T∫

0

∫

Ω

f(w(x; t)) u(x; t) dx dt

∣∣∣∣∣∣
≤ T Λ diam (Σ) MΣ m(Ω) ,

Únk%÷9r]t�s]qlÜOÜ]k%� á tvÜm½QÞ�}+�vtª×²½Ps;á¿½nÜ]kQw�ÞltÙk è g ì g û ë5}�jlkQÚ
CΩ,Σ,f = Λ diam (Σ) MΣ m(Ω)
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Á_j]hIÂ �mÃ l � htÄ¬Åh�j ñ � Â.l ñtÆEò.Ç ��Ã ñAÆ � ò �kÃ:È ó ñ Ä�l ���l� ñ �
tÃÜ°}©tvÜ�× w'q�sOr]tÙ×PknÜ è g ìâð-k ë��ß}©m�knÔ©t�Ü]qlw�Ô©k

| · |1,T
m�r]wX� á knm'ÕD}+Únk

L2(T )
s]knmXØîqlÜ]ÚQ×�tvqlÜOm

jlql�Ùr]ÔÖkQm5ãDÜ]tÙm�à

∀ u ∈ L2(T ) , |u|21,T = −(AT u, u)L2 =
∑

e=K|L∈S?

τe |uL − uK|2 .

ù }csm½�ãDÜ]tÙ×�tvqlÜ è g ì þYl ë�s]kQm�Únq�k/�©ÚntÙknÜ�× m�s]kJ× w�}+Ü]m'ÔÖtÙm�m�tÙqlÜ
τe
m�r]w�Ú�|D}~÷�rOk�tÙÜ�× knw(Ø¹}+Únk

e
knm(×

× kn�Ù�vk:÷�rOk
τe(uL−uK)

knm(×3r]Ü]k�}+Õ]ÕOw�q�ö�tvÔÖ}~× tÙqlÜÓsOk
σ∇u ·ne,K

s]k�m'qlw'×�k5÷9r]k��ß}Ãm'knÔ©tOÜ]qlw'ÔÖk
| · |1,T

knm(×Pr]Üt½Q÷9r]tÙj~}+�ÙknÜ�×�s]tvm'Únw'kQ×Ps]k
‖σ∇u · ∇u‖L2

ì
ýXtvÜ]m'tpm't

(un)0≤n∆t<T

knm'×Cr]Ü]k°m�rOtÙ× kfs]kfØîqlÜ]Ú�× tÙqlÜ]mUj+ql�vr]Ô©knmÖãDÜ]tvmÖsD}+Ü]m
L2(T )

y:r]Ü
½n÷9r]tÙj~}+�ÙknÜ�×�s]tÙm�Únw'kQ×Ps]k ∫ T

0
‖σ∇ u · ∇ u‖L2dt

knm(×Ps]qlÜ]Üm½%ÕD}~w�à
∑

0≤n∆t<T

∆t | u |21,T .

tÃÜ�ÚnqlÜOm�tvsOunw�kÆr]Ü�m�Ú�|�½nÔÖ}³s;áâ}+Õ]ÕOw�q�ö�tvÔÖ}~× tÙqlÜ2s]k è g ìªøzù ë è g ìªøzð ë¬Õ{qlr]wcr]Ü]kóÚnq+Ü]s]tÙ×�tvqlÜ
tvÜ]tª× tß}~�vk

w0

tvÜOÚn�vrOm�k¬sD}~Ü]mJr]Ü°w�kQÚQ× }+Ü]Þl�Ùk¬tvÜ�j~}+w�tv}+Ü�×
Σ
y«m�qltª×ÃÕD}+wp�vkgm'Ú�|m½nÔÖ}¦m�kQÔÖt�tvÔ©Õ]�vtÙÚntÙ×�k

sm½QãDÜOt;ÕD}+w è g ìâð-l ë è g ìâûlù ë�m�q+tÙ×5Õ]}+w5�vkpm�Ú�|m½QÔU}ck�ö�Õ]�ÙtvÚQtÙ× k è g ìâð�ÿ ë è g ìâð-{ ë�Õ{qlr]w�r]Ü]kJÚnq+Ü]s]tÙ×�tvqlÜ
tvÜ]tª× tß}~�vk

w0 ∈ L2(T )
s]qlÜ]Ü�½nk%ÕD}+w%à

w0
K =

1

m(K)

∫

K

w0(x) dx .

ïØð h ò �uÈ ó ñ7ô �°Ê��ø÷ è ��× }+ô]tÙ�vtÙ×�½�sOknm�Þlw�}+s]tvkQÜ�× m�Ü9r]Ô�½nw�tÙ÷9r]knm ë �8Ó �o��Ý������øÞ Î �Aßk��þ��6þ(�^Ü�ÿ�� à à�ÿ$�2ß
ÿzÞYÜ3�%�&���"�=à�ß T à�ß��$� ü Í�Ü�ÿwÞ ¸ ÿ�,�,.�AÝYp�� Ü�ÿ����
Ý����	ß�Ü3�T� ÜT,Là+�������Sß è g ìâð-l ë è g ì û�ù ë Ý�þ«ß�pY,Là+��������ßè g ìâð�ÿ ë è g ìâð-{ ë ,ÓÝ�þ(��à�ÿA�	Ý�à þ����
Ý���Þ2ßt� 
����� �Ô� 
����� �Oÿ��&�	Ý$����Í�ß'Ð�à�ÿ Þ2Ý��)�1Í�ßz���)���"�øÿYà�ß w0

���)�
��à þI�	ß.Þzÿ����aà�ßW��ß&���
ÿ����Yà�ß9���)#�ÿ����øÿ��)� Σ �Ó �@��þ$,�,ÓÝ$�	ßOý=þ�ßOà�ßt�$� ü Í�Ü�ÿP#�Í���� x¶ßOþ��?ß���Ý��LÞ������
Ý��³Þ2ß[���
ÿ��_� à+���LÍC�Aß�à�ÿ��"��#Yß°ÿYþÕ�Aß&���
ÿ����Yà�ß
���)#�ÿ����øÿ��)� Σ /H ,ÓÝ�þ(�Mà�ßZ�$� ü Í�Ü�ÿ'� ÜT,Là+��������ß Ý��t��þ$,�,ÓÝ$�	ß.ý=þÓß è g ì û]ø ë ß&���D�=ÿ��"�%�:*/ÿ����Sß ;H ,ÓÝ�þ(�.à�ß>�$� ü Í�Ü�ÿ�ß�pY,Là+�������Sß�Ý���� ÜT,ÓÝ$�	ß à�ÿ[��Ý��LÞ������
Ý�� è g ì û9þ ë ß���Ý���� ÜT,ÓÝ$�	ß ß��wÝ�þ����Aß

ý=þ�ß / ,ÓÝ�þ�� 0 < ξ < 1 ; ���LÞ�ÍL,Óß��LÞzÿYÜ^Üiß��)��Þ2ß ∆t ;
∀K ∈ T , ∆t

ε

m(K)

∑

e∈δK?

τe < 1 − ξ,
è g ì gYg ë

2$ß&�t����ÿzÞ��
ß��)���X�Óþ2ÜoÍ����øý=þ�ß&�°Þ2ß à ¸ ÿ�,�,.�AÝYp�� Ü�ÿ����
Ý��Ö#YÝ�à þ2Üiß&�GxD�)�%�[�	Ý��)�K��Ý��)�"�²×�à%Í&�o,�ÿ��à ¸ ���1Í��zÿYà+���UÍ.Þ ¸ Í��?ß������
ßMÞ��%�$��� Î ��ßZ��þ���#�ÿ��)�Sß /
ε2 (1 −R)

∑

0≤n∆t<T

∆t | u |21,T ≤
ε

2
‖u0‖

2
L2 + T CΩ,Σ,f ,

è g ì g k�ë

Ý�Ï�à�ÿB��Ý������
ÿ��)��ß CΩ,Σ,f
�?ßØÞ�ÍL,Óß��LÞiý=þÓßØÞYþOÞ2Ý�Ü�ÿ����?ß Ω ; ÞYþB�Aß&���
ÿ����Yà�ßW���)#�ÿ����øÿ��)� Σ ß��fÞ2ß

à�ÿ'�Aß&�����������"�
Ý��°ÞYþt��ß��+Üiß.Þ2ß9�²Í*ÿ����"�
Ý�� f Ð Σ ß��;Ý�Ï[à�ÿA��Ý������@ÿ��)��ß R = 0 Þzÿ����Mà�ßG�*ÿ��Z�	ß�Ü3�� ÜT,Là+�������Sß ß�� 0 < R < 1 ,ÓÝ�þ(�Mþ��t�$� ü Í�Ü�ÿ[ß�pY,Là+��������ß_�
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Ñ Í�ÜiÝ������"�*ÿ��"�
Ý��.�Øg�]� Ä Ç ��� ð h ó �³� ñ2ó lyl ó¹Æ Ã l � l � ñ�Ù ô �°¯!Ú Û Ù ô �©.Ü Û��
ù kQm%}+Õ]Õ]w'q�öOtÙÔU}¥× tvq+Ü]mXj+ql�vr]Ô©knmÃã]Ü]tvm

(un)0≤n∆t<T

s]kc�ß}Cm'ql�vr�× tvq+ÜÄÚnqlÜ�×�tvÜ9r
u
m'r]wJ� á tvÜ�æ

× kQw'j~}+�v�ÙkÃs]kJ× kQÔÖÕOm
[0, T ]

j�½Qw�tÙã]knÜ�×�y

ε
(
un+1 − un

)
= ∆t ε2AT u

n+1 + ∆t f(wn) ,

s]kpm'qlw'×�kp÷9r]kpØ¹}~tvm }~Ü9×:�vkPÕ]w'q�s]rOtÙ×:m�Ú�}~�ß}+tÙw�kX}zj+knÚ
un+1 qlÜUq+ôO× tÙknÜ�×�y�ÕD}+w:sm½QãDÜOtÙ× tÙqlÜ è g ìâð-k ë3s]k�ß}¬m'knÔ©t�Ü]qlw�Ô©k

| · |1,T
à

ε2 ∆t |un+1|21,T = −ε
(
un+1 − un, un+1

)
L2

+ ∆t
(
f(wn), un+1

)
L2

.
è g ì g ÿ+ë

tÃw�ÚnqlÔ©ÔÖk~y
(
un+1 − un , un+1

)
L2 =

1

2
‖un+1‖2

L2 −
1

2
‖un‖2

L2 +
1

2
‖un+1 − un‖2

L2 ,

knÜFm�qlÔ©ÔU}~Ü9× è g ì g ÿ ë%kQÜ�× w�kÖ�vkQmÓtÙÜ]m'× }+Ü�× m
n = 0

kQ×
n = N − 1

y�q�Ý
N
knm(×¬�ÙkÖÕ]�Ùr]m�Õ!k�× tÙ×

knÜ�× tÙknw5×�kn��÷9r]k
N∆t ≥ T

yDqlÜÆqlô�× tvkQÜ�×%à

ε2
∑

0≤n∆t<T

∆t |u |21,T =
ε

2

∥∥u0
∥∥2

L2 −
ε

2

∥∥uN
∥∥2

L2 +
∑

0≤n∆t<T

∆t
(
f(wn), un+1

)
L2

−
ε

2

∑

0≤n∆t<T

‖un+1 − un‖2
L2

≤
ε

2

∥∥u0
∥∥2

L2 +
∑

0≤n∆t<T

∆t
(
f(wn), un+1

)
L2 .

íbÜ9×�w�q�s]r]tÙm }+Ü�×��ß}CÚQqlÜ]m'× }+Ü�× k©s]k ù tvÕ]m'Ú�|]tÙ×*x
Λ
sOkÖ�v}Cw�knm(× w'tvÚQ×�tvqlÜ@s]k

f À Σ
y�kQ×�Õ]w'knÜD}+Ü�×

knÜ¦ÚQqlÔÖÕ�× kÃ÷9r]kJÕD}~w�sm½�ãDÜ]tÙ×�tvqlÜ è g ì þ�ìªø ë:s]k
Σ
tÙ�!k
öOtÙm'×�kJr]Ü¦Õ!q+tvÜ�×

P ∈ Σ
×�kn�!÷�rOk

f(P ) = 0qlÜó}c�ß}cÔU}$¤'qlw }~×�tvqlÜfà

|f(wn
K)| = |f(wn

K) − f(P )| ≤ Λ diam (Σ) ,

s]r]kX}+rÖØ¹}~tÙ×G÷9r]k+y��vk�ÕD}+mGs]kP× knÔ©Õ]m
∆t

j�½nw'tÙã�}~Ü9×:�ß}%Únq+Ü]s]tÙ×�tvqlÜ�s]kXm'× }+ô]tv�ÙtÙ×�½ è g ì û]ø ë
wn w'knm(× ksD}+Ü]m

Σ
ì

��qlrOwP�v}¬Ô'ÞQÔÖkJw�}+tvm'qlÜ;y�m�t
MΣ = sup {|u| , (u, v) ∈ Σ}

qlÜó}
|un+1

K | ≤MΣ

k�×Ps]qlÜ]Ú�à
∑

0≤n∆t<T

∆t
(
f(wn), un+1

)
L2 ≤ T m(Ω) Λ diam (Σ) MΣ ,

Únk%÷9r]t�s]qlÜOÜ]k è g ì g k ë�}�jlkQÚ
CΩ,Σ,f = m(Ω) Λ diam (Σ) MΣ

Øg�]� Ä Ç ��� ð h ó � ñ�ßnÆ Ã l � l � ñ¹Ù ô �°¯áà Û Ù ô �%¯!â Û��
ñT½nm'qlw�ÔÖ}+tvmG�vkQm5}+ÕOÕ]w�q�ö�tvÔÖ}~× tÙqlÜ]m?jlq+�vr]Ô©knm3ãDÜ]tÙm

(un)0≤n∆t<T

s]kÃ�v}�m'ql�vr�× tvq+ÜUÚnq+Ü9×�tvÜ9r
um�r]w���áâtÙÜ9×�knw(j+}~�v�vkPs]kJ× kQÔÖÕOm

[0, T ]
j�½nw'tÙãDkQÜ�×�y

ε
(
un+1 − un

)
= ∆t ε2AT u

n + ∆t f(wn) ,

s]k%m�qlw(× k%÷9r]kJØ¹}+tvm�}+Ü�×��vkJÕ]w'q�sOr]tÙ×�m'Ú�}+�v}+tvw'k%}�jlknÚ
un+1 qlÜÆqlôO×�tvkQÜ9×%à

ε2 ∆t |un|21,T = −ε
(
un+1 − un, un

)
L2 + ∆t (f(wn), un)L2 .

è g ì g {lë
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}f}+tvÜ�×�knÜD}+Ü�×ny
(
un+1 − un , un

)
L2 =

1

2
‖un+1‖2

L2 −
1

2
‖un‖2

L2 −
1

2
‖un+1 − un‖2

L2 ,

knÜäm'qlÔ©ÔU}+Ü�× è g ì g ÿ ë%kQÜ9×�w�kÖ�vknm�tvÜOm'×�}~Ü9×�m
n = 0

k�×
n = N − 1

y�q�Ý
N
knm'×g�vk�Õ]�Ùr]mÓÕ{kQ×�tÙ×

knÜ�× tÙknw5× kQ��÷9r]k
N∆t ≥ T

y]qlÜÆqlôO×�tvkQÜ9×�à

ε2
∑

0≤n∆t<T

∆t | u |21,T =
ε

2

∥∥u0
∥∥2

L2 −
ε

2

∥∥uN
∥∥2

L2 +
∑

0≤n∆t<T

∆t (f(wn), un)L2

è g ì g l�ë

+
ε

2

∑

0≤n∆t<T

‖un+1 − un‖2
L2

≤
ε

2

∥∥u0
∥∥2

L2 +
∑

0≤n∆t<T

∆t (f(wn), un)L2 +
ε

2

∑

0≤n∆t<T

‖un+1 − un‖2
L2 .

o�q+ÔÖÔ©kJÕ]w�½QÚ_½Qs]knÔ©ÔÖkQÜ�×Xq+Ü�ÔÖ}u¤'qlw'k
∑

0≤n∆t<T

∆t (f(wn), un)L2 ≤ T m(Ω) Λ diam (Σ) MΣ ,

s]róØ¹}~tÙ×�÷9r]k~y{�ÙkJÕD}+m�s]kJ× kQÔÖÕOm
∆t

j�½nw'tÙã�}+Ü�×P�ß}¬ÚQqlÜ]s]tª× tÙqlÜÆs]k%m'×�}~ô]tv�ÙtÙ×²½ g ì û]ì ð yD�vknm�}~Õ]Õ]w�q�ö�tªæ
ÔU}~×�tvqlÜOm:jlq+�vr]Ô©knm�ã]Ü]tvm

wn w�kQm'×�knÜ�×PsD}+Ü]m��ÙkJw�knÚ�×�}+ÜOÞl�vkÃtÙÜ�j+}~w�tß}~Ü9× Σ
y]kQ×�tÙ�«w'knm'×�k À ÔU}u¤'q+w�knw�ß}¬m�½Qw�tÙk�kQÜ

‖un+1 − un‖2
L2

ì
tÃÜ�}

un+1
K − un

K = ε∆t (AT u
n)K +

∆t

ε
f(wn

K)
kQ×PknÜórO× tÙ�vtÙm }+Ü�×5��áâtÙÜm½nÞl}+�vtª×²½Ps]kÃiGqlr]Ü]Þ©qlÜÆÕ!q+r]w

α > 0
à

|un+1
K − un

K|2 = (1 + α) ε2 ∆t2 (AT u
n)2

K + (1 + α)
∆t2

α ε2
f(wn

K)2 .

é ÜórO×�tv�vtÙm }+Ü�×��ß}csm½Qã]Ü]tÙ×�tvqlÜ¦s]k%��áâqlÕ.½nw�}~× kQr]w�kn�Ù�vtÙÕO× tÙ÷�rOkps]tÙm�Únw'kQ×
AT

y

(AT u
n)K =

1

m(K)

∑

e=K|L∈δK?

τe(u
n
L − un

K) ,

kQ×P� á tvÜm½QÞ�}+�ÙtÙ×²½Ps]k.��Ú�|�å�}+w'×*x+y�qlÜóqlôO× tÙknÜ�×%à

(AT u
n)2

K ≤
1

m(K)2

∑

e=K|L∈δK?

τe
∑

e=K|L∈δK?

τe|u
n
L − un

K|2 .

o�qlÜ]m�tÙsm½nw'qlÜ]m��ß}¬ÚQqlÜ]m(×�}+Ü�× k
R
s�½QãDÜ]tÙk%ÚnqlÔ©ÔÖkgà

R =
∆t ε (1 + α)

m(K)
sup
K∈T

∑

e=K|L∈δK?

τe ,

�ß}�ÚnqlÜ]sOtÙ× tÙqlÜós]kgm(×�}+ô]tÙ�vtª×²½ è g ì g-g ëPm }¥× tvm(Ø¹}+tÙ×�k%ÕD}+wP�vk�ÕD}+mpsOkÓ× kQÔÖÕOm
∆t

}+m�m'r]w�kg÷�rOkgÕ{qlr]w
αm�r��©m }~ÔÖÔ©knÜ�×�Õ]w�q�Ú�|]k©s]kÖù è kQ×�tvÜ]s�½nÕ{knÜ]sD}~Ü9×Ós]r³ÔU}~tv�v�v}+Þlk

T
y
∆t
ë
R < 1

y�kQ×�� á qlÜF}ó�v}
ÔU}u¤'q+w }~×�tvqlÜ

|un+1
K − un

K|2 ≤
ε∆t

m(K)
R

∑

e=K|L∈δK?

τe|u
n
L − un

K|2 +
∆t2

α ε2
f(wn

K)2 ,
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Ô¬r]�ª× tvÕO�vtß}~Ü9×GÚQkQ×�×�kÓtÙÜm½nÞl}+�vtª×²½pÕ]}+w
m(K)

kQ×Pm'qlÔÖÔÖ}+Ü�×�m'r]w�× qlrO×�knmP�vkQm�Únkn�Ù�vr]�Ùknm5q+Üf}¦à

‖un+1 − un‖2
L2 ≤ 2 ε∆t R |un|21,T +

∆t2

α ε2
‖f(wn

K)‖2
L2︸ ︷︷ ︸

≤m(Ω) Λ diam(Σ)2

,

Únk%÷9r]t�s]qlÜOÜ]k%knÜów�½ntÙÜ�¤'knÚ�×�}+Ü�×PÚnk�×�×�k�tÙÜm½nÞl}+�vtª×²½ps]}+Ü]m è g ì g l ëpà

ε2 (1 − R)
∑

0≤n∆t<T

∆t |u |21,T ≤
ε

2

∥∥u0
∥∥2

L2 + T m(Ω) Λ diam (Σ) MΣ

+ T
∆t

2α ε
m(Ω) Λ diam (Σ)2 ,

}�jlknÚ
0 < R < 1

s]uQmX÷9r]k
α
kQm'×Xm�r��©m }~ÔÖÔ©knÜ�×PÕ!k�× tª×�ì



ã äæåèçêé.ëAìAí î

ï ðÕñ�òæó ëtå¨ë ñ ô�òæõ ð ì[énö ò í ñ

tÃÜ�÷náùø~×�×²ø+Ú&úmû=üvÚ_ü ÀWý ø%w�½_÷�þ ý%ÿ ×�ü%þlÜ�Ü ÿ Ô�½nw�üv÷ ÿ û�� ÿ Ô�þ���� ý û�Ô'þlÜ�þ��mþ+Ôoø�üÙÜmû è g ìÙø�ù ë è g ìªøzð ë
ÀBý á-ø<ü��mû��mûY÷9÷�Ú&úm½QÔoø�÷	��þ ý%ÿ Ô�û_÷JãDÜmü°÷9üvÜ�× w�þ�� ÿ üÙ×²÷
�)ø+Üm÷ ý ûcÚ&ú)ø~ÕmüÙ×�w�û g ûQ×WüvÔ©Õ ý ½QÔ'ûQÜ�×²½_÷	ûQÜv4tam#ïrm�ý y l+ùOì
tÃÜÕ÷QáùüÙÜ�×²½nw�û_÷�÷�ûnw�ø2Õ)ø+w'×�üvÚ ÿmý ü��nw�ûQÔ'ûQÜ�× ÀÔý øÔ÷�üvÔ ÿ�ý ø~×�ü%þlÜ��mût÷�þ ý°ÿ ×²ü°þlÜm÷©Õ)ø+w'×�üvÚ ÿmý ü��nw�ûY÷��ûè g ìªøzù ë è g ìªøzð ë��m½nÚQw�ü���ø~Ü9× ý øgÕ]w�þlÕ)ø+Þ�ø~×²ü°þlÜ� ÿ Õáþ+×�ûnÜ�×²ü°û ý �;á-ø~ÚQ×²ü°þlÜCÚ_ø+w��mü%ø+÷ ÿ ûgà�Õ]w�þ+Õ)ø+Þ�ø~×�ü%þlÜ�;á ÿ Ümû9þlÜ��mû	�mû	�m½QÕáþ ý ø+w�ü°÷²ø~×�ü%þlÜo÷ ÿ ü��(ü°û��;á ÿ ÜmûWþlÜ��mû	�mû%w�ûQÕáþ ý ø+w�ü%÷²ø¥×²ü%þ+Ü;ì

ºi��� £��/¦ �d¬/ª	�������ä¥ ¢�� ���=¦ ¢��[¥ ����� �!�
ù û�"�þ��#� ý û�"'þ%$mþ���þ&"oø<ü�$mû('_þ&$�÷�ü���½nw�½z÷ ÿ w R ) þ ÿ#) û*$ ) ü%ûnw�+.þ�÷�÷��*��û ý ø,+]w�þ%+]w�ü°½ ) ½�-/.:þ&$�0�)ø%"�û*$ ) ø ý û	+áþ ÿ w ý ø�"�þ��m½ ý ü%÷²ø ) ü%þ%$,� ÿ +.þ ) û*$ ) ü°û ý �21ùø%' ) ü%þ&$435��û6+.þ�÷�÷�½*�mûQw
�mûY÷=÷�þ ý%ÿ#) ü%þ&$�÷���û

)87 +.û Ý��LÞ2ßZ�	Ý�à+���
ÿ�����ß þ ÿ ,Lþ2à-�	ß�94: w�½�'_ü°÷�½*"�û*$ )=ÿ $mû9÷�þ ý%ÿ#) ü%þ&$�+.þ ÿ w x ∈ R
�mû<;

ε ∂tu = ε2 d∆u + f(u, v) , d > 0
-�k 9 ø=3

∂tv = g(u, v)
-�k 9 þ&3

û_÷ )9ÿ $ ,Lþ2à-�	ß ÷�ü>�21 ÿ $mû<+)ø+w ) û ý%ý ûG÷*1¿½*'Qw�ü ) u(x, t) = U(x − ct)
y
v(x, t) = V (x − ct)

û ) ÷�ü�21-ø ÿ#) w�û(+mø+w ) U(±∞) = 0 = V (±∞) 9? û )87 +.û5�mûw÷�þ ý%ÿ#) ü%þ&$>øZ½ ) ½ ý ø+w�@�û*"�û*$ ) ½ )²ÿ ��ü%½+y]ú ûz{ y øzùYl y g-g ü y%+áþ ÿ wA�mû_÷ ) ûnwB"'ûY÷A�mû�w�½_ø%'�0
) ü%þ%$���û )87 +.ûpômü°÷ ) ø~ô ý û5�mþ%$ ) .:þ&$ ) +)ø+w ) ü%û ý û_÷ ) ûQw�"�û_÷C�mûXw�½qø%' ) ü°þ&$��û )87 +.ûMÙ)ÚJÛD-�vkü ) x_ú ÿ @�úyTø%@ ÿ "'þ�ú û-l y {-{ üE38þ ÿ �mû )87 +.û á�â -¹ý ý ü%û�� : øF$#G ý þH�³ú l g üE3 ÿ�) ü ý ü%÷�½_÷8û*$t½ ý û�' ) w�þ&+mú 7 ÷�ü°þ ý þ%@�ü%ûû ) �mþ&$ ) þ&$ów²ø%+#+áû ý%ý û ý ø6.:þlwB"'û�;4+.þ ÿ w k > 0

û ) 0 < a < 1/2
y

FHN : f(u, v) = − u(u− 1)(u− a) − v, g(u, v) = ku− v,
-�k 9JI 3

AP : f(u, v) = − ku(u− 1)(u− a) − uv, g(u, v) = ku(1 + a− u) − v.-�k 9 ûK3
ù þlw�÷�÷ ÿ û ε � 1

ü ý øK½ ) ½3½ ) ø+ô ý üL�)ø%$m÷�ú g-g ü\÷ ÿ û~y2+.þ ÿ w ÿ $ ) ûnw�"�ûM�mûgw�½qøF' ) ü°þ&$N�mû )87 +.û
FHN

y�- k 9 ø 3�- k 9 þ 36+.þ�÷�÷B�*�mûO�mû ÿ öN÷�þ ý°ÿ#) ü°þ&$m÷M��û )87 +.û ,Lþpà-�	ß +.þ ÿ w���û ÿ öP��ü ) û_÷�÷�ûY÷ c ��ü%÷Q0
) ü�$#' ) ûY÷	; ÿ $ ,Lþpà-�	ß ý û*$ ) û )«ÿ $ ,Lþpà-�	ß w²ø%+mü��mû 9ù øÔ÷ ) ø~ômü ý ü ) ½O�mûN'Yû_÷�÷�þ ý%ÿ#) ü%þ&$m÷oøP½*@�ø ý û*"�û*$ ) ½ ) ½ ý ø+wB@�û*"�û*$ ) ½ )²ÿ ��ü%½_û�ú k-k y ølø g y ølø	k üZû )
ý þlw�÷�÷ ÿ û ε � 1 ý û ,Lþpà-�	ß w²ø%+mü��mûGûY÷ ) ø�÷ 7 "+ ) þ ) üÙ÷ ÿ û*"�û*$ ) ÷ ) ø+ô ý û3ø ý þlw�÷X÷ ÿ û ý û ,Lþ2à-�	ß&� ý û�$ )û_÷ ) ü�$m÷ ) ø+ô ý û 9ù ûR."ø�ü ) ÷ ÿ û ý 1¿þ&$G÷�û5+ ý ø%'YûS�)ø%$�÷ ý ûS'_ø%�]w�û ε� 1

+áûQw�"�û ) ½�@�ø ý û*"�û*$ ) �21¿½ )�ÿ �mü°ûnw ý ûY÷k÷�þ ý%ÿ#) ü%þ&$�÷

ÿlÿ



ÿY{ e)�J� �EZ=]4_J�¨ÒzV�_J���)c4��]���]��ä\ãc4���6_JZ���c4���

�mû�- k 9 ø 3T- k 9 þ 3C+)ø~wS�mûY÷ ) û�'&ú�$müv÷ ÿ ûY÷U�mûV+.ûnw )²ÿ w'ô)ø ) ü%þ&$m÷¬÷�ü�$�@ ÿmý ü��Qw�û_÷
-/��þ�üvwpú ø�ù üáþ ÿKý øW÷�û�' ) ü°þ&$k 9 ø 9 û 3�y(û*$�+)ø+w ) ü�' ÿmý ü%ûnw�+.þ ÿ wR�mû_÷ ) ûnw�"�û_÷S�mûÃw�½_ø%' ) ü%þ&$ f y g ��û )87 +áû<- k 9JI 3
- k 9 û 3 ý ø>÷�þ ý%ÿ�) ü%þ%$�mû!- k 9 ø 3M- k 9 þ 3Tø�÷�÷�þ�'Yü%½Yû Àoý ø'_þ&$���ü ) ü°þ&$[ü�$mü ) ü³ø ý û v = 0
y
u = H

-W.:þ&$�' ) ü%þ&$X�mû^h=û_øY�(ü°÷�ü��mûH3'_þ&$Z��ûnw�@�ûWû
ö�+áþ&$�û*$ ) ü°û ý%ý û*"�û*$ ) û*$ ) û*"�+m÷8û )8ÿ $mü�.:þlw�"�½*"�û*$ ) û�$Bû_÷�+mø%'_û[- ÀGÿ $�û ) w²ø%$�÷ ý ø ) ü%þ%$û*$Aû_÷B+)ø%'_û(+]wB�_÷\3S��ûnw�÷ ý øG÷�þ ý%ÿ�) ü%þ%$ ,Lþpà-�	ß w�ø%+mü���û��mû- k 9 ø 3	- k 9 þ 3 9tV$M'&úmûnwB'&úmûnw�ø À ÷�ü�" ÿmý ûQw]+.þ ÿ w ε� 1 ý û ,Lþ2à-�	ß w�ø%+mü���ûe÷�þ ý%ÿ#) ü%þ&$(�mû	- k 9 ø 3R- k 9 þ 3 9 ù 1¿û�ö(ü%÷ ) û*$#'_û�mû,'Yû_÷Gþ&$#�mû_÷�+]w�þ&@lw�û_÷�÷�ü���û_÷�+.þ ÿ w ý ûo÷ 7 ÷ ) ��"'û^- k 9 ø 3,- k 9 þ 3Qû_÷ ) �müvw�û*' ) û*"�û*$ )3ý ü%½Yû À[ý øX'_þ_0û�ö(ü%÷ ) û�$�'_û��mû
�mû ÿ ö,� 7 $)ø%"�üv÷ ÿ ûY÷ny ÿ $mûV� 7 $)ø%"�üv÷ ÿ û ý û*$ ) ûT÷ ÿ w v û )wÿ $mû
� 7 $)ø%"�üv÷ ÿ ûÃw�ø%+mü��mû÷ ÿ w u y ) w�ø%� ÿ ü ) ûM+)ø~w ý ûM+mø+w²ø%"�� ) w�û ε � 1 9 ? ûY÷	� 7 $)ø%"�üv÷ ÿ û_÷ ý û*$ ) ûY`~w²øF+mü��mûQü�$�� ÿ ü%÷�û*$ ) û*$+)ø+w ) ü�' ÿmý ü°ûnw ý ø�+]w�½Y÷�û*$#'_û��mûS.îw�þ%$ ) ÷a�21¿þ&$��mûY÷?w²ø�ü��mû_÷A+.þ ÿ w u y=��þ�üvw>G4@ ÿ w�û k 9 ø y~÷ ÿ ü�$m½�'_û_÷�÷�ü ) û*$ )
ý ûÃw�û*'Yþ ÿ w�÷ À �mû_÷�"'ø�ü ý°ý ø%@�ûY÷CG�$m÷ny���þ�üvww÷�û*' ) ü%þ&$ k 9 ø 9 ø 9

0 1 2 3 4 5 6 7
−0.2

0

0.2

0.4

0.6

0.8

1

x

c 

u 

v 

�¬���w�Lk 9 ø f â þ2à-�	ß w²ø%+�ü��mû	÷�þ ý%ÿ#) ü%þ&$���û[- k 9 ø 3	- k 9 þ 3U+.þ ÿ w ε = 1/100 9
: þ ÿ w ý øÔ÷�ü�" ÿ�ý ø ) ü%þ&$��mûb'Yû_÷ ,Lþ2à-�	ß&� þ&$c'_þ&$m÷�ü����Qw�û ý û_÷'½n÷ ÿ ø ) ü%þ&$m÷b- k 9 ø 3d- k 9 þ 3�÷ ÿ w ý û÷�û�@&"'û�$ ) [0, 1]

+áþ ÿ w��mû_÷ ) ûQw�"�û_÷��mûPw�½qøF' ) ü°þ&$ f y g ��û )87 +.ûMÙ�Ú�Û�þ ÿ á â �m½�'nw�ü ) ÷Dû�$N- k 9eI 3
y- k 9 û 37û ) +áþ ÿ w ÿ $mû	'_þ&$���ü ) ü°þ&$��mû7y=û ÿ "'ø%$�$Búmþ&"�þ&@&��$mû9û*$�ùzû ) û*$³ø�;

∂xu(0) = 0 , ∂xu(1) = 0 .
-�k 9 g 3

ù øX�mü%÷B'nw�½ ) ü°÷²ø ) ü%þ&$f�mûg- k 9 ø 3[- k 9 g 3Q÷ ÿ w ÿ $�"'ø�ü ý°ý ø%@�ûzøF��"'ü°÷�÷�üvô ý ûÖw�½*@ ÿmý ü%ûQw T � ÿ ÷�û�@&"�û*$ )
[0, 1]

û�$
N

'Yû ý°ý%ÿmý û_÷U�mû	"�û_÷ ÿ w�û ∆x = 1/N
÷�1ù½�'nw�ü ) ;

ε
un+1

j − un
j

∆t
=
ε2 d

∆x2
AT u

p + f(un
j , v

n
j )

-øk 9 k&3

vn+1
j − vn

j

∆t
= g(un

j , v
n
j )

-øk 9 ÿ%3
þ�Ý

(un)n≥0

ûY÷ )	ÿ $mû>÷ ÿ ü ) û6�mû(.:þ&$�' ) ü%þ&$�÷���þ ý%ÿ "�û_÷�G4$mü°÷6; un ∈ L2(T )
��þ&$ )Zý ø<�<ø ý û ÿ w=÷ ÿ w

ý ø j h/i j '_û ý%ý°ÿmý û [(j − 1)∆x, j∆x]
û_÷ ) $mþ ) ½_û un

j

�)û ) þ�Ý p = n
+.þ ÿ w ÿ $[÷B'&úm½*"'ø'û
ö�+ ý ü�'_ü ) ûû*$ ) û�"+m÷wû ) p = n + 1

+.þ ÿ w ÿ $A÷�'&úm½�"oøz÷�û�"'ünü�"+ ý ü�'Yü ) û 9k8�mû*$ ) ü�G!ø%$ )�ý 1ùûY÷�+)øF'_û L2(T ) À R
N y ý 1ùþ%+á½Qw²ø ) û ÿ w ý ø%+ ý ø%'_ü°û*$l�mü%÷B'nw�û ) AT

ûY÷ ) ÷�ü�"�+ ý û�"'û�$ )�mþ&$�$�½(+mø+w ý øM"'ø ) w�ü�'Yû ) w�ü��mü³øF@�þ&$)ø ý û�;

AT =




−1 1
1 −2 19 9 9

1 −2 1
1 −1
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mJµ�¸6µ�¸ Ð�º�Â�Å@åìÇ�éÊÄ ¾6ÃwÇMn »�Ã2Ä�¾6À?»poTqVr�stq5u]vauaw*x�sAy{z|uax~}��5r��
ù 1¿û��(ü%÷ ) û�$�'_û��mû9÷�þ ý°ÿ#) ü°þ&$m÷5+.þ ÿ w ý û9÷ 7 ÷ ) �*"�û(�mü%÷B'nw�½ ) ü°÷�½[- k 9 k 3	- k 9�� 3U� ÿ!)87 +áû Ý��LÞ2ßw,.�AÝ������ß&�&����#Yß yS'%1¿û_÷ )[À �müvw�û ) û ý°ý û_÷�� ÿ û un

j

û ) vn
j

÷*1¿½*'Qw�ü���û*$ ) ÷�þ ÿ ÷ ý ø�.:þlwB"'û
ψ(j − cn)

y8ûY÷ )ü�$ ) w�ü�$m÷B�*� ÿ û*"�û*$ )«ý ü°½_û	ø ÿ '&úmþ�ü���� ÿ +)ø<÷���1ùûY÷�+)ø%'Yû ∆x 9? úmþH� ß��E�EÿYàª� þ&$ ) $mþ ) ø%""�û*$ ) +]w�þ ÿ ��½��)øF$m÷(� � I � � ÿ û�+.þ ÿ w ý 1ù½�� ÿ ø ) ü°þ&$!�mûØy=ø%@ ÿ "�þ3÷�û�"'ü�mü%÷B'nw�� ) û<; ∀ j ∈ Z

∂tuj =
d

∆x2
(uj−1 − 2uj + uj+1) − uj(uj − a)(uj − 1) , 0 < a < 1/2

-�k 9 {Z3

- ÿ $3÷ 7 ÷ ) ��"'ûwü�$#G4$mü��210t��V�^'_þ ÿ + ý ½Yû_÷\3
y ý 1¿û��(ü°÷ ) û�$�'_û5��1ùþ&$#�mû_÷a+]w�þ&@lw�û_÷�÷�ü���û_÷��)ø%$m÷ ý ûU'_ø�÷^÷�û�"'ü�mü%÷B'nw�û ) ü�"+ ý ü�� ÿ û ý 1¿û��(ü%÷ ) û*$#'_û��21ùþ%$��mû_÷�+]w�þ%@lw�ûY÷�÷�ü���ûY÷6�)ø%$�÷ ý û�'_ø�÷(�mü%÷B'nw�û ) �#�_÷(� ÿ û ý û<+)ø<÷�mû ) û*"�+m÷8û_÷ ) ÷ ÿ ��÷²øF""�û*$ ) +áû ) ü ) 9ù 1¿û��(ü%÷ ) û�$�'_ûg�mûX÷�þ ý%ÿ#) ü%þ&$c� ÿ�)87 +.ûXþ&$���ûN+]w�þ&@+w�û_÷�÷�ü���ûg+áþ ÿ w ý 1¿½*� ÿ ø ) ü%þ%$��mû°yTø%@ ÿ "'þ÷�û*"�ü�0��mü%÷B'nwB� ) û�- k 9 { 3wø3½ ) ½ ý ø+w�@�û�"'û�$ ) ½ )�ÿ �mü%½Yû 9�Tø%$m÷ ý ûV'_ø�÷T'Yþ&$ ) ü�$ ÿ �21ùø%�.þlw��«y ý 1¿½*� ÿ ø ) ü%þ&$��mû7y=ø%@ ÿ "�þz÷ ÿ w R
;

∂tu = d∆u − u(u− a)(u− 1) , 0 < a < 1 ,

+áþ�÷�÷����mû+y ÀWÿ $mû ) w²ø%$�÷ ý ø ) ü%þ%$3û*$oûY÷�+)øF'_û
+Ow��_÷Qy ÿ $mû«÷�þ ý°ÿ#) ü°þ&$<�áþlwB$m½_û )87 +.ûTþ&$���û�+Ow�þ&@lw�û_÷�÷�ü���û
u(x, t) = U(x− ct)

� ÿ ü2��½Qw�ü�G)û U(−∞) = 1
û ) U(+∞ = 0)

-W��þ�üÙw	� �H� y { � � 3 9�Tø%$m÷ ý û�'_ø�÷9÷�û*"�üA�mü°÷�'Qw�û ) y �	û_û�$mûnwQø��m½*"�þ&$ ) w�½��)ø%$m÷�� k � � � ÿ 1¿û*$^�mû*� À ��1 ÿ $�û<�<ø ý û ÿ w'nw�ü ) ü�� ÿ û α0

y
d/∆x2 < α0

y ý 1¿½*� ÿ ø ) ü%þ&$��mû�yTøF@ ÿ "�þ	÷�û*"�ü4�mü°÷�'nwB� ) ûM- k 9 { 3A$mû�+áû ÿ#) +mø�÷¬øH��þ�üvw�mû9÷�þ ý°ÿ#) ü°þ&$��mû )87 +áû9þ&$���û_÷�+]w�þ&@+w�û_÷�÷�ü���û_÷ 9 ? û )�) ûWø%�m÷�û�$�'_û(�21¿þ&$��mûWû_÷ ) � ÿ û<;f �21 ÿ $mû!+)ø+w )zÀXÿ $mû�+]w�þ&+]w�ü°½ ) ½��mû�"'þ%$mþ ) þ%$mü%û,��û ý 1¿½*� ÿ ø ) ü%þ&$�- k 9 { 3�y^÷�ü u û ) u ÷�þ&$ )�mû ÿ �B÷�þ ý°ÿ#) ü°þ&$m÷5�mû- k 9 { 3wø ý þlw�÷V;

∀ j ∈ Z , uj(0) ≤ uj(0) ⇒ ∀ j ∈ Z , ∀ t ≥ 0 : ujn(t) ≤ uj(t) ,
-øk 9 l&3

f �21ùø ÿ#) w�û+mø+w )>ÀAý 1ùû~�(ü%÷ ) û*$�'Yû[+.þ ÿ w d/∆x2 ' 0
�mû'÷�þ ý%ÿ�) ü%þ%$m÷9÷ ) ø ) ü%þ%$�$)ø�üÙw�û_÷ (uj)j∈Z+áþ ÿ w	- k 9 { 3S� ÿ û ý 1¿þ&$,+.û ÿ#) 'Yþ&$m÷ ) w ÿ üÙw�û9ø+wB�mü ) w²ø�üÙw�û�"'û�$ ) '_þ%""�û+y�+áþ ÿ wU'&ú)ø%� ÿ û9û�$ ) ü%ûQw

j ∈ Z
;

uj ∈ [0, a)
þ ÿ uj ∈ (a, 1] .

ù 1¿û��(ü°÷ ) û�$�'_ûd�mûO'_û_÷'÷�þ ý°ÿ#) ü°þ&$m÷z÷ ) ø ) ü°þ&$�$)ø<üvw�ûY÷zøu¤�þ ÿ#) ½_ûtø ÿ +Ow�ü�$#'_ü�+.û!�mûO"'þ&$�þ ) þ&$�ü%û^- k 9 l 3� ý þ�� ÿ û ý ü )�) ½nw²ø ý û*"�û*$ )4ý ø
+Ow�þ&+)øF@�ø ) ü°þ&$6��1 ÿ $�ûwþ&$��mû5+]w�þ&@lw�û_÷�÷�ü���û�;�þ&$�+)ø+w ý ûwø ý þlw�÷>�mû�w�½*@�ü�"'û�mû ,.��Ý&,�ÿ$�zÿ��"�
Ý��Q*/ÿ�� à þ��Aß�9
: ø+w²ø ý%ý � ý û�"'û�$ )�� ü�$�$mûQwDø(��½*"�þ&$ ) w�½��)øF$m÷�� �=��� y �=�%� � � ÿ 1-ø ÿ �mû ý%À �21 ÿ $mû��<ø ý û ÿ wa'Qw�ü ) ü�� ÿ û

α1

y
d/∆x2 > α1

y]- k 9 { 3�+.þ�÷�÷B�*�mû��mû_÷=÷�þ ý°ÿ#) ü°þ&$m÷��mû )87 +.û>þ%$��mû_÷T+]w�þ%@lw�ûY÷�÷�ü���ûY÷
� ÿ ü�÷�þ&$ ) û�$þ ÿ#) w�û9ø�÷ 7 "�+ ) þ ) ü�� ÿ û�"'û�$ ) ÷ ) ø%� ý û_÷ 9�a$#G�$M�)ø%$m÷ ý ûC'qø�÷]�mü%÷B'nw�û )4ý ø=÷ ) ø%��ü ý ü ) ½a�mûY÷kþ&$#�mû_÷]+]w�þ&@+w�û_÷�÷�ü���û_÷^ø=½*@�ø ý û�"'û�$ ) ½ ) ½e½ ) ø%� ý ü%û+)ø+w ? ú�þ=� ß�����ÿYàª� �)øF$m÷�� �Y� � "'þ�� ÿmý þ ÿ $mû['_þ&$���ü ) ü°þ&$f��ûK÷ ) ø%�mü ý ü ) ½�÷ ÿ w ý û[+)ø�÷6�mû ) û�"+�÷½*� ÿ ü��<ø ý û*$ ) û9ø ÿtý û*"�"'û g 9 � 9eI �)ø%$m÷ ý û�'qø�÷8÷�'_ø ý ø<üvw�û 9� ü�$m÷�ü yY�mø%$m÷ ý û�'qø�÷L� ÿ ÷ 7 ÷ ) �*"�û�- � 9 � 3C- � 9J� 3�y ý 1ùû~��ü°÷ ) û*$�'YûR�21¿þ&$���û_÷L+]w�þ&@+w�û_÷�÷�ü���û_÷]$m½*'Yû_÷�÷�ü ) û
ÿ $mû	'_þ&$#�mü ) ü%þ&$¦w�û_÷ ) w�ü�' ) ü���û9÷ ÿ w ý û�+)ø�÷��21¿û_÷B+)ø%'_û(� ÿ!)87 +áû<;

∆x < ε

√
d

α1
,
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� ÿ ü5$m½*'Yû_÷�÷�ü ) ûX�mûów�û�'_þ ÿ w�üvw À �mûY÷"'ø�ü ý°ý ø%@�û_÷>÷ ÿ#« ÷²ø%"�"�û*$ ) G4$m÷�þ ÿ ∆x = O(ε) 9 ? û )�) û'_þ&$#�mü ) ü%þ&$Õ÷�ûnw�øl+)ø~w ) ü�' ÿmý ü��Qw�û*"�û*$ ) w�½*��úmü��mü ) þ�üÙw�ûtû*$��mü�"�û*$m÷�ü%þ&$�� û ) I þ�Ý ý ûÄw�û*'_þ ÿ w�÷ À�mû_÷<"'ø�ü ý°ý ø%@�û_÷6'Yþ&"�+]w�û�$)ø%$ )�ÿ $¬@+w²ø%$��l$mþ&"6�]w�û��mûO+.þ�ü�$ ) ÷3ûY÷ ) û_÷�÷�û*$ ) ü%û ý +.þ ÿ wz½���ü ) ûnw ý û+múm½�$mþ&"��*$mû	�mû ,.�AÝ&,�ÿ$�zÿ����
Ý��Q*/ÿ�� à þ(�Aß�9

m�B®��¯ Ð^°
±�²�³µ´
¶µ·V¸�¹P´
º�»#º�¼½·
¹¾oV¿�±�ÀR»�Á�¸�²ÂÀR»�ºÃ´
ºÄ¹K»�¸aÅV²ÂÆÂ²�»#Ç
È]ûS'&úmþ�ü���� ÿ +mø�÷A�mû ) û*"�+m÷ ∆t

û_÷ ) �mü�' ) ½R+)ø+w ý û_÷>'Yþ&$��mü ) ü°þ&$m÷>��û7÷ ) ø%�mü ý ü ) ½
- É 9 �K� 3U- É 9 ��� 3 9ÊT$mû�.:þ�ü°÷SG#�(½ ÿ $tûY÷�+)øF'_ûWü�$Z�<ø+w�ü%ø%$ ) Σ
-/�m½�G4$�ü ) ü°þ&$^- É 9 � 9 � 3B37û )«ý øM'Yþ&$m÷ ) ø%$ ) ûQø�÷�÷�þ�'Yü%½Yû C y

C =
∣∣∣inf

Σ
∂uf(u, v)

∣∣∣ ,

'_ûY÷�'Yþ&$ ) w�ø�ü�$ ) ûY÷8÷�û�w�½_½�'nw�ü���û�$ ) ü�'_ü2'Yþ&""�ûM;
ü�$ ) ½�@lw²ø ) ü%þ&$oû*$ ) û*"�+m÷ ? þ&$ ) w²ø<ü�$ ) û	�mû9÷ ) ø%�mü ý ü ) ½

÷�û*"�ü ü�"+ ý ü�'Yü ) û ∆t C < ε

û���+ ý ü�'Yü ) û ∆t

(
2 d

ε2

∆x2
+ C

)
< ε

ËRÌ]Í>ÎÏ� 9 �
Ð ? þ&$ ) w�ø�ü�$ ) ûY÷��mû9÷ ) øF�mü ý ü ) ½=û*$O�mü�"�û*$�÷�ü%þ%$N� 9
? þ&$ ) w²ø<üvw�û�"'û�$ ) ø ÿ 'qø�÷C�mû ý 1¿½*� ÿ ø ) ü%þ&$��mû ý ø	'&ú)ø ý û ÿ wny ∂tu = ∆u

yIþ�Ý ÿ $K÷B'&úm½*"'ø6� ÿmý ûnwü�"�+ ý ü�'_ü ) ûWû_÷ ) ü�$#'_þ&$���ü ) ü°þ&$�$mû ý%ý û*"�û*$ ) ÷ ) ø%� ý û¦y ý ø�+]w�½_÷�û�$�'_û� ÿÑ) ûnwB"'û<�mû�w�½_ø%' ) ü%þ&$�ü�$#� ÿ ü )ü�'Yü ÿ $mû	'_þ%$ ) w²ø�ü�$ ) ûV.:þlw ) û9÷ ÿ w ∆t
�mø%$m÷ ý øM"�û_÷ ÿ w�û9þ�Ý ε� 1 9Ò4þ ÿ ¤�þ ÿ w�÷�'Yþ&"�+)ø+w²ø ) ü���û*"�û*$ )«Àzý 1¿½*� ÿ ø ) ü%þ&$!�mû ý ø�'&ú)ø ý û ÿ wQy ý ûY÷�+�úm½*$mþ%"��$mû_÷��21¿ü�$m÷ ) ø%�mü ý ü ) ½_÷$ ÿ "'½Qw�ü�� ÿ û_÷�� ÿ ûY÷Tø ÿ�) ûnw�"�û��mû	�mü�Ó ÿ ÷�ü%þ&$B÷�þ&$ ) ü�'_ü2"�þ��m½nw�½_÷5+)ø+w ý û�+]w�½~0�."ø%' ) û ÿ w ε2 9� ü�$m÷�ü�y +áþ ÿ w6�mûY÷6"'ø�ü ý°ý ø%@�ûY÷
G4$m÷>þ�Ý ∆x = O(ε)

- ) û ý ÷(� ÿ 1ùü�"+.þ�÷�½Y÷6+)ø~w ý ød'_þ%$��mü ) ü%þ&$^�mû
$mþ&$,ÔtÕ×Ö\Ô#ØHÙZØ%ÚÜÛ�Ö_Ý�Þ�Ø%ÛWßáà�Õ×âH3�y ý øM'_þ&$ ) w�ø�ü�$ ) û(��ûW÷ ) ø%��ü ý ü ) ½=÷ ÿ w ∆t

÷�ûnw²ø<� ÿ "�Þ*"�û	þlw��]w�û�+áþ ÿ w
ý ûY÷w÷�'&úm½�"oø�÷«ü�"�+ ý ü�'_ü ) û«þ ÿ û���+ ý ü�'_ü ) û 9? þ&"�"'û(�)ø%$m÷ ý û6"�Þ*"�û ) û*"�+m÷ ÿ $X÷B'&úm½*"'øK÷�û�"'ü4ü�"�+ ý ü�'_ü ) û�$m½�'_û_÷�÷�ü ) û ý ø©w�½Y÷�þ ý°ÿ#) ü°þ&$b�21 ÿ $÷ 7 ÷ ) �*"�û ý ü�$m½qø�üÙw�û À '&ú)ø%� ÿ û<+)ø�÷��mû ) û*"�+m÷Qy ý ûM'Yþ&ã ) û�$ ) û*"�+m÷ ? : Ê ÷�ûQw²ø��mþ&$�'6"'þ�ü�$��]w�û
+áþ ÿ w ÿ $o÷B'&úm½*"'ø>û���+ ý ü�'Yü ) û�� ÿ ûT+áþ ÿ w ÿ $o÷�'&ú�½*"'ø>ü�"�+ ý ü�'_ü ) ûe÷ ÿ wS��û_÷S"'ø�ü ý%ý øF@�û_÷ ÿ ÷ ÿ û ý ÷V-"ü 9 û 9
) û ý ÷5� ÿ û ∆x = O(ε)

3�-/G4@ ÿ w�û � 9 � 3 9ä $�+Ow�½*'Yü%÷�ûT� ÿ û�+.þ ÿ w ý û5'_ø ý ' ÿmý ü ý°ý%ÿ ÷ ) w�½U+)ø+w ý ø
G�@ ÿ w�û � 9 � y ý 1ùü�$Z��ûnw�÷�ü°þ&$<� ÿ ÷ 7 ÷ ) ��"'û ý ü�$m½qø<üvw�ûû_÷ ) ø�÷�÷ ÿ w�½_ûÑ+)ø+w ÿ $mû^�m½*'Yþ&"+.þ�÷�ü ) ü°þ&$ LU 9 �Tø%$m÷X'YûÑ'_ø�÷X+mø+w ) ü�' ÿ�ý ü%ûQwKþ ÿ�ý øP"oø ) w�ü�'_û Àü�$Z��ûQw�÷�ûnw3û_÷ )M) w�ü��mü%ø%@�þ&$mø ý û~y '_û�+]w�þ�'Y½*�m½�'Yþ&ã ) û 5N
þ&+.½nw�ø ) ü°þ&$m÷�+)ø+wGü�$K��ûnw�÷�ü%þ%$P'_û�� ÿ üeûY÷ )'_þ&"�+)ø+w�ø%� ý û	ø ÿ � ) û*'&ú�$�ü�� ÿ û_÷«ü ) ½nw�ø ) ü���û_÷ ý û_÷�+ ý°ÿ ÷5+áûQwB.:þlwB"oøF$ ) û_÷ 9? û*+.û*$��)øF$ ) y�'Yþ&$ ) w²ø<üvw�û�"'û�$ ) ø ÿ 'qø�÷=û���+ ý ü�'_ü ) û~y.þ%$X+.û ÿ#) w�û*'Yþ ÿ w�üvw À'ÿ $mû ) û�'&ú�$mü�� ÿ û6�mû+)ø�÷��mû ) û*"�+m÷9ø%�)ø%+ ) ø ) ü�.�+.þ ÿ wJw�½�� ÿ üÙw�û ý û6'_þ&ã ) � ÿ ÷B'&úm½*"'øAû~��+ ý ü�'_ü ) û,; ý ø,'_þ&$ ) w�ø�ü�$ ) û��mû÷ ) ø%�mü ý ü ) ½Gü�"�+áþ�÷�½_û'ø ÿ ÷�'&úm½�"oøAü�"�+ ý ü�'_ü ) ûM$21¿û_÷ ) �<ø ý øF� ý û�� ÿ 1¿û*$P+]w�½_÷�û*$�'Yû,�mû�å_þ&$mûY÷gw�ø�ü��mûY÷

�)ø%$m÷ ý û<�mþ%"oø�ü�$mû��mû'qø ý ' ÿmý -W.îw�þ&$ ) ÷(�mû�m½*+.þ ý ø~w�ü%÷�ø ) ü°þ&$;y|�mûÖw�û*+.þ ý ø~w�ü%÷�ø ) ü°þ&$Ï3 9 Ènþlw�÷B� ÿ û ý û�mþ&"'ø�ü�$�ûtûY÷ ) û*$ ) ü��nw�û*"�û*$ ) û~�#'Yü ) ½_ûCþ ÿ û�$ ) ü��Qw�û�"'û�$ ) ø ÿ w�û�+áþ�÷Qy ÿ $�+)ø<÷,�mû ) û*"�+m÷,+ ý°ÿ ÷@lw²øF$��!+áû ÿ#) Þ ) w�û ÿ#) ü ý ü%÷�½ 9 È]û%w�û*'_þ ÿ w�÷ À '_û )87 +.û	�mû ) û*'&ú#$mü�� ÿ û(+áûQw�"�û ) �mþ%$�'	�mû���ü�"�ü�$ ÿ ûnw'_þ&$�÷�ü���½nw²øF� ý û�"'û�$ )8ý û�'_þ&ã ) û*$ ) û*"�+m÷��mû	'qø ý ' ÿ�ý �mû_÷8÷�'&ú�½*"'ø�÷=ü�"+ ý ü�'Yü ) û_÷ 9
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ëRìWí5ÎL� 9 �<Ð ? þ&ã ) û�$ ) û*"�+m÷ ? : Ê{'_þ&"�+)ø+w�½_÷	û�$ ) w�û ÿ $�÷�'&ú�½*"'øAû~�#+ ý ü�'Yü ) û�- ) w²ø�ü ) ÷V+ ý û_ü�$m÷\3û ) ÷�û�"'ü ü�"+ ý ü�'Yü ) ûM-/+áþ�ü�$ ) ü ý°ý ½Y÷\3C+.þ ÿ w ÿ $d'&úmþ�ü��!�mû ε = 1/200 9

m�Q®�Üî ï,»�¶
´Tºð´
ºÄÆQ¸{¿|±�ÀSñ�º2Á�ò�º À
¿|º
ÈnûY÷ÓwBó_÷ ÿ�ý�) ø ) ÷	�mû ý ø�÷�û�' ) ü%þ&$ � 9 � 9 � + ý ø�ü��mû�$ ) +áþ ÿ w ý û�w�û�'_þ ÿ w�÷6ô ÿ $�÷�'&ú�ó�"oøAû���+ ý ü�'_ü ) û+áþ ÿ wU'_û	� ÿ 1¿ü ý ûY÷ ) "'þ�ü�$m÷R'_þ&ã ) û ÿ ��û*$ ) û*"�+m÷ 9 ? û	'_þ&"�+)ø+w�ø ) ü�. �mþ�ü ) '_û�+áû�$��)ø%$ )Tõ�) w�û�'_þ&$�÷�ü�0��ónwBóUôT+Ow�ó*'Yü%÷�ü%þ&$�ó*@�ø ý ûDû ) þ%$6"�þ&$ ) w�ûyü�'YüZ� ÿ 1 ÿ $3÷B'&ú�ó*"'øTû~�#+ ý ü�'Yü ) û¬ûY÷ ) û*$Gþ ÿ�) w�ûR+ ý%ÿ ÷]+]wBó*'Yü%÷ 9ö ÿ w ÿ $mûo÷ ÿ ü ) û[�mû"oø�ü ý%ý ø%@�û_÷
�mû ) ø�ü ý°ý û�'nw�þ�ü%÷�÷²ø%$ ) ûoþ&$P÷�ü�" ÿ�ý û ý øA÷�þ ý°ÿ#) ü°þ&$Ñ��ûN- � 9 � 3[- � 9 É 3ø�÷�÷�þ�'Yü�ó_û6ô ý ø�'Yþ&$��mü ) ü%þ%$tü�$mü ) ü³ø ý û v0 = 0

û ) u0 = 1l[0,0.1]

� ÿ ü]ó���þ ý°ÿ û���ûnw�÷ ý û�Ôtà�ßJ÷Hâgw²øF+mü��mû÷�þ ý°ÿ#) ü°þ&$P�mûÑ- � 9 � 3!- � 9 � 33÷ ÿ w R
9 Ènû!+)ø�÷��mû ) û�"+�÷ ∆t

û_÷ ) �mþ%$�$�ó!+)ø+w ý øN'Yþ&$��mü ) ü%þ%$P�mû
÷ ) øF�mü ý ü ) ó���û ý ø ) ø%� ý û � 9 � +.þ ÿ w ý û'÷B'&ú�ó*"'ø[û~�#+ ý ü�'Yü ) û�û ) +.þ ÿ w ý û�÷�'&ú�ó�"oøt÷�û*"�ü¬ü�"�+ ý ü�'_ü ) û+)ø+w

∆t = min(∆x, ε/C) 9ä $'qø ý ' ÿmý û ý 1ùûQw�w�û ÿ w:w�û ý ø ) ü���û«û*$,$�þlw�"�û L2 û�$ ) w�û ý øQ÷�þ ý%ÿ�) ü%þ%$'_ø ý ' ÿmý óYû=û )7ÿ $mûT÷�þ ý°ÿ#) ü°þ&$��ûw�ó�./óQw�û�$�'_û~y|�21ùø%+]wB�_÷ ý û ) ú�ó_þlwB�*"�û É 9 É 9 � '_û )�) ûWûnw'w�û ÿ wT'Yþ&$Z��ûQw�@�û(��ûnw�÷V�3û ) û_÷ ) ��û ý 1ùþ+w��]w�û(��û
∆x

ø ÿ "'þ�ü�$m÷ 9

102 103

10−3

10−2

10−1

100
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ëRìWí5ÎS� 9eI Ð��3w'w�û ÿ wUw�û ý ø ) ü���ûtû�$c$mþ+w�"�û
L2 ÷ ÿ w ÿ $�û[÷ ÿ ü ) ûd�mûO"oø�ü ý%ý ø%@�û_÷gw²ø « $�óY÷nyS+.þ ÿ w

ÿ $�÷�'&ú�ó�"oøBû���+ ý ü�'_ü ) û!- ) w�ø�ü ) + ý ûYü�$Ï3=û ) +áþ ÿ w ÿ $�÷�'&ú�ó�"oøBü�"�+ ý ü�'_ü ) û- ) üvw�û ) ÷×3|ø ý ø,�]w�þ�ü ) ûGû�$+áþ�ü�$ ) ü ý°ý ó«û_÷ ) ��û(+.û*$ ) û	0×� 9 �%� 9
ÈnûY÷�wBó_÷ ÿmý�) ø ) ÷	�mû ý ø,G4@ ÿ w�û � 9eI ü ý%ý°ÿ ÷ ) w�û�$ ) � ÿ û ý ø�'_þ&$Z��ûQw�@�û�$�'_û'û_÷ ) + ý%ÿ ÷%w²øF+mü��mû�+.þ ÿ w
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ÿ $O÷�'&ú#ó*"'øNû~��+ ý ü�'_ü ) û+y ý 1¿þlw��Ow�ûb�mû ý øf'Yþ&$Z��ûnwB@�û*$#'_û�û_÷ ) ó��<ø ý%ÿ óbô�É&ú I#9 ? û )B) ûg�mü�Ó|ónw�û*$�'Yû
÷*1¿û���+ ý ü�� ÿ ûM�)øF$m÷ ý û�'qø�÷��mû ý ø[�mü�"'û�$m÷�ü°þ&$��M+mø+w ý û�."ø�ü ) � ÿ û ý 1ùø%+�+]w�þY��ü�"oø ) ü%þ%$d�mû ý ø[��óQw�üû0�&óYûW÷�û*'Yþ&$��mû�+)ø+w ÿ $mû�.:þlwB" ÿmý ûV�mû	�mü�Ó|ónw�û*$�'Yû�G4$mü%û (uj−1 − 2uj + uj+1)/∆x

2 ûY÷ ) �21¿þlw��]w�û
O(∆x2)

û ) � ÿ ûM+áþ ÿ w ÿ $C÷B'&ú�ó*"'øKû���+ ý ü�'Yü ) ûQþ&$XøKø ÿ ÷�÷�ü ∆t = O(∆x2)
øáø ý þ+w�÷
� ÿ 1¿û*$Xü�"<0+ ý ü�'_ü ) ûTþ%$[ø3÷�û ÿmý û�"'û�$ ) ∆t = O(∆x) 9? û*+.û*$��mø%$ )Qý ø['_þ%$K��ûnwB@�û*$�'Yû'û�$Ñ$�þlw�"�û

L2 +áþ ÿ w ÿ $�÷�'&ú�ó�"oø�û���+ ý ü�'Yü ) ûÓw�ûY÷ ) û<�21¿þlwB�]w�û3÷ ÿ 0+|óQw�ü°û ÿ w�ô��	ó*@�ø ý û*"�û*$ ) û�$d�mü�"'û�$m÷�ü°þ&$O��y ) û ý � ÿ 1¿ü ý%ý°ÿ ÷ ) w�óV+mø+w ý øMG4@ ÿ w�û � 9eü 9: ú 7 ÷�ü°þ ý þ%@�ü�� ÿ û�"'û�$ ) �mû ÿ �O+mø+w²ø%"�� ) w�ûY÷�w�û�� õ�) û*$ )Tÿ $mû9ü�"�+áþlw ) ø%$#'_ûV+)ø~w ) ü�' ÿmý ü��Qw�û+y ý ø6��üû0
) ûY÷�÷�û!�mû[+]w�þ&+mø%@�ø ) ü%þ&$���û ý 1¿þ&$��mû,��û���ó*+.þ ý ø~w�ü%÷�ø ) ü°þ&$¹û )zý 1APD - � ' ) ü%þ&$ : þ ) û*$ ) ü³ø ý � ÿ 0w²ø ) ü%þ&$43	��ó�G4$mü°û,'_þ&"�"�û ý û ) û�"+m÷6� ÿ w²øF$ )Gý û*� ÿ û ýeÿ $�û,'_û ý%ý%ÿ�ý û[�#ó*+.þ ý ø+w�ü%÷Bó_ûUw�û_÷ ) ûKû~�#'Yü ) ó_û-/G4@ ÿ w�û � 9 � 3 9
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m�Q®��� ï�ñ]¸CÆÂ¶T¸a»�²Â±�À ´TºðÆÂ¸pñ5²�»�º ¹�¹�ºðº�»l´
ºÄÆ�n
APD

�=û ÿ �,'qø+w�ø%' ) ónw�ü°÷ ) ü�� ÿ û_÷S�mû ý øW÷�þ ý°ÿ#) ü°þ&$�Ôtà�ßJ÷HâJw�ø%+mü��mû
�mû�- � 9 � 3V- � 9 � 3y÷�þ&$ ) +)ø+w ) ü�' ÿmý ü��nw�û�0"'û�$ ) ü�$ ) ónw�û_÷�÷²ø%$ ) ûY÷R+�ú 7 ÷�ü%þ ý þ&@�ü�� ÿ û�"'û�$ ) ; ý ø
��ü ) û_÷�÷�û��mû�+]w�þ&+)ø%@�ø ) ü%þ%$M� ÿ Ôtà�ßJ÷Hâ«û )Dý 1APD 9ä $O�mþ&$�$�ûQü�'_ü ÿ $mû(ó��<ø ý°ÿ ø ) ü%þ&$Aø�÷ 7 "�+ ) þ ) ü�� ÿ û(��û('Yû_÷T@lw²ø%$#�mû ÿ w�÷ ý þlw�÷B� ÿ û ε 7→ 0
+áþ ÿ w

ý û_÷	"�þ��#� ý ûY÷ FHN û ) AP 9 ä $ ÿ#) ü ý ü°÷�û�+.þ ÿ w	'_û<."ø�üvw�û ÿ $mû ) û�'&ú�$mü�� ÿ û�mû�+áûQw )�ÿ w��)ø ) ü%þ%$m÷÷�ü�$#@ ÿmý ü��nw�û_÷ ) û ý%ý ûV� ÿ û(��ó���û ý þ%+�+|óYû	�)ø%$m÷(� ü y �H� � +mø+w���w�ü )�) þ&$��)ø%$m÷ ÿ $O'qøF�]w�û ) wB�_÷�@&ó�$�ónw�ø ý 9ä $!'Yþ&""�û*$#'_û	+)ø+w ý øG÷ 7 $ ) ú��Y÷�û_÷
�mû	'_û_÷=ø�÷ 7 "�+ ) þ ) ü�� ÿ û_÷	;+áþ ÿ w ý û�"�þ���� ý û AP y

c −→
ε7→0

√
k d

2
(1 − 2a) ,





APD −→
ε7→0

(1 − a2) /4a si 0 < a ≤ 0.2

APD −→
ε7→0

−2 (2a2 + a − 1) /9a si 0.2 ≤ a < 0.5
,

û ) +áþ ÿ w ý û�"�þ��#� ý û FHN y

c −→
ε7→0

√
d

2
(1 − 2a) , APD −→

ε7→0

F ((2−a)/3)∫

0

dv

k h(v) − v
,

þ��
F
ûY÷ )Zý ø�' ÿ �mü�� ÿ û F (x) = −x(1 − x)(a − x)

û ) þ�� h(v) ûY÷ )=ý ø�.:þ&$�' ) ü%þ&$ów�ó�'_ü�+]w�þ�� ÿ û�mû
F
+áþ ÿ w v ∈ [0, F ((2 − a)/3)] 9k ý ûY÷ ) ô©w�û�"oø+wB� ÿ ûnw�� ÿ 1ùü ý û_÷ ) +)ø+w ) ü�' ÿmý ü��nw�û*"�û*$ ) ."ø%'_ü ý û��mû���ó ) ûnwB"'ü�$mûnw ý ûY÷�+mø+w²ø%"�� ) w�ûY÷

a
û ) k � ÿ "�þ���� ý û AP +áþ ÿ wWøH��þ�üvw ý ø���ü ) û_÷�÷�û�mû+Ow�þ&+)øF@�ø ) ü°þ&$�û )Wý 1APD ÷�þ ÿ ú)ø�ü ) ó_÷Qy ý û+)ø+w²øF"� ) w�û a ��ó ) ûnwB"'ü�$mû ý 1APD û )8ý û�+)ø+w²øF"� ) w�û k ý ø6�(ü ) ûY÷�÷�û 9Èa1¿þ&� ) û*$ ) ü°þ&$g�mû<'_û_÷Wø�÷ 7 "+ ) þ ) ü�� ÿ û_÷Jw�û*+.þ�÷�û�$ ) ÷ ÿ w ý ûM��ó���û ý þ&+�+.û*"�û*$ ) �mû ý øK÷�þ ý%ÿ#) ü%þ&$Ôtà�ßJ÷Hâ%w�ø%+mü��mû

u, v
��û[- � 9 � 3	- � 9 � 37û*$O+ ÿ ü°÷�÷�ø%$�'_û	'Qw�þ�ü°÷�÷²øF$ ) û���û ε ;

u = u0 + u1ε+ u2ε
2 + . . . , v = v0 + v1ε+ v2ε

2 + . . . .

: þ ÿ w ÿ $ ) û ý ��ó���û ý þ%+�+áû�"'û�$ ) þ&$,'&úmûQw�'&úmû	û�$m÷ ÿ ü ) û ý ûY÷Só*� ÿ ø ) ü%þ%$m÷e÷�ø ) ü°÷B."ø�ü ) û_÷C+)ø+w u û ) v ø ÿ+]w�û�"'ü°ûnwZþlwB�]w�ûzû�$
ε 9 ? þ&"�"'û>ü ý%ý°ÿ ÷ ) w�óM+mø+w ý ø[G4@ ÿ w�û � 9 � y u +.þ�÷�÷B�*�mû��mûY÷	.îw�þ&$ ) ÷	�21¿þ&$��mûY÷w²ø�ü��mû_÷	û ) �21-ø ÿ#) ø%$ ) + ý°ÿ ÷Jw²ø�ü��mû_÷�� ÿ û ε � 1

ø '_û�'_üa+.ûnwB"'û ) �mû<��ó*'Yþ ÿ +.ûnw R
û�$�ÉCw�ó�@�ü%þ%$m÷

"'þ&��ü ý ûY÷ny�'_þ&"�"'û	÷ ÿ w ý øMG4@ ÿ w�û � 9 � 9 �Zø%$m÷ ý ûY÷PwBó*@�ü°þ&$m÷��mûY÷�.îw�þ&$ ) ÷��21¿þ&$��mûY÷�-¹wBó*@�ü°þ&$m÷ II û )

x

c

u

v

V IV III II I
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ó���û ý þ&+�+.û*"�û*$ ) ø�÷ 7 "�+ ) þ ) ü�� ÿ û�� ÿ Ôtà�ßJ÷Hâ�w²ø%+mü��mû	÷ ÿ w R
9

IV
3�ymþ%$Bø%�mþ&+ ) û ÿ $mû�ó�'&úmû ý°ý ûJw�ø%+mü���û τ = t/ε

û ) ξ = x/ε
ø�þ%$tø3ø ý þlw�÷7ø ÿ +]w�û*"�ü%ûQw7þlw��Ow�ûM;

v0 = Constante , ∂τu0 = d∆u0 + f(u0, v0) .
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? û )B) û	ó*� ÿ ø ) ü%þ&$B÷ ÿ w u ÷�û�w�ó�ó*'Qw�ü ) 'Yþ&"�"'û ÿ $�û(ó�� ÿ ø ) ü°þ&$!�mü%÷ ) ø%� ý û�@&ó�$�ónw�ø ý û~y

u0 = d∆u0 − Λ(u0 − A)(u0 − B)(u0 − C) , A < B < C ,

� ÿ ü +áþ�÷�÷����mû ÿ $mû9÷�þ ý°ÿ#) ü°þ&$��mû )87 +áû9þ&$#�mû	+]w�þ&@+w�û_÷�÷�ü���û(�mû��(ü ) ûY÷�÷�û c -W��þ�üÙw	� � � y �&� ü � 3�y

c =

√
Λ d

2
(A− 2B + C) .

�Zø%$m÷ ý û_÷ÃwBó*@�ü°þ&$m÷ I y III y V +)ø+w
'_þ&$ ) w�û+y þ%$N'_þ&$m÷�ûnwQ��û ý ûY÷
�<ø+w�ü%ø%� ý ûY÷ ý û*$ ) ûY÷ x û ) t û )
ý 1¿þ&$Bøzø ÿ +]w�û�"'ü°ûnwwþlwB�]w�û�;

f(u0, v0) = 0
û ) ∂tv0 = g(u0, v0) .

-Ü� 9 �H�&3
k ý ÷�1-øF@�ü ) ø ý þlw�÷a��ûT+]w�þ�'�ó*�mûQw7ø ÿ w�û�'_þ ý°ý û�"'û�$ ) ��û_÷e÷�þ ý%ÿ�) ü%þ%$m÷�÷ ÿ wC'&ú)ø%' ÿ $mûT�mû_÷SÉ�wBó*@�ü°þ&$m÷ 9�a$�+)ø+w ) ü�' ÿmý ü°ûnwS�mø%$m÷ ý ûpw�ó*@�ü%þ&$ II +)ø+w�w�û*'Yþ ý%ý û*"�û*$ ) øY��û�' ý øgwBó*@�ü°þ&$ I þ%$Bø v0 = 0

y�'_û�� ÿ ü�mþ&$�$�û ý 1-øF+�+]w�þY�(ü�"'ø ) ü%þ&$�mû ý ø6��ü ) û_÷�÷�û���û(+Ow�þ&+)øF@�ø ) ü°þ&$�� ÿ + ÿmý ÷�û 9�Zø%$m÷ ý ø�w�ó*@�ü%þ&$ IV ý û(.îw�þ&$ ) �21¿þ&$���û>ø+w'w�ü��nw�û(�mþ�ü ) ÷�û6+Ow�þ&+)øF@�ûnw«øY��û�' ý ø<" õ "�û	��ü ) û_÷�÷�û� ÿ û ý û(.îw�þ&$ ) �21¿þ&$���û3øY��øF$ ) 'YûM� ÿ üA��ó ) ûQw�"�ü�$mû ÿ $mü�� ÿ û�"'û�$ )Zý ø�<ø ý û ÿ wT�mû v0 = vIV �)øF$m÷
'_û )�) û%wBó*@�ü°þ&$ 9��$�G4$ ý 1 ó��<ø ý%ÿ ø ) ü°þ&$f�mû ý 1APD +]w�þH��ü%û�$ ) �mû ý 1¿ü�$ ) ó*@lw�ø ) ü°þ&$f�mû^- � 9 �Y� 3��)ø%$�÷ ý øfwBó*@�ü°þ&$
III

û*$ ) w�û ý ûY÷��<ø ý û ÿ w�÷5�mû v0

�)ø%$m÷ ý û_÷�w�ó�@�ü%þ&$�÷ II û ) IV ;
v0 = 0

û ) v0 = vIV y

APD =

vIV∫

0

dv

g(u, v)
, f(u, v) = 0 ,

ý øK÷�û*'_þ%$��mû[ó�� ÿ ø ) ü°þ&$g��ó�G�$mü%÷�÷²ø%$ ) ü�"�+ ý ü�'_ü ) û*"�û*$ ) v '_þ&"�"�û ÿ $mû<.:þ&$�' ) ü%þ%$^��û
u
÷ ÿ w ý 1¿ü�$�0

) ûQwB�<ø ý%ý û [0, vIV ] 9

���
	 ���� ������������������ ����� ����� ���6� �������
È�ø�� 7 $)øF"'ü�� ÿ û��mû_÷8÷�þ ý%ÿ#) ü%þ&$m÷R�mû- É 9 �H� 3�- É 9 � I 3yû�$d��ü�"�û*$m÷�ü%þ&$O�>ûY÷ )�) þ ÿ�) ô�."ø<ü ) 'Yþ&"�0+ ý û~�(û 9 �a$g+ ý%ÿ ÷��mû_÷9þ&$���û_÷	+]w�þ%@lw�ûY÷�÷�ü���ûY÷[-EÔtà�ßJ÷Hâ\÷=3T�mûY÷W÷�þ ý%ÿ�) ü%þ%$m÷V�mû )87 +.û�þ%$��mû_÷9÷B+müvw�ø ý ûY÷ø%+�+)ø~w²ø�ü°÷�÷�û�$ ) yK'_û )87 +.û
��û=÷�þ ý%ÿ#) ü%þ&$�ó ) ó ý ø+w�@�û*"�û*$ ) ó )²ÿ �mü�ó6-/��þ�üvwC+)ø+w¬û��(û*"�+ ý û6� �&� � y É y � � 3
yû ) +áûQw�"�û )Tý øz÷�ü�" ÿmý ø ) ü%þ&$!�mû�+)ø ) úmþ ý þ%@�ü%ûY÷���û ý ø�'_þ&$#� ÿ ' ) ü%þ&$d� ÿ +.þ ) û�$ ) ü%û ý ��1-ø%' ) ü°þ&$X�)øF$m÷

ý ûV" 7 þ�'qø+wB�mû-"þ&$���û_÷Pw�ó�0Eû*$ ) w�ø%$ ) ûY÷\3 ) û ý°ý ûY÷U� ÿ û ý ø6G4�]w�ü ý%ý ø ) ü°þ&$ 9ä $�+]wBó_÷�û�$ ) û
��1-ø%�.þlwB�'û�$ � 9 � 9 � ý 1-ø%$mø ý�7 ÷�û5��û ý 1-ø%+#+ ý ü�'qø ) ü%þ&$M��û_÷¬÷�'&ú�ó�"oø�÷���þ ý%ÿ "�û_÷aG4$mü°÷' ý ø�÷�÷�ü�� ÿ û_÷Oô ÿ $¾'qø<÷ ) û_÷ ) ��û^+Ow�þ&+)øF@�ø ) ü°þ&$�� ÿ +áþ ) û*$ ) ü%û ý �21-øF' ) ü°þ&$O÷ ÿ w ÿ $mûg@&ó_þ&"�ó ) w�ü°û'_üÙw�' ÿ�ý ø�üÙw�û+y�+ ÿ ü°÷8þ&$!�mþ&$�$mû9û�$ � 9 � 9 � ÿ $tû~�(û*"�+ ý û	�mû	@�û�$��_÷�û��21¿þ&$���û_÷8÷�+müÙw²ø ý û_÷ 9

m��¯UQ® �bÁ�±a·V¸�ò�¸A»#²Â±�À ´
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º ò�Ç ±C¼pÇ�»�Á�²Âº
¿�²8Á�¿|¶
ÆÂ¸�²ÂÁ#º

ä $d'_þ&$�÷�ü��#�nw�û ý ûY÷Tó�� ÿ ø ) ü°þ&$m÷�- É 9 �H� 3(- É 9 � I 3w÷ ÿ w ý û	�mü°÷�� ÿ û ÿ $mü ) ó+yt+áþ ÿ w ÿ $mû6'Yþ&$��mü ) ü%þ%$ü�$mü ) ü%ø ý û (u0, v0)
þ��

v0 = 0
û ) þ�� u0

û_÷ )7ý ø	.:þ&$#' ) ü°þ&$['_ø+w²øF' ) óQw�ü°÷ ) ü�� ÿ û
� ÿ �mü%÷B� ÿ ûV�mûT'_û*$ ) w�û�3û ) �mû%w²ø 7 þ%$ 0.1
-/G�@ ÿ w�û � 9J� 3 9
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���! #"� �$&%(')$+*-,
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3 û ÿ!3 ÷ ÿ!33ý øb�mü 3 û*'~0

) ü%þ%$Ñ�)øF$m÷ ý øF� ÿ û ý%ý ûzþ&$f�mþ�ü ) ó��<ø ý%ÿ û 3>ý û_÷�� ÿ �¹÷ ÿ!3Qý 1¿ü�$ ) û 3 ."ø%'Yû e øL'_û�+áû�$��)ø%$ ) �)øF$m÷ ý û�'qø<÷þ�� ý ûY÷ ) û�$m÷�û ÿ!3 ÷<�mû,'Yþ&$�� ÿ ' ) ü���ü ) óY÷3÷�þ&$ ) �mû 3 ó*@ ÿmý ø 3 ü ) óo÷ ÿ�« ÷�ø%$ ) ûÑ- ��û,' ý ø�÷�÷�û C1 3W5A'_û )�) ûû 3
3 û ÿ!3@3 û_÷ ) û	� ÿ " õ "'ûTþ 3 � 3 û�� ÿ û ý 1¿û 3
3 û ÿ!3 ��û�'_þ&$m÷�ü%÷ ) ø%$�'Yû9÷ ÿ!3wý 1-ø%+#+ 3 þY�(ü�"'ø ) ü°þ&$[��û_÷@� ÿ �$ ÿ "ó 3 ü�� ÿ ûY÷�+)ø 3wý øM.:þ 3 " ÿmý û<- É 9 � � 3 9�Tø%$m÷ ý ûf'qø<÷b+)ø 3Q) ü�' ÿmý ü°û 3 þ�� ý û ) û�$m÷�û ÿ!3 �mûf'_þ&$�� ÿ ' ) ü���ü ) ó¹û_÷ ) ü%÷�þ );3 þ&+áû/5�"oø�ü°÷d$�þ&$'_þ&$m÷ ) ø%$ ) $müS'_þ&$ ) ü�$ ÿ 5^ü ý û_÷ ) ø ý þ 3 ÷M+.þ�÷�÷�ü�� ý û[�mû���ó�G4$mü 383 ü�@�þ ÿ!3 û ÿ ÷�û�"'û�$ )zý û_÷6'_û*$ )
3 û_÷<�mûY÷'_û ý°ý%ÿmý û_÷<-ÂÕ×â\÷8ÔJ���mûY÷Qü�$ ) û 3 ."ø%'_ûY÷\3V'_þ%""�û ý ûY÷('Yû*$ );3 û_÷(�mû_÷W÷�+�ú�� 3 û_÷[-QÕ×â\÷8ÔJ����û_÷('_û 3 ' ý û_÷\3�'_ü 3 0'_þ&$m÷B' 3 ü ) ûY÷�ô<'Yû_÷�'_û ý%ý%ÿ�ý û_÷(-ÂÕ×â\÷8ÔJ�)ü�$ ) û 3 ."ø%'_ûY÷\3U+.þ ÿ!38ý øM"�ó )
3 ü�� ÿ û	û ÿ ' ý ü��mü°û*$�$�û 9

m� î��¯ �¬Ç ¹�¶TÆ8»�¸A»�¹PÀU¶V¼pÇ2Á#²}�U¶
º ¹
�Tø%$m÷ ý ûa"'ø�ü ý°ý ø%@�ûL��ûC'Yþ(û ÿ!3 ü ý°ý%ÿ ÷ );3 ó^û*$	G4@ ÿ!3 û � 9 �=É + ý%ÿ ÷�ü%û ÿ!3 ÷ åYþ&$mû_÷�+mú 7 ÷�ü°þ ý þ%@�ü�� ÿ û�"'û�$ )�mü�Ó|ó 3 û*$�'Yü�ó_ûY÷B÷�þ&$ ) ü��mû�$ ) ü�G4óYû_÷g; ý ûN$�þ(û ÿ ��÷�ü�$ ÿ ÷�ø ý 5 ý û_÷�þ 3 û_ü ý°ý û )�) ûY÷�5 ý û_÷���û*$ );3 ü�' ÿ�ý û_÷5 ÿ $ø%$�$mû_ø ÿ ü%÷�þ ý ø%$ ) ÷Bó*+)ø 3 ø%$ )Wý û_÷	þ 3 û_ü ý%ý û )�) û_÷T�mû_÷���û�$ );3 ü�' ÿmý û_÷9û )Wÿ $N."ø�ü°÷�'Yûqø ÿ �mû�'Yþ&$�� ÿ ' ) ü°þ&$

3 ø%+mü��mû 9 Ènû�."ø�ü°÷�'_û_ø ÿ�3 ø%+mü��mûBû_÷ ) 'Yþ&"+.þ�÷Bó_û!� ÿ $�þ(û ÿ � ø );3 ü°þN��û*$ )
3 ü�' ÿmý ø<ü 3 û/5�ø�÷�÷ ÿ!3 ø%$ )Ký ø
ý ü³ø<ü%÷�þ%$�ó ý û�' )
3 ü�� ÿ ûWû*$ )
3 û ý û_÷8þ 3 û_ü ý°ý û )�) ûY÷wû )Tý û_÷5��û*$ );3 ü�' ÿ�ý û_÷51ø<ü�$m÷�ü � ÿ û ý û�."ø�ü°÷�'Yûqø ÿ �mû��«ü%÷�÷û )Wý ûY÷	G�� 3 ûY÷6�mû : ÿ!3
� ü�$) �û�� ÿ ü�'Yþ&$�� ÿ ü°÷�û�$ )Qý û<+.þ ) û�$ ) ü%û ý �21ùø%' ) ü%þ&$^�mû*+ ÿ ü%÷ ý û�$mþ�û ÿ �Pø )
3 ü%þ��û*$ )
3 ü�' ÿmý ø<ü 3 ûV��û 3 ÷ ý øM+)ø 3B) ü%û	ü�$#./ó 3 ü%û ÿ<3 ûV�mûY÷T'_øY�(ü ) óY÷���û*$ );3 ü�' ÿmý ø�ü 3 ûY÷ ý û ý þ%$�@<� ÿ ÷�û*+ )�ÿ " 9ä $g'_þ%$m÷�ü���ó 3 û 3 ø ý û�" ÿ ÷�' ý û�'_ø 3 �mü%ø%� ÿ û�'_þ%""�û ÿ $g"�ü ý ü°û ÿ ü%÷�þ );3 þ%+áûM"'ø�ü°÷V$mþ&$�úmþ&"�þF0@&�*$mû/5 ý û_÷'_þ&$�� ÿ ' ) ü���ü ) ó_÷�ó ý û�' )
3 ü�� ÿ ûY÷,ó ) ø%$ ) �mü�Ó�ó 3 û�$ ) û_÷'÷�û ý þ&$ ý û_÷�å_þ&$mûY÷,+mú 7 ÷�ü°þ ý þ&@�ü�� ÿ û_÷"'û�$ ) ü%þ&$#$�ó_ûY÷�'Yü �mû_÷�÷ ÿ ÷6-/��þ�ü 3U) ø%� ý û � 9 � 3

'_þ&$�� ÿ ' ) ü���ü ) ó$mþ�û ÿ �A÷�ü�$ ÿ ÷²ø ý � 9 �&�þ 3 ûYü ý%ý û )B) û_÷ � 9 �ø%$�$�ûqø ÿ ü%÷�þ ý ø%$ ) � 9 �."ø�ü%÷B'_ûqø ÿ¡3 ø%+mü���û É 9 ���û*$ )
3 ü�' ÿmý ûY÷ � 9 �

ËRÌ]Í>Î|� 9 �(Ð['_þ&$#� ÿ ' ) ü���ü ) ó_÷�ó ý û*' );3 ü�� ÿ û_÷��)ø%$�÷ ý û_÷5�mü�Ó�ó 3 û�$ ) û_÷ 3 ó�@�ü%þ&$�÷5� ÿ 'Yþ(û ÿ!3 9

? ûY÷a'_þ&$#� ÿ ' ) ü���ü ) ó_÷�-"ø%�mü�"'û�$m÷�ü°þ&$�$�óYû_÷\3�'qø 3 ø%' ) ó 3 ü%÷�û�$ )�ý ûY÷>�mü�Ó�ó 3 û*$#'_û_÷a��1ùþ 3 � 3 ûY÷A�mûU@ 3 ø%$�0�mû ÿ!3 ÷��mû ý ø
��ü ) ûY÷�÷�ûT�mû�+ 3 þ&+)ø%@�ø ) ü°þ&$�� ÿ +áþ ) û*$ ) ü°û ý ��1-ø%' ) ü°þ&$�ô )
3 øY��û 3 ÷ ý ûY÷C��ü���û 3 ÷�û_÷ 3 ó*@�ü%þ&$m÷� ÿ 'Yþ(û ÿ!3 ü���û*$ ) ü�G4ó_ûY÷ 9ä $Xü�$mü ) ü%û ý ø[+ 3 þ&+)øF@�ø ) ü°þ&$X� ÿ +áþ ) û*$ ) ü°û ý �21-øF' ) ü°þ&$Cû�$Xû���'_ü ) ø%$ )	ý û_÷V'Yû ý%ý°ÿmý ûY÷
� ÿ $�þ(û ÿ �÷�ü�$ ÿ ÷�ø ý ÷�ü )�ÿ ó«÷ ÿ!37ý øW÷ ÿ!3 ."øF'_û
��û ý 1¿þ 3 ûYü ý°ý û )B) ûU� 3 þ�ü ) û 9 Èa1¿þ&$��mûT�mû
��ó�+áþ ý ø 3 ü%÷²ø ) ü%þ%$�÷�û
+ 3 þ&+)ø%@�ûø ý þ 3 ÷U�)ø%$�÷ ý 1ùþ 3 û_ü ý%ý û )�) û
� 3 þ�ü ) û 9
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È�ø 3 ó*@�ü°þ&$�ø%$�$ ÿmý ø�ü 3 ûG÷�ó�+)ø 3 øF$ )Wý û_÷	þ 3 û_ü ý°ý û )�) ûY÷V�mûY÷	��û*$ );3 ü�' ÿmý ûY÷(ó ) ø%$ ) ü°÷�þ ý ø%$ ) û ý 1¿þ&$���û�mû	��ó*+.þ ý ø 3 ü°÷²ø ) ü%þ&$�ûY÷ ) � ý þ�� ÿ ó_ûQø ÿ �)ø�÷��mûY÷=þ 3 û_ü ý%ý û )�) û_÷:  ÿ ÷B� ÿ 1Jô'ø )�) û_ü�$#� 3 û ý û�$�þ(û ÿ �Cø )
3 ü°þ��û�$ )
3 ü�' ÿmý ø�ü 3 û�5 ý 1ùþ%$��mû��mû!��ó�+áþ ý ø 3 ü°÷²ø ) ü%þ&$¹÷�û!+ 3 þ%+)ø%@�ûBø ý þ 3 ÷>û*$�û*"�+ 3�ÿ $ ) ø%$ )'ý û[."ø�ü°÷�'_û_ø ÿ
3 ø%+�ü��mû�  ÿ ÷B� ÿ 1-ø ÿ �)ø<÷���û_÷�'qøY��ü ) óY÷5��û*$ )
3 ü�' ÿmý ø<ü 3 ûY÷ 9

�Tû*+ ÿ ü%÷ ý ø(+|ó 3 ü�+mú�ó 3 ü%ûV� ÿ ."ø�ü%÷B'_ûqø ÿ�3 ø%+mü��mûTû ) �mû*+ ÿ ü%÷ ý ø6+)ø 3Q) ü°ûTü�$�./ó 3 ü°û ÿ!3 ûV�mû ý ø6'qøY��ü ) ó��û�$ )
3 ü�' ÿmý ø�ü 3 û ý 1¿þ&$��mû	÷�û�+ 3 þ&+)øF@�û��)ø%$m÷ ý 1ùû�$m÷�û�"M� ý û	�mûY÷�" ÿ ÷�' ý ûY÷���û*$ );3 ü�' ÿmý ø�ü 3 ûY÷ 9

���g¢ £ ����¤��*��� �����
È]ûY÷ 3 ó_÷ ÿ�ý�) ø ) ÷ ) ú�ó_þ 3 ü�� ÿ ûY÷V'_þ%$�'_û 3 $)ø%$ )	ý û_÷=÷�'&ú�ó�"oø�÷T��þ ý°ÿ "'ûY÷�G�$mü%÷T' ý ø<÷�÷�ü�� ÿ û_÷Z÷ ÿ!3 ��û_÷"oø<ü ý%ý ø%@�ûY÷eø%�#"'ü°÷�÷�ü�� ý ûY÷7ü�$ )
3 þ�� ÿ ü ) ÷5�)ø%$m÷ ý û�'&ú)ø%+mü );3 û É þ&$ ) ó ) ó��%ó 3 ü�G4ó_÷��)ø%$�÷ ý øM+ 3 ø ) ü�� ÿ û 9ÿ þ ) ø%"�"'û�$ )Wý û_÷(' 3 ü ) � 3 û_÷��mûo÷ ) ø%��ü ý ü ) ód- É 9 ��� 3[- É 9 �Z� 3	÷�þ&$ ) û�Ó1û�' ) ü�.:÷>û )Gý û' 3 ü ) � 3 û�mûo÷ ) ø=0�mü ý ü ) ó^- É 9 �K� 33û_÷ ) þ&+ ) ü�"'ø ý 9 Ènû_÷ 3 ó_÷ ÿmý�) ø ) ÷�mûd'Yþ&$Z��û 3 @�û�$�'_ûXû�$ç$mþ 3 "'û L2 � ÿc) ú�ó_þ 3 �*"�ûÉ 9 É 9 � ÷�þ&$ ) ó�@�ø ý û�"'û�$ ) �&ó 3 ü�G4óY÷T+mø 38ý ø�+ 3 ø ) ü�� ÿ ûWø�ü�$m÷�ü � ÿ û ý ø�'Yþ&$Z��û 3 @�û*$#'_û6��û 3 ÷ ý øM��ü ) û_÷�÷�û



ù £�¥K£ �5è5¨6�A§T¦]¥���è5¨ ü%I

�mû�+ 3 þ%+)ø%@�ø ) ü%þ&$X�mû ý 1¿þ&$��mûM��û��#ó*+.þ ý ø 3 ü%÷�ø ) ü°þ&$[û ) �mû ý 1APD � ÿ ü�÷�þ&$ ) �mû ÿ �N+)ø 3 øF"� );3 ûY÷�21ùü�"+.þ 3Q) ø%$�'YûV+mú 7 ÷�ü°þ ý þ&@�ü�� ÿ û�'qøF+mü ) ø ý û 9k ý ø%+�+mø 3 ø/. ) '_û*+.û*$#�)ø%$ ) � ÿ û ý ø�@�ûY÷ ) ü%þ&$d�mû ý 1-ø%$�ü%÷�þ );3 þ%+mü%û	$21¿û_÷ ) +)ø�÷Tø�ü%÷Bó_û�+)ø 3 '_û )87 +.û�mûo÷B'&ú�ó*"'ø�÷ 9 �a$��mü�"�û*$�÷�ü%þ%$P� ý û 3 û*'Yþ ÿ!3 ÷Môd�mûY÷M"oø<ü ý%ý ø%@�ûY÷	ø%�)ø%+ ) ó_÷Mô ý 1ùø%$mü°÷�þ )
3 þ&+�ü%ûzû_÷ )$�ó*'Yû_÷�÷�ø�ü 3 û	øFG4$[�mûV'_þ%$ )
3
>�ý û 3¬ý ø('_þ&$ );3 ø�ü�$ ) û
�mûZ÷ ) ø%��ü ý ü ) ó8÷ ÿ<3eý ûT+)ø�÷R�mû ) û�"+�÷ 9 ��$���ü�"�û*$�0÷�ü%þ%$ I ÷�û ÿ�ý û ÿ $mû�'Yþ&$m÷ );3�ÿ ' ) ü°þ&$Aø%+�+ 3 þ�'&ú#ó_û��mûY÷5'_û*$ )
3 û_÷��mûY÷5'_û ý°ý%ÿmý û_÷7û ) �mûY÷«ü�$ ) û 3 ."ø%'_ûY÷wû_÷ )�mü%÷B+áþ&$�ü�� ý û('YûM� ÿ ükü�$�� ÿ ü )Tÿ $mûGû 3?3 û ÿ!3 �mû�'_þ&$m÷�ü%÷ ) ø%$�'YûG÷ ÿ +�+ ý ó�"'û�$ ) ø�ü 3 û>÷ ÿ!3Zý 1-ø%+#+ 3 þY�(ü�"'ø_0
) ü%þ%$��mû_÷8� ÿ � 9 �61-ø ÿ#);3 û�+)ø 3B)zý û 3 û�'_þ ÿ<3 ÷<ôb�mûY÷�"'ø�ü ý%ý øF@�û_÷Wø%�)øF+ ) óY÷3û_÷ ) +.û ÿ 'Yþ&"+mø ) ü�� ý ûøH��û*' ý ø6$�ó*'Yû_÷�÷�ü ) û��mû 3 û*'_þ ÿ!3 ü 3 ôM�mûY÷U"oø<ü ý%ý ø%@�ûY÷ 3 óqø ý ü%÷ ) û_÷yü%÷�÷ ÿ ÷U��ûV"'ûY÷ ÿ!3 û_÷5+mú 7 ÷�ü�� ÿ û_÷�-"û�$+)ø 3B) ü�' ÿmý ü°û 3 ��û ý ø��mü 3 û*' ) ü%þ&$���û_÷5G4� 3 û_÷�" ÿ ÷�' ÿmý ø<ü 3 ûY÷\3S+)ø 3 $)ø )²ÿ<3 û	�mü « 'Yü ý ûY÷�ô�"'þ��mü�Gmû 3 9��$�G4$zü ý ÷�û*"M� ý û5+.û ÿ $)ø )�ÿ!3 û ý �21 ÿ#) ü ý ü%÷�û 3 '_û )87 +áû5��ûw÷�'&ú�ó�"oø�÷����Y÷ ý þ 3 ÷A� ÿ û ý 1¿þ&$��mþ�ü )>)
3 ø�ü ) û 3÷�ü�" ÿmý�) ø%$�ó*"�û*$ ) + ý°ÿ ÷�ü°û ÿ!3 ÷ ) û*$�÷�û ÿ<3 ÷
��1-ø%$�ü%÷�þ );3 þ%+mü%û	÷ ÿ!3=ÿ $d" õ "�û	"oø�ü ý%ý ø%@�û�5K'Yþ&""�û�'%1¿û_÷ )
ý û�'qø<÷�+.þ ÿ!3wý û�"'þ���� ý ûV+ ý°ÿ ÷ 3 ó_ø ý ü°÷ ) û8�*Û�0�ÖS¦�Ø%ÛWÝ�â��mû ý 1ùø%' ) ü���ü ) óVó ý û*' );3 ü�� ÿ û	'qø 3 �mü³øF� ÿ û 9
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§ ¨ª©¬«®°¯�±�² ³

´ µ�¶ ©·¯¡v¸º¹ª» «®©¼±¡©¼½ ¸¿¾� µ�¶ ²1» »À²1Á  ¾��¹ÃÂ1©¼v±¡²Ä»

Å �Æ Ç°ÈÊÉ��:ËÍÌ�Î�¤ÏÉZÐË7È
È-ÑÓÒ&�L ?ÔÕÖ;×�ØBÙ!Ô¡Õ�ÔÚÕhÛ!Ü�Ý!×ÞÖ 3 Ô¡Ô�ß?Ö�ÙvÑ óÖ;à<Ù!×áÔ 3�â Ôß#Ý 3 Ò�Ý 3 ×�ó=Ö×ó�ß#Ù!ÔX�!Ü�ß
Ô¡Ù!Ô�ßÀß?Ò â àãÖ;×áÒ�ä!ßÊÙ!àå ÒLÙ!æ â Ô å Ò�ä!ÒLÙ!Ò å Ü�×áä!Ôqç Éãè�é(ê ëìç Éãè�é(í ë�î&ÔWï<×Þß?Ö
Ô�ä!ÕÔ�5+à!ä!×ÞÕ�×ÞÖ�óBÔÖ 3 ó�ð�à â Ü 3 ×�Ö×ó/èä ä�óÖ
à!Ù!×áÔ 3 ÜBÕ�Ôß�Ý 3 Ò�Ý 3 ×�ó=Ö×ó�ßoÔä#ß?Ô6Ý â Ü�ñ�Ü�ä�ÖoÙ&Ü�ä!ß â Ô@Õ�Ü�Ù 3 Ô�Ù!Ô â Ü�Ö;Û�óÒ 3 ×ÞÔ6Ù<Ô�ß�ó�òYà&Ü/Ö
×áÒ�ä<ßß
Ô å × â ×áä�ó�Ü�× 3 Ô�ß�Ô=Ö6Ù!Ô�ßV÷Hâ=¦�Û�Ù%Õ×Ö_àHÔ4â\÷=5 â ÔBó<à<Ö�ävÑ óÖhÜ/äYÖ6Ý&Ü/ß â Ñ óÖ;à<Ù!Ô å õ å Ô�Ù<ÔìÕÔ�ß�Õ�Ò�ä!Õ�ÔÝ<Ö;ß5Ò�äôß
ÔõÕ�Ò�äYÖ
Ô�ä�Ö;Ô 3 ÜöÙvÑ ó�ä!Ò�ä!Õ�Ô 3�â Ô�ß 3 ó�ß
à â ÖhÜSÖ;ßÀÙ!Ô â Ü÷Ö;Û�óÒ 3 ×ÞÔDÕ â Ü�ß
ß?×áòYà!ÔDÙ<Ô�ßb÷Hâ=¦�ÛVÙ%Õ×Ö_àHÔ4â\÷Ø%ÝtØ%ß��FÚ Û�ø*àÏâ\÷ìÔä�ùLà!ÔìÙ!Ô â Ôß@Ô=ïãÝ â Ò�×ÞÖ
Ô 3 Ý 3 Ü/Ö;×ÞòLà<Ô å Ô�ä�Ökè

ú Q®�B® �!±�¹�²�»�²Â±oû�û
º�¼pº�ûC»l´
¶µ·
Á�±aÅ
Æfü�¼pº
ö à 3 à<äýÔß
Ý&Ü�ÕÔÚÙ!Ô��PÜ/ä&Ü�ÕhÛ

X
5-òLà<×6ß?Ô 3 ÜþÔäÄÝ 3 Ü/Ö;×ÞòLà<Ô�à<äÄÔ�ß?Ý&Ü�ÕÔ¡Ù!Ô�ØmÒ�ä!Õ=Ö;×ÞÒ�ä!ß�5eÒ�ä

Õ�Ò�ä!ß?×áÙ!æ 3 Ô â ÔBÝ 3 Ò�ó â æ å Ô�Ù!Ô�ÿPÜ�à!ÕhÛ��õî
du

dt
+ Au = F (u) , u(0) = u0 ∈ X ,

ç��LèÞé)ë
Ò��

A : D(A) ⊂ A 7→ X
Ô�ßfÖ�à!äôÒ�Ýtó 3 Ü/Ö;Ôà 3Àâ ×Þä�ókÜ/× 3 Ô�ä!Ò�äôó Ò 3 ä�óDß?à 3 X çmù�Ò�× 3 Ý&Ü 3Ô=ïãÔ å Ý â Ô�� ü&ü 5 é�é � ëPÔ=Ö Ò�� â Ô�Ö
Ô 3 å Ô�ä!Ò�ä â ×Þä�ókÜ/× 3 Ô F (u)

Ô�ß?Ö Ù�ó��&ä!×Lô8Ý&Ü 3 Ö
× 3 ÙvÑÓà!ä!Ô�ØmÒ�ä!Õ=Ö;×ÞÒ�ääLà å ó 3 ×áòYà!Ô F è
	:Ü 3 ÔWï<Ô å Ý â ÔÍÝ Ò�à 3 X = L2(Ω)
5
F : x ∈ C 7→ x3 Ò�ä÷ù�Ô�à<Ö 3 ó�ß?Ò�à!Ù 3 Ô

du/dt+ Au = F (u) = u3 èä ä�ØmÔ 3 Ü â ÑNÛ��LÝ°Ò�Ö;Û!æß
ÔìòYà!Ô�5+Ô�ä�ÖhÜ/äYÖ6òYà!ÔBØmÒ�ä!Õ=Ö;×ÞÒ�ä�äLà å ó 3 ×áòYà!Ô/5 F Ô�ßfÖ â ÒãÕ�Ü â Ô å Ôä�Ö�È�×áÝ��ß
ÕhÛ!×�Ö×å�×ÞÔ�ä!ä<Ô�è
Ê6ä!Ô�Ù<× « Õ�à â Ö×ó å Ü( ?Ô�à 3 Ô Ý°Ò�à 3Ïâ Ü 3 óß
Ò â à<Ö;×ÞÒ�ä#Ù<Ô8ç �LèÞé ëoÔß?ÖPòYàvÑÓÔ�ä�ð%ó�ä�ó 3 Ü â+â ÜBØmÒ�ä!Õ=Ö;×ÞÒ�ä FävÑNÔß?Ö@Ý!Ü�ßPÙ�ó��&ä!×áÔ�ß
à 3 X Ö;Ò�à<Ö�Ô�ä�Ö;×ÞÔ 3 è	eÜ 3 Ô=ïãÔ å Ý â Ô�Ý°Ò�à 3 X = L2(0, 1)

Ô=Ö
F : x ∈ C 7→

x3 5!Ý Ò�à 3 u ∈ L2(0, 1)
Ò�ä¡äJÑ�Ü8Ý&Ü�ß�Ôä¡ð&óä�ó 3 Ü â F (u) = u3 ∈ L2(0, 1)

è
ú Q®��¯ ���U¶T¸a»�²Â±oû ¹�¸oû
¹�¹�º ¿�±oû
´ ¼pº�¼ðÅ
Á#º

Ê6ä÷Ý 3 ókÜ â Ü�ó â Ôô â Ü 3 óß
Ò â à<Ö;×ÞÒ�ä Ù<ÔDç �ãèÞé ë�Ôß?Ö â Ñeó=Ö;à!Ù<Ô#Ù!à ß��Lß?Ö
æ å Ô â ×Þä�ókÜ/× 3 Ô8Û<Ò å Ò�ð�æ�ä!ÔÜ�ß
ß?ÒãÕ×�ó�5
du

dt
+ Au = 0 , u(0) = u0 ∈ X .

ç��Lè���ë
ä ä¡Ü�ó°Ò 3 Ù!Ô 3 ÜÊÕ�ÔìÝ 3 Ò�ó â æ å ÔBÙ&Ü/ä!ß â Ô�ÕkÜ�Ù 3 Ô�Ù!Ô â ÜqÖ;Û�óÒ 3 ×ÞÔìÙ<Ô�ß�÷Hâ=¦�ÛLÙ%Õ\Ö_àHÔ4â\÷Àçmù�Ò�× 3 Ý&Ü 3Ô=ïãÔ å Ý â Ô�� é(ê�ê 5 É�� 5 ��� 5 � ê �wë�î

ü É
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����� 94"m%)"m$°9��! #"$ #" ç ö Ô å ×�ð 3 Ò�à!Ý°Ô�ß�5�ð&ó�ä�ó 3 Ü/Ö
Ô�à 3 ×Þä%�&ä!×�Ö×ó�ß?× å Ü â ë  '& Ý�â6Þ�Ø�¦�ÛWßWß�âõ0
( Ö\Ô&��ÕBØ��ÚÂâ�à�Õ×÷�ßáÛWÝJ��Ø%ÛWÕ×â\÷8��Ö_Õ�ÝJ�\÷
{S(t)}t≥0

÷�à�Õ�à�Ý�â\÷8Ô#ØL�\âÊ0�â*)TØ%ÝtØL�h�
X

ÞYÖ_ÕW¦[â�à�Ý^÷Hâ=¦�ÛAÙ%Õ\Ö_àHÔ4â
ÞYÖ_Õ~ÚÂâ=¦[â�Ý4ÚP�\Ö_Ý4Ú ÛWÝ4à!÷�Û,+

- S(0) = I . ß/( Û�0�â�Ý4ÚÜÛWÚH�V÷�à�Õ X 021- ∀ s, t ≥ 0 1 S(s)S(t) = S(s+ t) 1- ∀ u ∈ X 1 ß/( Ø�ÔZÔtßáÛ^��Ø%ÚÜÛ�Ö_Ý t ∈ [0,+∞) 7→ S(t)u ∈ X
â\÷�ÚP�\Ö_Ý4ÚÜÛWÝ4à4â��3 à�Ýf÷Hâ=¦�Û�Ù%Õ×Ö_àHÔ4â�ÞYÖ_Õ�Ú8â=¦[â�Ý4Ú��\Ö_Ý4ÚÜÛWÝ4à

{S(t)}t≥0

â\÷�ÚVØ_÷\÷HÖ(��Û^��à�ÝcÖ\Ô&��ÕBØ%Ú8â�à�Õ<Ý�Ö_Ý ��Ö_Õ~ÝJ�
A : D(A) ⊂ X 7→ X . 2%Ö_ÛWÕ�4 57685 1 576�6 9 0 ø*à4â6ß/( Ö_ÝÑÝ�ÖS¦8¦[â(ß�â�ÙL��ÝJ��ÕBØ%ÚÂâ�à�Õ6ÛWÝk��Ý4ÛWÚH�\÷�Û ¦�Ø%ß
0�â

{S(t)}t≥0

ø*à�Û-2���Õ~Û �Uâ*+

∀ u ∈ X :
d

dt
S(t)u = −AS(t)u .

ö ×
{S(t)}t≥0

Ôß?Ö�à!äÀß
Ô å ×+ð 3 Ò�à!Ý°Ô6ØmÒ 3 Ö;Ô å Ôä�ÖPÕ�Ò�äYÖ
×áäYà�Ù<Ô�ð&óä�ó 3 Ü/Ö;Ôà 3 ×Þä%�&ä!×�Ö×ó�ß?× å Ü â A 5
â Ô�Ý 3 Ò�ó â æ å ÔBÙ!Ô7ÿPÜ�à!ÕhÛ��þî

d

dt
u + Au = 0 , u(0) = u0 ∈ X ,

ÜÊÜ â Ò 3 ßPÝ°Ò�à 3 ß
Ò â à<Ö;×ÞÒ�ä â Ü�ØmÒ�ä!ÕÖ
×áÒ�ä t ∈ [0,+∞) 7→ u(t) = S(t)u0

è
ÈZÜÍòYà!Ôß?Ö;×ÞÒ�äÚÝ°Ò�ßBó�Ô�Ý°Ò�à 36â Ü 3 ó�ß
Ò â à<Ö
×áÒ�ä�Ù!Ô�ç �ãè:� ëPÔ�ßfÖ�Ù!Ò�ä<Õ7Ù!Ô7ß;Ükù�Ò�× 3 ß
Ò�à!ß6òYà!Ô âÞâ Ôß ÕÒ�ä!Ù!×;�Ö;×ÞÒ�ä!ß â ÑNÒ�Ý|ó 3 Ü/Ö
Ô�à 3 ä!Ò�äDó°Ò 3 ä#ó A Ô�ßfÖ â Ô�ð&ó�ä�ó 3 Ü/Ö
Ô�à 3 ×áä%�&ä<×ÞÖ×óß
× å Ü â ÙJÑNà!äõß?Ô å ×eð 3 Ò�à!Ý°Ô7ØmÒ 3 �Ö;Ô å ÔäYÖ�ÕÒ�ä�Ö;×ÞäLàJèÈ�Ô�ßbÖ;Û#ó�Ò 3 æ å Ô�ß-Ù!Ô��6× âáâ Ô,<ÏÒ�ß
×áÙ!Ü�ÔÖoÙ!Ô��6× âÞâ Ô=<ÏÒ�ß
×ÞÙ&Ü>	-Û!× â ×áÝ!ßPçmù�Ò�× 3 � é(ê�ê 5 é�é �wëeÕkÜ 3 Ü�Õ=Ö×ó 3 ×áß?Ô�ä�Ö
â ÔßìÒ�Ý|ó 3 Ü/Ö
Ô�à 3 ß A òYà!×-ß
Ò�äYÖ â Ôß�ð&ó�ä�ó 3 Ü/Ö
Ô�à 3 ß�×Þä%�&ä!×�Ö×ó�ß?× å Ü�àãïÚÙ!ÔÍÕ â Ü/ß
ß
Ôß7Ý!Ü 3 Ö
×áÕ�à â ×áæ 3 ÔßBÙ!Ôß
Ô å ×Zð 3 Ò�à!Ý°Ô�ß�ØmÒ 3 Ö;Ô å ÔäYÖ Õ�Ò�äYÖ
×áäYà!ßÊçmä!Ò åÍå ó å Ôä�Ö â Ô�ß ß
Ô å ×4ð 3 Ò�à<Ý Ôß ØmÒ 3 Ö;Ô å Ô�ä�Ö Õ�Ò�ä�Ö
×áäYà!ßÙ!Ô�Õ�Ò�ä�Ö 3 Ü�Õ=Ö;×áÒ�ä�Ô=Ö6Ü�ä&Ü â �YÖ;×áòYà!Ôß 3 Ô�ß?Ý ÔÕÖ
×Þù�Ô å Ôä�ÖWë=è
ú B®� î ���S¶
¸A»�²Q±oû ¸Lñ�º ¿Ä¹�º ¿|±ÏûT´ê¼pº�¼ðÅTÁ�º

ö à!Ý!Ý°Ò�ß
Ò�ä!ßÀòYà!Ô â ÑÓÒ�Ýtó 3 Ü/Ö;Ôà 3 ä!Ò�ä1ó Ò 3 ä�ó A : D(A) ⊂ X 7→ X
ß
Ò�×ÞÖ â ÔÚð%ó�ä�ó 3 Ü?�Ö;Ôà 3 ×Þä%�&ä!×�Ö×ó�ß?× å Ü â ÙvÑÓà!äöß?Ô å ×Ïð 3 Ò�à!Ý°Ô#ØmÒ 3 Ö;Ô å Ôä�ÖqÕ�Ò�äYÖ
×áäYà òYà!Ô â ÑÓÒ�ä÷ä!Ò/Ö;Ô�Ù<æ�ß�ôÚÝ 3 ó�ß?Ô�ä�Ö

{e−At}t≥0

è
ä ä�Ý°Ô�à<Ö 3 ó�ß
Ò�à!Ù 3 Ôìß
× å Ý â Ô å Ô�ä�Ö â ÔBÝ 3 Ò�ó â æ å ÔÊç �ãè�é ë�Ô�ä�Ø�Ü�×áß
Ü�ä�Ö�Ù!Ô�ß6Û��LÝ Ò�Ö
Û!æ�ß?Ô�ß�ÞYÖ_Õ~ÚÂâ\÷ß
à 3�â Ô�Ö;Ô 3 å ÔBä<Ò�ä â ×áä�ó�Ü�× 3 Ô F è	eÜ 3 Ô=ïãÔ å Ý â ÔÍçmù�Ò�× 3 � é(ê ü �wë=5<Ò�äÚÜ â Ô 3 ó�ß?à â Ö;Ü/Ö�ß
à<×Þù/Ü�ä�Öìî

@BA � $°'DC7E÷,F�! G"H #"H 3 2%âh�	ß�â\÷��L�~Ô4Ö_Ú �HI\÷Hâ\÷q��ÛÏ0�â\÷\÷�àZ÷ 1 ÷�ÛAß�â	Ú8â�ÕW¦[â�0�â	Õ;��ØL��ÚÜÛ�Ö_Ý F 2���Õ~Û �Uâ*+
- F â\÷�ÚP0L�m��Ý4Û]÷�à�Õ

X
Ú8Ö_à�Ú5â�Ý4ÚÜÛ�â�Õ 1- F : X 7→ X

â\÷�ÚRß�Ö(��Ø%ß�â=¦[â�Ý4ÚKJ]ÛJÔ4÷(�h��ÛWÚML*Û�â�Ý4Ý�â 1Ø%ß�Ö_Õ×÷ . N �O5 0 Ø,à�Ý�â	÷HÖ_ßáà�ÚÜÛ�Ö_ÝNà�Ý4Û�ø*àÏâ
t ∈ [0, T ) 7→ u(t) ∈ X

ø*àÏâ�ßWß�âqø*à4â�÷HÖ_ÛWÚSß�Ø��\Ö_Ý°0%ÛWÚ Û�Ö_Ý
ÛWÝ4ÛWÚÜÛ Ø%ß�â

u0 1 0L�m��Ý4Û�âV÷�à�Õ(à�ÝNÛWÝ4Ú8â�Õ=2_Ø%ßWß�âì0�â(ÚÂâ=¦
Ô4÷
[0, T ) 1 T = T (x0) > 0

�
ÿ�Ô�ßoÛ��ãÝ°Ò�Ö
Û!æ�ß?Ô�ßÏä!Ô�ÕkÜ�Ù 3 Ô�ä�ÖoÕ�ÔÝ Ôä!Ù&Ü�ä�Ö�Ý&Ü�ßoÜkù�ÔÕ â ÔPÝ 3 Ò�ó â æ å Ô�ç Éãè�é(ê ë@ç Éãè�é(í ëeÝ°Ò�à 3 Ù<Ô�ßÖ;Ô 3 å Ô�ßbÙ!Ô 3 ókÜ/ÕÖ;×ÞÒ�äqÙ!ÔPÖP�LÝ°ÔRQe×ÞÖ�å�ÛYà!ð�Û ÿ Ü�ð�à å ÒÊç Éãè � ë�ç Éãè ü ë=5�òYà!×<ß
Ò�ä�Ö-ß?× å Ý â Ô å ÔäYÖ â ÒLÕkÜ â Ô��å Ôä�Ö�È�×áÝ!ß?ÕhÛ!×ÞÖ�å6â�Ý,Ú�Ø%Ý4Úeø*à4â�ÞYÖ_ÝJ��ÚÜÛ�Ö_ÝÝ4àã¦���Õ~Û�ø*à4â�0L�m��Ý4Û�â\÷S÷�à�Õ

C
2 5�ÔÖoòYà!×!ä<Ô6Ý°Ô 3 å Ô=Ö
Ö
Ô�ä�ÖÝ&Ü�ß@Ù!ÔìÙ�ó��&ä!× 3 F : u ∈ X 7→ F (u) ∈ X

ß
à 3 X Ö;Ò�àãÖ�Ô�ä�Ö;×ÞÔ 3 èÈoÑÓ×áÙ#ó�ÔoÝ Ò�à 3 Õ�Ò�ä�Ö
Ò�à 3 ä<Ô 3 Õ�ÔÖ?Ö;ÔoÙ!× « Õà â Ö�óoÔ�ß?Ö4Ù!ÔoÕÒ�ä!ß?Ö 3 à!× 3 ÔoÙ!Ôß:Ôß
Ý&Ü�ÕÔ�ßRÛWÝ4ÚÂâ�ÕW¦��
0%Û Ø%ÛWÕ×â\÷Ô�ä�Ö 3 Ô X ÔÖ
D(A)

Ð�ÜS��Ü�ä�Ö6Ù!ÔBó°Ò�ä!ä!Ôß@Ý 3 Ò�Ý 3 ×�ó=Ö×óß�ùL×áß5ô�ùL×áß@Ù<Ô A Ð#ß
à 3@â Ô�ß?òLà<Ô â ß â Ô Ö
Ô 3 å Ô
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ä!Ò�ä â ×áä�ó�Ü�× 3 Ô u 7→ F (u)
ß
Ò�×ÞÖbó<×áÔ�ä7Ù�óT�!ä!×<Ô=Ö-Ù!Ô 3 ó�ß?Ò�à!Ù 3 Ô�ç �ãè�é ë4Ý°Ò�à 3 à!ä!Ô�Õ�Ò�ä!Ù<×ÞÖ;×ÞÒ�ä�×Þä!×ÞÖ
×wÜ â ÔÙ&Ü�ä!ß�Õ�Ôß Ôß
Ý&Ü/Õ�Ô�ßè	:Ü 3 Ô=ïãÔ å Ý â ÔÍÔ�ä Ù!× å Ô�ä<ß
×áÒ�ä d = 1, 2

Ò�à÷í<5�ß
×
Ω
Ô�ßfÖqà!ä Ò�à<ù�Ô 3 Ö7ó°Ò 3 ä�óÍÙ!Ô Rd Ò�ä÷Ü

â ÑÓ×áäS ?ÔÕÖ;×ÞÒ�äÀÕÒ�ä�Ö;×áäYà!Ô#çm×áäS ?ÔÕÖ;×ÞÒ�ä�Ù!Ô ö Ò�ó°Ò â Ôù<ë�î

Hα(Ω) ⊂ L∞(Ω) ,

â Ò 3 ß
òYà!Ô α Ô�ßfÖ�ß
à « ß
Ü å#å Ô�ä�Ö�Ý 3 ÒLÕhÛ!ÔDÙ!ÔU�ãèWV�×áä<ß
×6ß
× F : x ∈ C 7→ F (x) ∈ C
Ôß?Ö

â ÒLÕkÜ â Ô å Ô�ä�Ö�È�×áÝ!ß?ÕhÛ!×ÞÖ�å�×áÔä!ä!Ô/5 F Ý°Ô�à<Ö�ß�Ñ óÖ;Ôä!Ù 3 ÔNô÷à!ä!Ô�ØmÒ�ä!Õ=Ö;×áÒ�ä F : u ∈ Hα(Ω) 7→
F (u) ∈ L2(Ω)

ó�ð�Ü â Ô å ÔäYÖ â ÒãÕ�Ü â Ô å Ôä�Ö�È�×áÝ!ß?ÕhÛ!×ÞÖ�å�×áÔä!ä!Ô/èÈ�Ô6ÕkÜ�Ù 3 Ô�Ý Ò�à 3 Õ�Ô â ÜìÔß?Ö â Ü�Ö;Û#ó�Ò 3 ×áÔ�Ù!Ô�ß�Ö\Ô&��ÕBØ%ÚÂâ�à�Õ×÷5÷Hâh��ÚÂÖ_Õ~Û�â�ßJ÷ ÔÖÏÙ!Ôß	â\÷8Ô#ØL�\â\÷�Þ~ÕBØL��Ú Û�Ö_Ý&�ÝtØ%ÛWÕ\â\÷ìòYà!× â Ô�à 3 ß�ß
Ò�ä�Ö Ü�ß
ß?ÒãÕ×�óß�5!Ö;Ô âáâ Ô�òYà!Ô7Ù#óù�Ô â Ò�Ý<Ý|óÔìÙ!Ü�ä!ßX� É8� 5 � ê �[èä ä7Ý 3 óß
Ô�ä�Ö
Ô 3 ÜBÙ&Ü/ä!ß â Ô�ß:Ù!Ô�àãï7ß?Ô�ÕÖ
×áÒ�ä<ßeß
à<×Þù/Ü�ä�Ö;Ôß �ãè:� Ô=Ö �ãèNí â Ô�ß4Õ�Ò�ä!ÕÔ�Ý<Ö
ß�0
( Ö\Ô&��ÕBØ%ÚÂâ�à�Õ×÷÷Hâh��ÚÂÖ_Õ~Û�â�ßJ÷ýÔÖ-Ù<Ô�ßTâ\÷8Ô#ØL�\â\÷|Þ~ÕBØL��ÚÜÛ�Ö_Ý4ÝtØ%ÛWÕ×â\÷�òLà<× â Ôà 3 ß?Ò�ä�ÖoÜ�ß
ß?ÒãÕ×�óß�5�Ôä�ùLà!Ô@Ù!Ô â Ô�ßeÜ�Ý!Ý â ×áòYà!Ô 3Ü�à å ÒãÙ<æ â Ô å Ò�ä!ÒLÙ!Ò å Ü�×Þä!Ô�Ý°Ò�à 3 óÖhÜ/ó â × 3@â ÑÓÔ=ïã×áßfÖ;Ô�ä<Õ�Ô â ÒãÕ�Ü â ÔBÔä¡Ö
Ô å Ý!ß Ô=Ö â ÑNà<ä!×áÕ×ÞÖ×ó�Ù!Ôìß
Ôßß
Ò â à<Ö;×ÞÒ�ä!ßPÔä �ãèY� ÔÖ6ÙvÑ óÖ
à!Ù!×áÔ 3�â Ô�à 3@3 ó�ð�à â Ü 3 ×ÞÖ�ó�Ô�ä �ãèJÉ è

Å �
	 Z\[F]P�e��ÉZ��ÎÀ�e� �Z��¤ÏÉZËì�:Ð�@��
ä ä ß
Ô�Ù<Ò�ä!ä!Ô#à!ä÷Ôß
Ý&Ü�ÕÔÀÙ!Ô#�PÜ�ä&Ü/ÕhÛ Õ�Ò å Ý â Ô=ïãÔ X ß
à 3ìâ ÔòYà!Ô âÏâ Ü�ä!Ò 3 å ÔÊß
Ô 3 ÜÚä<Ò�Ö×óÔ

‖ · ‖X
ÔÖ�ß
à 3 â ÑÓÔ�ß
Ý!Ü�Õ�Ô L(X)

Ù!Ôß�Ò�Ýtó 3 Ü/Ö;Ôà 3 ß ó Ò 3 ä�óß�ß
à 3 X Ò�äDä!Ò�Ö
Ô 3 ÜÍÝ&Ü 3 Ô�× âÞâ Ô å ÔäYÖ â Üä!Ò 3 å Ô�Ü�ß?ß
ÒLÕ�×�óÔÊî

∀B ∈ L(X) : ‖B‖X = sup
u∈X,‖u‖X=1

‖Bu‖X .

	4Ò�à 3 à!ä Ò�Ýtó 3 Ü/Ö;Ôà 3 ä!Ò�ä ó°Ò 3 ä#ó A : D(A) ⊂ X 7→ X
5eòYà!Ô â ÑÓÒ�äöß?à!Ý!Ý°Ò�ß
Ô�Ù!Ôä!ß
ÔÔÖ�ØmÔ 3 å ó�5°Ò�äÚä<Ò�Ö;Ô 3 Ü ρ(A) â ÑÓÔ�ä!ß?Ô å ó â Ô 3 ó�ß?Ò â ù/Ü�ä�Ö�Ù<Ô A 5°Ù�ó��&ä!×eÕÒ åÍå Ô â Ôìß
Ò�à<ß�Ô�ä!ß?Ô å ó â Ô

ρ(A) ⊂ C
Ù!Ô�Ö
Ò�à!ß â Ôß λ ∈ C

Ö;Ô â ßPòYà!Ô λI −A : D(A) 7→ X
ß?Ò�×ÞÖPà!ä�Ò�Ýtó 3 ÜSÖ;Ô�à 3 ó!×  ?ÔÕÖ;×�ØÙ!Ò�ä�Ö â ÑÓ×áä�ù�Ô 3 ß
Ô (λI − A)−1 ∈ L(X)

Ôß?Ö6ó°Ò 3 ä�ó/èä ä�ä!Ò�Ö;Ô 3 ÜÊÜ�à!ß?ß
× σ(A) = C − ρ(A) â Ô�ß?Ý ÔÕÖ 3 ÔìÙ!Ô A è
�^��� 9:" %)"m$°9_�` bac #" ç ä Ý|ó 3 Ü/Ö
Ô�à 3 ßPß
ÔÕÖ
Ò 3 ×ÞÔ â ß;ë  �& Ý^Ö\Ô&��ÕBØ%ÚÂâ�à�ÕVÝ�Ö_ÝÚ��Ö_Õ~ÝJ�

A : D(A) 7→ X÷Hâ�Õ�Ø¡0%ÛWÚU÷Hâh��ÚÂÖ_Õ~Û�â�ßL÷�Û
A

â\÷�Ú 0�â�Ý#÷Hââ�Ú2ÞYâ�Õ=¦��â�ÚU÷H( ÛWßCâ�d&Û�÷�Ú8â<à�Ýg÷Hâh��Ú8â�à�Õ
Sω,θ ⊂ C

0ZØ%Ý#÷�ß�â
Ôtß�Ø%Ý �\ÖS¦
Ôtß�â�d�âì0�â5Ô4Ö_ÛWÝ4Ú�0�â��\Ø_÷Hâ

ω ∈ R
â�ÚP0�âì0�â=¦�Û�Ø%Ý�Ù%ß�â70
( Ö_àL2%â�Õ�Ú à�Õ\â

θ < π
2
1

Sω,θ = {λ ∈ C : | arg(λ− ω)| < θ} ∪ {ω} ,

Ö
Ô â òYà!ÔÊî
C − Sω,θ ⊂ ρ(A)

∀λ ∈ C − Sω,θ , ‖ (λI − A)−1 ‖X ≤
M

|λ− ω|	:Ü 3 ÔWïãÔ å Ý â Ôìß
× X Ô�ßfÖ�à!ä¡Ô�ß?Ý&Ü�Õ�Ô�Ù!Ôq�6× â ó°Ô 3 Ök5&à!äÚÒ�Ý|ó 3 Ü/Ö
Ô�à 3 Ü�à<Ö
Ò�Ü�ÙS ?Ò�×áä�Ö6ß
à 3 X Ô�ßfÖ
à!ä¡Ò�Ý|ó 3 Ü/Ö
Ô�à 3 ß?Ô�ÕÖ
Ò 3 ×ÞÔ â èeoä�Ý&Ü 3 Ö;×ÞÕ�à â ×áÔ 3 Ù&Ü/ä!ß â Ô ÕkÜ�ß@òYà!×vä<Ò�à!ß@×áä�Ö�ó 3 Ôß
ß?ÔìÙJÑNà!ä�Ò�Ýtó 3 Ü/Ö;Ôà 3 Ù!×�ÓJà<ß
×ÞØZÝ°Ò�à 3 à!ä!ÔBÕ�Ò�ä!Ù!×f�Ö;×áÒ�ä â × å ×ÞÖ
Ô ÿ Ô�à å Ü�ä<äþÛ<Ò å Ò�ð�æ�ä!Ô�ç Éãè�éD� ëW5vß
× X = L2(Ω)

ß
à 3 à!äõÒ�àãù�Ô 3 Öìó Ò 3 ä�ó 3 óð�à â ×áÔ 3
Ω ⊂ Rd 5 â ÑÓÒ�Ýtó 3 ÜSÖ;Ô�à 3 A = −∇·(σ∇ · )

ß
à 3 D(A) = {u ∈ H2(Ω) , σ∇u · n = 0
ß
à 3 ∂Ω}

5



ü�g h ���V�a�* ]¡T¢�� £ ¢�ª<¦L�
 L��è5¨V¥!�|�
¡�����è5§���ª<¦L¢R¥O¥#¢C©d�5§ �Â¨T¤��T�Â¡T¢C¥

Ô�ßfÖ@ß
ÔÕÖ;Ò 3 ×áÔ â ôqÕ�Ò�ä!Ù!×ÞÖ
×áÒ�ä�òLà<Ô â Ô Ö
Ô�ä!ß?Ô�à 3 Ù!ÔBÕÒ�ä!Ù!à<ÕÖ;×�ùL×ÞÖ×ó σ ß
Ò�×�ÖPß�� å óÖ 3 ×áòYà!Ô/5!à!ä!×�ØmÒ 3 å ó��å Ôä�Ö�Ô âáâ ×áÝ<Ö
×áòYà!Ô ß
à 3 Ω
Ô=Ö6Ù!Ô 3 ó�ð�à â Ü 3 ×ÞÖ�ó�ß
à « ß
Ü�ä�Ö;Ô�ç σ ∈ C1(Ω)

ëWè
ÈZÔßÊÒ�Ý|ó 3 Ü/Ö
Ô�à 3 ßÊß
Ô�Õ=Ö;Ò 3 ×áÔ â ß8ß
Ò�äYÖÍÔWï!Ü/ÕÖ;Ô å Ôä�Ö â Ô�ß8ð&óä�ó 3 Ü/Ö;Ôà 3 ßÍ×áä��&ä!×ÞÖ�ó�ß?× å Ü�àãï ÙvÑÓà!ä!ÔÕ â Ü�ß
ß?ÔDÝ&Ü 3 Ö;×áÕà â ×Þæ 3 Ô¡Ù!Ô ß?Ô å ×�ð 3 Ò�à!Ý°Ô�ßõçmß
Ô å × ð 3 Ò�à<Ý Ôß�Ü�ä&Ü â �YÖ;×áòYà!Ôß�5ÏÖ;Û�óÒ 3 æ å ÔDÙ<Ô � × âáâ Ô<ÏÒ�ß
×ÞÙ&Üi	-Û!× â ×áÝ!ß�ù�Ò�× 3 � é(ê�ê 5 É�� 5 g ê �wë=5&Ò�ä�Ô�ä 3 Ô=Ö;×ÞÔ�ä!Ù 3 Ü â Ô�ß�Ý 3 Ò�Ý 3 ×�óÖ�ó�ß@ß?à!×Þù/Ü�ä�Ö;Ôß7î@BA � $°'DC7E÷,j�! bac G"H �& ÝPÖ\Ô&��Õ�Ø%Ú8â�à�Õ	÷Hâh��Ú8Ö_Õ~Û�â�ß

A : D(A) 7→ X
â\÷�ÚUß�âVÙL��ÝJ��ÕBØ%ÚÂâ�à�Õ�ÛWÝk��Ý4Û �

Ú}�\÷�Û ¦�Ø%ß�0
( à�Ýd÷Hâ=¦�Û Ù%Õ\Ö_àHÔ4â�ÞYÖ_Õ~ÚÂâ=¦[â�Ý4ÚP�\Ö_Ý4Ú ÛWÝ4à (
e−At

)
t≥0

ø*à�Ûb2���Õ~Û �UâB+

‖e−At‖X ≤M e−ωt â�Ú
‖Ae−At‖X ≤

M

t
e−ωt ,

çG�ãè�í�ë
Ö?k

ω ∈ R
â\÷�ÚCß�â5Ô4Ö_ÛWÝ4Ú�0�â��\Ø_÷Hâ70%à!÷Hâh��Ú8â�à�Õ

Sω,θ
Ø_÷\÷HÖ(��Û^�ml

A
0ZØ%Ý#÷	ß�Ø�0L�m��Ý4ÛWÚ Û�Ö_Ý N �onL�O5 �pMâUÔtßáàZ÷�÷�Û

u ∈ D(A)
Ø%ß�Ö_Õ×÷�Ö_ÝgØ�+
‖e−Atu − u‖X ≤ M t ‖Au‖X .

çG�ãèq��ë
ÿ�Ô�Ö
Û�ó�Ò 3 æ å Ô�Ý Ô 3 å ÔÖoÙ!Ô 3 ó�ß
Ò�à!Ù 3 Ô â Ñ ó�òYà&ÜSÖ;×áÒ�ä â ×áä#ókÜ�× 3 Ô�Û<Ò å Ò�ð�æ�ä!Ô7ç �ãè�� ëbÝ Ò�à 3 à!ä#Ò�Ý|ór�

3 Ü/Ö
Ô�à 3 ß
Ô�Õ=Ö;Ò 3 ×áÔ â 5L× â Ý°Ô 3 å Ô=Ö5ó�ð�Ü â Ô å ÔäYÖ�Ù!Ô 3 óß
Ò�à<Ù 3 Ô â ÑeóòLà!Ü/Ö;×ÞÒ�ä â ×Þä�ókÜ/× 3 Ô6ä!Ò�ä�Û<Ò å Ò�ð�æ�ä!Ô�î
d

dt
u + Au = f(t) , u(0) = u0 ∈ X ,

çG�ãè�É�ë
Ù!Ò�ä�Ö â Ôß�ß
Ò â à<Ö;×ÞÒ�ä!ßPß?Ò�ä�Ö Ù#óT�&ä!×ÞÔ�ß6Õ�Ò åÍå Ô�ß
à!×�Ö�î����� 94"m%)"m$°9s�! bac oa ç ö Ò â à<Ö;×ÞÒ�ä!ßbÝ°Ò�à 3oâ ÑeóòLà!Ü/Ö;×ÞÒ�äDç �ãèJÉ ë
ë  i& Ý�â�÷HÖ_ßáà�Ú Û�Ö_Ý�Ô4Ö_à�Õ�ç �ãèJÉ ë	â\÷�Ú]à�Ý�âÞYÖ_ÝJ��ÚÜÛ�Ö_Ý

u : [0, T ) 7→ X- �\Ö_Ý4Ú ÛWÝ4àÏâ�÷�à�Õ
[0, T )

â�ÚÏ2���Õ~Û �RØ%Ý4Ú
u(0) = u0 1- 0L��Õ~Û 2_Ø��*ß�âV÷�à�Õ

(0, T )
Ø%à!÷Hâ�Ý#÷ì0�â(ß�ØÀ0L��Õ~Û 2��\â70�â>t2Õ;�h�h�4â�Ú>÷�à�Õ

X 1- u(t) ∈ D(A)
Ô4Ö_à�Õ	ÚÂÖ_à�Ú

t ∈ (0, T )
â�Ú . N �Ou 0 â\÷�ÚÏ2���Õ~Û �P�\âV÷�à�Õ (0, T )

�
ä ä�Ü â Ô�Ö
Û�ó�Ò 3 æ å ÔBß
à!×�ù/Ü�ä�Ö7î@BA � $°'DC7E÷,v�` bac bac xw Ö_ÛWÚ

A : D(A) 7→ X
à�ÝfÖ\Ô&��ÕBØ%ÚÂâ�à�Õ
÷Hâh��Ú8Ö_Õ�Û�â�ß��w Û

f : [0, T ) 7→ X
â\÷�ÚP�\Ö_Ý4Ú ÛWÝ4àÏâ�â�Ú=yXz_ß�0�â�Õ8�\Ö_Ý4Ú ÛWÝ4à4âV÷�à�Õ . 6 1r{021 Ø%ß�Ö_Õ×÷	ß�ØTÞYÖ_ÝJ��Ú Û�Ö_Ý

F (t) =

t∫

0

e−A(t−s)f(s) ds ,

â\÷�Ú4�\Ö_Ý4Ú ÛWÝ4àÏâ�÷�à�Õ
[0, T ) 1 �\Ö_Ý4ÚÜÛWÝH|L¦[â�Ý4Ú�0L��Õ~Û 2_Ø��*ß�âa÷�à�Õ (0, T ) 1 l�2_Ø%ß�â�à�Õ×÷@0ZØ%Ý#÷ D(A) 1 2���Õ~Û �Uâ

limt→0+ F (t) = 0
â�Úa÷�à�Õ

(0, T )
+
dF

dt
(t) + AF (t) = f(t) .

& Ý�â�÷HÖ_ßáà�ÚÜÛ�Ö_ÝNØ%à<ÔtÕ×Ö��*ßoI=¦[â70�â�}�Ø%à&�h�L� . N �Ou 0 â\÷�ÚP0�Ö_ÝJ�ì0�Ö_Ý4ÝJ�\âUÔ#Ø%ÕX+

u(t) = e−Atu0 +

t∫

0

e−A(t−s)f(s) ds .

ÿ�Ô�Ö;Û#ó�Ò 3 æ å Ô å ÔÖ:Ô�äMó=ùã×ÞÙ!Ô�ä<Õ�Ô â Ô�ß:ß
Ýtó�Õ�×f�&Õ�×�Ö×óßeÙ!Ô â Ü 3 ó�ß?Ò â àãÖ;×áÒ�ä7Ù!Ôß=e,~�	 Ý&Ü 3:3 Ü�Ý!Ý°Ò 3 ÖÜ�àãï�e,~ ä 5 â Ñqe,~ ä ß?à 3 Rn dy/dt+ay = f(t)
Ôß?Ö�Ô�äÍÔ�Ó ÔÖ 3 óß
Ò â à!ó â Ô@ß?Ò�à!ßÏÙ!Ôß�Û��LÝ Ò/Ö;Û!æß
Ô�ßó!×áÔä å Ò�×Þä!ßPßfÖ 3 ×ÞÕÖ
Ô�ß�ß
à 3 f 5&Ý!Ü 3 Ô=ïãÔ å Ý â Ô L1

loc

è



�2� � �'�W�%��� h �W���K�R� h��
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Å �f� � ��[¡�ì¤������S�e�7¤ÏÉZÐË7È�È���ÐW�e���
ö Ò�×ÞÖ�V à!äõÒ�Ý|ó 3 Ü/Ö
Ô�à 3 ß
Ô�Õ=Ö;Ò 3 ×áÔ â è ä ä ß?à!Ý!Ý°Ò�ß
ÔÊòYà!ÔÊÙ&Ü�ä!ß â Ü�Ù�ó��&ä!×ÞÖ
×áÒ�ä �ãè��LèÞé Ù!Ô A Ò�ä

Ý!à!×áß?ß
ÔPÝ 3 Ô�ä<Ù 3 Ô ω > 0
5/Õ�ÔPòYà!Ô â ÑNÒ�äqä!Ò�Ö
Ô 3 Ü>��Ô (σ(A)) > 0

è8V â Ò 3 ß â ÑÓ×áä#ó�ð�Ü â ×ÞÖ�ó�ç �ãèNí ë å Ò�Ö
×Þù�Ô
â ÜqÙ�ó��&ä!×ÞÖ
×áÒ�ä�ß?à!×Þù/Ü�ä�Ö;Ô8î�^��� 9:" %)"m$°9��! b�c G" çG	-à!×Þß
ß;Ü/ä!Õ�Ôß6ÙJÑNà!ä�Ò�Ýtó 3 Ü/Ö;Ôà 3 ß
ÔÕÖ
Ò 3 ×ÞÔ â ë  R� Ö_à�Õ�à�Ý^Ö\Ô&��Õ�Ø%Ú8â�à�Õ

A
2���Õ~Û �

�RØ%Ý4Ú=��â
(σ(A)) > 0

Ö_ÝÔ4ÖH÷HâUÔ4Ö_à�Õ
α > 0

+

A−α =
1

Γ(α)

+∞∫

0

tα−1e−Atdt ,
çG�ãè:��ë

Ö?k
Γ
0L�\÷�Û�Ù%Ý�â�ß�ØTÞYÖ_ÝJ��Ú Û�Ö_Ý���Ø�¦8¦�Ø��Jm( Ö\Ô&��ÕBØ%Ú8â�à�Õ

A−α Ø%ÛWÝ#÷�Ûo0L�m��Ý4ÛRâ\÷�Ú���Ö_Õ�ÝJ�6â�ÚRÛWÝS�Yâh��Ú Û Þ�� Ýô0L�m��Ý4ÛWÚ(Ø%ÛWÝ#÷�ÛCÔ4Ö_à�Õ
α > 0

ß/( Ö\Ô&��Õ�Ø%Ú8â�à�Õ,Ý�Ö_Ý ��Ö_Õ~ÝJ�
Aα = (A−α)

−1 Ø��%Ø%Ý4ÚUÔ4Ö_à�Õ
0�ÖS¦�Ø%ÛWÝ�â�ß/( Û ¦�ØHÙ�â70�â

A−α 1 â�ÝÔ#Ø%Õ~ÚÜÛ^��à�ßáÛ�â�Õ A1 = A 1 Ö_ÝNÝ�Ö_ÚÂâ�ÕBØ A0 = I
�

VZù�ÔÕ�Õ�ÔÖ?Ö;ÔBÙ�ó��&ä!×�Ö;×áÒ�äÀÒ�ä�Ù�ó��&ä!×ÞÖ â Ô�ß�Ô�ß
Ý!Ü�Õ�Ôß�Ø 3 Ü�ÕÖ
×áÒ�ä<ä&Ü�× 3 Ô Xα Ü�ß
ß?ÒãÕ×�ó�ß�ôqà<ä�Ò�Ý|ó 3 Ü?�Ö;Ô�à 3 ß?Ô�Õ=Ö;Ò 3 ×áÔ â A î
�^��� 9:" %)"m$°9��! b�c oa çGe-ß
Ý&Ü/Õ�Ô�ß^Q 3 Ü�ÕÖ
×áÒ�ä!ä!Ü�× 3 Ô�ßhë  Xw Ö_ÛWÚ A : D(A) 7→ X

à�ÝðÖ\Ô&��Õ�Ø%Ú8â�à�Õ
÷Hâh��ÚÂÖ_Õ~Û�â�ß��,��ßUâ�d&Û�÷�Ú8â!Ø%ß�Ö_Õ×÷à�ÝlÕ;�\â�ß

a > 0
Ú8â�ßPø*à4â[ß/( Ö\Ô&��Õ�Ø%Ú8â�à�Õ . ÷Hâh��Ú8Ö_Õ~Û�â�ß 0 A1 = A + aI2���Õ�Û �Uâ���â

(σ(A1)) > 0
� � Ýþ0L�m��Ý4ÛWÚRØ%ß�Ö_Õ×÷UÔ4Ö_à�Õ

α ≥ 0
+

Xα = D(Aα
1 )

â�Ú
‖u‖Xα = ‖Aα

1u‖X
÷�à�Õ

Xα .
ç��Lè���ë

}Râ�Ú Ú8â60L�m��Ý4ÛWÚ Û�Ö_Ý�â\÷�Ú4�\Ö(�&��Õ\â�Ý4Ú8â@0ZØ%Ý#÷Uß�âC÷Hâ�Ý#÷�Ö?k�à�Ý��h�4Ö_Û;d�0%Û ����Õ×â�Ý4Ú�Ô4Ö_à�Õ
A1

0L�m��Ý4ÛWÕBØ%ÛWÚ
ß�â�¦��=¦[âMâ\÷8Ô#ØL�\â

Xα â�ÚRà�Ý�â(Ý�Ö_ÕW¦[â
‖ · ‖Xα

�
ø*à�Û 2_Ø%ß�â�Ý4Ú8â��� ÝNØOâ�Ý[Ô#Ø%Õ�Ú Û^��à�ßáÛ�â�Õ
X0 = X

â�Ú
X1 = D(A)

Ô4Ö_à�Õ	ß�Ø[Ý�Ö_ÕW¦[â70%à[Ù%Õ�Ø�Ô&�4â
÷�à�Õ
D(A)

�p6âÊ¦�Ø%Ý4Û�I�Õ×â�ÙL��ÝJ��ÕBØ%ß�â 1 Ô4Ö_à�Õ<Ú8Ö_à�Ú α ≥ 0 1 Xα â\÷�ÚTà�Ýcâ\÷8Ô#ØL�\âÍ0�âi)TØ%ÝtØL�h�Ñâ�Ú�÷�Û
α ≥

β ≥ 0
+

Xα ⊂ Xβ ,â�ÚRß/( ÛWÝS�Yâh��Ú Û�Ö_ÝÑâ\÷�ÚP�\Ö_Ý4ÚÜÛWÝ4à4â�â�Ú�0�â�Ý#÷Hâ��
ö à 3�â Ô�ß�Ôß
Ý&Ü/Õ�Ô�ß�Ø 3 Ü�ÕÖ
×áÒ�ä<ä&Ü�× 3 Ô�ß Xα â Ô�ß Ý 3 Ò�Ý 3 ×�ó=Ö×óß8ç �Lè�í ë7ç �ãèY� ë�Ù!Ô â ÑNÔWïãÝ Ò�ä<Ô�ä�Ö;×ÞÔ âáâ Ô7Ù<Ô

A
ß�Ñ óÖ;Ôä!Ù!ÔäYÖ�5 Ý°Ò�à 3 0 ≤ α < 1

î
‖Aα

1 e
−At‖X ≤ M t−α eat ,

ç��Lè g ë
∀ u ∈ Xα , ‖e−Atu − u‖X ≤ M tα eat‖u‖Xα ,

ç��Lè ü ë
Ò��

a
Ô�ßfÖ�Ö;Ô â òYà!Ô A1 = A + aI

ù&ó 3 ×f�&ÔX�6Ô (σ(A1)) > 0
è

Ò4Ô â ß òYà!ÔìÙ�ó��&ä!×áß5 â Ô�ß6Ô�ß?Ý&Ü�ÕÔ�ß Ø 3 Ü�ÕÖ
×áÒ�ä<ä&Ü�× 3 Ô�ß@ß?Ò�ä�Ö�Ù!×f ÍÕ�× â Ô�ß�ôÊÕkÜ 3 Ü�ÕÖ�ó 3 ×Þß
Ô 3 è ä äÚà<Ö
× â ×;�ß
Ô 3 Ü�Ù&Ü�ä<ß â Ô6ÕkÜ/ß�ÙvÑÓà!äÀÒ�Ýtó 3 Ü/Ö;Ôà 3 A Ù!Ô�Ù<×�Ó à!ß
×ÞÒ�ä â Ô â Ô åÍå Ô�Ù!Ô Ý â Ò�ä!ð�Ô å Ô�ä�Ö�ß
à<×Þù/Ü�ä�Ö�ç ù�Ò�× 3� É�� � ë�î
¡ ,7E¢E÷,��! b�c #" ç#	 3 Ò�Ý 3 ×�ó=Ö×ó�Ù<Ô�Ý â Ò�ä!ð�Ô å Ô�ä�Ö�Ù!Ô�ß@Ôß
Ý&Ü/Õ�Ô�ßPØ 3 Ü�ÕÖ
×áÒ�ä<ä&Ü�× 3 Ô�ß;ë  £w à�ÕVà�Ý^Ö_àL2%â�Õ�Ú
��Ö_Õ�Ý�â

Ω ⊂ Rd â�Ý 0%Û ¦[â�Ý#÷�Û�Ö_Ý
d = 1, 2

Ö_àv¤D0�Ö_Ý4Ú5ß�âÍ��Ö_Õ?0
∂Ω

â\÷�Ú 0�â�Õ;��Ù%à�ß�Ø%Õ~ÛWÚ}�
C2 Ö_Ý

�\Ö_Ý#÷�Û�07I�Õ\âVß/( Ö\Ô&��ÕBØ%ÚÂâ�à�Õ	Ý�Ö_Ýõ��Ö_Õ~Ý�â
A
÷�à4â

X = L2(Ω) 1
A = −∇ · (σ∇ · )

÷�à�Õ
D(A) =

{
u ∈ H2(Ω) , σ∇u · n = 0

÷�à�Õ
∂Ω
}

;
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Ô4Ö_à�Õ�à�ÝNÚ8â�Ý#÷Hâ�à�Õ
σ
÷=�S¦���ÚÜÕ~Û�ø*à4â 1 à�Ý4Û ÞYÖ_ÕW¦��=¦[â�Ý4ÚUâ�ßWßáÛJÔtÚ Û�ø*àÏâMâ�ÚCÕ;��Ù%à�ßáÛ�â�Õ . σ ∈ C1(Ω) 0 �3 ß�Ö_Õ\÷SÔ4Ö_à�Õ d

4
≤ α < 1 1 Ö_ÝgØ[ß/( ÛWÝS�Yâh��Ú Û�Ö_Ýþ�\Ö_Ý4Ú ÛWÝ4àÏâB+

Xα ⊂ Cν(Ω) ,
çG�ãèÞékê�ë

Ô4Ö_à�Õ
0 ≤ ν ≤ 2α− d/2 1 Ö?k Cν(Ω)

0L�\÷�Û�Ù%Ý�â
ß/( â\÷8Ô#ØL�\âB0�â\÷AÞYÖ_ÝJ��Ú Û�Ö_Ý#÷
ν
��yXz_ß�0�â�Õ��\Ö_Ý4Ú ÛWÝ4àÏâ\÷

÷�à�Õ
Ω
ß�Ö_Õ×÷�ø*àÏâ

ν > 0
â�Ú�Ö?k

C0(Ω)
â\÷�ÚRß/( â\÷8Ô#ØL�\âì0�â\÷�ÞYÖ_ÝJ��ÚÜÛ�Ö_Ý#÷q�\Ö_Ý4Ú ÛWÝ4à4â\÷�â�Ú@��Ö_Õ~ÝJ�\â\÷V÷�à�Õ

Ω 1 ¦�à�Ý4Û-0�â\÷(Ý�Ö_Õ=¦[â\÷	Ø_÷\÷HÖ(��Û^�\â\÷��#Ø��*ÛWÚ àÏâ�ßWß�â\÷��
È4Ü�Õ�Ò�ä!ß�óòLà<Ô�ä!ÕÔÀ× åÍå óÙ!×wÜSÖ;Ô�Ù<Ô#ÕÔ 3 ó�ß
à â ÖhÜSÖ7Ôß?Ö7òYà!Ô#ß?× â ÑÓÒ�äõß
ÔÍÙ!Ò�ä!ä!ÔÍà!ä!ÔÊØmÒ�ä!Õ=Ö;×ÞÒ�ääYà å ó 3 ×ÞòLà<Ô F : C 7→ C â ÒLÕkÜ â Ô å Ô�ä�ÖVÈ�×ÞÝ!ß
ÕhÛ!×�Ö×å×áÔ�ä<ä!Ô�5 Ü â Ò 3 ß F ßÑeó=Ö;Ô�ä<ÙþÔä à!ä!Ô�ØmÒ�ä!ÕÖ
×áÒ�ä

F : Xα ⊂ C0(Ω) 7→ L2(Ω)
òYà!×°Ô�ßfÖUó�ð�Ü â Ô å ÔäYÖ â ÒãÕ�Ü â Ô å ÔäYÖRÈ�×áÝ<ß
ÕhÛ!×�Ö×å�×ÞÔ�ä!ä<Ô�5YÔ�ä#Ý&Ü 3 Ö
×áÕà��

â ×ÞÔ 3 Õ�ÔÕ�×eÝ°Ô 3 å Ô=Ö�Ù!Ô�Ý Ò�ß?Ô 3 Õ�Ò 3?3 Ô�Õ=Ö;Ô å ÔäYÖ â Ô�Ý 3 Ò�ó â æ å Ô7Ù<ÔÊÿPÜ�à!ÕhÛ���ç �ãèÞé ë6ß
à 3�â Ôß�Ôß
Ý&Ü�ÕÔ�ß
Xα â Ò 3 ß
òYà!Ô α Ô�ßfÖ�ß?à% Íß;Ü åÍå Ô�ä�Ö�Ý 3 ÒLÕhÛ!ÔìÙ!Ô*�ãè

Å �g¢ ®¯]���Ëì��ÎÀÉZÐ=Ë�È Ì�Î � Ë#Ì�°@�=� � Ë7È�Ë#Ì�Ë7� �ìÐÈ��
ä ä 3 Ô�Ý 3 Ô�ä!Ù â ÔBÝ 3 Ò�ó â æ å ÔÍç Éãè�é(ê ëBç ÉãèÞékí ë�Ù!à å ÒLÙ!æ â Ô å Ò�ä!ÒLÙ!Ò å Ü�×áä!Ô/5





du

dt
+ Au = f(u, v)

dv

dt
= g(u, v)

, w(0) = w0 ,
ç��LèÞé�é(ë

ß
à 3 à!ä�Ò�à<ù�Ô 3 Ö Ω ⊂ Rd ó Ò 3 ä�ó�Ù!ÔBØ 3 Ò�äYÖ
×áæ 3 Ô 3 óð�à â ×áæ 3 ÔÊç C2 ë�Ô�ä�Ù!× å Ôä!ß
×ÞÒ�ä d = 1, 2
Ò�à�í<è

ä ä 3 ÔÕhÛ!Ô 3 ÕhÛ!Ô â ÑÓ×áä!ÕÒ�ä!äYà!Ô w = (u, v)
Ù&Ü�ä!ß â ÑÓÔ�ß
Ý!Ü�Õ�ÔÀÙ<Ô��PÜ�ä&Ü/ÕhÛöÝ 3 ÒLÙ!à!×�Ö E X × B

Ò��
X = L2(Ω)

Ô=Ö#Ò��
B
ß
Ô 3 Üõ×áä!Ù!×�Ó�ó 3 Ô å#å Ô�ä�Ö â ÑNÔß
Ý&Ü�ÕÔ L∞(Ω)

Ò�à
Cν(Ω)

Ù!Ô�ßÊØmÒ�ä!Õ=Ö;×áÒ�ä!ß
å Ôß
à 3 Ü�ó â Ô�ß�ó°Ò 3 ä#ó�Ô�ß�Ò�àõÙ!ÔßBØmÒ�ä!ÕÖ
×áÒ�ä<ß ν �H�x± â Ù!Ô 3 ÕÒ�ä�Ö;×ÞäLà<Ô�ß#ç�Ý°Ò�à 3 0 ≤ ν < 2 − d/2

Ô=Ö
ν < 1

ë6ß?à 3 Ω
ø â Ô�ß?Ô�Õ�Ò�ä!ÙõÕkÜ�ßVó=ÖhÜ�ä�ÖBä#ó�Õ�Ôß
ß
Ü�× 3 Ô8Ý Ò�à 3�â Ñ óÖ
à!Ù!ÔqÙ<Ô â Ü 3 ó�ð�à â Ü 3 ×ÞÖ×óìÙ!Ôß�ß
Ò â à��Ö;×ÞÒ�ä!ßPÔä �ãèJÉ è~�Ü�ä!ß â Üqß
à!×�Ö;Ô�Ù!Ô�Õ�Ô�ÕhÛ&Ü�Ý<×ÞÖ 3 Ô�Ò�ä�ß
Ô�Ý â Ü/Õ�Ô�Ù&Ü�ä!ß â Ô�ß@Õ�Ò�ä!Ù!×ÞÖ
×áÒ�ä<ß@ß
à!×�ù�Ü/äYÖ
Ô�ß�î

A
Ù�óß
×áð�ä!Ô â ÑÓÒ�Ýtó 3 ÜSÖ;Ô�à 3 Ù!×�Ó à!ß?×ÞØ A = −∇ · (σ∇ · )

Ý°Ò�à 3 à!ä!ÔBÕÒ�ä!Ù!×�Ö;×ÞÒ�ä ÿ Ôà å Ü�ä!ä�Û!Ò å Ò²�ð�æ�ä<Ô7Ü/à�ó°Ò 3 Ùþî

D(A) =
{
u ∈ H2(Ω) , σ∇u · n = 0

ß
à 3 ∂Ω
}
,

Ý Ò�à 3 à!äõÖ;Ô�ä<ß
Ô�à 3 Ù!ÔÊÕÒ�ä!Ù!à!Õ=Ö;×�ùã×�Ö×ó σ ß�� å óÖ 3 ×áòYà!Ô/5�à!ä!×ÞØmÒ 3 å ó å Ô�ä�ÖBÔ âÞâ ×ÞÝ<Ö;×ÞòLà<ÔqÔÖ 3 óð�à â ×áÔ 3ç
C1+ν ë�Ù!Ô�ß?Ò 3 Ö
ÔìòYà!Ô A Ô�ßfÖ�Ü/à<Ö;Ò�Ü/ÙS ?Ò�×áä�Ö@Ô=Ö6Ù!Ò�ä!ÕBß?Ô�ÕÖ
Ò 3 ×ÞÔ â èÈ�Ô�ß@Ö;Ô 3 å Ô�ß�Ù!Ô 3 ó�Ü�ÕÖ
×áÒ�ä f 5 g ß
Ò�äYÖ6Ù!Ò�ä!ä�ó�ß�ôÊÝ&Ü 3 Ö;× 3 Ù!Ô â Ü�ØmÒ�ä!Õ=Ö;×ÞÒ�ä�äLà å ó 3 ×áòYà!Ô F 5

F : (x, y) ∈ C
2 7→ F (x, y) = (f(x, y), g(x, y)) ∈ C

2 ,

ß
à 3�â Ü�òYà!Ô âÞâ Ô�Ò�ä�Ø�Ü�×�Ö â ÑÓÛ��LÝ Ò�Ö
Û!æ�ß?Ô7ß?à!×Þù/Ü�ä�Ö
ÔBß
Ô â Ò�ä â ÔBÕhÛ!Ò�×|ï�Ù!Ô â ÑNÔß
Ý&Ü�ÕÔ B î
Ðôß?×

B = L∞(Ω)
5vÒ�äõß
à!Ý<Ý Ò�ß?ÔÊòLà<Ô

F
Ô�ßfÖ â ÒLÕkÜ â Ô å Ô�ä�Ö�È�×áÝ<ß
ÕhÛ!×�Ö×å�×ÞÔ�ä!ä<Ô8Ù!Ô8ß
Ò 3 Ö;Ô8òYà!Ô

F
ß�Ñ óÖ
Ô�ä!Ù�Ôä�à!ä!Ô ØmÒ�ä!ÕÖ
×áÒ�ä

F : L∞(Ω)×L∞(Ω) 7→ L∞(Ω)×L∞(Ω)
óð�Ü â Ô å Ô�ä�Ö

â ÒãÕ�Ü â Ô å ÔäYÖ5ÈZ×ÞÝ!ß
ÕhÛ<×ÞÖ×å×áÔä!ä!Ô�è
FP³$´ O?R[_SU`}Ob_)]^Tk�Dµ)IÓ\

X × B
R[Of]gU�MWµ)Q)Iã�(O-V�U�Q)T][MPO

‖w‖X×B = max (‖u‖X , ‖v‖B)
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ä äÚÕhÛ!Ò�×Þß
×�Ö�Ü â Ò 3 ß 0 < α < 1
Ù!Ò�ä!ä#ó�Ý&Ü 3 â Ô â Ô å#å Ô �ãèNí<è�é Ö
Ô â òLà<Ô Xα ⊂ C0(Ω)

5 â ÜØmÒ�ä!Õ=Ö;×áÒ�ä�äLà å ó 3 ×áòYà!Ô F 5!ß�Ñ óÖ
Ô�ä!ÙÚÜ â Ò 3 ß�ô8à!ä!ÔBØmÒ�ä!Õ=Ö;×ÞÒ�äv5
F : (u, u) ∈ Xα × L∞(Ω) 7→ F (u, v) = (f(u, v), g(u, v)) ∈ X × L∞(Ω) ,

â ÒLÕkÜ â Ô å Ô�ä�Ö5È�×ÞÝ!ß
ÕhÛ!×�Ö×å×áÔ�ä<ä!ÔAøÐôß
×
B = Cν(Ω)

5 Ò�ä ß?à!Ý!Ý°Ò�ß
Ô�òLà<Ô
F
Ôß?ÖBÙ!Ô 3 ó�ð�à â Ü 3 ×ÞÖ�ó C2 Ù!Ôqß?Ò 3 Ö
ÔqòYà!Ô F ß�Ñ óÖ;Ôä!Ù

Ô�äöà!ä<Ô�ØmÒ�ä!Õ=Ö;×áÒ�ä
F : Cν(Ω) × Cν(Ω) 7→ Cν(Ω) × Cν(Ω)

òYà!×PÔß?Ö â ÒãÕ�Ü â Ô å ÔäYÖÈ�×áÝ!ß?ÕhÛ!×ÞÖ�å�×áÔä!ä!Ô/è
ä äÚÕhÛ!Ò�×Þß
×�Ö�Ü â Ò 3 ß 0 < α < 1

Ù!Ò�ä!ä�ó�Ý!Ü 3�â Ô â Ô åÍå Ô �ãè�íãèÞé Ö;Ô â òYà!Ô Xα ⊂ Cν(Ω)
5 â ÜØmÒ�ä!Õ=Ö;×áÒ�ä�äLà å ó 3 ×áòYà!Ô F ßÑeó=Ö;Ôä!ÙDÜ â Ò 3 ß�ô8à!ä<Ô�ØmÒ�ä!ÕÖ
×áÒ�äv5

F : (u, u) ∈ Xα × Cν(Ω) 7→ F (u, v) = (f(u, v), g(u, v)) ∈ X × Cν(Ω) ,

â ÒLÕkÜ â Ô å Ô�ä�Ö5È�×ÞÝ!ß
ÕhÛ!×�Ö×å×áÔ�ä<ä!Ô�èä ä¡ÕhÛ!Ô 3 ÕhÛ!ÔÊÜ â Ò 3 ß�à!ä!Ô7ß
Ò â à<Ö;×ÞÒ�ä¡Ù<Ô�ç �LèÞé�é ë�Ý°Ò�à 3 à!ä!Ô7Ù!Ò�ä!ä#ó�Ô�×Þä!×ÞÖ
×wÜ â Ô w0 ∈ Xα × B
è

ÈZÔBÖ
Û�ó�Ò 3 æ å Ô �ãè:�ãè�� å Ò�Ö;×�ù�Ô â ÜqÙ�óT�&ä<×ÞÖ;×ÞÒ�ä�ß
à!×�ù/Ü�ä�Ö;ÔBÝ°Ò�à 3�â Ôß@ß
Ò â à<Ö;×ÞÒ�ä!ß@Ù!Ô#ç �LèÞé�é ë�î�^��� 9:" %)"m$°9»�! f¼¹ #" ç ö Ò â à<Ö
×áÒ�ä<ß�Ý Ò�à 3�â ÔÊÝ 3 Ò�ó â æ å Ô8Ù!Ô#ÿPÜ�à<ÕhÛ��Äç �ãèÞé�é ë
ë  � Ý 0%ÛWÕBØ ø*à,( à�Ý�â
ÞYÖ_ÝJ��ÚÜÛ�Ö_Ý

w : [0, T ) 7→ X×B
â\÷�Ú�à�Ý�â�÷HÖ_ßáà�ÚÜÛ�Ö_Ý�0%à�ÔtÕ×Ö��*ßoI=¦[âP0�â�}�Ø%à+�h�L� . N �O5�5 0 ß�Ö_Õ×÷�ø*àÏâ©+- w : [0, T ) 7→ X × B

â\÷�Ú@�\Ö_Ý4Ú ÛWÝ4àÏâMâ�Ú
w(0) = w0 1- w : (0, T ) 7→ X × B

â\÷�Ú�0L��Õ~Û 2_Ø��*ß�â�Ø%à�÷Hâ�Ý#÷70�â>t2Õ;�h�h�4â�Ú 1- t ∈ (0, T ) 7→ F (w(x, t)) ∈ X ×B
â\÷�ÚCß�Ö(��Ø%ß�â=¦[â�Ý4ÚKy*z_ß�0�â�Õ��\Ö_Ý4Ú ÛWÝ4àÏâ 1- ∀ t ∈ (0, T ) 1 u(t) ∈ D(A)

â�Ú . N �O5�5 0 â\÷�Úo2���Õ~Û �P�\â��
È�ÔÍÖ;Û�óÒ 3 æ å Ô �Lè��ãè:� Ü/ß
ß
à 3 ÔÀòYà!ÔÀß?× w Ô�ßfÖ8à!ä!ÔÀß?Ò â àãÖ;×áÒ�ä Ù!Ô ç �ãè�é�é ëìÜ â Ò 3 ß w ù&ó 3 ×f�&Ô â ÜØmÒ 3 å à â Ü/Ö
×áÒ�ä#×áä�Ö×óð 3 Ü â ÔBÙ!ÔBù/Ü 3 ×áÜ/Ö;×ÞÒ�äÀÙ!Ô â ÜqÕÒ�ä!ßfÖhÜ�ä�Ö;ÔÍî

u(t) = e−Atu0 +

t∫

0

e−A(t−s)f(w(s)) ds

v(t) = v0 +

t∫

0

g(w(s)) ds

,
ç��ãè�éD��ë

��óÕ�×áÝ 3 ÒLòLà<Ô å Ô�ä�Ö�î¡ ,7E¢E÷,i�! ;¼
 #" ç¾½ÏÜ 3 ×wÜ/Ö
×áÒ�äBÙ!Ô â Ü�Õ�Ò�ä!ß?Ö;Ü�ä�Ö;Ô(ë  Ww Ö_ÛWÚ α 1 0 ≤ α < 1 1 Ú8â�ß!ø*à4â F : Xα×B 7→
X ×B

â\÷�ÚCß�Ö(��Ø%ß�â=¦[â�Ý4Ú=J]ÛJÔ4÷(�h��ÛWÚoL*Û�â�Ý4Ý�â��w ÛAà�Ý�â�ÞYÖ_ÝJ��Ú Û�Ö_Ý �\Ö_Ý4Ú ÛWÝ4àÏâ
w : [0, T ) 7→ Xα × B ,2���Õ�Û �Uâ�ß�Ø�ÞYÖ_ÕW¦�à�ß�â(ÛWÝ4ÚH��Ù%ÕBØ%ß�â . N �O58n 0 ÷�à�Õ (0, T ) 1 Ø%ß�Ö_Õ×÷ w â\÷�ÚCà�Ý�â�÷HÖ_ßáà�Ú Û�Ö_Ýõ0�â . N �O5�5 0 �pq�=¦[Ö_Ý#÷�ÚÜÕBØ%Ú Û�Ö_Ý°��~7Ñ�Ü�Ý 3 æ�ß �ãè��Lè�� × â ß
à% ÊÖPÙ<Ô å Ò�äYÖ 3 Ô 3 òYà!Ô�ß?Ò�à!ß â Ô�ß�Û��LÝ°Ò�Ö;Û<æ�ß
Ôß@Ù!à â Ô åÍå Ô

â Ü ØmÒ�ä!ÕÖ
×áÒ�ä t 7→ F (w(t)) ∈ X × B
Ô�ßfÖ â ÒãÕ�Ü â Ô å ÔäYÖ#��± â Ù!Ô 3 ÕÒ�ä�Ö;×ÞäLà<ÔÚß
à 3 (0, T )

5-Ô=Ö
Õ�Ò åÍå Ô F : Xα × B 7→ X × B

Ôß?Ö â ÒLÕkÜ â Ô å Ô�ä�Ö�È�×áÝ!ß?ÕhÛ!×ÞÖ�å�5Z× â ß?à% ÊÖqÙ!Ô å Ò�ä�Ö 3 Ô 3 òYà!Ô
t 7→ w(t) ∈ Xα ×B

Ôß?Ö â ÒLÕkÜ â Ô å Ô�ä�Ö���± â Ù<Ô 3 Õ�Ò�äYÖ
×áäYà!Ô/è	eÜ 3 Õ�Ò�äYÖ
×áäYà!×�Ö×óBÙ!Ô g Ô=Ö�Ù!Ô w Ò�ä¡ÜÊÜ�à�ù�Ò�×Þß
×áä!Ü�ð�ÔBÙ!Ô
t0 ∈ (0, T )

î

‖v(t0 + h) − v(t0)‖B ≤

t0+h∫

t0

‖g(w(s))‖Bds ≤M h .
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	eÜ 3 Ü/× âáâ Ô�à 3 ß�5

u(t0 + h) − u(t0) =
(
e−Ah − I

)
e−At0u0 +

t0+h∫

t0

e−A(t0+h−s)f(w(s))ds

+

t0∫

0

(
e−Ah − I

)
e−A(t−s)f(w(s))ds ,

Õ�Ò åÍå Ô e−At0u0 ∈ D(A)
Ò�ä¡Ü

Aα
1 e

−At0u0 ∈ X1−α Ô=Ö�Ükù�Ô�Õ�ç �ãèY� ë=5
∥∥(e−Ah − I

)
e−At0u0

∥∥
Xα =

∥∥(e−Ah − I
)
Aα

1 e
−At0u0

∥∥
X
≤M h1−α‖A1e

−At0u0‖X ,

ÔÖ�Ý&Ü 3 ÕÒ�ä�Ö;×ÞäLà<×ÞÖ×óBÙ<Ô w Ô=Ö6Ù!Ô
f
Ò�ä�Ü#Ükù�ÔÕÀç �ãè g ë@Ü�à�ù�Ò�×Þß
×áä!Ü�ð�ÔBÙ!Ô t0 5

∥∥∥∥∥∥

t0+h∫

t0

e−A(t0+h−s)f(w(s))ds

∥∥∥∥∥∥
Xα

≤

t0+h∫

t0

∥∥Aα
1 e

−A(t0+h−s)
∥∥

X
‖f(w(s))‖Xds ≤M h1−α ,

Ô�ä%�!äÀÝ Ò�à 3 0 < δ < 1−α
5LÕÒ åÍå Ô e−A(t−s)f(w(s)) ∈ D(A)

Ò�ä�Ü
Aα

1 e
−A(t−s)f(w(s)) ∈

X1−α ⊂ Xδ ÔÖ6Ô�ä�à<Ö
× â ×Þß;Ü�ä�ÖBç �ãèq¿ ë�Ý!à!×Þß7ç �ãè g ë�î
∥∥(e−Ah − I

)
e−A(t−s)f(w(s))

∥∥
Xα =

∥∥(e−Ah − I
)
Aα

1 e
−A(t−s)f(w(s))

∥∥
X

≤M hδ ‖Aα+δ
1 e−A(t−s)f(w(s))‖X

≤M hδ (t− s)−(α+δ) eat‖f(w(s))‖X ,

Ý&Ü 3 ÕhÛ<Ò�×�ïqÙ!Ô δ 5 α+δ < 1
Ô=Ö â Ü�Ù!Ô 3 ä!×Þæ 3 Ô@×Þä�ó�ð�Ü â ×�Ö×óPÜ/ß
ß
à 3 Ô�òYà!Ô w : t ∈ (0, T ) 7→ Xα×BÔ�ßfÖ â ÒãÕ�Ü â Ô å Ôä�Ö@�x± â Ù!Ô 3 Õ�Ò�ä�Ö;×ÞäYà!Ô�è

ÿ�Ô â Ô åÍå Ô ù�Ü8ä!Ò�à!ß�Ý Ô 3 å ÔÖ
Ö 3 Ô�ÙvÑ óÖ;Ü�ó â × 3Pâ Ô 3 ó�ß?à â Ö;Ü/Ö�ß
à!×�ù/Ü�ä�Ö7î
@BA � $°'DC7E÷,À�! ;¼¹ #" çGeeïã×áß?Ö
Ô�ä!ÕÔ â ÒãÕ�Ü â Ô#ÔÖÍà!ä!×ÞÕ�×�Ö×óÀÙ!Ôß#ß?Ò â àãÖ;×áÒ�ä!ßhë  mw Ö_ÛWÚ α Ú8â�ß�ø*àÏâ

F :
Xα × B 7→ X × B

÷HÖ_ÛWÚ<ß�Ö(��Ø%ß�â=¦[â�Ý4ÚiJ]ÛJÔ4÷(�h��ÛWÚoL*Û�â�Ý4Ý�âfâ�Ú�÷HÖ_ÛWÚ
w0 = (u0, v0)

Ú8â�ßìø*àÏâ
u0 ∈ Xα �3 ß�Ö_Õ×÷XÛWß�â�d&Û�÷�Ú8âbà�Ý�âbà�Ý4Û�ø*à4âd÷HÖ_ßáà�ÚÜÛ�Ö_Ý

w
0�â . N �O5�5 021 w : [0, T ) 7→ X × B 1 Ô4Ö_à�Õdß�Ø�\Ö_Ý°0%ÛWÚÜÛ�Ö_ÝdÛWÝ4ÛWÚÜÛ Ø%ß�â

w(0) = (u0, v0) 1 Ö?k T > 0
Ý�â�0L�8Ô4â�Ý°0#ø*àÏâ�0�â

w0
�ÁSÝ�Ö_à�Ú Õ×â

w : [0, T ) 7→ L∞(Ω) × L∞(Ω)
â\÷�Ú��\Ö_Ý4Ú ÛWÝ4àÏââ�Ú
Ö_ÝPØ¡0�Ö_ÝJ�#�\Ö_Ý&2%â�ÕÜÙ�â�ÝJ�\â

à�Ý4Û ÞYÖ_ÕW¦[â70�â
w(t) → w0

ß�Ö_Õ×÷�ø*àÏâ
t→ 0+ ÷�à�Õ

Ω
�ÁSÝk��ÝO÷�Û

F
â\÷�Ú>Ù%ß�Ö��\Ø%ß�â=¦[â�Ý4ÚKJ]ÛJÔ4÷(�h��ÛWÚML*Û�â�Ý4Ý�âT÷�à�Õ

C2 Ö_Ý^Ø
T = +∞

�
pq�=¦[Ö_Ý#÷�Ú Õ�Ø%Ú Û�Ö_Ý°� ä äÂ�<ïãÔ

uo ∈ Xα ÔÖ v0 ∈ B
5<Ò�äÀÕÒ�ä!ß?×áÙ!æ 3 Ô V ⊂ Xα ×B

à!ä<Ô�ó°Ò�à â Ô Ù!ÔÕ�ÔäYÖ 3 Ô w0 = (u0, v0)
Ô=Ö Ù<Ô 3 ÜS��Ò�ä δ 5
V = {w ∈ Xα ×B , ‖w − w0‖Xα×B ≤ δ} ,

ß
à 3�â Ü�òYà!Ô âÞâ Ô F Ôß?Ö
Λ
�ÂÈ�×áÝ!ß?ÕhÛ!×ÞÖ�å8î

∀w,w′ ∈ V , ‖F (w) − F (w′)‖X×B ≤ Λ ‖w− w′‖Xα×B .
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ö Ò�×ÞÖ
M â ÜqÕÒ�ä!ßfÖhÜ�ä�Ö;Ôì×áä�Ö
Ô 3 ù�Ô�ä&Ü/äYÖ6Ù&Ü/ä!ß7ç �ãè g ë=5 ‖Aα

1 e
−At‖X ≤ M t−α eat èÿ�Ò å#å Ô u0 ∈ Xα Ò�äÚÜ

Aα
1u0 ∈ X

ÔÖ
‖
(
e−At − I

)
u0‖Xα = ‖

(
e−At − I

)
Aα

1u0‖X → 0òLà!Ü�ä!Ù
t→ 0+ èö Ò�×ÞÖ

N = ‖F (w0)‖X×B
5&Ò�ä��<ïãÔ�Ü â Ò 3 ß T Ö;Ô â òYà!Ô#î
∥∥(e−Ah − I

)
u0

∥∥
Xα ≤

δ

2

Ý°Ò�à 3 0 ≤ h ≤ T ,

M (N + Λ δ)

T∫

0

s−αeas ds ≤
δ

2

ÔÖ
(N + Λδ)T ≤ δ

ö Ò�×ÞÖ
S â ÑÓÔ�ä!ß?Ô å ó â Ô6Ù!Ô�ß�ØmÒ�ä!ÕÖ
×áÒ�ä!ß w : [0, T ] 7→ Xα ×B

ÕÒ�ä�Ö;×áäYà!Ôß�Ô=Ö5ôìù/Ü â Ô�à 3 ß�Ù&Ü/ä!ß
V
î
‖w(t) − w(0)‖Xα×B ≤ δ

Ý Ò�à 3 0 ≤ t ≤ T
è ä ä å à!ä!×�Ö S Ù!Ô â Ü å ó=Ö 3 ×áòYà!ÔìÜ�ß
ß?ÒãÕ×�óÔ6ô

â Üqó°Ò 3 ä!Ô�ß?à!Ýv5
‖w‖∞ = sup

t∈[0,T ]

‖w(t)‖Xα×B ,

	:Ò�à 3�â Ü�òYà!Ô âÞâ Ô S Ôß?Ö à!ä�Ô�ß
Ý!Ü�Õ�Ô å ó=Ö 3 ×ÞòYà!ÔBÕ�Ò å Ý â ÔÖkè ä ä�Ù�ó��&ä!×ÞÖ6ß?à 3 S â ÑNÜ�Ý!Ý â ×áÕ�Ü/Ö;×ÞÒ�ä G :
w ∈ S 7→ (G1(w), G2(w))

Ü(ù�Ô�ÕìÝ Ò�à 3 0 ≤ t ≤ T
5

G1(w)(t) = e−Atu0 +

t∫

0

e−A(t−s)f(w(s))ds , G2(w)(t) = v0 +

t∫

0

g(w(s))ds ,

â ÜÊÙ�ó å Ò�ä!ßfÖ 3 ÜSÖ;×áÒ�äÚÙ!à â Ô åÍå Ô �Lèq�!è�é å Ò�ä�Ö 3 Ô�òYà!Ô G : [0, T ] 7→ Xα × B
Ô�ßfÖ â ÒãÕ�Ü â Ô å ÔäYÖ�x± â Ù!Ô 3 Õ�Ò�ä�Ö;×ÞäYà!Ôþç�Ù!Ò�ä!ÕÀÕ�Ò�äYÖ
×áäYà!Ôkë�ß
à<Ö (0, T )

Ô=Ö8× â Ô�ßfÖ8Ø�Ü�Õ�× â ÔÍÙ!ÔÀù�Ò�× 3 òYà!Ô G Ô�ßfÖÊÜ�à!ß?ß
×
Õ�Ò�ä�Ö;×ÞäYà!Ô�Ô�ä

0+ èA Ò�ä�Ö 3 Ò�ä!ß�òYà!Ô G : S 7→ S
è

‖G1(w)(t) − u0‖Xα ≤
∥∥(e−At − I

)
u0

∥∥
Xα

+

t∫

0

∥∥Aα
1 e

−A(t−s)
∥∥

X
(‖f(w(s))− f(w0)‖X + ‖f(w0)‖X) ds

≤
δ

2
+M (λδ +N)

T∫

0

t−αeatdt ≤ δ ,

ÔÖ6à!ä!Ô å Ü) ?Ò 3 ÜSÖ;×áÒ�äÀß
× å × â Ü�× 3 Ô6ß
à 3 ‖G2(w) − v0‖B

Ü�ß
ß?à 3 Ô�òYà!Ô G : S 7→ S
è

A Ò�ä�Ö 3 Ò�ä!ß å Ü/×áä�Ö;Ôä&Ü�ä�Ö�òYà!Ô G Ô�ßfÖ ÕÒ�ä�Ö 3 Ü�ÕÖ;Ü�ä�Ö;Ô�è�	4Ò�à 3 w,w′ ∈ S
î

‖G1(w)(t) −G1(w
′)(t)‖Xα ≤

t∫

0

∥∥Aα
1 e

−A(t−s)
∥∥

X
‖f(w(s)) − f(w′(s))‖Xds

≤ Λ

T∫

0

t−αeatdt‖w − w′‖Xα×B ≤
1

2
‖w − w′‖Xα×B ,

ÔÖ6Ò�ä�Ü â Ü å õ å Ô å Ü) ?Ò 3 Ü/Ö
×áÒ�ä�ß?à 3 ‖G2(w)(t) −G2(w
′)(t)‖B

èV�Ý!Ý â ×áòYà&Ü�ä�Ö â ÔÚÖ;Û#ó�Ò 3 æ å ÔDÙ!à Ý Ò�×áä�Ö¶�<ïãÔ�5
G
Üöà!ä à!ä!×ÞòLà<Ô Ý Ò�×Þä�Ö��<ïãÔõÙ&Ü�ä!ß

S
òYà!×BÔ�ßfÖ

ß
Ò â à<Ö;×ÞÒ�ä�Ù!Ô#ç �ãè�é�é ë@ÙJÑ�Ü�Ý 3 æ�ß â Ô â Ô åÍå Ô �ãèY�!èÞé è
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ÿ�Ò å#å Ô â ÜÊß
Ò â à<Ö;×ÞÒ�ä w : t 7→ w(t)
Ù!ÔÀç �LèÞé�é ë@Ôß?Ö�Õ�Ò�ä�Ö;×ÞäYà!Ô�Ù!Ô

[0, T ]
Ù&Ü�ä<ß

Xα × B
5

â Ôß6×ÞäS ?Ô�Õ=Ö;×ÞÒ�ä!ß�Õ�Ò�ä�Ö
×áäYà!Ô�ß Xα ⊂ Cν(Ω) ⊂ L∞(Ω)
Ü�ß?ß
à 3 Ô�ä�Ö�òYà!Ô w : [0, T ] 7→ L∞(Ω) ×

L∞(Ω)
Ôß?ÖTó�ð�Ü â Ô å Ô�ä�Ö�Õ�Ò�äYÖ
×áäYà!Ô�Õ�Ô�òYà!×ã ?à!ßfÖ;×f�&Ô â Üqß
ÔÕ�Ò�ä<Ù!Ô�Ü/ß
ß
Ô 3 Ö
×áÒ�ä�Ù!à�Ö;Û�óÒ 3 æ å Ô/èö ×
F
Ôß?Ö
È�×áÝ!ß?ÕhÛ!×ÞÖ�å7ð â Ò�ó&Ü â Ô å Ô�ä�Ök5 â Ô�Ö;Ô å Ý!ß T Ù!Ô�ùã×ÞÔ7Ý°Ò�à 36â Ü8ß?Ò â à<Ö
×áÒ�ä�Ù!Ô�ç �ãè�é�é ëPÔß?Ö×áä!Ù#ó�Ý°Ô�ä!Ù&Ü/äYÖ7Ù!Ô

w0
5:Ôä à<Ö
× â ×Þß;Ü�ä�Ö�à!ä<Ô#Ö;ÔÕhÛ!ä!×ÞòLà<ÔÀÙ!Ô 3 Ô�ÕÒ âáâ Ô å Ô�ä�ÖìÙ!Ô�ß?Ò â à<Ö
×áÒ�äþÒ�ä Ý Ôà<ÖÜ â Ò 3 ßPÙ�ó��&ä!× 3 à!ä!Ôìß
Ò â à<Ö;×ÞÒ�ä�ß
à 3 [0,+∞[

è

Å �/Ã ®¯]©Ä7Î����B�:Ð=É¹] Ì���� ��Ëì��ÎÀÉZÐ=Ë�È��
ä ä 3 Ô�Ý 3 Ô�ä!Ù�Ù&Ü�ä!ßÊÕÔÖ
Ö
Ô�ß
Ô�Õ=Ö;×ÞÒ�ä â Ô�ß8Û��LÝ Ò/Ö;Û!æß
Ô�ßÍÙ!Ô â ÜDß?Ô�Õ=Ö;×áÒ�ä�Ý 3 ó�Õ�ó�Ù!Ôä�Ö;Ô÷5eÒ�ä ß
ÔÝ 3 Ò�Ý Ò�ß?ÔBÙvÑ óÖ;à<Ù!×áÔ 36â Ü 3 ó�ð�à â Ü 3 ×ÞÖ�ó�Ù!Ôß ß?Ò â à<Ö
×áÒ�ä<ßPÙ!Ò�ä!ä#ó�Ô�ß6Ý&Ü 3�â Ô�Ö;Û�óÒ 3 æ å Ô �ãèY�!è�é èä ä8ß
à!Ý!Ý°Ò�ß?Ô 3 Ü�Ô�äÊÒ�àãÖ 3 Ô@òYà!Ô â Ô�Ö;Ô 3 å Ô@Ù!Ô 3 ó�Ü�ÕÖ
×áÒ�ä8Ôß?ÖoÙ!Ô 3 ó�ð�à â Ü 3 ×ÞÖ×ó C2 Ô=ÖoòLà<Ô â Ô�Ö;Ôä!ß
Ôà 3Ù!Ô 3 óð�à â Ü 3 ×ÞÖ�ó�Ô�ßfÖ�Ù<Ô 3 ó�ð�à â Ü 3 ×ÞÖ×ó σ ∈ C1+ε(Ω)

Ý Ò�à 3 ε > 0
òYà!Ô â Õ�Ò�ä<òLà<Ô�è ä ä^�<ïãÔ â ÑÓÔ�ß
Ý!Ü�Õ�Ô

B = Cν(Ω)
5eÝ°Ò�à 3 0 < ν < 2 − d/2

ÔÖ
ν < 1

5eÔ=ÖÊÒ�äöÝ Ò�ß
Ô
α
5
0 < α < 1

54Ö;Ô â òYà!Ô
Xα ⊂ Cν(Ω)

Ô�ä¡Ü�Ý!Ý â ×áÕ�Ü/Ö;×ÞÒ�äÀÙ!à â Ô åÍå Ô �ãèNí<è�é 5&Ü â Ò 3 ß F ß�Ñ óÖ;Ôä!ÙÚÔä¡à<ä!ÔìÜ�Ý!Ý â ×áÕkÜSÖ;×áÒ�äDî

F : Xα × Cν(Ω) 7→ X × Cν(Ω) ,

òYà!×vÔ�ßfÖ â ÒLÕkÜ â Ô å Ô�ä�Ö5È�×áÝ<ß
ÕhÛ!×�Ö×å�×ÞÔ�ä!ä<Ô�èH~�Ô�Ý â à!ßPÝ°Ò�à 3 Ö
Ò�à<Ö w ∈ Xα × Cν(Ω)
Ò�ä�Ü

F (w) ∈
Cν(Ω) × Cν(Ω)

è
ä ä�Ü â Ô 3 ó�ß
à â ÖhÜSÖ�ß
à!×�ù�Ü/äYÖ�ß?à 3�â Ü 3 óð�à â Ü 3 ×�Ö×ó�Ù!Ôß�ß
Ò â à<Ö;×ÞÒ�ä!ßìçmù�Ò�× 3 � É�� � ë�î

@BA � $°'DC7E÷,Å�! bÆc #"$ � ÝX÷�à=ÔZÔ4ÖH÷Hâ6Ø�2%Ö_ÛWÕ
α 1 0 ≤ α < 1 1 ÚÂâ�ß:ø*à4â F : Xα × B 7→ X × B÷HÖ_ÛWÚ�ß�Ö(��Ø%ß�â=¦[â�Ý4Ú=J]ÛJÔ4÷(�h��ÛWÚoL*Û�â�Ý4Ý�â��3 ß�Ö_Õ×÷V÷�Û

w : [0, T ) 7→ X × B
â\÷�ÚRà�Ý�âV÷HÖ_ßáà�ÚÜÛ�Ö_Ýþ0�â . N �O5�5 021

∀ γ < 1 , t ∈ (0, T ) 7→
dw

dt
∈ Xγ × B ,

çG�ãèÞékí�ë
â\÷�ÚP�\Ö_Ý4ÚÜÛWÝ4à4â�÷�à�Õ

(0, T )
�

eoä�Õ�Ò�ä!ß�óòLà<Ô�ä!ÕÔ�Ù!Ô�òYà!Ò�×�Ò�ä¡Ü â ÔBÕÒ 3 Ò âÞâ Ü�× 3 Ô7î
�7$°')$�Ç#Ç��&"m'),·�! bÆc G" çG��ó�ð�à â Ü 3 ×ÞÖ�ó8Ù!Ô�ß7ß
Ò â à<Ö;×ÞÒ�ä!ßìÝ Ò�à 37â Ô å ÒLÙ!æ â Ô å Ò�ä!ÒLÙ!Ò å Ü�×Þä!Ô�ç �ãè�é�é ë
ë  3 2%âh��ß�â\÷P�L�\Ô4Ö_Úm�HI\÷Hâ\÷B��Û�0�â\÷\÷�àK÷ 1 ÷HÖ_ÛWÚ w0 ∈ Xα×Cν(Ω)

â�Ú ÷HÖ_ÛWÚ
w : [0, T ) 7→ X×Cν(Ω)ß�Ø<÷HÖ_ßáà�ÚÜÛ�Ö_Ý^Ø_÷\÷HÖ(��Û^�\â�� 3 ß�Ö_Õ\÷6â�ÝNÚ�Ø%Ý4Ú�ø*àÏâ�ÞYÖ_ÝJ��Ú Û�Ö_Ýõ0�â70�â�à²dÀ2_Ø%Õ~Û Ø��*ß�â\÷ 1

w : (x, t) ∈ Ω × (0, T ) 7→ w(x, t) = (u(x, t), v(x, t)) ∈ C
2 ,

- w â\÷�Ú@�\Ö_Ý4Ú ÛWÝH|ã¦[â�Ý4Ú�0%Û ����Õ×â�Ý4ÚÜÛ Ø��*ß�â�â�Ý
t
÷�à�Õ

(0, T ) 1
t ∈ (0, T ) 7→ w(x, t) ∈ C1(0, T ) ∀ x ∈ Ω .

- u â\÷�ÚP0�â�à²dTÞYÖ_Û�÷8�\Ö_Ý4Ú ÛWÝH|ã¦[â�Ý4Ú�0L��Õ~Û 2_Ø��*ß�â6â�Ý
x
+

x ∈ Ω 7→ u(x, t) ∈ C2(Ω) ∀ t ∈ (0, T ) .

â�ÝÔ#Ø%Õ~ÚÜÛ^��à�ßáÛ�â�Õ
w
â\÷�ÚCà�Ý�â�÷HÖ_ßáà�Ú Û�Ö_Ýõ0�â . N �O5�5 0 Ø%à�÷Hâ�Ý#÷aÞYÖ_Õ~Ú^�
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pq�=¦[Ö_Ý#÷�ÚÜÕBØ%Ú Û�Ö_Ý°� ö Ò�×ÞÖ
w : [0, T ) 7→ X × Cν(Ω) â Ü�ß
Ò â à<Ö;×ÞÒ�äõÙ!ÔÚç �ãè�é�é ë�Ù!à÷ÕÒ 3 Ò âáâ Ü/× 3 Ô/è~�Ñ�Ü/Ý 3 æß â Ô7Ö
Û�ó�Ò 3 æ å Ô �ãèJÉãè�é Ò�ä ÜÀÕÒ�ä�Ö;×ÞäLà<×ÞÖ×ó7Ù!Ô t ∈ (0, T ) 7→ dw/dt ∈ Xγ × Cν(Ω)

Ô=Ö
Ý Ò�à 3 γ ß
à� #ß
Ü åÍå ÔäYÖ6Ý 3 ÒãÕhÛ<ÔìÙ<ÔÍé�Ò�ä¡Ü â ÑÓ×áäS ?ÔÕÖ
×áÒ�äÀÕÒ�ä�Ö;×ÞäLà<Ô Xγ ⊂ Cν(Ω)

Ô=Ö6Ù!Ò�ä!ÕÊî

t ∈ (0, T ) 7→
dw

dt
∈ Cν(Ω) × Cν(Ω) ,

Ô�ß?Ö:Õ�Ò�äYÖ
×áäYà!ÔAøSÒ�äìÔ�äqÙ#ó�Ù!à!×�Ö4òLà<Ô
(x, t) ∈ Ω×(0, T ) 7→ w(x, t)

Ôß?Ö:Õ�Ò�ä�Ö
×áäKã å Ô�ä�ÖeÙ#ó 3 ×�ù/Ü�ó â ÔÔ�ä
t
è	4Ò�à 3�â Ü 3 ó�ð�à â Ü 3 ×ÞÖ×ó�Ô�ä�Ô�ß
Ý!Ü�Õ�ÔìÒ�ä�ä!Ò�Ö;Ô�òYà!Ô�Ý°Ò�à 3 t ∈ (0, T )

Ò�ä�Ü�î

Au(t) = −
du

dt
(t) + f(u(t), v(t)) ∈ Cν(Ω) ,

ÔÖ6Ý&Ü 3 ÕÒ�ä!ß�óòYà!Ô�ä�Ö�Ò�ä¡Ü u(t) ∈ C2+ν(Ω) ⊂ C2(Ω)
è
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ê ¹ ¯�±�¸�Ï ¶ëÑ ¯¡v¸º¹ ì ¾�© «®©¼±À¯¡v² ê�ê�ê

í-ÑÓÒ�óL ?ÔÕÖ;×�Ø°Ù!ÔPÕ�Ô=Ö
Ö
Ô�Ö 3 Ò�×áß?×áæ å ÔÏÝ&Ü 3 Ö
×áÔ�Ô�ß?Ö â Ü å ×áß
Ô�Ü�à8Ý°Ò�×áä�ÖeÔÖ â Ü å ×Þß
Ô�Ô�ä8ÒLÔ�à<ù 3 Ô�ÙvÑNà<ä!Ôå ó=Ö;Û!ÒLÙ!ÔBÙ!Ô 3 óß
Ò â à<Ö;×ÞÒ�ä�äYà å ó 3 ×ÞòYà!Ô�Ý Ò�à 3@â Ô å ÒãÙ!æ â ÔBó!×ÞÙ!Ò å Ü�×áä<Ô�Õ�Ò�à!Ý â óBÕÒãÔà 3ïî Ö
Û!Ò 3 Ü)ïJèí�Ôß6Ù<×b ÍÕ�à â Ö×óß6äYà å ó 3 ×áòYà!Ôß â ×�óÔ�ß�ô8Õ�Ô=Ö
Ö;Ô 3 óß
Ò â à<Ö;×ÞÒ�ä�ß
Ò�äYÖìîé�è�~x�Lä&Ü å ×áòYà!Ôß â Ôä�Ö;Ô2ð 3 Ü�Ý!×ÞÙ!Ô�è�íZÜ�Ý 3 Ò�Ý&Ü�ð�ÜSÖ;×áÒ�ä#Ù!à�Ý Ò�Ö
Ô�ä�Ö;×ÞÔ â ÙvÑNÜ�ÕÖ
×áÒ�äÀÕ�Ü 3 Ù<×wÜ�òYà!Ô6Ø�Ü�×ÞÖ×áä�Ö;Ô 3 ù�Ô�ä!× 3 Ù!Ôß�Ý 3 ÒãÕÔ�ß
ß?à!ß�ÜS��Ü�ä�Ö â ×áÔàÚß
à 3 Ù!ÔßVó�ÕhÛ!Ô âáâ Ô�ß�Ù<Ô�Ö;Ô å Ý!ß6Ö;Ò�àãÖVô#Ø�Ü/×ÞÖ6Ù!×bñ|ó��
3 ÔäYÖ
Ô�ßè�í�Ô�ß�Ù%�Lä&Ü å ×ÞòLà<Ô�ß 3 Ü/Ý!×áÙ!Ôß�×Þä!Ù!à!×Þß
Ô�ä�ÖBÙ<Ôqó 3 à<ß
òYà!Ô�ß�ÕhÛ&Ü/ä!ð�Ô å Ô�ä�Ö
ßBÔ�äDÖ;Ô å Ý<ßÔÖ6Ô�ä¡Ô�ß?Ý&Ü�Õ�Ôìß
à 3 â ÔBÝ Ò�Ö
Ô�ä�Ö;×ÞÔ â òYà!× â à<×vÕ�Ò�äãØmæ 3 Ôä�Ö�à!ä¡Õ�Ò å Ý°Ò 3 Ö
Ô å Ô�ä�Ö�Ù!à�ÖP�ãÝ°ÔRòróïô_ÝHõ0
(öô_Ý°07÷=è%V Ý 3 Ò�Ý 3 Ô å Ô�ä�Ö6Ý&Ü 3
â Ô 3 × â ä!Ô�ß�ÑNÜ�ð�×�Ö�Ý&Ü�ß@Ù!Ô â ÜÊÝ 3 Ò�Ý&Ü/ð�Ü/Ö;×ÞÒ�äÀÙvÑÓà!ä!ÔìÙ!×Þß
Õ�Ò�äYÖ
×f�äYà!×ÞÖ�ó�5 â Ô�Ý°Ò�Ö
Ô�ä�Ö;×ÞÔ â Ô�ß?ÖPÔ�äÀÔ�ñJÔ=Ö 3 óð�à â ×ÞÔ 3 ÕkÜ 3 Ù�óÖ
Ô 3 å ×Þä�ó�Ý&Ü 3 à!ä!Ô
ó�òYà&Ü/Ö
×áÒ�äÀÝ!Ü 3 Ü�ó°Ò²�
â ×ÞòLà<Ô 3 ó�ð�à â Ü 3 ×áß
Ü�ä�Ö;Ô�è~�à¡Ý°Ò�×ÞäYÖ�Ù<Ô�ùLà!ÔìäYà å ó 3 ×ÞòYà!Ô�Õ�Ô�Ý°Ô�ä<Ù&Ü�ä�Ök5 â Ô�Ø 3 Ò�ä�Ö�ÙvÑNÒ�ä!Ù!ÔìÙ!àÝ Ò/Ö;Ô�ä�Ö
×áÔ â ÙvÑ�Ü/ÕÖ;×ÞÒ�ä�Ü�Ý!Ý&Ü 3 Ü/.ÞÖ@ÔTñ Ô�Õ=Ö;×Þù�Ô å Ô�ä�Ö Õ�Ò åÍå ÔBà<ä!Ô�Ù!×áß?Õ�Ò�ä�Ö;×ÞäYà!×ÞÖ�ó�è+ÿ�Ôß Ù%�Lä&ÜD�å ×ÞòYà!Ô�ß â ÔäYÖ
Ô2ð 3 Ü�Ý!×ÞÙ!Ô Ý°Ò�ß?Ô�ä�Ö@Ù!Ôß�Ý 3 Ò�ó â æ å Ôß�Ù<Ô�ß?Ö;Ü�ó!× â ×ÞÖ�ó@ÔÖPä#ó�Õ�Ôß
ß?×ÞÖ;Ôä�Ö â Ô 3 ÔÕ�Ò�à 3 ßô8Ù!Ô�ß å Ü�× âÞâ Ü�ð�Ôß�ß?à% Íß;Ü åÍå Ôä�Ö 3 Ü² Íä�ó�ß6Ü²�!ä¡Ù!Ô�Õ�Ü�Ý<Ö;Ô 3�â Ô�ß@Ý°ÔÖ
×ÞÖ
Ô�ß�ó�ÕhÛ!Ô âáâ Ô�ß�èø è�í-Ñ�Ü�ä<×áß
Ò/Ö 3 Ò�Ý!×áÔ�Ù!Ôß å × â ×ÞÔ�àãï èLÿ�Û&Ü/Õ�à!äÀÙ<Ô�ß å × â ×áÔ�àLï8×áä�Ö 3 Ü7Ô=ÖPÔWïãÖ 3 Ü?�gÕ�Ô âáâ à â Ü�× 3 Ô�ß6çmÕ�Ò�ä<ß
×f�Ù�ó 3 ó�ßÊÕ�Ò å#å Ô�ß?à!Ý Ô 3 Ý°Ò�ß�óß#Ù!Ü�ä!ß â ÔÀù�Ò â à å ÔÀÒLÕ�Õà!Ýtó�Ý&Ü 38â Ô�Õ�ÒLÔ�à 3 ë�Ô�ß?ÖÊØmÒ 3 Ö;Ô å ÔäYÖÜ�ä!×Þß
Ò�Ö 3 Ò�Ý°Ô�èPÿ�ÔÖ
Ö
Ô÷Ü/ä!×áß?Ò�Ö 3 Ò�Ý!×áÔÚÔ�ß?Ö�ù/Ü 3 ×wÜ�ó â ÔDÔ�ä Ô�ß?Ý&Ü�ÕÔþÔ=Ö�ß
à!×�Ö â Ü 3 Ò�Ö;Ü/Ö;×ÞÒ�ä1Ù!Ôß�&ó 3 Ô�ß å à<ß
Õ�à â Ü�× 3 Ô�ßè
íZÔ#ÖhÜ�àãï ÙvÑNÜ�ä!×Þß
Ò�Ö 3 Ò�Ý<×áÔÍÔ�ß?ÖqÙ!ÔÀÝ â à!ß�Ù!×fñ�ó 3 ÔäYÖ�ß
Ô â Ò�ä òYàvÑÓÒ�äöß?ÔÝ â Ü/Õ�Ô�Ù&Ü�ä!ß â Ô å × â ×áÔà�×áä�Ö 3 ÜÊÒ�à¡Ù&Ü/ä!ß â Ô å × â ×áÔàÀÔ=ïLÖ 3 Ü#ÕÔ âÞâ à â Ü�× 3 Ô�è	:Ü 3 Õ�Ò�ä<ß�ó�òYà!Ôä�ÖB× âÔ�ßfÖ@ä�ó�ÕÔ�ß?ß;Ü�× 3 Ô�Ù!Ô�Õ�Ò�ä!ß?×áÙ�ó 3 Ô 3 ß
à 3 à!ä å õ å Ô å Ü�× âÞâ Ü�ð�ÔPÙ!Ô�àLïÀÖ;Ôä!ß
Ôà 3 ß@ÙJÑ�Ü�ä<×áß
Ò/Ö 3 Ò�Ý!×áÔÙ!×bñ|ó 3 Ô�ä�Ö;ßèí<è�í�Ô�ß å Ü/× âáâ Ü�ð�Ôß�èùíZÔß å Ü�× âáâ Ü/ð�Ô�ßìÝ 3 Ò(ùL×áÔä!ä!ÔäYÖ#Ù!Ô�Ù!Ò�ä!ä#ó�Ô�ßÍÔ=ïãÝtó 3 × å Ô�ä�ÖhÜ â Ô�ßè=ú â ß8Ù�ór�Õ 3 ×Þù�Ôä�Öqä!Ò�ä÷ß
Ô�à â Ô å Ô�ä�Ö â Ü¡ð%ó�Ò å óÖ 3 ×áÔÊÙ!Ôß�ù�Ò â à å Ô�ß7ÒãÕÕ�à!Ýtó�ßqÝ!Ü 37â Ô#ÕÒãÔà 3 Ô=Ö8Ý&Ü 3
â Ô�Ö;Û!Ò 3 ÜSï å Ü�×Þß�Ü/à!ß
ß?× â ÑÓÒ 3 ×ÞÔ�ä�ÖhÜSÖ;×áÒ�äýÙ!Ôß¶�&ó 3 Ô�ß å à!ß?Õ�à â Ü�× 3 Ô�ß#Ù&Ü�ä!ß â ÔÚÕ�ÒLÔ�à 3 è@ÿ�Ôßå Ü/× âáâ Ü�ð�Ôß=ûÀä!Ò�ä�ß?Ö 3 à!Õ=Ö;à 3 ó�ß6ÔÖTóù�Ôä�Ö;à!Ô âáâ Ô å Ôä�Ö Ù<×áß?Ö
Ò 3 Ù<à!ß£û�ß?Ò�ä�Ö�Ù!Ò�ä!Õ�Ù!×b ÍÕ�× â Ôß�ôÖ 3 Ü�ä!ß?ØmÒ 3 å Ô 3 ç�Ý°Ò�à 3 Ü å ó â ×áÒ 3 Ô 3�â Ô�à 3 òLà!Ü â ×�Ö×ó�54ä!Ò�Ö;Ü åÍå ÔäYÖìùL×áß6ô¡ùL×áßqÙ!Ô â ÑNÜ�ä!×áß?Ò�Ö 3 Ò²�Ý!×áÔkë�î°à<ä!Ô7ÕÒ�ä�Ö 3 Ü�×áä�Ö;ÔBØmÒ�ä<Ù&Ü å Ô�ä�ÖhÜ â Ô�ß
à 36â Ü å ó=Ö;Û!ÒLÙ!Ô(ôÊà<Ö;× â ×áß?Ô 3 Ôß?Ö òLàJÑNÔ âáâ ÔìÝ!à!×Þß
ß?Ôß�ÑNÜ�Ù&Ü�ÝãÖ;Ô 3 ô8Ù!Ôß å Ü�× âÞâ Ü�ð�Ô�ßoÖ 3 æß�ð&ó�ä�ó 3 Ü�àLïJè�!è�í�Ô ÕÒ�à!Ý â Ü�ð�Ô�Õ�ÒLÔ�à 3 ðSÖ;Û<Ò 3 ÜSï è7í-Ñ�Ü/ÕÖ;×�ùL×ÞÖ×ó�ó â Ô�Õ=Ö 3 ×áòYà!Ô�Ù<à�Õ�ÒLÔ�à 3 Ôß?ÖPÕÒ�à!Ý â ó�ÔTô7ÕÔ âáâ Ô�Ù!àÖ;Û!Ò 3 ÜSïìÝ&Ü 3 Ù!Ôß 3 Ô â Ü/Ö
×áÒ�ä<ß4Ù<ÔPÕ�Ò�à<Ý â Ü�ð�Ô�ß?à 3eâ ÑN×ÞäYÖ
Ô 3 Ø�Ü�Õ�ÔÏÕ�ÒLÔ�à 3 ð�Ö
Û!Ò 3 Ü)ïJè�ÿ�Ô�ß 3 Ô â Ü/Ö;×ÞÒ�ä!ßÔ=ïãÝ 3 × å Ô�ä�ÖqÙ!ÔßqÕ�Ò�äYÖ
×áäYà!×�Ö×ó�ß7Ù!Ô#�!àãï Ù<Ô�Õ�Ò�à 3 Ü�ä�Ö8Ô=ÖqÙ!Ô#Ý Ò/Ö;Ô�ä�Ö
×áÔ â ß�Ü/à Ý&Ü�ß?ß;Ü�ð�Ô�Ù!àÕ�ÒLÔ�à 3 Ü�à�Ö
Û!Ò 3 Ü)ïJè�ú â ßÑ�Ü/ð�×ÞÖ�5Lß?Ô â Ò�ä â Ôß�Ù!Ò�ä!ä�ó�Ôß@Ý!Û��Lß
×áÒ â Ò�ð�×ÞòYà!Ô�ß�Ù!àÀÕhÛ&Ü�Ý<×ÞÖ 3 Ô � 5ãÙvÑÓà!äÕ�Ò�à<Ý â Ü�ð�Ô�Ù!ÔBÖP�LÝ ÔBØmÒ 3 Ö�î â Ôß@ÕkÜ 3 Ü�ÕÖ�ó 3 ×Þß?Ö
×áòYà!Ô�ß�Ý!Û��Lß
×ÞòYà!Ô�ß6Ù!Ô â ÜqÕÒ�ä!Ù!à!Õ=Ö;×ÞÒ�ä�Ù&Ü�ä!ß â ÔÖ;Û!Ò 3 ÜSïÍ×Þä<�&à&Ü�ä�Ö â Ô6Õ�Ò å Ý Ò 3 Ö;Ô å Ôä�ÖSó â Ô�Õ=Ö 3 ×áòYà!Ô�Ù<àÀÕ�ÒLÔ�à 3 è�ú â Õ�Ò�äYùL×ÞÔ�ä�Ö@ÙvÑÓà<Ö;× â ×Þß
Ô 3 à!ä<Ôå ó=Ö;Û!ÒLÙ!ÔBòYà!×vÖ 3 Ü�×�Ö;ÔBÔTñ Ô�Õ=Ö;×�ù�Ô å Ô�ä�Ö6Õ�Ô�ÕÒ�à!Ý â Ü�ð�ÔBÔ�ä�ÖhÜ/äYÖ6òYà!Ô�Õ�Ò�à!Ý â Ü/ð�Ô�ØmÒ 3 Ö�èA Ü/Ö
Û�ó å Ü/Ö;×ÞòYà!Ô å Ô�ä�Ö�ÕÔ�ß 3 Ô â Ü/Ö
×áÒ�ä!ß Ù!Ô-Õ�Ò�à!Ý â Ü/ð�ÔeØmÒ�ä�ÖZòYà!Ô â Ô å ÒLÙ!æ â ÔeÕ�Ò�à!Ý â ó-ÕÒãÔà 3ïî Ö
Û!Ò 3 Ü)ïÔ�ßfÖ@Ù!àÀÖP�LÝ Ô�ü�óïô��¦ýoI=¦�÷B07÷>ó�þ%Ý#÷=¦iÿ�÷\÷�ÿ�ô_Ý å Ü�×áß�Ý`ô_ÝO÷�õ�þ%Ý°0�þ8ó?0Úî â Ôß 3 Ô â ÜSÖ;×áÒ�ä!ß�Ù<ÔBÕ�Ò�à��

ékê�¿
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Ý â Ü�ð�ÔTóÖhÜ/äYÖPä!Ò�ä�Õ�Ò å Ý&ÜSÖ;×áó â Ô�ß�Ükù�ÔÕ â Ñ ó�òYà&Ü/Ö
×áÒ�äÀÔ âáâ ×áÝ<Ö
×áòYà!Ô�ß;Ü/Ö
×áßfØ�Ü�×ÞÖ
Ô�Ý&Ü 3�â ÔßPÝ Ò/Ö;Ô�ä7�Ö
×áÔ â ßq×áä�Ö 3 ÜDÔÖÍÔWïãÖ 3 Ü?�gÕ�Ô âáâ à â Ü�× 3 Ô�ßè:ÿ�Ô�Ý°Ò�×ÞäYÖqÕ�Ò�ä!ßfÖ;×�Ö;à!Ô�à!ä<Ô 3 ó âÞâ ÔÀÙ!×f ÍÕ�à â Ö×óÀÝ°Ò�à 38â ÔÖ 3 Ü�×�Ö;Ô å Ô�ä�Ö�äYà å ó 3 ×áòYà!Ô�Ù!à å ÒLÙ!æ â Ô�èíZÔ¡Ý 3 Ô å ×ÞÔ 3 Ý Ò�×áä�Ö�Ù<ÔDÕ�Ô=Ö
Ö;Ô â ×áßfÖ;Ô¡Ü÷Ô�ä�Ö
×áæ 3 Ô å Ô�ä�Ö å Ò�Ö
×Þù&ó�Ù&Ü�ä<ß â ÜþÝ&Ü 3 Ö
×áÔ ú/ú â ÑNà<Ö
× â ×f�ß;Ü/Ö
×áÒ�äþÙ!Ô#ß
ÕhÛ�ó å Ü�ßìù�Ò â à å Ô�ßm�&ä!×áßìÕ â Ü�ß
ß?×áòYà!Ôß�ß
à 3 Ù!Ôß å Ü/× âáâ Ü�ð�Ôß�Ü�Ù å ×áß?ß
×Þó â Ôß�è¹	:Ò�à 3 ÕÔ�ßß
ÕhÛ�ó å Ü/ß�× â ÔWïã×áß?Ö
ÔõÙ!Ô�ß 3 Ô â Ü/Ö
×áÒ�ä<ß�Ù!Ô ßfÖhÜ�ó!× â ×�Ö×óÚÔ�ñJÔÕÖ
×Þù�Ôß�Ù&Ü�ä!ß â Ô ÕkÜ�Ù 3 Ô ÙvÑÓà!ä!Ô ù�Ô 3 ß
×ÞÒ�äß
× å Ý â ×b�4óÔ@Ù!à å ÒãÙ!æ â Ô�ó!×ÞÙ!Ò å Ü�×áä!Ô7ç â Ô å ÒLÙ!æ â Ô å Ò�ä!ÒLÙ!Ò å Ü�×Þä!Ô(ëWèYÿ�Ô�ßPß?ÕhÛ�ó å Ü�ßPÝ°Ô 3 å Ô=Ö
Ö
Ô�ä�Öó�ð�Ü â Ô å Ô�ä�Ö�Ù!ÔÊÖ 3 Ü�×ÞÖ
Ô 3Bâ Ñ�Ü�ä<×áß
Ò/Ö 3 Ò�Ý!×áÔ7Ù!à å × â ×áÔ�àJèvÿ�ÔÊÖ 3 Ü�×ÞÖ
Ô å Ô�ä�Ö�× å Ý â ×ÞòYà!ÔqÕ�ÔÝ Ôä!Ù&Ü�ä�Ö�Ù!ÔØmÒ 3 Ö
Ô�ß:Õ�Ò�ä�Ö 3 Ü�×áä�Ö
Ô�ßbß?à 3bâ Ôß å Ü�× âÞâ Ü�ð�Ôß�òYà!×<ä!Ô�ß
Ô 3 Ò�ä�Ö-Ý&Ü�ßeß;Ü/Ö
×áß?Ø�Ü/×ÞÖ;ÔßeÔä8Ý 3 Ü/Ö
×áòYà!Ô î�Ý°Ò�à 3 Ù<Ô�ßå Ü/× âáâ Ü�ð�Ôß4à<ß
à!Ô â ß6çmù�Ò�× 3 ÕhÛ&Ü�Ý!×�Ö 3 Ô � ë â Ô�Ö 3 Ü�×�Ö;Ô å ÔäYÖbÙ!Ô â ÑNÜ�ä!×Þß
Ò�Ö 3 Ò�Ý!×ÞÔ�äJÑNÔß?ÖÏÝ&Ü�ß-ß
Ü/Ö;×Þß?Ø�Ü�×Þß;Ü�ä�Ökè� ä�Ù�ó=ù�Ô â Ò�Ý!Ý°ÔìÙ&Ü�ä!ß�Õ�Ô=Ö
Ö
ÔìÖ 3 Ò�×Þß
×áæ å Ô Ý&Ü 3 Ö;×áÔBà<ä!Ô å óÖ
Û!ÒLÙ!ÔBäYà å ó 3 ×ÞòLà<Ô�ÖP�LÝ°ÔBù�Ò â à å Ôß�&ä!×ÞßBòLà<Ô â ÑNÒ�äõÜ�Ý!Ý°Ô âáâ Ô 3 ÜÚ¦���õm�Hô�07÷Ê07÷Ê28ô?ý��L¦�÷\÷P��ÝHÿ�÷�÷�Ýö0	�þ8ý ÿOõH�#08ÿ�÷(��ó I�õ ÷=è � äõä!Ò/Ö;Ô 3 Ü�Ô�äÜ�ó 3 ó�ð&ó å óÖ;Û<ÒãÙ!Ô�p�p�t�
 Ý°Ò�à 3 pmÿ�÷(��ó ÷�õ ÷��p��þ8ý ÿOõ��^t=ÿWÝHÿOõ ÷�
�ô?ý��L¦�÷\÷=5�ß
Ô â Ò�ä â ÜÀÖ;Ô 3 å ×áä!Ò â Ò²�ð�×áÔ8×Þä�Ö 3 ÒLÙ!à!×�Ö;ÔqÝ!Ü 3 ~�Ô â Õ�Ò�à 3 Ö;Ô/5¹~�Ò å Ô â Ô=ù�Ò�ÔÖ � å ä<æ�ß�Ù&Ü�ä!ß�� í�� �oÔ=Ö 3 Ô�Ý 3 ×áß?ÔÍÙ!Ü�ä!ßÂ� � �^è¹íZÜå ó=Ö;Û!ÒLÙ!Ôm~�~�Qù½¬Ý Ô 3 å ÔÖ�Ù!Ô�ß;ÜSÖ;×áßfØ�Ü�× 3 ÔBÜ�àãï�Õ�Ò�ä�Ö 3 Ü�×áä�Ö
Ô�ß�ó�ä!Ò�ä!Õ*óÔ�ß�Õ×�Ù!Ô�ß?ß
à!ßèÿ�ÔÖ
Ö
Ô�Ö;ÔÕhÛ!ä!×ÞòLà<Ôqß�ÑÓ×áä!ß?Õ 3 ×ÞÖ�Ù!Ü�ä!ß â Ô�ÕkÜ/Ù 3 Ô7Ù!Ô�ß�ù�Ò â à å Ôßx�&ä!×Þß�è`~�Ü�ä!ß â Ü å Ô�ß?à 3 Ô7Ò�� â Ôßå ó=Ö;Û!ÒLÙ!Ôß�ù�Ò â à å Ô�ßæ�&ä!×Þß 3 ÔÝ Ò�ß
Ô�ä�ÖÍß
à 3 Ù!Ô�ß8ØmÒ 3 å à â ÜSÖ;×áÒ�ä!ß7ÔäöÖ;Ô 3 å Ô�Ù!ÔÀ�&àãï Ô âáâ Ô�ßqä!Ò�à!ßÝ&Ü 3 Ü�×áß?ß
Ô�ä�Ö�ó!×áÔä�Ü�Ù&Ü�ÝãÖ×ó�Ôß@Ü�à�Ö 3 Ü�×�Ö;Ô å ÔäYÖ�Ù!Ô�ß 3 Ô â Ü/Ö;×ÞÒ�ä!ßÏÙ!Ô�ÕÒ�à!Ý â Ü�ð�Ô Ô�ä�Ö 3 Ô â Ô Õ�ÒLÔ�à 3 ÔÖ â ÔÖ;Û!Ò 3 ÜSï èVx�&äDÙJÑN×ÞäYÖ 3 ÒLÙ!à!× 3 Ô â Ô�ß6Ý 3 ×áä!Õ×áÝ°Ô�ß�Ù<Ô â Ü å ó=Ö;Û!ÒLÙ!Ô*~�~�Qù½ºÒ�äÚß?ÔB�<ïãÔqÝ°Ò�à 3 ÕkÜ�Ù 3 Ô â ÑNÜ�Ý��Ý 3 Òkïã× å Ü/Ö
×áÒ�äÀÙ<Ô â ÑeóòYà&Ü/Ö;×ÞÒ�ä�Ù!ÔX	:Ò�×áß
ß?Ò�äv5
div (G∇φ) = f ,

ç��ãè�éS�Yë
ß
à 3 à!ä�Ù<Ò å Ü/×áä!Ô Ω

ó°Ò 3 ä�ó Ù!Ô Rd 5LÝ Ò�à 3 à!ä�ß
Ô�ÕÒ�ä!Ù å Ô å ó 3 Ô f Ô=ÖPà!ä#Ö;Ô�ä<ß
Ô�à 3 G çmù/Ü 3 ×áÜ�ó â ÔÔ�ä�Ô�ß?Ý&Ü�Õ�ÔkëPÙ!Ò�ä!ä�óß�èí�Ô�ß å óÖ;Û<ÒãÙ!Ôß�ù�Ò â à å Ô�ß��&ä!×Þß�ß�ÑNÜ/Ö?ÖhÜ�ÕhÛ!Ôä�ÖqÜ�àõÕ�Ü â Õà â Ù!Ôqù/Ü â Ô�à 3 ß å Ò2��Ô�ä!ä!Ôß�è ö à 3 à<ä^ó â ór�å Ôä�Ö�ð&ó�Ò å óÖ 3 ×ÞòLà<Ô S 5<Ô�ä�à<Ö;× â ×áß
Ü�ä�Ö â Ü�ØmÒ 3 å à â ÔBÙ!Ô â ÜqÙ!×�ù�Ô 3 ð�Ôä!Õ�Ô
1

|S|

∫

S

div (G∇φ) dx =
1

|S|

∫

∂S

G∇φ · n ds ,
çG�ãè�é���ë

ç�Ò��
|S|

Ô�ßfÖ â Ü å Ô�ß?à 3 ÔÍÙ!Ô â Ñeó â ó å ÔäYÖ S Ô=Ö
n â Ü�ä<Ò 3 å Ü â ÔÊà!ä<×ÞÖhÜ/× 3 Ô8ß?Ò 3 Ö;Ü�ä�Ö;Ô#ß
à 3 ∂S ëW5 â ÔÕkÜ â Õ�à â Ù!Ô â ÜBù/Ü â Ôà 3 å Ò2��Ôä!ä!Ô�Ù<Ô div (G∇φ)
ß
à 3 S Ô�ß?Ö�Ö 3 Ü�ä!ß?ØmÒ 3 å ó ÔäÀà!äÀÕ�Ü â Õà â Ù!Ô�ßÏ�&àãïÙ!Ô

G∇φ
ß
à 36â Ô�ßPØ�Ü�ÕÔ�ß�ç�Ò�à�Ü 3Bõ Ö
Ô�ßhëPÙ!Ô â Ñeó â ó å Ô�ä�Ö S èö à 3 à!ä å Ü/× âáâ Ü�ð�ÔÍÙ!à�Ù!Ò å Ü�×áä!Ô Ω

Ò�ä�Ù!×Þß?Ö;×Þä!ð�à!Ô�Õ â Ü/ß
ß
×ÞòYà!Ô å Ô�ä�ÖÍÙ!Ô�àLï�ÕkÜ/Ö�ó�ð�Ò 3 ×áÔß8Ù!Ôå ó=Ö;Û!ÒLÙ!Ôß�ù�Ò â à å Ô�ßæ�&ä!×ÞßqÝ°Ò�à 3qâ Ñ�Ü�Ý<Ý 3 Òkïã× å Ü/Ö;×ÞÒ�äþÙ!Ôþç �ãè�éS� ëÍî â Ôßqß
ÕhÛ�ó å Ü/ßÚ�ï÷�ýOý��
�ï÷�ÝHõ ÷�ó ÷
0Ü�Ý!Ý 3 ÒãÕhÛ<Ô�ä�Ö â Ôß�ù/Ü â Ôà 3 ß7Ù!Ô φ ß
à 3qâ Ô�ßqÕÔ âÞâ à â Ô�ß�ç�Ò�à ù�Ò â à å Ô�ß7Ù!ÔÀÕÒ�ä�Ö 3
>�â Ô(ë�Ù!à å Ü�× âÞâ Ü�ð�Ô/5
â Ôß�ß?ÕhÛ�ó å Ü�ß�28÷�órõP÷�d��
�ï÷�ÝHõ ÷�ó ÷
0�Ü/Ý!Ý 3 ÒLÕhÛ!ÔäYÖ â ÔßÏù/Ü â Ô�à 3 ß�Ù!Ô φ ß?à 3�â Ô�ßÏß
Ò åÍå ÔÖ;ßoÙ!à å Ü�× âáâ Ü�ð�Ôçmù�Ò�× 3 � ��í �wë=è$~�Ü/ä!ß â Ô�Ý 3 Ô å ×ÞÔ 3 Õ�Ü�ß�5&Ò�ä¡Ü�Ý!Ý 3 ÒLÕhÛ!Ô 3 Ü â Ü8ù/Ü â Ô�à 3 å Ò2��Ôä!ä!Ô�Ù<Ô div(G∇φ)

ß
à 3
â Ôß6ÕÔ âÞâ à â Ô�ß�Ù!à å Ü�× âÞâ Ü�ð�ÔAøãÙ!Ü�ä!ß â Ô�ß
Ô�ÕÒ�ä!Ù Õ�Ü�ß ß?à 3 à<ä!Ô7ß?Ô�ÕÒ�ä!Ù!ÔqÕ â Ü�ß?ß
Ô7Ù!Ô7ÕÔ âÞâ à â Ô�ß�5&Ù<×ÞÖ;Ôß�ï÷�ýOý���ýo÷\÷ì0	�þ8ýo÷\÷=5!ÕÒ�ä!ßfÖ 3 à<×ÞÖ;Ôß6Ü�à<Ö;Ò�à 3 Ù!Ô�ÕhÛ&Ü�Õà!äÚÙ!Ôß�ß
Ò åÍå Ô=Ö;ß�Ù!à å Ü�× âÞâ Ü�ð�Ôß�è~�Ü�ä!ß-ÕhÛ&Ü/Õ�à!äÊÙ!ÔPÕÔ�ß-Ù!Ôàãï8Õ�Ü�ß�5/Õ�Ô=Ö
Ö;Ô�Ü/Ý!Ý 3 Òkïã× å Ü/Ö
×áÒ�äìÔ�ßfÖoó&Ü�ß�óÔ@ß
à 3eâ Ñ ó�òYà&Ü/Ö
×áÒ�ä�ç �ãè�é�� ëWèí�Ôq�&àãï Ù<Ô

G∇φ
ß
à 3 à<ä!ÔqØ�Ü�Õ�Ô�çmÒ�àþÜ 3�õ Ö;Ôkë σ Ù!Ô

∂S
Ô�ßfÖìÜ�Ý!Ý 3 ÒãÕhÛ�ó�ôÀÝ&Ü 3 Ö;× 3 Ù!Ôß�ù�Ü â Ô�à 3 ßÙ!Ô

φ
ß?à 3 ÕhÛ&Ü�Õà!ä!ÔÊÙ!Ô�ßBÕÔ âÞâ à â Ô�ß8çmÒ�àõÕ�Ô âáâ à â Ô�ß Ù!à&Ü â Ô�ß;ë Ù!Ô8ÕhÛ&Ü�òYà!ÔÊÕÒ�Ö×ó8Ù!Ô8ÕÔÖ?Ö;ÔqØ�Ü�ÕÔ�è � äÙ!×áß?Ý Ò�ß
ÔqÜ/×áä!ß?×:Ù!Ô8Ù<Ô�àãï¡ù/Ü â Ôà 3 ß�Ù<Ô φ Ý°Ò�à 3 ØmÒ 3 å à â Ô 3 à!ä!ÔÊÜ/Ý!Ý 3 Òkïã× å Ü/Ö
×áÒ�ä�Ù!Ô ∇φ · n

ß?à 3
σ
è
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	:Ò�à 3 à!äÍß
ÕhÛ#ó å ÜìÕÔ âáâ �HÕÔ�ä�Ö;Ô 3 Ô�ÙÍÒ�äÍÝ â Ü/Õ�Ô@à!äÍÕ�ÔäYÖ 3 Ô Ù&Ü�ä!ßoÕhÛ&Ü�òYà!Ô6Õ�Ô âáâ à â Ô/è�í�Ô�ßÏÕ�ÔäYÖ 3 Ôß�Ù!ÔßÙ!Ô�àãïÀÕ�Ô âáâ à â Ô�ß�ß
×ÞÖ
à�ó�Ôß@Ù!ÔBÕhÛ&Ü�òYà!Ô�ÕÒ�Ö×óBÙ!Ô σ Ù�ó��&ä!×Þß
ß
Ôä�Ö à<ä!ÔBÙ!× 3 Ô�Õ=Ö;×áÒ�ä�ÔÖ�à!ä!ÔBÙ<×áß?Ö;Ü�ä!ÕÔ	ôÖ 3 Ükù�Ô 3 ß σ òYà!×eÝ Ô 3 å ÔÖ
Ö
Ô�ä�ÖBÙvÑNÜ�Ý!Ý 3 ÒLÕhÛ!Ô 3 ∇φ · Gn
ß
à 3 σ Ý&Ü 3 à!ä<ÔqØmÒ 3 å à â ÔìÙ!Ô8Ù!×bñ|ó 3 Ô�ä!ÕÔ�&ä!×áÔ/èH	:Ò�à 3 òYà!Ô�Õ�ÔÖ?Ö;ÔBØmÒ 3 å à â Ô�ß
Ò�×�Ö@Õ�Ò�ä<ß
×áßfÖhÜ�ä�Ö
Ô�5&× â Ø�Ü�à<Ö�òYà!Ô â ÜqÙ<× 3 ÔÕÖ
×áÒ�ä�Ù�ó��&ä!×ÞÔBÝ&Ü 3 Õ�ÔßÙ!Ô�àãï�Õ�Ô�ä�Ö 3 Ô�ß ß
Ò�×�Ö�Õ�Ò�Û#ó 3 Ôä�Ö;Ô7Ü(ù�Ô�Õ â ÜqÙ!× 3 ÔÕÖ;×ÞÒ�ä Gn
è	:Ò�à 3 à!äDß
ÕhÛ#ó å Ü�ù�Ô 3 Ö;ÔWï7�gÕ�ÔäYÖ
Ô 3 Ô�Ùv5ZÒ�äD× å Ý°Ò�ß?ÔqÜ�àDÝ 3 ókÜ â Ü�ó â Ô�5+Ý&Ü 3 Õ�Ò�ä<ß?Ö 3 à!ÕÖ
×áÒ�ä Ù<Ô�ß�ÕÔ â �

â à â Ô�ß�Ù<à&Ü â Ôß�çmÕ�Ò�ä!ßfÖ 3 à!ÕÖ
×áÒ�äöÙ!à å Ü�× âáâ Ü/ð�Ô8Ù!Ô�½oÒ 3 Ò�ä!Ò�×wë=54Ü�àãï÷ß
Ò å#å ÔÖ
ß A Ô=Ö
B
Ü�ß?ß
ÒLÕ�×�óß

Ü�àãï�ÕÔ âáâ à â ÔßPÙ!à&Ü â Ô�ß�Ù!Ô�ÕhÛ&Ü/òLà<Ô7ÕÒ�Ö×ó�Ù!Ô σ 5!ÙJÑ õ Ö 3 ÔìÒ 3 ×áÔ�ä�Ö�ó�ß@ß
Ô â Ò�ä â ÜqÙ<× 3 ÔÕÖ
×áÒ�ä Gn
ß
à 3 σ è� ä Ü�Ý!Ý 3 ÒLÕhÛ!ÔÀÜ â Ò 3 ß�óð�Ü â Ô å Ô�ä�Ö ∇φ · Gn

Ý&Ü 3 à!ä<ÔÍØmÒ 3 å à â ÔÍÙ<Ô#Ù!×fñ�ó 3 Ôä!Õ�Ô��&ä!×ÞÔô�Ý&Ü 3 Ö;× 3Ù!Ô�ß@ù/Ü â Ôà 3 ß�Ù!Ô φ Ü�àLï�ß
Ò åÍå ÔÖ;ß A ÔÖ
B
è

ÿ�Ô=Ö
Ö
ÔõÜ�Ý!Ý 3 Ò(ïã× å Ü/Ö
×áÒ�äýÙ!Ô�ßÀ�!àãïôäYà å ó 3 ×áòYà!Ô�ß�× å Ý Ò�ß?ÔÚà!ä<Ô Õ�Ò�ä�Ö 3 Ü�×áä�Ö
ÔÚØmÒ 3 Ö
ÔDß
à 3Àâ Ôßå Ü�× âáâ Ü�ð�Ô�ßZîkÕÒ�ä�Ö 3 Ü�×áä�Ö;Ô-ß?à 3�â Ü�Õ�Ò�ä!ßfÖ 3 à!ÕÖ
×áÒ�ä�Ù!Ôß4ÕÔ�ä�Ö 3 Ô�ßZÙ!Ôß4ÕÔ âÞâ à â Ô�ßvÙ&Ü/ä!ß�à!ä�ÕkÜ�ß5kÕ�Ò�äYÖ 3 Ü�×Þä�Ö;Ôß
à 3-â Ü�Õ�Ò�ä!ßfÖ 3 à!ÕÖ
×áÒ�äÊÙ!Ôß-Õ�Ô âÞâ à â Ô�ßbÙ<à&Ü â Ôß-Ù&Ü�ä!ß â Ñ�Ü/à<Ö 3 ÔPÕkÜ�ßèLÿ�ÔÖ?Ö;Ô@Õ�Ò�äYÖ 3 Ü�×Þä�Ö;Ô@Ô�ßfÖoÙ!×b ÍÕ× â ÔUôß;Ü/Ö
×áß?Ø�Ü/× 3 Ô�Ù!æ�ß â Ò 3 ß-òYà!Ô G ävÑÓÔ�ßfÖ�Ý&Ü/ßÏ×Þß
Ò�Ö 3 Ò�Ý°Ô�5�Ô�äÍÝ&Ü 3 Ö
×áÕà â ×ÞÔ 3 Ù!Ü�ä!ß â Ô@Õ�Ü�ßoÙ!Ô â ÜBÙ!× å Ô�ä<ß
×áÒ�äí<è`	:Ü 3 Ü�× âáâ Ôà 3 ß�ÕÔÖ
Ö
Ô8Õ�Ò�ä�Ö 3 Ü�×ÞäYÖ
ÔqÔ�ßfÖ�Ù!×b ÍÕ× â Ô�ô�ß
Ü/Ö;×Þß?Ø�Ü�× 3 Ô�Ù<æ�ß â Ò 3 ß�òYà!Ô â ÑNÒ�äDÙ!Ò�×�Ö Ö 3 Ü�×�Ö;Ô 3ß
× å à â Ö;Ü�ä�ó å Ô�ä�Ö�Ù!Ô�àãïÚÖ;Ôä!ß
Ôà 3 ß�Ù!Ô8ÕÒ�ä!Ù!à!Õ=Ö;×�ùã×�Ö×óqÝ°Ò�ß?ß�ó�Ù!Ü�ä�Ö7Ù<Ô�ß 3 Ü/Ý!Ý Ò 3 Ö;ßBÙJÑ�Ü�ä<×áß
Ò/Ö 3 Ò�Ý!×áÔÙ!×bñ|ó 3 Ô�ä�Ö;ß7ç�ÙJÑNà!ä�Ø�Ü�Õ=Ö;Ô�à 3 í<ô���ëWè�6ä!Ô�Ü â Ö;Ô 3 ä&Ü/Ö
×Þù�Ô�Õ�Ò�ä!ß?×áßfÖ;Ô!ô 3 ÔÕ�Ò�ä!ßfÖ 3 à!× 3 Ô�Õ�Ò å Ý â æ=Ö;Ô å ÔäYÖ â ÔÀð 3 Ü�Ù!×ÞÔ�ä�Ö8Ù!Ô φ 5eÔÖÊä<Ò�äÝ â à!ßÊß?Ô�à â Ô å Ô�ä�Ö�ß
ÜþÕÒ å Ý Ò�ß
Ü�ä�Ö;Ô Gn
î-Ò�äýÝ!Ü 3
â Ô�Ü â Ò 3 ßÊÙ!Ô å ó=Ö;Û!ÒLÙ!Ô�Ù!Ô 3 Ô�ÕÒ�ä!ßfÖ 3 à<ÕÖ;×ÞÒ�äÙ!à÷ð 3 Ü�Ù!×ÞÔ�ä�Ökè�� ä<Ô#Ö;Ô âáâ Ô å óÖ
Û!ÒãÙ<Ô#Ý°Ò�ß
ß?æ�Ù!Ô â ÑNÜkù�Ü/äYÖ;Ü�ð�ÔÍÙ!Ô�ä<Ô�Ý â à!ß õ Ö 3 Ô�Ù�óÝ Ôä!Ù&Ü�ä�Ö;Ô�Ù!àÖ;Ô�ä<ß
Ô�à 3 G øvÔ âÞâ ÔqäJÑN× å Ý°Ò�ß
Ô8Ù<Ò�ä!ÕÊÝ â à<ßBÙ!ÔÊÕ�Ò�ä�Ö 3 Ü�×áä�Ö
Ô8Ô�ä 3 Ü�Ý!Ý°Ò 3 ÖìÜ(ù�Ô�Õ â ÑNÜ�ä!×Þß
Ò�Ö 3 Ò�Ý!×ÞÔ�ß?à 3

â Ô å Ü�× âÞâ Ü�ð�Ô�è�e-ä�Ò�à<Ö 3 ÔBÔ âÞâ Ô�Ý°Ô 3 å Ô=Ö@Ù!ÔBÙ!×Þß
Õ 3 óÖ
×áß?Ô 3 Ù!Ô å Ü�ä!×Þæ 3 Ô�à!ä!×b��ó�ÔBÙ!Ôß@Ý 3 Ò�ó â æ å Ô�ß�Ò��×áä�Ö;Ô 3 ùL×áÔä!ä!Ô�ä�Ö�Ý â à<ß
×áÔà 3 ßoÖ;Ôä!ß
Ôà 3 ß îYÕ�ÔÖ?Ö;Ô Ý Ò�ß?ß
×Þó!× â ×ÞÖ×ó�Ô�ß?Ö�à!ä�Ü(ù/Ü�ä�Ö;Ü�ð�Ô6Ý Ò�à 3Ïâ Ü 3 ó�ß?Ò â à<Ö
×áÒ�äÙ!à å ÒLÙ!æ â Ô�ó!×áÙ<Ò å Ü/×áä!Ô/5Lù�Ò�× 3@â ÔBÝ Ò�×Þä�Ö ø Õ×f�gÙ!Ô�ß?ß
à!ßè	 â à!ß
×ÞÔ�à 3 ß å óÖ
Û!ÒãÙ<Ô�ß�Ù!ÔÊù�Ò â à å Ôß>�&ä!×áßìó&Ü�ßBó�Ôß7ß?à 3 à<ä!Ô 3 Ô�ÕÒ�ä!ß?Ö 3 à!Õ=Ö;×ÞÒ�ä÷Ù!à ð 3 Ü/Ù!×áÔäYÖÒ�ä�Ö�óÖ×óìÙ�ó=ù�Ô â Ò�Ý!Ýtó�Ôß ÕÔ�ß�Ù!Ô 3 ä!×áæ 3 Ôß�Ü�ä<ä�ó�Ôß�èV�Ükù�ÜSÖ;ß å Ü 3?� ÷�õ©þ8ý��
� é �ZÒ�äYÖ Ù�ó=ù�Ô â Ò�Ý!Ýtó7à<ä!Ô å óÖ
Û!ÒLÙ!Ô7Ù<Ô 3 Ô�ÕÒ�ä!ß?Ö 3 à!Õ=Ö;×ÞÒ�äÚÙ!à¡ð 3 Ü/Ù!×áÔäYÖß
à 3 Ù!Ôß å Ü�× âáâ Ü/ð�Ô�ßÏÔ�ä�Ù!× å Ô�ä<ß
×áÒ�ä ø î<Õ�ÔÖ?Ö;Ô å óÖ;Û<ÒãÙ!ÔBÔß?Ö6Ù!à�ÖP�LÝ Ô�Õ�Ô âáâ �HÕ�Ôä�Ö;Ô 3 Ô�Ùvè��6ä�ð 3 Ü?�Ù!×áÔäYÖPÙ!×áß?Õ 3 Ô=Ö�Ô�ßfÖ�Ù�óT�&ä<×�Ô�ä�Ü) ?Ò�à<Ö;Ü�ä�Ö@Ù!Ôß6×Þä!Õ�Ò�ä!äYà!Ô�ß�Ü�àLï<× â ×áÜ�× 3 Ô�ßÏß
à 3 ÕhÛ&Ü/òLà<ÔìÙ<Ô å ×�Ü 3 æ=Ö;ÔßÙ!à å Ü�× âÞâ Ü�ð�Ô�è�ÿ�Ôß�×Þä!Õ�Ò�ä<äLà<Ô�ßqÜ/àãïã× â ×áÜ�× 3 Ô�ß�ß?Ò�ä�ÖqÔä!ß
à!×�Ö;Ô�ó â × å ×áä�óÔ�ß�Ô�ä à<Ö;× â ×áß
Ü�ä�Ö�à!ä!Ô#Ý 3 Ò²�Ý 3 ×�óÖ×ó â ÒLÕkÜ â Ô7Ù!Ô8ÕÒ�ä�Ö;×ÞäLà<×ÞÖ×ó7Ù!Ô�ß��!àãï è¹íZÔæ	:Ò�Ö
×áÔ 3 � ��í 5 �²� �-Ü�Ü å ó â ×áÒ 3 ó7ÕÔÖ
Ö
Ô å ó=Ö;Û!ÒLÙ!ÔqÔäå ÒLÙ!×b�&Ü�ä�Ö â Ô�Ý 3 ÒãÕ�ó�Ù�ó�ÙvÑeó â × å ×Þä&Ü/Ö;×ÞÒ�ä â ÒLÕkÜ â ÔÊÙ!Ô�ß�×áä!ÕÒ�ä!äYà!Ô�ßqÜ�àãïã× â ×wÜ�× 3 Ô�ß5 3 Ôä!Ù&Ü�ä�Ö8ß � å ór�Ö 3 ×ÞòYà!Ô â Ü8Ù!×Þß
Õ 3 óÖ
×áß;ÜSÖ;×áÒ�ä�Ù!Ô â ÑÓÒ�Ý|ó 3 Ü/Ö
Ô�à 3 Ô âáâ ×áÝ<Ö
×áòYà!Ô div(G∇·)
è

eK� å Ü 3 Ùº÷�õ>þ8ý��£� ��� 5 ��� ��Ò�ä�Ö7Ù�óù�Ô â Ò�Ý!Ýtó�à!ä ß
Ô�ÕÒ�ä!Ù ÖP�LÝ°Ô�Ù!ÔÍß
ÕhÛ�ó å Ü/ß7ù�Ò â à å Ô�ßm�&ä!×ÞßÜ(ù�Ô�Õ 3 Ô�ÕÒ�ä!ß?Ö 3 à!Õ=Ö;×ÞÒ�äÀÙ!àÀð 3 Ü�Ù!×ÞÔ�ä�Ökèãÿ�Ô ß
ÕhÛ�ó å ÜqÔß?ÖUóð�Ü â Ô å Ô�ä�Ö�ÕÔ âÞâ �HÕÔ�ä�Ö;Ô 3 ÔÙv5ãà<äÀð 3 Ü/Ù!×áÔäYÖÙ!×áß?Õ 3 Ô=ÖPÔß?Ö@Ù�ó��&ä!×°ß
à 3 ÕhÛ&Ü�òYà!Ô�ÕÔ âáâ à â Ô6Ù!à å Ü�× âáâ Ü/ð�Ô�è8í4Ü7Õ�Ò�ä�ù�Ô 3 ð�Ôä!Õ�ÔBÙ<Ô�ß@Ü�Ý<Ý 3 Òkïã× å Ü/Ö;×ÞÒ�ä!ßÙ!×áß?Õ 3 æ=Ö;Ôß7Ô=Ö�Ù!Ô â Ô�à 3 ð 3 Ü�Ù!×ÞÔ�ä�Ö�Ù!×Þß
Õ 3 ÔÖ�ù�Ô 3 ß â Ü�ß
Ò â à<Ö
×áÒ�ä ÔWï!Ü/ÕÖ;ÔÍÔÖìß?Ò�ä ð 3 Ü�Ù!×ÞÔ�ä�Ö�Ò�ä�Ö(óÖ�óÙ�ó å Ò�ä�Ö 3 ó�Ô�ß�Ô=ÖTó=ù/Ü â à�óÔ�ß�äYà å ó 3 ×ÞòYà!Ô å Ô�ä�Ö6Ù&Ü�ä!ßX� ��� �[èíZÜ å óÖ
Û!ÒãÙ<Ô�Ù!×ÞÖ
Ô�Ù!Ôß��ï÷�ýOý���ýo÷\÷�08ÿ#þ�¦�þ%ÝHõ/÷ 3 Ô�ÕÒ�ä!ß?Ö 3 à!×�Ö â Ô�ð 3 Ü�Ù<×áÔ�ä�Ö�Ù!×áß?Õ 3 Ô=Ö�ß
à 3 ÕhÛ!Ü�òYà!ÔØ�Ü�Õ�ÔßBç�Ò�àÀÜ 3Bõ Ö;Ôßhë-Ù!Ô�ß�Õ�Ô âÞâ à â Ô�ßè�	:Ò�à 3 Õ�Ô â Üì× â Ô�ßfÖPä�óÕ�Ôß
ß;Ü/× 3 Ô�Ù!Ô Ù<×áß
Ý°Ò�ß?Ô 3 Ù!Ô�Ý â à!ßÏÙ!Ô�ß�Ù!Ô�àãïù�Ü â Ô�à 3 ßbÙ!Ô â ÑN×Þä!Õ�Ò�ä<äLà<ÔPÙ!×áß?Õ 3 æÖ;Ô φ Ù<Ô@ÕhÛ&Ü�òYà!Ô�Õ�Ò�Ö�ó@Ù!Ô@Õ�Ô=Ö
Ö
Ô�Ø�Ü/Õ�ÔBî â Ü å ó=Ö;Û!ÒLÙ!Ô@Ù!Ôß-Õ�Ô âáâ à â Ô�ßÙ!×wÜ å Ü�ä�Ö;ß Ù!×áß?Ý Ò�ß
Ô8Ý°Ò�à 3 ÕÔ â Ü[ô â Ü�ØmÒ�×Þß�Ù!Ôß�ù�Ü â Ô�à 3 ß�Ù!Ô φ ß
à 3Bâ Ô�ß�ÕÔ âáâ à â Ôß�ÔÖ�Ù!Ô�ßBù/Ü â Ôà 3 ßÙ!Ô
φ
ß
à 3�â Ôß�ß
Ò åÍå Ô=Ö;ß@Ù!à å Ü�× âÞâ Ü�ð�Ô�è�V Õ�Ô�ä!×Þù�ÔkÜ�à�Ò�ä�Ù!×Þß?Ö;×Þä!ð�à!ÔBÙ<Ô�àãï¡Ü�Ý<Ý 3 ÒLÕhÛ!Ô�ßè�þ��õ �Hô�07÷\÷Kü%þ8ó ÿWÝHõP÷�óPüHô?ýfþ8õ#ÿ�ô_Ý°��ÿ�Ô�ß å óÖ
Û!ÒLÙ!Ô�ß5�Ù�óù�Ô â Ò�Ý!Ýtó�Ô�ß-Ù!Ü�ä!ßR� í�í 5 í�� �[5�Õ�Ò�ä!ß
×ÞÙ!æ 3 Ô�ä�ÖÕ�Ò åÍå ÔB×Þä!Õ�Ò�ä!äYà!Ô�ß â Ô�ß@ù/Ü â Ô�à 3 ß6Ù<Ô φ ß
à 36â Ôß�Õ�Ô âÞâ à â Ô�ß@à!ä<×áòYà!Ô å Ô�ä�Ö�è`~�Ôß6ù/Ü â Ô�à 3 ß Ù<Ô φ ß
à 3

â Ô�ß�ß?Ò åÍå Ô=Ö;ßÀÙ!à å Ü�× âÞâ Ü�ð�Ô¡ß?Ò�ä�Ö�Ù�ó�Ù!à<×ÞÖ;Ôß�Ù!Ô�ß�ù/Ü â Ôà 3 ß�Ù!Ô φ ß
à 3�â Ô�ß�Õ�Ô âáâ à â ÔßÀÝ&Ü 3 à!ä<Ô
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å ó=Ö;Û!ÒLÙ!Ô�ÙvÑÓ×áä�Ö;Ô 3 Ý°Ò â ÜSÖ;×áÒ�ävèKí�Ô�ð 3 Ü�Ù<×áÔ�ä�Ö#Ô�ßfÖ 3 Ô�Õ�Ò�ä!ß?Ö 3 à!×�Ö�ß?à 3 ÕhÛ!Ü�òYà!Ô¡Ø�Ü�ÕÔ¡Ù<Ô�ß�ÕÔ âÞâ à â Ô�ß�5Ý&Ü 3-â Ü å óÖ
Û!ÒLÙ!Ô�Ù!×ÞÖ
Ô@Ù!Ô�ßB�ï÷�ýOý���ýo÷\÷�08ÿ#þ�¦�þ%ÝHõW÷=5ZôBÝ&Ü 3 Ö;× 3 Ù!Ô�ßoù/Ü â Ôà 3 ßoÙ!Ô φ ß
à 3oâ Ô�ßoÕ�Ô âáâ à â Ô�ß-Ô=ÖÜ�àãï�ß?Ò åÍå Ô=Ö;ß�Ù!à å Ü/× âáâ Ü�ð�Ô/è�ÿ�Ô=Ö
Ö
Ô å óÖ
Û!ÒãÙ<Ô�Ü5óð�Ü â Ô å Ôä�Ö]ó=Ö×ó�óÖ
à!Ù!×�ó�ÔoÝ Ò�à 3 Ù!Ô�ß4Ý 3 Ò�ó â æ å ÔßÙ!Ô�Õ�Ò�ä�ù�Ô�ÕÖ
×áÒ�ä�Ù!×fñJà!ß?×áÒ�ä�Ù!Ü�ä!ß*� í�¿ 5 ��ê �[èí-Ñ�Ükù/Ü�ä�ÖhÜ�ð�Ô�Ù!Ô�Õ�ÔÖ?Ö;Ô å óÖ;Û<ÒãÙ!Ô�Ôß?Ö#Ù!Ô�ØmÒ 3 å à â Ô 3 Ù!ÔÀØ�Ü�ñÒ�äýà<ä!×b�4óÔ â Ü Ù!×Þß
Õ 3 óÖ
×áß;ÜSÖ;×áÒ�äöÙ!ÔÝ 3 Ò�ó â æ å Ôß�Ô�ä Ù!× å Ôä!ß
×ÞÒ�ä ø Ò�à�í<èbÿ�ÔÖ?Ö;Ô å óÖ;Û<ÒãÙ!ÔÀÜbóÖ×ó�× å Ý â ó å Ô�ä�Ö�ó�Ô�Ôä Ù!× å Ô�ä!ß?×áÒ�ä<ßø ÔÖBíÀÝ Ò�à 3 à!ä å ÒãÙ!æ â Ô å Ò�ä!ÒãÙ<Ò å Ü/×áä!ÔìÙ!à Õ�ÒLÔ�à 3 ß
Ôà â è`e âÞâ Ô7Ý Ô 3 å ÔÖBÔ�ñJÔÕÖ;×�ù�Ô å ÔäYÖ�à!ä!Ôó Ò�ä!ä!ÔBð�Ôß?Ö;×ÞÒ�ä�Ù!Ô â ÑNÜ�ä!×áß?Ò�Ö 3 Ò�Ý!×ÞÔ�ß;Ü/ä!ß�Õ�Ò�ä�Ö 3 Ü�×áä�Ö
Ô�ß�ß
à 3�â Ô å Ü�× âáâ Ü�ð�Ô�è� äö×Þä!Õ�Ò�ä�ù%ó�ä!×ÞÔ�ä�Ö å Ü( ?Ô�à 3 Ù!Ô�Õ�Ô=Ö
Ö;Ô å óÖ
Û!ÒLÙ!Ô�Ôß?ÖÊòYà!Ô â Ü¡Ù!×áß?Õ 3 ó=Ö;×Þß;Ü/Ö
×áÒ�ä Ù!Ô â ÑÓÒ�Ýtó 3 ÜSÖ;Ô�à 3
div (G∇ · )

ävÑÓÔ�ßfÖqä!×oß�� å óÖ 3 ×áòYà!ÔÍä!×oä�óð�Ü/Ö;×�ù�Ô/èùí-ÑÓ×áä�ù�Ô 3 ß?×áó!× â ×ÞÖ�ó8Ù!Ô�ß7ß
ÕhÛ�ó å Ü/ß7äYà å ó 3 ×áòYà!Ô�ßÔ�ßfÖ�Ü/×áä!ß?×vÙ!×b ÍÕ× â ÔVôÊÝ 3 Ò�à<ù�Ô 3 è� ��õ �Hô�07÷�p�p�t�
4�eÿ�Ô=Ö
Ö;Ô å ó=Ö;Û!ÒLÙ!Ô#ÜdóÖ�ó�Ù�ó=ù�Ô â Ò�Ý!Ýtó�Ô�Ý&Ü 3 Ü âáâ æ â Ô å ÔäYÖ�Ý!Ü 3 �6Ô 3 å Ô â ×áä<Ô� �ãé 5 � ø �4Ô=Ö�~�Ò å Ô â Ôù�Ò#Ô=Ö � å ä!æ�ßX� í g �4ß
à 3 Ù!Ôß å Ü�× âáâ Ü/ð�Ô�ß�Ô�äDÙ!× å Ôä!ß
×ÞÒ�ä ø è � äÚÕÒ�ä!ß
×ÞÙ!æ 3 Ô×áÕ×-Õ�Ò åÍå Ô8×Þä!Õ�Ò�ä!äYà!Ô�ß â Ô�ß�ù/Ü â Ôà 3 ß�Ù!Ô φ ß
à 3ìâ Ôß7ÕÔ âáâ à â Ôß�ÔÖ�Ü�àãïþß
Ò å#å ÔÖ
ßìÙ<à å Ü�× âÞâ Ü�ð�Ô/èíZÜ 3 Ô�ÕÒ�ä!ßfÖ 3 à<ÕÖ;×ÞÒ�ä Ù!à ð 3 Ü/Ù!×áÔäYÖqß
ÔÀØ�Ü�×�ÖÊÜ â Ò 3 ß6óð�Ü â Ô å Ô�ä�Ö8Ý&Ü 38â Ü å óÖ;Û<ÒãÙ!Ô�Ù<Ô�ß8Õ�Ô âáâ à â ÔßÙ!×wÜ å Ü�ä�Ö
ß�è!	:Ò�à 3 Ükù�Ò�× 3 Ü/à<ÖhÜ�ä�Ö�ÙvÑÓ×áä<Õ�Ò�ä!äYà!ÔßBòYà!ÔÊÙvÑeóòYà&Ü/Ö;×ÞÒ�ä!ß5 â Ñ ó�òYà&Ü/Ö
×áÒ�äöç �ãè�éS� ë Ôß?Ö�Ù�ór�ß
Ò 3 å Ü/×áßP×ÞäYÖ�ó�ð 3 ó�Ô(ô â Ü�ØmÒ�×Þß@ß
à 3�â Ô�ß@Õ�Ô âáâ à â Ôß@ÔÖ6ß
à 3�â Ô�ß@Õ�Ô âáâ à â Ôß@Ù!à&Ü â Ô�ß�èÿ�ÔÖ?Ö;Ô å óÖ
Û!ÒãÙ<Ô Ý°Ò�ß
ß?æ�Ù!ÔBÙ<Ô�ßPÝ 3 Ò�Ý 3 ×�óÖ�ó�ß�Ü â ð&óó 3 ×ÞòYà!Ô�ß�ß
× å × â Ü�× 3 Ô�ßoÜ�àLï�Ý 3 Ò�Ý 3 ×�ó=Ö×ó�ß�Ù!Ô�ßPÒ�Ý|ór�
3 Ü/Ö
Ô�à 3 ß�Ù<×Þù�Ô 3 ð�Ôä!Õ�Ô ÔÖ�ð 3 Ü/Ù!×áÔäYÖÏÙ&Ü/ä!ß â Ô�ÕkÜ�ß�Õ�Ò�ä�Ö;×ÞäYàvè7e âÞâ Ô�Ü�ó°Ò�à<Ö
×ÞÖRô â Ü�Ù�óT�&ä<×ÞÖ;×ÞÒ�äÊÙvÑÓÒ�Ý|ór�
3 Ü/Ö
Ô�à 3 ß8ð 3 Ü/Ù!×áÔäYÖÊÔ=ÖÍÙ!×Þù�Ô 3 ð�Ô�ä!ÕÔ�Ù<×áß
Õ 3 Ô=Ö#Ý 3 ó�ß?Ô�ä�ÖhÜ/äYÖ#à!ä!Ô 3 Ô â ÜSÖ;×áÒ�ä Ù!Ô�Ù!à&Ü â ×ÞÖ�óÀß
× å × â Ü�× 3 Ôô â Ü¡ØmÒ 3 å à â Ô�Ù!Ô C 3 Ô�Ô�äJèoÿ�ÔÖ?Ö;Ô�Ý 3 Ò�Ý 3 ×�óÖ�ó�Ü å Ò/Ö;×Þù%ó â ÑNÜ�Ý!Ý°Ô âÞâ Ü/Ö
×áÒ�äõÙ!Ô�p>ÿ�÷(��óï÷�õP÷��p��%þ8ý ÿOõ[�t,ÿWÝHÿOõP÷�
�ô?ý��ã¦�÷\÷B¦�÷�õm�Hô�0þç å óÖ
Û!ÒãÙ<Ôm~�~�Qù½¬Ô�ä¡Ü�ó 3 ó�ð&ókëPÙ&Ü�ä!ßX� í�� �[èÿ�Ô�ß�Ý 3 Ò�Ý 3 ×�ó=Ö×ó�ß�Ü â ð&óó 3 ×ÞòYà!Ô�ß�Ü�ß
ß?à 3 ÔäYÖ�Ôä Ý&Ü 3 Ö;×áÕà â ×ÞÔ 3�â ÜÍß�� å óÖ 3 ×áÔ7ÔÖ â Ü#ä�óð�Ü/Ö;×�ùL×ÞÖ×óìÙ!Ô â ÜÙ!×áß?Õ 3 óÖ;×Þß;Ü/Ö
×áÒ�ä�Ù!Ô â ÑNÒ�Ý|ó 3 Ü/Ö
Ô�à 3 div(G∇ · )

øÏÝ°Ò�à 3 Ù!Ô�ß#Õ�Ò�ä<Ù!×ÞÖ
×áÒ�ä!ß â × å ×�Ö;Ôß�þ�0 �Hô(����Ô âáâ Ô�ß× å Ý â ×ÞòYà!Ô�ä�ÖPÙ<Ò�ä!Õ	ó�ð�Ü â Ô å Ô�ä�Ö â ÑN×ÞäYù�Ô 3 ß
×áó<× â ×�Ö×ó Ù!Ô�ß�ß
ÕhÛ#ó å Ü�ß äYà å ó 3 ×áòYà!Ôß�è� ä!Ô�ÔWïãÖ
Ô�ä!ß?×áÒ�ä�Ù!Ô â Ü å óÖ
Û!ÒLÙ!Ô�~�~�Q
½ Ü/à�Õ�Ü�ß8Ù!Ô â ÜDÙ<× å Ô�ä!ß?×áÒ�äöíõÜNóÖ�óÀØmÒ 3 å à â óÔÔÖPÖ
Ô�ßfÖ×ó�Ô�äYà å ó 3 ×áòYà!Ô å Ô�ä�Ö�Ý&Ü 3 � Ô 3 å Ô â ×Þä!Ôi� ��í �%ø!Õ�Ô=Ö
Ö
ÔìÔWïLÖ;Ô�ä<ß
×áÒ�ä�ä<ÔBÝ 3 óß
Ô 3 ù�ÔìÕ�ÔÝ Ôä!Ù&Ü�ä�ÖÝ&Ü�ß â Ô�ß�Ý 3 Ò�Ý 3 ×�óÖ×óß�Ù!Ô�ß�� å ó=Ö 3 ×áÔBÔÖ6Ù!Ô�Ý°Ò�ß
×�Ö;×�ùã×�Ö×ó Ù!Ô�ß6Ò�Ýtó 3 ÜSÖ;Ô�à 3 ß�Ô âÞâ ×áÝãÖ;×áòYà!ÔßPÙ!×Þß
Õ 3 óÖ
×áß�óß�è� ä�Ý 3 óß
Ô�ä�Ö
Ôì×ÞÕ�×+à!ä!Ô�ß
Ô�ÕÒ�ä!Ù!ÔBÔWïLÖ;Ô�ä<ß
×áÒ�ä�Ù!Ô â Ü å ó=Ö;Û!ÒLÙ!Ô�~�~�Qù½ Ü/à�ÕkÜ�ßPÙ<Ô â Ü7Ù!× å Ô�ä��ß
×ÞÒ�ä�íÊòYà!×�Ý 3 ó�ß?Ô 3 ù�Ô�ÕÔ�ß6Ý 3 Ò�Ý 3 ×�óÖ×óß�è� ä Õ�Ò åÍå Ôä!Õ�ÔÊÜ/àþÕhÛ!Ü�Ý!×ÞÖ 3 Ô g Ý&Ü 3 Ù�óT�!ä!× 3 Ý 3 ó�Õ×áß�ó å Ôä�Ö â Ô�ß å Ü�× âáâ Ü/ð�Ô�ß�~�~�Q
½ Ü/×áä!ß?×eòYà!Ô
â Ôß6Ò�Ý|ó 3 Ü/Ö
Ô�à 3 ß ð 3 Ü�Ù!×ÞÔ�ä�Ö6ÔÖ Ù!×Þù�Ô 3 ð�Ô�ä!ÕÔ7Ù!×Þß
Õ 3 ÔÖ
ß ß?à 3 Õ�Ô�ß å Ü/× âáâ Ü�ð�Ôß�è�~�Ô�àãï¡Ý 3 Ò�Ý 3 ×�óÖ�ó�ß Ü â �ð&ó�ó 3 ×áòYà!ÔßPÙ!Ô�ÕÔ�ß@Ò�Ýtó 3 Ü/Ö;Ôà 3 ß�ß
Ò�ä�Ö5ó=Ö;à!Ù!×�ó�Ôß�î â Ü 3 Ô â Ü/Ö
×áÒ�ä#Ù!Ô�Ù!à!Ü â ×�Ö×ó6Ô�ä�Ö 3 Ô â Ô�ð 3 Ü�Ù!×ÞÔ�ä�ÖPÔ=Ö
â ÜÀÙ!×�ù�Ô 3 ð�Ôä!Õ�ÔÊÙ!×Þß
Õ 3 ÔÖ
ß�ôÀÖ 3 Ükù�Ô 3 ß â ÜÀØmÒ 3 å à â Ô7Ù!Ô C 3 Ô�Ôä Ù!×Þß
Õ 3 æÖ
Ô�5�Ü/×áä!ß?×bòYà!Ô â ÑÓ×áäS ?ÔÕÖ;×�ùL×ÞÖ×óÙ!à�ð 3 Ü/Ù!×áÔäYÖ�Ù<×áß
Õ 3 Ô=ÖkèV�àÀÕhÛ!Ü�Ý!×ÞÖ 3 Ô>¿7Õ�Ô�ß@ä<Ò�Ö;×ÞÒ�ä!ß�ß?Ò�ä�Ö�Ü�Ý!Ý â ×áòYà�óÔ�ßSô â ÜìØmÒ 3 å à â Ü/Ö;×ÞÒ�äÍÙ!Ô�ß
ÕhÛ#ó å Ü�ßPÙ!×Þß
Õ 3 ÔÖ
ßPÝ Ò�à 3
â Ü 3 ó�ß?Ò â à<Ö
×áÒ�ä�Ù!Ô�Ý 3 Ò�ó â æ å ÔßPÔ âÞâ ×ÞÝ<Ö;×ÞòLà<Ô�ß�î â Ñ ó�òYà&Ü/Ö
×áÒ�ä�Ù!Ôm	:Ò�×Þß
ß?Ò�ä ç �ãè�éS� ëÏÝ Ò�à 3 à!ä!ÔBÕÒ�ä!Ù!×;�Ö;×ÞÒ�ä â × å ×ÞÖ
Ô å ×�ïLÖ;Ô ÿ Ô�à å Ü�ä!ä$ð²~�× 3 ×áÕhÛ â ÔÖÊÛ!Ò å Ò�ð�æä!Ô�è,~ Ô�àãïýÕkÜ/ß#ß?Ò�ä�ÖÀÜ�ó°Ò 3 Ù�ó�ß5ÏÕÔ â à!×@Ò�à
â ÔÊÖ;Ôä!ß
Ôà 3 G Ô�ßfÖ8Õ�Ò�ä�Ö
×áäYà ÔÖqÕ�Ô â à!×ÏÒ�� G Ý 3 óß
Ô�ä�Ö
Ô�à!ä!ÔÀÙ!×Þß
ÕÒ�ä�Ö;×áäYà!×�Ö×óÍÔ�ä�Ö 3 ÔÀÙ!Ôàãï ß?Ò�à!ßÙ!Ò å Ü�×áä<Ô�ßqÙ!Ô Ω

ç�Ý 3 Ò�ó â æ å ÔÀÙ!Ô�Ö 3 Ü�ä!ß å ×áß?ß
×ÞÒ�ä+ë=èù	:Ò�à 3 ÕhÛ&Ü�Õ�à<äÄÙ!Ô�ÕÔ�ßÊÕkÜ�ß â ÑN×ÞäYù�Ô 3 ß
×áó<× â ×�Ö×óÙ!àþß
ÕhÛ�ó å Ü�Ô�ß?Ö6óÖ;Ü�ó â ×ÞÔÊÜ�×áä<ß
×-òYà!Ô â Ü�ß�� å ó=Ö 3 ×áÔÊÔÖ â Ü�ä�óð�Ü/Ö;×�ùL×ÞÖ×ó8Ù<Ô â Ü�Ù!×Þß
Õ 3 óÖ
×áß
Ü/Ö;×ÞÒ�äõÙ!Ô
â ÑÓÒ�Ýtó 3 ÜSÖ;Ô�à 3 div (G∇ · )

èí�Ô�ß 3 óß
à â ÖhÜ/Ö
ß8Ù!àýÕhÛ!Ü�Ý!×ÞÖ 3 Ô^¿õß
Ò�ä�Ö 3 ÔÝ 3 ×ÞßÊÜ�à ÕhÛ&Ü�Ý!×�Ö 3 ÔþékêõÝ°Ò�à 3 ó=ÖhÜ�ó â × 3 à!äýß?ÕhÛ�ó å ÜõÙ!Ô
3 óß
Ò â à<Ö;×ÞÒ�äÊÙ!à å ÒLÙ!æ â Ô@ó!×áÙ!Ò å Ü�×Þä!Ô�è�ÿ�Ô ß?ÕhÛ�ó å Ü7×ÞäYÖ
æ�ð 3 Ô�ä!Ò�ÖhÜ å#å Ô�ä�Ö â Ôß 3 Ô â Ü/Ö;×ÞÒ�ä!ß-Ù!Ô�Õ�Ò�à��Ý â Ü/ð�Ô7ÔäDà!ä!Ô6ó�òYà&Ü/Ö
×áÒ�äDà<ä!×b�4óÔ�Ý°Ô 3 å Ô=Ö
ÖhÜ/äYÖ�Ù!Ô 3 ó�ß
Ò�à!Ù 3 Ô�ß
× å à â Ö;Ü�ä�ó å Ô�ä�Ö â Ñ ó�òYà&Ü/Ö
×áÒ�ä¡Ù!àÝ Ò/Ö;Ô�ä�Ö
×áÔ â ß
à 3�â ÔBÕÒãÔà 3 ÔÖ â Ô Ö;Û!Ò 3 ÜSï è



é�ékí

í4Ü å ×áß
Ô�ÔäÄÒLÔ�à<ù 3 Ô¡Ù!Ô�ÕÔ¡ß?ÕhÛ�ó å Ü Ôß?Ö#Ý 3 óß
Ô�ä�Ö�ó�ÔDÜ/àýÕhÛ&Ü/Ý!×ÞÖ 3 Ô é�é ß
à 3 Ù!Ô�ßÍð&óÒ å ó=Ö 3 ×áÔ�ßÔ�ä Ù!× å Ô�ä<ß
×áÒ�ä ø 5 â ÑN× å Ý â ó å Ô�ä�Ö;Ü/Ö;×ÞÒ�ä Ù<Ô�ßÊß
ÕhÛ�ó å Ü/ßÍÔäýÙ<× å Ô�ä!ß?×áÒ�ä íNóÖ;Ü�ä�ÖÊÔ�ä�Õ�Ò�à 3 ß�è,í�Ôßß
ÕhÛ�ó å Ü�ß*~�~�Q
½ �õß?Ò�ä�Ö�ä!Ò/ÖhÜ åÍå Ôä�Ö�Õ�Ò å Ý&Ü 3 ó�ßìÜ�àãïþß?ÕhÛ�ó å Ü�ß�ù�Ò â à å ÔßX�!ä!×áß�Õ â Ü�ß
ß?×áòYà!Ôßß
à 3 Ù!Ôß å Ü�× âáâ Ü/ð�Ô�ß6Ü�Ù å ×áß?ß
×Þó â Ôß�èc~�Ü�ä!ß�à!äõß
ÔÕ�Ò�ä!ÙþÖ;Ô å Ý!ßBÒ�ä Ü/Ý!Ý â ×ÞòYà!Ô â ÔßBß
ÕhÛ�ó å Ü/ß6ô â Ü
3 ó�ß?Ò â àãÖ;×áÒ�äÀÙ!à å ÒãÙ!æ â Ô Õ�Ò�à!Ý â ó�ÕÒãÔà 3ïî Ö;Û<Ò 3 ÜSïÀß
à 3 à<ä!ÔBð&ó�Ò å ó=Ö 3 ×ÞÔ å ÒãÙ#ó â ×Þß;Ü�ä�Ö�à!ä!ÔBÕÒ�à!Ý°ÔÖ 3 Ü/ä!ß?ù�Ô 3 ß?Ô�Ù!àÀÖ;Û!Ò 3 ÜSï è � ä�ß
× å à â Ô�ß
à<Õ�Õ�Ôß
ß?×Þù�Ô å Ôä�Ö â Ô�ØmÒ�ä!Õ=Ö;×ÞÒ�ä!ä!Ô å ÔäYÖPä!Ò 3 å Ü â Ù!à�Õ�ÒLÔ�à 3ÔÖ6Ù!Ô�ß�ÕÒ å Ý°Ò 3 Ö;Ô å Ô�ä�Ö
ß@Ý&Ü/Ö;Û<Ò â Ò�ð�×áòYà!Ô�ßèH~�Ü�ä<ß6ÕhÛ!Ü�Õ�à!ä¡Ù!Ô�ß6Õ�Ôß�Ù!Ô�ßxeÏÿ C ß
Ò�ä�Ö6ÕkÜ â Õ�à â ó�ßè
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 "!Æ # ]%$¡È�ÐWÉZÐË7È Ì'&)(+* ,�Ð.--/,mÄ�&)(0#1#3254
� äÊÙ76��&ä!×ÞÖb×áÕ�× â Ôß å Ü/× âáâ Ü�ð�Ôßù~�~�Qù½ ÙvÑÓà!äÊÙ!Ò å Ü�×áä!Ô Ω

î/à!äÊÒ�à<ù�Ô/8?ÖÏÝ°Ò â �Lð�Ò�ä&Ü â Õ�Ò�ä!ä<Ô=ïãÔó Ò�8?ä76BÙ!Ô
Rd Ô�ä�Ù!× å Ôä!ß
×ÞÒ�ä d = 2, 3

è
� ä å Ü�× âáâ Ü�ð�Ô�~�~�Qù½ M

Ô�ß?Ö â ÜqÙ!Ò�ä!ä76Ô7ÙJÑNà!ä�Ö98?×áÝ â ÔÖ M = (C,S,V) : Ò�; îû
C
Ôß?Ö â ÑÓÔ�ä!ß?Ô å ó â ÔBÙ!Ôß=<ï÷�ýOý��7ýo÷?> ü�órÿA@�þ8ýo÷?> :û

S
Ô�ßfÖ â ÑNÔä!ß
Ô å ó â ÔBÙ!Ô�ßXÿWÝHõ ÷�óOòTþB<ï÷?> :û

V
Ô�ß?Ö â ÑÓÔ�ä<ß
Ô å ó â ÔBÙ!ÔßC>2ôD@E@�÷�õF> :ß;Ü/Ö
×áß?Ø�Ü/×áß;Ü/äYÖ â Ô�ß�ÕÒ�ä!Ù!×�Ö;×áÒ�ä!ß . ÿ 0 � .HG ÿ 0 Õ�×;�HÙ!Ôß
ß?Ò�à!ß�èV Ý&Ü	8fÖ;×I8BÙ!à å Ü�× âÞâ Ü�ð�Ôæ~�~�Q
½ M

ß
Ô/8?Ò�ä�Ö�ÙJ6T�&ä!×Þß7Ù<Ô�àãï Ô�ä<ß
Ô å ó â Ôß7ß?à!Ý!Ý â 6 å Ô�ä�ÖhÜ�×I8
ÔßÙ!Ô�Õ�Ô âÞâ à â Ô�ß�îû â ÑÓÔ�ä!ß?Ô å ó â ÔBÙ!Ôß6ÕÔ âÞâ à â Ô�ß@Ù!×áÜ å Ü/äYÖ
ß D 8
Ô â Ü/Ö
×ÞØLK â ÑÓÔ�ä!ß?Ô å ó â Ô S Ù!Ô�ß�×áä�Ö
Ô/8?Ø�Ü/Õ�Ô�ß :û â ÑÓÔ�ä!ß?Ô å ó â ÔBÙ!Ôß6ÕÔ âÞâ à â Ô�ß@Ù!à&Ü â Ô�ß P 8?Ô â Ü/Ö;×�ØMK â ÑNÔä!ß
Ô å ó â Ô V Ù!Ôß ß?Ò åÍå Ô=Ö;ß :� ä�Õ�Ò åÍå Ô�ä!ÕÔBÝ&Ü	8@Ù76��&ä!×N8 â Ô�ß�Ü�Ý!Ý°Ô â Ü/Ö;×ÞÒ�ä!ß�<ï÷�ýOý��7ýo÷ìÔÖmÿWÝHõP÷�óOòTþB<ï÷=è
OQP7Ç#ÇSR
ÇFP �6ä!Ô8Õ�Ô âáâ à â Ô7Ô�ß?Öìà!äõÒ�àãù�Ô/8fÖ�Õ�Ò�ä<ä!Ô=ïãÔÊä!Ò�ä ùL×áÙ!Ô8Ô=Ö�ó Ò	8
ä768Ù!Ô Rd Ù!Ò�ä�Ö â Ôqó°Ò�8?ÙÔ�ß?Ö6Ý°Ò â �Lð�Ò�ä&Ü â ß?× d = 2

Ò�à�Ý°Ò â ��6�ÙJ8;Ü â ß?× d = 3
è

T/UWV PBX�YHZ7[�P � ä<ÔÀ×áä�Ö;Ô.8?Ø�Ü�ÕÔ : ä!Ò�Ö96ÔÀð�6ä76/8?×áòYà!Ô å Ô�ä�Ö σ : Ôß?Ö8à!ä ØmÔ.8 å 6�ÕÒ�ä!ä!ÔWï<Ô�Ô=Öqó°Ò�8
äJ6Õ�Ò�ä�Ö;ÔäYàqÙ&Ü�ä!ß4à!ä7Û��LÝ°Ô/8?Ý â Ü�ä�Ü² Íä!Ô�Ù<Ô Rd è?í4Ü å Ôß
à78?Ô�Ôä�Ù!× å Ôä!ß
×ÞÒ�ä d−1
ÙvÑÓà!ä!ÔÏ×áä�Ö
Ô/8?Ø�Ü/Õ�Ô

Ù!Ò�×ÞÖM\Ö]8
ÔPä!Ò�ä8äLà âáâ Ô/è8e-ä8Ù!× å Ôä!ß
×ÞÒ�ä ø à<ä!Ô@×áä�Ö;Ô.8?Ø�Ü�ÕÔ�Ôß?Öoà!ä8ß?Ô�ð å Ô�ä�Ö-Ù!Ô@ÙJ8
Ò�×�Ö;Ô�ä<Ò�äE8]6Ù!à!×ÞÖKPà!ä�Ý Ò�×Þä�ÖkèSe-äìÙ!× å Ô�ä<ß
×áÒ�äBíPÒ�ä�Ù!Ô å Ü�ä!Ù<Ô^KPà!ä!Ôo×áä�Ö;Ô.8?Ø�Ü�ÕÔ-ÙvÑ_\Ö98?Ô-Ý Ò â �Lð�Ò�ä&Ü â Ôa`=Ô�äìÝ78;ÜSÖ;×áòYà!Ô
â Ô�ß@×Þä�Ö;Ô/8fØ�Ü�Õ�Ôß�ß
Ô/8?Ò�ä�Ö�Ù<Ô�ß@Ö98?×wÜ�ä!ð â Ô�ß�Ò�à¡Ù<Ô�ß�òYà&Ü�Ù78?× â ÜSÖ;æ/8?Ô�ßè

b Z7cGÇ#ÇdZJefP �^�hgji
M = (C,S,V)

Ô�ßfÖ8à!ä å Ü�× âÞâ Ü�ð�Ôi~�~�Qù½�Ù!àöÙ!Ò å Ü�×áä<Ô Ω
ß
× â Ôß�Õ�Ò�ä!Ù!×ÞÖ
×áÒ�ä<ß . ÿ 0 � .HG ÿ 0Õ�×f�gÙ!Ô�ß?ß
Ò�à<ß6ß?Ò�ä�Ö6ß;Ü/Ö
×áß?Ø�Ü/×ÞÖ;Ôß�è

. ÿ 0 í-ÑÓÔ�ä!ß?Ô å ó â Ô C
Ù!Ôß6ÕÔ âÞâ à â Ô�ß@Ý78?× å Ü â Ôß�Ô�ßfÖ Ö
Ô â òYà!Ô
⋃

K∈C

K = Ω
ÔÖ

K ∩ L = ∅
ß
×
K 6= L .

ç g è�é)ë

é�é��



é�é2� hK¥ ��� �¦� ���lk7�H¬Ê� � ª¹ª¹�XÉR�W�m�n���no

� ä#Ù!×I8;Ü�Ù&Ü/ä!ß�ÕÔ ß?Ô�ä!ßÏòYà!Ô â Ô�ßoÕÔ âáâ à â Ôß-Ý78
× å Ü â Ô�ß:ØmÒ�8 å Ô�ä�Öoà!ä!Ô%p}Ý!Ü	8?Ö
×ÞÖ;×ÞÒ�ärq�Ù!Ô Ω : òYà!Ò�×ÞòYà!ÔÕ�Ô�ß
Ò�×ÞÖ�à!ä�Ü�ó!à<ß6Ù<Ô â Ü�ä!ð�Ü�ð�Ô�èíZÒ	8
ß
òYàvÑÓ× â ävÑ � Ü�àJ8;ÜDÝ&Ü�ß�ÙvÑ�Ü å ó!×áð�à!×ÞÖ]6�ß :Zâ Ô�ßqÕÔ âáâ à â Ôß7ÝJ8
× å Ü â Ô�ßìß
Ô/8?Ò�ä�ÖÍÜ�à!ß?ß
×@Ü�Ý<Ý Ô â 6�Ôßß
× å Ý â Ô å Ô�ä�ÖspB<ï÷�ýOý��7ýo÷?>/qhè. ÿOÿ 0 í-ÑNÔä!ß
Ô å ó â Ô S Ù<Ô�ß6×áä�Ö;Ô.8?Ø�Ü�ÕÔ�ß�Ô�ßfÖ6Ö
Ô â òYà!Ô
⋃

σ∈S
σ =

⋃

K∈C

∂K .

. ÿOÿOÿ 0 íoÑÓÔ�ä<ß
Ô å ó â Ô V Ù!Ô�ß6ß
Ò åÍå ÔÖ;ß@Ôß?Ö�ØmÒ�8 å 6BÙ!Ô â ÑNÔä!ß
Ô å ó â ÔBÙ<Ô�ß�ß
Ò åÍå ÔÖ;ß�Ù!ÔBÖ
Ò�à<Ö;Ôß
â Ôß@×áä�Ö;Ô.8?Ø�Ü�ÕÔ�ß σ ∈ S

è
� ä�ä!Ò�Ö
Ô/8
ÜÍß �ãßfÖ96 å Ü/Ö
×áòYà!Ô å ÔäYÖ |S| â Ü å Ôß
à78?Ô7ÙvÑÓà!ä�Ò�óBt?Ô=Ö�ð�6Ò å 6Ö98?×áòYà!Ô S è$	:Ò�à78�à!ä!ÔÕ�Ô âáâ à â Ô�ÝJ8
× å Ü â Ô K : |K|

Ù76ß
×áð�ä!Ô�ß;Ü å Ô�ß?à78
ÔBÙ&Ü/ä!ß
Rd è%	:Ò�à78@à<ä!Ô�×áä�Ö;Ô.8?Ø�Ü�ÕÔ σ : |σ| Ù76ß
×áð�ä!Ôß;Ü å Ô�ß
àJ8
Ô�Ô�ä�Ù!× å Ô�ä<ß
×áÒ�ä d− 1

çmß;Ü â Ò�ä!ð�à!Ô�à78@ß?× d = 2
Ò�à¡ß?Ò�ä�Ü�×N8?ÔBß
×

d = 3
ëWè

. ÿ G/0 	4Ò�à78bÙ<Ô�àãï�Õ�Ô âáâ à â Ô�ß:Ý78
× å Ü â Ô�ßZÙ!×Þß?Ö
×áä!Õ=Ö;Ô�ß K,L ∈ C : ß
Ò�×ÞÖ â Ü å Ô�ß?à78
Ô�Ô�ä8Ù!× å Ôä!ß
×ÞÒ�ä
d− 1 |K ∩ L| = 0 : ß?Ò�×ÞÖ�× â Ô=ïã×Þß?Ö;Ô�à!ä<Ôì×Þä�Ö;Ô/8fØ�Ü�Õ�Ô σ ∈ S

Ö
Ô âáâ Ô�òYà!Ô K ∩ L = σ
è~�Ü�ä!ß â Ô6ß
ÔÕ�Ò�ä!Ù�Õ�Ü�ß�Ò�äÀÙ!×N8
Ü7òYà!Ô â Ô�ß�Ù!Ô�àLïÀÕÔ âáâ à â Ôß K ÔÖ

L
ß?Ò�ä�Ö�Ü�ÙDt
Ü�ÕÔ�ä�Ö;ÔßPÔÖ�Ò�ä�ä<Ò�Ö;Ô.8;Ü

σ = K|L
è

.HG/0 	4Ò�à78�Ù!Ôàãï�×áä�Ö
Ô/8?Ø�Ü/Õ�Ô�ß
σ1, σ2 ∈ S

Ù!×Þß?Ö;×Þä!ÕÖ
Ô�ß :&â Ü å Ô�ß
àJ8
ÔìÔ�ä�Ù!× å Ô�ä!ß?×áÒ�ä d− 1
Ù!Ô

â Ôà78@×áä�Ö;Ô.8
ß?Ô�ÕÖ
×áÒ�ä�Ôß?Ö6äYà âáâ Ô8î
|σ1 ∩ σ2| = 0 .íoÑÓÔ�ä<ß
Ô å ó â ÔoÙ!Ôß:ÕÔ âáâ à â ÔßvÝ78?× å Ü â ÔßvÔ�ßfÖ:Ý°Ò�×ÞäYÖ]6�è)ÿ�ÑÓÔ�ßfÖaK@Ù!×I8
ÔoòYàvÑuK6ÕhÛ&Ü/òLà<Ô�ÕÔ âáâ à â Ô K ∈ CÒ�ä¡Ü�ß
ß?ÒãÕ×áÔ�ß
Ò�ä¡Õ�ÔäYÖ]8
Ô

xK ∈ K
è � äÚä!Ò�Ö
Ô

(xK)K∈C â ÑÓÔ�ä!ß?Ô å ó â Ô�Ù!Ô�ß Õ�Ô�ä�Ö]8
Ô�ß Ù!Ô�ß6Õ�Ô âáâ à â ÔßÝ78
× å Ü â Ô�ßè7vL× K Ô�ßfÖ6Õ�Ò�ä�ù�ÔWïãÔ : ß
Ò�ä�Õ�ÔäYÖ]8
ÔìÝ Ôà<Öw\Ö]8
Ô�ß
Ò�ä�Õ�Ôä�Ö98
ÔìÙ!Ô�ð�8
Ü(ùL×�Ö96BÝ&Ü	8@ÔWïãÔ å Ý â Ô/è� ä�× å Ý°Ò�ß?Ô â ÜE8
Ôß?Ö]8
×áÕ=Ö;×ÞÒ�ä�ß
à!×�ù/Ü�ä�Ö;Ô�ß
à78 â Ô�ß�Õ�ÔäYÖ]8
Ôß Ù!Ôß�Õ�Ô âÞâ à â Ô�ß@Ý78?× å Ü â Ôß�î.HG ÿ 0 vã×
K

Ô=Ö
L
ß
Ò�äYÖÍÙ!Ôàãï�Õ�Ô âáâ à â Ôß8Ü�ÙDt
Ü�ÕÔ�ä�Ö;Ôß : ß
Ò�×ÞÖ σ ∈ S â ÑN×Þä�Ö;Ô/8fØ�Ü�Õ�ÔÀÖ
Ô âÞâ ÔÀòYà!Ô

σ = K|L
è � ä�ß
à!Ý<Ý Ò�ß?Ô7òYà!Ô â ÜÊÙJ8
Ò�×�Ö;Ô (xKxL)

Õ�Ò�à!Ý Ô â ÑN×ÞäYÖ
Ô/8fØ�Ü�Õ�Ô σ î
(xKxL) ∩ σ 6= ∅ .x P7EyZ7XDz{R|PE}c #"H G" ç#�6Ôß?Ö]8
×áÕ=Ö;×ÞÒ�ä7ß?à78 â Ü6ð	6�Ò å 6Ö]8
×áÔoÙ!Ôßb×áä�Ö
Ô/8?Ø�Ü/Õ�Ô�ß:Ô�äqÙ<× å Ô�ä!ß?×áÒ�ä7í�ë  3 ýoô?ó9>ø/�,(ö÷�Ý�~8ÿA@�÷�ÝJ>�ÿ�ô_Ý

2
ýo÷?>�ÿWÝHõ ÷�óOòTþB<ï÷?>w>2ô_ÝHõKõ ôD�r�SôD�7ó?>�~7÷?>�>2÷��	@�÷�ÝHõA>C~7÷�~8ó ô?ÿOõP÷?�«÷�Ý�~8ÿA@�÷�ÝJ>�ÿ�ô_Ý

3
ýo÷?>æÿWÝHõP÷�óOòTþB<ï÷?>�>2ô_ÝHõx÷�ÝÅõPôD�7õ ÷��B��Ý���ó/þ8ý ÿOõ��E~7÷?>xüHô?ý��/�7ô_Ý`÷?>æþ	��þ%ÝHõ%��ÝfÝ`ôD@��¦ó ÷qø/�H÷�ýN<ïô_Ý°ø/�$÷

~7÷C>2ôD@E@�÷�õA>/�}«÷PüH÷�Ýf~�þ%ÝHõj<ï÷�órõ þ8ÿWÝ`÷?> ü�ó ôïü�órÿ���õ��?>*þ8ý_�B�/�¦órÿ�ø/�$÷?>�~7÷?>n>�<?���@�þD>�p�p�t�
y>2ô_ÝHõHòSô_Ý�<�õ#ÿ�ô_ÝJ>�~7÷mýfþ
�B�ïôD@"��õGórÿ�÷�~7÷?>xÿWÝHõP÷�óOòTþB<ï÷?>/��ÁSÝBü%þ8órõ#ÿ�<��ý ÿ�÷�ó>ô_Ý�ÿWÝHõ#óïô/~	�7ÿOó�þÂ÷�Ý ���M¤��on ��ÝUôïü���ó�þ8õ ÷�7ój�8ó/þ�~8ÿ�÷�ÝHõ
~8ÿN>�<�ó ÷�õBó ÷�ýfþ8õGÿ G ÷@�÷�ÝHõBl���Ý�@�þ8ÿOýOýfþ��7÷�p�p�t�
 M

�xJ¹÷XÝ`ôD�8þ	��~7÷�<ï÷�õÂôïü���ó�þ8õP÷��ó�~B�PüH÷�Ýf~
~7÷>ýfþ��B�ïôD@"��õ#órÿ�÷�~7÷?>�ÿWÝHõ ÷�óOòTþB<ï÷?>/��J¹ô?ó9>�ø/�H÷mýo÷?>mÿWÝHõP÷�ó¾òTþB<ï÷?>�>2ô_ÝHõ=õGórÿ#þ%ÝB�	�7ýfþ8ÿOó ÷?>æôD�¡ø/�þ�~8ó�þ%Ý��
�	��ýfþ8ÿOó ÷?>?��ýo÷Ý`ôD�8þ	�5~	���8ó�þ�~8ÿ�÷�ÝHõ�~8ÿN>�<�ó ÷�õm÷?>�õùòSô?ó�@"��~7÷xòSô_Ý�<�õ#ÿ�ô_ÝJ>'<ïô_ÝJ>�õ�þ%ÝHõ ÷?>?�n~7÷�@��@�÷
ø/�,(ö÷�Ý�~8ÿA@�÷�ÝJ>�ÿ�ô_Ý�n�<ïôD@E@�÷Xý/(öô_ÝHõ)��õ�þ��¦ý ÿKpæôD@�÷�ýo÷ G ô�� � @�Ý`I?>i÷�õ,y*÷�ó�@�÷�ý ÿWÝ`÷x4 �85 � �?n � ¤�� 9.�}«÷�õGõP÷Kü�ó ôïü�órÿ���õ�����õ þ%ÝHõ�òSô_Ýf~�þ	@�÷�ÝHõ�þ8ýo÷ üHôD�7ón��õ þ��¦ý ÿOó£ýo÷?>C<ïô_Ýf~8ÿOõGÿ�ô_ÝJ>)~
( ÿWÝ G ÷�ó9>�ÿd�¦ÿOý ÿOõ���~7÷?>�ôïü���ó�þ8õ ÷�7ó9>B÷�ýOý ÿ:ü�õ#ÿ�ø/�$÷?>

div(G∇ · )
~8ÿN>�<�ó?��õ#ÿN>��?>?�Wô_Ýh>2÷�ý ÿA@iÿOõ ÷�ó�þÂþ	��</þD>Bô?k¶ýo÷?>�ÿWÝHõ ÷�óOòTþB<ï÷?>)>2ô_ÝHõ÷¾��÷?<�õGÿ G ÷@�÷�ÝHõ=õ#órÿ#þ%ÝB�	��ýfþ8ÿOó ÷?>æôD�Úø/�%þ�~8ó/þ%ÝB�	�7ýfþ8ÿOó ÷?>/�x P7EyZ7XDz{R|P�}� #"H bac J�þ�<ïô_Ýf~8ÿOõGÿ�ô_Ý .HG ÿ 0 ÷?>�õ©óï÷?>�õ#órÿ�<�õGÿ G ÷�>�7óæýfþ"�B��Ý���ó�þ8ý ÿOõ��=~7÷?>Q@�þ8ÿOýOýfþ��7÷?>/���ý�÷?>�õ`üHô�>?>�ÿd�¦ýo÷�~
(���õP÷�Ýf~8ó ÷�ýo÷?>�~B�F��ÝHÿOõ#ÿ�ô_ÝJ>�~7÷?>w>�<?���@�þD>xp�p�t�
¢þ	��</þD>Xô?k�<ï÷�õGõP÷Q<ïô_Ýf~8ÿOõ#ÿ�ô_Ý

Ý`(ö÷?>�õ�ü�ý���>�>¦þ8õGÿN>¾òTþ8ÿOõP÷/�Â}«÷PüH÷�Ýf~�þ%ÝHõ"<ï÷�órõ�þ8ÿWÝ`÷?>�~B�F��ÝHÿOõ#ÿ�ô_ÝJ>bÝ`ôD��>¶ü%þ8ó�þ8ÿN>?>2÷�ÝHõ�þ8ýoô?ó9>�@�ô?ÿWÝJ>ýN���8ÿOõGÿA@�÷?>?�Kõ ÷�ýOýo÷�ø/�H÷E<ï÷�ýOýo÷�~7÷?>=òSô_Ý�<�õ#ÿ�ô_ÝJ> G ô?ý��B@�÷?>���ÝHÿN>�~B��órÿ G þ��¦ýo÷?>æ÷�Ý ���on �� ä�à<Ö
× â ×áß
Ô.8;ÜqÕÒ�à78;Ü å#å Ô�ä�Ö â Ôß@Ù76T�!ä!×ÞÖ
×áÒ�ä!ß@ß?à!×Þù/Ü�ä�Ö
Ô�ß�è
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T/UWV PBX�YHZ7[�Pr£�c UWV PBX U PB£ � ä Ù<×N8;Ü�òYà!Ô â ÑN×ÞäYÖ
Ô/8fØ�Ü�Õ�Ô σ ∈ S
Ô�ß?Ö�à!ä!Ô#×áä�Ö;Ô.8?Ø�Ü�ÕÔ�×áä�Ö
Ô/8
ä<Ô�ß�ÑÓ× âÔ=ïã×áßfÖ;Ô�Ù!Ô�àLï�Õ�Ô âÞâ à â Ô�ß8Ý78?× å Ü â Ôß8Ü�ÙDt
Ü/Õ�Ô�ä�Ö
Ô�ß K,L ∈ C

Ö;Ô âáâ Ôß8òYà!Ô σ = K|L
è^� ä!Ô�Ö;Ô âáâ Ô×áä�Ö;Ô.8?Ø�Ü�ÕÔ�Ôß?Ö:Ù!Ò�ä!Õ�ä!Ò�ä�×Þä!Õ â à!ß
ÔÏÙ&Ü�ä<ß â Ô�ó°Ò�8
ÙìÙ!àqÙ<Ò å Ü/×áä!Ô/è � ä7ä!Ò�Ö
Ô Sint â Ôoß?Ò�à!ßeÔä!ß
Ô å ó â ÔÙ!Ô

S
ØmÒ�8 å 6BÙ!Ô�ß�×ÞäYÖ
Ô/8fØ�Ü�Õ�Ôß6×Þä�Ö;Ô/8?ä!Ô�ßè

T/UWV PBX�YHZ7[�Pr£=Z�R¥¤�¦�XD§ � äÚÜ�Ý<Ý Ô âáâ ÔB×Þä�Ö;Ô/8fØ�Ü�Õ�ÔìÜ�à�ó°Ò�8
Ù�Ö;Ò�àãÖ;Ô�×áä�Ö;Ô.8?Ø�Ü�ÕÔ σ ∈ S
Ö
Ô âáâ Ô�òYà!Ô

σ ⊂ ∂Ω
è¹íoÑÓÔ�ä<ß
Ô å ó â Ô δS Ù!ÔßB×áä�Ö;Ô.8?Ø�Ü�ÕÔ�ß�Ü�à ó°Ò�8?ÙþÔß?Ö â ÔqÕ�Ò å Ý â 6 å Ô�ä�ÖhÜ�×I8
ÔìÙ!Ô Sint

ÔÖ�Ù<Ô
Ý â à!ßBî ⋃

σ∈δS
σ = ∂Ω .

OQP UWV XDP�§^¨IR U P©c UWV P�X�YHZ�[�PB£�Z�Rl¤�¦�XD§ ÿ�Û&Ü�òYà!Ô8×ÞäYÖ
Ô/8fØ�Ü�Õ�Ô8Ü/à ó Ò�8?Ù Ô�ßfÖBÝ Ò�×áä�Ö96Ô�è�ÿ�ÑÓÔ�ßfÖ
KÀÙ!×N8?ÔqòYàvÑNÒ�ä ÕÒ�ä!ß
×ÞÙ!æ/8?Ô8à!äõÔ�ä!ß?Ô å ó â Ô8Ù!Ô8Ý°Ò�×áä�Ö
ß (yσ)σ∈δS

Ö
Ô â òYà!Ô8Ý°Ò�à78�Ö
Ò�à<Ö;Ô�×áä�Ö;Ô.8?Ø�Ü�ÕÔÜ�àÀó°Ò�8
Ù
σ ∈ δS

Ò�ä�Ü�×�Ö
yσ ∈ σ

è � äÀß?à!Ý!Ý°Ò�ß
Ô�Ù!Ô�Ý â à!ß�òYà!Ô yσ

äJÑNÔß?Ö@Ý&Ü/ß�ß
×�Ö;à76 ß
à78 â Ô�ó°Ò�8?ÙÙ!Ô
σ
èHe-ä¡ÝJ8;Ü/Ö
×áòYà!Ô

yσ

ß?Ô/8
Ü â ÔBÕ�Ô�ä�Ö]8
ÔìÙ!Ô�ð�8;ÜkùL×ÞÖ]6BÙ!Ô σ è
T/UWV PBX�YHZ7[�Pr£=Z�R�¤�¦�XD§�§ª¨¡R U P�[�P7Ç#ÇSR
ÇdPm«�X¬c#EyZHÇFP 	:Ò�àJ8 à!ä<Ô7ÕÔ âáâ à â Ô�Ý78
× å Ü â Ô K ∈ C

Ò�ä
×áä�Ö98?ÒãÙ!à<×ÞÖ â Ô�ß
Ò�à!ß�Ô�ä!ß?Ô å ó â Ô δK ⊂ S

ØmÒ�8 å 6�Ù<Ô�ß�×áä�Ö;Ô.8?Ø�Ü�ÕÔ�ß�×áä<Õ â à<ß
Ô�ß@Ù!Ü�ä!ß â Ô�ó°Ò�8?Ù�Ù<Ô K èíZÔ�ó°Ò�8
Ù�Ù!ÔBÖ
Ò�à<Ö;Ô�ÕÔ âáâ à â Ô K ∈ C
ß
ÔìÙ76Õ�Ò å Ý Ò�ß
Ô�Ù!Ò�ä!Õ�ÕÒ å#å Ôqî

∀ K ∈ C , ∂K =
⋃

σ∈δK

σ ,

 ¦�X?EyZHÇFPy®¥R U P5c UWV PBX�YHZ7[�P 	:Ò�à78�à!ä!ÔÊ×áä�Ö;Ô.8?Ø�Ü�ÕÔ
σ ∈ S

×áä!Õ â à!ß?Ô8Ù&Ü�ä!ß â ÔÍó°Ò�8?ÙþÙ<Ô â ÜÕ�Ô âÞâ à â Ô�Ý78
× å Ü â Ô K ∈ C : σ ∈ δK : Ò�ä�ä!Ò�Ö;Ô
nσ,K â Ô�ù�Ô�Õ=Ö;Ô�àJ8�à!ä!×�ÖhÜ�×I8
ÔÀä<Ò�8 å Ü â K σ Ô=Ö

Ý Ò�×Þä�ÖhÜ�ä�Ö@ù�Ô.8
ß â ÑÓÔ=ïLÖ96.8
×ÞÔ�à78@Ù!Ô K è
vã×
σ ∈ δS

Ô�ßfÖ�à<ä!Ô#×Þä�Ö;Ô/8fØ�Ü�Õ�Ô#Ü�àþó Ò	8
Ù : Ò�ä ä!Ò�Ö
Ô nσ â Ü�ä!Ò�8 å Ü â Ôqà!ä!×�ÖhÜ�×I8
Ô=K σ Ý°Ò�×áä�ÖhÜ/äYÖ
ù�Ô/8?ß â ÑNÔWïLÖ96/8?×áÔà78@Ù!à�Ù!Ò å Ü�×áä!Ô/è
 ¦�X?EyZHÇFP¯®°R Ul± ¤�¦fXD§f² vL×

S
Ôß?ÖÍà!äöÝ°Ò â �Lð�Ò�ä!Ôõç�Ôä Ù!× å Ô�ä!ß?×áÒ�ä ø ë�Ò�àöà!ä Ý°Ò â ��æ�Ù78?Ôç�Ô�ä¡Ù!× å Ô�ä<ß
×áÒ�äÚí�ë : Ò�äÚä<Ò�Ö;Ô.8;Ü#ß �Lß?Ö96 å ÜSÖ;×áòYà!Ô å Ôä�Ö n∂S â Ô�ÕhÛ&Ü å ÝÚÙ!Ôìù�Ô�Õ=Ö;Ôà78�à!ä!×�ÖhÜ�×I8
ÔBÔ=Öä!Ò�8 å Ü â K ∂S çmÙ76T�!ä!×�Ý78
Ôß
òYà!Ô7Ý&Ü	8?Ö
Ò�à<Öhë�ÔÖ6Ý Ò�×áä�ÖhÜ�ä�ÖPù�Ô/8?ß â ÑNÔWïãÖ]6/8?×áÔ�àJ86Ù<Ô S è

OQP7Ç#ÇSR
ÇFPr£Q§LcFZHEyZ UfV £
V à!ä<Ô6×Þä�Ö;Ô/8fØ�Ü�Õ�Ô

σ ∈ S
Ò�ä#Ü�ß?ß
ÒLÕ�×áÔ â ÜBÕ�Ô âáâ à â Ô�Ù<×wÜ å Ü�ä�Ö D(σ)

Ù!Ô�ó&Ü�ß?Ô
σ
Ù!Ô â Ü å Ü�ä!×Þæ/8?Ôß
à!×�ù�Ü/äYÖ
Ô#çmù�Ò�×N8 �&ð�àJ8
Ô g è�é ë�îûôÝ Ò�à788à!ä!Ô�×áä�Ö
Ô/8?Ø�Ü/Õ�Ô�Ü�à ó Ò	8
Ù

σ ∈ δS : Ò�ä�Õ�Ò�ä<ß
×áÙ<æ/8
Ô â ÜõÕÔ âÞâ à â ÔÀÝ78
× å Ü â Ô K Ö;Ô âáâ ÔòYà!Ô
σ ∈ δK

è
D(σ)

Ô�ß?Ö�Ù76T�!ä!×áÔ¡Õ�Ò åÍå Ô â ÑÓ×áä�Ö]6/8
×ÞÔ�à78ÊÙ!Ô â ÑÓÔ�ä�ù�Ô â Ò�Ý<Ý Ô¡Õ�Ò�ä�ù�ÔWïãÔ Ù!Ô
σ ∪ {xK}

`ûôÝ Ò�à788à!ä!Ô�×áä�Ö;Ô.8?Ø�Ü�ÕÔ�×áä�Ö;Ô.8
ä!Ô
σ ∈ Sint : Ò�äýÕÒ�ä!ß
×ÞÙ!æ/8?Ô â Ô�ßÊÙ!Ôàãï�Õ�Ô âáâ à â Ôß8Ý78
× å Ü â Ô�ßÜ�ÙDt
Ü�ÕÔ�ä�Ö;Ôß

K
ÔÖ
L
Ö;Ô âáâ Ô�ß6òLà<Ô σ = K|L

è
D(σ)

Ô�ßfÖBÙ76T�!ä!×áÔqÕÒ åÍå Ô â ÑÓ×áä�Ö96.8
×ÞÔ�à786Ù!Ô
â ÑÓÔ�ä�ù�Ô â Ò�Ý<Ý Ô�Õ�Ò�äYù�Ô=ïãÔ�K {xK} ∪ σ ∪ {xL}

èíZÜ å Ô�ß
àJ8
Ô�Ù!Ô â Ü8Õ�Ô âáâ à â Ô�Ù<×wÜ å Ü�ä�Ö D(σ)
ß
Ô.8;ÜÊä!Ò�Ö]6�Ô

|D(σ)|
èí-ÑÓÔ�ä!ß?Ô å ó â Ô D =

⋃
σ∈S D(σ)

Ù<Ô�ß�Õ�Ô âáâ à â Ô�ß�Ù!×wÜ å Ü�ä�Ö;ß ØmÒ�8 å Ô8à!ä!Ô�pHÝ&Ü	8?Ö
×ÞÖ
×áÒ�ärqìÙ<à Ù!Ò?�å Ü�×Þä!Ô Ω
Ù&Ü�ä!ß â Ô å \ å ÔBß
Ôä!ß6òLà<Ô�ç g è�é ë=è
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xK

xL

σ = K|L

D(σ)

K

L

³ª´Aµ�¶ g è�é�û�ÿ�Ô âáâ à â Ô�Ù<×wÜ å Ü�ä�Ö D(σ)
Ý°Ò�à78�à!ä!Ô�×áä�Ö
Ô/8?Ø�Ü/Õ�Ô�Ö98?×wÜ�ä<ð�à â Ü/×N8
Ô/è

O�P�Ç#ÇdRùÇFPB£�§LR|ZHÇFPB£
� ä7Ü�ß?ß
ÒLÕ�×áÔªK@Ö;Ò�àãÖ:ß?Ò åÍå Ô=Ö A ∈ V

Ù<à å Ü�× âÞâ Ü�ð�Ô4à!ä!ÔÏÕ�Ô âáâ à â ÔbÙ<à&Ü â Ô P (A)
èDíZÜ�Õ�Ò�ä!ßfÖ98?à!Õ��

Ö;×ÞÒ�äBÙ!ÔoÕ�Ôß:ÕÔ âáâ à â Ôß�Ù!Ò�×�ÖZÝ Ô.8 å ÔÖ
Ö]8
Ô-ÙvÑ_6Ö;Ü�ó â ×N8 â Ñ_6�òYà!×�ù/Ü â ÔäYÖvÙ!×áß?Õ/8
Ô=Ö4Ù!Ô â Ü�ØmÒ�8 å à â Ô-Ù!Ôs·�8
ÔÔ�äÔ�ä g èq� 6Ö;Ü�ó â ×áÔÊÝ&Ü	8�¸ Ô.8 å Ô â ×Þä!Ô^� �<é �ÏÔÖB~�Ò å Ô â Ôù�Ò�ÔÖ � å ä<æ�ßÂ� í g ��ß?à78ìÙ!Ô�ß å Ü�× âáâ Ü�ð�Ô�ß�Ô�äÙ!× å Ô�ä<ß
×áÒ�ä ø : Ü�×áä!ß?×:òYà!Ô8Ù<Ô8ð�6�ä76.8;Ü â ×áß?Ô/8�ÕÔÖ?Ö;ÔqØmÒ�8 å × â Ô�Ù!×áß?Õ/8?æÖ;ÔÊÜ/à ÕkÜ�ß�Ù<Ô�ß å Ü�× âÞâ Ü�ð�Ôß�Ô�äÙ!× å Ô�ä<ß
×áÒ�ä�í<èeoä�Ù!× å Ôä!ß
×ÞÒ�ä ø : × â ÔWïã×áß?Ö
Ô-Ý â à<ß
×áÔà78
ß�ÕÒ�ä!ßfÖ98
à<ÕÖ;×ÞÒ�ä!ß�Ý°Ò�ß
ß?×áó â Ô�ßè � äBà<Ö;× â ×áß?Ô/8
Ü â Ü�ÕÒ�ä!ßfÖ98
à<Õ��Ö;×ÞÒ�ä Ù!Ô'~�Ò å Ô â Ôù�Ò ÔÖ � å ä!æß�� í g �@Ý â à!ß8ß
× å Ý â Ô�Ô=Ö8ØmÒ�à78?ä!×áß?ß;Ü�ä�ÖÊÙ!ÔßÍÕÔ âÞâ à â Ô�ßqÙ!à!Ü â Ôß8Ù!Ôð�6�Ò å 6=Ö98
×ÞÔ�Õ�Ò�ä�ù�Ô=ïãÔ�è©~�Ü�ä!ß â Ô¡Õ�Ü�ßÍÒ�; â ÑNÛ��LÝ Ò/Ö;Û!æß
Ô .HG ÿ 0 ß
à78 â Ô å Ü�× âÞâ Ü�ð�Ô M
ävÑÓÔ�ßfÖÀÝ â à!ßß;Ü/Ö
×áßfØ�Ü�×ÞÖ
Ô : ¸ Ô.8 å Ô â ×Þä!ÔÂ� � ø �-Ü�Ý78¹6�ß?Ô�ä�Ö96Êà!ä!Ô�Õ�Ò�ä!ßfÖ98?à!ÕÖ
×áÒ�ä Ý â à!ß�ð�6ä76/8
Ü â Ô/èc~�Ü/ä!ß�Õ�ÔßBÙ!Ô�àLïÕkÜ�ß â ÑÓÔ�ä!ß?Ô å ó â Ô�Ù!Ôß@Õ�Ô âáâ à â Ô�ßÏÙ!à&Ü â Ô�ß�ØmÒ�8 å Ô�à!ä<Ôwp}Ý&Ü¬8?Ö;×�Ö;×ÞÒ�ärq�Ù!Ô Ω

Ù!Ü�ä!ß â Ô å \ å Ô�ß
Ôä!ß@òYà!Ôç g è�é ëWè� ä8ÝJ8
Ò�Ý°Ò�ß
Ô�Ô�ä8Ù!× å Ôä!ß
×ÞÒ�äqí�à<ä!Ô@Õ�Ò�ä<ß?Ö98?à!ÕÖ
×áÒ�ä8Ù<Ô�ßbÕÔ âáâ à â ÔßeÙ!à!Ü â ÔßbòYà!×<Ý°Ô/8 å Ô=Öa6�ð�Ü â Ôr�å Ôä�ÖoÙvÑu6=ÖhÜ�ó â ×N8-à<ä!Ô@ØmÒ�8 å à â ÔPÙ!Ôn·�8
Ô�Ôä#Ù<×áß
Õ.8
æ=Ö;Ô�è�	:Ü	8oÕ�Ò�ä�Ö]8
Ô6Ý Ò�àJ8-à!ä!Ô�Ö;Ô âÞâ ÔPÕÒ�ä!ßfÖ98
à<ÕÖ;×ÞÒ�ä
â Ôß�Õ�Ô âáâ à â Ôß7Ù!à!Ü â Ôß�ä!Ô#Õ�Ò�ä!ßfÖ;×�Ö;à!Ô.8
Ò�ä�Ö8Ý â à!ß�à<ä!Ô�Ý&Ü¬8?Ö;×�Ö;×ÞÒ�ä Ù<Ô Ω

Ü�à ß?Ô�ä!ß8Ù!ÔDç g è�é ëWè 	�8]6r�Õ�×Þß]6 å Ô�ä�Ö â Ô�ßÍÕ�Ô âáâ à â Ôß#Ù!à!Ü â Ôß�Ô�äÄÙ!× å Ô�ä!ß?×áÒ�äýí÷ß?ÔDÕhÛ!Ôù/Ü�à<ÕhÛ!Ô�ä�Ö�Ù!Ô�Ö;Ô âÞâ Ô�ß
Ò�8fÖ;Ô¡òLàJÑNÔ âáâ Ôß8
ÔÕ�Ò�à<ùB8?Ô�ä�Ö�ÔWï<Ü�ÕÖ
Ô å Ô�ä�Ö6Ù!Ô�àãï�ØmÒ�×áß â ÔBÙ<Ò å Ü/×áä!Ô/è
��� [�¦�Ey«�¦f£ºc V cF¦ U

T
P U £/cGEy«ùÇFP�»¼§LR½§|¦�EyZ�c U P

Ω
V��&äöÙ!ÔÀÕÒ�ä!ßfÖ98
à<×N8
Ô â Ôß�Õ�Ô âáâ à â ÔßÙ!à&Ü â Ô�ß Ò�ä¬×áä�Ö]8
ÒLÙ!à!×ÞÖÚÖ;Ò�à<ÖõÙJÑ�Ü�ó°Ò�8?Ù¼à!ä<Ô�ÙJ6�Õ�Ò å Ý°Ò�ß
×�Ö;×ÞÒ�ä Ù!Ô ÕhÛ&Ü�òYà!ÔýÕ�Ô âÞâ à â Ô Ù!×áÜ å Ü/äYÖ

D(σ) ∈ D
Ô�ä1ß?× å Ý â ÔWïJèWí�Ô�ß�Õ�Ô âÞâ à â Ô�ßÍÙ!×wÜ å Ü�ä�Ö
ßÍØmÒ�8 å Ü/äYÖ#à!ä!Ô¡Ý&Ü	8fÖ;×ÞÖ
×áÒ�ä�Ù!à1Ù<Ò å Ü/×áä!Ô :Õ�Ô=Ö
Ö;Ô�Ù76�ÕÒ å Ý°Ò�ß?×ÞÖ;×ÞÒ�äÀÜ/ó Ò�àãÖ;×ÞÖjK�à!ä<Ô�Ý&Ü	8fÖ;×ÞÖ
×áÒ�äÍÙ!à�Ù!Ò å Ü�×Þä!Ô6Ô�ä�ß
× å Ý â Ô=ï : ä!Ò�Ö]6�Ô T è<ÿ�ÔÖ?Ö;ÔÙ76�ÕÒ å Ý Ò�ß?×ÞÖ
×áÒ�äþß
Ô.8?ùL×N8
ÜÚÝ&Ü	8 â Ü¡ß?à!×ÞÖ
Ô�K â Ü�ÙJ6T�&ä!×�Ö;×ÞÒ�ä Ù!Ôß�ØmÒ�ä!Õ=Ö;×áÒ�ä!ßìù�Ò â à å Ôß*�&ä!×Þß�Ù76.8
×;�ù/Ü�ó â ÔßeÔä g è ø `�Ô âÞâ Ô�ß�ÑNÜ�Ý!Ý!à!×ÞÔ�ß?à78 â ÑÓÛ��LÝ Ò�Ö
Û!æ�ß?Ô .HG ÿ 0 Ù!Ô�Õ�Ò�ä!ßfÖ98?à!ÕÖ
×áÒ�ä8Ù!Ôß å Ü�× âÞâ Ü�ð�Ôß¹~�~�Qù½�èeoä Ù<× å Ô�ä!ß?×áÒ�ä ø Õ�Ô�ßBß?× å Ý â ÔWï�ß
Ò�ä�Ö�×Þä!Ù!Ô=ïr6ßBß
à78 â Ô�ß�ß?Ò åÍå Ô=Ö;ß�Ù<Ô σ : Ôä Ù!× å Ô�ä<ß
×áÒ�äDí× â ßPß
Ò�ä�Ö6×áä<Ù!Ô=ïr6�ß�ß?à78 â Ô�ß�Ü	8¹\Ö
Ô�ß�Ù!Ô σ è$	�8]6Õ�×áß¹6 å Ô�ä�Ö�çmù�Ò�×N8 �&ð�à78
Ô g è ø ë�îÔ�ä�Ù!× å Ô�ä<ß
×áÒ�ä ø Ò�ä¡Ü/à78;Ü â ÜqÙ76Õ�Ò å Ý°Ò�ß
×�Ö;×áÒ�ä

D(σ) = DA(σ) ∪DB(σ) ,
Ò�;

A : B ß?Ò�ä�Ö â Ô�ß@ß
Ò å#å ÔÖ
ß@Ù!Ô σ `Ô�ä�Ù!× å Ô�ä<ß
×áÒ�ä�íÊÒ�ä¡Ü/à78;Ü
D(σ) =

⋃

e⊂∂σ

De(σ) ,



k7�¡ ��7��W� � � �¦�
� �©�¢���W�'¬Ê� � ª¹ª��XÉR�«� é�éS¿

Ò�;
{e ⊂ ∂σ}

Ô�ßfÖ â ÑNÔä!ß
Ô å ó â ÔBÙ!Ô�ß6Ü	8¹\Ö;Ôß6ØmÒ	8 å Ü�ä�Ö â ÔBó°Ò�8
Ù�Ù!Ô σ è

xL

xK D(σ)

A

B
DB(σ)

DA(σ)

σ = K|L

xK

D(σ)

xL

σ = K|L

A

e = AB

B

De(σ)

³s´Aµ�¶ g è ø û¶~n6Õ�Ò å Ý°Ò�ß
×�Ö;×áÒ�ä�Ô�ä�ß
× å Ý â Ô=ï�Ù<Ô�ß�Õ�Ô âáâ à â Ô�ß@Ù<×wÜ å Ü�ä�Ö;ßè
e-äþÙ!× å Ô�ä<ß
×áÒ�ä 2 : ä<Ò�ÖhÜ�ä�Ö A Ô=Ö

B â Ô�ßBß?Ò å#å ÔÖ
ß�Ù!Ô σ : Ò�äõÙ76T�&ä<×ÞÖ â ÔßBÙ!Ô�àLï Ö98?×wÜ�ä!ð â Ô�ß
DA(σ)

ÔÖ
DB(σ)

ÕÒ å#å Ô8îûôß
×
σ ∈ δS

Ôß?ÖÊÜ/àöó Ò�8?Ù : Ò�ä Õ�Ò�ä!ß
×ÞÙ!æ/8?Ô â ÜÚÕÔ âÞâ à â ÔÍÝJ8
× å Ü â Ô K Ö
Ô âáâ Ô#òYà!Ô σ ∈ δK
è

DA(σ) : DB(σ)
ß
Ò�ä�Ö â Ôß@Ö98
×áÜ�ä!ð â Ô�ß

DA(σ) = xKAyσ , DB(σ) = xKByσ ;

ûôß
×
σ ∈ Sint

Ô�ß?Ö ×áä�Ö
Ô/8
ä<Ô : ß
Ò�×ÞÔ�ä�Ö â Ôß6ÕÔ âÞâ à â Ô�ß@Ý78?× å Ü â Ôß K ÔÖ
L
Ö
Ô âáâ Ô�ß@òYà!Ô σ = K|L

è
DA(σ) : DB(σ)

ß
Ò�ä�Ö6Ù!Ò�ä<ä76�ß6Ý&Ü	8 â Ô�ß@Ö98?×wÜ�ä!ð â Ô�ßBçmù�Ò�×N8 �&ð�àJ8
Ô g è ø ë
DA(σ) = xKAxL , DB(σ) = xKBxL .

e-ä#Ù!× å Ô�ä!ß?×áÒ�äÊí : ß
Ò�×�Ö e à!ä!Ô6Ü	8¹\Ö;Ô6Ù!Ô σ Ù!Ô ß?Ò åÍå Ô=Ö;ß A ÔÖ
B
è � äÍÙ76T�&ä<×ÞÖ â Ô@Ö96=Ö98
Ü�æ�Ù78?Ô

De(σ)
Õ�Ò åÍå Ô8îûôß
×
σ ∈ δS

Ôß?ÖÊÜ/àöó Ò�8?Ù : Ò�ä Õ�Ò�ä!ß
×ÞÙ!æ/8?Ô â ÜÚÕÔ âÞâ à â ÔÍÝJ8
× å Ü â Ô K Ö
Ô âáâ Ô#òYà!Ô σ ∈ δK
èV â Ò�8
ß :

De(σ) = xKAByσ ;ûôß
×
σ ∈ Sint

Ô�ß?Ö ×áä�Ö
Ô/8
ä<Ô : ß
Ò�×ÞÔ�ä�Ö â Ôß6ÕÔ âÞâ à â Ô�ß@Ý78?× å Ü â Ôß K ÔÖ
L
Ö
Ô âáâ Ô�ß@òYà!Ô σ = K|L

èV â Ò�8
ß :
De(σ) = xKABxL .�^���MU c V cF¦ U }c #"H #" çG~�6�Õ�Ò å Ý°Ò�ß
×�Ö;×ÞÒ�ä T

Ù<Ô
Ω
Ô�ä¿ß?× å Ý â ÔWï¬ë  J¹÷?>¾<ï÷�ýOý��7ýo÷?>¿~8ÿ#þ	@�þ%ÝHõA>òSô?ó@�÷�ÝHõ���Ý`÷Wü%þ8órõ#ÿOõGÿ�ô_Ý�~7÷

Ω
þ	��>2÷�ÝJ>n~7÷Êç g è�é ë/�!Jcþ=~B�?<ïôD@�üHô�>�ÿOõGÿ�ô_Ý'~7÷?>�<ï÷�ýOý���ýo÷?>n~8ÿ#þ	@�þ%ÝHõA>÷�Ý¿>�ÿA@�ü�ýo÷�d�~B�F��ÝHÿOõ�~7ô_Ý�<'��Ý`÷m~B�?<ïôD@�üHô�>�ÿOõ#ÿ�ô_Ý¯~	�¾~7ôD@�þ8ÿWÝ`÷

Ω
÷�Ý5>�ÿA@�ü�ýo÷�d�� � Ý¬Ý`ô?õ ÷

Tý/(ö÷�ÝJ>2÷@��¦ýo÷�~7÷�<ï÷?>�>�ÿA@�ü�ýo÷�d��W}L�%þB<��Ý�~7÷E<ï÷?>n>�ÿA@�ü�ýo÷�d'÷?>�õ�òS÷�ó�@"�æ÷�õWý/(öô_Ývþ�+
⋃

T∈T
T = Ω ,

ÿWÝHõ
(T1) ∩

ÿWÝHõ
(T2) = ∅

>�ÿ
T1, T2 ∈ T

÷�õ
T1 6= T2 ,

ô?kÊÿWÝHõ
(·)

~B�?>�ÿ¡�%Ý`÷>ý/( ÿWÝHõ���órÿ�÷�7óXþ	�h>2÷�ÝJ>XõPôïüHô?ýoô]�8ÿ�ø/�$÷/�J¹÷?>=>2ôD@E@�÷�õA>'~7÷?>E>�ÿA@�ü�ýo÷�d�~7÷
T
<ïôDÀWÝ�<�ÿd~7÷�ÝHõ�þ G ÷?<�ý/(ö÷�ÝJ>2÷@��¦ýo÷�~7÷?>�>2ôD@E@�÷�õA> V ��~7÷?><ï÷�ÝHõGó ÷?>�~7÷?>E<ï÷�ýOý��7ýo÷?> ü�órÿA@�þ8ýo÷?>

(xK)K∈C

÷�õj~7÷?>E<ï÷�ÝHõGó ÷?>�~7÷?>mÿWÝHõP÷�óOòTþB<ï÷?>*þ	����ô?ó]~
(yσ)σ∈S

�



é ø ê hK¥ ��� �¦� ���lk7�H¬Ê� � ª¹ª¹�XÉR�W�m�n���no

�����MU c V cF¦ U §�PB£h[�P7ÇGÇdRùÇFPB£�§�R|ZHÇdPB£ vãÒ�×�Ö
σ
à!ä!Ô�×áä�Ö;Ô.8?Ø�Ü�ÕÔqÙ!à å Ü�× âÞâ Ü�ð�Ô/èe-äõÙ!× å Ô�ä<ß
×áÒ�äø Ò�ä�ÜÍÙ76��&ä!× â Ô�ß�6 â 6 å Ô�ä�Ö;ß DA(σ)

Ô=Ö
DB(σ)

8
Ô â Ü/Ö
×ÞØmß@Ü�àLï�ß
Ò åÍå ÔÖ;ß A Ô=Ö
B
Ù!Ô

σ
èe-ä�Ù!× å Ô�ä!ß?×áÒ�ä�í : ß
× A Ô�ß?ÖPà!ä�ß
Ò åÍå ÔÖ�Ù!Ô σ : Ò�ä�Õ�Ò�ä!ß
×ÞÙ!æ/8?Ô â Ôß�Ù!Ôàãï�Ü	8¹\Ö
Ô�ß e1 ÔÖ e2 Ù!Ô σòYà!×�Ò�ä�Ö

A
Ý Ò�àJ8@ß
Ò åÍå Ô=Ökè � ä�Ý Ò�ß
ÔìÜ â Ò	8
ß :

DA(σ) = De1
(σ) ∪De2

(σ) ⊂ D(σ) .
ç g è ø ë

ÿ�Ò�ä�Ö98
Ü�×N8?Ô å Ô�ä�Ö=K â ÜDÙ!× å Ôä!ß
×ÞÒ�ä ø : Õ�Ô�ß=6 â 6 å Ô�ä�Ö
ßE8
Ô�ÕÒ�à<ùB8
Ôä�Ö�ÔWï!Ü/ÕÖ;Ô å Ôä�Ö#Ù<Ô�àãïöØmÒ�×áß â ÔÙ!Ò å Ü�×áä<Ô Ω
è

P (A)

A ∈ ∂Ω

A

P (A)

³s´Aµ�¶ g è�í�ûÍÿ�Ô âáâ à â Ô@Ù!à!Ü â Ô�Ý°Ò�à78Ïà!ä#ß?Ò åÍå Ô=Ö A ∈ V
Ü�àÍó Ò	8
ÙÍÒ�à�K â ÑÓ×áä�Ö96.8
×ÞÔ�à78-Ù!à#Ù!Ò å Ü�×áä<Ô

�����MU c V cF¦ U }c #"$ ba ç[ÿ�Ô âáâ à â Ôß:Ù<à&Ü â Ôßhë  3 õPôD��õ�>2ôD@E@�÷�õ
A ∈ V

ô_Ý�þD>?>2ô�<�ÿ�÷ ýfþ�<ï÷�ýOý���ýo÷)~	�þ8ýo÷
P (A)

~B�F��ÝHÿ�÷�<ïôD@E@�÷m+

P (A) =
ÿWÝHõ ( ⋃

σ∈S, A∈σ

DA(σ)

)
,

ô?k
{σ ∈ S, A ∈ σ}

÷?>�õùý/(ö÷�ÝJ>2÷@��¦ýo÷n~7÷?>xÿWÝHõ ÷�óOòTþB<ï÷?>�þ	��þ%ÝHõ
A
ü%þ8ó�@iÿ
ýo÷�7ó9>)>2ôD@E@�÷�õF>m÷�õ«ô?kÿWÝHõ

(·)
~B�?>�ÿ¡�%Ý`÷mý/( ÿWÝHõ���órÿ�÷��óXþ	�'>2÷�ÝJ>mõPôïüHô?ýoô]�8ÿ�ø/�$÷/�J
÷?>w<ï÷�ýOý��7ýo÷?>�~	�%þ8ýo÷?>ª>2ô_ÝHõ|~7÷?>xôD� G ÷�órõF>w<ïô_Ý4Ý`÷�d�÷?>RÝ`ô_Ý G ÿd~7÷?>fÁ¹ô_ÝÝ`ô?õP÷ |P (A)|

ýfþ�@�÷?>��ó ÷
~7÷
P (A)

�¹ÁRÝ�~8ÿA@�÷�ÝJ>�ÿ�ô_Ý�n�÷�ýOýo÷?>n>2ô_ÝHõ©÷�ÝjôD�7õ#óï÷E<ïô_Ý G ÷�d�÷?>/�w ÿ
A ∈ V

÷?>�õ���Ý�>2ôD@E@�÷�õ^>��óæýo÷E��ô?ó¹~�~	��~7ôD@�þ8ÿWÝ`÷?� þ8ýoô?ó9>
A ∈ ∂P (A)

� � þ8ó�<ïô_ÝHõ#ó ÷
>�ÿ
A ∈ V

÷?>�õ^��Ý�>2ôD@E@�÷�õ«lÂý/( ÿWÝHõ���órÿ�÷�7ó�~	��~7ôD@�þ8ÿWÝ`÷?�«ô_Ývþ
A ∈ P(A) .HG ô?ÿOóa�L�	�7ó ÷ ���M¤ 0 �� Ý[Ý`ô?õP÷

P = (P (A))A∈V
ý/(ö÷�ÝJ>2÷@��¦ýo÷)~7÷?>w<ï÷�ýOý��7ýo÷?>w~	�%þ8ýo÷?>/�HÁRÝ'~8ÿA@�÷�ÝJ>�ÿ�ô_Ý�n	�

P
òSô?ó�@�÷

��Ý`÷
ü%þ8órõGÿOõ#ÿ�ô_Ý'~	��~7ôD@�þ8ÿWÝ`÷
Ω
þ	�Q>2÷�ÝJ>�~7÷�ç g èÞé ë.� � þ8ów<ïô_ÝHõ#ó ÷?� ÷�Ý�~8ÿA@�÷�ÝJ>�ÿ�ô_ÝÂ¤¬�`ýo÷?>n<ï÷�ýOý��7ýo÷?>~	�þ8ýo÷?>�>2÷�<?�H÷ G þ	��<?�H÷�ÝHõ*÷�õmó ÷?<ïôD� G ó ÷�ÝHõæ÷�d�þB<�õ ÷@�÷�ÝHõ�~7÷�8dÂòSô?ÿN>¶ýo÷m~7ôD@�þ8ÿWÝ`÷?��<ï÷�ø/�H÷^ý/(öô_Ýó9�?>�r@�÷ ü%þ8ó*+
|Ω| = (d− 1)

∑

A∈V
|P (A)| .

ç g èNí�ë

 "!]Â �Ã(�[m,�Äj&)(��¬Å�ÆhÄsÇ|ÈÅQÆhÆ'&�-/(ÊÉ'È.(�ÄªËM&%Ç�(
�wÌ.ÍÏÎ¬Ð]ÑIÒ�Ì.Ó�Ì.Ô�Ð�Î	Õ�Ó"Î	ÑIÍNÍNÎ	Ö�Ìù~�~�Qù½

M
Ì.ÐLÎ	Õr×�Ì.Ô7Ø]Ì.Ó�Ù7ÍIÌ/Ø|Ú7Ì^Û/Ì.ÍNÍNÕJÍNÌ/ØÜÚJÕ�Î	ÍNÌ.ØÜÌ.Ð�Û/Ì.ÍNÍIÕ7ÍNÌ.Ø

Ú7ÑÏÎ¬Ó"Î	Ô�Ð]Ø�Î	Ø]Ø¹ÝrÛ.ÑN6.Ø : Ý�Ô�Ú76.Þ7Ô7ÑIÐ^ß7ÍIÕ7Ø]ÑIÌ/Õ78¹Ø^Ì/Ø]ß7Î	Û/Ì.ØjÚ7Ì�àFÝ�Ô7ÛÐ9ÑIÝ�Ô7Ø�Ú7Ì)Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô7ØaÞ�Ô7ÑIÌ/Ø.áBâjÌ/ØÌ/Ø¹ß�Î	Û/Ì.Ø�Ø¹Ý�Ô�Ð�Î	Õ�ÔJÝ�Ó�Ù78¹Ì�Ú7Ì�ãmä



k7�æå��'�W�%��� h �W���ª�R� h��
� �©�����,ª
��� � � h �x� � � ç�èBç

ç�á)Ì/Ø¹ß�Î	Û/Ì
P 1(M)

Ú7Ì/Ø)àFÝ�Ô7ÛÐ9ÑNÝ	Ô7Ø%Ò�Ý�ÍIÕ7Ó�Ì/Ø%Þ�Ô7ÑIØ)Ú76/8¹ÑIÒ¬Î	Ù7ÍIÌ/Ø :èrá)Ì/Ø¹ß�Î	Û/Ì
L2(D)

Ú7Ì/ØwÛ?é�Î	Ó�ß7Ø)Ú7Ì�Ò�Ì.Û.Ð9Ì.Õ78]Ø�Ú7ÑNØ¹Û/8¹Ì.Ð9Ø :ê á)Ì/Ø¹ß�Î	Û/Ì
L2(δS)

ÚJÌ/Ø�àFÝ�Ô7ÛÐ9ÑNÝ	Ô7Ø�Û/Ý�ÔJØ¹Ð?Î¬Ô�Ð]Ì/ØwØ]Õ78)ÍIÌ/Ø)ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØwÎ	ÕhÙfÝ�8]Ú :ã7á)Ì/Ø¹ß�Î	Û/Ì
F(M)

ÚJÌ/Ø)àFÝ�Ô7Û.Ð]ÑNÝ�ÔJØ%Ò�Ý�ÍIÕ7Ó�Ì.Ø%Þ�Ô7ÑIØ :Ì.ÐwØ]Ý�Ô�ÐwÚ7Ì.Ø�Î¬Ô�Î	ÍNÝ	Ö�Õ7Ì/Ø�ÚJÑNØ]Û.8]ÌÐ9Ø)Ú7Ì
H1(Ω) : L2(Ω)d Ì.Ð L2(∂Ω)

áí|Ì�ÙJÕJÐ|Ú7Ì�Û/ÌÐ]Ð]ÌªÛ.Ý�Ô7ØëÐ98]ÕJÛ.Ð9ÑIÝ�Ô�Ì/ØëÐ|Ú7Ì^Ú76.Þ�ÔJÑN8{Ú7Ì.Ø|Ý�ßW6.89Î¬Ð]Ì/Õ78¹Ø|Ö�89Î	ÚJÑNÌ/Ô�Ð : Ú7Ñ¡Ò�Ì/8¹Ö�Ì/ÔJÛ/Ì^Ì.ÐÜÐ]89Î	Û.ÌÚ7ÑNØ¹Û/8]ÌÐ9Ø)Ø]ÕJ8�Û/Ì/Ø)Ì.Ø]ß�Î	Û.Ì/ØQìdÚ76Þ�Ô7ÑIØwÌ.ÔhØ]Ì/ÛÐ9ÑIÝ�Ô g á ê í :7î Õ7Ñ{Ø.ïuÝ	8]Ö�Î	ÔJÑNØ]Ì.Ô�Ð�Ø¹Ì/ÍIÝ�ÔhÍNÌCÚ7ÑNÎ	Ö�8]Î	Ó�Ó�Ì
∇h divh

P 1(M) −→ L2(D) −→ F(M)

Trh ↓

L2(δS)

ìSðráuã í

î ÕJÑÜØ9Î¬Ð]ÑNØ¹àFÝ	Ô�Ð)ÕJÔ�Î	Ô7Î	ÍNÝ�Ö	Õ7ÌCÚ7ÑIØ]Û/8¹Ì.ÐwÚ7Ì�ÍÏÎ�àFÝ�8¹Ó�Õ7ÍIÌCÚ7Ì�·�8¹Ì/Ì.Ô�6Ð?Î	Ù7ÍIÑ{Ø]Ì.Û.Ð]ÑNÝ�Ô ðJá_ã á
g ¦ U [ V cF¦ U £Qñf¦�ÇSR�òyPB£�ó U cS£=§|ô�X¬cAñ7ZJ¤ ÇFPB£

âjÌ.Ø�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô7Ø�Ø¹Ý�Ô�ÐnÚ76Þ�Ô7ÑIÌ/Øw8]Ì/ÍNÎ¬Ð9Ñ¡Ò�Ì.Ó�Ì.Ô�Ð�K=ÍÏÎEÚ76.Û/Ý�Ó�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô
T
Ú7Õ�ÚJÝ�Ó"Î¬ÑNÔ7Ì

Ω
Ì.Ô

Ø]ÑNÓ�ß7ÍIÌ×"ÑNÔ�Ð98¹ÝrÚ7ÕJÑIÐ9ÌnÌ/Ô ðJáIç	áIç á
õ ô�ó U c V cF¦ U }{öN÷{ödø�ö � ÝßÿWÝHõGó ô/~	�7ÿOõ>ý]ùö÷?>Pü%þB<ï÷

P 1(M)
~7÷?>�òSô_Ý�<�õGÿ�ô_ÝJ> G ô?ý��r@�÷?>n��ÝHÿN>m~B��órÿA�

G þ��¦ýo÷?>/� P 1(M)
÷?>�õ�òSô?ó�@"��~7÷?>KòSô_Ý�<�õGÿ�ô_ÝJ>

φ
õ ÷�ýOýo÷?>�ú/�$÷?�

P 1(M) = {φ : Ω 7→ R
<ïô_ÝHõ#ÿWÝ��H÷i÷�õ þ¹ûlÝ`÷C>�7ó�<?�%þ�ú/�$÷C>�ÿA@�ü�ýo÷¹ü

T ∈ T } ,
ìSðJáæ� í

P 1(M)
÷?>�õ%~7ô_Ý�<���Ý�>2ôD��>i÷?>Pü%þB<ï÷�~7÷

H1(Ω)
�

ýcþ¥~7ô_Ý4Ý��ï÷�~7÷
φ ∈ P 1(M)

÷?>�õ��]ú/��ÿ G þ8ýo÷�ÝHõP÷�þsýfþ¥~7ô_Ý4Ý��ï÷�~7÷?> G þ8ýo÷��ó9>�~7÷ φ þ	�	ü
>2ôD@E@�÷�õF>�~	�h@�þ8ÿOýOýfþ��7÷?�,þ	�¬üm<ï÷�ÝHõ#óï÷?>�~7÷?>Q<ï÷�ýOý��7ýo÷?>£ü�órÿA@�þ8ýo÷?>B÷�õWþ	�¬üm<ï÷�ÝHõ#ó ÷?>�~7÷?>>ÿWÝHõP÷�óOòTþB<ï÷?>þ	����ô?ó¹~D�

{
(φ(A))A∈V , (φ(xK))K∈C , (φ(yσ))σ∈δS

}

ÁSÝ�ü%þ8ó�õ#ÿ�<�7ý ÿ�÷�óXýfþ'~8ÿA@�÷�ÝJ>�ÿ�ô_Ý�~7÷
P 1(M)

÷?>�õs~7ô_Ý4Ý��ï÷ ü%þ8ó�ÿ
~8ÿA@

P 1(M) = #C + #V + #δS .

O��|Z�òy«L£�§�PmñWPB[ V PBR|XD£�§�cS£/[�XDP V £
í�ï_Ì/Ø¹ß�Î	Û/Ì

L2(D)
Ú7Ì/Ø�Û?é7Î	Ó�ßJØ�Ú7ÌCÒ�Ì.Û.Ð9Ì.Õ78]ØwÚ7ÑIØ]Û/8¹Ì.Ð]ØwØ¹Õ78

M
Ì/ØëÐ)Û/Ý�Ó�ßWÝ	Ø]6CÚ7Ì.Ø)Û?é�Î	Ó�ß7Ø

Ú7Ì�Ò�Ì/ÛÐ9Ì.Õ78]Ø�Ø]Õ78
Ω
Û.Ý�Ô7ØëÐ?Î	Ô�Ð9Ø)ß�Î¬8wÓ�Ý�8¹Û/ÌºÎ¬Õr×'Ø¹Õ78�Û?é7Î î Õ7Ì�Û.Ì/ÍIÍNÕ7ÍIÌCÚ7ÑÏÎ¬Ó"Î	Ô�Ð D(σ) ∈ D

á
��Ý�Õ78�ÕJÔ¿Û?é7Î	Ó�ßyÚ7Ì�Ò�Ì.Û.Ð9Ì.Õ78]Ø=Ú7ÑIØ]Û.8]Ì.Ð

X ∈ L2(D)
Ý�Ô�Ô7Ý	Ð]Ì/89Î

Xσ

Ø9Î�Ò¬Î	ÍNÌ.Õ78QØ¹Õ78EÍÏÎ
Û/Ì/ÍIÍNÕ7ÍIÌCÚ7ÑNÎ	Ó"Î¬Ô�Ð

D(σ)
á

��Ô©Ð9Î	Ô�Ð î Õ7Ì�Ø¹Ý�Õ7Ø�Ì.Ø]ß�Î	Û.Ì�Ú7Ì L2(Ω)d : L2(D)
Ì/Ø¹Ð�Ô�Î¬Ð9ÕJ8]Ì/ÍIÍNÌ.Ó�Ì.Ô�Ð�Ó�Õ7ÔJÑsÚ7Õyß78]ÝBÚ7Õ7Ñ¡Ð

Ø]ÛºÎ¬ÍÏÎ	ÑI8]Ì
∀X, Y ∈ L2(D) , (X , Y )L2(D) =

∑

σ∈S
Xσ · Yσ |D(σ)| .

ìdðJá:� í



ç�è�è � ¥����
	����� k���� ��	������������ �n���no

� £/«�Z�[�P
L2(δS)

� Ô�ÑIÔ�Ð]8]ÝBÚ7Õ7Ñ¡ÐCÍ�ï_Ì/Ø¹ß�Î	Û.Ì
L2(δS)

Û/Ý	Ó�ßfÝ�Ø]6QÚ7Ì/Ø�àFÝ�Ô7ÛÐ9ÑIÝ�Ô7Ø�Ú76Þ�Ô7ÑNÌ.Ø�Ø]Õ78�ÍIÌ�ÙWÝ	8]Ú
∂Ω

Ú7Õ
Ú7Ý�Ó�Î	ÑNÔJÌCÌ.Ð)Û.Ý�Ô7Ø¹Ð9Î	Ô�Ð9Ì.ØEìdßJ8]Ì/Ø î Õ7Ì�ß7Î	8¹Ð]Ý�ÕJÐ í Ø¹Õ78)ÍNÌ.ØwÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì.ØwÎ	ÕhÙWÝ�8¹Ú σ ∈ δS

á
�LÝ�Õ78

f ∈ L2(δS) : Ý	Ô�Ô7Ý¬Ð9Ì fσ

ÍNÎ�Ò¬Î	ÍIÌ/Õ78^ß78¹ÑNØ¹Ì�ß�Î¬8
f
Ø]Õ78ªÍ�ï_ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì�Î	Õ"ÙfÝ�8]Ú

σ ∈ δS
á

�^Ô�Ð9Î	Ô�Ð î Õ7ÌEØ]Ý	Õ7ØCÌ/Ø¹ß�Î	Û.ÌEÚ7Ì L2(∂Ω) : L2(δS)
Ì.Ø¹Ð�Ô�ÎDÐ9Õ78¹Ì/ÍNÍIÌ/Ó�Ì/Ô�Ð�Ó�Õ7Ô7ÑLÚ7Õ�ß78]ÝBÚ7Õ7Ñ¡Ð

Ø]Û/Î	ÍÏÎ	ÑI8]Ì�ä
∀ f, g ∈ L2(δS) , ( f , g )L2(∂Ω) =

∑

σ∈δS
fσ gσ |σ| .

ìdðJá! í

g ¦ U [ V cF¦ U £Qñf¦#"SR�òyPB£�ó U cd£
� ÔmÎ	ßJß78]ÝBÛ?é7Ì�Õ7Ô7Ì�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô

f̃ ∈ L2(Ω)
ß�Î¬8%Ø]Ì.ØwÒ¬Î	ÍIÌ/Õ78¹Ø%Ó�Ý%$	Ì/Ô7Ô7Ì.Ø (

f̃K

)
K∈C

Ø¹Õ78�ÍNÌ.Ø
Û/Ì.ÍNÍNÕJÍNÌ/Øjß78]ÑIÓ"Î	ÍIÌ/Ø%ÌÐ (

f̃A

)
A∈V

Ø]Õ78)ÍIÌ/Ø)Û/Ì.ÍNÍNÕJÍNÌ/ØjÚ7Õ�Î	ÍIÌ/Ø�ä

f̃K =
1

|K|

∫

K

f̃ dx , f̃A =
1

|P (A)|

∫

P

(A)f̃ dx .

âjÌ/Ø�Ò¬Î	ÍNÌ.Õ78]Ø)Ø]Î¬Ð9ÑIØ¹àFÝ�Ô�ÐwÎ	ÍIÝ�8]Ø%ÍNÎEÛ/Ý�Ô7ÚJÑIÐ9ÑIÝ�Ô'Ö�ÍIÝ�Ù�Î	ÍIÌQä
∑

K∈C

f̃K|K| =

∫

Ω

f̃(x) dx =
1

d− 1

∑

A∈V
f̃A|P (A)| ,

ÍNÌ�Û.ÝrÌ'&�Û.ÑNÌ.Ô�Ð
(d−1)

ß78]Ý�ÒBÑNÌ.Ô�ÐsÚJÕ�àdÎ	Ñ¡Ð î Õ�ïuÌ.Ô"Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô ê ÍIÌ/Ø^Û/Ì.ÍNÍNÕJÍNÌ/Ø�ÚJÕ�Î	ÍNÌ.Ø^8]Ì/Û.Ý�ÕJÒB8]Ì.Ô�ÐÌ×JÎ	ÛÐ9Ì/Ó�Ì/Ô�ÐwÚ7Ì.Õr×hàFÝ�ÑNØ
Ω
Î	ÍNÝ	8]Ø î Õ{ï_Ì/Ô�Ú7ÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ômè�Ì.ÍNÍNÌCàFÝ	8]Ó�Ì/Ô�Ð)Õ7Ô7Ì�ß�Î	8ëÐ9Ñ¡Ð9ÑNÝ	Ô�Ú7Ì Ω

á
õ ô�ó U c V cF¦ U }{öI÷ÜöI÷{ö)( Ý�~B�F��ÝHÿOõXý]ùö÷�ÝJ>2÷@��¦ýo÷

F(M)
~7÷?>�òSô_Ý�<�õ#ÿ�ô_ÝJ> G ô?ý��B@�÷?>���ÝHÿN>Bü%þ8ómÿ

f ∈ F(M)
÷?>�õRýfþ�~7ô_Ý4Ý��ï÷�~�ù ��Ýß÷�ÝJ>2÷@��¦ýo÷�~7÷ G þ8ýo÷��ó9>�>�7ó�ýo÷?>'<ï÷�ýOý���ýo÷?>�ü�órÿA@�þ8ýo÷?>Â÷�õ)>�7óýo÷?>�<ï÷�ýOý��7ýo÷?>�~	�þ8ýo÷?>?�

f =
{
(fK)K∈C , (fA)A∈V

}
,ú/��ÿ�>¦þ8õGÿN>¾òTþ8ÿOõWýfþh<ïô_Ýf~8ÿOõ#ÿ�ô_ÝUÿWÝHõ����8ó�þ8ýo÷�ÿ

∑

K∈C

fK|K| =
1

d− 1

∑

A∈V
fA|P (A)| ,

ìdðJáuð í

�^Ô�Ð9Î	Ô�Ð î Õ7Ì%Ð]Ì/ÍJÍIÌ/Ø�àFÝ�Ô7Û.Ð]ÑNÝ�ÔJØLÒ�Ý	ÍNÕ7Ó�Ì/Ø�Þ�Ô7ÑNØMÚ76/8¹ÑIÒ¬Î	Ù7ÍIÌ/ØMÔJÌ%Ø]Ý�Ô�Ð�ß7Î	ØaÚ7Ì.ØMàFÝ�Ô7ÛÐ9ÑNÝ	Ô7Ø : Ý�ÔÚ7Ý�Ñ¡Ð�ÍIÌ/Ø)Ò�Ý�ÑI8�Û.Ý�Ó�Ó�Ì�Í�ï_Ì/ÔJØ]Ì/ÓQÙ7ÍNÌ�Ú7Ì/ØwÒ	Î¬ÍNÌ/ÕJ8]ØwÓ�Ý%$�Ì.Ô7Ô7Ì.ØCÚ{ï_Õ7Ô7ÌQàFÝ�ÔJÛ.Ð9ÑIÝ�ÔmØ]Õ78�ÍNÌ/ØwÛ/Ì.ÍNÍIÕ7ÍNÌ.Ø
ß78]ÑIÓ"Î¬ÍNÌ/ØsÌ.ÐwÍNÌ.Ø�Û/Ì.ÍNÍNÕJÍNÌ/Ø�ÚJÕ�Î	ÍNÌ.Ø/á

� ÔÃÚ76Þ�Ô7ÑIÐmÕ7Ô+*�Û.8]ÝBÛ?é7Ì.Ð�Ú7Ì�Ú7Õ�Î	ÍIÑIÐ]6q�Ì.Ô�Ð98]Ì�ÍNÌ.ØhÌ/Ø]ß7Î	Û/Ì.Ø�Ú7Ì�àFÝ�Ô7Û.Ð]ÑNÝ�ÔJØ�Ò�Ý�ÍIÕ7Ó�Ì.Ø'Þ-,
Ô7ÑNØ�Ú76.8]ÑIÒ¬Î	ÙJÍNÌ/Ø

P 1(M)
ÌÐ�ÍNÌ.Ø�Ì.Ø]ß�Î¬Û/Ì/ØQÚ7Ì�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô7Ø�Ò�Ý�ÍIÕ7Ó�Ì/Ø�Þ�Ô7ÑNØ

F(M)
ä
∀ (f, φ) ∈

F(M) × P 1(M)
ä

〈 f , φ 〉F×P 1 =
1

d

∑

K∈C

fK φ(xK) |K| +
1

d

∑

A∈V
fA φ(A) |P (A)| .

ìSðJá/. í

âjÌ^ß78]ÝBÚ7Õ7Ñ¡ÐÜÌ/ØëÐLéJÝ�Ó�Ý	Ö10/Ô7Ì¬á2��Ô�Ì�ñ�ÌÐLØ¹Ñ
1lF(M)

ì ó ÷?>Pü��
1lP 1(M)

í Ú76/Ø¹ÑNÖ�ÔJÌ�ÍÏÎ%àFÝ�Ô7ÛÐ9ÑNÝ	ÔCÒ�Ý�ÍIÕ7Ó�Ì.Ø
Þ�Ô7ÑIØ�ì ó ÷?>Pü���Ò	Ý�ÍNÕJÓ�Ì.Ø%Þ�Ô7ÑNØ)Ú76.8]Ñ¡Ò	Î¬Ù7ÍNÌ í Û/Ý�ÔJØ¹Ð?Î¬Ô�Ð]Ì�6.Ö�Î	ÍIÌ�Khç : Í�ï_6/Ö�Î¬ÍNÑIÐ]6Eì ðJá ê í Î	Ø]Ø¹Õ78]Ì î Õ7Ì

〈
1lF(M) , 1lP 1(M)

〉
F×P 1 = |Ω| .



k��435��� �
6
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 "!9; <>=@?%ËM,�Ç|&�A�ËM( ÉhÈ.(|ÄsËL&%Ç�(
��Ô�Ð98¹Ì)ÍNÌ/Ø�Ì.Ø]ß�Î¬Û/Ì/Ø�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô7Ô7Ì.ÍNØaÚJÑNØ]Û.8]ÌÐ9Ø^Ú76.Þ7Ô7ÑNØ^K�ÍÏÎ�Ø]Ì/ÛÐ9ÑIÝ�Ô=ß78]6.Û/6/ÚJÌ/Ô�Ð9ÌwÝ�Ô=ÑNÔ�Ð98¹ÝrÚJÕ7ÑIÐ

Ú7Ì/ØQÎ	Ô�Î	ÍIÝ�Ö�Õ7Ì.Ø�ÚJÑNØ]Û.8]ÌÐ9ØQÚJÌ/ØQÝ	ßW6.89Î¬Ð]Ì/Õ78¹ØQÖ�8]Î	Ú7ÑNÌ.Ô�Ð : Ú7ÑIÒ	Ì/8¹Ö�Ì/Ô7Û.Ì"ÌÐQÐ98]Î	Û/Ì�Û/Ý	Ó�Ó�Ì=ÑNÍNÍIÕ7Ø¹Ð]8]6ß�Î	8�ÍNÌ�ÚJÑÏÎ	Ö�8]Î	Ó�Ó�Ì�ì ðJá ê á¡ç í á

B�CED�CGF HJILKNMPORQTSVU�MXW�SYQ�MPO
Z[S\W�]�^TZ#MPS[Q
� ÔhÚ76Þ�Ô7ÑIÐ)ÕJÔ�Î¬Ô�Î	ÍNÝ	Ö�Õ7ÌnÚJÌ�ÍNÎ�Ð98]Î	Û/Ì�Ø¹Õ78

H1(Ω)
Ø]Õ78�ÍSïuÌ.Ø]ß�Î¬Û/Ì�Ú7Ì.Ø)àFÝ	Ô7Û.Ð]ÑNÝ�Ô7Ø%Ò	Ý�ÍNÕJÓ�Ì.Ø

Þ�Ô7ÑNØ�ÚJ6/8]Ñ¡Ò¬Î	Ù7ÍNÌ.Ø/á
õ ô�ó U c V cF¦ U }{ö`_Üödø ì

Trh
í öa( Ý�~B�F��ÝHÿOõWý]ùöôïü���ó/þ8õP÷�7ó�~7÷XõGó�þB<ï÷�~8ÿN>�<�ó ÷�õ

Trh : P 1(M) 7→ L2(δS) ,
ìSðráIç%b í

ü%þ8ó�ÿ�üHôD��ó
φ ∈ P 1(M)

÷�õ�üHôD��ómõPôD��õP÷XÿWÝHõ ÷�óOòTþB<ï÷*þ	����ô?ó¹~
σ ∈ δS

�

(Trh φ)σ =
1

|σ|

∫

σ

φ(s) ds .
ìdðJáIç	ç í

��ÔÃÕJÐ9ÑIÍNÑIØ9Î	Ô�Ð'ÍIÌ�àdÎ	ÑIÐ î Õ7Ì φ ∈ P 1(M)
Ì/ØëÐ�Îc&�Ô7Ì�Ø¹Õ78hÛ?é�Î	Û.Õ7ÔlÚ7Ì.Ø�Ø¹ÑNÓ�ß7ÍNÌ�×¥ÚJÌ�ÍNÎ

Ú76/Û.Ý�Ó�ßfÝ�Ø¹ÑIÐ9ÑIÝ�Ô
T
ÚJÌ

Ω : ÍÏÎ�Ð98]Î	Û/Ì�Ú7ÑIØ]Û/8G0.Ð]Ì�Ú7Ì φ Ø]ÕJ8�ÍSïuÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì�Î	Õ�ÙWÝ	8]Ú σ ∈ δS
ßWÌ.ÕJÐ

Ø]Ì�8]6/6.Û/8¹ÑN8]Ì=Ì.Ô�àFÝ�Ô7ÛÐ9ÑIÝ�Ô�Ú7Ì/Ø�Ò¬Î	ÍNÌ.Õ78]Ø�ß78¹ÑNØ]Ì.Ø�ß7Î	8
φ
Î¬Õ�Û.Ì/Ô�Ð98¹Ì�ÌÐ�Î	ÕB×�Ø]Ý�Ó�Ó�Ì.Ð9Ø�Ú7Ì�Û/ÌÐ]Ð]Ì

ÑNÔ�Ð9Ì.8¹àdÎ	Û.ÌEä
(Trhφ)σ =

1

d
φ(yσ) +

1

d

∑

A∈V ,A∈σ

φ(A)
|∂P (A) ∩ σ|

|σ|
.

ìSðJá¡ç�è í
��Ô'ß78]Î¬Ð9Ñ î Õ7Ì : ÍNÌ�Û/Ì/Ô�Ð]8]Ì yσ

Ú7Ì�Í�ï_ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì
σ
Ì.Ø¹Ð�Ø¹Ý�Ô'Û/Ì.Ô�Ð98]ÌnÚ7ÌCÖ�8]Î�ÒBÑ¡Ð96nÌÐ%ÍSïuÌ�×JßJ8]Ì/Ø¹Ø]ÑIÝ�Ô

Ú7Ì�ÍÏÎQÐ98]Î	Û/Ì�Ú7ÑIØ]Û.8d0.Ð]Ì�Ø]Ì�Ø]ÑIÓ�ß7ÍIÑIÞ�Ì¬á
�^ÔmÚ7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ômè�Ý�Ô�Î'ä

(Trhφ)σ =
1

2
φ(yσ) +

1

4

∑

A∈V ,A∈σ

φ(A) ,

Ì/ÔmÚ7ÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô ê : ßfÝ�Õ78�Õ7ÔJÌ�ÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì�Ð]8]ÑÏÎ¬Ô7Ö�Õ7ÍNÎ	ÑN8¹Ì�ä

(Trhφ)σ =
1

3
φ(yσ) +

2

9

∑

A∈V ,A∈σ

φ(A) .

B�CED�Cfe HJILKNMPORQTSVU�MXghMPO
W�]9SVi�QXW�]�^TZ#MPS[Q
� Ô�Ú76.Þ7Ô7ÑIÐsÕ7Ô�Î	Ô�Î	ÍIÝ�Ö�Õ7Ì)Ú7Õ�Ö�89Î¬Ú7ÑNÌ.Ô�ÐªØ¹Õ78

H1(Ω)
Ø]ÕJ8ªÍSïuÌ.Ø]ß�Î¬Û/ÌwÚ7Ì/ØªàFÝ�Ô7Û.Ð]ÑNÝ�ÔJØ^Ò	Ý�ÍNÕJÓ�Ì.Ø

Þ�Ô7ÑNØ^Ú76.8]Ñ¡Ò	Î¬Ù7ÍNÌ.Ø/áBâjÌ.Ð¹Ð9ÌwÚ76.Þ7Ô7ÑIÐ]ÑNÝ�Ô=Ì/ØëÐjÑIÚ7Ì/Ô�Ð]Ñ î Õ7Ì�K�ÍNÎ�8¹Ì/Û.Ý�Ô7Ø¹Ð]8]Õ7ÛÐ9ÑIÝ�Ô"Ú7Õ�Ö�8]Î	Ú7ÑNÌ.Ô�ÐsÚJÑNØ]Û.8]ÌÐß�Î	8�ÍÏÎEÓ�6.Ð]é7ÝrÚJÌ�Ú7Ì/Ø)Û/Ì.ÍNÍIÕ7ÍNÌ.Ø�Ú7ÑÏÎ	Ó�Î	Ô�Ð9Øjß�Î	8�âjÝ�Õ7Ú7Ñ`0/8¹Ì�÷�õ þ8ý¡��Ú�Î	Ô7ØLj ê � : ê�ê k áõ ô�ó U c V cF¦ U }{ö`_ÜöI÷{ö ý�ùöôïü���ó�þ8õP÷��ów�8ó�þ�~8ÿ�÷�ÝHõj~8ÿN>�<�óï÷�õ
∇h

�
∇h : P 1(M) −→ L2(D) ,÷?>�õ%~B�F��ÝHÿ!üHôD�7ó

φ ∈ P 1(M)
ü%þ8ó�ÿ

∀ σ ∈ S : (∇hφ)σ =
1

|D(σ)|

∫

D(σ)

∇φ(x) dx .
ìSðráIç ê�í



ç�è¬ã �Rl ���
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í�Î�Ú76Þ�Ô7Ñ¡Ð9ÑNÝ	Ô�ÚJÕ�Ö�8]Î	Ú7ÑIÌ/Ô�Ð^Ú7ÑNØ¹Û/8¹Ì.ÐªØ/ï_Ì×rß78¹ÑNÓ�Ì�Ì/Ô�ß789Î¬Ð]Ñ î Õ7ÌwK�ß�Î	8ëÐ9ÑN8�ÚJÌ/Ø�Ò¬Î	ÍNÌ.Õ78]Ø^ß78¹ÑNØ]Ì.Øß�Î	8
φ
Ø]Õ78ªÍNÌ.ØsØ¹Ý�Ó�Ó�ÌÐ9Ø^Ú7Õ"Ó�Î	ÑIÍNÍÏÎ¬Ö�Ì : ÍNÌ.ØªÛ.Ì/Ô�Ð98¹Ì/Ø%ÚJÌ/ØªÛ/Ì/ÍIÍNÕ7ÍIÌ/Ø^ß78¹ÑNÓ�Î	ÍNÌ.ØaÌ.ÐsÍNÌ.ØsÛ.Ì/Ô�Ð98¹Ì/ØjÚJÌ/ØÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØwÎ	ÕhÙfÝ�8]Ú{á

m X�¦�«�¦f£ºc V cd¦ U }{ö`_{öSø�ö ý¹÷��8ó/þ�~8ÿ�÷�ÝHõ%~8ÿN>�<�ó ÷�õ)~B�F��ÝHÿ ÷�Ý ���on��qp >2÷æó9�?�?<�órÿOõùüHôD�7ó
φ ∈ P 1(M)÷�õ¹üHôD�7ó���Ý`÷XÿWÝHõ ÷�óOòTþB<ï÷mÿWÝHõP÷�ó~Ý`÷

σ = K|L
<ïôD@E@�÷�ÿ

d |D(σ)| (∇hφ)σ = (φ(xL) − φ(xK)) |σ|nσ,K −
∑

A∈V ,A∈σ

φ(A)

∫

∂P (A)∩D(σ)

n∂P (A) ,
ìSðráIçºã í

ôsr
{A ∈ V, A ∈ σ}

÷?>�õ«ý]ùö÷�ÝJ>2÷@��¦ýo÷�~7÷?>C>2ôD@E@�÷�õA>�~7÷mý]ù ÿWÝHõP÷�ó¾òTþB<ï÷
σ
�

t�ôD�7ó���Ý`÷XÿWÝHõP÷�óOòTþB<ï÷*þ	����ô?ó]~
σ ∈ δK

ô_Ývþ'ÿ

d |D(σ)| (∇hφ)σ = (φ(yσ) − φ(xK)) |σ|nσ,K −
∑

A∈V ,A∈σ

φ(A)

∫

∂P (A)∩D(σ)

n∂P (A) .
ìSðráIç�� í

·�6.Ý�Ó�6Ð98¹Ñ î Õ7Ì/Ó�Ì/Ô�Ð : ∂P (A)∩D(σ)
8]Ì.ß78]6.Ø]Ì.Ô�Ð]Ì�ÍÏÎ�ß�Î	8ëÐ9ÑIÌ�Ú7Õ�ÙWÝ	8]Ú"ÚJÌ�ÍNÎ�Û.Ì/ÍNÍIÕ7ÍNÌ)Ú7Õ7Î	ÍNÌ

K
A
KCÍSïuÑIÔ�Ð96/8¹ÑNÌ.Õ78LÚJÌ

D(σ)
áu��ÔEß�Î	8¹Ð]ÑNÛ.Õ7ÍNÑIÌ/8|ÍNÝ�8¹Ø î Õ7Ì σ Ì/Ø¹ÐaÕ7Ô7Ì�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì%Î¬Õ�ÙWÝ	8]Ú : ∂P (A)∩

D(σ)
Ô7Ì�8]Ì.Ô7Û/Ý�Ô�Ð]8]Ì�ß�Î	Ø)ÍNÌ�ÙfÝ�8¹Ú�Ú7ÕhÚ7Ý	Ó"Î	ÑIÔ7Ì�ìFÒ	Ý�ÑN8%Þ7Ö�Õ78]Ì ðJá_ã í á

D(σ)
∂P (A) ∩ D(σ)

nσ,K

n∂P (A)

xK

A yσσ

³s´Aµ�¶7ðJá_ã*û"âjÝ�Ô7ØëÐ98¹Õ7Û.Ð]ÑNÝ�Ô'Ú7Õ'Ö	89Î	Ú7ÑIÌ/Ô�Ð%ÚJÑNØ]Û.8]ÌÐ�äJÛ/Î	89Î	ÛÐ96.8]ÑNØ]Î¬Ð9ÑIÝ�Ô"ÚJÌ
∂P (A)∩D(σ)

ßfÝ�Õ78
Õ7Ô7Ì�Û/Ì.ÍNÍIÕ7ÍNÌCÚJÑÏÎ	Ó�Î	Ô�Ð

D(σ)
Î	ÕhÙfÝ�8]Ú

v��@�ô_ÝJ>�õ#ó/þ8õ#ÿ�ô_Ý�~7÷ ���on��xw �nâjÝ�Ó�Ó�Ì
φ
Ì.Ø¹Ð�Îc&�Ô7Ì=Ø]Õ78�Û?é�Î	Û.Õ7ÔyÚJÌ/Ø�Ø]ÑIÓ�ß7ÍIÌ×�Ú7Ì=ÍÏÎ'Ú76/Û.Ý�Óy,

ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô
T
Ú7Ì

Ω
ÌÐ î Õ7Ì�Û?é�Î î Õ7Ì�Û/Ì/ÍIÍNÕ7ÍIÌ=Ú7ÑÏÎ	Ó�Î	Ô�Ð�Ø]Ì�Ú76/Û.Ý�Ó�ßWÝ�Ø¹Ì�Ì.Ô©Ø]ÑIÓ�ßJÍNÌ×�Ú7Ì T

Ý�Ô
ßWÌ.ÕJÐ)8]6.6/Û.8]ÑN8¹Ì�ì ðJá¡ç ê í ä

(∇hφ)σ =
1

|D(σ)|

∑

T∈T , T⊂D(σ)

∫

T

∇φ(x) dx

=
1

|D(σ)|

∑

T∈T , T⊂D(σ)

∫

∂T

φ(s) · n∂T ds .
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âjÝ	Ó�Ó�Ì
φ
Ì/ØëÐ�Û.Ý�Ô�Ð9ÑIÔBÕJÌ : Ý�Ô�ÎEÌ×JÎ	Û.Ð]Ì/Ó�Ì/Ô�Ð�ä

(∇hφ)σ =
1

|D(σ)|

∫

∂D(σ)

φ(s) · n∂D(σ) ds .

vrÕ7ß7ßfÝ�Ø]Ý	Ô7Ø�ßWÝ	Õ78CÞJ×rÌ/8�ÍIÌ/Ø�ÑNÚJ6/Ì/Ø î Õ7Ì σ ∈ δK
Ì/ØëÐ�Õ7Ô7ÌEÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì=Î	Õ�ÙfÝ�8]Ú : Ì.Ð î Õ7Ì σ Ì/ØëÐÐ98]ÑNÎ	Ô7Ö�ÕJÍÏÎ	ÑI8]ÌwÚ7Ì�Ø]Ý�Ó�Ó�ÌÐ9Ø

A : B ÌÐ
C
áí|Ì)ÙfÝ�8]Ú�Ú7Ì

D(σ)
Ø]ÌwÚ76/Û.Ý�Ó�ßfÝ�Ø¹Ì�Ì.Ô�Ø¹Ñ¡×=àdÎ	Û.Ì/Ø^Ð98]ÑNÎ	Ô7Ö�ÕJÍÏÎ	ÑI8]Ì/Øsä

∂D(σ) = AxKB∪AyσB∪
BxKC ∪ . . .

áWâjé�Î	Û.Õ7Ô7Ì�Ú7ÌQÛ.Ì/Ø�àdÎ¬Û/Ì/ØwÌ/ØëÐCÑIÔ7Û/ÍIÕ7Ø]Ì�Ú�Î	ÔJØnÕ7Ô�Ø]ÑNÓ�ß7ÍIÌ×
T ∈ T

Ú7Ì�Ø]Ý	8¹Ð9Ì î Õ7Ì
φ
Ì/Ø¹Ð�Îc&�Ô7Ì�Ø¹Õ78)Û/Ì/Ø)àdÎ	Û.Ì/Ø/á � Ô�ÎEÚ7Ý�Ô7Û : ß�Î	8)Ì×rÌ/Ó�ß7ÍIÌEä

∫

AxKB

φ(s)n∂D(σ)ds =
1

3
(φ(A) + φ(xK) + φ(B))

∫

AxKB

n∂D(σ)ds .

âjÌ.Ð]Ð]Ì�àFÝ�8¹Ó�Õ7ÍNÎ¬Ð9ÑIÝ�ÔEßWÌ.8]Ó�Ì.ÐªÚ{ï_6/Û.8]ÑN8¹Ì
(∇hφ)σ

Ì/Ô�àFÝ�Ô7Û.Ð]ÑNÝ�Ô�Ú7Ì.ØsÒ¬Î	ÍNÌ.Õ78]ØªÚ7Ì
φ
Î¬Õr×�Ø]Ý�Ó�Ó�Ì.Ð9Ø

A ∈ V
Ì.Ð�Î	Õr×hÛ.Ì/Ô�Ð98¹Ì/ØwÚ7Ì/ØwÛ/Ì.ÍNÍIÕ7ÍNÌ.Ø%ß78]ÑIÓ"Î¬ÍNÌ/ØjÌ.ÐwÚ7Ì/Ø)ÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì.Ø�Î¬Õ�ÙfÝ�8]Ú�á

�^Ô�ÍNÎ"Ú76Ò�Ì/ÍIÝ�ß7ß�Î¬Ô�Ð : ß7Õ7ÑIØnÌ.Ô�8]Î	Ø]Ø¹Ì/Ó�ÙJÍÏÎ	Ô�Ð�ÍIÌ/Ø�Ð]Ì/8¹Ó�Ì.ØCÌ/Ô φ(xK)
ÌÐ�Ì/Ô

φ(A)
Ý�Ô�Ý�ÙrÐ9ÑNÌ.Ô�Ð

ÍNÌ/Ø�Ì�×rß78]Ì.Ø]Ø]ÑIÝ�Ô7Ø�ä
1

3
φ(xK)

∫

IxK

n∂D(σ) ,
1

3
φ(A)

∫

IA

n∂D(σ) ,

Î�Ò	Ì/Û
IA, IxK

⊂ ∂D(σ)
á

�^Ô�ÕJÐ9ÑIÍNÑIØ9Î	Ô�Ð�Î	ÍNÝ	8]Ø)ÍNÌ�àdÎ	Ñ¡Ð î Õ7Ì�Ø]Õ78�Õ7Ô�ßfÝ�Íz$10/ÚJ8]Ì S Ý	Ô�Î ∫
∂S

n∂Sds = 0 : Û.Ì/ØCÌ�×rß78]Ì.Ø]Ø]ÑIÝ�Ô7ØØ]Ì�8]6.6/Û/8¹ÑIÒ	Ì/Ô�ÐnÌ�×JÎ	Û.Ð]Ì/Ó�Ì/Ô�ÐnÛ.Ý�Ó�Ó�Ì�ä
1

3
φ(xK)

∫

IxK

n∂D(σ) = −
1

3
φ(xK)

∫

σ

nσ,Kds = −
1

3
φ(xK)|σ|

1

3
φ(A)

∫

IA

n∂D(σ) = −
1

3
φ(A)

∫

∂P (A)∩D(σ)

n∂P (A)ds ,

Ú7Ý�Ô�ÐwÝ�ÔhÚ76/Ú7ÕJÑIÐ)ÍNÌ.Ø�àFÝ�8]Ó�ÕJÍÏÎ¬Ð]ÑNÝ�Ô7ØCì ðJá ê áæè í ì ðráIçºã í á
B�CED�C{D HJILKNMPORQTSVU�MXW�]�|
SNM-g
SVi�Z[S}W�]�^TZ#MPS[Q
m X�¦�«�¦f£ºc V cd¦ U }{ö`_{öI÷Üö tRôD��óh��Ý°<?�%þ	@�ü�~7÷ G ÷?<�õ ÷�7óm~8ÿN>�<�ó ÷�õ X ∈ L2(D)

ô_Ý�~B�F��ÝHÿOõC>¦þ
~8ÿ G ÷�ó��7÷�Ý�<ï÷�~8ÿN>�<�ó�~�õ ÷C>�7óXýfþh<ï÷�ýOý���ýo÷£ü�ó�ÿA@�þ8ýo÷ K ∈ C

÷�õ^>��ómýfþh<ï÷�ýOý��7ýo÷�~	�%þ8ýo÷
P (A)

ü%þ8ó�ÿ
(divhX)K =

1

|K|

∫

∂K

X(s) · n∂K ds
ìSðJá¡ç%� í

(divhX)A =
1

|P (A)|

∫

∂P (A)

X(s) · n∂P (A) ds .
ìSðJá¡ç2 í

� ÿWÝJ>�ÿ�~B�F��ÝHÿ�÷'ýfþ�~8ÿ G ÷�óS�7÷�Ý�<ï÷�~8ÿN>�<�ó�~�õ ÷�~7÷ X G ��órÿ � ÷m��Ý þ%Ý�þ8ýoô]�	�$÷�~7÷'ýfþÂòSô?ó�@E�7ýo÷�~7÷'ýfþ
~8ÿ G ÷�ó��7÷�Ý�<ï÷�ÿ

∑

K∈C

(divhX)K |K| =
∑

σ∈δS
Xσ · nσ|σ| =

1

d− 1

∑

A∈V
(divhX)A |P (A)| ,

ìSðráIç�ð í
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~7÷C>2ô?órõ ÷Qú/�H÷Xýfþ�~8ÿ G ÷�óS�7÷�Ý�<ï÷�~8ÿN>�<�ó�~�õP÷�~7÷ X G ��órÿ � ÷mýfþXü�ó ôïü�órÿ���õ���ì ðJáæð í �( Ý�~B�F��ÝHÿOõs~7ô_Ý�<��¦ÿ�÷�Ý���Ýjôïü���ó�þ8õ ÷�7ó�ÿ
divh : L2(D) −→ F(M) .

�^8]Î¬Ð9Ñ î Õ7Ì/Ó�Ì/Ô�Ð�Û/ÌÐ]Ð]Ì�ÚJ6.Þ�Ô7Ñ¡Ð9ÑIÝ�Ô�Ú7Ì=ÍÏÎ�Ú7Ñ¡Ò�Ì.8]Ö�Ì.Ô7Û/Ì�Ú7ÑNØ¹Û/8G0.Ð9ÌEØ¹Ì=8]6/6.Û/8¹ÑIÐ�Ú7Ì=ÍÏÎ�Ó�Î	Ô7Ñ`0/8¹ÌØ]Õ7Ñ¡Ò¬Î	Ô�Ð9ÌEä
ßWÝ	Õ78�Õ7Ô7Ì�Û/Ì.ÍNÍIÕ7ÍNÌ.Ø�ß78]ÑIÓ"Î	ÍIÌ/Ø

K ∈ C
ä

(divhX)K =
1

|K|

∑

σ∈δK

Xσ · nσ,K |σ| ;
ìSðráIç%. í

Ì.Ð)ßfÝ�Õ78)Õ7Ô7Ì�Û.Ì/ÍNÍIÕ7ÍNÌnÚ7Õ�Î	ÍIÌ
P (A)

ä

(divhX)A =
1

|P (A)|

∑

σ∈S,A∈σ

Xσ ·

∫

∂P (A)∩D(σ)

n∂P (A) ds .
ìdðJá ècb í

�LÝ�Õ78)ÍIÌ/Ø�Û/Ì.ÍNÍIÕ7ÍNÌ.Ø�Ú7Õ�Î	ÍIÌ/Ø : Ú7Ì.Ð¹Ð9Ì�Ú76.Þ�ÔJÑIÐ9ÑIÝ�Ô�àdÎ	Ñ¡Ð�ÑNÔ�Ð9Ì.8¹Ò	Ì/Ô7ÑI8�äû�ÍSïuÌ.Ô7Ø]Ì.Ó�Ù7ÍNÌ
{σ ∈ S, A ∈ σ}

Ú7Ì.ØwÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì.Ø î ÕJÑ�Ý	Ô�Ð A ß7Î	8]Ó�Ñ{ÍNÌ.Õ78]Ø�Ø¹Ý�Ó�Ó�ÌÐ9Ø/áû�ÍNÎ�ß7Î	8¹Ð]ÑNÌ)Ú7Õ�ÙWÝ�8¹Ú�ÚJÌ
P (A) : ∂P (A)∩D(σ)

á5�LÝ	Õ78^8]Ì/Û.Ý�Ó�ßWÝ�Ø¹Ì/8^Ð9Ý�ÕrÐsÍIÌ�ÙWÝ	8]Ú�Ú{ïuÕJÔ7Ì
Û.Ì/ÍNÍIÕ7ÍNÌhÚ7Õ7Î	ÍNÌ

P (A)
Î	Õ¯ÙWÝ�8¹Ú¥Ú7Õ¯Ú7Ý�Ó�Î	ÑNÔ7Ì : ÑNÍ)Ì/ØëÐ�Ô76.Û/Ì.Ø]Ø9Î¬ÑN8]Ì�Ú7Ì�Û.Ý�Ô7Ø]ÑIÚ76/8¹Ì/8�Ø]Ý�ÔÑIÔ�Ð]Ì/8¹Ø]Ì/ÛÐ9ÑIÝ�ÔmÎ�Ò	Ì/Û�ÍNÌ.Ø%àFÌ/8¹Ó�ÌÐ9Õ78¹Ì

D(σ)
Ú7Ì/Ø�Û.Ì/ÍNÍIÕ7ÍNÌ.Ø%Ú7ÑNÎ	Ó"Î¬Ô�Ð]Ø/á � ÔmÎEÎ	ÍIÝ�8]ØjÌ/ÔmÌTñWÌ.Ð

ìAÒ�Ý�ÑI8%Þ�Ö�Õ78¹Ì ðrá � í :
∂P (A) ∩D(σ) = (∂P (A) ∩ D(σ)) ∪ (∂P (A) ∩ σ ∩ ∂Ω) .

ìSðrá èrç í

xK

yσ

D(σ)
∂P (A) ∩ D(σ)

∂P (A) ∩ ∂Ω ∩ σ

A σ

³s´Aµ�¶WðJáæ�Xû'â%Î	89Î	ÛÐ96.8]ÑNØ]Î¬Ð9ÑIÝ�Ô'Ú7Ì�ÍÏÎEß�Î¬8¹Ð9ÑIÌ
∂P (A) ∩D(σ)

ßWÝ	Õ78)Õ7Ô7Ì�ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì�Î	ÕmÙWÝ�8¹Ú

v��@�ô_ÝJ>�õ#ó/þ8õ#ÿ�ô_Ý�~7÷ ���on��qp � � Ô¾Ú76.Ó�Ý	Ô�Ð]8]Ì�ÍÏÎ�àFÝ�8]Ó�ÕJÍNÌ'Ú7Ì�ÍÏÎ�Ú7ÑIÒ	Ì/8]Ö	Ì/Ô7Û.Ì�Ú7ÑIØ]Û/8G0.Ð]Ì�ì ðráIç�ð í
ßWÝ	Õ78�Õ7ÔmÛ?é�Î	Ó�ßmÚJÌ�Ò	Ì/ÛÐ9Ì/ÕJ8]ØnÚJÑNØ]Û.8]ÌÐ

X ∈ L2(D)
á

�^ÔmØ]Ý	Ó�Ó�Î	Ô�Ð�Ø]ÕJ8wÍIÌ/Ø)Û/Ì.ÍNÍIÕ7ÍNÌ.Ø%ß78]ÑIÓ"Î¬ÍNÌ/Ønä
∑

K∈C

(divhX)K |K| =
∑

K∈C

∑

σ∈δK

Xσ · nσ,K , |σ|
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Ì/Ô"6.Û?é�Î	Ô7Ö	ÌºÎ	Ô�Ð�ÍIÌ/ØªØ]ÑNÖ	Ô7Ì/ØªØ]Ý�Ó�Ó�Ì/Ø : ÍIÌ/Ø^Ð9Ì/8¹Ó�Ì.ØsßfÝ�8ëÐ?Î	Ô�ÐsØ]Õ78ªÚ7Ì/ØsÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØsÑNÔ�Ð9Ì.8]Ô7Ì.ØsØ.ïæÎ	Ô�,ÔBÕJÍNÌ/Ô�ÐwÌ.ÐwÑIÍ�8]Ì.Ø¹Ð]Ì : ∑

K∈C

(divhX)K |K| =
∑

σ∈δS
Xσ · nσ |σ|

��Ý�Õ78)ÍNÌ.Ø)Û/Ì/ÍIÍNÕ7ÍIÌ/Ø%ÚJÕ�Î	ÍNÌ.Ø)Ý�ÔmÎ=ÚJÌ�ÍNÎEÓ�\.Ó�ÌnàdÎc�/Ý�Ô :
∑

A∈V
(divhX)A |P (A)| =

∑

A∈V

∑

σ∈S,A∈σ

Xσ ·

∫

∂P (A)∩D(σ)

n∂P (A) ds

=
∑

σ∈S
Xσ ·

∑

A∈V ,A∈σ

∫

∂P (A)∩D(σ)

n∂P (A) ds .

�LÝ�Õ78�Ð]Ý�ÕJÐ)Ø]Ý	Ó�Ó�Ì.Ð
A ∈ V

Ý�Ô�Î'ä
∑

A∈V ,A∈σ

∫

∂P (A)∩D(σ)

n∂P (A) ds = 0 .

Û/Ý�Ó�Ó�ÌnßWÝ�ÕJ8wÍIÌ/Ø�Ø¹Ý�Ó�Ó�Ì.Ð]Ø�Ø]Õ78)ÍIÌ�ÙWÝ�8¹ÚhÝ�Ô�ÎmìAÒ�Ý�ÑI8%Þ�Ö�Õ78¹Ì ðrá � í :
∂P (A) ∩D(σ) = (∂P (A) ∩D(σ)) ∪ (∂P (A) ∩ ∂Ω ∩ σ) ,

ÑNÍ�8¹Ì/ØëÐ9Ì�Ì×JÎ	Û.Ð]Ì/Ó�Ì/Ô�Ð�ä
∑

A∈V
(divhX)A |P (A)| =

∑

σ∈δS
Xσ · nσ

∑

A∈V ,A∈σ

|∂P (A) ∩ σ| = (d− 1)
∑

σ∈δS
Xσ · nσ|σ| ,

ÍNÌ�Û.ÝrÌ'&�Û.ÑNÌ.Ô�Ð
d − 1

Ð989Î¬Ú7Õ7ÑNØ]Î	Ô�Ð'ÍNÌ�àdÎ	ÑIÐ î Õ�ïuÌ.Ô°Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô�èyÍIÌ/Ø'6/ÍI6/Ó�Ì/Ô�Ð9Ø
∂P (A) ∩ σ8]Ì/Û.Ý�ÕJÒB8]Ì.Ô�ÐEÌ×JÎ	ÛÐ9Ì/Ó�Ì/Ô�ÐQÕ7Ô7Ì�àFÝ	ÑNØ

∂Ω
Î	ÍNÝ	8]Ø î Õ{ïuÌ.Ô�Ú7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô ê ÑNÍIØ�ÍIÌ=8]Ì/Û.Ý�ÕJÒB8]Ì.Ô�ÐEÚ7Ì/ÕB×àFÝ�ÑNØ.á

 "!f� 2"Å�ËM* A'-& É'& �0ËL&�&)Æ É'È.(�ÄªË:�%Ç|&
�nÎ	Ô7ØªÍNÌ)ÛºÎ	ØªÛ/Ý	Ô�Ð]ÑNÔ�Õ"ÍNÎCàFÝ�8]Ó�ÕJÍNÌ�Ú7Ìn·�8¹Ì/Ì.Ô"Ì×rß78¹ÑNÓ�Ì)Õ7Ô7Ì)àFÝ�8]Ó�Ì)Ú7Ì�*�~	�%þ8ý ÿOõ��q)Ì.Ô�Ð]8]ÌwÍNÌ.Ø

Ý�ßW6.89Î¬Ð]Ì/Õ78¹Ø�Ú7ÑIÒ	Ì/8¹Ö�Ì/Ô7Û.Ì�Ì.Ð)Ö�8]Î	Ú7ÑNÌ.Ô�Ðºá�vBÑ
X
Ì/ØëÐ)Õ7ÔhÛ?é�Î	Ó�ßmÚJÌCÒ�Ì/ÛÐ9Ì.Õ78]ØwÌ.Ð

φ
ÕJÔ7ÌCàFÝ�Ô7ÛÐ9ÑNÝ	Ôû�ÚJÌ�8¹6/Ö�ÕJÍÏÎ	8¹ÑIÐ96

H1 û'Ø¹Õ78)Õ7Ô�Ý	ÕJÒ�Ì.8¹Ðw8]6.Ö�Õ7ÍNÑIÌ/8%ÌÐwÙWÝ�8¹Ô76 Ω
ä

∫

Ω

∇φ ·X dx = −

∫

Ω

φ divX dx+

∫

∂Ω

Trφ TrX · n∂Ω ds .

� ÍNÖ	6/Ù78¹Ñ î Õ7Ì/Ó�Ì/Ô�Ð'Û.Ì.Ð¹Ð9Ì�àFÝ�8¹Ó�Õ7ÍNÌ�ßWÌ.ÕJÐ'Ø¹Ì�8]6/6.Û/8¹ÑN8]Ì�K©ÍSïæÎ¬ÑNÚ7ÌmÚ7Ì/Øhß78¹ÝrÚJÕ7ÑIÐ]Ø"Ø]Û/Î	ÍÏÎ¬ÑN8]Ì.Ø�Ø]ÕJ8
L2(Ω)

Ì.Ð
L2(∂Ω)

ä

(∇φ , X)L2(Ω)d = − (φ , divX)L2(Ω) ,+ (Trφ , TrX · n∂Ω)L2(∂Ω) .

íÜÌ.Ø�Ý�ßW6.89Î¬Ð]Ì/Õ78¹Ø�Ú7ÑIÒ	Ì/8¹Ö�Ì/Ô7Û.Ì : Ö�8]Î	Ú7ÑIÌ/Ô�Ð�Ì.Ð�Ð]89Î	Û.Ì�Ú7ÑIØ]Û/8¹Ì.Ð]Ø�ß78]6.Ø]Ì/Ô�Ð]Ì/Ô�ÐQÕJÔ7ÌE8]Ì.ÍÏÎ¬Ð]ÑNÝ�Ô�ÚJÌ*�~	�%þ8ý ÿOõ��.qwÎ¬Ô�Î	ÍNÝ	Ö�Õ7Ì�ìFàFÝ	8]Ó�Õ7ÍIÌ�Ú7Ìn·�8¹Ì/Ì/Ô�Ú7ÑNØ¹Û/8G0.Ð9Ì í árâjÌ.Ð¹Ð9Ì)àFÝ�8]ÓQÕ7ÍNÌ�Ú7Ìn·�8]Ì/Ì.Ô�Î�6.Ð]6�6Ð?Î	Ù7ÍIÑNÌ
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ß�Î	8�¸wÌ/8¹Ó�Ì.ÍNÑNÔJÌ�j �Jç k ÌÐ�ß�Î	8��nÝ	Ó�Ì.ÍNÌ.Ò	ÝEÌ.Ð � Ó�ÔP0/Ø�j ê ð k ßWÝ�ÕJ8�Ú7Ì/Ø�Ó�Î	ÑNÍIÍÏÎ	Ö	Ì/Ø^Ì/ÔmÚ7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô
è : Ý�Ôh6Ð9Ì/ÔJÚ�ÑNÛ.Ñ{Û/ÌÐ]Ð]Ì�àFÝ	8]Ó�ÑNÍNÌnÎ	ÕmÛºÎ	Ø)Ú7Ì.ØwÓ�Î	ÑIÍNÍÏÎ¬Ö�Ì/ØªÌ/ÔmÚ7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô ê áâjÌ.Ð]Ð]Ì�ßJ8]Ý�ß78¹ÑN6Ð96mÎ	ÍNÖ	6/Ù78¹Ñ î Õ7ÌhÚ7Ì/Ø�Ý�ßf6/8]Î¬Ð9Ì.Õ78]Ø�Ú7ÑNØ¹Û/8¹Ì.Ð9Ø : Î	ÚDt¹Ý�ÑIÔ�Ð]ÌmÎ	Õr×5ß78¹Ý�ß78¹ÑN6.Ð]6/Ø�Ú7ÕÔ7Ý%$�Î	Õ"Ú7Õ�Ö�8]Î	Ú7ÑNÌ.Ô�ÐjÚ7ÑIØ]Û.8]Ì.Ðj6.Ð]Õ7Ú7ÑN6.Ì/ØsÌ/Ô ðJáæ� : ßWÌ.8]Ó�Ì.Ð¹Ð989Î�Ú{ï_6.Ð?Î¬Ù7ÍNÑI8ªÍIÌ/Øªß78]Ý	ß78]ÑI6.Ð96.Øj6.ÍN6/Ó�Ì/Ô�,Ð?Î	ÑI8]Ì.Ø�Ú7Ì/ØwÝ�ßf6/89ÎDÐ9Ì/ÕJ8]Ø)Ì/ÍIÍNÑNßrÐ9Ñ î Õ7Ì.Ø%Ú7ÑIØ]Û/8¹6.Ð]ÑNØ]6.Ø�ä�ØG$BÓ�6Ð98¹ÑNÌ�Ì.ÐwÑNÔ�Ò	Ì/8]Ø¹ÑNÙ7ÑIÍNÑ¡Ð96EìFÛ?é�Î	ß7Ñ¡Ð98¹Ì/Ø . ÌÐç%b í á
m X�¦�«�¦f£ºc V cd¦ U }{ö���ödø ì{��Ý�8]ÓQÕ7ÍNÌ�Ú7Ì�·�8¹Ì/Ì/ÔhÚ7ÑIØ]Û.8d0.Ð]Ì í ö�� ô?ÿ�÷'�Hõ

φ ∈ P 1(M)
÷�õ
X ∈ L2(D)�T�`÷!òSôs��<�õ#ÿ�ôs� G ô?ý��B@�÷?>W�
�HÿN>)~B��órÿ G þ��¦ýo÷R÷�õ{���m<?�%þ	@�ü�~7÷ G ÷?<�õP÷�7ó?>)~8ÿN>�<�ó ÷�õF>^>�7ó%�T��@�þ8ÿOýOýfþ��7÷v�v���


M
~	��~7ôD@�þ8ÿx�`÷

Ω
� ( �Fþ�ýfþÂó ÷�ýfþ8õGÿ�ôs��~7÷Q~	�%þ8ý ÿOõ���>��ÿ G þu�HõP÷�ÿ

(∇hφ , X )L2(D) = −〈divhX , φ 〉F×P 1 + (Trhφ , X · n∂Ω)L2(∂Ω) ,
ìSðrá è�è í

ôsrvýfþ*òSôs��<�õGÿ�ôs�
X · n∂Ω ∈ L2(δS)

÷?>�õ�~B�F�
�Hÿ�÷�üHôD�7ó"<?�%þ�ú/�H÷�ÿx�Hõ ÷�óOòTþB<ï÷Âþ	�y��ô?ó¹~
σ ∈ δSü%þ8ó�ÿ

(X · n∂Ω)σ = Xσ · nσ ,÷�õ�ôsr ýo÷?>�ü�óïô/~	�7ÿOõA>
( · , · )L2(D)

�
〈 · , · 〉F×P 1

÷�õ
( · , · )L2(∂Ω)

>2ôs�Hõw~B�F�
�HÿN>ió ÷?>PüH÷?<�õGÿ G ÷@�÷'�Hõ÷'�¯ì ðJá/� í �jì ðJá/. í ÷�õQì ðrá! í �
v��@�ôs�J>�õ#ó/þ8õ#ÿ�ôs�f�wvrÝ�ÑNÌ.Ô�Ð

φ ∈ P 1(M)
Ì.Ð
X ∈ L2(D)

ÕJÔ7ÌEàFÝ�Ô7Û.Ð]ÑNÝ�Ô�Ò	Ý�ÍNÕJÓ�Ì.ØCÞ�Ô7ÑNØ�ÚJ6/8]Ñ�,
Ò¬Î	Ù7ÍNÌnÌ.ÐwÕ7ÔmÛ?é�Î	Ó�ß�Ú7Ì�Ò	Ì/Û.Ð]Ì/Õ78¹ØnÚ7ÑIØ]Û.8]Ì.Ð]Ø/áí|Ì�ß78¹ÝrÚJÕ7ÑIÐ�Ø¹ÛºÎ	ÍNÎ	ÑN8¹ÌCÚ7Ì

X
Ì.Ð

∇hφ
Ø¹Õ78

L2(D)
Ø/ï_6/Û.8]Ñ¡Ð�ä

(∇hφ , X )L2(D) =
∑

σ∈S
(∇hφ)σ ·Xσ |D(σ)| ,

ìdðJá è ê�í

Ì.Ð)ÍIÌ�Ö�89Î	ÚJÑNÌ/Ô�Ð)Ú7ÑIØ]Û.8]Ì.ÐwÚ7Ì
φ
Ø¹Õ78)ÍÏÎEÛ/Ì.ÍNÍNÕJÍNÌCÚ7ÑNÎ	Ó�Î	Ô�Ð

D(σ)
Ø/ï_6/Û.8]ÑIÐ :û�ßfÝ�Õ78)Õ7Ô7Ì�ÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì�ÑIÔ�Ð]Ì/8¹Ô7Ì

σ = K|L
ä

|D(σ)| (∇hφ)σ =
1

d
(φ(xL) − φ(xK)) |σ|nσ,K −

1

d

∑

A∈V ,A∈σ

φ(A)

∫

∂P (A)∩D(σ)

n∂P (A) ,

û�ßfÝ�Õ78)Õ7Ô7Ì�ÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì
σ ∈ δS

Î	ÕmÙWÝ�8¹Ú : σ ∈ δK
ä

|D(σ)| (∇hφ)σ =
1

d
(φ(yσ) − φ(xK)) |σ|nσ,K −

1

d

∑

A∈V ,A∈σ

φ(A)

∫

∂P (A)∩D(σ)

n∂P (A) ,

vrÑ�ÍSïuÝ�Ô'ÚJ6.Ò�Ì.ÍNÝ�ßJßWÌ�Û?é�Î î ÕJÌ�Ð]Ì/8¹Ó�ÌCÚJÌ�ÍÏÎQØ¹Ý�Ó�Ó�Ì=ì ðJá è ê í Ì.Ô�$"ÑNÔDt¹Ì.Û.Ð9Î	Ô�Ð�Í�ï_Ì×rß78¹Ì/Ø]Ø¹ÑNÝ�ÔhÛ.ÑÚ7Ì/Ø¹Ø]Õ7ØQÚ7Õ©Ö�8]Î	Ú7ÑNÌ.Ô�ÐQÚ7ÑIØ]Û.8]Ì.ÐQÌ.Ð î Õ7Ì�Í�ï_Ý�Ô�8]6.Ý�8]Ö�Î¬Ô7ÑNØ¹Ì�ÍIÌ/Ø�Ð]Ì/8¹Ó�Ì.ØQÌ/Ô�Õ7Ô7Ì�Ø¹Ý�Ó�Ó�Ì=Ø]ÕJ8QÍNÌ.ØÛ/Ì.ÍNÍNÕJÍNÌ/Øjß78]ÑIÓ"Î	ÍIÌ/ØsÌ.Ð)Õ7Ô7Ì�Ø¹Ý�Ó�Ó�ÌCØ¹Õ78)ÍNÌ/Ø�Û.Ì/ÍIÍNÕ7ÍIÌ/Ø%Ú7Õ7Î	ÍNÌ.Ø�Ý�ÔhÝ�ÙJÐ9ÑIÌ/Ô�Ð)Õ7Ô7Ì�Ú76.Û/Ý�Ó�ßfÝ�Ø]Ñ¡Ð9ÑNÝ	Ô
Ú7Ì�ì ðJáæè ê í Ì/ÔmÚ7Ì/Õr×hÐ]Ì/8¹Ó�Ì.Ø

(∇hφ , X )L2(D) = TC + TV .í|Ì�Ð]Ì/8]Ó�Ì
TC

Ø]ÕJ8wÍIÌ/Ø�Û.Ì/ÍNÍIÕ7ÍNÌ.Ø�ß78]ÑIÓ"Î¬ÍNÌ/ØsØ/ï_6/Û.8]ÑIÐ :
TC = −

1

d

∑

K∈C

φ(xK)
∑

σ∈δK

Xσ · nσ,K |σ| +
∑

σ∈δS

1

d
φ(yσ)Xσ · nσ |σ|

= −
1

d

∑

K∈C

φ(xK) (divhX)K |K| +
∑

σ∈δS

1

d
φ(yσ)Xσ · nσ |σ|



k������ � ��� ��7 � ����� � �
6
������L78����� � 	��
�y� � 	9� � ���� ç�èc.

íÜÌ�Ð9Ì.8]Ó�Ì
TV

Ú7Ì�ì ðJá è ê í Ø]Õ78)ÍIÌ/Ø�Ø]Ý	Ó�Ó�Ì.Ð]Ø�Ø/ï_6/Û/8¹ÑIÐ :
TV = −

1

d

∑

A∈V
φ(A)

∑

σ∈S,A∈σ

Xσ ·

∫

∂P (A)∩D(σ)

n∂P (A)ds .

��Ý�Õ78EàdÎ	ÑI8]Ì�Î¬ß7ß�Î	8]Îc�NÐ]8]Ì�ÍNÎ�Ú7ÑIÒ	Ì/8]Ö	Ì/Ô7Û.ÌmÚJÑNØ]Û.8d0Ð9ÌhØ]Õ78=ÍIÌ/Ø�Û.Ì/ÍNÍIÕ7ÍNÌ.Ø�Ú7Õ�Î¬ÍNÌ/ØmìFÚ76.Þ7Ô7ÑNÌhß�Î	8
ì ðJáæèub í¹í : ÑNÍ{àdÎ¬ÕJÐ)àdÎ	ÑN8¹Ì�ßWÝ�8ëÐ9Ì.8�ÍSïuÑIÔ�Ð]6/Ö�8]Î	ÍNÌCK�Ú78¹Ý�ÑIÐ]Ì�ÚJÌ�ÍNÎ=ßJ8]6/Û.6/Ú7Ì.Ô�Ð9ÌE6/Ö�Î	ÍNÑ¡Ð96CØ¹Õ78 ∂P (A) ∩
D(σ)

á
� Ô�8]Î	ß7ßfÌ/ÍIÍNÌ)ÍÏÎ�Ú76/Û.Ý�Ó�ßfÝ�Ø¹ÑIÐ9ÑIÝ�Ô�ì ðJáæèrç í Ú7Õ�ÙfÝ�8]Ú"Ú7Ì/Ø%Û.Ì/ÍIÍNÕ7ÍIÌ/Ø^Ú7Õ�Î	ÍIÌ/ØCìFÒ�Ý	ÑN8sÞ7Ö�Õ78]Ì ðJáæ� í :

∂P (A) ∩D(σ) = (∂P (A) ∩ D(σ)) ∪ (∂P (A) ∩ σ ∩ ∂Ω) .
Ú7Ì�Ø]Ý�8ëÐ9Ì î Õ7Ì�Í�ï_Ý�ÔmÎhä

∫

∂P (A)∩D(σ)

n∂P (A)ds =

∫

∂P (A)∩D(σ)

n∂P (A)ds −

∫

∂P (A)∩σ∩∂Ω

n∂Ωds .

íÜÌ�Ð9Ì.8]Ó�Ì
TV

Ø¹Ì�8¹6/6.Û/8]Ñ¡ÐwÚ7Ý�Ô7Û�Û/Ý	Ó�Ó�Ì

TV = −
1

d

∑

A∈V
φ(A)

∑

σ∈S,A∈σ

Xσ ·

∫

∂P (A)∩D(σ)

n∂P (A)ds +
1

d

∑

A∈V ,A∈∂Ω

φ(A)
∑

σ∈δS,A∈σ

Xσ ·

∫

∂P (A)∩σ

nσ ds

= −
1

d

∑

A∈V
φ(A) (divhX)A |P (A)| +

∑

σ∈δS
Xσ · nσ

∑

A∈V ,A∈σ

1

d
φ(A) |∂P (A) ∩ σ| .

� Ò�Ì.Û�ÍNÎEÚ76.Þ�ÔJÑIÐ9ÑIÝ�Ô�ì ðráIç�è í Ú7Ì�ÍÏÎQÐ98]Î	Û/Ì�Ý�Ô�ÎEÚ7Ý�Ô7Û�Ì�×7Î¬Û.Ð9Ì.Ó�Ì.Ô�ÐQä
TC + TV = −〈divhX , φ 〉F×P 1 +

∑

σ∈δS
(Trhφ)σ Xσ · nσ|σ| .

Û/Ì î Õ7Ñ|Î	Û?éP0Ò�ÌQÍNÎ�ß78]Ì.ÕJÒ�Ì�Ú7Ì�ì ðrá è�è í á

 "!d� � Å� �,LA É'& -�¡�Å�=@?%Ëa,�Ç|&�A�Ë£¢�ËM,�É'È&)Æ=ÇÊÉ'È.(|ÄsËM&%Ç
� Ò�Ì.ÛhÍÏÎ�àFÝ�8¹Ó�Õ7ÍIÌ"Ú7Ìh·�8]Ì.Ì/Ô5Ú7ÑIØ]Û/8G0.Ð]Ì�ì ðJáæè�è í Õ7Ô7Ì'Ø]Ì.Û/Ý�ÔJÚ7Ìhß78]Ý�ßJ8]ÑN6Ð96'Î¬ÍNÖ�6.Ù78]Ñ î ÕJÌ"Ø]ÕJ8ÍNÌ/ØEÝ	ßW6.89Î¬Ð]Ì/Õ78¹Ø�Ú7ÑIØ]Û.8]Ì.Ð]ØBû�qHÍ�ï_ÑNÔDt¹Ì.Û.Ð]ÑIÒBÑIÐ]6q�Ú7Õ¿Ö�89Î	ÚJÑNÌ/Ô�Ð=Ú7ÑIØ]Û.8]Ì.Ðæû©Ø]Ì.89Î�ÕJÐ9ÑIÍNÑNØ¹6/Ì�Ú7Î	Ô7Ø=ÍNÌ.Ø

Û?é�Î	ß7Ñ¡Ð98]Ì.Ø)Ø]Õ7Ñ¡Ò	Î¬Ô�Ð]Ø)ßWÝ�ÕJ8�6.Ð9ÕJÚ7ÑNÌ.8wÍIÌ/Ø�ß78¹Ý�ß78¹ÑN6.Ð]6/Ø)Ú7Ì.ØwØ¹Û?é76/Ó�Î	Ø�������¤Qáí�Î�Ú76/Ó�Ý�Ô7ØëÐ989ÎDÐ9ÑNÝ	Ô©Ú7Ì�Û.Ì/ØE8]6.Ø]Õ7Í¡Ð?Î¬Ð]Ø�Ì/ØëÐ=Ø]ÑIÓ�ß7ÍIÌ�Ó�Î	ÑIØ�Ð9Ì.Û?é7Ô7Ñ î ÕJÌ	á � Ô�Û/Ý	Ó�Ó�Ì/Ô7Û.Ì�Ú7Ý�ÔJÛß�Î	8�Ì/ÔhàdÎ	ÑI8]Ì�Õ7Ôh8]6.Ø]Õ7Ó�6	á
�nÎ	Ô7ØwÍNÌ�ÛºÎ¬Ø�Û.Ý�Ô�Ð9ÑNÔ�ÕmÕ7Ô7Ì�àFÝ�Ô7ÛÐ9ÑNÝ	Ô

φ ∈ H1(Ω) î Õ7Ñ{Ò�6.8]Ñ¡Þ�Ì ∇φ = 0
Ì/Ø¹Ð�Õ7Ô7Ì�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô

Û/Ý�Ô7ØëÐ?Î	Ô�Ð]Ì	á
�nÎ	Ô7ØmÍNÌ�ÛºÎ¬Ø�Ú7ÑIØ]Û.8]Ì.ÐmÝ�Ô�Ò�Ì.ÕJÐ�ÛºÎ	8]Î	Û.Ð]6/8]ÑIØ]Ì.8mÍIÌ/Ø'àFÝ�Ô7ÛÐ9ÑIÝ�Ô7Ø

φ ∈ P 1(M)
Ð9Ì.ÍNÍIÌ/Ø î Õ7Ì

∇hφ = 0
á

ç�á��CÎ	Ô7ØjÍNÌCÛ/Î	Ø%Ú7Ì�ÍNÎ�Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ôhè : �nÝ�Ó�Ì/ÍIÌ.Ò�ÝEÌÐ � Ó�Ô-0/Ø¥j ê ð k Ý�Ô�Ð�Ó�Ý	Ô�Ð]8]6 î ÕJÌ�Ø]Ñ{Õ7ÔJÌàFÝ�Ô7ÛÐ9ÑNÝ	Ô
φ ∈ P 1(M)

Ò�6.8]Ñ¡Þ�Ì
∇hφ = 0

Î	ÍIÝ�8]ØwÑNÍ�Ì×rÑNØëÐ9Ì�ÚJÌ/Õr×�Û/Ý�ÔJØ¹Ð?Î¬Ô�Ð]Ì/Ø
C1

Ì.Ð
C2Ð9Ì.ÍNÍNÌ.Ø î Õ7Ì"ìdß78¹Ý�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô ðJá �BáIç í ä

∀K ∈ C , ∀σ ∈ δS : φ(xK) = C1 = φ(yσ)
ìSðJáæè¬ã í

∀A ∈ V : φ(A) = C2 .
ìSðJáæè�� í



ç ê b �Rl ���
	����� k���� ��	������������ �n���no

èrá���Ô�Ú7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô ê : ßWÝ�ÕJ8CÕ7Ô�Ó�Î	ÑNÍIÍÏÎ	Ö�Ì�Ú7Ý	Ô�ÐCÍNÌ/ØnÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØCØ¹Ý�Ô�Ð�Ð98]ÑNÎ	Ô7Ö�ÕJÍÏÎ	ÑI8]Ì/Ø : Ý�Ô�ÎÌ�×7Î¬Û.Ð9Ì.Ó�Ì.Ô�ÐnÍIÌ�Ó�\.Ó�Ì�8¹6/Ø]ÕJÍIÐ?ÎDÐ î Õ�ïuÌ.Ô�Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ômèhìdß78¹Ý�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô ðrá �ráæè í áê á���Ô�Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô ê : ßWÝ	Õ78�ÕJÔ�Ó"Î¬ÑNÍNÍNÎ	Ö�Ì�Ú7Ý�Ô�ÐnÍIÌ/ØwÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/Ø�Ø]Ý�Ô�Ð î Õ7Î	Ú789Î¬Ô7Ö�Õ7ÍNÎ	ÑN8¹Ì/Ø : Ø¹Ñ
φ ∈ P 1(M)

Ò�6.8]Ñ¡Þ�Ì
∇hφ = 0

Î	ÍIÝ�8]Ø�ì ðrá è¬ã í 8¹Ì/ØëÐ9Ì�ÒB8]Î	Ñ�á��LÎ	8�Û.Ý�Ô�Ð98¹Ì�ÍSïuÌ.Ô7Ø]Ì.Ó�Ù7ÍNÌ
VÚ7Ì.Ø�Ø]Ý�Ó�Ó�Ì.Ð9Ø�Ø]Ì�Ø¹Û/ÑIÔ7Ú7Ì�Ì.Ô�Ú7Ì/ÕB×�Ø]Ý	Õ7ØCÌ/ÔJØ]Ì/ÓQÙ7ÍNÌ.Ø

V1

Ì.Ð
V2

Ð9Ì.ÍNØ î ÕJÌhìdß78¹Ý�ßfÝ�Ø]Ñ¡Ð9ÑNÝ	ÔðJáæ�rá ê í ä

∀A ∈ V1 : φ(A) = C2 , ∀A ∈ V2 : φ(A) = C3 ,

6Ò�Ì/Ô�Ð]Õ7Ì/ÍIÍNÌ/Ó�Ì/Ô�Ð
V2

Ì.Ø¹Ð)ÒBÑNÚ7Ì¬á
�LÝ�Õ78L6.Ð9Î	Ù7ÍNÑI8ÜÛ/Ì.Øaß78]Ý	ß78]ÑI6.Ð96.Ø : Ý�ÔQÛ.Ý�Ó�Ó�Ì.Ô7Û/Ìªß�Î	8�Ú76/8¹ÑIÒ	Ì/8MÕJÔ7ÌjàFÝ�8¹Ó�Õ7ÍÏÎDÐ9ÑNÝ	Ô�Ú7Õ�Ö�8]Î	Ú7ÑNÌ.Ô�ÐÚ7ÑNØ¹Û/8¹Ì.Ð : Ú7Ñ¡Ð9ÌhàFÝ�8]ÓQÕ7ÍÏÎ¬Ð]ÑNÝ�Ô¦*�Ú7ÑbñW6/8¹Ì/Ô�Ð9ÑIÌ/ÍIÍNÌq : Ì.Ô ðJáæ�ráIç ájâjÌÐ]Ð]Ì�àFÝ�8¹Ó�Õ7ÍÏÎDÐ9ÑNÝ	Ô�ßWÌ.8]Ó�Ì.Ð]Ð]89Î�Ú7ÌÛºÎ	8]Î	Û.Ð]6/8¹ÑNØ]Ì.8�ÍNÌ�Ô7Ý%$�Î	Õ�Ú7ÕmÖ�8]Î	Ú7ÑNÌ.Ô�Ð�Ú7ÑNØ¹Û/8¹Ì.ÐwÌ/Ô ðJáæ�rá è á

B�Cf§¨C9F ©�ªhM�«}U�¬9ORQT]�ª
¯®5W�]±°LKNMPSV²QT]�SV¬�¬�S#³�W�U´ghMPO
W�]9SV�QXW�]�^TZ#MPS[Q
�CÎ	Ô7Ø)ÍNÌ�Û/Î	Ø)Ú7Ì�ÍÏÎEÚ7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ômè : ÍNÎEàFÝ	8]Ó�Õ7ÍNÎ¬Ð9ÑIÝ�Ô"ÚJÕ�Ö�8]Î	Ú7ÑIÌ/Ô�Ð)Ú7ÑNØ¹Û/8¹Ì.ÐwØ]Ì�Ø]ÑIÓ�ßJÍNÑIÞ7Ì	á�LÝ�ÕJ8�Õ7Ô7ÌEÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì

σ = K|L
Ú7ÌEØ¹Ý�Ó�Ó�Ì.Ð]Ø

A,B
Ý	8]ÑNÌ.Ô�Ð96/Ø�Û.Ý�Ó�Ó�Ì�Ø¹Õ78�ÍÏÎ"Þ7Ö�Õ78]Ì ðJá/� Ý�Ô

Î'ä
∫

∂P (B)∩D(σ)

n∂P (B) = |xKxL|mσ,K = −

∫

∂P (A)∩D(σ)

n∂P (A) ,

Ý�;
mσ,K

Ì.Ø¹ÐwÍÏÎ�Ô7Ý	8]Ó�Î	ÍNÌCÕJÔ7ÑIÐ9Î	ÑN8¹Ì�K
[xK, xL]

Ý�8¹ÑNÌ.Ô�Ð]6/Ì�Ú7Ì�Ø]Ý	8¹Ð9Ì î Õ7Ì nσ,K ·mσ,K > 0
á

µ Ô=8¹Ì.Ð98¹Ý�ÕJÒ	Ì�Î¬ÍNÝ�8¹ØaÍ�ï_Ì×rß78¹Ì/Ø]Ø¹ÑNÝ�Ô�Ú7Õ=Ö�8]Î	Ú7ÑNÌ.Ô�Ð^Ú7ÑNØ¹Û/8]ÌÐ�Ð9Ì.ÍNÍNÌ î ÕJÌ)àFÝ	8]Ó�Õ7ÍI6/Ì%Ú7Î	Ô7Ø�j ê	ê : ê ã :�Jç : ê ð k ä

2 |D(σ)| (∇hφ)σ = (φ(xL) − φ(xK)) |σ|nσ,K + (φ(B) − φ(A)) |xKxL|mσ,K .
ìSðrá èu� í

âjÌ.Ð]Ð]Ì�àFÝ�8]Ó�ÕJÍÏÎ¬Ð]ÑNÝ�Ô : 6 î Õ7ÑIÒ¬Î	ÍIÌ/Ô�Ð9Ì)K�ì ðráIçºã í : Û.Ý�8]8¹Ì/Ø¹ßWÝ�ÔJÚ�ÙJÑNÌ/Ô�KCÍSïuÑIÚ76/Ì%ÚJÌ�Ö�89Î	ÚJÑNÌ/Ô�Ð^Ú�Î¬Ô7ØÍÏÎ�Ó�Ì.Ø]Õ78¹ÌnÝ�;"Ì/ÍNÍIÌ)ßWÝ�8ëÐ9ÌwØ]Õ78sÍNÌ.ØjÚ7Ñz¶�6.8]Ì/ÔJÛ/Ì/ØjÌ/Ô�Ð98¹ÌnÍNÌ.ØsÒ¬Î	ÍIÌ/Õ78¹Øsß78¹ÑNØ¹Ì/Øjß7Î	8
φ
Î	Õr×�Ø]Ý	Ó�Ó�Ì.Ð]Ø

Ú7Ì�ÍÏÎ�Û.Ì/ÍNÍIÕ7ÍNÌnÚ7ÑÏÎ	Ó�Î	Ô�Ð
Dσ

ä�Ý�Ôhß�Î¬8]ÍNÌ.89ÎEßfÝ�Õ78�Û/Ì.ÍÏÎEÚ7Ì�àFÝ�8¹Ó�Õ7ÍÏÎDÐ9ÑNÝ	Ô�Ú7Ñ`¶W6/8¹Ì/Ô�Ð9ÑIÌ/ÍIÍNÌ	á
�nÌ/ØwàFÝ�8]Ó�ÕJÍÏÎ¬Ð]ÑNÝ�Ô7Ø�Û.Ý�Ó�ß�Î	89Î¬Ù7ÍNÌ.ØwÌ.Ô�Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô ê Ø]Ý�Ô�ÐnÚ76/Ú7ÕJÑIÐ9Ì.Ø�Ú7Î	Ô7ØnÍIÌ�Û/Î	ØnÚ�ïuÑIÔ�Ð]Ì/8�,

àdÎ	Û/Ì.Ø�Ð98]ÑNÎ	Ô7Ö�ÕJÍÏÎ	ÑI8]Ì/ØsÝ�Õ î Õ�Î	Ú78]Î	Ô7Ö�Õ7ÍNÎ	ÑN8¹Ì/Ø.á
O�Z�£=§ª¨¡R U P�c UWV P�X�YHZ�[�P V XDcdZ U efR�"FZ�cFX�P

µ ÔhÛ.Ý�Ô7Ø]ÑIÚP0/8¹Ì�ÕJÔ7Ì�ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì
σ
Ú7Ì�Ø¹Ý�Ó�Ó�Ì.Ð]Ø

A,B,C
á

·|Î�àFÝ�8¹Ó�Õ7ÍNÎ¬Ð9ÑIÝ�ÔEÚ7Ñ`¶W6/8¹Ì/Ô�Ð9ÑIÌ/ÍIÍNÌ�Ú7Ì
∇h

Ø¹Õ78
D(σ)

àdÎ	Ñ¡Ð^ÑNÔ�Ð9Ì.8¹Ò�Ì.Ô7ÑN8ªÍNÌ.ØªÐ]8]Ý�ÑIØªÐ]8]ÑNÎ	Ô7Ö�ÍIÌ/Ø
TA : TBÌ.Ð

TC

8¹Ì/ß78¹6/Ø¹Ì/Ô�Ð96.ØnØ]ÕJ8�ÍNÎQÞ�Ö�Õ78¹Ì ðrá¸� Ì.ÐwÚ76Þ�Ô7ÑIØwÛ.Ý�Ó�Ó�Ì�ä
ßWÝ	Õ78�Õ7Ô7Ì�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì�ÑNÔ�Ð9Ì.8]Ô7Ì

σ = K|L :
TS = xKSxL

ßfÝ�Õ78
S = A,B,C .

ÌÐwß�Î	8]Ì.ÑNÍIÍNÌ/Ó�Ì/Ô�ÐjßWÝ�ÕJ8�Õ7Ô7Ì�ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì�Î	Õ�ÙfÝ�8¹Ú
σ ∈ δK

Ì/ÔmÛ?é�Î	Ô7Ö�Ì/Î	Ô�Ð
xL

Ì.Ô
yσ

á
µ Ô�Û/Ý�Ô7Ø¹ÑNÚP0.8]Ì�Ì/Ô7Ø¹Õ7ÑIÐ]Ì�ÍNÌ.Ø�Ð98¹Ý�ÑNØ)Ò�Ì.Û.Ð]Ì/Õ78¹Ø�Õ7Ô7ÑIÐ9Î	ÑN8¹Ì/Ø

mA : mB : mC

Ô7Ý�8]Ó�Î	Õr×m8¹Ì/Ø¹ßWÌ.Û',
Ð9Ñ¡Ò�Ì/Ó�Ì/Ô�ÐwÎ	ÕB×'Ð98¹ÑÏÎ	Ô7Ö	ÍNÌ/Ø

TA : TB : TC

Ì.ÐwÝ�8]ÑIÌ/Ô�Ð96.Ø)Ú7Ì�Ð9Ì/ÍIÍNÌCØ¹Ý�8¹Ð]Ì î ÕJÌ�ä¹ mA

ßWÝ�ÑIÔ�Ð9Ì�Ú7Ì
B
Ò�Ì/8¹Ø

C :
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xL

xK

D(σ)

nσ,K

mσ,K

A

B

σ

xL

xK

D(σ)

TB

TC

TA

A

B

C

σ

³s´Aµ�¶�ðJá¸� ¹¿¾ ÍI6/Ó�Ì/Ô�Ð9ØjÖ�6/Ý�Ó�6.Ð]8]Ñ î ÕJÌ/Ø%ßfÝ�Õ78sÍÏÎ�àFÝ�8¹Ó�Õ7ÍNÎ¬Ð9ÑIÝ�Ô�ÚJÑ`¶W6/8]Ì.Ô�Ð9ÑNÌ.ÍNÍIÌ�Ú7Õ'Ö	89Î	Ú7ÑIÌ/Ô�Ð%ÚJÑNØ9,Û/8]ÌÐºá

¹ mB

ßWÝ�ÑIÔ�Ð9Ì�Ú7Ì
C
Ò�Ì.8]Ø

A :¹ mC

ßWÝ	ÑNÔ�Ð9Ì�Ú7Ì
A
Ò	Ì/8]Ø

B
á

À PBò©òyP�}Üö`Á{ödø�ö t�ÂsÃ�ÄÅÃT�[Æ�Çx��È±Æ'ÄxÉËÊB<ÌÆ
σ
È{ÄÍÇEÊu�B�uÃ�ÎzÊuÇxÄ�Æ�~�ÆE>%ÂD@E@¿Æ'ÈF>

A
�
B
Æ'È
C
�¥Æ'È�Ê G Æ?<ÎqÆ?>�<ÌÂs� G Æ'��È{ÇÏÂs�J>�~�ù��?<'Ä'ÇxÈEÃ�ÄÌÆÑÐ#Ä?�?<'ÇN>��ÌÆ?>Q<'Çª~�Æ?>?>'Ã�>?�
ÎqÆw�uÄdÊ�~uÇÏÆ'��Èj~uÇN>�<'Ä�Æ'Èa>�ù��?<'Ä'ÇxÈjÿ>'Ç

σ = K|L
Æ?>'È²Ã��[Æ�Çx��È±Æ'ÄÒÉËÊB<ÌÆ¥Çx��È�Æ'ÄÍ�[Æ�ÿ

3 |D(σ)| (∇hφ)σ = (φ(xL) − φ(xK)) |σ|nσ,K + (φ(B) − φ(C)) |TA|mA

ìSðJáæè1 í
+ (φ(C) − φ(A)) |TB|mB + (φ(A) − φ(B)) |TC |mC ,

>'Ç
σ ∈ δK

Æ?>'È�Ã��[Æ¥Çx��È±Æ'ÄxÉËÊB<ÌÆ�ÊuÃ��'ÂsÄ¹~D�ÑÂs�ÓÊ�ÎzÊ�@¿Ô@¿Æ�ÉÕÂsÄ�@yÃTÎzÊuÈEÇÏÂs�ÖÆ'��<?�-Êu�B��ÆdÊu��È
xLÆ'�

yσ
�

OQZ7£�§^¨¡R U P�c UWV P�X�YHZ�[�P�z�R�Z�§|X�Z U eWR8"FZ�cdX�P
µ ÔEÛ.Ý�Ô7Ø]ÑIÚP0/8¹Ì%Õ7Ô7ÌjÑNÔ�Ð9Ì.8¹àdÎ	Û.ÌjÚ7Ì%Ø¹Ý�Ó�Ó�ÌÐ9Ø

A,B,C,D
Ð9Ì.ÍNØ î Õ7Ì A Ì.Ð

C
Ø]Ý	ÑNÌ/Ô�ÐMÝ�ß7ßfÝ�Ø]6.Ø/á

µ Ô�Î=Î	ÍNÝ�8¹ØCä

mA =

∫

∂P (A)∩D(σ)

n∂P (A)ds = −

∫

∂P (C)∩D(σ)

n∂P (C)ds
ìSðJáæè	ð í

mB =

∫

∂P (B)∩D(σ)

n∂P (B)ds = −

∫

∂P (D)∩D(σ)

n∂P (D)ds .

µ ÔhÌ.Ô�Ú76.Ú7Õ7Ñ¡Ð�ÍNÎQàFÝ�8]ÓQÕ7ÍÏÎ¬Ð]ÑNÝ�Ô"Ú7Ñ`¶W6/8¹Ì/Ô�Ð9ÑIÌ/ÍNÍIÌnÚ7ÕmÖ�8]Î	Ú7ÑNÌ.Ô�Ð)Ú7ÑNØ¹Û/8]ÌÐwÚ�Î	Ô7Ø)Û/Ì�Û/Î	Ø�ä
À PBò©òyPm}{ö`Á{öI÷Üö t�ÂsÃ�Ä�ÃT�[Æ�Çx��È±Æ'ÄÒÉËÊB<ÌÆ�ú�Ã-Ê�~uÄdÊu�B�uÃ�ÎzÊuÇxÄ�Æ�~�Æw>%ÂD@E@¿Æ'ÈA>

A
�
B
�
C
�
D
Âsr
A
Æ'È

C
>%Âs��È¨ÂÌÐ�Ð�Â�>��?>?�
ÎqÆ��uÄGÊ�~uÇÏÆ'��Èj~uÇN>�<'Ä�Æ'È�>�ù��?<'ÄÍÇxÈ�>'ÃTÄ

D(σ)
ÿ

Ð�ÂsÃTÄ�Ã��[Æ�Çx��È�Æ'ÄxÉËÊB<ÌÆ�Çx��È±Æ'ÄÍ�[Æ
3 |D(σ)| (∇hφ)σ = (φ(xL) − φ(xK)) |σ|nσ,K

ìSðJáæèu. í
+ (φ(A) − φ(C))mA + (φ(B) − φ(D))mB ,

Æ'È�Ð-ÊuÄ�Æ'ÇxÎxÎqÆ@¿Æ'��È[Ð�ÂsÃ�Ä�Ã��[Æ�Çx��È±Æ'ÄÒÉËÊB<ÌÆ�ÊuÃ��'ÂsÄ¹~D�
σ ∈ δK

Æ'�y<?�-Êu�B��ÆdÊu��È
xL

Æ'�
yσ

�
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B�Cf§¨CÏe ×Øª�Ù
O�UÚW�UÚghMPO
W�]�SV²QÛW�]9^�ZÜM-S[Q
�^ÔhÚ7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ômè : Ø]Ñ φ ∈ P 1(M)

Ò�6.8]ÑIÞ7Ì
(∇hφ)σ = 0

ßfÝ�Õ78�ÕJÔ7Ì�ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì
σ ∈ δK

Ú7Ì
Ø]Ý�Ó�Ó�Ì.Ð9Ø

A
ÌÐ
B : ÍÏÎ�àFÝ	8]Ó�Õ7ÍNÎ¬Ð9ÑIÝ�Ôyì ðJáæèu� í Î	Ø]Ø¹Õ78]Ì î Õ7Ì : ÍNÌ.Ø�Ò�Ì.Û.Ð]Ì/Õ78¹Ø nσ,K

Ì.Ð
mσ,K

6.Ð9Î	Ô�Ð
ÑNÔ7ÚJ6/ßfÌ/Ô7Ú�Î¬Ô�Ð]Ø�ä

¹ Ø¹Ñ σ = K|L
Ý	Ô�Î

φ(xK) = φ(xL)
ÌÐ
φ(A) = φ(B) :¹ Ø¹Ñ σ Ì.Ø¹ÐwÕ7Ô7Ì�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì�Î	ÕhÙWÝ	8]ÚmÝ�ÔmÎ φ(xK) = φ(yσ)

ÌÐ
φ(A) = φ(B)

á
µ ÔhÌ.Ô�Ú76.Ú7Õ7Ñ¡Ð�ÍNÎ�ÛºÎ	8]Î	Û.Ð]6/8¹ÑNØ9ÎDÐ9ÑNÝ	Ô'Ú7Ì/Ø)àFÝ�Ô7ÛÐ9ÑNÝ	Ô7Ø�Ú7Ì�Ö�89Î¬Ú7ÑNÌ.Ô�Ð)ÚJÑNØ]Û.8]ÌÐ�6.Ö�Î	ÍÜKÅbhä

m X�¦�«�¦f£ºc V cd¦ U }{öqÁ{ödø�ö�� ÂsÇxÈ
M

Ã���@�ÊuÇxÎxÎzÊ���Æ�v�v���ÝÞÆ'��~uÇA@¿Æ'�J>'ÇÏÂs�ßpB�
� Ç
φ ∈ P 1(M) G �'ÄÍÇ �¨Æ ∇hφ = 0

ÊuÎqÂsÄ9>�ÇxÎhÆ¹ü1ÇN>'È±Æ=~�Æ'Ã¬ü�<ÌÂs�J>'ÈÏÊu��È±Æ?>
C1, C2 ∈ R

È�Æ'ÎxÎqÆ?>
ú�ÃàÆ�ÿ

∀ K ∈ C , ∀ σ ∈ δS : φ(xK) = C1 = φ(yσ)
ìSðrá ê b í

∀ A ∈ V : φ(A) = C2 .

b Z�c{"E"FZ7e�Pr£�®�c UWV P�X�YHZ�[�PB£ V XDcdZ U efR�"FZ�cFX�Pr£
·|Ì�8]6.Ø]Õ7Í¡Ð?Î¬Ð�ß78¹6/Û/6.Ú7Ì/Ô�Ð�Ø.ïu6Ð9Ì/ÔJÚ�Î	Õ�Û/Î	ØnÚJÌQÓ�Î	ÑNÍIÍÏÎ	Ö�Ì�Ì/Ô�ÚJÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô ê Ú7Ý	Ô�ÐwÐ9Ý	ÕJÐ9Ì.ØnÍNÌ.Ø

ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/Ø)Ø]Ý	Ô�ÐwÚ7Ì�Ö�6.Ý�Ó�6.Ð98¹ÑNÌnÐ]8]ÑNÎ	Ô7Ö�Õ7ÍNÎ	ÑN8¹Ì	á
m X�¦�«�¦f£ºc V cd¦ U }{ö`ÁÜöI÷{öa� ÂsÇxÈ

M
ÃT��@�ÊuÇxÎxÎzÊ���Æáv�v���ÝâÆ'�Ã~uÇA@¿Æ'�J>'ÇÏÂs�ãn5~�Âs��ÈLÈ�ÂsÃ�È�Æ?>äÎqÆ?>

Çx��È�Æ'ÄxÉËÊB<ÌÆ?>C>%Âs��È
ÈEÄÍÇEÊu�B�uÃTÎzÊuÇxÄ�Æ?>/�
� Ç
φ ∈ P 1(M) G �'ÄÍÇ �¨Æ ∇hφ = 0

ÊuÎqÂsÄ9>�ÇxÎhÆ¹ü1ÇN>'È±Æ=~�Æ'Ã¬ü�<ÌÂs�J>'ÈÏÊu��È±Æ?>
C1, C2 ∈ R

È�Æ'ÎxÎqÆ?>
ú�ÃàÆ�ÿ

∀ K ∈ C , ∀ σ ∈ δS : φ(xK) = C1 = φ(yσ)
ìSðrá ê ç í

∀ A ∈ V : φ(A) = C2 .v��@¿Âs�J>'ÈEÄdÊuÈEÇÏÂs�f�wvrÝ�ÑIÐ
σ = K|L

ÕJÔ7Ì�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì�ÑIÔ�Ð]Ì/8¹Ô7Ì	á µ Ô�Û.Ý�Ô7Ø]ÑIÚP0/8¹Ì : ÎºÒ	Ì/ÛEÍNÌ.ØCÓ�\/Ó�Ì/ØÛ/Ý�Ô�Ò	Ì/Ô�Ð9ÑIÝ�Ô7Ø�Ú{ï_6/Û.8]ÑIÐ]Õ78]Ì : ÍNÌ.ØCØ]Ý	Ó�Ó�Ì.Ð]Ø A : B : C Ú7Ì
σ
ÌÐ�ÍNÌ/Ø�Ò�Ì/ÛÐ9Ì.Õ78]Ø�Î	Ø¹Ø]ÝBÛ/ÑN6.Ø

mA : mBÌ.Ð
mC

ÑIÍNÍIÕ7Ø¹Ð]8]6/Ø^ß�Î¬8sÍNÎ�Þ�Ö	Õ78]Ì ðJá¸� á7âjÌ.ØsÒ	Ì/Û.Ð]Ì/Õ78¹Ø�Ø]Ý�Ô�ÐjÚ�Î	Ô7ØªÍNÌwß7ÍÏÎ¬Ô"Ý�8ëÐ9é7Ý�Ö	Ý�Ô�Î	Í�K
(xKxL)Ì.Ð)Ø¹Ý�Ô�Ð�ÚJÝ�Ô7Û�Ì/ÔmØ]Ý�Ó�Ó�Ì�Ú7ÑN8¹Ì/Û.Ð]Ì�Î�Ò	Ì/Û�ÍÏÎ�Ô7Ý	8]Ó�Î	ÍNÌ

nσ,K

KEÍ�ï_ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì
σ
á

�MÎ	8�Û/Ý	Ô7Ø]6 î ÕJÌ/Ô�ÐEØ]Ñ φ ∈ P 1(M)
Ò�6.8]Ñ¡Þ�Ì

(∇hφ)σ = 0 : ÍÏÎ�àFÝ�8¹Ó�Õ7ÍNÎ¬Ð9ÑIÝ�Ô5ì ðJáæè1 í Î¬Ø]Ø]ÕJ8]Ì
î Õ7Ì=ä
φ(xL) − φ(xK) = 0

(φ(B) − φ(C)) |TA|mA + (φ(C) − φ(A)) |TB|mB + (φ(A) − φ(B)) |TC |mC = 0 .�LÝ�ÕJ8nÛ/Ý	Ô7Û/ÍIÕ78]ÌQK�ì ðrá ê ç í ÑIÍ|àdÎ¬ÕJÐnÓ�Ý�Ô�Ð98¹Ì/8 î ÕJÌ�ÍNÌ.ØwÒ	Ì/Û.Ð]Ì/Õ78¹Ø mA : mB

Ì.Ð
mC

àFÝ�8]Ó�Ì/Ô�Ð�Õ7Ô
ØG$BØ¹Ðd0/Ó�Ì�Ú7Ì�89Î	Ô7Ö"èrá

�LÝ�Õ78)Û.Ì/ÍÏÎEÝ�ÔhÑIÔ�Ð]8]ÝBÚ7Õ7Ñ¡Ð�ÍNÌ.Ø)Ð]8]Ý�ÑIØjÒ�Ì.Û.Ð]Ì/Õ78¹ØQä
nA =

∫

∂P (A)∩D(σ)

n∂P (A) ds = |TC |mC − |TB|mB

nB =

∫

∂P (B)∩D(σ)

n∂P (B) ds = |TA|mA − |TC |mC

nC =

∫

∂P (C)∩D(σ)

n∂P (C) ds = |TB|mB − |TA|mA .
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âjÝ�Ó�Ó�ÌCØ¹Õ78)ÍNÌ�ÙfÝ�8]ÚmÚ{ï_Õ7Ô�ßfÝ�Íz$10/ÚJ8]Ì
S
Ý�ÔmÎ ∫

∂S
n∂S ds = 0 : nA

ßfÌ/ÕJÐwØ/ï_6/Û.8]ÑI8]Ì�Û/Ý�Ó�Ó�Ì�ä

nA =

∫

BxKC∪BxLC

nD(σ) ds ∈ (BC)⊥ ,

Ì.ÐwÚ7Ì�Ó�\.Ó�Ì : nB ∈ (CA)⊥
Ì.Ð

nC ∈ (AB)⊥
á

��ïæÎ	ßJ8d0/ØwÛ/Ì î Õ7ÑÜß78¹6/ÛË0/Ú7Ì�Ý�ÔmÎ=ÚJÝ�Ô7Û=ä

nA ∈ (BC)⊥ ∩ (xKxL)⊥ = ((BC) ⊕ (xKxL))⊥

nB ∈ (CA)⊥ ∩ (xKxL)⊥ = ((CA) ⊕ (xKxL))⊥

nC ∈ (AB)⊥ ∩ (xKxL)⊥ = ((AB) ⊕ (xKxL))⊥ ,

ß�Î	8�Û/Ý�Ô7Ø¹6 î Õ7Ì.Ô�Ð {nA,nB,nC}
Ì/Ø¹Ð�Ú7Ì�8]Î	Ô7Ö�è�Ì×JÎ	ÛÐ9Ì/Ó�Ì/Ô�Ð : Ì.Ð"Ú7Ý�Ô7Û mA : mB

Ì.Ð
mC6/Ö�Î	ÍIÌ/Ó�Ì/Ô�ÐÜ`7Û.Ì î ÕJÑ|Î	Û?éP0.Ò	ÌQÍNÎ�ß78]Ì.ÕJÒ�Ì�Ú7Ì�ÍÏÎ�ß78¹Ý�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô�á

b Z7c{"E"dZJefPB£�®�c UfV P�XDY�Z�[�PB£�z�R�Z�§|X�Z U eWR8"FZ�cdX�PB£
�nÎ	Ô7Ø�Û/ÌhÛºÎ	Ø=ÍIÌ'8]6/Ø¹Õ7ÍIÐ9Î¬Ð ðrá!årá¡ç Ú7ÌmÍÏÎ�Ú7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô¿è�Ô�ïuÌ.Ø¹Ð�ß7ÍNÕJØ=ÒB8]Î	Ñ�áhæwÔ7Ì'àFÝ�Ô7ÛÐ9ÑNÝ	Ô

Ò�Ý�ÍIÕ7Ó�Ì.ØsÞ�ÔJÑNØjÚJ6/8]Ñ¡Ò¬Î	Ù7ÍNÌ
φ ∈ P 1(M)

Ú7Ý	Ô�Ð%ÍNÌwÖ�89Î	ÚJÑNÌ/Ô�ÐjÚ7ÑNØ¹Û/8]ÌÐ%Ì.Ø¹Ð�Ô�Õ7Ífß78]Ì.Ô7Ú'Õ7Ô7Ì�Ò	Î¬ÍNÌ/ÕJ8
Û/Ý�Ô7ØëÐ?Î	Ô�Ð]Ì%Ø]Õ78MÍNÌ/ØLÛ/Ì.Ô�Ð]8]Ì.ØªÚJÌ/ØaÛ.Ì/ÍNÍIÕ7ÍNÌ.ØLßJ8]ÑNÓ�Î	ÍIÌ/Ø�Ì.ÐaÚJÌ/Ø�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì/ØMÎ	ÕEÙfÝ�8]Ú�Ó�Î	ÑIØLÔ7Ìjß78]Ì.Ô7Ú
ß7ÍNÕ7Ø�ÕJÔ7Ì�Ò	Î¬ÍNÌ/ÕJ8�Û/Ý�Ô7ØëÐ?Î	Ô�Ð]Ì�Ø¹Õ78)ÍNÌ/Ø�Ø¹Ý�Ó�Ó�ÌÐ9Ø/á

��8¹6/Û/ÑIØ]6.Ó�Ì.Ô�ÐwÍSïuÌ.Ô7Ø]Ì.Ó�Ù7ÍNÌ
V
ÚJÌ/Ø)Ø]Ý�Ó�Ó�Ì.Ð9ØjÚ7ÕhÓ"Î	ÑIÍNÍNÎ	Ö�Ì

M
ßWÌ.ÕJÐ)\.Ð]8]Ì�Ø]Û.ÑNÔ7ÚJ6�Ì/ÔhÚ7Ì/ÕB×

Ø]Ý�Õ7Ø)Ì.Ô7Ø]Ì.Ó�Ù7ÍNÌ.Ø�ÚJÑNØ¹Ð]ÑNÔ7ÛÐ9Ø
V1 : ÌÐ V2 :

V = V1 ∪ V2 ,

Ú7Ì�ÍÏÎ�Ó�Î	Ô7Ñq0.8]Ì�Ø¹Õ7ÑIÒ¬Î	Ô�Ð9ÌEä
¹ ÞJ×JÎ	Ô�Ð�Õ7Ô�Ø]Ý�Ó�Ó�ÌÐ A ∈ V : Ý�Ô�Ú76.Þ7Ô7ÑIÐ V1

Û/Ý�Ó�Ó�ÌQÍ�ï_Ì/Ô7Ø¹Ì/Ó�Ù7ÍIÌEÚ7Ì/Ø�Ø¹Ý�Ó�Ó�ÌÐ9Ø�Ú�Î	ÔJØ
V î Õ7ÑwßWÌ.ÕJÒ�Ì.Ô�Ðh\.Ð98¹Ì�8¹Ì/ÍNÑI6/Ø�K A ß�Î	8�Õ7Ô7Ì�Ø]Õ7Ñ¡Ð9ÌmÚ7Ì�Ø¹Ì/Ö�Ó�Ì/Ô�Ð9Ø î Õ7ÑnØ¹Ý�Ô�Ð"Ð9Ý	Õ7Ø�ÚJÌ/ØÚ7ÑÏÎ¬Ö�Ý�Ô�Î	ÍIÌ/Ø%Ú�ïuÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì

σ ∈ S
ìFÒ	Ý�ÑN8%Þ7Ö�Õ78]Ì ðJá¸ í :¹ V2

Ì.Ø¹Ð�Î	ÍNÝ	8]Ø%Ú76Þ�Ô7Ñ|ß�Î	8
V2 = V − V1

á
�nÌ/Õr×mÛ/Î	Ø)Ú7Ì�Þ�Ö�Õ78¹Ì�ßWÌ.ÕJÒ�Ì.Ô�ÐnÎ	ÍIÝ�8]Ø�Ø¹Ì�ßJ8]ÝBÚ7Õ7ÑN8¹ÌEä
ç�á

V2 6= ∅ : Î	ÍIÝ�8]Ø�Ø¹Ñ B Ì.Ø¹ÐEÕJÔ©ßWÝ	ÑNÔ�Ð î Õ7Ì.ÍNÛ.Ý�Ô î Õ7Ì�Ú7Ì V2 : V2

Ì/Ø¹Ð�Ì×JÎ	Û.Ð]Ì/Ó�Ì/Ô�ÐE6.Ö�Î	ÍsK
Í�ï_Ì/Ô7Ø¹Ì/Ó�ÙJÍNÌmÚ7Ì/Ø�Ø¹Ý�Ó�Ó�ÌÐ9Ø�Ú7Ì

V î Õ7Ñ�ßWÌ.ÕJÒ�Ì.Ô�Ð�\.Ð98¹Ì�8]Ì.ÍNÑI6/Ø�K B ß�Î¬8�Õ7ÔJÌ�Ø]Õ7Ñ¡Ð9Ì�Ú7Ì
Ø]Ì.Ö�Ó�Ì.Ô�Ð9Ø î Õ7ÑÜØ]Ý�Ô�ÐwÐ9Ý�ÕJØ�Ú7Ì/ØwÚ7ÑÏÎ¬Ö�Ý�Ô�Î	ÍIÌ/Ø%Ú�ïuÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì σ ∈ S

á#�CÎ	Ô7Ø)Û/Ì�Û/Î	Ø
V1

Ì.Ð
V2Ý�Ô�Ð)ÍNÌ�Ó�\/Ó�Ì�Ô7Ý�Ó�ÙJ8]Ì�Ú7Ì�Ø]Ý�Ó�Ó�Ì.Ð9Ø.á

âjÌ=ÛºÎ	Ø�Ø]Ì�ß78¹6/Ø]Ì.Ô�Ð9Ì"Ì.Ô�ß7Î	8¹Ð]ÑNÛ/ÕJÍNÑNÌ.8nÚP0.Ø î Õ7Ì M
Ì/Ø¹Ð�ÍIÌEÓ"Î	ÑIÍNÍNÎ	Ö�Ì�Ú{ïuÕJÔyÚ7Ý�Ó�Î	ÑIÔ7Ì

ΩØ]ÑIÓ�ß7ÍIÌ/Ó�Ì/Ô�Ð�Û.Ý�Ô7Ô7Ì�×JÌ¬á
èrá

V2 = ∅ : Û.Ì"ÛºÎ¬Ø�ßWÌ.ÕJÐ�Ø¹Ì�ß78¹6/Ø]Ì.Ô�Ð9Ì/8mìF6.Ò	Ì/Ô�Ð9Õ7Ì.ÍNÍIÌ/Ó�Ì/Ô�Ð í ßfÝ�Õ78�Ú7Ì/ØQÓ"Î	ÑIÍNÍNÎ	Ö�Ì/Ø M Ú7Ì
Ú7Ý�Ó�Î	ÑNÔJÌ/Ø

Ω
Ô7Ý�ÔmØ]ÑNÓ�ß7ÍIÌ/Ó�Ì/Ô�Ð�Û/Ý	Ô7Ô7Ì×rÌ.Ø/á

�CÎ	Ô7Ø)Û.Ì�Û/Î	Ø)ÍÏÎEß78¹Ý�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô ðJá!åBá è Ø]ÕJ8wÍIÌ�Ô7Ý%$�Î	Õ�Ú7Ì
∇h

Ø/ïuÎ	ß7ß7ÍIÑ î Õ7Ì¬áµ ÔmØ]Ì�ß7ÍNÎ	Û/Ì.89ÎEß�Î	8�ÍNÎ=Ø¹Õ7ÑIÐ]Ì�Ú�Î	Ô7Ø)ÍIÌ�ÛºÎ	Ø�ç�á
m X�¦�«�¦f£ºc V cd¦ U }{öqÁ{ö`_{öa� ÂsÇxÈ

M
Ã���@�ÊuÇxÎxÎzÊ���Æ)v�v��LÝçÆ'�°~uÇA@¿Æ'�J>'ÇÏÂs�+n¿~�Âs��ÈLÈ±ÂsÃ�È�Æ?>äÎqÆ?>

Çx��È�Æ'ÄxÉËÊB<ÌÆ?>C>%Âs��Èsú�Ã-Ê�~uÄdÊu�B�uÃ�ÎzÊuÇxÄ�Æ?>/�



ç ê ã �Rl ���
	����� k���� ��	�������������»�» �no

B ∈ V2 A ∈ V1

³s´Aµ�¶7ðJá¸ ¹ vr6.ß�Î	89ÎDÐ9ÑNÝ	Ô�Ú7ÌCÍSïuÌ.Ô7Ø]Ì.Ó�Ù7ÍNÌ V Ú7Ì/Ø�Ø¹Ý�Ó�Ó�ÌÐ9ØjÌ.ÔhÚ7Ì/Õr×"Ø]Ý	Õ7Ø�Ì/Ô7Ø¹Ì/Ó�ÙJÍNÌ/Ø
V1 : V2

ä
ÍNÌ.Ø�ßWÝ�ÑIÔ�Ð9Ø�8]Ì.ÍNÑI6/Ø�ß�Î	8�ÚJÌ/ØwÍNÑNÖ	Ô7Ì/Ø%ßfÝ�ÑIÔ�Ð]ÑNÍIÍN6/Ì.ØsÞ�Ö	Õ78]Ì.Ô�Ð�ÍNÌ.Ø�Ø]Ý�Ó�Ó�Ì.Ð9Ø�Ú7Î	Ô7Ø

V1

� Ç
φ ∈ P 1(M) G �'Ä'Ç �¨Æ ∇hφ = 0

ÊuÎqÂsÄ9>�ÇxÎ�Æ¹ü1ÇN>'È±Æ¥ÈEÄ�ÂsÇN>�<ÌÂs�J>'ÈÏÊu��È�Æ?>
C1
�
C2

Æ'È
C3

È±Æ'ÎxÎqÆ?>
ú�ÃàÆ�ÿ

∀ K ∈ C , ∀ σ ∈ δS : φ(xK) = C1 = φ(yσ) ,
ìSðrá ê è í

∀ A ∈ V1 : φ(A) = C2

Æ'È
∀ A ∈ V2 : φ(A) = C3 .

v��@¿Âs�J>'ÈEÄdÊuÈEÇÏÂs�f�wvrÝ�ÑIÐ
σ ∈ S

Õ7ÔJÌmÑIÔ�Ð9Ì/8ëàdÎ	Û.Ì'Ú7Õ5Ó"Î	ÑIÍNÍNÎ	Ö�Ì=Ú7ÌhØ]Ý�Ó�Ó�Ì.Ð9Ø
A : B : C Ì.Ð

DÎºÒ�Ì/Û
A
Ì.Ð
C
Ý�ß7ßfÝ�Ø¹6/Ø/á8�CÎ¬Ô7Ø�ÍNÎ�àFÝ�8]Ó�ÕJÍÏÎ¬Ð]ÑNÝ�Ô5ì ðJá èc. í Ú7Õ�Ö	89Î	Ú7ÑIÌ/Ô�Ð�Ú7ÑNØ¹Û/8¹Ì.Ð�Ø]Õ78�ÍÏÎ'Û.Ì/ÍNÍIÕ7ÍNÌ

Ú7ÑÏÎ¬Ó"Î	Ô�Ð
D(σ) : ÑNÍWÌ/ØëÐ�àdÎ	Û.ÑNÍIÌCÚ7Ì�Ò�Ý�ÑI8 î Õ7Ì�ÍNÌ/Ø�Ò	Ì/Û.Ð]Ì/Õ78¹Ø mA

Ì.Ð
mB

Ò	6/8¹ÑIÞ�Ì.Ô�Ð�ä

mA ∈ (DB)⊥ ∩ (xKxL)⊥ = ((DB) ⊕ (xKxL))⊥ ,

mB ∈ (AC)⊥ ∩ (xKxL)⊥ = ((AC) ⊕ (xKxL))⊥ ,

Ú7Ì�Ø]Ý	8¹Ð9Ì î Õ{ï_ÑNÍIØaÌ/ÔJÖ�Ì/Ô7ÚJ8]Ì/Ô�ÐsÍNÌ%ßJÍÏÎ	ÔEßfÌ/8¹ßWÌ.Ô7Ú7ÑNÛ.Õ7ÍÏÎ¬ÑN8]Ì%K (xKxL)
Ì.Ð^Ø¹Ý�Ô�ÐsÌ.Ô=Ø]Ý�Ó�Ó�ÌjÚ7ÑN8¹Ì/Û.Ð]Ì

ÎºÒ�Ì/Û
nσ,K

á
�MÎ	8)Û/Ý	Ô7Ø]6 î ÕJÌ/Ô�ÐCØ¹Ñ φ ∈ P 1(M)

Ò	6/8]Ñ¡Þ�Ì
(∇hφ)σ = 0 : Î	ÍIÝ�8]Ø�Ý	Ô�Îhä

φ(A) = φ(C)
Ì.Ð

φ(B) = φ(D) ,

Û/Ì î Õ7ÑÜß78¹Ý�ÕJÒ�Ì�ÍÏÎ�ßJ8]Ý�ßfÝ�Ø]Ñ¡Ð9ÑIÝ�Ô ðJá¸årá ê á



è éëêíìïî#ð�ñ�ò ó

ô ìëìïõVîVö¼ê}ðßîN÷çø ù õVê ñ�ú�û)÷âõVüÚð�îN÷âø ý þuÿ � �
ò�õVõVîNì´ðßî�� ü òÞû

µ Ô�6.Ð]Õ7Ú7ÑNÌ=ÑIÛ/Ñ�Í�ï_ÕJÐ]ÑNÍNÑIØ9Î¬Ð]ÑNÝ�ÔmÚ7Ì.Ø�Ý�ßf6/8]Î¬Ð9Ì.Õ78]Ø�Ö�8]Î	Ú7ÑNÌ.Ô�Ð�Ì.Ð�Ú7ÑIÒ	Ì/8¹Ö�Ì/Ô7Û.Ì"Ú7ÑIØ]Û.8]Ì.Ð�ßfÝ�Õ78�ÍÏÎ
8]6/Ø¹Ý�ÍNÕrÐ9ÑNÝ	Ô'Ú7Ì�ß78]Ý�ÙJÍq0/Ó�Ì/Ø�Ì.ÍNÍIÑNßJÐ]Ñ î Õ7Ì/Ønä

¹ Ú�Î	Ô7Ø)Õ7Ômß78¹Ì/Ó�ÑNÌ/8sÐ9Ì/Ó�ß7ØwKEÍ�ï_6 î Õ�Î¬Ð]ÑNÝ�ÔhÚ7Ì���Ý�ÑNØ¹Ø]Ý�Ô :

div
(
G̃∇φ

)
= f ,

ìE.JáIç í

ßWÝ	Õ78CÕ7Ô�Ð9Ì.Ô7Ø]Ì.Õ78
G̃
*�Ú7Ì�Û.Ý�Ô7Ú7Õ7ÛÐ9Ñ¡ÒrÑ¡Ð96�q�Û.Ý�Ô�Ð9ÑNÔ�Õ�Ì.ÐCßWÝ�ÕJ8�Õ7Ô7ÌEÛ/Ý	Ô7Ú7ÑIÐ]ÑNÝ�Ô�ÍNÑNÓ�ÑIÐ]Ì�Ú7Ì

Ð±$BßWÌ���Ì.Õ7Ó�Î	Ô7Ô��u��ÑN8]ÑIÛ?é7ÍNÌÐ�Ó�Ñ¡×BÐ9Ì¬á
·�ïuÕJÐ]ÑNÍIÑNØ9ÎDÐ9ÑNÝ	Ô�Ú7Õ©Ø]Û?éJ6/Ó�ÎÓ������¤+ßWÝ	Õ78QÛ.Ì�Ð±$BßWÌ"Ú7Ì"ß78¹Ý�Ù7Í`0/Ó�Ì"ÎmÚ76�t]Î�6Ð96�6.Ð9ÕJÚ7ÑN6.Ì
Ì/ÔhÚ7ÑIÓ�Ì.Ô7Ø]ÑIÝ�ÔhèQß�Î	8%¸�Ì/8¹Ó�Ì.ÍNÑIÔ7Ì�j �Jç k î ÕJÑ|Î�6.Ð?Î¬Ù7ÍNÑWÔBÕJÓ�6.8]Ñ î Õ7Ì.Ó�Ì.Ô�Ð�ÍÏÎ�Û.Ý�Ô�Ò�Ì/8¹Ö�Ì/ÔJÛ/ÌÚ7ÕhØ]Û?é76.Ó"Î=Ø]ÕJ8wÚJÌ/Ø)Ó"Î¬ÑNÍNÍNÎ	Ö�Ì.ØªÚJ6.àFÝ�8¹Ó�6.Ø/áà�nÝ�Ó�Ì/ÍIÌ.Ò	Ý�ÌÐ µ Ó�ÔP0.Ø�j ê ð k Ý�Ô�Ð)ß78¹Ý�ÕJÒ�6�ÍÏÎ
Û/Ý�Ô�Ò	Ì/8]Ö	Ì/Ô7Û.Ì�Ú7ÌEÍNÎ�Ó�6Ð9é7ÝBÚ7Ì�Ú7Î	Ô7Ø�ÍNÌ�Û/Î	Ø�Ú{ï_Õ7Ô�Ð9Ì.Ô7Ø]Ì.Õ78�Ú7Ì=Û/Ý�Ô7ÚJÕ7Û.Ð]ÑIÒBÑIÐ]6�ÑNØ¹Ý	Ð98¹Ý�ßWÌ
Ì.Ð)ßfÝ�Õ78)Õ7Ô7Ì�Û.Ý�Ô7Ú7Ñ¡Ð9ÑNÝ	Ô'ÍNÑNÓ�ÑIÐ]Ì���ÑN8]ÑIÛ?é7ÍNÌÐ)é7Ý�Ó�Ý�Ö10.Ô7Ì	á

¹ Ú�Î	Ô7Ø�ÕJÔ�Ø¹Ì/Û.Ý�Ô7Ú�Ð9Ì/Ó�ß7Ø�K�ÍSïu6 î Õ7Î¬Ð9ÑIÝ�Ô�Ú7ÌÅ�LÝ	ÑNØ]Ø¹Ý�Ô�ßWÝ	Õ78�Õ7Ô�Ð9Ì.Ô7Ø]Ì.Õ78 G̃ ß78¹6/Ø]Ì.Ô�Ð?Î	Ô�Ð
Õ7Ô7Ì�Ú7ÑNØ¹Û/Ý�Ô�Ð9ÑIÔ�Õ7ÑIÐ]6�Ú�Î¬Ô7ØnÍIÌ�Ú7Ý	Ó"Î	ÑIÔ7Ì�ìdß78¹Ý�Ù7Í`0/Ó�Ì�ÚJÌQÐ98]Î	Ô7Ø]Ó�ÑNØ¹Ø]ÑIÝ�Ôá*�Ø¹Ð9Î	Ô7Ú�Î	8¹Úrq í áWâjÌ
ß78]Ý	Ù7Íq0.Ó�ÌªÎn6.Ö�Î	ÍNÌ.Ó�Ì.Ô�ÐM6Ð96j6Ð9Õ7ÚJÑN6jß7Î	8M¸wÌ/8¹Ó�Ì.ÍNÑNÔJÌ�j ��è k Ø]ÕJ8MÚ7Ì.ØaÓ"Î¬ÑNÍNÍNÎ	Ö�Ì.Ø{Ú76.àFÝ	8]Ó�6/Ø/á

·�ï_6.Ð]Õ7Ú7Ì�Ú7Ì�Û/Ì.ØCÚ7Ì/ÕB×�Û/Î	ØnÌ.Ø¹Ð�Ó�Ý	Ð9Ñ¡Ò�6.Ì�ß�Î¬8�ÍSïuÝ�Ù�t¹Ì/Û.Ð]ÑIàaÞ7Ô�Î	Í�Ú7ÌQ8¹6/Ø]Ý	ÍNÕJÐ]ÑNÝ�Ô�Ú7Õ�Ó�ÝrÚP0.ÍNÌ
Ù7ÑNÚ7Ý	Ó"Î	ÑIÔ7ÌEìFÚ7ÕmÛ/ÝBÌ/Õ78)Ø]Ì.Õ7ÍÜÝ�ÕmÚ7ÕmØG$BØ¹Ðd0/Ó�Ì�Û.ÝrÌ.Õ78��nÐ]é7Ý�89Î�×hÛ/Ý�ÕJß7ÍN6 í Î	ÕhÛ?é�Î	ßJÑIÐ98¹Ì ç%b á
·|Ìnß78]Ì.Ó�ÑIÌ/8%Û/Î	Ø�ÑNÔ�Ð9Ì.8¹ÒBÑNÌ.Ô�Ð�Ú�Î	Ô7Ø)ÍIÌnÓ�ÝrÚP0.ÍNÌCÙJÑNÚ7Ý�Ó�Î	ÑIÔ7Ì�ÚJÕmÛ.ÝrÌ.Õ78%Ø¹Ì/Õ7Í î Õ�Î	ÔJÚmÕJÔ7Ì�ß�Î	8ëÐ9ÑNÌÚ7Ì�Ø9Î=Ø]Õ78ëàdÎ	Û/Ì�Ì/ØëÐw8]Ì/ÍIÑN6.Ì�ß�Î	8�Õ7Ôm6/ÍIÌ/Û.Ð]8]ÝBÚ7Ì�KEÍÏÎ�Ó�Î	Ø]Ø¹Ì	á
·|Ì�Ø¹Ì/Û.Ý�Ô7Ú�ÛºÎ	ØÜÑIÔ�Ð]Ì/8ëÒrÑIÌ/Ô�Ð|Ú�Î	ÔJØÜÍÏÎj8¹6/Ø]Ý	ÍNÕJÐ]ÑNÝ�Ô�Ú7Õ�Ó�ÝrÚ-0/ÍNÌLÙ7ÑNÚJÝ�Ó"Î¬ÑNÔ7ÌLÛ/Ý�Õ7ßJÍN6aÛ.ÝrÌ.Õ78��nÐ9éJÝ�89ÎD× :Ý�Ô�Ó�Ý�Ô�Ð98]Ì.89Î�Î¬Õ�Û?é�Î	ß7Ñ¡Ð98¹Ì ç%b î Õ7ÌQÛ/Ì�Ó�ÝrÚ-0/ÍNÌ�ßfÌ/ÕJÐ�Ø¹Ì�8]6.6/Û.8]ÑN8¹ÌQØ¹Ý�Õ7Ø�ÍÏÎ=àFÝ�8]Ó�Ì�Ú{ïuÕJÔ�ß78]Ýc,Ù7Íq0.Ó�Ì�Ú7Ì�Ð]89Î	Ô7Ø¹Ó�ÑIØ]Ø¹ÑNÝ�Ô{á

��ïæÎ	ÕrÐ98]Ì.ØCÕJÐ]ÑNÍNÑIØ9Î¬Ð]ÑNÝ�ÔJØ�Ú7Ì/Ø�Ø]Û?é76.Ó"Î	Ø�������¤ Ø¹Ý�Ô�Ð�K�Ô7Ý	Ð9Ì.8/á � Ô7ÚJ8]Ì/ÍNÎ	Ô7Ý�ÒJÆ'È�ÊuÎ¡�Rj ã k Ý�Ô�Ð
6.Ð9ÕJÚ7ÑN6�ÍSïæÎ¬ß7ß7ÍNÑIÛºÎ¬Ð]ÑNÝ�ÔmÚ7Õ�Ø]Û?éJ6/Ó�Î�������¤ ßfÝ�Õ78CÚ7Ì.Ø�ß78]Ý�ÙJÍq0/Ó�Ì/ØnÌ/ÍNÍIÑNßJÐ]Ñ î Õ7Ì.ØnÔ7Ý�Ô�ÍIÑNÔ76/Î	ÑN8¹Ì/ØìdÚ7Õ�Ð±$BßfÌÅ·|Ì.89ÎÕ$�,�·ÜÑNÝ	Ô7Ø í Ì.Ð�Ý�Ô�Ð�Ì.Ô�ß�Î	8ëÐ9ÑNÛ.Õ7ÍNÑIÌ/8wÚ76/Ó�Ý�Ô�Ð98¹6�ÍÏÎ�Û/Ý�Ô�Ò�Ì.8]Ö�Ì.Ô7Û/Ì=Ú7ÌQÍÏÎ"Ø¹Ý�ÍNÕJÐ]ÑNÝ�Ô
Î	ß7ß78¹ÝrÛ?é76.ÌEÎ	ÑIÔ7Ø]Ñ î Õ7Ì�Ú7Ì�Ø¹Ý�Ô�Ö�8]Î	Ú7ÑIÌ/Ô�ÐCÚ7ÑIØ]Û.8]Ì.Ð�Ò�Ì.8]Ø�ÍÏÎ�Ø]Ý�ÍIÕJÐ9ÑIÝ�ÔmÌ×JÎ	Û.Ð]ÌEÌ.ÐnØ]Ý�Ô�Ö�8]Î	Ú7ÑIÌ/Ô�Ðºá�nÌ/ÍIÛ/Ý�Õ78ëÐ9Ì)Æ'ÈÑÊuÎ¡��Ý�Ô�Ðw6/Ö�Î	ÍNÌ.Ó�Ì.Ô�Ð�Î	ß7ß7ÍIÑ î Õ76�Û/ÌÐ]Ð]Ì�Ó�6.Ð]é7ÝrÚJÌ�K=ÍSïu6 î Õ�Î¬Ð9ÑIÝ�Ô'Ú7ÌQvBÐ9Ý
		Ì/Ø.á

ç ê å



ç ê � �Rl ���
	������� � �6��Nº���7¨�8	'º��í»�� �
»��+�
���V	����8	�Å78�²�
�"!�� ��Ä��á?)* , #1#3254 =�ÅaA�Ë -�¡±?���Ah,�Ç|ÈÅ�Æ É'&���Å�È.(|(|Å�Æ

µ Ô¯Û/Ý�ÔJØ¹Ð98¹Õ7ÑIÐ�ÑNÛ.Ñ)Õ7Ô¾Ø¹Û?é76/Ó�ÎyÚ7Ì�8]6/Ø¹Ý�ÍNÕrÐ9ÑNÝ	Ô¯Ô�Õ7Ó�6/8¹Ñ î Õ7ÌmÚ7Ì�ÍSïu6 î Õ7Î¬Ð9ÑIÝ�Ô¯ÚJÌÓ�LÝ	ÑNØ]Ø¹Ý�Ôì .Já¡ç í KEß�Î	8ëÐ9ÑI8%Ú7Ì/ØwÝ�ßf6/8]Î¬Ð9Ì.Õ78]Ø)Ö�8]Î	Ú7ÑNÌ.Ô�Ð)Ì.Ð)Ú7Ñ¡Ò�Ì/8¹Ö�Ì/ÔJÛ/Ì�Ú7ÑNØ¹Û/8]ÌÐwÚ76.Þ�ÔJÑNØ)Ì/Ô ðJá ê á è ÌÐ ðrá ê á ê á
µ Ô�Û/Ý�ÔJØ]ÑNÚ-0/8]Ì�ì .Já¡ç í Ø]ÕJ8nÕ7Ô�Ú7Ý�Ó�Î	ÑNÔ7Ì�ÙfÝ�8]ÔJ6�ÌÐnÛ.Ý�Ô7Ô7Ì�×JÌ

Ω ⊂ Rd : d = 2, 3
Ú7Ì�àFÝ�8]Ó�Ì

ßWÝ	Í`$BÖ�Ý�Ô�Î¬ÍNÌ�Ý�Õ�ßWÝ�Íz$�6.Ú789Î	ÍIÌ^Ø]Ì/ÍIÝ�Ô�ÍNÎwÚ7ÑIÓ�Ì.Ô7Ø]ÑIÝ�Ô{á µ ÔQ8¹Ì/Û?é7Ì.8]Û?é7Ì�ÕJÔ7ÌjØ¹Ý�ÍNÕJÐ]ÑNÝ�Ô
φ
Ø9Î¬Ð]ÑNØëàdÎ	ÑNØ]Î	Ô�Ð

Õ7Ô7Ì'Û.Ý�Ô7Ú7Ñ¡Ð9ÑNÝ	Ô©ÍNÑIÓ�Ñ¡Ð9Ì=Ó�Ñ ×BÐ9Ì��wÌ/Õ7Ó�Î	Ô7Ô��u�nÑN8¹ÑNÛ?é7ÍIÌ.ÐQé7Ý�Ó�Ý�Ö10/ÔJÌ�äaÝ�Ô�Û.Ý�Ô7Ø]ÑIÚP0/8¹Ì'Õ7Ô7Ì'Ø¹Ý�Õ7Ø
ß�Î	8ëÐ9ÑNÌ�Ú7Õ�ÙfÝ�8]Ú

Γ0 ⊂ ∂Ω
Ú7ÌQÓ�Ì/Ø¹Õ78]Ì�Ì.Ô�Ú7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô

d − 1
Ô7Ý	Ô�Ô�Õ7ÍNÍIÌ ¹ Ú7Ñ¡Ð9Ì�ß�Î	8¹Ð]ÑNÌ�K"ÍÏÎÓ"Î¬Ø]Ø]Ì ¹ Ø]ÕJ8wÍNÎ î Õ7Ì/ÍIÍNÌ�ä

φ|Γ0
= 0

Ø]ÕJ8
Γ0

ìE.Já è í
G̃∇φ · n∂Ω = 0

Ø]ÕJ8
∂Ω − Γ0 ,

ìE.Já ê�í
Û/Ì�ÛºÎ¬Ú78]Ì�Û/Ý	Ó�ß78¹Ì/Ô7Úm6.ÒBÑIÚ7Ì/Ó�Ó�Ì.Ô�Ð)ÍNÌ�ÛºÎ¬Ø���ÑN8]ÑIÛ?é7ÍNÌÐ�é7Ý�Ó�Ý�Ö10.Ô7Ì�ÍNÝ	8]Ø î Õ7Ì Γ0 = ∂Ω

á
·|Ì�Ð]Ì/Ô7Ø¹Ì/Õ78wÚ7Ì�Û/Ý�ÔJÚ7Õ7Û.Ð]ÑIÒBÑIÐ]6

G̃ :
G̃ : Ω 7→ R

d × R
d ,

Ì/ØëÐsÛ.Ý�Ô�Ð9ÑIÔBÕ=Ø¹Õ78
Ω
Ì.ÐªØ9$rÓ�6.Ð]8]Ñ î ÕJÌwÚJ6.Þ�Ô7Ñ�ßfÝ�Ø¹ÑIÐ9Ñ¡àfÌ/Ô=Û?é�Î î Õ7ÌwßWÝ	ÑNÔ�Ð^Ú7Ì Ω

á µ Ô=Ø]Õ7ß7ßfÝ�Ø¹Ì/89Î�Ú7Ì
ß7ÍNÕJØ î Õ7Ì G̃ Ì/ØëÐ%Õ7ÔJÑIàFÝ�8¹Ó�6.Ó�Ì.Ô�Ð^Ì.ÍNÍIÑNßJÐ]Ñ î Õ7Ìa`�Û.Ì î Õ7ÑWÎ	Ø¹Ø]Õ78¹Ì�ÍSïuÌ�×JÑIØ¹Ð]Ì/Ô7Û.ÌnÚ7ÌwØ]Ý�ÍIÕJÐ9ÑIÝ�Ô7ØaàdÎ	ÑIÙ7ÍNÌ.ØßWÝ	Õ78�ì .Já¡ç í ì .Já ê í ÍNÝ�8¹Ø î Õ7Ì f ∈ L2(Ω)

á
� Þ�ÔmÚ{ïuÎ	ß7ß78¹ÝrÛ?é7Ì.8�ÍIÌ/Ø)Ø]Ý	ÍNÕJÐ]ÑNÝ�Ô7Ø�ÚJÌ�ì .JáIç í ì .Já ê í Ý�ÔmØ]Ì�Ú7Ý�Ô7Ô7Ì�Õ7Ô�Ó"Î¬ÑNÍNÍNÎ	Ö�Ì�������¤

MÚ7ÕhÚ7Ý�Ó�Î	ÑNÔJÌ
Ω
á

��CGF
C9F � ]�^�ZÜM-K[Q-]�^�ORQ-]�ª
£W�UÚI�MPª���¬���«âS
b ¦Ü§�ô�"dcS£.Z V cF¦ U §�Pä"dZ�òyZ7£º£/P

Γ0µ ÔhØ¹Õ7ß7ßfÝ�Ø]Ì î Õ7Ì�ÍÏÎ�ß7Î	8¹Ð]ÑNÌ�Î	ÕhÙfÝ�8]Ú'ÚJÕmÚJÝ�Ó"Î¬ÑNÔ7Ì�8]Ì/ÍIÑN6.Ì�KEÍÏÎQÓ�Î	Ø]Ø¹Ì Γ0

Ì.Ø¹Ð)Û/Ý	Ó�ßfÝ�Ø]6.Ì
Ú7Ì�ÍÏÎ�8¹6/Õ7Ô7ÑIÝ�ÔhÚ{ï_ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØwÎ	ÕmÙWÝ�8¹Ú�ä

Γ0 =
⋃

σ∈δS, σ⊂Γ0

σ ,
ìE.Jáuã í

âjÝ�Ó�Ó�Ì"ÕJÔ7Ì�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì�Ì.Ø¹Ð�àFÌ.8]Ó�6/Ì : ÍNÌ.ØQØ]Ý	Ó�Ó�Ì.Ð]Ø�Ú7Ì/ØQÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/ØEK�ÍNÎ�Ó�Î	Ø]Ø¹Ì�Ø]Ì.8]Ý�Ô�ÐÎ	Õ7Ø¹Ø]ÑÜÛ/Ý	Ô7Ø]ÑIÚ76/8¹6/ØwÛ/Ý�Ó�Ó�Ìn8]Ì/ÍIÑN6.Ø)K=ÍNÎEÓ"Î	Ø¹Ø]Ì¬á
õ cS£º[�X�ô V cd£/Z V cF¦ U §LR V P U £/PBR�X�§�P�[�¦ U §�RL[ V cAñ|c V ô

µ Ô�àFÝ�8]Ó�Ì�K"ß7Î	8¹Ð]ÑN8wÚ7Õ�Ð9Ì.Ô7Ø]Ì.Õ78CÚ7Ì�Û.Ý�Ô7Ú7ÕJÛ.Ð9Ñ¡ÒBÑIÐ96
G̃
Ú7Î	Ô7ØCÍIÌQÛºÎ¬ØnÛ/Ý	Ô�Ð]ÑNÔ�Õ�Õ7Ô�Ð]Ì/Ô7Ø¹Ì/Õ78

Ú7Ì�Û/Ý�Ô7ÚJÕ7Û.Ð]ÑIÒBÑIÐ]6�Ú7ÑIØ]Û.8]Ì.Ð
G
Û/Ý�ÔJØ¹Ð?Î¬Ô�ÐnØ]Õ78�Û?é�Î	Û.Õ7Ô7Ì�Ú7Ì.ØnÛ.Ì/ÍNÍIÕ7ÍNÌ.Ø)Ú7ÑÏÎ	Ó�Î	Ô�Ð9Ø

D(σ) ∈ D
Ú7Õ

Ó"Î¬ÑNÍNÍNÎ	Ö�Ì
M

ä
G : x ∈ D(σ) 7→ G(σ) ∈ R

d × R
d .µ ÔmÚJ6.Þ�Ô7ÑI89Î

G
Ø¹Õ78

D(σ)
ß7Î	8�ÍÏÎ�Ò¬Î	ÍNÌ.Õ78�Ó�Ý2$	Ì/Ô7ÔJÌ�ÚJÌ

G̃
Ø¹Õ78

D(σ) :
G(σ) =

1

|D(σ)|

∫

D(σ)

G̃ dx ,

Ì/Ôhß�Î	8ëÐ9ÑIÛ/Õ7ÍIÑNÌ/8sÍNÌCÐ]Ì/Ô7Ø¹Ì/Õ78)Ú7ÑIØ]Û/8¹Ì.Ð
G
Ì.Ø¹ÐwØG$BÓ�6.Ð]8]Ñ î Õ7Ì�ÌÐwÚ76.Þ�ÔJÑÜßWÝ�Ø¹ÑIÐ]ÑIà|Ø]ÕJ8wÛ?é7Î î Õ7Ì�Û.Ì/ÍIÍNÕ7ÍIÌÚ7ÑÏÎ¬Ó"Î	Ô�Ð�ß7Î	8�é�$rßfÝ	Ð]éP0/Ø¹Ì�Ø¹Õ78

G̃
á
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õ cd£º[�X�ô V cd£/Z V cF¦ U §|PB£�[�¦ U §Lc V cF¦ U £y"dcSòyc V PB£
µ Ô�8]Ì.Û?é7Ì/8¹Û?é7Ì/8]ÎQÕ7Ô7ÌwÎ	ß7ßJ8]Ýº×rÑNÓ�Î¬Ð9ÑIÝ�Ô�Ú7ÌwÍÏÎCØ¹Ý�ÍNÕJÐ]ÑNÝ�ÔEÚJÌ�ì .JáIç í Ú�Î	Ô7Ø^Õ7Ô�Ø]Ý�ÕJØsÌ.Ø]ß�Î	Û.Ì�ÚJÌ

P 1(M)
Ú7Ý�Ô�ÐwÍNÌ.Ø�6/ÍI6/Ó�Ì/Ô�Ð9Ø�Ò�6.8]Ñ¡Þ�Ì/Ô�Ð�Î	ÕmØ]Ì/ÔJØ�Ú7ÑIØ]Û.8]Ì.Ð)ÍIÌ/Ø)Û/Ý	Ô7Ú7ÑIÐ]ÑNÝ�ÔJØ%ÍNÑIÓ�Ñ¡Ð9Ì/ØCì .Jáæè í ì .rá ê í á

õ ô�ó U c V cF¦ U"! ödø�ödø ìE��Ø]ß�Î	Û.Ì
P 1

Γ0
(M)

í ö�( �m<ÌÂs�J>'Çd~�~'ÄÌÆ¨ÎqÆ%>%ÂsÃ�>�Æ?>±Ð-ÊB<ÌÆ
P 1

Γ0
(M) ⊂ P 1(M)ÉÕÂsÄ@"��~�Æ?>hÉÕÂs��<'È{ÇÏÂs�J> G ÂsÎ4Ãr@¿Æ?>��
��ÇN>�~B�'Ä'Ç G Ê���ÎqÆ?> φ È±Æ'ÎxÎqÆ?>Qú�ÃàÆQÿ

∀ A ∈ V : A ∈ Γ0 ⇒ φ(A) = 0
ì{.rá!å í

∀ σ ∈ δS : σ ⊂ Γ0 ⇒ φ(yσ) = 0
ì{.rá¸� í

∀ σ ∈ δS : σ 6⊂ Γ0 ⇒ G(σ) (∇hφ)σ · nσ = 0 .
ì{.rá! í

·|Î�Ú7Ý�Ô7Ô76.Ì�Ú7Ì
φ ∈ P 1

Γ0
(M)

Ì/ØëÐ'6 î Õ7Ñ¡Ò	Î¬ÍNÌ/Ô�Ð]Ì�K�ÍÏÎ�ÚJÝ�Ô7Ô76.Ì�Ú7Ì.Ø"Ò¬Î	ÍNÌ.Õ78]Ø�Ú7Ì φ Î	Õr×
Û/Ì/Ô�Ð]8]Ì/ØwÚ7Ì.Ø�Û.Ì/ÍNÍIÕ7ÍNÌ.Ø%ß78¹ÑNÓ�Î	ÍNÌ.Ø%Ì.Ð�Î	Õr×�Ø]Ý�Ó�Ó�Ì.Ð9Ø�ÔJÝ�Ô�8¹Ì/ÍIÑN6/Ø)KEÍNÎ=Ó�Î	Ø¹Ø]Ì : Û	ï_Ì/Ø¹ÐnKEÚ7ÑN8¹Ì�Ú7Ì

{
(φ(xK))K∈C , (φ(A))A∈V ,A/∈Γ0

}
.

��Ô�Ì'¶�ÌÐ : Ø]Ñ σ ∈ δK
Ì/Ø¹ÐMÕ7Ô7ÌsÑNÔ�Ð9Ì.8¹àdÎ	Û.ÌjÎ	Õ�ÙWÝ	8]Ú : Ì.ÐMØ]ÑBÍNÌ.Ø�Ò¬Î	ÍIÌ/Õ78¹ØLÚ7Ì φ Ø¹Ý�Ô�ÐaÛ.Ý�Ô7Ô�Õ7Ì/ØMÌ/ÔÛ?é�Î	Û/ÕJÔEÚ7Ì/ØaØ¹Ý�Ó�Ó�ÌÐ9Ø�Ú7Ì
σ
ÌÐ�Î	Õ�Û.Ì/Ô�Ð98¹Ì

xK

Ú7Ì
K : Î¬ÍNÝ�8¹ØLÍNÎ�Û/Ý	Ô7Ú7ÑIÐ]ÑNÝ�Ô G(σ) (∇hφ)σ ·nσ =

0
Ú76.Ð]Ì/8]Ó�ÑNÔJÌ

φ(yσ)
Ú7Ì�Ó�Î	Ô7Ñ`0/8]ÌnÕ7Ô7Ñ î Õ7Ì¬á·�ï_Ì/Ø¹ß�Î	Û/Ì

P 1
Γ0

(M)
ÎEÚ7Ý	Ô7Û�ßWÝ�ÕJ8�Ú7ÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô�ä

Ú7ÑNÓ
P 1

Γ0
(M) = #C + # {A ∈ V, A /∈ Γ0} .

ìE.Jáæð í

��C9F
Cfe #¨Z%$�K�«âOâW�SØMPKV^�ª
¬�U�QT]�ª�'&¥^�Ù�«âK[Q�M-]9SØS[QX]9²|
SNMP^�]���]�¬9]fQTK
��Ý�Õ78

f ∈ L2(Ω)
Ý�ÔmÚ76Þ�Ô7ÑIÐ

f ∈ F(M)
ì î Õ7Ì�Í�ï_Ý�Ô'Ô7Ý	Ð]Ì�6/Ö�Î	ÍIÌ/Ó�Ì/Ô�Ð f í ä

∀ K ∈ C : fK =
1

|K|

∫

K

f dx
Ì.Ð

∀ A ∈ V : fA =
1

|P (A)|

∫

P (A)

f dx .
ì{.rá¸. í

µ Ômß78]Ý	ßWÝ�Ø¹Ì�Î	ÍNÝ	8]Ø�ÍNÌ�Ø¹Û?é76/Ó�Î=Ø]Õ7Ñ¡Ò	Î¬Ô�ÐwßfÝ�Õ78�ÍNÎ�8]6/Ø¹Ý�ÍNÕrÐ9ÑNÝ	Ô'Ú7Ì�ì .Já¡ç í ì .Já ê í :Ý�Ôh8]Ì/Û?éJÌ/8]Û?éJÌ
φ ∈ P 1

Γ0
(M)

Ò�6/8¹ÑIÞ�Î¬Ô�ÐwÍSïu6 î Õ7Î¬Ð9ÑIÝ�Ô�ì .Já¡ç í Î	ÕhØ]Ì.Ô7Ø�ÚJÑNØ]Û.8]ÌÐ�Ø¹Õ7ÑIÒ¬Î	Ô�Ð�ä
∀ K ∈ C : divh (G∇hφ)K = fK

ì{.Já¡ç%b í
∀ A ∈ V , A /∈ Γ0 : divh (G∇hφ)A = fA .

ì{.Já¡ç�ç í
·ÜÌ.Ø�Û/Ý�ÔJÚ7ÑIÐ]ÑNÝ�Ô7Ø�Î	Õr×yÍNÑIÓ�Ñ¡Ð9Ì.Ø�ì .Jáæè í ì .Já ê í Ø¹Ý�Ô�Ð�ÑNÓ�ß7ÍIÑNÛ/Ñ¡Ð9Ì.Ó�Ì.Ô�Ð�ßJ8]ÑNØ¹Ì/Ø�Ì.Ô©Û/Ý	Ó�ßJÐ]Ì�ìSÎ¬Õ

Ø]Ì/ÔJØ�Ú7ÑIØ]Û.8]Ì.Ð í Ì/Ô�Û?é7Ì/8¹Û?é�Î	Ô�Ð
φ
Ú7Î	Ô7Ø)ÍNÌ�Ø¹Ý�Õ7ØwÌ/Ø]ß7Î	Û/Ì

P 1
Γ0

(M) ⊂ P 1(M)
á

( �|ôB¦�X*)BòyP ! ödø�ödø ì,+�Ô�Ò�Ì.8]Ø]ÑIÙ7ÑNÍIÑIÐ]6�Ì.Ð�ØG$BÓ�6.Ð]8]ÑNÌ í ö t�ÂsÃ�Ä
f ∈ L2(Ω)

ÇxÎ²Æ¹ü1ÇN>'È±ÆÅÃ��[Æ�ÃT��Çdú�Ã�Æ
ÉÕÂs��<'È{ÇÏÂs�

φ ∈ P 1
Γ0

(M)
ú�ÃTÇM>�ÊuÈEÇN>ÒÉËÊD>?>%Æ�ÎqÆ�>�<?���@�Ê�ì .Já¡ç%b í ì .Já¡ç�ç í �

t²Î4Ã�>hÐ#Ä9�?<'ÇN>��@¿Æ'��ÈM<ÌÆ�>�<?���@�ÊyÆ?>'ÈÜ>�¬@"�'ÈEÄÍÇdú�ÃàÆ�Æ'ÈM~B�F�
��ÇN������ÊuÈEÇ Éw~�Êu�J>�ÎqÆ%>%Æ'�J>j>'ÃTÇ G Êu��ÈMÿ
∀ φ, ψ ∈ P 1

Γ0
(M)

�
〈divh (G∇hφ) , ψ 〉F×P 1 = 〈divh (G∇hψ) , φ 〉F×P 1 ,

ì{.Já¡ç�è í
∀ φ ∈ P 1

Γ0
(M)

È±Æ'ÎxÎqÆQú�ÃàÆ
φ 6= 0

�
〈divh (G∇hφ) , φ 〉F×P 1 < 0 .

ì{.ráIç ê�í
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v��@¿Âs�J>'ÈEÄdÊuÈEÇÏÂs�f���LÝ�Õ78
φ, ψ ∈ P 1

Γ0
(M)

Ý�Ô�Î : Ì.Ô�Î	ß7ß7ÍIÑ î Õ�Î	Ô�Ð�ÍNÎ�àFÝ�8¹Ó�Õ7ÍNÌ�Ú7Ì=·�8]Ì.Ì/Ô�Ú7ÑNØ�,Û/8G0.Ð9Ì=ä

〈 divh (G∇hφ) , ψ 〉F×P 1 = − (G∇hφ , ∇hψ )L2(D) + (Trhψ , G∇hφ · n∂Ω)L2(Ω) .

âjÝ�Ó�Ó�Ì
φ, ψ ∈ P 1

Γ0
(M) : ÍIÌCÐ9Ì.8]Ó�Ì�Ú7Ì�ÙWÝ�8¹Ú�Ì.Ø¹ÐwÔ�Õ7ÍÜÌ.Ðwß�Î¬8�ØG$BÓ�6Ð98¹ÑNÌ�Ú7Ì G Ý�Ô�Î'ä

〈divh (G∇hφ) , ψ 〉F×P 1 = − (∇hφ , G∇hψ )L2(D) = 〈divh (G∇hψ) , φ 〉F×P 1 ,

Û/Ì î Õ7ÑÜß78¹Ý�ÕJÒ�Ì"ì .ráIç�è í á��Ô�ß78¹Ì/Ô�Î¬Ô�Ð
ψ = φ

Ú�Î	Ô7Ø)ÍSïu6 î Õ7Î¬Ð9ÑIÝ�Ôhß78]6.Û/6/ÚJÌ/Ô�Ð9Ì�Ý�ÔhÝ�ÙJÐ9ÑIÌ/Ô�Ð)ß�Î	8)ßfÝ�Ø]Ñ¡Ð9Ñ¡ÒrÑ¡Ð96�Ú7Ì G ä

〈divh (G∇hφ) , φ 〉F×P 1 = − (G∇hφ , ∇hφ )L2(D) ≤ 0 .

vrÕ7ß7ßfÝ�Ø¹Ý�Ô7Ø î Õ7Ì (G∇hφ , ∇hφ )L2(D) = 0
á

G
6Ð?Î	Ô�Ðwß�Î	8ëÐ9Ý�ÕJÐ)ÚJ6.Þ�Ô7Ñ|ßfÝ�Ø]Ñ¡Ð9Ñ¡à : Ý�ÔmÌ/ÔmÚ76.Ú7Õ7ÑIÐ î Õ7Ì ∇hφ = 0

á
âjÝ�Ó�Ó�ÌhÍNÌ.Ø�Ò¬Î	ÍIÌ/Õ78¹Ø�ÚJÌ

φ
Ø]Õ78�ÍNÌ/Ø�Ø]Ý�Ó�Ó�Ì.Ð9Ø�8]Ì.ÍNÑI6/Ø�K�ÍNÎ�Ó�Î	Ø]Ø¹Ì�ÌÐ�Ø]ÕJ8"ÍNÌ.Ø�Û.Ì/Ô�Ð98¹Ì/Ø�ÚJÌ/Ø

ÑNÔ�Ð9Ì.8¹àdÎ	Û.Ì/Ø�K'ÍÏÎ�Ó�Î	Ø¹Ø]ÌEØ]Ý	Ô�Ð�Ô�Õ7ÍIÍNÌ/Ø : ÍNÌ.Ø�ß78]Ý	ßWÝ�Ø¹ÑIÐ]ÑNÝ�Ô7Ø ðJá¸åráIç : ðJá¸årá è ÌÐ ðJá!åBá ê Û/Î	89Î	ÛÐ96.8]ÑNØ]Î	Ô�ÐÍNÌCÔJÝ2$�Î	Õ�ÚJÌ
∇h

Î¬Ø]Ø]ÕJ8]Ì/Ô�Ð î Õ7Ì φ = 0
`7Û/Ì î Õ7ÑÜß78¹Ý�ÕJÒ�Ì"ì .Já¡ç ê í áâjÌ.Ð]Ð]ÌsÚJÌ/8]ÔJÑq0/8¹Ì^ß78]Ý�ßJ8]ÑN6Ð96�ÑIÓ�ß7ÍIÑ î Õ7Ì î ÕJÌsÍIÌ�Ø]Û?é76.Ó"Î�ì .Já¡ç%b í ì .Já¡ç�ç í Ì/ØëÐ�ÑNÔDt¹Ì.Û.Ð9Ñ¡à�á%·�ïu6.Ö�Î	ÍIÑIÐ96ì .Jáuð í Ø¹Õ78�ÍNÎ�Ú7ÑNÓ�Ì/ÔJØ]ÑNÝ	Ô�ÚJÌ

P 1
Γ0

(M)
Î	Ø]Ø¹Õ78]Ì î Õ{ïuÑIÍ�Ì/ØëÐ�Î	ÕJØ]Ø]Ñ�Ø¹Õ78Ft¹Ì.Û.Ð]ÑIàB`|Û/Ì î Õ7Ñ^ß78]Ý�ÕrÒ�Ì�ÍÏÎß78]Ì.Ó�Ñ`0/8¹ÌCß�Î	8ëÐ9ÑNÌ�ÚJÕmÐ]é76/Ý�8G0/Ó�Ì	á

�"!]Â ��Ä��á?)* , #3#32�4 =�ÅLA�ËëAhÆ =hËLÅ�-m-'�)* & É'& ÇÜËa,�Æh(�* È.(/.
(ÜÈÅQÆ (ÜÇ�,�ÆhÉh,�ËMÉ

µ ÔEßJ8]6/Ø¹Ì/Ô�Ð9Ì)ÑIÛ/ÑJÍSïuÕrÐ9ÑNÍIÑNØ]Î¬Ð9ÑIÝ�Ô�Ú7Ì�Ø]Û?é76.Ó"Î¬Ø
������¤�ßfÝ�Õ78aÍNÎn8]6.Ø]Ý�ÍIÕJÐ9ÑIÝ�Ô�Ô�Õ7Ó�6/8¹Ñ î Õ7Ì�Ú{ï_Õ7Ôß78]Ý	Ù7Íq0.Ó�ÌCÚJÌ�Ð]89Î	ÔJØ]Ó�ÑNØ]Ø¹ÑNÝ�Ô'Ì.Ô�Ð98]Ì�Ú7Ì.Õr×mØ]Ý�ÕJØwÚJÝ�Ó"Î¬ÑNÔ7Ì.Ø�Ú7ÕhÚ7Ý�Ó�Î	ÑNÔ7Ì
Ω
á

âjÌ"ß78¹Ý�Ù7Íq0.Ó�Ì=ßfÌ/ÕJÐQ\.Ð]8]Ì�ÒBÕ©Û.Ý�Ó�Ó�Ì=Í�ï/�
��� Ì/ÍIÍNÑIßJÐ9Ñ î ÕJÌEÚ7Ì)��Ý�ÑNØ¹Ý�Ô�ì .JáIç í Ú�Î¬Ô7ØQÍIÌ�Û/Î	ØÝ�;©ÍIÌ�Ð9Ì.Ô7Ø]Ì.Õ78
G̃
ß78]6.Ø]Ì.Ô�Ð]ÌhÕ7Ô7Ì�Ú7ÑIØ]Û.Ý�Ô�Ð9ÑNÔ�Õ7Ñ¡Ð96�Ì/Ô�Ð98¹Ì�Ú7Ì/ÕB×�Ø]Ý	Õ7Ø�Ú7Ý�Ó�Î	ÑIÔ7Ì/Ø�Ú7Õ�Ú7Ý�Ó�Î	ÑNÔJÌ

Ω
á µ Ô�ÍNÌ�ßJ8]6/Ø¹Ì/Ô�Ð9Ì.89Î�Û/Ì/ßfÌ/ÔJÚ�Î	Ô�Ð�Û/Ý�Ó�Ó�Ì�Ú7Ì/ÕB×5ß78]Ý	Ù7Íq0.Ó�Ì.Ø�Ì/ÍIÍNÑNßrÐ9Ñ î Õ7Ì.ØQØ¹Õ78EÛ?é�Î	Û.Õ7Ô¯ÚJÌ/ØØ]Ý�ÕJØ�Ú7Ý�Ó�Î	ÑNÔJÌ/ØQÛ.Ý�Õ7ß7ÍI6/Ø�ß7Î	8�Ú7Ì.ØE8]Ì/ÍNÎ¬Ð9ÑIÝ�Ô7Ø�Ú7Ì'Û/Ý	Õ7ß7ÍÏÎ¬Ö�Ì"Ø¹Õ78�Í�ï_ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì"Ì.Ô�Ð98]Ì'Û.Ì/ØEØ¹Ý�Õ7Ø

Ú7Ý�Ó�Î	ÑNÔJÌ/Ø/á

��Cfe¨C9F 0ÓMPKV^�SV²QTOhQT]�ª
´W�UÚI�MPª���¬���«âS
µ Ô�Ø¹Ì�ÚJÝ�Ô7Ô7Ì=Õ7Ô7Ì=Ú76.Û/Ý�Ó�ßfÝ�Ø]Ñ¡Ð9ÑNÝ	Ô�Ú7Õ�Ú7Ý�Ó�Î	ÑNÔ7Ì.Ø

Ω
Ì/Ô�Ú7Ì/Õr×�Ø]Ý�Õ7Ø�Ú7Ý�Ó�Î	ÑIÔ7Ì

T
Ì.Ð
HÐ9Ì.ÍNÍNÌ î ÕJÌ�ÍIÌ�Ø]Ý�ÕJØ�Ú7Ý	Ó"Î	ÑIÔ7Ì H Ø]Ý	ÑIÐwKEÍ�ï_ÑNÔ�Ð96.8]ÑIÌ/Õ78%ÚJÌ

Ω
ìFÒ	Ý�ÑN8%Þ�Ö	Õ78]Ì .Já¡ç í ä

Ω = T ∪H ∪ ∂H , H ⊂ Ω
ì{.Já¡çºã í

µ Ô'Û.Ý�Ô7Ø¹ÑNÚP0.8]Ì�Ú7Ì.Õr×hß78¹Ý�Ù7Íq0.Ó�Ì.ØjÌ.ÍNÍNÑIßJÐ9Ñ î Õ7Ì/ØsÚ�Î	Ô7Ø�Û?é�Î¬Û/Õ7ÔhÚ7Ì.ØwØ¹Ý�Õ7Ø�Ú7Ý	Ó"Î	ÑIÔ7Ì/Ø T ÌÐ
HÚ{ï_ÑNÔ7Û.Ý�Ô7Ô�Õ7Ì/Ø

φT

Ì.Ð
φH :
φT : T 7→ R , φH : H 7→ R ,
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T
n∂HH

Ω

n∂Ω

Γ0

³s´Aµ�¶#.Já¡ç ¹ �n6.Û/Ý�Ó�ßfÝ�Ø]Ñ¡Ð9ÑNÝ	Ô'Ú7Õ�ÚJÝ�Ó"Î¬ÑNÔ7Ì Ω
Ì/ÔmÚ7Ì/ÕB×mØ]Ý�Õ7Ø)Ú7Ý	Ó"Î	ÑIÔ7Ì/Ø

T
Ì.Ð
H

Ø/ï_6/Û/8¹ÑIÒ¬Î	Ô�Ð :
div (GT∇φT ) = f|T

ì{.Já¡ç2å í
div (GH∇φH) = f|H ,

ì{.Já¡ç%� í
Ì.Ð)Ò�6.8]ÑIÞ�Î	Ô�Ð�ÍIÌ/Ø�8¹Ì/ÍÏÎDÐ9ÑNÝ	Ô7Ø%Ú7Ì�Û/Ý	Õ7ß7ÍÏÎ¬Ö�Ì�Ø]Õ78)ÍSïuÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì

∂H
Ì/Ô�Ð98¹Ì

T
Ì.Ð
H :

φT |∂H = φH |∂H

ì{.Já¡ç2 í
GT∇φT · n∂H = GH∇φH · n∂H ,

ì{.Já¡ç�ð í
Ì×rß78]ÑIÓ"Î¬Ô�Ð)ÍNÎEÛ/Ý�Ô�Ð9ÑIÔ�Õ7ÑIÐ]6�Ú7Õ�ßfÝ	Ð]Ì/Ô�Ð9ÑIÌ/ÍÜÌ.ÐwÚ7Õ43�Õr×mÚJÌ�Û.Ý�Õ78]Î	Ô�ÐCÎ	Õhß�Î¬Ø]Ø9Î¬Ö�Ì�ÚJÌ�ÍSïuÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì
Ì/Ô�Ð98¹Ì�ÍIÌ/Ø)Ú7Ì.Õr×hØ]Ý	Õ7Ø�ÚJÝ�Ó"Î¬ÑNÔ7Ì.Ø/á

µ Ô�ÑIÓ�ßfÝ�Ø¹Ì�6.Ö�Î	ÍNÌ.Ó�Ì.Ô�ÐCÕ7Ô7ÌQÛ/Ý�Ô7ÚJÑIÐ9ÑIÝ�ÔmÍNÑNÓ�ÑIÐ]Ì�ßWÝ	Õ78
φT

Ø]Õ78CÍIÌQÙfÝ�8]Ú
∂Ω

ÚJÕ�Ú7Ý�Ó�Î	ÑNÔ7Ì
Ú7Ì�Ð±$rßfÌ�Ó�Ñ ×BÐ9Ì5��Ì.Õ7Ó�Î	Ô7Ô��u��ÑN8]ÑIÛ?é7ÍNÌÐ�é7Ý�Ó�Ý�Ö10.Ô7Ì :

φT |Γ0
= 0

ì{.Já¡ç%. í
GT∇φT · n∂Ω = 0

Ø]Õ78
∂Ω − Γ0 ,

ì{.Jáæèub í
Ý�;

Γ0 ⊂ ∂Ω
Ú76/Ø¹ÑNÖ�ÔJÌ�ÍÏÎQß�Î¬8¹Ð9ÑIÌnÚ7Õ'ÙfÝ�8¹Ú'Ú7Ì

Ω
8]Ì.ÍNÑN6.ÌCK�ÍNÎQÓ"Î¬Ø]Ø]ÌEì

Γ0

Ì.Ø¹Ð)Ø¹Õ7ß7ßfÝ�Ø]6�\Ð98]Ì�ÚJÌ
Ó�Ì.Ø]Õ78¹ÌQÌ/Ô�Ú7ÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô

d− 1
Ô7Ý�Ô�Ô�Õ7ÍIÍNÌ í á µ Ô�Ø]ÕJß7ßWÝ	Ø]ÌEÎ	ÑIÔ7Ø]Ñ î Õ{ï_ÑNÍ�Ô{ï $�Î�ß�Î	Ø�Ú7Ì�àFÕ7Ñ¡Ð9Ì�Ú7ÌÛ/Ý�Õ78]Î	Ô�ÐwÌ/Ô�Ð98¹Ì�ÍIÌ�Ú7Ý�Ó�Î	ÑNÔJÌ

Ω
ÌÐ�ÍSïuÌ�×BÐ96/8¹ÑNÌ.Õ78)K=Ð]89ÎºÒ�Ì.8]Ø

∂Ω − Γ0
á

·ÜÌ.ØjØ]Ì.Û/Ý�ÔJÚ7ØjÓ�Ì/Ó�ÙJ8]Ì/ØsÚ�Î	Ô7Ønì .ráIç2å í ì .Já¡ç%� í Ø]Ý�Ô�ÐjÚ7Ý�Ô7Ô76.Øjß�Î¬8
f ∈ L2(Ω)

Ú7Ý	Ô�Ð
f|T : f|HÚ76/Ø¹ÑNÖ�Ô7Ì.Ô�Ð�ÍIÌ/Ø�8¹Ì/Ø¹Ð]8]ÑIÛ.Ð9ÑIÝ�Ô7Ø)K

T
ÌÐ
H
8¹Ì/Ø]ßfÌ/ÛÐ9Ñ¡Ò�Ì/Ó�Ì/Ô�Ð/á

·ÜÌ.Ø)Ð]Ì/Ô7Ø¹Ì/Õ78¹ØnÚ7Ì�Û.Ý�Ô7Ú7Õ7ÛÐ9Ñ¡ÒrÑ¡Ð96
GT

ÌÐ
GH :

GT : T 7→ R
d × R

d , GH : H 7→ R
d × R

d ,

Ø]Ý�Ô�Ð)Ø]ÕJß7ßWÝ	Ø]6/Ø)\Ð98]Ì�Ø9$BÓ�6Ð98]Ñ î Õ7Ì/Ø�Ú76Þ�Ô7ÑIØ�ßWÝ�Ø¹ÑIÐ]ÑIàFØjÌ.ÔhÛ?é�Î î Õ7Ì�ßWÝ	ÑNÔ�Ð : Õ7Ô7ÑIàFÝ	8]Ó�6/Ó�Ì/Ô�Ð%Ì.ÍNÍNÑIßT,Ð9Ñ î Õ7Ì.Ø)Ì.ÐwÚ7Ì�8]6.Ö�Õ7ÍÏÎ¬8]ÑIÐ]6 C1 Ø¹Õ78 T : H 8¹Ì/Ø¹ßWÌ.Û.Ð9Ñ¡Ò�Ì.Ó�Ì.Ô�Ð/á
�LÎ	8�Û.Ý�Ô�Ð98]Ì"Û/Ì/Ø�Ð]Ì/Ô7Ø¹Ì/Õ78¹Ø=ßWÌ.ÕJÒ�Ì.Ô�Ð=ÔJÌ�ß�Î	ØE\Ð98]Ì"Û/Ý�Ô�Ð9ÑIÔ�Õ7ØEÎ	Õ�ß�Î¬Ø]Ø9Î¬Ö�Ì�Ú7Ì�ÍSïuÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì

∂H
á
·ÜÌ�ßJ8]Ý�Ù7Í`0/Ó�Ìhì .ráIç2å í ì .rá èub í Î�Õ7Ô7ÌEØ¹Ý�ÍNÕrÐ9ÑNÝ	Ô

Φ
Õ7Ô7Ñ î Õ7Ì'ìSÎ	Õ�Ø¹Ì/Ô7Ø�Ò¬Î	8]ÑNÎ¬Ð9ÑIÝ�Ô7Ô7Ì.ÍÜàdÎ	ÑNÙ7ÍIÌ íÚ�Î	Ô7Ø)ÍNÌ�Ø¹Ý�Õ7Ø)Ì/Ø¹ß�Î	Û.Ì

H1
Γ0

(Ω)
Ú7Ì/Ø�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô7Ø

H1 Ø]Õ78 Ω
Ú7Ý�Ô�ÐwÍÏÎQÐ98]Î	Û/Ì�Ø¹Õ78

Γ0
Ì/ØëÐwÔBÕJÍNÍNÌ¬á�wÝ	Ð?Î¬Ô�Ð

φT
ÌÐ
φH

ÍNÌ.Ø)8]Ì/ØëÐ98¹ÑNÛ.Ð]ÑNÝ�ÔJØ%Ú7Ì
Φ
K
H
Ì.Ð
T
ä

¹ ÍÏÎ�8¹Ì/ÍÏÎDÐ9ÑNÝ	Ô'Ú7Ì�Û/Ý�Õ7ßJÍÏÎ	Ö�Ì�ì .Já¡ç2 í Ì.Ø¹Ð�Ø9Î¬Ð]ÑNØ¹àdÎ¬ÑIÐ9ÌCÎ	ÕhØ]Ì/ÔJØ�Ú7Ì�ÍNÎEÐ]89Î	Û.Ì�Ø]Õ78 φT : φH :¹ vrÑ
∂H

Ì.Ø¹Ð)8¹6/Ö�Õ7ÍIÑNÌ.8jÌ.Ð
f ∈ L2(Ω)

Î	ÍNÝ	8]Ø
φT

ÌÐ
φH

Ø]Ý�Ô�Ð)Ú7Ìn8]6/Ö	Õ7ÍÏÎ	8¹ÑIÐ]6
H2 ÌÐ�ì .Já¡ç�ð íÎE6/Ö�Î	ÍIÌ/Ó�Ì/Ô�Ð)ÍNÑIÌ/ÕhÎ	ÕhØ¹Ì/Ô7ØwÚ7Ì�ÍÏÎ�Ð98]Î	Û/Ì¬á
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6{¦fR�£�ò�Z�c{"E"FZ7e�Pr£

µ Ô�Û/Ý�ÔJØ]ÑNÚ-0/8]ÌnÕ7Ô�Ó�Î	ÑNÍIÍÏÎ	Ö�Ì�v�v��LÝ
M

Ú7Õ�Ú7Ý	Ó"Î	ÑIÔ7Ì
Ω î Õ7ÌnÍSïuÝ�Ô�Ø]Õ7ßJßWÝ�Ø¹ÌC\.Ð]8]Ì�Ê�~�Ê'Ð#È��KEÍÏÎ�Ú76.Û/Ý�Ó�ßWÝ	Ø]ÑIÐ]ÑNÝ�Ô�ì .Já¡çºã í Ú7Ì

Ω
Ú7Î	Ô7Ø)ÍNÌ�Ø¹Ì/Ô7ØwØ]Õ7Ñ¡Ò¬Î	Ô�Ð�ä

∂H =
⋃

σ∈S, σ⊂∂H

σ .
ì{.rá èrç í

âjÌ.Ð]Ð]Ì�é�$BßfÝ	Ð9éP0.Ø]Ì�ßWÌ.8]Ó�Ì.Ð�Ú7Ì�Ú76.Þ7Ô7ÑN8�Ú7Ì.Õr×5>%ÂsÃ�>E@�ÊuÇxÎxÎzÊ���Æ?>
MT

ÌÐ
MH

ÚJÌ
M î Õ7ÑØ]Ý�Ô�Ðw8]Ì.Ø]ßfÌ/ÛÐ9ÑIÒ	Ì/Ó�Ì/Ô�Ð�Ú7Ì/Ø)Ó�Î	ÑNÍIÍÏÎ	Ö�Ì.Ø�v�v��LÝ¼Ú7Ì

T
Ì.Ð
H
á

õ ô�ó U c V cF¦ U�! öI÷{ödø�ö � Ð-ÊuÄÍÈEÇxÄ=~�ù Ã��y@�ÊuÇxÎxÎzÊ���Æ�v�v��LÝ
M = (C,S,V)

~�Æ
Ω
>�ÊuÈEÇN>ÒÉËÊuÇN>�Êu��È

ì .Jáæèrç í Âs�©~B�F�
��ÇxÈn~�Æ'Ã¬ü�@�ÊuÇxÎxÎzÊ���Æ?>
MH = (CH ,SH ,VH)

Æ'È
MT = (CT ,ST ,VT )

~�Æ
HÆ'È

T
Ä�Æ?>±Ð�Æ?<'ÈEÇ G Æ@¿Æ'��ÈNÐ-ÊuÄ�ÿ

CT = {K ∈ C, K ⊂ T} , ST =
{
σ ∈ S, σ ⊂ T

} Æ'È
VT =

{
A ∈ V, A ∈ T

}
,

CH
�
SH

Æ'È
VH

�'ÈfÊu��Èj~B�F�
��ÇN>n>�D@"�'ÈEÄ'Çdú�Ã�Æ@¿Æ'��ÈVÐ-ÊuÄ¥ÄdÊ'Ð�Ð�ÂsÄÍÈjþ
H
�

v��F�
��ÇN>?>%Âs�J>LÎqÆ?>�<ÌÆ'��È{Ä�Æ?>=~�Æ?>"<ÌÆ'ÎxÎ4Ã�ÎqÆ?>�Ð#ÄÍÇA@�ÊuÎqÆ?> Æ'È�~�Æ?>�Çx��È�Æ'ÄxÉËÊB<ÌÆ?>�ÊuÃ��'ÂsÄ¹~yÐ�ÂsÃ�Ä
MTÆ'È

MH

ÿ
7 ÎqÆ�<ÌÆ'��ÈEÄ�Æm~�ù Ã��[Æ�<ÌÆ'ÎxÎ4Ã�ÎqÆLÐ#ÄÍÇA@�ÊuÎqÆ'~�Æ MT

ÂsÃ¿~�Æ
MH

Æ?>'È¥ÎqÆ�<ÌÆ'��È{Ä�Æ'~�ÆáÎzÊ�<ÌÆ'ÎxÎ4Ã�ÎqÆ
<ÌÂsÄÍÄ�Æ?>±Ð�Âs�f~�Êu��È�Æ�~�Æ

M
�

7 ÎqÆ�<ÌÆ'��È{Ä�Æ�~�ù ÃT�[ÆßÇx��È±Æ'ÄÒÉËÊB<ÌÆ�~�Æ MT

ÊuÃ��'ÂsÄ]~5~�Æ
∂Ω

Æ?>'È�ÎqÆ�<ÌÆ'��ÈEÄÌÆ�~�ÆßÎ]ù Çx��È�Æ'ÄxÉËÊB<ÌÆ
<ÌÂsÄÍÄ�Æ?>±Ð�Âs�f~�Êu��È�Æ�~�Æ

M
�

7 ÎqÆ"<ÌÆ'��ÈEÄ�Æ=~�ù Ã��[ÆaÇx��È�Æ'ÄxÉËÊB<ÌÆ σ = K|L ⊂ ∂H 8 Ð�ÂsÃ�ÄE~�Æ'Ã¬ü�<ÌÆ'ÎxÎ4Ã�ÎqÆ?>�Ð#ÄÍÇA@�ÊuÎqÆ?>E~�Æ M 9Æ?>'Èj~B�F�
��ÇÜÐ-ÊuÄ�ÿ
yσ = (xKxL) ∩ σ .

·|Ì.Ø)Ø]Ý�Õ7Ø�Ó�Î	ÑIÍNÍÏÎ¬Ö�Ì/Ø
MT

Ì.Ð
MH

Î	ÑIÔ7Ø]Ñ�Ú76.Þ�ÔJÑNØ�Ý�ÔhÑNÔ�Ð]8]ÝBÚ7Õ7ÑIÐj8]Ì.ÍÏÎ¬Ð]ÑIÒ�Ì.Ó�Ì.Ô�ÐwK�Û/Ì/Ø)Ø¹Ý�Õ7Ø
Ó"Î¬ÑNÍNÍNÎ	Ö�Ì.Ø�ä

¹ ÍIÌ/ØwÌ/Ô7Ø¹Ì/Ó�Ù7ÍIÌ/ØwÚ7Ì�Û/Ì/ÍIÍNÕ7ÍIÌ/Ø)Ú7ÑNÎ	Ó"Î¬Ô�Ð]Ø DH

ÌÐ
DT : ÍNÌ.ØwÛ.Ì/ÍIÍNÕ7ÍIÌ/Ø�Ú7ÑNÎ	Ó"Î¬Ô�Ð]Ø)Ú7Ì MH

ÌÐ
MT

Ø]Ì/8¹Ý�Ô�ÐwÔ7Ý	Ð96.Ì/Ø
DH(σ)

Ì.Ð
DT (σ) :¹ ÍIÌ/Ø�Ì.Ô7Ø]Ì.Ó�Ù7ÍIÌ/Ø�Ú7ÌyÛ/Ì/ÍIÍNÕ7ÍIÌ/ØmÚ7Õ�Î	ÍIÌ/Ø PH

ÌÐ
PT : ÍNÌ.Ø�Û/Ì.ÍNÍIÕ7ÍNÌ.Ø�Ú7Õ7Î	ÍNÌ.ØÓ��� MH

ÌÐ
MT

Ø¹Ì/8]Ý	Ô�Ð�Ô7Ý	Ð]6/Ì.Ø
pH(σ)

Ì.Ð
PT (σ) :¹ ÍIÌ/Ø^Ì/Ø¹ß�Î	Û/Ì.ØªàFÝ	Ô7Û.Ð]ÑNÝ�Ô7ÔJÌ/ÍNØMÚ7ÑNØ¹Û/8]ÌÐ9Ø^8]Ì.ÍÏÎ¬Ð]ÑIàFØ�K�Û.Ì/Ø^Ó"Î¬ÑNÍNÍNÎ	Ö�Ì.Ø : Ô7Ý	Ð9Î	Ó�Ó�Ì/Ô�Ð�ÍIÌ/Ø�Ì.Ø]ß�Î	Û.Ì/Ø

P 1(MH)
Ì.Ð
P 1(MT )

ÚJÌ/Ø)àFÝ�Ô7Û.Ð]ÑNÝ�ÔJØ%Ò�Ý�ÍIÕ7Ó�Ì.Ø%Þ�Ô7ÑIØwÚJ6/8]Ñ¡Ò¬Î	Ù7ÍNÌ.Ø�Ø]Õ78
H
Ì.Ð
T :¹ ÍIÌ/Ø)Ý�ßf6/89ÎDÐ9Ì/ÕJ8]Ø)Ú7ÑNØ¹Û/8¹Ì.Ð9Ø)8¹Ì/ÍÏÎDÐ9ÑIàFØ%K=Û.Ì/ØwÌ/Ø¹ß�Î	Û/Ì.ØwàFÝ	Ô7Û.Ð]ÑNÝ�Ô7ÔJÌ/ÍNØ.á·|Ì.Ø�Û/Ì.ÍNÍNÕJÍNÌ/ØMÚ7ÑÏÎ	Ó�Î	Ô�Ð9ØMÌ.Ð^Ú7Õ�Î¬ÍNÌ/Ø�ÚJÌ/Ø�Ó�Î	ÑNÍIÍÏÎ	Ö�Ì.Ø

MT
ÌÐ

MH
Ø]Ý�Ô�Ð^Ì.Ô=àdÎ¬ÑIÐ�Ø¹ÑNÓ�ß7ÍNÌ.Ó�Ì.Ô�Ð

Ú7Ý�Ô7ÔJ6/Ì/Øwß�Î	8�ä
PT (A) = P (A) ∩ T , DT (σ) = D(σ) ∩ T .

·�6.Ý�Ó�6Ð98¹Ñ î Õ7Ì/Ó�Ì/Ô�Ð : ÍNÌ.Ø�Û.Ì/ÍIÍNÕ7ÍIÌ/Ø�Ú7ÑNÎ	Ó"Î¬Ô�Ð]Ø�Ì.Ð�ÍNÌ.Ø�Û/Ì/ÍIÍNÕ7ÍIÌ/Ø�Ú7Õ7Î	ÍNÌ.Ø�ÚJÌ MT

ìdÝ�Õ
MH

í
8]Ì.ÍÏÎ¬Ð]ÑIÒ�Ì.ØwK�Ú7Ì.ØnÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì/Ø�Ý�Õ�ÚJÌ/ØnØ¹Ý�Ó�Ó�ÌÐ9ØwÔ7Ý�Ô�Ø¹ÑIÐ]Õ76/Ø�Ø]Õ78

∂H
Ø]Ý	Ô�Ðn6/Ö�Î¬ÍNÌ/Ø�K�ÍNÎ�Û.Ì/ÍIÍNÕ7ÍIÌ

Û/Ý�8¹8]Ì.Ø]ßfÝ�Ô7Ú�Î	Ô�Ð]Ì�ÚJÌ
M
á

�MÎ	8)Û/Ý	Ô�Ð]8]Ì�Ø]ÕJ8wÍSïuÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì�Ý	Ô�Î : ßWÝ�ÕJ8 A ∈ ∂H
ÌÐ
σ ⊂ ∂H

ìFÒ	Ý�ÑN8%Þ�Ö	Õ78]Ì .Já è í ä

P (A) = PT (A) ∪ PH(A) , D(σ) = DT (σ) ∪DH(σ) .
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T

H

σ

DH(σ)

DT (σ)

∂H

A

PH(A)

PT (A)

T

H
∂H

³s´Aµ�¶s.rá è ¹ âjÌ/ÍIÍNÕ7ÍIÌ/Ø{Ú7ÑNÎ	Ó�Î	Ô�Ð9Ø{ÌÐ|Û/Ì/ÍIÍNÕ7ÍIÌ/Ø{ÚJÕ�Î	ÍNÌ.ØÜÚ7Ì MT
ÌÐ

MH
8]Ì.ÍÏÎ¬Ð]ÑIÒ	Ì/Ø|K�Ú7Ì/Ø|ÑIÔ�Ð]Ì/8ëàdÎ	Û/Ì.Ø

Ý�ÕhØ]Ý�Ó�Ó�ÌÐ9Ø�Ø¹Õ78
∂H

õ cd£º[�X�ô V cd£/Z V cF¦ U §|P@"FZ�òyZ�£º£/P�:�§|PB£ V P U £/PBR|X¬£
µ Ô�Ú7ÑIØ]Û/8¹6.Ð]ÑNØ]Ì^ÍNÎ%ß�Î	8¹Ð]ÑNÌaÚJÕ�ÙfÝ�8]Ú�8¹Ì/ÍNÑI6/Ì�K�ÍNÎ%Ó"Î	Ø¹Ø]Ì^Û/Ý	Ó�Ó�ÌaÚ�Î	ÔJØ�ÍNÎ%Ø]Ì.Û.Ð9ÑIÝ�Ô�ß78]6.Û/6.Ú7Ì/Ô�Ð9Ì :Ì/ÔmØ]Õ7ß7ßfÝ�Ø]Î	Ô�Ð î Õ{ï_Ì/ÍIÍNÌ�Ì/ØëÐ)àFÝ�8]Ó�6/Ì�Ú7Ì�ÍNÎ�8]6/ÕJÔ7ÑNÝ�ÔhÚ{ï_ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì/Ø�Î	ÕhÙfÝ�8]Ú{áµ Ô�ÑNÔ�Ð98¹ÝrÚ7ÕJÑIÐ^Ú7Ì.Õr×"Ð]Ì/Ô7Ø¹Ì/Õ78¹ØjÚ7ÑIØ]Û.8]Ì.Ð]Ø

GT

Ì.Ð
GH

Ú76Þ�Ô7ÑIØs8¹Ì/ÍÏÎDÐ9ÑIÒ	Ì/Ó�Ì/Ô�ÐsÎ	Õr×�Ó�Î	ÑNÍIÍÏÎ	Ö�Ì.Ø
MT

ÌÐ
MH

Ì.ÐwÛ/Ý�ÔJØ¹Ð?Î¬Ô�Ð]Ø�Ø¹Õ78)ÍNÌ.Ø�Û/Ì/ÍIÍNÕ7ÍIÌ/Ø�Ú7ÑNÎ	Ó�Î	Ô�Ð9Ø%Ú7Ì
MT

Ì.Ð
MH

8]Ì.Ø]ßfÌ/ÛÐ9ÑIÒ	Ì/Ó�Ì/Ô�Ðºá
âjÝ�Ó�Ó�Ì�Ú�Î	Ô7ØwÍÏÎ=Ø]Ì.Û.Ð]ÑNÝ�Ô�ß78]6.Û/6/ÚJÌ/Ô�Ð9Ì : Û/Ì.Ø�Ð9Ì.Ô7Ø]Ì.Õ78]ØnÚ7ÑNØ¹Û/8]ÌÐ9Ø�Ø]Ý�Ô�Ð�Ú76.Þ�ÔJÑNØnÌ.Ô�Ó�Ý%$�Ì/ÔJÔ�Î	Ô�ÐØ]Õ78^ÍNÌ.Ø^Û/Ì/ÍIÍNÕ7ÍIÌ/ØaÚJÑÏÎ	Ó�Î	Ô�Ð9Ø�ÍIÌ/Ø�Ð9Ì.Ô7Ø]Ì.Õ78]ØªÚ7Õ�ß78]Ý�ÙJÍq0/Ó�Ì�Û/Ý	Ô�Ð]ÑNÔ�Õ{á5·ÜÌ/Ø^Ð9Ì.Ô7Ø]Ì.Õ78]ØªÚ7ÑIØ]Û/8¹Ì.Ð]ØsØ¹Ý�Ô�Ð
Ú7Ý�Ô7Û�ØG$BÓ�6.Ð]8]Ñ î Õ7Ì.Ø)Ì.ÐwÚ76.Þ7Ô7ÑNØ)ßfÝ�Ø]Ñ¡Ð9ÑIàFØjØ]Õ78)Û?é�Î î Õ7Ì�Û/Ì.ÍNÍIÕ7ÍNÌCÚJÑÏÎ	Ó�Î	Ô�Ðºá
õ cd£º[�X�ô V cd£/Z V cF¦ U §|PB£�X�P�"FZ V cF¦ U £E§|P�[�¦fR�«�"dZJefP�P V §|PB£�[�¦ U §Lc V cF¦ U £y"dcSòyc V PB£

µ Ô�8]Ì.Û?é7Ì/8¹Û?é7Ì/8]Î�Õ7Ô7Ì�Î	ß7ß78¹Ý�×rÑIÓ"Î¬Ð]ÑNÝ�ÔEÚJÌ�ÍNÎ�Ø¹Ý�ÍNÕrÐ9ÑNÝ	Ô�ÚJÌQì .Já¡ç2å í ì .Jáæèub í Ú7Î	Ô7ØªÕ7Ô"Ì.Ø]ß�Î	Û.Ì
E0

Ú7Ì�àFÝ�Ô7Û.Ð]ÑNÝ�ÔJØjÛ/Ý	Ô�Ð]ÑNÔ�Õ7Ì.Ø%Ì.Ð)Îs&�ÔJÌ/Ø%ß�Î¬8jÓ�Ý�8]Û.ÌºÎ	Õr×"Ú7Ý�Ô�ÐjÍNÌ/Øj6/ÍN6.Ó�Ì.Ô�Ð9ØsÒ	6/8¹ÑIÞ�Ì.Ô�ÐwÎ¬Õ�Ø]Ì.Ô7Ø
Ú7ÑNØ¹Û/8]ÌÐ^ÍNÌ.Øª8¹Ì/ÍNÎ¬Ð9ÑIÝ�Ô7ØaÚ7Ì)Û.Ý�Õ7ß7ÍNÎ	Ö�Ì�ì .ráIç2 í ì .Já¡ç�ð í Ø¹Õ78

∂H : Î	ÑIÔ7Ø]Ñ î Õ7Ì)ÍIÌ/Ø^Û/Ý�ÔJÚ7ÑIÐ]ÑNÝ�Ô7ØMÍNÑNÓ�ÑIÐ]Ì/Øì .Já¡ç%. í ì .Já ècb í Ø]ÕJ8
∂Ω

õ ô�ó U c V cF¦ U;! öI÷{öI÷ ìE�^Ø¹ß�Î	Û.Ì
E0
í öa( ��~B�F�
��ÇxÈRÎ]ù½Æ?>±Ð-ÊB<ÌÆ

E0

~�Æ?>:ÉÕÂs��<'È{ÇÏÂs�J>
Φ
<ÌÂs��ÈEÇx��ÃàÆ?>�>'ÃTÄ

Ω G �'Ä'Ç �²Êu��Èsÿ

Φ|T = φT ∈ P 1(MT ) , Φ|H = φH ∈ P 1(MH) ,
ì{.Jáæè�è í

È�Æ'Î�ú�Ã�Æ
φT

>�ÊuÈEÇN>ÒÉËÊuÇxÈÑÊuÃh>%Æ'�J>�~uÇN>�<'Ä�Æ'È
ÎqÆ?>E<ÌÂs�f~uÇxÈEÇÏÂs�J>¥Î4ÇA@yÇxÈ±Æ?>mì .ráIç%. í ì .Já ècb í >'Ã�Ä
∂Ω
�

∀ A ∈ V : A ∈ Γ0 ⇒ φT (A) = 0
ì{.Jáæè ê�í

∀ σ ∈ S : σ ⊂ Γ0 ⇒ φT (yσ) = 0
ì{.Jáæè¬ã í

∀ σ ∈ S : σ ⊂ ∂Ω − Γ0 ⇒ GT (σ) (∇hφT )σ · nσ = 0 .
ì{.Jáæè1å í

Æ'È²È±Æ'Î�ú�ÃàÆ
φT

Æ'È
φH

>�ÊuÈ{ÇN>ÒÉÕÂs��È�ÎzÊ Ä�Æ'ÎzÊuÈ{ÇÏÂs��~�ÆE<ÌÂsÃ2Ð#ÎzÊ���Æ�ì .rá èub í >'Ã�Ä
∂Ω
�

∀ σ ∈ S : σ ⊂ ∂H ⇒ GT (σ) (∇hφT )σ · n∂H = GH(σ) (∇hφH)σ · n∂H ,
ì{.Jáæèu� í

ÎzÊÅÄ�Æ'ÎzÊuÈEÇÏÂs��~�ÆQ<ÌÂsÃ%Ð#ÎzÊ���Æ�ì .JáIçÕ. í �'ÈfÊu��ÈhÇA@�Ð#Î4Ç�<'ÇxÈ±Æ@¿Æ'��ÈÜÐ#ÄÍÇN>%ÆaÆ'��<ÌÂD@�Ð#È±ÆaÆ'�'>'Ã2Ð�Ð�Â�>�Êu��È^ú�Ã�Æ
Φ
Æ?>'È)<ÌÂs��ÈEÇx��ÃàÆ/�
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·�Î�ÚJÝ�Ô7Ô76.ÌmÚJÌ
Φ
Ì.Ø¹Ð�6 î Õ7Ñ¡Ò	Î¬ÍNÌ/Ô�Ð]Ì'K�ÍÏÎ�Ú7Ý	Ô7Ô76/ÌhÚ7Ì'Ø¹Ì/ØEÒ¬Î	ÍNÌ.Õ78]ØEØ¹Õ78EÍNÌ.ØEÛ/Ì.Ô�Ð]8]Ì.Ø�ÚJÌ/ØÛ/Ì.ÍNÍNÕJÍNÌ/Øjß78]ÑIÓ"Î	ÍIÌ/Ø%ÚJÌ
M

Ì.ÐwØ¹Õ78)ÍNÌ/Ø�Ø¹Ý�Ó�Ó�ÌÐ9Ø�Ú7Ì
M

Ô7Ý�Ôm8]Ì.ÍNÑNÌ.Ø)KEÍÏÎ�Ó�Î	Ø]Ø¹Ì�ä
{

(Φ(xK))K∈C , (Φ(A))A∈V ,A/∈Γ0

}
.

�^Ô"ÌË¶WÌ.Ð : Û/Ì.ØjÒ¬Î	ÍNÌ.Õ78]Øª6.Ð9Î	Ô�Ð%ÞJ×r6/Ì.Ø : ÍNÎ�àFÝ�ÔJÛ.Ð9ÑIÝ�Ô φT
ìFÒ	6/8]Ñ¡Þ�Î	Ô�Ð�ì .Jáæè ê í ì .Jáæè¬ã í ì .Jáæè1å í]í ÌÐ

ÍÏÎnàFÝ�ÔJÛ.Ð9ÑIÝ�Ô
φH

Ø¹Ý�Ô�ÐjÙJÑNÌ/Ô=Ú76Þ�Ô7ÑIÌ/Ø : K�ß�Î	8ëÐªÍNÌ/ÕJ8]ØaÒ¬Î	ÍNÌ.Õ78]Ø^Ø¹Õ78^ÍNÌ/Ø�Û.Ì/Ô�Ð98¹Ì/Ø yσ

Ú7Ì.ØsÑIÔ�Ð9Ì/8ëàdÎ	Û/Ì.Ø
σ ⊂ ∂H

á<+�ÍfÌ×rÑIØ¹Ð9Ì�Î	ÍIÝ�8]Ø^Õ7Ô7Ì�Õ7Ô7Ñ î ÕJÌ�Ò¬Î	ÍNÌ.Õ78^ßWÝ	Õ78 φT (yσ) = φH(yσ)
Ð]Ì/ÍIÍNÌ î Õ7ÌnÍNÎ�8¹Ì/ÍÏÎDÐ9ÑNÝ	ÔÚ7Ì�Û/Ý�ÕJß7ÍÏÎ	Ö	Ì�ì .Jáæèu� í Ø¹Ý�ÑIÐ)Ø]Î¬Ð9ÑIØ¹àdÎ	Ñ¡Ð9Ì¬á

·^ï_Ì/Ø¹ß�Î	Û.Ì
E0

Î=Ú7Ý�ÔJÛ�ßfÝ�Õ78�ÚJÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô�ä
Ú7ÑIÓ

E0 = #C + # {A ∈ V, A /∈ Γ0} .
ìE.Já èu í

��Cfe¨CED #�Z%$�K�«âO W�SØM-KV^Tª
¬�U�QT]�ª
=&¥^�Ù�«âK[QTM-]�S\S[QX]�Ñ|
SNMP^�]>��]�¬�]±QTK
õ ô�ó U c V cF¦ U §�R¥£�?|£ V )BòyP

�LÝ�Õ78
Φ ∈ E0

Ý�Ô�ÔJÝ	Ð9Ì
φT ∈ P 1(MT )

ÌÐ
φH ∈ P 1(MH)

ÍIÌ/Øn8¹Ì/ØëÐ98]ÑIÛ.Ð]ÑNÝ�Ô7Ø�Ú7Ì
Φ
K
TÌ.Ð

H
8]Ì.Ø]ßfÌ/ÛÐ9ÑIÒ	Ì/Ó�Ì/Ô�Ðºá

µ ÔmÚJ6.Þ�Ô7Ñ¡ÐwÍ�ï_Ý�ßW6.89Î¬Ð]Ì/Õ78
D
Ø¹Õ78wÍ�ï_Ì/Ø]ß7Î	Û/Ì

E0

ß�Î¬8�ä
∀K ∈ C

ä

K ⊂ H : (DΦ)K = divh (GH∇hφH)K

ì{.rá è	ð í
K ⊂ T : (DΦ)K = divh (GT∇hφT )K ,

ì{.rá èu. í

∀A ∈ V : A /∈ Γ0

ä

A ∈ H : (DΦ)A = divh (GH∇hφH)A

ì{.rá ê b í
A ∈ T − ∂H : (DΦ)A = divh (GT∇hφT )A ,

ì{.rá ê ç í

A ∈ H : (DΦ)A =
|PT (A)|

|P (A)|
divh (GT∇hφT )A

ì{.rá ê è í

+
|PH(A)|

|P (A)|
divh (GH∇hφH)A

µ Ôh6Ð9Ì/ÔJÚ�Î	ÍIÝ�8]Ø%ÍNÎEÚ76.Þ�ÔJÑIÐ9ÑIÝ�Ô�ì ðrá¸. í ÚJÕ�Û.8]ÝBÛ?é7Ì.ÐwÚ7Ì�Ú7Õ�Î¬ÍNÑIÐ]6
〈 · , · 〉F×P 1

ß�Î	8�ä
∀ Φ,Ψ ∈ E0 :

〈DΦ , Ψ 〉F×P 1 =
1

d

∑

K∈C

(DΦ)K Ψ(xK) |K| +
1

d

∑

A∈V
(DΦ)A Ψ(A) |P (A)| .

õ ô�ó U c V cF¦ U §�R¥£º[s��ôBòyZ
�LÝ�Õ78

f ∈ L2(Ω)
Ý	ÔmÚJ6.Þ�Ô7Ñ¡Ð�ä

∀ K ∈ C : fK =
1

|K|

∫

K

f dx
Ì.Ð

∀ A ∈ V : fA =
1

|P (A)|

∫

P (A)

f dx .

ì{.rá ê�ê�í



� �uå-� � �Rl 6 � �â»�» �no ��º�78 7����
¥º21¨��� � �+»��í�������� � 	9�P��	'º�� çºã ê

µ Ômß78]Ý	ßWÝ�Ø¹Ì�Î	ÍNÝ	8]Ø�ÍNÌ�Ø¹Û?é76/Ó�Î=Ø]Õ7Ñ¡Ò	Î¬Ô�ÐwßfÝ�Õ78�ÍNÎ�8]6/Ø¹Ý�ÍNÕrÐ9ÑNÝ	Ô'Ú7Ì�ì .Já¡ç2å í ì .Já ècb í
Ý�Ôh8]Ì/Û?éJÌ/8]Û?éJÌ

Φ ∈ E0

ä
∀ K ∈ C : (DΦ)K = fK

ì{.Já ê ã í
∀ A ∈ V , A /∈ Γ0 : (DΦ)A = fA .

ì{.Já ê å í
( �|ôB¦�X*)BòyP ! öI÷{ödø ì,+�Ô�Ò�Ì.8]Ø]ÑIÙ7ÑNÍIÑIÐ]6�Ì.Ð�ØG$BÓ�6.Ð]8]ÑNÌ í ö t�ÂsÃ�Ä

f ∈ L2(Ω)
ÇxÎ²Æ¹ü1ÇN>'È±ÆÅÃ��[Æ�ÃT��Çdú�Ã�Æ

ÉÕÂs��<'È{ÇÏÂs�
Φ ∈ E0

ú�ÃTÇM>�ÊuÈEÇN>ÒÉËÊD>?>%Æ¥ÎqÆ�>�<?���@�Ê�ì .rá ê ã í ì .Já ê å í �
t²Î4Ã�>hÐ#Ä9�?<'ÇN>��@¿Æ'��ÈM<ÌÆ�>�<?���@�ÊyÆ?>'ÈÜ>�¬@"�'ÈEÄÍÇdú�ÃàÆ�Æ'ÈM~B�F�
��ÇN������ÊuÈEÇ Éw~�Êu�J>�ÎqÆ%>%Æ'�J>j>'ÃTÇ G Êu��ÈMÿ

∀ Φ,Ψ ∈ E0

�
〈DΦ , Ψ 〉F×P 1 = 〈DΨ , Φ 〉F×P 1 ,

ì{.Já ê � í
∀ Φ ∈ E0

È±Æ'ÎxÎqÆQú�ÃàÆ
Φ 6= 0

�
〈DΦ , Φ 〉F×P 1 < 0 .

ì{.rá ê  í
v��@¿Âs�J>'È{ÄGÊuÈEÇÏÂs�f��vBÝ�ÑNÌ.Ô�Ð

Φ,Ψ ∈ E0 : Ý�Ô�Ô7Ý	Ð]Ì φH , ψH ∈ P 1(MH)
Ì.Ð
φT , ψT ∈ P 1(MT )ÍNÌ/ÕJ8]Ø�8]Ì.Ø¹Ð]8]ÑNÛÐ9ÑIÝ�Ô7Ø�8]Ì.Ø]ßfÌ/ÛÐ9ÑIÒ	Ì/ØnK

H
ÌÐ
T
á

�LÎ	8QÚJ6.Þ�Ô7Ñ¡Ð9ÑIÝ�Ô�ÚJÌ"Í�ï_Ý�ßf6/8]Î¬Ð9Ì.Õ78
D
Ì.ÐQÚ7ÕyÛ.8]ÝBÛ?é7Ì.ÐEÚJÌ�Ú7Õ7Î	ÍNÑ¡Ð96

〈 · , · 〉F×P 1 : Ý�Ô©ÎmÐ9Ý�ÕJÐÚ{ïæÎ¬ÙWÝ�8¹Ú�ä
〈DΦ , Ψ 〉F×P 1 = 〈 divh (GH∇hφH) , ψH 〉F×P 1 + 〈divh (GT∇hφT ) , ψT 〉F×P 1 .

��Ô�Î	ß7ß7ÍIÑ î Õ�Î	Ô�Ð)ÍNÎQàFÝ�8]Ó�ÕJÍNÌCÚ7Ì�·�8]Ì.Ì/ÔmÚ7ÑNØ¹Û/8d0Ð9Ì�Ø]ÕJ8 MH

Ý	Ô�Îhä
〈 divh (GH∇hφH) , ψH 〉F×P 1 = − (GH∇hφH , ψH )L2(D)

+ (GH∇hφH · n∂H , TrhψH)L2(∂H)

ì{.Já ê ð í
��Õ7ÑIØ)Ì/Ô�Î	ß7ß7ÍIÑ î Õ�Î	Ô�Ð�ÍNÎEàFÝ	8]Ó�Õ7ÍIÌCÚ7Ì�·�8]Ì/Ì.Ô�ÚJÑNØ]Û.8d0Ð9Ì�Ø]Õ78 MT

ä
〈divh (GT∇hφT ) , ψT 〉F×P 1 = − (GT∇hφT , ψT )L2(D)

+ (GT∇hφT · n∂T , TrhψT )L2(∂T )

ì{.Já ê . í
âjÝ	Ó�Ó�ÌhÍNÌmÙWÝ�8¹Ú¯ÚJÌ

T
Ø¹Ì�Ú76.Û/Ý�Ó�ßWÝ	Ø9Î�Ì.Ô

∂T = ∂Ω ∪ ∂H : Ì.Ð î Õ7Ì�Ø¹Õ78 ∂H Ý�Ô¥Î
n∂T = −n∂H : ÍIÌCÐ9Ì/8¹Ó�Ì�ÚJÌ�ÙfÝ�8¹Ú�Ú�Î¬Ô7Ø)Í�ï_6/Ö�Î	ÍIÑIÐ]6nß78¹6/Û/6.Ú7Ì/Ô�Ð]ÌQØ]Ì�8¹6/6/Û.8]Ñ¡Ð�ä

(GT∇hφT · n∂T , TrhψT )L2(∂T ) = (GT∇hφT · n∂Ω , TrhψT )L2(∂Ω)

− (GT∇hφT · n∂H , TrhψT )L2(∂H)

·|Ì)ß78¹Ì/Ó�ÑNÌ.8aÐ9Ì/8¹Ó�Ì)Ú7Ì)ÙfÝ�8]Ú�Ì/ØëÐjÔ�Õ7Í�Ú{ïuÎ	ß78G0/Ø^ÍNÌ.Ø^Û/Ý�Ô7ÚJÑIÐ9ÑIÝ�Ô7Ø�ÍIÑNÓ�ÑIÐ9Ì.Ø)ì .rá è ê í ì .Jáæè1å í Ò	6/8]Ñ¡Þ�6/Ì.Ø
ß�Î	8

φT

Ì.Ð
ψT

Ø]ÕJ8
∂Ω

ä
(GT∇hφT · n∂Ω , TrhψT )L2(∂Ω) = 0 .

�MÎ	8ªÛ/Ý�Ô�Ð]ÑNÔ�Õ7ÑIÐ]6)Ú7Ì
Ψ
Ì.ÐjÎºÒ�Ì/Û�ÍÏÎ�8]Ì.ÍÏÎ¬Ð]ÑNÝ�ÔEÚJÌ�Û.Ý�Õ7ß7ÍNÎ	Ö�Ì�ì .Jáæèu� í Ø9ÎDÐ9ÑNØëàdÎ	ÑIÐ]Ì�ß�Î	8

φT

Ì.Ð
φH

Ø]ÕJ8
∂H : ÍNÌ�Ø¹Ì/Û/Ý	Ô7Ú�Ð]Ì/8]Ó�Ì�Ú7Ì�ÙfÝ�8]Ú'Ò�6.8]Ñ¡Þ�Ì=ä

(GT∇hφT · n∂H , TrhψT )L2(∂H) = (GH∇hφH · n∂H , TrhψH)L2(∂H) .� ÑNÔ7Ø¹ÑÜÌ/Ô�Î	Ú7Ú7Ñ¡Ð9ÑIÝ�Ô7Ô�Î	Ô�Ð�ÍIÌ/Ø�6.Ö�Î	ÍNÑ¡Ð96.Ø�ì .Já ê ð í ì .Já ê . í Ý�ÔhÝ�ÙJÐ]ÑNÌ.Ô�Ð)Ì�×JÎ	Û.Ð]Ì/Ó�Ì/Ô�ÐQä
〈DΦ , Ψ 〉F×P 1 = − (GH∇hφH , ψH )L2(D) − (GT∇hφT , ψT )L2(D) ,

ì{.Já_ã�b í
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Û/Ì î Õ7Ñ : Î�Ò	Ì/Û�ÍÏÎ�Ø9$rÓ�6.Ð]8]ÑIÌ�ÚJÌ GH

Ì.Ð)ÚJÌ
GT : ß78¹Ý�ÕJÒ�Ì"ì .rá ê � í á·^ï_6/Ö�Î	ÍNÑ¡Ð96=ì .Já ê � í ß78¹Ý�ÕJÒ�Ì�6/Ö�Î	ÍNÌ.Ó�Ì.Ô�Ð î Õ7Ì 〈DΦ , Φ 〉F×P 1 ≤ 0

á
·ÜÌ/Ø�Ð]Ì/Ô7Ø¹Ì/Õ78¹Ø

GH

Ì.Ð
GT

6.Ð?Î¬Ô�ÐnÚ76.Þ7Ô7ÑNØCßfÝ�Ø¹ÑIÐ9Ñ¡àFØ)Ø]Õ78�Û?é�Î î Õ7Ì�Û.Ì/ÍNÍIÕ7ÍNÌ�Ú7Õ�Î¬ÍNÌ : ì .Já ê � í Î¬Ø]Ø]ÕJ8]Ì
î Õ7Ì�Ø]Ñ 〈DΦ , Φ 〉F×P 1 = 0 : Î	ÍNÝ	8]Ø ∇hφT = 0

ÌÐ
∇hφH = 0

á
âjÝ�Ó�Ó�Ì

φT
Ì.Ø¹Ð�ÔBÕJÍNÍNÌ'Ø¹Õ78�ÍNÌ/Ø=Ø¹Ý�Ó�Ó�Ì.Ð]ØEÌ.Ð�ÍNÌ.Ø=Û/Ì/Ô�Ð]8]Ì/Ø�Ú7Ì/Ø�ÑNÔ�Ð]Ì/8¹àdÎ¬Û/Ì/Ø�K�ÍÏÎ�Ó�Î	Ø]Ø¹Ì : ÍNÌ.Øß78]Ý	ßWÝ�Ø¹ÑIÐ]ÑNÝ�Ô7Ø ðJá!åBáIç : ðJá!åBá è Ì.Ð ðrá!årá ê ÛºÎ	8]Î	Û.Ð]6/8¹ÑNØ9Î¬Ô�ÐwÍIÌ�Ô7Ý%$�Î	ÕmÚ7Ì ∇h

Î	Ø]Ø¹Õ78]Ì.Ô�Ð î Õ7Ì φT = 0
á

·|Î�Û/Ý�Ô�Ð9ÑIÔ�Õ7ÑIÐ]6�Ú7Ì
Φ
ÑIÓ�ß7ÍIÑ î Õ7Ì î Õ7Ì φH

Ì.Ø¹ÐwÔ�Õ7ÍNÍIÌCØ]Õ78�ÍIÌ/Ø�Ø¹Ý�Ó�Ó�Ì.Ð]Ø�Ì.Ð)ÍIÌ/Ø�Û/Ì.Ô�Ð98]Ì.Ø�Ú�ïuÑIÔ�Ð]Ì/8�,
àdÎ	Û/Ì.Ø)Ø]Õ78

∂H
áà�LÎ	8)Û/Ý�Ô7Ø¹6 î Õ7Ì.Ô�ÐnÝ�ÔmÎ=Î	Õ7Ø]Ø¹Ñ φH = 0

`�Û.Ì î ÕJÑÜß78]Ý�ÕrÒ�Ì"ì .Já ê  í á·^ï_6/Ö�Î	ÍNÑ¡Ð96mì .rá ê  í ßJ8]Ý�ÕJÒ	Ì î Õ7Ì�ÍNÌ=Ø]Û?éJ6/Ó�Î©ì .rá ê ã í ì .Já ê å í Ì/ØëÐQÑIÔDt¹Ì/ÛÐ9ÑIà�áN·^ï_6/Ö�Î	ÍNÑ¡Ð96mì .rá è1 íØ]Õ78MÍÏÎ�ÚJÑNÓ�Ì/Ô7Ø¹ÑNÝ�Ô�Ú7Ì
E0

Ó�Ý�Ô�Ð]8]Ì î Õ{ï_ÑNÍBÌ/ØëÐ�6/Ö�Î	ÍNÌ.Ó�Ì.Ô�ÐMØ]Õ78At¹Ì/ÛÐ9ÑIàB`¬Û/Ì î Õ7Ñrß78]Ý�ÕrÒ�Ì�ÍÏÎwß78]Ì.Ó�Ñ`0/8¹Ìß�Î	8ëÐ9ÑNÌnÚ7ÕmÐ]é76/Ý	8d0/Ó�Ì	á
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� OQPR� �TSVU W�X4Y[Z�\5]8A�^_W`Wa]¯?�� A4\b]dc�SVX4e
µgf 8ih
jkjml�nonol'nol/Ø5prq�h ftsvuwsix Ø5l s�f%y
s h siuwyzf Øbj y q785nol|{ y<} 0Rnol'~ uo}%y {�h uwf l uwfrs 8 y�} q u�s h
q<�

��� h
j u�s 8vl.Ø � l s � �
¤�h	8 u h
~%nol.Øg�
φ

j y
s l ftsiu l�n j
mV

k
Vm

j y
s l ftsiu l�n } l5{Ql�{=~78vh f l j
mV

k
Cm

� h
j�h � uwsix {�lR{=~J8ih f h u 8vl j
µF.cm−2 k

Am

8vh
j%j y 8 s�}�� h	Ø�jml � s {Ql�{=~78ih f h u 8�l j
cm−1 k

G
s l f Ø�lRq78 } l � y
f%} q � siuw��u�six j

mS.cm−1 k
Iion

� y q78ih frs uwyzf%u prq%lb{�lR{'~78ih f h u 8�l j
µA
k

t
� h	8 u h
~%nwl } l s l�{QjJØ j

ms
k

x
� h	8 u h
~%nwl }�� l/Ø�j�h � l j

cm
k

+ f%}%u � l/Ø5�
i

uwfrs 8ihs, � l�nonoqkn�h u 8vl
e

l�� s 8ihs, � l�nonoqkn�h u 8vl
T

s � y 8ih*�
� q782nol }ky {�h uof l

Ω � y {Qj78�l f h frs nwl/Ø�Ø y q7Ø }%y {Qh uwf l/Ø H l s
T
y �R� q%j x Ø�j�h	82nwl � y lRq782l snol s � y 8vh�� : nolV{ y�} 0�nolQØ�l }%x � y {�j y Ø�l=l fts 8vl|q f j78 y ~%n`0R{�l'l f l.Øvj�h � l�l sb} lRq<��j78 y ~knq0R{�l/Øl f4s lR{�j7Ø �

��8 y ~%nq0�{Qlb~ uo}%y {Qh uwf l�l f l.Øvj�h � lQ�
div ((Gi +Ge)∇φe) = −div (Gi∇Vm)

ØvqJ8
H ��� b � �*�

div (GT∇φT ) = 0
Øvq78

T ��� b � � �
h � l � nol.Ø } lRq<�m8�lRnoh siuwyzf Ø } l � y q%j%noh
�zl�ØvqJ8 ∂H l fts 8vl

φe

l s
φT

}%x � 8 uws l.Ø�l f �%��� :
φe = φT

ØvqJ8
∂H ��� b ��� �

Ge∇φe · n∂H = GT∇φT · n∂H , ��� b ��� �
� � å
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h uof Ø u prq%l5n�h � yzf%}%u�siuoy
f n u { uws l�Ø�q78 φi

h
q¢~ y 8 }4} q � y lRq78 :
Gi∇φe · n∂H = −Gi∇Vm · n∂H , ��� b � å �

l s h � l � nwl/Ø � yzfk}%uwsvuoyzf Ø�n u { u�s l.Ø�Øvq78 ∂Ω y ~ s l f qkl/Øal f Øvq%jkj y Øvh fts prq � q f lCØ y q7Øaj�h¬8 siu l
Γ0 ⊂

∂Ω
h
q¢~ y 8 }4} q }%y {Qh uof lgl/Ø s 8�lRn uox lbj%h	82q f l x nwl � s 8 y�} l5£|n�h|{Qh	Ø]Ø�l :

φT = 0
Ø�q78

Γ0 ��� b � � �
GT∇φT · n∂Ω = 0

Ø�q78
∂Ω − Γ0 ��� b �  �

¾ prq�h siuoy
f¢}/��x��zy nwq siuwyzf Øvq78 Vm

�
Am (Cm∂tVm + Iion) = −div (Ge∇φe)

} h f Ø
H ��� b ��¤ �

¾ prq�h siuoy
f¢}/��x��zy nwq siuwyzf Øvq78 Iion

l f ��� h
prq%l�j y
uofts�} l H � �zy
u 8 ��� h
j uws 8�l � � �
Iion = Iion (Vm,w) , w ∈ R

n ��� b � . �
dw

dt
= F (Vm,w) . ��� b � � b �

¥ OQPi¦ §©¨�c�e�]dW�X4Y[W«ª¬W�edS�ZËA¬]dc�SVX¢e
V®�¯�°_±©²z³�´�±dµ¬¯R´�±8"

�gh f Ø � l � h	Ø yzf4f l5�th	8 } lbp�qkl�nwl/Ø x p�q%h siuwyzf Ø � � b � � � l s � � b ��¤ �b� � b � � b � prq%l5n ��yzf � y {y,j%nq0 s lbj�h¬8 } l/Ø � yzfk}%uwsvuoyzf Ø[n u { uws l/Ø } l s $<j¶lV�·lRqk{�h fkf Ø�q78 Vm

l s
φe

h¸q¹~ y 8 }4} q � y lRqJ8 �º[y non u ,���8vh f%»Ry
f l4l s¹� h � h	8 x j � b k yzfts { y
frs 8 x n � l�� u Ø s l f � l¼l s n � q fku � u�six¹} l/Ø'Ø y noq svuoyzf Øj y q78 � l�j78 y ~%nq0�{Qlgl s x�s h¸~%n u�} l.Ø�l/Ø svu {Qh siuwyzf Ø%Ø�q78 n�h�8 x �zq%noh	8 u�sixg} l � l.Ø�Ø y noq siuoy
f Ø } h f Ø·nwl� h	Ø y
½ n �¾x prq�h svuoyzf Ø�q78bnol.Ø � y qJ8ih fts Ø uwyzf%u prq%l.Ø � � b � � b � l.Ø s q f { y�} 0�nolQØ u {�j%n u�¿�x�} q s $<j¶l� uwsv» � q%� � ,���h¸�zq%{ y=uofts 8 y<} q uws l f �<��� �·�lRq78·h
j%j78 y ��� l�Ø�lV~�h¬ØvlQØ�q78 n�h s � x�y 8 u l } l/Ø x prq�h svuoyzf Ø }��¾x��
y noq svuoyzf¢}%x � xRf%x 8 x l/Øgl s q svu n u Øvlq f lbÀ y 8�{=q%n�h siuoy
fQ� h	8 u h siuwyzf%f l�nonwl } l � � b � � �:d� � b ��¤ �b� � b � � b � �º l svs l�h f h
n`$BØ�l�h x�six 8vl�j78 u Øvl�j�h	8 � h f ÀÁlRn u � u j � b � k prq u h¢{ yzfts 8 x j y q78 � l=ØG$BØ s 0R{�lQnoh� yzft� l/8v�
l f � l }�� q f l5{ x�s � y<} l } l'Â5h
nwl/8v	 uwf ØvlR{ u�}%u Ø � 8 x�svu Ø x l5l f l/Øvj%h � l �æ f l�Ø�l � y
f%} l h f h
nz$BØvl s $�jml�Ø�lR{ u ��8 y q%j¶l/Ø�l/Ø sÃx �th¸nolR{�l fts l ft�<u Øih
�
lÄh
~%nwl } h f Ø�nol � h	Ø yz½nol � y l�q78�l/Ø s Ø�q%j%j y Ø x�Å�s 8vl siy¸s h
nwlR{�l fts2u Ø y n x¸��º�� l/Ø s £ }%u 8vl s l�n�prq%l φe

l s
φi

�zx 8 uw¿ l fts q f l
� yzfk}%uwsvuoyzf n u { uws l } l�� lRq%{Qh f%f � y { y �10 f l�h
qÆ~ y 8 }"} q � y lRqJ8 � �gh f Ø � l � h¬ØVn ��x p�q%h siuwyzf
� � b � � � }%x�¿�f%uws�u {�j%n u � u�s lR{�l fts φe

l f À yzf � siuoy
f¡} l Vm

h"q f l � yzf Ø s h fts lÇh }%}%u�siuw� l¹jJ8d0/Ø �· ��x p�q%h siuwyzf4}���x��zy nwq siuwyzf � � b ��¤ � jml�q s h uof Ø u�Å�s 8vl�8 x�x � 8 uws l5l f4s l/8�{Ql } l Vm

q f%u prq%lR{�l fts :
Am (Cm∂tVm + Iion) = LVm ,

yz½ n �¾y j x 8ih s lRq78 f%y
f n y � h¸n L : D(L) ⊂ H2(H) 7→ L2(H)
h¸j%j�h	8vhc� s À y 8�{Ql�nonwlR{�l fts � y {Q{�ln�h={ y $zl fkf l � h	8v{ yzf%u p�qkl } l/Ø y j x 8vh s l�q78]Ø div (Gi∇ · )

l s
div (Ge∇ · )

�
·�l/Ø=j78 y j78 uox�svx Ø } l

L
Ø yzfts � l�jml f%} h fts {Qh
n � yzf%f q%l.Ø|l s noh¹prq%l.Ø siuwyzfÈ} l"Øih �zyzu 8�Ø u L l.Ø s

Øvl � siy 8 u l�n�l/Ø s�y q � l.8 s l �
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'®%¯Q°Ë±BÕ_µ*³�Ö�",)�×M´¹²z³¶±ËÕ�",Ø
ÙËlRq }���x�s q } l/Ø s � xRy 8 u prq%l.ØÑj y 8 s l fts Øvq78�nol2jJ8 y ~%n`0R{�l2~ uo}ky {�h uof l � y q%j%n x
� ·dh�8 x Ø y noq svuoyzf} q�j78 y ~knq0R{�la~ uw}%y {Qh uof l[l f l.Øvj�h � l)Ø y q7ØÃnoh�À y 8v{�l � � b � � �2� � b � å � f�� l.Ø s�}%x>Ú £5j%h	Ø x���uo} l fts l �·�l5j78 y ~%nq0�{Ql�~ uo}%y {�h uwf lgl f l.Øvj�h � l'h x�six5} h � h fts h
�zl x�s q }%uwxb} h f Ø�nwl � h } 8�l } l/Øw8vl�n�hs,siuoy
f Ø }��¾uofts l/8�À,h � l � y l�q78�Û s � y 8vh�� }%x�¿�fku l/Ø�l f �%���k� � ��º l.Ø�Øvl � yzf%} l/Ø�8vl�n�h svuoyzf Ø } l � y q%jkn�h
�zljml.8v{�l svs l fts l f l'¶/l s'} l�8 x Ø y q } 8vl�Ø u {Qj%nwlR{�l fts nol�j78 y ~%n`0R{�l�~ uo}%y {Qh uwf l|l f l/Øvj%h � l¹�Ël fs � x�y 8 u lb£|j�h	8 svu 8 }/� q f l5À y 8v{=q%noh siuwyzf�� h	8 u h svuoyzf%f lRnonwl } h f Ø H1(Ω)

l s l f jJ8ih svu prq%lbj�h	8 } l/Øx n x {Ql fts Ø ¿�f%u Ø
P 1
�

·�l|j78 y ~%n`0R{�l=~ uo}ky {�h uof lVl f l/Ø�j�h � l�l/Ø s j%noqJØ }%u & � u nol'£h8 x Ø y q } 8�lQh � l � nol.Ø�8vlRnoh siuwyzf Ø} l � y q%jkn�h
�zl � � b ��� �b� � b � å � � yzf Ø uo}kx 8 x l/Ø u � uÜ�+>nkl/Ø s j y Ø]Ø u ~%nol } l2j y Øvl/8 � h¬8 u h siuoy
f%f lRnwnol�{Ql frs � l2j78 y ~knq0R{�l } h f Ø H1(Ω)
l f 8 xRuofts l/8vjJ8 x�s h ftsn�h � yzf%}%u�siuoy
fÈf%yzf Ø s h f%} h¬8 }Ý} l�3�q<��Øvq78|n ��uwfrs l/8�À,h � l � y {�{Ql�q f l � yzfk}%uwsvuoyzfÈ} l }%x 8 uw�zx ly ~%n u prq%l �kº l/Ø � yzf%}%u�siuoy
f Ø } l }%x 8 uw�zxby ~%n u p�qkl � } q s $<j¶l ∇φ · l = g

y
½
l
�
x 8 u�¿ h
{ s

l ·n > 0l/Ø s q f l }%u 8�l � svuoyzfÆy ~%n u prq%l f%yzfÆs h f �
l ftsiu lRnonwl � j¶lRq � l fts Øvl s 8ih uws l.8 � h¬8 u h siuoy
f lRnwnolR{�l fts l fh Ú�y q s h fts q fÆs l.8v{�l uwfrsvx ��8vh
n } l�ÀF8 yzftsiu 0/8�l } h f Ø'noh4À y 8v{�l�~ u n uwf%x h u 8vl � �zy
u 85j�h	8�l��<lR{�j%nwlj  ¤ k � �

¥ OQPG; Þ ?�edS�ZËA¬]dc�SVX ª�A =¬^ßS�-4ZË��U W�-4cRª¬SVU \�c�X¬WàW�X W�eV=¢\VYÑW
µgf Ø�l2j%n�h � l } h f ØÔnol � h } 8�l2� xRy { x�s 8 u prq%l } l2nohnØvl � svuoyzf . � � �1µgf � yzf Ø uo} 0.8vl2q f {Qh u non�h¸�zl������¤

M
} l

Ω
prq u Ø yzuws h } h¸j six £Çn�h }%x � y {Qj y Ø uwsiuwyzfÍ} q }%y {Qh uof l Ω

l f¡} lRq<�¯Ø y q7Ø}%y {Qh uof l.Ø
T
l s
H
��µbf¹}%x Ø u � f l�j%h	8

MH

l s
MT

nwl/Ø)Ø y qJØ {Qh u non�h¸�zl/Ø } l
M

ØvqJ8
H
l s
T8vl/Ø�jml � svuw� l�{Ql fts·s lRnNØ2prq%l }%x�¿�f%u Ø�l f . � � � � �

á Øtâßã_äæå*äÁ³¶ã_¯|°d´�¯Qä,ã_²z³¶ãËã�±d´<¯|´tåQ°_±BÕËµ*³�ÖßçÁ)�×M´�°Ëäè¯R²zµ�´tå
µgf 8vl ��� l/8 ��� l'nwl/Ø uwf � yzfkf qkl/Ø φe ∈ P 1(MH)

l s
φT ∈ P 1(MT )

prq u��zx 8 u�¿ l fts h
qhØvl f Ø}%u Ø � 8vl s nol/Ø x prq�h siuwyzf Ø � � b � � �b� � b � � � } q¹j78 y ~%n`0R{�lb~ uo}%y {�h uwf l�l f l.Øvj�h � l :
divh ((Gi +Ge)∇hφe) = −divh (Gi∇hVm)

} h f Ø
F(MH) ��� b � �z�*�

divh (GT∇hφT ) = 0
} h f Ø

F(MT ) , ��� b � � � �
l s nol.Ø } lRq<�m8�lRnoh siuwyzf Ø } l � y q%j%noh
�zl � � b ��� �b� � b ��� � h¬Ø]Ø y � uwx l.Ø :

φe = φT

Ø�q78
∂H ��� b � � � �

∀ σ ∈ δSH : (Ge∇hφe)σ · n∂H = (GT∇hφT )σ · n∂H , ��� b � � � �
l s nol.Ø � yzf%}kuwsiuwyzf Øan u { uws l/Ø � � b � � �b� � b �êé � Øvq78�nolb~ y 8 } ∂Ω } q }ky {�h uof l=�

∀A ∈ V : A ∈ Γ0 ⇒ φT (A) = 0 ��� b � � å �
∀ σ ∈ S : σ ⊂ Γ0 ⇒ φT (yσ) = 0 ��� b � � � �
∀ σ ∈ δS : σ 6⊂ Γ0 ⇒ (GT∇hφT )σ · nσ = 0 ��� b � � é �
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V®�çè²t±Ëç[°Ë±B¯R´�²z³¶ãË°©×M´�×ÇÖËµ*´
−divh (Gi∇hVm)

°Ë´ � � b � �z� �
�gh f Ø � l j78 y ~%noï�{Ql Vm

l/Ø s q f l }%yzfkf%x l � Ù y q78�prq%l·nwl)Øvl � yzf%} {�lR{'~78vl } l � � b � �z� � Ø yzu�s}%x�¿%f%u : Vm

}%yzu�saÅ�s 8vl }kyzf%f%x Ø�q78anol.Ø � l fts 8vl.Ø } l/Ø � lRnwnoq%nwl/Ø[jJ8 u {Qh
nwl/Ø : } l.Ø � l�nonoqknol/Ø } q�h
nwl/Øal s} l/Ø uwfrs l/8�À,h � l.Ø·h¸q¹~ y 8 }4} l MH

�
º lRj¶l f%} h frs

Vm

l/Ø s·}ku 8 u � x j�h¬82n �¾x prq�h svuoyzf4}��¾x��
y noq svuoyzf4}%u Ø � 8 x�svu Ø x l

Am (Cm∂tVm + Iion) = −divh (Ge∇hφe) , ��� b � � ¤ �
prq u�f l5jml.8v{�l s�} l }%x�¿�f%u 8

Vm

prq%l�ØvqJ8 nwl/Ø � lRnonwq%nol.Ø } q�h
nwl/Ø2l s jJ8 u {Qh
nwl/Ø } l MH

�
·�l/Ø � h
nol�q78]Ø } l

Vm

Øvq782nwl/Ø � l fts 8vl.Ø } l/Ø uofts l/8�À,h � l/Ø h
q¬~ y 8 } Ø�l/8 yzfts�}%yzf � s 8vh uwsvx l.Ø � y {�{�l} l/Ø uwf � yzfkf qkl/Ø �º l/Ø uof � yzf%f q%l.ØnØ y
frs·}%x�¿�f%u l.Ø u {Qjkn u � uws lR{�l fts £�j�h	8 siu 8 } lVnoh � yzf%}%u�siuwyzf n u { uws l � � b � å � }%u Ø�ð� 8 x�siu Ø x l��

∀ σ ∈ δSH : (Gi∇hφe)σ · nσ = − (Gi∇hVm)σ · nσ . ��� b � �òñz�
� j�h	8 siu 8 } lVn � l�� s l f Ø uoy
f

Ṽm ∈ P 1(MH)
} l

Vm

}%x�¿�f%u l5j�h¬8

∀K ∈ TH : Ṽm(xK) = Vm(xK) ��� b � �ub �
∀A ∈ VH : Ṽm(A) = Vm(A) ��� b � � �ò�
∀ σ ∈ δSH :

(
Gi∇hṼm

)
σ
· nσ = 0 , ��� b � �z� �

l s £gj�h¬8 siu 8 } l2noh � yzf%}kuwsiuwyzf n u { uws l � � b � �Äñ �: nol%Ø�l � y
f%} {�lR{'~78vl } l � � b � �z� � l.Ø s�}%x�¿�f%u j�h¬82�
� � j y q78�q f l � lRnonwq%nol�j78 u {�h
nwl K y q } q�h
nwl

P (A)
f%y
f h
q4~ y 8 } :

−divh (Gi∇hVm)K = −divh

(
Gi∇hṼm

)
K

��� b � � � �
−divh (Gi∇hVm)A = −divh

(
Gi∇hṼm

)
A
, ��� b � � � �

� � j y q78�q f l � lRnonwq%nol } q�h
nwl K Ø u�s q x l�Øvq78�nolb~ y 8 }
∂H :

−divh (Gi∇hVm)K = −divh

(
Gi∇hṼm

)
K

��� b � �1å �
+

1

|K|

∑

σ∈δSH∩δK

(Gi∇hφe)σ · nσ|σ| ,

�k� j y q78�q f l � lRnonwq%nol�j78 u {�h
nwl P (A)
Ø u�s q x lVh¸q¢~ y 8 } :

−divh (Gi∇hVm)A = −divh

(
Gi∇hṼm

)
A

��� b � �u� �
+

1

|K|

∑

σ∈δSH , A∈σ

(Gi∇hφe)σ ·

∫

σ∩∂P (A)

n∂Hds ,
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·dh }%yzf%fkx l } l
Vm

ØvqJ8Ñnwl/Ø � l�nonoqknol/Ø�jJ8 u {Qh
nwl/Ø�l s�} q%h
nol.Ø } l MH

h uwf Ø u prq%l·n�h � y
f%}%uwsvuoyzfn u { uws l � � b � �Äñ � jml.8v{�l sa} l }%x�¿�f%u 8�nolwØvl � yzfk} {Ql�{=~78vl } l � � b � �z� � £�j�h	8 svu 8 } l/Ø }%x�¿%f%uwsvuoyzf Ø� � b � � � �b� � b � �u� � �+ fts 8 y�} q u Øvh fts nol s l f Øvl�q78 } l � yzf%} q � svuw��uwsvxb}%u Ø � 8vl s GH

Ø�q78
MH :

GH(σ) =

{
Gi(σ) +Ge(σ)

Ø u
σ 6⊂ ∂H

Ge(σ)
Ø u

σ ⊂ ∂H
, ��� b � � é �

yzf 8 x�x � 8 uws n ��x p�q%h siuwyzf � � b � �z� � £2j�h	8 siu 8 } l/Ø }%x�¿�f%u�siuoy
f Ø � � b � � � ��� � b � �c� � } q�Ø�l � y
f%} {�lR{'~78vl �·dl.Ø s l/8�{Ql.Ø } l5~ y 8 }4} h f Ø � � b � � � �5� � b � �u� � Øvl�Ø u {Qj%n uw¿ l fts l s n ��yzf4y ~ siu l fts Ø u {�j%nwlR{�l fts �
divh (GH∇hφe) = −divh

(
Gi∇hṼm

) } h f Ø
F(MH) . ��� b � � ¤ �

ù s � l�jJ8 y ~%nwïR{�lgl/Ø s � y q%j%n x h � l � nol s � y 8vh��4j�h	82nwl/Ø x p�q%h siuwyzf Ø
div (GT∇φT ) = 0

} h f Ø
F(MT ) ��� b � � ñt�

φe = φT
Ø�q78

∂H ��� b ��� b �
∀ σ ∈ δSH : (GH∇hφe)σ · n∂H = (GT∇hφT )σ · n∂H ��� b ��� �*�

'³¶ãË²tçè±Ë¯ÄäÁ³¶ã
� j�h	8 svu 8 } q s l f Øvl�q78 } l � y
f%} q � siuw��u�six { y<}kuw¿�x GH

}%yzf%fkx j�h	8 � � b � � é � l s2} lgn � l�� s l f ðØ uoy
f
Ṽm ∈ P 1(MH)

} l
Vm

}%yzf%f%x lVj%h	8 � � b � �ub �b� � b � �z� �: n�h=À y 8�{=q%noh siuwyzf�}%u Ø � 8 x�svu Ø x l } qj78 y ~knoïR{�l5~ uo}ky {�h uof lgl f l/Ø�j�h � lQØvl�8 x�x � 8 uws l��kh � s l�{Ql frs � y {�{�l�q f j78 y ~%noï�{Ql } l s 8vh f Ø�ð{ u Ø]Ø uwyzf Ø s h f%} h	8 } � � b � � ¤ �2� � b ��� � �: � y {�j%n x�six j%h	8Ônol.Ø � yzfk}%uwsvuoyzf Øßn u { uws l/Ø � � b � � å �a� � b � �Äñ � �·�l.Øm8 x Ø�q%n s h s Ø } lÇn�h©Ø�l � siuoy
f ñ � � Ø � h
j%j%n u prq%l frs £ � l svs lÇÀ y 8v{=q%noh siuwyzf�� +>ngl�� u Ø s lÆj�h	8� yzf Ø x prq%l frs q f l=q f%u p�qkl'À yzf � siuoy
f � yzftsvuof q%l|h¸ú f l'j�h	8�{ y 8 � lÄh¸q<� Φ
}%x�¿�f%u l�Øvq78

Ω
}%yzftsnol/Ø�8�l/Ø s 8 u � svuoyzf Ø�£ T l s

H
�zx 8 uw¿ l fts

Φ|H = φe ∈ P 1(MH) , Φ|T = φT ∈ P 1
Γ0

(MT ) , ��� b ��� � �
yz½

φe
l s
φT

�zx 8 uw¿ l fts � � b � �ub �'� � b � �z� � l s�yz½ φT

�zx 8 uw¿ l'l f�y q s 8vlVnol.Ø � yzf%}%u�siuoy
f Ø·n u { uws l/ØØvq78
∂Ω � � b � � å �b� � b � �Äñ � �Ù�8vh siu p�qklR{�l fts n�h }%yzf%fkx l } l

Φ
l.Ø s5x prq u�� h
nol frs l|£�noh }%yzf%fkx l } q � l � s lRqJ85À y 8v{ x j�h	8nol/Ø � h
nwlRq78¹Ø } l

Φ
h
q<� � l fts 8vl.Ø } l/Ø � lRnwnoq%nwl/Ø�j78 u {Qh
nol.ØÔl s ØvqJ8Ñnwl/Ø^Ø y {�{�l s Ø f%y
f £5n�hb{Qh	Ø]Ø�l��

Φ =

{
Φ(xK) , K ∈ T

Φ(A) , A ∈ V , A /∈ Γ0

. ��� b ���z� �
·�lbj78 y ~%nwïR{�lg~ uo}ky {�h uof l·l f l/Øvj%h � l }%u Ø � 8 x�svu Ø x Ø�l�8 xRx � 8 uws h
n y 8]Ø%Ø y q7Ø2À y 8�{Ql }/� q f Ø�ûrØ�ðs ïR{�lbn uwf%x h u 8vlnØvq78

R
N :

A
(
G
)
Φ = b (Vm) , ��� b ���
� �n�h s h u nonol

N
} q�Ø�ûBØ s ïR{�l x�s h ftsÑx �th
nwl h
q f%y {=~78vl siy¸s h
n } l�Ø y {�{�l s Ø f%y
f 8vl�n uwx ØÑ£�noh�{Qh	Ø]Ø�ll s } l � l�nonoqknol/Ø[j78 u {�h
nwl/Ø } q¹{Qh u nwn�h
�
l M �

N = #C + # {A ∈ V A /∈ Γ0} .
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��l�j%nwq7ØÜØ u n ��y
f lË¶ml � s q%lÃnol ��� h f �zl�{Ql frsË} l�~%h	Øvl � y
f Ø u Ø s h frs £aj yzf%}kx 8vl.8 ��� h
prq%l � l � s l�q78 } ln�h�~%h	Øvl � h f%yzf%u p�qkl } l
RN j%h	8Ôn�hg{�l/Ø�q78vl } l2noh � l�nonoqknol[jJ8 u {Qh
nwl y q } q%h
nol � y 8]8�l/Øvj yzf%} h fts l} h f Ø

M � ��� h f �zlR{�l fts } l5~�h	Ø�l }%u h
� yzf h
n �: h
n y 8¹Øan�h={Qh s 8 u � l } qmØ�ûBØ s ïR{�l'£E8 x Ø y q } 8vl5l.Ø sØ�û�{ x�s 8 u prq%l }%x�¿�f%u lbl s f%x �th siuw� l �
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µgf h¸j%j%n u prq%l u � u j78vh siu p�qklR{�l fts nwl/ØªØ ��� x {�h	Ø������
	 : }%x � 8 u�s Ø[h
q ��� h¸j uws 8vl ��� : £�n�h�8 x ðØ y nwq siuwyzf=f q%{ x 8 u prq%l } q�{ y<} ï�nolÑ~ uo}%y {�h uwf l � y l�q78�� s � y 8ih*� �z� q78�q f�}%y {�h uwf l Ω � y {Qj y Ø x} l/Ø } l�q<��Ø y q7Ø }%y {Qh uof l/Ø

H � nol � y l�q78 � l s T � nwl s � y 8ih�� ��: nol={ y�} ïRnwl'l/Ø s�}%u Ø � 8 x�siu Ø x ØvqJ8q f {Qh u non�h¸�zl����
	
M

h } h
j six £ � l svs l }%x � y {�j y Ø uwsvuoyzf¬} l Ω
� ·�l.Ø·j � xRf%y {�ï f l/Ø }%x � 8 uws Øyzfts � y q78]ØCØ�q78 } l/Ø x ��� lRnwnol/Ø }%u ¶ x 8�l fts l.Ø } h f Ø·nol � y lRq78·l sb} h f Ø�nwl s � y 8ih�� � Ù y qJ8�j78�l f%} 8�ll f � y {�j s l � l.Ø }ku ¶ x 8vl f � l.Ø }���x ��� lRnwnol : nolg{Qh u non�h¸�zl)Øvl/8vhE8ih¸ú f%x5} h f Ø2nolCØ y q7Ø }%y {Qh uof l H �� q78 � l�{�h u nonoh
�zl : nol.Ø)Ø ��� x {�h	Ø f q%{ x 8 u p�qkl/Ø } l�8 x Ø y noq svuoyzf4} q¹{ y�} ïRnwl�Ø yzfts�u {�j%n x {Ql frsvx Øl f � µ�������� � ñ�� �� ��� h¸p�qklVj�h¬Ø } l s lR{�j7Ø : noh�8 x Ø y nwq siuwyzf Ø � lË¶ml � s q%lVl f4s 8 y
u Ø x�s h
j¶l/Ø��

� ��uoft� l.8]Ø uoyzf4} q¢j78 y ~%noï�{Qlb~ uw}%y {Qh uof l�l f l/Ø�j�h � l � ��� ���
� ��:� � h � s q�h
n u Øih siuoy
f�} l/Ø � y q78ih frs Ø uoyzf%u prq%l/Ø2l f ��� h
prq%l�j yzuofts Ø } q � y l�q78 � ��� � ñ �b� ��� � ��� ��:�k��uoftsix ��8ih siuoy
fg} lÃn �¾x prq�h svuoyzf5}��¾x��
y noq siuoy
f Ø�q78dnol�j y
s l ftsiu l�n s 8vh f Ø�{Ql�{=~78ih f h u 8�l � ��� � � ¤ � �
����������� �u����! #"%$'&�(*)+,"%-."0/<�213�54'$'(687�$9 #�
� y
s h frs

V n
m

nol � l � s lRq785À y 8v{ x|} qÆj y¸s l ftsvu lRn s 8ih f Øv{�lR{=~78vh f h u 8vl�Ø�q78 ��� h
prq%l � l�nonoqknol/Øj78 u {�h
nwl/ØÑl s } q�h
nwl/Ø } q � y lRq78;:�l s f%y
s h fts Φn nolbj y
s l frsvu l�n

Φn =

{
φn

e

} h f Ø
H

φn
T

} h f Ø
T

,

}%yzf%f%x h¸q<�5Ø y {Q{�l s Ø } qÝ{�h u nonoh
�zl f%yzf 8vl�n uwx Ø�£�n�h�{Qh	Ø¹Øvl4l s h
q�� � l frs 8vl.Ø } l/Ø � l�nonoqknol/Øj78 u {�h
nwl/Ø : nwla{ y<} ï�nolÑ~ uo}%y {�h uwf l[l f l/Øvj%h � l }%u Ø � 8 x�svu Ø x Ø �¾x � 8 uws Ø y q7Ø�n�h À y 8v{�l }�� q f Ø�ûBØ s ïR{�ln uofkx h u 8vlg£ uwfr� l/8¹Øvl/8��
A(G)Φn = b(V n

m), ���z� � �*�yz½ noh2{�h s 8 u � l A(G)
l.Ø s � 8�lRq7Ø�lÑl s : £�q f ��� h f �zl�{Ql frs_} l�~�h	Ø�l }%u h
� yzf h
nolÔjJ8vï/Ø : Ø�û�{ x�s 8 u prq%l}%x�¿�fku l5l s�f%x �th svuw� l �Ù�q u Øvprq �¾u n l/Ø s�f%x � l/Ø¹Øih u 8vl } l�8 x Ø y q } 8vl � l�Ø�ûBØ s ï�{Ql�£ ��� h
prq%lÐj�h	Ø } l s l�{QjJØ : u n�l/Ø su {�j x 8ih svu À } lg~ u l f ��� yzu Ø u 8jØih s l ��� fku prq%l }��¾uoft� l.8]Ø uwyzf��#<bf � y {�j�h	8vl.8ih'nwl/Ø } lRq<��{ x�s � y�} l.ØØvq u�� h frs l/Ø5�

��=<�
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� ��A[u ��8ih }%u l frs � yzf*Ú q%�zq x¸�2º l s h¸no� y 8 uws � {Ql4j¶l/8�{Ql svs h frs�}���uwft� l/8¹Øvl.8 } l/Ø'Ø�ûrØ s ï�{Ql.Ø¬n u ðf%x h u 8�l/Ø f%yzf Ø�û<{ x�s 8 u p�qkl/Ø : u n�Ø � h
j%jkn u prq%l }ku 8vl � s lR{�l fts £ � �z� � � � Øvh f Ø)Ø�û�{ x�s 8 u Øvh siuwyzfj78 x h
noh
~%nwl } l
A(G)

�B<gf q svu n u Ø�l/8ihVn�h|{ x�s � y�} l5h
{ x n uoy 8 x l A + º Â �%�
�A��� � q f lVÀ yzu Ø�Ø�û<{ x�s 8 u Ø x :_� �z� � � � j¶lRq s�Å�s 8vl�8 x Ø y nwqÐj�h	8 n � h
nw� y 8 u�s � {�l5ÂDC � l/Ø �/º l s�s l�Ø�ûtð{ x�s 8 u Øvh siuwyzf � y 8¹8vl.Øvj yzf%} Ø u {�j%nol�{Ql frs £�q f lV{=q%n siu jkn u � h siuwyzf j%h	8·q f lV{Qh s 8 u � l }%u h�ð� y
f h
nolbprq u j¶lRq s·Å�s 8�l � q%l � y {Q{�lgq f j78 x � yzfk}%uwsvuoyzf%f lRq78 �º[y {Q{�l
A(G)

l.Ø s n�h }%u Ø � 8 x�siu Øih svuoyzfQ}�� q f4y j x 8ih s lRq78 f%yzf ~ y 8 f%x : nwlCØ�ûBØ s ïR{�l5£ uoft� l.8�ðØvl.8�l/Ø s j�h¬8 f h s q78�l'{Qh
n � yzf%}kuwsiuwyzf%f%x¸�mº l'{Qh
q � h u Ø � yzf%}%u�siuoy
f%f lR{�l fts l/Ø s h
q%�
{Ql frsvx j%h	8j%noqJØ u l�q78]ØÃÀ,h � s lRqJ8]Ø �FE h � yzf%}%u�siuoy
f n u { uws l�Ø�q78[nwl·~ y 8 }�} q s � y 8vh���l/Ø s j78 y ��� l }�� q f l � yzf%}%u ðsiuwyzf n u { u�s l��·l�q%{�h f%f � y { y �zï f l2l s n�hgjknoq7Ø�j¶l svuws l � h¸nolRqJ8�j78 y jJ8vl � l f�� h
nwlRq78Ôh
~7Ø y noq%l � } l
A(G)

l/Ø s�}kyzf � j78 y ��� l } l »Rx 8 y%� Ù_h	82h u nonwlRq78¹ØÑnoh=� xRy { x�s 8 u l } q4{Qh u nwn�h
�zl : f%yzf Ø s 8vq � s qJ8 x ll s À,h u Øih frsguofts l.8 � l f%u 8 } l/Ø x n x {�l fts Ø } l }%u {�l f Ø uoyzf Ø }%uHGmx 8�l fts l.Ø � �zy
u 8 ¿ �
q78vl �z� � = �: h uwf Ø uprq%l5n � h f%u Ø y
s 8 y j u l : � yzfts 8 u ~%qkl fts x �th
nwlR{�l fts £ � l5{�h¸q � h u Ø � yzf%}%u�siuwyzf%f l�{Ql frsR�Ùßh	8 � yzf Ø x prq%l frs nwl � h
n � q%n }�� q f ~ y
f j78 x � y
f%}%uwsvuoyzfkf lRq78�j¶lRq s À y 8 s lR{�l fts h
{ x n uoy 8�l/8n�h � yzft� l/8v�
l f � l } l/ØCØ ��� x {Qh	Ø }��¾uoft� l/8]Ø uoyzf¼} l � �
� � � � � ��l'j%nwq7Ø � l=j78 x � y
f%}%uwsvuoyzfkf lRq78�Øvl.8ih� h
n � q%n x q f l2À yzu Ø�j y qJ8 svy q s l/Ø�l f�}%x ~%q s[} l � h¸n � qkn } lwØ y 8 s l�prq%l � l s�s l y j x 8ih svuoyzf�f�� l/Ø s j%h	Øj x�f h
n u Øih frs lgl f4s l.8v{�l } l � yJIksR��_y q s=}�� h
~ y 8 } : x�s h fts=}%y
f%f%x prq%l�nol�{�h u nonoh
�zl M l.Ø s=fkyzf Ø s 8vq � s q78 x : n�h f q%{ x 8 y
s h*ðsiuwyzf�} l.Ø%Øvl.Ø x n x {�l fts Ø f�� l.Ø s j%h	Ø } q svy q s[y 8 }%y
f%f%x l�l sa} lRq<� x n x {�l fts Øa� xRy { x�s 8 u prq%l�{Ql fts�zyzu Ø uwf Ø f l�Ø�l/8 y
frs j%h	Ø2l f � x�f%x 8vh
n �
yzu Ø uof Ø } h f Ø2n�h'{Qh s 8 u � l A(G)
�%º l s�s l5{�h s 8 u � l�h }%yzf �q f jJ8 y
¿ n }%u Ø svy 8 } q � �
yzu 8 ¿ �
q78vl �z� � � � �
<gf � yzf Ø s 8vq uws q f jJ8vlR{ u l.85j78 x � yzf%}kuwsiuwyzf%f l�q78�l f8vl f qk{ x 8 y
s h fts nwl/Ø x n x {Ql frs Ø } q'{�h u nonoh
�zl �KE���y j x 8vh s l�q78 } lj8vl f q%{ x 8 y
s h siuwyzf l/Ø sÔ}%x�s l/8v{ uofkxj�h	8_n � h
no� y 8 uws � {�l } l º q s � u non ð�C �KL lRljØ�û�{ x�s 8 u prq%l uoft� l/8]Ø�l � �M�aº C � �0E l2j78 x � yzf%}%u�siuoy
f%f lRqJ8y ~ s l f q|l/Ø s q f l�Ø u {Qjknol�{�h s 8 u � l } lajml.8v{=q s h svuoyzf : n�h·{=q%n svu j%n u � h siuwyzf j�h	8 � l2j78 x � yzfk}%uwsvuoyzf ðf lRqJ8Vh uof Ø u prq%l=Ø yzfÆuoft� l.8]Ø uoyzf Ø y
frs�s 8�ï/Ø5j¶lRq � yJI<s lRqJØvl/Ø ��E�� h
j%j%n u � h siuwyzf�} l�n � h
nw� y 8 u�s � {�ll/Ø s·u nonwq7Ø s 8 x j%h	8�n�h ¿ �zqJ8vl �z� � � �

NPORQ.S �z� � ��T Ù�8 y¸¿ n } lVnoh�{Qh s 8 u � l A(G)
h � h fts � £��th
q ��� l � l s h
jJ8vï/Ø � £ } 8 yzu�s l � 8�l f q%{ x ð8 y
s h siuwyzf��

U f l5À yzu Ø�Ø�l/Ø x n x {Ql fts Øw8 xRy 8 }%yzfkf%x Ø : noh�{Qh s 8 u � l � 8�lRq7Ø�l A(G)
h�q f j78 y¸¿ n } lV{Qh s 8 u � l~�h f%} l � Ù_h	8 � yzf Ø x prq%l fts q f h
nw� y 8 uws � {Ql E U uwf � y {�j%nwl s jml�q s À y qJ8 f%u 8�q f ~ yzf j78 x � yzf%}%u ðsiuwyzf%f l�q782j y q78 � l�Ø�ûBØ s ïR{�l �Ù y q78 � l.Øj8vh u Ø yzf Ø yzf � yzf Ø s 8vq uws q f j78 x � yzf%}%u�siuoy
f%f lRqJ8�j y q78Ãnoh�{Qh s 8 u � l A(G)

l f � y {|ð{Ql f#V h frs j�h	8gnoh�Ø�û<{ x�s 8 u Øvl/8 � j y q78�nwl|ÂDC � l/Ø ��: l f 8vl f qk{ x 8 y
s h fts nol.Ø x n x {�l fts Ø·j%q u Ø�l f� h
n � q%noh fts n�h }kx � y {Qj y Ø u�siuwyzf + E U (p)
} l5n�h={Qh s 8 u � lgh uof Ø u�y ~ s l f q%l �U f l¢À yzu Ø � l¹j78 x � yzf%}kuwsiuwyzf%f l�q78 � h
n � q%n x : n�h�8 x Ø y noq siuoy
f;} q¾Ø�ûBØ s ïR{�l�j78 x � yzfk}%uwsvuoyzf%fkxf%x � l/Ø¹Ø uws l }%x Ø y 8v{Qh u Ø�n�hQ{=q%n svu j%n u � h siuwyzf j�h	8gnwl=j78 x � y
f%}%uwsvuoyzfkf lRq78·l fÇ}%x ~%q s5} l � h
n � q%nßl s
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Ø yzf¢uoft� l.8]Ø uoyzf l f4¿�f¢} l � h
n � q%n � q f lbÀ yzu Øan � h
no� y 8 u�s � {�l � yzft� l.8v� x � �E l|jJ8 x � yzf%}%u�siuwyzf%f l�q78gl/Ø s q f l|{Qh s 8 u � l � 8�lRq7Ø�l } l|{ Å {Ql=jJ8 y
¿ n_prq%l A(G)
} lEØ y 8 s l|prq%ln�h={=q%n siu j%n u � h svuoyzf j�h	82nwlgj78 x � y
f%}%uwsvuoyzfkf lRq78[l/Ø s j¶lRq � y�Iks l�q7Øvl � Ù_h	8 � y
frs 8vl�Ø y
f¢uwft� l/8¹Ø uwyzfØvl/8vh }�� h
q s h fts jknoq7Ø � y�Iks l�q7ØvlVp�qkl'n �¾uofk}%u � l p } qÐ+ E U p uof � y {Qjknol s l.Ø s ��8ih f%}�� Ù y q78 � l svs l8ih u Ø yzf¬yzf Øvl5n u { uws l�h
q ��� yzu � } l p jml siu�s � p = 0

y q
p = 1

�

j78 x � yzf%}%u�siuoy
f%f lR{�l fts h
q � q f + E U � + E U �A + º Â �F�X��A �t�<��¤ é<� � Y � ñÂZC � l.Ø Y �<��¤ � �%� � � = ��¤
[P\
]�S �
� � �T � y {'~78vl5{ y û
l f¹}���u�six 8ih svuoyzf Ø fkx � l.Ø]Øvh u 8�l/Øg£�n �¾uoft� l/8]Ø uoyzf4} q¢j78 y ~%noï�{Ql5~ uw}%y ð{�h uwf lgl f l.Øvj�h � l � j y q782q f l5l/8¹8vl�q78�8�lRnoh siu�� l } l � ùßð � � Øvl�n yzf nolbjJ8 x � yzf%}%u�siuwyzf%f l�{Ql frsR�
'³¶×MÕË®%µ*®�ä,¯R³¶ã °d´<¯Í®�ç_^�³�µ¸äæå>`Ë×M´�¯ º l/Ø }kuHGmx 8vl fts Ø ��� y
u � }�� h¸no� y 8 uws � {Ql.Ø }���uwft� l/8¹Ø uwyzfl s|} l¬jJ8 x � yzf%}%u�siuwyzf%f l�q78]ØEØ yzfts=s l.Ø six Ø=Øvq78|{ Å {�l � h¸n � qkn[l G l � s q x £�j%h	8 svu 8 } qÍ{Qh u non�h¸�zlu nonwq7Ø s 8 x l f4¿ �zq78�l �
� � = l s � y {�j s h fts � é �J�J� x n x {�l fts Ø �E��¾uof 3%q%l f � l } q"jJ8 x � yzf%}%u�siuwyzf%f l�{Ql frs Øvq785nol f%y {=~78�l }���u�six 8ih svuoyzf Ø·{ y û
l fÆf%x � l/Ø]Øvh u 8�l£�n �¾uoft� l.8]Ø uoyzf�} q�Ø�ûBØ s ïR{�l � �z� � � � l/Ø sb}�� h
~ y 8 }�x�� h¸noq x l'j y q78gnwl/Ø } lRq<��h
no� y 8 u�s � {�l/Ø }��¾uof ð� l/8¹Ø uwyzf l fr��u Øih
� x Ø �FE h�j78 x � u Ø uwyzf 8vlRnoh siu�� l } l�{�h fk}%x l j y q78Ãn �¾uoft� l.8]Ø uwyzf l/Ø sÑ} l 1E−3

�%E l/Ø
8 x Ø�q%n s h s Ø�Ø yzfts�}%yzf%fkx Ø } h f Ø2noh s h¸~%nol �
� � � l s�u nwnoq7Ø s 8vl fts n�h fkx � l.Ø]Ø uws l } q4j78 x � yzf%}%u�siuoy
f%f l�ð{Ql frsR� Ùßh	8 � yzfts 8vl nol�j78 x � yzfk}%uwsvuoyzf%f lRq78�+ E U � f/� h
jkj y 8 s l�j�h	Ø }�� h � h fts h
�zl j�h	8^8ih
jkj y 8 s h
qj78 x � y
f%}%uwsvuoyzfkf lRq78[+ E U � svy q s l f¹x�s h fts j%noqJØ � yJIks lRq<�¢£ uoft� l/8]Ø�l/8 �<bf ��� y
u Ø u 8ih|j�h	82noh�Øvq u�s l5q f j78 x � yzfk}%uwsvuoyzf%f lR{�l fts + E U � �E l=jJ8 x � yzf%}%u�siuwyzf%f l�{Ql frs l/Ø s l f¼y q s 8vl=jknoq7Øgl�ú � h � l|j y qJ8�n � h
nw� y 8 u�s � {�l A + º Â �F�
�Ap�qkl�j y q78�nol�ÂZC � l/Ø ��E h }%uHGmx 8�l f � l }�� l�ú � h � uwsvx l frs 8vl � l/Ø } lRq<�Èh
nw� y 8 u�s � {�l/Ø�Ø � h �R� 8 y�aosj�h	8·h u nwnolRqJ8]Ø2n y 8]Øvprq%lVn �¾yzf h
q%�z{�l fts l�n � l�� u �zl f � l�Ø�q78�noh�jJ8 x � u Ø uoyzf 8vlRnoh siu�� l �bE h s h
~knol �z� � �j78 x Øvl fts lQnwl s lR{�j7Ø º Ù�U { y ûzl f"fkx � l.Ø]Øvh u 8�l�£ ���J� uwfr� l/8¹Ø uoy
f Ø } q�Ø�ûBØ s ï�{Ql � �z� � � �|� h � l �j78 x � yzf%}kuwsiuwyzf%f l�{Ql fts + E U �t�: 8vlRj y 8 six Ø)Ø�lRn y
f noh=j78 x � u Ø uoyzf4} l�{�h f%}%x l �E l s lR{�j7Ø } l � h
n � q%n�8vlRprq u Ø�j�h	8�n � h
no� y 8 u�s � {�l A + º Â �%�
�A h|q f � y {�j y 8 s l�{Ql fts n uofkx h u 8vlj�h	8C8vh
j%j y 8 s h
q¼n y �zh	8 u�s � {�l } l|n�h�jJ8 x � u Ø uoyzf�� Ùßh¬8 � yzfts 8�l u nËl/Ø s5} l=j%nwq7Øgl f j%nwq7Ø }%x n u � h s} lbÀ,h u 8�l � yzft� l/8v�
l/8 nol�ÂDC � l.Ø�n y 8¹Øvprq%l5n�h=j78 x � u Ø uwyzf Ø � h �R� 8 y�awsÄ�º l svs l }%uHGmx 8�l f � l2l fts 8�l2nol/Ø } lRq<��h
no� y 8 uws � {�l/Ødl/Ø s j78 y ~%h
~%nol�{Ql fts�} q%l�£gn ��y j x 8vh siuwyzf'} lØ�û�{ x�s 8 u Øih siuoy
f��%E h={Qh s 8 u � l } lnØ�û�{ x�s 8 u Øih siuoy
f l/Ø s2}%u h¸� yzf h
nwl·l s Øvl.Ø � h
nol�q78]ØajJ8 y j78�l/Ø�Ø yzftsnol/Ø �
y noqk{Ql.Ø } l/Ø x n x {�l fts Ø } q4{�h u nonoh
�zl �%E l �zy noq%{�l } l � l/Ø x n x {�l fts Ø2l.Ø s ~mlRh
q � y q%j4j%noqJØjml siuwsÑ} h f Øanol � y lRq78Ñp�qkl } h f Ø[nol s � y 8vh�� � lgprq umuof%} q uws q f {�h¸q � h u Ø � yzfk}%uwsvuoyzf%f lR{�l fts[} ln �¾y j x 8ih svuoyzf�} l�Ø�û�{ x�s 8 u Øih siuoy
f��

Ù^8 x � u Ø uwyzf � ùßð � � ùßð = � ùßð éA + º Â �F�X��A ñ � � Y�� ���k� �ÂDC � l.Ø �z� � � � = �
f%yzf

� yzft� l.8v� x
[P\
]�S �z� � � T � lR{�j7Ø º Ù�U � y {�j�h	8 x�} l/Ø4{ x�s � y<} l/Ø A + º Â �F�
�A l s ÂZC � l.Ø � s l�{QjJØ{ y ûzl f j y q78 ���J� uoft� l/8]Ø uoyzf Ø�h � l � j78 x � yzf%}%u�siuoy
f%f lRqJ8 + E U �t� l f À y
f � svuoyzf¢} l�n�h|j78 x � u Ø uoy
f} lR{Qh f%}%x l �
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V³mãË²tç,±_¯ÄäÁ³¶ã Ù�8ih siu prq%l�{Ql fts : q f l�j78 x � u Ø uwyzf n y 8]Ø } l�n ��uwfr� l/8¹Ø uoy
fQ} l 1E−7
f%y q7ØÑh5j�h	8vq

� y {�{�l x�s h fts q f { uof%u {=q%{ j y q782n �¾y ~ s l ftsiuwyzf4} l�8 x Øvq%n s h s Ø } l5p�q%h
n u�six
�
E l ��� y
u � } lQn � h
no� y 8 uws � {�l }��¾uoft� l.8]Ø uwyzf l.Ø s'}%yzf � 8vlRj y 8 six Øvq78Vnol A + º Â �F�
�A h � l � j78 x ð� yzfk}%uwsvuoyzf%f lRq78a+ E U � �
���������dc egfB/F+7�4'$�"%7@/F$�&�(h)i�8"gf;&�+i M7�(P/F"j$'&�($'k�+i�8"

E l � h¸n � qkn } l/Ø � y q78vh fts Ø uwyzf%u p�qkl/Ø � }%x�s h u non x h
q ��� h¸j uws 8vl � � fkx � x Ø]Ø uws l·nol s 8vh uws lR{�l fts�} l� h	8 u h
~%nol.Ø } l'j y 8 s lVl sg}�� h
q s 8vl.Øg{ x � h fku Øv{�l/Ø � j y {�jml.Ø : s 8vh f Ø�j y 8 s l�q78]Øgl s�s h
{Qj yzf Ø � �BE hj%noqkj�h	8 s�} l � l/Ø { x � h fku Øv{�l/Ø)Ø yzfts À y 8 s l�{Ql fts·}kx j¶l f%} h frs Ø }/� h
q s 8vl.Ø � h	8 u h
~knol/Ø � s l�n�p�qklVnwlj y¸s l ftsvu lRn } l5{Ql�{=~78ih f l
Vm � � +>n�l/Ø s x��<uw} lR{�{�l fts À yzf%} h
{�l fts h
n } l5j78 y<} q u 8vlbq f l5~ yzfkf lh
j%j78 y � u {�h siuoy
f¹} l � l/Ø � y q78vh fts Ø siy q s l f¼x���uws h frs q f � yJI<s l f�s lR{�j7Ø º Ù�UKl�� � l.Ø]Ø u À �8E hs l ��� f%u prq%l5q svu n u Ø x lgj y q78�j78 y�} q u 8vl � l svs l�h
j%j78 y � u {�h svuoyzf�}%x j¶l f%} 8ih }%yzf � } l.Ø � h	8 u h
~%nwl/Ø �E l.Ø � h¬8 u h¸~%nol.Øgnol.Øbj%noq7Ø }%x n u � h s l/Ø5£ s 8vh uws l/8CØ yzfts nwl/Ø � h	8 u h
~%nwl/Ø } l�j y 8 s lE8vl�n�h svuw� l.Ø5h
q� h f h
n�Ø y�}%u qk{ 8ih
j uw} l ��º l � y qJ8ih fts l/Ø s 8vl.Øvj yzf Øih¸~%nol } l n�h }%x j y n�h¬8 u Øvh siuwyzf l s nol.Ø � h¬8 u h¸~%nol.Øprq u nwl }%u 8 u �zl ftsgyzftsb} l.Ø � h	8 u h siuwyzf Ø�l f�s l�{Qj7Ø�8vh
j uw} l/Ø � y {�j�h	8ih siuw� lR{�l fts h¸q<�Çh
q s 8vl � h*ð8 u h
~%nol.Ø � +>n�l/Ø s À yzf%} h
{�l fts h
n } l � h
n � q%nwl/8_h � l � jJ8 x � u Ø uoyzf � l � y q78ih frsÔuoyzf%u prq%l � laprq uku {Qj y Ø�lq f l�j78�lR{ u ï/8�l � yzfts 8ih uwfrs l=Øvq785nol�j�h¬Ø } l s lR{�j7Ø � �·q78ih fts n�h }%x j y noh	8 u Øih svuoyzfÐyzf q siu n u Ø�l/8vhq f Ø ��� x {�h � q f �zl�ð L q svs h }���y 8 } 8�l �k� ù f"} l � y 8¹Ø } l�noh »Ryzf l } l }kx j y n�h	8 u Øvh siuwyzf � l/Ø � h*ð8 u h
~%nol.ØaØvl.8 yzfts�s 8vh uwsvx l/Ø � y {Q{�l2nol.Ø�h
q s 8�l/Ø } h f Ø�n�hb{�l/Ø�q78vl yz½ nol�q78]Ø � h	8 u h siuwyzf ØaØ yzfts h¸n y 8¹Ø~mlRh
q � y q%j¢{ yzuwf Ø u {Qj y 8 s h fts l.Ø �E h�jknoq%j�h¬8 sb} l.Ø � h	8 u h
~%nol.Ø } l|j y 8 s l=l s5} l/Ø � y
f � l frs 8ih svuoyzf Ø�Ø yzfts h � s q�h
n u Ø x l/ØCØ yzuws l fq siu n u Øih fts q f Ø ��� x {�h }�� ùÃqknol/8 : Ø y
uws l f q siu n u Øvh fts q f l=À y 8v{=q%nwl|h f h¸nwû siu p�qkl=l f Øvqkj%j y Øih ftsprq%l

Vm

l/Ø s � y
f Ø s h fts l fts 8�l } l�q<�¹j�h	Ø } l s lR{�j7Ø�Ø�q �R� l/Ø¹Ø u ÀFØ ��º l svs l � û�j y
s � ï/Øvl'l/Ø s j�h	8 siu ð� q%n u ï.8vlR{�l fts h¸j%j78 y j78 uwx l5h
q s 8vh uws lR{�l fts�} l5n�h »�yzf l } l�8�lRj y n�h	8 u Øvh siuwyzf��F� l�n�h svuw� l�{Ql fts h
qj�h	Ø } l s lR{�j7Ø : prq u h x�svx·¿ � x j�h	8ª8ih
j%j y 8 s h
q � h
n � q%n } h f Ø[noh »�yzf l } l }%x j y noh	8 u Øih svuoyzf : nol.Ø� h	8 u h siuwyzf Ø } l
Vm

} h f Ø�n�h »Ryzf l } l�8�lRj y n�h¬8 u Øvh siuwyzf Ø yzfts l G l � svuw� lR{�l fts À,h u ~%nwl/Ø �ù f<¿�f : nwl/Ø·p�q%h ftsiuwsvx Ø } l � h¸n � u q%{ uofts 8ih�ð � lRnwnoq%noh u 8�l � y
frs l f q%l.Ø } h f Ø·nol/Ø s h
{�j yzf ØnØ yzfts� h
n � q%n x l.Ø�£�j%h	8 svu 8 } l.Ø�À y 8v{=q%nwl/Ø�h f h
nwû siu prq%l/Ø } lZl/l f �nm�o.p�qsr2t �z� é uè�+>n/l/Ø s £ f%y
s l/8aprq%lbnwl � h¸n � qkn } l.Ø � y q78vh fts Ø uwyzf%u prq%l.Ø[l.Ø s j%q78�lR{�l fts n y � h
n � ��l.ØwØ u {=qkn�h�ðsiuwyzf Ø f q%{ x 8 u prq%l/Ø�j78 y¸¿ n x l/Ø � �zy
u 8 �z� � � � yzfts { yzfts 8 x prq%l : { Å {Ql2l f q svu n u Øih frs nwl/ØÃ{ y<} ï�nol.Ønol.Ø·j%nwq7ØwØ y j � u Ø svu prq x Ø·q svu n u Øih frs nwl�jknoq7Ø } l � h	8 u h
~knol/Ø : Øvl�q%nolVq f l�jml siuws lVj%h	8 svu l } q s lR{�j7Øº Ù�U siy¸s h
n x�s h uws 8�lRprq u Ø�l=j y q78 n � h � s q�h
n u Øih svuoyzf¬} l/Ø � y q78vh fts Ø uwyzf%u prq%l.Ø!:�n � l/Ø¹Øvl ftsvu lRn } l � ls l�{Qj7Ø x�s h fts q svu n u Ø x n y 8]Ø } l�n ��uwft� l/8¹Ø uwyzf¼} q�Ø�ûBØ s ïR{�lQn uof%x h u 8�l � Ùßh	8 � y
f Ø x p�qkl fts nwl ��� yzu �}�� q f { y�} ïRnwl uoyzfku prq%l�8 x h
n u Ø s l f�� l/Ø s j�h	Ø2j xRf h
n u Øih fts ØvqJ8 nwl s l�{Qj7Ø } l � h
n � q%n �

¥V¥�Pi¦ ��cRU �¬ZR\b]dc�S'X4e X��¢U �a^_c��v�¬W�e
�����wc���� xy&�(i&.)&�137�$�(i�{z�f;&�1}|�7~ #7�$'"%&�(�)��"%f%$62137�"���&�4'+13�8"���(i$'"

EÃ�¾y ~ Ú l � svu À } l � l svs lQjJ8vlR{ u ï.8vl=Ø u {=q%noh siuwyzf l/Ø s'} l � y {Qj%h	8vl.8�nwl/Ø } l�q<�"{ x�s � y�} l/Ø �
y ðnoq%{�l/Ø ¿�f%u Ø¼j78 x � xR} lR{�{Ql frsÇ}kx � 8 uws l/Ø : nwl/Ø�Ø ��� x {Qh	Ø �zy noq%{�l/Ø ¿%f%u Ø � n�h	Ø¹Ø u prq%l.Ø�Øvq78 } l/Ø{�h u nonoh
�zl.Ø'h } { u Ø]Ø u ~%nol.Ø } l¢n�h¼j�h	8 siu l +�+ � prq%l¢n �¾yzfÝf%y
s l/8vh�Ø ��� x {Qh º �
	 l f h
~78 x � x � l snol.Ø�Ø ��� x {�h	Øi�����X	 �<gf Ø�lVj%noh � l } h f Ø·nwl � h } 8�l�Ø u {�j%n u�¿�xg} q¹{ y�} ïRnwlb{ y
f%y<}ky {�h uof l fkyzf � y q%j%n x Ø�q78 q fÐ}%y ð{�h uof l
H � u 8 � qkn�h u 8vl } lw8ihÄû yzf 1 cm

�FE l.Ø ¿ ~J8vl/ØsØ yzftsÑx �th¸nolR{�l fts � u 8 � q%n�h u 8vl.Ø�l sÑyzf�u {�j y Ø�l
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q f l � yzf%} q � siu��<u�six�} l 1 mS.cm−1

} h f Øgnwl�Ø�l f Ø } l'n�h ¿ ~78�l=l s�} l
0.1 mS.cm−1

} h f Øgn�h}%u 8�l � svuoyzf�s 8ih f Ø � l.8]Ø�l �

NPORQ.S �z� � � T <gf%} l � u 8 � q%n�h u 8vl���Ø y noq siuoy
fÐ} lE8 x À x 8�l f � l � £��th¸q ��� l � l s Ø ��� x {Qh������
	 � £} 8 yzu�s l � �
� n ��x�s h sauof%u�siu h¸n�nol }%u Øvprq%l5l/Ø s l ftsiu ï/8�lR{�l fts j y n�h	8 u Ø x l s q f l�Ø siu {=q%noh siuwyzf l.Ø s h
j%jkn u prq xh
q � l fts 8vl } q }ky {�h uof l|£ t = 10ms

�dº l s�s l u {�j%q%nIØ uwyzf � x�f ï/8�l�q f l yzf%} l�prq u�}%yzu�s5Å�s 8vl
� u 8 � q%noh u 8�l � U f l�Ø y noq svuoyzf¬} l�8 x À x 8vl f � l�l/Ø s � h
n � q%n x l�Øvq782q f {Qh u nwn�h
�zl s 8�ï/Ø)8ih�ú fkx � � y {Qj<ðs h fts Yzñ ¤ �J� x n x {�l fts Ø � £|n�h
prq%l�nonol yzf � y {�j�h	8�l } l/ØwØ y nwq siuwyzf Ø � h
n � q%n x l/Ø�Ø�q78�q f {Qh u non�h¸�zl� y {�j s h frs � � � � x n x {Ql fts Ø2£'j%h	8 svu 8 } q'Ø ��� x {�h�����
	 � ¿ �
q78vl �
� � � � l sa} q'Ø ��� x {�h º �X	� ¿ �zqJ8vl �z� ��� � �º[y {Q{�lQØ�q78bq f { Å {�l'{Qh u nwn�h
�zlbnwl�Ø ��� x {Qh º �X	 q siu n u Øvl�{ yzuwf Ø }/��uwf � yzfkf qkl/Øbprq%l|nolØ ��� x {�h�����
	 : u ndl/Ø s h s�s l f%} q�prq � £�{�h u nonoh
�zl x �th
ndq f Ø ��� x {Qh������X	½Ø y
uws j%noq7Ø·j78 x � u Øp�q � q f Ø ��� x {Qh º �
	 �P�·¿�f©} l � y {�j�h	8�l/8 } l/Ø'Ø y noq svuoyzf Ø y ~ s l f q%l.Ø4£ f%y {=~J8vl }��¾uof � yzf ðf qkl/Ø � y {�j�h	8vh
~%nwl : yzfÝuofts 8 y<} q uws q f Øvl � yzf%} {�h u nonoh
�zl=8ih�ú fkx � � y {Qj s h fts|�t� ��� � l�nonoqknol/Øj78 u {�h
nwl/Ø � �!E l f%y {'~78vl }��¾uof � yzf%f q%l.ØVj y q785nolEØ ��� x {Qh º �
	 Øvq78 � l=Øvl � yzfk} {�h u nonoh
�zl�l/Ø sØvq%j x 8 u lRqJ8·h¸q fky {=~78�l }/��uwf � yzfkf qkl/Ø } qmØ ��� x {�h������
	�ØvqJ8 nwlbj78 x � x�} l fts {�h u nonoh
�zl �

NPORQ.S �z� ��� T <gf%} l.Ø � u 8 � q%noh u 8�l=�7Ø ��� x {Qh�h } { u Ø¹Ø u ~%nol@:�{Qh u nwn�h
�zlw8ih�ú fkx £|�th¸q ��� l �
�>nkl/Ø s � n�h u 8Ôh
q � q } l2n�h ¿ �zq78vl �
� ��� prq%l2nwl/Ø�8 x Øvqkn s h s Ø } q=Ø ��� x {Qh º �X	 f l � yzf Ø siu�s q%l ftsj�h	Øaq f lb~ yzfkf lbh
j%jJ8 y � u {Qh siuwyzf�} lbnohQØ y noq svuoyzfQ} l�8 x À x 8vl f � l �BE h ��uws l.Ø]Ø�l } lbj78 y j�h
�th svuoyzfl/Ø s j%noq7Ø À,h u ~knol�p�q � h � l � nol�Ø ��� x {�h�����
	 �;E h�À y 8v{�l } l'n �¾yzf%} lVl/Ø sg}%x À y 8�{ x lQØ�lRn y
f nol.Ø}%x À,h
q s Ø } q�{Qh u nwn�h
�zl�l sÃf�� l/Ø s j�h¬Ø � u 8 � q%noh u 8�l �¸º l s�s l }%x À y 8v{Qh siuwyzf'} q�jJ8 y
¿ n } l2n �¾yzf%} ljØvl/8vhl fÐy q s 8�l=h ��� 8vqklQØvqJ8 } l.Ø�{Qh u nwn�h
�zl.Øaj%nwq7Ø }ku Ø svy 8 } q7Ø � Ùßh¬8 � y
frs 8vlVn�h=Ø y nwq siuwyzf4}%yzf%f%x l=j�h	8
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nol�Ø ��� x {Qhv����
	 l/Ø s·} l�{�l u nonwlRq78�lgprq�h
n u�six¸�#E l5j78 y
¿ n } l5n �¾yzf%} lbl.Ø s prq�h	Ø u ð � u 8 � q%n�h u 8vl : noh}%x À y 8v{Qh siuwyzfÇ} l � l�j78 y
¿ n x�s h frs'} l�n ��y 8 } 8�l } lQn�h s h u nonwl } l/Ø x n x {Ql fts Ø } qÈ{�h u nonoh
�zl �;E h��uws l.Ø]Ø�l } l�jJ8 y j�h¸�th siuwyzf l/Ø s x �th
nwlR{�l fts j%nwq7Ø�j78 y ��� l } l5n�h ��uws l/Ø¹Øvl�8 x l�nonwl �ù f j%noqJØ } l·noh5j y Ø¹Ø u ~ u n u�sixÑ}���uwft� l/8¹Ø uwyzf�} qQj78 y ~%noï�{Ql2~ uw}%y {Qh uof lal f l/Øvj%h � l : nwlwØ ��� x {Qh�����
	 h
j%j�h	8vh aos � y {�{�l'q f ~ yzf ��� yzu ��j y q78�n�h"8 x Ø y noq svuoyzf�} q¼{ y�} ïRnwl'{ yzf%y�}%y {Qh uof l :f%y
s h
{Q{�l fts l f � l5p�q � l�nonolbj¶l/8�{Ql s q f l5~ y
f%f l5�zl/Ø siuwyzf4} l5n � h f%u Ø y
s 8 y j u l } q¢{ u n u lRq �

NPORQ.S �
� ��� T º[yzft� l.8v�zl f � l } l5n�h ��uws l/Ø¹Øvl } l5j78 y j%h
�th svuoyzf��
�·¿�f¼}��¾x�� h
nwq%l/8·n�h � yzft� l.8v�zl f � l } q�Ø ��� x {Qh������
	 : nwl � h¸n � qknßj78 x � x�} lR{�{�l ftsb}%x � 8 u�sh x�six 8�lRj78 y<} q uws Ø�q785q f l=Øvq u�s l } l�{Qh u nwn�h
�
l/Ø j78 y �	8vl/Ø¹Ø u�� lR{�l fts 8ih¸ú f%x Ø �2� q uws {Qh u nwn�h
�
l/Øyzfts�x�six q svu n u Ø x Ø }kyzfts nwl fky {=~78�l }/��x n x {�l fts Ø � � lRnwnoq%nwl/ØZ�CØ y {�{�l s Ø � l/Ø s 8vl.Øvj¶l � siuw� lR{�l fts

551 : 1069 : 2123 : 4309 : 8721 : 17270 : 34017
l s

69780 � {�h u nonoh
�zl } l�8 x À x 8vl f � l � �E�� l.8]8vl�q78�8vl�n�h svuw� l � y {Q{ u Ø�lEØvq78�n�h ��uws l/Ø¹Øvl } lQjJ8 y j�h¸�th siuwyzf¼} l�n �¾yzf%} l � u 8 � q%n�h u 8vl'l/Ø s 8vl�ðj78 x Øvl frsvx l�l f¢x ��� l�nonwl�n y �th	8 uws � { u prq%l�Ø�q78�n�h ¿ �zqJ8vl �z� �¾� �� j�h	8 s nwl·j78�lR{ u l.8Ñj yzuofts : � l s�s lgl.8]8vl�q78%8�lRn�h siuw� l�hVq f l·À y 8v{�l·n uof%x h u 8�l � h	8ih � six 8 u Ø siu prq%ll s n ��y 8 } 8vl } l�noh � yzft� l.8v�zl f � lVl/Ø s·} l � � � �k�
�����wc��dc ��$')&�137�$�(i��z�"%-P/M�213��fb&�+�|�4'6*fb&.�8+i ��j/F�&~ M7~� �8( )i$�13�8(��

"%$'&�(�c
<bf jJ8 x Ø�l fts l u � u n � h¸j%j%n u � h svuoyzf�} q4{ y<} ï�nol·~ uo}%y {�h uwf l � y q%jkn x � y l�q78�� s � y 8ih���Øvq78[q f l� xRy { x�s 8 u lg~ uw}%u {�l f Ø uoyzfkf lRnwnolw8vlRjJ8 x Ø�l fts h frs q f l � y q%jml s 8ih f Ø � l.8]Øvl } q s � y 8vh�� �� q78 � l svs l¢� x�y { x�s 8 u l4j%noqJØ u l�q78]Ø�l��kl�{Qjknol/Ø } l � h
n � q%nIØ�Ø yzfts jJ8 x Ø�l ftsix Ø � ��h f Ø�nol¢~%q sQ} lÀ,h � u n u�s l/8/nolRqJ8 � y {�j�h	8ih u Ø y
f : � l.Øßl��kl�{Qjknol/Ø�Ø y
frsËsiy q7Ø y ~ s l f qJØÔ£·j%h	8 svu 8 } qV{ Å {QlÃ{Qh u nwn�h
�zl :8vl�j78 x Øvl ftsvx Ø�q78�n�h ¿ �zqJ8vl �z� � = ��q f � y lRq78�l�non u j siu prq%l } l 8 × 6 cm

j78 x Øvl fts h fts q f l � h �<u�six� l frs 8 u � q%noh u 8�lgl/Ø s j%noh � xb} h f Ø�q f4s � y 8vh�� } l 30 × 16 cm
�

E l/Ø ¿ ~78vl.Ø�{=qJØ � qkn�h u 8vl/Ø � h	8 }%u h
prq%l/ØwØ y
frs·x �zh
nol�{Ql frs l�non u j siu prq%l/Ø2l s j%noh � x l/Ø�h
q siy q78 } lVnoh� h ��uwsvxg� l fts 8 u � q%n�h u 8vl �E l s � y 8ih*��Øvl.8ih � yzf Ø uw}%x 8 x � y {�{QlÇq f { u n u l�q � y { y �zï f l } l � yzf%} q � siu���uwsixÆx nwl � s 8 u prq%lu Ø y
s 8 y jml�l s � yzf Ø s h frs l cT �U f l x nol � s 8 y�} l � } l�8ihÄû yzf 1 cm � 8vl�n uwx l�£¹n�h¹{Qh	Ø¹Øvl�l.Ø s j%noh � x l�ØvqJ8=nolQ~ y 8 }È} q s � y 8ih*�h
q¢{ u n u l�q } l�Øih�j�h	8 svu l f%y 8 } ð y q%l/Ø sÄ��E l�8�l/Ø s l } qÐ~ y 8 }¢} q s � y 8vh��4l.Ø s � yzf Ø uo}%x 8 x � y {�{�lx nwl � s 8 u p�qklR{�l fts�u Ø y n x¸�E l.Ø � h
nol�q78]Ø%Ø�q uw� h fts l/Ø � s h
~%nwl �z� � � � � � } l.Ø2j�h	8vh
{Qï s 8�l/Ø2j � ûBØ u p�qkl/Ø)Ø yzfts q svu n u Ø x Ø � yz½ cll s
ct
Ø yzfts nol.Ø � yzf%} q � svuw��uwsvx Ø } h f Ø�nwl/Ø }%u 8vl � siuwyzf ØÔn yzf � u�s q }kuof h
nwl/ØËl sÃs 8vh f Ø � l/8¹Øvl·£bn�h ¿ ~78�l � �
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NPORQ.S �
� � =�T ��s 8vq � s q78�l } q¹{Qh u nwn�h
�
l
� yzf Ø s h frs l � h
nwlRq782l s q f%uwsvx

Am 2000 � { −1

Cm 1.0 µ
�
· � { −2

cli 4.0
{ �

· � { −1

cti 1.8
{ �

· � { −1

cle 2.0
{ �

· � { −1

cte 1.5
{ �

· � { −1

cT 2.4
{ �

· � { −1

[P\
]�S �z� ��� T Ù_h	8ih
{�ï s 8vl.Ø j � ûBØ u prq%l/Ø·j y q782nolb{ y<} ïRnol�~ uo}%y {�h uwf l
� y
s h
{Q{�l fts nwl/Øm8ih
j%j y 8 s Ø }�� h f%u Ø y
s 8 y j u l¼l fts 8vl"nol.Ø¹{ u n u lRq�� uwfrs 8ihÝl s l�� s 8vh�ð � lRnwnoq%noh u 8�l/Ø}%uHG ï/8�l fts�}�� q f À,h � s l�q78 �k�E l.Ø � y q78vh fts Ø uoy
f%u prq%l.ØÔ{Ql�{=~78vh f h u 8vl/ØMØ yzfts � h¸n � qkn x ØÔ£gj�h	8 svu 8 } l2n�h � l/8]Ø uoyzf h
{ x n uoy 8 x l} q¹{ y�} ïRnwl E q y ð � q } û �z� t ¤
� : ¤ � u jJ8 y j y Ø x l5j�h	8���h
~¶l/82l si� q } û�t �ré uè�E h�Ø svu {=qkn�h svuoyzf"} q � y l�q78=Øvl¬ÀÁl/8vh¼j�h	8|n � h
j%jkn u � h siuwyzf : l f q fÝy q } l�q<� j y
uofts Ø : }�� q f� y q78vh fts[x nol � s 8 u prq%l�h
j%j%n u prq x�} h f ØÑnol�{ u n u lRq�l�� s 8ih�ð � lRnwnoq%noh u 8�l ��E l.Ø[j yzuofts Ø } lwØ svu {=qkn�h svuoyzfØ yzfts Ø u�s q x ØwØ�q78�nolb��8vh f%} h��<l } q � y lRq78 h
q4~ y 8 }¢} l5n�h � h ��u�sixb� l frs 8 u � q%noh u 8�l �
��ä �Ç±_çÁ®kå*äÁ³¶ã;°Ãø¢¡V¤£«ãË³�µ¥�M®�±8¦

Ù y q78 � l svs l�Ø u {=qkn�h svuoyzf n�h�Ø svu {=qkn�h svuoyzfQx nol � s 8 u prq%l } q � y l�q782l/Ø s h¸j%j%n u prq x l svy q s l.Ø2nol.Ø
600 ms � � y 8]8vl.Øvj yzf%} h frs £|q f 8�û s � {�l � h	8 }%u h¸p�qkl } l ���J� j%q%nIØih svuoyzf Ø2j%h	82{ uwf q s l � ���l/Ø ù º Â�Ø y
frs jJ8 y�} q uws Ø � ¿ �
q78vl �z� � Y � l f l f 8�lR� u Ø s 8ih fts nol�j y
s l ftsiu lRn s � y 8vh � u p�qkl5h
q4n yzf �} l � l s�s l�Ø u {=q%noh siuwyzf l f prq�h s 8vl5j y
uofts Ø�Ø uws q x Ø h
q svy q78 } l5n�hEØ�q78�À,h � l s � y 8vh � u prq%l ���h f ØÔq f jJ8vlR{ u l.8 s lR{�j7Ø � l svs l%Ø svu {=q%noh siuwyzf l/Ø s h
j%j%n u prq x lÑl f q f Ø�lRq%nkj yzuwftsß} q � y l�q78 :Ø uws q x ØvqJ8 nwlb~ y 8 } �th
q ��� l } l5noh � h ��uwsixb� l fts 8 u � qkn�h u 8vl �E h�Ø siu {=q%noh siuwyzf 8 x �zqkn u ï.8vl } q � y lRqJ8CØvl s 8ih } q uws j�h	8 } l.Øbù º Â j x 8 uoy�}%u prq%l.Ø : }%yzfts n�h�ÀF8 x ðp�qkl f � l � y 8]8�l/Øvj yzf%} l G l � siu�� lR{�l fts £|n�h=ÀF8 x p�qkl f � l } l�Ø siu {'q%n�h svuoyzf/�E h À y 8v{�l[�zn y ~�h
nwl } l � l.ØÑù º Â jml.8v{�l sÔ}/��uw} l ftsiu�¿ l/8ßnol � y {�j%nol��kl.§ �·� : h	Ø]Ø y � uox £gnoh }%x j y ðn�h	8 u Øih siuoy
fV� l fts 8 u � q%noh u 8�l : h uof Ø u prq%l·n ��y
f%} l � : h	Ø¹Ø y � uox l £�Øvh�8�lRj y n�h¬8 u Øvh siuwyzf � �zyzu 8 ��� h
j u�s 8�l� � �E h|n y � h
n u Øih svuoyzf�} l � l.Ø x nol � s 8 y<} l.Ø2l/Ø s·}kx�s l.8v{ uof h frs l } h f Ø2noh|À y 8v{�l } l5n � ù º Â �¨E l � y {�ð
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j%nol��<ln§ �·� � } l¹{ Å {Ql4prq%l�n ��y
f%} l � � j y q � h fts�Å�s 8�l }%u 8 u � x l¹h
q7Ø]Ø u ~ u l f � l.8]Ø�nwl � h¸q sprq%l � l.8]Ø�nol�~%h	Ø �Ãº l svs l y ~7Øvl.8 � h svuoyzf j¶lRq s�Å�s 8�l¬{ u Øvl�l f j�h	8ih¸nonoï�nolQh � l � nwl/Ø|ù º Â 8 x lRnIØ
8vl�j78 x Øvl ftsvx Ø ¿ �zq78vl �%� � �

NPORQ.S �z� � YZT ��u {=q%noh siuwyzf�}/� ù º Â :�� j yzuofts2} l�Ø siu {=q%n�h siuoy
f��
E lb{ x � h f%u Øv{�l }��¾x��zy noq svuoyzf¬} q4j y
s l ftsiu l�n } lb{�lR{'~78ih f l Vm

} h f Ø2nwl � y lRq78�h uof Ø u prq%l} l/Ø�j y
s l ftsiu lRnIØ
Φ
l�� s 8ih�ð � lRnwnoq%noh u 8�l/Ø�l sQs � y 8ih � u prq%l/Ø�l/Ø s 8vlRjJ8 x Ø�l ftsix Ø�q78�noh ¿ �zqJ8vl �z� �êé �� f%uwsvu h
nwlR{�l fts nol � y lRqJ8[l s nol s � y 8vh���Ø yzfts h
q�8vl�j y Ø �FE h�jml.8 s q78v~�h siuoy
f�} q¬j y
s l ftsiu l�n�l�� s 8vh�ð� l�nonoqkn�h u 8vl φe

Øvq u�s n�hÈj78 y j�h
�zh siuwyzf¡} l¼n ��y
f%} l } l }kx j y n�h	8 u Øvh siuwyzf¡} l
Vm

�.E l�j y
s l frsvu l�ns � y 8ih � u prq%l f��¾x�s h frs n uwx h
q¢j y
s l ftsiu lRn�l�� s 8ih�ð � l�nonoqkn�h u 8vlgprq%l�j�h	8 nol.Øw8�lRnoh siuwyzf Ø } l � y qkj%n�h
�
lØvq78Vnol�~ y 8 }M} q � y lRq78 : φT
8vl.Ø s l¬h
q©8�lRj y Ø s h fts prq%l�n ��y
f%} l } l }%x j y n�h	8 u Øih siuoy
fÆf/� hÐj%h	Øh svs l uwfrs nwl|~ y 8 }Ç} q � y lRq78 � �>naØvq%~ uws j�h	8 � yzfts 8vl�q f l�~78�q7Øvprq%l � h	8 u h siuwyzf � � y 8¹8vl/Ø�j y
f%} h ftsh
q � y {�j%nwl��<lD§ ��� � n y 8]Ø�p�qklbn �¾yzf%} l } l }%x j y noh	8 u Øih svuoyzf h svs l uwfrs nwlb~ y 8 }��E h�Ø u {=q%n�h siuoy
f jJ8 x � xR} l fts l|l/Ø s {Qh uofts l f h fts 8vl�j78 y�} q u�s l�l f q svu n u Øih frs } l�q<�¹j y
uofts Ø } lØ svu {=q%noh siuwyzf��¥E l/ØÃ~ y 8 } ØÃ�th¸q ��� l�l sÃ} 8 yzuwsÃ} l2n�h � h ��uwsvxa� l fts 8 u � q%n�h u 8vl�Ø yzfts Ø siu {=q%n x Ø : Ø u {=q%n�ðs h fkx {�l fts : svy q s l/Ø nol/Ø 600 ms
�

<bf l f 8�lR� u Ø s 8�lgnol.Ø2ù º Â £'j%h	8 svu 8 } l/Ø2{ Å {�l/ØÑp�q%h s 8�l x nol � s 8 y�} l/Øaprq%l�j78 x � xR} lR{�{Ql frs :� l�Øvl � yzfk} l f ØvlR{'~%nol }�� ù º Âül/Ø s 8�lRj78 x Øvl ftsix l f¢¿ �zq78vl �z� ��¤ �º[y {�j�h	8ih siuw� lR{�l fts £�n�h ¿ �zq78�l �
� � Y u n�l/Ø s·uoftsvx 8vl.Ø]Øvh fts�} l f%y
s l/8 nolbj78 y À yzf%} ��� h f �zlR{�l fts� h
qJØ x j�h	8 � l svs l }%y qk~%nol�Ø svu {=qkn�h svuoyzf Ø�q78�nol/Ø·ù º Â �¶º l�noq u � u Øvl s 8ih } q uws Ø�q78·nwl � y {�j%nwl��<l§ ��� j�h	8Ëq f l[À y 8 s l�jml.8 s q78v~�h siuoy
f'} lsØih·À y 8�{Ql�: y
f=f%y
s l[q f 8�l f À y 8 � l�{Ql ftsÔ} lÑn � h
{Qjkn uws q } l} l5n �¾yzf%} l �b�
E l.Ø·j y
s l ftsiu lRnNØ

Vm
l s

Φ
£�n ��uwf Ø s h fts

t = 240 ms
Ø yzfts 8vl�j78 x Øvl ftsvx ØCØ�q78�n�h ¿ �zq78�l �z� � ñ� h � y {Qj�h¬8vl/8�h � l � n�h ¿ �zqJ8vl �z� � ñ � �Ù y q78 � l s�s l�Ø u {=qkn�h svuoyzf : nol s lR{�j7Ø º Ù�U¢8�lRprq u Ø·j�h	8 ��� h
prq%l|j�h	8 siu l } q � y<} l'h x �zh
nol�ð{Ql ftsax�svx j78 y
¿ n x¸� Ù y q78 ��� h
prq%lbj�h	Ø } l s l�{QjJØ : n � h � s q�h
n u Øih svuoyzf�} l.Ø � y qJ8ih fts Ø uoyzf%u prq%l/Ø f l
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NPORQ.S �z� ��é T Ù y
s l frsvu l�n } l'{Ql�{=~78ih f l Vm � l f � h
q s � l s j y
s l ftsiu lRn Φ � y 8]8�l/Ø�j yzfk} h fts � l f} l/Ø¹Ø y q7Ø � £ t = 140 ms
£��th
q ��� l5l s t = 240 ms � £ } 8 yzu�s l � �

NPORQ.S �
� ��¤ T �<u {=q%n�h siuoy
f�}�� ù º Â : �|j y
uofts Ø } l�Ø siu {'q%n�h svuoyzf/�

8vlRjJ8 x Ø�l fts l�p�qkl
3.5%

} q s l�{QjJØ � j y q78Vnwl�{ y�} ïRnwl } lv�¶h¸~ml.8�l s©� q } ûªt �ré u � s h f%}ku Ø5prq%ln �¾uoft� l.8]Ø uwyzfÈ} qÝj78 y ~%nwïR{�l�~ uw}%y {Qh uof l�l f l.Øvj�h � l � �z� � � � 8vlRprq u l/8 s 93.2%
} q s l�{QjJØ �~<gf�zyzu�sÃ}%yzf � prq%l : { Å {�l2j y q78 } l.Ø�{ y�} ïRnwl/Ø uoy
f%u prq%l.Ø�Ø y j � u Ø svu prq x Ø : nol s lR{�j7Ø^8vl�prq u ØÃj y q78�nol� h
n � q%n } l/Ø � y qJ8ih fts Ø uwyzf%u p�qkl/Øb{�lR{=~78vh f h u 8vl.Øgl/Ø sVfkx �zn u �zlRh
~%nol � y {�j�h	8vh siu�� l�{Ql frs £�n �¾uof ð� l/8¹Ø uwyzf�} qEØ�ûBØ s ïR{�l�n uofkx h u 8vl : � l2p�q u�Ú q7Ø svuw¿ l[nol ��� y
u � }�� q f { y�} ïRnwlj8 x h
n u Ø s l } l2{�lR{=~J8ih f lj%noq s¬«
s prq%l }�� q f { y�} ïRnwl f%yzf j � ûBØ uoy n y � u prq%l�Ø u {Qj%n uw¿�x s l�n�p�qkl }kx � 8 uws l f �k��� �
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NPORQ.S �z� � ñDT Vm � £|�th¸q ��� l � l s Φ � £ } 8 yzuws l � £ t = 240 ms
�

��ä �Ç±_çÁ®kå*äÁ³¶ãÝ°�ø¢¡V¤£«®�ãd³¶µ¥�M®%±2¦®Ôä,¯Ä²¥`ËØ%�ÈäÁ´¹´tå�åò®�²¥`b¯d²z®kµ¸°ËäÁ´
° ¯R²±`dØ%�Èä,´ E�� q siu n u Øvh siuwyzf�} l5{ y<} ïRnol.Ø } l5{�lR{=~78vh f l�8 x h
n u Ø s l/Ø�h|j y q78 h � h frs h
�zlbnoh�j y Ø�ð
Ø u ~ u n uwsix[} l�Ø u {=qknol/8 � l/8 s h uwf Ø } ûrØ�À yzf � siuoy
f%f lR{�l fts Ø } l n � h � svuw��uwsvx2x nwl � s 8 u p�qkl � h	8 }%u h
prq%l � ù fl G l s n � h � siuwyzf¡} l � l.8 s h uof l.Ø } 8 y �zq%l/Ø : y q©noh � y
f Ø x p�qkl f � l/Ø } l � h¬8vl f � l/Ø : Øvl s 8ih } q u Ø�l ftsh
q f%u�� lRh
q � l�nonoqkn�h u 8vl�j�h	8=q f l�{ y<}%u�¿ � h siuoy
f"} l.Ø|j78 y j78 uwx�six Ø=~ uwy ��� u { u prq%l/Ø } l�nohÐ{Ql�{�ð~78ih f l�l f h¸n six 8ih fts nol.ØÃj78 y
svxRuwf l/Ø�{Ql�{=~78vh f h u 8vl/ØÃhÄûzh fts j y q78 ��� h	8��zl nol s 8vh f Øvj y 8 sÑuwyzf%u p�qkl{Ql�{=~78vh f h u 8vl �F� siu�s 8vl }/� l��kl�{Qjknol yzf Ø u {=q%nol�n �¾u Ø ��� x { u l �
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f hÐl f l G l s n u l�q } h f Ø'q f l »Ry
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Ca2+ l/Ø s siy � u prq%l�l s h
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�����wc��·¶ ��$�)i&�137�$'(i�¸z�f;&.�8+i j$'"F&�4'6¹�8(,)$�13�8("%$'&�(º¶
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nwl/Ø)ØvqJ8
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yzu 8 uwfr� l/8¹Øvl/8 n �¾x prq�h siuoy
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� h	Ø } l�noh }%u {�l f Ø uoy
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x l : q f j Ævx � yzf%}kuwsiuwyzf%f l�{Ql fts ilu1 : Ø � h �zxÃÆ h fts j%nwq7ØÔl�ú � h � lprq%l�nol�j Æ�x � y
f%}%uwsvuoyzfkf lRq Æ ilu0 l f ��� : l/Ø s'u � u q svu n u Ø x¸� CÐh
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� � � ��� �z� � � ��� Æ lRj Ævx Ø�l fts l fts n �¾x��
y noq svuoyzf¬} qÐj y
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l sß} q'j y
s l ftsiu lRn�l�� s¾Æ h � l�nonwq%n�h uHÆ l φe

Æ l/Ø�jml � siu�� l�{Ql frs : n yJÆ Ø } l[noh·j Æ�y j�h
�zh siuwyzf5} lan �¾yzf%} l
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�th svuoyzfÇ} qÆÀ ÆvyzftsV} l�n �¾yzf%} l } l }%x j y n�h Ævu Øvh siuwyzf l/Ø s'uwf À x ð
Ævu l�q Æ lQ£4n�h � h¸nolRq Æ h svs l f%} q%l �Ôº l }%x À,h¸q s l.Ø s £¹{�l svs¬Æ l�l fÈÆ lRnoh siuwyzf h � l � nol�{�h f prq%l } l¿�f l/Ø¹Øvl } qÍ{Qh u nwn�h
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uÇÆ Ø�l � svuoyzf Y � � �p�qkl } l/Ø5{Qh u nwn�h
�zl.Ø�� Ævy Ø¹Ø u l Æ Ø Æ h
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