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B Î � Î 4 ÕBL�=9=¯E/ItN9EO~p@&E/IJ~w@&E7|±AF{7|F@9I-DML�DF|(N9EO|6DML�C9H-I-H-DF{OE/D(N9E½�7>*GwÅ E/A6K E/G&�7E ÎOÎ,ÎOÎ,ÎOÎ , 4

B Î � ! �FÌ&{/�VLVN9E,Õ(@&|ML�G&>�Å Î,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,CB
B Î � Î � È�L*|±I-H-G&{�L�H-AFEOÌ&>*��>*K Í/G&E Î,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,CB
B Î � Î � È�L*|±G&>*G I-H-G&{�L�H-AFE,Ì&>*��>*K Í/G&E Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,CB

B Î 4 ! �FÌ&{/�VL ! Õ*
��BÕ"����L*|±Ì&>*��>*K Í/G&E#� Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,D,
B Î 4 Î � È�L*|±I-H-G&{�L�H-AFEOÌ&>*��>*K Í/G&E Î,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,HG
B Î 4 Î � È�L*|±G&>*G I-H-G&{�L�H-AFE,Ì&>*��>*K Í/G&E Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ,D.
B Î 4 Î 4 Ø¤D6@&N9EOIJ>Û��L�IJE,N)@ =�L�AML���Í/D6AFE©N9E,�7>*GwD6AXW*IJE½N&L�G&|}I � {/DML�=?Ea=9AF{7N)HJ�/DFE/@9A Î,ÎOÎ G*�

� Qts"�Ry%$-i9x<x"� � 3Üq3o�i)k�q ����� uwv ) ��i � q3u � k�v � i � v�y%$-mH19i&y�sÜi)k�q � � � u¶y&$-mwk�i)k q � k�u+��o�m 9� q3i&q=�u � s v2!�lnmpo�i QVS �KT S O�!wi9vVs � q � q�o�u � v�q ��� � uÛy &�&
� Î � È�L*|±I-H-G&{�L�H-AFE Î,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ GDG
� Î � Ú AFN)AFE½�	E/G�E7|F=�L*�7E Î,ÎOÎ,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ G .
� Î 4 Þ¤AF>*=9A6HJ{/DF{ % ÔaÓ N)@©|F�MÌ&{/�VL�N9{7�7E/GwD6AF{�N � >*AFN)AFE N9E/@)Ù^E/G©E7|6=�L*�7E�Ç�N&L�G&|ÜIJEÉ��L*|<N � @9G&E

{7~p@�L�D6HJ>*G I-H-G&{�L�H-AFE,Ì&>*��>*K Í/G&E½|F@9A±�VL�H-I-I]L�K EOG&>*G @9G9H���>*A6��E Î,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ - 4
� Î B ! �FÌ&{/�VL ! Õ*
��BÕ L7Å E7�,�VL�H-I-I]L�K E,G&>*G�@9G9H���>*A6��E ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ -D,

' ( i:��i:!�k�m+��q3v7k�q3rtsnuwv � s v2!�lnmpo�iXu k ! � �4� qzk�q � � vWi&s43 y�q�o�qzk�uwv  �?
, Î � Þ¤AF{7|FE/A6Å�L�D6HJ>*G�N9E7|({/DML�DF|BN � {7~w@9H-I-H-C9AFE½N&L�G&|(IJE,��L*|(G&>*G.Ì&>*��>*K Í/G&E ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ . 4

, Î � Î � Ó,L�G&|±IJEO��L*|(|F��L�I]L�H-AFE½N9EaI � {7~w@�L�D6HJ>*GTN9E,Ñ�)9A6K E/AF| Î,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ . 4
, Î � Î � Ó,L�G&|±IJEO��L*|(N9E7|({7~p@�L�D6HJ>*G&|}N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ .��

, Î � % AML�H-DFE/��E/GpD�N9E7|}�7>*G&N)H-D6HJ>*G&|BL�@)Ù.I-H-�WH-DFE7| ÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ .D-
, Î � Î � È�L*|(|F��L�I]L�H-AFE,I-H-G&{�L�H-AFE ÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ .D-
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, Î � Î � È�L*|O�7Ó Å E7�/DF>*A6HJE/I Î,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ .D.
, Î � Î 4 Õ}{7|6@9I-DML�DF|(Gw@9��{/A6HJ~p@&E7| ÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���)�
, Î � Î B ÈÉ>*G&N)H-D6HJ>*G&|BL�@)Ù.I-H-�WH-DFE7|(=¯>*@9A±@9G�|6Æ)|6DFÍ/��EaG&>*G.I-H-G&{�L�H-AFE ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����

& � 3tx³m+��q3u � ! upv � sno�m%�*q3rtsÜupv^u � o ���"� x�lÜi9vqzrtsnu '>'�'
G Î � Þ¤AF>*C9IJÍ/��E½I-H-G&{�L�H-AFEO|F��L�I]L�H-AFE ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����

G Î � Î � Þ¤AF>*C9IJÍ/��EOI-H-G&{�L�H-AFEOÌ&>*��>*K Í/G&E g ÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����
G Î � Î � Þ¤AF>*C9IJÍ/��EOI-H-G&{�L�H-AFEOG&>*G Ì&>*��>*K Í/G&E g ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����

G Î � Þ¤AF>*C9IJÍ/��E©N9E,Ñ�)9A6K E/AF| Î,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���2G
G Î � Î � �}I-K >*A6H-D6Ì9��EVN9E���L�IJ�/@9I N)@X=�L�AML���Í/D6AFEVN9EW�7>*GpD6AXW*IJEVN&L�G&|,IJEW��L*|½N)@X=9AF>�Ê

C9IJÍ/��EON9EOÑ�)9A6K E/AF|±Ì&>*��>*K Í/G&E ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���2G
G Î � Î � Þ¤AF>*C9IJÍ/��E½N9E½Ñ�)9A6K E/AF|(Ì&>*��>*K Í/G&E Î,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ����-
G Î � Î 4 Þ¤AF>*C9IJÍ/��E½N9E½Ñ�)9A6K E/AF|(G&>*G Ì&>*��>*K Í/G&E ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��� 4

G Î 4 Þ¤AF>*C9IJÍ/��E©N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD 1D
Î,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎ,ÎOÎ ���CB

G Î 4 Î � Þ¤AF>*C9IJÍ/��E½N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD�Ì&>*��>*K Í/G&E ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���CB
G Î 4 Î � �}I-K >*A6H-D6Ì9��EVN9E���L�IJ�/@9I N)@X=�L�AML���Í/D6AFEVN9EW�7>*GpD6AXW*IJEVN&L�G&|,IJEW��L*|½N)@X=9AF>�Ê

C9IJÍ/��EON9E ! L�H-GpD·Ê"Ô³E/G�L�GwD�Ì&>*��>*K Í/G&E ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���CB
G Î 4 Î 4 È�L*|±DFE7|6D}N9EaA6@9=9D6@9AFE©N9EaC�L�A6AML�K E½|6@9A ��>*G&NU��>*@9H-I-IJ{ Î,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����
G Î 4 Î B Þ¤AF>*C9IJÍ/��E½N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD�G&>*G Ì&>*��>*K Í/G&E ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���D.

G Î B Þ¤AF>*C9IJÍ/��E©N9E ! L�H-GwD·Ê"Ô³E/G�L�GwDO�*Ó Î,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �54CB
G Î B Î � Þ¤AF>*C9IJÍ/��E½N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD,�*ÓjÌ&>*��>*K Í/G&E Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �54CB
G Î B Î � Þ¤AF>*C9IJÍ/��E½N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD,�*ÓjG&>*G)Ê"Ì&>*��>*K Í/G&E ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �54D-

G Î � Ó�HJ|F�/@&|F|6HJ>*G |F@9A±IJEO�FÌ&>*H Ù N � L�=9=9AF>7Ù)H-�VL�D6HJ>*G�N)@.DFE/A6��E,G&>*G�N)H���{/AFE/GwD6HJE/I ÎOÎ,ÎOÎ,ÎOÎ � B%,
G Î , Þ¤AF>*C9IJÍ/��E©N � Ø¤@9IJE/A 1D

Î,ÎOÎ,ÎOÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎ,ÎOÎ � B%-
G Î G Þ¤AF>*C9IJÍ/��E©N � Ø¤@9IJE/AB�*Ó Î,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ �����

� � 3tx³m+��q3u � ! upv � sno�m%�*q3rtsÜupv^u � � q3x<lni9v�q3rtsnu ' ���
- Î � Þ¤AF>*C9IJÍ/��E©N)H-=9Ì�L*|6HJ~w@&EO��>*G&>pN)H-��E/G&|6HJ>*G9G&E/I ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���D,

- Î � Î � �}=9=9I-HJ��L�D6HJ>*G�L�@.=9AF>*C9IJÍ/��E½N9E,Õ�L�G&|F>*�[�7Ó Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���HG
- Î � Î � ÈÉ>*G&N)H-D6HJ>*G&|}N9EO��L�IJ�/@9I ÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���HG
- Î � Î 4 Õ}{7|6@9I-DML�DF| Î,ÎOÎ,ÎOÎ,ÎOÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ���D-
- Î � Î B Ó�HJ|F�/@&|F|6HJ>*G |6@9A±IJE½�FÌ&>*H Ù N � L�=9=9AF>7Ù)H-�VL�D6HJ>*GTN)@.DFE/A6��E½G&>*G N)H��¯{/AFE/GpD6HJE/I ÎOÎ ��,��

- Î � Þ¤AF>*C9IJÍ/��E©N)H-=9Ì�L*|6HJ~w@&EOC9HJN)H-��E/G&|6HJ>*G9G&E/InE/G.�VL�H-I-I]L�K E½D6A6H]L�G9K�@9I]L�H-AFE ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��,HG
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- Î � Î � Þ¤AF>*C9IJÍ/��E½N9E½ÕBL�G&|F>*� �*Ó Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��,HG
- Î � Î � ÈÉ>*G&N)H-D6HJ>*G&|}N9EO��L�IJ�/@9I ÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��,D-
- Î � Î 4 Õ}{7|6@9I-DML�DF|(Gw@9��{/A6HJ~p@&E7| ÎOÎ,Î½Î,ÎOÎOÎ,ÎOÎ,ÎOÎ,Î½ÎOÎ,ÎOÎ,ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��,D.

- Î 4 Þ¤AF>*C9IJÍ/��E©N)H-=9Ì�L*|6HJ~w@&EOC9HJN)H-��E/G&|6HJ>*G9G&E/InE/G.�VL�H-I-I]L�K E©~w@�L*N)AML�G9K�@9I]L�H-AFE Î,ÎOÎ,ÎOÎ,ÎOÎ ��- 4
- Î 4 Î � Þ¤AF>*C9IJÍ/��E½N9E½ÕBL�G&|F>*� E/G.�VL�H-I-I]L�K E©~w@�L*N)AML�G9K�@9I]L�H-AFE ÎOÎ,ÎOÎ½Î,ÎOÎ,ÎOÎ,ÎOÎ ��-��
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c ÃÜL^ÅÛH-DFE7|F|FE,N)@�|F>*G
E Ã � {/G&E/A6K�HJEODF>*DML�IJE
F (U) ÃtE E&@)Ù.=9ÌwÆ)|6HJ~w@&E
g ÈÉ>*G&|6DML�GwDFE½N9E,K�AML7ÅÛH-DF{
h ��L�@9DFE/@9ABN9EaI � E�L�@
P ÃÜL^=9AFE7|F|6HJ>*G
s ÃÜL^ÅÛH-DFE7|F|FE,N9EO�MÌ&>p����Õ�L�G9ÒpH-G&E$Ê �B@9K >*G9HJ>*D �
Sn

j+ 1

2

ÃÜL^ÅÛH-DFE7|F|FE,N9EOÕ}@&|ML�G&>�Å;IJ>Û��L�IJE
U Ô³E7�/DFE/@9A}N9E7|±Å�L�A6H]L�C9IJE7|}�7>*G&|FE/A6Å�L�D6H-Å E7|
uk

Ç vk
ÃÜL^ÅÛH-DFE7|F|FE,N9E,I]L^=9Ì�L*|ME k E/G�N)H-AFE7�/D6HJ>*G x E/D y

~V Ô³E7�/DFE/@9A(ÅÛH-DFE7|F|FE
z(x, y)

Ï >*G&N N9EaI � E�L�@
µk

% L�@)Ù N9Ea=9AF{7|FE/G&�7EOIJ>p��L�IJEON9EaI]LW=9Ì�L*|FE k �3Ò��BI"Ç)I-HJ~p@9HJN9E�Ç9Ò��BÅ?Ç)Å�L�=¯E/@9A �
ρk

ÓaE/G&|6H-DF{,N9E,I]L^=9Ì�L*|FE k
γ ÕBL�=9=¯>*A6D(N9E7|(�FÌ�L�IJE/@9AF|�|6=¯{7�/H Ý�~w@&E7|
Ω

Ú @9Å E/A6D}N9E
R

d

L∞(Ω) Ø³|6=�L*�7EON9E7| ��>*G&�/D6HJ>*G&|(C¯>*A6G&{7E7|(|6@9A Ω
C1(Ω)

Ï >*G&�/D6HJ>*G��7>*GwD6H-G��9��E/GwD,N9{/A6H-Å�L�C9IJEO|6@9A Ω
BV (Ω) Ø |6=�L*�7EON9E7| ��>*G&�/D6HJ>*G&|�^Å�L�A6H]L�D6HJ>*G&|(C¯>*A6G&{7E7|(|6@9A Ω
∇· Ú =?{/AML�DFE/@9ABN9E,N)H-Å E/A6K E/G&�7E
∇ Ú =?{/AML�DFE/@9ABN9EaK�AML*N)HJE/GwD
Ai

�BH-AFE,N9EaI]LW�7E/I-I-@9IJE ci
Aj(U) ÃÜL^�VL�D6A6HJ�7E Ö L*�7>*C9HJE/G9G&E©N9E,I]L ��>*G&�/D6HJ>*G Fj(U)

Ã ÃÜL^�VL�D6A6HJ�7E½N9E,ÕB>pE
∂ci

ÃÜL ��AF>*GwD6HJÍ/AFE©N9E,I]L	�7E/I-I-@9IJE ci
d Ó�H-��E/G&|6HJ>*G�N9EaI � E7|6=�L*�7E,=9ÌpÆÛ|FHJ~w@&E
ET Ã � E/A6AFE/@9A}N9E,D6AML�G&��L�D6@9AFE
Fj(1 ≤ j ≤ d)

Ï >*G&�/D6HJ>*GKE&@)Ù
g(θ)

Ï L*�/DFE/@9A}N � L��W=9I-H Ý���L�D6HJ>*G
K(i) Ã � E/G&|FE/�½C9IJE©N9E7|(�7E/I-I-@9IJE7|}~p@9Ht>*GwD}@9G&E½L�A �/DFEO�7>*�W�½@9G&E^L7Å E7�½I]L	�7E/I-I-@9IJE ci
~n Ô³E7�/DFE/@9A(G&>*A6�VL�It@9G9H-DML�H-AFE
Q ÃÜL^=�L�A6D6HJEOG&>*G.Ì&>*��>*K Í/G&E �3DFE/A6��EO|F>*@9AF�7E#�
Qfx

Ç Qfy
ÃtEaDFE/A6��EON9E+��AF>*D6DFE/��E/GwD�N)@	��>*G&N

Qox
Ç Qoy

ÃtEa=¯E/GwDFEON)@	��>*G&N.N)@���L�G�L�I
Wi

� GwÅ�L�A6H]L�GwD}N9EOÕ}HJE/�VL�G9G (i = 1, .., p)

�
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Φ(Un
j , U

n
j+ 1

2

) ÃtE E&@)ÙUGw@9��{/A6HJ~p@&EO��>*G&>ÛN)H-��E/G&|6HJ>*G9G&E/I7�^I � H-GwDFE/A �"L*�7E
Φ(Un

j , U
n
i , ~nij)

ÃtE E&@)ÙUGw@9��{/A6HJ~p@&EOC9HJN)H-��E/G&|FHJ>*G9G&E/I
ψj

Ï >*G&�/D6HJ>*GTÃ�H-�WH-DFE/@9ABN9>*G9G&{7E
θj

ÃtEOAML�=9=?>*A6D}N9E,N9E/@)Ù.=¯E/GwDFE7|B�7>*G&|F{7�/@9D6H-Å E7|
ξ̃n
j+ 1

2

Ã � L�=9=9AF>�ÙÛH-�VL�D6HJ>*G�N)@ DFE/A6��EO|M>*@9AF�7E,G&>*G�N)H���{/AFE/GwD6HJE/I
αn

j+ 1

2
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DF>*G&|(E/G&|F@9H-DFEaIJE7|±=9AF>*C9IJÍ/��E7|±D6AML�H-DF{7| g IJE7|({7~p@�L�D6HJ>*G&|(N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD�Ç�IJE7|±{7~w@�L�D6HJ>*G&|(N � Ø³@9IJE/A}E/D
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Ó,L�G&|¤IJE�N9E/@)Ù)HJÍ/��E(�FÌ�L�=9H-D6AFE�Ç�G&>*@&|³AML�=9=?E/IJ>*G&|¤I]La�7>*G&|FD6A6@&�/D6HJ>*GVN9EÉI]L���{/D6Ì&>pN9E±N9E7|¤Å >*I-@9��E7|¤Ý&G9HJ|�Ç
E/D�=9AF{7|FE/GwDF>*G&|,~p@&E/IJ~p@&E7|�|M�FÌ&{/�VL*|aN9E7|�Å >*I-@9��E7|}Ý&G9HJ|�AF{7�7E/�W��E/GpD,=9AF>*=?>�|F{7|�=¯>*@9ABI]L�|6H-�©@9I]L�D6HJ>*G
Gp@9��{/A6HJ~w@&E©N9EO|6Æ)|6DFÍ/��E7|�ÌwÆÛ=?E/A6C¯>*I-HJ~p@&E7|(G&>*G Ì&>*��>*K Í/G&E7| Î
ÃtEVD6AF>*HJ|6HJÍ/��EV�MÌ�L�=9H-D6AFEUE7|6D½�7>*G&|ML*�/AF{;L�@_N9{/Å E/IJ>*=9=¯E/��E/GwD	N � @9G�G&>*@9Å E�L�@R|F�FÌ&{/�VL L�@)Ù�Å >*I-@9��E7|
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�B@ �MÌ�L�=9H-D6AFEW~w@�L�D6AFE�Ç�I � L�G�L�I-ÆÛ|ME½�VL�D6Ì&{/�VL�D6HJ~p@&E	N9E7|B|F�MÌ&{/�VL*|aN9E©Õ}@&|ML�G&>�Å�E/D � SRNHR �±N&L�G&|
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E/DOC9HJN)H-��E/G&|FHJ>*G9G&E/IJ|�ÇÜE/GX��E/G�L�GpD©E/GX=�L�A6D6HJ�/@9I-HJE/A½@9G&EV{/D6@&N9E�N9E��7>*GwÅ E/A6K E/G&�7EVGw@9��{/A6HJ~p@&E�ÅÛH]L;I]L
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OÉ#p�< [�1A p8$+ c�5������TdM8$+3+ÉdM8$f��Ë8$�68' �=³f&���Ë8\5�1*+0#"V8]�87�32Û1A ÇnØ¤@9A ÎÜÖ&ÎÜÂ E7�MÌ Î Ñ Ï I-@9HJN9|/ � �������)�#�$Ç9G&> Î ,)Ç -CB&�I� -D,HG Î

 ×aÃ".D,�L
� Ã Î ×a>�|M|FE(L�G&N�� Î � Î ÃtE/AF>*@)Ù�Ç
/ fVc7d$2)%���W%65/#Û�z+ �"!$�6%½�^ � '¯�Ë%B��# 	 +-1*�zc_ p8BdM1*f9c78/�I5� ����1*f
c/dM�*+ ���z�F8 cOf�1*fK�"2Û1��1'&p4$f?8 c Ç?È Î Õ Î �±��L*N Î'! �/H Î =�L�A6HJ| ? / ? �·��.D.D, �$Ç?�CB 4��Û�CB%, Î

�54



������� ��� �������������

 ×aÃ".D,�C � Ö&Î Â�Î ×�AFE7E/GwC¯E/A6K_L�G&N�� Î � Î ÃtE/AF>*@)Ù�Ç � � 8$+z+:�·!F�*+ ��f�dM8! _c7d$2)8�V8 �/1*�U�32)8.f&#�V8$�$��dF�*+
'��61�dM8 c c �3f�&�1��^c/1*#Û�6dM8��Ë8$�I^cW�3fX2J( '98$��!61*+ ��d 8F5/#)� ����1*f&c Ç !&� � Â Ö&Î 
B@9��E/A Î �}G�L�I Î ?�?
�·��.D.D, �$Ç9G&> Î ��Ç��I����, Î

 � %*! �)��� � Î �a@9�½C�L�AF>9Ç �$Î�% >*@9�WH"Ç L�G&N©Ô Î ! E/H-K�G&>*IJE�Ç�� + # 	 c7d$2)8�V8 c �/1����3298�f&#"V8$� ��dF�*+Ûc$�Q	#Û+ ���
����1*f;1��±�2� 1±'�2Û��c�8 O±1���c Ç�ÈÉ>*�W=9@9DML�D6HJ>*G�L�I>E&@9HJNWN)ÆpG�L��WHJ�7|�Ç ������� � �aÆ >*DF> �$Ç ! =9A6H-G9K E/A�Ç
Ñ�E/A6I-H-GtÇ������)��Ç9=9= Î ,��)�I� ,��D, Î

 Ã�HJ>H.D,
� Â Ê !?Î Ã�HJ>*@tÇ�� c78657#98$+��"1 � /�P7? ) � /�P7? + Ç Ö&Î ÈÉ>*�W=9@9D Î Þ¤ÌwÆ)| Î ':/  �·��.D.D, �$Ç�G&> Î �)Ç
4D,CB �&4D-�� Î

 Ã Ö&! . 4
� Â�Î Ê Â_Î Ã�HJ>*@¸L�G&N Ö&Î È Ì9A6HJ|6DF>*=9Ì&E/A Ö A Î,! DFE)��E/GtÇB� f?8���OÉ# 	 c"'?+0�������zf"&_c/d$2)8#�8 Ç Ö&Î
ÈÉ>*�W=9@9D Î Þ¤ÌpÆÛ| Î ' � & �·��.D. 4 �$Ç9G&> Î ��Ç�� 4��&4D. Î

 Þ È±È�� 4
� � Î Þ<L�H-I-IJÍ/AFE�Ç�È Î ÈÉ>*A6AFE�ÇL�G&N Ö&Î Õ Î ×,L�AF���]L}È�L*|F��L�IJE7|�ÇKZ f	�3298±8 	 �Ë8$f9c$��1�fV1�� �32)8 � /EP7?
	
c/d/2)8�V8��"1 dF1�B'��F8 cMc$��!/+-8��2� 1���O #Û�2 [�1A w8$+0c ÇnÈÉ>*�W=9@9D Î��¨Ï I-@9HJN9| ? / ������� 4 �$Ç�G&> Î ,)Ç
-D.)�I� .)��, Î

 ÕB>pE�-)��� Þ Î Ã Î Õ}>ÛE�Ç � ' '��61 	 �$����Ë8 �}��8#W��f&f c71*+:5�8$� c�� ')�*�6��V8/�Ë8$� 5�86d7�"1*� c�� 8/�  *� B8$�F8$f�dM8
c/d/2)8�V8 c Ç Ö&Î ÈÉ>*�W=9@9D Î Þ¤ÌpÆÛ| Î U�? �·��.D-)�#�$Ç9G&> Î �)Ç"4��HGA�&4HG*� Î

 ÕB>*@>.D.
� � Î � ÃtE�Õ}>*@)Ù�Ç �(�"8���*f&f c71*+�5*8$�Mc��71*� c71�V8 2J( '98$��!61*+ ��d.'��61w!$+J8�^c �¤���32 �_c71*#p�6dM8
�Ë8$�� Ç0�±�/DFE7|�N)@94��*Í/��E�ÈÉ>*G9K�AFÍ7| N � �}G�L�I-Æ)|FE 
B@9��{/A6HJ~w@&E g È(�
B@9� � .D- � �BA6IJE7|�Ç
��.D.D- �$Ç¯Ø ! � � Â Þ³AF>p� Î Ç¯Å >*I Î ,)Ç ! >p� Î¯Â L�D6Ì Î �B=9=9I Î � G&N)@&|FD Î Ç?Þ�L�A6HJ|�Ç���.D.D.)Ç¯=9= Î G*��� .��
��E/IJE7�/D6AF>*G9HJ�#� Î

 % �8.D,
� �$Î % >*@9�WHBL�G&N�� Î �a@9�©C�L�AF>9Ç � f�� 'w'��·1 	 �Q����Ë8 + �zf?8F�*� � G�8' ���"8���*f&f c/1*+:5�8$�.�71*�.�
�2� 1���O #Û�2 ]�1A w8$+ Ç Ö�Î ÈÉ>*�W=9@9D Î Þ¤ÌpÆÛ| Î ' / U �·��.D.D, �$Ç9G&> Î �)Ç&�D-D,��&4���� Î

 ÔBÈ .D.
� Â�Î Ø Î ÔY-���~p@&E��/Ê ÈÉE7N��*GtÇ�� B'��·1�5�8! ���686� �2�8/f��}1��^c/1�#p�6dM8V�Ë8$�I^c	�zfX#�'��¤�3f� ;c7d$2)8�V8 c
�71*���3298ac 2Û�*+3+ 1�� � ���Ë8$�½865/#9������1*f9c,�zf�d$2Û�*f�f?8$+0cF�¤���32��3� �F8<&*#Û+-�*�C&w861��87���I( Ç Ö >*@9A6G�L�IÜ>��
�7>*�W=9@9DML�D6HJ>*G�L�IÜ=9ÌpÆÛ|FHJ�7| ' U � �·��.D.D. �$Ç:B%.HGA�Û���D, Î

 Ô¤@9Æ9�CB�� Ï�Î ÓaEWÔ¤@9ÆÛ|FD�Ç P �"�w!$+J8;�*f� T� dFd/#Û�·� �Ë8�2J(w!$�$�2 =³f&���Ë8\5�1*+0#"V8]�87�32Û1A �c;!6�*c78! X1*f�'�#Û�68
dF1*fK5�8 	 ���2( �*�2&�#�V8$f��3c �/1�� 2J( '98$��!61*+ ��d�cI(�c/�Ë8�^c 1��TdF1�f9c78$��5������1*f¶+-��� Ç Ö&Î ÈÉ>*�W=9@9D Î
Þ¤ÌpÆÛ| Î '  >? �������CB �$Ç&G&> Î �)Ç:Bw�D,��%B%,D- Î

� B



� �������	��
� �

� � � 
6� � �� �� � � � � ��� � � ���

Ú G | � H-GpDF{/AFE7|F|FE$�	N9E7|±|F�MÌ&{/�VL*|±Gw@9��{/A6HJ~p@&E7|(=¯E/A ��>*A6�VL�GwDF|±=¯E/A6��E/D6DML�GwDBIJE���L�IJ�/@9InN9E�|M>*I-@9D6HJ>*G&|(N9E
=9AF>*C9IJÍ/��E7|�N � {/Å >*I-@9D6HJ>*GtÇ&DFE/IJ|(~p@&E,�7E/@)Ù.��>pN9{/I-HJ| L�GwD}N9E7|({7�7>*@9IJE/��E/GpDF|BN9E E&@9HJN9E7| Î �nÅ*L�GpD(N9E,=9AF{$Ê
|FE/GpDFE/A}�7E7|±|F�MÌ&{/�VL*|�Ç9G&>*@&|}L�I-IJ>*G&|±AML�=9=¯E/IJE/A}~p@&E/IJ~w@&E7|±��L�AML*�/DF{/A6HJ|FD6HJ~w@&E7|}H-�W=?>*A6DML�GpDFE7|}�7>*G&�7E/A6G�L�GwD
IJE7|W=9AF>*C9IJÍ/��E7|�ÌwÆÛ=?E/A6C¯>*I-HJ~w@&E7|�Ç¤��L�AML*�/DF{/A6HJ|6D6HJ~w@&E7|�~w@9H �6>*@&E/AF>*GwD�@9G AXW*IJEUD6AFÍ7|�H-�W=?>*A6DML�GpDV|6@9A	I]L
�"L�;7>*G�N9E,�7>*G&|6D6A6@9H-AFE½IJE7|(|F�FÌ&{/�VL*|�L*|F|F>Û�/HJ{7| Î

����� � �(�Fª¸¬©£®°^�M�F�(�

ÃtE7|�{7~p@�L�D6HJ>*G&|�AF{/K�HJ|F|ML�GpD IJE7|�{7�7>*@9IJE/��E/GwDF|}N9E E&@9HJN9E7|±L�=9=�L�AML
	]|F|FE/GpD(E/G�K {/G&{/AML�I�|F>*@&| I]L$��>*A6��E�N9E
IJ>*HJ|(N9EaC9H-I]L�GtÇ)AFE/=9AF{7|ME/GwDF{7E7|(=�L�A(N9E7|}|6ÆÛ|FDFÍ/��E7|±N � {7~w@�L�D6HJ>*G&|}L�@)Ù.N9{/A6H-Å {7E7|±=�L�A6D6HJE/I-IJE7|�Ç�N9{/=?E/G&N&L�GpD
N)@WDFE/�W=&|�Ç*@&|F@&E/I-IJE/��E/GwD G&>*GWI-H-G&{�L�H-AFE7|�Ç�E/G�N)H-��E/G&|6HJ>*G d N � E7|6=�L*�7E(E/D�=9AFE/G�L�GpD³I]L��>*A6��E±|F@9H-Å*L�GpDFE g

∂U(x, t)

∂t
+

d∑

j=1

∂Fj(U(x, t))

∂xj
= Q(x,U), �·� Î �#�

x = (x1, x2, ..., xd) ∈ D ⊂ R
d, t > 0,

>�� U : D × R
+ −→ Ω E7|6D±@9G.Å E7�/DFE/@9A�� p N)H-��E/G&|FHJ>*G&|�Ç&N9{7�/A6H-Å�L�GwD(IJE7|±Å�L�A6H]L�C9IJE7|}�7>*G&|ME/A6Å*L�D6H-Å E7| Î

Ω E7|6D±@9G >*@9Å E/A6D(C?>*A6G&{½N9E
R

p E/D±IJE7| ��>*G&�/D6HJ>*G&| Fj (1 ≤ j ≤ d) |F>*GpD}N9E7| ��>*G&�/D6HJ>*G&|}N9E E&@)Ù Î
ÃtE^DFE/A6��E Q(x,U) AFE/=9AF{7|FE/GwDFE	HJ�/H<I]L�=�L�A6D6HJE©G&>*G�Ì&>*��>*K Í/G&EWN)@X|6Æ)|6DFÍ/��E g H-I�=¯E/@9D�N9{7�/A6H-AFE�Ç¯=�L�A
E$Ù9E/�W=9IJE�Ç&N9E7|(DFE/A6��E7|}|F>*@9AF�7E7|}>*@ N9E7|±DFE/A6��E7|}G&>*G��7>*G&|FE/A6Å�L�D6H���| Î
�B@�|6Æ)|6DFÍ/��EON � {7~p@�L�D6HJ>*G&| �·� Î �#�(|F>*GwDBAML:�·>*@9DF{7E7|}I]LW�7>*G&N)H-D6HJ>*G H-G9H-D6H]L�IJE U(x, 0) = U0(x)

E/DB{/Å E/G)Ê
D6@&E/I-IJE/��E/GpD�N9E7|(�7>*G&N)H-D6HJ>*G&|�L�@)Ù.I-H-�WH-DFE7| Î

ÈÉE7|;{7~w@�L�D6HJ>*G&|;=¯E/@9Å E/GwD;��>pN9{/I-HJ|ME/A;L�@&|F|6HBC9HJE/G�N9E7|;{7�7>*@9IJE/��E/GwDF|.E/G E�L�@�=¯E/@ =9AF>���>*G&N9ETL�Å E7�
��AF>*D6DFE/��E/GwDF|BE/D±=?E/GpDFE,N)@#��>*G&N ��|6Æ)|6DFÍ/��EaN9E ! L�H-GwD·Ê"Ô³E/G�L�GpD �$Ç�~p@&EaN9E7|({7�7>*@9IJE/��E/GwDF|BN)H-=9Ì�L*|6HJ~p@&E7|
AF{�L*�/D6H���|}>*@.G&>*G Î

���



������� � ��� ��	 � ������� �

��� ���Ë� �����
	�������������³��� ���
�����³����� �"�����³����� �"���)� �"!#�Ü�$�&%&'(�³�

Ó,L�G&|;IJE���L*|;>�� >*G G&E�=9AFE/G&N E/G �7>*�W=9DFE�~w@&E I]L�=�L�A6D6HJE Ì&>*��>*K Í/G&EXN)@ |6Æ)|6DFÍ/��E �·� Î �#�$Ç � �*)38
Q(x,U) = 0 �$Çn>*G�AFE/D6AF>*@9Å E�IJE7|½{7~p@�L�D6HJ>*G&|©N9EVIJ>*HJ|½N9EV�7>*G&|ME/A6Å*L�D6HJ>*GR�/I]L*|F|6HJ~p@&E7| Î Þ�L�A^E$Ù9E/�W=9IJE�Ç
=¯>*@9A IJE7|É{7~p@�L�D6HJ>*G&|ÉN9E ! L�H-GwD·Ê"Ô³E/G�L�GpD�Ç&�7E/I]L½�7>*A6AFE7|F=?>*G&N#�,@9GU{7�7>*@9IJE/��E/GwD±|ML�G&| �3AF>*D6DFE/��E/GpD±N&L�G&|
@9G���L�G�L�I � ��>*G&N.=9I]L�D Î

ÈÉE7|±|6Æ)|6DFÍ/��E7| ��Í/G&E/GwD�Ç9N&L�G&|�IJE7|���L*|É@&|6@&E/IJ|�Ç?�^N9E7| =9AF>*C9IJÍ/��E7|�C9HJE/GU=¯>�|F{7|�N9>*GwD�G&>*@&|�AML�=9=¯E/IJ>*G&|
HJ�/HtIJE7|(=9A6H-G&�/H-=�L�IJE7|}��L�AML*�/DF{/A6HJ|6D6HJ~p@&E7| g

T �tx u%� ; � y�q=!wqzk�m
! >*H-D Aj(U) I]L^�VL�D6A6HJ�7E �6L*�7>*C9HJE/G9G&E©N9EaI]L���>*G&�/D6HJ>*G Fj(U) :

Aj(U) =

(
∂Fj(U)

∂U

)

1≤j≤d.

0 m+ � qzk�q � � '(,='(, '.- 8Oc�(c/�Ë4�V80/21�)3154�8 c$�V *���¤2J( '98$��!61*+ ��5/#98^c �
')1�#p�^�"1*#Û� n = (n1, n2, ..., nd) ∈ R

d �³+ �]������ ��dM8

A(U, n) =

d∑

j=1

njAj(U)

8 c/�  ����A&w1*f��*+ �]c7�w!$+J8	8/�É57#98^�"1*#)�Ë8 c,c�8 c.5�*+J8$#p� c±'��61 '��F8 cOc71*f�� �6%F8/+z+J8 c6)
P �� w8�'�+ #wc � dM8 c.5�*+J8$#Û�Mc�'?�·1 '?�68 c,c71*f��  *�]c/���zf?d7�Ë8 c��X+J8ac�(�c$�Ë4�V8^8 c$�  *�3�¤c$���$��d7�Ë8#�8/f��¤2J( '98/�7!61�+0��5/#&87)
Ú G�>*AFN9>*G9G&E½�7E7|(Å�L�IJE/@9AF|±=9AF>*=9AFE7|}N9E��"L�;7>*G��/AF>*HJ|F|ML�GpDFE g

λ1(U, n) ≤ λ2(U, n) ≤ ... ≤ λp(U, n)

>�� λj(U, n) E7|6D±I]L+� Ê"HJÍ/��EaÅ�L�IJE/@9A(=9AF>*=9AFEON9E A(U, n).Ú G G&>*DFE lj(U, n) E/D rj(U, n) IJE7|�Å E7�/DFE/@9AF|�=9AF>*=9AFE7|�L*|M|F>p�/HJ{7| �TI]L�Å*L�IJE/@9AV=9AF>*=9AFE λj(U, n) Ç �KwL�@&�MÌ&E½E/D�	N)AF>*H-DFE,AFE7|F=?E7�/D6H-Å E/��E/GpD Î

( � � v�u+�219i)k�q 1Üqzk�m
Ú G	N)H-AML}~p@ � @9G	|6ÆÛ|FDFÍ/��E N � {7~p@�L�D6HJ>*G&|�E7|6Dn�7>*G&|FE/A6Å�L�D6H���| � H-IÛ=¯E/@9D<| � {7�/A6H-AFEÉ|F>*@&|3��>*A6��EÉN9EÉN)H-Å E/A6K E/G&�7E
Gp@9I-IJE½N&L�G&|±IJE,AFE/=¯Í/AFE,|6=�L�D6HJ>�Ê"DFE/�W=¯>*AFE/I"Ç&=�L�A}E$Ù9E/�W=9IJE g div~V = 0 >�� ~V =

(
U

F (U)

)
.

0 m+ � qzk�q � � � uwv !wi:�i:!�k�m+��q3v7k�q3rtsnuwv
Ú G��7>*G&|FHJN9Í/AFE,IJEO��L*|(|F��L�I]L�H-AFEOÌ&>*��>*K Í/G&E½N9E,N)H-��E/G&|6HJ>*G @9G

∂u

∂t
+
∂f(u)

∂x
= 0, �·� Î � �

��,



� ����� � ����� ��� ������� � � ������� � � ��� �����������

N&L�G&|}@9G&EaAF{/K�HJ>*G >��.I]LW|F>*I-@9D6HJ>*G E7|6D C1 Î Ã � {7~p@�L�D6HJ>*G �·� Î � �É=¯E/@9D({/KwL�IJE/��E/GwD�| � {7�/A6H-AFE g

∂u

∂t
+ f ′(u)

∂u

∂x
= 0. �·� Î 4 �

Ó � L�@9D6AFE,=�L�A6D�Ç&>*G�=?E/@9D({/KwL�IJE/��E/GpD�{7�/A6H-AFE,I]L	N)H���{/AFE/GwD6HJE/I-IJE^N9E u

du =
∂u

∂t
dt+

∂u

∂x
dx.

Ú G�E/G�N9{7N)@9H-D½L�IJ>*AF|,~p@&E u E7|6D,�7>*G&|6DML�GwDFE�� du
dt

= 0 ��|F@9A�I]LU�7>*@9A6C¯EWN)@�=9I]L�G (x, t) N � {7~p@�L�D6HJ>*G
dx

dt
= f ′(u) N9{$Ý&G9HJEO�7>*�W��E©{/DML�GwD(I]LW�7>*@9A6C¯EO��L�AML*�/DF{/A6HJ|6D6HJ~p@&E Î

Ó,L�G&|±IJEO��L*|}N � @9G�|6Æ)|6DFÍ/��EW�7ÓjÌ&>*��>*K Í/G&E�Ç&IJEO|6Æ)|6DFÍ/��E$� p {7~p@�L�D6HJ>*G&| �·� Î �#��| � {7�/A6H-D

∂U

∂t
+
∂F (U)

∂x
= 0. �·� Î B �

! H�>*G.|6@9=9=¯>�|FEB~p@&E�I]L2��>*G&�/D6HJ>*G F G&EaN9{/=?E/G&NU~p@&EBN9E U Ç)>*GU=¯E/@9DÉN9{7�7>*�W=¯>�|FE/A±I � {7~p@�L�D6HJ>*G �·� Î B �
N&L�G&|}I]L^C�L*|FE+��>*A6��{7Ea=�L�A(IJE7|({/IJ{/��E/GwDF|B=9AF>*=9AFE7| g

lk(U)
∂U

∂t
+ λk(U)lk(U)

∂U

∂x
= 0, 1 ≤ k ≤ p �·� Î � �

>*@�E/G&�7>*AFE

lk(U) ·
(
∂U

∂t
+ λk(U)

∂U

∂x

)
= 0,

⇔ lk(U) · dkU

dt
= 0

⇔ dkU

dt
∈ V ect(rj(U)), ∀j 6= k, ( ��L�A lk(U).rj(U) = δjk).

0 m+ � qzk�q � � '(,='(, / Z f�� ' '98$+3+J8 k �·dF�*�6� d7�Ë%$�$�zc$����5/#98] *#.c�(c/�Ë4�V8 / 1�)�� 4�+J8 c©dF1*#Û�7!M8 c\ �#	'�+-�*f (x, t)

 ED %65/#9������1*f ) dx
dt

= λk(U(x, t)) � 1 ≤ k ≤ p )

��� 19i:��q3i � k�v � uPSUq3upo�i �"� O

0 m+ � qzk�q � � '(,='(, ? P 1*��� G #Ûf c71*#pc^8 c"')�wdM8\ w8
R

p 8/� 1 ≤ j ≤ p ) - �C�71*f�d7����1*f W  w%$=³f���8  w8 G ��f9c
R

8 c/� #Ûf j− �zfK5�*�$���*f��  w8Y�}��8#W��f&f  w8 /21�)���4 �¤c � ∇W (U) · rj(U) = 0, ∀U ∈ G )

( � � x � v�qzk�q ��� '(, '�, U P 1��3� 1 ≤ k ≤ p � c � Wk
8 c/�½#Ûf j− �3f75�*�$����f��, w8 �}�"8���*f&f�')1*#Û���"1*#)�

j 6= k � �*+ 1��Mc Wk
8 c$��dF1*f9c/�"�*f��Ë8½+J8O+-1*f�&  w8O+-� k �·dF�*�6� d7�Ë%$�$�]c/����57#987)

�2G
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Þ¤AFE/@9Å E g Ó � L�=9AFÍ7|(I]L	N9{$Ý&G9H-D6HJ>*G�=9AF{7�7{7N9E/GpDFE�Ç�>*G�L

∇Wk(U) ‖ lk(U) �·� Î , �
⇔ ∇Wk(U) ·

(
∂U

∂t
+ λk(U)

∂U

∂x

)
= 0

⇔ ∂Wk

∂t
+ λk

∂Wk

∂x
=
dkWk(U)

dt
= 0.

��� ����� �����
� ������� ������� � �³��� ��� � ��'�� ��� ���
� !#�n� �
%&'��³�(�

Ó,L�G&|ÉC?E�L�@&�7>*@9=.N9E�N9>*�VL�H-G&E7|±N9E}I]L½=9ÌwÆ)|6HJ~p@&E�ÇwIJE7|�{7~p@�L�D6HJ>*G&|±L�@)Ù�N9{/A6H-Å {7E7|É=�L�A6D6HJE/I-IJE7|±N9{7�/A6H-Å*L�GpD
N9E7|É=9AF>Û�7E7|F|6@&|É=9ÌwÆ)|6HJ~p@&E7|�Çp�7>*�W=¯>*A6DFE/GwD(N9E7|ÉDFE/A6��E7|±|F>*@9AF�7E7| Î ÈÉE/I]L©�7>*A6AFE7|6=¯>*G&NUE/G;K {/G&{/AML�I"ÇÛ=¯>*@9A
IJE7|}C9H-I]L�G&|}N9E,�VL*|F|ME�Ç&N9EO~p@�L�GwD6H-DF{½N9EO��>*@9Å E/��E/GwDaE/D}N � {/G&E/A6K�HJE�Ç��	I]LW=9A6HJ|FEOE/G��7>*�W=9DFE©N9E,AF{�L*�$Ê
D6HJ>*G&|©�FÌ9H-�WHJ~p@&E7|�Çt>*@�N9E@��>*AF�7E7|OE$Ù)DF{/A6HJE/@9AFE7| Î-% E/I E7|6D,IJE���L*|,=�L�AOE$Ù9E/�W=9IJE�ÇtN9E7|O=9Ì&{/G&>*��Í/G&E7|©N9E
�7>*�©C9@&|6D6HJ>*GtÇ�N9E,=¯>*I-I-@9D6HJ>*GtÇ&>*@�N � {7�7>*@9IJE/��E/GpD�N � E�L�@TL7Å E7�+��AF>*D6DFE/��E/GwD�Ç�|6@9A0��>*G&NUG&>*G =9I]L�D Î
�BH-G&|6H"Ç)N&L�G&|ÉIJE���L*|�N � @9G.{7�7>*@9IJE/��E/GwDBE/GUE�L�@U=¯E/@�=9AF>���>*G&N9EOL7Å E7��@9G���>*G&N;N)HJ|M�7>*GwD6H-Gw@ ��E/G���>*A6��E
N9E	�VL�AF�MÌ&E#�$Ç�IJE^DFE/A6��E�|F>*@9AF�7E � ��>*G&�/D6HJ>*G_N9E©I]L;=¯E/GwDFEWN)@ ��>*G&N!�$Ç�N9E/ÅpHJE/GpD,G&>*GXC?>*A6G&{�Ç��7E	~p@9H³|FE
D6AML*N)@9H-D,=�L�A,@9G&E	N)H��V�/@9I-DF{WGp@9��{/A6HJ~w@&EW�VL:�6E/@9AFE Î Ø¤G�=�L�A6D6HJ�/@9I-HJE/A�Ç�I]LUN)HJ|F�/AF{/D6HJ| L�D6HJ>*G�N9E7|aDFE/A6��E7|
|F>*@9AF�7E7|V=�L�AW@9G&E.��{/D6Ì&>ÛN9E E$ÙÛ=9I-HJ�/H-DFE�E/DV�7E/GwD6AF{7E �7>*G&N)@9H-D ��N9E7|�H-G&|6DML�C9H-I-H-DF{7|VGw@9��{/A6HJ~p@&E7| Î � G
D6AML�H-DFE/��E/GpDB=�L�A6D6HJ�/@9I-HJE/A�N)@.DFE/A6��EO|F>*@9AF�7EOE7|6D(N9>*G&�OAFE7~w@9HJ| Î
Ú G���E/GwD6HJ>*G9G&E�=�L�AaE$Ù9E/�W=9IJE^IJE7|aD6AML7Å�L�@)ÙTN9E	Õ}>ÛE  Õ}>ÛE�-HG �³~p@9H�L���>*GpD6AF{W~w@&E^IJE^DFE/A6��E	|F>*@9AF�7E
N9>*H-D��/D6AFE�N)HJ|F�/AF{/D6HJ|M{VN9E�I]L ���/��E��"L�;7>*G_~p@&E�IJE E&@)Ù�Gw@9��{/A6HJ~p@&E Î ×�I]L�HJ|FDFE/A  ×�I]LD.�� �±L�L�=9=9I-HJ~p@&{
I � HJN9{7EWN9EWÕB>pEWL�@)ÙT{7~p@�L�D6HJ>*G&|ON9E ! L�H-GpD·Ê"Ô³E/G�L�GwD�ÇÜN&L�G&|OIJE^��L*|,N � @9G1��>*G&N�=9I]L�D Î ÃtE/Å E7~p@&EWE/D+� E7E
 Ã � .�����>*GpD	>*C9DFE/Gp@ N9E7|^AF{7|6@9I-DML�DF|^Gw@9��{/A6HJ~p@&E7|�|6@9A½I � {7~p@�L�D6HJ>*G N9E7|	>*G&N9E7|WL7Å E7�;DFE/A6��EU|F>*@9AF�7E Î
Ñ�E/A6�½@&N9E��;E/DOÔ L���~p@&E��  ÑÉÔ .CB�� >*GpD©N9>*G9G&{�N9E7|OE$Ù9E/�W=9IJE7|½N9EWN)HJ|M�/AF{/D6HJ|ML�D6HJ>*G_N)@�DFE/A6��EV|F>*@9AF�7E�Ç
C�L*|F{7|}|6@9A±IJE7|}|F�MÌ&{/�VL*|}{7~p@9H-I-H-C9AF{7| Î
Ó�@9AML�GwD �7E7|¤N9E/A6G9HJÍ/AFE7| L�G9G&{7E7|�Ç*C¯E�L�@&�7>*@9=�N9E =�L�=9HJE/AF| >*GwD³{/DF{±�7>*G&|ML*�/AF{7|³L�@WD6AML�H-DFE/��E/GpD N)@WDFE/A6��E
|F>*@9AF�7EA@>*GO=¯E/@9DÜ�/H-DFE/A�Ç�=�L�AÜE$Ù9E/�W=9IJE�Ç�IJE7|ÜD6AML7Å�L�@)ÙON9E ÃtE³ÕB>*@)ÙOE/D<×a>�|F|FE  ×,Ã4.D, �ËÇ Ï�Î Ñ�E/G9ÒÛÌ�L�IJN9>*@9G
E/D$� Î È Ì�L�I]L�C9H  Ï Ñ .HG �ËÇ�Ñ�E/A6�©@&N9E��VE/D½L�I  Ñ�Ó�Ó(Ô .D- �ËÇ Ï�Î �BIJ>*@9K E7|�Ç Ö&Î Ê Â�Î ×�Ì9HJN&L�K�I-H]LUE/D Â_Î % LÊ
�6�FÌ9�VL�G  Ï � .D.
�ËÇ Ô L���~w@&E��/Ê ÈÉE/G&N9>*G  ÔBÈ .D. �ËÇ³Ã Î Â >*GwD6Ì&E  Â >*G��)� �ËÇ Ï�Î Ñ�E/G9ÒpÌ�L�IJN9>*@9G  Ñ�E/G���� �ËÇ
×,L�I-IJ>*@��/DBE/DBL�I  ×+� ! � 4 �ËÇ9Ø Î Ãt>*A6H-G E/D(Ô Î"! E/H-K�G&>*IJE  Ã ! � 4�� Î-Î-Î
Ã � {/D6@&N9E;N9E7|O=9AF>*C9IJÍ/��E7|	N)H-=9Ì�L*|6HJ~p@&E7|	L�C?>*@9D6H-D^{/KwL�IJE/��E/GwD�� �7>*G&|6HJN9{/AFE/A^N9E7|½|6Æ)|6DFÍ/��E7|OG&>*G_Ì&>�Ê
��>*K Í/G&E7| Î Ø³G ��>*G&�/D6HJ>*G N)@U��>pN9Í/IJE�=9ÌpÆÛ|6HJ~p@&EOL*N9>*=9DF{�Ç)IJEa|6Æ)|6DFÍ/��EBN � {7~p@�L�D6HJ>*G&|±=¯E/@9D·Ê �/D6AFEa�7>*G&N)H Ê
D6HJ>*G9G&E/I-IJE/��E/GpD,ÌwÆÛ=?E/A6C¯>*I-HJ~w@&E©E/DBN9>*G&�©�7>*A6AFE7|6=?>*G&N)AFE@�W@9G =9AF>*C9IJÍ/��E½�VL�D6Ì&{/�VL�D6HJ~p@&E©�VL�In=¯>�|F{ Î
È � E7|6D�E/G�=�L�A6D6HJ�/@9I-HJE/AaIJE½��L*|�N)@���>ÛN9Í/IJE ��=9AFE7|F|6HJ>*GT�7>*�W�½@9G&E	{/D6@&N)HJ{©N&L�G&|��7E/D6DFE©D6Ì&Í7|FE Î"% >*@9DFE$Ê
��>*HJ|�Ç¯�7E	��>pN9Í/IJEW{/�VL�G&EWN � @9G&E	K�AML�G&N9EV|6H-�W=9I-H Ý���L�D6HJ>*G�N9E7|a=9Ì&{/G&>*��Í/G&E7|O=9ÌpÆÛ|FHJ~w@&E7|a�WHJ|OE/G��6E/@ Î
ÃtEV��>pN9Í/IJE��U=9AFE7|F|6HJ>*G��7>*�W�½@9G&E;E7|6DO@9G_C?>*G���>ÛN9Í/IJE�DFE/G�L�GpD^�7>*�W=9DFE�N9E�I]LUAF{�L�I-H-DF{�C9HJE/G�~p@&E
N9EBG&>*�½C9AFE/@)Ù;DFE/A6��E7| =9ÌpÆÛ|FHJ~w@&E7|�|F>*HJE/GpD�>*�WHJ| ��N&L�G&|ÉIJE}DFE/A6��E�|F>*@9AF�7E#� Î ÃtE*��L�H-D�~p@&E}�7EB=9AF>*C9IJÍ/��E
|F>*H-D}�VL�D6Ì&{/�VL�D6HJ~w@&E/��E/GpDB�VL�It=¯>�|F{aAFE/G&N�L�AFN)@&EOI]L	�7>*G&�7E/=9D6HJ>*G N9EO|F�MÌ&{/�VL*|(Gp@9��{/A6HJ~w@&E7| Î

��-



� ����� � ����� ��� ������� � � ������� � � ��� �����������

����� � ¡¯�±°	�F²³��£¤ª ��¡¯�(�·�� ¤ª

��� � �Ë� Z(���"� ���³� �����
��� �³��
�� ��� ���$�V��� � � �

ÃtE7|½{7~w@�L�D6HJ>*G&|©N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD	N9{7�7>*@9IJE/GwD^N9E7|,IJ>*HJ|ON9E	C9H-I]L�G�=¯>*@9A,@9G6E&@9HJN9EWH-G&�7>*�W=9AFE7|F|FH-C9IJE Î
Ø¤I-IJE7| AF{/K�HJ|F|FE/GpD³@9G�{7�7>*@9IJE/��E/GwD0�a|6@9A �"L*�7E�I-H-C9AFE(E/GVE�L�@W=¯E/@�=9AF>���>*G&N9E�Çw|F>*@9�WHJ| ��I]LaK�AML�ÅpH-DF{ Î Ø³I-IJE7|
|F>*GpD½>*C9DFE/Gw@&E7|©E/G�H-GwDF{/K�AML�GpD©IJE7|,{7~p@�L�D6HJ>*G&|½N9E�
�L�ÅpHJE/A·Ê ! DF>*Ò E7| �3D6A6HJN)H-��E/G&|6HJ>*G9G&E/I-IJE7| �,|F@9H-Å*L�GpDOI]L
N)H-AFE7�/D6HJ>*G_Å E/A6D6HJ��L�IJE���N)H-AFE7�/D6HJ>*GRN9EWI]L���>*AF�7E�N9EWK�AML7ÅÛH-DF{#�$ÇÜE/G_|6@9=9=?>�| L�GwD½N)H���{/AFE/GwDFE7|©ÌwÆÛ=?>*D6Ì&Í7|ME7|
��>*G&N&L���E/GwDML�IJE7|�N9>*GwDn�7E/I-IJE³N9E¤I]L�=9AFE7|F|FHJ>*GOÌwÆ)N)AF>�|6DML�D6HJ~p@&E Î ÃtE¤��>ÛN9Í/IJE³N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD�E7|6DnL�=9=¯E/IJ{
E/G©L�G9K�I]L�HJ|�� |6Ì�L�I-IJ> � �ÉL�DFE/A<E7~w@�L�D6HJ>*G&|�� Î ÃtE7|nL�=9=9I-HJ��L�D6HJ>*G&|<IJE7|�=9I-@&|n�7>*@9AML�GwDFE7|<N)@½��>ÛN9Í/IJE³N9E ! L�H-GpD·Ê
Ô³E/G�L�GpDB�7>*G&�7E/A6G&E/GwDBI]L	A6@9=9D6@9AFEON9EaC�L�A6AML�K E�Ç�IJE7|(�/A6@&E7|�Ç)I � ÌwÆ)N)AML�@9I-HJ~p@&E½N9E7| E�E/@9Å E7|�Ç&IJE7|(|6Æ)|6DFÍ/��E7|
N � H-A6A6H-KwL�D6HJ>*GtÇ�IJE7|}{7�7>*@9IJE/��E/GwDF|B�VL�A6H-G&| Î-Î-Î �3Å >*H-A}Ý&K�@9AFE��·� Î �#� � Î
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,.-�/.0 � Î �C�;Ø³�7>*@9IJE/��E/GpD+�	|6@9A �"L*�7EaI-H-C9AFE

Ó,L�G&|OIJEV��L*|½>���>*G_G&{/K�I-H-K E�IJE7|���AF>*D6DFE/��E/GwDF|	L�@)ÙXC?>*AFN9|©N � @9G���L�G�L�I AFE7�/DML�G9K�@9I]L�H-AFE�ÇnIJE7|OIJ>*HJ|©N9E
�7>*G&|FE/A6Å�L�D6HJ>*G�N9E7|O{7~p@�L�D6HJ>*G&|½N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD � �UN9E/@)ÙXN)H-��E/G&|6HJ>*G&|½N � E7|6=�L*�7E#�,| � {7�/A6H-Å E/GwD^|F>*@&|
I]L���>*A6��E g





∂U

∂t
+
∂F (U)

∂x
+
∂G(U)

∂y
= Q(U)

U(x, y, 0) = U0(x, y),

�·� Î G �

L�Å E7�

U =




h
hu
hv


 , F (U) =




hu
hu2 + 1

2gh
2

huv


 , G(U) =




hv
huv

hv2 + 1
2gh

2




��.



������� � � ������� ���� ������� � ���

E/D

Q(U) = gh




0
(Qox−Qfx)
(Qoy −Qfy),


 .

U AFE/=9AF{7|FE/GpDFE	IJE½Å E7�/DFE/@9AON9E7|�Å�L�A6H]L�C9IJE7|��7>*G&|ME/A6Å*L�D6H-Å E7|�Ç h E7|FDBI]LVÌ�L�@9DFE/@9AON9E½I � E�L�@tÇ u E/D v |F>*GwD
AFE7|6=¯E7�/D6H-Å E/��E/GwD�IJE7| ÅpH-DFE7|F|ME7| N � {7�7>*@9IJE/��E/GwD±N)@ E&@9HJN9EBN&L�G&| IJE7| N)H-AFE7�/D6HJ>*G&| x E/D y Ç g I]L½�7>*G&|6DML�GwDFE
N9E,K�AML�ÅpH-DF{ Î
Qox = − dz

dx
E/D Qoy = − dz

dy
|F>*GpD�AFE7|6=¯E7�/D6H-Å E/��E/GwDUIJE7|�=?E/GpDFE7|�N)@ ��>*G&N N)@���L�G�L�I"ÇÉN&L�G&|;IJE7|

N)H-AFE7�/D6HJ>*G&| x E/D y Ç Qfx
E/D Qfy

|F>*GpDBAFE7|F=?E7�/D6H-Å E/��E/GpD�IJE7|BDFE/A6��E7|�N9E$��AF>*D6DFE/��E/GwDOL�@ ��>*G&N�N&L�G&|
IJE7|(N)H-AFE7�/D6HJ>*G&| x E/D y E/D z(x, y) N9{7�/A6H-D(IJE+��>*G&N.N9E,I � E�L�@ Î
ÃtE7|<DFE/A6��E7|�N9E �3AF>*D6DFE/��E/GpD Qfx

E/D Qfy
|F>*GwD¤N9>*G9G&{7|<=�L�A<IJE7|nAFE/I]L�D6HJ>*G&|�E/�W=9H-A6HJ~p@&E7|¤N9E Â L�G9G9H-G9K g

Qfx =
N2u

√
u2 + v2

h4/3

Qfy =
N2v

√
u2 + v2

h4/3
,

>�� N =
√
k/(ρg) E7|6D	IJEU�7>ÛE��V�/HJE/GwDVN9E Â L�G9G9H-G9K @ k E7|6D	@9G&E;�7>*G&|FDML�GwDFE E/D ρ AFE/=9AF{7|FE/GpDFE.I]L

N9E/G&|6H-DF{ �3=?>*@9A(=9I-@&|}N9EON9{/DML�H-IJ|�Ç&>*G.=¯>*@9A6AML)Ç9=�L�A}E$Ù9E/�W=9IJE�Ç&�7>*G&|6@9I-DFE/A  ��>Û>H.�� � � Î

Ú G =¯E/@9D±AF{7{7�/A6H-AFEOIJE,|FÆÛ|6DFÍ/��E �·� Î G �±|F>*@&|±I]L ��>*A6��E,G&>*G��7>*G&|FE/A6Å�L�D6H-Å EO|6@9H-Å�L�GwDFE





∂U

∂t
+A1(U)

∂U

∂x
+A2(U)

∂U

∂y
= Q(U)

U(x, y, 0) = U0(x, y),

�·� Î - �

>�� A1(U) E/D A2(U) |F>*GpD(IJE7|±�VL�D6A6HJ�7E7|��6L*�7>*C9HJE/G9G&E7|BN9E7|0��>*G&�/D6HJ>*G&| E&@)Ù N9>*G9G&{7E7|(=�L�A

A1(U) =




0 1 0
−u2 + gh 2u 0

−uv v u


 E/D A2(U) =




0 0 1
−uv v u

−v2 + gh 0 2v


 .

Þ<>*@9A¤@9G©Å E7�/DFE/@9A¤N9>*G9G&{ ~n =

(
nx

ny

)
, >*G©=¯E/@9D<N9{$Ý&G9H-A�I]L}�VL�D6A6HJ�7E �6L*�7>*C9HJE/G9G&E�N&L�G&|<I]L}N)H-AFE7�/D6HJ>*G

~n |F>*@&|±I]L ��>*A6��E��3Å >*H-A(=�L�ABE$Ù)E/�W=9IJE�Ç  ×,Õ .D,
� � g

A(U,~n) = A1(U)nx +A2(U)ny

=




0 nx ny

(c2 − u2)nx − uvny 2unx + vny uny

−uvnx + (c2 − v2)ny vnx unx + 2vny


 ,

>�� c =
√
gh

Î

���



� ����� � ����� ��� ������� � � ������� � � ��� �����������

ÈÉE	|6Æ)|6DFÍ/��E^E7|6DBÌpÆp=¯E/A6C¯>*I-HJ~w@&E Î ÃtE7|�Å�L�IJE/@9AF|a=9AF>*=9AFE7|,N9E½I]L��VL�D6A6HJ�7E��FL*�7>*C9HJE/G9G&E	N9E©I]L���>*G&�/D6HJ>*G
E&@)Ù |F>*GpD(N9>*G9G&{7E7|(=�L�A g

λ1(U,~n) = ~V · ~n− c,

λ2(U,~n) = ~V · ~n,
λ3(U,~n) = ~V · ~n+ c,

>�� ~V =

(
u
v

)
, AFE/=9AF{7|FE/GpDFEOIJEaÅ E7�/DFE/@9A(ÅÛH-DFE7|F|FE Î

ÃtE7|}Å E7�/DFE/@9AF|(=9AF>*=9AFE7|��	N)AF>*H-DFEO|F>*GwD g

r1(U,~n) =




1
u− cnx

v − cny


 , r2(U,~n) =




0
−ny

nx


 E/D r3(U,~n) =




1
u+ cnx

v + cny


 .


�>*@&|�G&>*@&|BH-GpDF{/AFE7|F|FE/AF>*G&|,E/G�=�L�A6D6HJ�/@9I-HJE/AOL�@X��L*|�>��TIJE2�3AF>*D6DFE/��E/GpDOE7|6DBG&{/K�I-H-K E�L�C9IJE�Ç¯�VL�HJ|a>��TIJE
��>*G&NUN)@U��L�G�L�I¯=¯>�|F|FÍ7N9E�@9G&E��>*A6��EaN9E��VL�AF�FÌ&E Î ÈÉE/I]L©H-�W=9I-HJ~p@&E,~w@&EBI]L^��W*DFEaN)@ ��>*G&NUE7|6D�N9>*G9G&{7E
=�L�A(@9G&E$��>*G&�/D6HJ>*G N9E2��E�L7ÅÛHJ|6HJN9EOE/D}~p@&E,IJE,DFE/A6��EO|M>*@9AF�7E½E7|6D(N9>*G&�©|6H-G9K�@9I-HJE/A �3�VL*|F|ME,N9EOÓ�H-AML*�#� @
�7E7�/HÜ�7>*G&|FD6H-D6@&E,I]L	=9A6H-G&�/H-=�L�IJE½N)H��V�/@9I-DF{ �	D6AML�H-DFE/A}N � @9G =¯>*H-GwD}N9EaÅÛ@&E,Gp@9��{/A6HJ~w@&E Î

Q � y�sÜk�q � � i � i&y ��k�qzrtsnu � s x � � ; y <Ûo�u � uPSUq3upo�i �"� u � � q�o�u � v�q � � s �

Ó,L�G&|�IJE���L*|¤N9E7|¤{7~w@�L�D6HJ>*G&| N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD Ì&>*��>*K Í/G&E7|¤@9G9HJN)H-��E/G&|6HJ>*G9G&E/I"Ç >*GW=¯E/@9D¤N9{/DFE/A6�WH-G&E/A
@9G&EÉ|F>*I-@9D6HJ>*G^L�G�L�I-ÆÛD6HJ~p@&E N)@©=9AF>*C9IJÍ/��EÉN9E Õ(HJE/�VL�G9GWL*|F|F>Û�/HJ{ Î Þ<>*@9A<�7E/I]L)Ç�>*G½@9D6H-I-HJ|ME E/G^=�L�A6D6HJ�/@9I-HJE/A
I]LU��{/D6Ì&>ÛN9EVN9E7|©��L�AML*�/DF{/A6HJ|6D6HJ~p@&E7| Î ÈÉEVD6AML�H-DFE/��E/GwDWL.{/DF{WI]L�A6K E/��E/GwDWN9{7�/A6H-D�ÇÜG&>*DML��W��E/GwD	E/G��7E
~p@9Ht�7>*G&�7E/A6G&EOIJE,��L*|BN9EaI]L	A6@9=9D6@9AFEON9E,C�L�A6AML�K E��  ÃÜE/Å .�� �ËÇ  �BÑ±�)��� Î �
Ó,L�G&|ÉIJEB��L*|�>��.>*GU�7>*G&|6HJN9Í/AFE�IJE}=9AF>*C9IJÍ/��E,N9E�Õ(HJE/�VL�G9G L*|F|F>Û�/HJ{BL�@)Ù;{7~w@�L�D6HJ>*G&| �·� Î G � {7�/A6H-DFE7|�E/G
N)H-��E/G&|6HJ>*G @9G N � E7|6=�L*�7EOE/DBL*|M|F>*A6D6HJE7|(N9EaI]LW�7>*G&N)H-D6HJ>*G H-G9H-D6H]L�IJEON)HJ|F�7>*GwD6H-Gp@&E©E/G.@9G�=?>*H-GpD 0 g

U(x, 0) =

{
Ul = (hl, hlul)

t |6H x < 0
Ur = (hr, hrur)

t |FH x > 0,

L�Å E7� hl > hr
E/D ul = ur = 0 Ç I]L,|F>*I-@9D6HJ>*G;L�G�L�I-ÆÛD6HJ~p@&E}E7|6D³�7>*G&|6D6H-D6@&{7E�N � @9G&E(>*G&N9EBN9E±AML�AF{)��L*�/D6HJ>*G

|FE =9AF>*=�L�K E�L�GwDUÅ E/AF|�I]L�KwL�@&�MÌ&E E/D;N � @9G&E�>*G&N9E N9E �FÌ&>Û��Ç E/GpD6AFE�@9G {/DML�D Um
E/D�I � {/DML�D Ur

Ç |FE
=9AF>*=�L�K E�L�GpDBÅ E/AF|±I]L�N)AF>*H-DFE Î
Ã � {/DML�D Um = (hm, hmum)t E7|6D(N9{$Ý&G9Hn=�L�A

um = (hr − hl)

√(
g

2

(hr + hm)

hrhm

)
,

>�� √
hm

E7|FD(|F>*I-@9D6HJ>*G�N9EaI � {7~p@�L�D6HJ>*G (hr − x2)2(hr + x2) − 8hrx
2(
√
hl − x)2 = 0

Î
ÃÜLWÅpH-DFE7|F|ME,N)@ �FÌ&>Û� s Å {/A6H Ý�E,I � {/KwL�I-H-DF{

s[Ur − Um] = [f(Ur) − f(Um)].

� @9G H-G&|6DML�GpD t N9>*G9G&{�Ç&>*G N9{$Ý&G9H-D

�)�



������� � � ������� ���� ������� � ���

h

xx1 x2 x3h=hl
u=0

h=hr
u=0

h=hm

u=um

h=hd
u=ud

, - /.0 � Î � � ! >*I-@9D6HJ>*G L�G�L�I-ÆÛD6HJ~w@&E

x1 = −
√
ghlt, x2 = um −

√
ghmt

E/D x3 = st.

ÃnL	|F>*I-@9D6HJ>*G�E7|6DBL�IJ>*AF|}�7>*G&|6D6A6@9H-DFEON9E,I]L^�VL�G9HJÍ/AFE©|6@9H-Å*L�GpDFE g
! H x ≤ x1

L�IJ>*AF| u = ul = 0 E/D h = hl
Î

! H x1 ≤ x ≤ x2

h(ξ) = hd(ξ) =
1

9g

(
2
√
ghl − ξ

)2

u(ξ) = ud(ξ) =
2

3

(
ξ +

√
ghl

)
,

>���>*G�LW=?>�|F{ ξ =
x

t

Î

! H x2 ≤ x ≤ x3
L�IJ>*AF| u = um

E/D h = hm
Î

! H x ≥ x3
L�IJ>*AF| u = ur = 0 E/D h = hr

Î

ÈÉE7|É|F>*I-@9D6HJ>*G&|�L�G�L�I-ÆpD6HJ~p@&E7|ÉÅ >*GwDÉG&>*@&| =¯E/A6��E/D6D6AFEBN9E}Å*L�I-HJN9E/AÉIJE7| |M�FÌ&{/�VL*|ÉGw@9��{/A6HJ~p@&E7|�~w@&E}G&>*@&|
=9AF>*=¯>�|FE/AF>*G&|}N&L�G&|(I]LW|6@9H-DFE,N9EO�7EaD6AML�Å*L�H-I Î

��� � ��� Z(���"� ���³� �����
��� �(\]� � �"� �

Ãt>*AF|M~w@&EWI � >*G1�"L�H-DO�7>*�W��EWÌpÆp=¯>*D6Ì&Í7|FE�~p@&E^IJE E&@9HJN9EWE7|6DO�7>*�W=9AFE7|F|6H-C9IJE��VL�HJ|,G&>*G�ÅÛHJ|F~w@&E/@)Ù ��>*G
G&{/K�I-H-K EWI � E)��E/DON9E	I]L;ÅÛHJ|F�7>�|6H-DF{ g ν = 0 N&L�G&|,IJE7|,{7~w@�L�D6HJ>*G&|½N9E�
�L�ÅpHJE/A·Ê ! DF>*Ò E7| �$ÇÜ>*G�>*C9D6HJE/GwD½IJE7|
{7~p@�L�D6HJ>*G&|±N � Ø¤@9IJE/A Î ÈÉE7|�{7~w@�L�D6HJ>*G&|±N9{7�/A6H-Å E/GpD±IJE7|É=9A6H-G&�/H-=?E7|±N9Ea�7>*G&|FE/A6Å�L�D6HJ>*G.N9EBI]L½�VL*|F|FE�Ç)N9EBI]L

���



� ����� � ����� ��� ������� � � ������� � � ��� �����������

~p@�L�GwD6H-DF{ON9Ea��>*@9Å E/��E/GpDBE/D±N9EaI � {/G&E/A6K�HJE Î Ó,L�G&|±IJEa��L*|±C9HJN)H-��E/G&|6HJ>*G9G&E/I"Ç�E/I-IJE7|(| � {7�/A6H-Å E/GwDB|F>*@&|�I]L
��>*A6��E g





∂U

∂t
+
∂F (U)

∂x
+
∂G(U)

∂y
= 0

U(x, y, 0) = U0(x, y),

�·� Î . �

L�Å E7�

U =




ρ
ρu
ρv
E


 , F (U) =




ρu
ρu2 + P
ρuv

(E + P )u




E/D G(U) =




ρv
ρuv

ρv2 + P
(E + P )v


 .

Ã � ÌpÆp=¯>*D6Ì&Í7|FE©N9E7|±KwL��O=�L�A �"L�H-DF|±G&>*@&|0��>*@9A6G9H-D(@9G&E,{7~p@�L�D6HJ>*G N � {/DML�D(AFE/I-H]L�GpD}I]L^=9AFE7|F|6HJ>*G �^I]LWN9E/G)Ê
|6H-DF{ g

P = (γ − 1)

(
E − 1

2
ρ(u2 + v2)

)
,

�7EO~p@9H�G&>*@&|±=¯E/A6��E/D}N9E+��E/A6��E/A±IJEO|6Æ)|6DFÍ/��E Î
U AFE/=9AF{7|ME/GwDFE,IJEaÅ E7�/DFE/@9A}N9E7|(Å*L�A6H]L�C9IJE7|B�7>*G&|FE/A6Å*L�D6H-Å E7|�Ç ρ Ç P Ç u Ç v E/D E |F>*GpD±AFE7|6=?E7�/D6H-Å E/��E/GpD}I]L
N9E/G&|6H-DF{½N)@ KwL�� Ç9I]L^=9AFE7|F|6HJ>*GtÇ&I]L^ÅpH-DFE7|F|ME,N&L�G&|±IJE7|(N)H-AFE7�/D6HJ>*G&| x Ç y E/D±I � {/G&E/A6K�HJE½DF>*DML�IJE Î

ÃtE½|6ÆÛ|FDFÍ/��E �·� Î . �É=?E/@9D({/KwL�IJE/��E/GpD�| � {7�/A6H-AFEO|F>*@&|±I]L ��>*A6��E





∂U

∂t
+A1(U)

∂U

∂x
+A2(U)

∂U

∂y
= 0

U(x, y, 0) = U0(x, y),

�·� Î ��� �

>�� A1(U) E/D A2(U) |F>*GpD(IJE7|±�VL�D6A6HJ�7E7|��6L*�7>*C9HJE/G9G&E7|BN9E7|0��>*G&�/D6HJ>*G&| E&@)Ù N9{$Ý&G9HJE7|(=�L�A

A1(U) =




0 1 0 0
a1(u, v) (3 − γ)u (1 − γ)v γ − 1
−uv v u 0

−ua2(u, v) a3(u, v) (1 − γ)uv γu




E/D

A2(U) =




0 0 1 0
−uv v u 0

a5(u, v) (1 − γ)u (3 − γ)v γ − 1
−va2(u, v) (1 − γ)uv a4(u, v) γu


 ,

L�Å E7� c =
√

γP
ρ

E7|6D±I]LWÅpH-DFE7|F|ME�N)@ |F>*G E/D

� 4



������� � � ������� ���� ������� � ���

a1(u, v) =
1

2

(
(γ − 3)u2 + (γ − 1)v2

)

a2(u, v) =

(
c2

γ − 1
+ (1 − γ

2
)(u2 + v2)

)

a3(u, v) =

(
c2

γ − 1
− (γ − 3

2
)u2 +

1

2
v2

)

a4(u, v) =

(
c2

γ − 1
− (γ − 3

2
)v2 +

1

2
u2

)

a5(u, v) =
1

2

(
(γ − 3)v2 + (γ − 1)u2

)
.

ÈÉ>*�W��E�=9AF{7�7{7N9E/�W��E/GwD�Ç�>*G�=¯E/@9D½N9{$Ý&G9H-A^I]LU�VL�D6A6HJ�7E��FL*�7>*C9HJE/G9G&E�N&L�G&|½@9G&EVN)H-AFE7�/D6HJ>*G�N9>*G9G&{7E
~n =

(
nx

ny

)
|M>*@&|±I]L���>*A6��E A(U,~n) = A1(U)nx +A2(U)ny

Î

ÃtEU=9AF>*C9IJÍ/��E �·� Î . �^E7|FD©ÌpÆp=¯E/A6C?>*I-HJ~p@&E Î ÃtE7|	Å�L�IJE/@9AF|	=9AF>*=9AFE7|�N9E;I]L �VL�D6A6HJ�7E Ö L*�7>*C9HJE/G9G&E N9E;I]L
��>*G&�/D6HJ>*G�E&@)Ù |F>*GwD(N9>*G9G&{7E7|}=�L�A g

λ1(U,~n) = ~V · ~n− c,

λ2(U,~n) = λ3(U,~n) = ~V · ~n
λ4(U,~n) = ~V · ~n+ c,

E/D(IJE7|(Å E7�/DFE/@9AF|(=9AF>*=9AFE7|�	N)AF>*H-DFE½�7>*A6AFE7|6=?>*G&N&L�GpDF|B|M>*GwD g

r1(U,~n) =




1
c

u
c − nx
v
c − ny

u2+v2

2c − ~V · ~n+ c
γ−1


 , r2(U,~n) =




1
u
v

u2+v2

2


 ,

r3(U,~n) =




0
ny

−nx

uny − vnx




E/D r4(U,~n) =




1
c

u
c + nx
v
c + ny

u2+v2

2c + ~V · ~n+ c
γ−1


 .

Ú G �7>*G9G�L�H-D�IJE7|WH-GwÅ�L�A6H]L�GwDF|;N9E Õ}HJE/�VL�G9G =?>*@9AVIJE7|�{7~w@�L�D6HJ>*G&|�N � Ø¤@9IJE/A�Ç E/G�N)H-��E/G&|6HJ>*G @9G Î�� IJ|
|F>*GpDON9>*G9G&{7|a=�L�A �3Å >*H-A,=�L�AaE$Ù9E/�W=9IJE Ö&Î Ê Â�Î ×�Ì9HJN&L�K�I-H]LUE/D ÏÉÎ Þ�L*|F��L�I  ×aÞ �����ËÇ?Ø Î ×a>pN)IJE �(|FÒpH�E/D
Þ Î Ê � Î ÕBL7ÅÛH]L�A6D  ×aÕ .D,
� �

W1(U) = u− 2c

γ − 1
,

W2(U) =
p

ργ
,

W3(U) = u+
2c

γ − 1
.

� I E$Ù)HJ|6DFEW@9G�G&>*�©C9AFEVH-�W=¯>*A6DML�GwD	N9E���L*|·Ê"DFE7|6DF|½=?E/A6D6H-G&E/GpDF|�Çn@9D6H-I-HJ|ML�GwD©IJE7|½{7~p@�L�D6HJ>*G&|©N � Ø¤@9IJE/A�Çn�7E
~p@9H�=?E/A6��E/DBN9E,DFE7|6DFE/A±IJE7|}�7>ÛN9E7|±Gp@9��{/A6HJ~w@&E7| Î

�CB



� ����� � ����� ��� ������� � � ������� � � ��� �����������

��� � �z� Z(��� �$� ��'��"�(������	 !³��� �����³�(�

� G�{7�7>*@9IJE/��E/GpD�N)H-=9Ì�L*|FHJ~w@&EBE7|6D @9G;{7�7>*@9IJE/��E/GwD�>��VIJE E&@9HJN9EB=¯E/@9D |FE±D6AF>*@9Å E/A�N&L�G&|ÉN9E/@)Ù	=9Ì�L*|ME7|
N)H���{/AFE/GwDFE7| Î Þ<L�AVE$Ù9E/�W=9IJE�Ç³>*G =¯E/@9D�{/D6@&N)HJE/A�@9G {7�7>*@9IJE/��E/GwD;>�� N9EUI � E�L�@ |FE;D6AF>*@9Å E �TI]L ��>*HJ|
|F>*@&|*��>*A6��E½I-HJ~p@9HJN9E©E/DBKwL���E/@&|FE Î ÃÜL��7>*�W=9IJE$ÙÛH-DF{^N9E©�7E½DËÆÛ=?E^N9EO=9AF>*C9IJÍ/��E^=9ÌpÆÛ|6HJ~p@&E^E7|6DBN)@&E^E/G
=�L�A6D6HJ�/@9I-HJE/A,L�@	�"L�H-D}~w@ � H-InE7|6D(N)H��V�/H-IJE½N9E,D6AF>*@9Å E/AB@9G C¯>*G ��>pN9Í/IJE½�VL�D6Ì&{/�VL�D6HJ~w@&E©~w@9HÜK >*@9Å E/A6G&E
@9G |6Æ)|6DFÍ/��EUN)H-=9Ì�L*|6HJ~p@&E�Ç¤�FÌ�L*�/@9G Å�L�I-HJN9E�=¯>*@9A	@9G&EU�7>*G)Ý&K�@9AML�D6HJ>*G =9ÌwÆ)|6HJ~p@&EU=�L�A6D6HJ�/@9I-HJÍ/AFE Î ÈÉE7|
��>ÛN9Í/IJE7|��VL�D6Ì&{/�VL�D6HJ~w@&E7|O|M>*GwD�C�L*|F{7|���I]L���>*HJ|�|6@9AaN9E7|�IJ>*HJ|}@9G9H-Å E/AF|FE/I-IJE7| �3=9A6H-G&�/H-=¯E7|,N9E^�7>*G&|FE/A·Ê
Å�L�D6HJ>*G�N9E,I]L	�VL*|M|FE�Ç&N9E,I]LW~p@�L�GwD6H-DF{©N9E,��>*@9Å E/��E/GwD�Ç 8/�"d Î-Î-Î ��E/D}|6@9ABN9E7|±IJ>*HJ|}N9EO�7>*�W=¯>*A6DFE/��E/GwD
~p@9Ht|FE/A6Å E/GwD�E7|F|FE/GpD6HJE/I-IJE/��E/GwD�� ��E/A6��E/A(IJE,|FÆÛ|6DFÍ/��E,N � {7~p@�L�D6HJ>*G&| Î
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E7|6D±IJEaDML�@)Ù N9Ea=9AF{7|FE/G&�7E,IJ>Û��L�IJEON9E,I]L^=9Ì�L*|FE k g µv + µl = 1
Î

ρk
E7|6D±I]L�N9E/G&|6H-DF{ON9EaI]L^=9Ì�L*|FE k E/D ~Uk = (uk, vk)

t I]L	ÅÛH-DFE7|F|FEaN9E,I]L^=9Ì�L*|ME k Î
P E7|6D±I]LW=9AFE7|F|6HJ>*G��7>*�W�©@9G&E Î
�}Ý&G�N9E���E/A6��E/A(IJE,|6Æ)|6DFÍ/��E�Ç9>*G L:�6>*@9DFEON9E7|±IJ>*HJ|(N � {/DML�D Î Ó,L�G&|}IJE,��L*|±HJ|F>*D6Ì&E/A6��E�Ç�>*G.=9AFE/G&N

P = Avρ
γ E/D ρl = KlP

a,

>�� γ E7|6D�IJE AML�=9=¯>*A6D;N9E7|;��L�=�L*�/H-DF{7|U��L�IJ>*A6H Ý�~w@&E7|UN)@�KwL�� �X=9AFE7|M|6HJ>*G �7>*G&|FDML�GwDFETE/D��XÅ >*I-@9��E
�7>*G&|6DML�GpDL@ Av

Ç Kl
E/D a |F>*GpD}N9E7|(�7>*G&|6DML�GpDFE7| Î

�HG
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c/1�#p�6dM8B�Ë8$��©c Ç:
�>*G9I-H-G&E�L�A¤ÌwÆÛ=¯E/A6C?>*I-HJ�É=9AF>*C9IJE/��| � ! D Î Ø¤D6HJE/G9G&E�Ç9��.D-D, �$Ç�ÃtE7�/D6@9AFE0
�>*DFE7|
H-G Â L�D6Ì Î Ç9Å >*I Î ���HG*�)Ç ! =9A6H-G9K E/A�Ç&Ñ�E/A6I-H-GtÇt��.D-HGÛÇ�=9= Î B&�I�Û�)� Î

 ! � .D.
� Õ Î&! L�@9AFE/I¯L�G&N;Õ Î �}C9K�AML�I-I"ÇM� 	#p+ ��� '�2Û��c�8�R(1A *#Ûf�1�5,�87�32Û1A V�71*��dM1�B'��68$cMc �"!$+J8.	#Û+��
��� O #Û�2 ;�*f� ]	#p+ ��� '�2Û��c�8�O±1���c Ç Ö&Î ÈÉ>*�W=9@9D Î Þ¤ÌpÆÛ| Î ' �K� �·��.D.D. �$Ç9G&> Î �)Ç Bw�����%B%,HG Î

 % �8.D,
� �$Î % >*@9�WHBL�G&N�� Î �a@9�©C�L�AF>9Ç � f�� 'w'��·1 	 �Q����Ë8 + �zf?8F�*� � G�8' ���"8���*f&f c/1*+:5�8$�.�71*�.�
�2� 1���O #Û�2 ]�1A w8$+ Ç Ö�Î ÈÉ>*�W=9@9D Î Þ¤ÌpÆÛ| Î ' / U �·��.D.D, �$Ç9G&> Î �)Ç&�D-D,��&4���� Î

 ÔBÈ .D.
� Â�Î Ø Î ÔY-���~p@&E��/Ê ÈÉE7N��*GtÇ�� B'��·1�5�8! ���686� �2�8/f��}1��^c/1�#p�6dM8V�Ë8$�I^c	�zfX#�'��¤�3f� ;c7d$2)8�V8 c
�71*���3298ac 2Û�*+3+ 1�� � ���Ë8$�½865/#9������1*f9c,�zf�d$2Û�*f�f?8$+0cF�¤���32��3� �F8<&*#Û+-�*�C&w861��87���I( Ç Ö >*@9A6G�L�IÜ>��
�7>*�W=9@9DML�D6HJ>*G�L�IÜ=9ÌpÆÛ|FHJ�7| ' U � �·��.D.D. �$Ç:B%.HGA�Û���D, Î

 ��>Û>H.��
� � Î Ã Î ��>Û>ÛN�Ç � f����61A *#9d7����1*f¸�"1�f&#"V8$�$��dF��+CV8/�32Û1� �c �71*�T� ���Ë8/���F8 c/1*#Û�6dM8 c Ç Ú Ù ��>*AFN
! �/HJE/G&�7E�Ç � G9H-DFE7N ! DML�DFE7|�Çt��.D.�� Î
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� � � � ����� �	��
 � ��� � � � � � ��
 	 � � �A
 � � �	�

�	��
 � � � ������� ��
 � ��� � � � � � � � ��


ÃÜLT��{/D6Ì&>ÛN9E N9E7|	Å >*I-@9��E7|	Ý&G9HJ|VE7|6D	C9HJE/G�L*N&L�=9DF{7E L�@)Ù�=9AF>*C9IJÍ/��E7|VN9E7|WIJ>*HJ|WN9E.�7>*G&|FE/A6Å�L�D6HJ>*G Î
Ø¤G�E)��E/DO�7E/D6DFE	��{/D6Ì&>ÛN9E�|FE^C�L*|FE	|6@9A,I]L ��>*A6��E©H-GpDF{/K�AML�IJEVN)@�|6Æ)|6DFÍ/��E ��{7~p@�L�D6HJ>*G&|ON9E	C9H-I]L�G ��E/D
=¯E/A6��E/DaIJE^��L�IJ�/@9I³N9E^|F>*I-@9D6HJ>*G&|,N)HJ|F�7>*GpD6H-Gw@&E7|©N � >*=?{/AML�DFE/@9AF|,G&>*G�I-H-G&{�L�H-AFE7|�Ç?=¯>*@9A,N9E7|B=9AF>*C9IJÍ/��E7|
{/Å >*I-@�L�GpD(N&L�G&|±N9E7|ÉN9>*�VL�H-G&E7|±~p@&E/IJ�7>*G&~p@&E7| Î&Ú G�=¯E/@9D�AFE/�VL�AF~w@&E/A±~p@&EB�7E/D6DFE���{/D6Ì&>ÛN9EB=¯E/@9D0�/D6AFE
ÅÛ@&E��7>*�W��E±@9G&EÉ��{/D6Ì&>pN9E±N � {/IJ{/��E/GpDF|¤Ý&G9HJ|¤>��WIJE7| ��>*G&�/D6HJ>*G&|�DFE7|6DF|¤�7>�
�G&�/HJN9E/GwD�L7Å E7��IJE7| ��>*G&�/D6HJ>*G&|
��L�AML*�/DF{/A6HJ|6D6HJ~p@&E7|�N9E,�FÌ�L*~p@&EO�7E/I-I-@9IJE Î
Ó,L�G&|±�7Ea�FÌ�L�=9H-D6AFE�Ç�L�Å*L�GpD(N9E�=9AF{7|FE/GwDFE/A(~p@&E/IJ~w@&E7|±|M�FÌ&{/�VL*|�Gw@9��{/A6HJ~p@&E7|±Ô³>*I-@9��E7| Ï H-G9HJ|�=¯E/A6��E/D·Ê
DML�GpD}I]L	AF{7|F>*I-@9D6HJ>*GTN9EO|6Æ)|6DFÍ/��E7|(ÌpÆp=¯E/A6C¯>*I-HJ~w@&E7|}G&>*G Ì&>*��>*K Í/G&E7|�Ç�>*G�Å*L	AML�=9=¯E/I-IJE/A}I]L�N9{$Ý&G9H-D6HJ>*G
N � @9G&E±|F>*I-@9D6HJ>*GVL�@W|FE/G&|¤N9E7|¤N)HJ|FD6A6H-C9@9D6HJ>*G&| L�H-G&|6H9~w@&EÉI]L��7>*G&|6D6A6@&�/D6HJ>*GVN9EÉI]LB��{/D6Ì&>ÛN9E±N9E7|�Ô³>*I-@9��E
Ï H-G9HJ| Î

� ��� � ¡¯ ¤ª�£¤�B�����?�F�(� ¬^� ^¡¯�±°^�M²³��£���7�±¡����^�F�����F�}���7�(�F°^�F£

Ó,L�G&|B@9GTN9>*�VL�H-G&E D ⊂ R
Ç&IJE^|6Æ)|6DFÍ/��EOÌpÆp=¯E/A6C?>*I-HJ~p@&EO=9AF{7�7{7N9E/�W��E/GpDO=9AF{7|FE/GpDF{ �·� Î �#�(=9AFE/G&N�I]L

��>*A6��EO|6@9H-Å�L�GwDFE g





∂U

∂t
+
∂F (U)

∂x
= Q(x,U), ∀x ∈ D ⊂ R, t > 0

U(x, 0) = U0(x), ∀x ∈ D.

��� Î �#�

Ú G =¯E/@9D}L�IJ>*AF|}{/G&>*G&�7E/A}IJE,D6Ì&{7>*AFÍ/��EO|6@9H-Å�L�GwD g

� lÜm � �C<po�u / , '�, ' P 1*��� U : D × R
+ −→ R

#pf¯8.�71*f�d7����1*f� w8 d/+ �*cMc78 C1 ')�*�6�1*�6dM86�*# 	 �V8/�
c$#�' '91�c/1*f&c©5/#98 Q c/1��3��!61*�$f?%7) � +-1*� ca+J8 c½���61*�zc '?�·1 '91�c ������1�f9cac #Û�Q5��f��Ë8 c,c/1�f��É%657#p�$5�*+J8$f��Ë8 c�)
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�������  ��� � ��	 � 	 ����� ������ ����� � ��� �

� 4 U 8$c$�³#Ûf?8Oc/1�+0#)����1�fL w8 / � ) 1 4���#.c78$f&c  p8 c, *�zc$���$��!$#)����1*f9c0/ 1*#Uc71*+ #Û����1*f��/����!$+J8�4�)
�3� 4 P #Û�O�"1*#)�  w1���*�zf¯8 R ⊂ D × [0,+∞[ )

∫

∂R
(Unt + F (U)nx) dσ =

∫

R
Q(x,U)dxdt,

�3�3� 4
1�) U 8$c$�³#Ûf?8Oc/1�+0#)����1�f�d/+-��c c ��5/#98� p8�/ � )3154W+ X;1�� U 8 c/� C1 �
� ) U c7�����zcQ�7�*�3�³+ �;dF1*f� ��3����1*f; w8F�±�*f ���3f?8�� � #�& 1*f&��1��É+J8O+-1*f�&8 w8 c©dM1*#p��!F8 c\ w8  *�zc/dF1*f����zf&#Û���Ë% c,)

s[U ] = [F (U)].

S;upo�i:�rtsnuK! � � ! u+� � i � kVy3uP! i9v �	� y3u�k�u%�*o�u�v � s"� ! u � $-upv7k�xni9v ; � � � m O
Ó,L�G&|ÉIJE}��L*|�>�� Q G � E7|6DÉ=�L*| C?>*A6G&{�ÇpI]L½�7>*G&N)H-D6HJ>*G.N9E�|ML�@9D �/H ÊËN9E7|M|6@&|�N9>*H-D(�/D6AFEBAFE7�7>*G&|6HJN9{/AF{7E Î Þ<L�A
E$Ù9E/�W=9IJE�Ç&�7>*G&|6HJN9{/AF>*G&|BIJE,��L*|(|F��L�I]L�H-AFE½L�Å E7�,DFE/A6��E½|M>*@9AF�7E,|6H-�W=9I-H Ý�{O|6@9H-Å�L�GwD g





∂u

∂t
+
∂f(u)

∂x
= −dz(x)

dx
, ∀x ∈ D ⊂ R, t > 0

u(x, 0) = u0(x), ∀x ∈ D.

��� Î � �

Ø¤G;L*N)��E/D6DML�GwD ~p@&E z ∈ L∞(R) Ç�E/D³E/GWH-GwD6AF>ÛN)@9HJ|ML�GwD IJE�Å E7�/DFE/@9A W = (u, z)T E/D¤IJE E&@)Ù F (W ) =
(f(u) + z, 0)T Ç&I � {7~w@�L�D6HJ>*G ��� Î � ��=9AFE/G&N.I]L ��>*A6��E½N)@�|6Æ)|6DFÍ/��EaÌ&>*��>*K Í/G&EO|6@9H-Å�L�GwD g

∂tW + ∂xF (W ) = 0.

Þ<>*@9A}@9G.DFE/IÜ|FÆÛ|6DFÍ/��E�Ç9>*GTL^I]L	AFE/I]L�D6HJ>*G�N9EO|ML�@9D(�/I]L*|M|6HJ~w@&E s[W ] = [F (W )]
Î

ÈÉE/I]LW|MEaD6AML*N)@9H-D(=�L�A(IJE7|(N9E/@)Ù.AFE/I]L�D6HJ>*G&|}N9E,| L�@9DF| g s[u] = [f(u)] + [z] Ç&E/D 0 = s[z]
Î

�BH-G&|6H"Ç |6H z E7|6D L�@���>*H-G&| N9E(�/I]L*|F|FE C0 ��� � E7|6D·Ê/�ÊËN)H-AFE}|FH&IJE�DFE/A6��E}|F>*@9AF�7E}E7|6D³C¯>*A6G&{#�$ÇwL�IJ>*AF| [z] = 0=�L�A6DF>*@9D�ÇnE/D½>*G�AFE/D6AF>*@9Å E�L�IJ>*AF|OI]LUAFE/I]L�D6HJ>*G_N9E�| L�@9D s[u] = [f(u)]
Î ÈÉE/I]L.|6H-K�G9H Ý�EV~w@&EWIJE�DFE/A6��E

|F>*@9AF�7EOG � LWN9>*G&�,=�L*|(N � H-G E&@&E/G&�7E©|6@9A±I]L^AFE/I]L�D6HJ>*G N9E,|ML�@9DBN&L�G&|(�7EO��L*| Î
Ø¤G AFE/Å�L�G&�FÌ&E�Ç,|6H [z] 6= 0 L�@ ��>*H-G&|�E/Gj@9G =¯>*H-GwD x = x0

ÇaL�IJ>*AF|T=¯>*@9A�DF>*@9DFE��7>*@9A6C¯ERN9E
N)HJ|F�7>*GpD6H-Gw@9H-DF{ =�L*|M|ML�GwDT=�L�A x0

Ç}G&>*@&|XL�Å >*G&|�@9G&E�G&>*@9Å E/I-IJE ��>*A6��E�N9E_I]L AFE/I]L�D6HJ>*G N9E�|ML�@9D g
s[u] = [f(u)] + [z]

Î 
B>*DF>*G&|WN9E�=9I-@&|�Ç�~w@&EUN&L�G&|W�7E;��L*|W|6H-�W=9I-H Ý�{�Ç�I]L�AFE/I]L�D6HJ>*G N9E;| L�@9D	|MEVAF{$Ê
N)@9H-DBL�IJ>*AF|�� [f(u)] = −[z]

Î

� ��� 
  <��¹^�,¬^£ ¬^£¤ª����}�F�^��£¤ª� �F�^�Fª

� � � �Ë� S �
��� ��� ��� �����
� �³�R�"� �$����!�� � �R���¨�&P

Þ<>*@9AW�7>*G&|6D6A6@9H-AFEVI]L ��{/D6Ì&>pN9E;N9E7|OÅ >*I-@9��E7|©Ý&G9HJ|�Çn>*G�@9D6H-I-HJ|FE�I]L#��>*A6��E�H-GpDF{/K�AML�IJEUN9E�I � {7~p@�L�D6HJ>*G
��� Î �#��|6@9A;IJE N9>*�VL�H-G&E R ⊂ D × [0,+∞[

Î*! >*H-D −→n =

[
nx

nt

]
Ç IJE Å E7�/DFE/@9AUG&>*A6�VL�Ia@9G9H-DML�H-AFE

4CB



� ����� � ����� ��� 	 � � ��� � � ��� �� � � 	 � � � ��� �� � � �� ����� � ����� � ��� � ����������
� � ��� � ��� ��� 	 ��� ��� �������� ��� � � � � �� � ��� �����
E$Ù)DF{/A6HJE/@9A� ∂R Ç&�3AF>*GpD6HJÍ/AFE½N)@ N9>*�VL�H-G&E R Î
Ø¤G�@9D6H-I-HJ|ML�GwDBI]L^=9AF>*=?>�|6H-D6HJ>*G�H-H ��N)@.D6Ì&{7>*AFÍ/��E©� Î � Î ��Ç&>*GTL g

∫

∂R
(Unt + F (U)nx) dσ =

∫

R
Q(x,U)dσ,

Ú G.N)HJ|F�/AF{/D6HJ|FE�IJE�N9>*�VL�H-G&E,E/G;E7|F=�L*�7E�E/D�E/GUDFE/�W=&|�E/GU|F@9C?N)H-ÅÛHJ|ML�GwD D E/GUH-GwDFE/A6Å�L�I-IJE7|±|6@&�7�7E7|F|6H���| g
>*G =¯>�|FE ∆xj = xj+ 1

2

− xj− 1

2

, j ∈ Z
Ç9E/D ∆tn = tn+1 − tn, n ∈ N

Î

Ú G H-GpDF{/K�AFEOI � {7~p@�L�D6HJ>*G ��� Î �#��|6@9A±@9G&E½�7E/I-I-@9IJE [xj− 1

2

, xj+ 1

2

] × [tn, tn+1]
g

−
∫ x

j+1
2

x
j− 1

2

U(x, tn)dx+

∫ tn+1

tn

F (U(xj+ 1

2

, t))dt+

∫ x
j+1

2

x
j− 1

2

U(x, tn+1)dx−
∫ tn+1

tn

F (U(xj− 1

2

, t))dt =

∫ tn+1

tn

∫ x
j+1

2

x
j− 1

2

Q(x,U)dx dt, ��� Î 4 �

E/D}>*G �MÌ&>*HJ|6H-DBN9Ea=9AFE/G&N)AFE½=?>*@9A({/DML�D}��>�Æ E/GtÇ&I]L	~p@�L�GwD6H-DF{

Un
j =

1

∆xj

∫ x
j+1

2

x
j− 1

2

U(x, tn)dx.

Ø¤G)Ý&GtÇ�>*G.=?>�|MEaI � L�=9=9AF>7Ù)H-�VL�D6HJ>*G

φ(Un
j , U

n
j+1) = F (U(xj+ 1

2

, t)). ��� Î B �

φ AFE/=9AF{7|FE/GpDFE,IJE E&@)ÙUGw@9��{/A6HJ~p@&E �^I � H-GwDFE/A �"L*�7E xj+ 1

2

Ç)=¯>*@9A t �7>*�W=9A6HJ|}E/GwD6AFE tn E/D tn+1
Î

Ã � {7~p@�L�D6HJ>*G ��� Î 4 �±N9E/ÅpHJE/GpD g

−∆xjU
n
j + ∆tnφ(Un

j , U
n
j+1) + ∆xjU

n+1
j − ∆tnφ(Un

j−1, U
n
j )

=

∫ tn+1

tn

∫ x
j+1

2

x
j− 1

2

Q(x,U)dx dt.

Ú G =¯E/@9D}L�IJ>*AF|}{7�/A6H-AFEOIJE,|F�FÌ&{/�VLV|F>*@&|±I]L ��>*A6��EO|6@9H-Å�L�GwDFE g

Un+1
j = Un

j − rn,j

[
φ(Un

j , U
n
j+1) − φ(Un

j−1, U
n
j )
]
+ ∆tnQ

n
j

>���>*G�LW=?>�|F{ rn,j = ∆tn
∆xj

Î

Qn
j
E7|6D�I � L�=9=9AF>7Ù)H-�VL�D6HJ>*GVN)@WDFE/A6��E�|F>*@9AF�7E�Ç�N9{$Ý&G9HJE�HJ�/H)=�L�A 1

∆xj∆tn

∫ tn+1

tn

∫ x
j+1

2

x
j− 1

2

Q(x,U)dxdt.

ÃÜL�N9{/DFE/A6�WH-G�L�D6HJ>*G�N)@�E&@)ÙXGw@9��{/A6HJ~p@&EVE7|6DOIJE���>*G&N9E/��E/GpD½���/��E�N9E�I]LU��{/D6Ì&>ÛN9EVN9E7|½Å >*I-@9��E7|
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�������  ��� � ��	 � 	 ����� ������ ����� � ��� �

Ý&G9HJ| Î
Þ�L�ABE$Ù9E/�W=9IJE�Ç9=¯>*@9A±I]LW�/I]L*|F|FE,N9E7| Q ÊË|F�FÌ&{/�VL*|�Ç&IJE E&@)Ù;Gp@9��{/A6HJ~w@&E©| � {7�/A6H-D g

φ(Un
j , U

n
j+1) =

1

2
(f(Un

j+1) + f(Un
j )) − 1

2
|Q(Un

j , U
n
j+1)|(Un

j+1 − Un
j ).

Q E7|FD±I]L	�VL�D6A6HJ�7EO��L�AML*�/DF{/A6HJ|6D6HJ~p@&E½N)@ Q− |F�FÌ&{/�VL Î
Ó,L�G&|aIJE	|F�FÌ&{/�VL;N9E	Õ}>ÛE�Ç Q(Un

j , U
n
j+1) = A(Ũ ) N9{$Ý&G9H-D,I]L��VL�D6A6HJ�7EWN9E©ÕB>pE�Ç?>�� Ũ AFE/=9AF{7|FE/GwDFE

I � {/DML�D(��>�Æ E/G �	N9{/DFE/A6�WH-G&E/A�E/G	��>*G&�/D6HJ>*G N9E7|(N9E/@)Ù {/DML�DF| Un
j

E/D Un
j+1

Î

� � � ��� ��� ������� ���
� �³��� � �!#�������
�Ü� � � ����� �����.�(� ��P

ÃtEO��>pN9Í/IJE,�VL�D6Ì&{/�VL�D6HJ~p@&E �	N9E/@)Ù N)H-��E/G&|6HJ>*G&|B| � {7�/A6H-D}|F>*@&|�I]L@��>*A6��E g
∂U

∂t
+
∂F (U)

∂x
+
∂G(U)

∂y
= Q(x, y, U), (x, y) ∈ D ⊂ R

2, t > 0. ��� Î � �

ÃtEUN9>*�VL�H-G&E.N � {/D6@&N9E D E7|6D	N)HJ|F�/AF{/D6HJ|F{;=�L�A	@9G&E;=�L�A6D6H-D6HJ>*G Dh
�7>*�W=?>�|F{7EUN9E NT

D6A6H]L�G9K�IJE7| ci� i = 1, · · ·NT
�$Ç)DFE/I-IJEO~p@&E

Dh =

NT⋃

i=1

ci.

h E7|6D±I]L^IJ>*G9K�@&E/@9A}�VLÙ)H-�VL�IJEON9E7|(��W*DF{7|BN9E7|±D6A6H]L�G9K�IJE7| Î
Ú G H-GpDF{/K�AFEOIJE7|({7~p@�L�D6HJ>*G&| ��� Î � �±|6@9A±@9G&EO�7E/I-I-@9IJE ci N)@�N9>*�VL�H-G&E½E/G E7|6=�L*�7E�Ç�N9EO�7>*GwDF>*@9A δci g

∫

ci

(
∂U

∂t
+
∂F (U)

∂x
+
∂G(U)

∂x

)
dx dy =

∫

ci

Q(x, y, U) dx dy,

E/D�Ç9=�L�A�L�=9=9I-HJ��L�D6HJ>*G N)@.D6Ì&{7>*AFÍ/��E½N9EaI]L�N)H-Å E/A6K E/G&�7E�Ç�>*G�>*C9D6HJE/GpD
∫

ci

∂U

∂t
dx dy +

∫

δci

(F (U)nx +G(U)ny) dσ =

∫

ci

Q(x, y, U) dx dy,

>�� −→n =

[
nx

ny

]
E7|6D}IJEaÅ E7�/DFE/@9A(G&>*A6�VL�IÜ@9G9H-DML�H-AFEOE$Ù)DF{/A6HJE/@9A�� δci Î

Ú G�=¯>�|FE^L�IJ>*AF| F(U,−→n ) = F (U)nx + G(U)ny
E/Da>*G�|6@9=9=¯>�|FE�Ç¯N&L�G&|�@9GT=9AFE/�WHJE/AaDFE/�W=&|�Ç¯~p@&E

Ui
E7|FD(�7>*G&|6DML�GwD(=�L�AB�7E/I-I-@9IJE���{/DML�D(��>�Æ E/G =�L�A}�7E/I-I-@9IJE#� Î�Ú G�>*C9D6HJE/GpD�L�H-G&|6H

Ai
∂Ui

∂t
+
∑

j∈K(i)

∫

γij

F(U,−→n )dσ =

∫

ci

Q(x, y, U)dxdy

>�� Ai
E7|FD^I � L�H-AFE.N9EUI]LT�7E/I-I-@9IJE ci E/D K(i) E7|6DWI � E/G&|ME/�½C9IJE N9E7|W�7E/I-I-@9IJE7|�~p@9H(>*GwDW@9G&E L�A �/DFE.E/G

�7>*�W�©@9GTL7Å E7�½I]L	�7E/I-I-@9IJE ci @9>*G G&>*DFE γij
I � L�A �/DFE©�7>*�W�½@9G&E^L�@)ÙU�7E/I-I-@9IJE7| ci E/D cj ÎÞ�L�A L�G�L�IJ>*K�HJE±L7Å E7��I]L}��{/D6Ì&>pN9>*IJ>*K�HJE�@9D6H-I-HJ|F{7E�N&L�G&|<IJEÉ��L*|�@9G9HJN)H-��E/G&|6HJ>*G9G&E/I"Ç�>*G	=?E/@9D¤L�IJ>*AF|�N9{$Ý&G9H-A

IJE E&@)ÙUGw@9��{/A6HJ~p@&E½N9EaI]L@��L�;7>*G |6@9H-Å�L�GwDFE
∫

γij

F(U,−→n ) dσ = φ(Un
i , U

n
j ,

−→nij)mes(γij)

4D,



� ����� � ����� ��� 	 � � ��� � � ��� �� � � 	 � � � ��� �� � � �� ����� � ����� � ��� � ����������
� � ��� � ��� ��� 	 ��� ��� �������� ��� � � � � �� � ��� �����
>�� mes(γij)

E7|6DÉI]L©IJ>*G9K�@&E/@9A(N9E}I � L�A �/DFE γij
E/D −→nij

E7|6D�IJEBÅ E7�/DFE/@9A±G&>*A6�VL�I3�½�7E/D6DFE,L�A �/DFE�Ç9>*A6HJE/GpDF{
N9E,I]L	�7E/I-I-@9IJE ci Å E/AF|±I]L��7E/I-I-@9IJE cj ÎØ¤G)Ý&GtÇ�>*G.=?E/@9DB{7�/A6H-AFE,IJE,|F�FÌ&{/�VLV|F>*@&|�I]L���>*A6��EO|6@9H-Å�L�GwDFE

Un+1
i = Un

i − ∆tn
Ai

∑

j∈K(i)

φ(Un
i , U

n
j ,

−→nij)mes(γij) + ∆tnQ
n
i

��� Î , �

L�Å E7� Qn
i =

1

Ai

∫

ci

Q(x, y, U) dx dy
Î

φ(Un
i , U

n
j , ~nij)

N9{7|6H-K�G&E�IJE E&@)Ù�Gp@9��{/A6HJ~w@&E�C9H ÊËN)H-��E/G&|6HJ>*G9G&E/I½~p@9H,=?E/@9D	�/D6AFE�ÅÛ@ �7>*�W��E�@9G&E
E$Ù)DFE/G&|6HJ>*GtÇ&N&L�G&|B�7E,��L*|�Ç9N)@�E&@)ÙUGw@9��{/A6HJ~p@&EO@9G9HJN)H-��E/G&|6HJ>*G9G&E/I�>*C9DFE/Gw@�E/G ��� Î B � Î

� � � �z� ��� 	�	±��� � �����"����� � � ��� �$� �� � � ��� �³��� � � !#��� ��� �
�Ü��� � � � �������"��� 	 � ���
	±� ���2�&�w� ��� ���

Ã � E7|M|F>*A�N9E7|���{/D6Ì&>ÛN9E7|aN9EOÅ >*I-@9��E7|�Ý&G9HJ|�N9E©�7E7|aN9E/A6G9HJÍ/AFE7|,L�G9G&{7E7|aE7|6DBN �tÇ?E/G K�AML�G&N9E^=�L�A6D6HJE�Ç �
I � H-GpDF{/A �/D}K�AML�G&N)HJ|F|ML�GpD}=¯>*@9A±I]L	AF{7|F>*I-@9D6HJ>*G Gp@9��{/A6HJ~w@&E©N9E,IJ>*HJ|(N9E,�7>*G&|FE/A6Å�L�D6HJ>*G Î
ÃtE©=9AFE/�WHJE/A,|F�FÌ&{/�VL;N9E^�7E½D Æp=¯E	LV{/DF{^N9{/Å E/IJ>*=9=?{^=�L�A !?Î � Î ×a>ÛN)@9G&>�Å  ×,>pN&�D.
�¤E/D  ×,>pN ,��
�%@�H-I
| � L�=9=9@9HJEa|6@9AÉI]L©AF{7|F>*I-@9D6HJ>*G.E$Ù9L*�/DFEaN)@;=9AF>*C9IJÍ/��E,N9EBÕ}HJE/�VL�G9G L*|F|F>Û�/HJ{�L�@;��>pN9Í/IJEa{/D6@&N)HJ{�Ç)E/D±E7|6D
�	I � >*A6H-K�H-G&E½N9E,I]L^=9I-@9=�L�A6DBN9E7|±��{/D6Ì&>ÛN9E7|}N)H-DFE7|}N9{7�7E/GwD6AF{7E7| Î
Þ�L�A6�WHÜIJE7|±|F�MÌ&{/�VL*|(Å >*I-@9��E7|(Ý&G9HJ| �3AF{7~p@&E/�W��E/GwD}AFE/G&�7>*GwD6AF{7|�N&L�G&|±I]L^I-H-D6DF{/AML�D6@9AFE�Ç�>*G.=¯E/@9D(�/H-DFE/A
IJE©|F�FÌ&{/�VL�N9{7�7E/GwD6AF{�Ç?=9@9HJ|��7E/@)Ù�N9E½ÃÜLÙÛÊ Ï AFE/HJN)A6HJ�FÌtÇ�N9E©Õ(@&|ML�G&>�Å?Ç�N9E©ÕB>pE�Ç&Ô Ï�Ï È�Ç�Ô Ï Õ}>ÛE�Ç&~p@&E
I � >*G�AML�=9=¯E/I-IJE©C9A6HJÍ/Å E/��E/GpDOHJ�/H Î Ø¤G�=�L�A6D6HJ�/@9I-HJE/A�Ç�>*GT=9AF{7|ME/GwDFE�Ç?=?>*@9A,�MÌ�L*�/@9G�N � E/@)Ù¯Ç�I � {7�/A6H-D6@9AFEWN)@
E&@)Ù.Gw@9��{/A6HJ~p@&E Î

� Î ÃtEa|F�FÌ&{/�VLVN9{7�7E/GwD6AF{ N9>*GwD±IJE E&@)ÙVGw@9��{/A6HJ~p@&E�Ç9N&L�G&|ÉIJEa��L*|É|M��L�I]L�H-AFE}I-H-G&{�L�H-AFE � f(u) = au �$ÇE7|6D}N9>*G9G&{,=�L�A

φ(Un
i , U

n
i+1) =

{
f(Un

i ) si a ≥ 0

f(Un
i+1) si a ≤ 0.

� Î ÃtEO|F�MÌ&{/�VL�N9E,ÃÜLÙÛÊ Ï AFE/HJN)A6HJ�FÌ  Ã �$,�� �ËÇ9N9>*GwDBIJE E&@)Ù.Gw@9��{/A6HJ~p@&E,@9G9HJN)H-��E/G&|6HJ>*G9G&E/I�| � {7�/A6H-D

φ(Un
i , U

n
i+1) =

1

2

(
f(Un

i ) + f(Un
i+1) −

1

rn,j
(Un

i+1 − Un
i )

)
. ��� Î G �

ÈÉEX|F�FÌ&{/�VLRE7|6DUD6AFÍ7|.N)H��¯@&|6H��©E/DUG&ET=?>�|M|FÍ7N9ET=�L*|.N � E$ÙÛDFE/G&|6HJ>*G¶N)H-AFE7�/DFE �_I]L�|6H-�©@9I]L�D6HJ>*G
Gw@9��{/A6HJ~p@&E±N9E7|�=9AF>*C9IJÍ/��E7|¤E/G	N)H-��E/G&|FHJ>*G	N9E/@)Ù	N � E7|6=�L*�7E±L7Å E7�É@9G	�VL�H-I-I]L�K EÉG&>*G	|FD6A6@&�/D6@9AF{�Ç
N9E,=�L�A6D(I]L	N)H��V�/@9I-DF{ �^D6AF>*@9Å E/AB@9G�L�G�L�IJ>*K�@&E½�7>*Ì&{/AFE/GpD�L�@ DFE/A6��E ∆xj

Î
4 Î ÃtE}|F�MÌ&{/�VLWN9EOÕ}@&|ML�G&>�Å  Õ(@&| ,)���?E7|6D³@9G&E±Å E/AF|6HJ>*GV��>pN)H Ý�{7EBN)@V|F�FÌ&{/�VL½N)@VÃÜLÙÛÊ Ï A6HJE7N)A6HJ�FÌ Î

ÃtE E&@)Ù.Gw@9��{/A6HJ~p@&E½N9E,Õ}@&|ML�G&>�Å¯Ç&E/G N)H-��E/G&|6HJ>*G�N9E/@)Ù N � E7|6=�L*�7E½| � {7�/A6H-D}|F>*@&|±I]L ��>*A6��E

φ(Un
i , U

n
j ,

−→nij) =
1

2

(
F(Un

i ,
−→nij) + F(Un

j ,
−→nij) − Sn

ij(U
n
j − Un

i )
)
, ��� Î - �

>�� Un
i

E7|6D±I]L	Å�L�IJE/@9A(N9E,I]L^Å*L�A6H]L�C9IJE½�7>*G&|FE/A6Å*L�D6H-Å E©N&L�G&|±IJE,Å >*I-@9��E ci Î

F(Un
i ,

−→nij) = F (Un
i )( ~nij)x +G(Un

i )( ~nij)y

4HG



�������  ��� � ��	 � 	 ����� ������ ����� � ��� �

AFE/=9AF{7|FE/GwDFE½IJE E&@)Ù;=9ÌpÆÛ|FHJ~w@&EON&L�G&|(I]LW�7E/I-I-@9IJE ci ÎÃÜL	ÅÛH-DFE7|F|FE,N9EOÕ}@&|ML�G&>�Å;IJ>p��L�IJE½| � {7�/A6H-D}L�IJ>*AF|

Sn
ij = max

1≤k≤p
(max(| λn

i,k |, | λn
j,k |)).

Ú � λn
j,k

|F>*GwD(IJE7|}N9E7|±Å*L�IJE/@9AF|}=9AF>*=9AFE7|(N9E,I]L^�VL�D6A6HJ�7E,�6L*�7>*C9HJE/G9G&E

A(Un
j , ~nij) = ( ~nij)x · F ′(Un

j ) + ( ~nij)y ·G′(Un
j ).

ÈÉE�|F�FÌ&{/�VL)ÇÜD6AFÍ7|,AF>*C9@&|6DFE�Ç�=¯E/A6��E/DOI]LU|6H-�©@9I]L�D6HJ>*G�Gp@9��{/A6HJ~w@&E�N9E7|,=9AF>*C9IJÍ/��E7|^L�@&|M|6H¤C9HJE/G
��>*G&>*=9Ì�L*|6HJ~w@&E7|±~p@&EaN)H-=9Ì�L*|6HJ~p@&E7|ÉE/GUN)H-��E/G&|6HJ>*G.N9E/@)Ù;N � E7|F=�L*�7E�Çp�VL�HJ|ÉH-I�LOI � H-G&�7>*GpÅ {/G9HJE/GwD
N � �/D6AFEW=?E/@�=9AF{7�/HJ|OE/D,D6AF>*=�N)H��¯@&|6H��6Ç¯�7EW~w@9H �"L�H-DON9E©I-@9H¤@9G�|M�FÌ&{/�VLU�7> �9DFE/@)Ù�E/G�DFE/�W=&|ON9E
��L�IJ�/@9I Î

B Î ÃtE�|F�MÌ&{/�VLWN9E,Õ}>ÛE  Õ}>ÛE�-)��� E7|6DaC�L*|F{W|6@9AaIJE7|,|F>*I-Å E/@9AF|½L�=9=9AF>Û�FÌ&{7|©N9EWÕ(HJE/�VL�G9G�E/DOLU{/DF{
H-GwD6AF>ÛN)@9H-D¤=9A6H-G&�/H-=�L�IJE/��E/GwD N&L�G&|�IJEÉ��L*N)AFE±N9E I � {/D6@&N9E�N9EÉI]L�N)ÆpG�L��WHJ~p@&E�N9E7|<KwL�� Î ÈÉEÉ|F�MÌ&{/�VL
@9D6H-I-HJ|FE;I � L�@9DF>�ÊË|6H-�WH-I]L�A6H-DF{ N9E;I]L�|M>*I-@9D6HJ>*G N9E7|©=9AF>*C9IJÍ/��E7|VN9E�Õ}HJE/�VL�G9G�IJ>Û��L�@)Ù�E$Ù&L*�/DF|	>*@
L�=9=9AF>p�MÌ&{7|�Ç�N9{$Ý&G9HJ|��^I � H-GwDFE/A �"L*�7E½E/GwD6AFE©N9E/@)ÙU�7E/I-I-@9IJE7| Î
ÃtE E&@)Ù.Gw@9��{/A6HJ~p@&E½N)@ |F�MÌ&{/�VLWN9EOÕB>pE,E/G N)H-��E/G&|6HJ>*G N9E/@)Ù.N � E7|F=�L*�7EO| � {7�/A6H-D g

φ(Un
i , U

n
j ,

−→nij) =
1

2

(
F(Un

i ,
−→nij) + F(Un

j ,
−→nij) − |Ã(Un

i , U
n
j ,

−→nij)|(Un
j − Un

i )
)
, ��� Î . �

>�� Ã(Un
i , U

n
j ,

−→nij)
AFE/=9AF{7|FE/GwDFE�I]L��VL�D6A6HJ�7E�N9ETÕB>pE�~p@9H,N9{/=?E/G&N N9E7|.{/DML�DF| Un

j
E/D Un

i

Î
ÃÜL��VL�G9HJÍ/AFE�N9E�N9{/DFE/A6�WH-G&E/A��7E/D6DFE��VL�D6A6HJ�7EXG � E7|6DU=�L*|U@9G9HJ~p@&EA@��VL�HJ| Õ}>ÛE H-�W=?>�|FE�~p@&E
Ã(Un

i , U
n
j ,

−→nij)
Å {/A6H Ý�EOIJE7|}�7>*G&N)H-D6HJ>*G&|}|6@9H-Å�L�GwDFE7| g

��L � Ã(Un
i , U

n
j ,

−→nij)(U
n
i − Un

j ) = F(Un
i ,

−→nij) −F(Un
j ,

−→nij)
Ç

�3C � Ã(Un
i , U

n
j ,

−→nij)
E7|6D(N)H]L�K >*G�L�I-HJ|ML�C9IJE�Ç?~p@&E/IJ|(~w@&E,|M>*HJE/GwD Un

j
E/D Un

i
Ç

���#� Ã(Un
j , U

n
j ,

−→nij) = Ã(Un
j ,

−→nij).

ÈÉE�|F�MÌ&{/�VL�E7|6D�N � @9G&E�K�AML�G&N9E =9AF{7�/HJ|6HJ>*GtÇ �VL�HJ|�=¯>�|F|FÍ7N9E.@9G N9{)�"L�@9DVN � E/GpD6AF>*=9HJE |F>*@&|�|ML
��>*A6��EO>*A6H-K�H-G&E/I-IJE Î

� Î ÃtEO|F�MÌ&{/�VLW{7~w@9H-I-H-C9AF{  Ñ Ô .CB��ÜL	{/DF{a=9AF>*=?>�|M{a=?>*@9A±D6AML�H-DFE/A(N9E7|(|FÆÛ|6DFÍ/��E7|�G&>*G.Ì&>*��>*K Í/G&E7| Î
ÃtE7|;L�@9DFE/@9AF|V��>*GwD6AFE/GpDU~p@&E �7E |M�FÌ&{/�VLXAFE7|F=?E7�/DFE.@9G&E�=9AF>*=9A6HJ{/DF{�N9E �7>*G&|ME/A6Å*L�D6HJ>*G N&L�G&|
IJE���L*|½|6DML�D6HJ>*G9G�L�H-AFE � u = 0 �$ÇÜL�=9=¯E/IJ{7E C− =9AF>*=9A6HJ{/DF{ Î ÈÉE�|F�FÌ&{/�VL�N9>*G9G&E�N9>*G&�VN9E�C?>*G&|
AF{7|6@9I-DML�DF|(=¯>*@9A(IJE7|({7~p@�L�D6HJ>*G&|(N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD,L7Å E7�ODFE/A6��E½N9Ea=?E/GpDFE Î

, Î ÃtE,|F�FÌ&{/�VLWÔ Ï�Ï È Çp=9AF>*=¯>�|F{a=�L�A Ö&Î Ê Â_Î ×�Ì9HJN&L�K�I-H]L)Ç � Î �a@9�½C�L�AF>�E/D}× Î ÃtE½ÈÉ>Û~  ×+�aÈ .D, �
E7|6DBC�L*|M{©|6@9A�I]LV��{/D6Ì&>pN9E	N9E E&@)Ù ��L�AML*�/DF{/A6HJ|6D6HJ~p@&E Î ÈÉ>*�W��E©=¯>*@9A�IJE©|F�MÌ&{/�VL;N9E©ÕB>pE�Ç�IJE7|
L�@9DFE/@9AF|a@9D6H-I-HJ|FE/GwDa@9G&E©C�L*|FE©N9E©Å E7�/DFE/@9AF|�=9AF>*=9AFE7|aN9E½I]LV�VL�D6A6HJ�7E�6L*�7>*C9HJE/G9G&E	��L�IJ�/@9IJ{7E^|6@9A
@9G�{/DML�D,��>�Æ E/G Î-% >*@9DFE)��>*HJ|�Ç¯H-IJ|aG&E���>*GwD,=�L*|OL�=9=¯E/I ��@9G�|F>*I-Å E/@9AON9E	Õ(HJE/�VL�G9G ��E$Ù&L*�/DO>*@
L�=9=9AF>p�MÌ&{#�±�7EO~p@9H ��L�H-D±@9G&E½N)H��¯{/AFE/G&�7E,G&>*DML�C9IJE Î

4D-



� ����� � ����� ��� 	 � � ��� � � ��� �� � � 	 � � � ��� �� � � �� ����� � ����� � ��� � ����������
� � ��� � ��� ��� 	 ��� ��� �������� ��� � � � � �� � ��� �����

ÃtE E&@)Ù.Gw@9��{/A6HJ~p@&E½N)@ |F�MÌ&{/�VL	Ô Ï<Ï È | � {7�/A6H-D g

φ(Un
j , U

n
j+1) =

∑

λk(νn
j )>0

lk(ν
n
j ) · F (Un

j )rk(ν
n
j ) ��� Î ��� �

+
∑

λk(νn
j )=0

lk(ν
n
j ) ·

[ |Aj |F (Un
j ) + |Aj+1|F (Un
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|F>*GwD}�MÌ&>*HJ|6HJ|(N9E,DFE/I-IJE���L�;7>*G ~p@&E ∀t ∈]tn, tn + θn
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+
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Ú G�N9{$Ý&G9H-D g

W n
j+ 1

2

=
1

dX− + dX+
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dx.
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αn
j+ 1

2

2Sn
j+ 1

2

[
F (W n

j+1) − F (W n
j )
]
+
αn

j+ 1

2

2
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Ç9N&L�G&|�I � {/DML�=¯E,�7>*A6AFE7�/DFE/@9A Î Ó�H��¯{/AFE/GpDFE7|±��{/D6Ì&>ÛN9E7|(E$ÙÛHJ|FDFE/GwD±=¯>*@9AÉAF{�L�I-HJ|ME/A±IJE,��L�IJ�/@9IÜL�=9=9AF>p�MÌ&{

N9E7|^K�AML*N)HJE/GwDF|	|F>*@9Ì�L�H-DF{7| Î Ó,L�G&|^I]L |FE7�/D6HJ>*GR|6@9H-Å�L�GwDFE�Ç<>*G�E$Ù)=¯>�|FEVE/G�=�L�A6D6HJ�/@9I-HJE/A�Ç��7>*�W��E/GwDW>*G
=¯E/@9D(AF{�L�I-HJ|FE/A(I � {/Å�L�I-@�L�D6HJ>*G�N9EO�7E7|(K�AML*N)HJE/GwDF|B=�L�A±I]L	��{/D6Ì&>pN9E½N9E7|±��>*H-G&N)AFE7|}��L�A6AF{7| Î
Ú GUÅ E/A6AML)Ç)N&L�G&|�IJE7|ÉAF{7|6@9I-DML�DF|�Gw@9��{/A6HJ~p@&E7|±>*C9DFE/Gw@&|�Ç9~p@&EBIJE��MÌ&>*H Ù;N9EBI]L©��{/D6Ì&>pN9EaN9Ea�7E7|���L�IJ�/@9IJ|

���



� ����� � ����� � � � � � � ���� � 	 � � ��� ��� 	 � � � ����� ������� ���
� � ���� � � � �����

N9E,K�AML*N)HJE/GpDF|�Ç�>*GpD(@9G&E,K�AML�G&N9E,H-G E&@&E/G&�7E©|6@9A±I]L	~p@�L�I-H-DF{ON9E7|±AF{7|6@9I-DML�DF|B>*C9DFE/Gw@&| Î
ÈÉE/D6DFE �7>*G&|FDML�DML�D6HJ>*G G&>*@&|VLXL���E/G&{7|��TAF{�L�I-HJ|FE/A�I � {/Å�L�I-@�L�D6HJ>*G N9E.I]L��7>*G&|6HJ|6DML�G&�7E�E/D�N9EUI � >*AFN)AFE
N9E7|O|M�FÌ&{/�VL*|,@9D6H-I-HJ|F{7| Î ÓaL�G&|O@9G�|F>*@&�/H¤N9EW|6H-�W=9I-H Ý���L�D6HJ>*GtÇÜ�7E/D6DFEW{/D6@&N9E�E7|FD�AF{�L�I-HJ|M{7E	HJ�/H³N&L�G&|,@9G
��L*|}��>*G&>pN)H-��E/G&|6HJ>*G9G&E/I"Ç��VL�HJ|}|F@9A(@9G �VL�H-I-I]L�K EOG&>*G @9G9H���>*A6��E Î ÈÉE/D6DFE½{/D6@&N9E½|ME/AML	=9AF{7|FE/GwDF{7E^L�@
�MÌ�L�=9H-D6AFE ��� �±L�=9AFÍ7|(~p@&E,I � L�G�L�I-Æ)|FEaGw@9��{/A6HJ~p@&E½N)@ |F�FÌ&{/�VL�L�H-DB{/DF{,AF{�L�I-HJ|F{7E�Ç�L�@ �MÌ�L�=9H-D6AFE �=B � Î

	 � 	 � ¼a��£¤�^ª��M�(� ¾º��´Ë�±¡¯¬½¡¯£ � £¤� £¤ª&	�(µ<£�� 
�� ��� ���

Ú G.N9{$Ý&G9H-D±@9GUG&>*@9Å E/ItE7|6=�L*�7EaN � L�=9=9AF>7Ù)H-�VL�D6HJ>*GtÇ�>��UI � >*G L�=9=9AF>p�MÌ&E,I � {/DML�D�=9ÌwÆ)|6HJ~p@&E W =�L�A�@9G&E
N)HJ|6D6A6H-C9@9D6HJ>*G I-H-G&{�L�H-AFE,=�L�A(��>*AF�7E�L�@)Ù�Ç&~p@9HÜE7|6D±I � E7|6=�L*�7EON9E7|0��>*G&�/D6HJ>*G&|�L
��G&E7|±=�L�A}�7E/I-I-@9IJE Î
Ú GRL�=9=9I-HJ~w@&EV@9G&EVN9{/�VL�AF�FÌ&E;~p@9H L.{/DF{�@9D6H-I-HJ|M{7E�=�L�A �$Î Ø¤I-�VL�Ì9H  Ø¤I-� .D. � E/D^~w@9H |FE�N9{7�7>*�W=¯>�|FE
E/G�N9E/@)Ù�{/DML�=?E7| g @9G&E	{/DML�=¯EWN9E©AFE7�7>*G&|FD6A6@&�/D6HJ>*G�N9E7|O{/DML�DF|aKwL�@&�FÌ&EVE/DaN)AF>*H-DFE�Ç�E/D,@9G&EW{/DML�=¯E	N9E
I-H-�WH-DML�D6HJ>*GTN9E7|±K�AML*N)HJE/GwDF|aLÝ&G�N � {/ÅÛH-DFE/A(IJE7|(>�|F�/H-I-I]L�D6HJ>*G&| Î

� k�i9x³u ' �3AFE7�7>*G&|6D6A6@&�/D6HJ>*GTI-H-G&{�L�H-AFEON9E7|({/DML�DF| � g

W+
ij

Gj

γij

Xij

Gi

W−
ij

, - /.0 4 Î B\�
�B@R=?>*H-GpD Xij

N9E;I � L�A �/DFE γij
|F{/=�L�AML�GpD�N9E/@)Ù_Å >*I-@9��E7|�N9EU�7>*GpD6AXW*IJE ci E/D cj Ç�>*GRN9{$Ý&G9H-DWN9E/@)Ù

Å�L�IJE/@9AF|,N9E �jÇ�@9G&E��VKwL�@&�MÌ&E W−
ij

N&L�G&|�I]L;�7E/I-I-@9IJE ci Ç¯E/Da@9G&E@��N)AF>*H-DFE W+
ij

N&L�G&|�I]L;�7E/I-I-@9IJE cj=�L�A g





W−
ij = Wi +

1

2
~∇Wi

~GiGj

W+
ij = Wj −

1

2
~∇Wj

~GiGj .

� 4 Î ��- �

� 4
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Ú � Gi
E/D Gj

|F>*GwDÉAFE7|6=¯E7�/D6H-Å E/��E/GwD�IJE7| C�L�A6Æ)�7E/GwD6AFE7|±N9E7| D6A6H]L�G9K�IJE7| ci E/D cj Ç ~∇Wi
E/D ~∇Wj

AFE/=9AF{$Ê
|FE/GpDFE/GwDBIJE7|±K�AML*N)HJE/GwDF|�|6@9A ci E/D cj ÎÃÜL@��>*G&�/D6HJ>*G�N9E E&@)Ù;AFE7|6DFEaI]LW���/��E�Ç&|FE/@9IJ|(|FE7|BL�A6K�@9��E/GwDF|��FÌ�L�G9K E/GwD�Ç�E/D}>*G�L g

∫

γij

F(W,−→n ) dσ = φ(W−
ij ,W

+
ij ,

−→nij)mes(γij).

ÃtEÉ=9AF>*C9IJÍ/��E��/A6@&�/H]L�I&N&L�G&|��7E/D6DFE�{/DML�=?EÉE7|6D<I � {/Å*L�I-@�L�D6HJ>*G�N9E7|<K�AML*N)HJE/GwDF| N9E I]LB|F>*I-@9D6HJ>*GW|6@9A��FÌ�L*~p@&E
Å >*I-@9��E	N9E^�7>*GwD6AXW*IJE Î ÈÉE7�/H�=?E/@9D+�/D6AFE©E)��E7�/D6@&{^N9E©N)H���{/AFE/GwDFE7|a�VL�G9HJÍ/AFE7|�Ç¯E/G =�L�A6D6HJ�/@9I-HJE/AO|6@9H-Å*L�GpD
IJE^DËÆÛ=¯E©N9E	�7E/I-I-@9IJE7|a@9D6H-I-HJ|F{7E7| ÎtÚ G�=9AF{7|FE/GpDFE©@9G&E^DFE7�MÌ9G9HJ~w@&EWN9E	��L�IJ�/@9I¤N9E^K�AML*N)HJE/GwDF|,N&L�G&|aIJE^��L*|
>���>*G.@9D6H-I-HJ|MEON9E7|±�VL�H-I-I]L�K E7|(D6A6H]L�G9K�@9I]L�H-AFE7|�>*@�~p@�L*N)AML�G9K�@9I]L�H-AFE7| Î

Þ�L�ABE$Ù9E/�W=9IJE�Ç&>*G.=¯E/@9D(@9D6H-I-HJ|FE/A(I]L^��{/D6Ì&>ÛN9EON9E7|±��>*H-G&N)AFE7|���L�A6AF{7| g
Þ<>*@9A}@9G.D6A6H]L�G9K�IJE ci Ç9�7>*G&|6HJN9{/AF>*G&|}I � E$ÙÛ=9AFE7|M|6HJ>*G

∆(Wi,Wj) = Wi + (xj − xi)
∂Wi

∂x
+ (yj − yi)

∂Wi

∂y
−Wj ,

>�� (xi, yi)
E/D (xj , yj)

|M>*GwD AFE7|F=?E7�/D6H-Å E/��E/GpDÉIJE7|É�7>Û>*AFN9>*G9G&{7E7| N9E7|É�7E/GwD6AFE7|�N9E(K�AML�ÅpH-DF{�N9E ci E/D cj ÎÃtE�DFE/A6��E ∆(Wi,Wj)
AFE/=9AF{7|FE/GpDFEaHJ�/H�I]L^N)H���{/AFE/G&�7EaE/GwD6AFEaI]L½Å*L�IJE/@9A±E)��E7�/D6H-Å E�N9E W L�@;�7E/GpD6AFE,N9E

I]L;�7E/I-I-@9IJE cj E/DBI]L�Å�L�IJE/@9A,>*C9DFE/Gw@&E�L�@X�7E/GwD6AFEWN9E cj =�L�A,N9{/Å E/IJ>*=9=?E/��E/GpDOI-H-�WH-DF{	N9E©I]L���>*G&�/D6HJ>*G
W N9{$Ý&G9HJE,L�@.�7E/GwD6AFEaN9E ci Î ÃtE�K�AML*N)HJE/GwD(|6@9A I]L½�7E/I-I-@9IJE ci E7|FD {/Å�L�I-@&{�E/G;�WH-G9H-�WHJ|ML�GpD±I]L���>*G&�/D6HJ>*G
~p@�L*N)AML�D6HJ~w@&E g

Ψi

(
∂Wi

∂x
,
∂Wi

∂y

)
=
∑

j∈V (i)

|∆(Wi,Wj)|2,

>�� V (i) E7|FD±I � E/G&|FE/�½C9IJE^N9E7|(D6A6H]L�G9K�IJE7|aL7ÆwL�GpD}@9G |M>*�W��E/D}�7>*�W�½@9GXL7Å E7� ci Ç ∂Wi

∂x
E/D ∂Wi

∂y
|F>*GpD

L�IJ>*AF|B|F>*I-@9D6HJ>*G&|(N)@�|6Æ)|6DFÍ/��EaI-H-G&{�L�H-AFEON9E½N9E/@)ÙU{7~p@�L�D6HJ>*G&|�WN9E/@)ÙUH-G&�7>*G9Gw@&E7|�|6@9H-Å�L�GwD g

∂Ψi(X,Y )

∂X
= 0,

∂Ψi(X,Y )

∂Y
= 0.

� G ��L�IJ�/@9IÜ|6H-�W=9IJEON9>*G9G&E
∂Wi

∂x
=
JxIyy − JyIxy

D

∂Wi

∂y
=
JyIxx − JxIyx

D
,

L�Å E7�OIJE7|±G&>*DML�D6HJ>*G&|

Ixx =
∑

j∈V (i)

(xj − xi)
2 , Iyy =

∑

j∈V (i)

(yj − yi)
2,

Ixy = Iyx =
∑

j∈V (i)

(xj − xi)(yj − yi) , D = IxxIyy − I2
xy,

Jx =
∑

j∈V (i)

(xj − xi)(Wj −Wi) , Jy =
∑

j∈V (i)

(yj − yi)(Wj −Wi).

�CB
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� k�i9x³u / �3I-H-�WH-DML�D6HJ>*G N9E7|(=?E/GpDFE7| � g

Ã � L�=9=9AF>�ÙÛH-�VL�D6HJ>*GT>*C9DFE/Gw@&E½L�Å E7�aIJE7|±{/DML�DF|±{/Å*L�I-@&{7|±N&L�G&|�I � {/DML�=¯E 1 ÇÛ=?E/@9D0�/D6AFE,N)HJ|6=¯E/AF|6H-Å EaE/D�=9AF>�Ê
N)@9H-AFE	N9E©G&>*@9Å E�L�@)ÙTE$Ù)D6AFE/�VL�E/GpD6AFE^IJE7|��7E/I-I-@9IJE7| Î Þ<>*@9A½L�D6DF{/Gw@&E/A,�7E7|a>�|F�/H-I-I]L�D6HJ>*G&|�Ç¯>*G�@9D6H-I-HJ|FE©@9G
|F�MÌ&{/�VL.N9E	DËÆÛ=¯E TV D >*C9DFE/Gp@�E/GX@9D6H-I-HJ|ML�GpDON9E7|,Å*L�IJE/@9AF|OI-H-�WH-DF{7E7| ∂limWi

∂x
E/D ∂limWi

∂y
L�@XI-HJE/@

N9E ∂Wi

∂x
E/D ∂Wi

∂y
Ç9N&L�G&| � 4 Î ��- � Î

Þ�L�A±E$Ù)E/�W=9IJE�ÇÛ>*G�=9AF{7|ME/GwDFEBHJ�/H�@9G;DËÆÛ=?EBN9E}I-H-�WH-DFE/@9AF|�~p@9H�=¯E/@9D(�/D6AFEB@9D6H-I-HJ|F{�N&L�G&| IJE���L*| C9HJN)H-��E/G)Ê
|6HJ>*G9G&E/IÜ=?>*@9A}N9E7|(�VL�H-I-I]L�K E7|(G&>*G�|6D6A6@&�/D6@9AF{7| Î

Ã�H-�WH-DFE/@9A Â H-G Â >ÛNUK {/G&{/AML�I-HJ|F{ g
! @9A}�MÌ�L*~w@&EOÅ >*I-@9��E½N9E,�7>*GwD6AXW*IJE ci Ç)IJE7|(K�AML*N)HJE/GwDF|�|F>*GwD(I-H-�WH-DF{7|BN9EaI]L	�VL�G9HJÍ/AFEO|6@9H-Å�L�GwDFE g

∂limWi

∂x
=

1

2

[
min

j∈V (i)
sgn

(
∂Wj

∂x

)
+ max

j∈V (i)
sgn

(
∂Wj

∂x

)]
min

j∈V (i)

∣∣∣∣
∂Wj

∂x

∣∣∣∣ .

ÓaEW���/��EV=?>*@9A ∂limWi

∂y

Î ÈÉE/D6DFE�I-H-�WH-DML�D6HJ>*G_=?E/@9D��/D6AFE�{/DFE/G&N)@&E;|6@9AOI � E/G&|FE/�©C9IJE V (i) N9E7|OD6A6H Ê
L�G9K�IJE7|�L7ÆwL�GwDB@9G�|F>*�W��E/D}�7>*�W�©@9GTL�Å E7� ci Î

Ó � L�@9D6AFE7|UI-H-�WH-DFE/@9AF|.|F>*GpD.|F>*@9Å E/GwD.@9D6H-I-HJ|F{7|4@ÉE/G =�L�A6D6HJ�/@9I-HJE/A�Ç(>*G =9AF{7|FE/GwDFE/AML N9E7|�AF{7|F@9I-DML�DF|
Gp@9��{/A6HJ~w@&E7|�>*C9DFE/Gw@&|�L7Å E7�OIJEaI-H-�WH-DFE/@9A ! @9=?E/A6C¯E7E,>*@ IJEaI-H-�WH-DFE/@9A�N9EaÔ L�G�ÃtE7E/A Î

���
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	 �wd7� c/1*+ #Û����1*f9c½�"1;�32)8.�a��8���*f�f�'��61w!$+J8� 1��½�3298
cM2Û�*+3+-1��>� � �Ë8$�	8657#)������1*f9c �¤�3�32�� !61 ���"1� c/�Ë8Ë' Ç¯ÈÉ>*�W=9@9D Î1� Ï I-@9HJN9| ?K� �������)�#�$Ç&G&> Î ,)Ç
,CB 4�� ,HGÛ� Î

 ��
 ! � 4
�^Õ Î �}C9K�AML�I-I"ÇaÑ Î 
}Ò >*G9KwL)Ç,L�G&N Õ Î�! L�@9AFE/I"Ç ��� d/�"8$f��;f&#"V8$� ��dF�*+W� ' '?�·1 	 �Q�������1*f®1��
dF1�B'��F8 cMc$��!$+J8�	#Û+ ���$�%����Ë8/� ���*+JO±1�� �71*�O#Ûf9c$���$#9d7��#p�F8! TV8 cM2)8$c Ç�ÈÉ>*�W=9@9D Î1� Ï I-@9HJN9| ? /
������� 4 �$Ç9G&> Î B&Ç��HGÛ�I� ,���� Î

 Ñ�E/G����
� ÏÉÎ Ñ�E/G9ÒÛÌ�L�IJN9>*@9GtÇK� f��*+:(c$�]c,�*f� �5�*+ �2 � ����1*fT1��O�Wf?8��T=³f&���Ë8Y51*+ #"�8,c/d/2)8�V8
�71*�af�1*fK�
2Û1��1'&w8$f¯861*#pcBc�(c/�Ë8�^c Ç Ï H-G9H-DFE(Å >*I-@9��E7| ��>*A³�7>*�W=9IJE$Ù�L�=9=9I-HJ��L�D6HJ>*G&|�Ç � � � ��Þ<>*AF~w@&E/AF>*I-IJE7|�Ç
������� �$ÇtÃÜL�C Î �BG�L�I Î<% >*=¯>*I Î Þ¤AF>*C�L�C Î È(
�Õ ! Ç Â L�AF|FE/H-I-IJE�Çt�������)Ç�=9= Î �������Û�D,�� ��E/IJE7�/D6AF>�Ê
G9HJ�#� Î

 Ø¤I-� .D.
� � Î Ø³I-�VL�Ì9H"Ç
P d$29%����c�51*+ #�V8 cC=³f&�zcB'91*#p�V+ ��c �$	#p+-������1*f�f&#�V%$�$��5/#98  p8a'?�·1w!/+-4�V8 c X
� �61*f��3c,�6�*�2 p8 c^8$f W���z+3+ ��&w8 cOf�1*f c$���$#9d7��#p�F% c^�J � '?�"����� � c Ç9Þ¤Ì Î Ó Î D6Ì&E7|6HJ|�Ç9Õ}>*@&E/GtÇt��.D.D. Î

 ! L�Ì����
� !?Î ! L�Ì9�WH-� Ç / f�c/d/2)%���X�*# 	 51*+ #�V8 cF=³f&�zc���5�86d ������$��dM8Vc �N&*f?8O')1�#p��+-8 cVcI(�c$�Ë4�V8 c
f�1*f 2Û1��1'&w4$f¯8 c Ç�Þ¤Ì Î Ó Î D6Ì&E7|6HJ|�Ç9Þ�L�A6HJ|½�54)Ç�������� Î
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Ú GU| � H-GpDF{/AFE7|F|FE�Ç)N&L�G&|��7EB�MÌ�L�=9H-D6AFE�Ç��OI � L�G�L�I-Æ)|FE�N9E7|É|M�FÌ&{/�VL*|É@9D6H-I-HJ|F{7|�N&L�G&|��7EBD6AML�Å*L�H-I Î �B=9AFÍ7|
L�Å >*H-A�AML�=9=¯E/IJ{^~w@&E/IJ~p@&E7|}=9AF>*=9A6HJ{/DF{7|���>*G&N&L���E/GwDML�IJE7|,~p@&E^N9>*H-Å E/GwDaAFE7|6=¯E7�/DFE/ABIJE7|�|F�FÌ&{/�VL*|�Gp@9��{$Ê
A6HJ~p@&E7|�ÇÜ>*G�AFE/KwL�AFN9E/AML�|F>*@&|©~w@&E/I-IJE7|^�7>*G&N)H-D6HJ>*G&|©IJE7|©|F�MÌ&{/�VL*|½@9D6H-I-HJ|M{7|OAFE7|6=¯E7�/DFE/GwD^C9HJE/G�IJE7|©N)H-DFE7|
=9AF>*=9A6HJ{/DF{7| Î

ÃtE |F�FÌ&{/�VL�=9AF{7|FE/GwDF{�L�@ �MÌ�L�=9H-D6AFE � 4 �	=?>�|F|MÍ7N9E.I]LX=�L�A6D6HJ�/@9I]L�A6H-DF{TN9E �7>*�W=¯>*A6DFE/A;N9E/@)Ù {/DML�=¯E7| Î
Ø¤G =�L�A6D6HJ�/@9I-HJE/A�Ç(I]L�=9AFE/�WHJÍ/AFEX{/DML�=¯E�Ç±~p@9HBG&{7�7E7|F|FH-DFE�I � {/Å*L�I-@�L�D6HJ>*G¶N � @9G¶{/DML�DUH-GwDFE/A6��{7N)H]L�H-AFE_>��
H-GpDFE/A6ÅpHJE/GpDO@9G =�L�AML���Í/D6AFE�L*N � Ì&>Û��Ç¯E7|6D�C�L*|F{7E	|6@9AB@9G&EWL�=9=9AF>Û�FÌ&EW|6H-�WH-I]L�H-AFE����7E/I-IJE^@9D6H-I-HJ|F{7E	N&L�G&|
I]L	�7>*G&|6D6A6@&�/D6HJ>*G N)@ |M�FÌ&{/�VL	N9EaÕ(@&|ML�G&>�Å Î?� I��7>*GwÅÛHJE/GwD}N9>*G&�,N9E���E/G&E/A±@9G&EOL�G�L�I-Æ)|FEaN9E,|6DML�C9H-I-H-DF{
N)@.|F�MÌ&{/�VL ! Õ*
��BÕ E/D±N9E�Å {/A6H Ý�E/A(~w@ � H-I�|ML�D6HJ| ��L�H-DÉC9HJE/G �OI]L©=9AF>*=9A6HJ{/DF{ % ÔaÓ Î)Â L�HJ|±L�@9=�L�AML7Å�L�GwD�Ç
>*G�AFE/ÅÛHJE/GwDÉ|6@9A¤I � L�G�L�I-Æ)|FE(N)@V|F�MÌ&{/�VLON9E(Õ}@&|ML�G&>�Å¯Ç �7E/D6DFE}L�G�L�I-Æ)|FE±=¯E/A6��E/D6DML�GwDÉN � @9D6H-I-HJ|FE/A IJE7|³I-HJE/G&|
~p@9HtE$ÙÛHJ|FDFE/GwD}E/GpD6AFE½�7E7|(N9E/@)Ù |F�MÌ&{/�VL*|}E/D}L�H-G&|6HÜN � E/G�L�Å >*H-A}@9G&E,��E/H-I-IJE/@9AFE½�7>*�W=9AF{/Ì&E/G&|6HJ>*G Î
Ø¤G)Ý&GtÇ�IJE;|F�MÌ&{/�VL ! Õ
��Õ =?>�|M|FÍ7N9EV@9G&E;�7>*�W=9IJE$Ù)H-DF{.|6@9=9=9IJ{/��E/GwDML�H-AFE g H-I±| � {7�/A6H-D^E/G ��>*G&�/D6HJ>*G
N � @9G&E,ÅÛH-DFE7|F|FEaIJ>Û��L�IJE�Ç&�7E,~p@9HtG&>*@&|}L���Í/G&E2�WAF{�L�I-HJ|FE/A±@9G&E½L�G�L�I-Æ)|FE,IJ>Û��L�IJE Î

� ��� �,µ¯¹© ³��� �R�(�F�	��£¤ª T�F�©�Mª¶��}�½¡ �©� ©¡¯�±°	�F²³��£¨ª�µ<�(�F�(�F¡?£ ¹^�}�����
� ²¤�^£

Ó,L�G&|;IJE ��L*|�Ì&>*��>*K Í/G&E�Ç�>*G�G&E =9AFE/G&N =�L*|�E/G �7>*�W=9DFETIJE�DFE/A6��ET|F>*@9AF�7E (Q(x, u) = 0)
Î ÃÜE

|6Æ)|6DFÍ/��EaÌpÆp=¯E/A6C?>*I-HJ~p@&E,=9AF{7|FE/GpDF{O=9AF{7�7{7N9E/�W��E/GpD ��� Î �#�É=9AFE/G&N L�IJ>*AF|±I]L���>*A6��E,|6@9H-Å*L�GpDFE g




∂u

∂t
+
∂f(u)

∂x
= 0 0 < t < T

u(x, 0) = u0(x), ∀x ∈ Ω ⊂ R.

�=B Î �#�

Ú G�|6@9=9=?>�|ME�ÇÜN&L�G&|½�7E/D6DFE�=�L�A6D6HJE�ÇÜ~p@&E f E7|FDO@9G&E���>*G&�/D6HJ>*G�N9E
R

N&L�G&|
R

N9EV�/I]L*|M|FE C2 E/D½~p@&E
u0 ∈ L∞(Ω)

Î�Ú G H-GpD6AF>pN)@9H-D}{/KwL�IJE/��E/GpDBI � E7|F=�L*�7E X = Ω × [0, T [
Î

Ú G�AML�=9=¯E/I-IJE�~p@&EWIJEW|6Æ)|6DFÍ/��E (4.1) =?E/@9D^L*N)��E/D6D6AFE�=9I-@&|6HJE/@9AF|©|F>*I-@9D6HJ>*G&|½L�@�|FE/G&|½N9E7|½N)HJ|6D6A6H-C9@)Ê
D6HJ>*G&| ��|F>*I-@9D6HJ>*G&|��"L�H-C9IJE7| � @��VL�HJ|a@9G&E©|ME/@9IJE^|M>*I-@9D6HJ>*G û =¯>�|F|FÍ7N9E©@9GT|ME/G&|B=9ÌpÆÛ|FHJ~w@&E�Ç¯� � E7|6D$��N)H-AFE
|ML�D6HJ| ��L�H-D �,I]LO�7>*G&N)H-D6HJ>*G.N � E/GpD6AF>*=9HJE Î �aA6@ �7Ò >�Å  �aA6@�G*����LON9{/��>*GpD6AF{B@9G�D6Ì&{7>*AFÍ/��EBN � E$Ù)HJ|6DFE/G&�7E�E/D

�D.



� ����� � � ���� � � ������ ��� � � ��� � ��� ��� � � ��� �������� � � � ����������� � �� � ��� ���

N � @9G9HJ�/H-DF{ON9EaI]L	|M>*I-@9D6HJ>*G#��L�H-C9IJE,E/GpD6AF>*=9HJ~w@&E û |F>*@&|±�7E/A6DML�H-G&E7|}�7>*G&N)H-D6HJ>*G&| Î"� �/H"ÇÛG&>*@&|}L*N)��E/D6D6AF>*G&|
�7EaAF{7|6@9I-DML�D(|M>*@&|(N9E7|�ÌwÆÛ=?>*D6Ì&Í7|ME7|(N9EaAF{/K�@9I]L�A6H-DF{,=¯>*@9A u0,

�3Å >*H-A  ×aÕ .)��� � @)G&>*@&|}|6@9=9=?>�|ME/AF>*G&|±N9E
=9I-@&|B~w@&E u0 ∈ BV (Ω)

Î
Þ<>*@9AON9{/DFE/A6�WH-G&E/AO@9GX|F�FÌ&{/�VL;Gp@9��{/A6HJ~w@&E	=¯E/A6��E/D6DML�GwDON � >*C9DFE/G9H-AON9E7|,|M>*I-@9D6HJ>*G&|OL�=9=9AF>p�MÌ&{7E7|ON9E
(4.1) IJE7|n��E/H-I-IJE/@9AFE7|�=¯>�|F|6H-C9IJE7|�Ç�H-I ��L�@9D¤~p@&E �7EÉ|F�MÌ&{/�VL}=¯>�|F|FÍ7N9EÉ�7E/A6DML�H-G&E7|�=9AF>*=9A6HJ{/DF{7|³~p@&E G&>*@&|¤L�I Ê
IJ>*G&| AML�=9=?E/IJE/A ÎpÚ G�E$ÙÛ=9I-HJ~p@&E(E/G�=�L�A6D6HJ�/@9I-HJE/A�ÇÛ�7E±~w@&E(AFE/=9AF{7|FE/GwDFE/GpD IJE7|¤G&>*D6HJ>*G&|ÉN9E(�7>*G&|6HJ|FDML�G&�7E�Ç N9E
|6DML�C9H-I-H-DF{�Ç*N9E ��>*G&>*DF>*G9HJE�E/D<N9E Å*L�A6H]L�D6HJ>*G	DF>*DML�I9N)H-�WH-Gw@�L�GpDFE � % Ô�Ó � Î�Ú G	L�D6DFE/G&N	N � @9GW|F�MÌ&{/�VL(Gp@)Ê
��{/A6HJ~p@&E ~p@ � H-Ip�7>*GpÅ E/A6K EÉÅ E/AF|ÜI � @9G9HJ~p@&E |M>*I-@9D6HJ>*G^E/GpD6AF>*=9HJ~w@&EÉN)@½=9AF>*C9IJÍ/��EÉ=¯>�|F{�ÇL�Å E7� I]L(��E/H-I-IJE/@9AFE
=9AF{7�/HJ|6HJ>*G�=?>�|F|FH-C9IJE Î
Ú G.�7>*G&|6HJN9Í/AFE�@9G;=�L*|±N9E}DFE/�W=&|�@9G9H���>*A6��E ∆t = tn+1 − tn,∀n ∈ N

L�H-G&|FH?~p@ � @9G&EaN)HJ|F�/AF{/D6HJ|ML�D6HJ>*G
@9G9H���>*A6��E±E/GWE7|6=�L*�7E�Ç*N9E =�L*|�N � E7|6=�L*�7E h = xj+ 1

2

−xj− 1

2

,∀ j ∈ Z
Î 
B>*@&|�H-GpD6AF>pN)@9HJ|F>*G&|¤{/KwL�IJE/��E/GpD

IJE7|±H-GpDFE/A6Å*L�I-IJE7| Ij =]xj− 1

2

, xj+ 1

2

[ E/D Tn = [tn, tn+1[
Î

Ú GUG&>*DFE/AML uh
I]L^|F>*I-@9D6HJ>*G L�=9=9AF>Û�FÌ&{7E½L�@.|FE/G&|ÉÅ >*I-@9��E7|�Ý&G9HJ|(L�H-G&|6H�N9{$Ý&G9HJE g uh(x, t) = un(x) |FH

t ∈ Tn
Ç&E/D un(x) = un

j
|6H x ∈ Ij

Î
ÓaE,=9I-@&|�Ç)G&>*@&|(H-GwD6AF>ÛN)@9HJ|F>*G&|}IJE7|(ÌwÆÛ=?>*D6Ì&Í7|FE7|�Ç9G&>*DML�D6HJ>*G&|}E/D(N9{$Ý&G9H-D6HJ>*G&|�|6@9H-Å�L�GwDFE7| g

� �^�#� IJE7|0��>*G&�/D6HJ>*G&| f ′ E/D f” KwL�AFN9E/GwD}@9G |6H-K�G&E,�7>*G&|6DML�GwDBG&>*G Gw@9In�FÌ�L*�/@9G&E Î

� �a� � u0
E7|FD(N9EO|6H-K�G&E,�7>*G&|6DML�GpD}G&>*G Gp@9I Î

Þ<>*@9A(Ý9Ù9E/A±IJE7|±HJN9{7E7|�Ç�>*G�|6@9=9=¯>�|FE/AML 0 < um ≤ u0(x) ≤ uM
Î

��Ó	�#��|FH u = v Ç a(u, v) = f ′(u) Ç&|FH u 6= v Ç a(u, v) = a(v, u) =
f(v) − f(u)

v − u

Î

��Ó,� � an
j+ 1

2

= a(un
j , u

n
j+1)

Î

��Ó�4 � αn = sup
(j∈Z)

Sn
j+ 1

2

sn
j+ 1

2

Ç
>�� Sn

j+ 1

2

= max
(
|f ′(un

j )|, |f ′(un
j+1)|

) E/D sn
j+ 1

2

= min
(
|f ′(un

j )|, |f ′(un
j+1

)
|) Î

��Ó B � fpm = min(|f ′(um)|, |f ′(uM )|) Ç fpM = max(|f ′(um)|, |f ′(uM )|) Ç αmax =
fpM

fpm

Î

��Ó,� � G = {w ∈ R/ |w| ≤ αmax ‖ u0 ‖L∞(R)}
Î

��Ó , � M = sup | f ′(w) |, w ∈ G
Î

��Ó8G � ∆Xn
j+ 1

2

= Xn
j+1 −Xn

j

Î

�#� ���Ë� � �&�w� � %&���#��� ���"� �(\ ��� � �!#����� � � � � �Ü��� ���(��� �����

ÓaE+�"L�;7>*G.K {/G&{/AML�IJE�Ç�>*G.=¯E/@9D}{7�/A6H-AFE,@9G |F�MÌ&{/�VLVL�@)ÙUÔ³>*I-@9��E7| Ï H-G9HJ|(|F>*@&|(I]L���>*A6��E g

un+1
j = H(un

j−q, ..., u
n
j+q)

�=B Î � �
>�� q ∈ Z

Î ÃtE,|M�FÌ&{/�VL �=B Î � �±E7|6D(N)H-D� 2q + 1 =?>*H-GpDF| Î

,��



� ����� � ����� � � � ������� � � � �� ����� � ��� � � 	 �% � � � ��� � � �

�#� ����� � �³��� � � ��� ��� � ���*�����
���

� Î ÈÉ>*GwÅ E/A6K E/G&�7E
Ú G��7>*G&|6HJN9Í/AFE,@9G�E7|F=�L*�7E+��>*G&�/D6HJ>*G9G&E/InN9EOÑ±L�G�L*�FÌ E Ç&�½@9G9HnN9EaI]LWG&>*A6��E ||.||E

Î
0 m�+ � qzk�q ��� U , '�, ' Z fL *�z�6�V57#
D #pf�c/d$29%���;8 c/� dF1*fK5�8$�<&w8$f��9 ED 1*�! *�68 k  �*f&cB+'D 8 cË')� dM8 E c �
8/�³c�8$#Û+-8�V8$f�� c$� ||û− uh||E ≤ C1h

k 1*# C1
8$c$� #pf?8^dF1�f9c$�"�*f��Ë8O�3f� w% '98$f� ��f��Ë8  w8 h 87�  w8

∆t )
� Î ÈÉ>*G&|FE/A6Å*L�D6H-ÅÛH-DF{

0 m�+ � qzk�q ��� U , '�, / / f�c/d$29%���;f&#�V%$�$��5/#98B'98$#)�Éc78,V8/�����F8½c/1*#pc �71*�IV8^dF1*f&c78$��5�����$5�8 ��c �
�z+n8 	 �]c/�Ë8 q ∈ Z

8/�³#Ûf?8 �71*f�d7����1*fXdF1*f����3f&#&8 φ : R
2q −→ R

�Ë8$+0c©5/#&8

un+1
j = un

j − r
(
φ(un

j−q+1, ...., u
n
j+q) − φ(un

j−q, ...., u
n
j+q−1)

)
, ∀j ∈ Z

8/� n ≥ 0,

1�� un
j = u(xj , t

n) � φ(un
j−q+1, ...., u

n
j+q)

8 c/�³+J8�OÉ# 	 f�#�V%$�$��57#98W8/� r =
∆t

h
)

4 Î ÈÉ>*G&|6HJ|6DML�G&�7E
0 m�+ � qzk�q ��� U , '�, ? - 8;c7d$2)%����f&#�V%$�$��5/#98T8 c/�OdF1*f9c$�]c/�"�*f��½�*#�c�8$f9c  p8 c �91�+0#"V8 c � �3f&�zc
/ � � �·dF1*f9c$�]c/�"�*f�� 4 �©��5�86dT+'D %657#)������1*f¸�*# 	  w%$�$�Q5*%F8 cW')���$���"8$+3+-8 c (4.1) �½c$�,+-8 OÉ# 	 f&#"V%$� ��5/#&8
5�%$�$� =É8©+-�;dF1*f� *������1*f�c$#p�$5�*f��Ë8 )

φ(uj−q+1, uj−q+2, ......, uj+q) = f(u) 5/#9�*f� ui = u, ∀i �Ë8$+<5/#98 j− q+1 ≤ i ≤ j+ q.

0 m�+ � qzk�q ��� U , '�, U / f^c/d$2)%#W�O8$c$�  *�3� X O # 	 dF1*f����zf&#©+0� '�c7d$2w���UG/�"8$f��9cMD �3+Û8 	 �zc$�Ë8 #Ûf?8ÉdF1*f9c/�"�*f��Ë8
C �Ë8$+3+J8©57#98\)
|φ(uj−q+1, uj−q+2, ......, uj+q) − f(u)| < Cmax |uj+k − u| 1�� − q + 1 ≤ k ≤ q.

0 m�+ � qzk�q ��� U , '�, � / fTc/d$2)%#W��f&#"V%$�$��5/#&8W8 c/�ÉdF1�f9c �zc$�"�*f��  ED 1*�! *�F8 p �*# c78$f9c  w8$c b � B%��
�68$f?dM8 c � �zf���8 c / b � � dF1�f9c �zc$�"�*f�� 4 �?c �¯+!D 8$�$�68/#p�C p8±���61*f�dF����#Û�F8Y *#	c/d$29%���.5�%$�$� =É8±+-�^dF1*f� *������1*f
c #Û�Q5��f��Ë8�)

‖ET‖E ≤ C0h
p,

��5�86d
ET (x, t) =

1

∆t
[û(x, t+ ∆t) −H (û(x− qh, t), ..., û(x+ qh, t))] ,

8/� C0
8 c$� #Ûf?8½dM1*f9c$�"��f��Ë8©�zf1 w%Ë'98$f1 �*f��Ë8  w8 h 8/�  p8 ∆t )

B Î*! DML�C9H-I-H-DF{
Ó � @9G&E½�VL�G9HJÍ/AFE½K {/G&{/AML�IJE�Ç�>*G�N)H-AML�~p@&E,IJEO|M�FÌ&{/�VL �=B Î � �±E7|6D(|6DML�C9IJE©N&L�G&|(I � E7|6=�L*�7E E |6HnE/D
|FE/@9IJE/��E/GwD�|6H ||uh||E AFE7|FDFEaC?>*A6G&{ Î
0 m�+ � qzk�q ��� U , '�, ' / f c7d$2)%����f&#�V%$�$��5/#98T8 c/�, *��� E c/�"�w!$+J8Uc7D �3+(8 	 �zc$�Ë8 #pf?8 dF1*f&c$�"�*f��Ë8
C2 > 0 � �zf1 w%Ë'98$f1 �*f��Ë8  w8 h 8/�  p8 ∆t �Ë8/+z+J8^5/#98�)

‖uh‖E ≤ C2.

,)�



� ����� � � ���� � � ������ ��� � � ��� � ��� ��� � � ��� �������� � � � ����������� � �� � ��� ���

Õ}E/�VL�AF~p@&E g Ó,L�G&|(IJEO��L*|}I-H-G&{�L�H-AFE½>�� f(u) = au Ç&>*G =¯E/@9D}=9AFE/G&N)AFE©�7>*�W��E½E7|6=�L*�7E+��>*G&�$Ê
D6HJ>*G9G&E/I E = L2(X) Ç�E/D�@9D6H-I-HJ|FE/A�I � L�G�L�I-ÆÛ|ME©N9E Ï >*@9A6HJE/AOLÝ&GTN � {/D6@&N)HJE/AaI]L�|6DML�C9H-I-H-DF{ Î¯Ú GTÅ�L
{/KwL�IJE/��E/GwD�@9D6H-I-HJ|FE/A(IJEaAF{7|6@9I-DML�D}|F@9H-Å*L�GpD g
! >*H-D(IJEO|F�MÌ&{/�VL	Gw@9��{/A6HJ~p@&E

un+1
j =

+q∑

l=−q

clu
n
j+l

>�� IJE7|(�7>ÛE��V�/HJE/GwDF|��7>*G&|6DML�GwDF| cl (−q ≤ l ≤ q) N9{/=¯E/G&N9E/GwDBN9E a E/D r Î

Ø¤G H-G��6E7�/DML�GwD}N&L�G&|±IJE,|M�FÌ&{/�VL)Ç)IJEa��>ÛN9E,N9E Ï >*@9A6HJE/A [g(θ)]n eijθ Ç9>*G >*C9D6HJE/GwD(I]L^Å�L�IJE/@9A(N)@
��L*�/DFE/@9A}N � L��W=9I-H Ý���L�D6HJ>*G g g(θ) =

+q∑

l=−q

cle
ilθ Î

ÃtEV|F�MÌ&{/�VL.Gp@9��{/A6HJ~w@&E�E7|6D L2 |6DML�C9IJE;L�@�|FE/G&|ON9E7|©N)H��¯{/AFE/G&�7E7|OÝ&G9HJE7|½|6H³E/D©|FE/@9IJE/��E/GwD	|6H
|F>*G	�"L*�/DFE/@9A}N � L��W=9I-H Ý���L�D6HJ>*G g(θ) Å {/A6H Ý�E

|g(θ)| ≤ 1, ∀θ ∈ R. �=B Î 4 �
ÃÜL	AFE/I]L�D6HJ>*G (4.3) E7|6D}L�=9=¯E/I-IJ{7EO�7>*G&N)H-D6HJ>*GTN9EaÔ³>*G)Ê 
BE/@9�VL�G9G Î
ÓaL�G&| IJE(��L*| G&>*GVI-H-G&{�L�H-AFEB>*GV@9D6H-I-HJ|FEBN � L�@9D6AFE7| E7|6=�L*�7E7| ��>*G&�/D6HJ>*G9G&E/IJ| �7>*�W��E�Çp=�L�A E$Ù9E/�W=9IJE�Ç
E = L∞(X) >*@.C9HJE/G E = BV (X)

Î
� Î±Â >*G&>*DF>*G9HJE

0 m�+ � qzk�q ��� U , '�, & / f�c7d$2)%���.8 c/� �1*f�1 �"1*f?8,c �¤+'D 1 '&%$�·� �Ë8$#p� H 8 c$� #Ûf?8 �/1*f?d7����1�f�d/�61*�zcI�
c/�*f��Ë8  w8^d$2)� d/#Ûf  p8,c�8 c©�*�<&*#"�8/f��3c6)

, Î Þ¤A6H-G&�/H-=?E©N)@.�VLÙÛH-�©@9�
0 m�+ � qzk�q ��� U , '�, � / f�c7d$2)%��� X q ')1*�3f��3cac/�����zcQ�7�*��� �*#	'?� �3f�d/� '98  *#[�� 	 �$	#� c �

min
i=−q,..., q

un
j+i ≤ un+1

j ≤ max
i=−q,..., q

un
j+i, j ∈ Z

8/� n ∈ N.

Õ}E/�VL�AF~p@&>*G&|}~p@&EaIJE,=9A6H-G&�/H-=?E½N)@.�VLÙÛH-�©@9� H-G&N)@9H-D(I]LW|FDML�C9H-I-H-DF{ L∞ Î
G Î0% Ô�Ó

Þn>*@9A;IJE7|���>*G&�/D6HJ>*G&|�@9D6H-I-HJ|M{7E7|�N&L�G&|;�7E.D6AML7Å�L�H-I"ÇÉ>*G @9D6H-I-HJ|FE�I]LXN9{$Ý&G9H-D6HJ>*G N9E�I]L�Å�L�A6H]L�D6HJ>*G
DF>*DML�IJE g

TV (u) = lim
ε→0

sup
1

ε

∫ T

0

∫ ∞

−∞
|u(x+ε, t)−u(x, t)|dxdt+lim

ε→0
sup

1

ε

∫ T

0

∫ ∞

−∞
|u(x, t+ε)−u(x, t)|dxdt.

Õ}E/�VL�AF~p@&>*G&|}~p@&E uh
{/DML�GwD��7>*G&|6DML�GwDFE½=�L�A±��>*AF�7E�L�@)Ù¯Ç��7E/D6DFEON9{$Ý&G9H-D6HJ>*G H-G&N)@9H-D g

TV (uh) =
N∑

n=0

J∑

j=−J

[
∆t
∣∣un

j+1 − un
j

∣∣+ h
∣∣∣un+1

j − un
j

∣∣∣
]

=
N∑

n=0

[
∆tTVR (un) +

∥∥un+1 − un
∥∥

L1(Ω)

]

>�� J E/D N |F>*GpD}N9E7|(E/GpD6HJE/AF|±Ý&G9HJ|}>*@.H-G)Ý&G9HJ|�Ç&E/D

TVR(un) =
J∑

j=−J

|un
j+1 − un

j |.

,��



� ����� � ����� � � � ������� � � � �� ����� � ��� � � 	 �% � � � ��� � � �

0 m+ � qzk�q � � U ,='(,  / f�c7d$2)%���;f&#"V%$�$��5/#&8V8$c$�9 *��� TV D / �9��� ��������1*f � 1��"��+-8 b %6d/�61*�zcMc7�*f��Ë8�4�c �
8/� c78/#p+J8�V8$f�� c � /%51*�3���¯')���^8 	 8�B'�+J8 � � - 8�5 ����$�4

TVR(un+1) ≤ TVR(un), ∀n ∈ N.

( i9v�x<i:�k�q !psny�q3u%��v � upv�v�!*lÜmÛo�i9v�v � snv � � �*o�u q � !H��mpo�u � k�i&y3u
� G |F�FÌ&{/�VLVE7|6D(N)H-D(|F>*@&| ��>*A6��E,H-G&�/AF{/��E/GpDML�IJE©| � H-It| � {7�/A6H-D}|F>*@&|±I]L ��>*A6��E g

un+1
j = un

j + cn
j+ 1

2

(
un

j+1 − un
j

)
− dn

j− 1

2

(
un

j − un
j−1

)
.

ÕBE/�VL�AF~w@&>*G&|B~w@&EaI � >*G =¯E/@9D({/KwL�IJE/��E/GwDa{7�/A6H-AFE g

un+1
j = dn

j− 1

2

un
j−1 +

(
1 − cn

j+ 1

2

− dn
j− 1

2

)
un

j + cn
j+ 1

2

un
j+1.

�=B Î B �
Ú G LWL�IJ>*AF|}IJE7|±AF{7|6@9I-DML�D}|F@9H-Å*L�GpD g

( � � x � v�qzk�q ��� U , '�, ' � / fRc/d/2)%���Xf&#"V%$�$��5/#&8 �½%6d/�$�3�,c/1*#pcV+-���/1��IV8 / �()���4�8 c$� TV D c71*#wc�+ �
dF1�f� *������1*f c # � c/��f��Ë8�)

cn
j+ 1

2

≥ 0, dn
j+ 1

2

≥ 0 8/� cn
j+ 1

2

+ dn
j+ 1

2

≤ 1, ∀j ,∀n.
b 8½'�+ #wc �B�3+�5�%$�$� =É8;+J8½'��$�zf�d7�e'98  �# �� 	 �$	#� +-1�dF�*+ �O87�,8$c$�. 1*f�d L∞ c$�"�w!/+-8�c71*#pc�+-�XdF1*f� *������1*f
c$# � c7�*f��Ë8 )

cn
j+ 1

2

≥ 0, dn
j− 1

2

≥ 0 87� cn
j+ 1

2

+ dn
j− 1

2

≤ 1, ∀j, ∀n.

�#� ���z� ��� 	�	±��� �³� ���³��� ���³�������� � �*��� ��� �³� � ��� ���Ë���*������� �³��� �
� �Ü� ��%t�(���)�

Ú G AML�=9=¯E/I-IJE,HJ�/Ht~p@&E/IJ~w@&E7|}AF{7|6@9I-DML�DF|±@9D6H-IJE7| g

� lÜm � �C<po�u � $-mprtsnq 19i&y3u � ! u � u � i 3 O
� lÜm � �C<po�u U , '�, '�' � P ��� ���%$ / f_c/d$29%����f�#�V%$�$��57#98�+ �zf¯%6�*�3�68 b � � dF1*f&c �zc$�"�*f��a8 c$� L2 �Ëc$�"�w!$+J8Vc �
8/� c78/#p+J8�V8$f�� c �¤�3+n8 c$��dF1*fK5�8$�<&w8$f���)

� lÜm � �C<po�u U , '�, ':/ ��R � � 1�$ P #�' ')1�c71*f9cB5/#&8 u0 ∈ BV (R), � ��+ 1*� c±#pf;c7d$2)%���©f&#"�%/� ��5/#&8±c71*#pc
�71*���8^dF1�f9c78$��5�����$5�8 �9X_OÉ# 	 dM1*f����3f���V8$f�� + �e'�c/d$2w���UG/�"8$f�� TV D 8/� L∞ c$�"�w!$+J8 ��8$c$��dF1*f75�8/�2&w8/f���)

� lÜm � �C<po�u U , '�, ' ? ��R � � 1�$ / f^c/d$2)%#W�,f&#�V%$�$��5/#98Éc/1*#pc7�/1��IV8�dF1*f&c78$��5�����$5�8 �ÜdF1*f&c �zc$�"�*f�� � L∞

c/�"�w!$+J8 �VdF1*f75�8/�2&w8/f�� �;8/�VdF1�f9c �zc$�"�*f�����5�86d_�"1*#)�Ë8XdF1*f� ��3����1*f  ED 8$f����61 '��"8 �VdF1*fK5�8$�<&w8 5�8$� cT+'D #Ûf&��5/#&8
c71*+0#)����1*fX8/f����·1$'���57#98\ �#^'��·1p!$+-4#�8 )

( � � v�mprtsÜu � !wuwv � u y3iXx � � x"�*q3m k�m � u o ���"� k ��� q3u O
, 4



� ����� � � ���� � 	�� � � � � � � �

� lÜm � �C<po�u U , '�, ' U ��R � � 1�$ / fVc/d$2)%#W�©�*# 	 51�+0#"V8 c =³f&�zc �1*f�1��"1�f?8(5/#Û�p'98$#)��c�8VV8/�����F8�c71*#wc
�71*���8^dF1�f9c78$��5�����$5�8 �(8 c$� f?%6dM8$cMc/���z�F8�V8$f�� TV D 8/� L∞ c$�"�w!$+J87)

� lÜm � �C<po�u U , '�, ' � ��R � � 1�$ / f�c/d$2)%#W�]�1*f�1��"1�f?8½8/�ÉdF1*f9c$�]c/�"�*f�� 8$c$�³f¯%6dM8 c c/�*�3�68#�8/f��ÉdM1*f9c �zcI�
�"�*f�� ��5�8Fd	�"1*#Û�Ë8	dM1*f� *������1�fL ED 8$f����61 '��"87)

� ��� �,µ¯¹© ³����¬^£ � �^ª��(�^�³¥

ÃtE½|F�FÌ&{/�VLWN9E½Õ(@&|ML�G&>�Å;|F>*@&|0��>*A6��EO�7>*G&|ME/A6Å*L�D6H-Å EO| � {7�/A6H-D g

un+1
j = un

j − rn
[
φ(un

j , u
n
j+1) − φ(un

j−1, u
n
j )
]
,

>�� rn = ∆tn

h

Î
ÃtE E&@)Ù;Gp@9��{/A6HJ~w@&E©N9EOÕ(@&|ML�G&>�Å;E7|FD(N9>*G9G&{,=�L�A  Õ(@&| ,)���

φ(un
j , u

n
j+1) =

1

2

(
f(un

j ) + f(un
j+1)

)
− 1

2
Sn

j+ 1

2

(un
j+1 − un

j ),

>�� Sn
j+ 1

2

AFE/=9AF{7|ME/GwDFE©I]LWÅÛH-DFE7|F|FE,IJ>Û��L�IJE½N9E©Õ(@&|ML�G&>�Å @�E/I-IJE½N9{/=¯E/G&N�N9E7|�N9E/@)Ù.{/DML�DF|BÅ >*HJ|6H-G&| un
j

E/D
un

j+1
E/D}| � {7�/A6H-D Sn

j+ 1

2

= max(|f ′(un
j )|, |f ′(un

j+1)|).

�#� � �Ë� S����������#��� ��� � !��Ü�$�&%&'�� �

Ú G�|MEa=9I]L*�7EON&L�G&|±IJEO��L*|(>�� f(u) = au Ç a ∈ R
Î

ÃÜLWÅpH-DFE7|F|MEaIJ>p��L�IJE,N9EOÕ}@&|ML�G&>�Å Sn
j+ 1

2

E7|6D}L�IJ>*AF|}{/KwL�IJE2� |a| =?>*@9A±DF>*@9D j Î

ÃtE½|F�FÌ&{/�VL	=9AFE/G&NTL�IJ>*AF|±I]L ��>*A6��EO|6@9H-Å�L�GwDFE g

un+1
j = un

j − rn(a− |a|)
2

(un
j+1 − un

j ) − rn(a+ |a|)
2

(un
j − un

j−1),

L�@9D6AFE/��E/GpD�N)H-DÉ>*GVAFE/D6AF>*@9Å EBIJE}|F�MÌ&{/�VLON9{7�7E/GpD6AF{�ÇÛ�7>*G&|FHJ|6DML�GwD�N � >*AFN)AFE©��ÇwE/D |6DML�C9IJEB|F>*@&| I]LO�7>*G&N)H Ê
D6HJ>*G CFL g

rn |a| ≤ 1.

�#� � ��� S����"���
� �������&����� � !#�Ü�$�&%
'��³�

Ó,L�G&|}�7E½��L*|�Ç&>*G |FEO�7>*GpDFE/GwDFE/AML�N9E,��>*GwD6AFE/A�IJE7|±=9AF>*=9A6HJ{/DF{7|�N9EO�7>*G&|6HJ|6DML�G&�7E�Ç�N9EO|6DML�C9H-I-H-DF{ L∞ E/D
N9E % ÔaÓ Î

( � � x � v�qzk�q ��� U , / , '.- 8,c7d$2)%���  w8Y�}#wc7�*f�1�5�8 c/� XBO # 	 dF1*f����zf&#.+ � '�c/d$2p�3�UG7��8$f )
,CB



� ����� � ����� � � � ������� � � � �� ����� � ��� � � 	 �% � � � ��� � � �

0 mÛo � � v7k���i)k�q ��� O
∣∣φ(un

j , u
n
j+1) − f(u)

∣∣ =

∣∣∣∣∣
1

2

(
f(un

j+1) + f(un
j )
)
−
Sn

j+ 1

2

2
(un

j+1 − un
j ) − f(u)

∣∣∣∣∣

=

∣∣∣∣
1

2

(
f(un

j+1) − f(u)
)

+
1

2

(
f(un

j ) − f(u)
)

−
Sn

j+ 1

2

2
(un

j+1 − u+ u− un
j )

∣∣∣∣∣ ;

��{/DML�GwD³@9G&E(��>*G&�/D6HJ>*G�AF{/K�@9I-HJÍ/AFE�Ç >*GW=¯E/@9D³N9>*G&�}L�=9=9I-HJ~p@&E/A³IJE�D6Ì&{7>*AFÍ/��E(N9E7| L*�7�/AF>*HJ|M|FE/��E/GwDF|³Ý&G9HJ| g
H-ItE$Ù)HJ|6DFEaN9E/@)Ù�Å�L�IJE/@9AF| c1 ∈

[
min(un

j+1, u),max(u
n
j+1, u)

] E/D c2 ∈
[
min(un

j , u),max(u
n
j , u)

] Ç
DFE/I-IJE7|B~w@&E g

∣∣φ(un
j , u

n
j+1) − f(u)

∣∣ =
1

2

∣∣∣f ′(c1)(un
j+1 − u) + f ′(c2)(u

n
j − u) − Sn

j+ 1

2

(un
j+1 − u)

+Sn
j+ 1

2

(un
j − u)

∣∣∣

≤ 1

2

(∣∣∣f ′(c1) − Sn
j+ 1

2

∣∣∣
∣∣un

j+1 − u
∣∣+
∣∣∣f ′(c2) + Sn

j+ 1

2

∣∣∣
∣∣un

j − u
∣∣
)

≤ max
(∣∣∣f ′(c2) + Sn

j+ 1

2

∣∣∣ ,
∣∣∣f ′(c1) − Sn

j+ 1

2

∣∣∣
)

max
0≤i≤1

∣∣un
j+i − u

∣∣

≤ 2fpM max
0≤i≤1

∣∣un
j+i − u

∣∣ .

( � � x � v�qzk�q ��� U , / , / P 1�#wcO+-��dM1*f� *������1�f
rn Sn

j+ 1

2

≤ 1, ∀j ∈ Z
8/� ∀n ≥ 0, �=B Î � �

+J8Oc/d$2)%#W�.8 c/� � � b 8/� L∞ c/�"�w!$+J87)

0 mÛo � � v7k���i)k�q ��� O
ÃtET|F�MÌ&{/�VL�N9E�Õ}@&|ML�G&>�Å E7|FDV@9G�|M�FÌ&{/�VL �XD6AF>*HJ|�=?>*H-GpDF|L@³H-IaL*N)��E/DUL�IJ>*AF|�@9G&E @9G9HJ~p@&E	��>*A6��E
H-G&�/AF{/��E/GpDML�IJE g

un+1
j = un

j − rn

2

[
(f(un

j+1) − f(un
j )) + (f(un

j ) − f(un
j−1)) − Sn

j+ 1

2

(un
j+1 − un

j )

+ Sn
j− 1

2

(un
j − un

j−1)
]

= un
j +

rn

2


Sn

j+ 1

2

−
∆fn

j+ 1

2

∆un
j+ 1

2


∆un

j+ 1

2

− rn

2




∆fn
j− 1

2

∆un
j− 1

2

+ Sn
j− 1

2


∆un

j− 1

2

>�� ∆fn
j+ 1

2

= f(un
j+1) − f(un

j )
Î

Ú G =¯E/@9D}L�IJ>*AF|}{7�/A6H-AFEOI � {7~w@�L�D6HJ>*G =9AF{7�7{7N9E/GpDFE©|M>*@&|±I]L ��>*A6��EOH-G&�/AF{/��E/GwDML�IJE^|6@9H-Å*L�GpDFE g

un+1
j = un

j + cn
j+ 1

2

∆un
j+ 1

2

− dn
j− 1

2

∆un
j− 1

2

,��
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L�Å E7�

cn
j+ 1

2

= −r
n

2

∆fn
j+ 1

2

∆un
j+ 1

2

+
rnSn

j+ 1

2

2

E/D

dn
j− 1

2

=
rn

2

∆fn
j− 1

2

∆un
j− 1

2

+
rnSn

j− 1

2

2
.

ÃtE½|F�FÌ&{/�VLWE7|FD % Ô�Ó |6H g

dn
j+ 1

2

≥ 0 , cn
j+ 1

2

≥ 0 E/D dn
j+ 1

2

+ cn
j+ 1

2

≤ 1.

Ó � L�=9AFÍ7|(I � ÌpÆp=¯>*D6Ì&Í7|FE H1 Ç&E/D±=�L�A}N9{$Ý&G9H-D6HJ>*GTN9E Sn
j+ 1

2

, >*G L cn
j+ 1

2

≥ 0 E/D dn
j+ 1

2

≥ 0.
Ó � L�@9D6AFE,=�L�A6D�Ç9I]L��7>*G&N)H-D6HJ>*G�È Ï Ã�N9>*G9G&E

cn
j+ 1

2

+ dn
j+ 1

2

= rnSn
j+ 1

2

≤ 1;

IJEO|M�FÌ&{/�VLWE7|6D(N9>*G&� % Ô�Ó Î

Þ�L�A�L�H-I-IJE/@9AF|�Ç&I � ÌwÆÛ=?>*D6Ì&Í7|FE H1 G&>*@&|}N9>*G9G&E©L�@&|F|6H
∣∣∣∣
∆fn

j+1
2

∆un

j+1
2

∣∣∣∣ ≤ Sn
j+ 1

2

Ç9�7EO~p@9H�H-�W=9I-HJ~w@&E½~w@&E

0 ≤ cn
j+ 1

2

≤ 1
2

E/D(~p@&E 0 ≤ dn
j+ 1

2

≤ 1
2 ,

=¯>*@9A±DF>*@9D j E/D±DF>*@9D n Î
Ú G LTN9>*G&� 0 ≤ cn

j+ 1

2

+ dn
j− 1

2

≤ 1 Ç��7EU~w@9HÉH-G&N)@9H-D�~p@&EVIJE;=9A6H-G&�/H-=¯E;N)@R�VLÙ)H-�½@9�¦IJ>Û��L�I±E7|6D
|ML�D6HJ| ��L�H-D�Ç9E/D(H-�W=9I-HJ~p@&EON9>*G&�O~p@&EaIJEO|F�MÌ&{/�VLWE7|6D L∞ |6DML�C9IJE Î

� � 	 �,µ¯¹© ³��� � ��
� � �µn�}ª¶¹©�B��� � ²¤�^£ �

ÃtEB|F�FÌ&{/�VL ! Õ*
��BÕ � ! >*I-Å E/@9AÉN9E}Õ(HJE/�VL�G9G 
�>*G ��>*��>*K Í/G&E}Õ}@&|ML�G&>�Å �¤L½{/DF{(N9{7�/A6H-DÉE/D E$ÙÛ=9I-HJ~p@&{
=9AF{7�7{7N9E/�W��E/GpD ÎÛÚ GWAML�=9=¯E/I-IJE�HJ�/H&~w@ � H-I9| � {7�/A6H-D�Ç�N&L�G&|�IJE±��L*|¤|F��L�I]L�H-AFE,�7Ó�Ì&>*��>*K Í/G&E�Ç |F>*@&|�I]L*��>*A6��E
|6@9H-Å�L�GwDFE g





un
j+ 1

2

=
1

2
(un

j + un
j+1) −

αn
j+ 1

2

2Sn
j+ 1

2

[
f(un

j+1) − f(un
j )
]

un+1
j = un

j − rn
j [φ(un

j , u
n
j+1) − φ(un

j−1, u
n
j )].

�=B Î , �

Ú G =¯>�|FE rn
j =

∆tn

hj

Î
ÃtE E&@)Ù;Gp@9��{/A6HJ~w@&E©N9E ! Õ*
��BÕ¸E7|6D(N9{$Ý&G9Ht=�L�A g

φ(un
j , u

n
j+1) = f(un

j+ 1

2

).

,D,
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�#�3� �Ë� S����������#��� ��� � !��Ü�$�&%&'�� �

Ú G�|MEa=9I]L*�7EON&L�G&|±IJEO��L*|(>�� f(u) = au Ç a ∈ R
Î

ÃÜLWÅpH-DFE7|F|MEaIJ>p��L�IJE,N9EOÕ}@&|ML�G&>�Å Sn
j+ 1

2

E7|6D}L�IJ>*AF|}{/KwL�IJE2� |a| =?>*@9A±DF>*@9D j Î

�}Ý&G N9E©��E/G&E/ABI � L�G�L�I-Æ)|FE©N)@T|F�MÌ&{/�VLVN � @9GT=¯>*H-GwDBN9E©ÅÛ@&E½N)H���{/AFE/G&�7E7|}Ý&G9HJE7|�Ç&G&>*@&|�|6@9=9=?>�|ME/AF>*G&|
N&L�G&|}I]L^=�L�A6D6HJEO~w@9Ht|F@9H-D}~w@&E αn

j+ 1

2

= β E/D rn
j = r |F>*GwDB�7>*G&|6DML�GwDF| Î

� Î L2 |6DML�C9H-I-H-DF{ gÚ G =?E/@9DB{7�/A6H-AFE,IJE,|F�FÌ&{/�VL ! Õ*
��BÕ¶|M>*@&|±I]L���>*A6��E,|6@9H-Å*L�GpDFE g

un+1
j = un

j − ν

2

(
un

j+1 − un
j−1

)
+
ν

2
β sgn(a)

(
un

j+1 − 2un
j + un

j−1

)
, �=B Î G �

L7Å E7� ν = ar
Î

Ø¤G H-G��6E7�/DML�GwD un
j = [g(θ)]n eijθ N&L�G&| �=B Î G �$Ç�>*G >*C9D6HJE/GwD

g(θ) = 1 − ν i sin(θ) + |ν|β (cos(θ) − 1) .

Ú GT=¯>�|FE x = sin2
(

θ
2

) Ç�E/D Ψ(x) = ν2 − |ν|β + ν2
(
β2 − 1

)
x @?>*GT��>*GwD6AFEWL�IJ>*AF|a~w@&E½IJE

|F�FÌ&{/�VLVE7|6D L2 |6DML�C9IJE�Ç&|FHtE/D}|FE/@9IJE/��E/GwD�|6H g(θ)2 ≤ 1 Ç9�7E½~w@9Ht{7~p@9H-Å*L�@9D�� Ψ(x) ≤ 0
Î

ÃÜL���>*G&�/D6HJ>*G Ψ(x) {/DML�GwD�L
��G&E�Ç9=?>*@9AB~w@&E Ψ(x) ≤ 0, ∀x ∈ [0, 1] Ç�H-It|6@ ��D(N9EaÅ {/A6H Ý�E/A}~p@&E
Ψ(0) ≤ 0 E/D}~p@&E Ψ(1) ≤ 0.Þn>*@9A�~p@&ET�7E7|.�7>*G&N)H-D6HJ>*G&| |F>*HJE/GwD | L�D6HJ| ��L�H-DFE7|U|6H-�©@9I-DML�G&{/��E/GwD�Ç}H-Ia|F@ ��D.L�IJ>*AF|.N � L�Å >*H-A.I]L
�7>*G&N)H-D6HJ>*G

|a|r ≤ min

(
β,

1

β

)
. �=B Î - �

�}H-G&|6HÜIJE,|F�FÌ&{/�VL ! Õ
��Õ¶E7|6D L2 |6DML�C9IJE,|F>*@&|(�7E/D6DFE½�7>*G&N)H-D6HJ>*G Î

� Î Ó Ï ÊË�7>*G&|6HJ|FDML�G&�7E g
Ã � E/A6AFE/@9ABN9E,D6AF>*G&��L�D6@9AFE©N)@ |F�FÌ&{/�VLV| � {7�/A6H-D g

ET (x, t) =
1

2
h|a| (|ν| − β) uxx(x, t) + o(h2).

ÃtEV|F�MÌ&{/�VL�E7|FD½N9>*G&�V�7>*G&|6HJ|FDML�GwD	N � >*AFN)AFE���ÇÜ| L�@?�±|FH β = |ν| ÇÜL�@&~p@&E/I ��L*|½IJEV|F�MÌ&{/�VL�E7|6D
�7>*G&|6HJ|6DML�GwD�N � >*AFN)AFE½� ��>*G.AFE/D6AF>*@9Å E½IJE,|F�FÌ&{/�VLVN9E,ÃÜLÙpÊ���E/G&N)AF>���� Î

4 Î ÈÉ>*GwÅ E/A6K E/G&�7E
ÃtEX|F�FÌ&{/�VL ! Õ*
��BÕº{/DML�GpD�Ó Ï ÊË�7>*G&|FHJ|6DML�GwD�E/D L2 |FDML�C9IJEXN&L�G&|UIJEX��L*|.I-H-G&{�L�H-AFE�Ç�=�L�A.IJE
D6Ì&{7>*AFÍ/��E½N � {7~p@9H-Å*L�IJE/G&�7E©N9E,ÃÜLÙ¯Ç�E7|6D(�7>*GwÅ E/A6K E/GpD Î
Õ}E/�VL�AF~p@&>*G&|©~p@&E�IJEVDML�@)Ù�N9EVN)H��¯@&|6HJ>*G_N)@�|F�FÌ&{/�VL E7|6D©N)H-AFE7�/DFE/��E/GpD	I-HJ{ �.I]L Å*L�IJE/@9A^N)@
=�L�AML���Í/D6AFE β Î

ÈÉ>*G&|6HJN9{/AF>*G&|©�VL�H-GwDFE/G�L�GpD	IJE7|½=9AF>*=9A6HJ{/DF{7|^|ML�D6HJ| �"L�H-DFE7|O=�L�AOIJE�|F�FÌ&{/�VL ! Õ*
��BÕ®|F>*@&|OI � L�G9K�IJEVÅ >�Ê
I-@9��E7|(Ý&G9HJ| Î

,HG



� � � � � � ���� � � � � ��� � � � � � �� � ��� ��� �

� Î Ô Ï ÊË�7>*G&|6HJ|6DML�G&�7E g
ÄB@�L�G&N un

j = un
j+1

L�IJ>*AF| un
j+ 1

2

= un
j

E/D	N9>*G&��IJE E&@)Ù�Gw@9��{/A6HJ~p@&E φ(un
j , u

n
j ) E7|6D©{/KwL�I �

f(un
j ) @9IJE,|M�FÌ&{/�VL�E7|FD(N9>*G&�O�7>*G&|6HJ|6DML�GpD Î

� Î ÃtEO|F�MÌ&{/�VL ! Õ*
���Õ¶E7|6D*� E&@)Ù.�7>*GwD6H-Gw@TI-H-=&|F�MÌ9H-D �7HJE/G8@
E/G�E)�¯E/D�Ç�>*G�L

f(un
j+ 1

2

) = φ(un
j , u

n
j+1) =

a

2

[
(un

j + un
j+1) − β sgn(a)(un

j+1 − un
j )
]

E/D}N9>*G&��Ç9=¯>*@9A±DF>*@9D u ∈ R
Ç

∣∣φ(un
j , u

n
j+1) − f(u)

∣∣ =
|a|
2

∣∣[(1 − β sgn(a)) (un
j+1 − u) + (1 + β sgn(a)) (un

j − u)
]∣∣

≤ |a| max(|1 − β sgn(a)| , |1 + β sgn(a)|) max
0≤i≤1

|un
j+i − u|

≤ |a| (1 + β) max
0≤i≤1

∣∣un
j+i − u

∣∣ ≤ |a| (1 + βmax) max
0≤i≤1

∣∣un
j+i − u

∣∣ .

4 Î±Â >*G&>*DF>*G9HJE gÚ G =?E/@9DB{7�/A6H-AFE,IJE E&@)Ù;Gp@9��{/A6HJ~w@&E©|F>*@&|±I]L���>*A6��E,|6@9H-Å�L�GwDFE g

H(un
j−1, u

n
j , u

n
j+1) = un+1

j = un
j − ν

2

[
(1 − β sgn(a)) (un

j+1 − un
j )+

(1 + β sgn(a)) (un
j − un

j−1)
]
. �=B Î . �

Ú G Å�L_{/DML�C9I-H-A.IJE7|;�7>*G&N)H-D6HJ>*G&|U=¯>*@9A.~w@&E H |F>*H-D;IJ>p��L�IJE/��E/GpD �/AF>*HJ|F|ML�GpD.=�L�A�AML�=9=¯>*A6D �
�FÌ�L*�/@9G N9E½|FE7|}L�A6K�@9��E/GwDF| g

∂H

∂un
j

≥ 0

⇔
(
1 − ν

2
β sgn(a)(2)

)
≥ 0

⇔ |a|r ≤ 1

β
. �=B Î ��� �

Õ}E/�VL�AF~p@&E g Ú G�L	ÅÛ@ ~w@&E,�7E/D6DFE½�7>*G&N)H-D6HJ>*G N9E/Å�L�H-D*�/D6AFE,Å {/A6H Ý�{7E,=¯>*@9A}~p@&EaIJEO|F�FÌ&{/�VL�|F>*H-D
L2 |6DML�C9IJE Î
Ó � L�@9D6AFE½=�L�A6D�Ç

∂H

∂un
j+1

≥ 0 ⇔ β ≥ |a|
a
,

E/D
∂H

∂un
j−1

≥ 0 ⇔ β ≥ −|a|
a
.

Ú G L	N9>*G&�,I]LW�7>*G&N)H-D6HJ>*GT|6@9H-Å*L�GpDFEON9Ea��>*G&>*DF>*G9HJE g

βn ≥ 1. �=B Î ���#�
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ÃÜL��7>*G&N)H-D6HJ>*G (4.8) N9E/ÅpHJE/GpDBL�IJ>*AF|(HJN9E/GpD6HJ~w@&E½N&L�G&|}�7E,��L*|�^I]L	�7>*G&N)H-D6HJ>*G (4.10)
Î

Ú GTE/G�N9{7N)@9H-DB~p@&EO=¯>*@9A(IJEO��L*|}I-H-G&{�L�H-AFE�Ç�IJEO|M�FÌ&{/�VL ! Õ
��Õ¸{/DML�GpD+� E&@)Ù.�7>*GpD6H-Gw@�I-H-=&|F�MÌ9H-D �7HJE/G
E/D,��>*G&>*DF>*G&E�Ç¯H-I¤E7|6D TV D E/D L∞ |6DML�C9IJE	|F>*@&|aIJE7|,�7>*G&N)H-D6HJ>*G&| (4.10) E/D (4.11) ÇÜE/D,H-I�E7|FDaN9>*G&�
�7>*GpÅ E/A6K E/GwD Î
( � � !wy�snv�q ��� O Ó � L�=9AFÍ7|	IJE�D6Ì&{7>*AFÍ/��E �=B Î � Î �54 �$Ç¤N&L�G&|	IJEU��L*|^I-H-G&{�L�H-AFE�Ç�IJEU|F�FÌ&{/�VL ! Õ
��Õ�E7|6D
L∞ |6DML�C9IJE�Ç?�7>*GwÅ E/A6K E/GpDOE/D}��>*G&>*DF>*G&E ��N9>*G&�©�7>*G&|FHJ|6DML�GwD,L7Å E7�^DF>*@9DFE^�7>*G&N)H-D6HJ>*GTN � E/GpD6AF>*=9HJE#� Î ÃÜL
|F>*I-@9D6HJ>*G�N)@�=9AF>*C9IJÍ/��E©I-H-G&{�L�H-AFE^>*C9DFE/Gw@&E^=�L�A}IJE©|F�FÌ&{/�VL ! Õ*
��BÕj�7>*GwÅ E/A6K E^N9>*G&�©Å E/AF|}I � @9G9HJ~p@&E
|F>*I-@9D6HJ>*G E/GwD6AF>*=9HJ~p@&E½N)@ =9AF>*C9IJÍ/��E Î

�#�3� ��� S����"���
� �������&����� � !#�Ü�$�&%
'��³�

Ó,L�G&|}�7E½��L*|�Ç&>*G |FEO�7>*GpDFE/GwDFE/AML�N9E,��>*GwD6AFE/A�IJE7|±=9AF>*=9A6HJ{/DF{7|�N9EO�7>*G&|6HJ|6DML�G&�7E�Ç�N9EO|6DML�C9H-I-H-DF{ L∞ E/D
N9E TV D Î

Ú G |MEa=9I]L*�7EON&L�G&|(IJE,��L*|±K {/G&{/AML�I<>��.IJE,=�L�AML���Í/D6AFE αn
j+ 1

2

N9{/=¯E/G&N.N9E j E/D(N9E n Î

Ú G =¯E/@9D({7�/A6H-AFE,IJEO|M�FÌ&{/�VL ! Õ
��Õ¶|F>*@&|±I]L ��>*A6��E

φ(un
j , u

n
j+1) = f(g(un

j , u
n
j+1)) = (fog)(un

j , u
n
j+1)

L�Å E7�

g(un
j , u

n
j+1) = un

j+ 1

2

=
1

2


(un

j + un
j+1) −

αn
j+ 1

2

Sn
j+ 1

2

(
f(un

j+1) − f(un
j )
)

 .

ÈÉ>*�W��E f E7|FDÉ@9G&E��>*G&�/D6HJ>*G.N9E��/I]L*|M|FE C1 Çp>*GU=¯E/@9D(L�=9=9I-HJ~w@&E/A�IJE�D6Ì&{7>*AFÍ/��E,N9E7|±L*�7�/AF>*HJ|F|FE/��E/GwDF|
Ý&G9HJ| g
H-IaE$ÙÛHJ|FDFE c ∈

[
min (un

j+ 1

2

, u),max (un
j+ 1

2

, u)
] Ç c1 ∈

[
min (un

j+1, u),max (un
j+1, u)

] E/D c2 ∈
[
min (un

j , u),max (un
j , u)

] Ç)DFE/I-IJE7|}~p@&E g
∣∣φ(un

j , u
n
j+1) − f(u)

∣∣ =
∣∣f
(
g(un

j , u
n
j+1)

)
− f(u)

∣∣

=
|f ′(c)|

2

∣∣∣∣∣∣
un

j + un
j+1 −

αn
j+ 1

2

Sn
j+ 1

2

[f(un
j+1) − f(u) − f(un

j ) + f(u)] − 2u

∣∣∣∣∣∣

≤
∣∣f ′(c)

∣∣max



∣∣∣∣∣∣
1 −

αn
j+ 1

2

Sn
j+ 1

2

f ′(c1)

∣∣∣∣∣∣
,

∣∣∣∣∣∣
1 +

αn
j+ 1

2

Sn
j+ 1

2

f ′(c2)

∣∣∣∣∣∣


 max

0≤i≤1

∣∣un
j+i − u

∣∣ .

ÃtE½|F�FÌ&{/�VLWE7|FD}N9>*G&�$� E&@)Ù.�7>*GwD6H-Gw@TI-H-=&|F�MÌ9H-D �7HJE/G Î

( � � x � v�qzk�q ��� U , ? , ' Z f�')1�c�8 αn
j+ 1

2

= (αn
j+ 1

2

)1 =
Sn

j+1
2

sn

j+1
2

,∀j,∀n )
� +-1*� c�c71*#pcO+ �;dF1*f� ��3����1*f

,D.
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αnMrn ≤ 1, �=B Î ��� �
+J8,c/d$2)%#W� P � � � �®8 c$� TV D �¤�68$c"'986d��Ë8	+J8É'��$�3f�d/� '98  *#[�� 	 �$	#�`87�É8 c/�  1�f�d L∞ c$�"�w!$+J87)

( ��ups41�u�O

�>*@&|ÉÅ >*@9IJ>*G&|±{/DML�C9I-H-A(~w@&EB=?>*@9A�DF>*@9D p ∈ N

ÇÛE/DÉ=¯>*@9A�DF>*@9D j ∈ Z
ÇpIJE7|�N9E/@)Ù�AF{7|6@9I-DML�DF|±|6@9H-Å�L�GwDF| g

Õ©�#� min(up
j−1, u

p
j , u

p
j+1) ≤ up+1

j ≤ max(up
j−1, u

p
j , u

p
j+1)

@
Õ�� � TV (up+1) ≤ TV (up)

Î
ÕBE/�VL�AF~w@&>*G&|B~w@&EaIJEaAF{7|6@9I-DML�DBÕ½�aH-G&N)@9H-D(I]L L∞ |6DML�C9H-I-H-DF{ON9Í7|±IJ>*AF|}~w@&E u0 ∈ L∞(Ω)

Î
�BÆp=¯>*D6Ì&Í7|FE�N9EÉAF{7�/@9A6AFE/G&�7E g |6@9=9=¯>�|F>*G&|�~w@&EÉIJE7|�AF{7|6@9I-DML�DF|¤Õ©�ÉE/D¤Õ��B|M>*GwD�Å {/A6H Ý�{7|¤=¯>*@9A p ≤ n−1

Î
ÃtEV|F�FÌ&{/�VL ! Õ
��Õ E7|6D,@9G�|F�MÌ&{/�VL �;D6AF>*HJ|,=¯>*H-GwDF| Î<� I L*N)��E/D©L�IJ>*AF|,@9G&E	@9G9HJ~p@&E���>*A6��EWH-G&�/AF{$Ê
��E/GpDML�IJE Î Þ<>*@9A}I � {/DML�C9I-H-A�Ç�{7�/A6H-Å >*G&|}I � {/DML�=?EO=9AF{7N)HJ�/DFE/@9AB|F>*@&|�I]L���>*A6��E,|6@9H-Å�L�GwDFE g





un
j+ 1

2
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1
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1 −

αn
j+ 1

2

Sn
j+ 1

2
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j+ 1

2


∆un

j+ 1

2
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j+ 1

2
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1

2


1 +

αn
j+ 1

2

Sn
j+ 1

2

an
j+ 1

2


∆un

j+ 1

2

.

�=B Î �54 �


�>*DF>*G&| γn
j+ 1

2

=
αn

j+ 1

2

Sn
j+ 1

2

an
j+ 1

2

Î

ÕBE/�VL�AF~w@&>*G&|�L�IJ>*AF|(~w@&EaI � >*G�=?E/@9D}{7�/A6H-AFE g

un
j+ 1

2

=
1

2
(1 + γn

j+ 1

2

)un
j +

1

2
(1 − γn

j+ 1

2

)un
j+1.

�=B Î � B �
Ú G @9D6H-I-HJ|ME,I]L ��>*A6�©@9IJEON9E7|BL*�7�/AF>*HJ|M|FE/��E/GwDF|(Ý&G9HJ|L@9IJE E&@)Ù.Gw@9��{/A6HJ~p@&E½| � {7�/A6H-D}L�IJ>*AF| g

φ(un
j , u

n
j+1) = f(un

j+ 1

2

) = f(un
j ) +

1

2
(1 −

αn
j+ 1

2

Sn
j+ 1

2

an
j+ 1

2

)∆un
j+ 1

2

a(un
j , u

n
j+ 1

2

),

= f(un
j ) +

1

2
(1 − γn

j+ 1

2

)∆un
j+ 1

2

a(un
j , u

n
j+ 1

2
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>*@�E/G&�7>*AFE

φ(un
j , u

n
j+1) = f(un

j+ 1

2

) = f(un
j+1) −

1

2
(1 + γn

j+ 1

2

)∆un
j+ 1

2

a(un
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n
j+ 1

2

).

�BH-G&|6H"Ç9>*G =¯E/@9D±AF{7{7�/A6H-AFEOIJE,|F�MÌ&{/�VL�|F>*@&|�I]L@��>*A6��E
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2
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j

2
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γn

j+ 1

2

sgn(f ′) − sgn(f ′)
]
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j , u
n
j+ 1

2

) |≤ rn
j

2 (αn − sgn(f ′))M
E/D
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2
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j

2

[
γn

j− 1

2

sgn(f ′) + sgn(f ′)
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n
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2
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2

+ dn
j± 1

2

≤ αnrn
jM ≤ 1.

Óa>*G&�O�7E,|F�MÌ&{/�VL�E7|6D TV D E/D L∞ |6DML�C9IJE½|F>*@&|±I]L	�7>*G&N)H-D6HJ>*G�È Ï Ã Î

�#�3� �z� � � ��� ����� �)���Ë� � ��	 � � ��� ' � �w� � ��� � �
��� �n�"� � �����T�F\ ����� 	±� 	���������� ��� ���

Ó,L�G&|W�7E/D6DFEU=�L�A6D6HJE�Ç¤G&>*@&|	G&>*@&|W=9AF>*=¯>�|F>*G&|WN9E;��>ÛN)@9IJE/A�I]L Å*L�IJE/@9A�N)@R=�L�AML���Í/D6AFE N9E.�7>*GpD6AXW*IJE
E/G ��>*G&�/D6HJ>*G N)@R�7>*�W=?>*A6DFE/��E/GpDWIJ>p��L�I�N)@R|F�FÌ&{/�VL Î Þ<>*@9A	�7E/I]L G&>*@&|WL�I-IJ>*G&|	{/Å*L�I-@&E/A^I � >*AFN)AFEUN)@
|F�MÌ&{/�VL ! Õ
��Õ Î ÃtE,|F�MÌ&{/�VLW=¯E/@9D({/KwL�IJE/��E/GwDa| � {7�/A6H-AFE,|F>*@&|±I]L@��>*A6��E g

un+1
j = H(un

j−1, u
n
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n
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H(x−1, x0, x1) = x0 − rn
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∂x

[
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∂u

∂x
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+ O(∆t2)

L�Å E7�
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1

2r2

i=1∑
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i2
∂H

∂xi
(u, u, u) − 1

2
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a∆t

hj

Î

Ã � E/A6AFE/@9A}N)@ D6AF>*G&��L�D6@9AFE�Ç�L�@�=?>*H-GpD (x, t) Ç&E7|FD(N9{$Ý&G9HJE,=�L�A

ET (x, t) =
1

∆t
[u(x, t+ ∆t) − ũ∆t(x, t)] ,

G -



� ����� � ����� � � � ��� ��� � � ��� � � �������� � � 	���� ������	 �%� � � � 	 � � � ��� � � ����������� � �
	 � � � ������� � � ������ ��	 ��������� 	 � � � ���� � � � � ��� � � � ��� ����	 �% � � � ��� � �����
>�� u(., t+∆t) E/D ũ∆t(., t)

|F>*GpD³IJE7| |F>*I-@9D6HJ>*G&| E$Ù9L*�/DFEBE/D³Gw@9��{/A6HJ~p@&E(AFE7|F=?E7�/D6H-Å E/��E/GpD�Ç&�aI � H-G&|FDML�GwD
t+ ∆t

Î

hji&q�y3y3i ) uTs � q�� � �*o�u g
Ó,L�G&|	IJEU��L*|WN � @9G �VL�H-I-I]L�K EU@9G9H���>*A6��E � hj = h �7>*G&|6DML�GpD�Ç ∀j ∈ Z

�$Ç¤L�=9AFÍ7|�L�Å >*H-A�E)�¯E7�/D6@&{U@9G
N9{/Å E/IJ>*=9=¯E/��E/GwDaN9E % L�ÆpIJ>*A�Ç�I � E/A6AFE/@9ABN9EaD6AF>*G&��L�D6@9AFE½>*C9DFE/Gp@&E½E7|6D g

ET (x, t) =
ah

2
(ν − 1)uxx + o(h2) + o(∆t).
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��{/D6Ì&>ÛN9E7|}N9EO��L�IJ�/@9InN)@.K�AML*N)HJE/GwD}=9AF{7�7{7N9E/�W��E/GpD�N9{$Ý&G9HJE7| Î

-)�



� ����� ����	 ��� � � � ��� � � � �

( i&y=!ws<y � uTy&$-u+� ��ups"� � u k�� ��� ! i)k�s4��u
� Î h mwk�l � � u � uwv � q�� m+�u � ! upv + � q3uwv�O
�}=9AFÍ7|�L7Å >*H-A(H-G��6E7�/DF{ u′

j
E/D u′

j−1
N9>*G9G&{7|(=�L�A ��� Î - �ÉN&L�G&|}I � {7~w@�L�D6HJ>*G ��� Î G �±>*G�>*C9D6HJE/GwD g

un+1
j = un

j − νj(u
n
j − un

j−1)
��� Î ���#�

− νj

2

[
hj

hj+ 1

2

+ hj− 1

2

(un
j+1 − un

j−1) −
hj−1

hj− 1

2

+ hj− 3

2

(un
j − un

j−2)

]
.

Ø¤G�E)��E7�/D6@�L�GwD}IJE½N9{/Å E/IJ>*=9=?E/��E/GpDBN9E7|}~p@�L�GwD6H-DF{7|
un

j+1 = u(xj +hj+ 1

2

, tn) Ç un
j−1 = u(xj −hj− 1

2

, tn) E/D un
j−2 = u(xj − (hj− 1

2

+hj− 3

2

), tn)
L�@ Å >*HJ|6H-G�L�K EON9E (xj , t

n) Ç9>*G�>*C9D6HJE/GpD

un
j+1 = u(xj + hj+ 1

2

, tn) = u(xj , t
n) + hj+ 1

2

ux(xj , t
n) +

h2
j+ 1

2

2
uxx(xj , t

n) + o(h3
j+ 1

2

),

un
j−1 = u(xj − hj− 1

2

, tn) = u(xj , t
n) − hj− 1

2

ux(xj , t
n) +

h2
j− 1

2

2
uxx(xj , t

n) + o(h3
j− 1

2

),

E/D

un
j−2 = u(xj − (hj− 1

2

+ hj− 3

2

), tn) = u(xj , t
n) − (hj− 1

2

+ hj− 3

2

)ux

+
(hj− 1

2

+ hj− 3

2

)2

2
uxx + o(hj− 1

2

+ hj− 3

2

)2.

Ã � E/A6AFE/@9ABN9E,D6AF>*G&��L�D6@9AFE©| � {7�/A6H-DBL�IJ>*AF| g

ET (xj , t
n) = ut(xj, t

n) + aux(xj , t
n) − a

2hj

[
h2

j− 1

2

+
hj

2
(hj− 1

2

− hj+ 1

2

)

− hj−1

2
(hj− 1

2

+ hj− 3

2

)

]
uxx(xj , t

n) + o(h2
j± 1

2

) + o(∆t).

ÈÉEO|F�FÌ&{/�VL�E7|6D}N9>*G&�O�7>*G&|6HJ|FDML�GwD}N � >*AFN)AFE��½E/G E7|6=�L*�7EOE/D(E/G DFE/�W=&| Î
� Î h mwk�l � � u � uwv�o � q �"� ��uwv ! i:�C��mwv�O

Ø¤G�@9D6H-I-HJ|ML�GpD}IJE,��{/��EO=9AF>p�7{7N9{O~p@&E,=9AF{7�7{7N9E/�W��E/GpD�Ç¯L�Å E7�,IJE7|}~p@�L�GwD6H-DF{7| u′

j
E/D u′

j−1
N9>*G)Ê

G&{7E7|(=�L�A ��� Î . �$Ç&>*G >*C9D6HJE/GpD}I � E/A6AFE/@9A�N9EaD6AF>*G&��L�D6@9AFE g

ET (xj , t
n) = ut(xj , t

n) + aux(xj, t
n) − a

2hj


h2

j− 1

2

+
hj(h

3
j− 1

2

− h3
j+ 1

2

)

2(h2
j+ 1

2

+ h2
j− 1

2

)

−
hj−1(h

3
j− 1

2

+ 2hj− 1

2

h2
j− 3

2

+ h3
j− 3

2

)

2(h2
j− 1

2

+ h2
j− 3

2

)


uxx(xj , t

n) + o(h2
j± 1

2

) + o(∆t).

ÈÉEO|F�FÌ&{/�VL�E7|6D}N9>*G&�O�7>*G&|6HJ|FDML�GwD}N � >*AFN)AFE��½E/G E7|6=�L*�7EOE/D(E/G DFE/�W=&| Î

-��



� ����� � ����� � � � ��� ��� � � ��� � � �������� � � 	���� ������	 �%� � � � 	 � � � ��� � � ����������� � �
	 � � � ������� � � ������ ��	 ��������� 	 � � � ���� � � � � ��� � � � ��� ����	 �% � � � ��� � �����
4 Î h mwk�l � � u � u # ��uwu � O �}=9AFÍ7|ÜL�Å >*H-AtH-G��6E7�/DF{ u′

j
E/D u′

j−1
N9>*G9G&{7|Ü=�L�A ��� Î ��� ��N&L�G&|�I � {7~p@�L�D6HJ>*G ��� Î G �$Ç

>*G�>*C9D6HJE/GwDBI � E/A6AFE/@9A}N)@ D6AF>*G&��L�D6@9AFE½|F@9H-Å*L�GpDFE g

ET (xj , t
n) = ut(xj , t

n) +
a

hj

[
hj

4
+

3hj−1

4
+
hj+1

4
− hj−2

4

]
ux(xj , t

n)

− a

2hj


h2

j− 1

2

+
hj−1hj− 1

2

2
−
hj−1h

2
j− 1

2

4hj− 3

2

−
hj+1hj+ 1

2

4

−
hj−2(hj− 1

2

+ hj− 3

2

)2

4hj− 3

2

]
uxx(xj , t

n) + o(h2
j± 1

2

) + o(∆t).

( uWv2!�lnmpo�i � $-uwv7k � ��� !^x<i9v ! ��� v�q3v7k�i � k ��L�@�|FE/G&|¤N9E7| N)H��¯{/AFE/G&�7E7|�Ý&G9HJE7| ��L7Å E7�±I � {7~p@�LÊ
D6HJ>*G L�@)Ù N9{/A6H-Å {7E7|(=�L�A6D6HJE/I-IJE7| ��� Î �#� Î

S;upo�i:�rtsnu O
Ó,L�G&|BIJEO��L*|BN � @9G �VL�H-I-I]L�K EO@9G9H���>*A6��E½IJE7|}D6AF>*HJ|(��{/D6Ì&>ÛN9E7| ��{7~p@9H-Å�L�IJE/GwDFE7|aN&L�G&|B�7E½��L*| �±N9>*G9G&E/GpD
I � E/A6AFE/@9A�N9EaD6AF>*G&��L�D6@9AFE g

ET (x, t) = ut(x, t) + aux(x, t) +
∆t

2
utt(x, t) + o(∆t2) + o(h2).

Óa>*G&��Ç&N&L�G&|}IJEO��L*|(N � @9G �VL�H-I-I]L�K E½@9G9H���>*A6��E�Ç&�7E½|F�FÌ&{/�VLVE7|6D(�7>*G&|6HJ|6DML�GpD}N � >*AFN)AFE©�WE/G E7|F=�L*�7EOE/D
N � >*AFN)AFE��,E/G.DFE/�W=&|�Ç&~p@&E/IJ~w@&EO|M>*H-D±IJE,�FÌ&>*H Ù @9D6H-I-HJ|F{a=¯>*@9A(IJE,��L�IJ�/@9IÜN)@ K�AML*N)HJE/GpD Î

� � 	 � ¡¯�±^¡?�F <�? �� ��� ¬^� ª�µ¯¹^ ³���¿¬© ¤µ<£¤�B��¡? �¬U´"�±¡¯¬©¡?£`¬©£¤�½¼Ð£¤� £¤ª �
	�(µ<£(«�¬©�(�^ª �F£¿µ<�(ª ¬U´"�^�^£  ¤¢a�^�����F�(� �F�F�^ ¤�(�6¡¯£ ¹^�}��� � ²¤�^£[ª��½¡
���(�M�F�F� � £¨�^�(� �^�©� �7�±¡¯��£

Ú GTÅ*LV�VL�H-GwDFE/G�L�GpDOAFE/KwL�AFN9E/A,|6HÜIJE7|a|F�MÌ&{/�VL*|aN � >*AFN)AFE 2 E/GXE7|6=�L*�7E½=9AF>*=¯>�|F{7|B=?>�|M|F{7N9E/GwDaI]LV=9AF>�Ê
=9A6HJ{/DF{ % ÔaÓ Î
Ú G��MÌ&>*HJ|6H-D}N9E,D6AML�Å*L�H-I-IJE/A�L7Å E7�OI]L^��{/D6Ì&>ÛN9EON9E7|}��>*H-G&N)AFE7|}��L�A6AF{7|±=¯>*@9A(IJE,��L�IJ�/@9IÜN)@ K�AML*N)HJE/GpD g

u
′

j =
hj+ 1

2

∆uj+ 1

2

+ hj− 1

2

∆uj− 1

2

h2
j− 1

2

+ h2
j+ 1

2

.

�B=9AFÍ7|}L7Å >*H-ABH-G��·E7�/DF{ u′

j
E/D u′

j−1
N&L�G&|±I � {7~p@�L�D6HJ>*G ��� Î G �$Ç�>*G >*C9D6HJE/GwD

un+1
j = un

j − cn
j− 1

2

∆un
j− 1

2

− dn
j+ 1

2

∆un
j+ 1

2

+ bn
j− 3

2

∆un
j− 3

2

, ��� Î ��� �
L�Å E7�

cn
j− 1

2

=


νj +

νjhjhj− 1

2

2(h2
j− 1

2

+ h2
j+ 1

2

)
−

νjhj−1hj− 1

2

2(h2
j− 3

2

+ h2
j− 1

2

)


 ,

dn
j+ 1

2

=
νjhjhj+ 1

2

2(h2
j− 1

2

+ h2
j+ 1

2

)
,
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� � � � � � � � ��� ��� � � � 	 	 � � � ���� � 	 � � � � ����� 	 � ����	 ��� 	�� ��� � � ��� � � � � �
	 � � ����� � � � 	 � � ��� � � ������� � � � � �������%��� � �� � ��� ���
� ���  ���%��� � ��� � � �
� ��� � ������
E/D

bn
j− 3

2

=
νjhj−1hj− 3

2

2(h2
j− 3

2

+ h2
j− 1

2

)
, ∀j ∈ Z.

Þ<>*@9AT~p@&E��7E�|M�FÌ&{/�VL |M>*H-D % Ô�Ó	Ç±H-I©|6@ ��D�N9>*G&��N9E�Å {/A6H Ý�E/A�IJE7|��7>*G&N)H-D6HJ>*G&|T|6@9H-Å�L�GwDFE7| �3Å >*H-A
 �aL�A - 4 � � g

1 − (cn
j+ 1

2

− dn
j+ 1

2

) ≥ 0,

E/D
cn
j+ 1

2

≥ 0, bn
j+ 1

2

≤ 0 et dn
j+ 1

2

≤ 0.

Â L�HJ|(�7E/I]LW�7>*G&N)@9H-D�W@9G&EO�7>*GwD6AML*N)HJ�/D6HJ>*GtÇ?��L�A dn
j+ 1

2

E7|6D(=¯>�|6H-D6H��·Ç a > 0 E/D

hjhj+ 1

2

2(h2
j+ 1

2

+ h2
j− 1

2

)
> 0.

� u v�!*lÜmÛo�iTx"� � x � v�m � u.v�i)k�qzv �Ëi&qzk �"� � !;xni9v M�y3i ! � �4� qzk�q ��� v�s��_v�i � k�u �·i&s v�u � v !wy3i9v 9
v�q3rtsnu � x � s"��� k���u � 5 0 Î ÈÉE/I]L�=9AF>�ÅÛHJE/GwDVN)@ �"L�H-D�~p@&E�IJE7|�K�AML*N)HJE/GwDF|�=¯E/@9Å E/GwD�N9E/Å E/G9H-A�D6AF>*=
H-�W=¯>*A6DML�GwDF| Î Þ<>*@9A�Æ�AFE/��{7N)HJE/A�Ç¤>*GRÅ�L DFE/GpDFE/AVN9E;I-H-�WH-DFE/AW�7E7|	K�AML*N)HJE/GwDF|�Ç¤�7>*�W��EU=9AF>*=¯>�|F{;=�L�A
 ÃtE/Å9��� �ËÇ  ×aÕ .)��� Î
Þ<>*@9A.�7E/I]L�N&L�G&|�I � {7~w@�L�D6HJ>*G ��� Î G �$ÇÉ>*G�Å�LXAFE/�W=9I]L*�7E/A u′

j
E/D u′

j−1
=�L�A ψju

′

j
E/D ψj−1u

′

j−1
Ç >��

ψj = ψ(θj)
E7|6D @9G&E0��>*G&�/D6HJ>*GtÇÛL�=9=¯E/IJ{7EBI-H-�WH-DFE/@9A�ÇwÅ {/A6H Ý�L�GpDÉIJE7| =9AF>*=9A6HJ{/DFE7|�|6@9H-Å*L�GpDFE7|���>*G;=¯>*@9A6AML)Ç

=�L�A}E$Ù9E/�W=9IJE�Ç&�7>*G&|6@9I-DFE/A  ×aÕ .)��� � g
ψ(θj) = 0 |6H θj ≤ 0

0 ≤ ψ(θj) ≤ min (2, 2θj)
|FH θj ≥ 0,

>�� θj
E7|6D±IJEOAML�=9=?>*A6D}N9E,N9E/@)Ù.=¯E/GwDFE7|(�7>*G&|M{7�/@9D6H-Å E7|L@&H-ItE7|6D(N9{$Ý&G9H<�7>*�W��EO|6@9H-D g

θj =
hj+ 1

2

(un
j − un

j−1)

hj− 1

2

(un
j+1 − un

j )
.

ÃtE	|F�MÌ&{/�VLUL7Å E7�^I-H-�WH-DFE/@9A,E/DBK�AML*N)HJE/GpDF|O>*C9DFE/Gw@&|a=�L�AaI]LV��{/D6Ì&>pN9E	N9E7|B��>*H-G&N)AFE7|,��L�A6AF{7|�Ç¯| � {7�/A6H-D
L�IJ>*AF|

un+1
j = un

j −
[
νj −

νjhj−1ψj−1

2hj− 1

2

+
νjhjψj(u

n
j+1 − un

j )

2hj+ 1

2

(un
j − un

j−1)

]
(un

j − un
j−1),

>���>*G�LW=?>�|F{ ψj = ψ(θj)
Ç

>*@�E/G&�7>*AFE�Ç�|F>*@&| ��>*A6��E,H-G&�/AF{/��E/GwDML�IJE

un+1
j = un

j − cn
j− 1

2

∆un
j− 1

2

+ dn
j+ 1

2

∆un
j+ 1

2

,

L�Å E7�
dn

j+ 1

2

= 0

E/D
cn
j− 1

2

= νj

[
1 − 1

2

(
hj−1ψ(θj−1)

hj− 1

2

− hjψ(θj)

hj− 1

2

θj

)]
.
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� ����� � ����� � � � ��� ��� � � ��� � � �������� � � 	���� ������	 �%� � � � 	 � � � ��� � � ����������� � �
	 � � � ������� � � ������ ��	 ��������� 	 � � � ���� � � � � ��� � � � ��� ����	 �% � � � ��� � �����
Þ<>*@9AB~p@&E,�7EO|F�MÌ&{/�VLW|F>*H-D % ÔaÓ^Ç&H-ItN9>*H-D(Å {/A6H Ý�E/A(I]LW�7>*G&N)H-D6HJ>*G�|F@9H-Å*L�GpDFE g

0 ≤ νj+1

[
1 − 1

2

(
hjψ(θj)

hj+ 1

2

− hj+1ψ(θj+1)

hj+ 1

2

θj+1

)]
≤ 1, ∀j E/D ∀n ∈ N.

Óa{/��>*GwD6AF>*G&|BI]L	=¯>�|6H-D6H-ÅÛH-DF{,N9E cn
j+ 1

2

g
Ú G��MÌ&E/AF�FÌ&E��	D6AF>*@9Å E/A(IJE7|(�7>*G&N)H-D6HJ>*G&|B=?>*@9A(~p@&E

0 ≤ 1 − 1

2

(
hjψ(θj)

hj+ 1

2

− hj+1ψ(θj+1)

hj+ 1

2

θj+1

)

�7EO~p@9HtE7|6D({7~p@9H-Å*L�IJE/GpD�

ψ(θj) ≤ 2
hj+ 1

2

hj
+
hj+1

hj

ψ(θj+1)

θj+1
,

>*A 2
hj+ 1

2

hj
=

2

hj

1

2
(hj + hj+1) = 1 +

hj+1

hj

Î
ÃÜL��7>*G&N)H-D6HJ>*G |6@9A±IJEa�VL�H-I-I]L�K E©| � {7�/A6H-D �3Å >*H-AB� Î � �

1

σ + 1
≤ hj

hj+1
≤ σ + 1.

Ú G =¯>�|FE
σ̄ =

σ + 2

σ + 1
≤ 1 +

hj+1

hj
≤ σ + 2.

Ø¤G | � H-G&|6=9H-AML�GwD�N)@.I-H-�WH-DFE/@9ABN9EaÔ L�G)ÊËÃtE7E/A�Ç�>*G H-GwD6AF>ÛN)@9H-D

ψ(θj) =





0 si θj < 0

σ̄θj

1 + θj
si θj ≥ 0.

Ú G LWL�IJ>*AF| 0 ≤ ψ(θj) ≤ σ̄, ∀θj ∈ R, E/D(N9>*G&�

ψ(θj) ≤ σ̄ ≤ 2
hj+ 1

2

hj
≤ 2

hj+ 1

2

hj
+
hj+1

hj

ψ(θj+1)

θj+1
,

N � >�� I]LW=?>�|6H-D6H-ÅÛH-DF{,N9E cn
j+ 1

2

Î
ÈÉ>*G&|6HJN9{/AF>*G&|BE/G&|6@9H-DFE,I]L	�VL:�6>*AML�D6HJ>*G cn

j+ 1

2

≤ 1 g
Ú G =¯>�|FE�Ç)=¯>*@9A±@9G �VL�H-I-I]L�K EON9>*G9G&{�Ç ν̄ = max

j
νj, ∀j ∈ Z

Ç�� hj
{/DML�GwDBC?>*A6G&{#�$Ç�L�IJ>*AF|

cn
j+ 1

2

≤ ν̄

([
1 − 1

2

hjψ(θj)

hj+ 1

2

]
+

[
1

2

hj+1

hj+ 1

2

ψ(θj+1)

θj+1

])
= ν̄ (A+B) .

Ø¤G.=9AFE/G�L�GpD(IJE�I-H-�WH-DFE/@9A(N9EaÔ L�G)ÊËÃtE7E/A�Ç&>*G L A = F (θj)
E/D B = G(θj+1)

>��.IJE7|±N9E/@)Ù ��>*G&�/D6HJ>*G&|
|F>*GpD}N9{$Ý&G9HJE7|(=�L�A

F (x) = 1 − 1

2

hj

hj+ 1

2

σ̄x

(1 + x)
si x ≥ 0 E/D F (x) = 1 |6H x < 0,

-��



� � � � � � ���� � � � � ��� � ��� � ���������� ��� � � � � ��� � ���� �

G(x) =
1

2

hj+1

hj+ 1

2

σ̄

(1 + x)
|6H x ≥ 0 E/D G(x) = 0 |FH x < 0.

Ï E7|6D(|6D6A6HJ�/DFE/��E/GpD�N9{7�/AF>*HJ|M|ML�GwDFEOE/GpD6AFE 0 E/D +∞
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Ã � {/DML�=¯EO�7>*A6AFE7�/DFE/@9AB=9AFE/G&N.I]L���>*A6��E

Un+1
j = Un

j − r
[
F (Un

j+ 1

2

) − F (Un
j− 1

2

)
]

+ ∆tnQ
n
j .

ÈÉ>*�W��E½I]L	|F>*I-@9D6HJ>*G�E7|6D(|6DML�D6HJ>*G9G�L�H-AFE�Ç Un+1
j = Un

j
Ç&E/D(N9>*G&�





r
([
F (Un

j+ 1

2

) − F (Un
j− 1

2

)
])

1
− ∆tn

(
Qn

j

)
1

= 0

r
([
F (Un

j+ 1

2

) − F (Un
j− 1

2

)
])

2
− ∆tn

(
Qn

j

)
2

= 0,

� , Î - �

>���>*G�LWG&>*DF{ (Qn
j

)
k
Ç9I]L k HJÍ/��E �7>*�W=?>�| L�GwDFE½N9E (Qn

j

) Î
ÃÜL�N9E/@)ÙÛHJÍ/��EO�7>*�W=¯>�|ML�GpDFE½N9E � , Î - ��| � {7�/A6H-D�L�IJ>*AF|

r

2
g
[
(hn

j+ 1

2

)2 − (hn
j− 1

2

)2
]
− ∆tn

(
Qn

j

)
2

= 0,

�7EO~p@9H�H-�W=9I-HJ~p@&EO~w@&E
(
Qn

j

)
2

=
g

2∆x

[
(hn

j+ 1

2

)2 − (hn
j− 1

2

)2
]

=
g

2∆x

(
hn

j+ 1

2

+ hn
j− 1

2

)(
hn

j+ 1

2

− hn
j− 1

2

)

=
g

4∆x

(
hn

j+ 1

2

+ hn
j− 1

2

) (
hn

j+1 − hn
j−1

)

= − g

8∆x

(
hn

j+1 + 2hn
j + hn

j−1

)
(zj+1 − zj−1) ,

.HG



������� ������� ���� � � � 	 ��� � � ��	 � ����� � ��� � � � �% � �����

��L�A�Ç&>*GTL hn
j+ 1

2

= 1
2

(
hn

j + hn
j+1

)
.

Ó,L�G&|}I]LW=¯E/AF|6=?E7�/D6H-Å E©N9EOI]L�AF{7|F>*I-@9D6HJ>*G Gp@9��{/A6HJ~w@&E^N9EO=9AF>*C9IJÍ/��E7|��©@9I-D6HJN)H-��E/G&|6HJ>*G9G&E/IJ|aG&>*G
Ì&>*��>*K Í/G&E7|�Ç&@9G.=9AF>*C9IJÍ/��EO�7>*G9Gw@�E7|FD��7E/I-@9HtN)@.C¯>*G.D6AML�H-DFE/��E/GwDBN9E7|(�7>*G&N)H-D6HJ>*G&|}L�@)ÙUI-H-�WH-DFE7| ��E/G
=�L�A6D6HJ�/@9I-HJE/AaN9E7|.� E/GpD6AF{7E7|��OE/D}N9E7|.� |F>*A6D6HJE7|���� Î È � E7|6D(I]LWAML�HJ|F>*G =¯>*@9A(I]L*~w@&E/I-IJE©>*G�E$Ù)=9I-HJ~w@&EON&L�G&|}I]L
|FE7�/D6HJ>*GU|6@9H-Å�L�GwDFE�ÇÛ�7>*�W��E/GwD±>*G.LO�FÌ&>*HJ|FH?N9EBIJE7| D6AML�H-DFE/A Î&Ú GULO@9D6H-I-HJ|F{}IJE7| H-GpÅ*L�A6H]L�GpDF|±N9EBÕ}HJE/�VL�G9G
L*N&L�=9DF{7|��WN9E7|(��L*|±G&>*G Ì&>*��>*K Í/G&E7| Î

� ��� �;¡¯�(�·��£³��£¤�B�¸¬^£¤ª¶µ<�(�©¬^�·���M�(�©ª �(�½¼¿�F� ���·��£¤ª

ÃÜE©D6AML�H-DFE/��E/GpDON9E7|,�7>*G&N)H-D6HJ>*G&|OL�@)Ù I-H-�WH-DFE7|,N � @9G&E^=¯>*H-GwD,N9E^Åp@&E©Gw@9��{/A6HJ~p@&EWE/Da�VL�D6Ì&{/�VLÊ
D6HJ~p@&Ea=?>*@9A±N9E7|±|6Æ)|6DFÍ/��E7|�ÌpÆp=¯E/A6C?>*I-HJ~p@&E7|(E7|6D�@9GU=9AF>*C9IJÍ/��EON)H��V�/H-IJE,~p@9H ��>*H-D�I � >*C?�6E/D(N � @9G.K�AML�G&N
G&>*�©C9AFE}N � {/D6@&N9E7| Î)Ú G�=?E/@9D �/H-DFE/A�Ç�=�L�A E$Ù9E/�W=9IJE�Çw|6@9A³�7E(|F@��·E/D�Ç*IJE7| D6AML7Å�L�@)ÙWN9E�È Î �}H-AF|M�FÌ  �BH-A .��
�ËÇ
Ø Î ×a>pN)IJE �(|FÒpH&E/D Þ Î Ê � Î ÕBL�ÅpH]L�A6D  ×,Õ .D,
�ËÇ �aAFE/HJ|F|  �,Ñ��)� �ËÇ ÏÉÎ Þ<L*|F��L�I�E/D Ö&Î Ê Â�Î ×�Ì9HJN&L�K�I-H]L  ×aÞ ��� �ËÇ
Ó Î�! E/A6AFE  ! E/A .D.��ËÇ ÏÉÎ Ó�@9C¯>*HJ|(E/D}Þ Î ÃtE Ï IJ>Û�FÌ  Ó Ï -D-
�ËÇ&Ó Î"! E/A6AFEOE/D Â�Î ×�HJ|F�/IJ>*G  × ! .HG
� Î
Þ<>*@9AaD6AML�H-DFE/ABGp@9��{/A6HJ~w@&E/��E/GpD,IJE7|}�7>*G&N)H-D6HJ>*G&|,L�@)Ù I-H-�WH-DFE7|aN)@ N9>*�VL�H-G&E^N9E©��L�IJ�/@9I"Ç?>*G�@9D6H-I-HJ|FE½IJE
=9A6H-G&�/H-=¯E�|F@9H-Å*L�GpD g H-I���L�@9D	L�I-IJE/A^�MÌ&E/AF�FÌ&E/A
� �.I � E$Ù)DF{/A6HJE/@9A���N)@_N9>*�VL�H-G&EUL�@9DML�GwD	N � H-G?��>*A6�VL�D6HJ>*G&|
~p@&EaIJE7|}|6H-K�G&E7|}N9E7|±Å*L�IJE/@9AF|(=9AF>*=9AFE7|(G&>*@&|(I � H-�W=¯>�|FE/GpD Î

Ú G_|FE	=9I]L*�7EWHJ�/H"ÇtN&L�G&|½IJE���L*|,��>*G&>ÛN)H-��E/G&|6HJ>*G9G&E/I"ÇnE/D©>*G�@9D6H-I-HJ|FEWI]L���>*A6�½@9I]L�D6HJ>*G��/I]L*|F|6HJ~p@&E
|6@9H-Å�L�GwDFE g >*G G&>*DFE [x0, xl]

I � H-GpDFE/A6Å*L�I-IJE^N � {/D6@&N9E�Ç�~p@&EOI � >*GTN)HJ|F�/AF{/D6HJ|FE©E/G N H-GwDFE/A6Å�L�I-IJE7|L@ xi
|F>*GpD

IJE7|±=¯>*H-GwDF|BN9E,I]L	N)HJ|F�/AF{/D6HJ|ML�D6HJ>*G ��L7Å E7� xN = xl
� Î

Ø¤G)Ý&GtÇ*>*G©G&>*DFE/AML z̄ IJE7|n�7>*�W=¯>�|ML�GwDFE7|¤N9E z H-�W=¯>�|F{7E7|<E/G^E/GpD6AF{7E���E/G x = x0
�tE/D z̃ IJE7|<�7>*�W=¯>�|ML�GwDFE7|

N9E z H-�W=¯>�|F{7E7|(E/G |F>*A6D6HJE���E/G x = xl
� Î

� � � �Ë� S����"� �)���"�����w�_�����#�&����� �

Ú G �7>*G&|FHJN9Í/AFE,IJEO|6Æ)|6DFÍ/��EaÌwÆÛ=¯E/A6C?>*I-HJ~p@&EO|6@9H-Å�L�GwD g





∂u

∂t
+ a

∂u

∂x
= 0

u(x, 0) = u0(x),

. � , Î . �

>�� a E7|6D±@9G&EO�7>*G&|6DML�GpDFE½E/D x =9AFE/G&N N9E7|(Å�L�IJE/@9AF|(N&L�G&|±I � H-GpDFE/A6Å*L�I-IJE [x0, xl]
Î

ÃÜL |F>*I-@9D6HJ>*G L�G�L�I-ÆÛD6HJ~w@&E_N)@¶|6ÆÛ|FDFÍ/��E � , Î . �UE7|6D u(x, t) = u(x − at, 0)
Î ÈÉE/D6DFE�|M>*I-@9D6HJ>*G E7|6D

�7>*G&|6DML�GpDFE½|6@9A±IJE7|}��L�AML*�/DF{/A6HJ|6D6HJ~w@&E7|�N9{$Ý&G9HJE7|(=�L�A x− at = C Ç C {/DML�GpD}�7>*G&|6DML�GpD Î
Ú G��MÌ&E/AF�FÌ&E���L�=9=9I-HJ~w@&E/A}IJE7|(�7>*G&N)H-D6HJ>*G&|BL�@)Ù.I-H-�WH-DFE7|(=¯>*@9A±IJE,|6Æ)|6DFÍ/��E � , Î . � Î
! H a > 0 Ç�I]L�=¯E/GwDFE	N9E^I]L;��L�AML*�/DF{/A6HJ|6D6HJ~w@&E	E7|6Da=¯>�|6H-D6H-Å E g >*GXN9>*H-D,N9>*G&�^H-�W=?>�|ME/A�@9G&E	�7>*G&N)H-D6HJ>*G
N9E,C¯>*AFN.E/G�E/GpD6AF{7E x = x0

@9E/G AFE/Å�L�G&�FÌ&E�Ç&I]L	�7>*G&N)H-D6HJ>*GTN)@.C?>*AFN�E/G |F>*A6D6HJE x = xl
E7|6D±I-H-C9AFE Î

! H a < 0 ÇÛI]L½=?E/GpDFEBN9EBI]L½��L�AML*�/DF{/A6HJ|FD6HJ~w@&EaE7|6DÉG&{/KwL�D6H-Å E g H-I"��L�@9D�N9>*G&��H-�W=?>�|FE/AÉ@9G&E��7>*G&N)H-D6HJ>*GUN9E
C¯>*AFN E/G |F>*A6D6HJE�Ç�L�IJ>*AF|}~w@&EO�7E/I-IJE½E/G E/GwD6AF{7E½E7|FD±�VL�H-GwDFE/G�L�GwD�I-H-C9AFE Î

.D-



� ����� � ����� ��� � ����� � � ����� � ��� � ������	 � � � ���� � ��� � � ��	 � ����� � ��� � �
���� � �����
� � � ��� S������&P �Ü��� ���&� �"���

! >*H-D U(x, t) @9G Å E7�/DFE/@9A�� n �7>*�W=¯>�|ML�GwDFE7| Î?Ú G��7>*G&|6HJN9Í/AFE½IJEO|6Æ)|6DFÍ/��E,ÌpÆp=¯E/A6C?>*I-HJ~p@&E2� n {7~p@�LÊ
D6HJ>*G&|B|6@9H-Å*L�GpD g





∂U

∂t
+A

∂U

∂x
= 0

U(x, 0) = U0(x)

� , Î ��� �

>�� A E7|6D}@9G&EO�VL�D6A6HJ�7E^~w@&E,I � >*GT�7>*G&|6HJN9Í/AFEOHJ�/H.�W�7>ÛE��V�/HJE/GwDF|a�7>*G&|6DML�GwDF|�E/D x =9AFE/G&N�N9E7|}Å*L�IJE/@9AF|
N&L�G&|}I � H-GwDFE/A6Å�L�I-IJE [x0, xl]

Î

� 3tupo�x<y3u O

Ú G =9AFE/G&N A =




6 16 −14
1 3 −2
3 9 −7


 = RΛL.

Ú G G&>*DFE U IJE7|(Å�L�A6H]L�C9IJE7| � �7>*G&|FE/A6Å�L�D6H-Å E7|��½E/D V IJE7|(Å�L�A6H]L�C9IJE7| �Ë=9ÌpÆÛ|6HJ~p@&E7|��OI-HJ{7E7|}=�L�A}I]LWAFE/I]L�D6HJ>*G
V = LU

Î ÃtE7|(�7>*G&N)H-D6HJ>*G&|BH-�W=?>�|F{7E7|}�7>*G&�7E/A6G&E/GwD}IJE7|(Å*L�A6H]L�C9IJE7| �Ë=9ÌwÆ)|6HJ~w@&E7|�� V Î
ÃtE7|}Å*L�IJE/@9AF|(=9AF>*=9AFE7|}N9E A |F>*GwD λ1 = −1 Ç λ2 = 1 E/D λ3 = 2

Î
ÃÜL©|F>*I-@9D6HJ>*G.N)@U|6ÆÛ|FDFÍ/��E}>*C9DFE/Gw@ E/G;N)H]L�K >*G�L�I-HJ|ML�GwD A ÇpE7|FD�L�IJ>*AF|�N9>*G9G&{7EB=�L�A v1(x, t) = v1,0(x−
λ1t), v2(x, t) = v2,0(x− λ2t)

E/D v3(x, t) = v3,0(x− λ3t)
Î

�B@ C¯>*AFN x = x0
Ç³�7>*�W��E λ1 < 0 Ç³>*G G � L�=�L*|�N9E��7>*G&N)H-D6HJ>*G ��H-�W=¯>�|FE/AV|6@9A v1

E/D��7>*�W��E
λ2

E/D λ3
|F>*GwD�|6D6A6HJ�/DFE/��E/GwD;=?>�|FH-D6H-Å E7|�Ç�H-I0�"L�@9D�H-�W=?>�|ME/A�@9G&E��7>*G&N)H-D6HJ>*G |6@9A v2(x0, t) = v̄2

E/D
v3(x0, t) = v̄3

g

~V n
x0

=




vn
1,x0

vn
2,x0

vn
3,x0




=




vn
1,x1

v̄2

v̄3




=
1

2




−un
1,x1

− 5un
2,x1

+ 4un
3,x1

−ū1 − ū2 + 2ū3

2ū1 + 4ū2 − 4ū3




=
1

2




−ū1 − 5ū2 + 4ū3

v̄2

v̄3



. � , Î ���#�

� , Î ���#�^N9>*G9G&EU@9G |6Æ)|6DFÍ/��EUN9E;D6AF>*HJ|W{7~w@�L�D6HJ>*G&|�� D6AF>*HJ|	H-G&�7>*G9Gw@&E7|�N9>*GwDWI]L AF{7|F>*I-@9D6HJ>*G =¯E/A6��E/D

.D.



������� ������� ���� � � � 	 ��� � � ��	 � ����� � ��� � � � �% � �����

N � >*C9DFE/G9H-A Ū =




ū1

ū2

ū3




I � H-G&�7>*G9Gw@&E^L�@)Ù.I-H-�WH-DFE7|(E/G�E/GwD6AF{7E Î

Ó,L�G&|��7E.��L*|WI-H-G&{�L�H-AFE�Ç IJE7|WH-GwÅ�L�A6H]L�GwDF|�N9E.Õ(HJE/�VL�G9G |M>*GwD�IJE7|	Å�L�A6H]L�C9IJE7|V��L�AML*�/DF{/A6HJ|6D6HJ~p@&E7| vn
1,x0

Ç
vn
2,x0

Ç vn
3,x0

Î

ÓaE�� , Î ���#��>*G >*C9D6HJE/GpDBN9>*G&�

vn
1,x0

= −ū1 − 5ū2 + 4ū3 = W1(U). � , Î ��� �
�B@.C?>*AFN x = xl

ÇÛ�7>*�W��E λ1 < 0 Ç)H-I �"L�@9D�@9G&E,�7>*G&N)H-D6HJ>*G |6@9A v1(xN , t) = ṽ1
E/D±H-I�G � ÆUL^=�L*|±N9E

�7>*G&N)H-D6HJ>*G1�^H-�W=?>�|FE/AB|6@9A v2 E/D v3 Î

ÓaE,���/��E�Ç&>*G�L

~V n
xN

=




vn
1,xN

vn
2,xN

vn
3,xN




=




ṽ1

vn
2,xN−1

vn
3,xN−1




=
1

2




−ũ1 − 5ũ2 + 4ũ3

−un
1,xN−1

− un
2,xN−1

+ 2un
3,xN−1

2un
1,xN−1

+ 4un
2,xN−1

− 4un
3,xN−1




=
1

2




ṽ1

−ũ1 − ũ2 + 2ũ3

2ũ1 + 4ũ2 − 4ũ3



. � , Î �54 �

ÈÉ>*�W��EU=9AF{7�7{7N9E/�W��E/GpD�Ç�� , Î �54 �^N9>*G9G&EU@9G |6Æ)|6DFÍ/��E;N9>*GwD�I]L AF{7|F>*I-@9D6HJ>*G =¯E/A6��E/D�N � >*C9DFE/G9H-AWI]L
Å�L�IJE/@9A}E/G |F>*A6D6HJE Ũ Î
ÓaE�� , Î �54 �$Ç&>*G >*C9D6HJE/GpD

−ũ1 − ũ2 + 2ũ3 = −un
1,xN−1

− un
2,xN−1

+ 2un
3,xN−1

� , Î � B �

⇒ 2ũ1 + 4ũ2 − 4ũ3 = 2un
1,xN−1

+ 4un
2,xN−1

− 4un
3,xN−1

. � , Î ��� �
! H�>*GU�7>*G9G�L�H-D ũ1

ÇÛI]LOÅ�L�IJE/@9A±N9E ũ3
|FE/AML©��L�IJ�/@9IJ{7E$�½=�L�A6D6H-A(N9E}I]L©AFE/I]L�D6HJ>*G � , Î ��� � E/DÉH-GpÅ E/AF|FE/��E/GwD Î

�����



� ����� � ����� ��� � ����� � � ����� � ��� � ������	 � � � ���� � ��� � � ��	 � ����� � ��� � �
���� � �����
� � � �z� � ��� � �*��� ������� �$� �� � � ���

�}Ý&GVN9E±Å�L�I-HJN9E/A �7E7|¤DFE7�MÌ9G9HJ~w@&E7|ÉN9E±D6AML�H-DFE/��E/GwD�N9E7|³�7>*G&N)H-D6HJ>*G&| I-H-�WH-DFE7|�Ç N9E7| L�=9=9I-HJ��L�D6HJ>*G&|�>*GpD {/DF{
AF{�L�I-HJ|F{7E7| Î Þn>*@9ABI � E$Ù)E/�W=9IJE7|B=9AF{7|FE/GpDF{½N&L�G&|}�7E/D6DFEO=�L�A6D6HJE�Ç�>*G L^@9D6H-I-HJ|F{OIJE7|}|F�MÌ&{/�VL*|}N9EOÕ}@&|ML�G&>�Å¯Ç
N9EOÕB>pEaE/D ! Õ
��Õ Î

��xnx�y�q=! i)k�q ��� O Ú G�@9D6H-I-HJ|MEOIJEO��>ÛN9Í/IJEO=9AF{7|ME/GwDF{^N&L�G&|}I � E$Ù9E/�W=9IJEO=9AF{7�7{7N9E/GpD�Ç¯L*|M|F>*A6D6HnN9E7|B�7>*G&N)H Ê
D6HJ>*G&|}H-G9H-D6H]L�IJE7| g

U(x, 0) =





2
1
3

|6H x ≤ 0, U(x, 0) =





0
2
1

|FH x > 0,

E/D(N9E7|}�7>*G&N)H-D6HJ>*G&|�L�@)ÙUI-H-�WH-DFE7| g
��E/G.E/GpD6AF{7E g >*GUH-�W=¯>�|FE ū1 = 1 E/D ū2 = 0 E/D�I]L©Å*L�IJE/@9A±N9E ū3

E7|6D±��L�IJ�/@9IJ{7Ea=�L�A�I]L©AFE/I]L�D6HJ>*G
� , Î ��� � Î

��E/G;|F>*A6D6HJE g >*GVH-�W=¯>�|FE ũ3 = 2 E/D IJE7| Å�L�IJE/@9AF| N9E ũ1
E/D ũ2

|F>*GwD���L�IJ�/@9IJ{7E7|É=�L�A IJE7| AFE/I]L�D6HJ>*G&|
� , Î � B �±E/D � , Î ��� �ÉAFE7|6=¯E7�/D6H-Å E/��E/GwD Î

Ú GT�7>*�W=�L�AFE½IJE7|B|F>*I-@9D6HJ>*G&|BGw@9��{/A6HJ~p@&E7|�N9>*G9G&{7E7|B=�L�A}IJE7|�|F�MÌ&{/�VL*| ! Õ
��Õ"��L�Å E7� αn
j+ 1

2

=

1, 1 �$Ç¯N9E©ÕB>pE©E/D�N9E^Õ(@&|ML�G&>�Å?Ç �VI]L�|F>*I-@9D6HJ>*G�L�G�L�I-ÆÛD6HJ~w@&E^>*C9DFE/Gw@&E�� t = 1 | �3Å >*H-A}Ý&K�@9AFE7| � , Î �#�$Ç
� , Î � ��E/D � , Î 4 � � Î
Ú G��7>*G&|FDML�DFEV~p@&E	IJE7|½�7>*G&N)H-D6HJ>*G&|^N9EWC?>*AFN9|½|F>*GwD©C9HJE/G�=9A6HJ|FE7|½E/G_�7>*�W=9DFE g >*G_LUC9HJE/G_�/AF{�L�D6HJ>*G
N9E�N9E/@)Ù�{/DML�DF|½H-GpDFE/A6��{7N)H]L�H-AFE7| Î ÈÉE/=?E/G&N&L�GpD�Ç<>*G��7>*G&|6DML�DFE�IJEV��L�AML*�/DFÍ/AFE;N)H��?@&|6H��(N)@�|F�FÌ&{/�VL �3I]L
N)HJ|F�7>*GpD6H-Gw@9H-DF{WE7|6DaN)H��¯@&|F{7E#�$Ç��VL�HJ|��7E/I]L�E7|6D�N ��L�@ �"L�H-Da~w@&E½=?>*@9A�IJE7|}DFE7|FDBAF{�L�I-HJ|F{7|BHJ�/H"Ç?>*G�L�=9A6HJ|
@9G&E,Å�L�IJE/@9A}N)@.=�L�AML���Í/D6AFE α �7>*G&|6DML�GpDFE Î

���)�
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solution exacte
SRNHR−alpha=1.1
ROE
RUSANOV

,.- / 0 , Î �F� ! Æ)|6DFÍ/��E,I-H-G&{�L�H-AFEA@ u1
�^D �^�7|
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2
solution exacte
SRNHR−alpha=1.1
ROE
RUSANOV

,.-�/.0 , Î �,� ! Æ)|6DFÍ/��E,I-H-G&{�L�H-AFEA@ u2
�	D �^�7|
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3
solution exacte
SRNHR−alpha=1.1
ROE
RUSANOV

,.- / 0 , Î 4 � ! Æ)|6DFÍ/��EaI-H-G&{�L�H-AFEA@ u3
�^D �^�7|

� � � ��� S �
�����*�����
���U� � � ��� �$��������	 � �#� ��� ���#� � '������#� � �������&����� �

( � � ; y=<po�u � u Q¯i&q � k 9 5,u � i � k ' 0

ÃtE½|6ÆÛ|FDFÍ/��E,N9E ! L�H-GwD·Ê"Ô³E/G�L�GpD�Ç�|ML�G&|(DFE/A6��EO|F>*@9AF�7E�Ç&| � {7�/A6H-DB|F>*@&|�I]L���>*A6��E g




∂U

∂t
+
∂F (U)

∂x
= 0

U(x, 0) = U0(x),

L�Å E7�

U =

(
h
hu

)
, F (U) =

(
hu

hu2 + 1
2gh

2

)
.

h N9{7|6H-K�G&E,I]L^Ì�L�@9DFE/@9ABN9EaI � E�L�@ E/D g Ç)I]L���>*AF�7E,N9E,K�AML7ÅÛH-DF{ Î

�����



� ����� � ����� ��� � ����� � � ����� � ��� � ������	 � � � ���� � ��� � � ��	 � ����� � ��� � �
���� � �����

ÃÜLW�VL�D6A6HJ�7E �6L*�7>*C9HJE/G9G&E^L*|F|F>Û�/HJ{7E,E7|6D(N9{$Ý&G9HJE,=�L�A A =

[
0 1

hg − u2 2u

] Î
! E7|�Å�L�IJE/@9AF|�=9AF>*=9AFE7|±|F>*GwD λ1 = u− c E/D λ2 = u+ c ��L�Å E7� c =

√
gh � E/D�|ME7| Å E7�/DFE/@9AF|(=9AF>*=9AFE7|,�

N)AF>*H-DFE R =

[
1 1

u− c u+ c

] Î

ÃtE7|}H-GwÅ�L�A6H]L�GwDF|�N9E,Õ(HJE/�VL�G9G =¯>*@9A±IJEO|6Æ)|6DFÍ/��E,N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD,|F>*GwDBN9>*G9G&{7|±=�L�A

∂Wk(u)

∂t
+ λk

∂Wk(u)

∂x
= 0.

� IJ|(| � {7�/A6H-Å E/GpD}HJ�/H W1(U) = u− 2c E/D W2(U) = u+ 2c Ç&E/D(Å {/A6H Ý�E/GpD}IJE,|6Æ)|6DFÍ/��E




∂(u− 2c)

∂t
+ (u− c)

∂(u− c)

∂x
= 0

∂(u+ 2c)

∂t
+ (u+ c)

∂(u+ c)

∂x
= 0.

� , Î ��, �

ÃtE7|,�7>*G&N)H-D6HJ>*G&|OL�@)ÙTI-H-�WH-DFE7|�Ç?H-�W=?>�|M{7E7|�|F@9ABIJE7|aÅ�L�A6H]L�C9IJE7|�=9ÌwÆ)|6HJ~w@&E7|�Ç?|M>*GwDaD6AML�H-DF{7E7|,N9E^I]L��"L�;7>*G
|6@9H-Å�L�GwDFE g

��Ø³G�E/GwD6AF{7E � x = x0
� g

� |6H λ1(u(x1))
E/D λ2(u(x1))

|F>*GpDB=¯>�|6H-D6H-Å E7|�Ç�>*GTN)H-D�~w@&E©I � {7�7>*@9IJE/��E/GwD,E7|6DBDF>*A6AFE/GwD6HJE/I Î<� I
��L�@9D½L�IJ>*AF|½H-�W=?>�|FE/A,@9G&EV�7>*G&N)H-D6HJ>*G_|6@9A,IJE7|ON9E/@)ÙXH-GpÅ*L�A6H]L�GpDF|©N9EWÕ}HJE/�VL�G9G W1(u(x0))E/D W2(u(x0))

Ç)�7Ea~w@9H�E7|6D�{7~w@9H-Å�L�IJE/GwD*�©H-�W=¯>�|FE/A�IJE7|�N9E/@)Ù�Å�L�A6H]L�C9IJE7|�=9ÌwÆ)|6HJ~w@&E7| ū E/D h̄ ÎÃÜL	Å�L�IJE/@9A(N9E,I]L^Å*L�A6H]L�C9IJE½N � {/DML�DBE/G E/GwD6AF{7E©E/G N9{7�7>*@9IJE Î
� |6H λ1(u(x1)) < 0 E/D λ2(u(x1)) > 0 L�IJ>*AF|tH-I��"L�@9D�H-�W=¯>�|FE/At@9G&E³�7>*G&N)H-D6HJ>*G½|F@9A W2(u(x0))

Î
Ú A�Ç9I]L^AFE/I]L�D6HJ>*G � , Î ��, ��N9>*G9G&E

[
ū− 2c̄
ū+ 2c̄

]
=

[
un

x1
− 2
√
ghn

x1

ū+ 2c̄

]

⇒ ū− 2c̄ = un
x1

− 2
√
ghn

x1
.

�}H-G&|6H"Ç9|FH ū E7|6D(N9>*G9G&{7E�Ç&I]L^Å�L�IJE/@9A}N9E h̄ |FE/AML	��L�IJ�/@9IJ{7E½N9EaI]LW�VL�G9HJÍ/AFEO|6@9H-Å�L�GwDFE g
(ū− un

x1
)

2
√
g

= (
√
h̄−

√
hn

x1
)

⇒ h̄ =

[√
hn

x1
+

(ū− un
x1

)

2
√
g

]2

, � , Î �2G �

N � >��tÇ&=?>*@9A(I]L^Å�L�A6H]L�C9IJEO�7>*G&|FE/A6Å�L�D6H-Å E�Ç Ū =

[
h̄
h̄ū

] Î
��Ø³G�|F>*A6D6HJE�� x = xl

� g
� |6H λ1(u(xN−1)) > 0 E/D λ2(u(xN−1)) > 0 ÇÉI � H-G?��>*A6�VL�D6HJ>*G ÅÛHJE/GwD.N9ETI � H-GwDF{/A6HJE/@9A N)@

N9>*�VL�H-G&E g >*GOG � L}N9>*G&�¤=�L*|tC¯E7|F>*H-G½N9E �7>*G&N)H-D6HJ>*G½=�L�A6D6HJ�/@9I-HJÍ/AFE Î�Ú G©N)H-DÜ~p@&E¤I � {7�7>*@9IJE/��E/GwD
E7|6D±DF>*A6AFE/GwD6HJE/I Î

��� 4



������� ������� ���� � � � 	 ��� � � ��	 � ����� � ��� � � � �% � �����

� |6H λ1(u(xN−1)) < 0 E/D λ2(u(xN−1)) > 0 Ç�H-I7�"L�@9D,@9G&E��7>*G&N)H-D6HJ>*G�|6@9A½I � H-GwÅ�L�A6H]L�GwD©N9E
Õ(HJE/�VL�G9G W1(u(xl))

E/D�H-InG � ÆTLW=�L*|aN9E©�7>*G&N)H-D6HJ>*GX|6@9A W2(u(xl))
Î Ã � {7�7>*@9IJE/��E/GwD©E7|6D

L�IJ>*AF|(N)H-D E&@9ÅÛH]L�I Î
Ú A�Ç

[
ũ− 2c̃
ũ+ 2c̃

]
=

[
ũ− 2c̃

un
xN−1

+ 2
√
ghn

xN−1

]

⇒ ũ+ 2c̃ = un
xN−1

+ 2
√
ghn

xN−1
.

�}H-G&|6H"Ç9|FHt>*G �7>*G9G�L�H-D h̃ Ç9I]L^Å�L�IJE/@9A}N9E ũ E7|FD}��L�IJ�/@9IJ{7E,=�L�A(I]L^AFE/I]L�D6HJ>*GT|6@9H-Å*L�GpDFE g

ũ = un
xN−1

+ 2
√
g(
√
hn

xN−1
−
√
h̃). � , Î ��- �

ÃÜEO|6Æ)|6DFÍ/��Ea=9AF{7�7{7N9E/GwD�=?E/A6��E/DBN � >*C9DFE/G9H-A h̃ E/D ũ N9>*G&� Ũ Ç)�VL�HJ|}HJ�/H"Ç&�7E/I]L	AFE/ÅÛHJE/GwD}N9>*G&� �
@9D6H-I-HJ|ME/A³N9E7|¤�7>*G&N)H-D6HJ>*G&| N9E 
BE/@9�VL�G9G �3��{/D6Ì&>pN9E±{7~p@9H-Å*L�IJE/GpDFE*���7E/I-IJE�@9D6H-I-HJ|ML�GwD N9E7|��VL�H-I-IJE7|
�WH-AF>*H-AF| �$Ç�L�IJ>*AF|}~p@&E,�7E,G � {/DML�H-D(=�L*|±IJE½��L*|±=?>*@9A±I]LWÅ*L�IJE/@9A(E/G�E/GpD6AF{7E Ū Î

S;mwv�s<yzk�i)k�v � s<o�m+��q3rtsnuwv O
Ã � H-GpDFE/A6Å*L�I-IJE [x0 = −10, xl = 10] E7|6DB|6@9C¯N)H-ÅÛHJ|F{½E/G 100 �7E/I-I-@9IJE7| Î�Ú GT�7>*�W=�L�AFE�Ç �WG&>*@9Å E�L�@tÇ?IJE7|
|F>*I-@9D6HJ>*G&|}Gw@9��{/A6HJ~p@&E7|B>*C9DFE/Gp@&E7|,L7Å E7�OIJE7|}|F�FÌ&{/�VL*| ! Õ*
��BÕ"��L7Å E7� αn

j+ 1

2

= 1, 1 �$Ç�N9EOÕB>pE,E/D}N9E
Õ}@&|ML�G&>�Å¯Ç"� cfl = 0.5

Î
Ú G�=9AFE/G&NXN9E7|a�7>*G&N)H-D6HJ>*G&|,H-G9H-D6H]L�IJE7|,N)HJ|F�7>*GpD6H-Gw@&E7|½�7>*A6AFE7|F=?>*G&N&L�GpD ��@9GX��L*|aDFE7|6DaN9E^A6@9=9D6@9AFEWN9E
C�L�A6AML�K E g

U(x, 0) =

{
h0 = 5m
u0 = 0.2ms−1

|6H x ≤ 0, U(x, 0) =

{
h0 = 1m
u0 = 1ms−1

|6H x > 0,

E/D(IJE7|}�7>*G&N)H-D6HJ>*G&|BL�@)ÙUI-H-�WH-DFE7|}|F>*GpD g
��E/GXE/GpD6AF{7E (x = x0)

Ç?>*G�H-�W=?>�|ME ū = 2 E/DaI]LVÅ*L�IJE/@9A,N9E h̄ |FE/AML���L�IJ�/@9IJ{7E	=�L�AaI]L�AFE/I]L�D6HJ>*G
� , Î �2G � Î

��E/G�|M>*A6D6HJE (x = xl)
Ç�>*GXH-�W=¯>�|FE h̃ = 3 E/D,I]L;Å*L�IJE/@9AON9E ũ |ME/AMLU��L�IJ�/@9IJ{7E�=�L�A,I]L;AFE/I]L�D6HJ>*G

� , Î ��- � Î
ÃÜE7|aAF{7|6@9I-DML�DF|O|F>*GpD½N9>*G9G&{7|aÝ&K�@9AFE7|�� , Î B ��E/D�� , Î � � Î ÃÜE7|O�7>*G&N)H-D6HJ>*G&|,I-H-�WH-DFE7|½�MÌ&>*HJ|6HJE7|O�/AF{7E/GpD

@9GT�FÌ&>Û�½E/D(@9G&E©N9{/DFE/GwDFE^|6@9=9=9IJ{/��E/GwDML�H-AFE ÎtÚ G��7>*G&|6DML�DFE©~w@&E�Ç�N � @9G&EO=�L�A6D�Ç�>*G AFE/D6AF>*@9Å E½C9HJE/G IJE7|
Å�L�IJE/@9AF|OL�@)Ù C¯>*AFN9|�H-�W=?>�|F{7E7|�Ç?E/D,N � L�@9D6AFE	=�L�A6D�Ç¯~p@&E©I � >*G�L�C9HJE/G�@9GX�FÌ&>Û�W|FE½=9AF>*=�L�K E�L�GpD½N9E^I]L
N)AF>*H-DFE,Å E/AF|}I]L^KwL�@&�FÌ&E©E/D±@9G&EO>*G&N9EON9EON9{/DFE/GpDFE½|FEa=9AF>*=�L�K E�L�GpDBN9E,I]L^KwL�@&�MÌ&EOÅ E/AF|±I]LWN)AF>*H-DFE Î

���CB
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SRNHR−alpha=1.1
ROE
RUSANOV

,.- /.0 , Î B�� �aL�@9DFE/@9A}N9E,I � E�L�@ �^D �a� Î �W|
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SRNHR−alpha=1.1
ROE
RUSANOV

, - /.0 , Î � �VÔBH-DFE7|F|ME,N9E,I � E�L�@ �^D �a� Î �*|

� rtsÜi)k�q � � v � $ � s<y3u%� '+0

ÃtE7|a{7~p@�L�D6HJ>*G&|,N � Ø¤@9IJE/A,N9E½I]L;N)ÆÛG�L��WHJ~w@&E^N9E7|�KwL��W�7>*G&|6D6H-D6@&E/GwDa@9GX|6Æ)|6DFÍ/��EOÌpÆp=¯E/A6C?>*I-HJ~p@&E^G&>*G
I-H-G&{�L�H-AFE�N9E±IJ>*HJ| N9EB�7>*G&|FE/A6Å�L�D6HJ>*G ÎÛÚ GV=¯E/@9D³IJE7| {7�/A6H-AFEB|F>*@&|³I]L+��>*A6��E(�7>*G&|FE/A6Å�L�D6H-Å EB|6@9H-Å�L�GwDFE �3Å >*H-A
�MÌ�L�=9H-D6AFE � � g





∂U

∂t
+
∂F (U)

∂x
= 0

U(x, 0) = U0(x),

� , Î ��. �

L�Å E7�

U =




ρ
ρu
E


 , F (U) =




ρu
ρu2 + p
(E + p)u


 .

Þ<>*@9A,��E/A6��E/A(IJE,|6Æ)|6DFÍ/��E�Ç9>*G��MÌ&>*HJ|6H-D}N9E,=9AFE/G&N)AFE,@9G&EOIJ>*HtN � {/DML�DBN9EaKwL��O=�L�A �"L�H-D(=¯>*I-ÆpD6AF>*=9HJ~p@&E g

p = (γ − 1)

(
E − ρu2

2

)
.

ÃÜLW�VL�D6A6HJ�7E �6L*�7>*C9HJE/G9G&E^L*|F|F>Û�/HJ{7E,E7|6D(N9{$Ý&G9HJE,=�L�A

A =




0 1 0

γ−3
2 u2 (3 − γ)u γ − 1

γ−1
2 u3 − uH H − (γ − 1)u2 γu



,

|FE7|(Å*L�IJE/@9AF|±=9AF>*=9AFE7|B|F>*GwD λ1 = u− c Ç λ2 = u E/D λ3(u) = u+ c Ç9>�� c =

√
γp

ρ
Ç

�����



������� ������� ���� � � � 	 ��� � � ��	 � ����� � ��� � � � �% � �����

E/D}|ME7|�Å E7�/DFE/@9AF|(=9AF>*=9AFE7|��N)AF>*H-DFEO|F>*GwDBN9>*G9G&{7|(=�L�A R =




1 1 1
u− c u u+ c

H − uc
u2

2
H + uc


 ,

>�� H =
1

ρ
(E + p) N9{7|6H-K�G&E,I � E/GpD6Ì�L�I-=9HJE Î

Ø¤G)Ý&GtÇ�IJE7|±H-GwÅ�L�A6H]L�GwDF|�N9E,Õ(HJE/�VL�G9G |F>*GwD}N9>*G9G&{7|}=�L�A
W1(u) = u− 2c

γ − 1
Ç W2(u) =

p

ργ
E/D W3(u) = u+

2c

γ − 1
�3Å >*H-AÜ=�L�AnE$Ù)E/�W=9IJE�ÇÈ Î �}H-AF|F�MÌ  �BH-A .��
� � Î

ÃÜLWAFE/I]L�D6HJ>*G�I-H]L�GwD}IJE7|({/IJ{/��E/GwDF|B=9AF>*=9AFE7|}N9E A L�@)Ù;H-GpÅ*L�A6H]L�GpDF|BN9E,Õ}HJE/�VL�G9G�E7|6D(N9>*G9G&{7E½=�L�A

∂wk(u)

∂t
+ λk

∂wk(u)

∂x
= 0. � , Î ��� �

ÃtEOD6AML�H-DFE/��E/GwDBN9E7|B�7>*G&N)H-D6HJ>*G&|(I-H-�WH-DFE7|B|FE���L�H-D(N9EOI]L ��L�;7>*G�|F@9H-Å*L�GpDFE g
��Ø³G E/GwD6AF{7E�� x = x0

� g |6H λ1(u(x1)) < 0 Ç λ2(u(x1)) > 0 E/D λ3(u(x1)) > 0 Ç�L�IJ>*AF|BH-I<��L�@9D
H-�W=¯>�|FE/A @9G&E(�7>*G&N)H-D6HJ>*G;|F@9A³IJE7| N9E/@)ÙWH-GwÅ�L�A6H]L�GwDF|�N9E(Õ}HJE/�VL�G9G W2(u(x0))

E/D W3(u(x0))
g

I]LWAFE/I]L�D6HJ>*G =9AF{7�7{7N9E/GwDFE�� , Î ��� ��N9>*G9G&E
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un
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− 2

√
γpn
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⇒ ū− 2c̄

γ − 1
= un
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√
γpn

x1

ρn
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. � , Î �)�#�

� =�L�A6D6H-A³N9EÉ�7E/D6DFEÉAFE/I]L�D6HJ>*GtÇ�|6H)>*GW�7>*G9G�L�H-D¤IJE7|<Å*L�IJE/@9AF|¤N9E ū E/D¤N9E ρ̄ Ç*>*G	=¯E/@9D�L�IJ>*AF|¤��L�IJ�/@9IJE/A
I]LWÅ*L�IJE/@9A(N9E p̄ E/D(N9>*G&�½N9E Ē =�L�A g
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ρ̄

γ

[√
γpn

x1

ρn
x1

+
γ − 1

2
(ū− un

x1
)

]2

Ē =
p̄

γ − 1
+
ρ̄ū2

2
,

� , Î ��� �

�7E½~w@9HtN9>*G9G&E Ū =




ρ̄
ρ̄ū
Ē


 Î

��Ø³G�|F>*A6D6HJE � x = xl
� g |FH λ1(u(xN−1)) < 0 Ç λ2(u(xN−1)) > 0 E/D λ3(u(xN−1)) > 0 Ç�H-I

�"L�@9D(H-�W=¯>�|FE/A±@9G&EO�7>*G&N)H-D6HJ>*GT|6@9A±IJEa=9AFE/�WHJE/A}H-GpÅ*L�A6H]L�GpDBN9E,Õ(HJE/�VL�G9G W1(u(xl))
Î

���D,



� ����� � ����� ��� � ����� � � ����� � ��� � ������	 � � � ���� � ��� � � ��	 � ����� � ��� � �
���� � �����

Þ�L�A � , Î ��� �$Ç�>*G L




ũ− 2c̃

γ − 1

p̃

ρ̃γ

ũ+
2c̃

γ − 1
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ũ− 2c̃
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( ¯ρn
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)γ

un
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√
γpn
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ρn
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.

p̃ {/DML�GpDBN9>*G9G&{�Ç&>*G E/G N9{7N)@9H-D}|6@&�7�7E7|F|6H-Å E/��E/GpD

ρ̃ =

(
(ρn

xN−1
)γ p̃

pn
xN−1

) 1

γ

=9@9HJ|

ũ = un
xN−1

+
2

γ − 1

√
γpn

xN−1

ρn
xN−1

E/DBE/G)Ý&G

Ẽ =
p̃

γ − 1
+
ρ̃ũ2

2
,

E/DBN9>*G&�

Ũ =




ρ̃
ρ̃ũ

Ẽ


 . � , Î � 4 �

��xnx�y�q=! i)k�q ��� � sno�m%�*qzrtsnu6O
Ú G�E)��E7�/D6@&E,I]LW|FH-�½@9I]L�D6HJ>*G�Gp@9��{/A6HJ~w@&E©N9EaI � {7~w@�L�D6HJ>*GTN � Ø¤@9IJE/A � , Î ��. �(|6@9A±I � H-GwDFE/A6Å�L�I-IJE [−10, 10] ÇL�Å E7�½N9E7|(�7>*G&N)H-D6HJ>*G&|}H-G9H-D6H]L�IJE7|}�7>*G&|6DML�GpDFE7|





ρ0 = 12,

u0 = 5,

p0 = 100 000,

E/D±IJE7|}�7>*G&N)H-D6HJ>*G&|}I-H-�WH-DFE7| g
��E/GXE/GpD6AF{7E (x = x0)

Ç¯>*GTH-�W=?>�|FE ū = 14 E/D ρ̄ = 13 @¯I]L�Å�L�IJE/@9A,N9E p̄ E7|6Da��L�IJ�/@9IJ{7E	=�L�ABI]L
AFE/I]L�D6HJ>*G � , Î ��� � Î

��E/G;|F>*A6D6HJE (x = xl)
Çw>*G;H-�W=?>�|FE p̃ = 120 000 @)IJE7| Å*L�IJE/@9AF|ÉN9E ũ E/DÉN9E ρ̃ |M>*GwD ��L�IJ�/@9IJ{7E7|É=�L�A

I]LWAFE/I]L�D6HJ>*G � , Î � 4 � Î
ÓaEaG&>*@9Å E�L�@tÇ&>*G �7>*�W=�L�AFE,IJE7|�AF{7|F@9I-DML�DF|±Gw@9��{/A6HJ~p@&E7|}>*C9DFE/Gp@&|BL7Å E7�OIJE7|±|F�FÌ&{/�VL*| ! Õ*
��BÕ ��L�Å E7�
αn

j+ 1

2

= 1, 1 �$ÇnN9E�Õ}>ÛE	E/D½N9EWÕ(@&| L�G&>�Å¯Ç3� cfl = 0.5
Î ÃÜE�N9>*�VL�H-G&E [−10, 10] E7|6DO|6@9C¯N)H-ÅÛHJ|F{WE/G

100 �7E/I-I-@9IJE7| Î

���HG



������� ������� ���� � � � 	 ��� � � ��	 � ����� � ��� � � � �% � �����

ÃtE7|}AF{7|6@9I-DML�DF|±Gp@9��{/A6HJ~w@&E7|�|F>*GwDBN9>*G9G&{7|±Ý&K�@9AFE7| � , Î , �$Ç�� , Î G �$Ç � , Î - ��E/D � , Î . � Î
ÈÉE7|^Ý&K�@9AFE7|W��>*GpD6AFE/GwD;~w@&E;IJE7|W�7>*G&N)H-D6HJ>*G&|VL�@)ÙRI-H-�WH-DFE7|W�/AF{7E/GwD�@9G �MÌ&>p�.|FE;=9AF>*=�L�K E�L�GpD�N9E;I]L
N)AF>*H-DFE,Å E/AF|}I]L^KwL�@&�FÌ&E©E/D±@9G&EO>*G&N9EON9EON9{/DFE/GpDFE½|FEa=9AF>*=�L�K E�L�GpDBN9E,I]L^KwL�@&�MÌ&EOÅ E/AF|±I]LWN)AF>*H-DFE Î
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 Ñ�ÓaÓ±Ô .D-
��� Î ÑÉE/A6�,+&N9E�� Ç � Î ÓaE/A6ÅpHJE/@)Ù�Ç Ö&Î Ê � Î ÓaE7|6HJN9E/A6H"ÇwL�G&N Â�Î Ø�Ô.-���~w@&E�� Ç0/ '��¤�zf1 ,c7d$2)8�V8 c
�71*�©�32)8^�2� 1��3 *�$V8$f9c ��1*f���+tcM2)�*+z+-1��4� ���Ë8$�W865/#9������1*f9c��¤�3�3265�*�$���w!$+J8� w8Ë'¯�32�#wc$�zf"&;#pf7�
c$���$#9d7��#p�F8! 8V8 c 2)8 c Ç�ÈÉ>*�W=9@9D Î9Â E/D6Ì&>ÛN9|,�}=9=9I Î)Â E7�FÌ Î Ø³G9K�A6K Î ' �>� �·��.D.D- �$Ç)G&> Î �$Ê �)Ç
B%.�� G*� Î

 ÑÉÔ .CB�� � Î Ñ�E/A6�½@&N9E�� L�G&N Â�Î Ø¸Ô L���~p@&E�� Ç,/ '��¤�3f� *V8/�32Û1A �cC�/1*��2J( '98$��!61*+ ��d dM1*f9c78/�I5� ����1*f
+-����c.�¤�3�32;c/1*#Û�6dM8^�Ë8$��©c Ç�ÈÉ>*�W=9@9D ÎK� Ï I-@9HJN9| / ? �·��.D.CB �$Ç�G&> Î -)Çt���CB%.������HGÛ� Î

 Ó Ï -D-
� Ï�Î Ó�@9C¯>*HJ|�L�G&N Þ Î ÃtE Ï IJ>Û�FÌtÇ �B1*#pf1 �*��(.dM1*f� *������1�f9c �71*�½f�1�f&+0�3f?86���O2J( '98$��!61*+ ��d	cI(�c��
�Ë8�^c½1��½dF1*f&c78$��5������1*f�+ ����c Ç Ö&Î Ó�H���E/AFE/GwD6H]L�I<Ø³~w@�L�D6HJ>*G&| & ' �·��.D-D- �$Ç&G&> Î ��Ç>. 4�������� Î

 ×aÞ ���
� Ö&Î Ê Â�Î ×�Ì9HJN&L�K�I-H]L©L�G&N Ï�Î Þ<L*|M��L�I"Ç � +0# 	 !61*#Ûf� ���I(WdF1*f� ��3����1*f9c��71*�±2J( '98/�7!61�+0��d�cI(�c/�Ë8�^c
1��©dM1*f9c78/�I5� ����1*f&c^+-����c½�3fX�32)8 =³f&���Ë8 51*+ #�V89� �6��V8�� 1*��� Ç Ï H-G9H-DFE©Å >*I-@9��E7|��>*A��7>*�	Ê
=9IJE$Ù�L�=9=9I-HJ��L�D6HJ>*G&|�Ç � � � ��Þ<>*AF~p@&E/AF>*I-IJE7|�Çn������� �$ÇtÃnL�C Î �}G�L�I Î<% >*=?>*I Î Þ³AF>*C�L�C Î È(
�Õ ! Ç
Â L�AF|FE/H-I-IJE�Ç&�������)Ç9=9= Î 4��HGA�&4 4CB ��E/IJE7�/D6AF>*G9HJ�#� Î

 ×aÕ .D,
� Ø Î ×,>pN)IJE �(|6ÒÛHpL�G&N©Þ Î Ê � Î Õ�L7ÅÛH]L�A6D�Ç�� #"V8$�$��dF��+9�$' '��61 	 �$W� ����1*fV1!�³2J( '98$��!61*+ ��d�cI(�c/�Ë8�^c
1��(dF1*f&c78$��5������1*f;+ ����c Ç:�B=9=9I-HJE7N Â L�D6Ì&E/�VL�D6HJ��L�I ! �/HJE/G&�7E7|�Ç�Å >*I Î ����-)Ç ! =9A6H-G9K E/A·Ê"Ô³E/A6I]L�K&Ç

�E � � >*A6Ò?Çt��.D.D, Î

 × ! .HG � Â�Î ×�HJ|M�/IJ>*GXL�G&NXÓ Î-! E/A6AFE�Ç � 1*f� *������1*f9c^�*# 	 +0�$	�3�Ë8 c}')1*#Û�W#pf�cI(�c$�Ë4�V8	c$���$��d7�Ë8#�8/f��
2J( '98$��!61*+ ��5/#98_�71*#p�$f&�"8 c('9�*�©+J8^c7d$2)%���[ p86R(1A *#Ûf�1�5 Ç?Õ� � Õ Ú Â >pN9{/I Î?Â L�D6Ì Î �BG�L�I Î

B@9��{/A Î ? ' �·��.D.HG �$Ç�G&> Î 4)Ç�4��D.��&4D-�� Î

 �BH-A .��
� È Î �BH-AF|F�MÌtÇ � #�V8$�$��dM�*+adM1�B'�#Û�"� ����1*f¸1!� �zf��Ë8$� f?�*+B�*f� 8 	 �Ë8$� f?�*+EO±1���c6)Y51*+ #�V8 � )
� 1�B'�#)�"������1*f��*+ V8/�32Û1A �cV�71*�	�zf75��]c7d/�2 ��*f� 65��]c7dF1*#pcVO±1���c Ç � H-IJE/Æ ! E/A6HJE7|,H-G 
B@9��E$Ê
A6HJ��L�I Â E/D6Ì&>pN9|(H-G Ø¤G9K�H-G&E7E/A6H-G9K Î � H-IJE/ÆpÊ � GpDFE/AF|F�/HJE/G&�7EOÞ¤@9C9I-HJ��L�D6HJ>*GtÇ<��.D.�� Î

 �,Ñ±�)��� � Î Ê Ú^Î �aAFE/HJ|M|³L�G&N�� Î �^Î ÑÉ@&|FE/G9Ì�L�A6D�Ç � �$V8��3 w8 '98$f� w8/f��9'9�*�$�����*+K *� B8$�F8$f������*+�865/#9������1*f9c
�*f� ½�32)8$�3�±f&#"�8/� ��dF�*+9c71*+ #Û����1*f Ç�ÃtE7�/D6@9AFE7|³H-G Â L�D6Ì&E/�VL�D6HJ�7|³Ø % � 	 )9A6HJ�FÌtÇ ÑÉH-A6ÒÛÌ���@&|FE/A
Ô³E/A6I]L�K&Ç&Ñ±L*|FE/I"Ç&�����)� Î

 ! E/A .D.
� Ó Î ! E/A6AFE�Ç P (c/�Ë8�^c	1��WdF1*f&c78$��5������1*f�+-����c7)�1 ÇtÈ�L��©C9A6HJN)K E � G9H-Å E/AF|FH-DËÆ Þ³AFE7|F|�ÇtÈ�L��	Ê
C9A6HJN)K E�Ç���.D.D.)Ç �}ÆÛ=?E/A6C¯>*I-HJ�/H-DËÆ Ç¯E/GpD6AF>*=9HJE7|�Ç�|6Ì&>Û�FÒ ��L7Å E7|�Ç % AML�G&|6I]L�DFE7N �3AF>*�`D6Ì&EU��.D.D,
Ï AFE/G&�MÌ >*A6H-K�H-G�L�ItCpÆ �$Î 
 Î"! G&E7N9N9>*G Î
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 � �
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Ó,L�G&|t�7E/D6DFE¤=�L�A6D6HJE�Ç�G&>*@&|�=9AF{7|FE/GpDF>*G&|ÜN9E7|tAF{7|F@9I-DML�DF|�Gw@9��{/A6HJ~p@&E7|n>*C9DFE/Gp@&|nL�Å E7�³IJE¤|F�MÌ&{/�VL ! Õ*
��BÕ Î

Ó,L�G&|WIJEU��L*|W��>*G&>ÛN)H-��E/G&|6HJ>*G9G&E/I"Ç³>*G =9AF{7|FE/GpDFE�Ç³N&L�G&|	@9G =9AFE/�WHJE/A�DFE/�W=&|�Ç�IJE7|	AF{7|F@9I-DML�DF|�>*C9DFE$Ê
Gp@&|B=�L�A��7E½|F�MÌ&{/�VLV|F@9ABN9E7|B=9AF>*C9IJÍ/��E7|�|M��L�I]L�H-AFE7|�E/DBI-H-G&{�L�H-AFE7| ��{7~w@�L�D6HJ>*G�N � L*N)Å E7�/D6HJ>*G �$Ç¯E/G&|6@9H-DFE
|6@9AaN9E7|a=9AF>*C9IJÍ/��E7|aG&>*G�I-H-G&{�L�H-AFE7| ��{7~w@�L�D6HJ>*GXN9E^Ñ�)9A6K E/AF| �$Ç?=9@9HJ|,|6@9A�N9E7|a|6Æ)|6DFÍ/��E7|aN � {7~p@�L�D6HJ>*G&|
� ! L�H-GpD·Ê"Ô³E/G�L�GwD,E/D(Ø¤@9IJE/A � Î
Ú G�L�E/G&|F@9H-DFE©DFE7|FDF{©�7E^|F�FÌ&{/�VL;|6@9AaN9E7|�=9AF>*C9IJÍ/��E7|aG&>*G Ì&>*��>*K Í/G&E7|½�7>*�W��E©�7E/@)Ù�N � L*N)Å E7�/D6HJ>*G
E/D�N9EBÑ�)9A6K E/AF|±L7Å E7�BDFE/A6��Ea|F>*@9AF�7EaL�H-G&|6H?~p@&E}�7E/I-@9H¯N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD�L7Å E7��DF>*=?>*K�AML�=9Ì9HJE�Å�L�A6H]L�C9IJE Î

Ó,L�G&|�IJE ��L*|VC9HJN)H-��E/G&|FHJ>*G9G&E/I"Ç >*G L�DFE7|6DF{��7E |F�FÌ&{/�VL�|6@9AVN9E7|�=9AF>*C9IJÍ/��E7|VÌpÆp=¯E/A6C¯>*I-HJ~w@&E7|�Ì&>�Ê
��>*K Í/G&E7|a�7>*�W��E	�7E/@)Ù N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD½E/D�N � Ø¤@9IJE/A�Ç?=9@9HJ|a|6@9ABN9E7|�=9AF>*C9IJÍ/��E7|�G&>*G Ì&>*��>*K Í/G&E7|
� ! L�H-GpD·Ê"Ô³E/G�L�GwDOL7Å E7�,DF>*=¯>*K�AML�=9Ì9HJEOÅ�L�A6H]L�C9IJE#� Î
Ó � L�@9D6AFE©=�L�A6D�Ç�LÝ&G N9E©�7>*G9G�L
	JD6AFE'�ËI � >*AFN)AFE©Gw@9��{/A6HJ~p@&E �©N)@T|F�FÌ&{/�VL)Ç�G&>*@&|�L�Å >*G&|}AFE/=9AF{7|ME/GwDF{^N9E7|
�7>*@9A6C¯E7|ON � E/A6AFE/@9AF|O~p@9H�=?E/A6��E/D6DFE/GpD½N � E)�¯E7�/D6@&E/AON9E7|,�7>*�W=�L�AML�HJ|M>*G&|½L7Å E7��N � L�@9D6AFE7|½|F�FÌ&{/�VL*|aGp@)Ê
��{/A6HJ~p@&E7|±L7ÆwL�GwD �"L�H-D IJE/@9AF| =9AFE/@9Å E7| ��|M�FÌ&{/�VL©N9{7�7E/GwD6AF{�Ç)N9E}Õ}@&|ML�G&>�Å¯ÇpN9EBÕ}>ÛE�Ç N9E(Ô L*|M~w@&E�� �$ÇÛ�7E7�/H
LÝ&G�N9E0� @&|6D6H Ý�E/A±IJE7|(AF{7|6@9I-DML�DF|(D6Ì&{7>*A6HJ~p@&E7|}>*C9DFE/Gp@&|BL�@��MÌ�L�=9H-D6AFE ��� � Î
�nÅ*L�GpD^N9E;N9>*G9G&E/A^IJE7|½AF{7|6@9I-DML�DF|^Gp@9��{/A6HJ~w@&E7|�Ç<G&>*@&|©AML�=9=?E/IJ>*G&|^C9A6HJÍ/Å E/��E/GpD�~w@&E/IJ~p@&E7|½AF{7|F@9I-DML�DF|
D6Ì&{7>*A6HJ~p@&E7|}�7>*G&�7E/A6G�L�GpDBI]L	�7>*GpÅ E/A6K E/G&�7E©N9E7|(|M�FÌ&{/�VL*|BL�@)ÙUÅ >*I-@9��E7|±Ý&G9HJ| Î

Þ<>*@9ABN9E7|(|FÆÛ|6DFÍ/��E7|(ÌwÆÛ=?E/A6C¯>*I-HJ~w@&E7|}N9E,I]L ��>*A6��E



ut + div (F (x, t, u)) = 0, ∀x ∈ R

d, ∀t ∈ R+

u(x, 0) = u0(x),

N9E7|ÉAF{7|6@9I-DML�DF|�N9E��7>*GwÅ E/A6K E/G&�7E,E/D�N � E7|6D6H-�VL�D6HJ>*G&|±N � E/A6AFE/@9AF|±>*GwD�{/DF{aN9{/��>*GwD6AF{7|�=�L�A�ÃtE E�>p�MÌ.N&L�G&|
 È±È Ï .CB �ËÇ  È±È Ï .�� �ËÇ ÔBH-I]L  Ô�H-I .CB �&=¯>*@9A³IJE7|³��L*| >�� F (x, t, u) = F (u)

Î ×,L�I-IJ>*@��/D E/D �7E7|³�7> L�@9DFE/@9AF|
�  Ø ×������ �ËÇ  Ø ×½×+� .D-
� �B>*GpDa{/KwL�IJE/��E/GpD½>*C9DFE/Gw@XN9E7|aAF{7|6@9I-DML�DF|,N&L�G&|�IJE	��L*| F (x, t, u) = vf(u) ÇE/G Ý9Ù9L�GpD��7E/A6DML�H-G&E7|U�7>*G&N)H-D6HJ>*G&|UN9E.AF{/K�@9I]L�A6H-DF{�|6@9A�IJE��MÌ�L��W= N9E�ÅpH-DFE7|M|FE � v(x, t) ∈ C1(Rd ×

�����
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R+,R
d), div(v) = 0 �$Ç�L�H-G&|6HÜ~p@&E,|6@9A±I]LW�7>*G&N)H-D6HJ>*G H-G9H-D6H]L�IJE � u0 ∈ L∞(Rd) ��E/D f ∈ C1(R × R)

Î
! @9A^@9G��VL�H-I-I]L�K E�D6A6H]L�G9K�@9I]L�H-AFE (d = 2) Ç<>*G_| L�H-D©~p@&E�I � E/A6AFE/@9AWE7|6D©E/G O(h

1

4 ) ÇnE/D^~w@&EV=?>*@9A©@9G
�VL�H-I-I]L�K E½AFE7�/DML�G9K�@9I]L�H-AFE�Ç�E/I-IJEOE7|6D(E/G O(h

1

2 ) Ç h {/DML�GpD}I]L
�ËDML�H-I-IJE �ON)@.�VL�H-I-I]L�K E  ØÉ×+������� Î
Ó,L�G&|�IJEÉ���/��E±�7>*GwDFE$Ù)DFE�Ç Ñ Î Ó�E7|F=9AF{7|  ÓaE7|M� 4��&LB��>*GpD6AF{±~w@&EÉI � E/A6AFE/@9A N)@W|F�MÌ&{/�VL�Ô Ï E7|6D¤N � >*AFN)AFE
h

1

2
ÇtN&L�G&|½IJEV��L*|©N9EWI � {7~p@�L�D6HJ>*GRN � L*N)Å E7�/D6HJ>*GtÇn|6@9A½@9G��VL�H-I-I]L�K E�D6A6H]L�G9K�@9I]L�H-AFE Î Ó Î Ñ�>*@&�FÌ&E�Ç Ö&Î Â�Î

×�Ì9HJN&L�K�I-H]L^E/D ÏÉÎ Þ<L*|M��L�I  Ñ(×aÞ �CB �?>*GpD ��>*GpD6AF{�~p@&E(I � E/A6AFE/@9A�ÇÛ=¯>*@9A I]LO���/��EB{7~p@�L�D6HJ>*GtÇp=?E/@9D �/D6AFE
N � >*AFN)AFE h Ç)��>�Æ E/G9G�L�GpD��7E/A6DML�H-G&E7|B�7>*G&N)H-D6HJ>*G&|BN9EaAF{/K�@9I]L�A6H-DF{©|6@9A±I]LW�7>*G&N)H-D6HJ>*G�H-G9H-D6H]L�IJE Î

� ��� � ¡¯�±°	�F²³��£®�M�F�© ¤�}�6¡?£�ª�µn�}�F�(�6¡¯£

� � ���Ë� �����
� ��'����_�������&����� � !#�Ü�$�&%
'��³� �

Ú G��7>*G&|FHJN9Í/AFE,I � {7~w@�L�D6HJ>*G |6@9H-Å*L�GpDFE g





∂u

∂t
+
∂u

∂x
= 0

u(0, x) = u0(x), x ∈]0, 20[.

� G Î �#�

ÈÉE/D6DFE	{7~p@�L�D6HJ>*GTAFE/=9AF{7|ME/GwDFE^I]L�=9AF>*=�L�KwL�D6HJ>*G�N � @9G&E	>*G&N9E^N&L�G&|�I]LVN)H-AFE7�/D6HJ>*G x L7Å E7�^@9G&E^ÅpH-DFE7|M|FE
{/KwL�IJE2�W@9G Î

( i9v,k�upv7k 1 g Ú GV=9AFE/G&N�@9G&E}�7>*G&N)H-D6HJ>*G�H-G9H-D6H]L�IJE}�7>*GpD6H-Gw@&E u0(x) = sin(x) E/D @9G&E(�7>*G&N)H-D6HJ>*G;L�@)Ù
I-H-�WH-DFE7|}=?{/A6HJ>ÛN)HJ~w@&E Î
Ú G�AML�=9=¯E/I-IJE�~p@&EWIJEW=�L�AML���Í/D6AFE�N9E��7>*GwD6AXW*IJE αn

j+ 1

2

�·>*@&EW@9G�AXW*IJEWH-�W=?>*A6DML�GpD�ÇÜ�7>*�W��EVH-I¤I � L.{/DF{
E$Ù)=9I-HJ~w@&{©L�@.=�L�AML�K�AML�=9Ì&E � 4 Î � Î �#� Î
! HÜ>*G.=9AFE/G&N αn

j+ 1

2

= r · Sn
j+ 1

2

N&L�G&|±IJE,|M�FÌ&{/�VL ! Õ
��Õ½Ç)>*G.AFE/�VL�AF~p@&EO~p@&EO�7E,|F�FÌ&{/�VL�N9E/ÅpHJE/GpD
�7E/I-@9HtN9E,ÃÜLÙÛÊ���E/G&N)AF>���~w@9HtE7|FD�N � >*AFN)AFE 2 Ç9�7>*�W��E½>*G;=¯E/@9D±IJE,�7>*G&|6DML�DFE/A�Ý&K�@9AFE7| � G Î �#�ÉE/D � G Î � �$Ç
� np

N9{7|6H-K�G&EOIJEaG&>*�½C9AFE½N9EO=?>*H-GpDF|(N9EON)HJ|F�/AF{/D6HJ|ML�D6HJ>*G&|B�FÌ&>*HJ|6HÜ=?>*@9A}�MÌ�L*~w@&EO�VL�H-I-I]L�K E#� Î
! H"Ç)�VL�H-GpDFE/G�L�GwD�Ç¯>*G��MÌ&>*HJ|6H-D}N9E,=9AFE/G&N)AFE αn

j+ 1

2

�7>*G&|6DML�GwD = 1.2 Ç&>*G AFE/�VL�AF~p@&E½~p@&E�Ç&L7Å E7�O@9G
�VL�H-I-I]L�K E�D6AFÍ7|,Ý&G � 3200 =?>*H-GpDF| �$ÇtI]L.|M>*I-@9D6HJ>*G�L�G�L�I-ÆÛD6HJ~w@&E�E/D½I]L.|F>*I-@9D6HJ>*G_Gw@9��{/A6HJ~p@&E�|MEW|6@9=?E/A·Ê
=¯>�|FE/GwD,E$Ù&L*�/DFE/��E/GwD��zÝ&K�@9AFE � G Î 4 � � Î ÄB@�L�G&N�>*GX�7>*�W=�L�AFEW�7E7|BAF{7|F@9I-DML�DF|$�V�7E/@)Ù�>*C9DFE/Gw@&|a=�L�Aa@9G
|F�MÌ&{/�VL�N9{7�7E/GpD6AF{�Ç�>*G.AFE/�VL�AF~p@&E½~p@&E,�7E7|(N9E/@)ÙU|M�FÌ&{/�VL*|}|M>*GwD}N)@ ���/��E½>*AFN)AFE��zÝ&K�@9AFE�� G Î B � � Î

�����
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SRNHR,CFL=0.75,ALPHAB=R*SRUS,MAILLAGE=800

solution numerique
solution analytique

,.- / 0 G Î ��� È�L*|�Ì&>*��>*K Í/G&E�Ç |M�FÌ&{/�VL
! Õ
��Õ � αn

j+ 1

2

= r · Sn
j+ 1
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,.-�/.0 G Î � � ÈÉ>*@9A6C¯E N � E/A6AFE/@9A�ÇU|F�MÌ&{/�VL
! Õ*
���Õ � αn

j+ 1

2

= r · Sn
j+ 1

2

� Î

0 2 4 6 8 10 12 14 16 18 20
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1
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soluton numerique
solution analytique

,.- / 0 G Î 4 � È�L*|�Ì&>*��>*K Í/G&E�Ç |M�FÌ&{/�VL
! Õ
��Õ � αn

j+ 1

2

= α = 1.2 �$Ç¯È � g ! H-Gp@&|
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SRNHR−alpha=1.2
PENTE=1.02
DECENTRE
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np=3200 

,.-�/.0 G Î B4� ÈÉ>*@9A6C¯E N � E/A6AFE/@9A�ÇO|F�MÌ&{/�VL*|
! Õ*
���Õ � αn

j+ 1

2

= α = 1.2 �±E/D}N9{7�7E/GwD6AF{ Î

( i9vWk�upv7k 2 g Ú G��MÌ&>*HJ|6H-D(�VL�H-GpDFE/G�L�GwDaN9E,=9AFE/G&N)AFE,@9G&EO�7>*G&N)H-D6HJ>*G H-G9H-D6H]L�IJEON)HJ|F�7>*GwD6H-Gp@&E

u0(x) =

{
6 |6H x ≤ 10

1 |6H x > 10.
Ú GTÅ*LV�7>*�W=�L�AFE/ABIJE7|�N)H���{/AFE/GwDF|�AF{7|6@9I-DML�DF|a>*C9DFE/Gw@&|aE/G ��L�HJ|ML�GpDBÅ�L�A6HJE/A}IJE½=�L�AML���Í/D6AFE	N9E©�7>*GpD6AXW*IJE
αn

j+ 1

2

Î Þ<>*@9A �7E/I]L)ÇÉ>*G¶L_E)�¯E7�/D6@&{�IJE7|U��L�IJ�/@9IJ| L�Å E7� αn
j+ 1

2

�7>*G&|6DML�GpD � = 1.1 �$ÇÉ=9@9HJ| L7Å E7�X�7E/I-@9H
N9{/DFE/A6�WH-G&{^L�@ =�L�AML�K�AML�=9Ì&E � 4.3.3 � g

αn
j+ 1

2

= νηn
j + (1 − ηn

j ), � G Î � �
>�� ν = ar � a = 1 N&L�G&|WI � {7~p@�L�D6HJ>*G � G Î �#� �^E/D ηn

j = η(θn
j ) E7|6D�Ç�N&L�G&|	@9G�=9AFE/�WHJE/AVDFE/�W=&|�Ç<IJE

I-H-�WH-DFE/@9A�N9E ! @9=?E/A6C¯E7E��  ÃtE/Å9��� �ËÇ  �BH-A .�� � �ÉN9{$Ý&G9HÜ=�L�A
η(θ) = max(0,min(1, 2θ),min(2, θ))

���54
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L�Å E7� �3=9@9HJ|F~p@&E�Ç)HJ�/H"Ç a = 1 > 0 �

θn
j =

un
j − un

j−1

un
j+1 − un

j

,

=9@9HJ|B�7E/I-@9HÜN9EaÔ L�G�ÃtE7E/A  ÃÜE/Å)��� � g
η(θ) =

θ + |θ|
1 + |θ| .

ÕBE/�VL�AF~w@&E g ÃnL	AFE/I]L�D6HJ>*G � G Î � �É=¯E/A6��E/D}N9E+�"L�H-AFEaÅ*L�A6HJE/A αn
j+ 1

2

E/GwD6AFE ν E/D 1 g
��|FH ηn

j = 0 Ç&L�IJ>*AF| αn
j+ 1

2

= 1 E/D(>*G�>*C9D6HJE/GwDBIJE,|F�FÌ&{/�VLWN9{7�7E/GpD6AF{ Î
��|FH ηn

j = 1 Ç&L�IJ>*AF| αn
j+ 1

2

= ν E/D(>*G�>*C9D6HJE/GwDBIJE,|F�FÌ&{/�VLVN9E,ÃÜLÙpÊ���E/G&N)AF>�� Î
Ú G��7>*�W=�L�AFEOIJE7|(AF{7|6@9I-DML�DF|(>*C9DFE/Gp@&|�L�Å E7�,IJE,|F�MÌ&{/�VL ! Õ*
���Õ¶E/D±IJEO|F�MÌ&{/�VLWN9{7�7E/GwD6AF{ Î
ÃÜL |6H-�½@9I]L�D6HJ>*G_Gw@9��{/A6HJ~p@&EVLU{/DF{�E)��E7�/D6@&{7E�|6@9A,@9GX�VL�H-I-I]L�K EVN9E 800 =¯>*H-GwDF| Î ÃtEW=�L*|ON9E	DFE/�W=&|
E7|6D½Ý9Ù){VN9E��"L�;7>*G �.�7E�~w@&EVI]L.�7>*G&N)H-D6HJ>*G�N9E�|6DML�C9H-I-H-DF{��=B Î ��� �½|F>*H-D½| L�D6HJ| ��L�H-DFE Î ÃtE7|^��L�IJ�/@9IJ|©|F>*GpD
AF{�L�I-HJ|F{7|#� cfl = 0.75 ��>*G AML�=9=¯E/I-IJE ~p@&E.I]L��7>*G&N)H-D6HJ>*G N9E�|FDML�C9H-I-H-DF{�H-�W=9I-HJ~p@&E HJ�/H�~w@&E cfl ≤

1

αn
j+ 1

2

, αn
j+ 1

2

≥ 1 �
Î

ÃÜLVÝ&K�@9AFE�Ç¯>*C9DFE/Gw@&E�� t = 2 Ç � G Î � �$Ç?AFE/=9AF{7|FE/GwDFE^IJE7|a|F>*I-@9D6HJ>*G&|a>*C9DFE/Gw@&E7|½L�Å E7�^IJE7|�N9E/@)ÙT|F�FÌ&{/�VL*|
L�H-G&|6H9~p@&EÉIJE7|�Å*L�A6H]L�D6HJ>*G&|³N)@	=�L�AML���Í/D6AFE αn

j+ 1

2

I-H-�WH-DF{�=�L�A ! @9=¯E/A6C?E7E Î Ø¤G	AML
��G�L�GpD³IJE��VL�H-I-I]L�K E�Ç�>*G
�7>*G&|6DML�DFE�~p@&E³I � >*AFN)AFEÉGw@9��{/A6HJ~p@&E�>*C9DFE/Gw@WE7|6D<=9AF>p�MÌ&E N9E�� IJ>*AF|F~w@&E I � >*G^=9AFE/G&N½IJEÉ|F�FÌ&{/�VL ! Õ
��Õ
L�Å E7� αn

j+ 1

2

I-H-�WH-DF{	=�L�A ! @9=¯E/A6C¯E7E�Ç¯L�IJ>*AF|½~w@ � H-I�G&E^Å*L�@9DO~p@&E 0.5 Ç¯=¯>*@9AaIJE	|F�FÌ&{/�VL ! Õ
��Õ L7Å E7�
αn

j+ 1

2

�7>*G&|6DML�GpD�Ç��7>*�W��E,=¯>*@9A(IJE,|F�MÌ&{/�VL�N9{7�7E/GpD6AF{ �zÝ&K�@9AFE�� G Î , � � Î
Ú G.=¯E/@9D±{/KwL�IJE/��E/GwD(AFE/�VL�AF~p@&E/A(~w@&E,� � E7|FDÉIJEa|F�MÌ&{/�VL ! Õ*
��BÕ¶L�Å E7� αn

j+ 1

2

I-H-�WH-DF{a=�L�A ! @9=?E/A6C¯E7E
~p@9H³N9>*G9G&EWI � >*AFN)AFEWGp@9��{/A6HJ~w@&EVIJE	=9I-@&|O{/IJE/Å { �3��E/H-I-IJE/@9A©~p@ � L7Å E7��IJE	I-H-�WH-DFE/@9A©N9E	Ô L�G�ÃtE7E/A � Î Ø¤G
AFE/Å�L�G&�FÌ&E�Ç�~w@�L�G&N.>*GUÝ9Ù9E αn

j+ 1

2

= 1.1 Ç9IJE7|�AF{7|6@9I-DML�DF|}|M>*GwD(�7>*�W=�L�AML�C9IJE7|�	�7E/@)Ù.>*C9DFE/Gw@&|�L7Å E7�,IJE
|F�MÌ&{/�VL�N9{7�7E/GpD6AF{ � αn

j+ 1

2

= 1 �
Î

Ó � L�@9D6AFEa=�L�A6D�Ç)� � E7|6D�{/KwL�IJE/��E/GwD(IJEa|F�MÌ&{/�VL ! Õ
��Õ L7Å E7� αn
j+ 1

2

I-H-�WH-DF{�=�L�A ! @9=¯E/A6C¯E7E�~p@9H�N9>*G9G&E
I � E/A6AFE/@9AWGp@9��{/A6HJ~w@&EUI]L�=9I-@&|���L�H-C9IJE�Ç<=¯>*@9A©@9G&E;DML�H-I-IJE.N9E��VL�H-I-I]L�K E.N9>*G9G&{7E�Ç¤E/D^� � E7|FD^IJE;|F�MÌ&{/�VL
! Õ
��ÕjL�Å E7� αn

j+ 1

2

= 1.1 ~w@9H<N9>*G9G&E^I � E/A6AFE/@9A�Gp@9��{/A6HJ~w@&E^I]LV=9I-@&|}H-�W=¯>*A6DML�GwDFE �3IJE^|F�MÌ&{/�VL�E7|FD
=9I-@&|BN)H��?@&|6H�� � Î

�{�L�G9��>*H-G&|�Ç�>*G �7>*G&|6DML�DFE_~w@&E_�7E�|F�MÌ&{/�VL E7|6DTN&L�G&|�DF>*@&|�IJE7| ��L*| N � >*AFN)AFE 1 �V|6H αn

j+ 1

2

E7|6D
�7>*G&|6DML�GpD � @&H-ItE7|6D�C9HJE/G��7>*G9Gp@�~p@&EaIJE7|(|F�FÌ&{/�VL*|(IJE7|±=9I-@&|±=9AF{7�/HJ|(|F>*GpD±IJE7|(|F�MÌ&{/�VL*|}N9{7�7E/GwD6AF{7| Î�Ú A
I]LVD6Ì&{7>*A6HJE½G&>*@&|�H-G&N)HJ~p@&E©~p@&E αn

j+ 1

2

≥ 1 Ç�E/DBIJE7|�AF{7|6@9I-DML�DF|}Gp@9��{/A6HJ~w@&E7|,>*C9DFE/Gp@&|�G&>*@&|B��>*GpD6AFE/GwD
C9HJE/G�~p@ � H-I�G&EO|6@ ��D±=�L*|}N9E,=9AFE/G&N)AFE αn

j+ 1

2

> 1 Ç&�7>*G&|6DML�GpD Î ÕBL�=9=¯E/IJ>*G&|±DF>*@9DFE)��>*HJ|}~p@&E,�7E,|F�FÌ&{/�VL
D6AF>*@9Å EO|F@9A6DF>*@9D}|F>*G H-GpDF{/A �/D}N&L�G&|(IJE7|(��L*|(G&>*G Ì&>*��>*K Í/G&E7| Î

��� B
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SRNHR Superbee
Pente=0.935
SRNHR Van Leer
Pente=0.736
SRNHR−alpha−cst
Pente=0.5
Décentré
Pente=0.5 np=100 

np=200 

np=400 

np=800 
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np=3200 
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,.-�/.0 G Î ,,�UÈÉ>*@9A6C?E½N � E/A6AFE/@9A g |F�MÌ&{/�VL*| ! Õ*
���Õ � αn
j+ 1

2

I-H-�WH-DF{OE/D αn
j+ 1

2

= 1.1 ��N9{7�7E/GpD6AF{ Î
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� !��Ü�$�&%&'�� � �

Ú G��7>*G&|FHJN9Í/AFE,�VL�H-GwDFE/G�L�GpDBI � {7~p@�L�D6HJ>*G N � L*N)Å E7�/D6HJ>*G�L7Å E7�,DFE/A6��EO|M>*@9AF�7E




∂u

∂t
+
∂u

∂x
= −udz

dx

u(0, x) = u0(x) =

{
6 si x ≤ 10

1 si x > 10

z(x) =

{
zl si x ≤ 10

zr si x > 10,

� G Î 4 �

( i9vUk�upv7k 3 g Ú GX�MÌ&>*HJ|6H-D,HJ�/H"Ç zl = 0 E/D zr = 0.1
ÎÜÚ G�| � H-GpDF{/AFE7|F|FE���I]L�|FH-�½@9I]L�D6HJ>*G�Gp@9��{/A6HJ~w@&E

N9EBI � {7~w@�L�D6HJ>*G � G Î 4 � E/GV@9D6H-I-HJ|ML�GpD�IJEB|F�MÌ&{/�VL ! Õ
��Õ ��L7Å E7� αn
j+ 1

2

I-H-�WH-DF{B=�L�A ! @9=¯E/A6C¯E7E#�³E/D��7E/I-@9H
N9E,Ô L���~p@&E�� �3Å >*H-AB� Î � Î B � Î

�����
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ÃtE7|±��L�IJ�/@9IJ|±|M>*GwD±AF{�L�I-HJ|F{7|±N � L�C¯>*AFNU|6@9A�@9G;�VL�H-I-I]L�K E$�;�����©=¯>*H-GwDF|,� cfl = 0.75
Î ÃÜL^|F>*I-@9D6HJ>*G E7|6D

N9>*G9G&{7E�� t = 2 | Î
Ú G �7>*G&|6DML�DFE½~p@&EOIJE7|B|F>*I-@9D6HJ>*G&|B>*C9DFE/Gp@&E7|,L7Å E7�OIJE7|B|F�FÌ&{/�VL*| ! Õ*
���Õ¸E/DBN9E½Ô L���~w@&E��^�7>�
�G)Ê

�/HJN9E/GpD©L7Å E7�WI]LU|M>*I-@9D6HJ>*G�L�G�L�I-ÆpD6HJ~p@&EWE/DO~w@&E	IJE	|F�MÌ&{/�VL ! Õ*
���Õ E7|6D,D6AFÍ7|,E��V��L*�7E�Ç�G&>*DML��W��E/GwD
L�@ G9H-Å E�L�@ N9E,I]L	N)HJ|F�7>*GwD6H-Gp@9H-DF{©N9E,�7>*GpDML*�/D �zÝ&K�@9AFE � G Î G � � Î
Þ¤I-@&|B=9AF{7�/HJ|FE/�W��E/GpD�Ç�I]LVN)HJ|F�7>*GwD6H-Gp@9H-DF{	N9E½�7>*GwDML*�/Da|6DML�D6HJ>*G9G�L�H-AFE^E7|6D}C9HJE/G =9A6HJ|FE½E/GT�7>*�W=9DFE©L�Å E7�
IJE7|ÉN9E/@)Ù�|F�MÌ&{/�VL*| Î ÈÉE/=¯E/G&N&L�GwD�Ç9>*G�G&>*DFEa~w@&E}IJEB|F�MÌ&{/�VL ! Õ
��Õ LO@9G���E/H-I-IJE/@9A��7>*�W=¯>*A6DFE/��E/GwD
L�@XG9H-Å E�L�@�N)@X�FÌ&>Û��Ç�~p@&E©IJEW|M�FÌ&{/�VLUN9E^Ô L���~w@&E�� Ç�E/DO�7E/I]LU|ME©�7>*G&|6DML�DFE�L�@XD6AML�Å E/AF|ON9E7|,�7>*@9A6C¯E7|
N9EO�7>*GpÅ E/A6K E/G&�7E Î
ÈÉE7|�Ý&K�@9AFE7|}��>*GwD6AFE/GpD�{/KwL�IJE/��E/GpD}IJE7|±Å�L�A6H]L�D6HJ>*G&|}N)@ =�L�AML���Í/D6AFE Î
Ø¤G.AML
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ÃÜL�Ý&K�@9AFE � G Î - �B��>*GpD6AFEW~w@&E^IJE	|F�FÌ&{/�VL ! Õ
��Õ L7Å E7� αn
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solution exacte
SRNHR
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alpha limite par superbee
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SRNHR Superbee
Pente=0.92
SRNHR Van−Leer
Pente=0.714
SRCPR−alpha=1.1
Pente=0.51
Vazquez
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np=400 

np=800 
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np=12800 
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( i9v�k�uwv7k 3 !$�zcVg Ú G =9AFE/G&N.�VL�H-GpDFE/G�L�GwD�Ç zl = 0 E/D zr = 1
Î

Ú G��7>*G&|FDML�DFE�Ç�|6@9A}�7E/DBE$Ù)E/�W=9IJE�Ç�~w@&E,IJE½|F�FÌ&{/�VLWN9E½Ô L���~w@&E��½G&E,=?E/A6��E/DB=�L*|(N9EO��L�=9D6@9AFE/A�I � {/DML�D
H-GpDFE/A6��{7N)H]L�H-AFEOG9H¯I]L^N)HJ|F�7>*GwD6H-Gp@9H-DF{ON9E,�7>*GwDML*�/D(~p@9H�|FE�=9AF>*=�L�K E�Ç&L�IJ>*AF|±~w@&E�IJEa|F�FÌ&{/�VL ! Õ
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solution exacte
SRNHR Superbee
Vazquez
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alpha limite par superbee

,.- / 0 G Î .F��È�L*|³G&>*G�Ì&>*��>*K Í/G&E�Çp|M�FÌ&{/�VL ! Õ
��Õ I-H-�WH-DF{B=�L�A ! @9=¯E/A6C?E7E ÎpÂ L�H-I-I]L�K E+�W�����O=?>*H-GpDF| Î
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Ã � {7~p@�L�D6HJ>*GXN9E©Ñ�)9A6K E/AF|�AFE/=9AF{7|FE/GpDFE©IJE©��L*|}I-H-�WH-DFE	N � @9GT=9AF>*C9IJÍ/��E	|F��L�I]L�H-AFE½=�L�AML�C¯>*I-HJ~p@&E�Ç���>ÛN9{$Ê
I-HJ|ML�GpD(@9G�{7�7>*@9IJE/��E/GpDBN9E,�VL�G9HJÍ/AFE©|6H-�W=9I-H Ý�{7EA@&E/I-IJEO| � {7�/A6H-D

∂u

∂t
+

1

2

∂u2

∂x
= ν

∂2u

∂x2
. � G Î B �

ÄB@�L�G&N;IJEB=�L�AML���Í/D6AFE ν DFE/G&N�Å E/AF| ��{/AF>9ÇpI � {7~p@�L�D6HJ>*G � G Î B �³=¯E/@9DÉ|FEB��E/D6D6AFE�|F>*@&|ÉI]L���>*A6��EB�7>*G&|ME/A·Ê
Å�L�D6H-Å EO|6@9H-Å�L�GwDFE

∂u

∂t
+

1

2

∂u2

∂x
= 0. � G Î � �

ÈÉE/D6DFE±{7~p@�L�D6HJ>*G�E7|6D<D6AFÍ7|�H-GwDF{/AFE7|F|ML�GpDFE(N&L�G&|�I]LB��E7|6@9AFE±>��WE/I-IJE��7>*GwD6HJE/GwD I]L}=9I-@9=�L�A6D³N9E7|¤N)H��V�/@9I-DF{7|
I-HJ{7E7|�L�@)Ù;=9AF>*C9IJÍ/��E7|}ÌwÆÛ=?E/A6C¯>*I-HJ~w@&E7|}G&>*G I-H-G&{�L�H-AFE7| Î
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� ��� �Ü�Ë� �³����� �Ë� �)����� �
	����
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Ú G.=9AF{7|ME/GwDFEOHJ�/H�I � L�I-K >*A6H-D6Ì9��E^N9E,��L�IJ�/@9IÜN)@ =�L�AML���Í/D6AFE©N9E,�7>*GwD6AXW*IJE g

���2G
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� I � {/DML�=?E n Ç( � s"� �MÌ�L*~w@&E½�7E/I-I-@9IJEON)@ �VL�H-I-I]L�K E
Ú G���L�IJ�/@9IJEOI]L	ÅpH-DFE7|M|FEaN9EOÕ(@&|ML�G&>�Å�IJ>Û��L�IJE
Sn

k+ 1

2

= max
(
|f ′(Un

k )|, |f ′(Un
k+1)|

)

νn
k+ 1

2

= rSn
k+ 1

2

Î
Qtq � Un

k+1 = Un
k
� ��y � ��v

θ = 0
αn

k+ 1

2

= 0
Qtq �4� �Qtq � f ′(Uk

j+1
2

) > 0 � ��y � ��v
θ =

(Un
k
−Un

k−1
)

(Un
k+1

−Un
k

)Qtq �4� �
θ =

Un
k+2

−Un
k+1

Un
k+1

−Un
k7±q � Q�q

θk = Limiteur(θ)
Î

αn
k+ 1

2

= νn
k+ 1

2

θk + (1 − θk)
Sn

k+1
2

min(|f ′(Un
k

)|,|f ′(Un
k+1

))

Î
7±q � Q�q7±q � ( � s4�

Ó,L�G&|±IJE7|}��L*|±=9AF{7|FE/GwDF{7|}HJ�/H"Ç9IJE7|±I-H-�WH-DFE/@9AF|}@9D6H-I-HJ|F{7|}|F>*GpD
� ! @9=¯E/A6C¯E7E g Limiteur(θ) = max (0,min (1, 2θ) ,min (2, θ))

>*@ C9HJE/G

� Ô L�G)ÊËÃÜE7E/A g Limiteur(θ) =
θ + |θ|
1 + |θ|

Î

� � � ��� �����
� ��'���� �³�����#��%Ü� �� !��Ü�$�&%&'�� �

( i9vWk�upv7k 4 g Ø¤D6@&N9E½N � @9G���L*|BL�Å E7�O�FÌ&>Û� Î
Ú G��7>*G&|FHJN9Í/AFE,I � {7~w@�L�D6HJ>*G � G Î � �±L*|F|F>*A6D6HJEON9EaI]L��7>*G&N)H-D6HJ>*G�H-G9H-D6H]L�IJEO|6@9H-Å�L�GwDFE

u0(x) =

{
ug = 2 si x ≤ 0,

ud = 1 si x > 0,
Ç x ∈] − 10, 10[. � G Î , �

Ó,L�G&|��7Ea��L*|�Çp>*G.|ML�H-D�~p@&E}I]L^|F>*I-@9D6HJ>*G.�7>*GwD6HJE/GpD±@9G&Ea>*G&N9E�N9E��FÌ&>Û�a|FEB=9AF>*=�L�K E�L�GwD(Å E/AF|ÉI]L©N)AF>*H-DFE
L�Å E7�O@9G&EaÅÛH-DFE7|F|FE,{/KwL�IJE2� ug + ud

2
=

3

2

Î
Ú GRAF{�L�I-HJ|FE�I]LT|6H-�½@9I]L�D6HJ>*G Gp@9��{/A6HJ~w@&EUN9EU�7EV=9AF>*C9IJÍ/��E�Ç¤E/G�@9D6H-I-HJ|ML�GpD�� G&>*@9Å E�L�@tÇ�IJE7|	|F�MÌ&{/�VL*|
! Õ
��Õ ��L7Å E7�TIJE7|;D6AF>*HJ|�Å�L�IJE/@9AF|.N)@ =�L�AML���Í/D6AFEXN9E �7>*GpD6AXW*IJEXN9{7�/A6H-DFE7|U=9AF{7�7{7N9E/�W��E/GwD �UE/D;IJE
|F�MÌ&{/�VL�N9{7�7E/GpD6AF{ Î
ÃtE7|���L�IJ�/@9IJ|�>*GwDB{/DF{½AF{�L�I-HJ|F{7|�|6@9A(@9G��VL�H-I-I]L�K E^N9E©������=?>*H-GpDF|�Ç�� cfl = 0, 75 @?IJE7|}AF{7|6@9I-DML�DF|B|M>*GwD
N9>*G9G&{7|�� t = 2

Î�Ú G©AFE/�VL�AF~p@&E�~w@&E I]LB|F>*I-@9D6HJ>*G	Gw@9��{/A6HJ~p@&E±�7>�
�G&�/HJN9E�L�Å E7�ÉI]L}|F>*I-@9D6HJ>*G�L�G�L�I-ÆÛD6HJ~w@&E
�zÝ&K�@9AFE G Î ��� � Î
�B=9AFÍ7|�AML
��G&E/��E/GwD³N)@	�VL�H-I-I]L�K E�Ç�>*GW�7>*G&|6DML�DFE�~w@&EÉIJE7|�|F�MÌ&{/�VL ! Õ*
��BÕRE/D¤N9{7�7E/GwD6AF{±|F>*GpD¤N � >*AFN)AFE

����-
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|6H-�WH-I]L�H-AFE ��E/GwÅÛH-AF>*G 1 �$Ç)�VL�HJ|}>*G >*C9D6HJE/GpD}@9G&E,E/A6AFE/@9A(Gp@9��{/A6HJ~w@&E½=9I-@&| ��L�H-C9IJE½~w@�L�G&N.>*G @9D6H-I-HJ|MEaIJE
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BURGERS, SRNHR, CFL=0.75, MAILLAGE=200

solution exacte
SRNHR−Superbee
alpha limite par superbee
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SRNHR Superbee
Pente=1
SRNHR Van Leer
Pente=0.999
SRNHR−alpha=1.1
Pente=0.976
DECENTRE
Pente=0.99
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np=3200 
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,.-�/.0 G Î ���]�_ÈÉ>*@9A6C?EUN � E/A6AFE/@9AL@�|F�MÌ&{/�VL*|
! Õ*
���Õ¶E/D(N9{7�7E/GwD6AF{ Î
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( i9vWk�upv7k 5 g Ø¤D6@&N9E½N � @9G���L*|}�7>*GpDFE/G�L�GwD}@9G&E½>*G&N9EON9EON9{/DFE/GwDFE Î
Ú G =9AFE/G&N��VL�H-GwDFE/G�L�GpD��7>*�W��E©�7>*G&N)H-D6HJ>*G�H-G9H-D6H]L�IJE�Ç��7E/I-IJE©N9>*G9G�L�GwDB@9G&EO|F>*I-@9D6HJ>*G �7>*GpDFE/G�L�GwD�@9G&E
>*G&N9EON9E½N9{/DFE/GwDFE g

u0(x) =

{
1 si x ≤ 0,

2 si x > 0,
Ç x ∈] − 10, 10[. � G Î G �

Ú G E)��E7�/D6@&EUIJE7|	���/��E7|���L�IJ�/@9IJ|�~p@&EUN&L�G&|WIJEU��L*|	DFE7|6DW=9AF{7�7{7N9E/GwD Î �B=9AFÍ7|	AML
��G&E/��E/GwD;N9E
�VL�H-I-I]L�K E�Çp>*G�AFE/�VL�AF~w@&EB~w@&E�Ç �aG&>*@9Å E�L�@tÇ IJE7|³|M�FÌ&{/�VL ! Õ
��Õ E/D N9{7�7E/GpD6AF{B|M>*GwD N)@����/��EB>*AFN)AFE
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Burgers, SRNHR, cfl=1., t=2, np=800

Solution exacte
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( i9vWk�upv7k 6 g
Ø¤G)Ý&GtÇ¯>*G =9AFE/G&N �7>*�W��E^�7>*G&N)H-D6HJ>*G�H-G9H-D6H]L�IJE�Ç?�7E/I-IJE^N9>*G9G�L�GwDa@9G&E©|F>*I-@9D6HJ>*GT�7>*GpDFE/G�L�GwD,@9G&E^>*G&N9E
N9E,AML�AF{)�"L*�/D6HJ>*G =�L*|F| L�GwD(=�L�A(IJEa=¯>*H-GwD x = 0 g

u0(x) =

{
ug = −1 si x ≤ 0,

ud = 1 si x > 0,
Ç x ∈ [−10, 10]. � G Î - �

ÃnLV|F>*I-@9D6HJ>*G�N9>*G9G&{7E^=�L�AaIJE^|F�FÌ&{/�VLUN9E^Õ}>ÛE©E7|FDB@9GX�FÌ&>Û�	|6DML�D6HJ>*G9G�L�H-AFEW��L�A�I]L���>*G&�/D6HJ>*GXN)@
E&@)Ù�Gp@9��{/A6HJ~w@&E	N)@�|F�FÌ&{/�VL�N9E^Õ}>ÛEOE7|6D�C�L*|F{7E©|F@9A}I]LWI-H-G&{�L�A6HJ| L�D6HJ>*G�N)@T=9AF>*C9IJÍ/��E	N9E©Õ}HJE/�VL�G9G
IJ>Û��L�I Î ÃÜLa|F>*I-@9D6HJ>*G�N9E�=9AF>*C9IJÍ/��E±N9E±Õ}HJE/�VL�G9GWI-H-G&{�L�H-AFE(�7>�
�G&�/HJN9E(L7Å E7�±I]L�|F>*I-@9D6HJ>*G�E$Ù&L*�/DFE�Ç*IJ>*AF|F~p@&E
�7E/I-IJE��/H³G&E��7>*GwD6HJE/GpD^~p@ � @9G&E�>*G&N9E�N9EV�FÌ&>Û�V>*@�@9G&E�N)HJ|M�7>*GwD6H-Gw@9H-DF{;N9E��7>*GpDML*�/D Î Ó,L�G&|½�7EV��L*|,I]L
AFE/I]L�D6HJ>*GTN9E,|ML�@9D}E7|6D(|ML�D6HJ| ��L�H-DFEa=¯>*@9A ul

E/D ur
Ç&L�H-G&|6HÜ>*G�L

f(ur) − f(ul) = s(ur − ul).

�B@9D6AFE/��E/GwD	N)H-D�ÇtI � >*G&N9E�N9E�AML�AF{)�"L*�/D6HJ>*G_G � L�=9=�L�AML
	JD^=�L*|½N&L�G&|½IJEV��L*|OI-H-G&{�L�H-AFE�Ç<�7E�~p@9H H-�W=9I-HJ~p@&E
~p@&E,N&L�G&|±IJEa|F�FÌ&{/�VL�N9E,Õ}>ÛEBH-I�ÆUL^ÅpHJ>*I]L�D6HJ>*G N9EaI]L	�7>*G&N)H-D6HJ>*G N � E/GwD6AF>*=9HJE©L�@.G9H-Å E�L�@ N9E7|(=?>*H-GpDF|
|F>*G9HJ~p@&E7|�Ç9� � E7|6D·Ê/�ÊËN)H-AFE½IJE7|±=¯>*H-GwDF|(DFE/IJ|}~w@&E f ′(ul) < 0 < f ′(ur)

Î
Þ�L�AÉE$Ù9E/�W=9IJE�ÇÛN&L�G&| �7EB��L*| DFE7|6D�ÇwI]LO|F>*I-@9D6HJ>*G;=9ÌwÆ)|6HJ~p@&E}E7|6D @9G&E}>*G&N9E�N9E(AML�AF{)�"L*�/D6HJ>*G�=�L*|M|ML�GwDÉ=�L�A
IJE,=¯>*H-GwD x = 0 Ç9=9@9HJ|F~p@&E f(1) = f(−1)

Î
Ø¤G E)�¯E/D�Ç9IJE E&@)Ù.N9EOÕB>pEa| � {7�/A6H-D

Φ
Õ}>ÛE
j+ 1

2

=
1

2
(fj + fj+1) − |aj+ 1

2

|(uj+1 − uj),

L�Å E7� aj+ 1

2

=
fj+1 − fj

uj+1 − uj
= 0 HJ�/H Î Óa>*G&� Φ

Õ}>ÛE
j+ 1

2

= fj+1 = fj
Çn�7E�~p@9HÉH-�W=9I-HJ~w@&E;~w@&E Φ

ÕB>pE
j+ 1

2

−

Φ
ÕB>pE
j− 1

2

= 0 E/D}N9>*G&�½~w@&E un+1
j = un

j
Ç&~p@&E/IJ~p@&E,|F>*H-D±IJE,=¯>*H-GwD}�7>*G&|6HJN9{/AF{ Î
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solution exacte
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∂u

∂t
+

1

2

∂u2

∂x
= −udz

dx
, x ∈] − 10, 10[

u(0, x) = u0(x) =

{
6 si x ≤ 0

1 si x > 0

z(x) =

{
0 si x ≤ 0

1 si x > 0.
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Pente=0.999
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Pente=0.968
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∂h

∂t
(x, t) +

∂(hu)

∂x
(x, t) = 0

∂(hu)

∂t
(x, t) +

∂(hu2 + gh2

2 )

∂x
(x, t) = 0

� G Î ��� �

L�Å E7�O=¯>*@9A(�7>*G&N)H-D6HJ>*G&|(H-G9H-D6H]L�IJE7| g

h0(x) =

{
6 |FH x ≤ 6
2 |FH x > 6.

E/D

u0(x) = 0, ∀x.

� �3� ��� �X��%&�
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N9E,I]L^�VL�D6A6HJ�7E,�6L*�7>*C9HJE/G9G&EOÅ {/A6H Ý�E/GwD}I]LWAFE/I]L�D6HJ>*G





∂W1

∂t
+ λ1

∂W1

∂x
= 0

∂W2

∂t
+ λ2

∂W2

∂x
= 0,

L�Å E7� W1 = u− 2c Ç W2 = u+ 2c Ç λ1 = u− c E/D λ2 = u+ c
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Sn

j+ 1

2

= max
p

(
max

(
|λn

p,j|, |λn
p,j+1|

))

Qtq � Wkj+1
= Wkj

� �;y � �v
θWk

= 0Qtq �4� �È�L�IJ�/@9I<N9EaI]L	ÅpH-DFE7|M|FE��	I � {/DML�D(��>�Æ E/G g
c̃j+ 1

2

=

√
g

hj+hj+1

2
Ç

Ṽj+ 1

2

=
(uj+uj+1)

2
Ç

λ̃k
j+1

2

= Ṽj+ 1

2

+ (−1)k c̃j+ 1

2Qtq � λ̃k
j+1

2

> 0 � �;y � ��v
θWk

=
Wkj

−Wkj−1

Wkj+1
−WkjQtq �4� �

θWk
=

Wkj+2
−Wkj+1

Wkj+1
−Wkj7±q � Q�q7±q � Q�q

sj+ 1

2

= min(|λ̃1
j+1

2

|, |λ̃2
j+ 1

2

|)

(αn
j+ 1

2

)1 =
Sn

j+1
2

s
j+1

2

, (αn
j+ 1

2

)2 = rn
j S

n
j+ 1

2Qtq � sj+ 1

2

< ε � �;y � �v
(αn

j+ 1

2

)1 = 1
7±q � Q�qQtq � θW1

< 0 >*A θW2
< 0 � �;y � ��v

Ψ = 0Qtq �4� �
Ψ = Limiteur(θW1

, θW2
)7±q � Q�q

αn
j+ 1

2

= (αn
j+ 1

2

)1(1 − Ψ) + Ψ(αn
j+ 1

2

)2
Î
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Ï AF>*@&N9E;E7|FD^{/KwL�IJE#� 1 ��E/D^N9>*G&� sj+ 1

2

= 0 �
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Ú G�| � H-GwDF{/AFE7|F|FEOHJ�/H3�	I � {7~w@�L�D6HJ>*G N9E ! L�H-GwD·Ê"Ô³E/G�L�GpD�Ç?L�Å E7�,DFE/A6��E½|F>*@9AF�7E




∂h

∂t
(x, t) +

∂(hu)

∂x
(x, t) = 0

∂(hu)

∂t
(x, t) +

∂(hu2 + gh2

2 )

∂x
(x, t) = −gh(x, t)∂z

∂x
(x)

z(x) =

{
0 si x ≤ 6

1 si x > 6

h0(x) =

{
5 |6H x ≤ 6

1 |6H x > 6.

u0(x) = 0.

� G Î ���#�

( ��mwv�u%� 1)i)k�q � � � u y%$-m k�i)kVv�k�i)k�q � �"� i&q=�u
Þ<>*@9A���>*GwD6AFE/A±~w@&E��7E�|F�FÌ&{/�VL½Å {/A6H Ý�E�Gw@9��{/A6HJ~p@&E/��E/GwD±I]L	È Ê"=9AF>*=9A6HJ{/DF{�>*G;=9AFE/G&NUN9E/@)ÙV��L*|ÉDFE7|6DF|
�7>*A6AFE7|6=¯>*G&N&L�GwD+�WN9EaI � E�L�@ L�@ AFE/=¯>�| Î

( i9vWk�upv7k 1
! HÜ>*G.=9AFE/G&N IJE7|(�7>*G&N)H-D6HJ>*G&|}H-G9H-D6H]L�IJE7|B|6@9H-Å�L�GwDFE7| g





z(x) =

{
0 si x ≤ 6

1 si x > 6

h0(x) =

{
5 |6H x ≤ 6

4 |6H x > 6,

u0(x) = 0

� G Î ��� �

Ú GRÅ >*H-D�~p@&EVIJEU|F�MÌ&{/�VL SRNHR �7>*G&|FE/A6Å EUC9HJE/GRI]LXÈ Ê"=9AF>*=9A6HJ{/DF{ �3Å >*H-A	Ý&K�@9AFE7| ,.-�/.0 G Î �HG E/D,.- / 0 G Î �D- �
( i9vWk�upv7k 2Ú G��7>*G&|FHJN9Í/AFE,IJE7|(�7>*G&N)H-D6HJ>*G&|BH-G9H-D6H]L�IJE7|}|6@9H-Å�L�GwDFE7| g





z(x) =

{
0 si 5 ≤ x ≤ 7

1 − (x− 6)2 |6H-G&>*G

h0(x) = 5 − z(x),
u0(x) = 0

� G Î �54 �

Ú GUÅ >*H-D±~w@&EBIJEa|F�FÌ&{/�VL SRNHR �7>*G&|FE/A6Å E�HJ�/H�L�@&|M|6H�I]LWÈ Ê"=9AF>*=9A6HJ{/DF{ �3Å >*H-AÉÝ&K�@9AFE7| ,.-�/.0 G Î �D.^E/D,.- / 0 G Î 4�� �

���D.
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AF{7|6@9I-DML�DF|©|F>*GwD^N9>*G9G&{7| � t = 0.5
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SRNHR−alpha limité
 Vazquez
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solution exacte
SRNHR−alpha limite
VAZQUEZ
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SRNHR−alpha limité
Pente=0.82
SRNHR−alpha=1.1
Pente=0.734
Vazquez
Pente=0.51
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z(x) =

{
0 si x ≤ 0

1 si x > 0

h0(x) =

{
5 |6H x ≤ 0

1 |6H x > 0,

u0(x) =

{
−4 |6H x ≤ 0

9 |6H x > 0,

� G Î � B �

N9>*GpD©>*G��7>*G9G�L
	JD½I]LU|M>*I-@9D6HJ>*G_L�G�L�I-ÆpD6HJ~p@&E ��N � L�=9AFÍ7|½IJE7|,D6AML7Å�L�@)Ù�N9E Ï�Î ÑÉE/G9ÒÛÌ�L�IJN9>*@9G_E/D Ï�Î �BI Ê
�/A6@&N9>  ��Ñ±�)� � � Î�Ú G Å�L	N9>*G&�,�7>*�W=�L�AFE/A}I]L	|F>*I-@9D6HJ>*G >*C9DFE/Gw@&E©L�Å E7�OIJE,|F�MÌ&{/�VL ! Õ*
���Õ � � αn
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� G Î 4D, � Î
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SRNHR
solution analytique
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SRNHR
solution analytique
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Courbe d’erreur de la hauteur de l’eau, t=0.7,cfl=0.95

SRNHR−alpha=1.8

Pente=0.59
np=50

np=100

np=200

np=400

np=800

np=1600

np=3200

,.-�/.0 G Î 4D,,�.ÈÉ>*@9A6C¯E,N � E/A6AFE/@9AL@&Ì�L�@9DFE/@9ABN9EaI � E�L�@8@�|F�FÌ&{/�VL ! Õ*
��BÕ Î

Ú GX@9D6H-I-HJ|MEW�VL�H-GwDFE/G�L�GpD½IJEW���/��E�|M�FÌ&{/�VL.E/G�E)��E7�/D6@�L�GwD©@9G&E	��>*GwDF{7EVE/G�>*AFN)AFE��3Å >*H-A�Ç�=�L�A
E$Ù9E/�W=9IJE�Ç  ×aÕ .D, � � Î Þn>*@9A��7E/I]L)Ç&>*G���L�IJ�/@9IJE,IJE7|}K�AML*N)HJE/GwDF|}=�L�A(I]L	��{/D6Ì&>ÛN9EON9E7|(��>*H-G&N)AFE7|B��L�A6AF{7|�Ç
~p@&E³I � >*G^I-H-�WH-DFE =�L�AnIJE I-H-�WH-DFE/@9A Â H-G)Ê Â >ÛN Î�Ú G	�7>*G&|6DML�DFE�L�IJ>*AF|n~p@&E³I � >*AFN)AFE Gw@9��{/A6HJ~p@&E�N)@©|F�MÌ&{/�VL
E7|6DÉ|FE/G&|6H-C9IJE/��E/GpD±L���{/I-HJ>*AF{ � 0.65 �$ÇÛ�7>*�W��E�>*GV=¯E/@9D IJEBÅ >*H-A |F@9A I]LaÝ&K�@9AFE � G Î 4D. � Î ÈÉE/D6DFEBN9E/A6G9HJÍ/AFE
=¯E/A6��E/DO{/KwL�IJE/��E/GwD½N9E^AFE/�VL�AF~p@&E/AO~w@&E^I � >*GXKwL�K�G&EWE/G�=9AF{7�/HJ|6HJ>*G�E/G�AML
��G�L�GwD½IJE7|a�VL�H-I-I]L�K E7|,IJE7|
=9I-@&|}K�AF>�|F|6HJE/AF|�Ç)�VL�HJ|(E/G&|F@9H-DFEO~w@&EaIJE7|(�VL�H-I-I]L�K E7|}IJE7|±=9I-@&|±Ý&G&|±G � L�=9=?>*A6DFE/GpDB=9I-@&|(K�AML�G&N �FÌ&>�|FE Î
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solution analytique
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SRNHR
solution analytique

,.-�/.0 G Î 4D-6� ! D·Ê"Ô³E/G�L�GpD�G&>*GRÌ&>*��>*K Í/G&E�Ç
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��Õ L�Å E7�
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Courbe d’erreur de la hauteur de l’eau, t=0.7, cfl=0.95

SRNHR(avec MUSCL)−alpha=1.8

Pente=0.65
np=50p

np=100

np=200

np=400

np=800

np=1600

np=3200

,.-�/.0 G Î 4D.,�.ÈÉ>*@9A6C¯EON � E/A6AFE/@9AL@9Ì�L�@9DFE/@9ABN9EaI � E�L�@8@�|F�FÌ&{/�VL ! Õ*
��BÕ¸L�Å E7�,I-H-�WH-DFE/@9A Î

� � � � ¡¯�±°	�F²³��£®¬^£ �a�}�F�B� � ��£¤�^�(�B� � �

� � �#�Ë� �����
� ��'���� �³��
<����� � � �����³��� � ��P !#�Ü�$�&%
'��³�

ÓaE�G&>*@9Å E�L�@tÇ&>*G �7>*G&|6HJN9Í/AFEaIJEa|6Æ)|6DFÍ/��EaN9E7|±{7~w@�L�D6HJ>*G&|}N9E ! L�H-GpD·Ê"Ô³E/G�L�GwD�~w@9H���>ÛN9{/I-HJ|FE�@9G {7�7>*@)Ê
IJE/��E/GpDOE/GTE�L�@)Ù�=¯E/@T=9AF>���>*G&N9E7| � u E7|6D�I]LV�7>*�W=¯>�|ML�GpDFE^N9E^I]LVÅpH-DFE7|M|FE½N&L�G&|aI]L�N)H-AFE7�/D6HJ>*G x E/D v�7E/I-IJEON&L�G&|}I]L	N)H-AFE7�/D6HJ>*G y � g

∀(x, y) ∈ Ω ⊂ R
2, t ∈ R

+,





∂h

∂t
(x, y, t) +

∂(hu)

∂x
(x, y, t) +

∂hv

∂y
(x, y, t) = 0,

∂(hu)

∂t
(x, y, t) +

∂(hu2 + gh2

2 )

∂x
(x, y, t) +

∂huv

∂y
(x, y, t) = 0

∂(hv)

∂t
(x, y, t) +

∂huv

∂x
+
∂(hv2 + gh2

2 )

∂y
(x, y, t) = 0

h(x, y, 0) = h0(x, y)
u(x, y, 0) = u0(x, y)
v(x, y, 0) = v0(x, y),

� G Î ��� �

h0
Ç u0

E/D v0 {/DML�GwD�N9E7| ��>*G&�/D6HJ>*G&|BN9>*G9G&{7E7|}N9{$Ý&G9HJE7|B|6@9A Ω
Î

Ú G�E)��E7�/D6@&EON9E7|B|6H-�½@9I]L�D6HJ>*G&|BGw@9��{/A6HJ~p@&E7|}N9EO�7E½|6ÆÛ|FDFÍ/��E,E/G @9D6H-I-HJ|ML�GwDBIJE7|(|F�MÌ&{/�VL*| ! Õ*
���Õ¶E/D
N9EOÕ}@&|ML�G&>�Å¯Ç9|6@9A±IJEON9>*�VL�H-G&E Ω N9{$Ý&G9Ht=�L�A g x ∈ [0; 12] E/D y ∈ [0; 1] �zÝ&K�@9AFE�� G Î Bw� � � Î

Ú GT=9AFE/G&N�N9E7|��VL�H-I-I]L�K E7|aG&>*G�|FD6A6@&�/D6@9AF{7|�Ç?=9I-@&|�>*@T��>*H-G&|�Ý&G&| Î ÃtE7|�Ý&K�@9AFE7| � G Î B&�#�$Ç � G Î Bw� �$Ç
� G Î B 4 ��E/D � G Î BDB �É��>*GwD6AFE/GpDBI]L^DML�H-I-IJEON9E7|(�VL�H-I-IJE7|}|6@9A(IJE,��L�A6AF{ [0; 1]2

Î

�54CB
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1m
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Mesh NS 48x10

,.-�/.0 G Î B&�F� Â L�H-I-I]L�K E 48 × 10
Î
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Î

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
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,.- /.0 G Î B 4,� Â L�H-I-I]L�K E 150 × 15
Î
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,.- / 0 G Î BDB�� Â L�H-I-I]L�K E 300 × 30
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( i9vWk�upv7k � uP�*sÜxnk�s"�u � u ; i:� ��i ) u v�s"� � � �4� o � snq�y�y3m O

Ú G =9AFE/G&N =?>*@9A(�7>*G&N)H-D6HJ>*G H-G9H-DML�IJE

h0(x, y) =

{
6 |FH x ≤ 6, ∀y ∈ [0; 1]

2 |FH x > 6, ∀y ∈ [0; 1]

u0(x, y) = v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].

ÃtE7|B�7>*G&N)H-D6HJ>*G&|(I-H-�WH-DFE7|B�7>*A6AFE7|6=?>*G&N9E/GpD�L�@)Ù.�7>*G&N)H-D6HJ>*G&|}H-G9H-D6H]L�IJE7| Î

Ú G.�7>*�W=�L�AFEaIJE7|�AF{7|6@9I-DML�DF|±>*C9DFE/Gp@&|}L7Å E7�aIJE7|�|F�MÌ&{/�VL*| ! Õ*
��BÕ ��L�Å E7� αn
j+ 1

2

= 1.2 �ÉE/D±N9EaÕ(@&| LÊ
G&>�Å?Ç&��I]L,|F>*I-@9D6HJ>*G�E$Ù&L*�/DFE Î ÃtE7| ��L�IJ�/@9IJ| |F>*GpD E)��E7�/D6@&{7| � cfl = 0.95 E/D³IJE7|¤AF{7|6@9I-DML�DF| |F>*GwDÉN9>*G9G&{7|
� t = 0.4

Î

S;upo�i:�rtsnu�O Þ<>*@9A I]L,AFE/=9AF{7|FE/GwDML�D6HJ>*GUK�AML�=9Ì9HJ~p@&E � G Î Bw� �$Çp=?>*@9A³@9G&E}Å*L�IJE/@9AÉN9E y Ý9Ù){7EB{/KwL�IJE
� ȳ Ç�>*G	AFE/KwL�AFN9E±DF>*@&|�IJE7|³D6A6H]L�G9K�IJE7|¤D6AML7Å E/AF|F{7|³=�L�A¤I]LaN)AF>*H-DFE y = ȳ E/D³>*G	AFE/=9AF{7|FE/GpDFE�Ç�=¯>*@9A³�FÌ�L*�/@9G
N9E	�7E7|aD6A6H]L�G9K�IJE7|�Ç¯I]L�Å�L�IJE/@9AaN9E^I]L�Å�L�A6H]L�C9IJE^��L�IJ�/@9IJ{7EW|F@9Aa�7E^D6A6H]L�G9K�IJE�Ç�E/G ��>*G&�/D6HJ>*G�N9E^I � L�C&|F�/HJ|M|FE
N)@��7E/GpD6AFEON9E,K�AML�ÅpH-DF{ON9EOI � {/IJ{/��E/GwDB�7>*A6AFE7|F=?>*G&N&L�GpD Î

Ú G�AFE/�VL�AF~w@&E�~p@&EWIJE�|M�FÌ&{/�VL ! Õ
��Õ E7|6D,C¯E�L�@&�7>*@9=�=9I-@&|O=9AF{7�/HJ|½~p@&E��7E/I-@9H N9E�Õ}@&|ML�G&>�Å
�zÝ&K�@9AFE � G Î Bw� � � Î

ÃnLBÝ&K�@9AFE � G Î B%, �<AFE/=9AF{7|FE/GpDFE(I]L�=¯E/GwDFE(N � E/A6AFE/@9A���|F@9A¤I]LaÌ�L�@9DFE/@9A N � E�L�@ ��>*C9DFE/Gp@&E}E/GW@9D6H-I-HJ|ML�GpD
IJE7| BV�VL�H-I-I]L�K E7|(=9AF{7|FE/GpDF{7|(=9AF{7�7{7N9E/�W��E/GwD Î ÃÜL	DML�H-I-IJE½N)@ �VL�H-I-I]L�K EOE7|6D}N9{/DFE/A6�WH-G&{7E½=�L�A

Hmax = max
i

(
max

j
|γij |

)

>�� γij
N9{7|6H-K�G&EaI � L�A �/DFE©�7>*�W�½@9G&E©L�@)Ù.�7E/I-I-@9IJE7| ci E/D cj Î

ÃnL	=?E/GpDFEO��>�Æ E/G9G&E©N9E½I]LW�7>*@9A6C?E©>*C9DFE/Gw@&E^E7|6D}{/KwL�IJE�� 0.83 =¯>*@9A(IJE½|F�MÌ&{/�VL ! Õ
��Õ¸E/D�
0.76 =¯>*@9A±IJEO|F�MÌ&{/�VLWN9EOÕ(@&| L�G&>�Å Î
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solution exacte
SRNHR
RUSANOV

,.- / 0 G Î Bw� � ! D·Ê"Ô³E/G�L�GpDT�*Ó Ì&>*��>*K Í/G&E�Ç
Ì�L�@9DFE/@9A�N9E`I � E�L�@8@ |F�FÌ&{/�VL*| ! Õ
��Õ
� αn

j+ 1

2

�7>*G&|6DML�GpD �±E/D(N9EOÕ}@&|ML�G&>�Å Î
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Hauteur de l’eau , 2D

SRNHR−alpha=1.2
PENTE=0.83
RUSANOV
PENTE=0.766

,.-�/.0 G Î B%,[�_ÈÉ>*@9A6C?EUN � E/A6AFE/@9AL@�|F�MÌ&{/�VL*|
! Õ*
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� � �#��� �����
� ��'���� �³��
<����� � � �����³��� � ��P �#�
� � !��Ü�$�&%&'�� �

Ú G;�7>*G&|6HJN9Í/AFEBIJE}|6Æ)|6DFÍ/��E(N9E ! L�H-GwD·Ê"Ô³E/G�L�GwD}L�Å E7�}DFE/A6��E�|F>*@9AF�7E�N&L�G&| IJEB��L*|³C9HJN)H-��E/G&|6HJ>*G9G&E/I
|6@9H-Å�L�GwD
∀(x, y) ∈ Ω ⊂ R

2, t ∈ R
+ Ç





∂h

∂t
(x, y, t) +

∂(hu)

∂x
(x, y, t) +

∂hv

∂y
(x, y, t) = 0

∂(hu)

∂t
(x, y, t) +

∂(hu2 + 1
2gh

2)

∂x
(x, y, t) +

∂hv

∂y
(x, y, t) = −gh(x, y, t) ∂z

∂x
(x, y)

∂(hv)

∂t
(x, y, t) +

∂hv

∂x
+
∂(hv2 + 1

2gh
2)

∂y
(x, y, t) = −gh(x, y, t)∂z

∂y
(x, y)

� G Î ��, �

L*|F|M>*A6D6HÜN9E7|(�7>*G&N)H-D6HJ>*G&|(H-G9H-D6H]L�IJE7|




h(x, y, 0) = h0(x, y)

(hu)(x, y, 0) = (hu)0(x, y)

(hv)(x, y, 0) = (hv)0(x, y)

z(x, y) N9>*G9G&{

� ��i&q]k�uÛo�u � k � u�k�u%�*o�uVv � s"� ! uKO ÃtE±D6AML�H-DFE/��E/GwD�N)@�DFE/A6��E(|M>*@9AF�7E}La@9G�K�AML�G&N9E}H-G E&@&E/G&�7E
|6@9A}I]L	=9AF{7�/HJ|6HJ>*G N)@T|F�FÌ&{/�VL Î Þn>*@9A��7EO=9AF>*C9IJÍ/��E©>*G L�=9=9AF>p�MÌ&E½IJEODFE/A6��E½|F>*@9AF�7E�Ç�E/G @9D6H-I-HJ|ML�GwD�Ç'�
I � {/DML�=¯EO�7>*A6AFE7�/DFE/@9A�Ç&I]LW��{/D6Ì&>pN9EON9E½×aAFE7E/G�|6@9H-Å�L�GwDFE g

∫

ci

−gh∂z
∂x
dxdy = −ghi

∫

∂ci

zi.(nij)xdσ = −ghi

j=3∑

j=1

zij · (nij)x ·mes(γij),

>�� hi
E7|FD}I]LVÌ�L�@9DFE/@9A�N9E©I � E�L�@T|F@9A}I]L��7E/I-I-@9IJE ci Ç zij E7|6D�@9G&E©H-GwDFE/A6=¯>*I]L�D6HJ>*GTI-H-G&{�L�H-AFE	E/GpD6AFE zi E/D

zj
N9>*G9G&{7E,=�L�A

zij =
ziAi + zjAj

Ai +Aj
,

(nij)x
E7|6D}I]L�G&>*A6�VL�IJE½@9G9H-DML�H-AFE��WI � L�A �/DFE γij

N&L�G&|�I]L�N)H-AFE7�/D6HJ>*G x E/D Ai
E7|6D}I � L�H-AFE^N9EOI]LV�7E/I-I-@9IJE

ci
Î

Ú G	�"L�H-D(N9E,���/��E,=¯>*@9A±IJE,D6AML�H-DFE/��E/GpDBN9E,DFE/A6��EO|M>*@9AF�7EON&L�G&|±I]L	N)H-AFE7�/D6HJ>*G y Î

Ú G.AF{�L�I-HJ|ME,D6AF>*HJ|({/D6@&N9E7|�Ç9=¯>*@9A(IJE7|F~p@&E/I-IJE7|±IJE7|(�7>*G&N)H-D6HJ>*G&|BH-G9H-D6H]L�IJE7|}|M>*GwD(N)H���{/AFE/GwDFE7| Î
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( i9v Q�i&q � k 9 5,u � i � k /:0 �"��� l � o �>) < � u�v�s ; !H�*qzk�qzrtsnu OÚ G��MÌ&>*HJ|6H-D(IJE7|(�7>*G&N)H-D6HJ>*G&|�|6@9H-Å�L�GwDFE7|

h0(x, y) =

{
6 |FH x ≤ 6, ∀y ∈ [0; 1]

2 |FH x > 6, ∀y ∈ [0; 1]

u0(x, y) = v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].

12 �

zl = 0 �
zr = 1 �

hr + zr = 3 �

hl = 6 �

(u, v)l = (0, 0) � ��|

(u, v)r = (0, 0) � ��|
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( i9v Q�i&q � k 9 5,u � i � k /:0 �"��� l � o �>) < � u k���i � v�!%��qzk�q3rtsÜu OÚ G =9AFE/G&N �VL�H-GwDFE/G�L�GwD�IJE7|(�7>*G&N)H-D6HJ>*G&|

h0(x, y) =

{
5 |FH x ≤ 6, ∀y ∈ [0; 1]

1 |FH x > 6, ∀y ∈ [0; 1]

u0(x, y) =

{
−4 |FH x ≤ 6, ∀y ∈ [0; 1]

9 |FH x > 6, ∀y ∈ [0; 1]

v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].

12 �

zl = 0 �
zr = 1 �

hl = 5 �

(u, v)l = (−4, 0) � ��|

(u, v)r = (9, 0) � ��|

hr + zr = 2 �
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h0(x, y) =

{
4 |6H x ≤ 6, ∀y ∈ [0; 1]

0, 1 |6H x > 6, ∀y ∈ [0; 1]

u0(x, y) = v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].

12 �

zl = 0 � zr = 1 �
hr + zr = 1.1 �

hl = 4 �

(u, v)l = (0, 0) � ��| (u, v)r = (0, 0) � ��|
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Bürgers non homogène, t=2, np=200.

Solution exacte
SRNHR; Choix 2 )
SRNHR; Choix 1
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SRNHR; Choix 2

Pente=1
SRNHR; Choix 1
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Hauteur de l’eau ,t=0.5 , np=400

Solution exacte
SRNHR; Choix 2
SRNHR; Choix 1
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SRNHR; Choix 2
Pente=0.74
SRNHR; Choix 1
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ρ0(x) =

{
1 kg/m3 |6H x ≤ 0

0.01 kg/m3 |6H x > 0,

u0(x) = 0m/s, ∀x ∈ [−10; 10],

P0(x) =

{
105 Pa |6H x ≤ 0

103 Pa |6H x > 0,
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Densité du fluide, CFL=0.75, T=0.01, MAILLAGE=400
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Vitesse du fluide, CFL=0.75,T=0.01, MAILLAGE=400
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ρ0(x, y) =

{
12 kg/m3 |6H x ≤ 6, ∀y ∈ [0; 1]

1.2 kg/m3 |6H x > 6, ∀y ∈ [0; 1]

u0(x, y) = v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].

P0(x, y) =

{
105 Pa |6H x ≤ 6, ∀y ∈ [0; 1]

104 Pa |6H x > 6, ∀y ∈ [0; 1]

ÃÜE7|;��L�IJ�/@9IJ|�|F>*GwDUAF{�L�I-HJ|F{7|.|6@9AU@9G �VL�H-I-I]L�K E�D6A6H]L�G9K�@9I]L�H-AFE 150 × 15 N9>*GpD.@9G E$ÙÛD6AML�H-D E7|6D
AFE/=9AF{7|FE/GpDF{©Ý&K�@9AFE � G Î B 4 �$Ç�L7Å E7�©IJE^|F�FÌ&{/�VL ! Õ*
��BÕ � αn

j+ 1

2

= 1.8 �$Ç<� cfl = 0.75 @�IJE7|BAF{7|6@9I-DML�DF|
|F>*GpD}N9>*G9G&{7|� t = 0.0039

Î
ÃtE7|;AF{7|6@9I-DML�DF|.>*C9DFE/Gp@&| �zÝ&K�@9AFE7| � G Î G , �$Ç � G Î GDG �$Ç � G Î G - ��E/D � G Î G . � ��=¯E/A6��E/D6DFE/GwD N9E ��E/D6D6AFE�E/G
{/ÅÛHJN9E/G&�7E�IJE,�"L�H-DÉ~p@&E(IJE�|F�MÌ&{/�VL ! Õ
��Õ N9>*G9G&EBN9E7|ÉAF{7|6@9I-DML�DF|É=9AF{7�/HJ|±N&L�G&| IJE7| ��>*G&E7| AF{/K�@9I-HJÍ/AFE7|�Ç
�VL�HJ|}G � E7|6D±=�L*|(E/GwD6HJÍ/AFE/��E/GpD,|ML�D6HJ| �"L�HJ|ML�GwD}L�@ G9H-Å E�L�@ N9EaI]L	AML�HJN9E/@9A}N)@��MÌ&>p� Î

0 2 4 6 8 10 12
0

2

4

6

8

10

12
Densité du fluide, 23d, SRNHR, alpha=1.8, CFL=0.75, t=0.00397, maill=150x15

SRNHR−alpha=1.8
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Vitesse du fluide, 2D, SRNHR, alpha=1.8, CFL=0.75, t=0.00397, Maill=150x15
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5 Pression, 2D, SRNHR, alpha=1.8, CFL=0.75, t=0.00397, Maill=150x15

SRNHR−alpha=1.8
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Température, 2D, alpha=1.8, CFL=0.75, t=0.00397, Maill=150x15 
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��>*HJ|�Ç9N9E7|(��L*|(N)H-=9Ì�L*|FHJ~w@&E7| Î

���)�



� � � � � � ������� ��
	 � � ��� ��� � 	

�����



� �����A� ��� � ����� ���
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 Ñ(×aÞ �CB�� Ó Î Ñ�>*@&�FÌ&E�Ç Ö�Î Ê Â_Î ×�Ì9HJN&L�K�I-H]L)ÇtL�G&N Ï�Î Þ<L*|F��L�I"ÇE� � �61*�V8 c$���$����Ë8���f� .�32)8 &w861�V8/���$��d
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865/#9������1�f Ç % E7�FÌ Î AFE/=¯>*A6D�Ç Â L�AF�FÌ �����CB&Ç"� |F>*@9��E/D6D6AFE Î
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B@9��E/A Î �BG�L�I Î
? / �·��.D.�� �$Ç�G&> Î 4)Ç>,D-HGA� G*��� Î

 ÓaE7|M� 4
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B@9��E/A Î �}G�L�I Î Ç�Ô � � Ç 
�>*A6D6Ì)Ê ��>*I-I]L�G&N�Ç
�}��|6DFE/AFN&L�� Ç?�������)Ç9=9= Î GÛ�54���������� Î�Â Õ �������*E g ,��)�54D-

 ×aÕ .D,
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BE � � >*A6Ò¯Ç���.D.D, Î

 �BH-A .��
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 ÃtE/Å9���
� ÕBL�G&N&L�I-I Ö&Î ÃtE/Å E7~w@&E�Ç � �zf&���Ë8_51*+ #�V8CV8/�32Û1A *cE�/1���2J( '98$��!61*+ ��d '?�·1w!/+-8�^c ÇÛÈ�L��½C9A6HJN)K E
% E$Ù)DF|�H-G��B=9=9I-HJE7N Â L�D6Ì&E/�VL�D6HJ�7|�Ç�È�L��©C9A6HJN)K E � G9H-Å E/AF|6H-D ÆVÞ¤AFE7|F|�Ç)È�L��©C9A6HJN)K E�Ç�������� Î

 ! E/Kw���
� 
 Î�! E/K�@9H-GtÇ ? 1A w%$+ �zc/������1*f�8/� c �$^#Û+-������1�f f&#"V%$�$��5/#&8  w8 c^%6dM1*#p+J8�V8$f��3c� *� '�2Û��c$��57#98 c Ç
Þ¤Ì Î Ó Î D6Ì&E7|6HJ|�Ç � G9H-Å E/AF|6H-DF{ON9Ea=9AF>�Å E/G&�7E�Ç"�BH ÙpÊ Â L�AF|FE/H-I-IJE � Ç&������� Î

 Ô�H-I .CB�� Ö&Î ÊËÞ Î ÔBH-I]L)Ç � 1*f75�8/�2&w8/f�dM8	�*f� �8$� �61*�©8 c/���Q����Ë8$c��3f =³f&���Ë8F51�+0#"V8ac7d$2)8�V8 c
�71*�V&p8$f?8��
�·�*+ 	#p+ ���< *�QV8$f&c ��1*f��*+�c7dF�*+-�*�UdM1*f9c78/�I5� ����1*f +-����c7) � ) �
	 '�+0��d/���FW1�f�1��"1*f?8�c7d$2)8�V8 c Ç
Õ*� � Õ ÚjÂ >pN9{/I Î9Â L�D6Ì Î �BG�L�I Î 
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Ó,L�G&|¤�7E��FÌ�L�=9H-D6AFE�Çw>*GW��>*GwD6AFE±IJE7|�AF{7|6@9I-DML�DF|�Gp@9��{/A6HJ~w@&E7| >*C9DFE/Gw@&| L�Å E7�±@9GW|6Æ)|6DFÍ/��EÉC9H Ê E&@9HJN9E
�©=9AFE7|F|6HJ>*G �7>*�W�©@9G&E�Ç9G&>*GUÌwÆÛ=?E/A6C¯>*I-HJ~p@&E�Ç)G&>*GU�7>*G&|ME/A6Å*L�D6H��6Ç)�½@9G9HtN � @9G&E,�7>*G&N)H-D6HJ>*G.H-G9H-D6H]L�IJE,~p@&E
I � >*G�{7�/A6H-DBE/G N)H-��E/G&|6HJ>*G N9E/@)Ù.N � E7|6=�L*�7E,HJ�/H





∂W

∂t
+
∂F (W )

∂x
+
∂G(W )

∂y
= Q1(x, y,W ) +Q2(x, y,W )

W (x, y, 0) = W0(x, y),

� - Î �#�

L�Å E7�

W (x, y, t) = (µlρl µlρlul µlρlvl µvρv µvρvuv µvρvvv)
t,

F (W (x, y, t)) = (µlρlul µlρlu
2
l µlρlulvl µvρvuv µvρvu

2
v µvρvuvvv)

t,

G(W (x, y, t)) = (µlρlvl µlρlulvl µlρlv
2
l µvρvvv µvρvuvvv µvρvv

2
v)

t,

Q1(x, y,W ) = (0 − µl
∂P

∂x
− µl

∂P

∂y
0 − µv

∂P

∂x
− µv

∂P

∂y
)t,

Q2(x, y,W ) = (0 µlρlg 0 0 µvρvg 0)t.

ρk
Ç µk

Ç uk
Ç vk

N9{7|6H-K�G&E/GwD©I]L.N9E/G&|6H-DF{�ÇÜIJEWDML�@)Ù�N9EW=9AF{7|FE/G&�7E�ÇtI]L.ÅpH-DFE7|F|ME�E/G x E/D©�7E/I-IJE�E/G yN9E,I]LW=9Ì�L*|FE k � k {/DML�GpDB{/KwL�I � l >*@ v Ç l N9{7|6H-K�G�L�GwDBI � {/DML�D}I-HJ~p@9HJN9EOE/D v I � {/DML�D}Å�L�=?E/@9A � Î P E7|6D±I]L
=9AFE7|F|FHJ>*GV�7>*�W�½@9G&E Î Þ¤I-@&| =9AF{7�/HJ|FE/�W��E/GwD�Ç µv

N9{7|6H-K�G&E}IJE±DML�@)Ù�N9E±=9AF{7|FE/G&�7E}N9E(I]LaÅ*L�=¯E/@9A�ÇwL�=9=¯E/IJ{
{/KwL�IJE/��E/GpDBDML�@)Ù.N9E,ÅÛHJN9E,E/D µl

N9{7|6H-K�G&E,IJE,DML�@)Ù.N9E,=9AF{7|FE/G&�7E½N)@.I-HJ~w@9HJN9E Î
ÃtE7|BIJ>*HJ|�N � {/DML�DBN&L�G&|BIJE½��L*|BHJ|F>*D6Ì&E/A6��E½|F>*GpD�N9>*G9G&{7E7|B=�L�A P = Avρ

γ
v

E/D ρl = KlP
a Ç�>�� Av

Ç γ Ç
Kl

E/D a |M>*GwD}N9E7|(�7>*G&|FDML�GwDFE7| � Av = 105 Ç γ = 1.4 Ç Kl = 987.57 E/D a = 4.37 × 10−5 �
Î

ÈÉE^|6Æ)|6DFÍ/��E½E7|FDBG&>*G�ÌwÆÛ=¯E/A6C?>*I-HJ~p@&E g H-I<=?>�|F|MÍ7N9E©N9E7|�Å�L�IJE/@9AF|B=9AF>*=9AFE7|a�7>*�W=9IJE$Ù9E7| Î Ãt>*AF|F~p@&E
I � >*G��MÌ&>*HJ|6H-DO@9GXDML�@)Ù�N9E	ÅÛHJN9E	H-G9H-D6H]L�I µv = 0.2 Ç�I]LU=�L�A6D6HJE�H-�VL�K�H-G�L�H-AFEVN9E7|,Å�L�IJE/@9AF|,=9AF>*=9AFE7|½E7|FD
=9AF{/=¯>*G&N9{/AML�GwDFE�Ç?�7EO~p@9H�G � E7|6D(=�L*|±IJE,��L*|}=?>*@9A±@9G��MÌ&>*H Ù N9E,DML�@)ÙUN9EOÅpHJN9EaH-G9H-D6H]L�I µv = 0.6 =?>*@9A
IJE7~p@&E/ItI]L^=�L�A6D6HJEOH-�VL�K�H-G�L�H-AFE½E7|6D0�"L�H-C9IJE Î
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∂U

∂t
+
∂F (U)

∂x
= Q1(x,U) +Q2(x,U)

U(x, 0) = U0(x)

� - Î � �

L�Å E7�
U = (µvρv µvρvuv µlρl µlρlul)

t,

F (U) = (µvρvuv µvρvu
2
v µlρlul µlρlu

2
l )

t,

Q1(x,U) = (0 − µv
∂P

∂x
0 − µl

∂P

∂x
)t,

Q2(x,U) = (0 µvρvg 0 µlρlg)
t.

ÈÉE,=9AF>*C9IJÍ/��E©E7|6D±G&>*G.ÌwÆÛ=¯E/A6C?>*I-HJ~p@&EOE/D(G&>*G��7>*G&|ME/A6Å*L�D6H�� Î

ÕBE/�VL�AF~w@&E g
Ø¤G |6@9=9=9A6H-�VL�GwDBI � H-G&N)HJ�7E½N&L�G&| � - Î � �$Ç9IJE½|6ÆÛ|FDFÍ/��E,| � {7�/A6H-D(|F>*@&|±I]L���>*A6��E g





∂µρ

∂t
+
∂µρu

∂x
= 0

∂µρu

∂t
+
∂µρu2

∂x
+ µ

∂P

∂x
= µρg.

� - Î 4 �

! H >*G_�7>*G&|6HJN9Í/AFE�~p@&E	I]LU=9AFE7|F|6HJ>*G�E/D,I]L N9E/G&|6H-DF{�|F>*GpD½�7>*G&|6DML�GwDFE7|^E/DO~p@&EWIJE7|+��>*G&�/D6HJ>*G&|½|F>*GpD½N9E
�/I]L*|F|ME C1 Ç�� - Î 4 ��| � {7�/A6H-DBL�IJ>*AF|





∂µ

∂t
+
∂µu

∂x
= 0

∂µu

∂t
+
∂µu2

∂x
= µg,

� - Î B �

>*@�E/G&�7>*AFE 



∂µ

∂t
+
∂µu

∂x
= 0

∂u

∂t
+
∂ u2

2

∂x
= g.

� - Î � �

ÃÜE,=9AF>*C9IJÍ/��E � - Î � �(E7|6D(C9HJE/G =¯>�|F{,E/DB| L	|F>*I-@9D6HJ>*G |FE/A6DBN9E,AF{)��{/AFE/G&�7EO=?>*@9A(I]L�Å*L�I-HJN&L�D6HJ>*G N9E7|
AF{7|6@9I-DML�DF|}Gw@9��{/A6HJ~p@&E7| Î

Ã � {7~w@�L�D6HJ>*GUN9E(I]L½�VL*|F|FEBE7|6D N9>*G&�}@9G&EB{7~p@�L�D6HJ>*G�I-H-G&{�L�H-AFE�Ç)L�IJ>*AF|É~w@&EB�7E/I-IJEBN9E}I]L½~p@�L�GwD6H-DF{�N9E
��>*@9Å E/��E/GpD�E7|6D±I � {7~p@�L�D6HJ>*G&|}N9E½Ñ�)9A6K E/AF|BL7Å E7�ODFE/A6��E½|F>*@9AF�7E � g � Î

���D,
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0 upv�!H�*qzxnk�q ��� � s ! i9vWk�uwv�kKO
ÃtEU=9AF>*C9IJÍ/��E�N9E.ÕBL�G&|F>*�¦E7|6D	=9AF>*=¯>�|F{.N&L�G&|  ÕBL�G>-HG
�%@¤>*GR=¯E/@9DWIJEUN9{7�/A6H-AFE �7>*�W��E.|6@9H-D g >*G
�7>*G&|6HJN9Í/AFE}I � {7�7>*@9IJE/��E/GwD±N � @9G&E}�7>*IJ>*G9G&EBN � E�L�@ ��N9E}IJ>*G9K�@&E/@9AÉ{/KwL�IJE�� 12 ��Í/D6AFE7| � �aI]L,|F>*A6D6HJEBN � @9G
AF>*C9H-G&E/D½N9{/C¯>*@&�FÌ�L�GpD©N&L�G&|a@9G&EWE/G&�7E/H-GpDFE��7>*GwDFE/G�L�GpD©N9E	I � L�H-A Î ÃÜL;ÅÛH-DFE7|F|FE	N � E/GwD6AF{7E�N9E^I � E�L�@�E7|6D
N9E 10 � ��|½L�IJ>*AF|O~p@&E	I � L�H-AOE7|6DOL�@XAFE/=¯>�| Î ÃtE	AML�=9=?>*A6D©N9E7|,|FE7�/D6HJ>*G&|ON9E	I]L�C9@&|FEWE/DON9E^I � E/G&�7E/H-GwDFE
E7|6D	DFE/I±~p@&E�IJE;DML�@)Ù N9E;ÅpHJN9E;H-GwDF{/K�AF{.|F@9A^I]LT|FE7�/D6HJ>*G Å�L�@9D 0.2

Î Ó,L�G&|W�7E/D6DFE.�7>*G)Ý&K�@9AML�D6HJ>*GtÇ³>*G
>*C&|FE/A6Å E	@9G�=9Ì&{/G&>*��Í/G&E�N9E	|6D6A6HJ�/D6HJ>*G�N)@��6E/D,|F>*@&|�I � E)�¯E/DON9E^I]L�=?E7| L�GwDFE/@9A Î Ø¤GXE)��E/D�Ç�|6H<>*G �"L�H-D
I � ÌpÆp=¯>*D6Ì&Í7|FE.~p@&E�IJE �6E/D	AFE7|6DFEU�7>*Ì&{/AFE/GwD��3=�L*|WN � L�A6AML*�MÌ�L�K E N9E;I-HJ~w@9HJN9E.|F>*@&| ��>*A6��EUN9EUK >*@9D6DFE7|�Ç
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Courbe d’erreur, Taux de vide avec la pression interfaciale, cfl=0.5, t=0.6
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∂W̃

∂t
= Q2(x, y, W̃ )

W̃ (x, y, tn) = W n(x, y)

�  l  �

"�2





∂W

∂t
+
∂F (W )

∂x
+
∂G(W )

∂y
= Q1(x, y,W )

W (x, , y, tn) = W̃ n+1(x, y).

�  l ( �

, (*"F$�"	)D$<0 �C?�6�!92�:	) (76�,#:���0�4�6*"	) !90�:	"	) g !1&O��:	)���!96�2�0���(^$<6^) �<)�2���,#" �  l ( � ��:	)�0�$�"�$*&�(*)D!�"�2��+&�092�"�,#"�(72$<6j2�"���,#"Q(*��(R?	��(*)�"���r/&�2�0 � f�?#� "	)�2 
Wg 
 $<09��"U$<6j2�"���,#"Q)���6���?	" Q1(x, y,W ) l� ��6��j?	"�!1&<fv)�� 09(*)�A�09�+&�(72@$�"	)=2��+&	r/&�6<c $�" �' �E/�+&�!9! f�%.-H��(�E7&a"�2 $ &�6���"�! ����% $ "/q
	 fL��( 6�2�09!90�)�"t!1&
A������"	?�2�0���(=$<6=) �<)�2���,#"P)�6��L!1&;(*����,C&�!�"TgQ!	� 09(72�"�� � &�?	"'$�� 6�(*"N,C&�09!9!�"'"�2 ��(��� �2�0�"�(�2Kf7AJ��6��L?+e8&�?�6�(*"
$�"	)P$�"�6<c@A�e8&�)�"	)





∂µρ

∂t
+
∂µρU

∂η
= 0

∂µρU

∂t
+
∂µρU2

∂η
+ µ

∂P

∂η
= 0

∂µρV

∂t
+
∂µρUV

∂η
= 0,

�  l y " �

��� U = −→v .−→η "	)�2L!1&UA������"	?�2�0���(3$�" −→v = (u v)t )�6��L!1&U(*����,C&�!�"%gQ!	� 09(�2�"�� �>&�?	" −→η = (nx ny)
t

"�2 V = ~v.~η⊥ "	)�2O!1&BA����� "	?�2�0���(R$�" ~v = (u v)t )�6��O!�";rH"	?�2�"�6��N2+&�(�EH"�(72�0�"�! ~η⊥ = (−ny nx)t l
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m � "ic<2�"�(*)�0���(@ �0�$<09,#"�(*)�0���(�(*"�!9!�"^476*"'(*��6*)P&	rH��(*)v09(�2�����$<6�092�";(*";?	��(*)�0�)�2�"'A8&�)PgU?K&�!�?�6�!�"��O!	� :	?	��6�!�" 
,#"�(�2vgQA�e8&�)�"N)�:�A8&���:	"/f7��"�A���:	)�"�(72+&�2�0 �h$�"P!1&Q)�092�68&�2�0���(=$<6����� �09(*"�2L"�2L?	������"	)�A ��(*$*&�(�2O&�6=?K&�) 1D �
(*��6*)5&	rH��(*)Q��"�A���0�)^!�"	)Q,#k�,#"	)U?	��(*$<092�0���(*)U$�� "�(�2���:	"C"�(b!�"	)5&�A�A�!90�4768&�(�2^6�(�0 �>����,#:�,#"�(72Bg32���6�2�"
!1&@)+"	?�2�0���( $�� "�(72���:	" lhm "	)^?	��(*$<092�0���(*)^09(�092�01&�!�"	)U)+��(72^�� �2�"�(�6*"	)^A8&��Q2��+&�(*)�!1&�2�0���(*)U$�"	)Q?	��(*$<092�0���(*)$�� "�(�2���:	"#$*&�(*)%!�"B$���,C&�09(*"B$�"B?K&�!�?�6�! lIm � 09(�2�"���A���:�2+&�2�0���( A�e��u)�0�4�6*"B$�"B?	"�2�2�"B?	��(<n*E/6��+&�2�0���(DfD4�6*"(*��6*)P&KrH��(*)O 8&�A�2�0�)�: �T���� �09(*"�2P$�" �T&�(*)���, e*��,#��E ��(*"��;"	)�2O$���(*?%$<0xwI:���"�(72�"Q$<6@?K&�) 1D ����09E/09(*"�!
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"�2P(��p&S$���(*?QA�!96*)P6�(@E/�+&�(*$�"Q09(�2�"���A���:�2+&�2�0���(tA�e��u)�0�476*" l

�0/210/ 1 
 6 �?<����� 6 � > < ���<\I[����L[

� ]�� � � ]�� � � ` ( 6�2�09!90�)�" $�"	)�,C&�09!9!1&�EH"	)@)�2���6*?�2�6���:	)Kfv?	��,B,#" ?	"�6<c A���:	)�"�(72�:	)�n*E/6���"	)$�  lpo y � g�  lpo � � f � ����,#:	)P$�";2���01&�(�E/!�"	) f8$�"%$<09,#"�(*)�0���(*) 24 × 10 A�6�0�) 48 × 10 l� � _ ��� � � ] � ` (@6�2�09!90�)�"Q!�"Q)�?�e*:�,C& $ � %�'&� l� ]�_ ��� � � ��
 _ � � !v"	)�2#$�:�2�"���,B09(*:R"�( �>��(*?�2�0���( $�"3!1& ?	��(*$<092�0���( $�"j)�2+&� �09!9092�:@$���(�(*:	"R$*&�(*)
� � $ &�e " z 	 � f�$�:�2�"���,B09(*:	"^$*&�(*)P!�"%?K&�)Pe*��,#��E ��(*"QA8&��

∆tmax
i

( |δci|
Ai

)[
1 + α

M

m

]
M

2
= cfl ≤ 1,

&KrH"	? M = max
i,j

(Sn
ij)

"�2 m = min
i,j

(sn
ij)
f Sn

ij
f Ai

"�2 |δci| :�2+&�(72U��"	)�AJ"	?�2�09rH"�,#"�(72^!1&@r�092�"	)�)+"B$�"
�N6*)+&�(*�KrJf�!	�p&�09��"Q"�2O!�"%AJ:���09, ��2���"Q$�";!1&B?	"�!9!96�!�" i l
m "	)'?	��(*$<092�0���(*)P09(�092�01&�!�"	)')���(72N$�:in*(�0�"	)NA8&��

µv(t = 0) = 0.6 f
ul(t = 0) = 10 f
vl(t = 0) = 0 f
uv(t = 0) = 0 f
vv(t = 0) = 0 f
p(t = 0) = 105 f
ρv(t = 0) = 1 f
ρl(t = 0) = 988, 0638 f

"�2P!�"	)N?	��(*$<092�0���(*)N$�"% J����$�)OA8&��
µv(0, t) = 0.6 f
ul(0, t) = 10 f
vl(0, t) = 0 f
uv(0, t) = 0 f
vv(0, t) = 0 f
p (12, t) = 105 l

� � � ���x] 
�
 � � � � � ]���� � � � � � � � ��� � �	��� �	� _ � � ��]������ �
� &�(*)�6�(BA���"�,B0�"���2�"�,BA*)Kf/?	��,B,#"N$*&�(*)�!�"O?K&�)�$�"	)�:	4768&�2�0���(*)F$�" $ &�09(�2 
	�F"�(8&�(72Kfu��(#&T6�2�09!90�)�:/f

$*&�(*)T!	� :�2+&�AJ"U?	������"	?�2�"�6��Kf !1&B,#:�2�e*�u$�"5$�"��T��"�(�( � !�"	)'(*��2+&�2�0���(*)T)+��(72T!�"	)N,#k�,#"	);4�6*"^?	"�!9!�"	);$<6
?+e8&�A�092���"QA���:	?	:	$�"�(72 �il � &�(*)O!1&B$<09��"	?�2�0���( x f�?	"�!1&B)�� :	?���092

−
∫

ci

µ
∂P

∂x
dxdy = −µi

∫

δci

Pi · (nij)xdσ = −µi

j=3∑

j=1

Pij · (nij)x ·mes(Γij),

y �  



��� ���������	���� 	��������� 	�� � 	 � � �������  ��� 	 � 	�� ���� � ���� ��� 	

��� µi
"	)�2T!1&Br/&�!�"�6��T$<6s2+&�6<ct$�"QA���:	)+"�(*?	"5)�6��N!1&�?	"�!9!96�!�" ci f Pij

"	)�2'6�(*"U09(72�"���AJ��!1&�2�0���( !909(*:K&�09��"
"�(�2���" Pi

"�2 Pj
$���(�(*:	"QA8&��

Pij =
PiAi + PjAj

Ai +Aj
.

m "Q2��+&�092�"�,#"�(72'$<6R2�"���,#"Q)���6���?	"Q$*&�(*)O!1&#$<09��"	?�2�0���( y f*)+"��>&�092P$�"�� &��	��(t&�(8&�!���E/6*" l

� "�2�2�"N,#:�2�e*��$�"/f�476�0 $���(�(8&�092L$�"O J��(*)F��:	)�6�!92+&�2�) $*&�(*)F!�"N?K&�)F,#��(*��A�e8&�)�0�4�6*" � ?K&�)L$�"	)M:	4�68& 

2�0���(*)F$�" $ &�09(�2 
	�F"�(8&�(72 (*��(Be*��,#��E ��(*"	) � )�"�,U �!�"O(*"vA8&�)�k�2���"P&�$*&�A�2�:	"P$*&�(*)�!�"O?K&�)�$�"vA����� �!���,#"	)$<09A�e8&�)�0�4�6*"	)Kf8A�6�0�)�476��p&KrH"	?^?	"�2�2�"^,#:�2�e*��$�"^!�"Q)�?�e*:�,C&C$<09rH"���EH" l ��� "	)�2'?	"Q?	��(*)�2+&�2'4�6�0D(*��6*)T&S09(�
?�092�:=g@"iwJ"	?�2�6*"��5!	� :�2�6*$�"#2�e*:	����0�4�6*"C$�"C!	�p&�A�A����	c<09,C&�2�0���( $�"	)QE/�+&�$<0�"�(72�)S)�6��U$�"	)^,C&�09!9!1&�EH"	)U(*��(
6�(�0 �>����,#"	)N$�"Q$<09,#"�(*)�0���(j6�(Df�A���:	)�"�(�2�:	)'&�6j?�e8&�A�092���" � z �il` (t&S$���(*?^"�6j��"	?	��6���)'g56�(*"^&�6�2���"Q,#:�2�e*��$�"%AJ��6��P?K&�!�?�6�!�"��N!�";2�"���,#"^)���6���?	"#-

∫

ci

−µ∂P
∂x

dxdy = −µiAi

(
∂P

∂x

)

ci

,

"�2OAJ��6��P?K&�!�?�6�!�"��P!1&54768&�(�2�092�: (∂P
∂x

)

i

f<��(@6�2�09!90�)�";!1&5,#:�2�e*�u$�"%$�"	)O,#��09(*$<��"	)P?K&�����:	) f�$�:	?���092�"^&�6
?+e8&�A�092���"#� � �il

m "L2+&� �!�"K&�6�)�6�09r�&�(�2�A "���,#"�2F$�"O)���(�2�e*:�2�0�)�"���!�"	)���:	)�6�!92+&�2�)�(�6�,#:���0�476*"	)L�� �2�"�(76*)M&KrH"	?P?	"	)�,#: 
2�e*�u$�"	)Kf/)�6��F$<0xwI:���"�(72�)MA����� �!���,#"	)�� ?	"	)���:	)�6�!92+&�2�)M$�:�A "�(*$�"�(�2M �0�"�(#"�(72�"�(*$<6=$<6B,C&�09!9!1&�EH"P?�e*��0�)�0 � -

� � � � � � � ��� � � � � � � � � � � ��� ��� _ ��� � � � � � _ � ]�����7_

� ]�� � ����� � � ] � �  v��(�(*"Q?	��(7rH"���EH"�(*?	" %'��(@2�"	)�2�:

�s&�09!9!1&�EH" � � � 24 × 10 � "�2 � 48 × 10 � � � &�09!9!1&�EH"  01&�0�)�:Q"�2 � � � 24 × 10 � �
αv = 0, 6 ?K&�!�?�6�!� 6*)�4�6��pg t = 0, 6 ?K&�!�?�6�!� 6*)�4�6��pg t = 0, 6

� &�09!9!1&�EH"�% $ � 100 × 10 � �?K&�!�?�6�!� 6*)�4�6��pg t = 0, 4

� &�09!9!1&�EH"Q)�2���6*?�2�6���:��
αv = 0, 2 � c<A�!��/)�" ?K&�!�?�6�!� 6*)�4�6��pg t = 0, 26

� &�09!9!1&�EH"%(*��(R)�2���6*?�2�6���:��*"icuA�!��/)+"
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` (@��:K&�!90�)+"%!�"	)P?K&�!�?�6�!�)N"�(@6�2�09!90�) &�(72N!�"	)P,C&�09!9!1&�EH"	)N)�6�09r/&�(72�)U-
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  lpo y $ � � 24 × 10 l
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	��
  lpo/o $ % $ 100 × 10 l
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  lpo/q $  01&�0�)�: 48 × 10 l
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Maillage 200x10

�
	��
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� ]�_ � � _ � ��� � ]�� � � ]�� ��� � ]�� _ � 24 × 10 � ` ( "iwI"	?�2�6*" !1& )�09,^6�!1&�2�0���( (76�,#:���0�4�6*"b$<6
A����� �!�:�,#"�$�" �'&�(*)���, 2D &	rH"	?B!�"S,C&�09!9!1&�EH"�)�2���6*?�2�6���: 24 × 10 A���:	)+"�(72�:Bn*E/6���"
�  lpo/q � fD"�2Q!�"	)?	��(*$<092�0���(*)'09(�092�01&�!�"	)'"�2N!909,B092�"	)'$�:	?���092�"	)'?�0 
 $�"	)�)�6*) l ` (R6�2�09!90�)�"Q!�"Q)+?�e*:�,C& $ �&%&'�� g cfl = 0.3 l
m "	)N��:	)�6�!92+&�2�)P)���(�2N$���(�(*:	)'g t = 0.618 l

m "	)=n*E/6���"	)$�  lpo z � "�2 �  lpo � � ,#��(72���"�(72KfN"�( ?	��6�A " y � f !1& ?	��,BA8&��+&�0�)+��( $�"s!1& )���!96�2�0���(
�� �2�"�(�6*"U&	rH"	?^!1&S)���!96�2�0���(R"ic*&�?�2�" l
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Taux de vide, SRNHR, T=0.61

solution analytique
SRNHR−alpha=2

�
	���  lpo z $ �h&�6<c.$�" r�0�$�"��=)���!96�2�0���(
)�?+e*:�,C& $ � %�'&� "�2 )���!96�2�0���( "ic*&�?�2�"��
,C&�09!9!1&�EH"Q)�2���6*?�2�6���: 24 × 10 l

0 2 4 6 8 10 12
10

11

12

13

14

15

16

17
Vitesse du liquide, SRNHR, t=0.61

solution analytique
SRNHR−alpha=2

�
	��
  lpo � $ �T092�"	)�)�"b$<6 !90�476�0�$�"��T)���!96�

2�0���(^)�?+e*:�,C& $ � %�'��b"�2D)���!96�2�0���(^"ic*&�?�2�"��
,C&�09!9!1&�EH"Q)�2���6*?�2�6���: 24 × 10 l
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∫

cij

Ut · dv +

∫

∂cij

(F (u) · nx +G(U) · ny) dσ =

∫

cij

Q(x, y, U) · dv �  l y/y �
� &�(*)O?	";?K&�)v!1&�� ����,U6�!1&�2�0���(jrH��!96�,#"	) n*(�0�)O)�"TA ��6���)�6�092O&�09(*)�0 l %T��6*)P&	rH��(*)PA ��6��v!1&�� ����(�2�0�����"%$�"!1&B?	"�!9!96�!�" (i, j) !1&S��"�!1&�2�0���(R)�6�09r�&�(�2�"

∂cij = ∂cNord
ij ∪ ∂cSud

ij ∪ ∂cEst
ij ∪ ∂cOuest
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∫
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Ut · dv +
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∂ck
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(
F.nij

k
x +G.nij

k
y
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Q · dv. �  l y o �
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∫

cij

Ut · dv +
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k
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∫
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F + nij
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G
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cij

Q · dv. �  l y q �
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∑

k=N,S,E,O
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nij
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x · F k

ij + nij
k
y ·Gk

ij

)
·
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ij

dσ =
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Q · dv. �  l y � �
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Un+1
ij = Un

ij −
∆tn

Aire(cij)

∑
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(
Nij

k
x · F k

ij +Nij
k
y ·Gk

ij

)
+ ∆tnQn

ij
�  l yKz �
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ij = (Nij

k
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Un+1
ij = Un

ij −
∆tn

Aire(cij)

∑
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Φk
ij + ∆tnQn

ij
�  l y � �
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+ ∆tnQn
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UnEst
i+ 1

2
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1
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−

αn
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2
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2Sn
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2
j

(
F(Un
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2

j) −F(Un
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2

j)
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−
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2Sn
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2
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ij+ 1

2

=
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−
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−−−→nij+ 1

2

) −F(Un
ij ,
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2

2Sn
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ij)(nij)y
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2
j = 1

2 (µij + µi+1j) l
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cij+1

"�2 ci+1j l
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���	� � ����� �	� � � � ��� ]�� � �
αv(t = 0) = 0.2 f
ul(t = 0) = 10 f
vl(t = 0) = 0 f
uv(t = 0) = 0 f
vv(t = 0) = 0 f
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p(t = 0) = 105 f
ρv(t = 0) = 1 f
ρl(t = 0) = 988, 0638 l

���	� � ����� �	� ]�� � � � � ��� � _
αv(0, t) = 0.2 f
ul(0, t) = 10 f
vl(0, t) = 0 f
uv(0, t) = 0 f
vv(0, t) = 0 f
p (12, t) = 105 l
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