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� ?J>Ä6�5Ó8Q<IT
57VF>PGÄ57E X)<-VdKF8³?É±J8C3 � 57>=ÎC?JÆ78�?JEFBDG=5J<=>=57T
8 ¿
Ê�8a3O¸F?JTFBD<=>=8 u TF>=X)G=8)EW<=8 6�8ML°5;KFÒC6D8@��?JBDEFG=B�UWVF8�G-?­KdXC>=Bg±@?@<-BD57E 8Q<ÓG=8)G#TF>ÄB�EF3)B�T'?J6D8CG�3C57EdG=XQÀUWVF8)EF3C8)G ¿ Ê�?ÓLMX)<=¸F5%Kd8¯KF8�>=XCGÄ576�V%<-B�5JE+KFVÔG #;GÄ<-Ò)L°8�K'?JEdGS6 × ?@TFTF>=5 Ñ B�L°?@<=B�57E°G=8CLMBgÀ~3C6�?JG=GÄB�UWVF8?JBDEFG=B
UWVF8�6�8)GsG=576DVd<-BD57EFG G=57VFGP3)8)<Ä<-8�?JTFTd>=5 Ñ B�L°?@<-BD57EaGÄ57EN< KFXC3)>=BD<=8CG ?JV+3O¸F?JTFBD<=>=8f® ¿ Ê�8¯3O¸'? ÀTFBg<->Ä8Mµ�<=>-?JBg<-8ÓKF8¥6�? >ÄXCGÄ576�Vd<=B�57E*KdV LM5%KdÒC6�8¥?É±J8C3MTF>=BDG=8¥8CE�3C57LMTd<=8MTd6�VFG¯>ÄB�Æ757Vd>=8CVdG=8¥KF8CG
eF>ÄVFBD<=G ¿ Ê�8CGsGÄ576�Vd<=B�57EdG�KFV�G #;GÄ<-Ò)L°8¯KF?JEFGs6D8:3É?@Gs5
��6 × X)3C57VF6D8CLM8CEN<s8)GÄ<P3)B�G=?JB�6D6�X G=57EN<PTd>=XCGÄ8CE%À<=XC8CG�K'?JEFG 6�8S3O¸'?JTFBg<->=8 !%�N<O?JEdKFB�G U;Vd8f6�8S3O¸'?JTFBg<->Ä8Pv�8)GÄ<P3)57EFG=?J3C>ÄX¯¶b6�?b3C5JEF3C6DVFG=BD57EaKF8I3C8Q<=<-8
TF>Ä8CLMB�Ò)>=8¯T'?J>}<-BD8 ¿
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D
?JEFGP3)8f3O¸'?JTFBg<->Ä8f57E+TF>ÄXCG=8)EN<-8�6�?�KFXC>ÄBD±@?@<-BD57E�8Q<P6�?³KdX�;'EFBg<-BD57EaKFV LM5%KdÒC6�8��tvI�'²7µ � �d6�8
eFB�6�?JE³Ku× X)EF8C>ÄÆ7B�8sUWVFB%8CEÓKFX)3C57Vd6�8@�J?JB�EdG=BdUWVF8�6�8CG�KFB<�cXC>Ä8CEN<-8)G�L°XQ<-¸F5;KF8)G�KF8s>ÄXCG=5J6�Vd<=B�57E
Tc5JG=G=BDeF6�8)G ¿ 9f?JEFGa6�? GÄ8C3Q<-B�5JE u ¿ µ�G=5JEW<�L°57EN<=>=XC8)Ga6D8CGaGÄ576�V%<-B�5JEFG°KdVªL°5;KFÒ)6�8 K'?JEFG6 × ?JTdTF>=5 Ñ B�L°?@<-BD57EaKdX)<-8)>=LMB�EFBDGÄ<=8@�d<=8C6�6D8CGPUWVF8�TF>ÄXCG=8)EN<-XC8)G:K'?@EFG �4v�� ¿

������� �	� 
 �
�������

6P6 c�6 cV6�� ^aSQJV=bB�NPOQC _VC
ρ

Ê�8�TF>=8)L°BD8C>PT'?@GSKF?JEFGS6�?Ó3C57EdGÄ<->ÄVF3)<=B�57E KFV L°5;KFÒ)6�8¯3C5JEFG=BDGÄ<-8�¶¥T'?J>=?JL°XQ<->Ä8C>P6�8)G Tc8Q<-BD<=G KF5@À
L°?JB�Ed8CG�3C57EFGÄB�KFX)>=X)G ¿ 7 >��;6�?bT'?J>-?@L°XQ<->=BDG-?@<=B�57EMLMB�EFBDLa?J6D8sK»× VFE+±7576DVFLM8:KF8fKdB�LM8CEFGÄB�57EM<->=5JB�G8)GÄ<¥VFEp8CEFGÄ8CL#ed6�8+KF8+UWV'?@<=>=8 T
57B�EN<-G � VFE G=BDL°TF6D8 Ñ 8 � ��UWVF8 6Ø× 57E�T
8CVd<Ó±J57B�>Ó3)57LML°8�XQ<O?JEN<6D8CG�G=57LML°8Q<-G�K»× VFE�<-XQ<->-?@ÒCKF>Ä8 ¿%Í 57VF> T'?J>=?JL°XQ<->Ä8C>�VFE�T
8)<-Bg< ±J576�VdL°8

Γ
KF8:6 × X)3C57VF6D8CLM8CEN< �W57E

3)57EFG=BDKFÒC>Ä8:KF5JEF3:UWV'?@<=>=8IT'?J>Ä<=B�3)VF6�8)G 6�?JÆ7>-?@EFÆ7B�8)EFEF8)G ?@TFT'?J>}<-8CEF?JEN<P¶b3)8I±J576�VFLM8 ¿ Ê�8:LM57Vd±J8QÀLM8CEN<�KF8Ó6D8CVF>f3)8CEN<->Ä8¥KF8¥La?JGÄG=8Ó>ÄXCG=Vd6D<-8ÓKd8Ó6Ø× ?JKd±78)3)<=B�57E�¶�Æ7>=?JEFKF8ÓX)3O¸F8C6D6�8ÓKFV*±75J6�VFLM8Ó8)<
E»× 8CG}<:Kd57EF3�K»× ?@VF3CVFEÔB�EN<-X)>0 Q<IT
57VF> 6�?¥Td>=XCGÄ8CEN<-8bX)<=VFKF8 ¿
Í ?J>I6�?ÓG=VFBg<-8�57E GC× B�EN<-X)>=8CGÄG=8)>-?aVFEdBgÀUWVF8)L°8)EW<�?@V Ñ LM57Vd±J8CLM8CEN<-G�>=8)6�?@<=B<� GIKF8CG�T'?J>}<-BD3CVF6D8CG ¿ Ê�8CVF>ÄG¯Tc57GÄBD<=B�57EFG:>=8C6�?@<-Bg±78)GfTc8)Vd±78)EN<
 Q<->=8�>Ä8CTF>ÄXCG=8)EN<-XC8)G:T'?@>S6D8CGs<=>=57BDGs±78C3Q<-8)VF>=G

~ρ1

�
~ρ2

8Q<
~ρ3

<=8C6�G UWVF8 �




~ρ1 = (~r1 − ~r2) /
√

2

~ρ2 = (~r1 + ~r2 − 2~r3) /
√

6

~ρ3 = (~r1 + ~r2 + ~r3 − 3~r4) /
√

12
5
�

~r1
�
~r2
�
~r3
8Q<
~r4
G=57EN< 6D8CGs±78)3)<=8CVF>ÄGIT
57G=Bg<-BD57EFG�Kd8CG T'?J>}<-B�3)VF6�8)Gs6�?@Æ7>-?JEdÆ7B�8)EFEF8CG � H�BDÆ ¿ u ¿ · � ¿�Ë6c8CGÄ<s8CE � ?JBD< TF6DVFGs3C5JL°LM5%Kd8IKF8f<=>-?JBg<-8)> 3)8CGs<->Ä57B�G�±78)3)<-8)VF>=G GÄ57VFGP6�? � 57>=LM8:K»× VFEF8:La?@<=>=BD3C8

ρ
<=8C6�6D8bUWVF8

ρai
8CGÄ<f6�?

a
Ò)L°8b3C5;57>=KF5JEFEFXC8ÓKdV­±78C3Q<-8)VF>

~ρi
¿ 7 E*?JTdTc8)6�6�8)>-?

ρ
6D8 � 	�� � 	-� � ��	��

� � ��� ����������	�� ����� � � � 	�� Kd8CGsGÄ57L°LM8)<=G KdV�<-X)<=>-?JÒ)KF>=8 ¿A7 E�T
8CV%<sKFX4;'EFB�> KF8:L  CLM8S6�8I<=8CEFGÄ8CVF>KF8)GP±%Bg<-8)G=G=8)GI>ÄXCKFVdBD<-8)G
v
5
�

vai = (~vi)a
��?.±J8C3 �





~v1 = (~u1 − ~u2) /
√

2

~v2 = (~u1 + ~u2 − 2~u3) /
√

6

~v3 = (~u1 + ~u2 + ~u3 − 3~u4) /
√

12
5
�

~u1

�
~u2

�
~u3

8)<
~u4

G=57EN<S6�8)Gs±%Bg<-8)G=G=8)G:KF8)G T'?J>Ä<=B�3)VF6�8)GP6�?JÆ7>=?JEFÆ7BD8CEFEd8CG � H�B�Æ ¿ u ¿ · � ¿
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Í ?J> KFX�;'EdBD<-BD57E+KF8

ρ
8)<
v
�F57E ?M6�?#>=8)6�?@<=B�57E �

dρ

dt
= v

� u ¿ · �
5
� d

dt

8CGÄ<I6�?#KdXC>=Bg±7X)8b6�?JÆ7>-?@EFÆ7B�8)EFEF8 � d
dt

=
∂

∂t
+ (~u.~∇) � ¿Ð E§G=X)T'?J>-?@EW<�6D8CG¯3C5JEW<=>=BDeFVd<-BD57EFGfKd8CG�KFB<�cXC>Ä8CEN<-8)G�XC3O¸F8)6�6�8)G�KF8Ó6Ø× XC3)57VF6�8)L°8)EN< �»57E§T
8CVd<=� 5J>}ÀLM8C6D6�8CLM8CEN<�KFXC3)57L°T
57GÄ8C> 6�8¯3O¸'?@L°T KF8¯±;BD<-8)G=GÄ8
v
G=57VFG 6�?8� 57>=LM8 �

v = v
k�1/R

+ v
k≈1/R

+ v
k�1/R5
�b6Ø× 57Eb?JVF>-?@BD<�?JTFTd6�B�UWVFX ¶

v
KF8CG ;'6D<=>=8CG�G=TF?@<-B�?JV Ñ >=8)G=T
8C3Q<-Bg±78CLM8CEN<�T'?JG=GÄ8QÀ~e'?JG��@T'?JGÄG=8QÀ~e'?JEFKd88Q<:T'?@G=G=8ÁÀË¸'?@Vd<��

R
8CG}<f6�?¥<-?JB�6D6�8f3C?J>-?J3Q<-X)>=B�G}<-BDU;Vd8�KFV <-XQ<->=?JÒCKF>Ä8@��UWVF8³6 × 5JEÔT
8CVd<IKFX4;'EFB�>ST'?J>

6�?#>=8C6�?@<-BD57E
R2 = Tr(ρtρ) � ¿

� v
k�1/R

�»UWVFB�LM5;KFXC6DB�G=8b6�8#KdXCTF6�?J3C8)L°8)EW<�ÆJ6�57e'?@6�KFV*<=X)<->=?JÒCKd>=8@��T
8CV%<= )<=>=8¥B�Æ7Ed57>=Xb3É?J>¯57E
G=VFTdTc57GÄ8b6 × X)3C57Vd6�8CLM8CEN< ¸F5JL°57ÆJÒCEF8 ¿

� v
k≈1/R

��6�8#<-8)>=LM8Ó3C57¸dXC>=8)EN<#¶ 6Ø× XC3O¸F8)6�6D8#KFV§<-X)<=>-?JÒ)KF>=8?��8CGÄ<�VFE�LM57Vd±78)L°8)EN<bKu× 8)EFG=8)L#eF6�8
TF>=X)G=8)>Ä±@?JEN<P6�?=� 57>ÄL°8SKFV°<=X)<=>-?JÒ)KF>=8 ¿FÍ ?@> KFX4;'EFBg<-B�5JEaKF8

M
�%3)8)<Ä<-8:3)57LMTc57G=?JEN<-8I8CGÄ<�XCÆN?@6�8

¶
ρM

¿
� v

k�1/R

L°5;KFXC6DB�GÄ8I6 × ?J3Q<-BD57E�KF8)GST
8)<=BD<=8CGPXC3O¸d8C6�6D8CG ¿ � × 8)GÄ<SVFE+<-8)>=LM8fB�Ed3C57¸FX)>=8)EW<S¶Ó6 × X)3O¸F8C6D6�8
R
�%UWV»× 57E�LM5;KFXC6DB�G=8)>-?�KF57EF3IG=57VdGs6�?=� 57>=LM8SK»× VdEF8f3)57L°T
57G=?JEN<-8 �'VF3)<=V'?JEN<-8:EF5J<-X)8fT'?J>�6�?

G=VFBg<-8
ζ
¿

7 E 57ed<=B�8CEN<(;'EF?J6�8)L°8)EW<S6 × X)U;VF?@<-BD57E+G=VFBg±@?JEN<-8 �

vai = ρbiMba + ζai
� u ¿ ² �

5
�
ζ
8CGÄ<�VFEF8|L°?@<->ÄB�3)8��'VF3)<=V'?JEN<-8 ¿ �I5J<=57EFG�UWVF8 6 × ¸)#;T
5J<-¸FÒ)G=8|K»× B�EF3)57LMTF>=8)G=G=BDeFB�6DBD<=X�KF8�6Ø× XC3)57V%À6D8CLM8CEN< B�LMTc5JG=8f6�?#3C57EFKdBD<-BD57E

Tr M = 0
¿
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Ê�8CG X)U;VF?@<-BD57EFG � u ¿ · � 8Q< � u ¿ ² � B�LMTF6DB�UWVF8CEN< ;FE'?J6�8)L°8)EN<��

dρai
dt

= ρbiMba + ζai
� u ¿ u �

6P6 c�6��>6�� ^aSQJV=bB�NPOQC _VC
M

� 57LMLM8PKFX)<-?JB�6D6�XsK'?@EFG|6Ø× ?JEFEF8 Ñ 8 R ¿ ²I�WBD6F8CG}< T
57GÄG=B�ed6�8 KF8 KFXC>ÄBD±J8C>�KF8 6Ø× XCUWV'?@<=B�57E¥KF8 �:?É±;B�8)>}À
A <=5 ,J8)GPVFEF8¯X)U;VF?@<-BD57E+Tc5JVF>s6�8I<-8CEdG=8CVd>SKd8¯Æ7>-?JKdB�8CEN<�KF8f±;BD<-8)G=GÄ8b?@V+G=8CEdGSVdG=VF8)6

Aab = ∂avb��±757BD> X)U;VF?@<-BD57E � R ¿ µ � � ¿I7 E�T
57GÄ<=VF6�8IUWVF8f6�?�K%#;E'?JLMB�UWVF8IKF8 M 8)GÄ<sGÄB�LMB�6�?JB�>Ä8P¶³3C8)6�6D8IKF8
A
�

K»× 5
� 6Ø× 8 Ñ TF>Ä8CGÄG=B�5JE �

dMab

dt
+M2

ab = Fab(p, ν),
� u ¿ ® �

5
� 6D8:<-8)>=LM8
Fab(p, ν)

<->=?JKFVFBg<P6�8)GP8��c8)<-G KF8�TF>Ä8CGÄG=B�5JEÔ8Q< KF8¯±%BDG=3)57G=Bg<-X ¿ � 57EN<->-?@B�>=8)L°8)EN<S?JV3C?JG#KF8+6�? K%#;E'?JLMB�UWVF8�Ku× Ð VF6D8C> Ã 8CG}<->=8)B�EN<-8 � 3��I?JEFEd8 Ñ 8 R ¿ ² � ��57E�KFXCGÄB�>Ä8�GC× ??�c>-?JEF3O¸dB�>#KF86 × ¸)#;Tc5@<-¸FÒ)G=8�EF57E TF¸)#;G=B�UWVF8�KF8�TF>Ä8CG=GÄB�57E B�GÄ5J<->Ä57T
8@�F8Q<I5JE T
57GÄ8C>-?��

Fab(p, ν) = Tr(M 2) Πab + ξab
� u ¿ µ �

Ê�8#<-8)>=LM8
Tr(M2) Πab

>=8)TF>=X)G=8CEN<=8°6�?�3C57LMTc5JG-?JEN<-8Ó6D5%3C?J6�8bKF8¥6�?aTd>=8CGÄG=BD57E'��6�8b<-8CEdG=8CVd>
ΠLM8CGÄVF>-?JEN<a6Ø× ?JEFB�GÄ5J<->Ä57TFBD8 Kd8­3C8Q<=<-8 KF8C>ÄEFB�Ò)>=8@��?J6�5J>=GMU;Vd8

ξab
8CG}<�VFEª<=8C>=LM8 G}<-5;3O¸'?JG}<-B�UWVF8

LM5%KdXC6�BDG-?JEN<�6�?ÓT'?J>}<-B�8:EF57E 6�5;3É?J6D8fKF8�6�?#TF>Ä8CGÄG=B�5JEÔ8Q<I6D8CGP84�u8Q<-G ±%BDG=UWVF8)V Ñc¿
Ê�8CG X)U;VF?@<-BD57EFG � u ¿ ® � 8Q< � u ¿ µ � B�LMTF6DB�UWVF8CEN<��

dMab

dt
+M2

ab − Tr(M2) Πab = ξab
� u ¿ ! �

7 E Tc5JG=8 �

Π =
(ρtρ)

−1

Tr
[
(ρtρ)−1]

� u ¿ v �
� 8Q<=<-8¯KdX�;'EFBg<-BD57E�KFV�<=8CEFGÄ8CVF>

Π
±JXC>=B�;'8¯6�?b3C57EFKdBD<-BD57EaKu× BDEF3C57LMTF>Ä8CG=GÄB�eFBD6�Bg<-X

Tr M = 0
� 3É?@>

Tr Π = 1
T'?J>P3C5JEFGÄ<=>=VF3Q<-B�5JE � ¿ � 8�3O¸F57B Ñ T'?J>}<-BD3CVF6DB�8C> KF8 Π

8CGÄ<SKFBD3)<=X¯T'?J> 6�8�� ?JBg<PUWVF8 �
� K'?JEFGS6�8¯3C?JG KFX)<=8C>ÄL°BDEFB�G}<-8��

ξ = 0 � �'6D8CG G=576DVd<-BD57EFGsKdV G&#;G}<-ÒCLM8�EF8�KFBD±J8C>=ÆJ8CEN<:TF?JG 8CE VdE<-8)L°TFG(;'EdB
� 6�8 <-8)>=LM8ÔKF8ÔTF>=8)G=GÄB�57EªEd8Ô<->=?É±J?@B�6�6D8�T'?JG�� 3)57LML°8 3C8 KF57BD<  Q<->=8Ô6�8 3É?@Ga8CE"<-VF>ÄeFVF6�8)EF3C8
¸F57LM57Æ7Ò)EF8*8)< B�GÄ5J<->Ä57T
8 � XCUWV'? <-B�5JE�KF8*±J57E ���J>ÄL��@E%À Å 5�*�?J>}<-¸ � ²�� � ¿ � 8)<Ä<-8 ?JG=GÄ8C>Ä<=B�57EG=8)>-?Ó±7XC>ÄB<;'X)8bTd6�VFGP6D57B�E ¿
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�Ë6P>Ä8CGÄ<=8 ¶§LM5%KFX)6�BDG=8C>Ó6D8�<-8)>=LM8 G}<-5;3O¸'?JG}<-B�UWVF8
ξ
¿ � 5JEFG=BDKFXC>Ä57EFGMTc57Vd>M3)8C6�?�VFEpT
576<#;EA�7LM8K»× 57>ÄKF>=8�KF8)V Ñ �

ξ = η + ψM + α
(
M2 − Π Tr(M2)

) � u ¿ � �
5
�

η
8)<
ψ
GÄ57EN<f>Ä8CG=T
8C3Q<-Bg±78CLM8CEN<¯VdEF8³L°?@<->ÄB�3)8b8Q<:VFE G=3É?@6�?JBD>=8�?J6�XC?@<-5JB�>=8)G ¿ Ê�8b<=8C>ÄL°8�8CE

αE»× 8CG}<¥3C6�?JB�>Ä8CLM8CEN<³TF?JGÓ6�8�Td6�VFG#ÆJXCEFX)>-?J6 U;Vu× 57E TFVdB�G=GÄ8+XC3)>=B�>Ä8 ¿ A ? � 57>=LM8a8)GÄ<¥BDEFG=TFBD>=X)8�KF8CG>ÄXCG=Vd6D<O? <-G¯KF8 � ²"! � ¿ 9f?JEFG�3)8)<b?J>Ä<=B�3)6�8#6D8CG�?JVd<=8CVF>ÄG�57EN<bXQ<-VFKdB�XÓT'?J>¯GÄB�L#Vd6�?@<=B�57E­EWVFLMXC>ÄB�UWVF8KFBD>=8)3)<-8*6D8CG GÄ<-?@<-BDGÄ<=B�UWVF8CG KFVjLM8CL#eF>Ä8*KF8§KF>=5JBD<-8*Kd8 � u ¿ ! � � K'?@EFG 6�8*3É?@GÔKF8*<=X)<->=?JÒCKd>=8CGBDG=5J<=>=57T
8CG � 8)<°57EN<°3)57EFG}<O?@<=XÔUWVF8 6�?*LM5�#J8CEFEd8ÔKF8 ξ 3C5JEFKFBD<=B�57EdEFXC8 G=Vd> M Tc5JVd±@?JBD<6 Q<->Ä8
eFBD8CE§?JTdTF>=5 Ñ B�LMXC8ÓT'?@>

α (M2 − Π Tr(M2))
�
α
XQ<O?JEN<�VFEF8¥3)57EFGÄ<-?JEN<-8¥3C5JL°TF>ÄB�GÄ8#8CEN<->Ä8M´

8Q<¯´%� � �
8)<:±@?J>ÄB�?JEN<:?É±78C3³6Ø× XC3O¸F8)6�6�8�KF8#6D57EFÆ7Vd8CVF>S3C57EdG=B�KdXC>=X)8 � ¿»Í ?@>fG=57Vd3CB�Kd8³G=BDL°Td6�B�3)BD<=X@�F57EGÄVFTFT
57G=8)>-?+B�3)B�UWVF8
α
8)GÄ<�3)57EFGÄ<-?JEN<�K'?JEFG¯6�? EC5JEF8ÓB�EF8)>Ä<=B�8C6D6�8?�'8)<�UWVF8

ψ
8)GÄ<�EWVF6 ¿ A 57VdG¯3C8CG¸)#;Tc5@<-¸FÒ)G=8CG � u ¿ ! � Kd8)±;B�8)EW<��

dM

dt
+ (1 − α)

(
M2 − Tr(M2) Π

)
= η

� u ¿ x �
Ê�8CG¥X)U;VF?@<-BD57EFG � u ¿ u � �
� u ¿ x � 8Q< � u ¿ v � KFX�;FEFB�GÄG=8CEN<a6�?­K%#;E'?JLMB�UWVF8 KF8)GM<=8CEFGÄ8CVF>ÄG ρ 8)< M ¿
Í 57VF>+� 8)>=LM8C>:6D8³LM5%KdÒC6�8bB�6�>=8)GÄ<-8¥¶°KFX�;'EdB�>fTF6DVFG:Td>=XC3)B�GÄXCLM8CEN<�6�8)G:<-8)>=LM8CG �'Vd3)<-VF?JEN<-G

ζ
8)<

η
¿

6P6 c�6�6>6�� Am;�+TAXBM9#@K9<G Gn@KJL@.BDGn@.BMNPO CFG _ZCFG�W A&OZB @KG
Í 57VF>4UWVF8 6�8sLM5;KFÒC6D8sG=57Bg<46�8�TF6�VFG4GÄB�LMTF6�8�Tc57GÄG=BDeF6�8?�J57E¥G=VdTFTc5JG=8 UWVF8

ζ
8Q<
η
G=5JEW<|Kd8CG|eF>=VdBD<-G

ÆN?@VFG=GÄB�8CEdG���Kd8�L°5/#J8CEFEF8)GÓEWVF6�6D8CG���KF8)6D<O?
ÀË3C5J>=>=X)6�X)G³8CE�<=8CLMTFG ¿27 E�B�LMTc5JG=8MXCÆN?J6D8CLM8CEN<#UWVF86D8CVF>ÄGbG}<O?@<=B�GÄ<=B�UWVF8)Gb±7X)>=B�;'8CEN<#6D8°GÄ3É?J6DB�EFÆÔKF8 �S576�LM57Æ75J>=5.± ¿ 9³× 5
��6�8)G³8 Ñ Td>=8CGÄG=BD57EFG#KF8°6�8)VF>=G±@?J>ÄB�?JEF3)8CG��

〈ζab(ρ, t).ζcd(0, 0)〉 =
[
C//ρab ρcd + C⊥

(
ρ2δac δbd − ρab ρcd

)]√
Tr (MM t) δ(t)

� u ¿ ·.´ �

〈ηab(ρ, t).ηcd(0, 0)〉 = Cη
ε

ρ2

(
δac δbd −

1

3
δab δcd

)
δ(t)

� u ¿ ·7· �
5
�

ε
8)GÄ< 6D8Ô<O?@V Ñ Kd8­KFB�GÄG=BDT'?@<-BD57E Ku× X)EF8C>ÄÆ7B�8­BDEN<->=5;KFVFBg<aKF?JEFG�6�?�<-¸dXC57>ÄB�8 �¯®F·@� 8Q<

ρ2 =
Tr (ρtρ)

¿
C//
�
C⊥

8)<
Cη

GÄ57EN<SKF8CGST'?J>=?JL°ÒQ<->Ä8CGPKFV L°5;KFÒ)6�8 ¿
9f?@EFG:6 × X)U;VF?@<-BD57E � u ¿ ·.´ � 57E­?MG=XCTF?J>=X#6D8CGS3C57EN<=>=B�edVd<-BD57EFGSKF8CGI3C57LMTc5JG-?JEN<-8)G:6D57EFÆ7Bg<-VFKFBDE'?J6D8��<-8C>ÄL°8¯8)E

C// � 8)< <=>-?JEFG}±78)>=G=8 � <=8C>ÄL°8�8CE C⊥ � KFV eF>ÄVFBD< ¿ Ê�?MTF>Ä8CLMB�Ò)>=8¯E»× ?ÓT'?JG 8CE >=XC?J6�Bg<-XVFE0>&�76�8 TF>ÄB�LM57>=KFB�?J6���8)6�6D8Ô3)57EN<->=BDeFVF8*¶ 6Ø× X)<-BD>=8)L°8)EW<aKFV <=X)<->=?JÒCKd>=8@��KFX �=¶�?@G=G=Vd>=X*T'?J>a6�8

²@®
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<=8C>=LM8#KFXQ<-8)>=LMB�EFBDGÄ<-8
ρM

� 3���X)U;VF?@<-BD57E � u ¿ u � � ¿»Í ?J>f6�?�GÄVFBD<=8#57E*GÄVFTFT
57G=8)>-? G=8C6D57E*6�8)Gf3É?@GUWVF8
C// = 0

57V¥UWVF8
C// = C⊥

¿NÍ ?J>43C5JEW<=>=8?�N6�?fTF>ÄXCG=8)EF3C8SKF8P6�?f3C57LMTc5JG-?JEN<-8s<=>-?JEdGÄ±78)>=GÄ8IKFVeF>ÄVFBD<
ζ
8CG}< 8)G=GÄ8CEN<-BD8C6�6D8@�N3C?J>|8CEaGÄ57E°?JeFG=8)EF3C8S6Ø× X)<=B�>Ä8CLM8CEN<|3C57¸dXC>=8)EN<�KFVM<-XQ<->-?@ÒCKF>Ä8SLMÒCEd8C>-?@BD<

¶ÓVFEF8�3)>=57BDG=G-?@EF3C8¯<->ÄÒCGS>-?JTdB�KF8¯KF8�6 × ?JEdB�G=5@<->=5JTFB�8 ¿
Ê�8CGSXCUWV'? <-B�5JEFG � u ¿ u � � � u ¿ x � � � u ¿ v � � � u ¿ ·.´ � 8Q< � u ¿ ·7· � KFX4;'EFB�GÄG=8)EW<:6�8¯LM5%KdÒC6�8¯KdVÔ<-XQ<->=?JÒCKF>Ä8@�UWVFB�GÄ8¯TF>=X)G=8CEN<=8 ;'E'?@6�8CLM8CEN<PGÄ57VFG 6�?8� 5J>=LM8fKFV G&#;GÄ<=ÒCLM8�Ku× X)U;VF?@<-BD57EFG KFB<�cXC>Ä8CEN<-BD8C6D6�8CG 57>=KdBgÀ
E'?@B�>=8)GPGÄ<=5%3O¸'?@GÄ<-BDUWVF8CGSG=VFBg±@?JEN<��

dρ

dt
= ρM + ζ

dM

dt
+ (1 − α)

(
M2 − Tr(M2) Π

)
= η

Π =
(ρtρ)

−1

Tr
[
(ρtρ)−1]

〈ζab(ρ, t).ζcd(0, 0)〉 =
[
C//ρab ρcd + C⊥

(
ρ2δac δbd − ρab ρcd

)]√
Tr (MM t) δ(t)

〈ηab(ρ, t).ηcd(0, 0)〉 = Cη
ε

ρ2

(
δac δbd −

1

3
δab δcd

)
δ(t)

7 E ?JTFT
8C6D6�8C>=?#T'?J>P6�?¥GÄVFBD<=8¯3C8�G&#;GÄ<=ÒCLM8 � A ¿ u � ¿�Ë6 8CG}<�BDL°T
57>Ä<-?JEN<¥KF8 Ed5J<-8)>°UWVF8Ô3C8 LM5;KFÒC6D8+8CGÄ<aTF¸FX)EF57LMXCEF576D57Æ7BDU;Vd8@�457E ? KF57Ed3Ô<-5JVd<-8
T
57G=GÄB�eFBD6�Bg<-X:Kd8 �Ä5JVF8C>PGÄVF> 6�8CG KFB��uX)>=8)EW<=GP<-8C>ÄL°8)G KF8 � A ¿ u � ¿

������� �������
	�����
 ��� �	����� ������� ����
���� ��	 �!���"��
 �$#&%�
 ���('����

Ê�8³G #;GÄ<-Ò)L°8 � A ¿ u � KFX4;'EFBD<:VFE*TF>Ä57eF6�Ò)L°8bGÄ<=5%3O¸'?@GÄ<-BDUWVF8#eFBD8CE­T
57G=X ¿ 7 E*T
8CVd<¯Kd57EF3#8)E*KFXQÀ>ÄBD±78)>aVFEd8­XCUWV'?@<=B�57E KF8­H'5 ,$,J8)>}À Í 6�?JEF3.,pTc5JVF>a6�? � 57EF3Q<-BD57EªKFBDGÄ<->ÄB�eFV%<-B�5JE"KF8ÔTF>=5Je'?JeFBD6�BD<=X
P (M, ρ, t)

¿ 7 E 5Jed<-BD8CEN< �

∂tP (M, ρ, t) = LP (M, ρ, t)
� u ¿ ·.² �

5
� 6 × 57T
XC>=?@<-8)VF>PK»× X)±J576�Vd<=B�57E G)× X)3C>=Bg< � GÄB
C// = 0 � �

²7µ
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L = (1 − α)
∂

∂Mab

(M2
ab − ΠabTrM

2) − ∂

∂ρib
ρaiMab

+Cη
ε

ρ2

(
∂2

∂Mab∂Mab
− 1

3

∂2

∂Maa∂Mbb

) � u ¿ · u �
+C⊥

√
Tr (MM t)

∂

∂ρai
(ρ2δabδij − ρai ρ

b
j)

∂

∂ρbj

� EF84KFB�G}<->ÄB�eFVd<=B�57E:KF84TF>=5Je'?JeFBD6�BD<=X
P (M, ρ, t)

±7XC>ÄB<;�?@EW< � u ¿ ·
² � T
8CVd<  Q<->Ä8�BDEN<-8C>ÄTF>=XQ<-X)843C57LML°8VFEd8SKdB�GÄ<=>=BDeFVd<-BD57EÓKF8 TF>Ä57e'?JeFBD6�Bg<-X�8)VF6�X)>=BD8CEFEF8S¶�3C57EdKFBD<=B�57EÓK»× B�LMT
57G=8)>46�?f3C5JEFKFBD<=B�57EÓKd8IEF5J>}À
L°?J6�BDG-?@<=B�57E ∫

dM P (M, ρ) = 1
�F3)8�UWVFB�>Ä8)±;B�8)EW<I¶Ó3C5JEFG=BDKFXC>Ä8C>

P (M, ρ)
Ed57E TF6�VFG 3)57L°LM8

VFEd8¯KFB�G}<->=BDeFVd<=B�57E°KF8¯TF>=5Je'?JeFBD6�BD<=X �Ä5JB�EN<-8?�dL°?JB�G 3C57LML°8I6�?³KdB�GÄ<=>=BDeFVd<-BD57E�KF8¯Td>=57e'?@eFB�6DBD<-X KF8
M

3C57EdKFBD<=B�57EFEdXC8¯G=Vd>
ρ
�
P (M |ρ) ¿R�±@?JEN<fKF8b3O¸F8C>Ä3O¸F8C>¯6D8CG:GÄ576�V%<-B�5JEFG KF8³3)8)<=<=8#XCUWV'? <-B�5JE'�c5JE GC× B�EN<=XC>=8)G=GÄ8¥?JV­eFBD6�?JE K»× XCEF8)>=Æ7BD8@�

UWVFB%8CGÄ<�VFE¥XC6�X)L°8)EN<�8CGÄG=8)EW<=B�8)6FTc5JVF>�6�? ±@?J6�BDK'?@<-BD57E�KFVÓL°5;KFÒ)6�8 ¿ � 8PeFBD6�?JEbTc8)Vd<4GÄ8sKFXC>ÄBD±J8C>�KF8� u ¿ ·.² � 8)< � u ¿ · u � 8)E X)3C>ÄBD±@?JEN<P6Ø× XCEd8C>=ÆJB�8f3)B�EFXQ<-B�UWVF8 1
2
Tr(V V t)

?É±78)3
V i
a ≡ ρibMba

¿dÐ E L#VF6 À<=B�TF6DB�?JEN< � u ¿ ·.² � T'?J> 1
2
Tr(V V t)

8Q<:8)E LM5�#J8CEFEF?JEN<:GÄVF>
M
�c5JEÔ57e%<-B�8)EN<I6D8�eFB�6�?JE K»× X)EF8C>ÄÆ7B�8

GÄVFBD±@?JEN< 	 �

1

2
∂t

〈
Tr(V V t)

〉
ρ

= − ∂

∂ρia

〈
V i
aTr(V V

t)
〉
ρ
+α

〈
Tr(V V tM)

〉
ρ+

16

3
Cηε−C⊥Dd+C⊥f� u ¿ ·É® �5
� �

Dd = 18

〈√
Tr (MM t)Tr

[(
ρρt − 1

3
ρ2

)
MM t

]〉

ρ8Q<��

f =
∂

∂ρia

(
ρ2δabδij − ρai ρ

b
j

) ∂

∂ρjb

〈√
Tr (MM t)Tr(V V t)

〉
ρ
−2ρcj

〈√
Tr (MM t)(MM t)bc

〉
ρ

Ê4× XCUWV'?@<=B�57E � u ¿ ·É® � ?JTFT
8C6�6D8fUWVF8C6DUWVF8CGS3C57LMLM8CEN<O?JBD>=8)G �
� Ê�?�3)57EN<->ÄB�eFVd<=B�57E³KF8 6�?:T'?@>Ä<-BD8sKFXQ<-8C>ÄL°BDEFB�G}<-8sKd8P6�?fTF>Ä8CG=GÄB�57E

ΠTr(M2)
?JVÓeFB�6�?JE#K»× XCEd8C>}À

Æ7B�8³8CGÄ<fE;Vd6�6�8 ¿ 7 E*>=8Q<->Ä57Vd±78ÓedB�8CE*6D88� ?JBg<fUWVF8Ó6�?°TF>=8)G=G=BD57E*EF8#<=>-?É±@?JB�6D6�8�T'?JG��»3C57LMLM8³3C8KF57Bg<( )<=>=8�6�8¯3C?JG 8CE+<-VF>ÄeFVF6D8CEF3)8�¸d57L°5JÆ7ÒCEF8¯8Q< B�GÄ5J<->Ä57Tc8�� 3���XCUWV'?@<=B�57E KF8¯±J57E ���J>ÄL��@E%À
Å 5/*�?J>Ä<=¸ � ²�� � ¿

�
〈. . .〉ρ ≡

∫
dM . . . P (M, ρ)

�����A��$%�H��78�E4����
ρ � I14/���B�K� �G"
+-!8��� +-!#����&)+-! "1�F�65 4K�:9
���)�)�-?

²"!
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� Ê�8:<-8)>=LM8
− ∂
∂ρi

a
〈V i

aTr(V V
t)〉ρ

8)GÄ<P6�?³KFBD±J8C>ÄÆ78CEF3)8fKFV��'V Ñ K»× XCEd8C>=ÆJB�8¯¶³ÆJ>-?JEFKd8fXC3O¸F8)6�6D8 ¿
�Ë6u8)GÄ<P3)57L°T
8CEdG=X¯EF57E+TF?JGsT'?J> VFE�<-8)>=LM8fKF8fKdB�G=GÄB�T'? <-B�5JE°±;B�GÄU;Vd8CVFGÄ8@�FL°?JB�G T'?J> 6�8I<=8C>ÄL°8
KF8:KdB�G=GÄB�T'? <-B�5JEMGÄ57VFGvÀËL°?JB�6D6�8

α 〈Tr(V V tM)〉 ρ
�;3C?J>

V
8CG}<�6�?�±;Bg<-8CGÄG=8IL°5/#78)EFEFX)8fG=VF>�VFEF8

XC3O¸F8)6�6D8�Kd8�6�?#ÆN?JLML°8:B�EF8)>Ä<-BD8C6D6�8 ¿
� Ê�8CG#<->Ä57B�GbKF8C>ÄEFB�8)>=G³<=8C>ÄL°8)G#KF8 � u ¿ ·É® � G=5JEW<¥KdVFGÓ?JV�3)57VFTF6�?JÆ78aKd8+6�? K%#;E'?@L°BDU;Vd8�?É±78)36�8)G��'VF3Q<-V'? <-B�5JEFG³¶ Tc8Q<-Bg<-8MXC3O¸F8)6�6�8 ¿ Ê�8¥<-8)>=LM8a8CE

Cη
LM5;KFXC6DB�G=8Ó6�?ÔKFBDG=GÄB�T'?@<=B�57E§KFV �'V ÑK»× XCEF8)>=Æ7BD8MKdVF8M?JV Ñ T
8)<-Bg<-8)G¯XC3O¸F8)6�6�8)G ¿ Ê�8Ó<-8)>=LM8 −C⊥Dd

>Ä8CTF>ÄXCGÄ8CEN<-8°6�8��'V Ñ Ku× X)EF8C>ÄÆ7B�8<->=?JEFGÄ±J8C>ÄG=8@��UWVFB»3)57>=>Ä8CGÄTc57EdKÔ¶Ó6�?³>=8)KFB�G}<->=BDeFVd<=B�57E�Kd8¯6Ø× XCEF8)>=Æ7BD8fK'?JEFGP6�?³3C5JVF3O¸F8�5
�
ρ
8CG}<

3C57EdGÄ<O?@EW< ¿ Ê�8#<-8C>ÄL°8
C⊥f

8CGÄ<�6�?�3C57EN<->ÄB�eFV%<-B�5JE*KFB<�cVFG=Bg±78Ó¶+6�?�KFB�GÄG=BDT'?@<-BD57E­GÄ57VFG}À~La?@B�6�6D8
α 〈Tr(V V tM)〉 ρ

¿

��������� ��� �
	�����
 ��
 	 ��� 
 � �$# � 

	 % '�� � ����� ��� ��� � 
 � 


7 E¯3O¸F8)>=3O¸F8�La?@B�EN<-8)E'?JEN<�¶P8 Ñ TF>ÄB�LM8C>»6D8CG»KFBDGÄ<=>=B�edVd<-BD57EFG»KF84Td>=57e'?@eFB�6DBD<-X�8CVd6�XC>ÄB�8)EFEF8CG
P (M, ρ)GÄ576�Vd<=B�57EdGSKd8b6 × X)U;VF?@<-BD57EÔKd8#H'5 ,$,J8)>}À Í 6�?JEF3., � u ¿ ·
² � ¿17 E GC× B�EN<=XC>=8)G=GÄ8#VFEFBDU;Vd8CLM8CEN<¯?JV Ñ G=5@À6DVd<-BD57EFGsG}<O?@<=B�57EFEF?JB�>Ä8CG ¿ � 8C6D6�8CGvÀË3)B�G=57EN<SG=576DVd<-BD57EFGsKd8�6 × X)UWV'?@<-BD57E � 34� � u ¿ ·.² � � �

LP = 0
� u ¿ ·
µ �

Í 57VF>�UWV»× 8C6D6�8 G=57Bg<�8)EW<=B�Ò)>=8CLM8CEN<�KFX)<=8C>=LMB�EdXC8�5JE#KF57Bg<�X)ÆN?J6�8)L°8)EN<�BDL°T
57G=8)>�VFEF8s3)57EFKFBg<-B�5JEbKF8e
57>=K ¿%Í 57VF>s3)8C6�¶%�W57Ea<-BD8CEN< 3C57LMTd<-8IKFV � ?JBg<�� eFBD8CEa3)57EFEWV � UWVF8:6�?�KFB�G}<->=BDeFVd<=B�57EMKF8I±;Bg<-8CGÄG=8)GK'?@EFG4VFE¥XC3)57VF6�8)L°8)EN<4<-VF>ÄeFVF6�8)EN<|8CGÄ<�UWV'?JGÄB�LM8CEN<4ÆN?@VFG=GÄB�8CEdEF8S¶fÆ7>-?JEdKF8PXC3O¸F8)6�6D8 ¿$7 E¥B�LMTc5JG=8KF5JEF3�VFEF8�KFB�G}<->ÄB�eFVd<=B�57EaÆN?JVFGÄG=B�8)EFEF8b¶Ó6Ø× XC3O¸F8)6�6�8¯BDEN<-XCÆJ>-?J6D8
L
�

P (M, ρ2 = L2) ∼ exp

[
−Tr (MM t)

ε2/3L−4/3

] � u ¿ · ! �
Ð E%;'EF�43C57LML°8+5JE"6 × ? ±;V Td>=XC3)XCKF8)L°LM8CEN<��4Tc57Vd>MT
57Vd±J57B�>6 Q<->Ä8 3)57EFGÄB�KFX)>=XC8 3C5JL°LM8�VFEF8
� 57Ed3)<-BD57E�KFBDGÄ<=>=B�edVd<-BD57EaKF8¯Td>=57e'?@eFB�6DBD<-XS8CVd6�XC>ÄB�8)EFEF8@�

P (M, ρ)
KF57Bg<�±7X)>=B�;'8C>P6�?³3C57EdKFBD<=B�57E°KF8

EF5J>=L°?J6�BDG-?@<=B�57E �
∫
dM P (M, ρ) = 1

� u ¿ · v �
Ê�8sG #%G}<-Ò)L°8 � u ¿ ·
µ � u ¿ · !%� u ¿ · v � Tc8)Vd<  Q<->=8P>ÄXCGÄ576�V � 57>ÄL°8)6�6D8CLM8CEN<�8)E¥B�EN<->Ä5%KFVdB�G-?@EW<�6�?B� 5JEF3)<=B�57EKF8 C >=8)8CE KFV G&#;GÄ<=ÒCLM8@�'UWVFB�T
8C>ÄL°8Q< K»× 8 Ñ TF>=BDL°8)>P6�?8� 57EF3Q<-BD57E+KFB�G}<->ÄB�eFVd<=B�57EaKF8¯TF>=5Je'?JeFBD6�BD<=X� Í 9:H � KF8 (M, ρ)

8CE � 57EF3)<=B�57E KF8�6�? Í 9:HpKF8
(M ′, ρ′)

¶ÓVFE B�EFG}<O?JEN<SKFB��uX)>=8CEN<��FG=57Bg<��

P (M, ρ) =

∫
dM ′

∫
dt G−T (M ; ρ|M ′; ρ′) P (M ′, ρ′),

� u ¿ · � �

²wv
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Ê�? � 57EF3)<=B�57E�KF8 C >Ä8C8)E
G−T

8CG}<#?JGÄG=5;3CBDXC8°¶Ô6�?+TF>Ä57e'?JedB�6�Bg<-X#Kd8°<->=?JEFGÄBD<-BD57E§6�?JÆJ>-?JEFÆJB�8CEdEF8
K»× VFE <-XQ<->-?@ÒCKF>Ä8

(M ′, ρ′)
¶¥VdE ?JV%<->=8

(M, ρ)
T
8CEdK'?JEN<:6�?#KFVF>ÄXC8

T
¿�Ð 6D6�8fG)× X)3C>ÄBD< �

G−T (M ; ρ|M ′; ρ′) =

∫ M(0)=M

M(−T )=M ′

[DM ′′]

∫ ρ(0)=ρ

ρ(−T )=ρ′
[Dρ′′] exp [−S(M ′′; ρ′′)] ,

� u ¿ ·�x �
Ê�8CGIB�EN<-X)Æ7>-? <-B�5JEFG 8��c8C3)<=VFXC8)GfK'?JEdG�� u ¿ ·�x � GÄ57EN<fKF8)G:B�EN<=XCÆ7>=?@<-BD57EFG KF8³3O¸d8CLMB�E'��3J× 8CG}<ÄÀË¶ ÀËKFBD>=8UWVF8 6Ø× 57E KF57Bg<¥B�EN<-X)Æ7>=8)>

exp [−S(M ′′; ρ′′)]
GÄVF>Ó<-57V%<-8CGM6�8)GÓ<->-?/�Ä8C3)<=57B�>Ä8CG¥>=8)6�B�?JEN<Ó6�8 T
57B�EN<

BDEFBD<=B�?J6
(M ′, ρ′)

¶­6Ø× B�EFG}<O?JEN<
−T

?JV�T
57B�EN<
(M, ρ)

¶­6Ø× B�EFG}<O?JEN<
0
¿ Ê4× ?J3)<=B�57E

S
LM8CGÄVF>=8+6D8

T
57B�KdGPGÄ<O? <-B�G}<-BDU;Vd8¯KF8�3O¸'?JUWVF8�<->-?/�Ä8C3)<=57B�>Ä8 ¿
Ê�8CGPX)UWV'?@<-BD57EFG � u ¿ · � � ��� u ¿ ·�x � 8Q< � u ¿ · ! � 3)57EFKFVdB�G=8)EN<:¶#6 × 8 Ñ TF>=8)G=G=BD57E ;'E'?J6D8fKF8�6�?³KdB�GÄ<=>=BDeFV%À<=B�57E+KF8�TF>Ä57e'?JedB�6�Bg<-X��

P (M, ρ) =

∫
dM ′

∫
dT

∫ M(t)=M

M(0)=M ′

[DM ′′]

∫ ρ(t)=ρ

ρ(0)=ρ′
[Dρ′′] exp−

[
S(M ′′; ρ′′) +

Tr (M ′M ′t)

ε2/3L−4/3

]

� u ¿ ²J´ �H'57>ÄL°8)6�6�8)L°8)EN<�6�?�KdB�GÄ<=>=BDeFVd<-BD57E#KF8 TF>Ä57e'?JedB�6�Bg<-X
P (M, ρ)

GÄ8 3É?J6D3CVF6D8P8CEM3C57EFGÄB�KFX)>-?JEN<4<=57Vd<-8)G
6D8CG�<=>-?��Ä8)3)<-5JB�>=8)Gs3C5JL°LM8CEFÎC?JEN<P8CE VFE T
57B�EN<

(M ′, ρ′)
¶#6Ø× XC3O¸d8C6�6D8fB�EN<=XCÆ7>=?J6�8:¶#6Ø× B�EFG}<O?JEN<

−T8Q< G=8�<-8C>ÄL°BDE'?JEN< ?JV T
57B�EN<
(M, ρ)

¶Ó6Ø× B�EFG}<O?JEN<
0
��±757BD> ;'Æ7VF>Ä8 u ¿ ² � ¿

r<L (r dans la zone inertielle)

(  ’, M’)

échelle intégrale:
Tr (     ) = r²

(  , M)

Tr (     ) = L²ρ ρ

ρ ρ

ρ

ρ
t

t

& ����� u ¿ ² ¿ ��� � ����� � 	���� ��� � � � ��	 � 	���� � � ��� � � 	 ��	 � �8����	��  	�� � � ��� 	 � � ��� ��	�� ��	  �� 	�� � � � 	 ��	��
��� ��� 	�� � ��� ��	��	� � ��� 	�� ��� ����� ���

(M ′, ρ′)
�  �� � � ��� � ��� −T 	�� � 	 ��	���� � � � ���

� � ����� ���
(M, ρ)

�  �� � � ��� � ���
0



² �



��� ��� � ��� � � ��� � ��� ���,� ������
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 	������

����� � � %�	 � � ����� � � � %�� � � �
	�����
 � � � ��� � % 
 �
	�� ��� �

� EF8­X)±@?J6DV'?@<=B�57Ep3C57>Ä>=8)3)<-8*Kd8­6�?�KFB�G}<->=BDeFVd<=B�57EpKF8­TF>Ä57e'?JedB�6�Bg<-X
P (M, ρ)

EFX)3C8CGÄG=Bg<-8­KF5JEF3
K»× B�EN<=XCÆ7>Ä8C>�6�?¯K%#;E'?JLMB�UWVF8SG=VF>|<-5JVd<-8)G�6�8)G�<=>-?��Ä8)3)<=57B�>Ä8CG|>=8)6�B�?@EW<

(M, ρ)
¶

(M ′, ρ′)
¿;Ð E°TF>=BDE%À3)B�T
8b3)8C3CB�Tc8)Vd<� Q<->=8 � ?JBD<IEWVFL°X)>=BDU;Vd8CLM8CEN<f8)E*Vd<-BD6�B�G=?JEN<SVFE§?J6�ÆJ57>=Bg<-¸FLM8¯KF8 ¾ 5JEW<=8QÀ � ?J>=6D5 ¿

Í 57VF>Ä<-?JEN< �'¶#3C?JVFGÄ8�Kd8¯6�?#Æ7>=?JEFKF8¯KFBDL°8)EFG=BD57E�KF8¯6 × 8)G=T'?@3C8�KF8CGPTd¸'?JG=8)G � KFBDL°8)EFG=BD57E*· vI�%3É?J>
M

KFX)Tc8)EFK°Kd8 � TF?J>-?JLMÒ)<=>=8)G4B�EFKFX)Tc8)EFK'?JEN<=G�8Q<
ρ
KF8Vx � �J8)<|KF57Ed3PKFV¥Æ7>-?JEdKMEd57L#eF>Ä8PKF8PKF8QÀÆ7>ÄXCG�Kd8P6�B�e
8C>}<-X�KFV¥TF>=5JeF6�Ò)L°8?�@3)8C3CBF?JTFT'?J>=?���<�3C5JL°LM8�VFEd8s<O?J3O¸F8s<=>=57T¥?@>=KFVF8 ¿7Ð E¥8��c8)<��JVFEF8GÄB�LMTF6�8ÓBDEW<=XCÆ7>=?@<-BD57E�KF8°6�? KI#%EF?JL°BDUWVF8°TF?J> ¾ 57EN<-8QÀ � ?J>=6D5 3)57EFKFVFBg<b¶ÔKF8)G³3C5JE%;'Æ7VF>=?@<-BD57EFGKF5JEW<S6D8CGPT
57B�KFGPG}<O?@<=B�G}<-B�UWVF8)GPTc8)Vd±78)EN<fKFB��uX)>=8C>PKd8�Td6�VFGÄB�8CVd>=G 57>=Kd>=8CG KF8�Æ7>=?JEFKF8)VF> ¿

�Ë6'GÄ8CL#eF6D8IKd57EF3SEFXC3)8CG=G=?JB�>Ä8IKF?JEFG�VFEaTF>Ä8CLMB�8)>�<-8CLMTFG�KF8S3C57LMTF>=8)EFKF>Ä8I6 × 57>ÄB�Æ7BDEF8sKF8)G 3)57EN<->ÄBgÀ
eFV%<-B�5JEFGfGÄ<-?@<-BDGÄ<=B�UWVF8CG:G=B�ÆJEFB<;'3C?@<-Bg±78)GfK'?JEFG¯6 × BDEN<-XCÆJ>-?J6D8³KF8#3O¸d8CLMB�E � u ¿ ²J´ � ¿ � 8)6�?�EF5JVFG¯Tc8)>}ÀLM8)<Ä<->-?@BD<�T'?J>s6�?bGÄVFBD<=8fKF8f>ÄXÉ?J6DB�G=8)>�VFE ?@6�Æ757>ÄBD<=¸FL°8PKd8 ¾ 57EN<-8ÁÀ � ?J>Ä6�5Ó?@K'?JTd<=X¯?JV+TF>Ä57eF6�Ò)L°8?�8Q<fKF57Ed3³8�GM3C?J3C8 ¿»Í 5JVF>:3)8C6�?I�
Ed57VFGf?É±J57EFGf3C?J6�3)VF6�X�K'?JEFGIVFE­TF>Ä8CLMB�8)>S<=8CLMTFG:6D8CGSG=576DVd<-BD57EFGKF8 � u ¿ ²J´ � K'?JEFG�6Ø× ?JTFTF>Ä5 Ñ BDLa?@<=B�57E¥GÄ8CLMBgÀË3)6�?JGÄG=BDU;Vd8@�WK'?JEFG�6�?JUWVF8)6�6�8S57E�Ed8:<-BD8CEN<s3)57L°T%<-8:UWVF8KF8°6�?+<->=?��Ä8C3Q<-57BD>=8aKd57EN<#6�8MT
57B�KFG�GÄ<-?@<-BDGÄ<=B�UWVF8M8CGÄ<#6�8MTF6�VFGbB�LMTc5J>Ä<O?@EW< � 6�? >=XÉ?@6�B�G=?@<-BD57E§KF8CG
eF>ÄVFBD<=G 6�?ÓTF6�VdGITF>Ä57e'?Jed6�8 � ¿ Ê�8CGS>=XCGÄVF6D<-?@<-GSKF8�3C8Q<=<-8³?JTFTF>Ä5%3O¸d8bGÄ57EN<:TF>ÄXCGÄ8CEN<-X)G¯?JV 3O¸F?JTFBD<=>=8® ¿ �Ë6DG EF57VFG 57EN<ITc8)>=LMB�GPKF8�>=XC?J6�BDG=8)>STF?J> 6�?ÓG=VFBg<-8�VFE G=3O¸FX)La?MKF8�< #%T
8 ¾ 57EN<-8ÁÀ � ?J>Ä6�5¥K'?JEFG6D8CUWVF8C6�6�8CG¯ed>=VFBg<-G¯G=5JEW<�<=>-?JBg<-XCG:TF6�VFG¯>ÄB�Æ75JVF>=8)VFG=8)L°8)EW< ¿ Ê�8CG�G=5J6�Vd<=B�57EFG:KF8 � u ¿ ²J´ � 3C?J6�3)VF6�X)8CGT'?@>P3C8)<Ä<-8�LMX)<-¸d5%KF8�GÄ57EN<ITd>=XCGÄ8CEN<-X)8CG:?JVÔ3O¸F?JTFBD<=>=8�µ ¿
� EF8+>=8)TF>=X)G=8CEN<-?@<-BD57E 3C57LML°5;KF8°KF8CG¥>=X)G=VF6g<O?@<=G#3C5JEFG=BDGÄ<-8 ¶­3C?J6�3)VF6�8)>#6�8)G#KFBDGÄ<->ÄB�eFV%<-B�5JEFG³KF8TF>Ä57e'?JedB�6�Bg<-X �Ä5JB�EN<-8)G

P (R,Q)
G=5J6�Vd<=B�57EFG|KFV°L°5;KFÒ)6�8 8)<�KF8I6D8CG 3C57LMT'?J>Ä8C>�¶b3)8C6�6D8CG�3É?J6D3CVF6DXC8)G

T'?@>+9�� A ¿ Ê�8CG�UWV'?JEN<=BD<-X)G
Q
8Q<
R
��KFX4;'EFBD8CG+8CEj?JEdEF8 Ñ 8*R ¿ · � G=57EN< � 57EF3Q<-BD57EªKF8

M
8)<

KFXQ<-8)>=LMB�EF8)EW< 6�?#<-57T
576�5JÆ7B�8S6�5;3É?J6D8fKF8�6Ø× XC3)57VF6D8CLM8CEN< ¿

����� ��� ��� �
	�����
 � ��� 
 �
������� � � � ��� � % ��� � ��
 �
� # ������� �	� � 
 �
	�����
 ��%�	 ��� 
 � 
!� � 	 �

�j<-BD<=>=8IKF8:3)57L°TF?J>-?JBDG=57EF�;5JE+TF>=X)G=8CEN<=8¯K'?JEFGs3)8)<Ä<-8fGÄ8C3)<=B�57Ea6�8CG G=576DVd<-BD57EFG KFV�LM5%KFÒ)6�8SK'?JEFG
6 × ?JTdTF>=5 Ñ B�L°?@<-BD57E�KFXQ<-8)>=LMB�EFBDGÄ<-8 ¿ Ê�? ;'ÆJVF>=8 u ¿ u LM57EN<->Ä8 Kd8CG5� 57EF3)<=B�57EdGMKdB�GÄ<=>=BDeFVd<-BD57EFGÓKF8TF>Ä57e'?JedB�6�Bg<-X=�Ä57B�EN<-8)G

P (R,Q)
G=576DVd<-BD57EFGÓKF8 6�?*T'?@>Ä<-BD8+KFX)<=8C>ÄL°BDEFB�G}<-8+KFVpL°5;KFÒ)6�8 ¶§KF8CV ÑX)3O¸F8C6D6�8CG�KF8¥6D57EFÆ7VF8)VF>¯KFB��uX)>=8CEN<=8CG ¿ Ê�8CG�Æ7>=?JTF¸F8)G�G=57EN<�8 Ñ <->=?JBD<=G�KF8 �4v�� ¿ � 8CG�KFBDGÄ<=>=B�edVd<-BD57EFGT
8CVd±J8CEN<  )<->Ä8¥3C57LMT'?J>ÄXC8CG�¶+3)8C6�6D8CG¯3C?J6�3)VF6�X)8CG�T'?J>¯GÄB�L#VF6�?@<-BD57E EWVFLMXC>ÄB�UWVF8¥KFBD>=8C3Q<-8 � 9�� A ���±757BD>�?JEFEF8 Ñ 8 � � ¿ Ê�8CG�G=576DVd<-BD57EFGfKdX)<-8)>=LMB�EFBDGÄ<=8CG¯KFV�L°5;KFÒ)6�8#TF>ÄXCGÄ8CEN<-8)EW<³VFE�?J3C3)57>=K�UWV'? À6DBD<O? <-B<��<->ÄÒCG�?J3C3)8CTd<-?JeF6D8¥?.±J8C3¥6�?+9+� A K'?JEFG¯6�?�T'?J>Ä<=B�8#KdV�Td6�?JE

R < 0
¿»Í ?J>¯3)57EN<->=8?��8C6D6�8CGTF>ÄXCGÄ8CEN<-8)EW<#VFEF8 � ±J?@6�6�X)8 ��KF8 � ?JB�eF6D8¥TF>=57eF?JeFB�6DBD<=XÓK'?JEFGb6�? T'?J>Ä<=B�8

R > 0
8CE�KdXCG-?@3C3C5J>=K

?É±78)3+6�8)G#>=X)G=VF6g<O?@<=G#KF8+9�� A ¿ � 8+TF¸dXCEF57LMÒCEd8+GC× 8 Ñ TF6�BDUWVF8�T'?J>³6�8D� ?@BD<#UWVF8?��K'?JEdG#6�8�Td6�?JE
(R,Q)

��6�?­TF>ÄXCB�L°?JÆ78aT'?J>#6�?­K%#;E'?JLMB�UWVF8+KFXQ<-8C>ÄL°BDEFB�G}<-8�Ku× VFE T
57B�EN<ÓGÄVF>¥6�8�3��J<-X
R > 0KF8:6�?bGÄXCT'?@>-?@<=>=B�3)8f3C5JEW±J8C>ÄÆ78�?JVa±J57B�GÄB�E'?JÆJ8:KF8f6 × 5J>=B�ÆJB�EF8?�NKF57EF3fKF?JEFGsVFEd8f>=X)Æ7B�57EaKF8fÆ7>=?JEFKF8

TF>Ä57e'?JedB�6�Bg<-X?�
<-?JEFKFBDG�UWVF8P6�?fTd>=XCBDLa?@Æ78�K»× VFE¥T
57B�EN<�KF?JEFG46�?f>ÄXCÆ7BD57E
D > 0

�
R > 0

G=8s<=>=57V%±78

²&x
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 	������ ��� ��� �"��� ��� 	 � ��� � � � �
� ��
�� � 
������ 
��)	
� � ����
 � ��� � � �

TF6DVd< �@<¯K'?JEFG¯6�?�T'?J>}<-B�8
Q > 0

�
R > 0

�»VdEF8Ó>=X)Æ7B�57E*Kd8 � ?JB�eF6D8³TF>Ä57e'?JedB�6�Bg<-X � ±75JB�>f6D8CG �'5J<=G
KF8)GIBDEN±J?@>=B�?@EW<=G

Q
8)<
R
?JG=GÄ5%3)B�X)G:¶M6�?¥K%#;E'?JLMB�UWVF8�K»× Ð Vd6�8C> Ã 8CGÄ<=>=8)B�EN<-8b8CE­?@EFEF8 Ñ 8bR ¿ ²M8)<3C?J6�3)VF6�X)GPT'?J> 9�� A K'?@EFG �tv�� � ¿

& ����� u ¿ u ¿ ��� ����� ��������� � ��� � ��	
� �
� ��� � �  � � � � ��� ��� 	��
P (R∗, Q∗)

� �  6� �  ��	�� � � � �  �� ��� � �
��� � ��� "
� � ��� � ����	���� � ������� 	 � � ��� ���  	 �	����
 �
������� 	�������
 ��������� 
�� 	�� ��� � ��� � � ���

R∗

	��

Q∗

� ����� � �������  ��� ��	�� � � �  ����� ��� � � � 	 ��	�� � � 	 ������� � � ��� �*�
Q∗ = Q/ 〈Tr(S2)〉 �

R∗ = R/ 〈Tr(S2)〉3/2 
�� 	��  � � � 	�� � � ��� ��� �
� ��� � �  � � � � ����� 	�� � � � ��	��  ��� � ��� � ��� �#"
��� 	���	���� � 	�� � � � � � ��	�� ��	
	 � � ��	-���
�
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7 EÓT
8CVd<48)G=T
XC>Ä8C>4UWVF8P6�?ITF>=BDG=8s8)EM3)57LMTd<-8sKd8CG��'VF3Q<-V'? <-B�5JEFG�T
8C>=LM8)<Ä<-8sKd8sG=VFTdTF>=BDL°8)>�3C8Q<=<-8±@?J6D6�XC8ÓKd85� ?@B�eF6D8ÓTF>=57eF?JeFB�6DBD<=X#8CE�KFXCG=?J3C3)57>=K�?.±J8C3°6�? 9�� A 8)<�6�8)Gb8 Ñ TcX)>=B�8)EF3C8)G�� � � ¿ 7 E�G=8TF>Ä57T
57G=8 KF57Ed3IK'?@EFG 6D8CG|KF8)V Ñ 3O¸'?JTFBg<->=8)G GÄVFBD±@?JEN<=G KF8S3É?@6�3CVd6�8C>46D8CG|G=5J6�Vd<=B�57EFG|KFVMLM5%KFÒ)6�8P8)E<=8CE'?JEN<S3C5JL°Td<=8¯KF8�3C8)G �'Vd3)<-VF?@<-BD57EFG ¿

u ´
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 � � � ��� � � � �
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 � � � ��
 
�� 	 � � � � 
�� � �

C
8I3O¸F?JTFBD<=>=8P<->=?JBD<=8 KF8I6�?¯>=XCGÄ576�V%<-B�5JEMKdVaLM5%KFÒ)6�8PK'?@EFG 6 × ?@TFTF>=5 Ñ B�L°?@<=B�57EÓGÄ8CLMBgÀË3)6�?JGÄG=B ÀUWVF8@��UWVFB 3C57EFGÄB�G}<-8 ¶�Ed8Ô3)57EFG=BDKFXC>Ä8C>MUWVF8Ô6�?*>=XÉ?@6�B�G=?@<-BD57E�KF8)G°eF>ÄVFBD<=G¥6�?*TF6�VdG°TF>Ä5@À
e'?JeF6D8 ¿ �I57VFGs?.±J57EFG K»× ?Je
57>=K�8)G=G=?/#JXbKd8f>=X)G=57VFKd>=8¯6�?�±78C>ÄG=BD57E 3C57LMTF6�ÒQ<-8IKFV+L°5;KFÒ)6�8� A ¿ u � K'?JEFG�3C8Q<=<-8I?JTFTd>=5 Ñ B�L°?@<-BD57E ¿J¾ ?JB�G|KF8)G Td>=57eF6DÒCLM8CG4KF8S3C5JEW±J8C>ÄÆ78CEF3)8:EWVFLMXC>ÄB�UWVF8 EF57VFG57EN<b3C57EdKFVFBD<=G³¶ 3C57EdG=B�KdXC>=8)>³VFEd8°±78)>=GÄB�57E�GÄB�LMTF6�B�;'XC8ÓKdV�L°5;KFÒ)6�8@��KF?JEFG³6�?JUWVF8C6D6�8Ó6 × VFE KF8CG

eF>ÄVFBD<=Gf8CG}<�<->-?@BD<-X³8CE§3O¸'?JLMT§L°5/#78)E ¿ Ê�?+L°XQ<-¸F5;KF8#Kd8M>ÄXCGÄ576�Vd<=B�57E KFV§L°5;KFÒC6D8#K'?JEdG¯6Ø× ?JT%ÀTF>Ä5 Ñ BDLa? <-B�5JEpGÄ8CLMBgÀ~3C6�?@G=G=BDUWVF8 8CGÄ<aTF>=X)G=8)EW<=XC8­8)Eª® ¿ · �|6�8)G°GÄ576�Vd<=B�57EdGMKdVªL°5;KFÒ)6�8 3C57LMTF6D8)<� EF57E 3C57EN±78)>=Æ7X)8CG � G=5JEW<ILM57EN<->=X)8CG 8CEÔ® ¿ ² ¿ 9f?JEdGI6�?¥GÄ8C3Q<-B�5JEÔ® ¿ u 8CG}<:BDEW<=>=5;KFVFBg<-8¯6�?³±J8C>ÄG=B�5JEGÄB�LMTF6�B�;'XC8MKFV�LM5%KFÒ)6�8?��KF5JEW<#6�8CG³G=576DVd<-BD57EFG³GÄ8CLMBgÀ~3C6�?@G=G=BDUWVF8CGbG=57EN<¥LM57EN<->=X)8CG#8)E ® ¿ ® ¿ Ê�8CG3)57EF3C6DVFG=BD57EFGPKF8�3)8�3O¸F?JTFBD<=>=8�G=5JEW<S>=?JG=GÄ8CL#eF6DXC8)GSKF?JEFGS6�?#G=8)3)<=B�57E ® ¿ µ ¿

� ����� � ��� ��� � �
	�����
 ��� ��� 
 %�	 � � ��� � 
 ��� �
	 % �

� 6 c�6 cV6
� Ce[L\QCTAm[L\ C _ZC YDJ�@.A`J��&Ce[ @K; B AmC _��~J [ @.BM;>S =bB SZB�=?JZYDC
7 E§3O¸F8C>Ä3O¸F8�¶ >=X)G=57VdKF>=8¥6�8ÓG #;GÄ<-Ò)L°8 � A ¿ u � K'?@EFG�6Ø× ?JTFTF>Ä5 Ñ BDLa?@<=B�57EÔG=8)L°B ÀË3C6�?JG=GÄB�UWVF8 ¿ 9f?JEFG3)8f3É?JG��d57E+Ed8f3C57EdG=B�KdÒC>=8:K'?JEFGP6 × X)U;VF?@<-BD57E � u ¿ ²@´ � UWVF8¯6�?�<->=?��Ä8C3Q<-57BD>=8fUWVFBcLa? Ñ BDL°BDG=8 6Ø× B�EN<=XQÀÆ7>=?JEN< ��3J× 8CG}<ÄÀË¶ ÀËKFBD>=8b3C8C6D6�8�KF57EN<f6 × ?@3)<-BD57E 8CGÄ<fL°BDEFB�L°?J6�8 ¿ � 8Q<=<-8bTF>=5;3CX)KFVF>Ä8#8CG}<¯8CE­Td>=B�Ed3CB�T
8±@?J6DB�KF8 K'?JEdG�6�?�6�B�LMBD<=8 5
�ª6�8)GaeF>ÄVFBD<=GaGÄ57EN<�� ?JB�ed6�8CG ¿�Ð 6D6�8 EF57VFGaG=8C>}<+KF8­Td>=8CLMB�Ò)>=8ÔX)<O?@Tc8K'?@EFG:6�?M>Ä8C3O¸F8)>=3O¸F8ÓKF8)GfG=5J6�Vd<=B�57EFGSKFVÔL°5;KFÒC6D8 ¿ 9f?JEdG:3C8Q<=<=8Ó?JTFTF>Ä5 Ñ BDLa? <-B�5JE'�F57E­>Ä8CLMTF6�?@3C8GÄB�LMTF6�8)L°8)EW<�KF?JEFG � u ¿ ²J´ � 6Ø× B�EN<-X)Æ7>-?J6D8ÓT'?J>�G-?Ô±@?J6D8CVF>�?JV 3C576!��57ed<-8)EWVF8a8)E�G=VFedGÄ<-Bg<-V'?@EW<³6�?<=>-?��Ä8)3)<-5JB�>=8¯5JTd<-BDLa?J6D8:K'?@EFG 6�8f<-8)>=LM8¯K»× ?J3)<=B�57E �

P (M, ρ) ∼ exp−
[
Sc(M

′′; ρ′′) +
Tr (M ′M ′t)

ε2/3L−4/3

] � ® ¿ · �
7 E¯T
8CVd<�KFXQ<-8)>=LMB�EF8)>�6�? <=>-?��Ä8)3)<-5JB�>=8�57Td<-BDLa?@6�8�8CE�XC3C>ÄBD±@?JEN<�6D8CG�XCUWV'? <-B�5JEFG�K»× Ð Vd6�8C>vÀvÊ�?JÆ7>=?JEFÆ78?JTdTF>=57Td>=B�X)8CG ¿ �Ë6¯EF57VFG � ?JVd<Ô?JVdT'?J>-?É±@?JEN< XC3)>=B�>Ä8§8 Ñ TF6�BD3CBg<-8CLM8CEN<+6D8�Ê�?@Æ7>-?JEdÆ7B�8)E L

�
S =∫ T

0
dtL � ¿ A 57EÔ8 Ñ TF>=8)G=G=BD57E G=8�KFXCKFVdBD< KF8 � A ¿ u � ¿ 9f?JEFG 6D8¯3É?JG 5
� C// = C⊥

�'57E ? 	

� � �����.�A"1��,.!
&)J�,.� 9��D� +%�.9
J����B������!
4������.��$-&E,.� �#+�7
, 4���,�&),.� ��I1�
�E&H��&E����(<��!����)��� $ ��,.$-! �-&)��! � ��$%, +�!<"
+-&E� �#+�7
,

u ·
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�
L =

Tr (Dm.Dmt)

2Cη
+

Tr (Dρ.Dρt)
2C⊥ρ2

√
Tr (mmt)

� ® ¿ ² �
?É±78)3 �

Dm =
dm

dt
− 1

3

d ln ρ2

dt
m+ (1 − α)

(
m2 − Tr(m2) Π

)

8Q<

Dρ =
dρ

dt
− ρm

7 E ?¥?JVÔTd>=XÉ?@6�?JeF6D8f8��c8C3Q<-VFX�6�8¯3O¸F?JEFÆ78)L°8)EW<SKF8¯±@?J>ÄB�?JeF6D8CGPGÄVFBD±@?JEN<��
{
dt′ = ε−1/3ρ2/3dt
M = ε1/3ρ−2/3m

Ê�8CG X)U;VF?@<-BD57EFG K»× Ð Vd6�8C>vÀvÊ�?JÆ7>=?JEFÆ78f?JG=GÄ5%3)B�XC8)G:?@VÔÊ�?JÆJ>-?JEFÆJB�8CE � ® ¿ ² � G=57EN<S6�8)G G=VFBg±J?@EW<=8CG��
d

dt

∂L
∂ṁab

=
∂L
∂mab

d

dt

∂L
∂ρ̇ab

=
∂L
∂ρab

� 6 c�6��>6�� 9#@-\ ; _ZC _ZC�Am9FG�; Y OL@.BM;>S
� 57LMLM8#57E§6Ø× ?°±;V 8)E u ¿ µI�c57E§G=8¥TF>Ä57Tc5JG=8ÓKF8¥3É?@6�3CVd6�8C>:6�8CG¯KdB�GÄ<=>=BDeFVd<-BD57EFGIKF8ÓTF>=5Je'?JeFBD6�BD<=X�Ä57BDEN<-8CGSKF8)G:B�EN±@?J>ÄB�?JEN<-G

Q
8)<
R
8CE � 5JEF3)<=B�57E KF8³6 × X)3O¸F8C6D6�8

r
¿
Í 57VF>:3)8C6�?%��57E GÄ8³KF57EdEF8³VFEd83)57EFKFBg<-B�5JE³B�EdBD<-B�?J6�8�¶f3)8)<=<=8PTc8Q<-Bg<-8sX)3O¸F8C6D6�8@�@TFVFBDG�57EÓB�EN<=ÒCÆ7>Ä8s6�8 G&#;GÄ<=ÒCLM8 � ® ¿ u � 8)EM>Ä8CLM57EN<O?JEN<6D8f<-8CLMTFG��H�ÄVFG=UWV»× ¶°3)8�U;Vd8b6 × X)3O¸F8C6D6�8fBDEW<=XCÆ7>=?J6�8

L
G=57Bg<S?@<=<=8CBDEW<=8 �

d

dt




∂L/∂ṁab

∂L/∂ρ̇ab
mab

ρab


 =




∂L/∂mab

∂L/∂ρab
ṁab

ρ̇ab




� ® ¿ u �

7 >��@8CEMG=8(; Ñ ?JEN<|6�8)G�<->Ä57B�G�UWV'?@EW<=BD<=XCG
Q
�
R
8Q<
r
�J6�8CG43)57EFKFBg<-BD57EFG�BDEFBD<=B�?J6D8CG � ¶¯Tc8Q<-Bg<-8sX)3O¸F8C6D6�8 �EF8�GÄ57EN<ITF?JG 8CEN<-BDÒC>=8)L°8)EN<IKdX)<-8)>=LMB�EFX)8CG��

�����H$/� +-7
C�+-&),�&)!DC-��,:����, �)�A����!8����7
,
Gab,cd = C//ρab ρcd +C⊥

(
ρ2δac δbd − ρab ρcd

) ?�� $%&H� �)�G�
,.+
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&E��!
!
��
 ����� � C-+�&E,�$-!
!
��ID����?�� � ?��;$%!8�*��� ��$-��+-!
�#��71�/,�4K��+�78"1,.�'�E�*�
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�)J�(<� �#+�7
,;"
���;C $%�)��7
,:� 
�7
���)��+-! 
�7
�K�G"1�

C//

���
C⊥

? � �K� ,.4���7
�E�.$%�.� 
�78� !
+�78�
$ C-+-!#� +�	1����!D78�B�8$%,A���������/(<4��.9
+1"1�'��+�!�� "
7 (���(<�F� �D� � 
�78�F����71I �
,.4�����!���4K� �#$%, �H$*��7
&E����?
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� m
8CGÄ<:VFEF8#L°?@<=>=B�3)8 u Ñ u �c8)6�6�8�?aKd57EF3 xM3C57LMTc5JG-?JEN<-8)G ¿ � 3É?@VFG=8#Kd8#6�?¥3C57EdKFBD<=B�57EÔK»× BDE%À

3C57LMTF>Ä8CG=GÄB�eFBD6�Bg<-X
Tr(m) = 0

8Q<fKF8)G:<->Ä57B�GSKF8CÆJ>=XCG:KF8³6DB�e
8C>Ä<=X�T'?J>:>Ä5J<O? <-B�5JE'�'3C8)GPx°3)57L¥À
Tc5JG-?JEN<-8)GPEF8¯KFX)Tc8)EFKF8CEN<SUWVF8¯KF8�µ³T'?@>-?JLMÒ)<=>=8CG�B�EFKFX)Tc8)EFK'?JEN<=G ¿ 9:8)V Ñ K»× 8CEN<=>=8¯8CV Ñ G=5JEW<
; Ñ XCG¯T'?@>

Q
8)<
R
�
L°?JB�G <->Ä57B�GS>=8)GÄ<-8)EN<�B�EFKFXQ<-8)>=LMB�EFX)G �
3C8#GÄ57EN<¯6�8)G:3C5JL°T
57G-?@EW<=8CGIKF8#6�?

±757>}<-BD3CBD<=X��
� ρ

8)GÄ<I8CEN<-BDÒC>=8)L°8)EN<IKdX)<-8)>=LMB�EFX ¿17 E 6�8¯3O¸d57B�GÄBD<SB�GÄ5J<->Ä57Tc8�¶¥6Ø× B�EdGÄ<O?@EW<SBDEFBD<=B�?J6!�;GÄ57BD< �
ρab =

rδab
� ṁ

8Q<
ρ̇
GÄ57EN<S?¥Td>=B�5J>=BuBDEFKFXQ<-8C>ÄL°BDEFXCG��F6�?@B�G=G=?JEN< ��� x��#· v³T'?@>-?JLMÒ)<=>=8CGP6DB�eF>Ä8CGsGÄVFTFTF6DXCLM8CE%À<O?JBD>=8)GPTc57Vd>SKdX�;'EFBD>P6�8)GP3C57EFKdBD<-BD57EFGPBDEFBD<=B�?J6D8CG

RIV¥<=5J<O?@6 �J8)E¥G=8(; Ñ ?JEN<
Q
�
R
8Q<
r
57E¥ÆN?J>ÄKF8S²J´¯T'?J>=?JL°ÒQ<->Ä8CG4B�EdKFX)<=8C>=LMB�EdXCG�T
57VF>4KFX4;'EFBD>46�8CG

3)57EFKFBg<-B�5JEFG�B�EdBD<-B�?J6�8)G ¿ Ð E¥TF>=BDEF3CBDTc8?�JB�6%8CG}< EdXC3C8)G=G=?JB�>Ä8SKu× BDEW<=XCÆ7>Ä8C>46�? Í 9:H�GÄVF>43C8)G|±@?J>ÄB�?Jed6�8CG��L°?JB�G|T
57VF> XC3C5JEF57LMB�G=8)>�KFV°<-8CLMTFG KF8f3É?@6�3CVd6c57Ea8��c8C3)<=VF8fBD3CB
VFEF8fGÄ8C3C5JEFKF8¯?JTdTF>=5 Ñ B�L°?@<-BD57E� ?JTFTF>Ä5 Ñ BDLa?@<=B�57E³KFV°3)576 � �78CEM>=8)L°Td6�?JÎC?JEN<|6Ø× B�EN<-X)Æ7>-?@<=B�57E³T'?J>4VFEF8SL°? Ñ B�LMB�G-? <-B�5JE³G=Vd>�6D8CG�²J´±@?J>ÄB�?JeF6D8CG ¿
Ê4× ?J6�Æ75J>=BD<=¸FLM8IUWVF8�EF57VFGS?É±75JEFGIV%<-B�6DB�GÄX:8CG}<B;FE'?J6�8)L°8)EN< 6�8¯G=VdBD±@?JEN<��
� 7 EÔGÄ8 ; Ñ 8

Q
�
R
8Q<
r
8)<:²J´ÓT'?J>=?JLMÒ)<->Ä8CGP6DB�eF>Ä8CG ¿

� 7 E+B�EN<-Ò)Æ7>=8f6D8:G #%G}<-Ò)L°8�� ® ¿ u � �ÄVFG=UWV»× ¶Ó3C8fUWVF8¯6 × X)3O¸F8C6D6�8IB�EN<-X)Æ7>-?J6D8:GÄ57BD<s?@<=<=8CB�EN<=8@�d3@× 8)GÄ<}Àv¶ ÀKFB�>Ä8 �ÄVFGÄUWV»× ¶#3)8fUWVF8
Tr (ρtρ) = L2 ¿A7 E+?³?J6�57>ÄG 6 × 5JTFTc5JG=X:Kd8f6Ø× B�EN<-X)Æ7>-?@EW< Sc(M ′′; ρ′′) +

Tr (M ′M ′t) /ε2/3L−4/3
� 3���XCUWV'?@<=B�57E � ® ¿ · � � 8CE � 57EF3Q<-BD57E KF8CGI²J´ÓT'?J>=?JLMÒ)<->Ä8CG ¿

� 7 E­3É?J6D3CVF6D8b6D8bLMB�EdB�L#VFL KF8³3)8)<=<=8 � 57Ed3)<-BD57E
f
KF8Ó²@´M±@?J>=B�?JeF6D8CG �c3@× 8)GÄ< �u?JV GÄB�Æ7Ed8³TF>ÄÒCG��

6�8¯6D57ÆN?J>ÄBD<-¸dL°8IKF8�6�? Í 9fH >=8C3O¸d8C>=3O¸dXC8 �
f ≡ − ln(PDF ) � ¿

� 9F@-\Q; _VC _��~;�+ @.B =bBDG�JL@.BM; S
Í 57VF>#>ÄXCG=5JVFKF>=8+6D8aTF>Ä57eF6DÒCLM8aK»× 57Td<=B�LMB�G-? <-B�5JE >ÄXCG=Vd6D<O?@EW<���EF5JVFGÓ?É±757Ed3�<-57Vd<#K»× ?@ec57>ÄK�Vd<=BgÀ6DB�G=X+6�?*L°XQ<-¸F5;KF8 KFV GÄB�LMTF6�8 Ñ 8���?JLM5%8)e'? � � ² � �!�|U;VdBS3)57EN±78)>=Æ78Ô6�57>ÄG=UWVF8 6�? � 57EF3Q<-B�5JE"?KF8)GfTF>Ä57TF>=BDX)<=XCG:Kd8#3C57EN±J8 Ñ BD<=XÓG=B�LMTF6D8CGSK'?JEFGf6 × 8)G=T'?@3C8³Kd8CG¯TF¸'?@G=8CG ¿ 7 >��
K'?JEdGf6�8bTF>=57ed6�ÒCLM83)57EFG=BDKFXC>ÄX@��6�?�� 57EF3Q<-BD57E�¶ L°BDEFB�LMB�GÄ8C>

f
GC× 8CG}<¥?É±7X)>=XC8�?.±J57B�>�VFEd8aGÄ<=>=VF3Q<-VF>Ä8a3)57L°Td6�8 Ñ 8?��Kd8GÄ57>Ä<=8aUWVF8a6 × V%<-B�6DB�G=?@<-BD57E*KF8a3)8)<#?J6�Æ75J>=BD<=¸FLM8Ó3C57EFKdVFB�G=?JBD<³¶ÔKF8)G#LMB�EFBDLa?�6D5%3C?JV Ñ L°?JB�G�T'?JGÆ76D57e'?JV Ñu¿

� 8Q<=<-8bKFB<GM3)VF6D<=X�T
8CV%<� )<=>=8�3C57EN<=57VF>=EdXC8³8)E­3C5JL#eFB�EF?JEN<I6�?MLMX)<=¸F5;KF8bKdV G=BDL°Td6�8 Ñ 8b?É±78C3b6�?<=8C3O¸FEFBDUWVF8aKFV1>=8C3)VFBD<bG=BDL#VF6DX ¿ �I5JVFG#?É±75JEFG³KF5JEF3aVd<=B�6DB�G=X¥6 × ?J6DÆ757>ÄBD<-¸dL°8 � ?JLM8CeFG=? � � ²&x � ¿
� � $*�8$%,:$%(<4��.,�&H�.$ ��&)+-! "1�

M
�K� �A�H$<��7
&)C $%!����	�


 �#+�7
,
D > 0 � M =




λ ∆eγ ω2

−∆e−γ λ ω1

0 0 −2λ





 �#+�7
,
D < 0 � M =




λ + ∆ ω3 ω2

0 λ − ∆ ω1

0 0 −2λ


 ?

� �*��+-7
�8�E�
(λ, ∆)

�����/��! ,����)$%��&)+-! 	8& � �K����&)C-� $ C����
(Q, R)

?
ω1 � ω2

���
ω3

��+-!��/�E�K�F��+-(<� +��.$%!����K� "
�*�H$
C-+-,���&H��&E��4 � "
$%!8�B�)�'��$��

D > 0 � ω3 ≡ 2∆ch(γ) � ?

uwu
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Í 57VF>¥VFEF8 KF8CGÄ3C>ÄB�Td<=B�57Ep3C57LMTF6DÒ)<-8+Kd8Ô3)8CGaLMX)<=¸F5;KF8CG¥EWVFLMXC>=BDUWVF8CG���5JE"T
57VF>Ä>-?§3C57EFGÄVF6D<=8C>6 × ?JEdEF8 Ñ 8 � ¿

� ������� ��

	 �
	���� � ��� � %�� � � �
	�����
 ��� 
 �
������� � ��
 � ����	

�S57VFG+?É±75JEFG K'?JEFG+VFE0Td>=8CLMB�8)>a<-8)L°TdG+?JTFTF6DB�UWVFX­6�?1LMX)<-¸d5%KF8 KFXC3)>=BD<=8­K'?JEdG+6�?1GÄ8C3)<=B�57E
TF>ÄXC3)XCKF8)EW<=8 ?JV�G #%G}<-Ò)L°8 � A ¿ u � ¿ Ê�? ;'Æ7Vd>=8�® ¿ ·aLM57EN<->Ä8aVFEd8aKFBDGÄ<->ÄB�eFV%<-B�5JE KF8°TF>=5Je'?JeFBD6�BD<=X�Ä57BDEN<-8

P (R,Q)
< #;TFBDU;Vd8¯3É?J6D3CVF6DXC8SKF8f3C8Q<=<=8¯La?JEdB�ÒC>Ä8 ¿ Ê�?³KFBDGÄ<->ÄB�eFV%<-B�5JE'�W3C57LMT'?J>ÄXC8f¶b3C8C6D6�8)G3C?J6�3)VF6�X)8CG T'?J>S9�� A � ;FÆ7VF>=8 � ¿ ² � �'8)GÄ<I<->=Ò)GIEd8)<=<=8CLM8CEN<IG=57VFGvÀË8)GÄ<-BDL°X)8�K'?JEFGS6�?¥T'?J>}<-B�8 D >

0, R > 0
¿

& ����� ® ¿ · ¿ ��� ����� ��������� � ��� ��	 � ��� ��� � �  � � � � ��� ����	
P (R,Q)

����� � ����	 � �  6� �  ��	 � � � �  �� ��� � �
��� �#"
��� � � ��� � 	�� �#" �  ������� ��� 	 � � ��� ��� ����	 �
	 
���
 
�
 � �

r/L = 0, 5
�
α = 0, 5

�

Cη = 0, 01
�
C// = C⊥ = 0, 01
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R,Q > 0



� 8MTF>=5JeF6�Ò)L°8#±;B�8)EN<³KFV � ?JBg<�U;Vd8@��Tc57Vd>�Kd8CG�±J?@6�8CVd>=G�Tc5JG=BD<=BD±J8CG�KF8
Q
8)<
R
��6Ø× ?J6�Æ75J>=BD<=¸FLM8

K»× 57Td<=B�LMB�G=?@<-BD57E 3C57EN±78)>=Æ78*±J8C>=G+Kd8CG+LMB�EFBDLa?*6�5;3É?@V Ñ � 8)<�EF57E0T'?JGaÆ76�57eF?JV Ñ � KF8 f ¿ Ê�8)GT'?@>-?JLMÒ)<=>=8CG|KF8 6 × ?J6DÆ757>ÄBD<-¸dL°8 ?JLM8CeFG=?�GÄ57EN<�EF5JL#eF>=8)V Ñc¿ 7 E°T
8CVd<�?JBDEFG=BF3O¸d57B�GÄB�>46�?f<-?JB�6D6�8sKFVGÄB�LMTF6�8 Ñ 8�B�EdBD<-B�?J6 �C6�8�Ed57L#eF>Ä8�KF8s>Ä8C3)VFBD<=G��J6D8CG�±J?@6�8CVd>=G�BDEFBD<=B�?J6D8CG�KF8s6�?S<=8CLMTcX)>-?@<=VF>=8P¶I3O¸'?J3CVdEK»× 8CEN<=>=8S8CV Ñ �W6�8PGÄ3O¸FXCL°?bKF8 KFX)3C>Ä57B�GÄG-?JEF3)8:KF8 3)8)<=<=8S<=8CLMTcX)>-?@<=VF>=8?�N6�8PEF5JL#eF>=8 KF8ST'?J6DB�8)>=G�KF8<=8CLMTcX)>-?@<=VF>=8b8)<f6D8bEd57L#eF>Ä8³K»× BD<=XC>-? <-B�5JEFGIKd8#6Ø× ?J6�ÆJ57>=Bg<-¸FLM8fKFV*GÄB�LMTF6�8 Ñ 8b¶a3O¸'?@3CVFE*KF8³3C8CGT'?@6�B�8)>=G��u?JBDEFG=B�U;Vd8M6�?aKFB��uX)>=8CEd3C8¥>=8)6�?@<=BD±78³8CEN<->Ä8M6�?aTF6DVFG¯Æ7>-?@EFKF8Ó8)<�6�?�TF6�VdGfTc8Q<-Bg<-8#±@?J6�8)VF>
KF8I6�?=� 57EF3Q<-B�5JE�?JV Ñ GÄ57LML°8Q<-G�KdVaG=BDL°Td6�8 Ñ 8S8CE%À~KF8CGÄG=57VdGPKF8:6�?JUWVF8C6D6�8P57E�3)57EFGÄB�KFÒ)>=8:UWV»× 57E+?KFXQ<-8)3)<-X¯VdE 5JTd<-BDL#VFL�6�5;3É?J6cKF8f6�?8� 57EF3)<=B�57E � ±75JB�>P?JEdEF8 Ñ 8 � � ¿FÈ × ?JBu8��c8C3)<=VFX¯KF8¯EF5JL#eF>=8)V Ñ<=8CGÄ<=G KF8¯3C57EN±J8C>=ÆJ8CEF3)8³KF8¯6 × ?J6DÆ757>ÄBD<-¸dL°8 T
57VF>PKF8)G ±@?J6D8CVF>ÄGPKFB<�cXC>Ä8CEN<-8)GPKF8�3C8)GSTF?J>-?JLMÒ)<=>=8)G ¿
Ð E+?JVd3CVFE�3C?JG�6�?�3)57EN±78)>=Æ78)EF3C8f±J8C>=G�6�8SL°BDEFB�L#VdL Æ76D57e'?J6'KF8

f
T
57VF>|<-5JVd<-8)G�6�8)G�±@?J6D8CVF>ÄG Kd8

u ®
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Q
8)<
R
E»× ? XQ<-XM?JGÄG=VF>ÄXC8 ¿�Í 57VF>¯3)57L°Td>=8CEdKF>=8Ó3)8)<�XC3O¸F8)3¥KF8¥6Ø× ?J6�Æ75J>=BD<=¸FLM8@�?�)× ?JB�>Ä8CÆN?J>ÄKFXÓ6�?<=57Tc5J6�57Æ7BD8:KF8

f
8CEN<=>=8�G=8)GIKd8CV Ñ TF6DVFGPe'?JG LMB�EFBDLa?�6�5;3É?JV Ñ KFXQ<-8C3Q<-X)G:T'?J>P>Ä8C3)VFBD< ¿
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dM

dt
+ (1 − α)

(
M2 − Tr(M2) Π

)
= η

dg

dt
= gM +M tg + β
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Tr (MM t)

(
g − 1

3
Tr(g)δ

)

Π =
g−1

Tr (g−1)
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δac δbd −
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δab δcd
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� A ¿ ® � KFXCT
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57>Ä<=8CLM8CEN<¯KF8)G¯G=576DVd<-BD57EFGS8CE � 57EF3Q<-BD57E­KF8)Gf<->=5JB�GT'?@>-?JLMÒ)<=>=8CG

α
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������� ® ¿ v ¿ � � ����� � � � � ��	  # 	�� ��	�� � 	 � ��� ��� ������	���� � ����
 ��	�� � � 	 ������� � � ��� � 	�� ����
 ��	  �
� ����� � � � � ��
 � � 
 � ����� � � � � ��	  # 	�� � � � � � � � 	 	���� � � ��� 	�� � � 	 � � � ��� � � � �
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� 6 � 6��>6��Q;>S [!@.BD;>S _>BDGn@.AXB W�OL@.BM; S _VC +TA`; W JZWVB Y BD@K9	_ZJ�SQG�YMC +�YDJVS
(R,Q)

7���� ±��	� � ® ¿ ® ¿ · ¿ ·�
��
��������± � �����
�����
�
α ��� �
��������
��
����������������� ��� ���»×! �"O¸#���������$�
� 〈Tr(S2)〉

�
〈ω2〉

�&%'�
�(%)� �*� �&�+����%'�u×, � ���ÄÆ � � 〈−r2Tr(M2M t)〉
� � � %�� �-� "�" � ��� � ±���".� �0/ ��12� � � % � ������E� � �3%)��4	� � %5" � � %)� � � � %���� ¿e�6� %)���7" � 4 ��� ��%���4�� � %5���8���&%)� � �d±��8� �  &%)�
� � �9� %-�����8� � � "�% ��� � �� � ��%�� ��: �#% ��� � �7�
� � � ��: � :#� � � %) � ��� � %)��� P (R,Q)

¿
Ê � ;FÆ��
���°® ¿ � 4 � � %)���������;� � ��%�� ��: �#% ��� � �<�
� � � ��: � :
� � � %) -" � ��"��
�� ����(� �9� �2��� � � �*� (R,Q)
��� �
� α �¯´%� !I� β �¯´%� ®=��% γ �¯´%� ²7µI��¶>� � �? ���� � %)���- �"O¸
���������-�
�8� � � Æ��
���
� ¿ Ê � � ����4 � Ò����@���QÀ4 � ��
��
�A
��
�7�Ø× � � � ���#% � � � ���B" � � "���� � ���Ø× � "�" � ���;
�� � � � % � % � �C�
�7"����'" � �
� : ��� � ±9��"�������4  �4����
�� �9� % � %) ��." � ��"��
�� ���� � � � / �D1 ¿ Ê4× � �����
��� Æ� �  �� � ���6�
��� ÍB/DE " � ��"��
�� ����.� �9� �7�Ø× � �
� � � Ñ � 4 � À% ��� � ����4 � ÀF"�� � ��� � 
��
�G����% : � � �
" � � �H� ���
� � � � "O¸
�I�
����� � ���#% ��� � �-�
� / ��1J
��
�I"��������G�
���Í$/�E � � ���#% ��� � �A�
�<� � � � ��% � ���
 &%)����4 � � � ��%)�D�
�G4 � �FÒ������K����"&% ��� � u ¿ µ � ¿ Ê � ± � ���� ��6�
�=� � ��: ���
� � ��: � :#� � � %) �� �9� �0� � � � �3% � �<�
� � � �9� D > 0

�
R > 0

� � � � � � ���'�L�Ø× � �&#�4� �%�� � �<�
�(� � � � ��%�� � À
: �C% ��� � ���3% : � � �
" � � �M� ���
�B� � ��: ���@��" � 4�4��;"J×!���3%(���;" � �N� �O/ �D1>��%<� Ñ �  �� � 4�� � % � ����4�� � %� � � ¿
Ê � ;FÆ��
���°® ¿ xI4 � � %)���������;� � ��%�� ��: �#% ��� � �<�
� � � ��: � :
� � � %) -" � ��"��
�� ����(� �9� �2��� � � �*� (R,Q)
��� �
�(�����;4  �4����b± � �����
���;�
� β �¯´%� ®P�&% γ �¯´%� ²7µI�Q4 � � � �?� �
�;� � �a± � �����
� � ���
� � �&% � %��	�#�
α
�
α
�¯´%� ² � ¿ Ê � � � �R ���� � "��84 � �����#��� � ±9��"8����� Í$/�E " � ��"��#�� ���� ��� �
� α �¯´%� !P" � � "���� � �8� �
��
���
���
�7� � � � ��%)� ��: �C% ��� � �*� � ���?��%�� ��� �
�S����� � �&% � %�����± � �����#�����#� α "��&%�%��7
��
���
� � �FÆ�4�� � %)��
 �4	�����
�� �4�� � %6���<� � � Æ	�
�(� � �� � � � � %)� � "��2�
�I"��9%� R > 0

�+� � � � Æ � �N�
�(� � ��"�� � 4 � �L�*� % � �#�����%A��� � �� ���� � %) ��D� � ����� � % � ���� ��'���
�$����� ;'Æ9�
����� ® ¿ � ��% ® ¿ x � ¿WÍ � �
�$�
���|± � �����
���$�
 �"�� �9� ��� �9� %)����
�D�Ø×! �"O¸
�������6"��&%�%)�D
��#���
�<�C× � "�"�� � ��%7� Ñ#� Æ� ��� �4�� � % � : � � �
" � � �8� ���#�7
��
�N"���
�� � ����% ��: �����Ä±9 � �T/ ��1 ¿PÍ � �
�8����� � ���
��Æ�� �9� �
��� ± � �����
���U�
� α � ��Í$/�EV� ×,����% � � �8 �% � �� ��=���>� � � ÆW�
�� � �� � � � � %)� � "�� ¿ 7�� ±9����� � � � �;� � ��� � %��U
��
�8"��&%�%)�@� � �? ���� � "��U� Ñ � � � 
��
�U� � � � �R ���� � "��U�
�" � 4 ��� �3%)��4�� � %$�
�0� � � ��� �»×! �"O¸
�������6�
� 〈Tr(S2)〉
�&%.�#�	� � Æ � ���
��%)� �9� �&�+����%A�»×! � ���=Æ � � ��� �
��
���P± � �����#����� � �? ���� � %)�����
� α ¿

� 6 � 6�6>6��+C SQG2B @K9<GR_ZCbNPOQJ�SL@.B @K9<GR_a^aSQJV=bB�NPOQC<G _ZJVSQG YDC +VYMJVS
(R,Q)

ÊX���D;'Æ��
�����+® ¿ ·.´Y�&% ® ¿ ·J·>��� � �� ���� � %�� � %Z�����@�
� � � � %� ��8�
���8
�� �9� % � %� �� Tr(S2)
�
ω2

�K� ×,� � À
�3%)� �9� ¸ � � � � ωSω �K� � � � � �
�
"&% ��� � �»×,� � ��%�� ��� ¸ � � � � −r2Tr(M2M t)

�K���6%)� �*� �&�+����%��»×! � ���=Æ � � ��&%
−Tr(S3)

� �9� �(��� � � �9� (R,Q)
� �?� �#� α �¯´%� µ � β ��´I� ®Z��% γ �¯´%� ²7µ ¶8�
��� Ñ  �"O¸
���������<�
�� � � Æ��
���
�7� ��Ê 97²5�&%6� �¯Ê 9 � ¿ � ���6�
� � � � %) �� � × � � % � � ��� � �<�
 � � � � �9� "��2
�� � � � % � % � ±9� � �&%�%)�� � � � � "&% ��� � �
� r ¿ � ���2" � �#� : ��� � ���d±�� � %8 �%�����" � 4 � � �� ���� � � Ñ �� ����
��% � %)�<�
� / ��1 � ± ��� ��9�#� � Ñ � � � ¿ÊX����� � �R ���� � "���� � � � � " ��� � �����.
��u× � � � ���#% � � %������ � � %D��������� � ± �9� %)��� �

� Ê � �#� � � � %) N�#� Tr(S2)
" � ��"��
�� ��N� �9� ��� × � �
� � � Ñ � 4 � % ��� � ����4 � À["�� � ��� � 
��
���
�Z4 � �FÒ����6����%� � � ���I4 ��� � �7" � � "�� � %��� �� � �#% � �
���
�<�Ø× � � � Æ � � �D
��
�<"�������� ��: %)� � �
� � � � / ��1 ¿

� Ê � � � ��% � � �  CÆ � % � ±9�2�#� ωSω � � 4 � � �N� � � � ��% � � ��� � � % � ±9�@�L"��;
�� � " � � �
� � %SÆ�� ��: � ����4�� � %¶;� � � � � � �
�
"&% ��� � �»×!� � �3%)� ��� ¸ � ��4 � #9� �
� � �  CÆ � % � ±9� ¿ � ���� ����
�\% � % � ×!����% � � � � ¸$#�� � 
��
�@�"J×!���3%D���N�
 �� � �C%64 � �����
���
����� � ���#% ��� � ������4 � À["�� � ��� � 
��
��� ¿

®Wµ



� � � � � 
 � ����� 
����7����
 � 	 ��� � � ��� � �1��� 	���� � � ��� ����
 � � � 
�� � ����� � 	 � 
 
 	������

������� ® ¿ � ¿ ��� ����� ��������� � ��� � ��	 � �
� ��� � �  � � �	� ��� ����	��
P (R∗, Q∗)

� �  6� �  ��	�� ���8���
α
��� � � �

β
��� ���

	��
γ
��� � � � � ����
 ��������� � ����
 ������� � � � � 
 �
������� 	�� � ��
 ������� � � 
 � 	��

��� � ��� � � ���
R∗

	��
Q∗

� ����� � �������  ��� ��	�� � � �  � ��� ��� � � � 	 ��	�� � � 	 ������� � � ��� ���

Q∗ = Q/ 〈Tr(S2)〉 � R∗ = R/ 〈Tr(S2)〉3/2 
�� 	��  � � � 	�� � � ��� ��� �
� ��� � �  � � � � �����
	�� � � � ��	��  ��� � ��� � ��� � ����	���	���� �
	�� � � � � � ��	�� ��	 	 � � ��	-���
�
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� ��� � �  � � �	� ��� ����	��
P (R∗, Q∗)
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� � � ��%B"����B
��
����
��
���A����4 � ��
��
�������������
� � � � %� ��B�
��
�� �9� % � %� ��$�%# �L� 4 � 
��
���$� � ���#% ��� � �'����4 � À"�� � ��� � 
��
���2�#� 4 � �dÒ���� � � � %³Æ�� ��: � ����4�� � %N" � � � � ��% �9� %)��� � ±���"�"����������(" � ��"��
�� ���� � � � / ��1 ¿Ð�� � � ��% � "��
� � ��� �
� Ê4×,� � ��%�� ��� ¸ � �;����%N" � � "�� � %)�� ��5� �*� ��� � �� )Æ ��� � D > 0

� �� )Æ ��� � � � 4 � �  �� � � �6�����0%)� � ����"QÀ% ��� �����7% � �
� :
� ��� � �#�L�9� %)��� ¿
� Ê4×,� � ��%�� ��� ¸ � � ���3%<"��� � ���� �9� �N� � � � �3% � �-�#� � � �9� D > 0

�
R < 0

� �&%2�# �%)��� � %��5� �9� �(� ��� )Æ ��� � D > 0
�
R > 0

� � � ����%�� � �d±9�@� � � "	��� � � � % :
� � � " � �
� �W
��
�	�Ø×!� � �3%)� �9� ¸ � � ����%4 � � � � � % � � ����4�� � %0"��� � ��-� �9� �������+;
� � 4�� � %)�6�
�³± � ��% � " � %) 2��%N�
 &%)��� � %��;� �9� �N����� �L� �
� ����
�¯± � �3% � " � %� �g· � � ¿
� Ê � " � � %�� ��: �#% ��� � 4 � �����#��� � � �L� Ñ �»×! � ���=Æ � �a± � � � %;�
�U� � � � �3% � � R > 0

�
�@� � �� � � À� � %�� � "�� ¿ � ×,����%G� � �=�� CÆ ��� � � � 4 � �  �� � � �U����� �
� �
� �����."��=
�� � ����%G" � ¸
 ���� � % � ±���"=������� ����
�\% � %��0�#� � u ´�� ¿
� 7�� � � � % 
��#� � −Tr(M2M t) = −Tr(S3)+ 1

4
ωSω

� u ·��!� � �;� � � %'� Ñ � � � " � %)��4	� � %S�� � � �� ���������(" � � %)� ��: �#% ��� � �(�#���(�
 �� � ��4 � % ��� � ����%2�
� � � � � � �#�
"�% ��� � �»×!� � �3%)� �9� ¸ � � � �M%)� �9� �&�+����%�»×! � ���=Æ � � ¿ ÊX��� ;FÆ��
�����P® ¿ ·.´5��%P® ¿ ·7·N4 � � %)��� � %�
��
�N� � �� CÆ ��� � 
�� � " � � %)� ��: �#�N��� � ���
� � �%)� �9� �&�+����%6�»×! � ���=Æ � �(����%6� � 4  �4��<
��#�2"��������N
�� � � � 4 � � � −Tr(S3)
�
D ≈ 0

��%
R > 0 � ��� )Æ ��� � 
�� � � � � � �3% � " ��� �@
��
�U%��=Ò�� � � ��: ����4�� � % �+� � ± � �����
� � : � � ���
� � ¶>� � � � � �#�
"�% ��� ��»×!� � �3%)� �9� ¸ � � ¿ / � �?�9� � %��
�¯±��
�N�
�G%)� �9� �&�+����%��»×! � ���=Æ � �@�#�������� CÆ ��� � � � "�% � ±����0����4 : ��� � %� � � "0� � 4 � �  ���� � � �$�����B�
 �� � ��4 � % ��� � ����% � � � � � �$� � ± � ��% � " � %) ¿ 7�� � ���#% � � � ����� � 4  �4��" � � ��% � % � % ��� � � �I/ �D1 ¿

� 6 � 6 � 6��EBMG�[QOQGnG2BD;>S
Ê4×! �%)�#�
�<�
����� � ���#% ��� � �A����4 � ÀF"�� � ��� � 
��
�����
�G4 � �FÒ���� ��� �
� � ���
� � ���
���s± � �����
�����
� α � β �&% γ� 4 � � %)�� N
��#�(��� � � � � 4°Ò&%)����� � � %�� � ± � �����
� � �� �" � ��� � � �L�#� � "��(��� � ���#�7� � �%# �L� 4 � 
��#�N����%
α
¿

7��W�Z� � � � � ����4 � ��
��
 �
��#�@� �?� �#�(����� � � ��: �����¯± � �����
���(�#�@"�� � � � � 4MÒ�%)���@�Q� � 
��
���
�U�
��� �� � ��%�� ��: �#% ��� � P (R,Q)
"�� � ��%0� Ñ#� Æ9 ��� �4	� � %����<� � � Æ��
�P"��9%) R > 0

�#�2� � �� � � � � %�� � "�� ¿ � ��� ����#��% � %.����%�" � � � � ��% �9� % � ±���"N"���� Ñ �
� � � � ¿dÐ�� �4�R�&% ���Ø×! �% � ����4	� � %A�
��� �³Í$/�E ���6� � � Æ;�#��� ��� � � � � %)� � "��5�C× � � %)��� � �ÄÒ�%�� :
� � � � � %)����4��5�
�5�%# �L� 4 � 
��#�5�»× Ð �#����� Ã ���3%)��� � � %�� � ÃSÐ � � ± ��� ���� ��� �3%)� � � %<�
� � ¸ � ���@�
�	"��&%�%)���%# �L� 4 � 
��
�?�Q���
�2� � ;'Æ��
����� ¿ ² � ¿ 7 ���Q�Ø×!� � �#���;�� ����
��% � %)�4 � �����#���;�#� � � �.����%-��� � � � %2
��#�U��� %)� � �����
�5�
���5" � � %�� � � � %����³± � ��
��
���#�����5%�� � � ¶Z" � � %����������� � %@�#�I� � �%# �L� 4 � 
��#� ÃSÐ � �9� �	"��&%�%)� � � �3% � �G�
� � � �*� (R,Q)
�+"��I
�� �0� �� )± � � � %U� �� � ��4 � % ��� � �#�5� � � � � Æ9�
� � � � %� b¶�%)��4 � � ; � � �#� ÃIÐ � ¿ /��9� � � � %����;4 � �FÒ����@� ���(%)����4	�2� � α4������
���5� × � 4 � � � %��
�
�(�
�5� � � � ��� ��� � % ��� � ��± ��� � u ¿ ² � ¿ ÊQ� � � � %D
��u×,� � �#± � �����#�����%G�� � 4	4�� � %Æ�� �9� �
�6�
�

α
� ��� % �  �"������ � � ��� �?� �
�.�� ��
� � ���0���%G�� � 4	4�� � %�� ×, &% � ����4�� � %B�
��� �³Í$/�E ���6� � � Æ�
�Z"��*%) 

R > 0
�
�<� � �� � � � � %)� � "��<����%0� � � "(� � �� ����#��% � %�" � � � � �3% �9� % � ±���" � � � ¿Ê4× � �#%)���@�4�R�&% 4 � ��
�� �9� %5�
� " � 4 �?� �3%)��4	� � %;�
���-� � ���C% ��� � �2����4 � À["�� � ��� � 
��
���2�
� 4 � �FÒ����� � ����
��#� α ± � � � �.����%$��� � � � %�
��
� 〈Tr(S2)〉

"�� � ��%'%)� ��� ± � %)��
�� �9� �	� ×, �"O¸
������� r � � 4 � � �
� ��� �
������ � ��% � %�����± � �����
�����
� α �&%�
��
�7���$%)� �9� � �+����%'�»×, � ���ÄÆ � � 〈−r2Tr(M2M t)〉
����% �  CÆ � % � � ��� �
�������Æ�� �9� �
����± � �����
���X�
�

α
� ± ��� �';'Æ9�
���|® ¿ µ � ¿/7 ��� � � �
� � � � %) $�
� Tr(S2)

���3%S� � Æ9� �9� �#� � � ��% � �
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Tr(S2)
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ωSω
� � ��
 � � � � � 	 	���� � � ��� 	�� � � 	 〈−r2Tr(M2M t)〉 	�� � 	 
 −Tr(S3)

� � � �  	
�  � �

(R∗, Q∗)
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������� �
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��� � ���

β
��� ��� 	��

γ
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	�� � 	 
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" � � "�� � %)�� ��D���6� � � Æ<�
�@"��9%) R > 0
�#�6� � �� � � � � %�� � "��@����¶ � �	���3%. )Æ � ����4	� � %A" � � "�� � %)�� ���� �4 � �����#��� � � ��% � �(�
�;� � � � �3% � � ��� � � % � ±��(�
� 〈−r2Tr(M2M t)〉

� ± ��� � ;'Æ��
�����:® ¿ ·.´���%¯® ¿ ·7· � ¿7 � � ��� ±���
��#�@� ��� �
������� � ��% � %)����± � �����
�����
� α � P (R,Q)
����% � � �3%)��4	� � %'���
������% � 4� ���� �*� �"���%�%�� � � �3% � �	�
� � � �9� (R,Q)

� ��%5
��#�U"��&%�%)�@���
������% � 4 � % ��� � ��4 �#� ���	� � ����
��
� r � � 4 � � �
� ¿/ � � "@� �?� �
���
� � �&% � %)����± � �����
���S�
� α � � � 
��
���
�7�
� P (R,Q)
�K� �

D ≈ 0
�
R > 0 � "�� � ��% %�� ���± � %��5
�� �9� � r � � 4 � � �
�?�?"��-
�� � " � � �
� � %�¶U� � � � �FÆ�4�� � % � % ��� � %)� ��� � � �#� �
�2�
� 〈Tr(S2)〉¶ � �&% � %)�  �"O¸
�������@�X% �9� � � �<
��
� ��� �
�(������Æ�� �9� �
����± � �����#���<�
� α � � " � � %)� ��: �#% ��� � �
��"��&%�%)�

� � ��% � ���
� � � �*� ����%�%)� ��� � � ��: ���@����%0����%�� �9� �&�+���3%0�»×, � ���ÄÆ � �<4 � #�� � �
�Q± � � � % �  CÆ � % � � ¿

� ��� ��� ��
 �	� � � � ��


/��*� ��"��N"O¸ � �#� %)��� � �Z� � �� ���� � %� 2� � �(4� �%=¸ � �
�N�
�<�� �� � ���#% ��� �8� �
� � � "O¸
 ��<�
�Z4 � �FÒ������
�%� �%)� � Ò��#���@� � �9� �Q� � 
��
������� � � ���?��"&%)�
�B� � �$� � � : ��� � �#� � � Ñ � 4 � % ��� � �
�(" � � � � �<� �$" � � � � �dÒ����
��
�(� � �� � � � � � % ��� � �
��� : ��� � %)�0� � � ���#� � � ��: � : ��� � � �#� � � Ñ � 4 � % ��� � ����4 � ÀF"�� � ��� � 
��
� � �
�&%D�����" � � � � % ��� � � � � � % � � ����� �?� �#��������
��
����������� �¯Í$/�E �� ����
��% �9� %)������%B4 �
Ñ � 4 � ��� ¿ Í � �
���
���B� � � � � � ��
�6" � � ±9���=Æ9� � "�� � �
4� �� � 
��
�?� � � �#� � × � ± � � � � � � � � � �
� � � 
��
���B"��&%�%)�D4	 &%-¸ � �
� � �U4 � �FÒ�����
�(%) &%)� � Ò��
���.� �9� ��� � ±������ ��� � � � � % � � ���@��4 � � � � � �
� � ± � � ��" � � � � �
 ��� s¶0� � � � � "��B� � � ±9����� ��� �� � 4 � � � ;L ��U�#�Z"��I4 � �FÒ����@��� �9� ��� � 
��
�������@� � � � � ��% � �8�
��� : ��� � %)� ���3%�%�� � � %) ��8� � "O¸ � 4 �4 � #�� �u¿ ÊX�U4 � �FÒ������� ����
�\% �9� %-�
 � � � �J�
�@%�� ��� � � � � � 4MÒ�%)�����2� �9� �-� � 4�� � � ��� �»¿ � � �
�5� �� ± � � �� &%)�
� �  A
�� � � � % � % � ±���4	� � %Q�&%'
�� �9� % � % � % � ±9��4�� � %S�����Q� � ���#% ��� � ��� � �9� � �Ø× � �
� � � Ñ � 4 � % ��� �����4 � ÀF"�� � ��� � 
��#�@�7� � � � � "&% ��� � �
� "����Z%)� �9� � � � � � 4MÒ�%)����� ¿ � ����� � � � � %Z� � ± � �����
� � �� �" � ���
� � �L�
� � "��(��� � ���
�������0� � ���C% ��� � �����3% α �L
�� � 4	�����
���2� � �� ��
�#"�% ��� � �
� � � � À[� � �  � � � %) ��K����� �  ��¶-� � � � ��� ��� � % ��� � � ¿FÍ � �
��� � � � %)���Ä± � �������
�¯± � �����
���0�#� α � ´%� ®

. α .
´%� µ ��� �L������� � ���#% ��� � �����4 � ÀF"�� � ��� � 
��#���N�
�O4 � �FÒ����-��� � � � �
� � ��� � %2�
� � � 4 : ����� Ñ " � 4 ��� ��%���4�� � %)� ��: �����}±� �� � � �/ �D1 �#������
�� �*� % � %� �� Tr(S2)

�
ω2

��%
〈−r2Tr(M2M t)〉

�+����%�� �9� � �+���3%��»×, � ���ÄÆ � � � ±� �� � ;L� � %���=��" � � � � Æ �¯®F·@�7��%Z�����G� � �3%)� ��: �#% ��� � �@�
� � � ��: � :
� � � %) P (R,Q) � �� ���� � %)� � %P� � � "�" � ���
�� � � � % � % � � � "�"�� � % � : ��� � ±9��"("���������� ��: %)� � �
��� � � � / �D1 � �Z� Ñ �  �� � 4�� � % � ����4�� � %�� � � ¿¾P� � ��"����$� � ���#% ��� � ������4 � ÀF"�� � ��� � 
��
��� � �� ���� � %�� � %A CÆ � ����4�� � %$� � � � " � � ±� � � � � % � 4 ��� ��% �9� % �� � � � �3% � � Q > 0
�
R > 0

�
�-� �+Í$/�E
P (R,Q)

����%(�� )Æ7Ò�����4�� � %<���#�����3% � 4	 �� �?� �#�D% � �C%)��������b± � �����
���5�
��� � � � � 4°Ò&%)����� α � β ��%
γ
¿ � ��" � " � � �
� � %Ó¶P� � � � � � �
�
"&% ��� � �»×!� � �3%)� ��� ¸ � �4 � #�� �#� � 〈ωSω〉 �  )Æ � % � ±�� ��± ��� � ;FÆ��
�����#® ¿ ·.´I�&%#® ¿ ·7· � ¿ Ê � 4	 &%-¸ � �
�@�#�@�� �� � ���#% ��� � �#�4 � �dÒ����	�#% � � � �� ��	� �9� �-"��G"O¸ � �
� %)���@� ��� %5� � � "  &%)��� � 4	 �� ��� �� �� ¿ � � 4	4�� � � ���a±������ �M� �"O¸ � �
� %����@��� � ± �9� %��S"���%�%�� � ����4 � Ò���� � �#� � � "O¸
� � � �
� � � ����4 � �;�»×! �� � :�� �����2� � ��"O¸
 �4 � �
��� �� � ���#% ��� � �
�Z�&#��3%-Ò�4�� � 1 ¿ ® � � �9� �0����
��
���X����� : ��� � %���� � � %�%)� � � %� �� � ���
��� � Æ � �
�����
����4�� � % ¿

� � �K�BC $%�)��7
,:� "1�
α
��+-!��A��+-(<�8$%��& 	
�)��� $ C-�K� �����)�E�K� ,.��� +-,���4��K� �
,�4K��4K"1��(<(<��!�� 
�� � ��� � ?

µ%·
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 ����� �"��� 
��

µ7²



� � � 
 � � � � � 
�� � � � 
 � � � ��� � � � � �
� 	 � 
 
 � ��� � � � � � � �����	��
 ��
����

O
� � � � %)� � �
� � % � �J"�� � �
� %���� � �� �"� ��
� � %	���8���C�3%���4	��� 1������! '
�� ����� ���"���
�$#=�
�&%9�� ���
�<� ��: ����%) '�K� � %)����4��<�
� : ��� � %)���.�
�<4 ��� � �7
��
�(���N���C�3%���4	��� 1(��)*�!�,+.� � � � � �9� %- ����� � 4 : ���B�
�.�
�.%��� ����
�B� ��: ����%� B�#�/� 1������X������%��A%)� ���  ����10� �?� �#�S
��32!� � �7�� �� � ���#% ��� � �
�"��0������%���4	� � � �$� � � � �#� � � "��
���
��%4� � �65 � � %)�!7�+ � ��� � � � ����"&%)��� ��� %$� � 0 � � � %�� � : �����8+ � 4	4��

� � 0 � ���90 ��� �N� �9� �<"�� "�� � �#� %)���: � � �� �� � ���#% ��� � �
�M4 � �;�����<� 1(���*�D� �9� �<�=2 � �
� � �->C� 4 � % ��� �����4 � 7F"�� � ��� � 
��#�6�1?R��"�%)�# �� � �8"�� � �
� %���� � �� �"� ��
� � % � � �
� � � � ���.0 �9� "��
� � ����4 � �A�32, �� � :�� ������ � ��"��
 �4 � �
�U%4� � �@5 � � %��17�+ � ��� � � �
� � �9� � �  � � � � ��: �A��4	���B+.�8��"��
 �4 � ����% �
 �"�� � %-� �C �EDF��G � ����"&% ���FH C �JI � �� ��LK H %LKNMAK.OPO � MRQ#% ���FH O$�;Q@4 � �;�&MRK�"-S:M�"&Q;M� &K&O � S�TA".K�%�%LK64� �%L� � �;K:��GUK&O" �FH "&MRQ;O ���FH O��;K<".K�%�%LKVS H S:ME�WO"KXO �FH %0� �FH;H  &K&OYK H C ��)Z�

[�\^]�\ _a`/bdc �,e�fVghejilk ` gnmPo b gheqp cXr gheqi�k s ` t=r u v gxw9iys `
GzSX{}|1~��;�8�;K�|.~LQ;�;�R|&K6S:Q}���;S:�;�R~LTLK��;T"|&�&|.�;K H ~h�&� H O"�AO�~�K6� H KY�&� H OL�R�;|&T"K&TP��Q;KNMASXT"|-S:MR�AOLS�~��R� H�;K.O��ZTLQ;�E~�OPM�S/�;MRQ;OP�;TL�F�;S:�;MAK����&KY�8QZ��M�S:�ROLOLK���S�T�S��AMAMRK&Q;T"O dM

dt

� H �;|.~LK&T"{}� H |��VMj2�� H O"~�S H ~P� H ��7~L��S:M��1�:5yS:�AO�� H SVS�Q;OLO"�;0WQ�K H �;�EDF�JI��8Q�2�K H��Z> S H ~�MAK.O�0�S:MAK.Q;TLOB�ZK Q  R K.~
r
��S H OPM�S�%FS:{}{�K� H K&T�~��AK.MAMRK6�RM�TLK.O"~�S:�R~x~LTL�F�ROx��S:TLS:{��.~�T"K&O����FQ;T��;| ��H �RT M � MAK&O��.�F{��(�FOLS H ~�K.OY�ZK/M�S90F�:T"~��R�&�E~�|� H �R~L��S:MRK:�*� H �Z�F�R~�K H �;T"� H �.�A��K6� H ~�|&%:TLK&T�M�SV�P����OLQ;T��&K.Ox~�TL�:�AO��&�F{��(�:O�S H ~�K.O&�WGUK��-S:MR�&Q;M,�;K�.K.~L~LK�� H ~L|&%FTLS:MAK9S�|.~L|�K.?(K&�1~�Q;|�S:Ql���;S:�;�R~LTLK��ZTL|&�.|&�;K H ~XK H QZ~L�AMA�RO�S H ~6M=2�S:�;�;T"� > �R{�S�~��A� H �;Q�.�FM=�

GUK$OL���;|.{�S H Q;{�|&T"�A��Q;K@�;KyT"|&OL�:MAQZ~L�A� H �;Q�{��W�Z�&MAK<MRK@�;MRQ;O��;TL|.�&�AO��qK H �;TL� H �&�R�(K<K > S��.~!��.� H OL�RO"~LK&T�S��R~���S:�;�;MR�A��Q;K.Tx�;K&Q > S:MA%F�:TL�R~L�;{�K&Oh�ZKX~4�8��K�5$� H ~�K17�+xS:TLMR��OLQ;�.�&K&O"OL�E �O �
¡ Q H OLQ;TPMAK.OPTL|-S�MA�AOLS�~��R� H Od�ZQ}�;T"Q;�R~��/����S��8QZK6��S�O��ZK�~LK&{��;O& ��/0�S:MAK.Q;TLO �W> |.K&O��;K&OP�&�:{}����7O�S H ~LK&Od�;KhM�S�0F�FT�~��A�.�R~L|h�NMj2�� H O"~�S H ~¢� H �E~���S�M=�^� H SNS:� H O"��Q H Kh �� H �.~��R� H f �;K�~�TL�:�AOz0:S�TL��S��;MAK.O& ��Q;�zS:OLO"�W�.�AKV�'M�S�0F�:T"~��R�&�E~�|�� H �R~L��S:MRK6MAS��P���£S:O"OL�8�&�A|.K

P (M, g)¡ M=2�S:QZ~LTLK¤O"Q;T'MAK.O�0:S�MAK&QZTLO��;K¥�.K.~"~�K¥0F�FT�~��R�&�R~L|¤�
t = 0

 d���FQ;T��&S:MA�.Q;MAK.T�M=2¦� H ~L|&%FTLS:MAK��;K¥M�S�P���£O"Q;T
~ω§ � H O"�= UOL��� H�H �:~�K Nbruit

K.~
Nvort

MRK&O H �F{��;T"K&OV�;K�T"|-S:MR�AO�S�~��A� H O/TLK.OL��K&�.~L�R �O��;K��.K&O��;K.Q >�;T"�W�.|&�;QZTLK&O. ^� H �ZK.08T�S:�E~¢K.?(K&�.~LQ;K&T�S:QX~��:~�S:M Nbruit×Nvort

TL|-S�MA�AOLS�~��R� H O3���FQ;Tz����S��8QZK�0�S:MAK.Q;T�;K
(Q,R, r)

���¨�:Q;TNS-0:�F�AT�Q H K��(� H;H KX�&� H 0:K&TL%:K H �.K H Q;{}|.TL�R�8QZK: ,� H �Z�F�R~����;�:�AOL�RT Nbruit &

104 − 105
K.~
Nvort & 103 − 104

 UOL�F�E~
Nbruit × Nvort & 109

��S H OV�&K.T"~�S:� H OX�&S:O& z�&K���Q;�
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K.O"~��;TL�F�Z�A�;�E~��R ,K H ~LK&{��;O��ZK6�&S:MA�.Q;M=�*�¢�FQ;T�TL|.�;Q;�AT"K6�.KY~LK&{��;OP�;KY�-S:MR�&Q;Mj *� H ��K&QW~xS:�Z�;MA�R�8QZK&TQ H KN�;T"�W�.|&�;Q;T"K��;KN~4�8��KX5@� H ~LK17�+xS�TLMA���(�:Q;T�~LK H �RT��.�F{}�W~�KN�ZKNM=2¦K.?(K.~h�;Q¤�;T"Q;�R~& WK1~xQZ~L�AMR�AOLK.TMj2JS:�Z�;TL� > �A{}S�~��R� H �;Q��&�FM8�(�:Q;T¨�&S:MA�.Q;MAK.TzM=2¦� H ~�|.%FT�S:MRKB�;KhMAS6�P���@OLQ;T¨M�S�0F�FT�~��A�.�R~L|�� H �R~L��S:MRK:�-� H��K&QZ~¨�;|43L��S-0F�F�RT¨Q H Kh�A�Z|&K��;KhMASY��K&T�~�� H K H �.Kh�;K��&K.~"~�K��;K&T H �A�.TLKxS��;�;TL� > �A{}S�~L�A� H K H |.~�QZ�;��S H ~MRK&ONT"|&O"Q;MR~�S�~�O6OLK&{��E7 �&MAS:OLO"�A��Q;K&O.�658Q;T�M�S � %FQ;T"K C �ED�K&O�~/TLK.�;TL|.OLK H ~L|&K�M�S}�P�����-S:MR�&Q;MR|&KV��S H OMj2JS:�Z�;TL� > �A{}S�~��R� H OLK.{}��74�&MAS:OLO"�A��Q;KVK H  �� H �.~L�A� H �ZK&O��.�F{}���FOLS H ~�K&O6�;K�MAS�0F�:T"~��R�&�E~�|V� H �E~���S�MAK: S:Q�0:�F�AO"� H S�%FKy�;Qn���F� H ~��&�FMj�xGUK&O¤~LTL�F�RO� �� H �1~��A� H O}~LT�S:�.|&K&O<O"� H ~<�&M�S��ATLK.{}K H ~¤�&� H 0:K > K&O �Mj2JS:�Z�;TL� > �A{}S�~��R� H �ZQ �.�FM/���FQ;T¥�-S�MA�&QZMAK&T�M=2¦� H ~�|.%FT�S:MRKy�;K�MAS ���N��O"Q;T<MAK&O¤0�S:MRK&Q;T"O¥�;K�M�S
0:�FT"~L�A�&�E~�|�� H �R~L��S:MRK6O"K&{��ZMAKX�;� H �X��S�T" qS:�E~�K&{�K H ~73"QZO"~�� � |&K��
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8:9,;=< C �EDF� �?>.@4A�B
CEDGF�C?H�B+D�IKJ#L�MGF�N&O,P,QSRKBTDSB+J�F � >VUWH�F�J#H
ISJ#@�BTDGF�C'X+J�Y F
AGAEN�L[Z�O,R\F�P�O]L^C_X`B
RaO,b
H
J�F^X�X
O!cdIeBfB
Chg L^C?H
P�O]L^CiDSB�XjP!N�L^O#XhH�L^RTA�L`XdF�C�PkB�XjDSBjJ�Fml�L^N&P�O]H
O,P4@jO,C�O,P!O!F�J#B�n_F�I
l�L^O#X
O,CEF`MSB	D�IoA�L^O,C�PpH�L^J�qkcdISOrB�X
PsO]H
O7I2C�RaO,C�O,RaISRtH�F�NoL^CuF\P!NvFSH�@	J�YwL�AGA�L`X`@xDSB
J�F � >VU?y�z7{ H
O α |x}`n�~'n β |x}`n�~'n γ |x}`n!�S�^n:N |=�e�$��n Q |�b4�'}�B
P R |�bk�2}`n:R\F�O#X�H�B
H�L^RTA�L^N
P4B
RKB
C�P�B�X
P�J#B.RK�
RKB�A�L^ISN.PkL^ISP4B�X.J#B�Xol^F�J#B
I2N�XaDSB_H�B�X�A'F�NvF�RK�
P�N�B�X.cdI�B
J�YwL^CjF�H�L^C'X
O!DS@
N�@�B�Xdz ωb B�X
P�DGF�C'X.H�Q'FGcdI�BaH�F^X	J�FKl^F�J#B
I2NoL�AEP!O,R\F�J#B.H�F�J#H
ISJ#@�Bdz

+N2¦K&O�~6���FQ;T"��Q;�F� H �FQZO6S-0:� H OY��S H O�Q H OLK.�&� H �$~�K.{}�;O��.� H OL�R�;|&T"|XMAK/OL���Z|&{}S��;KXT"|&OL�:MAQZ~L�A� HO"Q;�R0�S H ~ �
¡ MAK.OY�ZTLQ;�E~�O�OL� H ~�~LT�S:�E~�|&O��;S:TY5@� H ~�K!7�+xS:T"MA�¡ M=2¦� H ~�|.%FT�S�MAK�O"Q;T�M�S90F�:T"~��R�&�E~�|/� H �R~��AS:MAKYK&O�~Y�-S:MR�&Q;MR|&K/K H QZ~L�AMA�RO�S H ~�Mj2JS��;�;TL� > �A{}S�~L�A� H �;Q@�.�FM§ �;TL�.O<S 0:�F�AT��;TL�F���FO"|��&KlO"���;|&{}SZ H �:Q;O<S-0F� H O¥0:|&TL� � |���Q;K�M�S  �� H �.~L�A� H f

��Q;�/S:O"OL�8�&�AK
S:Q > �.�F{}���FOLS H ~�K&O��ZK/M�S�0:�FT"~L�A�&�E~�|6� H �E~���S�MAK�M=2¦�F�;���FOL|N�;Q¥MA�F%FS:TL�E~��;{�K6�ZK�M�S'�P��� P (M, g)
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� 1$/�- %K(��o����� ���j�`�$�4�	� � %���*��

�&S:MA�.Q;MA|.K'��S:T�5@� H ~�K!7�+xS:T"MA�; U|1~�S:�E~X|&%*S�MAK&{�K H ~V�&� H 0:K > K:��+hK.~"~�K}�;TL�F�ZTL�A|1~�|'|1~�S H ~V~��FQ^3"�:Q;TLO0:|&TL� � |&K� ZMRK6�&S:MA�.Q;M(�ZK�M=2¦� H ~�|.%FT�S�MAK�OLQ;ThM�SV0:�FT"~L�A�.�R~�|Y��S:ThS:�;�;T"� > �R{�S�~��A� H �;Q��&�FM(K&O"~h�;| �;H �R~L�E70:K&{�K H ~$3"Q;O�~�� � |&K:�:+h� H ~�TLS:�AT"K&{�K H ~��NM=2�S:�;�;T"� > �R{�S�~��A� H OLK&{��E7 �&MAS:OLO"�A��Q;K�|.~�QZ�;�A|.KxS:Q����;S:�;�R~LTLK�;T"|&�.|&�;K H ~& ,�&K.~"~�K�S:�;�;T"� > �R{�S�~��A� H K&O�~6�Z� H �X�&� H ~LT�
FMR|&K:�GzS��&� H 0:K > �R~L|6�ZK f  FK.~P�Z� H ��MAKh qS��R~B��Q;K��.K.~"~�K� �� H �1~��A� H'H K��(�FO"OL�.�;K��8Q�2�Q H OLK.Q;M�{�� H �R{�Q;{$ 
H �:Q;O�Sy|.%*S:MRK&{�K H ~���K&T"{}�RO��;K}TL|&S:MA�ROLK&TVM=2¦�F�Z~L�A{��AOLS�~��R� H TL|.OLQ;ME~�S H ~�K�%FT
�:�.K¤�yMj2JS�MA%F�FT"�R~L�;{}KS:{��8K&��SZ ���K-S�Q;�&�FQZ��{}�:� H O��&���Z~�K.Q > K H ~�K.{}�ZO6�;K��-S:MR�&Q;Mz��Q;K'S�{}K.�;O�Sy��0F�:�AT6S H;H K > K'+��1�GUK&O¨��S:TLS:{}�1~�T"K&O���2��F�W~��A{��AOLS�~��R� H ��Q;K H �:Q;OdS-0F� H OdQZ~L�AMA�ROL|.O¢O"� H ~BMAK.O¨O"Q;�R0�S H ~LO � �(�FQZT¨����S��8QZK0�S:MRK&Q;T��;K

(Q,R, r)
 8� H �&� H OL�R�;�&T"KNQ H O"�A{��;MAK > K6� H �E~��AS:M;TL|.%FQ;MR�AK&T��;KN~�S:�AMRMAK��&S:T�S:�1~�|.TL�AO�~��R�8QZK�  JIW�(GB2JS:MR%F�FT"�R~��Z{}K/O"Q;�;���FOLK���Q32¦Q H {�� H �R{�Q;{ K.O"~/�Z|.~�K.�.~L|'MA�FT"OL��Q;K9MAS}�;�E?�|.TLK H �&K�T"K&MAS�~��E0FKK H ~LTLK6M�SX�;MAQ;O�%FT�S H �;KYK.~xMASV�ZMAQ;O��(K1~��R~LKY0�S:MRK&Q;TP�;K6M�SX �� H �.~L�A� H S:Q > O"�F{}{�K.~LO��ZQ¤OL�R{}�;MRK > KK.O"~¨� H  �|.TL�AK.Q;TLK�� �  � )Z��GUK��&S:MA�.Q;M*�;K�M�S� �� H �.~L�A� H ��{}� H �A{��AO"K&T f  ^K.?(K&�.~LQ;|h�;S:Td5$� H ~�K17�+xS:TLMR�; SX|.~L|Y qS:�E~PK H �&� H O"�A�;|.T�S H ~ 4.104

TL|-S�MA�AOLS�~��R� H OB�;Q}�;TLQZ�R~-��� �&S:Q;OLK6�;KYMA�A{��R~�S�~��R� H O¢K H ~�K&{��;O�;Ky�-S:MR�&Q;Mj ��RM H �FQZO¥S��(�:Q;T¤M=2¦� H O"~�S H ~�|.~L|l�A{��(�FO"OL�R�;MAK<�32�S:MAMRK&T�S:QW74�ZK&M����;Kl�&K1~L~�K�0�S:MRK&Q;T.�+h�F{�{�K�� H MAK�0FK.TLT�S���S:T9M�SyO"Q;�R~LK: dK.MAMAK H 2¦K&O"~��;S:O�~��FQ�3"�FQ;TLO'O"Q���O�S H ~LK$���FQ;T9�(K.TL{�K.~L~LTLK�32¦� H ~LK&TL�ZTL|.~LK&T�S-0FK.�6�.K&T"~L�R~LQ;�;K�MAK.OPTL|&O"Q;MR~�S�~�OB��2�Q H ���F� H ~P�;K�08Q;K���Q�S H ~��E~�S�~L�R � :K H �;S:T"~L�A�&QZMA�AK.TS:Q > �;MRQ;O���K.~L�R~LK&O¤|.���;K&MRMAK&O��&� H O"�A�;|.TL|.K&O&�Y+hK.�(K H ��S H ~& x�&K1~L~�Kl�ZTLK&{��A�.TLKyS:�;�;T"�W���;Ky�;� H;H K�;MRQ;OL�RK&Q;T"O�TLK H OLK.�A% H K.{}K H ~�OY� H ~�|.TLK&O"O�S H ~LO6O"Q;T�Q H �ZM�S H OLK.{}��74��Q�S H ~L�R~�S�~��R ����S H O�M�S'OLK.�.~��R� H OLQ;�E0:S H ~LKXOL� H ~6�;TL|.OLK H ~L|&K&O6MAK.OYO"�FMAQW~��A� H O��;Q${}�8�;�&MRK��]5(�¦���h�&S:MA�.Q;MA|.K&O���S:T�.K.~L~LKx{�|.~��Z�W�;K� ���Q32¦� H ��Q�S:MR� � K.T�SY��S:T�MASNOLQZ�R~�K��;K�5@� H ~LK17�+xS:TLMR�; �{��&{�K�O&2¦�AM� qS:QZ~d%FS:TL�;K.T�K H{�|&{��F�AT"K���Q32�K.MAMRKN�&� H ~L�AK H ~hQ H KNS:�;�;T"� > �R{�S�~L�A� H  *K.~x��Q;KN�&K&OhTL|&O"Q;MR~�S�~�O�OL� H ~h�;TL|.MA�A{�� H S:�AT"K&O&�

[�\
�l\ � v/b o t g r g b
� H TLS:�;��K&MRMAKP��Q;KhMRK�{��W�Z�&MAK6��5(���*�z�;|.�(K H �'�;K.O¨~�T"�F�AO¢��S:TLS:{��.~�T"K&O α  β K.~ γ ��� H OLKx�ZTL�F���FOLK�R�&�z�32¦|.~�QZ�;�AK.T6MRK&ONO"�FMAQW~��A� H O��;K9�.K9O"�8O�~��&{�K��&S:MA�.Q;MA|.K&OY��S:TNMAS�{�|.~L�;�8�;K��ZTL|&O"K H ~�|.K'��S H O6M�SO"K&�.~L�A� H �;TL|.�&|.�;K H ~�KNK H  �� H �.~L�A� H �;KY�&K&Q > 7 �&�j�Z+hK.OxOL�:MAQZ~L�A� H OB��K&QW0FK H ~��1~�T"K6�.�F{}�;S:TL|.K&OxS�Q >T"|&OLQZMR~�S�~�Ox�;KX���V5¥{}� H ~LTL|&OhK H S H;H K > K��6 ;{�S��AOxS�Q;OLO"�US:Q > OL�FMRQZ~��R� H OxO"K&{��E74�.M�S:O"OL�R�8QZK&Ox�;Q{��W�Z�&MAK'��0F�:�AT�OLK.�.~L�A� H �;�¦���1�+h�F{�{�K��&� H O�~�S�~L|6�;S H O�M=2�S:�;�;T"�W���;K�O"K&{��E74�.M�S:O"OL�R�8QZKV�q����S:�Z�R~�T"K����1 *� H 0�SX0:�F�ATP��Q;KYMAK���S:TLS�7{��.~LTLK/��Q;�23"�FQ;K/MRK/T�
FMRK�MAK/�ZMAQ;O�O"�A% H � � �-S�~��R z�;S H O�M�S��Z|.~�K.TL{�� H S�~��A� H �;K&O�OL�:MAQZ~L�A� H OhOLK&{9�;MAK�1~�TLK

α
�Z5yS:�ROhMAK.O�0�S:MRK&Q;T"Oh�;K

α
���FQ;T�MAK&O"��Q;K&MRMAK&O��&K.OxOL�FMRQZ~��R� H O��;TL|.OLK H ~LK H ~�Q H S:�.�&�FT"�¤��Q�S�7MR�R~�S�~��R YS��&�&K.�Z~�S��;MAKyS 0:K&�@M�S ���V5 H K@O"K&TL� H ~���S:O�MAK.O}{��&{�K&O���Q;Ky�.K&MAMRK&O��F�Z~LK H Q;K&O}��S H OMj2JS:�Z�;TL�8���;K�OLK&{��E7 �&MAS:OLO"�A��Q;K:���Y�FO9�;T"K&{��AK.TLO9T"|&O"Q;MR~�S�~�O�{}� H ~LTLK&T"� H ~9|.%*S:MRK&{�K H ~9Q H K¥S:QZ~LTLK�;�E?�|.TLK H �&K/{}S�3"K&QZTLK�K H ~LTLKXMAK.OxOL�:MAQZ~L�A� H Ox5�+ K.~��&K.MAMRK&O�5;+ � MRK&O��;T"K&{��A�.TLK&OhOLK&{9�;MAK.TL� H ~�K HK1?�K1~N|.%*S:MAK.{}K H ~6�Z|&��K H �;T"K9�;K.O60�S:MRK&Q;T"OY�ZK β K1~

γ
�(+h�F{�{}KXK H �;�¦�; ,� H �;TL|.OLK H ~LK�MAK.O6�;�RO�7~LTL�A�ZQZ~��R� H O��;K��;T"�F��S:�Z�AMA�E~�|:3"�F� H ~�K&O P (R,Q)

 ,�;K.O��;K H OL�E~�|&ON�;K9��Q�S H ~L�R~�|.ON�;�*�8OL�R��Q;K&O/��S H OMRK}�;MAS H (R,Q)
K1~'MAK.O9MA�:�AOV�32�|.���;K&MRMAK.O��;K¤��Q;K.MA��Q;K&O�74Q H K&O'�;K¤�.K&O'��Q�S H ~L�R~�|.O&���NK&O�MR�A{��R~�S�7~L�A� H O�K H ~�K.{}�ZO��;K/�-S:MR�&Q;M H K H �FQZOx� H ~���S:O���K&T"{}�ROh�;K/�&S:MA�.Q;MAK.ThMAK.OxOL�:MAQZ~L�A� H Oh�;Q¥{}�8�;�.MAK�$�;K&O�|.���;K&MRMAK.O9�;MRQ;O9��K.~L�R~�K.O9��Q;K�G��! Z��GUK.O9MA�:�AOX�32¦|&���;K.MAMAK.O���Q;K H �:Q;O9�;T"|&O"K H ~�K.TL� H O'�ZMAQ;O
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MR�F� H ��K&QZ0:K H ~ �.~LTLK��;�AO"�&QZ~�S:�;MAK.O& �{�S��AO�MAK.O6O"�FMAQZ~L�A� H OY�ZTL|&O"K H ~�|.K&OX�A�.�UOL� H ~NOLQ���O�S H ~LK&O/���FQ;T|.�&M�S��A�&�RTh�;K H �:{��;TLK.Q > ���F� H ~LO&�
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(R,Q)

GzS � %FQZTLK C �JI¥�ZTL|&O"K H ~�K�MAK.O/�;�AO�~�T"�A�;QZ~L�A� H ON�;K��;T"�F��S:�;�RMA�E~�|p3"�F� H ~�K.O P (R,Q)
OL�:MAQZ~L�A� H ON�;Q{��W�Z�&MAK9�(�FQZT

α 1 �  �2W β 1 �  ��<K.~ γ 1 �  JI C  U�¤~LTL�F�RO/|&���;K.MAMAK.O��ZK�MR� H %FQZK&Q;T/�;�E?�|.TLK H ~LK&O.�¨GUK.O0�S:MRK&Q;T"O��ZK&O��;S:T�S:{��.~LTLK.O
α
 
β
 
γ
O"� H ~�MRK&O�{ �.{}K.O}��Q;K$OLQZT�M�S � %:Q;TLK@�;�  W�PGzK$TL|.OLQ;ME~�S�~MRK}�;MRQ;OV{�S:T"��Q�S H ~�K.O"~�MRK� qS��R~��8QZK�MAK.O9�;�RO"~LTL�A�ZQZ~��R� H OX�-S:MR�&Q;MR|&K.O9��S:T95@� H ~LK17�+xS�TLMA���=5�+��

�;T"|&O"K H ~�K H ~YQ H |1~��RTLK&{�K H ~hMAKNMR� H %��ZK�M�S9�;S:T"~L�AK R > 0
�;K/M�SVOL|.��S:T�S�~�TL�R�&K� Z�;K��ZMAQ;OxK H �;MAQZO�;T"� H � H �&|���Q�S H �lM=2¦|&���;K.MAMAK��;�A{�� H Q;K��43 H ~LK&M��.�F{��(�FT�~�K.{}K H ~NO&2¦�F�;O"K&T"0:K�OLQ;T�MRK&O6OL�FMRQZ~��R� H OO"K&{��E74�.M�S:O"OL�R�8QZK&O9�]5;+����(�FQZTN�;K.O60�S:MAK.Q;TLO6�;MAQZO6 qS:�R�;MAK.OY�ZK
α
�(GzS � %FQZTLK C � I��(K.QZ~��;� H �9K H qS:�E~��.~LTLKX�&�:{}��S�TL|&KX��M�S � %FQ;TLKX�;��#$�qO"�FMAQZ~L�A� H 5Z+ S-0FK.�

α 1 �  IF�!�5WQZTBM�S � %FQ;T"K C �J)/O"� H ~�T"K&�;T"|&O"K H ~�|.K&OxMRK&OB�;�RO"~�T"�A�;QW~��A� H O P (R,Q)
O"�FMAQZ~L�A� H OP5�+£�ZQ}{��W�Z�&MAK

���FQ;TXMAK.OX{ �.{}K.OX0�S:MRK&Q;T"O��ZK
β
K1~
γ
{�S��AO/���FQ;T

α 1 �   Z�z��S H O��.K}�&S:O�MRK&OV�P��� H K}O"� H ~�;MRQ;Od|1~��AT"|&K.OBMAK�MA� H %��;K�MAS�OL|&�;S:T�S�~LTL�R�&K:�FGzK.OB�&�FQZTL��K&OP�;TL|.OLK H ~LK H ~�Q H �(� H S:�.�&�FT"���8Q;S:MA�E~�S�~L�R S-0FK.�'M�S}���V5 � � %FQ;T"K �N�JIF�1�65 H �;S:T"~L�A�&QZMA�AK.T& ��.� H ~�T�S��ATLK.{}K H ~/S:Q > OL�:MAQZ~L�A� H OV5;+N �MRK&ON���N�
�&S:MA�.Q;MA|.K&O���S:T65�+ H KXOL� H ~Y��S:O�O"Q;TLK.O"~��R{}|.K&O���S H OYMAS'��S:T"~L�AK Q > 0

 
R > 0

�
7 MA�F�;S:MAK.{}K H ~& �MRK&O<OL�:MAQZ~L�A� H O$5y+ �;TL|.OLK H ~LK H ~��Z� H �: ��.�F{�{}KlMRK&O<OL�FMRQZ~��R� H O 5;+N �Q H K98~LT�S H O"�R~L�A� H;: K H  �� H �1~��A� H �ZQ ��S:TLS:{��.~�T"K

α � �(�FQZT'MAK&O' qS:�R�;MAK.O�0�S:MAK.Q;TLO��;K<�&K.MAQ;��74�.�= �MRK&O�P��� OL� H ~� ��:T"~�K.{}K H ~�|.~��RTL|.K&O�MAK/MR� H %��ZQ$� 
:~�| R > 0
�;K/MAS�OL|.��S:T�S�~�TL�R�&K����;K/�;MAQZO�K H �;MAQZO��Q�S H � r �;�R{}� H QZK �1 �~�S H �;�AO���Q;K/�(�:Q;TxMAK.Ox%FTLS H �;K.Oh0�S:MAK.Q;TLOx�ZK α �.K.~�|.~L�AT"K&{�K H ~x�;�ROL��S�T�S=<R~-�5yS��AOxMAS90:S�MAK&QZTx�;K

α
���FQ;T�M�S��8QZK&MAMRKNO"KV�ZTL�8�;Q;�R~h�&K1~L~�K/~LT�S H O"�R~L�A� H K.O"~YOLQZ�(|.TL�AK.Q;TLK/���FQ;T�MRK&OO"�FMAQZ~L�A� H O�5�+N�5@�ROB�N��S�T"~B�.K.~L~LK��;�R?(|&T"K H �.K: FMRK&Od�Z�AO"~LTL�R�;QZ~��R� H O P (R,Q)

�&S:MA�.Q;MA|.K&Od��S�TB5�+ �;TL|.OLK H ~LK H ~�Q H{�K&�RMAMAK.Q;T�S:�.�&�FT"�lS-0FK&�9MAK&O6OL�FMRQZ~��R� H O��;K9���V5 � M�S��&� H ~LTL�A�ZQZ~��R� H �;Qy�8Q;S:T"~N�;K9�;MAS H Q > �  
R > � H 2¦K&O"~¨�;MRQ;OUOLQ;T"K&O�~��A{�|&KP��S�T¢TLS:�;���FT"~¢���.K&MAMRKB�;KPM�S���S�T"~��RK Q > �  R ? � �^+hK.~"~�K�TLK&{}S:T"�8QZKK.O"~��A{��(�FT�~�S H ~LK'�-S:T. ¨�<�-S�Q;OLK}�;K}�.K.~�� H �.� H 0F| H �AK H ~& zMAK&OVOL�:MAQZ~L�A� H O 5Z+ �;TL|.OLK H ~�S:�AK H ~�Q H K�;T"�W�ZQ;�.~L�A� H �32¦K H O"~�T"�F�;�;�RK}{�� �FK H;H K H |&%FS�~��E0FK:�¢� H 0FK.TLT�S<��S H OVMAS¥OL�FQ;O�74O"K&�.~L�A� H OLQZ�R0�S H ~�K��Q;KX�&KX�;T"�F�;MR�&{�K/K&O"~Y�.�FTLT"�A%F|/��S�T�M�S'{}|1~��;�8�;K/�;KXT"|&OL�:MAQZ~L�A� H ��S�TN5y+N�+h�F{�{�K��&K&MRMAK.O��&S:MA�.Q;MA|.K&OP��S:T�M�S/{�|.~��Z�W�;KT5;+N �MAK.Oh�P��� �-S:MR�&Q;MR|&K.O��;S:Tx5y+ H KN�ZTL|&O"K H ~�K H ~��S�OY�ZKV�Z|&��K H ��S H �&KV��Q�S:MA�E~�S�~L�R0:K�|.08�A�ZK H ~�KV��S:T�TLS:�;���FT"~Y� β K1~

γ
�

������������@A%B���C�D�.-E�F�+%HG� �*!�"���D�.-E�F�JIJ��*
KH�LG� �%E�M�+*
���N,�%O&
,#*
�
(R,Q)

5WQZT�MAS � %:Q;TLK C �¦�yOL� H ~9TLK.�;TL|.OLK H ~L|&K&O'MRK&OV�;K H OL�R~L|&O���S H OVMAK��;M�S H (R,Q)
�ZK

Tr(S2)
 
ω2
 

ωSω
 
−r2Tr(M2M t)

K.~
−Tr(S3)

�(�:Q;T
α 1 �   Z β 1 �  ��YK1~ γ 1 �  JI C  ^��Q H K�|&���;K.MAMRK r 1 G��FIW�GB2�S 0�S H ~�S:%FK�{}S�3"K&QZTN�;K.O/�;K H O"�R~L|&O��&S:MA�.Q;MA|.K&O���S�TX5�+N ��.�F{���S:TL|.K&O/�¤�.K&MRMAK&O6�-S:MR�&Q;MR|&K.O���S:T5;+ � � %:Q;TLK.O¨�;�ED � K.~¨�;�EDFD^��K.O"~¨MAKd qS:�E~U��Q;K�MAS���S:T"~L�AKB���FOL�E~��E0FKP�;KPM�S��;T"�W�;QZ�.~��R� H �32¦K H O�~�TL�:�;�;�AK
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8:9,;=< C �JIW� �?>	O#X
P�N&O��dISP�O]L^C'X�DSB AEN�L���F��dO,J O,P4@�� L^O,C�PkB�X P (R∗, Q∗) H�F�J#H
ISJ#@�B�X A�L^ISN α |x}`n��`n β |x}`n�~
B
P γ |x}`n!�S�	��qkF
y_N |=�e�E��nTq
� yKN |=�e�S~ B
PVqvH4yKN`|=�e�$��z7� B�X.cdI�F�C�P!O,Pk@�X R∗ B
P Q∗X`L^C�PTC?L^N&R\F�J O#X`@�B�XxA'F�N_J�F�l^F�N&O!F�C?H�BKDSB�X DS@�g L^N&R\F�P�O]L^C'X�� Q∗ = Q/ 〈Tr(S2)〉 n
R∗ = R/ 〈Tr(S2)〉3/2 z � B�X J O�M�C?B�X D Y O#X`L�AEN�L���F��dO,J O,P4@VX`L^C�PpB�X4A'FSH�@�B�X	J#L�MGF�N&O,P�QSRaO,b
cdIeB
RKB
C�P,npB
P X`@4A'F�N�@�B�X DSB g[FSH
PkB
ISN�X e z
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8:9,;=< C ��)Z� �?>	O#X
P�N&O��dISP�O]L^C'X�DSB AEN�L���F��dO,J O,P4@�� L^O,C�PkB�X P (R∗, Q∗) H�F�J#H
ISJ#@�B�X A�L^ISN α |x}`n���n β |x}`n�~
B
P γ |x}`n!�S� �aqkF
y N |=�e�E��n\q
� y N |=�e�S~ B
P qvH4y N |=�e�$��z��6F H�L^C�l�B
C�P!O]L^C B�X
P J�F
RK�
RKB cdI�BxX
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ωSω
�Z�F{}� H K}M�S@�;S:T"~L�AK H |&%*S�~L�R0:K:�¨��S H O'�.K¤�-S:O. �MAS@�;T"�W�;QZ�.~��R� H �32¦K H O"~�T"�F�;�;�RK¤{��^�:K H;H KK.O"~Y�;� H �X���FOL�E~��E0FK/�&�:{}{�K��&KX�;�:�R~ �.~LTLKXMAK/�&S:O&�

��������������
$�#� ��� - ����%(,�,�%E�

� H �;T"|&OLK H ~�KX�A�.��MAK.O�MA�F�RO���2�|.���;K&MRMAK&O��ZK&O�OL�FMRQZ~��R� H Ox5�+N��GUK&O���S�TLTLK.O��32¦K&TLT"K&Q;T"O& H � H T"K&�;T"|17O"K H ~�|.K&ONO"Q;TYMAK&O � %:Q;TLK.O6���FQ;T H KX��S:OYMAK.OYS:MA�FQZTL�;�RT& ZO"� H ~N�ZMAQ;O�%FTLS H �;K.O6��Q;KV�&K.MAMAK.O��;K&O6MA�F�RO�32¦|&���ZK&MAMRK&Oo5;+ {�� H ~�TL|.K&O�S:Q ���;S:�;�R~LTLK��;TL|.�&|.�;K H ~-��GUK&O9MR�F�AO/��2�|.���;K&MRMAK&O�OL� H ~9�A�&�B�&S:MA�.Q;MA|.K&O���FQ;Tz~�T"�F�AOz0�S:MAK.Q;TLO¢�;K
r
�:� H {}� H ~LTLK�MAK.Q;T��;|.�(K H ��S H �&Kx��S�T¨TLS:�;���FT"~�S:Q > ~�T"�F�AO¢��S:TLS:{��.~�T"K&O�;� H ~Y�;|.�(K H �$MAK/{��W�;�.MAK��

�
	��
	��
	���	�������������������� ���"!$#%���'&)(*#
�+���
α

5WQZTxM�S � %:Q;TLK C � C OL� H ~�T"K&�;T"|&O"K H ~�|.K&ONMRK&OxMR�F�AO��32¦|&���;K.MAMAK.O��;KXM�S�0�S:T"��S H �&K��;K.O��;|. ��:TL{}S�~��R� H O
〈Tr(S2)〉

 ;�ZKVMj2�K H O"~LTL�F�Z�;�AK 〈ω2〉
 ��;K/M�S'�;T"�W�ZQ;�.~L�A� H �32¦K H O"~�T"�F�;�;�RK 〈ωSω〉 K.~Y�;Q<~�TLS H O� �K&T"~�32¦| H K&TL%:�AK��;�E08�AOL|9��S:T r2

 
〈−Tr(M2M t)〉

 3���FQ;TN�;MAQ;O"�AK.Q;TLON0�S:MRK&Q;T"O��;K
α
 3S-0FK.�

β 1 �  ¦�¥K.~
γ 1 �  JI C ��¢�FQ;T

α 1 �  C  〈Tr(S2)〉
0:|&TL� � K MAK�OL�&S:MA� H %-,X�ZDF���¨�FQZT@�;K.O$0�S:MRK&Q;T"O@�.TL�F�ROLOLS H ~�K&O$�;K α  Mj2�K > ���FOLS H ~6�ZK�MAS�MR�F�U�32¦|&���;K.MAMRK��;KX�.K.~L~LK9��Q�S H ~L�R~�|XO.2�|.�-S:T�~�K9�ZK�MAS'0�S:MRK&Q;T��;K/74� �:)Z ;�;T"|&�;�E~�K��S�T.,X�ZDVK1~�0F|&T"� � |.KX��S:T�MAK.O�TL|&O"Q;MR~�S�~�O��;KV���T5(�

GUK&O��-S�O��;KYM=2¦K H O"~�T"�F�;�;�RK�K.~��;K6OLS��;T"�W�ZQ;�.~L�A� H OL� H ~��;MAQZO��Z� ���&�RMAK&O��X� H ~�K.TL�;T"|.~LK&T&� 5 H K1?�K1~- �RM�OLK.{��;MRK'�8QZK��.K&OX�;K.Q > ��Q�S H ~��E~�|.OVO"�F�AK H ~XOL�FQ;{��AO"K&OX�¤Q H ~�TLS H O"�R~��:�ATLK9�¥%FT�S H �;K'|&���;K.MAMRK:�GUK&QZTLONMR�F�AO���2�|.���;K&MRMAK&O H K9��K&QW0FK H ~/�Z� H � �1~�T"K9�;�ROL�&QW~�|&K.ON��Q32¦K H �.� H OL�R�;|&TLS H ~��;K.Q > 0�S:MAK.Q;TLO�;K}M=2¦|&���;K.MAMRK � r 1 G����@K.~'G��� W� § 0FK.�¥�&K.~"~�K}�&� H ~�TLS:� H ~LK: ¢�AM�OLK&{9�;MAK���Q;K: ¨�&�F{�{}K����FQ;T9MRK&OO"�FMAQZ~L�A� H OV5;+N �M�S��;|&��K H ��S H �.K'�;K9Mj2�K H O"~LTL�F�;�Z�AK9K H  �� H �1~��A� H �;K r O"�F�R~6�&�FT"TLK.�.~�K9�8QZK&M���Q;KO"�F�R~
α
�^G¢S��;T"�W�;QZ�.~��R� H �32¦K H O�~�TL�:�;�;�AK�OLK.{��;MRKP0:|&T"� � K.T����(K.Q9�;T"�&O¢MAKBO"�-S:MR� H %/,/�;D�OLK&QZMAK&{�K H ~���FQ;T�MRK&O���K.~��E~�K.O�0�S:MRK&Q;T"O��;K

α
�

+h�F{�{�KNM�S90�S:T"��S H �&K��;K.O��;|. ��:TL{}S�~��R� H O& WMAKN~LT�S H O" �K&T�~��32¦| H K.TL%F�RK�0F|.TL� � K0,X�ZD/�(�FQZT α 1 �  C  {}S:�AOh��S:O��(�:Q;T�MAK.O��;MAQ;O�%FTLS H �;K.O�0:S�MAK&QZTLO��;KX�&K.MAQ;��74�.�=�

�
	��
	��
	��
	�������������������� ���"!$#%���'&)(*#
�+���
β

GzS � %FQZTLK C � 2�{}� H ~LTLKxMAS��;|&��K H ��S H �.KYK H  �� H �.~L�A� H �ZK�M=2¦|&���;K.MAMAK��;K 〈Tr(S2)〉
 
〈ω2〉

 
〈ωSω〉K1~

〈−Tr(M2M t)〉
�(�:Q;T

α 1 �   'K.~ γ 1 �  I C  Z���FQ;T�~�T"�F�AOh0�S:MRK&Q;T"O��;K β �+h�F{�{�KB��S H O¢M=2�S:�;�;T"� > �R{�S�~��A� H 5;+N MAK.OzMA�F�ROU�32�|.���;K&MRMAK.O¨�;K
〈Tr(S2)〉

K1~
〈ω2〉 H K��Z|&��K H �;K H ~��S�OY�ZK

β
�

5 H9H K��.� H OL�R�;|&TLS H ~d��Q;K�MAK&Oz0�S:MAK.Q;TLOz�;K r |&%*S�MAK&O¨�YG����NK.~�G��� Z MASY�;T"�W�ZQ;�.~L�A� H �32¦K H O�~�TL�:�;�;�AKO"K&{��;MRK�0F|.TL� � K&TX�¥�(K.Q��;TL�.O1,/�;D'���FQ;T β 1 �  JI�{�S��AO���S�O/�(�FQZT/MAK&O/�ZMAQ;O/%FTLS H �;K.O�0�S:MAK.Q;TLO�;KX�.KV�;S:T�S:{��.~LTLK��
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C'X
P!N�L�A�QSO]B
ωSω n=qkD
y\P!N�F�C'X�g B
N&PpD Yw@
C?B
N]M�O]B −r2Tr(M2M t) B
P+qvB4y −Tr(S3) DGF�C'X J#B=AEJ�F�C
(R∗, Q∗) n�A�L^I2N�N |=�E�E��n α |x}`n���n β |x}`n�~ B
P γ |x}`n!�S�GzE� B�X�J O�M�C?B�X=X`L^J O!DSB�XxH�L^N&N�B�X
b
A�L^CEDSB
C�P6F�I�ZVl^F�J#B
I2N�X A�L`X
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(d)

8:9,;=< C � C � �?� L^O#XTD Yw@�H�Q�B
J,J#B�X�DSB qkF
y 〈Tr(S2)〉 n:q
� y 〈ω2〉 n�qvH4y 〈ωSω〉 B
PpqkD
y 〈−Tr(M 2M t)〉
A�L^I2NTD�O �V@
N�B
C�PkB�X+l^F�J#B
ISN�XVDSB α q β |x}`n�~'n γ |x}`n!�S�
y�z$� B�XxD�N�L^O,P4B�XVDSB:A�B
C�P4B�X+b,~��$�
B
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�¨S:T¨�.� H ~�T"K: �MAK&OzK > ���FOLS H ~�Od�;K.O�MR�F�AOU�32¦|&���ZK&MAMRK&O¢�;K 〈−Tr(M2M t)〉
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 S:T"��S�  ~V{}K.OLQ;T"K H ~V��S H OQ H |&�.�FQ;MAK.{}K H ~�~LQ;TL�;QZMAK H ~9�;�F{��F%F� H K}�.�AO�S��AMAMR|�MAK.O�{��F{�K H ~�OV�;K��;�R?(|&T"K H �.K&O �;H �AK.O�K1~9�;K�;|.TL�E0F|&K.O9�;K}M�S<0W�E~�K.OLOLK ��) C�� �¢GUK&O�{}�:{}K H ~LO��R{}�;S:�AT"O/�;K&O��Z|&TL�E0F|.K&O�O"� H ~ H � H�H Q;MAO. ¨K1~ H KO"K&{��;MRK H ~���S:O��;�R{}� H QZK&T'���FQ;T��;K&O�0�S:MAK.Q;TLO��.TL�F�ROLO�S H ~LK&O��;K Re  B~�S H �;�AO'��Q;K$MAK.O�{��&{�K&O{��F{�K H ~�Ox�ZK&O��;�R?(|&T"K H �.K&O ��H �RK&O��;|.�&TL�:�AOLO"K H ~Y{}�:� H Oh08�E~�K/��Q;KX�;TL|108QyMA�:TLOL��Q;K/Mj2�|.���;K&MRMAK��Z�E7{�� H Q;K��,GzK.O�S:QW~�K&QZTLOY�&� H �.MAQ;K H ~���Q;K9MRKV� ��G  ��:Q;T H �E~Y�;K&O6�;TL|10W�ROL�R� H OY� H �.�FTLT"K&�.~LK&OY�(�:Q;T6MRK&O{��F{�K H ~�O�|1~�Q;�;�R|&O.��BQ;�RO& 
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+h�F{�{�K@� H M=2�S 08Q S:Q����;S:�;�R~LTLKy)Z �MRKy{��W�Z�&MAK<�;Q�~L|.~LT�S:�.�;TLK@�;|&��K H � ��2�Q H K��&� H �;�R~L�A� H��%:T�S H �ZK'|&���;K.MAMAK � M�S� ��FTL{�K9�;Q�����S�{}�l�;K�0W�E~�K.OLOLK��¤Mj2�|.���;K&MRMAK�� H ~�|&%:T�S:MRK L �z� H S�~��:QZ~�KMR�A��K&T"~L|d���FQ;Tz����S H %:K&T¢�&K.~"~�K��&� H �;�R~L�A� H � § � H OL�= &��S H OzMAKP�&S:O¨��2�Q H  ��FT �-S:%FK�S-0FK.�h�.�AO�S��AMAMRK&{�K H ~- � H ���FQ;T"T�S �Z> K&TYM�S��.� H �;�E~��A� H OLQ;�E0:S H ~LKVS:Q<MA�AK.Q¥�;KXM�S'�&� H �;�R~L�A� H �q)Z�ED 2*� �

P (M,Tr(g) = L2) ∼ exp

[
−Tr [(M − Σ)(M − Σ)t]

ε2/3L−4/3

] ��2Z�ED^�

���
Σ =




0 0 0
s 0 0
0 0 0


 K.O"~YQ H KV{}S�~�T"�A�&KN�;KX�&�AOLS:�AMRMAK.{}K H ~&�

GzSX�;�AO�~�TL�R�;QZ~L�A� H �;KY�;T"�F��S:�;�RMA�E~�| 3"�F� H ~�K��;K M K.~
g
O.2�K > �;TL�R{}KYS:MR�FTLOP�;KYM�S� qS��.� H O"Q;�R0�S H ~LK �

P (M, g) =

∫
dM ′

∫
dT

∫ M(t)=M

M(0)=M ′

[DM ′′]

∫ g(t)=g

g(0)=g′
[Dg′′]

exp−
[
S(M ′′; g′′) +

Tr [(M ′ − Σ)(M ′ − Σ)t]

ε2/3L−4/3

] ��2Z�JIF�
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H |.�&K.OLO�S��ATLKX�;K/~LK H �RT��&�F{��Z~�KX�;K.O��;K&%FT"|&OY�;KXMA�R�(K.T"~�|N�;KXTL�:~�S�~��R� H �;K M �
5 H K.?(K.~- *���FQ;TB�;S:T�S:{�|.~LTLK.TdM�S/{}S�~�T"�A�&K M �/��K.~��E~�K�|.���;K&MRMAK�� H S-0:S��R~BQZ~L�AMR�AOL|hS:Q�����S:�;�E~�TLK��MRK6 qS:�E~h��Q;K/���FQ;T�~��FQZ~LK�{}S�~�T"�A�&KY�-S�TLTL|.K�TL|.K&MRMAK

A
�AM�K > �AO�~�K�Q H K�{�S�~�TL�R�&K R �FT"~L�;�F%F� H S:MAKYK.~Q H K�{�S�~�TL�R�&K T ��Q�S:O"�E7=~�TL�AS H %FQZM�S:�RTLK�OLQZ�(|.TL�AK.Q;TLK����=�¦K:�W�;� H ~�M�S��;��S:%:� H S:MRK6K.O"~��&� H O"~L�R~�QZ|&K��;K�;MR�W�.OXD > D9�FQ@�;K9�;MR�W�.O6I > IF��~LK&MRMAK&O���Q;K � A = R.T.Rt

����S H O6MAKX�-S:O6���yMRK/ ��FT �&S:%FKV|.~�S��R~
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�ROL�:~LTL�F��K: 3Mj2�� H 0:S�TL��S H �&K��ZQ��;T"�F�;MR�&{�K'��S:TXTL�:~�S�~��R� H ��K&TL{�K.~"~�S:�E~/�;K H K���S:O/~�K H �AT/�.�F{��Z~�K�;K.O��;K&%:TL|&O��ZK/MA�A��K&T�~�|Y�;K/TL��~�S�~L�A� H �ZK M  ;K1~��;� H ���ZK/��S:T�S�{}|1~�TLK.Tx�&K.MAMRK174�.�(O"�FQ;O�MAS� ��FTL{�K�32¦Q H K�{}S�~LTL�A�.Kh��Q�S:O"�E7=~�TL�AS H %FQZM�S:�RTLK T �F��S�Td�&� H ~LTLK: :MA�FT"OL��Q;K�M=2¦|&�.�FQ;MRK&{�K H ~B�/%FTLS H �;Kx|.���;K&MRMAKK.O"~6�&�AOLS:�AMRMA|� WMj2�� H 0�S:T"��S H �&K��;Q@�;TL�:�;MA�.{}K/��S�TYT"�:~�S�~��A� H K.O"~Y�;T"�AOL|.K: ,K.~Y�RMU�;K.08�AK H ~ H |.�&K.OLO�S��ATLK�;K/~LK H �RT��&�F{��Z~�K/�ZK&OYTL�:~�S�~��R� H Ox���FOLO"�A�;MRK&O��;KXMAS�{}S�~LTL�A�.K T �
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�KH&��.% �+% �N�)
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���� &

J���C���!,�%E�F�+%
M

GzS¤{}S�~�T"�A�&K
M

�¥��K.~L�R~�K9|&���;K.MAMAK'�Z|&��K H ��{}S:� H ~�K H S H ~/�;K'~LTL�F�RO���S:TLS:{}�1~�T"K&O�O"Q;�;�;MR|&{�K H 7~�S:�AT"K&O&� § 0FK.�NMASV{�|.~L�;�W�ZKY�ZK6T"|&OL�:MAQZ~L�A� H OLK.{}��74�&MAS:OLO"�A��Q;K� *K H O"K �W> S H ~hMAK.OP0�S:MRK&Q;T"O��ZK Q  RK1~
r
 �M=2¦|&���;K.MAMRKV�ZK�MR� H %FQ;K.Q;T& ��RMUTLK.O"~�K��;� H ��D-����S:TLS:{}�1~�T"K&OYMA�A�ZTLK&O����FQ;TY�;| ��H �AT�MRK&OY�&� H �Z�E7~L�A� H O¨� H �E~��AS:MAK.Ox�q���(K1~��R~LKx|&���ZK&MAMRK � � MAK.OP)��&�F{��(�:O�S H ~�K.Od�;K�MAS60F�FT�~��R�&�R~L|: :)��;K&%FT"|&OP�;KxMR�A��K&T�~�|�;K'T"�:~�S�~��A� H  (K1~VMAK&O� <�.�F{��(�FOLS H ~�K.OV� H �;|.�(K H ��S H ~�K.OX�;K dM

dt

� �4MBK&O�~XK H �;TL� H �&�R�(K����FO"OL�A�ZMAK�32�S:�;�ZMA�A��Q;K.ThMAS9{ �.{}K6{}|1~��;�8�;K���Q;K/�.K&MRMAKNK > �(�FO"|&KVS:Q¥����S��;�R~LTLK�� � M=2¦�F�Z~��R{}�RO�S�~L�A� H O"K&TLS:�R~S:MR�FTLO6K.?(K&�1~�Q;|.K}O"Q;T/Q H K� �� H �.~��R� H �;K¥D-�<��S�T�S:{��.~LTLK&O�S:Q�MA�AK.Q��;K<DFDF����S:T/O"�FQ;�.�d�32¦K ���-S�7�.�R~�| H Q;{�|&T"�A��Q;K: H �:Q;ONS-0:� H ON�ZTL|. �|.TL|�QZ~��RMA�AO"K&T�Q H K�{�|.~L�;�W�ZKVMR|&%F�.TLK.{}K H ~6�;�E?�|.TLK H ~LK����FQ;T�&S:MA�.Q;MAK.TxM�S'�;�RO"~�T"�A�;QW~��A� H P (Q,R)
�

+h�F{���S:T"� H OxK H K.?(K.~�MAK.O��&� H ~LTL�A�ZQZ~��R� H O���MAS��;�AO�~�TL�R�;QZ~L�A� H �ZK/�;TL�F�;S:�;�AMR�R~L| P (Q,R)
�32�Q H K�.� H �;�E~��A� H � H �R~L��S:MRK Mr

K1~9�32¦Q H K�S:QZ~LTLK M̃r = R.Mr.Rt
��K H ���Z�F�AO"�AOLOLS H ~V��S H OVMAK.O��;K.Q >�&S:O<M�S�{��&{�Ky0�S:MAK.Q;T¥�;K

dM
dt

� M=2¦� H O"~�S H ~<� H �R~L��S:M��1�PGzS �Z� H S:{��A��Q;K �]5��������.� H �;QZ�R~$� M�S
{��&{�K60�S:MRK&Q;Tx�ZK/M=2�S:�.~L�A� H S  W{�S:�RO����;K.Ox0:S�MAK&QZTLO��;�E?�|.TLK H ~LK&O��;K.OY{}S�~LTL�A�.K&O M ��Mj2�|.���;K&MRMAK
� H ~L|&%FTLS:MAK��PGB2�� H 0�S:T"��S H �&K<��S:T�TL�:~�S�~��R� H �;K ��5(�¦�����R{}�ZMA�A��Q;K¥K H K1?�K1~¤��Q;K

M̃L

 �M=2¦�A{}S:%FK¥�
Mj2�|.���;K&MRMAKd� H ~L|&%FTLS:MAK¨�;K M̃r

��S:TUMASx�Z� H S:{��A��Q;K� -K&O�~z|&%*S:MRKB� R.ML.Rt
 -���

ML

K&O"~¢Mj2��R{�S:%:K¨�;K
Mr

��M=2¦|&���ZK&MAMRKd� H ~L|&%FTLS:MAKB��S�TU�&K.~"~�KP{��&{�KB�Z� H S:{��A��Q;K:�^GUK.O¢�ZK&Q > �.� H ~�TL�R�;QZ~L�A� H O3� P (Q,R)�;�E?��.TLK H ~��;� H ���¤�-S�Q;OLK��;K'MAS¤�;�R?(|&T"K H �.K'K H ~�T"K'MAK&O�~LK&T"{}K.O Tr [(ML − Σ)(ML − Σ)t]
K.~

Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t]
��� H �(K.QZ~��Z� H � H 2JS:�Z�;MA�R�8QZK&TzMAK.O¨T"�:~�S�~L�A� H O¢��Q;K�OLQ;TMj2��R{�S:%:K��;K

M
��M=2¦|&���;K.MAMAK�� H ~L|&%FTLS:MAK��8G¢SV{}|1~��;�8�;K6�8QZK H �FQZOxS-0F� H OxQZ~��RMA�ROL|&K����FQ;T��-S:MR�&Q;MRK&T

P (Q,R)
K.O"~ ��H S�MAK&{�K H ~�MAS�OLQ;�E0:S H ~LK�� �

¡ � H O"K �Z> K Q  R K.~
r
K.~�DFD'��S:TLS:{��.~�T"K&O/MR�A�;T"K&O&��GzS<�;S:T�S:{�|.~LTL�RO�S�~L�A� H �;K M �¤��K.~L�R~LK

|&���;K.MAMRKVK.O"~YM�S�{��&{�K/��Q;KV��S H O�MAK/�&S:O��AO"�:~�T"�F�(K��¡ � H � H ~L�&%FT"K6MRK6O��WO�~��.{}K6OLQ;�E0:S H ~ 3"Q;O"�8Q�2J�9�.KN��Q;K6M=2¦|&���;K.MAMAK�� H ~L|&%FTLS:MAK�O"�F�R~�S�~"~�K&� H ~�K: ���2�K.O"~"7��74�Z�ATLKx3"Q;OL��Q32��l�&K¤��Q;K
Tr (g) = L2

�qMRK¥GzS:%FTLS H %F�RK H L
K.O"~'~L�FQ^3"�FQ;T"O��&K.MAQ;���;| �;H �hK H�9��)*� �

d

dt




∂L/∂Ṁab

Mab

gab


 =




∂L/∂Mab

Ṁab

ġab




� H S�S:MA�:TLOxMj2JS:�1~��R� H Sc(M ′′; g′′)
K1~�M�S�0�S:MAK.Q;T��;K

M
�'M=2¦|&���;K.MAMAK/� H ~�|&%:T�S:MRK � ML

�
�����
	�	
���������������������������� !��"#��$%�
�&����'�(����)(
'*����+,���-�
.������ D(Q, R)

D(λ, ∆) /
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¡ � H �-S�MA�&QZMAK�MAK�{}� H �A{9Q;{@ �� ML

K1~
Σ �Z> |.O& ��ZK�M�S¤ �� H �.~��R� H �ZK�)<0:S�TL��S��;MAK.OV��Q;��� RS:OLO"�W�.�AK

Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t] � R  {}S�~LTL�A�.Kd�;KPTL��~�S�~L�A� H �ZK��Z�A{�K H O"�A� H) > )Z :�Z|&��K H �'K H K.?(K.~B�;Kh)N��S:TLS:{��.~�T"K&O�� 0F�F�RT¨�.�E7 �;K&O"OL�FQ;O��1� 3 H Kh ��F�RO¨�.Kx{�� H �R{�Q;{ Trmin�-S:MR�&Q;MR|: �� H S Sc(M ′′; g′′) + Trmin
 �Mj2��:�;�(�:OL|9�ZK�M=2¦� H ~�|.%FT�S H ~6�;K�MAS¤�P��� �q�1 P|&��Q�S�~L�A� H��2Z�JIF�"�hK H  �� H �.~L�A� H �;K.OXDFDX��S:T�S�{}�1~�TLK.O�� H �E~���S�Q > �¡ � H �-S:MR�&Q;MRK�MRK�{�� H �A{�Q;{ �;K9�.K.~L~LK� �� H �.~��R� H f �;K�D:D�0�S:TL�AS:�;MRK&O � ��2�K.O"~- �S:QyO"�A% H K9�;T"�&O& MAK/MR�F%*S:T"�R~��Z{}K6�;KXM�S'�P��� TLK&���ZK&TL���Z|&K<�

f ≡ − ln(PDF )
�!�

GB2¦� H ~�|.T��.~x�;K��&K1~L~LK/{}|1~��;�8�;K: W��Q;�3�&� H OL�RO"~�K����;|&�.�FQ;�;MRK&TxMj2��F�W~��A{��AOLS�~��R� H OLQ;T�MRK&O��;K&%FT"|&O��;KMR�A��K&T"~L|x�;KYTL�:~�S�~��R� H �;KY�&K.MAMAK�O"Q;T�MAK&O�S:QW~�TLK.O��;S:T�S:{��.~LTLK.O& *K.~�� H KYM=2¦K.?(K&�.~LQ;K&TP��Q32���Mj2�|.���;K&MRMAK� H ~L|&%FTLS:MAK� dK&O�~¤T"K&MA�R|$S:Q£ qS��R~���Q;KyMAS� �� H �.~��R� H �8QZ�6S�Q > ~�T"�F�AO���S:TLS:{��.~�T"K&O��;K
R

S:OLO"�W�.�AK
Tr [(R.ML.Rt − Σ)(R.ML.Rt − Σ)t]

�
ML

K1~
Σ
OL� H ~ �Z> |&O��6K&O�~N~�T"�&O6OL�A{��;MRK � ��2�K.O"~/Q H�;T"�W�ZQ;�R~'�ZK< �� H �.~L�A� H O'O"� H K.~��.�FO&�PGB2¦�F�Z~L�A{��AO�S�~��A� H �;K<�&K1~L~LK< �� H �.~L�A� H  �TL|-S�MA�AO"|&K¥�lMj2JS:�R�;K�;K9M=2�S:MA%F�:TL�R~L�;{�KXS:{}K.�;O�S�� 0F�F�RT�S HZH K > K�+��1 (K&O�~X�;� H �9~LTL�.O/T�S:�;�R�;K:�(�NK'�.K.~L~LK9 qS��.� H  ��Z�AK H��Q32¦� H S:�R~xS�3"�FQZ~L|/)���S:TLS:{��.~�T"K&OxMR�A�;T"K&OxO"Q;�;�;MR|&{�K H ~�S��ATLK.Ox��S:ThT�S:�;���FT�~�S:Q¥�;T"�F�;MA�.{}K6��S H OMRK/�-S:O��AO"�:~�T"�F��K: ZMRK�~�K.{}�;O��;KX�&S:MA�.Q;M H 2¦K&O�~N��Q;KX~�T"�&O��(K.QyS�MAMA� H %F|:�

	�*��)*!K - ���=��� *"����
��H�+%',#* K *"���=�#��% 
J� � ��
 �J
���*+,#% R
�¢�FQ;T���S:TLS:{}|1~�T"K&T�M�S'{}S�~�T"�A�&K

R
 H �FQ;O6S 0:� H O6QZ~��RMA�AO"|�M�S'�;|.�&�F{����FOL�E~��A� H O"Q;�R0�S H ~LK:���¢�FQZ~�K{}S�~�T"�A�.K��;KXTL�:~�S�~��R� H �;KX�;�R{}K H OL�R� H ) > )'�(K.QZ~YK H K.?(K.~YO&2¦|&�.TL�AT"KXOL�FQ;OYM�S9 ��:TL{�K �

R = Rψ.Rθ.Rφ

S-0FK.� �

Rψ =




cosψ sinψ 0
− sinψ cosψ 0

0 0 1


 ,Rθ =




1 0 0
0 cos θ sin θ
0 − sin θ cos θ


 ,Rφ =




cos φ sin φ 0
− sinφ cosφ 0

0 0 1




ψ
 
θ
K.~
φ
O"� H ~6�.� H;H Q;OYOL�FQZOYMRK H �F{ ��2JS H %FMAK.O��32�5BQ;MRK&T.�

� \��l\ � v/b o t g r g b
� H �;T"|&O"K H ~�KX�A�.�(MRK&OxO"�FMAQW~��A� H Oh�;Q¥{��8�;�&MRKNS-0FK.�X�&�AOLS:�AMRMAK.{}K H ~��9%:T�S H �ZK�|&���;K.MAMRK:��+hK.O�OL�FMRQW7~L�A� H O¢� H ~B|1~�|x�&S:MA�.Q;MA|.K&O��;S:T�MASN{}|1~��;�8�;K�K > �(�:OL|&K��;S H OdMAS6OLK.�.~L�A� H �ZTL|&�.|&�;K H ~�K:��GB2¦� H ~�K H OL�E~�|�;Qy�&�AOLS:�AMRMAK.{}K H ~YK.O"~/{�K&O"Q;TL|.K���S:T s  �MAKV~�S:Q > �;K��&�AOLS:�AMRMAK.{}K H ~&�,�¨�FQZT��&�F{���S:T"K&T6�&K.~"~�K�� H 7~LK H O"�R~�|¤�y�&K.MAMAK��;K¤M�S$~�Q;T"�;Q;MAK H �&K� �� H �.� H O"�A�;�.TLK¥�;K� qS �&� H %F| H |&TLS:MAK}MAK¤�;S:T�S:{��.~LTLK}O�S H O�;�R{}K H OL�R� H S∗ =

s 〈u2〉
ε

�z��S H O�M�S¥�;MAQZ��S:T"~X�ZK&O9K > �(|.TL�AK H �&K.O9K1~��ZK&O9O"�A{�QZM�S�~L�A� H O. S∗
K&O"~
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�.�F{}�ZTL�AO�K H ~LTLK C K.~ �  ({��&{�KVO&2¦�AMz�(K.QZ~/S�~L~�K.� H �ZTLKV�;MAQ;O6T�S:T"K&{�K H ~6�;K&ON0�S:MRK&Q;T"O6�ZK�M=2¦�FTL�ZTLK�;K�)9�FQ<# �¦) 2 � �;��S H O�MAK6�-S:Ox�ZTL|&O"K H ~- �MAS�0�S:MAK.Q;Th�ZQ¥��S:T�S�{}�1~�TLK6�;K��.�AO�S��AMAMRK&{�K H ~��(K.QZ~��1~�TLKK.O"~��R{}|.K/�;KXM�S9 qS��.� H OLQ;�E0:S H ~LK � S∗ =
s 〈u2〉
ε

∼ s(εL)2/3

ε
= s(L2/ε)1/3

�
� H �;T"|&O"K H ~�KX���FQ;T S∗ 1 �  Z)9K.~+29MAK.OxMA�F�RO���2�|.���;K&MRMAK&Oh�;K���Q;K&MR��Q;K&O���Q�S H ~L�R~�|.Ox�Z� H S:{��A��Q;K.O& MRK&O¥ �� H �1~��A� H O@�Z�AO"~LTL�R�;QZ~��R� H O¥�;K �;T"�F��S:�;�RMA�E~�|\3"�F� H ~�K&O$�;K.Oy� H 0�S:T"��S H ~�O Q K1~

R
 ��;QZ�AO$MAK&O

�;K H OL�E~�|.O¤�;K�%FTLS H �;K.Q;TLO¥�Z���8O"�A��Q;K&O¥�;S H O¥MAK@�;M�S H (R,Q)
�x+hK.O¥TL|.OLQ;ME~�S�~LO¤OL� H ~¥�Z�AOL�.QZ~�|.OK H 2Z�J)W���;�h� H �;TLK H �;TLS�OL�F� H �;K H K��;S:O¥�&� H  �� H �;T"K���S:T}M�S O"Q;�R~LK S∗

 hMRKy��S:TLS:{��.~�T"Ky�;K
�.�AO�S��AMAMRK&{�K H ~- 8K.~ S  �MRK�~�K H OLK&QZT6�;K.O��;|. ��FT"{�S�~��A� H O&�

� � ���	�
����
$�#� ��� - ����%(,�,�%E�

5WQZThM�S � %FQ;T"K�2Z�EDNO"� H ~�TLK.�;TL|.OLK H ~L|&K&OYMAK.OhMR�F�AOP�32¦|&���;K.MAMRK&Ox�;K 〈Tr(S2)〉
 W�;KNM=2¦K H O�~�TL�:�;�;�AK� W�ZQ~LT�S H O� �K&T�~d�32¦| H K.TL%F�RKh�;�E08�AOL|���S:T r2

 �K1~d�;K
〈−Tr(S3)〉

���FQ;T¢MAK&O¨�;K&Q > 0�S:MRK&Q;T"O¨�;Q'�;S:T�S:{��.~LTLK�;K��.�AO�S��AMAMRK&{�K H ~ S∗
|.~LQ;�;�R|&K&O. ¢S:� H O"�d��Q;K���S H OXMRK'�-S:OX�AO"�:~�T"�F��K$� S∗ 1 � �1�3GzK.OV0�S:MRK&Q;T"O/�;K&OS:QW~�TLK.OX��S:T�S�{}�1~�TLK.O/OL� H ~ α 1 �  ¦�; β 1 �  ¦�; γ 1 �  JI C  �0:S�MAK&QZTLOX�(�:Q;T/MAK.OL��Q;K&MRMAK.O& 3��S H OXMAK'�-S�O�ROL�:~LTL�F��K6K1~�S-0FK.�/M�S�{�|.~L�;�8�;KNO"K&{��E74�.M�S:O"OL�R�8QZK: 

〈Tr(S2)〉
K.~

〈ω2〉
0F|.TL� � K H ~�MAK6OL�&S:MA� H % ,/�;DK1~�MAK�~�TLS H O� �K&T"~Y�32¦| H K&TL%:�AKVS'MAK/��� H O"�A% H K���0F�:�AT�����S:�Z�R~�T"K/���1�+h�F{�{�Kx� H ���FQZ0�S:�R~dO&2 ��S�~L~LK H �ZTLK: F�X%:T�S H �ZK�|&���;K.MAMAKx~L�FQZ~LK&OBMAK.OB��Q�S H ~��E~�|&OB� H ~P�ZK&OB0�S:MAK.Q;TLO{�� �FK HZH K&OY�;�R?(|&T"K H ~�K.O�OLK&MR� H M=2�S:{}�ZMA�R~LQ;�;KY�;Q$�&�AOLS:�AMRMAK.{}K H ~&��¢�FQ;TY�;K&O�0�S:MAK.Q;TLO��;|.�&TL�:�AOLOLS H ~�K.ON�;KVM=2¦|&���;K.MAMRK: �OLK.Q;MAKVM�S'{�� �FK HZH K9�;KVM=2¦K H O"~�T"�F�;�;�RKXOLK&{9�;MAK�;|.�(K H �;T"K��;K�{��F� H O�K H {}�F� H O��;K S∗

�W�¨�FQ;T
r 1 G��WD 2Z 〈ω2〉
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�� �������������! "����
�� �+%'&��)
$��*
�
��,��D�.- �
*
��� ,#%'&!,�*
�
(R,Q)

GzS � %FQ;T"K 2W� I TLK.�;TL|.OLK H ~LK MAK.O<�;�AO�~�TL�R�;QZ~L�A� H O¥�ZK��;T"�F��S:�Z�AMA�E~�|a3"�F� H ~�K.O<�;K&O@� H 0�S:TL�AS H ~�O QK1~
R
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�;T"�F%FT"K&OLO"�R0:K&{�K H ~- dK > �&K&�W~�|$��S H O'MASy��S:T�~��AK��;Q �;M�S H Q < 0
 
R > 0

�E5 H K1?�K1~- dMRK¤MA� H %�;Qn� 
:~�|
R > 0

�;KlMAS OL|.��S:TLS�~�T"�A�&KlMAS��;�RO"~�T"�A�;QW~��A� H K&O�~<�;K��;MAQ;O�K H �;MAQ;O�|.~��RTL|.Kl�(�FQZT
�;K.O¥0:S�MAK&QZTLO<�&T"�F�AO"O�S H ~�K.O<�;K S∗

�Y+hK �Z�;| H �:{}� H K H K O"K&{��ZMAKl��S:O<O.2JS�~"~�| H QZK&T$�;Kl qS��&� HO"�A% H � � �-S�~��R0:K���Q�S H �$M=2¦|&���ZK&MAMRK/�;�A{�� H Q;K��
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(R,Q)

GUK&O��;K H OL�R~L|&O��;K Tr(S2)
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ω.S.ω

 
−r2Tr(M2M t)

K.~
−Tr(S3)

��S H O�MAKY�;M�S H (Rr, Qr)O"� H ~�TLK.�;TL|.OLK H ~L|&K&O6OLQ;ThMAK&O � %FQ;T"K&O
2Z��)'� 2Z� � � �¢�FQZ~LK&O��&K.O��;K H OL�R~L|&O�� H ~�|1~�|/�&S:MA�.Q;MA|.K&Ox���FQ;T
α 1 �  �2Z β 1 �  ¦��K1~ γ 1 �  JI C  *���FQ;T���Q�S�~LTLKY|&���;K.MAMAK.O��ZKNMA� H %FQ;K.Q;T&�8+h�F{�{�KYO"Q;T�M�S � %FQ;T"K$2Z�JIW � H S¤��S H O/����S��8QZK'�-S:O�T"K&�;T"|&O"K H ~�|�MAK.ONMA�R% H K.ON�32¦�AO"�W�;K H OL�E~�|.O��(�:Q;T S∗ 1 � K.~X)W (�;QZ�AO����FQ;T
S∗ 1 )'K.~ 2Z��¢�FQ;T��;K&O�0�S:MAK.Q;TLO��.TL�F�ROLO�S H ~LK&O��;K S∗

 
Tr(S2)
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:~L|
R > 0

�ZK¥M�S�OL|.��S:TLS�~�T"�A�.K��j���R%;� 2W�J)*�!�B+hK¥�;�Z| H �F{�� H K H K¥OLK&{9�;MAK¥��S�OO.2JS�~"~�| H QZK&TY�;K/ qS��&� H O"�A% H � � �-S�~��R0:KXS:Q > �(K1~��R~LK&O�|&���ZK&MAMRK&O.��¢�FQ;T�MAK.OY%:T�S H �ZK&O�0�S:MAK.Q;TLO��;K S∗
 �M=2¦K H O�~�T"�F�;�;�RK/K&O"~6|&%FS:MAK.{}K H ~�{��F� H Ox�&� H �&K H ~LTL|.K�S:QZ~L�FQ;T�;K6M=2¦�FTL�R%F� H K��9%FT�S H �;KY|&���;K.MAMAK��j���R%;�.2Z�¦���1�Z+hK&��K H ��S H ~- WMA�FT"OL��Q;K r �;�R{}� H QZK ω2

~�K H �¥���1~�TLK�;�RO"~LTL�A�ZQ;|&K/�;KXMAS�{ �.{}K/{}S H �R�&TLKN��S H OYMAK/�;MAS H (R,Q)
��Q;K.MAMRK/�8QZKVO"�F�R~�MAS90�S:MAK.Q;T��;K

S∗
�

� %FT�S H �;KV|&���;K.MAMAK� (���FQ;T��;K.ON0�S:MAK.Q;TLOY�&T"�F�AO"O�S H ~LK&ON�ZK S∗
MAS��;K H OL�E~�|��;K��ZTL�8�;Q;�.~L�A� H �32¦K H 7O�~�TL�:�;�;�AKXK.O"~Y�;KV�;MAQ;O�K H �;MRQ;O�|.~�S:MA|.K: �OLQZT"~��:QZ~Y��S H OYM�S'��S:T�~��RK/�;Q@�ZM�S H R > 0

�q���A%Z� 2Z� C �1�
5 H TLK10:S H ���;K: �MR�FTLO"��Q;K�M=2¦|&���ZK&MAMRK��;�R{}� H QZK ω.S.ω K.O"~Y�;�RO"~�T"�A�;QZ|&K��;K� qS �&� H �;K/�ZMAQ;OxK H �;MAQ;OO"K&{��;MAS:�;MRK��(�:Q;T/MAK.O/�;�R?(|&T"K H ~�K.OV0�S:MRK&Q;T"O/�;Q ~�S:Q > �;K��&�AOLS:�AMRMAK.{}K H ~&�3+h�:{}{�K'��S H OXMRK��-S:O�ROL�:~LTL�F��K: �M�SV��S:T�~��AK H |.%*S�~��E0FK6�;K ω.S.ω �;�F{�� H K�M�SV��S:T�~��AKY���FOL�E~��R0:K � M�SV{}� �FK H;H K��ZKN�&K1~L~LK��Q�S H ~L�R~�|/�&S:MA�.Q;MA|.K/��S:T�M�S�{�|.~L�;�8�;K/OLK.{}��74�&MAS:OLO"�A��Q;K/K.O"~�~��FQ�3"�FQ;TLO H |.%*S�~L�R0FK��+h�F{�{�K/��S H OYMAKX�-S�O6�ROL�:~LTL�F��K: �MRK&O��;K H OL�R~L|&O6�;KV~LT�S H O" �K&T�~Y�32�| H K&T"%F�AKVK.~6�;K −Tr(S3)

OL� H ~~LTL�&O}OLK.{��;M�S��;MAK.O����FQ;T�����S:��Q;K�0�S:MAK.Q;T��;K
(r, S∗)

�j���R%;��2Z� 2 K.~ 2Z� � �1���¨�FQZT��;K.O�0�S:MAK.Q;TLO�.TL�F�ROLO�S H ~LK&O@�;Q ��S�T�S:{��.~LTLK �;K��.�AOLS:�AMRMAK&{�K H ~& x�&K.Oy��Q�S H ~��E~�|.OyOL� H ~@�;K�{}�F� H O<K H {}�F� H O�.� H �&K H ~�TL|.K&O�S:Q£0:�F�AO"� H S�%FK¥�;K<M=2¦�FTL�R%F� H K:��+hK@�;�Z| H �F{�� H K H K<O"K&{��;MRK<��S:O�O&2�S�~L~L| H Q;K.T}�;K qS��.� H OL�R% H � � �-S�~L�R0FKXS�Q > ��K.~L�R~�K.O�|&���;K.MAMAK.O&�

� � ��������@ �#� �� ����C��
��

GUK¥�-S�MA�&QZMx�;K&O�MR�F�AO��32�|.���;K&MRMAK.O��ZK&O���Q�S H ~��E~�|&O��Z� H S�{}�R�8QZK&O�Sl{}� H ~LTL|¤��Q;K� P�(�FQZT9~��FQW~�K&OMRK&ON0�S:MRK&Q;T"O/�;K
S∗

�.� H OL�R�;|&T"|&K.O& UM=2¦K H O"~�T"�F�;�;�RK'{}� �:K H;H K'~LK H ��S��R~/TLS:�;�A�ZK&{�K H ~�0FK.TLOVO�S¤0�S�7MRK&Q;TY��S H ONMAK9�&S:ON�ROL�:~LTL�F��K9���FQ;T6�;K&O60:S�MAK&QZTLON�Z|&�&T"�F�AO"O�S H ~LK&O��;K9M=2¦|&���;K.MAMAK����¨S:TN�.� H ~�T"K: �MRK&O{�� �FK HZH K&O��;K.O�S:QZ~LTLK.Ox%FT�S H �;K&QZTLOx|1~�Q;�;�R|&K.OX� Tr(S2)
 ZMAK�~�TLS H O� �K&T"~x�32�| H K&T"%F�AKNK.~ −Tr(S3)

�
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GB2¦� H ~�K.TL{��R~L~LK H �.KBOL��S�~��A��7 ~�K.{}���FT"K&MAMRK�K.O"~¨�-S:TLS:�.~L|&TL�ROL|.K���S�T¢MAS��&�8K > �AO�~�K H �&K���S H O¢Q H O��8O"~��.{}KO"��S�~��AS:MAK.{}K H ~/|.~LK H �;Q��;K��;K&Q > |.~�S�~�OXMA�8�-S:Q > � M=2¦Q H M�S�{}� H S:�AT"K�K1~VM=2�S:QZ~�T"K'����S:�:~L�A��Q;K��¨GUK�;T"K&{��AK.T¢�Z�F�R~��.~LTLKhMR� H |&S:�AT"K&{�K H ~zO"~�S:�;MRK����FQ'S:�;O"�FTL�;S H ~!�1 ��:2¦K&O�~"74��74�;�RTLK���Q;KhMj2�|1~�S�~¨����S:�:~L�A��Q;K
H KY�;�F�E~���S:O��(�FQW0F�F�RThS:�Z��S:T�S�<A~�T"K�OL��� H ~�S H |.{}K H ~xS:Q}{}�RMA�RK&Q'�32¦Q H K �&� H K6M�S:{�� H S:�AT"K:�:+hK&MAQZ�E7�.� H KX�(K.QZ~�OLKV�;TL�:��S:%FK.T��8QZK�O"K&MA� H Q H �;T"�W�.K&O"OLQ;OY�;KX�&� H ~�S:{}� H S�~L�A� H � C��  C D � �
���d�¨�:{}K&S:Q � C I � S�T"K&{}S:TL��Q;|¤��Q;K¥�.K.~"~�K¥�;T"�F�;TL�R|.~L|¤|.~�S:�R~9M�Sy�&S:T�S:�1~�|.TL�AO�~��R�8QZK¤K&O"OLK H ~L�AK&MRMAK�;KyM�S���K&TL�.�FM�S�~��A� H �;�RTL�A%:|&Ky�ZKlMA�AK H O& �Q H �;T"�W�.K&OLO"Q;O<�;Kl�&� H ~�S:{�� H S�~L�A� H �;�AK H �&� HZH QnK H{�|&�&S H �A��Q;K�O"~�S�~��RO"~��R��Q;K � C ) � ��G¢SY�(K.TL�.�FM�S�~L�A� H �;�RTL�A%:|&K��;KhMR�AK H O��zK.O"~BQ H S:QZ~��:{�S�~LK��.K&MRMAQ;MAS:�AT"K�;|1~�K.TL{�� H �RO"~�KN��S H O�MRK&��Q;K&M(~��FQ;O�MRK&OxO"�R~�K.O��32¦Q H T"|&O"K-S:Q$OL� H ~�O�� H ���;TL� H �AOL|.O6O"�A{�QZMR~�S H |&{�K H ~O"K&MA� H Q H K��;T"�F��S:�Z�AMA�E~�|6�;KV~LT�S H OL�R~L�A� H MR�W�&S:MAK��Z|&��K H ��S H ~N�;KXM=2¦|.~�S�~Y�;K&OYOL�E~�K&O6S:�;�;S:T"~LK H S H ~�lQ H 0F�F�ROL� H S:%FK¥TL|.%FQ;MR�AK&T9�;Q O"�R~LK$�.� H O"�A�;|.TL|:��+h��S��8QZK@O"�R~�K<��K&QZ~�O"K$~LTL�FQZ0:K&T���S H O}�;K.Q >|1~�S�~LO& �Mj2�Q H S:�.~L�R PK.~XMj2JS�QZ~�T"K�S:�;O"�FTL�;S H ~ � Q H O"�R~�K9�;� H ~/~��FQZO�MAK.ON0F�F�ROL� H O�OL� H ~X�;S H O/M=2¦|.~�S�~S:�ZOL�FT"��S H ~¤S�Q H K$�;T"�F��S:�;�RMA�E~�|¤|.%*S:MAK$� Q H �ZK@~�TLS H O"�R~�K.T���S H O��&K${ �.{}K<|1~�S�~&� § � H O"�= B�
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Q H K9�;�R{}K H OL�R� H ���(K.TL�.�FM�S�~L�A� H �;�RTL�R%F|&K}��D��'D �"�/�! �O"�¨MRK&OY�;K&Q > 0:�F�AO"� H OY�32¦Q H O"�R~�KVOL� H ~N��S H OMj2�|1~�S�~9S:�;O"�FTL��S H ~�S:MA�:TLOV�&K¤O"�R~�K�~�TLS H OL�E~�K���S H O9�&K.~�|.~�S�~'S-0FK.�¤Q H K¤�ZTL�F��S��;�AMR�R~�|'�ZK¤Q H  ¢OL�Q H 0F�:�AOL� H K.O"~}��S H O�M=2¦|.~�S�~�S:�1~��R '� § �-�'K1~�Mj2JS�QZ~�T"K$�;S H O�M=2¦|.~�S�~�S:�;OL�:TL��S H ~�� § �,�'S:MA�FT"O�MAKO"�R~�KV~�TLS H OL�E~�KX0FK.TLO § ��S-0:K&��Q H K��;TL�:��S:�;�RMA�R~L|X�;K p �
p
K&O�~�Q H �;S:T�S:{��.~LTLK-�1 �K.~�O"��MRK&ON�ZK&Q >0:�F�AO"� H O6OL� H ~ § ��S:MR�FTLOYMAK�O"�R~LK9�;K10W�RK H ~ § ��S-0:K&��Q H K��ZTL�F��S��;�AMR�R~�|V�;K (1 − p)2

� § � H OL�j (Q HO"�R~�K § �V��K&QZ~YOL��� H ~�S H |&{�K H ~Y�;K.0:K H �RT § �3 ���Q;�F�R�8QZKVO"� H S:�.~L�R08�R~L|/�;Q;�AO"OLKXOLKV�;T"�F��S:%FK.T���S:T�.� H ~�S:{�� H S�~��A� H � 5W�x~L�FQ;O�MAK.O�O"�R~LK&O��;Q O��WO�~��.{}K$OLK$~�TL�:QZ0FK H ~���Q H � H O"~�S H ~}�Z� H;H |$��S H OMj2�|1~�S�~ § � S:MA�FT"O�MAK9TL|&O"K-S:Q TLK.O"~LK��Z| ��H �E~��E0FK&{�K H ~X��S H OX�&K.~X|1~�S�~X�Z�F{}�:%F� H K�� �4M� qS:QW~/�;� H �S:Q9{}�F� H O¢Q H�H � �*S�Q'�;KxOL�E~�K.O § �h���FQ;T¨�8QZK�M=2�S:�.~L�R08�R~L|�O"Kx�;T"�F��S:%FK�� 5 H  qS:�E~- ^�&K.MAMRK174�.� H Kx��K&QZ~O"K��;TL�:��S:%FK.T6��Q;K�O"�
p
K&O"~�OLQ;��|&T"�AK&QZT���Q H K90�S:MAK.Q;T6�.TL�E~��A��Q;K pc � MRK�O"K&Q;�RM¨�ZK��(K.TL�.�FM�S�~L�A� H �GzSN0�S:MAK.Q;Td�;K��.K�OLK.Q;�AMW�;|&��K H ���;Q��;T"�F�;MA�.{}K���S:T�~��A�.Q;MA�RK&T¢�&� H OL�A�Z|&TL|�� H S�~�QZTLKx�;Q�T"|&OLK&S:Q3 *�;Q0:�F�AO"� H S:%:K: ��E�E� ��{}S:�AO�MRK&O/�;T"�F�;T"�A|.~L|&OX�32¦|&���;K.MAMRK&OVS:Q�0F�F�ROL� H S:%FK��;Q OLK.Q;�AMBO"� H ~VQ H �R0:K&T"OLK&MRMAK.O&�5 H �;S:T"~L�A�&QZMA�AK.T& dMAS�~�T�S H OL�E~��A� H �ZK@MAS ��K&T"�&�FMAS�~��R� H K&O"~}Q H K$~�TLS H OL�E~��R� H �;Q O"K&�&� H ���FT"�;TLK

���&� H ~�� H Q;K �! ¨MRK��;S:T�S:{��.~LTLK��32¦�FTL�;T"K����FQZ0�S H ~��.~�T"K�MAS$�;K H OL�E~�|}�;K�O"�R~�K.O9S��.~��E �O&� § Q874�;K.OLOLQZO�;Q OLK.Q;�AM��
p > pc

�1 PMAK<T"|&OLK&S:Q�K.O"~¤Q H {�|&M�S H %FK<O"~�S�~��RO"~��R��Q;K&{�K H ~}O"~�S�~��A� H;H S:�RTLK¥�;K@OL�R~LK&OS:�ZOL�FT"��S H ~�O�K.~YS��.~��E �O& W�-S:TLS:�.~L|&TL�ROL|X��S:ThQ H KX�;K H OL�R~L|X{}� �FK H;H K d �;K/OL�E~�K&O�S��.~��E �O&����Q�S H � p~LK H �<0FK.TLO pc �;S:Tx0�S:MAK.Q;TLO�OLQZ�(|.TL�AK.Q;TLK.O& d(p) ∝ (p− pc)
β
�

GzSx�&� H 3"K&�1~�Q;T"K��ZK��¢�F{�K-S:Q � C I � �.� H OL�RO"~LKB�;� H ���x�&� H OL�R�;|&T"K&TzM=2¦|.0:�FMAQZ~L�A� H OL��S�~L�A��7=~�K.{}���FTLK.MAMRK�;K$M�S���K&TL�.�FM�S�~��A� H �Z�ATL�R%F|&K<�.�F{}{�K<Q H K$TLK.�;TL|.OLK H ~�S�~��R� H OL�R{}�ZMA� � |&K¥�;K.O�TL|.%F�A{�K&O��32 � 5 �/�GB2¦|.~�S�~yS��;OL�FT"��S H ~��qTLK.OL�3�YS:�1~��E ��¤TLK.�;TL|.OLK H ~LK�S:MR�FTLO<Mj2�|1~�S�~<MAS:{}� H S:�RTLK ��TLK.OL�3�Y����S:�:~L�A��Q;K-�1�
GUK�O�S:QW~@�.� H �.K&�Z~LQ;K&MVK&O�~y| H �FTL{�K: h�-S:T<� H �&�F{���S:T"K��;K��&K.~"~�K {�S H �A�.TLKl�;K.O@O"�R~�Q;S�~��R� H O�*�8�;TL�8�Z� H S:{��A��Q;K.O'�&�F{��;MRK > K&O. d�;|&�.TL�E~�K&O���S�T��;K&O�|.�8Q;S�~��R� H O�S:Q > �;|&T"�R0:|&K&O���S�T"~��RK&MRMAK&O. ��
Q H OL�R{}�;MRK��;TL�8�&K.OLO"Q;Ox�;KY�&� H ~�S:{}� H S�~L�A� H O�~��8����S:O"~L�A��Q;K��;5yS��AO��AM H KYOLK.T�S:�E~��;S:OhO"Q;TL�;T"K H S H ~��Q;K�MRK&O}�;TL�F�ZTL�A|1~�|.O�O"~�S�~��RO"~L�A��Q;K&O�%F| H |.T�S:MRK&O}�;K�M�S�~�TLS H OL�E~��R� H S�Q�����S:�FO}0W�AS � 5 � OL�:�AK H ~Q H �R0FK.TLO"K&MAMRK&O. ��:2¦K&O"~�7���7 �;�AT"K/��Q32�K.MAMRK&O H KX�;|.�(K H �;K H ~N��S:O��;Q¥~4�8�(KV�;KXO"�8O"~L�&{�K�|1~�Q;�Z�A|:�GzS��&� H 3"K&�1~�Q;T"K/�;KX�¨�F{�K-S�Q${}S:T"�8QZK�M=2¦�AT"TLQ;�Z~L�A� H �;K&O��;�Z| H �F{�� H K&O��&T"�R~L�A��Q;K&O��;S H O�M=2¦|.~LQ;�;K�;K�MAS�~�T�S H OL�E~��A� H S:Q����;S:�FOVOL��S�~L�A��7=~�K.{}���FTLK.M= �K.~V�;� H ���ZK�MAS H �:~��R� H �;K��&MAS:OLO"K���2�Q H �R0FK.T�7OLS:MA�E~�|:�B3 H K��.M�S:O"OLK�TLK.%FTL�FQZ�(K�~L�FQ;O<MAK.O¥�;�;| H �F{}� H K&O$�;� H ~<MRK&O¥�;T"�F�;TL�R|.~L|&O<�&T"�R~��R��Q;K&O<S:Q0:�F�AO"� H S:%:K��ZK�M�S<~�TLS H OL�E~��R� H O"� H ~��R�;K H ~��R��Q;K&O. ¨�.K&O9�ZK&T H �A�&T"K&O�|1~�S H ~9�-S:TLS:�.~L|&TL�ROL|.K&O9�;S:T9Q H��K.~L�R~ H �F{9�;TLK��32¦K > �(�:O�S H ~�O¥�q�;�E~�OXK > ���FO�S H ~LO9�&T"�R~L�A��Q;K&O��1�z��S H O9MRK��&S:OV�;K}MAS$��K&T"�&�FMAS�~��R� H�;�RTL�R%F|&K� B� H {�K&OLQZTLK�K H %F| H |&T�S�MNMAK.O��.� H � K > ���FO�S H ~LO¤OLQZ�R0�S H ~�O�� ε K&O�~¥MAK$��S:TLS:{}�1~�T"K@�;K�.� H ~�T�
:MAK: εc O�S'0�S:MAK.Q;Tx�.TL�R~L�A��Q;K� L K&O�~YM�S�~�S:�RMAMRKN�;Q$O"�8O"~L�&{�KXK.~

t
MRK�~�K.{}�;O�� � C � � �

¡ α
�-S:TLS:�.~L|&T"�AOLK MASn�Z|&�&T"�F�AO"O�S H �&K S:MA%F|.�;TL�R��Q;K��;Q ��S:TLS:{}�1~�T"K �32��:TL�;T"K

m
S:Q OLK&QZ�AM��;K

M�S�~LT�S H OL�R~L�A� H K H ��S�T"~�S H ~¤�32�Q H K��&� H �;�R~L�A� H � H �E~��AS:MAK<�;|.�&�FT"TL|&MR|&K��;S H O¤MAS �;��S:O"K § � �
lim
L→∞

m(εc, L, t) ∝ t−α
 
t� t0¡ β

�-S:TLS:�.~L|&T"�AOLKYM�S/0�S:TL�AS�~��R� H K H MA�F���;K6�;Q;�ROLO�S H �&K6�;Q���S�T�S:{��.~LTLKY�32��:TL�;T"K6MR�FTLO"�8Q�2�� H O&2�S:�W7�;TL�8���;KX�;Q$OLK.Q;�AMU��S�Tx0:S�MAK&QZTLO�OLQ;��|&T"�AK.Q;TLK.O � lim
t→∞

lim
L→∞

m(εc + δε, L, t) ∝ δβ

¡ z
�&S:T�S:�1~�|.TL�AO"K'M�S¥�;�E0FK&T"%FK H �&K}S:MA%F|.�;TL�R��Q;K'�;K�M�S¤�;QZTL|&K��;K'08�AK�{��^�:K H;H K τ �ZK}MAS¤�;��S:O"K§ ��S:QlOLK.Q;�AM¨�;K'M�S�~�T�S H OL�E~��A� H MA�FT"OL��Q32¦� H S:Q;%:{}K H ~LK�M�S�~�S:�RMAMAKX�;Q�O��WO�~��.{}K � τ(εc, L) =

〈τs(εc, L, s)〉s ∝ Lz¡ ν⊥
�-S:TLS:�.~L|&T"�AOLK�MAS<�Z�R0FK.TL%FK H �&K��;K�M�S¥MR� H %FQ;K.Q;T/�;K��&�FT"TL|.M�S�~L�A� H ~LK&{��(�:TLK&MRMAK ζ⊥ �;S H OXM�S

 �



�;��S:O"K § �XMR�FTLO"�8Q�2�� H O.2JS:�Z�;TL�8���;KV�;Q@O"K&Q;�RM � lim
t→∞

lim
L→∞

ζ⊥(εc + δε, L, t) ∝ δ−ν⊥

¡ ν//
�&S:T�S��.~�|.TL�ROLK�M�S��Z�R0FK.TL%FK H �&K��;K�MAS�MA� H %:Q;K&Q;T��;K��&�FT"TL|&MAS�~��R� H O"��S�~��AS:MAK ζ// ��S H OPM�S��Z��S:OLK§ �XMA�FT"OL��Q32¦� H O.2JS��;�;TL�8���;KV�;Q$OLK&QZ�AM � lim

t→∞
lim
L→∞

ζ//(εc + δε, L, t) ∝ δ−ν//

5WK.Q;MAO¨~�TL�:�AO¢�32�K H ~�TLK�K.Q > O"� H ~B� H �;|&��K H �;S H ~�O&� 3 H Kx{}S H �R�&T"KhOL�R{}�ZMAK��;Kx{�� H ~�TLK.T���Q32¦Q H O"�8O�7~L�&{�K H 2¦K&O�~x��S�Oh��S H O�MASV�.M�S:O"OLKN��2�Q H �R0FK.TLOLS:MA�E~�|Y�;KNMAS���� �q�N�AT"K&�.~LK&���¨K&T"�&�FMAS�~��R� H �d�&� H OL�RO"~�K�'{�K&OLQZTLK&T��.K&OYK > �(�:O�S H ~�OYK.~Y��{�� H ~�TLK.T���Q32��RMAO H KXO"� H ~6�;S:O�|&%*S:Q > �'�&K&Q > �;KXM�S'���¢�GzS�0F|.TL� � �-S�~L�A� H �;K<MAS��&� H 3"K.�.~LQ;TLK<�;K$�¨�:{}K&S:Q �;TL|.OLK H ~LK&T�S��R~�Q H �;�FQ;�ZMAK¥� H ~L|&T��1~-�P�92¦Q H K��S�T"~- B� H {�� H ~�TLK.T�S:�E~�Q H K$|&��Q;�E0:S�MAK H �&K$K H ~�T"Ky�;K.O�O"�8O�~��&{�K&O}�;|.~LK&T"{}� H �AO�~�K&O�K.~}O"~L�W���;S:O�7~L�A��Q;K&O. 6K1~l�32�S:QZ~LTLK �;S:T"~y� H %*S:% H K&TLS:�R~@�;K&OyTLK H OLK&�R% H K.{}K H ~LO�OLQZTyM�S H S�~LQ;TLK��ZQ	����S:�FO
O"��S�~��R��7 ~LK&{��(�:TLK&M3�=+=5 �Y�! W�&S:TPM=2�S:�;��S�T"~�K H S H �.K��32�Q H �;�;| H �F{�� H KN�VQ H K6�.M�S:O"OLK��32¦Q H �E0FK&T"O�S�7MR�R~�|/��K&T"{}K1~Y�;K9�.� H;H S=<R~�T"KVMRK&OY�;TL�8�&K.OLO"Q;O��Z� H S:{��A��Q;K.O6�Z�F{}� H S H ~�OYS:Q$0F�F�ROL� H S:%FKX�;Q@OLK&QZ�AM�;K�MAS/~LT�S H OL�R~L�A� H � § � H OL�j FM=2¦K > �RO"~�K H �&KY�;K��;MRQ;OL�RK&Q;T"O��.M�S:O"OLK.O& �K.~��;� H �Y�ZK6�;MRQ;OL�RK&Q;T"OPOL�&| H S:T"�A�FO�;K/~LT�S H O"�R~L�A� H  W{}� H ~LTLK.T�S:�E~�M=2¦K > �AO�~�K H �&KX�;KX�;�E?�|.TLK H ~LO�~4�8��K&OY�;K�+=5 �/�
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q = qc

�

��S H O<MAK��&S:O<�;K&O<��S:O"OLK.O$08�AO"�&�FO"�R~L|&O �j�¨�A%;�h#Z�����q�,�"�1 xMRK��&�F{����FT"~LK&{�K H ~¥�;Q O"�8O"~L�&{�K�K&O"~
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Γ+(N)
K.~

Γ−(N)
�;| �;H �AO���S:T�MRK&O�T"K&M�S�~��A� H O �  �   ZD � �

Γ+(N) =
〈
Ci∈α(N)

〉

Γ−(N) =
〈
Fi∈α(N)

〉

���
α(N)

K.O"~YM=2¦K H OLK&{9�;MAK/�;K.O6� H �;�R�&K&O��ZK&O��A{}S:%FK.O��(�FQZT�MAK&O"��Q;K&MRMAK&O��RM��<S N �&�:MA� H;H K&O&�
Γ+(N)

K.~
Γ−(N)

O"� H ~h�Z� H �YMAK&O H �F{9�;TLK.O�{�� �FK H O��;KY�&T"|-S�~L�A� H O�K1~h�;K� �Q;O"�A� H OPO"K6�;T"�W�ZQ;�E7OLS H ~x��K H ��S H ~ ∆t 1 D �:I C OxMR�FTLO"��Q32��RM���S N �&�:MA� H;H K&Oh�;S H OhMRKNO��WO�~��.{}K��;GzS9{�K&OLQZTLKN�ZK��&K.O��Q�S H ~L�R~�|.OxMA�:� H K1~��;T"�&Ox�;Q<O"K&Q;�RM(�;� H;H K/MAK.OhT"|&OLQZMR~�S�~�Ox�;T"|&O"K H ~�|.OYO"Q;T�MAK.O � %:Q;TLK.O�#Z�RD&�,�jS*�PK.~���,�1��GUK.O � %:Q;TLK.O6#W�RD-���q� �hK1~9�q�,�h{�� H ~�T"K H ~YMAK&O��Z�AO"~LTL�R�;QZ~��R� H Ox�ZK N �.�FTLT"K&O"�(� H ��S H ~�K.O&�GU�F� H �;Q�O"K&Q;�RM��q���A%Z��#W�RD-���jS*�"�1 PMAK$~�S:Q > �;Ky�&TL|&S�~��R� H O}�;|&�.TL� <R~�MR� H |&S:�AT"K&{�K H ~�MA�FT"OL��Q;K NS:QZ%F{}K H ~�K � M�S��;K H OL�R~L|��32¦�F�S3"K1~�O���S H O�MAKVO"�8O�~��&{�K'|.~�S H ~��;K9�;MAQ;O6K H �;MRQ;ON%:T�S H �ZK: ��AMz�yS�;KN{}�F� H OhK H {}�F� H Oh�ZK/�&TL|&S�~��R� H Ox�ZK/�&�FMR� H;H K.O&�;GUKN~�S:Q > �;K� �Q;OL�R� H O Γ−

K.O"~�Q H K� �� H �.~L�A� H�.TL�F�ROLO�S H ~LK��;K N � �;MRQ;OhMAS��;K H OL�E~�|XS:QZ%F{}K H ~�K: 8�;MRQ;OxM�SV�;TL�:��S:�;�RMA�R~L|��8QZK/�;K&Q > �&�:MA� H;H K&OxO"KT"K H �.� H ~�TLK H ~�K.~��&�FS:MAK.OL�&K H ~�K&O"~x�A{��(�FT�~�S H ~LK:� �4M�K&O�~�OLQ;T"�;TLK H S H ~Y��Q;K Γ−

OL�F�E~xQ H K� �� H �.~L�A� H��Q�S:O"�E7 MA� H |-S:�RTLK��;K N � � H O.2JS�~"~�K H ��S:�E~��;MAQW~

:~x��Q H K��;|.�(K H ��S H �&KX��Q�S:�;TLS�~��R�8QZK�K H N  ;�-S:T
MAS��;TL�:��S:�;�RMA�R~L|X�;K'TLK H �&� H ~LTLK'�;K'�;K.Q > �.�FMA� H;H K&ONK&O"~VS¤�ZTL�A�:TL�¢{�Q;MR~L�A�;MRKX�;K N × N

�3�¨�:Q;T
MRK&Oh%:T�S H �ZK&Ox0�S:MAK.Q;TLOh�;K N  ZMAK6~�S:Q > �;KN �QZOL�A� H OxK&O�~��;|&�.TL�F�ROLOLS H ~ � �.K/�&�F{��(�:T"~�K.{}K H ~ H 2¦K&O�~��S�O�OLQ;T"�;TLK H S H ~��-S�T�MAK.O9%FTLS H �;K.O�0:S�MAK&QZTLO9�ZK N �&�:TLTLK.OL��� H �;K H ~����;K&O�O"�R~LQ�S�~��R� H O���� MAK
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K.~
Γ−(N)

O&2¦� H ~�K.TLO"K&�.~LK H ~�Q H KV ��:�AO&�;GP2¦� H ~LK&TLO"K&�1~��A� HK.O"~YQ H �(�F� H ~ �Z> K�O�~�S:�ZMAK: ;S:OLO"�W�.�A|V�'Q H {}S > �A{9Q;{ �ZKV�ZTL�F��S��;�AMR�R~�|6�;K
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N
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H �:{��;TLK9�;K��&�:MA� H;H K&O& �K.~/��S�T�M���{��&{�K��;K'MAS��;�RO"~�S��;�AMR�R~�|X�;QlO��8O"~��.{}K���S H O/Q H K'%*S�{}{�K�;K/0�S:MRK&Q;T"O��;Q@�Z|&�;�E~-�
� H S¤0WQ���Q;K�MA�:� H �;Q�OLK.Q;�AM��AM�|1~�S:�E~X�(�:OLOL�R�;MAK9�32JS��;�;TL� > �A{�K&TNMAK&O�~�S:Q > Γ+(N)
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O]L^C'X Γ+(N) B
P Γ−(N) A�L^ISNKISC?BKQSISO,J#B�DSBKl`O#X`H�L`X
O,P4@
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D�I0X`B
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C�PTF�I�Z_A�L^O,C�P�X � Z2B�XaX
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p(N, t+ dt) = p(N, t) − [Γ+(N) + Γ−(N)] p(N, t)dt
+Γ−(N + 1)p(N + 1, t)dt
+Γ+(N − 1)p(N − 1, t)dt

���l� H S¤OLK&QZMAK&{�K H ~XO"Q;�;���FOL|'��Q;K�MAK.ON~�S�Q > Γ+(N)
K1~

Γ−(N)
|.~�S:�AK H ~�� H �;|.�(K H ��S H ~LOV�ZQ~LK&{��;O& 8K.~���Q;K/��K H ��S H ~ dt �AM H K����FQZ0�S:�E~x��S�Oh�¤S-0:�F�AT��;MAQ;O��32¦Q H K/�&T"|-S�~L�A� H K.~��;MRQ;Oh��2�Q H K �Q;O"�A� H ���S H ONMRKVT"|&%F�R{}KVS:O��8{}�Z~L�:~��R��Q;K: ,�:2¦K&O�~"74��74�;�RTLKX��Q�S H � p(N, t) = p(N, t + dt) ≡ pN

 ,�&K1~L~�K
|.�8Q;S�~��R� H �;K.08�AK H ~ �

Γ+(N)pN = Γ−(N + 1)pN+1

�j#Z�ED^�
��S H O H �:~�T"KXO"�8O"~L�&{�K: ,MA�F� H �;Q$OLK.Q;�AMj ;� H S�TLS:�AO"� H;H S��;MAK.{}K H ~ �

{
Γ−(N) = aN
Γ+(N) = c− bN

�j#Z�JIF�
���

a
 
b
K1~
c
OL� H ~Y�;K.O6�.� H O"~�S H ~�K.O&�

5 H H �:~�S H ~ N0 = c/b
K1~
α = a/b

K.~VK H � H ~LTL�8�;Q;�RO�S H ~/MAS¥ �� H �.~L�A� H %F| H |&TLS�~�T"�A�&K G(z) =∑
∞

N=0 z
NpN

 �MAK.O�|&��Q�S�~L�A� H O��q#Z�RD �hK.~9�j#Z�JIF���R{}�ZMA�A��Q;K H ~ �

N0G(z) = (z + α)G′(z)

GzS'OL�FMRQZ~��R� H �;KX�&K1~L~LKV|.��Q�S�~��R� H �;�R?(|&T"K H ~��RK&MAMRKN��Q;�30:|&TL� � KVM�S��&� H �;�R~L�A� H �ZK H �FTL{}S:MA�RO�S�~L�A� H
G(1) = 1

K&O�~ �

G(z) =

(
z + α

1 + α

)N0

��T& ZQ H K/ �� H �1~��A� H %:| H |.T�S�~LTL�A�.K/�;KXM�S� ��FT"{}K G(z) = [zq + (1 − q)]N0

K.O"~6S:OLO"�W�.�A|.K��'MAS
MR�F���;� H �F{���S:MRK p(N) = N0!

N !(N0−N)!
qN(1 − q)N0−N

�  FI � �
5WQZT�M�S � %FQ;T"K�#Z�ED C O"� H ~BOLQ;��K&T"�(�:OL|&K.OPM�S6�Z�AO"~LTL�R�;QZ~��R� H �ZKxM�S6���A%;��#Z�ED-�,��� �¢S 0:K&��MAS6�;� H �F{���S:MRK~LK&MAMRK'��Q;K

N0 = c/b
K.~
q = 1/(1 + a/b)

 ¢MRK&O/0�S:MAK.Q;TLOX�;K
a
 
b
K.~
c
|.~�S H ~9�:�Z~�K H QZK&O9�;S:TS�3"QZO"~�K.{}K H ~��;K&O��&�:Q;TL��K&O Γ+(N)

K.~
Γ−(N)

O"Q;T�M�S'���R%;�W#Z�RD&�,�jS*�!�;GUK&O��;K.Q > �Z�AO"~LTL�R�;QZ~��R� H OO"� H ~�K H �(� H S:�&�.�FTL�3�;G¢S��Z�AO"~LTL�R�;QZ~��R� H �ZQ H �F{��;T"K/�;K/�&�FMR� H;H K.Ox��S H O�MAK�T"|&%F�R{}K6�;K/����S:�FOO"��S�~��R��7 ~LK&{��(�:TLK&M�K&O�~N�Z� H �X�;�AK H Q H KX�;� H �F{}�AS:MAK��
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8:9,;=< #Z�ED C � �$� L^O �dO,C?L^RaO!F�J#B�DSL^C�P J#B�X�A'F�NvF�RK�
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P Γ−(N)
X
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y0X
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P!N
O��dISP!O]L^C D�IfC?L^R �dN�B0DSB0H�L^J#L^C�C?B�X
RKB�X
ISN�@�BaBvZ[A�@
N&O,RKB
C�P]F�J#B
RKB
C�P=q�UsO�MGz �Gz � ~ qvH4y�y�z

� \���\ _ e bdc o b�b eji�k

�Y�FQ;O¨S 0:� H Od�&S:T�S��.~�|.TL�ROL|�MAK&Oz~�TLS H O"�R~��R� H O¢S:Q�����S:�FO¨OL��S�~L�A��7=~�K.{}���FTLK.MF���FQ;T¢MAK&O¢��Q;�AMRK&O¢�;KP0W�RO�7�.�FOL�E~�|&OB~4�8�;�R�8QZK&O
ν 1 C�� {�{ � ��OPK.~ ν 1 I � {�{ � ��O& ��XM=2�S:�R�;Kx�;K���Q�S�~LTLK�~�T�S��&K&QZTLOP�;�R?(|&T"K H ~�O �MRK H �F{��;T"KP�;K��.�FMA� H;H K&O. M�Sx �T�S��.~��R� H �32¦K H ~�T"K�K.MAMAK.OzS-�*S H ~¨OL� > �;MAQ;Oz�;T"�W���ZK&O¨0:�F�AO"� H K.O& Mj2�|.�-S:T�~"7~4�8��K6�;K.Oh�;�RO"~�S H �&K.OhK H ~LTLK6�;�*0}K1~hMAS� �T�S:�1~��A� H �;KY�&T"|-S�~L�A� H O �� �Q;O"�A� H O&�8GUK&O��;��S:%:T�S:{�{}K.OB�;K&O�;�;S:OLK.Od�&� H O"~�T"Q;�R~LOd�N�;S:T"~L�AT¢�;K&Od�;S:T�S:{��.~LTLK.O��32¦�FTL�ZTLKx�;|.TL�E0F|&O��;Kh�.K&Od~�TLS:�&K.Q;TLO¨OL� H ~B�.� H �.�FT�7��S H ~LO��32�Q H ���F� H ~��;K/08Q;KV��Q�S:MA�E~�S�~L�R ��qS:Q${}�F� H Ox���FQ;T ν 1 C!� {�{ � ��O��!� �4MAO�{�� H ~�TLK H ~Y~L�FQ;OQ H K¤S:Q;%:{}K H ~�S�~��R� H �;TL�F%:TLK&O"OL�E0FK¤�;Q �;|&O"�FTL�;T"K¥�@�;S:T"~L�ATV�;Q�OLK.Q;�AM��;K}M�S¥~�T�S H OL�E~��A� H  zS:� H OL���Q32¦Q H TL|&%:�A{�K/�;KX�;�AO�~�S:�;�RMA�E~�|Y�;TL�.O6�;KX�.K&MAQZ�E74�.�=��¢�FQ;T"~�S H ~- W�32�Q H �(�:� H ~x�;KY08Q;K/��Q�S H ~��E~�S�~L�R �~L�FQ;Ox�.K&Ox�;S:T�S:{��.~LTLK.Oh�32¦�FTL�ZTLK H K6�;� H;H K H ~���S:OMRK&OP{ �.{}K.OPTL|&O"Q;MR~�S�~�O.�8��S H O��&K.T"~�S�� H O��-S:O�M�S/�;TLS H ���;K6�;Q��Z��S:%FTLS:{�{}K��;K&O��;��S:O"K&OxS�OLOL�8�&�R|&K�lM�Sy~LT�S H OL�R~L�A� H S�Q£���;S:�FO�OLQ;�E~�Q H K<MA�F���;K<�;Q;�ROLO�S H �&K���GUK.O�K > �(�FOLS H ~�O���Q;K H �FQ;O�S-0F� H O{�K&O"Q;TL|.OYO"� H ~YMAK&O�O"Q;�R0�S H ~�O �

ν 1 C�� {}{ � ��O ν 1 I � {}{ � ��O
〈1 −N/Nlam〉

�  JIFI ± �  �*C ×
〈1 − f〉 �  RD � ± �  �*C �  �) � ± �  �FC
σd

�  ED � ± �  �*C �  RD-� ± �  �*C
〈(Ci + Fi)/Ni〉

�  C 2 ± �  �*C ×
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GUK��&S:O¥�;KlM=2¦��Q;�AMRKy�;K�08�ROL�&�:OL�R~L|
ν 1 I � {�{ � ��O¥K&O�~<�;� ���&�RMAKy���;�AO"�&QZ~LK&T& x� �&S:Q;O"Kl�;KlM�S

�;T"|&O"K H �.K��ZK&O/�FO"�&�AMRM�S�~L�A� H OY�ZK'MA�A% H K&O6�8QZ�E3"�FQ;K H ~�MAK�T 
FMAK��;K'�(K.T"~LQ;TL��S�~��A� H ON�32�S:{��;MA�E~�Q;�ZK&O
��H �AK&O�S:Q'0:�F�AO"� H S:%:K��;Q�O"K&Q;�RM=�*��S H OPMAK��-S�O��;K�Mj2���Q;�RMAKx�;K�08�AO"�&�FO"�R~�| ν 1 C�� {�{ � ��O& F~LTL�F�ROB�;K&OK > ���FOLS H ~�OX{}K.OLQ;T"|&O/� H ~X�;K.O�0�S:MAK.Q;TLON~LTL�.O� qS:�A�;MRK&O. ��&K'��Q;��OL�A% H K���K&QZ~�7 �.~LTLK'MRK9 qS:�R~N��Q;K'M�S~LT�S H O"�R~L�A� H K&O"~��;�AO"�&� H ~�� H Q;K:�65WK&MR� H MAK���S:TLS:{}�1~�T"K9�32¦�FTL�ZTLK�MR�A|�S�Q > +����h (�.K.~"~�K�~�TLS H O"�R~��R� HK.O"~'�.K&��K H ��S H ~��.M�S:�RTLK.{}K H ~��&� H ~L� H Q;K�� �4M H �FQ;O9 qS:QW~��;� H �¤�;�AO"�&QZ~LK&T��ZK¤M�S$�(K.T"~�� H K H �&K¤�;K����S��&Q H �;K&OY��S:TLS:{��.~�T"K&O��32¦�FT"�;TLKX��Q;K H �FQ;OYS-0F� H O6QZ~L�AMR�AOL|.O&�GUK&O���S:TLS:{��.~�T"K&O

〈1 − f〉
K1~
σd H K$OL� H ~}K H  qS:�R~���S�O�~L�FQ^3"�FQ;T"O H Q;MRO}�;S H O�MAK<�-S:O���� MAK

O��WO�~��.{}K�K.O"~N��S H O6M=2¦|.~�S�~NMAS:{}� H S:�RTLK:� 5 H K.?(K.~& (MR�FTLO"�8QZK9MAK.ON�.�FMA� HZH K&OYOL� H ~/�:TL%*S H �AOL|.K&OYOLQ;TQ H TL|.OLK&S:Q9�;K > S:%F� H S�M�S 0:K&���;|. qS:QW~�Oz~��F���FMA�:%F�A��Q;K.O3�FQVK H �ZTL|&O"K H �.Kh�32¦�FO"�&�AMRM�S�~L�A� H O��;K�MA�R% H K&O. ~L�FQZ~�K.O H 2�� H ~P�;S:OPOL� > �;MAQZO��ZTL�8���;K&OB0F�:�AOL� H K&O. *K.~PMRK&Q;T"O��Z�AO"~�S H �.K&O�S-0FK&�Y�&K.OP�;�*0 H K�OL� H ~���S:O ��FT"�&|.{}K H ~x|&%*S:MRK&Oh��M�S9MR� H %FQ;K.Q;Th��2�� H �;K/�;Q¥TL|.OLK&S:Q<�;K > S:%F� H S:M=�W�92�S:QZ~LTLK/��S:T�~- WM�S�{�K&O"Q;TLK�;K
f H K���K&TL{�K.~���S:O��;K}~LK H �ATX�&�F{��Z~LK��;K�M�S$�Z� H S:{��A��Q;K��;K&O��&�FMR� H;H K.O���|&T"�A�;�;|.TL�R�8QZK&O&�+hK1~L~�K��Z� H S�{}�R�8QZK73"�FQ;K����FQ;T"~�S H ~PQ H T�
FMRKxK&O"OLK H ~L�AK&M�S:Q'0:�F�AO"� H S:%:K��;Q�OLK&QZ�AM=�FGzK���S�T�S:{��.~LTLK

〈1 −N/Nlam〉
�;T"|&OLK H ~�K���Q�S H ~X��MRQ;�¨Q H � H �.� H 0F| H �AK H ~X{}S�3"K&QZT � OLS¤�;| �;H �R~L�A� H@H |&�.K&OLO"�R~LKMj2�� H ~LTL�8�;Q;�1~��A� H �32¦Q H �;S:T�S:{��.~LTLK� Nlam

�^+hKP�;K.T H �RK&T H 2¦K&O�~��;KP�;MRQ;OU��S:O3~L�FQ^3"�FQZTLOz�;�AK H �;| ��H �= K H ��S�T"~��R�&Q;MR�AK.ThOL�UMj2�|1~�S�~�MAS:{�� H S:�RTLKY�&� H ~L�AK H ~Y�;K.OY�Z|. qS:QZ~LO�~��F���FMA�:%F�A��Q;K.O&�GUKB{�K&�AMRMAK.Q;T(�ZK&OU��S:TLS:{��.~�T"K&OU�32¦�FT"�;TLKB��Q;K H �FQZOzS 0:� H OzQZ~L�AMA�ROL|.O�OLK.{��;MRK �.~�T"K 〈(Ci + Fi)/Ni〉
 

MRK6~�S�Q > {�� �FK H �;K/�.TL|&S�~��R� H O �^ �Q;OL�R� H O&� 5 H K.?(K.~- Z�&K/��S:TLS:{��.~�T"K�K&O�~�~��FQ�3"�FQ;TLO H QZM3��S H O�MRK&O�.� H K&O}M�S:{�� H S:�AT"K&O& ¢��Q;K&MRMAK$��Q;K@O"�F�R~�MRK&Q;T�~��F���FMR�F%F�AK� �K1~�OLS��;| ��H �R~L�A� H H K H |&�.K&O"OL�R~LKyMj2�� H 7~LTL�8�;Q;�.~L�A� H �32�S:Q;�.Q H �;S:T�S:{��.~LTLK����NK��ZMAQ;O. �OL�/�&K�~�S�Q > {}� �:K H K&O"~@�&� H O"~�S H ~y��S H O@MRK&OT"|&%F�R� H O��;|.OL�FT"�;� H;H |&K&O. z�&K���Q;�dK&O�~X0WTLS:�BS:Ql{��F� H O��;T"�&OX�;Q�OLK.Q;�AMd�ZK'M�S�~�TLS H O"�R~��R� H  (S:MA�:TLO
〈(Ci + Fi)/Ni〉

{}K.OLQ;T"K�M�S$ �T�S:�1~��A� H ����S:��~��A��Q;K�{}� �FK H;H K¤�;S H O�MRK�O"�8O�~��&{�K:�B� H Sy�;� H �S:�.�&�.O��9M=2¦Q H �ZK&OxK > ���FOLS H ~�O��;K�MAS���K&T"�&�FMAS�~��R� H �Z�ATL�R%F|&K � M=2¦K > �(�:O�S H ~ β  8�8QZ��{�K&OLQZTLK�MASV0�S�7T"��S�~L�A� H K H MR�F�,�;KN�ZQ;�AO"O�S H �.K��;K�MASX �TLS:�.~L�A� H ~�Q;T"�;Q;MRK H ~�K Ft MA�:TLOL��Q32¦� H O.2JS��;�;TL�8���;K��ZQ¥OLK&QZ�AM��S�T�0�S:MAK.Q;TLOBO"Q;�(|.TL�RK&Q;T"K&O&�8+hK1~�K > �(�:O�S H ~PK&O�~�K H �;TL� H �&�R�(Kh�;| ��H ����S H OBMAS�MA�A{��R~LK�~L�;K&T"{}�8�Z�*7
H S�{}�R�8QZK: ��:2¦K&O�~"7��^74�;�RTLKY�(�FQZT�Q H O"�8O"~L�&{�K��;K6~�S:�AMRMAKx� HZ��H �RK: �{}S:�AOPM�SV{}K.OLQ;T"KN�;K6M=2¦K > ���FO�S H ~�.�FTLT"K&OL��� H �;S H ~6�;S H O�MAK/�&S:O��32�Q H O��WO�~��.{}K ��H �UK H �;� H;H KXQ H KV� H �Z�A�-S�~��A� H T�S:�ROL� HZH S:�;MRK:�
�Y�FQ;OdS-0:� H OB�;� H �h{�K&OLQZTL|x��S H O H �:~LTLK�O"�8O"~L�&{�KxQ H Kh0�S:MRK&Q;T¨�;K β �;KhM=2¦�FTL�;T"K��ZK �  C 2 ± �  �*C �5 H ��K&TL�.�FM�S�~��A� H �;�RTL�A%:|&K}�lI ��D¥�;�A{�K H OL�A� H O& z� H S

β ≈ �  C  � C ) � � �6�:~LTLK¤{�K&O"Q;TLK��;K
βO"Q;�;���FT"~LK9�;� H ��M�S��&� H 3"K&�.~LQ;TLK9�;K'�¨�:{}K&S:Q � � D � �U+N2¦K&O�~/M�S��;TLK.{}�R�&T"K� ��F�RO6��Q32¦Q H K > ���FO�S H ~K H S:�.�&�FT"�yS-0:K&�V�&K&MRQ;�3�;KXMAS��N� K&O�~6{�K&O"Q;TL|X��S H O�Q H O��8O"~��.{}KVTL|.K&MU�;�R�;�A{�K H OL�A� H;H K&M � � D � �

� \�[�\�� i�k c�t o b eqi�k
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GzS¤ �� H �1~��A� H f �;�F�E~/0F|.TL� � K&TX�;K.O��.� H �;�E~��A� H O/{}� H �A{}S:MRK&OY�(�FQZTV{��8�;|&MR�AOLK.T�M=2 � 5 �/� § � H O"�B�AM�;�:�R~�K > �AO"~LK&T/���FQ;T�Q H OL�R~LK��AO"�FMA|�Q H |.~�S�~XS:O��W{��Z~L�:~��R�8QZK�M�S:{�� H S:�AT"K: �TL|.%FQ;MR�AK&T. ({}S:�RO�S:Q;O"OL�MAS��(�FO"OL�R�;�AMR�R~�|}�32¦Q H �.�F{}���FT�~�K&{�K H ~�����S��:~��R�8QZK<~LT�S H OL�R~L�F�AT"K:��GP2¦|.~�S�~�M�S:{�� H S:�AT"K}�;�:�R~ �1~�TLKMR� H |&S:�AT"K&{�K H ~zO"~�S:�;MAK� ^�:2¦K&O"~�7���7 �;�AT"K�O�~�S:�ZMAKP0W�ROd��0W�RO¨�ZKh��K&T"~LQ;TL�;S�~��R� H O¢� HZ��H �R~�|.OL�R{�S:MRK&O. -{�S��AO� H O"~�S:�;MAK�OL�FQZO/M=2¦K.?(K.~/�;K.OX�(K.T"~�QZTL��S�~L�A� H O�MA�8�-S:MR�AO"|&K&O6�32�S:{}�ZMA�R~LQ;�;K.O ��H �RK&O/� H ~LTL�8�;Q;�E~�K&O6��S:TMRK��.�FQ;�;MAS:%FK:�(GzS� �� H �1~��A� H f �ZTL�F���FOL|.K���S:T ���3+h��S�~�|9K.~X�¢�35yS H;H K.08�RMAMAK�K&O�~/MA� H |-S:�RTLKX��S:T{��FTL�.K-S:Q > ��0:�F�AT � %FQ;TLK�D � �RD^� �

f(X) =





rX
OL�
X ∈ [0; 1/2]

r(1 −X)
O"�
X ∈ [1/2; 1]

k(X −X∗) +X∗
OL�
X > 1���

|k| ≤ 1
 
r > 2

K.~YK H %F| H |&TLS:M X∗ ≡ (r + 2)/4
�

0
0

1

1 r/2

r/2

f(X)

X
X*

8:9,;=< D � �RD:� � ��AGAEJ O]H�F�P!O]L^C�J#L`H�F�J#B g[z
� H �;�E~h��Q;KNMAKYOL�R~LK i K.O"~h��S H OxMj2�|1~�S�~�M�S�{}� H S:�AT"KV�qT"K&OL���Z����S:��~��A��Q;K-��S:Q}~�K&{��;O n OL� Xn

i > 1��TLK&O"�3�
Xn
i ≤ 1

�1�
GB2�S:�;�;MR�A�-S�~��A� H f �&� H ~LT�
FMRKxK H ~��R�&T"K&{�K H ~�M�SN�W� H S:{}�R��Q;K�MA�8�-S:MRK � ��S H OBMAKx�&S:OP�32¦Q H �.�FQ;�;MAS:%FK
H Q;M�� ε 1 � �1 �����S:��Q;K�OL�E~�K�|10F�FMRQ;K�� H �;|&��K H �;S:{}{�K H ~/O"�FQ;O/Mj2�K1?�K1~/�;K f �U+hK.~"~�K�S:�;�ZMA�A�&S�~��R� HO"KV�.�F{��(�FO"K/�;KX�;K&Q > ��S:T"~L�AK.O �
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¡ 5WQ;TUMj2�� H ~LK&T�0:S�MAMAK [0; 1]
�q|.~�S�~(8x����S:�:~L�A��Q;K : �! M�S� �� H �.~L�A� H 8��&�RTL�&� H ��K > K : K&O�~z�-S:TLS:�.~L|&TL�ROL|.K��S:T�MAK/�;S:T�S:{��.~LTLK

r
�

5W�
r > 1

 FS:MR�FTLOdMj2JS��;�;MA�R�-S�~L�A� H K&O�~P�;�R0:K&T"%FK H ~�K � MAK&O��A{}S:%FK&O¨�;K��;K.Q > ���F� H ~�O X1

K.~
X2

S:�ZTL�&O
N
�E~�|&TLS�~��R� H O3O"� H ~¢K H 0:S�MAK&QZTzS:�;OL�:MAQ;KBO"|&��S:T"|&K.O¨�;K eN ln(r) |X1 −X2|

� ~�S H ~z��Q;K��&K&Oz�R{�S:%:K&OT"K&O"~LK H ~d�;S H O�Mj2�� H ~�K&T�0�S:MAMRK [0; 1]
�1� �£�-S:Q;O"Kh�;K�M�S��;�R0:K&T"%FK H �.KhMR�W�&S:MAKB�;K.O¨~LT�S�3"K.�.~��:�ATLK.O& ~��:QZ~�K.OMRK&OB�&� H �;�R~L�A� H Od� H �E~��AS:MAK.O¨�.�F{}�ZTL�AO"K&OB��S H O [0; 1]

�.� H 0FK&T"%FK H ~�0FK.TLO�Q H S�~L~LT�S:�1~�K&QZT����;S:�:~��R��Q;K:�5W�
r < 2

S�MA�FT"Oh�AM�K > �RO"~�K/Q H � H ~�K.T"0�S:MAMRKN� H �&MRQ;Oh��S H O [0; 1]
� H 0�S:TL�AS H ~x��S�T f � 3 H K��.� H �;�E~��R� H� H �R~L��S:MRKNS:�Z��S:T"~LK H S H ~6� [0; 1]

MAK/TLK.O"~LK&T�S�� H �;| ��H �A{�K H ~-�5W�
r > 2

 zS:MA�FT"OX�AM H 2¦K > �AO�~�K}�;MAQ;OV�;K�OL�FQZO�74� H ~�K&T�0�S:MAMRK�� H �&MRQ;OX��S H O [0; 1]
� H 0�S:T"��S H ~X��S�T�MAS�Z� H S�{}�R�8QZK f �"3 H K¥�&� H �;�R~L�A� H � H �E~���S�MAK�S:�;��S�T"~�K H S H ~�� [0; 1]

S:TLT"�R0:K&T�S��;S H O ]1; r/2]
K HQ H ~LK&{��;O ��H �j ZM�S��ZQ;TL|.K/{}� �FK H;H KX�;KX�&K�~LT�S H OL�R~L�F�AT"KN�;�E0FK.TL%FK/MR�FTLO"�8QZK r ~�K H �¥0FK&T"O�I
� C � � �� H �.�F{}�ZTLK H �lS:� H OL�z�(�:Q;TL��Q;�F� r �;�F�R~ �.~LTLK�OLQ;��|&T"�AK&QZT��¥I��(�FQZTN{��W�;|.MA�ROLK&T�Mj2 � 5 � � M=2¦|.~�S�~����S��:~��R�8QZKV�Z�F�R~��1~�T"KX~LT�S H OL�R~L�F�AT"K:�

¡ 5WQ;T�M=2¦� H ~�K.T"0�S:MAMRK ]1; r/2]
�q|1~�S�~ 8@M�S�{}� H S:�AT"K : �1 ¢M=2�S:�;�ZMA�A�&S�~��R� H K&O�~��-S�T�S:�1~�|&T"�AO"|&K¤��S�T9MAK��S:TLS:{}�1~�T"K

k
�

5W�
k = 1

S:MR�FTLOV~��FQW~�K��.� H �;�E~��R� H � H �R~L��S:MRK�S:�;��S:T�~�K H S H ~�� ]1; r/2]
K.O"~'�ZMA�8�8QZ|&K¤��S H O�Q H|1~�S�~�{}S:TL%:� H S:MRK&{�K H ~xO�~�S:�ZMAK:�5W�

k ∈ [−1; 1[
~��FQZ~LK/�&� H �;�R~L�A� H � H �R~L��S:MRKN��S H O ]1; r/2]

�.� H 0FK&T"%FKX0FK&T"O6MAS�0:S�MAK&QZT X∗
�

5W�
|k| > 1

M�S�0�S:T"��S:�;MRK�MA�8�-S�MAK��;�E0FK.TL%FK�K > ��� H K H ~L�AK.MAMAK.{}K H ~/0W�E~�K � �&K��&S:O�K.O"~VK > �.MAQ �(�FQZT{��W�Z|&MA�ROLK.ThM=2 � 5 �/�

� � ����	*� � �+��#�� � 	*� ���

��S H OdMAKh�-S:Od��2�Q H �.�FQ;�;MAS:%FK ε H Q;Mj �~��:Q;OdMAK.OdOL�E~�K.Od|.0:�FMAQ;K H ~P�;Kh qS��.� H � H �Z|&��K H ��S H ~LKxMAK.OdQ H O�;K.OxS:QW~�TLK.O&�Z+h�F{�{}KYM�SX�Z� H S:{��A��Q;KYMA�8�-S:MRK H KN��K&QZ~ �.~LTLK6�8QZKN~�TLS H OL�E~��F�RTLK.{}K H ~�����S��:~��R�8QZK: MRKVO��8O"~��.{}K�OLKV~�TL�:QZ0FK9S:�;TL�.O6Q HyH �F{9�;TLK ��H �¢�32¦�R~�|.T�S�~L�A� H O���S H O6Q H |1~�S�~6O"~�S�~��R� H;H S:�RTLK/���~L�FQ;O�MAK.O�OL�R~LK&O�OL� H ~YMAS:{}� H S:�RTLK&O.��¨S:T¨�.� H ~�T"K: :���FQ;T¢�;K.O¨0�S:MAK.Q;TLO H � H9H QZMAMAK.O¨�ZK ε MAK��&�:Q;�;M�S�%FK�S:%F�R~¢�.�F{}{�K�Q H Kh��K&T�~�Q;T"��S�~L�A� H�32�S:{��;MA�E~�Q;�ZK ��H �AK � OL� ε K&O�~�OLQ �}OLS:{�{}K H ~N%FT�S H �3 ,M=2¦|.~�S�~Y����S:�:~L�A��Q;K9��K&QW~NO"K9�;T"�F��S:%FK.TN�~LT�S-0FK.TLOYMAK/�&�:Q;�;M�S�%FK/S:Q > �;MAQ;O��;T"�W���ZK&O�0F�F�ROL� H O&�+hK.�&�WS:TLT"�R0FK�MA�:TLOL��Q;K
ε
K&O�~�O"Q;��|&TL�RK&Q;T��YQ H K�0�S:MRK&Q;Tz�&T"�R~L�A��Q;K εc ���NS H O��.Kh�&S:O¨� H ��K&QZ~��F�;OLK.T�70:K&T& 8K H ��S:T"~�S H ~h�ZKN�&� H �;�R~L�A� H O�� H �R~L��S:MRK&OB���}Q H�H �F{��;T"KNOLQ �}OLS H ~��;KYOL�E~�K&O�K&O�~x��S H OhM=2¦|.~�S�~�;|.OL�FT"�;� H;H |: *�;K.OBTL|&%:�A{�K&Od�32¦� H ~LK&TL{��R~"~�K H �&KxO"��S�~L�A��7=~�K&{����FTLK.MAMAK��^GUK���S:T�S�{}�1~�TLKh�32��:TL�;T"K�K&O"~MASN �T�S:�1~��A� H {�� �FK H;H KY�;K6O"�R~LK&OP����S:�:~L�A��Q;K.O Ft  *�&�FQZT�S:{�{}K H ~hS��;�(K.MA|.K� �TLS:�.~L�A� H ~LQ;TL�ZQ;MAK H ~LK: �FQ� �TLS:�.~L�A� H ����S:�:~L�A��Q;K: ��;�AK H �;| �;H �AK��&S:TdMAK.OdTL|.%F�A{�K&O¨OL� H ~PO�~�S�~L�AO"~L�A��Q;K.{}K H ~dO"~�S�~��A� H;H S:�RTLK&O.�GUKX��S:TLS:{}�1~�T"KV�ZKV�.� H ~�T 
FMAKXK&O�~NMRKX�&�FQ;�ZM�S:%FK ε  ;�;� H ~6M�S�0�S:MRK&Q;T��&T"�R~L�A��Q;K εc K.O"~6|&%*S:MRK&{�K H ~�;�RK H �;| ��H �AKX��S H O�M�S�MA�R{}�E~�KY~��;K.TL{��W�Z� H S�{}�R�8QZK��qMR�A{��R~�KY�;K 8�~�S:�RMAMAK6� HZ�;H �AK : �!�
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�����������
����F*
 �� ,�� KH�D�.%E� &
-(����
����LG� �%E�

GUK/{��W�;�.MAKV5 � 5 � �;|.�(K H �y�;K.O�~�TL�:�AO���S:TLS:{��.~�T"K&O �
¡ r

 Z�8QZ�¢{�K&O"Q;TLKXMAS��;Q;TL|.K��ZKX08�RK/�32�Q H O"�R~�KX����S��:~��R�8QZK/K H M=2�S:�;OLK H �&KV�;KX�&�:Q;�;M�S�%FK¡ k
 ,��Q;�z�-S:TLS:�.~L|&T"�AOLKVMAK H �:{��;TLKV�;KV�(�:� H ~�O �Z> K&O6O"~�S��;MAK.O6��S H O6Mj2�|1~�S�~YMAS:{}� H S:�RTLK'��Q H O"K&Q;M�FQ$Q H KX� HZ�;H �R~L| ��K1~6MAS908�R~�K.OLO"K��;KX�.� H 0FK&T"%FK H �&K�0:K&T"O6�.K&MAQZ�E74�.�3O&2¦�AM�K&O"~YQ H �A��Q;K¡ ε
 ;MAK/�.�FQ;�;MAS:%FK/K H ~LTLKVOL�R~LK&O�0F�:�AOL� H O& Z���;�F�AO"�U�&�F{�{�K���S:TLS:{}�1~�T"K/�;KX�&� H ~�T 
FMAK

��Q;K.MAO��8QZK�OL�F�RK H ~ r K.~ k ~LK&MAO���Q;K r > IVK.~
|k| ≤

DF 8� H �F�;O"K&T�0FK/�;�RK H MAS��;T"�F��S:%FS�~��R� H �;S:T�.� H ~�S:{�� H S�~��A� H �;K}T"|&%F�R� H OV����S:�:~L�A��Q;K.O���S H O�Q H ��S:� H MAS:{}� H S:�RTLK��<��S:T�~��RTV��2�Q H K}0�S:MAK.Q;TO"K&Q;�RMx�;K
ε
 �M�Sy �TLS:�.~L�A� H �ZK$O"�R~LK&O'��S H O�Mj2�|1~�S�~��;|&O"�FTL�;� H;H |@S:Q;%F{�K H ~�S H ~�S-0:K&�<M=2¦|&�&S:T"~�S:QO"K&Q;�RM=���N�R?(|&T"K H ~�O}�&�F{����FT"~LK&{�K H ~�O}�(K.QZ0FK H ~¤�(�FQZT"~�S H ~¤S:�;��S�T�S=<R~�TLK<O"K&MA� H MAK.O}0�S:MRK&Q;T"O}�;K

r
K.~
k
�3GB2¦� H ��QZK H �.K��;K��.K&O/��S:TLS:{��.~�T"K&O�O"Q;T�MAS�~�TLS H O"�R~��R� H S¤|1~�|�|1~�Q;�Z�A|&K� 3�¤Q H K�K.~/�ZK&Q >�;�R{}K H OL�R� H O¨�32�K.OL��S��&K���S H OPMRKx�-S:OB�ZK�O"�8O"~L�&{�K&O�S-0FK&���.� H �;�E~��A� H OBS:Q > MA�R{}�E~�K&Oz��|&T"�A�8�;�A��Q;K.O& ��S H O �ED �  C 2Z C���� �

���
	���	��
	���	�� ��	*� ���
r

GUK&OBO�~�T"Q;�.~LQ;TLK.O�S��;��S:TLS:�AO"O�S H ~B��S H OBQ H �;��S�%FT�S:{�{�K�O"��S�~��R��7 ~LK&{��(�:TLK&M�O"� H ~P�;MAQ;O �;H K&OB���FQ;TMRK&O¢�;MAQ;Oz��K.~L�R~�K.O¢0�S:MRK&Q;T"O¨�ZK
r
� 5 H K.?(K.~- ^��Q�S H � r → 2

MASY�ZTL�F��S��;�AMR�R~�|B��Q32¦Q H O"�R~LK�����S��:~��R�8QZK�;K108�AK HZH K�MAS:{}� H S:�RTLK9~LK H � 0:K&T"O �&|.TL� � MAK�~�K.{}�ZO��&S:T�S:�1~�|.TL�AO�~��R�8QZK��;K.O�~�TLS H O"�R~��:�ATLK.OX����S:��7~L�A��Q;K&O6�;�R0:K&T"%FK:��GzK.ONT"|&%F�R� H ONMAS:{�� H S:�RTLK.Ox0W�E0FK H ~��;� H ���;MAQ;O6MA� H %:~�K.{}�;OY���FQ;TYMAK&O6%FT�S H �;K&O0�S:MRK&Q;T"OV�ZK
r
 UMAK.O��;T"�W�.K&O"OLQ;O�OL� H ~��;MAQ;O 8¥�&K&T�~�S:� H O :  UK1~9MRK&OV{}��~��R �ON�;MAQ;OVTL|.%FQ;MR�AK&T"O/��S H O�.KV�&S:O �ED ��� ��+hKXTLS:�AO"� H;H K.{}K H ~���K&T"{}K1~Y|&%*S:MRK&{�K H ~��;KX�&�:{}�;T"K H �ZTLKX�(�:Q;TL��Q;�F� εc K&O�~6�ZMAQ;O%FTLS H �<���FQ;T��;K.OY0�S:MRK&Q;T"O��&TL�:�AOLOLS H ~�K.O6�;K r �

���
	���	��
	��
	�� ��	*� ���
k

GzS�0�S:MAK.Q;T��;K
k
� H �;Q;K H �.K��ZMAQ;Ox ��FT�~�K.{}K H ~�MAS H S�~�QZTLKX�;KXM�S9~LT�S H O"�R~L�A� H �

k �
� ��S H O��&K¥�&S:O& �MAK&O9O"�8O"~L�&{�K&O���Q H K¥K1~��;K&Q > �;�A{�K H OL�A� H O�� H ~'Q H �.�F{}���FT�~�K&{�K H ~O"�A{��AM�S��ATLK � MAS�~LT�S H O"�R~L�A� H K&O"~6~��FQ�3"�FQ;TLO6�&� H ~L� H Q;K
��D �  C 2 �  ��AMzK&O�~����FOLO"�A�;MRK��;K9{}K.OLQ;T"K&TNMRK&OK > ���FOLS H ~�O/� H ~LTL�8�;Q;�R~LO�S:Qy����S:�;�E~�TLK  Z�3GUK&QZTLO�0�S:MAK.Q;TLO H K'OL� H ~�K H %F| H |&T�S�M���S:ONK H S:�&�.�FTL�S-0FK.���.K&MRMAK&O��ZK&O�K > ���FO�S H ~LO6�;KXMAS��N�¨ �K.~�0�S:T"�AK H ~YS-0FK.� r �

k � � � & � ��� & ��
 �	� � � �"�
( 
 ����� ( #%�+��� ��� � ����� �¨�FQZT
k ? �  � MAS�T"|&%F�R� H �;K�~LT�S H O"�R~L�A� HK.O"~�{}S:O"�8QZ|&K���S�TNM�S��;TL|.OLK H �&K'�;K9O"~�T"Q;�.~LQ;TLK.O/�;TL�:��S:%*S�~L�R0:K&ON�ZK�~4�8�(K9OL�FMR�R~�� H �FQ���2��F��3"K.~�O�;QZMAO�S H ~LO H � H �;T"�F��S:%*S�~��R �O � M=2¦|.~�S�~'S�O"�8{}�W~��:~L�A��Q;K¥��K&QZ~ �1~�TLK¥Q H£H �F{��;T"K<S:TL�;�E~�TLS:�AT"K}�;K~LK&MAO/�Z|. qS:QZ~LO/�FQ�Q H |.~�S�~XM�S:{�� H S��ATLKX�;QZT&� 5 H ��S:T"~�S H ~X�;K�%FT�S H �;K&O/0�S:MRK&Q;T"O��;K ε K1~XK H MAK�;�R{}� H Q�S H ~- ;� H �(K.QZ~Y~��F{���K&TYOLQZTN�;KV~�K&MRMAK.OYO�~�T"Q;�.~LQ;TLK.O& �{}S:�ROYO"�¨�.K9����S H %FK&{�K H ~ H 2JS�TLTL�E0FK
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��S�O�~�T"�F�908�R~LKhK.~d�8Q�2�� H ��K&QZ~d�&Q;{�QZMAK&T¨OLQ���OLS:{}{�K H ~B�ZKxO"~�S�~��RO"~��R��Q;K&OdMASY~LT�S H O"�R~L�A� H OLK&{9�;MAK�.� H ~�� H Q;K � C
� � ��¢�FQ;T �  � ? k ? D��.K&O/�;|1 qS:QZ~LO H K�OL� H ~X�ZMAQ;O�MR� H |&S:�AT"K&{�K H ~YO"~�S:�;MAK.O/�;TL�.O/�;QlOLK.Q;�AMj��GzS� �TLS:�17~L�A� H �;K/OL�E~�K&Oh����S:�:~L�A��Q;K&Oh�;TL|.OLK H ~LK�S�MA�FT"OhQ H K6 qS:�A�;MRKN�;�ROL�.� H ~�� H Q;�E~�|NS:Q¤OLK.Q;�AMj W{}S:�ROh�&K.MAMRK174�.��;�R{}� H Q;KX�8Q;S H � k S�Q;%F{�K H ~�K� (O.2JS HZH QZM�S H ~/���FQ;T k 1 DF�(�¨�FQ;T�~�S H ~& ��;�RK H ��Q;K�MAS�~LT�S H O"�R~L�A� HO"K&{��;MRK��Z�AOL�.� H ~�� H QZK��(�:Q;T �  � ? k ? D: �MAS}�;�RO"~LTL�A�ZQZ~��R� H �ZK&O6~�S:�AMRMAK.OY�ZK&O�T"|&%F�R� H OYM�S:{�� H S��ATLK.OS:Q$OLK.Q;�AMU{�� H ~�T"KXQ H KVTL|&%:�A� H �;KVOL�&S:MA� H %; ;�&S:T�S:�1~�|.TL�AO�~��R�8QZKV�ZK&O�~�T�S H OL�E~��A� H O��&� H ~L� H Q;K&O.�(� HK.O"~Y�;� H �X��S H O��&KX�-S:O���S H O�Q H KVOL�R~LQ�S�~L�A� H �*�8�;TL�R�;K � C D � �
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:~V��S H O�Q H |.~�S�~V��� MAK'�;|.OL�FT"�;TLK H 2¦K&O"~�;T"|&O"K H ~d��Q;K�OLQ;T¢MAK.Oz�(�FT"�;O��q|1~�S�~¨��Q�S:OL��74MAS:{}� H S:�RTLK �! !K.~¨O�S:QZ~LKP�;K�~LK&{��;O¢K H ~LK&{��;Oz�32¦Q H |1~�S�~��Mj2JS:QW~�TLK��ZGzS � %:Q;TLK'D � ����{�� H ~�T"K��;K.O��;�AO�~�TL�R�;QZ~L�A� H O��;K� �T�S��.~��R� H ~LQ;TL�;QZMAK H ~LK/� H O�~�S H ~�S H |&K

ft
�q� H K<��S�O��.� H  �� H �;TLK@S-0FK&� Ft  BMASy �T�S:�1~��R� H {}� �FK H;H K-�����FQ;T��;MRQ;OL�RK&Q;T"O�0:S�MAK&QZTLO��;K ε��S H OxMAK6TL|.%F�A{�KN�;KN�;�AO�~�S:�;�RMA�E~�| � �.K&O��;�RO"~�T"�A�;QW~��A� H O�O"� H ~��&MAS:�AT"K&{�K H ~x�Z�A{��W��S�MAK Xdz �¨�FQZTx�;K&O0�S:MRK&Q;T"O��.TL�F�ROLO�S H ~LK&Ox�ZK ε MAKY�;�A�Y�&�:TLTLK.OL��� H ��S H ~�S:Q >  qS:�A�ZMAK&OP0�S:MAK.Q;TLO��;K ft �qT"|&%F�R{}K���Q�S:O"�E7MAS:{}� H S:�RTLK �YOLK¤�;|.�(K.Q;�;MRK¤S:Q��ZTL� � ~9�;K��.K&MRQ;�hS�OLOL�8�&�R|¤S:Q > %:T�S H �ZK&O90�S:MRK&Q;T"O��;K ft � � 5 �Y�1 3"Q;O"��Q32J���;�ROL��S:TLS=<A~LTLK��.�F{��;MA�1~�K&{�K H ~ � � H K H ~LTLK�S:MA�:TLOx��S H O�MAK/TL|.%F�A{�K/�32 � 5 � �ZQ;TLK��

GU�FT"OL��Q;KXM�S9~�S:�AMRMAKY�;Q<O"�8O"~L�&{�K�S�Q;%F{�K H ~�K� �M=2¦� H ~�K.T"0�S:MAMRK6�ZK�0:S�MAK&QZTLO��;K ε �(�FQZT�MAK&O"��Q;K&MRMAK&O��RM��S��;�AO�~�S:�Z�AMA�E~�|YK&O�~��;K��;MRQ;OxK H �;MRQ;Ox|1~�TL�:�R~X� 0F�F�RT����R%;�(D � �J)F�1�WG¢S�MAS:TL%:K&Q;T��;K/�&K1~�� H ~�K.T"0�S:MAMRKK.O"~6|&%*S:MRK9�@�q� � ± C �1�ED � ��� �(�:Q;T R 1 � K.~N�y��D � ± C �1�ED � ��� �(�:Q;T R 1 D C ���¨�FQ;T R 1 I C K&MRMAKXK&O�~� H  �|&T"�AK&QZTLK/�� Z�ED � ��� ���S H O}MRK<TL|&%:�A{�K¥�8Q;S:OL��74M�S�{}� H S:�AT"K: ¢M�Sl �T�S:�1~��R� H ����S:�:~L�A��Q;K${}� �FK H;H K Ft S�Q;%F{�K H ~�K$S-0FK.�
ε
�q�ZT�S H ���ZK¤�;Q ��S:O9�;Q �;��S�%FT�S:{�{�K'�;K&O'�;�;S:OLK.O��1 ��&� H ~�TLS:�AT"K&{�K H ~'�@�&K¤��Q;��K&O"~��F�;OLK.T"0:|
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8:9,;=< D � ��)Z� �$>	O!F`M�NvF�RaRKB=DSB�X7A�Q'F^X`B�X=D�IoX���X
P4�
RKB�F�l�B�H�H�L^CED�O,P!O]L^C'X�F�I�Z J O,RaO,P4B�XTH�Q'FSL^P!O!cdIeB�X
q r |+��n k |x}`n]�
y�z

��(��)�����)� (*#%� ���
� 	 ��� ��#%���%(*&)(*#%��� �
��� 	�($
 (*& ����� � � #�&)(�� � ��� �6�FQ;O�S-0F� H O9{��AOXK H |108�E7
�;K H �&K<MASy�;TL|.OLK H �&K$�;K¥�;�RO"~�S��;�AMR�R~�|�S:Q 0:�F�AO"� H S:%:K¤�;Q OLK.Q;�AMh�;K¥M�S@~LT�S H OL�R~L�A� H ��S H O'MRK¤�-S:O���

k 1 �  C ��5yS:�RO}MRK&O��;�AS:%FT�S�{}{�K&O'�;K.O��;�;S:OLK.O�{�� H ~�TL|.O}O"Q;T�M�S � %FQ;T"K�D � �J) �;TL|.OLK H ~LK H ~Q H K6�;�E?�|.TLK H �&KY{�S`3"K&Q;T"K6S-0:K&�N�.K&Q > �:�Z~�K H QZOhK > ��|&T"�A{�K H ~�S:MRK&{�K H ~6��0:�F�ATP��S�T�K > K&{��;MAKY���R%;�#Z� � �qS*�L� � MAK}��S:TLS:{}�1~�T"K��32¦�FTL�ZTLK Ft K.O"~��R�&� H � H H Q;Mh���FQ;T9�;K&O�0�S:MRK&Q;T"O9�;K ε � H  �|&TL�RK&Q;T"K&O���.K&MRMAK&O6�(�:Q;TNMRK&OL��Q;K.MAMRK&ON�RM¢�yS��;�RO"~�S:�;�AMR�R~L|:��+hK��;T"�F�;MR�&{�KV08�AK H ~/�;Q� qS:�E~N��Q;K�MRK9�;|.OL�FT"�;TLK��K&T"{�S H K H ~X�;K&OXO"�R~�K.O/K > ~�|.TL�RK&Q;T"OV��K&QW~X�(| H |.~LTLK&TX�;T"�: �� H �Z|&{�K H ~X��S H OXMRK�O"�8O"~L�&{�K}{��&{�K���FQ;T��;K.OY0�S:MRK&Q;T"O�~�TL�.O� qS:�A�;MRK&O��;K
ε
�,�¨�:Q;T�|.08�R~LK&T��&K1~N� H �&� H 0:| H �RK H ~Y� H ���FQ;T"T�S:�E~�{}K.OLQ;T"K&TMRK&OVO"~�S�~��AO�~��R�8QZK&O9O"Q;T9Q H OL�FQZO�74O��8O"~��.{}K�K H �.�FTLK¤�ZMAQ;OV�(K1~��E~9��Q;K¤MRK}�Z�AOL��Q;K}�;K�TLS-�F� H R 74)Z {}S:�AO�M=2¦|&�;S:�AO"OLK&QZT��;K@M�S �.�FQ;���;K�O"Q;T¤MAS:��Q;K&MRMAK$� H�H K��.�F{��Z~�K@��S:O�MRK&O¤O�~�S�~L�AO�~��A��Q;K.O��;�:�R~�1~�TLK����;�F�ROL�AKVK&{��;�RTL�A��Q;K.{}K H ~-�(� H 0�S�0F�:�ATN�;S:T6MAS}O"Q;�R~LK9��Q32¦�AMzK&O�~/�(�:OLOL�R�;MAKV�;K����;�F�AO"�ATY�;K&O�.� H �;�E~��A� H O�S:Q > MA�A{��R~LK&O��;MAQ;O73"QZ�;�A�.�AK&QZOLK&O.�

� ��
 ��� � � � ��� ��� 	 �-�����"���-��#%���%(*&)(*#%���"( ��(*&)(*�
	 ��� � # 
 # � ��� ��� § 0�S H ~'�;K}��S:OLO"K&T'�Mj2�|1~�Q;�;K��32�S:QZ~�T"K&Od�.� H �;�E~��R� H O¢�;Kh���FTL�ZO& �� H ��K&QZ~BO"�A% H S:MAK.T¢Q H �&�F{����FT"~LK&{�K H ~dT"K&{}S:TL��Q�S:�ZMAK
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8:9,;=< D � �¦�;� �$>	O#X
P!N&O��dI2P!O]L^CjDSB	J�F�g&NvFSH
P!O]L^C)P!I2N �dISJ#B
C�PkB O,C'X
P]F�C�P]F�C?@�B ft F�l�B�HoH�L^CED�O,P!O]L^C'X F�I�Z
J O,RaO,P4B�X_H�Q'FSL^P!O!cdIeB�X�A�L^ISN R | �[n r |+��n k |x}`n]�)B
PVqkF
y ε |x}`n]� ���^n+q
� y ε |x}`n]� ���`n
qvH4y ε |x}`n]� � ��z � L^ISN DSB�X	l^F�J#B
I2N�X.H
N�L^O#X�XdF�C�P4B�X DSB ε J#B=AEO]HoH�L^N
N�B�X4A�L^CEDGF�C�PrF�I�Z
g[F�O��dJ#B�X l^F�J#B
ISN�X)DSB ft q N�@]M�O,RKB cdI�F^X
O,b4J�F�RaO,CEF�O,N�B4y�X`B)DS@4A�B
I`AEJ#B)F�I AEN�L � PoDSB
H�B
J ISOrF^X�X`L`H
O]@ F�I�Z.M�N�F�CEDSB�Xxl^F�J#B
I2N�XoDSB ft q�{ ����y�z
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�;Q O��8O"~��.{}K�S-0:K&�l�&� H �;�R~L�A� H S:Q > �(�FT"�;O¤����S��:~��R�8QZK: h�;S H O¤MRK��-S:O���� M=2¦� H �R{}���FOLK$Q H K�.� H �;�E~��A� H � H �R~L��S:MRK�����MAS$0�S:TL�AS:�;MRK'K H ~��:Q;O9MRK&OVOL�R~LK&O�� H ~�|.TL�AK.Q;TLO9S:Q�O��WO�~��.{}K¤K.O"~9|&%*S:MRK��
X∗

�q|.~�S�~6M�S:{�� H S��ATLKN�;�F{��F%F� H K �1� �YS:�;��K&MA� H O6��Q32���Mj2�� H O"~�S H ~N� H �R~L��S:M3MRK&O�0�S:TL�AS:�;MAK.O6O"Q;TNMRK&OO"�R~�K.O9K > ~L|&T"�AK&QZTLO9� H ~9M�S<0:S�MAK&QZT � �¢��S H O��&K}�-S:O���S:T�~��A�.Q;MA�RK&TXMAK�O"�8O�~��&{�K�0:|&TL� � K��Z� H ��MRK&OO��W{�|.~LTL�RK&ON�ZQlTL|&O"K-S:Q�~LTL�AS H %FQ;MAS:�AT"K:� �Y�¨MRK9{}S:�;�;� H % f H �¨MRK9�.�FQ;�;MAS:%FK H K��(K.QZ0FK H ~X�;TL�ROLK&T�.K&O��;K&T H �A�.TLK.O&��GUKVO��8O"~��.{}KV�&� H OLK.T"0FK.T�S��;� H �V� H �Z| ��H �R{}K H ~�MAK&O�O��8{}|1~�TL�RK&O��;Q$TL|.OLK-S�Q3�(� H�F�W~��AK H ~��$����S:��Q;K¤��S�O9�;K�~�K.{}�;O��;K&O � %FQ;T"K&O��;Q ~4�8�(K}�;K��.K&MRMAK&OV{�� H ~�TL|.K&O�OLQ;T�MAK&O����R%;�D � � C �qS�74���1�
� H ��K&QZ~��ZK/M�S9{��&{�KN{}S H �R�&TLKN�;TL�ROLK&Th�&K&T�~�S:� H K&OhO"�8{}|1~�T"�AK&O���Mj2�� H O"~�S H ~x� H �R~L��S:Mj FMAK.O�S:QZ~LTLK&OO"K&TL� H ~�~��FQ^3"�:Q;TLO�0F|&T"� � |.K&O¥� H �;| �;H �A{�K H ~��q� M�S �;TL|.�&�ROL�A� H �;K�MAS�{}S:���;� H Ky�;T"�&O��J�}��S:T�MAKO��WO�~��.{}K��¨�¨S:TXK > K&{��;MRK}K H ���;�:�AOL�ROLOLS H ~��.�F{�{}K'|1~�S�~V� H �R~��AS:M�MRK'{ �.{}K'��Q;K��;|.�&TL�E~V�;TL|.�&|17�;K.{}{�K H ~�{�S��AO/�����ZK&Q > OL�E~�K.O�� H ~L|&T"�AK&QZTLO�S:MA�R% H |&OXO"Q;T9Q H S > K}�;Q TL|&O"K-S:Q � H ~�M�S¥0�S:MAK.Q;T�  zMAS@OLK.Q;MAK�O"�8{}|1~�T"�AK�TLK&O�~�S H ~LK¥K&O"~9M�S$��S:TL�E~�|���S:T�T�S:�;���FT�~��y�.K.~�S > K��d� H {�� H ~�T"K��;K.Q >K > K.{}�ZMAK&O��;KX�.� HZ� %FQZT�S�~L�A� H O��ZQ@O��WO�~��.{}KX��S H O6�.KV�&S:O�OLQ;T�MRK&O � %FQZTLK&OVD � � C ��K �hK.~9�  ��!�
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 � ��� (*#%� � ��	 	*� ��� � 	*��� ��# � � �
GzS � %FQZTLKl#Z��)���� �1 ���Q;���AMRMAQ;O�~�T"KyMAK@TL|.%F�A{�Ky��Q�S:O"�E7 M�S:{�� H S��ATLK<�F�ZOLK&T�0F|���S H O¤M=2¦K > ��|&TL�RK H �.K: O"Q;%F%F�.TLK�K H  qS:�R~��8QZK}MAS¤�Z� H S:{��A��Q;K��;K&OX���FTL�ZOVK.O"~��;K'~4�8�(K � 5 �a�¥Q H K��Z�A{�K H O"�A� H � � H�;�RO"~L� H %FQZK H K.~L~LK&{�K H ~¤MAS��;T"|&O"K H �.K��;Ky�Z�F{�S�� H K.O}MAS:{}� H S:�RTLK&O9K.~¤��2JS:QW~�TLK.O��;|.OL�FT"�;� H;H |&O&��Y�FQ;O6S 0:� H OY�;� H �V��S H O6Q H OLK.�&� H �@~�K&{��;OY�A{��(�:OL|XS:Q@O"�8O"~L�&{�K H Q;{�|&T"�A��Q;KVM�S'�&� H �;�R~L�A� HS:Q > MA�R{}�E~�K&O¨OLQ;�E0�S H ~�K � M�S/�Z� H S�{}�R�8QZK��;K&O�OL�E~�K&OP�;K�MAS�T�S H %:|&K��(|.TL�R�;�;|&T"�A��Q;K�K&O�~�{}�8�;|&MR�AO"|&K��S�T'MAK<{}�8�;�.MAK<5 � 5 �/�h+hK.O�O"�R~�K.O H K<OL� H ~}�&�FQ;�ZMA|&O���Q32¦K H ~�T"KyK.Q >  B�AMAO'O"Q;�R08T"� H ~}�Z� H �$MAK�.�F{}���FT�~�K&{�K H ~��;Q¤{��8�;�&MRKN5 � 5 �n��Q H KN�;�R{}K H OL�R� H ��2�K.OL��S:�.K���D-�/��S-0:K&���.� H �;�E~��A� H OhS�Q >MR�A{��R~�K.O'�(|.TL�R�W�;�R��Q;K&O.�xGzS �Z� H S:{��A��Q;K@�;K&O<S�QZ~�T"K&O¤O"�R~�K.O�K.O"~¥~��:Q^3"�FQ;T"O�{��W�;|.MA�ROL|&K$��S:T�MAK{��W�Z�&MAK/5 � 5 �/ ��'�;K&Q > �Z�A{�K H O"�A� H Oh�32�K.OL��S��&K��=I:�/�!�GUK�{}�8�;�.MAK'�;|.�(K H � S:MR�FTLO/�;K�~�T"�F�AO/�;S:T�S:{��.~LTLK.O�O"Q;�;�;MR|&{�K H ~�S:�RTLK.O&�¢� H �Z�F�R~V{}S:� H ~�K H S H ~
�Z> K.T�MAK&Oh��S:T�S�{}�1~�TLK.O��;Q@5 � 5 � �¥D �9 
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εb
 Z�.K&Q > �;Q@5 � 5 �	��I��9 
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K1~
εc
 ;K.~

MRK�T�S-�F� H �ZQ$O��8O"~��.{}K R �,� H �R{}���FOLK.T�S9~L�FQ^3"�FQ;T"O rb 1 rc 1 )Z�;+h�F{�{}K����FQ;ThMAK&O��.� H �;�E~��R� H OS:Q > MR�A{��R~LK&O�����S:��~��A��Q;K.O& R �;TLK H �;TLS�MAK.OY0�S:MRK&Q;T"O �  zD C K.~/I C ��� H |.~LQ;�;�AK.T�S�MRK&OY�-S:O kb 1 1K1~ �  C  *K1~
kc 1 1
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�.K&MAMRK����FQ;T�M�S:��Q;K.MAMRK�M�S H S�~�Q;T"KV�ZKVMAS9~�TLS H OL�E~��R� H ����S H %:K�� ν ≈

) C {}{ � ��O��1�
�Y�FQ;OPS-0F� H O�|1~�|�� H ~LTL�A%:Q;|&OB��S�TBMAKxT"|&%F�R{}Kx�ZKY�Z�AO"~�S:�;�RMA�R~L|�~L�FQ^3"�FQZTLOB�;T"|&OLK H ~ 3"Q;O�~�K�S:Q874�;K.OLOLQZO�;Q¥O"K&Q;�RM(K1~�S:�;�;S:TLK.{}{�K H ~x���<�9M�SV�;TL|.OLK H �&KX�;K&O����FT"�;O& 8�;� H ~�MAS9�Z� H S:{��A��Q;K6K&O"~h ��FT"~LK�K.~
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�;|.�&�FT"TL|.MA|&K9�;K9�.K&MAMRK9�;QyTLK&O�~�K'�;QyO"�8O"~L�&{�K:� § ��H �;K9�.�F{��;TLK H �;TLK9OL���.K��;�;| H �F{�� H K9|.~�S��R~%F| H |&T"�A��Q;K��FQ���S:OX��S H O/MAK'�&S:OX�;K�O"�8O"~L�&{�K&OV�;�A�;�R{}K H OL�R� H;H K.MAO6�;K'~�S:�RMAMAK ��H �RK'~�T�S H OL�E~�S H ~S:Q�����S��FO��;S:T � 5 �/ H �FQ;OVS-0F� H O���S H O�Q H O"K&�&� H ��~LK&{��;OVS:�;�;MR�A��Q;|'Q H {}�8�;�&MRK�{�� H �R{�S:M�32¦� H ~LK&TL{��R~"~�K H �&K�OL�;S�~��R��7 ~LK&{��(�FT"K&MRMAK: ���S:�;�E~�Q;K.MAMAK.{}K H ~X|.~�QZ�;�A|}��S H OVMAK��-S:O��;K��.� H �;�E~��R� H OS:Q > MA�R{}�E~�K&Oh�(|.TL�A�8�;�R�8QZK&O& ,��Q H O"�8O"~L�&{�K9�;K/~�S:�AMRMAK ��H �AK:� �Y�FQ;O6S-0F� H OYQZ~L�AMA�ROL|�~LTL�F�RO��&� H �Z�E7~L�A� H ONS:Q > MA�R{}�E~�K&OY�;�E?�|.TLK H ~LK&O& (~��FQZ~LK&ON~LK&MRMAK&O6��Q;K'M�S��W� H S:{}�R��Q;K��;K.O/�(�FT"�;O�O"�F�R~6 ��FT"~LK�K.~�;|.�&�FT"TL|.MA|&K��;K¤�&K.MAMRK}�;K�M=2¦� H ~�|.TL�AK.Q;TV�;Q O"�8O"~L�&{�K:��GzK�{}�8�;�&MRK¤5 � 5 � S��;�;MA�R��Q;|��@Q H O"�8O�7
~L�&{�Kx�;�A�Z�A{�K H O"�A� H;H K&M��(K.QZ~B�;T"|&O"K H ~�K.T�Q H Kx~�TLS H OL�E~��R� H S:Q'���;S:�FOB�&� H ~L� H Q;K��FQ'�Z�AOL�.� H ~�� H QZK: O"K&MA� H MAS¤0:S�MAK&QZTV�ZK�Mj2�Q H �;K.OX��S:T�S�{}�1~�TLK.OX�;� H ~9�RMd�;|.�(K H �3�¨� H S<�F�;O"K&T"0:|}Q H TL|.%F�A{�K��;K�;�RO"~�S:�;�AMR�R~L|+3"Q;O"~LK<S:QW74�ZK&OLO"Q;O'�;Q O"K&Q;�RMh���FQ;T�~L�FQZ~LK&O�MRK&O��.� H �;�E~��A� H O��ZK¤�(�:TL� �&� H OL�R�;|&T"|&K&O��S H O�MAK}�-S:O'��� �&K.~"~�K�~LT�S H OL�R~L�A� H K&O"~��;�AO"�&� H ~�� H Q;K: d{}S:�RO=3LS:{}S:�RO���S H O'MAK}�-S:O��.� H ~�TLS:�AT"K:�5WK.MA� H �&K�{}�8�;�&MRKX{}� H �A{}S:M= WM�S'~�TLS H OL�E~��R� H �ZQ�O"�8O"~L�&{�K9K > ��|&T"�A{�K H ~�S�M¨O"K&T�S��R~6�;� H ���;MAQZ~�
:~�;�ROL�.� H ~�� H Q;K��z5yS:�RO�OLK.Q;MBQ H �;�ROL���FOL�E~��R PK > �(|.TL�A{�K H ~�S:Md�;K'�;MRQ;O/%FTLS H �;K�~�S:�AMRMAKV�(K.TL{�K.~L~LT�S:�E~�;KX�.� H �&MRQ;TLK/�Z| ��H �E~��E0FK&{�K H ~6�'�&KXOLQ�3"K.~-��¢�FQ;T¢Q H K�~�S:�AMRMAKB�.TL�F�ROLO�S H ~LKh�;Q�O"�8O"~L�&{�K H Q;{�|&TL�R��Q;K: �M=2¦� H ~�K.T"0�S:MRMAKd�;K�0�S:MAK.Q;TLO¢�;Q���S�T�S:{��.~LTLK�;KX�.� H ~�T�
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GUK&OV0�S:MAK.Q;TLOV�;TL�:�;TLK.O9�;Q ~LK H O"K&Q;T��;K�%:T�S:�;�RK H ~��;K}08�R~LK&O"OLK A �-S�T�S:�1~�|&T"�AO"K H ~�MAS$~L�F�(�:MA�F%F�RKMR�W�&S:MAK6�;KXM=2¦|&�&�:Q;MAK.{}K H ~ �  F) � �e5W�UK.MAMRK&O�OL� H ~�~L�FQZ~�K.O�TL|&K.MAMRK&O& ;S:MA�FT"OxM=2¦|&�.�FQ;MRK&{�K H ~�K&O�~6MR�W�&S:MAK!7{�K H ~X�*�8�(K.TL���FMA�R�8QZK: �K1~VMAK&ONMA�A% H K&O��ZK��.�FQ;TLS H ~}�qK.~XMRK&O�~LT�S�3"K.�.~��:�ATLK.O/M�S:%:T�S H %:�AK HZH K&O��YOL� H ~�;�:{}� H |&K.O���S:T¨�;K&O�|.~��RTLK.{}K H ~LOdK.~��;K&OB�.� H ~�TLS:�.~L�A� H O.��58�Z�;K.Q > ��2�K H ~LTLK�K.MAMAK.O�O"� H ~B�&�F{��;MRK > K&O�.� H 3"Q;%FQZ|&K&O. ZS�MA�FT"OBM=2¦|&�&�:Q;MAK.{}K H ~�K.O"~�K&MAMR�A�Z~L�A��Q;K� :MAK.O�MR�A% H K&OB�;KY�&�FQZT�S H ~��qK.~�MAK.OB~�T�S`3"K&�.~L�F�AT"K&OMAS:%FT�S H %F�AK H;H K.O���O"� H ~6MR�W�&S:MAK.{}K H ~x~��FQZTL�;�RMAMA� H;H S H ~�K.O&�+hK.O�0�S:MAK.Q;TLOX�;T"�F�;T"K&O
λ1

 
λ2

 
λ3

�Z|&��K H �;K H ~�S$�ZTL�A�:TL�B�;K�~�TL�:�AO/0�S:TL�AS:�;MAK.O& 3�&S:TVK&MAMRK&OXOL� H ~O"�FMAQZ~L�A� H Ox�;KXM=2¦|&��Q�S�~L�A� H �&S:T�S:�1~�|.TL�AO�~��R�8QZK �
λ3 + Pλ2 +Qλ +R = 0

� § �ED^�
S-0FK.� �

P = −(λ1 + λ2 + λ3)

Q = λ1λ2 + λ2λ3 + λ1λ3

R = −λ1λ2λ3

��S H O�MAK/�-S�OY���@Mj2�|.�&�FQ;MRK&{�K H ~�K.O"~6� H �.�F{}�ZTLK&O"OL�R�;MAK� ZM�S��.� H �;�E~��R� H Tr(A) = 0
�R{}�ZMA�A��Q;K �

P = 0
� § � IF�

Q = −1

2
(λ2

1 + λ2
2 + λ2

3) = −1

2
Tr(A2)

� § ��)*�

R = −1

3
(λ3

1 + λ3
2 + λ3

3) = −1

3
Tr(A3)

� § �¦���
��S H Od�&K��&S:O& �MAK.O�~�T"�F�AO¢0:S�MAK&QZTLOd�;T"�F�;T"K&Od�;K A H K��;|.�(K H �;K H ~P�;� H ����Q;K��;K&O��;K&Q > ��Q�S H ~��E~�|.O
Q
K1~
R
�;| ��H �AK.OP��S:TPMAK.O�T"K&MAS�~��R� H O�� § ��)*�dK.~N� § �����!� Q K.~

R
OL� H ~�� H 0�S:TL�AS H ~�K&OB�;S:TPTL�:~�S�~��R� H  � H MRK&OYS:�;��K&MRMAK&TLS9�;� H �V�;S:T�M�S�OLQZ�R~�KX� H 0�S:T"��S H ~LO&�
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GzS H S�~LQ;TLK��;K&OX0�S:MAK.Q;TLOX�;T"�F�;T"K&OV�;K A H K��;|.�(K H � ��Q;K��;Q�OL�A% H K��;Q��Z�AOL�.TL�R{}� H S H ~ D =
27R2 + 4Q3

�  F) � ��5W�
D < 0

�qT"K&OL���
D > 0

�1 �S:MR�FTLO<MRK&O<~�TL�:�AO¤0�S:MAK.Q;TLO$�;T"�F�;TLK.O@O"� H ~T"|&K&MRMAK.O��qT"K&OL���Y�ZK&Q > O"� H ~$�&�F{��;MAK > K&O¥�&� H 3"Q;%FQ;|.K&O��1�Y�¨�FQZT D = 0
MAK&O¤0�S:MRK&Q;T"O¥�;TL�:�;TLK.O

O"� H ~�T"|&K&MRMAK.O�K1~��ZK&Q > �32¦K H ~�T"KyK.MAMAK.O�OL� H ~¤|.%*S:MRK&O&�P��2JS:QW~�TLK@��S:T�~- BOL� R < 0
�qT"K&O"�3�

R >
0
�1 B�;K.Q > 0:S�MAK&QZTLO��;TL�F�ZTLK&O��;K

A
� H ~}Q H K$��S:T�~��AK<T"|&K&MRMAK H |.%*S�~��E0FK �qT"K&OL�������FOL�E~��E0FK �!��� HTLS:�;��K&MAMRK���Q;K9M�S}�.� H �;�E~��R� H �32¦� H �&�F{��;TLK.OLO"�A�;�RMA�R~L|X�A{��;MA�R�8QZKV��Q;K'MAS}O"�F{}{�K9�ZK��&K.ON0�S:MAK.Q;TLO�;T"�F�;T"K&O��;�F�E0FK �1~�TLK H Q;MRMAK�� �¢�FQZ~�K.O��&K&O�� H  ��FTL{}S�~L�A� H O���K&QZ0:K H ~YOLKXTLK.�;TL|.OLK H ~LK&TY�;K/{�S H �A�.TLKO�� H ~L�;|.~L�A��Q;K/��S H OxMAK6�;M�S H (R,Q)
��0:�F�AT � %FQ;T"K § �ED^�1 8���¥Mj2�� H �(K.QZ~��;�RO"~L� H %FQZK&T�MAK&O�TL|.%F�A� H O�;K�M=2¦|&�.�FQ;MAK.{}K H ~N�;�:{}� H |&K.ON��S:T6MAK.O H S:�Z�(K.ON�;K90:�FT"~L�R08�R~L|: ,MAK.O � MAS:{�K H ~�OY�;K90:�FT"~L�A�&�E~�|� �MRK&O

H S��;�(K.O��;KX�;|. ��FT"{�S�~��A� H O& W�FQ@MRK&O � MAS:{�K H ~�O��;KX�;|1 ��FTL{}S�~L�A� H O.�

8:9,;=< § �EDF� � �$L�A�L^J#L�M�O]B J#L`H�F�J#B DSB J�Yw@�H�L^ISJ#B
RKB
C�P B
Cig L^C?H
P�O]L^C DSB�X O,C�l^F�N&O!F�C�P,X R B
P Q
qkD Y F
AEN���X �sF�C�P���B
J,J y�z

+hK1~L~�K6S H S�MR�8OLK���K&QZ~�|&%FS:MAK.{}K H ~�O.2JS:�Z�;MA�R�8QZK&TPS:Q�~�K H OLK&QZT��;KY%FTLS:�;�AK H ~P�;KY08�E~�K&O"OLKY{}� �:K H;H |��Q H KV|.���;K&MRMAK r  M �,�NS H O��&KX�-S�O��&K H 2¦K&O"~Y�;MRQ;O�M�S9~L�F���FMA�F%:�AKNMR�W�&S:MAK6��Q;�UK&O�~��-S:TLS:�.~L|&TL�ROL|.K��S�T�MAK&O�� H 0:S�TL��S H ~LO Q K.~
R
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3 H {��8�;�&MRKx�(�:Q;TPM�S��Z� H S:{��A��Q;K��ZQ�~LK H O"K&Q;T��;K�%FT�S��;�AK H ~d�;K�0W�E~�K.OLOLK6S:Q�OLK H O��;K&O��;|&T"�R0:|&K&O
Aij = ∂iuj

S�|1~�|��;T"�F���FOL|��;S:T �N�AK&�RMAMRK. ��FO"OLK �  :�W  C �  (�;Q;�RONTLK.�;TL�RO���S:T�+xS H ~��hK.MAM �  F) � �C5 HK1?�K1~- �� H �(K.QZ~Y�F�Z~LK H �RT�Q H KX|&��Q�S�~L�A� H K > S:�1~�KV�(�:Q;T�M�S'�Z� H S:{��A��Q;K/�ZK A K H �;�E?�|.TLK H ~L��S H ~Mj2�|.�8Q;S�~��R� H �;K �NS-08�AK.T�7 5�~�����K&O

D-� �



� 1e%[�?� �!�
� � � � ��
�� � �[%^���,%^�$�!

Q

�`�
R

����* %K(!����%�-_���'�S�x(�� ����*!��� �V��
d���
���#�E�k�

∂tuj + uk∂kuj = −∂jp+ ν∂kkuj

��S�T�T�S:�;���FT�~Y�
xi
�,� H �F�W~��AK H ~ �

∂tAij + uk∂kAij + A2
ij = −∂ijp+ ν∂kkAij

� § � C �
�N�AK&�RMAMRK. ��FO"OLK�O&2¦� H ~�|.TLK.OLOLKVS:Q��-S:Ox��2�Q H �;Q;�A�;KN��S:T" qS��R~N� ν = 0

�1�WG¢S9 �K.TL{�K.~LQ;TLK6�;K�M=2¦|&��Q�S�~��A� H� § � C ���;S:OLO"K'S:MA�:TLOY��S:TNMAS}{��W�Z|&MA�RO�S�~L�A� H �ZQ �6K.OLOL�RK H �;K9�;TLK.OLOL�R� H ∂ijp �(GzS� ��FT"{}KV���;�F�ROL�AK��S H O �  ��;  C  � F) � K.O"~Y�AO"�:~�T"�F�(K � ∂ijp = −1
3
Tr(A2)δij

��MAKN qS��.~�K.Q;T
−1

3
Tr(A2)

�(K.TL{�K.~��;K
{}S:� H ~LK H �RT/M�S<�&� H �Z�R~��R� H �32�� H �&�:{}�;T"K&O"OL�A�Z�AMA�E~�| Tr(A) = 0

�$~L�FQZ~�~�K&{��;O��1�¢��S H O��&K}�-S:O. � § � C �h�;K.08�RK H ~ �
dAij
dt

+ A2
ij −

1

3
Tr(A2)δij = 0
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K&O"~6M�S��Z|&TL�E0F|.K�MAS:%FT�S H %F�AK H;H K��
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� 5 H K1?�K1~9� § � 2*�h�R{}�;MR�A��Q;K �

dA2
ij

dt
+ 2A3

ij −
2

3
Tr(A2)Aij = 0
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MRK�~�K H OLK.Q;T/�;K�%:T�S:�;�RK H ~��ZK908�R~�K.OLO"K�|.0:�FMAQ;K�0FK&T"OXQ H K�%F|.�F{�|.~�T"�AKX~�K.MAMAKV��Q;K'MAKV~�K H OLK.Q;T/�;K&O�;|1 ��FTL{}S�~L�A� H O S = 1

2
(A + At)

S:�E~X�;K&Q > 0�S:MRK&Q;T"O��;T"�F�;T"K&OV�(�FO"�R~L�R0FK.O�K1~9��Q;K�M�S¥0F�:T"~��R�&�E~�|O"�F�R~NS:MA�R% H |.K9S-0FK.�'M=2�S > K�S:O"OL�8�&�R|���MAS�0�S:MAK.Q;TY�;TL�F�ZTLK����FOL�E~��E0FKV� H ~�K.TL{�|&�;�AS:�AT"KV�ZK S �3+hK1~L~�K�&S:T�S:�1~�|.TL�AO�~��R�8QZK6SV|.~L|6T"K.~�T"�FQZ0:|&KN�;S H O��;K&Oh���V5��  2 � �8GzSV�W� H S:{}�R��Q;K�� § ��#Z § �ED � �d�(K.TL{�K.~S:QZOLOL�h�32�� H ~�K&T"�;TL|1~�K.T��&K.T"~�S�� H K.O'�-S:TLS:�.~L|&TL�RO"~L�A��Q;K&O9�;K&O��P���m3"�F� H ~LK&O��ZK Q K1~
R
�-S:MR�&Q;MR|&K&O

��S�T����V5¥��S H O �  �    � �5yS��AO¢M=2¦� H �.� H 0F| H �AK H ~�{�S�3"K.Q;T¢�;Kx�&K�{}�8�;�.MAKPTL|.OL�A�ZKh��S H OdMAKP qS:�R~¢��Q;KxMRK&O¢OL�FMRQZ~��R� H O¢�;KhMAS6�Z�*7
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O
H TLS:OLO"K&{��ZMAK���S H O<�.K�����S��;�R~LTLK���Q;K&MR�8QZK&O$TL|&O"Q;MR~�S�~�O<�;K ���T5 S-0FK.��MRK&O"�8QZK&MAO<� H�(K.QZ~¥�.�F{}�;S:TLK.T�MAK.O�O"�FMAQZ~L�A� H O}�;Q {}�8�;�&MRK:��+hK&O¥T"|&O"Q;MR~�S�~�O}� H ~¤|.~L|��-S�MA�&QZMA|&O}��S:T§ MAS:� H �BQ;{��AT. �S-0:K&��MAK��.�W�ZK'�;OLK.Q;�;��7 OL��K&�.~LT�S:MBO�~�S H ��S:TL���;|.�&T"�R~/K H �  F# � �UGUK.O/TLQ H O�.� H OL�R�;|&T"|&Od� H ~dQ H KxT"|&OL�:MAQZ~L�A� H �ZK 2563

�:GUKx�;MRQ;Od%FTLS H � H �F{��;T"Kx�32¦� H �;Kx�ZKxM�SNO"�A{�QZM�S�~L�A� H  
kmax

 �K&O"~VO"Q���O�S:{�{}K H ~X%FT�S H � ���FQ;TN�;|&�.TL�AT"K'MAK.O/�;MAQ;O/��K.~L�R~LK&O/|&���ZK&MAMRK&O/�;K�Mj2�|.�&�FQ;MRK&{�K H ~�
kmaxη ≥ 1.4

�!�zGzK H �F{9�;TLK��;K �YK1� H �FMA�ZO�K.O"~ Rλ = 130
 UK.~�MAK'TLS:�;���FT"~VK H ~LTLK}M=2¦|&���;K.MAMAK� H ~L|&%FTLS:MAK9K.~VM=2¦|&���;K.MAMRK'�;K ,6�FMR{}�F%:�FTL� 0@K&O"~ L/η ∼ 100

�UGUK���S:OX�;K�M�S¤%*S�{}{�K'� H K.T"~L�AK&MRMAKO"K6~�T"�FQZ0:K/S:�;�;T"� > �R{�S�~��R0:K&{�K H ~h�9Q H K�|.���;K&MRMAK6�;K 10η
�ZGzS�%FS:{}{�KY� H K.T"~��RK&MRMAK�S9�;� H �N��S H O�.K&O�OL�R{�Q;M�S�~��A� H OhQ H KV~�S:�AMRMAKY�32�K H 0W�RTL� H D � �FTL�ZTLK&O��;KX%FTLS H �;K.Q;T�K H |&���;K.MAMRK:�5WQZT�MAS � %FQ;T"K��6�RD�OL� H ~�TLK.�;TL|.OLK H ~L|&K.OxMAK.O�MR�F�AO��32�|.���;K&MRMAK.O��;K.OPOLK&�.� H �;O�{}�:{}K H ~LOB�;K S K.~��;K

MAS�0:�FT"~L�A�&�E~�|� �K1~��;Q�~LT�S H O" �K&T�~��32¦| H K&TL%:�AK9�Z�R08�AO"|���S�T r2
 
〈−Tr(M2M t)〉

�?5WK&MR� H MRK�O"�-S:MR� H %,/�;DF 
∆u(r) ∼ r1/3

 UK1~��Z� H � M �;K108T�S:�E~VS 0:�F�ATXQ H K��Z|&��K H ��S H �&K�0W�ROV�<08�AO/�ZK}Mj2�|.���;K&MRMAKK H r−2/3
�¢� H O.2JS�~"~�K H ���Z� H �}�<�.K}��Q;K 〈Tr(S2)〉

K1~
〈ω2〉

0:S�TL�AK H ~�K H r−4/3
K1~��<�.K}��Q;K

〈−Tr(M2M t)〉 ∼ r−2
���FQ3 d�;K�{�S H �A�&T"K�|.�8QZ�R0�S:MAK H ~�K: ����&K¥��Q;K¥MRK}~�TLS H O� �K&T"~���2�| H K&T"%F�AK

〈−r2Tr(M2M t)〉
OL�F�E~9� H �;|.�(K H ��S H ~'�;K r �!��GUK}OL�-S�MA� H % ,/�;D�K.O"~'�Z� H ��0:|&TL� � |¤�;K� qS��&� HOLS�~��RO" qS:�RO�S H ~�K/O"K&MR� H MAK&O�T"|&O"Q;MR~�S�~�O��;KV���T5(�

� H S$T"K&�;T"|&O"K H ~�|}OLQ;TXM�S � %:Q;TLK��N�JI¤�;K&OX �� H �1~��A� H O/�;�AO�~�T"�A�;QZ~L�A� H O/�;K��;TL�F�;S:�;�AMR�R~L|�3"�F� H ~LK&O
P (R,Q)

�&S:MA�.Q;MA|.K&O���S:T����T5 ���;MAQ;O"�AK.Q;TLO�|&���ZK&MAMRK&O��;K$MA� H %:Q;K&Q;T.� � Mj2�|.���;K&MRMAK¥� H ~L|&%FTLS:MAK
L
 3MAS��;�AO�~�T"�A�;QZ~L�A� H K&O"~X��Q�S�OL�A{�K H ~/O��8{}|1~�TL�R��Q;K'��S:T/TLS:�;���FT"~X�¤Mj2JS > K R = 0

�UGU�FT"OL��Q;K'MAS
0�S:MRK&Q;TY�;K9Mj2�|.���;K&MRMAKX�;�R{}� H QZK: ,M�S��;�AO�~�T"�A�;QZ~L�A� H �;K108�AK H ~/�ZK9�;MRQ;O6K H �;MRQ;ON|1~��AT"|&KVMAKVMA� H %}�;KMASX�;S:T"~L�AK

R > 0
�;K6MAS/OL|&�;S:T�S�~LTL�R�&K:�8+�K.~L~LK�S:O��8{}|1~�TL�RK�S:Q;%F{�K H ~LK6�;MRQZ~

�~PMAK H ~LK&{�K H ~��8Q;S H �

r
�;�A{�� H Q;K�~�S H ~x�8Q�2��RM�TLK.O"~LK���S H O�MAS�%*S�{}{�K6� H K&T�~��RK&MAMRK�� � %FQZTLK&O �6� I;�qS�74���L�1�W��S�Tx�&� H ~LTLK: WM�S�;�RO"~LTL�A�ZQZ~��R� H P (R,Q)

�F�Z~LK H Q;K'���FQ;T6Q H K�0�S:MAK.Q;TN�ZK�M=2¦|&���;K.MAMRK9��S H O�M�S �&� H K'�Z�AOLO"�A��S�~��R0:K: 
r ∼ η

 8� � %FQ;T"K �6� I;��K �"�zK.O"~¢�(K&S:Q;�.�FQ;�9�ZMAQ;O¢S:O��W{�|.~LTL�R�8QZK:��GUK&O¢K.?(K.~�O¢�;�ROLOL�R��S�~L�R �O& H � H � H �.MAQ;O��S H O¥MAK�{��8�;�&MRKy�;Q ~�|1~�TLS:�&�;T"K: xO"K&{��ZMAK H ~<�;� H �lTLK.OL��� H O�S��;MAK.O$�ZKl�&K.~"~�K S:Q;%:{}K H ~�S�~��R� H�32�S:O��W{�|.~LTL�RK��;K
P (R,Q)

�d� H �;�:�R~��.�F{���S:TLK.T�MAK.O�OL�:MAQZ~L�A� H OV�;K H ��~�TLK�{}�8�;�&MRK¤S-0FK.�¥MAK.O�.�FQ;TL��K&O �N�JI;�qS�74�,�!�
GzS � %FQ;T"K �N�J) TLK.�;TL|.OLK H ~LK MRK&O¥�;K H OL�E~�|&O$��S H O$MRKl�;M�S H (R,Q)

�;K���Q;K&MR�8QZK&O$%FT�S H �;K&Q;T"O�;�*�8OL�R��Q;K&O. ;K&MRMAK&O�S:Q;O"OL�(�-S:MR�&Q;MR|&K&O���S:Th���V5 � M�S/0�S:TL�AS H �&K6�;K&Oh�;|. ��FT"{�S�~��A� H O Tr(S2)
 WMj2�K H 7O�~�TL�:�;�;�AK

ω2
 3M�S¥�;T"�W�;QZ�.~��R� H �32¦K H O�~�TL�:�;�;�AK ωSω  (MAK�~�TLS H O� �K&T"~V�32¦| H K&TL%:�AK −r2Tr(M2M t)K1~

−Tr(S3)
�
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dt′ = ε−1/3ρ2/3dt
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L =

Tr (Dm.Dmt)

2Cη
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Tr (Dρ.Dρt)
2C⊥ρ2
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Tr (mmt)$ ]/! Tz_

Dm =
dm

dt
− 1

3

d ln ρ2

dt
m+ (1 − α)

(
m2 − Tr(m2) Π
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dρ

dt
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dt
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+
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]
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C⊥ρ2

√
Tr(mmt)

− Tr(Dρ.Dρt)
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dt
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dm
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d ln ρ2
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∂ġab

= ∂H
∂gab �

d
dt

∂H
∂ ˙pmab

= ∂H
∂pmab

! & d
dt

∂H
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+
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