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Laurent Manivel (Université de Grenoble 1), directeur
Emmanuel Peyre (Université de Grenoble 1)
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N = 2n N = 2n + 1
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N n = [(N − 1)/2] λ = a0ω0 + · · · + anωn a0, . . . , an ! 0
Sp(CN ) Lλ Fω(CN )

Lλ = (det T ∗
1 )⊗a0 ⊗ (det T ∗
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N
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E C 2n+1 ω : E ⊗E → C

E
Λ2E∗

2n + 1
ω GL(E) GL(E) Λ2E∗ Sp2n+1

g ∈ GL(E) ω(gu, gv) = ω(u, v) u, v ∈ E

GL(E) Sp2n+1

ω Sp2n+1

ω ω ω : E → E∗

2n ω
R

E⊥ e0 R F ⊂ E R E
E = R ⊕ F ω F F

{e1, . . . , e2n} ω|F {e0, . . . , e2n} E
ω
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n
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(uiv2n+1−i − u2n+1−ivi).
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ω E
GL(E) GL(E) Sp2n+1

E ω
Sp2n+1

{e0, . . . , e2n} E = R ⊕ F
GL(E) GL(2n+1, C)

Sp2n+1 = {g ∈ GL(2n + 1, C) | tgΩg = Ω}.

Sp2n+1 GL(2n + 1, C)

{g ∈ GL(2n + 1, C) | g(R) = R}.

GL(2n + 1, C) Λ2(C2n+1)∗ Sp2n+1

Sp2n+1

Sp2n+1 E⊥ = R ω "

{g ∈ GL(2n+1, C) | g(R) = R}
E = R ⊕ F

g =
λ #
0 a

λ ∈ C∗ a ∈ GL(2n, C) # ∈ C2n u = u0e0 + u′ v = v0e0 + v′ u′, v′ ∈ F
ω(gu, gv) = ω(au′, av′) g ω a

ω F

Sp2n+1 g ∈ GL(2n+1, C)

g =
λ #
0 a

a ∈ Sp2n ⊂ GL(2n, C)

Sp2n+1 Sp2n ⊂ Sp2n+1

a )−→
1 0
0 a

,
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Sp2n+1

C∗

λ )−→
λ 0
0 1

,
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F ∗ U

U Sp2n+1

(C∗ × Sp2n) ! U C∗ × Sp2n U

G
H N N H N G H ∩ N = (1) G = H ! N

g G g = gHgN gH ∈ H gN ∈ N
H N G

g )→ gH g )→ gN
U C∗×Sp2n Sp2n+1
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0 a

=
λ 0
0 a

1 λ−1#
0 1
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C∗ × Sp2n U

λ 0
0 a

1 #
0 1

λ−1 0
0 a−1 =

1 λ#a−1

0 1

U (C∗ ×
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C∗ × Sp2n U

Sp2n+1 (n + 1)(2n + 1)

U Sp2n+1 Sp2n+1

U Sp2n+1

Ru Sp2n+1 Sp2n+1/U # C∗ × Sp2n

Ru Ru = U "

G =
H ! N G1 ⊂ G G1 ⊃ H G1 ⊃ N

G1 = H ! (G1 ∩ N) G1 =
(G1 ∩ H) ! N).

Sp2n+1

Sp2n+1

B = Sp2n+1∩B0 B0 ⊂ GL(2n+1, C)
GL(2n+1, C) 〈e0〉 ⊂ 〈e0, e1〉 ⊂

· · · ⊂ 〈e0, . . . , e2n〉

B Sp2n+1



B B0

λ #
0 a

a ∈ Sp2n B U B
B = [B∩(C∗×Sp2n)]!U B∩(C∗×Sp2n) = C∗×B1 B1

Sp2n 〈e1〉 ⊂ 〈e1, e2〉 ⊂ · · · ⊂ 〈e1, . . . , e2n〉
B B̃

B̃ = [B̃∩(C∗×Sp2n)]!U B̃∩(C∗×Sp2n)
B̃ U C∗ × B1 B̃ ∩ (C∗ × Sp2n) =

C∗ × B1 B̃ = B "

T Sp2n+1

T = Sp2n+1 ∩ T0 T0 ⊂ GL(2n + 1, C)
T

diag(t0, t1, . . . , tn, t−1
n , . . . , t−1

1 ), t0, . . . , tn ∈ C∗.

T Sp2n+1

T = C∗×T1 T1 = Sp2n∩T0 Sp2n

T CSp2n+1
(T )
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0 a

t 0
0 d

=
t 0
0 d

λ #
0 a

, (t, d) ∈ C∗ × T1

ad = da, #d = t#, (t, d) ∈ C∗ × T1

a ∈ T1 = CSp2n
(T1) # = 0 "

CSp2n+1
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NSp2n+1
(T )/CSp2n+1
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T1 Sp2n

T = C∗ × T1
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∈ NSp2n+1
(T ).

(t, d) ∈ C∗ × T1 (t′, d′) ∈ C∗ × T1
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t 0
0 d

=
t′ 0
0 d′
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λt = t′λ

#d = t′#

ad = d′a.

# = 0 a ∈ NSp2n
(T1) NSp2n+1

(T ) = C∗ × NSp2n
(T1)

NSp2n+1
(T )/T # NSp2n

(T1)/T1 "

Sp2n+1 Z(Sp2n+1) =
{Id,−Id}

Sp2n+1

λ #
0 a

,
λ′ #′

0 a′
, λ,λ′ ∈ C∗, #, #′ ∈ C2n, a, a′ ∈ Sp2n

λ#′ + #a′ = λ′#+ #′a aa′ = a′a.

λ #
0 a

∈ Z(Sp2n+1)

a ∈ Z(Sp2n) = {±Id} (a −
λId)#′ = #a′ − λ′# # = 0 a = λId "
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E = C2n+1

C2n+2 ω̃ C2n+2 ω̃ E
E⊥ω̃ ⊂ E

ω̃|E = ω ω̃
e2n+1 C2n+2 \E {e0, . . . , e2n+1}

Sp2n+2 ω̃
P Ce0 = R g ∈ P

R⊥ω̃ = E g|E ω̃|E = ω g|E ∈ Sp2n+1

P → Sp2n+1 g )→ g|E
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λ, µ ∈ C∗ ν ∈ C a = (ai,j) ∈ Sp2n #, c ∈ C2n Sp2n+2
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0 # ν
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J
n g n + 1

Sp2n+1

Sp2n+2

Sp2n+1 ⊂ Sp2n+2 Sp2n+1

M 2n + 2
Sp2n+1 n ! 3 M Sp2n

C2n ⊕ C ⊕ C Sp2n

2n + 2 C C2n n = 2 n = 1
Sp2n 2n + 2

M = C2n ⊕ C ⊕ C

F ⊂ M Sp2n M C2n

F⊥ Sp2n M F F ∩ F⊥ = (0)
ω|F Sp2n F⊥

F⊥ = C ⊕ C

M U Sp2n+1 Sp2n U
MU Sp2n M U

M MU /= M MU

MU Sp2n

C2n C2n ⊕ C C ⊕ C C MU

MU F = C2n ⊂ M U F⊥ = C ⊕ C (F⊥)U

U Sp(ω|F⊥ , F⊥)

1 ∗
0 1

,

U 2n M MU =
C ⊕ C = F⊥ U F F
MU = C e0 MU Sp2n

M/MU = M/Ce0 = C2n ⊕ C = (F ⊕ Ce0/Ce0) ⊕ (F⊥/Ce0).



(M/Ce0)U F⊥/Ce0 U
F⊥ F (M/Ce0)U

Sp2n (M/Ce0)U = F ⊕ Ce0/Ce0

{e1, . . . , e2n+1} F e2n+2 F⊥

ω(e0, e2n+2) = 1 {e0, e2n+2} F⊥

ω(e0, e2n+2) /= 0 ω(e0, e2n+2) =
1 {e0, e1, . . . , e2n+1, e2n+2} M

U

1 # ν
0 1 c
0 0 1

, #, c ∈ C2n, ν ∈ C,

U Pu

P ⊂ Sp2n+2 Ce0

n = 2 n = 1 n = 2 Sp4

C4⊕C⊕C Λ2C4 = Λ〈2〉C4⊕C n = 1
Sp2 C2 ⊕C⊕C C2 ⊕C2 C2 ⊗C2 = Λ2C2 ⊕S2C2 =
C⊕ sp2 M = N ⊕N⊥

N N⊥ Sp2n M
MU N N⊥ N

U N⊥ U N⊥ U
M

Sp2n+1

Sp2n+2

Sp2n+2 Sp2n+1

V GL(V )
V ∗ ⊕ Λ2V ∗

{(#, θ) | # /= 0, θ , ker # ∩ ker θ = (0)}.

G(V )

V = C2n+1 G(C2n+1) # Sp2n V = C2n+2 G(C2n+2)
Sp2n+2 V ∗ V

Sp2n+1 Sp2n+2 e0

Sp2n ⊂ Sp2n+1 ⊂ Sp2n+2
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1 Sp2n+1
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E
2n + 1 ω

{e0, . . . , e2n} {e0, e1, . . . , en, en̄, . . . , e1̄}.

k Gω(k,E) k
E

Gω(k,E) = {V ⊂ E | dimV = k, ω(u, v) = 0, u, v ∈ V } ;

G(k,E) k E
Gω(k,E)

Gω(k, 2n + 1) Gω(k,E) E
C2n+1 {e0, . . . , e2n}

V C2n+1 V ⊥

dimV ⊥ =
codim V e0 /∈ V,

codim V + 1 e0 ∈ V.

V ⊂ C2n+1 dimV # n + 1
V e0 k ! n + 2

Gω(k, 2n + 1) k # n + 1

Gω(k, 2n+1)
Sp2n+1 GL(2n + 1, C)

G(k, 2n+1)
Gω(k, 2n) Sp2n

Sp2n+1 Gω(k, 2n+1)



〈e0, . . . , ek−1〉 〈e2n−k+1, . . . , e2n〉
Sp2n+1 Ce0

Sp2n+1

Gω(k, 2n + 1)
k(2n+1−k)−k(k−1)/2 G(k, 2n+1)

Gω(k, 2n + 1)
G(k, 2n + 1)

E X V ⊂ H0(X,E)
E V

V
X r = rang E

I = {(x, s) ∈ X × V | s(x) = 0} ⊂ X × V.

p : I → X q : I → V I
X×V → E I

X dimV − r
dim V − r + dimX

V
q : I → V

q dim X − r "

G(k, 2n + 1)
Λ2T ∗ T V k C2n+1

V ∈ G(k, 2n + 1) T V Λ2T ∗ Λ2V ∗

Λ2(C2n+1)∗ Λ2T ∗

θ ∈ Λ2(C2n+1)∗ Λ2T ∗ V ∈ G(k, 2n + 1)
θ|V ∈ Λ2V ∗ θ V

V θ ω Λ2T ∗

Gω(k, 2n+1) Λ2T ∗

Λ2(C2n+1)∗

V ⊂ C2n+1 C2n+1

ω
G(k, 2n + 1) 〈e0, . . . , ek−1〉 "

C X → Y
Y

H0(G(k, 2n + 1), Λ2T ∗) = Λ2(C2n+1)∗



k = n+1 Gω(n+1, 2n+1)
Gω(n, 2n)

1 # k # n
Gω(k, 2n + 1)

X0 = {V ∈ Gω(k, 2n + 1) | e0 ∈ V }

Gω(k−1, 2n)

X1 = {V ∈ Gω(k, 2n + 1) | e0 /∈ V }

Gω(k, 2n)

F 〈e1, . . . , e2n〉 V
e0 V = Ce0 ⊕ (V ∩ F )

V ∩F ⊂ F ω|F
W )→ W ⊕ Ce0

Gω(k−1, 2n) X0 Sp2n Sp2n+1

Sp2n+1 Sp2n+1 C∗ U
Sp2n+1 X0

Sp2n+1 X1 p
E → F E = Ce0 ⊕ F V C2n+1

e0 p V → p(V ) V
p(V ) ⊂ F ω|F p

p : X1 −→ Gω(k, 2n) = Gω|F
(k, F ).

V ∈ X1 V = 〈v1, . . . , vk〉 vi = αie0 + v′i v′i ∈ F p(V ) = 〈v′1, . . . , v
′
k〉

V p(V ) U Sp2n+1

v′i )→ v′i + αie0 U F ∗ v′i
g ∈ U p(g.V ) = p(V ) U X1

p U X1 Gω(k, 2n) ⊂ X1

Sp2n Gω(k, 2n) Sp2n+1

X1

T Gω(k, 2n)
W ∈ Gω(k, 2n) T ∗ W ∗ # ∈ W ∗

Γ# ⊂ W ⊕ C = W ⊕ Ce0 ⊂ F ⊕ Ce0 = E E
e0 p(Γ#) = W W = 〈w1, . . . , wk〉

Γ# = 〈w1 + #(w1)e0, . . . , wk + #(wk)e0〉 V ∈ X1 V ⊂ p(V )⊕Ce0

p(V ) → Ce0 = C

T ∗ p(V ) "

X1 p : X1 → Gω(k, 2n)
T ∗ Gω(k, 2n)

U # F ∗ Sp2n+1 X1

∀f ∈ F ∗, ∀# ∈ W ∗, W ∈ Gω(k, 2n) : f · # = f |W + #.

C∗ ⊂ Sp2n+1 X1

∀λ ∈ C∗, ∀# ∈ W ∗, W ∈ Gω(k, 2n) : λ · # = λ#.



Gω(k, 2n)
Gω(k, 2n + 1)

Gω(k, 2n + 1)
Sp2n+1

Gω(k, 2n + 1)
Sp2n+1

Gω(k, 2n+1) Gω(k, 2n)

Gω(k,
2n + 1) Gω(k, 2n + 2) Gω(k, 2n + 1)

Gω(k, 2n + 2)

C2n+1 C2n+2

ω̃ C2n+2 ω e2n+1 {e0, . . . , e2n}
V ⊂ C2n+1

C2n+2 ω̃
Gω(k, 2n + 1) {V ∈ Gω̃(k, 2n + 2) | V ⊂ C2n+1}

Gω̃(k, 2n+2)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n+1〉

Xk̄...2̄1̄ (k̄, . . . , 2̄, 1̄) = (2n+1−k, . . . , 2n−1, 2n) k < n+1
X0n̄...2̄1̄ (0, n̄, . . . , 2̄, 1̄) = (0, n + 1, . . . , 2n) k = n + 1 "

max = maxk,n Gω(k, 2n + 2)
Gω(k, 2n + 1)

max =
(2n − k + 1, . . . , 2n) = (k̄, . . . , 1̄) k < n + 1

(0, n + 1, . . . , 2n) = (0, n̄, . . . , 1̄) k = n + 1.

max ∈ Iωk,2n+2 max {0, . . . , 2n + 1}

max k n max



Gω(k, 2n + 1) Xmax

Xmax =
I!max

CI

I Iωk,2n+2

Gω(k, 2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 Gω̃(k, 2n + 2)

Xmax Gω(k, 2n + 1) Xmax

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 Gω(k, 2n + 1) ⊂ Gω̃(k, 2n + 2)
CI Gω(k, 2n + 1)

Gω(k, 2n+1)

Iωk,2n+1 J = (0 # j1 < · · · < jk # 2n)
jα + jβ /= 2n + 1 1 # α,β # k Ik,2n+1

Iωk,2n+1

J ∈ Iωk,2n+1 jα /= jβ 1 # α,β # k
a ā J 1 # a # n

Iωk,2n+1 Ik,2n+1

I J Iωk,2n+1

I # J ⇐⇒ iα # jα 1 # α # k.

max Iωk,2n+1
{0, . . . , 2n} I ∈ Iωk,2n+1 I # max max

Iωk,2n+1

Iωk,2n+1 # {I ∈ Iωk,2n+2 | I # max}

{0, . . . , 2n} ⊂ {0, . . . , 2n + 1}
Ik,2n+1 ⊂ Ik,2n+2 Iωk,2n+1 ⊂ Iωk,2n+2 Iωk,2n+1

{I = (i1, . . . , ik) ∈ Iωk,2n+2 | ik # 2n}.
Iωk,2n+1 Iωk,2n+2 I Iωk,2n+2

ik # 2n I # max Iωk,2n+1 Iωk,2n+2
{I ∈ Iωk,2n+2 | I # max} "

Iωk,2n+1 Gω(k, 2n + 1)

CI Gω(k, 2n + 1)
I ∈ Iωk,2n+1 Xmax Iωk,2n+2

I

Gω(k, 2n + 1)



I ∈ Iωk,2n+1 {0, . . . , 2n}
CI Gω(k, 2n + 1) V ∈ Gω(k, 2n + 1)

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 I

dim(V ∩ 〈e0, . . . , ei〉) = α, 1 # α # k iα # i < iα+1,

ik+1 = 2n + 1

CI

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n+1〉. V ∈ Gω(k, 2n + 2)
CI

dim(V ∩ 〈e0, . . . , ei〉) = α, 1 # α # k iα # i < iα+1,

ik+1 = 2n + 1 ik # 2n i = 2n + 1
"

V ∈ Gω(k, 2n + 1)
CI I ∈ Iωk,2n+1

{e0, . . . , e2n}
I (aαi) k × (2n + 1) α
aαiα aαi = 0, i > iα

C2n+2 I
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n+1〉

I k × (2n + 2)

aαiα = 1 aβiα = 0 α β > α

iα
α α # k

∗ •
CI

0 1 i1 i2 i2 i1 ik 1̄

∗ · · · · · · · 1 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
∗ · · · · · · · 0 ∗ · · · • · · · 1 0 · · · · · · · · · · · · · · · · · · · · · · ·
∗ · · · · · · · 0 ∗ · · · • · · · 0 ∗ · · · • · · · · · · · · · · · · · ·

∗ · · · · · · · 0 ∗ · · · • · · · 0 ∗ · · · • · · · 1 0 · · ·

I ∈ Iωk,2n+1 #(I) I
I Iωk,2n+2

#(I) =
k

α=1

(iα − α) − #{(α,β) | 1 # α < β # k, iα + iβ > 2n + 1}.

∗

aαi aαı̄



I ∈ Iωk,2n+1 CI

A#(I)

Iωk,2n+1 Iωk,2n+2
Gω(k, 2n + 1)

I J I, J ∈ Iωk,2n+1 CI ⊂ CJ

I # J

B ⊂ Sp2n+1 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂
〈e0, . . . , e2n〉.

Gω(k, 2n+1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 B Gω(k, 2n + 1)

B̃ Sp2n+2 〈e0〉 ⊂ 〈e0, e1〉 ⊂
· · · ⊂ 〈e0, . . . , e2n+1〉. B̃ Gω(k, 2n + 2)
Gω(k, 2n + 2) 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n+1〉.

B̃ Xmax = {V ∈ Gω(k, 2n + 2) | V ⊂ C2n+1}
b )→ b|C2n+1 B̃

B "

T Sp2n+1

{e0, . . . , e2n} T Gω(k, 2n+1)
Iωk,2n+1 Gω(k, 2n + 1)

T Gω(k, 2n + 1) T
T

T̃ Sp2n+2 Sp2n+2

{e0, . . . , e2n+1} T̃ Xmax Gω(k, 2n + 2)
t )→ t|C2n+1 T̃ T

Gω(k, 2n + 2) "

T Gω(k, 2n+1)
I ∈ Iωk,2n+1 I = (i1, . . . , ik) 〈ei1 , . . . , eik〉

Gω(k, 2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

I ∈ Iωk,2n+1
XI CI

Gω(k, 2n+1) = Xmax ⊂ Gω(k, 2n+2)
Gω(k, 2n+1)

Xmax

Gω(k, 2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

Gω(k, 2n + 2)



I ∈ Iωk,2n+1 XI

Gω(k, 2n + 1) V ∈ Gω(k, 2n + 1)

dim(V ∩ 〈e0, . . . , eiα〉) ! α, 1 # α # k.

V ∈ Gω(k, 2n+1) XI

{e0, . . . , e2n}
(aαi) k × (2n + 1) α
aαiα aαi = 0 α i > iα

i1 i2 ik

∗ · · · · · · ∗ 0 · · · · · · · · · · · · · · · · · · · · · · · · 0
∗ · · · · · · · · · · · · · · · ∗ 0 · · · · · · · · · · · · · · · 0

∗ · · · · · · · · · · · · · · · · · · · · · ∗ 0 · · · · · · · · · 0

Gω(k, 2n + 1)

Gω(k, 2n + 1)

P (Gω(k, 2n + 1), t) =
N

i=0

rang H2i(Gω(k, 2n + 1), Z)ti,

N = dim Gω(k, 2n+1) H2i(Gω(k, 2n+1), Z)
Gω(k, 2n + 1)

Gω(k, 2n + 1)
2i B2i Gω(k, 2n + 1)

i Gω(k, 2n+1)
I ∈ Iωk,2n+1 i

n k

G(k, n) G(k, n)
Gω(k, 2n + 1)

q = pm p Fq q
P (Gω(k, 2n+1), q) Fq Gω(k, 2n+1)

Fq

Gω(k, 2n+1) Gω(k, 2n+1)
C ω(k, 2n + 1)

{e0, . . . , e2n} ω C2n+1

ω =
n

i=1

(e∗i ⊗ e∗ı̄ − e∗ı̄ ⊗ e∗i )



Gω(k, 2n + 1) PΛkC2n+1

x$ω = 0 x ∈ ΛkC2n+1 ΛkC2n+1

{e0, . . . , e2n} C2n+1

TI I ⊂ {0, . . . , 2n} |I| = k
PΛkC2n+1 {e0, . . . , e2n} C2n+1 P1, . . . , Ps ∈ Z[TI ; I]

Z[TI ; I] TI Gω(k, 2n+1)
C ProjC[TI ; I]/(P1, . . . , Ps)

Proj Z[TI ; I]/(P1, . . . , Ps) ω(k, 2n + 1)

P (Gω(k, 2n + 1), q) Fq

ω(k, 2n + 1) × Spec Fq = Proj Fq[TI ; I]/(P1, . . . , Ps).

Fq

k Fq F2n+1
q

Fq

Gω(k, F2n+1
q ) Gω(k, 2n + 1)

Gω(k, F2n+1
q )

Gω(k, 2n + 1)
C

Gω(k, F2n+1
q ) =

I∈Iω
k,2n+1

CI(Fq),

CI(Fq) Fq A
#(I)
Fq

|CI(Fq)| = q#(I)

|Gω(k, F2n+1
q )| =

I∈Iω
k,2n+1

q#(I),

2i B2i

Gω(k, 2n + 1) |{I ∈ Iωk,2n+1|#(I) = i}| "

Gω(k, F2n+1
q )

k F2n+1
q

Gω(k, F2n+1
q )

Sp2n+1 Gω(k, 2n + 1) Gω(k, F2n+1
q )

Sp2n+1(Fq) GL(2n + 1, Fq) Sp2n+1(Fq)
Gω(k, F2n+1

q ) Fq

Gω(k − 1, F2n
q )

Fq Gω(k, F2n
q )

Sp2n+1(Fq)
Gω(k, F2n

q ) k

|Gω(k, F2n+1
q )| = |Gω(k − 1, F2n

q )| + qk|Gω(k, F2n
q )|.



Fq

Gω(k, F2n
q )

{v1, . . . , vk} F2n
q

k {v1, . . . , vk}
k

v1 ∈ F2n
q \ {0}

v2 ∈ 〈v1〉
⊥ \ 〈v1〉

. . .

vk ∈ 〈v1, . . . , vk−1〉
⊥ \ 〈v1, . . . , vk−1〉

(q2n−1)(q2n−1− q) . . . (q2n−k+1− qk−1),
V F2n

q dim V ⊥ = 2n − dim V
V ⊂ F2n

q k {v1, . . . , vk} V

v1 ∈ V \ {0}

v2 ∈ V \ 〈v1〉

. . .

vk ∈ V \ 〈v1, . . . , vk−1〉

V (qk − 1)(qk − q) . . . (qk − qk−1).

|Gω(k, F2n
q )| =

(q2n − 1)(q2n−1 − q) . . . (q2n−k+1 − qk−1)

(qk − 1)(qk − q) . . . (qk − qk−1)

=
(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+2 − 1)

(qk − 1)(qk−1 − 1) . . . (q − 1)
.

|Gω(k, F2n+1
q )| =

(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+4 − 1)

(qk−1 − 1)(qk−2 − 1) . . . (q − 1)
+

+ qk (q2n − 1)(q2n−2 − 1) . . . (q2n−2k+2 − 1)

(qk − 1)(qk−1 − 1) . . . (q − 1)

=
(qk − 1 + qk(q2n−2k+2 − 1))(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+4 − 1)

(qk − 1)(qk−1 − 1) . . . (q − 1)

=
(q2n−k+2 − 1)(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+4 − 1)

(qk − 1)(qk−1 − 1) . . . (q − 1)
.

Gω(k, 2n)
q

Gω(k, 2n)
Gω(k, 2n + 1)

2n 2n + 1

F2n+1
q

Gω(k, F2n+1
q )



q
N P (Gω(k,N), q) k

k k
k = 4

N = 2n 2n 2n − 2 2n − 4 2n − 6
N = 2n + 1 2n 2n − 2 2n − 2 2n − 4
N = 2n + 2 2n + 2 2n 2n − 2 2n − 4

k = 5

N = 2n 2n 2n − 2 2n − 4 2n − 6 2n − 8
N = 2n + 1 2n 2n − 2 2n − 3 2n − 4 2n − 6
N = 2n + 2 2n + 2 2n 2n − 2 2n − 4 2n − 6.

k = 2#

P (Gω(k,N), q) =

#

i=1

q2[N/2]+2−2i − 1
2#

i=#+1

q2[(N+1)/2]+2−2i − 1

(qk − 1)(qk−1 − 1) . . . (q − 1)

k = 2#+ 1

P (Gω(k,N), q) =

#

i=1

q2[N/2]+2−2i − 1 (qN−2# − 1)
2#+1

i=#+2

q2[(N+1)/2]+2−2i − 1

(qk − 1)(qk−1 − 1) . . . (q − 1)
.

Gω(k, 2n+1)

X

Gω(k, 2n+1)



I ∈ Iωk,2n+1

div = divk,n ∈ Iωk,2n+1

div =
(2n − k, 2n − k + 2, . . . , 2n) k /= n + 1

(0, n, n + 2, . . . , 2n) k = n + 1.

I ∈ Iωk,2n+1

I /= max =⇒ I # div,

div max Iωk,2n+1
#(div) = #(max)−1 Xdiv

Gω(k, 2n + 1) = Xmax

Gω(k, 2n+1) Z

Xdiv

Xdiv Gω(k, 2n + 1)

1 # k # n Gω(k, 2n + 1)

Xdiv = {V ∈ Gω(k, 2n + 1) | V ∩ 〈e0, . . . , e2n−k〉 /= 0}.

Gω(n + 1, 2n + 1)

Xdiv = {V ∈ Gω(n + 1, 2n + 1 | dim(V ∩ 〈e0, . . . , en+2〉) ! 2}.

X D
U = X \D X

Z

X
X D

U U X D
Pic(X) D

X "

Xdiv

Gω(k, 2n+1) Gω(k, 2n+1)\Xdiv Cmax

Gω(k, 2n + 1) Z

Xdiv

div k n div



Gω(k, 2n + 1)

k # n
Gω(k, 2n + 1) PSp2n+1

PSp2n+1 Sp2n+1/Z(Sp2n+1) = Sp2n+1/{±1}

G
Aut◦(G/P )

G/P G

k = n + 1 Gω(n + 1, 2n + 1)
Gω(n, 2n)

PSp2n

Gω(k, 2n + 1)

Gω(k, 2n + 1)

Gω(k, 2n + 1)
H0(Gω(k, 2n + 1), TGω(k, 2n + 1))

Gω(k, 2n + 1) ω
Λ2T ∗ G(k, 2n + 1) dω

Gω(k, 2n + 1)

dω : TG(k, 2n + 1)|Gω(k,2n+1) −→ Λ2T ∗|Gω(k,2n+1)

Λ2T ∗|Gω(k,2n+1) Gω(k, 2n + 1) G(k, 2n + 1)

0 −→ TGω(k, 2n + 1) −→ TG(k, 2n + 1)|Gω(k,2n+1)
dω
−→ Λ2T ∗|Gω(k,2n+1) −→ 0.

H0(Gω(k, 2n + 1), TGω(k, 2n + 1))

H0 Gω(k, 2n+1), TG(k, 2n + 1)|Gω(k,2n+1)
dω
−→ H0 Gω(k, 2n+1),Λ2T ∗|Gω(k,2n+1) .



ω
Gω(k, 2n+1) G(k, 2n+1)

TG(k, 2n+1) Λ2T ∗

G(k, 2n+1) TG(k, 2n+1) Λ2T ∗ Gω(k, 2n+1)
G(k, 2n + 1)

X E r X
s E

0 −→ ΛrE∗ −→ · · · −→ Λ2E∗ −→ E∗ −→ OX −→ OY −→ 0

Y ⊂ X s Λj+1E∗ → ΛjE∗

s

e1 ∧ · · · ∧ ej )−→
j

i=1

〈ei, s〉e1 ∧ · · · ∧ ei ∧ · · · ∧ ej

e1, . . . , ej E∗ s
s = (s1, . . . , sr) E|U # O⊕r

U E
U X dxs1, . . . , dxsr x ∈ U

s

SL(2n + 1, C) 〈e0〉 ⊂
〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

{e0, . . . , e2n} εi diag(x0, . . . , x2n) )→ xi

ε0, . . . , ε2n

ε0 + · · ·+ ε2n = 0
εi SL(2n + 1, C) εi − εj

0 # i /= j # 2n
εi − εj 0 # i < j # 2n εi − εi+1 0 # i # 2n − 1

SL(2n+1, C) wi = ε0 + · · ·+ εi 0 # i # 2n− 1
λ = aiwi ai ∈ Z+

λ = λiεi λ0 ! λ1 ! · · · ! λ2n

ε0 + · · · + ε2n = 0 λ2n ! 0
λ = (λ1 ! λ2 ! · · · ! λk) λi

λ |λ| = λi #(λ)

(λ0 ! · · · ! λ2n) )→ (λ0 + a ! · · · ! λ2n + a) λ = (λ0 ! λ1 ! · · · ! λ2n)
SL(2n + 1, C) λ Vλ

SλC2n+1 C2n+1 SL(2n + 1, C)

GL(2n+1, C) ε0, . . . , ε2n

εi SL(2n + 1, C) λ = λiεi

λ0 ! · · · ! λ2n λi

λ = (λ0 ! · · · ! λ2n) a



λ2n + a ! 0 λ′ λ′ = (λ0 + a ! · · · ! λ2n + a ! 0)
GL(2n + 1, C) λ Vλ

Sλ′C2n+1 ⊗ det⊗(−a) Sλ′C2n+1 C2n+1

λ′ det = Λ2n+1C2n+1

SλC2n+1 = Sλ′C2n+1 ⊗ det⊗(−a) = Vλ
λ

G(k, 2n + 1) SL(2n + 1, C) P ⊂
SL(2n + 1, C) k
{e0, . . . , e2n} SL(2n+1, C)

SL(2n+1, C)
G(k, 2n+1) P

λ = (λ0, . . . ,λ2n) SL(2n+1, C) P λ0 ! · · · ! λ2n−k λ2n−k+1 !

· · · ! λ2n P
P SL(2n + 1, C)

T Q G(k, 2n+
1) V ∈ G(k, 2n + 1) T V Q C2n+1/V

λ = (λ0, . . . ,λ2n) P SL(2n+1, C) Eλ
G(k, 2n + 1) P λ

Eλ = Sλ′Q ⊗ Sλ′′T

λ′ λ′′ λ0 ! · · · ! λ2n−k λ2n−k+1 !

· · · ! λ2n

SL(2n + 1, C) S2n+1

w · εi = εw(i) w ∈ S2n+1 0 # i # 2n
λ = (λ0, . . . ,λ2n) a /= b λa = λb

ρ = (2n + 1, 2n, . . . , 1)

G(k, 2n + 1)

λ = (λ0, . . . ,λ2n) P
Eλ SL(2n+1, C) G(k, 2n+1) λ+ρ

H i(G(k, 2n+1), Eλ) = 0 i w ∈ S2n+1

w(λ + ρ) λ+ ρ
l H l(G(k, 2n + 1), Eλ) SL(2n + 1, C)

Vw(λ+ρ)−ρ w(λ+ ρ) − ρ H i(G(k, 2n + 1), Eλ) = 0
i /= l

λ = (λ1 ! · · · ! λn ! 0)
#(λ)

λ0 λ1

λ = (4, 2, 1)



λ∗

λ λ = (4, 2, 1)
λ∗ = (3, 2, 1, 1)

r λ
λ 1 # i # r ai = λi − i i

λ bi = λ∗i − i
i

λ r (a1, . . . , ar) (b1, . . . , br)

λ = (a1, . . . , ar | b1, . . . , br);

(4, 2, 1) (3, 0 | 2, 0)
a = (a1 > · · · > ar) b = (b1 > · · · > br)

λ = (λ1 > · · · > λ# > 0)
# λ− #

λ− = (λ1 − 1, . . . ,λ# − 1 | λ1, . . . ,λ#).

λ = (4, 2, 1) λ−

V
SL(V )

Λi(Λ2V ) =
|λ|=i

Sλ−V

λ
λ λ−

SL(V )
SλV ΛiV

SλV ⊗ ΛiV =
µ

SµV,

µ i λ i

G G(k, 2n + 1) Gω

Gω(k, 2n + 1)



ω

0 −→ Λr(Λ2T ) −→ · · · −→ Λ2(Λ2T ) −→ Λ2T
ω

−→ OG −→ OGω −→ 0

r = k(k − 1)/2 Λ2T ω
TG G

TG|Gω TG Gω

0 −→ Λr(Λ2T ) ⊗ TG −→ · · · −→ Λ2(Λ2T ) ⊗ TG −→ Λ2T ⊗ TG
ω

−→ TG −→ TG|Gω −→ 0.

j ! 1 H i(G,Λj(Λ2T ) ⊗ TG) = 0 i

TG Hom(T,Q) =
T ∗ ⊗ Q.

Λj(Λ2T ) ⊗ TG = Q ⊗
|λ|=j

Sλ−T ⊗ T ∗.

ν = (ν1 ! · · · ! νk)
SνT ⊗ T ∗

SνT ⊗ T ∗ = SνT ⊗ Λk−1T ⊗ detT ∗ =
µ

SµT

µ k
ν µ = (µ1 ! · · · ! µk) 1 # i # k

µi = νi − 1 µa = νa a /= i ν = (4, 2, 2) SνT ⊗ T ∗ =
S(3,2,2)T ⊕ S(4,2,1)T ⊕ S(4,2,2,0,...,0,−1)T.

Λj(Λ2T ) ⊗ TG Eη = Q ⊗ SµT µ
λ− λ

j
η = (1, 0, . . . , 0, µ1, . . . , µk)

η + ρ = (2n + 2, 2n, 2n − 1, . . . , k + 1, µ1 + k, . . . , µk + 1).

λ− #(λ−) = λ1+1 T k #(λ−) # k Sλ−T = 0
λ1 # k− 1 µ µ1 = λ−1 µ1 = λ−1 − 1

µ1 = λ1 µ1 = λ1 − 1 µ1 + k # λ1 + k # k − 1 + k # 2n − 1 # 2n.
µ1 ! 1 µ1 = 0 λ1 = 1 λ =

λ− = (1, 1, 0, . . . , 0,−1)

k + 1 # µ1 + k # 2n

η + ρ
"

F TG −→ TG|Gω

0 −→ F −→ TG −→ TG|Gω −→ 0

0 −→ Λr(Λ2T ) ⊗ TG −→ · · · −→ Λ2(Λ2T ) ⊗ TG −→ Λ2T ⊗ TG −→ F −→ 0.



H i(G,F ) = 0 i

H i(Gω , TG|Gω) = H i(G,TG) i.

TG TG = T ∗ ⊗ Q = E(1,0,...,0,−1)

H0(G,TG) = V(1,0,...,0,−1) = sl(2n + 1, C)

H i(G,TG) = 0 i ! 1.

TG|Gω
Λ2T ∗

Gω

Λ2T ∗ ω
Λ2T ∗|Gω

0 −→ Λr(Λ2T ) ⊗ Λ2T ∗ −→ · · · −→ Λ2(Λ2T ) ⊗ Λ2T ∗ −→

−→ Λ2T ⊗ Λ2T ∗ −→ Λ2T ∗ −→ Λ2T ∗|Gω −→ 0.

j ! 2 H i(G,Λj(Λ2T ) ⊗ Λ2T ∗) = 0 i

Λj(Λ2T ) ⊗ Λ2T ∗ =
|λ|=j

Sλ−T ⊗ Λ2T ∗.

ν SνT ⊗ Λ2T ∗

SνT ⊗ Λ2T ∗ = SνT ⊗ Λk−2T ⊗ detT ∗ =
µ

SµT

µ ν
µ1 = ν1 µ1 = ν1 − 1

Λj(Λ2T )⊗Λ2T ∗ Eη = SµT µ
λ− λ

j µ1 = λ−1 = λ1 µ1 = λ−1 − 1 = λ1 − 1

η = (0, . . . , 0, µ1, . . . , µk)

η + ρ = (2n + 1, 2n, . . . , k + 1, µ1 + k, . . . , µk + 1).

η+ ρ µ1 ! 1 µ1 = 0 λ =
j = |λ| ! 2 "



j = 1

Λ2T ⊗ Λ2T ∗ = C ⊕ S(1,0,...,0,−1)T ⊕ S(0,...,0,−1,−1)T.

(0, . . . , 0, 1, 0, . . . , 0,−1) + ρ

(0, . . . , 0, 0, . . . , 0,−1,−1) + ρ

H0(G,Λ2T ⊗ Λ2T ∗) = H0(G,End(Λ2T )) = C · Id

H i(G,Λ2T ⊗ Λ2T ∗) = 0 i ! 1.

H0(G,Λ2T ∗) = Λ2(C2n+1)∗

H i(G,Λ2T ∗) = 0 i ! 1.

G H Λ2T ⊗ Λ2T ∗ −→ Λ2T ∗ Λ2T ∗ −→
Λ2T ∗|Gω

0 −→ Λr(Λ2T ) ⊗ Λ2T ∗ −→ · · · −→ Λ2(Λ2T ) ⊗ Λ2T ∗ −→ G −→ 0

0 −→ G −→ Λ2T ⊗ Λ2T ∗ −→ H −→ 0

0 −→ H −→ Λ2T ∗ −→ Λ2T ∗|Gω −→ 0

H i(G,G ) = 0 i

H i(G,H ) = H i(G,Λ2T ⊗ Λ2T ∗) =
C · Id, i = 0

0 i ! 1

0 −→ C · Id
ω

−→ Λ2(C2n+1)∗ −→ H0(Gω ,Λ2T ∗|Gω) −→ 0

H i(Gω,Λ2T ∗|Gω) = 0, i ! 1.

H0(Gω ,Λ2T ∗|Gω) = Λ2(C2n+1)∗/C · ω.

0 −→ TGω −→ TG|Gω
dω
−→ Λ2T ∗|Gω −→ 0.

0 −→ H0(Gω, TGω) −→ sl(2n + 1, C)
dω
−→ Λ2(C2n+1)∗/C · ω −→ H1(Gω, TGω) −→ 0,

H i(Gω, TGω) = 0 i ! 2.

E = C2n+1



dω : sl(E) → Λ2E∗/ω

sl(E) ↪→ End(E) = E∗ ⊗ E
id⊗ω
−−−→ E∗ ⊗ E∗ −→ Λ2E∗ −→ Λ2E∗/ω

X ∈ sl(E)

dω(X) = [(u, v) )−→ ω(u,Xv) + ω(Xu, v)] ω.

V ∈ G TG # T ∗⊗Q Hom(V,E/V )
V X ∈ sl(E) = H0(G,TG)

V ↪→ E
X
−→ E −→ E/V.

V Λ2T ∗ Λ2V ∗ V V
[θ] ω Λ2E∗/ω = H0(Gω,Λ2T ∗|Gω) θ|V ∈ Λ2V ∗.

V ω E/V ⊥ → V ∗ E/V → V ∗

ω

E
ω

−−−−→ E∗

E/V
ω

−−−−→ V ∗.

dω : TG|Gω →
Λ2T ∗|Gω V ∈ Gω

V ∗ ⊗ E/V
ω

−→ V ∗ ⊗ V ∗ −→ Λ2V ∗

X ∈ Hom(V,E/V )

dω(X) · (u, v) = ω(u,Xv) + ω(Xu, v), u, v ∈ V.

V0 ∈ Gω W ⊂ E V0 Ω G
Ω = {V ∈ G | V ∩ W = (0)} V0

{v1(V ), . . . , vk(V )} V V ∈ Ω
T Ω vi(V )∗ ∧ vj(V )∗ 1 # i < j # k

Λ2T ∗ Ω ωij ω|Ω
dω Ω

dω(X) =
1!i<j!k

dV ωij(X) vi(V )∗ ∧ vj(V )∗ V ∈ Ω, X ∈ TV G.

dV ωij(X)
TV G # Hom(V,E/V ) X ∈ TV G v ∈ V V (t) t ∈ C

G V (0) = V V̇ (0) = X v(t) E
v(0) = v v(t) ∈ V (t) t Xv = [v̇(0)] V.

{v1, . . . , vk} V0 Cvi(V ) V ∩ (Cvi ⊕W ) vi(V )
vi



V ∈ Ω X ∈ TV G V (t) G V (0) = V
V̇ (0) = X vi(V (t)) E vi(V (t)) ∈ V (t)

t ∈ C

Xvi(V ) =
d

dt t=0

vi(V (t)) = dV vi(X).

ωij(V ) = ω(vi(V ), vj(V ))

dV ωij(X) = ω(vi(V ), dV vj(X)) + ω(dV vi(X), vj(V ))

= ω(vi(V ),Xvj(V )) + ω(Xvi(V ), vj(V ))

dω(X) =
1!i<j!k

ω(vi(V ),Xvj(V )) + ω(Xvi(V ), vj(V )) vi(V )∗ ∧ vj(V )∗

"

(u, v) )−→ ω(u,Xv) + ω(Xu, v)

X · ω ω X ∈ gl(E)
gl(E) Λ2E∗

dω : sl(E) → Λ2E∗/ω

dω(X) = [X · ω] ω, X ∈ sl(E).

H0(Gω, TGω)

H0(Gω , TGω) = {X ∈ sl(E) | X · ω ∈ Cω}.

Id.ω = 2ω {X ∈ gl(E) | X · ω = 0} = sp2n+1 Sp2n+1

sp2n+1 H0(Gω, TGω) CId {X ∈ gl(E) |
X ·ω ∈ Cω} {X ∈ gl(E) | X ·ω ∈ Cω}/CId

CId
{X ∈ gl(E) | X · ω ∈ Cω}

Gω(k, 2n + 1) sp2n+1

dω : sl(E) → Λ2E∗/ω sp2n+1

(2n + 1)(n + 1)

H1(Gω , TGω) = 0.

Gω

{X ∈ gl(E) | X · ω ∈ Cω} GL(E) [ω] ∈ PΛ2E∗



Z

Gω(k, 2n + 1)
Gω(k, 2n + 1)

Gω(k, 2n + 1) Gω(k, 2n + 1)
Gω(k − 1, 2n + 1) Sp2n+1

Gω(k, 2n + 1) Gω(k − 1, 2n + 1)
Gω(k, 2n + 1)

Gω(1, 2n + 1) = P2n PSL(2n + 1, C)
Gω(2, 2n + 1) PSp2n+1

Gω(k, 2n + 1)

E = C2n+1 Λ〈k〉E ω

Λ〈k〉E = Ker ΛkE
"ω
−→ Λk−2E .

Gω(k, 2n + 1)
PΛkE

Gω(k,E) = G(k,E) ∩ PΛ〈k〉E.

V ∈ G(k,E) {v1, . . . , vk} V v1 ∧ · · · ∧ vk

ω

(v1 ∧ · · · ∧ vk)$ω =
1!i<j!k

(−1)i+jω(vi, vj)v1 ∧ · · · ∧ vi ∧ · · · ∧ vj ∧ · · · ∧ vk

v1 ∧ · · ·∧ vk $ω V "

$ω : ΛkE → Λk−2E
G(k,E) ∩ PΛ〈k〉E

Gω(k,E) ⊂ PΛ〈k〉E

H0 PΛ〈k〉E,OPΛ〈k〉E(1) −→ H0 Gω(k,E),OGω (k,E)(1)

GL(2n+1, C)
G(k, 2n + 1)



λ = (λ0 ! · · · ! λ2n) Eλ GL(2n +
1, C) G(k, 2n + 1)

Eλ = Sλ′Q ⊗ Sλ′′T

λ′ λ′′ λ0 ! · · · ! λ2n−k λ2n−k+1 ! · · · ! λ2n

H0(G(k, 2n + 1), Eλ) GL(2n + 1, C) Vλ λ
H i(G(k, 2n + 1), Eλ) = 0 i ! 1

SL(2n + 1, C)
GL(2n+1, C) Eλ H i(G(k, 2n+1), Eλ) = 0

i ! 1 H0(G(k, 2n + 1), Eλ) SL(2n + 1, C)
Sλ(C2n+1) GL(2n + 1, C)

H0(G(k, 2n + 1), Eλ) Λ2n+1C2n+1

H0(G(k, 2n + 1), Eλ) GL(2n + 1, C)
Sµ(C2n+1) µ λ

µi = λi + a 0 # i # 2n a
a H0(G(k, 2n + 1), Eλ)

tId ∈ GL(2n + 1, C) t ∈ C∗ s ∈ H0(G(k, 2n + 1), Eλ)
tId · s = t|µ| · s V ∈ G(k, 2n + 1)

s tId Eλ V
t|λ|

t|µ| · s(V ) = (tId · s)(V ) = tId(s(V )) = t|λ| · s(V )

|µ| = |λ| µ = λ "

G
G(k,E) Gω Gω(k,E)

G PΛkE detT ∗

OG(1) = detT ∗

ω detT ∗

0 −→ Λr(Λ2T ) ⊗ detT ∗ −→ · · · −→ Λ2(Λ2T ) ⊗ detT ∗ −→

−→ Λ2T ⊗ det T ∗ −→ detT ∗ −→ det T ∗|Gω −→ 0.

Λj(Λ2T ) ⊗ detT ∗ =
|λ|=j

Sλ−T ⊗ det T ∗

Λj(Λ2T ) ⊗ det T ∗ Eη = SµT µ =
(µ1 ! · · · ! µk) µi = λ−i − 1 1 # i # k

λ j

η = (0, 0, . . . , 0, µ1, . . . , µk)



η + ρ = (2n + 1, 2n, . . . , k + 1, µ1 + k, . . . , µk + 1)

j ! 2 j ! 2

H i(G,Λj(Λ2T ) ⊗ detT ∗) = 0 i ;

F Λ2T ⊗ det T ∗ → detT ∗

0 −→ Λr(Λ2T ) ⊗ detT ∗ −→ · · · −→ Λ2(Λ2T ) ⊗ detT ∗ −→ F −→ 0

0 −→ F −→ Λ2T ⊗ detT ∗ −→ detT ∗ −→ detT ∗|Gω −→ 0,

H i(G,F ) = 0 i Λ2T ⊗ det T ∗ = Λk−2T ∗

H0(G,Λ2T ⊗ det T ∗) = Λk−2E∗

H i(G,Λ2T ⊗ detT ∗) = 0 i ! 1 ;

H0(G,det T ∗) = ΛkE∗

H i(G,det T ∗) = 0 i ! 1.

GL(E)
G detT ∗ → detT ∗|Gω

0 −→ F −→ Λ2T ⊗ det T ∗ −→ G −→ 0

0 −→ G −→ det T ∗ −→ detT ∗|Gω −→ 0.

H i(G,G ) = H i(G,Λ2T ⊗ detT ∗) i H1(G,G ) = 0

0 −→ Λk−2E∗ ·ω
−→ ΛkE∗ −→ H0(Gω ,detT ∗|Gω) −→ 0.

H0(G,OG(1)) → H0(Gω,OGω (1))
OGω (1) "

Sp2n+1

0 −→ H0(Gω,det T ∗|Gω)∗ −→ ΛkE
"ω
−→ Λk−2E −→ 0.

$ω : ΛkE → Λk−2E Sp2n+1 H0(Gω,det T ∗|Gω)

(Λ〈k〉E)∗ Gω(k,E)
PΛ〈k〉E

Gω(k,E)
PΛ〈k〉E

Sp2n+1

Λ2n+1E



Pic(Gω(k,E)) = Z Gω(k,E)
PΛ〈k〉E "

Aut(PΛ〈k〉E,Gω(k,E)) PΛ〈k〉E
Gω(k,E)

Aut PΛ〈k〉E,Gω(k,E) → Aut Gω(k,E)

Gω(k,E)

PSp2n+1 → Aut PΛ〈k〉E,Gω(k,E)

E k

G(k,E)
PΛkE

L ⊂ PΛkE
G(k,E) L = {V ∈ G(k,E) | V ⊃ V k−1}
V k−1 ⊂ E k − 1 L = {V ∈ G(k,E) | V ⊂ V k+1}

V k+1 ⊂ E k + 1
{V ∈ G(k,E) | V a ⊂ V ⊂ V b} # Pb−a−1

V a ⊂ V b ⊂ E a b

G(k,E)
PΛkE 〈V,W 〉

V W G(k,E) G(k,E)
G(k,E) Pm

m + 1 G(k,E) PΛkE V1, . . . , Vm+1

G(k,E) m V1, . . . , Vm+1

G(k,E)

Gω(k,E) G(k,E)

Gω(k,E) Gω(k,E)
G(k,E)

L G(k,E)
L = {V ∈ G(k,E) | V ⊃ V k−1}

V k−1 ⊂ E k − 1 V k−1 L ∩ Gω(k,E) = ∅
V k−1 V L V V ⊂ (V k−1)⊥

V ⊂ (V k−1)⊥ V

L ∩ Gω(k,E) = V ∈ G(k,E) | V k−1 ⊂ V ⊂ (V k−1)⊥ # P (V k−1)⊥/V k−1 .

V k−1 e0 ω dim(V k−1)⊥ = codim V k−1 = 2n−k +2
P((V k−1)⊥/V k−1) = P2n−2k+2 V k−1 e0 dim(V k−1)⊥ = 2n − k + 3
P((V k−1)⊥/V k−1) = P2n−2k+3



L G(k,E)
L = {V ∈ G(k,E) | V ⊂ V k+1}

V k+1 ⊂ E k + 1 L∩Gω(k,E)
V k+1

W ω rgω =
2 W Kerω rgω > 2

W

ω /= 0 rgω ! 2
ω ω : W → W ∗

⊥ω ω ⊥
W ⊗ W ∗ → C H ⊂ W

H ⇐⇒ H ⊂ H⊥ω = ω(H)⊥ ⇐⇒ H⊥ ⊃ ω(H).

dimH⊥ = 1 ω(H) = 0 ω(H) = H⊥.
ω(H) = 0 Kerω ω(H) = H⊥ Kerω ∩ H

H codim Kerω # 2 codim Kerω = 2 Kerω ⊂ H
"

ω|V k+1 V k+1

L ∩ Gω(k,E) = L = {V ∈ G(k,E) | V ⊂ V k+1} # Pk ;

rg(ω|V k+1) = 2

L ∩ Gω(k,E) = V ∈ G(k,E) | Ker(ω|V k+1) ⊂ V ⊂ V k+1 # P1,

rg(ω|V k+1) > 2 L ∩ Gω(k,E) = ∅

Gω(k,E)

V ∈ G(k,E) | V k−1 ⊂ V ⊂ (V k−1)⊥ =
P2(n−k)+2 V k−1 /6 e0

P2(n−k)+3 V k−1 6 e0

V k−1 ⊂ E k − 1

V ∈ Gω(k,E) | V ⊂ V k+1 =
Pk V k+1

P1 rg(ω|V k+1) = 2

V k+1 ⊂ E k + 1

Gω(k,E) P2(n−k)+2 Gω(k,E)



X ⊂ PN # ∈ N F(#,X)
# PN X

G(#, N) P# PN

F(2(n− k)+ 2, Gω(k,E))
P2(n−k)+2 Gω(k,E)

F

k < 2
3(n+1) F = F(2(n− k)+2, Gω(k,E))

P2(n−k)+2 Gω(k,E)

F
1 = (V k−1,H) ∈ Gω(k − 1, E) × G(2n − k + 2, E) V k−1 ⊂ H ⊂ (V k−1)⊥

Gω(k − 1, E) Sp2n+1

k ! 2
3 (n + 1) F

F1

F
2 = (W,V k+1) ∈ G(3k − 2(n + 1), E) × Gω(k + 1, E) W ⊂ V k+1

P2(n−k)+2

Gω(k,E) Gω(k,E)

P2(n−k)+2

P2(n−k)+2

P1

V ∈ G(k,E) | V k−1 ⊂ V ⊂ (V k−1)⊥ ∩ V ∈ Gω(k,E) | V ⊂ V k+1 ⊂

⊂ V ∈ G(k,E) | V k−1 ⊂ V ⊂ V k+1 # P1.

P2(n−k)+2

V k−1 k − 1 e0

P2(n−k)+3

V k−1 k − 1 e0 H
(V k−1)⊥ V k−1

P2(n−k)+2 = V ∈ G(k,E) V k−1 ⊂ V ⊂ H ⊂ (V k−1)⊥ .

P2(n−k)+2

F
1 = (V k−1,H) ∈ Gω(k − 1, E) × G(2n − k + 2, E) V k−1 ⊂ H ⊂ (V k−1)⊥ .

p : F1 → Gω(k − 1, E) V k−1 ∈ Gω(k − 1, E)
V k−1 /6 e0 dim(V k−1)⊥ = 2n − k + 2 p−1(V k−1)

X
"



(V k−1, (V k−1)⊥) V k−1 6 e0 dim(V k−1)⊥ = 2n−k+3 p−1(V k−1)
{H | H (V k−1)⊥,H ⊃ V k−1} F1 → F

(V k−1,H) )−→ {V ∈ G(k,E) | V k−1 ⊂ V ⊂ H}

F1 P2(n−k)+2

Gω(k,E) F

F1

k < 2(n− k)+2 k < 2
3(n+1) P2(n−k)+2

Gω(k,E) F = F1

F1 Sp2n+1

Gω(k − 1, E)

Sp2n+1 Gω(k−1, E) X0 = {V ∈ Gω(k−1, E) |
e0 ∈ V } X1 = {V ∈ Gω(k−1, E) | e0 /∈ V } Sp2n+1

p : F1 → Gω(k − 1, E)
X1 ⊂ Gω(k − 1, E)

{H | H (V k−1)⊥,H ⊃ V k−1} = P (V k−1)⊥/V k−1 ∗
= P2n−2k+3

X0

X0 2n − 2k + 4 Gω(k − 1, E) F1

X0 Gω(k − 1, E) F1

F1

F(k − 1, 2n − k + 2, E) = (V k−1, V 2n−k+2) | V k−1 ⊂ V 2n−k+2 ⊂ E .

F(2(n− k)+2, G(k,E)) P2(n−k)+2

G(k,E)
a = k − 1 b = 2n − k + 2 T a

T b F(a, b,E)
V • = (V a ⊂ V b) F(a, b,E) V a V b ω

(T a)∗ ⊗ (T b)∗ (V a ⊂ V b) ω V a × V b

ω Λ2E∗ → E∗ ⊗ E∗ → (V a)∗ ⊗ (V b)∗

(V a ⊂ V b) F(a, b,E) F1 V a V b ⊂
(V a)⊥ V b ⊂ (V a)⊥ V a ⊂ V b F1

ω ∈ H0(F(a, b,E), (T a)∗ ⊗ (T b)∗) (T a)∗ ⊗ (T b)∗

ω E (T a)∗⊗(T b)∗ →
S2(T a)∗ (T a)∗ ⊗ (T b)∗ → (T a)∗ ⊗ (T a)∗ → S2(T a)∗

E
(T a)∗ ⊗ (T b)∗ Λ2E∗ E

ω ∈ Λ2E∗ E (V a ⊂ V b)
V a ⊂ V b a × b

A B , A



(2n +
1) × (2n + 1)

A B ∗
∗ ∗ ∗
∗ ∗ ∗

E Λ2E∗

ω Λ2E∗ F1

"

E Λ2E∗ H0(F(a, b,E), E) = Λ2E∗

k ! 2(n − k) + 2 k ! 2
3(n + 1)

P2(n−k)+2 Gω(k,E) Pk

V k+1 k + 1
3k − 2(n + 1) V k+1

P2(n−k)+2 = {V ∈ Gω(k,E) | V 3k−2(n+1) ⊂ V ⊂ V k+1}.

P2(n−k)+2

F
2 = (W,V k+1) ∈ G(3k − 2(n + 1), E) × Gω(k + 1, E) W ⊂ V k+1

F2 → F

(W,V k+1) )−→ {V ∈ Gω(k,E) | W ⊂ V ⊂ V k+1}.

F2 G(3k−2(n+1), k+1)
Gω(k + 1, E)

dimF
2 = dim Gω(k + 1, E) + dim G(3k − 2(n + 1), k + 1)

= (k + 1)(2n − k) −
k + 1

2
+ [3k − 2(n + 1)][2(n − k) + 3].

F1 Gω(k− 1, E)

dimF
1 = dimGω(k − 1, E) = (k − 1)(2n − k + 2) −

k − 1

2
.

dimF
2 − dimF

1 = 4n − 4k + 2 − 2k + 1 + [3k − 2(n + 1)][2(n − k) + 3]

= [3k − 2(n + 1)][2(n − k) + 1] − 1.

n = k = 3 F1 F2

n = k = 3 F1 F2



F
1 = (V 2,H5) ∈ Gω(2, 7) × G(5, 7) V 2 ⊂ H ⊂ (V 2)⊥

F1 Gω(2, 7) Sp7

Gω(1, 6) # P5 F1 P3 P5

F
2 = (W 1, V 4) ∈ G(1, 7) × Gω(4, 7) W 1 ⊂ V 4

F2 G(1, 4) # P3 Gω(4, 7)
F1 F2

Z2

p : F1 → Gω(2, 7) E = p−1(P5)
Z

H∗(F1, Z) # H∗(Gω(2, 7), Z) ⊕ H∗(E, Z)/H∗(P5, Z).

H∗(Gω(2, 7), Z) Z

Gω(2, 7) Gω(2, 7) #Iω2,7 = 18
H∗(Gω(2, 7), Z) Gω(2, 7)

P (Gω(2, 7), t) = 1 + t + 2t2 + 2t3 + 3t4 + 3t5 + 2t6 + 2t7 + t8 + t9.

p : E → P5 P3 H∗(E, Z)
H∗(P5, Z) H∗(P5, Z) Z

H∗(E, Z)/H∗(P5, Z) Z

H∗(F1, Z)
F2 P3 Gω(4, 7) H∗(F2, Z) H∗(Gω(4, 7), Z)

Gω(4, 7) #Iω4,7 = 8
H∗(Gω(4, 7), Z) Z Gω(4, 7)

P (Gω(4, 7), t) = 1 + t + t2 + 2t3 + t4 + t5 + t6.

H∗(F2, Z) Z F1 F2

"

Gω(k,E) Aut(PΛ〈k〉E,Gω(k,E))
PΛ〈k〉E Gω(k,E)

Gω(k,E) F = F(2(n − k) + 2, Gω(k,E))
F F1

F2 F1 F

F1 Aut(PΛ〈k〉E,Gω(k,E))
F1

Gω(k,E) P2(n−k)+2 P2(n−k)+2

p : F1 → Gω(k− 1, E) g ∈ Aut(PΛ〈k〉E,Gω(k,E))
g F1



g F1 p
g̃ Gω(k − 1, E)

X0 = {V ∈ Gω(k − 1, E) | e0 ∈ V } Sp2n+1 Gω(k − 1, E)
X1 = Gω(k − 1, E) \X0 Sp2n+1 p

X1 p−1(X1) P2(n−k)+2

Gω(k,E) P2(n−k)+2

P2(n−k)+2 g
p−1(X1)

(V k−1
1 ,H1) (V k−1

2 ,H2) p−1(X0) ⊂ F1 L1 L2 P2(n−k)+2

L1 = {V ∈ G(k,E) | V k−1
1 ⊂ V ⊂ H1}

L2 = {V ∈ G(k,E) | V k−1
2 ⊂ V ⊂ H2}.

p(V k−1
1 ,H1) = p(V k−1

2 ,H2) V k−1
1 = V k−1

2 = V k−1 H1∩H2

(V k−1)⊥ L1 L2 P2(n−k)+1

L1 ∩ L2 = {V ∈ G(k,E) | V k−1 ⊂ V ⊂ H1 ∩ H2} # P2(n−k)+1.

V k−1
1 /= V k−1

2

L1 ∩ L2 = {V ∈ G(k,E) | V k−1
1 + V k−1

2 ⊂ V ⊂ H1 ∩ H2}

V ∈ L1∩L2 V = V k−1
1 +V k−1

2
V k−1

1 V k−1
2 V

g p p
g g̃

F1 g
−−−−→ F1

p p

Gω(k − 1, E)
g̃

−−−−→ Gω(k − 1, E).

F1 p
g̃ g̃ g
X1 X1 p−1(X1) p

X0

g̃ Gω(k−1, E)
g̃ "

g Gω(k,E) Gω(k − 1, E)
Gω(1, E) = PE PSL(E)

Gω(k,E) g

g Gω(k,E) g̃
Gω(k − 1, E) g̃ h ∈ PSL(E) g h



V ∈ Gω(k,E) P2(n−k)+2

Gω(k,E) V k−1 ⊂ V
H 2n − k + 2 V ⊂ H ⊂ (V k−1)⊥

L = {W ∈ G(k,E) | V k−1 ⊂ W ⊂ H}

P2(n−k)+2 V gL
gV V ∈ Gω(k,E) V k−1 ∈ G(k− 1, E)

V k−1 ⊂ V =⇒ g̃V k−1 ⊂ gV.

g̃ h ∈ PSL(E) V ∈ Gω(k,E)

V k−1 ⊂ V =⇒ h(V k−1) ⊂ gV,

V gV = h(V ) "

Aut(PΛ〈k〉E,Gω(k,E)) # PSp(E)
PSL(E) Gω(2, E)

PSp(E)

G(2, E) g ∈ PSL(E)
Gω(2, E) g ∈ PSp(E)

ĝ g SL(E) ĝ

∀u, v ∈ E u⊥v =⇒ ĝu⊥ĝv,

(u, v) )→ (ĝu, ĝv) E × E

{(u, v) ∈ E × E | ω(u, v) = 0}.

ω = X1Y2n + · · · + XnYn+1 − Xn+1Yn − · · · − X2nY1

C[E × E] = C[X0, . . . ,X2n, Y0, . . . , Y2n] ω
C[E × E] λ ∈ C∗ ω(ĝu, ĝv) = λω(u, v)

u, v ∈ E ĝω = λ−1ω µ ∈ C∗ λ−1

(µĝ)ω = ω µĝ ∈ Sp2n+1 g ∈ PSp(E) "



E 2n + 1
ω ∈ Λ2E∗

E ω
Sp2n/B Sp2n B ⊂ Sp2n

Sp2n/B Fω(2n)
V1 ⊂ V2 ⊂ · · · ⊂ Vn ⊂ C2n

Fω(E)
E Fω(E)

E C2n+1 {e0, e1, . . . , e2n}
{e0, e1, . . . , en, en̄, . . . , e1̄} ω

ω =
n

i=1

(e∗i ⊗ e∗ı̄ − e∗ı̄ ⊗ e∗i )

Fω(2n+1) Fω(E) E
2n+1 ω ∈ Λ2E∗ (E,ω) C2n+1

Fω(2n + 1) Fω(E)

{e0, e1, . . . , e2n} = {e0, e1, . . . , en, en̄, . . . , e1̄} E
V1 ⊂ V2 ⊂ · · · ⊂ Vp ⊂ E = C2n+1

dimVi = i 1 # i # p
Vp+1 Vp

Vp Vp

C2n+1

n+1 n+1



n + 1 V
E V e0 V/Ce0 E/Ce0 #

〈e1, . . . , e2n〉 〈e1, . . . , e2n〉
V1 ⊂ V2 ⊂

· · · ⊂ Vn+1 ⊂ C2n+1 Vi i 1 # i # n + 1
Fω(2n+1) V1 ⊂ V2 ⊂ · · · ⊂

Vn+1 ⊂ C2n+1 dimVi = i 1 # i # n + 1
F(1, . . . , n + 1, C2n+1)

Fω(2n+1) F(1, . . . , n+1, C2n+1)
n(n + 1)

Fω(2n+
1)
F(1, . . . , n + 1, C2n+1)

Λ2T ∗
n+1 Tn+1 (n + 1)

F(1, . . . , n + 1, C2n+1) V1 ⊂ · · · ⊂ Vn+1

F(1, . . . , n + 1, C2n+1) Tn+1 Vn+1 Λ2T ∗
n+1 Λ2V ∗

n+1

θ ∈ Λ2(C2n+1)∗ Λ2T ∗
n+1

V1 ⊂ · · · ⊂ Vn+1 θ|Vn+1
∈ Λ2V ∗

n+1

Vn+1 ⊂ C2n+1 η ∈ Λ2V ∗
n+1

η̃ ∈ Λ2(C2n+1)∗ Λ2T ∗
n+1

Λ2(C2n+1)∗

ω Λ2(C2n+1)∗

Λ2T ∗
n+1 V1 ⊂ · · · ⊂ Vn+1

Vn+1 Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , en〉.

Fω(2n + 1) n(n + 1)/2 F(1, . . . , n + 1, C2n+1)
F(1, . . . , n + 1, C2n+1)

V1 ⊂ · · · ⊂ Vn+1 ⊂ C2n+1 V1 C2n+1

V2/V1 C2n+1/V1 F(1, . . . , n + 1, C2n+1)
2n + (2n − 1) + · · · + n = 3n(n + 1)/2 Fω(2n + 1)

n(n + 1)
Fω(2n+1)

Λ2T ∗
n+1 ω Fω(2n+1) F(1, . . . , n+1, C2n+1)

Λ2T ∗
n+1|Fω(2n+1) TFω(2n+1) TF(1, . . . , n+1, C2n+1)

det TFω(2n + 1) = detTF(1, . . . , n + 1, C2n+1)|Fω(2n+1) ⊗ det(Λ2T ∗
n+1|Fω(2n+1))

−1.

F(1, . . . , n+1, C2n+1) SL(2n+
1, C) P ⊂ SL(2n + 1, C) V 0

• = (V 0
1 ⊂ · · · ⊂ V 0

n+1) ∈
F(1, . . . , n + 1, C2n+1) V 0

i i

det TFω(2n + 1)
Λ2T ∗

n+1

Λ2(C2n+1)∗



{e0, . . . , e2n} Lλ SL(2n + 1, C)
V 0
• P λ α0 = ε0 − ε1

α1 = ε1 − ε2, . . . ,α2n−1 = ε2n−1 − ε2n SL(2n + 1, C) P
SL(2n + 1, C) B−

p sl2n+1

α0, . . . ,αn−2 λ T P λ
α0, . . . ,αn−2 λ

ωn−1,ωn, . . . ,ω2n−1 Lλ SL(2n + 1, C)
F(1, . . . , n + 1, C2n+1) λ = an−1ωn−1 + · · ·+ a2n−1ω2n−1

an−1, . . . , a2n−1 ∈ Z Lλ an−1, . . . , a2n−1

F(1, . . . , n+1, C2n+1) SL(2n+1, C)
V 0
• P sl2n+1/p det TF(1, . . . , n + 1, C2n+1)

SL(2n + 1, C) P

det(sl2n+1/p) = Λ3n(n+1)/2(sl2n+1/p) ;

λ λ sl2n+1

p p p

α0, . . . ,αn−2

sl2n+1 2ρ = 2(ω0 + · · · + ω2n−1) p

2(ω0 + · · · + ωn−2) − (n − 1)ωn−1

λ = 2(ω0 + · · · + ω2n−1) − 2(ω0 + · · · + ωn−2) + (n − 1)ωn−1

= (n + 1)ωn−1 + 2ωn + · · · + 2ω2n−1.

V 0
• detΛ2T ∗

n+1 P
detΛ2(V 0

n+1)
∗ = detΛ2〈en, . . . , e2n〉∗ −ε2n−1 − ε2n = ω2n−2

detΛ2T ∗
n+1 = Lω2n−2

det TF(1, . . . , n + 1, C2n+1) ⊗ det(Λ2T ∗
n+1)

−1 = L(n+1)ωn−1+2ωn+···+2ω2n−1
⊗ L−ω2n−2

= L(n+1)ωn−1+2ωn+···+2ω2n−3+ω2n−2+2ω2n−1

detTF(1, . . . , n+1, C2n+1)⊗det(Λ2T ∗
n+1)

−1 det TFω(2n+1)
Fω(2n + 1) "

Fω(2n) F(2n) C2n

V1 ⊂ V2 ⊂ · · · ⊂ Vn ⊂ C2n

V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn ⊂ V ⊥
n−1 ⊂ · · · ⊂ V ⊥

1 ⊂ C2n.

C2n+1

V V ⊥

V1 ⊂ V2 ⊂ · · · ⊂ Vn+1 ⊂ C2n+1

V ⊥
n+1 ⊂ · · · ⊂ V ⊥

1 n

ε0 + · · ·+εn−1 = ωn−1 2(ω0 + · · ·+ωn−2)
An−1



V ⊥
n+1 ⊂ · · · ⊂ V ⊥

1 1 # i # n e0 ∈ Vi+1

e0 /∈ Vi Vi+1 = Vi + Ce0 V ⊥
i = V ⊥

i+1 j /= i
dimV ⊥

j = dimV ⊥
j+1 + 1 V ⊥

n+1 ⊂ · · · ⊂ V ⊥
i+1 = V ⊥

i ⊂ · · · ⊂ V ⊥
1

C2n+1

V1 ⊂ V2 ⊂ · · · ⊂ Vn+1 = V ⊥
n+1 ⊂ · · · ⊂ V ⊥

i+1 = V ⊥
i ⊂ · · · ⊂ V ⊥

1 ⊂ C2n+1.

Fω(2n + 1) → F(2n + 1) V1 ⊂ V2 ⊂
· · · ⊂ Vn+1

{V• | e0 ∈ Vi+1 \ Vi} ⊂ Fω(2n + 1) 0 # i # n

{(V1 ⊂ V2 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | e0 ∈ Vn}

Fω(2n + 1) %%& F(2n + 1)
Fω(2n + 1)

F(1, . . . , n + 1, C2n+1)

Sp2n+1 Fω(2n + 1)
GL(2n + 1, C) F(1, . . . , n + 1, C2n+1)

Sp2n+1 Fω(2n + 1)
Sp2n+1 Ce0 ω

Ce0

Sp2n+1

Sp2n+1 Fω(2n+1)
Sp2n Sp2n+1

Sp2n+1 Fω(2n + 1) n + 1

Oi = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | e0 ∈ Vi, e0 /∈ Vi−1 , 1 # i # n + 1.

1 # i # n+1 Oi (i−1)
T ∗

i−1 Fω(2n)
Sp2n

F 〈e1, . . . , e2n〉 p :
E → F E = Ce0 ⊕ F

Sp2n+1 Sp2n

Oi Sp2n+1

Sp2n+1 V• = (V1 ⊂ · · · ⊂ Vn+1) Oi

Oi 1 # j # i − 1 p Vj → p(Vj)
i # j # n + 1 p(Vj) = Vj ∩ F Vj = p(Vj) ⊕ Ce0 Vi = Vi−1 ⊕ Ce0

p(Vi−1) = p(Vi) F V•

ω|F

p(V•) = p(V1) ⊂ · · · ⊂ p(Vi−1) = p(Vi) ⊂ p(Vi+1) ⊂ · · · ⊂ p(Vn+1) ⊂ F .

Sp2n+1 Fω(2n + 1)



p : Oi → Fω(2n) = Fω|F (F )
Oi

Sp2n+1

Oi Oi Fω(2n)
Oi

Xi = V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) V1, . . . , Vi−1 ⊂ F, e0 ∈ Vi ⊂ Oi.

p|Xi
: Xi → Fω(2n) Sp2n

(W1 ⊂ · · · ⊂ Wn+1) ∈ Fω(2n) = Fω|F (F )

(W1 ⊂ · · · ⊂ Wi−1 ⊂ Wi ⊕ Ce0 ⊂ · · · ⊂ Wn+1 ⊕ Ce0) ∈ Xi.

p(V•) (p|Xi
)−1

p(V1) ⊂ · · · ⊂ p(Vi−1) ⊂ Vi ⊂ Vi+1 ⊂ · · · ⊂ Vn+1.

πi : Oi → Xi (p|Xi
)−1 ◦ p V1 ⊂ · · · ⊂ Vn+1

πi Oi

{v′1, . . . , v
′
n} p(V•)

{v′1, . . . , v
′
i−1, e0, v′i, . . . , v

′
n} a1, . . . , ai−1 ∈ C

{v′1 + a1e0, . . . , v
′
i−1 + ai−1e0, e0, v

′
i, . . . , v

′
n}

V• = (V1 ⊂ · · · ⊂ Vn+1) V• πi(V•)
U Sp2n+1

v′1 )→ v′1 + a1e0, . . . , v
′
i−1 )→ v′i−1 + ai−1e0,

v′1, . . . , v
′
i−1

g ∈ U πi(V•) = πi(g ·V•) U Oi

πi Sp2n Sp2n+1 Xi

Oi Sp2n+1

Oi T ∗
i−1

W• = (W1 ⊂ · · · ⊂ Wn) Fω(2n) = Fω(F ) # ∈ W ∗
i−1

T ∗
i−1 W• # V• = (V1 ⊂ · · · ⊂ Vn+1)

Oi Vi−1 #

Γ# ⊂ Wi−1 ⊕ C = Wi−1 ⊕ Ce0 ⊂ F ⊕ Ce0 = E,

1 # j # i − 2 Vj Γ#|Wj
⊂ Γ# #|Wj

i # j # n + 1

Vj = Wj−1 ⊕ Ce0 {v′1, . . . , v
′
n} W•

V•

{v′1 + #(v′1)e0, . . . , v
′
i−1 + #(v′i−1)e0, e0, v

′
i, . . . , v

′
n}.

V• = (V1 ⊂ · · · ⊂ Vn+1) Oi Vi−1

# : p(Wi−1) → Ce0 = C T ∗
i−1

p(V•) "

p(V•) = (〈v′
1〉 ⊂ 〈v′

1, v
′
2〉 ⊂ · · · ⊂ 〈v′

1, . . . , v
′
n〉)



Oi T ∗
i−1 (i − 1)

Fω(2n) U # F ∗

Sp2n+1 Oi

∀ f ∈ U W• = (W1 ⊂ · · · ⊂ Wn) ∈ Fω(2n) # ∈ W ∗
i−1 : f · # = f |Wi−1

+ #,

Oi C∗ Sp2n+1

∀λ ∈ C∗ W• = (W1 ⊂ · · · ⊂ Wn) ∈ Fω(2n) # ∈ W ∗
i−1 : λ · # = λ#.

Sp2n+1 Fω(2n + 1)

Oi = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | e0 ∈ Vi , 1 # i # n + 1.

1 # i # n + 1 Oi =
O1 ∪O2 ∪ · · · ∪Oi Oi−1 ⊂ Oi Oi Sp2n+1

Oi−1 ∩Oi /= ∅

V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Oi−1

{e1, . . . , ei−2, e0, ei−1, . . . , en} t ∈ C V•(t)

{e1, . . . , ei−2, e0 + tei−1, ei−1, . . . , en} ;

Fω(2n + 1) t /= 0 e0 /∈ Vi−1(t) =
〈e1, . . . , ei−2, e0 + tei−1〉 e0 ∈ Vi(t) = 〈e0, e1, . . . , ei−1〉 V•(t) Oi

V•(0) = V• V• ∈ Oi. "

1 # i # n + 1 Oi

n + 1− i Fω(2n + 1) On = Fω(2n + 1) \ On+1

Fω(2n+
1)

Fω(2n)

Sp2n+1

Sp2n+1

Fω(2n+1)
V• ∈ Fω(2n+1)

Fω(2n+1)
Fω(2n + 2)

Fω(2n+1) ↪→ Fω(2n+2) Fω(2n+1)
Fω(2n + 2)



E = C2n+1 Ẽ = C2n+2

ω ω̃ ∈ Λ2(Ẽ)∗ e0̄ ∈ Ẽ\E
{e0, . . . , en, en̄, . . . , e0̄} Ẽ Fω̃(Ẽ) = Fω(2n + 2)

V1 ⊂ · · · ⊂ Vn+1 ⊂ Ẽ ω̃
V ⊂ E ω Ẽ

ω̃ Fω(E) = Fω(2n + 1)

{(V1 ⊂ · · · ⊂ Vn+1) ∈ Fω̃(Ẽ) | Vn+1 ⊂ E}.

Fω̃(Ẽ) = Fω(2n + 2)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e1̄〉 ⊂ Ẽ

X1̄2̄...n̄0 1̄2̄ . . . n̄0 ∈ W (Sp2n+2) "

Fω(2n+1) Fω(2n+2)

Fω(2n + 2) T ∗
n+1 (n + 1) Tn+1

V• = (V1 ⊂ · · · ⊂ Vn+1) Fω(2n + 2) Tn+1 Vn+1

T ∗
n+1 V ∗

n+1 C2n+2 T ∗
n+1

# ∈ (C2n+2)∗ V• = (V1 ⊂ · · · ⊂ Vn+1)
#|Vn+1

∈ T ∗
n+1

n+1 Vn+1 ⊂ C2n+2 C2n+2

T ∗
n+1 (C2n+2)∗

# ∈ (C2n+2)∗ T ∗
n+1

{(V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 2) | Vn+1 ⊂ H}

H (l = 0) ⊂ C2n+2 ω|H
H ∩ H⊥ = H⊥

Fω|H (H) = Fω(2n + 1)

E = C2n+1 ⊂ Ẽ = C2n+2

{(V1 ⊂ · · · ⊂ Vn+1) ∈ Fω̃(Ẽ) | Vn+1 ⊂ E} Fω̃(Ẽ) Fω(2n + 1)
ω̃ ω

E ⊂ Ẽ ω̃|E
{e0, e1, . . . , e2n} E Ẽ

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 ⊂ Ẽ Fω̃(Ẽ)
X1̄2̄...n̄0 = {(V1 ⊂ · · · ⊂ Vn+1) ∈ Fω̃(Ẽ) |

Vn+1 ⊂ E} ⊂ Fω̃(Ẽ)
X1̄2̄...n̄0 ω̃ Fω̃(Ẽ)

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 ⊂ Ẽ
ω̃ X1̄2̄...n̄0 ⊂ Fω̃(Ẽ)

Fω(2n + 1) = X1̄2̄...n̄0 ⊂ Fω(2n + 2)
Fω(2n+1) ⊂ Fω(2n+2)

Fω̃(Ẽ)



Fω(2n + 1) 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉
Fω(2n + 2) 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂

〈e0, . . . , e2n〉 ⊂ C2n+2 X1̄2̄...n̄0

Fω(2n + 1) ⊂ Fω(2n + 2)
Fω(2n + 1) = X1̄2̄...n̄0 Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

{w ∈ W (Sp2n+2) | w # 1̄2̄ . . . n̄0}

W (Sp2n+2) Sp2n+2

{w ∈ W (Sp2n+2) | w # 1̄2̄ . . . n̄0} W (Sp2n+1)

W (Sp2n+1)
Sp2n+1

W (Sp2n) Fω(2n) W (Sp2n+1)
Fω(2n + 1)

W (Sp2n+1)
{0, 1, . . . , n} 0̄

W (Sp2n+1) = w ∈ W (Sp2n+2) | 0̄ /∈ {w(0), w(1), . . . , w(n)} .

V• = (V1 ⊂ · · · ⊂ Vn+1) Fω(2n + 2)
Cw ⊂ Fω(2n + 2) 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂
〈e0, . . . , e2n〉 V• V•

{v0, . . . , vn} v0, . . . , vn (aij) (n + 1) × (2n + 2)
aiw(i) i w(i)

aij = 0 w(i) < j
Vn+1 ⊂ C2n+1 ai2n+1

(aij) (aij)
w(i) < 2n + 1 0 # i # n

X1̄2̄...n̄0 Cw w ∈ W (Sp2n+2) w(i) < 2n + 1
0 # i # n "

W (Sp2n+1)
W (Sp2n+2) w0 = 1̄2̄ . . . n̄0

w,w′ ∈ W (Sp2n+1) Cw ⊂ Cw′ w # w′

V• =
(V1 ⊂ · · · ⊂ Vn+1) Vn+1 ⊂ C2n+1 (aij) (n+1)×(2n+2)

Sp2n+1 W (Sp2n) Sp2n



w ∈ W (Sp2n+1) V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1)
Cw 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂

〈e0, . . . , e2n〉 {v0, . . . , vn}

vi =
j!w(i)

aijej , 0 # i # n, aij ∈ C, aiw(i) /= 0

(aij) (n + 1) × (2n + 1)
aiw(i) i w(i)

aij = 0 w(i) < j

V• =
(V1 ⊂ · · · ⊂ Vn+1) Cw

aiw(i) = 1 0 # i # n aij = 0 i > w−1(j)
V• ∈ Cw (aij)

(n+1)× (2n+1) 0 # i # n aiw(i)

V•

w(i)
i

Cw ∗ •

∗ ∗ ∗ ∗ 1 0 0 0 0
∗ ∗ ∗ ∗ 0 • ∗ ∗ 1
1 0 0 0 0 0 0 0 0
0 • ∗ ∗ 0 • ∗ 1 0
0 • • ∗ 0 • 1 0 0

Fω(9) 41̄02̄3̄
Cw Fω(2n+1)

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉
Fω(2n + 2) 〈e0〉 ⊂

〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 ⊂ C2n+2

rw w ∈ W (Sp2n+2)
(i, j) 0 # i # n 0 # j # 2n + 1

rw(i, j) = card{k | k # i, w(k) # j}.

w ∈ W (Sp2n+1) ⊂ W (Sp2n+2) rw w
{0, . . . , n} × {0, . . . , 2n}

w ∈ W (Sp2n+1) Cw Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 V• = (V1 ⊂

· · · ⊂ Vn+1) Fω(2n + 1)

dim(Vi+1 ∩ 〈e0, . . . , ej〉) = rw(i, j), 0 # i # n, 0 # j # 2n.



Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 B Sp2n+1

Fω(2n + 2)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉 ⊂ C2n+2

Fω(2n + 2) B̃ Sp2n+2 B̃
X1̄2̄...n̄0 b )→ b|C2n+1

B Sp2n+1 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉
"

Sp2n+1 Fω(2n + 1)
Sp2n+1

Cw Sp2n+1 Oi

w(i − 1) = 0

Oi =
w

Cw

w 0 i

Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

T Sp2n+1 Sp2n+1

{e0, . . . , e2n}
W (Sp2n+1) T Fω(2n + 1) T w ∈ W (Sp2n+1)

V w
• {ew(0), ew(1), . . . , ew(n)}.

T̃ Sp2n+2

{e0, . . . , e2n+1} T̃ X1̄2̄...n̄0

t )→ t|C2n+1 T̃ T
"

Fω(2n + 1) 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

Xw Fω(2n + 1) Cw

w ∈ W (Sp2n+1)

Fω(2n + 1) X1̄2̄...n̄0 ⊂ Fω(2n + 2)
Fω(2n + 1) Fω(2n + 2)

X1̄2̄...n̄0

Fω(2n + 2)
Fω(2n + 1)

w ∈ W (Sp2n+1) Xw ⊂ Fω(2n + 1)
〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , e2n〉

V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1)

dim(Vi+1 ∩ 〈e0, . . . , ej〉) ! rw(i, j), 0 # i # n, 0 # j # 2n.



V• = (V1 ⊂ · · · ⊂ Vn+1) Xw

{v0, . . . , vn}

vi =
j!w(i)

aijej, 0 # i # n, aij ∈ C,

{e0, . . . , e2n} (aij)
(n + 1) × (2n + 1) i

w(i) aij = 0 j > w(i)

∗ ∗ ∗ ∗ ∗ 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0

F(9)
41̄02̄3̄ C41̄02̄3̄

Fω(2n + 1)

P (Fω(2n + 1), t) =
n(n+1)

i=0

rang H2i(Fω(2n + 1), Z)ti

Fω(2n + 1)
Fω(2n+1)

H2i(Fω(2n+1), Z) Z

Fω(2n+1) i
W (Sp2n+1)

Fω(2n + 1)
Fω(2n + 1)

W (Sp2n+1) W (Sp2n+2)
W (Sp2n+1)

W (Sp2n+2)

Fω(2n + 1)
Gω(k, 2n + 1)

Z

C

F(1, . . . , n+1, C2n+1)
PC2n+1 × PΛ2C2n+1 × · · · × PΛn+1C2n+1

ΛkC2n+1

C2n+1



PN Vn+1 ⊂ C2n+1 n + 1
Vn+1

C2n+1

Fω(2n + 1) (V1 ⊂ . . . Vn+1) ∈ F(1, . . . , n + 1, C2n+1)
Vn+1 PN

T0, . . . , TN PN

P1, . . . , PM Fω(2n + 1) C

Proj C[T0, . . . , TN ]/(P1, . . . , PM ) ω(k, 2n + 1) =
Proj Z[T0, . . . , TN ]/(P1, . . . , PM )

q = pm p Fq

q Fq

ω(k, 2n + 1) × SpecFq = Proj Fq[T0, . . . , TN ]/(P1, . . . , PM )

F2n+1
q F2n+1

q

ω =
n

i=1

(e∗i ⊗ e∗ı − e∗ı ⊗ e∗i ),

Fq Fω(F2n+1
q )

q = pm p Fq q
P (Fω(2n + 1), q) Fq Fω(F2n+1

q )

Fω(F2n+1
q )

Fω(F
2n+1
q ) =

w∈W (Sp2n+1)

Cw(Fq)

Fq Cw # A
#(w)
Fq

w ∈
W (Sp2n+1)

Fω(2n + 1) Fω(F2n+1
q )

|Fω(F
2n+1
q )| =

w∈W (Sp2n+1)

q#(w) = P (Fω(2n + 1), q)

2i Fω(2n+1)
{w ∈ W (Sp2n+1) | #(w) = i}. "

Fω(F2n+1
q )

Sp2n+1(Fq)
Fω(F2n+1

q ) Sp2n+1

Fω(2n+1) Fω(F2n+1
q ) Sp2n+1(Fq)

Fω(F2n+1
q ) n + 1 O1(Fq),O2(Fq), . . . ,On+1(Fq) 1 # i #

n + 1 Oi(Fq) Fq (i − 1) T ∗
i−1

Fω(F2n
q )

|Fω(F
2n+1
q )| = |O1(Fq)| + |O2(Fq)| + · · · + |On+1(Fq)|

= |Fω(F
2n
q )| + q|Fω(F

2n
q )| + · · · + qn|Fω(F

2n
q )|.



Fq

Fω(F2n
q ) {v1, . . . , vn}

F2n
q

{v1, . . . , vn} 〈v1〉 ⊂ 〈v1, v2〉 ⊂ · · · ⊂ 〈v1, . . . , vn〉

v1 ∈ F2n
q \ {0}

v2 ∈ 〈v1〉
⊥ \ 〈v1〉

. . .

vn ∈ 〈v1, . . . , vn−1〉
⊥ \ 〈v1, . . . , vn−1〉

(q2n − 1)(q2n−1 − q) . . . (qn+1 − qn−1).
{v1, . . . , vn} V1 ⊂ V2 ⊂ · · · ⊂ Vn

v1 ∈ V1 \ {0}

v2 ∈ V2 \ V1

. . .

vn ∈ Vn \ Vn−1

(q − 1)(q2 − q) . . . (qn − qn−1)

|Fω(F
2n
q )| =

(q2n − 1)(q2n−1 − q) . . . (qn+1 − qn−1)

(q − 1)(q2 − q) . . . (qn − qn−1)

=
(q2n − 1)(q2n−2 − 1) . . . (q2 − 1)

(q − 1)n
.

|Fω(F
2n+1
q )| =

(qn+1 − 1)(q2n − 1)(q2n−2 − 1) . . . (q2 − 1)

(q − 1)n+1
,

q
Fω(2n + 1)

G/B
G B ⊂ G T ⊂ B

G/B

G/B =
w∈W

BwB/B

Cw = BwB/B w
W = NG(T )/T G Cw

#(w) w ∈ W



Z H∗(G/B, Z)
G/B

P (G/B, t) =
w∈W

t#(w).

W W
t T S(t∗) t

S(t∗)W

P1, . . . , Pr ∈ S(t∗)W S(t∗)W = C[P1, . . . , Pr]
r = dim t G e1, . . . , er deg Pi = ei + 1 1 # i # r

W
G/B

P (G/B, t) =
r

i=1

tei+1 − 1

t − 1
.

S(t∗)W

An t∗ ε1, . . . , εn+1

ε1 + · · · + εn+1 = 0 W = W (An) Sn+1 t∗

ε1, . . . , εn+1 S(t∗)W

ε1 + · · · + εn+1

ε1 + · · · + εn+1

e2(ε1, . . . , εn+1) =
i,j

εiεj

e3(ε1, . . . , εn+1) =
i,j,k

εiεjεk

en+1(ε1, . . . , εn+1) = ε1ε2 . . . εn+1.

W (An) 1, 2, . . . , n
Cn Bn t∗ ε1, . . . , εn W = W (Cn)

{1, . . . , n} t∗

ε1, . . . , εn S(t∗)W

S(t∗)

e1(ε
2
1, . . . , ε

2
n) =

i

ε2i

e2(ε
2
1, . . . , ε

2
n) =

i,j

ε2i ε
2
j

en(ε21, . . . , ε
2
n) = (ε1ε2 . . . εn)2.

W (Cn) 1, 3, 5, . . . , 2n − 1

e1(ε1, . . . , εn+1) = ε1 + · · · + εn+1 S(t∗)W



Dn t∗ ε1, . . . , εn W = W (Dn)
W (Cn)

W t∗ W (Cn)
S(t∗)W S(t∗)

e1(ε
2
1, . . . , ε

2
n)

en−1(ε
2
1, . . . , ε

2
n)

en(ε1, . . . , εn).

W (Dn) 1, 3, 5, . . . , 2n − 3, n − 1

Fω(2n + 1)
Dn+1

P (Fω(2n + 1), t) = P (FQ(2n + 2), t).

FQ(2n + 2) Dn+1

SO2n+2/B B ⊂ SO2n+2

V1 ⊂ · · · ⊂ Vn ⊂ C2n+2

Q ∈ S2(C2n+2)∗ FQ(2n + 2)
V1 ⊂ · · · ⊂ Vn ⊂

Vn+1 ⊂ C2n+2 V1 ⊂ · · · ⊂ Vn ⊂ C2n+2

V1 ⊂ · · · ⊂ Vn ⊂ Vn+1 ⊂ C2n+2

W (Sp2n+1)
W (Dn+1)

Fω(2n+1)
W (Sp2n+2) W (Sp2n+2)

w̃0 = 0̄1̄ . . . n̄ W (Sp2n+2)
w̃0 W (Sp2n+2)

w ∈ W (Sp2n+2) w
W (Sp8) w̃0 ·1̄02̄3 = 10̄23̄

w̃0· W (Sp2n+1) W (Sp2n+2) \ W (Sp2n+1)
w ∈ W (Sp2n+2)

#(w̃0w) = #(w̃0) − #(w) ;

Bk = rang H2k(Fω(2n + 1), Z)

B̃k = rang H2k(Fω(2n + 2), Z)



Fω(2n + 1) Fω(2n + 2)

Bk = card{w ∈ W (Sp2n+1) | #(w) = k}

B̃k = card{w ∈ W (Sp2n+2) | #(w) = k}

Bk B̃k k < 0
#(w̃0) = (n+1)2 w̃0

{w ∈ W (Sp2n+1) | #(w) = k}
+

−→ {w ∈ W (Sp2n+2) \ W (Sp2n+1) | #(w) = (n + 1)2 − k}

Bk = B̃(n+1)2−k − B(n+1)2−k

Fω(2n + 2) Fω(2n + 1)

B̃(n+1)2−k = B̃k,

B(n+1)2−k = Bn(n+1)−(n+1)2+k = Bk−(n+1),

B̃k = Bk + Bk−(n+1),

k ∈ Z

P (Fω(2n + 2), t) =
k

B̃kt
k =

k

(Bk + Bk−(n+1))t
k

=
k

Bkt
k + tn+1

k

Bk−(n+1)t
k−(n+1)

= (1 + tn+1)P (Fω(2n + 1), t).

W (Sp2n+2) 1, 3, . . . , 2n + 1

P (Fω(2n + 1), t) =
1

tn+1 + 1
P (Fω(2n + 2), t) =

1

tn+1 + 1

n+1

k=1

t2k − 1

t − 1

=
tn+1 − 1

t − 1

n

k=1

t2k − 1

t − 1
,

Fω(2n + 1) FQ(2n + 2)

Gω(k, 2n + 1)
GQ(k, 2n + 2) k C2n+2

Q ∈ S2(C2n+2)∗

GQ(k, 2n+2)

GQ(k, 2n + 2) Z

C

{e1, . . . , e2n+2} Q

Q =
2n+2

i=1

e∗i e
∗
2n+3−i



GQ(k, 2n + 2) PΛkC2n+2

q = pm p P (GQ(k, 2n +
2), q) GQ(k, 2n + 2) Fq

Fq GQ(k, F2n+2
q ) k F2n+2

q

F2n+1
q

GQ(k, 2n + 2)
GQ(k, F2n+1

q )
Fq GQ(k, F2n+2

q ) {v1, . . . , vk}
〈v1, . . . , vk〉

v1 ∈ F2n+2
q \ {0} Q(v1) = 0

v2 ∈ 〈v1〉
⊥ \ 〈v1〉 Q(v2) = 0

. . .

vk ∈ 〈v1, . . . , vk−1〉
⊥ \ 〈v1, . . . , vk−1〉 Q(vk) = 0.

i

vi 〈v1, . . . , vi−1〉 ∈ 〈v1, . . . , vi−1〉
⊥/〈v1, . . . , vi−1〉

Q
〈v1, . . . , vi−1〉⊥/〈v1, . . . , vi−1〉.

Fq N2r

F2r
q f(x1, . . . , x2r) = 0 f ∈ S2(F2r

q )∗

N2r − 1

q − 1

Fq

(f = 0) ⊂ P2r−1
Fq

.

N2r = q2r−1 + (q − 1)qr−1 (−1)r det f

q

det f ∈ F∗
q f f

x ∈ F∗
q

x

q
=

1 x

−1

{v1, . . . , vk}

(N2n+2 − 1)q(N2n − 1)q2(N2n−2 − 1) . . . qk−1(N2n−2k+4 − 1).

GQ(k, 2n+2)



Q (−1)n+1

Q 〈v1, . . . , vi−1〉⊥/〈v1, . . . , vi−1〉
(−1)n−i

N2r = q2r−1 + (q − 1)qr−1.

N2r − 1 = (qr + 1)(qr−1 − 1)

(qn+1 − 1)(qn + 1)q(qn − 1)(qn−1 + 1) . . . qk−1(qn−k+2 − 1)(qn−k+1 + 1)

= q1+2+···+(k−1)(qn+1 − 1)(qn−k+1 + 1)(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+4 − 1).

k F2n+2
q

(qk − 1)(qk − q) . . . (qk − qk−1),

|GQ(k, F2n+2
q )| =

(qn+1 − 1)(qn−k+1 + 1)(q2n − 1)(q2n−2 − 1) . . . (q2n−2k+4 − 1)

(qk − 1)(qk−1 − 1) . . . (q − 1)
.

GQ(k, 2n + 2)
(qn+1 − 1)(qn−k+1 + 1) /= q2n−k+2 − 1
Gω(k, 2n + 1) GQ(k, 2n + 2)

Fq Fq

Fq

C

C

GQ(k, 2n + 2) Fq

GQ(k, F2n+2
q )

Q′

Fq Fq

GQ′(k, F2n+2
q ) GQ(k, F2n+2

q )

F2n+2
q F2n+2

q

n + 1 Q′ Q′

0 A
tA 0

, A ∈ Mn+1(Fq),

(−1)n+1(det A)2 Q′

Fq Q′



G
G G

G/B G

λ Lλ G/B =
G/B− 1B− ∈ G/B− B− λ

G H0(G/B−, Lλ) G
λ

G G

Fω(2n+1)
Sp2n+1

Fω(2n + 1)
Sp2n+1 Fω(2n + 1)

Sp2n+1

Sp2n+1 Sp2n+1

Sp2n+1

Sp2n+1 Sp2n+1

Sp2n+1

Sp2n U Sp2n+1

Sp2n+1 V U V U

Sp2n+1

U V V U (0)
Sp2n+1 V U V V

Sp2n

x ∈ V U , g ∈ Sp2n+1, u ∈ U ugx = g(g−1ug)x = gx



Sp2n+1

Sp2n+1

Sp2n+1

Sp2n+1

Sp2n

Sp2n+1

Sp2n+1

Fω(2n+1)

Sp2n+1 λ Sp2n+2 λ = a0ω0 +
· · · + anωn a0, . . . , an ! 0 Lλ Fω(2n + 1)

Lλ = (det T ∗
1 )⊗a0 ⊗ (det T ∗

2 )⊗a1 ⊗ · · ·⊗ (det T ∗
n+1)

⊗an

Ti i Sp2n+1 H0(Fω(2n + 1), Lλ)

Sp2n+1 λ

Fω(2n + 1) Fω(2n + 2)
H0(Fω(2n + 1), Lλ)

Fω(2n+1)
Fω(2n + 2)

Sp2n+1

Sp2n+1

Sp2n+1 → Sp2n+1 Sp2n+1 Sp2n+1

Sp2n+1

Sp2n+1

Sp2n+1 H0(Fω(2n+1), Lλ) Sp2n+1

S〈λ〉C
2n+1 λ

Sp2n+1

Sp2n

V Sp2n+2

V Sp2n

C2n+2 Sp2n+2 Sp2n C2n ⊕ C ⊕ C

Sp2n

Sp2n+2 Sp2n

Sp2n+2

Sp2n+1



Sp2n+2 ↓ Sp2n Sp2n+2

V Sp2n+1

V1 ⊂ V2 ⊂ · · · ⊂ Vs ⊂ V

Vi+1/Vi Sp2n Sp2n

V

Sp2n+2 ↓ Sp2n

Sp2n+2

G1 ⊂ G2 ⊂ · · · ⊂ Gn Gn = SLn+1

Gi+1 ↓ Gi Gi

1 Gi+1

G1 1

λi −→ λi+1

Gi λi Gi+1

λi+1

λ −→ λ1

λ G1 λ1 Gn

λn

λ −→ λ1 −→ λ2 −→ · · · −→ λn−1 −→ λn.

λi → λi+1

Gi + 1 Gi

Sp2n+2 Sp2n+2 ↓ Sp2n

Sp2n+2

Sp2n+1

Sp2n+2

Sp2n+1

Sp2n

λ2i+1 −→ λ2i+2

Sp2n V
Sp2n Sp2n Gr V =

i
Vi+1/Vi



λ2i+1 Sp2n+2

λ2i+2

λ2i −→ λ2i+1

Sp2i λ2i

λ2i+1 Sp2 = SL2

Sp2n+2 λ2n+2

λ2 −→ λ3 −→ · · · −→ λ2n −→ λ2n+1 −→ λ2n+2

λ → λ2 λ Sp2

λ2 Sp2n+2 λ2n+2

λ −→ λ2 −→ λ3 −→ · · · −→ λ2n −→ λ2n+1 −→ λ2n+2.

Sp2n Sp2n+2 Vλ2n+2

λ2n+2

λ2n −→ λ2n+1 −→ λ2n+2 ;

Vλ =
ν−→µ−→λ

V ′′
ν

V ′′
ν Sp2n ν

λ = (λ1 ! · · · ! λn+1) µ = (µ1 ! · · · ! µn+1) ν = (ν1 ! · · · ! νn)
µ → λ

λ1 ! µ1 ! λ2 ! · · · ! µn ! λn+1 ! µn+1

ν → µ
µ1 ! ν1 ! µ2 ! · · · ! µn ! νn ! µn+1.

µ

ν−→µ

V ′′
ν .

Sp2n+2

Sp2n+2

G B ⊂ G T ⊂ B
B− B U+ U−

B B−

B ∩ B− = T, B = T ! U+, B− = T ! U−.



G B
λ

C[U+] U+ G
U+ C[U+]

∀f ∈ C[U+], ∀x, y ∈ U+ : (x · f)(y) = f(yx).

g ∈ G

g = g−g0g+ g− ∈ U−, g0 ∈ T, g+ ∈ U+ ;

g
G G

G =
w∈W

BwB,

B × B Bw0B w0 ∈ W

w0Bw0B = B−B = U−TU+

G G

g ∈ G g− g0 g+

G = GL(n, C) g− g0 g+

g
T U+

1 U−

1 ∆p(g)
p g p g ∆pq(g)

∆p(g) p q
∆pq(g) ∆p(g) p

q ∆pq(g) = ∆pq( tg).

∆p(g) = ∆p(g−g0g+) = ∆p(g0)

∆pq(g) = ∆pq(g−g0g+) = ∆p(g0)∆pq(g+) = ∆p(g0)(g+)pq

∆pq(g) = ∆pq(g−g0g+) = ∆pq(g−)∆p(g0) = (g−)pq∆p(g0).

g ∈ GL(n, C)

∆p(g) /= 0, 1 # p # n



g0 = diag(t1, . . . , tn), tp =
∆p(g)

∆p−1(g)

g+ = (upq)1!p,q!n, upq =
∆pq(g)

∆p(g)

g− = (vpq)1!p,q!n, vpq =
∆pq(g)

∆p(g)
.

G ⊂ GL(n, C) G ∩ T
G G ∩ B G ∩ B− G

Sp2n ⊂ GL(2n, C)

λ G G C[U+]

(g'f)(x) = λ((xg)0)f((xg)+), g ∈ G, f ∈ C[U+], x ∈ U+.

((g1g2)'f)(x) = (g1'(g2'f))(x)

x y G

(xy)+ = (x+y)+

x0(x+y)0 = (xy)0.

xy = x−x0x+y = x−x0(x+y)−(x+y)0(x+y)+

(xy)−(xy)0 = x−x0(x+y)−(x+y)0 = x− x0(x+y)−x−1
0 x0(x+y)0

x0(x+y)−x−1
0 ∈ U− "

(g1'(g2'f))(x) = λ((xg1)0)(g2'f)((xg1)+)

= λ((xg1)0)λ ((xg1)+g2)0 f ((xg1)+g2)+

= λ((xg1g2)0)f((xg1g2)+)

= (g1g2'f)(x),

π+ : G %%& U+, g )→ g+

π0 : G %%& T, g )→ g0



π∗+ : C[U+] ↪→ C(G)

π∗0 : C[T ] ↪→ C(G).

G C(G)

(g · f)(x) = f(xg), g ∈ G, f ∈ C(G), x ∈ G .

g'f = [g.(π∗0λπ
∗
+f)]|U+, g ∈ G, f ∈ C[U+].

g'f g.π∗0λ g.π∗+f ∈ C(G)
U+ ⊂ G λ

f C[U+] G
G

λ
B = TU+ C[U+]

∀u ∈ U+, ∀f ∈ C[U+], ∀x ∈ U+ : (u'f)(x) = f(xu),

∀t ∈ T, ∀f ∈ C[U+], ∀x ∈ U+ : (t'f)(x) = λ(t)f(t−1xt),

xt = t(t−1xt) (xt)0 = t (xt)+ = t−1xt
U+ C[U+]

1 T λ C[U+]
G λ

C[U+] G 1

〈 (g.π∗0λ)|U+ ; g ∈ G 〉 = 〈x )→ λ((xg)0) ; g ∈ G 〉.

λ g.π∗0λ
U+ g ∈ G G

C[U+] G
λ

G λ
H0(G/B−, Lλ) Lλ

λ B− Lλ
G

{f ∈ C[G] | f(gb) = λ(b)−1f(g), b ∈ B−, g ∈ G}

G

∀g, x ∈ G : (g · f)(x) = f(g−1x).

ι : C[G] −→ C[G], ι(f)(x) = f(x−1), f ∈ C[G], x ∈ G.



Vλ = {f ∈ C[G] | f(bg) = λ(b)f(g), b ∈ B−, g ∈ G}

G G
λ Vλ

C[G] → C[U+]
Vλ Vλ|U+

C[G] −→ C[U−TU+]

U−TU+ f ∈ Vλ

f(g−g0g+) = λ(g−g0)f(g+) = λ(g0)f(g+)

f U+

G Vλ
G Vλ C[U+]

Vλ|U+ f ∈ Vλ g ∈ G x ∈ G x xg

(g.f)(x) = f(xg) = λ((xg)0)f((xg)+)

= π∗0λ(gx)π∗+(f |U+)(gx)

= g. π∗0λπ
∗
+(f |U+) (x)

g.(π∗0λπ
∗
+(f |U+)) ∈ C(G) g.f
g'(f |U+)

g'(f |U+) = [g.(π∗0λπ
∗
+(f |U+))]|U+ = (g.f)|U+ .

Vλ|U+ G λ
C[U+]

x )→ λ((xg)0) g ∈ G. "

G = GL(n, C) ωp p

ωp(t) = t1 . . . tp, t = diag(t1, . . . , tn) ∈ T

π∗0ωp

π∗0ωp(g) = ∆p(g)

p g ∈ GL(n, C) λ λ = a1ω1 +
· · ·+anωn a1, . . . , an ! 0 C[U+]

x )→ ∆1(xg)a1∆2(xg)a2 . . .∆n(xg)an , g ∈ GL(n, C)

GL(n, C) λ

g′.(∆1(xg)a1∆2(xg)a2 . . .∆n(xg)an) = ∆1(xgg′)a1∆2(xgg′)a2 . . .∆n(xgg′)an .

G
Vλ ⊂ C[G].



Vλ|U+ ⊂ C[U+]
U+ C[U+]

u+ C[U+]
U+ C[U+] u+ C[U+]

u+ C[U+]

(X ∗ f)(x) = dxf(d(rx)(X)) X ∈ u+, f ∈ C[U+], x ∈ U+

rx : U+ → U+ y )→ yx x f
X

U+ C[U+]
U+

α1, . . . ,αn

D1, . . . ,Dn α1∗, . . . ,αn∗ ω1, . . . ,ωn

α1, . . . ,αn

λ λ = a1ω1 + · · · + anωn a1, . . . , an ! 0
Vλ|U+ ⊂ C[U+] G

λ f ∈ C[U+]

Da1+1
1 f = 0

Da2+1
2 f = 0

. . .

Dan+1
n f = 0.

G = Sp2n

Sp2n+2 Ẽ = C2n+2

ω̃ ∈ Λ2 Ẽ∗

{e0, . . . , en, en̄, . . . , e0̄}

ω̃ =
n

i=0

(e∗i ⊗ e∗ı̄ − e∗ı̄ ⊗ e∗i ).

Sp2n+2

en

Sp2n+1 = {g ∈ Sp2n+2 | g(en) = en}.

Sp2n+1



Sp2n+2 e0 en

Sp2n+1

P = {g ∈ Sp2n+2 | g(Cen) = Cen} ;

E = (Cen)⊥ = C2n+1 ω = ω̃|E ω E
Cen

P −→ Sp2n+1, g )→ g|E

Sp2n+1 1 P

Sp2n+1 1
SSp2n+1 ⊂ Sp2n+1 1

Sp2n Sp2n+2

Sp2n = {g ∈ Sp2n+2 | g(en) = en, g(en̄) = en̄} ;

Sp2n ⊂ Sp2n+1 ⊂ Sp2n+2

Sp2n+2 B2n+2

〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂ 〈e0, . . . , en, en̄, . . . , e1̄〉 ⊂ Ẽ Sp2n+2

B2n+2

gB2n+2g−1 g ∈ Sp2n+2 e0 en

g g = 1
g /= 1

g = n . . . 21 ∈ W (Sp2n+2)
n . . . 21 gB2n+2g−1

Sp2n+2

a ∗
0 d

a d (n + 1) × (n + 1)

B2n = B2n+2 ∩ Sp2n Sp2n

T2n+2 Sp2n+2

T2n = T2n+2 ∩ Sp2n Sp2n



B2n+2 U+
2n+2 (zij) Sp2n+2

1 U+
2n = U+

2n+2 ∩ Sp2n

B2n U−
2n+2 U−

2n
U+

2n+2 U+
2n

U+
2n+2

zij

(zij)
C[U+

2n+2] = C[zij ; i < j # ı̄]

Sp2n+2

sp2n+2 b2n+2 B2n+2

t2n+2 T2n+2 sp2n+2

sl2n+2 Xij

0 # i, j # n Xī Xı̄j 0 # i # j # n Xii 0 # i # n
t2n+2 Xij i /= j Xī Xı̄j 0 # i # j # n

εi − εj εi + εj

−εi − εj

sp2n+2

sp2n+1 = {X ∈ sp2n+2 | Xen = 0},

P

p = {X ∈ sp2n+2 | X(Cen) ⊂ Cen},

Sp2n ⊂ Sp2n+2

sp2n = {X ∈ sp2n+2 | Xen = 0, Xen̄ = 0}.

sp2n+1 sp2n+2 n
n̄ sp2n sp2n+2

n n̄

sp2n+2 = sp2n+1 ⊕
0!i!n

CXin ⊕
0!i!n

CXn̄i

sp2n+1 = sp2n ⊕
0!i!n

CXin̄ ⊕
0!i!n−1

CXni

p = sp2n+1 ⊕ CXnn.

b2n B2n b2n = b2n+2 ∩ sp2n

b2n+1 = b2n+2 ∩ sp2n+1

b2n ⊂ b2n+1 ⊂ b2n+2.

t2n T2n t2n+2 ⊂ p t2n+2 ∩ sp2n+1 = t2n.
u+
2n+2 u+

2n U+
2n+2 U+

2n



u−2n+2 u−2n u+
2n = u+

2n+2 ∩ sp2n u−2n = u−2n+2 ∩ sp2n

u+
2n+1 = u+

2n+2 ∩ sp2n+1 u−2n+1 = u−2n+2 ∩ sp2n+1

sp2n+2

sp2n+2 = u−2n+2 ⊕ t2n+2 ⊕ u+
2n+2

sp2n+1 p

sp2n+1 = u−2n+1 ⊕ t2n ⊕ u+
2n+1

p = u−2n+1 ⊕ t2n+2 ⊕ u+
2n+1.

u+
2n+1 = u+

2n ⊕
0!i!n

CXin̄

u−2n+1 = u−2n ⊕
0!i!n−1

CXni

p t2n+2 p sp2n

ε0 + εn, . . . , εn−1 + εn, 2εn

εn − ε0, . . . , εn − εn−1 t2n sp2n+1

sp2n ±εi 0 # i # n − 1

±εi ± εj , 0 # i < j # n − 1

±2εi, ±εi, 0 # i # n − 1.

sp2n+1 BCn

α sp2n+1 −α Xnn̄ ∈
c
sp2n+1

(t2n) Xnn̄ ∈ z(sp2n+1) sp2n+1

α sp2n+1 Xα

α Yα −α

u+
2n+1 = CXnn̄ ⊕

α

CXα

u−2n+1 =
α

CYα

α sp2n+1

Sp2n+2 ↓ Sp2n

V Sp2n+2 v ∈ V
T2n+2 U+

2n
Sp2n

V +

Sp2n+2 ↓ Sp2n



V Sp2n+2 Sp2n

V V +

V =
s

i=1

Vi

V Sp2n

Vi V + {v1, . . . , vs} V +

V =
s

i=1

Vi

V Sp2n vi Vi

Vi Sp2n V vi V +

V U+
2n U+

2n V

V + ⊂ V U+
2n T2n+2

U+
2n V U+

2n T2n+2 T2n+2

V + = V U+
2n

V =
s

i=1

Vi

V Sp2n

V U+
2n =

s

i=1

V
U+

2n
i ,

V
U+

2n
i Vi "

Sp2n+2

t2n+2 u+
2n V +

V u
+
2n u+

2n V
Sp2n+2

Sp2n+2

V Sp2n+2 V
X0n,X1n, . . . ,Xn−1 n u+

2n+2
V ++

sp2n+2

sp2n+1

sp2n+1 sp2n

X0n̄,X1n̄, . . . ,Xnn̄.



ε0 − εn, ε1 − εn, . . . , εn−1 − εn

sp2n

Xn−1 n

Xnn̄

u+
2n+2 Xn−1 n t2n+2

V u+
2n ∩ V Xn−1 n V u+

2n Xn−1 n t2n+2

t2n+2 V ++

sp2n+2 V
{v1, . . . , vp} V ++

1 # i # p − 1 u+
2n+1vi+1 sp2n+1

v1, . . . , vi V
V

1 # i # p Vi sp2n+1

v1, . . . , vi V

(0) = V0 ⊂ V1 ⊂ · · · ⊂ Vp ⊂ V.

v1, . . . , vp

V λ = (λ1 ! · · · ! λn+1) V
µ = (µ1, . . . , µn+1) µ → λ

λ1 ! µ1 ! λ2 ! · · · ! µn ! λn+1 ! µn+1.

V0 ⊂ V1 ⊂ · · · ⊂ Vp ⊂ V Sp2n

V
Vi+1/Vi Sp2n+1

Sp2n

Sp2n Vi+1/Vi vi+1

µ = (µ1 ! · · · ! µn+1) Vi+1/Vi

Vi+1/Vi =
ν−→µ

V ′′
ν

V ′′
ν Sp2n ν = (ν1, . . . , νn) ν → µ

µ1 ! ν1 ! µ2 ! · · · ! µn ! νn ! µn+1.

Vλ =
ν−→µ−→λ

V ′′
ν

µ
Vi+1/Vi Sp2n+1

v̄i+1 vi+1 Vi+1/Vi

v1, . . . , vp v̄i+1 u+
2n+1 sp2n+1

Vi+1/Vi sp2n+1



sp2n+1

sp2n+1

V sp2n+1 v
u+
2n+1 λ ∈ t2n+1 v α1, . . . ,αs

sp2n+1

V Y a1
α1

. . . Y as
αs

v a1, . . . , as ∈ N

V λ− aiαi a1, . . . , as ∈ N λ
V

dim Vλ = 1

sp2n+1 V V

V w0(λ) w0 ∈ W (Sp2n)
0̄1̄ . . . n − 1n.

V

sp2n+1

sp2n+1 = u−2n+1 ⊕ t2n ⊕ u+
2n+1.

U(sp2n+1) sp2n+1 V U(sp2n+1)
v V = U(sp2n+1)v

U(sp2n+1) = U(u−2n+1)U(b2n+1) X U(sp2n+1)
X = X1X2 X1 ∈ U(u−2n+1) X2 ∈ U(b2n+1) v

b2n+1

V = U(sp2n+1)v = U(u−2n+1)U(b2n+1)v = U(u−2n+1)v.

u−2n+1 {Yα1 , . . . , Yαs}
Yα1 , . . . , Yαs

U(u−2n+1)
Y a1
α1

. . . Y as
αs

v λ − s
i=1 aiαi

Y a1
α1

. . . Y as
αs

v λ v
ϕ sp2n+1 V Vλ Vλ

α α ∈ C ϕ αId sp2n+1

v V V
V
w0 = 0̄1̄ . . . n − 1n W (Sp2n)

sp2n+1 sp2n+1 w0

−Id t2n µ V w0(µ)
w0(µ) = λ − aiαi a1, . . . , as ∈ N

µ = w0(λ) − aiw0(αi) = w0(λ) + aiαi

µ w0(λ)



V
v V

µ-=λ Vµ ⊂ V
V "

Vi+1/Vi

Vi+1/Vi

sp2n+1 sp2n

µ Vi+1/Vi Sp2n

µ|t2n
Vi+1/Vi

ν−→µ
ν -=µ|t2n

V ′′
ν .

v̄i+1 Vi+1/Vi

v̄i+1 u+
2n+2

Vi+1/Vi sp2n+2 v̄i+1

sp2n+1 Vi+1/Vi

λ ∈ t∗2n+2 t2n+2 v̄i+1

Vi+1/Vi Vi+1/Vi sp2n+1

sp2n+2 λ
sp2n+2

b2n+2

V ′
λ sp2n+1 λ

B−
2n+2 ⊂ Sp2n+2 B2n+2 λ

Sp2n+2 Lλ Fω(2n + 2)
λ ∈ X(B−

2n+2)

〈e0̄〉 ⊂ 〈e0̄, e1̄〉 ⊂ · · · ⊂ 〈e0̄, . . . , e1〉 ⊂ C2n+2 = Ẽ

B−
2n+2 B−

2n+2 λ
H0(Fω(2n + 2), Lλ) Sp2n+2

λ
Lλ Fω(2n+1) ⊂ Fω(2n+2)

Fω(2n+1)
T ∗

n+1 (n+1) Fω(2n+
2)

Lλ|Fω(2n+1)

Sp2n+1 Sp2n+1

H0 Fω(2n + 1), Lλ|Fω(2n+1) .



Fω(2n + 1) Fω(2n + 2)

Fω(2n + 1) = {V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 2) | Vn+1 ⊂ e⊥n }.

e∗n̄ ∈ Ẽ∗ = H0(Fω(2n + 2), T ∗
n+1)

en Ẽ Ẽ∗ ω̃
e∗n̄

0 −→ Λn+1Tn+1 −→ · · · −→ Λ2Tn+1 −→ Tn+1 −→ OFω(2n+2) −→ OFω(2n+1) −→ 0,

Lλ

0 −→ Λn+1Tn+1 ⊗ Lλ −→ · · · −→ Λ2Tn+1 ⊗ Lλ −→ Tn+1 ⊗ Lλ −→ Lλ −→ Lλ|Fω(2n+1) −→ 0

Lλ|Fω(2n+1)

λ λ + ρ
Hq(Fω(2n + 2), Lλ) = 0 q

Sp2n+2 ±εi±εj 0 # i, j # n µ Sp2n+2

µ

Hq(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) = 0 0 # k # n + 1
q > 0

F X
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fm = F q ! 0 Hq(X,Fi+1/Fi) = 0
0 # i # m Hq(X,F ) = 0

0 → Fi → Fi+1 → Fi+1/Fi → 0

ΛkTn+1 ⊗ Lλ

0 = ΛkTk−1 ⊗ Lλ ⊂ ΛkTk ⊗ Lλ ⊂ · · · ⊂ ΛkTn ⊗ Lλ ⊂ ΛkTn+1 ⊗ Lλ.

0 −→ ΛkTi −→ ΛkTi+1 −→ Λk−1Ti ⊗ Ti+1/Ti −→ 0

Λk−1Ti ⊗ Ti+1/Ti ⊗ Lλ, k − 1 # i # n.



Hq(Fω(2n + 2),Λk−1Ti ⊗ Ti+1/Ti ⊗ Lλ) = 0, i k − 1 # i # n.

Ti+1/Ti = L−εi

Hq(Fω(2n + 2),Λk−1Ti ⊗ Lλ−εi) = 0, k − 1 # i # n

Ti+1

λ

Hq(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) = 0

⇐= Hq(Fω(2n + 2),Λk−1Ti1 ⊗ Lλ−εi1 ) = 0, k − 1 # i1 # n

⇐= Hq(Fω(2n + 2),Λk−2Ti2 ⊗ Lλ−εi1−εi2 ) = 0, k − 2 # i2 < i1

. . .

⇐= Hq(Fω(2n + 2),Λ2Tik−2 ⊗ Lλ−εi1−εi2−···−εik−2
) = 0, 2 # ik−2 < ik−3

⇐= Hq(Fω(2n + 2), Tik−1 ⊗ Lλ−εi1−εi2−···−εik−1
) = 0, 1 # ik−1 < ik−2

⇐= Hq(Fω(2n + 2), Lλ−εi1−εi2−···−εik
) = 0, 0 # ik < ik−1.

Hq(Fω(2n + 2), Lλ−εi1−εi2−···−εik
) = 0, n ! i1 > i2 > · · · > ik ! 0

Hq(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) = 0 λ λ − εi1 −
εi2 − · · ·− εik λ− εi1 − εi2 − · · ·− εik + ρ

λ λ − εi1 − εi2 − · · · − εik
λ k k

ρ

Hq(Fω(2n + 2), Lλ−εi1−εi2−···−εik
) = 0, n ! i1 > i2 > · · · > ik ! 0

"

0 −→ H0(Fω(2n + 2),Λn+1Tn+1 ⊗ Lλ) −→ · · · −→ H0(Fω(2n + 2), Tn+1 ⊗ Lλ) −→

−→ H0(Fω(2n + 2), Lλ) −→ H0 Fω(2n + 1), Lλ|Fω(2n+1) −→ 0



ΛkTn+1 ⊗ Lλ

0 = ΛkTk−1 ⊗ Lλ ⊂ ΛkTk ⊗ Lλ ⊂ · · · ⊂ ΛkTn ⊗ Lλ ⊂ ΛkTn+1 ⊗ Lλ

Λk−1Ti ⊗ Lλ−εi , k − 1 # i # n

0 ⊂ H0(Fω(2n + 2),ΛkTk ⊗ Lλ) ⊂ · · ·

· · · ⊂ H0(Fω(2n + 2),ΛkTn ⊗ Lλ) ⊂ H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ)

H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ)

H0(Fω(2n + 2),Λk−1Ti ⊗ Lλ−εi), k − 1 # i # n.

H0(Fω(2n + 2),Λk−1Ti ⊗ Lλ−εi)

H0(Fω(2n + 2),Λk−2Tj ⊗ Lλ−εi−εj), k − 2 # j < i.

H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) H0(Fω(2n +
2),ΛkTn+1 ⊗ Lλ)

H0(Fω(2n + 2),Λk−2Ti2 ⊗ Lλ−εi1−εi2 ), k − 2 # i2 < i1 # n.

H0(Fω(2n +
2),ΛkTn+1 ⊗ Lλ)

H0(Fω(2n + 2), Lλ−εi1−εi2−···−εik
), n ! i1 > i2 > · · · > ik ! 0.

Sp2n+2 H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ)
Sp2n+2

H0(Fω(2n+2),ΛkTn+1⊗Lλ) Sp2n+2

H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) =
n#i1>···>ik#0

H0(Fω(2n + 2), Lλ−εi1−εi2−···−εik
)

=
n#i1>···>ik#0

λ−εi1−εi2−···−εik

Vλ−εi1−εi2−···−εik

Vµ Sp2n+2 µ

λ µ µ
p

−→ λ µ
λ p p



H0(Fω(2n + 2),ΛkTn+1 ⊗ Lλ) =

µ k−→λ

Vµ

0 −→

µ
n+1
−→λ

Vµ −→ · · · −→

µ 1−→λ

Vµ −→ Vλ −→ H0 Fω(2n + 1), Lλ|Fω(2n+1) −→ 0.

e∗n̄ Sp2n+1 Sp2n+1 Sp2n+1

H0(Fω(2n + 1), Lλ|Fω(2n+1))

ϕ :

µ 1−→λ

Vµ −→ Vλ.

Sp2n+1

ϕ : H0(Fω(2n + 2), Tn+1 ⊗ Lλ) −→ H0(Fω(2n + 2), Lλ)

Sp2n+2

Φ : H0(Fω(2n + 2), T ∗
n+1) ⊗ H0(Fω(2n + 2), Tn+1 ⊗ Lλ) −→ H0(Fω(2n + 2), Lλ)

ϕ(t) = Φ(e∗n̄ ⊗ t)

Φ

H0(Fω(2n + 2), T ∗
n+1) ⊗ H0(Fω(2n + 2), Tn+1 ⊗ Lλ) −→ H0(Fω(2n + 2), T ∗

n+1 ⊗ Tn+1 ⊗ Lλ)

H0(Fω(2n + 2), T ∗
n+1 ⊗ Tn+1 ⊗ Lλ) −→ H0(Fω(2n + 2), Lλ) ;

T ∗
n+1⊗Tn+1⊗Lλ −→ Lλ

Lλ T ∗
n+1 ⊗ Tn+1 −→ OFω(2n+1) Sp2n+2

"

ϕ Sp2n+2

Φ :

µ 1−→λ

Vµ ⊗ Ẽ −→ Vλ

ϕ(v) = Φ(v ⊗ en) Ẽ Ẽ∗ ω̃

Sp2n+2 µ 1−→λ
Vµ⊗Ẽ −→ Vλ

Vµ⊗Ẽ
Vλ Vµ⊗Ẽ



G Vλ G
λ

Vλ ⊗ Vµ =
θ Vλ

mult(θ)t(θ + µ + ρ)Vθ+µ+ρ−ρ

G
mult(θ) θ Vλ

t(θ + µ + ρ) =
0 θ + µ + ρ

sgn(w) w
w(θ + µ + ρ)

θ + µ + ρ θ + µ + ρ W
θ + µ + ρ

Ẽ ±εi 0 # i # n
µ 1−→ λ µ = λ− εj µ

Ẽ ⊗ Vλ−εj =
θ∈{±εi; 0!i!n}

t(θ + λ− εj + ρ)Vθ+λ−εj+ρ−ρ.

θ = ±εi θ + λ− εj + ρ

θ + λ− εj + ρ = θ + λ− εj + ρ.

ν = θ + λ − εj λ − εi

ν
ν + ρ ν

ν + ρ

Ẽ ⊗ Vλ−εj =
θ∈{±εi; 0!i!n}
θ+λ−εj

Vθ+λ−εj

Vλ Ẽ ⊗ Vλ−εj

Sp2n+1 H0 Fω(2n + 1), Lλ|Fω(2n+1)

Sp2n+1 λ

H0 Fω(2n + 1), Lλ|Fω(2n+1) = (V ′
λ)

∗.

0 −→ H0(Fω(2n + 1), Lλ|Fω(2n+1))
∗ −→ V ∗

λ
ϕ∗

−→

µ 1−→λ

V ∗
µ

H0 Fω(2n + 1), Lλ|Fω(2n+1)

∗
ϕ∗ Sp2n+2

V ∗
λ # Vλ



ϕ∗ Sp2n+1 V ∗
λ

{vµ} T2n+2 Vλ vµ

µ {v∗µ}
V ∗
λ v∗−λ

v∗λ ∈ Kerϕ∗ µ µ 1−→ λ µ
µ = λ− εi ϕ Vλ−εi → Vλ
ϕ(v) = Φ(v ⊗ en) Φ : Vλ−εi ⊗ V → Vλ Sp2n+2

v∗−λ /∈ Kerϕ∗ ϕ∗(v∗−λ) ∈ V ∗
λ−εi

vµ ∈ Vλ−εi ϕ∗(v∗−λ)(vµ) /= 0

ϕ∗(v∗−λ)(vµ) = v∗−λ(ϕ(vµ)) = v∗−λ(Φ(vµ ⊗ en))

vµ ⊗ en ∈ Vλ−εi ⊗ V µ + εn Φ(vµ ⊗ en) v∗−λ(vν) = 0
ν /= −λ µ+εn = −λ −λ−εn V ∗

λ−εi
# Vλ−εi

λ+ εn = (λ− εi) + (εi + εn) > λ− εi

v∗−λ ∈ Kerϕ∗ Sp2n+1 v∗−λ
Kerϕ∗

dim kerϕ∗ =
n+1

i=0

(−1)i

µ i−→λ

dim Vµ.

Vµ Sp2n+1 {V ′
θ ; θ → µ}

dim Vµ =
θ−→µ

dim V ′
θ .

dim V ′
λ =

n+1

i=0

(−1)i

θ−→µ i−→λ

dim V ′
θ ;

λ =
n+1

i=0

(−1)i

θ−→µ i−→λ

θ

Sp2n+2

θ λ
θ /= λ

θ µ θ −→ µ i−→ λ.
θ → µ θ ⊂ µ µ \ θ

µ i−→ λ µ ⊂ λ
λ \ µ i

µ \ θ



λ \ µ

.

λ \ θ

(

(

(

(

λ \ θ (

µ \ θ
µ λ

( µ0 λ µ0
i0−→ λ

i0 ( µ0 µ
θ −→ µ i−→ λ µ µ ⊂ µ0

θ −→ µ i−→ λ µ
i−i0−−−→ µ0 µ µ0

( #1, #2, . . . , #s
θ −→ µ k−→ µ0 µ µ0

#1, #2, . . . , #s θ −→ µ
k+i0−−−→ λ θ −→ µ i−→ λ

θ −→ µ
i−i0−−−→ µ0 µ \ µ0

#1, #2, . . . , #s θ −→ µ0

µ0 µ0 \ θ

"

"

"

" µ0 \ θ
#1, #2, . . . , #s µ θ → µ k−→ µ0

µ0 \µ #1, #2, . . . , #s
µ0 "

θ

±
s

i=0

(−1)i
s

i
= 0 s ! 1 .



θ /= λ s ! 1 λ \ θ
( s = 0 θ = λ λ \ θ = ∅

i0 = 0 s = 0

λ −→ λ 0−→ λ

θ = λ "

L−εi = Ti+1/Ti 1 # i # n L−ε0 = T1 ω0, . . . ,ωn

Sp2n+1 Lωi = detT ∗
i+1 λ = a0ω0+ · · ·+anωn

a0, . . . , an ! 0

Lλ = (det T ∗
1 )⊗a0 ⊗ (det T ∗

2 )⊗a1 ⊗ · · ·⊗ (det T ∗
n+1)

⊗an

Lλ|Fω(2n+1) = det T ∗
1 |Fω(2n+1)

⊗a0
⊗ detT ∗

2 |Fω(2n+1)

⊗a1
⊗ · · · ⊗ det T ∗

n+1|Fω(2n+1)

⊗an
.

Ti|Fω(2n+1) = Ti i

Fω(2n + 1)
Fω(2n + 1) ⊂ Fω(2n + 2)

λ Lλ

Lλ = (det T ∗
1 )⊗a0 ⊗ (det T ∗

2 )⊗a1 ⊗ · · · ⊗ (det T ∗
n+1)

⊗an .

Sp2n+1 H0(Fω(2n+1), Lλ) Sp2n+1

λ

Sp2n+1

Sp2n

Sp2n

λ GL(2n, C) λ

Sp2n+1

ω ∈ Λ2 V
V λ GL(V ) λ

SλV ⊂ V ⊗d d = |λ| λ 1 # p < q # d
ϕpq ω p q

ϕpq : V ⊗d −→ V ⊗d−2

v1 ⊗ · · ·⊗ vn )−→ ω(vp, vq)v1 ⊗ · · ·⊗ vp ⊗ · · ·⊗ vq ⊗ · · ·⊗ vn.

V 〈d〉 =
p,q

Kerϕpq ⊂ V ⊗d



d

S〈λ〉V = SλV ∩ V 〈d〉 ;

V = C2n #(λ) > n S〈λ〉C
2n = 0 #(λ) # n S〈λ〉C

2n Sp2n

λ
V = C2n+1

#(λ) > n + 1 S〈λ〉C
2n+1 = 0 #(λ) # n + 1 S〈λ〉C

2n+1

Sp2n+1

S〈λ〉C
2n+1

Sp2n

S〈λ〉C
2n+1

Sp2n+1

S〈λ〉C
2n+1 =

µ−→λ

V ′′
µ

V ′′
µ Sp2n µ λ = (λ1 ! · · · ! λn+1)

µ = (µ1 ! · · · ! µn) µ → λ

λ1 ! µ1 ! λ2 ! · · · ! λn ! µn ! λn+1

µ ⊂ λ λ \ µ

Sp2n+1

λ SSp2n+1 SSp2n+1 ⊂ Sp2n+1

Sp2n+1 → SSp2n+1 SSp2n+1 S〈λ〉C
2n+1

S〈λ〉C
2n+1 Sp2n+1

Sp2n+1 → SSp2n+1 Sp2n+1 λ

Sp2n+1 S〈λ〉C
2n+1 SSp2n+1

P
Sp2n+2 Cen

S〈λ〉C
2n+1 P

P → Sp2n+1 P Sp2n+2

λ
SSp2n+1 S〈λ〉C

2n+1 Sp2n+1

Sp2n+1 −→ SSp2n+1 Sp2n+1 V ′
λ

Vλ Sp2n+2 λ vλ ∈ Vλ
B2n+2

B2n+2 ⊂ Sp2n+2 〈e0〉 ⊂ 〈e0, e1〉 ⊂ · · · ⊂
〈e0, . . . , e2n+1〉



P → Sp2n+1, g )→ g|E

N = {g ∈ P | g|E = Id, ḡ = IdẼ/en
}

ḡ g Ẽ/en Sp2n+2

e0 en

N B2n+2

N vλ N P
〈P · vλ〉 vλ Vλ P 〈P · vλ〉

P → Sp2n+1 〈P · vλ〉
Sp2n+1

〈P · vλ〉 Sp2n+1 S〈λ〉C
2n+1

Vλ

Vλ = S〈λ〉Ẽ = SλẼ ∩ Ẽ〈d〉

d = |λ| λ
SλẼ cλ : Ẽ⊗d → Ẽ⊗d

Ẽ⊗d Sd Ẽ⊗d

E⊗d ⊂ Ẽ⊗d Ẽ⊗d

Sd

cλ E⊗d E⊗d Sd

Ẽ⊗d

v1 ⊗ · · · ⊗ vd

en̄

SλE = cλ(E
⊗d) = cλ(Ẽ

⊗d) ∩ E⊗d = SλẼ ∩ E⊗d.

ϕpq : E⊗d −→ E⊗d−2

ω p q

ϕ̃pq : Ẽ⊗d −→ Ẽ⊗d−2

ω̃ ω ω̃|E = ω

ϕ̃pq|E⊗d = ϕpq, 0 # p < q # n

E〈d〉 =
p,q

Kerϕpq = E⊗d ∩
p,q

Ker ϕ̃pq = E⊗d ∩ Ẽ〈d〉.

ngvλ = g(g−1ng)vλ = gvλ
cλ C[Sd]

End(Ẽ⊗d) Sp



S〈λ〉E = SλE ∩ E〈d〉 = SλẼ ∩ E⊗d ∩ Ẽ〈d〉 ∩ E⊗d = S〈λ〉Ẽ ∩ E⊗d.

vλ S〈λ〉Ẽ

SλẼ cλ

eλ = e⊗λ0
0 ⊗ e⊗λ1

1 ⊗ · · ·⊗ e⊗λn
n ;

〈e0, . . . , en〉 ω̃ cλ(eλ) S〈λ〉Ẽ
λ vλ

vλ E⊗d S〈λ〉E P

E P → Sp2n+1 P S〈λ〉Ẽ
vλ Sp2n+1 vλ S〈λ〉E

〈P · vλ〉 = 〈Sp2n+1.vλ〉 ⊂ S〈λ〉E.

P Vλ = S〈λ〉Ẽ vλ Sp2n+1

vλ V ′
λ ⊂ Vλ

p = sp2n+1 ⊕ CXnn

Xnn ∈ t2n+2

U(p)vλ = U(sp2n+1)U(CXnn)vλ = U(sp2n+1)Cvλ = V ′
λ.

V ′
λ S〈λ〉E Sp2n

〈P · vλ〉 = V ′
λ S〈λ〉E

〈P · vλ〉 = S〈λ〉E.

P −→ Sp2n+1 Sp2n+1 ⊂ P

Sp2n+1 −→ SSp2n+1 "

Sp2n+1 S〈λ〉E Sp2n+1 SλE
vλ

Fω(2n+1) ⊂ Fω(2n+2)
P Lλ|Fω(2n+1) Sp2n+1

P H0(Fω(2n +
1), Lλ|Fω(2n+1)) P P

P H0(Fω(2n + 1), Lλ|Fω(2n+1))
P vλ Vλ

H0(Fω(2n + 2), Lλ) −→ H0(Fω(2n + 1), Lλ|Fω(2n+1))



P

H0(Fω(2n + 1), Lλ|Fω(2n+1))
∗ ⊂ Vλ,

P
H0(Fω(2n + 1), Lλ|Fω(2n+1))

∗ ⊂ Vλ Sp2n+1

V ′
λ vλ V ′

λ = 〈P · vλ〉 "

λ = a0ω0 + · · · + anωn a0, . . . , an ! 0

Lλ|Fω(2n+1) = (det T ∗
1 )⊗a0 ⊗ (det T ∗

2 )⊗a1 ⊗ · · · ⊗ (det T ∗
n+1)

⊗an ,

P Lλ|Fω(2n+1)

H0(Fω(2n + 1), Lλ|Fω(2n+1)) P → Sp2n+1

λ λ = a0ω0 + · · · + anωn a0, . . . , an ! 0 Lλ

Lλ = (det T ∗
1 )⊗a0 ⊗ (det T ∗

2 )⊗a1 ⊗ · · ·⊗ (det T ∗
n+1)

⊗an

Fω(2n+1) Sp2n+1 H0(Fω(2n+
1), Lλ) Sp2n+1 λ

H0(Fω(2n + 1), Lλ) = (S〈λ〉C
2n+1)∗.



Fω(2n+1)

Fω(2n + 1) T Sp2n+1

Fω(2n + 1)

X G G
EG G

G BG = EG/G
G

EG → BG G G E → B
EG → BG B → BG

X ×G EG

X × EG G

g : (x, e) )→ (gx, ge), g ∈ G, x ∈ X, e ∈ EG.

X × EG → EG G
EG

X ×G EG −→ BG

X A
A

H∗
G(X,A)



H∗(X ×G EG,A)

G G
A

X )−→ X ×G EG

G

X = pt pt ×G EG = BG

H∗
G(pt,A) = H∗(BG,A)

H∗(pt,A) = A
C

X → pt

H∗
G(pt) −→ H∗

G(X)

H∗(BG) → H∗(X ×G EG) X ×G

EG → BG H∗
G(X) H∗

G(pt)
X p : X ×G EG → BG
e0 ∈ EG

X ↪→ X ×G EG, x )→ G · (x, e0)

X p−1(G · e0) X ×G EG
G · e0 ∈ BG

H∗
G(X) = H∗(X ×G EG) −→ H∗(X);

e0 ∈ EG X
H∗

G(−) H∗(−)
s ∈ H∗

G(pt) = H∗(BG)
(p∗s)|X = 0 H∗

G(X)
H∗

G(pt)

H∗
G(X)/H+

G (pt) · H∗
G(X) = H∗

G(X) ⊗H∗
G

(pt) Q −→ H∗(X).

X

G
X

Hp(BG,Hq(X)) =⇒ Hp+q
G (X),

X×GEG → BG



H∗
G(pt) H∗

G(X)

G G
G

G G

EG → BG

G = T
T T = C∗ Cm \ {0}

Pm−1

ETm = Cm \ {0} −→ Pm−1 = BTm

T

Cm \ {0} ↪→ Cm+1 \ {0},

(z1, . . . , zm) )→ (z1, . . . , zm, 0) T

ET = C∞ \ {0} −→ P∞ = BT

T T = (C∗)r

ETm = (Cm \ {0})r −→ (Pm−1)r = BTm

(Cm \ {0})r ↪→ (Cm+1 \ {0})r

ET = (C∞ \ {0})r −→ (P∞)r = BT

T

GL(n, C)
EGL(n, C)m −→ BGL(n, C)m

G ⊂ GL(n, C)
G

EGL(n, C)m = EGm −→ EGm/G = BGm

G

EGL(n, C) = EG −→ EG/G = BG.



q n n ! dimX
n ! q E → B G E n

n E
Hq

G(X) = Hq(X ×G E)
T = (C∗)r

Hq
T (X) = Hq(X ×T ETm)

2m − 2 ! q

E → B G π : Y → X
G π G F

Y ×G E → X ×G E F A → X
G r A ×G E → X ×G E

r X ⊂ X ×G E A X
G X = pt G V
E ×G V → B B B

V
E → B EG → BG

A ×G EG H∗
T (X) E

A ci,T (A) = ci(A ×G EG)

G = T
T T = C∗ C∗

EC∗ = C∞ \ {0} −→ P∞ = BC∗

Cm \ {0} −→ Pm−1.

C∞ \{0} = lim−→Cm \{0} P∞ = lim−→Pm

U ⊂ C∞ \ {0} U ⊂ P∞

m U ∩ Cm \ {0} Cm \ {0} U ∩ Pm

Pm

H∗
C∗(pt) = H∗(BC∗) = H∗(P∞)

= H∗(lim−→Pm) = lim←−H∗(Pm)

= lim←−C[h]/(hm+1) = C[h],

h ∈ H2(P∞)
P∞ H ⊂ P∞ m H ∩ Pm

Pm Cλ
C∗ λ ∈ Z = X(C∗) Cλ

Lλ,m = Cλ ×C∗ (Cm+1 \ {0}) −→ Pm, m ∈ N

C[[h]]



Lλ = Cλ ×C∗ (C∞ \ {0}) −→ P∞.

m Lλ|Pm = Lλ,m

λ = d ∈ Z Lλ,m = OPm(d) C∗

λ )→ c1,T (Cλ) = c1(Lλ) λ
Lλ (Lie(C∗))∗ −→

H2(BC∗) = H2(P∞)

Sym(Lie(C∗)∗) −→ H∗(BC∗) = H∗
C∗(pt)

T = (C∗)r r BT = (P∞)r

H∗
T (pt) = H∗((P∞)r) = H∗(P∞)⊗r = C[h1, . . . , hr]

h1, . . . , hr

Sym(t∗) −→ H∗
T (pt)

λ )→ c1,T (Cλ) = c1(Lλ) ∈ H2(BT ) λ
Lλ = Cλ ×T ET → BT

XT T T X i : XT ↪→ X
T

i∗ : H∗
T (X) −→ H∗

T (XT ) X

i∗ H∗
T (pt)

i∗

X H∗
T (X)

H∗
T (pt)

i∗ : H∗
T (X) ↪→ H∗

T (XT ).

X
XT

XT

X
T T T X

X
XT

i∗ : H∗
T (X) ↪→ H∗

T (XT )



E ⊂ X T x E Tx ⊂ T
T Tx x E

E T T/Tx

T/Tx T
E # T/Tx # C∗ T E λ : T → T/Tx # C∗

γ : C∗ → T 〈γ,λ〉 = 1 λ(γ(t)) = t
t ∈ C∗ E γ X

ϕ : C∗ −→ X t )→ γ(t) · x

ϕ̄ : P1 −→ X

E E E
E ϕ̄(0) ϕ̄(∞)

T ∂E = E \ E = {ϕ̄(0), ϕ̄(∞)} T
H∗

T (XT )

H∗
T (XT ) =

p∈XT

H∗
T (p) =

p∈XT

Sym(t∗) =
p∈XT

C[t].

X
T X T

H∗
T (X)

H∗
T (XT ) = p∈XT C[t]

i∗ : H∗
T (X) ↪→ H∗

T (XT )

(fp)p∈XT

a b T E fa fb

tx ⊂ t tx = Lie(Tx)

fa|tx = fb|tx

x ∈ E Tx = StabT (x) E

λ : T → T/Tx # C∗ T E
tx = Ker dλ dλ ∈ t∗

t tx ⊂ t

fa|tx = fb|tx

dλ | fa − fb.

±dλ t TaE ⊂ TaX t

∓dλ TbE ⊂ TbX



Fω(2n + 1)

X
T X

T

tx Tx

H∗
T (X)

X

P1 T λ

0
dλ ∞

H∗
T (X)

|XT |
t a b

Ker # a b # ∈ t∗

V (X)

Fω(2n + 1)

Fω(2n + 1)
Fω(2n + 2)

Fω(2n + 1) = {V• = (V1 ⊂ · · · ⊂ Vn+1) | Vn+1 ⊂ e⊥0 } ⊂ Fω(2n + 2).

Fω(2n + 1) T Fω(2n + 2) T
T T T

Fω(2n + 2) Fω(2n + 1)
Fω(2n + 2)

G/B G
Fω(2n+2) G/B

T ⊂ G
W = NG(T )/T G ∆ G

α ∈ ∆ w ∈ W w σαw σα α
α ∈ t∗

S = H∗
T (pt) = C[t]

G/B

H∗
T (G/B) = (fw)w∈W fw ∈ S, fσαw ≡ fw α, α ∈ ∆ w ∈ W .

T G/B
G/B Xw

Fω(2n+1)
Fω(2n + 2)



G/B
Xw

G/B Xw T
Xw T

Xw

U ⊂ B B U−

∆+ ⊂ ∆ T Lie(U) w ∈ W

Uw = U ∩ wUw−1

U ′
w = U ∩ wU−w−1,

T α ∈ ∆ gα
g G Uα ⊂ G

gα Uα
T gα T Cα α

T U Uα
U = UwU ′

w = U ′
wUw

gα ⊂ Lie(Uw) ⇐⇒ α > 0 w−1(α) > 0

gα ⊂ Lie(U ′
w) ⇐⇒ α > 0 w−1(α) < 0

Lie(Uw) ⊕ Lie(U ′
w) = Lie(U).

g ∈ G B × B BwB ⊂ G
g = u′wb w w
W u′ ∈ U ′

w b ∈ B u′ )→ u′wB T
U ′

w B BwB/B T wB ∈ G/B
Cw U ′

w Uα
T 1 ∈ U ′

w

0 ∈ Lie(U ′
w) T

Cw gα Lie(U ′
w)

T wB ∈ Cw

G/B
G/B

Fω(2n+1)
Fω(2n + 2) W (Sp2n+1) ⊂ W (Sp2n+2)

0̄

V (Fω(2n + 1))
H∗

T (Fω(2n + 1))

H H1, . . . , Hm

H1 × · · ·× Hm → H



Fω(2n + 1)

G/B

H∗
T (G/B) # S ⊗SW S

SW ⊂ S W

H∗(G/B) # S/(SW
+ ).

S ⊗SW S

t ×t/W t = {(x, y) ∈ t × t | Wx = Wy} = V (G/B)

W t

(x, y) ∈ V (G/B) x y W V (G/B)
|W | t

Γw = {(x,w(x)) | x ∈ t} w

V (G/B) =
w∈W

Γw,

Γw ⊂ t× t t Γw ∩Γσαw α⊥

w H∗
T (G/B) → H∗

T (w) = S
Γw ⊂ V (G/B)

C[V (G/B)] −→ C[Γw] = C[t] = S

P ⊗ Q ∈ S ⊗SW S # H∗
T (G/B)

(P ⊗ Q)|w = w(P )Q;

S # 1⊗ S → H∗
T (G/B)

S H∗
T (G/B)

G = Sp2n+2

H∗
T (Fω(2n + 2)) # S ⊗SW (Sp2n+2) S # C[V (Fω(2n + 2))],

V (Fω(2n + 2)) =
w∈W (Sp2n+2)

Γw ⊂ t × t.

Fω(2n + 1) W (Sp2n+1)
Fω(2n + 2) H∗

T (Fω(2n + 1)) = C[V (Fω(2n + 1))]

V (Fω(2n + 1)) =
w∈W (Sp2n+1)

Γw ⊂ V (Fω(2n + 1)).

V (Fω(2n+1)) V (Fω(2n+2))

H∗
T (Fω(2n + 2)) −→ H∗

T (Fω(2n + 1))



n = 1 Fω(2n+
2) = Fω(4)

0̄1̄

1̄0̄

ε0−ε1

0̄1

ε1

10̄

ε1
ε0+ε1

1̄0

ε0
ε0−ε1

01̄

ε0−ε1

ε0

ε0+ε1

10

ε0

ε0+ε1

ε1

01

ε1

ε0+ε1 ε0

ε0−ε1

Fω(2n + 1) = Fω(3)
W (Sp3) = {01, 10, 01̄, 1̄0}

1̄0

01̄

ε0+ε1

10

ε1

01

ε1 ε0−ε1

Fω(4)

Fω(2n + 2)

|W (Sp2n+2)| = (n + 1)! · 2n+1

|∆+(Sp2n+2)| = dimFω(2n + 2) = (n + 1)2

(n + 1)2

Fω(2n+
1) |W (Sp2n+1)| = (n + 1)! · 2n n(n + 1)

n(n + 1)

W (Sp2n+1)
0̄

|W (Sp2n+1)| =
1

2
|W (Sp2n+2)| = (n + 1)! · 2n.



Fω(2n + 1)

w ∈ W (Sp2n+1) w W (Sp2n+2)
W (Sp2n+1) α σαw /∈ W (Sp2n+1)

σαw 0̄
2ε0
ε0 − εi w ı̄
ε0 + εi w i

n + 1 w (n + 1)2

w Fω(2n+2) (n+1)2 − (n+1) = n(n+1)
w W (Sp2n+1)

Fω(2n + 1) w "

n = 1
H∗

T (Fω(2n+1))
n = 2 Fω(5)

H∗
T (Fω(2n + 1))

n

Fω(2n + 1)

α ∈ ∆+

w ∈ W

σαw < w ⇐⇒ w−1(α) < 0

< W w # w′ Xw ⊂ Xw′

w w′

w → w′ α ∈ ∆+ w′ = σαw
#(w′) = #(w) + 1 # w # w′

W

w = w1 → w2 → · · · → wd = w′

G/B
W

G/B
α

σαw = ww−1σαw = wσw−1(α)

∀w,w′ ∈ W : w # w′ ⇐⇒ w−1 # w′−1,

α ∈ ∆+

wσα < w ⇐⇒ w(α) < 0.



W (Sp2n+1) ⊂ W (Sp2n+2)
W (Sp2n) W (Sp2n) W (Sp2n+2) 0

W (Sp2n) W (Sp2n+1)

{w ∈ W (Sp2n+2) | w(i) = 0}, 0 # i # n ;

0
0 # i # n

fi : {w ∈ W (Sp2n+2) | w(i − 1) = 0}
+

−→ {w ∈ W (Sp2n+2) | w(i) = 0}

σεi−1−εi

i i − 1

fi w ∈
W (Sp2n+1) w(i − 1) = 0 #(fi(w)) = #(w) + 1

0 # i # n

w ∈ W (Sp2n)σε0−ε1 . . . σεi−2−εi−1 = {w ∈ W (Sp2n+2) | w(i − 1) = 0}

#(wσεi−1−εi) = #(w) + 1 σεi−1−εi

wσεi−1−εi > w w(εi−1 − εi) > 0

w = w′σε0−ε1 . . . σεi−2−εi−1 ∈ W (Sp2n)σε0−ε1 . . . σεi−2−εi−1 ,

w′ ∈ W (Sp2n) w(εi−1 − εi) = w′(ε0) − w′(εi) = ε0 ± εj

"

W (Sp2n+1) W (Sp2n)
σε0−ε1, . . . ,σεn−1−εn

1
w w′ W (Sp2n)σε0−ε1 . . . σεi−2−εi−1

α
wσεi−1−εi w′σεi−1−εi

w′σεi−1−εi

wσεi−1−εi

α

w′

w′(εi−1−εi)

w

w(εi−1−εi) α

W (Sp2n) Sp2n+1



Fω(2n + 1)

{w ∈ W (Sp2n+1) | w(i−1) = 0}
T Sp2n+1 Oi

W (Sp2n)w W (Sp2n)w′ W (Sp2n+1)
W (Sp2n)w W (Sp2n)w′

Fω(5)

1̄2̄0

1̄20

ε2

2̄1̄0

ε1−ε2

1̄02̄

ε0+ε2

21̄0

ε1+ε2
ε2

2̄10

ε1−ε2
ε1

1̄02

ε0−ε2
ε2

2̄01̄

ε0+ε1 ε1−ε2

01̄2̄

ε0+ε2

ε0+ε1

210

ε1

ε2

12̄0

ε1−ε2 ε1
+
ε2

201̄

ε
0+
ε
1

ε1
+
ε2
ε2

2̄01

ε
0−
ε
1

ε1−ε2

ε1

01̄2

ε0−ε2

ε0+ε1 ε2

02̄1̄

ε
0+
ε
2

ε1−ε2

ε0+ε1

120

ε1−ε2

ε2

201

ε0−ε1 ε1
ε2

102̄

ε
0+
ε
2

ε1−ε2
ε1

+
ε2

021̄

ε
0−
ε
2

ε1
+
ε2

ε2

02̄1

ε0−ε1

ε
0+
ε
2

ε1−ε2
ε1

102

ε0−ε2

ε1−ε2

ε2

021

ε0−ε1 ε0−ε2 ε1 ε2

012̄

ε0−ε1 ε1−ε2

ε1
+
ε2

012

ε0−ε1 ε1−ε2 ε2



Fω(2n + 1) w ∈ W (Sp2n+1) #(w) = #(w0) − 1
w′

0 = 01̄ . . . n̄ W (Sp2n) w0 = 1̄2̄ . . . n̄0
W (Sp2n+1)

σαw
′
0σε0−ε1 . . . σεn−1−εn = σαw0

α Sp2n

w′
0σε0−ε1 . . . σεn−2−εn−1 = w0σεn−εn−1 = σε0+εnw0.

divi = σεi−εi+1w0 1 # i # n − 1 divn =
σ2εnw0 divn+1 = σε0+εnw0

div1 = 2̄1̄3̄ . . . n̄0

. . .

divi = 1̄ . . . i − 1 i + 1 i i + 2 . . . n̄0

. . .

divn−1 = 1̄ . . . n − 2n̄n − 10

divn = 1̄ . . . n − 1n0

divn+1 = 1̄ . . . n − 10n̄.

Xdiv1 , . . . ,Xdivn+1 Fω(2n + 1)

E• = (E1 ⊂ · · · ⊂ E2n+1) Ei =
〈e0, . . . , ei−1〉 1 # i # 2n+1

Fω(2n + 1)

Xdivi
= {V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | Vi ∩ E2n+1−i /= (0)}, 1 # i # n − 1;

Xdivn = {V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | dim(Vn+1 ∩ En+1) ! 2}

Xdivn+1 = {V• = (V1 ⊂ · · · ⊂ Vn+1) ∈ Fω(2n + 1) | e0 ∈ Vn}.

Xdivn+1 Sp2n+1 Sp2n+1

Fω(2n + 1)

πk : Fω(2n+1) → Gω(k, 2n+1) (V1 ⊂ · · · ⊂ Vn+1) )→
Vk

Xdivi
= π−1

i (Xdiv), 1 # i # n − 1,

Xdivn = π−1
n+1(Xdiv).

Xdiv = Xdivk,2n+1

Gω(k, 2n + 1)



Fω(2n + 1) H∗(Fω(2n + 1), Q)

T
H∗

T (Fω(2n + 1), Q)
H∗

T (Fω(2n + 1), Q)
H∗

T (pt)
T Y T X

Y ⊂ X d
X i : Y ↪→ X

ΦY : H∗(Y )
+

−→ H∗+2d(X,X \ Y )

H∗(X,X \ Y ) −→ H∗(X)

(X, ∅) ↪→ (X,X \ Y )

i∗ : H∗(Y ) −→ H∗+2d(X).

i∗1 ∈ H2d(X) Y X ΦY 1 ∈ H2d(X,X \ Y )
τ(Y,X) Y e(Y,X) = τ(Y,X)|Y

H∗+2d(X,X \ Y ) H∗+2d(X)

i∗

H∗(Y )

+ ΦY

i∗

·e(Y,X)
H∗+2d(Y )

i∗i∗1 = e(Y,X) H∗(Y ) → H∗+2d(Y ) H∗(Y )

X T Y T T
i : Y ↪→ X iT : Y ×T ET ↪→ X ×T ET

iT
ΦY,T i∗,T eT (Y,X)

ETm

ET [Y ]T,m H∗
T X ×T ETm

[Y ]T H∗
T (X)



H∗+2d
T (X,X \ Y ) H∗+2d

T (X)

i∗

H∗
T (Y )

+ ΦY,T

i∗,T

·eT (Y,X)
H∗+2d

T (Y ).

[Y ]T Y X

[Y ]T = i∗,T 1 ∈ H2d
T (X),

H∗
T (Y ) i∗i∗,T : H∗

T (Y ) → H∗+2d
T (Y )

X
Y

Y X

Y T d T
X Y X

[Y ]T = i∗,T 1 ∈ H2d
T (X)

i∗,T i : Y ↪→ X

X T Y ⊂ X T
d y ∈ Y T T Y [Y ]T |y
T Y X x

y Y [Y ]T |y Y
[Y ]T |y = ([Y ]T |Y )|y = eT (Y,X)|y Y

Y NY/X Y
X H∗(X,X \ Y ) # H∗(NY/X , NY/X \ Y )

e(Y,X) Y X e(NY/X) NY/X

cd(NY/X) NY/X

T
Y

X NY/X

cd,T (NY/X) [Y ]T |y = eT (Y/X)|y = cd,T (NY/X)|y =
cd,T (NY/X |y). NY/X |y Y X y

y T

NY/X |y =
λ

Cλ,



cd,T (NY/X |y) = λ c1,T (Cλ) = λ λ,
H∗

T (pt) # C[t] = S
Y y ∈ Y

eT (Y,X)|y y eT (Y,X)|y =
eT (Uy, Vy) Uy ⊂ Y Vy ⊂ X T

"

Fω(2n+1) Fω(2n+2)

w ∈ W (Sp2n+1) T Fω(2n + 1) Sw ∈
H∗

T (Fω(2n + 1)) Xw ⊂ Fω(2n + 1)
w ∈ W (Sp2n+2) T Fω(2n + 2) S̃w ∈ H∗

T (Fω(2n + 2))
Xw ⊂ Fω(2n + 2)

[ ]
Sw S̃w

w ∈ W W
W!w [1, w] = {w′ ∈ W | w′ # w}

W<w [1, w[ = W!w\{w}
W = W (Sp2n+1)

X T
S ∈ H∗

T (X) {p ∈ XT | S|p /= 0}

w ∈ W (Sp2n+2) S̃w ∈ H∗
T (Fω(2n+2))

w′ ∈ W (Sp2n+2) S̃w|w′ ∈ S
dim Fω(2n + 2) − dim Xw = (n + 1)2 − #(w)

S̃w W (Sp2n+2)!w S̃w|w′ = 0 w′ /# w

S̃w|w T Xw Fω(2n+2)
w

S̃w|w =
α>0, σαw -!w

(−α) =
α>0, w−1(α)>0

(−α).

Fω(2n + 1)

w0 = 1̄2̄ . . . n̄0 W (Sp2n+1) w ∈
W (Sp2n+1) Sw ∈ H∗

T (Fω(2n + 2))

w′ ∈ W (Sp2n+1) Sw|w′ ∈ S
dim Fω(2n + 1) − dim Xw = n(n + 1) − #(w)

Sw W (Sp2n+1)!w

T eT (Uy, Vy) ∈ H∗
T (Uy) ) H∗

T (y)



Sw|w T Xw Fω(2n+1)
w

Sw|w =
α>0, σαw -!w

σαw∈W (Sp2n+1)

(−α) =
α>0, w−1(α)>0

σαw!w0

(−α).

Fω(2n + 1) Fω(2n + 2)

X = Fω(2n + 1)
Sw

Sw d Xw X Sw ∈ H2d
T (X)

Sw|w′ ∈ H2d
T (pt) C[t] → H∗

T (pt)

w′ /# w T w′ X \Xw j w′ X

H∗+2d
T (X,X \ Xw) H∗+2d

T (X)

j∗

H∗+2d
T (X \ Xw)

H∗
T (Xw)

+ ΦXw,T
i∗,T

H∗+2d
T ({w′}).

(X,X \ Xw)
X = Fω(2n + 2)

Sw S̃w w Xw

Sw|w T Xw Fω(2n + 1) w

Fω(2n+2) S̃w|w T Xw

Fω(2n + 2) w TwXw

T w Xw T
α > 0 w−1(α) < 0 α ∈ ∆+ ∩ w∆−

T Tw̃0Ww̃0 = Tw̃0Fω(2n + 2) α ∈ ∆+ ∩ w̃0∆− = ∆+

T TwFω(2n + 2) ww̃0∆+ = w∆−

w ∈ W (Sp2n+1) Sw|w
S̃w|w T Fω(2n + 1)

Fω(2n + 2) w
Sw S̃w

Fω(2n + 1) Fω(2n + 2)
P ∈ H∗

T (Fω(2n + 1))
Sw|w = P |w Sw − P W<w w′

Sw − P α σαw′ /# w′

σαw′ > w′ σαw′ Sw − P
(Sw − P )|w′

α>0, σαw′ -!w′

σαw′!w0

α ;



dim Fω(2n + 1) − dimXw′ = n(n + 1)− #(w′)
(Sw − P )|w′ n(n + 1)− #(w) < n(n + 1)− #(w′) "

α
Fω(2n+1) w

W (Sp2n+1)!w P ∈ H∗
T (Fω(2n + 1))

W (Sp2n+1)!w P |w
Fω(2n + 2)

Fω(3)

1

1

ε0+ε1

1

2ε1

1

2ε1 ε0−ε1

0

0

ε0+ε1

2ε1

2ε1

2ε1

2ε1 ε0−ε1

0

ε0 + ε1

ε0+ε1

0

2ε1

ε0 − ε1

2ε1 ε0−ε1

0

0

ε0+ε1

0

2ε1

2ε1(ε0 − ε1)

2ε1 ε0−ε1

S1̄0 S10 S01̄ S01

{Sw}w∈W (Sp2n+1)

S H∗
T (Fω(2n + 1))

Sw H∗
T (Fω(2n+1)) P

H∗
T (Fω(2n + 1)) P S Sw

P
P 1 ∈ W (Sp2n+1) P

S1 P w1, . . . , wr

P # 0 # i # r α
σαwi /# wi σαwi > wi σαwi

# + 1 σαwi P
P |wi

α>0, σαwi -!wi
σαwi!w0

α = Swi |wi
;

qi ∈ S P |wi
= qi · Swi |wi

.

(P −
1!i!r

qiSwi)|wj
= 0, 1 # j # r

P − 1!i!r qiSwi # − 1
P − 1!i!r qiSwi Sw

P
Sw S

1!i!r

qiSwi = 0



w1, . . . , wr w
w1, . . . , wr wi /= w Swi |w = 0

(
1!i!r

qiSwi)|w = qwSw|w = 0

qw = 0 "

Fω(2n + 2)

{S̃w}w∈W (Sp2n+2)

S H∗
T (Fω(2n + 2))

Fω(2n + 1)
cw
uv ∈ S

∀u, v,w ∈ W (Sp2n+1) : Su · Sv =
w∈W (Sp2n+1)

cw
uvSw ;

Fω(2n + 2) c̃w
vu ∈ S

w ∈ W (Sp2n+1) Sw S̃w

w ∈ W (Sp2n+1) S̃w|Fω(2n+1) = Sw · eT (Fω(2n+1), Fω(2n+2))

i : Xw ↪→
Fω(2n + 1) j : Fω(2n + 1) ↪→ Fω(2n + 2)
i∗ j∗ Sw = i∗1
S̃w = (j ◦ i)∗1 = j∗i∗1

S̃w|Fω(2n+1) = j∗j∗i∗1 = j∗j∗(Sw) = SweT (Fω(2n + 1), Fω(2n + 2))

j∗j∗ Fω(2n+1) Fω(2n+
2) "

eT (Fω(2n + 1), Fω(2n + 2))

Fω(2n+1) Fω(2n+2)

eT (Fω(2n + 1), Fω(2n + 2))|w =
n

i=0

(ε0 + w(εi)), w ∈ W (Sp2n+1).

Fω(2n + 1) T w ∈ W (Sp2n+1)
eT (Fω(2n + 1), Fω(2n + 2))|w T Fω(2n+1)
Fω(2n + 2) w α σαw /# w0 w0

W (Sp2n+1)

2ε0
ε0 − εi w ı̄



ε0 + εi w i
ε0 + εw(i) = ε0 + w(εi) 0 # i # n "

eT (Fω(2n + 1), Fω(2n + 2)) = [Fω(2n + 1)]T |Fω(2n+2) = Sw0|Fω(2n+1)

Sw0|Fω(2n+1) =
n

i=0

(ε0 + w(εi)), w ∈ W (Sp2n+1).

w ∈ W (Sp2n+2) w i 0 # i # n
w(εi) = ε0̄ = −ε0 P ∈

H∗
T (Fω(2n + 1)) P |w = n

i=0(ε0 + w(εi))
Sw0

eT (Fω(2n+1), Fω(2n+2))

Sw|w =
α>0, w−1(α)>0

(−α)

n

i=0

(ε0 + w(εi))

.

W (Sp2n) W (Sp2n+1) S = C[t]

∂w : H∗
T (Fω(2n + 1)) −→ H∗

T (Fω(2n + 1))

w W (Sp2n) w∈W (Sp2n+1) S

F(W (Sp2n+1);S) W (Sp2n+1) S
W (Sp2n)

∀w ∈ W (Sp2n), ∀P = (Pw′)w′∈W (Sp2n+1) : (wP )w′ = w(Pw−1w′).

H∗
T (Fω(2n + 1))

w∈W (Sp2n+1) S

Pw P |w P ∈ H∗
T (Fω(2n + 1))

H∗
T (Fω(2n + 1)) W (Sp2n) w∈W (Sp2n+1) S

w ∈ W (Sp2n) P ∈ H∗
T (Fω(2n + 1)) α w′ ∈ W (Sp2n+1)

(wP )σαw′ − (wP )w′ = w(Pw−1σαw′) − w(Pw−1w′) = w(Pσw−1(α)w
−1w′ − Pw−1w′).

Pσw−1(α)w
−1w′ − Pw−1w′ w−1(α) (wP )σαw′ −

(wP )w′ α "

W (Sp2n) H∗
T (Fω(2n + 1))



α Sp2n P ∈ H∗
T (Fω(2n + 1))

∂αP =
1

α
(P − σα(P )).

(∂αP )w =
Pw − σα(Pσαw)

α
.

∂αP F(W (Sp2n+1);S) F(W (Sp2n+1);Q) Q
S

(∂αP )w =
1

α
(Pw − σα(Pσαw)) =

1

α
(Pw − Pσαw) +

1

α
(Pσαw − σα(Pσaw))

S α

P ∈ H∗
T (Fω(2n + 1)) ∂αP ∈ H∗

T (Fω(2n + 1))

α′ w ∈ W (Sp2n+1)
(∂αP )w − (∂αP )σα′w α′ α
α′

α = α′

(∂αP )w − (∂αP )σαw =
1

α
[Pw − σα(Pσαw)] −

1

α
[Pσαw − σα(Pw)]

=
1

α
(Pw − Pσαw) −

1

α
σα(Pw − Pσαw)

=
1

α
(Pw − Pσαw) − σα

1

α
(Pw − Pσαw)

α Q − σα(Q)
α /= α′ α α′

(∂αP )w − (∂αP )σα′w =
1

α
[Pw − σα(Pσαw) − Pσα′w + σα(Pσασα′w)].

Pw − Pσα′w α′ Pσαw −
Pσασα′w = Pσαw −Pσα(α′)w σα(α′) σα(Pσαw)− σα(Pσασα′w)

α′ "

∂α H∗
T (Fω(2n + 1))

S H∗
T (Fω(2n + 1))

P )→ (Pw)w∈W (Sp2n+1), Pw = P w ∈ W (Sp2n+1)

∂α ∂α S



∂α : H∗
T (Fω(2n + 2)) → H∗

T (Fω(2n + 2))

α Sp2n+2 α Sp2n ∂α
H∗

T (Fω(2n+1)) H∗
T (Fω(2n+2)) S ⊗SW (Sp2n+2) S

∂α H∗
T (Fω(2n + 2))

∂α S ⊗ S ∂α
S

(∂α(P ⊗ Q))w =
(P ⊗ Q)w − σα((P ⊗ Q)σαw)

α

=
w(P )Q − σα(σαw(P )Q)

α
=

w(P )Q − w(P )σαQ

α
= w(P )

Q − σαQ

α
= (P ⊗ ∂αQ)w

∂α
{Sw}w∈W (Sp2n+1)

α Sp2n w ∈ W (Sp2n+1)

∂αSw =
−Sσαw σαw > w

0

∂αSw H∗
T (Fω(2n+1)) deg Sw−1

σαw < w
∂αSw w′

#(w′) ! #(w) + 1 w′ /# w w′ /# σαw

(∂αSw)|w′ =
Sw|w′ − σα(Sw|σαw′)

α
= 0;

∂αSw = 0
σαw > w ∂αSw

−Sσαw

∂αSw W (Sp2n+1)!σαw

β

w′ < w =⇒ σβw # w′ σβw # σβw
′.

w′ ∈ W (Sp2n+1) w′ /# σαw w′ /# w σαw′ /# w
w′ # w w′ # σαw (∂αSw)|w′ = 0

(∂αSw)|σαw =
Sw|σαw − σα(Sw|w)

α
= −

1

α
σα(Sw|w) = −

1

α

σα
β∈∆+∩w∆+

(−β)

σα
n

i=0

(ε0 + w(εi))

.



α σα∆+ = {−α}∪∆+ \{α} σαw > w α ∈ w∆+

−
1

α
σα

β∈∆+∩w∆+

(−β) = −
1

α
β∈∆+∩w∆+

(−σα(β)) = −
1

α
β∈σα∆+∩σαw∆+

(−β)

= −
β∈∆+∩σαw∆+

(−β).

α Sp2n σα(ε0) = ε0

σα
n

i=0

(ε0 + w(εi)) =
n

i=0

(ε0 + σαw(εi)).

"

S̃w

α Sp2n+2 w ∈ W (Sp2n+2)

∂αS̃w =
−S̃σαw σαw > w

0

∂α

α1, . . . ,α# Sp2n w ∈ W (Sp2n+1)

∂α1∂α2 . . . ∂α$Sw =
(−1)#Sσα1 ...σα$w

#(σα1 . . . σα$w) = #(w) + #

0

#(σα1 . . . σα$w) = #(w) + # W (Sp2n+1)

w −→ σα$w −→ σα$−1 . . . σα$w −→ . . . −→ σα1 . . . σα$w

#(σα1 . . . σα$w) /= #(w) + # i 1 # i # #

w −→ σα$w −→ . . . −→ σαi+1 . . . σα$w /−→ σαiσαi+1 . . . σα$w

σα$+1 = 1 i

∂αi∂αi+1 . . . ∂α$Sw = ∂αi(±Sσαi+1 ...σα$w
) = 0. "

α1, . . . ,α# Sp2n ∂α1∂α2 . . . ∂α$
σα1 . . . σα$ σα1 . . . σα$

#(σα1 . . . σα$) /= # ∂α1∂α2 . . . ∂α$ = 0.



w ∈ W (Sp2n) w = σα1 . . . σα$ w
∂w = ∂α1∂α2 . . . ∂α$ .

w ∈ W (Sp2n) w′ ∈ W (Sp2n+1)

∂wSw′ =
(−1)#(w)Sww′ #(ww′) = #(w) + #(w′)

0

∂α H∗
T (Fω(2n + 2))

∂α S⊗S
∂α S

∂α
{S̃w}w∈W (Sp2n+2) S̃1 Fω(2n + 1)
∂α w ∈ W (Sp2n) ∂α

Sw Sw′′ w w′′ W (Sp2n)
{Sw}w∈W (Sp2n+1)

S1

W (Sp2n) W (Sp2n+1)

W (Sp2n) W (Sp2n+1)
W (Sp2n)σε0−ε1 . . . σεi−1−εi σε0−ε1 . . . σεi−1−εi i
wi Xwi

Oi+1 Sp2n+1 Oi+1

Oi

wi wi = 12 . . . i0i+1 . . . n Xwi

(n + 1) × (2n + 1)

∗ ∗ 0 · · · · · · · · · · · · · · · · · · · · · · · ·
∗ ∗ ∗ 0 · · · · · · · · · · · · · · · · · · · ·

∗ · · · · · · · · · ∗ 0 · · · · · · · · · · · ·
∗ 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
∗ · · · · · · · · · · · · · · ∗ 0 · · · · · · ·

.

E• = (E1 ⊂ · · · ⊂ E2n+1)
{e0, e1, . . . , e2n} Ei = 〈e0, . . . , ei−1〉 1 # i # 2n + 1

Xwi V• = (V1 ⊂
· · · ⊂ Vn+1)

V1 ⊂ E2, V2 ⊂ E3, . . . , Vi ⊂ Ei+1,

Vi+1 = Ei+1, . . . , Vn+1 = En+1.



Xwi−1 ⊂ Xwi Xwi

Vi = Ei Ei+1

Xwi A

F(Ei+1) F(Ei+1)

Xwi P1

πi : Xwi → Xwi−1

πi : (V1 ⊂ · · · ⊂ Vi ⊂ Ei+1 ⊂ · · · ⊂ En+1) )→ (V1 ⊂ · · · ⊂ Vi−1 ⊂ Ei ⊂ Ei+1 ⊂ · · · ⊂ En+1)

B P1 Xwi P(Ei+1/Ti−1)
Ei+1/Ti−1 Ei+1

Ei+1 Xwi Ti−1 Xwi i − 1
Fω(2n + 1) Xwi Zi

B Xwi πi

B Xwi−1 Xwi−1

Xwi−1 , π
−1
i Xwi−2 , π

−1
i π−1

i−1Xwi−3 , . . . , π
−1
i π−1

i−1 . . . π−1
2 X1.

B Xwi

{Vj | Vj−1 ⊂ Vj ⊂ Ej+1} j # i

Xwi −→ · · · −→ Xwj −→ Xwj−1 −→ · · · −→ Xw1

Ej Xwi D1, . . . ,Di

Dj = {Vj = Ej} Di = Xwi−1

W (Sp2n+1)!wi T Xwi

w ∈ W (Sp2n+1) T Ew
• = w(E•)

{ew(0), . . . , ew(n)} Xwi

0 # w(0) # 1, 0 # w(1) # 2, . . . , 0 # w(i − 1) # i

0 # w(i) # i

w(i + 1) = i + 1, . . . , w(n) = n.

j w(0), . . . , w(j − 1) w(j)
w(j) ∈ {0, . . . , j + 1} \ {w(0), . . . , w(j − 1)}

W (Sp2n+1)!wi 2i

J ⊂ {1, . . . , i}

XJ =
j∈J

Dj = {V• | Vj = Ej j ∈ J}

B Xwi Xwi

XJ J ⊂ {1, . . . , i}

B Sp2n+1 E•

|W (Sp2n+1)!wi
| Xwi

|W (Sp2n+1)!wi
| = 2i

Xwi
i P1



T E• Xwi {v1, . . . , vn}

v0 = e0 + x1e1

v1 = e1 + x2e2

. . .

vi−1 = ei−1 + xiei

vi = ei, . . . , vn = en

(x1, . . . , xi) Ci

E• Dj = {Vj = Ej}

xj = 0

D1, . . . ,Di

D1 ∩ · · · ∩ Di = {E•}

Xwi

B
XJ |J | Xwi

B2k =
i

k
.

W

u w W w = σ1σ2 . . . σ#
w u # w u = 1

1 # i1 < · · · < ik # # u = σi1σi2 . . . σik u

σj = σεj−1−εj 1 # j # n wi = σ1σ2 . . . σi

w ∈ W (Sp2n+1) w # wi

w = σj1σj2 . . . σjk
1 # j1 < · · · < jk # i

σ1,σ2, . . . ,σi

J ⊂ {1, . . . , i} W (Sp2n+1)!wi

σJ w = σj1σj2 . . . σjk

J = {j1, . . . , jk} j1 < · · · < jk

Xwi XσJ
J ⊂ {1, . . . , i}

w
Dj = {Vj = Ej} w {0, 1, . . . , j −
1} ⊂ {0, . . . , n}

Dj = Xσ{1,...,i}\{j}
.



J ⊂ {1, . . . , i} XJ

XJ =
j∈J

Dj = Xσ{1,...,i}\J
.

Xwi Xwi

w w′ Xwi

i k
w = σj1σj2 . . . σjk

= σJ Xwi k k − 1

σJ\{j}, j ∈ J

i − k k + 1

σJ∪{a}, a ∈ {1, . . . , i} \ J.

T TσJ
Xwi Xwi σJ =

σj1σj2 . . . σjk

−σj1σj2 . . . σjb
(αa), 1 # a # i, jb # a < jb+1

j0 = 0 jk+1 = i + 1 σ0 = 1

a = jb σJ = σασJ\{jb} σα = σj1 . . . σjb−1σjb
σjb−1 . . . σj1

α = σj1 . . . σjb−1(αjb
) = −σj1 . . . σjb−1σjb

(αjb
) T

TσJ
XσJ

jb < a < jb+1 σJ∪{a} = σασJ σα = σj1 . . . σjb
σaσjb−1 . . . σj1

α = σj1 . . . σjb
(αa) σj1 . . . σjb

σaσjb+1 . . . σjk
= σJ∪{a}

α "

Swi ∈ H∗
T (Fω(2n + 1))

w = σJ = σj1σj2 . . . σjk

Swi |σJ
=

α∈w∆−

α

n

j=0

(ε0 + w(εi))
jb<a<jb+1

0!b!i

−σj1σj2 . . . σjb
(αa)

Xwi

T TwFω(2n+2) w∆−

T Fω(2n+1) Fω(2n+2) w ε0 +w(εi) 0 # i # n "

w ∈ W (Sp2n+1)!wi

w = σJ ⇐⇒ J = {j | w(j − 1) = j}.

w /∈ Dj ⇐⇒ w {0, . . . , j − 1} ⇐⇒ w(j − 1) = j,

σJ Xwi σJ ∈ Dj j /∈ J σJ /∈ Dj

j ∈ J



Fω(2n + 1)

{Sw}w∈W (Sp2n+1) Sw

Sdivi

cu
divi w ∈ S

Sdivi
Sw =

u

cu
divi wSu.

cu
divi w #(u) −

#(w) + 1 #(u) < #(w) − 1 Sdivi
Sw

Sw W (Sp2n+1)!w u Su

u # w
#(w)− 1 # #(u) {u | u # w, #(u) = #(w)} = {w} {u | u # w, #(u) = #(w)− 1} = {u |

u → w} W (Sp2n+1) w

Sdivi
Sw = cw

divi wSw +
u→w

cu
divi wSu.

cw
divi w cw

divi w u → w
T w Sdivi |wSw|w =

cw
divi wSw|w

cw
divi w = Sdivi |w.

u u → w u′ /= u u′ → w
u /# u′ Su′ |u = 0 u

cu
divi wSu|u = Sdivi |uSw|u − cw

divi wSw|u = Sdivi |uSw|u − Sdivi |wSw|u
= (Sdivi |u − Sdivi |w)Sw|u.

Sdivi
Sw

u u → w

ωi = ε0 + · · ·+εi 0 # i # 2n
w ∈ W (Sp2n+1)

Sdivi |w = w0(ωi−1) − w(ωi−1), 1 # i # n − 1,

Sdivn |w = w0(ωn) − w(ωn),

Sdivn+1|w = w(εn) − w0(εn).

Sdivi

H∗
T (Fω(2n+1))

Pw = w(P )−w0(P ) P



α Pσαw − Pw = σαw(P ) − w(P )
α

1 # i # n − 1

w0(ωi−1) − w(ωi−1) = 0 ⇐⇒ εw(0) + · · · + εw(i−1) = εw0(0) + · · · + εw0(i−1)

⇐⇒ {w(0), . . . , w(i − 1)} = {w0(0), . . . , w0(i − 1)}

T w w0

πi : Fω(2n+1) → Gω(i, 2n+1) (V1 ⊂ · · · ⊂ Vn+1) )→ Vi w0

Gω(i, 2n+1) maxi,2n+1 = (̄ı, . . . , 2̄, 1̄)
Gω(i, 2n+1) Si Si|w = w0(ωi−1)−w(ωi−1)

π−1
i (Xdiv) Xdivi

i = n + 1 Sn+1 Sn+1|w =
w0(ωn) − w(ωn) π−1

n+1(Xdiv) = Xdivn

Xdivn+1 Sp2n+1 Fω(2n + 1)
Xdivn+1 w ∈ W (Sp2n+1)

0 w(n) = 0
w(εn) − w0(εn) = 0.

1 # i # n − 1 divi = σεi−εi+1w0 Sdivi |divi
= −(εi − εi+1)

w0(ωi−1)−σεi−εi+1w0(ωi−1) = −(ε1 + · · ·+εi)+σεi−εi+1(ε1 + · · ·+εi)
i = n divn = σ2εnw0 Sdivn |divn

= −2εn w0(ωn+1) − σ2εnw0(ωn+1) =
(−ε1 − · · · − εn + ε0) − σ2εn(−ε1 − · · · − εn + ε0). divn+1 = σε0+εnw0

Sdivn+1|divn+1
= −ε0 − εn = σε0+εn(ε0) − ε0 = σε0+εnw0(εn) − w0(εn) "

Fω(2n+2)
Xdivi = Xσεi−1−εi w̃0 1 # i # n + 1

Xdivi
= {V• | Vi ∩ E2n+2−i /= (0)}, 1 # i # n + 1.

Xdivi
= π−1

i (Xdiv) πi : Fω(2n + 2) → Gω(i, 2n + 2)
(V1 ⊂ · · · ⊂ Vn+1) )→ Vi Xdiv ⊂ Gω(i, 2n + 2)

Xdivi
⊂ Fω(2n + 2)

S̃divi |w = w̃0(ωi−1) − w(ωi−1), w ∈ W (Sp2n+2), 1 # i # n + 1.

Sw|u Sw u
u → w α ∈ ∆+ w = σαu α

Sp2n Sw = −∂αSu

Sw|u = −
Su|u − σα(Su|w)

α
= −

Su|u
α

.

Sw|u α

n + 1 = n̄ Xdivn+1
= Xσ2εn

w̃0



w ∈ W W w = σα1σα2 . . . σα$
w

{α ∈ ∆+ | σαw < w} = ∆+ ∩ w∆− = {σα1σα2 . . . σαi−1(αi) | 1 # i # #}.

w u W (Sp2n+1) u → w w = σαu α ∈ ∆+

Sw|u = −
Su|u
α

.

S̃w S̃u Fω(2n + 2)
w = σα1σα2 . . . σα$ w

1 # i # # α = σα1σα2 . . . σαi−1(αi) i i = 1
α = α1

i ! 2

u = σαw

= σα1σα2 . . . σαi−1σαiσαi−1 . . . σα2σα1w

= σα1σα2 . . . σαi−1σαi+1σαi+2 . . . σα$

u
w1 = σα1w u1 = σα1u w1 = σα2σα3 . . . σα$

w1 u1 = σα2 . . . σαi−1σαi+1 . . . σα$ u1 u1 → w1

w1 = σσα1 (α)u1

w

u

α

w1

α1

u1

α1 σα1 (α)

σα1(α) = σα2σα3 . . . σαi−1(αi) u1 →
w1

S̃w1|u1
= −

S̃u1|u1

σα1(α)
.

S̃u = ∂α1 S̃u1

S̃u|u = −
S̃u1|u − σα1(S̃u1 |u1

)

α1
=
σα1(S̃u1 |u1

)

α1
.

S̃w = ∂α1 S̃w1

S̃w|u = −
S̃w1|u − σα1(S̃w1|u1

)

α1
=
σα1(S̃w1|u1

)

α1

=
σα1(−

S̃u1 |u1
σα1 (α))

α1
= −

σα1(S̃u1 |u1
)

αα1

= −
S̃u|u
α

.



S̃w Fω(2n + 2)
eT = eT (Fω(2n + 1), Fω(2n + 2))

Fω(2n + 1) Fω(2n + 2) S̃w|u = Sw|u · eT |u
S̃u|u = Su|u · eT |u

Sw|u = −
Su|u
α

"

cu
divi w =

Sdivi |w − Sdivi |u
α

.

Fω(2n + 1)

w ∈ W (Sp2n+1)

Sdivi
Sw = (w0(ωi−1) − w(ωi−1))Sw +

u→w
w=σαu

〈ωi−1, u
−1(α∨)〉Su, 1 # i # n − 1

SdivnSw = (w0(ωn) − w(ωn))Sw +
u→w

w=σαu

〈ωn, u−1(α∨)〉Su,

Sdivn+1Sw = (w(εn) − ε0)Sw +
u→w

w=σαu

−〈εn, u−1(α∨)〉Su,

α∨ α 〈 , 〉 t∗ ⊗ t → C

α σα(λ) = λ− 〈λ,α∨〉α λ ∈ t∗

u → w w = σαw

cu
divi w =

u(ωi−1) − w(ωi−1)

α
=

u(ωi−1) − σαu(ωi−1)

α
= 〈u(ωi−1),α

∨〉 = 〈ωi−1, u
−1(α∨)〉, 1 # i # n − 1

cu
divn w =

u(ωn) − w(ωn)

α
= 〈ωn, u−1(α∨)〉

cu
divn+1 w =

w(εn) − u(εn)

α
=
σαu(εn) − u(εn)

α
= −〈u(εn),α∨〉 = −〈εn, u−1(α∨)〉.

"



Fω(2n + 2)
Sw S̃w

S̃w

Fω(2n + 2)

S̃divi
S̃w = (w̃0(ωi−1) − w(ωi−1))S̃w +

u→w
w=σαu

〈ωi−1, u
−1(α∨)〉S̃u.

H∗
T (Fω(2n + 1))

Fω(2n + 1)

H∗
T (Fω(2n + 1)) # S ⊗SW (Sp2n+2) S

H∗
T (Fω(2n + 2)) → H∗

T (Fω(2n + 1))

S ⊗ S −→ H∗
T (Fω(2n + 2)) −→ H∗

T (Fω(2n + 1))

H∗
T (Fω(2n + 1))

Fω(2n + 1)
S ⊗ S → H∗

T (Fω(2n + 2)) S ⊗ S
1 ⊗ P − P ⊗ 1 P ∈ SW (Sp2n+2)

H∗
T (Fω(2n + 2)) → H∗

T (Fω(2n + 1))
⊕w∈W (Sp2n+2)S W (Sp2n+2)

(w ∗ P )w′ = Pw′w, w,w′ ∈ W (Sp2n+1).

W (Sp2n+2)
H∗

T (Fω(2n+
2)) ⊂ ⊕w∈W (Sp2n+2)S

P ∈ H∗
T (Fω(2n+2)) H∗

T (Fω(2n+
2)) → H∗

T (Fω(2n + 1)) P |w = 0 w ∈ W (Sp2n+1)
w̃0 = 0̄1̄ . . . n̄

W (Sp2n+2) W (Sp2n+1) W (Sp2n+2) \ W (Sp2n+1)

∀w ∈ W (Sp2n+2) \ W (Sp2n+1) : P |Fω(2n+1) = 0 ⇐⇒ (w̃0 ∗ P )|w = 0,

P |Fω(2n+1) = 0 w̃0 ∗ P W (Sp2n+1)

R ∈ H∗
T (Fω(2n + 2)) W (Sp2n+1)

R [Fω(2n + 1)]T = S̃w0

R|Fω(2n+1) H∗
T (Fω(2n+1))

eT (Fω(2n + 1), Fω(2n + 2)) = S̃w0 |Fω(2n+1) Q ∈ H∗
T (Fω(2n + 1))

R|Fω(2n+1) = QS̃w0|Fω(2n+1) H∗
T (Fω(2n + 2)) →

H∗
T (Fω(2n + 1)) Q̃ ∈ H∗

T (Fω(2n + 2)) Q̃|Fω(2n+1) = Q



R = Q̃S̃w̃0 R|w = Q̃|wS̃w0 |w w ∈ W (Sp2n+2)

w ∈ W (Sp2n+1) Q̃ w ∈ W (Sp2n+2)\W (Sp2n+1) R|w
S̃w0 |w "

H∗
T (Fω(2n+2)) W (Sp2n+1)

H∗
T (Fω(2n + 1)) S̃w0

H∗
T (Fω(2n + 2)) → H∗

T (Fω(2n +
1)) H∗

T (Fω(2n + 2)) w̃0 ∗ S̃w0

∗ w̃0 ∗ S̃w0

(w̃0 ∗ S̃w0)|w =
n

i=0

(ε0 − w(εi)), w ∈ W (Sp2n+2).

w̃0 ∗ S̃w0 S ⊗ S

K =
n

i=0

(1 ⊗ ε0 − εi ⊗ 1).

S ⊗ S → H∗
T (Fω(2n + 1)) K

1 ⊗ P − P ⊗ 1 P ei(ε20, . . . , ε
2
n) 1 # i # n + 1

W (Sp2n+2)

Fω(2n+1)
H∗(Fω(2n + 1))

H∗(Fω(2n + 1)) # H∗
T (Fω(2n + 1))/(S+ · H∗

T (Fω(2n + 1))).

H∗(Fω(2n+1)) S⊗S/(S+ ·S⊗S) # S
I K 1 ⊗ ei(ε20, . . . , ε

2
n) − ei(ε20, . . . , ε

2
n) ⊗ 1 1 # i # n + 1

ε0ε1 . . . εn ei(ε20, . . . , ε
2
n) 1 # i # n + 1

I ε0ε1 . . . εn ei(ε20, . . . , ε
2
n) 1 # i # n

Dn+1

Dn+1

H∗(Fω(2n + 1)) # H∗(FQ(2n + 2)).



F ω : F ×F → C F
F

dim F = 2n V F

V ⊥ = {x ∈ F |ω(x, y) = 0, y ∈ V }

dim F − dimV ω
V ⊂ F ω(x, y) = 0 x, y ∈ V

n {e1, . . . , e2n} E

ω(ei, ej) = δi,2n+1−j , 1 # i < j # n.

i ∈ {1, . . . , 2n} ı̄ = 2n + 1 − i i )→ ı̄
{1, . . . , 2n}

{e1, . . . , en, en̄, . . . , e1̄} ω(ei, ē) = δij
1 # i, j # n ω

J =

0 . . . 0 0 . . . 1

0 . . . 0 1 . . . 0
0 . . . −1 0 . . . 0

−1 . . . 0 0 . . . 0

F
(F,ω) C2n

ω(x, y) =
n

i=1

(xiyı̄ − xı̄yi), x, y ∈ C2n.



F
ω

Sp(F,ω) = {g ∈ GL(F ) | ω(gx, gy) = ω(x, y), x, y ∈ F}.

Sp2n = {g ∈ GL(2n, C) | tgJg = J}.

{e1, . . . , e2n} E• = (E1 ⊂ E2 ⊂ · · · ⊂ E2n)
Ei = 〈e1, . . . , ei〉 1 # i # 2n {e1, . . . , e2n}

E•

B Sp2n E•

Sp2n

Sp2n T Sp2n {e1, . . . , e2n}

T = {diag(t1, . . . , tn, t−1
n , . . . , t−1

1 ) | t1, . . . , tn ∈ C∗},

diag(x1, . . . , x2n) x1, . . . , x2n

ε1, . . . , ε2n εi : diag(x1, . . . , x2n) )→ xi GL(2n, C)
{e1, . . . , e2n} T

εi = −εı̄, 1 # i # n

ε1, . . . , εn T

Sp2n gl2n

sp2n = {X ∈ gl2n | tXJ + JX = 0},

X = (xij) ∈ sp2n

xij = −x̄̄ı, xī = xjı̄, xı̄j = x̄i, 1 # i, j # n.

Eij Eij = (xkl) xk# = δikδj#

Xij = Eij − Ēı̄, 1 # i, j # n,

Xī = Eī + Ejı̄, Xı̄j = Eı̄j + Ēi, 1 # i # j # n ;

sp2n

t sp2n

{Xii | 1 # i # n} b

sp2n Xij ,Xī 1 # i # j # n
Sp2n

±(εi − εj), 1 # i < j # n

±(εi + εj), 1 # i # j # n.

1 # k /= # # 2n εk − ε# CXk#

T b

εi − εj 1 # i < j # n εi + εj 1 # i # j # n



W (Sp2n) Sp2n

C2n ei

J W (Sp2n)
{1, . . . , 2n} i )→ ı̄

W (Sp2n) = {w ∈ S2n | w(̄ı) = w(i)}.

W (Sp2n) {1, . . . , n}
w W (Sp2n)

w(1), w(2), . . . , w(n) j ! n + 1
ı̄ i = ̄ # n W (Sp2n) C2n

w.ei = ew(i), 1 # i # 2n, w ∈ W (Sp2n)

T

w.εi = εw(i), 1 # i # n, w ∈ W (Sp2n).

εı̄ = −εi w ∈
W (Sp2n) W (Sp2n)

ε1, . . . , εn

Sp2n

σεi−εj : i )→ j, j )→ i, k )→ k, k /= i, j

σεi+εj : i )→ ̄, j )→ ı̄, k )→ k, k /= i, j

σ2εi : i )→ ı̄, k )→ k, k /= i

W (Sp2n)
#(w) w

w
W (Sp2n) 1̄2̄ . . . n̄ n2

Gω(k, F )
k F G(k, F )

k F 1 # d1 < d2 < . . . dk # n

Fω(d1, . . . , dk, F ) = {(Vd1 ⊂ · · · ⊂ Vdk
) | dimVdi

= di, Vdi
1 # i # k}.

{d1, . . . , dk} = {1, . . . , n}

Fω(F ) = Fω(1, . . . , n, F )

Fω(F )

Fω(F )
Sp2n/B Sp2n

Gω(k, F )
Sp2n/Pk Pk ⊂ Sp2n



F = C2n {e1, . . . , e2n} E• = (E1 ⊂ E2 ⊂
· · · ⊂ E2n) Ei = 〈e1, . . . , ei〉

Gω(k, 2n)

V ⊂ F k V
E• ri = dim(V ∩ 〈e1, . . . , ei〉)

0 = r0 # r1 # · · · # r2n−1 # r2n = k,

k
i1 < i2 < · · · < ik

iα = min{i | 1 # i # 2n, ri = α}, 1 # α # k.

I = (1 # i1 < i2 < · · · < ik # 2n) V
E• I

k
I = (1 # i1 < · · · < ik # 2n) iα /= iβ 1 # α,β # k

Ik,2n (1 # i1 < i2 < · · · < ik # 2n) Iωk,2n
Ik,2n Iωk,2n = {(1 # i1 < · · · < ik # 2n) |

iα /= iβ, 1 # α,β # k}

I ∈ Iωk,2n
k I

CI = V ∈ Gω(k, F ) dim(V ∩ 〈e1, . . . , ei〉) = α, iα # i < iα+1, 1 # α # k ,

ik+1 = 2n + 1

Gω(k, F ) =
I∈Iω

k,2n

CI .

XI CI

V ∈ CI I 0 ⊂ (V ∩ Ei1) ⊂ (V ∩ Ei2) ⊂
· · · ⊂ (V ∩Eik) = V V {v1, . . . , vk} V

vα ∈ 〈e1, . . . , eiα〉\ 〈e1, . . . , eiα−1〉 1 # α # k vα = i aαiei

k× 2n (aαi) I
α aαiα aαi i > iα

CI

k {e1, . . . , e2n}
I

C2n+2 {e0, . . . , e2n+1} Ik,2n+2 = {(0 # i1 <
i2 < · · · < ik # 2n + 1)}



V
(aαi) α aαiα

aαi i > iα aβiα β > α

v1

v2

vk

i1 i2 . . . ik
∗ . . . 1 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
∗ . . . 0 ∗ . . . 1 0 · · · · · · · · · · · · · · · · · · · ·
∗ . . . 0 ∗ . . . 0 ∗ · · · · · · · · · · · · · · · · · · · ·

∗ . . . 0 ∗ . . . 0 ∗ . . . 1 0 · · · · · · · ·

V
∗

aβiα
1 # α < β # k

•
CI AdimCI

dimCI = ∗ =
α

(iα − α) − •

=
α

iα −
k(k + 1)

2
− # (α,β) α < β, iα + iβ > 2n + 1 .

#(I) I dim CI = #(I)

T Gω(k, F )
Iωk,2n I

EI = 〈ei1 , . . . , eik〉 T
γ T

γ 〈γ,α〉 > 0 α
γ

EI

C(EI) = {x ∈ Gω(k, F ) | lim
z→0

γ(z).x = EI}.

F E•

B B
B

Ik,2n I = (1 # i1 < · · · < ik # 2n)

I # J ⇐⇒ iα # jα, 1 # α # k.

Iωk,2n ⊂ Ik,2n

∀I, J ∈ I
ω
k,2n : CI ⊂ CJ ⇐⇒ I # J.

aαi aαı̄



XI =
J!I

CJ .

XI = CI I ∈ Iωk,2n

XI = {V ∈ Gω(k, F ) | dim(V ∩ 〈e1, . . . , eiα〉) ! α, 1 # α # k}.

XI

{e1, . . . , e2n} (aαi) k × 2n
aαi = 0 i > iα 1 # α # k

Fω(2n)

w ∈ W (Sp2n) rw

(i, j) ∈ {1, . . . , n}× {1, . . . , 2n}

rw(i, j) = card{k | k # i, w(k) # j}.

rw(i, j) w

{(k,w(k)) | 1 # k # n}

{1, . . . , i} × {1, . . . , j}
Fω(F )

w ∈ W (Sp2n) V• = (V1 ⊂ · · · ⊂ Vn)

dim(Vi ∩ 〈e1, . . . , ej〉) = rw(i, j), 1 # i # n, 1 # j # 2n.

V• ∈ Cw ⇐⇒ Vi ∈ C{w(1),...,w(i)}↑, 1 # i # n

{w(1), . . . , w(i)} ↑
{w(1), . . . , w(i)}

Cw

w ∈ W (Sp2n)
(aij) n × 2n aiw(i)=1 aij = 0

1 # i # n j > w(i) 1
w

W (Sp2n) w # w′

w = w1 → w2 → · · · → wd = w′

1 # i # d−1 #(wi+1) = #(wi)+1 wi+1 = σαwi

α



W (Sp2n)

∀w,w′ ∈ W (Sp2n) : Cw ⊂ Cw′ ⇐⇒ w # w′.

w # w′ ⇐⇒ {w(1), . . . , w(i)} ↑ # {w′(1), . . . , w′(i)} ↑, 1 # i # n.

T Fω(F ) W (Sp2n)
Sp2n

w ∈ W (Sp2n) T w(E•)
{ew(1), ew(2), . . . , ew(n)}

γ γ 〈γ,α〉 > 0
T

Fω(F ) γ

B B
B B

T





T

′ ′

G/P



′

G/P
G

G/P

H∗
T (SLn(C)/B)





RÉSUMÉ
Les grassmanniennes symplectiques et, plus généralement, les variétés de
drapeaux symplectiques, sont les variétés de sous-espaces isotropes, re-
spectivement de drapeaux de sous-espaces isotropes, relativement à une
2-forme antisymétrique non dégénérée. Ce sont les variétés projectives
homogènes du groupe symplectique.
Nous étudions les grassmanniennes et les variétés de drapeaux symplec-
tiques impaires, qui sont des objets analogues associés à une 2-forme
antisymétrique générique sur un espace vectoriel complexe de dimension
impaire. Ces variétés sont munies d’actions naturelles du groupe sym-
plectique impair des transformations linéaires qui préservent la forme an-
tisymétrique. Nous montrons que, bien que ces actions ne soient pas tran-
sitives, ces variétés partagent de nombreuses propriétés avec les variétés
homogènes.
En particulier, nous calculons le groupe d’automorphismes des grassman-
niennes symplectiques impaires et obtenons que tous ces automorphismes
proviennent de l’action du groupe symplectique impair. De même, nous
établissons un théorème de type Borel-Weil pour le groupe symplectique
impair et explicitons le lien entre certaines classes de représentations
de ce groupe construites par Proctor et par Shtepin. Nous étudions
également la cohomologie équivariante de la variété des drapeaux sym-
plectiques impairs maximaux. Nous obtenons une formule de type Cheval-
ley-Pieri et nous donnons une présentation à la Borel de l’anneau de co-
homologie équivariante. De cette dernière, nous déduisons que l’anneau
de cohomologie ordinaire de la variété des drapeaux symplectiques im-
pairs maximaux est isomorphe à l’anneau de cohomologie ordinaire de
la variété de drapeaux quadratiques.

MOTS-CLÉS
Variétés homogènes, groupe symplectique, grassmanniennes symplectiques,
théorème de Borel-Weil, cohomologie équivariante, calcul de Schubert
équivariant.
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