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4 E 7 A�1-CFE 7�C³»�0$1-/�C³>A1B1-0$:D/
¶ E 7 �ØC E 7�CD»¼0#1-/�CD>A1-1-0#:³/
� 5 ��1²2�CFE 5 0#,�,�>A»!G¹EA1-.#2�C��²7-0
� � � >A7B+-:³0 9 � :D7-/�2�0$,
� � 7 � >A7B+-:³0 9 � :D7-/�2�0$,-7�>A7B@-:³0#/
� � ± 7 � >A7B+-:³0 9 � :D7-/�2�0$, 4`CD2 � ± C³1-En:³0$/`G¹1 9 7�>A7-@-:D0$/
� � 7
	 ± :�� � >A7B+-:³0 9 � :D7-/�2�0$, ± CD1-EA:³0#/@7�>A7-@B:³0$/ 4`Cï2��FGn+-+-,�>b½BCD»!G�2�0 : ,�C³+B:³0$/
�� 
�3 � >A132�,�Gnºj2�>A,@
`0$1->n,�»¼Gn:³C=�bG¹2�C³>A1
7 � � 7�,�0$/�/�0 9 � :³7-/Z2�0#, � 0#2��B> 9
7 � 
 ; 7�0#1-/�Cï2  E � G¹2�,�CÒ½ 
`0$1->A,�»!G¹:³C��$G¹2�CD>A1.E ; ,�>A7-+
3P7 � 3]½BGnº#2�7�C³GnEA>A1-Gn:³C=�bG¹2�C³>A1 � 0#2 �-> 9
3P��� 3]½èº$:D7-/�CD>A1 �w,�C³1-º#C³+-:D0���CD>A:VG�2�C³1BE
5 5 0$,�,�>A»¼GnEA1B.#2�C��²7-0
� � ��6 :³:³0#,RE �w:D0$/�/�0#2
�]G¹C³,RE 7 � 3 5 � �aGnC³,@7  1fG¹»¼CDºbGn: � >n,�,�0#:VG¹2�0 9 3 � 0#º#2�CD5A0 5 CD0$: 9 ��+-+-,�>b½BCD»!G�2�C³>n1
�+72� : ��7fGn/�CFE 7�0$EA0#1-0$,�G¹2�0>�u0$,Z2�7-,�@fG¹2�CD>A1 : �-0$>A, 
� � � ��7fGn132�7-» � >A132�0 � G¹,�:³>

-3 � 
`0$1->n,�»¼Gn:³C=�$0 9 3Â½èº#CD2�>n1-C³º � 0j2��-> 9

 ± 
 ; 
`0bGn: E ± +-Gnº$0+
`0$1B>A,�»¼Gn:³C=�bG¹2�C³>A1�E ; ,�>A7-+

 ± 
 ; E 3�� 
`0bGn: E ± +-Gnº$0+
`0$1B>A,�»¼Gn:³C=�bG¹2�C³>A1�E ; ,�>A7-+ 4`CD2 � 3�� 0$ºj2�Cï5A0��r1²2�0$,�Gnº#2�C³>A1-/± � ± 7B+ 0#,RE��
:³>8º±�� � ± 0#:�' E � >A1-/�CD/�2�0$132-�a0#,�2�7B,�@fG¹2�C³>A1
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�ö<à.j2�7 9 0 9 0$/�2�,�Gn1-/�Cï2�CD>A1-/ 9 04+��fGn/�040#/�2�7B1 9 >A»¼GnCD1-0�2�,D�$/�,�C³º��-0P0#2-' 0$,Z2�CD:³0 9 04:VG�+��  /�C��²7-0�� 0j2
@-CD0$1T�²7�<à7B1-0`.#2�7 9 0`/  /�2�.$»¼G¹2�C��87B0 9 0`º$0$/ö+=�-.$1->n»G�#1-0$/
GnCD2].#2�.�0#132�,�0#+-,�CD/�0 9 �#/w:³0 9 .#@-7B2 9 7�/�C��$º#:³0&�
º$0�/�7zµ�0#240$/�2P2�>n7�µ�>A7-,�/4:Ê<à>A@²µ�0#2 9 <?7-1-0¼Gnº#2�CD58CD2�.&� � 0j2�2�0¼C³»�+-,�0#/�/�C³>A1-1-Gn132�0�:³>A1BEA.#58CD2�.�+ 0#7B24;#2�,�0�0$1
+fGn,Z2�CD0¼0�½B+B:³C��²7-.#0!+fG¹, :³0C'lGnCD2��²7-0\º#0!+��B.$1->A»C�$1B0\/�+¯0$ºj2hGnº#7-:VGnCD,�0�+fGn,�º$0 �²7-0 �²7fG¹:³CD2�G¹2�CF'Ø0#/�242�, �#/
º$>n»¼»�7B1 9 Gn1-/`:VG�1fG�2�7-,�0&�

7�Gn1-/�º$0#2�2�0 2 ���$/�0�>A1 /#<àCD132�.$,�0$/�/�0T,!:Ê<à.j2�7 9 0 9 0 �²7-0#:��²7-0$/;G¹/�+¯0$º#2�/�2��B.$>A,�C��²7-0 9 0$/�2�,�Gn1-/�CD2�C³>A1-/9 0 +��-Gn/�0 9 G¹1-/w:³0$/],�.$/�0bGn78½ 9 0 /�+BC³1-/ö@-C 9 C³»�0$1B/�C³>n1-1-0$:D/a+¯.$,�C³> 9 C��²7-0#/�� �aGn,Â0�½B0#»¼+B:³0 9 Gn1B/ö:³0,�.$/�0$Gn7
¶ E 7�� 4<; ¸ E 9 0#+-:³0j2�0 9 � /�Cè:Ê<àCD1²2�0$,�Gnº#2�C³>A1 Jp

9 G¹1-/]:³G�+-:³G&�²7-0#2�2�0Ø0#/�2*'lGnC³@-:D0w+fGn,],�Gn+-+¯>A,�2 ,�:Ê<àCD132�0$,�Gnº#2�C³>A1
Jd
0#1²2�,�04:³0$/�+-:³G&�²7-0#2�2�0$/�� >A1 G¼7-1B0 +��fG¹/�0 9 C³»C�$,�0 	l+=�fGn/�04E3Gn+¯.$0 � ��+fGn,�º$>A132�,�0 /�Ca:D04,�Gn+-+¯>A,�2�0$/Z2

C³135n0$,�/�0�Gn:³>A,�/�>A1¤G\7B1-0�+��fGn/�0�+-:VG&�²7-0j2�2�0 	l+��-Gn/�0�E3G¹+ .#0 � � »!GnCD/ 9 G¹1-/�:³0 ºbGn/ Jp ∼ Jd
>A1¤G\7B1-0

+��fG¹/�0>�r/�CD1-E 	 +��fGn/�0;1->A1FE3Gn+¯.$0 � �
 1K2�,�>n7B5A0#,�G 9 Gn1B/�º$0j2�2�0�2 ���$/�0�7-1-0�+-Gn,�2�C³0P»¼.j2��-> 9 >A:D>AEAC��²7-0 	l+-Gn,�2�C³0�� � º$>A1B/�Gnº#,�.$0�G¹7è½K»�. E

2��B> 9 0#/:�²7�<?>A1FG 7B2�CD:³CD/�.$0#/Ø0j2V�B+¯>A7-,Øº$0$,Z2hGnCD1-0$/ 9 <à0#132�,�0�0#:³:D0$/�� 9 .j5A0$:D>A+-+¯.$0#/��1�ÖG +-,�0$»�C��$,�0�»�.#2 �-> 9 0
0$/Z2 :VG4»¼.j2��-> 9 0 9 0$/@3��²7fG¹2�CD>A1-/ �u0$,Z2�7-,�@fG¹2�Cï5A0#/ ��7B2�>èº#> �-.$,�0$132�0#/ [ ± 0$:�' E � >A1-/�C³/�2�0$132@�u0$,�2�7-,�@-G¹2�CD>A1
	 ±=� � � ] � 4	� �
0#:³:³0S+ 0#7B2�;j2�,�0S5è7B0Kº$>A»�»�0 7-1-0 /�>A+��BC³/�2�C³º$G¹2�CD>A1 9 0 :VG »�.#2 �-> 9 0 � >A7-+B:³0 9 � :³7-/ E
2�0#, 	 � � � � ¶�
è¸ � �J�uG�»¼.j2��-> 9 0 � � 1-.$0S0$1©+��  /�C��²7-0K1²7-º$:D.bGnCD,�0F0$/Z2!2�,D�$/\0#»¼+B:³>  .#0S0#1©º��-C³»�C³0
�²7fGn132�C��²7-0&�a»!GnCD/4>n1 0$1 G 0 � 0#º#2�7B.N7-1-0!2�,�Gn1-/�+ >n/�CD2�C³>A1 9 Gn1B/�:³0¼ºbG 9 ,�0 9 0\+=�  /�C��²7-0 9 7 /�>A:³C 9 0&�
3ö:³:D0 0$/Z2�º$>n1-/�Gnº#,�.#0�Gn7 ºbGn:Dº$7-: 9 0�:Ê<à.#1-0$,�EAC³0 9 0�º#> �-.$/�C³>A1 �B�ÖG 9 0$78½BC��$»�0�Gn+-+B,�>8º��-0�º$>n1-º$0#,�1-0 9 0#/
»�.#2��B> 9 0#/N7B2�CD:³CD/�Gn132 9 0$/6º��fGn1BEA0$»�0$132�/ 9 <?.$º��B0$:³:D0&� , /�Gb5A>ACD,\:³0K+-Gn/�/�GnEA0 9 0 /�Cï2�0#/N.$:³0#»¼0#132hGnCD,�0$/
	ÊG�2�>A»�C��²7-0#/ � , 9 0$/P@-:D>èº#/ 9 Gn1-/P:³0�2�,�GnCï2�0$»�0$132 9 7�,�.#/�0$Gn7 +¯.$,�C³> 9 C��²7-0�� �ö<à7B1-0 9 0�º#0$/P»¼.j2��-> 9 0#/
:³0 ; ,�>A7-+¯0 9 0>
`0$1->A,�»!G¹:³C³/�G¹2�CD>A1 9 Gn1-/ :Ê< 3ö/�+-Gnº$0>
`.$0#: Gb5A0$º+�r132�0$,�G¹º#2�CD>A1-/@3 � 0$º#2�CD5n0$/ [ 
`0bG¹:FE ± +fGnº$0

`0$1->A,�»!G¹:³C��$G¹2�CD>A1.E ; ,�>A7-+ 4`Cï2���3 � 0$º#2�CD5n0 E �r132�0$,�G¹º#2�CD>A1-/ 	K
 ± 
 ; E 3�� � ] � � � �8.#2�GnCD2 9 .òµ , 9 .#5n0$:³>n+-+ .#09 Gn1B/¼:D0FEn,�>A7-+¯060#2¼:=<àGn7B2�,�0&�ö:³G � .#2 �-> 9 0�3]½èº$Cï2�>A1-C��²7-0�
`0$1B>A,�»¼Gn:³CD/�.#0 [ 
`0$1B>A,�»¼Gn:³C=�$0 9 3]½èº$Cï2�>�E
1-CDº � 0j2��-> 9 	0
-3 � � ] � B � �aG .j2�. 9 .j5A0#:³>A+-+¯.$0!+fGn, 1B>A7-/�� � 0$/ 9 0$7è½ »¼.j2��-> 9 0$/4/�>A132�@-Gn/�.#0$/�/�7-,
:=<?7B2�C³:³CD/�G¹2�C³>A1 9 0;:VG�2 �-.$>A,�C³0 9 0#/@�fGn»�C³:D2�>A1-CD0$1-/
0�� 0$º#2�C�' / 9 0��Ø:D>èº�� � ´ � �
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7�Gn1-/�:VG 9 0$7è½èC��$»�0 +fGn,Z2�CD04>A1 Gn+-+-:DC��²7-0#,�G�1->A/�»�.#2 �-> 9 0$/6,G�²7-0$:��²7-0$/�,�.$/�0bGn7è½ ¶ E 7 9 0 /�+-C³1B/
0#2!>A1�C 9 0$132�C�Sf0#,�G :D0$/�2�,�Gn1-/�Cï2�CD>A1-/ 9 0 +��-Gn/�0�, +fGn,Z2�CD, 9 0F2�,�>AC³/�+��-.#1->A»C�$1-0#/��
:VG 9 C³/�º#>A132�CD187BCD2�.9 06:VG 9 .$,�Cï5A.#0 9 0N:=<?.$1-0#,�EACD0 9 0Nº$> �B.$/�CD>A1B�Â:³G 9 C³/Z2hGn1Bº$06»¼CD1-C³» 7-»�0$132�,�0F:³GKº$>A7B,�@¯0 9 7¢,�Gn+-+¯>A,�29 0#/4CD1²2�0$,�Gnº#2�C³>A1-/;0 � 0#º#2�Cï5A0#/ 0$132�,�0�@-:³>8º$/ f(λ) 0j2 :³G 9 ,�>ACï2�0 f(λ) = λ >�� λ 0#/�24:³0�,�G¹+-+ >n,�2 9 0$/C³132�0$,�G¹º#2�CD>A1-/ 0 � 0#º#2�Cï5A0#/���0#2�:VG 9 C³/�+-Gn,�Cï2�C³>n1 9 7FE3Gn+B�

� 0#2�2�0¼2 ���$/�0NG6.#2�.¼»¼0#1-.$0 ,F@BC³0$1 9 Gn1-/47-1¦:³Gn@¯>A,�G¹2�>AC³,�0 9 0�º��-C³»�C³0T�²7fGn132�C��²7-0!»¼GnC³/�0#:³:D0�/�0
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H00 −Hi+k,i+k + EPV (i + k)

]

. 	 4 �>985 �

�ÖG�2 �-.$>A,�C³0 9 0 � � .$º$,�CD2
CT+

k
Φi

= CiCk +
∑′

〈m,n〉

CmCn,
	 4 �A?3· �

º$0J�²7-C²C³EA1->n,�0w:VG 9 .#58C³G¹2�CD>A14+¯>A/�/�C³@B:³0 ,�:Ê<ÞG 9-9 CD2�CD58CD2�. 9 0#/].$1B0$,�EnC³0$/]Gn7è½ 9 .#1->A»�C³1fG�2�0$7B,�/��äº¹<à0#/�2RE , E 9 C³,�0
�²7-C /�7B+-+ >n/�0 H00 −Hi+k,i+k = H00 −Hii +H00 −Hkk

�
3ö1S7B2�C³:DC³/�G¹1²2:VG�1->n2�G¹2�CD>A1Nº$>n»¼+fG¹º#2�0 ∆i = Hii −H00

� ∆i+k = Hi+k,i+k −H00
�f>A16>A@B2�C³0#1²2

CT+

k
Φi
− CiCk = CiCk

[−∆i + EPV (i)−∆k + EPV (k)

−∆i+k + EPV (i+ k)
− 1

]

+

+
∑′

〈m,n〉

T+
mT+

n Φ0=T+

k
T+

i Φ0

CmCn

[−∆m + EPV (m)−∆n + EPV (n)

−∆i+k + EPV (i + k)

]

. 	 4 �A? 4 �
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i
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k
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: =¯Å*/AÇ+*�ÅuÄ-Å Ì\È Ç8Ë Ã¯Ç./nÌbÇA%�*�ËG! %�Ì6, ;öÇ C

� 0$/�5n0$ºj2�0$7B,�/ 9 7F2  + 0�¶.� R+
mΦi

��+ 0#7B5A0#1²22;#2�,�04.#E3Gn:D0$»�0$132�G�2�2�0#C³132�/ 9 0#+-7-CD/ Φ0
+-Gn, 9 <ÞGn7è2�,�0#/

0$1B/�0$» @-:³0#/ 9 <?0j½èº$Cï2hG¹2�C³>A1 R+
n Φl

	 5n>AC³,@SfEA7B,�0 4 � 4 � �1�ö<à0�½B+-Gn1-/�CD>A1 Gn7S/�0#º$>A1 9 >n, 9 ,�0 9 04:VG ' >A1-ºj2�C³>n19 <?>A1 9 0 9 >n1-1-0

CR+
mΦi

=

Hi,R+
miCi +

∑′

〈n,l〉

Hl,R+
n lCl

H00 −HR+
mi,R+

mi

, 	 4 �A?²¶ �
>�� Hi,R+

mi =
〈

Φi

∣

∣H
∣

∣R+
mΦi

〉 � HR+
mi,R+

mi =
〈

R+
mΦi|H

∣

∣R+
mΦi

〉 0#2 ∑′

〈n,l〉

+fG¹,�º$>n7-,�2;:D0$/;º$>A7B+-:³0#/
R+

nT
+
l Φ0 = R+

mT
+
i Φ0

»!GnCD/ 9 C�� .$,�0$132�/ 9 7�º$>A7B+-:³0 im �NA�1-0!G 9-9 CD2�C³>A1 CD1=Sf1-CD0 9 0$/ 9 C³GnEA,�G¹»¼»�0$/
»C�$1-0#,�GnCï2@,�:Ê<àCD132�,�> 9 7-ºj2�CD>A1 9 0#/�º#>A,�,�0$ºj2�C³>n1-/ 9 < 3P��� 9 Gn1-/`:³0#/ .$1-0#,�EACD0$/�Gn7 9 .$1B>A»¼CD1fG¹2�0$7-,

EPV (R+
mi) =

∑

p

R+
p R+

mΦi=0

H0pCp.
	 4 �A? 9 �

7�0+'lG��#>A1 G¹1fGn:³>nEA7-0+,�:=<?.��²7fG�2�C³>n1 	 4 �>9A´ � >A1F>A@B2�C³0#1²2
CR+

mΦi
=

Hi,R+
miCi

−∆R+
mi + EPV (R+

mi)
+

∑′

〈n,l〉

R+
n Φl=R+

mΦi

Hl,R+
n lCl

−∆R+
mi + EPV (R+

mi)
. 	 4 �A?8? �

��� � � 0  7+ ��# � � &�*%!���*�# � -'!�- � � &�- - -$* � # � (�-'!
± C R+

m
0#/�2�7-16>A+¯.$,�G�2�0$7B,�@BCFEr.#:³.#º#2�,�>A1-C��87B0&� Hi,R+

mi = Hm
0j2�:Ê<à.��²7fG¹2�CD>A16Gn7è½\5nG¹:³0$7B,�/ +-,�>A+-,�0#/

,�0#:VG¹2�CD5n0>, Φi
/�0$,�G

[∆i − EPV (i)]Ci +Hi0 +
∑

j∈S1

HijCj +

+
∑

k

T+

k
Φi 6=0

H0kCkCi

[

∆i − EPV (i) + ∆k − EPV (k)

∆i+k − EPV (i + k)
− 1

]

+

+
∑′

〈m,n〉

T+
mT+

n Φ0=T+

k
T+

i Φ0

H0kCmCn

[

∆m − EPV (m) + ∆n − EPV (n)

∆i+k − EPV (i+ k)

]

+

+
∑

m

R+
mΦ0=0

H2
mCi

−∆R+
mi + EPV (R+

mi)
+

∑′

〈n,l〉

R+
n T+

l
Φ0=R+

mT+

i
Φ0

HmHnCl

−∆R+
mi + EPV (R+

mi)
= 0. 	 4 �>?²¸ �
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� 0$/ 9 C�� .$,�0$1-º#0$/`/�>A132�:³0#/`/�7-Cï5nG¹1²2�0$/;¾
E¼:Ê<à0 � 0j2 9 0#/ �87-G 9 ,�7B+-:³0#/ 9 Gn1-/�:D0 � � 7_1-0\2�C³0$132 +fGn/�º#>A»¼+è2�0 9 0#/ 9 .#58C³G¹2�CD>A1-/ +¯>A/�/�C³@B:³0$/8,
:Ê<ÞG 9B9 CD2�CD58CD2�. 9 0#/ 9 .$1->A»�C³1-G¹2�0#7-,�/ 0j2�:³G�/�>A»�»�02Sf1-C³0�/�7-, k /�0;,�. 9 7-CD2�,

∑

k

T+

k
Φi 6=0

CkCi +
∑′

〈m,n〉

T+
mT+

n Φ0=T+

k
T+

i Φ0

CmCn.
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�ÖG\' >A1-º#2�C³>A1 9 0 ,�. ' .$,�0$1-º#0 + 0#7B2�;#2�,�0K/�>ACD2!7-1-0�' >n1-º#2�C³>A1 9 <	�r/�C³1-E Φ0
/�>ACD2!7-1 +-,�> 9 7-Cï2 9 0#/

/�CD1-EA7-:D0#2�/ 9 0$/�:DCVGnCD/�>A1B/ Φ′0
� >A1�G 'lGnCD2�:³0 º$Gn:³º#7-: 9 0$/;.$1-0#,�EACD0$/ 9 0�º$> �-.#/�CD>A1 ,\+fGn,�2�C³, 9 0 9 0#7è½¤º$0#/

' >A1-ºj2�CD>A1-/��  1 /�GnCï2 �²7-0N:=<?.$1B0$,�EnC³0 9 0!º$> �-.#/�CD>A1 9 Gn1-/�º#0N/  /�2 �$»�0N0$/Z2 Eexacte
coh = (−2 ln 2)J =

−1.386J �

:4ÄfÈK/�%aÈJ!uÇ È � )8ÅuÇ+*zÆ¯ÉlÇ<!uÇ /7= '�)8ËbÉ = Å 	 ;uÄ<*äÌzÉ * !��9%aÅÖÇ (G=¯ÅN/nÌzÉ�=¯Å !�� � Ë$ÉÊÅÖÆ
7�Gn1-/�º$0 º$Gn/�2�>A7-/�:D0$/�:³CD0$1-/�/�>A132�.#E3Gn7è½S0j2�C³:  G¼7B1-0�Gn:ï2�0$,�1fGn1-º#0 9 0 /�+BC³1K0#1²2�,�0�:D0$/�G¹2�>n»¼0#/

G 9 µ�G¹º$0$132�/���:=<?.$1-0#,�EACD0�+fGn,�G¹2�>A»�0 9 <?>A, 9 ,�0 �$.$,�>¼0#/�2 E(0)
coh = −J �

�r:  G�/�0$7-:D0$»�0$132�7-1S2  +¯0 9 0�5n0$º#2�0$7-,�/ Φi

9 Gn1-/ S1
º#0$:D7-C >A@B2�0$1²7 ,�+fGn,Z2�C³, 9 <à7-1S.$º��fG¹1-EA0 9 0

/�+BC³1�	 T+
i Φ0

� /�7-,�7-1 :³C³0#1 i 	 5n>AC³,@SfEA7-,�0 4 �Þ¶ � � 9 7Kº$>80 <�º$CD0$132 Ci
� º#>A7-+-:D.4+-Gn, J Gb5A0$º�:D0 Φ0

� +fG¹,
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K LNMPO 4 �Þ¶è¾�� k �8e�! e�knm³� �ni=} �8}Nmïk Sb� ! gjpli=� ! ��� � !��8}��NdBkn��pliq� �8}Nmïk Sb� ! gjpÊi=� ! ��� Q yji"! � Φ0

df��|8�\mïkghvBk��"! } �8};yrd¯i"!������
U Φ0 �

Sb� ! gjpli=� ! �8} ��e%Sbej��}�! gh}! 
Φi = T+

i Φ0 �
Sb� ! gjpli=� ! �8}�d¯��}���i��j��} �8e�! e"���knpÊi=� ! }jp

Φi+k = T+
k Φi �

Sb� ! gjpli=� ! �8}Pyä}hgh� !��8} �8e�! ej��knpli=� !
U �
}hy �hkn����}hy�df}j�ÿdf}�!��ni=gj|8mïkniq��}hy�kn|$#moilkni³yä� !By;i"!��nil{$|f}�!fpwm³}hy S�|è��yjpl��knpÊi=� !By

U

º$>n1-/�.��87B0$132
Hi0 = J, Ecoh = −J(1− C), Hii −H00 = ∆i = 2J 0#2 EPV (i) = 3JC,

+-7-CD/ �²7-0�2�,�>AC³/ +B,�>8º$0$/�/�7-/�+¯>A/�/�C³@-:D0$/`/�7-, Φ0
/�>A132�C³»�+¯>A/�/�C³@-:D0$//�7-, Φi

�
A�1-0;.j5nG¹:³7fG¹2�C³>A1N/�C³»�+-:³0 9 0;/�0$º#>A1 9 >A, 9 ,�0 9 0;:=<?.$1-0#,�EACD0�»¼.#1-0$,�GnCD2-,

Ci = Hi0/(H00 −Hii)⇒ 2C + 1 = 0⇒ C = −0.5 0#2 E(2)
coh = −1.5J,

º$0j2�2�0;5¹Gn:D0$7-, 0#/�2�@ 0$Gn7-º#>A7-+F+-:³7-/ En,�Gn1 9 0��²7-0;:³G�5¹Gn:D0$7-, 0�½BGnº#2�0 Eexact
coh = −2J ln 2 = −1.386J �

�r1-º#:³7-,�0P:D0$/ EPV 9 G¹1-/`:³0 9 .#1->A»�C³1fG¹2�0$7-, 9 >A1-1-0#,�GnCï2
Ci = Hi0/

[

H00 −Hii + EPV (i)
]

⇒ −3C2 + 2C + 1 = 0⇒ C = −0.333 0j2 E ′(2)coh = −1.333J,

º$0T�²7-Cö0#/�2 9 .rµ ,F7-1B0�»¼0#C³:³:D0$7-,�0 .j5nG¹:³7fG¹2�C³>A1 �X�r:ö1�<  GNGn7Bº$7-1�º$>A7B+-:VGnEn0�0$132�,�0�:D0$/�5n0$º#2�0$7-,�/ Φi
0j2

Φj ∈ S1
�

� 0$/5A0#º#2�0$7-,�/ 9 0�:VG /�0$º#>A1 9 0�EA.#1-.$,�G¹2�CD>A1 Φi+k
/�>A132 >A@è2�0$1²7-/ +-Gn, 9 0#7è½N.#º��fGn1-EA0#/ 9 0�/�+BC³1\/�7-,9 0#/P:DC³0#1-/ i 0#2 k 	q5A>ACD,6SfEA7B,�0 4 �Þ¶ � � ± CÂ:³0#/�:³CD0$1-/ i 0j2 k /�>A132P:³>ACD132hGnCD1-/�:D0$/�5n0$º#2�0$7-,�/ 9 >A7-@-:D0$»�0$1320j½èº#CD2�.#/ 	 T+

k T
+
i Φ0

� Gn7-,�>A132�7-1Sº#>è0=<�º$C³0#132 Ci+k = CiCk
+B7-C³/D�87B0

E¼CD:n1�<  G`Gn7-º#7-1PGn7B2�,�0öº$>n7-+-:³0 9 <à0�½èº$CD2�G¹2�CD>A1 9 0ö:³G+-,�0#»¼C��$,�0]EA.$1-.#,�G¹2�C³>A1 T+
mT

+
n Φ0 = T+

k T
+
i Φ0

�
E¼:D0$/ .$1B0$,�EnC³0$/ 9 <?0j½èº#CD2hG�2�C³>n1F/�>A132�G 9-9 Cï2�CD5n0$/��
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 ����������� ��� � 
 �������������� � 
 ����� ������� ����� ���

� 0$/�/�0$7-:D0$/�0j½èº#0$+B2�C³>A1-/;º#>A1-º$0#,�1-0#1324:D0$/ 9 >A7-@-:D0$/�.$º��-Gn1-EA0#/ T+
i T

+
g
0j2 T+

i T
+
k
/�7-,�:D0$/�:DCVGnCD/�>A1-/�/�0 E

º$>n1 9 0$/w5A>nC³/�CD1-0$/����a>A7-,w0#7è½ ∆i+k = 2J � EV P (i+k) = 5JC �)� 0$7-, º$>80 <�º$CD0$132 + 0#7B2J;#2�,�0`.#5¹Gn:³7B./�0#:³>A16:Ê<à.��87-G¹2�CD>A1 	 4 �>985 � º#>A»¼»�0
Ci+k = 2C2

(

2J − 3CJ

2J − 5CJ

)

, 	 4 �A?3´ �
0#2�:Ê<à.��87-G¹2�CD>A1 Sf1fGn:D0+�²7-CÖ/�+¯.$º$CFSf0;:=<?.��²7fG¹2�C³>A1 	 4 �A?²¸ � 0$/Z2

−3C2 + 2C + 1 + 2C2

(

2− C
2− 5C

)

= 0. 	 4 �>? 5 �
 1S,�.$/�>A7B2�º$0j2�2�0;.��87-G¹2�CD>A1 �87BC 9 >A1-1-0 C = −0.375 0#2 Ecoh = −1.3751J.

:4ÄfÈK/�%aÈ�!uÇ�È � )8ÅÖÇ *zÆ¯É ÇY!ÖÇ /7=C'�)èË$É�=¯Å 	 ;uÄ<*äÌzÉ�* !��9%aÅÖÇ (G=¯ÅN/nÌzÉ�=¯Å ;�*�= ! %aÉqÌ !ÖÇèË¤ËbÉlÅÖÆ %uÈ Ç²ÌäË
!ÖÇèË�ÈlÉlÄfÉlË4=¯ÅuË

�rº$C0�:=<?.$1-0#,�EACD0K+fGn,N:DCVGnCD/�>A1 9 <à>n, 9 ,�0 �$.$,�> 0$/�2 E(0)
liaison = −2.5J

9 <ÞGn+B, �$/6:Ê<à.��87-G¹2�CD>A1 	K�4� � � �
ºn<?0$/Z2DE , E 9 CD,�04:=<?.$1-0#,�EACD0 +fGn,�G¹2�>A»�0 9 <à>A, 9 ,�0 �$.$,�>N0$/Z2 E(0)

coh = −1.25J � �r:  G\/�0#7-:³0#»¼0#132�7-1K2  + 09 0 5n0$ºj2�0$7B,�/ Φ′ij
9 Gn1-/ S1

� º$0#7è½ >A@B2�0#1²7-/�º$>A»�»�0 +-,�> 9 7BCD2�/ 9 0 9 0$7è½K»¼>A1B>�Er0�½Bº#CD2�G¹2�CD>A1-/ 2�,�C³+-:D0#2�/
/�7B, :D0$/w:³CD0$1-/ i 0j2 j 0$1�C³132�0#,�Gnºj2�CD>A1 	 5n>AC³, SfEn7-,�0 4 �>9 � � 9 0`º$>80 <�º$CD0$132 Cij

�)A�1�2�0$:-5n0$ºj2�0$7B,ØC³132�0$,�G¹EACD2
Gb5A0#º Φ′0

+fGn, h = 〈Φ′0|H|Φ′ij〉 �-0j2�7B1Sº$Gn:³º#7-:�»�>A132�,�0;G¹C³/�.#»¼0#132 	 5A>nC³,`Gn1-1B0j½è04� � �87B0
Ecoh = E

(0)
coh + (1/2)H0,ijCij = −(5−

√
3C)(J/4) ( 5A>ACD, :=<?.��²7fG¹2�C³>A1 	$�8� 4 · � ),

h = H0,ij = (
√

3/2)J ( 5A>ACD, :=<?.��²7fG¹2�C³>A1 	K�4� 4E4 � ),
∆ij = Hij,ij −H0,0 = 3J ( 5A>ACD, :=<?.��²7fG¹2�C³>A1 	$�8� 4 ¸ � ),

EPV (ij) = 3H0,ijCij = 3hC = (3
√

3C)(J/2).

���

i j k

�����

i j k

��	�


i j k

H

H

T
+

ij

T
+

jk

Φ
′

0

Φ
′

ij

Φ
′

ik

K LNMPO 4 �>9B¾�� k �8e�! e�knm³� �ni=} �8}�mïk!Sb� ! gjpÊi=� ! ��� � !��8} ��dBkn��pliq� �8}hy�d¯��� �n|èiqpqy �8}hy�yji"! �n|8m³}jpqy �8}hymoilkni³yä� !By df��|8�6m³}KghvBk��"! } �8}\yrd¯i"! �����
U �
}hy\yjx � �j��m³}hy\yä� � �$��}hy ��}rd¯�hehyä}�!fpr}�!fp;m³}hy6pl�jiÞd¯m³}jpqym³�äg�kn|$#

U Φ′0 �
Sb� ! gjpÊi=� ! �8}`��e%Sbej�h}�! gh}! 

Φ′ij �
Sb� ! gjpÊi=� ! �8}öd¯��}���i��j��} �8e�! ej��knpli=� !S}jp

Φ′ik �
Sb� ! gjpli=� !

�8}�yä}hgh� !��8} �8e�! ej��knpli=� !
U



� ��� �
��� � ��� � ����� ��� ¶E9
A�1B0P.j5¹Gn:³7fG�2�C³>n1N/�C³»�+-:D0 9 7F/�0$º#>A1 9 >A, 9 ,�0 9 0;:=<?.$1-0#,�EACD0�»¼.#1-0$,�GnCD2 ,

Cij = H0,ij/[H00 −Hij,ij]⇒ 3C +
√

3/2 = 0⇒ C = −0.2886 0#2 E(2)
coh = −1.375J.

�r1-º#:³7-,�0P:D0$/ EPV 9 G¹1-/`:³0 9 .#1->A»�C³1fG¹2�0$7-, 9 >A1-1-0#,�GnCï2
Cij = H0,ij/[H00 −Hij,ij + EPV (ij)]⇒ −3

√
3/2C2 + 3C +

√
3/2 = 0⇒ C = −0.23910#2 E ′(2)coh = −1.353J.

� 0$/�5n0$º#2�0$7-,�/ 9 0�/�0#º$>A1 9 0�EA.$1-.#,�G¹2�C³>A1 /�>A132;>A@B2�0$1²7-/�+fG¹,�+-,�>n+fGnE3G¹2�C³>A1 9 <?7-1-0�»�>A1->�Eÿ0j½èº$Cï2hG¹2�C³>A1
2�,�C³+-:D0#2 9 7¤:³CD0$1 j 5A0#,�/�:³0 :³C³0#1 k +-Gn,�7-1-0 9 0$/�0�½èº$CD2�G¹2�CD>A1 /�7B, j 0j2;7-1-0�0�½èº$CD2�G¹2�CD>A1K/�7-, k º$>n»¼»�09 Gn1B/:VG4S-EA7-,�0 4 �:9.��7�Gn1B/ º$0�º$Gn/ >A16G ∆ik = 4J 0#2 EPV (ik) = 4hC 0j2`:³0�º#>è0=<�º$C³0#132 Cik

+¯0$7è2
;#2�,�0P.#5¹Gn:D7-.4/�0$:D>A1S:Ê<à.��²7fG¹2�CD>A1 	 4 �>9A´ � 0#2�>A1S7B2�CD:³C³/�0�:=<?.��²7fG¹2�C³>A1 	$�8�Þ¶n· � + >A7B,�.j5¹Gn:³7-0#,�:Ê<ÞG¹»¼+-:DCD2�7 9 09 0;:VG�+B,�>A+fG¹E3G¹2�CD>A1 9 0;:=<?0j½èº#CD2hG�2�C³>n1

Cik =
−2hC

(−4J + 4hC)
√

3
. 	 4 �Þ¸n· �

�ö<à.��²7fG¹2�CD>A1�Sf1fGn:D0+�²7-CÖ/�+¯.$º$CFSf0;:=<?.��²7fG¹2�C³>A1 	 4 �A?²¸ � 0$/Z2
−3
√

3/2C2 + 3C +
√

3/2 +
C

2
√

3C − 4
= 0. 	 4 � ¸ 4 �

 1S,�.$/�>A7B2�º$0j2�2�0;.��87-G¹2�CD>A1 �87BC 9 >A1-1-0 C = −0.2512 0#2 Ecoh = −1.3588J � 1�,�0$»¼Gn,D�87B0:�²7-0 :=<?.$1-0#,�EACD0 9 0Øº$> �-.#/�CD>A1�ºbGn:Dº$7-:D.$0
0$1�+fGn,Z2hGn132 9 0 Φ0
�²7-C-0$/Z2 ' >A1-ºj2�CD>A1 9 < �r/�CD1-E

0$/Z2`»¼0#C³:D:³0$7B,�0@�²7-0�:VG45¹Gn:D0$7-,Ø>A@B2�0#1²7-0>,�+fGn,Z2�C³, 9 0 Φ′0
�  1N,�0$/�7-»¼0�:D0$/,�.$/�7-:D2�G¹2�/ 9 Gn1-/:D0�2hGn@B:³0bG¹7

4 � 4 �-0j2�>n1F:D0$/`º$>n»¼+fG¹,�0;Gb5A0#º4:³G 5nG¹:³0$7B, 9 0;:=<?.$1-0#,�EACD0�0j½BGnº#2�0&�
�r/�CD1-E /�CD1-EA7-:D0#2�/ 9 0;:³CVG¹C³/�>n1-/��+-+-,�>b½BCD»!G�2�C³>n1

C Ecoh C Ecoh

Eexacte
coh

� � −0.5 −1.5J −0.2886 −1.375J −1.3862J
� ���

EPV −0.3333 −1.3333J −0.2391 −1.353J −1.3862J
� ���

EPV
�

9 .#58CVG¹2�C³>A1 9 0;:Ê<ÞG 9B9 CD2�CD58CD2�. −0.3751 −1.3751J −0.2512 −1.3588J −1.3862J

����� O 4 � 4 ¾	� knm³gj|èm �8}�m � e�! }j� �ni=} �8}¼gh�ävfehyji=� ! �8} mïkKghvBk��"! } �����  � dBkn�jpliq� �8}hy Sb� ! gjpli=� !By ��� Q yji"! �
Φ0

 }jp �8}d¯��� �n|èiqp �8}�yji"! �n|èm³}jpqy �8}hy;moilk�yji=� !By
Φ′0 U
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 ����������� ��� � 
 �������������� � 
 ����� ������� ����� ���

��� 0 � � � $'! -$# �'!%- ! ( ��* � ��� � #)(�(*$ ! �.- ( � -

7�0�:VG\»C;$»�0�»!Gn1BC��$,�0 �²7-0�:VG\º��fG�?³1-0 4 E 74��:VG ' >A1Bº#2�CD>A1 9 0�,�. ' .$,�0#1-º$0�0$/Z2P/�>ACï2;7-1-0 ' >A1-ºj2�C³>n19 < �r/�CD1-E�/�>ACï2`7-1S+B,�> 9 7-CD2 9 0$/`/�CD1-EA7-:D0#2�/ 9 0$/�:³CVG¹C³/�>n1-/��
:4ÄfÈK/�%aÈJ!uÇ È � )8ÅuÇ+*zÆ¯ÉlÇ<!uÇ /7= '�)8ËbÉ = Å 	 ;uÄ<*äÌzÉ * !��9%aÅÖÇ (G=¯ÅN/nÌzÉ�=¯Å !�� � Ë$ÉÊÅÖÆ

� 0$/].#1-0$,�EAC³0#/ 9 0
º#> �-.$/�C³>A1 9 <?>A, 9 ,�0 �#.$,�>�0#2 9 <?0j½BGnºj2�0Ø/�>A132 E(0)
coh = −2J 0#2 Ecoh = −2J(1−C) �,�0#/�+¯0$ºj2�CD5n0$»�0$132�>�� C 0$/�2�:D0�º$>80 <�º$CD0$132�,�0$:³G¹2�CF'*,�7B1S.#º��fGn1-EA0 9 0;/�+BC³16/�7-,`7-1F:³CD0$1B�± C8µ#<ÞG¹C .$º��fGn1BEA.;:³0$/`/�+-C³1-/`/�7-,`:³0�:³CD0$1 i +fGn, 0�½è0$»�+-:³0;>A1FGN¾

Hi0 = J º$>A7-+B:VGnEA0�0#132�,�0 Φ0
0j2 Φi,

∆i = Hii −H00 = 6J, ' ,�/�7B2�,�.���:DCVGnCD/�>A1B/ 	 5n>AC³,:SfEn7-,�0 4 �A? � ,
EPV (i) = 7JC, B�+-,�>èº#0$/�/�7-/�+¯>A/�/�C³@B:³0$/ /�7-, Φ0

/�>A132�C³»�+¯>A/�/�C³@-:D0$//�7-, Φi
	q5A>ACD,:SfEA7-,�0 4 �>? � .

� 0$/`º$>80 <�º#C³0$132�/ 9 0#/ 5A0$ºj2�0#7-,�/ 9 >A7-@-:D0$»�0$132`0j½èº#CD2�.#/�/�>A132 Ci+k = CiCk
�f0j½èº#0$+B2�.4º#0��²7-CÖ/�7-CD2

i

k

m n

i

i
k

����

���	��
��	��������� ���

��� �������

(B)(A)
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df��|8� m³} �hehyä}�kn|
�8} yrd¯i"!�� ���"g�kn���he4yji ��d¯m³}

U Φ0 �
Sb� ! gjpli=� ! �8}��he%Sbej��}�! gh}! 

Φi = T+
i Φ0 �

Sb� ! gjpÊi=� ! �8}�d¯��}���i��j��}
�8e�! ej��knpÊi=� ! }jp

Φi+k = T+
k Φi �

Sb� ! gjpÊi=� ! �8}Pyä}hgh� !��8} �8e�! ej��knpli=� !
U �
}hy �hkn����}hy�df}j�ÿdf}�!��ni=gj|8mïkniq��}hykn|$#\moilkni³yä� !By�i"!��nil{$|f}�!fp
m³}hy S�|8��yjpÊ��knpli=� !By

U



� ��� �
��� � ��� � ����� ��� ¶A¸
E¼.#º��fGn1-EA0#/ 9 0�/�+BC³1 /�7B,�:³0�»C;$»�0 +B:VG&�²7-0j2�2�0�� �r:  G 9 0#7è½ 2�0$:³:D0$/ 9 >A7-@-:D0$/�0�½èº$CD2�G¹2�CD>A1-/�+ >A7B,
:D0�:³C³0#1 i �f+-7BC³/ �²7-0 T+

i T
+
k Φ0 = T+

mT
+
n Φ0

	 5A>nC³,:SfEA7B,�0 4 �A? 	$� � � �%7�>n1-º4>n1SG
∆i+k = 8J,

EPV (i + k) = 12JC,

Ci+k = 2C2

(

12− 14C

8− 12C

)

,

E¼:D0$/ .$º��-Gn1-EA0#/ 9 0P/�+BC³1-/ /�7-,`:³0�:³CD0$16/�0#º$>A1 9 5n>AC³/�C³1 	 5n>AC³,:SfEn7-,�0 4 �A?�	 � � � �  1FG
∆i+k = 10J,

EPV (i+ k) = 13JC,

Ci+k = C2

(

12− 14C

10− 13C

)

.

�ö<à.��²7fG¹2�CD>A1�Sf1fGn:D0+�²7-CÖ/�+¯.$º$CFSf0;:=<?.��²7fG¹2�C³>A1 	 4 �A?²¸ � 0$/Z2
(

6− 7C
)

+ 1 + 2C2

(

16− 16C

8− 12C

)

+ 14C2

(

2− C
10− 13C

)

= 0. 	 4 � ¸A¶ �
�ÖGF/�>A:³7è2�C³>n1 9 >A1-º�0$/Z2 C = −0.16327 0#2 Ecoh = −2.3265J ,6º#>A»�+fGn,�0#,PGn7è½¤»�0$CD:³:³0#7-,�0#/�.#5¹G E
:³7-G¹2�CD>A1-/ 9 0 � � � � ? 4 � ?²¶ � �²7-C 9 >A1B1-0$132 −2.3386J 0#2 −2.3388J �N� 0$/40$,�,�0$7-,�/ /�>A132 0.51% 0#2
0.52% � 9 >n2�,�04.j5nG¹:³7fG¹2�C³>A16+¯0$7B26;#2�,�0Pº$>A»�+fGn,�.$0�G¹7è½F.#5¹Gn:D7fG¹2�CD>A1-/`º$:³Gn/�/�C��²7-0#/ 9 0 � � � ?89=� ?8? � �²7-C9 >A1B1-0$132

−2.2970J Gä5n0$º 9 0$/`>A+¯.$,�G¹2�0#7-, 9 0 9 0$78½�Eÿº$>A,�+-/ ,
−2.3274J Gä5n0$º 9 0$/`>A+¯.$,�G¹2�0#7-, 9 0>�²7fG¹2�,�0 Eÿº$>A,�+-/ ,
−2.3340J Gä5n0$º 9 0$/`>A+¯.$,�G¹2�0#7-, 9 0;/�CÒ½�Eÿº$>A,�+-/ ,
−2.3364J Gä5n0$º 9 0$/`>A+¯.$,�G¹2�0#7-, 9 0>�²7-CD2RErº$>n,�+-/ .

�ö<à7è2�C³:DC³/�G¹2�CD>A1 9 0$/¼>A+¯.$,�G�2�0$7B,�/ 9 0 9 Eÿº$>A,�+-/�,�0$1 9 :=<àGn:³En>A,�Cï2��-»�0!@¯0bGn7Bº$>A7-+�+-:³7-/�º$>n»¼+-:D0j½è0&� 9 >n/
,�.#/�7-:ï2hG¹2�/ 1�<?C³»�+-:³C��87B0$132 �²7-0 9 0#/ >A+¯.$,�G�2�0$7B,�/-, 9 0$78½�Eÿº$>A,�+-/��f0j2`1->A7-/`Gb5n>A1-/ :VG�»C;$»�0�0�½BGnº#2�CD2�7 9 0
�²7�<?0$1 »¼Gn1-CD+-7-:³Gn132 9 0#/�>A+¯.$,�G¹2�0#7-,�/-, �²7fG¹2�,�0 Eÿº$>A,�+-/��
:4ÄfÈK/�%aÈ !ÖÇ6È �9)8ÅÖÇ+*�Æ¯É Ç !ÖÇ /7=C' )8ËbÉ =¯Å 	 ;uÄ<*äÌzÉ�*8!��9%uÅuÇ�(= ÅN/nÌzÉ =¯Å ;�*�= ! %aÉqÌ4!uÇ6Ë$ÉÊÅÖÆC%aÈ Ç3ÌzË>!uÇ8Ë
ÈlÉlÄfÉlË4=¯ÅuË
 1 5¹G¼,�0#ºbGn:Dº$7-:D0$,�:=<?.$1-0#,�EACD0 9 0 º$>&�-.$/�C³>A1L,�+fGn,Z2�C³, 9 <?7-1-0�' >A1-º#2�C³>A1S+-,�> 9 7-Cï2 9 0 /�CD1-EA7-:D0#2�/ 9 0#/

:³C³GnC³/�>A1-/�� �r:  G 9 0$78½!+¯>A/�/�C³@BC³:³Cï2�.#/ 9 0�»�0#2�2�,�0`:D0$/ /�C³1BEA7-:³0j2�/ /�>ACï2 0$1\º#>A:³>A1B1-0�º#>A»�»¼0`»�>A132�,�. 9 G¹1-/
:VG2SfEn7-,�0 4 �Þ¸;/�>ACD2 9 .#ºbGn:D.$/�	$SfEA7B,�0 4 � � � �)7�Gn1B/
:D0�+B,�0$»�C³0#,wºbGn/ >A1¼G 9 0#7è½�2  + 0#/ 9 <?0j½èº$Cï2hG¹2�C³>A1B/ /�>ACD2
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K LNMPO 4 �Þ¸è¾ � k �8e�! e�knm³� �ni=} �8}¼mïk Sb� ! gjpli=� ! ��� � !��8} �¼dBkn��pliq� �8}hyPd¯�h� �n|8iqpqy �8}�yji"! �n|8m³}jp y �8}hymoilkni³yä� !By°}�! gh��m³� ! ! } df��|8� m³} ��ehyä}�kn| �8} yrd¯i"! � ��� g�kn����e yji ��d¯m³}
U � }hy yjx � �j��m³}hy yä� � �$��}hy��}rd¯��ehyä}�!fpò}�!fpPm³}hyFpÊ��iÞd¯m³}jpqyFm³�äg�kn|�#

U Φ′0 �
Sb� ! gjpli=� ! �8}F��e%Sbej��}�! gh}! 

Φ′ii′
 

Φ′ij
pÊxhdf}hy �8}!Sb� ! g"�pli=� !By �8}Pd¯�h}���i��j��} �8e�! ej��knpÊi=� !

U �
}hy Sb� ! gjpli=� !By �8}¼yä}hgh� !��8} �8e�! ej��knpli=� ! yä� !fp�pÊ���hd ! � � �$��}j|3yä}hydf��|8��� �n|8��}j�;i=gji

U

/�7B+ 0#,�+¯>A/�.#0$/ 9 0
º$>80 <�º$CD0$132 C1
��+ >n7-,]:D0$/ �²7-0#:³:D0$/u>A1�G�7-1 .$:³.#»¼0#132 9 <?C³132�0#,�Gnºj2�CD>A1�Gb5A0#º:VG@' >A1-ºj2�C³>n19 0�,�. ' .$,�0#1-º$0 Φ′0

� h1 = 〈Φ′0|H|Φ′ii′〉 =
√

3J �Ö0#24:³0�/�0#º$>A1 9 2  +¯0&� 9 <?0j½èº$Cï2hG¹2�C³>A1B/Pº#>A:³CD1-0bG¹C³,�0#/ 9 0º$>80 <�º#C³0$132 C2
��Gb5A0#º47B1S.#:³.$»�0$132 9 <?C³132�0$,�G¹º#2�CD>A1 h2 = 〈Φ′0|H|Φ′ii〉 =

√
3J/2 �

�ö<à.#1-0$,�EAC³0 9 0;º$>&�-.$/�C³>A1F.#5¹Gn:D7-.$0�/�0$:³>n1S:Ê<à.��87-G¹2�CD>A1 	K�4� 4 · � 0$/�2
Ecoh =

−7J + 2h1C1 + 2h2C2

4
, 	 4 �Þ¸E9 �

:³0#/ .��²7fG¹2�C³>A1B/-�²7-C 9 >A1-1-0#1²2 C1
0#2 C2

/�>A132 9 0$/�/�+¯.$º#C�Sfº$G¹2�CD>A1-/ 9 0;:Ê<à.��87-G¹2�CD>A1 	 4 �A?²¸ �
[

2J − 3h1C1 − 4h2C2

]

C1 + h1 −
1

3

[

4h2
1C1 + 8h2(h1C2 + h2C1)

4J − (4h1C1 + 4h2C2)

]

= 0, 	 4 � ¸@? �
[

3J − 4h1C1 − 3h2C2

]

C2 + h2 −
1

3

[

8h1(h1C2 + h2C1) + 4h2
2C2

4J − (4h1C1 + 4h2C2)

]

= 0. 	 4 � ¸A¸ �
 1K,�.#/�>A7è2�º$04/  /�2 �$»�0 9 <?.��²7fG¹2�C³>A1B/�º$>n7-+-:³.#0$/�� 0#2�>A1 >n@B2�CD0$132 C1 = −0.43746 � C2 = −0.202540#2 Ecoh = −2.21655J �

7�Gn1-/6:D0K/�0#º$>A1 9 ºbG¹/��º¹<à0#/�2DE , E 9 C³,�0 9 Gn1-/N:D0KºbGn/ 9 .#ºbGn:D.&�
>A1 G 7-1 /�0$7B:�2  +¯0 9 <?0j½èº$Cï2hG¹2�C³>A1B/9 0�º$>80 <�º$CD0$132 C º$>A»�»¼0�CD:wGn+-+fG¹,�G�?D2 9 Gn1-/P:VG SfEA7B,�0 4 � �.�ÖGF7-1 .$:D.$»�0$132 9 <àCD132�0$,�Gnº#2�C³>A1�Gb5A0#º!:³G
' >A1-ºj2�CD>A1 9 0;,�.�' .#,�0#1-º$0 Φ′′0

� h = 〈Φ′′0|H|Φ′′ij〉 =
√

3J/2 �
�ö<à.#1-0$,�EAC³0 9 0;º$>&�-.$/�C³>A1F.#5¹Gn:D7-.$0;Gn7B/�/�CÖ/�0$:³>n1F:Ê<à.��²7fG¹2�CD>A1 	K�4� 4 · �

Ecoh =
−7J + 6hC

4
, 	 4 �Þ¸ � �

:=<?.��²7fG�2�C³>n1��87BC 9 >A1-1-0;0$/Z2�7-1-0;/�+¯.$º#C�Sfº$G¹2�CD>A1 9 0;:=<?.��²7fG¹2�C³>A1 	 4 �>?²¸ � C 0$/Z2
[

3J − 11hC
]

C + h− 4hC√
3
− 1

3

[

20h2C

4J − 12hC

]

= 0. 	 4 � ¸8B �
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K LNMPO 4 � �B¾ � k �8e�! e�knm³� �ni=} �8} mïk Sb� ! gjpli=� ! ��� � !��8} � dBkn��pliq� �8}hy d¯�h� �n|8iqpqy �8}hyöyji"! �n|èm³}jpqy �8}hy moilkni �yä� !By �8ehg�knm³eudf��|8�m³}Ø��ehyä}�kn| �8}
yrd¯i"! � ��� g�kn����e
yji ��d¯m³}
U �
}hy
yjx � �j��m³}hywyä� � �$�h}hy ��}rd¯��ehyä}�!fpò}�!fpm³}hy4pÊ��iÞd¯m³}jpqy�m³�äg�kn|$#

U Φ′′0 �
Sb� ! gjpli=� ! �8} ��e%Sbej��}�! gh}! 

Φ′′ij �
Sb� ! gjpli=� ! �8}�d¯��}���i��j��} �8e�! ej��knpÊi=� !

U �
}hy

Sb� ! gjpli=� !By �8}�yä}hgh� !��8} �8e�! ej��knpli=� !Syä� !fpwpÊ���hd ! � � �$��}j|²yä}hyØdf��|è� � �n|8�h}j�;i=gji
U

 1S,�.$/�>A7B2�º$0j2�2�0;.��87-G¹2�CD>A1 �87BC 9 >A1-1-0 C = −0.30411 0j2 Ecoh = −2.14506J � 1!º$>n1-/�2�G¹2�0��87B0�:=<?.$1B0$,�EnC³0 9 0�º$> �-.#/�CD>A1\ºbG¹:³º$7B:³.$0`0#1!+fGn,Z2hGn132 9 0 Φ0
�87BC¯0#/�2J' >A1-º#2�C³>A1 9 < �r/�CD1-E

0$/Z2`»¼0#C³:D:³0$7B,�0-�87B0�:³0$/ 9 0$7è½!5¹Gn:³0#7-,�/>n@B2�0#187B0$/-, +fGn,Z2�CD, 9 0 Φ′0
0#2 Φ′′0

�=�²7-C ,�0$/Z2�0#1²2`2�, �$/Ø:³>ACD1 9 0�:³G
5¹Gn:³0#7-,�0j½BGnºj2�0�� �r:ö/�0$» @-:³0 9 >n1-ºT�87B0¼:D0$/ 9 .j5A0$:D>A+-+¯0$»�0$132�/P+fGn,Z2hGn132 9 0 Φ′0

0#2 Φ′′0
1-0�º$>n1²5n0$,�EA0$132

+fGn/ 5A0#,�/ Ψ0
»¼GnCD/ö+ 0#7B2:;j2�,�0��èº#>A»�»¼0`>A1¼:³0`5A0$,�,�GP/�7-,
:³0�,�.$/�0bGn7!+-:VG&�²7-0j2�2�0 	 º��fGn+-Cï2�,�0 ? � 5A0#,�/ 9 0#/

.#2�G¹2�/`»�.#2�Gn/�2�Gn@-:³0#/��

����� � � � � 	� ��� � �
���\»��
	���������Dº���������������	���������	���� �����!��"��$#&%'��½(��� �����)�*�+�,���-	."������/	.�10*��2��#3�G'4� �-º�	��)�*�56%'�*�2��

»�� �)�7��#8#)�9�:%;���-	���� �<��	����Dº�	.�#»�����	��,����	�"������/	.�10*�&�N3=#)#8�9����	>�?����	�"������@	.�80 ����� º���������� �A":%;��#)#8�9��"��1	
"����7B*���������/	.�8�*�CB*�����D� #8�*B*����"2�$��$#3�8'4�*�Bº�	.�8�*�C:%;�*����7�
	��A":%;��#8#)�$�#»���#8�*�)� 	E�*"F��%G� �2��"��)�$��"�� � ����
��0/� #8"��/	��)�*���H�?����	."2�����/	��80 ���I�����º���� <�º��)����	��J2���I0*�$º
	.��"����K��7#3�����#º��*�2��LB �������.�/	��)�*�B�

� � �8�M��#)#)�N�6%'����	O��� �M�,���-	."������/	��80*�J�� �2�M#8�J�������M���P#8���wº���� <�º��)����	��H����Q0 �$º�	���"����O��K�����#»��������
B*���������/	.�8�*�F���*��	J�*�2	����A"��J���R�������*#80/� ��	I"��R���2���$»>��#)�7:%;���A"��/	��)�*�2�J�,�*#  ���A»��)� #)���Øº��*"���#8�������13=#)#)�
�,��"2	�;�	�����º��A»���� �����C,F#3�N»��
	������� � � 	4��	<���S��� ��	��³º�"�#)�8���+,F#3�T0*�������)�*� � � 7
	 ± :�� � �� �A	<��#)#)�
��F� �����J��� �U#3�;º��*�2���)2���.�@	.�)� ������H��
0��3�/	��)�*���U�,�*�����)��#8��� ,L#&%G�/���8	��80��8	��O����H���2����B �)���Q:%;�j½èº��1	V�/	��)�*�2�
»�"�#1	.�8��#)���W��	Q��� �=#&%'�8��	.�����"-º
	.�8�*�!����wº��*�����$º�	��)�*�2�Q6% 3P���X�� ���U#)���Q��������B*�)���Q� "è½9������A»��)���@	.��"2�����

�H�)���T��"2�K���/�D'E� �1	.�$»�����	U�/����#)�DºD� �2#)�O�/"è½�ºD�/#³º�"2#)�JY �[Z"!�Z]\EZ_^ �*#3��»���	 ���(2�I�7�
	.�I���������A	��)��#)#)�#»�����	
º�� � ��"����,�*"��7#_%;��	�"���9����<��������� "è½S�?�����8�(����A"����$�
	>#8���>���n»��)#1	.�*���8������»������#)����� 7�� �2�4º���� º�� ��,
��� �-	.�8�N���'4� �-º�	��)�*��� '4�*�-	.�#»����A	J#8�èº�� #)�8�������N:%;�*������ ���������`#3��»��
	�������<���-	�� ��� #  	.���A"��&����#)#)��»C���2�
,7����M�j½(�����������)�*���M�?� #  � �A»��3� #8���W���³»���#)������������������	V� ��	H"��P���n»������I	.�D���Q#)�D»��1	.�O��I0/� ���)� ��#8����	E"2���
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�=%'��½2�nº�	��8	."2��C:%;"����6»��
	�������F� "2�����H���³»���#8�P���-	���"������������ ��	.��� º��A»�»����)#)#8"���	����¼º��FE �������"����P3=#)#)�
'4�*"������8	I"2� �*"2	��)# ��½2�2#)�*���/	.�*�8���$��#)��B*� ��	K�,�*"��I#&%'�
	."���<����K��������� "è½ �,�����8�(2���A"����I��<���2�)�B� ����»�� E
	��2�(��Q���-	W���@	."�����#)#8�$»�����	 � ����#8�³ºD�/��#)�U� "8½8���n»��8#8	��*���)�����:�� �K"��2��� �� �/�� �A	 #)��� ���*#)"2	��)�*�2����½2�nº�	����
���K���*��	N���/�Øº�� ���A"���� 	4�j½èº����2	.���7#3�;º�����?3�2� 4 E 7X����B*"�#)������� � ��	O� "è½P�������D� "8½6¶ E 7X�*" 9 E 78�.�="��)�D�A"��
#3�P»��
	�������J�j½(��#8�*���K����"2#)�$»�����	H#3�7���  �����A"��7� "(	.�*"��Q:%;"�����#8�3� �8���*�9�� �������
	 µ�"��D��"6% ,>���ï½�#)�)� �)���*���
�� �2�Âº����&�A"��I��8���$º
	.�8�*� � ��#)#8�M�,��"2	w»����2����,6�A"���#��A"����Q2�)��º�"������)�*�2� �A"�� #)�1	V�/	��80 ��� �-	.�D»�"�#3�/�A	���� �?�*"2�
��0/� #8"����
º�����"2�6���-	O#8�èº�� #`�*"T����B*�)� ��� #���	M0*�����8	.� ��#8�$»�����	º��*#)#8�$º�	���'?�� ���H#_%;��������B*�8�K���º�� �2�����8�*�T����
�  �-	��$»����M���#8�èº�� #)�8����� � 985=� ?3· � �)���;»��
	�������K�nº�	�"���#8#)�:'4�*"������8	Q����������	.�)��#)#8�$»�����	Q"����[�
0/� #)"��@	.�)� �!��
#_%;���2����B �)�7��>#&%'�
	V�/	@'4�*�2��n»�����	V� #0�13=#)#)�7�,��"2	K��B*� #)�#»����A	-'4�*"������)�I�����'4�*�Bº�	.�8�*���I��4º��*������#)�/	.�8�*� ,
º�� "���	����U��)�-	V� �Bº������)� ��º�� �.�¹º�	������N#8�èº�� #)�8���H2� Φ0
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]

/
√

2 1 T+
ab = ab 1 T−ab = āb̄ "�(
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣
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(
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+
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0
cdT

0
ef

〉

+
〈

S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

+
〈

S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T−abS
0
cdT

+
ef

〉

−
〈

S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T 0
abS

0
cdT

0
ef

〉

−
〈

S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

−
〈

S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T−abS
0
cdT

+
ef

〉

+
〈

S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T 0
abS

0
cdT

0
ef

〉]

/3. =Ji�:.%�- /
, -��%"Z�+" 4 (N- ��4��(�.& �%" �$�@s ")& " �,� "Z# 4%"
 4%&+�%" 4�A -��.�(�. !�'�% �:,)a�'�H�Z�'���



 ��� � ���� �G� �*�,�B� � 	 �����H	��A�*�5� �
� ���
	 ��	 ���*�� � � %K� �

〈

S0
abT

+
cdT

−
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

= 0 1 〈S0
abT

+
cdT

−
ef

∣

∣H
∣

∣T−abS
0
cdT

+
ef

〉

= 0 1 〈S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

= 0 1
〈

S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T 0
abS

0
cdT

0
ef

〉

= 0 1 〈S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

= 0 "�( 〈S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T−abS
0
cdT

+
ef

〉

=

0 :

$ ��&1"�" ��&�# 4 �0� (7# 4%"
-����)(*�0(#� ���  �-,"�# 4%")-� " (*&!�'4,4'" -�� -&���(�, ��'� ef �%" �!�'4%"Z� �� #�%"
&���-." 1,�'� �

〈

S0
abT

+
cdT

−
ef

∣

∣H
∣

∣T+
abS

0
cdT

−
ef

〉

=
〈

S0
abT

+
cd

∣

∣H
∣

∣T+
abS

0
cd

〉

=
[〈

ab̄cd− ābcd
∣

∣H
∣

∣abcd̄− abc̄d
〉]

/2

=
1

2

[

Jac + Jbd − Jad − Jbc

]

, =Ji�:.%!'G/

〈

S0
abT

−
cdT

+
ef

∣

∣H
∣

∣T−abS
0
cdT

+
ef

〉

=
〈

S0
abT

−
cd

∣

∣H
∣

∣T−abS
0
cd

〉

=
[〈

ab̄c̄d̄− ābc̄d̄
∣

∣H
∣

∣āb̄cd̄− āb̄c̄d
〉]

=
1

2

[

Jac + Jbd − Jad − Jbc

]

, =Ji�:.%KpH/

〈

S0
abT

0
cdT

0
ef

∣

∣H
∣

∣T 0
abS

0
cdT

0
ef

〉

=
〈

S0
abT

0
cd

∣

∣H
∣

∣T 0
abS

0
cd

〉

=
[〈

1̃− 2̃ + 3̃− 4̃
∣

∣H
∣

∣1̃− 2̃− 3̃ + 4̃
〉]

/4

=
[

H11 −H33 −H12 +H34

]

/2

=
1

2

[

Jac + Jbd − Jad − Jbc

]

. =Ji�:.%
�H/

)���&1"�"P�%-��2� "G�6� �2#!4 " ( " &�" "Z� ��&  �T40��-," 4%& � �0�% �-�����# 4 �0( �9�'�>=UiE:@% - /B1 ")(7�'�X��< ( �," � (

Hjk,ik = −1

2

[

Jad + Jbc − Jac − Jbd

]

=
−1√

3
H0,ij.

=Ji�: \ �H/

)���&1"  14H" "
-,"/����-.� 4%-," �%" Hjk,ik
� ���% �-��ELH+'4%& "
 14$�.40��� (*"

Φ0
Φjk

Φij Φik

〈

Φ0

∣

∣H
∣

∣Φij

〉

= −

√

3
〈

Φjk

∣

∣H
∣

∣Φik

〉

T̂
+

jk

T̂
+

ij T̂
+

ij
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� 6�� ��� �� 	 �.��� � ��� � � ��	�� �� ��	 ��	 �*������� �  ��	 ��	 ��� � �  � � �5�����  � � �
	�� � � ��� 	 	 �

 ��� ������� �������&�� ��� � ��� ������� � ������� ��! "$#&% �������'���)( � � ���*!��

+ ��	��
	 , -��� �����/.10 �%�32 4 ���5.�6

[

6λJ − 7JC
]

C + J + 2J

[

2

(

12λJ − 14JC

8λJ − 12JC

)

− 1

]

C2 + 14J

[

12λJ − 14JC

10λJ − 13JC
− 1

]

C2 = 0,
798;: � /

Ecoh = J

[

C − λ

2

]

.
798;: �G/

+ ��	�� � , -��� �����/.10 �%�32
XY

[

6J − 7J

2

(

1 + λ
)

C

]

C +
J

2

(

1 + λ
)

+ 2J

[

2

(

12J − 7J
(

1 + λ
)

C

8J − 6J
(

1 + λ
)

C

)

− 1

]

C2 +

+14J







12J − 7J
(

1 + λ
)

C

10J − 13J

2

(

1 + λ
)

C

− 1






C2 − J2

(

1− λ
)2
C

2

[

J − J

2

(

1 + λ
)

C

] +

− J2
(

1− λ
)2
C

8

[

J − J

2

(

1 + λ
)

C

] = 0,
798;:=< /

Ecoh =
J

2

[(

1 + λ
)

C − 1
]

.
798;: 6 /



� ��� � � �  �.	 �
	 ��� � �5� � ������� 	 �*� � ��� � � � � 	 � � � � �� � �  � ��	�� � � 6 <
	� " ������� ������ ��� ��� � ��� ��
�$#���� � (�� � ��� " # % ��� ���'��� (�� � ���*!��

+ �����
	 , -��� �������*� 0 � � 2 4 �����;6 0 ���*� �%�����

���%"����/"������.")� ( C 7 & ") �� : C ′ / �. & " -.�0( ���'" ( � ( �%"  ��$�,� ""!#�$�%����%'" �,� (��%"&�%-.�(' 4%")(1(*" 7 &1"  �� :
) ")( � " " ��( �%"*�%-.�(' 4%")(1(*"  �/ 7 ��+ :-, %'4%&1" 8�: � / :

[

2Jp + 2Jd − 3JpC − 2JdC
′
]

C + Jp + Jp

[

2

(

4Jp + 4Jd − 6JpC − 4JdC
′

4Jd − 4JpC − 4JdC ′

)

− 1

]

C2 +

+4Jp

[

4Jp + 4Jd − 6JpC − 4JdC
′

4Jp + 2Jd − 6JpC − 3JdC ′
− 1

]

C2 +

+2Jd

[

6Jp + 2Jd − 7JpC − 3JdC
′

4Jp + 2Jd − 6JpC − 3JdC ′
− 1

]

CC ′ = 0,
798;:/. /

i

j

T
+

i,j

Φj

Φi

i

j

Jp

Jd

Φ0

C

C
′

738:9<; 8;: � =10*� � � � 4 � =(2 � 7 ��	 �43 �(5 � 7 � ��8 ����� � ��� �G? � � � = 7 ? � �76 ��� � = Φ0 ? Φ0 8 ? � 7 � ? � ��8 � 7 � ��8 ����� � :
Φi : Φj

� 2 ;�� ��� 7:9 ? ��� =�� � � ?'� ����� ��7 � ��8 ����� � � :�; 	 � � � �*7���8 � � ? ��� �=< 4 � � � 8 � � � =�� � � ?'� ����� ��7 � ��8 ����� � �
�G? � � � � ���-� � ? � � � � � < ��; � 8 � ��? � � ?



� 6H6 ��� �� 	 �.��� � ��� � � ��	�� �� ��	 ��	 �*������� �  ��	 ��	 ��� � �  � � �5�����  � � �
	�� � � ��� 	 	 �

[

4Jp − 4JpC − JdC
′
]

C ′ + Jd + 4Jd

[

8Jp − 8JpC − 2JdC
′

6Jp − 7JpC − 2JdC ′
− 1

]

C ′2 +

+4Jp

[

6Jp + 2Jd − 7JpC − 3JdC
′

4Jp + 2Jd − 6JpC − 3JdC ′
− 1

]

CC ′ = 0,
798;: - /

Ecoh = −
[(

1− C
)

Jp +
(

1− C ′
)

Jd

]

.
798;: 'G/

+ ����� � , -��� �������10 �%�32 � �1� � � - �����/-�� � ��� ��� ���*( �����;6�� � ���
���%"� �!"�� ��," � ( C �. &1" -���( � ��"�( � ( � " �#�'4 ) -," ""!-��,(*�0( � �'�% �� �� ��$� �)(*4 & "�,�.� , %�4%& " 8;: � :

h =
〈

Φ′0
∣

∣H
∣

∣Φ′ij
〉

=

√
3Jp

2
,

[

4Jd − Jp − 7hC
]

C + h− 1

3

[

20h2C

4Jd − 8hC

]

+
2hC2

3
= 0,

798;:�� /

Ecoh =
[

− Jd −
Jp

2
+ hC

]

.
798;: �H/

i j

j’

i j

j’’

i j k

i j i j

Φ
′

0 Φ
′

ij

T
+

ij

Φ
′

α
Φ

′

α
′

Φ
′

β

T
+

jj′′,jj′,jk

738:9<; 8;: � = 0*� � � � 4 � =(2 � 7 ��	 �&3 �(5 � 7 � ��8 ����� � ��� �G? � � � = 7 ? � � ; ? �� � 8 � � 7�< � � � ��� � = 4 � �
� ?� �G?�> � 2 � < � 4 � ? � ; ? � � � � � 4 � 8 � 4 � ? � ; 4 � ��� ? Φ′0 8 ? � 7 � ? � ��8 � 7 � ��8 ����� � : Φ′ij 8 9 ? ��� =�� � � ?'� ����� �
7 � ��8 � ��� �

: Φ′α : Φ′α′ : Φ′β
� 2 ;�� � � 7�� � � 7���8 � � ? ��� �=< 4 � � � 8 � � � =�� � � ?'� � ��� � 7 � ��8 ����� � � ?



� ��� � � �  �.	 �
	 ��� � �5� � ������� 	 �*� � ��� � � � � 	 � � � � �� � �  � ��	�� � � 6 .
+ ������� , -��� �������*� 0 � � 2 ��� ��� � - �*��� -<� � � � ��� ���*(���� ��6�� � ���

���%" &1"���& "�( � � (��-�+"  ��(+ ����4 ) -." ""!-��,(*�0( � �'�% ��'�� ��� �)( 4%& "�� �.� , %'4 & " 8;:=< : D� �.�#%�( �%" ���0( �0( � �'�% 

h1 =
〈

Φ′′0
∣

∣H
∣

∣Φ′′ij
〉

=
√

3Jp, h2 =
〈

Φ′′0
∣

∣H
∣

∣Φ′′ik
〉

=

√
3Jd

2
,

(��%"�( � � � ��4��%-."�� � �'-��!����� ����-+" ' 4 �0( � �'�  ��0& "

[

2Jp − h1C1 − 4h2C2

]

C1 + h1 −
1

3

[

4h2

(

h2C1 + h1C2

)

4Jp −
(

2h1C1 + 4h2C2

)

]

= 0,
798;: �
	 /

[

4Jp − Jd − 2h1C1 − 3h2C2

]

C2 + h2 −
1

3

[

2h1

(

h2C1 + h1C2

)

+ 4h2
2C2

4Jp −
(

2h1C1 + 4h2C2

)

]

= 0,
798;: � � /

Ecoh =

[

−
(

5Jp + Jd

)

+ h1C1 + 2h2C2

]

4
.

7�8�: � �G/

i

j

ki

Φ
′′

ik

Φ
′′

ijT
+

ij,ik

ki

j

Φ
′′

0

C1

C2

738:9<; 8;:=< =�0*� � � � 4 � =(2 � 7 ��	 � 3 �(5 � 7 � ��8 � ��� � ��� �G? ��� � = 7 ? � � ; 4 ���� � � � �; ? �� � 8 �*� 7 < � � � ��� � = 4 � ���
?
� �G?�> � 2 � < � 4 � ? � ; ? � � � � � 4 � 8 � 4 � ? � ; 4 � �
� ? ; 	 � 9 = � ? ��; � 8 � � ? � � �
	 �� � 2 ;�� � � 7 9 ? ��� =����

� � ?'� � ��� � ��� � = 4 � � ��� � � � � ?�; 	 � � � � 7���8 � � ? ��� �=< 4 � � � 8 � � � =�� � � ?'� ����� � 7 � ��8 ����� � � �G? � � � � ����� � ? � � �
� � < � ; � 8 � ��? � � ?



� 6 - ����� �������	� � ��� � ��
����
 � ��� ��	�� ��������� � ��� ��	 ��� � ��� � ���5���	� � � � �
	�� � ������� 	 �

	��� ����� � ������ ��� ��� � ��� � (���� ��� � � � (�� � ���*!��

+ � �>�
	 , -��� �������*� 0 � � 2 4 �����;6 0 ���*� �%�����

� �%"����/"������.")� ( C 7 & ") �� : C ′ � �. & " -.�0( ���'" ( � ( �%"  ��$�,� ""!#�$�%����%'" �,� (��%"&�%-.�(' 4%")(1(*" 7 &1"  �� :
) ")( � " " ��( �%"*�%-.�(' 4%")(1(*"  � 7 ��+ :-, %'4%&1" 8�:�� � :

[

2J0 + 4J1 − 3J0C − 4J1C
′
]

C + J0 + J0

[

4J0C

−8J1 + 4J0C + 8J1C ′
− C2

]

+

+J0

[

4J0 + 8J1 − 6J0C − 8J1C
′

4J0 + 4J1 − 6J0C − 6J1C ′
− 1

]

C2 + J0

[

8J0 + 4J1 − 8J0C − 6J1C
′

4J0 + 4J1 − 6J0C − 6J1C ′

]

C ′2 +

+6J0

[

4J0 + 8J1 − 6J0C − 8J1C
′

4J0 + 6J1 − 6J0C − 7J1C ′
− 1

]

C2 + 4J1

[

6J0 + 6J1 − 7J0C − 7J1C
′

6J0 + 4J1 − 7J0C − 6J1C ′
− 1

]

CC ′ +

+4J1

[

6J0 + 6J1 − 7J0C − 7J1C
′

4J0 + 6J1 − 6J0C − 7J1C ′
− 1

]

CC ′ = 0,
7�8;: � < �

j

i

ΦjΦi

i

j

Φ0

T
+

i,j

C C
′

J1

J0

� �"!$# 8;:%�'& 0*� � � � 4 � =(2 � 7 ��	 �43 �(5 � 7 � ��8 ����� � ��� �)( � � � = 7*( � �76 ��� � = Φ0 ? Φ0 8 ( � 7 � ( � ��8 � 7 � ��8 ����� � :
Φi : Φj

� 2 ;�� ��� 7:9+( ��� =�� � � ('� ����� ��7 � ��8 ����� � � :�; 	 � � � �*7���8 � � ( ��� �=< 4 � � � 8 � � � =�� � � ('� ����� ��7 � ��8 ����� � �
�)( � � � � ���-� � ( � � � � � < ��; � 8 � �,( � � ?



��� � � ��� � �������'����� � �	���
� � ���,� ��� ��� � � ��� 
 � � ���

[

2J1 + 4J0 − 3J1C
′ − 4J0C

]

C ′ + J1 + J1

[

4J1C
′

−8J0 + 4J1C ′ + 8J0C
− C ′2

]

+

+J1

[

4J1 + 8J0 − 6J1C
′ − 8J0C

4J1 + 4J0 − 6J1C ′ − 6J0C
− 1

]

C ′2 + J1

[

8J1 + 4J0 − 8J1C
′ − 6J0C

4J1 + 4J0 − 6J1C ′ − 6J0C

]

C2 +

+6J1

[

4J1 + 8J0 − 6J1C
′ − 8J0C

4J1 + 6J0 − 6J1C ′ − 7J0C
− 1

]

C ′2 + 4J0

[

6J1 + 6J0 − 7J1C
′ − 7J0C

6J1 + 4J0 − 7J1C ′ − 6J0C
− 1

]

CC ′ +

+4J0

[

6J1 + 6J0 − 7J1C
′ − 7J0C

4J1 + 6J0 − 6J1C ′ − 7J0C
− 1

]

CC ′ = 0,
7�8�: � � �

Ecoh = −
[(

1− C
)

J0 +
(

1− C ′
)

J1

]

.
7�8�: � . �

+ � �>� � , -��� �������*� 0 � � 2 � ���*( ������61� � ��� 0 � �� �����1��
� �%" &1"��0& " (��%& ")"�(�� �+"  �(+-���'4 ) -." "�!-���,( ��( � ���% � �� :�$� ��(*4%&1"� �.� , %�4%& " 8;:/. :��  �,��% ( �%" ���0( �0( � �'�% 

〈

Φ′0
∣

∣H
∣

∣Φ′ii′
〉

= h1 =
√

3J0,
〈

Φ′0
∣

∣H
∣

∣Φ′ii′′
〉

= h2 =
√

3J1,

〈

Φ′0
∣

∣H
∣

∣Φ′ij
〉

= h3 =

√
3J1

2
,

( � "
(��%& ")"*� �'4�� -."��� �'- �!����� ���0-$"�'!4%�0( � �'�% ���&1"
[

2J0 −
(

h1C1 + 2h2C2 + 4h3C3

)]

C1 + h1 −
1

3

[

2h2

(

h2C1 + h1C2

)

4J0 −
(

h1C1 + h2C2

)

]

+

−1

3

[

8h3

(

h3C1 + h1C3

)

4J0 −
(

2h1C1 + 2h3C3

)

]

+
2h1C

2
3

3
= 0,

798;: ��� �

[

4J0 − 2J1 −
(

2h1C1 + h2C2 + 4h3C3

)]

C2 + h2 −
1

3

[

2h1

(

h1C2 + h2C1

)

4J0 −
(

h1C1 + h2C2

)

]

+

−1

3

[

8h3

(

h3C2 + h2C3

)

4J0 −
(

2h2C2 + 2h3C3

)

]

+
2h2C

2
3

3
= 0,

798;: � � �

[

4J0 − J1 −
(

2h1C1 + 2h2C2 + 3h3C3

)]

C3 + h3 −
1

3

[

4h1

(

h1C3 + h3C1

)

4J0 −
(

2h1C1 + 2h3C3

)

]

+

−1

3

[

4h2

(

h2C3 + h3C2

)

4J0 −
(

2h2C2 + 2h3C3

)

]

− 1

3

[

4h2
3C3

4J0 − 2h3C3

)

]

+
h3

[

C2
1 + C2

2

]

3
= 0,

798;: � � �

Ecoh =

[

− (5J0 + 2J1) + h1C1 + h2C2 + 2h3C3

]

4
.
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i’

i

i’’

i j

Φ
′

ijΦ
′

ii′
Φ

′

ii′′

C1 C2
C3

i j

T
+

ii′,ii′′,ij

Φ
′

0
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?
� �)(�� � 2 � < � 4 � ( � ; ( � � � � � 4 � 8 � 4 � ( � ; 4 � �
� ? ; 	 � 9 = � ( ��; � 8 � � ( � � �
	 ��� � 2 ;�� � � 7 9+( ��� =����� � ('� � ��� � ��� � = 4 � � ��� � � � � ?�; 	 � � � � 7���8 � � ( ��� �=< 4 � � � 8 � � � =�� � � ('� ����� � 7 � ��8 ����� � � �)( � � � � ����� � ( � � �

� � < � ; � 8 � �,( � � ?
	��� ����� � ������ � � ��� � ��� � � ��� ���	� #
��� � ��� � (���� � " # % ����� �'���

(�� � ���*!��

+ ���'�
	 , -��� �������10 �%�32 4 ��� ��6 0 � �� �����1�
� �%" &1" �. � 4%�$� ' 4%"�(�� �$" �(+  ����.� ""!#�$�%����%'" � �� ��� �)( 4%& "�� �.� , %'4%&1" . : � �����$� �� '�.��%�-."1� �!"�� ��," � (

C
:

[

6J ′ − 2J − 7J ′C
]

C + J ′ + JC + J ′
[

2

(

12J ′ − 4J − 14J ′C

8J ′ − 4J − 12J ′C

)

− 1

]

C2 +

+J ′
[

2

(

12J ′ − 4J − 14J ′C

8J ′ − 2J − 12J ′C

)

− 1

]

C2 + 4J ′
[

12J ′ − 4J − 14J ′C

10J ′ − 2J − 13J ′C
− 1

]

C2 +

+10J ′
[

12J ′ − 4J − 14J ′C

10J ′ − 4J − 13J ′C
− 1

]

C2 + 2J ′
[

12J ′ − 4J − 14J ′C

12J ′ − 2J − 14J ′C
− 1

]

C2 +

− J2C

8J ′ − 2J − 8J ′C
= 0,

798;: � 	 �

Ecoh = −2J ′
[

1− C
]

.
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 � � � �
+ ���'� � , -��� �������*� 0 � � 2 � ���*( ������61� � ��� 0 � �� �����1��

� �%" &1"���& " + �'4 & (�� �$") 1� + ����4 ) -."�"�!-��2( �0( � �'�% ��'�� ��� �)( 4%& "�� �.� , %'4 & " . :=< : �  �,��% ( �%" ���0( �0( � �'�% 
〈

Φ′0
∣

∣H
∣

∣Φ′ii′
〉

= h1 =

√
3
[

2J ′ − J
]

2
,

〈

Φ′0
∣

∣H
∣

∣Φ′ii′′
〉

= h2 =
√

3J ′,

〈

Φ′0
∣

∣H
∣

∣Φ′ij
〉

= h3 =

√
3J ′

2
,

〈

Φ′0
∣

∣H
∣

∣Φ′h′i

〉

= h4 =

√
3J

2
,

( � "*+ ��4%&�� �'4#�%-."�� � �'- �!��� � �.��-$"�' 4 �0( � �'�% ���&1"
[

2J ′ − J −
(

h1C1 + 2h2C2 + 4h3C3 + 2h4C4

)]

C1 + h1 +

−1

3

[

2h2

(

h2C1 + h1C2

)

+ 4h3

(

2h3C1 + 2h1C3

)

+ 2h4

(

h4C1 + h1C4

)

4J ′ −
(

2h1C1 + 2h2C2 + 4h3C3 + 2h4C4

)

]

+

+
2h1C

2
3

3
= 0,
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� �

[

2J ′ −
(

2h1C1 + h2C2 + 4h3C3 + 2h4C4

)]

C2 + h2 −
2
[

h4C3 + h3C4

]

√
3

+

−1

3

[

2h1

(

h1C2 + h2C1

)

+ 2h3

(

2h3C2 + 2h2C3

)

4J ′ −
(

2h1C1 + 2h2C2 + 4h3C3 + 2h4C4

)

]

+
2h2C

2
3

3
= 0,

798;: � < �

[

3J ′ −
(

2h1C1 + 2h2C2 + 3h3C3 + 2h4C4

)]

C3 + h3 −
h2C4 + h4C2√

3
+

−1

3

[

2h1

(

2h1C3 + 2h3C1

)

+ h2

(

2h2C3 + 2h3C2

)

+ 4h2
3C3 + h4

(

2h4C3 + 2h3C4

)

4J ′ −
(

2h1C1 + 2h2C2 + 4h3C3 + 2h4C4

)

]

+

+
h3

[

C2
1 + C2

2 + C2
4

]

3
= 0,
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[

4J ′ − J −
(

2h1C1 + 2h2C2 + 4h3C3 + h4C4

)]

C4 + h4 −
2
[

h2C3 + h3C2

]

√
3

+

−1

3

[

2h1

(

h1C4 + h4C1

)

+ 2h3

(

2h3C4 + 2h4C3

)

4J ′ −
(

2h1C1 + 2h2C2 + 4h3C3 + 2h4C4

)

]

+
2h4C

2
3

3
= 0,
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Ecoh =

[

− (7J ′ + J) + h1C1 + h2C2 + 2h3C3 + h4C4

]

4
.

7�8�: � � �


