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➁✘❊ ➧◆❊✑➈➲✸❞❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄✣❆✕✒✔✄✢✬❋❯❖✠✎✤◆✆✚✄✢✤✔✤✘✄☞✙■✞④❘❀❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊➤➙✿➧
➁✘❊ ➧◆❊ ❃➩❛◗✠✎✬❋❯❖✒✔✄✼✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❄✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙■✍q✦✕✦✝✛☞✒❋✍♠✠✎✆✚✄✢✦✩✄✢✤◆✆❇✠✎❁✔✞✚✗☞✙■✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤Ò❊✼❊✴❊✴❊✼❊✴❊➤➙✌➙
➁✘❊ ➧◆❊ ➞➩✇❈✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤❩✒✔✄✴✒✔✄✢✤✘✙✟✍✑✆✚✛

n(r)
✍✑✦✕✦✝✛☞✒❋✍♠✠✎✆✚✄✢✦✝✄✢✤◆✆❇✠✎❁✔✞✚✗☞✙❄✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤Ò❊✼❊✴❊✼❊✴❊✼❊➃➈✫❅✌❅

➁✘❊ ➧◆❊ ➁➺✇❈P◆✤❚✠✎✦✕✍✭❱❲✬✘✄✴✒✔✄❇✏♠✠▲✞✚✄✢✆✟✖✘✄✢✞✟✦✩✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤➺❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌❃
➁✘❊ ➨ ❧ ✧★✤✘✜✢✏✑✬✘✙✟✍✭✧★✤❭❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➞

➢ ➘❅✜✣✚☞☛✾☛✍✏◆✁ ❰ ✜✣✒✝☛✍✏ ✶ ☛✾✒→✤ ✞✫✁❲↔✑✜❡✌✎☛ ✶ ✩✑✱❡✱❡✜✣✚✡✜✣✩✑✏✝✏✥☛✍✱ ➟❋Ó✾➢
❉❋❊✑➈➤❹♦✤❲✆✟✞✚✧◆✒❋✬✘✜✢✆✟✍✭✧★✤❻❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌❉

❉❋❊✑➈✌❊✑➈ ❧ ✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✟✆✟✍✭❱❲✬✘✄☞✙❄✒❋✬✝❪④✄✢✆❄✠✎✆✚✧★✦✕✍✭❱❲✬✘✄➝❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌❉
❉❋❊✑➈✌❊ ❃➩❜❣✏♠✠✎✤❩✒❋✬❩✜✚✖❚✠✎❁✔✍✑✆✟✞✚✄➸❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➵

❉❋❊ ❃➜✸❞❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❇❆▲✒✔✄✢✬❋❯❖✠✎✤◆✆✚✄✢✤✔✤✘✄☞✙■❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➵
❉❋❊ ❃❋❊✑➈➲❶❄✛✢❨✌✍✑✦✝✄✴✙✡✠✎✤✘✙❀✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙Ô❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✿➧
❉❋❊ ❃❋❊ ❃➩❶❄✛✢❨✌✍✑✦✝✄✴✜☞✧★✏✑✏✑✍✑✙✟✍✭✧★✤✔✤❚✄❂✏❢❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➨
❉❋❊ ❃❋❊ ➞➩❛☎✞✡✠✎✤❚✙✟✍q✆✚✍✑✧★✤❬✄✢✤❲✆✟✞✚✄✼✏✭✄☞✙■✒✘✄❂✬✔❯❢✞✚✛✢❨✌✍✑✦✝✄☞✙Õ❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➙

❉❋❊ ➞❮❸✶✠✎✞✟✍♠✠✎✆✟✍✭✧★✤❩✒✔✄✼✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✡✄✴✏✭✧★✞✚✙■✒❳✪ ✬✔✤❩✜✢P❋✜✢✏✭✄✼✒❳✪ ✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤Ñ❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❅✌➙
❉❋❊ ➞❋❊✑➈➲❛✰✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✴✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✭✄❩❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫❅
❉❋❊ ➞❋❊ ❃➩✸❣☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤❩✦✕✍✭✜✢✞✚✧✎♥♦✧★✤✘✒✔✄➮❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➞

❉❋❊ ➁➥❜◗✄✢✞✟✆✚✄☞✙■❁❚✠✎✞■✞✚✄✢✆✚✧★✬✔✞✟✤✘✄✢✦✝✄✢✤◆✆❈✒✔✄✼✙✟❁✔✍✑✤❖❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➞
❉❋❊ ❉ ❧ ✧★✤✘✜✢✏✑✬✘✙✟✍✭✧★✤❭❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➵

Ö ➘⑩✆✯✏✝✜✣✄→✤✝✱✣✆✬✠✡✜✣✩✑✏✥✚❚✖✥✆✯✌ ✜❡✱❭✠☞✩✑✏✝✜✣☛✍✏✝✏✥☛☎✚❚✒→✤❤➼❤☛Ñ✠ ➟❚➟✘×
➵❋❊✑➈➤❹♦✤❲✆✟✞✚✧◆✒❋✬✘✜✢✆✟✍✭✧★✤❻❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈⑤➧
➵❋❊ ❃➜✇❇✄☞✙✚✜✢✞✟✍✑❁✔✆✟✍✭✧★✤❖✖◆P❋✒❋✞✚✧❲✒❋P◆✤❚✠✎✦✕✍✭❱❲✬✘✄✥✒❋✬✕❪④✄✢✆❢❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➨

➵❋❊ ❃❋❊✑➈➲Ø✺❱❲✬❚✠✎✆✟✍✭✧★✤❩✒✔✄✴✵❍✧★✏✑✆✟❷☞✦✩✠✎✤✔✤➾❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➨
➵❋❊ ❃❋❊ ❃➩❶❄✛☞✒❋✬✘✜✢✆✟✍✭✧★✤❩✒✔✄✴✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤✔✤❚✠✎✏✑✍✑✆✚✛Ù❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✌➈✫➨
➵❋❊ ❃❋❊ ➞➩❶❄✛✢❨✌✍✑✦✝✄✴✙✟✆✡✠✎✆✟✍✭✧★✤✔✤❚✠✎✍✑✞✚✄➭❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊Ð➈✫❃✌❅
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➧◆❊ ❉ ❧ ✧★✤✘✜✢✏✑✬✘✙✟✍✭✧★✤❖❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊✴❊✴❊✼❊✴❊✼❊✴❊✼❊➃➈✢➁✘➈
à ✩✑✏ ✶ ✱❡✤✥✚✡✜✣✩✑✏ ➟◆❐ ➽

á ✲✴✩✑✤ ✶ ✱✣☛❩â ❰ ☛☎✞✫✞✫✩✑✤✝✜❡✱❡✱✣✆✔↔✪☛✕✒✝☛✾✄→✖✥✆✟✚☞☛✾✄✧✩✑✤✥✞✓✱✣✆✎✌✎✁✍✱❡✆✟✚☞✚☞☛✮✌✎✩✑✤ ❰ ✆✯✏✑✠☞☛ ➟◆❐ ↕
✲ ✵ ✢✛✤✛✆✟✠☞✜❡✩✪✏✥✚✓✖✑✘✛✒✝✞✫✩❦✒✥✘✥✏✥✆✯✌ ✜✣✢✛✤✛☛☎✚✴☛✍✏◆✄✝✞✫✁☎✚☞☛✍✏ ✶ ☛✾✒✶ã❱✁ ❰ ✆✟✄➘✩✪✞✫✆✬✠✡✜✣✩✑✏ ➟✔➢✲➟
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� Ú ☛☎✆✯✱❡✜ëêÑ✆✬✠✡✜✣✩✑✏◆✩❚Û❃✆✎✌✎✆✔↔✑✏✥☛Ñ✠✡✜ ✶ ✆✯✱❡✱❭✘❽↔✑✤✝✜✣✒✝☛☎✒◆✆✟✠✰✩✑✌ ✜ ✶ ★✧☛☎✆✯✌ ✜❡✏➧✠✡✖✥☛ ✶ ✩✑✱❡✱P✜✣✚✡✜✣✩✑✏✥✆✯✱➳✞✫☛❲↔✑✜❡✌✎☛ ➟✔➢✾×
❒ �✕✜✣✚ ✶ ✞✫☛Ñ✠☞☛✌ì➏✚✰✠☞☛☎✄➺☛ ❰ ✆✟✄✧✩✪✞✫✆✬✠✡✜✣✩✑✏◆✩❚Û❃✆✯✏◆✆✬✠☞✩✑✌ ✜ ✶ ★✧☛☎✆✯✌ ➟❋Ö ➽
í ✔❬✞✫✩✯✄✝✆✔↔✪✆✬✠✡✜✣✩✑✏◆✩❚Û■↔✑✤✝✜✣✒✝☛☎✒ ✶ ✩✑✱✣✒➺✆✬✠☞✩✪✌✎✚ ➟✘× ➽
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ß Ý Ï❁➮ Ý ➪☎ï✛ÐÑæ Þ❁Ü➳Ý ➴ Ò❦Ó✺ð



ñ➜ý ÿ ú✥òè➔➜ó û ÿ ü❲ò ý ô➛õ➯ýäõ➯ú✕➎➓➒☎÷

ö❵÷Ôø❣ù▲ú❄û❋③❈ú■ü✾ý❍þ➂û❋③Ýÿ①ù❇ü✑③✁�✛❷✳②❫ú■ü❚þ✯③❏②❫ú ✂✄✂☎✂
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✧★✬✔✆✟✞✚✄✌✽✘✏✭✄❇➳✘✬❋❯❭✦✝✧✫P❲✄✢✤❩✒✔✄✴✜☞✄☞✙■✏♠✠★✙✚✄✢✞✚✙❄❆✝✠✎✆✚✧★✦✝✄☞✙❈✄☞✙✟✆■✄❂❯❋✆✟✞✡♣❂✦✝✄✢✦✝✄✢✤◆✆■❘✷✠✎✍✑✱✔✏✭✄✩❴❋✦✝♣✢✦✝✄✴❁✲✧★✬✔✞■✬✔✤❩✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆❇❆
❨✌✞✡✠✎✤✘✒✣✤✘✧★✦✥✱✔✞✚✄❀✒❳✪ ✠✎✆✚✧★✦✝✄☞✙■⑧

106 ⑩❂✽⑤❁✔✞✚✧◆✒❋✬✔✍✑✆❞✆✟✞✚✗☞✙◗✞✡✠✎❁✔✍✭✒✔✄✢✦✝✄✢✤◆✆❄⑧④➈✫❅❄✙❂⑩❂✽⑤✏✭✄✺➳✘✬❋❯✥✤✘✄✓☛✌✠✎✬✔✆❞❱❲✬✘✄ 105 ✠✎✆✚✧★✦✝✄☞✙✟❈✎✙✫✽★✜☞✄
❱❲✬✔✍✔✄☞✙✟✆❞✆✟✞✚✗☞✙❞❁✾✛✢✤❚✠✎✏✑✍✭✙✡✠✎✤◆✆✺✄✢✤▲✆✚✄✢✞✟✦✝✄❀✒✔✄✓✞✡✠✎❁✔❁✾✧★✞✟✆✺✙✟✍✑❨✌✤❚✠✎✏✘✙✟✬✔✞❞✱✔✞✟✬✔✍✑✆❞❁✲✧★✬✔✞❣✒✔✄☞✙❣✄❂❯❋❁✲✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❣✒☎✪ ✍✑✤◆✆✚✄✢✞④❘r✛✢✞✚✧★✦✝✛✢✆✟✞✟✍✭✄
❁❚✠✎✞❀✄❂❯✔✄✢✦✕❁✔✏✭✄✌❊❋❜◗✧★✬✔✞❀✒❳✪ ✠✎✬✔✆✟✞✚✄☞✙■✠✎❁✔❁✔✏✑✍✭✜✫✠✎✆✟✍✭✧★✤✘✙■✛✢☛❲✄✢✤❲✆✟✬✘✄✢✏✑✏✭✄☞✙❀✒✔✄☞✙✓✏♠✠★✙✚✄✢✞✚✙❀❆▲✠✎✆✚✧★✦✝✄☞✙✫✽◆✜☞✧★✦✕✦✝✄❇✏♠✠✴✤❚✠✎✤✘✧★✏✑✍✑✆✟✖✘✧★❨✌✞✡✠⑤♥
❁✔✖✔✍✭✄✌✽☎✬✔✤✈➳✘✬❋❯➀✠✎✬✘✙✚✙✟✍✶✱❚✠★✙✥✄☞✙✟✆✣✄✢✤✘✜☞✧★✞✚✄✩❁✔✏✑✬✘✙✴✞✚✛☞✒❋✖✔✍✑✱✔✍✑✆✚✧★✍✑✞✚✄❤❴◗❆

105 ✠✎✆✚✧★✦✝✄☞✙✟❈✎✙✫✽☎✞✚✛✫✠✎✏✑✍✭✙✚✄✢✞✥✬✔✤✘✄✝✦✝✧★✤✘✧◆✜☞✧★✬✘✜✚✖✘✄
✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✴✙✟✬✔✞❀✬✔✤❩✜✫✠✎✞✟✞✚✛✴✒✔✄

100 × 100 µ
✦ 2 ❁✔✞✚✄✢✤✘✒❋✞✡✠✎✍✑✆❄❁✔✏✑✬✘✙✟✍✭✄✢✬✔✞✚✙■✦✝✧★✍✭✙❊❉

⑦❄✍✑✤✘✙✟✍✷✽✶✍✑✏✴✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆❖❱❲✬✘✄❩✏✭✄☞✙❭✠✎❁✔❁✔✏✑✍✭✜✫✠✎✆✟✍✭✧★✤✘✙❖✒✔✄☞✙✮✏♠✠★✙✚✄✢✞✚✙❖❆➀✠✎✆✚✧★✦✝✄☞✙❢✤✘✛☞✜☞✄☞✙✚✙✟✍✑✆✚✄✢✤◆✆❢✏✷✪ ✧★✱✔✆✚✄✢✤❲✆✟✍✭✧★✤❵✒✔✄❖➳✘✬❋❯
✱✾✄✫✠✎✬✘✜☞✧★✬✔❁✈❁✔✏✑✬✘✙❇✛✢✏✭✄✢☛❲✛☞✙✫✽✾✄✢✆✫✽✲✙✟✍❞❁✾✧✌✙✚✙✟✍✑✱✔✏✭✄✌✽✾✬✔✤❬❘r✧★✤✘✜✢✆✟✍✭✧★✤✔✤✘✄✢✦✝✄✢✤◆✆✴✄✢✤①✜☞✧★✤◆✆✟✍✑✤❲✬☎❊❳❜❞✧★✬✔✞✼✜☞✄✢✏♠✠❋✽✲✒✔✄✢✬❋❯①✠✎❁✔❁✔✞✚✧◆✜✚✖✘✄☞✙



➟❚➟

❋✄●☞❍❏■✗❑▼▲✿◆P❖❘◗❚❙❁❯✤❱❲❙❳❱✡❙❁❨✝❩❭❬ ❙❫❪❵❴✤❙❜❛✧❬ ❝✕❪✴❙❁❞❡❪❵❢❲❝✹❣✓❤✹❨❲❙❫❪✝✐✥❥✎❢❵❦✸❝✹❯♠❧❡♥P❙❵❬❅♦ ❙❳❱❁❩✚♣❁❞❫qr❙❁s▼❧❳❙✧❴✹❯❜t❜✉✸✈①✇✛②✦③❳④❭⑤❊❢❲❴✹❞❳❤✹q✶❣✓❙❫⑥⑦❯✚s✱❬ ❝✕❪✴❙❁❞
❢❜❝✹❣✓❤✹❨❲❙❫❪✧⑧❁❯♠❝✕❪❫q✶⑨❅❧❡❤✹s♠❣❀q✶s♠❯①❞❅♣❡❝✹❬ q⑩❪✴♣❶❢❶t①❯✚s♠qr❧❡♥❷✇✑❸✡❹❅④❫❺

✙✚✧★✤◆✆❀❁✲✧✌✙✚✙✟✍✑✱✔✏✭✄✢✙✫❊
✂✰✠✩❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄✕✜☞✧★✤✘✙✟✍✭✙✟✆✚✄✕❆❢✠✎✏✑✍✑✦✝✄✢✤❲✆✚✄✢✞✼✏✭✄▲✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✴✠✫☛✿✄☞✜▲✒✔✄✣✤✘✧★✬✔☛✿✄✫✠✎✬❋❯①✠✎✆✚✧★✦✝✄☞✙✴✠✎✬❬❘⑨✬✔✞✼✄✢✆✼❆✩✦✝✄☞✙✟✬✔✞✚✄

✒✔✄▲✏✷✪ ✄❂❯❋✆✟✞✡✠★✜✢✆✟✍✭✧★✤➀✒❋✬❤❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬✯✜☞✧★✖✘✛✢✞✚✄✢✤❲✆✥✒❳✪ ✧★✤✘✒✔✄✝✒✔✄✕✦✩✠✎✆✟✍✭✗✢✞✚✄✌✽✰✠⑤❙✘✤✯✒❳✪ ✧★✱✔✆✚✄✢✤✔✍✑✞✴✬✔✤✈✛✢✆✡✠✎✆✥✙✟✆✡✠✎✆✟✍✭✧★✤✔✤❚✠✎✍✑✞✚✄✌❊✰➇❄✤
❁✔✞✚✄✢✦✕✍✭✄✢✞❈❁❚✠★✙❄✒✘✠✎✤✘✙❄✜☞✄✢✆✟✆✚✄✥✒✔✍q✞✡✄✢✜✢✆✟✍✭✧★✤①✠✝✛✢✆✚✛✴✒✔✛✢✦✝✧★✤◆✆✟✞✚✛✣✒✘✠✎✤✘✙■✏♠✠✕✞✚✛❂❘r✛✢✞✚✄✢✤✘✜☞✄✥✆ ❃✌❉✤✠♦✽❚✧✡✲❖✬✔✤❬✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆❈✜☞✧★✤❋❙❚✤✘✛
✒✘✠✎✤✘✙❀✬✔✤❖❁✔✍✭✗✢❨✿✄✴✒❋✍✑❁✾✧★✏♠✠✎✍✑✞✚✄✥✄✢✙✟✆❀❁✲✛✢✞✟✍✭✧❲✒❋✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆❇✠✎✏✑✍✑✦✝✄✢✤❲✆✚✛✴❁❚✠✎✞■✒✔✄✼✤✘✧★✬✔☛✿✄✫✠✎✬❋❯❖✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✚✙❀❁✘✞✚✛✢❁❚✠✎✞✚✛☞✙■✒✘✠✎✤✘✙
✬✔✤✘✄✴✜✚✖❚✠✎✦✣✱✔✞✚✄✣❆✣☛◆✍✭✒✔✄✼✙✚✛✢❁❚✠✎✞✚✛☞✄✌✽✘✄✢✆■✆✟✞✡✠✎✤✘✙✟❁✾✧★✞✟✆✚✛☞✙■❨✌✞✴✳★✜☞✄✥❆▲✬✔✤✘✄✩s✣❁✔✍✑✤✘✜☞✄✴✧★❁✔✆✟✍✭❱❲✬✘✄✣✉✌❊
➇❄✤✘✄①✠✎✬✔✆✟✞✚✄❬❁✾✧✌✙✚✙✟✍✑✱✔✍✑✏✑✍✑✆✚✛✌✽❀✛✢✆✟✬✘✒❋✍✭✛☞✄❬✆✟✖✘✛☞✧★✞✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆❖✒✘✠✎✤✘✙✮✏♠✠✯✞✚✛❂❘r✛✢✞✚✄✢✤✘✜☞✄❻✆ ❃✌➵✤✠♦✽❍✜☞✧★✤✘✙✟✍✭✙✟✆✚✄①❆✈✆✟✞✡✠✎✤✘✙✟❁✲✧✌✙✚✄✢✞

✒✘✠✎✤✘✙❄✏✷✪ ✄✢✙✟❁✾✠★✜✢✄✴✏♠✠✝✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✼✆✡✄❂✦✕❁✲✧★✞✚✄✢✏✑✏✭✄✣✒❳✪ ✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤❬✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄✥✒✘✠✎✤✘✙❄✏✭✄✢✙❈✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘r✙▲s▲✙✟✆✡✠✎✤✘✒✘✠✎✞✚✒✔✙✼✉❢✒✔✄
✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤❡✒✔✄❖✵❍✧✌✙✚✄✡♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤☎❊✓✸❣✤❽✆✟✞✡✠✫☛✌✠✎✍✑✏q✏♠✠✎✤◆✆✮✙✟✬✔✞✝✬✔✤✈❪④✄✢✆✩✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❖❨✌✬✔✍✭✒✔✛✌✽✶✄✢✆✝✤✘✧★✤❽❁✔✏✑✬✘✙✩✙✟✬✔✞✕✬✔✤
✤◆✬❚✠✎❨✿✄✼❁✔✍✭✛✢❨✿✛✌✽✘✍✑✏✰✙✚✄✢✦✥✱✔✏✭✄✼❁✲✧✌✙✚✙✟✍✑✱✔✏✭✄✴✒❳✪ ✠✎✬✔❨✌✦✝✄✢✤❲✆✚✄✢✞❈❁✔✞✚✧★❨✌✞✚✄☞✙✚✙✟✍✑☛✿✄✢✦✝✄✢✤◆✆❄✏♠✠▲✒✔✄✢✤✘✙✟✍✑✆✚✛✥✒✘✠✎✤✘✙■✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✴✒✔✄☞✙■❁✔✖❚✠★✙✚✄☞✙
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➦ ➟✤➤P➥❡➝❁➜

➧ ➤P➞⑩➨✚➜

➩❊➫✹➭✦➯❘➟✤➥❡➭✹➛❳➞ ➟✤➠
❋✄●☞❍❏■✗❑▼▲↔➲▼❖➆➳✗❧❡♥P♣❁❨❲❝✱❪❫➵✹s❘❤❡❩❭❣❀qr⑧❁❯♠❙❇❴✹❯✿❴✹q⑩❪✑❩P❤✕❪❫q✶❣❀q ➎❜❙❳❱❁❩P♣❁❞❫q✶❨❲❙❁s♠❣✓❝✹❬➋❥➋❯✚s❘❙❶❪✴❤✹❯✚❞❅❧❡❙❇❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❵❩P❙❁❞❫❨❲❙❁❣❵❴✗♦ ❝✹❬ q✶❨❲❙❁s♠❣✓❙❁❞❷❯✚s
❴✹q⑩❪✑❩P❤✕❪❫q✶❣❀q ➎✧❴✗♦ q✶s✟➸❁❙❡❧❁❣❀qr❤✹s✿❴✹❯❵➸❁❙❁❣✁❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❚❴✤❝✹sP❪➑❬ ❙✩❦✦❯✚qr❴✤❙➑❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙✟❺

❜❣✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄ ❸✓✠✎✏✑✄✢✬✔✞

Φ 3 × 109 ✙ −1

T 400 µK

v 60
✜✢✦➌❈✎✙

b 2,5
❑✘❦❷❈✎✜✢✦

B0 10
❦

✂✺✪ ✛✢✆✟✬✘✒✔✄❩✒❋✬❽✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆✩❁❚✠✎✞✩✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤Ð✦✝✧★✤◆✆✟✞✚✄❬✠✎✏✭✧★✞✚✙✝❱❲✬✰✪ ✬✘✤❽❨✌✬✔✍✭✒✔✄❖✒❳✪ ✬✔✤✘✄❖✏✭✧★✤✔❨✌✬✘✄✢✬✔✞✮✒✔✄❭➁①✦
✄✢✤◆☛◆✍✑✞✚✧★✤❩✒✔✧★✍✑✆❀❁✲✄✢✞✟✦✝✄✢✆✟✆✟✞✚✄✴✏✷✪ ✧★✱✔✆✚✄✢✤❲✆✟✍✭✧★✤❬✒✔✄✼✏♠✠▲✒✔✛✢❨✿✛✢✤✘✛✢✞✚✄☞✙✚✜☞✄✢✤✘✜☞✄✣❱❲✬❚✠✎✤❲✆✟✍✭❱❲✬✘✄✌❊

➺ ø❑✇➑❿❚✰ ý➮ü✪⑤❇ú■ù❇❾■þ❦②✑➻✕÷❃③éû❬③➼✬❁➽P③☎✪❶❾❲❿❏④✍②✣③❈ú❄ø➘③

⑦ ✜☞✄✢✆✟✆✚✄✕❙✘✤☎✽☎✤✘✧★✬✘✙✣✠✫☛✿✧★✤✘✙✴✞✚✛✫✠✎✏✑✍✭✙✚✛✝✏✭✄✩✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘■✄❂❯❋❁✲✛✢✞✟✍✑✦✝✄✢✤❲✆✡✠✎✏✓✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✛✌✽☎✆✟✞✚✗☞✙✣✙✚✜✚✖✘✛✢✦✩✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✫✽
✙✟✬✔✞❀✏♠✠✣❙✘❨✌✬✔✞✚✄✥➞❋❊
✂☎✄❀✜☞➫❈✬✘✞❣✒❋✬✕✒❋✍✭✙✟❁✲✧✌✙✟✍✑✆✟✍q❘✾✄❂❯❋❁✲✛✢✞✟✍✑✦✝✄✢✤❲✆✡✠✎✏❚✄☞✙✟✆❞✜☞✧★✤✘✙✟✆✟✍✑✆✟✬✘✛❀✒❳✪ ✬✔✤▲❨✌✬✔✍✭✒✔✄❍✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄❀✒✔✄✓➁✘✽ ❉❄✦Ù✒✔✄✓✏✭✧★✤✔❨✌✬✘✄✢✬✔✞✫✽

✠✎✬❭✙✚✄✢✍✑✤❢✒❋✬✘❱❲✬✘✄✢✏✲✏✭✄✶❪④✄✢✆❀✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❇✙✚✄❄❁✔✞✚✧★❁❚✠✎❨✿✄✼✄✢✆❍✄☞✙✟✆❍✙✚✧★✬✔✦✕✍✭✙❀✠✎✬❢✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆❀❁❚✠✎✞❍✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤☎❊❋⑦❄❙✘✤
✒✔✄✩✜✢✞✚✛☞✄✢✞▲✜☞✄✴❪④✄✢✆✫✽☎✤✘✧★✬✘✙✥✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✥✬✔✤✯✍✑✤✌❪④✄☞✜✢✆✚✄✢✬✔✞✣✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄✮❁✲✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤❲✆✕✒✔✄✝✏♠✠✎✤✘✜☞✄✢✞▲✒✔✄☞✙✴❁❚✠★❱❲✬✘✄✢✆✚✙
✒❳✪ ✠✎✆✚✧★✦✝✄☞✙✣✒✘✠✎✤✘✙✴✏✭✄✕❨✌✬✔✍✭✒✔✄✩❆❢✬✔✤✈✆✡✠✎✬❋❯✈✒✔✄✕✞✚✛✢❁✾✛✢✆✟✍✑✆✟✍✭✧★✤➀✛✢✏✭✄✢☛❲✛✌❊ ❧ ✄✢✆✴✍✑✤✌❪④✄☞✜✢✆✚✄✢✬✔✞✣✄☞✙✟✆✼✏✑✬✔✍q♥✷✦✝♣✢✦✝✄❢✠✎✏✑✍q✦✝✄✢✤◆✆✚✛✝❁❚✠✎✞
✬✔✤✘✄✕✙✚✧★✬✔✞✚✜☞✄▲✒❳✪ ✠✎✆✚✧★✦✝✄☞✙✼✏✭✄✢✤◆✆✚✙✫❊✲✸❣✤❋❙✘✤☎✽❳✬✔✤✘✄✣❷✫✧★✤✘✄✕✒✔✄▲✒✔✛✢✆✚✄☞✜✢✆✟✍✭✧★✤✯✄✢✤❬❙✘✤✈✒✔✄✣❨✌✬✔✍✭✒✔✄▲✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✕❁✾✄✢✞✟✦✝✄✢✆✴✒✔✄
✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✚✄✢✞✝✏✭✄✣❪④✄✢✆✩✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽❣❱❲✬✔✍❀✛✢☛❲✄✢✤❲✆✟✬✘✄✢✏✑✏✭✄✢✦✝✄✢✤◆✆✮✠❬✙✟✬✔✱✔✍❀✬✔✤❻✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆✕❁❚✠✎✞✝✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✚✍✑✧★✤➃✠✎✬
✜☞✧★✬✔✞✚✙❄✒✔✄✼✙✡✠✣❁✔✞✚✧★❁❚✠✎❨❲✠✎✆✟✍✭✧★✤❬✒✘✠✎✤✘✙■✏✭✄❇❨✌✬✔✍✭✒✔✄✌❊
✂☎✄☞✙❇✒❋✍q➋❳✛✢✞✚✄✢✤◆✆✚✙❇✛✢✏✭✛✢✦✝✄✢✤◆✆✚✙✼✒❋✬❤✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘✓✄❂❯❋❁✲✛✢✞✟✍✑✦✝✄✢✤❲✆✡✠✎✏✺✙✚✧★✤❲✆❈✏✭✄✴❘⑨✞✟✬✔✍✑✆❇✒✔✄✥❁✔✏✑✬✘✙✟✍✭✄✢✬✔✞✚✙✼✄❂❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❇❁✔✞✚✛❂♥

✏✑✍✑✦✕✍✑✤❚✠✎✍✑✞✚✄☞✙❇✒✔✄☞✙✟✆✟✍✑✤✘✛☞✄☞✙❇❆✕☛✌✠✎✏✑✍✭✒✔✄✢✞❄✏✭✄☞✙❈✜✚✖✘✧★✍q❯❖✆✚✄☞✜✡✖✔✤✘✧★✏✭✧★❨✌✍✭❱❲✬✘✄☞✙❈✞✚✄✢✆✚✄✢✤❲✬✘✙✫❊✾✸✺✙✚✙✚✄✢✤❲✆✟✍✭✄✢✏✑✏✭✄✢✦✝✄✢✤◆✆❈✆✟✞✚✧★✍✭✙❄☛❲✄✢✞✚✙✟✍✭✧★✤✘✙❄✒❋✬
✦✝✧★✤◆✆✡✠✎❨✿✄✩✧★✤◆✆✥✛✢✆✚✛✩✛✢✏♠✠✎✱✲✧★✞✚✛☞✄☞✙✣✙✟✬✘✜☞✜☞✄☞✙✚✙✟✍✑☛✿✄✢✦✝✄✢✤◆✆✫✽✰❱❲✬✔✍✶✧★✤❲✆✥❁✲✄✢✞✟✦✕✍✭✙✥✒✔✄✩✒✔✛✢☛✿✄✢✏✭✧★❁✔❁✲✄✢✞✥✏✷✪ ✍✑✤✌❪④✄☞✜✢✆✚✄✢✬✔✞▲✄✢✆✴✬✔✤✯❁✔✞✚✧✎♥
✆✚✧★✆❫P◆❁✾✄✥✒✔✄✴❨✌✬✘✍✑✒✘✄✥✆ ❃✌➙✤✠❲❼✾✒❋✍✑☛✿✄✢✞✚✙✚✄☞✙❈✙✚✧★✬✔✞✚✜☞✄☞✙❄✧★✤◆✆❈✛✢✆✚✛✴✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙❄❁✲✧★✬✔✞❄✏✷✪ ✠✎✏✑✍✑✦✝✄✢✤◆✆✚✄✢✞✱✆ ➞✌❅✤✠❲❼✾✄✢✤❋❙✘✤❬✒❋✍✑☛❲✄✢✞✚✙❄✦✝✧❲✒✔✄☞✙
✒✔✄✥✜☞✧★✬✔❁✔✏♠✠✎❨✿✄✥✧★✤◆✆❈✛✢❨❲✠✎✏✭✄❂✦✝✄✢✤◆✆❇✛✢✆✚✛✥✛✢✆✟✬✘✒❋✍✭✛☞✙❇✆ ➞❋➈✟✠✷❊✲✻❋✄❂✬✘✏✑✄✥✏♠✠✕✒✔✄✢✞✟✤✔✍✭✗✢✞✚✄✥☛✿✄✢✞✚✙✟✍✭✧★✤❩✒❋✬❬✒❋✍✭✙✟❁✲✧✌✙✟✍q✆✚✍ ❘✶✄❂❯❋❁✾✛✢✞✟✍✑✦✝✄✢✤◆✆✡✠✎✏✷✽



➟◆❐
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❙❫❪❫❣❵❴✤♣❳❧✴❞❫q✶❣✑❙✱❙❁s✼❴✤♣❁❣✓❝✹q✶❬ ⑥✫❝❅Ö⑦s✼❴✤❙❲❪✴❤✹❯✚❬ q ❦✦s❘❙❁❞❲❬ ❙❫❪❜❧❡♥P❤✹q ❱➌❣✓❙❡❧❡♥✡s❘❤✹❬ ❤❅❦✦qr⑧❁❯♠❙❫❪❜❞❅♣❡❝✹❬ q⑩❪✴♣❫❪❵❩P❤✹❯✚❞❲❞❳♣✓❩✚❤✹s▼❴✹❞❅❙✱❢✥❧❡❙
❧❡❝✟♥✡qr❙❁❞❚❴✤❙❫❪❚❧❡♥P❝✹❞❀❦✸❙❫❪✴❺

Ø ✂ Ø Ù ú❀þ❦④✎ù▲û✕÷❄ø❞þ❦②ëù▲ú

✂✰✠①✞✚✛✫✠✎✏q✍✭✙✡✠✎✆✟✍✭✧★✤➃✒✔✄❖✙✟✆✟✞✟✬❚✜❂✆✚✬✔✞✚✄☞✙✝❁✾✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤◆✆✮✒✔✄❭❨✌✬✔✍✭✒✔✄✢✞✮✒✔✄☞✙✩✠✎✆✚✧★✦✝✄☞✙✩✬✔✏✑✆✟✞✡✠⑤♥r❘⑨✞✚✧★✍✭✒✔✙✫✽✺✒✘✠✎✤✘✙✝✏✭✄❭✱✔✬✔✆✩✒✔✄
✞✚✛✫✠✎✏✑✍✭✙✚✄✢✞✓❁❚✠✎✞❍✄❂❯✔✄✢✦✕❁✔✏✭✄❈✒✔✄☞✙✓✄❂❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❍✒❳✪ ✍✑✤◆✆✚✄✢✞④❘r✛✢✞✚✧★✦✝✛✢✆✟✞✟✍✭✄✼✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽❋✄☞✙✟✆✶✬✔✤✮✒✔✧★✦✩✠✎✍✑✤✘✄❇✄✢✤✝❘r✧★✞✟✆✓✒✔✛✢☛❲✄✢✏✭✧★❁❋♥
❁✲✄✢✦✝✄✢✤❲✆❍✒✔✄✢❁✔✬✔✍✭✙✶✬✔✤✘✄❄✒❋✍✑❷⑤✠✎✍✑✤✘✄❈✒❳✪ ✠✎✤✔✤✘✛☞✄☞✙❶✆ ➞✌➞✤✞◆➞✌➨✤✠♦❊◆➇❄✤✩✜☞✄✢✞✟✆✡✠✎✍✑✤✮✤✘✧★✦✥✱✔✞✡✄❄✒❳✪ ✄❂❯❋❁✲✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❍✒✔✄❄✒✔✛✢✦✝✧★✤✘✙✟✆✟✞✡✠✎✆✟✍✭✧★✤☎✽
✬✔✆✟✍✑✏✑✍✭✙✡✠✎✤◆✆❢✒✔✄☞✙✝❙✘✱✔✞✚✄☞✙✮✧★❁✔✆✟✍✭❱❲✬✘✄☞✙❢✜✢✞✚✄✢✬✘✙✚✄☞✙✫✽✓❆✈✏✷✪ ✍✑✤❲✆✚✛✢✞✟✍✭✄✢✬✔✞❭✒✔✄☞✙✚❱❲✬✘✄✢✏✑✏✭✄☞✙✩✬✔✤✘✄❬✧★✤✘✒✔✄❬✛✢☛✌✠✎✤✘✄☞✙✚✜☞✄✢✤❲✆✚✄❬✜☞✧★✤❋❙✘✤✘✄❬✏✭✄☞✙
✠✎✆✚✧★✦✝✄☞✙❍❨✌✞✟✳★✜✢✄✴❆✥✏♠✠✴❘r✧★✞✚✜☞✄❇✒❋✍✑❁✾✧★✏♠✠✎✍✑✞✚✄✌✽✔✧★✤◆✆❀✛✢✆✚✛❈✞✚✛✫✠✎✏✑✍✭✙✚✛☞✄☞✙❲✆ ➞✌➙✤✠♦❊ ❧ ✄✢❁✾✄✢✤✘✒✘✠✎✤◆✆✫✽❋✏♠✠✥❁✔✏✑✬✔❁❚✠✎✞✟✆■✒✔✄☞✙❍❨✌✬✔✍✭✒✔✄☞✙❀✛✢✆✟✬✘✒❋✍✭✛☞✙
✜☞✧★✤❋❙✘✤✘✄✢✤◆✆❄✒✔✄☞✙❈✠✎✆✚✧★✦✝✄☞✙❀❁❚✠✎✞❂✠✎✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄☞✙■❨✌✞✴✳★✜☞✄✣❆▲✒✔✄☞✙■✜✡✖❚✠✎✦✕❁✘✙❀✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄☞✙❄✍✑✤✔✖✘✧★✦✝✧★❨✿✗✢✤✘✄☞✙✫❊

Ú☎Û Ü✚Ý✗ÞPß♠Ý✗Þ✿à✥ß♠ÝÔá❭Ü✚â✕Û ãÔä❭Þ
❶❈✠✎❁✔❁✲✄✢✏✭✧★✤✘✙✴✱✔✞✟✍✭✗✢☛❲✄✢✦✝✄✢✤❲✆✣✏✭✄✕❁✔✞✟✍✑✤✘✜✢✍✑❁✲✄✩✒❋✬✈❁✔✍✭✛✢❨✿✄✫✠✎❨✿✄✩✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽☎✦✕✍✭✙✣✄✢✤✯➫❇✬✔☛◆✞✚✄✝❁✾✧★✬✔✞✥✏♠✠❢❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄

❘r✧★✍✭✙❍✙✟✬✔✞❍✒✔✄☞✙❀✠✎✆✚✧★✦✝✄☞✙✓✤✘✄✢✬✔✆✟✞✡✄✢✙❀✒✘✠✎✤✘✙❶✆ ➁❲❅✤✠♦✽❋✄✢✆❍❱❲✬✔✍✾✞✚✄☞✙✟✆✚✄❈✏♠✠✴✆✚✄☞✜✡✖✔✤✔✍✭❱❲✬✘✄❇✒✔✄❄❁✔✍✭✛✢❨✿✄✫✠✎❨✿✄❈✏♠✠✥❁✔✏✑✬✘✙✓✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄❇✄✢✤✘✜☞✧★✞✚✄
❆▲✏✷✪ ✖❚✄❂✬✘✞✚✄✥✠★✜✢✆✟✬✘✄✢✏✑✏✭✄✼❁✲✧★✬✔✞■✏✷✪ ✧★✱✔✆✚✄✢✤❲✆✟✍✭✧★✤❬✒✔✄✼✏♠✠▲✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤❬✒✔✄✴✵❍✧✌✙✚✄❂♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤Ôå✎❊
➇❄✤❵✠✎✆✚✧★✦✝✄✈❁✔✞✚✛✢❁❚✠✎✞✚✛✈✒✘✠✎✤✘✙❖✬✔✤➂✛✢✆✡✠✎✆❩✒✔✧★✤◆✆❖✏✷✪ ✛✢✤✘✄✢✞✟❨✌✍✭✄

E
✒✔✛✢❁✾✄✢✤✘✒❳✽■☛◆✍♠✠➀✏✷✪ ✄❂➋❳✄✢✆❤❾✾✄☞✄✢✦✩✠✎✤☎✽■✒❋✬❵✜✡✖❚✠✎✦✕❁

✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✣✠✎❁✔❁✔✏✑✍✭❱❲✬✘✛
B
✽✘✄✢✆■❁✔✏♠✠★✜☞✛✴✒✘✠✎✤✘✙■✬✔✤❬✜✚✖❚✠✎✦✕❁❩✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✴✍✑✤✔✖✘✧★✦✝✧★❨✿✗✢✤✘✄

B(r)
✽✘✄✢✙✟✆❄✙✚✧★✬✔✦✕✍✭✙❈❆▲✏♠✠

❘r✧★✞✚✜☞✄
F = −∇E(|B(r)|) .

⑧④➈✌❊✑➈⑤⑩
æ❅ç✎è❡é✚è❡ê✡ë✸ì✴ê✹í❫î✹ï✸ê➑ê✸ð✟ñ✩ò✤ó✛è❊ô✴ó❅ì✴ê✡ë✤õ ö✓ö✛ì✴ê✹í❊ë✤è➆ë✤õ ö✓é✚ð✕ö✓õ í✛õ ÷⑩ö⑦è❅ø✸é✚ù❳ó✛õ ñ❵è❡ê✕í❅ì✴ï✤ø✩÷⑩ð✟ê✹í⑦ë✤ù❡ö✓ð✴ó✛ñ➑ì✴õ ö⑦ì✴é✸é✚è❡ú✚û☎ë✤è❡öÔé✸õ ü❡ô✟è❡ö⑦ë✤õ é✚ð✟ú ì✴õ ó✛è❡ö❡ý



➟❋Ö þ❵ÿ ß✁�▼Û â✄✂✛Þ✆☎✁✝✟✞PÞ✚â❷ß♠â✡✠✎à Û ãÔä❭Þ☞☛✗ß✗á✍✌★ä✗á✿ÝÔä▼Û ☛✗Þ✣à✥ß♠ÝÔá❭Ü✚â✕Û ãÔä❭Þ ãÔä❭ß✍☛✎✂❡ä✁�✁✠✑✏ ß▼Û✒✂✛Þ

✓✕✔✍✖✘✗✚✙✜✛✡✢✤✣✥✙✜✛✡✦✜✢✘✧★✛✩✣✥✙✫✪✭✬✯✮✱✰✕✲✳✢✵✴

✓✶✪✷✖✸✗✚✙✜✛✡✢✤✣✤✙✜✛✡✦✜✢✘✧★✛✹✣✤✙✫✪✭✬✯✮✺✰✶✪✭✻ ✔✜✼ ✛

E(|B|)

|B|

❋✄●☞❍❏■✗❑▼▲✥◆✜✽r◆P❖★✾❵q✶➏✹❙❡❝✹❯✤❱❚❴✗♦ ♣❁s❘❙❁❞❀❦✦qr❙✫❴✗♦ ❯✚s❇❝✹❣✓❤✹❨❲❙✩❙❁s✩➎❫❤✹s❘❧❁❣❀qr❤✹s①❴✹❯❷❧❡♥P❝✹❨✝❩✱❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙✝❝❡❩✤❩❭❬ qr⑧❁❯♠♣✫❥❭❯✚s❇❝✹❣✓❤✹❨❲❙⑦❩❭❞❅♣✓❩P❝✹❞❳♣
❴✤❝✹sP❪★❬❅♦ ♣❁❣✓❝✹❣❀✿✛❝✤❁➍❙❫❪❫❣❷❝✹❣❀❣❀q✶❞❳♣❷❩✚❝✹❞✥❬ ❙❫❪★❞❳♣✑❦✦qr❤✹sP❪➌❴✤❙✙❧❡♥P❝✹❨✝❩✣➎❫❝✹qrÓ❁❬ ❙✙❙❁❣✩❩P❙❁❯✚❣❲❴✤❤✹s❘❧❃❂❁❣❀❞❅❙❷❩❭qr♣✑❦✸♣➌❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❁❨❲❙❁s♠❣❲❝✹❯
➏✹❤✹q⑩❪❫q✶s❘❝✴❦✸❙❲❴✗♦ ❯✚s✥❨❚q✶s♠q✶❨❚❯✚❨ ❴✤❙❚❧❡♥P❝✹❨✝❩✝⑤➆❯✚s➌❝✹❣✓❤✹❨❲❙❚❴✤❝✹sP❪❄✿✛Ó❅❁❜❙❫❪❫❣✄❝✹❯✥❧❳❤✹s♠❣❀❞❳❝✹q✶❞❳❙❶❙❳❱❁❩❭❯✚❬ ❪✴♣✟❺

✻❲✍✰✏✷✪ ✛❂✆❂✠✎✆❈✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✚✛✴☛❲✧★✍✑✆❄✙✚✧★✤❩✛✢✤✘✄✢✞✟❨✌✍✭✄✣✙✫✪ ✠★✜☞✜✢✞✚✧✎⑥✭✆✟✞✚✄✥✏✭✧★✞✚✙✚❱❲✬✘✄ |B| ✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄✌✽❚✏✷✪ ✠✎✆✚✧★✦✝✄✥✙✚✄✢✞✡✠✩✠✎✆✟✆✟✍✑✞✚✛✴☛❲✄❂✞✡✙❀✏✭✄☞✙✞✚✛✢❨✌✍✭✧★✤✘✙✝✒✔✄❭✜✚✖❚✠✎✦✕❁t❘✷✠✎✍q✱✘✏✑✄✈⑧ë☛❲✧★✍✑✞✣❙✘❨✌✬✔✞✚✄✈➈✌❊✑➈⑤⑩❂❊✶✻❲✍■✠✎✬❽✜☞✧★✤◆✆✟✞✡✠✎✍✑✞✚✄
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✂☎✄✼❨✌✞✡✠★✒❋✍✭✄✢✤❲✆❈✒✔✄✼✜✡✖❚✠✎✦✕❁❖✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✥✄☞✙✟✆❄✠✎✏✭✧★✞✚✙■✒✔✧★✤✔✤✘✛✼❁❚✠✎✞✥❴

b =
4µ0I

πa2
.
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❜◗✧★✬✔✞✓✬✔✤✘✄■☛✌✠✎✏✭✄✢✬✔✞❍✒❋✬✮✜☞✧★✬✔✞✡✠✎✤❲✆

I = 400
⑦ ⑧ë✞✚✛✫✠✎✏✑✍✭✙✡✠✎✱✔✏✭✄❈✒✔✄■✦✩✠✎✤✔✍✭✗✢✞✚✄❄✞✚✄✢✏♠✠✎✆✟✍✑☛✿✄✢✦✝✄✢✤◆✆❀✠✎✍✭✙✚✛☞✄❈✠✫☛✿✄☞✜❄✒✔✄☞✙❍✠✎✏✑✍✑✦✝✄✢✤❋♥

✆✡✠✎✆✟✍✭✧★✤✘✙❄✜☞✧★✦✕✦✝✄✢✞✚✜✢✍♠✠✎✏✭✄☞✙❂⑩❂✽❚✄✢✆❀❁✲✧★✬✔✞
a = 8

✦✕✦❖✽❋✏✭✄✼❨✌✞✡✠★✒❋✍✭✄✢✤❲✆❈✒✔✄✼✜✡✖❚✠✎✦✕❁❖✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✴☛✌✠✎✬✔✆
b = 1

❑✘❦❷❈✎✜✢✦❖❊

Ú❪✠❘â✴Þ❘á♠â✕Û Þ❇✏✎✌✟Þ❘à Û ❢❣✏ Û✶á❭ÜPß▼Û❱✂✛Þ
⑦■❙✘✤①✒❳✪ ✛✢☛◆✍✑✆✚✄✢✞❇✏✭✄☞✙❈❁✲✄✢✞✟✆✚✄☞✙✼➄❤✠✎❪④✧★✞✡✠✎✤❚✠❋✽✾✏✭✄▲✜✚✖❚✠✎✦✕❁❤✦✩✠✎❨✌✤❚✛❂✆✚✍✑❱❲✬❚✄✣✤✘✄▲✒✔✧★✍✑✆❇❁❚✠★✙❇☛✿✧★✍✑✞✼✙✡✠✩✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤①☛✌✠✎✞✟✍✭✄✢✞

✱✔✞✟✬✔✆✡✠✎✏✭✄✢✦✝✄✢✤❲✆⑤❊ ❧ ✄❣✤✰✪ ✄☞✙✟✆✰❁❚✠★✙☎✏✭✄✶✜✫✠★✙☎❁✾✧★✬✔✞✰✬✔✤✣✜✚✖❚✠✎✦✕❁▲❱❲✬❚✠★✒❋✞✟✬✔❁✾✧★✏♠✠✎✍✑✞✚✄✶❁✔✞✚✗☞✙◗✒✔✄❣✏✷✪ ✠⑤❯✔✄✌✽⑤✙✟✬✔✞☎✏✭✄☞❱❲✬✘✄✢✏
B
✙✫✪ ✠✎✤✔✤❲✬✔✏✭✄✌❊

❜◗✧★✬✔✞■✞✚✄✢✦✝✛☞✒❋✍✭✄✢✞❈❆▲✜☞✄✢✆❀✍✑✤✘✜☞✧★✤◆☛✿✛✢✤✔✍✭✄✢✤◆✆✫✽✔✍✑✏☎✙✟✬❋③✝✆■✒✔✄✼✙✟✬✔❁✲✄✢✞✟❁✾✧✌✙✚✄✢✞■✬✔✤❖✜✡✖❚✠✎✦✕❁❭✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏
B0
✙✚✄✢✏✭✧★✤❭✏✷✪ ✠⑤❯✔✄

z✒❋✬❭❨✌✬✘✍✑✒✘✄❙❤✿❊✔✂☎✄✼❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏✰☛◆✬❭❁❚✠✎✞❀✏✭✄☞✙❄✠✎✆✚✧★✦✝✄☞✙■✤☎✪ ✄☞✙✟✆❈✠✎✏✭✧★✞✚✙❀❁✔✏✑✬✘✙■✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄✌✽✔✦✩✠✎✍✭✙❲✷✦✖ ✢ ✏❀✜❅✵ ✏❀❃Ô❄❫✘✡✏❀✺❁✖✩❴

U(x, y) = µ
√

B2
0 + b2r2 .
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Ø ✂✵✐ ❼✿❿✓ý❲✬å②ëü✾ý❀þ❦②ëù▲ú ③☎✪❶❾❷❿❏④☎②❳✰❩③❈ú❍þ✘ý❲✬✣③Ñû➌➽✟÷✴ú❥❝▲÷❬②⑨û❋③Ñû❋③❧❦♥♠❘♦ ✰➺û❋③➼✬ëù▲ú✩❝
❧ ✄✢✆✟✆✚✄✣✙✚✄☞✜✢✆✟✍✭✧★✤❤✄☞✙✟✆❈✜☞✧★✤✘✙✡✠★✜✢✞✚✛☞✄▲❆✝✏♠✠✕✞✚✛✫✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤❤❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✣✒✔✄✥✤✘✧★✆✟✞✚✄✥❨✌✬✔✍✭✒✔✄✥✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✣✒✔✄✥➁✘✽ ❉✝✦Ñ✒✔✄

✏✭✧★✤✔❨✘❊✰⑦❄❁✔✞✚✗☞✙✴✬✔✤✘✄✩✒✔✄☞✙✚✜✢✞✟✍✑❁✔✆✟✍✭✧★✤❻✒❋✬➀✜✫✠✎✖✔✍✭✄✢✞✣✒✔✄☞✙✥✜✡✖❚✠✎✞✟❨✿✄☞✙✫✽☎✤✘✧★✬✘✙✣✒✔✛✢✆✡✠✎✍✑✏q✏✭✧★✤✘✙✣✏♠✠❢❘✷✠✎✱✔✞✟✍✭✜✫✠✎✆✟✍✭✧★✤➀✄✢✆✥✏♠✠❭✦✕✍✭✙✚✄✝✄✢✤
❁✔✏♠✠★✜☞✄✴✒❋✬❭❨✌✬✘✍✑✒✘✄★❊

♣✚q✕r✘q❅♣ ❊✯s✉t✚✈ ❆①✇❬❄✥❆✁②④③✑t✎s①✇✤⑤✛❆✁②
✂☎✄❩❁✔✞✟✍✑✤✘✜✢✍✑❁✾✄❤✒❋✬➃✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆❢❁❚✠✎✞✮✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤❡✞✚✄✢❁✾✧✌✙✚✄❬✙✟✬✔✞✩✏✷✪ ✛✢✏✑✍✑✦✕✍✑✤❚✠✎✆✟✍✭✧★✤➂✒✔✄☞✙✩❁❚✠✎✞✟✆✟✍✭✜✢✬✔✏✭✄☞✙❢✏✑✄☞✙

❁✔✏✑✬✘✙■✛✢✤✘✄✢✞✟❨✿✛✢✆✟✍✭❱❲✬✘✄☞✙❈✄✢✆■✙✟✬✔✞■✏♠✠✣✞✚✄✢✆✟✖✘✄✢✞✟✦✩✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤☎✽❚☛◆✍♠✠✣✏✭✄☞✙■✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❄✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙✫✽✘✒✔✄☞✙❀❁❚✠✎✞✟✆✟✍✭✜✢✬✔✏✭✄☞✙■✞✚✄☞✙✟✆✡✠✎✤◆✆✚✄☞✙
❆❖✬✔✤✘✄✮✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄❢❁✔✏✑✬✘✙▲✱❚✠★✙✚✙✚✄✌❊◗✇❈✍✑☛✿✄✢✞✚✙✚✄☞✙▲✛✢✆✟✬✘✒✔✄☞✙✕✧★✤◆✆✣✦✝✧★✤◆✆✟✞✚✛✌✽❞✒✘✠✎✤❚✙✣✏✭✄✮✜✫✠★✙✕✒✔✄☞✙✣❨❲✠✎❷❢❁✔✍✭✛✢❨✿✛☞✙✫✽❞❱❲✬✘✄✩✏♠✠
✒✔✄✢✤✘✙✟✍✑✆✚✛✥✒✘✠✎✤✘✙■✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✥✒✔✄☞✙■❁✔✖❚✠★✙✚✄☞✙■✤✘✄✴❁✾✄✢✬✔✆❈♣✢✆✟✞✚✄✣✠✎✬✔❨✌✦✝✄✢✤◆✆✚✛☞✄✥✒✔✄✴✦✩✠✎✤✔✍✭✗✢✞✚✄✣✠✎✞✟✱✔✍✑✆✟✞✡✠✎✍✑✞✚✄✣❱❲✬✘✄✴✙✟✍☎✏✭✄✴❁✔✞✚✧❲✒❋✬✔✍✑✆
Ncol = γ0τ

✒❋✬❤✆✡✠✎✬❋❯❤✒✔✄▲✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❇✍✑✤✔✍✑✆✟✍♠✠✎✏❣❁❚✠✎✞❇✏♠✠✮✒❋✬✔✞✚✛☞✄▲✒✔✄✣☛◆✍✭✄▲✒❋✬❤❁✔✍✭✗✢❨✿✄✕✄☞✙✟✆❇✙✟✬✘❁✾✛✢✞✟✍✭✄✢✬✔✞✥❆✩✬✔✤✘✄✣☛✌✠✎✏✭✄✢✬✔✞
✜✢✞✟✍✑✆✟✍✭❱❲✬✘✄

N0
✽✘✒✔✄❇✏✷✪ ✧★✞✚✒❋✞✚✄✥✒✔✄✼❱❲✬✘✄✢✏✭❱❲✬✘✄☞✙■✜☞✄✢✤◆✆✡✠✎✍✑✤✘✄☞✙⑦⑥✿❊

þ ß ÿ Û Þ❇✂⑧☛✗Þ✜✌✺⑨ ÿ ß✍✂✓Ý✗Þ✜✌❀�✁✠❬✂✓â✴ß✗á♠â✺✌✦ä✁✂⑩✏ Þ✥Ý⑦ä▼Û ☛✗Þ
✇✼✠✎✤✘✙❄✏✭✄✴✜✫✠★✙❈✒❋✬❩✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆❈❁❚✠✎✞❈✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤❤✒❳✪ ✬✔✤✩❪④✄✢✆❇✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽✘✏♠✠✝✒❋✬✔✞✚✛☞✄✥✒✔✄✴✏✷✪ ✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤

✄☞✙✟✆❄✏✑✍✑✦✕✍✑✆✚✛☞✄✣❁❚✠✎✞❈✏✭✄✥✆✚✄✢✦✕❁✘✙❇✒✔✄✴❁❚✠✎✞✡✜✢✧★✬✘✞✚✙❇✒✔✄☞✙❇✠✎✆✚✧★✦✝✄☞✙❇✒✘✠✎✤❚✙❄✏✭✄✥❨✌✬✔✍✭✒✔✄✌❊✾✂✰✠❤s✝✒❋✬✔✞✚✛☞✄▲✒✔✄✴☛◆✍✭✄✕✉❭✄☞✙✟✆❇✒✔✧★✤✘✜✥✍✭✜✢✍
τ = ℓg/v

✧✡✲
ℓg
✄☞✙✟✆■✏♠✠✕✏✭✧★✤✔❨✌✬✘✄✢✬✔✞✼✒❋✬❩❨✌✬✔✍✭✒✔✄✌❊✾⑦■❙✘✤❬✒✔✄✴✦✩✠⑤❯❋✍✑✦✕✍✭✙✚✄✢✞❄✏✭✄✴✤✘✧★✦✣✱✔✞✚✄✣✒✔✄✥✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙✫✽✘✤✘✧★✬❚✙❈✠✫☛❲✧★✤✘✙
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✜✚✖❚✠✎✦✣✱✔✞✚✄▲❆✕☛◆✍✭✒✔✄✥✠✎✬✘✆✚✧★✬✔✞❈✒❋✬❩❨✌✬✔✍✭✒✔✄✌❊✾✹❈✧★✬✘✙❄✒✔✄✢☛❲✧★✤✘✙❄✛✢❨❲✠✎✏✭✄✢✦✝✄✢✤◆✆❈✞✚✛✫✠✎✏✑✍✭✙✚✄✢✞❈✬✔✤✩❪④✄✢✆❈✠✎✆✚✧★✦✕✍✭❱❲✬✘✄▲✠☞P◆✠✎✤❲✆❄✏✭✄✴✆✡✠✎✬❋❯
✒✔✄✣✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❇✍✑✤✔✍✑✆✟✍♠✠✎✏❞✏✭✄✣❁✔✏✑✬✘✙❇✛✢✏✭✄✢☛❲✛✥❁✲✧✌✙✚✙✟✍✑✱✔✏✭✄✌❊ ❧ ✄✢✆✟✆✡✄▲✜☞✧★✤✘✒❋✍✑✆✟✍✭✧★✤❤✍✑✦✕❁✲✧✌✙✚✄▲✒❳✪ ✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞❇✬✔✤❬❘r✧★✞✟✆❇✜☞✧★✤❋❙✘✤✘✄✢✦✝✄✢✤❲✆

❶✤❷❘ð✟ï✤ó✩ï✸ê❀❸✵❹✡ì✴ñ❵é❻❺✹ï✡ì✟ë✦ó✛ï✸é✚ð✟ú ì✴õ ó✛è❵í✓ó✛õ ë✤õ ñ❵è❡ê✸ö✓õ ð✟ê✸ê✸è❡ú✶î❘ö✓ï✸é✚è❳ó✛é✚ð✟ö✓è❳ó✩ï✸ê❻❸✵❹✡ì✴ñ❵é✱❸❡ð✟ê✸ö✑í❅ì✴ê✹í✩ê✸è❵÷✶ì✴õ í✹❺✹ï✸è➑ë✤ù❡é✸ú ì✡❸❡è❳ó✩ú è❉❼❡ù❳ó✛ð
ë✤è❽❸✵❹✡ì✴ñ❵é❲ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è✟ý✜❷❭ð✕ï✦ó✁ù✤❾✦õ í✛è❳ó✄ú è❡ö✄é✚è❳ó✓í✛è❡ö✘❿❶ì➁➀❀ð✴ó❅ì✴ê✡ì✦î❭õ ú❘÷✶ì✴ï✤í✄ö✓ð✟õ í✝ì➁➀❀ð✟ï✤í✛è❳ó✁ï✸ê➂❸✵❹✸ì✟ñ❵é❶í✛ð✟ï✤ó✛ê✸ì✟ê✕í✁û➑ï✸ê✸è☎÷ ó✛ù⑦❺✹ï✸è❡ê✷❸❳è
ù❡ú è✤❾✕ù❡è☎é✡ì❁ó➆ó❅ì✴é✸é✚ð✴ó✓í➋ì✴ï✤ø❚÷ ó✛ù⑦❺✹ï✸è❳ê✷❸❡è❡ö➋ë✤è☎é✸õ ù❡ô✟è❫ì✴ô✟è❉➃✶é✸õ ü❡ô✟è❽➄❪➅➆❷❘î✡é✚ð✟ï✤ó⑩➇❇➈❱➉✩▼✥❏➋➊✡➌❣▼✵❚❅➊⑦➍✄▼❅❖✺➎✎❚✤➏✥➈❱➐✒➈❱➑✭➍✹➒①❍✡➐➋▼✵➑✷➐✒➈✕➊❣◆❱➓❅î✚ö✓ð✟õ í➋ï✤í✛õ ú õ ö✓è❳ó
ï✸ê✸è➆❸❡ð✟ê✳➔✡ô✟ï✤ó❅ì❁í✛õ ð✟ê❲ë✤õ →Pù❳ó✛è❡ê✹í✛è✟î✸ú è✁é✸õ ü❡ô✟è☎ë✤è➆➣❀ð✡→Pè✥↔➋❷▼ó✛õ í❘❸✵❹✡ì❁ó❅ëPý↕✤➙ ì❫❾✟ì✴ú è❡ï✤ó❊é✤ó✛ù✤❸❡õ ö✓è✝ë✤è
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ë✤ù❡é✚è❡ê✡ë✧ë✤è✁ú ì✩ô✟ù❡ð✟ñ❵ù❳í✓ó✛õ è☎ë✤ï❚é✸õ ü❡ô✟è✟ý
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➥❪➦ ➧❣➨➁➩❣➫✘➭★➩✩➨➁➯✳➲✯➳✜➵✥➩❣➫✥➫✵➦ ➯✳➸➥❪➦ ➧❣➨➁➩✩➭★➩⑧➵✥➩❣➨➁➯✳➲❉➺✜➦ ➸✫➻✭➦❱➫✵➯✳➸

➼✷➽ ➨➁➲ ➾✜➚ ➪ ➲ ➶ ➽ ➨➁➲
➹✚➻✭➘
➹✚➻✭➘

➴ ➘✫➻✳➭★➵✥➘✜➳✜➷ ➩⑧➳✫➻✳➫✥➫✥➻✭➬✳➩❫➳✍➯✳➘✜➵➆➮✫➘✜➦❱➭★➩

➱✉➵✤➻✳➫✵➘✜➵✥➩❣➫ ➱✉➵✤➻✳➫✵➘✜➵✥➩❣➫

✃❑➘✜➺✍➩✩➭★➩✹➨➁➘✜➦ ❐❒➵✥➩
4× 6
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❴✤❙✧❧❡❤✹❨✝❩❭❞❅❙❫❪❡❪❫qr❤✹s ❴✤❙✸Ï❭❹❷❧❁❨✯❢❶❬❅♦ ❙❁s♠❣❀❞❳♣❳❙✧❴✹❯❲❦✦❯✚qr❴✤❙❫⑥⑦❬ ❙❫❪✫❣❀❯♠Ó❳❙❫❪✝❪✴❤✹s♠❣❘❩P❝✹❞❳❝✹❬✶❬ ➐❁❬ ❙❫❪✫❪❫❯✚❞⑧Ð✹⑥✶Ñ❲❨✧⑥❏❦✦❞✵Ò✤❧❡❙✧❢❶❯✚s❘❙❵❴✤❤✹❯✷❰✟❝✹q✶s❘❙✧❴✤❙
❩❭qr➐❡❧❡❙❫❪❚❴✤❙❚❧❳❤✹❨✝❩❭❞❳❙❫❪❡❪❫qr❤✹s➌❞❳♣✓❩P❝✹❞❫❣❀qr❙❫❪❵❣✓❤✹❯✚❣✄❝✹❯✱❬ ❤✹s✚❦❇❴✹❯❷❦✦❯✚qr❴✤❙✟❺❏➔✗❙❫❪✧Ó❁❞❳❝✕❪❫❯✚❞❳❙❫❪➑❝✕❪❡❪❫❯✚❞❳❝✹s♠❣➆❬ ❝❜❧❡❤✹s♠s❘❙❳❱✤qr❤✹s ❙❁s♠❣❀❞❳❙❵❬ ❙❫❪❵❣r❯♠Ó❡❙❫❪
❴✤❙✩❧❁❯✚q✶➏✟❞❳❙✩❙❁❣❏❬ ❝✄❩❭qr➐❡❧❡❙✩❴✤❙✝❞❅❙❡❧❡❤✹❨❲Ó❁q✶s❘❝✹q⑩❪✴❤✹s①❙❁s❇❝✤❧❁qr❙❁❞☎q✶s❘❤✴❱✤➵✤❴✤❝✤Ó❁❬ ❙☎❪✴❤✹s♠❣✗❪❫❯✡❪✴❧❡❙✓❩❭❣❀qrÓ❁❬ ❙❫❪✝❴✤❙✩❧❡❤✹s❘❴✹❯✚q✶❞❳❙✩❢✧❴✤❙❫❪✁❨❚qr❧❁❞❅❤✹⑨ ➎❳❯✚q✶❣✓❙❫❪✴❺

✠⑤❙✘✤❽✒✔✄❭✒❋✍✭✙✟❁✲✧✌✙✚✄✢✞✝✒❳✪ ✬✔✤✘✄❖✒✔✄✢✤✘✙✟✍✑✆✚✛❭✙✟❁❚✠✎✆✟✍♠✠✎✏✭✄❭✛✢✏✭✄✢☛❲✛☞✄✌❊❣✹❈✧★✬✘✙✩✠☞☛❲✧★✤✘✙✕✒✔✧★✤✘✜❖✒✔✛☞✜✢✍✭✒✔✛❭✒✔✄❭✜☞✧★✤✘✜☞✄✢☛❲✧★✍✑✞✝✬✔✤t❨✌✬✔✍✭✒✔✄
❁✲✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤❲✆✝✒❳✪ ✧★✱✔✆✚✄✢✤✔✍✑✞✕✒✔✄☞✙✣❨✌✞✡✠★✒❋✍✭✄✢✤◆✆✚✙
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✠✎✬❋❯➃☛✌✠✎✏✭✄✢✬✔✞✚✙❢✆❫P◆❁✔✍✭❱❲✬✘✄✢✦✝✄✢✤❲✆❭✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙❢❁✲✧★✬✔✞❭✒✔✄☞✙❢❁✔✍✭✗✢❨✿✄☞✙❭✒✔✄❤❹❫✧✎➋❳✄❂♥♦❜❣✞✟✍✑✆✚✜✡✖❚✠✎✞✚✒❝✒✘✠✎✤✘✙❢✏✭✄☞✙❭✄❂❯❋❁✲✛✢✞✟✍✭✄✢✤✘✜☞✄✢✙❖✒✔✄
✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤Ð✒✔✄❭✵❍✧✌✙✚✄✡♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤☎❊ ❧ ✧★✦✕✦✝✄❭☛◆✬❻❁✔✏✑✬✘✙▲✖❚✠✎✬✔✆✫✽❞✍✑✏✓❘✷✠✎✬✔✆✕✬✔✆✟✍✑✏✑✍✭✙✚✄❂✞✕✬✔✤✘✄❭✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄

a = 8
✦✕✦

✄✢✤◆✆✟✞✚✄✼✏✭✄☞✙■✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✚✙❈✒❋✬❖❨✌✬✔✍✭✒✔✄✥❱❲✬❚✠★✒❋✞✟✬✔❁✾✧★✏♠✠✎✍✑✞✚✄✥❁✾✧★✬✔✞❈✠✎✆✟✆✚✄✢✍✑✤✘✒❋✞✚✄✴✬✔✤❖✆✚✄✢✏☎❨✌✞✡✠★✒❋✍✭✄✢✤◆✆❈✠✫☛❲✄✢✜✼✬✔✤❩✜☞✧★✬✔✞✡✠✎✤◆✆❄✒✔✄
➁❲❅✌❅✕⑦✣❊ ❧ ✄☞✜✢✍☎✍✑✦✕❁✔✏✑✍✭❱❲✬✘✄✴✒✔✄❇✞✚✛✫✠✎✏✑✍✭✙✚✄✢✞■✬✔✤❖❨✌✬✔✍✭✒✔✄❇❘r✧★✤✘✜✢✆✟✍✭✧★✤✔✤❚✠✎✤◆✆❈❆▲✏✷✪ ✍✑✤❲✆✚✛✢✞✟✍✭✄✢✬✔✞❈✒✔✄✼✏✷✪ ✄✢✤✘✜☞✄✢✍✑✤❲✆✚✄✴✬✔✏✑✆✟✞✡✠⑤♥✷☛◆✍✭✒✔✄✌❊
✸❣✤❽✧★✬✔✆✟✞✚✄✌✽❣✠⑤❙✘✤t✒❳✪ ✍✑✤✌❪④✄☞✜✢✆✚✄✢✞✝✒✔✄☞✙✝✠✎✆✚✧★✦✝✄☞✙✕✒✘✠✎✤✘✙▲✏✭✄✩❨✌✬✔✍✭✒✔✄✌✽❞✤✘✧★✬✘✙▲☛✿✧★✬✔✏✭✧★✤✘✙▲❁✲✧★✬✔☛✿✧★✍✑✞✣❘✷✠✎✍✑✞✚✄✩❘r✧★✤✘✜✢✆✟✍✭✧★✤✔✤✘✄✢✞

✬✔✤❬❁✔✍✭✗✢❨✿✄✥✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄✌✽✲✄✢✆❈✦✝♣✢✦✝✄✥✬✔✤✘✄✥✦✝✛✢✏♠✠★✙✚✙✚✄✥✧★❁✔✆✟✍✭❱❲✬✘✄✌✽✲❆✩❱❲✬✘✄✢✏✭❱❲✬✘✄☞✙❈✜☞✄✢✤❲✆✟✍✑✦✝✗✢✆✟✞✚✄☞✙✼✒✔✄✴✏✷✪ ✄✢✤◆✆✟✞✚✛☞✄✣✒❋✬
❨✌✬✔✍✭✒✔✄✌❊❋❹♦✏❚❘✷✠✎✬✔✆✓❁✲✧★✬✔✞❀✜☞✄❂✏♠✠✣❱❲✬✘✄❄✏✭✄❇✜✚✖❚✠✎✦✕❁❭✜✢✞✚✛☞✛❈❁❚✠✎✞❍✏✭✄❄❨✌✬✔✍✭✒✔✄❇✙✫✪ ✠✎✤✔✤❲✬✔✏✭✄❈✞✡✠✎❁✔✍✭✒✔✄✢✦✝✄✢✤◆✆❀✏✭✧★✞✚✙✚❱❲✬✘✄❄✏✷✪ ✧★✤❭✙✫✪ ✛✢✏✭✧★✍✑❨✌✤✘✄
✒✔✄❤✜☞✄✢✏✑✬✔✍q♥♦✜✢✍✩⑧⑨✄✢✤❝✄❂➋❳✄✢✆✫✽✶✬✔✤❝✜✡✖❚✠✎✦✕❁❝✒✔✄❬✏✷✪ ✧★✞✚✒❋✞✚✄①✒✔✄➀➈✫❅✌❅✯✦✮❦Ô✙✟✬❋③✝✆❖❆✯✒✔✛✢❨✌✞✡✠★✒✔✄✢✞❖✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✡✠✎✱✔✏✭✄✢✦✝✄☞✤❲✆❖✏✭✄☞✙
❁✲✄✢✞④❘r✧★✞✟✦✩✠✎✤✘✜☞✄☞✙❄✒❳✪ ✬✔✤✘✄✼✦✝✛✢✏♠✠★✙✚✙✚✄✴✧★❁✔✆✟✍✭❱❲✬✘✄⑤⑩❂❊

♣✚q✕r✘q✕Ó ❍✩Ô✁s✝▼✕✈❱②✷s✑Õ✷✈❱Ö✘×
✂☎✄❈❨✌✬✔✍✭✒✔✄❈✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄❇❱❲✬✘✄❄✤✘✧★✬✘✙❀✠✫☛✿✧★✤✘✙✓✞✚✛✫✠✎✏✑✍✭✙✚✛❄✞✚✄✢❁✲✧✌✙✚✄❈✙✟✬✔✞✓✏♠✠✥✜☞✧★✤❋❙✘❨✌✬✔✞❂✠✎✆✟✍✭✧★✤❩❆✥❱❲✬❚✠✎✆✟✞✚✄❈✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✚✙

✒✔✄❭✏♠✠❬❙✘❨✌✬✔✞✚✄✯➈✌❊ ❃❽⑧ë✱✾⑩❂❊✺❜◗✧★✬✔✞❢✠✎✆✟✆✚✄✢✍✑✤✘✒❋✞✚✄
b = 1

❑✘❦❷❈✎✜✢✦❖✽❣✤✘✧★✬✘✙✩✜✡✖✘✧★✍✭✙✟✍✑✙✚✙✚✧★✤❚✙✕✬✔✤✘✄❖✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄❩✄✢✤❲✆✟✞✚✄❖✆✟✬✔✱✾✄☞✙
a = 8

✦✕✦❖✽✔✄✢✆❀✬✔✤❖✜☞✧★✬✔✞✡✠✎✤◆✆
I = 400

⑦✣❊❋➇❄✤❭✆✚✄✢✏☎✜☞✧★✬✔✞✡✠✎✤❲✆■✍✑✦✕❁✾✧✌✙✚✄✴✒✔✄❇✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✑✞❀✏✭✄☞✙❀✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✚✙■❁❚✠✎✞❀✬✔✤✘✄
✜✢✍✑✞✚✜✢✬✔✏♠✠✎✆✟✍✭✧★✤①✒❳✪ ✄✫✠✎✬☎❊✾✹❈✧★✬✘✙❄✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❇✒✔✧★✤✘✜✣✄✢✤❩❨✌✬✔✍✭✙✚✄✣✒✔✄✥✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✡✙❇❱❲✬❚✠✎✆✟✞✚✄✥✆✟✬✔✱✾✄☞✙❇✒✔✄✥✜✢✬✔✍✑☛◆✞✚✄✣✒✔✄▲➵✕✦✕✦
✒✔✄✼✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✥✄❂❯❋✆✚✛✢✞✟✍✭✄✢✬✔✞❄✄✢✆■✒✔✄❇➁✕✦✕✦é✒✔✄✼✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✴✍✑✤❲✆✚✛✢✞✟✍✭✄✢✬✔✞✫✽❚✒❳✪ ✬✔✤✘✄❇✏✭✧★✤✔❨✌✬✘✄✢✬✔✞❈✒✔✄❇➁✘✽ ❉✣✦❖✽✔✱✔✞✡✠★✙✚✛☞✙■✙✟✬✔✞❀✏✭✄☞✙
❱❲✬❚✠✎✆✟✞✚✄✩✆✟✬✔✱✲✄☞✙✣✒❳✪ ✬✔✤❻❱❲✬✾✠★✒❋✞✟✬✔❁✔✏✭✄✩❁❚✠★✙✚✙✡✠✎❨✿✄✩❁✾✧★✬✔✞✥➳✘✬✔✍✭✒✔✄☞✙▲✒❳✪ ✬✔✤✘✄✮✱✔✞✟✍✭✒✔✄✩✬✔✏✑✆✟✞✡✠⑤♥✷☛◆✍✭✒✔✄ ❧ ❏➆✞✿➁❲❅❋❊❞✂✰✠❭❙✘❨✌✬✔✞✚✄❬➈✌❊ ➞
✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄✼✬✔✤✘✄✼☛◆✬✘✄❇❨✿✛✢✤✘✛✢✞✡✠✎✏✭✄✥✙✟✍✑✦✕❁✔✏✑✍q❙❚✛☞✄✴✒❋✬❖❨✌✬✔✍✭✒✔✄✼✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌❊
✂✰✠✝✞✚✄☞✜✢✧★✦✣✱✔✍✑✤❚✠✎✍✭✙✚✧★✤❤✒✘✄✢✙❈✜☞✧★✬✔✞✡✠✎✤◆✆✚✙❈✄✢✆❈✒✔✄✴✏✷✪ ✄✫✠✎✬❬✒✔✄✴✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆❈✄☞✙✟✆❇✠★✙✚✙✟✬✔✞✚✛☞✄✣❆▲✏✷✪ ✄✢✤◆✆✟✞✚✛☞✄✣✒❋✬❩❨✌✬✔✍✭✒✔✄

❁❚✠✎✞■✬✔✤✘✄✼❁✔✍✭✗☞✜☞✄✴✜✢P◆✏✑✍✑✤✘✒❋✞✟✍✭❱❲✬✘✄✴✜✢✞✚✄✢✬✘✙✚✄✴✄✢✤❬✠★✜✢✍✭✄✢✞■✍✑✤✘✧✫❯❋P❋✒✘✠✎✱✔✏✭✄✴✒✔✄✴➞✌❅▲✦✕✦é✒✔✄✴✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✌✽✾✠☞☛❲✄☞✜❇✬✔✤✘✄✴✧★✬✔☛❲✄✢✞✟✆✟✬✔✞✚✄
✒✔✄✣➨▲✦✕✦Ñ✒✘✄✴✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✌✽✾✙✟✬✔✞❄✏✷✪ ✠⑤❯✔✄✌✽✘❁✾✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤◆✆✼✠✎✬❋❯❩✠✎✆✚✧★✦✝✄☞✙❈✒✔✄✴❁✲✛✢✤✘✛✢✆✟✞✚✄✢✞❈✒✘✠✎✤✘✙❄✏✭✄✴❨✌✬✔✍✭✒✔✄✌❊❚✂✰✠✝✙✟P◆✦✝✛✢✆✟✞✟✍✭✄
✒✔✄☞✙✼✜☞✧★✬✔✞✡✠✎✤❲✆✚✙✴✒✘✠✎✤✘✙❇✏♠✠✩❁✔✍✭✗☞✜☞✄▲✒✔✄✣✞✚✄☞✜☞✧★✦✣✱✔✍✑✤❚✠✎✍✭✙✚✧★✤❤❘✷✠✎✍✑✆✼❱❲✬✘✄✣✜☞✄✢✬❋❯◆♥♦✜✢✍❣✤✘✄▲✜✢✞✚✛☞✄✢✤❲✆✼❁❚✠★✙❇✒✔✄▲✜✡✖❚✠✎✦✕❁✈✙✟✬✔✞❈✏✷✪ ✠⑤❯✔✄✌✽
✄✢✤

x = y = 0
❊ ❧ ✄❢✤✘✄❭✙✚✄✢✞✡✠✎✍✑✆✕❁❚✠★✙✕✏✭✄❭✜✫✠★✙✝✙✟✍❍✏✷✪ ✧★✤❽✞✚✄☞✜☞✧★✦✥✱✔✍✑✤❚✠✎✍✑✆✮✒✔✄✢✬❋❯❽❆❤✒✔✄✢✬❋❯❻✏✭✄☞✙✝✜☞✧★✬✔✞✡✠✎✤❲✆✚✙✩✒✔✄❭✒✔✄✢✬❋❯
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z < 0
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b(z) = ∂yBy(0, 0, z)
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✂✰✠❖✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄✩✄✢✤❲✆✟✞✚✄✝✆✚✬✔✱✾✄☞✙✣✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✚✙✣✄☞✙✟✆✥✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄❂✦✝✄✢✤◆✆

a = 14
✦✕✦Ô❆❭✏✷✪ ✄✢✤❲✆✟✞✚✛☞✄✮✒❋✬✈❨✌✬✔✍✭✒✔✄✌✽◗✄✢✆✴❁❚✠★✙✚✙✚✄

❁✔✞✚✧★❨✌✞✚✄☞✙✚✙✟✍✑☛✿✄✢✦✝✄✢✤◆✆❇❆✝✙✡✠▲☛✌✠✎✏✭✄✢✬✔✞✕s✝✠★✙✟P◆✦✕❁✔✆✚✧★✆✟✍✭❱❲✬✘✄▲✉
a = 8

✦✕✦➅✠✎✬❖✏✭✧★✤✔❨✮✒❳✪ ✬✔✤✘✄✥❷✫✧★✤✘✄✥✒✔✄✴✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❤✒✔✄
➁❲❅✩✜✢✦❖❊ ❧ ✄✢✆✟✆✚✄▲✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❤❁✲✄✢✞✟✦✝✄✢✆✼✒✔✄✥✦✣✬✔✏✑✆✟✍✑❁✔✏✑✍✭✄✢✞✼✏✭✄✥❨✌✞✡✠★✒❋✍✭✄✢✤◆✆✼✒❋✬❬❨✌✬✔✍✭✒✔✄✣❁❚✠✎✞❇✬✔✤❩❘✷✠★✜✢✆✚✄✢✬✔✞❇✆✟✞✚✧★✍✭✙✫✽✲✄✢✆❇✒✔✄
✆✟✞✡✠✎✤✘✙✟❁✾✧✌✙✚✄✢✞✼✠✎✍✑✤✘✙✟✍◗✒✘✠✎✤✘✙■✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✥✏♠✠✕❁✔✖❚✠★✙✚✄✥✒✔✄✥✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❤✠★✒❋✍♠✠✎✱❚✠✎✆✟✍✭❱❲✬✘✄✥✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄✣✒✘✠✎✤✘✙■✏✭✄☞✙❈✄❂❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙
✆✟✞✡✠★✒❋✍✑✆✟✍✭✧★✤✔✤✘✄✢✏✑✏✭✄☞✙❈✒✔✄✴✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤❬✒✔✄✼✵❍✧✌✙✚✄❂♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤❤✠✎❁✔✞✚✗☞✙❀✏✭✄✴✜✚✖❚✠✎✞✟❨✿✄✢✦✝✄✢✤◆✆❈✒❋✬❭❁✔✍✭✗✢❨✿✄✼✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✄é✿❊
✂✰✠■❙✘❨✌✬✔✞✚✄✼➈✌❊ ➵❄✦✝✧★✤❲✆✟✞✚✄❍✏♠✠❄✤✘✧★✞✟✦✝✄❍✒❋✬✕✜✡✖❚✠✎✦✕❁▲✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄■✜☞✠✎✏✭✜✢✬✔✏✭✛☞✄❀✄✢✤▲✆✚✄✢✤❚✠✎✤◆✆❣✜☞✧★✦✕❁✔✆✚✄❀✒✔✄✓✏♠✠❄☛✿✛✢✞✟✍✑✆✡✠✎✱✔✏✭✄

❨✿✛☞✧★✦✝✛✢✆✟✞✟✍✭✄❍✒❋✬✥❨✌✬✔✍✭✒✔✄✌❊✎✂✺✪ ✠✎❁✔❁✔✞✚✧✫❯❋✍✑✦✩✠✎✆✟✍✭✧★✤✕✒❋✬▲✜✚✖❚✠✎✦✕❁✣✞✚✛☞✄✢✏◆❁❚✠✎✞◗✬✔✤✣✜✡✖❚✠✎✦✕❁▲✒✔✄✺✏♠✠❍❘r✧★✞✟✦✝✄❇⑧④➈✌❊ ➞✿⑩☎✄☞✙✟✆✰✆✟✞✚✗☞✙✰✱✾✧★✤✔✤✘✄
ê✵ë ð✟ï✸ö❘ì⑦❾✕ð✟ê✸ö♠è❡ö✑í✛õ ñ❵ù✎ë✤è✗ú ì❊ñ➑ì✴ê✸õ ü❳ó✛è✗ö✓ï✸õ ❾✟ì✴ê✹í✛è✗ú è✑❸❘❹✡ì✴ñ❵é✸❸❳ó✛ù❡ù❏é✡ì❁ó❘ú è❏ô✟ï✸õ ë✤è✎ì✴ï☎ê✸õ ❾✕è❫ì✴ï☎ë✤ï✘❷✑❿❄➅❃ì❫ð✟ê☎ð✟ò✸ö✓è❳ó❘❾✕è❏ú✒í è❳ø✤é✡ì✴ê✸ö✓õ ð✟ê

ë✜í ï✸ê✸è✁ñ❵ù❡ú ì✴ö✓ö✓è☎ð✟é✤í✛õ ❺✹ï✸è✁è❡ê❶é✤ó✛ù❡ö✓è❡ê✷❸❡è☎ð✟ï❶ê✸ð✟ê❲ë✜í ï✸ê✯❸❡ð✟ï✤ó❅ì✴ê✹í
I = 400 î ë✸ì✴ê✸ö❊ú è☎ô✟ï✸õ ë✤è✟ý ➙ ì✫é✤ó✛ù❡ö✓è❡ê✷❸❡è☎ë✤ï✯❸❡ð✟ï✤ó❅ì✴ê✹í✄ì➁→Pè✤❸❳í✛èú✒í è❳ø✤é✡ì✴ê✸ö✓õ ð✟ê❶ë✤è✄ú ì✝ñ❵ù❡ú ì✴ö✓ö✓è✟î✸è❳ê⑩❸❡ð✟ñ❵ñ✩ï✸ê✸õ ❺✕ï✡ì✴ê✹íÔì✴ï❚ê✦ï✡ì✴ô✟è✄ï✸ê✸è✉❾✦õ í✛è❡ö✓ö✓è✁ë✤è✸❺✹ï✸è❡ú ❺✹ï✸è❡ö✑❸❡ñ❉ï❁ö❡ý✳➣❀úPö✓ï✳ð✫í❊ì✴ú ð✴ó✛ö➆ë✤è✄ñ❵ð✦ë✤õ ➔✡è❳ó⑦ú è❡ö❸✵❹✡ì✴ñ❵é✸ö⑦ë✤è➆❸❡ð✟ñ❵é✚è❡ê✸ö✛ì❁í✛õ ð✟ê❶ë✤ï❉❸✵❹✡ì✴ñ❵é✧ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è➆í✛è❳ó✓ó✛è❡ö✑í✓ó✛è✄é✡ì❁ó➆è❳ê✭❾✦õ ó✛ð✟ê❄ñ✡ò✩ñ❉ó✣é✚ð✟ï✤ó⑦ó✛è❳í✓ó✛ð✟ï✷❾✕è❳ó❊ï✸ê✸è➋ñ❵ù❡ú ì✴ö✓ö✓è✁ð✟é✤í✛õ ❺✹ï✸è

ô ê✸ð✴ó✛ñ➑ì✴ú è❽õ✟î✷❸❣í è❡ö✑í❅↔❀û➁↔❀ë✤õ ó✛è✘❺✹ï✸õPö✤í ù❳í❅ì✴ú è☎è❡ê✧ó✛è❡ö✑í❅ì✴ê✹í➋ì✴ï❶ñ✹ö❡ñ❵è➋è❡ê✡ë✦ó✛ð✟õ í❫ý÷❫ç✎è❳í✓í✛è➆é✷❹✡ì✴ö✓è➆é✚è❳ó✛ñ❵è❳í✎ë✜í ì✴ï✸ô✟ñ❵è❡ê✹í✛è❳ó❏ú è❊í❅ì✴ï✤ø❵ë✤è❪❸❡ð✟ú ú õ ö✓õ ð✕ê✧è❡ê❵ô✕ì❁ó❅ë✸ì✴ê✹í✎❸❡ð✟ê✸ö✑í❅ì✴ê✹í✛è❊ú ì✝ë✦è❡ê✸ö✓õ í✛ù➋ë✸ì✴ê✸ö❏ú✒í è❡ö✓é✡ì✡❸❡è✄ë✤è❡ö✎é✷❹✡ì✴ö✓è❡ö❡ý
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øúù✳û➁ü✳ý

þ✚ÿ✁� ✂ ý☎✄

✆ ÿ ý✤ù✞✝

✟✡✠☞☛✌☛
ø✎✍ø✎✍

❋✄●☞❍❏■✗❑▼▲✣◆✜✽ ✏▼❖➋Õ❊❤✹❯✕❩✚❙❚❴✗♦ ❯✚s❘❙✧❴✤❙❫❪✄❩❭qr➐❳❧❡❙❫❪✧❴✤❙❚❧❳❤✹❨✝❩❭❞❳❙❫❪❡❪❫qr❤✹s ❴✹❯❷❦✦❯✚qr❴✤❙✟❺▼◗❚❙❫❪➑❙❁s♠❣❀❞❅❙✴❣✑❤✹q⑩❪✴❙❫❪✫q⑩❪✴❤✹❬ ❝✹s♠❣✓❙❫❪✧❙❁s①t✥❝✤❧❳❤✹❞➑❨❲❝✹q✶s♠⑨
❣❀qr❙❁s♠s❘❙❁s♠❣➋❬ ❙❫❪✧❣❀❯♠Ó❡❙❫❪❚❴✹❯❇❦✦❯✚qr❴✤❙❲❙❁sP❪✴❙❁❨❲Ó❁❬ ❙▼⑤✄❙❁❬☞❬ ❙❫❪➑❪✴❤✹s♠❣☎❢❷❬ ❙❁❯✚❞✧❣✑❤✹❯✚❞➑❨❲❝✹q✶s♠❣✓❙❁s♠❯♠❙❫❪✁❩P❝✹❞❶❴✤❙❁❯✤❱✧❩❭qr➐❡❧❡❙❫❪❶❙❁s✙❴✹❯✚❞❳❝✹❬✎➏✟q⑩❪❡❪✴♣❡❙❫❪
❬❅♦ ❯✚s❘❙❚❢❲❬❅♦ ❝✹❯✚❣❀❞❳❙✩❦✦❞✥Ò✤❧❳❙❶❢❜❴✤❙❫❪❵➏✟q⑩❪❵t①❸✱❝✹❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❫❪✴❺

❪❫✬✘✙✚❱❲✬☎✪ ❆✴✬✔✤✘✄❈✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄❈✒✔✄❄✏✷✪ ✠⑤❯✔✄❈✒❳✪ ✄✢✤◆☛◆✍✑✞✚✧★✤❖❃✼✦✕✦❖❊❋❜◗✧★✬✔✞❍✬✔✤❢✜☞✧★✬✔✞✡✠✎✤◆✆❍✒✘✄❄➁❲❅✌❅✥⑦✣✽✿✏♠✠✴❁✔✞✚✧✎❘r✧★✤✘✒✔✄✢✬✔✞❀✒❋✬✮❁✔✬✔✍✑✆✚✙
✒✔✄✩❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏❀✄✢✙✟✆✣✏✑✍✑✦✕✍✑✆✚✛☞✄✩❁❚✠✎✞✣✏✭✄☞✙✣✜☞✧★✤✘✒❋✬✘✜✢✆✚✄✢✬✔✞✚✙✝❆❩❃✿➧★❉❤❦❻❼☎✏✭✄☞✙✣❁✔✍✭✗✢✜☞✄☞✙▲✒✔✄✮✜☞✛✢✞✡✠✎✦✕✍✭❱❲✬✘✄✌✽❞✠✫☛✿✄☞✜✩✏✭✄✝✆✟✞✚✧★✬❻✒✔✄
❃❢✦✕✦Ô✒✔✄✝✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✩❱❲✬✔✍✺❁✾✄✢✞✟✦✝✄✢✆✥✏✭✄✕❁❚✠★✙✚✙✡✠✎❨✿✄✝✒✔✄☞✙✣✠✎✆✚✧★✦✝✄☞✙✫✽☎✏✑✍✑✦✕✍✑✆✚✄✢✤❲✆▲✜✢✄✢✆✟✆✡✄✕❁✔✞✚✧✎❘r✧★✤✘✒✔✄✢✬✔✞▲❆①➈✫❅✌❅❬❦➮⑧⑨✙✚✧★✍✑✆✫✽
✄✢✤❭✬✔✤✔✍✑✆✚✛☞✙■✒✘✄❇✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄✌✽✾➞✥➞✌❅✌❅
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❋✄●☞❍❏■✗❑▼▲✥◆✜✽ ✶▼❖★✾✧❤✹❞❫❨❲❙✩❴✹❯❷❧❡♥P❝✹❨✩❩❇❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙
|B(x, y)|

❧❁❞❳♣❡♣⑦❩✚❝✹❞☎❬ ❙❫❪✁❣❀❯♠Ó❳❙❫❪☎❴✤❙✩❧❁❯✚q✶➏✟❞❳❙✩❴✹❯✧❦✦❯✚qr❴✤❙❫⑥✚❩P❤✹❯✚❞✁❯✚s❇❧❡❤✹❯✚❞❅❝✹s♠❣
I = 400

❴➑❺✗➔❵♦ ❝❡❩✤❩❭❞❳❤✴❱✤q✶❨❲❝✹❣❀qr❤✦s✙❴✹❯✥❧❡♥P❝✹❨✝❩❜❩P❝✹❞
B = b(−x, y, 0)

❝✹➏✹❙❳❧✧❯✚s❇❦✦❞❅❝✤❴✹qr❙❁s♠❣
b = 1 ✷✹✸✖✺ ❧❁❨ ❙❫❪❫❣➋❣❀❞❅➐❫❪✧Ó❳❤✹s♠s❘❙➸❡❯✡❪✴⑧❁❯❊♦ ❢✙❯✚s❘❙★❴✹q⑩❪❫❣✓❝✹s❘❧❡❙➌❴✤❙★❬❅♦ ❝✴❱✡❙➌❴✗♦ ❙❁s♠➏✟q✶❞❳❤✹s➀❸✿❨❚❨❲❺☎➔✗❝➀❛❜❩❭❞❳❤❅➎❫❤✹s❘❴✤❙❁❯✚❞①✐❻❴✹❯✿❦✦❯✚qr❴✤❙➌❙❫❪❫❣❶❴✤❙★❬❅♦ ❤✹❞❳❴✹❞❅❙ ❴✤❙★❸✼✻✾✽ ✸ ⑤s❘♣❡❝✹s♠❨❲❤✹q✶sP❪❡⑥⑦❬ ❝✫❩❭❞❳♣❫❪✴❙❁s❘❧❳❙❚❴✤❙✁❩❭qr➐❳❧❡❙❫❪✧❴✤❙❚❧❡♣❁❞❅❝✹❨❚qr⑧❁❯♠❙❫❪✧❝✹➏✹❙❡❧➑❯✚s✥❤✹❞❫q Ö➆❧❡❙❚❴✤❙❵❸❷❨❚❨❆❴✤❙❚❴✹qr❝✹❨❲➐❁❣❀❞❅❙✁❩P❤✹❯✚❞✫❬ ❙✁❩✚❝✕❪❡❪✴❝✴❦✸❙❶❴✤❙❫❪

❝✹❣✓❤✹❨❲❙❫❪❵❬ q✶❨❚q✶❣✓❙✁❩P♣❁❞❫qr❤✟❴✹qr⑧✴❯♠❙❁❨❲❙❁s♠❣✁❧❡❙❁❣❀❣✓❙✄❩❭❞❳❤❅➎❫❤✹s❘❴✤❙❁❯✚❞❚❢❇②✤❹✤❹ ✸ ❪✴❙❁❯✚❬ ❙❁❨❲❙❁s❭❣✑❺
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✂☎✄❬✦✝✧★✤❲✆✡✠✎❨✿✄①✒❋✬➃❨✌✬✔✍✭✒✔✄❤✒✘✠✎✤✘✙✮✏✷✪ ✄✢✤✘✜☞✄✢✍✑✤❲✆✚✄✈❆✈☛◆✍✭✒✔✄❬✄☞✙✟✆✮✬✔✤✘✄❬✛✢✆✡✠✎❁✲✄❤✒✔✛✢✏q✍✭✜✫✠✎✆✚✄✌✽❀✒❋✬Ð❘✷✠✎✍✑✆❢✒✔✄❩✏♠✠✯❨✌✞✡✠✎✤✘✒✔✄

✏✭✧★✤✔❨✌✬✘✄✢✬✔✞✼✒❋✬❬❨✌✬✔✍✭✒✔✄▲✄✢✆❈✒✔✄✥✏♠✠✝✤✘✛☞✜☞✄☞✙✚✙✟✍✑✆✚✛✣✒❳✪ ✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞✼✒✔✄☞✙❄✆✟✬✔✱✲✄☞✙❇✒✔✄✥☛✿✄✢✞✟✞✚✄❅❄✴❁✲✧★✬✔✞❈✏♠✠✝✞✚✛✫✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤①✒✔✄✥✏♠✠✕❁✔✏✑✬✘✙
❨✌✞✡✠✎✤✘✒✔✄❩❁❚✠✎✞✟✆✟✍✭✄❩✒✔✄❖✏♠✠✈✜✚✖❚✠✎✦✣✱✔✞✚✄✌✽❍✠⑤❙✘✤➃✒✔✄❖❁✲✧★✬✔☛✿✧★✍✑✞✝❘✷✠✎✍✑✞✚✄❩✒❋✬Ð✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆✮❁❚✠✎✞✮✛✢☛✌✠✎❁✲✧★✞✡✠✎✆✟✍✭✧★✤➃✞✡✠★✒❋✍✭✧✎♥
❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄✣✠☞☛❲✄☞✜✴✒✔✄☞✙❈✠✎✤❲✆✡✄❂✤✘✤✘✄☞✙❄✙✟✍✑✆✟✬✘✛☞✄☞✙❈❆✕✏✷✪ ✄❂❯❋✆✚✛✢✞✟✍✭✄✢✬✔✞❈✒✔✄✼✏♠✠✕✜✡✖❚✠✎✦✣✱✔✞✚✄✣❆▲☛◆✍✭✒✔✄✌❊✘✂☎✄✴❨✌✬✔✍✭✒✔✄✴❁✔✞✚✧★❁✔✞✚✄✢✦✝✄✢✤❲✆❇✒❋✍✑✆
✞✚✄✢❁✲✧✌✙✚✄❀✙✟✬✔✞❣✒✔✄☞✙❞❁✔✍✭✗☞✜☞✄☞✙✺✄✢✤✝➄❤✠★✜☞✧★✞❣❁✾✧✌✙✚✛☞✄☞✙✺✙✟✬✔✞❞✏✭✄☞✙❣✆✟✬✔✱✾✄☞✙✺✒✔✄❍✏♠✠❈✜✡✖❚✠✎✦✥✱✔✞✚✄❄❆❈☛◆✍✭✒✔✄✌❊★✂✺✪ ✖✘✧★✞✟✍✑❷✫✧★✤◆✆✡✠✎✏✑✍✑✆✚✛❄✒❋✬✕❨✌✬✔✍✭✒✔✄
✄☞✙✟✆■✜☞✧★✤◆✆✟✞✚✐★✏✭✛☞✄✣✠☞☛❲✄☞✜❇✬✔✤✘✄✼❁✔✞✚✛☞✜✢✍✭✙✟✍✭✧★✤❩✒✔✄❇✏✷✪ ✧★✞✚✒❋✞✚✄✥✒❋✬❭✦✕✍✑✏✑✏✑✍✑✦✝✗✢✆✟✞✚✄❅❆✿❊
✇❇✄✢✬❋❯❻❁✲✧★✦✕❁✾✄☞✙✝✍✭✧★✤✔✍✭❱❲✬✘✄☞✙✝✒✔✄❖❃✌❉❤✂➋❈✎✙✫✽✺✙✟✍✑✆✟✬✘✛☞✄☞✙✝✄✢✤

z = 1,7
✦➸✄✢✆

z = 4,3
✦➸✙✚✧★✤◆✆✕✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙✕❁✾✧★✬✔✞

❁✲✧★✦✕❁✾✄✢✞▲✏♠✠❩✜✡✖❚✠✎✦✥✱✔✞✚✄❭❆❖☛◆✍✭✒✔✄✮✒❋✬➀❨✌✬✔✍✭✒✔✄✌❊❞⑦❄❁✔✞✚✗☞✙✣❱❲✬✔✍✑✤✔❷✫✄✣❪④✧★✬✔✞✚✙✣✒❳✪ ✛✢✆✟✬✔☛✌✠✎❨✿✄✸å❈❇❭❆❩❃✌❅✌❅✤✞◆❃✌❉✌❅ ◦ ❧ ✽✰✏♠✠❖❁✔✞✚✄☞✙✚✙✟✍✭✧★✤
✞✚✛☞✙✟✍✭✒❋✬✘✄✢✏✑✏✭✄❩✠✎✬❻✤✔✍✑☛❲✄✫✠✎✬t✒✔✄☞✙✕❁✾✧★✦✕❁✲✄☞✙✝✄☞✙✟✆✕✒✔✄✮✏✷✪ ✧★✞✚✒❋✞✚✄❖✒✔✄

10−11 ❛◗✧★✞✟✞✫✽❞✦✩✠✎✍✭✙▲✏♠✠❩❘✷✠✎✍✑✱✔✏✭✄❢✜☞✧★✤✘✒❋✬✘✜✢✆✡✠✎✤✘✜☞✄❩✒✔✄☞✙
✆✟✬✔✱✲✄☞✙▲✒✔✄✩☛✿✄✢✞✟✞✡✄❤⑧⑨✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄✮✍✑✤❲✆✚✛✢✞✟✍✭✄✢✬✔✞✩➞✌❉❖✦✕✦✮⑩✼✏✑✍✑✦✕✍✑✆✚✄✮✏♠✠❩✒❋✬✔✞✚✛☞✄❢✒✔✄✩☛◆✍✭✄✩✄❂➋❳✄☞✜✢✆✟✍✑☛❲✄✮✒✔✄☞✙✕✠✎✆✚✧★✦✝✄☞✙▲✒✘✠✎✤✘✙✣✏✭✄
❨✌✬✔✍✭✒✔✄✥❆✣✬✔✤✘✄✴❱❲✬✔✍✑✤✔❷⑤✠✎✍✑✤✘✄✴✒✔✄✴✙✚✄☞✜☞✧★✤✘✒✔✄✌❊✘❜❣✏✑✬✘✙■❱❲✬❚✠✎✤◆✆✟✍✑✆✡✠✎✆✟✍✑☛❲✄✢✦✝✄❂✤◆✆✫✽❚✄✢✤❖✦✝✄✢✙✟✬✘✞✡✠✎✤❲✆■✏✭✄❇➳✘✬❋❯❭✄✢✤❖✒✔✄✢✬❋❯❭❁✾✧✌✙✟✍✑✆✟✍✭✧★✤✘✙
z1
✄✢✆

z2 > z1
❁✲✧★✬✔✞❄✒❋✍q➋❳✛✢✞✚✄✢✤❲✆✚✄☞✙■☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙

v
✒❋✬✝❪④✄✢✆✫✽✔✧★✤❖✧★✱✘✙✚✄✢✞✟☛❲✄✼❱❲✬✘✄✼✏♠✠✣✏✭✧★✍

Φ(z2) ≃ Φ(z1) exp

(

−z2 − z1

vτ

) ⑧④➈✌❊ ➧✌⑩

✄☞✙✟✆❀✱✔✍✭✄✢✤❖☛❲✛✢✞✟✍q❙❚✛☞✄✥✠☞☛❲✄☞✜
τ ≃ 15

✙✫❊
✸❞❯❋❁✲✛✢✞✟✍✑✦✝✄✢✤❲✆✡✠✎✏✭✄☞✦✝✄✢✤◆✆✫✽☎✤✘✧★✬✘✙✣✠✫☛✿✧★✤✘✙✴✜☞✧★✤✘✙✟✆❂✠✎✆✚✛✝❱❲✬✘✄▲✏✭✄▲❘✷✠✎✍✑✆✥✒✔✄▲✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✑✞✥✏✭✄☞✙✼❁❚✠✎✞✚✧★✍✭✙✥✒✔✄✕✏♠✠❭✜✚✖❚✠✎✦✣✱✔✞✚✄✩❆

☛◆✍✭✒✔✄▲☛❲✄✢✞✚✙ −50 ◦ ❧ ❁✾✄✢✞✟✦✝✄✢✆✥✒❳✪ ✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄✢✞✣✒✔✄✝❃✌❉❭❆❭❉✌❅✁❉é✏✭✄✣➳✘✬❋❯①✒❋✬❭❪④✄✢✆✥✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✕✦✝✄☞✙✟✬✔✞✚✛✝❆✮✏♠✠✩❙✘✤✈✒❋✬
❨✌✬✔✍✭✒✔✄✌❊✾✹❈✧★✬✘✙❈✄✢✦✕❁✔✏✭✧✫P❲✧★✤✘✙❈❁✾✧★✬✔✞❇✜☞✄✢✏♠✠✕✬✔✤❤✛☞✜☞✧★✬✔✏✭✄✢✦✝✄✢✤❲✆✼✒❳✪ ✠✎❷✫✧★✆✚✄✥❨❲✠✎❷✫✄✢✬❋❯❩✆✟✞✚✗☞✙■❘⑨✞✚✧★✍✭✒❩✛✢✦✩✠✎✤❚✠✎✤❲✆✼✒❳✪ ✬✔✤❬✇❇✄❙❆❀✠✎✞
✒❳✪ ✠✎❷✫✧★✆✚✄❭✏✑✍✭❱❲✬✔✍✭✒✔✄❖✒✘✠✎✤✘✙✕✏✭✄☞❱❲✬✘✄✢✏■❁✔✏✭✧★✤✔❨✿✄❭✬✔✤t✆✟✬✔✱✲✄❖✠✎✦✝✄✢✤❚✠✎✤◆✆✩✒✔✄❭✏✷✪ ✠✎✍✑✞✝✜☞✧★✦✕❁✔✞✟✍✑✦✝✛✌✽✶✄✢✆✝✜✫✠✎✤❚✠✎✏✑✍✭✙✚✛❩✠✎✬✔✆✚✧★✬✔✞✩✒✔✄
✏✷✪ ✄✢✤✘✜☞✄✢✍✑✤◆✆✚✄✩❆❢☛◆✍✑✒✘✄▲❨✌✞✴✳★✜☞✄✩❆✮✬✔✤✘✄❩s✮✱✾✧✎⑥✭✆✚✄✮✉❬✒✔✄✝✙✚✄☞✜✢✆✟✍✭✧★✤

10
✜✢✦ × 10

✜✢✦➮✞✡✛☞✠✎✏✑✍✭✙✚✛☞✄✩✠✫☛✿✄☞✜✕✒✘✄✢✙✴❁✔✏♠✠★❱❲✬✘✄☞✙✴✒✔✄
❁✲✧★✏✑P❋✙✟✆♦P◆✞✚✗✢✤✘✄✴✒✔✄✴❃▲✜✢✦é✒❳✪ ✛✢❁❚✠✎✍✭✙✚✙✚✄✢✬✔✞✫❊✘✂✺✪ ✠✎✬✔❨✌✦✝✄✢✤❲✆✡✠★✆✟✍✭✧★✤❬✒❋✬❭➳✘✬❋❯❢✏✭✧★✞✚✙■✒❋✬❖✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄❂✤◆✆■✍✑✤✘✒❋✍✭❱❲✬✘✄✴❱❲✬☎✪ ✬✔✤✘✄
✒✔✄☞✙■✙✚✧★✬✔✞✚✜☞✄☞✙❄✒✔✄❇❨❲✠✎❷✴✞✚✛☞✙✟✍✭✒❋✬✘✄✢✏✰✄☞✙✟✆❀✏✭✄✴✒✔✛✢❨❲✠✎❷⑤✠✎❨✿✄✴✒✔✄☞✙❀❁✾✠✎✞✚✧★✍✭✙■✒✔✄✼☛✿✄✢✞✟✞✚✄✌❊

þ Û✒✂❘⑨❭ä▼Û â❲Ü❇✏ Þ✜⑨✡â✄✂❳Û ãÔä❭Þ
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❆✴❷✫✛✢✞✚✧✔❊ ❧ ✄☞✜✢✍✲✄✢✤◆✆✟✞✡✠⑤⑥✭✤✘✄❇✒✔✄❄☛◆✍✭✧★✏✭✄✢✤❲✆✚✄☞✙✓☛◆✍✑✱✔✞✡✠✎✆✟✍✭✧★✤✘✙❀✒❋✬✮❨✌✬✔✍✭✒✔✄▲⑧ë✬✔✤✮✱✔✞✟✬✔✍✑✆❀✙✚✧★✬✔✞✚✒❢✠★✜☞✜☞✧★✦✕❁❚✠✎❨✌✤✘✄❈✏♠✠✥✜☞✧★✬✔❁✔✬✔✞✚✄❇✒❋✬
✜☞✧★✬✔✞✡✠✎✤❲✆✢⑩❂✽❚✄✢✆✫✽❚✠✎❁✔✞✚✗☞✙❄✬✔✤❖❨✌✞✡✠✎✤✘✒❖✤✘✧★✦✣✱✔✞✚✄✥✒✔✄✼✞✚✛✢❁✲✛✢✆✟✍✑✆✟✍✭✧★✤✘✙✫✽✘✏✷✪ ✠✎❁✔❁❚✠✎✞✟✍✑✆✟✍✭✧★✤❤✒✔✄✼✦✕✍✭✜✢✞✚✧✎♥r❘⑨✬✔✍✑✆✚✄☞✙❇✠✎✬❩✤✔✍✑☛✿✄✫✠✎✬❬✒✔✄✼✏♠✠
❁✔✍✭✗☞✜☞✄✣✒✔✄✥✞✚✄☞✜☞✧★✦✣✱✔✍✑✤❚✠✎✍✭✙✚✧★✤Ôå✵❈✿❊✾❜◗✧★✬✔✞✼✜☞✄✢✆✟✆✚✄✥✞✡✠✎✍✭✙✚✧★✤☎✽❚✤✘✧★✬✘✙❇✛✢☛◆✍✑✆✚✧★✤✘✙❇✒✔✄✣✜☞✧★✬✔❁✾✄✢✞❇✱✔✞✟✬✔✆✡✠✎✏✭✄✢✦✝✄✢✤❲✆✼✏✭✄✣✜✚✖❚✠✎✦✕❁❤✦✩✠⑤♥
❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄❍✒❋✬▲❨✌✬✔✍✭✒✔✄✌✽★✜☞✄❍❱❲✬✔✍❋✍q✦✕❁✲✧✌✙✚✄❍✒✔✄❍✒✔✛✢✆✚✄☞✜✢✆✚✄✢✞❣✏✭✄✰❪④✄✢✆✺✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❍✄✢✤▲❁✔✞✚✛☞✙✚✄✢✤✘✜☞✄❍✒✔✄❍✜☞✄✓✜✡✖❚✠✎✦✕❁▲✍✑✤✔✖✘✧★✦✝✧★❨✿✗✢✤✘✄
⑧ë☛✿✧★✍✑✞■✏♠✠▲✙✚✄☞✜✢✆✟✍✭✧★✤❬❃❋❊ ➁◆⑩❂❊
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✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙❈❁✲✧★✬✔✞❇✏✭✄✥✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆❇❁❚✠✎✞❇✏♠✠★✙✚✄✢✞❇✄✢✆❇❁✾✧★✬✔✞❇✏✭✄✥✞✚✄✢❁✲✧★✦✕❁❚✠✎❨✿✄✌❊❳✂☎✄☞✙❄❘✷✠★✜✢✆✚✄✢✬✔✞✚✙❇✒✔✄▲✂✰✠✎✤✘✒✔✛
gF
✙✚✧★✤❲✆

✛✢❨❲✠✎✏✭✄✢✦✝✄✢✤❲✆❄✍✑✤✘✒❋✍✭❱❲✬✘✛☞✙❄✄✢✤❢❘✷✠★✜☞✄✴✒✔✄✼✜✡✖❚✠★❱❲✬✘✄✼✦✥✬✔✏✑✆✟✍✑❁✔✏✭✄✢✆❈✒✔✄✼✙✟✆✟✞✟✬✘✜✢✆✟✬✔✞✚✄✴✖❲P◆❁✲✄✢✞④❙✘✤✘✄✌❊
✂☎✄✥✆✡✠✎✱✔✏✭✄✫✠✎✬t➈✌❊✑➈✥✞✚✛☞✙✟✬✔✦✝✄▲✄✢✤❤✧★✬✔✆✟✞✚✄✣❱❲✬✘✄✢✏✭❱❲✬✘✄☞✙❈❁✔✞✚✧★❁✔✞✟✍✭✛✢✆✚✛☞✙❇✒❋✬ 87Rb

✒✔✧★✤◆✆❈✏♠✠✩✜☞✧★✤✔✤❚✠✎✍✭✙✚✙✡✠✎✤✘✜☞✄▲✙✚✄✢✞✡✠✝✬✔✆✟✍✑✏✭✄
✒✘✠✎✤✘✙❀✏♠✠✕✙✟✬✔✍✑✆✚✄✌❊
æ➋❋✥ë ð✟ï✸ö❊ì⑦❾✕ð✟ê✸ö⑦é✸ï⑩❸❡ð✟ú ñ➑ì❁í✛è❳ó❪❸❡è❡ö❊ñ❵õ ❸❳ó✛ð✴÷⑩ï✸õ í✛è❡ö❊ô✴ó❈▼✡❸❡è☎û✫ë✤è✄ú ì❫❸❳ð✕ú ú è✁é✚ð✟ú ♠✤ñ❵ü❳ó✛è✄é✚ð✟ï✤ó❊ï✸ú í✓ó❅ì➁↔✶❾✦õ ë✤è❫➃✱♥✎ì✡❸❡ö✓è❫ì✴ú♦✛➁➓①❺✹ï✸õ✶î✤õ ê❣➀❀è✤❸❳í✛ù❡è
ë✸ì✴ê✸ö❏ú è❡ö❏í✛ï✸ò✚è❡ö✎ë✤ï❵ô✟ï✸õ ë✤è❊è❳í ô é✚ð✟ï✸ö✓ö✓ù❡è➆õ✩é✡ì❁óÔë✤è❊ú✒í ì✟õ ó✎❸❡ð✟ñ❵é✤ó✛õ ñ❵ù✟î✕ë✤ù❡é✚ð✟ö✓è➆ï✸ê⑧➔✡ú ñ➒ö✓ï✤ó❏í✛ð✟ï✤í✛è❊ú ì✁ö✓ï✤ó✓÷✶ì✡❸❡è➆õ ê✹í✛è❳ó✛ê✸è➆ë✤è❡ö❏í✛ï✸ò✚è❡ö
ë✤ï❚ô✟ï✸õ ë✤è✟î✤ó✛è❡ê✡ë✸ì✴ê✹í➆ì✴õ ê✸ö✓õ♠ú ì✫é✡ì❁ó✛ð✟õ♠ù❳í❅ì✴ê✷❸✵❹✸è✟ý



☎✁✝ ➟ ❲❉✂✛ß✗á✍☛✗Þ❘ä✁✂❘✌ú� ÿ❏♣ ✌✹Û ãÔä❭Þ✜✌❻�✗Þ❇✂✓â✕Û✶á❭Þ❘á♠â✴Þ✜✌ ➻❚➢

52S1/2

52P3/2

F = 3 (gF = 2/3)

F = 2 (gF = 2/3)

F = 1 (gF = 2/3)

F = 0 (gF = 2/3)

F = 2 (gF = 1/2)

F = 1 (gF = −1/2)

6834,7 qsr✉t

267 qsr✉t

157 qsr✉t
72 qsr✉t

δ

780,2 ✈✁✇
(1,6 ①③②❚④

⑤ ⑥⑦ ⑧
⑨⑩❶ ⑩ ❷
❷⑥ ❸
⑥ ❹❺

⑤ ⑥ ❻
⑨ ❸❻
⑥ ❼⑧
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87Rb

❝✹❯✚❣✓❤✹❯✚❞❲❴✤❙❶❬ ❝✱❞❳❝✹qr❙✧◗➑❸➌❢❁✻✟③✸❹✕⑥☞❸✥s♠❨❲❺Ô➔❏❙❶s❭q⑩➏✦❙❳❝✹❯
52P1/2s▼♦ ❝✝❩P❝✕❪➑♣❁❣✓♣❵❞❅❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓♣❄✿✑❬ ❝❶❞❅❝✹qr❙✩◗❚②❲❙❫❪❫❣➋❢❾✻❣Ñ❲✽✕⑥❀❹❲s♠❨❽❁✤❺❘➔❏❙❫❪✫❣❀❞❅❝✹sP❪❫q✶❣❀qr❤✹sP❪✫❯✚❣❀q✶❬ q⑩❪✴♣❳❙❫❪➋❩P❤✹❯✚❞✫❬ ❙✫❞❳❙❀➎❳❞❳❤✹qr❴✹q⑩❪❡❪✴❙❁❨❲❙❁s❭❣❽✿✑❬ ❝✕❪✴❙❁❞

❴✤♣❫❪✴❝✤❧❡❧❡❤✹❞❅❴✸♣❜❴✤❙
δ
➏✹❙❁❞❡❪❚❬ ❙❶❞❅❤✹❯✤❦✸❙❷❴✤❙❶❬ ❝❇❣❀❞❳❝✹sP❪❫q✶❣❀qr❤✹s ∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F
′ = 3

〉❁①❙❁❣Ô❩P❤✹❯✚❞✧❬ ❙❶❞❳❙✓❩P❤✹❨✝❩P❙❁❯✚❞
✿✑❞❳♣❫❪✴❤✹s♠s❘❝✹s♠❣❏❝✹➏✹❙❡❧✄❬ ❝✩❣❀❞❅❝✹s♠❪❡q✶❣❀qr❤✹s ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F
′ = 2

〉❁☎❪✴❤✹s♠❣▼q✶s❘❴✹qr⑧❁❯♠♣❡❙❫❪✎❩✚❝✹❞✁❴✤❙❫❪❱❿✄➐❡❧❡♥P❙❫❪➋➏✹❙❁❞❫❣❀qr❧❡❝✹❬ ❙❫❪✴❺



➻✘Ö þ❵ÿ ß✁�▼Û â✄✂✛Þ✆☎✁✝✟✞PÞ✚â❷ß♠â✡✠✎à Û ãÔä❭Þ☞☛✗ß✗á✍✌★ä✗á✿ÝÔä▼Û ☛✗Þ✣à✥ß♠ÝÔá❭Ü✚â✕Û ãÔä❭Þ ãÔä❭ß✍☛✎✂❡ä✁�✁✠✑✏ ß▼Û✒✂✛Þ

❦❈✞✡✠✎✤✘✒✔✄✢✬✔✞❄❁✔✖❲P❋✙✟✍✭❱❲✬✘✄ ✻❲P◆✦✣✱✾✧★✏✭✄ ❸✶✠✎✏✭✄✢✬✔✞
⑦❄✱✲✧★✤✘✒✘✠✎✤✘✜☞✄✼✍✭✙✚✧★✆✚✧★❁✔✍✭❱❲✬✘✄ ➀ ❃✿➧◆✽ ➨✌➞✁❉

✻❲❁✔✍✑✤❭✤◆✬✘✜✢✏✭✛✫✠✎✍✑✞✚✄
I 3/2

➄❤✠★✙✚✙✚✄
m 1,44 × 10−25 ❑◆❨

✂☎✧★✤✔❨✌✬✘✄✢✬✔✞❈✒❳✪ ✧★✤✘✒✔✄✴✒✔✄✼✏♠✠✣✆✟✞✡✠✎✤✘✙✟✍✑✆✟✍✭✧★✤
D2 λ 780,2

✤✔✦
✂✰✠✎✞✟❨✿✄✢✬✔✞❄✤❚✠✎✆✟✬✔✞✚✄✢✏✑✏✭✄✴✒✔✄✼✏✷✪ ✛✢✆✡✠✎✆❄✄❂❯✔✜✢✍✑✆✚✛

52P3/2 Γ 2π × 6,1
➄➍➂❄❷

➄❬✧★✦✝✄✢✤❲✆■✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✥✒✔✄ ∣

∣52S1/2, F = 1, mF = −1
〉

µ = µB/2 4,64 × 10−24 ●❭❈✎❛
✻◆✄☞✜✢✆✟✍✭✧★✤❬✄❂③✩✜✫✠★✜☞✄✴✧★❁✔✆✟✍✭❱❲✬✘✄✥❆✣✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄

σopt = 3λ2/(2π) 2,9 × 10−13 ✦ 2

❸❈✍✑✆✚✄☞✙✚✙✚✄✼✒✔✄✼✞✚✄☞✜✢✬✔✏
vr 5,9

✦✕✦➌❈✎✙
❛✰✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✥✇❇✧★❁✔❁✔✏✭✄✢✞

TD = ~Γ/(2kB) 146 µK

✂☎✧★✤✔❨✌✬✘✄✢✬✔✞❈✒✔✄✼✒❋✍q➋✲✬✘✙✟✍✭✧★✤❩✒✘✠✎✤✘✙❀✏✷✪ ✧★✤✘✒✔✄
s a 5,3 × 10−9 ✦

✻◆✄☞✜✢✆✟✍✭✧★✤❬✄❂③✩✜✫✠★✜☞✄✴✒✔✄✴✜☞✧★✏q✏✑✍✭✙✟✍✭✧★✤❬✒✘✠✎✤✘✙❀✏✷✪ ✧★✤✘✒✔✄
s σ = 8πa2 7,1 × 10−16 ✦ 2

➁❖➂✙➃❏➄✸▲✹➂❘■✽◆✜✽r◆P❖❚➅✄❯♠❙❁❬ ⑧❁❯♠❙❫❪✩❩❭❞❳❤❡❩❭❞❫qr♣❁❣✓♣❫❪❇❴✤❙❷❬❅♦ ❝✹❣✓❤✹❨❲❙✱❴✤❙
87Rb

❺❊➔❏❙❫❪❲➏✹❝✹❬ ❙❁❯✚❞❡❪❲s♠❯✚❨❲♣❁❞❫qr⑧❁❯♠❙❫❪❚❪✴❤✹s♠❣✝❣❀q✶❞❳♣❡❙❫❪❜❴✤❙✧✇✒Ï❙➆✛④❫❺➋➔❏❝
❬ ❤✹s✡❦✦❯♠❙❁❯✚❞➑❴✤❙❶❴✹q ➇✄❯✡❪❫qr❤✹s ❙❫❪❫❣✁❴✤❤✹s♠s❘♣❳❙☎❩✚❤✹❯✚❞✧❴✤❙❁❯✤❱✱❝✹❣✓❤✹❨❲❙❫❪✧❴✤❝✹sP❪ ∣

∣52S1/2, F = 1,mF = −1
〉 ❺

♣✚q❡✐❫q✕Ó ❨❽s①✇✤s➈❦➊➉❬Õ★✇➋❆✁②✕❄✉✔➌➋❤❆❬Õ➊➍✉➎✮✔✖➏➑➐❧✕①✈ Õ☞❆✁②✷②✫❆➈➐✘Õ☞❆➒❦➔➓✚Ô①✇✤s✑Õ✹✔✉✇➋❆
❧ ✧★✤✘✙✟✍✭✒✔✛✢✞✚✧★✤✘✙❢✬✔✤➀❪④✄✢✆❢✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❤✜☞✧★✤❋❙✘✤✘✛❬✞✡✠★✒❋✍♠✠✎✏✭✄✢✦✝✄✢✤❲✆❭❁❚✠✎✞✮✏✭✄❩❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏✝⑧④➈✌❊ ➵✿⑩✝✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✚✛❬❁❚✠✎✞✮✏✭✄

❨✌✞✡✠★✒❋✍✭✄✢✤❲✆
b
✄✢✆✥✏✭✄✝✜✡✖❚✠✎✦✕❁✯✏✭✧★✤✔❨✌✍✑✆✟✬✘✒✔✍q✤✾✠✎✏

B0
❊✰✂☎✄✕➳✘✬❋❯✯✒❋✬❩❪④✄✢✆✥✄☞✙✟✆✥✤✘✧★✆✚✛

Φ
✽☎✙✡✠❭☛◆✍✑✆✚✄☞✙✚✙✚✄✕✦✝✧✫P❲✄✢✤✔✤✘✄✌✽✰✒❋✍✑✞✟✍✑❨✿✛☞✄

✙✚✄✢✏✭✧★✤
z
✽✓✄☞✙✟✆✩✤✘✧★✆✚✛☞✄

v
❊✓✂✰✠✈✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄❤✒❋✬➀❪④✄✢✆✫✽✓✙✟✬✔❁✔❁✲✧✌✙✚✛❤❆①✏✷✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄❬✆✟✖✘✄✢✞✟✦✝✧◆✒❋P◆✤❚✠✎✦✕✍✭❱❲✬✘✄❤✒✘✠✎✤✘✙✮✏✭✄

✞✚✛❂❘r✛✢✞✚✄✢✤❲✆✟✍✭✄✢✏❳✙✚✄❈✒✔✛✢❁✔✏♠✠★➌✫✠✎✤◆✆■❆✴✏♠✠✴☛◆✍✑✆✚✄☞✙✚✙✚✄
v
❁❚✠✎✞❍✞✡✠✎❁✔❁✾✧★✞✟✆■✠✎✬❢✏♠✠✎✱✾✧★✞✡✠✎✆✚✧★✍✑✞✚✄✌✽✔✄☞✙✟✆

T
❊◆✹❈✧★✬✘✙❍✒✔✛☞✙✟✍✑❨✌✤✘✧★✤✘✙✓❁❚✠✎✞

m
✏♠✠

✦✩✠★✙✚✙✚✄✼✒✔✄☞✙❄✠✎✆✚✧★✦✝✄☞✙✫❊✔✇✼✠✎✤✘✙❀✏♠✠✕✙✟✬✔✍✑✆✚✄✌✽❋✤✘✧★✬✘✙■✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✚✄✢✞✚✧★✤✘✙■✬✔✤✔✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆❄✒✔✄☞✙❣❪④✄✢✆✚✙❶✷✟✔✤✌▼✖✟✺✴✷✹☛✡❃✗✏✓✒✕✔✗✖✴✷✢✽❚✜✌✪ ✄☞✙✟✆④♥❫❆⑤♥
✒❋✍✑✞✚✄❄✠☞P◆✠✎✤❲✆✺✬✔✤✘✄❀✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤✮✒✔✄❍☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙❞✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏♠✄☞✙

vz
✆✚✄✢✏✑✏✭✄■❱❲✬✘✄❍✆✚✧★✬✘✙❣✏✭✄☞✙✶✠✎✆✚✧★✦✝✄☞✙✺☛✿✛✢✞✟✍q❙❚✄✢✤◆✆

vz > 0
❊

✂✰✠✕✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤❩✒✔✄✼☛◆✍✑✆✚✄☞✙✚✙✚✄❇✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✭✄✥✄☞✙✟✆■✒✔✧★✤✔✤✘✛☞✄✴❁❚✠✎✞✴❴

f(vz) ∝ exp

(

−m(vz − v)2

2kBT

)

.
⑧④➈✌❊ ➨✿⑩

✂☎✄❭❪④✄✢✆❩✄☞✙✟✆❖✙✟✬✔❁✲✄✢✞✚✙✚✧★✤✔✍✭❱❲✬✘✄✈✙✟✍
v ≫

√

kBT/m
❊■❹♦✤◆✆✟✞✚✧❲✒❋✬✔✍✭✙✚✧★✤✘✙❖✏✭✄①❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄✯✙✡✠✎✤✘✙❩✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤ M =

v/
√

kBT/m
✽✲❱❲✬✔✍❞✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✚✄▲✏✭✄▲✜✫✠✎✞✡✠★✜✢✆✚✗✢✞✚✄▲✦✝✧★✤✘✧❲✜✢✍✑✤✘✛✢✆✟✍✭❱❲✬✘✄✝✒❋✬❢❪④✄✢✆✕å✵❤★❊✲✸❣✤❤❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✌✽❳✒✔✗☞✙❇❱❲✬✘✄ M > 3

✽
✏♠✠✥❘⑨✞✡✠★✜✢✆✟✍✭✧★✤❩✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❇✠☞P◆✠✎✤❲✆■✬✔✤✘✄❇☛◆✍✑✆✚✄☞✙✚✙✚✄

vz
✤✘✛✢❨❲✠✎✆✟✍✑☛❲✄✴✄☞✙✟✆❀✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✚✄✥❆❭➈→❉✮❊

➇❄✤❭❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄✴✍✑✦✕❁✲✧★✞✟✆✡✠✎✤❲✆❄❁✾✧★✬✔✞❄✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✚✄✢✞❄✏✭✄✼✜☞✧★✤❋❙❚✤✘✄✢✦✝✄❂✤◆✆❈✄☞✙✟✆❀✏✭✄✼✞✡✠✎❁✔❁✾✧★✞✟✆❈✙✡✠✎✤✘✙■✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤

α ≡ µB0

kBT
.

⑧④➈✌❊ ➙✿⑩
❧ ✧★✤✘✙✟✍✭✒✔✛✢✞✚✧★✤✘✙✶✄✢✤✩✄❂➋❳✄✢✆✺✏✭✄❀✜✫✠★✙✺✧✡✲

α ≪ 1
✽✿✜✌✪ ✄☞✙✟✆④♥❫❆⑤♥♦✒❋✍✑✞✚✄

kBT ≫ µB0
❊✿✂✰✠❇❁✔✏✑✬✘✙❣❨✌✞✡✠✎✤✘✒✔✄■❁❚✠✎✞✟✆✟✍✭✄■✒❋✬✝❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏

✄❂❯❋❁✔✏✭✧★✞✚✛▲❁❚✠✎✞✼✏✭✄☞✙✥✠✎✆✚✧★✦✝✄☞✙✴✄☞✙✟✆✥✠✎✏✭✧★✞✚✙❇✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄✌✽☎✄✢✆✴✧★✤①❁✲✄✢✬✔✆✼✤✘✛✢❨✌✏✑✍✑❨✿✄✢✞✴✏♠✠✮❁✔✞✚✛☞✙✚✄✢✤✘✜☞✄✕✒✔✄
B0

⑧ë☛❲✧★✍✑✞❇✏✭✄✕✙✚✜✡✖✘✛✢✦✩✠
æ✶❶✤➣❀ú♠ö✤í ì✴ô✟õ í❫îPû✩ï✸ê❚÷✶ì✡❸❳í✛è❡ï✦ó➋ê✦ï✸ñ❵ù❳ó✛õ ❺✹ï✸è➋é✤ó✛ü❡ö❡î✡ë✤ï✱➑★❍✡➉✹➏✥❚❘▼❽❖✄▼❧➣✺➊✾↔❈↕✹î✤ó❅ì✴é✸é✚ð✴ó✓í➋ë✤è✁ú ì⑧❾✦õ í✛è❡ö✓ö✓è☎ë✤è✁ú✒í ù✤❸❡ð✟ï✸ú è❡ñ❵è❡ê✹í➋û✩ú ì⑧❾✦õ í✛è❡ö✓ö✓è
ë✤ï❚ö✓ð✟ê♠ý



☎✁✝ ➟ ❲❉✂✛ß✗á✍☛✗Þ❘ä✁✂❘✌ú� ÿ❏♣ ✌✹Û ãÔä❭Þ✜✌❻�✗Þ❇✂✓â✕Û✶á❭Þ❘á♠â✴Þ✜✌ ➻✾×

≃

α ≪ 1

α ≫ 1

≃
1

2
mω2r2

µbr

µ
√

B2
0

+ b2r2

kBT

kBT

µB0

❋✄●☞❍❏■✗❑▼▲➀◆✜✽ ➙▼❖➆➳❭q✄❬ ❝✱❣✓❙❁❨✝❩P♣❁❞❳❝✹❣❀❯✚❞❳❙❷❴✹❯❲➸❁❙❁❣✝➏✹♣✴❞❫q Ö➆❙
kBT ≫ µB0

⑥✁❬ ❙✫❩P❤✹❣✓❙❁s♠❣❀qr❙❁❬⑦❪✴❙❁❨❚q✶⑨✓❬ q✶s❘♣❳❝✹q✶❞❳❙➑❩✚❙❁❯✚❣⑧❂❁❣❀❞❳❙❜❧❡❤✹sP❪❫q☞❴✤♣✴❞❅♣
❧❡❤✹❨❚❨❲❙✝❩❭❞❳❝✹❣❀qr⑧❁❯♠❙❁❨❲❙❁s♠❣✁❬ q✶s❘♣❡❝✹q⑩❞❳❙❻✿✛❙❁s★♥P❝✹❯✚❣ ❁✤❺Ô➳❭q✄❝✹❯ ❧❡❤✹s♠❣❀❞❅❝✹q✶❞❳❙

kBT ≪ µB0

⑥➋❬ ❙❫❪❲❝✹❣✓❤✹❨❲❙❫❪✧s❘♦ ❙❳❱❁❩❭❬ ❤✹❞❳❙❁s♠❣✝⑧❁❯♠❙❚❬ ❙✁➎❫❤✹s❘❴
❴✹❯❶❩❭❯✚q✶❣r❪➑❴✤❙☎❩✚❤✹❣✓❙❁s♠❣❀qr❙❁❬Ô❙❁❣➆❬ ❙❚❧❡❤✹s✕Ö⑦s❘❙❁❨❲❙❁s♠❣✄❙❫❪❫❣✗❩❭❞❳❝✹❣❀qr⑧❁❯♠❙❁❨❲❙❁s♠❣❊♥P❝✹❞❫❨❲❤✹s♠qr⑧❁❯♠❙✺✿✛❙❁s➌Ó❡❝✕❪ ❁✤❺

✒❋✬❢✖❚✠✎✬✔✆■✒✔✄❈✏♠✠✴❙✘❨✌✬✔✞✚✄▲➈✌❊ ➙✿⑩❂❊❚✻❲✍☎✠✎✬❭✜☞✧★✤◆✆✟✞✡✠✎✍✑✞✚✄
α ≫ 1

✽❋✜✌✪ ✄☞✙✟✆④♥❫❆⑤♥♦✒❋✍✑✞✚✄
kBT ≪ µB0

❊◆✏✭✄☞✙❀✠✎✆✚✧★✦✝✄☞✙❀✤☎✪ ✄❂❯❋❁✔✏✭✧★✞✚✄✢✤❲✆
❱❲✬✘✄✣✏✭✄✴❘r✧★✤✘✒❤✒❋✬❤❁✔✬✔✍✑✆✚✙✼✒✔✄✥❁✲✧★✆✚✄✢✤❲✆✟✍✭✄✢✏✷❊ ② ✤❤❁✲✄✢✬✔✆✴✠✎✏✭✧★✞✚✙❈❘✷✠✎✍✑✞✚✄✥✬✔✤①✒✔✛✢☛❲✄✢✏✭✧★❁✔❁✾✄✢✦✝✄✢✤◆✆✼✏✑✍✑✦✕✍✑✆✚✛✕✒✔✄❢⑧④➈✌❊ ➵✿⑩❇✠✎✬✔✆✚✧★✬✔✞
✒✔✄

r = 0
❼❋✏✭✄❇❁✲✧★✆✚✄✢✤◆✆✟✍✭✄❂✏◗✄☞✙✟✆❀✖❚✠✎✞✟✦✝✧★✤✔✍✭❱❲✬✘✄✣✠☞☛❲✄☞✜❇✬✔✤✘✄✼❁✔✬✔✏✭✙✡✠✎✆✟✍✭✧★✤

ω =
√

µb2/(mB0)
❊

♣✚q❡✐❫q✕r ❇❼❆①×✎②★✈ Õ✭Ô➈➐➳❄✥❆①×✎②✜✈ Õ✭Ôà❄✚s✉×✎②ì▼P❖ ❆✁②✼➓✎s①③✬❆ ❄✥❆✁②➛➓✉t✎s✎②✫❆✁②❱➐✸Õ✭s➈✔✖➏➧❄✥❆ ③❇Ö➘▼❭▼✕✈❱②✜✈❱Ö✸×✎②
✇✼✠✎✤✘✙▲✜☞✄✢✆✟✆✚✄❢✙✚✄☞✜✢✆✟✍✭✧★✤☎✽◗✤✘✧★✬✘✙✕✒✔✧★✤✔✤✘✧★✤✘✙▲✄✢✤➀❘r✧★✤✘✜✢✆✟✍✭✧★✤t✒✔✄

Φ
✽
v
✽
T
⑧ë❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄☞✙✝✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✡✠✎✤❲✆✕✏✭✄✣❪④✄✢✆❂⑩

✄✢✆✝✒✔✄
b
✄✢✆

B0
⑧ë❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄☞✙✝✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✡✠✎✤◆✆✝✏✑✄❭✜☞✧★✤❋❙✘✤✘✄✢✦✝✄✢✤❲✆❂⑩✢✽❣✏✷✪ ✄❂❯❋❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❽✠✎✤❚✠✎✏✑P◆✆✟✍✭❱❲✬✘✄❭✒✔✄✮❨✌✞❂✠✎✤✘✒✔✄✢✬✔✞✚✙

❁✔✖◆P❋✙✟✍✭❱❲✬✘✄☞✙❍✍✑✦✕❁✲✧★✞✟✆✡✠✎✤◆✆✚✄☞✙■❁✲✧★✬✔✞■✏✭✄❇✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆■❁❚✠✎✞❄✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤❬✒❋✬✕❪④✄✢✆✴❴
✞❽✏♠✠✕✒✔✄✢✤✘✙✟✍✑✆✚✛✥✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✴✙✟✬✔✞❀✏✷✪ ✠⑤❯✔✄✌✽✔✤✘✧★✆✚✛☞✄

n0
✽

✞❽✏♠✠✕✒✔✄✢✤✘✙✟✍✑✆✚✛✴✒✘✠✎✤✘✙❀✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✴✒✔✄☞✙❀❁✔✖❚✠★✙✚✄☞✙❄✙✟✬✔✞❀✏✷✪ ✠⑤❯✔✄✌✽❋✤✘✧★✆✚✛☞✄
ρ
✽

✞❽✏✭✄✼✆✡✠✎✬❋❯❭✒✔✄✴✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❄✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙❄✠✎✬❩✙✚✄❂✍✑✤❩✒❋✬✕❪④✄✢✆✫✽✔✤✘✧★✆✚✛
γ
❊

✹❈✧★✬✘✙✓❘✷✠✎✍✭✙✚✧★✤✘✙❍✏✷✪ ✖◆P◆❁✾✧★✆✟✖✘✗☞✙✚✄✴❱❲✬✘✄❈✏✭✄❍❪④✄✢✆❀✄☞✙✟✆■❆✣✏✷✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄❇✆✟✖✘✄✢✞✟✦✝✧◆✒❋P◆✤❚✠✎✦✕✍✭❱❲✬✘✄✸å❘⑥◆✽◆✏♠✠▲✒✔✄✢✤✘✙✟✍✑✆✚✛✴✠✎✆✚✧★✦✕✍✭❱❲✬✘✄
n(x, y)

✙✟✬✔✍✑✆❍✒✔✧★✤✘✜❈✏♠✠✥✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤❭✒✔✄❈✵❍✧★✏✑✆✟❷☞✦✩✠✎✤✔✤❭✒✘✠✎✤✘✙✓✏✭✄❄❁✲✧★✆✚✄✢✤❲✆✟✍✭✄✢✏✶⑧④➈✌❊ ➵✿⑩❂❊◆✸❣✤❭✛☞✜✢✞✟✍✑☛✌✠✎✤❲✆❀❱❲✬✘✄❄✏♠✠✥✒✔✄✢✤✘✙✟✍✑✆✚✛
✏✑✍✑✤✘✛✢✍✭❱❲✬✘✄✼✒❋✬✕❪④✄✢✆

Φ/v
✄☞✙✟✆❀✒✔✧★✤✔✤✘✛☞✄❇❁❚✠✎✞❀✏✷✪ ✍✑✤◆✆✚✛✢❨✌✞✡✠✎✏✭✄ ∫

n(x, y)dxdy
✽❋✤✘✧★✬✘✙■✧★✱✔✆✚✄✢✤✘✧★✤✘✙❀✏♠✠✣✒✔✄✢✤✘✙✟✍✑✆✚✛✴✠✎✆✚✧★✦✕✍✭❱❲✬✘✄

✙✟✬✔✞❀✏✷✪ ✠⑤❯✔✄
n0
❴

n0 =
1

2π

1

1 + α

Φ

v

(

µb

kBT

)2

.
⑧④➈✌❊✑➈✫❅✿⑩

② ✤❖✒✔✛❂❙✘✤✔✍✑✆❀✏♠✠▲✒✔✄✢✤✘✙✟✍✑✆✚✛❇✒✘✠✎✤✘✙❀✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✼✒✔✄☞✙❍❁✔✖❚✠★✙✚✄☞✙❀✙✟✬✔✞❀✏✷✪ ✠⑤❯✔✄
ρ
✜☞✧★✦✕✦✝✄✼✏✑✄❇❁✔✞✚✧◆✒❋✬✔✍✑✆■✒✔✄

n0
❁❚✠✎✞❍✏✭✄✼✜✢✬✔✱✾✄✼✒✔✄

✏♠✠▲✏✭✧★✤✔❨✌✬✘✄✢✬✔✞❄✒❳✪ ✧★✤✘✒✔✄✥✒✔✄✼✵✓✞✚✧★❨✌✏✑✍✭✄✼✆✟✖✘✄✢✞✟✦✕✍✭❱❲✬✘✄
λdB = h/

√
2πmkBT

❴

ρ =
1

2π

1

1 + α

Φ

v

(

µb

kBT

)2 h3

(2πmkBT )3/2
.
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ρ
✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✚✄✥✏✭✄✣✒✔✄✢❨✌✞✚✛▲✒✔✄✣✒✔✛✢❨✿✛✢✤✘✛✢✞✚✄☞✙✚✜☞✄✢✤✘✜☞✄▲❱❲✬❚✠✎✤◆✆✟✍✭❱❲✬✘✄✣✒❋✬❬❨❲✠✎❷✺❼

✏✷✪ ✬✔✆✟✍✑✏✑✍✭✙✡✠✎✆✟✍✭✧★✤①✒✔✄✴✏♠✠✩✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤❤✒✔✄✣✵❍✧★✏✑✆✟❷☞✦✩✠✎✤✔✤①✙✟✬✔❁✔❁✾✧✌✙✚✄✣❱❲✬✘✄
ρ ≪ 1

❊❚✂☎✄✥✱✔✬✔✆❇✒❋✬❩✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆❈❁❚✠✎✞
æ ↕➝➜ ì✴ê✸ö❊ú è✄ó✛ù❳÷⑩ù❳ó✛è❡ê✹í✛õ è❡ú❭è❡ê❚ñ❵ð✟ï✷❾✕è❡ñ❵è❡ê✕í❊û✩ú ì❫❾✦õ í✛è❡ö✓ö✓è

v
ý
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❦❈✞✡✠✎✤✘✒✔✄✢✬✔✞■❁✔✖◆P❋✙✟✍✭❱❲✬✘✄ ❧ ✧★✤❋❙✘✤✘✄✢✦✝✄✢✤❲✆❄✖❚✠✎✞✟✦✝✧★✤✔✍✭❱❲✬✘✄ ❧ ✧★✤❋❙❚✤✘✄✢✦✝✄❂✤◆✆❄✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄

γ Φ/T 1/2 Φ/T 3/2

ρ Φ/T 5/2 Φ/T 7/2
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❊
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γ =
1

N

∫

|v − v′|σf(r, v)f(r, v′) d3r d3v d3v′ ,
⑧④➈✌❊✑➈✫❃✿⑩

✧✡✲
f(r, v)
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σ
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s
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σ
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☛✌✠✎✏♠✠✎✤❲✆
8πa2 ✧✡✲ a
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σ
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f
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γ = n̄σv̄
✧✡✲

n̄ ≡

∫

n2(r) d3r
∫

n(r) d3r

=
1

8π

Φ

v

1 + 2α

(1 + α)2

(

µb

kBT

)2 ⑧④➈✌❊✑➈✫➞✿⑩

✄☞✙✟✆❄✏♠✠✝✒✔✄✢✤✘✙✟✍✑✆✚✛✥✦✝✧⑤P✿✄✢✤✔✤✘✄✌✽✾✄✢✆
v̄ = 4

√

kBT/(πm)
❊❚❹♦✏◗✄☞✙✟✆❇✠✎✏✭✧★✞✚✙❄❁✲✧✌✙✚✙✟✍✑✱✔✏✭✄✥✒❳✪ ✄❂❯❋❁✔✞✟✍✑✦✝✄✢✞

γ
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γ =

σ

2π3/2

1 + 2α

(1 + α)2
Φ

v

(

µb

kBT

)2
√

kBT

m
.

⑧④➈✌❊✑➈✢➁◆⑩
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Er = (m/2)v2

r/2
❊❳❹❫✜✢✍✷✽

m/2
✄☞✙✟✆✼✏♠✠✮✦✩✠★✙✚✙✚✄▲✞✚✛☞✒❋✬✔✍✑✆✚✄✝✒✔✄✝✒✔✄✢✬❋❯✈✠✎✆✚✧★✦✝✄☞✙✥✒✔✄▲✦✩✠★✙✚✙✚✄

m
✽❳✄✢✆

vr
✏✭✄✢✬✔✞✴☛◆✍✑✆✚✄☞✙✚✙✚✄

✞✚✄✢✏♠✠✎✆✟✍✑☛❲✄✌❊❋✂✰✠✣✙✚✄☞✜✢✆✟✍✭✧★✤❭✄❂③✩✜✫✠★✜☞✄✼✒✘✠✎✤✘✙✓✏✷✪ ✧★✤✘✒✔✄
s
✜☞✧★✦✕✦✝✄✢✤✘✜☞✄✴❆✣✒✔✛☞✜✢✞✚✧✎⑥✭✆✟✞✚✄❇✆✟✞✚✗☞✙❍✙✟✍✑❨✌✤✔✍q❙❚✜✫✠✎✆✟✍✑☛❲✄✢✦✝✄✢✤❲✆❈✠✎✬❢✒✔✄✢✏♠❆✣✒✔✄

Er/kB ∼ 100 µK
❊✌✸❣✤✩✞✚✄✢☛★✠✎✤❚✜✚✖✘✄✌✽✌✏♠✠✼✙✚✄☞✜✢✆✟✍✭✧★✤✩✄❂③✩✜✫✠★✜☞✄❄✒✘✠✎✤✘✙❣✏✷✪ ✧★✤✘✒✔✄

d
❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄❀✬✔✤✘✄❀✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄❄✠✎✬✔✆✚✧★✬✔✞✓✒✔✄

➞✌❅✌❅
µK
❊✌✂☎✄☞✙❣✜☞✧★✤◆✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤✘✙✶✒✔✄☞✙✺✠✎✬✔✆✟✞✚✄☞✙✺✧★✤✘✒✔✄☞✙❣❁❚✠✎✞✟✆✟✍✭✄✢✏✑✏✭✄☞✙✺✙✚✧★✤❲✆❣✤✘✛✢❨✌✏✑✍✑❨✿✄✫✠✎✱✔✏✭✄☞✙✺❁✾✧★✬✔✞✺✒✔✄☞✙❣✛✢✤✘✄✢✞✟❨✌✍✭✄☞✙✺✞✚✄✢✏♠✠✎✆✟✍✑☛✿✄☞✙

✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✚✄☞✙❈✠✎✬❖✦✕✍✑✏✑✏✑✍✭✳✼✄✢✏✑☛◆✍✑✤☎❊
❧ ✧★✤✔✤❚✠✎✍✭✙✚✙✡✠✎✤◆✆✣✏✭✄☞✙✥❘r✧★✤✘✜✢✆✟✍✭✧★✤✘✙

σl(Er)
✽✰✄✢✆▲✒✔✧★✤✘✜✩✏♠✠❩✙✚✄☞✜✢✆✟✍✭✧★✤❻✄❂③✩✜✫✠★✜☞✄✮✆✚✧★✆✡✠✎✏✭✄

σ(Er) =
∑

l pair σl(Er)
✽

✍✑✏✶✄☞✙✟✆✼❁✾✧✌✙✚✙✟✍✑✱✔✏✭✄✝✒✔✄✝✜✫✠✎✏✭✜✢✬✔✏✭✄✢✞✫✽✰✄✢✤❤❘r✧★✤✘✜✢✆✟✍✭✧★✤➀✒✔✄▲✏♠✠❢✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✡✄✌✽☎✏✭✄✕✆✡✠✎✬❋❯①✒✔✄✝✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤
γ
❊☎✂✰✠✮❙✘❨✌✬✔✞✚✄❖➈✌❊✑➈✌➈

✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄✌✽✘✄✢✤❭❘r✧★✤✘✜✢✆✟✍✭✧★✤❩✒✔✄
T
✽✔✏✭✄❇✞✡✠✎❁✔❁✲✧★✞✟✆

γ/γ0
✧✡✲

γ0
✄☞✙✟✆❀✏♠✠✣☛✌✠✎✏✭✄✢✬✔✞❄❱❲✬☎✪ ✠✎✬✔✞✡✠✎✍✑✆■✏✭✄✼✆✡✠✎✬❋❯❭✒✔✄✴✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤❩✙✟✍

σ
✞✚✄☞✙✟✆✡✠✎✍✑✆❇✜☞✧★✤✘✙✟✆✡✠✎✤◆✆✚✄✣✄✢✆❇✛✢❨❲✠✎✏✭✄▲❆

8πa2 ❊❳❦❈✞✴✳★✜☞✄▲❆✕✏♠✠✝✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄▲✒✘✠✎✤✘✙❈✏✷✪ ✧★✤✘✒✔✄ d
✽❚❁✲✧★✬✔✞❇✒✔✄☞✙❄✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄☞✙

❪❫✬✘✙✚❱❲✬☎✪ ❆❭➧★❅✌❅
µK
✽✾✏✭✄✣✆✡✠✎✬❋❯❤✒✔✄✕✜✢✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙✴✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄▲✄☞✙✟✆✼✙✟✬✔❁✾✛✢✞✟✍✭✄✢✬✔✞✥❆✩✏♠✠✩☛✌✠✎✏✭✄✢✬✔✞✴❱❲✬☎✪ ✍✑✏✺✠✎✬✔✞✡✠✎✍✑✆✼✙✟✍

σ
✞✚✄☞✙✟✆✡✠✎✍✑✆



➽ Ó þ❵ÿ ß✁�▼Û â✄✂✛Þ✆☎✁✝✟✞PÞ✚â❷ß♠â✡✠✎à Û ãÔä❭Þ☞☛✗ß✗á✍✌★ä✗á✿ÝÔä▼Û ☛✗Þ✣à✥ß♠ÝÔá❭Ü✚â✕Û ãÔä❭Þ ãÔä❭ß✍☛✎✂❡ä✁�✁✠✑✏ ß▼Û✒✂✛Þ

10−6 10−5 10−4 10−3
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T (K)

γ
/γ

0

❋✄●☞❍❏■✗❑▼▲➀◆✜✽r◆P◆P❖⑦✉❫s✾❿➆❯♠❙❁s❘❧❡❙❶❪❡❯✚❞❶❬ ❙❷❣✓❝✹❯✤❱✥❴✤❙❇❧❡❤✹❬✶❬ q⑩❪❫qr❤✦sP❪
γ
❴✤❙❷❬ ❝①➏✹❝✹❞❫qr❝✹❣❀qr❤✹s↔❴✤❙❫❪❶❪✴❙❡❧❁❣❀qr❤✹sP❪❜❙❀➓➍❧❳❝✤❧❡❙❫❪❵❩✚❝✹❞❫❣❀qr❙❁❬☞❬ ❙❫❪❇❝✹➏✹❙❳❧

❬ ❝❷❣✓❙❁❨✝❩P♣❁❞❳❝✹❣❀❯✚❞❳❙✟❺❏➊✁❤✹❯✚❞➑❬ ❝❇❧❡❤✹❯✚❞✴Ó❡❙❶❙❁s❜❩✚❤✹q✶s♠❣❀q✶❬☞❬ ♣❫❪❡⑥➆❪✴❙❁❯✚❬ ❙✧❬❅♦ ❤✹s❘❴✤❙
s
❙❫❪❫❣✎❩❭❞❫q⑩❪✴❙❶❙❁s✙❧❡❤✹❨✝❩❭❣✓❙▼⑤✗❩P❤✹❯✚❞➑❬ ❝❇❧❡❤✹❯✚❞✴Ó❡❙❶❙❁s➌❣❀❞❅❝✹q✶❣r❪

❩❭❬ ❙❁q✶sP❪❡⑥☎❬ ❙❫❪❲❤✹s❘❴✤❙❫❪✩❩P❝✹❞❫❣❀qr❙❁❬✶❬ ❙❫❪❜❴✗♦ ❤✹❞❳❴✹❞❳❙❵❩❭❬ ❯✡❪❷♣❁❬ ❙❁➏✹♣❡❙❫❪❚❪✴❤✹s♠❣☎q✶s❘❧❁❬ ❯✡❪✴❙❫❪❲❴✤❝✹sP❪❶❬ ❙❜❧❡❝✹❬ ❧❁❯✚❬ ❺⑦➔❏❝✱❞❳♣❫❪✴❤✹s❘❝✹s❘❧❡❙❜❴✤❝✹sP❪❶❬❅♦ ❤✹s▼❴✤❙
d♣❁➏✟q✶❣✓❙❚⑧❁❯♠❙➑❬ ❙➑❣✓❝✹❯✤❱❇❴✤❙❚❧❡❤✹❬✶❬ q⑩❪❫qr❤✹sP❪➑s▼❙✫❪P♦ ❙✬➇☎❤✹s❘❴✹❞❳❙❶❝✹❯✚⑨❅❴✤❙❁❬ ❢❜❴✤❙❶②✤❹✤❹

µ ➤ ❺

✜☞✧★✤✘✙✟✆✡✠✎✤❲✆✡✄✴✄✢✆■✛✢❨❲✠✎✏✭✄✥❆
8πa2 ❊

❶❄✄✢✦✩✠✎✞✚❱❲✬✘✧★✤✘✙❄✤✘✛✫✠✎✤✔✦✝✧★✍✑✤✘✙❈❱❲✬✘✄✴✏✭✄✼✆✡✠✎✬❋❯❩✒✔✄✥✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❈✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙■✤✘✄✥✙✟✬❋③✝✆❄❁❚✠★✙❈❆✝✜☞✠✎✞❂✠★✜❂✆✡✛❂✞✚✍✑✙✚✄✢✞❈✏✭✄✴✞✚✄❂♥
✆✚✧★✬✔✞✓❆❇✏r✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄❄✒❳✪ ✬✔✤✘✄■✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤✩✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✢✦✝✄✢✤◆✆✶✖✘✧★✞✚✙✶✒❳✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄✌❊❲✸❞✤✮✄❂➋❳✄✢✆✫✽✌✄✢✤✩✜☞✄■❱❲✬✔✍✘✜☞✧★✤✘✜☞✄✢✞✟✤✘✄■❁❚✠✎✞
✄❂❯✔✄✢✦✕❁✔✏✭✄✥✏♠✠✝✞✚✄☞✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤✈✒❳✪ ✛✢✤✘✄✢✞✟❨✌✍✭✄✣✏✭✧★✞✚✙❇✒❳✪ ✬✔✤✘✄✣✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤①✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄✌✽❚✬✔✤✘✄✣✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤①✒✘✠✎✤✘✙❈✏✷✪ ✧★✤✘✒✔✄

d
✄☞✙✟✆

✦✝✧★✍✑✤✘✙❄✄❂③✩✜✫✠★✜☞✄✣❱❲✬☎✪ ✬✔✤✘✄✴✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤❬✒✘✠✎✤✘✙■✏✷✪ ✧★✤✘✒✔✄
s
✽✘✜✫✠✎✞■✏✷✪ ✠✎✤✔✍✭✙✚✧★✆✟✞✚✧★❁✔✍✭✄✣✒✔✄✼✏♠✠✕✙✚✄☞✜✢✆✟✍✭✧★✤❬✄❂③✩✜✫✠★✜☞✄✥✒❋✍q➋❳✛✢✞✚✄✢✤◆✆✟✍✭✄✢✏✑✏✭✄

✒✘✠✎✤✘✙▲✏✷✪ ✧★✤✘✒✔✄
d
❘✷✠✎✍✑✆▲❱❲✬✘✄✮✏✭✄☞✙▲✒❋✍q➋✲✬✘✙✟✍✭✧★✤✘✙▲☛✿✄✢✞✚✙▲✏✷✪ ✠☞☛✌✠✎✤◆✆✕✧★✬❻☛✿✄✢✞✚✙✣✏✷✪ ✠✎✞✟✞✟✍✭✗✢✞✚✄✌✽❞❁✲✧★✬✔✞▲✏✭✄☞✙✚❱❲✬✘✄✢✏✑✏✭✄☞✙✣✏♠✠❬✒❋✍q➋❳✛✢✞✚✄✢✤✘✜☞✄

✒❳✪ ✛✢✤✘✄✢✞✟❨✌✍✭✄❇✄✢✤◆✆✟✞✚✄❄✏✭✄☞✙❍✒✔✄✢✬❋❯✩❁❚✠✎✞✟✆✟✍✭✜✢✬✔✏✭✄☞✙❀✜✚✖❚✠✎✤✔❨✿✄❈❁✾✄✢✬❢✏✭✧★✞✚✙❍✒✔✄❄✏♠✠✥✜✢✧★✏✑✏✑✍✭✙✟✍✭✧★✤☎✽❋✙✚✧★✤◆✆✓❁✔✏✑✬✘✙✓❁✔✞✚✧★✱❚✠✎✱✔✏✭✄☞✙✫❊◆❜❞✧★✬✔✞■✠✎✏✑✏✭✄✢✞
✠✎✬❋♥♦✒✔✄✢✏♠❆❭✒✔✄✝✜☞✄✢✙✥✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✡✠✎✆✟✍✭✧★✤✘✙✥❱❲✬❚✠✎✏✑✍✑✆✡✠✎✆✟✍✑☛❲✄☞✙✫✽✲✍✑✏❞❘✷✠✎✬✔✆✥✛✢✆✟✬✘✒❋✍✭✄✢✞✴✬✔✤✈✜✫✠★✙✴✜☞✧★✤✘✜✢✞✚✄✢✆✣✒✔✄▲✞✚✄✢✆✚✧★✬✔✞✣❆✮✏✷✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄
✒❳✪ ✬✔✤✘✄❍✒❋✍✭✙✟✆✟✞✟✍✑✱✔✬✔✆✟✍✭✧★✤✕✤✘✧★✤▲✆✟✖✘✄✢✞✟✦✕✍✭❱❲✬✘✄✌❊✌✂✰✠■✞✚✛❂❘r✛✢✞✚✄✢✤✘✜☞✄❲✆ ❉✌❅✤✠✔✏✭✄✺❘✷✠✎✍✑✆❣✒✘✠✎✤✘✙◗✏✭✄❍✜✫✠★✒❋✞✚✄❍✒✔✄✓✏✷✪ ✛✢✆✟✬❚✒✔✄❍✒✔✄✓✏♠✠■✞✚✄✢✏♠✠⑤❯✘✠✎✆✟✍✭✧★✤
✒❳✪ ✬✔✤❢✦✝✛✢✏♠✠✎✤✔❨✿✄✼✒✔✄❇✒✔✄✢✬❋❯❢✄☞✙✟❁✾✗☞✜☞✄☞✙■✠✎✆✚✧★✦✕✍✭❱❲✬✘✄☞✙❍✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✢✦✝✄✢✤❲✆❈❆✣✒✔✄☞✙✓✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄☞✙■✒❋✍q➋❳✛✢✞✚✄✢✤❲✆✚✄☞✙✫❊✔❹♦✏❳✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆
✠✎✏✭✧★✞✚✙✼❱❲✬✘✄✣✏✷✪ ✄❂❯❋❁✔✞✚✄☞✙✚✙✟✍✭✧★✤①✒❋✬ ✍❅✖ ✢ ✌✗✷★✾♠✖①✍✬➧▼✖✟✺ ✢ ✘✡✵ ✏r✷✹✘✚✍✑✏✓☛✡❃①❘✷✠✎✍✑✆❇✍✑✤❲✆✚✄✢✞✟☛❲✄✢✤✔✍✑✞✼✬✔✤❤✆✚✄✢✞✟✦✝✄▲✒❳✪ ✍✑✤◆✆✚✄✢✞④❘r✛✢✞✚✄✢✤✘✜☞✄☞✙✴✄✢✤◆✆✟✞✚✄
✏✭✄☞✙❀✒❋✍q➋❳✛✢✞✚✄✢✤◆✆✚✄☞✙■✧★✤✘✒✔✄☞✙❀❁❚✠✎✞✟✆✟✍✭✄✢✏✑✏✭✄☞✙❄✄✢✆❀✜☞✧★✤✘✒❋✬✔✍✑✆❈❆✣✬✔✤✘✄✴✠✎✬✔❨✌✦✝✄✢✤❲✆✡✠✎✆✚✍✑✧✌✤❩✒❋✬❭✤✘✧★✦✣✱✔✞✚✄✼✒✔✄✼✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙■✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙
✞✚✄☞❱❲✬✔✍✭✙❣❁✲✧★✬✔✞✓✠✎✆✟✆✚✄✢✍✑✤✘✒❋✞✚✄■✏✷✪ ✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄✌❊❲✇✼✠✎✤✘✙❣✏✭✄■✜✫✠★✙✺✙✟❁✲✛☞✜✢✍ ❙✾❱❲✬✘✄■✒❋✬ 87Rb

✽✌✏✷✪ ✠✎✬✔❨✌✦✝✄✢✤❲✆✡✠✎✆✚✍✭✧★✤✮✒❋✬✝✆✡✠✎✬❋❯✝✒✔✄❀✜☞✧★✏✑✏✑✍q♥
✙✟✍✭✧★✤✘✙✶✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙✓✒❋➊❢❆✼✏♠✠✼✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄❈✒✘✠✎✤✘✙✶✏✷✪ ✧★✤✘✒✔✄

d
✜☞✧★✦✕❁✲✄✢✤✘✙✚✄■❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆❍✜☞✄✢✆✓✄❂➋❳✄✢✆❈❴◆❆✼✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄

✍✑✤❲✆✚✄✢✞✟✦✝✛☞✒❋✍♠✠✎✍✑✞✡✄✌✽✲✍✑✏✰❘✷✠✎✬✔✆❇✬✔✤❤✤✘✧★✦✥✱✔✞✚✄✕✒✔✄✣✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❇❁✔✏✑✬✘✙❈✍✑✦✕❁✲✧★✞✟✆✡✠✎✤❲✆✼❁✲✧★✬✔✞❇✆✟✖✘✄✢✞✟✦✩✠✎✏✑✍✭✙✚✄✢✞✫✽✲✦✩✠✎✍✭✙❈✏✭✄✣✆✡✠✎✬❋❯❬✒✔✄
✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙✩✄☞✙✟✆✝✛✢❨❲✠✎✏✭✄✢✦✝✄✢✤◆✆✩❁✔✏✑✬✘✙✕✍✑✦✕❁✲✧★✞✟✆✡✠✎✤❲✆✫✽✶✄✢✆✮✠✎✍✑✤✘✙✟✍❀✏✭✄❭✆✚✄✢✦✕❁✘✙✩✒✔✄❭✆✟✖✘✄✢✞✟✦✩✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤➃✄☞✙✟✆✕❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆
✍✑✤✘✜✚✖❚✠✎✤✔❨✿✛✌❊❋❜❣✠✎✞❍✜☞✧★✤✘✙✚✛☞❱❲✬✘✄✢✤❲✆✫✽◆✤✘✧★✬✘✙✓✛✢☛✌✠✎✏✑✬✘✄✢✞✚✧★✤✘✙✓✆✚✧★✬✌❪④✧★✬✔✞✚✙✓✏✭✄❄✤✘✧★✦✥✱✔✞✚✄❇✒✔✄❄✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❍✄✢✤✮✬✔✆✟✍✑✏✑✍✭✙✡✠✎✤◆✆✼⑧④➈✌❊✑➈✢➁◆⑩✺✧✡✲
σ = 8πa2 ✽✲✆✚✧★✬✔✆✴✄✢✤✯✠✫P❲✠✎✤◆✆✥❆✮✏✷✪ ✄☞✙✟❁✔✞✚✍q✆✥❱❲✬☎✪ ✄✢✤①✞✚✛✫✠✎✏✑✍✑✆✚✛✌✽☎✒✘✠✎✤✘✙✼✏♠✠✩❨❲✠✎✦✕✦✝✄ 50 . T . 500 µK

✽✲✏✭✄✣✆✡✠✎✬❋❯①✒✔✄
✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❇✞✚✛☞✄✢✏❞✄☞✙✟✆❇❁✔✏✑✬✘✙❇✛✢✏✭✄✢☛✿✛✌✽✾✦✩✠✎✍✭✙❇❱❲✬☎✪ ✍✑✏◗❘✷✠✎✬✔✆❈✬✔✤❤❁✔✏✑✬✘✙❈❨✌✞✡✠✎✤✘✒❬✤✘✧★✦✣✱✔✞✚✄▲✒✔✄▲✜☞✧★✏✑✏✑✍✑✙✟✍✭✧★✤✘✙❇❁✲✧★✬✔✞✴✠★✙✚✙✟✬✔✞✚✄✢✞❈✏♠✠
✞✚✄✢✆✟✖✘✄✢✞✟✦✩✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤☎❊



☎✁✝ ➢ þ ß ÿ Û Þ❇✂⑧☛✗Þ✜✌✺⑨ ÿ ß✍✂✓Ý✗Þ✜✌❻�❬✠✁✂✓â✴ß✗á♠â➂✌✦ä✁✂⑩✏ Þ✵➨❡Þ✚â➩❀ ✂✛ÜPß✁✏ Û ✌✟Þ❇✂ ➽ ➟

Φ v T b B0 ℓg Ncol
❶❄✛❂❘r✛✢✞✚✄✢✤✘✜☞✄

⑧r✠✎✆✟❈✎✙❂⑩ ⑧ë✦➌❈✎✙❂⑩ ⑧
µK
⑩ ⑧✷❦❷❈✎✜✢✦✮⑩ ⑧✷❦✴⑩ ⑧ë✦✮⑩

2 × 108 2 170
➈✫❉✌❅ ❅ ❅❋✽ ➁ ❅❋✽ ❅✌❅✌❃ ✆ ❃✌➙✤✠

∼ 108 0,7 150
➞✌❅✌❅ ❅ ❃❋✽ ➞ ❅❋✽✑➈✫➵ ✆ ❉❋➈✟✠

7 × 109 1 400
➵✌❅✌❅ ❅ ➁✘✽ ❉ ➨ ✆ ❉✌❃✤✠

7 × 109 0,6 550
➨✌❅✌❅ ➈ ➁✘✽ ❉ ❃✌❉ ✆ ❉✌➞✤✠

➁❖➂✙➃❏➄✸▲✹➂❘■ ◆✜✽ ➲▼❖✗Õ❊❝✹❞❳❝✤❧❁❣✓♣❁❞❫q⑩❪❫❣❀qr⑧❁❯♠❙❫❪✁❴✤❙❫❪❘➸❁❙❁❣r❪✄❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❫❪Ô❦✦❯✚qr❴✤♣❫❪➋❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❁❨❲❙❁s♠❣▼❞❅♣❡❝✹❬ q⑩❪✴♣❫❪✁❴✤❝✹sP❪➋s❘❤✹❣❀❞❳❙✄♣❡⑧❁❯✚q ❩P❙✟❺✡➊✁❤✹❯✚❞
❝✹➏✹❤✹q✶❞❶❯✚s s❘❤✹❨❲Ó❁❞❳❙❷❴✤❙❷❧❡❤✹❬✶❬ q⑩❪❫qr❤✦sP❪

Ncol

❪❫q ❦✦s♠q Ö➆❧❡❝✹❣❀q ➎❅⑥☎q✶❬P➎❫❝✹❯✚❣☎❯✚s✵❿➆❯✤❱❇❣❀❞❳➐❫❪❶♣❁❬ ❙❁➏✹♣❁⑥✁❯✚s❘❙❚➏✟q✶❣✓❙❫❪❡❪✴❙❷❙❁❣✁❯✚s❘❙❚❣✓❙❁❨✝❩P♣❁❞❳❝✹❣❀❯✚❞❳❙
❬ ❙❫❪✄❩❭❬ ❯✡❪➆➎❫❝✹qrÓ❁❬ ❙❫❪☎❩✚❤✕❪❡❪❫qrÓ❁❬ ❙❫❪❡⑥✁❙❁❣➋❯✚s❚➎❡❤✹❞❁❣✁❧❳❤✹s✕Ö⑦s❘❙❁❨❷❙❁s♠❣✓❺
Ø ✂ ♦ ➫❤ý❬✇❋②✣③❏④❻û❋③✓ü➱ø❑✇■ý❃④✷❝ ③✓ü ❾✴ù ④⑤þ✘ý✴ú❀þ❡ü◗÷❋④ ✬✣③➯➭✍③✶þ ✮⑦④✸❿✓ý❲✬å②ëü✑③❏④
❜❞✧★✬✔✞✓✒✔✄☞✙✺✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✟✆✟✍✭❱❲✬✘✄☞✙✓✒✔✧★✤✔✤✘✛☞✄☞✙✓✒❋✬✝❨✌✬✔✍✭✒✔✄✌✽✿✏✭✄❀✤✘✧★✦✥✱✔✞✚✄❄✒✔✄■✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙

Ncol = γℓg/v
✄☞✙✟✆✶✒❳✪ ✠✎✬✔✆✡✠✎✤❲✆

❁✔✏✑✬✘✙❈✛✢✏✭✄✢☛✿✛✥❱❲✬☎✪ ✧★✤❩✦✕✍✑✤✔✍✑✦✕✍✭✙✚✄✥✏♠✠▲☛◆✍✑✆✚✄☞✙✚✙✚✄✴✄✢✆❄✏♠✠✕✆✚✄✢✦✕❁✲✛❂✞❂✠✎✆✟✬✔✞✚✄✣✒❋✬✩❪④✄✢✆✫✽❚✄✢✆❄❱❲✬☎✪ ✧★✤❩✦✩✠⑤❯❋✍✑✦✕✍✭✙✚✄✴✏✭✄✼➳✘✬❋❯
Φ
✽✘✆✚✧★✬✔✆

✄✢✤①✞✚✄☞✙✟❁✾✄☞✜✢✆✡✠✎✤◆✆✴✏♠✠✮✜☞✧★✤◆✆✟✞✡✠✎✍✑✤◆✆✚✄ M > 3
❊✲✹❈✧★✬✘✙✼✒✔✧★✤✔✤✘✧★✤✘✙✫✽☎✒✘✠✎✤✘✙✼✏✭✄✣✆✡✠✎✱✔✏✭✄✫✠✎✬Ð➈✌❊ ➞❋✽✲✏✭✄☞✙❇☛✌✠✎✏✭✄✢✬✔✞✚✙✼✤◆✬✔✦✝✛✢✞✟✍✭❱❲✬✘✄☞✙

✧★✱✔✆✚✄✢✤◆✬✘✄☞✙■❁✾✧★✬✔✞
Φ
✽
T
✽
v
✒✘✠✎✤✘✙❀✤✘✧★✆✟✞✚✄✴✛☞❱❲✬✔✍✑❁✲✄❇❨✌✞✴✳★✜☞✄✥❆✕✒❋✍✑☛✿✄✢✞✚✙✚✄☞✙❀☛❲✄✢✞✚✙✟✍✭✧★✤✘✙■✒❋✬❭✦✝✧★✤◆✆✡✠✎❨✿✄✌❊

❹♦✏❞✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆✼❱❲✬☎✪ ✍✑✏◗✄☞✙✟✆❄✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄✣✒❳✪ ✠✫☛✿✧★✍✑✞❇✒✔✄☞✙■➳✘✬❋❯❖✆✟✞✚✗☞✙❈✍✑✦✕❁✾✧★✞✟✆✡✠✎✤◆✆✚✙✕⑧⑨✙✟✬✔❁✲✛✢✞✟✍✭✄✢✬✔✞✚✙❈❁❚✠✎✞❄❁✘✞✚✗☞✙❈✒✔✄✥✒✔✄✢✬❋❯
✧★✞✚✒❋✞✚✄☞✙❀✒✔✄❄❨✌✞✡✠✎✤✘✒✔✄✢✬✔✞❄✠✎✬❋❯✝➳✘✬❋❯✩✆❫P◆❁✔✍✭❱❲✬✘✄☞✙✓✬✔✆✟✍✑✏✑✍✭✙✚✛☞✙❍✒✘✠✎✤✘✙❍✏♠✠✴❁✔✏✑✬✔❁❚✠✎✞✟✆❀✒✔✄☞✙❍✄❂❯❋❁✲✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙❀✒✔✄❈✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤❖✒✔✄
✵❍✧✌✙✚✄❂♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤❤❁✲✧★✬✔✞❈✞✚✄✢✦✕❁✔✏✑✍✑✞❇✬✔✤❤❁✔✍✭✗✢❨✿✄✥✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍♠❱❲✬✘✄⑤⑩❄✄✢✆✼✒✔✄☞✙❄☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙❄✆✟✞✡✗✢✙❄❘✷✠✎✍✑✱✔✏✭✄☞✙✫✽❚❁✲✧★✬✔✞❇✧★✱✔✆✡✄❂✤✘✍q✞
✬✔✤❖✤✘✧★✦✥✱✔✞✚✄✥✒✔✄✼✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙❄✙✟✍✑❨✌✤✔✍q❙❚✜✫✠✎✆✟✍✑☛✿✄✢✦✝✄✢✤◆✆❈✙✟✬✔❁✲✛✢✞✟✍✭✄✢✬✔✞❈❆✣✏✷✪ ✬✔✤✔✍✑✆✚✛✌❊

Ø ✂❈➲ ➫❤ù▲ú❄ø✫✬❫÷■ü✥②ëù▲ú
✹❈✧★✬✘✙✣✠☞☛❲✧★✤✘✙✼☛◆✬✈✒✘✠✎✤✘✙✥✜☞✄✝✜✚✖❚✠✎❁✔✍✑✆✟✞✚✄✩❱❲✬☎✪ ✧★✱✔✆✚✄✢✤✔✍✑✞✥✬✔✤❭❪④✄✢✆✣✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✕❨✌✬✔✍✭✒✔✛✝✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✢✦✝✄❂✤◆✆▲✒✘✠✎✤✘✙✼✏✭✄

✞✚✛✢❨✌✍✑✦✝✄✮✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✔✤✘✄✢✏✓✞✚✄☞❱❲✬✔✍✭✄✢✞✟✆✣✒❳✪ ✬✔✤✘✄✝❁❚✠✎✞✟✆✥✏♠✠❭✞✚✛✫✠✎✏✑✍✭✙✡✠✎✆✟✍✭✧★✤❻✒❳✪ ✬✔✤✯❨✌✬✔✍✭✒✔✄✝✆✟✞✚✗☞✙✣✜☞✧★✤❋❙✘✤❚✠✎✤❲✆⑤✽◗✄✢✆✥✒❳✪ ✠✎✬✔✆✟✞✚✄✩❁❚✠✎✞✟✆
✏✷✪ ✍✑✤✌❪④✄☞✜✢✆✟✍✭✧★✤✯✒✘✠✎✤✘✙✼✜☞✄✣❨✌✬✔✍✭✒✔✄✕✒❳✪ ✬✔✤❭❪④✄✢✆✼✒✔✄▲✆✟✞✚✗☞✙❇✖❚✠✎✬✔✆❇➳✘✬❋❯❳✽❳❆✮✱❚✠★✙✚✙✚✄✣☛◆✍✑✆✚✄☞✙✚✙✚✄▲✄❂✆✼✱❚✠★✙✚✙✚✄✣✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✚✬✔✞✚✄✌❊☎✹❈✧★✬✘✙
☛❲✄✢✞✟✞✚✧★✤✘✙❭✒✘✠✎✤✘✙❢✏✭✄❤✜✡✖❚✠✎❁✔✍✑✆✟✞✚✄①❱❲✬✔✍✼✙✟✬✔✍✑✆❭✜☞✧★✦✕✦✝✄✢✤◆✆❭✏✷✪ ✬✔✆✟✍✑✏✑✍✭✙✡✠✎✆✟✍✭✧★✤❵✒❳✪ ✬✔✤❝✦✝✧❲✒✔✄①✒❳✪ ✍✑✤✌❪④✄☞✜✢✆✟✍✭✧★✤❝❁✔✬✔✏✭✙✚✛☞✄❤❁✲✄❂✞✚✦✝✄❂✆
✒❳✪ ✠✎✱✲✧★✬✔✆✟✍✑✞❈❆✕✜☞✄❇✞✚✛☞✙✟✬✔✏✑✆✡✠✎✆✫❊





➶➘➹➷➴➮➬✃➱✕❐✼❒✁❮ ➳

ñ➜ý➸➵✎÷ û ÿ ü❲ò ý Ñ➑ó➓➒ ✁ õ ÷ ➔➞÷ Ñç➎ Ð➜ó ÷ ÿ ✁
➎ ÿ❽ò ù ü❭Ð➜ó ÷ ✁ ➔➭➎ ý ✁ ➒☎÷ ô➪ó➞ü◆➔➞÷

Õ❊❙❜❧❡♥P❝❡❩❭q✶❣❀❞❅❙❇❴✤♣❳❧❁❞❁q⑩❣✝s❘❤✹❣❀❞❳❙❲❴✹q⑩❪✑❩P❤✕❪❫q✶❣❀q ➎❲❙❳❱❁❩P♣❁❞❫q✶❨❲❙❁s♠❣✓❝✹❬❊❝✹➵✤❝✹s♠❣⑦❩P❙❁❞❫❨❚q⑩❪❶❬❅♦ ❤✤Ó❁❣✓❙❁s♠❣❀qr❤✹s✣❴✗♦ ❯✚s❷➸❁❙❁❣✩❝✹❣✓❤✹❨❚qr⑧❁❯♠❙
❦✦❯✚qr❴✤♣❜❴✤❝✹sP❪❚❬ ❙❶❞❳♣✑❦✦q✶❨❲❙❜❧❳❤✹❬☞❬ q⑩❪❡qr❤✦s♠s❘❙❁❬ ❺❊➔❵♦ ❤✹❞❀❦✸❝✹s♠q⑩❪✴❝✹❣❀qr❤✹s✼❴✤❙❷❧❡❙❷❧❡♥P❝❡❩❭q✶❣❀❞❳❙❜❙❫❪❫❣✁❬ ❝❇❪❫❯✚q✶➏✹❝✹s♠❣✓❙✟❺✑✾✧❤✹❯✡❪❲❧❳❤✹❨❚⑨
❨❲❙❁s❏➺✹❤✹sP❪✧❩P❝✹❞✱❨❲❤✹❣❀q✶➏✹❙❁❞①❬❅♦ q✶s✟➸❁❙❳❧❁❣❀qr❤✦s❻❙❁s↔❨❲❤✟❴✤❙❲❩❭❯✚❬ ❪✴♣✥❴✤❙❶❩P❝✤⑧❁❯♠❙❁❣r❪★❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❫❪★❴✤❝✹sP❪✱❬ ❙❜❦✦❯✚qr❴✤❙❫⑥✁❩❭❯✚q⑩❪
s❘❤✹❯✡❪✧❴✤♣❁❣✓❝✹q✶❬✶❬ ❤✹sP❪✧❬ ❙❫❪✧❴✹q ➇☎♣❁❞❳❙❁s♠❣✓❙❫❪✄❩P❝✹❞❫❣❀qr❙❫❪❚❴✹❯①❨❲❤✹s♠❣✓❝✴❦✸❙❚❥✎❬ ❝❲❪✴❤✹❯✚❞❅❧❡❙➂✿ ➎❫❤✹❯✚❞❚❢❜❙✬➇✄❯✡❪❫qr❤✹s★❪❫❯✚q✶➏✟q➋❴✗♦ ❯✚s✥❞❅❝✹⑨
❬ ❙❁s♠❣❀q⑩❪❡❪✴❙❁❯✚❞☞➻Ô❙❡❙❁❨❲❝✹s✭❁①❙❁❣☎❬ ❙❷❴✹q⑩❪✑❩P❤✕❪❫q✶❣❀q ➎❷❴✤❙❶❬ ❝✹s❘❧❡❙❁❨❲❙❁s♠❣✩❴✤❙✫❩P❝✤⑧❁❯♠❙❁❣r❪❲❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❫❪❷❴✤❝✹sP❪❚❬ ❙✧❦✦❯✚qr❴✤❙❀✿ ❩❭qr➐✑❦✸❙
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✞Ð✂☎✄❩❁✔✍✭✗✢❨✿✄❩✄☞✙✟✆✮✄✢✤✘✙✟✬✔✍✑✆✚✄❬✜☞✧★✦✕❁✔✞✟✍✑✦✝✛❤✠★✒❋✍♠✠✎✱❚✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✈⑧⑨✧★✤❡✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄❩✏✭✄✢✤❲✆✚✄✢✦✝✄✢✤◆✆✮✏✭✄☞✙✝❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄☞✙
✒✔✄▲❁✔✍✭✛✢❨✿✄✫✠✎❨✿✄⑤⑩❂✽☎✜☞✄✕❱❲✬✔✍✺✜☞✧★✤✘✒❋✬✔✍✑✆✣❆❢✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄✢✞✴✏✭✄▲✆✡✠✎✬❋❯①✒✔✄✕✜☞✧★✏✑✏✑✍✭✙✟✍✭✧★✤✘✙✴✛✢✏♠✠★✙✟✆✟✍✭❱❲✬✘✄☞✙✼✙✡✠✎✤✘✙✼✦✝✧❲✒❋✍q❙❚✄✢✞✴✏♠✠
✒✔✄✢✤✘✙✟✍✑✆✚✛✴✒✘✠✎✤✘✙❀✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✥✒✔✄☞✙❀❁✔✖❚✠★✙✚✄☞✙✫❊

✞ ② ✤❩✞✚✛✫✠✎✏✑✍✭✙✚✄✴✄✢✤❋❙✘✤❩✏✭✄✼✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆❄❁❚✠✎✞❈✛✢☛✌✠✎❁✾✧★✞✡✠✎✆✟✍✭✧★✤❤✒❋✬❖✤◆✬❚✠✎❨✿✄✥✠✎✍✑✤✘✙✟✍✰❁✔✍✭✛✢❨✿✛✌❊ ❧ ✄✢✆✟✆✚✄✴✛✢✆✡✠✎❁✲✄✥✒❋✬✔✞✚✄
✆❫P◆❁✔✍✭❱❲✬✘✄✢✦✝✄✢✤❲✆❈✬✔✤✘✄✴✆✟✞✡✄❂✤◆✆✡✠✎✍✑✤✘✄✣✒✔✄✥✙✚✄☞✜☞✧★✤✘✒✔✄☞✙❇✄✢✆❄❁✾✄✢✞✟✦✝✄✢✆❇✒❳✪ ✧★✱✔✆✚✄✢✤✔✍✑✞❈✬✔✤❤✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆❇✜☞✧★✤❲✆✚✄✢✤❚✠✎✤◆✆❇✄✢✤◆✆✟✞✚✄
105 ✄✢✆ 106 ✠✎✆✚✧★✦✝✄☞✙✫❊

✹❈✧★✆✟✞✚✄❣❁✔✞✚✧★❪④✄✢✆✰✜☞✧★✤✘✙✟✍✭✙✟✆✚✄✶❆✓✆✟✞✡✠✎✤✘✙✟❁✲✧✌✙✚✄✢✞✰✒✘✠✎✤✘✙☎✏✷✪ ✄✢✙✟❁✾✠★✜✢✄✺✏♠✠❍✒✔✄✢✞✟✤✔✍✭✗✢✞✚✄✶✛✢✆✡✠✎❁✲✄✺✒✔✄✺✜☞✄✢✆✟✆✚✄✺✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄❣✆✚✄✢✦✕❁✾✧★✞✚✄✢✏✑✏✭✄✌✽
✄✢✤✝✛✢☛✌✠✎❁✲✧★✞✡✠✎✤◆✆✺✏✭✄☞✙✶✠✎✆✚✧★✦✝✄☞✙✶✒❋✬✼❪④✄✢✆✓✠✎✬▲❘⑨✬✔✞✺✄✢✆✓❆❈✦✝✄☞✙✟✬✔✞✚✄■✒✔✄❀✏✭✄✢✬✔✞❣❁✔✞✡✧★❁❚✠✎❨❲✠✎✆✟✍✭✧★✤✮✒✘✠✎✤✘✙❣✬✔✤✝❨✌✬✔✍✭✒✔✄❀✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌❊
➇❄✤✘✄✶❁✾✧✌✙✚✙✟✍✑✱✔✍✑✏✑✍✑✆✚✛❍❱❲✬✔✍◆☛◆✍✭✄✢✤❲✆◗✤❚✠✎✆✟✬✘✞✚✄✢✏q✏✭✄✢✦✝✄✢✤◆✆✶❆■✏✷✪ ✄☞✙✟❁✔✞✟✍✑✆❣✙✚✄✢✞✡✠✎✍✑✆❞✒✔✄✶✆✟✞✡✠✎✤✘✙✟❁✲✧✌✙✚✄✢✞✫✍✛☛✡✔❘✍❅✖❍✏♠✠❄✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✶✆✚✄✢✦✕❁✲✧★✞✚✄✢✏✑✏✭✄
✒✘✠✎✤✘✙❀✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✌✽✘✜☞✄✴❱❲✬✔✍❳✍✑✦✕❁✔✏✑✍✭❱❲✬✘✄✴✒✔✧★✤✘✜✴✒❳✪ ✍✑✤✌❪④✄☞✜✢✆✚✄✢✞❈✒✔✄☞✙❄✠✎✆✚✧★✦✝✄☞✙✱✖✟❃↔❂❁☛✡❃❏✍✑✏❀❃✗✔❩✒✘✠✎✤✘✙❀✏✭✄❇❨✌✬✔✍✭✒✔✄✌❊
❧ ✄✢✆✟✆✚✄✴❁✾✧✌✙✚✙✟✍✑✱✔✍✑✏✑✍✑✆✚✛✣✠✕✛✢✆✚✛✥✛✢✆✟✬✘✒❋✍✭✛☞✄✥✄❂❯❋❁✾✛✢✞✟✍✑✦✝✄✢✤◆✆✡✠✎✏✭✄✢✦✝✄✢✤◆✆❇✒✘✠✎✤✘✙■✤✘✧★✆✟✞✚✄✥✛☞❱❲✬✔✍✑❁✲✄✌✽✔P❭✜☞✧★✦✕❁✔✞✟✍✭✙❇✠✎✬❩✒✔✛✢✱✔✬✔✆❈✒✔✄

✦✩✠✝✆✟✖✘✗☞✙✚✄✌❊✾✸❣✏✑✏✭✄✕✠✝❁✾✄✢✞✟✦✕✍✭✙✼✒❳✪ ✧★✱✔✆✚✄✢✤✔✍✑✞✼✒✔✄☞✙❄➳✘✬❋❯❩❨✌✬✔✍✭✒✔✛☞✙❈✤✘✧★✤❬✤✘✛✢❨✌✏✑✍✑❨✿✄✫✠✎✱✔✏✭✄☞✙✫✽❳✒✔✄✣❱❲✬✘✄✢✏✭❱❲✬✘✄☞✙
108 ✠✎✆✚✧★✦✝✄☞✙❇❁❚✠✎✞

✙✚✄☞✜☞✧★✤✘✒✔✄✌✽✾❆✝✒✔✄☞✙■☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙■✒✔✄✴✏✷✪ ✧★✞✚✒❋✞✚✄✥✒✔✄✣❃▲✦➌❈✎✙❇✆ ❃✌➙✤✠♦✽✘☛✿✧★✍✑✞✚✄✴✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✚✄☞✙➁❈✌❊✘✹❈✛✫✠✎✤✔✦✝✧★✍✑✤✘✙✫✽❚✍✑✏✰✄☞✙✟✆❀❘✷✠★✜✢✍✑✏✭✄✥✒✔✄✥✙✚✄
✜☞✧★✤❲☛✌✠✎✍✑✤✘✜✢✞✚✄✶❱❲✬✘✄❣✏✷✪ ✧★✤✥✙✚✄❞✖✘✄✢✬✔✞✟✆✚✄✓❆❀✒✔✄☞✙☎✒❋✍q③✩✜✢✬✔✏✑✆✚✛☞✙◗✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✡✠✎✱✔✏✭✄☞✙✰❁✾✧★✬✔✞☎✆✟✞❂✠✎✤✘✙✟❁✾✧✌✙✚✄✢✞✰✒✘✠✎✤✘✙☎✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✺✜☞✄✢✞✟✆✡✠✎✍✑✤✘✄☞✙
✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄☞✙❇✆✚✄✢✦✕❁✾✧★✞✚✄✢✏✑✏✭✄☞✙✼✆✟✞✟✍✑☛◆✍♠✠✎✏✭✄☞✙✫❊✲❹♦✏❣✄☞✙✟✆❈✆✟✞✚✗☞✙✼✙✟✍✑✦✕❁✔✏✭✄✌✽✾❁❚✠✎✞✼✄❂❯✔✄✢✦✕❁✔✏✭✄✌✽❳✒✔✄✥❘✷✠✎✍✑✞✚✄✥☛✌✠✎✞✟✍✭✄✢✞✼✒✘✠✎✤✘✙❇✏✭✄✣✆✚✄✢✦✕❁✘✙❇✏♠✠
❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄❈✒❳✪ ✬✔✤✮✏♠✠★✙✚✄✢✞✓❁❚✠✎✞❀❱❲✬✘✄✢✏✭❱❲✬✘✄☞✙✓✒❋✍✑❷⑤✠✎✍✑✤✘✄☞✙❀✒✔✄❈➄➍➂❄❷✿✽◆✠✎✬❢✜☞✧★✬✔✞✚✙❍✒❳✪ ✬✔✤✘✄❈❁✔✖❚✠★✙✚✄❈✒✔✄❄✦✝✛✢✏♠✠★✙✚✙✚✄❈✧★❁✔✆✟✍✭❱❲✬✘✄❄❁❚✠✎✞
✄❂❯✔✄✢✦✕❁✔✏✭✄✌❊✔✂☎✄❄❘✷✠✎✍✑✞✚✄❇✒✘✠✎✤✘✙❍✏✷✪ ✄☞✙✟❁❚✠★✜☞✄❇✄☞✙✟✆❀✄✢✤❢✞✚✄✢☛✌✠✎✤✘✜✚✖✘✄❇✍✑✦✕❁✾✧✌✙✚✙✟✍✑✱✔✏✭✄✌❊✔✇❇✄❈✦✝♣✢✦✝✄✌✽❋✛✢✆✚✄✢✍✑✤✘✒❋✞✡✄❇✜☞✧★✦✕❁✔✏✭✗✢✆✚✄✢✦✝✄☞✤❲✆■✬✔✤
❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬✴✏✑✬✔✦✕✍✑✤✘✄✢✬❋❯✣✙✚✄❞❘✷✠✎✍✑✆☎✆✟✞✚✗☞✙❳❘✷✠★✜✢✍✑✏✭✄✢✦✝✄✢✤◆✆◗✒✘✠✎✤✘✙✰✏✭✄❣✆✚✄✢✦✕❁✘✙❞✠☞☛❲✄☞✜❣✬✔✤✥✞✡✠✎❁✔❁✾✧★✞✟✆❞✒❳✪ ✄❂❯❋✆✟✍✑✤✘✜✢✆✟✍✭✧★✤✥✞✚✄✢✦✩✠✎✞✚❱❲✬❚✠✎✱✔✏✭✄✄❤✿❊
➄❤✠✎✍✭✙❇✠✫☛✿✧★✍✑✞❈✬✔✤✘✄✣❷✫✧★✤✘✄✣✄❂❯✔✄✢✦✕❁✔✆✚✄▲✒✔✄✥✏✑✬✔✦✕✍✭✗✢✞✚✄▲✒✘✠✎✤✘✙❄✬✔✤✘✄✣✞✚✛✢❨✌✍✭✧★✤❬☛❲✧★✍✭✙✟✍✑✤✘✄✣✒❳✪ ✬✔✤❩❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❬✍✑✤◆✆✚✄✢✤✘✙✚✄✥❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄
✬✔✤✘✄✴✒❋✍q③✩✜✢✬✔✏✑✆✚✛✴✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✡✠✎✱✔✏✭✄✌✽❚✒❋✬❭❘✷✠✎✍✑✆■✒✔✄☞✙❀✍✑✤✘✛✢☛◆✍✑✆✡✠✎✱✔✏✭✄☞✙■✞✚✛❂➳❚✄❂❯❋✍✭✧★✤✘✙■❁❚✠✎✞✡✠★✙✟✍✑✆✚✄☞✙❄✒❋✬❢❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬☎❊
❜❞✧★✬✔✞▲✆✚✧★✬✔✆✚✄☞✙▲✜☞✄☞✙✣✞✡✠✎✍✭✙✚✧★✤✘✙✫✽◗✍✑✏❍✄☞✙✟✆✕✠✎❁✔❁❚✠✎✞✟✬t❱❲✬✘✄✩☛❲✧★✬✔✏✭✧★✍✑✞▲✞✚✛✫✠✎✏✑✍✑✙✚✄✢✞▲✏✷✪ ✍✑✤✌❪④✄☞✜✢✆✟✍✭✧★✤❽✒✘✠✎✤✘✙✣✏✭✄✩❨✌✬✔✍✭✒✔✄✮✦✩✠✎❨✌✤✘✛❂♥

✆✟✍✭❱❲✬✘✄■✄✢✤✮✜☞✧★✤❲✆✟✍✑✤◆✬✮✄☞✙✟✆✺✆✟✞✚✧★❁✩❁✾✛✢✤❚✠✎✏✑✍✭✙✡✠✎✤◆✆✫❊❲✹❈✧★✬✘✙✺✤✘✧★✬✘✙✓✙✚✧★✦✕✦✝✄☞✙✶✒✔✧★✤✘✜■✆✚✧★✬✔✞✟✤✘✛☞✙✶☛✿✄✢✞✚✙✺✬✔✤✘✄■✍q✤✿❪❫✄☞✜✢✆✟✍✭✧★✤❢✄✢✤✝✦✝✧❲✒✘✄
❁✔✬✔✏✭✙✚✛✌✽◆✜☞✧★✤✘✙✟✍✭✙✟✆✡✠✎✤◆✆❀❆✥✄✢✤❲☛❲✧✫P❲✄✢✞✓✒✘✠✎✤❚✙✶✏✭✄❄❨✌✬✔✍✭✒✔✄✌✽✔✠☞☛❲✄☞✜❄✬✔✤✮✆✡✠✎✬❋❯✮✒✔✄❄✞✚✛✢❁✾✛✢✆✟✍✑✆✟✍✭✧★✤❭✛✢✏✭✄✢☛❲✛✌✽◆✒✔✄☞✙✶❁❚✠★❱❲✬❚✄❂✆✡✙✓✒❳✪ ✠✎✆✚✧★✦✝✄☞✙
❁✔✞✚✛✢❁❚✠✎✞✚✛☞✙❍❨✌✞✴✳★✜☞✄✼❆✴✬✔✤✘✄❈✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄❈✆✚✄✢✦✕❁✾✧★✞✚✄✢✏✑✏✭✄✩s✴✙✟✆✡✠✎✤✘✒✘✠✎✞✚✒❖✉✿❊ ❧ ✄☞✜✢✍❳✒✔✧★✤✔✤✘✄❈✏♠✠✴❁✲✧✌✙✚✙✟✍✑✱✔✍✑✏✑✍✑✆✚✛❈✒❳✪ ✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞❍❁✔✞✡✠✎✆✚✍ ♥
❱❲✬✘✄✢✦✝✄✢✤❲✆❣✆✚✧★✬✔✆✚✄☞✙❞✏✭✄☞✙❞✆✚✄☞✜✚✖✔✤✔✍✭❱❲✬✘✄☞✙✺✒✔✛✢☛✿✄✢✏✭✧★❁✔❁✲✛☞✄☞✙❞❁✲✧★✬✔✞❞✏✭✄☞✙❣✄❂❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙✺✒✔✄❍✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤✝✒✔✄❍✵❍✧✌✙✚✄❂♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤
✆✟✞✡✠★✒❋✍✑✆✟✍✭✧★✤✔✤✘✄✢✏✑✏✭✄☞✙✫❊
➇❄✤✘✄✶✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✺✆❫P◆❁✔✍✭❱❲✬✘✄✶✒✔✄✺✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤◆✆❞✒❳✪ ✬✔✤✣❁❚✠★❱❲✬✘✄✢✆❀⑧⑨✒❳✪ ✬✔✤✘✄✓✒❋✬✔✞✚✛☞✄✶✒❳✪ ✄✢✤◆☛◆✍✑✞✚✧★✤✕❃✌❅✌❅❀✦✝✙❂⑩❳✄☞✙✟✆◗✜☞✧★✤✘✙✟✆✟✍✑✆✟✬✘✛☞✄

✒✔✄☞✙■✛✢✆✡✠✎❁✲✄☞✙■✙✟✬✔✍✑☛✌✠✎✤◆✆✚✄☞✙✴❴
✞ ❧ ✠✎❁✔✆✟✬✔✞✚✄✌✽❣✄✢✤ ∼ 100

✦✝✙✫✽❞✒❳✪ ✬✔✤❻✤◆✬❚✠✎❨✿✄❢✒❳✪ ✄✢✤◆☛◆✍✑✞✚✧★✤
109 ✠✎✆✚✧★✦✝✄☞✙✫✽✺❆❩❁❚✠✎✞✟✆✟✍✑✞✝✒❋✬❤❪④✄✢✆✕✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❢✏✭✄✢✤◆✆

❘r✧★✬✔✞✟✤✔✍☎❁❚✠✎✞■✬✔✤❭✞✡✠✎✏✭✄✢✤◆✆✟✍✭✙✚✙✚✄✢✬✔✞❇❾✾✄☞✄✢✦✩✠✎✤☎❊
æ❈➶✦õ✹ú èÔê✹ï✡ì✴ô✟è⑦û❊é✸õ ù❡ô✟è❳ó❏ì❊ï✸ê✸è❏í❅ì✴õ ú ú è

∆r
è❳í▼ï✸ê✸è✗í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è

T
î✴ð✟ê❽❸✵❹✸ð✟õ ö✓õ ó❅ì✦î✟é✚ð✟ï✤ó❘ï✸ê✝é✸õ ü❡ô✟è✑❹✡ì❁ó✛ñ❵ð✟ê✸õ ❺✹ï✸è✟î❫ï✸ê✸è✎é✸ï✸ú ö✛ì❁í✛õ ð✟ê

ω = ∆v/∆r
ð✡➠

∆v =
√

kBT/m
è❡ö✑í☎ú ì❶ë✤õ ö✓é✚è❳ó✛ö✓õ ð✟ê①ë✤è⑧❾✦õ í✛è❡ö✓ö✓è➑ë✸ì✴ê✸ö✁ú è❵ê✹ï✡ì✴ô✟è✟ý❏➹➋ê❜í✛è❡ú✁❸✵❹✸ð✟õ øPî✍❺✹ï✸õ✗é✚è❳ó✛ñ❵è❳í☎ë✤è✫ê✸è✫é✡ì✴ö

é✚è❳ó❅ë✦ó✛è✩è❡ê❇ë✤è❡ê✸ö✓õ í✛ù❵ë✸ì✴ê✸ö✄ú✒í è❡ö✓é✡ì✡❸❡è➑ë✤è❡ö✄é✷❹✡ì✴ö✓è❡ö✁ú ð✴ó✛ö✝ë✤ï❲í✓ó❅ì✴ê✸ö✑÷⑩è❳ó✓í✝ë✸ì✴ê✸ö✁ú è✫é✸õ ü❡ô✟è✟î♠è❡ö✑í✝ì✴é✸é✚è❡ú ù✩è❡ê✱ì✴ê✸ô✟ú ì✴õ ö✹➉✹❍⑦❖✄▼✥❏✕➉✹➊✡➐◗↔❈↕✄➈❱➑✭➍
ë✤ï❚é✸õ ü❡ô✟è✟ý❋ ➹➋ê❉➀❀è❳í✘❸❡ð✟ê✹í✛õ ê✦ï❇ì⑦❾✕è✤❸✫ï✸ê✸è❫❾✦õ í✛è❡ö✓ö✓è✫ñ❵ð✣♠✹è❡ê✸ê✸è✩ë✤è✮➘✡ò❉❸❡ñ❉ï✴ö✄è❳í☎ï✤ê✵◆✡ï✤ø❜ë✤è

∼ 108
ì❁í✛ð✟ñ❵è❡ö✁é✡ì❁ó✁ö✓è✤❸❡ð✟ê✡ë✤è❵ì✧ù❳í✛ù✫ð✟ò✤í✛è❡ê✦ï

ô✴ó❈▼✡❸❡è✝û✩ú✒í ï✤í✛õ ú õ ö✛ì❁í✛õ ð✟ê❷ë✜í ï✸ê❚ñ❵õ ê✸õ ↔rô✟ï✸õ ë✤è✄ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è➋é✚ð✕ï✦ó✚❸❡ð✟ï✸é✸ú è❳ó➆ú è❡ö➆ì❁í✛ð✟ñ❵è❡ö➆ë✸ì✴ê✸ö⑦ú è✁ô✟ï✸õ ë✤è❚➴ ñ❅✛☎➷☞ý❶➝❘✗ê✫ï✤í✛õ ú õ ö✛ì✴ê✹í❏é✡ì❁ó❏è❳ø✤è❡ñ❵é✸ú èÔï✸ê✫ñ❵ð✦ë✤ï✸ú ì❁í✛è❡ï✤ó❏ì✡❸❡ð✟ï✸ö✑í✛ð✡↔rð✟é✤í✛õ ❺✹ï✸è✸➃✶❿ î ➅✸➓❭é✚ð✟ï✤ó❏ï✸ê✸è①❸❳ð✕ï✤é✸ï✤ó✛èÔó❅ì✴é✸õ ë✤è✟î✕é✸ï✸õ ö✗ï✸ê✩ð✟ò✤í✛ï✤ó❅ì❁í✛è❡ï✤ó
ñ❵ù✤❸❫ì✴ê✸õ ❺✹ï✸è➋éPð✟ï✤ó❊ï✸ê❚è❳ø✦í✛õ ê✷❸❳í✛õ ð✟ê⑩❸❡ð✟ñ❵é✸ú ü❳í✛è✟ý



❯✎✝❱❯➮➬①✠✎ä✁✂❘⑨✚Þ ß♠â✡✠✎à Û ãÔä❭Þ ➽ ➢

✞Ð❶❄✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆❍✄✢✆✓✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤❲✆✫✽✔✄✢✤❢✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤❭✒❋✬✮❨✌✬✔✍✭✒✔✄✌✽◆✒✔✄❈✜☞✄❄❁❚✠★❱❲✬✘✄✢✆❀✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❈❁❚✠✎✞✓✬✔✤✘✄❄❁✔✖❚✠★✙✚✄
✒✔✄✼✦✝✛✢✏♠✠★✙✚✙✚✄✼✧★❁✔✆✟✍✭❱❲✬✘✄✴✒✘✠✎✤✘✙■✬✔✤❭✞✚✛❂❘r✛✢✞✚✄✢✤◆✆✟✍✭✄✢✏✰✄✢✤❖✦✝✧★✬✔☛✿✄✢✦✝✄✢✤◆✆✫❊ ❧ ✄❂✆✚✆✚✄✼❁✔✖❚✠★✙✚✄✴✠▲✬✔✤✘✄✼✒❋✬✔✞✚✛☞✄✴✒✔✄✥➞✣✦✝✙✫❊

✞Ð❜❞✧★✦✕❁❚✠✎❨✿✄✩✧★❁✔✆✟✍✭❱❲✬✘✄✌✽❳✄✢✤❻➧★❅✌❅
µ
✙✫✽❳✒✔✄☞✙✥✠✎✆✚✧★✦✝✄☞✙✴✒✔✄ 87Rb

✒✘✠✎✤✘✙✼✏✭✄✕✙✚✧★✬✘✙④♥✷✤✔✍✑☛❲✄✫✠✎✬➀❾✾✄☞✄✢✦✩✠✎✤✈❁✔✍✭✛✢❨✿✛✕✦✩✠⑤♥
❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆ ∣

∣52S1/2, F = 1, mF = −1
〉 ❊

✞Ð❜❣✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨❲✄✌✽☎✒❋✬✔✞✡✠✎✤◆✆ ∼ 100
✦✝✙✫✽✲✒✘✠✎✤❚✙❇✬✔✤❤❨✌✞✡✠★✒❋✍✭✄✢✤◆✆✴✒✔✄✕✜✚✖❚✠✎✦✕❁①✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✕✆✟✞✡✠✎✤✘✙✟☛❲✄✢✞✚✙✚✄▲✄✢✦✕❁✾♣❂♥

✜✡✖❚✠✎✤❲✆✴✏♠✠✮✒❋✍✑✏✑✬✔✆✟✍✭✧★✤✯✄❂✆✼✏♠✠✮✜✡✖❲✬✔✆✡✄▲✏q✍✑✱✔✞✡✄▲✒❋✬①✤◆✬❚✠✎❨✿✄✝✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌❊❳✂☎✄▲❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄✩✠✎❨✌✍✑✆✼✄✢✤✈❱❲✬✘✄✢✏✭❱❲✬✘✄▲✙✚✧★✞✟✆✚✄
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✒❳✪ ✠✎✆✟✆✚✄✢✍✑✤✘✒❋✞✚✄✴✒✔✄❇✆✟✞✚✗☞✙❀❨✌✞✡✠✎✤✘✒✔✙❀✆✡✠✎✬❋❯❢✒✔✄✼✜✚✖❚✠✎✞✟❨✿✄✢✦✝✄✢✤◆✆✚✙✫❊✘✹❈✧★✬✘✙■✠✫☛✿✧★✤✘✙❀✒✔✧★✤✘✜✴✜✢✧★✤❚➌❂✬❖✬✔✤❭✞✡✠✎✏✭✄✢✤❲✆✟✍✭✙✚✙✚✄✢✬✔✞❈❾✾✄☞✄✢✦✩✠✎✤
✒✔✧★✤◆✆■✏✭✄❈➳✘✬❋❯❢✞✡✠✎✏✭✄✢✤◆✆✟✍✰✄☞✙✟✆■✙✟✬✔❁✲✛✢✞✟✍✭✄✢✬✔✞❈❆

1011 ✠✎✆✚✧★✦✝✄☞✙✟❈✎✙✫✽❚❆✣✬✔✤✘✄✼☛◆✍✑✆✚✄☞✙✚✙✚✄✼✒✔✄❇✏✷✪ ✧★✞✚✒❋✞✚✄✥✒✔✄✴❃✌❅▲✦➌❈✎✙✫❊

Ó✘q✕Ó✘q❅♣ ✃ Ö❧✔✉✇✵❐ ✇➋❆❑③❑✈➋✇⑦③❍✔✥▼ s✑Õ❒✈❱Ö✸×
✂☎✄✩❪④✄✢✆❭✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❬✄☞✙✟✆✮❁✔✞✚✧❲✒❋✬✔✍✑✆❢❁❚✠✎✞✮✬✔✤❽❘r✧★✬✔✞❭❆✯✄❂➋✲✬✘✙✟✍✭✧★✤➃✜☞✧★✤◆✆✚✄✢✤❚✠✎✤❲✆①➈✫❉✈❨❻✒✔✄❩✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦❖❊❍⑦■❙✘✤➃✒✔✄

✦✩✠⑤❯❋✍✑✦✕✍✭✙✚✄✢✞■✏♠✠▲✒❋✬✔✞✚✛☞✄✴✒✔✄✼☛◆✍✭✄✼✒❋✬❢❘r✧★✬✔✞✫✽❋✤✘✧★✬✘✙❈✠☞☛❲✧★✤✘✙■✜☞✧★✤✘➌✢✬❖✬✔✤❖✙✟P❋✙✟✆✚✗✢✦✝✄✼✒✔✄❇✞✚✄☞✜✢✍✑✞✚✜✢✬✔✏♠✠✎✆✟✍✭✧★✤❩❁✲✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤❲✆❈✒✔✄
✞✚✛✢✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞❄✏✷✪ ✄☞✙✚✙✚✄✢✤❲✆✟✍✭✄✢✏◗✒❋✬❖✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦Ñ❱❲✬✔✍✷✽✘✒❋✬❭❘✷✠✎✍✑✆❄✒✔✄❇✏♠✠✕✜☞✧★✏✑✏✑✍✑✦✩✠✎✆✟✍✭✧★✤☎✽❚✤✘✄✼❁❚✠✎✞✟✆❄❁❚✠★✙■✒✘✠✎✤✘✙■✏✭✄❀❪④✄✢✆❈✠✎✆✚✧★✦✕✍✭❱❲✬✘✄
✬✔✆✟✍✑✏✭✄✌❊✔❜❣✏✑✬✘✙✟✍✭✄✢✬✔✞✚✙❀✆❫P◆❁✾✄☞✙❀✒✔✄❈❘r✧★✬✔✞■❆✥✞✚✄☞✜✢✍✑✞✚✜✢✬✔✏♠✠✎✆✟✍✭✧★✤❖❁✲✧★✬✔✞❀✏✭✄☞✙■✠✎✏✭✜✫✠✎✏✑✍✑✤✘✙■✧★✤❲✆■✛✢✆✚✛❇✒✔✛☞✜✢✞✟✍✑✆✚✙❷✆ ❉✌➵❋✽♦❉✿➧✦✠❲❼❋✤✘✧★✬✘✙❄✠☞☛❲✧★✤✘✙
✒✔✛☞✜✢✍✭✒✔✛❇✤✘✛✫✠✎✤✔✦✝✧★✍✑✤✘✙❀✒✔✄❇✜☞✧★✤✘✜☞✄✢☛✿✧★✍✑✞❀✬✔✤❭✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘❞✒✔✄❄✦✕✍✭✙✚✄❇✄✢✤❭➫❇✬✔☛◆✞✚✄❈✦✝✧★✍✑✤✘✙❍✜☞✧★✦✕❁✔✏✭✄❂❯✔✄✌✽❋✍✑✤✘✙✟❁✔✍✑✞✚✛❇✄✢✤❢❁❚✠✎✞✟✆✟✍✭✄
✒✔✄★✆ ❉✌➨✤✠♦❊



➽ Ö þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

❒❖❮❅❰❫Ï➝❮❲❮→Ï➈Ð❈Ñ✡Ò→Ó ÔÖÕ✴× Ð❫Ø✣Ù❅Ú❲Ï➝❮❲Û➝Ï

Ü Ô✡❮ÝÒ→Ï

Þ Ô✡❮❲❮❲Ï☎ß→Ó Ô✡❮❲à❖Ò→Ï➝à➒Û➝Ô✡Ú→Ð❈ÑÖ❮❅❰❫àÏ☎❰➈Ò→Ï➑á✱â Ï✣ÑÖÚ➩Ò→Ï➑Ð❫Ï☎× Ð❫Ô✡Ó Ò→Ó à③à③Ï➝ã✮Ï➝❮❅❰

ν+ν+

ν
−

ν
−

ä♦å ÔÖ❰❫Ô✞Ò→Ó Ô✞Ò→Ï

æ Ô✡Ú→Ð➈çÐ❫Ï➝Û➝Ó Ð❫Û➝Ú❲á Ñ❨❰❫Ó Ô✡❮è ÑÖá Ï➝❮❅❰❫Ó à③à③Ï➝Ú→Ð➑é✹Ï➝Ï➝ãêÑÖ❮

ë Ú❲Ó Ò→Ï

ì Ú❲í✹Ï❧Ò→Ï❧î✾Ï☎Ð③Ð❫Ï

νzs

1,4
ã

1
ã

4
,3

ï xy

z

❋✄●☞❍❏■✗❑▼▲ ➉❬✽r◆P❖❫❮P❯♠❙✝❦✸♣❁s❘♣❁❞❳❝✹❬ ❙❵❪❫q✶❨✝❩❭❬ q Ö➆♣❡❙❶❴✹❯✥❴✹q⑩❪✑❩P❤✕❪❡q☞❣❀q ➎✧❙❳❱❁❩P♣❁❞❫q✶❨❲❙❁s♠❣✓❝✹❬ ❺✗➔❵♦ ♣❡❧❡♥P❙❁❬✶❬ ❙❚s▼♦ ❙❫❪❫❣✗❩P❝✕❪❵❞❳❙❫❪✑❩P❙❡❧❁❣✓♣❳❙✟❺



❯✎✝❱❯➮➬①✠✎ä✁✂❘⑨✚Þ ß♠â✡✠✎à Û ãÔä❭Þ ➽ ×

ð❖ñ❲ò❲ó ô→ó ñ→õ➔ö ó ÷❅ñ❲ó ô→ø
ù✮ú☞û➝ü❈ý øÿþ
�❏ñ❲ò✹ø❧ô→ø✂✁❫ø ü ó ✁ ü ñ❲ö ✄✆☎❫ó ✝✟✞

✠✡✄☞☛✹ø➝ñ✌✁❖ô→ø✁❫ñ→ò❲ó ô→ó ñ❲õ

✍ õ✎☛✏✝✡ñ❲ö ø➑ô→ø✒✑✾ø✓✁✔✁❫øü ✝✟✞✕☎❫ø✖✞✗✄☞✞✕☎❴ó ✞❲ó ☎❫ó ✄Öö ø➝õ✮ø✖✞✕☎ö ø✂✁❫ñ❲ò❲ó ô→ó ñ❲õ

✘✡ø✓☎ ü ✝✡ö ö ó õ✙✄✆☎✛✚

✜✢✄☞✣✔✣✛✄☞✤✡ø✥✚➝ö ø ü ☎✔✁❫ó ÷✞ñ→ø
✠✙ø✓✁✛✣✦✜❙ø➝ö ☎❫ó ø✓✁

✜✧✝✡ó ✞✕☎✦★ ✁✛✝✡ó ô ø✖✞ ü ñ❲ó ✑✕✁❫ø

T1

T2

T3

T5

T4

✠✙ø✓✁✛✣✦☛✏✝✡õ✎☛✹ø➈ó ✝✟✞❲ó ÷❅ñ❲ø

d = 4 ✩✪✩ d = 8 ✩✪✩

❋✄●☞❍❏■✗❑▼▲➒➉❬✽ ➉▼❖✚❵☎❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓❝✹❣❀qr❤✹s✣❪✴❧❡♥P♣❁❨❲❝✹❣❀qr⑧❁❯♠❙①❴✹❯❇➎❫❤✹❯✚❞❇❢★❞❳❙❡❧❁q✶❞❳❧❁❯✚❬ ❝✹❣❀qr❤✹s❘❺➋➔❏❙❫❪✯❰✟❤✹s❘❙❫❪❶♥P❝✤❧❡♥✡❯✚❞❳♣❳❙❫❪❜❞❳❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓❙❁s♠❣✩❬ ❙❫❪
Ó❡❝✹s❘❴✤❙❫❪✧❧❡♥P❝✹❯Ö➇☎❝✹s❭❣✑❙❁❪❁❺

þ ✠✎á✍✌✴â✄✂❡ä✍⑨✡â✕Û ✠✎á
➇❄✤✘✄✥☛◆✬✘✄✥✒❳✪ ✄✢✤✘✙✚✄✢✦✥✱✔✏✭✄▲✒❋✬❖❘r✧★✬✔✞✫✽❚✜☞✧★✤✘✙✟✆✟✍✑✆✟✬❚✛✣✒❳✪ ✛✢✏✭✛✢✦✝✄✢✤❲✆✚✙❇✙✟✆❂✠✎✤✘✒✘✠✎✞✚✒❩❁✾✧★✬✔✞❈✏✷✪ ✬✔✏✑✆✟✞✡✠☞☛◆✍✭✒✔✄❭⑧ ❧ ❏➆✞✿➁❲❅✩✄✢✆ ❧ ❏➆✞

➈✫➵✿⑩❂✽✲✄☞✙✟✆❄✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✛☞✄▲✙✟✬✔✞❈✏♠✠✕❙✘❨✌✬✔✞✚✄▲❃❋❊ ❃❋❊✲➇❄✤✘✄✥❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄▲✜✚✖❚✠✎✦✣✱✔✞✚✄▲✜☞✧★✤❲✆✟✍✭✄✢✤◆✆✴❆✩✙✚✧★✤❤✄❂❯❋✆✟✞✚✛✢✦✕✍✑✆✚✛✣✍✑✤❋❘r✛✢✞✟✍✭✄❂✬✘✞✚✄
✒❋✬➀✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦ä✏✑✍✭❱❲✬✔✍✭✒✔✄✮❆

T1 = 140 ◦ ❧ ✄✢✤➀✛☞❱❲✬✔✍✑✏✑✍✑✱✔✞✚✄❢✠✫☛✿✄☞✜✮✙✡✠❭☛✌✠✎❁✾✄✢✬✔✞✫✽◗❱❲✬✔✍❍✙✫✪ ✛☞✜✚✖❚✠✎❁✔❁✲✄✩❁❚✠✎✞✣✬✔✤✯✆✟✞✚✧★✬❻✒✔✄
✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄

d = 4
✦✕✦➉⑧ë❁✔✞✡✠✎✆✟✍✭❱❲✬✘✛❍✒✘✠✎✤✘✙❞✬✔✤❇❪④✧★✍✑✤❲✆❣✜✢✬✔✍✑☛◆✞✚✄ ❧ ❏➆✞❚➈✫➵❄❁✔✏✭✄✢✍✑✤✾⑩❂❊★✂☎✄☞✙✺✠✎✬✔✆✟✞✚✄☞✙❞❁❚✠✎✞✟✆✟✍✭✄☞✙❣✒✔✄✶✏♠✠❄❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄

✜✡✖❚✠✎✦✥✱✔✞✚✄■✙✚✧★✤❲✆❞✦✩✠✎✍✑✤◆✆✚✄✢✤◆✬✘✄☞✙✶❆❄✬✔✤✘✄❍✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄
T2 = T3 = T4 = 170 ◦ ❧ ✠⑤❙✘✤✝✒❳✪ ✛✢☛◆✍✑✆✚✄✢✞✺❱❲✬✘✄✓✏✭✄✓✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦
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✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄

T5 < T1
☛✿✄✢✞✚✙✥✏♠✠❭❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄✮✜✡✖❚✠✎✦✥✱✔✞✚✄①⑧⑨✒✔✄✝✦✝♣✢✦✝✄✮❱❲✬✘✄✩✒✘✠✎✤✘✙✥✬✔✤✘✄✩✱✾✧★✬✔❨✌✍✭✄✩✏♠✠❖✜✢✍✑✞✚✄✩✏✑✍✭❱❲✬✔✍✭✒✔✄

✦✝✧★✤◆✆✚✄✼❁❚✠✎✞❄✜✫✠✎❁✔✍✑✏✑✏✭✠✎✞✚✍q✆✡✛✴☛✿✄✢✞✚✙❀✏♠✠✥➳✾✠✎✦✕✦✝✄⑤⑩❂❊
✂☎✄☞✙✓✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄☞✙

T1
❆

T4
⑧ë☛✿✧★✍✑✞✺❙✘❨✌✬✔✞✚✄❇❃❋❊ ❃✿⑩✺✙✚✧★✤❲✆✓✙✟✆✡✠✎✱✔✍✑✏✑✍✭✙✚✛☞✄☞✙❀❆✼✏✷✪ ✠✎✍✭✒✔✄❄✒✘✄❄❱❲✬❚✠✎✆✟✞✚✄❄✜☞✧★✤◆✆✟✞✚✐★✏✭✄✢✬✔✞✚✙❍❜✺❹❫✇✯é

✬✔✆✟✍✑✏✑✍✭✙✡✠✎✤◆✆✕✒✔✄☞✙▲✆✟✖✘✄✢✞✟✦✝✧❲✜☞✧★✬✔❁✔✏♠✄☞✙✝✄✢✤❻❨✌✬✔✍✭✙✚✄❢✒✔✄❢✜✫✠✎❁✔✆✚✄✢✬✔✞✚✙✕✒✔✄✮✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄❖✄✢✆✕✠✎✏✑✍✑✦✝✄✢✤◆✆✡✠✎✤◆✆✫✽❞☛◆✍♠✠❬✒✔✄☞✙✣✞✚✄✢✏♠✠✎✍✭✙
✙✟✆✡✠✎✆✟✍✭❱❲✬✘✄☞✙✫✽✔✒✔✄☞✙■✱❚✠✎✤✘✒✔✄☞✙■✜✡✖❚✠✎✬❋➋☎✠✎✤◆✆✚✄☞✙Ö✘★❊

↕ î ú ÷✶ì➁↔ î è❡ö✓è❳ó❫î✸ó✛ù❳÷❀ý❲❑❅❳✡ò✞✛✡✛✟ýê ➙ è✄ó✛ï✸ò✸õ ë✤õ ï✸ñ❻ú õ ❺✹ï✸õ ë✤è✁ê✸è✄ñ❵ð✟ï✸õ ú ú è✁é✡ì✴ö❊ú✒í ì✡❸❡õ è❳ó➋õ ê✸ð❫ø✞♠✸ë✸ì✴ò✸ú è✟î✤ñ➑ì✴õ ö❊ñ❵ð✟ï✸õ ú ú è✁ú✒í ð✴ó❫ý÷⑦➅➋ñ❵è❡ô✕ì❵ç ë ■❲✛✡✛✬✫✟✫✦ý✚ ➅➋ñ❵è❡ô✕ì✦î★❿✮✭✰✯❖■✞❳❣ñ❅✛➁ñ☞✱❙ò❣ò î è❳í➆❿✮✭✰✯❖■❲✛❨❳❅✛⑦ò✞✛✡ñ✡ò î ý



➽❚Ï þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ
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✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦❖✽
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Φjet ≃ 2 × 1012 atomes/s .
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❁❚✠★✙❄✠✎✆✟✆✚✄✢✤✘✒❋✞✚✄✴✬✔✤❩✠★✜☞✜☞✧★✞✚✒❩❱❲✬❚✠✎✤❲✆✟✍✑✆✡✠✎✆✟✍q❘✶✠✫☛✿✄☞✜✼✏✭✠▲✆✟✖✘✛☞✧★✞✟✍✭✄✴✒✔✄☞✙✺❪❫✄✢✆✚✙■✄❂➋✲✬✘✙✟✍q❘r✙■❱❲✬✔✍☎✙✟✬✔❁✔❁✾✧✌✙✚✄
ℓ ≫ d

❊
✂✰✠t✒❋✬✔✞✚✛☞✄✈✒✔✄①☛◆✍✭✄①✒✔✄☞✙✯➈✫❉➀❨Ð✒✔✄❤✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦➛✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✢✦✝✄✢✤◆✆❩✍✑✤✘✙✟✆✡✠✎✏✑✏✭✛☞✙❩✒✘✠✎✤✘✙❭✏✭✄❤❘r✧★✬✔✞❖✄☞✙✟✆❩✄☞✙✟✆✟✍✑✦✝✛☞✄❅❆✈❆

❃✌❅✌❅❀✖✘✄✢✬✔✞✚✄☞✙❞✄✢✤✥✏✷✪ ✠✎✱✘✙✚✄✢✤✘✜☞✄✓✒✔✄✺✞✚✄☞✜✢✍✑✞✚✜✢✬✔✏♠✠✎✆✟✍✭✧★✤☎❊★✹❈✧★✬❚✙◗✠✫☛✿✧★✤✘✙✰✬✔✆✟✍✑✏✑✍✭✙✚✛✺✏✭✄❣❘r✧★✬✔✞❞✒✔✄✢❁✔✬✔✍✭✙✰✤✘✧⑤☛✿✄✢✦✣✱✔✞✚✄✓❃✌❅✌❅✌➞❋✽✎✙✚✧★✍✑✆✰❁✔✏✑✬✘✙
✒✔✄✣➈✫❉✌❅✌❅✴✖✘✄✢✬✔✞✚✄☞✙❀✜✢✬✔✦✥✬✔✏✭✛☞✄☞✙✫✽❋✙✡✠✎✤✘✙✶✤✘✧★✆✚✄✢✞❀✒❳✪ ✛✢☛✿✧★✏✑✬✔✆✟✍✭✧★✤❭✙✚✄✢✤✘✙✟✍✑✱✔✏✭✄❈✒❋✬❢✜☞✧★✦✕❁✲✧★✞✟✆✚✄✢✦✝✄✢✤◆✆■✒❋✬✩❘r✧★✬✔✞✫❊◆✂☎✄❈✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘
✒✔✄❇✞✚✄☞✜✢✍✑✞✚✜✢✬✔✏♠✠✎✆✟✍✭✧★✤❤✙✚✄✢✦✥✱✔✏✭✄✴✒✔✧★✤✘✜❇❘r✧★✤✘✜✢✆✟✍✭✧★✤✔✤✘✄✢✞✫❊
❋ ➜ è❜é✸ú ï✸ö❡îÔú ì①í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è❜ë✦è❷÷⑩ï✸ö✓õ ð✟ê✣ë✤ï ó✛ï✸ò✸õ ë✤õ ï✸ñ è❡ö✑í❲û①é✚è❡õ ê✸è❜ö✓ï✸é✚ù❳ó✛õ è❡ï✤ó✛è❇û①ú✒í ì✴ñ✩ò✸õ ì✴ê✹í✛è✟ý➆ç✎ð✟ñ❵ñ❵è❲ú ì①ó✛ù❡ì❣❸❅í✛õ ð✕ê

ë✜í ð❫ø✞♠✸ë✸ì❁í✛õ ð✟ê✫è❡ö✑í✎è❳ø✤ð✴í❘❹✸è❳ó✛ñ❵õ ❺✹ï✸è✟î✴è❡ú ú è❊é✚è❡ï✤í❏è❡ê✹í✓ó❅ì✆✲ ê✸è❳ó✎ú ì✄ú õ ❺✹ï✸ù❳÷✶ì✡❸❳í✛õ ð✟ê✧ë✤ï✝ó✛ï✸ò✸õ ë✤õ ï✸ñ❶î❣❸❡è❪❺✹ï✸õ✦ó✛è❡ê✡ë✩ú ì➋ó✛ù❫ì✡❸❳í✛õ ð✟ê➑é✸ú ï✸ö✁❾✦õ ð✟ú è❡ê✹í✛è
è❡ê✷❸❡ð✴ó✛è✟ý▲ ➣❀úPè❡ö✑í❊ë✤õ ð✹❸❡õ ú è☎ë✜í ð✟ò✤í✛è❡ê✸õ ó⑦ï✸ê✸è✉❾✟ì✴ú è❡ï✤ó⑦í✓ó✛ü❡öÔé✤ó✛ù✤❸❡õ ö✓è✟î✡ë✤ï➑÷✶ì✴õ í➆ë✜í ï✸ê✸è➋é✡ì❁ó✓í❊ë✤è✄ú✒í õ ê✷❸❡è❳ó✓í✛õ í✛ï✡ë✤è✄ö✓ï✤ó⑦ú ì☎í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è✄ë✤ï➑÷⑩ð✟ï✤ó❫î
è❳í➆ë✜í ì✴ï✤í✓ó✛è✁é✡ì❁ó✓í➆ë✤ï❶ë✤õ ì✴ñ❵ü❳í✓ó✛è✄ù❡ú è✥❾✕ù☎ë✤è✄ú✒í ð✟ï✷❾✕è❳ó✓í✛ï✤ó✛è☎ë✤ï➑÷⑩ð✟ï✤ó❫î❒❺✹ï✸õ✚÷✶ì✴õ í➆❺✹ï✸è✉❸❡è☎ë✤è❳ó✛ê✸õ è❳ó❊ê✸è✄÷⑩ð✟ê✷❸❳í✛õ ð✟ê✸ê✤è☎é✡ì✴ö❊ë✸ì✴ê✸ö❊ú è➋ó✛ù❡ô✟õ ñ❵è
è✥→Pï✸ö✓õ ÷❀ý
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❋✄●☞❍❏■✗❑▼▲↔➉❬✽ ➲▼❖①❵✝❙✓❩❭❞❅♣❁❪❁❙✴s♠❣✓❝✹❣rqr❤✹s✿❪✴❧❡♥P♣❁❨❲❝✹❣❀qr⑧❁❯♠❙✱❴✹❯ ❞❳❝✹❬ ❙❁s♠❣❀q⑩❪❡❪✴❙❁❯✚❞✌➻Ô❙❳❙❁❨❲❝✹s❘❺❖➼➋s ✿✛❝✤❁✕⑥☎❬ ❙❲❪❫➵✕❪❫❣✓➐❁❨❲❙❷❬ ❝✕❪✴❙❁❞✴❺➆➔✗❙❫❪❜❴✹qr❤✟❴✤❙❫❪
❬ ❝✕❪✴❙❁❞➂✿☞◗✫➔✍❁❶❯✚❣❀q✶❬ q⑩❪✴♣❳❙❫❪✁❩✚❤✹❯✚❞➑❬ ❙➑❞❅❝✹❬ ❙❁s♠❣❀q⑩❪❡❪✴❙❁❨❲❙❁s♠❣❫✿✕❵☎❝✹❬ ❁❜❙❁❣➋❬ ❙➑❞❅❙✓❩P❤✹❨✝❩P❙❁❯✚❞➂✿✕❵☎❙✓❩✳❁❶❪✴❤✹s♠❣✄❝✕❪❡❪✴❙❁❞❫➏✟qr❙❫❪❚❙❁s❶➎❳❞❅♣❡⑧❁❯♠❙❁s❘❧❡❙❫❪❄✿ ❩P❝✹❞
❝✤Ó❫❪✴❤✹❞✑❩❭❣❀qr❤✹s✼❪✴❝✹❣❀❯✚❞❳♣❡❙➑❩P❤✹❯✚❞❜❬ ❝✱◗✫➔ ❵✝❝✹❬ ⑥❵❝✹➏✹❙❡❧❇❯✚s↔❴✤♣❡❧❳❝✹❬ ❝✴❦✡❙★❴✤❙❵➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❡❙①❴✗♦ ❙❁s♠➏✟q✶❞❅❤✹s➒③✸❹✤❹✥tq♣❫❰①❝✕❪❡❪❫❯✚❞❅♣✧❩P❝✹❞✱❴✤❙❁❯✤❱
❨❲❤✟❴✹❯✚❬ ❝✹❣✓❙❁❯✚❞❡❪☎❝✤❧❡❤✹❯✡❪❫❣✓❤✹⑨❅❤❡❩❭❣❀qr⑧❁❯♠❙❫❪☎❴✤❙☎❸✡❹✤❹✫tq♣❫❰✝❙❁s❇❴✤❤✹❯♠Ó❁❬ ❙⑦❩✚❝✕❪❡❪✴❝✴❦✸❙❫⑥Ô❙❁❣✗❪❫q✶❨✝❩❭❬ ❙❁❨❲❙❁s♠❣✗❪❫❯✚❞➋❬ ❙✖❿✄❝✹s❘❧✝❴✤❙✁❬ ❝❵❞❅❝✹qr❙➋◗❚❤❡❩✤❩❭❬ ❙❁❞
❩P❤✹❯✚❞✁❬ ❝✩◗✫➔ú❵✝❙✓❩✳❁✤❺★✾❚❤✹❯✡❪➋❪❫❯✕❩P❙❁❞✑❩P❤✕❪✴❤✹sP❪✩❙❁sP❪❫❯✚q✶❣✓❙✁❬ ❙❫❪✩❴✤❙❁❯✤❱✄➎❫❝✹q⑩❪✴❧❳❙❡❝✹❯✤❱❲❙❁❣⑦❝✛➸❡❯✡❪❫❣✓❤✹sP❪➆❦✦❞✥Ò✤❧❡❙✫❢❵❯✚s❘❙☎❬ ❝✹❨❲❙

λ/2
❬❅♦ q✶s♠❣✓❙❁sP❪❫q✶❣✓♣

❞❳❙❁❬ ❝✹❣❀q✶➏✹❙✩❴✤❙❫❪☎❴✤❙❁❯✤❱➆➎❳❞❳♣❳⑧❁❯♠❙❁s▼❧❳❙❫❪✄q✶s✟➸❁❙❡❧❁❣✓♣❡❙❫❪☎❴✤❝✹sP❪✄❬❅♦ ❝✹❨✝❩❭❬ q Ö➆❧❡❝✹❣✓❙❁❯✚❞❚✈✷❴ ✿☞r✖s✉t❏✈☞✇✓✈✟①✙s✉②✮t④③ ⑤ ⑥✪✈☞✇✵❁✤❺✚➔✗❙❏➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯❜❴✤❙✄❪✴❤✹❞❫❣❀qr❙✝❙❫❪❫❣
q✶s✟➸❁❙❡❧❁❣✓♣➑❴✤❝✹sP❪✝❯✚s▼❙ÔÖ➆Ó❁❞❳❙✩❨❲❤✹s❘❤✹❨❲❤✟❴✤❙➑❢❚❨❲❝✹q✶s♠❣❀qr❙❁s★❴✤❙➋❩P❤✹❬ ❝✹❞❫q⑩❪✴❝✹❣❀qr❤✦s☎⑤❊❙❁s❇❪✴❤✹❞❫❣❀qr❙➑❴✤❙➑❧❡❙❁❬✶❬ ❙❁⑨❅❧❁q⑩⑥⑦❯✚s❘❙✝❬ ❝✹❨❲❙➑⑧❁❯♠❝✹❞❫❣➆❴✗♦ ❤✹s❘❴✤❙
❩P❙❁❞❫❨❲❙❁❣❵❴✗♦ ❤✤Ó❁❣✓❙❁s♠q✶❞❷❯✚s❘❙❜❤✹s❘❴✤❙❵❩P❤✹❬ ❝✹❞❫q⑩❪✴♣❡❙

σ− ⑥✫❙❁❣✝❯✚s✿❣✓♣❁❬ ❙❫❪✴❧❡❤❡❩✚❙✧❩✚❙❁❞❫❨❲❙❁❣❵❴✗♦ ❤✤Ó❁❣✓❙❁s♠q✶❞❷❯✚s❇➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯✿❬ ❝✹❞❀❦✸❙❫⑥✝❬ ♣✑❦✸➐❁❞❅❙✴❨❲❙❁s♠❣❧❡❤✹s♠➏✹❙❁❞❀❦✸❙❁s♠❣✉✿✑➏✹❤✹q✶❞☎❣✓❙❳❱✤❣✓❙❅❁✤❺✹➼➋s♥✿✛Ó❅❁✕⑥✗❞❳❙✓❩❭❞❅♣❫❪✴❙❁s♠❣✓❝✹❣❀qr❤✹s❜❪✴❧❡♥P♣❁❨❲❝✹❣❀qr⑧❁❯♠❙✫❴✤❙☎❬ ❝❚❧❳❤✹sP❪❫❣❀❞❫❯♠❧❁❣❀qr❤✹s✱❴✹❯❲❞❅❝✹❬ ❙❁s♠❣❀q⑩❪❡❪✴❙❁❯✚❞✝❝✹❯✚❣✓❤✹❯✚❞✝❴✗♦ ❯✚s
❣❀❯♠Ó❡❙✝❢❵➏✟qr❴✤❙✧Õ✡⑦✦⑧❣Ï❭❹❚❴✤❙✩②✕⑥☞❸✡❹✧❨ ❴✤❙☎❬ ❤✹s✡❦✸❺⑩⑨✎s❲❪✴❤✹❬ ♣❁s❘❤✕❶r❴✤❙✝❞❳♣❡❝✹❬ q⑩❪✴♣✫❝✹➏✹❙❡❧✩❴✤❙❁❯✤❱❚❧❡❤✹❯♠❧❡♥P❙❫❪✩❴✤❙☎❣❀❯♠Ó❡❙✝❴✤❙✩❧❁❯✚q✶➏✟❞❳❙✩❧❁❞❳❙❁❯✤❱➂✿ ❩✚❤✹❯✚❞
❬ ❙❶❞❳❙❀➎❳❞❳❤✹qr❴✹q⑩❪❡❪✴❙❁❨❲❙❁s♠❣✫❢①❙❡❝✹❯❙❁✫➎❫❤✹❯✚❞❫s♠q✶❣☎❯✚s✿❧❡♥P❝✹❨✝❩✙♥P❤✹❨❲❤❅❦✡➐❁s❘❙❷❴✤❙❲❸✡❹✤❹ ✸ ⑥✝❙❁❣✁❯✚s➌❪✴❤✹❬ ♣❁s❘❤✕❶r❴✤❙✫❩❭❞❳❤❅Ö⑦❬ ♣❫⑥✁❞❳♣❳❝✹❬ q⑩❪✴♣❜❝✹➏✹❙❡❧❜❴✹❯Ö⑦❬❊❴✤❙❷❧❁❯✚q✶➏✟❞❳❙❷♣❁❨❲❝✹q✶❬✶❬ ♣❇❴✤❙❷②✕⑥ ➆❇❨❚❨ ❴✤❙❜❴✹qr❝✹❨❲➐❁❣❀❞❅❙❁⑥Ô❩P❙❁❞❫❨❲❙❁❣✩❴✗♦ ❤✤Ó❁❣✓❙❁s♠q✶❞❶❬ ❙✩❩❭❞❅❤❅Ö❊❬❊❴✤❙❷❧❡♥P❝✹❨✝❩✣❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❶s❘♣❡❧❡❙❫❪❡❪✴❝✹q✶❞❅❙
❢①❬ ❝★❧❡❤✹❨✝❩P❙❁sP❪✴❝✹❣❀qr❤✹s✼❴✤❙❷❬❅♦ ❙✬➇☎❙❁❣✄◗❚❤❡❩✤❩❭❬ ❙❁❞❵❩✚❝✹❞❜❙✬➇☎❙❁❣✉➻Ô❙❡❙❁❨❲❝✹s❘❺❊➔✗❝✥❧❡❤✹❯✚❞✴Ó❳❙❷❞❳❙✓❩❭❞❅♣❫❪✴❙❁s❭❣✑❙❷❬ ❙❜❧❡♥P❝✹❨✝❩✼❣✓❤✹❣✓❝✹❬ ⑥✁❨❲❙❫❪❫❯✚❞❳♣❜❙❁s
➎❫❤✹s❘❧❁❣❀qr❤✹s✙❴✤❙➑❬ ❝❜❧❡❤✟❤✹❞❳❴✤❤✹s♠s❘♣❳❙

−y
❬ ❙✧❬ ❤✹s✡❦❇❴✹❯✱❞❳❝✹❬ ❙❁s♠❣❀q⑩❪❡❪✴❙❁❯✚❞✴❺

Ó✘q✕Ó✘q✕Ó ❍✩s✝▼ ❆①×✑Õ✷✈❱②✷②✫❆➒✔✉✇❸❷❑❆✯❆➒❦ s✉×
✂✰✠①☛◆✍✑✆✚✄☞✙✚✙✚✄❭✦✝✧✫P❲✄✢✤✔✤✘✄ √

9πkBT1/(8m)
✒❋✬✯❪❫✄✢✆❢✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❩✜☞✧★✏✑✏✑✍q✦✩✠✎✆✡✛❖❁✔✞✚✧◆✒❋✬✔✍✑✆✩❁❚✠✎✞✝✏✭✄❭❘r✧★✬✔✞✩✄☞✙✟✆✩✒✔✄

✏✷✪ ✧★✞✚✒❋✞✚✄✮✒✔✄✩➞✌➨✌❅❭✦➌❈✎✙✫❊☎⑦■❙✘✤➀✒✔✄✕❁✲✧★✬✔☛✿✧★✍✑✞✣✜✫✠✎❁✔✆✟✬✔✞✚✄✢✞✣✏✭✄☞✙✣✠✎✆✚✧★✦✝✄☞✙✣✒✘✠✎✤✘✙✴✏✭✄✩❜✺➄ ② ✽☎✍✑✏❣❘✷✠✎✬✔✆✥✒✔✧★✤✘✜✝✞✡✠✎✏✭✄✢✤◆✆✟✍✑✞✥✏✭✄
❪④✄✢✆✣✄✢✤➀✒✔✄☞✙✚✙✚✧★✬✘✙✣✒✔✄✩✏✭✠❖☛◆✍✑✆✚✄☞✙✚✙✚✄✝✒✔✄✮✜✫✠✎❁✔✆✟✬✔✞✚✄

vc ≃ 30
✦➌❈✎✙✣✒❋✬❻❜✺➄ ② ❊✰❜❞✧★✬✔✞▲✜☞✄✕❘✷✠✎✍✑✞✚✄✌✽☎✤✘✧★✬✘✙✣✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✥✏♠✠

✆✚✄☞✜✡✖✔✤✔✍✭❱❲✬✘✄✴✒✔✛☞✙✚✧★✞✟✦✩✠✎✍✭✙❄✜✢✏♠✠★✙✚✙✟✍✭❱❲✬✘✄✼✒❋✬❖✞✡✠✎✏✭✄✢✤❲✆✟✍✭✙✚✙✚✄✢✦✝✄✢✤◆✆❇❾✾✄☞✄✢✦✩✠✎✤➀✆ ❉✌➙✤✞◆➵✌❃✤✠♦❊

➜✄ß✁�✁�✗Þ❇✏①☛Ôä �✍✂❳Û✶á✍⑨♠Û✒�✗Þ➠☛✗Þ❺❹✵✠✎á✍⑨✡â✕Û ✠✎á✗á❭Þ❘à✥Þ❘á♠â
➇❄✤✩❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❢✏♠✠★✙✚✄✢✞❀✙✚✄❄❁✔✞✚✧★❁❚✠✎❨✿✄✫✠✎✤❲✆■✄✢✤❭✙✚✄✢✤✘✙✓✍✑✤❲☛❲✄✢✞✚✙✚✄❈✒❋✬▲❪④✄✢✆❀✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽❋✞✚✛☞✙✚✧★✤✔✤❚✠✎✤❲✆■✠✫☛❲✄✢✜❈✏♠✠✥✆✟✞✡✠✎✤✘✙✟✍✑✆✟✍✭✧★✤

∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F
′ = 3

〉 ✽✶✄❂❯✔✄✢✞✚✜☞✄❬✙✟✬✔✞✩✏✭✄☞✙❢✠✎✆✚✧★✦✝✄☞✙✩✬✔✤✘✄❖❘r✧★✞✚✜☞✄❩✒✔✄❖❁✔✞✡✄✢✙✚✙✟✍✭✧★✤❡✒✔✄❖✞✡✠★✒❋✍♠✠✎✆✟✍✭✧★✤
✧★❁✔❁✲✧✌✙✚✛☞✄❄❆❈✏✭✄✢✬✔✞✺☛◆✍✑✆✚✄☞✙✚✙✚✄✌✽✌✜☞✄■❱❲✬✔✍✔✏✭✄☞✙✶✒✔✛☞✜☞✛✢✏✭✗✢✞✚✄✌❊✿⑦❄✬✕❘⑨✬✔✞✺✄✢✆✓❆❈✦✝✄☞✙✟✬✔✞✚✄■❱❲✬✘✄❀✏✑✄✢✬✔✞✺☛◆✍✑✆✚✄☞✙✚✙✚✄❀✒❋✍✑✦✕✍✑✤◆✬✘✄✌✽✿✏✭✄☞✙✶✠✎✆✚✧★✦✝✄☞✙
✙✚✧★✞✟✆✚✄✢✤◆✆✴✒✔✄✣✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄✕❁❚✠✎✞✴✄❂➋❳✄✢✆✼✇❇✧★❁✔❁✔✏✭✄✢✞✫❊☎⑦■❙✘✤①✒✔✄✕✜☞✧★✤❲✆✟✞✚✄☞✜✫✠✎✞✟✞✚✄✢✞✣✜☞✄✢✆✼✄❂➋❳✄✢✆✫✽❳✧★✤✈✜☞✧★✦✕❁✾✄✢✤✘✙✚✄✕✏✭✄▲✒✔✛☞✜✫✠✎✏♠✠✎❨✿✄
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❋✄●☞❍❏■✗❑▼▲✿➉❬✽ ç❏❖✑✾❵q✶➏✹❙❡❝✹❯✤❱★❴✗♦ ♣❁s❘❙❁❞r❦✦qr❙❜❴✤❙❚❬❅♦ ♣❁❣✓❝✹❣
52P3/2

❴✹❯
87Rb

❙✴s❲➎❫❤✹s❘❧❁❣❀qr❤✹s✣❴✹❯ ❧❡♥P❝✹❨✝❩✿❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❲❝❡❩✤❩❭❬ qr⑧❁❯♠♣
B
❺

➔❏❝❲❬ q ❦✦s❘❙❚♣✓❩P❝✹q⑩❪❡❪✴❙❶❧❡❤✹❞❫❞❳❙❫❪✑❩✚❤✹s▼❴❇❢❲❬❅♦ ♣❁❣✓❝✹❣✁❙❳❱✡❧❁q✶❣✓♣❚❴✤❙➑❬ ❝❲❣❀❞❳❝✹sP❪❫q✶❣❀qr❤✹s✥❯✚❣❀q✶❬ q⑩❪✴♣❡❙✁❩P❤✹❯✚❞❵❬ ❙➑❞❳❙❀➎❳❞❳❤✹qr❴✹q⑩❪❡❪✴❙❁❨❲❙❁s♠❣✓❺

✇❇✧★❁✔❁✔✏✭✄✢✞✺❨✌✞✴✳★✜☞✄■❆❈✏✷✪ ✄❂➋❳✄✢✆❍❾✾✄☞✄❂✦✩✠✎✤✰✽✿✄✢✤✩✠✎❁✔❁✔✏✑✍✭❱❲✬❚✠✎✤❲✆✺✬✔✤✝❨✌✞✡✠★✒❋✍✭✄✢✤❲✆✶✒✔✄❀✜✡✖❚✠✎✦✕❁✝✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄■✒❋✍✑✞✟✍✑❨✿✛❀✏✭✄❍✏✭✧★✤✔❨✴✒❋✬
❪④✄✢✆✫❊✿✂☎✄❀❁✔✞✚✧✎❙✘✏❚✙✟❁❚✠✎✆✟✍♠✠✎✏✾✒❋✬✩✜✚✖❚✠✎✦✕❁✩✞✚✄❂➳❚✗✢✆✚✄❈✠✎✍✑✤✘✙✟✍✔✏♠✠❇☛✌✠✎✞✟✍♠✠✎✆✟✍✭✧★✤✮✒✔✄❀✏♠✠❇☛◆✍✑✆✚✄☞✙✚✙✚✄❀✒❋✬✴❪④✄✢✆✫❊✿❜◗✧★✬✔✞✶✬✔✤✘✄■✒✔✛☞✜☞✛✢✏✭✛✢✞✡✠✎✆✟✍✭✧★✤
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✂✰✠✕❁✔✞✚✄✢✦✕✍✭✗✢✞✚✄✣✛✢✆✡✠✎❁✾✄✣✒✔✄✼✏♠✠✝✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✥✄❂❯❋❁✾✛✢✞✟✍✑✦✝✄✢✤◆✆✡✠✎✏✭✄✣✜☞✧★✤✘✙✟✍✭✙✟✆✚✄✥❆✝✜✫✠✎❁✔✆✟✬✔✞✚✄✢✞❇✄✢✤❖✬✔✤❩✆✚✄✢✦✕❁✘✙❄✆✟✞✚✗☞✙❄✜☞✧★✬✔✞✟✆✫✽

✒✔✄❇✏✷✪ ✧★✞✚✒❋✞✚✄✥✒✔✄✕➈✫❅✌❅▲✦✝✙✫✽❋✏✭✄✼✦✩✠⑤❯❋✍✑✦✥✬✔✦é✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❈✒✘✠✎✤✘✙❀✏✭✄✼❁✔✍✭✗✢❨✿✄✼✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄✌❊

þ ß✍✂✛ß✍⑨✡â✴Ü❇✂❳Û ✌✴â✕Û ãÔä❭Þ✜✌
✹❈✧★✬✘✙✺✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✺❁✲✧★✬✔✞✓✜☞✄✢✏♠✠❇✬✔✤✩❁✔✍✭✗✢❨✿✄■✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄❈✜☞✧★✤◆☛✿✄✢✤◆✆✟✍✭✧★✤✔✤✘✄✢✏✷✽❋✠☞☛❲✄☞✜❀✬✔✤✝❨✌✞✡✠★✒❋✍✭✄✢✤◆✆✓✒✔✄❄✜✚✖❚✠✎✦✕❁

✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✴✆✟✞✟✍✭✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤✔✤✘✄✢✏◗✄✢✆■✙✟✍q❯✮❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❭✜☞✧★✤◆✆✟✞✡✠✎❁✔✞✚✧★❁❚✠✎❨✿✄✫✠✎✤◆✆✚✙✕å❘⑥◆❊
✂✰✠✕❁❚✠✎✞✟✆✟✍✭✜✢✬✔✏♠✠✎✞✟✍✑✆✚✛✣✒✔✄✼✤✘✧★✆✟✞✚✄✴❁✔✍✭✗✢❨✿✄✴✜☞✧★✤✘✜☞✄✢✞✟✤✘✄✥✏♠✠✕✜☞✧★✤❋❙✘❨✌✬✔✞✡✠✎✆✟✍✭✧★✤❤✒❋✬❖❨✌✞✡✠★✒❋✍✭✄✢✤◆✆❈✒✔✄✴✜✡✖❚✠✎✦✕❁❩✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽

❱❲✬✔✍❳✄☞✙✟✆❍✆✟✞✚✗☞✙✶❘✷✠✎✍✑✱✔✏✭✄✼✙✚✄✢✏✭✧★✤❢✏♠✠✣✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤❭✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✭✄
z
❊ ❧ ✄☞✜✢✍❳❁✾✄✢✞✟✦✝✄✢✆■✒❳✪ ✧★✱✔✆✚✄✢✤✔✍✑✞■✬✔✤❢✤◆✬❚✠✎❨✿✄❈✆✟✞✚✗☞✙■✠✎✏✑✏✭✧★✤✔❨✿✛

✙✚✄✢✏✭✧★✤
z
❴◗✙✡✠❩✏✭✧★✤✔❨✌✬✘✄✢✬✔✞✕✆♦P◆❁✔✍✭❱❲✬✘✄❢✄☞✙✟✆✕✒✔✄❭➞✌❉❩✦✕✦❖✽◗❁✾✧★✬✔✞✕✬✔✤t✒❋✍♠✠✎✦✝✗✢✆✟✞✚✄❢✆✟✞✡✠✎✤✘✙✟☛✿✄✢✞✚✙✚✄

2∆rrms ≃ 2,6
✦✕✦❖❊

❧ ✄✢✆✟✆✚✄✕✜☞✧★✤❋❙✘❨✌✬✔✞✡✠✎✆✟✍✭✧★✤✯✒✔✄✕✜✚✖❚✠✎✦✕❁✈✄☞✙✟✆❇✞✚✛✫✠✎✏✑✍✭✙✚✛☞✄▲❨✌✞✴✳★✜☞✄✝❆✮✏✷✪ ✬✘✆✟✍✑✏q✍✭✙✡✠✎✆✟✍✭✧★✤✯✜☞✧★✤✌❪④✧★✍✑✤◆✆✚✄✕✒❳✪ ✬✔✤✘✄▲❁❚✠✎✍✑✞✚✄✕✒✔✄✣✱✲✧★✱✔✍✑✤✘✄☞✙
✄✢✤➃✜☞✧★✤❋❙✘❨✌✬✔✞❂✠✎✆✟✍✭✧★✤➂✠✎✤❲✆✟✍q♥❅➂❈✄✢✏✑✦✕✖✘✧★✏✑✆✟❷✿✽❀✒❳✪ ✠⑤❯✔✄

x
⑧ë☛❲✄✢✞✟✆✟✍✭✜✫✠✎✏ë⑩❂✽✓❱❲✬✔✍❄❁✔✞✚✧◆✒❋✬✔✍✑✆✮✬✔✤❡✜✚✖❚✠✎✦✕❁❡❱❲✬❚✠★✒❋✞✟✬✔❁✲✧★✏♠✠✎✍✑✞✚✄❬✆✟✞✟✍q♥

✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤✔✤✘✄✢✏✷✽❞✄✢✆✣✒❳✪ ✬✔✤➀✄✢✤✘✙✚✄✢✦✣✱✔✏✭✄✮✒✔✄✩❱❲✬❚✠✎✆✟✞✚✄✝✱✲✧★✱✔✍✑✤✘✄☞✙▲✠✎✏✑✏✭✧★✤✔❨✿✛☞✄☞✙✣❁✔✞✚✧◆✒❋✬✔✍✭✙✡✠✎✤❲✆✣✬✔✤❻✜✚✖❚✠✎✦✕❁➀✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄
❱❲✬❚✠★✒❋✞✟✬✔❁✲✧★✏✭✠✎✍✑✞✚✄✝✱✔✍✭✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤✔✤✘✄✢✏✓✒✘✠✎✤✘✙❇✏✭✄▲❁✔✏♠✠✎✤

(x, y)
❊❳✂✰✠✩❙✘❨✌✬✔✞✚✄✩❃❋❊ ❉✮✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄▲✏✭✄☞✙✼✱✾✧★✱✔✍✑✤✘✄☞✙✴✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙✫❊

✂☎✄✴✜✚✖❚✠✎✦✕❁❖✦✩✠✎❨✌✤❚✛❂✆✚✍✑❱❲✬❚✄✴✄☞✙✟✆■✒✔✧★✤✔✤✘✛✌✽✾✠✎✬❭☛❲✧★✍✭✙✟✍✑✤❚✠✎❨✿✄✼✒❋✬❩✜☞✄✢✤❲✆✟✞✚✄✥✒❋✬❖❜✺➄ ② ❁✔✞✟✍✭✙■✜☞✧★✦✕✦✝✄✴✧★✞✟✍✑❨✌✍✑✤✘✄✌✽✘❁❚✠✎✞

B(r) = b2D







−x

y

0






+ b3D







2x

−y

−z






.

⑧r❃❋❊ ➞✿⑩

✂☎✄☞✙❞☛✌✠✎✏✭✄✢✬✔✞✚✙❞✆♦P◆❁✔✍✭❱❲✬✘✄☞✙❞✒✔✄
b2D

✄✢✆
b3D

✙✚✧★✤❲✆❣✒✔✄
4
❦❷❈✎✜✢✦Ù✄✢✆✺❅❋✽ ➵✼❦❷❈✎✜✢✦➱✞✚✄☞✙✟❁✲✄☞✜✢✆✟✍✑☛✿✄✢✦✝✄✢✤◆✆✫❊❲✻◆✄✢✏✭✧★✤▲✏✭✄☞✙❣✜☞✧★✬✔✞✡✠✎✤❲✆✚✙

✞✚✄☞✙✟❁✾✄☞✜✢✆✟✍q❘r✙▲✬✔✆✟✍✑✏✑✍✭✙✚✛☞✙✕❁✾✧★✬✔✞✩✠✎✏✑✍✑✦✝✄✢✤❲✆✚✄✢✞✩✜☞✄☞✙❇❪④✄✢✬❋❯➀✒✔✄❢✱✾✧★✱✔✍✑✤✘✄☞✙✫✽❞✏✭✄✮✞✡✠✎❁✔❁✲✧★✞✟✆✝✒❳✪ ✠★✙✟❁✾✄☞✜✢✆✝✒❋✬❻✤◆✬❚✠✎❨✿✄❢❁✾✄✢✬✔✆✝♣✢✆✟✞✚✄
✜✚✖❚✠✎✤✔❨✿✛✸å✵è✿❊
æ ↕➝➹➋ê✸è✺❸❡ð✟ê✳➔✡ô✟ï✤ó❅ì❁í✛õ ð✟ê➍ì⑦❾✟è✤❸❇ï✸ê✙ô✴ó❅ì✟ë✤õ è❡ê✹í❷ë✤è✺❸✵❹✡ì✴ñ❵é✙ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è❷é✸ï✤ó✛è❡ñ❵è❡ê✹í❚ò✸õ ë✤õ ñ❵è❡ê✸ö✓õ ð✟ê✸ê✸è❡ú✄è❳í❄❺✹ï✡ì❁í✓ó✛è❷÷✶ì✴õ ö❅❸❡è❫ì✴ï✤øPî❹✸ù❳ó✛õ í❅ì✴ô✟è✧ë✤è✫ú ì⑩❾✕è❳ó✛ö✓õ ð✟ê✱é✤ó✛ù✤❸❡ù❫ë✤è❡ê✹í✛è➑ë✤ï✱ë✦õ ö✓éPð✟ö✓õ í✛õ ÷❊è❳ø✤é✚ù❳ó✛õ ñ❵è❡ê✹í❅ì✴ú✶î❭ì❚ù❡ô✕ì✴ú è❡ñ❵è❡ê✹í✝ù❳í✛ù❵ï✤í✛õ ú õ ö✓ù❡è✟î❘ñ➑ì✴õ ö✁ú è❡ö☎í❅ì✴ï✤ø❇ë✤è✹❸❫ì✴é✤í✛ï✤ó✛è
ë✸ì✴ê✸ö①❸❡è❳í✓í✛è✸❸❡ð✟ê✳➔✡ô✟ï✤ó❅ì❁í✛õ ð✟ê❶ö✓ð✟ê✹í➆ê✸è❳í✓í✛è❡ñ❵è❡ê✹í⑦õ ê✤÷⑩ù❳ó✛õ è❡ï✤ó✛ö❡ý
æ➋ê ➙ è❷ó❅ì✴é✸é✚ð✴ó✓í❲ë✜í ì✴ö✓é✚è✤❸❳í❷ë✤ï✙ê✦ï✡ì✴ô✟è♥➃

∼ 15
➓➑ê✫í è❡ö✑í❶é✡ì✴ö❚ö✓õ ñ❵é✸ú è❡ñ❵è❡ê✹í✧ú è❜ó❅ì✴é✸é✚ð✴ó✓í❲ë✤è❡ö✧ó❅ì✡❸❡õ ê✸è❡ö✯❸❫ì❁ó✓ó✛ù❡è❡ö❲ë✤è❡ö❚ô✴ó❅ì✟ë✤õ è❡ê✹í✛ö

í✓ó❅ì✴ê✸ö❅❾✕è❳ó✛ö✓è❡ö✩è❳í✫ú ð✟ê✸ô✟õ í✛ï✡ë✤õ ê✡ì✴ï✤ø➠➃
∼ 3

➓❽❺✹ï✸è❵ú✒í ð✟ê➌ì❁í✓í✛è❡ê✡ë✦ó❅ì✴õ í✫ö✓õÔú è❡ö✫ì❁í✛ð✟ñ❵è❡ö✩é✸õ ù❡ô✟ù❡ö✩ù❳í❅ì✴õ è❡ê✹í✫õ ê✡ë✤ù❡é✚è❡ê✡ë✸ì✴ê✹í✛ö❡ý✗ç✎è✤❸❡õ⑦è❡ö✑í✫ï✸ê✸è
ñ➑ì✴ê✸õ ÷⑩è❡ö✑í❅ì❁í✛õ ð✟ê❲ë✤è❡ö⑦÷⑩ð✴ó❘❸❡è❡ö➆õ ê✹í✛è❳ó❅ì❁í✛ð✟ñ❵õ ❺✹ï✸è❡ö❊ë✤ï✸è❡ö❊û✩ú ì❵ë✤õ →Pï✸ö✓õ ð✟ê❚ñ✩ï✸ú í✛õ é✸ú è✁ë✤è❡ö❊é✷❹✸ð✴í✛ð✟ê✸ö❊ë✸ì✴ê✸ö❊ú è✁ê✦ï✡ì✴ô✟è✟ý



❯✎✝❱➛ ➟❘ß✗á✍⑨✚Þ❘à✥Þ❘á♠â✯☛✗Þ✜✌❻�❭ß❭ãÔä❭Þ✚â✡✌❇ß♠â✡✠✎à Û ãÔä❭Þ✜✌ ❐ ➽

x

y
z

➉⑩➊✌➋④➌ ➍④➎✟➏✒➐■➑✪➒✌➓✏➔✓➑④→❏➣✌↔ ➎✙↕✉➙
b2D/I = 0,50 ➛✙➜✕➝✆➞q➜✕➟

➟⑩➠ ➊ ➞ ➎✟➏

x

y
z

➉⑩➊✌➋④➌ ➍④➎✟➏✒➐■➑✪➒✌➓✏➔✓➑④→❏➣✌↔ ➎✎➡✌➙
b3D/I = 0,06 ➛✙➜✕➝✆➞q➜✕➟

➉⑩➊✌➋④➌ ➍④➎✟➏✒➢▲➎☞↔ ➞✮➤ ➊✌↔ ➠✓➥
B0/I = 1,6 ➛✙➜✕➟

❋✄●☞❍❏■✗❑▼▲✙➉❬✽ ✏▼❖Ô➳▼❧❡♥P♣❁❨❲❝✱❴✤❙❫❪❚Ó❡❤✤Ó❁q✶s❘❙❫❪✧❯✚❣rq✶❬ q⑩❪✴♣❡❙❫❪☎❩✚❤✹❯✚❞✧❞❅♣❡❝✹❬ q⑩❪✴❙❁❞✧❬ ❙❫❪❚❧❡♥P❝✹❨✝❩♠❪✧❨❲❝✴❦✤s❘♣❁❣❀qr⑧❁❯♠❙❫❪➑❯✚❣rq✶❬ q⑩❪✴♣❫❪☎❩✚❤✹❯✚❞✧❬ ❙❵➊➆t➧➦ ❙❁❣
❩P❤✹❯✚❞❷❬ ❙✧❩❭❞❳♣❁⑨r❦✦❯✚qr❴✤❙✟❺➋➊☎❝✹❞❲❪✴❤✹❯♠❧❁q✫❴✤❙❇❬ q⑩❪❫qrÓ❁q✶❬ q✶❣✓♣★❴✤❙❇❬ ❝❶Ö❏❦✦❯✚❞❅❙❫⑥✩❬ ❙❫❪❇Ó❡❤✤Ó❁q✶s❘❙❫❪➑❩P❤✹❯✚❞❷❬ ❙①⑧❁❯♠❝✤❴✹❞❫❯✕❩④➨✹❬ ❙❇❸✕◗ ❪✴❤✹s♠❣➑❴✤❙❫❪❡❪❫q✶s❘♣❡❙❫❪
❪✴♣✓❩P❝✹❞❳♣❁❨❲❙❁s♠❣✧❴✤❙❫❪✱❧❡❙❁❬✶❬ ❙❫❪❇❞❳♣❡❝✹❬ q⑩❪✴❝✹s♠❣❵❬ ❙★⑧❁❯♠❝✤❴✹❞❫❯✕❩✏➨✹❬ ❙❻Ð✟◗ ❙❁❣❵❬ ❙①❧❡♥P❝✹❨✝❩➒❬ ❤✹s✡❦✦q✶❣❀❯♠❴✹q✶s❘❝✹❬

B0

❺❚✈♠❤✹❯✚❣✓❙❫❪✱❧❳❙❫❪✱Ó❡❤✤Ó❁q✶s❘❙❫❪❜❪✴❤✹s♠❣
❞❳♣❡❝✹❬ q⑩❪✴♣❳❙❫❪❷❝✹➏✹❙❡❧❜❴✹❯✥❣❀❯♠Ó❡❙❲❴✤❙❷❧❁❯✚q✶➏✟❞❳❙❷❴✤❙❷❴✹qr❝✹❨❲➐❁❣❀❞❳❙❷❙❳❱✤❣✓♣❁❞❫qr❙❁❯✚❞✺✿✑❞❳❙❫❪✑❩▼❺❊q✶s♠❣✓♣❁❞❫qr❙❁❯✚❞ ❁✯Ï ❨❚❨ ✿✑❞❳❙❫❪✑❩▼❺✚Ð✱❨❚❨❽❁❜q⑩❪✴❤✹❬ ♣✫❩P❝✹❞❲❴✤❙
❬ ❝✧❦✸❝✹q✶s❘❙✧❣☞♥P❙❁❞❫❨❲❤✹❞❳♣❁❣❀❞❳❝✤❧❁❣✓❝✤Ó❁❬ ❙❶❙❁s★❣✓♣✬❿✄❤✹s ❙❁❣❊❪✴❤✹s♠❣➆❞❳❙❀➎❳❞❳❤✹qr❴✹qr❙❫❪☎❩P❝✹❞✧❧❁q✶❞❳❧❁❯✚❬ ❝✹❣❀qr❤✹s✙❴✗♦ ❙❡❝✹❯♠❺

➬ ♣ ✌✴â☞➄❘à✥Þ④✏ ß✍✌✟Þ❇✂
✂☎✄☞✙✼✙✟✍q❯❖❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❬✒❋✬①❜✺➄ ② ✙✚✧★✤❲✆❇✍✭✙✚✙✟✬✘✙❇✒✔✄✣✒✔✄✢✬❋❯❤➄ ② ❜✲⑦é⑧ë✤✘✧★✆✚✛☞✙✼⑦ ✄✢✆✼✵■⑩❀✍✑✤✌❪④✄☞✜✢✆✡✠✎✤◆✆✼✜✡✖❚✠★✜✢✬✔✤①✒✔✄✢✬❋❯

❙✘✱✔✞✚✄☞✙❖✧★❁✔✆✟✍✭❱❲✬✘✄☞✙✫❊❀✇❇✄✢✬❋❯➃❙✘✱✔✞✚✄☞✙❖✙✚✧★✤❲✆❭✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙❭❁✲✧★✬✔✞❭✏✭✄☞✙✮❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❡☛✿✄✢✞✟✆✟✍✭✜✫✠✎✬❋❯✼❼❀✏✭✄☞✙❭✒✔✄✢✬❋❯➂✠✎✬✔✆✟✞✚✄☞✙❖✙✚✧★✤◆✆
✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄☞✙❭❁✲✧★✬✔✞❭✏✭✄☞✙❖✒✔✄✢✬❋❯❡❁❚✠✎✍✑✞✚✄☞✙❖✒✔✄❤❘✷✠✎✍✭✙✚✜☞✄☞✠✎✬✔❯Ù⑧r✠✫☛✌✠✎✤◆✆❖✄✢✆❩✠✎✞✟✞✟✍✭✗✢✞✚✄⑤⑩❢✙✟✍✑✆✟✬✘✛☞✄☞✙❖✒✘✠✎✤✘✙❭✏✭✄❤❁✔✏♠✠✎✤❝✖✘✧★✞✟✍✑❷✫✧★✤◆✆✡✠✎✏
⑧♠❙✘❨✌✬✔✞✚✄✼❃❋❊ ➵✿⑩❂❊ ② ✤❢✒❋✍✭✙✟❁✾✧✌✙✚✄❈✒❳✪ ✬✔✤❭✜☞✧★✤❲✆✟✞✚✐★✏✭✄❈✍✑✤✘✒✔✛✢❁✲✄✢✤✘✒✘✠✎✤❲✆■✒✔✄❄✏♠✠✼❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄❇✒✔✄☞✙✓❱❲✬✾✠✎✆✟✞✚✄■❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯✩✍✭✙✚✙✟✬✘✙✓✒✔✄☞✙
❙✘✱✔✞✚✄☞✙❣✧★❁✔✆✟✍✭❱❲✬✘✄☞✙✫✽✌✠⑤❙✘✤✕✒✔✄✓❁✾✧★✬✔☛❲✧★✍✑✞❞✏♠✠✎✤✘✜☞✄✢✞❞✏✭✄✓❁❚✠★❱❲✬✘✄✢✆✺✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❍❁❚✠✎✞❞✬✔✤✘✄✓✆✚✄☞✜✚✖✔✤✔✍✭❱❲✬✘✄❀✒✔✄✶✦✝✛✢✏♠✠★✙✚✙✚✄✓✦✝✧★✬✔☛✌✠✎✤◆✆✚✄
⑧ë☛❲✧★✍✑✞❀❁✔✏✑✬✘✙❀✱✾✠★✙❂⑩❂❊
✂☎✄✣✙✟P❋✙✟✆✚✗✢✦✝✄✼✏♠✠★✙✚✄✢✞❈❱❲✬✘✄✴✤✘✧★✬✘✙■✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❄❁✲✧★✬✔✞❄✏✭✄✥❜✺➄ ② ✄☞✙✟✆❄✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤❲✆✚✛✣✙✟✬✔✞❄✏♠✠▲❙✘❨✌✬✔✞✚✄✣❃❋❊ ➧◆❊✾➇❄✤✘✄✴✒❋✍✭✧◆✒✔✄

✦✩✠⑤⑥✭✆✟✞✚✄❬❆✈✜✫✠☞☛◆✍✑✆✚✛❩✛✢✆✚✄✢✤✘✒❋✬✘✄❩✄☞✙✟✆✮✠★✙✚✙✚✄✢✞✟☛◆✍✭✄❖✄✢✤❽❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄❭❁❚✠✎✞❢✠✎✱✘✙✚✧★✞✟❁✔✆✟✍✭✧★✤➃✙✡✠✎✆✟✬✔✞✚✛☞✄❩✒✘✠✎✤✘✙✝✬✔✤✘✄❩✜☞✄✢✏✑✏✑✬✔✏✭✄❩✒✔✄
✞✟✬✔✱✔✍✭✒❋✍✑✬✔✦➂❼✔✏✭✄❈❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❖❱❲✬✔✍❳✄✢✤❖✄☞✙✟✆❍✍✭✙✚✙✟✬❖✄✢✙✟✆■✒✔✛☞✜✫✠✎✏✭✛✼✄✢✤❢❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄❇❁❚✠✎✞❀✬✔✤❭✦✝✧◆✒❋✬✔✏♠✠✎✆✚✄✢✬✔✞❈✠★✜☞✧★✬✘✙✟✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄
⑧⑨➄❬⑦ ② ⑩■✄✢✤①✒✔✧★✬✔✱✔✏✭✄▲❁❚✠★✙✚✙✡✠✎❨✿✄✌✽❚❁✔✬✔✍✭✙✼✙✚✜✢✍✑✤✘✒✔✛▲✄✢✤①✒✔✄✢✬❋❯❖❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❤✒❳✪ ✄✢✤◆☛◆✍q✞✡✧★✤✈➞✩✦❄❿➭❱❲✬✔✍◗✍✑✤✌❪④✄☞✜✢✆✚✄✢✤◆✆✼✜✡✖❚✠★✜✢✬✔✤
✬✔✤✘✄✝✒❋✍✭✧❲✒✔✄✩✄✢✙✚✜✢✏♠✠✫☛✿✄❩⑧⑨✄☞✙✚✜✢✏♠✠☞☛❲✄☞✙✴⑦➆✄✢✆✥✵■⑩❂✽❳❱❲✬✔✍❣✍✑✤✌❪④✄☞✜✢✆✚✄✢✤◆✆✣❆✮✏✭✄✢✬✔✞✴✆✚✧★✬✔✞✥✜✚✖✾✠★✜❂✬✘✤✘✄✕✬✔✤➀✠✎✦✕❁✔✏✑✍q❙❚✜✫✠✎✆✚✄✢✬✔✞❢⑧⑨❛◗⑦➆⑦
✄✢✆✥✵■⑩❂❊☎✸❣✤✯✙✚✧★✞✟✆✟✍✭✄✝✒✔✄✝✜✡✖❚✠★❱❲✬✘✄✝❛◗⑦✣✽✲✏✭✄▲❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬☎✽☎✒❳✪ ✬✔✤✘✄✝❁✔✬✔✍✭✙✚✙✡✠✎✤✘✜☞✄✝✒✔✄✕➁❲❅✌❅❢✦❈❿è✄✢✤❲☛◆✍✑✞✚✧★✤☎✽✰✄✢✙✟✆✥✙✚✜✢✍✑✤✘✒✔✛✝✄✢✤
✒✔✄✢✬❋❯❢❁✾✠✎✞✟✆✟✍✭✄☞✙✫✽✔❱❲✬✔✍❳❁❚✠★✙✚✙✚✄✢✤◆✆■✜✡✖❚✠★✜✢✬✔✤✘✄✼❁❚✠✎✞❀✬✘✤❭✦✝✧❲✒❋✬✔✏♠✠✎✆✚✄✢✬✔✞❇✠★✜☞✧★✬✘✙✟✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄✥✒✔✄✴➨✌❅✕➄➍➂❄❷✿✽✔✄✢✆❀✏✭✄❈❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬
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✒❋✬❭❁✘✍✑✗✢❨✿✄✌❊
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Γ

2

I/Isat

1 + I/Isat + 4δ2/Γ2
,

⑧r❃❋❊ ➁◆⑩

✧✡✲
Isat = 1,6

✦❈❿ ❈✎✜✢✦ 2 ✄☞✙✟✆✥✏✷✪ ✍✑✤❲✆✚✄✢✤✘✙✟✍✑✆✚✛✩✒✔✄✩✙✡✠✎✆✟✬✔✞✡✠✎✆✟✍✭✧★✤➀✒✔✄✝✏♠✠❢✆✟✞✡✠✎✤✘✙✟✍✑✆✟✍✭✧★✤❻✄✢✆ I
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✒❳✪ ✠✎✆✚✧★✦✝✄☞✙

✒✘✠✎✤✘✙❀✏✭✄✴❜✺➄ ② ☛◆✍♠✠✣✏♠✠✣✞✚✄✢✏♠✠✎✆✟✍✭✧★✤
P = N~ωL

Ω

4π
Γsp ,

⑧r❃❋❊ ❉✿⑩
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❋✄●☞❍❏■✗❑▼▲①➉❬✽❡❣❘❖①✿✛❝✤❁❶❥✫❵☎❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓❝✹❣❀qr❤✹s❇❪❁❧❫♥P♣❁❨❲❝✹❣❀qr⑧❁❯♠❙❵❴✹❯❲❪❫➵✕❪❫❣✓➐❁❨❲❙✝❬ ❝✕❪✴❙❁❞✝❯✚❣❀q✶❬ q⑩❪✴♣➆❩P❤✹❯✚❞☎❬ ❝✧❬ ❯✚❨❚qr➐❁❞❳❙❵❴✤❙✝❞❳❙❀➎❳❞❳❤✹qr❴✹q⑩❪❡❪✴❙❁❨❲❙✴s♠❣
❴✹❯★➊➆t➧➦☎❺✎⑨✎s▼❙❲❴✹qr❤✴❴✤❙❷❨❲❝✕ó✶❣❀❞❳❙❫⑥✝❝✕❪❡❪✴❙❁❞❫➏✟qr❙❜❙❁s❷➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❡❙✩❩P❝✹❞❲❝✤Ó❫❪✴❤✹❞✑❩❭❣❀qr❤✹s✙❪✴❝✹❣❀❯✚❞❳♣❡❙❷❴✤❝✹sP❪❚❯✚s❘❙❲❧❡❙❁❬✶❬ ❯✚❬ ❙❷❴✤❙❲❞❫❯♠Ó❁qr❴✹q✶❯✚❨✧⑥
❩❭❞❳❤✟❴✹❯✚q✶❣⑦❯✚s❵➎❫❝✹q⑩❪✴❧❳❙❡❝✹❯①❴✤❤✹s♠❣⑦❬ ❝✄➎❳❞❳♣❳⑧❁❯♠❙❁s❘❧❡❙➆❩P❙❁❯✚❣❪❂❁❣❀❞❳❙✫Ó❡❝✹❬ ❝✹➵✤♣❡❙✩❪❫❯✚❞❽Ñ✸❹➑tq♣⑧❰✄❦✦❞✥Ò✤❧❡❙❵❢✧❯✚s❜❨❷❤✴❴✹❯✚❬ ❝✹❣✓❙❁❯✚❞✫❝✤❧❡❤✹❯✡❪❫❣✓❤✹⑨❅❤❡❩❭❣❀qr⑧❁❯♠❙
✿❀t✱❴♥➦✑❁❜❴✤❙➑❸✡❹✤❹❷tq♣❫❰❚❙❁s➌❴✤❤✹❯♠Ó✴❬ ❙✁❩P❝✕❪❡❪✴❝✴❦✸❙✟❺✁Õ❊❙✄➎❫❝✹q⑩❪✴❧❳❙❡❝✹❯ ❙❫❪❫❣➋❯✚❣❀q✶❬ q ❪✴♣☎❩P❤✹❯✚❞❵q✶s✟➸❁❙❡❧❁❣✓❙❁❞❚❴✤❙❁❯✤❱❇❴✹qr❤✟❴✤❙❫❪❶❙❫❪✴❧❁❬ ❝✹➏✹❙❫❪➂✿✑s❘❤✹❣✓♣❡❙❫❪
❴➃❙❁❣➻ô✎❁❚⑧❁❯✚q✎❴✤♣❁❬ q✶➏✟❞❳❙❁s♠❣❊❧❡♥P❝✤❧❁❯✚s❘❙✝❯✚s❘❙☎❣❀❞❅❙❁s♠❣✓❝✹q✶s❘❙✩❴✤❙✩❨❺õ ❢➑❬ ❝➑❨❄❂❁❨❲❙✎➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❳❙✟❺⑦Õ❏♥P❝✤❧❁❯✚s❘❙✫❴✤❙❫❪✩❧❡❙❫❪✝❴✹qr❤✟❴✤❙❫❪✫❙❫❪✴❧❁❬ ❝✹➏✦❙❫❪
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❪✴❝✹❣❀qr❤✹sP⑥✫⑧❁❯✚q✝❝✤❧❡♥P❙❁❨❚q✶s❘❙❁s♠❣✩❬ ❝★❬ ❯✚❨❚qr➐❁❞❳❙❷❬ ❝✕❪✴❙❁❞❷➏✹❙❁❞❡❪❲❬❅♦ ❙❳❱❁❩P♣❁❞❫qr❙❁s❘❧❳❙✟❺✹✿✛Ó❅❁✥❥①❵✝❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓❝✹❣❀qr❤✹s✿❪✴❧❡♥P♣❁❨❲❝✹❣❀qr⑧❁❯♠❙✱❴✹❯ ❪❫➵✕❪❫❣✓➐❁❨❲❙
❴✗♦ ❝✕❪❡❪✴❙❁❞❫➏✟q⑩❪❡❪✴❙❁❨❲❙❁s♠❣✝❙✴s✥q✶s♠❣✓❙❁sP❪❫q✶❣✓♣❶❴✤❙❫❪➋➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯✤❱★❴✹❯✱➊➆t➧➦☎❺ö⑨✎s❘❙✁❩P♥P❤✹❣✓❤✟❴✹qr❤✟❴✸❙✩❩❭❬ ❝✤❧❡♣❳❙❷❙❁s✥❪✴❤✹❞❫❣❀qr❙❶❴✤❙❚❬ ❝✩Ö➋Ó❁❞❅❙✧❨❲❙❫❪❫❯✚❞❳❙
❬❅♦ q✶s♠❣✓❙❁sP❪❫q✶❣✓♣

I
❴✹❯❲➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯♠❺♥⑨✎s✿❧❁q✶❞❳❧❁❯✚q✶❣✩❴✤❙❲❞❅♣❁❣❀❞❳❤✟❝✤❧❁❣❀qr❤✹s✿❬ ❝①❧❡❤✹❨✝❩P❝✹❞❳❙❜❢❇❯✚s❘❙❶➏✹❝✹❬ ❙❁❯✚❞❲❴✤❙❜❧❳❤✹sP❪❫q ❦✦s❘❙❁⑥✝❙❁❣✁❞❳♣❁❣❀❞❳❤✹⑨❅❝✴❦✦q✶❣✁❪❫q

s❘♣❡❧❡❙❫❪❡❪✴❝✹q✶❞❅❙❫⑥✁➏✟qr❝❇❯✚s✙❝✹❣❀❣✓♣❁s♠❯♠❝✹❣✓❙❁❯✚❞✧♣❁❬ ❙❡❧❁❣❀❞❳❤✹s♠qr⑧❁❯♠❙✱✿✑s❘❤✹❣✓♣✩❴✝❣❀❣✓❺ ❁❲❪❫❯✚❞➑❬ ❝✧❩❭❯✚q⑩❪❡❪✴❝✹s❘❧❳❙❷❴✤❙❚❬❅♦ ❤✹s❘❴✤❙❲❞r➎✧❝✹❬ q✶❨❲❙❁s♠❣✓❝✹s♠❣✁❬ ❙✧t✱❴♥➦
❩❭❞❳♣❡❧❳➐❡❴✤❙❁s♠❣✄❬ ❝✝Ö➆Ó❁❞❳❙✟❺



❐✾Ö þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

÷è÷èøù⑩ú û✛ü✖ý✔ý✔üÿþ✁�✄✂✟þ✆☎
ν

ν′

δν

V0

G +

∫
dt

τ

✝✟✞✡✠

✝✟✞✡✠

☛ ☞

☛ ☞

☛ ☞

✝✟✞✡✠

✌ ✝✎✍✑✏✓✒✕✔✑✔

✌ ✝✎✍✑✏✓✒✕✔✑✔ ✖ ✍✑✗✟✘✙✏✡✚✑✛✑✔
✖✓✜✣✢ ✏✡✛✑✤

✥✣✦✙✧

★✣✩✫✪✭✬✯✮✁✰✓✰✲✱

ν − ν′

✢
☛

✘

✢ ✘☛ ✳✆✴✭✵✲✶ ✷✫✵ ü✹✸✟✺✼✻✾✽✣✸✟✺ ✶ ü✸✌ü ✶ ✷❀✿ ú û✛ü✖ý✔ý✔ü
v

❋✄●☞❍❏■✗❑▼▲①➉❬✽ ❽▼❖▼➳▼❧❡♥P♣❁❨❲❝❶❴✤❙➆❩❭❞❫q✶s❘❧❁q ❩P❙➑❴✹❯✱❴✹q⑩❪✑❩✚❤✕❪❫q☞❣❀q ➎✫❴✤❙✩❬ ❝✹s❘❧❡❙❁❨❲❙❁s♠❣✓❺❭➳❘❯✚q⑩➏✦❝✹s♠❣Ô❬ ❝❶❧❡❤✹❨❚❨❲❝✹s❘❴✤❙❷✈✄✈❘➔➍❴✤❙✫❬❅♦ q✶s♠❣✓❙❁❞❫❞❫❯✕❩❭❣✓❙❁❯✚❞
❞r➎❅⑥➋❬ ❙✧t✱❴♥➦✼❩❭❞❳♣❡❧❡♣❳❴✤❝✹s♠❣☎❬ ❝✫Ö➆Ó❁❞❳❙❶❴✗♦ ❯✚s❷➎❫❝✹q⑩❪✴❧❳❙❡❝✹❯✙❴✹❯①➊➆t➧➦✽❙❫❪❫❣☎❝✹❬ q✶❨❲❙❁s♠❣✓♣❲❝✹➏✹❙❡❧❚❬ ❝✫➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❡❙

ν
❤✹❯

ν′ ❺✎➔❏❝✱Ó❡❤✹❯♠❧❁❬ ❙❲❢➏✹❙❁❞❫❞❳❤✹❯✚q✶❬✶❬ ❝✴❦✸❙❲❴✤❙✝❩P♥P❝✕❪❁❙❚q✶❨✝❩P❤✕❪✴❙
ν′ = ν ± δν

✿✑❬ ❙❵❪❫q ❦✦s❘❙❶❴✤♣✓❩P❙❁s❘❴✱❴✤❙✧❬ ❝❷➏✹❝✹❬ ❙❁❯✚❞➑q✶s♠q✶❣❀qr❝✹❬ ❙❲❴✤❙
ν′ ❬ ❤✹❞❡❪✴⑧❁❯❊♦ ❤✹s➌➏✹❙❁❞❫❞❳❤✹❯✚q✶❬✶❬ ❙❬ ❝✥Ó❡❤✹❯♠❧❁❬ ❙❅❁✤❺➆➔❏❤✹❞❡❪✴⑧❁❯♠❙❷❬ ❙❫❪✫❩P❝✹q✶❞❳❙❫❪❇❴✤❙✩➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯✤❱✙❤❡❩✤❩P❤✕❪✴♣❳❙❫❪✱❤✹s♠❣✩❯✚s❘❙✝➎❳❞❳♣❳⑧❁❯♠❙❁s❘❧❡❙

ν+ = ν + δν
❙❁❣

ν− = ν − δν
⑥✝❬ ❙

❞❳❙❀➎❳❞❅❤✹qr❴✹q✶❪❡❪✴❙❁❨❲❙❁s♠❣✗❪P♦ ❙✬➇☎❙❡❧❁❣❀❯♠❙☎❴✤❝✹sP❪➋❬ ❙✁❞❅♣❀➎❫♣❁❞❳❙❁s♠❣❀qr❙❁❬♠❙❁s❲❨❲❤✹❯✚➏✹❙❁❨❲❙❁s♠❣❏❢✫❬ ❝✩➏✟q✶❣✓❙❫❪❡❪✴❙
v ∝ δν

❺✡➔❏❝✩➏✟q✶❣✓❙❫❪❡❪✴❙☎❴✤❙✁❬ ❝✹s❘❧❡❙❁❨❲❙❁s♠❣✎❙❫❪❫❣
❴✤❤✹s❘❧✩❪❫q✶❨✝❩❭❬ ❙❁❨❲❙❁s♠❣➋❴✤♣❁❣✓❙❁❞❫❨❚q✶s❘♣❡❙➋❩P❝✹❞✩❬ ❝❚➏✹❝✹❬ ❙✴❯✚❞❵❴✤❙✫❬ ❝✁➎❳❞❳♣❳⑧❁❯♠❙❁s❘❧❡❙➑❴✗♦ ❯✚s❜❦✸♣❁s❘♣❁❞❳❝✹❣✓❙❁❯✚❞✫Ó❡❝✕❪❡❪✴❙❊➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❳❙✟❺ß➦✄s★❧❡❤✹sP❪❫❯✚❬ ❣✓❙❁❞❅❝
❬❅♦ ❝✹s♠s❘❙❳❱✡❙⑧❴ ❩P❤✹❯✚❞❵❯✚s①❪✴❧❡♥P♣❁❨❲❝❇❧❡❤✹❨✝❩❭❬ ❙❁❣✁❴✤❙❫❪✧⑧❁❯♠❝✹❣❀❞❳❙❚❝✕❪❡❪✴❙❁❞❫➏✟q⑩❪❡❪✴❙❁❨❲❙❁s♠❣r❪✧❙❁s❲❩P♥P❝✕❪✴❙✟❺

✧✡✲
Ω
✄☞✙✟✆❈✏✷✪ ✠✎✤✔❨✌✏✭✄✣✙✚✧★✏✑✍✭✒✔✄✣✙✚✧★✬✘✙④♥✷✆✡✄❂✤❚✒❋✬❬❁❚✠✎✞❈✏✷✪ ✧★❁✔✆✟✍✭❱❲✬✘✄▲✒✔✄✣✜☞✧★✏✑✏✑✄☞✜✢✆✟✍✭✧★✤✈✄✢✆

ωL
✏♠✠✝❁✔✬✔✏✭✙✡✠✎✆✟✍✭✧★✤❤✒✔✄✥✏✷✪ ✧★✤✘✒✔✄✣✏♠✠★✙✚✄✢✞✫❊

❜◗✧★✬✔✞❍✬✘✤✮❨✌✞✡✠★✒❋✍✭✄✢✤◆✆■❃★✇❵✒✔✄
b2D = 4

❦❷❈✎✜✢✦❖✽◆✬✔✤❢❨✌✞✡✠★✒❋✍✭✄✢✤❲✆❄➞★✇❵✒✔✄
b3D = 0,6

❦❷❈✎✜✢✦❖✽❋✄✢✆✓✬✔✤❢✒✔✛☞✙✡✠★✜☞✜☞✧★✞✚✒❖❆✴✏♠✠
✞✚✛☞✙✚✧★✤❚✠✎✤✘✜☞✄

δ = −3Γ
✽❋✏✭✄✼✆✡✠✎✬❋❯❭✒✔✄✴✜✫✠✎❁✔✆✟✬✔✞✚✄✴✄☞✙✟✆■✧★❁✔✆✟✍✑✦✩✠✎✏✷✽❚✄✢✆❀☛✌✠✎✬✔✆✥❴

R ≃ 2 × 1010 atomes/s .
⑧r❃❋❊ ➵✿⑩

✂☎✄✴✆✡✠✎✬❋❯❩✒✔✄✣✜✫✠✎❁✔✆✟✬✔✞✚✄✣✒❋✬❬❜✺➄ ② ✄☞✙✟✆❈✒✔✧★✤✘✜✣✒❋✍q❯❢❘r✧★✍✭✙❄✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✼✠✎✬❖➳✘✬❋❯❖✞✡✠✎✏✭✄✢✤❲✆✟✍❞✄✢✤❬✙✚✧★✞✟✆✟✍✭✄✣✒❋✬❩✞✡✠✎✏✭✄✢✤❲✆✟✍✭✙✚✙✚✄✢✬✔✞✫❊
✹❈✧★✬✘✙❇✄❂❯❋❁✔✏✑✍✭❱❲✬✘✧★✤✘✙✼✜☞✄✢✆✟✆✚✄✥❘✷✠✎✍✑✱✔✏✭✄▲✄❂③✩✜✫✠★✜✢✍✑✆✚✛✕✒✔✄▲✜✫✠✎❁✔✆✟✬✔✞✚✄✣❁❚✠✎✞❇✬✔✤①✙✟✍✑✦✕❁✔✏✭✄▲✄❂➋❳✄✢✆❇❨✿✛☞✧★✦✝✛✢✆✟✞✟✍✭❱❲✬✘✄❭❴❚✏✭✄✣✞✡✠✫P✿✧★✤①✒✔✄
✜✫✠✎❁✔✆✟✬✔✞✚✄✴✒❋✬❩❜✺➄ ② ✄☞✙✟✆❀✤✘✄✢✆✟✆✚✄✢✦✝✄✢✤◆✆■❁✔✏✑✬✘✙❍❘✷✠✎✍✑✱✔✏✭✄✴❱❲✬✘✄❇✏✭✄❇✞✡✠✫P✿✧★✤❩✒❋✬✕❪④✄✢✆❀✞✡✠✎✏✭✄✢✤❲✆✟✍✷❊❚✹❈✧★✆✚✧★✤✘✙❀✤✘✛✫✠✎✤✔✦✝✧★✍✑✤✘✙❄❱❲✬✘✄❇✏✭✄
✆✡✠✎✬❋❯✯✒✔✄✝✜✡✖❚✠✎✞✟❨✿✄✢✦✝✄✢✤❲✆✕✒✔✄✝✤✘✧★✆✟✞✚✄✩❜✺➄ ② ✄☞✙✟✆✴✤✘✄✢✆✟✆✚✄✢✦✝✄✢✤◆✆▲✙✟✬✔❁✾✛✢✞✟✍✭✄✢✬✔✞✕✠✎✬❋❯①✆✡✠✎✬❋❯✯✒✔✄✩✜✫✠✎❁✔✆✟✬✔✞✚✄✩✆♦P◆❁✔✍✭❱❲✬✘✄☞✙✥✒✔✄☞✙
❁✔✍✭✗✢❨✿✄☞✙■✬✔✆✟✍✑✏✑✍✭✙✚✛☞✙■✒✘✠✎✤✘✙❀✏✭✄☞✙❄✄❂❯❋❁✾✛✢✞✟✍✭✄✢✤✘✜☞✄☞✙▲s▲✙✟✆✡✠✎✤✘✒✘✠✎✞✚✒❬✉✮✒✔✄✴✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✟✍✭✧★✤❩✒✘✄✼✵❍✧✌✙✚✄❂♥♦✸❣✍✑✤✘✙✟✆✚✄✢✍✑✤☎❊
✂☎✄❀✤✘✧★✦✣✱✔✞✚✄

N
✒❳✪ ✠✎✆✚✧★✦✝✄☞✙✶✒✘✠✎✤✘✙✺✏✭✄❀❜✺➄ ② ✙✡✠✎✆✟✬✘✞✚✄❍✞✡✠✎❁✘✍✑✒✘✄❂✦✝✄✢✤◆✆❇⑧ ∼ 150

✦✝✙❂⑩❞❆❇✬✔✤✘✄❀☛✌✠✎✏✭✄✢✬✔✞
N ≃ 3×109

✠✎✆✚✧★✦✝✄☞✙✫❊✿✇✼✠✎✤✘✙❣✏♠✠❇✙✟✬✔✍✑✆✚✄✌✽✌✤✘✧★✬✘✙✺✒✔✛☞✜✢✞✟✍✑☛✿✧★✤✘✙✺✏♠✠❈❁✔✞✚✛✢❁❚✠✎✞✡✠✎✆✟✍✭✧★✤✮✒❋✬✝❁❚✠★❱❲✬✘✄✢✆✺✒✔✄
Nat = 2×109 ✠✎✆✚✧★✦✝✄☞✙✶✜☞✠✎❁✘✆✟✬✔✞✚✛☞✙

✄✢✤✈➈✫❅✌❅▲✦✝✙✫✽✔✄✢✤❖☛◆✬✘✄✼✒✔✄✴✙✚✧★✤❭✍✑✤✌❪④✄☞✜✢✆✟✍✭✧★✤❩✒✘✠✎✤✘✙■✏✭✄❇❨✌✬✔✍✭✒✔✄✌❊

Ó✘q✕r✘q✕Ó ✑ Ô❦▼ s✎②✷②✎❁➾❦ Ö❧✔✖✕❑s✉×✑Õ✣❁
⑦■❙✘✤➃✒✔✄❩✜☞✧★✦✕✦✣✬✔✤✔✍✭❱❲✬✘✄✢✞✮✬✔✤✘✄❖☛◆✍✑✆✚✄☞✙✚✙✚✄❬✠✎✬Ð✤◆✬❚✠✎❨✿✄❬✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽✶✤✘✧★✬✘✙✩✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✩✏♠✠①✆✚✄☞✜✡✖✔✤✔✍✭❱❲✬✘✄❬✒✔✄❖✦✝✛❂♥

✏♠✠★✙✚✙✚✄❈✧★❁✔✆✟✍✭❱❲✬✘✄ ✢ ☛✡✔❭➇✸✘✡❃❏✍❅✖✢✽◆✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✢✦✝✄✢✤◆✆■✒✔✛✢☛✿✄✢✏✭✧★❁✔❁✲✛☞✄❇✒✘✠✎✤✘✙✓✏✭✄❇✜✫✠★✒❋✞✚✄❈✒✘✄✢✙✓✖✘✧★✞✚✏✑✧★❨✿✄☞✙■✠✎✆✚✧★✦✕✍✭❱❲✬✘✄☞✙■❆✼❘r✧★✤◆✆✡✠✎✍✑✤✘✄
✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❀❘⑨✞✚✧★✍✭✒✔✙❷✆ ➵✌❉✤✠♦❊



❯✎✝❱➛ ➟❘ß✗á✍⑨✚Þ❘à✥Þ❘á♠â✯☛✗Þ✜✌❻�❭ß❭ãÔä❭Þ✚â✡✌❇ß♠â✡✠✎à Û ãÔä❭Þ✜✌ ❐❳×

Ú❽✂❳Û✶á✍⑨♠Û✒�✗Þ☞☛✗Þ ❹✵✠✎á✍⑨✡â✕Û ✠✎á✗á❭Þ❘à✥Þ❘á♠â
⑦❄✬①✏✑✍✭✄✢✬✯✒❳✪ ✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞✥✙✟✍q❯❬❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯①✒✔✄▲✦✝♣✢✦✝✄▲❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄

ν
❁✾✧★✬✔✞✴✞✚✛✫✠✎✏✑✍✭✙✚✄✢✞✴✏♠✠✮✦✝✛✢✏♠✠★✙✚✙✚✄✕✧★❁✔✆✟✍✭❱❲✬✘✄✌✽❳✤✘✧★✬✘✙

✒✔✛☞✙✡✠★✜☞✜☞✧★✞✚✒✔✧★✤✘✙✺✏✭✛✢❨✿✗✢✞✚✄✢✦✝✄✢✤❲✆✶✏♠✠■❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄❀✒✔✄❍✏♠✠❈❁❚✠✎✍✑✞✚✄❀✒✔✄✓❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❖s❇✠✎✞✟✞✟✍✭✗✢✞✚✄☞✙✓✉▲❆❈✏✭✠❈☛✌✠✎✏✭✄✢✬✔✞
ν+ = ν+δν

✽
✄✢✆✫✽✫✙✟P◆✦✝✛✢✆✟✞✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✫✽⑤✜☞✄✢✏✑✏✭✄✶✒✔✄❣✏♠✠❍❁❚✠✎✍✑✞✚✄✶✒✔✄❞❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯✮s❀✠☞☛✌✠✎✤◆✆❞✉✼❆❍✏♠✠❍☛✌✠✎✏✭✄✢✬✔✞

ν− = ν−δν
⑧ë☛❲✧★✍q✞☎❙✘❨✌✬✔✞✚✄✶❃❋❊ ➵✿⑩❂❊

❧ ✧★✤✘✙✟✍✭✒✔✛✢✞✚✧★✤✘✙✮✠✎✏✭✧★✞✚✙✕✏✭✄❢✞✚✛❂❘r✛✢✞✚✄✢✤◆✆✟✍✭✄❂✏❄✄✢✤❽✦✝✧★✬✔☛✿✄✢✦✝✄✢✤◆✆✮✠☞☛❲✄☞✜❢✬✔✤✘✄❢☛◆✍✑✆✚✄☞✙✚✙✚✄
vuz

✒✘✠✎✤✘✙✕✏✭✄❢✞✚✛❂❘r✛✢✞✚✄✢✤❲✆✟✍✭✄✢✏❄✒❋✬
✏♠✠✎✱✲✧★✞✡✠✎✆✚✧★✍✑✞✚✄✌✽✾✠☞☛❲✄☞✜

v =
λδν√

2
,

⑧r❃❋❊ ➧✌⑩
✧✡✲

λ
✄☞✙✟✆❢✏♠✠✯✏✭✧★✤✔❨✌✬✘✄✢✬✔✞❖✒❳✪ ✧★✤✘✒✔✄✈✒❋✬❡✏♠✠★✙✚✄✢✞❭✄✢✆❭✏✭✄❩❘✷✠★✜✢✆✚✄✢✬✔✞

1/
√

2
✄☞✙✟✆❢✏✭✄❤✜☞✧✌✙✟✍✑✤❲✬✘✙❖✒✔✄❬✏✷✪ ✠✎✤✔❨✌✏✭✄

π/4
✄✢✤◆✆✟✞✚✄

✏✭✄☞✙✼❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯✈✄✢✆✴✏♠✠❖✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤
z
❊☎✂✶✪ ✄❂➋❳✄✢✆✣✇❇✧★❁✔❁✔✏✭✄✢✞▲✠✎✬✯❁✔✞✚✄✢✦✕✍✭✄✢✞✣✧★✞✚✒❋✞✚✄✕❘✷✠✎✍✑✆✥❱❲✬✘✄✝✒✘✠✎✤✘✙✥✜☞✄✝✞✚✛❂❘⑨✛✢✞✚✄✢✤◆✆✟✍✭✄✢✏✓✄✢✤

✦✝✧★✬✔☛❲✄✢✦✝✄✢✤❲✆✫✽✓✏✭✄☞✙✩❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄☞✙❢✒✔✄☞✙❢✙✟✍q❯t❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯Ð✙✚✧★✤◆✆✮✆✚✧★✬✔✆✚✄☞✙❢✛✢❨❲✠✎✏✭✄☞✙❭❆
ν
✽✶✄✢✆✮✏✭✄☞✙❭✠✎✆✚✧★✦✝✄☞✙❢✙✚✧★✤◆✆❢✒✔✧★✤✘✜

✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✼✜☞✧★✦✕✦✝✄✕✒✘✠✎✤✘✙❇✬✔✤✘✄▲✦✝✛✢✏♠✠★✙✚✙✚✄▲✧★❁✔✆✟✍✭❱❲✬✘✄✣✆✟✞✡✠★✒✔✍q✆✚✍✑✧★✤✘✤✘✄✢✏✑✏✭✄✌❊☎✇✼✠✎✤✘✙❇✏✭✄✣✞✚✛❂❘r✛✢✞✚✄✢✤❲✆✟✍✭✄✢✏✺✒❋✬❤✏♠✠✎✱✲✧★✞✡✠✎✆✚✧★✍✑✞✚✄✌✽❳✏✭✄☞✙
✠✎✆✚✧★✦✝✄☞✙❭✙✚✧★✤◆✆❢✒✔✧★✤✘✜❬✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙❖✠✎✬✔✆✚✧★✬✔✞❭✒❳✪ ✬✔✤✘✄❬☛◆✍✑✆✚✄☞✙✚✙✚✄❩✦✝✧⑤P✿✄✢✤✔✤✘✄❬✤❚✧★✤➃✤◆✬✔✏✑✏✭✄

v
❊❍➇❄✤✘✄❤✠✎✬✔✆✟✞✚✄❬✍✑✦✩✠✎❨✿✄❤✆✟✞✚✗☞✙

s❭❁❚✠✎✞✟✏♠✠✎✤◆✆✚✄❖✉✈✒❋✬➀❁✔✞✚✧◆✜☞✄☞✙✚✙✟✬✘✙▲✜☞✧★✤✘✙✟✍✭✙✟✆✚✄❢❆❖✞✚✄✢✦✩✠✎✞✚❱❲✬✘✄✢✞✕❱❲✬✘✄✩✏✭✄✣✺✴❄✴✷✦✖❫✘✡✔➃☛✟✌✎✍✑✏✓✒✕✔✗✖✮❘r✧★✞✟✦✝✛✩❁❚✠✎✞✣✏✷✪ ✍✑✤◆✆✚✄✢✞④❘r✛✢✞✚✄✢✤✘✜☞✄
✒✔✄☞✙❄✙✟✍q❯✮❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❢✤☎✪ ✄☞✙✟✆■❁❚✠★✙❄✙✟✆✡✠✎✆✟✍✭✧★✤✔✤❚✠✎✍✑✞✚✄✌✽✘✦✩✠✎✍✭✙❄✄✢✤❖✦✝✧★✬✔☛✿✄✢✦✝✄✢✤◆✆❇❆▲✏♠✠✣☛◆✍✑✆✚✄☞✙✚✙✚✄

v
❊✘✂☎✄☞✙❄✠✎✆✚✧★✦✝✄☞✙✫✽❚✜☞✧★✤❋❙✘✤✘✛☞✙

✒✘✠✎✤✘✙✝✏✭✄☞✙✝✦✩✠⑤❯❋✍✑✦✩✠①✒❳✪ ✍✑✤◆✆✚✄✢✤✘✙✟✍✑✆✚✛❩✒❋✬❽✞✚✛☞✙✚✄✫✠✎✬☎✽✺✙✚✄❖✒✔✛✢❁✔✏♠✠★✜☞✄✢✤❲✆❢✒✔✧★✤✘✜❖✛✢❨❲✠✎✏✭✄✢✦✝✄✢✤◆✆❢✠✫☛✿✄☞✜❭✏♠✠❤✦✝♣✢✦✝✄❖☛◆✍✑✆✚✄☞✙✚✙✚✄
v
❊

✹❄✬✔✦✝✛✢✞✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✫✽❋✏♠✠✥✞✚✄✢✏♠✠✎✆✟✍✭✧★✤❖✄✢✤❲✆✟✞✚✄❇✏♠✠✥☛◆✍✑✆✚✄☞✙✚✙✚✄❈✒✔✄❈✏♠✠✥✦✝✛✢✏♠✠★✙✚✙✚✄❄✦✝✧★✬✘☛★✠✎✤◆✆✚✄✼✄✢✆❍✏✭✄❈✒✔✛☞✙✡✠★✜☞✜☞✧★✞✚✒❭✄✢✤✮❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄
✄☞✙✟✆■✒✔✧★✤✔✤✘✛✼❁✾✠✎✞

v (m/s) = 0,55(ν+ − ν−) (MHz)
⑧r❃❋❊ ➨✿⑩

❶❄✄✢✆✚✄✢✤✘✧★✤✘✙❣❱❲✬☎✪ ✬✔✤▲✒✔✛☞✙✡✠★✜☞✜☞✧★✞✚✒
δν = (ν+−ν−)/2 = 1

➄➍➂❄❷✓❁✾✄✢✞✟✦✝✄✢✆✺✒✔✄✶✏♠✠✎✤✘✜☞✄✢✞❞✏✭✄☞✙✺✠✎✆✚✧★✦✝✄☞✙✺❆
v = 1,1

✦➌❈✎✙✫❊

✗✹✌❣✌✟Þ❇✂③❂❘Û ✌❣✌✟Þ❘à✥Þ❘á♠â✡✌❜Þ❘á � ÿ ß✍✌✟Þ④☛✗Þ✜✌ ❹❅ß▼Û ✌❣⑨✚ÞPß✗ä✫➝
⑦■❙✘✤✝✒✔✄■✜☞✧★✤❲✆✟✞✚✐★✏✭✄✢✞❣❙✘✤✘✄✢✦✝✄✢✤◆✆✺✏✭✄☞✙❞❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄☞✙

ν±
✽★✤✘✧★✬✘✙❣✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✺✒✔✄☞✙❣✦✝✧◆✒❋✬✔✏♠✠✎✆✚✄✢✬✔✞✚✙✓✠★✜☞✧★✬✘✙✟✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄☞✙

⑧⑨➄❬⑦ ② ⑩✰✠✎✏✑✍✑✦✝✄❂✤◆✆✚✛☞✙❞❁❚✠✎✞❞✒✔✄☞✙❞✧✌✙✚✜✢✍✑✏✑✏♠✠✎✆✚✄✢✬✔✞✚✙❣✜☞✧★✦✕✦✩✠✎✤✘✒✔✛☞✙❣✄✢✤✣✆✚✄✢✤✘✙✟✍✭✧★✤❖⑧ë❸ ❧❀② ⑩☎✒✔✧★✤◆✆◗✏♠✠❀❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄
ν ′ = ν±

✄☞✙✟✆
✠★✙✚✙✚✄✢✞✟☛◆✍✭✄✶❨✌✞✴✳★✜☞✄❍❆■✬✔✤✘✄✓✱✾✧★✬✘✜✢✏✭✄❀❆■☛✿✄✢✞✟✞✚✧★✬✔✍✑✏✑✏♠✠✎❨✿✄❀✒✔✄✶❁✔✖❚✠★✙✚✄✌✽✎✙✟✬✔✞◗✬✔✤✣❸ ❧❀② ✦✩✠⑤⑥✭✆✟✞✚✄✸å✵é✌✽✎✧✌✙✚✜✢✍✑✏✑✏♠✠✎✤◆✆❣❆

ν = 73
➄➍➂❄❷✿❊

✂☎✄❬✙✚✜✚✖✘✛✢✦✩✠✯✒✔✄❖❁✔✞✟✍✑✤✘✜✢✍✑❁✾✄❬✒❋✬❡✒❋✍✭✙✟❁✾✧✌✙✟✍✑✆✟✍q❘✥✄☞✙✟✆✩✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤❲✆✚✛❬✙✟✬✔✞✩✏♠✠❤❙✘❨✌✬✔✞✚✄❤❃❋❊ ➨❋✽✓✄✢✆✮✄☞✙✟✆✝✞✚✛✢❁✔✏✑✍✭❱❲✬✘✛❤❆✈❱❲✬❚✠✎✆✟✞✚✄
✄❂❯✔✄✢✦✕❁✔✏♠✠✎✍✑✞✚✄☞✙❢⑧r✠⑤❙✘✤✯✒✔✄✕❁✾✧★✬✘☛✿✧★✍✑✞✥✛✢❨❲✠✎✏✭✄✢✦✝✄✢✤◆✆✫✽☎❁✲✧★✬✔✞✥✒✔✄☞✙✴✞✡✠✎✍✭✙✚✧★✤✘✙✴❱❲✬✔✍✓✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆✟✞✚✧★✤◆✆✥❁✔✏✑✬✘✙✴✏✭✧★✍✑✤☎✽❳✏♠✠✎✤✘✜☞✄✢✞✥✏✭✄☞✙
✠✎✆✚✧★✦✝✄☞✙✶☛✿✄✢✞✟✆✟✍✭✜✫✠✎✏✭✄✢✦✝✄✢✤◆✆❂⑩❂❊◆✂✰✠❇☛◆✍✑✆✚✄☞✙✚✙✚✄■✒✔✄❀✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤◆✆❍✄✢✙✟✆✶✜☞✧★✤◆✆✟✞✚✐★✏✭✛☞✄■❁❚✠✎✞✶✏♠✠❈❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄

δν
✒❳✪ ✬✔✤✩❨✿✛✢✤✘✛✢✞✡✠✎✆✚✄✢✬✔✞

✱❚✠★✙✚✙✚✄✩❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄✌❊❞➇❄✤❻✍✑✤◆✆✚✄✢✞✟✞✟✬✔❁✔✆✚✄✢✬✔✞✝✞④❘▲⑧⑨➄❩✍✑✤✔✍q♥ ❧ ✍✑✞✚✜✢✬✔✍✑✆✚✙❢❾❳✻◆✇❇❶❵✞◆❃✌➞✌❅✿⑩✥✄☞✙✟✆▲✬✔✆✟✍✑✏✑✍✭✙✚✛✮❁✲✧★✬✔✞✝✜☞✧★✦✕✦✥✬✔✆✚✄✢✞✝✆✟✞✚✗☞✙
✞✡✠✎❁✔✍✭✒✔✄✢✦✝✄✢✤◆✆❍✄✢✤❲✆✟✞✚✄■✏✭✄☞✙✓✒✔✄✢✬❋❯▲❘⑨✞✚✛☞❱❲✬✘✄✢✤✘✜☞✄☞✙

ν
✄✢✆

ν ′ ✏✭✧★✞✚✙✚❱❲✬☎✪ ✧★✤✩❁❚✠★✙✚✙✚✄❄❆✼✏♠✠❇❁✔✖❚✠★✙✚✄❄✒✔✄■✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤❲✆✫❊◆➇❄✤✩✙✚✜✡✖✘✛✢✦✩✠
✜☞✧★✦✕❁✔✏✭✄✢✆❈✒❋✬❖✒❋✍✭✙✟❁✲✧✌✙✟✍✑✆✟✍q❘❣✄☞✙✟✆■✒✔✧★✤✔✤✘✛✴✒✘✠✎✤✘✙■✏✷✪ ✠✎✤✔✤✘✄❂❯✔✄✴⑦✣❊

Ú❊Þ❇✂✔❹✵✠✁✂❡à✥ß✗á✍⑨✚Þ★✌
✂☎✧★✞✚✙✺✒✔✄❍✏♠✠❈❁✔✖❚✠★✙✚✄❀✒✔✄✓✦✝✛✢✏♠✠★✙✚✙✚✄✌✽✌❱❲✬✔✍✘✒❋✬✔✞✚✄■➞❄✦✝✙✫✽★✤✘✧★✬✘✙❣✜☞✧★✬✔❁✲✧★✤✘✙❣✏✭✄☞✙❣✜✡✖❚✠✎✦✕❁✘✙❣✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄☞✙✶✒❋✬✕❜✺➄ ② ✄✢✆

✜☞✧★✦✕✦✣✬✔✤✔✍✭❱❲✬✘✧★✤✘✙❀✬✘✤✘✄❈☛◆✍✑✆✚✄☞✙✚✙✚✄✼✠✎✬❋❯❖✠✎✆✚✧★✦✝✄☞✙✫❊✔❛✰✧★✬✘✆■✒❳✪ ✠✎✱✾✧★✞✚✒❳✽✔❁✾✄✢✤✘✒✘✠✎✤◆✆✥➈✌✽ ❉✣✦✝✙✫✽❋✤✘✧★✬✘✙❍✞✚✄☞✙✟✆✚✧★✤✘✙❄❆✥✬✔✤❖✒✔✛☞✙✡✠★✜❂♥
✜☞✧★✞✚✒

δ = −3Γ
❊ ❧ ✄✢✆✟✆✚✄▲❁✔✖❚✠★✙✚✄✣❁✲✄✢✞✟✦✝✄✢✆✴✒❳✪ ✠✫☛✿✧★✍✑✞✼✬✔✤①✞✚✛☞✙✚✄✫✠✎✬✈✧★❁✔✆✟✍✭❱❲✬✘✄✕✙✟✬❋③✩✙✡✠✎✦✕✦✝✄✢✤❲✆✼❁✘✞✚✧✎❘r✧★✤✘✒❤❁✾✧★✬✔✞✥✠✫☛✿✧★✍✑✞

✬✔✤✘✄✕✄❂③✩✜✫✠★✜✢✍✑✆✚✛✝✒✔✄▲✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤◆✆✴❁✔✞✚✧❲✜✡✖✘✄✕✒✔✄❭➈❣❼✲✬✔✤✘✄✕✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✕✙✟✍✑✦✕✍✑✏♠✠✎✍✑✞✚✄✕✄☞✙✟✆✼✬✔✆✟✍✑✏✑✍✭✙✚✛☞✄✕✒✘✠✎✤✘✙✼✏✭✄☞✙❇✖✘✧★✞✟✏✭✧★❨✿✄☞✙✥❆
❘r✧★✤◆✆✡✠✎✍✑✤✘✄☞✙✺✠✎✆✚✧★✦✕✍✭❱❲✬✘✄☞✙➑✆ ➵✌➵✤✠♦❊✌✸❣✤✘✙✟✬✔✍✑✆✚✄✌✽✌✒❋✬✔✞✡✠✎✤❲✆✺✄✢✤✘✜☞✧★✞✚✄✼➈✌✽ ❉❈✦✝✙✫✽✎✤✘✧★✬✘✙◗❘✷✠✎✍✭✙✚✧★✤✘✙❞☛✌✠✎✞✟✍✭✄✢✞❞✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄✢✦✝✄✢✤◆✆✺✏✭✄❍✒✔✛☞✙✡✠★✜❂♥
æ✶÷⑦❺✹ï✸õ♠ì✴ú õ ñ❵è❡ê✹í✛è✁ú è❡ö✚❺✹ï✡ì❁í✓ó✛è✘❿ î ➅✼ë✤è❡ö①➔✡ò✤ó✛è❡ö⑦ð✟é✤í✛õ ❺✹ï✸è❡ö❊ú ð✴ó✛ö➋ë✦è✁ú ì✩é✷❹✡ì✴ö✓è✁ö✑í❅ì❁í✛õ ❺✹ï✸è☎ë✤ï⑩❷✑❿❄➅ ➃☞ë✤ï✤ó❅ì✴ê✹í❊ú ì❫❸❫ì✴é✤í✛ï✤ó✛è➁➓❅ý
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❋✄●☞❍❏■✗❑▼▲✣➉❬✽ ➙▼❖✘✿✛❝✤❁✱❥❍➼⑦❱✡❙❁❨✝❩❭❬ ❙❷❴✤❙❶❨❲❙❫❪❫❯✚❞❳❙❶❴✤❙❶❣✓❙❁❨✝❩P♣❁❞❳❝✹❣❀❯✚❞❳❙✝❩✚❝✹❞❶❣✓❙❁❨✝❩♠❪❶❴✤❙❶➏✹❤✹❬ ❺✎❴ ❬❅♦ q✶sP❪❫❣✓❝✹s♠❣
t = 0

⑥✄❬ ❙❫❪✁➎❫❝✹q⑩❪✴❧❳❙❡❝✹❯✤❱
❪✴❤✹s♠❣❚♣❁❣✓❙❁q✶s♠❣r❪✱❙❁❣➑❬ ❙①s♠❯♠❝✴❦✸❙★❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❇❪P♦ ♣❁❣✓❙❁s❘❴ ❬ qrÓ❁❞❳❙❁❨❲❙❁s♠❣✓❺✁➔✗❝ ❣✓❝✹q✶❬✶❬ ❙①❣❀❞❳❝✹sP❪❫➏✹❙❁❞❡❪✴❙✱❞❫❨✧❪

∆r(t)
❴✹❯➍s♠❯♠❝✴❦✸❙❇❪❫❯✕❩✤❩✚❤✕❪✴♣

❦✸❝✹❯✡❪❡❪❫qr❙❁s➍➏✹♣❁❞❫q Ö➆❙✱❝✹❬ ❤✹❞❡❪
∆r2(t) = ∆r2(0) + kBTt2/m

❺➆➔❏❝➌❴✹❞❳❤✹q✶❣✓❙✱❙❁s✥❩P❤✹q✶s♠❣❀q✶❬✶❬ ♣❫❪❜❞❳❙✓❩❭❞❳♣❫❪✴❙❁s♠❣✓❙❜❬❅♦ ❝✛➸❡❯✡❪❫❣✓❙❁❨❲❙❁s♠❣➑❴✤❙❫❪
❩P❤✹q✶s♠❣r❪✥❙❳❱❁❩P♣❁❞❫q✶❨❲❙❁s♠❣✓❝✹❯✤❱⑦⑤➑❬ ❝✿❣✓❙❁❨✝❩✚♣❁❞❳❝✹❣❀❯✚❞❳❙➌❤✤Ó❁❣✓❙❁s♠❯♠❙➌❙❫❪❫❣

T = 35 µK
⑥❶❙❁❣❚❬ ❝✙❣✓❝✹q✶❬✶❬ ❙➌q✶s♠q⑩❣❀qr❝✹❬ ❙

∆r(0) = 1,3
❨❚❨❲❺

✿✛Ó❅❁✥❥➆➊✁❤✕❪❫q✶❣❀qr❤✹s➍➏✹❙❁❞❁❣rqr❧❡❝✹❬ ❙
x(t)

❴✹❯✙s♠❯♠❝✴❦✸❙❷❬ ❝✹s❘❧❡♣❶❦✦❞✥Ò✤❧❳❙①❢①❯✚s❘❙❷❨❲♣❁❬ ❝✕❪❡❪✴❙❜❨❲❤✹❯✚➏✹❝✹s♠❣✓❙❇❤✤Ó❁❣✓❙❁s♠❯♠❙❇❙❁s✣q✶s♠❣❀❞❳❤✟❴✹❯✚q⑩❪✴❝✹s♠❣✩❯✚s
❴✤♣❫❪✴❝✤❧❡❧❳❤✹❞❳❴✙❴✤❙✫➎❳❞❳♣❳⑧❁❯♠❙❁s❘❧❡❙

δν = 700 ✷ ♣❫❰❇❙❁s♠❣❀❞❳❙❷❬ ❙❫❪✩➎❫❝✹q⑩❪❁❧❡❙❡❝✹❯✤❱ ➏✹❙❁❞❫❣❀qr❧❳❝✹❯✤❱✆✿✛❧❡❙❁❣❀❣✓❙❷➏✹❝✹❬ ❙❁❯✚❞❇♣❁❬ ❙❁➏✹♣❡❙✱❙❫❪❫❣✩❯✚❣❀q✶❬ q⑩❪✴♣❡❙➑❩P❤✹❯✚❞
❬ ❙❫❪➑Ó❡❙❫❪✴❤✹q✶sP❪➑❴✤❙❵❬ ❝❜❴✤♣❁❨❲❤✹sP❪❫❣❀❞❅❝✹❣❀qr❤✹s☎⑤➆❙❁s❲❩❭❞❳❝✹❣❀qr⑧❁❯♠❙❫⑥➆❴✤❝✹sP❪❵❬ ❝❚❪✴♣❡⑧❁❯♠❙❁s❘❧❳❙❫⑥❊❬ ❙❵❬ ❝✹s❘❧❳❙❁❨❲❙❁s♠❣➆➏✹❙❁❞❫❣❀qr❧❡❝✹❬▼❪✴❙❊➎❫❝✹q✶❣✁❢❶❯✚s❘❙✫➏✟q✶❣✓❙❫❪❡❪✴❙
❴✤❙s✽✿❧❁❨ ✺ ❪❭⑤➑❧♠♦ ❙❫❪❫❣➑❬ ❙①❬ ❝✹s❘❧❳❙❁❨❲❙✴s♠❣✩♥P❤✹❞❫q ❰✟❤✹s♠❣✓❝✹❬✝❙❁s ❴✹q✶❞❳❙❡❧❁❣❀qr❤✹s➀❴✹❯ ❦✤❯✚q☞❴✤❙✥⑧❁❯✚q❵❙❫❪❫❣➆➎❫❝✹q✶❣❶❢➌❯✚s❘❙✱➏✟q✶❣✓❙❫❪❡❪✴❙★❴✤❙❚❩❭❬ ❯✡❪❫qr❙❁❯✚❞❡❪❴✹q ❰✟❝✹q✶s❘❙❫❪❶❴✤❙❶❧❡❙❁s♠❣❀q✶❨❲➐❁❣❀❞❳❙❫❪✄❩P❝✹❞➑❪✴❙❳❧❡❤✹s❘❴✤❙❅❁✤❺✒➦✄s ❤✤Ó❫❪✴❙❁❞❫➏✹❙❚❯✚s✥➏✹❤✹❬P❩P❝✹❞❳❝✤Ó❳❤✹❬ qr⑧❁❯♠❙❷❴✹❯①s♠❯♠❝✴❦✸❙✟❺❏➔❵♦ ❝✛➸❡❯✡❪❫❣✓❙❁❨❲❙❁s♠❣☎❴✤❙

x(t)
❩✚❝✹❞

❯✚s❘❙✝❩✚❝✹❞❳❝✤Ó❡❤✹❬ ❙❻✿✛❧❡❤✹❯✚❞✴Ó❡❙✩❩✚❤✹q✶s♠❣❀q✶❬✶❬ ♣❡❙❅❁★❴✤❤✹s♠s❘❙❶❬ ❝❇➏✟q✶❣✓❙❫❪❡❪✴❙❚q✶s♠q✶❣❀qr❝✹❬ ❙❜❴✹❯✥s♠❯♠❝✴❦✸❙
vx = 54

❧❁❨ ✺ ❪✺✿✑❬ ❝❇➏✹❝✹❬ ❙❁❯✚❞❲❝✹❣❀❣✓❙❁s❘❴✹❯♠❙❲❙❫❪❫❣
vx = λδν = 56

❧❁❨ ✺ ❪➋❁✕⑥✄❝✹q✶sP❪❫q➋⑧❁❯❊♦ ❯✚s❘❙✧Ó❡❤✹s♠s❘❙✧❙❫❪❫❣❀q✶❨❲❝✹❣❀qr❤✹s✙❴✤❙➑❬❅♦ ❝✤❧❡❧❳♣❁❬ ♣✴❞❅❝✦❣❀qr❤✹s✙❴✤❙✧❬ ❝✫❩P❙❫❪✴❝✹s♠❣✓❙❁❯✚❞✧❥ g ≃ 9,7
❨ ✺ ❪ 2 ❺
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❲ ❳✫❲✲❲ ❨✫❲✲❲❬❩✹❭ µ ❪✓❫

❴❛❵✭❜✄❝✲❞✾❜✄❡✭❢✟❣
❤✆❡✭❜✄❝✲❞✾❜✄❡✭❢✟❣
✐❱❥❧❦ ❞✾❜

B0

✐❱❥❧❦ ❞✾❜
Bpol ♠ ❝✲♥ ❦ ❣♣♦ ❪ ❦ ❩ ♦ ❝✲q

F = 1

♠ ❦ ❪✆r ❡❜✄❝✲♥ ❦ ❣♣♦ ❪ ❦ ❩ ♦ ❝✙q
F = 2

−2 −1 0 +1 +2mF =

mF = −10+1

❋✄●☞❍❏■✗❑▼▲✭➉❬✽r◆✞➢✗❖✆❴ ❦✸❝✹❯♠❧❡♥P❙❫⑥ ❪✴♣❡⑧❁❯♠❙❁s❘❧❡❙❆❙❳❱❁❩✚♣❁❞❫q✶❨❲❙❁s♠❣✓❝✹❬ ❙ ❩P❤✹❯✚❞ ❬ ❝ ❩P❤✹❬ ❝✹❞❫q⑩❪✴❝✹❣❀qr❤✹s➼❴✹❯ s♠❯♠❝✴❦✸❙❆❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❆❴✤❝✹sP❪
|F = 1,mF = −1〉

❺✘❴ ❴✹❞❅❤✹q✶❣✓❙❫⑥❲❙❁s✼♥P❝✹❯✚❣❲❥✩q✶❨❲❝✴❦✸❙❷❩✚❝✹❞ ❿➆❯♠❤✹❞❳❙❫❪✴❧❳❙❁s❘❧❡❙❲❩❭❞❫q⑩❪✴❙ ❝❡❩❭❞❅➐❫❪★❸✡❹✿❨✧❪★❴✤❙★❣✓❙❁❨✝❩♠❪✥❴✤❙★➏✹❤✹❬✫❙❁s
❩❭❞❳♣❫❪✴❙❁s❘❧❡❙❜❴✗♦ ❯✚s➌❦✦❞❅❝✤❴✹qr❙❁s♠❣❵❴✤❙❜❧❡♥P❝✹❨✝❩➍❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❜❴✤❙ ✻✕❹ ✸✖✺ ❧❁❨ ❙❁s✙❬❅♦ ❝✤Ó❫❪✴❙❁s❘❧❡❙❇❴✤❙❶❪✴♣❡⑧❁❯♠❙❁s❘❧❳❙❜❴✤❙✫❩P❤✹❬ ❝✹❞❫q⑩❪✴❝✹❣❀qr❤✦s✝⑤✝❤✹s❤✤Ó❫❪✴❙❁❞❫➏✹❙➑❬ ❝❲❞❅♣✓❩P❝✹❞❫❣❀q✶❣❀qr❤✹s ❴✤❙❫❪✧❝✹❣✓❤✹❨❲❙❫❪✩❪❫❯✚❞✩❬ ❙❫❪➑❴✹q ➇☎♣❁❞❳❙❁s♠❣r❪✩❪✴❤✹❯✡❪❫⑨✓s♠q✶➏✹❙❡❝✹❯✤❱➩➻Ô❙❳❙❁❨❲❝✹s➌❴✤❙

F = 2
❺❱➼➋s➌Ó❡❝✕❪❡⑥❊❬ ❙❵❞❳♣❫❪❫❯✚❬ ❣✓❝✹❣➋❴✤❙

❬ ❝✱❨❄❂❁❨❲❙❷❙❳❱❁❩P♣❁❞❫qr❙❁s❘❧❡❙❜❴✤❙❶❪✴♣✓❩P❝✹❞❳❝✹❣rqr❤✹s✿➳❭❣✓❙❁❞❫s♠⑨ ✸ ❙❁❞❫❬ ❝✤❧❡♥✙❝❡❩❭❞❳➐❫❪✩❩P❤✹❬ ❝✹❞❫q⑩❪✴❝✹❣❀qr❤✦s☎⑤✁❬ ❝❚❩❭❞❳❤❡❩✚❤✹❞❫❣❀qr❤✦s✼❴✗♦ ❝✹❣✓❤✹❨❲❙❫❪❚❪✴❙❲❣❀❞❅❤✹❯✚➏✹❝✹s♠❣❴✤❝✹sP❪
|F = 1,mF = −1〉

❙❫❪❫❣✄❴✤❙ ✻✕❹✄s❵❺

✜☞✧★✞✚✒✣❪❫✬✘✙✚❱❲✬☎✪ ❆
δ = −12Γ

✠⑤❙✘✤❭✒✔✄❇✒❋✍✑✦✕✍✑✤❲✬✘✄✢✞❀✏♠✠✥✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄✼✒❋✬❢✤◆✬❚✠✎❨✿✄✕⑧ë✞✡✠✎❁✔❁✾✄✢✏✭✧★✤✘✙■❱❲✬✘✄❄✏♠✠✥✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄
✠✎✆✟✆✚✄✢✍✑✤◆✆✚✄✼❁❚✠✎✞■✞✚✄❂❘⑨✞✚✧★✍✭✒❋✍✭✙✚✙✚✄✢✦✝✄✢✤❲✆✼✻❲✍✭✙✟P◆❁✔✖✘✄❇☛✌✠✎✞✟✍✭✄✴✜☞✧★✦✕✦✝✄

1/|δ| ⑩❂❊✂☎✄☞✙■❁✾✄✢✞④❘r✧★✞✟✦✩✠✎✤✘✜☞✄☞✙❄✧❧t✔✆✚✄✢✤◆✬✘✄☞✙❄✙✚✧★✤❲✆❀✍✑✏✑✏✑✬✘✙✟✆✟✞✚✛☞✄☞✙❄✙✟✬✔✞❀✏♠✠✥❙✘❨✌✬✔✞✚✄✥❃❋❊ ➙❋❊✔❜❣✠✎✞■✆✚✄✢✦✕❁✘✙■✒✔✄❇☛❲✧★✏✷✽❋✤✘✧★✬✘✙❀✦✝✄☞✙✟✬✔✞✚✧★✤✘✙
✏♠✠✼✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄❇✒❋✬✩✤◆✬❚✠✎❨✿✄❇✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❈❜❞✧★✬✔✞❍✜☞✄❂✏♠✠❋✽❲✤✘✧★✬✘✙❍✜☞✧★✬✔❁✾✧★✤✘✙✓✏✭✄■❁✔✍✭✗✢❨✿✄❄✦✩✠✎❨✌✤✘✛✢✆✚✧✎♥♦✧★❁✔✆✟✍✭❱❲✬✘✄✌✽❋✏♠✠✎✍✭✙✚✙✚✧★✤✘✙✺✏✭✄
✤◆✬❚✠✎❨✿✄✴✙✫✪ ✛✢✆✚✄✢✤✘✒❋✞✚✄✼❁✲✄✢✤✘✒✘✠✎✤❲✆❄✬✔✤❭✆✚✄✢✦✕❁✘✙

t
✽✔✄✢✆❀✦✝✄☞✙✟✬✔✞✚✧★✤✘✙❄✙✡✠✣✆✡✠✎✍✑✏✑✏✭✄✼✞✟✦✝✙

∆r(t)
✽✔❱❲✬✔✍❳☛❲✛✢✞✟✍q❙❚✄

∆r(t) =

√

∆r2(0) +
kBTt2

m
.

⑧r❃❋❊ ➙✿⑩

✹❈✧★✬✘✙✝✧❧t✔✆✚✄✢✤✘✧★✤✘✙✕✆❫P◆❁✔✍✭❱❲✬✘✄✢✦✝✄✢✤❲✆
30 6 T 6 40 µK

❊ ❧ ✄✢✆✟✆✚✄❢☛✌✠✎✏✭✄✢✬✔✞✕✞✚✄✢✏♠✠✎✆✟✍✑☛❲✄✢✦✝✄✢✤❲✆✮✛✢✏✑✄✢☛❲✛☞✄✡å☎✘✮✄☞✙✟✆✝✒❋✬✘✄❖✠✎✬
❨✌✞✡✠✎✤✘✒❖✤✘✧★✦✉t✔✞✚✄✥✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❄❁✔✞✚✛☞✙✚✄✢✤❲✆✚✙❈✒✘✠✎✤✘✙■✏✭✄✼✤◆✬❚✠✎❨✿✄✌❊❚✸❣✤❩✦✝✄☞✙✟✬✔✞✡✠✎✤❲✆❄✏♠✠✕❁✾✧✌✙✟✍✑✆✟✍✭✧★✤❬✒❋✬❩✜☞✄✢✤◆✆✟✞✚✄✥✒✔✄✼✦✩✠★✙✚✙✚✄✴✒❋✬
✤◆✬❚✠✎❨✿✄✴✏✭✧★✞✚✙❈✒❋✬❬✆✚✄✢✦✕❁✘✙❈✒✔✄✴☛❲✧★✏✷✽✔✤✘✧★✬❚✙❄❁✾✧★✬✔☛❲✧★✤✘✙❈✒✔✛☞✒❋✬✔✍✑✞✚✄✥❁❚✠✎✞❇✠✎✍✑✏✑✏✭✄✢✬✔✞✚✙❇✙✡✠▲☛◆✍✑✆✚✄☞✙✚✙✚✄✴✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✣✄✢✆❄✏♠✠✝✜☞✧★✦✕❁❚✠✎✞✚✄✢✞
✠✫☛✿✄☞✜❄✏♠✠✴☛✌✠✎✏✭✄✢✬✔✞✓✍✑✦✕❁✾✧✌✙✚✛☞✄❈❁❚✠✎✞✓✬✔✤✘✄❈✛✢☛❲✄✢✤❲✆✟✬✘✄✢✏✑✏✭✄❈✦✝✛✢✏♠✠★✙✚✙✚✄❄✦✝✧★✬✔☛✌✠✎✤❲✆✚✄✌❊❋✂✰✠✥✒❋✍q➋❳✛✢✞✚✄✢✤✘✜☞✄❇✄✢✤◆✆✟✞✚✄❄✏✭✄☞✙❍✒✔✄✢✬❋❯✝☛✌✠✎✏✭✄✢✬✔✞✚✙
✄☞✙✟✆❀✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✚✄✣❆✕❉✁❉✮❊

Ó✘q✕r✘q✕r ✈ Ö❧❦➔➓✎s✎⑤✇❁ Ö❧➓✑Õ❒✈✱➥✉✔①❁
⑦■❙✘✤➱✒✔✄✈✦✩✠⑤❯❋✍✑✦✕✍✭✙✚✄✢✞❬✏✷✪ ✄❂③✩✜✫✠★✜✢✍✑✆✚✛❻✒✔✄✯✜☞✧★✬✔❁✔✏♠✠✎❨✿✄❻✒✘✠✎✤✘✙❩✏✭✄✯❨✌✬✔✍✭✒✔✄✯✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽❄✤✘✧★✬✘✙❬✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❩✬✔✤✘✄

❁✔✖❚✠★✙✚✄➀✒✔✄✈❁✲✧★✦✕❁❚✠✎❨✿✄➀✧★❁✔✆✟✍✭❱❲✬✘✄✯❁✾✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤◆✆①✒✔✄✈❁✲✧★✏♠✠✎✞✟✍✭✙✚✄✢✞❬✏✭✄☞✙❤✠✎✆✚✧★✦✝✄☞✙❤✒✘✠✎✤✘✙❩✏✭✄✯✙✚✧★✬✘✙④♥✷✤✔✍✑☛❲✄✫✠✎✬Ù❾✾✄☞✄✢✦✩✠✎✤
∣

∣52S1/2, F = 1, mF = −1
〉 ✽✲❱❲✬✔✍❞✄☞✙✟✆❈❁✔✍✭✛✢❨✿✛✣✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✥✄✢✆❇✒✔✄✣❁✔✏✑✬✘✙❈❁✲✄✢✬①✙✚✄✢✤✘✙✟✍❏t✔✏✭✄✸å❈❄▲❆✩✏♠✠✝✏✑✬✔✦✕✍✭✗✢✞✚✄

✒❋✬❩❜✺➄ ② ⑧⑨✙✡✠✎✬✔❘❞✜☞✄✢✏✑✏✭✄✴✒❋✬❖✞✚✄✢❁✾✧★✦✕❁✲✄✢✬✔✞②t✔✍✭✄✢✤❩✙✟➊✔✞❂⑩❂❊
æ ✚☎➜ è❡ö❵í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è❡ö➑ë✤è➂❺✹ï✸è❡ú ❺✹ï✸è❡ö

µ ③ ö✓ð✕ê✕í❉❸❡ð✟ï✤ó❅ì✴ñ❵ñ❵è❡ê✹í➑ì❁í✓í✛è❡õ ê✹í✛è❡ö✧ë✸ì✴ê✸ö✧ë✤è❡ö➑ñ❵ù❡ú ì✴ö✓ö✓è❡ö➑ð✟é✤í✛õ ❺✹ï✸è❷û❜÷✶ì✴õ ò✸ú è❷ê✸ð✟ñ✩ò✤ó✛èë✜í ì❁í✛ð✟ñ❵è❡ö❡ý
æ◗❋ ➜ ï✧÷✶ì✴õ í✄ë✤è✄ú ì✫ô✴ó❅ì✴ê✡ë✤è➆❾✟ì✴ú è❡ï✤ó❽➃ ✫✉✢✟✱Ö❑✤î ➘✩❿Ú✯✉❼➁➓Ôë✤è✄ú✒í ù✤❸❫ì❁ó✓í✉❹❅♠✤é✚è❳ó❅➔✡ê❚ë✸ì✴ê✸ö❊ú è

87Rb
ý



➢✘Ó þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

➬⑦ÜPãÔä❭Þ❘á✍⑨✚Þ✣ä♠â✕Û✒✏ Û ✌✟ÜPÞ
✸❣✤✴❙❚✤✣✒✔✄✺✦✝✛✢✏♠✠★✙✚✙✚✄✌✽✫✏✭✄☞✙❞✠✎✆✚✧★✦✝✄☞✙◗✙✚✧★✤❲✆◗✒✘✠✎✤✘✙ ∣

∣52S1/2, F = 2
〉 ✽✫✞✚✛✢❁❚✠✎✞✟✆✟✍✭✙◗✙✟✬✘✞☎✏✭✄☞✙◗✒❋✍q➋❳✛✢✞✚✄✢✤❲✆✚✙❞✙✚✧★✬✘✙④♥✷✤✔✍✑☛✿✄✫✠✎✬❋❯

mF
❊✘✂✰✠▲✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✴✒✔✄✼❁✾✧★✦✕❁❚✠✎❨✿✄✥✧★❁✔✆✟✍✭❱❲✬✘✄✴✙✚✄✼✜☞✧★✦✕❁✾✧✌✙✚✄✴✒✔✄✴✒✔✄✢✬❋❯❢❁✔✖❚✠★✙✚✄☞✙✣⑧ë☛✿✧★✍✑✞❀❙✘❨✌✬✔✞✚✄✥❃❋❊✑➈✫❅✿⑩❂❊
✹❈✧★✬✘✙✼✜☞✧★✦✕✦✝✄✢✤✘➌☞✧★✤✘✙✼❁❚✠✎✞✴✄❂➋❳✄☞✜✢✆✟✬✘✄✢✞✼✏✭✄✣❁✲✧★✦✕❁❚✠✎❨✿✄✕✧★❁✔✆✟✍✭❱❲✬✘✄✌✽❳✄✢✤①❁✔✞✚✛☞✙✚✄✢✤✘✜☞✄✕✒❋✬❤✞✚✄✢✦✕❁✲✧★✦✕❁✾✄✢✬✔✞✫✽☎✒✔✧★✤✘✜✝✠✎✬

✙✚✄✢✍✑✤❩✒❋✬❖✦✣✬✔✏✑✆✟✍✑❁✔✏✭✄✢✆ ∣

∣52S1/2, F = 2
〉 ✽❚✠✫☛✿✄☞✜✼✬✘✤❭❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❩✒❋✍✑✆✱✾♠❄❅✌❘☛ ✢ ✌▼✖✕✔❭✺✢✽✘❁✲✧★✏♠✠✎✞✟✍✭✙✚✛ σ− ✄✢✆❈✠★✜☞✜☞✧★✞✚✒✔✛✥✙✟✬✔✞■✏♠✠

✆✟✞✡✠✎✤✘✙✟✍✑✆✟✍✭✧★✤ ∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F = 2
〉 ❊ ❧ ✄❇❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❩✜☞✧✗➅r✤✘✜✢✍✭✒✔✄✥✙✟❁✾✠✎✆✟✍♠✠✎✏✑✄✢✦✝✄✢✤◆✆❇✠✫☛✿✄☞✜✼✏✭✄❇❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬

❜✺➄ ② ☛❲✄✢✞✟✆✟✍✭✜✫✠✎✏❞✒✔✄☞✙✚✜☞✄✢✤✘✒✘✠✎✤❲✆✫❊✾➇❄✤❬✜✡✖❚✠✎✦✕❁❬✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄
Bpol
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x
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❁❚✠✎✞❄✜☞✧★✤✘✙✚✛☞❱❲✬✘✄✢✤❲✆❄✒✘✠✎✤✘✙ |F = 2, mF = −2〉x
❊

✂✰✠❤✒✔✄✢✬❋❯❋✍✭✗✢✦✝✄❢❁✔✖❚✠★✙✚✄✌✽❣✒❳✪ ✬✔✤✘✄❭✒❋✬✔✞✚✛☞✄❭✒✔✄❖❉✌❅✌❅
µ
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F = 1

✽✓✄☞✙✚✙✚✄✢✤◆✆✟✍✭✄✢✏✑✏✭✄✢✦✝✄✢✤❲✆❭☛❲✄✢✞✚✙✮✏✭✄❩✤✔✍✑☛❲✄✫✠✎✬
|F = 1, mF = −1〉x

✽✎❨✌✞✴✳★✜☞✄❀✠✎✬✣❘✷✠✎✍✑✆❞❱❲✬✘✄✶✏♠✠❄❁✲✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤✕✒❋✬✣❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬▲✤☎✪ ✄☞✙✟✆◗❁❚✠★✙❞❁❚✠✎✞④❘✷✠✎✍✑✆✚✄✢✦✝✄✢✤❲✆
σ− ⑧⑨✙✟✍✑✤✘✧★✤

|F = 2, mF = −2〉x
✙✚✄✢✞✡✠✎✍✑✆❖✬✔✤➂✛✢✆✡✠✎✆❖✤✘✧★✍✑✞❭☛◆✍✭✙❩❆➀☛◆✍✭✙❭✒❋✬❝❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬➂✒✔✛✢❁✾✧★✦✕❁✲✄✢✬✔✞❂⑩❂❊❄✂☎✧★✞✚✙✚❱❲✬✘✄①✏✭✄①✜✚✖❚✠✎✦✕❁

✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄①✒✔✄❩❁✲✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤➂✄☞✙✟✆❢✛✢✆✚✄✢✍✑✤❲✆❖✄✢✤➃✬✔✤✘✄❤✜☞✄✢✤◆✆✡✠✎✍✑✤✘✄❤✒✔✄❬✦✕✍✭✜✢✞✚✧✎♥♦✙✚✄☞✜☞✧★✤✘✒✔✄☞✙✫✽❍✏✭✄☞✙❭✠✎✆✚✧★✦✝✄☞✙❭✙✟✬✔✍✑☛❲✄✢✤❲✆
✠★✒❋✍♠✠✎t❚✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✕å❈❆❭✏♠✠❤✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤t✍✑✤✘✙✟✆✡✠✎✤◆✆✡✠✎✤✘✛☞✄❖✒❋✬❽✜✚✖❚✠✎✦✕❁❽✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄❭✄✢✆✝✙✚✧★✤◆✆✝✠✎✍✑✤✘✙✟✍❀❁✔✞✚✛✢❁❚✠✎✞✚✛☞✙✝✒✘✠✎✤✘✙
✏✷✪ ✛✢✆✡✠✎✆ |F = 1, mF = −1〉z

❊
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❙✘❨✌✬✔✞✚✄✥❃❋❊✑➈✫❅✿⑩❂❊
✸❣✤✮✏✷✪ ✠✎t✘✙✚✄✢✤✘✜☞✄❈✒✔✄❄❁✾✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤☎✽◆✏✭✄☞✙❍✠✎✆✚✧★✦✝✄☞✙❍✙✚✧★✤◆✆✫✽❲✄✢✤❢✙✚✧★✞✟✆✟✍✭✄❄✒✔✄❄✦✝✛✢✏♠✠★✙✚✙✚✄✌✽◆✒✘✠✎✤✘✙

F = 2
✽✿✞✚✛✢❁❚✠✎✞✟✆✟✍✭✙❍✒✘✠✎✤✘✙

✏✭✄☞✙■✒❋✍q➋❳✛✢✞✚✄✢✤◆✆✚✙■✙✚✧★✬✘✙④♥✷✤✔✍✑☛❲✄✫✠✎✬❋❯
mF

⑧⑨✄☞✙✚✙✚✄✢✤❲✆✟✍✭✄✢✏✑✏✭✄✢✦✝✄✢✤◆✆❈✒✘✠✎✤✘✙
mF = 0,±1

⑩❂❊
⑦❄❁✔✞✚✗☞✙❖❁✾✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤☎✽❄✍q✏✴✤☎✪ P➂✠❻❁✔✏✑✬✘✙❩✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❩✒✘✠✎✤✘✙

F = 2
✽❀✄✢✆❖✏♠✠❻❁✔✞✚✧★❁✲✧★✞✟✆✟✍✭✧★✤Õ✒❳✪ ✠✎✆✚✧★✦✝✄☞✙❬✒✘✠✎✤✘✙

|F = 1, mF = −1〉 ✠✎✆✟✆✚✄✢✍✑✤◆✆❇➧★❅✁❉✮❊ ❧ ✄✼✞✚✛☞✙✟✬✔✏✑✆✡✠✎✆■✞✚✛☞✙✟✬✔✏✑✆✚✄✼✒✔✄❇✏✷✪ ✧★❁✔✆✟✍✑✦✕✍✭✙✡✠✎✆✟✍✭✧★✤❬✒✔✄☞✙■✒❋✬✔✞✚✛☞✄☞✙❄✒✔✄☞✙■✒✔✄✢✬❋❯❢❁✔✖❚✠★✙✚✄☞✙✄✢✆✥✒✔✄☞✙✴❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄☞✙✣✒✔✄☞✙✥✜✚✖❚✠✎✦✕❁✘✙✥✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄☞✙✫❊✰✹❈✧★✬✘✙✼✤✰✪ ✠✫☛❲✧★✤✘✙✴❁❚✠★✙✼✞✚✛✢✬✘✙✚✙✟✍✓❆❖✠✎✦✝✛✢✏✑✍✭✧★✞✚✄✢✞✣✏r✪ ✄❂③✩✜✫✠★✜✢✍✑✆✚✛✮✒✔✄
❁✾✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤❤✠✎✬❋♥♦✒✔✄✢✏♠❆✕✒✔✄✴✜☞✄☞✙❈➧★❅✁❉✮✽✔❁✔✞✚✧❧t❚✠✎t✔✏✭✄✢✦✝✄✢✤◆✆❇❆▲✜✫✠✎✬✘✙✚✄✴✒✔✄❇✏♠✠▲✞✚✛✫✠✎t✘✙✚✧★✞✟❁✔✆✟✍✭✧★✤❩✒✔✄✼❁✔✖✘✧★✆✚✧★✤✘✙❄✙✟❁✾✧★✤◆✆✡✠✎✤✘✛☞✙
✒❋✬✘✄✥❆✣✏✷✪ ✛✢❁❚✠✎✍✭✙✚✙✚✄✢✬✔✞❄✧★❁✔✆✟✍✭❱❲✬✘✄✼✤✘✧★✤❖✤✘✛✢❨✌✏✑✍✑❨✿✄✫✠✎t✔✏✭✄✥✒❋✬❭✤◆✬❚✠✎❨✿✄★✆ ➵✿➧✦✠♦❊
æ◗▲ ➜ ì✴ê✸ö☎ï✸ê❀❸✵❹✡ì✴ñ❵é✱ë✤è✌✛➑ô✕ì✴ï✸ö✓ö❡î▼ú ì❚÷ ó✛ù⑦❺✹ï✸è❡ê✷❸❡è➑ë✤è ➙ ì❁ó✛ñ❵ð✴ó✝è❡ö✑í✫ë✤è☞➘✡ò❣ò④⑦✉✯✉❼✟î❭ò✚è❫ì✴ï✷❸❡ð✟ï✸é①é✸ú ï✤ö✝ô✴ó❅ì✴ê✡ë✤è✩❺✹ï✸è❵ú è❵í❅ì✴ï✤ø✱ë✤è❾✟ì❁ó✛õ ì❁í✛õ ð✟ê❲ë✤è✄ú ì❵ë✤õ ó✛è✤❸❳í✛õ ð✟ê❲ë✤ï⑩❸✵❹✡ì✴ñ❵é✧ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è✟ý



❯✎✝❱➛ ➟❘ß✗á✍⑨✚Þ❘à✥Þ❘á♠â✯☛✗Þ✜✌❻�❭ß❭ãÔä❭Þ✚â✡✌❇ß♠â✡✠✎à Û ãÔä❭Þ✜✌ ➢✲➟

δ ⑧✲⑨ ⑩✕❶❸❷ ❹ ❺❸❻♣❼ ❶❾❽⑧✙❿✑➀✡➁✡➂✕➃✕➀✓➂✕➁➂✕➃➅➄✯➀➆➂✕➁➈➇δ ⑧✲⑨ ⑩✕❶❸❷ ❹ ❺❸❻♣❼ ❶❾❽❿❸➉➈➀✓➂✕➃✕➀✡➊✑➁✑➁❾➋➂✕➃➅➄❛➀➌➊✑➁✑➁➈➇
+ +

− −

D1

D2

D3

R

L

➍ ➎✣➏➑➐

➉➓➒✎❿❸➔→⑧ ➐

❋✄●☞❍❏■✗❑▼▲✿➉❬✽r◆P◆P❖Ô➳▼❧❡♥P♣❁❨❲❝✱❴✹❯ ❧❁q✶❞❅❧❁❯✚q✶❣✝❴✗♦ ❝✹❬ q✶❨❲❙❁s♠❣✓❝✹❣❀qr❤✹s➍❴✗♦ ❯✚s▼❙❶Ó❡❤✤Ó❁q✶s❘❙❫⑥☎❴✗♦ q✶s❘❴✹❯♠❧❁❣✓❝✹s❘❧❡❙
L = 300 µ

♣✫⑥✁❴✹❯➌⑧❁❯♠❝✤❴✹❞❫❯✕❩④➨✹❬ ❙
❸✕◗❚❺✄➔❵♦ ❝✹❬ q✶❨❲❙❁s♠❣✓❝✹❣❀qr❤✹s ❢❲➎❫❝✹qrÓ❁❬ ❙✥❧❡❤✹❯✚❞❳❝✹s♠❣✯✿◗➼➆➳❏⑧✡❹✤②→✽✕⑧✚②✤❹✤❁✿❙❫❪❫❣❵❯✚❣❀q✶❬ q⑩❪✴♣❡❙❚❩✚❤✹❯✚❞❇❬ ❝❜❩P♥P❝✕❪✴❙❜➊➆t➧➦➋⑥➑❧❡❙❁❬✶❬ ❙★❢❲➎❫❤✹❞❫❣✧❧❡❤✹❯✚❞❳❝✹s♠❣
✿❀➳♠t ⑧✡②→✽✕⑧✤❸✡❹✸❹✴◗✸❁❶❩✚❤✹❯✚❞❶❬ ❝✧❩P♥P❝✕❪✴❙❇❴✤❙✩❩❭❞❳♣❁⑨r❦✦❯✚qr❴✤❝✴❦✸❙✟❺❊➔❏❙❫❪❲❧❡❤✹s❘❴✤❙❁sP❪✴❝✹❣✓❙❁❯✚❞❡❪❲❴✤❙❶❪❁❤✹❞❁❣rqr❙❜❴✤❙❲❬❅♦ ❝✹❬ q✶❨❲❙❁s♠❣✓❝✹❣❀qr❤✹s✿❸✡❹✤❹✺❴ ❪✴❤✹s♠❣
❩❭❞❳♣❁⑨❅❧❡♥P❝✹❞❀❦✸♣❫❪❜❝✹➏✹❝✹s♠❣✝❬ ❝✧➎❫❙❁❞❫❨❲❙❁❣❀❯✚❞❅❙❜❴✤❙❷❬❅♦ ✉ ✸ ô❚✈▼⑥✫❧❡❙❜⑧❁❯✚q✎❩P❙❁❞❫❨❲❙❁❣✫❴✗♦ ❝✹➏✹❤✹q☞❞❲❯✚s❘❙❷❧❡❤✹sP❪❫❣✓❝✹s♠❣✓❙❜❴✤❙❲❣✓❙❁❨✝❩♠❪❷❴✤❙❲❨❲❤✹s♠❣✓♣❡❙❜❴✹❯❧❡❤✹❯✚❞❳❝✹s♠❣✫❴✤❙

τ = 3
❨✧❪✴❺❪❴✯❬❅♦ ❤✹❯✚➏✹❙❁❞❫❣❀❯✚❞❳❙❇❴✤❙❷❬❅♦ ✉ ✸ ô❚✈▼⑥✩❬ ❙❇❧❳❤✹❯✚❞❳❝✹s♠❣❵❴✤❝✹sP❪❲❬ ❝✥Ó❡❤✤Ó❁q✶s❘❙❵❩P❝✕❪❡❪✴❙❇❴✤❝✹sP❪❲❬ ❝➌❴✹qr❤✴❴✤❙ D3

✿✓③❲✽✕⑧
♣ÿ⑦✦⑧✡②✹❸✡❹✤❁✼❙❁❣❶❬ ❝✿❞❳♣❫❪❫q⑩❪❫❣✓❝✹s❘❧❳❙

R ≃ 2Ω
⑥❶❧❡❙ ⑧❁❯✚q❚❧❳❤✹s❘❴✹❯✚q✶❣❷❢✿❯✚s❘❙➌❴✤♣❡❧❁❞❳❤✹q⑩❪❡❪✴❝✹s❘❧❡❙✙❙❳❱❁❩P❤✹s❘❙❁s♠❣❀qr❙❁❬✶❬ ❙✙❴✹❯ ❧❡❤✹❯✚❞❳❝✹s♠❣r⑥❶❝✹➏✹❙❡❧

❯✚s❘❙✙❧❡❤✹sP❪❫❣✓❝✹s♠❣✓❙✙❴✤❙ ❣✑❙✴❨✝❩♠❪
L/R = 150µ

❪✴❺✫➔✗❙❫❪✙❴✹qr❤✟❴✤❙❫❪
D1

✿✑③❲✽✕⑧P♣ö⑦✦⑧✡②✹❸✡❹✤❁ ❙❁❣
D2

✿➝✻✕❹✕⑧➻⑨✰⑧✡②✤❹✤❁➌❩❭❞❳❤✹❣✓➐✑❦✸❙❁s♠❣❲❬ ❙❫❪
❝✹❬ q✶❨❲❙❁s♠❣✓❝✹❣❀qr❤✹sP❪✴❺

Ó✘q✕r✘q❡✐ ✈ ✇✤Ô✧➈❙⑤❧✔✚✈❏➣✆❁✓❦ s✎⑤✸×✎Ô❬Õ❒✈✱➥✉✔①❁
✂✺✪ ✄✢✤◆✆✟✞✚✛☞✄✣✒❋✬❩❨✌✬✔✍✭✒✔✄✴✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✣✄☞✙✟✆❄✙✟✍✑✆✟✬✘✛☞✄✣❆⑥↔✘✽ ➵✝✜✢✦Ñ✒❋✬❬✜☞✄✢✤❲✆✟✞✚✄✣✒❋✬❩❜✺➄ ② ❊✲✻❲✍✰✏✭✄✴✤❲✬❚✠✎❨✿✄✣✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✌✽

✠✫☛✿✄☞✜❈✙✡✠✴☛◆✍✑✆✚✄☞✙✚✙✚✄❄✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄❇✒✔✄❄✏✷✪ ✧★✞✚✒❋✞✚✄❇✒✔✄✣➈❈✦➌❈✎✙✫✽◆✙✚✄❄❁✔✞✚✧★❁❚✠✎❨✿✄✫✠✎✍✑✆❍✏✑✍❏t✔✞✚✄✢✦✝✄✢✤◆✆■✠✎❁✔✞✚✗☞✙❍✏✷✪ ✛✢✆✡✠✎❁✾✄❇✒✔✄❈❁✾✧★✏♠✠✎✞✟✍✭✙✡✠✎✆✟✍✭✧★✤☎✽
✍✑✏✲✦✝✄✢✆✟✆✟✞✡✠✎✍✑✆❄✄✢✤❲☛◆✍✑✞✚✧★✤

50
✦✝✙■✠☞☛✌✠✎✤◆✆❀✒❳✪ ✄✢✤◆✆✟✞✚✄✢✞■✒✘✠✎✤✘✙❀✏✭✄❈❨✌✬✔✍✭✒✔✄✌❊✔❜◗✄✢✤✘✒✘✠✎✤◆✆❄✜☞✄❈✆✚✄✢✦✕❁✘✙✫✽❋✏✭✄❈✤❲✬❚✠✎❨✿✄❇✆✚✧★✦✉t✾✄✢✞✡✠✎✍✑✆❄✒✔✄

❁✔✏✑✬✘✙❄✒❳✪ ✬✔✤❩✜☞✄✢✤❲✆✟✍✑✦✝✗✢✆✟✞✚✄✣✙✚✧★✬✘✙❀✏✷✪ ✄❂➋❳✄✢✆❄✒✔✄❇✏♠✠▲❨✌✞✡✠✫☛◆✍✑✆✚✛✌❊✘✇❇✄✼❁✔✏✑✬✘✙✫✽✔✙✚✧★✤❩✄❂❯❋✆✚✄✢✤✘✙✟✍✭✧★✤❖✆✟✞✡✠✎✤✘✙✟☛✿✄✢✞✚✙✚✄
∆r

✠✎✆✟✆✚✄✢✍✑✤✘✒❋✞✡✠✎✍✑✆✫✽
✒❋✬✩❘✷✠✎✍✑✆✓✒✔✄❄✏♠✠✴✒✔✍✑✙✟❁✲✄✢✞✚✙✟✍✭✧★✤❢✒✔✄❄☛◆✍✑✆✚✄☞✙✚✙✚✄■✆✟✞✡✠✎✤✘✙✟☛✿✄✢✞✚✙✚✄ √

kBT/m ∼ 5
✜✢✦➌❈✎✙✫✽❲✬✔✤✘✄❄☛✌✠✎✏✭✄✢✬✔✞✓✒✔✄❄✏✷✪ ✧★✞✚✒❋✞✚✄❇✒✔✄❈➞✴✦✕✦❖✽

✜☞✄✴❱❲✬✔✍❳✍✑✦✕❁✔✏✑✍✭❱❲✬✘✄✼✬✔✤✘✄✴✒❋✍✑✏✑✬✔✆✟✍✭✧★✤❩✒✔✄✴✒✔✄✢✤✘✙✟✍✑✆✚✛✼❁❚✠✎✞❀✬✔✤❭❘✷✠★✜✢✆✚✄✢✬✔✞■❁✔✞✚✧❲✜✡✖✘✄✴✒✔✄✝➈✫❅❋❊
❹♦✏✾✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆❍✒✔✧★✤✘✜■✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄❄✒✔✄■✜☞✧★✤❋❙✘✤✘✄✢✞✓✏✭✄☞✙✓✠✎✆✚✧★✦✝✄☞✙✶✆✟✞✡✠✎✤✘✙✟☛❲✄✢✞✚✙✡✠✎✏✭✄✢✦✝✄❂✤◆✆❀✠✎✬✩✜☞✧★✬✔✞✚✙✓✒✔✄❀✏✭✄✢✬✔✞✶❁✔✞✚✧★❁❚✠✎❨❲✠⑤♥

✆✟✍✭✧★✤❭☛✿✄✢✞✚✙❍✏✭✄❈❨✌✬✔✍✭✒✔✄✌❊✔❜❞✧★✬✔✞■✜☞✄✢✏♠✠❋✽✔✧★✤❢✍✑✤✌❪④✄☞✜✢✆✚✄❇✬✔✤✮❘r✧★✞✟✆❀✜☞✧★✬✔✞✡✠✎✤◆✆✥⑧④➈⑤➧★❅▲⑦✼⑩✶✒✘✠✎✤✘✙❍✏✭✄☞✙↕t✲✧❧t✔✍✑✤✘✄☞✙■❱❲✬❚✠★✒❋✞✟✬✔❁✾✐★✏✭✄✴❃★✇
✠⑤❙✘✤❬✒✔✄✴❘r✧★✬✔✞✟✤✔✍✑✞❄✬✔✤❩❨✌✞✡✠★✒❋✍✭✄✢✤◆✆

b2D = 85
❦❷❈✎✜✢✦Ñ✙✚✄✢✏✭✧★✤❩✏✭✄☞✙❄✒✔✍q✞✡✄✢✜✢✆✟✍✭✧★✤✘✙

x
✄✢✆

y
❊ ❧ ✄❢s✣❁✔✞✡✛✡♥✷❨✌✬✘✍✑✒✘✄✕✉❢❁✾✄✢✞✟✦✝✄✢✆

✒❳✪ ✧❧t✔✆✚✄✢✤✔✍✑✞❄✬✔✤✘✄✴✄❂③✩✜✫✠★✜✢✍✑✆✚✛✴✒✔✄✴✜☞✧★✬✔❁✔✏♠✠✎❨✿✄✴✦✩✠⑤❯❋✍✑✦✩✠✎✏✭✄✌✽✘✄✢✤✝❪④✧★✬❚✠✎✤❲✆■✏✭✄❇✞✚✐★✏✭✄✴✒❳✪ ✬✔✤❻s✣✄✢✤◆✆✚✧★✤✔✤✘✧★✍✑✞✼✉✩✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽
❱❲✬✔✍☎✧❧t✔✏✑✍✑❨✿✄✴✏✭✄✢✙❈✠✎✆✚✧★✦✝✄☞✙❄❆✕✄✢✤❲✆✟✞✚✄✢✞❄✒✘✠✎✤❚✙❀✏✭✄❇❨✌✬✔✍✭✒✔✄✌❊

þ Û✒✂❘⑨❭ä▼Û â❲Ü❇✏ Þ✜⑨✡â✄✂❳Û ãÔä❭Þ
⑦■❙✘✤➀✒✔✄✝❁✲✧★✬✔☛✿✧★✍✑✞✉t✔✞✡✠✎✤✘✜✚✖✘✄✢✞✣✏✭✄✝❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄✮✏✭✄✕❁✘✏q✬❚✙✴✞✡✠✎❁✔✍✭✒✔✄✢✦✝✄✢✤◆✆✣❁✲✧✌✙✚✙✟✍❏t✔✏✭✄✌✽☎✤✘✧★✬✘✙✥✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✣✒✔✄✢✬❋❯➀✠✎✏✑✍q♥

✦✝✄✢✤◆✆✡✠✎✆✟✍✭✧★✤✘✙✴❁✲✧★✬✔✞✥✜✚✖❚✠★✜✢✬✔✤✘✄✩✒✔✄☞✙❋t✾✧❧t✔✍✑✤✘✄☞✙✥✒❋✬✯❱❲✬❚✠★✒❋✞✟✬✔❁✲✐★✏✭✄✩❃★✇▲❊☎✸❞✤✯✄❂➋❳✄✢✆✫✽❳✏✭✄☞✙✴✜☞✧★✦✕✦✩✠✎✤✘✒✔✄☞✙▲✠✎✤❚✠✎✏✭✧★❨✌✍✭❱❲✬✘✄☞✙
✒✔✄☞✙■✠✎✏✑✍✑✦✝✄✢✤❲✆✡✠✎✆✟✍✭✧★✤✘✙❄❆✴❘r✧★✞✟✆❀✜☞✧★✬✔✞✡✠✎✤❲✆■❱❲✬✘✄❄✤✘✧★✬✘✙❍✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❀✧★✤❲✆❍✬✔✤✘✄✼t❚✠✎✤✘✒✔✄❇❁❚✠★✙✚✙✡✠✎✤❲✆✚✄❈✏✑✍✑✦✕✍✑✆✚✛☞✄✌✽✔✄✢✆❍❁✾✧★✬✔✞✓❘✷✠✎✍✑✞✚✄
❁❚✠★✙✚✙✚✄✢✞❈✏✭✄✣✜☞✧★✬✔✞✡✠✎✤◆✆✼❱❲✬☎✪ ✄✢✏✑✏✭✄☞✙❇✒✔✛✢✏✑✍✑☛◆✞✚✄✢✤◆✆✼✒✔✄▲➨✩⑦ß❆❩➈⑤➧★❅✩⑦✣✽❚✍✑✏✰❘✷✠✎✬✔✆❈❁✔✏✑✬✘✙❇✒✔✄✕❃✌❅✝✦✝✙✫❊ ❧ ✄✥✆✚✄✢✦✕❁✘✙✼✒✔✄✥✦✝✧★✤◆✆✚✛☞✄
✄☞✙✟✆➙t✾✄✫✠✎✬✘✜☞✧★✬✔❁❬✆✟✞✚✧★❁❖✏✭✧★✤✔❨■❼✘✏✭✄✼✤❲✬❚✠✎❨✿✄✣✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✥✙✚✄✴✒❋✍✑✏✑✬✘✄✢✞✡✠✎✍✑✆❈✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✡✠✎t✔✏✭✄✢✦✝✄✢✤◆✆❇✠✎✬❬✜☞✧★✬✔✞✚✙❄✒✔✄✼✏♠✠▲✦✝✧★✤◆✆✚✛☞✄
✒❋✬❩✜✚✖❚✠✎✦✕❁☎✽❚✄✢✆❀✏♠✠▲☛◆✍✑✆✚✄☞✙✚✙✚✄✼✠★✜☞❱❲✬✔✍✭✙✚✄✴✒❋✬❢❘✷✠✎✍✑✆❄✒✔✄❇✏♠✠▲❨✌✞✡✠☞☛◆✍✑✆✚✛✴✙✚✄✢✞✡✠✎✍✑✆■✤✘✧★✤❭✤✘✛✢❨✌✏✑✍✑❨✿✄✫✠✎t✔✏✭✄✌❊
✹❈✧★✬✘✙❭✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❖✒✔✧★✤✘✜①✒✔✄✢✬❋❯➂✠✎✏✑✍✑✦✝✄✢✤◆✆✡✠✎✆✟✍✭✧★✤✘✙✫✽■✙✚✄✢✏✭✧★✤❝✏✭✄①✙✚✜✡✖✘✛✢✦✩✠❻✒✔✄❤✏♠✠✯❙✘❨✌✬✔✞✚✄✯❃❋❊✑➈✌➈t❴❍✬✔✤✘✄✈❆✯❘✷✠✎✍❏t✔✏✭✄



➢❚➻ þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

✜☞✧★✬✔✞✡✠✎✤❲✆✡❈✣❇✕❁✾✧★✬✔✞✥✏♠✠✮❁✔✖❚✠★✙✚✄✝❜✺➄ ② ✽☎✄✢✆✴✬✔✤✘✄✩❆✮❘r✧★✞✟✆✥✜☞✧★✬✔✞✡✠✎✤❲✆➁❈✟å✣❁✾✧★✬✔✞✴✏♠✠❢❁✔✖❚✠★✙✚✄✝✒✔✄✕❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨✿✄✌❊✰✂☎✧★✞✚✙✥✒✔✄☞✙
❁✔✖❚✠★✙✚✄☞✙❖❜✺➄ ② ✽❀✦✝✛✢✏♠✠★✙✚✙✚✄✌✽■✄✢✆❭❁✲✧★✦✕❁❚✠✎❨✿✄✈✧★❁✔✆✟✍✭❱❲✬✘✄✌✽■✜☞✄✢✆✟✆✚✄✯✠✎✏✑✍✑✦✝✄✢✤◆✆✡✠✎✆✟✍✭✧★✤➱❆✯❘r✧★✞✟✆❩✜☞✧★✬✔✞✡✠✎✤❲✆❬✄☞✙✟✆❖✄✢✤➂✜✢✍✑✞✚✜✢✬✔✍✑✆
✧★✬✔☛✿✄✢✞✟✆❢✄✢✆✮✙✚✄☞✙✮✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✚✄✢✬✔✞✚✙❢✒✔✄❩✙✚✧★✞✟✆✟✍✭✄❬✙✚✧★✤❲✆✮✜✡✖❚✠✎✞✟❨✿✛☞✙❭❆①✏♠✠①☛✌✠✎✏✭✄✢✬✔✞①⑧ë✞✚✛✢❨✌✏♠✠✎t✔✏✭✄⑤⑩✝✒✔✄❩✏✭✠✈✆✚✄✢✤✘✙✟✍✭✧★✤Ð✏✑✍✑✦✕✍✑✆✚✄
✒✔✄❩✏✷✪ ✠✎✏✑✍✑✦✝✄✢✤❲✆✡✠✎✆✟✍✭✧★✤✰❊❍✂☎✧★✞✚✙✚❱❲✬☎✪ ✧★✤➃❘r✄✢✞✟✦✝✄❩✏✭✄❩✜✢✍✑✞✚✜✢✬✔✍✑✆❭✒✔✄❬✜☞✄✢✆✟✆✚✄❤✠✎✏✑✍✑✦✝✄✢✤❲✆❂✠✎✆✟✍✭✧★✤➂❆✈✏✷✪ ✠✎✍✭✒✔✄❬✒❳✪ ✬✔✤❡❹✟❦❇✵❍❛✹❈⑦❈✌✽✶✏✑✄☞✙
✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✚✄✢✬✔✞✚✙✺✙✚✄✓✒✔✛☞✜✚✖❚✠✎✞✟❨✿✄✢✤◆✆✺✒✘✠✎✤✘✙◗✏✷✪ ✍✑✤✘✒❋✬✘✜✢✆✡✠✎✤✘✜☞✄❀✒✔✄✓✏♠✠➙t✲✧❧t✔✍✑✤✘✄✌✽★✄✢✆❞✏✭✧★✞✚✙✚❱❲✬✘✄✶✏✭✄❍✜☞✧★✬✔✞✡✠✎✤❲✆✶✠✎✆✟✆✚✄✢✍✑✤❲✆❞✏♠✠❄☛✌✠✎✏✭✄✢✬✔✞
✒✔✄✴✜☞✧★✤✘✙✟✍✑❨✌✤✘✄✌✽✘✍✑✏✰✞✚✄☞✙✟✆✚✄✥❆✕✜☞✄✢✆✟✆✚✄✴☛✌✠✎✏✭✄✢✬✔✞✫✽✘✜✫✠✎✞❄✏✷✪ ✠✎✏✑✍✑✦✝✄✢✤❲✆✡✠✎✆✟✍♠✧★✤❬❁❚✠★✙✚✙✚✄✴✄✢✤❖✦✝✧◆✒✔✄✮s▲❨✿✛✢✤✘✛✢✞✡✠✎✆✚✄✢✬✔✞❈✒✔✄✥✜☞✧★✬✔✞✡✠✎✤❲✆✴✉✌❊
✂☎✄✴✜☞✧★✬✔✞✡✠✎✤❲✆

I(t)
✒✘✠✎✤✘✙■✏♠✠✉t✲✧❧t✔✍✑✤✘✄✴✙✟✬✔✍✑✆❀✬✔✤✘✄✼✏✭✧★✍✰✒❋✬❭✆❫P◆❁✾✄

I(t) = I∞(1 − e−t/τ )
✠☞☛❲✄☞✜

τ = 3
✦✝✙✫❊

➛ ✠✑☛✗Þ❒❢✟à✥ß♠â✡⑨ ÿ Û✶á♠Ý ÿ ß✍✂❡à♥✠✎á▼Û ãÔä❭Þ
✂☎✧★✞✚✙✰✒❋✬✴✆✟✞✡✠✎✤✘✙④❘r✄✢✞✟✆✰✒✘✠✎✤✘✙☎✬✔✤✼❁✔✍✭✗✢❨✿✄✺✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽✫✏♠✠❍✒✔✄✢✤✘✙✟✍✑✆✚✛✶✒✘✠✎✤✘✙❳✏✷✪ ✄☞✙✟❁❚✠★✜☞✄✶✒✔✄☞✙❳❁✔✖❚✠★✙✚✄☞✙✰✄☞✙✟✆☎✜☞✧★✤✘✙✚✄✢✞✟☛❲✛☞✄✺✙✟✍

✄✢✆✺✙✚✄✢✬✔✏✭✄✢✦✝✄✢✤❲✆✶✙✟✍✔✏✭✄❍❁✔✍✭✗✢❨✿✄❄✠❈✬✔✤✘✄❍✞✡✠✎✍✭✒✔✄✢✬✔✞✓✠★✒✘✠✎❁✔✆✚✛☞✄✌❊◆✻❲✍✔✏✭✄❍❁✔✍✭✗✢❨✿✄■✄☞✙✟✆❣✆✟✞✚✧★❁✕✞✡✠✎✍✭✒✔✄✌✽✌✆✟✞✚✧★❁✝✒❳✪ ✛✢✤✘✄✢✞✟❨✌✍✭✄■❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏✑✏✭✄
✄☞✙✟✆❄✜☞✧★✦✕✦✣✬✔✤✔✍✭❱❲✬✘✛☞✄▲✠✎✬❋❯❬✠✎✆✚✧★✦✝✄☞✙✫✽❚✜☞✄✥❱❲✬✔✍◗✜☞✧★✤✘✒❋✬✔✍✑✆✼❆✕✛✢✏✭✄✢☛❲✄✢✞❄✍✑✤❲✬✔✆✟✍✑✏✭✄✢✦✝✄✢✤◆✆❈✏♠✠✕✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✣✒❋✬❩✤◆✬❚✠✎❨✿✄✌❊❚⑦❈✬
✜☞✧★✤❲✆✟✞✡✠✎✍✑✞✚✄✌✽■✙✟✍❇✏✭✄❬❁✔✍✭✗✢❨✿✄❤✄☞✙✟✆❢✆✟✞✚✧★❁❝✦✝✧★✬☎✽✓✏✭✄❤✤❲✬❚✠✎❨✿✄①✙✫✪ ✛✢✆✚✄✢✤✘✒❡✄✢✆❭✏♠✠➀✒✔✄✢✤✘✙✟✍✑✆✚✛❤✒❋✍✑✦✕✍✑✤◆✬✘✄✌❊❀❹♦✏✼✜☞✧★✤❲☛◆✍✭✄✢✤◆✆❖✒✔✧★✤✘✜
✒❳✪ ✠★✒✘✠✎❁✔✆✚✄✢✞■✏♠✠✣✞✡✠✎✍✭✒✔✄✢✬✔✞❄✒❋✬❭❁✲✧★✆✚✄✢✤◆✆✟✍✭✄❂✏◗✒✔✄❇❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨✿✄✣✠✎✬❋❯❢✜✫✠✎✞✡✠★✜✢✆✚✛✢✞✟✍✭✙✟✆✟✍✭❱❲✬✘✄☞✙❄✒✔✄✼✤✘✧★✆✟✞✚✄❇✤◆✬❚✠✎❨✿✄✕❴❋✬✔✤✘✄✼✆✡✠✎✍✑✏✑✏✭✄
✆✟✞✡✠✎✤✘✙✟☛❲✄❂✞✡✙✚✄

∆r ≃ 1,3
✦✕✦➮✄✢✆❇✬✔✤✘✄✣✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄

T ≃ 30 µK
✽✲✙✚✧★✍✑✆❇✬✔✤✘✄▲✒❋✍✭✙✟❁✾✄✢✞✚✙✟✍✭✧★✤①✒✔✄✣☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙

∆v =
√

kBT/m ≃ 5
✜✢✦➌❈✎✙✫❊☎➇❄✤✘✄✕❁✲✧✌✙✚✙✟✍❏t✔✍✑✏✑✍✑✆✚✛✝✜☞✧★✤✘✙✟✍✭✙✟✆✚✄✩❆❢✬✔✆✟✍✑✏✑✍✭✙✚✄✢✞✴❁✲✧★✬✔✞✴✏✭✄✕❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨✿✄✩✬✔✤✈❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏✓❱❲✬❚✠★✙✟✍q♥

✖❚✠✎✞✟✦✝✧★✤✔✍✭❱❲✬✘✄❭✄✢✤❽✠✎❪④✧★✬✔✆✡✠✎✤❲✆✝✠✎✬❻❨✌✞✡✠★✒❋✍✭✄✢✤◆✆➜t✔✍q♥♦✒❋✍✑✦✝✄✢✤✘✙✟✍✭✧★✤✔✤✘✄✢✏❀✬✔✤t✜✚✖❚✠✎✦✕❁t✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏
B0
❊◗✂✰✠❩❁✔✬✔✏✭✙✡✠✎✆✟✍✭✧★✤

❁✾✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤◆✆❄✬✔✤ ✢ ☛✦✾♠✖✟✜ ✢ ✘✚✍✛❂✡➧♠✏❀❃❭➣✮❁❚✠✎✞④❘✷✠✎✍✑✆❄✄☞✙✟✆❄✠✎✏✭✧★✞✚✙ ω = ∆v/∆r = 2π × 6
➂❄❷✿❊

✂☎✄✼❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏✰✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌✽✘✄✢✤❖❁✔✞✚✛☞✙✚✄✢✤✘✜☞✄✴✒✔✄❇✏♠✠▲❨✌✞✡✠☞☛◆✍✑✆✚✛✌✽✘✙✫✪ ✛☞✜✢✞✟✍✑✆✥❴
U(x, y) = µ

√

B2
0 + b2

2D(x2 + y2) + mgx ,
⑧r❃❋❊✑➈✫❅✿⑩

✧✡✲
g
✄☞✙✟✆✕✏✷✪ ✠★✜☞✜☞✛✢✏✭✛✢✞✡✠✎✆✟✍✭✧★✤➃✒✔✄❢✏♠✠❬❁✾✄☞✙✡✠✎✤◆✆✚✄✢✬✔✞✫❊✺⑦❄✬✔✆✚✧★✬✔✞✝✒❋✬t✦✕✍✑✤✔✍✑✦✣✬✔✦❖✽❣✏✭✄❢❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏■❁✲✄✢✬✔✆✝♣✢✆✟✞✚✄❭✜☞✧★✤✘✙✟✍✭✒✔✛✢✞✚✛

✖❚✠✎✞✟✦✝✧★✤✔✍✭❱❲✬✘✄✌❊❳✇❈✬❩❘✷✠✎✍✑✆✼✒✔✄✥✏♠✠✩❨✌✞✡✠✫☛◆✍q✆✡✛★✽✲✏✭✄✥✦✕✍✑✤✔✍✑✦✣✬✔✦➮✤☎✪ ✄☞✙✟✆❈❁❚✠★✙❇✙✟✍✑✆✟✬✘✛▲✄✢✤
(x, y) = (0, 0)

✽❚✦✩✠✎✍✭✙✼✙✟✬➌t✔✍✑✆❈✬✘✤
✾♠❄❫❂✴✘✡✵✶✘✦➣♠✖❶➣✡✺❁✘✡➇✦✏✑✍✛✘✚✍✑✏✓☛✡❃✗❃Ô✖✟✵q✽✘✄✢✆■✙✚✄✼✙✟✍✑✆✟✬✘✄✼✄✢✤

(x0, 0)
✧✡✲

x0 = − gmB0/b2D
√

µ2b2
2D − g2m2

.
⑧r❃❋❊✑➈✌➈⑤⑩

✹❈✧★✬✘✙❀✙✟✬✔❁✔❁✾✧✌✙✚✧★✤✘✙❀✍✭✜✢✍❳❱❲✬✘✄
µb2D > mg

✽❋✜✌✪ ✄☞✙✟✆④♥❫❆⑤♥♦✒❋✍✑✞✚✄✼❱❲✬✘✄❇✏✭✄❈❨✌✞✡✠★✒❋✍✭✄✢✤❲✆❄✒✔✄❇✜✡✖❚✠✎✦✕❁❭✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✴✜☞✧★✦✕❁✾✄✢✤✘✙✚✄
✏♠✠❄❨✌✞✡✠✫☛◆✍✑✆✚✛✄❈⑦❤✌❊★❜◗✧★✬✔✞❣✏✭✄ 87Rb

✒✘✠✎✤✘✙ ∣

∣52S1/2, F = 1, mF = −1
〉 ✽✎✏✭✄❍❨✌✞✡✠★✒❋✍✭✄✢✤❲✆✺✒✔✧★✍✑✆✺♣✢✆✟✞✚✄❍✙✟✬✔❁✲✛✢✞✟✍✭✄✢✬✔✞✶❆

bmin =

30
❦❷❈✎✜✢✦❖❊✘✂☎✄☞✙❀❁✔✬✔✏✭✙✡✠✎✆✟✍✭✧★✤✘✙❄✙✚✄✢✏✭✧★✤

x
✄✢✆

y
✙✚✧★✤◆✆■✒✔✧★✤✔✤✘✛☞✄☞✙■❁❚✠✎✞























ωx =

√

b2D

mB0
(µ2b2

2D − m2g2)1/4 ,

ωy =
1

µ

√

1

mb2DB0
(µ2b2

2D − m2g2)3/4 .

⑧r❃❋❊✑➈✫❃✿⑩

❋ P ➜ è❡ú í❅ì❚❘✗ú è✭⑦✹í✓ó✛ð✟ê✸õ ⑦✟ì❚❘✖➶❅■✄ò✞✛➁ñ✣■❲✛⑦ò✦ý❋❅æ ➜ è❡ú í❅ì❚❘✗ú è✭⑦✹í✓ó✛ð✟ê✸õ ⑦✟ì✮➶✷❿☞■❲✛➁ñ✣■✞❳✡ò❣ò ➜ ý❋❅❋✥➣❀ê✸ö✓ï✸ú ì❁í✛è❫ë☞ó✄ì❁í✛è ✭✎õ é✚ð✟ú ì❁ó⑩➄♠ó❅ì✴ê✸ö✓õ ö✑í✛ð✴ó❫ý✎➣❀ú⑦ö✤í ì✴ô✟õ í❚ë✜í ï✸ê★í✓ó❅ì✴ê✸ö✓õ ö✑í✛ð✴ó✧ë✤è❶é✸ï✤õ ö✓ö✛ì✟ê✳❸❡è❲ë✤ð✟ê✹í❵ú è✯❸❡õ ó❘❸❡ï✸õ í✧ë✤è⑩❸❡ð✟ñ❵ñ➑ì✴ê✡ë✤è✧è❡ö✑í
ö✓è❡ñ✩ò✸ú ì✴ò✸ú è❵û✧ï✸ê❀❿❄➅❧➶→●❱❘❑➄➋î❭è❳í☎ú è✹❸❡õ ó❘❸❡ï✸õ í✝ë✤è✫é✸ï✸õ ö✓ö✛ì✴ê✷❸❡è❵û❚ï✸ê❷í✓ó❅ì✴ê✸ö✓õ ö✑í✛ð✴ó✝ò✸õ é✚ð✟ú ì✴õ ó✛è✟ý ➙ è❡ö✸➣❅ó✂✭✎➄↔é✚è❳ó✛ñ❵è❳í✓í✛è❡ê✹í✁ë✤è⑧❸❡ð✟ï✸é✚è❳ó
í✓ó✛ü❡ö➆ó❅ì✴é✸õ ë✤è❡ñ❵è❡ê✹í✄ë✤è❡ö✉❸❡ð✟ï✤ó❅ì✴ê✹í✛ö✄ë✤è✝é✸ú ï✤ö✓õ è❡ï✤ó✛ö➆❸❡è❡ê✹í❅ì✴õ ê✸è❡ö✄ë✜í ì✴ñ❵é✚ü❳ó✛è❡ö❡ý ➙ ì✹❸✵❹✦ï✤í✛è✝ë✤è☎í✛è❡ê✸ö✓õ ð✟ê❜ì✴ï✤ø❲ò✚ð✴ó✛ê✸è❡ö✄ë✤è❡ö✉➣❅ó✂✭✎➄➍ù❳í❅ì✴ê✹í
ë✤è➆ú✒í ð✴ó❅ë✦ó✛è✁ë✤è➑❳❧♥✝î✹õ ú✡÷✶ì✴ï✤í❊ë✤õ ö✓ö✓õ é✚è❳ó⑦ú ì☎é✸ï✸õ ö✓ö✛ì✴ê✷❸❡è✄ë✜í è❡ê✭❾✦õ ó✛ð✟êê❑❙ò❣ò✹➝➮ë✤ù❡ô✕ì✴ô✟ù❡è✁ì✴ï➑ê✸õ ❾✕è❫ì✴ï❚ë✦è➋ú✒í ➣❅ó✂✭✎➄➋ý❒➅➋ê➑ï✤í✛õ ú õ ö✓è➋é✚ð✟ï✤ó✎❸❡è❡ú ì
ï✸ê✸è✁é✸ú ì❣❺✹ï✸è✝ë✤è✘❸❡ï✸õ ❾✹ó✛è✝ë✤è❫ñ✩ñ❵ñ➃ë✜í ù❡é✡ì✴õ ö✓ö✓è❡ï✤ó❫î✡ó✛è❳÷ ó✛ð✟õ ë✤õ è✩é✡ì❁ó➋ï✸ê✸è✘❸❡õ ó❘❸❡ï✸ú ì❁í✛õ ð✟ê❜ë✜í è❫ì✴ï❷ë✸ì✴ê✸ö➆ï✸ê❶ö✓è❳ó✛é✚è❡ê✹í✛õ ê❷ë✤è✘❸❡ï✸õ ❾✹ó✛è☎ò✤ó❅ì✴ö✓ù
ö✓ï✤ó❊ú ì✫é✸ú ì❣❺✹ï✸è✟ý❋ ❶❨➶✤ì✴ê✸ö✚❺✹ï✸ð✟õPú è✁é✚ð✴í✛è❡ê✹í✛õ è❡ú♠ê✸è✁é✤ó✛ù❡ö✓è❡ê✕í✛è✁ò✸õ è❡ê❚ö✡➞✤ó➆é✡ì✴ö➆ë✤è✄ñ❵õ ê✸õ ñ✩ï✸ñ❚ý



❯✎✝❱➛ ➟❘ß✗á✍⑨✚Þ❘à✥Þ❘á♠â✯☛✗Þ✜✌❻�❭ß❭ãÔä❭Þ✚â✡✌❇ß♠â✡✠✎à Û ãÔä❭Þ✜✌ ➢ ➽

✂☎✄✴❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏❞✄✢✙✟✆❈✒✔✧★✤✘✜✥✠✎✤✔✍✭✙✚✧★✆✟✞✚✧★❁✲✄✌❊❚✹❈✧★✆✚✧★✤✘✙❈❱❲✬✘✄✼✏✷✪ ✠✎✤✔✍✭✙✚✧★✆✟✞✚✧★❁✔✍✭✄
ωx/ωy

✤✘✄✥✒✔✛✢❁✾✄✢✤✘✒❩❁❚✠★✙❄✒✔✄✼✏♠✠✕☛✌✠✎✏✭✄✢✬✔✞❄✒✔✄
B0
✽❋✦✩✠✎✍✭✙■✙✚✄✢✬✔✏✭✄✢✦✝✄✢✤◆✆❄✒❋✬❖✞✡✠✎❁✔❁✾✧★✞✟✆

µb2D/(mg)
❊

✹❈✧★✬✘✙◗✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙❞✄✢✤▲❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✓✬✔✤▲✜✡✖❚✠✎✦✕❁
B0 = 56

❦❽❁✔✞✚✧❲✒❋✬✔✍✑✆❞❁❚✠✎✞❞✏✭✄☞✙✁t✾✧❧t✔✍✑✤✘✄☞✙❣✒✔✄✩➂❈✄✢✏✑✦✕✖✘✧★✏✑✆✟❷■✒✔✛☞✜✢✞✟✍✑✆✚✄☞✙
✙✟✬✔✞✴✏♠✠✮❙✘❨✌✬✔✞✚✄✩❃❋❊ ❉❋❊ ❧ ✄✢✆✟✆✚✄✝☛✌✠✎✏✭✄✢✬✔✞✥✒✔✧★✤✔✤✘✄✌✽❳❁✲✧★✬✔✞

b2D = 85
❦❷❈✎✜✢✦❖✽☎✒✔✄☞✙✴❁✔✬✔✏✭✙✡✠✎✆✟✍✭✧★✤✘✙

ωx = 2π × 9
➂❄❷✝✄✢✆

ωy = 2π × 10
➂❄❷✿❊❋✂✺✪ ✍✑✤✘✜☞✧★✤◆☛✿✛✢✤✔✍✭✄✢✤◆✆■✦✩✠✎❪④✄✢✬✔✞■✒✔✄❈✏✷✪ ✬✔✆✟✍✑✏✑✍✭✙✡✠✎✆✟✍✭✧★✤❖✒❳✪ ✬✔✤❖✜✡✖❚✠✎✦✕❁❭✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✰✙✟✍✲❨✌✞✡✠✎✤✘✒❢✞✚✛☞✙✟✍✭✒✔✄

✒✘✠✎✤✘✙✺✏♠✠❇☛✌✠✎✏✭✄✢✬✔✞✺✍✑✦✕❁✾✧★✞✟✆✡✠✎✤◆✆✚✄❄✒❋✬✩✒✔✛☞✜✫✠✎✏♠✠✎❨✿✄■❨✌✞✡✠✫☛◆✍✑✆✡✠✎✆✟✍✭✧★✤✔✤✘✄✢✏
x0
✽✌❱❲✬✔✍❚✒✔✛✢❁❚✠★✙✚✙✚✄❀✍✭✜✢✍✾❃❈✦✕✦❖❊❲❜◗✧★✬✔✞✓✜☞✄✢✆✟✆✚✄❀✞✡✠✎✍✭✙✚✧★✤☎✽

✍✑✏◆✄☞✙✟✆✰✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄✓✒✔✄✶✒❋✍✭✙✚✙✟P◆✦✝✛✢✆✟✞✟✍✭✙✚✄✢✞✰✏✭✄☞✙◗✜☞✧★✬✔✞✡✠✎✤◆✆❞✒✘✠✎✤✘✙✰✏✭✄☞✙✆t✲✧❧t✔✍✑✤✘✄☞✙◗✒❋✬✣✖❚✠✎✬✔✆◗✄✢✆❞✒❋✬➟t❚✠★✙◗✒❋✬✣❱❲✬✾✠★✒❋✞✟✬✔❁✾✐★✏✭✄❍❃★✇▲✽
✠⑤❙✘✤❭✒✔✄❇✒✔✛☞✜✫✠✎✏✭✄✢✞❀☛✿✄✢✞✚✙❍✏✭✄❄✖❚✠✎✬✔✆✫✽✔✒❳✪ ✬✔✤✘✄❇❱❲✬❚✠✎✤◆✆✟✍✑✆✚✛

x0
✽❲✏♠✠✥✏✑✍✑❨✌✤✘✄❇✒✔✄❇✜✡✖❚✠✎✦✕❁❢✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄❇✤◆✬✔✏❳✒❋✬❭❱❲✬❚✠★✒❋✞✟✬✔❁✾✐★✏✭✄

❃★✇▲❊✌⑦❄✍✑✤✘✙✟✍✔✏✭✄❍✦✕✍✑✤✔✍✑✦✣✬✔✦ß✒❋✬✝❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄■✜☞✧✗➅r✤✘✜✢✍✭✒✔✄❄✠✫☛❲✄☞✜❍✏♠✠❈❁✾✧✌✙✟✍✑✆✟✍✭✧★✤✝✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄■✒❋✬✝✤❲✬❚✠✎❨✿✄■✒✘✠✎✤✘✙❣✏✭✄❀❜✺➄ ② ❊ ❧ ✄☞✜✢✍
✜☞✧★✦✕❁✔✏✑✍✭❱❲✬✘✄✴✤✘✛✫✠✎✤✔✦✝✧★✍✑✤✘✙❄✙✟✍✑❨✌✤✔✍q❙❚✜✫✠✎✆✟✍✑☛✿✄✢✦✝✄✢✤◆✆❄✏♠✠▲❁✔✞✚✧❲✜☞✛☞✒❋✬✔✞✚✄✥✒✔✄✼✜☞✄✢✤◆✆✟✞✡✠✎❨✿✄✥✒✔✛☞✜✢✞✟✍✑✆✚✄✴✒✘✠✎✤✘✙❀✏♠✠✕✙✚✄☞✜✢✆✟✍✭✧★✤❬❃❋❊ ➞❋❊ ❉❋❊

➛ ✠✑☛✗Þ❒❢✟à✥ß♠â✡⑨ ÿ Û✶á♠Ý ✏ Û✶á❭ÜPß▼Û✒✂✛Þ
⑦■❙✘✤❡✒✔✄❩✞✚✛☞✒❋✬✔✍✑✞✚✄❬✜☞✄☞✙❢✒❋✍q③✩✜✢✬✔✏✑✆✚✛☞✙✫✽✶✍✑✏❈❁✲✄✢✬✔✆❭✠✎❁✔❁❚✠✎✞✡✠⑤⑥✭✆✟✞✚✄❬✆✚✄✢✤◆✆✡✠✎✤❲✆❭✒✔✄❭❘r✧★✬✔✞✚✤✔✍✑✞✮✬✔✤Ð❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄❬✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄

✠✎✬❋❯❻✠✎✆✚✧★✦✝✄☞✙✫❊◗✂☎✄✮❨✌✞✡✠★✒❋✍✭✄✢✤❲✆▲✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄❭❆❭✬✔✤➀✦✝✧◆✒✔✄❂♥✷✦✩✠✎✆✚✜✚✖✘✍✑✤✔❨✈✜☞✧★✞✟✞✚✄☞✜✢✆▲✄☞✙✟✆✕✠✎✏✭✧★✞✚✙▲✒✔✄✩✏✷✪ ✧★✞✚✒❋✞✚✄❢✒✔✄
b2D =

kBT/(µ∆r) ≃ 30
❦❷❈✎✜✢✦❖❊ ② ✞■✜☞✄✼❨✌✞✡✠★✒❋✍✭✄✢✤❲✆❈✜☞✧★✦✕❁✾✄✢✤✘✙✚✄✣❆✣❁✲✄✢✍✑✤✘✄✼✏♠✠✣❨✌✞✡✠✫☛◆✍✑✆✚✛✁❉

✹❈✧★✬✘✙✼✠☞☛❲✧★✤✘✙❄✤✘✛✫✠✎✤✔✦✝✧★✍✑✤✘✙❇✬✔✆✟✍✑✏✑✍✭✙✚✛✣✬✔✤❬❁✾✧★✆✚✄✢✤◆✆✟✍✭✄✢✏❞✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄✌✽✾✦✩✠✎✍✭✙✼✠✫☛✿✄☞✜✥✬✔✤❬❨✌✞✡✠★✒❋✍✭✄✢✤◆✆❇❁✔✏✑✬✘✙❇✛❂✏✭✄✢☛❲✛✌✽
b2D =

85
❦❷❈✎✜✢✦❖❊❚✂☎✄✥❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄✣✄☞✙✟✆❇✠✎✏✭✧★✞✚✙❄✆✟✞✚✧★❁❩✞✡✠✎✍✭✒✔✄✌✽✾✄✢✆❈✙✚✧★✤❤✠★✙✟P◆✦✝✛✢✆✟✞✟✍✭✄✣✄❂✤❚✜✢✧★✞✡✄✴✍✑✦✕❁✲✧★✞✟✆✡✠✎✤❲✆✡✄❢⑧ë❁✲✧★✬✔✞

y = 0
✽✘✏♠✠

❘r✧★✞✚✜☞✄❄✄❂❯✔✄✢✞✚✜☞✛☞✄❄✙✟✬✔✞✶✏✭✄☞✙❍✠✎✆✚✧★✦✝✄☞✙✶❁✲✧★✬✔✞
x > 0

✄☞✙✟✆✓✒✔✧★✬➌t✔✏✭✄❄✒✔✄❄✜☞✄✢✏✑✏✭✄❄❁✾✧★✬✔✞
x < 0

⑩❂❊❲✂☎✄■✤◆✬❚✠✎❨✿✄❈✠✎✆✚✧★✦✕✍✭❱❲✬✘✄❈✙✟✬➌t✔✍✑✆
✬✔✤✘✄▲✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❤✞✡✠★✒❋✍♠✠✎✏✭✄▲✙✟✍✑❨✌✤✔✍q❙❚✜✫✠✎✆✟✍✑☛✿✄✌✽✲✄✢✆❇✙✡✠❤s✕✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✩✉❩✠✎✬✔❨✌✦✝✄✢✤❲✆✚✄❇❪❫✬✘✙✚❱❲✬☎✪ ❆✝✄✢✤◆☛◆✍✑✞✚✧★✤t➈✫❅✌❅

µK
❊

✹❈✛✫✠✎✤✔✦✝✧★✍✑✤✘✙✫✽✎✤✘✧★✬✘✙❞✧❧t✔✆✚✄✢✤✘✧★✤✘✙❞✒❚✠✎✤✘✙✰✏✭✄✶❨✌✬✔✍✭✒✔✄❍✒✔✄☞✙◗✆✚✄✢✦✕❁✾✛✢✞✡✠✎✆✟✬✔✞✚✄☞✙✺✄✢✆❞✒✔✄☞✙☎➳✘✬❋❯✣✜☞✧★✦✕❁❚✠✎✞✡✠✎t✔✏✭✄☞✙✶❆■✜☞✄✢✬❋❯✣✧❧t✔✆✚✄✢✤◆✬✘✙
✠✫☛✿✄☞✜❍✬✔✤▲✦✝✧◆✒✔✄❂♥✷✦✩✠✎✆✚✜✚✖✔✍✭✤✔❨✴✖❚✠✎✞✟✦✝✧★✤✔✍✭❱❲✬✘✄✄❈✤⑥❲❊✌✹❈✧★✬✘✙❞✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✺✒✔✧★✤✘✜❀✜☞✄❂✆✚✆✚✄❍✦✝✛✢✆✟✖✘✧❲✒✔✄■✒❋✬✣❘✷✠✎✍✑✆✺✒✔✄❍✙✡✠❈✙✟✍✑✦✕❁✔✏✑✍✭✜✢✍✑✆✚✛
✒✔✄✼✦✕✍✭✙✚✄✼✄✢✤❩➫❇✬✔☛◆✞✚✄✌❊

Ó✘q✕r✘q❏➠ ✈ ✇✤Ö✸③❇Ô➆➣✉✔✉✇✭❁➡➣✆❁ ③➢❁①×✑Õ★✇✤s✎⑤✇❁
✻❲✍✘✏✷✪ ✠★✒✘✠✎❁✔✆✡✠✎✆✟✍✭✧★✤✮✒✔✄❀✏♠✠❈✞✡✠✎✍✭✒✔✄✢✬✔✞✓✒❋✬✕❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄❄✄☞✙✟✆✶✒✔✧★✤✘✜❀✞✚✄✢✏♠✠✎✆✟✍✑☛✿✄✢✦✝✄✢✤◆✆✺❁✲✄✢✬✝✍✑✦✕❁✾✧★✞✟✆✡✠✎✤◆✆✚✄✌✽❲✜☞✧★✦✕✦✝✄❀✤✘✧★✬✘✙

☛❲✄✢✤✘✧★✤✘✙❄✒✔✄✴✏✭✄✼☛❲✧★✍✑✞✫✽✔✍✑✏✰✤☎✪ ✄✢✤❬✄☞✙✟✆■❁❚✠★✙❄✒✔✄✴✦✝♣✢✦✝✄✴❁✲✧★✬✔✞❈✜☞✄✴❱❲✬✔✍◗✄✢✙✟✆❈✒✔✄✼✏✷✪ ✠✎✏✑✍✑❨✌✤✘✄✢✦✝✄✢✤◆✆❇✒✔✄✴✏✷✪ ✠⑤❯✔✄✴✒❋✬❩❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄
✠✫☛✿✄☞✜✼✜☞✄✢✏✑✬✔✍☎✒❋✬❭❨✌✬✔✍✭✒✔✄✌❊ ❧ ✄✼✜☞✄✢✤❲✆✟✞✡✠✎❨✿✄✴✄☞✙✟✆■✄✢✤❭✄❂➋❳✄✢✆❀✬✔✤❭❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄✴✜✢✞✟✬✘✜✢✍♠✠✎✏✰❱❲✬✔✍✰✠⑤➋❳✄☞✜✢✆✚✄❇❨✌✞✡✠✎✤✘✒✔✄✢✦✝✄✢✤❲✆❄✏✭✄❈➳✘✬❋❯
✄✢✆■✏♠✠✣✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✥✒❋✬✕❪④✄✢✆❄✒✘✠✎✤✘✙❀✏✭✄❇❨✌✬✔✍✭✒✔✄✌❊
✹❈✧★✬✘✙✕✄❂➋❳✄☞✜✢✆✟✬✘✧★✤✘✙✕✜☞✄✮✞✚✛✢❨✌✏♠✠✎❨✿✄❢❨✌✞✴✳★✜☞✄❭❆❩✬✔✤✘✄❢✜✫✠✎✦✝✛✢✞✡✠ ❧❀❧ ✇é✤✘✧★✬✘✙▲❁✾✄✢✞✟✦✝✄✢✆✟✆✡✠✎✤◆✆✝✒❳✪ ✧❧t✘✙✚✄✢✞✟☛❲✄✢✞▲✏✭✄✮✤◆✬❚✠✎❨✿✄
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✜✢✍✑✞✚✜✢✬✔✏♠✠✎✍✑✞✚✄❈✒✔✄■✞✚✄☞✜☞✧★✦✉t✔✍✑✤❚✠✎✍✭✙✚✧★✤❢✒✔✄☞✙✓✜☞✧★✬✔✞✡✠✎✤◆✆✚✙☎❼❲✜☞✄❄✜☞✄✢✤◆✆✟✞✚✄■❁✲✄✢✬✔✆✓♣✢✆✟✞✚✄❄✞✚✄✢❁✾✛✢✞✚✛❇✠☞☛❲✄☞✜■✬✔✤✘✄■❁✔✞✚✛☞✜✢✍✭✙✟✍✭✧★✤❢✒✔✄■✏r✪ ✧★✞✚✒✔✞✚✄
✒✔✄✩✏♠✠❖✜☞✄✢✤❲✆✡✠✎✍✑✤✘✄❢✒✔✄✝✦✕✍✭✜✢✞✚✧★✦✝✗✢✆✟✞✚✄☞✙✫❊❞✹❈✧★✬✘✙✥✦✝✄☞✙✟✬✔✞✚✧★✤✘✙✕✠✎✏✭✧★✞✚✙✫✽✰✄✢✤➀✬✔✆✟✍✑✏✑✍✑✙✡✠✎✤◆✆✣✏♠✠❖✜✫✠✎✦✝✛✢✞✡✠ ❧❀❧ ✇▲✽✰✄✢✤✯❘r✧★✤✘✜✢✆✟✍✭✧★✤
✒❋✬❢✆✚✄✢✦✕❁✘✙

t
❁❚✠★✙✚✙✚✛❈✒✘✠✎✤✘✙❍✏✭✄❈❁✔✞✚✛✢❨✌✬✔✍✭✒✔✄✌✽❋✏♠✠✥❁✲✧✌✙✟✍✑✆✟✍✭✧★✤❖✒❋✬❢✤❲✬❚✠✎❨✿✄✼✒❳✪ ✠✎✆✚✧★✦✝✄☞✙■❆✥✏✷✪ ✍✭✙✚✙✟✬✘✄❇✒❋✬❢❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨✿✄✌✽✔❨✌✞✴✳★✜☞✄

❆✝✬✔✤✘✄✥✍✑✦✕❁✔✬✘✏✑✙✟✍✭✧★✤①✒✔✄✥➳✘✬✘✧★✞✚✄☞✙✚✜☞✄✢✤✘✜☞✄▲✒✔✄▲❃✌❅✌❅
µ
✙✫❊✾❜◗✧★✬✔✞✼✜☞✄✢✏♠✠❋✽✾✏✭✄✥❁❚✠★❱❲✬✘✄✢✆❈✤☎✪ ✄☞✙✟✆❈❁❚✠★✙❈✏♠✠✎✤✘✜☞✛▲✄✢✤❤✒❋✍✑✞✚✄☞✜✢✆✟✍✭✧★✤①✒❋✬

❨✌✬✔✍✭✒✔✄✼✏✭✧★✞✚✙❄✒✔✄❇✏♠✠▲❁✔✖❚✠★✙✚✄✼✒✔✄✼✦✝✛✢✏♠✠★✙✚✙✚✄✌❊
✂✰✠✮❁✔✞✚✧◆✜☞✛☞✒❋✬✔✞✚✄✝✒✔✄✕✜☞✄✢✤❲✆✚✞✡✠✎❨✿✄✕✜☞✧★✤✘✙✟✍✭✙✟✆✚✄✝❆❢✧❧t✔✆✚✄✢✤✔✍✑✞✴✬✔✤①✤❲✬❚✠✎❨✿✄✕✏✭✄✣❁✔✏✑✬✘✙✼✍✑✦✕✦✝✧❧t✔✍✑✏✭✄✕❁✲✧✌✙✚✙✟✍❏t✔✏✭✄✌✽❳✜☞✄✢✤❲✆✟✞✚✛✝✙✟✬✔✞

✏✷✪ ✠⑤❯✔✄✴✒❋✬❭❨✌✬✔✍✭✒✔✄✌❊ ② ✤✝❪④✧★✬✘✄❇❁✲✧★✬✔✞❄✜☞✄✢✏♠✠✕✙✟✬✔✞❀✏✭✄☞✙❀❁❚✠✎✞✡✠✎✦✝✗✢✆✟✞✚✄☞✙❈✙✟✬✔✍✑☛★✠✎✤◆✆✚✙✴❴
❋ ↕ ➙ í ù❡ú ù✤❾✟ì❁í✛õ ð✟ê❶ë✤è➆í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è➆è❡ö✑í①❸❡ð✟ñ❵é✚è❡ê✸ö✓ù❡è➋é✡ì❁ó⑦ú è➆÷✶ì✴õ í✚❺✹ï✸è➆ú ì☎í❅ì✴õ ú ú è➋í✓ó❅ì✴ê✸ö❅❾✕è❳ó✛ö✓è➋õ ê✸õ í✛õ ì✴ú è☎ë✤ï➑ê✦ï✡ì✴ô✟è➋è❡ö✑í⑦é✸ú ï✸ö✎÷✶ì✴õ ò✸ú è❫ì
ú✒í è❡ê✹í✓ó✛ù❡è✫ë✸ì✴ê✸ö➋ú è✩ô✟ï✸õ ë✤è✝ñ➑ì✴ô✟ê✸ù❳í✛õ ❺✹ï✸è✟î✚ð✡➠❷ú è❫❸❡ð✟ê✳➔✡ê✸è❡ñ❵è❡ê✹í❊í✓ó❅ì✴ê✸ö❅❾✕è❳ó✛ö✓è✩è❡ö✑í✄ò✚è❫ì✴ï✷❸❡ð✟ï✸é❷é✸ú ï✸ö➆÷⑩ð✴ó✓í❫î♠ö✓è☎í✓ó❅ì✟ë✤ï✸õ í✁ì✴ú ð✴ó✛ö✁é✡ì❁ó✄ï✸ê✸è
ù❡ú ù✤❾✟ì❁í✛õ ð✟ê❶ñ❵ð✟õ ê✡ë✦ó✛è✁ë✤è✄ú ì✩í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è✟ý



➢✔❐ þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

✞Ð✂✰✠❬❁✾✧✌✙✟✍✑✆✟✍✭✧★✤t✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄❭✒❋✬t❜✺➄ ② ✽✺✠✎❪❫✬✘✙✟✆✚✛☞✄❢✄✢✤t✒❋✍✭✙✚✙✟P◆✦✝✛✢✆✟✞✟✍✭✙✡✠✎✤◆✆▲✏✭✄☞✙✕✜☞✧★✬✔✞✡✠✎✤❲✆✚✙✝✒✘✠✎✤✘✙▲✏✭✄☞✙✕✒❋✍q➋❳✛✢✞✚✄✢✤◆✆✚✄☞✙
t✲✧❧t✔✍✑✤✘✄☞✙❄✒❋✬❖❱❲✬❚✠★✒❋✞✟✬✔❁✲✐★✏✭✄✥❃★✇Ù✒❋✬✔✞✡✠✎✤❲✆■✏♠✠▲❁✔✖❚✠★✙✚✄✴❜✺➄ ② ❊

✞Ð✂✰✠✣☛◆✍✑✆✚✄☞✙✚✙✚✄❄✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄✼✒❋✬❢✤◆✬❚✠✎❨✿✄✌✽❋☛✿✄✢✞✟✆✟✍✭✜✫✠✎✏✭✄✼✄✢✆❀✒❋✍✑✞✟✍✑❨✿✛☞✄❇☛❲✄✢✞✚✙✓✏✭✄❈✖❚✠✎✬✔✆✫✽✔✜☞✧★✦✕✦✥✬✔✤✘✍✑❱❲✬❚✛✢✄✥✠✎✬❢✤◆✬❚✠✎❨✿✄❇❨✌✞✴✳★✜☞✄
❆✩✬✔✤✘✄✣✦✝✛✢✏♠✠★✙✚✙✚✄✥✦✝✧★✬✔☛✌✠✎✤◆✆✚✄✣✬✔✆✟✍✑✏✑✍✭✙✡✠✎✤◆✆❇✏✭✄☞✙❄❘✷✠✎✍✭✙✚✜☞✄✫✠✎✬❋❯❬☛✿✄✢✞✟✆✟✍✭✜✫✠✎✬❋❯❳❊ ❧ ✄✢✆✟✆✚✄✣☛◆✍✑✆✚✄☞✙✚✙✚✄✥✍✑✤✔✍✑✆✟✍♠✠✎✏✭✄▲❁✲✄❂✞✚✦✝✄❂✆✴✒✔✄
✜☞✧★✤◆✆✟✞✚✄☞✜✫✠✎✞✟✞✚✄✢✞❢✏✷✪ ✄❂➋❳✄✢✆❢✒✔✄❖✏♠✠①❁✾✄☞✙✡✠✎✤◆✆✚✄✢✬✔✞❢✒❋✬✔✞✡✠✎✤❲✆✮✏✭✄❖✆✚✄✢✦✕❁✘✙✮✒✔✄❖✦✝✧★✤◆✆✚✛☞✄

τ
✒✔✄☞✙✩✜☞✧★✬✔✞✡✠✎✤◆✆✚✙✮✒✘✠✎✤✘✙✩✏✭✄☞✙

t✲✧❧t✔✍✑✤✘✄☞✙✫❊ ② ✤❭✬✔✆✟✍✑✏✑✍✭✙✚✄✴✄✢✤❖❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✼✬✔✤✘✄✼☛◆✍✑✆✚✄☞✙✚✙✚✄❇✒✔✄✼✏♠✠✎✤✘✜☞✄✢✦✝✄✢✤❲✆❄☛❲✄✢✞✟✆✟✍✭✜✫✠✎✏✭✄✴✒✔✄❇✏✷✪ ✧★✞✚✒❋✞✚✄✥✒✔✄✴❉✕✜✢✦➌❈✎✙✫❊
✞Ð✂✰✠▲❁✲✧✌✙✟✍q✆✚✍✑✧★✤❖❙✘✤❚✠✎✏✭✄✴✒❋✬❭❁✔✍✭✗✢❨✿✄✌✽✔❁✲✧★✬✔✞■✏♠✠✥❘✷✠✎✍✑✞✚✄✴✜☞✧✗➅r✤✘✜✢✍✭✒✔✄✢✞❈✠✫☛✿✄☞✜✼✏✷✪ ✠⑤❯✔✄✼✒❋✬❖❨✌✬✔✍✭✒✔✄✌❊

❹♦✏✓✄☞✙✟✆✴✆✟✞✚✗☞✙✥✍✑✦✕❁✲✧★✞✟✆✡✠✎✤❲✆✕✒❳✪ ✠✎❪❫✬✘✙✟✆✚✄✢✞✥❁✔✞✚✛☞✜✢✍✭✙✚✛✢✦✝✄✢✤◆✆✣✏♠✠❭☛✌✠✎✏✭✄✢✬✔✞▲✒✔✄✝✏♠✠❭✆✚✄✢✤✘✙✟✍✭✧★✤✯✏✑✍✑✦✕✍✑✆✚✄✮✒✔✄☞✙▲✠✎✏✑✍✑✦✝✄✢✤◆✆✡✠✎✆✟✍✭✧★✤✘✙
✒❋✬❩❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄✌✽✲❆✕✏♠✠✕☛✌✠✎✏✭✄✢✬✔✞

RcircI∞
✽❚✧✡✲

Rcirc
✄☞✙✟✆❄✏♠✠✕✞✚✛☞✙✟✍✭✙✟✆✡✠✎✤✘✜☞✄✥✒❋✬❬✜✢✍✑✞✚✜✢✬✔✍✑✆❈☛◆✬❩❁❚✠✎✞❄✏✷✪ ✠✎✏✑✍✑✦✝✄✢✤❲✆❂✠✎✆✟✍✭✧★✤☎❊✲✸❣✤

✄❂➋❳✄✢✆✫✽❣✙✟✍❍✏♠✠❬☛✌✠✎✏✭✄✢✬✔✞✕✏✑✍✑✦✕✍✑✆✚✄❖✒✔✄❢✏♠✠❩✆✚✄✢✤✘✙✟✍✭✧★✤Ð✄☞✙✟✆▲✆✟✞✚✧★❁❻❘✷✠✎✍❏t✔✏✭✄✌✽❣✏✷✪ ✠✎✏✑✍✑✦✝✄✢✤❲✆✡✠✎✆✟✍✭✧★✤Ð✤✘✄❢❁❚✠★✙✚✙✚✄✣❪✟✠✎✦✩✠✎✍✭✙✝✄✢✤t✦✝✧❲✒✘✄
✜☞✧★✬✔✞✡✠✎✤❲✆⑤✽☎✄✢✆✴✏✭✄✝✜☞✧★✬✔✞✡✠✎✤◆✆✴❙✘✤❚✠✎✏✶✄☞✙✟✆✴✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✣❆

I∞
❊ ❧ ✄☞✜✢✍✶✒✔✛✢❁✔✏♠✠★✜☞✄✩✒✔✧★✤✘✜✝✏✑✄✝✜☞✄✢✤◆✆✟✞✚✄✩✒❋✬✈❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✔✄✌❊❞✻❲✍✓✠✎✬

✜☞✧★✤❲✆✟✞✡✠✎✍✑✞✚✄❈✏♠✠❇☛✌✠✎✏✭✄✢✬✔✞❍✒✔✄■✏♠✠✼✆✚✄✢✤✘✙✟✍✭✧★✤✩✏✑✍✑✦✕✍✑✆✚✄❈✄✢✙✟✆✶✆✟✞✚✧★❁✮✖❚✠✎✬✔✆✚✄✌✽✿✍✑✏✾✙✚✄❀❁✔✞✡✧❲✒❋✬✔✍✑✆❍✒✔✄☞✙✶✧✌✙✚✜✢✍✑✏✑✏♠✠✎✆✟✍✭✧★✤✘✙❍✒✔✄
I(t)

✏✭✧★✞✚✙✓✒✔✄
✏♠✠❢✒✔✛☞✜✚✖❚✠✎✞✟❨✿✄✝✒✔✄☞✙✼✜☞✧★✤✘✒✔✄✢✤✘✙✡✠✎✆✚✄✢✬✔✞✚✙✥✒✘✠✎✤✘✙✼✏♠✠➤t✲✧❧t✔✍✑✤✘✄✌✽❳✄✢✆✴✜☞✄☞✜✢✍✺✄❂❯✔✜✢✍✑✆✚✄▲✏✭✄✣✦✝✧★✬✔☛❲✄✢✦✝✄✢✤❲✆✥✒❋✬✈✜☞✄✢✤❲✆✟✞✚✄✝✒✔✄✣✦✩✠★✙✚✙✚✄
✒❋✬✯✤❲✬❚✠✎❨✿✄❤⑧ë✦✝✧❲✒✔✄✮✒❋✍✑❁✾✧★✏♠✠✎✍✑✞✚✄⑤⑩❂❊❞✂☎✄✝✞✚✛✢❨✌✏♠✠✎❨✿✄✮✒✔✄✝✏♠✠❢✆✡✄❂✤❚✙✟✍✑✧★✤➀✏✑✍✑✦✕✍✑✆✚✄✩✄☞✙✟✆✣✒❳✪ ✠✎✬✔✆✡✠✎✤❲✆✣❁✔✏✑✬✘✙✣✒❋✍q③✩✜✢✍✑✏✭✄✮❱❲✬✘✄

Rcirc✠✎✬✔❨✌✦✝✄✢✤❲✆✚✄✼✙✟✍✾✏♠✠✥✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✼✒✔✄☞✙❀t✲✧❧t✔✍✑✤✘✄☞✙■✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄✌✽✔✜☞✄❈❱❲✬✔✍❳✙✚✄❄❁✔✞✚✧❲✒❋✬✔✍✑✆❀✏✭✧★✞✚✙✚❱❲✬☎✪ ✬✔✤❭✜☞✧★✬✔✞✡✠✎✤❲✆■✒✔✄▲➈⑤➧★❅✣⑦
✏✭✄☞✙✺✆✟✞✡✠✫☛✿✄✢✞✚✙✚✄✌❊❲✹❈✧★✬✘✙✺✄❂➋❳✄☞✜✢✆✟✬✘✧★✤❚✙✶✒✔✧★✤✘✜❄✜☞✄■✞✚✛✢❨✌✏♠✠✎❨✿✄■✏✭✧★✞✚✙✶✒❋✬✮✒✔✛✢✞✚✧★✬✔✏✭✄✢✦✝✄✢✤❲✆❍✒✔✄■✏♠✠✼✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✌✽◆✠✎✬✩✜☞✧★✬✔✞✚✙✓✒❋✬✘❱❲✬✘✄✢✏
✏♠✠✣✆✚✄✢✦✕❁✲✛✢✞✡✠✎✆✟✬✔✞✚✄✥✒✔✄☞✙✾t✲✧❧t✔✍✑✤✘✄☞✙❄✙✚✄✼✙✟✆✡✠✎t✔✍✑✏✑✍✭✙✚✄✄❈⑦è✌❊
✹❈✧★✬✘✙❈✞✚✛✢✬✘✙✚✙✟✍✭✙✚✙✚✧★✤✘✙✼❆✮✧❧t✔✆✚✄✢✤✔✍✑✞✼✒✔✄▲✜☞✄✢✆✟✆✚✄✣✦✩✠✎✤✔✍✭✗✢✞✚✄✕✒✔✄☞✙❇✧✌✙✚✜✢✍✑✏✑✏♠✠✎✆✟✍✭✧★✤✘✙✼✞✚✛☞✙✟✍✭✒❋✬✘✄✢✏✑✏✭✄☞✙✼✒❋✬❤✤❲✬❚✠✎❨✿✄▲✍✑✤❋❘r✛✢✞✟✍✭✄✢✬✔✞✚✄☞✙

❆❩➈✫❅✌❅
µ
✦➮✙✟✬✔✞❈✏✷✪ ✠⑤❯✔✄✥✖✘✧★✞✟✍✑❷✫✧★✤❲✆✡✠✎✏✷✽❳✄✢✆✴❆✮❃✌❅✌❅

µ
✦➅✙✟✬✔✞❈✏✷✪ ✠⑤❯✔✄✥☛❲✄✢✞✟✆✟✍✭✜✫✠✎✏✷❊ ❧ ✄☞✙❈✞✚✛☞✙✟✬✔✏✑✆✡✠✎✆✚✙❇✙✚✧★✤◆✆❈✆✟✞✚✗☞✙❈✏♠✠✎✞✟❨✿✄✢✦✝✄✢✤◆✆

✙✟✬❋③✩✙✡✠✎✤❲✆✡✙❳❁✾✧★✬✔✞☎✬✔✤✴✤❲✬❚✠✎❨✿✄✶✒✔✄❞✆✡✠✎✍✑✏✑✏✭✄❣✆✟✞✡✠✎✤✘✙✟☛❲✄✢✞✚✙✚✄
∆r ∼ 1

✦✕✦❖❊✫❹♦✏✿✙✚✄✢✞✡✠✎✍✑✆☎✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄✺✒✔✄❞✆✟✞✡✠✫☛✌✠✎✍✑✏✑✏✭✄✢✞✇t✲✄✫✠✎✬✘✜☞✧★✬✔❁
❁✔✏✑✬✘✙❀❁✲✧★✬✔✞❀❘✷✠✎✍✑✞✚✄❇✬✔✤❩✜☞✄✢✤❲✆✟✞✡✠✎❨✿✄✴❁❚✠✎✞④❘✷✠✎✍✑✆❄✒❳✪ ✬✔✤❖✤❲✬❚✠✎❨✿✄✼❁✔✏✑✬✘✙■❁✾✄✢✆✟✍✑✆➁❈⑦é✿❊

Ó✘q✕r✘q✕➥ ➦ Ô❑③❇s➈➓✚✈ Õ✹✔✁➧ s✑Õ❒✈ ➱➟➣✆❁➨➧ s ②✷Ô✙➥✉✔①❁①×①③➢❁✓✔✑Õ❒✈✑➧✕✈❱②✷Ô➓❁
✸❣✤✣✒✔✛❂❙✘✤✔✍✑✆✟✍✑☛❲✄✌✽✫✏♠✠■✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✶✄❂❯❋❁✾✛✢✞✟✍✑✦✝✄✢✤◆✆✡✠✎✏✭✄✓❱❲✬✘✄✺✤✘✧★✬✘✙☎✬✔✆✟✍✑✏✑✍✭✙✚✧★✤✘✙✫✽⑤✒✔✄✶✒❋✬✔✞✚✛☞✄

τseq ≃ 200
✦✝✙◗✙✚✄✺✜☞✧★✦✕❁✾✧✌✙✚✄

✒✔✄☞✙■❱❲✬❚✠✎✆✟✞✚✄✴✛✢✆✡✠✎❁✾✄☞✙❄✙✟✬✔✍✑☛✌✠✎✤◆✆✚✄☞✙✴❴

✞Ð✜✫✠✎❁✔✆✟✬✔✞✚✄✥✒✘✠✎✤✘✙❀✏✭✄✴❜✺➄ ② ⑧r✠✫☛✿✄☞✜✼✬✔✤❖✒✔✛☞✙✡✠★✜☞✜☞✧★✞✚✒
δ = −3Γ

⑩✓❁✾✄✢✤✘✒✘✠✎✤◆✆✥➈✫❅✌❅▲✦✝✙■✄✢✤◆☛◆✍✑✞✚✧★✤✴❼
✞❽✦✝✛✢✏♠✠★✙✚✙✚✄✥✧★❁✔✆✟✍✭❱❲✬✘✄✴✦✝✧★✬✔☛✌✠✎✤❲✆✚✄❢⑧④➈✌✽ ❉▲✦✝✙❇❆

δ = −3Γ
❁✔✬✔✍✭✙❄✞✡✠✎✦✕❁✾✄✴✏✑✍✑✤✘✛✫✠✎✍✑✞✚✄✥❁✾✄✢✤✘✒✘✠✎✤◆✆▲➈✌✽ ❉✕✦✝✙✺❪❫✬✘✙✚❱❲✬☎✪ ❆

δ = −12Γ
⑩✾❼

✞❽❁✲✧★✦✕❁❚✠✎❨✿✄✴✧★❁✔✆✟✍✭❱❲✬✘✄✴✒✘✠✎✤✘✙ ∣

∣52S1/2, F = 1, mF = −1
〉 ❁✾✄✢✤✘✒✘✠✎✤◆✆❇➧★❅✌❅

µ
✙☎❼

✞❽❁✔✞✚✛❂♥✷❨✌✬✔✍✭✒✘✠✎❨✿✄✴☛❲✄✢✞✚✙❀✏✷✪ ✄✢✤❲✆✟✞✚✛☞✄✥✒❋✬❭❨✌✬✔✍✭✒✔✄✼❁✲✄✢✤✘✒✘✠✎✤❲✆❄✆♦P◆❁✔✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✥➈✫❅✌❅▲✦✝✙✫❊

✂✰✠✩✙✚✛☞❱❲✬✘✄✢✤✘✜☞✄✣✄☞✙✟✆❄✞✚✛✢❁✲✛✢✆✚✛☞✄▲❆✝✬✔✤✘✄✣✜✫✠★✒✔✄✢✤✘✜☞✄▲✒✔✄▲❉★➂❄❷✺❼✲✠✎✍✑✤✘✙✟✍✷✽✾✜✚✖❚✠★❱❲✬✘✄✣✙✚✄☞✜☞✧★✤✘✒✔✄✌✽❳❉✕❁❚✠★❱❲✬✘✄✢✆✚✙✼✠✎✆✚✧★✦✕✍✭❱❲✬✘✄☞✙❇✒✔✄
➞✌❉✝✦✕✦➮✒✔✄✥✏✭✧★✤✔❨✿✙❇✙✚✧★✤◆✆❈✏♠✠✎✤✘✜☞✛☞✙✫✽❳❆✮➨✌❅✩✜✢✦➌❈✎✙✫✽✲✒✘✠✎✤✘✙❈✏✭✄✥❨✌✬✔✍✭✒✔✄✣✦✩✠✎❨✌✤✘✛✢✆✟✍✭❱❲✬✘✄✌❊✲✇❈✬❬❘✷✠✎✍✑✆❇✒✔✄✥✏♠✠✩✒❋✍✭✙✟❁✲✄✢✞✚✙✟✍✭✧★✤❤✒✔✄☞✙
☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙❍✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏♠✄☞✙✫✽❚✜☞✄☞✙❀❁❚✠★❱❲✬✘✄✢✆✚✙❀☛❲✧★✤❲✆❄✙✚✄❇✞✚✄☞✜☞✧★✬✔☛◆✞✟✍✑✞❄✄✢✆❍❘r✧★✞✟✦✝✄✢✞■✬✔✤✝❪④✄✢✆■✜☞✧★✤❲✆✟✍✑✤◆✬☎❊



❯✎✝❱➛ ➟❘ß✗á✍⑨✚Þ❘à✥Þ❘á♠â✯☛✗Þ✜✌❻�❭ß❭ãÔä❭Þ✚â✡✌❇ß♠â✡✠✎à Û ãÔä❭Þ✜✌ ➢❚➢
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Npaquets
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➮ ➶➸
➾ ➱ ➚
➹✃➪ ➶
➹➘

❋✄●☞❍❏■✗❑▼▲➃➉❬✽r◆✤➉▼❖✯✿✛❝✤❁ ➳❭q ❦✦s❘❝✹❬✫❴✗♦ ❝✟❐❫❪✴❤✹❞✑❩❭❣❀qr❤✹s
S(t)

❨❲❙❫❪❫❯✚❞❳♣➌❢✙❬ ❝❇Ö⑦s➀❴✹❯✣❦✦❯✚qr❴✤❙✥❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❫⑥✧❬ ❤✹❞❡❪✴⑧❁❯♠❙
Npaquets =

1, 2, 3, 4, 8
❙❁❣❊❸❣Ï❶❩P❝✤⑧❁❯♠❙❁❣r❪✝❪✴❤✹s♠❣❊q✶s✟➸❁❙❡❧❁❣✓♣❫❪➑❴✤❝✹sP❪✫❬ ❙☎❦✦❯✚qr❴✤❙✧❢❶❯✚s❘❙➑❧❡❝✤❴✤❙❁s❘❧❳❙❚❴✤❙✘Ï✱❪ −1

❙❁❣➋❢❶❯✚s❘❙✫➏✟q✶❣✓❙❫❪❡❪✴❙➑❴✤❙✧②✕⑥❀②❲❨ ✺ ❪✴❺➔❏❙✩❦✦❞❳❝✤❴✹qr❙❁s♠❣☎❴✤❝✹sP❪❵❬ ❙✩❦✤❯✚q☞❴✤❙❶❙❫❪❫❣✉➆✦❹✤❹ ✸✖✺ ❧❁❨❲❺✂➦✄s➌❤✟❐❫❪✴❙❁❞❫➏✹❙✧❬ ❝✩➎❫❤✹❞❫❨❲❝✹❣❀qr❤✹s✙❴✗♦ ❯✚s❚➸❁❙❁❣✁❧❡❤✹s♠❣❀q✶s♠❯❶❩✚❝✹❞➑❞❳❙❡❧❳❤✹❯✚➏✟❞❳❙❁❨❲❙❁s♠❣✁❴✤❙❫❪❴✹q ➇☎♣❁❞❳❙❁s♠❣r❪➆❩P❝✤⑧❁❯♠❙❁❣r❪❵❝✹❣✓❤✹❨❚qr⑧❁❯♠❙❫❪✴❺✚✿♣❐❅❁✩❴✝q✶❞❳❙➑❴✤❙❫❪✩❪❫q ❦✦s❘❝✹❯✤❱❷❴✗♦ ❝✟❐❫❪✴❤✹❞✑❩❘❣❀qr❤✹s ❙❁s✧➎❫❤✹s❘❧❁❣❀qr❤✹s✥❴✹❯❇s❘❤✹❨❋❐❁❞❳❙➑❴✤❙✄❩P❝✤⑧❁❯♠❙❁❣r❪✩❬ ❝✹s❘❧❡♣❫❪✴❺
➔❵♦ ❝✹q✶❞❳❙★❙❫❪❫❣➋❩❭❞❳❝✹❣❀q☞⑧✴❯♠❙❁❨❲❙❁s♠❣➋❩❭❞❳❤❡❩✚❤✹❞❫❣❀qr❤✦s♠s❘❙❁❬✶❬ ❙★❝✹❯✣s❘❤✹❨❋❐❁❞❅❙①❴✤❙✧❩P❝✤⑧❁❯♠❙❁❣r❪❷❬ ❝✹s❘❧❡♣❫❪❡⑥❵❧❡❙①⑧❁❯✚q☎❨❲❤✹s♠❣❀❞❳❙✱⑧❁❯♠❙❜❬ ❝✥❬ ❯✚❨❚qr➐❁❞❳❙①❴✹❯
❞❳❙✓❩P❤✹❨✝❩✚❙❁❯✚❞✝❯✚❣❀q✶❬ q⑩❪✴♣❡❙❊❩P❤✹❯✚❞☎❬ ❝✁❩❭❞❳♣✓❩P❝✹❞❳❝✹❣❀qr❤✹s★❴✹❯❵❩P❝✤⑧❁❯♠❙❁❣

n
s▼♦ ❝❈➇☎❙❳❧❁❣✓❙❵⑧❁❯♠❝✕❪❫q✶❨❲❙❁s♠❣♠❩P❝✕❪☎❬ ❝☎❩❭❞❳❤❡❩✚❝✴❦✸❝✦❣❀qr❤✹s★❴✹❯❵❩P❝✤⑧❁❯♠❙❁❣

n−1
❺➼➋s☞✿✛❝✤❁✕⑥⑦❤✹s★❤✟❐❫❪✴❙❁❞❫➏✹❙✩s❘♣❡❝✹s♠❨❲❤✹q✶sP❪⑦❩P❤✹❯✚❞

Npaquets = 8
❤✹❯❷❸❣Ï✚⑥Ô❯✚s❘❙✎➎❫❝✹q❾❐❁❬ ❙✧❝✹❯✤❦✦❨❲❙❁s♠❣✓❝✹❣❀qr❤✹s①❴✹❯❲❪❫q ❦✦s❘❝✹❬▼❴✹❯♠❙❵❝✹❯❇❴✤❙❁❞❫s♠qr❙❁❞

❩P❝✤⑧❁❯♠❙❁❣❊❩❭❞❳♣✓❩✚❝✹❞❳♣ú✿ ❩❭qr❧❵❩❭❞❳♣❳❧❡♣❡❴✤❝✹s♠❣✩❬ ❙ÿ❿✄❝✹s❘❧❷❴✤❙❫❪✴❧❡❙❁s❘❴✤❝✹s♠❣✫❴✹❯➌❪❫q ❦✦s❘❝✹❬ ❁✕⑥☎❨❲❝✹q⑩❪❶❬❅♦ ❙✬➇☎❙❁❣✫❙❫❪❫❣✝❞❅❙❁❬ ❝✹❣❀q✶➏✹❙❁❨❲❙❁s♠❣Ô➎❫❝✹q❾❐❁❬ ❙✟❺➆✉❫❬Ô❬❅♦ ❙❫❪❫❣
❙❁s❘❧❡❤✹❞❳❙➑❩❭❬ ❯✡❪❲❬ ❤✹❞❫❪❁⑧✴❯❊♦ ❤✹s➒❝✹❯✤❦✦❨❲❙❁s♠❣✓❙❷❬ ❙❶❦✦❞❳❝✤❴✹qr❙❁s♠❣➑❴✹❯➌❦✦❯✚qr❴✤❙❜❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙❫⑥❊❩❭❞❳❤✟❐❡❝✟❐❁❬ ❙❁❨❲❙❁s♠❣✧❴✹❯❜➎❫❝✹q✶❣✧❴✤❙❜❬ ❝★❨❚q⑩❪✴❙❲♥P❤✹❞❡❪
❞❳♣❫❪✴❤✹s❘❝✹s❘❧❡❙❚❴✹❯①❞❅❙✓❩P❤✹❨✝❩P❙❁❯✚❞✁❩✚❝✹❞❚❙✬➇☎❙❁❣❖➻Ô❙❳❙❁❨❲❝✹s❘❺

Ó✘q✕r✘q✕❒ ➦ ❁❑③❇Ö❧✔✖✕❪✇✭❁➒❦❮❁①×✑Õ❰➣✆❁✁②➛➓✎s➒➥❧✔①❁❬Õ✭②❃s✑Õ✭Ö❧❦ ✈✱➥✉✔①❁✁②
✸✺✙✟✆✟✍✑✦✝✧★✤✘✙✼✏♠✠✮✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄

drec
✤✘✛☞✜☞✄☞✙✚✙✡✠✎✍✑✞✚✄✝✠✎✬❋❯❬❁❚✠★❱❲✬✘✄✢✆✚✙✴✠✎✆✚✧★✦✕✍✭❱❲✬✘✄☞✙❇❁✲✧★✬✔✞✼✙✚✄✣✞✚✄☞✜☞✧★✬✔☛◆✞✟✍✑✞✫❊❳✂☎✄☞✙❇❁❚✠★❱❲✬✘✄✢✆✚✙✫✽

✏♠✠✎✤✘✜☞✛☞✙❖✠☞☛❲✄☞✜❩✬✔✤➃✆✡✠✎✬❋❯❡✒✔✄❩✞✚✛✢❁✾✛✢✆✟✍✑✆✟✍✭✧★✤
τ−1
seq

✽❍✄✢✆❢✙✚✄❩❁✔✞✚✧★❁❚✠✎❨✿✄✫✠✎✤❲✆❖✒✘✠✎✤✘✙✮✏✭✄❬❨✌✬✔✍✭✒✔✄❩❁✲✄✢✤✘✒✘✠✎✤◆✆❢✬✔✤➃✆✚✄✢✦✕❁✘✙
t
✽

✠★✜☞❱❲✬✔✍✭✗✢✞✚✄✢✤◆✆❍✬✔✤✘✄❇✄❂❯❋✆✚✄✢✤✘✙✟✍✭✧★✤❢✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✭✄
∆z ∼ ∆v t

✧✡✲
∆v

✄☞✙✟✆✓✏♠✠✣✒❋✍✭✙✟❁✾✄✢✞✚✙✟✍✭✧★✤❭✒✔✄☞✙✓☛◆✍✑✆✚✄☞✙✚✙✚✄☞✙✓✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍q♥
✤❚✠✎✏✭✄✌❊✾✂✰✠✩✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄

d
✄✢✤❲✆✟✞✚✄✥✏✭✄☞✙❈✜☞✄✢✤❲✆✟✞✚✄☞✙❇✒✔✄✥✒✔✄✢✬❋❯❩❁❚✠★❱❲✬✘✄✢✆✚✙❈✙✟✬✘✜☞✜☞✄☞✙✚✙✟✍q❘r✙❄✄☞✙✟✆

d = vτseq
✧✡✲

v
✄☞✙✟✆❄✏♠✠✕☛◆✍✑✆✚✄☞✙✚✙✚✄

✦✝✧⑤P✿✄✢✤✔✤✘✄❈✒✔✄☞✙✶❁❚✠★❱❲✬✘✄✢✆✚✙✫❊ ❧ ✄☞✙✓✒✔✄✢✞✟✤✔✍✭✄✢✞✚✙❍✙✚✄■✞✚✄☞✜☞✧★✬✔☛◆✞✚✄✢✤❲✆❍✏✭✧★✞✚✙✚❱❲✬✘✄
∆z ≫ d

✽❲✙✚✧★✍✑✆✶✏✭✧★✞✚✙✚❱❲✬❚✄
t ≫ vτseq/∆v

❊ ② ✤
✄✢✤❩✒✔✛☞✒❋✬✔✍✑✆■✏♠✠▲✒❋✍✭✙✟✆✡✠✎✤✘✜☞✄✥✠✎✬Ït✲✧★✬✔✆■✒✘✄❇✏♠✠★❱❲✬✘✄✢✏✑✏✭✄✼✏✭✄☞✙❀❁❚✠★❱❲✬✘✄✢✆✚✙❀❘r✧★✞✟✦✝✄✢✤❲✆■✬✔✤✝❪④✄✢✆■✜☞✧★✤❲✆✟✍✑✤◆✬✯❴

drec ∼
v

∆v
vτseq .

⑧r❃❋❊✑➈✫➞✿⑩
✂☎✧★✞✚✙✚❱❲✬✘✄✮✏✭✄☞✙✥❁❚✠★❱❲✬✘✄✢✆✚✙✕✄✢✤❲✆✟✞✚✄✢✤◆✆✕✒✘✠✎✤✘✙✣✏✭✄✩❨✌✬✔✍✭✒✔✄✌✽◗✏♠✠❩✒❋✍✭✙✟❁✲✄✢✞✚✙✟✍✭✧★✤❻✒✔✄✮☛◆✍✑✆✚✄☞✙✚✙✚✄✝✏✭✧★✤✔❨✌✍✑✆✟✬✘✒❋✍✑✤❚✠✎✏✭✄❖✠✎✬✔❨✌✦✝✄✢✤◆✆✚✄❢✒❋✬
❘✷✠✎✍✑✆✴✒✔✄✕✏♠✠❢✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤✈✆✟✞✡✠✎✤✘✙✟☛❲✄✢✞✚✙✚✄❖⑧ë☛✿✧★✍✑✞✥✜✚✖❚✠✎❁✔✍✑✆✟✞✚✄✩➵✿⑩✢❊❳➇❄✤✘✄▲☛✌✠✎✏✭✄✢✬✔✞✴✞✚✛✫✠✎✏✑✍✭✙✟✆✚✄✕✒✔✄

∆v
✄☞✙✟✆✴✒✔✄▲✏✷✪ ✧★✞✚✒❋✞✚✄✝✒✔✄

❃✌❅✕✜✢✦➌❈✎✙✫❊❚❜◗✧★✬✔✞
v = 80

✜✢✦➌❈✎✙❄✄✢✆
τseq = 200

✦✝✙✫✽✘✧★✤❬✧❧t✔✆✟✍✭✄❂✤◆✆
drec ∼ 60

✜✢✦❖❊❚⑦❵✏♠✠✝✙✚✧★✞✟✆✟✍✭✄✴✒✔✄✼✏♠✠▲❷✫✧★✤✘✄✥✒✔✄
✜☞✧★✦✕❁✔✞✚✄☞✙✚✙✟✍✭✧★✤❩✒❋✬❖❨✌✬✔✍✭✒✔✄✌✽✘❱❲✬✔✍❳✦✝✄☞✙✟✬✔✞✚✄❋↔❲❅✕✜✢✦❖✽✔✧★✤❩✧❧t✔✆✟✍✭✄✢✤◆✆❄✒✔✧★✤✘✜✼✬✔✤✕❪④✄✢✆❈✠✎✆✚✧★✦✕✍✭❱❲✬✘✄✴❱❲✬❚✠★✙✟✍q♥♦✜☞✧★✤❲✆✟✍✑✤◆✬☎❊
✂✰✠✈❁✔✞✚✛✢❁❚✠✎✞✡✠✎✆✟✍✭✧★✤❝✒❋✬➃❁❚✠★❱❲✬✘✄✢✆

n
✤☎✪ ✠⑤➋❳✄☞✜✢✆✚✄❩❁✔✞✡✠✎✆✟✍✭❱❲✬✘✄✢✦✝✄✢✤◆✆✮❁❚✠★✙✮✏♠✠①❁✔✞✚✧★❁❚✠✎❨❲✠✎✆✟✍✭✧★✤❝✒❋✬➃❁❚✠★❱❲✬✘✄✢✆

n − 1
✽

✜☞✧★✦✕✦✝✄✴✏✭✄✴✦✝✧★✤❲✆✟✞✚✄✥✏♠✠✣❙✘❨✌✬✔✞✚✄✣❃❋❊✑➈✫❃❋❊❚✂☎✄✼➳✘✬❋❯
Φ
✒❋✬✝❪④✄✢✆❄✧❧t✔✆✚✄✢✤◆✬❩❁✾✄✢✬✔✆❈♣✢✆✟✞✚✄✥✄☞✙✟✆✟✍✑✦✝✛✥✜☞✧★✦✕✦✝✄

Φ ≃ ζNatτ
−1
seq

✽
✧✡✲

ζ ≃ 0,7
✞✚✄✢❁✔✞✚✛☞✙✚✄✢✤◆✆✚✄❇✏✷✪ ✄❂③✩✜✫✠★✜✢✍✑✆✚✛✴✒✔✄❈✏♠✠✣❁✔✖❚✠★✙✚✄❇✒✔✄❇❁✾✧★✦✕❁❚✠✎❨✿✄✴✧★❁✔✆✟✍✭❱❲✬✘✄✌❊✔❜◗✧★✬✔✞

Nat = 2× 109 ✠✎✆✚✧★✦✝✄☞✙❀✄✢✆
❋❅ê î ï✸ê✸è✸❾✴ì✴ú è❡ï✤ó✉❺✹ï✸õ♠ë✤ù❡é✚è❡ê✡ë❚ë✜í ì✴õ ú ú è❡ï✤ó✛ö➋ë✤è✄ú ì✫ë✤ï✤ó✛ù❡è☎ë✤è✄ú ì✩é✷❹✡ì✴ö✓è☎ë✤è✁é✦ó✛ù✥↔rô✕ï✤õ ë✸ì✴ô✕è✴ý❋ ÷ ❘✗ê✧ð✟ï✤í✓ó✛è✟î✦ú ð✴ó✛ö❊ë✤è➋ú ì✘❸❡ð✟ï✸é✸ï✤ó✛è✄ë✦ï✧é✤ó✛ù✥↔rô✟ï✸õ ë✤è✴î✦ú è❡ö⑦ò✚ð✟ò✸õ ê✸è❡ö✎❾✦õ ò✤ó✛è❡ê✹íÔö✓õ ô✟ê✸õ ➔❒❸❫ì❁í✛õ ❾✕è❡ñ❵è❡ê✕í❊ë✤ï❵÷✶ì✴õ í➆ë✤ï❵ó✛è❡ú ▼✡❸✵❹✸è❡ñ❵è❡ê✕í⑦ò✤ó✛ï✤í❅ì✴ú
ë✤è❡ö✗÷⑩ð✟ó❘❸❳è❡ö⑦ë✤è ➙ ì✴é✸ú ì✡❸❡è➆ö✤í è❳ø✤è❳ó♣Ð❫ì✴ê✹íÔè❡ê✹í✓ó✛è❪❸❡ð✟ê✡ë✤ï✷❸❳í✛è❡ï✤ó✛ö❡ý❙➣❀ú✤÷✶ì✴ï✡ë✦ó❅ì✴õ íÔú è❡ö✎ñ❵ð✟ê✹í✛è❳ó❏ö✓ï✤ó✎ï✸ê❵ö✓ï✸é✸é✚ð✴ó✓í❏ó✛õ ô✟õ ë✤è➋ì➁➔✡ê➑ë✤è❊ö✤í ì➁→✚ó❅ì✴ê✷❸✵❹✸õ ó
ë✤è✸❸❡è❳ö✚❾✦õ ò✤ó❅ì❁í✛õ ð✟ê✸ö❡ý



➢✘Ö þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ
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νL − ν11 ×❾Ø⑥Ù✯Ú✲Û

Ü Ý Þ ß
àáâäã
àå

æ❾é➆è

❋✄●☞❍❏■✗❑▼▲↔➉❬✽r◆✤➲▼❖❫✿✛❝✤❁❜◗❚♣❁❣✓❙❡❧❁❣❀qr❤✹s✿❪❫❯✚❞
F = 2

❥➆❪✑❩P❙❳❧❁❣❀❞❳❙❇❤✟❐❁❣✓❙❁s❭❯✿❙❁sê❐❡❝✹❬ ❝✹➵✤❝✹s♠❣✫❬ ❝❚➎❳❞❅♣❡⑧❁❯♠❙❁s❘❧❡❙
νL
❴✹❯❜➎❫❝✹q⑩❪✴❧❡❙❳❝✹❯✿❪✴❤✹s❘❴✤❙

❝✹❯✚❣✓❤✹❯✚❞☎❴✤❙☎❬ ❝➋➎❳❞❅♣❡⑧❁❯♠❙❁s❘❧❡❙
ν23

❴✤❙☎❬ ❝❵❣❀❞❳❝✹sP❪❫q✶❣❀qr❤✹s ∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F
′ = 3

〉 ❺P➔❏❝➆➎❳❞❳♣❡⑧❁❯♠❙❁s❘❧❳❙✫❴✹❯❶❞❳❙✓❩P❤✹❨✝❩✚❙❁❯✚❞
❙❫❪❫❣❏Ö❏❱✡♣❡❙✧❪❫❯✚❞➑❬ ❝❇❞❳♣❫❪✴❤✹s❘❝✹s❘❧❡❙ ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F
′ = 2

〉 ❺✎✉❫❬Ô➵✱❝❇❯✚s✿♣❁❬ ❝✹❞r❦✤q ❪❡❪✴❙❁❨❲❙✴s♠❣☎❣❀❞❅➐❫❪✧q✶❨✝❩P❤✹❞❫❣✓❝✹s♠❣✩❴✤❙
❬ ❝①❞❳❝✹qr❙♥✿✑❬ ❝✹❞r❦✸❙❁❯✚❞❲❣✓❤✹❣✓❝✹❬ ❙❇❢①❨❚q✶⑨❀♥P❝✹❯✚❣✓❙❁❯✚❞❜❴✤❙❇②✤❹✤❹①tq♣❫❰❅❁✥❴➑ë✿❝✹❯❜➎❫❤✹❞❫❣✁❦✦❞❳❝✤❴✹qr❙❁s♠❣❵❴✤❙❇❧❡❤✹s✕Ö⑦s❘❙❁❨❲❙❁s♠❣

b = 1 ✷✹✸✖✺ ❧❁❨ ❴✹❯❦✦❯✚qr❴✤❙❲❨❲❝✴❦✦s❘♣❁❣❀qr⑧❁❯♠❙✟❺Ô◗❚❙✫❩❭❬ ❯✡❪❚❬ ❝➑➎❫❤✹❞❫❨❲❙❇❴✤❙❲❬ ❝✱❞❳❝✹qr❙✫❩❭❞❳♣❫❪✴❙❁s♠❣✓❙❲❯✚s ❣❀❞❳❤✹❯✙❧❡❙❁s♠❣❀❞❳❝✹❬ ⑥✝❴✤❤✹s♠❣☎❬❅♦ q✶❨✝❩P❤✹❞❫❣✓❝✹s❘❧❡❙❇❴✤♣✓❩P❙❁s❘❴✥❴✤❙❲❬ ❝
❩P❤✹❬ ❝✹❞❫q⑩❪✴❝✹❣❀qr❤✹s✱❴✤❙✁❬ ❝✩❪✴❤✹s❘❴✤❙✟❺✑✿♣❐❅❁✁◗❚♣❁❣✓❙❡❧❁❣❀qr❤✹s❶❪❫❯✚❞

F = 1
❥P❪✑❩P❙❡❧❁❣❀❞❅❙❫❪☎❤✟❐❁❣✓❙❁s♠❯✡❪✁❙❁s➟❐❡❝✹❬ ❝✹➵✤❝✹s♠❣✎❬ ❝❊➎❳❞❅♣❡⑧❁❯♠❙❁s❘❧❡❙

νL
❴✹❯✁➎❫❝✹q⑩❪✴❧❡❙❡❝✹❯

❪✴❤✹s❘❴✤❙✧❝✹❯✚❣✓❤✹❯✚❞❵❴✤❙❵❬ ❝☎➎❳❞❅♣❡⑧❁❯♠❙❁s❘❧❡❙
ν11

❴✤❙❵❬ ❝❶❣❀❞❳❝✹sP❪❫q✶❣❀qr❤✹s ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F
′ = 1

〉 ❺▼➔✗❙❫❪✫❣❀❞❳❝✹q✶❣r❪➆❩P❤✹q✶s♠❣❀q✶❬✶❬ ♣❫❪
❞❳❙✓❩❭❞❅♣❫❪✴❙❁s♠❣✓❙❁s❭❣✁❬ ❝✧❩P❤✕❪❫q✶❣❀qr❤✹s➍❴✤❙❫❪✩❩❭qr❧❫❪❷❧❳❤✹❞❫❞❳❙❫❪✑❩P❤✹s❘❴✤❝✹s♠❣✫❝✹❯✤❱★❴✹q ➇☎♣❁❞❳❙❁s♠❣✓❙❫❪❶❣❀❞❅❝✹sP❪❫q✶❣❀qr❤✹sP❪❚➏✹❙❁❞❡❪ ∣

∣52P3/2, F
′ = 0, 1, 2

〉 ❺Ô➔❏❙
❪✴❙❁sP❪❷❴✤❙➟❐❡❝✹❬ ❝✹➵✤❝✴❦✸❙✱❴✤❙

νL
❙❫❪❫❣✝q✶s❘❴✹qr⑧❁❯♠♣❵❩✚❝✹❞❲❬ ❙❫❪ÿ❿✄➐❳❧❡♥P❙❫❪✴❺➆➔❵♦ ❙✬➇☎❙❁❣✫❴✹❯❇❩P❤✹❨✝❩P❝✴❦✸❙✱❤❡❩❭❣❀qr⑧❁❯♠❙❫⑥✩⑧❁❯✚q☎❧❡❤✹s❘❴✹❯✚q✶❣✫❢①❯✚s❘❙❶❣✓❝✹q✶❬✶❬ ❙

❩❭❬ ❯✡❪❵q✶❨✝❩✚❤✹❞❫❣✓❝✹s♠❣✓❙❶❴✹❯❚❩❭❞❳❙❁❨❚qr❙❁❞✁❩❭qr❧✧❞❅❙✴s❘❧❳❤✹s♠❣❀❞❳♣➑❬ ❤✹❞❡❪✧❴✹❯➤❐❳❝✹❬ ❝✹➵✤❝✴❦✡❙❫⑥✁❙❫❪❫❣✄❧❁❬ ❝✹q✶❞❳❙❁❨❲❙❁s♠❣➋➏✟q⑩❪❫q❾❐❁❬ ❙✟❺

τseq ≃ 200
✦✝✙✫✽✔✧★✤❖✧❧t✔✆✟✍✭✄✢✤◆✆✥❴

Φ ≃ 7 × 109 atomes/s .
⑧r❃❋❊✑➈✙↔◆⑩

❛①✂ ❦ ö ❿✶þ➓ì❍ø❞þîíëù▲ú➚û✕÷ðï❢÷↕ñ➚ý❀þ✘ù✱✰òí✑➻✕÷➙ì
❹✓ó❱ô➑õ➲ö❀÷❏ø➜ù❱ú❧û➲ö✫ü✎ý➈ö✾þ➌ô②ù❱ú❧ÿ✁�➅ú❧÷❏û❀ø ô➑õ➲ÿ➌û→ô✙û↕ù➌û✄✂✆☎✙÷❏õ✄✂✙ø ô✙ý➈ö↕ó✕ô■➳➓ÿ✞✝➤þ➢ÿ✠✟✭ô✙ö✾ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✼þ➓ü✎ý➓õ❀ó✕ô✌☞✄ÿ➌÷✕þ➌ô✎✍✁✏②ÿ➌ö➲û✫ô

ó✕ô✒✑♣ü✎÷❏ö➜þ➌ô✓☎➑ú❧ý✞✔➓û➲ø ô✙û➜ó✖✕ ô➑õ➲ö➲÷❏ø➤ü✎ö➲÷✕ú❧ý ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➅ö✫ô þ➢ÿ❻➳➓ÿ✞✝ ü✎ö➲ö→ô✙÷❏ý➅ö ù➆ü✎û⑥ý➓ú❧ö➲û→ô❰ö→ô✆☎✘✗➌ý➌÷☛✡➅ÿ➓ô þ✙✕ ÷❏ý✎✟✭ô✆☎✙ö➲÷✕ú❧ý ô✙ý
ø ú➅þ➌ô②ù➌ÿ➌ó✕õ✄✂✎✚➅÷❏ó❱ô➑õ➲ö⑤ý✛✂✆☎➑ô➑õ→õ✫ü✎÷❏û→ô②þ✙✕ ü✜�❖ú❧÷❏û❀ÿ➌ý➓ô➙ø ô➑õ➲ÿ➌û→ô✢✔❱ü✎t➌ó✕ô✼þ➌ô➑õ✣�✄ü✎û➲÷❾ü✎ö➲÷✕ú❧ý➓õ⑤û→ô✙ó❾ü✎ö➲÷✤�➅ô➑õ❀þ➢ÿ✝➳➓ÿ✁✝➤õ➲÷➓ó✖✕ ú❧ý✥�❖ô✙ÿ➌ö
ü✎ù➌ù➌ó❏÷☛✡➅ÿ➓ô✙û➙ó❾ü✉ø✦✂✙ö✧✗➓ú➅þ➌ô õ➲ù①ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷☛✡➅ÿ➓ô þ➌ô④ø ô➑õ➲ÿ➌û→ô❋þ➌ô④ó❾ü✉ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➟þ➢ÿ✩✟✭ô✙ö➙þ✁✂✆☎✙û➲÷❏ö→ô ü✎ÿ✪☎✄✗➆ü✎ù➌÷❏ö➲û→ô✥➞✞✍
✫✆ü ø✦✂✙ö✧✗➓ú➈þ➌ô❰ó❾üÏù➌ó❏ÿ➓õ➜õ➲÷❏ø➜ù➌ó✕ô✎✚✁ù①ú❧ÿ➌û➜þ✁✂✙ö→ô✆☎✙ö→ô✙û➜ó✕ô✠✟✭ô✙ö➜ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✚✬☎➑ú❧ý➓õ➲÷✕õ➲ö→ô✓✭ ø ô✙õ➲ÿ➓û→ô✙û⑥ó✖✕ ü✎t➓õ→ú❧û➲ù➌ö➲÷✕ú❧ý

þ✙✕ ÿ➌ý✮✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ õ→ú❧ý➓þ➌ô❮û✄✂➑õ→ú❧ý➌ý➆ü✎ý➈ö✜✍✢✯✼ú❧ÿ➓õêü✆�➅ú❧ý➓õ ÿ➌ö➲÷❏ó❏÷✕õ✄✂ þ➌ô✙ÿ✞✝✮�❖ô✙û→õ➲÷✕ú❧ý➓õ þ➌ô✰☎➑ô✙ö➲ö→ô❮ø✦✂✙ö✧✗➓ú➅þ➌ô✲✱✾ó❾ü ù➌û→ô✴✳
ø➜÷☛✵✙û→ô✶☎➑ú❧ý➓õ➲÷✕õ➲ö→ô✶✭➟û→ô✙ù❱ú❧ø➜ù①ô✲û➙ó✕ô➑õ✾ü✎ö→ú❧ø ô➑õ➙þ➓ü✎ý➓õ ∣

∣52S1/2, F = 2
〉 ü✜�✄ü✎ý➅ö✾þ✙✕ ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û✾ó❾ü➟ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý✷☎✹✸✞☎✙ó❾ü✎ý➅ö✫ô

∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F
′ = 3

〉 ✺ ó✖✕ ü✎ÿ➌ö➲û→ô✪✭êø ô➑õ➲ÿ➌û→ô✙û➤õ➲÷❏ø➜ù➌ó✕ô✙ø ô✙ý➈ö ó✖✕ ü✎t➓õ→ú❧û➲ù➌ö➲÷✕ú❧ý➨þ➢ÿ û→ô✙ù❱ú❧ø➜ù①ô✙ÿ➌û
ó✕ú❧û→õ✄✡➅ÿ✻✕ ÷❏ó✇ô➑õ➲ö➙t➆ü✎ó❾ü✆✸✼✂ ü✎ÿ➌ö→ú❧ÿ➌û✼þ➌ô④ó❾ü✠✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❋þ➌ô❋û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô✎✍
Ó✘q❡✐❫q❅♣ ✽✒✾ ②✷Ö✚✇✡➓✑Õ❒✈❱Ö✸× ②✼✔✉✇

F = 2

✿✯ý✉ý➓ú❧ÿ➓õ✆÷❏ý➓õ➲ù➌÷❏û✫ü✎ý➈ö❛þ➌ô✹ó❾ü✾ö→ô✆☎✘✗➌ý➌÷☛✡➅ÿ➓ô⑤ö➲û✫ü❧þ➢÷❏ö➲÷✕ú❧ý➌ý➓ô✙ó❏ó✕ô➑ø ô✙ý➈ö❛ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô⑤ù❱ú❧ÿ➌û✁÷❏ø➤ü❀☞❖ô✙û❛þ➌ô➑õ✆ý➈ÿ➆ü❀☞❖ô➑õ✁þ✙✕ ü✎ö→ú❧ø ô➑õ
✑❸û→ú❧÷✕þ➌õ✜✚❁✭ õ✫ü✆�➅ú❧÷❏û➟ø ô➑õ➲ÿ➌û→ô✙û⑥ó✖✕ ü✎t➓õ→ú❧û➲ù➌ö➲÷✕ú❧ý þ✙✕ ÿ➌ý❂✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ➡õ→ú❧ý➓þ➌ô➤û✄✂➑õ→ú❧ý➌ý➆ü✎ý➈ö➜ü✜�❖ô✆☎➤ó❾ü ö➲û✲ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý❃☎✹✸✞☎✙ó❾ü✎ý➅ö✫ô
∣

∣52S1/2, F = 2
〉

→
∣

∣52P3/2, F
′ = 3

〉 ✚✣ý➓ú❧ÿ➓õ✯ü✜�❖ú❧ý➓õ❄☎➑ú❧ø➜ø ô✙ý✛☎✆✂↕ù➆ü✎û✁ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û✁ÿ➌ý❅✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ⑥÷✕õ→õ➲ÿ✉þ✙✕ ÿ➌ý➓ô✣✔➓t➌û→ô
ú❧ù➌ö➲÷☛✡➅ÿ➓ô✎✚❆☎➑ú❧ý➈ö→ô✙ý➆ü✎ý➈ö✢✭ ó❾ü❇✑✡ú❧÷✕õ❀ÿ➌ý➓ô✢✑♣ü✎÷❏t➌ó✕ô❈✡➅ÿ➆ü✎ý➈ö➲÷❏ö✄✂❊❉●❋✜❍✁❉✩■⑤þ➌ô②û→ô✙ù❱ú❧ø➜ù①ô✙ÿ➌û✜✚➢ô✙ö❀ó❾ü ó❏ÿ➌ø➜÷☛✵✙û→ô❇☎✹✸✞☎✙ó❾ü✎ý➈ö→ô✎✍❆❏✢✔➓ý



❯✎✝ ➟ ❑✧Ü✚â✴Þ✜⑨✡â✕Û ✠✎á④☛Ôä✷▲➆ä✫➝✿ß♠â✡✠✎à Û ãÔä❭Þ ▼❖◆

þ✙✕ ü✜�❖ú❧÷❏û②ÿ➌ý➓ô➟ü✎t➓õ→ú❧û➲ù➌ö➲÷✕ú❧ý ó❾ü➜ù➌ó❏ÿ➓õ✢☞✄û✫ü✎ý➓þ➌ô ù❱ú✄õ→õ➲÷❏t➌ó✕ô✎✚➌ó✕ô✶✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ ô➑õ➲öP✑✡ú✼☎✣ü✎ó❏÷✕õ✄✂ õ➲ÿ➌û➙ÿ➌ý➓ô ö✫ü✎÷❏ó❏ó✕ô þ➌ô❅✡➅ÿ➓ô✙ó☛✡➅ÿ➓ô➑õ
☎➑ô✙ý➈ö✫ü✎÷❏ý➓ô➑õ②þ➌ô④ø➜÷☛☎✙û→ú❧ý➓õ✜✚➓÷❏ý✞✑◗✂✙û➲÷✕ô✲ÿ➓û→ô➟ü✎ÿÏþ➢÷❾ü✎ø✦✵✙ö➲û→ô➟þ➢ÿ✦✟✭ô✙ö②ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✍
❘ ô↕ù➌û→ú❧ö→ú❆☎➑ú❧ó✕ô✾ù➌û✄✂➑õ→ô✙ý➈ö→ô↕ó✖✕ ü✜�✄ü✎ý➅ö✫ü❀☞❖ô➙þ➌ô↕ù①ú❧ÿ✁�❖ú❧÷❏û✬✑✡ú❧ÿ➌û➲ý➌÷❏û✜✚✄õ➲÷➢ó✖✕ ú❧ý✦�❖ô✙û➲û→ú❧ÿ➌÷❏ó❏ó✕ô✾ó❾ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✾þ➌ô↕ó❾ü④õ→ú❧ý➓þ➌ô✎✚

ÿ➌ý➤õ➲÷✤☞✄ý➆ü✎ó❙☎➑ú❧ý➈ö➲÷❏ý➅ÿ✻✚❖ÿ➌ö➲÷❏ó✕ô✾ù➆ü✎û⑤ô✴✝➌ô✙ø➜ù➌ó✕ô✾ù①ú❧ÿ➌û⑤ú❧t➓õ→ô✙û✧�➅ô✙û✹ó❾ü④þ✁✂✙ù①ô✙ý➓þ➓ü✎ý✛☎➑ô➙ö→ô✙ø➜ù①ú❧û→ô✙ó❏ó✕ô②þ➢ÿ✩❚➓ÿ✞✝✙✍ ❘ ô✙ù❱ô✙ý➓þ➓ü✎ý➈ö✜✚
ó✕ô✌☎✘✗➆ü✎ø➜ù ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô✼þ➢ÿ✒☞✄ÿ➌÷✕þ➌ô✼ô➑õ➲ö⑤ù➌û✄✂➑õ→ô✙ý➈ö⑤ù①ô✙ý➓þ➓ü✎ý➅ö❯☎➑ô➑õ⑤ø ô➑õ➲ÿ➌û→ô➑õ✜✍ ❘ ô✙ó❾ü❱☎➑ú❧ý➓þ➢ÿ➌÷❏ö✢✭❋ÿ➌ý✥✂✙ó❾ü✎û✧☞✄÷✕õ→õ→ô✙ø ô✙ý➅ö
÷❏ø➜ù①ú❧û➲ö✫ü✎ý➅ö þ➌ô➟ó❾ü➤û✫ü✎÷✕ô✉þ➌ô✉û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô✎✚★✡➅ÿ➌÷❛þ✁✂✙ù❱ô✙ý➓þ❲✑✡ú❧û➲ö→ô✙ø ô✙ý➅ö❋þ➢ÿ❳☞✄û✫ü❧þ➢÷✕ô✙ý➅ö þ➌ô✠☎✘✗➆ü✎ø➜ù ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô✎✚①ô✙ö
þ➌ô②ó❾ü ù①ú❧ó❾ü✎û➲÷✕õ✫ü✎ö➲÷✕ú❧ý þ➢ÿ✒✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ õ→ú❧ý➓þ➌ô❊❉❨�❖ú❧÷❏û✣✔✛☞✄ÿ➌û→ô✶❩✞✍✤❋✜❬❭❉✡ü❪■✧■✴✍❆✿✯ý❰ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✚✞☎➑ô✲ö→ö→ô②ø✦✂✙ö✧✗➓ú➈þ➌ô④þ➌ô②ø ô➑õ➲ÿ➌û→ô
ô➑õ➲ö✯ù❱ô✙ÿ✩✔❱ü✎t➌ó✕ô↕ù①ú❧ÿ➌û✯ø ô➑õ➲ÿ➌û→ô✙û✹ó✕ô❫❚➓ÿ✞✝ ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✾÷❏ý➓þ✁✂✙ù❱ô✙ý➓þ➓ü✎ø➜ø➤ô✙ý➈ö⑤þ➌ô↕ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô➙ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô✾þ➌ô➑õ⑤ü✎ö→ú❧ø ô➑õ✜✚
ô✙ö➙ô✙ó❏ó✕ô✼ù①ô✙ÿ➌ö➙þ➌ú❧ý✛☎✶☎➑ú❧ý➓þ➢ÿ➌÷❏û→ô❱✭⑥þ➌ô➑õ↕û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ➙ô✙û➲û→ú❧ý✛✂➑õ✾ó✕ú❧û→õ✾þ➌ô✼ó❾ü✉ø ô➑õ➲ÿ➌û→ô❋þ➌ô✼ó❾ü✉ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô þ➢ÿ✩✟✭ô✙ö↕ù➆ü✎û
õ➲ù①ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷✕ô✎✍
Ó✘q❡✐❫q✕Ó ✽✒✾ ②✷Ö❪✇✡➓✑Õ❒✈❱Ö✸× ②✼✔✉✇

F = 1

✯✼ú❧ÿ➓õ ü✜�❖ú❧ý➓õÏþ➌ú❧ý✛☎ þ✁✂✹�➅ô✙ó✕ú❧ù➌ù❖✂ ÿ➌ý➓ô ü✎ÿ➌ö→û→ô ö✫ô✹☎✘✗➌ý➌÷☛✡➅ÿ➓ô✎✚✢✡➅ÿ➓÷❱☎➑ú❧ý➓õ➲÷✕õ➲ö→ô✰✭ ø ô✙õ➲ÿ➓û→ô✙ûÏó◗✕ ü✎t➓õ→ú❧û→ù➌ö➲÷✕ú❧ý þ➢ÿ
û→ô✙ù①ú❧ø➜ù❱ô✙ÿ➌û➙õ→ô✙ÿ➌ó✕ô✙ø ô✙ý➈ö✜✍✞✫✆ü➟ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô④ô➑õ➲ö❀t➌÷✕ô✙ý õ✧❴➌û↕þ➓ü✎ý➓õP☎➑ô❈☎✣ü❧õ❀ÿ➓ý➓ô②ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ýÏú❧ÿ✁�❖ô✙û➲ö→ô✎✚➢ô✙ö
ó✖✕ ü✎t➓õ→ú❧û➲ù➌ö➲÷✕ú❧ý❰ô➑õ➲ö❀þ➌ú❧ý✛☎➙û→ô✙ó❾ü✎ö➲÷✤�➅ô✙ø ô✙ý➅ö❫✑♣ü✎÷❏t➌ó✕ô✎✚➅þ➌ô➙ó✖✕ ú❧û→þ➢û→ô✼þ➌ô❅❋→❉ ü✎ÿ➤ø➤ü❵✝➢÷❏ø➟ÿ➌ø ô✙ý➤ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✍ ❘ ô✙ù❱ô✙ý➓þ➓ü✎ý➈ö✜✚
õ➲÷①ó✖✕ ÷❏ý➅ö→ô✙ý➓õ➲÷❏ö✄✂❋þ➢ÿ✥✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ ô➑õ➲ö✾õ➲ÿ✞❛➤õ✫ü✎ø➜ø ô✙ý➅öP☞✄û✫ü✎ý➓þ➌ô④ù①ú❧ÿ➌ûP✡➅ÿ➓ô✼ö→ú❧ÿ➓õ↕ó✕ô➑õ✾ü✎ö→ú❧ø ô➑õ✜✚➢÷❏ý➓þ✁✂✙ù❱ô✙ý➓þ➓ü✎ø➜ø➤ô✙ý➈ö➙þ➌ô
ó✕ô✙ÿ➌û⑤ù❱ú✄õ➲÷❏ö➲÷✕ú❧ý ú❧ÿ➤þ➌ô✾ó✕ô✙ÿ➌û✣�➈÷❏ö→ô➑õ→õ→ô✎✚❧÷❏ý➈ö→ô✙û✫ü❀☞✄÷✕õ→õ→ô✙ý➅ö↕ü✜�❖ô✆☎✾ó✕ô✾ó❾ü❧õ→ô✙û✜✚❖ó✕ô✾ý➓ú❧ø➟t➌û→ô②þ➌ô✾ù✁✗➓ú❧ö→ú❧ý➓õ❀þ➢÷❝❜①ÿ➓õ✄✂➑õ❈❉❸ô✙ö⑤þ➌ú❧ý✛☎
ó❾ü➤ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô✷❞ ø➤ü✎ý✛✡➅ÿ➆ü✎ý➈ö→ô✒❡ þ➓ü✎ý➓õ④ó✕ô❅✑✡ü✎÷✕õ✄☎➑ô✣ü✎ÿ õ→ú❧ý➓þ➌ô❵■②ô➑õ➲ö✼ù➌û→ú❧ù①ú❧û➲ö➲÷✕ú❧ý➌ý➓ô✙ó❀ü✎ÿ❲❚➓ÿ✞✝ þ➢ÿ❭✟✭ô✙ö❋ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✍
✿✯ý ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó❏÷✕ô✙û✜✚îù❱ú❧ÿ➌û④ó❾ü➤ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý |52S1/2, F = 1〉 → |52P3/2, F

′ = 2〉 ✚➆ù①ú❧ÿ➌û④ó❾ü❢✡➅ÿ➓ô✙ó❏ó✕ô✉÷❏ó✁ý❣✕ ✸ ü ù➆ü❧õþ✙✕ ✂✙ö✫ü✎ö❋ý➓ú❧÷❏û✒❉❤☎➑ú❧ý➈ö➲û✫ü✎÷❏û→ô✙ø ô✙ý➈ö✉ü✎ÿ✞✝✐☎➑ü❧õ þ➌ô
F ′ = 0

ô✙ö þ➌ô
F ′ = 1

■✴✚✙☎✄✗➆ü❢✡➅ÿ➓ô ü✎ö→ú❧ø ô➜þ➌÷ ❜îÿ➓õ→ô⑥ô✙ý❮ø ú✜✸➅ô✙ý➌ý➓ô
þ➌ô✙ÿ✞✝ ù✁✗➓ú❧ö→ú❧ý➓õ➁❈❨✘ ü✆�✄ü✎ý➈ö þ✙✕ ❥✙ö➲û→ô➜ù❱ú❧ø➜ù★✂➜þ➓ü✎ý➓õ |52S1/2, F = 2〉 ✍✙✯✼ú❧ÿ➓õ❋þ➢÷✕õ➲ù①ú✄õ→ú❧ý➓õ➟ü✎÷❏ý➓õ➲÷✹þ✙✕ ÿ➌ý➓ô⑥ø✦✂✙ö✧✗➓ú➈þ➌ôù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô❀ù❱ú❧ÿ➌û✁ø ô➑õ➲ÿ➌û✫ô✲û✯þ➌ô⑤ø➤ü✎ý➌÷☛✵✙û→ô✾ü✎t➓õ→ú❧ó❏ÿ➓ô⑤ó✕ô❦❚➓ÿ✞✝✉þ➢ÿ✌✟✭ô✙ö✜✚✟ø➤ü✎ó✤☞✄û✄✂❀ó❾ü➙ù➌û✄✂➑õ→ô✙ý✛☎➑ô❀þ➢ÿ❊☎✘✗➆ü✎ø➜ù✉ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô
þ➢ÿ✐☞✄ÿ➌÷✕þ➌ô✎✍✻✯✼ú❧ÿ➓õ ú❧t➌ö→ô✙ý➓ú❧ý➓õ ÿ➌ý❮t❱ú❧ý➡ü❢☎✆☎➑ú❧û→þ ô✙ý➅ö➲û→ô✦☎➑ô✙ö➲ö→ô➜ø✦✂✙ö✧✗➓ú➅þ➌ô þ➌ô➜þ✁✂✙ö→ô✙û➲ø➜÷❏ý➆ü✎ö➲÷✕ú✄ý➡þ➢ÿ❳❚➓ÿ✞✝❮ô✙ö❱☎➑ô✙ó❏ó✕ô
☎➑ú❧ý➓þ➢ÿ➌÷✕õ✫ü✎ý➈ö✼ü✎ÿÏû✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö✠❉◗❩✞✍✤❋✙↔❆■✴✍
✫✇ô✷☎✣ü✎û✫ü❢☎✙ö✄✵✙û→ôÏú❧ÿ✁�❖ô✙û➲ö þ➌ô➑õ➜ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ ÿ➌ö➲÷❏ó❏÷✕õ✄✂✙ô➑õ✩✑♣ü✎÷❏ö✩✡➅ÿ➓ô❰ó✕ô õ➲ù❱ô✆☎✙ö➲û→ôÏú❧t➌ö→ô✙ý➅ÿ ó✕ú❧û→õ✄✡➅ÿ✻✕ ú❧ý t➆ü✎ó❾ü✜✸❖ô❰ó❾ü

✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
νL

þ➢ÿ➟ó❾ü❧õ→ô✙û✁õ→ú❧ý➓þ➌ô✹þ✁✂✙ù①ô✙ý➓þ➟þ➌ô✹ó❾üP�➈÷❏ö→ô➑õ→õ→ô
dνL/dt

þ➌ô✹t➆ü✎ó❾ü✆✸➈ü❀☞❖ô✎✚✎ü✎÷❏ý➓õ➲÷❆✡➅ÿ➓ô✹þ➢ÿ✉õ→ô✙ý➓õ✆þ➌ô✹t➆ü✎ó❾ü✆✸➈ü❀☞❖ô
❉❨�➅ú❧÷❏û✬✔✛☞✄ÿ➌û→ô✌❩✞✍✤❋✜❬✒❉✑t❖■✧■❯✱✄ó✕ô✾ù➌÷☛☎✢☎➑ú❧û➲û→ô➑õ➲ù①ú❧ý➓þ➓ü✎ý➅öP✭④ó❾ü④ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý |52S1/2, F = 1〉 → |52P3/2, F

′〉 ü✎t❱ú❧û→þ✁✂➑ôô✙ýêù➌û→ô✙ø➜÷✕ô✙û✼ó✕ú❧û→õ④þ➢ÿ t➆ü✎ó❾ü✜✸➅ü❀☞❖ô✉ô➑õ➲ö②ù➌ó❏ÿ➓õ✼ø➤ü✎û✄✡➅ÿ✛✂✠✡➅ÿ➓ô ó✕ô➑õ✼õ➲ÿ➌÷✤�✄ü✎ý➈ö→õ✜✚➓ù❱ú❧ÿ➌û✼ó✕ô➑õ✄✡➅ÿ➓ô✙ó✕õ②t①ô✣ü✎ÿ✛☎➑ú❧ÿ➌ù❮þ✙✕ ü✎ö→ú❧ø ô➑õ
ý➓ô❱☎➑ú❧ý➅ö➲û➲÷❏t➌ÿ➓ô✙ý➈ö②ù➆ü❧õ✜✚➢ù➌ÿ➌÷✕õ✄✡➅ÿ✻✕ ÷❏ó✕õ②ú❧ý➅ö②þ✁✂●✟✧✭❊✂✙ö✄✂➑õ✾ù①ú❧ø➜ù❖✂➑õ②ú❧ù➌ö➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö✼þ➓ü✎ý➓õ ∣

∣52S1/2, F = 2
〉 ✍

✿✯ý❮ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✚îù❱ú❧ÿ➌û þ➌ô➑õ④ø ô➑õ➲ÿ➌û→ô➑õ❋û→ô✙ó❾ü✎ö➲÷✤�➅ô➑õ❋þ➌ô✠❚➓ÿ✞✝❬❈✣❄✎✚❱ý➓ú❧ÿ➓õ ú❧t➌ö→ô✙ý➓ú❧ý➓õ❋ó✕ô✉ø ô✙÷❏ó❏ó✕ô✙ÿ➌û û✫ü✎ù➌ù①ú❧û➲ö õ➲÷✤☞✄ý➆ü✎ó
õ➲ÿ➌û④t➌û➲ÿ➌÷❏ö ô✙ý t❱ü✎ó✕ü✜✸➈ü✎ý➅ö✜✚❣❧❢❍✦✑✡ú❧÷✕õ④ù➆ü✎û õ→ô✆☎➑ú❧ý➓þ➌ô✎✚①ó❾ü✦✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô

νL
þ➢ÿ ó❾ü❧õ→ô✙û④ù➆ü✎û❋ù➌û✄✵➑õ❋þ➌ô✓❋✦♠❇♥✌♦➜þ➌ô✉ù➆ü✎û➲ö

ô✙ö⑥þ✙✕ ü✎ÿ➌ö➲û→ô❰þ➌ô➤ó❾ü✓✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
ν11

þ➌ô➤ó❾üÏö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý |52S1/2, F = 1〉 → |52P3/2, F
′ = 1〉 ❉✑ù❱ú❧ÿ➌û✩☎➑ô✙ó❾ü✞✚ý➓ú❧ÿ➓õ✼t➆ü✎ó❾ü✆✸➅ú❧ý➓õ✼ó✕ô❅☎➑ú❧ÿ➌û✫ü✎ý➈ö❋þ➌ô ó❾ü➤þ➢÷✕ú➅þ➌ô✉ó❾ü❧õ→ô✙û ✺ ó✕ô➑õ✌�✄ü✎û➲÷❾ü✎ö➲÷✕ú❧ý➓õ④þ✙✕ ÷❏ý➈ö→ô✙ý➓õ➲÷❏ö✄✂➟ó❏ÿ➌ø➜÷❏ý➓ô✙ÿ➓õ→ô❊✡➅ÿ➌÷✁ô✙ýêû✄✂➑õ➲ÿ➌ó❏ö→ô✙ý➈ö

õ→ú❧ý➈ö❱✂✙ó❏÷❏ø➜÷❏ý✛✂➑ô➑õ❱☞✄û✘♣❢☎➑ô✒✭❰ÿ➌ý þ➢÷✕õ➲ù①ú✄õ➲÷❏ö➲÷❝✑✾þ➌ô õ➲ö✫ü✎t➌÷❏ó❏÷✕õ✫ü✎ö➲÷✕ú❧ý þ✙✕ ÷❏ý➈ö→ô✙ý➓õ➲÷❏ö✄✂ õ➲÷❏ø➜÷❏ó❾ü✎÷❏û→ô✒✭✓☎➑ô✙óäÿ➓÷✯ÿ➓ö➲÷❏óä÷✕õ✄✂➜ù①ú❧ÿ➌û ó✕ô➑õ
✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ✞✝Ïþ➢ÿ✷q❦r✐✏✶■✴✍✛✫✆ü➜õ→ú❧ý➓þ➌ô❋ý✻✕ ô➑õ➲ö➙ù➆ü❧õ❯✑✡ú❆☎➑ü✎ó❏÷✕õ✄✂➑ô ô✙ö✼ü✉ÿ➌ý➓ô❋ö✫ü✎÷❏ó❏ó✕ô þ➌ô❋ó✖✕ ú❧û→þ➢û→ô➟þ➢ÿ ø➜÷❏ó❏ó❏÷❏ø✦✵✙ö➲û→ô✄❈✣❆✼✍✁q❛ú❧ÿ➌û
ÿ➌ý➓ô✒�➈÷❏ö→ô➑õ→õ→ô➤þ➢ÿ✪✟✭ô✙ö✠✂✹☞➅ü✎ó✕ô❭✭

v = 60
☎✙ø✥s✎õ✜✚✇ó✕ô➑õ⑥ü✎ö→ú❧ø ô➑õ❊✡➅ÿ➌÷❀õ→ô ö➲û→ú❧ÿ✁�➅ô✙ý➅ö⑥þ➓ü✎ý➓õ➟ó❾ü✷♦✣ú❧ý➓ô þ✙✕ ÷❏ý➅ö→ô✙û✫ü❢☎✙ö➲÷✕ú❧ý

❋ ✚ ➜ ì✴ê✸ö❘ú✒í ù❳í❅ì❁í✗è❳ø✳❸❡õ í✛ù✟î✴ú ì➆é✤ó✛ð✟ò✡ì✴ò✸õ ú õ í✛ù⑦ë✤è❏ó✛è❳í✛ð✟ñ✩ò✚è❳ó▼ë✸ì✴ê✸ö
|F = 1〉

❾✴ì✴ï✤í
1/2

ý ➙ èÔê✸ð✟ñ✩ò✦ó✛è
〈N〉

ñ❵ð✣♠✕è❡ê✝ë✤è✎é✷❹✸ð✴í✛ð✟ê✸ö▼ë✤õ →Pï✸ö✓ù❡ö
è❡ö✑í➋ë✤ð✟ê✷❸

〈N〉 =

∞
∑

n=0

n

(

1

2

)n

= 2 .

❋ ❋➝➹➆í✛õ ú õ ö✓ù❡è❡ö➆è❡ê❶é✡ì❁ó✓í✛õ ❸❡ï✸ú õ è❳ó➆é✚ð✟ï✤ó➆ú ì✩ñ❵è❡ö✓ï✤ó✛è✄ö✓é✚è✤❸❳í✓ó✛ð✟ö❅❸❡ð✟é✸õ ❺✹ï✸è☎ë✤è➋í✛è❡ñ❵é✚ù❳ó❅ì❁í✛ï✤ó✛è✟ý❋ ▲ î ➔✡ê✯❺✹ï✸è➋í✛ð✟ï✸ö❊ú è❳ö➋ì❁í✛ð✟ñ❵è❡ö➆ë✦ï❫➀❀è❳í➆é✸ï✸õ ö✓ö✓è❡ê✹í➆õ ê✹í✛è❳ó❅ì✴ô✟õ ó➋ì⑦❾✕è✤❸✁ú è✄÷✶ì✴õ ö❅❸❡è❫ì✴ï♠ý



▼✛t þ❵ÿ ß✁�▼Û â✄✂✛Þ④❯✎✝➪➚☞á❅➨❡Þ✜⑨✡â✕Û ✠✎á �✗ä✁✏ ✌✟ÜPÞ➠☛✗Þ✆�❭ß❭ãÔä❭Þ✚â✡✌❜ß♠â✡✠✎à Û ãÔä❭Þ✜✌➂☛✗ß✗á✍✌ú✏ Þ✥ÝÔä▼Û ☛✗Þ

ü✆�➅ô✆☎ ó✕ô❇✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿêõ→ú❧ý➓þ➌ô✉ü✎ÿ❲☎➑ú❧ÿ➌û→õ②þ✙✕ ÿ➌ýêt➆ü✎ó❾ü✆✸➈ü❀☞❖ô➟þ➌ú❧ý➌ý✛✂➟þ➌ô
νL
✚➆õ→ô❋ö➲û→ú❧ÿ✁�✄ü✎÷✕ô✙ý➅ö ≃ 1

☎✙ø ô✙ý ü✎ø ú❧ý➈ö②ó✕ú❧û→õ
þ➢ÿ❰t➆ü✎ó❾ü✆✸➈ü❀☞❖ô✼ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➅ö✜✚➌ô✙ö↕ý✻✕ ✂✙ö✫ü✎÷✕ô✙ý➈ö✜✚➈ù❱ü✎û❯☎➑ú❧ý➓õ✄✂✆✡➅ÿ➓ô✙ý➈ö✜✚➈ù➆ü❧õ✾ü❵❜îô✆☎✙ö✄✂➑õ↕ù➆ü✎û↕ó❾ü➟õ→ú❧ý➓þ➌ô✎✍ ❘ ú❧ý➈ö➲û✫ü✎÷❏û→ô✙ø ô✙ý➈ö②ü✎ÿ
☎✣ü❧õ②þ➌ô ó❾ü þ✁✂✙ö→ô✆☎✲ö→÷❏ú❧ý õ➲ÿ➌û

F = 2
✚➓ó❏ô➑õ✼õ➲ù❱ô✆☎✙ö➲û→ô➑õ✼ú❧t➌ö→ô✙ý➈ÿ➓õ✼õ→ú❧ý➅ö②ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✙ø ô✙ý➅ö✼÷❏ý➓õ→ô✙ý➓õ➲÷❏t➌ó✕ô➑õ❇✭⑥ó❾ü✩�✄ü✎ó✕ô✙ÿ➌û✼þ➢ÿ

☞✄û✫ü❧þ➢÷✕ô✙ý➅ö
b
ô✙ö❊✭❰ó❾ü ù❱ú❧ó❾ü✎û➲÷✕õ✫ü✎ö➲÷✕ú❧ý þ➢ÿ✰✑♣ü✎÷✕õ✄☎➑ô✣ü✎ÿ➡õ→ú❧ý➓þ➌ô✎✍ ❘ ô✙ö➲ö→ô û→ú❧t➌ÿ➓õ➲ö→ô➑õ→õ→ô✦☎➑ú❧ý➓þ➢ÿ➌÷❏ö✩✭ þ➌ô➑õ➟ø ô➑õ➲ÿ➌û→ô➑õ ù➌ó❏ÿ➓õ

✔❱ü✎t➌ó✕ô➑õ②ô✙ö✾ù➌ó❏ÿ➓õ➙û→ô✙ù➌û→ú➅þ➢ÿ✛☎✙ö➲÷❏t➌ó✕ô➑õ✼þ➌ô❋ó❾ü✉ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➟þ➢ÿ✩✟✭ô✙ö✜✍



✉✇✈②①④③⑥⑤✹⑦❳⑧✬⑨ ⑩

❶ ❷❹❸❻❺❽❼❅❷ ❾❿❷ ➀✁➁ ➂➃❷➅➄ ➆➅➇➅❼✩➁➈➂⑥❺❽❼❅❷ ❾➉❺ ➊✰❷❻➂

➋❙➌⑥❐✄➍✎➎✢➏❵➌❊➐●➌✩➐●➑❪➒●➓❆➔✤➎❨→➣➌✦➌✧↔✧➎✢➏❵➌❅↕✶➙✆➛✼➎❨→➜➌✄→●➝✣➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌✄↕✶➌✄➛✼➎❁➓❆➍✎➔❝↔❊➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢ ➌✄↕✶➌✄➛✼➎➠➝❯➐●➙✆↕❈↕✶➌✄➛✼➎❯➢ ➒
➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➜➌❅➏✆➍✶➤✄➌✄➎❯➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌❈➥✜➍✎➔➠➏❵➞❱↕✶➒✘➥✜➛✞➞✄➎❨➔➠➟✄➍✼➌✄↕✶➌✘➛✼➎✙➓❪➌✄➍✎➎❯➦✄➎❨→➜➌✶↕✶➌✧↔✧➍✎→➣➞●➌❅➒✆➧✆➌●➐❱➍✎➛✞➌✶➎❨→➜➨✧↔ ❐➜➙✆➛✼➛✞➌
➓❆→➜➞●➐✄➔❝↔✧➔➠➙✆➛✷➌✄➛✦➍✎➎❨➔✤➢ ➔❝↔✘➒✆➛✼➎❁➍✎➛✞➌P↕✶➞✄➎☛➑❪➙✴➏❵➌❇➏❵➌✢↔❤➓✎➌●➐✄➎❨→➜➙✹↔✘➐●➙●➓❆➔➠➌❈→➜➒❵➏✆➔➠➙✆➩ ➫➜→➣➞●➟✄➍✼➌✘➛✞➐➜➌✴➭❖➯❁➛❭➞✄➧✆➒●➓❪➙✆→➜➒✆➛✼➎❁↔✘➞✄➢ ➌●➐✄➎❨➔✤➧✆➌✄➩
↕✶➌✄➛✼➎★➢ ➌✧↔❯➒✆➎◗➙✆↕✶➌✧↔❦↔✘➒✆➎❨➔❝↔➠➫✧➒✆➔❝↔✘➒✆➛✼➎✻➢ ➌P➐✄→✧➔✤➎◗➨✄→➣➌✢➏❵➌❫→➜➞✧↔✘➙✆➛✞➒✆➛✞➐➜➌P➒✆➧✆➌●➐❯➢➣➲ ➙✆➛✞➏❵➌❯→➣➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✧➝❣➌✄➎✻➌✄➛✠↕✶➌✧↔✧➍✎➩
→➜➒✆➛✼➎❁➢ ➒❫➫➜→➣➒❵➐✘➎➠➔➠➙✆➛

ϕ
➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✌→➜➌✧↔✧➎❤➒✆➛❆➎☛↔✌➌✄➛❇➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✓➏❵➌✌➢ ➒❫➫➜→➣➞●➟✄➍✼➌✄➛✞➐●➌

νrf

➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✧➝❣➛✞➙✆➍❢↔✌➏❵➞➜➏✆➍✎➔❝↔✘➙✆➛❪↔
➢ ➒❱➎◗➌✄↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌

T
➏✆➍✢➤✄➌✄➎◗➭

➳❋ü✎ý➓õ✆ó✕ô❀þ➌ú❧ø➤ü✎÷❏ý➓ô❀þ➌ô➑õ❛ü✎ö→ú❧ø ô➑õ✁ÿ➌ó❏ö➲û✫ü❵✳◗✑❸û→ú❧÷✕þ➌õ✜✚✎ú❧ý✉ø ô➑õ➲ÿ➌û→ô⑤ô✙ý✠☞❪✂✙ý✛✂✙û✫ü✎ó➈ó❾ü✾ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô↕þ✙✕ ü✎ö→ú❧ø ô➑õ✁ù➌÷☛✂✹☞❪✂➑õ
ù➆ü✎û ö→ô✙ø➜ù➓õ þ➌ô✓�❖ú❧ó❱✱❛ó✕ô✷☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö ô➑õ➲ö➜t➌û➲ÿ➓õ✄✡➅ÿ➓ô✙ø ô✙ý➈ö➤õ➲ÿ➌ù➌ù➌û➲÷❏ø✦✂✎✚✹ô✙ö ú❧ý ó❾ü✎÷✕õ→õ→ô❰ó✕ô❰ý➈ÿ➆ü❀☞❖ô ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô
õ✜✕ ✂✙ö→ô✙ý➓þ➢û→ô✎✍✙✫✆ü➤ø ô➑õ➲ÿ➌û→ô⑥þ➌ô✉ó❾ü➤þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý þ➌ô⑥þ➌ô✙ý➓õ➲÷❏ö✄✂➜ü✎ù➌û✄✵➑õ④ÿ➌ý ö→ô✙ø➜ù➓õ❋þ➌ô✠�❖ú❧ó✯þ➌ú❧ý➌ý✛✂✉ù❱ô✙û➲ø ô✙ö þ✙✕ ü✜�❖ú❧÷❏û
ü❢☎✆☎✆✵➑õ✶✭➜ó❾ü➤þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý❮þ➌ô➑õ✌�➈÷❏ö→ô➑õ→õ→ô➑õ④ü✆�✄ü✎ý➈ö✼ó❾ü✦☎➑ú❧ÿ➌ù➌ÿ➌û→ô⑥þ➢ÿêù➌÷☛✵✹☞❖ô✎✚❱þ➌ú❧ý✛☎❊✭ ó❾ü➜ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô⑥þ➢ÿêý➈ÿ➆ü❀☞❖ô✎✍
✯✼ú❧ÿ➓õ⑤ý➓ô➙ù①ú❧ÿ✁�❖ú❧ý➓õ❀ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û❫☎➑ô✙ö➲ö→ô②ö→ô✆☎✘✗➌ý➌÷☛✡➅ÿ➓ô②ù❱ú❧ÿ➌û❀ø ô➑õ➲ÿ➌û→ô✙û❀ó❾ü❋ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô④þ➢ÿ❅✟✭ô✙ö⑤ù❱ú❧ÿ➌û↕þ➌ô✙ÿ✞✝ û✫ü✎÷✕õ→ú❧ý➓õ❇✱
þ✙✕ ÿ➌ý➓ô✼ù➆ü✎û➲ö✜✚✞☎➑ú❧ÿ➌ù❱ô✙û↕t➌û➲ÿ➌ö✫ü✎ó✕ô✙ø ô✙ý➈ö✾ó✕ô❈☎✄✗➆ü✎ø➜ù❰ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô④ô✙ý➈ö➲û✫ü❵➵✕ý➓ô✶✭ ó❾ü➟ó❏ú❧ý✛☞✄ÿ➓ô②ó✖✕ ü✎ù➌ù➆ü✎û➲÷❏ö➲÷✕ú❧ýÏþ➌ô✼ø➜÷☛☎✙û→ú❀✳
✑❸ÿ➌÷❏ö→ô➑õ➙ü✎ÿ❰ý➌÷✤�❖ô✣ü✎ÿ þ➢ÿ❭☞✄ÿ➌÷✕þ➌ô ✺ þ✙✕ ü✎ÿ➌ö➲û→ô④ù➆ü✎û➲ö↕ó❾ü❱✑♣ü✎÷❏t➌ó✕ô④þ➢÷✕õ➲ö✫ü✎ý✛☎➑ô❋ô✙ý➅ö➲û→ô④ó✕ô➑õ❀ö➲ÿ➌t①ô➑õ✾þ➌ô❇☎✙ÿ➌÷✤�➈û→ô❇☎➑ú❧ý➓õ➲ö➲÷❏ö➲ÿ➆ü✎ý➅ö✾ó✕ô
☞✄ÿ➌÷✕þ➌ô➜ô✙ø➜ù★❥✆☎✄✗➓ô✙û✫ü✎÷❏ö➟þ✙✕ ü✜�➅ú❧÷äû þ➌ô➑õ❋ö→ô✙ø➜ù➓õ❋þ➌ô❊�❖ú❧ó❛û✫ü✎÷✕õ→ú❧ý➌ý➆ü✎t➌ó✕ô➑õ✜✚✇ô✙ý ø➤ü❧õ✄✡➅ÿ➆ü✎ý➈ö❋ó✕ô➑õ ü✎ö→ú❧ø ô➑õ❱✡➅ÿ➌÷❛ö→ú❧ø➟t①ô✙ý➅ö
õ→ú❧ÿ➓õ✇ó✖✕ ô✴❜îô✙ö✆þ➌ô✯ó❾ü❯☞✄û✫ü✜�➈÷❏ö✄✂✎✍✜q❛ú❧ÿ➌û✇ö→ú❧ÿ➌ö✫ô✙õ❁☎➑ô➑õ✇û✫ü✎÷✕õ→ú❧ý➓õ✜✚➑ý➓ú❧ÿ➓õ✁ü✆�➅ú❧ý➓õ✇þ✁✂✹�➅ô✙ó✕ú❧ù➌ù❖✂✹ÿ➌ý➓ô✹ø ô➑õ➲ÿ➌û→ô✹þ➌ô✯ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô
ù➆ü✎û②õ➲ù❱ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷✕ô û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✎✚➆þ➌ú❧ý➅ö➙ó❾ü➜þ➌ô➑õ✄☎✙û➲÷❏ù➌ö➲÷✕ú❧ý✓✑♣ü✎÷❏ö✾ó✖✕ ú❧t✁✟✭ô✙ö②þ➌ô❱☎➑ô✶☎✘✗➆ü✎ù➌÷❏ö➲û→ô✎✍
❘ ô❊☎✄✗➆ü✎ù➌÷❏ö➲û→ô⑥ô➑õ➲ö④ú❧û✧☞➅ü✎ý➌÷✕õ✄✂⑥þ➌ô➟ó❾ü ø➤ü✎ý➌÷☛✵✙û→ô⑥õ➲ÿ➌÷✤�✄ü✎ý➈ö→ô✎✍❖➳❋ü✎ý➓õ✼ÿ➌ýêù➌û→ô✙ø➜÷✕ô✙û④ö→ô✙ø➜ù➓õ✜✚❱ý➓ú❧ÿ➓õ❇☎✣ü✎ó☛☎✙ÿ➌ó✕ú❧ý➓õ④ó✕ô➑õ

õ➲ù①ô✆☎✙ö➲û→ô➑õ ü✎ö➲ö→ô✙ý➓þ➢ÿ➓õ❋ö✧✗✛✂➑ú❧û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö✜✍✻✯✼ú❧ÿ➓õ❇✂✙ö✫ü✎t➌ó❏÷✕õ→õ→ú❧ý➓õ ô✙ý ù➌û→ô✙ø➜÷✕ô✙û❋ó❏÷✕ô✙ÿ❮ó✕ô❊☎✙û➲÷❏ö✄✵✙û→ô➜þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚✻✡➅ÿ➌÷
ù①ú❧û➲ö→ô❋õ➲ÿ➌û↕ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô❋ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô

E
ô✙ö↕ó✕ô④ø ú❧ø ô✙ý➅ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L
þ➓ô✼ó✖✕ ü✎ö→ú❧ø ô✎✍✛✿✯ý➓õ➲ÿ➌÷❏ö→ô✎✚➢ý➓ú❧ÿ➓õ✢☎✣ü✎ó☛☎✙ÿ➌ó✕ú❧ý➓õ✾ó❾ü

✑❸û✫ü❢☎✙ö➲÷✕ú❧ý þ✙✕ ü✎ö→ú❧ø ô➑õ✯û→ô➑õ➲ö✫ü✎ý➈ö→õ
ϕ
ô✙ý❊✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý þ➌ô❀ó❾ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✾þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý ù①ú❧ÿ➌û✯ÿ➌ý⑥ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó➆þ➌ôP☎➑ú❧ý✞✔✁✳

ý➓ô✙ø ô✙ý➈ö➙ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô❇✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚➓ù➌ÿ➌÷✕õ➙ù❱ú❧ÿ➌û➙ÿ➌ýÏù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✆ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✚➆ô✙ö➙ô✙ý✞✔➓ý þ➓ü✎ý➓õ➙ó✕ô❱☎✣ü❧õ✾ù➌ó❏ÿ➓õP☞❪✂✙ý✛✂✙û✫ü✎ó
þ✙✕ ÿ➌ý✉ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó➢õ→ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✍❢✫✇ô✣☎✣ü✎ó☛☎✙ÿ➌ó➢ô➑õ➲ö✁ô✙ý➓õ➲ÿ➌÷❏ö→ô✣✂✙ö→ô✙ý➓þ➢ÿ➜ü✎ÿ✠☎✣ü❧õ✁þ✙✕ ÿ➌ý➓ô❫✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý⑥û✄✂✣ü✎ó❏÷✕õ✄✂➑ô✹ý➓ú❧ý✉ù➆ü❧õ
ô✙ý ÷❏ý➓þ➢ÿ➌÷✕õ✫ü✎ý➈ö↕þ➌ô➑õ❀ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ✾ô✙ý➅ö➲û→ô④õ→ú❧ÿ➓õ●✳♣ý➌÷✤�❖ô✣ü✎ÿ✞✝✓➸❱ô➑ô✙ø➤ü✎ý✻✚➈ø➤ü✎÷✕õ↕ô✙ý➈ö➲û→ô✼õ→ú❧ÿ➓õ●✳♣ý➌÷✤�➅ô✣ü✎ÿ✞✝✒✗✼✸➈ù①ô✙û●✔➓ý➓õ❫☞✄û✘♣❢☎➑ô
✭✉ÿ➌ý➓ô❋ú❧ý➓þ➌ô✶✗✼✸➈ù①ô✙û●✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✎✍✛➳❋ü✎ý➓õ↕ÿ➌ýÏþ➌ô✙ÿ✞✝➢÷☛✵✙ø ô❋ö→ô✙ø➜ù➓õ✜✚➢ó❾ü✉ø➜÷✕õ→ô❋ô✙ý✷➺④ÿ✁�➈û→ô❋ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✕ô➟þ➌ô✶☎➑ô✙ö➲ö→ô
ø✦✂✙ö✧✗➓ú➈þ➌ô➟þ➌ô ø ô➑õ➲ÿ➌û→ô➟þ➌ô ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô⑥ô➑õ➲ö②þ✁✂✆☎✙û➲÷❏ö→ô➟ô✙ýêþ✁✂✙ö✫ü✎÷❏ó✕õ✜✚➓ù①ú❧ÿ➌û②ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ýêû✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✉ô✙ö
ù①ú❧ÿ➌û✉ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý❃✗❆✸➈ù❱ô✙û●✔➓ý➓ô✎✍❄✿✯ý✞✔➓ý✻✚✆ó✕ô➑õ➟ó❏÷❏ø➜÷❏ö→ô➑õ✉÷❏ý➅ö➲û→÷äý➆õ✄✵✹✡➅ÿ➆ô✙õ⑥þ➌ô✥☎➑ô✙ö➲ö→ô➤ø✦✂✙ö✧✗➓ú➅þ➌ô❰þ➌ô ø ô➑õ➲ÿ➌û✫ô➤þ➌ô

Tõ→ú❧ý➈ö④þ➢÷✕õ✄☎✙ÿ➌ö✄✂➑ô➑õ✜✍❖➻②ý➓ô❅☞✄û✫ü✎ý➓þ➌ô✉ù➆ü✎û➲ö➲÷✕ô⑥þ➌ô➑õ✼û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ④ö✧✗✛✂➑ú❧û➲÷☛✡➅ÿ➓ô➑õ④ô✴✝➢ù①ú✄õ✄✂➑õ✼þ➓ü✎ý➓õ✶☎✙ô❊☎✄✗➆ü✎ù➌÷❏ö➲û→ô✠✑❸ú❧ý➈ö✼ó✖✕ ú❧t✁✟✭ô✙ö
þ➌ô❋ó❾ü✉ù➌ÿ➌t➌ó❏÷☛☎✣ü✎ö➲÷✕ú❧ý❂➼ ➽✎➾❵➚➣✚➌û→ô✙ù➌û→ú➈þ➢ÿ➌÷❏ö→ô➟ô✙ý ü✎ý➌ý➓ô✴✝➌ô❱✿✢✍
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Revap

Revap

x x

U(x)U(x)

hνrf

hνrf

hνrf

hνrf

|0〉

|−1〉

|+1〉

|0,N + 1〉

|−1,N〉

|+1,N + 2〉

Ó❄Ô☛Õ❙Ö✛×✁Ø✰Ù✁Ú➠Û❪Ü❪❵✣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✪↔✘➐●➑❪➞✄↕✶➒✆➎❨➔➠➟✄➍✼➌❊➏❵➌✠➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✐→➣➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✩➏✛➲ ➍✎➛✐➒✆➎◗➙✆↕✶➌❊➏❵➌
87Rb

➏❵➒✆➛❪↔❱➢ ➌➛✼➔✤➧✆➌●➒✆➍ ∣

∣52S1/2, F = 1,mF = −1
〉 ➝❣➓❆➔➠➞❤➥❀➞✒➒✆➍❲➧✆➙✆➔❝↔✧➔✤➛✞➒✘➥❀➌✒➏✛➲ ➍✎➛✐↕❈➔✤➛✼➔✤↕❈➍✎↕Ý➏❵➌✦➐●➑❪➒✆↕✣➓Þ↕✶➒✘➥✜➛✞➞✄➎❨➔➠➟✄➍✼➌✴➭❄ßà➥❀➒✆➍✼➐●➑❪➌✧➝➙✆➛✪→➣➌✖➓❆→➣➞✧↔✘➌✄➛✼➎◗➌❱➢ ➌P➓❆→➜➙✴➐●➌✧↔●↔✧➍❢↔❅➏❵➒✆➛❪↔✶➢ ➒➤❐●➒✹↔✘➌❊➏❵➌✧↔✶➛✼➔✤➧✆➌●➒✆➍❵➡✥➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌✧↔✘➭❣➋❙➌❱→➣➒✆á❵➙✆➛✐➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛

Revap

➌✧↔✧➎❯➏❵➞❨â✙➛✼➔➓❪➒✆→✢➢ ➒✠➐➜➙✆➛✞➏✆➔✤➎❨➔➠➙✆➛✷➏❵➌✌→➣➞✧↔✘➙✆➛✞➒✆➛✞➐●➌
hνrf = U(Revap)

➭✛ã❦➒✆→P➍✎➛✞➌✢➎❨→➜➒✆➛❪↔✧➔✤➎❨➔➠➙✆➛❭ä✠➏❵➌✄➍❵➡✢➓❪➑❪➙✆➎◗➙✆➛❪↔●➝❣➢➣➲ ➒✆➎◗➙✆↕✶➌✶➌✧↔✧➎❣➎❨→➜➒✆➛❪↔➠➫✧➞✄→➜➞➏❵➒✆➛❪↔✢➢➣➲ ➞✄➎◗➒✆➎✬➒✆➛✼➎❨➔✤➩❝➓❆➔➠➞❤➥❀➞ ∣

∣52S1/2, F = 1,mF = +1
〉 ➭❙ßå➏✆→➜➙✆➔✤➎◗➌✧➝❣➢ ➌✌↕✶➦✄↕✶➌✬➓❆→➜➙✴➐●➌✧↔●↔✧➍❢↔P➧✴➍✒➏❵➒✆➛❪↔✢➢ ➒✉❐●➒✹↔✄➌❇➏❵➌✌➢➣➲ ➒✆➎◗➙✆↕✶➌➑❪➒✟❐✄➔✤➢✤➢ ➞❱➓✎➒✆→✩➢ ➌✧↔❈➓❪➑❪➙✆➎◗➙✆➛❪↔✦➏✆➍✐➐●➑❪➒✆↕✣➓❂→➜➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐➜➌✹➭❦➋❙➒❭→➜➞✧↔✘➙✆➛✞➒✆➛✞➐➜➌✩→➜➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✥➐●➙✆→✧→➣➌✄↔❨➓❪➙✆➛✞➏✪ä❭➍✎➛Þ➐✄→➜➙✆➔✤➩↔✘➌✄↕✶➌✄➛✼➎✢➏❵➌✧↔❅➛✼➔✤➧✆➌●➒✆➍❵➡✒æ★➌●➌✄↕✶➒✆➛✞➭❁➋❙➌❊➐●➙✆➍✹➓❆➢ ➒✘➥❀➌✦➒✆➎◗➙✆↕✶➌✄➩➣➐●➑❪➒✆↕✣➓❂➐●➙✆➛✞➏✆➍✎➔✤➎✌ä✦➍✎➛✐➐✄→➜➙✆➔❝↔✘➌✄↕✶➌✄➛✼➎✌➞✄➧✴➔✤➎◗➞✴➭❄ç❆➔✣➢ ➒❱➓❆➍✎➔❝↔●↔✘➒✆➛✞➐●➌→➠➫✌➌✧↔✧➎✣➒✹↔●↔✘➌●è✢➥✜→➣➒✆➛✞➏❵➌❫➓❪➙✆➍✎→❇➌✄➛❢➥❀➌✄➛✞➏✆→➜➌✄→❈➍✎➛✞➌✌➢ ➌✄➧✆➞●➌❱➏❵➌✶➏❵➞❤➥❀➞✄➛✞➞✄→➜➌✧↔✘➐●➌✄➛✞➐➜➌✶➔✤↕✣➓✎➙✆→✧➎◗➒✆➛✼➎◗➌✧➝✬➍✎➛✓➒✆➎◗➙✆↕✶➌❈➔✤➛✼➔✤➎❨➔➠➒✆➢ ➌✄↕✶➌✄➛✼➎❫➏❵➒✆➛❪↔

|F = 1,mF = −1〉
➝✼➓❆→➜➨✧↔P➏❵➌❫➢➣➲ ➒✘➡❢➌✧➝❖↔✧➍✎➔✤➎❣➒❵➏✆➔➠➒✟❐●➒✆➎❨➔➠➟✄➍✼➌✄↕✶➌✄➛✼➎✻➢ ➒✶➐●➙✆➍✎→✫❐➜➌❯➔✤➛✹➫✧➞✄→✧➔➠➌✄➍✎→➜➌✢➌✄➎❖↔✘➌❯→➣➌✄➎❨→➜➙✆➍✎➧✆➌P➌➜➡✄➓❆➍✎➢ ↔✘➞P➏✆➍✢➓❆➔➠➨❤➥❀➌↔✧➔

x
➏❵➞◗➓❪➒✹↔●↔✘➌

Revap

➭

é✩ê✄ë ì✥í ì❯î❄ï✙ð✎ì❫ñàò✥ó◗ô✣õ❯ö í✶÷ ð❀öPï①í ÷❊øúù î✬ö✶û❤îPü✶û✠ï✻ý✢ô ÷ ð➅í❤þ✩ü➙ì
ÿ✁�✄✂☎�✄✂ ✈✝✆✟✞✡✠ ☛☞✠✌✆✎✍ ➣✁✏✒✑✔✓ ✆✬✾ ➧ ✕✗✖❮❁
❘ ú❧ý➓õ➲÷✕þ✁✂✙û→ú❧ý➓õ⑥ÿ➌ý❲✟✭ô✙ö⑥ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô❰þ➌ô✦❚➓ÿ✞✝

Φ
ô✙ö⑥þ➌ô➤ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô

T
õ→ô ù➓û→ú❧ù➆ü❀☞❖ô✣ü✎ý➅ö➜þ➆ü✎ý➓õ➟ÿ➌ý❂☞✄ÿ➓÷❏þ➓ô

ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ôÏþ✙✕ ü❵✝➌ô
z
✡➅ÿ➌÷✢☎➑ú❧ý✞✔➓ý➓ô❰ö→û✫ü✎ý➓õ✧�❖ô✙û→õ✫ü✎ó✕ô✙ø ô✙ý➈ö➜ó✕ô➑õ➤ü✎ö→ú❧ø ô➑õ þ➌ô❰ø ú❧ø ô✙ý➅ö ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô

µ
ù➆ü✎û➜ó✕ô

ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó❄✭⑥õ✧✸➈ø✦✂✙ö➲û➲÷✕ô❱☎✹✸➈ó❏÷❏ý➓þ➢û➲÷☛✡➅ÿ➓ô
U(r) = µ

√

B2
0 + b2r2 ,

❉◗❬✞✍✤❋❵■
ú☞✘

r =
√

x2 + y2
✍

➻②ý➓ô❋ü✎ý➈ö→ô✙ý➌ý➓ô④û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❋ù➌û→ú➅þ➢ÿ➓÷äö➙ÿ➌ý✓☎✘✗➆ü✎ø➜ù ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô ú✄õ✄☎✙÷❏óäó❾ü✎ý➈ö➙þ➓ü✎ý➓õ↕ó✕ô④ù➌ó❾ü✎ý
(x, y)

✭➟ó❾ü
✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô

νrf
✍✁➳❇✂✴✔➓ý➌÷✕õ→õ→ú❧ý➓õ➙ó✕ô✚✙✜✛✣✢✤✛☞✥✧✦✩★✪✢✤✫✭✬☎✮ ✯✱✰✣✛✱✙✳✲☞✢✴✛✵★✪✶✄✲☞✷

η
☎➑ú❧ø➜ø ô❋ó✕ô④û✫ü✎ù➌ù①ú❧û➲ö

η =
h(νrf − ν0)

kBT

❉◗❬✞✍ ❩❪■
ú☞✘

h
ô➑õ➲ö⑤ó❾ü❱☎➑ú❧ý➓õ➲ö✫ü✎ý➈ö→ô✼þ➌ô✌q✯ó❾ü✎ý✛☎✹✸★✚➈ô✙ö

ν0 = U(0)/h
ó❾ü❇✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❈☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ➓ü✎ý➈ö➙ü✎ÿ✐❞❇✑❸ú❧ý➆þ❭❡➜þ➢ÿ ù➌ÿ➌÷❏ö→õ

þ➌ô④ù①ú❧ö→ô✙ý➅ö→÷❏ô✙ó✖✍
✫✇ô➑õ ü✎ö→ú❧ø ô➑õ þ➌ú❧ý➈ö ó❾ü ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô❂☎➑ú❧ÿ➌ù①ô ÿ➌ýà☎✹✸➈ó❏÷❏ý➓þ➢û→ô➡þ✙✕ ü❵✝➌ô

z
ô✙öêþ➌ô û✫ü✆✸➅ú❧ý

Revap
✚②þ✁✂✴✔➓ý➌÷✉ù➆ü✎û

U(Revap) = hνrf
✚✁õ✫ü✎ö➲÷✕õ●✑✡ú❧ý➅ö✉ó❾ü✷☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý þ➌ô➤û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô ù❱ú❧ÿ➌û✉ÿ➌ý➓ô➤ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý ✭Ïþ➌ô✙ÿ✞✝ ù✁✗➓ú❧ö→ú❧ý➓õ✠�➅ô✙û→õ

ó✖✕ ✂✙ö✫ü✎ö⑤ü✎ý➈ö➲÷❝✳♣ù➌÷☛✂✹☞❪✂ |F = 1, mF = 1〉 ❉❨�❖ú❧÷❏û❄✔✛☞✄ÿ➌û→ô✢❬✞✍✤❋❵■✴✍✵✺✓ó✕õ✯õ→ú❧ý➈ö✯þ➌ú❧ý✛☎P✂✹�✄ü✎ù①ú❧û✄✂➑õ✯õ➲÷➌ó✖✕ ü✎ø➜ù➓óä÷❏ö➲ÿ➆þ➌ô➙þ➢ÿ✦☎✄✗➆ü✎ø➜ùû✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô②ô✙õ➲ö✹õ➲ÿ✞❛➤õ✫ü✎ý➈ö→ô↕ù①ú❧ÿ➌û✣✡➅ÿ➓ô↕ó❾ü✼ù➌û→ú❧t➆ü✎t➌÷❏ó❏÷❏ö✄✂②þ➌ô↕ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➤õ→ú❧÷❏ö✯ù➌û→ú❆☎✄✗➓ô➙þ➌ô✶❋✎✍❪✫✇ô❫❚➓ÿ✞✝➜þ➢ÿ✶✟✭ô✙ö
ô✙ý ü✜�✄ü✎ó✇þ➌ô❋ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô➟ô➑õ➲ö➙þ➌ú❧ý✛☎❋û✄✂➑þ➢ÿ➌÷❏ö❈✭⑥ÿ➌ý➓ô✶�✄ü✎ó✕ô✙ÿ➌û

Φ′ ✍✛✯✼ú❧ö→ú❧ý➓õ ϕ(νrf) ≡ Φ′/Φ
ó❾ü❅✑❸û✫ü❢☎✙ö➲÷✕ú❧ý þ✙✕ ü✎ö→ú❧ø ô➑õ

û→ô➑õ➲ö✫ü✎ý➅ö✫õ②ü✎ù➌û✄✵➑õ➙ó◗✕ ü✎ý➈ö→ô✙ý➌ý➓ô✎✍



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ➪✗❉

➳❇✂✙ö→ô✙û➲ø➜÷❏ý➓ô✙û
ϕ
û→ô✹�➈÷✕ô✙ý➅ö❲✭❃☎✣ü✎ó☛☎✙ÿ➌ó✕ô✙û ó❾ü➡ù➌û→ú❧ù①ú❧û➲ö➲÷✕ú❧ý þ✙✕ ü✎ö→ú❧ø ô➑õ✪�❪✂✙û➲÷❝✔❱ü✎ý➈öÏó✕ô✐☎✙û➲÷❏ö✄✵✙û→ô þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý

þ➓ü✎ý➓õ✾ÿ➌ý➓ô❋þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý✪✭✉ó✖✕ ✂✆✡➅ÿ➌÷❏ó❏÷❏t➌û→ô④ö✧✗➓ô✙û➲ø ú➈þ✞✸➈ý➆ü✎ø➜÷☛✡➅ÿ➓ô þ➓ü✎ý➓õ✾ó✕ô✼ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó❫❉◗❬✞✍✤❋❵■✴✍✁✯✼ú❧ÿ➓õ✾õ➲ÿ➌ù➌ù①ú✄õ→ú❧ý➓õ↕÷☛☎✙÷
÷❏ø➜ù➌ó❏÷☛☎✙÷❏ö→ô✙ø ô✙ý➈ö❱✡➅ÿ✻✕ ü✎ÿ✛☎✙ÿ➌ý➓ô✩☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý ý✻✕ ÷❏ý➈ö→ô✙û✧�➈÷✕ô✙ý➅ö➟ü✎ÿ❮õ→ô✙÷❏ý❮þ➢ÿ✥✟✭ô✙ö ü✎ÿ✐☎➑ú❧ÿ➌û→õ④þ➌ô✉ó✖✕ ✂✙ö✫ü✎ù①ô⑥þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✍
✿✯ý➜þ✙✕ ü✎ÿ➌ö➲û→ô➑õ❛ö→ô✙û➲ø ô➑õ✜✚✎õ✫ü✜�❖ú❧÷❏û❛õ➲÷➈ÿ➌ý➓ô❀ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô↕ô➑õ➲ö❄✂✹�✄ü✎ù❱ú❧û✘✂✙ô↕ú❧ÿ⑥ý➓ú❧ý✉ý➓ô↕þ✁✂✙ù❱ô✙ý➓þ❊✡➅ÿ➓ô❀þ➌ô➑õ❄☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô➑õ
þ➌ô✉õ✫ü⑥ö➲û✫ü❢✟ ô✆☎✙ö→ú❧÷❏û→ô✎✍★q❛ü✎û❋ü✎÷❏ó❏ó✕ô✙ÿ➌û→õ✜✚❱þ➓ü✎ý➓õ✼ö→ú❧ÿ➌ö❈☎➑ô✠✡➅ÿ➌÷✁õ➲ÿ➌÷❏ö✜✚➓ó✖✕ ô✴❜îô✙ö④þ➌ô ó❾ü✩☞✄û✫ü✜�➈÷❏ö✄✂✉ô➑õ➲ö②ý✛✂✹☞✄ó❏÷✤☞❪✂❭❉❤☎➑ô ù①ú❧÷❏ý➅ö④ô✙ö
ó✕ô❋ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➅ö✼õ→ô✙û→ú❧ý➅ö②þ➢÷✕õ✄☎✙ÿ➌ö✄✂➑õ②þ➓ü✎ý➓õ✾ó❾ü➜õ→ô✆☎✲ö→÷❏ú❧ý❲❬✞✍ ❬❪■✴✍

❊●❋■❍❇❏✜❑✣▲✟▼☎❋❖◆❄✫✆ü✦✔✛☞✄ÿ➌û→ô✦❬✞✍✤❋✉û→ô✙ù➌û✄✂➑õ→ô✙ý➅ö✫ü✎ý➈ö❋ó✕ô✉ù➌û→ú✼☎➑ô➑õ→õ➲ÿ➓õ❋þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý þ➓ü✎ý➓õ④ó❾ü➤t➆ü❧õ→ô✉þ➌ô✉ó✖✕ ü✎ö→ú❧ø ô
✗➆ü✎t➌÷❏ó❏ó☛✂④ù➆ü✎û✾ó✕ô➑õ↕ù✁✗➓ú❧ö→ú❧ý➓õ✾û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ✾ù❱ô✙ÿ➌ö✾ó❾ü✎÷✕õ→õ→ô✙û↕ù①ô✙ý➓õ→ô✙ûP✡➅ÿ✻✕ ÿ➌ý ü✎ö→ú❧ø ô❋þ➌ú❧ý➅ö✾ó✕ô✼û✲ü✆✸➅ú❧ý❭�❖ô✆☎✙ö→ô✙ÿ➌û

r�✼✂✙û➲÷❝✔➆ô➙÷❏ý➌÷❏ö➲÷❾ü✎ó✕ô✙ø ô✙ý➈ö
r > Revap

ô✙ö❫✡➅ÿ➌÷➆ö➲û✫ü✜�❖ô✙û→õ→ô✼þ➌ú❧ý✛☎②ó✕ô✌☎✹✸➈ó❏÷❏ý➓þ➢û→ô✼þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ýP✫✱✷❘◗❙✫✚✢✴✛✱✙✡✙❚✢✴✲❱❯✡➧✳✛☞✷❚★✹þ➌ô
ó✖✕ ü❵✝➌ô⑤þ➢ÿ❅☞✄ÿ➌÷✕þ➌ô⑤ý✻✕ ô➑õ➲ö✆ù➆ü❧õ❣✂✹�✄ü✎ù①ú❧û✄✂✌✱✣÷❏ó➈ú✄õ✄☎✙÷❏ó❏ó✕ô⑤þ➓ü✎ý➓õ✆ó❾ü✢☎✙ÿ✁�➅ô✙ö➲ö→ô⑤þ➌ô✹ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó➢õ➲ÿ➌ù★✂✙û➲÷✕ô✙ÿ➌û→ô✎✍❀✫✇ô✣☎✙û➲÷❏ö✄✵✙û→ô❀þ✙✕ ✂✹�✄ü❵✳
ù①ú❧û✫ü✎ö➲÷✕ú❧ý õ→ô✙ø➟t➌ó✕ô⑥þ➌ú❧ý✛☎✠✑♣ü✎÷❏û→ô✉÷❏ý➅ö→ô✙û✧�➅ô✙ý➌÷❏û④ó❾ü➤ù①ú✄õ➲÷❏ö➲÷✕ú❧ý ÷❏ý➌÷❏ö➲÷❾ü✎ó✕ô➜þ➌ô✉ó✖✕ ü✎ö→ú❧ø ô✎✍✙✿✯ý û✄✂✣ü✎ó❏÷❏ö✄✂✎✚①ó❾ü✥☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý þ➌ô
õ➲ÿ➌÷✤�➈÷❱ü❧þ➢÷❾ü✎t➆ü✎ö➲÷☛✡➅ÿ➓ô②ý✻✕ ô➑õ➲ö⑤õ✫ü✎ö➲÷✕õ●✑♣ü✎÷❏ö→ô✢✡➅ÿ✻✕ ü✎ÿ✥☎➑ô✙ý➅ö➲û→ô②þ➌ô➙ó❾ü❇♦✣ú❧ý➓ô②þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➅ó➠✭ ú☞✘ ó✕ô✢☎✘✗➆ü✎ø➜ù ô➑õ➲ö✹ó✕ô✾ù➌ó❏ÿ➓õ
÷❏ý➈ö→ô✙ý➓õ→ô ✺ ó✕ú❧û→õ✹þ➌ô↕ó✖✕ ô✙ý➅ö→û✄✂➑ô➙þ➓ü✎ý➓õ✯ó❾ü❈♦✣ú❧ý➓ô➙þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý➤ó✕ô➙õ➲ÿ➌÷✤�➈÷➓ü❧þ➢÷❾ü✎t➆ü✎ö➲÷☛✡➅ÿ➓ô②ô➑õ➲ö✯ù❱ô✙ÿ ù➌û→ú❧t➆ü✎t➌ó✕ô✎✍ ❘ ú❧ø➜ø ô
ó✖✕ ü✎ö→ú❧ø ô✉ô✴❜îô✆☎✙ö➲ÿ➓ô ÿ➌ý ý➓ú❧ø✉t➌û→ô➟þ✙✕ ú✄õ✄☎✙÷❏ó❏ó❾ü✎ö➲÷✕ú❧ý➓õ✼ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✶☞✄û✫ü✎ý➓þ ü✎ÿ❲☎➑ú❧ÿ➌û→õ✼þ➌ô❋ó❾ü➜ö➲û✫ü✜�❖ô✙û→õ✄✂➑ô❅☎➑ú❧ø➜ù➌ó☛✵✙ö→ô✉þ➌ô
ó❾ü✠♦✣ú❧ý➓ô✎✚➌ó❾ü✉ù➌û→ú❧t➆ü✎t➌÷❏ó❏÷❏ö✄✂❅✡➅ÿ✻✕ ÷❏óîý➓ô❋õ→ú❧÷❏ö✾ù➆ü❧õ✢✂✹�✄ü✎ù①ú❧û✄✂✎✚➌t➌÷✕ô✙ý✷✡➅ÿ✻✕ ÷❏óîö➲û✫ü✜�❖ô✙û→õ→ô④ó✕ô❱☎✹✸➈ó❏÷❏ý➓þ➢û→ô❋þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➆ô➑õ➲ö
ô✴✝➢ù①ú❧ý➓ô✙ý➅ö➲÷✕ô✙ó❏ó✕ô✙ø ô➑ý➅ö❫✑♣ü✎÷❏t➌ó✕ô✎✍✜❲✹✷❨❳✎✷✔✫✹✚❖ó✕ô✢✑♣ü✎÷❏ö❫✡➅ÿ➓ô➙ý➓ú✄õ⑤û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ↕ô✴✝➢ù❖✂✙û➲÷❏ø ô✙ý➈ö✫ü✎ÿ✞✝❰õ→ú❧ý➅ö↕ô✙ý➤ö➲û✄✵➑õ⑤t①ú❧ý ü❢☎✆☎➑ú❧û→þ
ü✜�❖ô✆☎✾ó✕ô✾ø ú➈þ✁✵✙ó✕ô✎✚✼☎➑ú❧ø➜ø ô➙ý➓ú❧ÿ➓õ✹ó✕ôP�➅ô✙û➲û→ú❧ý➓õ✹ù➌ó❏ÿ➓õ✹t➆ü❧õ✜✚✄ø ú❧ý➈ö➲û→ô✌✡➅ÿ➓ô✢☎➑ô✙ö➲ö→ôP✗❆✸➈ù❱ú❧ö✧✗❙✵✙õ→ô②ô➑õ➲ö✹ö➲û✄✵➑õ✹t➌÷✕ô✙ý✦�✼✂✙û➲÷❝✔❙✂➑ô
ù①ú❧ÿ➌û➙ý➓ú✄õ✢☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý➓õ②ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✕ô➑õ✜✍
ÿ✁�✄✂☎�❬❩ ❭ ✓ ✠ ☛ ✕✗✓✭❁ ➣❫❪ ❴✜❵❚❛❜✑ ✆ ✓✴❛ ☛✣✠✌✆✁✍ ❁ ☛ ✑ ✆✗☛ ❁ ✍❅☛☞✠ ❁î➧❛❁✜❝❡❞✳❛✗❞➢❁
✫✇ô✷☎✙û➲÷❏ö✄✵✙û→ôÏþ✻✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö✦☎➑ú❧ø➜ø ôÏý➓ú❧ÿ➓õ✩�➅ô✙ý➓ú❧ý➓õ þ➌ô ó✕ô❭�➅ú❧÷❏û➜ÿ➌ý✲☎✙û➲÷❏ö✄✵✙û→ôÏô✙ý ù❱ú✄õ➲÷❏ö➲÷✕ú❧ý②✱✹õ→ô✙ÿ➌ó✕ô➑õ

ó✕ô➑õ②ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô➑õ❋þ➌ú❧ý➅ö✼ó❾ü ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➟ö➲û✫ü✜�❖ô✙û→õ→ô➟ó✕ô❅☎✹✸➈ó❏÷❏ý➓þ➢û→ô✉þ✙✕ ü❵✝➌ô
z
✚➆ô✙ö④þ➌ô û✫ü✜✸❖ú❧ý

Revap
✚❱õ→ú❧ý➅ö❈✂✹�✄ü✎ù①ú❧û✄✂➑ô➑õ✜✍

❘ ú❧ø➜ø ô➙ó✕ô✾ø ú❧ÿ✁�➅ô✙ø ô✙ý➅ö↕ô➑õ➲ö✣✭❋þ➓ô✲ÿ✁✝ þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➓õ✜✚❖ó❏ô✌☎✙û➲÷❏ö✄✵✙û→ô②þ✙✕ ✂✹�❧ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ý➓ô✾ù❱ú❧û➲ö✫ô✾ù➆ü❧õ⑤õ→ô✙ÿ➌ó✕ô✙ø ô✙ý➈ö❀õ➲ÿ➌û
ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô✼ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô

E
þ➌ô②ó✖✕ ü✎ö→ú❧ø ô✎✍✞✿✯ý❰ô✴❜îô✙ö✜✚❖ÿ➌ý ü✎ö→ú❧ø ô④ü✜✸➅ü✎ý➈ö❀õ→ú❧ý✥✂✙ý➓ô✙û✧☞✄÷✕ô✼ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô

E > hνrf
ù①ô✙ÿ➌ö

ý➓ô➜ù➆ü❧õ❱❥✙ö➲û→ô✦✂✹�✄ü✎ù①ú❧û✄✂ õ➲÷✹õ✫ü ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➜û→ô➑õ➲ö→ô✦☎➑ú❧ý➓õ➲ö✫ü✎ø➜ø ô✙ý➈ö❊✭ ó✖✕ ô✴✝➢ö✄✂✙û➲÷✕ô✙ÿ➌û✉þ➢ÿ✰☎✹✸➈ó❏÷❏ý➓þ➢û→ô þ✙✕ ü❵✝➌ô
z
ô✙ö þ➌ô

û✫ü✜✸❖ú❧ý
Revap

✍ ❘ ô✆☎✙÷➌ù❱ô✙ÿ➌ö✹õ→ô❀ù➌û→ú➅þ➢ÿ➌÷❏û→ô✾õ➲÷➢ó✕ô❀ø ú❧ø ô✙ý➈ö❦☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
❉❸õ→ô✙ó✕ú❧ý

z
■✆þ➓ô❀ó✖✕ ü✎ö→ú❧ø ô✾ô➑õ➲ö✯õ➲ÿ✞❛➤õ✫ü✎ø➜ø ô✙ý➅ö

☞✄û✫ü✎ý➓þÞ❉❨�➅ú❧÷❏û✾ó❾ü✉ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô❋ý➓ú❧ö✘✂✙ô✒❉✡ü❪■↕õ➲ÿ➌û✾ó❾ü❅✔✛☞✄ÿ➌û→ô❅❬✞✍ ❩❪■✴✍✛➳④ô④ø✦❥✙ø ô✎✚➌ó✕ô➑õ✾ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ➙ý➓ú❧ö✄✂➑ô➑õ❅❉✑t❖■↕ô✙ö❅❉❤☎❵■
ú❧ý➈ö✼ó❾ü ø✦❥✙ø ô❊✂✙ý➓ô✙û✧☞✄÷✕ô✉ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô✎✚➆ø➤ü✎÷✕õ✼ó✕ô✙ÿ➌û④ø ú❧ø ô✙ý➅ö✶☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô❊✂✙ö✫ü✎ý➅ö❋þ➢÷❝❜✙✂✙û→ô✙ý➈ö✜✚➆ó✖✕ ÿ➌ý➓ô❊☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ✐✭
ÿ➌ýêü✎ö→ú❧ø ô❋ý➓ú❧ý✪✂✹�✄ü✎ù❱ú❧û✄✂✒❉✑t❖■✴✚➆ü✎ó✕ú❧û→õ✢✡➅ÿ➓ô❋ó✖✕ ü✎ÿ➌ö➲û→ô❋ó✖✕ ô➑õ➲ö❅❉❤☎❵■✴✍
❢ Ð❝Ð❝❰✛➱✖✃●❣✛Ò✳❄❆Ò✞➱✖➴✛Ð ✃✥Ï✛✃❪❮❅❮✜➷✛✃✡✿❢➮✆➱✖✃❪❮❅Ï✟❀ Ò✵❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄

❤ ÷✹ó✕ô➜ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô➤þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý
η
ÿ➌ö➲÷❏ó❏÷✕õ✄✂ ô➑õ➲ö ù❱ô✙ö➲÷❏ö➟þ➌ô✹�✄ü✎ý➈ö✒❋✎✚îó✕ô➜û✫ü✆✸➅ú❧ý þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö❇✑♣ü✎÷❏t➌ó✕ô

þ➌ô✹�✄ü✎ý➈ö✾ó✖✕ ô✴✝➢ö→ô✙ý➓õ➲÷✕ú❧ýÏö✧✗➓ô✙û➲ø➜÷☛✡➅ÿ➓ô þ➢ÿ✩✟✭ô✙ö✜✍ ❤ ô✙ÿ➌ó✕õ➙þ➌ô➑õ②ü✎ö→ú❧ø ô➑õ②ü✜✸➈ü✎ý➅ö✾ÿ➌ý ø ú❧ø ô✙ý➈ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô❋ö➲û✄✵➑õ❯✑♣ü✎÷❏t➌ó✕ô✎✚➌ô✙ö
þ➌ú❧ý✛☎④þ➌ô➑õ❀ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ↕ù➆ü❧õ→õ✫ü✎ý➅ö❀ù➌û✄✵➑õ↕þ➌ô✼ó✖✕ ü❵✝➌ô④þ➢ÿ✥☞✄ÿ➌÷✕þ➌ô✎✚➈ù❱ô✙ÿ✁�➅ô✙ý➅öP❥✙ö➲û→ô❇✂✹�✄ü✎ù❱ú❧û✄✂➑õ✜✍✞✫✇ô②ý➓ú❧ø✉t➌û→ô④þ✙✕ ü✎ö→ú❧ø ô➑õ
☎➑ú❧ý✛☎➑ô✙û➲ý✛✂➟ô➑õ➲ö✾ö➲û✄✵➑õ❯✑♣ü✎÷❏t➌ó✕ô✎✚➓ô✙ö➙ú❧ý õ✜✕ ü✎ö➲ö→ô✙ý➓þÏþ➌ú❧ý✛☎❅✭➜ü✜�❖ú❧÷❏û❅✱

ϕ(η → 0) = 1 .
❉◗❬✞✍ ❬❪■

✯✼ú❧ö→ú❧ý➓õ❯✡➅ÿ➓ô✼õ➲÷❱ó✖✕ ú❧ý õ➲ÿ➌÷✤�✄ü✎÷❏ö❀ó✖✕ ÷❏ý➈ö➲ÿ➌÷❏ö➲÷✕ú❧ý❰ý➆ü✣✐◗�➅ô❈☎➑ú❧ý➓õ➲÷✕õ➲ö✫ü✎ý➈ö✢✭❅☎➑ú❧ý➓õ➲÷✕þ✁✂✙û→ô✙ûP✡➅ÿ➓ô②ö→ú❧ÿ➓õ❀ó✕ô➑õ✾ü✎ö→ú❧ø ô➑õ➙ü✜✸➅ü✎ý➈ö❀ÿ➌ý➓ô
✂✙ý➓ô✙û✧☞✄÷✕ô➟õ➲ÿ➌ù❖✂✙û➲÷✕ô✙ÿ➌û→ô❅✭

hνrf
õ→ú❧ý➅ö✌✂✹�✄ü✎ù❱ú❧û✄✂➑õ✜✚➓ú❧ý ü✎ÿ➌û✫ü✎÷❏ö

ϕ(0) = 0
✍

✫✇ú❧û→õ✄✡➅ÿ➓ô
η ≫ 1

ó✕ô û✫ü✆✸➅ú❧ý þ✙✕ ô✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö❰ü✎ÿ ☎➑ú❧ý➅ö➲û✫ü✎÷❏û→ôêö➲û✄✵➑õ✒☞✄û✫ü✎ý➓þ ☎➑ú❧ø➜ù➆ü✎û✄✂❳✭ ó✖✕ ô✴✝➢ö→ô✙ý➓õ➲÷✕ú❧ý
ö✧✗➓ô✙û➲ø➜÷☛✡➅ÿ➓ô⑥ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô⑥þ➢ÿ✥✟✭ô✙ö✜✍✔❥✇û✄✵➑õ④ù❱ô✙ÿ❮þ✙✕ ü✎ö→ú❧ø ô➑õ❋ú❧ý➈ö④õ➲ÿ✞❛➤õ✫ü✎ø➜ø ô✙ý➈ö❋þ✙✕ ✂✙ý➓ô✙û✧☞✄÷✕ô⑥ù①ú❧ÿ➌û✶❥✙ö➲û→ô❊✂✹�✄ü✎ù❱ú❧û✄✂➑õ✜✚



➪❅❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ ➛ ✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

x

y

Revap

❧❬♠✩♥

❧♣♦✵♥

❧♣q✤♥

x

y

Revap

r✟s✉t❙✈✳✇❱①②t✉③⑤④ ✇❱⑥

Ó❄Ô☛Õ❙Ö✛×✁Ø✥Ù✁Ú ⑦✁Ü❜⑧❄➍✼➌✄➢ ➟✄➍✼➌✧↔❯➎❨→➜➒✖➤✄➌➜➐✘➎❤➙✆➔✤→➜➌✧↔❈➌✄➢✤➢ ➔ ➓❆➎❨➔➠➟✄➍✼➌✧↔P↔✧➍✎➔✤➧✴➔➠➌✧↔❄➓✎➒✆→❈➏❵➌✧↔✢➒✆➎◗➙✆↕✶➌✧↔✌➐●➙✆➛✹â✙➛✞➞✧↔✢➏❵➒✆➛❪↔❯➍✎➛✠➥✜➍✎➔➠➏❵➌✢↕✶➒✘➥✜➛✞➞✄➎❨➔➠➟✄➍✼➌✴➭➋❙➒✒➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌❊➛✁➙✆➎❤➞●➌●⑨✖➐✄⑩❭➐●➙✆➍✹➓✎➌❊➢ ➌✩➐✄á✆➢ ➔✤➛✞➏✆→➜➌✦➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛❶⑨✖➐➜➌✄→➜➐✄➢ ➌❊➎❨➔✤→➣➌✘➎❤➞❷⑩❅❸❫➢➣➲ ➒✆➎◗➙✆↕✶➌✦➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏❵➒✆➛✼➎❈➌✧↔✧➎✌➏❵➙✆➛✞➐➞✄➧✆➒●➓❪➙✆→➣➞✴➭✻➋❙➌✧↔✌➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌✧↔✭⑨✖➒②⑩❊➌✄➎❹⑨♣❐✄⑩❊➐●➙✆→✧→➜➌✧↔❤➓✎➙✆➛✞➏❵➌✄➛✼➎❯ä❊➏❵➌✧↔✶➒✆➎◗➙✆↕✶➌✧↔❇➏❵➙✆➛✼➎❦➢ ➌✧↔✌➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌✧↔❈↔✘➙✆➛✼➎❁↔✘➙✆➔✤➎❦➎◗➙✆➍✄➤✄➙✆➍✎→●↔❇ä➢➣➲ ➌➜➡❵➎◗➞✄→✧➔➠➌✄➍✎→✌➏✆➍✒➐✄á✆➢ ➔✤➛✞➏✆→➣➌❇➏❵➌✌→➣➒✆á❵➙✆➛
Revap

⑨✖➒②⑩✹➝✻↔✘➙✆➔✤➎❁➎◗➙✆➍✄➤✄➙✆➍✎→●↔✌ä✶➢➣➲ ➔✤➛✼➎◗➞✄→✧➔➠➌✄➍✎→❺⑨♣❐✄⑩❵➭

r

Ueff(r)

rmin rmax

E

Ueff(Revap)

r

Ueff(r)

rmin rmax

E

Ueff(Revap)

Ó❄Ô☛Õ❙Ö✛×✁Ø❊Ù✁Ú Ù✁Ü✼ß✰➥❀➒✆➍✼➐●➑❪➌✧➝
E > Ueff(L,Revap)

➭✼➋✛➒✢➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➣➌P➏❵➌✣➢➣➲ ➒✆➎◗➙✆↕✶➌P➐✄→➜➙✆➔ ↔✘➌❫➢ ➌❯➐✄á✆➢ ➔✤➛✞➏✆→➣➌P➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛❪➝✻➌✄➎❖➔✤➢➌✧↔✧➎✙➏❵➙✆➛✞➐❯➞✄➧✆➒●➓❪➙✆→➜➞✴➭✞ß ➏✆→➜➙✆➔✤➎◗➌✧➝✙➒✆➍❅➐●➙✆➛✼➎❨→➜➒✆➔✤→➣➌✧➝
E < Ueff(L,Revap)

➝★➌✄➎❖➢➣➲ ➒✆➎◗➙✆↕✶➌❫➛✞➲ ➌✧↔✧➎❆➓❪➒✹↔❫➒❼❻❦➌●➐✄➎◗➞✻➓✎➒✆→✣➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✞➭➋❙➌✧↔❄➓✎➙✆➔✤➛✼➎➠↔✢➛✞➙✆➔✤→●↔P→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎❣➢ ➌✧↔P➧✜➒✆➢ ➌✄➍✎→●↔❄➓✎➙✹↔●↔✧➔❾❐✄➢ ➌✧↔❇➏❵➌
Revap

➓✎➙✆➍✎→P➢ ➌✧↔✌➐●➒✹↔P→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞✧↔✘➭

ô✙ö
ϕ(η → ∞) = 1 .

❉◗❬✞✍ ↔❆■
✏②ý õ✜✕ ü✎ö➲ö→ô✙ý➓þ þ➌ú❧ý✛☎✦✭ ú❧t➓õ→ô✙û✧�➅ô✙û④ÿ➌ý❮ø➜÷❏ý➌÷❏ø➟ÿ➌ø þ➓ü✎ý➓õ④ó❾ü✦✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý

ϕ(η)
ó✕ú❧û→õ✄✡➅ÿ➓ô

η
ô➑õ➲ö❋þ➌ô⑥ó✖✕ ú❧û→þ➢û→ô➜þ➌ô

ó✖✕ ÿ➌ý➌÷❏ö✄✂✎✍✙➳❋ü✎ý➆õ④ó✕ô➑õ④ù➆ü✎û✫ü❀☞✄û✫ü✎ù✁✗➓ô➑õ❅✡➅ÿ➌÷✯õ➲ÿ➌÷✤�➅ô✙ý➈ö✜✚①ú❧ý✰☎✣ü✎ó☛☎✙ÿ➌ó✕ô⑥ó❾ü✒✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý
ϕ(η)

ù❱ú❧ÿ➌û þ➌÷❝�➅ô✙û→õ④ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✕õ➟þ➌ô
☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö✼ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô✦✱✞✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚➓ù➌ÿ➌÷✕õ✾ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✚➆ô✲ö②ô✙ý✞✔➓ý õ→ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✍
❽ ❂✞➮✘✃✳❄✼➮✹➬ ✃✞Ð★✃✵❾❿✿✎➴■✿✎✃
✫✇ô④ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó✇þ➌ô✶☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö➙ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✩❉◗❬✞✍✤❋❵■❀ô➑õ➲ö✢✭✉õ✧✸➈ø✦✂✙ö➲û➲÷✕ô④þ➌ô✼û✄✂✹�➅ú❧ó❏ÿ➌ö➲÷✕ú❧ý✻✍✁q✯ü✎û✢☎➑ú❧ý➓õ✄✂✆✡➅ÿ➓ô✙ý➅ö✜✚➢ó❾ü

☎➑ú❧ø➜ù❱ú✄õ✫ü✎ý➈ö→ô
L
õ→ô✙ó✕ú❧ý

z
þ➢ÿ ø ú❧ø ô✙ý➈ö❇☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô➟ô➑õ➲ö❈☎➑ú❧ý➓õ➲ö✫ü✎ý➈ö→ô✎✍❖➳④ô ø✦❥✙ø ô✎✚➆ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô➟ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô ö→ú❧ö✫ü✎ó✕ô

E = m(ẋ2 + ẏ2)/2 + U(r)
ú☞✘

m
ô➑õ➲ö↕ó❾ü✉ø➤ü❧õ→õ→ô④þ➌ô➑õ②ü✎ö→ú❧ø ô➑õ✜✚➌ô➑õ➲öP☎➑ú❧ý➓õ➲ö✫ü✎ý➈ö→ô✎✍✁✫✇ô✶☎✙û➲÷❏ö✄✵✙û→ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý

ô✙ý ù①ú✄õ➲÷❏ö➲÷✕ú❧ýÏù❱ô✙ÿ➌ö✌❥✙ö➲û→ô ô✴✝➢ù➌û➲÷❏ø✦✂ õ➲÷❏ø➜ù➌ó✕ô✙ø ô✙ý➈ö✌☎➑ú❧ø➜ø ô ÿ➌ý✷☎✙û➲÷❏ö✄✵✙û→ô❋ù①ú❧û➲ö✫ü✎ý➈ö②õ➲ÿ➌û
E
ô✙ö

L
✍



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ➪❚➀

q❛ú❧ÿ➌û✢�➅ú❧÷äû✌☎➑ô✙ó❾ü✞✚➌÷❏ý➅ö➲û→ú➈þ➢ÿ➌÷✕õ→ú❧ý➓õ➙ó✕ô④ù①ú❧ö→ô✙ý➈ö➲÷✕ô✲ó✁ô✴❛✒☎✣ü❢☎➑ô
Ueff(L, r) ≡ L2

2mr2
+ U(r)

❉◗❬✞✍ ➁❪■
✡➅ÿ➌÷❋ù➌û→ô✙ý➓þ ô✙ý②☎➑ú❧ø➜ù➌ö→ô❮ó❾ü➡t➆ü✎û➲û➲÷☛✵✙û→ôÞ☎➑ô✙ý➅ö➲û➲÷❝✑❸ÿ✁☞❖ô❮ù①ú❧ÿ➌ûÏÿ➌ý ø ú❧ø ô✙ý➈ö✪☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L 6= 0
✍❈✏②ý õ✫ü✎÷❏ö✷✡➅ÿ➓ô

ó✖✕ ✂✆✡➅ÿ➆ü✎ö➲÷✕ú❧ý➡þ➢ÿ❮ø ú❧ÿ✁�➅ô✙ø ô✙ý➅ö➟ù❱ú❧ÿ➌û ó❾ü✓☎➑ú➅ú❧û→þ➌ú❧ý➌ý✛✂➑ô û✫ü❧þ➢÷❾ü✎ó✕ô
r(t)

þ✙✕ ÿ➌ý➡ü✎ö→ú❧ø ô þ➌ô⑥ø ú❧ø ô✙ý➈ö❅☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
✚

þ➓ü✎ý➓õ❛ó✕ô⑤ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó
U(r)

✭②õ✧✸➈ø✦✂✙ö➲û➲÷✕ô❯☎✹✸➈ó❏÷❏ý➓þ➢û➲÷☛✡➅ÿ➓ô✎✚❧ô➑õ➲ö❣✑✡ú❧û➲ø ô✙ó❏ó✕ô✙ø ô✙ý➈ö✯÷✕þ➌ô✙ý➅ö➲÷☛✡➅ÿ➓ô✢✭✌☎➑ô✙ó❏ó✕ô✎✚✎✭➙ÿ➌ý➓ô↕þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý✻✚
þ✙✕ ÿ➌ý➓ô❋ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô➟þ➓ü✎ý➓õ✾ó✕ô❋ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó

Ueff(L, r)
✍

✫✆ü❲☎➑ú➅ú❧û→þ➌ú❧ý➌ý✛✂➑ô❰û✫ü❧þ➢÷❾ü✎ó✕ô❰þ➌ô➤ó✖✕ ü✎ö✫ú❧ø ô ô✴❜îô✆☎✙ö➲ÿ➓ô❰þ➌ú❧ý✛☎➤ÿ➌ý➡ø ú❧ÿ✁�➅ô✙ø ô✙ý➅ö ú✄õ✄☎✲÷❏ó❏ó❾ü✎ý➈ö➜ô✙ý➅ö➲û→ô ó✕ô➑õ✓❞ ù①ú❧÷❏ý➅ö→õ
ö→ú❧ÿ➌û➲ý➆ü✎ý➈ö→õ✒❡

rmin
ô✙ö

rmax
þ✁✂✴✔➓ý➌÷✕õ⑥ù➆ü✎û

Ueff(L, rmin) = Ueff(L, rmax) = E
❉❨�➅ú❧÷❏û❅✔✛☞✄ÿ➌û→ô✓❬✞✍ ❬❪■✴✍✎✺✓ó↕ô➑õ➲ö

÷❏ø➜ø✦✂➑þ➢÷❾ü✎ö❰þ➌ô✪☎➑ú❧ý➓õ➲ö✫ü✎ö→ô✙û✥✡➅ÿ➓ô õ➲÷
E > Ueff(L, Revap)

✚⑤ü✎ó✕ú❧û→õ
rmin 6 Revap 6 rmax

✚✹ô✙ö➤ó✖✕ ü✎ö→ú❧ø ôêô➑õ➲ö
✂✹�✄ü✎ù①ú❧û✄✂✎✍❆➳❋ü✎ý➓õ⑤ó✕ô❈☎➑ü❧õ❯☎➑ú❧ý➅ö➲û✫ü✎÷❏û→ô✎✚➢õ→ú❧÷❏ö

Revap < rmin
✚➅õ→ú❧÷❏ö

Revap > rmax
✚➈õ➲÷➆t➌÷✕ô✲ý❭✡➅ÿ➓ô②ó✖✕ ü✎ö→ú❧ø ô②ý✻✕ ô➑õ➲ö❀ù➆ü❧õ

✂✹�✄ü✎ù①ú❧û✄✂✎✍✛✫✇ô❱☎✙û➲÷❏ö✄✵✙û→ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ýêô➑õ➲ö➙þ➌ú❧ý❙☎❋ô✙ý þ✁✂✴✔➓ý➌÷❏ö➲÷✤�➅ô❋ö➲û✄✵➑õ➙õ➲÷❏ø➜ù➌ó✕ô✦✱

Atome évaporé ⇐⇒ E >
L2

2mR2
evap

+ U(Revap) .
❉◗❬✞✍ ➽❪■

❘ ú❧ø➜ø ô ý➓ú❧ÿ➓õ➙ó✖✕ ü✜�➈÷✕ú❧ý➓õ②õ→ú❧ÿ➌ó❏÷✤☞✄ý✛✂❋ù➌ó❏ÿ➓õ✢✗➆ü✎ÿ➌ö❵✚➌ó✕ô❱☎✙û➲÷❏ö✄✵✙û→ô➟þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ù①ú❧û➲ö→ô þ➌ú❧ý✛☎➟õ➲÷❏ø➟ÿ➌ó❏ö✫ü✎ý✛✂✙ø ô✙ý➈ö④õ➲ÿ➌û
ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô

E
✫✩★↕õ➲ÿ➌û➙ó✕ô④ø ú❧ø ô✙ý➈ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L
þ➌ô❋ó✖✕ ü✎ö→ú❧ø ô✎✍

q❛ú❧ÿ➌û✥☎✣ü✎ó☛☎✙ÿ➌ó✕ô✙û ó❾ü❳✑❸û✫ü❢☎✙ö➲÷✕ú❧ý
ϕ(η)

þ✙✕ ü✎ö→ú❧ø ô➑õ➤û→ô➑õ➲ö✫ü✎ý➈ö→õ ü✎ù➌û✄✵➑õ➤ÿ➌ý➓ôêü✎ý➅ö→ô✙ý➌ý➓ô✎✚⑤÷❏ó✼õ➲ÿ✞❛ ö þ➌ú❧ý✛☎ õ➲÷❏ø➜ù➌ó✕ô✴✳
ø ô✙ý➈ö❀þ➌ô✌☎✣ü✎ó☛☎✙ÿ➌ó✕ô✙û✜✚✞✭❋ó✖✕ ✂✆✡➅ÿ➌÷❏ó❏÷❏t➌û→ô②ö✧✗➓ô✙û➲ø ú➅þ✞✸➈ý➆ü✎ø➜÷☛✡➅ÿ➓ô④þ➓ü✎ý➓õ⑤ó✕ô➙ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó

U(r)
✚✄ó❾ü þ➌ô✙ý➓õ➲÷❏ö✄✂✼þ➌ô➙ù➌û→ú❧t➆ü✎t➌÷❏ó❏÷❏ö✄✂

☎➑ú❧ý✎✟✭ú❧÷❏ý➈ö→ô
P (E, L)

✡➅ÿ✻✕ ÿ➌ýêü✎ö→ú❧ø ô➟ü✎÷❏ö✾ÿ➌ý➆ô✶✂✙ý➓ô✙û✧☞✄÷✕ô ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô
E
ô✙ö✾ÿ➌ýÏø ú❧ø ô✙ý➈ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L
✍

ÿ✁�✄✂☎�☛ÿ ➂●✠✌✞❱☛ ✓ ✠❨✾ ✏ ☛☞✠✌✆✎✍ ➣☎➃➄✑✗✓ ✆✬✾ ❛ ✾☎✠ ➧ ✠ ☛ ❴➅❞ ✆✎✍✵➆✩✆➇✠➈✍❅☛ ➃P➃ ✍ ❴ ✍ ➃✗✓②➉ ✠ ➃P➃ ☛ ✖ ✆ ✖➊➃ ✍❅☛ ❞ ✠➈✍ ❴ ☛☞✠♣➋ ✏✔➃
q❛ú❧ÿ➌û②ú❧t➌ö→ô✙ý➌÷❏û

P (E, L)
✭✉ó✖✕ ✂✆✡➅ÿ➌÷❏ó❏÷❏t➌û→ô❋ö✧✗➓ô✙û➲ø ú➈þ✞✸➈ý➆ü✎ø➜÷☛✡➅ÿ➓ô✎✚❙☎✣ü✎ó☛☎✙ÿ➌ó✕ú❧ý➓õ➙ó✖✕ ÷❏ý➈ö✄✂✹☞✄û✫ü✎ó✕ô➟õ➲ÿ➌÷✤�✄ü✎ý➅ö→ô✦✱

P (E, L) = C

∫∫∫∫

exp(−βH(r, p)) δ(E −H(r, p)) δ(L − (r × p) · ez) d2rd2p
❉◗❬✞✍ ❧✎■

ú☞✘
β = 1/kBT

✚ H(r, p) = p2/(2m) + U(r)
ó✕ô❈✗➆ü✎ø➜÷❏ó❏ö→ú❧ý➌÷✕ô✙ý þ➢ÿ õ✧✸➢õ➲ö✘✵✲ø ô✎✚➌ô✙ö

C
ô➑õ➲ö↕ÿ➌ý➓ô✶☎➑ú❧ý➓õ➲ö✫ü✎ý➈ö→ô❋þ➌ô

ý➓ú❧û➲ø➤ü✎ó❏÷✕õ✫ü✎ö➲÷✕ú❧ýêþ✁✂✙ö→ô✙û➲ø➜÷❏ý✛✂➑ô ù➆ü✎û➙ó❾ü❊☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý
∫∫

P (E, L) dE dL = 1 .
❉◗❬✞✍ ➾❪■

✿✯ý ô✴✝➢ù➌ó❏÷☛☎✙÷❏ö✫ü✎ý➅ö✼ô✙ý✪☎➑ú➅ú❧û→þ➌ú❧ý➌ý✛✂➑ô➑õ❈☎✹✸➈ó❏÷❏ý➓þ➢û➲÷☛✡➅ÿ➓ô➑õ➙÷❏ó✙�➈÷✕ô✙ý➅ö❅✱
P (E, L) ∝ e−βE

∫∫∫

δ(L − mrvθ) δ

(

E − mv2
r

2
− L2

2mr2
− U(r)

)

rdr dvr dvθ.
❉◗❬✞✍ ➌❪■

✿✯ýÏ÷❏ý➈ö✄✂✹☞✄û✫ü✎ý➅ö✼ô✙ý➓õ➲ÿ➌÷❏ö→ô õ➲ÿ➌û
vθ
✚➢ù➌ÿ➌÷✕õ➙õ➲ÿ➓û

vr
✚➢ý➓ú❧ÿ➓õ➙ú❧t➌ö→ô✙ý➓ú❧ý➆õ❅✱

P (E, L) ∝ e−βE

∫∫

δ

(

E − mv2
r

2
− L2

2mr2
− U(r)

)

dr dvr ∝ e−βE

∫ rmax

rmin

dr

ṙ

❉◗❬✞✍✤❋✜❍❪■
ú☞✘

ṙ =
√

2/m[E −U(r)−L2/(2mr2)]1/2 ô➑õ➲ö❀ó❾ü❱�➈÷❏ö→ô➑õ→õ→ô➙û✫ü❧þ➢÷❾ü✎ó✕ô④þ➌ô②ó❾ü ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô✎✍✛✏②ý û→ô✆☎➑ú❧ý➌ý➆ü❵➵✕ö✾þ➓ü✎ý➓õó❾ü➜þ➌ô✙û➲ý➌÷☛✵✙û→ô ÷❏ý➅ö✄✂✹☞✄û✫ü✎ó✕ô ó❾ü⑥ø ú❧÷❏ö➲÷☛✂➟þ➌ô❋ó❾ü⑥ù❖✂✙û➲÷✕ú➅þ➓ô❋û✫ü❧þ➢÷❾ü✎ó✕ô
Tr(E, L)

þ➌ô❋ó❾ü✉ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô✎✍❖✯✼ú❧ö→ú❧ý➓õ✢✡➅ÿ➓ô❋ù❱ú❧ÿ➌û
L✔✁✝✁✂✎✚➌ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô❋ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô

E
ý➓ô④ù①ô✙ÿ➌ö✌❥✙ö➲û→ô ü✎û➲t➌÷❏ö➲û✫ü✎÷❏û→ô✒✱➌ô✙ó❏ó✕ô þ➌ú❧÷❏ö✢�✼✂✲û→÷ ✔❱ô✲û

E > Emin(L) ≡ min
r>0

(Ueff(L, r)) .
❉◗❬✞✍✤❋✎❋❵■
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E

|L|ω

Ueff(L,Revap)

L

ηkBT

L1(Revap)−L1(Revap)

➎✄➏✡➐
➎➈➑❅➐

Ó❄Ô☛Õ❙Ö✛×✁ØÞÙ✁Ú ➒❙Ü✚❵✣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✰➏❵➒✆➛❪↔❅➢ ➌✌➓❆➢ ➒✆➛
(L,E)

➏❵➌✧↔❊➏✆➔ ❻❦➞✄→➜➌✄➛✼➎◗➌✧↔❊➐✄➢ ➒✹↔●↔✘➌✧↔✩➏❵➌✠➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➣➌✧↔✦➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌✧↔❊➏❵➒✆➛❪↔➍✎➛✦➥✜➍✎➔➠➏❵➌❈➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✴➭✻➋❙➌✧↔✣➓❪➙✆➔✤➛✼➎➠↔❈↔✧➔✤➎❨➍✼➞✧↔❇➏❵➒✆➛❪↔❇➢ ➒❅è✴➙✆➛✞➌✌➑❪➒❵➐●➑❢➍✎→➜➞●➌✶➛✞➌❈↔✘➙✆➛✼➎✙➓❪➒✹↔❱➒❵➐●➐➜➌✧↔●↔✧➔❾❐✄➢ ➌✧↔✘➭❁ç✁➌✄➍✎➢ ↔✌➢ ➌✄↔✶➒✆➎◗➙✆↕✶➌✧↔➒✆á❵➒✆➛✼➎✶➏❵➌✧↔❊➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔✒➏❵➙✆➛✼➎❈➢ ➌❇➓❪➙✆➔✤➛✼➎❈→➜➌◗➓❆→➣➞✄↔✄➌✘➛✼➎◗➒✆➎➠➔ ➫✠↔✘➌✩➎❨→➜➙✆➍✎➧✆➌✒➏❵➒✆➛❪↔✩➢ ➒✥è✴➙✆➛✞➌❅➥✜→✧➔❝↔✘➞●➌✩↔✘➙✆➛✼➎➔➓✓➞◗➓❪➒✆→❨➥✜➛✞➞✧↔✭→✷➓❪➒✆→➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✞➭
L1(Revap)

➌✧↔✧➎P➢ ➌✠↕✶➙✆↕✶➌✄➛✼➎✢➐✄➔✤➛✞➞✄➎❨➔➠➟✄➍✼➌✩➏✛➲ ➍✎➛✰➒✆➎◗➙✆↕✶➌✩➒✆á❵➒✆➛✼➎P➍✎➛✞➌❅➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➣➌✒➐✄➔✤→➣➐✄➍✎➢ ➒✆➔✤→➜➌✒➏❵➌✠→➜➒✆á❵➙✆➛
Revap

➭❙➋❙➒✶è✴➙✆➛✞➌✌➛✞➙✆➎◗➞●➌➣⑨✖➒②⑩❊➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏✩ä❊➏❵➌✧↔❈➒✆➎◗➙✆↕✶➌✄↔❈➏❵➙✆➛✼➎❄➢ ➒❅➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✶➌✧↔✧➎❄➎◗➙✆➍✄➤✄➙✆➍✎→●↔P↔✧➔✤➎❨➍✼➞●➌❇ä❅➢➣➲ ➌➜➡❵➎◗➞✄→✧➔➠➌✄➍✎→❈➏✆➍➐✄á✆➢ ➔✤➛✞➏✆→➜➌❇➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✁❸❄➐➜➌✄➢☛➢ ➌✢➛✞➙✆➎◗➞●➌❨⑨♣❐✄⑩❅ä❅➐➜➌✄➍❵➡❊➏❵➙✆➛✼➎❣➢ ➒❱➎❨→➣➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌❇➌✧↔✧➎❣➎◗➙✆➍✄➤✄➙✆➍✎→●↔✌ä✶➢➣➲ ➔✤➛✼➎◗➞✄→✧➔➠➌✄➍✎→❈➏❵➌❈➐●➌❈➐✄á✆➢ ➔✤➛✞➏✆→➣➌✴➭

✫✇ô✶☎✣ü❧õ➙þ✙✕ ✂✹☞➅ü✎ó❏÷❏ö✄✂ ô➑õ➲ö➙ü✎ö➲ö→ô✙÷❏ý➈ö➙ó✕ú❧û→õ✄✡➅ÿ➓ô✼ó❾ü✉ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô ô➑õ➲ö✢☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô✦✱➌þ➓ü✎ý➓õ✢☎➑ô❇☎✣ü❧õ✜✚✛✭✉ø ú❧ø ô✙ý➅ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
✔✁✝✁✂✎✚➈ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô❋ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô

E
ô➑õ➲ö↕ó❾ü➟ù➌ó❏ÿ➓õ❫✑♣ü✎÷❏t➌ó✕ô✼ù①ú✄õ→õ➲÷❏t➌ó✕ô✎✍ ❤ ÷

E 6 Emin(L)
✚➈ó❾ü✉þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý

P (E, L)ô➑õ➲ö✾t➌÷✕ô✙ý✪✂✹�➈÷✕þ➌ô✙ø➜ø ô✙ý➅ö②ý➈ÿ➌ó❏ó✕ô✎✍❖✏②ý ù①ô✙ÿ➌ö②þ➌ú❧ý✛☎❱✂✆☎✙û➲÷❏û→ô þ➌ô④ø➤ü✎ý➌÷☛✵✙û→ô ö→ú❧ÿ➌ö❈✭❅✑♣ü✎÷❏öP☞❪✂✙ý✛✂✙û✫ü✎ó✕ô✒✱
P (E, L) = Tr(E, L)e−E/(kBT )Θ(E − Emin(L)) ,

❉◗❬✞✍✤❋✜❩❪■
ú☞✘

Θ
ô➑õ➲ö✁ó❾ü✢✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý➜þ➌ô❯♥✼ô✣ü✜�➈÷✕õ➲÷✕þ➌ô✎✍❀➳❋ü✎ý➓õ❛ó❾ü✼õ➲ÿ➌÷❏ö→ô✎✚✎ý➓ú❧ÿ➓õ❛þ✁✂✙ö→ô✙û➲ø➜÷❏ý➓ú❧ý➓õ✹þ➌ú❧ý✛☎✎✚❧ù❱ú❧ÿ➌û❛ÿ➌ý⑥ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó➓þ➌ú❧ý➌ý✛✂✎✚

ó✕ô➑õ❯✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý➓õ
Emin(L)

ô✙ö
Tr(E, L)

✍
ÿ✁�✄✂☎�✌↔ ↕ ✏ ✠ ➣☎➃❶➙✔❛✗✓✱✖ ✆✎✍☎✠♣➋ ✏✔➃
➳❋ü✎ý➓õ❱☎✙ô✙ö➲ö✫ô➜õ→ô✆☎✙ö➲÷✕ú❧ý✻✚①ý➓ú❧ÿ➓õ❋õ➲ÿ➌ù➌ù①ú✄õ→ú❧ý➓õ✶✡➅ÿ➆ô✉ó❾ü ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô

T
þ➢ÿ❭✟✭ô✙ö ô➑õ➲ö④ö→ô✙ó❏ó✕ô✩✡➅ÿ➓ô

µB0 ≫ kBT
✚

õ→ú❧÷❏ö②ô✙ý✛☎➑ú❧û→ô
α = µB0/(kBT ) ≫ 1

✍❙✯✼ú❧ÿ➓õ➙ù❱ú❧ÿ✁�➅ú❧ý➓õ②þ➌ú❧ý✛☎✶✑♣ü✎÷❏û→ô ÿ➌ý þ✁✂✹�➅ô✙ó✕ú❧ù➌ù❱ô✙ø ô✙ý➈ö✼ó❏÷❏ø➜÷❏ö✄✂➟þ➌ô✥❉◗❬✞✍✤❋❵■➙ü✎ÿ
ù➌û→ô✙ø➜÷✕ô✙û②ú❧û→þ➢û→ô ô✙ý

r2 ✍✁✫✇ô❋ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✁þ➌ô✶☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➈ö②ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô❋ô➑õ➲ö②ü✎ó✕ú❧û→õP✗❱ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✦✱
U(r) =

1

2
mω2r2 ,

❉◗❬✞✍✤❋✜❬❪■
ú☞✘ ó❾ü⑥ù➌ÿ➌ó✕õ✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö➙þ➌ú❧ý➌ý✛✂➑ô ù➆ü✎û

ω =

√

µb2

mB0
.

❉◗❬✞✍✤❋✙↔❆■
✫✇ô➑õ❭✂✙ý➓ô✙û✧☞✄÷✕ô➑õ❰õ→ú❧ý➅ö ø ô➑õ➲ÿ➌û✄✂➑õ❰ô✙ý➨ù➌û→ô✙ý➆ü✎ý➈ö ó✕ô✷✑✡ú❧ý➓þ þ➢ÿ ù➌ÿ➌÷❏ö→õ þ➌ô ù❱ú❧ö✫ô✲ý➈ö➲÷✕ô✙ó✶☎➑ú❧ø➜ø ôêú❧û➲÷✤☞✄÷❏ý➓ô✎✍❯q❛ú❧ÿ➌û ÿ➌ý
ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó❣✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚➓ó❾ü✉ù★✂✙û➲÷✕ú➅þ➌ô➟þ➢ÿ ø ú❧ÿ✁�➅ô✙ø ô✙ý➅ö②û✫ü❧þ➢÷❾ü✎ó✆ô➑õ➲ö✾÷❏ý➓þ✁✂✙ù①ô✙ý➓þ➓ü✎ý➅ö→ô✉þ➌ô

(E, L)
ô✙öP�✄ü✎ÿ➌ö

π/ω
✍

✫❦✕ ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ý þ➌ô
P (E, L)

ù❱ô✙ÿ➌ö✼ü✎ó✕ú❧û→õ✌❥✙ö➲û→ô✶☎✣ü✎ó☛☎✙ÿ➌ó☛✂➑ô➟ô✴✝➓ü❢☎✙ö→ô✙ø ô✙ý➅ö✠✱
P (E, L) =

ω

2(kBT )2
e−βEΘ(E − |L|ω),

❉◗❬✞✍✤❋❙➁❪■
ú☞✘ |L|ω ô➑õ➲öîó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô✹ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✯þ✙✕ ÿ➌ý✉ü✎ö→ú❧ø ô⑤ü✜✸➅ü✎ý➈ö✇ÿ➌ý➓ô❛ö➲û✲ü❀✟✭ô✹☎✙ö→ú❧÷❏û→ô✣☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô⑤ô✙öîÿ➓ý❋ø ú❧ø ô✙ý➈ö❣☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
✍✣➛②ô✙ø➤ü✎û✄✡➅ÿ➓ú❧ý➓õ✬✡➅ÿ✻✕ ô✙ý✉÷❏ý➈ö✄✂✹☞✄û✫ü✎ý➈ö

P (E, L)
õ➲ÿ➌û✁ó✕ô⑤ø ú❧ø ô✙ý➈ö❦☎✙÷äý❙✂✲ö→÷✤✡➅ÿ➆ô

L
✚✟ý➓ú❧ÿ➓õ✯ú❧t➌ö→ô✙ý➓ú❧ý➓õ❛ó❾ü②þ➢÷✕õ➲ö➲û→÷ät➓ÿ➌ö➲÷✕ú❧ý



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ➪ ▼

0,0

0,2

0,4

0,6

0,8

1,0

0 2 4 6 8
η

ϕ
(η

)

Ó❄Ô☛Õ❙Ö✛×✁Ø❳Ù✁Ú ➜✁Ü☎➝✞→➜➒❵➐✄➎❨➔➠➙✆➛
ϕ(η)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✶→➜➌✧↔✧➎◗➒✆➛✼➎➠↔❱➒●➓❆→➣➨✧↔✠➞✄➧✆➒●➓❪➙✆→➣➒✆➎❨➔➠➙✜➛✐➒✆➧✆➌●➐❱➍✎➛❊➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η
➝❫➏❵➒✆➛❪↔✶➢ ➌✠➐➜➒✹↔❅➏✛➲ ➍✎➛➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✙➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✴➭❙➋❙➌✢↕❈➔✤➛✼➔✤↕❈➍✎↕ ➌✧↔✧➎✬➒✆➎❨➎❤➌✘➔❝➛❆➎✛➓✎➙✆➍✎→

η = 1/2
➭

þ✙✕ ✂✙ý➓ô✙û✧☞✄÷✕ô
f(E) ∝ Ee−βE ✚✯û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö❰ü✎ö➲ö→ô✙ý➓þ➌ÿ➨ù➌ÿ➌÷✕õ✄✡➅ÿ➓ôÏó❾ü þ➌ô✙ý➓õ➲÷❏ö✄✂ þ✙✕ ✂✙ö✫ü✎ö→õ þ✙✕ ÿ➌ý➨ù➌÷☛✵✹☞❖ô✷✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô

t➌÷✕þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý➓ô✙ó✁ô➑õ➲ö➙ù➌û→ú❧ù❱ú❧û➲ö➲÷✕ú❧ý➌ý➓ô✙ó❏ó❾ô✠✭
E
✍

✺✓ó⑤ô➑õ➲ö❅☎➑ú❧ø➜ø ú➈þ➌ô➤þ➌ô û→ô✙ù➌û✄✂➑õ→ô✙ý➅ö→ô✙û⑥þ➓ü✎ý➓õ ó✕ô➜ù➌ó❾ü✎ý
(L, E)

ó✕ô➑õ û✄✂✹☞✄÷✕ú❧ý➓õ✉ú☞✘➡õ→ô⑥ö➲û→ú❧ÿ✁�➅ô✙ý➈ö ó✕ô➑õ ù①ú❧÷❏ý➅ö→õ➟û→ô✴✳
ù➌û✄✂➑õ→ô✙ý➈ö✫ü✎ö➲÷❝✑✡õ þ➌ô➑õ✉ü✎ö→ú❧ø ô➑õ❅✡➅ÿ➌÷✹õ✫ü✎ö➲÷✕õ●✑✡ú❧ý➅ö✉ü✎ÿ✰☎✙û➲÷❏ö✄✵✙û→ô þ✻✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ❉❨�➅ú❧÷❏û❇✔✛☞✄ÿ➌û→ô✒❬✞✍ ↔❆■✴✍ ❤ ô✙ÿ➌ó✕õ ó✕ô➑õ❋ù①ú❧÷❏ý➅ö→õ
õ➲÷❏ö➲ÿ✛✂➑õ②ü✎ÿÏþ➌ô➑õ→õ➲ÿ➓õ✾þ➌ô➑õ➙þ➌ô✙ÿ✞✝ þ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô➑õ

E = |L|ω ú❧ý➈ö✾ÿ➌ýÏõ→ô✙ý➓õ↕ù✁✗❆✸➢õ➲÷☛✡➅ÿ➓ô✦❉❨♦✣ú❧ý➓ô④ý➓ú❧ý✷✗➆ü❢☎✄✗➈ÿ➌û✄✂➑ô❵■✴✍✛✫✇ô➑õ
ù①ú❧÷❏ý➅ö→õ➟ü✎ù➌ù➆ü✎û➲ö→ô✙ý➆ü✎ý➈ö✠✭❭☎➑ô➑õ❋þ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô➑õ➟õ→ú❧ý➈ö④û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✫ü✎ö➲÷❝✑✡õ þ✙✕ ü✎ö→ú❧ø ô➑õ✉ü✆✸➈ü✎ý➅ö❋ÿ➌ý➓ô⑥ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô✦☎✙÷❏û✄☎✙ÿ✞✳
ó❾ü✎÷❏û→ô✎✍ ❘ ô✙ÿ✞✝➡õ➲÷❏ö➲ÿ✛✂➑õ⑥õ➲ÿ➌û✉ó❾üêþ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô

L = 0
☎➑ú❧û➲û→ô➑õ➲ù①ú❧ý➓þ➌ô✙ý➅ö✒✭ þ➌ô➑õ➜ü✎ö→ú❧ø ô➑õ ü✆✸➈ü✎ý➅ö⑥ÿ➌ý➓ô➤ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô

û→ô✆☎✙ö➲÷❏ó❏÷✤☞✄ý➓ô❇☎✙û→ú❧÷✕õ✫ü✎ý➈ö❀ó✖✕ ü❵✝➌ô✼þ➢ÿ✥☞✄ÿ➌÷✕þ➌ô✎✍❆➳❋ü✎ý➓õ❀ó❾ü✶♦✣ú❧ý➓ô✼ý➓ú❧ö✄✂➑ô❊❉✡ü❪■✴✚➅ó✕ô➑õ↕ü✎ö→ú❧ø ô➑õ↕ú❧ý➈ö❀ÿ➌ý➓ô②ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô❈�❪✂✙û➲÷❝✔❱ü✎ý➈ö
rmin > Revap

✺ þ➓ü✎ý➓õ✾ó❾ü❊♦✣ú❧ý➓ô❋ý➓ú❧ö✄✂➑ô✒❉✑t❖■✴✚➌ó❏ô➑õ✼ü✎ö→ú❧ø ô➑õ➙ú❧ý➈ö➙ÿ➌ý➓ô④ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô❱�❪✂✙û➲÷❝✔❱ü✎ý➈ö
rmax 6 Revap

✍
✫✇ô➑õ ù❱ú❧÷❏ý➈ö→õÏõ➲÷❏ö➲ÿ✛✂➑õÏü✎ÿ✞✳✓þ➌ô➑õ→õ➲ÿ➓õÏþ➌ôêó❾ü➡ù➆ü✎û✫ü✎t❱ú❧ó✕ô þ✙✕ ✂✆✡➅ÿ➆ü✎ö➲÷✕ú❧ý

E = L2/(2mR2
evap) + U(Revap) =

(Lω)2/(4ηkBT ) + ηkBT
û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö→ô✙ý➅ö þ➌ô➑õ ü✎ö→ú❧ø ô➑õ✒✡➅ÿ➌÷➙õ✫ü✎ö➲÷✕õ●✑✡ú❧ý➈ö➤ü✎ÿ✲☎✙û➲÷❏ö✄✵✙û→ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✍ ❘ ô✙ö➲ö→ô

ù➆ü✎û✫ü✎t①ú❧ó✕ô ô➑õ➲ö➟ö✫ü✎ý✁☞❖ô✙ý➈ö→ô❰ü✎ÿ✞✝ þ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô✣õ
E = |L|ω ô✙ý➡þ➓ô✲ÿ✁✝ ù❱ú❧÷❏ý➈ö→õ✠☎➑ú❧û➲û✫ô✙õ➲ù①ú❧ý➓þ➓ü✎ý➈ö✩✭ þ➌ô➑õ⑥ü✎ö→ú❧ø ô➑õ

ü✜✸➅ü✎ý➈ö✼ÿ➌ý➓ô✉ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô❊☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô➜þ➌ô✉û✫ü✆✸➅ú❧ý
Revap

✚❱ô✙ö✼ÿ➌ý ø ú❧ø ô✙ý➅ö❱☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L1(Revap) = mωR2

evap

✍
✫✇ú❧û→õ✄✡➅ÿ✻✕ ú❧ýÞ✑♣ü✎÷❏ö✠�✄ü✎û➲÷✕ô✙û✉ó❏ô➤ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô❰þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý

η
✚✇ó❾üÏù➆ü✎û✫ü✎t①ú❧ó✕ô õ→ô➤þ✁✂✙ù➌ó❾ü❢☎➑ô❰ô✙ö⑥õ→ô➤þ✁✂✴✑✡ú❧û➲ø ô✎✚✆ö→ú❧ÿ➌ö

ô✙ý û→ô➑õ➲ö✫ü✎ý➅ö②ö✫ü✎ý✁☞❖ô✙ý➅ö✫ô✉ü✎ÿ✞✝Ïþ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô➑õ
E = |L|ω ✚✛✡➅ÿ➌÷✙✑✡ú❧û➲ø ô✙ý➅ö②ó✖✕ ô✙ý❆�❖ô✙ó✕ú❧ù➌ù①ô➟þ➢ÿ û✄✂➑õ→ô✣ü✎ÿ þ➌ô ù➆ü✎û✫ü✎t❱ú❧ó✕ô➑õ

ú❧t➌ö→ô✙ý➈ÿ✻✍✼✫✇ô➑õ↕ü✎ö→ú❧ø ô➑õ❀þ➌ú❧ý➈ö⑤ó✕ô➑õ✹ù①ú❧÷❏ý➅ö→õ⑤û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✫ü✎ö➲÷❝✑✡õ❀õ→ú❧ý➈ö⑤õ➲÷❏ö➲ÿ✛✂➑õ❀ô✙ý➅ö➲û→ô②ó✕ô➑õ⑤þ➌ô✙ø➜÷❝✳✓þ➢û→ú❧÷❏ö→ô➑õ↕ô✙ö⑤ó❾ü❋ù➆ü✎û✫ü✎t❱ú❧ó✕ô
õ→ú❧ý➈ö✾ó✕ô➑õ②ü✎ö→ú❧ø ô➑õ➙û→ô➑õ➲ö✫ü✎ý➈ö→õ②ü✎ù➌û✄✵➑õ✌✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý❃❉✑û✄✂✹☞✄÷✕ú❧ý✷☞✄û➲÷✕õ✄✂➑ô õ➲ÿ➌û✾ó❾ü❅✔✛☞✄ÿ➌û→ô✠❬✞✍ ↔❆■✹✍
q❛ú❧ÿ➌û❀ú❧t➌ö→ô✙ý➌÷❏û❀ó❾ü❇✑❸û✫ü❢☎✙ö➲÷✕ú❧ý

ϕ(η)
þ✙✕ ü✎ö→ú❧ø ô➑õ⑤û→ô➑õ➲ö✫ü✎ý➈ö→õ↕ü✎ù➌û✄✵➑õ✣✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➅÷❏ó❱õ➲ÿ✞❛ ö❀þ✙✕ ÷❏ý➅ö✄✂✹☞✄û→ô✙û

P (E, L)õ➲ÿ➌û✾ó✕ô þ➌ú❧ø➤ü✎÷❏ý➓ô✶☞✄û➲÷✕õ✄✂ þ➌ô④ó❾ü✠✔✛☞✄ÿ➌û→ô❅❬✞✍ ↔✛✍❃✺✓ó✙�➈÷✕ô✙ý➅ö❅✱

❘ ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö❈✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✦✱
ϕ(η) = 1 −√

πη e−η .
❉◗❬✞✍✤❋✜➽❪■

✫✆ü✠✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý
ϕ(η)

✚✛✡➅ÿ➌÷îý➓ô þ✁✂✙ù❱ô✙ý➓þ✪✡➅ÿ➓ô þ➢ÿÏõ→ô✙ÿ➌ó✇ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô➟õ✫ü✎ý➓õ➙þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý
η
✚➓ô➑õ➲ö✾û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✄✂➑ô➟õ➲ÿ➌û✾ó❾ü

✔✛☞✄ÿ➌û→ô✒❬✞✍ ➁✞✍ ❘ ú❧ø➜ø ô➤ü✎ö➲ö→ô✙ý➓þ➢ÿ✻✚✇ô✙ó❏ó✕ô➜ö→ô✙ý➓þ❳�➅ô✙û→õ✩❋⑥ù①ú❧ÿ➌û
η → 0

ô✙ö
η → ∞ ✚îô✙ö ù➆ü❧õ→õ→ô✉ù➆ü✎û ÿ➌ý❮ø➜÷❏ý➌÷❏ø✉ÿ➌ø

�✄ü✎ó❾ü✎ý➈ö
1 −

√

π/(2e) ≃ 0,24
ù①ú❧ÿ➌û

η = 1/2
✍



➪❙➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ ➛ ✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

L1(Revap)−L1(Revap)

Ueff(L,Revap)

E

Emin(L)

L

ηkBT

➞✄➟✡➠
➞➈➡❅➠

Ó❄Ô☛Õ❙Ö✛×✁Ø✒Ù✁Ú ➢✁Ü✍❵✣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✦➏❵➒✆➛❪↔❯➢ ➌❁➓❆➢ ➒✆➛
(L,E)

➏❵➌✧↔P➏✆➔ ❻❦➞✄→➜➌✄➛✼➎◗➌✧↔P➐✄➢ ➒✹↔●↔✘➌✧↔P➏❵➌❯➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔✢➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌✧↔P➏❵➒✆➛❪↔❫➍✎➛➥✜➍✎➔➠➏❵➌✠➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭❄➋❙➌✧↔P➓❪➙✆➔✤➛✼➎➠↔❱↔✧➔✤➎❨➍✼➞✧↔✠➏❵➒✆➛❪↔❅➢ ➒✩è✴➙✆➛✞➌✶➑❪➒❵➐●➑❢➍✎→➜➞●➌✠➛✞➌❅↔✘➙✆➛✼➎❁➓✎➒✹↔✩➒❵➐➜➐●➌✧↔●↔✧➔❾❐✄➢ ➌✧↔✘➭❦ç✁➌✄➍✎➢ ↔❱➢ ➌✧↔✠➒✆➎◗➙✆↕✶➌✧↔❊➒✆á❵➒✆➛✼➎➏❵➌✧↔✢➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌✧↔❇➏❵➙✆➛✼➎❄➢ ➌❦➓✎➙✆➔✤➛✼➎❄→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔ ➫❫↔✘➌✌➎❨→➜➙✆➍✎➧✆➌❈➏❵➒✆➛❪↔✢➢ ➒❇è✴➙✆➛✞➌❯➥✜→✧➔❝↔✘➞●➌✢↔✘➙✆➛✼➎➤➓❱➞◗➓❪➒✆→❨➥✜➛✞➞✧↔❹→❅➓❪➒✆→✢➢➣➲ ➞✄➧✜➒●➓✎➙✜→➣➒✜➩➎❨➔➠➙✆➛✞➭
L1(Revap)

➌✧↔✧➎✬➢ ➌❈↕✶➙✆↕❱➌✄➛✼➎❦➐✄➔✤➛✞➞✄➎❨➔➠➟✄➍✼➌❱➏✛➲ ➍✎➛✷➒✆➎◗➙✆↕✶➌❱➒✆á❵➒✆➛✼➎✬➍✎➛✞➌❈➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌❅➐✄➔✤→➜➐✄➍✎➢ ➒✆➔✤→➣➌❅➏❵➌❇→➜➒✆á❵➙✆➛
Revap

➭❖➋❙➒è✴➙✆➛✞➌❱➛✞➙✆➎◗➞●➌➥⑨✖➒②⑩✒➐●➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏❭ä✒➏❵➌✧↔✠➒✆➎◗➙✆↕✶➌✧↔❅➏❵➙✆➛✼➎❫➢ ➒✦➎❨→➜➒✖➤✄➌➜➐✘➎❤➙✆➔✤→➜➌✩➌✧↔✧➎❫➎◗➙✆➍✄➤✄➙✆➍✎→●↔❇↔✧➔✤➎❨➍✼➞➜➌✠ä✦➢➣➲ ➌➜➡❵➎◗➞✄→✧➔➠➌✄➍✎→❅➏✆➍✪➐✄á✆➢ ➔✤➛✞➏✆→➜➌➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✝❸❁➐●➌✄➢✤➢ ➌✢➛✞➙✆➎◗➞●➌❨⑨♣❐✄⑩❅ä❅➐●➌✄➍❵➡✠➏❵➙✆➛✼➎❣➢ ➒❱➎❨→➣➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌❇➌✧↔✧➎❁➎◗➙✆➍✄➤✧➙✆➍✎→✧↔✢ä✶➢➣➲ ➔✤➛✼➎◗➞✄→✧➔➠➌✄➍✎→❈➏❵➌❈➐●➌❈➐✄á✆➢ ➔✤➛✞➏✆→➜➌✴➭

ÿ✁�✄✂☎�❏➠ ↕ ✏ ✠ ➣☎➃ ➧ ✠➈✍ ❴❃❛ ✠ ✓②➃
❘ ú❧ý➓õ➲÷✕þ✁✂✙û→ú❧ý➓õ✹ø➤ü✎÷❏ý➅ö→ô✙ý➆ü✎ý➈ö✹ó✕ôP☎✣ü❧õ✬☎➑ú❧ý➈ö➲û✫ü✎÷❏û→ô➙þ➢ÿ➜ù➌û✄✂✆☎✆✂✙þ➓ô✲ý➈ö✜✚✼✭④õ✫ü✆�➅ú❧÷❏û

µB0 ≪ kBT
✍✎✫❦✕ ô✴❜îô✙ö✹þ➢ÿ✦☎✄✗➆ü✎ø➜ù

ó✕ú❧ý✁☞✄÷❏ö➲ÿ➓þ➢÷❏ý➆ü✎ó✆ù①ô✙ÿ➌ö✌❥✙ö➲û→ô④ý✛✂✹☞✄ó❏÷✤☞❪✂✎✚➆ô✙ö✾ó✕ô❋ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó✆þ➓ô✶☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➈ö✼ô➑õ➲ö➙ô➑õ→õ→ô✙ý➅ö➲÷✕ô✙ó❏ó✕ô✙ø ô✙ý➈ö②ó❏÷❏ý✛✂✣ü✎÷❏û→ô✦✱
U(r) = µbr .

❉◗❬✞✍✤❋❵❧✎■
✯✼ú❧ö→ú❧ý➓õ✠✡➅ÿ✻✕ ú❧ý ü ÷☛☎✙÷

ν0 = 0
✍❁q✁ú❧ÿ➌û✉ÿ➌ý➡ö→ô✙ó⑤ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✖✚✁ó❾ü ù★✂✙û➲÷✕ú➅þ➌ô➤û✲ü❧þ➢÷❾ü✎ó❏ô

Tr
þ✁✂✙ù①ô✙ý➓þ➡þ➌ô

E
ô✙ö✉þ➌ô

L
✍

✫❦✕ ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ý➜ô✴✝➓ü❢☎✙ö→ô❀þ➌ô
Tr
✑♣ü✎÷❏ö✁÷❏ý➈ö→ô✙û✧�➅ô✲ý➓÷äû✹þ➌ô➑õ✆÷❏ý➈ö✄✂✹☞✄û✫ü✎ó✕ô➑õ✯ô✙ó❏ó❏÷❏ù➌ö➲÷☛✡➅ÿ➓ô➑õ✯ô✙ö✁ý✻✕ ô➑õ➲ö✁ù➆ü❧õ❛õ➲÷❏ø➜ù➌ó✕ôP✭➙ø➤ü✎ý➌÷✕ô✙û✜✍❪✏②ý

ù❱ô✙ÿ➌ö⑤ý✛✂✣ü✎ý➌ø ú❧÷❏ý➓õ❀õ✜✕ ü❧õ→õ➲ÿ➌û→ô✙û✯ý➈ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➅ö❯✡➅ÿ✻✕ ✭
E
✔✁✝✁✂➑ô✎✚✄ó✕ú❧û→õ✄✡➅ÿ➓ô

L
�✄ü✎û➲÷✕ô➙þ➌ô

0
✭❋õ✫ü❈�✄ü✎ó✕ô✙ÿ➌û✹ø➤ü❵✝➢÷❏ø➤ü✎ó✕ô

❉✑ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô✥☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô❵■✴✚
Tr
�✄ü✎û➲÷✕ô➤þ➌ô➜ø ú❧÷❏ý➓õ✉þ➌ô✪❋✜❍✡➦ðô✙ý✰�✄ü✎ó✕ô✙ÿ➌û➟û→ô✙ó❾ü✎ö➲÷✤�❖ô✎✍ ❘ ô✆☎✙÷⑤ý➓ú❧ÿ➓õ❅☎➑ú❧ý➓þ➢ÿ➌÷❏ö✩✭✥✑♣ü✎÷❏û→ô

ó✖✕ ü✎ù➌ù➌û→ú✆✝➢÷❏ø➤ü✎ö➲÷✕ú✄ý
Tr(E, L) ≃ Tr(E, 0) =

√
2mE

µb
,

❉◗❬✞✍✤❋✜➾❪■
ú☞✘❮ó❾ü þ➌ô✙û➲ý➌÷☛✵✙û→ô✦✂✹☞➅ü✎ó❏÷❏ö✄✂ õ✜✕ ú❧t➌ö➲÷✕ô✙ý➈ö➟ô✙ý❮û→ô✙ø➤ü✎û✄✡➅ÿ➆ü✎ý➈ö❅✡➅ÿ✻✕ ú❧ý✰✂✙ö➲ÿ➓þ➢÷✕ô➜ÿ➌ý ù➌û→ú❧t➌ó☛✵✙ø ô➤ü✎ý➆ü✎ó✕ú❢☞✄ÿ➓ô✥✭ ÿ➌ý➓ô✩☎✘✗➈ÿ➌ö→ô
ó❏÷❏t➌û→ô✎✍✁✫✆ü✠�✄ü✎ó✕ô✙ÿ➌û➙þ➌ô

Emin(L)
☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ➓ü✎ý➈ö✼ü✎ÿ✞✝❰ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ✢☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô➑õ②þ➌ô④ø ú❧ø ô✙ý➅ö✌☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L
ô✙ö

þ✙✕ ✂✙ý➓ô✙û✧☞✄÷✕ô ö➲û✫ü✎ý➓õ✧�❖ô✙û→õ→ô
E
✚➢ù①ô✙ÿ➌ö✌❥✲ö→û→ô✶☎✣ü✎ó☛☎✙ÿ➌ó☛✂➑ô➟ô✴✝➓ü❢☎✙ö→ô✙ø ô✙ý➅ö✠✱

Emin(L) =
3

2

(

µ2b2L2

m

)1/3

.
❉◗❬✞✍✤❋❙➌❪■

✏②ýêü✎ù➌ù➌û→ú✼☎✘✗➓ô þ➌ú❧ý✛☎❋ó❾ü➜þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý
P (E, L)

❉◗❬✞✍✤❋✜❩❪■❀ù➆ü✎û
P (E, L) ≃ C

√
E e−βEΘ(E − Emin(L)) ,

❉◗❬✞✍ ❩✎❍❪■
ú☞✘

C
ô➑õ➲ö❋ÿ➌ý➓ô✩☎➑ú❧ý➓õ➲ö✫ü✎ý➈ö→ô þ➌ô⑥ý➓ú❧û➲ø➤ü✎ó❏÷✕õ✫ü✎ö➲÷✕ú❧ý✻✍✻➳❋ü✎ý➓õ❋ó✕ô⑥ù➌ó❾ü✎ý

(L, E)
✚îú❧ý❮û→ô✙ö➲û→ú❧ÿ✁�❖ô✦✡➅ÿ➆ü✎ó❏÷❏ö✫ü✎ö➲÷✤�❖ô✙ø ô✙ý➈ö ó✕ô➑õ

ø✦❥✙ø ô➑õ✌☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô➑õ✌✡➅ÿ➓ô❋þ➓ü✎ý➓õ➙ó✕ô✶☎✣ü❧õ➙þ✙✕ ÿ➌ý✪☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➈ö✌✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✥❉❨�❖ú❧÷❏ûP✔✛☞✄ÿ➌û→ô❅❬✞✍ ➽❪■✴✍
q❛ú❧ÿ➌û❋ú❧t➌ö→ô✙ý➌÷❏û❋ó❾ü✦✑❸û✫ü❢☎✙ö➲÷✕ú❧ý

ϕ(η)
þ✙✕ ü✎ö→ú❧ø ô➑õ❋û→ô➑õ➲ö✫ü✎ý➅ö→õ✜✚❱÷❏ó❁✑♣ü✎ÿ➌ö④÷❏ý➈ö✄✂✹☞✄û→ô✙û✒❉◗❬✞✍ ❩✎❍❪■②õ➲ÿ➌û④ó❾ü✒♦✣ú❧ý➓ô❊☞✄û➲÷✕õ✄✂➑ô⑥þ➌ô

ó❾ü✶✔✛☞✄ÿ➌û→ô✶❬✞✍ ➽✞✍✞✫✇ô②û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö✾þ➌ô②ó✖✕ ÷❏ý➈ö✄✂✹☞✄û✫ü✎ö➲÷✕ú❧ý ý➅ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô④ô➑õ➲ö❀û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✄✂④õ➲ÿ➌û❀ó❾ü✶✔✛☞✄ÿ➌û→ô✶❬✞✍ ❧ ô✙ý❰ö➲û✫ü✎÷❏ö❀ù➌ó✕ô✙÷❏ý✻✍



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ➪ ◆

➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨
➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨
➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨
➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨
➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨

➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨
➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨ ➧➨

0,0

0,2

0,4

0,6

0,8

1,0

0 2 4 6 8
η

ϕ
(η

)

Ó❄Ô☛Õ❙Ö✛×✁Ø❳Ù✁Ú✌➩✞Ü☎➝✞→➜➒❵➐✄➎❨➔➠➙✆➛
ϕ(η)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✶→➜➌✧↔✧➎◗➒✆➛✼➎➠↔❱➒●➓❆→➣➨✧↔✠➞✄➧✆➒●➓❪➙✆→➣➒✆➎❨➔➠➙✜➛✐➒✆➧✆➌●➐❱➍✎➛❊➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η
➝❫➏❵➒✆➛❪↔✶➢ ➌✠➐➜➒✹↔❅➏✛➲ ➍✎➛➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✻➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭❙➋❙➌P↕❈➔✤➛✼➔✤↕❈➍✎↕ ➌✧↔✧➎❄➒✆➎❨➎◗➌✄➔✤➛✼➎✁➓❪➙✆➍✎→

η ≃ 1,25
➭✁➋❙➌✧↔✢➏✆➔❝↔✘➟✄➍✼➌✧↔✌➙✆➍✎➧✆➌✄→✧➎➠↔✢➐●➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏❵➌✄➛✼➎✬➒✆➍✦➐●➒✆➢ ➐✄➍✎➢

➫✒➙✆➛✼➎◗➌✄➩✴➭✻➒✆→✧➢ ➙✗❸✻➢ ➒✠➐➜➙✆➍✎→✫❐●➌❇➐➜➙✆➛✼➎❨➔✤➛✼➍✼➌✢➢ ➌✢→➜➞✧↔✧➍✎➢ ➎◗➒✆➎❄➐●➒✆➢ ➐✄➍✎➢ ➞❯➥✜→⑤➯❵➐●➌❈ä❱➢➣➲ ➒●➓❵➓❆→➜➙✘➡❵➔✤↕✶➒✆➎❨➔➠➙✜➛
Tr(E,L) ≃ Tr(E, 0)

➏✆➔❝↔✘➐✄➍✎➎◗➞●➌➏❵➒✆➛❪↔P➢ ➌✢➎◗➌➜➡❵➎◗➌✴➭

✏②ýÏú❧t➓õ→ô✙û✧�➅ô❇✡➅ÿ➆ü✎ó❏÷❏ö✫ü✎ö➲÷✤�➅ô✙ø ô✙ý➅ö②ó❾ü➟ø✦❥✙ø ô❇✑✡ú❧û➲ø ô✶✡➅ÿ➓ô④þ➓ü✎ý➓õ✾ó✕ô✶☎✣ü❧õ❯✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚➌ø➤ü✎÷✕õ✾ó❾ü❊☎➑ú❧ÿ➌û➲t❱ô ô➑õ➲ö↕ù➌ó❏ÿ➓õ
ó❾ü✎û✧☞❖ô✎✚①ô✙ö②ó✕ô➟ø➜÷❏ý➌÷❏ø➟ÿ➓øòô➑õ➲ö④ú❧t➌ö→ô✙ý➅ÿ ù❱ú❧ÿ➌û

η ≃ 1,25
✚①ü✆�➅ô✆☎

ϕ ≃ 0,33
✍ ❘ ô✙ö➲ö→ô⑥þ➢÷❝❜✙✂✙û→ô✙ý✛☎➑ô✉þ➌ô➟ó❾ü✎û✧☞❖ô✙ÿ➌û ü✆�➅ô✆☎

ó✕ô❱☎✣ü❧õP✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô ô➑õ➲ö②õ➲÷❏ø➜ù➌ó✕ô✙ø ô✙ý➅ö✼þ➢ÿ➓ô❱✭⑥ó✖✕ ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ýÏþ➢÷❝❜✙✂✙û→ô✙ý➈ö→ô þ➌ô❋ó❾ü⑥þ➌ô✙ý➓õ➲÷❏ö✄✂ þ✙✕ ✂✙ö✫ü✎ö→õ✜✍
q❛ú❧ÿ➌û✁ô➑õ➲ö➲÷❏ø ô✙û✁ó❾üP�✄ü✎ó❏÷✕þ➢÷❏ö✄✂⑤þ➌ô✹ó✖✕ ü✎ù➌ù➌û→ú✜✝➢÷❏ø➤ü✎ö➲÷✕ú❧ý✓❉◗❬✞✍✤❋✜➾❪■✴✚✟ý➓ú❧ÿ➓õ❛ü✆�➅ú❧ý➓õ❁☎➑ú❧ø➜ù➆ü✎û✄✂⑤ó✕ü✢☎➑ú❧ÿ➌û➲t①ô

ϕ(η)
ú❧t➌ö→ô✙ý➅ÿ➓ô

ü✜�❖ô✆☎✯ó✕ô✹õ➲ù❱ô✆☎✙ö➲û→ô✹þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✠✡➅ÿ➓ô✹þ➌ú❧ý➌ý➓ô✯ÿ➌ý➓ô✹õ➲÷❏ø✉ÿ➌ó❾ü✎ö➲÷✕ú❧ý❅rêú❧ý➈ö→ô✴✳ ❘ ü✎û➲ó✕ú②þ➢ÿ ù➌û→ú❧t➌ó☛✵✙ø ô✎✍❢✏②ý ù➌û→ú➅þ➢ÿ➌÷❏ö✆ÿ➌ý➓ô
þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý➤ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✢✭➙ó✖✕ ✂✆✡➅ÿ➌÷❏ó❏÷❏t➌û→ô↕ö✧✗➓ô✙û➲ø ú➈þ✞✸➈ý➆ü✎ø➜÷☛✡➅ÿ➓ô✾þ➓ü✎ý➓õ❛ó✕ô⑤ù①ú❧ö→ô✙ý➈ö➲÷✕ô✙ó❣❉◗❬✞✍✤❋❵❧✎■✴✍❢q❛ú❧ÿ➌û✬☎➑ô✙ó❾ü✼ú❧ý⑥ÿ➌ö➲÷❏ó❏÷✕õ→ô
ÿ➌ý❳☞❪✂✙ý✛✂✙û✫ü✎ö→ô✙ÿ➌û➟þ➌ô✉ý➓ú❧ø➟t➌û→ô➑õ❋ù➓õ→ô✙ÿ➓þ➌ú❀✳ ü✎ó☛✂✣ü✎ö→ú❧÷❏û→ô➑õ ô✙ö④ó❾ü➤ø✦✂✙ö✧✗➓ú➈þ➌ô➜þ➢÷❏ö→ô⑥þ➌ô✉û✄✂●✟✭ô✆☎✙ö➲÷✕ú❧ý ➼ ➽✵➌❵➚❦✡➅ÿ➌÷❛ù❱ô✙û➲ø ô✙ö þ➌ô
ù➆ü❧õ→õ→ô✙û❀þ✙✕ ÿ➌ý➓ô②þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➓ö➲÷✕ú❧ý❰þ➌ô➙ù➌û→ú❧t➆ü✎t➌÷❏ó❏÷❏ö✄✂②ÿ➌ý➌÷❝✑✡ú❧û➲ø ô❇✭❋ÿ➌ý➓ô✼ü✎ÿ➌ö➲û→ô✼þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý❰þ➌ô➙ù➌û→ú❧t➆ü✎t➌÷❏ó❏÷❏ö✄✂✼þ➌ú❧ý➌ý✛✂➑ô✎✚
ô✙ý➟ó✖✕ ú❆☎✆☎✙ÿ➌û➲û→ô✙ý✛☎➑ô❀ó❾ü➙þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý⑥þ➌ô✝➲↕ú❧ó❏ö✧♦➑ø➤ü✎ý➌ý➜þ➓ü✎ý➓õ✆ó✕ô✹ù❱ú❧ö✫ô✲ý➈ö➲÷✕ô✙ó✙❉◗❬✞✍✤❋❵❧✎■✴✍❀✿✯ý➓õ➲ÿ➌÷❏ö→ô❀ú❧ý✠✂✹�✄ü✎ó❏ÿ➓ô⑤ó❾ü❯✑❸û✫ü❢☎✙ö➲÷✕ú❧ý
þ✙✕ ü✎ö→ú❧ø ô➑õ✶�❪✂✙û➲÷❝✔❱ü✎ý➈ö④ó✕ô✠☎✙û➲÷❏ö✄✵✙û→ô➜þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✍✻✫✇ô✉û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö❋þ➌ô✠☎➑ô✙ö➲ö→ô➜õ➲÷❏ø➟ÿ➌ó❾ü✎ö➲÷✕ú❧ý ô➑õ➲ö✼û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✄✂⑥õ➲ÿ➌û✼ó❾ü
✔✛☞✄ÿ➌û→ô✢❬✞✍ ❧➙ù➆ü✎û❛ó✕ô➑õ❛þ➢÷✕õ✄✡➅ÿ➓ô➑õ✯ú❧ÿ✁�❖ô✙û➲ö→õ✜✍❪✏②ý✩☎➑ú❧ý➓õ➲ö✫ü✎ö→ôP✡➅ÿ➓ô⑤ó✖✕ ü❢☎✆☎➑ú❧û→þ ü✜�❖ô✆☎❀ó✕ô❀û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö✹ü✎ù➌ù➌û→ú❆☎✄✗✛✂✾ô➑õ➲ö✯ô✴✝✁☎➑ô✙ó❏ó✕ô✙ý➅ö✜✍

✿✯ý ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✚✆ù❱ú❧ÿ➌û⑥ü❀✟ ÿ➓õ➲ö→ô✙û✉þ➌ô➑õ ù①ú❧÷❏ý➅ö→õ✉ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ÿ✞✝➡ô✙ö✉ú❧t➌ö→ô✙ý➌÷❏û✉ó✕ü ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô
T
þ➢ÿ✪✟✭ô✙ö✜✚î÷❏ó

ô➑õ➲ö❀ÿ➌ö➲÷❏ó✕ô❋þ➌ô✼þ➢÷✕õ➲ù①ú✄õ→ô✙û↕þ✙✕ ÿ➌ý➆ô✌✑✡ú❧û➲ø➟ÿ➌ó✕ô❋ü✎ý➆ü✎ó✤✸➈ö➲÷☛✡➅ÿ➓ô④õ➲÷❏ø➜ù➌ó✕ô✼ù①ú❧ÿ➌û
ϕ(η)

✍✞✿✯ý õ✜✕ ÷❏ý➓õ➲ù➌÷❏û✫ü✎ý➅ö✾þ➌ô✼ó❾ü❱✑✡ú❧û➲ø ô④þ➌ô②ó❾ü
✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý✲❉◗❬✞✍✤❋✜➽❪■✴✚îú❧ý ù①ô✙ÿ➌ö❱☎✄✗➓ô✙û✄☎✘✗➓ô✙û❋ó✕ô➑õ✶☎➑ú❧ý➓õ➲ö✫ü✎ý➅ö→ô➑õ

a, b
ô✙ö

c
✡➅ÿ➌÷❛ù❱ô✙û➲ø ô✙ö➲ö✫ô✲ý➈ö➟þ✙✕ ü✎ù➌ù➌û→ú✼☎✘✗➓ô✙û✉ü✎ÿ ø➜÷✕ô✙ÿ✞✝

ó❾ü✠✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý
ϕ(η)

ù➆ü✎û➙ÿ➌ý➓ô❇✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý þ➢ÿ ö➜✸➈ù❱ô✦✱
ϕ(η) ≃ 1 − aηb e−cη .

❉◗❬✞✍ ❩✞❋❵■
✏②ý➨ö➲û→ú❧ÿ✁�❖ô

a = 1,65
✚
b = 1,13

ô✙ö
c = 0,92

✍❦✫❦✕ ✂✆☎✣ü✎û➲ö❰ô✙ý➅ö➲û→ô✪☎➑ô✙ö➲ö→ôÏý➓ú❧ÿ✁�➅ô✙ó❏ó✕ôêü✎ù➌ù➌û→ú✜✝➢÷❏ø➤ü✎ö➲÷✕ú❧ý ô✙ö ó✕ô
û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö✼þ➌ô❋ó✖✕ ÷❏ý➅ö✄✂✹☞✄û✫ü✎ö➲÷✕ú❧ýêý➈ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô➟ô➑õ➲ö✾÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌û❇✭✦❩✡➦ ô✙ý✷�✄ü✎ó✕ô✙ÿ➌û➙û→ô✙ó❾ü✎ö➲÷✤�➅ô❋ù①ú❧ÿ➌û➙ö→ú❧ÿ➌ö

η
✍ ❘ ✕ ô➑õ➲ö②þ➌ú❧ý✛☎

☎➑ô✙ö➲ö→ô✒✑✡ú❧û➲ø➟ÿ➌ó✕ô❰ü✎ý➆ü✎ó✤✸➈ö➲÷☛✡➅ÿ➓ô❰ô✙ø➜ù➌÷❏û➲÷☛✡➅ÿ➓ô❭✡➅ÿ➓ô ý➓ú❧ÿ➓õ✉ÿ➌ö➲÷❏ó❏÷✕õ→ú❧ý➓õ✉ù①ú❧ÿ➌û⑥þ✁✂✙ö→ô✙û➲ø➜÷❏ý➓ô✙û➜ó❾ü ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô þ➢ÿ❲✟✭ô✙ö✜✍
q✯ó❏ÿ➓õ➙ù➌û✄✂✆☎✙÷✕õ✄✂✙ø ô✙ý➅ö✜✚➆ú❧ýêü❀✟ ÿ➓õ➲ö→ô④ó✕ô➑õ➙þ➌ú❧ý➌ý✛✂➑ô➑õ➙ù➆ü✎û➙ó❾ü❅✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý õ➲ÿ➌÷✤�✄ü✎ý➈ö→ô

❘ ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö②ó❏÷❏ý✛✂✣ü✎÷❏û→ô✒✱
ϕ(νrf) ≃ 1 − A

[

1,65

(

hνrf

kBT

)1,13

e−0,92hνrf/(kBT )

]

,
❉◗❬✞✍ ❩✎❩❪■

ü✜�❖ô✆☎④þ➌ô✙ÿ✞✝➤ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô➑õ②ü❀✟ ÿ➓õ➲ö✫ü✎t➌ó✕ô➑õ✜✚➈ó❾ü➟ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô
T
þ➌ÿ✠✟✭ô✙ö✾ô✙ö❀ó✖✕✼✫✪➳❶❯✹✛✡❯✩✶✪★❼✯

A
þ➌ô②ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô✎✚✁✡➅ÿ➌÷❖�✄ü✎ÿ➌ö



➪ t ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ ➛ ✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

÷✕þ✁✂✣ü✎ó✕ô✙ø ô✙ý➅ö✥❋✎✍✻✿✯ý❮ÿ➌ö➲÷❏ó❏÷✕õ✫ü✎ý➈ö❅☎➑ô✙ö➲ö→ô❊✑✡ú❧û➲ø➟ÿ➌ó✕ô➜ù①ú❧ÿ➌û➟ü❀✟ ÿ➓õ➲ö→ô✙û➟þ➌ô➑õ õ➲ù❱ô✆☎✙ö➲û→ô➑õ➟õ➲÷❏ø➟ÿ➌ó☛✂➑õ❋ù➆ü✎û❅rêú❧ý➅ö→ô✴✳ ❘ ü✎û➲ó✕ú✁✚✇ó❾ü
ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô✉þ➢ÿ✩✟✭ô✙ö➙ô➑õ➲ö➙ú❧t➓ö→ô✙ý➅ÿ➓ô➟ü✜�➅ô✆☎④ÿ➌ý➓ô❋ù➌û✄✂✆☎✙÷✕õ➲÷✕ú❧ýÏø ô✙÷❏ó❏ó✕ô✙ÿ➌û→ô❅✡➅ÿ➓ô❨➁✡➦✥✍
ÿ✁�✄✂☎�✕➥ ↕ ✏ ✠ ➣☎➃ ✞ ➃✗✖ ✠ ➵ ➧ ✠➈✍ ❴❃❛ ✠ ✓②➃
❏✢✔➓ý þ✙✕ ✂✹�➈÷❏ö→ô✙û ó✕ô➑õ➜ù❱ô✙û➲ö→ô➑õ ù➆ü✎û➜û→ô✙ö→ú❧ÿ➌û➲ý➓ô✙ø ô✙ý➈ö þ➌ô õ➲ù➌÷❏ý✻✚❛ÿ➌ý ☎✘✗➆ü✎ø➜ù ó✕ú❧ý✁☞✄÷❏ö➲ÿ➓þ➢÷❏ý➆ü✎ó✼þ✙✕ ÿ➌ý➓ô✓�✄ü✎ó✕ô✙ÿ➌û þ➌ô

B0 = 1
♠ ô➑õ➲öÏõ➲ÿ➌ù①ô✙û➲ù❱ú✄õ✄✂ ü✎ÿå☎✘✗➆ü✎ø➜ù þ➢ÿ✮☞✄ÿ➌÷✕þ➌ô✎✍✢✿❄✝➢ù➌û➲÷❏ø✦✂ ô✙ý ÿ➌ý➌÷❏ö✄✂❮þ➌ô❮ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô✎✚✌☎➑ô✰☎✄✗➆ü✎ø➜ù

☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ➃✭
µB0/kB ≃ 33 µ ➸ ✍❣❏②÷❏ý➓õ➲÷✖✚✇ø✦❥✙ø ô➤ù❱ú❧ÿ➌û⑥þ➌ô➑õ➟ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➑õ⑥þ➌ô✒✡➅ÿ➓ô✙ó☛✡➅ÿ➓ô➑õ✠☎➑ô✙ý➈ö✫ü✎÷❏ý➓ô➑õ⑥þ➌ô

µ ➸ ✚①ú❧ý ý➓ô➟ù①ô✙ÿ➌ö④ý✛✂✹☞✄ó❏÷✤☞❖ô✙û❱☎➑ú❧ø➜ù➌ó☛✵✙ö→ô✙ø ô✙ý➈ö ó✕ü➤ù➌û✄✂➑õ→ô✙ý✛☎➑ô➜þ➌ô
B0

õ➲÷✁ó✖✕ ú❧ý❳�➅ô✙ÿ➌ö❋þ✁✂✙ö→ô✙û➲ø➜÷❏ý➓ô✙û
T
þ➌ô✉ø➤ü✎ý➌÷☛✵✙û→ô

ù➌û✄✂✆☎✙÷✕õ→ô✎✍✻❏②ÿ❳✑❸ÿ➌û➟ô✙ö❅✭❰ø ô➑õ➲ÿ➌û→ô✦✡➅ÿ➓ô⑥ó❾ü❰ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➤þ➢ÿ✷✟✭ô✙ö þ✁✂✆☎✙û→ú❀➵✕ö⑥ü✎ÿ✰☎➑ú❧ÿ➌û→õ➟þ➢ÿ û→ô✴✑❸û→ú❧÷✕þ➢÷✕õ→õ→ô✙ø ô✙ý➅ö➟ù➆ü✎û
✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✚❙☎➑ô✆☎✙÷✆þ➌ô✹�➈÷✕ô✙ý➅ö②þ➌ô❋ù➌ó❏ÿ➓õ➙ô✙ýÏù➌ó❏ÿ➓õ✾ý✛✂✆☎➑ô➑õ→õ✫ü✎÷❏û→ô✎✍
➳❋ü✎ý➓õ✻☎➑ô✯ù➆ü✎û✫ü❀☞✄û✫ü✎ù✁✗➓ô✎✚✣ó✕ô➑õîû✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ✇ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➅ö→õ✁õ→ú❧ý➅ö✻✂✙ö→ô✙ý➓þ➢ÿ➓õ❁✭↕ÿ➌ý➓ô❄�✄ü✎ó✕ô✙ÿ➌û✙✔➓ý➌÷✕ô✹þ➌ô

α = µB0/(kBT )
✍

➳❋ü✎ý➓õ✾ÿ➌ý õ→ú❧ÿ✛☎✙÷✇þ➌ô õ➲÷❏ø➜ù➌ó❏÷☛☎✙÷❏ö✄✂✎✚➓õ→ô✙ÿ➌ó✕ô➑õ✾ó✕ô➑õP☞✄û✲ü✎ý➓þ➌ô➑õ✾ó❏÷✤☞✄ý➓ô➑õ②þ➢ÿ✪☎✣ü✎ó☛☎✙ÿ➌ó✆õ→ú❧ý➅ö✌✂✙t➆ü✎ÿ✛☎✄✗✛✂➑ô➑õ✜✍
✫✇ô❅☎✣ü✎ó☛☎✙ÿ➌ó❛þ➌ô ó❾ü✩✑❸û✫ü❢☎✙ö➲÷✕ú❧ý❲✂✹�✄ü✎ù①ú❧û✄✂➑ô

ϕ(η, α)
✚❙✡➅ÿ➌÷✁þ✁✂✙ù❱ô✙ý➓þêþ✁✂➑õ→ú❧û➲ø➤ü✎÷✕õ④þ➌ô

α
ô✙ö②ý➓ú❧ý ù➌ó❏ÿ➓õ④õ→ô✲ÿ➓ó❏ô✙ø ô✙ý➈ö

þ➌ô
η
✚➓û→ô✹�➈÷✕ô✙ý➈ö✶✭✒✂✙ö✫ü✎t➌ó❏÷❏û✼ó❾ü✩✑✡ú❧û➲ø ô✉þ➌ô➑õ✢✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý➓õ

Tr(E, L)
ô✙ö

Emin(L)
þ➓ü✎ý➓õ✼ó✕ô❅☎✣ü❧õ④þ✙✕ ÿ➌ý❳☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö

õ→ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✍❜✺✓ó❀ô✙õ➲ö➟ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô➤þ➌ô➤õ→ô ù➌ó❾ü❢☎➑ô✙û✉ô✙ý❂☎➑ú➈ú❧û→þ➌ú❧ý➌ý✛✂➑ô➑õ➜ü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý✛✂➑ô➑õ❭✱îó✖✕ ÿ➌ý➌÷❏ö✄✂ þ➌ô ó✕ú❧ý✁☞✄ÿ➓ô✙ÿ➌û
ô➑õ➲ö

r0 = B0/b
✚✛☎➑ô✙ó❏ó✕ô þ➌ô❋ø➤ü❧õ→õ→ô ô➑õ➲ö✢☎➑ô✙ó❏ó✕ô➟þ➌ô➑õ②ü✎ö→ú❧ø ô➑õ✜✚➆ô✙ö➙ó✖✕ ÿ➌ý➌÷❏ö✄✂ þ✙✕ ✂✙ý➓ô✙û✧☞✄÷✕ô➟ô➑õ➲ö➙ù➌û➲÷✕õ→ô❱✂✹☞➅ü✎ó✕ô❅✭

µB0
✍❖✏②ý

ý➓ú❧ö→ô②ù➆ü✎û↕þ➌ô➑õ⑤ó✕ô✙ö➲ö➲û→ô➑õ❀ø➜÷❏ý➅ÿ➓õ✄☎✙ÿ➌ó✕ô➑õ❀ó✕ô➑õ❫✡➅ÿ❱ü✎ý➅ö➲÷❏ö✄✂➑õ✾ü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý✛✂➑ô➑õ ✺ ü✎÷❏ý➓õ➲÷
ε
ô➑õ➲ö⑤ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô✼ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✎✚

ℓ
ó✕ô

ø ú❧ø ô✙ý➅ö❈☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô✎✍✛✯✼ú❧ö→ú❧ý➓õ✌✡➅ÿ➓ô④ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô❋ö➲û✲ü✎ý➓õ✧�❖ô✙û→õ→ô ü✎÷❏ý➓õ➲÷✆þ✁✂✴✔➓ý➌÷✕ô✶�✼✂✙û➲÷❝✔➆ô④ý✛✂✆☎➑ô➑õ→õ✫ü✎÷❏û→ô✙ø ô✙ý➈ö
ε > 1

✍
❽ Ò✞➱➜➬ ❂❖Ï✛✃✷➱✖➴❆Ï❖➬ ➴✛Ð ✃
✏②ý❅☎➑ú❧ø➜ø ô✙ý✛☎➑ô✹ù➆ü✎û★✑♣ü✎÷❏û→ô✎✚✜☎➑ú❧ø➜ø ô✹þ➓ü✎ý➓õîó✕ô❦☎✣ü❧õ✇þ✙✕ ÿ➌ý❅☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö✆ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✚✣ó✖✕ ü✎ù➌ù➌û→ú✜✝➢÷❏ø➤ü✎ö➲÷✕ú❧ý

Tr(E, L) ≃
Tr(E, 0)

✍✁✿✯ýêü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý➆ü✎ý➅ö✉➺❀✚➌ú❧ýÏö➲û→ú❧ÿ✁�➅ô✩✱

tr(ε, 0) =
√

2

∫ (ε2−1)1/2

0

dx
√

ε − (1 + x2)1/2
=

√
2

∫ ε

1

udu√
u − 1

√
u + 1

√
ε − u

,
❉◗❬✞✍ ❩✎❬❪■

ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ýÞ✡➅ÿ➌÷❦✑♣ü✎÷❏ö ÷❏ý➅ö→ô✙û✧�➅ô✙ý➌÷❏û✉þ➌ô➑õ➟÷äý➈ö✄✂✹☞✄û✫ü✎ó✕ô➑õ✉ô✙ó❏ó❏÷❏ù➌ö➲÷☛✡➅ÿ➓ô➑õ✉ô✙ö✉þ➌ô➑õ✶✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý➓õ❅✗✼✸➈ù①ô✙û✧☞❪✂➑ú❧ø✦✂✙ö➲û➲÷☛✡➅ÿ➓ô➑õ✜✍✬✏②ý
û→ô✙ö➲û→ú❧ÿ✁�➅ô②ó✕ô➑õP☎➑ü❧õ↕ó❏÷❏ø➜÷❏ö→ô➑õ

tr = π
þ➓ü✎ý➓õ❀ó✕ô❈☎✣ü❧õ❫✗➆ü✎û→ø ú❧ý➌÷☛✡➅ÿ➓ô✩❉

ε = 1+ ■⑤ô✙ö tr ∼ 2
√

2ε
þ➓ü✎ý➓õ↕ó✕ô❈☎✣ü❧õ❀ó❏÷❏ý✛✂✣ü✎÷❏û→ô

❉
ε ≫ 1

■✴✍❄✯②ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö✜✚✯ú❧ý➃☎➑ú❧ý➓õ➲ö✫ü✎ö→ô❭✡➅ÿ➓ô ù❱ú❧ÿ➌û⑥ö→ú❧ÿ➓ö
ε ∈ [1,∞[

✚✁ó✖✕ ô✙û➲û→ô✙ÿ➌û➜û→ô✙ó❾ü✎ö➲÷✤�❖ô❭☎➑ú❧ø➜ø➜÷✕õ→ô ô✙ý
û→ô✙ø➜ù➌ó❾ü☞➻✣ü✎ý➅ö❈☎➑ô✙ö➲ö→ô➟ô✘✝➢ù➓û→ô➑õ→õ➲÷❏ú❧ý✪☎➑ú❧ø➜ù➌ó❏÷☛✡➅ÿ✛✂➑ô❋ù➆ü✎û

tr = 2
√

2ε
ô➑õ➲ö✾÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌û→ô✠✭❭❋✜❍✡➦✥✍

➼ ❄❆✃✞➱✄❣❖➬ ✃✪Ñ❭➬♣❄✁➬✤Ñ✒➴✛Ð ✃✥Ï✟❀✤❰❃❄❆✃❳➷❆➴❆➱◗➮✹➬ ✿❆❰✛Ð ✃✥Ï✛✃❲Ñ✧❂❖Ñ✒✃✳❄✼➮➽✿✼➬♣❄❆Ò✎➮✹➬ ❈★❰❆✃
L

q❛ú❧ÿ➌û❇☎✣ü✎ó✤☎✙ÿ➌ó✕ô✙û④ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô✉þ✙✕ ÿ➌ý❮ü✎ö→ú❧ø ô⑥ü✆✸➈ü✎ý➅ö✼ÿ➌ý➓ô ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô✠☎✙÷❏û✄☎✙ÿ➌ó❾ü✎÷❏û→ô⑥þ➌ô û✫ü✜✸❖ú❧ý❮ü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý✛✂
xô✙ö✾ÿ➌ýÏø ú❧ø ô✙ý➅ö❈☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

ℓ
✚➌ú❧ý þ➌ú❧÷❏ö✌✂✙ó❏÷❏ø➜÷❏ý➓ô✙û

x
ô✙ý➈ö➲û→ô

ε =
√

1 + x2 +
ℓ2

2x2

❉◗❬✞✍ ❩✎↔❆■
❉❤✂✙ý➓ô✙û✧☞✄÷✕ô❋ö➲û✲ü✎ý➓õ✧�❖ô✙û→õ→ô④ö→ú❧ö✫ü✎ó✕ô❵■✾ô✙ö

ℓ2 =
x4

√
1 + x2

❉◗❬✞✍ ❩✵➁❪■
➾❷➚❃➪ ➶✣➹✣➘ ➴❷➷✁➬❱➮❜➴❷➮②➱❹✃✣❐✗➮②❐✪➴

ω−1 ❒✣❮✱❰ ω =
√

µb2/(mB0) Ï



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ➪❚Ð

ε

εmin(ℓ)

εmax(ℓ)

ℓ

1
∼ 1 + |ℓ|

∼
3

2
|ℓ|2/3

1 +
η

α

Ó❄Ô☛Õ❙Ö✛×✁Ø❊Ù✁Ú Ñ✁Ü✜❵✣➌◗➓❆→➣➞✧↔✘➌✄➛❆➎❤➒✆➎❨➔➠➙✆➛✩➏❵➒✆➛❪↔❦➢ ➌✙➓❆➢ ➒✆➛
(ℓ, ε)

➏❵➌✧↔❦➎➠→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔❫➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌✧↔❫➏❵➒✆➛❪↔❦➍✎➛P➓❪➙✆➎◗➌✄➛✼➎❨➔➠➌✄➢❪↔✘➌✄↕❈➔✤➩◗➢ ➔✤➛✞➞●➒✆➔✤→➣➌✴➭ç✁➌✄➍✎➢ ↔❄➢ ➌✧↔★➓✎➙✆➔✤➛✼➎➠↔❄↔✧➔✤➎❨➍✼➞✧↔❦➒✆➍❱➏❵➌✧↔●↔✧➍❢↔❦➏❵➌❦➢ ➒✌➐●➙✆➍✎→✫❐●➌
εmin(ℓ)

⑨➠è✴➙✆➛✞➌✬➛✞➙✆➛✼➩❨➑❪➒❵➐●➑❢➍✎→➜➞●➌✄⑩✌➙✆➛✼➎✛➍✎➛✶↔✘➌✄➛❪↔❖➓❪➑❢á✹↔✧➔➠➟✄➍✼➌✴➭✼➋❙➌✧↔❖➓❪➙✆➔✤➛✼➎➠↔↔✧➔✤➎❨➍✼➞✧↔❅➒✆➍❲➏❵➌✧↔●↔✧➍❢↔✠➏❵➌❅➢ ➒✶➓❪➒✆→➜➒✟❐➜➙✆➢❝➌
εmax(ℓ)

➐●➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏❵➌✄➛✼➎✌ä✥➏❵➌✧↔❱➎❨→➣➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔❊➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔❊➟✄➍✎➔✬↔✘➙✆➛✼➎P➞✄➧✆➒●➓❪➙✆→➜➞✧↔✧⑨❤➢ ➒➐●➙✆➍✎→✫❐●➌❈➌✧↔✧➎❣➎❨→➜➒❵➐●➞➜➌❦➓❪➙✆➍✎→
η = α = 1

⑩❵➭

✡➅ÿ➌÷➈ö➲û✫ü❧þ➢ÿ➌÷❏ö✯ó✕ô⑤ù➌û➲÷❏ý✛☎✙÷❏ù①ô✣✑✡ú❧ý➓þ➓ü✎ø ô✙ý➈ö✫ü✎ó➓þ➌ô⑤ó❾ü✼þ✞✸➈ý➆ü✎ø➜÷☛✡➅ÿ➓ô
mv2/r = −dU/dr

✍❀✫❦✕ ✂✆✡➅ÿ➆ü✎ö➲÷✕ú❧ý✒✭➙û✄✂➑õ→ú❧ÿ➓þ➢û→ô↕ô➑õ➲ö
þ➢ÿ✩✡➅ÿ➆ü✎ö➲û➲÷☛✵✙ø ô✾þ➌ô✹☞✄û✄✂↕ô✙ý

x2 ✚❧ú❧ý⑥ù❱ô✙ÿ➌ö✹þ➌ú❧ý✛☎❀ó❾ü②û✄✂➑õ→ú❧ÿ➓þ➢û→ô✣✑✡ú❧û➲ø ô✙ó❏ó✕ô✙ø ô✙ý➈ö✜✚❧ø➤ü✎÷✕õ❛ó✖✕ ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ý⑥û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ý➈ö→ô✾ô➑õ➲öö➲û✄✵➑õ✾ó✕ú❧ÿ➌û→þ➌ô✎✍❖✏②ý✷☎✄✗➓ô✙û✄☎✘✗➓ô❋þ➌ú❧ý✛☎❋ÿ➌ý➓ô④÷❏ý➅ö→ô✙û➲ù①ú❧ó❾ü✎ö➲÷✕ú❧ýêõ➲÷❏ø➜ù➌ó✕ô❋ô✙ý➅ö➲û→ô❋ó✕ô❇☎✣ü❧õ✾ó❏÷❏ý✛✂✣ü✎÷❏û→ô ô✙ö✾ó✕ô✶☎➑ü❧õP✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✍
➳❋ü✎ý➓õ➙ó✕ô✶☎✣ü❧õP✗➆ü✎û→ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚➓ú❧ýêü✉ù➆ü✎û②þ✁✂✴✔➓ý➌÷❏ö➲÷✕ú❧ý

x ≪ 1
ô✙ö②þ➌ú❧ý✛☎✒❉◗❬✞✍ ❩✵➁❪■❯☎➑ú❧ý➓þ➢ÿ➌÷❏ö❇✭

x ≃ |ℓ|1/2 ✚➓ô✙ö➙ô✙ýÿ➌ö➲÷❏ó❏÷✕õ✫ü✎ý➈ö✠❉◗❬✞✍ ❩✎↔❆■❀÷❏ó✻�➈÷✕ô✙ý➅ö
εmin(ℓ) ≃ 1 + |ℓ| ✍❖✏②ýÏû→ô✙ö➲û→ú❧ÿ✁�❖ô❋÷☛☎✙÷✆þ➌ô❋ø➤ü✎ý➌÷☛✵✙û→ô✉ü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý✛✂➑ô ó❾ü✩☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý

E > |L|ω ✍➳❋ü✎ý➓õ✆ó✕ô✣☎✣ü❧õ✆ó❏÷❏ý✛✂✣ü✎÷❏û→ô↕ü✎ÿ❊☎➑ú❧ý➅ö➲û✫ü✎÷❏û→ô✎✚
x ≫ 1

✚✟þ➌ú❧ý✛☎
x ≃ |ℓ|2/3 þ✙✕ ü✎ù➌û✘✵✙õP❉◗❬✞✍ ❩✵➁❪■✴✚✎ô✙ö✁ú❧ý➟ö➲û→ú❧ÿ✛�❖ô✬✔➓ý➆ü✎ó✕ô✙ø ô✙ý➈ö

εmin(ℓ) ≃ 3|ℓ|2/3/2
✚✞�➅ô✲û✫õ➲÷❏ú❧ýêü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý✛✂➑ô➟þ➌ô✒❉◗❬✞✍✤❋❙➌❪■✴✍

➻②ý➓ô❋÷❏ý➅ö→ô✙û➲ù①ú❧ó❾ü✎ö➲÷✕ú❧ý ý➆ü✎ö➲ÿ➌û→ô✙ó❏ó✕ô➟ô✙ý➅ö➲û→ô❋ó✕ô➑õ➙þ➌ô✙ÿ✞✝ û✄✂✹☞✄÷❏ø ô➑õ②ô➑õ➲ö➙þ➌ú❧ý➌ý✛✂➑ô❋ù➆ü✎û❅✱
εmin(ℓ) ≃ (1 + 3|ℓ| + 27ℓ2/8)1/3 .

❉◗❬✞✍ ❩✎➽❪■
✫❦✕ ✂✆☎✣ü✎û➲ö✹û→ô✙ó❾ü✎ö➲÷❝✑①ô✙ý➈ö➲û→ôP☎➑ô✙ö➲ö→ô❯�✄ü✎ó❏ô✙ÿ➌û⑤ü✎ù➌ù➌û→ú❆☎✄✗✛✂➑ô➙ô✙ö❛ó❾ü❈�✄ü✎ó✕ô✙ÿ➌û✯ô✴✝➓ü❢☎✙ö→ô✾ô➑õ➲ö❛÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌û✣✭

3%
ô✙ý✩�✄ü✎ó✕ô✙ÿ➌û❛û→ô✙ó❾ü✎ö➲÷✤�➅ô

ù①ú❧ÿ➌û✯ö→ú❧ÿ➌ö
ℓ ∈ R

✍✎➳❋ü✎ý➓õ✯ó✕ô↕ù➌ó❾ü✎ý
(ℓ, ε)

❉❨�➅ú❧÷❏û❄✔✛☞✄ÿ➌û→ô✢❬✞✍ ➾❪■✴✚❖õ→ô✙ÿ➌ó✕õ✯ó✕ô➑õ❛ù①ú❧÷❏ý➈ö→õ✹õ➲÷❏ö➲ÿ✛✂➑õ⑤ü✎ÿ þ➌ô➑õ→õ➲ÿ➓õ✯þ➌ô✾ó❾ü❇☎➑ú❧ÿ➌û➲t❱ô
εmin(ℓ)

ú❧ý➅ö➙ÿ➌ý õ→ô✙ý➓õ✾ù✁✗✼✸➢õ➲÷☛✡➅ÿ➓ô✎✍
➹P➱➜➬ ➮✹Ò✞➱✖✃❭Ï✟❀ Ò✵❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✷➴❆Ï❖➬✤Ñ✒✃✳❄❆❮✆➬ ❂❅❄❃❄❆Ò
➻②ý➓ô❋ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ô ô➑õ➲ö✢✂✹�✄ü✎ù①ú❧û✄✂➑ô õ➲÷✇ô✙ö➙õ→ô✙ÿ➌ó✕ô✙ø ô✙ý➈ö②õ➲÷❦✱

E > Ueff(L, Revap) ,
❉◗❬✞✍ ❩❪❧✎■

ú☞✘
Revap

ô➑õ➲ö✾ó✕ô❋û✫ü✆✸➅ú❧ýÏþ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➆õ→ú❧÷❏ö✜✚➌ô✙ýêü❧þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý➆ü✎ý➈ö✜✚

ε > εmax ≡ 1 +
η

α
+

α2ℓ2

2η(η + 2α)
.

❉◗❬✞✍ ❩✎➾❪■
➳❋ü✎ý➓õ ó✕ô ù➌ó❾ü✎ý

(ℓ, ε)
✚✾ó✕ô➑õ❰ù①ú❧÷❏ý➅ö→õ õ➲÷❏ö➲ÿ✛✂➑õ ü✎ÿ þ➌ô➑õ→õ➲ÿ➓õÏþ➌ô✐☎➑ô✙ö➲ö→ô❮ù➆ü✎û✫ü✎t❱ú❧ó✕ôÞ☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ➌ô✙ý➈öêþ➌ú❧ý✛☎✰✭ þ➌ô➑õ

ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ②þ✙✕ ü✎ö→ú❧ø ô➑õ✌✡➅ÿ➓÷✇õ→ú❧ý➅ö✌✂✴�✄ü✎ù①ú❧û✄✂➑õ✜✍



◆ ➶ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ ➛ ✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

➹✣➴✛Ð ✿❆❰✛Ð❖Ï✛✃
ϕ(η, α)

q❛ú❧ÿ➌û
α
þ➌ú❧ý➌ý✛✂✎✚❖ú❧ý ú❧t➌ö➲÷✕ô✙ý➅ö

ϕ(η, α)
ô✙ý➜÷❏ý➅ö✄✂✹☞✄û✫ü✎ý➈ö

2
√

2ε e−αε õ➲ÿ➌û✯ó✕ô✾þ➌ú❧ø➤ü✎÷❏ý➓ôP☞✄û➲÷✕õ✄✂✾þ➌ô❀ó❾ü✌✔✛☞✄ÿ➌û→ô✌❬✞✍ ➾✞✍✫✇ô➑õ✶☎✙ú❧ÿ➓û➲t❱ô➑õ❋ú❧t➌ö→ô✙ý➈ÿ➓ô➑õ④ý➅ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö õ→ú❧ý➈ö❋ü❀✟ ÿ➓õ➲ö✄✂➑ô➑õ✜✚➆ù①ú❧ÿ➌û✶☎✘✗➆ü❢✡➅ÿ➓ô✠�❧ü✎ó✕ô✙ÿ➌û❋þ➌ô
α
✚❱ù➆ü✎û④ÿ➌ý➓ô❅✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý

þ➌ô④ó❾ü✠✑✡ú❧û➲ø ô✦✱
1 − a(α)ηb(α)e−c(α)η .

❉◗❬✞✍ ❩✵➌❪■
✏②ý ú❧t➓ö➲÷✕ô✲ý➈ö❀ü✎÷❏ý➓õ➲÷✖✚✄ù❱ú❧÷❏ý➈ö✯ù➆ü✎û✹ù❱ú❧÷❏ý➈ö✜✚✄ö➲û→ú❧÷✕õ❄✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý➓õ

a, b, c
þ➌ô

α
✚❧ù❱ú❧ÿ➌û✹ó✕ô➑õ✄✡➅ÿ➓ô✙ó❏ó✕ô➑õ✹ú❧ý ù❱ô✙ÿ➌ö✣☎✄✗➓ô✙û✄☎✘✗➓ô✙û

ÿ➌ý➓ô✌✑✡ú❧û➲ø ô④ü✎ý➆ü✎ó✤✸➈ö➲÷☛✡➅ÿ➓ô④õ➲÷❏ø➜ù➌ó✕ô❇✡➅ÿ➌÷①õ✜✕ ü✎ù➌ù➌û→ú❆☎✄✗➓ô❋þ➌ô➑õ❫�✄ü✎ó✕ô✙ÿ➌û→õ↕ú❧t➌ö→ô✙ý➈ÿ➓ô➑õ✜✍✳✺✓ó①õ→ô②ö➲û→ú❧ÿ✁�➅ô❈✡➅ÿ✻✕ ô✙ý❰ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✚➢ú❧ý
ú❧t➌ö➲÷✕ô✙ý➅ö✼þ➌ô④t①ú❧ý➓õ✾û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ②õ➲÷✇ú❧ý✷☎✘✗➓ú❧÷✕õ➲÷❏ö❅✱











a(α) ≃ Cte = 1,7

b(α) ≃ 1,1 − 0,4 arctan(3,6α)

c(α) ≃ Cte = 0,9 .

❉◗❬✞✍ ❬✎❍❪■

✏②ý✥�✼✂✙û➲÷❝✔➆ô❈✡➅ÿ➓ô➙ó✕ô➑õ❯☎✣ü❧õ❀ó❏÷äø➜÷❏ö→ô➑õ
α → 0

❉❨☞✄ÿ➌÷✕þ➌ô②ó❏÷❏ý✛✂✣ü✎÷❏û→ô❵■⑤ô✙ö
α → ∞ ❉❨☞✄ÿ➌÷✕þ➌ô❈✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô❵■⑤õ→ú❧ý➈ö✾ü✎ù➌ù➌û→ú✆✝➢÷❝✳

ø➤ü✎ö➲÷✤�❖ô✙ø ô✙ý➈ö②û→ô✙ö➲û→ú❧ÿ✁�❪✂➑õ✜✍
✿✯ý þ✁✂✴✔➓ý➌÷❏ö➲÷✤�❖ô✎✚îó✕ú❧û→õ✄✡➅ÿ✻✕ ú❧ý❮ø ô➑õ➲ÿ➌û→ô➜ó❾ü ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➤þ➢ÿ✓✟✭ô✙ö ô✙ý❮ù➌û✄✂➑õ→ô✙ý✛☎➑ô þ✙✕ ÿ➌ý✰☎✘✗➆ü✎ø➜ù

B0
ý➓ú❧ý❮ý➈ÿ➌ó✖✚

ú❧ý ü❀✟ ÿ➓õ➲ö✫ô④ó✕ô❋õ➲ù①ô✆☎✙ö➲û→ô
ϕ(νrf)

ú❧t➌ö→ô✙ý➈ÿ ô✴✝➢ù❖✂✙û➲÷❏ø ô✙ý➈ö✫ü✎ó✕ô✙ø ô✙ý➈ö②ù➆ü✎û➙ó❾ü✠✑❸ú❧û→ø➟ÿ➌ó✕ô õ➲ÿ➌÷✤�✄ü✎ý➈ö→ô✩✱
❤ ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✒✱

ϕ(νrf) =

{

1 si νrf < µB0/h

1 − A
[

1,7 ηbapp(α)e−0,9 η
]

si νrf > µB0/h

❉◗❬✞✍ ❬✞❋❵■

ú☞✘
η = (hνrf − µB0)/(kBT )

✚
α = µB0/(kBT )

ô✙ö
bapp(α) = 1,1 − 0,4 arctan(3,6α)

ü✜�❖ô✆☎✦☎➑ú❧ø➜ø ô
ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô➑õ❋ü❀✟ ÿ➓õ➲ö✫ü✎t➌ó✕ô➑õ②ó❾ü➜ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô

T
✚➓ó✖✕ ô✘❛✒☎✣ü❢☎✙÷❏ö✄✂⑥þ➌ô ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô

A
✚➆ô✙ö❈✂✹�❖ô✙ý➈ö➲ÿ➓ô✙ó❏ó✕ô✙ø ô✙ý➅ö④ó✕ô❅☎✄✗➆ü✎ø➜ù

B0
❉❤✡➅ÿ➌÷❀ô✙ý✐✑♣ü✎÷❏ö➟ô➑õ➲ö✉þ✁✂●✟✧✭✓☎➑ú❧ý➌ý➈ÿ ü✆�➅ô✆☎➜ÿ➌ý➓ô t❱ú❧ý➌ý➓ô ù➌û✄✂✆☎✙÷✕õ➲÷✕ú❧ý✻✚✁ú❧ý ù①ô✙ÿ➌ö✉þ➌ú❧ý✛☎ ý➓ô➜ù➆ü❧õ ó✕ô ó❾ü✎÷✕õ→õ→ô✙û❱�✄ü✎û➲÷✕ô✙û

þ➓ü✎ý➓õ✾ó❾ü⑥ù➌û→ú✼☎✆✂➑þ➢ÿ➌û→ô➟þ✙✕ ü❀✟ ÿ➓õ➲ö→ô✙ø ô✙ý➈ö✜✚➆ü❵✔➓ý þ➌ô þ➢÷❏ø➜÷❏ý➅ÿ➓ô✙û②ó✕ô④ý➓ú❧ø✉t➌û→ô þ➌ô❋ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô➑õ✼ü❀✟ ÿ➓õ➲ö✫ü✎t➌ó✕ô➑õ✴■✴✍
✫✆ü❅✔✛☞✄ÿ➌û→ô❱❬✞✍ ➌➟ø ú❧ý➈ö➲û→ô④ÿ➌ý ô✴✝➌ô✙ø➜ù➌ó✕ô❋þ➌ô❋õ➲ù❱ô✆☎✙ö➲û→ô➑õ✢☎✣ü✎ó☛☎✙ÿ➌ó☛✂➑õ↕ù❱ü✎û↕ó❾ü❱✑✡ú❧û➲ø✉ÿ➌ó✕ô✦❉◗❬✞✍ ❬✞❋❵■⑤ù❱ú❧ÿ➌û

T = 200 µ ➸ô✙ö
B0 = 0

♠❊✚
B0 = 5

♠❊✚îô✙ö
B0 = 10

♠❊✍❣✏②ýÞ☎➑ú❧ý➓õ➲ö✫ü✎ö→ô✦✡➅ÿ➓ô⑥ó❾ü❰ù➌û✄✂➑õ→ô✙ý✛☎➑ô þ✙✕ ÿ➌ý✰☎✘✗➆ü✎ø➜ù ó✕ú❧ý✁☞✄÷❏ö➲ÿ➓þ➢÷❏ý➆ü✎ó
þ➢÷❏ø➜÷❏ý➅ÿ➓ô✉ó❾ü➜ó❾ü✎û✧☞❖ô✙ÿ➌û④þ➌ô➟ó❾ü✦☎➑ú❧ÿ➌û➲t❱ô✉þ✻✕ ÿ➓ý➓ô❅✡➅ÿ➆ü✎ý➈ö➲÷❏ö✄✂➟ý➓ú❧ý ý✛✂✹☞✄ó❏÷✤☞❖ô✣ü✎t➌ó✕ô✎✍★✯✼ô ù➆ü❧õ②ö→ô✙ý➌÷❏û❇☎➑ú❧ø➜ù➌ö→ô✉þ➢ÿ❳☎✄✗➆ü✎ø➜ù
❉✡ü✎ÿ➌ö➲û→ô✙ø ô✙ý➈ö✠✡➅ÿ➓ô➜ù❱ü✎û ÿ➌ý➓ô➤õ➲÷❏ø➜ù➌ó✕ô➜ö➲û✫ü✎ý➓õ➲ó❾ü✎ö➲÷✕ú❧ý þ➌ô➜ó✖✕ ú❧û➲÷✤☞✄÷❏ý➓ô þ➌ô➑õ✶✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ➟þ✙✕ ÿ➌ý➓ô✒✡➅ÿ➆ü✎ý➈ö➲÷❏ö✄✂

ν0
■④þ➓ü✎ý➓õ

ó❾ü þ✁✂✙ö→ô✙û➲ø➜÷❏ý➆ü✎ö➲÷✕ú❧ý þ➌ô ó❾üÏö→ô✙ø➜ù★✂✲û✲ü✎ö➲ÿ➌û→ô✓☎➑ú❧ý➓þ➢ÿ➌÷❏û✫ü✎÷❏ö➜þ➌ú❧ý✛☎✓✭Ïÿ➌ý➓ô❰õ→ú❧ÿ➓õ●✳✓ô➑õ➲ö➲÷❏ø➤ü✎ö➲÷✕ú❧ý õ✧✸➢õ➲ö✄✂✙ø➤ü✎ö➲÷☛✡➅ÿ➓ô þ➌ô➤ó❾ü
ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô❪✍
❏✢✔➓ý þ➌ô❯�✼✂✙û➲÷❝✔➆ô✙û✯ó❾ü❈�✄ü✎ó❏÷✕þ➢÷❏ö✄✂➙þ➌ô↕ó❾ü✌✑✡ú❧û➲ø➟ÿ➌ó✕ô❅❉◗❬✞✍ ❬✞❋❵■✆ý➓ú❧ÿ➓õ⑤ü✜�❖ú❧ý➓õ✯û✄✂✣ü✎ó❏÷✕õ✄✂✾þ➌ô➑õ✹õ➲÷❏ø✉ÿ➌ó❾ü✎ö➲÷✕ú❧ý➓õ❦rêú❧ý➈ö→ô✴✳ ❘ ü✎û➲ó✕ú

þ➌ô➟ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚①ô✙ý ÿ➌ö➲÷❏ó❏÷✕õ✫ü✎ý➅ö✶☎➑ú❧ø➜ø ô✉ù➌û✄✂✆☎✆✂➑þ➌ô✙ø➜ø ô✙ý➈ö❋ó❾ü ø✦✂✙ö✧✗➓ú➅þ➌ô➜þ➌ô➟û✄✂●✟✭ô✆☎✙ö➲÷✕ú❧ý ù❱ú❧ÿ➌û④ù➌û→ú➈þ➢ÿ➌÷❏û→ô✉ÿ➌ý➓ô
þ➢÷✕õ➲ö➲û➲÷❏t➌ÿ➌ö➲÷✕ú❧ý þ➌ôÓ➲↕ú❧ó❏ö✧♦➑ø➤ü✎ý➌ý ✭ ó❾ü ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô

Tsim
þ➓ü✎ý➓õ ÿ➌ý ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✼õ→ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✍P✏②ý➨ú❧t➌ö➲÷✕ô✙ý➅ö

ü✎÷❏ý➓õ➲÷✖✚➢ü✎ù➌û✄✵➑õ✾ü✆�➅ú❧÷❏û↕õ✄✂✙ó✕ô✆☎✙ö➲÷✕ú❧ý➌ý✛✂✼ó✕ô➑õ↕ü✎ö→ú❧ø ô➑õ↕ý➓ô✼õ✫ü✎ö➲÷✕õ●✑♣ü✎÷❏õ✫ü✎ý➈ö❀ù➆ü❧õ↕ü✎ÿ❭☎✙û➲÷❏ö✄✵✙û→ô④þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➌þ➌ô➑õ↕õ➲ù❱ô✆☎✙ö➲û→ô➑õ
õ➲÷❏ø➟ÿ➌ó☛✂➑õ

ϕsim(νrf)
✍❙✏②ýÏþ✁✂✙ö→ô✙û➲ø➜÷❏ý➓ô ô✙ý➓õ➲ÿ➌÷❏ö→ô④ó❾ü✉ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô

Tfit
✡➅ÿ➓ô❋þ➌ú❧ý➌ý➓ô④ÿ➌ý ü❀✟ ÿ➓õ➲ö→ô✙ø ô✙ý➈ö✾ù➆ü✎û❅❉◗❬✞✍ ❬✞❋❵■

ú☞✘
Tfit

ô➑õ➲ö✹ó✕ô②õ→ô✙ÿ➌ó➓ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ô④ü❀✟ ÿ➓õ➲ö✫ü✎t➌ó✕ô✎✍✼✫❦✕ ô✙û➲û→ô✙ÿ➌û❀û→ô✙ó❾ü✎ö➲÷✤�➅ô②ô✙ý➅ö➲û→ô
Tsim

ô✙ö
Tfit

ô➑õ➲ö✹÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌û→ô❇✭❨➁✡➦ ù①ú❧ÿ➌û
ÿ➌ý➓ô✶☞➅ü✎ø➜ø ô þ➌ô✶�✄ü✎û➲÷❾ü✎ö➲÷✕ú❧ý þ➌ô

0,1 6 α 6 10
✍

✫✆ü✉ù➌û✘✂✹☎✙÷✕õ➲÷✕ú❧ýêü✜�❖ô✆☎④ó❾ü❢✡➅ÿ➓ô✙ó❏ó✕ô❋ý➓ú❧ÿ➓õ✾ù❱ú❧ÿ✁�➅ú❧ý➓õ➙þ✁✂✙ö→ô✙û➲ø➜÷❏ý➓ô✙û②þ➓ô✙õ✾û✫ü✎ù➌ù①ú❧û➲ö→õ➙þ➌ô❋ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➑õ✼ô➑õ➲ö✾ô✙ý✛☎➑ú❧û→ô
ø ô✙÷❏ó❏ó✕ô✙ÿ➌û→ô✎✍✞✯✼ú❧ÿ➓õ✾ü✆�➅ú❧ý➓õ✣�✼✂✙û➲÷❝✔❙✂✼ô✙ý❰ô✴❜îô✙ö❯✡➅ÿ➓ô✎✚➅ù❱ú❧ÿ➌û

B0
þ➌ú❧ý➌ý✛✂✎✚✞✡➅ÿ➆ü✎ý➓þ þ➌ô✙ÿ✞✝➤ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➑õ

T
(1)
sim

ô✙ö
T

(2)
simõ→ú❧ý➅ö⑤ô✙ø➜ù➌ó✕ú❵✸❪✂➑ô➑õ✹ù①ú❧ÿ➌û⑤ú❧t➌ö→ô✙ý➌÷❏û⑤ó✕ô➑õ✹õ➲ù①ô✆☎✙ö➲û→ô➑õ✹õ➲÷❏ø✉ÿ➌ó☛✂➑õ✜✚✄ó✕ô↕û✲ü✎ù➌ù❱ú❧û➲ö❀þ➌ô➑õ✯ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➑õ

T
(1)
fit

ô✙ö
T

(2)
fit

ú❧t➌ö→ô✙ý➅ÿ
ô✙ý ü❀✟ ÿ➓õ➲ö✫ü✎ý➈ö✌☎✙ô➑õ②õ➲ù❱ô✆☎✙ö➲û→ô➑õ✢☞✄û✘♣❢☎➑ô❅✭✓❉◗❬✞✍ ❬✞❋❵■↕þ➢÷❝❜✙✵✙û→ô þ➌ô❋ø ú❧÷❏ý➓õ➙þ✙✕ ÿ➌ýÏù①ú❧ÿ➌û✌☎➑ô✙ý➅ö②þ➢ÿÏû✫ü✎ù➌ù❱ú❧û➲ö

T
(1)
sim/T

(2)
sim

✍



❐★❒✼✻✾✽❁➷✛✃✡✿❢➮✆➱✖✃❪❮❱Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❇❆☎✿✎➴✛Ð ✿❆❰✛Ð✛➮✆➘❆Ò✡❂✛➱➜➬ ❈★❰❆✃ ◆ ❉
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0 5 10 15 20 25 30
νrf Ô✼Õ➥Ö✁×✩Ø

ϕ
(ν

r
f
)

Ó❄Ô☛Õ❙Ö✛×✁Ø❂Ù✁Ú Ù✁Ü➇➝✁→➣➒❵➐✄➎❨➔➠➙✆➛
ϕ(νrf)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔❊→➜➌✧↔✧➎◗➒✆➛✼➎➠↔✠➒●➓❆→➜➨✧↔✩➞✘➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛❂ä✒➢ ➒✶➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌
νrf

➝✢➌✄➛✥➓❆→➜➞✧↔✘➌✄➛✞➐●➌✦➏✛➲ ➍✎➛➐●➑❪➒✆↕✣➓❳➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢
B0

➏❵➌ÛÚ❘ÜÝ⑨✖➐➜➙✆➍✎→✫❐●➌❱➎❨➔✤→➜➌✄➎◗➞➜➌✄⑩✒➙✆➍ÓÞ❱ßÓÜà⑨✖➐●➙✆➍✎→✫❐●➌✠➌✄➛✩➓❪➙✆➔✤➛✼➎❨➔✤➢✤➢ ➞✧↔✪⑩❵➭❣➋❙➒✒➐●➙✆➍✎→✫❐➜➌✠➌✄➛✪➎❨→➣➒✆➔✤➎❣➓❆➢ ➌✄➔✤➛→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✢➢ ➌P↔❤➓✎➌●➐✄➎❨→➜➌❈➙✟❐✄➎◗➌✄➛✼➍❇➓✎➙✆➍✎→
B0 = 0

➭✛➋❙➒✶➎◗➌✄↕✣➓✎➞✘→➣➒✆➎❨➍✎→➜➌❈➏✆➍P➤✄➌✄➎✬➌✧↔✧➎✬➏❵➒✆➛❪↔P➢ ➌✧↔P➎❨→➜➙✆➔❝↔✌➐➜➒✹↔❈➏❵➌
200 µ á ➭

ÿ✁�✄✂☎�✕❒ ❭ ❛ ✞ ➣☎➃➨➧✄â✌❴✜❵❚❛❜✑ ✆ ✓②❛ ☛☞✠✌✆✎✍ ✖ ✠ ❞❅✓ ✆✔➵✩✆✎✍ ➣☎➃
❏✢✔➓ý þ➌ô û✄✂✣ü✎ó❏÷✕õ→ô✙û❰ÿ➌ý➓ô✐✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý õ✄✂✙ó❏ô✆☎✙ö➲÷✤�➅ô ô✙ý ù❱ú✄õ➲÷❏ö➲÷✕ú❧ý✻✚↕÷❏ó❋ô➑õ➲ö✓✂✹☞➅ü✎ó✕ô✙ø ô✙ý➅öÏù❱ú✄õ→õ➲÷♣ã➌ó✕ô❮þ✙✕ ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û

þ➌ô➑õ ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô➑õ ô✙ý➅ö➲û→ô õ→ú❧ÿ➆õ●✳♣ý➌÷✤�❖ô✣ü✎ÿ✞✝å✗✼✸➈ù①ô✙û●✔➓ý➓õêþ➢ÿ✮✑✡ú❧ý➓þ➓ü✎ø ô✙ý➈ö✫ü✎ó
52S1/2

❉❸õ✄✂✙ù➆ü✎û✄✂➑õ þ➌ô
νhf = 6 834,7

♠❇♥✌♦❀■ ô✙ö ý➓ú❧ý ù➌ó❏ÿ➓õ✷☎➑ú❧ø➜ø ô❮ù➌û✄✂✆☎✆✂➑þ➌ô✙ø➜ø ô✙ý➈ö ÿ➌ý➓ô ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô ô✙ý➅ö➲û→ô
õ→ú❧ÿ➓õ●✳♣ý➌÷✤�➅ô✣ü✎ÿ✞✝✪➸❱ô➑ô✙ø➤ü✎ý✻✍✛q✯ü✎û➲ö✫ü✎ý➅ö✼þ➢ÿ ý➌÷✤�➅ô✣ü✎ÿ ù➌÷☛✂✹☞❪✂ ∣

∣52S1/2, F = 1, mF = −1
〉 ✚➢ó✕ô➑õ✾û✄✵✹☞✄ó✕ô➑õ➙þ➌ô õ✄✂✙ó✕ô✆☎✙ö➲÷✕ú❧ý

ü✎ÿ➌ö→ú❧û➲÷✕õ→ô✙ý➈ö✜✚❱õ→ô✙ó✕ú❧ýêó❾ü ù❱ú❧ó❾ü✎û➲÷✕õ✫ü✎ö➲÷✕ú❧ý❮þ➌ô➟ó✖✕ ú❧ý➓þ➌ô✉ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô✎✚➆ó✕ô➑õ②ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ❈�➅ô✙û→õ②ó✕ô➑õ②ö➲û→ú❧÷✕õ④õ→ú❧ÿ➓õ●✳♣ý➌÷✤�➅ô✣ü✎ÿ✞✝✷✗❆✸✼✳
ù①ô✙û●✔➓ý➓õ |F = 2, mF = 0,−1,−2〉 ✡➅ÿ➌÷❛õ→ú❧ý➈ö④õ→ú❧÷❏ö❋ü✎ý➈ö➲÷❝✳♣ù➌÷☛✂✹☞❪✂➑õ✤ä❪✚❱õ→ú❧÷❏ö④ý➓ú❧ýêù➌÷☛✂✹☞❪✂✉ù①ú❧ÿ➌û |F = 2, mF = 0〉❉❨�➅ú❧÷❏û❊✔✛☞✄ÿ➌û→ô✪❬✞✍✤❋✜❍❪■✴✍✬✫✆ü❮þ➢÷❝❜✙✂✙û→ô✙ý✛☎➑ô❭✑✡ú❧ý➓þ➓ü✎ø ô✙ý➅ö✫ü✎ó✕ôêü✜�❖ô✆☎❰ó✕ô✓☎✣ü❧õ þ➌ô❰ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô ô➑õ➲ö
✡➅ÿ✻✕ ÷☛☎✙÷✯÷❏ó✬✸❮ü ö➲û→ú❧÷✕õ❋û✫ü✆✸➅ú❧ý➓õ❋þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý➡þ➢÷✕õ➲ö➲÷❏ý✛☎✙ö→õ✜✚îô✙ö❋ý➓ú❧ý❮ù➌ó❏ÿ➓õ❋ÿ➌ý õ→ô✙ÿ➌ó✖✍✙✯✼ú❧ÿ➓õ õ➲ÿ➌ù➌ù❱ú✄õ→ô✙û→ú❧ý➓õ❅✡➅ÿ➓ô✉ó❾ü
ù①ú❧ó❾ü✎û➲÷✕õ✫ü✎ö➲÷✕ú❧ý❰þ➌ô➙ó✖✕ ú❧ý➓þ➌ô✼ô➑õ➲ö⑤ö→ô✙ó❏ó✕ô✌✡➅ÿ➓ô➙ö→ú❧ÿ➌ö→ô➑õ❀ó✕ô✙õ⑤ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ↕õ→ú❧ý➅ö❀ú☞ã➓õ→ô✙û✧�✼✂➑ô➑õ✜✚➈ü✜�❖ô✆☎➙ÿ➌ý➓ô➙ø✦❥✙ø ô✼ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂
þ➌ô✓❋✜❍✎❍✡➦✥✍✗➛②ô✙ø➤ü✎û✄✡➅ÿ➓ú❧ý➓õ❋ô✙ý ú❧ÿ➌ö➲û→ô✩✡➅ÿ➓ô✉ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý ý➓ô⑥ù❱ô✙ÿ➌ö õ→ô✉ù➌û→ú➈þ➢ÿ➌÷❏û→ô✩✡➅ÿ➓ô✉ó✕ú❧û→õ✄✡➅ÿ➓ô⑥ó❾ü✦✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
νmo

þ➓ô④ó❾ü✉ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô➟ÿ➌ö➲÷❏ó❏÷✕õ✄✂✙ô ô➑õ➲ö➙÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌û→ô❅✭
νhf
✍

❘ ú❧ý➓õ➲÷✕þ✁✂✙û→ú❧ý➓õ②ó❏ô❱☎✣ü❧õ➙þ✙✕ ÿ➌ý✪☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➈ö②ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✚➓ô✙ö②þ✁✂✴✔➓ý➌÷✕õ→õ→ú❧ý➓õ
η ≡ h(νhf − νmo)

kBT
.

❉◗❬✞✍ ❬✎❩❪■
✺✓ó✹ô➑õ➲ö❋ö➲û✄✵➑õ õ➲÷❏ø➜ù➌ó✕ô þ➌ô✩☎➑ú❧ý➓õ➲ö✫ü✎ö→ô✙û❅✡➅ÿ✻✕ ü✎ó✕ú❧û→õ ó✕ô➑õ❋ö➲û→ú❧÷✕õ❋û✫ü✜✸❖ú❧ý➓õ þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý➡õ→ú❧ý➅ö

Revap = ηkBT/(µb)
✚

Revap/2
ô✙ö

Revap/3
❉❨�➅ú❧÷❏û❯✔✛☞✄ÿ➌û→ô❅❬✞✍✤❋✜❍❪■✴✍

✫✇ô✢☎✣ü✎ó☛☎✙ÿ➌ó➆þ➌ô↕ó❾ü✌✑❸û✫ü❢☎✙ö➲÷✕ú❧ý➤þ✙✕ ü✎ö→ú❧ø ô➑õ✹û→ô➑õ➲ö✫ü✎ý➈ö✹õ→ô❫✑♣ü✎÷❏ö✹þ➌ô↕ó❾ü✼ø✦❥✙ø ô✾ø➤ü✎ý➌÷☛✵✙û→ô✌✡➅ÿ➓ô↕ù➌û✄✂✆☎✆✂✙þ➓ô✲ø➜ø ô➑ý➅ö❈✱✄þ➓ü✎ý➓õ
ó✕ô➙ù➓ó✕ü✎ý

(L, E)
õ→ô✙ÿ➌ó✕õ⑤ó❏ô➑õ✾ü✎ö→ú❧ø ô➑õ❫☎➑ú❧ø➜ù➌û➲÷✕õ↕ô✙ý➈ö➲û→ô②ó✕ô➑õ❫☎➑ú❧ÿ➌û✴ã❱ô➑õ

Emin(L) = 3|L|2/3/2
ô✙ö❫☎➑ô✙ó❏ó✕ô✼þ✁✂✴✔➓ý➌÷✕ô②ù➆ü✎û

Emax(L) = min

(

µbRevap +
L2

2mR2
evap

, µb
Revap

2
+

2L2

mR2
evap

, µb
Revap

3
+

9L2

2mR2
evap

) ❉◗❬✞✍ ❬✎❬❪■
õ→ú❧ý➈ö❯☎➑ú❧ý➓õ→ô✙û✧�✼✂➑õ✜✍■✺✓ó❱û→ô➑õ➲ö→ô④ü✎ó✕ú❧û→õ✢✭ ÷❏ý➈ö✄✂✹☞✄û→ô✙û↕ó❾ü✉þ➢÷✕õ➲ö➲û➲÷♣ã➌ÿ➌ö➲÷✕ú❧ý

P (E, L)
õ➲ÿ➌û❀ó✕ô✼þ➌ú❧ø➤ü✎÷❏ý➓ô {(L, E) ∈ R

2/E ∈
[Emin(L), Emax(L)]} ✍✎✫✇ô✾û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö❀þ➌ô↕ó✖✕ ÷❏ý➈ö✄✂✹☞✄û✫ü✎ö➲÷✕ú❧ý➤ý➈ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô②ô➑õ➲ö✯ö➲û✄✵➑õ✁ã➌÷✕ô✲ý❰ü✎ù➌ù➌û→ú✼☎✘✗✛✂➙ù➆ü✎û✯ó❾ü❈✑✡ú❧û➲ø✉ÿ➌ó✕ô
å②æ❅➮②ç②➘✔➮②❐✪➴❹➬✟➞➔è✹➶✭é♣è✹➘ ➴❹ê✉➶✣➮❹ë ➮❹é♣è✱ç❼➴❷➮②➶❱ì❹➬❱➮í➚■è✹➹☞➬❱➷í➬❱➶✭➹✣➘ î✩➮✴è✹➶ ∣

∣52S1/2, F = 1
〉
î✱è✹➶❱➴

gF = −1/2
è✹ë ❮ ì❷❐❫ê✉➶✣➮➤ç②➮②ë ➶✣➘✔➬❱➶➹✣➘ î✩➮✴è✹➶ ∣

∣52S1/2, F = 2
〉
î✱è✹➶❱➴

gF = 1/2 Ï



◆ ❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ðï✪✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

r

E

0

hνhf

hνmohνmo hνmo

σ+σ− π

Revap
Revap

2

Revap

3

mF

1

0

−1

−2

−1

0

1

2

r

E

0

hνhf

µB0

mF

1

0

−1

−2

−1

0

1

2

R
(1)
evapR

(2)
evapR

(3)
evap

hνmo hνmo hνmo

σ− σ+π

Ó❄Ô☛Õ❙Ö✛×✁Ø Ù✁Ú➠Û❙ñ✛Ü✝ò❁➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛ ➌✄➛✼➎❨→➣➌✩↔✘➙✆➍❢↔✧➩◗➛✼➔✤➧✆➌●➒✆➍❵➡❭➑❢á●➓❪➌✄→➠â✙➛❪↔✠➥✜→⑤➯❵➐➜➌❭ä✷➍✎➛✞➌✩↕❇➔☛➐✘→➣➙✆➩➣➙✆➛✞➏❵➌✓➏❵➌❈➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌
νmo

➭✣ß➥❀➒✆➍✼➐●➑❪➌✧➝★➙✆➛❅↔✧➍✹➓❵➓✎➙✹↔✘➌❯➟✄➍✼➌❦➢ ➌❄➥✜➍✎➔➠➏❵➌❯➌✧↔✧➎❖➢ ➔✤➛✞➞●➒✆➔✤→➣➌✚⑨
B0 = 0

⑩❵➭✔ó❄➛❱➛✞➌✙➓❪➌✄➍✎➎✙➞✄➧✆➒●➓❪➙✆→➣➌✄→❯➏❵➌✧↔❫➒✆➎◗➙✆↕✶➌✧↔❫➟✄➍✼➌✬↔✧➔❙➌✄➎❙↔✘➌✄➍✎➢ ➌✄↕✶➌✄➛✼➎↔✧➔
νmo 6 νhf = 6 834,7

➫➣ô❫è✴➭✗➭✻➙✆↕❈↕✶➌❯➎❨→➣➙✆➔❝↔✣➎❨→➜➒✆➛❪↔✧➔✤➎❨➔➠➙✆➛❪↔❦↔✘➙✆➛✼➎❆➓❪➌✄→✧↕❈➔❝↔✘➌✧↔❦↔✧➔❙➎◗➙✆➍✎➎◗➌✧↔❦➢ ➌✧↔✻➓❪➙✆➢ ➒✆→✧➔❝↔✘➒✆➎❨➔➠➙✆➛❪↔
σ±, π

↔✘➙✆➛✼➎➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✧↔●➝✞➔✤➢❪➌➜➡❵➔❝↔✧➎◗➌❁➎❨→➜➙✆➔❝↔❁→➜➒✆á❵➙✆➛❪↔✬➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛✞➭✵õ✌➙✆➎◗➙✆➛❪↔
Revap

➢ ➌❖➓❆➢ ➍❢↔★➥✜→➜➒✆➛✞➏P➏❵➌❦➐●➌✧↔❁→➜➒✆á❵➙✆➛❪↔●➝❙➐➜➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏❵➒✆➛✼➎★ä❫➢ ➒➎❨→➜➒✆➛❪↔✧➔✤➎❨➔➠➙✆➛
|1,−1〉 → |2, 0〉

➝✙➌✄➎★➧✆➞✄→✧➔ â❣➒✆➛✼➎
µbRevap = h(νhf −νmo)

➭❆➋❙➌✧↔❯➏❵➌✄➍❵➡✶➒✆➍✎➎❨→➜➌✧↔❦→➜➒✆á❵➙✆➛❪↔❯➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛❊↔✘➙✆➛✼➎➒✆➢ ➙✆→●↔
Revap/2

➌✄➎
Revap/3

➭❖ß②➏✆→➜➙✆➔✤➎◗➌✧➝❄➢ ➌❇➐●➒✹↔❇➏✛➲ ➍✎➛✓➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌Û⑨❤➧✆➙✆➔✤→✌➢ ➌❈➎◗➌➜➡❵➎◗➌✬➓❪➙✆➍✎→✌➢ ➒❊➏❵➞❨â✙➛✼➔✤➎❨➔➠➙✆➛➏❵➌✧↔P→➜➒✆á❵➙✆➛❪↔✌➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛❙⑩❵➭



❐★❒✌ö ï❳➬ ❮✴✃✓✃✳❄Ó÷✷❰ø❁✁➱✖✃❭✃✵ù✁➷✛Ò✞➱➜➬✤Ñ✒✃✳❄✼➮✘➴✛Ð ✃ ◆ ➀

0,0

0,2

0,4

0,6

0,8

1,0

0 4 8 12 16
η

ϕ
(η

)

Ó❄Ô☛Õ❙Ö✛×✁Ø✓Ù✁Ú➠Û❪Û❪Ü❚➝✁→➣➒❵➐✄➎❨➔➠➙✆➛
ϕ(η)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✌→➣➌✧↔✧➎◗➒✆➛✼➎➠↔✌➒●➓❆→➜➨✧↔❈➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛❭↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌✶➒✆➧✆➌➜➐❈➍✎➛✶➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η
➝❄➏❵➒✆➛❪↔➢ ➌❈➐●➒✹↔✌➏✛➲ ➍✎➛❭➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➢ ➔✤➛✞➞➜➒✆➔✤→➜➌✴➭❖➋❙➌P↕❈➔✤➛✼➔✤↕❈➍✎↕ ➌✧↔✧➎❄➒✆➎❨➎◗➌✄➔✤➛✼➎✛➓❪➙✆➍✎→

η ≃ 2,5
➭

ô✙ø➜ù➌÷❏û➲÷☛✡➅ÿ➓ô✦✱
✫î÷❏ý✛✂✣ü✎÷❏û→ô✎✚❙✂✹�✄ü✎ù✻✍✭ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✥✱

ϕ(η) ≃ 1 − 0,89 η0,67e−0,27 η ❉◗❬✞✍ ❬✣ú❆■
û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö✄✂➑ô➤õ➲ÿ➌û ó❾ü✥✔✛☞✄ÿ➌û→ô✥❬✞✍✤❋✎❋✎✍❄✏②ýÞ☎➑ú❧ý➓õ➲ö✫ü✎ö→ô✒✡➅ÿ➓ô➜ó❾ü✓☎➑ú❧ÿ➌û✴ã❱ô➤ú☞ã➌ö→ô✙ý➈ÿ➓ô➤ô➑õ➲ö❨ã❱ô✣ü✎ÿ✛☎➑ú❧ÿ➌ù➡ù➌ó❏ÿ➓õ ó❾ü✎û✧☞❖ô✒✡➅ÿ➓ô
þ➓ü✎ý➓õ↕ó✕ô❇☎✣ü❧õ✾þ➌ô✼ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ýÏû✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✎✍ ❘ ô✆☎✙÷✇ô➑õ➲ö↕ó❾ü✉õ➲÷✤☞✄ý➆ü✎ö➲ÿ➌û→ô❋þ➢÷❏û→ô✆☎✙ö→ô❋þ➌ô✼ó✖✕ ô✴✝➢÷✕õ➲ö→ô✙ý✛☎➑ô❋þ➌ô➑õ❀ö➲û→ú❧÷✕õ
û✫ü✜✸❖ú❧ý➓õ➙þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý❲✡➅ÿ➌÷✖✚➌ô✙ý✪✡➅ÿ➓ô✙ó☛✡➅ÿ➓ô❋õ→ú❧û➲ö→ô✎✚❁❞✠☎➑ú❧ý❆�❖ú❧ó❏ÿ➓ô✙ý➈ö❇❡ ó✕ô❋õ➲ù❱ô✆☎✙ö➲û→ô✶✗➆ü✣ã➌÷❏ö➲ÿ➓ô✙ó✖✍

✺✓ó✯ô➑õ➲ö❱✂✹☞➅ü✎ó❏ô✙ø ô✙ý➈ö ù①ú✄õ→õ➲÷✌ã➓ó❏ô➜þ➌ô⑥ø ô✙ý➓ô✙û❅✭●ã➌÷✕ô✙ý❮ó✕ô❊☎✣ü✎ó☛☎✙ÿ➌ó✹þ➌ô⑥ó❾ü✒✑❸û✫ü❢☎✙ö➲÷✕ú❧ý✰✂✹�✄ü✎ù❱ú❧û✄✂➑ô þ➓ü✎ý➓õ④ó✕ô✩☎✣ü❧õ❋þ✙✕ ÿ➌ý
ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó❣✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✍❙✫✇ô➑õ✾ö➲û→ú❧÷✕õ➙û✫ü✆✸➅ú❧ý➓õ➙þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ýêõ→ú❧ý➈ö❱✱

R(j)
evap =

√

h(νhf − νmo) − jµB0

√

2

jmω2
(j = 1, 2, 3) .

❉◗❬✞✍ ❬✵➁❪■
✫✆ü✠✑❸û✫ü❢☎✙ö➲÷✕ú❧ý þ✙✕ ü✎ö→ú❧ø ô➑õ➙û→ô➑õ➲ö✫ü✎ý➈ö→õ➙ô➑õ➲ö②ü✎ó✕ú❧û→õ②þ➌ú❧ý➌ý✛✂➑ô❋ù➆ü✎û

♥❋ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô✎✚✛✂✹�✄ü✎ù✻✍✭ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✒✱
ϕ(η) = 1 −

3
∑

j=1

Aj

√

πηj

j
e−ηj/j ,

❉◗❬✞✍ ❬✎➽❪■
ú☞✘ ÿ➌ý➓ô ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂

Aj
ô➑õ➲ö⑥÷❏ý➈ö➲û→ú➅þ➢ÿ➌÷❏ö→ô ù①ú❧ÿ➌û✦☎✄✗➆ü❢✡➅ÿ➓ô❰û✫ü✜✸➅ú❧ý þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚❦☎✎✕ ô➑õ➲ö●✳➜✭❵✳✓þ➢÷❏û→ô ù❱ú❧ÿ➌û✒☎✄✗➆ü❢✡➅ÿ➓ô

ù①ú❧ó❾ü✎û➲÷✕õ✫ü✎ö➲÷✕ú❧ý✻✚➆ô✲ö
ηj =

h(νhf − νmo) − jµB0

kBT
.

❉◗❬✞✍ ❬❪❧✎■
é✩ê❼û ü í❨ñ❱ì ì øþý üPõ❈ð✎ì ì✹ñ í ô✌ð➅í⑤ÿ ì ø ï✛ö✶û✑ì
➳❋ü✎ý➓õ✢☎➑ô✙ö➲ö→ô õ→ô✆☎✙ö➲÷✕ú❧ý✻✚➌ý➓ú❧ÿ➓õ➙þ✁✂✆☎✙û➲÷✤�➅ú❧ý➓õ✾ó❾ü✉ø➜÷✕õ→ô❋ô✙ý✪➺④ÿ✁�➈û→ô❋ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✕ô➟þ➌ô➑õ✾ø ô➑õ➲ÿ➌û→ô➑õ➙þ➌ô❋ö→ô✙ø➜ù❖✂✙û✫ü❵✳

ö➲ÿ➌û→ô↕ù❱ü✎û✯ø✦✂✙ö✧✗➓ú➅þ➌ô➙õ➲ù①ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷☛✡➅ÿ➓ô✎✍✡✺✓ó➌õ➲ÿ✞❛ ö✹þ➌ô↕ø ô➑õ➲ÿ➌û→ô✙û✜✚❖ô✙ý❊✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý þ➌ô↕ó❾ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✾þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚
ó✕ô❋û✫ü✎ù➌ù❱ú❧û➲ö

ϕ
þ➢ÿ✓❚➓ÿ✞✝

Φ′ ô✙ýÏù➌û✄✂➑õ→ô✙ý✛☎➑ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➆õ➲ÿ➌û➙ó✕ô❈❚➓ÿ✞✝
Φ
ô✙ýÏó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✍

➻②ý⑥ù➌û✄✂✴✳♣û→ô✆✡➅ÿ➌÷✕õ✯ô➑õ➲ö❛þ➌ú❧ý✛☎↕þ➌ô↕õ✫ü✆�➅ú❧÷❏û✁ø ô➑õ➲ÿ➌û→ô✙û✯ó✕ô❦❚➓ÿ✞✝⑥þ➢ÿ❈✟✭ô✙ö✹ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô❀÷❏ý➓þ✁✂✙ù①ô✙ý➓þ➓ü✎ø➜ø ô✙ý➈ö✹þ➌ô❀ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô
ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✉þ➓ô✙õ ü✎ö→ú❧ø ô➑õ✜✍★q❛ú❧ÿ➌û❱☎➑ô✙ó❾ü✞✚❱ý➓ú❧ÿ➓õ④ÿ➌ö➲÷❏ó❏÷✕õ→ú❧ý➓õ④ó❾ü➤ø✦✂✙ö✧✗➓ú➅þ➌ô➜þ✁✂✆☎✙û➲÷❏ö→ô➜þ➓ü✎ý➓õ④ó❾ü õ→ô✆☎✙ö➲÷✕ú❧ý✰❩✞✍ ú✛✍ ❩✞✍✙➳❋ü✎ý➓õ
☎➑ô❱✡➅ÿ➌÷✆õ➲ÿ➌÷❏ö✜✚➌ý➓ú❧ÿ➓õ②þ✁✂✙ö✫ü✎÷❏ó❏ó✕ú❧ý➓õ②ó❾ü⑥û✄✂✣ü✎ó❏÷✕õ✫ü✎ö➲÷✕ú❧ýêô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✕ô✉þ➌ô➑õ✌☎✄✗➆ü✎ø➜ù➓õ②û●✑✯ú❧ÿ ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑õ✜✚➓ô✙ö
þ➌ú❧ý➌ý➓ú❧ý➓õ②þ➌ô➑õ➙ô✴✝➌ô✙ø➜ù➌ó✕ô➑õ②þ➌ô õ➲ù❱ô✆☎✙ö➲û→ô➑õ②ú☞ã➌ö→ô✙ý➅ÿ➓õ➙ù➆ü✎û➙ó✕ô➑õ➙þ➢÷❝❜✙✂✙û→ô✙ý➈ö→ô➑õ✾ø✦✂✙ö✧✗➓ú➈þ➌ô➑õ✜✍



◆ ➍ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ðï✪✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

�✂✁✂✄✆☎✞✝✠✟✡☎✞☛✌☞✎✍✑✏✠✒✔✓✖✕✘✗✙✓✛✚✢✜✔✣

✤✔✥✧✦✠★ ☛ ✩✫✪✑✬✭☎✞✍✑✏✠✒

✮✰✯ ✱✑✯ ✲✌✳✠✯ ✴✶✵✸✷✑✯ ✹✻✺✫✼✾✽❀✿✭❁❃❂✎❄

−3 ❅✑❆

50 Ω

✤ ✄✙☎✞✍✑✄✠✄✠✍
✤ ✄✆☎✞✍✑✄✠✄✠✍

❇ ✓
Ω

❈❊❉●❋ ★ ✍
❍✰■ ✕ ❇●❏

❈❊❉●❋ ★ ✍
❍❑■ ✕ ❇●❏

Ó❄Ô☛Õ❙Ö✛×✁Ø✓Ù✁Ú➠Û❱⑦✁Ü✔➫✒➙✆➛✼➎◗➒✘➥❀➌✶➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢❖➍✎➎❨➔✤➢ ➔❝↔✘➞❦➓❪➙✆➍✎→✢➢➣➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛✓→➜➒❵➏✆➔➠➙✆➩ ➫➜→➣➞●➟✄➍✼➌✄➛✁➐➜➌✴➭★➋P➲ ➒✆➛✼➎◗➌✄➛✼➛✁➌❈➌✧↔✧➎❦➐●➙✆➛❪↔✧➎❨➔✤➎❨➍✼➞●➌➏✛➲ ➍✎➛✞➌✌↔❤➓❆➔✤→➜➌✶➏❵➌❇➎❨➍▼▲➜➌✶➏❵➌✶➐✄➍✎➔✤➧✴→➜➌✶➏❵➌❖◆✥↕❈↕ ➏❵➌✶➏✆➔➠➒✆↕✶➨✄➎❨→➜➌✜❸❁➢➣➲ ➒❵➏❵➒●➓✞➎◗➒✆➎❨➔➠➙✆➛❲➏✛➲ ➔✤↕✣➓✎➞●➏❵➒✜➛✞➐●➌❱➌✧↔✧➎✬→➣➞●➒✆➢ ➔❝↔✘➞●➌❱ä❅➢➣➲ ➒✆➔➠➏❵➌❅➏✛➲ ➍✎➛✞➌→➜➞✧↔✧➔❝↔✧➎◗➒✆➛✞➐➜➌❇➏❵➌✚Ú❱ß
Ω
➌✄➛✦↔✘➞✄→✧➔➠➌❈➒✆➧✆➌●➐✌➢ ➒❇↔❤➓❆➔✤→➜➌✴➭

ÿ✁�❬❩✁�✄✂ ✽✧✍❅☛ ➃ ✍❜✍ ➃ ✞◗P â✌❴✜❵❚❛❜✑ ✆ ✓②❛ ☛☞✠✌✆✎✍ ✓②❛ P✎✠✌✆✔➵❙❘ ✓②❴ ➋ ✏✔➃ ✍ ❞✳➃
❏✢✔➓ý þ➌ô⑥ù①ú❧ÿ✁�➅ú❧÷❏û❋ø ô➑õ➲ÿ➌û→ô✙û✜✚îù➆ü✎û❅✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý➡ô✙ý➅ö➲û→ô õ→ú❧ÿ➓õ●✳♣ý➌÷✤�❖ô✣ü✎ÿ✞✝❂➸❱ô✙ô✙ø➤ü✎ý✻✚✆þ➌ô➑õ❋ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➑õ✉þ➌ô

ó✖✕ ú❧û→þ➢û→ô þ➌ô✐✡➅ÿ➓ô✙ó☛✡➅ÿ➓ô➑õ✷☎➑ô✙ý➈ö✫ü✎÷❏ý➓ô➑õ þ➌ô
µ ➸ ✚↕÷❏ó✶✑♣ü✎ÿ➌ö ù➌û→ú➅þ➢ÿ➌÷❏û→ô ÿ➌ýå☎✘✗➆ü✎ø➜ù ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô ú✄õ✄☎✙÷❏ó❏ó❾ü✎ý➈ö❲✭➡ÿ➌ý➓ô

✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
νrf

þ➌ô❊✡➅ÿ➓ô✙ó☛✡➅ÿ➓ô➑õ④þ➢÷✤♦✟ü✎÷❏ý➓ô➑õ þ➌ô❊r❲♥✌♦✷❉❸ô✙ý❮ô✴❜îô✙ö✜✚①ú❧ý ü
h/kB ≃ 48 µK

s❀r❲♥✌♦❀■✴✍★✯✼ú❧ÿ➓õ❋õ→ú❧ø➜ø ô➑õ
þ➌ú❧ý✛☎ þ➓ü✎ý➓õ✾ó✕ô þ➌ú❧ø➤ü✎÷❏ý➓ô þ➌ô➑õ➙û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ✜✍

❢ ❄✼➮✘✃✳❄❃❄❆✃❪❮✦➱✖➴❆Ï❖➬ ❂✫❚❱❯✧➱✖Ò✡❈★❰❆✃✳❄■✿✎✃
✯✼ú❧ÿ➓õ❛ÿ➓ö➲÷❏óä÷✕õ→ú❧ý➓õ⑤þ➌ô➑õ✹ü✎ý➈ö→ô✙ý➌ý➓ô➑õ✯ù➌ó❾ü❢☎✆✂➑ô➑õ❫✭✼ó✖✕ ô✴✝➢ö✄✂✙û➲÷✕ô✙ÿ➌û⑤þ➌ô↕ó❾ü❇☎✄✗➆ü✎øÛã➌û→ô✌✭✌�➈÷✕þ➌ô✎✚❙❞❇✭❇☎✘✗➓ô✹�✄ü✎ó❖❡✉õ➲ÿ➌û❛ó✕ô↕ö➲ÿ✜ã①ô

ô✙ý✰�➅ô✙û➲û→ô✦☎➑ú❧ý➅ö→ô✙ý➆ü✎ý➈ö➟ó✕ô✩☞✄ÿ➌÷✕þ➌ô ø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô✎✍❁✿✯ó❏ó✕ô➑õ➟õ→ú❧ý➈ö❱☎➑ú❧ý➓õ➲ö➲÷❏ö➲ÿ❙✂✙ô➑õ✉þ✙✕ ÿ➌ý➓ô➤õ→ô✙ÿ➌ó✕ô➔ã①ú❧ÿ✛☎✙ó✕ô➤ô✙ý✐✑✡ú❧û➲ø ô þ➌ô
✗➅ÿ➓÷äö②û→ô✙ù➌ó❏÷☛✂✥❉❨�❖ú❧÷❏ûP✔✛☞✄ÿ➌û→ô✠❬✞✍✤❋✜❩❪■✴✚➆þ➌ô❋ö✫ü✎÷❏ó❏ó✕ô ö➣✸➈ù➌÷☛✡➅ÿ➓ô➣➁✩☎✙ø✷✚➓û✄✂✣ü✎ó❏÷✕õ✄✂➑ô❅✭⑥ó✖✕ ü✎÷✕þ➌ô➟þ➌ô❋ö➲ÿ✜ã①ô þ➌ô❱☎✙ÿ➌÷✤�➈û→ô➟þ➌ô❺ú ø➜ø
þ➌ô þ➢÷❾ü✎ø✦✵✙ö➲û→ô✭❲❪✍❁✏②ý ù➌ó❾ü❢☎➑ô➤ô✙ý õ✄✂✙û➲÷✕ô ü✆�➅ô✆☎➜ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô✎✚✁õ➲ÿ➌û ó✖✕ ♣✎ø ô➤þ➢ÿÞ☎✜♣✣ã➌ó✕ô✒☎➑ú❖ü❵✝➢÷❾ü✎ó ➛✌♠✖❳■➁✎➾❰ÿ➌ö➲÷❏ó❏÷✕õ✄✂➜ù①ú❧ÿ➌û
ó✖✕ ü✎ó❏÷❏ø ô✙ý➅ö→ô✙û✜✚➆ÿ➌ý➓ô④û✄✂➑õ➲÷✕õ➲ö✫ü✎ý✛☎➑ô þ➌ô➣➁✎❍

Ω
ô✙ö②þ➌ô❋ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô❱❍✞✚ ❧☞➁❩❨ ù①ú❧ÿ➌û②þ➢÷✕õ→õ➲÷❏ù❱ô✙û➙ó❾ü✉ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô❋û●✑✯ô✙ý❆�❖ú❵✸❪✂➑ô

þ➓ü✎ý➓õ✹ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô✾❬✼✍❪✫✇ô✌☎✄✗➆ü✎ø➜ù✥☎✙û✄✂✆✂✼ü✎ÿ✒☎➑ô✙ý➈ö➲û→ô②þ➌ô✢☎➑ô➑õ✁ã①ú☞ã➌÷❏ý➓ô➑õ✜✚❆✭④ó✖✕ ô✙ý➓þ➢û→ú❧÷❏ö↕ú☞✘➤õ→ô✾ö➲û→ú❧ÿ✁�❖ô➙ó✕ô✬✟✭ô✙ö❀ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✚
�✄ü✎ÿ➌ö➙ô✙ý❆�➈÷❏û→ú❧ý ➁✎❍✉ø✥♠ ù❱ú❧ÿ➌û➙ó✕ô➑õ✾ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô➑õ➙û●✑❛ÿ➌ö➲÷❏ó❏÷✕õ✄✂✙ô➑õ✜✍

❭✴æ❅➮②ç②➘✗✃✵➮⑤ì❷➱❹➮⑤➴❹➬❱➮í➱❹➘ ➹✣➘ ➱❹➘ ❐✄➮⑤ì ë♣➪ ➘ ➹☞➬❱➶✣ç⑤➴❼è✹➹✣ç②➮
L
➬❱➮íë♣➪ è✹➹✉➴❷➮②➹✣➹✣➮í➮⑤➴➤➬ ❮ ➹✣ç✚➬❱➮➤ì❷➮②✃ ❮ ➶✣❐✄❐✄➮⑤ì❹î✩➮⑤ì❷❐ ë ➮②❐❖❪☞è✹➶❱➴❷➮②❐✝é ì❷➷✴ê✉➶✣➮②➹✣ç②➮②❐❫ë ➮②❐✃❱ì ❮❙❫ ë ❴②➱❹➮②❐✗ë ➘ ➷②❐❊❵ ë♣➪ ➘ ➱❹✃✵➷✴➬✣è✹➹✣ç②➮ jLωrf

➬❱➮➇ë è❫✃☞è✤ì✄➴❷➘ ➮✎➘ ➹☞➬❱➶❱ç⑤➴❷➘ î✩➮✎➬❱➮✎ë♣➪ è✹➹✉➴❷➮②➹✣➹✣➮ Ï❛✴æ❅➮⑤➴✄➴❷➮✗ì❷➷②❐✄➘ ❐✪➴❼è✹➹✣ç②➮❜➮⑤❐✪➴❅é♣è✹➘ ➴❷➮❊❵➇ë♣➪ è✹➘ ➬❱➮❜➬❱➮✗➴✄ì ❮ ➘ ❐❃ì❷➷②❐✄➘ ❐✪➴❼è✹➹✣ç②➮②❐❜❵➇ç ❮ ➶✣ç✎❪✣➮☎➬❱➮✗ç✴è✤ì ❫✵❮ ➹✣➮❜➬❱➮✰❝✡❞✑❡ Ω ❒ ❝✡❢✡❣❑❤ ➱❹➘ ❐✄➮②❐❃➮②➹❹✃☞è✤ì❼è✹ë ë ❴②ë ➮②❐ Ïæ ❮ ➱❹✃☞è✤ì❷➷②➮✰❵✝ç②➮②ë ë ➮✎➬❱➮☎ì❷➷②❐✄➘ ❐✪➴❼è✹➹✣ç②➮②❐☎➬❱➮☎✃✣➶✣➘ ❐✄❐❷è✹➹✣ç②➮➇❐✪➴❼è✹➹☞➬✣è✤ì❼➬ ❒ ë♣➪ ➘ ➹☞➬❱➶✣ç⑤➴❼è✹➹✣ç②➮➇✃☞è✤ì❼è✹❐✄➘ ➴❷➮✎➬❱➮❜ç②➮❜➱ ❮ ➹✉➴❼è✑✐✱➮❜➮②❐✪➴✟➮②➹í➮✞❥✡➮⑤➴ ❫ ➮✴è✹➶✣ç ❮ ➶✣✃✃✣ë ➶✣❐✔é♣è✹➘ ❫ ë ➮ Ï
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Ó❄Ô☛Õ❙Ö✛×✁Ø✩Ù✁Ú➠Û❵Ù✁Ü✳➝✞→➜➒❵➐✄➎❨➔➠➙✆➛
ϕ(νrf)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔❫→➜➌✧↔✧➎◗➒✆➛✼➎➠↔✣➒●➓❆→➜➨✧↔P➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛❇➓✎➒✆→❫➍✎➛✞➌❯➒✆➛✼➎◗➌✄➛✼➛✞➌❦→➜➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✢ä
νrf

➭
⑨✖➒②⑩P➋✛➌P➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✻➌✧↔✧➎❖➢ ➔✤➛✞➞●➒✆➔✤→➜➌✚⑨

α = 0
⑩✹➝★➒✆➧✆➌●➐❫➍✎➛❇➥✜→➜➒❵➏✆➔➠➌✄➛✼➎

b = 600
Ü✇①✁➐✄↕✶➭❆➋❙➌✧↔❫➐●➒✆→✧→➣➞✄↔❦➛✞➙✆➔✤→●↔✣→➜➌◗➓❆→➣➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎★➢ ➌✧↔➓❪➙✆➔✤➛✼➎➠↔❈➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡✗❸❣➢ ➒❊➐●➙✆➍✎→✑▲➜➌✶➐●➙✆➛✼➎❨➔✤➛✼➍✼➌✢➢ ➌❈→➣➞✧↔✧➍✎➢ ➎◗➒✆➎❦➏✛➲ ➍✎➛✓➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛✼➎❙➓❪➒✆→➣⑨✸②❀➭ ③✙③✤⑩❊➒✆➧✆➌●➐✶➐●➙✆↕❈↕✶➌❦➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌✧↔➒✖➤●➍❢↔✧➎◗➒✙▲✄➢ ➌✧↔

T
➌✄➎P➢➣➲ ➌✈④❲➐➜➒❵➐✄➔☛➎◗➞

A
➭❹ó❄➛❲➎❨→➜➙✆➍✎➧✆➌

T = 430 ± 5 µ á ➌✄➎ A = 0,83 ± 0,01
➭❹⑨⑤▲✄⑩✩➋❙➌❊➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✢➌✧↔✧➎↔✘➌✄↕❈➔✤➩◗➢ ➔✤➛✞➞●➒✆➔✤→➜➌✧➝✢➒✆➧✆➌●➐❊➍✎➛❭➥✜→➜➒❵➏✆➔➠➌✄➛✼➎

b = 600
Ü✇①✁➐✄↕Ý➌✄➎P➍✎➛❳➐●➑❪➒✆↕✣➓✰➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢

B0 = 25
Ü❦➭❁➋❙➌✧↔✠➐●➒✆→✧→➜➞✧↔❅➛✞➙✆➔✤→●↔→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎✌➢ ➌✧↔❈➓❪➙✆➔✤➛✼➎➠↔✒➌➜➡✄➓✎➞✄→✧➔✤↕✶➌✘➛✼➎◗➒✆➍❵➡✔❸✢➢ ➒✪➐●➙✆➍✎→✑▲➜➌✥➐●➙✆➛✼➎❨➔✤➛✼➍✼➌✩➢ ➌✦→➣➞✧↔✧➍✎➢ ➎◗➒✆➎❇➏✛➲ ➍✎➛❂➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛❆➎✬➓❪➒✆→❘⑨✸②❀➭✌②✣Þ②⑩❲➒✆➧✆➌●➐➐●➙✆↕❈↕✶➌✬➓❪➒✆→➣➒✆↕✶➨✘➎➠→➜➌✧↔❈➒✖➤●➍❢↔✧➎◗➒✙▲✄➢ ➌✧↔

T
➝
B0

➌✄➎❣➢➣➲ ➌✈④❲➐●➒❵➐✄➔✤➎◗➞
eff
➭❜ó❄➛✦➎❨→➜➙✆➍✎➧✆➌

T = 431 ± 17 µ á ➝ B0 = 24,4 ± 0,5
Ü ➌✄➎

A = 0,94 ± 0,03
⑨
α = µB0/(kBT ) = 2

⑩❵➭★➋❙➒✠➢ ➒✆→➠➥❀➌✄➍✎→❈→➜➞●➏✆➍✎➔✤➎◗➌✶➏❵➌❇➢ ➒✩➐●➙✆➍✎→✑▲●➌Û⑨⑤▲✄⑩✌➓❪➒✆→❈→➣➒●➓❵➓❪➙✆→✧➎❯ä✠➢ ➒❊➐●➙✆➍✎→✑▲●➌✭⑨✖➒②⑩✹➝➓❪➙✆➍✎→❇➍✎➛✞➌❈↕✶➦✄↕✶➌❇➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➜➌✧➝❄↕✶➙✆➛✼➎❨→➜➌❇➢ ➒❊➛✞➞●➐➜➌✧↔●↔✧➔✤➎◗➞❅➏❵➌✶➎◗➌✄➛✼➔✤→✶➐●➙✆↕✣➓❆➎◗➌❱➏✆➍✷➐●➑❪➒✆➛❢➥❀➌✄↕✶➌✄➛✼➎❫➏❵➌✣➫✧➙✆→✧↕✶➌❅➏✆➍❅➓❪➙✆➎◗➌✄➛✼➎❨➔➠➌✄➢➏➑ë✒ä✶➢ ➒❯➓❆→➜➞✧↔✘➌✄➛✞➐●➌❈➏❵➌
B0

➭

✽✗❂❖❰✛➱❷✿✎✃✪➱✖➴❆Ï❖➬ ❂✫❚❱❯✧➱✖Ò✡❈★❰❆✃✳❄■✿✎✃
✯✼ú❧ÿ➓õ✾ÿ➌ö➲÷❏ó❏÷✕õ→ú❧ý➓õ➙ù❱ú❧ÿ➌û➙ó❾ü⑥ø ô➑õ➲ÿ➌û→ô❋þ➌ô❋ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➟ÿ➌ýÏõ✧✸➈ý➈ö✧✗✛✂✙ö➲÷✕õ→ô✙ÿ➌û❅❉❤r ü✎û✄☎➑ú❧ý➌÷❁❩✎❍✎❬✎❍❪■↕þ✁✂✙ó❏÷✤�➈û✫ü✎ý➈ö➙ÿ➌ý➓ô

ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô✾þ➌ô✢➽④þ✜➲❀ø õ→ú❧ÿ➓õ
50 Ω

✚✄ô✙ö✹þ➌ú❧ý➅ö⑤ú❧ý❊✑♣ü✎÷❏ö✬�✄ü✎û➲÷✕ô✙û✯ó❾ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✾ô✙ý➈ö➲û→ô✢❍④ô✙ö✯ö➣✸➈ù➌÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö❫➽✎❍❇r❲♥✌♦❪✍
✫✇ô⑥õ➲÷✤☞✄ý➆ü✎ó✯ô➑õ➲ö❋ü✎ø➜ù➌ó❏÷❝✔❙✂✉ù➆ü✎û④ÿ➌ý ü✎ø➜ù➌ó❏÷❝✔❙☎✣ü✎ö→ô✙ÿ➌û✒❉❤r ÷❏ý➌÷❝✳ ❘ ÷❏û✄☎✙ÿ➌÷❏ö→õ✠➸❖♥❈✫⑥❳❆❬❢❏✶■❦✟✓ÿ➆õ✄✡➅ÿ✻✕ ✭➜ÿ➌ý➓ô✠�✄ü✎ó✕ô✙ÿ➌û④ö➣✸➈ù➌÷☛✡➅ÿ➓ô
þ➌ô

30
þ✜➲❀ø✷✚✎ù➌ÿ➓÷❏õ✹ô➑õ➲ö✯ô✙ý❆�❖ú❵✸❪✂↕þ➓ü✎ý➓õ✯ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô✾û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✎✍❪➻②ý ü✎ö➲ö✄✂✙ý➈ÿ➆ü✎ö→ô✙ÿ➌û⑤þ➌ôP❬④þ✜➲ ù➌û→ú❧ö✄✵✹☞❖ô✾ó✖✕ ü✎ø❊✳

ù➌ó❏÷❝✔❙☎✣ü✎ö→ô✙ÿ➌û⑤þ✙✕ ✂✹�➅ô✙ý➅ö➲ÿ➓ô✙ó❏ó✕ô➑õ✹û✄✂✴❚➆ô✴✝➢÷✕ú❧ý➓õ✹þ➢ÿ➓ô➑õ✣✭②ÿ➓ý➓ô✾þ✁✂➑õ✫ü❧þ➓ü✎ù➌ö✫ü✎ö➲÷✕ú❧ý➤þ✙✕ ÷❏ø➜ù❖✂➑þ➓ü✎ý✛☎➑ô②þ➌ô↕ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô✎✚✄÷❏ý✛✂✹�➈÷❏ö✫ü✣ã➌ó✕ô
ó✕ú❧û→õ✄✡➅ÿ➓ô❋ó❾ü❅✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô

νrf
ô➑õ➲ö✢✂✙ó✕ô✹�✼✂➑ô✎✍

✯✼ú❧ÿ➓õ✯ÿ➓ö➲÷❏óä÷✕õ→ú❧ý➓õ✹ÿ➌ý➤þ➢÷✕õ➲ù①ú✄õ➲÷❏ö➲÷❝✑①÷✕þ➌ô✙ý➈ö➲÷☛✡➅ÿ➓ô✾ù①ú❧ÿ➌û✹ó✕ô➑õ⑤ü✎ý➈ö→ô✙ý➌ý➓ô➑õ⑤þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö→÷❏ú❧ý ù➌û→ú❧ù➌û→ô✙ø ô✙ý➅ö↕þ➢÷❏ö→ô➑õ✜✚❧ø➤ü✎÷✕õ
ù①ú❧ÿ➌û❀þ➌ô➑õ✹û✫ü✎÷✕õ→ú❧ý➓õ⑤þ➌ô✌☎➑ú❢❴➌ö⑤ó❾ü õ→ú❧ÿ➌û✄☎➑ô➙ô➑õ➲ö⑤û→ô✙ø➜ù➌ó❾ü❢☎✆✂➑ô②ù➆ü✎û⑤ÿ➌ý➤ú✄õ✄☎✙÷❏ó❏ó❾ü✎ö→ô✙ÿ➌û❯☎➑ú❧ø➜ø➤ü✎ý➓þ✁✂✼ô✙ý ö→ô✙ý➓õ➲÷✕ú❧ý❳❉✈⑦ ❘ ✏✶■✴✚
ù➆ü✎û②ô✴✝➌ô✙ø➜ù➌ó✕ô❋ó✕ô✶r ÷❏ý➌÷❝✳ ❘ ÷❏û✄☎✙ÿ➌÷❏ö→õ❈q❫✏ ❤ ❳■➁✎❍⑥ù①ú❧ÿ➌û➙ÿ➌ý➓ô✶☞➅ü✎ø➜ø ô þ➌ô❇✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ➙þ➌ô❅❩✵➁✩✭➔➁✎❍✩r❲♥✌♦❪✍
⑧ ù✼✃✞Ñ✓➷✛Ð ✃❪❮❱Ï✛✃✪Ñ✒✃❪❮✜❰✛➱✖✃❭Ï✛✃✥➮✘✃✞Ñ✓➷✛Ò✞➱✖➴✼➮✆❰✛➱✖✃
✫✆ü❊✔✛☞✄ÿ➌û→ô✠❬✞✍✤❋✜❬⑥ø ú❧ý➈ö➲û→ô➟þ➌ô✙ÿ✞✝Ïô✴✝➌ô✙ø➜ù➌ó✕ô➑õ②þ➓ô❋ø ô➑õ➲ÿ➌û→ô þ➌ô ó❾ü⑥ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô

T
þ➢ÿ✦✟✭ô✙ö✜✚➓ô✙ýÏó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô➟þ➌ô

☎✘✗➆ü✎ø➜ù ó✕ú❧ý✁☞✄÷❏ö➲ÿ➓þ➢÷❏ý➆ü✎ó
B0
❉✡ü❪■ ô✙ö➜ô✙ý➡ù➌û✄✂➑õ→ô✙ý✛☎➑ô❰þ✙✕ ÿ➌ý➃☎✘✗➆ü✎ø➜ù

B0 = 25
♠ ❉➈ã❖■✴✍❄q❛ú❧ÿ➌û✩☎✄✗➆ü❢✡➅ÿ➓ô ù①ú❧÷❏ý➅ö➜þ➌ô

ø ô➑õ➲ÿ➌û→ô✎✚➓ó✕ô➟õ➲÷✤☞✄ý➆ü✎ó✁þ➌ô✶❚➓ÿ✞✝ ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✉ô✙õ➲ö②ø ô➑õ➲ÿ➌û✄✂✎✚➆þ✙✕ ü✣ã①ú❧û→þ õ✫ü✎ý➓õ✌☎✘✗➆ü✎ø➜ù û●✑✌❉
Φ
■✴✚➓ù➌ÿ➌÷✕õ✼ü✜�❖ô✆☎✥❉

Φ′ ■✴✚➆ô✙ö②ú❧ýô✴❜îô✆☎✙ö➲ÿ➓ô✾ó✕ô✾û✫ü✎ù➌ù①ú❧û➲ö
Φ′/Φ

✍ ❘ ô✾ù➌û→ú❧ö→ú✼☎➑ú❧ó✕ô➙ù①ô✙û➲ø ô✙ö⑤þ➌ô➙õ✜✕ ü❵❜①û✫ü✎ý✛☎✘✗➌÷❏û⑤þ➌ô➑õ✹þ✁✂✙û➲÷✤�➅ô➑õ✹ó✕ô✙ý➅ö→ô➑õ⑤þ➢ÿ✩❚➓ÿ✞✝ ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✚
✡➅ÿ➌÷îù①ô✙ÿ✁�❖ô✙ý➈ö✼ü✎ö➲ö→ô✙÷❏ý➓þ➢û→ô ö➣✸➈ù➌÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö❈❩✎❍✡➦✥✍
✫❦✕ ü❢☎✆☎➑ú❧û→þ ô✙ý➈ö➲û→ô➤ó✕ô➑õ✠☎➑ú❧ÿ➌û✴ã①ô➑õ✉÷✕õ→õ➲ÿ➓ô➑õ✉þ➌ô➤ó✖✕ ü❀✟ ÿ➓õ➲ö→ô✙ø ô✙ý➅ö➜þ➌ô➑õ➟ù❱ú❧÷❏ý➈ö→õ⑥ô✴✝➢ù❖✂✙û➲÷❏ø ô✙ý➈ö✫ü✎ÿ✞✝ ô✙ö✠☎➑ô➑õ⑥þ➌ô✙û➲ý➌÷✕ô✙û→õ

ô➑õ➲ö✉ô✴✝✁☎➑ô✙ó❏ó✕ô✙ý➅ö✜✍❁✿✯ý ❉✡ü❪■ ú❧ý ø ô➑õ➲ÿ➌û→ô ÿ➌ý➓ô ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô
T = 430 ± 5 µ ➸ ✍❣✫✣✕ ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂ A

þ➌ô ó✖✕ ü✎ý➅ö→ô✙ý➌ý➆ô



◆ ➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ðï✪✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

ô➑õ➲ö④÷☛☎✙÷✯þ➌ô
83 ± 1

➦✥✍★✿✯ý✲❉➈ã❖■✴✚❱ó❾ü➤ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô ô➑õ➲ö④ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✙ø ô✙ý➅ö ÷✕þ➌ô✙ý➅ö➲÷☛✡➅ÿ➓ô✷❉
T = 431 ± 17 µ ➸ ■✴✍✻✏②ý☎➑ú❧ý➓õ➲ö✫ü✎ö→ô②ý✛✂✣ü✎ý➌ø ú❧÷❏ý➓õP✡➅ÿ➓ô②þ➌ÿ✦✑♣ü✎÷❏ö↕þ➌ô❈☎✄✗➆ü✎ý✁☞❖ô✙ø ô✙ý➈ö✾þ➌ô✢✑✡ú❧û➲ø ô✼þ➢ÿ ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó✖✚➈ó❾ü❋ó❾ü✎û✧☞❖ô✙ÿ➌û✾þ➌ô②ó❾ü❱☎➑ú❧ÿ➌û✴ã①ô✼ô➑õ➲ö

☎➑ú❧ý➓õ➲÷✕þ✁✂✙û✫ü✣ã➌ó✕ô✙ø ô✙ý➈ö↕þ➢÷❏ø➜÷❏ý➈ÿ✛✂➑ô✎✍ ❘ ô✆☎✙÷✼✟ ÿ➓õ➲ö➲÷❝✔➆ô➙ó❾ü④ý✛✂✆☎➑ô➑õ→õ➲÷❏ö✄✂②þ➌ô➙þ➢÷✕õ➲ù①ú✄õ→ô✙û⑤þ✙✕ ÿ➌ý➓ô②ô✴✝➢ù➌û→ô➑õ→õ➲÷✕ú❧ý➤ö✧✗✛✂➑ú❧û➲÷☛✡➅ÿ➓ô➙ù①ú❧ÿ➌û
ϕ(η)

þ➓ü✎ý➓õ✹ó✕ôP☎✣ü❧õ⑤þ✙✕ ÿ➌ý➜ù①ú❧ö→ô✙ý➈ö➲÷✕ô✲ó❱õ→ô✙ø➜÷❝✳♣ó❏÷❏ý✛✂✣ü✎÷❏û→ô✢☞❪✂✙ý✛✂✙û✫ü✎ó✖✚➅õ→ú❧ÿ➓õ❛ù①ô✙÷❏ý➓ô➙þ➌ô➙õ→ú❧ÿ➓õ●✳✓ô➑õ➲ö➲÷❏ø ô✲û⑤õ➲÷✤☞✄ý➌÷❝✔❙☎✣ü✎ö➲÷✤�➅ô✙ø ô✙ý➅ö
ó❾ü✉ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➟þ➢ÿ✦✟✭ô✙ö➙ô✙ý ù➌û✄✂➑õ→ô✙ý✛☎➑ô þ✙✕ ÿ➌ý✪☎✘✗➆ü✎ø➜ù

B0
✍

⑧ ❾❿✿✎➴■✿✼➬ ➮✘Ò✥Ï✛✃❪❮❅➴❃❄✼➮✘✃✳❄❃❄❆✃❪❮
q❛ú❧ÿ➌û❰ó✕ô➑õ ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô➑õ û●✑➟ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô➑õ✜✚❀ó✕ô❲☎✘✗➆ü✎ø➜ù ù➌û→ú➈þ➢ÿ➌÷❏ö❰ù➆ü✎û❰ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô❮ô➑õ➲ö❰þ➌ôêó✖✕ ú❧û→þ➢û→ô þ➌ô➊➁✎❍ ø✥♠

ü✎ÿ➡ý➓÷❝�➅ô✣ü✎ÿ þ➌ô➑õ➜ü✎ö→ú❧ø ô➑õ✜✍❄✯✼ú❧ÿ➓õ➜ü✜�❖ú❧ý➓õ❊✂✙ö➲ÿ➓þ➢÷☛✂❰ó✖✕ ô✴❛✒☎✣ü❢☎✙÷äö✘✂ þ➌ô➑õ➜ü✎ý➅ö→ô✙ý➌ý➓ô➑õ✜✚❛ø ô➑õ➲ÿ➌û✄✂➑ô❭☎➑ú❧ø➜ø ô ó✕ô û✫ü✎ù➌ù❱ú❧û➲ö
ô✙ý➅ö➲û→ô➤ó❾üÏû✄✂➑þ➢ÿ✛☎✙ö➲÷✕ú❧ý þ➌ô✦❚➓ÿ✞✝ ø ô➑õ➲ÿ➌û✄✂➑ô

1 − ϕmes(νrf)
ô✙ö✠☎➑ô✙ó❏ó✕ô❰ü✎ö➲ö→ô✙ý➓þ➢ÿ➓ô ö✧✗✛✂➑ú❧û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➅ö

1 − ϕth(νrf)
✚

ô✙ý ✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý þ➌ôêó❾ü ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô
Prf

ô✙öÏþ➌ôêó❾ü✰✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
νrf

þ➌ôêó✖✕ ú❧ý➓þ➌ô û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô✎✍✌✏②ý
☎➑ú❧ý➓õ➲ö✫ü✎ö→ô❦✡➅ÿ➓ô✯ó✖✕ ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂✹ø ô➑õ➲ÿ➌û✄✂➑ô⑤õ✫ü✎ö➲ÿ➌û→ô✯ó✕ú❧û→õ✄✡➅ÿ➓ô✯ó❾ü↕ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô✯ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô✹ô✙ý➟ô✙ý➈ö➲û✄✂➑ô✹þ➌ô✯ó✖✕ ü✎ø➜ù➌ó❏÷❝✔❙☎✣ü✎ö→ô➑ÿ➌û✁ô➑õ➲ö
õ➲ÿ➌ù❖✂✙û➲÷✕ô✙ÿ➌û→ôP✭②ô✙ý❆�➈÷❏û→ú❧ý

6
þ✜➲❀ø✷✍❀➳④ô⑤ù➌ó❏ÿ➓õ✜✚✟ó✖✕ ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂↕ø➤ü❵✝➢÷❏ø➤ü✎ó✕ô↕ô✙õ➲ö✁ö➲û✄✵➑õ✁ù➌û→ú✼☎✘✗➓ô↕þ➌ô❈❋⑤ù❱ú❧ÿ➌û✁ÿ➓ý➓ô❦✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô

νrf < 30
r❲♥✌♦❪✚îø➤ü✎÷✕õ ó❾ü❭�✄ü✎ó✕ô✙ÿ➌û✉þ➌ô õ✫ü✎ö➲ÿ➌û✫ü✎ö➲÷✕ú❧ý➡ô➑õ➲ö ó❏÷❏ø➜÷❏ö✄✂➑ô✥✭ ô✙ý❆�➈÷❏û→ú❧ý

0,8
ù①ú❧ÿ➌û✉þ➌ô➑õ✶✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ ù➌ó❏ÿ➓õ

✂✙ó✕ô✹�❪✂➑ô➑õ✜✍✞✯✼ú❧ÿ➓õ➙ü✎ö➲ö➲û➲÷♣ã➌ÿ➓ú❧ý➓õ✢☎➑ô✙ö➲ö→ô④ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂④û✄✂➑þ➢ÿ➌÷❏ö→ô❱✭➟ó❾ü✉þ✁✂➑õ✫ü❧þ➓ü✎ù➌ö✫ü✎ö➲÷✕ú❧ýÏþ✻✕ ÷❏ø➜ù★✂➑þ➓ü✎ý✛☎➑ô❱✡➅ÿ➌÷①õ→ô✼ù➌û→ú➅þ➢ÿ➌÷❏ö✌✭
✗➆ü✎ÿ➌ö→ô❇✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❅✭❊☎✣ü✎ÿ➓õ→ô þ➌ô④ó✖✕ ÷❏ý➓þ➢ÿ✛☎✙ö✫ü✎ý✛☎➑ô➟þ➓ô④ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô✎✍
✯✼ú❧ÿ➓õ➙ü✆�➅ú❧ý➓õ↕ô✙ý ô✴❜îô✙ö↕ø ô➑õ➲ÿ➌û✄✂④ó✕ô✼ö✫ü✎ÿ✞✝❰þ➌ô✼û✄✂✴❚➆ô✴✝➢÷✕ú❧ýÏþ➌ô✼ó✖✕ ú❧ý➓þ➌ô④û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô④ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô④ô✙ý❭✑✡ú❧ý✛☎✙ö➲÷✕ú❧ý

þ➌ô✾ó❾ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✌✭④ó✖✕ ü✎÷✕þ➌ô➙þ✙✕ ÿ➌ý✒☎➑ú❧ÿ➌ù➌ó✕ô✙ÿ➌û❀þ➢÷❏û→ô✆☎✙ö➲÷✕ú❧ý➌ý➓ô✙ó✖✍✼✫✆ô✙õ✹û✄✂✴❚➆ô✴✝➢÷✕ú❧ý➓õ⑤þ➌ô✹�➈÷✕ô✙ý➌ý➓ô✙ý➈ö✹÷❏ø➜ù①ú❧û➲ö✫ü✎ý➅ö→ô➑õ↕ü✎ÿ✞✳✓þ➌ô✙ó➠✭
þ➌ô❱❬✎❍✩r❲♥✌♦❪✍
❏ ù➆ü✎û➲ö➲÷❏û❋þ➌ô❊☎➑ô➑õ✼ø ô➑õ➲ÿ➌û→ô➑õ✼÷❏ó✯ô➑õ➲ö✼ù❱ú✄õ→õ➲÷♣ã➌ó✕ô⑥þ➌ô✉þ✁✂➑þ➢ÿ➌÷❏û→ô⑥ó✖✕ ÷❏ý➓þ➢ÿ✛☎✙ö✫ü✎ý✛☎➑ô➜þ➌ô➟ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô ✺ ú❧ýêö➲û→ú❧ÿ✁�➅ô

L ≃
1,6 µ

♥✠✍❦q❛ú❧ÿ➌û ÿ➌ý➓ôêü✎ý➅ö→ô✙ý➌ý➓ô þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚❫✡➅ÿ➌÷②ô✙õ➲ö ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô❲✭ ÿ➌ý➓ô❭✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✓✔✁✝➌ô✎✚✯÷❏ó②ô➑õ➲ö➜ù①ú✄õ→õ➲÷♣ã➌ó✕ô
þ✙✕ ü❧þ➓ü✎ù➌ö→ô✙ûÏó✖✕ ÷❏ø➜ù❖✂➑þ➓ü✎ý✛☎➑ô þ➌ôêó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô ô✙ý ü❀✟✭ú❧ÿ➌ö✲ü✎ý➅ö ÿ➌ýå☎➑ú❧ý➓þ➌ô✙ý➓õ✫ü✎ö→ô✙ÿ➌û

C
ô✙ý õ✄✂✙û➲÷✕ô✎✍✌✏②ý ú☞ã➌ö➲÷✕ô✙ý➈ö ÿ➌ý

☎✙÷❏û✄☎✙ÿ➌÷❏ö✝➛✌✫ ❘ û✄✂➑õ→ú❧ý➌ý➆ü✎ý➈ö❦✡➅ÿ➌÷✛☎➑ú❧ý➓þ➢ÿ➌÷❏ö⑤þ➌ú❧ý✛☎✌✭✼ÿ➌ý➓ô➙ü✣ã➓õ→ô✙ý✛☎➑ô➙þ➌ô↕û✄✂✴❚➆ô✴✝➢÷✕ú❧ý⑩⑨✾þ➌ô✾ó✖✕ ú❧ý➆þ➌ô↕û●✑✻✭④õ✫ü✌✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✾þ➌ô
û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô

1/(2π
√

LC)
✍✼✫❦✕ ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂❋þ➌ô➙ö→ô✙ó❏ó✕ô➑õ✾ü✎ý➈ö→ô✙ý➌ý➓ô➑õ↕ô➑õ➲ö⑤ó☛✂✹☞❪✵✙û→ô✙ø ô✙ý➈ö✾õ➲ÿ➌ù★✂✙û➲÷✕ô✙ÿ➌û→ô❇✭❅☎➑ô✙ó❏ó✕ô✼þ✙✕ ü✎ý➈ö→ô✙ý➌ý➓ô

ý➓ú❧ýÏû✄✂➑õ→ú❧ý➌ý➆ü✎ý➅ö→ô➑õ②ô✙ö➙ù❱ô✙ÿ➌ö✼ü✎ö➲ö→ô✙÷❏ý➓þ➢û→ô✠❍✞✚ ➌✵➁⑥ø✦❥✙ø ô❅✭✠✗➆ü✎ÿ➌ö→ô❇✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô✎✍
❽ ❂✁➱◗➮✘Ò❪✃❭Ï✛✃❪❮❅➴❃❄✼➮✘✃✳❄❃❄❆✃❪❮❅✃✎➮❺✿✵❂★❰✛➷✛Ð ➴ø❣✛✃✥➴✛❰Ó❣★❰✁➬ Ï✛✃❲Ñ✒➴ø❣✔❄❆Ò✎➮✹➬ ❈★❰❆✃
➳❋ü✎ý➓õ②ó❾ü⑥ù①ô✙û→õ➲ù❱ô✆☎✙ö➲÷✤�➅ô➟þ➢ÿ û→ô✴✑❸û→ú❧÷✕þ➢÷✕õ→õ→ô✙ø ô✙ý➈ö②ù➆ü✎û❈✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➆ÿ➌ý➓ô❅☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô➟ö➲û✄✵➑õ②÷äø➜ù①ú❧û➲ö✫ü✎ý➈ö→ô

þ➌ô➑õ↕ü✎ý➅ö→ô✙ý➌ý➓ô➑õ↕ô➑õ➲ö⑤ó✕ô✙ÿ➌û⑤ù❱ú❧û➲ö✄✂➑ô✎✚❆☎✎✕ ô➑õ➲ö●✳➜✭❵✳✓þ➢÷❏û→ô②ó❾ü➟þ➢÷✕õ➲ö✫ü✎ý✛☎➑ô
dant

õ➲ÿ➌û⑤ó❾ü❢✡➅ÿ➓ô✙ó❏ó✕ô②ô✙ó❏ó✕ô➑õ❀õ→ú❧ý➈ö❀ô✴❛✒☎✣ü❢☎➑ô➑õ✜✍❆✿✯ý ô✴❜îô✙ö✜✚
ü✎ÿ✷✑❸ÿ➌û✼ô✙ö❇✭➜ø ô➑õ➲ÿ➌û→ô✉þ➢ÿ û→ô✴✑❸û→ú❧÷✕þ➢÷✕õ→õ→ô✙ø ô✙ý➈ö✼ù➆ü✎û❈✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚➆ó❾ü ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô⑥þ➢ÿ✥✟ ô✙ö✼þ➢÷❏ø➜÷❏ý➈ÿ➓ô✎✚❱ô✙ö✼þ➓ú❧ý✛☎✎✚
ù❱ú❧ÿ➌û↕ô✴❜îô✆☎✲ö→ÿ➓ô✙û⑤ÿ➌ý➤û→ô✴✑❸û→ú❧÷✕þ➢÷✕õ→õ→ô✙ø ô✙ý➅ö✣✑✡ú❧û✄☎✆✂✎✚✄÷❏ó✛✑♣ü✎ÿ➌ö⑤þ➢÷❏ø➜÷❏ý➈ÿ➓ô✙û❀ó❾ü❇✑✑û✘✂✹✡➅ÿ➆ô✲ý❙☎✙ô②þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✍❆✫✇ô➑õ↕ü✎ý➅ö→ô✙ý➌ý➆ô✙õ
õ➲÷❏ö➲ÿ✛✂➑ô➑õ⑤ô✙ý➤ü✜�✄ü✎ó➓ý➓ô✾þ➓ú❧÷❝�➅ô✙ý➈ö✹ù➆ü❧õ❦✂✹�✄ü✎ù①ú❧û→ô✙û✹ó✕ô✬✟✭ô✙ö✹ô✙ý ü✎ø ú❧ý➈ö✜✚❪☎✣ü✎û❫☎✙ô✆☎✙÷❖☎➑ú❧û➲û→ô➑õ➲ù❱ú❧ý➓þ➢û✫ü✎÷❏öP✭✼ÿ➌ý➓ô✢✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý
✭Ûã➆ü❧õ

η
✚➌þ➌ú❧ý✛☎❋ö➲û✄✵➑õ✾ù➌û✄✂●✟ ÿ➓þ➢÷☛☎✙÷❾ü✣ã➌ó✕ô✎✍

✯✼ú❧ÿ➓õ✯ø ô➑õ➲ÿ➌û→ú❧ý➓õ✹ó❾ü✼ù①ú❧û➲ö✄✂➑ô➙þ➌ô➑õ⑤ü✎ý➈ö→ô✙ý➌ý➓ô➑õ⑤þ➌ô↕ó❾ü④ø➤ü✎ý➌÷☛✵✙û→ô➙õ➲ÿ➌÷✤�✄ü✎ý➈ö→ô✶✱✄ý➓ú❧ÿ➓õ✯û✄✂✣ü✎ó❏÷✕õ→ú❧ý➓õ✹ÿ➌ý✶✟✭ô✙ö⑤ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô
☎➑ú❧ý➅ö➲÷❏ý➈ÿ✻✚①ô✙ö④ý➓ú❧ÿ➓õ❇☎➑ú❧ý➌ý➓ô✆☎✙ö→ú❧ý➓õ④ù①ô✙ý➓þ➓ü✎ý➅ö✦❋✜❍✎❍ ø õ✶✭ ó❾ü õ→ú❧ÿ➌û✄☎➑ô➟û●✑⑤ÿ➌ý➓ô⑥ü✎ý➈ö→ô✙ý➌ý➓ô⑥õ➲÷❏ö➲ÿ✛✂➑ô➔➁✎❍✒☎✙øðô✙ý❮ü✎ø ú❧ý➅ö
þ➌ôÏó❾ü✐♦✣ú❧ý➓ô þ➌ô þ✁✂✙ö→ô✆☎✙ö➲÷✕ú❧ý þ➌ô➑õ ü✎ö→ú❧ø ô➑õ✜✍❫✫✇ô✓❚➓ÿ✞✝

Φ(t)
ù➌û✄✂➑õ→ô✙ý➈ö→ôêü✎ó✕ú❧û→õ➤ÿ➌ý ❞ ö➲û→ú❧ÿ✮❡ þ➌ú❧ý➅ö➤ó❾ü❮ó❾ü✎û✧☞❖ô✙ÿ➌û

ö→ô✙ø➜ù❱ú❧û→ô✙ó❏ó✕ô④ù①ô✙û➲ø ô✙ö✜✚➈ø ú✜✸➅ô✙ý➌ý➆ü✎ý➅ö↕ó❾ü✠☎➑ú❧ý➌ý➆ü✎÷✕õ→õ✫ü✎ý✛☎➑ô④þ➌ô②ó❾ü❱�➈÷❏ö→ô➑õ→õ→ô✼þ➢ÿ✠✟✭ô✙ö✾ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✎✚➢þ✙✕ ô➑õ➲ö➲÷❏ø ô✙û↕ó❾ü ù❱ú❧û➲ö✄✂➑ô
þ➌ô④ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô✎✍❙✯✼ú❧ÿ➓õ✾ö➲û→ú❧ÿ✁�❖ú❧ý➓õ

dant ≃ 20
☎✙ø✷✍

❶✎❷✎è✹➹✣❐✁ç②➮❫ç✴è✹❐ ❒ ë♣➪ ➘ ➱❹✃✵➷✴➬✣è✹➹✣ç②➮❹➬❱➶Ûç②➘ ì❷ç②➶✣➘ ➴✝➮②❐✪➴ è✹ë ❮ ì❷❐✁ì❷➷②➮②ë ë ➮❹➮⑤➴✝➷❱✐✩è✹ë ➮✖❵❸❞✑❡ Ω ❒ ë♣➪ ➘ ➱❹✃✵➷✴➬✣è✹➹✣ç②➮❫ç✴è✤ì❼è✹ç⑤➴❷➷⑤ì❷➘ ❐✪➴❷➘ ê✉➶✣➮í➬❱➮❫ë è➽ë ➘ ✐✱➹✣➮ç ❮ è✡❹❱➘ è✹ë ➮ Ï



❐★❒✌ö ï❳➬ ❮✴✃✓✃✳❄Ó÷✷❰ø❁✁➱✖✃❭✃✵ù✁➷✛Ò✞➱➜➬✤Ñ✒✃✳❄✼➮✘➴✛Ð ✃ ◆❙◆

❘ ô✙ù①ô✙ý➓þ➓ü✎ý➅ö✜✚➌ù❱ú❧ÿ➌û✢☎➑ô✙û➲ö✫ü✎÷❏ý➓ô➑õ❯�✄ü✎ó✕ô✙ÿ➌û→õ✾þ➢÷✕õ✄☎✙û✄✵✙ö→ô➑õ✾þ➌ô✼ó❾ü❱✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô
νrf
✚➢þ✁✂✙ù❱ô✙ý➓þ➓ü✎ý➈ö➙þ➌ô✼ó❾ü➟ù❱ú✄õ➲÷❏ö➲÷✕ú❧ýÏþ➌ô➑õ

ü✎ý➈ö→ô✙ý➌ý➓ô➑õ✹õ➲ÿ➌û❛ó✕ô❫☞✄ÿ➌÷✕þ➌ô✎✚❧ó❾ü②ù①ú❧û➲ö✄✂➑ô✾þ➌ô➑õ✯ü✎ý➈ö→ô✙ý➌ý➓ô➑õ✹þ➌ô✹�➈÷✕ô✙ý➅ö✹ô➑õ→õ→ô✙ý➈ö➲÷✕ô✙ó❏ó✕ô✙ø ô✙ý➅ö✣✂✹☞➅ü✎ó✕ô✢✭②ó❾ü②ó✕ú❧ý✁☞✄ÿ➓ô✙ÿ➌û✹þ➢ÿ✩☞✄ÿ➌÷✕þ➌ô✎✍
✫✇ô❯✟✭ô✙ö✾ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô❋ô➑õ➲ö➙ü✎ó✕ú❧û→õ↕ö➲û✄✵➑õ❫✑✡ú❧û➲ö→ô✙ø ô✙ý➈ö➙ü❵❜îô✆☎✙ö✄✂✎✚➢ó❾ü➟û✄✂➑þ➢ÿ✛☎✙ö➲÷✕ú❧ýÏþ➌ô❈❚➓ÿ✞✝➤ù➓óäÿ➆õ❀÷❏ø➜ù①ú❧û➲ö✫ü✎ý➈ö→ô✶✡➅ÿ➓ô✼ù➌û✄✂✹�➈ÿ➓ô
ö✧✗✛✂➑ú❧û➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö✜✍ ❘ ô➑õ✷❞❰û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô➑õ✒❡❮õ→ú❧ý➈ö➟ö➲û✄✵➑õ❊☎➑ô✙û➲ö✫ü✎÷❏ý➓ô✙ø ô✙ý➈ö➜þ➢ÿ➓ô➑õ✩✭ ÿ➌ý❃☎➑ú❧ÿ➌ù➌ó❾ü❀☞❖ô❰ô✙ý➈ö➲û→ô➤ó✕ô➑õ✉ú❧ý➓þ➌ô➑õ
û●✑❋ô✙ö➜ó✕ô➑õ⑥ö➲ÿ✜ã①ô➑õ þ➌ô✓☎✙ÿ➌÷✤�➈û→ô✓☎➑ú❧ý➓õ➲ö➲÷❏ö➲ÿ➆ü✎ý➈ö ó✕ô❭☞✄ÿ➌÷✕þ➌ô✭❺✎✍✬➳❋ü✎ý➓õ✦☎➑ô✓☎✣ü❧õ✜✚❛ó✕ô❭☞✄ÿ➌÷✕þ➌ô❰ö→ú❧ÿ➓ö ô✙ý➅ö➲÷✕ô✙û➤õ→ô✓☎➑ú❧ø➜ù❱ú❧û➲ö→ô
ü✎ó✕ú❧û→õ✩☎➑ú❧ø➜ø ô ÿ➌ý➓ô ü✎ý➅ö→ô✙ý➌ý➓ô✎✚✬✂✹�✄ü✎ù❱ú❧û✫ü✎ý➈ö⑥ó✕ô➑õ ü✎ö→ú❧ø ô➑õ⑥õ➲ÿ➌û⑥ö→ú❧ÿ➌ö→ô❰õ✫üÏó✕ú❧ý✁☞✄ÿ➓ô✙ÿ➌û✜✍ ❤ ÿ➌û✉ó❾ü✷✔✛☞✄ÿ➌û→ô✓❬✞✍✤❋✜❬❃❉✡ü❪■✴✚
ó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô➤þ➌ô ù①ú❧÷❏ý➅ö→õ✉ô✴✝➢ù❖✂✙û➲÷❏ø ô✙ý➈ö✫ü✎ÿ✞✝ ü✎ÿ➌ö→ú❧ÿ➌û✉þ➌ô

νrf = 38
r❲♥✌♦➤ô➑õ➲ö ù➓û✄✂✆☎✲÷✕õ✄✂✙ø ô✙ý➈ö⑥þ➢ÿ➓ô✥✭❰ó❾ü ù➌û✄✂➑õ→ô✙ý✛☎➑ô

þ✙✕ ÿ➌ý➓ô❋û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô➟þ➓ü✎ý➓õ✢☎➑ô✙ö➲ö→ô✶☞➅ü✎ø➜ø ô þ➌ô❇✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ✜✍
q❛ú❧ÿ➌û❯☎➑ú❧ý➈ö→ú❧ÿ➌û➲ý➓ô✙ûP☎➑ô②ù➌û→ú☞ã➌ó☛✵✙ø ô✎✚➈ý➓ú❧ÿ➓õ✾ü✜�❖ú❧ý➓õ↕þ✁✂✆☎✙÷✕þ✁✂✼þ➌ô✢✔✁✝➌ô✙û❀ó✕ô➑õ↕ü✎ý➈ö→ô✙ý➌ý➓ô➑õ❀û✫ü❧þ➢÷✕ú❀✳◗✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ✾þ✙✕ ✂✹�✄ü❵✳

ù①ú❧û✫ü✎ö➲÷✕ú❧ý❊✭✾þ➌ô➑õ✆ù❱ú✄õ➲÷❏ö➲÷✕ú❧ý➓õ✁þ✁✂✙ö→ô✙û➲ø➜÷❏ý✛✂➑ô➑õ✁þ➢ÿ❅☞✄ÿ➌÷✕þ➌ô✎✚✟ô✙ö✆þ➌ô✹û→ô✆☎➑ô✙ý➓õ→ô✙û✆ù❱ú❧ÿ➌û❁☎✄✗➆ü❢☎✙ÿ➌ý➓ô❀þ✙✕ ô✙ý➅ö➲û→ô❀ô✙ó❏ó✕ô➑õ✇ó❾ü↕ù①ú✄õ➲÷❏ö➲÷✕ú❧ý
ô✴✝➓ü❢☎✙ö→ô➜þ➌ô⑥ö→ú❧ÿ➓ö→ô➑õ❋ó✕ô➑õ④û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô➑õ✜✍✟✺✓ó✯õ➲ÿ✞❛ ö➟ô✲ý➆õ➲ÿ➌÷❏ö→ô➜þ➌ô➜õ✜✕ ü❧õ→õ➲ÿ➌û→ô✙û❱✡➅ÿ✻✕ ü✎ÿ✛☎✙ÿ➌ý➓ô þ➌ô➑õ❈✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ❋ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô➑õ
ý➓ô❱☎➑ú❧ý➓þ➢ÿ➌÷❏ö❈✭✉ÿ➌ý➆ô④û✄✂➑õ→ú❧ý➆ü✎ý✛☎➑ô✎✍
➻②ý➓ô➟ü✎ÿ➌ö➲û→ô ù❱ú✄õ→õ➲÷♣ã➌÷❏ó❏÷❏ö✄✂❅☎➑ú❧ý➓õ➲÷✕õ➲ö→ô❅✭⑥ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û②ó✖✕ ✂✴�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ýêø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✒✱➓þ➓ü✎ý➓õ✌☎➑ô❱☎✣ü❧õ✜✚➌ó❾ü❊☞➅ü✎ø➜ø ô➟þ➌ô

✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ❀ø➜÷✕õ→ô✼ô✙ý❭➺④ÿ✁�➈û→ô✼ô➑õ➲ö❀ö→ú❧ÿ➌ö➙ü✎ÿ➌ö➲û→ô✎✚➈ô✙ö↕ú❧ý ý✻✕ ü✎ö➲ö→ô✙ý➓þ ü✎ÿ❙☎✲ÿ➓ý❭☎➑ú❧ÿ➌ù➌ó❾ü❀☞❖ô✼û✄✂➑õ→ú❧ý➌ý➆ü✎ý➈ö✾ô✙ý➅ö➲û→ô✼ó✕ô✌☞✄ÿ➌÷✕þ➌ô
ô✙ö➙ó❾ü✉ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✎✍
ÿ✁�❬❩✁�❬❩ ❻ ❵❚❛❜✑ ✆ ✓②❛ ☛☞✠✌✆✎✍ ✖ ✠ ❞❅✓ ✆✔➵✩✆✎✍❜P ➃
✫❦✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô ô➑õ➲ö û✄✂✣ü✎ó❏÷✕õ✄✂➑ô✪✭ ó✖✕ ü✎÷✕þ➌ô þ✙✕ ÿ➌ý➓ô ü✎ý➈ö→ô✙ý➌ý➓ô✪☎➑ú❧û➲ý➓ô✙ö þ➌ô✓☞➅ü✎÷❏ý②❋❙➁❮þ✜➲➈❉❤❏✁❥Pr

❋✜❬❪❧●❳✡ú✵ú✛❋❙❳❆❩❪■✇ü✎ó❏÷❏ø ô✙ý➈ö✄✂➑ô✎✚✜�➈÷❾ü❀ÿ➌ý✉ü✎ø➜ù➌ó❏÷❝✔❙☎✣ü✎ö→ô✙ÿ➌ûP❉❤r ÷❏ý➌÷❝✳ ❘ ÷❏û✄☎✙ÿ➌÷❏ö→õ❄➸❅➛✌✏❈✯❼❳❆➾❪♠❱■✴✚➑ù➆ü✎ûîÿ➌ý➟õ✧✸➈ý➈ö✧✗✛✂✙ö➲÷✕õ→ô✙ÿ➌û✇ø➜÷☛☎✙û→ú❀✳
ú❧ý➓þ➌ô❱❏②ý➌û➲÷❏ö→õ➲ÿ✻✍✛✫✆ü✉ù➌ÿ➓÷❏õ→õ✫ü✎ý❙☎✙ô❋ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑ô ô➑õ➲ö✾ö➜✸➈ù➌÷☛✡➅ÿ➓ô✙ø ô✙ý➅ö❇❩✎❍⑥þ✜➲❀ø ô✙ýÏõ→ú❧û➲ö➲÷✕ô þ➌ô④ó✖✕ ü✎ø➜ù➌ó❏÷❝✔❙☎✣ü✎ö✫ô✙ÿ➌û✜✍
✫✆ü❇✔✛☞✄ÿ➌û→ô❇❬✞✍✤❋✩ú❭❉✡ü❪■✁û→ô✙ù➌û✄✂➑õ→ô✙ý➈ö→ô➙ÿ➌ý õ➲ù①ô✆☎✙ö➲û→ô➙ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✼ú☞ã➌ö→ô✙ý➅ÿ ù❱ú❧ÿ➌û⑤ÿ➌ý✥☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➈ö❀ó❏÷❏ý✛✂✣ü✎÷❏û→ô✼ü✜�➅ô✆☎

ÿ➌ý➃☞✄û✫ü❧þ➢÷✕ô✙ý➅ö
b = 600

♠❱s❀☎✙ø✷✍✣✏②ý ☎➑ú❧ý➓õ➲ö✫ü✎ö→ô✓✡➅ÿ➓ô ó✕ô➑õ➜ù❱ú❧÷❏ý➈ö→õ➜ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ÿ✁✝ õ→ú❧ý➈ö⑥ö➲û✄✵➑õ➔ã➌÷✕ô✙ý➨ü❀✟ ÿ➓õ➲ö✄✂➑õ
ù➆ü✎û ÿ➌ý➓ô✩☎➑ú❧ÿ➌û✴ã①ô þ➢ÿ❮ö➣✸➈ù①ô✷❉◗❬✞✍ ❬✣ú❆■✴✍❁✏②ý❮ö➲û→ú❧ÿ✁�➅ô⑥ÿ➌ý➓ô➜ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô

T = 497 ± 15 µ ➸ ô✙ö❋ÿ➌ý➓ô ô✘❛✒☎✣ü❢☎✙÷❏ö✄✂
A = 0,99 ± 0,02

✍
❏✢✔➓ý þ➌ô ø ô✙ö➲ö➲û→ô➟ô✙ý✪✂✹�➈÷✕þ➌ô✙ý✛☎➑ô ó✖✕ ô✴✝➢÷✕õ➲ö→ô✙ý✛☎➑ô➟þ➌ô❋ö➲û→ú❧÷✕õ➙û✫ü✜✸❖ú❧ý➓õ②þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ýêþ➓ü✎ý➓õ②ó✕ô❱☎✣ü❧õ➙ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✎✚

ý➓ú❧ÿ➓õ✼ü✜�❖ú❧ý➓õ➙ÿ➌ö➲÷❏ó❏÷✕õ✄✂❋ó✖✕ ✂✹�✄ü✎ù❱ú❧û✲ü✎ö➲÷✕ú❧ý ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✉þ➓ü✎ý➓õ➙ó✕ô❋ù➌û✄✂✴✳✖☞✄ÿ➌÷✕þ➌ô✎✚➆ô✙ýÏù➌û✄✂➑õ→ô✙ý✛☎➑ô➟þ✙✕ ÿ➌ý✪☎✘✗➆ü✎ø➜ù
B0
✂✙ó✕ô✹�❪✂

❉➈úø➌❭♠❱■✴✚❙☎➑ô✠✡➅ÿ➌÷✆ù❱ô✙û➲ø ô✙ö❋þ➌ô➟õ✄✂✙ù➆ü✎û→ô✙û✜✚❱þ➓ü✎ý➓õ✼ó✖✕ ô➑õ➲ù➆ü❢☎➑ô✉þ➌ô➑õ✢✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô➑õ✜✚➆ó✕ô➑õ❈☎➑ú❧ý➅ö➲û➲÷♣ã➌ÿ➌ö➲÷✕ú❧ý➓õ❋þ➌ô➑õ②ö➲û→ú❧÷✕õ✼ö➲û✫ü✎ý✞✳
õ➲÷❏ö➲÷✕ú❧ý➓õ |F = 1, mF = −1〉 → |F = 2, mF = −2,−1, 0〉 ✍ ❘ ô➑õ④ö➲û→ú❧÷✕õ④û✫ü✜✸❖ú❧ý➓õ❋þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý õ→ú❧ý➅ö✶☎✙ó❾ü✎÷❝✳
û→ô✙ø ô✙ý➈ö❈�➈÷✕õ➲÷♣ã➌ó✕ô✙õ✼õ➲ÿ➌û②ó❾ü❊✔✛☞✄ÿ➌û→ô❊❬✞✍✤❋✩ú❳❉➈ã❖■✴✍❖✫✆ü➜ó❾ü✎û✧☞❖ô✙ÿ➌û④þ➌ô➑õ②ù➌÷☛☎➑õ✼þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý ý✻✕ ô➑õ➲ö②ù➆ü❧õ②ó❾ü➜ø✦❥✙ø ô ù①ú❧ÿ➌û
ó✕ô➑õ➙ö➲û→ú❧÷✕õ②ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý➓õ ✺ ☎➑ô✆☎✙÷✆û→ô✴❚❙✵✙ö→ô➟õ➲÷❏ø➜ù➌ó✕ô✙ø ô✙ý➈ö②ó❾ü þ➢÷❝❜✙✂✙û→ô✙ý✛☎➑ô➟þ➌ô❭❞❊☎➑ú❧ÿ➌û✴ã➌ÿ➌û→ô✩❡❰þ➌ô➑õ②ö➲û→ú❧÷✕õ✌✂✙ö✫ü✎ö→õ②ô✴✝✁☎✙÷❏ö✄✂➑õ
❉➠✔✛☞✄ÿ➌û→ô❅❬✞✍✤❋✜❍✷❉➈ã❖■✧■✴✍
✯✼ú❧ÿ➓õ↕ü✆�➅ú❧ý➓õ❫☎➑ú❧ø➜ù➆ü✎û✄✂②ó✕ô➑õ⑤þ➌ô✙ÿ✞✝ ø✦✂✙ö✧✗➓ú➈þ➌ô➑õ↕þ➌ô➙ø ô➑õ➲ÿ➌û→ô②þ➌ô➙ó❾ü❋ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô④þ➢ÿ❅✟✭ô✙ö❀ô✙ö⑤ý➓ú❧ÿ➓õ❀ú☞ã➌ö→ô✙ý➓ú❧ý➓õ

ÿ➌ýêö➲û✄✵➑õ✚ã❱ú❧ý ü❢☎✆☎✙ú❧û✫þêô✙ý➈ö➲û→ô➟ó✕ô➑õ✼ø ô➑õ➲ÿ➌û→ô➑õ④õ➲ù❱ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷☛✡➅ÿ➓ô➑õ✼û✲ü❧þ➢÷✕ú❀✳◗✑✑û✘✂✹✡➅ÿ➆ô✲ý❙☎✙ô➜ô✙ö✼ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✓❉✑ø ú❧÷❏ý➓õ④þ➌ô
❋✜❍✡➦ þ➌ô þ➢÷❝❜✙✂✙û→ô✙ý✛☎➑ô❋ù❱ú❧ÿ➌û②þ➌ô✙ÿ✞✝ ø ô➑õ➲ÿ➌û→ô➑õ✾û✄✂✣ü✎ó❏÷✕õ✄✂➑ô➑õ➙ó✖✕ ÿ➌ý➓ô➟ü✎ù➌û✄✵➑õ✾ó✖✕ ü✎ÿ➌ö➲û→ô✎✚➆þ➓ü✎ý➓õ✾ó✕ô➑õ✾ø✦❥✙ø ô➑õ✌☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý➓õ✴■✴✍
✫✆ü þ➢÷❏û→ô✆☎✙ö➲÷✤�➈÷❏ö✄✂ þ✻✕ ÿ➓ý➓ô➤ö→ô✙ó❏ó❏ô❰ü✎ý➈ö→ô✙ý➌ý➓ô✎✚✯ü✎÷äý➆õ➲÷❫✡➅ÿ➓ô ó❾ü✓✑✡ü✎÷♣ã➌ó✕ô➤ó✕ú❧ý✁☞✄ÿ➓ô✙ÿ➌û➜þ✙✕ ú❧ý➓þ➌ô❳❉

λmo ∼ 5
☎✙ø✥■✴✚✆ý➓ú❧ÿ➓õ

ù①ô✙û➲ø ô✙ö➟þ✙✕ ô✙ø➜ù➌ó✕ú❵✸❖ô✙û➟ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý➡ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô ø✦❥✙ø ô þ➓ü✎ý➓õ ó✕ô➑õ ô✙ý➓þ➢û→ú❧÷❏ö→õ✉ú☞✘ þ➌ô➑õ ù➆ü✎û→ú❧÷✕õ ø✦✂✙ö✫ü✎ó❏ó❏÷☛✡➅ÿ➓ô➑õ
�➅ú❧÷✕õ➲÷❏ý➓ô➑õ✾ô✙ø➜ù❖❥✆☎✘✗➓ô✙ý➅ö②þ✙✕ ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û✾ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ýÏû●✑✧✍✞q❛ü✎û➙ô✴✝➌ô✙ø➜ù➌ó✕ô✎✚➢ý➓ú❧ÿ➓õ↕ù①ú❧ÿ✁�❖ú❧ý➆õ↕ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û✢☎➑ô✙ö➲ö→ô④ø✦✂✙ö✧✗➓ú➅þ➌ô
ù①ú❧ÿ➌ûP✂✹�✄ü✎ù❱ú❧û→ô✙û✾ó✕ô✣✟✭ô✙ö↕þ➓ü✎ý➓õ↕ó❾ü ù❱ü✎û➲ö➲÷✕ô✼ø✦✂✙ö✫ü✎ó❏ó❏÷☛✡➅ÿ➓ô④þ➌ô✼ó❾ü✠☎✄✗➆ü✎øÛã➌û→ô✶✭❅�➈÷✕þ➌ô✼õ➲÷❏ö➲ÿ✛✂➑ô❋ü✎ÿ❰ø➜÷❏ó❏÷✕ô✙ÿ þ➢ÿ❭☞✄ÿ➌÷✕þ➌ô✎✚➢ô✙ý
ô✙ý❆�❖ú❵✸➅ü✎ý➈ö✾ó✕ô➑õ✾ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô➑õ❇✭✉ö→û✫ü✆�➅ô✙û→õ✾ó✕ô➑õP✗➅ÿ✜ã➓ó❏ú❧ö✫õ✾ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑õ✢✗➆ü✣ã➌÷❏ö➲ÿ➓ô✙ó❏ó✕ô✙ø ô✙ý➈ö②ù❱ú❧ÿ➌û➙ó✖✕ ü❢☎✆☎✆✵➑õ②ú❧ù➌ö➲÷☛✡➅ÿ➓ô✎✍

❽❱❾❃➹✭➮✞❥✡➮⑤➴ ❒ ë ➮②❐✝ë ❮ ➹✆✐✱➶✣➮②➶❱ì ➬✡➪ ❮ ➹☞➬❱➮❹ç ❮ ì✄ì❷➮②❐✄✃ ❮ ➹☞➬✣è✹➹✉➴❿❵✚ç②➮②❐✎é✌ì❷➷②ê❙➶❱➮②➹✣ç②➮②❐ ➬❱➮ ì❷➷②❐ ❮ ➹☞è✹➹✣ç②➮➤❐ ❮ ➹✉➴✝✃❱ì ❮ ç✎❪✣➮②❐✝➬❱➮❹➱ ➶✣ë ➴❷➘ ✃✣ë ➮②❐ ❮ ➶➔➬❱➮
❐ ❮ ➶✣❐♣➀✼➱ ➶✣ë ➴❷➘ ✃✣ë ➮②❐✟➬❱➮✎ë è ë ❮ ➹✆✐✱➶✣➮②➶❱ì❜➬❱➶✛✐✱➶✣➘ ➬❱➮ Ï
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Ó❄Ô☛Õ❙Ö✛×✁Ø❃Ù✁Ú➠Û✉➒❙Ü✁➝✞→➜➒❵➐✄➎❨➔➠➙✆➛
ϕ(νmo)

➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✩→➜➌✧↔✧➎◗➒✆➛✼➎➠↔✩➒●➓❆→➣➨✧↔✒➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✷➓❪➒✆→✩➍✎➛✞➌✦➒✆➛✼➎◗➌✄➛✼➛✞➌❊↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌✥ä❭➢ ➒➫➜→➜➞➜➟✄➍✼➌✄➛✞➐●➌
νmo

➭☎⑨✖➒②⑩✌➋❙➌✌➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❁➌✧↔✧➎❣➢ ➔✤➛✞➞●➒✆➔✤→➣➌➣⑨
α = 0

⑩✹➝❁➒✆➧✆➌●➐✢➍✎➛❅➥✜→➜➒❵➏✆➔➠➌✄➛✼➎
b = 600

Ü✇①✁➐✄↕✶➭✛➋❙➌✧↔✢➐●➒✆→✧→➜➞✧↔P➛✞➙✆➔✤→●↔→➜➌◗➓❆→➣➞✧↔✘➌✄➛✼➎◗➌✄➛❆➎✢➢ ➌✧↔❇➓❪➙✆➔✤➛✼➎➠↔✦➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡✗❸✢➢ ➒✪➐➜➙✆➍✎→✑▲●➌✥➐●➙✆➛✼➎❨➔✤➛✼➍✼➌✩➢ ➌✩→➜➞✧↔✧➍✎➢ ➎◗➒✆➎❇➏✛➲ ➍✎➛❂➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛✼➎❦➓❪➒✆→❘⑨✸②❀➭✌②✑◆✉⑩❲➒✆➧✆➌➜➐➐●➙✆↕❈↕✶➌❦➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌✧↔❇➒✖➤●➍❢↔●➎◗➒✙▲✄➢ ➌✄↔
T
➌✄➎❄➢➣➲ ➌✈④❲➐➜➒❵➐✄➔☛➎◗➞

A
➭➇ó❄➛✒➎❨→➜➙✆➍✎➧✆➌

T = 497 ± 15 µ á ➌✄➎ A = 0,99 ± 0,02
➭➇⑨⑤▲✄⑩❈➋❙➌➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✣➌✧↔✧➎❄➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✧➝❫➒✆➧✆➌➜➐✶➍✎➛✒➥✜→➜➒❵➏✆➔☛➌✘➛✼➎

b = 85
Ü✇①✁➐✄↕④➌✄➎❦➍✎➛✷➐●➑❪➒✆↕❫➓✪➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢

B0 = 49
Ü❦➭✝➭✻➌✧↔➏❵➙✆➛✼➛✞➞●➌✧↔❱➙✆➛✼➎❫➞✄➎◗➞❱➙✙▲✄➎◗➌✄➛✼➍✼➌✧↔✶➌✄➛❲➞✄➧✆➒●➓✎➙✆→➜➒✆➛✼➎❫➢ ➌✧↔❱➒✆➎◗➙✆↕✶➌✧↔❱➏❵➒✆➛❪↔❇➢ ➌❯➓❆→➣➞✄➩➠➥✜➍✎➔➠➏❵➌❱↕✶➒✘➥✜➛✞➞✄➎❨➔➠➟✄➍✼➌✴➭✙➋❙➌❇↔❤➓✎➌●➐✄➎❨→➜➌❅➙✙▲✄➎◗➌✄➛✼➍✥↕✶➌✄➎➌✄➛✐➞✄➧✴➔➠➏❵➌✄➛✞➐●➌✠➢➣➲ ➌➜➡❵➔❝↔✧➎◗➌✄➛✞➐●➌✩➏❵➌✠➎❨→➜➙✆➔❝↔❱→➜➒✆á❵➙✆➛❪↔❊➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛❪➝✢➐●➙✆→✧→➜➌✧↔❤➓✎➙✆➛✞➏❵➒✜➛✼➎✌➒✆➍❵➡✶➫➜→➣➞●➟✄➍✼➌✄➛✞➐●➌✧↔

µB0/h = 34
➫➣ô❫è✧➝

2µB0/h = 68
➫➣ô❫è✧➝✢➌✄➎

3µB0/h = 102
➫➣ô❫è✦➭❄ã✬➙✆➍✎→❊➐●➌✄➎❨➎◗➌✠➧✆➒✆➢ ➌✄➍✎→✩➞✄➢ ➌✄➧✆➞●➌✒➏❵➌

B0

➝✢➌✄➎P➢ ➒✥➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➜➌✩➞✄➎◗➒✆➛✼➎➒✹↔●↔✘➌●è✙➫✧➒✆➔✻▲✄➢ ➌❺⑨
T = 170 µK

⑩✹➝❖➢ ➌✧↔❯➐●➙✆➛✼➎❨→✧➔✻▲✄➍✎➎❨➔➠➙✆➛❪↔❯➏❵➌✧↔❫➎❨→➣➙✆➔❝↔❫→➜➒✆á❵➙✆➛❪↔❦↔✘➙✆➛✼➎➍▲✄➔➠➌✄➛✠↔✘➞◗➓❪➒✆→➜➞●➌✧↔✘➭✞➋❙➒✶➐➜➙✆➍✎→✑▲●➌✢➐➜➙✆➛✼➎❨➔✤➛✼➍✼➌P➌✧↔✧➎✙➢ ➌→➜➞✧↔✧➍✎➢ ➎◗➒✆➎✬➏✛➲ ➍✎➛✓➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛❆➎❙➓❪➒✆→➣⑨✸②❀➭✌②✂➎⑤⑩✩➒✆➧✆➌➜➐✶➐●➙✆↕❈↕✶➌✣➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌✧↔❇➒✖➤●➍❢↔✧➎◗➒✙▲✄➢ ➌✧↔
T
➝
B0

➌✄➎❄➢ ➌✧↔❇➌✈④❲➐➜➒❵➐✄➔✤➎◗➞✧↔
A1

➝
A2

➌✄➎
A3

➏❵➌❯➐●➑❪➒❵➐✄➍✎➛✞➌❯➏❵➌✧↔✬➎❨→➜➙✆➔❝↔❦➎❨→➜➒✆➛❪↔✧➔✤➎❨➔➠➙✆➛❪↔✘➭✠➏✘➐✄➔❝➝★➙✆➛❊➒
A1 ≃ A2 ≃ A3 ≃ 0,4

➭✔➭✻➌✄➎❨➎◗➌❖➫✧➒✆➔✻▲✄➢ ➌❫➧✆➒✆➢ ➌✄➍✎→❫➌✧↔✧➎✙➏✆➍✼➌❫➒✆➍❫➫✧➒✆➔✤➎✻➟✄➍✼➌✧➝➓❪➙✆➍✎→✢➏❵➌✧↔❯→➜➒✆➔❝↔✘➙✆➛❪↔❯➎◗➌●➐●➑❢➛✼➔➠➟✄➍✼➌✧↔➽⑨ ➓❆→➜➙✴➏✆➍✼➐✄➎❨➔☛➙✆➛❭➏✛➲ ➍✎➛✥➐●➑❪➒✆↕✣➓
B0

➔✤➛✼➎◗➌✄➛❪↔✘➌✄⑩✹➝✙➢➣➲ ➌➜➡✄➓❪➞✄→✧➔➠➌✄➛✞➐➜➌❇➌✧↔✧➎✻→➜➞●➒✆➢ ➔❝↔✄➞●➌✢↔✧➍✎→P➏❵➌✧↔✢➒✆➎◗➙✆↕✶➌✧↔➏❵➒✆➛❪↔P➢ ➌❦➓❆→➜➞✄➩➠➥✜➍✎➔➠➏❵➌✧➝❄➌✄➎✬➟✄➍✼➌✢➢ ➒❅➏✆➍✎→➜➞●➌❈➏❵➌✌➢➣➲ ➞✄➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✆➛ ⑨❷Þ❱ß❱ß❱↕✌↔✪⑩❅➌✧↔✧➎✬➐➜➙✆↕✣➓❪➒✆→➜➒✙▲✄➢ ➌✶ä❱➢ ➒❯➓❪➞✄→✧➔➠➙✴➏❵➌✶➏✛➲ ➙✹↔✘➐✄➔✤➢✤➢ ➒✜➎❨➔➠➙✆➛✷➏❵➌✧↔➒✆➎◗➙✆↕✶➌✧↔❖➐✞➢ ➌❫➛✞➙✆↕❸▲✄→➜➌❯➏❵➌❣➓❪➒✹↔●↔✘➒✘➥❀➌✧↔P➒✆➍❱➎❨→➣➒✆➧✜➌✄→●↔❫➏❵➌✧↔❦↔✧➍✎→➠➫✧➒❵➐●➌✧↔❯➏✛➲ ➞✘➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✆➛✒➌✧↔✧➎✻➏❵➙✆➛✞➐✙➫✧➒✆➔✻▲✄➢ ➌✧➝❣➏❵➌❫➢➣➲ ➙✆→➣➏✆→➜➌✢➏❵➌❫➢➣➲ ➍✎➛✼➔✤➎◗➞✴➭
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Pe ➶ ➒✆➓✇➹✖➘
Ó❄Ô☛Õ❙Ö✛×✁Ø✦Ù✁Ú➠Û❱➜✁Ü❆ßÞ➥❀➒✆➍✼➐●➑❪➌✧➝★➢ ➒✶➐●➑❪➒✭➴✤➛✞➌❯↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌❣➓❪➌✄→✧↕✶➌✄➎❨➎◗➒✆➛✼➎✻➏✛➲ ➙✙▲✄➎◗➌✄➛✼➔✤→❿③☞ß✶➏❙➷✬↕②➏❵➌❣➓❆➍✎➔❝↔●↔✘➒✆➛✞➐●➌❫↔✧➍✎→❦➢ ➌✣↔✘➌◗➓❆➎❨➔➠➨✄↕✶➌➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌❅➏✛➲ ➍✎➛❭↔✧➔ ➥✜➛✞➒✆➢❣➏✛➲ ➌✄➛✼➎❨→➜➞●➌✧➝✣➏❵➌❦➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌

νe

➐➜➙✆↕✣➓❆→✄➔ ↔✘➌✠➌✄➛✼➎❨→➜➌✧➬✣ß❱ßÛ➫➣ô❫è❱➌✄➎ Þ●Ü✟ô❫è✴➭✙➋✛➌❇↔✧➔ ➥✜➛✞➒✆➢❣➏✛➲ ➌✘➛✼➎❨→➣➞●➌➌✧↔✧➎P➒✆↕✣➓❆➢ ➔ â❣➞✩ä✢③➋➎✥➏❙➷✬↕à➓❪➒✆→❱➢➣➲ ➒✆↕✣➓❆➢ ➔ â❣➐●➒✆➎◗➌✄➍✎→❨➫✩➔✤➛✼➔✤➩✴➭★➔✤→➜➐✄➍✎➔✤➎➠↔❱æ✳ô❫➋⑥➮✙③☞ß❱Þ❱ß✹➝❁➓❆➍✎➔❝↔✠➒✆➎❨➎◗➒❵➟✄➍✼➌❱➍✎➛✞➌✠➏✆➔➠➙✴➏❵➌❅ç★❵✔➱ ⑨❨ç❆➎◗➌◗➓
❵✣➌●➐➜➙✆➧✆➌✄→✧á✃➱✢➔➠➙✴➏❵➌✄⑩✧ô✌➌✄→➜➙✆➎◗➌❱❐ Ü❫➭⑥➮☞Þ❱ß✭③✠➎✾➮✄❵➤➭❖➝✶➟✄➍✎➔❁➓❆→➜➙✴➏✆➍✎➔❝➎❈➍✎➛✓➓✎➌✄➔ ➥✜➛✞➌✥➏❵➌❈➫➜→➜➞●➟✄➍✼➌✄➛✞➐➜➌✧↔✩↕❈➍✎➢ ➎❨➔ ➓❆➢ ➌✧↔✦➏❵➌

νe

➭❦ç✁➌✄➍✎➢ ➌✩➢ ➒➐●➙✆↕✣➓❪➙✹↔✘➒✆➛✼➎◗➌✌ä
7νe

➌✧↔✧➎✙➎❨→➜➒✆➛❪↔✧↕❈➔❝↔✘➌❁➓❪➒✆→❫➢ ➌❣â✙➢ ➎❨→➣➌❁➓❪➒✹↔➜↔✘➌✖▲●➒✆➛✞➏❵➌✌➐➜➌✄➛✼➎❨→➜➞✢ä
6,8

Ü✟ô❫è✧➝✻➏❵➌❯↕❈➔✤➩◗➢ ➒✆→❨➥❀➌✄➍✎→❖②✣ß❱ß➽➫➣ô❫è✚⑨✑❒✛➔ ➥❀➌✄→
➫✩➔➠➐✄→➜➙✭❮❣➒✆➧✆➌❰❒✟Ü☎➝➳③✙③➋➎✾➮➋➎●Ï✣ß❱ß✡Ü✟ô❫è✡➮☞ß✣Ú②⑩❵➭✁➯❁➛✹â✙➛❪➝❙➢ ➌✣↔✧➔ ➥✜➛✞➒✆➢✁➌✧↔✧➎✻➒✆↕✣➓❆➢ ➔ â❣➞❁➓✎➒✆→❫➢➣➲ ➒✆↕✣➓❆➢ ➔ â❣➐➜➒✜➎◗➌✄➍✎→✁➫✩➔✤➛✼➔✤➩✴➭★➔✤→➜➐✄➍✎➔✤➎➠↔✣æ❇❵➤ó✟õÐ➮
Ï✡Ü❦➭❙ß✮➏✆→➜➙✆➔✤➎◗➌✧➝❣➢ ➒P➓❆➍✎➔❝↔●↔✘➒✆➛✞➐➜➌❇➌✄➛✩↔✘➙✆→✧➎❨➔➠➌

Ps

⑨✖äÒÑ➣Ü✟ô❫è✄⑩❅➌✄➛❈➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✓➏❵➌✢➢ ➒❯➓❆➍✎➔❝↔●↔✘➒✆➛✞➐●➌❇➏✛➲ ➌✄➛✼➎❨→➣➞●➌
Pe

⑨✖ä➣Þ➔Ü✟ô❫è✄⑩❵➭

➻②ý➡þ➌ô➑õ ÷❏ý✛☎➑ú❧ý❆�❪✂✙ý➌÷✕ô✙ý➈ö→õ✉þ➌ô ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý➡ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô➤ö➲÷✕ô✙ý➈ö⑥ü✎ÿ❂☎➑ú❢❴➌ö➟ö➲û✄✵➑õ❅✂✙ó✕ô✹�✼✂➤þ➢ÿ õ✧✸➈ý➈ö✧✗✛✂✙ö➲÷✕õ→ô✙ÿ➌û✜✍
✯✼ú❧ÿ➓õ➟ü✜�❖ú❧ý➓õ þ➌ú❧ý✛☎ þ✁✂✹�❖ô✙ó✕ú❧ù➌ù★✂●Ó⑥ÿ➌ý➓ô✩☎✘✗➆ü❵➵✕ý➓ô➜ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô✒✡➅ÿ➌÷✯ù❱ô✙û➲ø ô✙ö✉þ➌ô❊☞❪✂✙ý✛✂✙û→ô✙û✌✟✓ÿ➆õ✄✡➅ÿ✻✕ ✭❭❩✎❍ þ✜➲❀ø þ➌ô
ù➌ÿ➌÷✕õ→õ✫ü✎ý✛☎➑ô ø➜÷☛☎✙û→ú❀✳✓ú❧ý➓þ➌ô ô✙ý➈ö➲û→ô✐➽Û➁✎❍✎❍➡ô✙ö❲❧❱❍✎❍✎❍❃r❲♥✌♦❮ô✙ý ø✉ÿ➌ó❏ö➲÷❏ù➌ó❏÷❾ü✎ý➅öÏù➆ü✎û❲❧ ó❾üÞ✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❮þ➢ÿ õ➲÷✤☞✄ý➆ü✎ó
þ✙✕ ô✙ý➈ö➲û✄✂➑ô❇✭ ô✙ý✼�➈÷❏û→ú❧ý❳❋❈♠❇♥✌♦❈✡➅ÿ➓ôP✑✡ú❧ÿ➌û➲ý➌÷❏ö⑤ÿ➌ý✒☞❪✂✙ý✛✂✙û✫ü✎ö→ô✙ÿ➌û❫ã➌÷✕ô✙ý➤ø ô✙÷❏ó❏ó✕ô✙ÿ➌û❀ø➤ü✎û✄☎✘✗✛✂✎✍❆✫✇ô②õ✄☎✄✗✛✂✙ø➤ü➟þ➌ô➙ù➌û➲÷❏ý✛☎✙÷❏ù❱ô
þ➌ô❱☎➑ô✙ö➲ö→ô❱☎✄✗➆ü❵➵✕ý➓ô ô➑õ➲ö➙û→ô✙ù➌û✄✂➑õ→ô✙ý➅ö✄✂ õ➲ÿ➌û➙ó❾ü❅✔✛☞✄ÿ➌û→ô❅❬✞✍✤❋❙➁✞✍

é✩ê➣é ÔÖÕ ÿ Õ ï⑩×❫ñàò❸× û❨ö ÿ❻ô✣ï✻ý ÷ ò❸×Ýñ í ×❯î❄ï✙ð ÷ ñ★î ÷✠í❸Õ þ✩ü❼×
❘ ú❧ø➜ø ô❋ý➓ú❧ÿ➓õP�❖ô✙ý➓ú❧ý➓õ➙þ➌ô✼ó✕ô❇�❖ú❧÷❏û✜✚➢ý➓ú❧ö➲û→ô④ø✦✂✙ö✧✗➓ú➈þ➌ô þ➌ô✼ø ô➑õ➲ÿ➌û→ô õ➲ù❱ô✆☎✙ö➲û→ú✄õ✄☎➑ú❧ù➌÷☛✡➅ÿ➓ô þ➌ô✼ó❾ü✉ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô

T
þ➢ÿ❈✟✭ô✙ö❛ô➑õ➲ö✁ù➌û✄✂✆☎✙÷✕õ→ô❀ô✙ö✁ö➲û✄✵➑õ❜ã➌÷✕ô✙ý ü❧þ➓ü✎ù➌ö✄✂➑ôP✭➙ý➓ú✄õ❄☎➑ú❧ý➈ö➲û✫ü✎÷❏ý➅ö→ô➑õ✯ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✕ô➑õ✌❉❸ô✙ý✉ù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó❏÷✕ô✙û✯ó❾ü➙ø ô➑õ➲ÿ➌û→ô

ô➑õ➲ö✾û✄✂✣ü✎ó❏÷✕õ✄✂➑ô ô✲ýÏù➌û✄✂➑õ→ô✙ý✛☎➑ô❋þ➢ÿ✪☎✄✗➆ü✎ø➜ùÏø➤ü❀☞✄ý✛✂✙ö➲÷☛✡➅ÿ➓ô þ➢ÿ✓☞✄ÿ➌÷✕þ➌ô❵■✴✍✛✯❈✂✣ü✎ý➌ø ú❧÷❏ý➓õ➙÷❏ó✻☎➑ú❧ý❆�➈÷❏ô✙ý➈ö②þ➌ô❋õ→ú❧ÿ➌ó❏÷✤☞✄ý➓ô✙û➙ó✕ô➑õ
ó❏÷❏ø➜÷❏ö→ô➑õ➙÷❏ý➈ö➲û➲÷❏ý➓õ✄✵✆✡➅ÿ➓ô➑õ➙þ➌ô❋ó❾ü✉ø✦✂✙ö✧✗➓ú➈þ➌ô✎✍
➻②ý➓ô❮ù➌û→ô✙ø➜÷☛✵✙û→ô❮ó❏÷❏ø➜÷❏ö→ô✰�➈÷✕ô✲ý➈ö þ➌ô ó❾ü ý✛✂✆☎➑ô➑õ→õ➲÷❏ö✄✂❮þ➌ô þ➢÷✕õ➲ù①ú✄õ→ô✙ûÏþ✙✕ ÿ➌ý➓ô❮ø✦✂✙ö✧✗➓ú➈þ➌ô þ➌ô❮ø ô➑õ➲ÿ➌û→ô þ➢ÿ✮❚➓ÿ✞✝

ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô✰✡➅ÿ➌÷❋õ→ú❧÷❏ö ÷❏ý➓þ✁✂✙ù❱ô✙ý➓þ➓ü✎ý➈ö→ô þ➌ô➑õ✓☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô➑õÏ÷❏ý➓þ➢÷✤�➈÷✕þ➢ÿ➓ô✙ó❏ó✕ô➑õ þ➌ô➑õ❰ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õêü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô➑õ✜✚
☎➑ú❧ø➜ø ô➙ù➆ü✎û⑤ô✴✝➌ô✙ø➜ù➌ó✕ô➙ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô➙ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✎✍ ❘ ô✆☎✙÷➆ô➑õ➲ö✹û✄✂✣ü✎ó❏÷✕õ✄✂P☞✄û✘♣❢☎➑ô❈✭④ý➓ú❧ö➲û→ô✾ö→ô✆☎✘✗➌ý➌÷☛✡➅ÿ➓ô②þ➌ô➙þ✁✂✙ö→ô✆☎✙ö➲÷✕ú❧ý➤ù➆ü✎û
ü✣ã➓õ→ú❧û➲ù➌ö➲÷✕ú❧ýêõ➲ÿ➌û✾ó❾ü✉ö➲û✫ü✎ý➓õ➲÷❏ö➲÷✕ú❧ý ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F
′ = 0, 1, 2

〉 ✍
➳④ô✙ÿ✞✝ ü✎ÿ➌ö➲û→ô➑õ óä÷❏ø➜÷❏ö→ô➑õ❰õ→ú❧ý➈ö ù➌ó❏ÿ➓õ✦✑✡ú❧ý➓þ➓ü✎ø ô✙ý➈ö✫ü✎ó✕ô➑õ❳✱⑤þ✙✕ ÿ➌ý➓ô ù➆ü✎û➲ö✜✚✹ó❾ü✐☞✄û✫ü✜�➈÷❏ö✄✂✎✚⑤ý✛✂✹☞✄ó❏÷✤☞❪✂➑ôêþ➓ü✎ý➓õ➤ö→ú❧ÿ➌ö→ô

ó✖✕ ü✎ý➆ü✎ó✤✸➢õ→ô✉ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➅ö→ô✎✚îû→ú❧ø➜ù➌ö④ó❾ü➤õ✧✸➈ø✦✂✙ö➲û➲÷✕ô❊☎✹✸➈ó❏÷❏ý➓þ➢û➲÷☛✡➅ÿ➓ô⑥þ➢ÿ ù❱ú❧ö✫ô✲ý➈ö➲÷✕ô✙ó❦☎➑ú❧ý✞✔➓ý➆ü✎ý➅ö✜✍✙➳❊✕ ü✎ÿ➌ö➲û→ô⑥ù➆ü✎û➲ö✜✚①õ➲÷❛þ➌ô➑õ
☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ❭✂✙ó❾ü❧õ➲ö➲÷☛✡➅ÿ➓ô➑õ ÷❏ý➈ö→ô✙û✧�➈÷✕ô✙ý➌ý➓ô✙ý➅öÏõ➲ÿ➌û➤ó❾ü ù①ú❧û➲ö✄✂➑ô þ✙✕ ÿ➌ý➓ô ü✎ý➈ö→ô✙ý➌ý➓ô✎✚❀ó❾ü✐✑❸û✫ü❢☎✙ö➲÷✕ú❧ý þ✙✕ ü✎ö→ú❧ø ô➑õ❭✂✹�✄ü✎ù①ú❧û✄✂➑ô
ý➓ô þ✁✂✙ù❱ô✙ý➓þ ù➆ü❧õ❰õ→ô✙ÿ➌ó✕ô✙ø ô✙ý➈ö þ➌ô➑õ✓☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô➑õ þ➓ô✙õ❰ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ❰÷❏ý➓þ➢÷✤�➈÷✕þ➢ÿ➓ô✙ó❏ó✕ô➑õÏþ➌ô➑õ ü✎ö→ú❧ø ô➑õ✜✚❀ø➤ü✎÷✕õ
✂✹☞➅ü✎ó✕ô✙ø ô✙ý➈ö✼þ➌ô➑õ✢☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ✢✡➅ÿ➌÷✇û→ô➑þ➢÷✕õ➲ö➲û➲÷♣ã➌ÿ➓ô✙ý➅ö

E
ô✙ö

L
✍

Ø❱Ù ì✎Ú✹ç②➮✁➹ ❮ ➴❼è✹➱❹➱❹➮②➹✉➴✗è✹➶✙❹íç ❮ ➹✣❐✄➮②➘ ë ❐➇➬❱➮ Ù Ï➋Û è✹➹✉➴❼è✤ì❷➮②ë ë ➘✳➬❱➶✧Ü✇Ý❑Þ Ï



t ➶ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ðï✪✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

ÿ✁�☛ÿ✁�✄✂ ß❼à❑á ➃ P ➃ á ❛❶➉✎✓②❛❅❵ ✠ ☛ ❴
❤ ÷✹ó✖✕ ú❧ý ù➌û→ô✙ý➓þ ô✙ý❂☎✙ú❧ø➜ù➓ö→ô ó❾ü❭☞✄û✫ü✜�➈÷❏ö✄✂✎✚îó✕ô ù❱ú❧ö→ô✙ý➈ö➲÷✕ô✙ó↕ü✎ÿ✛✡➅ÿ➓ô✙ó❀õ→ú❧ý➈ö➟õ→ú❧ÿ➌ø➜÷✕õ ó✕ô➑õ✉ü✎ö→ú❧ø ô➑õ➟ý✻✕ ô➑õ➲ö ù➌ó❏ÿ➓õ✠✭

õ✧✸➈ø✦✂✙ö➲û➲÷✕ô②þ➓ô➙û✄✂✹�➅ú❧ó❏ÿ➌ö➲÷✕ú❧ý✻✍❆✫✇ô②ø ú❧ø ô✙ý➅öP☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
ý✻✕ ô➑õ➲ö❀þ➌ú❧ý✛☎②ù➌ó❏ÿ➓õ❫☎➑ú❧ý➓õ→ô✙û✧�✼✂✎✍❆✫✇ô➑õ⑤ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ❀ý➓ô✼õ→ú❧ý➅ö

ù➌ó❏ÿ➓õ✒☎➑ú❧ý✞✔➓ý✛✂➑ô➑õ ô✙ý➅ö→û→ôÏþ➌ô✙ÿ✞✝ û✫ü✜✸❖ú❧ý➓õ➤ô✴✝➢ö➲û✄❥✙ø ô➑õ
rmin

ô✙ö
rmax

✚✯ø➤ü✎÷✕õ➤ô✴✝➢ù➌ó✕ú❧û→ô✙ý➈ö✜✚❀ü✎ÿ❶ã①ú❧ÿ➌ö➤þ✙✕ ÿ➌ý➨ö→ô✙ø➜ù➓õ
õ➲ÿ✞❛➤õ✫ü✎ø➜ø ô✙ý➅ö✾ó✕ú❧ý✁☞✛✚➢ö→ú❧ÿ➌ö→ô✼ó❾ü➟û✄✂✹☞✄÷✕ú❧ý þ➌ô✼ó✖✕ ô➑õ➲ù➆ü❢☎➑ô❋þ➌ô➑õ❀ù✁✗➆ü❧õ→ô➑õ➙ü❢☎✆☎➑ô➑õ→õ➲÷♣ã➌ó✕ô④þ➢ÿ✥✑♣ü✎÷❏ö✾þ➌ô✼ó❾ü❅☎➑ú❧ý➓õ→ô✙û✧�✄ü✎ö➲÷✕ú❧ýÏþ➌ô
ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô✎✍✛✫✇ô❱☎✙û➲÷❏ö✄✵✙û→ô❋þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ù❱ú❧û➲ö→ô➟ü✎ó✕ú❧û→õ➙õ→ô✙ÿ➌ó✕ô✙ø ô✙ý➅ö②õ➲ÿ➌û✾ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô

E
✚➌ô✙ö✾ý➓ú❧ýÏù➌ó❏ÿ➓õ➙õ➲ÿ➌û

E
ô✙ö

L
✍

✫✇ô ù➆ü✎û✫ü✎ø✦✵✙ö➲û→ôÏþ✁✂✙ö→ô✙û➲ø➜÷❏ý➆ü✎ý➈ö ô➑õ➲ö þ➌ú❧ý✛☎❰ó✕ô ö→ô✙ø➜ù➓õ✦☎✣ü✎û✫ü❢☎✙ö✄✂✙û➲÷✕õ➲ö➲÷☛✡➅ÿ➓ô
τ
õ➲ÿ➌û➜ó✕ô✆✡➅ÿ➓ô✙ó✾ó✕ô✓☎✣ü✎û✫ü❢☎✙ö✄✵✙û→ôÏý➓ú❧ý

☎➑ô✙ý➅ö➲û✫ü✎ó✹þ➢ÿêù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó✯ù➌û→ú➈þ➢ÿ➌÷❏ö❋õ→ô➑õ④ô✴❜îô✙ö→õ✜✍ ❤ ÷✁ó❾ü þ➢ÿ➌û✄✂➑ô⑥þ➌ô✉ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö✌✑♣ü✎÷♣ã➌ó✕ô⑥þ➌ô✹�✄ü✎ý➅ö
τ
✚①ú❧ýêù①ô✙ÿ➌ö

ý✛✂✹☞✄ó❏÷✤☞❖ô✙û❋ó✖✕ ô✴❜îô✙ö þ➌ô✉ó❾ü✥☞✄û✫ü✆�➈÷❏ö✄✂✎✚îô✙ö ü✎ù➓ù➌ó❏÷✤✡➅ÿ➆ô✲û ó✕ô➑õ④û✄✂➑õ➲ÿ➌ó❏ö✫ü✎ö→õ④ù➌û✄✂✆☎✆✂➑þ➌ô✙ý➈ö→õ✜✍ ❤ ÷⑤ü✎ÿ✐☎➑ú❧ý➈ö➲û✫ü✎÷❏û→ô⑥ó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý
þ➢ÿ➌û→ô❀ÿ➌ý⑥ö→ô✙ø➜ù➓õ✬☎➑ú❧ø➜ù➆ü✎û✫ü✣ã➌ó✕ô✢✭

τ
❉❸ú❧ÿÓ✛✔â✩✲☞✢✩★✪✶✄✲☞✢✱✶①ó✕ú❧ý✁☞❋þ➌ô✹�✄ü✎ý➈ö

τ
■✴✚✟ó✕ô❯☎✙û➲÷❏ö✄✵✙û→ô✾þ✙✕ ✂✹�❧ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ô➑õ➲ö✁ÿ➓ý❊☎✙û➲÷❏ö✄✵✙û→ô

ô✙ý✷✂✙ý➓ô✙û✧☞✄÷✕ô✎✍
q❛ú❧ÿ➌û✶✑♣ü✎÷❏û→ô⑥ÿ➌ý➓ô➤ü✎ý➆ü✎ó✤✸➢õ→ô➜õ→ô✙ø➜÷❝✳➣✡➅ÿ➆ü✎ý➈ö➲÷❏ö✫ü✎ö➲÷✤�❖ô➤þ➢ÿ❮ù➌û→ú☞ã➌ó☛✵✙ø ô✎✚✇ù➌ó❾ü☞➻➑ú❧ý➓õ●✳♣ý➓ú❧ÿ➓õ➟þ➓ü✎ý➓õ ó✕ô✩☎✣ü❧õ ú☞✘

µB0 ≫
kBT

❉✑ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó❣✗➆ü✎û➲ø ú❧ý➌÷☛✡➅ÿ➓ô ÷✕õ→ú❧ö➲û→ú❧ù❱ô ô✙ýÏó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô þ➌ô✶☞✄û✫ü✆�➈÷❏ö✄✂❵■✴✍✛✫❦✕ ô✴❜îô✙ö②þ➌ô❋ó❾ü✠☞✄û✫ü✜�➈÷❏ö✄✂ ô➑õ➲ö➙þ➌ú❧ÿ✜ã➌ó✕ô✦✱
❋✎✍✢✿✯ó❏ó✕ô þ✁✂✙ù➌ó❾ü❢☎➑ô❃�➅ô✙û→õêó✕ô❖ã➆ü❧õ ó✕ô➡ø➜÷❏ý➌÷❏ø➟ÿ➌ø þ➢ÿ ù①ú❧ö→ô✙ý➅ö➲÷✕ô✙ó❲❉❤☎➑ô✆☎✙÷ ô✙ý➅ö➲û✫ü❵➵✕ý➓ô➃✡➅ÿ➆ô➡ó✕ô✙õ❮õ➲ÿ➌û✧✑✡ü❢☎➑ô➑õ ÷✕õ→ú❀✳
✂✙ý➓ô✙û✧☞❪✂✙ö➲÷☛✡➅ÿ➓ô➑õ↕ý➓ô✌☎➑ú❧û➲û→ô➑õ➲ù①ú❧ý➓þ➌ô✙ý➅ö↕ù➌ó❏ÿ➓õ✾ü✎ÿ✞✝➤õ➲ÿ➌û●✑♣ü❢☎➑ô➑õ❀þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚✞✡➅ÿ➌÷❱õ→ú❧ý➈ö⑤ó✕ô➑õ↕õ➲ÿ➌û●✑♣ü❢☎➑ô✙õ❀÷✕õ→ú❀✳

B
✺

ù①ú❧ÿ➌û↕þ➌ô➑õ⑤ö→ô✙ø➜ù★✂✙û✫ü✎ö➲ÿ➌û→ô➑õ↕ö➲û✄✵➑õ✝ã➆ü❧õ→õ→ô➑õ❫☎➑ô✙ó❾ü❅☎➑ú❧ý➓þ➢ÿ➌÷❏öP✭➟þ➢÷❏ø➜÷❏ý➅ÿ➓ô✙û↕ó❾ü➟þ➢÷❏ø ô✙ý➓õ➲÷✕ú❧ý➌ý➆ü✎ó❏÷❏ö✄✂④þ➌ô②ó✖✕ ✂✹�✄ü✎ù❱ú❧û✫ü❵✳
ö➲÷✕ú❧ýÞ➼ ❧❢❍❵➚❤■✴✍

❩✞✍✢✿✯ó❏ó✕ô➜û→ô✙ý➓þ❮ó✕ô⑥ù➌÷☛✵✹☞❖ô➤ü✎ý➌÷✕õ→ú❧ö➲û→ú❧ù❱ô✎✍❁✏②ý ù❱ô✙ÿ➌ö ø ú❧ý➈ö→ô✙û❅✡➅ÿ➓ô⑥ó✕ô⑥û✫ü✎ù➌ù❱ú❧û➲ö✉þ➌ô➑õ❇✑✑û✘✂✹✡➅ÿ➆ô✲ý❙☎✙ô➑õ➟þ➌ô⑥ù➌÷☛✂✹☞❖ô✣ü❀☞❖ô
õ→ô✙ó✕ú❧ý

y
❉✡ü❵✝➌ô❇�➅ô✙û➲ö➲÷☛☎✣ü✎ó❨■↕ô✙ö➙õ→ô✙ó✕ú❧ý

x
�✄ü✎ÿ➌ö

νy

νx
=

√

1 −
(

gm

µb

)2

.
❉◗❬✞✍ ❬✎➾❪■

✫✆ü✉ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➟ü✎ö→ú❧ø➜÷☛✡➅ÿ➓ô❋ô➑õ➲ö②ü✎ó✕ú❧û→õ✜✚➢þ➓ü✎ý➓õ✾ó✕ô④ù➌ó❾ü✎ý
(x, y)

✚➢ÿ➌ý➓ô✶☎➑ú❧ÿ➌û✴ã❱ô þ➌ô❇✫î÷✕õ→õ✫ü❀✟✭ú❧ÿ➓õ✜✚✁✡➅ÿ➌÷①û→ô✙ø➜ù➌ó❏÷❏ö
ö→ú❧ÿ➌ö➙ó✕ô❋û→ô✆☎✙ö✫ü✎ý✁☞✄ó✕ô❱✂✙ý➓ô✙û✧☞❪✂✙ö➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö④ü❢☎✆☎➑ô➑õ→õ➲÷♣ã➌ó✕ô ô✙ýÏÿ➌ý ö→ô✙ø➜ù➓õ②þ➌ô④ó✖✕ ú❧û→þ➢û→ô➟þ➌ô

τ ∼ 1

νx − νy
∼ 1

νx

(

µb

gm

)2

.
❉◗❬✞✍ ❬✵➌❪■

q❛ú❧ÿ➌û④þ➌ô➑õ④ü✎ö→ú❧ø ô➑õ④þ➌ô 87Rb
þ➓ü✎ý➓õ |F = 1, mF = −1〉 ✚ gm/µ ≃ 30

♠❱s❀☎✙ø✷✍❖✫✇ô➟ö→ô✙ø➜ù➓õ②ù➆ü❧õ→õ✄✂ ù➆ü✎û
ÿ➌ý ü✎ö→ú❧ø ô þ➓ü✎ý➓õ④ó❾ü✥♦✣ú❧ý➓ô➜þ✻✕ ü❢☎✙ö➲÷✕ú❧ý þ✙✕ ÿ➌ý➓ô➤ü✎ý➅ö→ô✙ý➌ý➓ô✦✂✙ö✫ü✎ý➈ö þ➌ô⑥ó✖✕ ú❧û→þ➢û→ô þ➌ô

200
ø õ✜✚îú❧ý❮ý✻✕ ü✎ÿ➌û✫ü ù➆ü❧õ

þ✙✕ ô✴❜îô✙ö⑤÷❏ø➜ù①ú❧û➲ö✫ü✎ý➅ö↕þ➌ô➙ó❾ü❇☞✄û✫ü✜�➈÷❏ö✄✂②õ➲÷
τ > 1

õ✜✚❖õ→ú❧÷❏ö❈❉❸ô✙ý➤ù➌û→ô✙ý➆ü✎ý➈ö
1/νx ≃ 10

ø õ✴■✴✚➅õ➲÷
b > 300

♠❱s❀☎✙ø✷✍
➳❋ü✎ý➓õ➤ó✕ô✪☎✣ü❧õ þ✙✕ ÿ➌ý ☎➑ú❧ý✞✔➓ý➓ô✙ø ô✙ý➅ö❰ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✚❀÷❏ó②ý✻✕ ô➑õ➲ö➤ù➌ó❏ÿ➓õ➤ù①ú✄õ→õ➲÷♣ã➌ó✕ô þ➌ôêþ✁✂✹�❖ô✙ó✕ú❧ù➌ù①ô✲û❰ÿ➌ý➓ôêü✎ý➆ü✎ó✤✸➢õ→ô ü✎ÿ➓õ→õ➲÷
õ➲÷❏ø➜ù➌ó✕ô ✺ ý✛✂✣ü✎ý➌ø ú❧÷❏ý➓õ✜✚➓þ➌ô➑õ➙õ➲÷❏ø✉ÿ➌ó❾ü✎ö➲÷✕ú❧ý➓õ➙ý➅ÿ➌ø✦✂✙û➲÷☛✡➅ÿ➓ô➑õ➙ø ú❧ý➅ö➲û→ô✙ý➈ö✌✡➅ÿ➓ô④ù①ú❧ÿ➌û②þ➌ô➑õP☞✄û✫ü❧þ➢÷✕ô✙ý➅ö→õ

b > 300
♠❱s❀☎✙ø

ô✙ö↕þ➌ô➑õ❀ù❱ú❧û➲ö✄✂➑ô➑õ✾þ✙✕ ü✎ý➅ö→ô✙ý➌ý➓ô➑õ↕ö➜✸➈ù➌÷☛✡➅ÿ➓ô➑õ✜✚❖ó❾ü❱☞✄û✫ü✜�➈÷❏ö✄✂②ý✻✕ ÷❏ý✞❚➓ÿ➓ô✼ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✙ø ô✙ý➈ö↕ù➆ü❧õ↕õ➲ÿ➌û❀ó✕ô➑õ❀õ➲ù①ô✆☎✙ö➲û→ô➑õ↕þ✙✕ ✂✹�✄ü✎ù❱ú❀✳
û✫ü✎ö➲÷✕ú❧ý✻✍
❏②÷❏ý➓õ➲÷✖✚✇ó✖✕ ô✴❜îô✙ö✉þ➌ô➤ó❾ü✓☞✄û✫ü✜�➈÷❏ö✄✂ ù①ô✙ÿ➌ö✠❥✙ö➲û→ô➤ý✛✂✹☞✄ó❏÷✤☞❪✂➤ù①ú❧ÿ➌û➟ó✕ô➑õ❅☞✄û✫ü❧þ➢÷✕ô✙ý➈ö→õ✉ÿ➌ö➲÷❏ó❏÷✕õ✄✂➑õ✉ô✙ý ù➌û✫ü✎ö➲÷☛✡➅ÿ➓ô✎✚✆ù①ú❧ÿ➌û✧�➈ÿ

✡➅ÿ➓ô④ó❾ü⑥ù❱ú❧û➲ö✄✂➑ô þ➌ô❋ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô➟õ→ú❧÷❏ö➙õ➲ÿ✞❛➤õ✫ü✎ø➜ø ô✙ý➈öP✑♣ü✎÷♣ã➌ó✕ô✎✍
ÿ✁�☛ÿ✁�❬❩ ß❼à❑á ➃ P ➃ ✞ ❞ ✆❑á✻á❬✠✌✞✡✠✌✆✎✍✔✞
✯✼ú❧ÿ➓õ ü✆�➅ú❧ý➓õ❋õ➲ÿ➌ù➌ù❱ú✄õ✄✂✎✚①þ➓ü✎ý➓õ✶☎➑ô✩✡➅ÿ➌÷❛ù➌û✄✂✆☎✆✵➑þ➌ô✎✚①ó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô➜þ➌ô❊☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ❱✂✲ó❾ü❧õ➲ö➲÷☛✡➅ÿ➓ô➑õ õ➲ÿ➌û✼ó❾ü ù❱ú❧û➲ö✄✂➑ô➜þ➌ô

ó✖✕ ü✎ý➅ö→ô✙ý➌ý➓ô✎✍❆➳❋ü✎ý➓õ❫☎➑ô➑õ✣☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý➓õ✜✚➅ó✕ô✢☎✙û➲÷❏ö✄✵✙û→ô✼þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý❰ý➓ô✾ù①ú❧û➲ö→ô✌✡➅ÿ➓ô➙õ➲ÿ➌û⑤ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô➙ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô
E
ô✙ö
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Ó❄Ô☛Õ❙Ö✛×✁Ø✠Ù✁Ú➠Û❱➢✁Ü✡➝✁→➣➒❵➐✄➎❨➔➠➙✆➛
ϕ
➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔❦→➜➌✧↔✧➎◗➒✆➛✼➎➠↔❦➌✄➛❫➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛❊➏❵➌

η
➝❖➌✄➛❱➢➣➲ ➒✙▲✧↔✘➌✄➛✞➐●➌❯➏❵➌❫➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛❪↔➤⑨❤➢ ➔ ➥✜➛✞➌✧↔✣➐●➙✆➛✼➎❨➔✤➛✼➍✼➌✧↔✪⑩✹➝➌✄➎❁➌✄➛❇➓❆→➜➞✧↔✘➌✄➛✞➐➜➌✌➏❵➌✌➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛❪↔❺⑨✖➐➜➒✆→✧→➜➞✧↔❯➛✞➙✆➔✤→●↔✪⑩❵➭✁➯❁➛❘⑨✖➒②⑩✹➝✙➢ ➌❯➛✞➙✆↕❸▲✄→➜➌✢➏❵➌✌➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛❪↔❯↔✧➍✎→✣➢ ➒❫➓✎➙✆→✧➎◗➞●➌✌➏❵➌P➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌➽⑨❨↔❪➲ ➔✤➢➛✁➲ á✦➒✆➧✆➒✆➔✤➎❁➓✎➒✹↔✠➌✄➍✷➏❵➌P➓✎➌✄→✧➎◗➌✧↔❅➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔P➓✎➒✆→✠➐➜➙✆➢☛➢ ➔❝↔✧➔☛➙✜➛❪↔✪⑩✦➧✆➒✆➍✎➎

N = 3
➭✻➯❁➛❇⑨⑤▲✄⑩✹➝

N = 12
➭✻➋❙➌✧↔❱➐●➙✆➍✎→✑▲●➌✧↔❅➙✙▲✄➎◗➌✄➛✼➍✼➌✧↔↔✘➙✆➛✼➎❈➞✄➢ ➒✆→❨➥✜➔➠➌✧↔✦➌✄➎✢↕✶➙✆➛✼➎❨→➜➌✄➛✼➎✌➏❵➌✧↔❈➓❪➌✄→✧➎◗➌✧↔✩➒❵➐●➐✄→✧➍✼➌✧↔✘➭✬➋❙➌✧↔✠➎◗➌✄↕✣➓❪➞✄→➜➒✆➎➠➍✎→➜➌✧↔✩➙✙▲✄➎◗➌✄➛✼➍✼➌✧↔✌➓❪➒✆→❊➍✎➛✰➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛✼➎❈➏❵➌✧↔✌➓❪➙✆➔✤➛✼➎➠↔➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡P➓❪➌✄➍✎➧✆➌✄➛✼➎❄➦✄➎❨→➜➌P↔✧➍✎→➣➌✧↔✧➎❨➔✤↕✶➞●➌✧↔✌➏❵➌❼③☞ß➋é✮➏❵➒✆➛✼↔P➢ ➌❈➐➜➒✹↔❨⑨⑤▲✄⑩❵➭

ó✕ô ø ú❧ø ô✙ý➈ö❇☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô
L
þ➌ô➑õ②ö➲û✫ü❀✟✭ô✆☎✙ö→ú❧÷❏û→ô➑õ✼÷❏ý➓þ➢÷✤�➈÷✕þ➢ÿ➓ô✙ó❏ó✕ô➑õ✜✚❱ô✙ö②ý➓ú❧ýêõ➲ÿ➌û②ó✕ô✙ÿ➌û❈✗➌÷✕õ➲ö→ú❧÷❏û→ô✥❉❤☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ④ú❧ÿ ý➓ú❧ý❖■

ü✎ÿ✪☎➑ú❧ÿ➌û→õ➙þ➌ô❋ó❾ü✉ö➲û✫ü✜�❖ô✙û→õ✄✂➑ô þ➌ô❋ó❾ü✠♦✣ú❧ý➓ô þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✍
✿✯ý ù➌û✄✂➑õ→ô✙ý✛☎➑ôêþ➌ô✪☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ✜✚❀ú❧ý õ✜✕ ü✎ö➲ö→ô✙ý➓þ ✭❮ù①ô✙û→þ➢û→ô ù➌ó❏ÿ➓õ þ✙✕ ü✎ö→ú❧ø ô➑õ ù➆ü✎û❭✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✮✡➅ÿ✻✕ ô✙ý➨ó✕ô✙ÿ➌û

ü✣ã➓õ→ô✙ý✛☎➑ô✎✍❫✿✯ý ô✴❜îô✙ö✜✚✹ó✕ú❧û→õ➤þ✙✕ ÿ➌ý➓ô✪☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý ✂✙ó❾ü❧õ➲ö➲÷☛✡➅ÿ➓ô✎✚✹ÿ➌ý➓ôÏù➆ü✎û➲ö➲÷☛☎✙ÿ➌ó✕ôêþ➌ú❧ý➈ö➤ó✖✕ ✂✙ý➓ô✙û✧☞✄÷✕ô
E

ô✙ö➤ó✕ôÏø ú❧ø ô✙ý➅ö
☎✙÷❏ý✛✂✙ö➲÷☛✡➅ÿ➓ô

L
ý➓ô❈�❪✂✙û➲÷❝✔❱ü✎÷✕ô✙ý➈ö↕ù➆ü❧õ↕ó✕ô❈☎✙û➲÷❏ö✄✵✙û→ô❋þ✙✕ ✂✹�✄ü✎ù❱ú❧û✫ü✎ö➲÷✕ú❧ý✻✚✁�❖ú❧÷❏ö✾õ→ô➑õ✣�✄ü✎ó✕ô✙ÿ➌û→õ✾þ➌ô

E
ô✲ö

L
☎✘✗➆ü✎ý✁☞❖ô✙û✜✚➌õ➲÷❅ã➌÷✕ô✙ý

✡➅ÿ✻✕ ô✙ó❏ó✕ô❋ù❱ô✙ÿ➌öP✔➓ý➆ü✎ó✕ô✙ø ô✙ý➈ö❈❥✙ö➲û→ô❱✂✹�✄ü✎ù❱ú❧û✄✂➑ô✎✍
✯✼ú❧ÿ➓õ❰ü✆�➅ú❧ý➓õ û✄✂✣ü✎ó❏÷✕õ✄✂ ÿ➌ý➓ô õ➲÷❏ø✉ÿ➌ó❾ü✎ö➲÷✕ú❧ý rêú❧ý➅ö→ô✴✳ ❘ ü✎û➲ó✕ú➡þ➌ôÏó✖✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ô✙ý➨ù➌û✄✂➑õ→ô✙ý✛☎➑ôêþ➌ô✪☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ

ù①ú❧ÿ➌û✼ÿ➌ý✐☎✙ú❧ý✁✔➓ý➓ô✙ø ô✙ý➅ö❋ó❏÷❏ý✛✂✣ü✎÷❏û→ô✎✍★✫✇ô➑õ❇☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ❋õ→ú❧ý➅ö✼ù➌û➲÷✕õ→ô➑õ④ô✙ý❳☎➑ú❧ø➜ù➌ö→ô✉ù➆ü✎û④ó❾ü ø✦✂✙ö✧✗➓ú➅þ➌ô⑥þ➌ô✭➲❀÷❏û→þ❂➼ ❧❆❋✴➚➣✍
✫✆ü✓✔✛☞✄ÿ➌û→ô❭❬✞✍✤❋✜➽ ø ú❧ý➈ö➲û→ô➤ó✕ô➑õ✉õ➲ù①ô✆☎✙ö➲û→ô➑õ

ϕ(η)
ú☞ã➌ö→ô✙ý➈ÿ➓õ✉ó✕ú❧û→õ✄✡➅ÿ➓ô ó✕ô ý➓ú❧øÛã➌û→ô➤ø ú✜✸➅ô✙ý

N
þ➌ô✥☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ✜✚✆õ➲ÿ➌û

ó❾üÏù①ú❧û➲ö✄✂➑ô þ➌ô➤ó✖✕ ü✎ý➈ö→ô✙ý➌ý➓ô✎✚❛ô✙ý➡ó✖✕ ü✣ã➓õ→ô✙ý✛☎➑ô þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý✻✚❁�✄ü✎ÿ➌ö✩❍❂❉✑ó❏÷✤☞✄ý➓ô➑õ❊☎➑ú❧ý➈ö➲÷❏ý➅ÿ➓ô➑õ✴■✴✚✬❬❂❉❤☎✣ü✎û➲û✄✂➑õ⑥ô✙ý✮❉✡ü❪■✧■
ú❧ÿÞ❋✜❩✷❉❤☎✣ü✎û➲û✄✂➑õ②ô✙ý❂❉➈ã❖■✧■✴✍✛✫✇ú❧û→õ✄✡➅ÿ➓ô

N
ü✎ÿ✁☞✄ø ô✙ý➈ö→ô✎✚➓ó❾ü✩☎➑ú❧ÿ➌û✴ã❱ô

ϕ(ν)
þ➌ô✹�➈÷✕ô✙ý➅ö②ù➌ó❏ÿ➓õ✾ó❾ü✎û✧☞❖ô➟ô✙ö✢✡➅ÿ➓ô❋ó❾ü✠✑❸û✫ü❢☎✙ö➲÷✕ú❧ý

✂✹�✄ü✎ù①ú❧û✄✂➑ô➤ü✎ÿ✁☞✄ø ô✙ý➈ö→ô✎✍ ❘ ô✆☎✙÷⑤ù❱ô✙ÿ➌ö✉ô✙ý➅ö➲û✫ü❵➵✕ý➓ô✙û➟ÿ➌ý➓ô➤õ➲ÿ➌û→ô➑õ➲ö➲÷❏ø➤ü✎ö➲÷✕ú❧ý➡þ➌ô➜ó❾ü❰ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô➤ù➆ü✎û ù➌û✄✵➑õ➟þ➌ô✒❩✎❍✡➦
þ➓ü✎ý➓õ➙ó✕ô✶☎✣ü❧õ

N = 12
✍

✯✼ú❧ö→ú❧ý➓õ⑤ý✛✂✣ü✎ý➌ø ú❧÷❏ý➓õ❯✡➅ÿ➓ô②þ➓ü✎ý➓õ⑤ó✕ô➑õ❫☎➑ú❧ý➓þ➢÷❏ö➲÷✕ú❧ý➓õ❀ó✕ô➑õ✹ù➌ó❏ÿ➓õ✶❞✶☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➌ý➓ô✙ó❏ó✕ô➑õ✌❡✉û✄✂✣ü✎ó❏÷✕õ✄✂➑ô➑õ↕ô✴✝➢ù❖✂✙û➲÷❏ø ô✙ý➈ö✫ü✎ó✕ô✴✳
ø ô✙ý➈ö✡ê✎✚❖ó✕ô➙ý➓ú❧øÛã➌û→ô

N
ô➑õ➲ö⑤ö→ú❧ÿ✎✟✭ú❧ÿ➌û→õ❀÷❏ý✞✑◗✂✙û➲÷✕ô✙ÿ➌ûP✭❅❩✞✍✼q✯ü✎û❯☎➑ú❧ý➓õ✄✂✆✡➅ÿ➓ô✙ý➅ö✜✚➅ó✖✕ ô✴❜îô✙ö↕þ➌ô➑õ❫☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ↕õ➲ÿ➌û⑤ó❾ü❋ø ô➑õ➲ÿ➌û→ô

þ➌ô❋ö→ô✙ø➜ù❖✂✙û✫ü✎ö➲ÿ➌û→ô û✫ô✙õ➲ö✫ô④ö➲û✄✵➑õ❯✑♣ü✎÷♣ã➌ó✕ô✎✍
❏✢✔➓ý þ➌ô✥☎➑ú❧ý➈ö→ú❧ÿ➌û➲ý➓ô✙û⑥ó✕ô➑õ⑥ó❏÷äø➜÷❏ö→ô➑õ⑥÷❏ø➜ù①ú✄õ✄✂➑ô➑õ✉ù➆ü✎û⑥ó❾ü✷☞✄û✲ü✆�➈÷❏ö✄✂❰ô✙ö✉ù➆ü✎û⑥ó✕ô➑õ❊☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ✜✚✁÷❏ó✣✑♣ü✎ÿ➓þ➢û✫ü✎÷❏ö✩❥✙ö➲û→ô

☎✣ü✎ù➆ü✣ã➌ó✕ô þ➌ô þ➢÷❏ø➜÷❏ý➅ÿ➓ô✙û②ó❾ü✉ù❱ú❧û➲ö✄✂➑ô þ➌ô➑õ②ü✎ý➈ö→ô✙ý➌ý➓ô➑õ✜✍✛➻②ý➓ô④ù❱ú❧û➲ö✄✂➑ô❱✂✹☞➅ü✎ó✕ô❅✭✉ó❾ü⑥þ➢÷✕õ➲ö✫ü✎ý✛☎➑ô❋ø➤ü❵✝➢÷❏ø➤ü✎ó✕ô❋ù➆ü✎û✄☎➑ú❧ÿ➌û➲ÿ➓ô
ù①ô✙ý➓þ➓ü✎ý➅ö➜ÿ➌ý➓ô❰þ➌ô✙ø➜÷❝✳♣ù★✂✲û→÷❏ú➈þ➌ôÏþ➢ÿ ø ú❧ÿ✁�❖ô✙ø ô✙ý➈ö⑥û✲ü❧þ➢÷❾ü✎ó✾þ✙✕ ÿ➌ý ü✎ö→ú❧ø ô✎✚✹ü✆�➅ô✆☎➤ÿ➌ý➓ô❰ô✴❛✒☎✣ü❢☎✙÷❏ö✄✂ þ➌ô❳❋✜❍✎❍✡➦✥✚✯õ→ô✴✳
û✫ü✎÷❏ö✼÷✕þ✁✂✣ü✎ó✕ô✎✍❖✯❈✂✣ü✎ý➌ø ú❧÷❏ý➓õ✜✚★☎➑ô✹☎✙÷❛õ→ô✙øÛã➌ó✕ô✉þ➢÷❝❛✒☎✙÷❏ó✕ô❊✭ û✄✂✣ü✎ó❏÷✕õ→ô✙û❋ü✆�➅ô✆☎➟þ➌ô➑õ❈☎✘✗➆ü✎ø➜ù➓õ❇✂✙ó✕ô✆☎✙ö➲û→ú❧ø➤ü❀☞✄ý✛✂✙ö➲÷➠✡➅ÿ➓ô➑õ✜✍★➻②ý➓ô
ù①ú✄õ→õ➲÷♣ã➌÷❏ó❏÷❏ö✄✂✒☎➑ú❧ý➓õ➲÷✕õ➲ö→ô✙û✫ü✎÷❏ö❊✭❰ÿ➌ö➲÷❏ó❏÷✕õ→ô✙û➟ÿ➌ý➓ô ø✦✂✙ö✧✗➓ú➅þ➌ô þ✙✕ ✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý➡ù➆ü✎û❅☎➑ú❧ý➈ö✫ü❢☎✙ö⑥ü✜�❖ô✆☎ ÿ➌ý➓ô➤õ➲ÿ➌û●✑♣ü❢☎➑ô✷➼ ❧❢❩❵➚➣✍
❘ ô✙ù①ô✙ý➓þ➓ü✎ý➅ö❯☎➑ô✙ö➲ö→ô✾ø✦✂✙ö✧✗➓ú➈þ➌ô➙û→ô➑õ➲ö→ô➙ô✙ý✛☎➑ú❧û→ô❈✭❋þ✁✂✙ø ú❧ý➈ö➲û→ô✙û❀õ➲ÿ➌û✹ý➓ú❧ö➲û→ô②þ➢÷✕õ➲ù①ú✄õ➲÷äö→÷ ✑✇ô✴✝➢ù★✂✙û➲÷❏ø ô✙ý➅ö✫ü✎ó✖✍❆r❲❥✙ø ô②ü✜�➅ô✆☎

ë❱ì ❮ ➶❱ì✁➶✣➹✣➮ î❙➘ ➴❷➮②❐✄❐✄➮❫➱ ❮❃í ➮②➹✣➹✣➮ ➬❱➶❼î➈➮⑤➴ v = 60
ç②➱✖❢✤❐ ❒ ➶✣➹✣➮ ✃ ❮ ì✄➴❷➷②➮❹➬✡➪ è✹➹✩➴❷➮②➹✣➹✣➮ dant = 20

ç②➱ ➮⑤➴✎➶✣➹❨➴❼è✹➶✙❹➣➬❱➮ ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐➷②ë è✹❐✪➴❷➘ ê✉➶✣➮②❐
γ = 5

❐
−1 ❮ ➹❺è N = γ dant/v = 1,7 Ï



t ❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃✓❐✙❒ðï✪✃❪❮✜❰✛➱✖✃❭Ï✛✃❲Ð ➴✓➮✘✃✞Ñ✓➷✛Ò❆➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮

ÿ➌ý➓ô❅✂✹�✄ü✎ù①ú❧û✫ü✎ö➲÷✕ú❧ý ÷❏þ✛✂➑ü✎ó✕ô✎✚❱ó❾ü➜ø✦✂✙ö✧✗➓ú➅þ➌ô⑥þ➌ô✹�➈÷✕ô✙ý➅ö✼÷❏ý➆ü✎ù➌ù➌ó❏÷☛☎✣ü✣ã➌ó✕ô⑥õ➲÷✆ó✕ô ö✫ü✎ÿ✞✝ þ➌ô✠☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý❳✂✙ó❾ü❧õ➲ö➲÷☛✡➅ÿ➓ô➟þ➌ô✹�➈÷✕ô✙ý➈ö
þ➌ô ó✖✕ ú❧û✫þ➢û→ô❰þ➌ô ó❾ü✓✑❸û✄✂✆✡➅ÿ➓ô✙ý✛☎➑ô❰þ✙✕ ú✄õ✄☎✙÷❏ó❏ó❾ü✎ö➲÷✕ú❧ý ö➲û✫ü✎ý➓õ✧�➅ô✙û→õ→ô✭ï❢✚❄☎✣ü✎û⑥þ➓ü✎ý➓õ✩☎➑ô❭☎✣ü❧õ✉ó✖✕ ô✴❜îô✙ö➜þ➌ô➑õ❊☎➑ú❧ó❏ó❏÷✕õ➲÷✕ú❧ý➓õ➜õ➲ÿ➌û✉ó❾ü
✑❸û✫ü❢☎✙ö➲÷✕ú❧ý✪✂✹�✄ü✎ù❱ú❧û✄✂➑ô ý➓ô④ù①ô✙ÿ➌ö➙ù➌ó❏ÿ➓õ✢❥✙ö➲û→ô❋ý✛✂✹☞✄ó❏÷✤☞❪✂✎✍

ð✴æ❅➮②ë è❺➘ ➱❹✃✣ë ➘ ê✉➶✣➮⑤ì❼è✹➘ ➴✝➹✣➷✴è✹➹✣➱ ❮ ➘ ➹✣❐ ➬✡➪ è✴î ❮ ➘ ì ➶✣➹Û➴❼è✹➶✙❹✭➬❱➮➤ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐❫➮②➹❙î❙➘ ì ❮ ➹ñ❝❃❡❙❡➽é ❮ ➘ ❐ ❐✄➶✣✃✵➷⑤ì❷➘ ➮②➶❱ì❖❵➽ç②➮íê✉➶✣➮❹➹ ❮ ➶✣❐✝❐❷è✴î ❮ ➹✣❐ì❷➷✴è✹ë ➘ ❐✄➮⑤ì➇è✴î✩➮②ç✎➹ ❮ ➴✄ì❷➮✎➬❱➘ ❐✄✃ ❮ ❐✄➘ ➴❷➘ é❚➮✞❹❱✃✵➷⑤ì❷➘ ➱❹➮②➹✉➴❼è✹ë✡è✹ç⑤➴❷➶✣➮②ë Ï



✉✇✈②①④③⑥⑤✹⑦❳⑧✬⑨ ò

óõôú➁❽➆÷ö ❼✩➁➈➂ùø▼öûú ➆ ➁➅❼ üþýÿüú➀✼❷❹❸ ❾ ø✼❸ ü ❼❅❷❻➂ ❸

➭✻➌P➐●➑❪➒●➓❆➔✤➎❨→➜➌P➒❦➓✎➙✆➍✎→❖▲✄➍✎➎✙➏✛➲ ➞✄➎❨➍✼➏✆➔➠➌✄→❯➐●➙✆↕❈↕✶➌✄➛✼➎❖↔✘➙✆➛✼➎✻➒❼❻❦➌➜➐✄➎◗➞✧↔✣➢ ➌✧↔✙➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌✧↔❯➏✆➍✣➤✄➌✄➎❣➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌í⑨❤➎◗➌✄↕❈➩
➓❪➞✄→➜➒✆➎❨➍✎→➜➌✧➝✻➎◗➒✆➍❵➡✠➏❵➌❇➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛❪↔❈➞✄➢ ➒✹↔✧➎❨➔➠➟✄➍✼➌✧↔●➝❄➏❵➌✄➛❪↔✧➔✤➎◗➞❇➏❵➒✆➛❪↔P➢➣➲ ➌✧↔❤➓❪➒❵➐➜➌✶➏❵➌✧↔✬➓❪➑❪➒✹↔✘➌✧↔✪⑩❱➢ ➙✆→●↔✌➏✛➲ ➍✎➛ ✁✄✂☎✁✄✆ ✝✟✞✠✆ ✞✄✡
☛ ✝✠☞✍✌✏✎✒✑ ✓✔✝ ➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛❪➝❫➐❆➲ ➌✄↔●➎❨➩➣ä✆➩➣➏✆➔✤→➜➌❱➢ ➙✆→●↔❱➏❵➌✶➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✦➓❪➒✆→❇➍✎➛✞➌❱➒✆➛✼➎◗➌✄➛✼➛✞➌❱➏❵➌❯➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌ η

➝
↔✧➍✎➔✤➧✴➔➠➌❇➏❵➌✢➢ ➒✶→➜➌✄➢ ➒✘➡❢➒✆➎❨➔➠➙✆➛✓➏✆➍P➤✄➌✄➎❁➧✆➌✄→●↔P➢➣➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➜➌✧➝❁➧✴➔➠➒❱➢ ➌✧↔✌➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔❈➞✄➢ ➒✹↔✧➎❨➔➠➟✄➍✼➌✧↔✘➭

✕ ê✄ë ✖✄ø ï✙ð ÷ ò✩ü✌î❄ï Õ❨÷❊ø
✗✙✘✛✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯✲✱✴✳✍✚✲✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✺✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✬✮✿✯✲✱✼✚✄✤✦✱✷✤☎✪✄✵❀✘✛✱✴✳✍✚❇♥✛❁❙♥❂✘❀✪✄✪✠➼ ❩❪❧✜➚❃✧❄✳✍✮❄✪❂✾★✘✛❅✒✳✦✧✩✚✄✘✛✧✼✘
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η
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ϕ(η) = 1 −√
πη e−η .
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N ′ = Nϕ(η)
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〈E⊥〉 = N

∫∫

D
E P (E, L) dE dL .
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P (E, L)
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〈E⊥〉 = 2NkBT

(

1 − 3 + 2η

4

√
πη e−η

)

.
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E′ = 〈E⊥〉 + N ′kBT/2 .
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E′ =
5

2
N ′kBT ′ .
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✫✭✘✬✮✰✯❳✱✴✳✍✚❈✵✢✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮⑩❲◆✹✷❅☎■ ✘❀✪✸✯✏❋✔❘❵❋r✧✩✥✻✚✄✘❇✾❏■ ✳✍P✼▲☎✫✭✘✬✮✿✯✠✳✍✯✸✥★✤✦✮❤✧✩P❩✯✠✳✍P✩❝❊✧✼✘❇❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❈✳✍P❪✜✣P✼✚❳✘✬✯❈❘❉✫✭✘❀✪✸P✼✚✄✘❱✧✩P
✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯✒✹✴✘❀✪✸✯❴✥✻✫❱✱✺✤☎✪✄✪✸✥♣ã✼✾★✘☎❁

✕ ê➣é ⑦ ï✻ü✌ò❸× ò✥ó✧ü ø îq⑧Pî❯û✈× ò✥ó◗ô✣õ❯ö í❱÷ ð❀öPï Õ❨÷❊øúù î✬ö✢ñ û Õ➜ø ô❫ö Õ ð✆×
⑥❂✤✦P❄✪✛❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✄✤✦✮❄✪❱✧❄✳✍✮❄✪❇❅❀✘✬✯✸✯✄✘❚✪✄✘❀❅✬✯✸✥★✤✦✮s✾★✘❚❅✒✳✦✪✛✾✻✥✻✫❱✥✻✯✄✘❉✥✻✮✿✶◆✘✬✚✄✪✄✘❚✧✩Ps✱✼✚✄✵❀❅❀✵❀✧✼✘✬✮✿✯✒✹●❘❭✪✠✳❀✶✰✤✦✥✻✚✛❅❀✘✬✾✻P✼✥❴✧❯■ P✼✮

❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❖✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎❁❄✗✙✘✲✱✼✚✸✥✻✮❄❅✬✥✻✱✷✘❈✧✼✘❀✪❴❅✒✳✍✾★❅✬P✼✾★✪❜✘❀✪✸✯❴✾★✘✲✫✦❥✬✫✭✘❳◗✰P❄✘✲✱✼✚✄✵❀❅❀✵❀✧✼✘✬✫❱✫✭✘✬✮✿✯✒✹❄✫❉✳✍✥✻✪✒✹✼❅❀✤✦✫❱✫✭✘❳✱✷✤✦P✼✚
✾★✘❳❅✒✳✍✾★❅✬P✼✾❙✧✼✘

ϕ(η)
✮❄✤✦P❄✪✟✜❣✘✬✚✄✤✦✮❄✪❴✾❏■ ✳✍✱✼✱✼✚✄✤✒❝✩✥✻✫❉✳✍✯✸✥★✤✦✮

Tr(E, L) ≃ Tr(E, 0)
❁

å✞❾❃➹✚➴ ❮ ➶❱➴❷➮❜ì❷➘ ✐✱➶✣➮②➶❱ì ❒ ë è é ❮ ➹✣ç⑤➴❷➘ ❮ ➹ γ′/γ
è✤➴✄➴❷➮②➘ ➹✉➴☎➶✣➹✚➱➤è✡❹❱➘ ➱ ➶❱➱➅➷❱✐✩è✹ë❀❵✖❝ ❒ ❡❙❡●❝✁✃ ❮ ➶❱ì η ≃ 7 Ï❭✄➊❯➋✒❽☎➌✠➍✺➌✠➎❂❼r➏✠➌r❾✍❿✠➐❣➌✠➂✻➁★❿✠❽➣➮②➹➽è✹➹✆✐✱ë è✹➘ ❐ Ï



④✙❒❝❐ ⑧ ➮✆❰❆Ï✛✃✷Ï✟❀☛❰❃❄❿✿☎⑤✡✿❆Ð ✃✒Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄P❆✟✿✎➴❆❮❊Ð ➬♣❄❆Ò❪➴✁➬✤➱✖✃ t★◆
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η

ρ
′
/ρ

➑★➒❵➓
0,0

0,5

1,0

1,5

0 2 4 6 8

η

γ
′
/γ

➑✻➔✰➓

Ó❄Ô☛Õ❙Ö✛×✁Ø❘➒❙Ú ⑦✁Ü✝⑨✖➒②⑩❪➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✷→➜➌✄➢ ➒✆➎❨➔❝➧✜➌
ρ′/ρ

➏❵➌✶➢ ➒✩➏❵➌✄➛❪↔✧➔✤➎◗➞❱➏❵➒✆➛❪↔❈➢➣➲ ➌✧↔❤➓✎➒❵➐●➌✠➏❵➌✧↔✣➓❪➑❪➒✹↔✘➌✧↔❱➏✆➍❈➤✄➌✄➎❫➒●➓❆→➣➨✄↔✶➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛➒✆➧✆➌●➐❦➍✎➛❯➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌
η
➝❙➏❵➒✆➛❪↔❄➢ ➌❫➐➜➒✹↔✣➏✛➲ ➍✎➛✠➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✞➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✴➭✼ã✬➙✆➍✎→

η > 0,94
➢ ➒✢➏❵➌✘➛❪↔✧➔❝➎◗➞❫➏❵➒✆➛❪↔❄➢➣➲ ➌✧↔❤➓❪➒❵➐●➌❯➏❵➌✧↔➓❪➑❪➒✹↔✘➌✧↔❈➏✆➍✢➤✄➌✄➎✬➒✆➍❵➥✜↕✶➌✄➛✼➎◗➌✣➥✜→⑤➯❵➐●➌❈ä❱➢➣➲ ➞✘➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✞➭✎⑨⑤▲✄⑩❞➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✥→➜➌✄➢ ➒✆➎❨➔✤➧✆➌

γ′/γ
➏✆➍❊➎◗➒✆➍❵➡✠➏❵➌❈➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✜➛❪↔❈➞✄➢ ➒✹↔✧➎❨➔➠➟✄➍✼➌✧↔➏✆➍✦➤✄➌✄➎❇➒●➓❆→➜➨✧↔✥➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛➃➒✆➧✆➌➜➐✒➍✎➛✓➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌

η
➝✌➏❵➒✆➛❪↔✩➢ ➌✥➐●➒✹↔✒➏✛➲ ➍✎➛❃➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎P➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✴➭✣➋❙➌✩➎◗➒✆➍❵➡❲➏❵➌➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛✼↔✣➛✞➌✻➓❪➌✄➍✎➎❆➓❪➒✹↔❯➒✆➍❵➥✜↕✶➌✄➛✼➎◗➌✄→✣➒✆➍✠➐●➙✆➍✎→●↔❫➏❵➌❫➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛✝❸❙➔✤➢❵➓❪➌✄➍✎➎✻➒✆➍❱↕❈➔➠➌✄➍❵➡❈→➣➌✧↔✧➎◗➌✄→✙➓❆→➜➒✆➎❨➔➠➟✄➍✼➌✄↕✶➌✄➛✼➎❣➐➜➙✆➛❪↔✧➎◗➒✆➛✼➎↔✧➔✙➢ ➌✬➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌❈➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛✷➐●➑❪➙✆➔❝↔✧➔❁➌✧↔✧➎❣↔✧➍✹➓✎➞✄→✧➔➠➌✄➍✎→✌ä

η = 5
➭

↔ �☛ÿ✁�✄✂ ❭ ➙✔❛ ✍ ➉☎➃✗✖➊➃ ✍❚☛ñP ➃ ☛ ➃✗✖❖✑☎❴✗✓②❛ ☛ ✏❜✓②➃
✗❃■ ✵✬✮❄✘✬✚✸▲☎✥★✘❈✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘✲✯✄✤✦✯✠✳✍✾★✘❈✧✼✘❀✪

N ′ ✳✍✯✄✤✦✫✭✘❀✪❖✘❀✪✸✯❜✧✼✤✦✮✼✮❄✵❀✘❳✱✴✳✍✚

〈E⊥〉 = N

∫∫

D
E P (E, L) dE dL ≡ 3NkBTg(η) ,

✈➈ú❄❁ ❧☎①
✤☞✘

g
✘❀✪✸✯❜P✼✮❄✘❂✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❪❘❱❅✒✳✍✾★❅✬P✼✾★✘✬✚❜✮✿P✼✫✭✵✬✚✸✥★◗✰P❄✘✬✫✭✘✬✮✰✯✒✹✺✧✼✤✦✮✼✮❄✵❀✘❳✱✴✳✍✚❜✾❏■ ✥✻✮✰✯✄✵✬▲☎✚✠✳✍✾★✘❍✪✸P✼✥✻✶☎✳✍✮✿✯✄✘✾❬✭✉

g(η) =
1

6

∫ ∞

0

(

∫ η+4ℓ2/(27η2)

ℓ2/3

ε3/2e−εdε

)

dℓ .
✈➈ú❄❁ ➾◆①

✗✙✘✭✜❏✳✦❅✬✯✄✘✬P✼✚
3NkBT

✧❄✳✍✮❄✪❞✈➈ú❄❁ ❧☎①❍✳❡✵✬✯✄✵❚❅✠❆❄✤✦✥★✪✸✥②✱✷✤✦P✼✚❇◗✰P❄✘✭✾✽✳❞✜❣✤✦✮❄❅✬✯✸✥★✤✦✮
g(η)

✶✰✵✬✚✸✥❨❫✴✘
g(0) = g(∞) = 1

❁
t●✮→✘✴❜❯✘✬✯✒✹✟✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘❊✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘❩✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❊✧❄✘✬✪

N
✳✍✯✠✤✦✫✭✘✬✪❡✶☎✳✍P✼✯✡⑨

3NkBT
❁✟✗✙✘➊ã✼✥✻✾✽✳✍✮→✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘❬✪✒■ ✵❀❅✬✚✸✥✻✯

✫❉✳✍✥✻✮✿✯✄✘✬✮✴✳✍✮✰✯✛✉
E′ = 3NkBTg(η) + N ′kBT

2
=

7

2
N ′kBT ′ .

✈➈ú❄❁ ➌◆①
✗✙✘❩✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❡✮✰P✼✫✭✵✬✚✸✥★◗✰P❄✘❬✧✩P→❅✒✳✍✾★❅✬P✼✾❍✧✼✘❩✾✽✳❬✜❣✤✦✮❄❅✬✯✸✥★✤✦✮

T ′/T
✘✬✮❛✜❣✤✦✮❄❅✬✯✸✥★✤✦✮→✧✼✘

η
✘❀✪✸✯❲✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❬✪✸P✼✚❲✾✽✳

❫❄▲☎P✼✚✄✘✁ú❄❁ ❬✩❁❵⑥❂✤✦P❄✪✙✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪✙✾✽✳✟✫✦❥✬✫✭✘②✳✍✾✻✾✻P✼✚✄✘❃✧✼✘❃❅❀✤✦P✼✚✴ã✷✘❃◗✰P❄✘●✧❄✳✍✮✴✪❯✾★✘❃❅✒✳✦✪❯❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎❁❵✗✙✘●✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯
✪✄✘❲✱✼✚✄✤✰✧✩P✼✥✻✯✭✥★❅✬✥❴✱✷✤✦P✼✚

η > 1,18
❁●✗✐✳❩✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮♥✫❉✳❵❝✩✥✻✫❉✳✍✾★✘❡✧✼✘❲✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘☎✹②✧✼✘❲✾❏■ ✤✦✚✄✧✩✚✄✘❡✧✼✘✷❬☎♠✡➦❚✹●✘❀✪✸✯

✳✍✯✸✯✄✘✬✥✻✮✿✯✄✘❳✱✷✤✦P✼✚
η ≃ 2,3

❁
❛✏➣P➱ ❮ ➱❹➮②➹✉➴✎ç②➘ ➹✣➷⑤➴❷➘ ê✉➶✣➮ L ↔ ❹❱➷ ❒ ë♣➪ ➷②➹✣➮⑤ì⑤✐✱➘ ➮❹➴✄ì❼è✹➹✣❐✄î✩➮⑤ì❷❐✄➮ E

î✹è✤ì❷➘ ➮❹➮②➹✉➴✄ì❷➮
Emin ∝ L2/3

➮❼➴
Ueff(Revap) Ï ❾❃➹✭➶❱➴❷➘ ë ➘ ❐❷è✹➹✩➴❫➬❱➮②❐ç ❮✉❮ ì❼➬ ❮ ➹✣➹✣➷②➮②❐❜è✱➬❱➘ ➱❹➮②➹✣❐✄➘ ❮ ➹✣➹✣➷②➮②❐ ε

➮⑤➴
ℓ ❒ ë♣➪ ➮✞❹❱✃❱ì❷➮②❐✄❐✄➘ ❮ ➹❺➬❱➮ g(η)

➮②❐✪➴ ❫ ➘ ➮②➹❺➬ ❮ ➹✣➹✣➷②➮➇✃☞è✤ì②↕ ❣ Ï ➙✬➛❼Ï❶r➜➈ë í è✁➬❱➮②➶✙❹❹➬❱➮❱✐✹ì❷➷②❐✔➬❱➮☎ë ➘ ❫ ➮⑤ì✄➴❷➷➇ê✉➶☞è✱➬❙ì❼è✤➴❷➘ ê✉➶✣➮②❐✐↕ vx

➮⑤➴
vy ➛ ❒ ç②➮❜ê✉➶✣➘☞➬ ❮ ➹✣➹✣➮ kBT

✃☞è✤ì✔✃☞è✤ì✄➴❷➘ ç②➶✣ë ➮❜✃ ❮ ➶❱ì❅ë♣➪ ➷②➹✣➮⑤ì⑤✐✱➘ ➮➇ç②➘ ➹✣➷⑤➴❷➘ ê✉➶✣➮✼❻ë♣➪ ➷②➹✣➮⑤ì⑤✐✱➘ ➮✝✃ ❮ ➴❷➮②➹✩➴❷➘ ➮②ë ë ➮✁➱ ❮❃í ➮②➹✣➹✣➮❜î✱è✹➶❱➴❜ê✉➶☞è✹➹☞➬✖❵❫➮②ë ë ➮ 2kBT
↕♣ç✱➪ ➮②❐✪➴☎➶✣➹✚ç✴è✹❐☎✃☞è✤ì✄➴❷➘ ç②➶✣ë ➘ ➮⑤ì➇➬❱➶í➴⑤❪✣➷ ❮ ì⑤❴②➱❹➮✎➬❱➶➽î❙➘ ì❷➘ ➮②ë✢❻☞➬❱➮✎➱➤è✹➹✣➘ ❴⑤ì❷➮✃✣ë ➶✣❐❊✐✱➷②➹✣➷⑤ì❼è✹ë ➮ ❒ ➬✣è✹➹✣❐❜➶✣➹❺✃ ❮ ➴❷➮②➹✉➴❷➘ ➮②ë✜➮②➹❨ë ❮ ➘❃➬❱➮✝✃✣➶✣➘ ❐✄❐❷è✹➹✣ç⑤➮❫➬✡➪ ➮✞❹❱✃ ❮ ❐❷è✹➹✉➴ δ ❒ ➮②➹➣➬❱➘ ➱❹➮②➹✣❐✄➘ ❮ ➹ d ❒ ë♣➪ ➷②➹✣➮⑤ì⑤✐✱➘ ➮ ✃ ❮ ➴❷➮②➹✉➴❷➘ ➮②ë ë ➮ ➱ ❮❃í ➮②➹✣➹✣➮➬✡➪ ➶✣➹✣➮➇✃☞è✤ì✄➴❷➘ ç②➶✣ë ➮✎î✱è✹➶❱➴

dkBT/δ ➛❼Ï



t❙t ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

0,0

0,5

1,0

1,5

0 2 4 6 8

η

T
′
/T

Ó❄Ô☛Õ❙Ö✛×✁Ø➅➒❙Ú Ù✁Ü❇➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛Þ→➜➌✄➢ ➒✆➎❨➔✤➧✆➌
T ′/T

➏❵➌✦➢ ➒✷➎❤➌✘↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌✥➏✆➍✩➤✄➌✄➎✶➒●➓❆→➜➨✧↔✥➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛✪➓❪➒✆→✦➍✎➛✞➌✒➒✆➛✼➎◗➌✄➛✼➛✞➌✒➏❵➌➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌
η
➝❁➏❵➒✆➛❪↔P➢ ➌❈➐➜➒✹↔✌➏✛➲ ➍✎➛❭➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✻➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭❙ã✬➙✆➍✎→

η > 1,18
➢ ➒✶➎◗➌✄↕✣➓❪➞✄→➣➒✆➎❨➍✎→➜➌✌➏✆➍✢➤✄➌✄➎✬➏✆➔✤↕❈➔✤➛✼➍✼➌❫➥✜→❼➯❵➐●➌❇ä➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✞➭

↔ �☛ÿ✁�❬❩ ❶ ❛✗✓ ✠ ❛ ☛☞✠✌✆✎✍ P ➃ á ❛ P ➃ ✍✔✞✡✠ ☛ ❴ P ❛ ✍✔✞rá â✌➃ ✞ ✑✔❛✗❞✳➃ P ➃ ✞ ✑❜➙✔❛ ✞ ➃ ✞ ➃ ☛ P ✏ ☛ ❛❜✏✴❸ P ➃❖❞ ✆❑á✻á❬✠✌✞✡✠✌✆✎✍✔✞
✗✐✳❭✧✼✘✬✮❄✪✸✥✻✯✄✵❲✧❄✳✍✮❄✪✛✾❣■ ✘❀✪✸✱✴✳✦❅❀✘❲✧✼✘❀✪✛✱✼❆✴✳✦✪✄✘❀✪❍✶☎✳✍✚✸✥★✘❚✘✬✮

Φ/T 7/2 ✱✺✤✦P✼✚❇P✼✮s✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾✟✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘❉✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎❁
✗✐✳❬❫❄▲☎P✼✚✄✘ ú❄❁ ú→✈❣✳◆①✭✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘❪✾✽✳❤✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❛✚✄✘✬✾✽✳✍✯✸✥✻✶◆✘❩✧✼✘❪✧✼✘✬✮❄✪✸✥✻✯✄✵❩✧❄✳✍✮❄✪❚✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❩✧✼✘❀✪❚✱✼❆✴✳✦✪✄✘❀✪

ρ′/ρ =

ϕ(η)(T ′/T )−7/2 ✘✬✮❇✜❣✤✦✮❄❅✬✯✸✥★✤✦✮✭✧✩P❱✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❜✧❯■ ✵✬✶✦✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮ η
❁ ❤ ✥✩✾★✘✟✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❜✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❉✧✼✵✬✱✴✳✦✪✄✪✄✘

✾✽✳❍✶☎✳✍✾★✘✬P✼✚❈⑩☎✹ ❧☞➁✛✾✽✳✛✧✼✘✬✮❄✪✸✥✻✯✄✵❳✧❄✳✍✮❄✪✟✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❳✧✼✘❀✪✟✱✼❆✺✳✦✪✄✘✬✪❖✳✍P✼▲☎✫✭✘✬✮✰✯✄✘❳✾★✤✦✚✄✪❴✧✩P❡❅✬❑✩❅✬✾★✘✲✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✢✳✍✯✸✥★✤✦✮✙❁✛➻❖✮❲▲✰✳✍✥✻✮
✫❉✳❵❝✩✥✻✫❍P✼✫➝✧❯■ P✼✮❞✜❏✳✦❅✬✯✄✘✬P✼✚❜✧❄✘

1,87
✪✸P✼✚

ρ
✘❀✪✸✯❖✳✍✯✸✯✄✘✬✥✻✮✿✯❜✱✺✤✦P✼✚

η ≃ 2,85
❁

➞ P✴✳✍✮✿✯❳✳✍P❭✯✠✳✍P✩❝❭✧✼✘✛❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❂✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪✒✹✴✥✻✾✐✶☎✳✍✚✸✥★✘❍❅❀✤✦✫❱✫✭✘
Φ/T 3/2 ✧❄✳✍✮❄✪❂✾★✘❍❅✒✳✦✪❂✧❯■ P✼✮❩❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯

✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎❁✷✗✐✳✭❫❄▲☎P✼✚✄✘Ûú❄❁ ú❬✈➈ã✺①❴✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘✛✾✽✳✭✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❩✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘❇✧✩P❪✯✠✳✍P✩❝❪✧✼✘❇❅❀✤✦✾✻✾✻✥✻✪✸✥★✤✦✮❄✪
γ′/γ

✘✬✮❭✜❣✤✦✮❄❅✬✯✸✥★✤✦✮
✧✼✘

η
❁❄⑥❂✤✦P❄✪❖✤☞ã❄✪✄✘✬✚✸✶✰✤✦✮❄✪❖◗✰P❄✘☎✹❄✧✴✳✍✮❄✪❖❅❀✘❍❅✒✳✦✪✒✹❄✪✸✥

η > 3
✹❄✾★✘❳✯✠✳✍P✩❝❭✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❂✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❜✱✷✘✬P✼✯✲✳✍P✼▲☎✫✭✘✬✮✰✯✄✘✬✚

✫✭✤✰✧✼✵✬✚✄✵✬✫✭✘✬✮✿✯❚✾★✤✦✚✄✪❉✧✼✘❞✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮➟✈✣✧✼✘✪➾✡➦➠✳✍P❧✫❉✳❵❝✩✥✻✫❍P✼✫❡✹②✶✦✳✍✾★✘✬P✼✚❲✳✍✯✸✯✄✘✬✥✻✮✿✯✄✘❡✱✺✤✦P✼✚
η = 4

①✢❁ ❤ ✥❖✾❏■ ✤✦✮
❅✬P✼✫❍P✼✾★✘✲❅❀✘✬✯✸✯✄✘✲✳✍P✼▲☎✫✭✘✬✮✿✯✠✳✍✯✸✥★✤✦✮❡✳✍P❲❅❀✤✦P✼✚✄✪✟✧✼✘❂❅✬❑✩❅✢✾★✘❀✪✟✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❡✪✸P❄❅❀❅❀✘❀✪✄✪✸✥❨✜❣✪✒✹☎✾★✘❖✯✠✳✍P✩❝❉✧❄✘❖❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❢✱✷✘✬P✼✯
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P✼✯✸✥✻✾✻✥★✪✄✵

✱✺✤✦P✼✚❉✵✬✶✿✥✻✯✄✘✬✚❱✾★✘❀✪❱✱✷✘✬✚✸✯✄✘❀✪❱✱✴✳✍✚❱✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✿✯❚✧✼✘❞✪✸✱✼✥✻✮♣✮❄✘❲✱✷✘✬P✼✯✒❥✬✯✸✚✄✘❲✯✸✚✄▼❀✪❱✥✻✮✩✜❣✵✬✚✸✥★✘✬P✼✚❚✳✍P♣▲✰✳✍P❄✪✄✪✒✹●✪✄✤✦✥✻✯✒✹●✘✬✮
P✼✮✼✥✻✯✄✵❀✪✲✧✼✘❈✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘☎✹❯❘✒❬✎❬

µK
✱✷✤✦P✼✚✲✧✼✘❀✪✲✳✍✯✄✤✦✫✭✘❀✪✲✧✼✘ 87Rb

✧❄✳✍✮❄✪ ∣

∣52S1/2, F = 1, mF = −1
〉 ❁ ❘ ✘✬✾✽✳
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◗✰P✴✳✍✮✰✯✄✥✻◗✰P✴✘✦✹✼✥✻✾❯✘❀✪✸✯✟✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❳✧✼✘❳✧✩✥★✪✸✱✷✤☎✪✄✘✬✚❴✧✼✘✲✱✼✚✄✵❀✧✩✥★❅✬✯✸✥★✤✦✮❄✪❜✱✼✚✄✵❀❅✬✥★✪✄✘❀✪❴✧✼✘❀✪❴✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪❴✚✄✘✬✾✽✳✍✯✸✥✻✶◆✘❀✪❜✧✼✘
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ρ
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➤✻➧✰➦

Ó❄Ô☛Õ❙Ö✛×✁Ø❘➒❙Ú ➒❙Ü✝⑨✖➒②⑩❪➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✷→➜➌✄➢ ➒✆➎❨➔❝➧✜➌
ρ′/ρ

➏❵➌✶➢ ➒✩➏❵➌✄➛❪↔✧➔✤➎◗➞❱➏❵➒✆➛❪↔❈➢➣➲ ➌✧↔❤➓✎➒❵➐●➌✠➏❵➌✧↔✣➓❪➑❪➒✹↔✘➌✧↔❱➏✆➍❈➤✄➌✄➎❫➒●➓❆→➣➨✄↔✶➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛➒✆➧✆➌●➐✶➍✎➛✠➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η
➝✣➏❵➒✆➛❪↔❈➢ ➌❅➐➜➒✹↔❱➏✛➲ ➍✎➛✪➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✬➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭✻ã✬➙✆➍✎→

η > 1,75
➢ ➒✦➏❵➌✄➛❪↔✧➔✤➎◗➞❅➏❵➒✆➛❪↔❈➢➣➲ ➌✧↔❤➓❪➒❵➐●➌✠➏❵➌✧↔➓❪➑❪➒✹↔✘➌✧↔❈➏✆➍✢➤✄➌✄➎✬➒✆➍❵➥✜↕✶➌✄➛✼➎◗➌✣➥✜→⑤➯❵➐●➌❈ä❱➢➣➲ ➞✘➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✞➭✎⑨⑤▲✄⑩❞➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✥→➜➌✄➢ ➒✆➎❨➔✤➧✆➌

γ′/γ
➏✆➍❊➎◗➒✆➍❵➡✠➏❵➌❈➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✜➛❪↔❈➞✄➢ ➒✹↔✧➎❨➔➠➟✄➍✼➌✧↔➏✆➍❱➤✄➌✄➎❯➒●➓❆→➜➨✧↔✠➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛✐➒✆➧✆➌●➐❱➍✎➛✩➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌

η
➝❫➏❵➒✆➛❪↔✶➢ ➌✠➐●➒✹↔❅➏✛➲ ➍✎➛❲➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✣➢ ➔✤➛✞➞➜➒✆➔✤→➜➌✴➭❁ã✬➙✆➍✎→

η > 2,94
➢ ➌➎◗➒✆➍❵➡✠➏❵➌❈➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✜➛❪↔❈➒✆➍✠↔✘➌✄➔✤➛❭➏✆➍✢➤✄➌✄➎✬➒✆➍❵➥✜↕✶➌✄➛✼➎◗➌✣➥✜→⑤➯❵➐●➌❈ä❱➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✞➭

❘ ✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯ ♠❳✳✍✥✻✮
η
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ρ
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γ
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➨✐➩✴➫✿➭❀Ø☎➩✞Ö❿➒❙Ú➠Û❪Ü❬❵✣➞✧↔✧➍✎↕✶➞✌➏❵➌✧↔✣➥❀➒✆➔✤➛❪↔✢↕✶➒✘➡❵➔✤↕✶➒✆➍❵➡P➓❪➙✹↔●↔✧➔✻▲✄➢ ➌✧↔✬➓❪➙✆➍✎→P➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✥→➠➫✧➭

γ
✾★✤✦✚✄✪✄◗✰P❄✘

α = µB0/(kBT )
✳❲P✼✮❄✘❱✶☎✳✍✾★✘✬P✼✚❳❫❄✮✼✥★✘❱✮❄✤✦✮❬✮✿P✼✾✻✾★✘☎❁✙✗✙✘❱✱✼✚✸✥✻✮❄❅✬✥✻✱✷✘✭✧✼P❬❅✒✳✍✾★❅✬P✼✾❢✘❀✪✸✯❳✾★✘❱✫✦❥✬✫✭✘❉◗✰P❄✘

✧❄✳✍✮❄✪✛✾★✘❀✪✛✧✼✘✬P✩❝s✪✄✘❀❅✬✯✸✥★✤✦✮❄✪❍✱✼✚✄✵❀❅❀✵❀✧✼✘✬✮✿✯✄✘❀✪❞✉✙✥✻✾✟✪✒■ ✳✍▲☎✥❨✯❇✧❯■ ✘✴❜❯✘❀❅✬✯✸P❄✘✬✚❇P✼✮➅ã✼✥✻✾✽✳✍✮♦✵✬✮❄✘✬✚✸▲◆✵✬✯✸✥★◗✰P❄✘❲✘✬✮✰✯✸✚✄✘❉✾★✘❉✫✭✤✦✫✭✘✬✮✰✯
✪✸P✼✥✻✶☎✳✍✮✿✯✟✥✻✫❱✫✭✵❀✧✩✥✽✳✍✯✄✘✬✫✭✘✬✮✿✯❜✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹❄✘✬✯❴✾✽✳❈❫❄✮❡✧✼✘✲✾✽✳❍✚✄✘✬✾✽✳❵❝❄✳✍✯✸✥★✤✦✮❡✶◆✘✬✚✄✪✟✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎❁❄⑥❂✤✦✯✄✤✦✮❄✪❴◗✰P❄✘✲✧❄✳✍✮❄✪
✾★✘❱❅✒✳✦✪❳✤☞✘

α
✘❀✪✸✯❂❫❄✮✼✥❏✹✺✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘❱✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾✻✾★✘❱✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘❇✫✭✤✒❑✰✘✬✮✼✮❄✘✭❘❉✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❇✯✸❆❄✘✬✚✸✫❱✥★◗✰P❄✘❱✘❀✪✸✯❳✧✼✤✦✮❄✮❄✵❀✘

✱✴✳✍✚
〈U − µB0〉 = kBT

(

2 +
α2

1 + α
− α

)

.
✈➈ú❄❁✻⑩✒♠◆①

⑥❂✤✦P❄✪❳✚✄✘✬✯✸✚✄✤✦P✼✶✰✤✦✮❄✪❨ã✼✥★✘✬✮
2kBT

❘❲✾✽✳❲✾✻✥✻✫❱✥✻✯✄✘❱✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❪✈
α → 0

①✢✹✙✘✬✯
kBT

❘❲✾✽✳❲✾✻✥✻✫❱✥✻✯✄✘❱❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘❪✈
α →

∞ ①✢❁✙✗✙✤✦✚✄✪✛✧✩P❇ã✼✥✻✾✽✳✍✮s✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘☎✹✐✥✻✾②❅❀✤✦✮✿✶✿✥★✘✬✮✰✯✛✧✼✘❱✱❄✚✄✘✬✮❄✧✩✚✄✘✭▲✰✳✍✚✄✧✼✘❚✳✍P❊✜❏✳✍✥✻✯❍◗✰P✙■ ✳✍✱✼✚✄▼❀✪❍✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙✹✐✾★✘
✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘

α
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α′ = αT/T ′ ❁
✗✙✘❀✪✛✚✄✵❀✪✸P✼✾✻✯✠✳✍✯✄✪❱✤☞ã✼✯✄✘✬✮✰P❄✪❇✱✺✘✬P✼✶✰✘✬✮✰✯✩❥✬✯✸✚✄✘❞✳✍✱✼✱✼✚✄✤✰❅✠❆❄✵❀✪❇✱✴✳✍✚❇✧✼✘❀✪❍✜❣✤✦✚✸✫❍P✼✾★✘❀✪✭✳✍✮✴✳✍✾✻❑✿✯✸✥★◗✰P❄✘❀✪✒✹✐✫✭✤❵❑◆✘✬✮✼✮✴✳✍✮✿✯❇✾★✘❀✪

✫✦❥✬✫✭✘❀✪✛✳✍✱✼✱✼✚✄✤✒❝✩✥✻✫❉✳✍✯✸✥★✤✦✮❄✪✛◗✰P❄✘✭✧❄✳✍✮❄✪❈✾✻✘✭❅✒✳✍✾★❅✬P✼✾❢✧✼✘❱✾✽✳❚✜✣✚✠✳✦❅✬✯✸✥★✤✦✮❤✵✬✶☎✳✍✱✷✤✦✚✄✵❀✘
ϕ(η, α)
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❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✰✯✄✘❀✪❴✪✄✤✦✮✰✯②✯✸✚✄▼❀✪②✾★✤✦P✼✚✄✧✼✘❀✪✒❁✿t●✮❉✱✼✚✠✳✍✯✸✥★◗✰P❄✘☎✹✰✮❄✤✦P❄✪②P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❢✧✼✤✦✮❄❅❖P✼✮❉✱✼✚✄✤✦▲☎✚✠✳✍✫❱✫✭✘❖✥✻✮✩✜❣✤✦✚✸✫❉✳✍✯✸✥★◗✰P❄✘☎✹
✱✼✚✄✘✬✮✴✳✍✮✿✯❇❅❀✤✦✫❱✫✭✘❉✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❱✧❯■ ✘✬✮✰✯✸✚✄✵❀✘❚✾✽✳❞✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘
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✹✐✘✬✯❍✾✽✳
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y
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➯★➲✬➳

➯✻➵☎➳

➯✻➸✄➳

x

y

Revap

➺✙➻❀➼✒➽✩➾❵➚✏➼❀➪✔➶ ➾❵➹

Ó❄Ô☛Õ❙Ö✛×✁Ø➥➒❙Ú ➜✁Ü❜⑧❄➍✼➌✄➢ ➟✄➍✼➌✧↔❯➎❨→➜➒✖➤✄➌➜➐✘➎❤➙✆➔✤→➜➌✧↔❈➌✄➢✤➢ ➔ ➓❆➎❨➔➠➟✄➍✼➌✧↔P↔✧➍✎➔✤➧✴➔➠➌✧↔❄➓✎➒✆→❈➏❵➌✧↔✢➒✆➎◗➙✆↕✶➌✧↔✌➐●➙✆➛✹â✙➛✞➞✧↔✢➏❵➒✆➛❪↔❯➍✎➛✠➥✜➍✎➔➠➏❵➌✢↕✶➒✘➥✜➛✞➞✄➎❨➔➠➟✄➍✼➌✴➭
➘❖➛✓➐➜➙✆➛✼➎❨➔✤➛✼➍✎➍✎↕ ➏❵➌✌→➜➒✆á❵➙✆➛❪↔❇➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛✪➒✆➍✎➩➣➏❵➌✄➢ ä❊➏❵➌

Revap

➌✧↔✧➎❄➍✎➎❨➔✤➢ ➔❝↔✘➞Û⑨➠è✴➙✆➛✞➌❯➥✜→✧➔❝↔✘➞●➌✄⑩❵➭★➋✛➌✧↔✌➎❨→➣➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔❈➛✞➙✆➎◗➞➜➌✧↔
⑨✖➒②⑩❈➌✄➎❜⑨✖➐✄⑩❈➐●➙✆→✧→➜➌✧↔❤➓✎➙✆➛✞➏❵➌✄➛✼➎❣ä❈➏❵➌✧↔❫➒✆➎◗➙✆↕✶➌✧↔❯➞✄➧✆➒●➓✎➙✆→➜➞✧↔✘➭✁ç✁➌✄➍✎➢❪➢➣➲ ➒✆➎◗➙✆↕✶➌P➏❵➙✆➛✼➎★➢ ➒✢➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➣➌✢➌✧↔✧➎❖➛✞➙✆➎◗➞●➌➤⑨⑤▲✄⑩❈➌✧↔✧➎✻➐➜➙✆➛❪↔✘➌✄→✧➧✆➞✴➭
ó❄➛✥➐●➙✆↕✣➓✎➒✆→➜➌✄→➜➒❊➐➜➌✄➎❨➎◗➌P↔✧➔✤➎❨➍✼➒✆➎❨➔➠➙✆➛✥ä✠➐➜➌✄➢☛➢ ➌❈➏❵➌✌➢ ➒✣â❙➥✜➍✎→➜➌❼②❀➭ ③✜➝❣➔✤➢☛➢ ➍❢↔✧➎❨→➣➒✆➛✼➎❁➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✷ä✶➍✎➛✩↔✘➌✄➍✎➢✁→➜➒✆á❵➙✆➛✞➭
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T
✹
ρ
✘✬✯

γ
❁
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kBT

❅❀✤✦✫❱✫✭✘✬✮❄❅❀✘❇❘✩❥✬✯✸✚✄✘❈✥✻✮✩✜❣✵✢❋
✚✸✥★✘✬P✼✚❂❘
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Revap
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[Revap,∞[
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✧✼✘✉➻✒❘❜✧✼✘
Revap
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Ueff(L,Revap)
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✃r❐✼❒ ✃❏❮✙❒

Ó❄Ô☛Õ❙Ö✛×✁Ø❺➒❙Ú ➢✁Ü❚⑨✖➒②⑩✘❵✣➌◗➓❆→➣➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✠➏❵➒✆➛❪↔❄➢ ➌★➓❆➢ ➒✆➛
(L,E)

➏❵➌✧↔❄➎❨→➜➒✖➤✄➌➜➐✄➎◗➙✆➔✤→➜➌✧↔✣➏❵➌✧↔❦➒✆➎◗➙✆↕✶➌✧↔❄➛✞➙✆➛❅➞✄➧✆➒●➓❪➙✆→➣➞✧↔❹⑨➠è✴➙✆➛✞➌❣➥✜→✧➔❝↔✘➞●➌✄⑩➓❪➙✆➍✎→✌➢ ➌❈↔✘➐●➑❪➞✄↕✶➒✩➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛✷↕❈➍✎➢ ➎❨➔✤➩◗→➜➒✆á❵➙✆➛❪↔✘➭❖➋❙➌❱➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❦➌✄↔●➎❁➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✧➝✣➌✄➎❄↔✘➌✄➍✎➢ ➌❈➢ ➒✌➓❪➒✆→✧➎❨➔➠➌
L > 0

➏✆➍➓❆➢ ➒✆➛
(L,E)

➒❅➞✄➎◗➞✢→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞●➌✴➭❜⑨⑤▲✄⑩✚➝✞→➜➒❵➐✄➎❨➔➠➙✆➛❭➏✛➲ ➒✆➎◗➙✆↕✶➌✧↔✢→➜➌✧↔✧➎◗➒✆➛✼➎➠↔
ϕ(η)

➌✄➛❈➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛❭➏❵➌
η
➓❪➙✆➍✎→P➍✎➛✥➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌➣⑨❤➎❨→➜➒✆➔✤➎✛➓❆➢ ➌✄➔✤➛❙⑩✠➌✄➎❣➢ ➔✤➛✞➞●➒✆➔✤→➜➌➣⑨ ➓❪➙✆➔✤➛✼➎❨➔✤➢✤➢ ➞✧↔✪⑩❵➭

✪✸P✼✱✷✵✬✚✸✥★✘✬P✼✚②✧❄✳✍✮❄✪②❅❀✘❜✪✄❅✄❆✴✵✢✫❉✳❈✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✿◗✰P❄✘✟✮❄✤✦P✴✪②✳✍✱✼✱✷✘✬✾✻✾★✘✬✚✄✤✦✮❄✪í✥❇❰✿➉✌★✪✶✇Ï❼✢✴✛✦Ð✡✲☞✷✜◗✬✹☎✱✴✳✍✚❃✚✠✳✍✱✼✱✺✤✦✚✸✯✟❘❳❅❀✘❜◗✰P❄✘
✾❏■ ✤✦✮❭✤☞ã✼✯✸✥★✘✬✮✿✯❖✧❄✳✍✮❄✪❴✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❩❘✛P✼✮❭✪✄✘✬P✼✾❯✚✠✳❀❑✰✤✦✮✙❁

↔ �✻➷✝�❬❩ Ñ ✓②❛✗❞ ☛☞✠✌✆✎✍ ❴✜❵❚❛❜✑ ✆ ✓②❴❃➃
❘ ✤✦✫❱✫✭✘✬✮❃➻❀✤✦✮❄✪❳✱✴✳✍✚❳❅✒✳✍✾★❅✬P✼✾★✘✬✚✲✾✽✳❱✜✣✚✠✳✦❅✬✯✸✥★✤✦✮❊✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✲✚✄✘❀✪✸✯✠✳✍✮✿✯✄✪✲✘✬✮❪✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❊✧✼✘

η
❁★q❙✤✦P✼✚❳❅❀✘✬✾✽✳✩✹✺✥✻✾q✪✸P✞❛✭✯

✧❯■ ✥✻✮✿✯✄✵✬▲☎✚✄✘✬✚
P (E, L)

✪✸P✼✚❉✾★✘❭✧✼✤✦✫❉✳✍✥✻✮❄✘❪▲☎✚✸✥★✪✄✵❭✧✼✘❡✾✽✳❩❫✴▲☎P✼✚✄✘Óú❄❁ ➽❺✈❣✳◆①✢✹②◗✰P✼✥❂❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❛✳✍P✩❝❺✳✍✯✄✤✦✫✭✘❀✪❚✮❄✤✦✮
✵✬✶☎✳✍✱✷✤✦✚✄✵❀✪✒❁❯➳❳✳✍✮❄✪❲✾★✘❩❅✒✳✦✪❞✧❯■ P✼✮→❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❡❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎✹❴✾✽✳❬✜✣✚✠✳✦❅✬✯✸✥★✤✦✮⑨✧❯■ ✳✍✯✄✤✦✫✭✘❀✪❞✚✄✘❀✪✸✯✠✳✍✮✿✯✄✪❲✱✺✘✬P✼✯✷❥✬✯✸✚✄✘
❅✒✳✍✾★❅✬P✼✾★✵❀✘✛✳✍✮✴✳✍✾✻❑✿✯✸✥★◗✰P❄✘✬✫✭✘✬✮✰✯✛✉

ϕ(η) = 1 − e−2η −√
πη e−2η erf (

√
η) ,

✈➈ú❄❁✻⑩☎⑩❵①
✤☞✘❚✘✬✚✏✜✙✘❀✪✸✯❃✾✽✳❂✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❚✧❯■ ✘✬✚✸✚✄✘✬P✼✚✡❺◆❁❪➳❳✳✍✮❄✪❃✾★✘❖❅✒✳✦✪②✧❯■ P✼✮❚❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❢✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘❴✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✰✾✽✳❂✜❣✤✦✮❄❅✬✯✸✥★✤✦✮

ϕ(η)✧✼✤✦✥✻✯✌❥✬✯✸✚✄✘❈❅✒✳✍✾★❅✬P✼✾★✵❀✘❳✮✿P✼✫✭✵✬✚✸✥★◗✰P❄✘✬✫✭✘✬✮✰✯❵❁
✗✐✳❱❫❄▲☎P✼✚✄✘➣ú❄❁ ➽❪✈➈ã✺①✟✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘

ϕ(η)
✧❄✳✍✮❄✪❖✾★✘❀✪❂❅✒✳✦✪❖❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘❞✈✣❅❀✤✦P✼✚✴ã✺✘✛✘✬✮❪✯✸✚✠✳✍✥✻✯❂✱✼✾★✘✬✥✻✮✺①❜✘✬✯❖✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘

✈✇✱✷✤✦✥✻✮✰✯✸✥✻✾✻✾★✵❀✪✢①✢❁ ❘ ✤✦✫❱✫✭✘❢✳✍✯✸✯✄✘✬✮❄✧✩P❈✱✷✤✦P✼✚✐❅❀✘❃✪✄❅✄❆❄✵✬✫❉✳❴✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✒✾✽✳❢✜✣✚✠✳✦❅✬✯✸✥★✤✦✮❈✚✄✘❀✪✸✯✠✳✍✮✰✯✄✘●✯✄✘✬✮❄✧❳✶✰✘✬✚✄✪✐♠❢✾★✤✦✚✄✪✄◗✰P✴✘
η → 0

✹✩✱❄P✼✥★✪✄◗✰P✙■ ✳✍✾✻✤✦✚✠✪❴✯✄✤✦P✼✯✄✘❀✪❜✾★✘❀✪❴✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘❀✪❖✪✠✳✍✯✸✥★✪✏✜❣✤✦✮✿✯❴✾★✘❳❅✬✚✸✥✻✯✄▼✬✚✄✘❍✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁

↔ �✻➷✝�☛ÿ ❶ ❛✗✓ ✠ ❛ ☛☞✠✌✆✎✍ P ➃ ☛ ➃✗✖❖✑☎❴✗✓✴❛ ☛ ✏❜✓②➃
✗✙✘✛❅✒✳✍✾★❅✬P✼✾q✧✼✘❈✾✽✳❱✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❩✧✼✘❈✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✄P✼✚✄✘✛✧✩P❚③✏✘✬✯❜✾★✤✦✚✄✪❂✧❯■ P✼✮❩❅✬❑✩❅✬✾★✘❍✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✩❋❏✚✄✘✬✯✸❆❄✘✬✚✸✫❚✳✍✾✻✥★✪✠✳✍✯✸✥★✤☎✮

✘❀✪✸✯✛✥★✧✼✘✬✮✰✯✸✥★◗✰P❄✘❞❘❡❅❀✘✬✾✻P✼✥❢✫✭✘✬✮❄✵❚✱✼✾✻P❄✪❍❆✴✳✍P✼✯✒❁q✗✐✳❞❫❄▲☎P✼✚✄✘✧ú❄❁ ❧❞✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘❚✾✽✳❡✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮s✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘
T ′/T

✧❄✘✭✾✽✳
❽②➚■è✝é ❮ ➹✣ç⑤➴❷➘ ❮ ➹❺➮⑤ì✄é✜➮②❐✪➴❜➬❱➷ ↔ ➹✣➘ ➮➇✃☞è✤ì

erf(x) =
2√
π

∫ x

0

e−u2

du .



Ð❅❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

0,00

0,25

1,00

0,50

0,75

0 2 4 6 8
η

T
′
/T

Ó❄Ô☛Õ❙Ö✛×✁Ø ➒❙Ú✌➩✞Üs➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛ →➜➌✄➢ ➒✆➎❨➔✤➧✆➌
T ′/T

➏❵➌➃➢ ➒ ➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➜➌ ➏✆➍➃➤✄➌✄➎❳➒✆➍ ➐●➙✆➍✎→●↔➃➏✛➲ ➍✎➛⑥➐✄á❵➐✄➢ ➌ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✼➩→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎❨➔➠➙✆➛❭➌✄➛✌➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✒➏✆➍❈➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌✌➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛
η
➓❪➙✆➍✎→❫➍✎➛✦➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❖➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌❨⑨❤➎❨→➣➒✆➔✤➎✁➓❆➢ ➌✘➔❝➛❱⑩➌✄➎★➢ ➔✤➛✞➞●➒✆➔✤→➜➌➽⑨❤➎❨➔✤→➣➌✄➎➠↔✪⑩❵➭▼➱❈➒✆➛❪↔❦➢ ➌✣↔✘➐●➑❪➞✄↕✶➒✶➏✛➲ ➞✄➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✜➛✩↕❈➍✎➢ ➎❨➔✤➩◗→➣➒✆á❵➙✆➛❪↔●➝❖➢ ➌★➤✄➌✄➎★↔✧➍▼▲✄➔✤➎★➍✎➛✠→➜➌❨➫➜→➣➙✆➔➠➏✆➔✤↔●↔✘➌✄↕✶➌✄➛✼➎✁➓✎➙✆➍✎→✣➎◗➙✆➍✎➎◗➌✧↔➢ ➌✧↔P➧✆➒✆➢ ➌✄➍✎→●↔✌➏❵➌

η
➭

✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❉✧✩P❞③✏✘✬✯❈✘✬✮❩✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❬✧✼P❊✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘✭✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮
η
❁❯✗✐✳❲❅❀✤✦P✼✚✴ã✷✘✭✘✬✮❊✯✸✚✠✳✍✥✻✯❳✱✼✾★✘✬✥✻✮❤❅❀✤✦✚✸✚✄✘❀✪✏❋

✱✺✤✦✮❄✧♦❘❞P✼✮s❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯❇❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘●❦❙❅❀✘✬✾✻✾★✘❚✘✬✮❤✯✸✥✻✚✄✘✬✯✄✪❱❘❞P✼✮s❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❇✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎❁q✗✐✳❞✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮♦✧✼✘
✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❱✘❀✪✸✯✲✧✼✵❀✪✄✤✦✚✸✫❉✳✍✥★✪✲P✼✮❄✘❈✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❩✫✭✤✦✮❄✤✦✯✄✤✦✮❄✘❇✧✼✘

η
❦✷❘✭✾✽✳✭✾✻✥✻✫❱✥✻✯✄✘

η → 0
✹
T ′/T

✯✄✘✬✮❄✧❪✶✰✘✬✚✄✪
1/5✈✇✚✄✘❀✪✸✱✺✘❀❅✬✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯

1/7
①✐✧❄✳✍✮❄✪❙✾★✘✟❅✒✳✦✪❙❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘❳✈✇✚✠✘✬✪✸✱✷✘❀❅✬✯✸✥✻✶◆✘✬✫✭✘✬✮✿✯●✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❵①✢❁ ❘ ✘❀❅✬✥✼✪✒■ ✥✻✮✿✯✄✘✬✚✸✱✼✚✄▼✬✯✄✘✟✯✸✚✄▼❀✪q✪✸✥✻✫❇❋

✱✼✾★✘✬✫✭✘✬✮✰✯❇✉✺❘❱✯✸✚✄▼❀✪íã✴✳✦✪
η
✹✴✪✄✘✬P✼✾★✪❖✪✸P✜ã❄✪✸✥★✪✸✯✄✘✬✮✿✯✲✳✍✱✼✚✄▼❀✪❖✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❊✧✼✘❀✪❂✳✍✯✄✤✦✫✭✘❀✪✲✧✼✤✦✮✰✯❖✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘✛✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘

✘❀✪✸✯✟◗✰P✴✳✦✪✸✥❨❋❏✮✿P✼✾✻✾★✘●❦✿✱✴✳✍✚❴❅❀✤✦✮❄✪✄✵❀◗✰P❄✘✬✮✰✯✒✹✩✪✄✘✬P✼✾★✘❂✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘✲✾✻✤✦✮❄▲☎✥❨✯✄P❄✧✩✥✻✮✴✳✍✾★✘❳❅❀✤✦✮✰✯✄✚✸✥♣ã✼P❄✘❳❘❍✾✽✳❈✶☎✳✍✾★✘✬P✼✚❴✧✼✘
T ′ ❁❆➳❳✳✍✮❄✪❢✾★✘

❅✒✳✦✪❜✧❯■ P✼✮❭❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯❖❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎✹✼✾★✘❺ã✼✥✻✾✽✳✍✮❭✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘❍✪✒■ ✵❀❅✬✚✸✥✻✯❜✧✼✤✦✮❄❅❳✯✄✤✦P✼✯❖✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯

N ′ kBT

2
= N ′ 5kBT ′

2
,

✈➈ú❄❁✻⑩✜❩◆①
✧❯■ ✤☞✘❡✾★✘✲✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❂✳✍✮✼✮❄✤✦✮❄❅❀✵☎❁

↔ �✻➷✝�✌↔ ↕ ❛ ✠➈✍✔✞ ➃ ✍ P ➃ ✍✔✞✡✠ ☛ ❴ P ❛ ✍✔✞ á â✌➃ ✞ ✑✔❛✗❞✳➃ P ➃ ✞ ✑❜➙✔❛ ✞ ➃ ✞ ➃ ☛ ➃ ✍ ☛ ❛❜✏✺❸ P ➃❖❞ ✆❑á✻á❬✠✌✞✡✠ ✆✎✍✔✞
❘ ✤✦✮✼✮✴✳✍✥★✪✄✪✠✳✍✮✿✯q✾★✘❀✪✐✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❄✪

ϕ
✘✬✯

T ′/T
✹✍✥✻✾✼✘❀✪✸✯❙✥✻✫❱✫✭✵❀✧✩✥✽✳✍✯❃✧✼✘✟❅✒✳✍✾★❅✬P✼✾★✘✬✚●✾★✘❀✪❙✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪q✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘❀✪

ρ′/ρ
✧✼✘

✾✽✳❍✧✼✘✬✮❄✪✸✥✻✯✄✵❂✧❄✳✍✮❄✪②✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✲✧✼✘❀✪②✱✼❆✴✳✦✪✄✘❀✪✟✘✬✯
γ′/γ

✧✩P❚✯✠✳✍P✩❝❚✧✼✘❂❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❴✳✍P❚❅❀✤✦P✼✚✄✪✟✧✩P❲❅✬❑✩❅✬✾★✘❂✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁
✗✐✳❪✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮♥✚✄✘✬✾✽✳✍✯✸✥✻✶◆✘

ρ′/ρ
✘❀✪✸✯❇✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❀✘❡✘✬✮♦✜❣✤✦✮❄❅✬✯✸✥★✤✦✮♥✧✼✘

η
✪✸P✼✚❇✾✽✳❭❫❄▲☎P✼✚✄✘❘ú❄❁ ➾♣✈❣✳◆①✢❁●✗✙✘❀✪❱▲✰✳✍✥✻✮❄✪

✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❀✪q✘✬✮❇✧❄✘✢✮✴✪✸✥❨✯✠✵❢✧❄✳✍✮❄✪❙✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✟✧✼✘❀✪❙✱✼❆✴✳✦✪✄✘❀✪❙✪✄✤✦✮✿✯q✪✸✥✻▲☎✮✼✥❨❫✴❅✒✳✍✯✸✥✻✶✰✘✢✫✭✘✬✮✿✯●✱✼✾✻P❄✪q✵✬✾★✘✬✶◆✵❀✪q◗✰P❄✘❢✧❄✳✍✮❄✪❙✾★✘❢✪✄❅✠❆❄✵✬✫❉✳
✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❭❘❈P✼✮❲✪✄✘✬P✼✾✺✚✠✳✒❑◆✤✦✮✙❁❆➳❳✳✍✮✴✪②✾★✘❂❅✒✳✦✪✟✧❯■ P✼✮❞❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❴✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✿✾★✘❖▲✰✳✍✥✻✮❲✫❉✳❵❝✩✥✻✫❉✳✍✾❯✘✬✮❲✧✼✘✬✮❄✪✸✥✻✯✄✵
✧❄✳✍✮❄✪❈✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❉✧✼✘❀✪❈✱✼❆✴✳✦✪✄✘❀✪❍✘❀✪✸✯❍✧✼✘✥❬✩✹ ú❡✱✷✤✦P✼✚

η ≃ 1,2
❁✻qq✤✦P✼✚✛❅❀✘✬✯✸✯✄✘✭✶☎✳✍✾★✘✬P✼✚❍✧✼✘

η
✹❯✾★✘✭✯✠✳✍P✩❝❬✧✼✘✭❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪

✧✼✵❀❅✬✚✄✤❀➵★✯❂✮❄✵✒✳✍✮✼✫✭✤✦✥✻✮❄✪✲✪✸✥✻▲☎✮✼✥❨❫✴❅✒✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯✒✹✷❅❀✤✦✫❱✫✭✘❍✾★✘❍✫✭✤✦✮✰✯✸✚✄✘❍✾✽✳❇❫❄▲☎P✼✚✄✘➣ú❄❁ ➾❪✈➈ã✺①✢❁❙qq✤✦P✼✚✲◗✰P✙■ ✥✻✾q✳✍P✼▲☎✫✭✘✬✮✿✯✄✘☎✹✴✥✻✾
✜❏✳✍P✼✯❈✵✬✶☎✳✍✱✷✤✦✚✄✘✬✚✛❘

η > 2,5
❁✙qq✤✦P✼✚

η = 2,5
✹✷✾★✘❱▲✰✳✍✥✻✮❬✘✬✮❤✧✼✘✬✮❄✪✸✥✻✯✄✵✭✧❄✳✍✮❄✪❳✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✭✧✼✘❀✪❳✱✼❆✴✳✦✪✄✘❀✪❳✶☎✳✍P✼✯✠❩✩✹ ➽❊✈❣❘

❅❀✤✦✫❱✱✴✳✍✚✄✘✬✚❖❘❚⑩☎✹ ➾✎➽✛✧❄✳✍✮❄✪✟✾★✘✲❅✒✳✦✪❴✧✼✘❂✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❪❘❈P✼✮❞✪✄✘✬P✼✾✷✚✠✳✒❑◆✤✦✮✺①✢❁✜➛❖✘✬✫❉✳✍✚✄◗✰P❄✤✦✮❄✪❴◗✰P❄✘❖✱✷✤✦P✼✚✟✾★✘✲❅✒✳✦✪❴✧❯■ P✼✮
❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯✭❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎✹q✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮♣✫✛P✼✾✻✯✸✥❨❋❏✚✠✳❀❑✰✤✦✮❄✪❱✮❄✘❚✫✭✤✰✧✩✥❨❫✴✘❲✱✴✳✦✪❱✧✼✘❚✫❉✳✍✮✼✥★▼✬✚✄✘❡✳✍✱✼✱✼✚✄✵❀❅✬✥✽✳✣ã✼✾★✘❲✾★✘
✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❃◗✰P❄✘②✮✴✤✦P❄✪❃✳❀✶✿✥★✤✦✮❄✪●✤☞ã✼✯✄✘✬✮✿P❇✱❄✾❨P✴✪q❆✴✳✍P✼✯✒✹☎❘❂✪✠✳✒✶◆✤✦✥✻✚●◗✰P❄✘❢✾★✘❢✯✠✳✍P✩❝❇✧✼✘✟❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪●✮❄✘❢✱✷✘✢P❄✯q✱✼✚✠✳✍✯✸✥★◗✰P❄✘✬✫✭✘✬✮✿✯
✱✴✳✦✪❖✳✍P✼▲☎✫✭✘✬✮✿✯✄✘✬✚✒✹✴❅❀✘❳◗✰P✼✥❯✚✄✘✬✮❄✧❞✥✻✫❱✱✷✤☎✪✄✪✸✥♣ã✼✾★✘❳✾❏■ ✘✬✫➣ã✴✳✍✾✻✾★✘✬✫✭✘✬✮✿✯❂✧✩P❡✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯❖✱✴✳✍✚❜✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁
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Ò✻Õ✰Ô

Ó❄Ô☛Õ❙Ö✛×✁Ø➥➒❙Ú Ñ✁Ü☎⑨✖➒②⑩❲➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✒→➣➌✘➢ ➒✆➎➠➔✤➧✆➌
ρ′/ρ

➏❵➌P➢ ➒❱➏❵➌✄➛❪↔✧➔✤➎◗➞✌➏❵➒✆➛❪↔❯➢➣➲ ➌✧↔❤➓❪➒❵➐➜➌❇➏❵➌✧↔❁➓❪➑❪➒✹↔✘➌✧↔✌➏✆➍❯➤✄➌✄➎❁➒✆➍✦➐●➙✆➍✎→●↔P➏✛➲ ➍✎➛✥➐✄á❵➐✄➢ ➌➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✼➩◗→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔✤↔✘➒✆➎❨➔➠➙✆➛✓➌✄➛❈➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✥➏✆➍❈➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌❈➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛
η
➓✎➙✆➍✎→P➍✎➛✒➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❖➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌

⑨❤➎❨→➜➒✆➔✤➎❖➓❆➢ ➌✄➔✤➛❙⑩❊➌✄➎❁➢ ➔✤➛✞➞●➒✆➔✤→➜➌Û⑨❤➎❨➔✤→➜➌✄➎➠↔✪⑩✹➝❄➏❵➒✆➛❪↔✌➢ ➌❇➐●➒✹↔❈➏❵➌❈➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✓↕❈➍✎➢ ➎❨➔✤➩◗→➜➒✆á❵➙✆➛❪↔✘➭➇⑨⑤▲✄⑩❡➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛❭→➜➌✄➢ ➒✆➎❨➔✤➧✆➌
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✧✩P❚③✏✘✢✯❵❁✴✗✙✘❍❅✒✳✍✾★❅✬P✼✾❏✹✺✪✸✥✻✫❱✥✻✾✽✳✍✥✻✚✄✘❇✳✍P✩❝❡✱✼✚✄✵❀❅❀✵❀✧✼✘✬✮✿✯✄✪✒✹✴✫✭✤✦✮✿✯✸✚✄✘❲✈✽❫❄▲☎P✼✚✄✘➣ú❄❁ ➌◆①❜◗✰P❄✘❈✾✽✳❱✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❊✧✼✘❈✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘
✱✷✘✬P✼✯✭✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘ ú✵ú■➦Ø✱✷✤✦P✼✚

η ≃ 4,1
❁ ❘ ✤✦✮✼✮✴✳✍✥★✪✄✪✠✳✍✮✿✯❇✾★✘❀✪✛✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❄✪

ϕ
✘✬✯

T ′/T
✹❙✥✻✾❴✘❀✪✸✯❍✜❏✳✦❅✬✥✻✾★✘❲✧❯■ ✤☞ã✼✯✄✘✬✮✼✥✻✚

✾★✘❀✪❖✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪❂✚✄✘✬✾✽✳✍✯✸✥✻✶◆✘❀✪❂✧✼✘✛✧✼✘✬✮❄✪✸✥✻✯✄✵❍✧❄✳✍✮❄✪❖✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❖✱✼❆✴✳✦✪✄✘❀✪❂✘✬✯❂✧✼✘❈✯✠✳✍P✩❝❭✧✼✘❍❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒✹✴✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❀✘❀✪
✪✸P✼✚❍✾✽✳❞❫❄▲☎P✼✚✄✘✧ú❄❁✻⑩✒♠✩❁❙✗✙✘✭▲✰✳✍✥✻✮s✫❉✳❵❝✩✥✻✫❉✳✍✾✟✧❄✳✍✮❄✪✛✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❚✧✼✘❀✪❍✱✼❆✴✳✦✪✄✘❀✪✛✘❀✪✸✯✛✧✼✘❭❩✩✹ ➽❡✪✠✳✍✮❄✪❍✱✺✘✬✚✸✯✠✘❉✘✬✮s✯✠✳✍P✩❝❤✧✼✘
❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✙❦✰❅❀✘❜✧✼✘✬✚✸✮❄✥✻✘✬✚❢✱✺✘✬P✼✯②✫✦❥✬✫✭✘❂✳✍P✼▲☎✫✭✘✬✮✿✯✄✘✬✚❢✱✴✳✍✚❃✱✼✚✄▼❀✪②✧✼✘❍⑩❙➁✡➦Ù✱✺✤✦P✼✚❢✧✼✘❀✪❃✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪✟✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❄✪
✪✸P✞❛❉✪✠✳✍✫❱✫✭✘✬✮✿✯❖✵✬✾★✘✬✶✰✵❀✪✡ê❱✈

η ∼ 10
①✢❁

Ø ❷ ➪ è✹➶❱➴❼è✹➹✉➴❚✃✣ë ➶✣❐❃ê✉➶ø➪ ➘ ë❱➮②❐✪➴❚➹✣➷②ç②➮②❐✄❐❷è✹➘ ì❷➮❜➬❱➮✔❐②➪ è✹❐✄❐✄➶❱ì❷➮⑤ì✗ê✉➶ø➪ è✹➶✣ç②➶✣➹❱➮✗➬❱➮②❐✜é ì❷➷✴ê✉➶✣➮②➹✣ç②➮②❐❃➶❱➴❷➘ ë ➘ ❐✄➷②➮②❐❚➹✣➮✟➬ ❮ ➹✣➹✣➮✔ë ➘ ➮②➶Ð❵➇➶✣➹✣➮❅ì❷➷②❐ ❮ ➹☞è✹➹✣ç②➮✃☞è✤ì☎ç ❮ ➶✣✃✣ë è✑✐✱➮✁è✱➶✛✐✱➶✣➘ ➬❱➮✎➱➤è✑✐✱➹✣➷⑤➴❷➘ ê✉➶✣➮ Ïë✔Ú è✹✃✣✃✵➮②ë ❮ ➹✣❐❚ê✉➶✣➮✔ë è✎➬❱➷ ↔ ➹✣➘ ➴❷➘ ❮ ➹❫è✱➬ ❮ ✃❱➴❷➷②➮✟➬✣è✹➹✣❐❃ë♣➪ ➷✴ê✉➶☞è✤➴❷➘ ❮ ➹✲↕★Û Ï Û✬Ü ➛ ✃ ❮ ➶❱ì η
➬✣è✹➹✣❐❃ë ➮✗ç✴è✹❐❃➱❹➘ ç⑤ì ❮ ➀ ❮ ➹☞➬❱➮ ❒ ➮⑤❐✪➴❃➴❷➮②ë ë ➮☎ê✉➶ø➪ ➷②î✱è✹✃ ❮ ì❷➮⑤ì❵➤➶✣➹❺✃☞è✤ì❼è✹➱❼❴❼➴✄ì❷➮

η
è✴î✩➮②ç ➬❱➮②❐ ❮ ➹☞➬❱➮②❐✰❪ í ✃✵➮⑤ì✸➀❬é ì❷➷✴ê✉➶✣➮②➹✣ç②➮②❐✟ì❷➮②î❙➘ ➮②➹☞➬❙ì❼è✹➘ ➴❑❵➤➷②î✱è✹✃ ❮ ì❷➮⑤ì✎è✴î✩➮②ç✁➴✄ì ❮ ➘ ❐✁è✹➹✉➴❷➮⑤➹✣➹✣➮②❐❜ì✄é❚❐✄➶✣✃✵➮⑤ì❷✃ ❮ ❐✄➷②➮②❐ ❒ ➬❱➮✃☞è✤ì❼è✹➱Ð❴⑤➴✄ì❷➮②❐

η ❒ η/2 ❒ ➮⑤➴ η/3 Ï



Ð❃➍ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

0,0

0,5

1,0

1,5

0 2 4 6 8 10 12 14

η

T
′
/T

Ó❄Ô☛Õ❙Ö✛×✁Ø➣➒❙Ú Ù✁Üq➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛❊→➣➌✄➢ ➒✆➎❨➔✤➧✆➌
T ′/T

➏❵➌✣➢ ➒✌➎❤➌✘↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌❫➏✆➍✣➤✄➌✄➎✙➒✆➍✠➐●➙✆➍✎→●↔✣➏✛➲ ➍✎➛✩➐✄á❵➐✄➢ ➌❯➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛❊↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌↔✧➍✎➔✤➧✴➔➠➌❈➏❵➌✌→➣➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎❨➔➠➙✜➛❪➝❄➌✄➛❇➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛❭➏✆➍❇➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌❇➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛
η
➝✁➓✎➙✆➍✎→✢➍✎➛✒➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➢ ➔✤➛✞➞●➒✆➔✤→➣➌✹➭

0
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0 2 4 6 8 10 12 14

η

ρ
′
/ρ

ÝrÞ✩ß

0,0

0,5

1,0

1,5

0 2 4 6 8 10 12 14

Ý❣à❯ß

η

γ
′
/γ

Ó❄Ô☛Õ❙Ö✛×✁Ø✧➒❙Ú➠Û❙ñ✛Ü❜⑨✖➒②⑩❞➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✥→➣➌✄➢ ➒✆➎❨➔✤➧✆➌
ρ′/ρ

➏❵➌✢➢ ➒❅➏❵➌✄➛❪↔✧➔✤➎◗➞❈➏❵➒✆➛❪↔P➢➣➲ ➌✧↔❤➓❪➒❵➐●➌✶➏❵➌✧↔❄➓❪➑❪➒✹↔✘➌✧↔❈➏✆➍P➤✄➌✄➎✬➒●➓❆→➜➨✧↔❈➞✄➧✆➒●➓❪➙✆→➣➒✆➎❨➔➠➙✜➛➒✆➧✆➌●➐P➍✎➛❈➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η
➝❣➏❵➒✆➛❪↔❫➢ ➌✢➐●➒✹↔✢➏✛➲ ➍✎➛✒➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✙➢ ➔✤➛✞➞●➒✆➔✤→➜➌✧➝✁➓❪➙✆➍✎→❫➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✦↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌✴➭❜⑨⑤▲✄⑩❚➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛→➜➌✄➢ ➒✆➎❨➔✤➧✆➌

γ′/γ
➏✆➍❭➎◗➒✆➍❵➡✒➏❵➌❅➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔✠➞✄➢ ➒✹↔✧➎❨➔➠➟✄➍✼➌✧↔❱➏✆➍✶➤✄➌✄➎❯➒●➓❆→➜➨✧↔❅➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✐➒✆➧✆➌➜➐❱➍✎➛✩➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌

η
➝✣➏❵➒✆➛❪↔✶➢ ➌❅➐●➒✹↔➏✛➲ ➍✎➛❭➐➜➙✆➛✹â✙➛✁➌✄↕✶➌✄➛✼➎✻➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭



④✙❒❨á â❬❄✰ã❣❰❆✃✳❄■✿✎✃✓Ï✛✃✪Ð❬❀ ✃✵❾❿✿✎➴■✿✼➬ ➮✘Ò✒Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄ Ð ▼

Ueff(L,Revap)

E

Emin(L)

L

ηkBT

D
′

D

Ó❄Ô☛Õ❙Ö✛×✁Ø ➒❙Ú➠Û❪Û❪Ü❑❵✣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✦➥✜→➣➒●➓❪➑❢➔➠➟✄➍✼➌❅➏❵➒✆➛❪↔✢➢ ➌✣➓❆➢ ➒✆➛
(L,E)

➏❵➌✧↔❇➏❵➙✆↕✶➒✆➔✤➛✞➌✧↔✶➏✛➲ ➔✤➛✼➎◗➞❨➥✜→➜➒✆➎❨➔➠➙✆➛
D
➌✄➎

D′ ➍✎➎❨➔✤➢ ➔❝↔✘➞✧↔➓❪➙✆➍✎→✦➢ ➌❭➐●➒✆➢ ➐✄➍✎➢❯➏✆➍❲➥❀➒✆➔✤➛➃➌✄➛❃➏❵➌✄➛❪↔✧➔✤➎◗➞❭➏❵➒✆➛❪↔✦➢➣➲ ➌✧↔❤➓❪➒❵➐●➌✓➏❵➌✧↔✶➓❪➑❪➒✹↔✘➌✧↔❭➌✄➛✓➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛➃➏❵➌✒➢➣➲ ➌✈④❲➐●➒❵➐✄➔✤➎◗➞
∆
➏❵➌✒➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛✞➭

↔ �✻➷✝�★ä ❭➽✆✎✍ ❞ á ✏ ✞✡✠ ✆✎✍
✗✙✘✟✪✄❅✠❆❄✵✬✫❉✳❂✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❱✫✛P✼✾✻✯✸✥❨❋❏✚✠✳❀❑✰✤✦✮❄✪❃✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❃✧✼✤✦✮❄❅✟❅❀✤✦✫❱✫✭✘❢P✼✮❄✘✟✪✄✤✦✾✻P✼✯✸✥★✤✦✮❱✧✼✘✟❅✄❆❄✤✦✥❨❝✛✱✺✤✦P✼✚q✫❉✳❵❝✩✥❨❋

✫❱✥★✪✄✘✬✚❃✾★✘❴▲✰✳✍✥✻✮❉✧❄✳✍✮❄✪❃✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❜✧✼✘❀✪❃✱✼❆✴✳✦✪✄✘❀✪②❘❳❅✄❆✴✳✦◗✰P❄✘❴✱✴✳✦✪✄✪✠✳✍▲◆✘❴✱✴✳✍✚❃P✼✮❄✘P♦✒✤✦✮❄✘❜✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁✰t●✮❉✱✼✚✠✳✍✯✸✥★◗✰P❄✘☎✹
✱✷✤✦P✼✚❜P✼✮❭❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯❖✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✴✾❣■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❪✫❱✥✻❅✬✚✄✤✍❋r✤✦✮✴✧✼✘☎✹✺✳✒✶◆✘❀❅❈✪✄✘❀✪❴✯✸✚✄✤✦✥★✪❜✚✠✳✒❑◆✤✦✮❄✪❖✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✷✳✍✱✩❋
✱✴✳✍✚✠✳❵➵★✯❖❅❀✤✦✫❱✫✭✘❈P✼✮❄✘✲✚✄✵✒✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❭✱✴✳✍✚✸✯✸✥★❅✬P✼✾✻✥★▼✬✚✄✘✬✫✭✘✬✮✿✯❂✪✸✥✻✫❱✱✼✾★✘❈✧✼✘❈❅❀✘❳✪✄❅✠❆❄✵✬✫❉✳❱✧❯■ ✵✢✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁
✕ êrå ✖✄ø❴æ ü❼× ø î❑× ò❸× û✄ó✸×②ç î✬ö✌î Õ ï✛ô ò✥ó◗ô✣õ❯ö í❱÷ ð❀öPï Õ❨÷❊ø

è☎P❄✪✄◗✰P✙■ ✥★❅✬✥❏✹✐✱✷✤✦P✼✚❇❅✒✳✍✾★❅✬P✼✾★✘✬✚❇✾★✘❀✪❍✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪❇✧✼✘✩❚❄P✩❝❯✹✐✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✠✘☎✹❙✯✠✳✍P✩❝❤✧✼✘❚❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❇✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪✛✘✬✯
✧✼✘✬✮❄✪✸✥✻✯✄✵✛✧❄✳✍✮❄✪❖✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✒✹❄✮❄✤✦P❄✪✲✳✒✶◆✤✦✮❄✪❂❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✄✵❇◗✰P❄✘❈✾❏■ ✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵❇✧❯■ P✼✮❄✘❇✳✍✮✰✯✠✘✢✮❄✮❄✘✛✵✬✯✠✳✍✥✻✯✲✵✬▲✰✳✍✾★✘
❘s⑩✒♠☎♠✡➦❚❁●⑥❂✵✒✳✍✮✼✫✭✤✦✥✻✮❄✪✒✹❃✳✒❑✰✳✍✮✿✯❱✘✬✮♦✶✿P❄✘❚✾✽✳❪✫❱✥★✪✄✘❲✘✬✮➃➺✲P✼✶✿✚✄✘❲✱✼✚✠✳✍✯✸✥★◗✰P❄✘❞✧✼✘❚✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙✹●✥✻✾❴✘❀✪✸✯❇✾★✵✬▲☎✥✻✯✸✥✻✫✭✘
✧❯■ ✵✬✶☎✳✍✾✻P❄✘✬✚❜✾❏■ ✥✻✮✞❚❄P❄✘✬✮❄❅❀✘❍✧❯■ P✼✮❄✘❈✵✬✶✰✘✬✮✰✯✸P✴✘✢✾✻✾★✘❈✥✻✫❱✱✺✘✬✚✏✜❣✘❀❅✬✯✸✥★✤✦✮❪✧✼✘❳✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁
↔ �★ä✁�✄✂ ➬ ✆❑P ❴ á❬✠✌✞ ❛ ☛☞✠✌✆✎✍ ❛ P☎✆ ✑ ☛ ❴❃➃

⑥❂✤✦P❄✪❃✫✭✤✰✧✼✵✬✾✻✥★✪✄✤✦✮❄✪②✾❏■ ✘✘❛❉❅✒✳✦❅✬✥✻✯✄✵❖✱✴✳✍✚✸✯✸✥★✘✬✾✻✾★✘❖✧✼✘❴✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘❜✱✴✳✍✚❃P✼✮✭✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✠✘
∆
❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✠✳✍✮✰✯❢✾✽✳✲✱✼✚✄✤☞ã✴✳❵❋

ã✼✥✻✾✻✥✻✯✄✵❈◗✰P✙■ ✳❍P✼✮❭✳✍✯✄✤✦✫✭✘❳✶◆✵✬✚✸✥❨❫✺✳✍✮✿✯❴✾★✘❳❅✬✚✸✥✻✯✄▼✬✚✄✘❈✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❪✧❯■ ❥✬✯✸✚✄✘❳✘✴❜❯✘❀❅✬✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❖✵✬✶☎✳✍✱✷✤✦✚✄✵☎❁✁➻❖✮❄✘❈✳✍✮✰✯✄✘✬✮✼✮❄✘
✱✴✳✍✚✏✜❏✳✍✥✻✯✄✘✬✫✭✘✬✮✿✯❱✘✴❛❉❅✒✳✦❅❀✘❲✘❀✪✸✯❇✧✼✤✦✮❄❅❚❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✄✵❀✘❲✱✴✳✍✚

∆ = 1
❁❙✗✙✘❚❅✒✳✦✪✛✾✻✥✻✫❱✥✻✯✄✘

∆ = 0
❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧♣❘❡P✼✮❄✘

✥✻✮❄✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵❈✯✄✤✦✯✠✳✍✾★✘❈✧✼✘❳✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘☎❁
✺r✾❯✘❀✪✸✯❹ã✼✥★✘✬✮❡❅✬✾✽✳✍✥✻✚❜◗✰P✙■ P✼✮❄✘✲✯✄✘✬✾✻✾★✘❳✫✭✤✰✧✼✵✬✾✻✥★✪✠✳✍✯✸✥★✤✦✮❡✮❄✘✲✱✷✘✬P✼✯❜◗✰P✙■ ❥✬✯✸✚✄✘❳✘✢❝✩✯✸✚✄❥✬✫✭✘✬✫✭✘✬✮✿✯❜▲☎✚✄✤☎✪✄✪✸✥★▼✬✚✄✘❱✉✩✘✬✮❡✘✴❜❯✘✬✯✒✹✼✪✸✥

P✼✮❄✘❂✳✍✮✿✯✄✘✬✮✼✮❄✘❂✘❀✪✸✯②✥✻✮❄✘✴❛❉❅✒✳✦❅❀✘❖✱✴✳✍✚②✫❉✳✍✮❄◗✰P❄✘❂✧✼✘❜✱✼P✼✥★✪✄✪✠✳✍✮❄❅❀✘❜✚✏✜✙✱✴✳✍✚❢✘✢❝✼✘✬✫❱✱✼✾★✘☎✹✰✾✽✳❳✱✼✚✄✤☞ã✴✳✣ã✼✥✻✾✻✥✻✯✄✵❂✱✺✤✦P✼✚❢P✼✮❲✳✍✯✄✤✦✫✭✘
✧✼✘❞✮❄✘❲✱✴✳✦✪✦❥✬✯✸✚✄✘❡✵✬✶☎✳✍✱✷✤✦✚✄✵❡✧✼✵✬✱✺✘✬✮❄✧❧✧✼✘❀✪✭❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✸✯✸✥★◗✰P❄✘❀✪❉✧✼✘❡✪✠✳❪✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘☎❁✝✺r✾❴✪✒■ ✳✍▲☎✥✻✯❉✧✼✤✦✮❄❅❞✥★❅✬✥❜✱✼✾✻P✼✯✄➡✦✯
✧❯■ ✵✬✶☎✳✍✾✻P❄✘✬✚❖◗✰P✴✳✍✾✻✥✻✯✠✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❖✾❏■ ✘✴❜❯✘✬✯❖✧❯■ P✼✮❄✘❈✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵❈✱✴✳✍✚✸✯✸✥★✘✬✾✻✾★✘❈✧✼✘❀✪❂✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✒❁
↔ �★ä✁�❬❩ ß ❴ ✞ ✏ á ☛ ❛ ☛❙✞

⑥❂✤✦P❄✪❉❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪✒✹●✱✷✤✦P✼✚❉✧✼✘❀✪✭✶☎✳✍✾★✘✬P✼✚✄✪✭✧✼✤✦✮✼✮❄✵❀✘❀✪❚✧✼✘
η
✈✇✱✺✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❭✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✺①✭✘✬✯

∆
✈✣✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵

✧✼✘❍✾❏■ ✳✍✮✿✯✄✘✬✮✼✮❄✘❵①✢✹✺✾★✘✛▲✰✳✍✥✻✮❩✘✬✮❩✧✼✘✬✮❄✪✸✥✻✯✄✵❇✧❄✳✍✮❄✪❂✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✲✤☞ã✼✯✄✘✬✮✿P❩✾★✤✦✚✄✪❂✧✙■ P❄✮❩❅✬❑✩❅✬✾★✘✛✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✩❋



Ð❙➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

é✸ê ë

é✸ê ì

é✸ê í

é✸ê î

é✸ê ï

ì✠ê ë

ë✢ê ë ë✬ê ì ë✢ê í ë✢ê î ë✬ê ï é✄ê ë
ð✼ñ❴ò✸ó✠ò✔ô õ❏ö

∆

÷ øù ú
û üý

ρ

þÿ üý

η
=

3

Ó❄Ô☛Õ❙Ö✛×✁Ø ➒❙Ú➠Û❱⑦✁Ü❹Ü❦➒✆➔✤➛✰➌✄➛✐➏❵➌✄➛❪↔✧➔✤➎◗➞❊➏❵➒✆➛❪↔❅➢➣➲ ➌✧↔❤➓❪➒❵➐➜➌✦➏❵➌✧↔✢➓❪➑❪➒✹↔✘➌✧↔✌➓✎➙✆➍✎→❅➍✎➛✞➌✠➒✆➛✼➎◗➌✄➛✼➛✞➌❊➏❵➌✢➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌✩➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛
η = 3

➝✻➌✄➛✢➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✥➏❵➌❫↔✘➙✆➛✦➌✈④❲➐●➒❵➐✄➔✤➎◗➞
∆
➭✞➋❙➌P➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➌✧↔✧➎✙➢ ➔✤➛✞➞➜➒✆➔✤→➜➌✴➭②➘❖➛✞➌P➌✈④❲➐➜➒❵➐✄➔✤➎◗➞✌➏❵➌ÐÏ✣ß➋é✐➓❪➌✄→✧↕✶➌✄➎✻➍✎➛❱➥❀➒✆➔✤➛➏❵➌✚Ú❱ß➋é ↔✘➌✄➍✎➢ ➌✄↕✶➌✄➛✼➎✻↔✧➍✎→

ρ
➝❁➐●➙✆➛✼➎❨→➣➌✖➬✣ß➋éå➏❵➒✆➛❪↔P➢ ➌❈➐●➒✹↔✌➏✛➲ ➍✎➛✞➌❈➌✈④❲➐●➒❵➐✄➔✤➎◗➞❦➓✎➒✆→➠➫✧➒✆➔☛➎◗➌✴➭

✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙❁
qq✤✦P✼✚❳❅✬✘✬✾✽✳✩✹✷❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪❳✧❯■ ✳✣ã✷✤✦✚✄✧❪✾✽✳✭✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❬✧✼✘✁�❄P✩❝❯❁✺✗✙✘❍✮❄✤✦✫Ûã✼✚✄✘❇✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✲✚✄✘❀✪✸✯✠✳✍✮✿✯❳✳✍✱✼✚✄▼❀✪✲✵✬✶☎✳✍✱✷✤✍❋

✚✠✳✍✯✸✥★✤✦✮❭✘❀✪✸✯❜✧✼✤✦✮✼✮❄✵❈✘✬✮❡✥✻✮✰✯✄✵✬▲☎✚✠✳✍✮✿✯❖✾✽✳❍✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❭✧✼✘❈✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮
P (E, L)

❳❧✪✸P✼✚❇✾★✘❚✧✼✤✦✫❉✳✍✥✻✮❄✘❲✮❄✤✦✯✄✵ D ✪✸P✼✚✛✾✽✳❡❫❄▲☎P✼✚✄✘●ú❄❁✻⑩☎⑩●❦q✥❨✾❴✪✒■ ✳✍▲☎✥✻✯❱✧✼✘❀✪❱✳✍✯✄✤✦✫✭✘❀✪❇✮❄✘❚✶◆✵✬✚✸✥❨❫✺✳✍✮✿✯❇✱✴✳✦✪❇✾★✘❚❅✬✚✸✥✻✯✄▼✬✚✄✘
✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❈❦

❳❧✪✸P✼✚❉✾★✘❭✧✼✤✦✫❉✳✍✥✻✮❄✘❭✮❄✤✦✯✄✵ D′ ✪✸P✼✚✭✾✽✳❊❫❄▲☎P✼✚✄✘Óú❄❁✻⑩☎⑩☎✹✟✳✒✶◆✘❀❅❡P✼✮❧✱✷✤✦✥★✧✼✪
(1 − ∆)

❦❃✥✻✾❂✪✒■ ✳✍▲☎✥✻✯❲✧✼✘❀✪❚✳✍✯✄✤✦✫✭✘❀✪
✶✰✵✬✚✸✥❨❫✺✳✍✮✰✯❨✛➽✙❚✢✱✶✄✲☞✢✱✶●✾★✘❂❅✬✚✸✥✻✯✄▼✬✚✄✘❳✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✼✫❉✳✍✥★✪❢✮❄✤✦✮❞✵✬✶☎✳✍✱✺✤✦✚✄✵❀✪❴✧✩P❚✜❏✳✍✥✻✯✟✧✼✘❂✾❏■ ✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵✲✱✴✳✍✚✸✯✸✥★✘✬✾✻✾★✘
✧✼✘❳✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘☎❁

⑥❂✤✦P❄✪❖✳❀✶✰✤✦✮❄✪❜✧✼✤✦✮❄❅✭✉

ϕ =

∫

D
P (E, L) dE dL + (1 − ∆)

∫

D′

P (E, L) dE dL .
✈➈ú❄❁✻⑩✜❬◆①

✗❃■ ✵✬✮❄✘✬✚✸▲☎✥★✘✭✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘❱✪✄✘✭❅✒✳✍✾★❅✬P✼✾★✘✭✧✼✘❱✫❉✳✍✮✼✥★▼✬✚✄✘❚✳✍✮✴✳✍✾★✤✦▲☎P❄✘☎❁✐✗✐✳❲✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮s✧✼✘❇✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❉✪✒■ ✤☞ã✼✯✄✥✻✘✬✮✿✯❈✶✿✥✽✳
P✼✮●ã✼✥✻✾✽✳✍✮❞✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘☎❁✩t●✮✩❫❄✮✙✹✩❅❀✤✦✮✼✮✴✳✍✥★✪✄✪✠✳✍✮✿✯

ϕ
✘✬✯

T ′/T
✹✰✮❄✤✦P❄✪✟✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❜✳✍✥★✪✄✵✬✫✭✘✬✮✿✯❢✾✽✳❍✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❲✧✼✘✲✧✼✘✬✮❄✪✸✥✻✯✄✵

✧❄✳✍✮❄✪❂✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✒❁✺✗✐✳❱❫❄▲☎P✼✚✄✘➣ú❄❁✻⑩✄✂❉✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘✛✾★✘❍▲✰✳✍✥✻✮
ρ′/ρ

✹✴❅✒✳✍✾★❅✬P✼✾★✵✛✱✷✤✦P✼✚
η = 3

✹✴✧❄✳✍✮❄✪❂✾★✘✛❅✒✳✦✪
✧❯■ P✼✮❩❅✬✤✦✮✼❫❄✮❄✘✬✫✭✘✬✮✰✯✲✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✺✘✬✮❡✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❩✧✼✘❈✾❏■ ✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵

∆
✈✇✾★✘✛❅✄❆❄✤✦✥❨❝

η = 3
✘❀✪✸✯❖✾✻✥★✵❇✳✍P❡✜❏✳✍✥✻✯❂◗✰P✙■ ✥✻✾❙✪✒■ ✳✍▲☎✥✻✯

✧✼✘✲✾✽✳❇✶☎✳✍✾★✘✬P✼✚❜✫❉✳❵❝✩✥✻✫❱✥★✪✠✳✍✮✰✯❜✾★✘❳▲✰✳✍✥✻✮❭✘✬✮❡✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪❴✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❈✧✼✘❀✪❜✱✼❆✴✳✦✪✄✘❀✪❴✾★✤✦✚✄✪✄◗✰P❄✘
∆ = 1

①✢❁
✺r✾q✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❳❅✬✾✽✳✍✥✻✚✄✘✬✫✭✘✬✮✰✯❳◗✰P✙■ P✼✮❄✘✛✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵✛✱✴✳✍✚✸✯✸✥★✘✬✾✻✾★✘❍✚✠✵✬✧✼P✼✥✻✯❖✜❣✤✦✚✸✯✄✘✬✫✭✘✬✮✰✯✲✾★✘❀✪❖▲✰✳✍✥✻✮❄✪❖✱✷✤☎✪✄✪✸✥♣ã✼✾★✘❀✪❂✘✬✮❩✧✼✘✬✮✩❋

✪✸✥✻✯✄✵✭✧❄✳✍✮❄✪❍✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❉✧✼✘❀✪❍✱✼❆✴✳✦✪✄✘❀✪✛❘❡❅✄❆✴✳✦◗✰P❄✘❉❅✬❑✩❅✬✾★✘❉✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✩❋❏✚✄✘✬✯✄❆❄✘✬✚✸✫❚✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❍❦✐✥✻✾❢❅❀✤✦✮✰✶✿✥★✘✬✮✿✯✛✧✼✤✦✮❄❅❉✧✼✘
✪✒■ ✳✦✪✄✪✸P✼✚✄✘✬✚❖◗✰P❄✘❳✾✽✳❱✱✼P✼✥★✪✄✪✠✳✍✮❄❅❀✘❈✚✏✜❃❅❀✤✦P✼✱✼✾★✵❀✘❍✧❄✳✍✮❄✪❖✾★✘❀✪❂✳✍✮✰✯✠✘✢✮❄✮❄✘❀✪❂✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❩✘❀✪✸✯❖✪✸P✞❛❉✪✠✳✍✮✿✯✄✘❈✱✺✤✦P✼✚✲✳✦✪✄✪✸P✼✚✄✘✬✚
P✼✮❄✘❈✘✴❛❉❅✒✳✦❅✬✥✻✯✄✵❳✱✼✚✄✤✿❅✄❆❄✘❍✧✼✘❱⑩✒♠☎♠✡➦❚❁
✕ ê✆☎ ✝ ×✣ï✻ý❼×✌ð■ÿ④ö✶û Õ ñ❖öPï Õ❨÷❊ø
➳❳✳✍✮❄✪❍✯✄✤✦P✼✯❇❅❀✘❉◗✰P✼✥②✱✼✚✄✵❀❅❀▼❀✧✼✘☎✹❙✾✽✳❡✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘❚✧✩P❤✚✄✘✬✯✄✤✦P✼✚❱❘❞✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❚✶✿✥✽✳❞✾★✘❀✪✛❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✛✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪

✘✬✮✰✯✸✚✄✘❉✳✍✯✄✤✦✫✭✘❀✪❍✳❲✵✬✯✄✵✭❅❀✤✦✫❱✱✼✾★▼✬✯✄✘✬✫✭✘✬✮✰✯❍✱✴✳✦✪✄✪✄✵❀✘❱✪✄✤✦P❄✪❳✪✸✥✻✾★✘✬✮❄❅❀✘☎❁❙❥❖✚✒✹✷✥✻✾❃✪✒■ ✳✍▲☎✥✻✯❈✧❯■ P✼✮❬✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘✭❅✬✚✸P❄❅✬✥✽✳✍✾②✧❄✳✍✮❄✪
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η1 η2

d

Φ

Φ
′

Φ
′′

Ó❄Ô☛Õ❙Ö✛×✁Ø❘➒❙Ú➠Û❵Ù✁Ü✇➱✢➔❝↔❤➓❪➙✹↔✧➔✤➎❨➔ ➫❇➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢❆➓✎➙✆➍✎→❈➍✎➛✞➌✶➌➜➡✄➓❪➞✄→✧➔➠➌✄➛✞➐➜➌❅ä✩➏❵➌✄➍❵➡✩➒✆➛❆➎❤➌✘➛✼➛✞➌✧↔✢→➠➫✧➭★➋❙➌✬➤✄➌✄➎➠➝❦➏❵➌✍✙❣➍❵➡✠➔✤➛✼➔✤➎❨➔➠➒✆➢
Φ
➝➌✧↔✧➎✢➞✄➧✆➒●➓❪➙✆→➣➞❈➓❪➒✆→❱➍✎➛✞➌✢➓❆→➣➌✄↕❈➔➠➨✄→➜➌✩➒✆➛✼➎◗➌✄➛✼➛✞➌✧➝❯➏❵➌✌➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌

η1

➝P➌✄➎✣↔✘➙✆➛✚✙❣➍❵➡❭➏❵➌✄➧✴➔➠➌✄➛✼➎
Φ′ = Φϕ(η1)

➭❣ã❁➍✎➔❝↔●➝P➒●➓❆→➜➨✧↔➓❆→➜➙●➓❪➒✘➥❀➒✆➎❨➔➠➙✜➛✥↔✧➍✎→P➍✎➛✞➌❈➏✆➔❝↔✧➎◗➒✆➛✞➐●➌
d
➝❣➢ ➌❁➤✄➌✄➎❄→➜➌✄➛✞➐●➙✆➛✼➎❨→➣➌✌➍✎➛✞➌❈➏❵➌✄➍❵➡❵➔➠➨✄↕✶➌❇➒✆➛✼➎◗➌✄➛✼➛✞➌✧➝❄➏❵➌❦➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌

η2

➭❙➋❙➌✛✙❣➍❵➡❅→➣➌✧↔✧➎◗➒✆➛✼➎➒●➓❆→➜➨✧↔❈➐➜➌✄➎❨➎◗➌❈➏❵➌✄➍❵➡❵➔➠➨✄↕✶➌❈➒✆➛✼➎◗➌✄➛✼➛✞➌✌➌✧↔✧➎❣➛✞➙✆➎◗➞
Φ′′ ➭

✾✽✳❱✱✷✘✬✚✄✪✸✱✺✘❀❅✬✯✸✥✻✶✰✘❍✧❯■ P✼✮❪✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯❂✱✷✤✦P❄✪✄✪✄✵❍✧✩P❉③✏✘✬✯✒✹❄✱✼P✼✥★✪✄◗✰P❄✘❍✧✼✘✬P✩❝✷♦✒✤✦✮❄✘❀✪❂✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❊✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶◆✘❀✪
✧✼✤✦✥✻✶✰✘✬✮✰✯❅❥✬✯✸✚✄✘✭✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪❳✱✴✳✍✚❈P✼✮❄✘✭✧✩✥★✪✸✯✠✳✍✮❄❅❀✘✭✪✸P✢✜❉✪✠✳✍✫❱✫✭✘✬✮✰✯❈▲☎✚✠✳✍✮❄✧❄✘❱✱✺✤✦P✼✚❍◗✰P❄✘❇✾★✘❳③✏✘✬✯❳✱✼P✼✥★✪✄✪✄✘❇✚✄✘✬✾✽✳❵❝✼✘✬✚❳✶✰✘✬✚✄✪
✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎❁

⑥❂✤✦P❄✪✟❅❀✤✦✫❱✫✭✘✬✮❃➻❀✤✦✮❄✪✟✱✴✳✍✚✟✫✭✤✦✮✰✯✸✚✄✘✬✚❴❅❀✤✦✫❱✫✭✘✬✮✿✯✟✥✻✾✷✘❀✪✸✯❢✱✷✤☎✪✄✪✸✥♣ã✼✾★✘❂✧✼✘❂❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✄✘✬✚❴✘✢❝✩✱✷✵✬✚✸✥✻✫✭✘✬✮✰✯✠✳✍✾★✘✬✫❉✘✬✮✰✯❴✾✽✳
✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❂✤✦P✭✮❄✤✦✮❚✧✼✘❖❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✟✳✍P❚✪✄✘✬✥✻✮❉✧✩P❍③✏✘✬✯❃▲☎✚✘♣✦❅❀✘✲❘✲P✼✮❄✘❖✘✢❝✩✱✷✵✬✚✸✥★✘✬✮❄❅❀✘❜P✼✯✸✥✻✾✻✥★✪✠✳✍✮✿✯❢✧✼✘✬P✩❝❚✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❢✚✠✳✦✧✩✥★✤✍❋
✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘☎❁✴t●✮❄✪✸P✼✥✻✯✄✘☎✹❄✮❄✤✦P❄✪❂❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪❖✾★✘❈✯✠✳✍P✩❝❡✧✼✘❍❅❀✤✦✾✻✾✻✥✻✪✸✥★✤✦✮❄✪❂✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪✲✳✍P❭✪✄✘✬✥✻✮❪✧✩P✭③✏✘✬✯❨✶➈✥✭✥✧✯✤✬☞✶✄✛✵★❼✫✱✥✧✫✱✷❚★
✛✱✙❚✢✹✦✹◗②➉✤✮ ✯✱✰✣✛✱✙✳✲☞✢✴✛✵★✪✶✄✲☞✷❱✘✬✯✙✮❄✤✦P❄✪✐✧✼✤✦✮✼✮❄✤✦✮❄✪✙P✼✮✴✘●✥✻✮✰✯✄✘✬✚✸✱✼✚✄✵✬✯✠✳✍✯✸✥★✤✦✮✛✱✼❆✿❑✩✪✸✥★◗✰P❄✘●✧✼✘●✾✽✳❢✜❏✳✍✥♣ã✼✾★✘●✶☎✳✍✾★✘✬P✼✚✐✤☞ã✼✯✄✘✬✮✰P❄✘☎❁❵t●✮✩❫❄✮✙✹
✮❄✤✦P❄✪✛✵✬✯✸P❄✧✩✥★✤✦✮❄✪❇◗✰P✴✳✍✮✰✯✸✥✻✯✠✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❇✾✽✳❡✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘❉✧✼✘✭✾✽✳❞✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮♥❘❞✾❏■ ✳✍✥★✧✼✘❉✧❯■ P✼✮❄✘❚✪✸✥✻✫❍P✼✾✽✳✍✯✸✥★✤✦✮
✮✿P✼✫✭✵✬✚✸✥★◗✰P❄✘☎❁

↔ �✤✣✁�✄✂ ❻ ❸✟✑☎❴✗✓ ✠ ➃ ✍ ❞✳➃✦✥ P ➃✗✏✺❸❖❛ ✍❅☛ ➃ ✍❜✍ ➃ ✞ ✓ ❘
❢ ➷✛➷❆➱❷❂❅✿❆➘❆✃❘❈★❰❆➴✛Ð ➬ ➮✘➴✼➮✹➬ ❁✼✃

✧ ✤✦✮❄✪✸✥★✧✼✵✬✚✄✤✦✮❄✪❭✾★✘❬✧✩✥★✪✸✱✷✤☎✪✸✥✻✯✸✥❨✜✭✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾✛✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵❤✪✸P✼✚❡✾✽✳s❫❄▲☎P✼✚✄✘❇ú❄❁✻⑩✄★✩❁❖✗✙✘❞③✏✘✬✯❪✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎✹❖✧✼✘
✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❞✥✻✮✼✥✻✯✸✥✽✳✍✾★✘

T
✹q✘❀✪✸✯❱✵✬✶☎✳✍✱✺✤✦✚✄✵❲✱✴✳✍✚❱P✼✮❄✘❚✱✼✚✠✘✢✫❱✥★▼✬✚✄✘❭✳✍✮✰✯✠✘✢✮❄✮❄✘❲✚✏✜✸✹q✧✼✘❉✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘

ν1
✹q❅☎■ ✘❀✪✸✯✏❋✔❘❵❋r✧✩✥✻✚✄✘

✧✼✘❪✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘
η1 = hν1/(kBT )

❁❯➻❖✮❄✘❪✧❄✘✢P✼❝✩✥✻▼✬✫✭✘❬✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹❴✧✼✘❭✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘
ν2
✹❢✧✼✤✦✮❄❅❊✧✼✘❪✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘

η2 = hν2/(kBT )
✹❃✘❀✪✸✯❉✪✸✥✻✯✸P❄✵❀✘❪❘❩P✼✮❄✘❡✧✩✥★✪✸✯✠✳✍✮❄❅❀✘

d
✘✬✮❛✳❀✶☎✳✍✾❖✧✼✘❡✾✽✳❩✱✼✚✄✘✬✫❱✥★▼✬✚✄✘☎✹②✘✬✯❉✱✺✘✬✚✸✫✭✘✬✯❚✧✼✘❭✪✄✤✦✮❄✧✼✘✬✚✭✾✽✳

✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❚✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘❖✘✬✯❃✧✼✘❴✫✭✤✦✫✭✘✬✮✰✯❢❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘❜✧❄✳✍✮❄✪❃✾★✘q③✏✘✬✯✒❁◆⑥❂✤✦✯✄✤✦✮❄✪
Φ
✾★✘✩�❄P✼❝❇✥✻✮✼✥✻✯✸✥✽✳✍✾❏✹

Φ′ ✾★✘✪�❄P✩❝✭✳✍✱✼✚✄▼❀✪
✾✽✳❇✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❍✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹❄✘✬✯

Φ′′ ✾★✘✫�❄P✩❝❚❫❄✮✴✳✍✾❏❁
t●✮♥✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘❡✧✼✘❞❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❚✳✍P♥✪✄✘✬✥✻✮❧✧✩P❊③✏✘✬✯✭✘✬✮✿✯✸✚✄✘❲✾★✘❀✪✭✧✼✘✬P✩❝❧✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✒✹●✾✽✳❊✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❧✧✼✘✬✫✭✘✬P✼✚✄✘

❆❄✤✦✚✄✪❂✧❯■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎❁✺t●✮❪✱✴✳✍✚✸✯✸✥★❅✬P✼✾✻✥★✘✬✚✒✹✺✪✸✥
ν2 = ν1

✹❄✾✽✳✭✧✼✘✬P✩❝✩✥★▼✬✫✭✘❇✳✍✮✰✯✄✘✬✮✼✮✴✘❈✮✴✘❈✱✺✘✬P✼✯❂✱✴✳✦✪❖✵✬✶☎✳✍✱✷✤✦✚✄✘✬✚✲✧❯■ ✳✍✯✄✤✦✫✭✘❀✪
✪✸P✼✱✼✱✼✾★✵✬✫✭✘✬✮✿✯✠✳✍✥✻✚✄✘❀✪✒✹✒✱✼P✼✥★✪✄◗✰P❄✘q✯✄✤✦P❄✪✙✾★✘❀✪✐✳✍✯✄✤✦✫✭✘❀✪✐✧✼✤✦✮✿✯❯✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘②✘✬✯✙✾★✘q✫✭✤✦✫✭✘✬✮✿✯✐❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘②❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧❄✳✍✥★✘✬✮✿✯q✳✍P
❅✬✚✸✥✻✯✄▼✬✚✄✘❴✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❉✤✦✮✰✯❃✧✼✵✏③✸❘❂✵✬✯✄✵❴✵✬✶☎✳✍✱✺✤✦✚✄✵❀✪●✱✴✳✍✚q✾✽✳❂✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❜✳✍✮✿✯✄✘✬✮✼✮❄✘☎❁✎r❩✳✍✥★✪q✾✽✳❂✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❴✧✼✘✟❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪
✳✍P❪✪✄✘✬✥✻✮❭✧✩P❉③✏✘✬✯❜✾★✤✦✚✄✪❖✧✼✘❈✾✽✳❱✱✼✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮❩✘✬✮✰✯✸✚✄✘❈✾★✘❀✪❂✧✼✘✬P✩❝❭✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒✹❄✫✭✬✬✫✭✘❍✘✬✮❭✮❄✤✦✫➣ã✼✚✄✘❍✥✻✮❄✪✸P✢✜❉✪✠✳✍✮✰✯❖✱✷✤✦P✼✚
❅❀✤✦✮❄✧✩P✼✥✻✚✄✘❱❘✭P✼✮❄✘❍✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❊❅❀✤✦✫❱✱✼✾★▼✬✯✄✘☎✹❯✘✬✮✰✯✸✚✠✳❵➵★✮❄✘✛✾❏■ ✳✍✱✼✱✴✳✍✚✸✥✻✯✸✥★✤✦✮❊✧✼✘❍✱✷✘✬✚✸✯✄✘❀✪✲✪✸P✼✱✼✱✼✾★✵✬✫✭✘✬✮✰✯✠✳✍✥✻✚✄✘❀✪❳✧✩P❄✘❀✪
❘❚✾✽✳❞✧✼✘✬P✩❝✩✥★▼✬✫✭✘❉✳✍✮✰✯✄✘✬✮✼✮❄✘☎✹✙✱✼P✼✥★✪✄◗✰P❄✘❇✾★✘❀✪❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❍✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❳✚✄✘❀✧✩✥★✪✸✯✸✚✸✥♣ã✼P❄✘✬✮✰✯✛✘✬✮✿✯✸✚✄✘❱✾★✘❀✪❍✳✍✯✄✤✦✫✭✘❀✪❳✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘
✘✬✯❈✾★✘❱✫✭✤✦✫✭✘✬✮✰✯✛❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘☎❁ ❤ ✥❃✾★✘❳③✏✘✬✯❍✳✍✯✄✤✦✫❱✥★◗✰P❄✘✭✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘❉❅❀✤✦✫❱✱✼✾★▼✬✯✄✘✬✫✭✘✬✮✿✯❍✱✷✘✬✮❄✧❄✳✍✮✰✯✛✪✠✳❲✱✼✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮
✘✬✮✿✯✸✚✄✘❖✾★✘❀✪✟✧✼✘✬P✩❝❲✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✒✹✿✮❄✤✦P❄✪❢✯✸✚✄✤✦P✼✶◆✤✦✮❄✪❢P✼✮❲✪✸✱✷✘❀❅✬✯✸✚✄✘❂✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✦✮❳❆✴✳✣ã✼✥✻✯✸P❄✘✬✾✰✯✭❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✰✯❖❘❳✾✽✳
✮❄✤✦P✼✶✰✘✬✾✻✾★✘❖✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘

T ′ ✧✩P❍③✏✘✬✯✒❁✼➻❖✮❄✘❂✘✠❝✩✱✷✵✬✚✸✥★✘✬✮❄❅❀✘❂✪✸✥✻✫❱✥✻✾✽✳✍✥✻✚✄✘❳✳❈✵✬✯✄✵❜✚✄✵✒✳✍✾✻✥★✪✄✵❀✘❂✧❄✳✍✮❄✪❢✾★✘❖✧✼✤✦✫❉✳✍✥✻✮❄✘❂✯✄✘✬✫❱✱✺✤✦✚✄✘✬✾
✪✸P✼✚❴P✼✮❡✮✰P✺✳✍▲◆✘❳✱✼✥★✵✬▲◆✵❈✧❯■ ✳✍✯✄✤✦✫✭✘❀✪❖✧❯■ ❆❄✵✬✾✻✥✻P✼✫➅✫✭✵✬✯✠✳✦✪✸✯✠✳✣ã✼✾★✘✒➼ ✱☞➁❵➚r❁



Ð t ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

✲✒✳✵✴

η1

η2

E/kBT

L

D2

D1

✲✆✶✰✴

η1

η2

E/kBT

L

D2

D1

Ó❄Ô☛Õ❙Ö✛×✁Ø❿➒❙Ú➠Û✉➒❙Ü⑥➱❈➙✆↕✶➒✆➔✤➛✞➌✧↔❱➏✛➲ ➔✤➛✼➎◗➞❤➥✜→➜➒✆➎❨➔➠➙✆➛❳➏❵➒✆➛❪↔✶➢ ➌❯➓❆➢ ➒✆➛
(L,E)

➓❪➙✆➍✎→❇➢ ➌❅➐●➒✆➢ ➐✄➍✎➢❣➏❵➌
Φ′′/Φ′ ➏❵➒✆➛❪↔❇➢ ➌✶→➜➞❤➥✜➔✤↕✶➌❇↔✘➒✆➛❪↔➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔✘➭✎⑨✖➒②⑩➔➭✻➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✙➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✜❸✁⑨⑤▲✄⑩➔➭✻➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭

✠❄Ò✵❣❖➬✤Ñ✒✃✥❮✴➴❃❄❆❮➣✿✵❂❖Ð❝Ð ➬ ❮✆➬ ❂❅❄❆❮
✧ ✳✍✾★❅✬P✼✾★✤✦✮❄✪✲✾✽✳✭✜✣✚✠✳✦❅✬✯✸✥★✤✦✮

Φ′′/Φ′ ✧❄✳✍✮❄✪✲✾✽✳✭✾✻✥✻✫❱✥✻✯✄✘❇✪✠✳✍✮✴✪❂❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒✹✷✤☞✘❩✾✽✳✭✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❬✮❄✘❍✱✷✘✬P✼✯❳✪✄✘
✱✼✚✄✤✰✧✩P✼✥✻✚✄✘❴✘✬✮✿✯✸✚✄✘❢✾★✘❀✪●✧✼✘✬P✩❝❇✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒❁ ❷ ✱✼✚✠▼✬✪●✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❱✱✴✳✍✚q✾✽✳❖✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❜✳✍✮✿✯✄✘✬✮✼✮❄✘❴❘

η1
✈✣◗✰P✼✥✼❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧

❘❳P✼✮❚✚✠✳❀❑✰✤✦✮❚✧✙■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
R1
①✢✹◆✾✽✳❈✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✄✥✻✤✦✮❞❅❀✤✦✮☎③✏✤✦✥✻✮✿✯✄✘❂✘✬✮❚✵✬✮❄✘✬✚✸▲☎✥★✘

E
✘✬✯❢✫✭✤✦✫✭✘✬✮✰✯❴❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘

L
✹✰◗✰P❄✘

✮❄✤✦P❄✪❴✮❄✤✦✯✄✘✬✚✄✤✦✮❄✪
p1(E, L)

✹✼✘❀✪✸✯❴❆❄✤✦✚✄✪❖✧❯■ ✵❀◗✰P✼✥✻✾✻✥✌ã❄✚✄✘☎✹❄✘✬✯❜✶☎✳✍P✼✯❜✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯

p1(E, L) ∝ p(E, L) × Θ(Ueff(R1) − E) .
✈➈ú❄❁✻⑩✩ú✿①

t●✾✻✾★✘❈✘❀✪✸✯❴✮❄✤✦✮❡✮✰P✼✾✻✾★✘❳P✼✮✼✥★◗✰P❄✘✬✫✭✘✬✮✿✯❂✧❄✳✍✮❄✪❴✾★✘❳✧✼✤✦✫❉✳✍✥✻✮❄✘ D1 ∪ D2
✧✼✘❳✾✽✳❍❫❄▲☎P✼✚✄✘❺ú❄❁✻⑩✩ú❄❁

✗✐✳✭✜✣✚✠✳✦❅✬✯✸✥★✤✦✮❬✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✲✚✄✘❀✪✸✯✠✳✍✮✿✯✄✪
Φ′′/Φ′ ✪✒■ ✤☞ã✼✯✸✥★✘✬✮✰✯❳✱✴✳✍✚❳❅❀✤✦✮❄✪✄✵❀◗✰P❄✘✬✮✰✯❈✘✬✮❩✥✻✮✰✯✄✵✬▲☎✚✠✳✍✮✿✯❉✈➈ú❄❁✻⑩✩ú✿①❖✪✸P❄✚❂✾★✘❇✧✼✤✍❋

✫❉✳✍✥✻✮❄✘ D2 = {Emin(L) 6 E 6 min(Ueff(R1), Ueff(R2))}
✉

Φ′′

Φ′
=

∫∫

D2

p1(E, L) dE dL

∫∫

D1∪D2

p1(E, L) dE dL

.
✈➈ú❄❁✻⑩❙➁◆①
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féq(r, v) =
Nω2

ℓ

(

m

2πkBT

)5/2

e−mω2r2/(2kBT )e−mv2/(2kBT ) .
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f(r, v) = féq(r, v)Θ

(

1

2
mω2R2

evap +
mr2v2

θ

2R2
evap

− 1

2
mω2r2 − 1

2
m(v2

r + v2
θ)

)

,
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γ =
1

N

∫

|v − v′|σf(r, v)f(r, v′) d3r d3v d3v′ .
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γap

γ
=

1

16π5/2

∫

|u − u′| e−(u2+u
′2)/2e−q2

Θ1(u, q, η)Θ1(u
′, q, η) q dq d3u d3u′ ,
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Θ1(u, q, η) ≡ Θ

(

2η +
q2u2

θ

2η
− q2 − u2

r − u2
θ

)

.
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✯✸❆❄✤✰✧✼✘❊❉❪✤✦✮✿✯✄✘✢❋ ✧ ✳✍✚✸✾★✤✩➼ ➽✵➌❵➚r❁☎✗✐✳✲❅❀✤✦P✼✚✴ã✺✘❴✘✬✮❱✱✺✤✦✥✻✮✿✯✸✥✻✾✻✾★✵❀✪❃✪✸P✼✚q✾✽✳❜❫❄▲☎P✼✚✄✘❫ú❄❁✻⑩✜➽❱✈❣✳◆①✙✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘

γap/γ
✘✬✮✛✜❣✤✦✮❄❅✬✯✸✥★✤✦✮

✧✼✘
η
❁✰❥❖✮❉❅❀✤✦✮❄✪✸✯✠✳✍✯✄✘❜◗✰P❄✘✟✾★✘❴✯✠✳✍P✩❝❱✧✼✘❜❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❢✳✍P✭✪✄✘✬✥✻✮❉✧✼✘✟✾✽✳❳✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❉❆❄✤✦✚✄✪❃✧❯■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❜✱✺✘✬P✼✯②✧✼✘✬✶✰✘✬✮✼✥✻✚

✘✢❝✩✯✸✚❋✬✬✫✭✘✬✫✭✘✬✮✰✯❴✜❏✳✍✥♣ã✼✾★✘✲✱✷✤✦P✼✚❜✧✼✘❀✪✟✶☎✳✍✾★✘✬P✼✚✄✪❴✧✼✘
η
✤☞✘❲✾✽✳✛✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❭✧✼✘●�❄P✩❝❲✘❀✪✸✯✟✥✻✫❱✱✷✤✦✚✸✯✠✳✍✮✰✯✄✘☎❁❄t●✮❞✱✴✳✍✚✸✯✸✥★❅✬P✼✾✻✥★✘✬✚✒✹

✱✺✤✦P✼✚
η ≃ 1/2

✹✩✾✽✳✛✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❪✧✼✘❳✯✠✳✍P✩❝❞✧✼✘❳❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❭✘❀✪✸✯❜❅✬✥✻✮❄◗❉✜❣✤✦✥✻✪❜✪✸P✼✱✷✵✬✚✸✥★✘✬P✼✚✄✘❍❘❇❅❀✘✬✾✻✾★✘❈✧✩P❍�❄P✩❝❡✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎❁
➻❖✮❄✘❂✯✄✘✬✾✻✾★✘❂✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❭✧✩P❲✯✠✳✍P✩❝❲✧✼✘✲❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✟✜❏✳✍✥✻✯❴◗✰P❄✘❂✾★✘❂✯✄✘✬✫❱✱❄✪❴✧✼✘❂✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤☎✮❭✧✼✘✬✶✿✥★✘✢✮✿✯❴✯✸✚✄▼❀✪✟✾★✤✦✮✼▲❄❁

✺r✾✴✘❀✪✸✯②✥✻✫❱✫✭✵❀✧✩✥✽✳✍✯✟✧❯■ ✵✬✯✄✘✬✮❄✧✩✚✄✘❂✾★✘❖❅✒✳✍✾★❅✬P✼✾✴✱✼✚✄✵❀❅❀✵❀✧✼✘✬✮✿✯❴✳✍P❚❅✒✳✦✪❢✧❯■ P✼✮❚❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯✟✾✻✥✻✮❄✵✒✳✍✥❨✚✠✘✦❁✩✗✙✘❜✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❢✘❀✪✸✯
✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵❇✪✸P✼✚❂✾✽✳❱❫❄▲☎P✼✚✄✘➣ú❄❁✻⑩✜➽❩✈➈ã✺①✢❁❯❥❖✮❩✤☞ã✼✯✸✥★✘✬✮✰✯❳◗✰P✴✳✍✾✻✥✻✯✠✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯✲✾★✘❍✫✭✬✬✫✭✘✛✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❇✉✴✾✽✳✭✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❊✧✼✘
✯✠✳✍P✩❝❭✧✼✘❍❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪

γap/γ
✘❀✪✸✯❖✥✻✫❱✱✷✤✦✚✸✯✠✳✍✮✰✯✄✘☎✹✺✫✭✬✬✫✭✘❍✱✺✤✦P✼✚✲✧✼✘❀✪❖✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪✲✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❩✯✄✘✬✾★✪❂◗✰P✙■ ✳✍✱✼✚✄▼❀✪

✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙✹✴✾★✘✲✯✠✳✍P✩❝❞✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪
γ′ ✘❀✪✸✯❜✪✸P✼✱✷✵✬✚✸✥★✘✬P✼✚❂❘ γ

❁
➳❳✳✍✮❄✪●✾✽✳✲✪✄✘❀❅✬✯✸✥★✤✦✮❉◗✰P✼✥❄✪✸P✼✥✻✯✒✹☎✮❄✤✦P❄✪②✳✍✾✻✾★✤✦✮❄✪●✶✰✤✦✥✻✚❃◗✰P❄✘✟✾✽✳❳✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❉✪✸✱✴✳✍✯✸✥✽✳✍✾★✘❜✧✼✘❀✪②✳✍✯✄✤✦✫✭✘❀✪②✘❀✪✸✯q✜❣✤✦✚✸✯✄✘✬✫✭✘✬✮✰✯

✳❆✷❯✘❀❅✬✯✄✵❀✘❂✱✴✳✍✚✟✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✼❅✬✚✄✵✒✳✍✮✿✯❜✧✼✘✬P✩❝❚❅✬✾✽✳✦✪✄✪✄✘❀✪❴✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪❴✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✟✮❄✘❂✱✷✤✦P✼✶☎✳✍✮✰✯❜✘✬✮✰✯✸✚✄✘✬✚❜✘✬✮❞❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒❁✧ ■ ✘❀✪✸✯❴❅❀✘❳◗✰P✼✥❯✘✢❝✩✱✼✾✻✥★◗✰P❄✘✲◗✰P❄✘❂✾✽✳✛✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❡✧✩P❞✯✠✳✍P✩❝❲✧✼✘❳❅❀✤✦✾❨✾✻✥★✪✸✥★✤✦✮❄✪❜✘❀✪✸✯✟✮❄✘✬✯✸✯✄✘✬✫✭✘✬✮✿✯❜✪✸P❄✱✺✵✬✚✸✥★✘✬P✼✚✄✘❈❘❍✾✽✳❇✪✸✥✻✫❱✱✼✾★✘
✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❪✧✩P■�❄P✩❝❭✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎❁
↔ �✤✣✁�☛ÿ ➂●✠✌✞❱☛ ✓ ✠❑❏ ✏ ☛☞✠✌✆✎✍ P ➃ P ➃ ✍✔✞✡✠ ☛ ❴

n(r)
✠ ✖❖✖➊❴ P✎✠ ❛ ☛ ➃✗✖➊➃ ✍❅☛ ❛❜✑✗✓②✕ ✞ ❴✜❵❚❛❜✑ ✆ ✓②❛ ☛☞✠✌✆✎✍

✧ ✤✦✮✼✮✴✳✍✥★✪✄✪✠✳✍✮✿✯❂✾✽✳❇✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❩✧✼✘❍✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❊✧❄✳✍✮❄✪❖✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❖✱✼❆✴✳✦✪✄✘❀✪❖❆❄✤✦✚✄✪❂✧❯■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎✹✺✮❄✤✦P❄✪❖✱✷✤✦P✩❋
✶◆✤✦✮❄✪❂✤☞ã✼✯✄✘✬✮✼✥✻✚❖✯✸✚✄▼❀✪❖✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯❂✾✽✳❱✧✼✘✬✮❄✪✸✥✻✯✄✵❍✪✸✱✴✳✍✯✸✥✽✳✍✾★✘

n(r)
✳✍✱✼✚✄▼❀✪❂✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁❅✺r✾✐✪✸P✢✜✭✯❖✱✺✤✦P✼✚❂❅❀✘✬✾✽✳✭✧❯■ ✥✻✮✩❋

✯✄✵✬▲☎✚✄✘✬✚
f
✪✸P✼✚❴✾★✘❀✪❜✧✼✘✬▲☎✚✄✵❀✪❖✧✼✘✲✾✻✥♣ã✷✘✢✚✄✯✄✵❈✧✼✘✲✶✿✥✻✯✄✘❀✪✄✪✄✘❱✉

n(r) =

∫∫∫

f(r, v) d3v .
✈➈ú❄❁ ✂✩⑩❵①



④✙❒✟✞ ✠❄✃✎➮✆➘❆✃✞➱●Ñ✒➴✛Ð ➬ ❮✴➴✼➮✹➬ ❂❅❄ ❉✞➶✗❉
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❲✽❩❬❨

Ó❄Ô☛Õ❙Ö✛×✁Ø❨➒❙Ú➠Û❱➢✁Ü✔⑨✖➒②⑩✖➐❆→➜➌◗➓❆→➣➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛❪➝★➌✄➛❯➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛❊➏❵➌
η
➝❖➌✄➎❪➓❪➙✆➍✎→✬➍✎➛✠➐●➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎✞➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✧➝✙➏✆➍❇→➜➒●➓❵➓❪➙✆→✧➎

γ′/γ➏✆➍❱➎◗➒✆➍❵➡❇➏❵➌P➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛✦➒●➓❆→➜➨✧↔✣➍✎➛❊➐✄á❵➐✄➢ ➌P➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✼➩◗→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔✤↔✘➒✆➎❨➔➠➙✜➛❪➝✻➌✄➎✙➒✆➧✆➒✆➛✼➎✻➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛❘⑨✖➌✄➛✠➎❨→➣➒✆➔✤➎❆➓❆➢ ➌✄➔✤➛❙⑩❵➭✞➯❁➛➓❪➙✆➔✤➛✼➎❨➔✤➢✤➢ ➞✧↔●➝❖➢ ➌❦→➜➒●➓❵➓❪➙✆→✧➎
γap/γ

➏✜➌✄↔✬➎◗➒✆➍❵➡❈➏❵➌❫➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔✣➔✤↕❈↕✶➞●➏✆➔➠➒✆➎◗➌✄↕✶➌✄➛✼➎✙➒●➓❆→➜➨✧↔❦➢➣➲ ➞✄➧✆➒●➓✎➙✜→➣➒✜➎❨➔➠➙✆➛✦➌✄➎★➒✆➧✆➒✆➛✼➎✙➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✞➭➯❁➛✒➢ ➔ ➥✜➛✞➌✢➎❨➔✤→➜➌✄➎◗➞●➌✧➝✻➢ ➒✶→➜➞●➏✆➍✼➐✄➎❨➔➠➙✆➛❭➏❵➌❭✙❣➍❵➡
ϕ(η)

➭❜⑨⑤▲✄⑩✘➐❖↕✶➦✄↕✶➌❈➐●➑❪➙✹↔✘➌❈➏❵➒✆➛❪↔✢➢ ➌❈➐➜➒✹↔❈➏✛➲ ➍✎➛❭➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❣➢ ➔✤➛✞➞●➒✆➔✤→➜➌✴➭
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1
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0

2

❪✆❫❵❴ ❪❜❛❝❴

Ó❄Ô☛Õ❙Ö✛×✁Ø ➒❙Ú➠Û✣➩✞Ü✇➱❈➌✄➛❪↔✧➔✤➎◗➞❇➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌
n(r)

➏❵➒✆➛❪↔✌➍✎➛✩➥✜➍✎➔➠➏❵➌✌➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌❱➒✆➧✆➒✆➛✼➎❹⑨✖➒②⑩❊➌✄➎❦➒●➓❆→➜➨✧↔Û⑨⑤▲✄⑩✠➞✘➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛❊➓❪➒✆→➍✎➛✞➌✌➒✆➛✼➎◗➌✄➛✼➛✞➌P→➜➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌❇➏❵➌✬➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌
η = 0,3

➭



❉✞➶❅❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❲④✙❒ ⑧ ❁✼➴✛➷✜❂✛➱✖➴✼➮✹➬ ❂❅❄✐➷❆➴❆➱❹✿☎⑤✡✿❆Ð ✃✎❮✶Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮

✗✐✳❲❫❄▲☎P✼✚✄✘➥ú❄❁✻⑩❆✱❚✫✭✤✦✮✿✯✸✚✄✘✭P✼✮❤✘✢❝✼✘✬✫❱✱✼✾★✘❉✧✼✘❉❅✒✳✍✾★❅✬P✼✾❢✧✼✘❱✾✽✳❞✧✼✘✬✮❄✪✸✥✻✯✄✵❉✪✸✱✴✳✍✯✸✥✽✳✍✾★✘
n(r)

✱✺✤✦P✼✚❍P✼✮❬✱✴✳✍✚✢✳✍✫✭▼✢✯✄✚✄✘
✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮

η = 0,3
✹✿✧❄✳✍✮❄✪❢✾★✘❂❅✒✳✦✪✟✧❯■ P✼✮❞❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❴❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎❁✳✺r✾✷✘❀✪✸✯❢✫❉✳✍✮✼✥❨✜✣✘❀✪✸✯✄✘✲◗✰P❄✘❂✧❯■ P✼✮❄✘❖✱✴✳✍✚✸✯

✾✽✳❞✧✼✘✬✮❄✪✸✥✻✯✄✵✭✧✼✵❀❅✬✚✄✤❀➵★✯❈✜❣✤✦✚✸✯✄✘✬✫✭✘✬✮✿✯❍✘✬✯❍◗✰P❄✘✭✧❯■ ✳✍P✼✯✸✚✄✘✭✱✴✳✍✚✸✯❈✾★✘❱✮✿P✴✳✍▲◆✘❉✘✬✪✸✯❍✪✄❅✬✥✻✮❄✧✼✵✭✘✬✮❤✧✼✘✬P✩❝❊✱✴✳✍✚✸✯✸✥★✘❀✪✛✧✩✥★✪❣③✏✤✦✥✻✮✰✯✄✘❀✪✒❁
✗✙✘❀✪❍❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✛✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❈✮❄✘✭✱✺✘✬P✼✶✰✘✬✮✰✯✛✪✄✘❱✱✼✚✄✤✰✧✩P✼✥✻✚✄✘❚◗✰P✙■ ✘✬✮✰✯✸✚✄✘❚✳✍✯✄✤✦✫✭✘❀✪✛✪✄✘❱✯✸✚✄✤✦P✼✶☎✳✍✮✰✯✛✧❄✳✍✮❄✪❍✾✽✳❲✫✭✬✬✫✭✘✭✚✄✵✢❋
▲☎✥★✤✦✮✙❁❙⑥❂✤✦P❄✪✛❅❀✤✦✫❱✱✼✚✄✘✬✮❄✤✦✮❄✪❱✳✍✥✻✮❄✪✸✥❢✱✺✤✦P✼✚✄◗✰P❄✤✦✥❢✾✽✳❡✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮♣✧✩P❤✯✠✳✍P✩❝❤✧✼✘❚❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❇✘❀✪✸✯✛✪✸✥②▲☎✚✠✳✍✮❄✧✼✘❉✾★✤✦✚✄✪✛✧✼✘
✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁

↔ �✤✣✁�✌↔ ➂ × ✍ ❛❜✖ ✠♣➋ ✏✔➃ P ➃ á ❛✒✓②➃ ☛ ➙✔➃✗✓✱✖➊❛ á❬✠✌✞ ❛ ☛☞✠✌✆✎✍
❷ ❫❄✮❪✧✼✘❍✚✄✘✬✮❄✧✩✚✄✘✛❅❀✤✦✫❱✱✼✯✄✘☎✹✷✧✼✘❍✫❉✳✍✮✼✥★▼✬✚✄✘✛◗✰P✴✳✍✮✿✯✸✥✻✯✠✳✍✯✸✥✻✶◆✘☎✹✷✧✩P❭✱✼✚✄✤✿❅❀✘❀✪✄✪✸P❄✪❂✧✼✘❍✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❊✧❄✳✍✮❄✪❂P✼✮❄✘

✘✢❝✩✱✺✵✬✚✸✥★✘✬✮❄❅❀✘✟❘❴✧✼✘✬P✩❝❍✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❙✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪✐✧❯■ P✼✮❄✘②✧✩✥★✪✸✯✠✳✍✮❄❅❀✘
d
✹❀✮❄✤✦P❄✪❙✳✒✶◆✤✦✮❄✪✐✧✼✵✬✶✰✘✬✾★✤✦✱✼✱✺✵❃P✼✮❄✘②✪✸✥✻✫✛P✼✾✽✳✍✯✸✥★✤✦✮❍✮✰P✼✫✭✵✢❋

✚✸✥★◗✰P❄✘❂✧✩P❚✫✭✤✦P✼✶◆✘✬✫✭✘✬✮✿✯❴✧✼✘❀✪✟✳✍✯✄✤✦✫✭✘❀✪❴✧❄✳✍✮❄✪❢P✼✮❉▲☎P❄✥✻✧❄✘✦✹✿✱✷✤✦P✼✚❢P✼✮❲❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❴❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘✲✤✦P❚✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✩✘✬✮
✯✄✘✬✮✴✳✍✮✰✯②❅❀✤✦✫❱✱✼✯✄✘❴✧✼✘❀✪●❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪➇ã❄✥❨✮✺✳✍✥❨✚✠✘✬✪✒❁◆⑥❂✤✦P❄✪❙P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪●P✼✮❄✘❢✫✭✵✬✯✸❆❄✤✿✧✼✘❴✧✼✘❴✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘✟✫✭✤✦✾★✵❀❅✬P✼✾✽✳✍✥✻✚✄✘❱➼ ✱✿⑩✴➚r✹
◗✰P✼✥❯✱✼✚✄✘✬✮❄✧❡✘✬✮❭❅❀✤✦✫❱✱✼✯✄✘❈✘✢❝✩✱✼✾✻✥★❅✬✥✻✯✄✘✬✫✭✘✬✮✿✯❖✾★✘❳❅✬✚✸✥✻✯✄▼✬✚✄✘❈✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁

⑥❂✤✦P❄✪✟✘✸✷❯✘❀❅✬✯✸P❄✤✦✮❄✪❢✾✽✳❍✪✸✥✻✫✛P✼✾✽✳✍✯✸✥★✤✦✮❡✳❀✶✰✘❀❅❂✧✼✘❀✪❢✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❜✳✦✧✩✥✻✫✭✘✬✮❄✪✸✥★✤✦✮✼✮❄✵❀✪✒❁✩✗❃■ P✼✮✼✥✻✯✄✵✲✧✼✘❖✾★✤✦✮✼▲☎P❄✘✬P✼✚
ru

✘❀✪✸✯
✧✼✵✢❫❄✮✼✥★✘❴✱✴✳✍✚

U(ru)−U(0) = (〈U〉−U(0))/2
❁☎✗✐✳❳✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❜✘✬✮✿✯✸✚✄✘❜✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪②✘❀✪✸✯q❫✼❝✼✵❀✘❖❘

d = 5000 ru
❁☎✗✐✳

✶✿✥✻✯✄✘❀✪✄✪✄✘✛✫✭✤✒❑✰✘✬✮✼✮❄✘❱✘❀✪✸✯❳✧✩✥❨❝❪✜❣✤✦✥★✪❳✪✸P✼✱✺✵✬✚✸✥★✘✬P✼✚✄✘❉❘❉✾✽✳❚✶✿✥✻✯✄✘❀✪✄✪✄✘✛✯✸❆❄✘✬✚✸✫❱✥★◗✰P❄✘
(kBT/m)1/2 ❁✷✗✙✘❀✪❈❅❀✤✰✤✦✚✄✧✼✤✦✮✼✮❄✵❀✘❀✪❍✘✬✯

✶✿✥✻✯✄✘❀✪✄✪✄✘❀✪②✧✼✘❂❅✄❆✴✳✦◗✰P❄✘❖✱✴✳✍✚✸✯✸✥★❅✬P✼✾★✘❂✵✬✶✰✤✦✾✻P❄✘✬✮✿✯②▲☎✚✓❞✦❅❀✘✲❘❈P✼✮❚✪✄❅✠❆❄✵✬✫❉✳❈✧❯■ ✥✻✮✿✯✄✵✬▲☎✚✠✳✍✯✸✥★✤✦✮❞✪✸❑✿✫❱✱✼✾★✘❀❅✬✯✸✥★◗✰P❄✘❂✧✩P❚✧✼✘✬P✩❝✩✥★▼✬✫✭✘
✤✦✚✄✧✩✚✄✘✐➼ ✱❢➽❵➚r❁❃tq✮♥P✼✯✸✥✻✾✻✥★✪✠✳✍✮✰✯✭✾✽✳❪✪✸❑✿✫✭✵✬✯✸✚✸✥★✘❞❅✬❑✿✾✻✥✻✮❄✧✩✚✸✥★◗✰P❄✘❡✧✩P♦✱✼✚✄✤☞ã✼✾★▼✬✫✭✘❤✈✇✾✽✳❪▲☎✚✠✳✒✶✿✥✻✯✄✵❞✘❀✪✸✯❇✥✻▲☎✮❄✤✦✚✄✵❀✘❵①✢✹●✮❄✤✦P❄✪❱✚✄✘✢❋
✪✸✯✸✚✄✘✬✥✻▲☎✮❄✤✦✮❄✪❈✾❏■ ✵✬✶✰✤✦✾✻P✼✯✸✥★✤✦✮♦✳✍P❬✱✼✚✄✘✬✫❱✥★✘✬✚✛◗✰P✴✳✦✧✩✚✠✳✍✮✰✯❲✈

x > 0
✹
y > 0

①❳✳✒✶◆✘❀❅✭✧✼✘❀✪❈✫❍P✼✚✄✪❈✚✄✵✸�✴✵❀❅✄❆✼✥★✪✄✪✠✳✍✮✿✯✄✪❍✪✸P✼✚❈✾★✘❀✪
✱✼✾✽✳✍✮❄✪

x = 0
✘✬✯

y = 0
❁✴✗✙✘❀✪✲❅❀✤✍✾✻✾✻✥★✪✸✥★✤✦✮❄✪✲✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪íã✼✥✻✮✴✳✍✥✻✚✄✘❀✪✲✪✄✤✦✮✰✯❖✱✼✚✸✥★✪✄✘❀✪❂✘✬✮❪❅❀✤✦✫❱✱✼✯✄✘✛✱✴✳✍✚❖P✼✮❄✘❈✯✄✘❀❅✠❆✼✮✼✥★◗✰P❄✘

✧❯■ ✵❀❅✄❆✴✳✍✮✿✯✸✥✻✾✻✾★✤✦✮✼✮✴✳✦▲◆✘❱❅❀✤✦✮❄✪✸✥★✪✸✯✠✳✍✮✰✯❈❘❉✧✩✥★✪✄❅✬✚✄✵✬✯✸✥★✪✄✘✬✚✲✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❭➼ ✱❡✱✜➚❃✘✬✮❢✮➔ã✷✤❀➵★✯✄✘❀✪✁✯❪✳✍P❩✪✄✘✬✥✻✮❩✧✼✘❀✪✄◗✰P❄✘✬✾✻✾★✘❀✪✲✾★✘❀✪✲❅❀✤✦✾✻✾✻✥ ❋
✪✸✥★✤✦✮❄✪❜✤✦✮✿✯❴✾✻✥★✘✬P✙❁✴✗✐✳❱✪✄✘❀❅✬✯✸✥★✤✦✮❭✘✸✜❉❅✒✳✦❅❀✘❈✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❡P✼✯✸✥✻✾✻✥★✪✄✵❀✘❳✱✷✤✦P✼✚❖❅✒✳✍✾★❅✬P✼✾★✘✬✚❖✾✽✳✛✱✼✚✄✤☞ã✴✳✣ã✼✥✻✾✻✥✻✯✄✵❍✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❭✘❀✪✸✯
✳✍③✔P❄✪✸✯✄✵❀✘❳✧✼✘❈✪✄✤✦✚✸✯✄✘❈◗✰P❄✘✲✾★✘✲✮❄✤✦✫Ûã✼✚✄✘❳✫✭✤❵❑◆✘✬✮❭✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✪✸P✜ã✼✥★✘❀✪❴✱✴✳✍✚❜P✼✮❭✳✍✯✄✤✦✫✭✘❍✘✬✮✰✯✸✚✄✘❳✾★✘❀✪❜✧✼✘✬P✩❝❭✳✍✮✰✯✄✘✬✮✼✮✴✘✬✪
✪✄✤✦✥✻✯❜✵✬▲✰✳✍✾❙❘✛✾✽✳❇✶☎✳✍✾★✘✬P✼✚❖✧✼✵❀✪✸✥❨✚✠✵✬✘☎❁

✗✙✘❀✪❢✪✸✥✻✫❍P✼✾✽✳✍✯✸✥★✤✦✮❄✪✟✤✦✮✰✯❢✵✬✯✄✵❜✚✄✵✒✳✍✾✻✥★✪✄✵❀✘❀✪✟✳❀✶✰✘❀❅
1,5×106 ✱✴✳✍✚✸✯✸✥★❅✬P✼✾★✘❀✪❢✘✬✯ 5,4×104 ã✺✤❀➵★✯✄✘❀✪✒❁✿✗✙✘❜✱✴✳✦✪②✧✼✘❜✯✄✘✬✫❱✱❄✪

∆t
✘❀✪✸✯②❅✄❆❄✤✦✥★✪✸✥✴✯✸✚✄▼❀✪●✜❏✳✍✥♣ã✼✾★✘❖✧✼✘✬✶☎✳✍✮✰✯②✾★✘❴✯✄✘✬✫❱✱❄✪②✯✔❑✿✱✼✥★◗✰P❄✘❜✘✬✮✰✯✸✚✠✘❜✧✼✘✬P✩❝❉❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒✹✿✳✍✥✻✮❄✪✸✥✴◗✰P❄✘❜✧✼✘✬✶☎✳✍✮✿✯②✾✽✳✲✱✷✵✬✚✸✥★✤✰✧✼✘

✧❯■ ✤☎✪✄❅✬✥✻✾✻✾✽✳✍✯✸✥★✤✦✮❪✧❄✳✍✮❄✪❴✾★✘❳▲☎P✼✥★✧✼✘☎❁
⑥❂✤✦P❄✪❴✪✸✥✻✫✛P✼✾★✤✦✮❄✪✟P✼✮❄✘❳✘✢❝✩✱✷✵✬✚✸✥★✘✬✮❄❅❀✘❈❘❇✧✼✘✬P✩❝❞✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❜✧❄✳✍✮❄✪❴✾✽✳✦◗✰P❄✘✬✾✻✾★✘✲✾✽✳❍✱❄✚✄✘✬✫❱✥✻▼✬✚✄✘❍✳✍✮✿✯✄✘✬✮✼✮❄✘❳✘❀✪✸✯❴P✼✯✸✥✻✾✻✥★✪✄✵❀✘

✳❀✶✰✘❀❅❂P✼✮❲✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❈✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮
η1
❫✼❝✼✵☎❁✼✗✙✘❂✮❄✤✦✫Ûã✼✚✄✘✲✫✭✤✒❑✰✘✬✮❞✧✼✘✲❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❜✪✸P✜ã✼✥★✘❀✪✟✱✴✳✍✚✟P✼✮❡✳✍✯✄✤✦✫✭✘❈✳✍P

❅❀✤✦P✼✚✄✪❈✧✼✘❇✪✠✳❚✱✼✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮❤✘✬✮✿✯✸✚✄✘❇✾★✘❀✪❳✧✼✘✬P✩❝❬✳✍✮✰✯✄✘✬✮✼✮✴✘✬✪❍✘❀✪✸✯✲✮❄✤✦✯✄✵
Nc

❁❯✗✐✳❲✧✼✘✬P✩❝✩✥★▼✬✫✭✘✭✳✍✮✿✯✄✘✬✮✼✮❄✘❱✘❀✪✸✯❳P✼✯✸✥✻✾✻✥★✪✄✵❀✘
✳❀✶✰✘❀❅✲P✼✮❞✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘

η2
✹✩✘✬✯❴✮❄✤✦P❄✪❜❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪❜✾✽✳❈✜❣✤✦✮❄❅✬✯✸✥★✤✦✮

Φ′′/Φ′ ✘✬✮❲✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❡✧✼✘ η2
❁✩⑥❂✤✦P❄✪❜✘✬✮❡✧✼✵❀✧✩P✼✥★✪✄✤✦✮❄✪

✳✍✾★✤✦✚✄✪✛✾★✘❉✚✠✳✍✱✼✱✷✤✦✚✸✯
f(η1, Nc) = Φ′′/Φ′(η2 = η1)

✘✬✮❤✜❣✤✦✮❄❅✬✯✸✥★✤✦✮♦✧✼✘
Nc

❁❁➳❳✳✍✮❄✪✛✾★✘❉✚✄✵✬▲☎✥✻✫✭✘❲✪✠✳✍✮❄✪❇❅✬✤✦✾✻✾✻✥★✪✸✥★✤✦✮
✈
Nc = 0

①❢✮❄✤✦P❄✪✲✳✒✶◆✤✦✮❄✪íã✼✥★✘✬✮❪✘✬✮✰✯✄✘✬✮❄✧✩P
f(η1, 0) = 1

❁❄t●✮❪❅✒✳✦✪❂✧✼✘❈✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❊❅❀✤✦✫❱✱✼✾★▼✬✯✄✘❲✈
Nc ≫ 1

①✢✹
❅❀✘✲✚✠✳✍✱✼✱✷✤✦✚✸✯❜✯✄✘✬✮❄✧❞✶✰✘✬✚✄✪❴✾✽✳✛✾✻✥✻✫❱✥✻✯✄✘

f∞(η1) = ϕ{η1/[T
′/T (η1)]}

❁
✗✐✳✛❫❄▲☎P✼✚✄✘❺ú❄❁✻⑩✜➾❇✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘☎✹❄✱✺✤✦P✼✚❜P✼✮❭❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❂✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹✼✾✽✳❱◗✰P✴✳✍✮✰✯✸✥✻✯✄✵❳✮❄✤✦✚✸✫❉✳✍✾✻✥★✪✄✵❀✘

Ξ(η1, Nc) =
f(η1, Nc) − f∞(η1)

1 − f∞(η1)
,

✈➈ú❄❁ ✂❡✂◆①
◗✰P✼✥✐✫✭✘❀✪✸P✼✚✄✘✛✾✽✳❉✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❇❘✭✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎✹✷✘✬✮❭✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❩✧✩P❪✮❄✤✦✫➣ã❄✚✄✘❍✫✭✤❵❑◆✘✬✮❩✧✼✘✛❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪

Nc
❁❣❈❙✤✦P✼✚✲P✼✮

η1✧✼✤✦✮✼✮❄✵☎✹✐✘✬✯✛✘✬✮❬✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘❚✧✼✘✭❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❲✈
Nc = 0

①✢✹
Ξ = 1

❁✐✗✐✳❲✚✄✘✬✾✽✳❵❝❄✳✍✯✸✥★✤✦✮♦✧✼✘
Ξ
✶✰✘✬✚✄✪✁✾✒✵✬✚✄✤❡✾★✤✦✚✄✪✄◗✰P❄✘

Nc✳✍P✼▲☎✫✭✘✬✮✰✯✄✘❭✘❀✪✸✯❇✾★✘❲✚✄✘✸�✴✘✬✯❉✧✩P♣✱✼✚✄✤✰❅❀✘❀✪✄✪✸P❄✪✭✧✼✘❲✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙❁❤❈q✤✦P✼✚
η1 < 0,4

✤✦P
η1 > 3

✹
Ξ
✧✼✵❀❅✬✚✄✤❀➵★✯

✧✼✘✲✫❉✳✍✮✼✥★▼✬✚✄✘❍✳✍✱✼✱✼✚✄✤✒❝✩✥✻✫❉✳✍✯✸✥✻✶◆✘✬✫✭✘✬✮✿✯❂✘✠❝✩✱✷✤✦✮❄✘✬✮✿✯✸✥★✘✬✾❨✾★✘✛✳❀✶✰✘❀❅
Nc

✉
Ξ ≃ exp[−Nc/nc(η1)]

❁❵❈q✳✍✚❖✘✢❝✼✘✢✫❱✱❄✾✻✘❳✮❄✤✦P❄✪
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η1 = 4

η1 = 2

η1 = 0,38

Ó❄Ô☛Õ❙Ö✛×✁ØÛ➒❙Ú➠Û❱Ñ✁Ü❜➓➊➱✢➔❝↔✧➎◗➒✆➛✞➐●➌✝→✦ä✢➢➣➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➜➌
Ξ(η1, Nc)

⑨❤➧✆➙✆➔✤→❫➎◗➌➜➡❵➎◗➌✄⑩✌➌✄➛P➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✦➏✆➍❅➛✞➙✆↕❸▲✄→➣➌❫↕✶➙✆á❵➌✄➛✦➏❵➌P➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔
Nc

➌✄➛✼➎❨→➜➌✢➢ ➌✧↔✌➏❵➌✄➍❵➡❊➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔●➝✁➓❪➙✆➍✎→❈➏✆➔ ❻❦➞✄→➜➌✄➛✼➎◗➌✧↔✢➧✆➒✆➢ ➌✄➍✎→●↔✌➏❵➌
η1

➭➇➭✻➌✧↔✌➏❵➙✆➛✼➛✞➞●➌✧↔❈➙✆➛✼➎✬➞✄➎◗➞❈➙✙▲✄➎◗➌✄➛✼➍✼➌✧↔❄➓❪➒✆→P↔✧➔✤↕❈➍✎➢ ➒✆➎❨➔➠➙✆➛
➫✒➙✆➛✼➎◗➌✄➩✴➭✻➒✆→✧➢ ➙❅➓❪➙✆➍✎→❊➐➜➙✆➛✹â✙➛✞➌✄↕✶➌✄➛✼➎❯➢ ➔✤➛✞➞●➒✆➔✤→➣➌✴➭✬➋❙➒✦→➜➌✄➢ ➒✘➡❢➒✆➎❨➔➠➙✆➛✐➧✆➌✄→●↔❱➢➣➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➜➌✦➌✧↔✧➎✢➐✄➢ ➒✆➔✤→➜➌✄↕✶➌✄➛✼➎✌➌➜➡✄➓❪➙✆➛✞➌✄➛✼➎❨➔➠➌✄➢✤➢ ➌❈➓✎➙✆➍✎→
η1 = 0,38

➝❁➌✄➎❄➒●➓❵➓❆→➣➙✘➡❵➔✤↕✶➒✆➎❨➔☛➧✆➌✄↕✶➌✄➛✼➎❦➌➜➡✄➓✎➙✆➛✞➌✄➛✼➎❨➔➠➌✄➢☛➢ ➌✬➓❪➙✆➍✎→
η1 = 4

➭✛ã✬➙✆➍✎→
η1 = 2

➝✻➢ ➒❯➓❆→➜➌✄↕❈➔➠➨✄→➜➌❈➒✆➛❆➎❤➌✘➛✼➛✞➌❯↕✶➌✄➎❣➢ ➌❫➥❀➒✴è➫✧➙✆→✧➎◗➌✄↕✶➌✄➛✼➎✻➑❪➙✆→●↔✌➏✛➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➜➌✧➝✬➌✄➎❁➢ ➒✶→➜➌✄➢ ➒✘➡❢➒✆➎❨➔➠➙✆➛✒➛✁➲ ➌✧↔✧➎✛➓❪➒✹↔❈➌➜➡✄➓✎➙✆➛✞➌✄➛✼➎❨➔➠➌✄➢☛➢ ➌✴➭
✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪

nc(4) = 2,5±0,5
❁✄❈❙✤✦P✼✚q✧✼✘❀✪✙✶☎✳✍✾★✘✬P✼✚✄✪❙✧✼✘

η1
✥✻✮✿✯✄✘✬✚✸✫✭✵❀✧✩✥✽✳✍✥✻✚✄✘❀✪✒✹❵✮❄✤✦P❄✪❙✤☞ã❄✪✄✘✬✚✸✶◆✤✦✮❄✪✐P✼✮❄✘②✧✼✵❀❅✬✚✄✤✦✥★✪✄✪✠✳✍✮❄❅❀✘
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Ξ
❁✴t●✮❩✘✸✷❯✘✬✯✒✹❄✱✷✤✦P✼✚❂❅❀✘❀✪❖✶☎✳✍✾★✘✬P✼✚✄✪✲✧✼✘

η1
✹✴✱✼✾✻P❄✪❂✧✼✘

50%
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⑥❂✤✦P❄✪✟✚✄✘✬✯✸✥★✘✬✮❄✧✩✚✄✤✦✮❄✪❴✧❄✤✦✮❄❅✲◗✰P❄✘❖✱✷✤✦P✼✚✟P✼✮❄✘❂✫❱✥★✪✄✘❂❆❄✤✦✚✄✪✟✧✙■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘✲✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❴✫✭✤✿✧✼✵✬✚✄✵❀✘☎✹✩✾✽✳✛✧✩✥★✪✸✯✸✚✸✥♣ã✼P✩❋
✯✸✥★✤✦✮❪✳✍✯✄✤✦✫❱✥★◗✰P❄✘❳✚✄✘✬✾✽✳❵❝✼✘❳✶◆✘✬✚✄✪❴✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘✛✳✍✱✼✚✄▼❀✪❴P✼✮❡✮❄✤✦✫➣ã✼✚✄✘❍✧✼✘❳❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✧✼✘❳✾❣■ ✤✦✚✄✧✼✚✄✘❈✧✼✘✲✯✸✚✄✤✦✥★✪✒❁
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✧✼✘❳✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❪✘✬✮❡✯✠✳✍✮✰✯❖◗✰P❄✘✲✯✄✘✬✾❏❁





✉✇✈②①④③⑥⑤✹⑦❳⑧✬⑨ ③

❶ ø✼❸ ❷ ❷ ú ➇ ô ø❆❾❿❷ úÿüÝ❷ ❾➉❺ ❼❅➇⑤④ ø❄➄ ❷
ü ö ➀❁➀❊ø❆❸ ø✫öûú ú ❷ ➀

➭✻➌❈➐●➑❪➒●➓❆➔✤➎❨→➜➌❈➏❵➞●➐✄→✧➔✤➎❣➢ ➒✶↕❈➔❝↔✘➌✌➌✄➛✥➞✄➧✴➔➠➏❵➌✄➛✞➐●➌❈➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢ ➌✌➏❵➌✢➢ ➒❫➓❆→➜➞✧↔✘➌✄➛✞➐●➌✌➏❵➌❈➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔❈➒✆➍❅↔✘➌✄➔✤➛❭➏✆➍
➤✄➌✄➎P➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌✠➐✄→➜➞●➞❈➥✜→⑤➯❵➐●➌✠➒✆➍✪➏✆➔❝↔❤➓✎➙✹↔✧➔✤➎❨➔ ➫❱➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢❁➏❵➞●➐✄→✧➔✤➎✢➏❵➒✆➛❪↔✶➢ ➌✠➐●➑❪➒●➓❆➔✤➎❨→➣➌❰③❢➭✻➋P➲ ➌✧↔●↔✘➌✄➛✼➎❨➔➠➌✄➢❄➏✆➍
➐●➙✆➛✼➎◗➌✄➛✼➍✦➏❵➌❈➐●➌❈➐●➑❪➒●➓❆➔✤➎❨→➜➌❄➫✧➒✆➔✤➎❄➢➣➲ ➙✙▲➠➤✄➌✄➎❦➏❵➌✢➢ ➒P➓❆➍▼▲✄➢ ➔➠➐➜➒✆➎❨➔➠➙✆➛✚⑥❷Ú✭③❀⑦➣➝❁→➣➌◗➓❆→➜➙✴➏✆➍✎➔✤➎◗➌❇➌✄➛✥➒✆➛✼➛✞➌➜➡❢➌❿➱❈➭

➴✦ê✄ë ✖✄ø ï✙ð ÷ ò✩ü✌î❄ï Õ❨÷❊ø
➷✝�✄✂☎�✄✂ ❭ ❛✔✓②❛✗❞ ☛ ❴✗✓ ✠✌✞❱☛☞✠♣➋ ✏✔➃ ✞ P ✏ ➆ ➃ ☛ ❛ ☛❙✆ ✖ ✠♣➋ ✏✔➃

✗✙✘❇✧✩✥★✪✸✱✺✤☎✪✸✥✻✯✸✥❨✜❢✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾●✧✼✵❀❅✬✚✸✥✻✯❈✳✍P❩❅✠❆✴✳✍✱✼✥✻✯✸✚✄✘✚✂❱✱✷✘✬✚✸✫✭✘✬✯❳✧❯■ ✤☞ã✼✯✄✘✬✮✼✥✻✚✲P✼✮❚③✏✘✬✯❳✳✍✯✄✤✦✫❱✥★◗✰P❄✘❍▲☎P✼✥★✧✼✵✛✫❉✳❵❋
▲☎✮❄✵✬✯✸✥★◗✰P❄✘✬✫✭✘✬✮✿✯✲✳❀❑✿✳✍✮✰✯❜P✼✮❄✘✲✶✿✥✻✯✄✘❀✪✄✪✄✘✲✫✭✤❵❑◆✘✬✮✼✮❄✘❈✧✼✘❳✾❏■ ✤✦✚✄✧✩✚✄✘❈✧✼✘✭⑩✲✫⑨⑧✍✪❖✳✒✶◆✘❀❅❳P✼✮■�❄P✩❝

Φ ≃ 7 × 109 atomes/s .
✈✄➁✩❁✻⑩❵①

t●✮♦P✼✯✸✥✻✾✻✥★✪✠✳✍✮✿✯❇✾✽✳❭✯✄✘❀❅✄❆✼✮✼✥★◗✰P❄✘❞✪✸✱✷✘❀❅✢✯✄✚✄✤☎✪✄❅❀✤✦✱✼✥★◗✰P❄✘❲✧✼✵❀❅✬✚✸✥✻✯✄✘❡✳✍P♣❅✄❆✴✳✍✱✼✥✻✯✸✚✄✘⑩★✩✹❙✥✻✾✟✘❀✪✸✯❇✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❲✧✼✘❚✫✭✘❀✪✸P✼✚✄✘✬✚✒✹q✘✬✮
✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❚✧✼✘❀✪❢❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✸✯✸✥★◗✰P❄✘❀✪❢✧✩P❉▲☎P✼✥★✧✼✘❜✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘☎✹✰✾✽✳✲✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘

T
✧✩P❍③✏✘✬✯✒❁◆⑥❂✤✦P❄✪②❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✄✤✦✮❄✪②✥★❅✬✥

✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯❜✾★✘❈❅✒✳✦✪❜✤☞✘❞✾★✘❈❅✄❆✴✳✍✫❱✱❭✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾
B0

✘❀✪✸✯❜✮✰P✼✾❏❁
✗✐✳❍❫❄▲☎P✼✚✄✘❺➁✩❁✻⑩❂✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘✲✾✽✳❍✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘

T
✧✩P❇③✏✘✬✯❜✳✍✯✄✤✦✫❱✥★◗✰P❄✘❳✘✬✮❚✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❞✧✩P❞▲☎✚✠✳✦✧✩✥★✘✬✮✰✯❜✧✼✘✲❅✠❆✴✳✍✫❱✱

✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘
b
✧✩P❞▲☎P✼✥★✧✼✘☎❁✵❈❙✤✦P✼✚

b = 600 ❶ ⑧✍❅✬✫❡✹✩✾✽✳✛✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❍✘❀✪✸✯❴✧✼✘✲✾❏■ ✤✦✚✄✧✩✚✄✘❳✧✼✘ T ∼ 400 µK
❁✢❈q✤✦P✼✚

✾★✘✫�❄P✩❝❬✈✄➁✩❁✻⑩❵①✟✘✬✯❴P✼✮❄✘❳✶✿✥✻✯✄✘❀✪✄✪✄✘
v ≃ 1

✫⑨⑧✍✪✒✹✩✾★✘❳✯✠✳✍P✩❝❞✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❴✶☎✳✍P✼✯
γ =

σ

2π3/2

Φ

v

(

µb

kBT

)2
√

kBT

m
≃ 2 s−1 .

✈✄➁✩❁ ✂◆①
✺r✾❯✳✍✱❄✱✴✳✍✚✠✳❵➵★✯❴❅✬✾✽✳✍✥✻✚✄✘✬✫✭✘✬✮✿✯❜◗✰P✙■ P✼✯✸✥✻✾✻✥★✪✄✘✬✚❴P✼✮❲▲☎✚✠✳✦✧✩✥★✘✬✮✰✯❜✧✼✘✲❅✠❆✴✳✍✫❱✱❲✱✼✾✻P❄✪❴✵✬✾★✘✬✶◆✵✲✘✬✮✿✯✸✚✠✳❵➵★✮❄✘✲P✼✮❄✘❳✳✍P✼▲☎✫✭✘✬✮✰✯✠✳✍✯✄✥✻✤☎✮❡✧✼✘
✾✽✳❇✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P❄✚✄✘❍✧✩P✭③✏✘✬✯✒❁✵❈❙✤✦P✼✚❖P✼✮❭❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯❂✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹❄✾★✘❳✯✠✳✍P✩❝❞✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❜✶☎✳✍✚✸✥★✘❍✳❀✶✰✘❀❅

b✘✬✯
T
❅❀✤✦✫❱✫✭✘

b2/T 3/2 ❁✁➳✲✘✲✱✼✾✻P❄✪✒✹❄❅❀✤✦✫❱✫✭✘❈✤✦✮❡✾★✘✲✶✰✵✬✚✸✥❨❫✴✘✬✚✠✳❱✘✬✮❡✪✄✘✲✚✄✘✬✱✷✤✦✚✸✯✠✳✍✮✿✯❂❘❇✾✽✳❇✪✄✘❀❅✬✯✸✥★✤✦✮❤⑩☎❁ ú❄❁ ú❄✹✼✱✷✤✦P✼✚❖✧✼✘❀✪
▲☎✚✠✳✦✧✩✥★✘✬✮✿✯✄✪✛✵✬✾★✘✢✶✰✵❀✪✒✹❯✾✽✳❲▲✰✳✍✫❱✫✭✘❉✧✼✘❱✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❲✳✍✯✸✯✄✘✬✥✻✮✰✯✄✘❚✘✬✪✸✯❍❅❀✘✬✾✻✾★✘❉✤☞✘❬✾★✘❀✪❍✤✦✮❄✧✼✘❀✪❈✱✴✳✍✚✸✯✸✥★✘✬✾✻✾★✘❀✪❇✳✍P✼✯✸✚✄✘❀✪✛◗✰P❄✘
✾❏■ ✤✦✮❄✧✼✘

s
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σ
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Ó❄Ô☛Õ❙Ö✛×✁Ø❿➜✁Ú ⑦✁Ü★➯✙➡✄➓❪➞✄→✧➔➠➌✄➛✞➐●➌❱ä✩➏❵➌✄➍❵➡✦➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❈➏❵➒✆➛❪↔❈➢ ➌❇→➣➞❤➥✜➔✤↕✶➌❈↔✘➒✆➛❪↔✶➐➜➙✆➢☛➢ ➔❝↔✧➔➠➙✆➛❪↔✘➭✙➋❙➒✌➓❆→➜➌✄↕❈➔➠➨✄→➣➌❅➒✆➛✼➎◗➌✄➛✼➛✞➌✧➝✬ä✠➢ ➒P➫➜→➣➞✄➩➟✄➍✼➌✄➛✞➐●➌
ν1 = 8

➫➣ô❫è✧➝❄➐✄→➜➞●➌✌➍✎➛✞➌❇➏✆➔❝↔✧➎❨→✧➔✻▲✄➍✎➎❨➔➠➙✆➛✦➑❪➙✆→●↔❇➏✛➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➜➌❱➟✄➍✼➌✌➢➣➲ ➙✆➛✥↔✘➙✆➛✞➏❵➌❇➒✆➧✆➌●➐❈➢ ➒❊➏❵➌✄➍❵➡❵➔☛➨✘↕✶➌❇➒✆➛✼➎◗➌✄➛✼➛✞➌✴➭❙➋✛➌✧↔➐●➒✆→✧→➜➞✧↔✌➛✞➙✆➔✤→●↔❈→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎✬➢ ➌✧↔❦➓❪➙✆➔✤➛✼➎➠↔❇➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡✜➝❁➢ ➒❊➐●➙✆➍✎→✑▲●➌❈➎❨➔✤→➜➌✄➎◗➞●➌❈➢ ➌✌↔❤➓❪➌➜➐✄➎❨→➜➌❱➒✆➎❨➎◗➌✄➛✞➏✆➍✦➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌✄↕✶➌✄➛✼➎✣➌✄➛➢➣➲ ➒✙▲✧↔✘➌✄➛✞➐●➌P➏❵➌❯➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔●➝✻➌✄➎❖➢ ➒❈➐●➙✆➍✎→✑▲●➌❯➌✄➛❅➎❨→➜➒✆➔✤➎✼➓❆➢ ➌✄➔✤➛❊➢ ➌❦↔❤➓✎➌●➐✄➎❨→➜➌❯➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏❵➒✆➛✼➎❣ä✢➍✎➛✞➌❦→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎❨➔➠➙✆➛✦➐●➙✆↕✣➓❆➢ ➨✄➎◗➌➌✄➛✼➎❨→➜➌P➢ ➌✧↔✌➏❵➌✄➍❵➡❊➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔✘➭
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b = 400 ❶ ⑧✍❅✬✫❚①❍✘✬✯✛✾✽✳❭✧✩✥★✪✸✯✠✳✍✮❄❅❀✘ d
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ν1 = 8
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γap ∼ γ/5

❁ ✧ ✘✬✾✽✳✭✪✸✥✻▲☎✮✼✥❨❫✴✘❍◗✰P✙■ ✘✬✮✰✯✸✚✄✘❈✾★✘❀✪❖✧✼✘✬P✩❝❪✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✒✹
✾★✘❳✮❄✤✦✫Ûã✼✚✄✘❈✫✭✤✒❑✰✘✬✮❭✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❜✚✄✵❀✘✬✾✻✾★✘✬✫✭✘✬✮✿✯❂✪✸P✜ã✼✥★✘❀✪❜✱✴✳✍✚❜P✼✮❩✳✍✯✄✤✦✫✭✘❈✘❀✪✸✯❖✧✼✘❳✾❏■ ✤✦✚✄✧✩✚✄✘❍✧✼✘

4 × 10−2 ✹❄❅❀✘❈◗✰P✼✥
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✮❄✤✦P❄✪❖✧✼✘✬✶◆✤✦✮❄✪❜✤☞ã✼✯✄✘✬✮✼✥✻✚

Φ′′ = Φ′ ✱✷✤✦P✼✚ η2 = η1
❁

✗✙✘❇✪✸✱✺✘❀❅✬✯✸✚✄✘✛✤☞ã✼✯✄✘✬✮✿P❊✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾★✘✬✫✭✘✬✮✿✯❳✘❀✪✸✯❂✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❍✱✺✳✍✚❂✾★✘❀✪❂❅✒✳✍✚✸✚✄✵❀✪❂✮❄✤✦✥✻✚✄✪✲✧✼✘❍✾✽✳❱❫❄▲☎P✼✚✄✘➔➁✩❁ ✂✩❁✺✗✐✳
❅❀✤✦P✼✚✴ã✷✘❇✯✸✥✻✚✄✘✬✯✄✵❀✘✭✘❀✪✸✯❳✾✽✳❲❅❀✤✦P✼✚✴ã✺✘❱✯✸❆❄✵❀✤✦✚✸✥★◗✰P❄✘☎✹✙✪✠✳✍✮❄✪✲✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❉✳✍③✔P❄✪✸✯✢✳✣ã✼✾★✘✦✹✙✤☞ã✼✯✄✘✬✮✰P❄✘❉✳✍P❊✱✴✳✍✚✠✳✍▲☎✚✠✳✍✱✼❆❄✘➥ú❄❁ ✱✿❁✻⑩☎❁
➻❖✮Óã✺✤✦✮❪✳✦❅❀❅❀✤✦✚✄✧❭✘✢✮✿✯✸✚✄✘❳✾✽✳❱❅❀✤✦P✼✚✴ã✺✘❈✯✸❆❄✵❀✤✦✚✸✥★◗✰P❄✘❈✘✬✯❜✾★✘❀✪❴✱✷✤✦✥✻✮✰✯✄✪❖✘✢❝✩✱✷✵✬✚✸✥✻✫✭✘✬✮✰✯✠✳✍P✩❝❭✘❀✪✸✯❖✤☞ã✼✯✄✘✬✮✰P⑩❲◆❁✼✗✐✳❱❅❀✤✦P✼✚✴ã✷✘❈✘✬✮
✯✸✚✠✳✍✥✻✯❴✱✼✾★✘✬✥✻✮❡❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❡❘❇❅❀✘✲◗✰P❄✘✲✾❏■ ✤✦✮❡✤☞ã✼✯✸✥★✘✬✮❄✧✩✚✠✳✍✥✻✯❖✘✬✮❞❅✒✳✦✪❜✧✼✘❂✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❪❅❀✤✦✫❱✱✼✾★▼✬✯✄✘❈✧✩P❇③✏✘✬✯❴✘✬✮✿✯✸✚✄✘

å✆➣❜➹✣➮✁ì❷➷✴➬❱➶✣ç⑤➴❷➘ ❮ ➹❺✃✣ë ➶✣❐❜➘ ➱❹✃ ❮ ì✄➴❼è✹➹✉➴❷➮ ❒ ❵❹ë♣➪ ➷②✃ ❮ ê✉➶✣➮ ❮✱❰ ❵❹➷⑤➴❷➷✁ì❷➷✴è✹ë ➘ ❐✄➷②➮❫ë♣➪ ➮✞❹❱✃✵➷⑤ì❷➘ ➮②➹✣ç②➮ ❒ è✹➶❱ì❼è✹➘ ➴➇ç ❮ ➹☞➬❱➶✣➘ ➴❑❵❹➶✣➹➽ì❼è✹✃✣✃ ❮ ì✄➴➇❐✄➘ ✐✱➹☞è✹ë❐✄➶❱ì ❫ ì❷➶✣➘ ➴✗➴✄ì ❮ ✃íé♣è✹➘ ❫ ë ➮✁✃ ❮ ➶❱ì ❮❙❫ ➴❷➮②➹✣➘ ì✟➶✣➹✚❐✄✃✵➮②ç⑤➴✄ì❷➮✎ç ❮ ➹❙î✩➮②➹☞è ❫ ë ➮ Ï❭②➚ø➮❅é♣è✹➘ ➴❅ê✉➶✣➮❅ë è❜➬❱➮②➶✙❹❱➘ ❴②➱❹➮✔è✹➹✩➴❷➮②➹✣➹✣➮✔➷②î✹è✹✃ ❮ ì❷➮✔➶❱➹✣➮❅é♣è✹➘ ❫ ë ➮✗✃☞è✤ì✄➴❷➘ ➮✗➬❱➶➍î➈➮⑤➴❃✃ ❮ ➶❱ì ν2 = ν1

➮②❐✪➴❃✃❱ì ❮❙❫ è ❫ ë ➮②➱❹➮②➹✉➴❃➬❆❁❿❵☎ë♣➪ ➮✒❃❹ç✴è✹ç②➘ ➴❷➷✃☞è✤ì✄➴❷➘ ➮②ë ë ➮➇➬❱➮✟ë è✎✃❱ì❷➮②➱❹➘ ❴⑤ì❷➮☎è✹➹✩➴❷➮②➹✣➹✣➮ ❒ ê✉➶✣➘✣➹✣➮✟î✱è✹➶❱➴❅✃☞è✹❐➳❝❃❡❙❡↔❄ Ï✏↕ ➹❹✃ ❮ ➶❱ì✄ì❼è✹➘ ➴✔➷❱✐✩è✹ë ➮②➱❹➮②➹✩➴✔✃✵➮②➹✣❐✄➮⑤ì✔ê✉➶✣➮ ❒ ➬❱➶❫é♣è✹➘ ➴✗➬❱➮✟ë è❑✐✹ì❼è✴î❙➘ ➴❷➷ ❒ ë ➮✃ ❮ ➴❷➮②➹✉➴❷➘ ➮②ë✉➬❱➮❃ç ❮ ➹ ↔ ➹✣➮②➱❹➮②➹✉➴ø➹ø➪ ➮②❐✪➴■✃✣ë ➶✣❐■✃☞è✤ì✄é♣è✹➘ ➴❷➮②➱❹➮②➹✉➴❀❵✗❐ í ➱❹➷⑤➴✄ì❷➘ ➮❃ç í ë ➘ ➹☞➬❙ì❷➘ ê✉➶✣➮✜➮⑤➴✳✃☞è✤ì■ç ❮ ➹✣❐✄➷✴ê✉➶✣➮②➹✉➴■ë ➮❚➱ ❮ ➱❹➮②➹✉➴✡ç②➘ ➹✣➷⑤➴❷➘ ê✉➶✣➮❃➹ø➪ ➮②❐✪➴✃✣ë ➶✣❐✜➶✣➹✣➮✔ç ❮ ➹✣❐✪➴❼è✹➹✉➴❷➮✟➬❱➶✝➱ ❮ ➶❱î✩➮②➱❹➮②➹✉➴ ❒ ➱➤è✹➘ ❐❃➷②î ❮ ë ➶✣➮✗ë ➮②➹✉➴❷➮②➱❹➮②➹✉➴ Ï ✿☎➘ ➹✣❐✄➘ ❒ ➶✣➹❫è✤➴ ❮ ➱❹➮✔➹✣➮✔î✩➷⑤ì❷➘ ↔ è✹➹✉➴❃✃☞è✹❐✜ë ➮✗ç⑤ì❷➘ ➴⑤❴⑤ì❷➮✟➬✡➪ ➷②î✱è✹✃ ❮ ì❼è✤➴❷➘ ❮ ➹✃ ❮ ➶❱ì✔ë è✁✃❱ì❷➮②➱❹➘ ❴⑤ì❷➮☎è✹➹✉➴❷➮②➹✣➹✣➮✟✃✵➮②➶❱➴✔ë ➮☎î✩➷⑤ì❷➘ ↔ ➮⑤ì✔✃ ❮ ➶❱ì✔ë è✁➬❱➮②➶✙❹❱➘ ❴②➱❹➮ ❒ ➱❊➙②➱❹➮✗➮②➹➤ë♣➪ è ❫ ❐✄➮②➹✣ç②➮➇➬❱➮☎ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐ Ï æ❚➮⑤➴✗➮✞❥✡➮⑤➴✔➮②❐✪➴✗➬✡➪ è✹➶❱➴❼è✹➹✉➴✃✣ë ➶✣❐✎➱➤è✤ì❼ê✉➶✣➷ ê✉➶✣➮
b
➮②❐✪➴✎é♣è✹➘ ❫ ë ➮ Ï æ❅➮②✃✵➮②➹☞➬✣è✹➹✉➴ ❒ ✃ ❮ ➶❱ì b = 400

Ù ❢✤ç②➱ ➮⑤➴✁➹ ❮ ❐✎ç ❮ ➹☞➬❱➘ ➴❷➘ ❮ ➹✣❐✎➮✞❹❱✃✵➷⑤ì❷➘ ➱❹➮②➹✉➴❼è✹ë ➮②❐ ❒ ➶✣➹✣➮ ❐✄➘ ➱ ➶✣ë è✤➴❷➘ ❮ ➹➹❙➶✣➱❹➷⑤ì❷➘ ê✉➶✣➮❜➹ ❮ ➶✣❐✟è ✃✵➮⑤ì❷➱❹➘ ❐✟➬❱➮✎î✩➷⑤ì❷➘ ↔ ➮⑤ì☎ê✉➶✣➮➇ë è❿✐✹ì❼è✴î❙➘ ➴❷➷❜î ❮ ➶✣➮✎➶✣➹íì❜➛✱ë ➮✎➹✣➷❱✐✱ë ➘ ✐✱➮✴è ❫ ë ➮ Ï
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Ó❄Ô☛Õ❙Ö✛×✁Ø❨➜✁Ú Ù✁Ü✎➯✙➡✄➓❪➞✄→✧➔➠➌✄➛✞➐●➌✣äP➏❵➌✄➍❵➡✌➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❄➏❵➒✆➛❪↔❄➢ ➌❄→➜➞❤➥✜➔✤↕✶➌❦➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✜➛✼➛✞➌✄➢ ➭❪➯❁➛➔⑨✖➒②⑩✹➝✁➢ ➒❣➓❆→➜➌✄↕❈➔➠➨✄→➜➌✣➒✆➛✼➎◗➌✄➛✼➛✞➌❄➛✞➲ ➌✧↔✧➎✎➓❪➒✹↔➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✳❸✛➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌❑③❈➌✧↔✧➎❙➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✙➓✎➙✆➍✎→✬↕✶➌✧↔✧➍✎→➜➌✄→❁➢ ➒P➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌✣➏✆➍✬➤✄➌✄➎➠➝✛➢➣➲ ➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛✼➎★➏❵➌✧↔★➓❪➙✆➔✤➛✼➎➠↔❦➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡
⑨✖➐●➒✆→✧→➣➞✧↔✪⑩✶➓❪➒✆→❱➍✎➛✞➌❅➐●➙✆➍✎→✑▲●➌✠➏❵➌❅➢ ➒❈➫✧➙✆→✧↕✶➌✧⑨✸②❀➭ ③✙③✤⑩Ó⑨❤➎❨→➜➒✆➔✤➎❣➓❆➢ ➌✄➔✤➛❙⑩✥➏❵➙✆➛✼➛✞➒✆➛✼➎

T = 380 µK
➭✻➯❁➛P⑨⑤▲✄⑩✹➝✣➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌ÛÞ✒➌✧↔✧➎➍✎➎❨➔✤➢ ➔❝↔✘➞●➌❯➒✆➧✆➌●➐❫➍✎➛✞➌★➫➜→➣➞●➟✄➍✼➌✄➛✞➐●➌

ν1 = 24
➫➣ô❫è✴➭❆➋❙➌❦↔❤➓❪➌●➐✄➎❨→➣➌P➙✙▲✄➎◗➌✄➛✼➍✠➌✄➛❯➫✧➒✆➔❝↔✘➒✆➛✼➎✙➧✜➒✆→✧➔➠➌✄→

ν2

↕✶➙✆➛✼➎❨→➜➌✣➍✎➛❫➤✄➌✄➎✻ä✌➢➣➲ ➞●➟✄➍✎➔✤➢ ➔✻▲✄→➣➌
⑨✖➌✄➛✶➓❪➒✆→✧➎❨➔➠➐✄➍✎➢ ➔➠➌✄→●➝✬➙✆➛❭➒✘▲✄➔➠➌✄➛

Φ′′ < Φ′ ➓❪➙✆➍✎→ ν2 = ν1

⑩✹➝❁➒✆➧✆➌●➐✢➍✎➛✞➌✢➎❤➌✘↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌P→➜➞●➏✆➍✎➔✤➎◗➌✛➐
T ′ = 280 µK

➭

✾★✘❀✪❢✧✼✘✬P✩❝❲✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒❁✿✗❃■ ✵❀❅✒✳✍✚✸✯❜✳✒✶◆✘❀❅❖✾★✘❀✪②✱✷✤✦✥✻✮✰✯✠✪❢✘✢❝✩✱✷✵✬✚✸✥✻✫✭✘✬✮✰✯✠✳✍P✼❝❲❅❀✤✦✮✩❫❄✚✸✫✭✘❂✾❣■ ✳✣ã❄✪✄✘✬✮❄❅❀✘✲✧✼✘❖✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙❁

➷✝�❬❩✁�❬❩ ß ❴❃➉ ✠ ✖➊➃❖❞ ✆❑á✻á❬✠✌✞✡✠✌✆✎✍☎✍ ➃ á

❈●✾✽✳☞➻❀✤✦✮❄✪✏❋❏✮❄✤✦P❄✪❖✧✼✵❀✪✄✤✦✚✸✫❉✳✍✥★✪❜✧❄✳✍✮❄✪❜✧✼✘❀✪❜❅❀✤✦✮❄✧✩✥✻✯✸✥★✤✦✮❄✪❜✱✺✘✬✚✸✫✭✘✬✯✸✯✠✳✍✮✿✯❖✧❯■ ✤☞ã❄✪✄✘✬✚✸✶✰✘✬✚❴✾✽✳✛✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮s✉❬�❄P✩❝
Φ
❘❂✪✠✳❖✶☎✳✍✾★✘✬P✼✚●✫❉✳❵❝✩✥✻✫❉✳✍✾✻✘☎✹☎▲☎✚✠✳✦✧✩✥★✘✬✮✰✯

b = 600 ❶ ⑧✍❅✬✫❡✹☎✘✬✯qP✼✮❄✘✟▲☎✚✠✳✍✮❄✧✼✘❴✧✩✥★✪✸✯✠✳✍✮❄❅❀✘✟✘✬✮✿✯✸✚✄✘❜✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❜✉ d = 3
✫❡❁

t●✮❩✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘❇✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❊✱✴✳✍✚✲✾✽✳❉✱✼✚✄✘✬✫❱✥★▼✢✚✠✘❱✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹✷✮❄✤✦P❄✪✲✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❳✾★✘✛✪✸✱✷✘❀❅✬✯✸✚✄✘✛✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵❱✪✸P✼✚❂✾✽✳
❫❄▲☎P✼✚✄✘❇➁✩❁ ★⑨✈❣✳◆①✢❁❴✗✐✳s✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❬✧✩P♣③✏✘✬✯❡✳✍✥✻✮❄✪✸✥❳✫✭✘❀✪✸P✼✚✄✵❀✘❩✶☎✳✍P✼✯

T = 380 ± 20 µK
❁❴✗✙✘❪✮❄✤✦✫Ûã✼✚✄✘❊✧✼✘

❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❇✘✬✮✰✯✸✚✄✘❉✾★✘❀✪❇✧✼✘✬P✩❝s✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒✹❙✧❄✳✍✮❄✪❇❅❀✘❀✪✛❅❀✤✦✮❄✧✩✥✻✯✸✥★✤✦✮❄✪✒✹q✘❀✪✸✯✛✧✼✘✭✾❏■ ✤✦✚✄✧✩✚✄✘❲✧✼✘
Ncol ∼ 6

✹❙❅❀✘❉◗✰P✼✥✟✧✼✤✦✥✻✯
✪✸P✢✜✭✚✄✘❖✱✷✤✦P✼✚✟✱✺✘✬✚✸✫✭✘✬✯✸✯✸✚✄✘❈✳✍P✛③✏✘✬✯✟✧✼✘❖✚✄✘✬✾✽✳❵❝✼✘✬✚✟✶✰✘✬✚✄✪②✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❂✯✸❆❄✘✬✚✸✫✭✤✿✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘✾❬✰❁✩✗✐✳❈✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❈✳✍✮✰✯✄✘✬✮✼✮❄✘
✘❀✪✸✯❢✘✬✮❄✪✸P✼✥✻✯✄✘❖P✼✯✸✥✻✾✻✥★✪✄✵❀✘☎✹✩✳❀✶✰✘❀❅❜P✼✮❄✘❴✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘

ν1 = 24
❉→❇✘✾❇✈✣✪✄✤✦✥✻✯②P✼✮❚✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘✲✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮

η1 ≃ 3,0
①✢❁

✗✙✘❡✪✸✱✺✘❀❅✬✯✸✚✄✘❡✤☞ã✼✯✄✘✬✮✰P❧✘✬✮♣✜❏✳✍✥★✪✠✳✍✮✰✯❱✶☎✳✍✚✸✥★✘✬✚
ν2

✘❀✪✸✯❱✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❡✪✸P✼✚❱✾✽✳❭❫❄▲☎P✼✚✄✘❿➁✩❁ ★♥✈➈ã✺①✢❁●⑥❂✤✦P❄✪✭✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪✭P✼✮
✪✸✱✺✘❀❅✬✯✸✚✄✘❉❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✰✯❱❘❲P✼✮❡③✏✘✬✯✛❘❲✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘✭✯✄❆❄✘✬✚✸✫✭✤✰✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘✭⑨◆❁✐✗✐✳❲✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❚✧✼✵❀✧✩P✼✥✻✯✄✘❉✧✼✘✭❅❀✘
✪✸✱✺✘❀❅✬✯✸✚✄✘✲✶☎✳✍P✼✯

T ′ ≃ 280± 10 µK
❁✿✗✙✘❂✚✠✳✍✱✼✱✷✤✦✚✸✯

T ′/T
✘❀✪✸✯❴✧✼✤✦✮❄❅❂✥★❅✬✥❯✧✼✘

0,74± 0,05
❁✿✗✐✳✛✶☎✳✍✾✻✘✬P✼✚❴✯✸❆❄✵❀✤✦✚✸✥★◗✰P❄✘

✳✍✯✸✯✄✘✬✮❄✧✩P❄✘☎✹❄✱✺✤✦P✼✚
η1 = 3

✹✼✘❀✪✸✯
T ′/T = 0,74

❁❄✗❃■ ✳✦❅❀❅❀✤✦✚✄✧❡✯✸❆❄✵❀✤✦✚✸✥★✘✢❋r✘✢❝✿✱✷✵✬✚✸✥★✘✬✮❄❅✒✘❍✘❀✪✸✯❜✧✼✤✦✮❄❅❈✘✢❝✼❅❀✘✬✾✻✾★✘✬✮✰✯✒❁
❈q✤✦P✼✚❈❅❀✘✛✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❱✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹❯✾✽✳❉✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❤✧✼✘➉�❄P✩❝❪✫✭✘❀✪✸P✼✚✄✵❀✘❱✘❀✪✸✯❳✵✬▲✰✳✍✾★✘✭❘■★✎➽✡➦❚❁✗✺r✾q✘❀✪✸✯❈✳✍✾★✤✦✚✄✪

✥✻✫❱✫✭✵❀✧✩✥✽✳✍✯❪✧✼✘❊❅✒✳✍✾★❅✬P✼✾★✘✬✚❪◗✰P❄✘❩✾✽✳♣✧✼✘✬✮❄✪✸✥✻✯✄✵❬✧❄✳✍✮❄✪❞✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❬✧✼✘❀✪❞✱✼❆✴✳✦✪✄✘❀✪❭✧✩P♣③✏✘✬✯❭✳✍P✼▲☎✫✭✘✬✮✿✯✄✘❤✧❯■ P✼✮⑨✜❏✳✦❅✬✯✄✘✬P✼✚
1,92 ± 0,15

✈✇✾✽✳✛✶☎✳✍✾★✘✬P✼✚❂✳✍✯✸✯✄✘✬✮❄✧✩P❄✘❈✯✸❆❄✵❀✤✦✚✸✥★◗✰P❄✘✬✫✭✘✬✮✰✯❂✵✬✯✠✳✍✮✿✯❖✧✼✘
1,90

①✢❁

❛ Ú è✹✃✣✃✵➮②ë ❮ ➹✣❐✚ê✉➶✣➮❺✃ ❮ ➶❱ì✚➶❱➹✣➮➣➬❱➘ ❐✪➴✄ì❷➘ ❫ ➶❱➴❷➘ ❮ ➹ ➱❹➘ ❐✄➮❨ë ➷❱✐❙❴⑤ì❷➮②➱❹➮②➹✉➴✖❪ ❮ ì❷❐✚➬✡➪ ➷✴ê✉➶✣➘ ë ➘ ❫ ì❷➮ ❒ ë ➮❨➹ ❮ ➱ ❫ ì❷➮❨➬❱➮❺ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐➽➷⑤ë è✱❐✪➴❷➘ ê✉➶✣➮⑤❐➹✣➷②ç②➮②❐✄❐❷è✹➘ ì❷➮②❐☎✃ ❮ ➶❱ì☎ë è✝ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐❷è✤➴❷➘ ❮ ➹❺➮⑤❐✪➴❜➬❱➮✎ë♣➪ ❮ ì❼➬❙ì❷➮✁➬❱➮➇➴✄ì ❮ ➘ ❐➯➭ ➲ ➙❋➳❬Ï❶✞❾❃➹➽✃☞è✤ì✄➴❷➘ ç②➶✣ë ➘ ➮⑤ì ❒ ë è❹➬❱➮②➶✙❹❱➘ ❴②➱❹➮➇è✹➹✉➴❷➮②➹✣➹✣➮➇ç ❮ ➹☞➬❱➶✣➘ ➴➍❵❫➬❱➮②❐✟✃✵➮⑤ì✄➴❷➮②❐✗➴ ❮ ➶❱➴➍❵✝é♣è✹➘ ➴❜➱❹➮②❐✄➶❱ì❼è ❫ ë ➮⑤❐✟✃ ❮ ➶❱ì ν2 = ν1 Ï



➱✙❒❝❐➸➵❯➴✞➱➜➬ ➴✼➮✹➬ ❂❅❄✷Ï✛✃✥➮✘✃✞Ñ✓➷✛Ò✞➱✖➴✼➮✆❰✛➱✖✃✪Ð ❂✁➱✖❮❅Ï✟❀☛❰❃❄❿✿☎⑤✡✿❆Ð ✃✒Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄ ❉✞➶❚Ð
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ν2 ➚➶➪→➹✘➘✏➴
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Ó❄Ô☛Õ❙Ö✛×✁Ø✭➜✁Ú ➒❙Ü■➫✩➔❝↔✘➌❯➌✄➛❊➞✘➧✴➔➠➏❵➌✄➛✞➐➜➌P➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢ ➌❯➏❵➌✣➢ ➒✢➎❨→➣➒✆➛❪↔✧➔✤➎❨➔➠➙✆➛✩➌✄➛✼➎❨→➜➌✬➢ ➌✧↔❦→➜➞❤➥✜➔✤↕✶➌✧↔✬↔✘➒✆➛❪↔✣➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔❯➌✄➎✙➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛✼➩➛✞➌✄➢ ➭✻➋✛➒❇➓❆→➜➌✄↕❈➔➠➨✄→➣➌❊➒✆➛✼➎◗➌✄➛✼➛✞➌❱➌✧↔✧➎✣➍✎➎❨➔❝➢ ➔❝↔✘➞●➌✠ä
ν1 = 3

➫➣ô❫è➔⑨ ➓❪➙✆➔✤➛✼➎❨➔✤➢✤➢ ➞✧↔✪⑩❵➭❣➋✛➒✒➏❵➌✄➍❵➡❵➔➠➨✄↕✶➌❅➒✆➛✼➎◗➌✄➛✼➛✞➌✧➝✣➏❵➌❫➫➜→➣➞●➟✄➍✼➌✄➛✞➐●➌
ν2➌✄➎❣↔✧➔✤➎❨➍✼➞●➌❈ä❱➍✎➛✞➌❈➏✆➔❝↔✧➎◗➒✆➛✞➐●➌

d
➌✄➛✓➒✆➧✆➒✆➢★➏❵➌✌➢ ➒P➓❆→➜➌✄↕❈➔➠➨✄→➜➌✧➝✬➌✧↔✧➎❁➍✎➎❨➔✤➢ ➔❝↔✘➞●➌❦➓✎➙✆➍✎→P↔✘➙✆➛✞➏❵➌✄→✢➢ ➌❁➤✄➌✄➎◗➭❙➋❙➌✢➛✞➙✆↕❸▲✄→➜➌❇➏❵➌❇➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✆➛❪↔➌✄➛✼➎❨→➜➌❇➢ ➌✧↔✶➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❇➌✧↔✧➎❫➏❵➌❇➢➣➲ ➙✆→➜➏✆→➜➌✠➏❵➌❨ß✹➝✶③Ó⑨❤➎❨→✧➔➠➒✆➛❢➥✜➢ ➌✧↔✳❸✬➢ ➒✩➐●➙✆➍✎→✑▲●➌❱➌✧↔✧➎❫➙✙▲✄➎◗➌✄➛✼➍✼➌❫➓✎➙✆➍✎→

Φ = 2 × 109
➒✆➎◗➙✆↕✶➌✧↔♣①✼↔❱➌✄➎

d = 0,85
↕✝⑩✹➝❅ß✹➝♣➎❨⑨✖➐●➒✆→✧→➣➞✄↔■❸❙➢ ➒❈➐●➙✆➍✎→✑▲●➌❫➌✧↔✧➎✙➙✙▲✄➎◗➌✄➛✼➍✼➌✻➓✎➙✆➍✎→

Φ = 7×109
➒✆➎◗➙✆↕✶➌✧↔♣①✼↔❫➌✄➎

d = 0,85
↕✝⑩✹➝✔Þ✹➝✶③✭⑨✖➐➜➌✄→➜➐✄➢ ➌✧↔✳❸❙➢ ➒➐●➙✆➍✎→✑▲●➌❈➌✧↔✧➎❄➙✙▲✄➎◗➌✄➛✼➍✼➌✬➓✎➙✆➍✎→

Φ = 7 × 109
➒✆➎◗➙✆↕✶➌✧↔♣①✼↔✌➌✄➎

d = 1,7
↕✝⑩❱➌✄➎✬➌✄➛✹â✙➛✢③✜➝ ◆❿⑨✖➏✆➔❝↔✘➟✄➍✼➌✧↔■❸✻➢ ➒✠➐➜➙✆➍✎→✑▲●➌❈➌✧↔✧➎✬➙✙▲✄➎◗➌✄➛✼➍✼➌➓❪➙✆➍✎→

Φ = 7 × 109
➒✆➎◗➙✆↕✶➌✧↔♣①✼↔✠➌✄➎

d = 3,4
↕✝⑩❵➭✻➋✛➌❱↔❤➓✎➌●➐✄➎❨→➜➌✠➒✆➎❨➎◗➌✄➛✞➏✆➍✷➌✄➛❳➐●➒✹↔❅➏❵➌❅→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎➠➔➠➙✜➛✐➐●➙✆↕✣➓❆➢ ➨✄➎◗➌❊➌✧↔✧➎→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞❈➌✄➛✦➎❨→➜➒✆➔✤➎❙➓❆➢ ➌✄➔✤➛✞➭

➷✝�❬❩✁�☛ÿ ✺ ✓②❛ ✍✔✞✡✠ ☛☞✠✌✆✎✍ ➃ ✍❅☛ ✓②➃ á ➃ ✞◗P ➃✗✏✺❸❡✓②❴❃➉ ✠ ✖➊➃ ✞
t●✮♦✜❏✳✍✥★✪✠✳✍✮✰✯❇✶☎✳✍✚✸✥★✘✬✚❇✾★✘➷�❄P✩❝

Φ
✧✩P❩③✏✘✬✯❱✤✦P♦✾✽✳❪✧✩✥★✪✸✯✠✳✍✮❄❅❀✘

d
✘✬✮✿✯✸✚✄✘❚✾★✘❀✪❱✧✼✘✬P✩❝♣✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒✹❙✥✻✾❴✘❀✪✸✯❇✱✺✤☎✪✄✪✸✥♣ã✼✾★✘

✧❯■ ✤☞ã❄✪✄✘✬✚✸✶✰✘✬✚❉✾✽✳❊✯✸✚✠✳✍✮❄✪✸✥✻✯✸✥★✤✦✮❛✘✬✮✰✯✸✚✄✘❭✾★✘❡✚✄✵✬▲☎✥✻✫✭✘❪✪✠✳✍✮❄✪❉❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❚✘✬✯❉✾★✘❡✚✄✵✬▲☎✥✻✫✭✘❪❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮✼✮❄✘✬✾❏❁❢✗✐✳❊❫❄▲☎P✼✚✄✘ ➁✩❁ ú
✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘✲✾★✘❀✪❴✪✸✱✺✘❀❅✬✯✸✚✄✘❀✪❜✤☞ã✼✯✄✘✬✮✰P❄✪❜✘✬✮❲P✼✯✸✥✻✾✻✥★✪✠✳✍✮✿✯❴✾✽✳❍✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❍✳✍✮✰✯✄✘✬✮✼✮❄✘❈✳✒✶◆✘❀❅✲P✼✮❄✘❖✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘

ν1 = 3
❉→❇✘✾◆✹

✘✬✯❲✘✬✮ ã✴✳✍✾✽✳❀❑✿✳✍✮✰✯❲✾✽✳❊✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘
ν2

✧✼✘❭✾✽✳❤✧✼✘✬P✩❝✩✥★▼✬✫✭✘❊✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹❢✱✺✤✦P✼✚❞✧✼✘❀✪❚✮❄✤✦✫Ûã✼✚✄✘❀✪❲✧✼✘❪❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮⑨✘✬✮✿✯✸✚✄✘
✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❂❅✬✚✄✤✦✥★✪✄✪✠✳✍✮✰✯✄✪✛✈✣✧✼✘❈✾❣■ ✤✦✚✄✧✼✚✄✘❍✧✼✘❍♠✩✹ ✂❱✧❄✳✍✮❄✪❜✾★✘❈❅✒✳✦✪➬✮❇✪✠✳✍✮❄✪❖❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✫✯✫❺☎✹✼✱✼P✼✥★✪❂♠✩✹ ➽✩✹✐⑩☎✹ ✂❱✘✬✯❖✘✬✮✩❫❄✮➮✂✩✹ ú✿①✢❁
✗✐✳❈✚✄✘✬✾✽✳❵❝❄✳✍✯✸✥★✤✦✮❲✧✩P✛③✏✘✬✯②✶◆✘✬✚✄✪②✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❇✈✣❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✰✯❜✳✍P❲✪✸✱✺✘❀❅✬✯✸✚✄✘❂✘✬✮❉✯✸✚✠✳✍✥✻✯❢✱✼✾★✘✬✥✻✮✺①❃✘❀✪✸✯❢❅✬✾✽✳✍✥✻✚✄✘✬✫✭✘✬✮✿✯❢✫❱✥★✪✄✘
✘✬✮❭✵✬✶✿✥★✧✼✘✬✮❄❅❀✘☎❁

➴✦ê➣é ➱ ö✢ð Õ öPï Õ❨÷❊ø ò❸×Ýï⑩×✚ÿ í ô✢ð❀öPï✙ü✶ð✆× û ÷ ð❀ñ ò✥ó✧ü ø îq⑧Pî❯û✈× ò✥ó◗ô✣õ❯ö í❱÷ ð❀öPï Õ❨÷❊ø
❤ P✼✚❚✾❏■ ✘✢❝✼✘✬✫❱✱✼✾★✘❪✧✼✘❡✾✽✳❬✪✄✘❀❅✬✯✸✥★✤✦✮✒➁✩❁ ✂✩❁ ✂✩✹❃✮❄✤✦P❄✪❲✳✒✶◆✤✦✮❄✪❉✶✿P♥P✼✮❄✘❭✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❛✪✸✥✻▲☎✮✼✥❨❫✴❅✒✳✍✯✸✥✻✶◆✘❪✧✼✘❡✾✽✳❊✯✄✘✬✫❱✱✷✵✢❋

✚✠✳✍✯✸P✼✚✄✘❡✧✩P❬③✏✘✬✯✒❁●⑥❂✤✦P❄✪❉✳✒✶◆✤✦✮❄✪❱✫✭✘✬✮❄✵❡✧✼✘❀✪✭✘✢❝✩✱✷✵✬✚✸✥★✘✬✮❄❅❀✘❀✪❉✪✸❑✩✪✸✯✄✵✬✫❉✳✍✯✸✥★◗✰P❄✘❀✪✭✘✬✮♦✜❏✳✍✥★✪✠✳✍✮✿✯❱✶☎✳✍✚✸✥★✘✬✚✭✾★✘❲✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘
✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮

η1
✧✼✘❳✾✽✳✛✱✼✚✄✘✬✫❱✥★▼✬✚✄✘✛✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹❄✘✬✯❖✘✬✮❞✫✭✘❀✪✸P✼✚✠✳✍✮✿✯❜✾★✘✲✚✠✳✍✱✼✱✷✤✦✚✸✯

T ′/T
❁

✗✙✘❀✪q✚✄✵❀✪✸P✼✾✻✯✠✳✍✯✄✪●✧✼✘✟❅❀✘❀✪❙✫✭✘❀✪✸P✼✚✄✘❀✪●✪✄✤✦✮✿✯❙✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❀✪●✪✸P✼✚❙✾✽✳❜❫❄▲☎P✼✚✄✘➤➁✩❁ ➁✩❁✦✗✙✘❀✪q✱✺✤✦✥✻✮✿✯✄✪●✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍P✩❝❱✪✄✤✦✮✰✯q✾★✘❀✪
❅✒✳✍✚✸✚✄✵❀✪✲✈✇✮❄✤✦✥✻✚✄✪②✱✷✤✦P✼✚❢✧✼✘❀✪❃✫✭✘❀✪✸P✼✚✄✘❀✪❃✜❏✳✍✥✻✯✄✘❀✪❢✳✒✶◆✘❀❅❜P✼✮❉▲☎✚✠✳✦✧✩✥★✘✬✮✰✯

b = 600 ❶ ⑧✍❅✬✫❡✹✡ã✼✾✽✳✍✮❄❅❀✪②✱✺✤✦P✼✚ b = 1
✸ ❶ ⑧✍❅✬✫❚①✢❁✗✐✳❍❅❀✤✦P✼✚✴ã✷✘❖✯✸❆❄✵❀✤✦✚✸✥★◗✰P❄✘☎✹❃◗✉✛☞✷✜◗✁✙✜✛☞✢✴✛☞✥✧✦✩★✪✢✹✫❺✛❐✃✠❰ø◗✩★❷✛✰➈✢➉❬✫✬✹✿✚✄✘✬✱✼✚✄✤✰✧✩P✼✥✻✯✟✾★✘❀✪②✚✄✵❀✪✸P✼✾✻✯✠✳✍✯✄✪✟✘✢❝✩✱✷✵✢✚✄✥❨✫✭✘✬✮✿✯✠✳✍P✩❝❲✧✼✘❜✫❉✳✍✮✼✥★▼✬✚✄✘

✯✸✚✄▼❀✪❜✪✠✳✍✯✄✥✻✪✏✜❏✳✍✥★✪✠✳✍✮✿✯✄✘☎❁
❽✴æ❅➮②❐✁➹ ❮ ➱ ❫ ì❷➮②❐☎➴❷➘ ➮②➹✣➹✣➮②➹✉➴✎ç ❮ ➱❹✃❱➴❷➮❫➬❱➮ ë è➤ì❷➷✴➬❱➶✣ç⑤➴❷➘ ❮ ➹✭➬❱➶❨➴❼è✹➶✙❹➣➬❱➮ ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐✁➷②ë è✹❐✪➴❷➘ ê✉➶✣➮②❐✝➬❱➶✣➮❖❵íë♣➪ è✹ç⑤➴❷➘ ❮ ➹➔➬❱➮ ë èí✃❱ì❷➮②➱❹➘ ❴⑤ì❷➮è✹➹✉➴❷➮②➹✣➹✣➮✼❻✣✃ ❮ ➶❱ì☎ë ➮✎✃☞è✤ì❼è✹➱Ð❴⑤➴✄ì❷➮✎➬✡➪ ➷②î✱è✹✃ ❮ ì❼è✤➴❷➘ ❮ ➹ η ≃ 0,38

➶❱➴❷➘ ë ➘ ❐✄➷✁➘ ç②➘ ❒ ç②➮⑤➴✄➴❷➮❜ì❷➷✴➬❱➶✣ç⑤➴❷➘ ❮ ➹➽➮②❐✪➴❜➬✡➪ ➶✣➹íé♣è✹ç⑤➴❷➮②➶❱ì❜➬❱➮②➶✙❹ Ï



❉❚❉✞➶ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞➱✙❒ðï❳➬ ❮✴✃❭✃✳❄✪Ò✵❁❆➬ Ï✛✃✳❄■✿✎✃❭Ï★❰✐➱✖Ò✵❣❖➬✤Ñ✒✃✧✿✵❂❖Ð❝Ð ➬ ❮✆➬ ❂❅❄❃❄❆✃✞Ð

0,0

0,5

1,0

1,5

0 2 3 41 5

❒ ❮

❰ Ï
Ð ÑÒ ÓÔ ÕÖ

×Ø ÙÚ ÛÜ

η1

T
′
/T

Ó❄Ô☛Õ❙Ö✛×✁Ø❘➜✁Ú ➜✁Ü❴➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛❭→➜➌✄➢ ➒✆➎❨➔✤➧✆➌✶➏❵➌✌➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌
T ′/T

➝❣➔✤➛✞➏✆➍✎➔✤➎◗➌❦➓❪➒✆→✢➍✎➛❭➐✄á❵➐✄➢ ➌✶➞✄➧✆➒●➓❪➙✆→➣➒✜➎❨➔➠➙✆➛✼➩◗→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✜➎❨➔➠➙✆➛❪➝➌✄➛✢➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✥➏✆➍✢➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌✌➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛
η1

➏❵➌❯➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✴➭✞➋❙➌✧↔P➐●➒✆→✧→➣➞✧↔❯➛✞➙✆➔✤→●↔✚⑨❤→➣➌✧↔❤➓❪➌●➐✄➎❨➔✤➧✆➌✄↕✶➌✄➛✼➎➠➝➳▲✄➢ ➒✆➛✞➐✧↔✪⑩✶➐●➙✆→✧→➜➌✧↔✧➩➓❪➙✆➛✞➏❵➌✄➛✼➎❯ä✒➏❵➌✧↔❱➌➜➡✄➓❪➞✄→✧➔➠➌✄➛✞➐●➌✧↔❅➌➈❻❦➌●➐✄➎❨➍✼➞➜➌✧↔❱➒✆➧✆➌●➐
b = 600

Ü✇①✁➐✄↕ ⑨❤→➜➌✧↔❤➓✎➌●➐✄➎❨➔✤➧✆➌✄↕✶➌✄➛✼➎❹Þ❰❐✵Ü✇①✁➐✄↕✝⑩❵➭✻➋❙➒✦➐●➙✆➍✎→✑▲●➌❅➌✄➛✷➎❨→➜➒✆➔✤➎➓❆➢ ➌✄➔✤➛❊➐●➙✆→✧→➜➌✧↔❤➓✎➙✆➛✞➏❈äP➢ ➒❄➓❆→➜➞➜➏✆➔➠➐✄➎❨➔➠➙✆➛✠➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌❫➏✆➍❱➐●➑❪➒●➓❆➔✤➎❨→➜➌❊◆✎➝✁↔✘➒✆➛❪↔❦➒✆➍✼➐✄➍✎➛P➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌❯➒✖➤●➍❢↔✧➎❤➒✙▲✘➢ ➌✴➭❪➋❙➌✛➤✄➌✄➎✙➌✧↔✧➎★➐●➑❪➒✆➍✹❻❦➞➙✆➍✩→➣➌❨➫➜→➜➙✆➔➠➏✆➔✻↔✧➍✎➔✤➧✆➒✆➛✼➎✬➟✄➍✼➌
η1

➌✧↔✧➎❙➓❆➢ ➍❢↔❄➓✎➌✄➎❨➔✤➎✬➙✆➍❇➓❆➢ ➍❢↔✣➥✜→➜➒✆➛✞➏❅➟✄➍✼➌✚Þ✹➝✶③☞Ú❵➭
➷✝�☛ÿ✁�✄✂ ✺ ➃✗✖❖✑☎❴✗✓②❛ ☛ ✏❜✓②➃ á ✆✎✍ ➉ ✠ ☛ ✏ P✎✠➈✍ ❛ á ➃

t●✮♦✯✄✤✦P✼✯✄✘❚✚✸✥✻▲☎P❄✘✬P✼✚✒✹❙✾✽✳❭✫✭✘✬✪✸P❄✚✄✘❚✧✼✘❚✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❞✧✩P❩③✏✘✬✯✛✱✴✳✍✚✛✾✽✳❭✫✭✵✬✯✸❆❄✤✰✧✼✘❞✪✸✱✺✘❀❅✬✯✸✚✄✤☎✪✄❅❀✤✦✱✼✥★◗✰P❄✘❲✧✼✤✦✮✼✮✴✘
✳✦❅❀❅❀▼❀✪✟❘❈✾★✳❈✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘➔★✪✢✴✛☞✷✜◗✱✰☞✫✱✢✹◗❙✫✲✧✩P❍③✏✘✬✯✒❁ø➲❢✥★✘✬✮❲◗✰P❄✘❜✾★✘❀✪❢✘✢❝✩✱✷✵✢✚✄✥✻✘✬✮❄❅❀✘❀✪✟✧❄✵✬❅✬✚✸✥✻✯✄✘❀✪✟❅✬✥❨❋r✧✼✘❀✪✄✪✸P❄✪✒✹✿◗✰P✼✥✴✫✭✘✬✯✸✯✄✘✬✮✰✯
✘✬✮⑨✵✬✶✿✥★✧✼✘✬✮❄❅❀✘❊✾✽✳❤✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮ ✧✩P♦③✏✘✬✯✒✹❢✥✻✮❄✧✩✥★◗✰P❄✘✬✮✿✯❡◗✰P❄✘❪✾✽✳s✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❊✾★✤✦✮✼▲☎✥✻✯✸P✴✧✩✥✻✮✴✳✍✾★✘❬✧✼✤✦✥✻✯⑩✬✬✯✸✚✄✘
✥★✧✼✘✬✮✰✯✸✥★◗✰P❄✘❳❘❳✾✽✳❳✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❂✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘☎✹◆✮❄✤✦P❄✪✟✳✒✶◆✤✦✮❄✪②✶✰✤✦P✼✾✻P❉✾★✘❂❅❀✤✦✮✩❫❄✚✸✫✭✘✬✚✟✘✬✮❚✫✭✘❀✪✸P✼✚✠✳✍✮✰✯✟✧✼✥❨✚✠✘✬❅✬✯✄✘✬✫✭✘✬✮✿✯✟✾✽✳
✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❍✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘☎❁➝❈q✤✦P✼✚❖❅❀✘✬✾✽✳✩✹✼✮❄✤✦P❄✪❴P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❜P✼✮❄✘❳✯✄✘❀❅✄❆✼✮✼✥★◗✰P❄✘❈✧✼✘❳✯✄✘✬✫❱✱❄✪❖✧✼✘✲✶✰✤✦✾❏❁
❽ ➱➜➬♣❄■✿✼➬✤➷✛✃✥Ï✛✃✪Ð ➴❳Ñ✒✃❪❮✜❰✛➱✖✃

⑥❂✤✦P❄✪❢P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❢P✼✮❉✜❏✳✍✥★✪✄❅❀✘✒✳✍P❚✾✽✳✦✪✄✘✬✚✒✹✿✧✩✥✻✯✝✙✳✲✦❰ø◗✹◗❙✫✢❰■✢✬✹✿✚✄✵❀✪✄✤✦✮✼✮✴✳✍✮✿✯❜✳❀✶✰✘❀❅❖✾✽✳❈✯✸✚✠✳✍✮❄✪✸✥✻✯✸✥★✤✦✮ ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F = 2
〉 ✹✐◗✰P✼✥②✥✻✮✰✯✄✘✬✚✸✚✄✤✦✫❱✱✼✯❇✾★✘❈③✏✘✬✯❇✳✍✯✄✤✦✫❱✥★◗✰P❄✘❲❘❞P✼✮❄✘❉✧✩✥★✪✸✯✠✳✍✮❄❅❀✘

d
✘✬✮♦✳✍✫✭✤✦✮✰✯❇✧✩P❬✜❏✳✍✥★✪✄❅❀✘✒✳✍P♦✧✼✘❉✧✼✵✢❋

✯✄✘❀❅✬✯✸✥★✤✦✮✙✹❄✘✬✮❲✱✷✤✦✫❱✱✴✳✍✮✿✯❴✾★✘❀✪❖✳✍✯✄✤✦✫✭✘❀✪❜✧❄✳✍✮❄✪❜✧✼✘❀✪❴✪✄✤✦P❄✪✏❋❏✮✼✥✻✶✰✘✒✳✍P✩❝❚✮❄✤✦✮❞✱✼✥★✵✬▲◆✵❀✪❜✧✼✘ ∣

∣52S1/2, F = 2
〉 ❁✼✗✐✳❇✧✼✘✬✮❄✪✸✥✻✯✄✵

✳✍✯✄✤✦✫❱✥★◗✰P❄✘
n(z, t)

✘❀✪✸✯❚✧✼✤✦✮❄❅❭✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✬✮✿✯❲✮✿P✼✾✻✾★✘❪✘✬✮⑨✳❀✶☎✳✍✾✲✧✩P♥✜❏✳✍✥★✪✄❅❀✘✒✳✍P❺✱✺✤✦P❄✪✄✪✄✘✬P✼✚✒✹❢✘✬✯✒✹②✥★✧✼✵✒✳✍✾★✘✬✫✭✘✬✮✿✯✒✹✟✘✬✮
✳✍✫✭✤✦✮✰✯✒✹✴✵✬▲✰✳✍✾★✘❍❘❇✪✠✳✛✶☎✳✍✾★✘✬P✼✚❜✮❄✤✦✮❡✱✺✘✬✚✸✯✸P✼✚✴ã✷✵❀✘☎❁

❷ ✾❏■ ✥✻✮❄✪✸✯✠✳✍✮✿✯
t = 0

✹✍✾★✘②✱✷✤✦P❄✪✄✪✄✘✬P✼✚✒✹✦✧✼✤✦✮✰✯q✮✴✤✦P❄✪❙✱✼✚✄✘✬✮❄✧✩✚✄✤✦✮❄✪●✾✽✳❜✱✷✤☎✪✸✥✻✯✸✥★✤✦✮❱❅❀✤✦✫❱✫✭✘❴✤✦✚✸✥✻▲☎✥✻✮❄✘✟✧✼✘❀✪
z
✹✍✘❀✪✸✯●✵✬✯✄✘✬✥✻✮✰✯✒❁

✗✙✘❳✜✣✚✄✤✦✮✰✯❂✧✩P❉③✏✘✬✯❂✳✍✯✄✤✦✫❱✥★◗✰P❄✘✛❅❀✤✦✫❱✫✭✘✬✮❄❅❀✘❇✳✍✾★✤✦✚✄✪✲❘❱✪✄✘❍✧✼✵✬✱✼✾✽✳✦❅❀✘✬✚✒✹✷❘❇✾✽✳❱✶✿✥✻✯✄✘❀✪✄✪✄✘
v
✧✩P❉③✏✘✬✯✒✹✼✶✰✘✬✚✄✪❜✾★✘❀✪

z > 0
❁❄t●✮

✫✭✬✬✫✭✘❳✯✄✘✬✫❱✱❄✪✒✹✼✧✩P❲✜❏✳✍✥✻✯❜✧✼✘✲✾✽✳❇✧✩✥★✪✸✱✺✘✬✚✄✪✸✥★✤✦✮❭✧✼✘✲✶✿✥✻✯✄✘❀✪✄✪✄✘❂✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘☎✹❄✾★✘✲✱✼✚✄✤✍❫❄✾✙✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✢✮✿✯❂✘✬✮Ý✮❍✫❉✳✍✚✄❅✄❆❄✘
✧❯■ ✘❀✪✄❅✒✳✍✾✻✥★✘✬✚✭✯◆✹✐✪✒■ ✵✬✯✠✳✍✾★✘❩✈✇✶✰✤✦✥✻✚❈❫❄▲☎P✼✚✄✘ ➁✩❁ ➽◆①✢❁ ❶ ✚✓❞✦❅❀✘❲✳✍P❤✜❏✳✍✥★✪✄❅❀✘✒✳✍Ps✪✄✤✦✮✴✧✼✘●Ó✍✹❙✤✦✮s✘✬✮✼✚✄✘✬▲☎✥★✪✸✯✸✚✄✘❚P✼✮s✪✸✥✻▲☎✮✴✳✍✾ S(t) ∝
n(d, t)

❁❯❥❖✮❊❅❀✤✦✮❃➻❀✤✦✥✻✯❍✳✍✥★✪✄✵✬✫✭✘✬✮✿✯❳◗✰P❄✘✛✾❏■➐✮✭✥✻✮❄✪✸✯✠✳✍✮✰✯❈✧❯■ ✳✍✚✸✚✸✥✻✶◆✵❀✘➷✯❡✧✩P❊✪✸✥✻▲☎✮✴✳✍✾●✧✼✤✦✮❄✮❄✘❱✳✦❅❀❅❀▼❀✪❈❘❉✾✽✳❉✶✿✥✻✯✄✘❀✪✄✪✄✘
v
✹✷✘✬✯

✪✠✳✛✾✽✳✍✚✸▲◆✘✬P✼✚❜✯✄✘✬✫❱✱✷✤✦✚✄✘✬✾✻✾★✘✛❘✛✾✽✳❇✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❈✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘
T||
❁

Ø ➚■è➤➬❱➷⑤➴❷➮②ç⑤➴❷➘ ❮ ➹❺❐✄➮✁é♣è✹➘ ➴✎➮②➹➽ì❷➮②✃ ❮ ➱❹✃☞è✹➹✉➴☎ë ➮②❐➇è✤➴ ❮ ➱❹➮②❐➇➬❱➮ F = 1
➬✣è✹➹✣❐

F = 2 ❒ ➮⑤➴➇➮②➹❺➱❹➮②❐✄➶❱ì❼è✹➹✉➴☎ë♣➪ è ❫ ❐ ❮ ì❷✃❱➴❷➘ ❮ ➹➣❐✄➶❱ì F = 2 ❒è✴î✩➮②ç➇➶✣➹íé♣è✹➘ ❐✄ç②➮✴è✹➶❨î✩➮⑤ì✄ì ❮ ➶✣➘ ë ë ➷✎➮②➹íé ì❷➷✴ê✉➶✣➮②➹✣ç②➮✔❵ ë è✝ì❷➷②❐ ❮ ➹☞è✹➹✣ç②➮❜↕♣î ❮ ➘ ì✟❐✄➮②ç⑤➴❷➘ ❮ ➹❍Ü Ï ❣ Ï ❝ ➛❼Ï



➱✙❒❝❐➸➵❯➴✞➱➜➬ ➴✼➮✹➬ ❂❅❄✷Ï✛✃✥➮✘✃✞Ñ✓➷✛Ò✞➱✖➴✼➮✆❰✛➱✖✃✪Ð ❂✁➱✖❮❅Ï✟❀☛❰❃❄❿✿☎⑤✡✿❆Ð ✃✒Ï✟❀ Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄ ❉❚❉❚❉

t 6 0

t > 0

t ∼ d/v

n(z,t)

Þ☛ß❆à❬á✒á✆â✓à✔ã äåß❆æ❬ç❡â

d0
z

z

z

z

v

Ó❄Ô☛Õ❙Ö✛×✁ØÛ➜✁Ú ➢✞Ü❪ã❁→✧➔✤➛✞➐✄➔ ➓❪➌❯➏❵➌✬➢ ➒P↕✶➌✧↔✧➍✎→➣➌✣➏❵➌✬➎◗➌✄↕❫➓✎➞✄→➜➒✆➎❨➍✎→➜➌✬➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢ ➌✙➓❪➒✆→❄➎◗➌✄↕✣➓✼↔❦➏❵➌❦➧✆➙✆➢✫➐✜➓❪➙✆➍✎→
t < 0

➝✁➍✎➛✣➫✧➒✆➔❝↔✘➐●➌●➒✆➍➓❪➙✆➍❢↔●↔✘➌✄➍✎→❈➌✄↕✣➓✎➦●➐●➑❪➌❈➢ ➌✧↔❈➒✆➎◗➙✆↕✶➌✧↔❈➏❵➌❇➏❵➞◗➓❪➒✹↔●↔✘➌✄→✌➢ ➒✢➓✎➙✹↔✧➔✤➎❨➔➠➙✆➛
z = 0

➭❙ß
t = 0

➝❣➢ ➌❄➫✧➒✆➔❝↔✘➐●➌➜➒✜➍❱➓✎➙✆➍❢↔●↔✘➌✄➍✎→❈➌✧↔✧➎✬➞✄➎◗➌✄➔✤➛✼➎❦➌✄➎❁➢ ➌➫➜→➜➙✆➛✼➎❯➏✆➍✶➤✄➌✄➎✣↔✘➌❯➓❆→➜➙●➓✎➒✘➥❀➌✠➧✆➌✄→●↔❇➢ ➌✧↔
z
➐✄→➜➙✆➔❝↔●↔✄➒✆➛❆➎☛↔❅ä✩➢ ➒❊➧✹➔❝➎◗➌✧↔●↔✘➌

v
❸❫➌✄➛✷↕✶➦✄↕✶➌✶➎◗➌✄↕✣➓✼↔●➝❦➔✤➢✙↔❪➲ ➞✄➎◗➒✆➢ ➌✶↔✘➙✆➍❢↔❇➢➣➲ ➌➈❻❦➌✄➎❯➏❵➌❱➢ ➒➏✆➔❝↔❤➓❪➌✄→●↔✧➔➠➙✆➛✷➏❵➌✢➧✴➔✤➎◗➌✧↔●↔✘➌✢➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢ ➌✧➝✬➐➜➒✆→➜➒❵➐✄➎◗➞✄→✧➔❝↔✘➞●➌❦➓❪➒✆→✢➢ ➒✶➎◗➌✄↕✣➓❪➞✄→➣➒✆➎❨➍✎→➜➌

T||
➭

✽❣➬ ❣✔❄❆➴✛Ð★Ï✛✃✥➮✘✃✞Ñ✓➷❆❮❱Ï✛✃ ❁ø❂❖Ð
➳✲✵✬✯✄✘✬✚✸✫❱✥✻✮❄✤✦✮❄✪●◗✰P✴✳✍✮✿✯✸✥✻✯✠✳✍✯✸✥✻✶◆✘✬✫✭✘✬✮✿✯q✾✽✳❴✜❣✤✦✚✸✫✭✘❢✳✍✯✸✯✄✘✬✮❄✧✩P❄✘✟✧✩P❇✪✸✥✻▲☎✮✴✳✍✾

S(t)
❁✍⑥❂✤✦P❄✪✙✜❣✘✬✚✄✤✦✮❄✪✐P✼✮✛✚✠✳✍✥★✪✄✤✦✮✼✮❄✘✬✫✭✘✬✮✿✯

❘❇P✼✮❄✘❳✧✩✥✻✫✭✘✬✮❄✪✸✥★✤✦✮✙❁ ❷
t = 0

✹✩✾✽✳✛✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❭✧✼✘❳✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮
f(z, vz)

✧✩P❱③✏✘✬✯➔✮Ûã✼✾★✤✰◗✰P❄✵➔✯❚✘❀✪✸✯❖✧✼✤✦✮✼✮❄✵❀✘❳✱✴✳✍✚
f(z, vz) = AΘ(−z) exp

(

−m(vz − v)2

2kBT||

)

,
✈✄➁✩❁ ★◆①

✤☞✘
A
✘❀✪✸✯✲P✼✮❄✘❱❅❀✤✦✮❄✪✸✯✠✳✍✮✰✯✄✘✭✧✼✘✛✮❄✤✦✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮✙✹✙✘✬✯

Θ
✾✽✳✭✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❬✧✼✘✚❇❂✘✒✳❀✶✿✥★✪✸✥★✧✼✘☎❁❯✗✙✘❇✪✸✥✻▲☎✮✴✳✍✾

S(t)
✫✭✘❀✪✸P✼✚✄✵

▲☎✚✓❞✦❅❀✘✛❘❇✾✽✳❱✪✄✤✦✮❄✧✼✘❈✘❀✪✸✯❜✱✼✚✄✤✦✱✷✤✦✚✸✯✸✥★✤✦✮✼✮❄✘✬✾●❘❇✾✽✳❱✧✼✘✬✮❄✪✸✥✻✯✄✵
n(d, t)

❘❇✾✽✳❇✱✺✤☎✪✸✥✻✯✸✥★✤✦✮❪✧✼✘❈❅❀✘✬✯✸✯✄✘❍✧✼✘✬✚✸✮✼✥★▼✬✚✄✘☎❁✷❥❖✚✒✹
n(d, t)✘❀✪✸✯❜✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯❖✧✼✤✦✮✼✮❄✵❀✘❈✱✴✳✍✚❴✾❏■ ✥✻✮✿✯✄✵✬▲☎✚✠✳✍✾★✘❍✪✸P✼✥✻✶☎✳✍✮✰✯✄✘✭✉

n(d, t) =

∫∫

f(z, vz) δ(d − z − vzt) dz dvz .
✈✄➁✩❁ ú✿①

✗✙✘❈❅✒✳✍✾★❅✬P✼✾✐✧✼✘❈❅❀✘✬✯✸✯✄✘❳✥✻✮✰✯✄✵✬▲☎✚✠✳✍✾★✘❍✧✼✤✦✮✼✮❄✘✲❫❄✮✴✳✍✾★✘✬✫✭✘✬✮✿✯

S(t) ∝ 1 − erf





d − vt

t
√

2kBT||/m



 ,
✈✄➁✩❁ ➁◆①

✤☞✘❭✘✬✚✏✜●✘❀✪✸✯❴✾✽✳❍✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❭✧❯■ ✘✬✚✸✚✄✘✬P✼✚❵❁

ï❳➬ ❮✴✃✓✃✳❄Ó÷✷❰ø❁✁➱✖✃❭✃✵ù✁➷✛Ò✞➱➜➬✤Ñ✒✃✳❄✼➮✘➴✛Ð ✃
t●✮❊✱❄✚✠✳✍✯✸✥★◗✰P❄✘☎✹✷✾★✘✛✜❏✳✍✥★✪✄❅❀✘✒✳✍P❊✱✺✤✦P❄✪✄✪✄✘✬P✼✚❳P✼✯✸✥✻✾✻✥★✪✄✵❱✘❀✪✸✯❳✚✄✵❀✪✄✤✦✮✼✮✴✳✍✮✿✯❍✳✒✶◆✘❀❅❇✾✽✳❚✯✸✚✠✳✍✮❄✪✸✥✻✯✸✥★✤✦✮ ∣

∣52S1/2, F = 1
〉

→
∣

∣52P3/2, F = 2
〉 ✹✍✳❴P✼✮✛✧✩✥✽✳✍✫✭▼✬✯✸✚✄✘❢✧✼✘❃✾❏■ ✤✦✚✄✧✩✚✄✘❢✧✩P❍✫❱✥✻✾✻✾✻✥✻✫✭▼✬✯✸✚✄✘☎✹✦✘✬✯✐P✼✮❄✘❃✱✼P✼✥★✪✄✪✠✳✍✮❄❅❀✘②✧✼✘❃✾❏■ ✤✦✚✄✧✩✚✄✘❢✧✼✘ ➁

µ
❨Ù❁❙✺r✾✿✘❀✪✸✯
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Ó❄Ô☛Õ❙Ö✛×✁ØÓ➜✁Ú✌➩✞Ü★➯✙➡❢➌✄↕✣➓❆➢ ➌✶➏❵➌✌↔✧➔ ➥✜➛✞➒✆➢✻➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢✙➏❵➌❈➎◗➌✄↕✣➓✼↔❇➏❵➌❈➧✆➙✆➢➇⑨✖➐●➙✆➍✎→✑▲➜➌❸▲✘→✧➍✎➔✤➎❤➞●➌P➥✜→✧➔❝↔✘➌✄⑩❊➌✄➎✣➏✛➲ ➒✖➤●➍❢↔✧➎◗➌✄↕✶➌✄➛✼➎★➓❪➒✆→
⑨❷Ú❵➭♣Ú②⑩❱➒✆➧✆➌●➐

T||
➌✄➎

v
➐➜➙✆↕❈↕❱➌❁➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌✧↔✢➒✖➤●➍❢↔✧➎◗➒✙▲✄➢ ➌✧↔✘➭➟➱❈➒✆➛❪↔P➐●➌✢➐●➒✹↔✢➐●➙✆➛✞➐✄→➣➌✄➎➠➝✙➛✞➙✆➍❢↔P➙✙▲✄➎◗➌✄➛✞➙✆➛✼↔

T|| = 450± 5 µK
➌✄➎

v = 98 ± 1
➐✄↕➊①✼↔✘➭

✪✸✥✻✯✸P❄✵❴❘
d = 28

❅✬✫➟✘✬✮❉✳✍✫✭✤✦✮✰✯❃✧✼✘✟✾✽✳❂✪✄✤✦✮❄✧✼✘☎❁✎➳❳✳✍✮❄✪●❅❀✘❀✪●❅❀✤✦✮❄✧✩✥✻✯✸✥★✤✦✮❄✪✒✹☎✾★✘❙③✏✘✬✯❃✳✍✯✄✤✦✫❱✥★◗✰P❄✘✟✮✙■ ✘❀✪✸✯●✱✴✳✦✪q✯✄✤✦✯✠✳✍✾★✘✬✫✭✘✬✮✰✯
✳✍✚✸✚❋✬✬✯✄✵✟✱✴✳✍✚q✾★✘❢✜❏✳✍✥★✪✄❅❀✘✒✳✍P❇✱✷✤✦P❄✪✄✪✄✘✬P✼✚✙❦✍P✼✮❄✘❢✜✣✚✠✳✦❅✬✯✸✥★✤✦✮✭✧❯■ ✘✬✮✰✶✿✥✻✚✄✤✦✮➷✂☎♠❨➦ ✧✩P➬�❄P✩❝✛✮❄✤✦✫❱✥✻✮✴✳✍✾✼✚✄✘❀✪✸✯✄✘✟✧✼✵✬✯✄✘❀❅✬✯✠✳✣ã✼✾★✘❖✳✒✶◆✘❀❅
✾✽✳❭✪✄✤✦✮❄✧✼✘☎❁❙⑥❂✵✒✳✍✮✼✫✭✤✦✥✻✮❄✪✒✹✐✮❄✤✦P❄✪❱✳❀✶✰✤✦✮❄✪✛❅❀✤✦✮❄✪✸✯✠✳✍✯✄✵❚◗✰P✙■ P✼✯✸✥✻✾✻✥★✪✄✘✬✚✛P✼✮❄✘❉✱✼P✼✥★✪✄✪✠✳✍✮❄❅❀✘❉✱✼✾✻P❄✪❇✵✬✾★✘✬✶◆✵❀✘☎✹❙◗✰P✼✥✟❅❀✤✦✮❄✧✩P✼✥✻✯❱❘
P✼✮❄✘❳✘✸✜❉❅✒✳✦❅✬✥✻✯✄✵❳✧✼✘❱⑩✒♠☎♠✡➦➇✱✷✤✦P✼✚✟✾★✘✲✱✺✤✦P❄✪✄✪✄✘✬P✼✚❵✹✼✳✍✾✻✯✄▼✬✚✄✘✲✾★✘✟③✏✘✬✯❴✧✼✵✏③✸❘✛✘✬✮❭✳✍✫✭✤✦✮✿✯❜✧✩P❲✱✷✤✦P❄✪✄✪✄✘✬P✼✚✡ê☎✹✩❅❀✘❳◗✰P✼✥❯✘✬✮❄✪✸P✼✥✻✯✄✘
✯✄✘✬✮❄✧❭❘❱✪✄✤✦P❄✪✏❋r✘❀✪✸✯✸✥✻✫✭✘✬✚❜✾✽✳❇✶✿✥✻✯✄✘❀✪✄✪✄✘❳✧✩P✭③✏✘✬✯✒✹✼✘✬✯❖✘✬✮✿✯✸✚✠✳❵➵★✮❄✘❈✵✬▲✰✳✍✾★✘✬✫✭✘✬✮✿✯❖P✼✮❄✘❈✘✬✚✸✚✄✘✬P✼✚❂✧❄✳✍✮❄✪❴✾✽✳❱✧✼✵✬✯✄✘✬✚✸✫❱✥✻✮✴✳✍✯✸✥★✤✦✮❩✧✼✘
T||
❁✺⑥❂✤✦P❄✪❂P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❈✳✍✥✻✮❄✪✸✥❙P✼✮❄✘❍✱✼P✼✥★✪✄✪✠✳✍✮❄❅❀✘❇✪✸P✢✜❉✪✠✳✍✫❱✫✭✘✬✮✰✯✲✜❣✳✍✥♣ã✼✾★✘✛✱✺✤✦P✼✚❈✳❆✷❯✘❀❅✬✯✄✘✬✚✲✾★✘❍✫✭✤✦✥✻✮❄✪❂✱✷✤☎✪✄✪✸✥♣ã✼✾★✘❍✾★✘❖③✏✘✬✯

✘✬✮❭✳✍✫✭✤✦✮✿✯❖✧✩P❡✱✺✤✦P❄✪✄✪✄✘✬P✼✚✒❁

✠❄Ò❪❮✜❰✛Ð ➮✘➴✼➮✘❮❅✃✵ù✁➷✛Ò✞➱➜➬✤Ñ✒✃✳❄✼➮✘➴✛❰øù
✗✐✳❜❫❄▲☎P✼✚✄✘❹➁✩❁ ✱❜✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘❢P✼✮❱✘✢❝✼✘✬✫❱✱✼✾★✘✟✧✼✘✟✪✸✥✻▲☎✮✴✳✍✾✼✧✼✘②✯✄✘✬✫❱✱❄✪●✧✼✘❢✶◆✤✦✾✩✘✬✮ø✮❜✫❉✳✍✚✄❅✄❆❄✘❴✧❯■ ✘❀✪✄❅✒✳✍✾✻✥★✘✬✚❤✯❚✈✣❅❀✤✦P✼✚✴ã✺✘

▲☎✚✸✥★✪✄✘☎✹✺✾★✵✬▲◆▼✬✚✄✘✬✫✭✘✬✮✰✯❨ã✼✚✸P✼✥✻✯✄✵❀✘❵①❂✘✬✯✲✪✄✤✦✮❬✳✍③✔P❄✪✸✯✄✘✬✫✭✘✬✮✰✯❳✱✴✳✍✚✲P✼✮❄✘❇❅❀✤✦P✼✚✴ã✺✘❱✧✩P❩✯r❑✿✱✷✘❞✈✄➁✩❁ ➁◆①❂✳✒✶◆✘❀❅
T||

✘✬✯
v
❅❀✤✦✫❱✫✭✘

✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❡✳✍③✔P❄✪✸✯✠✳✣ã✼✾★✘❀✪✒❁②✗❃■ ✳✦❅❀❅❀✤✦✚✄✧❛✤☞ã✼✯✄✘✬✮✿P❛✘❀✪✸✯❉✯✸✚✄▼❀✪❲✪✠✳✍✯✸✥★✪✏✜❏✳✍✥★✪✠✳✍✮✰✯✒❁ ✧ ✘✬✯✸✯✄✘❭✫✭✵✬✯✸❆❄✤✰✧✼✘❩✧✼✘❭✯✄✘✬✫❱✱❄✪❚✧✼✘❭✶◆✤✦✾
✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾❢✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❈✧✼✤✦✮❄❅❇❅❀✤✦✫❱✫✭✘❇P✼✮❩✫✭✤✒❑✰✘✬✮❩✚✠✳✍✱✼✥★✧✼✘❱✧✼✘✛✧❄✵✢✯✠✘✢✚✄✫❱✥❨✮✴✘✢✚❈✾✽✳❉✶✿✥✻✯✄✘❀✪✄✪✄✘✛✘✬✯✲✾✽✳❉✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘
✧✩P❞③✏✘✬✯✒❁❯✗✐✳❚✶✿✥✻✯✄✘❀✪✄✪✄✘❇✚✄✵❀✪✸P✼✾✻✯✠✳✍✮✰✯❍✧✼✘❇✾❏■ ✳✍③✔P❄✪✸✯✄✘✬✫✭✘✬✮✿✯❍❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧❯✹❙❘❚◗✰P❄✘✬✾★◗✰P❄✘❀✪❳✱✷✤✦P✼✚✏❋r❅❀✘✬✮✰✯❍✱✼✚✄▼❀✪✒✹✙❘❚✾✽✳❚✶✿✥✻✯✄✘❀✪✄✪✄✘
✧❯■ ✥✻✮☎③✏✘❀❅✬✯✸✥★✤✦✮❭✈✣❅✒✳✍✾★❅✬P✼✾★✵❀✘❢▲☎✚✓❞✦❅❀✘❜❘❜✾✽✳❂✧✩✥✟✷❯✵✬✚✄✘✬✮❄❅❀✘✟✧✼✘②✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘✟✘✬✮✰✯✸✚✄✘✟✾★✘❀✪✐✜❏✳✍✥★✪✄❅❀✘✒✳✍P✩❝❇✳✒✶☎✳✍✮✰✯●✘✬✯❃✳✍✚✸✚✸✥★▼✬✚✄✘✟✧✩P✚❈✍❉❊❥
✧❄✳✍✮❄✪❴✾✽✳❇✱✼❆✴✳✦✪✄✘❳✧✼✘❳✫✭✵✬✾✽✳✦✪✄✪✄✘✲✫✭✤✦P✼✶☎✳✍✮✿✯✄✘❵①✢❁
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✱✺✤✦P✼✚❴P✼✮❄✘✲▲✰✳✍✫❱✫✭✘❈✧✼✘❂✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❡✘✬✮✿✯✸✚✄✘❱⑩✒♠☎♠❇✘✬✯✢➽☎♠☎♠
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✧✼✘❱❅❀✘❀✪❳✫✭✘❀✪✸P✼✚✄✘❀✪❈✘❀✪✸✯❳✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵✭✪✸P✼✚❳✾✽✳❉❫❄▲☎P✼✚✄✘➥➁✩❁ ➾✩❁✻➻❖✮❩✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✿✯❍✪✸✥✻▲☎✮✼✥❨❫✴❅✒✳✍✯✸✥❨✜❈✈ ∼ 20%

①✢✹✔ã✼✥★✘✬✮❬◗✰P❄✘
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Ó❄Ô☛Õ❙Ö✛×✁Ø➅➜✁Ú Ñ✁Ü❈➃✼➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✰→➣➌✘➢ ➒✆➎➠➔✤➧✆➌✒➏❵➌❊➎◗➌✄↕✣➓✎➞✘→➣➒✆➎❨➍✎→➜➌✠➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢ ➌
T ′
||/T||

➝❫➔✤➛✞➏✆➍✎➔✤➎◗➌❈➓❪➒✆→✠➍✎➛✐➐✄á❵➐✄➢ ➌✦➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✼➩→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎❨➔➠➙✆➛❪➝❄➌✄➛❈➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✥➏✆➍❈➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌❈➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛
η
➏❵➌✢➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✴➭✁➋❙➒❱➐●➙✆➍✎→✑▲➜➌❈➌✄➛✩➎❨→➜➒✆➔✤➎✛➓❆➢ ➌✄➔✤➛❭➐➜➙✆→✧→➜➌✧↔✧➩➓❪➙✆➛✞➏✠ä✶➢ ➒❯➓❆→➜➞●➏✆➔➠➐✄➎❨➔☛➙✜➛✥➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌❈➏✆➍✒➐●➑❪➒●➓❆➔✤➎❨→➜➌❿◆✎➝✻↔✘➒✆➛❪↔✢➒✆➍✼➐✄➍✎➛✶➓❪➒✆→➜➒✆↕✶➨✄➎❨→➜➌❇➒✖➤●➍❢↔●➎◗➒✙▲✄➢ ➌✹➭
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✘✬✮✿✯✸✚✠✳❵➵★✮❄✘✬✮✰✯❖P✼✮❡✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯❜✯✸✚✸✥★✧✩✥✻✫✭✘✬✮❄✪✸✥★✤✦✮✼✮❄✘❀✾❙✧✩P❱③✏✘✬✯✒❁
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η
❅❀✤✦✮✼✮✰P✙✹✰✪✸✥✻✯✸P❄✵❀✘❜❘

2,6
✫ ✘✬✮❍✳✍✫✭✤✦✮✿✯✐✧✼✘●✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘❃✚✏✜✩P✼✯✸✥✻✾✻✥★✪✄✵❀✘●✱✷✤✦P✼✚✙✫✭✘❀✪✸P✼✚✄✘✬✚✙✾✽✳❢✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘②✧✩P❜③✏✘✬✯✒❁❀✗✐✳❢❫❄▲☎P✼✚✄✘✝➁✩❁ ➌✟✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘

✾★✘❀✪❢✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❄✪❴✧✼✘þ�❄P✩❝❚✘✬✯❴✧✼✘❖✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❈✳✍✥✻✮❄✪✸✥❯✤☞ã✼✯✄✘✬✮✰P❄✘❀✪✒❁✢❈q✤✦P✼✚❢P✼✮❲✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘✲✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
η = 8

✹
✾★✘❡▲✰✳✍✥✻✮❛✧❄✳✍✮❄✪❉✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❪✧✼✘❀✪❉✱✼❆✴✳✦✪✄✘❀✪❚✤☞ã✼✯✄✘✬✮✰P❛✘❀✪✸✯❉✫❉✳❵❝✩✥✻✫❉✳✍✾✲✘✬✯❉✶☎✳✍P✼✯

2,6 ± 0,9
✈✣❅❀✤✦✮✰✯✸✚✄✘❩✳✍P❧✫❱✥★✘✬P✩❝ ⑩☎✹ ➌

✱✷✤✦P✼✚✛✾❏■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮♦✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❵①✢❁ ✧ ✘✬✯✸✯✄✘❚✧✩✥✟✷❯✵✬✚✄✘✬✮❄❅❀✘❚✱✺✘✬P✼✯❱✳✍✱✼✱✴✳✍✚✠✳❵➵★✯✸✚✄✘❚✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯✛✜❏✳✍✥♣ã✼✾★✘☎✹✐✫❉✳✍✥★✪
❅✬P✼✫✛P✼✾★✵❀✘❂✪✸P✼✚❃P✼✮❉▲☎✚✠✳✍✮❄✧❉✮❄✤✦✫➣ã❄✚✄✘❖✧✼✘þ✾✒✤✦✮❄✘❀✪❢✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✩✧✼✤✦✮✼✮❄✘❜P✼✮❲✳✒✶☎✳✍✮✰✯✠✳✍▲◆✘❂❅❀✘✬✚✸✯✠✳✍✥✻✮❞❘✲✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
✫❱✥★❅✬✚✄✤✍❋r✤✦✮❄✧✼✘✭ï◆❁

➴✦ê ✕ ÿ✃×✌ð❵ï⑩×❫ñ í ö✢ð✲ð✆×✣ï ÷ ü✶ð ø ×íÿ × ø ï✮ò❸×❹ñ íÖÕ➜ø
✠❄➴✛➷✛➷✛✃✞Ð✙Ï★❰✐Ñ✒Ò✡✿✎➴❃❄✁➬ ❮✜Ñ✒✃✒Ï✛✃❭Ï✛Ò✞➷❃❂❖Ð ➴❆➱➜➬ ❮✴➴✼➮✹➬ ❂❅❄
➳❳✳✍✮❄✪❜❅❀✘✬✯✸✯✄✘❳✪✄✘❀❅✬✯✸✥★✤✦✮✙✹✩✮❄✤✦P❄✪❴✫✭✘✬✯✸✯✄✤✦✮❄✪❜✘✬✮❡✵✬✶✿✥★✧✼✘✬✮❄❅❀✘✲✾❏■ ✘✢❝✩✥★✪✸✯✄✘✬✮❄❅❀✘❳✧✼✘✲✱✷✘✬✚✸✯✄✘❀✪❴✱✴✳✍✚❴✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✰✯❂✧✼✘✲✪✸✱✼✥✻✮

✳✍P❲✪✄✘✬✥✻✮❚✧✩P✛③✏✘✬✯②✾★✤✦✚✄✪✄◗✰P✙■ ✳✍P❄❅✬P✼✮❞❅✄❆✴✳✍✫❱✱❲✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾
B0

✮✙■ ✘❀✪✸✯✟✳✍✱✼✱✼✾✻✥★◗✰P❄✵❇✉◆✾★✘❀✪✟✳✍✯✄✤✦✫✭✘❀✪✟✧✼✤✦✮✿✯❢✾✽✳❳✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘
✱✴✳✦✪✄✪✄✘❱✯✸✚✄✤✦✱❬✱✼✚✄▼❀✪❍✧✼✘❱✾✽✳❚✾✻✥✻▲☎✮❄✘❉✧✼✘✭❅✄❆✴✳✍✫❱✱❤✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘✭✮✿P✼✾❃✶◆✤✦✥★✘✬✮✿✯❈✾✽✳❞✧✩✥✻✚✄✘❀❅✬✯✸✥★✤✦✮s✧✩P❤❅✄❆✴✳✍✫❱✱❤✶☎✳✍✚✸✥★✘✬✚❈✯✸✚✄✤✦✱
✚✠✳✍✱✼✥★✧✼✘✬✫✭✘✬✮✿✯❳✈✇✱✴✳✍✚❢✚✠✳✍✱✼✱✺✤✦✚✸✯❴❘❳✾✽✳❳✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❖✧✼✘❖✗✐✳✍✚✸✫✭✤✦✚❢✾★✤✿❅✒✳✍✾★✘❵①●✱✺✤✦P✼✚✟◗✰P❄✘❜✾★✘❖✪✸✱✼✥✻✮❚✧✼✘❜✾❏■ ✳✍✯✄✤✦✫✭✘❖✮❄✘❜✾✽✳❈✪✸P✼✥✻✶✰✘
✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘✬✫✭✘✬✮✿✯✒❁
ð❃Þ➽è✹ë ❪✣➮②➶❱ì❷➮②➶✣❐✄➮②➱❹➮②➹✉➴✟✃✣ë ➶✣❐✟ç ❮ ➱❹✃✣ë ➮✞❹❱➮➇➮⑤➴✟✃✣ë ➶✣❐✟ç ❮ ❁❱➴❷➮②➶✣❐✄➮✔❵ ➱❹➮⑤➴✄➴✄ì❷➮❜➮②➹✁�✎➶✣î✉ì❷➮ Ï



❉❚❉■➍ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞➱✙❒ðï❳➬ ❮✴✃❭✃✳❄✪Ò✵❁❆➬ Ï✛✃✳❄■✿✎✃❭Ï★❰✐➱✖Ò✵❣❖➬✤Ñ✒✃✧✿✵❂❖Ð❝Ð ➬ ❮✆➬ ❂❅❄❃❄❆✃✞Ð
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✝✏✎✑✠

Ó❄Ô☛Õ❙Ö✛×✁Ø✧➜✁Ú Ù✁Ü✁➯❁➛Ó⑨✖➒②⑩✹➝✙➧✆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✒→➣➌✄➢ ➒✆➎❨➔✤➧✆➌❈➏❵➌✰✙❣➍❵➡✜➝❖➔✤➛✞➏✆➍✎➔✤➎◗➌❄➓❪➒✆→✢➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛✒↕❈➔➠➐✄→➣➙✆➩➣➙✆➛✞➏❵➌✧➝❁➌✄➛❈➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✥➏✆➍✌➓❪➒✆→➣➒✆➩↕✶➨✄➎❨→➜➌✶➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛
η
➭★➋❙➒✩➐●➙✆➍✎→✑▲●➌❱➌✄➛❭➎❨→➜➒✆➔✤➎✙➓❆➢ ➌✄➔✤➛✪➐●➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏✦ä✠➢ ➒✌➓❆→➜➞●➏✆➔➠➐✄➎❨➔➠➙✆➛✷➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌❱➏✆➍✓➐●➑❪➒●➓❆➔✤➎❨→➜➌Ö②✆➝❁↔✘➒✆➛❪↔➒✆➍✼➐✄➍✎➛✦➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌✦➒✖➤●➍❢↔●➎◗➒✙▲✄➢ ➌✹➭❁➯❁➛➅⑨⑤▲✄⑩✹➝✣➧✆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✐→➜➌✄➢ ➒✆➎❨➔✤➧✆➌✩➏❵➌❅➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌✄➝✣➔✤➛✞➏✆➍✎➔✤➎◗➌✢➓❪➒✆→❅➍✎➛❳➐✄á❵➐✄➢ ➌✩➞✄➧✆➒●➓❪➙✆→➣➒✆➎❨➔➠➙✜➛↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌✣↔✧➍✎➔✤➧✴➔➠➌✢➏❵➌❫→➣➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➒✆➎❨➔➠➙✜➛❪➝✻➌✄➛P➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✒➏✆➍P➓❪➒✆→➣➒✆↕❱➨✄➎❨→➣➌✢➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛

η
➭❆➋❙➒❈➐●➙✆➍✎→✑▲●➌P➌✄➛✠➎❨→➜➒✆➔✤➎❆➓❆➢ ➌✄➔✤➛➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏✥ä❊➢ ➒❈➓❆→➜➞●➏✆➔➠➐✄➎❨➔➠➙✆➛❲➎☛➑❪➞➜➙✆→✧➔➠➟✄➍✼➌✠➏✆➍✷➐●➑❪➒●➓❆➔✤➎❨→➜➌✖◆✎➝✬↔✘➒✆➛❪↔❱➒✆➍✼➐✄➍✎➛❊➓❪➒✆→➣➒✆↕✶➨✄➎❨→➜➌✠➒✖➤●➍❢↔✧➎◗➒✙▲✄➢ ➌✴➭❖➘❖➛✓➎❨→➜➨✧↔Ö▲➜➙✆➛❳➒❵➐➜➐●➙✆→➜➏➌✧↔✧➎✬➙✙▲✄➎◗➌✄➛✼➍✼➭✛➋P➲ ➌✈④❲➐●➒❵➐✄➔✤➎◗➞✶➏❵➌✌➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✢➛✁➲ ➌✧↔✧➎❙➓✎➒✹↔✬➓❪➒✆→➠➫✧➒✆➔✤➎◗➌✧➝❦➐●➙✆↕❈↕✶➌❈➌✄➛✥➎◗➞✄↕✶➙✆➔ ➥✜➛✞➌✄➛✼➎❁➢ ➌✧↔❄➓❪➙✆➔✤➛✼➎➠↔❈ä

η = 6
➌✄➎

η = 8➌✄➛Ó⑨✖➒②⑩❵➭
➲❢✥★✘✬✮❬◗✰P❄✘❇✮✙■ ✵✬✯✠✳✍✮✰✯❈✱✴✳✦✪❳✘✬✮❬✘✬✾✻✾★✘❀✪✏❋❏✫✭✬✬✫✭✘❀✪❳P✼✮✴✘❇✫❉✳✍✮✼✥❨✜✣✘❀✪✸✯✠✳✍✯✄✥✻✤✦✮❤✧✩P❬❅✒✳✍✚✠✳✦❅✬✯✄▼✬✚✄✘✭❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮✼✮❄✘✬✾②✧✩P❞③✏✘✬✯✒✹✷❅❀✘❀✪

✱✺✘✬✚✸✯✄✘❀✪q✮❄✘❢✧✼✘✬✶✿✥★✘✬✮✼✮❄✘✬✮✿✯q✥✻✫❱✱✷✤✦✚✸✯✠✳✍✮✰✯✄✘❀✪❃◗✰P❄✘②✾★✤✦✚✄✪✄◗✰P❄✘❢✧✼✘❀✪q❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪●✳✍P❱✪✄✘✬✥✻✮❇✧✩P❂③✏✘✬✯●✳✍✾✻✥✻✫✭✘✬✮✿✯✄✘✬✮✰✯❃❅❀✤✦✮✰✯✸✥✻✮✓✒✼✫✭✘✬✮✰✯
✾★✘❀✪❜❅❀✘✬✾✻✾✻P✼✾★✘❀✪❖✧✼✘✲✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❀✪❖✧✼✘❀✪❴✱✼❆✴✳✦✪✄✘❀✪❖❅❀✤✦✮❄❅❀✘✬✚✸✮❄✵❀✘❀✪❜✱✴✳✍✚❖❅❀✘✲✫✭✵❀❅✒✳✍✮✼✥★✪✸✫✭✘❍✧✼✘❳✧✼✵✬✱✷✤✦✾✽✳✍✚✸✥★✪✠✳✍✯✸✥★✤✦✮✙❁

ï❳➬ ❮✴✃❭✃✳❄✪Ò✵❁✞➬ Ï✛✃✳❄■✿✎✃✥✃✵ù✁➷✁Ò✞➱➜➬✤Ñ✒✃✳❄✼➮✘➴✛Ð ✃
❷ ❫❄✮❡✧❯■ ✵✬✯✸P❄✧✩✥★✘✬✚❖✘✢❝✩✱✷✵✬✚✸✥✻✫✭✘✬✮✰✯✠✳✍✾★✘✬✫✭✘❀✮✰✯❖✾★✘❀✪❴✱✺✘✬✚✸✯✄✘❀✪❴✱✴✳✍✚❜✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✰✯❂✧✼✘❳✪✸✱✼✥✻✮✙✹✩✮❄✤✦P❄✪❖✳✒✶◆✤✦✮❄✪❴P✼✯✸✥✻✾✻✥★✪✄✵✲P✼✮

✾★✤✦✮✼▲❉✪✄✤✦✾★✵✬✮❄✤☞✐❏✧✼✘❺ã✺✤☞ã✼✥✻✮❄✵❍✳✍P✼✯✄✤✦P✼✚❖✧✩P❡▲☎P✼✥★✧✼✘❱✉✩✥✻✾✐❅❀✤✦✫❱✱✺✤✦✚✸✯✄✘➔✂☎♠❇✪✸✱✼✥✻✚✄✘❀✪❴✱✴✳✍✚❴✫✭▼✬✯✸✚✄✘❈✘✬✯❴✜❣✤✦P✼✚✸✮✼✥✻✯❴P✼✮❭❅✄❆✴✳✍✫❱✱❭✧✼✘
♠✩✹ ✂✵➁ ❶ ⑧ ❷ ❁✐✗✐✳❡✮❄✤✦✮✩❋❏P✼✮✼✥❨✜❣✤✦✚✸✫❱✥✻✯✄✵❲✧✩Ps❅✠❆✴✳✍✫❱✱

B0
✳✍✥✻✮❄✪✸✥❢❅✬✚✄✵❀✵❚✘❀✪✸✯❍✥✻✮✩✜❣✵✬✚✸✥★✘✬P✼✚✄✘❞❘❬⑩✒♠✡➦Ø✪✸P✼✚❍✾✽✳❞✾★✤✦✮✼▲☎P❄✘✬P✼✚❱✧✩P

▲☎P✼✥★✧✼✘☎❁
✗✐✳❜❫❄▲☎P✼✚✄✘❫➁✩❁✻⑩✒♠❖✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘❢✾★✘✍�❄P✩❝❇✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎✹✦✘✬✮✛P✼✮✼✥✻✯✄✵❀✪❃✳✍✚✴ã✼✥✻✯✸✚✠✳✍✥✻✚✄✘❀✪✒✹✍✫✭✘❀✪✸P✼✚✄✵❴✳✍✱✼✚✄▼❀✪❙P✼✮❄✘②✱✼✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮

✧✼✘➣ú❄✹ ➁✭✫ ✧✴✳✍✮❄✪❂✾★✘❍▲☎P✼✥★✧✼✘☎✹✺✘✬✮❪✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❩✧✼✘❍✾✽✳❉✶☎✳✍✾✻✘✬P✼✚❳✧✩P❩❅✠❆✴✳✍✫❱✱❪✾★✤✦✮✼▲☎✥✻✯✸P❄✧✼✥❨✮✺✳✍✾
B0

❁✺✗✙✘❀✪✚ã✴✳✍✚✸✚✄✘❀✪✲✧❯■ ✘✬✚✸✚✄✘✬P✼✚
✪✄✤✦✮✰✯❍✪✸✯✠✳✍✯✸✥★✪✸✯✸✥★◗✰P❄✘❀✪❉✈✣✵❀❅✒✳✍✚✸✯✏❋❏✯r❑✿✱✷✘✭✧❯■ P✼✮❄✘✭✪✄✵✬✚✸✥★✘✭✧✼✘❱✧✩✥❨❝❩✫✭✘❀✪✸P✼✚✄✘❀✪✢①✢❁✻➻❖✮❄✘❱✾✻✤✦✚✠✘✢✮✿✯❐✾❀✥★✘✬✮✼✮❄✘❚✳❞✵✬✯✄✵❇✯✸✚✠✳✦❅❀✵❀✘❉✳❵❫❄✮❤✧✼✘
▲☎P✼✥★✧✼✘✬✚q✾❏■ ➺✲✥✻✾❏❁☞✺r✾✼✳✍✱✼✱✴✳✍✚✠✳❵➵★✯●✯✸✚✄▼❀✪q❅✬✾✽✳✍✥✻✚✄✘✬✫✭✘✬✮✰✯❃◗✰P❄✘②✾❏■ P✼✯✸✥✻✾✻✥★✪✠✳✍✯✸✥★✤✦✮✭✧❯■ P✼✮❱❅✄❆✴✳✍✫❱✱

B0
✮❄✤✦✮❇✮✰P✼✾❏✹✦✧✼✘②✾❏■ ✤✦✚✄✧✩✚✄✘❴✧✼✘❂⑩ ❶ ✹✱✺✘✬✚✸✫✭✘✬✯❃✧❯■ ✳✍P✼▲☎✫✭✘✬✮✿✯✄✘✬✚❃✾★✘✍�✴P✩❝❇✳✍✯✄✤✦✫❱✥★◗✰P❄✘❴✧✼✘❢✱✼✾✻P❄✪●✧✼✘ ú✰♠✡➦❚❁☎✗✙✘❢✱✺✤✦✥✻✮✿✯●✪✠✳✍✮❄✪➇ã✴✳✍✚✸✚✄✘✟✧❯■ ✘✬✚✸✚✄✘✬P✼✚✒✹☎❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✿✯

❘
B0 = −0,13 ❶ ✹✼✘❀✪✸✯❜❅❀✘❈◗✰P❄✘✲✾❏■ ✤✦✮❭✤☞ã✼✯✸✥★✘✬✮✿✯❖✘✬✮❡✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘❈✧✼✘❈✪✄✤✦✾★✵✬✮❄✤☞✐❏✧✼✘☎❁ ✧ ✘✬✯✸✯✄✘❈✶☎✳✍✾★✘✬P✼✚❴✮❄✤✦✮❡✮✿P✼✾✻✾★✘❈✧✼✘ B0✘❀✪✸✯❜✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯❜✾✽✳❱❅❀✤✦✫❱✱✺✤☎✪✠✳✍✮✿✯✄✘❈✪✄✘✬✾★✤✦✮

z
✧✩P❭❅✄❆✴✳✍✫❱✱❡✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘❈✯✄✘✬✚✸✚✄✘❀✪✸✯✸✚✄✘☎❁

➛❖✘✬✫❉✳✍✚✄◗✰P❄✤✦✮❄✪❖◗✰P❄✘❳✾✽✳✭❅❀✤✦P✼✚✴ã✺✘
Φ(B0)

✘❀✪✸✯❂✳✦✪✸❑✿✫✭✵✬✯✸✚✸✥★◗✰P❄✘✭✉✼✱✷✤✦P✼✚
B0

✮❄✵✬▲✰✳✍✯✸✥❨✜✸✹❄✾❏■ ✳✍P✼▲☎✫✭✘✬✮✰✯✠✳✍✯✄✥★✤✦✮❩✧✼✘✫�❄P✩❝
✘❀✪✸✯●✾★✵✬▲◆▼✬✚✄✘✬✫✭✘✬✮✰✯②✥✻✮✩✜❣✵✬✚✸✥★✘✬P✼✚✄✘❖❘✲❅❀✘✬✾✻✾★✘❜✤☞ã✼✯✄✘✬✮✿P❄✘❴✱✺✤✦P✼✚

B0 > 0
❁ ✧ ✘❀❅✬✥✴✘❀✪✸✯❃✧✔✒❉✳✍P❇✜❏✳✍✥✻✯❃◗✰P❄✘❴✧❄✳✍✮❄✪❃✾★✘✟✱✼✚✄✘✬✫❱✥★✘✬✚②❅✒✳✦✪✒✹

✥✻✾✴✘✢❝✩✥★✪✸✯✄✘❜P✼✮✭✱✷✤✦✥✻✮✰✯✒✹✩❘✲✾❏■ ✘✬✮✰✯✸✚✄✵❀✘❂✧✩P❉▲☎P✼✥★✧✼✘❜✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘☎✹✿✤☞✘✭✾★✘❖❅✄❆✴✳✍✫❱✱❚✪✒■ ✥✻✮✿✶✰✘✢✚✠✪✄✘❜✘✬✮✭✱✴✳✦✪✄✪✠✳✍✮✿✯❃✱✴✳✍✚✟♠❉✈✇✾★✤✦✚✄✪②✧✼✘
✾✽✳❈✱✼❆✴✳✦✪✄✘❖✧✼✘❖✱✷✤✦✾✽✳✍✚✸✥★✪✠✳✍✯✸✥★✤✦✮❞✧✩P❉✱✴✳✦◗✰P❄✘✬✯✟✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✒✹✩✧✼✵❀❅✬✚✸✥✻✯✄✘✲✳✍P❚✱✴✳✍✚✠✳✍▲☎✚✠✳✍✱✼❆❄✘✖✂✩❁ ★✩❁ ★✩✹✿✾❏■ ✳❵❝✼✘❖✧✼✘❂◗✰P✴✳✍✮✿✯✸✥❨❫✴❅✒✳✍✯✸✥★✤✦✮
✧✼✵✢❫❄✮✼✥✙✱✴✳✍✚❜✾★✘❳❅✠❆✴✳✍✫❱✱❡✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘❍✘❀✪✸✯❴✾❏■ ✳❵❝✼✘

z > 0
①✢❁

❷ ✥✻✮❄✪✸✥❏✹☎P✼✮❚❅✠❆✴✳✍✫❱✱
B0

✧✼✘❜✾❏■ ✤✦✚✄✧✩✚✄✘❖✧✼✘❍⑩ ❶ ✘❀✪✸✯❃✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❜✱✷✤✦P✼✚②✮❄✘❖✪✸P✜ã✼✥✻✚✟✳✍P❄❅✬P✼✮❄✘❜✱✷✘✬✚✸✯✄✘❜✱✴✳✍✚②✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✢❋



➱✙❒ ④ ❽ ✃✞➱◗➮✘✃❪❮✩➷❆➴❆➱❈➱✖✃✎➮✹❂❖❰✛➱②❄❆✃❆Ñ✥✃■❄✼➮❱Ï✛✃❭❮✜➷✁➬♣❄ ❉❚❉✡✕
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✖ ✖
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✖
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✖
✖ ✖
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✖

✖

B0(G)

Φ
✗✙✘✛✚
✜ ✚✢

Ó❄Ô☛Õ❙Ö✛×✁Ø❿➜✁Ú➠Û❙ñ✛Ü★➯❁➎❨➍✼➏❵➌✶➏❵➌✧↔✣➓✎➌✄→✧➎◗➌✧↔✣➓❪➒✆→❈→➣➌✄➎◗➙✆➍✎→✧➛✞➌✄↕✶➌✄➛❆➎✬➏❵➌❈↔❤➓❆➔✤➛✞➭★➋❙➌➯✙❣➍❵➡✩➏✆➍❇➤✄➌✄➎✬↕✶➙✆➛✼➎❨→➜➌❈➍✎➛✞➌❇➒✆➍❵➥✜↕✶➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛❭➎❨→➜➨✧↔↔✧➔ ➥✜➛✼➔ â❣➐●➒✆➎❨➔✤➧✆➌✶➢ ➙✆→●↔✘➟✄➍✻➲ ➍✎➛✪➐●➑❪➒✆↕✣➓✪➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢
B0

➏❵➌✶➢➣➲ ➙✆→➜➏✆→➣➌✠➏✆➍✩➥❀➒✆➍❢↔●↔✶➌✧↔✧➎❄↔✧➍✹➓❪➌✄→❤➓❪➙✹↔✘➞❅➒✆➍✓➐●➑❪➒✆↕✣➓❳➟✄➍✼➒❵➏✆→✧➍✹➓❪➙✆➢ ➒✆➔✤→➜➌➏✆➍❱➥✜➍✎➔➠➏❵➌✴➭❙➋✛➒❅➐●➙✆➍✎→✑▲➜➌❈➌✄➛✦➎❨→➜➒✆➔✤➎✛➓❆➢ ➌✄➔✤➛❭➌✧↔✧➎❣➍✎➛✩➢ ➙✆→➜➌✄➛✼➎☛è✄➔➠➌✄➛✼➛✞➌✌➟✄➍✎➔★➛✁➲ ➒❱➏✛➲ ➒✆➍✎➎❨→➜➌✛▲✄➍✎➎❁➟✄➍✼➌✌➏❵➌❫➥✜➍✎➔➠➏❵➌✄→P➢➣➲ ✣❣➔✤➢ ➭❙➯❁➢✤➢ ➌✢↕✶➌✄➎❄➌✄➛➞✄➧✴➔➠➏❵➌✄➛✞➐●➌❇➌✄➛❱➓✎➒✆→✧➎❨➔➠➐✄➍✎➢ ➔➠➌✄→✌➢➣➲ ➒✹↔●á✆↕✶➞✘➎➠→✄➔☛➌✶➏❵➌✢➢ ➒❅➐●➙✆➍✎→✑▲●➌
Φ(B0)

⑨❤➧✆➙✆➔✤→P➢ ➌✢➎◗➌➜➡❵➎◗➌✄⑩❵➭
✫✭✘✬✮✿✯q✧✼✘❢✪✸✱✼✥✻✮✙❁ ✧ ✘✬✯✸✯✄✘②✶☎✳✍✾★✘✬P✼✚q✘❀✪✸✯☎ã✷✘✒✳✍P❄❅❀✤✦P✼✱❇✱✼✾✻P❄✪❙✵✬✾★✘✬✶✰✵❀✘❢◗✰P❄✘②❅❀✘✬✾✻✾★✘✟✤☞ã✼✯✄✘✬✮✰P❄✘✟✪✸✥✰✾❏■ ✤✦✮❇❅❀✤✦✮❄✪✸✥★✧✼▼✬✚✄✘✟✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✰✯
◗✰P❄✘❱✾★✘❉❅✬✚✸✥✻✯✄▼✬✚✄✘❉✧✼✘❉✪✸P✼✥✻✶✿✥❢✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘❉✧✩Ps❅✄❆✴✳✍✫❱✱♦✧✼✤✦✥✻✯➉✬✬✯✸✚✄✘✭✚✄✘❀✪✸✱✷✘❀❅✬✯✄✵☎❁✐t●✮s✘✸✷❯✘✬✯✒✹❯P✼✮s❅✒✳✍✾★❅✬P✼✾❢✧❯■ ✤✦✚✄✧✩✚✄✘❉✧✼✘
▲☎✚✠✳✍✮❄✧✼✘✬P✼✚❢✫✭✤✦✮✰✯✄✚✄✘❖◗✰P❄✘❈⑩✒♠☎♠❳✫ ❶ ✧✼✘✬✶✿✚✠✳✍✥★✘✬✮✰✯❢✪✸P✢✜✭✚✄✘❜✱✷✤✦P✼✚❢✵✬✶✿✥✻✯✄✘✬✚②✾★✘❀✪❃✱✺✘✬✚✸✯✄✘❀✪②✱✴✳✍✚②✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✿✯✟✧✼✘❖✪✸✱✼✥✻✮✔➺✥✤☎❁
✗✙✘❞✜❏✳✍✥✻✯✭◗✰P✙■ ✥✻✾❴✜❏✳✍✥✻✾✻✾★✘❡P✼✯✸✥✻✾✻✥★✪✄✘✬✚✭P✼✮❧❅✠❆✴✳✍✫❱✱❛✳✍P❄✪✄✪✸✥❜✵✬✾★✘✬✶✰✵❡◗✰P✙■ P✼✮♥▲✰✳✍P❄✪✄✪✭✫✭✤✦✮✰✯✸✚✄✘❭◗✰P❄✘❞✾★✘❀✪✭✱✺✘✬✚✸✯✄✘❀✪❉✪✄✤✦✮✿✯❉✪✠✳✍✮❄✪
✧✼✤✦P✼✯✄✘❲✱✼✚✸✥✻✮❄❅✬✥✻✱✴✳✍✾★✘✬✫✭✘❀✮✰✯❉✧✩P❄✘❀✪❉❘❪✧✼✘❀✪➔�❄P❄❅✬✯✸P✴✳✍✯✸✥★✤✦✮❄✪✭✚✠✳✍✱✼✥★✧✼✘❀✪✭✧✩P♣❅✠❆✴✳✍✫❱✱♣✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘☎✹❃✧❯■ P✼✮❄✘❡✳✍✫❱✱✼✾✻✥✻✯✸P❄✧✼✘
✧✼✘❚◗✰P❄✘✬✾★◗✰P❄✘❀✪❇❅❀✘✬✮✰✯✠✳✍✥✻✮❄✘❀✪❱✧✼✘❉✫❱✥✻✾✻✾✻✥✻▲✰✳✍P❄✪✄✪✒✹q❅❀✘❚◗✰P✼✥❢✮✙■ ✘❀✪✸✯✛✱✴✳✦✪✛✪✸P✼✚✸✱✼✚✠✘✢✮✺✳✍✮✰✯❱✧❄✳✍✮❄✪✛P✼✮♦✘✬✮✿✶✿✥✻✚✄✤✦✮✼✮❄✘✬✫✭✘✬✮✰✯❉✳✍P❄✪✄✪✸✥
✵✬✾★✘❀❅✬✯✸✚✄✤✦✫❉✳✍▲☎✮❄✵✬✯✄✥★◗✰P❄✘✬✫✭✘✬✮✿✯✚✮✛✱✺✤✦✾✻✾✻P❄✵➔✯❲◗✰P❄✘✲✾★✘✲✾✽✳✣ã✷✤✦✚✠✳✍✯✄✤✦✥✻✚✄✘☎❁

❷ ✥✻✮❄✪✸✥❏✹✩✮❄✤✦P❄✪❜P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❜✧❄✳✍✮✴✪❴✯✄✤✦P✼✯❖❅❀✘❳◗✰P✼✥✙✪✸P❄✥❨✯❜P✼✮❡❅✠❆✴✳✍✫❱✱❡✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘❈✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾
B0 = 1 ❶ ❁

⑧✧✦ ✃✎➮❱❮✜❰✛➱❈Ð ➴✓➮✘✃✞Ñ✓➷✛Ò✞➱✖➴✼➮✆❰✛➱✖✃❭Ï★❰ ➨ ✃✎➮
❥❖P✼✯✸✚✄✘❉P✼✮❄✘❉✧✩✥✻✫❱✥✻✮✿P✼✯✸✥★✤✦✮♦✧✩P②�❄P✩❝s✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎✹✐✾★✘❀✪❍✱✺✘✬✚✸✯✄✘❀✪❍✱✴✳✍✚✛✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✰✯❱✧✼✘❉✪✸✱✼✥✻✮s✤✦✮✿✯❍P✼✮♦✳✍P✼✯✸✚✄✘

✘✸✷❯✘✬✯❴✮❄✵✬▲✰✳✍✯✸✥❨✜●✪✸P✼✚❴✾★✘✟③✏✘✬✯❳✉✼✘✬✾✻✾★✘❀✪❜❅❀✤✦✮❄✧✩P✼✥★✪✄✘✬✮✰✯❂❘✛P✼✮❡❅✠❆✴✳✍P✢✷✙✳✍▲◆✘☎❁✼t●✮❭✘✸✷❯✘✬✯✒✹✩✾★✘❀✪❜✳✍✯✄✤✦✫✭✘❀✪❜❅❀✤✦✮❄❅❀✘✬✚✸✮❄✵❀✪❖✪✄✤✦✮✿✯❴❅❀✘✬P✩❝
✧✼✤✦✮✿✯②✾✽✳❈✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘❖✱✴✳✦✪✄✪✄✘❜✱✼✚✄▼❀✪❢✧✼✘❜✾❏■ ✳❵❝✼✘☎❁✰t●✮❲✧❯■ ✳✍P✼✯✸✚✄✘❖✯✄✘✬✚✸✫✭✘❀✪✒✹✿❅❀✘❀✪②✯✸✚✠✳✍✮❄✪✸✥✻✯✸✥★✤✦✮❄✪❢✮❄✤✦✮✩❋✔✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘❀✪✟✤✦✮✿✯②✾★✘
✫✭✬✬✫✭✘❱✘✸✷❯✘✬✯❳◗✰P✙■ P✼✮❄✘❇✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❬✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘✭✳❀✶✰✘❀❅✛P✼✮❪✜❏✳✍✥♣ã✼✾★✘✛✚✠✳✒❑◆✤✦✮❊✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮

Revap
✹✺❅☎■ ✘❀✪✸✯✏❋

❘❵❋r✧✩✥✻✚✄✘❡❘❡✜❏✳✍✥♣ã✼✾★✘❲✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘
η
❁✛❈q✳✍✚✭❅❀✤✦✮❄✪✄✵❀◗✰P❄✘✬✮✰✯✒✹●✘✬✾✻✾★✘❀✪✭✧✼✤✦✥✻✶◆✘✬✮✿✯❱❅❀✤✦✮❄✧✩P✼✥✻✚✄✘❭❘❭P✼✮❄✘❞✳✍P✼▲☎✫✭✘✬✮✿✯✠✳✍✯✸✥★✤✦✮❧✧✼✘❚✾✽✳

✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❍✧✩P❱③✏✘✬✯✒❁
➾✩★❃ì ❮ ➶❱ì✝ê✉➶✣➮✝ë èíç ❮ ➹☞➬❱➘ ➴❷➘ ❮ ➹✭➬❱➮ ❐✄➶✣➘ î❙➘❃è✱➬❱➘ è ❫ è✤➴❷➘ ê✉➶✣➮ ❐ ❮ ➘ ➴✎ì❷➷✴è✹ë ➘ ❐✄➷②➮ ❒ ➘ ë✳é♣è✹➶❱➴✝ê✉➶✣➮✝ë è➤é ì❷➷✴ê✉➶✣➮②➹✣ç②➮❫➬❱➮❫➚■è✤ì❷➱ ❮ ì µB0/~

❐ ❮ ➘ ➴✎➴✄ì⑤❴②❐❐✄➶✣✃✵➷⑤ì❷➘ ➮②➶❱ì❷➮✝è✹➶➽➴❼è✹➶✙❹➽➬❱➮✎î✱è✤ì❷➘ è✤➴❷➘ ❮ ➹➣➬❱➮✎ë è❹➬❱➘ ì❷➮②ç⑤➴❷➘ ❮ ➹➣➬❙➶➽ç✎❪☞è✹➱❹✃➽➱➤è✑✐✱➹✣➷⑤➴❷➘ ê✉➶✣➮ Ï æ❅➮✎➴❼è✹➶✙❹✚➮②❐✪➴➇➬ ❮ ➹✣➹✣➷ ❒ ➮②➹ ❮ ì❼➬❙ì❷➮✝➬❱➮❑✐✹ì❼è✹➹☞➬❱➮②➶❱ì ❒✃☞è✤ì❜ë♣➪ ➘ ➹❙î✩➮⑤ì❷❐✄➮
v/r0

➬❱➶➽➴❷➮②➱❹✃✣❐✟➬❱➮✁✃☞è✹❐✄❐❷è✑✐✱➮❫➬✡➪ ➶✣➹❺è✤➴ ❮ ➱❹➮✝➬❱➮✎î❙➘ ➴❷➮②❐✄❐✄➮ v ∼
√

kBT/m
➬✣è✹➹✣❐☎ë è✫✪ ❮ ➹✣➮✝➬❱➮✎➴❼è✹➘ ë ë ➮ r0 = B0/b ❮✱❰ë è❫➬❱➘ ì❷➮②ç⑤➴❷➘ ❮ ➹❨➬❱➶íç✎❪☞è✹➱❹✃✚î✹è✤ì❷➘ ➮✎❐✄➘ ✐✩➹❱➘ ↔ ç✴è✤➴❷➘ î✩➮②➱❹➮②➹✉➴ Ï ì✜è✤ì☎ç ❮ ➹✣❐✄➷✴ê✉➶✣➮②➹✉➴ ❒ ë ➮✎ç✎❪☞è✹➱❹✃ B0

➬ ❮ ➘ ➴☎î✩➷❼ì❷➘ ↔ ➮⑤ì
µB0

~
≫ b

B0

√

kBT

m
,

❐ ❮ ➘ ➴ ❒ ✃ ❮ ➶❱ì b = 1 ✬ Ù ❢✤ç②➱❖➮⑤➴
T ≃ 600 µK ❒ B0 ≫ 70

➱ Ù Ï



❉❚❉✞➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞➱✙❒ðï❳➬ ❮✴✃❭✃✳❄✪Ò✵❁❆➬ Ï✛✃✳❄■✿✎✃❭Ï★❰✐➱✖Ò✵❣❖➬✤Ñ✒✃✧✿✵❂❖Ð❝Ð ➬ ❮✆➬ ❂❅❄❃❄❆✃✞Ð

500

550

600

650

700
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✭
✭✭

✭ ✭

B0(G)

T
✮ µ
✯✰

Ó❄Ô☛Õ❙Ö✛×✁Ø●➜✁Ú➠Û❪Û❪Ü✛➯✜❻❦➌✄➎❄➏❵➌✢➢➣➲ ➒❵➏❵➏✆➔✤➎❨➔➠➙✜➛❭➏✛➲ ➍✎➛❭➐●➑❪➒✆↕✣➓✥➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢
B0

↔✧➍✎→❫➢ ➒✶➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌❈➏✆➍P➤✄➌✄➎◗➭✁ã✬➙✆➍✎→
B0 = 0

➝✻➢ ➒➎◗➌✄↕✣➓❪➞✄→➣➒✆➎❨➍✎→➜➌❈➏✆➍✢➤✧➌✘➎❄➌✧↔✧➎❁➢ ➞❤➥❀➨✄→➣➌✄↕✶➌✄➛✼➎❣↔✧➍✹➓❪➞✄→✧➔➠➌✄➍✎→➜➌✧➝✁➓❪➒✆→✬➓❆→➣➨✧↔❈➏❵➌✚Þ❱ß➋éP➭
⑥❂✤✦P❄✪❃✳✒✶◆✤✦✮❄✪q✫❱✥★✪❃✘✬✮❱✵✬✶✿✥★✧✼✘✬✮❄❅❀✘❴❅❀✘❴❅✠❆✴✳✍P✢✷✙✳✍▲◆✘❴✧✔✒❉✳✍P✩❝✛✱✺✘✬✚✸✯✠✘✬✪●✱✴✳✍✚●✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✿✯②✧✼✘❴✪✸✱✼✥✻✮❱✘✬✮❱✫✭✘❀✪✸P✼✚✠✳✍✮✰✯

✾✽✳❖✯✠✘✢✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❜✧✩P❳③✏✘✬✯q✱✷✤✦P✼✚❃✧✩✥✟✷❯✵✬✚✄✘✬✮✰✯✄✘❀✪●✶☎✳✍✾★✘✬P✼✚✄✪❃✧✼✘
B0

❁✦✗✙✘✟✚✄✵❀✪✸P✼✾✻✯✠✳✍✯②✧✼✘✟❅❀✘❀✪q✫✭✘❀✪✸P✼✚✄✘❀✪❃✘❀✪✸✯q✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❴✪✸P✼✚
✾✽✳✭❫❄▲☎P✼✚✄✘➥➁✩❁✻⑩☎⑩☎❁✗✺r✾❃✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❍◗✰P✙■ ✘✬✮❩✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘✭✧✼✘❇❅✠❆✴✳✍✫❱✱

B0
✹✺✾✽✳❚✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘✭✫✭✘❀✪✸P✼✚✄✵❀✘❱✘❀✪✸✯❳✪✸P✼✱✺✵✬✚✸✥★✘✬P✼✚✄✘

✧✼✘❱➾✡➦ ✘✬✮✿✶✿✥✻✚✄✤✦✮❭❘❱❅❀✘✬✾✻✾★✘❈✤☞ã✼✯✄✘✬✮✰P❄✘❍✘✬✮❞✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❈✧❯■ P✼✮❭❅✠❆✴✳✍✫❱✱
B0 = 1 ❶ ❁

➴✦ê❏➴ ✇❳÷❊ø î❯û➜ü✢ñ Õ❨÷❊ø
➳❳✳✍✮❄✪❜❅❀✘❈❅✠❆✴✳✍✱✼✥✻✯✸✚✄✘☎✹❄✮❄✤✦P❄✪❖✳✒✶◆✤✦✮❄✪❴✫✭✤✦✮✿✯✸✚✄✵❍✘✠❝✩✱✷✵✬✚✸✥✻✫✭✘✬✮✰✯✢✳✍✾✻✘✬✫❉✘✬✮✿✯❖✾✽✳❇✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❈✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❂✳✍P❡✪✄✘✬✥✻✮❭✧✩P

③✏✘✬✯❳✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎✹✷✘✬✯✲P✼✮❪✱✼✚✄✘✬✫❱✥★✘✬✚❳▲✰✳✍✥❨✮❊✧❄✳✍✮❄✪✲✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❇✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✒❁✺⑥❂✵✒✳✍✮✼✫✭✤✦✥✻✮❄✪✒✹✺✾✽✳❉✧✼✘✬✮❄✪✸✥✻✯✄✵❇✧❄✳✍✮❄✪✲✾❏■ ✘❀✪✸✱✴✳✦❅❀✘
✧✼✘❀✪✭✱✼❆✴✳✦✪✄✘❀✪❉✧✩P❬③✏✘✬✯✭✚✄✘❀✪✸✯✄✘❞✯✸✚✄▼❀✪❱✜❏✳✍✥✌ã❄✾✻✘☎✹②✧✼✘❞✾❏■ ✤✦✚✄✧✩✚✄✘❭✧✼✘

2 × 10−8 ❁ ❷ ❫❄✮❧✧✼✘❞▲✰✳✍▲☎✮❄✘✬✚❉✾★✘❀✪✭❆✰P✼✥✻✯❚✤✦✚✄✧✩✚✄✘❀✪❉✧✼✘
▲☎✚✠✳✍✮❄✧✼✘✬P✼✚❍✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❀✪❈✱✺✤✦P✼✚✛✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘✭✾✽✳❞✧✼✵✬▲◆✵✬✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘❉◗✰P✴✳✍✮✿✯✸✥★◗✰P❄✘☎✹❯✥✻✾❃✘❀✪✸✯❈✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘✭✧❯■ ✳✍P✼▲☎✫✭✘✬✮✰✯✄✘✬✚
❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✠✳✣ã✼✾★✘✬✫✭✘✬✮✿✯❇✾✽✳❞✶☎✳✍✾★✘✬P✼✚✛✧✼✘

Ncol
✹✐✧✼✘✭✾❏■ ✤✦✚✄✧✩✚✄✘❚✧❯■ P✼✮❄✘❚✧✩✥✽✾❵✳✍✥✻✮❄✘☎✹q✳❵❫❄✮s✧✼✘✭✱✷✤✦P✼✶◆✤✦✥✻✚✛P✼✯✸✥✻✾✻✥★✪✄✘✬✚❍P✼✮❤▲☎✚✢✳✍✮❄✧

✮❄✤✦✫➣ã✼✚✠✘✲✧✼✘✘✾✒✤✦✮❄✘❀✪✟✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁✼✗✙✘❖✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✿✯✟✱✴✳✍✚❴✵✬✶✦✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❡✵✬✯✠✳✍✮✰✯✟P✼✮❚✱✼✚✄✤✿❅❀✘❀✪✄✪✸P❄✪✟✘✢❝✩✱✺✤✦✮❄✘✬✮✩❋
✯✸✥★✘✬✾✪➺✴➺❵✹☎✥✻✾✴✪✸P✢✜✭✯✚✛➤✙❚✢✱✶✄✲☞✢✱✶❙✧❯■ ✳✍P✼▲☎✫✭✘✬✮✿✯✄✘✬✚
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✱✴✳✍✚❃P✼✮❱✜❏✳✦❅✬✯✄✘✬P✼✚❢✧✩✥❨❝❱✘✬✮✿✶✿✥✻✚✄✤✦✮✭✱✷✤✦P✼✚❃✱✺✤✦P❄✶◆✤✦✥✻✚②✤☞ã✼✯✄✘✬✮✼✥✻✚②P✼✮✭✾✽✳✦✪✄✘✬✚

❘❱✳✍✯✄✤✦✫✭✘❀✪❖❅❀✤✦✮✿✯✸✥✻✮✰P✔➺❼ä◆❁

➾✄➾⑤Ý ❮ ➶✣❐☎➮②➹✩➴❷➮②➹☞➬ ❮ ➹✣❐☎✃☞è✤ì☎ë ❵❹❐✄➘ ➱❹✃✣ë ➮②➱❹➮②➹✩➴☎ê✉➶ø➪ ❵❫ç✎❪☞è✱ê✉➶✣➮❜➌✲✱✏❿✠➋✒➂✟➬✡➪ ➶✣➹✣➮✳✪ ❮ ➹✣➮✝➬✡➪ ➷②î✱è✹✃ ❮ ì❼è✤➴❷➘ ❮ ➹ ❒✵❮ ➹✵✴❢➋✷✶ ➂✻➁ ❾✸✶ ➁✽❼➇ë è➤➬❱➮②➹✣❐✄➘ ➴❷➷✁➬✣è✹➹✣❐ë♣➪ ➮②❐✄✃☞è✹ç②➮✝➬❱➮②❐✟✃✆❪☞è✹❐✄➮②❐✟✃☞è✤ì✟➶✣➹íé♣è✹ç⑤➴❷➮②➶❱ì☎ç ❮ ➹✣❐✪➴❼è✹➹✉➴ Ï➾➈å✺✹øì⑤❴②❐✟❐✄ç✎❪✣➷②➱➤è✤➴❷➘ ê✉➶✣➮②➱❹➮②➹✩➴ ❒ è✴î✩➮②ç❿❝❃❡❙❡❫ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐ ❒ ➮⑤➴✟➮②➹✚❐✄➶✣✃✣✃ ❮ ❐❷è✹➹✉➴☎ê✉➶ø➪ ➘ ëø❐✄➶✄❃❫➴❜➬❱➮❜➴✄ì ❮ ➘ ❐✟ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐❜➮②➹✩➴✄ì❷➮✁➬❱➮②➶●❹✚è✹➹✉➴❷➮②➹✣➹✣➮②❐✃ ❮ ➶❱ì✝ê✉➶✣➮❫ë ➮❑î➈➮⑤➴✁ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐✄➮ ❒■❮ ➹✭✃✵➮②➶❱➴✁➶❱➴❷➘ ë ➘ ❐✄➮⑤ì✝➶✣➹✣➮ ➴✄ì❷➮②➹✉➴❼è✹➘ ➹✣➮❹➬❱➮✫✪ ❮ ➹✣➮②❐✝➬✡➪ ➷②î✹è✱✃ ❮ ì❼è✤➴❷➘ ❮ ➹ ❒ ç②➮➤ê✉➶✣➘❃✃✵➮⑤ì❷➱❹➮⑤➴✁➬✡➪ è✹➶✆✐✱➱❹➮②➹✉➴❷➮⑤ìë è✚➬❱➮②➹✣❐✄➘ ➴❷➷❫➬✣è✹➹✣❐➇ë♣➪ ➮②❐✄✃☞è✹ç②➮➤➬❱➮②❐➇✃✆❪☞è✹❐✄➮②❐✎✃☞è✤ì✎➮②➹❙î❙➘ ì ❮ ➹ 1,930 ≃ 2 × 108 Ï ➜➈ë✳é♣è✹➶❱➴✎➹❙➶☞è✹➹✣ç②➮⑤ì✎ç②➮ ì❼è✹➘ ❐ ❮ ➹✣➹✣➮②➱❹➮②➹✩➴➇➴✄ì⑤❴②❐✎❐✄➘ ➱❹✃✣ë ➮ ➮②➹ì❷➮②➱➤è✤ì❼ê✉➶☞è✹➹✉➴❚ê✉➶✣➮☎➬✡➪ ➶✣➹✣➮✗✃☞è✤ì✄➴❅ë ➮➳✐✩è✱➘ ➹➤➬✡➪ ➶✣➹ é♣è✹ç⑤➴❷➮②➶❱ì❊❝ ❒ ✻ ➹ø➪ ➮②❐✪➴❅✃ ❮ ❐✄❐✄➘ ❫ ë ➮❜ê✉➶✣➮✟➬✣è✹➹✣❐❚➶✣➹❫ç ❮ ➹ ↔ ➹✣➮②➱❹➮②➹✉➴❃ë ➘ ➹✣➷✴è✹➘ ì❷➮ ❒ è✹ë ❮ ì❷❐✔ê✉➶✣➮✟✃ ❮ ➶❱ìë ➮②❐ ❫ è✹❐✄❐✄➮②❐✁➴❷➮②➱❹✃✵➷⑤ì❼è✤➴❷➶❱ì❷➮②❐✁è✤➴✄➴❷➮②➘ ➹✉➴❷➮②❐✝➮②➹ ↔ ➹✭➬❱➮❫ì❷➮⑤é ì ❮ ➘ ➬❱➘ ❐✄❐✄➮②➱❹➮②➹✉➴ ❒ ë ➮❹ç ❮ ➹ ↔ ➹✣➮②➱❹➮②➹✉➴✎➮②❐✪➴➊❪☞è✤ì❷➱ ❮ ➹✣➘ ê✉➶✣➮ ❒ ➮⑤➴ ê✉➶✣➮❹➬✡➪ è✹➶❱➴✄ì❷➮❹✃☞è✤ì✄➴ë ➮✁➴❼è✹➶✙❹❺➬❙➮✝ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐✎î✹è✤ì❷➘ ➮✝➷②î✩➮②➹✉➴❷➶✣➮②ë ë ➮②➱❹➮②➹✉➴❜è✹➶❺ç ❮ ➶❱ì❷❐➇➬❱➮✁ë è❫ì❼è✹➱❹✃✵➮✝➬✡➪ ➷②î✹è✹✃ ❮ ì❼è✤➴❷➘ ❮ ➹ Ï ì ❮ ➶❱ì➇➶✣➹✣➮✁è✹➹☞è✹ë í ❐✄➮❫ê✉➶☞è✹➹✩➴❷➘ ➴❼è✤➴❷➘ î✩➮✝➬❱➶➹ ❮ ➱ ❫ ì❷➮➇➬✡➪ ➷⑤➴❼è✹✃✵➮②❐☎➬✡➪ ➷②î✱è✹✃ ❮ ì❼è✤➴❷➘ ❮ ➹❺➹✣➷②ç②➮②❐✄❐❷è✹➘ ì❷➮②❐ ❒☞❮ ➹➽❐✄➮➇ì❷➮②✃ ❮ ì✄➴❷➮⑤ì❼è❫è✹➶➽ç✎❪☞è✹✃✣➘ ➴✄ì❷➮❤➲ Ï



✼✇✈②①④③⑥⑤✹⑦❳⑧✬⑨ ✽

❶ ➁ ú ø❄➆❽❺❿➀✛➁➈➂ùø✫öûú ❸ ✾ ➁❽➄ ø❁➀❢➂ öûú ø✼❷÷ú ú ❷❹❸ ❾➉❺ ➊✰❷❻➂

➋❙➌❿▲✄➍✎➎❖➏❵➌❫➐➜➌❫➐●➑❪➒●➓❆➔✤➎❨→➜➌❫➌✧↔✧➎★➏❵➌❦↕✶➙✆➛✼➎❨→➜➌✄→●➝✁➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌✄↕✶➌✄➛✼➎★➌✄➎★➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢ ➌✄↕✶➌✄➛✼➎➠➝❖➐➜➙✆↕❈↕✶➌✄➛✼➎★➙✆➛✢➓✎➌✄➍✎➎➠➝
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➑❢á❵➏✆→➜➙✴➏✆á✆➛✞➒✆↕❈➔❨➟✄➍✼➌❇➏✆➍❇➓❆→➜➙✙▲✄➢ ➨✄↕✶➌❇➌✧↔✧➎❄➏❵➞●➐✄→✧➔✤➎◗➌❇➌✄➛✥➏❵➞✄➎◗➒✆➔✤➢ ➭
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∂f

∂t
+ v · ∂f

∂r
− 1

m

∂U

∂r
· ∂f

∂v
= Icol[f ] .
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Icol[f ]
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Icol[f ] =

∫

d3v1

∫

dΩ |v − v1|
dσ

dΩ
(|v − v1|/2, θ) (f ′f ′

1 − f f1) .
✈◗➽✩❁ ✂◆①

✺✔❅✬✥❏✹
f = f(r, v, t)

✹
f1 = f(r, v1, t)

✹
f ′ = f(r, v′, t)

✘✬✯
f ′
1 = f(r, v′

1, t)
✹✿✤☞✘

v′ ✘✬✯ v′
1
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v
✘✬✯

v1
❁
θ
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dΩ = 2π sin θ dθ
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féq(r, v, t) = n(r, t)

(

m

2πkBT (r, t)

)3/2

e−m(v−v̄(r,t))2/2kBT (r,t) ,
✈◗➽✩❁ ★◆①
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f(r, v, t) ∝ exp

(

− U(r)

kBT (z, t)
− m(v − v̄(z, t)ez)

2

2kBT (z, t)

)

.
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v̄(z, t)
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T (z, t)
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nℓ(z, t)
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✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘❀✪
x, y

✉
nℓ(z, t) =

∫

f(r, v, t) dxdy d3v .
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❈q✤✦P✼✚❜✯✄✤✦P✼✯✄✘❈◗✰P✴✳✍✮✿✯✸✥✻✯✄✵
A(r, v, t)
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〈A〉 (z, t) =
1

nℓ(z, t)

∫

A(r, v, t)f(r, v, t) dxdy d3v ,
✈◗➽✩❁ ➽◆①
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1
✹
vz
✹✼✘✬✯

H ≡ mv2/2 + U(r)
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x
✹
y
✹✍✘✬✯
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∂nℓ

∂t
+

∂

∂z
(nℓ 〈vz〉) = 0 ,

✈◗➽✩❁ ✱☎①
∂

∂t
(nℓ 〈vz〉) +

∂

∂z

(

nℓ

〈

v2
z

〉)

+
nℓ

m

〈

∂U

∂z

〉

= 0 ,
✈◗➽✩❁ ➾◆①

∂

∂t
(nℓ 〈H〉) +

∂

∂z
(nℓ 〈vz〉 〈H〉) +

m

2

∂

∂z

(

nℓ

〈

v3
z

〉

− nℓ 〈vz〉
〈

v2
z

〉)

= 0 .
✈◗➽✩❁ ➌◆①
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(z, vz)
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(z, vx, vy)
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vx
✘✬✯

vy
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∂

∂t
nℓ +

∂

∂z
(nℓv) = 0 ,

✈◗➽✩❁✻⑩✒♠◆①
∂

∂t
(nℓv) +

∂

∂z

(

nℓv
2 +

nℓkBT

m

)

+
nℓ

m

〈

∂U

∂z

〉

= 0 ,
✈◗➽✩❁✻⑩☎⑩❵①

∂

∂t

(

nℓ 〈U〉 + nℓv
2 +

nℓkBT

m

)

+
∂

∂z

(

1

2
mnℓv

3 +
5

2
kBTnℓv + nℓv 〈U〉

)

= 0 .
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✘❀✪✸✯✟❅❀✤✦✮❄✪✄✘✬✚✸✶◆✵❀✘☎❁✩t●✮❞✘✸✷❯✘✬✯✒✹✩✪✸✥

ω
✱✴✳✦✪✄✪✄✘❂✧✼✘❂✾✽✳❍✶☎✳✍✾★✘✬P✼✚❢✥✻✮✼✥✻✯✸✥✽✳✍✾★✘

ωi
❘

✾✽✳❱✶☎✳✍✾★✘✢P❄✚❴❫❄✮✴✳✍✾★✘
ωf
✹✼✾❏■ ✵✬✮❄✘✬✚✸▲☎✥★✘❍✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘❈✱✴✳✦✪✄✪✄✘❳✧❄✘

E⊥i
❘

E⊥f = E⊥iωf/ωf
❁✵❈●✳✍✚❂✳✍✥✻✾✻✾★✘✬P✼✚✄✪✒✹❄✾★✘❈✫✭✤✦✫✭✘✬✮✰✯

❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘
L
✘❀✪✸✯❖✵✢▲✰✳✍✾★✘✬✫✭✘✬✮✿✯❖P✼✮❞✥✻✮✿✶☎✳✍✚✸✥✽✳✍✮✰✯✲✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘☎✹❄✘✬✯❖✧✼✤✦✮❄❅

Lf = Li
❁✼✗✐✳❱✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❡✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❍✘❀✪✸✯

✧✼✤✦✮✼✮❄✵❀✘❈✱✴✳✍✚
Pi(E, L) =

ωi

2(kBTi)2
e−E/(kBTi) Θ(E − Lωi) .

✈◗➽✩❁✻⑩✜➽◆①
✗✐✳❱✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❡❫❄✮✴✳✍✾★✘❈✘❀✪✸✯❜✧✼✤✦✮✼✮❄✵❀✘❳✱✴✳✍✚❜✾❏■ ✥✻✮✰✯✄✵✬▲☎✚✠✳✍✾★✘❉✉

Pf(E, L) =

∫∫

Pi(Ei, Li) δ(L − Li) δ(E − Eiωf/ωi) dEi dLi ,
✈◗➽✩❁✻⑩❆✱☎①

✪✄✤✦✥✻✯✒✹✴✳✍✱✼✚✄▼❀✪❜❅✒✳✍✾★❅✬P✼✾②✉
Pf(E, L) =

ω2
i

2ωf(kBTi)2
e−Eωi/(kBTiωf) Θ(E − Lωf) ,

✈◗➽✩❁✻⑩✜➾◆①
◗✰P✼✥●✘❀✪✸✯✲✘✢❝❄✳✦❅✬✯✄✘✬✫✭✘✬✮✿✯❈✧✼✘✛✾✽✳✭✜✣✤✦✚✄✫✭✘❇✧❯■ P✼✮❄✘❇✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❬✧❯■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎✹✷✫❉✳✍✥★✪❈✳❀✶✰✘❀❅✛P✼✮❄✘✛✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘

Tf =

Tiωf/ωi
❁

➼ ❈★❰❆➴✼➮✹➬ ❂❅❄❆❮✦➘✿⑤❪Ï★➱❷❂❖Ï❄⑤✳❄❆➴✛Ñ❭➬ ❈★❰❆✃❪❮
t●✮✛✱✼✚✠✳✍✯✸✥★◗✰P❄✘☎✹❵✮❄✤✦P❄✪✐P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪✐P✼✮❄✘②❅❀✤✦✫❱✱✼✚✄✘❀✪✄✪✸✥★✤✦✮❱✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘❢✧✩P✛▲☎P✼✥★✧✼✘❢❘❴✾❏■ ✘✬✮✿✯✸✚✄✵❀✘❢✧✼✘②❅❀✘✬✾✻P✼✥❨❋r❅✬✥✷✉❵✪✸P✼✚✐✾★✘❀✪

◗✰P✴✳✍✚✠✳✍✮✿✯✄✘❈✱✼✚✄✘✬✫❱✥★✘✬✚✄✪❂❅❀✘✬✮✰✯✸✥✻✫✭▼✬✯✸✚✄✘❀✪✒✹✴✾✽✳❱✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❍✘✬✮✿✯✸✚✄✘❈✾★✘❀✪❖❅❀✤✦✮❄✧✩P❄❅✬✯✄✘✬P✼✚✄✪✲❅✬✚✄✵✒✳✍✮✰✯❖✾★✘❍❅✄❆✴✳✍✫❱✱❪◗✰P✴✳✦✧✩✚✸P✼✱✷✤✦✾✽✳✍✥✻✚✄✘
✘❀✪✸✯✲✚✄✵❀✧✩P✼✥✻✯✄✘❱✧❯■ P✼✮❩✜❏✳✦❅✬✯✄✘✬P✼✚❱⑩☎✹ ✱✿✹❯❅❀✘❇◗✰P✼✥●✘✬✮✰✯✸✚✠✳❵➵★✮❄✘❇P✼✮❄✘✭✳✍P✼▲☎✫✭✘✬✮✰✯✠✳✍✯✸✥★✤✦✮❤✧✩P❊▲☎✚✠✳✦✧✩✥★✘✬✮✰✯❳✯✸✚✠✳✍✮✴✪✸✶◆✘✬✚✄✪✄✘

b
✱✴✳✍✚✲P✼✮

✜❏✳✦❅✬✯✄✘✬P✼✚❲✯✸✚✄✤✦✥★✪✒❁❢✗✐✳❤✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❊✧✩P♦③✏✘✬✯❲✘❀✪✸✯❚✘✬✮❄❅❀✤✦✚✄✘❩✯✸✚✄▼❀✪❲✵✬✾★✘✬✶◆✵❀✘❩✧❄✳✍✮❄✪❲❅❀✘✬✯✸✯✄✘❪✱✴✳✍✚✸✯✸✥★✘❩✧✩P❺▲☎P✼✥★✧✼✘☎✹❴✳✍P❄✪✄✪✸✥
✮❄✵✬▲☎✾✻✥✻▲◆✘✬✚✄✤✦✮❄✪✏❋❏✮❄✤✦P❄✪❂✧❄✳✍✮❄✪❖❅❀✘❈◗✰P✼✥✙✪✸P✼✥✻✯❜✾✽✳❇✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❈✧✩P❭❅✄❆✴✳✍✫❱✱❭✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾

B0
❁✼⑥❂✤✦P❄✪❜❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✄✤✦✮✴✪❖✧✼✤✦✮❄❅

◗✰P❄✘✲✾★✘❀✪❖✳✍✯✠✤✦✫✭✘✬✪❖✪✄✘✲✱✼✚✄✤✦✱✴✳✍▲◆✘✬✮✿✯❂✧❄✳✍✮❄✪❴✾★✘❳✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾✙✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❉✉

U = µb(z)r ,
✈◗➽✩❁✻⑩❙➌◆①

❛ ❷✎è✹➹✣❐✎ë ➮❫ç✴è✹❐✁➬✡➪ ➶✣➹❨ç ❮ ➹ ↔ ➹✣➮②➱❹➮②➹✉➴➇ë ➘ ➹✣➷✴è✹➘ ì❷➮➤➬❱➮❿✐✹ì❼è✱➬❱➘ ➮②➹✉➴
b ❒ø❮ ➹➣✃✵➮②➶❱➴✎➱ ❮ ➹✉➴✄ì❷➮⑤ì✎ê❙➶❱➮ ë♣➪ ➘ ➹❙î✱è✤ì❷➘ è✹➹✉➴✝è✱➬❱➘ è ❫ è✤➴❷➘ ê✉➶✣➮❫➮⑤❐✪➴✝➬ ❮ ➹✣➹✣➷✃☞è✤ì

E⊥/b2/3 Ï❶ æ❅➮⑤➴❜➮✞❥✡➮⑤➴❜➬❱➮➇ì❷➷●❋☞➮✞❹❱➘ ❮ ➹❺➬✡➪ ➶✣➹✣➮➇✃☞è✤ì✄➴❷➘ ç②➶✣ë ➮✝➬❱➶íé♣è✹➘ ➴➇➬❱➮✎ë è❫ç ❮ ➹✣❐✄➮⑤ì❷î✹è✤➴❷➘ ❮ ➹❨➬✡➪ ➶✣➹✚➘ ➹❙î✱è✤ì❷➘ è✹➹✉➴❜è✱➬❱➘ è ❫ è✤➴❷➘ ê✉➶✣➮✎➮②❐✪➴ ❫ ➘ ➮②➹➽ç ❮ ➹❱➹❙➶➽➮②➹✃✆❪ í ❐✄➘ ê✉➶✣➮✟➬❱➮②❐❚✃✣ë è✹❐✄➱➤è✹❐ ❒ ➮⑤➴❅➮②❐✪➴⑥❵✎ë♣➪ ❮ ì❷➘ ✐✱➘ ➹✣➮❜➬❱➶❹ç ❮ ➹✣ç②➮②✃❱➴✔➬❱➮■❍ ❫✵❮ ➶❱➴❷➮②➘ ë ë ➮☎➱➤è✑✐✱➹✣➷⑤➴❷➘ ê✉➶✣➮❑❏ ➶❱➴❷➘ ë ➘ ❐✄➷☎✃ ❮ ➶❱ì❅ç ❮ ➹ ↔ ➹✣➮⑤ì✔➬❱➮②❐❚✃☞è✤ì✄➴❷➘ ç②➶✣ë ➮②❐ç✎❪☞è✤ì⑤✐✱➷②➮②❐ Ï



❉✜❦❚❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞á★❒ðï✪➴❃❄✁➬✤➷✛❰✛Ð ➴✼➮✹➬ ❂❅❄❆❮✦➘❆➴✛Ñ❭➬✤Ð ➮✹❂❅❄✁➬ ✃✳❄❃❄❆✃❪❮✶Ï★❰ ➨ ✃✎➮

✤☞✘
b(z)

✘❀✪✸✯✙P✼✮❄✘●✜❣✤✦✮❄❅✬✯✸✥★✤✦✮✛✧✼✘
z
◗✰P✼✥◆✶☎✳✍✚✸✥★✘●✾★✘✬✮✿✯✄✘✬✫✭✘✬✮✰✯✑❺◆❁✒✗✙✘❀✪❙✵❀◗✰P✴✳✍✯✸✥★✤✦✮❄✪✙❆✿❑✩✧✩✚✄✤✿✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘❀✪✟✈◗➽✩❁✻⑩✄★◆①❯✘✬✯❢✈◗➽✩❁✻⑩✩ú✿①

✱✺✘✬P✼✶✰✘✬✮✰✯❂✳✍✾★✤✦✚✄✪✘✬✬✯✸✚✄✘❳✚✄✵❀❅✬✚✸✥✻✯✄✘❀✪❖✪✄✤✦P❄✪❴✾✽✳❍✜❣✤✦✚✸✫✭✘❈✪✸P✼✥✻✶☎✳✍✮✰✯✄✘✭✉
dz

(

kBT

v
+ mv

)

+
2kBT

v

dzb

b
= 0 ,

✈◗➽✩❁ ✂☎♠◆①
9kBT + mv2 = Cte .

✈◗➽✩❁ ✂✩⑩❵①
✺r✾❖✘❀✪✸✯❲✳✍✾★✤✦✚✄✪❉✥✻✫❱✫✭✵❀✧✩✥✽✳✍✯❲✧✼✘❡✶◆✵✬✚✸✥❨❫✴✘✬✚❲◗✰P❄✘❞✾✽✳❬✧✼✘✬✮❄✪✸✥✻✯✄✵❪✧❄✳✍✮❄✪✭✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❪✧✼✘❀✪✭✱✼❆✺✳✦✪✄✘✬✪

ρ ∝ b2v−2T−7/2 ✧✩P
③✏✘✬✯✲✪✄✘✛❅❀✤✦✮❄✪✄✘✬✚✸✶✰✘❱✳✍P❩❅❀✤✦P✼✚✄✪❳✧✼✘✛✾✽✳❉❅❀✤✦✫❱✱✼✚✄✘❀✪✄✪✸✥★✤✦✮✙❁ ✧ ✘❀✪✲✵❀◗✰P✴✳✍✯✸✥★✤✦✮❄✪✲✱✷✘✬P✼✶◆✘✬✮✿✯❳✪✄✘❍✚✄✵❀✪✄✤✦P❄✧✩✚✄✘❱✳✍✮✴✳✍✾✻❑✿✯✸✥★◗✰P❄✘✬✫✭✘✬✮✿✯✒✹
✫✭✤✦✮✰✯✸✚✢✳✍✮✰✯✭◗✰P❄✘❉✾✽✳❭✶✿✥✻✯✄✘❀✪✄✪✄✘❉✫✭✤❵❑◆✘✬✮✼✮❄✘❲✧✩P❩③✏✘✬✯❱✧✼✵❀❅✢✚✠✤❀➵✻✯❙Ó✦✹q✘✬✯❇◗✰P❄✘❲✪✠✳❡✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❡✳✍P✼▲☎✫✭✘✬✮✿✯✄✘☎✹●❅❀✤✦✫❱✫✭✘❚✾★✘
✾✽✳✍✥★✪✄✪✄✘❃✱✼✚✄✵✬✶◆✤✦✥✻✚❙✾❏■ ✵✬✯✸P❄✧✼✘❢✧✩P❍✫✭✤✦P❄✶◆✘✬✫✭✘✬✮✿✯q✧❯■ P✼✮❄✘②✱✴✳✍✚✸✯✸✥★❅✬P✼✾★✘☎❁ ❤ ✥✿✾★✘✙③✏✘✬✯✐✚✄✘❀✪✸✯✄✘❃✫❉✳✍✾✻▲☎✚✄✵②✯✄✤✦P✼✯❙✯✸✚✄▼❀✪✐✫✭✤✦✮❄✤✰❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘
✈
kBT ≪ mu2 ①✢✹✩✾✽✳❇✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❭✧✩P❡✯✠✳✍P✩❝❞✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥✻✤✦✮✴✪❜✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❈✘❀✪✸✯❜✧✼✤✦✮✼✮❄✵❀✘❳✱✺✳✍✚

γ ∝ b8/7 .
✈◗➽✩❁ ✂❡✂◆①

❷ ✥✻✮❄✪✸✥❏✹✿✱✷✤✦P✼✚❴P✼✮❄✘❈✳✍P✼▲☎✫✭✘✬✮✿✯✠✳✍✯✸✥★✤✦✮❪✧✩P❞▲☎✚✠✳✦✧✩✥★✘✬✮✰✯❜✱✴✳✍✚❴P✼✮❲✜❏✳✦❅✬✯✄✘✬P✼✚✘★✩✹✩✾★✘✲✯✠✳✍P✩❝❲✧❄✘✲❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❜✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❴✱✷✘✬P✼✯✬✬✯✸✚✄✘❳✫❍P✼✾✻✯✸✥✻✱✼✾✻✥★✵❈✱✴✳✍✚●★✩✹ ➁✩✹✼❅❀✘❈◗✰P✼✥✙✘❀✪✸✯❴✾★✤✦✥✻✮❭✧❯■ ✬✬✯✸✚✄✘❳✮❄✵✬▲☎✾✻✥✻▲◆✘✒✳✣ã✼✾★✘✭ê✰❁
ä✁�☛ÿ✁�❬❩ ß ❴❃❛ á❬✠✌✞ ❛ ☛☞✠✌✆✎✍ ➃✼❸✟✑☎❴✗✓ ✠ ✖➊➃ ✍❅☛ ❛ á ➃

t●✮❉✱✼✚✠✳✍✯✸✥★◗✰P❄✘☎✹✰✮❄✤✦P❄✪②P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪②P✼✮❄✘❖❅❀✤✦✫❱✱✼✚✄✘❀✪✄✪✸✥★✤✦✮❚✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘❖✪✸P✼✚❃✾★✘❀✪❢◗✰P✴✳✍✚✠✳✍✮✰✯✠✘❜✱✼✚✄✘✬✫❱✥★✘✬✚✄✪❢❅❀✘✬✮✿✯✸✥✻✫✭▼✬✯✸✚✄✘❀✪
✧✩Ps▲☎P✼✥★✧✼✘☎✹❙✘✬✮♦✧✩✥✻✫❱✥✻✮✿P✴✳✍✮✰✯❱✱✼✚✄✤✦▲☎✚✄✘❀✪✄✪✸✥✻✶◆✘✬✫✭✘✬✮✿✯✛✾✽✳❭✧✩✥★✪✸✯✠✳✍✮❄❅❀✘

a
✘✬✮✿✯✸✚✄✘❉✯✸P✜ã✷✘❀✪❇✳✦✧✦③✸✳✦❅❀✘✬✮✿✯✄✪❇✧✩Ps▲☎P✼✥★✧✼✘❚✧✼✘❪⑩✩ú❊❘

➾❬✫❱✫❡✹✟❅❀✘❩◗✰P✼✥❂✱✷✘✬✚✸✫✭✘✬✯❞✧❯■ ✳✍P✼▲☎✫✭✘✬✮✿✯✄✘✬✚❞✾★✘❭▲☎✚✠✳✦✧✩✥★✘✬✮✿✯❞✧✼✘❩❅✠❆✴✳✍✫❱✱❛✱✴✳✍✚❲P✼✮❧✜❏✳✦❅✬✯✄✘✬P✼✚❲✯✸✚✄✤✦✥★✪✒❁✟✗✐✳❬✜❣✤✦✚✸✫✭✘❪✧✼✘❀✪
✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❄✪

a(z)
✘✬✯

b(z)
✹✟✧✩✥★❅✬✯✄✵❀✘❩✱✴✳✍✚❞✧✼✘❀✪❞❅❀✤✦✮❄✪✸✥★✧✼✵✬✚✠✳✍✯✸✥★✤✦✮❄✪❡✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾★✘❀✪❤✈✣❅❀✤✦✫❱✫✭✘❩✾❏■ ✘✢❝✩✥★✪✸✯✄✘✬✮❄❅❀✘❩✧❯■ P✼✮

✯✸P✜ã✺✘✛✧✼✘❈✶✿✥★✧✼✘❍✧✩✥✟✷❯✵✬✚✄✘✬✮✿✯✸✥★✘✬✾●✳✍P❪✫❱✥✻✾✻✥★✘✬P❩✧✼✘❀✪❖◗✰P✺✳✍✯✸✚✄✘❈✯✸P✜ã✷✘❀✪❂✧✼✘❍❅✬P✼✥✻✶✿✚✄✘✛✪✸P✼✚●★☎♠❉❅✬✫❚①✢✹✴✘❀✪✸✯❖✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❀✘✛✪✸P✼✚❖✾✽✳
❫❄▲☎P✼✚✄✘❅➽✩❁✻⑩☎❁

✺r✾❈✘❀✪✸✯❡✧✩✥✟✜❉❅✬✥✻✾★✘❬✧❯■ ✵✬✶☎✳✍✾✻P❄✘✬✚❩✳✍✮✴✳✍✾✻❑✿✯✸✥★◗✰P❄✘✬✫✭✘✬✮✰✯❭✾❏■ ✥✻✮✢�❄P❄✘✬✮❄❅❀✘❤✧❯■ P✼✮❄✘❊✯✄✘✬✾✻✾★✘❬❅❀✤✦✫❱✱✼✚✄✘❀✪✄✪✸✥★✤✦✮ ✪✸P✼✚❞✾★✘❲③✏✘✬✯✒❁❜t●✮
✘✸✷❯✘✬✯✒✹✐❘❚✾❏■ ✘✬✮✰✯✸✚✄✵❀✘❉✧✩P❬▲☎P✼✥★✧✼✘☎✹❯✾★✘❀✪❳✱✴✳✦◗✰P❄✘✬✯✄✪❍✪✸P❄❅❀❅✬✘❀✪✄✪✸✥❨✜❣✪❳✮❄✘❱✪✄✤✦✮✿✯❳✱✴✳✦✪❈✚✄✘❀❅❀✤✦P✼✶◆✘✬✚✸✯✄✪✙❦✙✘✬✮❤✤✦P✼✯✸✚✄✘❱✾★✘✛✜❏✳✍✥♣ã✼✾★✘❱✯✠✳✍P✩❝
✧✼✘❚❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✛✜❏✳✍✥✻✯❇◗✰P❄✘❉✾✽✳❭✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❧✳✍✯✄✤✦✫❱✥★◗✰P❄✘❚✮✙■ ✘❀✪✸✯✛✱✴✳✦✪✛✯✸❆❄✘✬✚✸✫❱✥★◗✰P❄✘☎❁➯❈❙✤✦P✼✚❇✯✄✤✦P✼✯✄✘❀✪❱❅❀✘❀✪✛✚✠✳✍✥★✪✄✤✦✮❄✪✒✹✐✥✻✾
✮✙■ ✘❀✪✸✯✲✱✺✳✦✪✲✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❱✧❯■ ✳✍✱✼✱✼✾✻✥★◗✰P❄✘✬✚❈✾★✘❍✜❣✤✦✚✸✫❉✳✍✾✻✥★✪✸✫✭✘❇❆✿❑✩✧✩✚✄✤✰✧✩❑✿✮✴✳✍✫❱✥★◗✰P❄✘✭✧✼✵❀❅✬✚✸✥✻✯❳✱✼✾✻P❄✪❳❆✴✳✍P✼✯✒❁❯⑥❂✤✦P❄✪❈✳❀✶✰✤✦✮❄✪✲✱✴✳✍✚
❅❀✤✦✮❄✪✄✵❀◗✰P❄✘✬✮✰✯❉✘✬P♦✚✄✘❀❅❀✤✦P✼✚✄✪❉❘❩✧✼✘❀✪❱✪✸✥✻✫✛P✼✾✽✳✍✯✸✥★✤✦✮❄✪❱✮✰P✼✫✭✵✬✚✸✥★◗✰P❄✘❀✪✭✧✩P♣✫✭✤✦P✼✶✰✘✬✫✭✘✬✮✰✯❉✧❯■ ✳✍✯✄✤✦✫✭✘❀✪✭✘✬✮✿✯✸✚✠✳✍✮✰✯❉✧❄✳✍✮❄✪❇✾★✘
▲☎P✼✥★✧✼✘☎❁q✗✙✘❀✪❇✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❄✪❇✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❀✪❱✘✬✮♦✱✺✤☎✪✸✥✻✯✸✥★✤✦✮❄✪❱✘✬✯✛✶✿✥✻✯✄✘❀✪✄✪✄✘❀✪✛✧✼✘❀✪❱✳✍✯✄✤✦✫✭✘❀✪❱✪✄✤✦✮✿✯❇❅✄❆❄✤✦✥★✪✸✥★✘❀✪❱❅❀✤✦✮✩✜❣✤✦✚✸✫✭✘❀✪❱❘
❅❀✘✬✾✻✾★✘❀✪❍✫✭✘❀✪✸P✼✚✄✵❀✘❀✪❍✱✺✤✦P✼✚✛P✼✮❤✮✰P✴✳✍▲◆✘❚✧❄✳✍✮❄✪❍✾★✘❱✱✼✚✄✵✢❋❏▲☎P✼✥★✧✼✘☎❁✛❈❙✤✦P✼✚❇✧✼✘❀✪❈✚✠✳✍✥★✪✄✤✦✮❄✪✛✵✬✶✿✥★✧✼✘✬✮✿✯✄✘❀✪✛✧✼✘❉✪✸✥✻✫❱✱✼✾✻✥★❅✬✥✻✯✄✵☎✹✐❅❀✘❀✪
✪✸✥✻✫❍P✼✾✽✳✍✯✸✥★✤✦✮❄✪❍✮❄✘✭✱✼✚✄✘✬✮✼✮❄✘✬✮✰✯✛✱✴✳✦✪❍✘✬✮❤❅❀✤✦✫❱✱✼✯✄✘✭✾★✘❀✪❍❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✛✘✬✮✰✯✸✚✄✘❚✳✍✯✄✤✦✫✭✘❀✪✒❁ ❷ ❫❄✮❤✧❯■ ✳❀✶✰✤✦✥✻✚❍P✼✮❄✘❱✥★✧✼✵❀✘❉✧✼✘❱✾✽✳
✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❡✳✍✯✸✯✄✘✬✥✻✮✰✯✄✘❞✳✍✱✼✚✄▼❀✪❍✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤☎✮✙✹❙P✼✮➅ã✼✥✻✾✽✳✍✮♦✧❯■ ✵✬✮❄✘✬✚✸▲☎✥★✘❚✯✸✚✠✳✍✮❄✪✸✶◆✘✬✚✄✪✄✘❉✘✬✯✛✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘❲✘❀✪✸✯

❽✒➣❜➹✚ç⑤❪☞è✹➱➤✃✚➬❱➮➇ë è✝é ❮ ì❷➱❹➮ (b(z)x,−b(z)y, 0)
➹ø➪ ➮②❐✪➴☎✃☞è✹❐✗✃✆❪ í ❐✄➘ ê✉➶✣➮❜✃✣➶✣➘ ❐❷ê✉➶ø➪ ➘ ëø➹✣➮➇î✩➷⑤ì❷➘ ↔ ➮➇✃☞è✹❐✗ë ➮②❐✟➷✴ê✉➶☞è✤➴❷➘ ❮ ➹✣❐☎➬❱➮✔Þ➽è✡❹❇▲✔➮②ë ë Ï❾❃➹❨ì❷➷✴è✹ë ➘ ➴❷➷ ❒ ❐✄➘✜ë ➮❖✐✹ì❼è✱➬❱➘ ➮②➹✉➴➇➴✄ì❼è✹➹✣❐✄î✩➮⑤ì❷❐✄➮❫➬❱➷②✃✵➮②➹☞➬❨➬❱➮ z ❒ ë ➮ ✃ ❮ ➴❷➮②➹✉➴❷➘ ➮②ë❃➬❱➮ ✃✣➘ ➷❱✐✱➮✴è✑✐✱➮❹➬❱➮②î❙➘ ➮②➹✉➴➇ë ➷❱✐❙❴⑤ì❷➮②➱❹➮②➹✉➴✁è✹➹✣➘ ❐ ❮ ➴✄ì ❮ ✃✵➮ Ï ➚❃➪ ➮✞❥✡➮⑤➴➮②❐✪➴❜➹✣➷✴è✹➹✣➱ ❮ ➘ ➹✣❐✟➴✄ì⑤❴②❐☎é♣è✹➘ ❫ ë ➮✝❐✄➘✳ë♣➪ ➷②ç✎❪✣➮②ë ë ➮❫➬❱➮✁î✱è✤ì❷➘ è✤➴❷➘ ❮ ➹➣➬❱➮ b

➮②❐✪➴✰✐✹ì❼è✹➹☞➬❱➮✁✃☞è✤ì❜ì❼è✹✃✣✃ ❮ ì✄➴✰❵❹ë è❫➴❼è✹➘ ë ë ➮✁➴✄ì❼è✹➹✣❐✄î✩➮⑤ì❷❐✄➮ ➬❱➶❖î➈➮⑤➴ ❒ ç②➮ ê✉➶✣➘➮②❐✪➴ ❫ ➘ ➮②➹✚ë ➮✎ç✴è✹❐☎➘ ç②➘ Ï ✿☎➶✣❐✄❐✄➘ø➹✣➷❱✐✱ë ➘ ✐✱➮⑤ì ❮ ➹✣❐♣➀✼➹ ❮ ➶✣❐☎ç②➮⑤➴☎➮✞❥✡➮⑤➴☎➬✣è✹➹✣❐✟ë è ❐✄➶✣➘ ➴❷➮ ÏØ Ý ❮ ➴ ❮ ➹✣❐☎ê✉➶✣➮➇ç②➮⑤➴✄➴❷➮✁➬❱➘ ➱❹➘ ➹❙➶❱➴❷➘ ❮ ➹➽➬❱➮➇î❙➘ ➴❷➮②❐✄❐✄➮✁ë ❮ ì❷❐☎➬✡➪ ➶✣➹✣➮✎ç ❮ ➱❹✃❱ì❷➮②❐✄❐✄➘ ❮ ➹➽➮②❐✪➴❜➬❱➶✣➮✎è✹➶➽ç✴è✤ì❼è✹ç⑤➴⑤❴⑤ì❷➮◆▼❏❿❖✴❙❾✦➐❏❼r➀❏➀❏➁◗P✺✶ ❼✝➬❱➮➇ë♣➪ ➷②ç ❮ ➶✣ë ➮✞➀➱❹➮②➹✉➴ ❒ ç②➮✎ê✉➶✣➘✵➮②❐✪➴✗ì❷➮②ë ➘ ➷✁è✹➶íé♣è✹➘ ➴☎ê❙➶❱➮❜ë ➮❜î➈➮⑤➴✟➮②❐✪➴✟❐✄➶✣✃✵➮⑤ì❷❐ ❮ ➹✣➘ ê✉➶✣➮❢↕♣❐✄➘✡ë♣➪ ❮ ➹➽ç ❮ ➱❹✃❱ì❷➘ ➱❹➮☎➶✣➹➊î➈➮⑤➴✟❐✄➶ ❫ ❐ ❮ ➹✣➘ ê✉➶✣➮ ❒ ❐❷è✝î❙➘ ➴❷➮②❐✄❐✄➮✫❘✠➁❙✴❢➁❨❽✍➋✦❼ ➛❼Ïë ↕ ➶❱➴✄ì❷➮ ë ➮ ç⑤ì❷➘ ➴⑤❴⑤ì❷➮❫✃ ❮ ì✄➴❼è✹➹✉➴✎❐✄➶❱ì✎ë ➮ ç✴è✤ì❼è✹ç⑤➴⑤❴⑤ì❷➮❹❐✄➶✣✃✵➮⑤ì❷❐ ❮ ➹✣➘ ê✉➶✣➮❫➬❱➶❼î➈➮⑤➴ ❒ ➶✣➹✣➮❫è✹➶❱➴✄ì❷➮ ë ➘ ➱❹➘ ➴❷➮❫è✹➶✘✐✩è✹➘ ➹Û➮②➹❨➴❼è✹➶✙❹❨➬❱➮ ç ❮ ë ë ➘ ❐✄➘ ❮ ➹✣❐é ❮ ➶❱ì❷➹✣➘✳✃☞è✤ì➇➶✣➹✣➮✎➴❷➮②ë ë ➮ ç ❮ ➱❹✃❱ì❷➮②❐✄❐✄➘ ❮ ➹❨➮②❐✪➴✎ê✉➶✣➮✁ë è❹➴❷➮②➱❹✃✵➷⑤ì❼è✤➴❷➶❱ì❷➮ ↔ ➹☞è✹ë ➮ ➬❱➶Ðî➈➮⑤➴✎➬ ❮ ➘ ➴❜ì❷➮②❐✪➴❷➮⑤ì➇❐✄➶❆❃❹❐❷è✹➱❹➱❹➮②➹✉➴ ❫ è✹❐✄❐✄➮ ✃ ❮ ➶❱ì✎ê✉➶✣➮✁ë è❐✄➮②ç⑤➴❷➘ ❮ ➹➣➮✆❃❹ç✴è✹ç②➮❫➬❱➘ ❥✡➷⑤ì❷➮②➹✉➴❷➘ ➮②ë ë ➮❫➬❱➮✝ç ❮ ë ë ➘ ❐✄➘ ❮ ➹➣ì❷➮②❐✪➴❷➮ ➬ ❮ ➱❹➘ ➹✣➷②➮✁✃☞è✤ì➇ë è➤ç ❮ ➹✩➴✄ì❷➘ ❫ ➶❱➴❷➘ ❮ ➹➣➬❱➮✝ë♣➪ ❮ ➹☞➬❱➮ s ❒➋❫ ➘ ➮②➹❨✃✣ë ➶✣❐☎➮✒❃❹ç✴è✹ç②➮ ✃ ❮ ➶❱ì➇ë ➮ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐❷è✤➴❷➘ ❮ ➹➽ê✉➶✣➮☎ë ➮②❐ ❮ ➹☞➬❱➮⑤❐✗✃☞è✤ì✄➴❷➘ ➮②ë ë ➮②❐✟➬✡➪ ❮ ì❼➬❙ì❷➮❜❐✄➶✣✃✵➷⑤ì❷➘ ➮②➶❱ì Ï ❾❃➹í✃❱ì❼è✤➴❷➘ ê✉➶✣➮ ❒ ✃ ❮ ➶❱ì✗ë ➮ 87Rb ❒ ë è✎➴❷➮②➱❹✃✵➷⑤ì❼è✤➴❷➶❱ì❷➮☎➹✣➮➇➬ ❮ ➘ ➴✗✃☞è✹❐➬❱➷②✃☞è✹❐✄❐✄➮⑤ì❜ê✉➶✣➮②ë ê✉➶✣➮②❐✗ç②➮②➹✉➴❼è✹➘ ➹✣➮②❐☎➬❱➮
µK Ï



á★❒❝❐ ➹✝❂❖Ñ✓➷❆➱✖✃❪❮✴❮✆➬ ❂✔❄✷➴❆Ï❖➬ ➴✵✼❆➴✼➮✹➬ ❈★❰❆✃✓Ï★❰ ➨ ✃✎➮ ❉✜❦❃➀

0

5

10

15

❚ ❯❱❚✷❚ ❲❇❚✷❚ ❳✷❚✷❚ ❨❩❚✷❚ ❬❇❚✷❚
z ❭✛❪❫❪❵❴

a

❛✛❜❜
❝

❚❡❞ ❚

❚❡❞ ❬

❯✷❞ ❚

❯✷❞ ❬

❚ ❯❱❚✷❚ ❲❇❚✷❚ ❳✷❚✷❚ ❨❩❚✷❚ ❬❇❚✷❚
z ❭✛❪❫❪❵❴

b

❛ ❢
❣❤✩✐❜
❝

Ó❄Ô☛Õ❙Ö✛×✁Ø❶➢✁Ú➠Û❪Ü✣ß ➥❀➒✆➍✼➐●➑❪➌✧➝❈➧✆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛❪↔❭➒✆➧✆➌➜➐
z
➏❵➌✒➢ ➒❲➏✆➔❝↔✧➎◗➒✆➛✞➐●➌

a
➌✄➛✼➎❨→➜➌✦➎❨➍▼▲➜➌✧↔✒➒❵➏✖➤✄➒❵➐●➌✄➛✼➎➠↔✥ä✷➢➣➲ ➌✄➛✼➎❨→➜➞➜➌❭➏✆➍✪➥✜➍✎➔➠➏❵➌✴➭ß ➏✆→➜➙✆➔✤➎◗➌✧➝✣➢ ➌❇➥✜→➜➒❵➏✆➔➠➌✄➛✼➎

b(z)
→➜➞✧↔✧➍✎➢ ➎◗➒✆➛✼➎❯➏❵➌❊➐●➌✄➎❨➎◗➌❅➐●➙✆↕✣➓❆→➜➌✧↔●↔✧➔➠➙✆➛❪➝❣➓❪➙✆➍✎→✶➍✎➛❲➐●➙✆➍✎→➜➒✆➛✼➎P➏❵➌✛◆■ß❱ß❊ß ➏❵➒✆➛❪↔✶➢ ➌✧↔❱➎❨➍▼▲●➌✧↔✘➭✻➋✛➌➥✜→➜➒❵➏✆➔➠➌✄➛✼➎❦➌✧↔✧➎❣↕❈➍✎➢ ➎❨➔ ➓❆➢ ➔➠➞❦➓✎➒✆→✢➍✎➛❈➫✧➒❵➐✄➎◗➌✄➍✎→P➎❨→➣➙✆➔❝↔P↔✧➍✎→❯➢ ➌✧↔✌➟✄➍✼➒✆→➜➒✆➛✼➎◗➌❄➓❆→➜➌✄↕❈➔➠➌✄→●↔❈➐●➌✄➛✼➎❨➔✤↕✶➨✄➎❨→➣➌✧↔✌➏✆➍❱➥✜➍✎➔➠➏❵➌✴➭

✜❏✳✍✥✻✯✒❁ ✧ ✘❀✪✭✪✸✥✻✫✛P✼✾✽✳✍✯✸✥★✤✦✮❄✪✭✧✼✤✦✮✼✮❄✘✬✮✿✯❉✧✼✘❀✪❱✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❀✪✭❫❄✮✴✳✍✾★✘❀✪✭✧❄✳✍✮❄✪❱✾★✘❲▲☎P✼✥★✧✼✘❡✘✬✮♣✯✸✚✄▼❀✪➔ã✺✤✦✮❺✳✦❅❀❅❀✤✦✚✄✧♥✳✒✶✰✘❀❅
❅❀✘✬✾✻✾★✘❀✪✲✫✭✘❀✪✸P✼✚✄✵❀✘❀✪✭✈✣✱✴✳✍✚❳✘✢❝✼✘✬✫❱✱✼✾★✘❇✪✸P✼✚✲✾✽✳✭❫❄▲☎P✼✚✄✘➥➁✩❁✻⑩❵①✢❁✔✺r✾❃✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❈✧❯■ ✳✍✥✻✾✻✾★✘✬P✼✚✄✪❈◗✰P❄✘❍✾✽✳❉✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘✭✧✩P❲③✏✘✬✯
✧✼✵✬✱✷✘✬✮❄✧❲✜❣✤✦✚✸✯✄✘✬✫✭✘✬✮✿✯❖✧✼✘❳✾✽✳✛✯✠✳✍✥✻✾✻✾★✘❳✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❍✧✩P❞✮✿P✴✳✍▲◆✘❈✧❄✳✍✮❄✪❜✾★✘✲✱✼✚✄✵✢❋❏▲☎P✼✥★✧✼✘☎✹✴❅❀✘❈◗✰P✼✥✙✪✄✘❳❅❀✤✦✫❱✱✼✚✄✘✬✮❄✧❪✳✍✥★✪✄✵✬✫✭✘✬✮✰✯✛✉
✾★✤✦✚✄✪●✧✩P❇✱✴✳✦✪✄✪✠✳✍▲◆✘✟✧✼✘❀✪❃✳✍✯✄✤✦✫✭✘❀✪●✧❄✳✍✮❄✪q✾✽✳❖✱✼✥★▼❀❅❀✘✟✧✼✘❢✚✄✘❀❅❀✤✦✫Ûã✼✥✻✮✴✳✍✥★✪✄✤✦✮✭✧✩P❇▲☎P✼✥★✧✼✘☎✹✦✾★✘✟❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯●✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘✟✘❀✪✸✯
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α2

1 + α
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α

1 + α
∂z(αkBT ) ,
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ρ =
1

2π

1

1 + α

Φ

v

(

µb

kBT

)2 h3

(2πmkBT )3/2
,
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d ln ρ

dz
=

−1

(1 + α2)

dα

dz
.

✈◗➽✩❁ ✂✔✱☎①
❷ ✥✻✮❄✪✸✥❏✹✺✪✸✥❙✾★✘❀✪❂✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪❳✧✼✘

B0
✘✬✯✲✧✼✘

T
✪✄✤✦✮✿✯❂✯✄✘✬✾✻✾★✘❀✪❳◗✰P❄✘

α
✱✴✳✦✪✄✪✄✘✛✧✼✘✛✾✽✳✭✶☎✳✍✾★✘✬P✼✚✲✥✻✮✼✥✻✯✸✥✽✳✍✾★✘

αi
❘✭✾✽✳❉✶☎✳✍✾★✘✬P✼✚

❫❄✮✴✳✍✾★✘
αf
✹✩✾✽✳❱✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪❴✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❈✧✼✘❀✪❴✱✼❆✴✳✦✪✄✘❀✪❖✧✼✘✬✶✿✥★✘✬✮✰✯❍✉

ρf = ρi exp

(

1

1 + αf
− 1

1 + αi

)

.
✈◗➽✩❁ ✂✎➾◆①

t●✮❱✱✴✳✍✚✸✯✸✥★❅✬P✼✾✻✥★✘✢✚❵✹☎✪✸✥✩✾★✘❢✱✷✤✦✯✄✘✬✮✰✯✸✥★✘✬✾✴✘❀✪✸✯q✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✬✮✰✯②◗✰P✴✳✦✪✸✥❨❋❏✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❈✈
αi ≪ 1

①✐✘✬✯❃✧✼✘✬✶✿✥★✘✬✮✰✯❃◗✰P✴✳✦✪✸✥❨❋❏❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘
✈
αf ≫ 1

①✢✹✩✾✽✳❱✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪❴✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❈✧✼✘❀✪❴✱✼❆✴✳✦✪✄✘❀✪❖✧✼✵❀❅✬✚✄✤❀➵★✯❖✧❯■ P✼✮❞✜❏✳✦❅✬✯✄✘✬P✼✚
e ≃ 2,718

❁
❊●❋■❍❇❏✜❑✣▲✟▼☎❋ ◆✣➳❳✳✍✮❄✪❍✾★✘❚❅✒✳✦✪✛✤☞✘s✾★✘❉▲☎✚✠✳✦✧✩✥★✘✬✮✰✯❇✯✸✚✠✳✍✮❄✪✸✶✰✘✬✚✄✪✄✘

b
✧✼✵✬✱✺✘✬✮❄✧s✾✻P✼✥❴✳✍P❄✪✄✪✸✥❢✧✼✘

z
✹✐✥✻✾❢✘❀✪✸✯✛✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❚✧✼✘

✫✭✤✦✮✰✯✸✚✠✘✢✚❂◗✰P❄✘✲✾✽✳✛✜❣✤✦✚✸✫❍P✼✾★✘❉✈◗➽✩❁ ✂✔✱☎①✟✘❀✪✸✯❴✯✄✤✦P☎③✏✤✦P✼✚✄✪❜✶☎✳✍✾✽✳✣ã✼✾★✘☎❁
⑥❂✤✦P❄✪❢✳❀✶✰✤✦✮❄✪②✵✬✯✸P❄✧✩✥★✵❖✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾★✘✬✫✭✘✬✮✿✯❢P✼✮❄✘❜✯✄✘✬✾✻✾★✘❖❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤✦✮❚▲☎✚✓❞✦❅❀✘❂❘❳✧✼✘✬P✩❝➥ã✺✤☞ã✼✥✻✮❄✘❀✪❢✧✼✘❴▲☎✚✠✳✍✮❄✧✼✘

✯✠✳✍✥✻✾✻✾★✘❩✈✣❅✒✳✍✚✸✚✄✵❲✧✼✘
50 × 50

❅✬✫ 2 ✹❙❅❀✤✦✫❱✱✺✤✦✚✸✯✠✳✍✮✿✯❇✯✸✚✄✘✬✮✿✯✄✘❉✯✄✤✦P✼✚✄✪✢①❈✘✬✮♦❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤✦✮♣✧✼✘⑨❇❂✘✬✾✻✫❱❆❄✤✦✾✻✯❐✾◆✹❙✱✼✾✽✳✦❅❀✵❀✘❀✪
✳✍P✼✯✄✤✦P✼✚✲✧✩P❭▲☎P✼✥★✧✼✘✛✘✬✯❂✱✺✘✬✚✸✫✭✘✬✯✸✯✠✳✍✮✿✯✲✧✼✘❈✜❣✤✦P✼✚✸✮✼✥✻✚❖P✼✮❩❅✄❆✴✳✍✫❱✱

B0
✳✍✾✻✾✽✳✍✮✰✯❢③✔P❄✪✄◗✰P✙■ ❘➔ú✰♠ ❶ ❁✴✗✙✘❍✱✼✚✄✤✍❫❄✾ B0(z)

✧✩P
❅✄❆✴✳✍✫❱✱❬✳✍✥✻✮❄✪✸✥❙✚✄✵✒✳✍✾✻✥★✪✄✵✛✘❀✪✸✯❖✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵❇✪✸P✼✚❖✾✽✳❱❫❄▲☎P✼✚✄✘✩➽✩❁ ✂✩❁✺✗✙✤✦✥✻✮❩✘✬✮❊✳✍✫✭✤✦✮✰✯❳✧✼✘❀✪íã✷✤☞ã✼✥✻✮❄✘❀✪✒✹✴✾★✘✛❅✄❆✴✳✍✫❱✱❪✾★✤✦✮✼▲☎✥❨❋
✯✸P❄✧✩✥✻✮✴✳✍✾❯✶☎✳✍P✼✯

B0 = 1 ❶ ✘✬✯✟✾★✘✲✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾✙✘❀✪✸✯✟✱✼✚✠✳✍✯✸✥★◗✰P❄✘✬✫✭✘✬✮✿✯❴✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎❁✵❈●P✼✥★✪✒✹✼✳✍P❲✜✣P✼✚❴✘✬✯❜❘❍✫✭✘❀✪✸P✼✚✄✘❳◗✰P❄✘
B0✳✍P✼▲☎✫✭✘✬✮✰✯✄✘☎✹✿✾★✘❜❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯✟✧✼✘✬✶✿✥★✘✬✮✿✯❢✧✼✘❜✱✼✾✻P❄✪❢✘✬✮✭✱✼✾✻P❄✪②❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎❁✿✗✙✘❃③✏✘✬✯❢✪✸P✜ã✼✥✻✯②✥★❅✢✥✴P✼✮✴✘➣✬ø✯✤❯✤✲☞✥✚✙❚✢✹✫✹◗✹◗✱✶✄✲☞✷

✳✦✧✩✥✽✳✣ã✴✳✍✯✸✥★◗✰P❄✘☎❁
❶ ✚✓❞✦❅❀✘❚❘❡P✼✮❄✘❚✳✍✮✿✯✄✘✬✮✼✮❄✘❉✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❉✱✼✾✽✳✦❅❀✵❀✘❚✘✬✮✿✯✸✚✄✘✭✾★✘❀✪➣ã✷✤☞ã✼✥✻✮❄✘❀✪➔❇❂✘✬✾✻✫❱❆❄✤✦✾✻✯❐✾◆✹✐✥✻✾✟✘❀✪✸✯❈✱✷✤☎✪✄✪✸✥♣ã✼✾★✘❉✧✼✘✫✭✘❀✪✸P✼✚✄✘✬✚❱✾✽✳❪✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❭✧✩P❩③✏✘✬✯✭✳✍✱✼✚✄▼❀✪✭✧✼✵❀❅❀✤✦✫❱✱✼✚✄✘❀✪✄✪✸✥★✤✦✮✙❁✁✺r✾❴✘❀✪✸✯✭✳✍P❄✪✄✪✸✥❫ã❄✥✻✘✬✮♥✪❈✒✼✚❱✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❞✧✼✘❲✫✭✘❀✪✸P✼✚✄✘✬✚
ð✔➜➈ë❙➮②❐✪➴❃ç②ë è✹➘ ì❅ê✉➶ø➪ ➶✣➹✁ç✎❪☞è✹➱❹✃✁➱➤è✑✐✱➹✣➷⑤➴❷➘ ê✉➶✣➮✔➬❱➮✔ë è✟é ❮ ì❷➱❹➮

B = B0(z)ez

➹✣➮✔î✩➷⑤ì❷➘ ↔ ➮❅✃☞è✹❐✜ë ➮②❐❃➷✴ê✉➶☞è✤➴❷➘ ❮ ➹✣❐❃➬❙➮➳Þ➽è✡❹❇▲✔➮②ë ë ❒ ✃✣➶✣➘ ❐❷ê✉➶ø➪ ➘ ë➹ø➪ ➮②❐✪➴➇✃☞è✹❐✎➬❱➮✝➬❱➘ î✩➮⑤ì⑤✐✱➮②➹✣ç②➮ ➹✉➶✣ë ë ➮ Ï Ý❜➷✴è✹➹✣➱ ❮ ➘ ➹✣❐ ❒ ➹ ❮ ➶✣❐❜❐✄➶✣✃✣✃ ❮ ❐ ❮ ➹✣❐➇ê✉➶✣➮✁ë ➮②❐➇î✱è✤ì❷➘ è✤➴❷➘ ❮ ➹✣❐✎➬❱➮ B0(z)
❐ ❮ ➹✉➴❜➴✄ì⑤❴②❐➇ë ➮②➹✉➴❷➮②❐❢↕❬ê✉➶✣➮②ë ê✉➶✣➮②❐➬❱➘ ✪✴è✹➘ ➹✣➮②❐✎➬❱➮➊✐✩è✹➶✣❐✄❐➇❐✄➶❱ì✎➶✣➹❱➮✝ë ❮ ➹✆✐✱➶✣➮②➶❱ì➇➴ í ✃✣➘ ê✉➶✣➮✝➬❱➮✝ë♣➪ ❮ ì❼➬❙ì❷➮❫➬✡➪ ➶✣➹❺➱Ð❴⑤➴✄ì❷➮ ➛❼Ï ì✜è✤ì✎ç ❮ ➹✣❐✄➷✴ê✉➶✣➮②➹✩➴ ❒ ë ➮②❐➇ç ❮ ➱❹✃ ❮ ❐❷è✹➹✉➴❷➮②❐☎➴✄ì❼è✹➹✣❐✄î✩➮⑤ì❷❐✄➮②❐➬❱➮➇ç②➮✎ç✎❪☞è✹➱❹✃✚❐ ❮ ➹✩➴✟➴✄ì⑤❴②❐✗é♣è✹➘ ❫ ë ➮②❐☎✃❱ì⑤❴②❐☎➬❱➮➇ë♣➪ è✡❹❱➮ ❒ ➮②➹✚ç ❮ ➱❹✃☞è✤ì❼è✹➘ ❐ ❮ ➹❺➬❱➶✚ç⑤❪☞è✹➱❹✃➽ê✉➶☞è✱➬❙ì❷➶✣✃ ❮ ë è✹➘ ì❷➮ ❒ ç✴è✤ì❼è✹ç⑤➴❷➷⑤ì❷➘ ❐✄➷✝✃☞è✤ì✟➶✣➹✛✐✹ì❼è✱➬❱➘ ➮②➹✉➴➴✄ì❼è✹➹✣❐✄î✩➮⑤ì❷❐✄➮✁➬❱➮➇✃✣ë ➶✣❐✄➘ ➮②➶❱ì❷❐✗➴❷➮②❐✄ë è✹❐☎✃☞è✤ì☎➱Ð❴⑤➴✄ì❷➮ Ï ➚ø➮✎✃ ❮ ➴❷➮②➹✉➴❷➘ ➮②ë■è✹➶☞ê✉➶✣➮②ë✡❐ ❮ ➹✉➴✟ì❷➷②➮②ë ë ➮②➱❹➮②➹✩➴☎❐ ❮ ➶✣➱❹➘ ❐✟ë ➮⑤❐❜è✤➴ ❮ ➱❹➮②❐✟➮⑤❐✪➴❜➬ ❮ ➹✣ç➇➴✄ì⑤❴②❐✟✃✵➮②➶➬❱➘ ❥✡➷⑤ì❷➮②➹✉➴☎➬❱➮➇ç②➮②ë ➶✣➘✳➬ ❮ ➹✣➹❱➷✎✃☞è✤ì❃↕◗❥ Ï Ü✠Û ➛❼Ï
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A

I = 30× 40 ♠♥♣♦❡q❙r✸s

x

y

z

t✷✉✇✈②①

z

B0

③❩④ ♥

Ó❄Ô☛Õ❙Ö✛×✁Ø●➢✁Ú ⑦✁Ü➟➱✢➔❝↔❤➓✎➙✹↔✧➔✤➎❨➔ ➫✢➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➢❢➓❪➙✆➍✎→❯➢➣➲ ➞✄➎❨➍✼➏❵➌❈➏❵➌P➢ ➒✶➧✆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛❭➏❵➌❈➏❵➌✄➛❪↔✧➔✤➎◗➞✌➏❵➒✆➛❪↔❯➢➣➲ ➌✧↔❤➓❪➒❵➐●➌❇➏❵➌✧↔❁➓❪➑❪➒✹↔✘➌✧↔P➢ ➙✆→●↔➏❵➌✌➢ ➒✠➏❵➞●➐●➙✆↕✣➓❆→➣➌✄↔➜↔✧➔❨➙✆➛✷➏✆➍✢➤✄➌✄➎◗➭⑩➱❈➌✧↔✛▲➜➙✙▲✄➔✤➛✞➌✧↔❇➌✄➛❭➐●➙✆➛✹â❙➥✜➍✎→➜➒✆➎❨➔➠➙✆➛✭ô✌➌✄➢ ↕✢➑❪➙✆➢ ➎☛è❦➓❆→➜➙✴➏✆➍✎➔❝↔✘➌✄➛✼➎❄➍✎➛✥➐●➑❪➒✆↕✣➓
B0(z)

➟✄➍✎➔✞➓❪➌✄➍✎➎➒✆➎❨➎◗➌✄➔✤➛✞➏✆→➜➌❦➤●➍❢↔✘➟✄➍✻➲ äÖ◆■ß Ü❦➭✻➋P➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✶→➜➒❵➏✆➔☛➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌❅➛✞➙✆➎◗➞➜➌
A
➓❪➌✄→✧↕✶➌✄➎❯➏❵➌❱↕✶➌✧↔✧➍✎→➜➌✄→❈➢ ➒✩➎◗➌✄↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌❅➏✆➍✶➤✄➌✄➎❯➌✄➛➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛✓➏❵➌✢➢ ➒✶➧✆➒✆➢ ➌✄➍✎→

Bf

â✙➛✞➒✆➢ ➌✌➏❵➌
B0
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➾✩★ æ❅➮⑤➴✄➴❷➮❹î✹è✤ì❷➘ è✤➴❷➘ ❮ ➹➔➬❱➮■❋☞➶✙❹ ❒ ➹ ❮ ➹Û✃❱ì❷➘ ❐✄➮❫➮②➹➣ç ❮ ➱➤✃❙➴❷➮❫➬✣è✹➹✣❐✎ë ➮ é ❮ ì❷➱➤è✹ë ➘ ❐✄➱❹➮❖❪ í ➬❙ì ❮ ➬ í ➹☞è✹➱❹➘ ê✉➶❱➮ ❒ ➮②❐✪➴ ➬❙➶✣➮Ð❵íë è➤ì❷➷●❋☞➮✞❹❱➘ ❮ ➹✭➬❱➮✃☞è✤ì✄➴❷➘ ç②➶✣ë ➮②❐✚è í è✹➹✉➴í➶✣➹✣➮❺➷②➹✣➮⑤ì⑤✐✱➘ ➮❨ç②➘ ➹✣➷⑤➴❷➘ ê✉➶✣➮❺➘ ➹✣❐✄➶❆❃❹❐❷è✹➹✉➴❷➮❨✃ ❮ ➶❱ìí➱ ❮ ➹✉➴❷➮⑤ì➤ë è ❫ è✤ì✄ì❷➘ ❴⑤ì❷➮➣➬❱➮❺✃ ❮ ➴❷➮②➹✩➴❷➘ ➮②ë µB0 Ï ì ❮ ➶❱ìíë ➮②❐✚✃ ❮ ➘ ➹✩➴❷❐➮✞❹❱✃✵➷⑤ì❷➘ ➱❹➮②➹✉➴❼è✹➶✙❹➤✃❱ì❷➷②❐✄➮②➹✉➴❷➷②❐✗➘ ç②➘ ❒ ➮②ë ë ➮✁➹ø➪ ➮✞❹❱ç❱❴✴➬❱➮➇✃☞è✹❐☎ê✉➶✣➮②ë ê✉➶✣➮②❐✗✃ ❮ ➶❱ì✸➀✼ç②➮②➹✉➴ Ï



❉✜❦✛➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞á★❒ðï✪➴❃❄✁➬✤➷✛❰✛Ð ➴✼➮✹➬ ❂❅❄❆❮✦➘❆➴✛Ñ❭➬✤Ð ➮✹❂❅❄✁➬ ✃✳❄❃❄❆✃❪❮✶Ï★❰ ➨ ✃✎➮

0,0

0,5

1,0

1,5

0 1 42 3

⑥
⑥ ⑥⑥

⑥ ⑥

αi = 0,07

αf

ρ
f
/ρ

i

Ó❄Ô☛Õ❙Ö✛×✁ØP➢✁Ú Ù✁Ü❈➃❆➒✆→✧➔➠➒✆➎❨➔➠➙✆➛✐→➣➌✘➢ ➒✆➎➠➔✤➧✆➌✒➏❵➌✠➢ ➒✓➏❵➌✄➛❪↔✧➔✤➎◗➞✩➏❵➒✆➛❪↔✠➢➣➲ ➌✧↔❤➓✎➒❵➐●➌✒➏❵➌✧↔✌➓❪➑❪➒✹↔✘➌✧↔✩➏✆➍✠➤✄➌✄➎P➢ ➙✆→●↔✩➏❵➌✠➢ ➒✓➏❵➞●➐●➙✆↕✣➓❆→➣➌✧↔●↔✧➔➠➙✜➛➙✙▲✄➎◗➌✄➛✼➍✼➌✠➌✄➛✩➫✧➒✆➔❝↔✘➒✆➛✼➎P➧✆➒✆→✧➔➠➌✄→❅➢ ➌❊➐●➑❪➒✆↕✣➓✐➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢
B0

➭❣➋❙➒✥➏❵➌✄➛❪↔✧➔✤➎◗➞❊➏❵➒✆➛❪↔❅➢➣➲ ➌✄↔❨➓❪➒❵➐●➌✦➏❵➌✧↔P➓❪➑❪➒✹↔✘➌✧↔❊➏✆➍❅➤✄➌✄➎✢➏❵➞➜➐✄→➜➙✭➴✤➎↔✧➔ ➥✜➛✼➔ â❣➐●➒✆➎❨➔✤➧✆➌✄↕✶➌✄➛✼➎◗➭❦➋❙➌✧↔❈➓❪➙✆➔✤➛✼➎➠↔✦➌➜➡✄➓❪➞✄→✧➔✤↕✶➌✄➛✼➎◗➒✆➍❵➡✓↔✘➙✆➛✼➎✌→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞✧↔❈➓❪➒✆→✩➢ ➌✧↔✒➐➜➒✆→✧→➜➞✧↔✩➛✞➙✆➔✤→●↔✳❸✌➌✄➛✰➢➣➲ ➒✙▲✧↔✘➌✄➛✞➐●➌✥➏❵➌✥➏❵➞✄➩➐●➙✆↕✣➓❆→➣➌✧↔●↔✧➔➠➙✆➛❪➝✣➢ ➌❫➓❪➙✆➔✤➛✼➎❯➏❵➌❇→➜➞❨➫✧➞✄→➜➌✄➛✞➐●➌❅➐●➙✆→✧→➜➌✧↔❤➓✎➙✆➛✞➏✒ä
αi ≃ 0,07

➭✙➋❙➒❊➢ ➔ ➥✜➛✞➌❅➐➜➙✆➛✼➎❨➔✤➛✼➍✼➌❱➌✧↔✧➎❦➢ ➒❈➓❆→➜➞➜➏✆➔➠➐✄➎❨➔➠➙✜➛✷➎☛➑❪➞●➙✆→✧➔➠➟✄➍✼➌➙✙▲✄➎◗➌✄➛✼➍✼➌✢➏❵➒✆➛❪↔P➢ ➌❣➫✧➙✆→✧↕✶➒✆➢ ➔❝↔✧↕✶➌❯➑❢á❵➏✆→➜➙✴➏✆á✆➛✞➒✆↕❈➔❨➟✄➍✼➌✴➭⑩➱❈➒✆➛❪↔❫➢ ➌✌➐●➒✹↔P➢ ➔✤↕❈➔✤➎◗➌✌➙⑧⑦❊➢➣➲ ➙✆➛✶➓❪➒✹↔●↔✘➌❈➏❵➌
Bi = 0

ä
Bf ≫ kBTf/µ

➝➢ ➒❅➏❵➌✄➛❪↔✧➔✤➎◗➞❈➏❵➒✆➛❪↔✢➢➣➲ ➌✄↔❨➓❪➒❵➐●➌✶➏❵➌✧↔❄➓❪➑❪➒✹↔✘➌✧↔❈➏❵➞●➐✄→➣➙✭➴✤➎❦➏✛➲ ➍✎➛❇➫✧➒❵➐✄➎◗➌✄➍✎→
e ≃ 2,718

⑨❤➢ ➔ ➥✜➛✞➌❇➌✄➛✶➓❪➙✆➔✤➛✼➎❨➔✤➢✤➢ ➞✧↔✪⑩❵➭

ä✁�✌↔ �✄✂ ⑨ ✑❜✑✗✓ ✆ ❞❅➙✔➃ ➋ ✏✔❛ á❬✠ ☛ ❛ ☛☞✠ ❵❚➃
✧ ✤✦✫❱✫✭✘✬✮❃➻❀✤✦✮❄✪❜✱✴✳✍✚❴✚✠✳✍✥★✪✄✤✦✮✼✮❄✘✬✚❜✧❄✳✍✮❄✪❴✾★✘❳❅✒✳✦✧✩✚✄✘❳✧✩P❞✚✄✵✬▲☎✥✻✫✭✘❳✪✠✳✍✮❄✪❴❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒❁✼⑥❂✤✦P❄✪❴✪✸P✼✱✼✱✷✤☎✪✄✘✬✚✄✤✦✮❄✪❜◗✰P❄✘❂✾★✘

▲☎P✼✥★✧✼✘❍✮✙■ ✘❀✪✸✯❖✱✴✳✦✪❖❆❄✤✦✚✸✥✽✾✒✤✦✮✰✯✠✳✍✾❏✹✺✫❉✳✍✥★✪❖✥✻✮❄❅✬✾✻✥✻✮❄✵❍✶✰✘✬✚✄✪❜✾★✘❈❆✴✳✍P✼✯✒✹✴✾✽✳✭✧✼✵✬✮✼✥✻✶✰✘✬✾✻✾✽✳✍✯✸✥★✤✦✮❪✯✄✤✦✯✠✳✍✾★✘✛✵✬✯✠✳✍✮✿✯❂✮❄✤✦✯✄✵❀✘
h
❁✴⑥❂✤✦P❄✪

❅✄❆❄✘✬✚✄❅✠❆❄✤✦✮❄✪❂❘❱✵✬✶☎✳✍✾❨P✴✘✢✚❜✾★✘❀✪❜✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❖✧✩P✭③✏✘✬✯❖✳✍✱✼✚✄▼❀✪❴✾✽✳❱✧✼✵✬✮✼✥✻✶◆✘✬✾✻✾✽✳✍✯✸✥★✤✦✮✙❁
➻❖✮❄✘✟✱✴✳✍✚✸✯✸✥★❅✬P✼✾★✘❖✧✼✘✟✶✿✥✻✯✄✘❀✪✄✪✄✘✟✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘❜✥✻✮✼✥✻✯✸✥✽✳✍✾★✘

vi
✳❂✱✺✤✦P✼✚❃✶✿✥✻✯✄✘❀✪✄✪✄✘❢❫❄✮✴✳✍✾★✘

vf =
√

v2
i − 2gh

❁☎⑥❂✤✦✯✄✤✦✮❄✪
∆vi

✾✽✳s✧✩✥★✪✸✱✷✘✬✚✄✪✸✥★✤✦✮⑨✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❊✧✼✘❩✶✿✥✻✯✄✘❀✪✄✪✄✘❪✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘☎❁❖✗✙✘❩✯✸❆❄✵❀✤✦✚✄▼✬✫✭✘❊✧✼✘❊✗❯✥★✤✦P✼✶✿✥✻✾✻✾★✘❊✥✻✫❱✱✼✾✻✥✻◗✰P✴✘❊◗✰P❄✘❪✾✽✳
✧✩✥★✪✸✱✺✘✬✚✄✪✸✥★✤✦✮❭✧✼✘❳✶✿✥✻✯✄✘❀✪✄✪✄✘❈✳✍P✼▲☎✫✭✘✬✮✰✯✄✘❍✧✩P❲✜❏✳✍✥✻✯❖✧✼✘✲✾✽✳❇✱✺✘✬✮✿✯✄✘☎✹✴❘❇❅✒✳✍P❄✪✄✘❈✧✼✘✲✾❏■ ✵✬▲✰✳✍✾✻✥✻✯✄✵

vi ∆vi = vf ∆vf .
✈◗➽✩❁ ✂✵➌◆①

❥❖✚✒✹✴✚✠✳✍✱✼✱✺✘✬✾★✤✦✮❄✪❳◗✰P❄✘❈✾✽✳❉✧✩✥★✪✸✱✷✘✬✚✄✪✸✥★✤✦✮❩✧✼✘❍✶✿✥✻✯✄✘❀✪✄✪✄✘❈✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾★✘❇✧✼✤✦✥✻✯✲✯✄✤✦P☎③✏✤✦P✼✚✄✪❖✚✄✘❀✪✸✯✄✘✬✚❖✜❏✳✍✥♣ã✼✾★✘✛✧✼✘✬✶☎✳✍✮✿✯❂✾✽✳❱✶✿✥❨❋
✯✄✘❀✪✄✪✄✘❂✫✭✤✒❑✰✘✬✮✼✮❄✘☎✹❄✳❵❫❄✮❞◗✰P✙■ P✼✮❲✮❄✤✦✫Ûã✼✚✄✘✲✮❄✵✬▲☎✾✻✥✻▲◆✘✒✳✣ã✼✾★✘❈✧✼✘❂✱✴✳✍✚✸✯✸✥★❅✬P✼✾★✘❀✪❴✮❄✘✲✪✄✘❂✱✼✚✄✤✦✱✴✳✍▲◆✘➷✮❍✘✬✮❞✪✄✘✬✮❄✪✟✥✻✮✰✶✰✘✬✚✄✪✄✘✁✯❚✳✍P
✪✄✘✬✥✻✮❞✧✩P❇③✏✘✬✯✩➺✴➺❵❁ ❷ ✥✻✮❄✪✸✥❏✹✿P✼✮❄✘❂✾✻✥✻✫❱✥✻✯✄✘❈✳✍✱✼✱✴✳✍✚✠✳❵➵★✯❖✧❄✳✍✮❄✪✟✾❏■ P✼✯✸✥✻✾✻✥★✪✠✳✍✯✸✥★✤✦✮❡✧❯■ P✼✮❄✘✲✱✷✘✬✮✰✯✄✘❱✉✩✤✦✮❲✮❄✘❂✱✷✘✬P✼✯❴✚✠✳✍✾★✘✬✮✰✯✸✥✻✚❴✾★✘❢③✏✘✬✯
✳✍✚✴ã✼✥✻✯✸✚✠✳✍✥✻✚✄✘✬✫✭✘✬✮✿✯✒✹✿✱✼P✼✥★✪✄◗✰P❄✘❂✪✄✤✦✮❚❅✒✳✍✚✠✳✦❅✬✯✄▼✬✚✄✘❂✫✭✤✦✮❄✤✰❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘✲✧✩✥✻✫❱✥✻✮✿P❄✘☎❁✿⑥❂✤✦P✴✪❢❅✬✤✦✫❱✱❄✚✄✘✬✮❄✤✦✮❄✪❴✳✍✥✻✮❄✪✸✥✷◗✰P❄✘❜✾❏■ ✥✻✮✰✯✄✵✢❋
✚❋✬✬✯❢✧❯■ P✼✮❄✘❜✱✷✘✬✮✿✯✄✘❖✘❀✪✸✯❢✧❯■ ✳✍P✼✯✠✳✍✮✰✯❢✱✼✾✻P❄✪②▲☎✚✠✳✍✮❄✧❉◗✰P✙■ ✤✦✮❚✪✠✳✍✥✻✯②✚✄✵✒✳✍✾✻✥★✪✄✘✬✚②✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✬✮✿✯✟P✼✮❍③✏✘✬✯❃✯✸✚✄▼❀✪②✫✭✤✦✮❄✤✰❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘
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✧✼✘❀✪✲❅✒✳✍✾★❅✢P❄✾✻✪✒✹✺✥✻✮❄✧✩✥★◗✰P❄✤✦✮❄✪✲◗✰P❄✘❍✧❄✳✍✮❄✪❂✾✽✳❱✾✻✥✻✫❱✥✻✯✄✘❞✈✇✾✽✳❉✪✄✘✬P✼✾★✘❈✥✻✮✿✯✄✵✬✚✄✘❀✪✄✪✠✳✍✮✰✯✄✘❇✘✬✮❪✱✼✚✠✳✍✯✸✥★◗✰P❄✘❵①❜✤☞✘❪✾★✘❈✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘ M✚✄✘❀✪✸✯✄✘❳▲☎✚✠✳✍✮❄✧❭✧✼✘✬✶☎✳✍✮✰✯❖✾❏■ P✼✮✼✥✻✯✄✵☎✹❄✮❄✤✦P❄✪❖✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❖P✼✮❄✘❳✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❪✧✼✘❈✶✿✥❨✯✠✘✬✪✄✪✄✘❈✘✢❝✩✯✸✚❋✬✬✫✭✘✬✫✭✘✬✮✰✯❂✱✼✚✄✤✰❅✠❆❄✘❍✧✼✘❈❅❀✘✬✾✻✾★✘
✈
v →

√

v2 − 2gh
①q◗✰P❄✘❴✾❏■ ✤✦✮❉✤☞ã✼✯✸✥★✘✬✮✿✯②✱✺✤✦P✼✚②P✼✮❄✘❴✱✴✳✍✚✄✯✸✥★❅✢P❄✾✻✘❖P✼✮✼✥★◗✰P❄✘❍✈✇✚✄✵✬▲☎✥✻✫✭✘❖✪✠✳✍✮❄✪②❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✢①✢❁✰✗❃■ ✵✬✾★✵✬✶☎✳✍✯✸✥★✤✦✮

✧✼✘❇✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P❄✚✄✘✭❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧✴✳✍✮✰✯✄✘✭✚✄✘❀✪✸✯✄✘✛✫✭✤✿✧✼✵✬✚✄✵❀✘☎✹✙✘✬✯❳✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✿✯❍✧✼✤✦✮✼✮❄✵❀✘❇✱✴✳✍✚❳✾✽✳❲❅❀✤✦✮❄✪✄✘✬✚✸✶☎✳✍✯✸✥★✤✦✮❤✧✼✘✛✾✽✳
✧✼✘✬✮❄✪✸✥✻✯✄✵❉✧❄✳✍✮❄✪❍✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❉✧✼✘❀✪❍✱✼❆✴✳✦✪✄✘❀✪

ρ
✈✣❅❀✘❉✧✼✘✬✚✸✮✼✥★✘✬✚✛✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❍✮✙■ ✵✬✯✠✳✍✮✰✯✛✶☎✳✍✾✽✳✣ã✼✾★✘☎✹✙✾✻P✼✥❏✹✐◗✰P❄✘❉✧❄✳✍✮❄✪❍✾★✘✭✚✄✵✬▲☎✥✻✫✭✘

❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮✼✮❄✘✬✾✇①✢❁

ä✁�✌↔ �☛ÿ ß ❴ ✞ ✏ á ☛ ❛ ☛❙✞ ➃✼❸✟✑☎❴✗✓ ✠ ✖➊➃ ✍❅☛ ❛❜✏✺❸
➳❳✳✍✮❄✪❂❅❀✘✢✯✄✯✄✘❈✪✄✘❀❅✬✯✸✥★✤✦✮✙✹❄✮❄✤✦P❄✪❂✧✼✵❀❅✬✚✸✥✻✶◆✤✦✮❄✪❖✾✽✳❇✫❱✥★✪✄✘❍✘✬✮✪➺✲P✼✶✿✚✄✘❍✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾★✘✛✧✩P❭✚✠✳✍✾★✘✬✮✰✯✸✥★✪✄✪✄✘✬✫✭✘✬✮✿✯❂✧✩P❉③✏✘✬✯

✳✍✯✄✤✦✫❱✥★◗✰P❄✘❍❘❇✾❏■ ✳✍✥★✧✼✘❈✧❯■ P✼✮❄✘❳✱✺✘✬✮✿✯✄✘☎❁

ï❳➬ ❮✴✃✓✃✳❄❳➷✛Ð ➴■✿✎✃✥Ï✛✃❲Ð ➴❳➷✁✃✳❄✼➮✘✃
⑥❂✤✦P❄✪❈✳❀✶✰✤✦✮❄✪❂P✼✯✸✥✻✾✻✥★✪✄✵✛✾✽✳❉✚✄✘✬✾✽✳✍✯✸✥✻✶◆✘➔�✴✘✢❝✩✥♣ã✼✥✻✾✻✥✻✯✄✵❇✧✩P❩▲☎P✼✥★✧✼✘❇✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘☎✹✙✳✍✥✻✮❄✪✸✥●◗✰P❄✘❍✾✽✳❉✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘☎✹❯✧❄✳✍✮❄✪❂✾✽✳

❅✠❆✴✳✍✫➣ã✼✚✄✘❡❘❡✶✿✥★✧✼✘❉✾★✘❚❅❀✤✦✮✿✯✄✘✬✮✴✳✍✮✰✯✒✹●✧✼✘❉✱✼✾✻P❄✪✸✥★✘✬P✼✚✄✪❱✪✄✤✦P✔⑩❉✘✬✯✄✪✒✹✐✱✺✤✦P❄✚✛✫✭✘✬✯✸✯✸✚✄✘❲✘✬✮♦✱✼✾✽✳✦❅❀✘☎✹q✪✠✳✍✮❄✪✛❅✒✳✦✪✄✪✄✘✬✚✛✾★✘❉✶✿✥★✧✼✘☎✹
P✼✮❄✘❈✱✷✘✬✮✰✯✄✘✛✪✸P✼✚❖✾★✘❀✪❜✱✼✚✄✘✬✫❱✥★✘✬✚✄✪❇⑩❆✱✦♠✭❅✬✫➝✧✩P❭▲☎P✼✥★✧✼✘☎✹✷✳✒✶◆✘❀❅❈P✼✮❄✘❍✧✼✵✬✮✼✥✻✶✰✘✬✾✻✾✽✳✍✯✸✥★✤✦✮❪✯✄✤✦✯✠✳✍✾★✘

h = 22 ± 1
✫❱✫ ✈✇✶✰✤✦✥✻✚

❫❄▲☎P✼✚✄✘❅➽✩❁ ú✿①✢❁
✗✐✳✭✫❉✳✍✮✛➺✲P✼✶✿✚✄✘❇✘✬✪✸✯❂✯✸✚✄▼❀✪❂✧✼✵✬✾✻✥★❅✒✳✍✯✄✘☎✹✷❅✒✳✍✚❖✾★✘❀✪❂✪✄✤✦P✔⑩❉✘✬✯✄✪✲✪✄✤✦✮✰✯❖✜✣✚✠✳✍▲☎✥✻✾★✘❀✪✙❦❄✥✻✾q❅❀✤✦✮✰✶✿✥★✘✬✮✿✯✲✧✼✘❈✱✼✾✻P❄✪✲✧✼✘❈✶✰✘✬✥✻✾✻✾★✘✬✚✲❘

✮❄✘❴✱✴✳✦✪●✥❨✮✿✯✸✚✄✤✿✧✩P✼✥✻✚✄✘❜✧✼✘❜❅❀✤✦✮✰✯✸✚✠✳✍✥✻✮✿✯✄✘❜✧✼✘❴✯✄✤✦✚✄✪✸✥★✤✦✮✭✪✸P✼✚❃❅❀✘❀✪❃✪✄✤✦P✔⑩❉✘✬✯✄✪✒✹◆❅✒✳✍✚●✾★✘❀✪❯③✏✤✦✮❄❅✬✯✸✥★✤✦✮❄✪❃✶◆✘✬✚✸✚✄✘✢❋❏✫✭✵✬✯✠✳✍✾✺✧✼✘❀✪●✯✸P✜ã✺✘❀✪
✧✼✘❖✶✰✘✢✚✄✚✄✘❖❅❀✤✦✮✿✯✄✘✬✮✴✳✍✮✰✯✟✾★✘❖▲☎P✼✥★✧✼✘✲✪✄✤✦✮✰✯✟✵✬▲✰✳✍✾★✘✬✫✭✘✬✮✰✯❴✯✸✚✄▼❀✪❃✜✣✚✠✳✍▲☎✥✻✾★✘❀✪✒❁➇❈q✤✦P✼✚❢✯✄✤✦P✼✯✄✘❀✪✟❅❀✘❀✪❢✚✠✳✍✥★✪✄✤✦✮❄✪✒✹◆✾✽✳❈✫❱✥★✪✄✘❂✘✬✮❚✱✼✾✽✳✦❅❀✘
✧✼✘❖✾✽✳❳✱✷✘✬✮✰✯✄✘❂✪✄✘❴✜❏✳✍✥✻✯❢✫❱✥✻✾✻✾✻✥✻✫✭▼✬✯✸✚✄✘❂✱✴✳✍✚❢✫❱✥✻✾❨✾✻✥✻✫✭▼✬✯✸✚✄✘☎✹✼✘✬✮❚✪✒■ ✳✦✪✄✪✸P✼✚✠✳✍✮✿✯❢✧✼✘❂❅❀✘❖◗✰P❄✘❂❅✄❆✴✳✦◗✰P❄✘❂✵✬✾★✵✬✫✭✘✬✮✿✯✟✧✩P❚✫✭✤✦✮✰✯✠✳✍▲◆✘
❘❱✶✿✥★✧✼✘❚✈✇✱✷✤✦✫❱✱✺✘❀✪❂✥★✤✦✮✼✥★◗✰P❄✘❀✪✒✹✴✪✄✤✦P✔⑩❉✘✬✯✄✪✒✹✺✪✸P✼✱✼✱✺✤✦✚✸✯✄✪✲✧✼✘❈✾✽✳✭❅✠❆✴✳✍✫➣ã✼✚✄✘❇❘❱✶✿✥★✧✼✘❵①❴✚✄✘❀✪✸✯✄✘❍✧❄✳✍✮❄✪❖P✼✮❄✘❍❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤☎✮
✳✦❅❀❅❀✘✬✱✼✯✠✳✣ã✼✾★✘☎❁



❉✜❦✵➜ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃❞á★❒ðï✪➴❃❄✁➬✤➷✛❰✛Ð ➴✼➮✹➬ ❂❅❄❆❮✦➘❆➴✛Ñ❭➬✤Ð ➮✹❂❅❄✁➬ ✃✳❄❃❄❆✃❪❮✶Ï★❰ ➨ ✃✎➮

❶✺❷✥❸❈❹❈❺❧❻ ❶❈❷✟❸❈❹❈❺✡❼
❽❿❾❈➀✥➁✡➂②➃❙❺✔➄❿➅❑➆ ❶✺❷✟➇❈➈➉❺✩➊◗➋

❻✟➌ ➍❧➁ ❼●➌ ➎❧➁

Ó❄Ô☛Õ❙Ö✛×✁Ø❖➢✁Ú ➒❙Ü✳➏❦➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➒✆➎❨➔➠➙✆➛✐↔✘➐●➑❪➞✄↕✶➒✆➎❨➔➠➟✄➍✼➌✥➏❵➌✩➢ ➒❭↕❈➔❝↔✘➌✒➌✄➛✓➓❆➢ ➒❵➐●➌✥➏✛➲ ➍✎➛✞➌❇➓✎➌✄➛✼➎◗➌✒➏❵➒✆➛❪↔❊➢ ➒❊➓❆→➣➌✄↕❈➔➠➨✄→➜➌✶➓❪➒✆→✧➎❨➔➠➌✒➏✆➍➥✜➍✎➔➠➏❵➌✴➭✞➋❙➒✢➑❪➒✆➍✎➎◗➌✄➍✎→❯➏✆➍❇➥✜➍✎➔➠➏❵➌✢➌✧↔✧➎✞➓❆→➣➙➜➥✜→➜➌✧↔●↔✧➔✤➧✆➌✄↕✶➌✄➛✼➎❁➒✆➍❵➥✜↕✶➌✄➛✼➎◗➞●➌❫➢ ➌❯➢ ➙✆➛❢➥✶➏❵➌✧↔❹Þ➋Ñ✩ß❫➓❆→➣➌✄↕❈➔➠➌✄→●↔✢➐➜➌✄➛✼➎❨➔✤↕✶➨✄➎❨→➜➌✧↔❯➏✆➍❇➥✜➍✎➔➠➏❵➌✧➝➤●➍❢↔✘➟✄➍✻➲ ä❅➒✆➎❨➎◗➌✄➔✤➛✞➏✆→➜➌❼③✜➝✶③✩➐✄↕✶➭✛➋❙➌✢→➜➌✧↔✧➎◗➌✌➏✆➍❅➥✜➍✎➔➠➏❵➌❈➌✧↔✧➎✻➑❪➙✆→✧➔ è✴➙✆➛✼➎◗➒✆➢★ä
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➱❈➒✆➛❪↔❫➐●➌P➐●➑❪➒●➓❆➔✤➎❨→➣➌✧➝✙➛✞➙✆➍❢↔❫➏❵➞➜➐✄→✧➔✤➧✆➙✆➛❪↔❫➎◗➙✆➍✎➎✙➏✛➲ ➒✙▲●➙✆→➜➏❈➍✎➛✞➌❦↔✘➞✄→✧➔➠➌P➏✛➲ ➌➜➡✄➓❪➞✄→✧➔➠➌✄➛✞➐●➌✧↔P➏❵➌✣→➜➌❨➫➜→➜➙✆➔➠➏✆➔❝↔●↔✘➌✄↕✶➌✄➛✼➎✁➓❪➒✆→
➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛ñ▲●➞✄➛✞➞❨â❣➐✄➔➠➒✆➛✼➎❁➏✆➍❅➎◗➒✆➍❵➡❱➏❵➌P➐●➙✆➢✤➢ ➔❝↔✧➔➠➙✜➛❪↔❯→➣➌✄➢ ➒✆➎❨➔✤➧✆➌✄↕❱➌✄➛✼➎✙➔✤↕✣➓❪➙✆→✧➎◗➒✆➛✼➎❁➙✙▲✄➎◗➌✄➛✼➍❇➥✜→⑤➯❵➐➜➌✌ä❈➢➣➲ ➍✎➎➠➔✤➢ ➔❝↔✘➒✆➩
➎❨➔➠➙✆➛✠➏✛➲ ➍✎➛✞➌❖➓❪➌✄➛✼➎◗➌✴➭❯➘❖➛✞➌❄→➣➞●➏✆➍✼➐✄➎❨➔➠➙✆➛✠➏❵➌❄➢ ➒❯➎◗➌✄↕✣➓❪➞✄→➣➒✆➎❨➍✎→➜➌❦➏✆➍❄➤✄➌✄➎❪➓✎➒✆→❄➍✎➛❦➫✧➒❵➐✄➎◗➌✄➍✎→❦➟✄➍✼➒✆➎❨→➜➌✧➝✛➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏❵➒✆➛✼➎
ä❊➍✎➛✒➥❀➒✆➔✤➛❲➏✛➲ ➍✎➛❲➙✆→➜➏✆→➣➌✠➏❵➌✌➥✜→➣➒✆➛✞➏❵➌✄➍✎→❱➌✄➛✪➏❵➌✄➛❪↔✧➔✤➎◗➞❅➏❵➒✆➛❪↔❇➢➣➲ ➌✧↔❤➓✎➒❵➐●➌✠➏❵➌✧↔❫➓❪➑❪➒✹↔✘➌✧↔●➝❫➒❈➓❆➍✓➒✆➔✤➛❪↔✧➔❦➦✄➎❨→➜➌❇↕❈➔❝↔
➌✄➛ ➞✄➧✴➔➠➏❵➌✄➛✞➐●➌✴➭❿➱❈➒✆➛❪↔✦➍✎➛✞➌✦↔✘➌●➐●➙✆➛✞➏❵➌✒↔✘➌●➐✄➎❨➔➠➙✆➛❪➝❇➛✞➙✆➍❢↔✥➞✄➧✆➒✆➢ ➍✼➙✆➛❪↔✒➢ ➌✥➛✞➙✆↕❸▲✄→➜➌❭➏✛➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔✒➛✞➞●➐●➌✧↔●↔✘➒✆➔✤→➣➌✧↔
➓❪➙✆➍✎→P➒✆➎❨➎◗➌✄➔✤➛✞➏✆→➜➌❯➢ ➒✶➏❵➞❤➥❀➞✄➛✞➞✄→➜➌✧↔✘➐●➌✄➛✞➐➜➌✌➟✄➍✼➒✆➛✼➎❨➔➠➟✄➍✼➌✧➝✻➏❵➒✆➛❪↔❫➢ ➌✢➐●➒❵➏✆→➣➌✌➏✛➲ ➍✎➛✩↕✶➙✴➏❵➨✄➢ ➌✌➏✛➲ ➞✄➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✜➛✶➓✎➒✆→❁➓❪➒✹↔
➏✆➔❝↔✘➐✄→➜➌✄➎➠↔✘➭✻➯❁➛✹â✙➛❪➝✬➍✎➛✓↕✶➙✘➏❵➨✘➢ ➌✠➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛❳➐●➙✆➛✼➎❨➔✤➛✼➍✼➌✧➝✬➍✎➎❨➔✤➢ ➔❝↔✘➒✆➛✼➎❦➢ ➌❫➫✧➙✆→✧↕✶➒✆➢ ➔❝↔✧↕✶➌❇➑❢á❵➏✆→➜➙✴➏✆á✆➛✞➒✆↕❈➔❨➟✄➍✼➌
➓❪➙✆➍✎→✠➢ ➒✓➏❵➌✧↔✘➐✄→✧➔ ➓❆➎❨➔➠➙✆➛❂➏✆➍❊➤✄➌✄➎➠➝✢➌✧↔✧➎❄➓❆→➜➞✧↔✘➌✄➛✼➎◗➞✧➝✢➌✄➎✌➐●➙✆↕✣➓✎➒✆→➜➞✒➒✆➍✪↕❱➙✘➏❵➨✄➢ ➌✒➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✓➓❪➒✆→✌➓❪➒✹↔✩➏✆➔❝↔✧➩
➐✄→➜➌✄➎➠↔✘➭❙➋P➲ ➌✧↔●↔✘➌✄➛✼➎❨➔➠➌✄➢★➏❵➌✧↔P→➜➞✧↔✧➍✎➢ ➎◗➒✆➎➠↔✢➏❵➌❇➐●➌❈➐●➑❪➒●➓❆➔✤➎❨→➜➌✶➌✧↔✧➎❄➏❵➞●➐✄→✧➔✤➎❦➏❵➒✆➛❪↔✢➢ ➒✶→➜➞❨➫✧➞✄→➜➌✄➛✞➐●➌✩⑥❷Ú●②✒⑦➣➝❁→➜➌◗➓❆→➜➙✘➏✆➍✎➔✤➎◗➌✶➌✄➛
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✥✻✫❱✱✷✤✦✚✸✯✠✳✍✮✰✯✄✘❲✪✄✤✦✮✦�❄P✩❝❯❁❜✺r✾❢✘❀✪✸✯❇✳✍✥✻✮❄✪✸✥❢✱✺✤☎✪✄✪✸✥♣ã✼✾★✘❚✧✼✘❉✫❍P✼✾✻✯✸✥✻✱✼✾✻✥★✘✬✚❇✱✴✳✍✚✛P✼✮❤✜❏✳✦❅✬✯✄✘✬P✼✚❇✧✼✘✬P✩❝❤✾★✘✭✮❄✤✦✫Ûã✼✚✄✘

Ncol
✧✼✘

❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❃✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❃✪✸P✜ã✼✥★✘❀✪●✘✬✮❱✫✭✤❵❑◆✘✬✮✼✮❄✘✟✱✺✳✍✚qP✼✮❉✳✍✯✄✤✦✫✭✘❖✳✍P✭❅❀✤✦P✼✚✄✪●✧✼✘❴✪✠✳❖✱❄✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮✭✾★✘✟✾★✤✦✮✼▲❈✧✩P❱▲☎P✼✥★✧✼✘☎❁
✗❃■ P✼✯✸✥✻✾✻✥★✪✠✳✍✯✸✥★✤✦✮❪✧✼✘❳✱✼✾✻P❄✪✸✥★✘✬P✼✚✄✪❖✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❜✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❀✪❖✘❀✪✸✯❖✳✍✾★✤✦✚✄✪❖✘✬✮✰✶✿✥★✪✠✳✍▲◆✘✒✳✣ã✼✾★✘☎✹✴✧❄✳✍✮❄✪❴✾★✘➽ã✼P✼✯❖✧❯■ ✤☞ã✼✯✄✘✬✮✼✥✻✚
P✼✮❡▲✰✳✍✥✻✮❭✪✸✥✻▲☎✮✼✥❨❫✴❅✒✳✍✯✸✥❨✜❃✪✸P✼✚❴✾✽✳❇✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪❜✾❣■ ✘❀✪✸✱✴✳✦❅❀✘❍✧✼✘❀✪❴✱✼❆✴✳✦✪✄✘❀✪✒❁

☎✩ê❼û ÷ ö Õ➜ø ò✥ó✧ü øùø ö✌î❄ï⑩×❈ü✶ð ëûú ò✶ö ø ñ û✄ó✸×❫ñ í ö✌î❑× ò❸×❫ñ í ý✢ö✢ñ✇×❫ñ
✣✁�❬❩✁�✄✂ ➂●✠✌✞ ✑ ✆✟✞✡✠ ☛☞✠ ❘ ➃✼❸✟✑❜❴✗✓ ✠ ✖➊➃ ✍❅☛ ❛ á

⑥❂✤✦P❄✪❃P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪②✾★✘❀✪②❅❀✤✦✮❄✧✩✥✻✯✸✥★✤✦✮❄✪✟✘✢❝✩✱✺✵✬✚✸✥✻✫✭✘✬✮✿✯✠✳✍✾★✘❀✪✟✪✸P✼✥✻✶☎✳✍✮✰✯✄✘❀✪❂✉☎P✼✮❄✘❜✶✿✥✻✯✄✘❀✪✄✪✄✘❜✧❯■ ✥✻✮☎③✏✘❀❅✬✯✸✥★✤✦✮
vinj = 90

❅✬✫⑨⑧✍✪
✘✬✯✲P✼✮❊▲☎✚✠✳✦✧✩✥★✘✬✮✰✯

b = 800 ❶ ⑧✍❅✬✫❡❁✷✗✐✳❚✶✿✥✻✯✄✘❀✪✄✪✄✘❍❫❄✮✴✳✍✾★✘❱✧✩P❲③✏✘✬✯❳✧❄✳✍✮❄✪✲✾✽✳❚✧✼✘✬P✩❝✩✥★▼✬✫✭✘❱✱✴✳✍✚✸✯✸✥★✘❱✧✩P❩▲☎P✼✥★✧✼✘☎✹✙✳✍✱✼✚✄▼❀✪✫✭✤✦✮✿✯✄✵❀✘❴✧✼✘❢✾✽✳❂✱✺✘✬✮✿✯✄✘☎✹☎✘❀✪✸✯●✧❯■ ✘✢✮✿✶✿✥✻✚✄✤✦✮✒➽☎♠❂❅✬✫⑨⑧✍✪✒❁❡❈❙✤✦P✼✚●P❄✮❄✘❢✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❜✧✼✘❢✾❏■ ✤✦✚✄✧✩✚✄✘❴✧✼✘P➽☎♠☎♠
µK

✹✦✾★✘❢✮❄✤✦✫➣ã✼✚✄✘
✯✄✤✦✯✠✳✍✾✐✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❜✘❀✪✸✯❖✧❯■ ✘✬✮✰✶✿✥✻✚✄✤✦✮→✂☎♠❡✈✣✪✠✳✍✮❄✪❴P✼✯✸✥✻✾✻✥★✪✠✳✍✯✸✥★✤✦✮❭✧✼✘❳✾✽✳✛✱✷✘✬✮✰✯✄✘☎✹❄✾★✘✲✮❄✤✦✫Ûã✼✚✄✘❈✧✼✘❳❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✧❄✳✍✮❄✪❖❅❀✘❀✪
❅❀✤✦✮❄✧✩✥✻✯✸✥★✤✦✮❄✪❢✪✄✘✬✚✠✳✍✥✻✯❃✧✼✘❈⑩✒♠❳✘✬✮✰✶✿✥✻✚✄✤✦✮✺①✢❁◆✗✐✳❳✧✩✥★✪✸✱✷✤☎✪✸✥✻✯✸✥★✤✦✮❉✧✼✘❀✪②✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❃✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❀✪✲✈✇✚✏✜✢①❙✘✬✯②✧✼✘❴✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘



❉✳➀❅❦ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃⑩✞★❒ ✠❄✃➋❯✧➱❷❂❙➬ Ï❖➬ ❮✴❮✴✃✞Ñ✒✃✳❄✼➮❅➷❆➴❆➱PÒ✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄✷Ï★❰ ➨ ✃✎➮✶➴✼➮✹❂❖Ñ❭➬ ❈★❰❆✃

ü✺ý✥þ❈ÿ✁�✄✂ ü❈ý✟þ❈ÿ✁�✆☎
✝✟✞✁✠☛✡✆☞✍✌✎�✑✏✟✒✔✓

✝❿ý✕✌✙þ✁�✗✖✘✡✚✙ ✛✗✌✙ý✕✜ ý✟þ❈ÿ✍�
νmo

✂ ☎ ✢ ✣ ✤ ✥ ✦ ✧ ★ ✂✗✩
T

✂✕✪ ✦ ✡ ☎✫✪ ✥ ✡

✂✕✪ ☎✄✡

Ó❄Ô☛Õ❙Ö✛×✁Ø❨➩✞Ú➠Û❪Ü✆➱✢➔❝↔❤➓❪➙✹↔✧➔✤➎❨➔➠➙✆➛✠➏❵➌✧↔❄➒✆➛✼➎◗➌✄➛❆➛✞➌✧↔✻→➜➒❵➏✆➔➠➙✆➩ ➫➜→➣➞●➟✘➍✼➌✄➛✞➐➜➌✧↔❫⑨❤→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞➜➌✧↔❙➓❪➒✆→❁➢ ➌✧↔❄➌✄➢☛➢ ➔ ➓✼↔✘➌✧↔❁➛✼➍✎↕✶➞✄→➜➙✆➎◗➞●➌✧↔❄➏❵➌✎ÞPä❹Þ❱ß②⑩➌✄➎❙➏❵➌❁➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✬➐●➙✆→✧➛✞➌✄➎✁↕❈➔➠➐✄→➣➙✆➩➣➙✆➛✞➏❵➌✬➍✎➎❨➔✤➢ ➔ ↔✘➞●➌✧↔❙➓✎➙✆➍✎→❁➢ ➌❁→➜➌❨➫➜→➣➙✆➔➠➏✆➔✤↔●↔✘➌✄↕✶➌✄➛✼➎✎➓❪➒✆→✬➞✄➧✆➒●➓✎➙✆→➜➒✆➎❨➔➠➙✜➛❅➏✆➍❁➤✄➌✄➎◗➭✣õ✌➙✆➎◗➌✄→✻➢ ➒P➏✆➔❝↔✧➎◗➒✆➛✞➐●➌➏❵➌ Þ✹➝✶③❈↕ ➟✄➍✎➔❀➓❪➌✄→✧↕✶➌✄➎✙➒✆➍✬➤✄➌✄➎✙➏❵➌❦→➣➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔❝↔✘➌✄→❫➌✄➛✼➎❨→➜➌✬➢ ➒✌➏❵➌✄→✧➛✼➔➠➨✄→➜➌❫➒✆➛✼➎◗➌✄➛✼➛✞➌✣➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✩➌✄➎❙➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✬→➠➫❁➍✎➎❨➔✤➢ ➔❝↔✘➞●➌➓❪➙✆➍✎→P↕✶➌✧↔✧➍✎→➜➌✄→❯➢ ➒✶➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➜➌✌➏✆➍✢➤✄➌✄➎ ⑨✖➌✄➢✤➢ ➔ ➓✼↔✘➌✌➛✞➙✆➎◗➞●➌
T
⑩❵➭

❷ ✮✿✯✄✘✬✮✼✮❄✘❳✮ ◦ ⑩ ✂ ★ ú ➁ ✧ ✤✦✚✸✮❄✘✬✯ ➽ ✱ ➾ ➌ ⑩✒♠
❈q✤☎✪✸✥✻✯✸✥★✤✦✮

z
✈✣✫❚① ♠✩✹ ➁ ♠✩✹ ✱ ♠✩✹ ➌ ⑩☎✹✻⑩ ⑩☎✹ ★ ⑩☎✹ ✱ ✂✩✹ ♠ ✂✩✹ ✂ ✂✩✹ ú ✂✩✹ ➽ ✂✩✹ ➾

✬❄✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❉✈➶❉→❇✘✾✍① úø➌ ú✵ú ★✎➽ ★✩⑩ ✂✵➁ ➽✔✱❡✱❱ú ✂✩⑩ ⑩❙➌ ⑩✜➾ ⑩❙➁✩✹ ➁ ⑩✩ú

➨✐➩✴➫✿➭❀Ø☎➩✞Ö ➩✞Ú➠Û❪Ü☎➭✻➒✆→➜➒❵➐✄➎◗➞✄→✧➔❝↔✧➎❨➔➠➟✄➍✼➌✧↔✌➏❵➌✧↔✢➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❫➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✧↔❁➓✎➙✆➍✎→❯➢ ➌P→➜➌❨➫➜→➜➙✆➔➠➏✆➔❝↔●↔✘➌✄↕✶➌✄➛✼➎❙➓❪➒✆→✢➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛❭➏✆➍P➤✄➌✄➎❁➒✆➎◗➙✆➩↕❈➔➠➟✄➍✼➌✴➭✎ã✬➙✆➍✎→❁➢➣➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌❄↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌✧➝✛➢ ➒✙➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌❦➏❵➌❿➎✂Ñ✙Ñ✞◆➽➫➣ô❫è❦➏❵➙✆➛✼➛✁➌❄➎❨→➜➙✆➔❝↔❁→➜➒✆á❵➙✆➛❪↔❦➏✛➲ ➞✄➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✜➛✠➞●➟✄➍✎➔✤➧✆➒✆➢ ➌✄➛✼➎➠↔ä❇➐●➌✄➍❵➡❱➙✙▲✄➎◗➌✄➛✼➍❢↔❫➒✆➧✆➌●➐✢➏❵➌✧↔P➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❦→➠➫✣ä✛③☞ß✹➝❜②✣ß✶➌✄➎❊➎❙ßí➫➣ô❫è✴➭❆➋❙➌✧↔★➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✧↔✣➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✧↔P➏❵➞➜➐✄→➜➙✆➔❝↔●↔✘➌✄➛✼➎❁➒●➓❵➓❆→➜➙✘➡❵➔✤↕✶➒✆➎❨➔✤➩➧✆➌✄↕✶➌✄➛✼➎❄➏❵➌✢↕✶➒✆➛✼➔➠➨✄→➜➌❈➌➜➡✄➓❪➙✆➛✞➌✄➛✼➎❨➔➠➌✄➢✤➢ ➌✧➝❣↕✶➒✆➔❝↔P➢ ➌❈➐●➑❪➙✆➔ ➡✌➓❆→➜➞➜➐✄➔❝↔❈➏❵➌✧↔❣➫➜→➜➞●➟✄➍✼➌✄➛✞➐➜➌✧↔P➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✧↔P➎❨➔➠➌✄➛✼➎❄➐●➙✆↕✣➓❆➎◗➌❈➏❵➌✢➢➣➲ ➌➜➡❵➔❝↔✧➎◗➌✄➛✞➐●➌➏❵➌✧↔Û➓❈→➜➞✧↔✘➙✆➛✞➒✆➛✞➐●➌✧↔❫→✓➏❵➞➜➐✄→✧➔✤➎◗➌✧↔❈➒✆➍❇➓✎➒✆→➜➒✘➥✜→➜➒●➓❪➑✼➌✧②❀➭ ③❢➭♣Þ❵➭
✫❱✥★❅✬✚✄✤✍❋r✤✦✮❄✧✼✘❈P✼✯✸✥✻✾✻✥★✪✄✵❀✘❀✪❖✘❀✪✸✯❴✥✻✮❄✧✩✥★◗✰P❄✵❀✘❈✪✸P✼✚❴✾✽✳❍❫❄▲☎P✼✚✄✘➬✱✿❁✻⑩☎❁✧ ✥✻✮❄◗❱✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❃✚✏✜✸✹◆✪✄✵✢✱✺✳✍✚✄✵❀✘✬✪❃✾★✘❀✪●P✼✮❄✘❀✪②✧✼✘❀✪②✳✍P✼✯✸✚✄✘❀✪❃✱✴✳✍✚②✘✬✮✰✶✿✥✻✚✄✤✦✮
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0,5 6 z 6

1,3
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✪✸✥✻✯✸P❄✵❀✘❡❘
z = 1,7

✫❡✹●✘❀✪✸✯❱P✼✯✸✥✻✾✻✥★✪✄✵❀✘❡✳✒✶◆✘❀❅❲P✼✮❄✘❚✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘
νmo = 6774

❉➮❇✘✾◆✹q✘✬✯✭✘✬✮✩❫❄✮❧❅✬✥✻✮❄◗s✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪
✚✏✜❳✪✸P✼✱✼✱✼✾★✵✬✫✭✘✬✮✿✯✠✳✍✥✻✚✄✘❀✪❚✪✄✤✦✮✰✯❱✱✼✾✽✳✦❅❀✵❀✘❀✪❉✘✬✮✿✯✸✚✄✘

2 6 z 6 2,8
✫ ✳❀✶✰✘❀❅❞✧✼✘❀✪❇✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❀✪❉✧✩✥✻✫❱✥✻✮✰P✺✳✍✮✰✯❚✧✼✘
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❉→❇✘✾◆❁✴✗✙✘❀✪❖✱✺✤☎✪✸✥✻✯✸✥★✤✦✮❄✪❂✧✼✘❀✪✲✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❂P✼✯✸✥✻✾✻✥★✪✄✵❀✘❀✪✒✹✺✳✍✥✻✮❄✪✸✥❙◗✰P❄✘❳✾★✘✬P✼✚✄✪❜✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❀✪✩➺❵✹✴✪✄✤✦✮✰✯❖✚✄✵❀✪✸P✼✫✭✵❀✘❀✪❂✧❄✳✍✮❄✪❖✾★✘

✯✠✳✣ã✼✾★✘✒✳✍P➮✱✿❁✻⑩☎❁
⑥❂✤✦P❄✪❱P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪❉❅✬✘❡✧✩✥★✪✸✱✺✤☎✪✸✥✻✯✸✥❨✜✸✹❃✧❄✳✍✮❄✪❱✾★✘❀◗✰P❄✘✬✾❖✵✬✶✿✥★✧✼✘✬✫❱✫✭✘✬✮✰✯❲✳✍P❄❅✬P✼✮❄✘❞✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❺❅❀✤✦✫❱✱✼✾★▼✬✯✄✘❡✮❄✘

✱✺✘✬P✼✯❃✪✄✘❢✱✼✚✄✤✿✧✩P✼✥✻✚✄✘❴✘✬✮✿✯✸✚✄✘✟✾★✘❀✪❃✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❃✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶✰✘❀✪✤ä✦✹✦❅✒✳✍✚✒✹✍✱✴✳✍✚✸✫❱✥❄✾✻✘❀✪❃✧✩✥✟✷❯✵✬✚✄✘✬✮✰✯✄✘❀✪❃❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤✦✮❄✪❃P✼✯✸✥✻✾✻✥★✪✄✵❀✘❀✪✒✹
❅☎■ ✘❀✪✸✯✲❅❀✘✬✾✻✾★✘✛◗✰P✼✥❙✮❄✤✦P❄✪❳✳✭✱✺✘✬✚✸✫❱✥★✪❳✧❯■ ✤☞ã✼✯✄✘✬✮✼✥✻✚✲✾★✘❍▲✰✳✍✥✻✮❩✘✬✮❩✧✼✘✬✮❄✪✸✥✻✯✄✵❇✧❄✳✍✮❄✪❂✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪❂✾★✘❍✱✼✾✻P❄✪❂✵✬✾★✘✬✶✰✵☎❁
⑥❂✤✦✯✄✤✦✮❄✪❖◗✰P✴✘❈❅❀✘✬✯✸✯✄✘■✮❇✚✠✳✍✫❱✱✺✘✚✯❞✧❄✳✍✮❄✪❜✾★✘❍✧✼✤✦✫❉✳✍✥✻✮❄✘✛✪✸✱✴✳✍✯✸✥✽✳✍✾❙✘❀✪✸✯❜✱✼✾✻P❄✪❖✱✼✚✄✤✰❅✠❆❄✘✛✧✼✘❳✾✽✳❱✚✠✳✍✫❱✱✷✘❍✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
❆✴✳✣ã✼✥✻✯✸P❄✘✬✾✻✾★✘❚✈✣✧❄✳✍✮❄✪❴✾★✘❈✧✼✤✦✫❉✳✍✥✻✮❄✘❳✯✠✘✢✫❱✱✷✤✦✚✄✘✬✾✇①✟P✼✯✸✥✻✾✻✥★✪✄✵❀✘❳✱✺✤✦P✼✚❜✾★✘❳✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✰✯❜✱✴✳✍✚❖✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❭✧❯■ ✳✍✯✄✤✦✫✭✘❀✪
✱✼✥★✵✬▲◆✵❀✪✒✹❙◗✰P❄✘❉✮❄✘❉✾★✘❚✪✄✘✬✚✠✳✍✥✻✯❇P✼✮s✱✼✚✄✤✰❅❀✘❀✪✄✪✸P❄✪❇✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✢✳✍✯✸✥★✤✦✮♦✱✴✳✍✚❇❅✬❑✩❅✬✾★✘❀✪❇✧✩✥★✪✄❅✬✚✄✘✬✯✄✪❇✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮♣✪✸P✼✥✻✶✿✥★✘❚✧✼✘

➾❷➚ø➮❚ç✎❪ ❮ ➘ ❹✁➬❱➮②❐■é ì❷➷✴ê✉➶✣➮②➹✣ç②➮②❐✳➬❱➮②❐✳è✹➹✉➴❷➮②➹✣➹✣➮②❐✳➬ ❮ ➘ ➴✢➙⑤➴✄ì❷➮❚é♣è✹➘ ➴✜➮②➹✁✃❱ì❷➮②➹☞è✹➹✉➴✫✐✩è✤ì❼➬❱➮⑥❵✟➹✣➮❃✃☞è✹❐✳➶❱➴❷➘ ë ➘ ❐✄➮⑤ì✜➶✣➹✣➮❃é ì❷➷✴ê✉➶✣➮②➹✣ç②➮❅➬❱➮❃ì❷➷②❐ ❮ ➹☞è✹➹✣ç②➮✃ ❮ ➶❱ì✟ë è✱ê✉➶✣➮②ë ë ➮✁ë ➮✎ç✎❪☞è✹➱❹✃➤ì✄é✜❐✄➮✎ç ❮ ➶✣✃✣ë ➮✔❵ ë♣➪ ➮②➹✣❐✄➮②➱ ❫ ë ➮✁➬❱➶✖✐✱➶✣➘ ➬❱➮❴↕♣î ❮ ➘ ì☎❐✄➮②ç⑤➴❷➘ ❮ ➹❳Û Ï Ü Ï ❝ ➛❼Ïå⑤➚■èí✃ ❮ ì✄➴❷➷②➮❹➬❱➮②❐✁è✹➹✉➴❷➮②➹✣➹✣➮②❐✎➷❼➴❼è✱➹✩➴✝➬❱➶➣➱❊➙②➱❹➮ ❮ ì❼➬❙ì❷➮❹➬❱➮❖✐✹ì❼è✹➹☞➬❱➮②➶❱ì✁ê✉➶✣➮ ë è➽➬❱➘ ❐✪➴❼è✹➹✣ç②➮❹ê✉➶✣➘✜ë ➮②❐✁❐✄➷②✃☞è✤ì❷➮ ❒ ➘ ë❚➹ø➪ ➮✞❹❱➘ ❐✪➴❷➮❹è✹➶✣ç②➶✣➹✣➮✪ ❮ ➹✣➮❫➬❱➶❸✐✱➶✣➘ ➬❱➮ ❮✱❰ ë ➮✁❍❹ç ❮ ➶❱➴❷➮✴è✹➶✵❏✚ì✄é❅➮②❐✪➴✁è ❫ ❐✄➮②➹✉➴ ❒ ➮⑤➴ ❮✱❰ ✃ ❮ ➶❱ì✄ì❼è✹➘ ➴✎❐✄➮ ✃❱ì ❮ ➬❱➶✣➘ ì❷➮✝➶✣➹✣➮✁ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐❷è✤➴❷➘ ❮ ➹➣ç ❮ ➱❹✃✣ë ❴⑤➴❷➮ Ï Þ●➙②➱❹➮➮②➹✭➹✣➷❱✐✱ë ➘ ✐✱➮✴è✹➹✉➴❫ç②➮⑤➴✝➮✞❥✡➮⑤➴ ❒ ❵➽ë è ❫ è✹❐✄❐✄➮➤î❙➘ ➴❷➮②❐✄❐✄➮❍↕◗❥❙❡➽ç②➱✖❢✤❐ ➛ è✤➴✄➴❷➮②➘ ➹✉➴❷➮➤➬✣è✹➹✣❐✝ë è➽✃☞è✤ì✄➴❷➘ ➮❼❪ ❮ ì❷➘ ✪ ❮ ➹✉➴❼è✹ë ➮í➬❱➶❩✐✱➶✣➘ ➬❱➮ ❒ è✹➶➔➱➤è✡❹❱➘ ➱ ➶❱➱➶✣➹✣➮✁ç ❮ ë ë ➘ ❐✄➘ ❮ ➹➣✃☞è✤ì✎è✤➴ ❮ ➱❹➮✝➮②➹❨➱ ❮❃í ➮②➹✣➹✣➮✎✃✵➮②➶❱➴❜❐✄➮ ✃❱ì ❮ ➬❱➶✣➘ ì❷➮✝❐✄➶❱ì●Ü✑❡➤ç②➱ Ï æ❅➮⑤ç②➘✜➮②❐✪➴ ❫ ➘ ➮②➹❺❐❂❁❱ì➇➘ ➹✣❐✄➶❆❃❹❐❷è✹➹✉➴➇✃ ❮ ➶❱ì ❮❙❫ ❐✄➮⑤ì❷î✩➮⑤ì➇➶✣➹✣➮ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐❷è✤➴❷➘ ❮ ➹➽ç ❮ ➱❹✃✣ë ❴⑤➴❷➮ ❒ ç ❮ ➱❹➱❹➮❜ë ➮✎➱ ❮ ➹✉➴✄ì❷➮➇ë♣➪ ➷⑤➴❷➶☞➬❱➮✎➬❱➮✎ë è ❐✄➮②ç⑤➴❷➘ ❮ ➹✧❣ Ï ➲ Ï ❣ Ï
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Ó❄Ô☛Õ❙Ö✛×✁Ø❨➩✞Ú ⑦✁Ü✎ç❵➓❪➌➜➐✄➎❨→➜➌✧↔❣→➜➒❵➏✆➔➠➙✆➩ ➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✧↔❁➍✎➎❨➔✤➢ ➔❝↔✘➞✧↔✛➓❪➙✆➍✎→❄➏❵➞✄➎◗➌✄→✧↕❈➔✤➛✞➌✄→❁➢ ➒✣➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌✬➏✆➍❁➤✄➌✄➎❙➒✆➎◗➙✆↕❈➔➠➟✄➍✼➌❦➌✄➛❈➢➣➲ ➒✙▲✧↔✘➌✄➛✁➐➜➌➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛ ⑨✖➐➜➒✆→✄→➣➞✧↔✦➛✞➙✆➔✤→●↔✪⑩✪➌✄➎✶➒✆➧✆➌●➐❭➞✄➧✆➒●➓❪➙✆→➣➒✜➎❨➔➠➙✆➛❲➓✎➒✆→✥➏✆➔ ➡✐➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❊→➠➫✩➌✄➎❈➢ ➌❭➐➜➙✆→✧➛✞➌✄➎❈↕❇➔☛➐✘→➣➙✆➩➣➙✆➛✞➏❵➌✧↔❿⑨✖➐➜➒✆→✧→➜➞✧↔
▲✄➢ ➒✆➛✞➐✧↔✪⑩❵➭❖➋✛➒❱➎◗➌✄↕❫➓✎➞✄→➜➒✆➎❨➍✎→➜➌✢➔✤➛✼➔✤➎❨➔➠➒✆➢ ➌

Ti = 574 µK
➌✧↔✧➎❄→➣➞●➏✆➍✎➔✤➎◗➌❦➓❪➒✆→✬➓❆→➜➨✧↔❈➏✛➲ ➍✎➛✶➫✧➒❵➐✄➎◗➌✄➍✎→❈➟✄➍✼➒✆➎❨→➣➌➣⑨

Tf = 164 µK
⑩❵➭❙➋❙➒→➜➞●➏✆➍✼➐✄➎❨➔➠➙✆➛✪➏❵➌❤✙❣➍❵➡✒➏✛➲ ➍✎➛❅➫✧➒❵➐✄➎◗➌✄➍✎→❩Ñ✄➝⑤Ñ✠➐●➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏✒➒✆➢ ➙✆→●↔❱ä❊➍✎➛✞➌ ✎❉❈✘❊ ☛ ✝✠☞❵✌✏✎❀✌✔✑ ❋❵☞ ➏❵➌✶➢ ➒✦➏❵➌✄➛❪↔✧➔✤➎◗➞❱➏❵➒✆➛✼↔❈➢➣➲ ➌✧↔❤➓❪➒❵➐●➌✠➏❵➌✧↔➓❪➑❪➒✹↔✘➌✧↔✣➏✛➲ ➍✎➛❫➫✧➒❵➐✄➎◗➌✄➍✎→✁Þ❱ß❵➭❪➋❙➌✧↔✵✙❄➨●➐●➑❪➌✧↔❄→➜➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎✛➢ ➌✧↔✛➫➜→➜➞●➟✄➍✼➌✄➛✞➐●➌✧↔❄➍✎➎❨➔✤➢ ➔❝↔✘➞●➌✧↔❖➓❪➙✆➍✎→❄➢ ➌✧↔❦➏✆➔ ➡❈➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❁→➠➫ø❸✁➢ ➌✧↔✵✙❄➨●➐●➑❪➌✧↔➓❆➢ ➍❢↔✶➢ ➙✆➛❢➥✜➍✼➌✧↔✠➐➜➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏❵➌✄➛✼➎✢➒✆➍❵➡❇➫➜→➣➞●➟✄➍✼➌✄➛✞➐●➌✧↔✶→➠➫❱➟✄➍✎➔✣➏❵➙✆➛✼➛✞➌✄→➜➒✆➔➠➌✄➛✼➎❯➢ ➌✧↔✶↕✶➦✄↕✶➌✧↔✶→➜➒✆á❵➙✆➛❪↔✠➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✰➟✄➍✼➌✠➐➜➌✄➍❵➡➏✆➍❢↔Pä❇➢➣➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛✒↕❈➔➠➐✄→➜➙✆➩➣➙✆➛✞➏❵➌❺⑨❤➢ ➌❄➓❆➢ ➍❢↔❦➥✜→➣➒✆➛✞➏❅➏❵➌✢➐●➌✧↔❯→➜➒✆á❵➙✆➛❪↔✢➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛❭➐●➙✆→✧→➣➌✧↔❤➓❪➙✆➛✞➏✆→➜➒✆➔✤➎✬ä❇➍✎➛✞➌✻➫➜→➜➞➜➟✄➍✼➌✄➛✞➐●➌

νrf = 60
➫➣ô❫è❈➟✄➍✎➔★➛✁➲ ➌✧↔✧➎✛➓❪➒✹↔✢→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➞●➌P↔✧➍✎→❯➢ ➒❫â❙➥✜➍✎→➣➌✄⑩❵➭

✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❩❅❀✤✦✫❱✱✼✾★▼✬✯✄✘☎❁
✗✐✳❞✧✼✘✬✚✸✮✼✥★▼✬✚✄✘❉✳✍✮✿✯✄✘✬✮✼✮❄✘✭✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❤✵✬✯✠✳✍✮✿✯❈✱✼✾✽✳✦❅❀✵❀✘❉❘❚✾✽✳❲❅❀➡✦✯✄✘

z = 2,8
✫❡✹❯✘✬✯❈✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘❉✧❯■ ✳✍✮✴✳✍✾✻❑✩✪✄✘

P✼✯✸✥✻✾✻✥★✪✄✵❀✘❱✱✷✤✦P✼✚❳✾★✘❀✪❳✫✭✘❀✪✸P✼✚✄✘❀✪❍✧✼✘❇✯✠✘✢✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❉✘✬✮
z = 4

✫❡✹❯✾★✘✲③✏✘✬✯❍✳✍✯✄✤✦✫❱✥★◗✰P❄✘❱✱✷✘✬P✼✯❈✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘✬✚✛❅❀✤✦✫❇❋
✱✼✾★▼✬✯✄✘✬✫✭✘✬✮✿✯❖✳✍✱✼✚✄▼❀✪❢✾✽✳✛✧✼✘✬✚✸✮✼✥★▼✬✚✄✘❈✳✍✮✰✯✄✘✬✮✼✮❄✘❳✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✙❁❄⑥❂✤✦P❄✪❢✫✭✘❀✪✸P✼✚✄✤✦✮❄✪❴✧✼✤✦✮❄❅❂✾✽✳❍✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❈✧❯■ P✼✮❇③✏✘✬✯
◗✰P✼✥✙✪✄✘✲✯✸✚✄✤✦P✼✶✰✘❳✚✄✵❀✘✬✾✻✾★✘✬✫✭✘✢✮✿✯✲❘✛✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❈✯✸❆❄✘✬✚✸✫❱✥★◗✰P❄✘☎❁

✣✁�❬❩✁�❬❩ ß ❴ ✞ ✏ á ☛ ❛ ☛❙✞
✗✐✳❖❫❄▲☎P❄✚✄✘✘✱✿❁ ✂❂✫✭✤✦✮✿✯✸✚✄✘✟✾★✘❀✪❃✪✸✱✺✘❀❅✬✯✸✚✄✘❀✪●✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘❀✪❃P✼✯✸✥✻✾✻✥★✪✄✵❀✪●✱✺✤✦P✼✚②✧✼✵❀✧✩P✼✥✻✚✄✘✟✾✽✳❂✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❴✥✻✮✼✥✻✯✸✥✽✳✍✾★✘

✧✩P❱③✏✘✬✯
Ti

✈✣✘✬✮❞✾❏■ ✳✣ã❄✪✄✘✬✮❄❅❀✘❈✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✺①✢✹✴✘✬✯❴✾✽✳✛✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❳❫❄✮✴✳✍✾★✘
Tf

✈✣✘✬✮❡✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❳✧✼✘❀✪❜✧✩✥❨❝❡✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪
✚✏✜✲✘✬✯✭✧✼✘❚✾❏■ ✳✍✮✿✯✄✘✬✮✼✮❄✘❲✫❱✥★❅✬✚✄✤✍❋r✤✦✮❄✧✼✘❵①✬❁❃✗✙✘❞✪✸✱✺✘❀❅✬✯✸✚✄✘❲✚✏✜❂P✼✯✸✥✻✾✻✥★✪✄✵❲✱✺✤✦P✼✚✭✤☞ã✼✯✄✘✬✮✼✥✻✚

Tf
❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧❧❘❭P✼✮❊③✏✘✬✯✭ã✼✥★✘✬✮

✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✵❈✈✣✤✦✮❇✮✙■ ✤☞ã❄✪✄✘✬✚✸✶✰✘❢✱✴✳✦✪q✧✼✘ ã✼✚✸P❄✪✄◗✰P❄✘✁✮❴✚✄✘✬✫✭✤✦✮✿✯✄✵❀✘✘✯❍❘✛⑩❢✧✼✘❢✾✽✳❜✜✣✚✠✳✦❅✬✯✸✥★✤✦✮❇✚✄✘❀✪✸✯✠✳✍✮✿✯✄✘❴✳✍✱✼✚✄▼❀✪q✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘
✧✼✘❱✫✭✘❀✪✸P✼✚✄✘☎✹❯✱✺✤✦P✼✚❈P✼✮❄✘❇✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘

νrf = 14
❉→❇✘✾❱✱✴✳✍✚❍✘✢❝✼✘✬✫❱✱✼✾★✘❵①✢❁✙⑥❂✤✦P❄✪❈✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪

Ti = 574 ± 10 µK✘✬✯
Tf = 164 ± 6 µK

❁✐✗✐✳❞✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮♣✧✼✘✚�❄P✩❝❤❅❀✤✦✚✸✚✄✘❀✪✸✱✷✤✦✮❄✧❄✳✍✮✿✯✄✘❉✶☎✳✍P✼✯
Φf/Φi = 0,13 ± 0,02

❁✐⑥❂✤✦P❄✪✛✘✬✮
✧✼✵❀✧✩P✼✥★✪✄✤✦✮❄✪✲✾★✘❇➮✡✛☞✶➈✷❬✘✬✮❊✧✼✘✬✮❄✪✸✥✻✯✄✵✛✧❄✳✍✮❄✪❂✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❇✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✒✹✺◗✰P✼✥✐✶☎✳✍P✼✯

10,4+4,1
−3,0

❁ ✧ ✘✛▲✰✳✍✥❨✮❊✧❯■ P✼✮❊✤✦✚✄✧✩✚✄✘✛✧✼✘
▲☎✚✠✳✍✮❄✧✼✘✬P✼✚●✘✬✮✛✧✼✘✬✮❄✪✸✥✻✯✄✵❢✧❄✳✍✮❄✪✐✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❢✧✼✘❀✪✐✱✼❆✴✳✦✪✄✘❀✪❙✘❀✪✸✯✐✾★✘❃▲✰✳✍✥✻✮✛✫❉✳❵❝✩✥✻✫❉✳✍✾✩◗✰P❄✘❃✮❄✤✦P❄✪q✳✒✶◆✤✦✮❄✪✐✚✄✵✬P❄✪✄✪✸✥✩❘❖✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘
❅❀✤✦✫❱✱✼✯✄✘✲✯✄✘✬✮✿P❞✧✩P❞✮❄✤✦✫➣ã✼✚✄✘❳✧✼✘❳❅❀✤✦✾✻✾❨✥★✪✸✥★✤✦✮❄✪

Ncol
❁✩✗✐✳✛✧✼✘✬✮❄✪✸✥✻✯✄✵❳✧❄✳✍✮❄✪✟✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❳✧✼✘❀✪❢✱❄❆✴✳✦✪✄✘❀✪②❫❄✮✺✳✍✾✻✘❳✧✩P❱③✏✘✬✯❢✶☎✳✍P✼✯

ρf ≃ 2×10−7 ❁❙➛❖✘✬✫❉✳✍✚✄◗✰P❄✤✦✮❄✪✐◗✰P❄✘②✧❄✳✍✮❄✪✙✾❏■ ❆✰❑✿✱✷✤✦✯✸❆❄▼❀✪✄✘☎✹✍✳✦✧✼✤✦✱✼✯✄✵❀✘②✧✴✳✍✮❄✪✙✾★✘●✫✭✤✿✧✼▼✬✾★✘②✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✄✥✻✤✦✮❇✧✼✵✬✶✰✘✬✾★✤✦✱✼✱✺✵
✧❄✳✍✮❄✪❈✾✽✳❲✪✄✘❀❅✬✯✸✥★✤✦✮❤✪✸P✼✥✻✶☎✳✍✮✰✯✠✘✦✹✙✤☞✘❬✾★✘❇✯✠✳✍P✩❝❬✧✼✘❱❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❍✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❈✪✄✘✬✚✠✳✍✥✻✯❍✪✸P✢✜❉✪✠✳✍✮✿✯❳✱✷✤✦P✼✚❈✱✺✘✬✚✸✫✭✘✬✯✸✯✸✚✄✘✭P✼✮❄✘
✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮♣❅❀✤✦✫❱✱✼✾★▼✬✯✄✘❉✘✬✮✿✯✸✚✄✘❉❅✠❆✴✳✦◗✰P❄✘❚✳✍✮✰✯✄✘✬✮✼✮❄✘☎✹✐✾★✘❱▲✰✳✍✥✻✮❤✫❉✳❵❝✩✥✻✫❉✳✍✾❢✘✬✮s✧✼✘✬✮❄✪✸✥✻✯✄✵❉✧❄✳✍✮❄✪❍✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❚✧✼✘❀✪



❉✳➀❃➍ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃⑩✞★❒ ✠❄✃➋❯✧➱❷❂❙➬ Ï❖➬ ❮✴❮✴✃✞Ñ✒✃✳❄✼➮❅➷❆➴❆➱PÒ✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄✷Ï★❰❍●●✃✎➮✶➴✼➮✹❂❖Ñ❭➬ ❈★❰❆✃
✱✼❆✴✳✦✪✄✘❀✪❳✳❀✶✰✘❀❅❚⑩✒♠❚✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✲✚✏✜②✘✬✯❂P✼✮❄✘❱✳✍✮✰✯✄✘✬✮✼✮❄✘✛✫❱✥★❅✬✚✄✤✍❋r✤✦✮❄✧✼✘❱✪✒■ ✵✬✾★▼✬✶◆✘✬✚✠✳✍✥✻✯❈❘

1,910 × 2,6 ≃ 1 600
❁✺⑥❂✤✦✯✄✤✦✮❄✪

✱✴✳✍✚❞✳✍✥✻✾✻✾★✘✬P✼✚✄✪❞◗✰P❄✘❪✧❄✳✍✮❄✪❲❅❀✘✢✯✄✯✄✘❪❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤✦✮✙✹✟P✼✮❺▲☎✚✢✳✦✧✩✥★✘✢✮✿✯❞✧✼✘❭✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❩✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾
dT/dz ≃

140 µK
⑧❵✫ ✱✼✚✄✘✬✮❄✧❞✱✼✾✽✳✦❅❀✘❳✾★✘❳✾★✤✦✮✼▲❉✧✩P❱③✏✘✬✯✒❁

✗✐✳❜✚✄✵✒✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮❱✧✼✘②❅❀✘❀✪❙✫✭✘❀✪✸P✼✚✄✘❀✪✐✮❄✵❀❅❀✘❀✪✄✪✸✥✻✯✄✘②P✼✮❄✘②✯✸✚✄▼❀✪❜ã✺✤✦✮✼✮❄✘❢✪✸✯✠✳✣ã❄✥❨✾✻✥✻✯✄✵✟✧✩P✁�❄P✼❝✛✳✍✯✄✤✦✫❱✥★◗✰P❄✘☎❁✦t●✮❇✘✸✷❯✘✬✯✒✹✒✾❏■ ✘✢✜✇❋
✜❣✘✬✯❢❅✬P✼✫✛P✼✾★✵✲✧✼✘❀✪✟✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✟✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶✰✘❀✪✒✹✰✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪❢✱✴✳✍✚✟✧✼✘❀✪❢✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❀✪❴✳✍P❄✪✄✪✸✥✷❅❀✤✦P✼✚✸✯✄✘❀✪✒✹✿✧✼✵✬✱✺✘✬✮❄✧❲✧✼✘❖✫❉✳✍✮✼✥★▼✬✚✄✘
❅✬✚✸P❄❅✬✥✽✳✍✾★✘❴✧✩P❇✮❄✤✦✫Ûã✼✚✄✘❴✧✼✘✟❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪●✚✄✵❀✘✢✾✻✾★✘✬✫✭✘✬✮✿✯②✪✸P✜ã✼✥★✘❀✪❙✱✴✳✍✚●✾★✘❀✪❃✳✍✯✄✤✦✫✭✘❀✪●✘✬✮✿✯✸✚✄✘✟✧✼✘✬P✩❝❱✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪✒❁✰❥❖✮❱❅❀✤✦✮❃➻❀✤✦✥✻✯
✳✍✥★✪✄✵✬✫✭✘✬✮✰✯❈◗✰P✙■ P✼✮❄✘❍✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❬✧✼✘➉�❄P✩❝❭✥✻✮✼✥✻✯✸✥✽✳✍✾★✘✬✫✭✘✬✮✿✯✲✜❏✳✍✥♣ã✼✾★✘✛✶✦✳❚❅❀✤✦✮❄✧✩P✼✥✻✚✄✘☎✹❯✳✍✱✼✚✄▼❀✪✲✾✽✳✭✱✼✚✄✘✬✫❱✥★▼✬✚✄✘✭✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹❯❘
P✼✮❍③✏✘✬✯❢◗✰P✼✥✴✫✭✘✬✯✸✯✸✚✠✳❈P✼✮❄✘❂✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❂✪✸P✼✱✺✵✬✚✸✥★✘✬P✼✚✄✘❂✱✺✤✦P✼✚❢✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘✬✚✙❦✿✾★✘❖✧✼✘✬P✩❝✩✥★▼✬✫✭✘✲✳✍✮✿✯✄✘✬✮✼✮❄✘✲✳✍▲☎✥✻✯✟✧✼✤✦✮❄❅❖✪✸P✼✚
P✼✮❡③✏✘✬✯❍✱✼✾✻P❄✪❍✵✬✾★✤✦✥✻▲☎✮❄✵❉✧✼✘✭✾❏■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘☎✹✐✧✼✥❨✫❱✥✻✮✿P✴✳✍✮✿✯❇✳✍✥✻✮❄✪✸✥②✾★✘➬�❄P✩❝❤✧✼✘❱✫❉✳✍✮✼✥★▼✬✚✄✘❉✱✼✾✻P❄✪❈✱✼✚✄✤✦✮❄✤✦✮❄❅❀✵❀✘☎❁❙✗✐✳❲✜❏✳✍✥♣ã✼✾★✘
✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❬✧✼✘✁�❄P✩❝❭✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❱✪✄✘✬✚✠✳❉✧✼✤✦✮❄❅❱✳✍✫❱✱✼✾✻✥❨❫✴✵❀✘❇✱✴✳✍✚❂✾★✘❀✪❳✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❳✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶✰✘❀✪✡❲✍❁✷⑥❂✤✦P❄✪❳✳❀✶✰✤✦✮❄✪✲✤☞ã❄✪✄✘✬✚✸✶◆✵
❅✬✾✽✳✍✥✻✚✄✘✬✫✭✘✬✮✰✯✟❅❀✘✬✯②✘✸✷❯✘✬✯❖✉◆✧✼✘❀✪✛�❄P❄❅✬✯✸P✴✳✍✯✸✥★✤✦✮❄✪✟✧✩P✚�❄P✩❝❇✥✻✮✼✥✻✯✸✥✽✳✍✾✺✧❯■ ✘✬✮✿✶✿✥✻✚✄✤✦✮⑨★☎♠✡➦➟❅❀✤✦✮❄✧✩P✼✥★✪✄✘✬✮✰✯✟❘❳✧✼✘❀✪❃✶☎✳✍✚✸✥✽✳✍✯✸✥★✤✦✮❄✪②✧✩P�❄P✩❝❚❫❄✮✴✳✍✾✐✪✸P✼✱✷✵✬✚✸✥★✘✬P✼✚✄✘❀✪❂❘➔➁☎♠✡➦❚❁ ❷ P❄✪✄✪✸✥✷✮❄✤✦P❄✪❖✪✄✤✦✫❱✫✭✘❀✪✏❋❏✮❄✤✦P❄✪❂✳✦✪✄✪✸P✼✚✄✵❀✪❜◗✰P❄✘✲✾★✘●�❄P✩❝❞✥✻✮✼✥✻✯✸✥✽✳✍✾✙✚✄✘❀✪✸✯✠✳✍✥✻✯❖❅❀✤✦✮❄✪✸✯✠✳✍✮✿✯
✈❣❘✲✾❏■ ✵❀❅✠❆❄✘✬✾✻✾★✘❖✧✼✘ ±5

➦❱①●✘✬✯②✵✬▲✰✳✍✾✺❘❈✪✠✳❂✶☎✳✍✾★✘✬P✼✚②✫❉✳❵❝✩✥✻✫❉✳✍✾★✘❖✧✼✘
Φi ≃ 7×109 ✳✍✯✄✤✦✫✭✘❀✪✸⑧✍✪②✧✩P✼✚✠✳✍✮✿✯❃✯✠✤✦P✼✯✄✘❴✾✽✳❳✧✩P❄✚✄✵❀✘

✧❯■ ✳✦❅❀◗✰P✼✥★✪✸✥✻✯✸✥★✤✦✮❭✧✩P❭✪✸✱✺✘❀❅✬✯✸✚✄✘❳✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❈✪✸P✼✚❴✾✽✳✛❫❄▲☎P✼✚✄✘➔✱✿❁ ✂✩❁
☎✩ê➣é ➱ ×✌ð❀ñ û❨öúò✶ô❏■❇ô ø ô✌ð✆×✣ñ★î❑× ø î❑× þ✩ü✢ö ø ï Õ þ✩ü❼× ù ô✣õ❯ö í❱÷ ð❀öPï Õ❨÷❊øúí ö✌ð í ö✢ñ④ò Õ ñ ➢

î❯ð✆×✣ï✛ñ
➳❳✳✍✮❄✪❴❅✬✘✬✯✸✯✠✘✲✪✄✘❀❅✬✯✸✥★✤✦✮✙✹✿✮❄✤✦P❄✪✟✵✬✶☎✳✍✾✻P❄✤✦✮❄✪❴✧✼✘❂✫❉✳✍✮✼✥★▼✬✚✄✘❳◗✰P✴✳✍✮✰✯✸✥✻✯✠✳✍✯✸✥✻✶✰✘❂✾★✘❂✮❄✤✦✫➣ã✼✚✄✘❳✧✼✘✲❅✬❑✩❅✬✾★✘❀✪✟✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮

✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❀✪②✱✷✤✦P✼✚✟✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘❖✾✽✳❈✧✼✵✬▲◆✵✬✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘✲◗✰P✴✳✍✮✿✯✸✥★◗✰P❄✘☎✹✰✧❄✳✍✮❄✪②✾★✘❖❅✒✳✦✧✩✚✄✘❂✧❯■ P✼✮❚✫✭✤✰✧✼▼✬✾★✘❂✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
✱✴✳✍✚❜✱✴✳✦✪❜✧✩✥★✪✄❅✬✚✄✘✬✯✄✪✒✹❄❘❇✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❍✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮

η
❅❀✤✦✮❄✪✸✯✠✳✍✮✰✯✒❁

✣✁�☛ÿ✁�✄✂ ➬ ✆❑P ✕ á ➃
⑥❂✤✦P❄✪❳✪✸P✼✱✼✱✺✤☎✪✄✘✬✚✄✤✦✮✴✪✲✥★❅✬✥❃◗✰P❄✘❇✧✼✘✬P✩❝❊✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❈✧❯■ ✵✬✶✦✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❤✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶◆✘❀✪

n
✘✬✯

n + 1
✪✄✤✦✮✿✯❳✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪

✱✴✳✍✚●P✼✮❄✘❴✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❴✪✸P✢✜❉✪✠✳✍✫❱✫✭✘✬✮✿✯❃▲☎✚✠✳✍✮❄✧✼✘✟✱✷✤✦P✼✚❃◗✰P❄✘❢✾★✘q③✏✘✬✯✒✹✦✫❱✥★✪q❆❄✤✦✚✄✪❃✧❯■ ✵❀◗✰P✼✥✻✾✻✥♣ã✼✚✄✘❴✱✴✳✍✚●✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘
n
✹✍✱✼P✼✥★✪✄✪✄✘

✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘✬✚❂❅❀✤✦✫❱✱✼✾★▼✬✯✄✘✬✫✭✘✬✮✿✯✲✳❀✶☎✳✍✮✿✯❜✧❯■ ✳✍✚✸✚✸✥✻✶✰✘✬✚❖✧❄✳✍✮❄✪❜✾✽✳➔✾✒✤✦✮❄✘❈✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮
n + 1

❁❈q✤✦P✼✚❚❫✼❝✼✘✬✚❲✾★✘❀✪❲✥✻✧❄✵✬✘❀✪✒✹✟✮❄✤✦P❄✪❲✪✸P✼✱✼✱✷✤☎✪✄✤✦✮❄✪❞◗✰P❄✘❭✾★✘❀✪❞❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✸✯✸✥★◗✰P❄✘❀✪❞✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❀✪❞✧✩P♦③✏✘✬✯❞✪✄✤✦✮✰✯❲✾★✘❀✪❲✪✸P✼✥❨❋
✶☎✳✍✮✰✯✄✘❀✪✒❁❃✗✙✘⑨�❄P✩❝♣✥✻✮✼✥✻✯✸✥✽✳✍✾❜✶☎✳✍P✼✯

Φ0 = 7 × 109 ✳✍✯✄✤✦✫✭✘❀✪✸⑧✍✪✒✹●✾✽✳❪✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❡✥✻✮✼✥✻✯✸✥✽✳✍✾★✘
T0 = 570 µK

✹❃✘✬✯
✾✽✳❉✶✿✥✻✯✄✘❀✪✄✪✄✘❍✫✭✤✒❑✰✘✬✮✼✮❄✘❇✧✼✘✩➽☎♠❉❅✬✫⑨⑧✍✪✒❁✷✗✙✘❇❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯❈✧✩P❩▲☎P✼✥★✧✼✘✛✫❉✳✍▲☎✮❄✵✬✯✸✥★◗✰P❄✘❱❅❀✤✦✚✸✚✄✘❀✪✸✱✺✤✦✮❄✧❬❘❉P✼✮❩▲☎✚✠✳✦✧✩✥★✘✬✮✰✯
b = 800 ❶ ⑧✍❅✬✫❡✹❯✘✬✯✲✾★✘❇❅✄❆✴✳✍✫❱✱❊✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾❃✶☎✳✍P✼✯ B0 = 1 ❶ ❁ ✧ ✘❀✪❳❅✒✳✍✚✠✳✦❅✬✯✄✵✬✚✸✥★✪✸✯✸✥★◗✰P❄✘❀✪❈✪✄✤✦✮✰✯✲✱✼✚✄✵❀❅✬✥★✪✄✵✬✫✭✘✬✮✿✯❅❀✘✬✾✻✾★✘❀✪❖✧✩P❱③✏✘✬✯❴✾★✤✦✚✄✪❜✧✼✘❳✾❏■ ✘✢❝✩✱✺✵✬✚✸✥★✘✬✮❄❅❀✘❈✱✼✚✄✵❀✪✄✘✬✮✿✯✄✵❀✘❍✳✍P❞✱✺✳✍✚✠✳✍▲☎✚✠✳✍✱✼❆❄✘❈✱✼✚✄✵❀❅❀✵❀✧✼✘✬✮✰✯✒❁

✗❃■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮♦P✼✯✸✥✻✾✻✥★✪✄✵❀✘❉✥★❅✬✥✟✘❀✪✸✯❍✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮♦✚✠✳✦✧✩✥★✤✍❋❣✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘☎✹●❘❡P✼✮s✪✄✘✬P✼✾❢✚✠✳✒❑◆✤✦✮✙❁ ❶ ✚✓❞✦❅❀✘❲✳✍Ps✱✼✚✄✤✍❋
▲☎✚✠✳✍✫❱✫✭✘❜✥✻✮✩✜❣✤✦✚✸✫❉✳✍✯✸✥★◗✰P❄✘❜✧✩✥★✪✄❅✬P✼✯✄✵❖✳✍P✭✱✴✳✍✚✠✳✍▲☎✚✠✳✍✱✼❆❄✘íú❄❁ ú❄✹☎✮❄✤✦P❄✪❃❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪②✾★✘❴✮❄✤✦P✼✶◆✘✒✳✍P✚�❄P✼❝

Φ1
✘✢✯❃✾✽✳✲✮❄✤✦P✼✶✰✘✬✾✻✾★✘

✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘
T1

✧✩P✲③✏✘✬✯●✳✍✱✼✚✠▼✬✪❃✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❱✱✴✳✍✚●✾✽✳❖✱✼✚✄✘✬✫❱✥★▼✬✚✄✘❜✳✍✮✿✯✄✘✬✮✼✮❄✘☎✹☎✧✼✘❢✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘
η
❁✦⑥❂✤✦P❄✪q❅✒✳✍✾★❅✬P✼✾★✤✦✮❄✪

✘✬✮❄✪✸P✼✥✻✯✄✘❉✾✽✳❡✮❄✤✦P✼✶◆✘✬✾✻✾★✘❚✶✦✳✍✾★✘✬P✼✚❇✧✼✘
α = µB0/kBT1

✹✐✘✬✯✛✾✽✳❞✜✣✚✄✵❀◗✰P❄✘✬✮❄❅❀✘
νrf = ηkBT1/h

✚✄✘❀◗✰P✼✥★✪✄✘❉✱✺✤✦P✼✚❇◗✰P❄✘
✾❏■ ✳✍✮✰✯✄✘✬✮✼✮❄✘✲✪✸P✼✥✻✶☎✳✍✮✿✯✄✘❂✵✬✶☎✳✍✱✺✤✦✚✄✘✲✳✍P❚✫✭✬✬✫✭✘❖✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘

η
❁✰⑥❂✤✦P❄✪②✚✄✵✬✥✻✯✄✵✬✚✄✤✦✮❄✪✟✾★✘❜✱✼✚✄✤✿❅❀✘❀✪✄✪✸P❄✪✐③✔P❄✪✄◗✰P✙■ ❘❈✤☞ã✼✯✄✘✬✮✼✥✻✚✟P✼✮�❄P✩❝❞✘✬✯❜P✼✮❄✘✲✯✠✘✢✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘✛✳✦✪✄✪✸P✼✚✠✳✍✮✿✯❴P✼✮❄✘❈✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪❴✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❈✧✼✘❀✪❜✱✼❆✴✳✦✪✄✘❀✪❜✧✼✘✲✾❏■ ✤✦✚✄✧✩✚✄✘❍✧✼✘✲✾❏■ P✼✮✼✥✻✯✄✵☎❁

❷ ✥✻✮❄✪✸✥❏✹✿✱✺✤✦P✼✚❴P✼✮❄✘❂✶☎✳✍✾★✘✬P✼✚❜✧✼✤✦✮✼✮❄✵❀✘❳✧✼✘
η
✹✿✮❄✤✦P❄✪❴✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❴P✼✮❄✘✲✪✸P✼✥✻✯✄✘❳✧✼✘❂✱✺✤✦✥✻✮✿✯✄✪

(Tn, Φn)
✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✠✳✍✮✿✯

✾✽✳❇✯✄✘✬✫❱✱✷✵✢✚✢✳✍✯✸P✼✚✄✘❍✘✬✯❖✾★✘✫�❄P✩❝❡✧✩P✭③✏✘✬✯❖✳✍✱✼✚✠▼✬✪❖✾★✘
n
❋❏✥★▼✬✫✭✘❍❅✬❑✩❅✬✾★✘❈✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁✴t●✮❭✱✺✤✦✚✸✯✠✳✍✮✿✯❂❅❀✘❀✪❜✱✺✤✦✥✻✮✿✯✄✪❖✧❄✳✍✮❄✪

❭✴æ❅➮☎➹✣➮☎❐✄➮⑤ì❼è✹➘ ➴ ❫ ➘ ➮②➹➤➮②➹✩➴❷➮②➹☞➬❱➶❹✃☞è✹❐❅ë ➮☎ç✴è✹❐❅❐✄➘☞ë♣➪ ❮ ➹í❐②➪ è✹➶❱➴ ❮ ì❷➘ ❐❷è✹➘ ➴✗➶✣➹✣➮☎➬❱➘ ❐✪➴❼è✹➹✣ç②➮☎➮②➹✉➴✄ì❷➮☎è✱➹✩➴❷➮②➹✣➹✣➮②❐❅❐✄➶✣ç②ç②➮②❐✄❐✄➘ î✩➮②❐❚➴✄ì⑤❴②❐❅❐✄➶✣✃✵➷⑤ì❷➘ ➮②➶❱ì❷➮❵ ë è❫➬❱➘ ❐✪➴❼è✹➹✣ç②➮➇ì❷➮✴ê✉➶✣➘ ❐✄➮✎✃ ❮ ➶❱ì✟ë è ì❷➮⑤➴⑤❪✣➮⑤ì❷➱➤è✹ë ➘ ❐❷è✤➴❷➘ ❮ ➹➽ç ❮ ➱❹✃✣ë ❴⑤➴❷➮✎➬❱➶❿î➈➮⑤➴ Ï



✞★❒❝❐➸➵❯✃✞➱✖❮✩Ð ➴✷Ï✛Ò✵❣✛Ò✳❄❆Ò✞➱✖✃❪❮✱✿✎✃✳❄■✿✎✃●❈★❰❆➴❃❄✼➮✹➬ ❈★❰❆✃❇❆✻Ò✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄❳➷❆➴✞➱✌➷❆➴❆❮❅Ï❖➬ ❮✱✿❆➱✖✃✎➮✘❮ ❉✳➀✧✕
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✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥✐❥
❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧❦❧
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♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣♦♣

q

q

η = 3

η = 4

η = 5

η = 6

η = 7

Ó❄Ô☛Õ❙Ö✛×✁Ø ➩✞Ú Ù✁Ü✎➓✢❒❢→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➜➌✧↔❫→✒➎☛➑❪➞➜➙✆→✧➔➠➟✄➍✼➌✧↔●➝❁➏❵➒✆➛❪↔❯➢ ➌❄➓❆➢ ➒✆➛✒➎◗➌✄↕✣➓✎➞✄→➜➒✆➎❨➍✎→➜➌✄➩ ✙❣➍❵➡
(T,Φ)

➝★↔✧➍✎➔✤➧✴➔➠➌✧↔❁➓❪➒✆→❯➢ ➌✻➤✄➌✄➎❄➒✆➍✦➐➜➙✆➍✎→●↔➏❵➌✦➢➣➲ ➞✄➧✆➒●➓✎➙✜→➜➒✆➎❨➔➠➙✆➛➃ä
η
➐●➙✆➛❪↔✧➎◗➒✆➛✼➎❈ä✓➢➣➲ ➒✆➔➠➏❵➌❭➏✛➲ ➍✎➛❲➥✜→➣➒✆➛✞➏✓➛✞➙✆↕❸▲✄→➜➌✒➏✛➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔✘➭✬➋❙➌✧↔✦➏✆➔ ❻❦➞✄→➜➌✄➛✼➎◗➌✧↔❊➛✼➍✼➒✆➛✞➐●➌✧↔✦➏❵➌❅➥✜→✧➔❝↔➌✄➛✥➫✧➙✆➛✞➏✓→➣➌◗➓❆→➜➞✧↔✘➌✄➛✼➎◗➌✄➛✼➎✢➢ ➒✪➏❵➌✄➛❪↔✧➔✤➎◗➞✒➏❵➒✆➛❪↔❊➢➣➲ ➌✧↔❤➓❪➒❵➐●➌❭➏❵➌✧↔❈➓❪➑❪➒✹↔✘➌✧↔

ρ
↔✧➍✎→✠➢➣➲ ➒✘➡❢➌✥➏✆➍✩➤✄➌✄➎➣⑨✖➟✄➍✎➔❯➧✆➒✆→✧➔➠➌✥➐➜➙✆↕❇↕✶➌

Φ/T 7/2➏❵➒✆➛❪↔✦➢ ➌✦→➜➞❤➥✜➔✤↕✶➌✒➢ ➔✤➛✞➞➜➒✆➔✤→➜➌
α ≪ 1

➝❈➌✄➎✶➐●➙✆↕❈↕✶➌
Φ/T 5/2

➏❵➒✆➛✼↔✩➢ ➌✒→➣➞❤➥✜➔✤↕✶➌✩➑❪➒✆→✧↕✶➙✆➛✼➔➠➟✄➍✼➌✄⑩❵➭❫➋✛➒✷➧✴➔✤➎◗➌✧↔●↔✘➌❭➏✆➍✦➤✄➌✄➎✶➌✧↔✧➎
➎❙ß✠➐✄↕➊①✼↔●➝❣➢ ➌❫➥✜→➜➒❵➏✆➔➠➌✄➛✼➎❦➏✆➍❅➥✜➍✎➔➠➏❵➌

b = 800
Ü✇①✁➐✄↕✌➝❄➌✄➎❁➢ ➌❈➐✧➑❪➒✆↕✣➓❭➢ ➙✆➛❢➥✜➔✤➎❨➍✼➏✆➔✤➛✞➒✆➢❙➧✆➒✆➍✎➎

B0 = 1
Ü❦➭❙➋❙➌❭✙❣➍❵➡❱➔✤➛✼➔✤➎❨➔➠➒✆➢★➌✧↔✧➎

Φ = 7×109
➒✆➎◗➙✆↕✶➌✧↔♣①✼↔●➝❖➌✄➎❙➢ ➒P➎◗➌✄↕✣➓❪➞✄→➜➒✆➎➠➍✎→➜➌✬➔✤➛✼➔✤➎❨➔➠➒✆➢ ➌❫Ú➋Ñ✩ß

µ á ➭❚➭❙➑❪➒❵➐✄➍✎➛❊➏❵➌✧↔❄↔✧á✆↕❸▲●➙✆➢ ➌✧↔✣➒●➓❵➓❪➒✆→✧➎◗➌✄➛✞➒✆➛✼➎✙➒✆➍❵➡✌➏✆➔ ❻❦➞✄→➜➌✄➛✼➎◗➌✧↔➎❨→➜➒✖➤✄➌●➐✄➎◗➙✆➔✤→➣➌✧↔✶➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✜➛✪➐➜➙✆→✧→➜➌✧↔❤➓❪➙✆➛✞➏✩ä❱➢➣➲ ➒❵➐✄➎❨➔➠➙✆➛✪➏✛➲ ➍✎➛✞➌❇➒✆➛✼➎◗➌✄➛✼➛✞➌✴➭❙➋❙➙✆→●↔✘➟✄➍✼➌✌➢ ➌✣➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌✶➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛
η
➌✧↔✧➎➥✜→➜➒✆➛✞➏✹➝✻➢ ➌❝✙❣➍❵➡❅➌✄➎✻➢ ➒❇➎◗➌✄↕✣➓❪➞✄→➜➒✆➎❨➍✎→➣➌✌➐●➙✆→✧→➣➌✄↔❨➓❪➙✆➛✞➏❵➒✆➛✼➎✬ä❇➢ ➒❱➏❵➞❤➥❀➞✄➛✞➞✄→➜➌✧↔✘➐➜➌✘➛✞➐➜➌❈➟✄➍✼➒✆➛✼➎❨➔➠➟✄➍✼➌

ρ ∼ 1
↔✘➙✆➛✼➎✁➓❆➢ ➍❢↔✢➞✄➢ ➌✄➧✆➞✧↔✘➭❃➫✒➒✆➔❝↔➢ ➌✩➛✞➙✆↕❸▲✄→➜➌✦➏✛➲ ➒✆➛✼➎◗➌✄➛✼➛✞➌✧↔❊➛✞➞●➐➜➌✄↔➜↔✘➒✆➔✤→➜➌✧↔✒➌✧↔✧➎❈➞❨➥❀➒✆➢ ➌✘↕✶➌✄➛✼➎✬➓❆➢ ➍❢↔❱➥✜→➜➒✆➛✞➏❵➭✬➋❙➌✧↔✩➐●➒✆→✧→➜➞✧↔❊➛✞➙✆➔✤→●↔❊→➜➌◗➓❆→➣➞✧↔✘➌✄➛❆➎❤➌✘➛✼➎P➢➣➲ ➞✄➎◗➒✆➎❇➏✆➍✩➤✧➌✘➎➒✆➧✆➒✆➛✼➎✬➌✄➎✬➒●➓❆→➣➨✧↔✢➢ ➒●➓❇→➣➒✆↕✣➓❪➌➤→❭➏✛➲ ➞✄➧✆➒●➓❪➙✆→➜➒✜➎❨➔➠➙✆➛✓➏❵➞●➐✄→✧➔✤➎◗➌❇➏❵➒✆➛❪↔P➢ ➒❇↔✘➌●➐✄➎❨➔➠➙✆➛ Ñ✹➭ ③❢➭♣Þ❵➭

P✼✮❊✧✩✥✽✳✍▲☎✚✠✳✍✫❱✫✭✘❇✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘✢❋❂�❄P✩❝❯✹❯✮❄✤✦P❄✪✲✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❈✧✼✤✦✮❄❅✛✾✽✳ ✮❱✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘➷✯❡✪✸P❄✥❨✶✿✥★✘✛✱✴✳✍✚✲✾★✘❖③✏✘✬✯✲✾★✤✦✚✄✪✲✧✼✘
✾✽✳ø✮❍✚✠✳✍✫❱✱✷✘➔✯❚✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✄✥✻✤✦✮✐❁
✣✁�☛ÿ✁�❬❩ ❃ ❵ ✆❑á ✏ ☛✣✠✌✆✁✍ P ➃ á ❛ P ➃ ✍✔✞✡✠ ☛ ❴ P ❛ ✍✔✞rá â✌➃ ✞ ✑✔❛✗❞✳➃ P ➃ ✞ ✑❜➙✔❛ ✞ ➃ ✞

✗✐✳❍❫❄▲☎P✼✚✄✘➉✱✿❁ ★❍✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘❳❅❀✘❀✪✟✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘❀✪✒✹✼✤☞ã✼✯✄✘✬✮✰P❄✘❀✪❴✱✷✤✦P✼✚❴✧✼✘❀✪✟✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❜✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮
η
❅❀✤✦✫❇❋

✱✼✚✸✥★✪✲✘✬✮✰✯✄✚✄✘➬★❉✘✬✯✁✱✿❁✺✗❃■ ✵❀❅✄❆❄✘✬✾✻✾★✘❱✧✼✘❍▲☎✚✸✥★✪❂✘✬✮❭✜❣✤✦✮❄✧❭✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✿✯✄✘✛✾✽✳✭✧✼✘✬✮❄✪✸✥✻✯✄✵❇✧❄✳✍✮❄✪❂✾❏■ ✘❀✪✸✱✴✳✦❅❀✘✛✧✼✘❀✪❂✱✼❆✴✳✦✪✄✘❀✪✒❁ ✧ ✘✬✯✸✯✄✘
❫❄▲☎P✼✚✄✘❍✳✍✱✼✱✷✘✬✾✻✾★✘❳✱✼✾✻P❄✪✸✥★✘✬P✼✚✄✪❖❅❀✤✦✫❱✫✭✘✬✮✰✯✠✳✍✥✻✚✄✘✒✪✒❁

❳❧✗✙✘❳❅✠❆✴✳✍✫❱✱❞✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾
B0

✶☎✳✍✾✽✳✍✮✰✯
1 ❶ ✹✿✾✽✳✛✯✸✚✠✳✍✮❄✪✸✥✻✯✸✥★✤✦✮❡✘✬✮✰✯✸✚✄✘✲P✼✮❞❅❀✤✦✮✩❫✴✮❄✘✬✫✭✘✢✮✿✯❜✱✼✾✻P✼✯✄➡✦✯❴✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❳✘✬✯P✼✮❲❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✰✯✟✱✼✾✻P✼✯✄➡✦✯✟❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘❂✪✄✘❜✱✼✚✄✤✰✧✩P❄✥❨✯✟✱✺✤✦P✼✚❢P✼✮❄✘❖✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘✲✧✩P✛③✏✘✬✯

T ∼ µB0/kB ∼
30 µK

❁❵❈q✤✦P✼✚❖❅❀✘✬✯✸✯✄✘❳✶☎✳✍✾★✘✬P✼✚❜✧✼✘❳✾✽✳✛✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘☎✹❄P✼✮❄✘❳✚✸P✼✱✼✯✸P✼✚✄✘❍✧✼✘✲✱✷✘✬✮✰✯✄✘❈✘❀✪✸✯❜✤☞ã❄✪✄✘✬✚✸✶✰✵❀✘☎✹✴✳✍P❄✪✄✪✸✥✗ã✼✥★✘✬✮
✧❄✳✍✮❄✪❖✾★✘❀✪❖❅❀✤✦P✼✚✴ã✷✘❀✪❖✥★✪✄✤✍❋r✧✼✘✬✮❄✪✸✥✻✯✄✵❍✧❄✳✍✮❄✪❜✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❍✧❄✘✬✪❖✱✼❆✴✳✦✪✄✘❀✪❃❬❍◗✰P❄✘❈✧❄✳✍✮❄✪❜✾★✘❀✪❖✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘❀✪❂✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳❵❋
✯✸✥★✤✦✮✙❁❄✗✙✘✲✱✼✚✄✘✬✫❱✥★✘✬✚❖✘✸✷❯✘✬✯❜✘❀✪✸✯❴✧✔✒❭✳✍P❲✜❏✳✍✥✻✯❜◗✰P❄✘❂✾✽✳❇✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❄✳✍✮❄✪✟✾❏■ ✘❀✪✸✱✴✳✦❅❀✘❈✧✼✘❀✪✟✱✼❆✴✳✦✪✄✘❀✪

ρ
✶☎✳✍✚✸✥★✘✲❅❀✤✦✫❱✫✭✘

Φ/T 7/2 ✱✷✤✦P✼✚❱P✼✮♦✱✷✤✦✯✄✘✬✮✰✯✸✥★✘✬✾❜✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘☎✹●✘✬✯✭❅❀✤✦✫❱✫✭✘
Φ/T 5/2 ✱✺✤✦P✼✚❱P✼✮♣✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾❴❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎❁❃✗✙✘

❛ ❷➇➶❺é♣è✹➘ ➴✝➬❙➮②❐➇➷②ç✎❪✣➮②ë ë ➮②❐✎ç⑤❪ ❮ ➘ ❐✄➘ ➮②❐ ❒ ë è❹ì❷➶✣✃❱➴❷➶❱ì❷➮✝➬❱➮ ✃✵➮②➹✩➴❷➮✝➮②❐✪➴✎✃✣ë ➶✣❐☎é♣è✱ç⑤➘ ë ➮②➱❹➮②➹✉➴✎î❙➘ ❐✄➘ ❫ ë ➮ ❐✄➶❱ì✎ë ➮②❐➇ç ❮ ➶❱ì ❫ ➮②❐➇➘ ❐ ❮ ➀➈➬❱➮②➹✣❐✄➘ ➴❷➷❫➬❱➮✝ë è
↔ ✐✱➶❱ì❷➮❤➲ Ï ❣ Ï



❉✳➀❙➪ ➹P➘❆➴✛➷✁➬ ➮✆➱✖✃⑩✞★❒ ✠❄✃➋❯✧➱❷❂❙➬ Ï❖➬ ❮✴❮✴✃✞Ñ✒✃✳❄✼➮❅➷❆➴❆➱PÒ✵❁✼➴✛➷❃❂✁➱✖➴✼➮✹➬ ❂❅❄✷Ï★❰❍●●✃✎➮✶➴✼➮✹❂❖Ñ❭➬ ❈★❰❆✃

❈●✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❍✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮
η

⑥❂✤✦✫Ûã✼✚✄✘❈✧❯■ ✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪❖✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❀✪
★ ú❄⑩
ú ➽✣ú
➁ ⑩✒♠✎➽
➽ ⑩✜➾✩⑩
✱ ★☎♠✎➽

➨✐➩✴➫✿➭❀Ø☎➩✞Ö➥➩✞Ú ⑦✁Ü✣õ✌➙✆↕❸▲✄→➜➌✬➏❵➌❦➐✄á❵➐✄➢ ➌✧↔✬➞✄➧✆➒●➓❪➙✆→➜➒✆➎❨➔➠➙✆➛✼➩◗→➜➌✄➎☛➑❪➌✄→✧↕✶➒✆➢ ➔✤↔✘➒✆➎❨➔➠➙✆➛❱➛✞➞●➐●➌✧↔●↔✘➒✆➔✤→➣➌✧↔❖➓✎➙✆➍✎→✬➒✆➎❨➎◗➌✄➔✤➛✞➏✆→➜➌❁➢ ➒P➏❵➞❤➥❀➞✄➛✞➞✄→➜➌✧↔✘➐➜➌✄➛✞➐●➌➟✄➍✼➒✆➛✼➎❨➔➠➟✄➍✼➌✧➝❇➌✄➛✓➫✧➙✆➛✞➐✄➎❨➔➠➙✆➛ ➏✆➍✷➓✎➒✆→➜➒✆↕✶➨✄➎❨→➜➌✓➏✛➲ ➞✄➧✆➒●➓❪➙✜→➣➒✜➎❨➔➠➙✆➛
η
➭❫➋❙➌✧↔✶➓❪➒✆→➜➒✆↕✶➨✄➎❨→➣➌✧↔✥➔✤➛✼➔✤➎❨➔➠➒✆➍❵➡✐➏✆➍✒➤✄➌✄➎❇↔✘➙✆➛✼➎✶➐●➌✄➍❵➡✐➏❵➌✥➢ ➒â❙➥✜➍✎→➜➌❸Ñ✹➭✌②❀➭

✧✼✘✬P✩❝✩✥★▼✬✫✭✘☎✹✼◗✰P✴✳✍✮✿✯❜❘❍✾✻P✼✥❏✹✿✱✼✚✄✤✒✶✿✥★✘✬✮✿✯❜✧✩P❚✜❏✳✍✥✻✯✟◗✰P❄✘❂✱✷✤✦P✼✚✟P✼✮❄✘❂✶☎✳✍✾★✘✬P✼✚❜✧✼✤✦✮✼✮❄✵❀✘❳✧✼✘
η
✹✩✤✦✮❡✳❆✷❯✘❀❅✬✯✄✘❂✱✼✾✻P❄✪✟✾★✘

③✏✘✬✯❴✧❄✳✍✮❄✪✟P✼✮❞✱✺✤✦✯✄✘✬✮✿✯✸✥★✘✬✾❯✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❳◗✰P❄✘✲✧❄✳✍✮✴✪✟P✼✮❲✱✷✤✦✯✄✘✬✮✰✯✸✥★✘✬✾✙❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘●❦✩✥✻✾❯✪✒■ ✳✍▲☎✥✻✯❜✪✸✥✻✫❱✱✼✾★✘✬✫✭✘✬✮✰✯❖✧❯■ P✼✮
✘✸✷❯✘✬✯❖✧✼✘❳✧✼✘✬✮❄✪✸✥✻✯✄✵❈✧❯■ ✵✬✯✠✳✍✯✄✪✒❁

❳➄✺r✾✺✳✍✱✼✱✴✳✍✚✠✳❵➵★✯✟✵✬▲✰✳✍✾★✘✬✫✭✘✬✮✰✯✟◗✰P✙■ ✵✬✶☎✳✍✱✺✤✦✚✄✘✬✚❴❘
η
✜❏✳✍✥♣ã✼✾★✘❖✘✬✮✰✯✸✚✠✳❵➵★✮❄✘❖P✼✮❄✘❜✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❉✯✸✚✄▼❀✪②✥✻✫❱✱✺✤✦✚✸✯✠✳✍✮✿✯✄✘❂✧✩P✚�❄P✩❝

✈✇✱✴✳✍✚❢✱✼✾✻P❄✪❢✧✼✘❂◗✰P✴✳✍✯✸✚✄✘❖✤✦✚✄✧✩✚✄✘❀✪✟✧✼✘❜▲☎✚✠✳✍✮❄✧✼✘✬P✼✚✟✱✺✤✦P✼✚
η = 3

①✢✹✰✘✬✯✒✹✰✱✴✳✍✚✟❅✬✤✦✮✴✪✄✵✬◗✰P✴✘✢✮✿✯✒✹✰✮❄✵❀❅❀✘❀✪✄✪✸✥✻✯✄✘❂✧❯■ ✤☞ã✼✯✄✘✬✮✼✥✻✚
P✼✮❄✘✛✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘❇❫❄✮✴✳✍✾★✘☎✹✙❘✭✾✽✳❚✧❄✵✢▲◆✵✬✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘✭◗✰P✴✳✍✮✿✯✸✥★◗✰P❄✘☎✹✺✯✸✚✄▼❀✪❂✜❏✳✍✥♣ã✼✾★✘❞✈✣✧✼✘❇✾❏■ ✤✦✚✄✧✩✚✄✘❇✧✼✘❇◗✰P✴✘✢✾★◗✰P❄✘❀✪
✧✩✥✽✾❵✳✍✥✻✮❄✘❀✪✟✧✼✘❖✮ ➸ ①✢❁✰t●✮❚✚✄✘✬✶☎✳✍✮❄❅✠❆❄✘☎✹✰✾★✘❜✮❄✤✦✫Ûã✼✚✄✘❂✧❯■ ✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✟✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❖✘❀✪✸✯②✚✄✘✬✾✽✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❢✜❏✳✍✥♣ã✼✾★✘❇✈✇✶◆✤✦✥✻✚✯✠✳✣ã✼✾★✘✒✳✍P ✱✿❁ ✂◆①✢❁

❳ ❷ P❧❅❀✤✦✮✰✯✸✚✠✳✍✥✻✚✄✘☎✹②✵✬✶☎✳✍✱✷✤✦✚✄✘✬✚❚✳✒✶◆✘❀❅❞P✼✮♥✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘
η
✵✬✾★✘✬✶◆✵❞✱✷✘✢✚✄✫✭✘✢✯❚✧❯■ ✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘❭✾✽✳❩✧✼✵✬▲◆✵✬✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘

◗✰P✴✳✍✮✿✯✸✥★◗✰P❄✘❖✳✒✶◆✘❀❅❴P✼✮✭�❄P✩❝✭✵✬✾★✘✬✶◆✵❖✘✬✯②✧✼✘❀✪❃✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✠✘❀✪✟❘✲✱✷✘✬✥✻✮❄✘❜✥✻✮✩✜❣✵✬✚✸✥★✘✬P✼✚✄✘❀✪❢✳✍P
µK

✹☎✫❉✳✍✥★✪❃✾★✘❜✮❄✤✦✫➣ã✼✚✄✘
✧❯■ ✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❜✚✄✘❀◗✰P✼✥★✪❜✘❀✪✸✯➤ã✺✘✒✳✍P❄❅❀✤✦P✼✱❭✱✼✾✻P❄✪❜✵✬✾★✘✬✶✰✵☎❁

❈q✤✦P✼✚❈P✼✮❬✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❚✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮♦✧✼✘❱✾❏■ ✤✦✚✄✧✩✚✄✘✭✧❄✘✭ú❄✹❯✥✻✾②✘❀✪✸✯❈✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘✭✧❯■ P✼✯✸✥✻✾✻✥★✪✄✘✬✚✛✘✬✮✿✶✿✥❨✚✠✤✦✮❂➽☎♠❡✳✍✮✩❋
✯✄✘✬✮✼✮❄✘❀✪✒❁ ❤ ✥✙✾❏■ ✤✦✮❭❅❀✤✦✮❄✪✸✥★✧✼▼✬✚✄✘❍◗✰P✙■ ✥✻✾✷✜❏✳✍P✼✯❖✧✼✘❳✾❏■ ✤✦✚✄✧✩✚✄✘❈✧✼✘❳✯✸✚✄✤✦✥★✪❖❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✘✬✮❡✫✭✤✒❑✰✘✬✮✼✮❄✘❈✘✬✮✿✯✸✚✄✘❈✧✼✘✬P✩❝❭✳✍✮✰✯✄✘✬✮✼✮✴✘✬✪
✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶◆✘❀✪❜✱✺✤✦P✼✚❂◗✰P❄✘❳✾✽✳❱✧✩✥★✪✸✯✸✚✸✥♣ã✼P✼✯✸✥★✤✦✮❭✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘☎✹✴✮❄✤✦P❄✪❖✤☞ã✼✯✄✘✬✮❄✤✦✮❄✪❖✾★✘❳✚✄✵❀✪✸P✼✾✻✯✠✳✍✯❖✘❀✪✄✪✄✘✬✮✿✯✸✥★✘✬✾✐✪✸P✼✥✻✶☎✳✍✮✿✯❍✉❄✪✸✥
✾★✘❉✮❄✤✦✫Ûã✼✚✄✘❲✧✼✘❲❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❱✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❇✪✸P✜ã✼✥★✘❀✪❇✱✴✳✍✚✛P✼✮♥✳✍✯✄✤✦✫✭✘❞✳✍P♣❅❀✤✦P✼✚✄✪❱✧✼✘❚✪✠✳❡✱✼✚✄✤✦✱✴✳✍▲✰✳✍✯✸✥★✤✦✮♥✾★✘❉✾★✤✦✮✼▲❊✧✩P
▲☎P✼✥★✧✼✘❈✪✠✳✍✯✸✥★✪✏✜❏✳✍✥✻✯

Ncol & 200 ,
✈❜✱✿❁✻⑩❵①

✥✻✾✩✘❀✪✸✯q✱✺✤☎✪✄✪✸✥♣ã✼✾★✘✟✧❯■ ✳✍✯✸✯✄✘✬✥✻✮❄✧✩✚✄✘✟✾✽✳❂✧✼✵✬▲◆✵✬✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘❜◗✰P✴✳✍✮✰✯✸✥★◗✰P❄✘☎❁✦⑥❂✤✦P❄✪❙✮❄✘✟✧✼✘✬✶✰✤✦✮❄✪q✧✼✤✦✮❄❅❢▲✰✳✍▲☎✮❄✘✬✚❃◗✰P✙■ P✼✮✛✜❏✳✦❅✬✯✄✘✬P✼✚
✧✼✘✲✾❏■ ✤✦✚✄✧✩✚✄✘❍✧✼✘❳✧✩✥❨❝❯✹❄✘✬✮❞✯✄✘✬✚✸✫✭✘❀✪❖✧✼✘✲✮❄✤✦✫Ûã✼✚✄✘❈✧✼✘❈❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪✒✹✼✱✺✤✦P✼✚❖✤☞ã✼✯✄✘✬✮✼✥✻✚❖P✼✮❱③✏✘✬✯❜✧✼✵✬▲◆✵✬✮❄✵✬✚✄✵☎❁
✣✁�☛ÿ✁�☛ÿ ❃ ❵ ✆❑á ✏ ☛☞✠✌✆✎✍ P ➃ á ❛ P ➃ ✍✔✞✡✠ ☛ ❴
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Ó❄Ô☛Õ❙Ö✛×✁Ø ➩❆Ú ➒❙Ü✟➫✒➦✄↕➋➊✧↔➋➌❵➙✆➛✼➛✞➞❯➊✧↔✶➟✍➍✮➊❈↔✁➍✎→✌➢ ➒Pâ❙➥❉➍✎→✫➊❰Ñ✹➭✌②✆➝❦↕✶➒✆➔❝↔✶➒✆➧➎➊❯➏➐➍✎➛✷➞❯➏❯➑✘➊✍➒➓➒ ➊➔➌✇➊➣→❉↔✁↕✎➙✴↔✫➊➜➛➝↔✫➞✁➙➟➊✍➠✮➡➜➢➎➠✮➡➤➒ ➢❍➌✇➊✍➠✘➙✁↕➓➡➜➞
➙✁➍➥↔➦➒☛➧ ➢➟➨✟➊
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γ ∼ Φ/T 3/2
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⑨✕➯⑧⑦

γ ∼ Φ/T 1/2
⑩➼➊✁➙✁➡➣➏✍➒ ➢➎↕➓↔☛➊✍➻➋➊✍➠➝➡➾➽➚↕✎➙✁↕✻▲✍➒ ➊➳➒ ➯➎↔❯➙➟➸✍➍✮➊➦➒ ➢➼➡➜➊✍➻➪➛✘➞✍↔☛➢➎➡✗➍➥↔✫➊

T
➌✇➊✍➽➚↕✲➊✍➠✮➡➣➌✇➊➦➒☛➧ ➯➎↔✫➌➎↔✫➊➶➌✇➊

µB0/kB

⑨❙↕✲➏✍↕ ➩❅➹
T ∼ 30 µ á ➛➝➍➥↕✎➙➟➸✍➍✮➊
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è❖éëê✄ìîí✆ï ➩✑ð ➜✆ñ✝➫óò✍➻➋➊✁➙➶➌✇➯➎➠✮➠✑➞❯➊✁➙➶➸✍➍✮➊➳➙✁➍➥↔➦➒ ➢õô✄→❉➍➥↔✫➊ Ñ❲➘✌② ➩ ➻➋➢➎↕✎➙➶➢➎➽➎➊❯➏➶➍➥➠➲➞✫➏❯➑✘➊✍➒ë➒ ➊➼➌✇➊➔→❉↔✁↕✎➙❍↔☛➊➜➛➝↔✫➞✁➙➟➊✍➠✮➡➜➢➎➠✮➡➣➒ ➊❍➡➜➢➎➍✇➨
➌✇➊➦➏❯➯➎➒➓➒ ↕✎➙✁↕✲➯➎➠✘➙

γ ➩ ➊✍➠➺➙✁➍❲➛✇➛✘➯❲➙➟➢➎➠✮➡ö➸✍➍✮➊õ➒ ➢➳➙➟➊❯➏✍➡✗↕✲➯➎➠÷➊✈④÷➏❯➢✇➏❯➊➳➌✇➊➦➏✫➯➎➒ë➒ ↕✎➙✁↕ë➯❉➠
σ
➊✁➙✁➡ö➏✫➯➎➠✘➙✁➡➜➢➎➠✮➡➜➊ ➩ ➞❙→ø➢➎➒ ➊ ➹ 8πa2

➯⑧⑦
a
➊✁➙✁➡

➒ ➢ó➒ ➯➎➠✟→❉➍✮➊✍➍➥↔➦➌✇➊➳➌➎↕ ❻❖➍✟➙✁↕✲➯➎➠ù➌✇➢➎➠✘➙õ➒☛➧ ➯➎➠✑➌✇➊
s
➘ ➫ ➧ ➊✍➻❸▲❯➢➎➒➓➒ ➊✍➻➋➊✍➠✮➡➣➌✇➊➦➒☛➧ ➞✍➽➎➢❯➛✘➯➎↔✫➢➎➡✗↕✲➯❉➠ú➠✑➊❅➛✘➊✍➍➥➡➪➙➟➊➣➛➝↔☛➯➚➌➎➍➥↕➓↔✫➊❍➸✍➍✮➊❅➛✘➯➎➍➥↔

η➙✁➍✑④➺➙➟➢➎➻✴➻➋➊✍➠✮➡➪→❉↔✫➢➎➠✑➌✔❸✶➛✘➯➎➍➥↔
η = 4 ➩ ➽➎➢➎➒ ➊✍➍➥↔❍➸✍➍➥↕ö↔☛➊❯➸✍➍➥↕✲➊✍↔✁➡❅➍➥➠ú➠✑➯➎➻❸▲✍↔✫➊➳➻➋➯➚➌✇➞✍↔✫➞ó➌î➧ ➢➎➠✮➡➜➊✍➠✮➠✑➊✁➙ ➩ γ

➏❯➯➎➻✴➻➋➊✍➠✑➏✫➊➐➛✘➢➎↔
➢➎➍✇→❉➻➋➊✍➠✮➡➜➊✍↔➦➢➎➍ú➌✇➞❙▲✍➍➥➡❅➌✇➊➦➒☛➧ ➞✍➽➎➢❯➛✘➯➎↔✫➢❉➡✗↕✲➯➎➠ ➩ ➸✍➍✮➢➎➠✑➌ó➒ ➊➐→❉➍➥↕✲➌✇➊➶➊✁➙✁➡ö➒ ↕➓➠✑➞❯➢➎↕➓↔☛➊ ➩ ➻➋➢➎↕✎➙➳➌✇➞❯➏✍↔✫➯✭➴➓➡➣➊➟➠✘➙✁➍➥↕✎➡➜➊➦➒ ➯➎↔❯➙➟➸✍➍✮➊➦➒ ➊➣➛➝↕ëû❙→ø➊➌✇➊✍➽➚↕✲➊✍➠✮➡✔➑✘➢➎↔✁➻➋➯➎➠✮↕✲➸✍➍✮➊➚➘
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✧❯■ ✳❀✶✰✤✦✥✻✚❢P✼✮❲❅✠❆✴✳✍✫❱✱❲✾★✤✦✮✼▲☎✥✻✯✸P❄✧✩✥✻✮✴✳✍✾

B0
✧✼✘❖✾❏■ ✤✦✚✄✧✩✚✄✘✲✧✩P❚▲✰✳✍P❄✪✄✪❢✱✺✤✦P✼✚❴✵✬✶✿✥✻✯✄✘✬✚❢✾★✘❀✪❢✱✺✘✬✚✸✯✄✘❀✪❢✱✴✳✍✚✟✚✄✘✬✯✄✤✦P✼✚✸✮❄✘✬✫✭✘✬✮✰✯❜✧✼✘

✪✸✱✼✥✻✮✙❁
⑥❂✵✒✳✍✮✼✫✭✤✦✥✻✮❄✪✒✹✼✥✻✾✐✪✄✤✦P✢✷✷✚✄✘❳✧❯■ P✼✮❭❅❀✘✬✚✸✯✠✳✍✥✻✮❡✮❄✤✦✫◗❖✼✚✄✘❈✧✼✘❳✾✻✥❨✫❱✥✻✯✄✘❀✪✒❁
❳❧t●✮♣✱✼✚✄✘✬✫❱✥★✘✬✚✭✾✻✥★✘✬P✙✹q✱✼P✼✥★✪✄◗✰P✙■ ✥✻✾❴✮❄✘❲✧✼✵❀❅✬✚✸✥✻✯✭✱✴✳✦✪❇✾✽✳❩❅✬✥✻✮❄✵✬✯✸✥★◗✰P❄✘❞✧✩P♣✚✄✘✬✯✄✤✦P✼✚❉❘❪✾❏■ ✵❀◗✰P✼✥✻✾✻✥❂❖✼✚✄✘☎✹●✥✻✾❴✮❄✘❲✧✼✤✦✮✼✮✴✘
✱✴✳✦✪✲✧❯■ ✥✻✮❄✧✩✥★❅✒✳✍✯✸✥★✤✦✮❊✱✼✚✄✵❀❅✬✥★✪✄✘❇✧✩P❪✮❄✤✦✫❘❖✼✚✄✘❱✧✼✘✛❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪

Ncol
✮❄✵❀❅✬✘❀✪✄✪✠✳✍✥✻✚✄✘❀✪❈❘✭✾❏■ ✤✳❖✼✯✄✘✬✮✰✯✸✥★✤✦✮❬✧✼✘❍✾✽✳❚✧✼✵✬▲◆✵✠❋

✮❄✵✬✚✄✘❀✪✄❅❀✘✬✮❄❅❀✘❈◗✰P✴✳✍✮✰✯✸✥★◗✰P❄✘☎❁✁❙✐✤✦P✼✯❖✳✍P❞✱✼✾✻P❄✪✟✱✺✘✬P✼✯✸❋❏✥❨✾✐✘✬✮❞✧✼✤✦✮✼✮❄✘✬✚❴P✼✮❡✤✦✚✄✧✩✚✄✘❳✧✼✘❂▲☎✚✠✳✍✮❄✧✼✘✬P✼✚✒❁❄t●✮❡✪✸P✼✱✼✱✺✤☎✪✠✳✍✮✿✯
◗✰P❄✘✲◗✰P✴✳✍✯✸✚✄✘❳❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❜✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❴✪✄✤✦✮✿✯❴✪✸P✢✜❉✪✠✳✍✮✿✯✄✘❀✪✟✱✺✤✦P❄✚❴◗✰P❄✘✲✾★✘❢③✏✘✬✯✟✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✄✘❈✘✬✮✰✯✸✚✠✘✲✧❄✘✢P✼❝❞✳✍✮✩❋
✯✄✘✬✮✼✮❄✘❀✪❇✪✸P❄❅❀❅❀✘❀✪✄✪✸✥✻✶✰✘✬✪✒✹✐✘✬✯❇◗✰P❄✘✭✾★✘❉✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❲✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✄✥✻✤✦✮♣P✼✯✸✥✻✾✻✥★✪✄✵❉✘❀✪✸✯❇✧✼✘✭✾❏■ ✤✦✚✄✧✩✚✠✘❚✧✼✘

η ∼ 4
✹✐P✼✮

✯✄✤✦✯✠✳✍✾
Ncol ∼ 200

❅❀✤✦✾✻✾✻✥★✪✸✥★✤✦✮❄✪❖✵✬✾✽✳✦✪✸✯✸✥★◗✰P❄✘❀✪❜✪✄✤✦✮✿✯❴✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❀✪✒❁
❳❯❚✲✘✲✱✼✾✻P❄✪✒✹✩✾★✘✲✫✭✤✰✧✼▼✬✾★✘❈✪✸P✼✱✼✱✷✤☎✪✄✘❂✾❏■ ✘✢❝✩✥★✪✸✯✄✘✬✮❄❅❀✘❈✧✼✘✫✾✒✤✦✮❄✘❀✪❜✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❱❖✼✥★✘✬✮❞✾★✤✰❅✒✳✍✾✻✥★✪✄✵❀✘❀✪✒✹❄✪✄✵✬✱✴✳✍✚✄✵❀✘❀✪❴✱✴✳✍✚
✧✼✘❀✪❈✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❀✪❈✪✸P✢✜❉✪✠✳✍✮✿✯✄✘❀✪✲✱✷✤✦P✼✚❍✳✦✪✄✪✸P✼✚✄✘✬✚❳✾✽✳❚✚✄✘✬✯✸❆❄✘✬✚✸✫❉✳✍✾✻✥★✪✠✳✍✯✸✥★✤✦✮s✧✩P❞③✏✘✬✯✒❁ ❉❩✳✍✥★✪✲✾★✘❀✪❈✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❍✳✒❑✿✳✍✮✰✯
P✼✮❄✘❡✱✺✤✦✚✸✯✠✵✬✘❡❫❄✮✼✥★✘☎✹②✧✼✘❞✾❏■ ✤✦✚✄✧✩✚✄✘❪✧✼✘ø✂☎♠❬❅✬✫❡✹●✾✽✳❊✾★✤✦✮✼▲☎P❄✘✬P✼✚❲✧❯■ P✼✮♥▲☎P❄✥✻✧❄✘❡✱✺✘✬✚✸✫✭✘✬✯✸✯✠✳✍✮✿✯❲✧❯■ P✼✯✸✥✻✾✻✥★✪✄✘✬✚❉P✼✮❄✘
❅✬✥✻✮❄◗✰P✴✳✍✮✿✯✠✳✍✥✻✮❄✘❂✧❯■ ✳✍✮✿✯✄✘✬✮✼✮❄✘❀✪❢✧❄✳✍✮❄✪❢❅❀✘✬✯✸✯✄✘❂❅❀✤✦✮✩❫❄▲☎P✼✚✠✳✍✯✸✥★✤✦✮❞✧✼✤✦✥✻✯✩✬✬✯✸✚✄✘❖✧✼✘❜✱✼✾✻P❄✪✸✥★✘✬P✼✚✄✪❢✧✩✥✽✾❵✳✍✥✻✮❄✘❀✪✟✧✼✘❜✫✭▼✬✯✸✚✄✘❀✪❳❲
t●✮❛✱✼✚✠✳✍✯✸✥★◗✰P❄✘☎✹❢✥✻✾❳✘❀✪✸✯❚✮❄✵❀❅❀✘❀✪✄✪✠✳✍✥✻✚✄✘❩✧❯■ ✳❀✶✰✤✦✥✻✚❲✧✼✘❀✪❞✧✩✥★✪✸✯✠✳✍✮❄❅❀✘❀✪❲✘✬✮✿✯✸✚✄✘❊✳✍✮✰✯✄✘✬✮✼✮❄✘❀✪✦❖❄✥✻✘✬✮❛✱✼✾✻P❄✪❚✜❏✳✍✥❂❖✼✾★✘❀✪✙❦②✾★✘
✫✭✤✿✧✼▼✬✾★✘❬✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮ ✱✴✳✍✚❡❅✬❑✩❅✬✾★✘❀✪❡✧✩✥★✪✄❅✬✚✄✘✬✯✄✪❡✘❀✪✸✯❭✳✍✾★✤✦✚✄✪❞✥✻✚✸✚✄✵✒✳✍✾✻✥★✪✸✯✄✘❬✘✬✯❞✥✻✾❈❅❀✤✦✮✿✶✿✥★✘✬✮✰✯❭✧❯■ P✼✯✸✥✻✾✻✥★✪✄✘✬✚❡P✼✮
✫✭✤✿✧✼▼✬✾★✘❈❅❀✤✦✮✿✯✸✥✻✮✰P❭✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✴✧✩P❡✯r❑✿✱✷✘❳✧✼✘❈❅❀✘✬✾✻P✼✥✙P✼✯✸✥✻✾✻✥★✪✄✵❳✧❄✳✍✮❄✪❜✾✽✳✛✚✄✵✢✜❣✵✬✚✄✘✬✮❄❅❀✘❩❨ ✂✙❬❀❭r❁

✗✙✘❱✫✭✤✿✧✼▼✬✾★✘❉✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮♦❅❀✤✦✮✰✯✸✥✻✮✿P❄✘✭✱✼✚✄✵❀✪✄✘✬✮✰✯✄✵❚❘❲✾✽✳❞✪✄✘❀❅✬✯✸✥★✤✦✮❤✪✸P✼✥✻✶☎✳✍✮✿✯✄✘❱✚✄✘✬✫✭✵❀✧✩✥★✘✭✱✼✚✄✵❀❅✬✥★✪✄✵✬✫✭✘✬✮✰✯❱❘❲❅❀✘❀✪
✾✻✥✻✫❱✥✻✯✄✘❀✪✒❁

☎❇❪ ✕ ➱ ×❴❫P❵❜❛■❝❡❞❣❢❏■❤❢❥✐❦❢❦❫✆×❧❵✌♠❑×❥✐❴♠❑×♦♥❇♣❦❝q✐✗r Õ ♥❇♣❼×ts❩❢✈✉✇❝❣①❣②❣❫P❝✗r Õ ②③✐④♠✭②③✐✗r Õ ✐q♣❼×
❚❳✳✍✮❄✪✟❅❀✘✬✯✸✯✄✘✲✪✄✘❀❅✬✯✸✥★✤✦✮✙✹✰✮❄✤✦P❄✪❢P✼✯✸✥✻✾✻✥★✪✄✤✦✮❄✪✟P✼✮❚✫✭✤✰✧✼▼✬✾★✘✲❅❀✤✦✮✿✯✸✥✻✮✿P❲✧✙■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✩✚✄✘✬✱✺✤☎✪✠✳✍✮✿✯❴✪✸P✼✚②✾❏■ ❆✿❑✿✱✺✤✦✯✄❆❄▼❀✪✄✘

✪✸P✼✥✻✶☎✳✍✮✰✯✄✘✛✉✰✧✩P✭✜❏✳✍✥✻✯❢✧✼✘❜✾✽✳❳✱✼✚✄✵❀✪✄✘✬✮❄❅❀✘❂✧✼✘❜✾✽✳❈✪✸P✼✚✸✜❣✳✦❅❀✘❂✧❯■ ✵✢✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙✹✿✾✽✳✲✜❣✤✦✮❄❅✬✯✸✥★✤✦✮❲✧✼✘❖✧✩✥★✪✸✯✸✚✸✥❂❖✼P✼✯✸✥★✤✦✮❞✳✍✯✄✤✦✫❱✥★◗✰P❄✘
❶r➜■⑤P⑥✥⑦P⑦✳⑥⑨⑧⑩⑥⑨❶ ❷✌❸P❹❺❷❻❷✝❹✤❼✗❹✤❸☎❷✁❽❻❾❀⑧☛⑤ ⑥ ↔ ✐✎❾❀⑧✝❹✰➲☎❿ ❞✠➀☎❾P❹➁❽❻➂

η
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✘❀✪✸✯✭✧✼✤✦✮✼✮❄✵❀✘❡✘✬✮❺✳✍✮✼✮❄✘✢❝✼✘➩➛✲✹●✤✳◆♥✘❀✪✸✯✭✵✬▲✰✳✍✾★✘✬✫✭✘✬✮✿✯✭✥✻✮❄✧✩✥★◗✰P❄✵❀✘❞✾✽✳❭✜❣✤✦✚✸✫✭✘❡✘✢❝✩✱✼✾✻✥★❅✬✥✻✯✄✘❡✧✼✘❀✪

✵❀◗✰P✴✳✍✯✸✥★✤✦✮❄✪✛✱✷✤✦✚✸✯✠✳✍✮✰✯❱✪✸P✼✚
nℓ
✹
u
✘✬✯

T
✧❄✳✍✮❄✪✛✾★✘❉❅✒✳✦✪❇✤✳◆

U(r) = µ
√

B2
0 + b2r2 − µB0

✹✐❅❀✘❚◗✰P✼✥✟✘✬✮✰✯✸✚✠✳❀❅★✮❄✘
〈U〉 = kBT (2 + α2/(1 + α) − α)

❁

✣✩★✴➟❧★✫➫ ➭❤✮✭❍✶➦✟✷ ➥ ✷✻✲✴✽P✮✭✵➯✺➁✵☛✱ ➥ ✺ á ✺✛✽➲❍▲✮ ➤ ▼❜á ✺✛✽➩✼✑✮✭✵✌✱✳✲■✵✹✯➯✺✁✱ ➤ ✲✴✽✳✼ ➥ ✺✁✱
❷ ❫❄✮❲✧✼✘❂❅❀✤✦✫❱✱✴✳✍✚✄✘✬✚✟✾★✘❀✪❢✱✼✚✄✵❀✧✩✥★❅✬✯✸✥★✤✦✮❄✪❴✧✼✘❀✪②✫✭✤✿✧✼▼✬✾★✘❀✪✟✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮❞✱✴✳✍✚❢✱✴✳✦✪✟✧✩✥★✪✄❅✬✚✄✘✬✯✄✪❢✘✬✯✟✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮

❅❀✤✦✮✿✯✸✥✻✮✰P❄✘☎✹✴✮❄✤✦P❄✪❂✳✒✶◆✤✦✮❄✪❜✚✄✵❀✪✄✤✦✾✻P❭✾★✘❀✪❖✵❀◗✰P✴✳✍✯✸✥★✤✦✮❄✪❜❆✿❑✩✧✩✚✄✤✰✧✩❑✿✮✺✳✍✫❱✥✻◗✰P✴✘✬✪❂✧❄✳✍✮❄✪❖✾★✘❈❅✒✳✦✪❖✧❯■ P✼✮❭▲☎P✼✥★✧✼✘❍✪✄✘✬✫❱✥❨❋❏✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘
✳✒✶◆✘❀❅❱✮❄✤☎✪❈✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘❀✪❍❆✴✳P❖✼✥✻✯✸P❄✘✬✾★✪

b = 800 ❶ ⑧✍❅✬✫ ✘✬✯
B0 = 1 ❶ ❁✙✗✐✳❲✯✄✘✬✫❱✱✷✵✬✚✠✳✍✯✸P✼✚✄✘✭✥✻✮✼✥✻✯✸✥✽✳✍✾★✘❚✧✩P❡③✏✘✬✯❍✘❀✪✸✯

T (0) = 570 µK
✹✩✾★✘✫�❄P✩❝❲✥✻✮✼✥✻✯✸✥✽✳✍✾

Φ(0) = 7 × 109 ✳✍✯✄✤✦✫✭✘❀✪✸⑧✍✪✒✹❄✘✬✯❴✾✽✳❇✶✿✥✻✯✄✘❀✪✄✪✄✘✲✥✻✮✼✥✻✯✸✥✽✳✍✾★✘ v(0) = 60
❅✬✫⑨⑧✍✪✒❁❄✗✐✳

❫❄▲☎P✼✚✄✘➬✱✿❁ ❬❇✚✄✘✬✱✼✚✄✵❀✪✄✘✬✮✰✯✄✘❈✾✽✳ø✮✛✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘➬✯❲✪✸P✼✥✻✶✿✥★✘❳✱✴✳✍✚❜✾★✘❴③✏✘✬✯❜✧❄✳✍✮❄✪❜✾★✘❳✱✼✾✽✳✍✮
(T, Φ)

✱✷✤✦P✼✚❖✧✩✥✻✶✰✘✬✚✄✪✄✘❀✪❴✶☎✳✍✾★✘✬P✼✚✄✪
✧✩P❡✱✴✳✍✚✠✳✍✫✭▼✬✯✸✚✄✘

η
✈✣◗✰P✼✥✙✘❀✪✸✯❜✫❉✳✍✥✻✮✰✯✄✘✬✮✿P❭❅❀✤✦✮❄✪✸✯✠✳✍✮✿✯❖✧✩P✼✚✠✳✍✮✿✯❜✾✽✳✛✚✠✳✍✫❱✱✷✘❈✧❯■ ✵✬✶☎✳✍✱✺✤✦✚✠✳✍✯✸✥★✤✦✮✺①✬❁

❄r✾✙✳✍✱✼✱✴✳✍✚✠✳❀❅★✯❜◗✰P❄✘❂✾❏■ ✳✍✾✻✾✻P✼✚✄✘❳◗✰P✴✳✍✾✻✥✻✯✠✳✍✯✸✥✻✶◆✘❳✧✼✘❀✪❢✯✸✚✠✳✍③✏✘❀❅✬✯✄✤✦✥✻✚✄✘❀✪❜✧❯■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❡✘❀✪✸✯❴✪✸✥✻✫❱✥✻✾✽✳✍✥✻✚✄✘❳❘✛❅❀✘✬✾✻✾★✘❳✤✳❖✼✯✄✘✬✮✰P❄✘
✧❄✳✍✮❄✪✟✾★✘❂✫✭✤✰✧✼▼✬✾★✘❳✧✩✥★✪✄❅✬✚✄✘✬✯✒❁❄❥❖✮❞✤✳❖❄✪✄✘✬✚✸✶◆✘✲✘✬✮❲✱✴✳✍✚✸✯✸✥★❅✬P✼✾✻✥★✘✬✚❴✾✽✳❍✚✸P✼✱✼✯✸P✼✚✄✘✲✧✼✘❂✱✷✘✬✮✰✯✄✘❂✾★✤✦✚✄✪❴✧✩P❲✱✴✳✦✪✄✪✠✳✍▲◆✘✲✧❯■ P✼✮❞❅❀✤✦✮✩❫✼❋
✮❄✘✬✫✭✘✬✮✿✯②✱✺✘✬✚⑨➳✬P❉✱✴✳✍✚②✾★✘❀✪❢✳✍✯✄✤✦✫✭✘❀✪②❅❀✤✦✫❱✫✭✘❖✾✻✥✻✮❄✵✒✳✍✥✻✚✄✘❂❘✲P✼✮❉❅❀✤✦✮✩❫❄✮❄✘✬✫✭✘✬✮✿✯❢✱✺✘✬✚⑨➳✬P❚❅❀✤✦✫❱✫✭✘❖❆✴✳✍✚✸✫✭✤✦✮✼✥★◗✰P❄✘☎✹✰✧✩P✭✜❏✳✍✥✻✯
✧✼✘❴✾✽✳✲✧✩✥✻✫❱✥✻✮✿P✼✯✸✥★✤✦✮❚✧✼✘❴✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✸P✼✚✄✘❂✳✍P❉❅❀✤✦P✼✚✄✪②✧✩P❱✚✄✘✢✜✣✚✄✤✦✥★✧✩✥★✪✄✪✄✘✬✫✭✘✬✮✿✯❃✱✴✳✍✚②✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮✙❁ ➞ P✴✳✍✮✿✯✸✥✻✯✠✳✍✯✸✥✻✶✰✘✬✫✭✘✬✮✰✯❵✹
✥✻✾❃✳✍✱✼✱✴✳✍✚✠✳❀❅★✯❈◗✰P❄✘☎✹✴✱✷✤✦P✼✚✲P✼✮❄✘✛✶☎✳✍✾★✘✬P✼✚❳✧✼✤✦✮✼✮❄✵❀✘❱✧✼✘

η
✹✺✧❄✳✍✮❄✪✲✾★✘✛✫✭✤✰✧✼▼✬✾★✘❱❅❀✤✦✮✿✯✸✥✻✮✰P✙✹✷✾★✘❀✪❂✚✄✵❀✧✩P❄❅✬✯✸✥★✤✦✮❄✪❈✧✼✘➉�❄P✩❝❪✘✬✯

✧✼✘❳✯✄✘✬✫❱✱✺✵✬✚✠✳✍✯✄P✼✚✄✘❍✪✄✤✦✮✿✯❜✪✸P✼✱✷✵✬✚✸✥★✘✬P✼✚✄✘❀✪❂❘❱❅❀✘❈◗✰P❄✘❳✧✼✤✦✮✼✮❄✘❈✾★✘✲✫✭✤✿✧✼▼✬✾★✘❍✧✩✥★✪✄❅✬✚✄✘✬✯❜✱✺✤✦P✼✚❂❅✬✘✬✯✸✯✠✘❳✫✭✬✬✫✭✘❳✶☎✳✍✾★✘✬P✼✚❖✧✼✘
η
❁✧ ✘❀❅✬✥✐✱✺✘✬P✼✯❂✪✄✘❈❅❀✤✦✫❱✱✼✚✄✘✬✮❄✧✩✚✄✘✛✘✬✮❭✚✄✘✬✫❉✳✍✚✄◗✰P✴✳✍✮✰✯✲◗✰P❄✘❳✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❩✘✬✮❭✵✬✮❄✘✬✚✸▲☎✥★✘❈✯✸✚✄✤✦✮❄◗✰P❄✘❍✧✼✘❈✫❉✳✍✮✼✥★▼✬✚✄✘q❖✷✘✒✳✍P✩❋

❅❀✤✦P✼✱❡✱✼✾✻P❄✪✟✱✼✚✄✤✦✮❄✤✦✮❄❅❀✵❀✘❈✾✽✳❇✧✩✥★✪✸✯✸✚✸✥❂❖✼P✼✯✸✥★✤✦✮❭◗✰P❄✘❂✾❏■ ✵✬✶☎✳✍✱✷✤✦✚✠✳✍✯✸✥★✤✦✮❭✘✬✮❞✱✷✤☎✪✸✥✻✯✸✥★✤✦✮✙❁✁➵❖✮❄✘❳❅❀✤✦✫❱✱✴✳✍✚✠✳✍✥★✪✄✤✦✮❭✧✼✵✬✯✠✳✍✥✻✾✻✾★✵❀✘❈✧✼✘
➸ ➜■⑤✹❹✤❽➃❷❤➈✤➉✸➂ ➄❀❹✤❸✜❷❤➀☎❾P❹❣⑤❂➊ ⑥✥⑦P⑦❀⑧✝➇✡➺❀➂ ❼❦⑥⑨❷✝➂ ➇✎❸➩➆✤➇✎❸P❽❻➂ ❽➃❷⑩⑥✥❸☎❷❣➻◗⑧✝❹✤❼✗⑦P⑤ ⑥✥➆✤❹❺⑧❥⑤ ❹❘➆❺⑧✝➂ ❷✝➼❺⑧✝❹❘➄✾➊ ➈✤➉✎⑥✥⑦✙➇✥⑧⑩⑥⑨❷✝➂ ➇✎❸✢⑦✳⑥⑨⑧❥❾P❸✦➆❺⑧✝➂ ❷✝➼❺⑧✝❹❘⑦✙➇✥⑧❻❷⑩⑥✥❸☎❷❽❻❾❀⑧✭⑤❂➊ ➈✤❸P❹❺⑧✝➽✎➂ ❹❧❷❻⑧⑩⑥✥❸P❽❻➉✜❹❺⑧✝❽❻❹❧❽❻❹✤❾P⑤ ❹✤❼✗❹✤❸☎❷✠❹✤❽➃❷✭❾P❸❀❹❧➾ í ⑦✙➇✥❷✝➾P➼✤❽❻❹✩➍✴➇✥⑧❻❷✝❹✎❿✕➚✕⑥❦⑦❀⑧✝➂ ❽❻❹❧❹✤❸q➆✤➇✎❼✗⑦❀❷✝❹❧➄❀❾q➉☎⑧⑩⑥✥➂✁➆❺⑧✝➂ ❷✝➼❺⑧✝❹✇➄✾➊ ➈✤➉✎⑥✥⑦✙➇✥⑧⑩⑥⑨❷✝➂ ➇✎❸❘❹✤❽➃❷❸P➈✡⑥✥❸P❼✗➇✎➂ ❸P❽✟❷❻⑧✝➼✤❽✻➄❀➂ ❃✗➆✤➂ ⑤ ❹✈➻❧❼✗❹❺❷❻❷❻⑧✝❹✹❹✤❸✁�✭❾P➉☎⑧✝❹✠➄P⑥✥❸P❽❳⑤ ❹✠➍✴➇✥⑧✝❼❦⑥✥⑤ ➂ ❽❻❼✗❹✭➾ í ➄✸⑧✝➇✸➄ í ❸✳⑥✥❼✇➂ ➀☎❾P❹✎❿
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η = 5

η = 6

η = 8

è❖éëê✄ìîí✆ïqÝ✑ð Þ✆ñ✟ß❤à➥↔✫➢✝á✍➊✫➏➟➡❙➯➎↕ë↔☛➊✍➙✹â➋➡ë➑✘➞✫➯➎↔✁↕✲➸✍➍✮➊✁➙ ➩ ➌✇➢➎➠✘➙✶➒ ➊✄➛➝➒ ➢➎➠➋➡➜➊✍➻➪➛✘➞✍↔✫➢➎➡✗➍➥↔☛➊⑨ã ✙✔➍✇➨ (T,Φ) ➩ ➙✁➍➥↕➓➽➚↕✲➊✁➙✄➛➥➢➎↔✶➒ ➊✁á✍➊✍➡✄➢➎➍➋➏✫➯➎➍➥↔❯➙➤➌✇➊➒☛➧ ➞✍➽➎➢❯➛✘➯➎↔✫➢➎➡✗↕✲➯❉➠ ➹ η
➏❯➯➎➠✘➙✁➡➜➢➎➠✮➡✶➌✇➢➎➠✘➙➾➍➥➠❍➻➋➯➚➌✇û✍➒ ➊✴➌î➧ ➞✍➽➎➢❯➛✘➯❉↔☛➢❉➡✗↕✲➯➎➠➺➏❯➯➎➠✮➡✗↕➓➠✮➍✮➊➚➘ ➫ ➢➐➽➚↕➓➡➜➊✁➙❯➙➟➊❅↕➓➠✮↕➓➡✗↕✲➢➎➒ ➊✴➌➎➍✗á✍➊✍➡➤➊✁➙✁➡✭ä✸åõ➏➟➻✈æ✮➙ ➩➒ ➊➋→❉↔✫➢✇➌➎↕✲➊✍➠✮➡➣➌➎➍➭→❉➍➥↕✲➌✇➊

b = 800 ç æ✆➏✍➻ ➩ ➊✍➡ö➒ ➊❍➏❯➑✘➢➎➻➪➛ù➒ ➯➎➠✟→❉↕➓➡✗➍✮➌➎↕➓➠✑➢➎➒❖➽➎➢➎➍➥➡
B0 = 1 ç ➘ ➫ ➊❊✙✔➍✇➨➼↕➓➠✮↕➓➡✗↕✲➢➎➒ ➊✁➙✁➡

Φ =

7 × 109
➢➎➡➜➯➎➻➋➊✁➙➃æ✮➙ ➩ ➊✍➡✔➒ ➢õ➡➜➊✍➻➪➛➥➞✍↔✫➢➎➡✗➍➥↔✫➊➾↕➓➠✮↕➓➡✗↕✲➢➎➒ ➊❣è✙é✜å

µ ê ➘
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❏❖❱●❴✜❩ ▼❖❯✵❏❖❙✬❭⑤◗✄❏

Γε
❤✳P❘❯✘❱❡❴✧P❘❯✧❯✵▼❅❤●q✰❫❇❙❚➍

Γ =
8
√

2

15
√

π
γ K(α, η) et Γε =

8
√

2

15
√

π
γ K̃(α, η) ,

❸➃➛▲❦ ❬④❺



P✳◆
γ
❏❅❤✬❱❄❛✄❏▲❱✍❫❇❨☞❢➄❴✧❏❜❞❅P❘❛✆❛✆◗✄❤✬◗✄P❘❯✵❤❡▼❖❛✁❫❘❤✬❱✬◗✄❲✘❨✵❏❅❤●❴✧P❘❯✧❯✵▼❜q✰❫❇❙♠❸✟❹⑤❦✆❹✜➨✤❺♦s✵❏❖❱

K
❏❖❱

K̃
❛✄❏❅❤❄◗✆❯✤❱✳▼❖❭⑤❙✍❫❇❛✄❏❅❤❡❤✬❨✧◗✆✐⑤❫❇❯✤❱✳❏❅❤❚➍

K(α, η) ≡ e−η−1/2

1 + 2α

∫ η+1/2

0
x3/2(5α + 2x)

[

e−x(η − x − 1/2) + e−η−1/2
]

dx ,
❸➃➛▲❦ ✪⑤❺

K̃(α, η) ≡ e−η−1/2

1 + 2α

∫ η+1/2

0
x3/2(5α + 2x) I(x) dx .

❸➃➛▲❦ ➾④❺
P✳◆

I(x) = e−η−1/2(3 + 2η − x) + e−x[(η + 1/2)2 − 2 − 3x/2 − ηx] .
❸➃➛▲❦ ➞④❺
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❽●⑦✵❯③❴✧❏❥q②P❘❨✧✐④P❘◗✆❙✻◗✆❯✤❱✳▼❖❭⑤❙✳❏❖❙✻❯✤❨✧❑◆▼❖❙✬◗✄❲✘❨✵❏❖❑◆❏❖❯✘❱◆❛✄❏❅❤✻▼❅❲✘❨✰❫❇❱✬◗✄P❘❯✵❤➄❸➃➛▲❦✆❹✹❺♠①t❸➃➛▲❦ ✭④❺♦s✑◗✆❛❄❞❅P❘❯✘✐✤◗✄❏❖❯✤❱♣❴✧❏✈❛✄❏❅❤♠❙✳▼♦⑨❫❇❙✬❙✍❫❇❯✧❭④❏❖❙❋s✯❫✹⑦✵❯r❴✜❩ ❫❋✐④P❘◗✆❙♠❛❁❩ ❏♦❢☞q✧❙✳❏❅❤✳❤✬◗✄P❘❯t❴✧❏❅❤♠❴✧▼❖❙✬◗✆✐✘▼❅❏❅❤♠❤✬q✰❫❇❱✬◗✁❫❇❛✄❏❅❤♠❴✧❏

nℓ
s
v
s
T
❏❖❯✉❝✒P❘❯✵❞❖❱✬◗✄P❘❯r❴✧❏❥❞❅❏❅❤✽❑◆Õ❖❑◆❏❅❤❭⑤❙✍❫❇❯✵❴✧❏❖❨✧❙✳❤❋❦✵❼❉❯➄❯✵P❘❱✍❫❇❯✤❱❡❲✘❨✵❏▲❛✁❫✻✐⑤❫❇❛✄❏❖❨✧❙❄❑◆P✹➀④❏❖❯✧❯✰❏❚❴☞❨❪q②P❘❱✳❏❖❯✘❱✬◗✄❏❖❛✑❤❋❩ ▼❅❞❖❙✬◗✆❱

〈U〉 = kBT

(

2 +
α2

1 + α
− α

)

,
❸➃➛▲❦✆❹❋Û④❺

P✳◆
α = µB0/(kBT )

s✧❏❖❱❡❫❇q✧❙✳❶❅❤❡❲✘❨✵❏❖❛✄❲✘❨✵❏❅❤●❞❋❫❇❛✄❞❖❨✧❛✄❤❡❤✍❫❇❯✵❤●❴☞◗❣➩❥❞❖❨✧❛✆❱✳▼⑤s✵❯✵P❘❨✵❤●P✳❖✧❱✳❏❖❯✵P❘❯✵❤✽➍
dznℓ = −Γnℓ

v
− 1

D
2nℓ kBT

mv

[

αΓ − Γε(1 + α + α2)
] ❸➃➛▲❦✆❹⑤❹✹❺

dzv =
1

D
2kBT

m

[

αΓ − Γε(1 + α + α2)
] ❸➃➛▲❦✆❹❁✬④❺

dzT =
1 + α

D
T

v

{

Γ

[

(9 + 7α)
kBT

m
− (7 + 5α)v2

]

− 2(1 + α)Γε

(

kBT

m
− v2

)} ❸➃➛▲❦✆❹❁✭④❺
P✳◆❪❛✄❏❚❴✧▼❖❯✵P❘❑♣◗✆❯✰❫❇❱✳❏❖❨✧❙ D ❫✻q❷P❘❨✧❙❡❏♦❢☞q✧❙✳❏❅❤✳❤✬◗✄P❘❯✇➍

D =
kBT

m
(7α2 + 14α + 9) − v2(5α2 + 10α + 7) .

❸➃➛▲❦✆❹✜➨✤❺
❂ ❏❅❤●▼❅❲✘❨✰❫❇❱✬◗✄P❘❯✵❤●❤✳❏▲❙✳▼❅❴☞❨✧◗✄❤✳❏❖❯✘❱❦❖✧◗✄❏❖❯❬s✧❴✵❫❇❯✵❤❄❛✄❏❅❤❄❛✆◗✆❑♣◗✆❱✳❏❅❤

α → ∞ ❸➧❙✳❏❅❤✬q❷❏❅❞❖❱✬◗✆✐✘❏❖❑◆❏❖❯✘❱
α → 0

❺♦s✵❫❇❨☞❢⑧▼❅❲✘❨✰❫❇❱✬◗✄P❘❯✵❤❴✜❩ ▼❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✄P❘❯⑩❴✵❫❇❯✵❤●❨✧❯❪❭⑤❨✧◗✄❴✧❏❜♥❷❫❇❙✬❑◆P❘❯✧◗✄❲✘❨✵❏❩❨ ✬✙❬❀❭❾❸➧❙✳❏❅❤✬q❷❏❅❞❖❱✬◗✆✐✘❏❖❑◆❏❖❯✘❱❡❛✆◗✆❯✵▼❋❫❇◗✆❙✳❏✒❨✆❹❋Û☞❹✎❭✡❺♦❦
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ξ = − d ln ρ

d lnΦ

❸ ❂ ❦✆❹✹❺
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ξ ≃ 2
❦

❄✢❛✿❏❖❤✬❱❳❫❇◗✄❤✳▼❚❴✧❏❜❞❋❫❇❛✄❞❖❨✧❛✄❏❖❙
ξ
q❷P❘❨✧❙❡❴✧❏❅❤●✐⑤❫❇❛✄❏❖❨✧❙✳❤❡❴✧P❘❯✧❯✵▼❅❏❅❤❡❴✧❏

η
❏❖❱

α
s✧❴✵❫❇❯✵❤●❯✵P⑤❤❡❴✧❏❖❨☞❢⑧❑◆P✤❴✧❶❖❛✄❏❅❤❡❴✜❩ ▼❖✐⑤❫❇q②P❇⑨❙✍❫❇❱✬◗✄P❘❯❬❦
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❂ P❘❯✵❤✬◗✄❴✧▼❖❙✳P❘❯✵❤❻❱✳P❘❨✧❱❻❴✜❩ ❫P❖②P❘❙✳❴♣❨✧❯❥❞❅P❘❯☞⑦✵❯✵❏❖❑◆❏❖❯✤❱❻♥✰❫❇❙✬❑◆P❘❯✧◗✄❲✘❨✵❏⑤❦✕❚❜❫❇❯✵❤❉❛✄❏●❞❋❫❘❤■❴✧❏❄❛❁❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯✈❞❅P❘❯✤❱✬◗✆❯✘❨✵❏⑤s❛✄❏❅❤●▼❅❲✘❨✰❫❇❱✬◗✄P❘❯✵❤●♥✤➀☞❴☞❙✳P✘❴☞➀✤❯✰❫❇❑♣◗✄❲✘❨✵❏❅❤❡❴✧❏❜❛❁❩ ❫❇❯✧❯✵❏♦❢✧❏q➛ q❷❏❖❙✬❑◆❏❖❱✬❱✍❏♦❯✤❱❳❴✜❩ P✳❖✧❱✳❏❖❯✧◗✆❙

ξ
➍

ξ(η) = −7

2
+

K̃(∞, η)

K(∞, η)
.

❸ ❂ ❦ ✬④❺
➳❳P❘❨✵❤❉❫❅✐✘P❘❯✵❤✑❨✧❱✬◗✆❛✆◗✄❤✳▼⑤s❘❫✹⑦✵❯♣❴✜❩ ❫❇❛✆❛✄▼❖❭④❏❖❙✯❛✄❏❅❤✯❏♦❢☞q✧❙✳❏❅❤✳❤✬◗✄P❘❯✵❤✯P✳❖✧❱✳❏❖❯✤❨✵❏❅❤❋s❇❛❁❩ ❫❇q✧q✧❙✳P❅❢☞◗✆❑❥❫❇❱✬◗✄P❘❯

u2 ≫ kBT/m
s✹❛✄▼❖❭⑤◗✆❱✬◗✆❑◆❏❛✄P❘❙✳❤✳❲✘❨✵❏❜❛✄❏❾❿✟❏❖❱●❏❅❤✬❱❄❱✬❙✳❶❅❤❄❝✡❙✳P❘◗✄❴✜❦



❚❜❫❇❯✵❤❄❛✄❏❚❞❋❫❘❤●❴✜❩ ❨✧❯❵❞❅P❘❯☞⑦✵❯✵❏❖❑◆❏❖❯✘❱❳❛✆◗❣❯✰▼❅❫❇◗✆❙✳❏⑤s✵❛❁❩ ❏♦➩❥❞❋❫❘❞❖◗✆❱✳▼
ξ
❤❋❩ ▼❅❞❖❙✬◗✆❱✽➍

ξ(η) ≃ −9

2
+

K̃(0, η)

K(0, η)
,

❸ ❂ ❦ ✭④❺
P✳◆❵❛❁❩ P❘❯⑩❫♣❨✧❱✬◗✆❛✆◗✄❤✳▼❚❨✧❯✵❏❚♥✘➀✤q②P❘❱✬♥✵❶❅❤✳❏❚❴✧❏❚❭⑤❙✍❫❇❯✵❴✧❏❚❑◆P❘❯✵P✤❞❖◗✆❯✵▼❖❱✬◗✄❞❖◗✆❱✳▼✻❴☞❨◆❿✟❏❖❱✻❸✡❤✬◗✆❯✵P❘❯❬s✧❨✧❯✰❏❜q②❏❖❱✬◗✆❱✳❏✽❞❅P❘❙✬❙✳❏❅❞❖❱✬◗✄P❘❯➅❴✧❏❲✘❨✵❏❖❛✄❲✘❨✵❏❅❤❄q②P❘❨✧❙✟⑨✢❞❅❏❖❯✘❱❳❏❅❤✬❱❄❯✵▼❅❞❅❏❅❤✳❤✍❫❇◗✆❙✳❏✹❺♦❦
➭❩★❻➠✻★✫➫ ❪➯✮ ➤ ▼❴❫ ✺ ➤✕❵ ✿✁✬☛✷✹➦✻✮ ➥ ✷✌✱✳✲✴✮✭✵❑➦✟✷ ➥ ➦✟✷✟✽ ➤ ✲✴✽✳✼ ➥ ✺✁✱✸✽

❚❜❫❇❯✵❤❄❛✄❏❚❞❋❫❘❤●❴✧❏▲❛❁❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯❵q✰❫❇❙●q✰❫❘❤●❴☞◗✄❤✳❞❖❙✳❏❖❱✳❤❋s☞❛❁❩ ❏♦➩❥❞❋❫❘❞❖◗✆❱✳▼
ξ
❏❅❤✬❱❡❤✬◗✆❑♣q✧❛✄❏❖❑◆❏♦❯✤❱❳❴✧P❘❯✧❯✵▼❅❏❜q✰❫❇❙

ξ(η) = − ln(ρ′/ρ)

lnϕ
,

❸ ❂ ❦ ➨✤❺
P✳◆

ϕ(η)
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➭❩★❻➠✻★✫✪ ❜✭✬☛✷✹➦✻✮ ➥ ✷✌✱✳✲✴✮✭✵➯✺➁✵û✿➁✵✟✺ ➥❞❝ ✲✴✺❯➦✟✷ ➥ ➦✟✷✟✽ ➤ ✲✴✽✳✼ ➥ ✺✁✱✸✽
❂ P❘❯✵❤✬◗✄❴✧▼❖❙✳P❘❯✵❤♠q❷P❘❨✧❙♠❞❅P❘❑♣❑◆❏❖❯✵❞❅❏❖❙✻❛✄❏◆❞❋❫❘❤✽❭④▼❖❯✵▼❖❙✍❫❇❛❾❴✜❩ ❨✧❯✉q❷P❘❱✳❏❖❯✤❱✬◗✄❏❖❛❾❤✳❏❖❑♣◗❣⑨❁❛✆◗✆❯✵▼❋❫❇◗✆❙✳❏⑤❦✑Ö✯P❘❨✧❙♠❞❅P❘❯✧❯✰❫❀❅✄❱✬❙✳❏❥❛✁❫❝✡❙✍❫❘❞❖❱✬◗✄P❘❯❚❯✵P❘❯♠▼❖✐⑤❫❇q❷P❘❙✳▼❅❏

ϕ(η)
◗✆❛④❤✬❨✧➩◆❱❬❴✧❏■❞❋❫❇❛✄❞❖❨✧❛✄❏❖❙✿❛✁❫❄❴☞◗✄❤✬❱✬❙✬◗❂❖✧❨✧❱✬◗✄P❘❯♠❏❖❯✽▼❖❯✵❏❖❙✬❭⑤◗✄❏■❱✬❙✍❫❇❯✵❤✬✐✘❏❖❙✳❤✳❏⑤s❋❞❅❏■❲✘❨✧◗⑤❙✳❏❖✐✤◗✄❏❖❯✤❱✑①❞❋❫❇❛✄❞❖❨✧❛✄❏❖❙✿❛✁❫❾❴✵❏♦❯✰❤✬◗❣❱✍▼■❴✜❩ ▼❖❱✍❫❇❱✳❤❬q❷P❘❨✧❙✿❨✧❯❜q✵◗✆❶❖❭④❏❻❤✳❏❖❑♣◗❣⑨❁❛✆◗✆❯✵▼❋❫❇◗✆❙✳❏✩❖✧◗✄❴☞◗✆❑◆❏❖❯✵❤✬◗✄P❘❯✧❯✵❏❖❛

U(r) = µ(
√

B2
0 + b2r2−B0)

❦⑥✿❫♣❴✧❏❖❯✵❤✬◗✆❱✳▼❚❴✜❩ ▼❖❱✍❫❇❱✳❤❄✐⑤❫❇❨✧❱✽➍
ρ(ε) =

m

2~2

(

B0

b

)2 ε

µB0

[

2 +
ε

µB0

]

.
❸ ❂ ❦ ❃④❺

➈❡❯✉✐④▼❖❙✬◗❣⑦✰❏❩❖✧◗✄❏❖❯❬s❬q✰❫❇❙♠❏♦❢✧❏❖❑♣q✧❛✄❏⑤s✿❲✘❨✵❏❥❴✵❫❇❯✵❤❚❛✁❫❪❛✆◗✆❑♣◗✆❱✳❏
B0 → ∞ s✿P❘❯✇❙✳❏❖❱✬❙✳P❘❨✧✐✘❏◆❛✁❫➄❴✧❏❖❯✵❤✬◗✆❱✳▼❥❴✜❩ ▼❖❱✍❫❇❱✳❤♠❴✜❩ ❨✧❯P⑤❤✳❞❖◗✆❛✆❛✁❫❇❱✳❏❖❨✧❙❾♥✰❫❇❙✬❑◆P❘❯✧◗✄❲✘❨✵❏❥❖✧◗✄❴☞◗✆❑◆❏❖❯✵❤✬◗✄P❘❯✧❯✵❏❖❛

ρ(ε) = ε/(~ω)2
s☞❫❅✐✘❏❅❞

ω2 = µb2/(mB0)
❦✘⑥❬❏▲❞❋❫❇❛✄❞❖❨✧❛②❴✧❏

ϕ
❏❅❤✬❱❫❇❛✄P❘❙✳❤❄❱✬❙✳❶❅❤❡❤✬◗✆❑♣q✧❛✄❏♣➍

ϕ(η, α) =

∫ ηkBT

0
ρ(ε) e−ε/kBT dε

∫ ∞

0
ρ(ε) e−ε/kBT dε

❸ ❂ ❦ ❬④❺

= 1 − 2 + 2α(1 + η) + η(2 + η)

2(1 + α)
e−η .

❸ ❂ ❦ ✪⑤❺
Ö✑P❘❨✧❙❧❛✄❏❡❞❋❫❇❛✄❞❖❨✧❛②❴✧❏●❛✁❫❚✐⑤❫❇❙✬◗✁❫❇❱✬◗✄P❘❯❥❙✳❏❖❛✁❫❇❱✬◗✆✐✘❏

T ′/T
❴✧❏●❱✳❏❖❑♣q❷▼❖❙✍❫❇❱✬❨✧❙✳❏⑤s✤❯✵P❘❨✵❤❧❴✧❏❖✐✘P❘❯✵❤❧❞❅P❘❑♣❑◆❏❖❯✵❞❅❏❖❙❾q✰❫❇❙❧❞❋❫❇❛✄❞❖❨✧❛✄❏❖❙❛❁❩ ▼❖❯✵❏❖❙✬❭⑤◗✄❏❚❱✬❙✍❫❇❯✵❤✬✐④❏❖❙✳❤✳❏ 〈ε〉⊥ ❿✎❨✵❤✬❱✳❏❚❫❇q✧❙✳❶❅❤●▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯✉➍

〈ε〉⊥ =

∫ ηkBT

0
ε ρ(ε) e−ε/kBT dε

∫ ∞

0
ρ(ε) e−ε/kBT dε

❸ ❂ ❦ ➾④❺

=
kBT

1 + α

{

3 + 2α − e−η

[

3 + 3η +
3

2
η2 +

1

2
η3 + α(2 + 2η + η2)

]} ❸ ❂ ❦ ➞④❺
≡ kBTg(η, α) .

❸ ❂ ❦✆❹❋Û④❺



Ö✯P❘❨✧❙❡P✳❖✧❱✳❏❖❯✧◗✆❙❡❏❖❯☞⑦✵❯
T ′/T ≡ τ

s☞❯✵P❘❨✵❤●❏♦➼✜❏❅❞❖❱✬❨✵P❘❯✵❤●❨✧❯✢❖✧◗✆❛✁❫❇❯❵❴✜❩ ▼❖❯✵❏❖❙✬❭⑤◗✄❏◆➍
Φ 〈ε〉⊥ + Φ′kBT

2
= Φ′ 〈U〉T ′,α′ + Φ′ 3kBT

2
,

❸ ❂ ❦✆❹⑤❹✹❺
P✳◆➄❛✁❫♣✐⑤❫❇❛✄❏❖❨✧❙●❑◆P✹➀④❏❖❯✧❯✵❏ 〈U〉T ′,α′ = kBT ′(2 − α′ + α′2/(1 + α′))

❴☞❨➄q②P❘❱✳❏❖❯✘❱✬◗✄❏❖❛✯❤✳❏❖❑♣◗❣⑨❁❛✆◗✆❯✵▼❋❫❇◗✆❙✳❏✽❏❅❤✬❱●q✧❙✬◗✄❤✳❏q②P❘❨✧❙✽❨✧❯✵❏❥❴☞◗✄❤✬❱✬❙✬◗❂❖✧❨✧❱✬◗✄P❘❯r①❪❛✁❫⑧❱✳❏❖❑♣q②▼❖❙✍❫❇❱✬❨✧❙✳❏
T ′ s✿❴✧P❘❯✵❞✈❫❅✐✘❏❅❞♣❨✧❯✉q✰❫❇❙✍❫❇❑◆❶❖❱✬❙✳❏

α′ = α/τ
❦ ❂ ❏❅❞❖◗❧❞❅P❘❯✵❴☞❨✧◗✆❱✻①❛❁❩ ▼❅❲✘❨✰❫❇❱✬◗✄P❘❯⑩❴☞❨➄❤✳❏❅❞❅P❘❯✵❴➄❴✧❏❖❭⑤❙✳▼❚❏❖❯

τ
➍

7

2
τ2 +

(

5

2
α − g

ϕ
− 1

2

)

τ − α

(

g

ϕ
+

1

2

)

= 0 ,
❸ ❂ ❦✆❹❁✬④❺

❴✧P❘❯✤❱❄❛✁❫♠❙✳▼❅❤✳P❘❛✆❨✧❱✬◗✄P❘❯❵❴✧P❘❯✧❯✵❏❚❫❘❞❅❞❅❶❅❤❡①
T ′/T

❦✁❄✢❛✜❏❅❤✬❱❄❏❖❯✵❤✬❨✧◗✆❱✳❏❜◗✆❑♣❑◆▼❅❴☞◗✁❫❇❱❡❴✧❏❜❞❋❫❇❛✄❞❖❨✧❛✄❏❖❙●❛✄❏❅❤❾✐⑤❫❇❙✬◗✁❫❇❱✬◗✄P❘❯✵❤●❴✧❏▲❱✍❫❇❨☞❢❴✧❏❚❞❅P❘❛✆❛✆◗✄❤✬◗✆P❘❯✰❤●❏❖❱❡❴✧❏❜❴✧❏❖❯✵❤✬◗✆❱✳▼❚❴✵❫❇❯✵❤❄❛❁❩ ❏❅❤✬q✰❫❘❞❅❏❚❴✧❏❅❤❄q✧♥✰❫❘❤✳❏❅❤❄q②P❘❨✧❙❡❞❅❏▲❑◆P✤❴✧❶❖❛✄❏❚❴✜❩ ▼❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✄P❘❯⑩❏❖❯❵▼❖❯✵❏❖❙✬❭⑤◗✄❏❜q✰❫❇❙q✰❫❘❤●❴☞◗✄❤✳❞❖❙✳❏❖❱✳❤❋❦
❨❯❪✽✼ ❨ ②❡✿ ①❴❝❦❫P❝❤ì■❵✌②③✐❍✳❥✐✗r➁❫✧✳ ❛✷✳❧❵ ❞✴✳❥♣✕✲❢✿ ②③❞✴❣❦❛❤✳❧❵

❽●⑦✵❯♣❴✧❏❾❞❅P❘❑♣q✰❫❇❙✳❏❖❙❉❛✄❏❅❤✯q✧❙✳▼❅❴☞◗✄❞❖❱✬◗✄P❘❯✵❤■❴✧❏❅❤❉❴✧❏❖❨☞❢✽❑◆P✤❴✧❶❖❛✄❏❅❤❋s❘❯✵P❘❨✵❤✯❞❅P❘❑♣❑◆❏❖❯✛➳❅P❘❯✵❤■q✰❫❇❙❉▼❖❱✬❨✵❴☞◗✄❏❖❙❉❛✄❏❅❤●Ó●❱✬❙✍❫❇❿✟❏❅❞♦⑨❱✳P❘◗✆❙✳❏❅❤■Ô❚❴✜❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯◆❴✵❫❇❯✵❤✑❛✄❏❻q✧❛✁❫❇❯
(T, Φ)

❦✳❚❜❫❇❯✵❤✿❨✧❯♣❴✧❏❖❨☞❢☞◗✄❶❖❑◆❏❻❱✳❏❖❑♣q✵❤❋s❇❯✵P❘❨✵❤✯❞❅P❘❑♣q✰❫❇❙✳P❘❯✵❤❉❴☞◗✆❙✳❏❅❞❖❱✳❏❖❑◆❏❖❯✤❱❛❁❩ ❏♦➩❥❞❋❫❘❞❖◗✆❱✳▼✻❴✜❩ ▼❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✄P❘❯
ξ
❴✧❏❅❤❳❴✧❏❖❨☞❢❵❑◆P✘❴✧❶❖❛✄❏❅❤❋s❷❴✵❫❇❯✵❤❡❛✄❏❅❤❡❛✆◗✆❑♣◗✆❱✳❏❅❤▲❴✜❩ ❨✧❯➅❞❅P❘❯☞⑦✵❯✵❏❖❑◆❏❖❯✘❱▲❛✆◗✆❯✵▼❋❫❇◗✆❙✳❏✻P❘❨❵♥✰❫❇❙✟⑨❑◆P❘❯✧◗✄❲✘❨✵❏⑤❦

➭❩★✫➫✩★❻➠ ✐ ➥ ✷❏❥✜✺☛✼✕✱✸✮✠✲ ➥ ✺✛✽ ➤✕❵ ✿✁✬☛✷✹➦✻✮ ➥ ✷✌✱✳✲✴✮✭✵
⑥✿❫❥⑦✵❭⑤❨✧❙✳❏ ❂ ❦✆❹♠❑◆P❘❯✤❱✬❙✳❏✻❛✄❏❅❤❜❱✬❙✍❫❇❿✟❏❅❞❖❱✳P❘◗✆❙✳❏❅❤❚❴✜❩ ▼❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✄P❘❯t❴✵❫❇❯✵❤▲❛✄❏✻q✧❛✁❫❇❯

(T, Φ)
❤✬❨✧◗✆✐✤◗✄❏❖❤▲q✰❫❇❙❜❛✄❏▲❿✟❏❖❱❜❴✧❏➲✵❨☞❢✇◗✆❯✧◗✆❱✬◗✁❫❇❛

7 × 109 ❫❇❱✳P❘❑◆❏❅❤❧❦❇❤❋s✿❴✧❏♣❱✳❏❖❑♣q②▼❖❙✍❫❇❱✬❨✧❙✳❏❥◗✆❯✧◗✆❱✬◗✁❫❇❛✄❏✦❃♠✪❘Û
µK

s✿❏❖❱✽❴✧❏◆✐✤◗✆❱✳❏❅❤✳❤✳❏♣❑◆P✹➀④❏❖❯✧❯✵❏➌❬⑤Û➄❞❖❑✺❦❇❤❋s❴✵❫❇❯✵❤❄❛✄❏▲❞❋❫❘❤❄❴✜❩ ❨✧❯❪❭⑤❨✧◗✄❴✧❏❚❴✧❏❳❭⑤❙✍❫❘❴☞◗✄❏❖❯✤❱
b = 800 ♥ ❦❇❞❖❑ ❏❖❱❄❴✧❏❜❞✳♥✰❫❇❑♣q➄❛✆P❘❯✵❭⑤◗❣❱✳❨✵❴☞◗✆❯✰❫❇❛

B0 = 1 ♥ ❦✧⑥❬❏▲❞❖❙✬◗✆❱✳❶❖❙✳❏❴✜❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯➅❏❅❤✬❱❡q✧❨✧❙✳❏❖❑◆❏❖❯✘❱❜▼❖❯✵❏❖❙✬❭④▼❖❱✬◗✄❲✘❨✵❏⑤s❷❏❖❱❡❛❁❩ ▼❖✐⑤❫❇q❷P❘❙♦❫❇❱✬◗✄P❘❯➅❤✳❏❜❝❁❫❇◗✆❱❳①
η
❞❅P❘❯✵❤✬❱✍❫❇❯✤❱❋❦❷⑥❬❏❅❤❡❛✆◗✆❭⑤❯✵❏❅❤❡q✧❛✄❏❖◗✆❯✵❏❅❤❞❅P❘❙✬❙✳❏❅❤✬q②P❘❯✵❴✧❏❖❯✘❱➄❫❇❨ ❑◆P✘❴✧❶❖❛✄❏➅❞❅P❘❯✘❱✬◗✆❯✤❨➇❴✜❩ ▼❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✄P❘❯ ❴✧▼❅❞♦❙✳◗❣❱⑧q✰❫❇❙❥❛✄❏➄❝✒P❘❙✬❑❥❫❇❛✆◗✄❤✬❑◆❏❵♥✘➀☞❴☞❙✳P✤❴☞➀✤❯✰❫❇❑♣◗✄❲✘❨✵❏⑩❴✧❏❛❁❩ ❫❇❯✧❯✵❏♦❢✧❏❥➛▲❦✘⑥❬❏❅❤❻q②P❘◗✆❯✘❱✳❤❧❞❅P❘❙✬❙✳❏❅❤✬q②P❘❯✵❴✧❏❖❯✤❱❄❫❇❨✈❑◆P✘❴✧❶❖❛✄❏❳❴✜❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯⑧❴☞◗✄❤✳❞❖❙✳❏❖❱❋s✤❏❖❱❧❤✳P❘❯✤❱❧P✳❖✧❱✳❏❖❯✘❨✵❤❧❭⑤❙♣♦❘❞❅❏▲❫❇❨☞❢✐⑤❫❇❛✄❏❖❨✧❙✳❤❡❴✧❏

ϕ(η, α)
❏❖❱

τ(η, α)
❴✧▼❖❙✬◗✆✐④▼❅❏❅❤❳❫❇❨❪q✰❫❇❙✍❫❇❭⑤❙♦❫❇q✧♥✵❏❚q✧❙✳▼❅❞❅▼❅❴✧❏❖❯✘❱❋❦

❄✢❛②❫❇q✧q✰❫❇❙✍❫❀❅✄❱❾❞❖❛✁❫❇◗✆❙✳❏❖❑◆❏♦❯✤❱❾❲✘❨✰❏❄❛❁❩ ❫❇❛✆❛✆❨✧❙✳❏❳❴✧❏❅❤❻❱✬❙✍❫❇❿✟❏❅❞❖❱✳P❘◗✆❙✳❏❅❤❧❴✜❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯⑧❏❅❤✬❱❧❲✘❨✰❫❇❛✆◗✆❱✍❫❇❱✬◗✆✐④❏❖❑◆❏❖❯✤❱❧❛✁❫❜❑◆Õ❖❑◆❏❴✵❫❇❯✵❤▲❛✄❏❅❤❜❴✧❏❖❨☞❢➉❞❋❫❘❤❋s❷❑❥❫❇◗✄❤❜❲✘❨✵❏♠❛❁❩ ▼❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✄P❘❯➉q✰❫❇❙❜q✰❫❘❤❜❴☞◗✄❤✳❞❖❙✳❏❖❱✳❤❜❏❅❤✬❱▲q✧❛✆❨✵❤❚❏♦➩❥❞❋❫❘❞❅❏⑤❦ ❂ ❏❖q②❏❖❯✵❴✵❫❇❯✘❱❋s✜q❷P❘❨✵❙
η❫❘❤✳❤✳❏rq❜❭⑤❙✍❫❇❯✵❴✜s✧❛✁❫♣❴☞◗❣➼✜▼❖❙✳❏❖❯✵❞❅❏❚❏❖❯✤❱✬❙✳❏❜❛✄❏❅❤●❴✧❏❖❨☞❢⑧❑◆P✤❴✧❶❖❛✄❏❅❤❡❏❅❤✬❱❄❯✵▼❖❭⑤❛✆◗✆❭④❏❋❫P❖✧❛✄❏✈❸➧✐✘P❘◗✆❙❄❛✄❏❅❤❄❱✬❙✍❫❇❿✟❏❅❞❖❱✳P❘◗✆❙✳❏❅❤
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Realization of a Magnetically Guided Atomic Beam in the Collisional Regime
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We describe the realization of a magnetically guided beam of cold rubidium atoms, with a flux of
7� 109 atoms=s, a temperature of 400 �K, and a mean velocity of 1 m=s. The rate of elastic collisions
within the beam is sufficient to ensure thermalization. We show that the evaporation induced by a radio-
frequency wave leads to appreciable cooling and an increase in the phase space density. We discuss the
perspectives to reach the quantum degenerate regime using evaporative cooling.

DOI: 10.1103/PhysRevLett.93.093003 PACS numbers: 32.80.Pj, 03.75.Pp

The recent realization of slow atom sources using laser
cooling methods has constituted a major advance for
many applications in metrology and matter wave inter-
ferometry [1]. The possibility to complement laser cool-
ing by forced evaporation has led to even colder and
denser atomic gases, and has culminated with the obser-
vation of Bose-Einstein condensation [2] and pulsed
‘‘atom lasers’’ extracted from the condensate [3]. These
advances allow us in principle to build a continuous and
coherent source of matter waves which would be the
equivalent of a monochromatic laser. It should lead to
unprecedented performances in terms of focalization or
collimation, and provide a unique tool for developments
in atom manipulation and precision measurements.

Two paths have been considered to reach the goal
of a continuous and coherent source of atoms (‘‘cw atom
laser’’). The first possibility [4] consists in using the
‘‘standard’’ condensation procedure to periodically re-
plenish with new condensates a gas sample held in an
optical dipole trap. The second possibility, investigated
here, consists in transposing the evaporative cooling
method to a guided atomic beam [5]. As the beam pro-
gresses in a magnetic guide [6,7], most energetic atoms
are removed and remaining particles thermalize at a
lower temperature and a larger density, so that the beam
can eventually reach the degenerate regime. This method
should allow for a large flux, since it consists in a paral-
lel implementation of the various steps to condensation.
This gain in flux can constitute a major advantage for
applications.

To implement this method, the initial atomic beam
needs to be deeply in the collisional regime. The number
Ncol of elastic collisions undergone by each atom as it
travels along the guide must be large compared to unity,
to provide the thermalization required for evaporative
cooling. Such beams were so far not available. In this
Letter we report on the realization of a rubidium atomic
beam in the collisional regime, with Ncol � 8. It propa-
gates in a 4.5 m long magnetic guide with a mean velocity
of 1 m=s. We also demonstrate a first step of evaporative
cooling, and show that the measured increase in phase
space density is in good agreement with expectations.

Finally, we discuss possible improvements of the current
setup which should allow us to reach the degenerate
regime.

Figure 1 shows the layout of our experimental setup,
composed of three main parts lying in the xy horizontal
plane: the Zeeman slower along the y axis, the magneto-
optical trap (MOT), and the magnetic guide along the x
axis. The Zeeman slower [8] consists of a 1.1 m long
tapered solenoid in which atoms emerging from an oven
are decelerated by resonant radiation pressure. It delivers
a flux of 2� 1011 s�1 87Rb atoms, with a velocity of
20 m=s. The slow atoms are captured in a MOT formed
by three pairs of counterpropagating beams. One pair of
beams is aligned with the vertical (z) axis, and the other
two pairs are along the directions ex � ey. Each trapping

beam has a circular profile, with a 1=e2 radius of 17 mm
and a power of 15 mW.

The entrance of the magnetic guide is located 4.6 cm
away from the MOT center. The guide, which is placed
inside the vacuum system, consists of four parallel,

FIG. 1. Top view of the setup. The atoms emerging from the
oven are slowed down by radiation pressure, captured in the
magneto-optical trap, and launched into the magnetic guide.
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water-cooled copper tubes, in which we run a current I up

to 400 A. Unless otherwise stated, parameters and results

given below correspond to I � 240 A. The entrance of the

guide consists of a ring shaped metal part, used for the

recombination of the electric and cooling water circuits

[7]. At this location the distance between the centers of

adjacent tubes is 14 mm, resulting in a gradient of b00 �
200 G=cm. The first 40 cm of the guide form a tapered

section, obtained by reducing progressively the distance

between the tubes to 8 mm. This results in an increase of

the trapping gradient to b01 � 600 G=cm. The guide pro-

vides a confinement of the atoms of magnetic moment �

with a linear potential �b0�y2 � z2	1=2 [9].

To optimize the transfer from the MOT into the mag-

netic guide, we operate in pulsed mode [10], with a

duration of tseq � 283 ms per sequence. In the first

140 ms we capture 3� 109 atoms in the MOT. All beams

are set at frequency !L, corresponding to a detuning � �
!L �!A � �3�, where � is the natural width of the

5P3=2 excited state and !A the atomic resonance fre-

quency. The MOT magnetic gradients are b0x �
0:6 G=cm, b0y � 5:4 G=cm, and b0z � �6 G=cm. The

MOT is thus cigar shaped, with a 1=
���

e
p

radius of

1.4 mm and a length of 35 mm, the long axis being along

the magnetic guide direction.

The MOT magnetic field is then turned off and a 3 ms

launching phase occurs. The detunings of the horizontal

beams are shifted by �kLv=
���

2
p

with respect to the de-

tuning � of the vertical beams, where kL � !L=c. This

forms a moving molasses that sets the atoms in motion at

velocity v � 1:1 m=s towards the magnetic guide [11].

The detuning � is ramped to �10�, which reduces the

temperature of the gas to T0 � 40 �K in the frame mov-

ing at velocity v.

The final phase of the sequence consists of (i) optical

pumping of the moving atoms into the weak-field-seeking

ground state jF � 1; mF � �1i, and (ii) magnetic pre-

guiding of the atom cloud. The preguiding is provided by

a two-dimensional (yz) quadrupole magnetic field with a

gradient b02 � 65 G=cm generated by four elongated coils

(not shown in Fig. 1), located around the MOT chamber. It

prevents the atom cloud from expanding during its flight

towards the entrance of the magnetic guide. During the

preguiding phase we also apply at the MOT location a

56 G bias field along x to match the oscillation frequency

in the preguide with the cloud parameters. The overall

efficiency of the pumping � preguiding process is 60% so

that each packet loaded into the guide contains Nload �
2� 109 atoms. We measure the atom number and mean

velocity by monitoring the absorption of a probe beam at

the end of the guide. Losses due to collisions with residual

gas are negligible.

We estimate numerically the influence of the rapid

variation of the magnetic gradient from b02 to b00 at the

entrance in the main guide by analyzing single particle

trajectories. The cloud is compressed to a final transverse

radius r0 � 400 �m and an energy per atom of kB �
500 �K in the moving frame. In the subsequent propaga-

tion into the tapered section of the guide, the gradient

increases to b01 and the bias field decreases to 0 [9]. It leads

to a further, quasiadiabatic, compression of the cloud, and

the energy per atom in the moving frame raises to E �
kB � 1400 �K. Assuming thermalization via elastic col-

lisions, we find using the virial theorem that this energy is

shared as 3kBT1=2 for the kinetic energy and 2kBT1 for

the potential energy of the transverse linear confinement,

with T1 � 400 �K. This estimate for T1 agrees well with

measurement as we see below.

The next capture � launch sequence starts 140 ms after

the beginning of the preguiding phase, so that the atom

packet has moved �14 cm away from the MOT center and

is now well inside the main guide. Owing to this protocol,

the light scattered from the MOT during the preparation

of a packet does not produce detectable losses on the

previous packet. Figure 2 shows the signal detected for

different numbers of launches. The area of the signal

scales linearly with this number.

To generate a continuous beam we repeat the sequence

with a cycling rate of t�1
seq � 3:5 Hz. For T � 400 �K the

packets overlap after a propagation of 60 cm. The flux is

� � Nloadt
�1
seq � 7��2	 � 109 atoms=s. The deviation �H

of the guide from a horizontal plane is <1 cm over the

4.5 m length. It induces small changes of the mean

velocity and temperature of the beam [12]: �v=v �
g�H=v2 (<8%) and �T=T � �2=7	�v=v (<3%), respec-

tively, where g is the acceleration due to gravity.

We now turn to the characterization of the beam and

the demonstration that the collisional regime has been

reached. For this study we use radio-frequency (rf) an-

tennas located along the guide, which generate an oscil-

lating magnetic field at frequency �. An antenna flips the

magnetic moment of the atoms passing at a distance re �
h�=��b0	 from the x axis [13]. For an atom of mass m,

with transverse energy E and angular momentum L along

the x axis, the evaporation criterion r � re is fulfilled at

some points of the atom trajectory if

E  L2

2mr2e
��b0re: (1)

FIG. 2. (a) Absorption signal at the end of the guide for 1, 2,

4, and 24 launches. The time origin corresponds to the launch-

ing of the first packet. (b) Number of atoms (area of the

absorption signal) as a function of the number of launches.
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An antenna, whose range is �20 cm, constitutes a local

probe of the �E;L	 distribution at the scale of the guide.

The temperature in the guide is deduced from the

variation of the fraction f of remaining atoms after the

antenna. Qualitatively one expects that f is minimum

when h�� kBT, and that f� 1 when h� � kBT or h� �
kBT. Indeed, for small �, few atoms have a sufficiently

low angular momentum to be evaporated. For large � the

evaporative loss is negligible because of the exponential

decay of the energy distribution. For a given power law

dependence of the confining potential, the fraction f is a

‘‘universal function’’ of the dimensionless parameter" �
h�=�kBT	. For a quadratic confinement one finds [14]

f�"	 � 1� ��������

#"
p

e�". For our linear confinement we

could not obtain a simple analytical formula, and we

used a Monte Carlo determination of f�"	. The result is

fitted to better than 2% by the expression

f�"	 � 1� A"Be�C" (2)

with A � 1:65, B � 1:13, and C � 0:92.

A typical measurement of f is given in Fig. 3(a),

together with a fit using (2). The transverse temperature

corresponding to the best fit is 384��13	 �K, in good

agreement with the expected temperature given above.

For the fit we allow the coefficient A in (2) to vary, to

account for a possible uncomplete efficiency of the evapo-

ration process. For the data of Fig. 3(a), the efficiency is

better than 90%. We have checked for all our data that

allowing A to vary changes the fitted temperatures by less

than 5% from the results obtained with A � 1:65.

The thermal equilibrium assumption used above is

valid only if a sufficient number of elastic collisions

(at least a few per atom) has occurred in the guide.

To investigate whether the collisional regime has been

reached, we turn to a two-antenna experiment [Fig. 3(b)].

These antennas are located, respectively, d1 � 1 m and

d2 � 4 m after the entrance of the guide. The frequency

�1 of the first antenna is fixed at �1 � 24 MHz, which

corresponds to "1 � h�1=�kBT1	 � 3, where T1 is the

temperature deduced from the analysis of Fig. 3(a). This

antenna evaporates the atoms fulfilling (1), thus produc-

ing an out-of-equilibrium distribution. We measure the

function f�"2	 with the second antenna, and check

whether a thermal distribution is recovered during the

propagation from d1 to d2. The result for f�"2	 in Fig. 3(b)

shows that this is the case, with T2 � 281��8	 �K. The

fact that T2 < T1 is a clear demonstration of evaporative

cooling of the beam by the first antenna.

We have investigated the thermalization process as a

function of "1 (Fig. 4). For "1 & 1:25 the evaporated

atoms have less energy than average, leading to heating

(T2 > T1). Cooling is observed in the opposite case "1 *

1:25. The continuous line in Fig. 4 is the theoretical

prediction assuming full thermalization between d1 and

d2. It is in excellent agreement with the experimental

results. The phase space density on axis is n0(
3

dB
, where

(dB / T�1=2 is the de Broglie wavelength and n0 / �=T2

is the central density for a linear transverse confinement.

For "1 � 3 [Fig. 3(b)] we measure a decrease of flux and

temperature by 36% and 27%, respectively. This corre-

sponds to an increase in phase space by a factor

1:92��0:15	, to be compared with the expected gain of

1.90. This transverse evaporation mechanism is thus well

suited to bring the beam in the degenerate regime.

For the sake of completeness we performed a similar

study with the beam in the collisionless regime. This

regime can be reached by reducing the flux and/or weak-

ening the confinement. To keep a reasonable signal to

noise ratio we divided the flux only by a factor of 3.

Therefore, to reach the collisionless regime we also oper-

ated the magnetic guide at a lower current (160 A). The

measured temperature is in this case T1 � 230��6	 �K.

To minimize the thermalization process between the

ν

FIG. 3. Experiment with two antennas separated by a dis-

tance d: remaining fraction after the second antenna, with the

first antenna set at a fixed value �1. (a) Antenna one off, flux �,

b0
1
� 600 G=cm, and d � 3 m. Using (2) as a fit function (solid

line), we find T1 � 384��13	 �K. (b) �1 � 24 MHz with the

same conditions as for (a). The fit gives T2 � 281��8	 �K,

indicating a significant cooling. (c) �1 � 8 MHz and reduced

number of collisions between antennas: flux �=3, b0
1
�

400 G=cm, and d � 0:85 m. The dotted line is the prediction

for the collisionless regime. The solid line is the result expected

if thermalization had occurred.

T
2

T
/

1

η1

FIG. 4. Ratio T2=T1 between the temperature T2 of the beam

when the first antenna is set at �1 and the temperature T1 of the

beam in absence of evaporation, as a function of "1 �
h�1=�kBT1	. The solid line is the theoretical prediction for a

linear potential (no adjustable parameter). The open square

corresponds to the data of Fig. 3(b). The squares (circles) have

been obtained with I � 240 A (400 A).
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antennas, we also reduced the distance d2 � d1 to 0.85 m.

The result for f�"2	 is shown in Fig. 3(c) for �1 � 8 MHz.
The dashed line gives the result expected in the collision-

less regime. In this case the second antenna does not

induce extra loss when �2 � �1 since no modification of

the �E;L	 distribution occurs between the two antennas.

The measured f�"2	 is in good agreement with this

prediction. For comparison we also indicate in Fig. 3(c)

the expected signal in case of a complete thermalization.

It does not agree with our data, contrary to the large flux

case [Fig. 3(b)].

To summarize, our guided beam is deeply in the

collisional regime when operated at the maximum flux.

The collision rate in the linear guide is )c �
n0*�v=

����

#
p � 2 s�1, where n0 � 2:8� 1010 cm�3, * �

6:8� 10�12 cm2 is the s-wave elastic cross section and

�v �
���������������

kBT=m
p

� 19 cm=s. This corresponds to Ncol � 8

collisions per atom along the whole guide. For the ex-

periment of Fig. 3(b), taking into account the reduction of

flux by the first antenna, we estimate that each atom

undergoes three collisions between the two antennas.

This is known to be the minimum value to ensure ther-

malization (see, e.g., [15]).

Finally, we discuss the possibility to use this device for

producing a coherent continuous atomic wave. The cur-

rent phase space density at the center of the beam is 2�
10�8. To reach degeneracy, we plan to use several anten-

nas with decreasing frequencies. Operating all antennas

at the same ", the cooling distance is minimized for "�
4. We need 40 antennas, each providing a phase space

increase of 1.63. The expected output flux is 2� 10�4�
for a cooling distance of �100v=)c. To match this dis-

tance with the guide length, we have to increase the ini-

tial collision rate )c by 1 order of magnitude. A fraction

of this gain can be obtained by slowing down the beam

by gravity, using a tilted guide [12]. In addition, we

plan to transpose to our elongated MOT the ‘‘dark

spot’’ technique, which leads to a significant gain in

terms of spatial density of the laser cooled atomic source

[16]. A continuous coherent atomic beam will be a use-

ful tool for the interferometric and metrology appli-

cations mentioned above, as well as for studies of

fundamental issues, such as superfluidity in quasi-one-

dimensional systems. Another challenge is the mini-

aturization of the setup, as recently performed for the

production of standard Bose-Einstein condensates with

‘‘atom chips’’ [17].
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Abstract. We present a theoretical analysis of the evaporative cooling of a magnetically guided atomic
beam by means of discrete radio-frequency antennas. First we derive the changes in flux and temperature,
as well as in collision rate and phase-space density, for a single evaporation step. Next we show how the
occurrence of collisions during the propagation between two successive antennas can be probed. Finally,
we discuss the optimization of the evaporation ramp with several antennas to reach quantum degeneracy.
We estimate the number of antennas required to increase the phase-space density by several orders of
magnitude. We find that at least 30 antennas are needed to gain a factor 108 in phase-space density.

PACS. 32.80.Pj Optical cooling of atoms; trapping – 39.25.+k Atom manipulation (scanning probe
microscopy, laser cooling, etc.) – 05.30.Jp Boson systems

1 Introduction

Evaporative cooling [1] is so far the only technique al-
lowing the achievement of quantum degeneracy in dilute
gases. Several models of evaporative cooling of a trapped
cloud of atoms have been studied. They are based either
on approximating the cooling process as a series of trun-
cations of the distribution function followed by rethermal-
ization [2], or on an approximate analytical solution of the
Boltzmann equation [3].

With the achievement of Bose-Einstein condensa-
tion (BEC), the possibility of realizing sources of coherent
matter waves has arisen. Those “atom lasers” [4] open the
way to fascinating applications in atom optics and inter-
ferometry. To date, all atom lasers have been achieved
in a pulsed mode: coherent streams of atoms were ex-
tracted from a Bose-Einstein condensate until it was com-
pletely depleted. As a first step towards the realization
of a cw atom laser, a continuous source of Bose-Einstein
condensed atoms was created by periodically replenish-
ing a condensate held in an optical dipole trap with new
condensates [5]. This approach, in combination with an
appropriate outcoupler, would lead to a cw atom laser.

Alternatively, the authors of [6] study the evaporation
of an atomic beam propagating in a magnetic guide. They
use an approximate solution of the Boltzmann equation
based on a truncated Gaussian ansatz [3]. This approach
permits the establishment of a set of hydrodynamic-like
equations which is solved numerically. This treatment

a e-mail: david.guery-oldelin@lkb.ens.fr
b Unité de Recherche de l’École Normale Supérieure et de

l’Université Pierre et Marie Curie, associée au CNRS.

however can be made rigorous only for a one-dimensional
evaporation. It would describe correctly evaporation on a
dielectric surface on which atoms can be adsorbed [7].

From an experimental point of view, the propagation of
a single packet of atoms has been realized in both macro-
scopic and microscopic atom guides [8–15]. More recently,
a continuous magnetically guided beam was achieved, by
directly injecting a beam of cold atoms generated by a
moving molasses magneto-optical trap [16] as well as by
feeding a magnetic guide periodically at a high repeti-
tion rate [17]. A first step of evaporation on this contin-
uous guided beam has even been carried out by means
of a single radio-frequency antenna. A natural way to at-
tain degeneracy consists in using several radio-frequency
(RF) antennas with decreasing frequencies. It would be
the analog in space of the time-dependent RF ramp used
in standard BEC experiments. The major difference lies
in the fact that the evaporative cooling is ensured by suc-
cessive cycles of evaporation followed by rethermalization.

In this work, we present the corresponding discrete
model of evaporation by successive antennas. The two-
dimensional character of the confinement allows us to de-
rive analytical expressions that can be directly compared
to experiments. After describing the magnetic guide in
which atoms propagate, we derive how a single evap-
oration step affects the parameters of the beam (flux,
temperature) and we deduce how the elastic collision
rate within the beam, as well as the on-axis phase-space
density, evolve. We then show how one can characterize
the occurrence of rethermalization between two succes-
sive antennas as was demonstrated experimentally in [17].
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We finally address the issue of the optimization of the
evaporation ramp with many antennas.

2 Magnetic guide

Quadrupole guides can be produced by means of four wires
or tubes equally spaced on a cylinder of radius a and car-
rying currents +I and −I alternatively. The cylindrical
symmetry axis is chosen to be the z-axis in the following.
The resulting magnetic field is well approximated by a lin-
ear form: B(r) = br where r = (x2 +y2)1/2 is the distance
from the z-axis and b = 2µ0I/(πa2) is the transverse gra-
dient. In this quadrupolar configuration, atoms with low
angular momentum are not stable against spin flips. To
counteract this loss mechanism, one superimposes a bias
field B0 along the axis of the guide [18]. As a consequence,
the potential experienced by the low-field seeking atoms is:

Ug(x, y, z) = µ
[

B2

0 + b2r2
]1/2

, (1)

where µ is the magnetic moment of an individual atom.
In the following, we consider a beam of atoms of

mass m, transversally confined by the potential (1), with
a mean velocity v̄, a temperature T , and a flux Φ.

At equilibrium the thermal average of Ug is:

〈Ug〉T =

∫

∞

0
Uge

−βUgr dr
∫

∞

0
e−βUgr dr

= kBT

(

2 +
α2

1 + α

)

, (2)

where β = 1/kBT and α = µB0/kBT . For rubidium-87
polarized in the low-field seeking state of the lowest hy-
perfine level |F = −mF = 1〉, µ = µB/2 where µB is the
Bohr magneton, and α = 1 with B0 = 1 Gauss for a tem-
perature of T = 34 µK.

In the context of evaporative cooling, two quantities
are of interest: the on-axis phase-space density D and the
elastic collision rate Γcoll. For the potential (1) we readily
obtain

D =
1

2π

1

1 + α

Φ

v̄

(

µb

kBT

)2
h3

(2πmkBT )3/2
. (3)

Assuming that the elastic collision cross-section σ is con-
stant the collision rate reads:

Γcoll =
σ

2π3/2

1 + 2α

(1 + α)2
Φ

v̄

(

µb

kBT

)2
√

kBT

m
. (4)

Two limits are of interest depending on the value of α.
In the low temperature regime (α ≫ 1), one can perform
a Taylor expansion of (1) resulting in the harmonic form
with an energy offset µB0:

Ug(x, y, z) ≃ µB0 +
1

2
mω2r2, (5)

and angular frequency ω = [µb2/(mB0)]
1/2. The ther-

mal potential energy (2) reduces to µB0 + kBT , and D
(resp. Γcoll) scales with Φ and T as ΦT−5/2 (resp. ΦT−1/2).
In the opposite limit, where α ≪ 1 one deals with a lin-
ear potential: Ug(x, y, z) ≃ µbr. The thermal potential
energy is 〈Ug〉T = 2kBT , and the scalings for D and Γcoll

are ΦT−7/2 and ΦT−3/2.

3 Evaporation with one antenna

In order to perform evaporation on the beam, one uses
an RF antenna to produce an oscillating magnetic field
at a frequency νRF. Atoms whose trajectories cross the
cylinder of axis z and radius R, defined by hνRF = Ug(R),
will be resonant with the RF field and undergo a spin
flip transition to an untrapped state. They are therefore
removed from the atomic beam, whose flux decreases to
the new value Φ′.

We define the evaporation parameter η as η = h(νRF−
ν0)/kBT , where ν0 = Ug(0)/h is the frequency correspond-
ing to the bottom of the trap. In the following we first
calculate, as a function of η, the fraction φ(η) = Φ′/Φ of
remaining atoms after such an evaporation cycle. The dis-
tribution function of the atoms just after evaporation is
out of equilibrium. Assuming subsequent rethermalization
of the beam, we then calculate its new temperature T ′. In
this paper we assume that the collision rate Γcoll is much
smaller than the typical period of oscillation (radial col-
lisionless regime). In other words, we assume that parti-
cles do not undergo collisions over the range of efficiency
of a radio frequency antenna. Therefore, determining if
a particle will be evaporated or not depends only on the
characteristics of its trajectory.

3.1 Fraction φ(η) = Φ′/Φ of remaining atoms

To calculate φ(η), we need to know the fraction of atoms
in the beam whose trajectories in the (xy)-plane cross the
circle of radius R.

3.1.1 Effective potential

The confining potential Ug being cylindrically symmetric,
the z component L of angular momentum is conserved.
To study the radial motion of an atom, one therefore uses
the effective one-dimensional potential

Ueff(L, r) = Ug(r) +
L2

2mr2
(6)

which includes the centrifugal term. The radial coordi-
nate r(t) of the particle oscillates between the turning
points rmin and rmax. The atom is evaporated if and only
if rmin � R � rmax, or equivalently if its transverse en-
ergy E fulfills E � Ueff(R) (see Fig. 1). As a consequence,
the evaporation criterion depends on the two constants
which define completely the characteristics of the trans-
verse trajectory: the total mechanical transverse energy E
and the angular momentum L along the z-axis.

3.1.2 Joint probability distribution of energy and angular
momentum

We now determine, for a thermal distribution at temper-
ature T in the potential Ug, the joint probability distri-
bution p(E, L) for an atom to have energy E and angular



T. Lahaye and D. Guéry-Odelin: Discrete-step evaporation of an atomic beam 69

Fig. 1. Effective potential Ueff (r). An atom with E � Ueff (R)
is evaporated.

momentum L. By definition

p(E, L) = C

∫

e−βH δ(E −H) δ(L − ℓz) d2rd2p (7)

where H(r,p) = p2/(2m) + Ug(r), ℓz = (r × p) ·
ez and C is a normalization constant determined by
∫

p(E, L)dE dL = 1. The joint probability can be read-
ily recast in terms of the period of the radial motion
Tr(E, L) [19]:

p(E, L) = C′e−βETr(E, L). (8)

3.1.3 Harmonic confinement

For a harmonic confinement Ug(r) = mω2r2/2,
Tr(E, L) = π/ω and E � Emin(L) ≡ |L|ω. The latter
condition just reflects that a finite angular momentum re-
quires a minimum energy which corresponds to the circu-
lar motion. We readily obtain the exact expression for the
joint probability:

phar(E, L) =
ω

2(kBT )2
e−βEΘ(E − Emin(L)), (9)

where Θ is the Heaviside step function. The fraction of
remaining atoms is given by [20]:

φhar(η) =

∫

D(R)

pH(E, L)dEdL = 1 − (πη)1/2e−η. (10)

The integration domain in equation (10) is defined by
D(R) = {Emin(L) = |L|ω � E � Ueff(R)} and corre-
sponds to the shaded area in the plane (E, L) depicted
in Figure 2. The subregion of D(R) such that L � L1(R)
(resp. L � L1(R)) corresponds to trajectories not evap-
orated since rmax < R (resp. rmin > R). The solid line
in Figure 3 represents φhar(η). For small R (η ≪ 1), few
atoms have a sufficiently low angular momentum to be
evaporated and φhar ∼ 1. For large R (η ≫ 1) the evapo-
rative loss is negligible because of the exponential decay of
the energy distribution and φhar ∼ 1. Between those two
limits, the fraction of remaining atoms has a minimum for
η = η∗

har = 0.5 with φhar(η
∗

har) ≃ 0.24.

E

|L|ω

Ueff(R)

L

ηkBT

L1(R)−L1(R)

å✷æ✧ç

å➤è➢ç

L1(R)−L1(R)

Ueff(R)

E

Emin(L)

L

ηkBT

Fig. 2. Domain of integration D(R) in the plane (E, L). L1(R)
is the angular momentum of a particle having a circular tra-
jectory of radius R. (a) Harmonic confinement (with L1(R) =

mR2ω), (b) linear confinement (with L1(R) =
√

mµbR3).

0.0

0.2

0.4

0.6

0.8

1.0

0 2 4 6 8

é
é é é é é é é é é é é é é é é é é é é

é é é
é é é é

é é é é é é é é
é é é é é é é é é

η

φ
=

Φ
′
/Φ

Fig. 3. Fraction φ(η) = Φ′/Φ of remaining atoms after evap-
oration by one antenna, as a function of the evaporation pa-
rameter η. Solid line: harmonic confinement; dashed line: linear
confinement, φ being calculated with the approximation (11);
dots: linear confinement, φ being calculated by a Monte-Carlo
simulation.

3.1.4 Linear confinement

For linear confinement, the radial period Tr(E, L) has
no simple analytical expression. However, Tr(E, L) has
a weak dependence on the angular momentum L: for
a given E, when L varies from 0 (linear trajectory)
to its maximal value (circular trajectory), Tr varies by
less than 10%. We therefore make the approximation
Tr(E, L) ≃ Tr(E, 0) ∝ E1/2 and approximate the joint
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distribution p(E, L) by:

plin(E, L) ≃ CE1/2e−βEΘ(E − Emin(L)) . (11)

The minimum value of E for a given L (energy of circu-
lar motion) is now: Emin(L) = 3(µb|L|)2/3/(2m1/3) . The
fraction of remaining atoms can be written as φlin(η) =
∫

D(R) pL(E, L)dEdL where the integration domain is of

the form D(R) = {Emin(L) � E � Ueff(R)} (see Fig. 2).
The result of the numerical integration based on the
approximation (11) is plotted as a dashed line in Fig-
ure 3. The shape is qualitatively the same as that for the
harmonic confinement, but the minimum now occurs at
η = η∗

lin ≃ 1.25 with φlin(η
∗

lin) ≃ 0.33.
To check the validity of the approximation (11), we

performed a Monte-Carlo sampling of the atomic distri-
bution in a linear potential, followed by elimination of
particles whose trajectories crossed the circle of radius R.
The result for φlin(η) is shown by dots in Figure 3. The
agreement is excellent.

It is convenient in practice to have a simple form for the
expression of φlin(η). Following the functional form of (10),
we fit the curve φlin(η) by a function of the form 1 −
aηbe−cη where a, b, c are adjustable parameters and find
a = 1.65, b = 1.13 and c = 0.92. The curve obtained
this way differs from φlin(η) by less than 2%. This simple
expression is used in [17] to fit the experimental data, with
the temperature T of the beam being the only adjustable
parameter.

3.2 Temperature change T’/T

Consider N atoms undergoing evaporation by one an-
tenna. After evaporation the total transverse energy of
the N ′ = φ(η)N remaining atoms is given by:

〈E⊥〉 = N

∫

D(R)

E p(E, L) dE dL ≡ ξNkBTg(η) , (12)

where ξ = 2 for a harmonic potential and ξ = 3 for a linear
potential. The dimensionless function g(η) introduced in
equation (12) can be calculated analytically for the har-
monic confinement:

ghar(η) = 1 −
(πη)1/2

4
(3 + 2η)e−η . (13)

For a linear confinement, glin(η) is calculated numerically
thanks to the approximation (11).

The total (transverse and longitudinal) energy of the
remaining atoms is E′ = 〈E⊥〉 + N ′kBT/2 + N ′mv̄2/2.
After rethermalization (which occurs at constant total en-
ergy), one has an equilibrium state with a temperature
T ′ and energy E′ = (ξ + 1/2)N ′kBT ′ + N ′mv̄2/2. The
relative change of temperature during this evaporation-
rethermalization cycle is therefore:

τ(η) =
T ′

T
=

1

2ξ + 1

(

1 + 2ξ
g(η)

φ(η)

)

. (14)
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Fig. 4. Temperature change τ = T ′/T after evaporation by

one antenna and rethermalization, as a function of η. Solid line:

harmonic confinement; dashed line: linear confinement.
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Fig. 5. Gain in phase-space density D
′/D after evaporation

by one antenna and rethermalization, as a function of η. Solid

line: harmonic confinement; dashed line: linear confinement.

In Figure 4, τ(η) is plotted as a function of η (solid line:
harmonic case, dashed line: linear case). For low η (ap-
proximately lower than the value η∗ for which φ reaches a
minimum), T ′ > T : since essentially low energy atoms are
evaporated, the remaining beam acquires a higher temper-
ature after thermalization. The opposite occurs for high η:
the beam is cooled by evaporation of high energy particles.

3.3 Variation of collision rate and phase-space density

After an evaporation followed by a subsequent rethermal-
ization, the flux is multiplied by a factor φ, and the beam
temperature is T ′. We can then calculate, using equa-
tions (3) and (4), the new phase-space density D′ and
the new collision rate Γ ′

coll.
The variation in phase-space density δ(η) = D′/D is

plotted as a function of η in Figure 5 (solid line: harmonic
case; dashed line: linear case). For a linear confinement an
increase of D is obtained as soon as η > 2, and for η ≃ 3.0
a maximum gain in phase-space (by a factor 1.86) can be
achieved with a single antenna. The gain is less significant
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Fig. 6. Variation of the collision rate after evaporation by one
antenna and rethermalization, as a function of η. Solid line:
harmonic confinement; dashed line: linear confinement.

in the case of a harmonic confinement, reflecting the less
favorable scaling law.

In order for evaporative cooling to be efficient, the elas-
tic collision rate must not decrease during the process,
otherwise the time needed for rethermalization becomes
prohibitively long. Figure 6 depicts the variation of colli-
sion rate γ(η) = Γ ′

coll
/Γcoll for one evaporation cycle. The

striking result is that in the case of harmonic confinement
the collision rate cannot increase significantly (γ reaches a
maximum value of 1.0015 for η = 6.5). This behaviour is
due to the two-dimensional geometry of the problem and
does not hold for a three-dimensional harmonic confine-
ment. In contrast, for a linear guide, and for η sufficiently
high, the collision rate can increase by several percent at
each cycle, creating the possibility of runaway evaporation.
This salient feature of the linear potential is well-known
for three-dimensional evaporative cooling [1,2].

3.4 Multi-radii evaporation

The previous evaporation method has the disadvantage
that for any finite η, some atoms with large energy and
angular momentum are not evaporated. The contribution
of these atoms to the energy of the truncated distribution
is not negligible, and therefore the cooling efficiency of the
evaporation is limited.

In order to improve this efficiency, one can evaporate
all the atoms whose trajectories lie, at least partially, out-
side of the cylinder of radius R. To realize such an evap-
oration, one must use a “continuum” of evaporation radii
Re ∈ [R,∞]. In practice, this can be achieved by scanning
the radio-frequency νRF from Ug(R)/h to a value large
compared to kBT/h, above which the population of atoms
is exponentially small. The scanning rate must be large
compared to the inverse of the time tev spent by an atom
in the range of efficiency of an antenna, and small com-
pared to the inverse of the mean radial period Tr(E, L).
For the typical parameters of the experiment described
in [17], a scanning frequency of 50 Hz would fulfill both
criteria.
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Fig. 7. Fraction φ(η) = Φ′/Φ of remaining atoms after evap-
oration by one antenna, as a function of η, for the multi-radii
evaporation scheme. Solid line: harmonic confinement; dashed
line: linear confinement.
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Fig. 8. Temperature change τ = T ′/T after evaporation by
one antenna and rethermalization, as a function of η, for the
multi-radii evaporation scheme. Solid line: harmonic confine-
ment; dashed line: linear confinement.

One can calculate, in a way similar to the calcula-
tions of the previous subsections, the change in atomic
flux φ(η) = Φ′/Φ, in temperature τ(η) = T ′/T , in phase-
space density δ(η) = D′/D, and in collision rate γ(η) =
Γ ′

coll
/Γcoll, for this improved evaporation scheme. The do-

main of integration is that shown in Figure 2 but reduced
to the angular momentum lower than L1(R). In the case
of harmonic confinement, the calculations can be done ex-
plicitly and yield the following results:

φ(η) = 1 − e−2η
− (πη)1/2e−ηerf

(

η1/2

)

,

g(η) = 1 − (1 + η/2)e−2η

− (3/4 + η/2)(πη)1/2e−ηerf
(

η1/2

)

(15)

where erf(x) = 2π−1/2
∫ x

0
exp(−t2) dt is the error func-

tion. The complete results for φ, τ , γ and δ and for
both types of confinement are plotted in Figures 7 to 10.
Obviously, with this new evaporation scheme, the number
of atoms remaining vanishes when η → 0. The tempera-
ture change (Fig. 8) is now a monotonous function of η
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Fig. 9. Gain in phase space density after evaporation by one
antenna and rethermalization, as a function of η, for the multi-
radii evaporation scheme. Solid line: harmonic confinement;
dashed line: linear confinement.
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Fig. 10. Variation of the collision rate after evaporation by one
antenna and rethermalization, as a function of η, for the multi-
radii evaporation scheme. Solid line: harmonic confinement;
dashed line: linear confinement.

and for η → 0, in the harmonic (resp. linear) case one
has τ → 1/5 (resp. 1/7) since only the longitudinal ki-
netic energy contributes to the energy of the remaining
particles.

For a linear potential, the gain in phase-space density
without decrease in collision rate is 2.56 (at η = 2.5) as
compared to 1.86 (at η = 3.0) in the single radius evapo-
ration scheme.

4 Evaporation with two antennas

The presence of elastic collisions in the atomic beam can
be probed with a two-antenna experiment [17]. A first an-
tenna with frequency ν1 evaporates the atoms with an
evaporation parameter η1 = hν1/(kBT ), where T is the
initial temperature of the atoms. The remaining flux is
Φ′ = φ(η1)Φ. A second antenna with frequency ν2 =
η2kBT/h, placed at a distance d downstream, is used to
probe the distribution of atoms after this first evaporation
stage. The flux after this second antenna is denoted Φ′′.
In the absence of collisions between the two antennas, the

ê ë ì

η1

η2

E/kBT

L

D2

D1

ê➁í❏ì

η1

η2

E/kBT

L

D2

D1

Fig. 11. The integration domains in the plane (E, L) in-
volved in the calculation of Φ′′/Φ′ in the collisionless regime.
(a) Harmonic confinement; (b) linear confinement.

distribution remains out of equilibrium. In particular, if
ν2 = ν1, the second antenna cannot remove extra atoms,
since all atoms whose energy and angular momentum cor-
responded to the evaporation criterion have already been
removed by the first antenna. But even a partial rether-
malization leads to some extra losses from the second an-
tenna, since elastic collisions provide a redistribution of
energy and angular momentum. If the beam completely
rethermalizes during its propagation between the two an-
tennas, we find a spectrum similar to that of Figure 3
revealing the new temperature T ′.

4.1 In absence of collisions

We calculate here the fraction Φ′′/Φ′ in the limit where
rethermalization does not occur between the two anten-
nas, i.e. when the inequality Γcolld ≪ v̄ is fulfilled. After
evaporation by the first antenna at η1 (corresponding to
an evaporation radius R1), the out of equilibrium joint
probability distribution p1(E, L) of (E, L) is given by

p1(E, L) = p(E, L)Θ(Ueff(R1) − E). (16)

It is non-zero only in the domain D1 ∪ D2 of Figure 11.
The fraction of remaining atoms Φ′′/Φ′ is therefore given
by integrating (16) over the domain D2 = {Emin(L) �

E � min(Ueff(R1), Ueff(R2))}:

Φ′′

Φ′
=

∫
D2

p1(E, L) dE dL

∫
D1∪D2

p1(E, L) dE dL

. (17)

The result of the numerical integration is shown in Fig-
ure 12 as a dashed line, for the specific case of a linear



T. Lahaye and D. Guéry-Odelin: Discrete-step evaporation of an atomic beam 73

0.0

0.2

0.4

0.6

0.8

1.0

0 2 4 6 8
η2

Φ
′
′
/Φ

′

Fig. 12. Fraction Φ′′/Φ′ of the flux remaining after the second
antenna as a function of its parameter η2. The first antenna
is driven at a frequency ν1 = η1kBT/h with η1 = 2 = 1.6η∗.
The dashed line corresponds to the collisionless regime; the
dotted line to a mean number of collisions between antennas
Nc = 1.1; the solid line to full rethermalization. These curves
are calculated with a numerical simulation, in the case of a
linear confinement.

confinement with η1 = 2. As expected, the fraction Φ′′/Φ′

reaches 1 for η2 = 2.

4.2 Rethermalization

If rethermalization occurs over a distance d, that is if the
collision rate is such that: Γcolld ≫ v̄, the second antenna
evaporates a beam of temperature T ′ = τ(η1)T at thermal
equilibrium. The fraction Φ′′/Φ′ is therefore:

Φ′′

Φ′
= φ

(

hν2

kBT ′

)

= φ

(

η2

τ(η1)

)

. (18)

This curve is plotted as a solid line in Figure 12. The large
difference between the collisionless and collisional regimes
makes it easy to detect experimentally, by scanning ν2 in
the vicinity of ν1, the presence or the absence of collisions
within the beam [17].

4.3 Number of collisions required to thermalize

In order to give a quantitative theoretical account for the
distance d needed to rethermalize in a two-antenna ex-
periment, we have developed a numerical simulation of
the motion of the atoms in the magnetic guide for both
linear and harmonic confinements. We use a molecular dy-
namics simulation [21] taking into account the evaporation
criterion.

The simulation is performed in dimensionless units.
The unit length ru is defined by Ug(ru) − Ug(0) =
(〈Ug〉T −Ug(0))/2, the distance between the two antennas
is d = 5000 ru. The mean velocity is 10 times the thermal
velocity (kBT/m)1/2. The phase-space variables of each
particle are evolved by advancing the position and the ve-
locity at discrete time steps ∆t according to a second-
order symplectic integration [22]. Using the cylindrical

Fig. 13. Distance from equilibrium Ξ(η1, Nc) (see text) as
a function of the mean number of collisions Nc between the
two antennas, for different values of η1. These data have been
obtained by a Monte-Carlo simulation performed for a linear
confinement. The relaxation towards equilibrium is clearly ex-
ponential for η1/η∗ = 0.3, and approximately exponential for
η1/η∗ = 3.2. For η1/η∗ = 1.6, the first antenna puts the gas in
a strongly out-of-equilibrium state, and the relaxation is not
exponential.

symmetry we restrict the evolution to the first quarter
(x > 0, y > 0) of space with reflecting walls at planes
x = 0 and y = 0. Binary elastic collisions are taken
into account using a boxing technique [23]. The constant
cross section used to calculate the probability of collisions
is adjusted to the desired number of collisions between
the two antennas. Simulations have been performed with
1.5× 106 particles and 5.4× 104 boxes. The time step ∆t
is chosen to be small with respect to the typical collision
timescale and the typical period of oscillation.

We simulate a two-antenna experiment in which the
first antenna is operated at a fixed η1. The mean number
of collisions per atom during the propagation between the
two antennas is denoted Nc. The second antenna is op-
erated at η2, and we calculate Φ′′/Φ′ as a function of η2.
An example of such a curve, for a linear confinement, and
with Nc = 1.1, is plotted as a dotted line in Figure 12.

We then infer the ratio f(η1, Nc) = Φ′′/Φ′(η2 = η1)
as a function of Nc. For a collisionless propagation (Nc =
0, dashed line in Fig. 12), we have f(η1, 0) = 1. For a
complete rethermalization, (Nc ≫ 1, solid line in Fig. 12),
the ratio tends to the limit f∞(η1) = φ[η1/τ(η1)].

For a linear confinement, we depict in Figure 13 the
normalized quantity

Ξ(η1, Nc) =
f(η1, Nc) − f∞(η1)

1 − f∞(η1)
,

which measures the distance from equilibrium, as a func-
tion of the mean number of collisions Nc. For a given η1

and in the absence of collisions Nc = 0, Ξ = 1. The
relaxation of Ξ towards zero with increasing number of
collisions Nc reflects the rethermalization process. For
η1 < 0.3η∗ or η1 > 2.5η∗, Ξ decays approximately in an
exponential manner with Nc: Ξ ≃ exp[−Nc/nc(η1)]. As an
example we find nc(4) = 2.5 ± 0.5 for the linear confine-
ment and nc(2) = 1.3± 0.2 for the harmonic confinement.
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For intermediate values of the ratio η1/η∗, we obtain a
non-exponential decay (see Fig. 13 for η1/η∗ = 1.6). In
this range 0.3 < η1/η∗ < 2.5, more than 50% of the atoms
are evaporated by the first antenna, leading to a state of
gas that is very far from equilibrium.

This calibration by numerical simulation allows one
to determine the collision rate by following the thermal-
ization process for different distances between the two
antennas [17].

5 Evaporation with many antennas

The realization of a magnetically guided atomic beam in
the collisional regime has recently been performed [17].
The phase-space density of this beam is on the order of
2 × 10−8. To gain the 8 orders of magnitude required to
reach degeneracy one can implement evaporative cooling
by means of several successive antennas. In this section we
assume that the frequency of each antenna is such that the
parameter η is constant throughout the evaporation.

The number of antennas N (η) required to achieve a
gain ∆ in phase-space is, for a given value of η, N (η) =
ln(∆)/ ln(δ(η)). We want to minimize the guide length
needed to reach degeneracy. This length ℓ(η) can be eval-
uated from the initial collision rate of the beam Γ 0

coll
. Be-

tween the antennas n and n+1, the collision rate is Γ 0
collγ

n.
If the number of collisions required for full thermalization
between two successive antennas is N0 (N0 ≫ nc(η)), the
distance between antennas n and n + 1 has to be larger
than v̄N0/(Γ 0

collγ
n). Therefore the total length is

ℓ(η) �
v̄N0

Γ 0
coll

(

1 + γ−1 + ... + γ−N+1
)

�
v̄N0

Γ 0
coll

1 − γ−N

1 − γ−1
. (19)

For a given value of ∆, there exists an optimal choice η̃
for the parameter η such that ℓ is minimized. For this
optimization we assume that N0 does not depend on η.
The results are shown, for both types of confinement and
for the two evaporation schemes, in Table 1. The evapo-
ration is much less efficient for the harmonic confinement,
which reflects the absence of runaway evaporation for this
type of trap. For the linear confinement, one sees that the
multi-radii evaporation scheme leads to a slightly shorter
evaporation length, at the expense of a reduced output
flux. However a more careful study shows that for com-
parable output fluxes, the two schemes require approxi-
mately the same length and antenna numbers. In the case
of harmonic confinement, since the collision rate cannot
increase significantly, minimizing the evaporation length
requires that one operates at a large η (where γ ≃ 1). For
such high η, the difference between the two evaporation
schemes is negligible, as can be seen in Table 1.

In this paper, two competing effects that should be
considered in a more realistic model of the evaporation
ramp have been neglected. First, the real shape of the
semi-linear potential (1) should be taken into account. In-
deed, even if at the beginning of the evaporation ramp

Table 1. Parameters of the optimized (minimum length) evap-
oration ramp for harmonic (Har) and linear (Lin) confine-
ments, for the two schemes of evaporation, with a total gain
in phase-space density of ∆ = 108: ℓmin, evaporation length
(in units of v̄N0/Γ 0

coll); η̃, parameter η for minimal evapora-
tion length; N , number of antennas needed; Φf/Φi, total flux
reduction due to evaporation; Tf/Ti, total temperature reduc-
tion due to evaporation.

Scheme Single radius Multi-radii

Trap Har Lin Har Lin

ℓmin 211 12.0 211 10.5

η̃ 4.6 4.3 4.6 3.6

N 142 42 142 29

Φf/Φi 3.9 × 10−3 5.4 × 10−4 3.9 × 10−3 1.3 × 10−4

Tf/Ti 6.9 × 10−5 6.0 × 10−4 6.9 × 10−5 3.8 × 10−4

the temperature is high enough for the linear potential
to be a good approximation (α ≪ 1), as the temperature
is reduced the effect of the bias field cannot be neglected
anymore when α � 1. This effect may lead to a longer
evaporation length since, for the harmonic confinement,
the evaporative cooling is less efficient. The second effect,
neglected by the classical description used in this paper, is
the bosonic stimulation close to degeneracy, which might
enhance the efficiency of the last evaporation steps.

6 Conclusion

We have studied theoretically the discrete-step evapora-
tive cooling of a magnetically guided atomic beam. First,
the action of a single antenna on the beam is analyzed in
detail. Then we clarify how two-antenna experiments can
lead (i) to the characterization of the collisional regime
of the beam and (ii) to the quantitative estimate of the
collision rate, by studying the number of collisions needed
for thermalization of the truncated distribution function.
Finally, the problem of optimizing the evaporation ramp
with many antennas is addressed. We find that gains
in phase-space density of 108 require a total of at least
∼30 evaporation steps.
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the Région Ile-de-France, the French Ministry of Research, the
Collège de France, the École Normale Supérieure, the Bureau
National de la Métrologie, the University of Paris-VI and the
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Abstract

In this article we focus on the propagation of a beam of particles guided by a transversely confining

potential. We consider different regimes. In the classical regime, we describe the beam by means of a set of

hydrodynamic-like equations. We apply this formalism in order to investigate two practical ways for in-

creasing the collision rate: by using a constriction or by tilting the guide. A high enough collision rate is

indeed the most crucial prerequisite for reaching the quantum degenerate regime by means of evaporative

cooling. In the quantum regime, we study the propagation of bosonic atoms through a constriction in two

opposite regimes: the collision-less one and the Thomas–Fermi one.
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1. Introduction

So far, Bose–Einstein condensates have only been produced in a pulsed mode. To this respect,

the achievement of a continuous beam operating in the quantum degenerate regime remains a real

challenge. This would be the matter wave equivalent of a cw monochromatic laser and it would

allow for unprecedented performance in terms of focalization or collimation. Recently the MIT

group has demonstrated the periodic replenishment of an optical trap [1]. This technique can

therefore be used in future experiments in combination with an appropriate outcoupler to con-

tinuously release atoms from the trap, and hence to obtain a truly cw atom laser.

Another possible way to achieve this goal has been studied theoretically in [2]. In this proposal,

a non-degenerate, but already slow and cold beam of particles, is injected into a magnetic guide

* Corresponding author. Tel.: +33-1-44-32-3497.

E-mail address: thierry.lahaye@lkb.ens.fr (T. Lahaye).
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[3–10] where transverse evaporation takes place. If the elastic collision rate is large enough, ef-

ficient evaporative cooling will lead to quantum degeneracy after a propagation length in the

guide compatible with experimental constraints (i.e. a few meters). The continuous and pulsed

loading of a slow and cold atomic beam into a magnetic guide has been recently demonstrated

experimentally [11]. However, the collision rate is not sufficient so far to initiate the evaporative

cooling stage.

In this article, we start with summarizing the experimental techniques already developed for

atom guiding. To achieve conditions favorable to evaporative cooling one has to maximize the

collision rate. For that purpose, we describe quantitatively two possible manipulations of a guided

thermal beam: constriction and tilting of the guide. We then study the role of interactions on a

beam of Bose-condensed atoms propagating through a constriction.

2. Atom waveguide

In recent years, many experimental groups have designed both macroscopic and microscopic

guides for transporting laser-cooled atoms. In those guides, the confinement is provided by means

of conservative forces. So far the dipole and magnetic forces have been used.

In past years, atomic transport by means of hollow optical fibers has been achieved [12]. In this

scheme atoms are guided by the optical dipole force. However, the heating of atoms through

intensity fluctuations and spontaneous emission may be a problem.

An alternative way consists in using magnetic guides. For alkali atoms, magnetic forces are

strong since the magnetic moment l is of the order of the Bohr magneton lB. As the thermal

energy of laser-cooled alkali atoms (micro-Kelvin range) is generally much less than the ground-

state hyperfine splitting (1 GHz corresponds to 48 mK), we can assume that the field explored

in the guide produces a linear Zeeman shift proportional to the hyperfine g-factor gF. We

also assume that the the spin adiabatically follows the magnetic field, yielding an effective

potential U ¼ gFmFlBjBj. Depending on the atom�s magnetic sublevel mF (positive or negative),

atoms are attracted towards or repelled from a magnetic extremum. Actually, Maxwell�s

equations for magnetostatics only allow for the realization of a minimum of static magnetic

fields in vacuum [13]. Therefore, only low-field seekers can be trapped with inhomogeneous

static magnetic fields. As a consequence, the atoms are not trapped in the energetically lowest

state. This effect and the three-body recombination are responsible for the metastability of the

confined gas.

Quadrupole guides can be produced by means of four wires or tubes equally spaced on a

cylinder of radius R and carrying currents þI and �I alternatively. The magnetic field is quad-

rupolar and is well approximated by the linear form: Bðr?Þ ¼ b0r? where r? ¼ ðx2 þ y2Þ1=2 is the

distance from the z-axis and b0 / I=R2 the strength of the magnetic gradient. In this configuration,

atoms with low angular momentum are not stable against spin flips. To avoid this loss mecha-

nism, one superimposes a bias field B0 along the axis of the guide. Note that in this case the field

strength no longer varies linearly with radius but is given by

Bðr?Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2
0 þ b02r2?

q

’ B0 þ
b02r2?
2B0

: ð1Þ
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The Taylor expansion around the center yields a quadratic variation of the field strength. The

potential experienced by the atoms is therefore harmonic provided that their temperature T fulfills

the condition kBT � lB0. A constriction in the potential can be created by reducing the spacing

between the wires of the guide and/or decreasing the longitudinal bias field.

3. Increasing the collision rate of a classical gas

As mentioned in Section 1, the elastic collision rate Ccoll in the sample must be high enough at

the entrance of magnetic guide to start an efficient evaporative cooling [2]. We study in this section

two ways of increasing Ccoll in the classical regime for a beam of particles propagating through the

guide. Both methods ensure the conservation of phase space density. The first one consists in a

constriction of the transverse confining potential, while the second relies on gravity to slow down

the beam by tilting the guide with respect to the horizontal plane.

3.1. Constriction

3.1.1. Single particle

Before studying the physics of a beam in the hydrodynamic regime, it is worthwhile to examine

the one-particle motion in a constricted guide, in order to gain physical insight. We therefore write

the equation of motion along z for a particle with mass m in the power law transverse potential

Uðx; y; zÞ ¼ mkðzÞrc? where kðzÞ denotes the z-dependent strength of the transverse confinement,

d2
z

dt2
¼ �r

c
?

dk

dz
: ð2Þ

Eq. (2) shows that the constriction induces a transfer of longitudinal energy into the transverse

motion. For a smooth constriction, the motion is adiabatic [14] and consequently the quantity

E?k
�2=ð2þcÞ is constant, where E? denotes the transverse energy. As the total energy

E ¼ E? þ m_zz2=2 is also conserved, the decrease in longitudinal velocity can easily be related to the

increase in k. We notice that the effect of the constriction is more dramatic for particles having a

high transverse energy, and is absent for a particle propagating along the axis.

3.1.2. Hydrodynamic regime

We now assume that there are enough collisions to ensure local thermodynamical equilibrium.

From Appendix A we deduce the equations governing the beam temperature T ðz; tÞ, linear density
nðz; tÞ and mean longitudinal velocity uðz; tÞ:

on

ot
þ

o

oz
½nu ¼ 0;

o

ot
½nu þ

o

oz

nkBT

m

�

þ nu2
�

þ
2nkBT

mck

dk

dz
¼ 0;

o

ot

3

2

��

þ
2

c

�

nkBT þ
mnu2

2

�

þ
o

oz

5

2

��

þ
2

c

�

nukBT þ
mnu3

2

�

¼ 0:
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We now study the stationary regime. The previous equations become

nu ¼ /; ð3Þ

d

dz

kBT

u

�
þ mu

�
þ
2kBT

cuk

dk

dz
¼ 0; ð4Þ

5

2

�
þ
2

c

�
kBT þ

mu2

2
¼ l; ð5Þ

where / and l are constants. Eq. (3) corresponds to the conservation of the number of particles,

Eq. (4) of momentum along z and Eq. (5) of enthalpy. After some algebra one obtains the relation

between the strength of the potential k̂k � kðzÞ=kð0Þ normalized to its initial value and the reduced

temperature bTT � T ðzÞ=T ð0Þ:

k̂k ¼ bTT cðd�2Þ=4 1

�
�

d

g0
ðbTT � 1Þ

�c=4

; ð6Þ

where we have introduced the parameters d � 5þ 4=c and g0 ¼ muð0Þ
2
=ðkBT ð0ÞÞ which compares

the initial kinetic and thermal energies. For typical experimental values [11], one has g0 � 1 and

(6) yields

bTT ’ k̂k4=ðcðd�2ÞÞ: ð7Þ

As the normalized collision rate bCC � CcollðzÞ=Ccollð0Þ increases as bCC � bTT 2, one deduces the scaling

law bCC � k̂k8=ðcðd�2ÞÞ, which shows that moderate constrictions (for example by a factor of 4) can

increase the collision rate by a large amount (nearly one order of magnitude for an harmonic

transverse confinement).

3.2. Tilted guide

We now consider that the guide axis z is tilted by an angle a with respect to the horizontal

plane. The strength k of the transverse confining potential is assumed constant. By tilting the

guide, the mean velocity of the beam decreases while the linear density and the temperature in-

crease, resulting in an increase of the collision rate. Following the same procedure as the one

developed in Appendix A, we get, in the stationary regime, the following equations:

nu ¼ /; ð8Þ

d

dz
mu

�
þ
kBT

u

�
þ
mg sin a

u
¼ 0; ð9Þ

2

c

�
þ
5

2

�
kBT þ

mu2

2
þ mgz sin a ¼ l; ð10Þ

where g is the acceleration of gravity. This set of equations can be solved analytically, one deduces

the relation between the reduced temperature bTT and the reduced velocity of the beam

ûu ¼ uðzÞ=uð0Þ: bTT ¼ u2=ð2�dÞ. We also establish the relation between the collision rate and the co-

ordinate ẑz � z=z0 with z0 ¼ u20=ðg sin aÞ, and the link between the parameter ĝg ¼ mu2=ðg0kBT Þ ¼
ûu2=bTT and ẑz:
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ẑzðbCCÞ ¼
dþ g0

2g0

�
d

2g0

bCC1=2 �
1

2
bCCð2�dÞ=2;

ẑzðĝgÞ ¼
dþ g0

2g0

�
d

2g0

ĝg1=ð1�dÞ �
1

2
ĝgð2�dÞ=ð1�dÞ:

We recall that for a particle with initial velocity u0 moving in this potential, the turning point

corresponds to ẑz ¼ 1=2. Fig. 1(a) shows the gain in the collision rate as a function of ẑz for 2 values of

the parameter g0 ¼ 100 and g0 ¼ 1 and for an harmonic (c ¼ 2) and a linear (c ¼ 1) confinement.

Along the propagation through the tilted guide, the temperature T increases and themean velocity u

decreases resulting in a strong reduction of the parameter gðzÞ as a function of z (see Fig. 1(b)).

In this section, we have described the propagation of a beam of classical particles through a

constriction and a tilted guide by means of a set of hydrodynamic-like equations. We have used

this formalism to investigate two practical ways for increasing the collision rate. Indeed those

(a)

(b)

Fig. 1. (a) Collision rate normalized at its initial value bCCðẑzÞ ¼ CcollðẑzÞ=Ccollð0Þ as a function of the reduced longitudinal

coordinate ẑz for a tilted guide, for g0 ¼ 100 and g0 ¼ 1. The dashed curves correspond to a linear transverse con-

finement (c ¼ 1) and the solid lines to a harmonic transverse confinement (c ¼ 2). (b) Parameter g � mu
2ðẑzÞ=ðkBT ðẑzÞÞ as

a function of ẑz, for an initial value of 100, for linear (- - -) and harmonic (––) transverse confinement.
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results are valid for a beam of bosonic particles. We recall that a high collision rate is the most

crucial requirement for reaching the quantum degenerate regime by means of evaporative cooling

[2]. The remainder of the paper is devoted to the quantum degenerate regime. We focus on the

propagation through a constriction, and analyze the role of interactions.

4. Constriction of a quantum beam

For atomic waveguide geometries with very small transverse dimensions as now experimentally

demonstrated [3–10], the quantum nature of atoms starts to influence the dynamics. This problem

has first been investigated in the context of quantized-conductance in a two-dimensional electron

gas [15]. In those models, the conducting properties of a nanoscopic constriction are investigated

in the free-electron approximation with hard-walls boundary conditions. In this section, we ad-

dress the corresponding problem for a beam of Bose-condensed atoms confined in the transverse

direction. In the following, we restrict our study only to harmonic confinement for the sake of

simplicity. As for the classical case of the previous section, we model the constriction by a de-

pendence of the transverse frequency with the longitudinal coordinate. The potential experienced

by the atoms is therefore of the form Uðx; y; zÞ ¼ mxðzÞ2½x2 þ y2=2. We begin with the case of an

ideal beam, and then consider the role played by interactions for the propagation through a

constriction.

4.1. The ideal Bose-condensed beam

In this paragraph we study the propagation of an ideal Bose-condensed beam. For this pur-

pose, we solve the stationary Schr€oodinger equation by means of the adiabatic basis (the harmonic

oscillator�s one with an angular frequency that depends on the longitudinal coordinate z). Details

of this lengthy but straightforward calculation can be found in the Appendix B. If k denotes the

incoming longitudinal wave vector, the local wave vector k0;0 for atoms in the transverse ground

state within the adiabatic approximation reads (see Eq. (B.2)):

k2
0;0 ¼ k2 �

1

r
2
; ð11Þ

r being the local harmonic oscillator length rðzÞ ¼ ð�h=mxðzÞÞ1=2. The physical picture is quite

clear: the constriction induces an augmentation in the zero-point energy for the transverse degrees

of freedom. As the total energy of the atom is conserved, the longitudinal kinetic energy decreases.

Actually, one recovers, in the quantum domain, the transfer of kinetic energy from longitudinal to

transverse degrees of freedom as already pointed out for the classical dynamics. However, the

constriction modifies the propagation even for particles in the transverse ground state because of

the finite size of the transverse wave function.

4.2. The role of interactions

We investigate in this paragraph the role of interactions on the propagation through a con-

striction of a beam of interacting Bose-condensed atoms. The main difficulty arises from the non-
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linearity of the Schr€oodinger equation due to the mean field interaction term. The strength of the

interaction is proportional to the scattering length a [16]. By assuming that the transverse di-

mension of the cloud has the local equilibrium shape adapted to the local number of particle per

unit length, the problem becomes one-dimensional and one can introduce a solution for the wave

function of the form wðr; tÞ ¼ f ðz; tÞgðx; y; nÞ in the variational procedure [17], where n is the local

density of particles per unit length. By writing the longitudinal part of the wave function f in the

phase and modulus form f � ffiffiffi

n
p

eiu, we introduce the longitudinal velocity field defined by

u � ð�h=mÞou=oz.
After some algebra (see Appendix C), one gets the stationary hydrodynamic equations for the

propagation of a beam of interacting Bose-condensed particles:

nu ¼ /; ð12Þ

~llþ 1

2
mu2 � �h2

2m
ffiffiffi

n
p o

2
ffiffiffi

n
p

oz2
¼ c; ð13Þ

where ~ll is an effective chemical potential, and / and c two constants depending on the initial

conditions. Eq. (12) reflects the conservation of the flux while Eq. (13) accounts for the conser-

vation of energy.

As a first example, from Eqs. (12) and (13) we recover the results of the previous section for a

perfect gas for which a ¼ 0 and ~ll ¼ �hx in a smooth constriction i.e. such that the last term of the

l.h.s of (13) is negligible. In the following, we apply this set of equations in the weak-coupling limit

(na � 1) and in the Thomas–Fermi limit (na � 1). For those two limits, the value of ~ll differs (see

Appendix C). It is convenient to introduce the dimensionless notations: ûu � uðzÞ=uð0Þ, ẑz � z=rð0Þ,
x̂x � xðzÞ=xð0Þ, a � mu2ð0Þ=ð�hxð0ÞÞ and b � ffiffiffiffiffi

na
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a/=uð0Þ
p

. The combination of Eqs. (12)

and (13) leads to the relation between the reduced velocity ûu and the rate of compression x̂x as a

function of the dimensionless parameters.

In the weak-coupling limit that corresponds to the low density regime (b � 1) we find:

d2
ûu

dẑz2
¼ 3

2ûu

dûu

dẑz

 !2

� 2aûuðûu2 � 1Þ þ 4ûuð1 � x̂xÞ þ 8ûub2ð1� x̂x=ûuÞ ð14Þ

while in the opposite regime, commonly called the Thomas–Fermi regime, we have

d2
ûu

dẑz2
¼ 3

2ûu

dûu

dẑz

 !2

� 2aûuðûu2 � 1Þ þ 8bðûu� x̂x
ffiffiffi

ûu
p

Þ: ð15Þ

In the following, we consider a linear increase of the transverse confining frequency: x̂x ¼ 1þ cẑz.

The results of the numerical integration of Eqs. (14) and (15) are plotted on Fig. 2, for the fol-

lowing values of the dimensionless parameters: a ¼ 104, c ¼ 10�4, b having the value 10 in the

Thomas–Fermi regime, and 0.1 in the weak-coupling regime. The large constriction ratios implied

by c ¼ 10�4 can be achieved on microchips [18]. For a given compression rate, the reduction of the

velocity for the propagation through a constriction is dramatically magnified in the interacting

case. It reflects the fact that the ground state wave function has a much broader transverse profile

because of repulsive interactions (
ffiffiffiffiffi

na
p � 1). As already emphasized in Section 3.1.1, the larger the

transverse size of the beam, the higher the coupling between longitudinal and transverse degrees of
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freedom. We point out that this magnification of the coupling between degrees of freedom in-

duced by interactions may have to be taken into account for interferometers based on guided

matter waves [19].

5. Conclusion

In this article, we have investigated quantitatively two possible ways (by compression and tilting

of the guide) of increasing the collision rate of a thermal guided beam while keeping the phase space

density constant . Those results are important from an experimental point of view since as soon as

the collision rate is high enough, one can implement evaporative cooling as suggested in [2] to reach

the quantum degeneracy regime. Those results have been obtained under the hydrodynamic for-

malism. In future work, we intend to the study the case where the collision rate is not sufficient to

ensure the local equilibrium requirement for hydrodynamics. We have also carried out the cal-

culation for the propagation of a beam of bosons through a constriction in the degenerate regime in

presence or not of interactions between particles. Strictly speaking, those calculations are valid at

T ¼ 0. Actually, the propagation of a beam of bosons through a constriction below the critical

temperature can be regarded as a two-fluid problem. To address this problem completely, one

would have to take into account the interaction between the thermal and the condensed part.
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Appendix A. Theoretical framework for guided beams in classical regime

We consider a gas of particles with mass m confined by a static, velocity-independent potential

UðrÞ. In this appendix we derive the classical equations for a beam of particles confined in a

cylindrical geometry. For that purpose, we start with the classical Boltzmann equation:

of

ot
þ v �

of

or
�

1

m

oU

or
�
of

ov
¼ Icoll½f ; ðA:1Þ

where f ðr; v; tÞ is the distribution function and Icoll½f  is collision term. The density q is obtained

from the distribution by integration over velocity:

qðr; tÞ ¼

Z

d3vf ðr; v; tÞ: ðA:2Þ

A.1. Reduction of dimensionality

We present the formulation of conservation equations for cylindrical geometries. We choose

the longitudinal axis along z. In order to get hydrodynamic-like equations, we assume that the

distribution function f is given by a local Maxwell–Boltzmann distribution of the form:

f ðr; v; tÞ / exp

(

�
mðv� uðz; tÞezÞ

2

2kBT ðz; tÞ
�
Uðx; y; zÞ

kBT ðz; tÞ

)

: ðA:3Þ

In the ansatz (A.3) we assume that the velocity field is purely longitudinal, and that all macro-

scopic quantities depend only on z. 2 We introduce the linear density n defined by:

nðz; tÞ ¼

Z

dxdy d3
vf ðr; v; tÞ: ðA:4Þ

The conservation of the number of particles is obtained by taking the average of (A.1) over the

transverse coordinates and the velocity components:
R

½A:1dxdy d3
v:

on

ot
þ

o

oz
nhvzið Þ ¼ 0; ðA:5Þ

where h� � �i denotes the following normalized average:

hAi �
1

nðzÞ

Z

dxdy d3
vAf ðr; v; tÞ:

2 The set of hydrodynamic-like equations derived in Appendix A can be recovered directly from hydrodynamic

equations with the proper choice for the ansatz. Actually, the radial dependence of the velocity field has to be taken into

account even if it does not appear explicitly in the 1D equations.
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The axial momentum current equation is deduced from the average of the on-axis component of

the velocity
R
½A:1vzdxdy d3

v:

o

ot
nhvzið Þ þ o

oz
nhv2z i
� �

þ n

m

oU

oz

� �
¼ 0: ðA:6Þ

The conservation of energy is obtained from the average of the one-particle hamiltonian

Hðr; vÞ ¼ mv2=2 þ UðrÞ,
R
½A:1Hðr; vÞdxdy d3

v

o

ot
nhHið Þ þ o

oz
nhvzihHið Þ þ m

2

o

oz
nðhv3z i
�

� hvzihv2
z iÞ

�
¼ 0: ðA:7Þ

A.2. Application to a power law potential for a stationary flow

We consider in this section that the transverse confining potential is given by a power law of

exponent c with a z-dependent strength kðzÞ:
Uðx; y; zÞ ¼ mkðzÞrc?; ðA:8Þ

where r? ¼ ðx2 þ y2Þ1=2 denotes the radial distance from the guide axis.

Furthermore, we define the mean velocity of the beam by u � hvzi, and calculate with the ansatz

(A.3) the following useful quantities: hv2
z i ¼ u2 þ kBT=m and hv3z i ¼ u3 þ 3ukBT=m. One also

readily calculates the average values hUi ¼ 2kBT=c, hHi ¼ ð2=cþ 3=2ÞkBT þ mu2=2. The one-

dimensional hydrodynamic equations (A.5)–(A.7) then simplify considerably. In the stationary

regime that we shall consider hereafter, they can be recast in the form:

nu ¼ /;

d

dz

kB

u
T

�
þ mu

�
þ 2kBT

cku

dk

dz
¼ 0;

2

c

�
þ 5

2

�
kBT þ mu2

2
¼ l:

ðA:9Þ

An interesting feature of this set of equations is the conservation of phase-space density D � qk3
dB,

where kdB ¼ h=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmkBT

p
is the thermal de Broglie wavelength and q the 3D particle density.

Indeed, for the power-law potential (A.8), D scales with the four parameters u, T , k and c as:

D � k2=c
u�1T�2=c�3=2. One can easily check that the set of equations (A.9) implies that

dD

dz
¼ 0:

The collision rate Ccoll scales as qT 1=2, thus the ratio bCC ¼ CcollðzÞ=Ccollð0Þ scales as ðT ðzÞ=T ð0ÞÞ2.

Appendix B. Compression of an ideal quantum gas

In this appendix, we address the problem of the propagation of a quantum gas in a harmo-

nic waveguide with a constriction. The potential experienced by the atoms reads: Uðx; y; zÞ ¼

324 T. Lahaye et al. / Communications in Nonlinear Science and Numerical Simulation 8 (2003) 315–328



mx2ðzÞðx2 þ y2Þ=2, xðzÞ being the z-dependent angular frequency. We introduce the harmonic

oscillator length rðzÞ ¼ ð�h=mxðzÞÞ
1=2

, and denote its first and second derivatives with respect to z

by r0 and r00. For a theoretical description, we resort to the study of the stationary solutions of the

Schr€oodinger equation [15]. A general wave function can be expanded on the adiabatic basis as

jWi ¼
P

nx;ny
anx;ny ðzÞjnxðzÞi � jnyðzÞi, where fjniðzÞig denotes the local 1D harmonic basis for the

i-direction with a z-dependence in angular frequency. Inserting jWi into the Schr€oodinger equation

with stationary energy E � �h2k2=2m and projecting on the mode jmxðzÞi � jmyðzÞi yields the

following set of coupled linear equations:

d2
amx;my

dz2
þ k2

mx;my
amx;my

¼ �
X

nx 6¼mx

2
danx;my

dz
Amx;nx

�

þ anx;my
Bmx;nx

�

�
X

ny 6¼my

2
damx;ny

dz
Amy ;ny

�

þ amx;nyBmy ;ny

�

þ 2
X

nx 6¼mx

ny 6¼my

anx;nyAmx;nxAmy ;ny ;

ðB:1Þ

where we have defined the matrix elements Ami;ni ¼ hmijo=ozjnii, Bmi;ni ¼ hmijo
2=oz2jnii, and the

local wave number kmx;my

k2
mx;my

¼ k2 �
r02

2r2
ð2þ mx þ my þ m2

x þ m2
yÞ �

1þ 2mx þ 2my

r2
: ðB:2Þ

The matrix elements can be readily calculated:

Ami;ni ¼ r0hmija
y2
i � a2

i jnii=2r;

Bmi;ni ¼
1

4r2
r02hmij½a

y2
i

�

� a2
i 

2
jnii � 2ðrr00 � r02Þhmija

y2
i � a2

i jnii
�

;

where a
y
i and ai are the creation and annihilation operators for the considered harmonic basis.

Eq. (B.1) shows that each mode experiences a different potential barrier. In particular, kmx;my
ðzÞ

decreases in for a propagation through a constriction since the ground state energy increases in

this case. From the above analysis we can conclude that an incident wave initially in the transverse

ground state remains in this state if the adiabatic approximation criterium is fulfilled, namely

jr0j � 1. The adiabatic approximation fails around the turning point if the constriction is such

that the incident wave can be reflected. We note that if the condition of adiabatic approximation is

not fulfilled, Eq. (B.1) allows one to evaluate the importance of inter-level scattering.

Appendix C. Effective one-dimensional hydrodynamic equation in the quantum regime

In this appendix, we derive the effective 1D hydrodynamic equations for a beam of Bose-

condensed interacting atoms propagating through a guide. For this purpose, we recall the main

steps of their derivations as presented in [17] by means of the standard variational procedure. This

approach is valid under the dilute-gas assumption [16], namely �qqa3 � 1 where a is the scattering

length and �qq the mean density.
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C.1. Hydrodynamic equations

The action S for the condensate wave function w reads:

S ¼
Z

dtE½w;w� � i�h

2

Z

dtd3
r w� ow

ot

�

� w
ow�

ot

�

; ðC:1Þ

where the energy functional E is given by

E½w;w� ¼
Z

d3
r

�h2

2m
jrwj2

�

þ 2p�h2a

m
jwj4 þ UðrÞjwj2

�

: ðC:2Þ

The fact that the transverse beam size is small compared with the other relevant length scales

allows us to consider the density profile across the guide to have its equilibrium form appropriate

to the local number of particles per unit length. As a consequence, the problem becomes essen-

tially one dimensional. In this case, the wave function can be assumed to have the form:

wðr; tÞ ¼ f ðz; tÞgðx; y; nÞ where n is the local density of particles per unit length and g the equi-

librium wave function for the transverse motion. We emphasize that this ansatz does not corre-

spond to a complete separability between the axial and transverse coordinates since g depends on

z via the density per unit length n. In the following, we choose g to be normalized to
R

jgj2dxdy ¼ 1, and therefore jf j2 ¼ n.

The equations for g and f are obtained by minimization:

d

dg�
E

�

� l

Z

d3
rjwj2

�

¼ 0 and
dS

df � ¼ 0; ðC:3Þ

where l is the chemical potential. After some algebra, one obtains the following set of equations:

� �h2

2m
D

�

þ U þ 4p�h2a

m
jfgj2

�

g ¼ ~llg ðC:4Þ

i�h
of

ot
¼ � �h2

2m

o
2f

oz2

�

� f

Z

jrgj2dxdy
�

þ 4p�h2a

m
f jf j2

Z

dxdyjgj4 þ f

Z

dxdyU jgj2 ðC:5Þ

where we introduce the effective chemical potential ~ll ¼ l� �h2jof =ozj2=ð2mjf j2Þ. To obtain the

hydrodynamic-like equations, it is convenient to write f in terms of a modulus and a phase:

f � ffiffiffi

n
p

eiu. The velocity field u associated with the phase u reads u � ð�h=mÞou=oz. From (C.4) and

(C.5), one derives the equations for the density n and the velocity u:

on

ot
þ o

oz
ðnuÞ ¼ 0; ðC:6Þ

m
ou

ot
¼ � o

oz
~ll

�

þ 1

2
mu2 � �h2

2m

1
ffiffiffi

n
p o

2ð ffiffiffi

n
p Þ
oz2

�

: ðC:7Þ

The first equation is the usual equation of continuity, while the second is an Euler-like equation.

In the adiabatic limit, the last term of (C.7) is negligible.
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C.2. Determination of the chemical potential

In the following, we derive the expression for the chemical potential in two opposite limits,

namely the Thomas Fermi regime (na � 1) and the weak coupling limit (na � 1). We restrict our

analysis to an harmonic trapping potential: Uðx; y; zÞ ¼ mx2ðx2 þ y2Þ=2.

C.2.1. The Thomas–Fermi regime

In this large density limit (na � 1), the kinetic term in (C.4) can be neglected. The normal-

ization condition on g provides the relation between the effective chemical potential ~ll and the

local density of particles per unit length: ~ll ¼ 2�hx
ffiffiffiffiffi

na
p

. If x does not depend on z or changes

smoothly, jof =ozj � 0 and ~ll ¼ l, we therefore recover the results of Refs. [17,20].

C.2.2. The weak-interaction limit

In the absence of interaction, g0 has a Gaussian form, jg0j2 ¼ ðpr2Þ�1
e�ðx2þy2Þ=r2

with

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

�h=mx
p

and l0 ¼ �hx. The low density limit corresponds to na � 1, we consequently derive

perturbatively from Eq. (C.4) the correction to the chemical potential:

l ¼ l0 þ dl ¼ l0 þ
4p�h2a

m
n

Z

dxdyjg0j2 ¼ �hxð1 þ 2anÞ: ðC:8Þ
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We report on our recent progress in the manipulation and cooling of a magnetically guided, high-flux beam

of 87Rb atoms. Typically, 7�109 atoms per second propagate in a magnetic guide providing a transverse

gradient of 800 G/cm, with a temperature �550 �K, at an initial velocity of 90 cm/s. The atoms are subse-

quently slowed down to �60 cm/s using an upward slope. The relatively high collision rate �5 s−1� allows us

to start forced evaporative cooling of the beam, leading to a reduction of the beam temperature by a factor of

4, and a tenfold increase of the on-axis phase-space density.

DOI: 10.1103/PhysRevA.72.033411 PACS number�s�: 32.80.Pj, 03.75.Pp

I. INTRODUCTION

Evaporative cooling of atomic clouds confined in mag-
netic or optical traps has allowed for the realization of Bose-
Einstein condensation in dilute gases �1�. Coherent streams
of matter waves have been extracted from such condensates,
leading to the achievement of pulsed “atom lasers” �2–5�.
Nevertheless, the very low duty cycles and mean fluxes of
the atom laser experiments realized to date are crucial incon-
veniences in view of practical applications, such as metrol-
ogy or nanolithography experiments. Such applications
would indeed require the equivalent, for matter waves, of a
high-flux, continuous-wave laser.

A possible way to realize such a cw atom laser consists in
outcoupling atoms from a trap periodically replenished with
new condensates �6�. Another way to achieve this goal has
been studied theoretically in �7� and transposes the technique
of evaporative cooling to an atomic beam. A high-flux, slow,
and cold atomic beam, transversely confined by a magnetic
guide, can be further cooled by applying an energy-selective
“knife” that removes atoms having a transverse energy above
the average. As the remaining particles propagate further
downstream and rethermalize through elastic collisions, the
beam temperature decreases. By lowering the knife as the
beam gets colder, forced evaporative cooling takes place, and
the phase-space density of the beam increases.

The challenging prerequisite in order to apply such an
evaporative cooling technique is to realize a guided atomic
beam in the collisional regime, as demonstrated in �8�. Here,
we report on several improvements of the setup allowing us
to achieve a tenfold increase of the beam phase-space density
by evaporative cooling. An upward slope is implemented
along the first 1.7 m of the guide, leading to a significant
decrease of the beam velocity. This, in combination with an
optimization of the pulsed injection of atoms into the guide,
yields a significant increase in the collision rate. We have
also developed a detection scheme using absorption spectros-
copy on an open transition, which improves the accuracy of
our temperature measurements.

The article is organized as follows. In Sec. II we describe
the experimental setup, with a special emphasis on the
implementation of the tilted guide that allows us to decrease
the beam mean velocity. In Sec. III we show the occurrence
of nonadiabatic spin-flip losses due to the magnetic field van-
ishing on the guide axis. We explain how this can be circum-
vented by applying a longitudinal bias field. We also discuss
the necessary modification of the analysis made in �9� of the
temperature measurements deduced from rf spectroscopy on
the atomic beam. Finally, in the last section, we report on a
significant gain in the phase-space density of a guided atomic
beam, obtained by continuous evaporative cooling.

II. EXPERIMENTAL SETUP

A. Magnetic guide

The magnetic guiding �10–15� of our atomic beam is en-
sured by a two-dimensional quadrupole guide. The guide
axis being chosen as the z axis; the magnetic field reads
�bx ,−by ,0�, where b is the magnetic field gradient. The field

increases linearly with the distance from the axis, where it
vanishes, which leads to nonadiabatic spin-flip losses �see
Sec. III�. Contrary to what happens with a spherical quadru-
pole field, this loss mechanism can be circumvented very
simply by adding a longitudinal bias field B0. The magnetic
field is then nonzero everywhere. Atoms prepared in a low-
field seeking state with a magnetic dipole moment � thus
experience a semilinear cylindrically symmetric potential
given by

U�r� = ��B0
2 + b2r2, �1�

where r= �x2+y2�1/2 is the radial distance from the axis. In

our experiments, we use 87Rb atoms polarized in the �F=1,
mF=−1� state, which has a magnetic dipole moment �
=�B /2, where �B is the Bohr magneton.

We denote by � the flux of the atomic beam propagating
in the guide, v̄ its mean velocity, and T its temperature. De-
pending on the value of the dimensionless parameter �
	�B0 / �kBT�, the potential felt by the atoms is approxi-

mately linear �if ��1� or approximately harmonic ���1�.
For arbitrary �, exact analytical expressions for the elastic
collision rate � within the beam, as well as for the on-axis
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phase-space density �, can be derived for a semilinear poten-

tial:

� =
	

2
3/2

1 + 2�

�1 + ��2

�

v̄


 �b

kBT
�2�kBT

m
, �2�

� =
1

2


1

1 + �

�

v̄


 �b

kBT
�2

h
3

�2
mkBT�3/2
, �3�

where m is the atomic mass. In Eq. �2�, the elastic collision

cross section 	 is assumed to be purely s-wave �and thus

isotropic� and velocity independent �	=7.6�10−16 m2�.
Both assumptions are known to be valid only if T

�100 �K for 87Rb. However, the temperatures investigated

in this article range from 150 to 600 �K. For those tempera-

tures, the d-wave contribution has to be taken into account in

the calculation of both the collision rate and the thermaliza-

tion rate. The inclusion of the d-wave contribution in the

estimation of the thermalization rate is not a straightforward

task. One problem is the anisotropy of the d-wave differen-

tial cross section, which reduces the efficiency of the ther-

malization for a given number of collisions. Another diffi-

culty lies in interferences between s- and d-wave

contributions. For the particular case of 87Rb, the d-wave

cross section exhibits a resonance �16� that increases the col-

lision rate around 300 �K. This compensates partially for the

reduced efficiency in rethermalization of d-wave scattering,

resulting in a nearly constant thermalization rate �17�. There-

fore, in the following, we use the expression �2� as a guide-

line to estimate the number of collisions.

We now turn to the experimental realization of such a

guide �18�. Currents up to I=400 A are running in four

4.5-m-long parallel copper tubes sitting at the vertices of a

square of side a=8 mm. The currents change sign between

adjacent tubes. A ring-shaped, hollow, nonmagnetic

stainless-steel piece, brazed on the copper tubes, is used at

the entrance of the guide in order to recombine the currents

and the cooling water used to dissipate the �5 kW generated

by ohmic heating. The copper tubes are held together using

ceramic pieces every 30 cm, and the guide rests on other

ceramic pieces which themselves rest on the inner side of the

vacuum chamber. For this configuration of currents, the mag-

netic field gradient is b=4�0I / �
a2�, and can therefore reach

a maximum value of 1 kG/cm for I=400 A. The magnetic

field gradient is actually smaller by a factor of 3 at the en-

trance of the guide �where a=14 mm� and reaches its

asymptotic value only after 40 cm as the distance a is pro-

gressively reduced. The goal of this tapered section is to

compress adiabatically the beam during its entrance into the

guide, in order to maximize the collision rate �.

The whole guide sits in an ultrahigh vacuum chamber �see

Fig. 1� consisting essentially of two glass tubes allowing us

to use rf antennas located outside of the vacuum chamber,

since metallic tubes would screen the oscillating magnetic

field. Two 25 l / s ion pumps located at z=1.7 m and z

=4.3 m from the guide entrance ensure that the pressure re-

mains around 10−11 Torr at the pumps locations; however,

due to the poor conductance of the glass tubes, the effective

lifetime in the second part of the guide, measured by moni-

toring the flux at z=1.7 m and z=4.3 m for various beam

velocities, is limited to �15 s. We find experimentally that

cooling the vacuum chamber to below −50 °C increases the

flux measured at the end of the guide by 25% to 50%. For

this purpose, we use a flow of cold nitrogen gas emanating

from a liquid nitrogen dewar. This increase is a clear indica-

tion that the main source of background gas is the outgassing

from the glass walls. In addition, we have found that the

repeated, fast switching-off of the guide current leads to a

degradation of the vacuum, presumably by causing mi-

croleaks to appear at the level of the brazing between the

copper tubes and the recombination piece at the entrance of

the guide. For this reason, we do not turn off the magnetic

field of the guide when we measure the atomic beam flux,

and we consequently developed a flux measurement tech-

nique �see Sec. II C� that is almost insensitive to the presence

of the magnetic field.

B. Loading of the guide

In order to produce a high-flux, low velocity, cold atomic

beam propagating in the guide, we use a pulsed injection

scheme as described in detail in Ref. �8�. We recall here

briefly the various steps involved in the 180 ms sequence

used to inject a “packet” of atoms into the guide.

FIG. 1. Simplified sketch �not to scale� of the magnetic guide. The first 1.7 m of the guide is slightly tilted upwards by h0=22±1 mm,

while the remaining part is horizontal within ±1 mm. The guide sits inside glass tubes so that rf waves can be shone on the atomic beam.

Two probe beams, one just after the slope, the other close to the end of the guide, can be used to detect the atoms. The beam in probing zone

1 can also be used as a marking beam for longitudinal time of flight measurements �see text�. The ellipses numbered from 1 to 10 represent

the rf antennas used for the evaporative cooling of the beam; the one labeled “T” represents the rf antenna used to measure the beam

temperature.
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A slow ��20 m/s� atomic beam, with a flux on the order

of 2�1011 atoms/s, is produced by decelerating, in a Zee-
man slower �not shown in Fig. 1�, an atomic beam effusing
from an oven at 140 °C. It is used to feed a three-
dimensional magneto-optical trap �MOT�. The MOT mag-
netic field reads �bxx ,byy ,bzz� with �bx ,by ,bz�= �5.4,

−6 ,0.6�G/cm. This anisotropy in the field gradients results

in an elongated shape of the cloud. After 100 ms of loading,
the MOT contains about 1.8�109 atoms, and has a trans-
verse rms radius of about �r=1 mm and a length of 35 mm
along z. A 3 ms launching phase occurs, in which the MOT
magnetic fields are switched off, and a small frequency offset
� is applied between the front and rear pairs of the MOT
beams lying in the horizontal plane. In this moving molasses
configuration �19�, the cooling occurs in a frame moving
with a velocity vinj��. This way, the atom cloud is set in
motion towards the guide entrance, with an injection velocity
vinj adjustable between 30 and 250 cm/s. In the last 1.5 ms
of this phase, the atoms are further cooled by increasing the
laser detuning from the cooling transition to −72 MHz. This
results in a final cloud temperature around 40 �K, hence a
rms velocity �v=6 cm/s.

A 700 �s optical pumping stage is used to pump the at-

oms into the �F=1, mF=−1� ground state, with an efficiency

of �70%. A two-dimensional quadrupole magnetic

“preguide” is then turned on for 80 ms, with a transverse

gradient in the x-y plane of 85 G/cm. It prevents the atom

cloud from expanding transversally and from falling due to

gravity while it propagates towards the guide entrance. In

order to “mode-match” the preguide stiffness with the cloud

size and temperature, one can in principle superimpose a

longitudinal bias field B1. This makes the preguide harmonic,

with an angular frequency �1�B1
−1/2. For the parameters of

our atomic cloud, the field needed to obtain �1=�v /�r is

B1=60 G. Nevertheless, we find experimentally that apply-

ing such a bias field does not lead to appreciable changes in

the beam temperature and flux. Moreover, the “center match-

ing” �i.e., the overlapping of the atom cloud axis with the

guide axis z�, which is a crucial step in order to achieve a

low temperature of the guided beam, is greatly simplified in

the absence of bias field as there is no gravitational sag,

whereas a bias field B1=60 G leads to a 3 mm sag.

The atomic packets containing 1.3�109 particles, and in-

jected with a rate of �180 ms�−1, expand longitudinally �due

to the dispersion of longitudinal velocities� while they enter

into the guide, and finally overlap, resulting, after a propa-

gation over 50 cm, in a continuous beam with a flux �=7

�109 atoms/s and a mean velocity vinj.

The timings cited here �100 ms of MOT loading and

80 ms of preguiding� are optimized for vinj=90 cm/s. For

other injection velocities, these values have to be adjusted

accordingly. However, it is important to point out that the

pulsed injection scheme used here prevents us from injecting

the beam at arbitrary low velocities. Indeed, the preguiding

time �pg must be long enough to let the packet propagate

over a length � of typically 10 cm so that the preparation of

the next packet does not affect the previous one significantly.

Therefore, for injection velocities much lower than 90 cm/s,

the preguiding time �pg�� /vinj would become prohibitively

long. This would lead to a low repetition rate affecting the

value of the coupled flux �, since the number of atoms that

one can accommodate in the MOT quickly saturates.

C. Detection of the atomic beam

Absorption spectroscopy is used to monitor the beam flux,

using two laser beams located in the middle and at the end of

the guide �probing zones 1 and 2, respectively, on Fig. 1�.
We have investigated two detection schemes. The first one

consists in using probe beams resonant with the �52S1/2 ,F

=2�→ �52P3/2 ,F�=3� transition, with a small amount of re-

pumping light used to first repump the atoms from

�52S1/2 ,F=1,mF=−1� to �52S1/2 ,F=2�. This has the advan-

tage of yielding a continuous signal if the probe beam is

locked on the transition. This allows one, for example, to

monitor the time dependence of the flux. The velocity mea-

surements described in the next section are realized this way.

However, the guide magnetic field is present during those

measurements. It leads to a large inhomogeneous broadening

of the resonance line, largely dependent on the field gradient

b and on the probe beam polarization. We find that in prac-

tice, this measurement method is not reliable if one wants to

measure the atomic beam flux independently of the trans-

verse energy of the atoms. For the temperature measure-

ments through rf spectroscopy �see below�, where one is in-

terested in such a measurement, this method can thus lead to

erroneous results.

We therefore developed another technique, consisting in

monitoring the absorption of the repumping beam alone. The

atomic transition is obviously an open one, and the absorp-

tion is therefore quite small, on the 1% level. Nevertheless,

provided the light intensity is high enough so that any atom,

regardless of its position or velocity, is addressed by the

laser, the number of photons absorbed per second is propor-

tional to the atomic flux. In particular, for the transition

�52S1/2 ,F=1�→ �52P3/2 ,F�=2� in which no dark state exists

�in contrast to what happens for F�=0 or F�=1�, each atom

scatters on average two photons before being pumped into

the �52S1/2 ,F=2� level. This is therefore a convenient way to

measure the absolute atomic flux in the presence of the in-

homogeneous magnetic field of the guide. We find a good

agreement between the flux deduced by this method and the

one inferred from the loading rate of the MOT.

In practice, for measurements of relative flux, we obtain a

better signal to noise ratio when we scan 70 times per second

the laser frequency across the �52S1/2 ,F=1�→ �52P3/2 ,F�

=0,1 ,2� transitions, at a rate of about 600 MHz/ms. For a

beam velocity of v̄=60 cm/s, the atoms that are in the prob-

ing region �of length 1 mm� for a given scan were thus lo-

cated �1 cm upstream during the previous scan and they

were not affected by the probe. We find that, in contrast to

the previous detection scheme, the spectra are remarkably

insensitive to b and to probe polarization. This robustness of

the flux signal thus leads to a much more accurate tempera-

ture determination.

D. Implementation of a slope to slow down the beam

The number of collisions Ncol experienced by an atom

during its propagation along the whole guide scales as 1 / v̄2,
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where v̄ is the beam mean velocity. Since the value of Ncol

determines the potential gain in phase-space density that one

can achieve through evaporative cooling �9�, one needs to

minimize v̄. However, as pointed out in Sec. II B, the injec-

tion velocity vinj cannot be arbitrarily low because of the

pulsed character of our loading process. Therefore, exploit-

ing the relative mechanical flexibility of the guide and the

presence of bellows in the vacuum system �see Fig. 1�, we

implemented an upwards slope on the first 1.7 m of the

guide, the height of the guide rising by h0=22±1 mm. The

remaining part of the guide is horizontal within ±1 mm �see

Fig. 1�. The purpose of such a slope is to decrease the mean

velocity of the beam and thus increase Ncol. In the absence of

collisions, the product of the mean velocity of the beam by

the longitudinal velocity dispersion remains constant in the

slope as a result of Liouville’s theorem. In a collisional beam

this effect yields a slight increase of temperature by an

amount T /T��2/7�v̄ / v̄ �20�.
We have performed velocity measurements in the second

part of the guide with a longitudinal time-of-flight technique.

The laser beam in probing zone 1 in Fig. 1, located at the

position z1, is scanned at a 200 Hz rate across the transitions

�52S1/2 ,F=1,mF=−1�→ �52P3/2 ,F� ,mF�
� and is used as a

marking beam. For a power of 6 �W, typically 30% of the

atoms are removed from the beam. At time t=0, we extin-

guish the marking beam, and we monitor with the probe

located in probing zone 2 �locked on the cycling transition�
the flux arriving at z2. The time-dependent signal is fitted

according to

��t� = �0 + �� erf
 z2 − z1 − v̄t

t�2kBT/m
� , �4�

where erf is the error function, with T and v̄ as adjustable

parameters.

Figure 2 represents the final velocity v̄ measured this way,

as a function of the injection velocity vinj. One can see a

clear reduction of the velocity, with v̄ close to the velocity
�vinj

2 −2gh0 expected for a single particle having an initial

velocity vinj and “climbing” a height h0 �solid line�.
The use of a slope to slow down the beam is nevertheless

limited by the fact that one must stay in the supersonic re-

gime: the Mach number, defined as M= v̄ /�v, where �v is

the longitudinal velocity dispersion, must remain signifi-

cantly larger than 1. If this is not true, many particles would

move backwards, thereby reducing the flux �see Fig. 3� and

increasing the incoming particles energy through collisions

with a high relative momentum. In practice, we find that for

vinj=90 cm/s, the final velocity v̄�60 cm/s �see Fig. 2� is

still high enough for the beam to stay sufficiently supersonic

�for T�600 �K, �v�25 cm/s�. The net gain, induced by

the use of a slope, on the number of collisions Ncol is typi-

cally a factor of 2 for this choice of parameters.

III. FROM LINEAR TO HARMONIC GUIDING

POTENTIAL

A. Spin-flip losses

In a purely two-dimensional quadrupole guide, the mag-

netic field vanishes along the guide axis z. Therefore, atoms

having a low angular momentum experience a rapid varia-

tion of the direction of the magnetic field when they ap-

proach the axis, and can undergo a nonadiabatic spin-flip

transition to an untrapped state �21�. This loss mechanism is

more pronounced if the beam enters the collisional regime,

since collisions redistribute angular momentum between at-

oms and continuously lead to new losses. Adding a longitu-

dinal bias field to the two-dimensional quadrupole leads to a

semilinear transverse trapping potential �1�, in which the

magnetic field never vanishes, which can strongly suppress

those Majorana losses.

FIG. 2. Velocity v̄ of the beam after the slope as a function of

the injection velocity. The magnetic gradient is b=800 G/cm. The

solid line represents �vinj
2 −2gh0 with h0=22±1 mm �the shaded

area represents the uncertainty in v̄ due to the uncertainty in h0�.

FIG. 3. Flux � measured at the end of the guide as a function of

the injection velocity vinj. The magnetic guide gradient is b

=800 G/cm. The timings of the launching sequence are kept con-

stant with the values of Sec. II B. One clearly sees that for low

injection velocities, the flux decreases very significantly.
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To study the occurrence of such spin-flip losses in our

beam, we use a solenoid wound around the guide, with a

diameter varying from 30 to 50 cm and 20 turns per meter,

yielding a longitudinal bias field B0=0.25 G/A along z. The

resulting field is uniform within ±10% along the whole guide

length.

When we apply a sufficiently large bias field �B0�1 G�,
the flux in the guide is enhanced by as much as 30% �see

Fig. 4� with respect to its value for B0=0. The large width of

the loss curve �1 G full width at half-maximum� indicates

that the observed losses are not, strictly speaking, due to

Majorana spin-flips, but are probably induced by high-

frequency oscillating fields �due to the noisy environment�
having an amplitude of a few tenths of gauss �22–24�.

In practice, we operate the magnetic guide with a B0

=1 G bias field. This changes slightly the shape of the trans-

verse trapping potential. If the beam temperature T is large

�kBT��B0� the trap is still approximately linear; but for

lower temperatures the relevant part of the potential is har-

monic.

B. Temperature measurements in a semilinear potential

The exact shape of the potential needs to be taken into

account in the temperature measurements that we perform

with rf spectroscopy �8�. For a linear potential, we extract the

beam temperature T from the fraction � of atoms remaining

in the beam after evaporation by a rf antenna operating at

frequency �rf. If this frequency is small compared to kBT /h,

then very few atoms will fulfill the rf resonance condition at

some point in their trajectory and will be evaporated. In a

similar way, if h�rf�kBT, the resonance condition is fulfilled

on a radius large compared to the thermal radial size of the

beam, and almost no atoms are evaporated. In between, the

function � goes through a minimum. The same feature re-

mains qualitatively true for a semilinear potential, but the

precise lineshape of this rf spectrum depends on the value of

the bias field.

We therefore developed, for an arbitrary bias field B0,

semianalytical calculations allowing us to extract the tem-

perature from the curve depicting the fraction ���rf� of re-

maining atoms after the temperature measurement antenna,

as a function of its rf frequency �rf. The method follows the

one used in �9�. The curve ���rf� now depends on two di-

mensionless parameters, �=h��rf−�0� / �kBT� �where �0 is the

frequency corresponding to the “trap bottom,” satisfying

h�0=�B0� and �=�B0 / �kBT�. In the limit �→0 one has a

linear trap, leading to the approximate formula

���,0� � 1 − 1.65�1.13e−0.92�, �5�

while for �→� one recovers the exact formula for a har-

monic confinement:

���,�� = 1 − �
�e−�. �6�

From our calculation, we find a good interpolation between

those two limits is provided by the following empirical for-

mula:

�approx��,�� � 1 − 1.7e−0.9��1.1−0.4 arctan�3.6��. �7�

We checked the validity of the approximate formula �7� by

generating, with a Monte-Carlo simulation, ensembles of at-

oms at thermal equilibrium in the semilinear potential, simu-

lating the curve ��� ,�� by applying the evaporation crite-

rion, and fitting this curve by Eq. �7�. We find that the

temperature obtained in this way is reliable within ±5% for a

range of variation of 0.1���10. The precision with which

we can infer temperature ratios is actually better. We have

checked that, for a given B0, when two temperatures T1
sim and

T2
sim are used to obtain simulated rf spectra, the ratio of the

temperatures T1
fit and T2

fit obtained by fitting those spectra

with Eq. �7� differs by typically less than 1% from the actual

ratio T1
sim /T2

sim.

With this fitting function, we investigate the effect of

spin-flip losses on the beam temperature. In the absence of

an applied longitudinal field, we observe that the beam tem-

perature is �8% higher than when one applies a bias field

large enough to avoid spin-flip losses. This can be easily

understood since the atoms lost by spin-flips have a low

angular momentum, and on average a small energy. There-

fore, their loss leads to a higher beam temperature after re-

thermalization.

IV. EVAPORATIVE COOLING OF THE BEAM

It is important to emphasize that applying evaporative

cooling on an atomic beam is significantly more difficult

than on a trapped cloud of atoms: �i� the pulsed injection

results in a longitudinal dilution of the atom packets, and the

resulting decrease in the atomic density yields a low initial

collision rate �; �ii� the time allowed for evaporation is lim-

ited by the guide length and by v̄, and not only by the quality

of the vacuum; and �iii� the collision rate and phase-space

FIG. 4. Measured flux at the end of the guide �normalized to the

flux in the absence of an applied bias field� as a function of the

applied bias field Bapplied. The curve is not centered on 0 because of

the presence of a Bearth�120 mG component of the Earth’s mag-

netic field along the guide. The bias field is B0=Bapplied−Bearth.
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density scale less favorably in view of evaporative cooling

for a two-dimensional confinement than for a three-

dimensional trap �9�. For all those reasons, a significant gain

in the phase-space density of a magnetically guided beam

had never been achieved to date.

In this section, after detailing the two evaporation meth-

ods that we have developed—radio frequency and micro-

wave evaporation—we report on the evaporative cooling of

the atomic beam using several evaporation zones in order to

significantly increase the phase-space density.

A. Radio-frequency evaporation

Evaporative cooling relying on a position-dependent tran-

sition to an untrapped state can be easily accomplished using

a two-photon radio-frequency transition between the Zeeman

sublevels �F=1,mF=−1� and �F=1,mF=1�. Atoms crossing

a cylinder of axis z, with a radius Revap fulfilling U�Revap�
=h�rf, where h is Planck’s constant and �rf the rf frequency,

are evaporated. If this radius is higher than the beam’s ther-

mal size, essentially energetic atoms are removed, and after

rethermalization, the beam gets colder. For temperatures in

the range of a few hundreds �K, the corresponding frequen-

cies are in the tens of MHz. The rf antennas that we use

consist of a single loop with a 50 � resistor in series, in

which we couple a power of 27 dBm. This corresponds to an

amplitude of the oscillating magnetic field, at the level of the

atomic beam, of 50 mG.

We can measure the spatial range over which an antenna

is efficient by switching on a rf antenna for a short time �a
few tens of milliseconds� and monitoring the temporal width

of the dip appearing in the flux signal. We find that the typi-

cal range is around 20 cm.

Nevertheless, for some specific frequencies �especially

around 40 MHz� we observe that the efficiency range of the

antenna considerably increases, essentially reaching the

whole guide length. Those resonance frequencies depend on

the position zant of the antenna on the guide. This fact, added

to the similarity between the guide length and the wave-

lengths corresponding to the resonance frequencies, leads us

to suppose that the rf antennas can couple to the guide, in

which they induce currents, making it act as an antenna it-

self.

Although those resonances are well localized in the fre-

quency domain, and therefore do not prevent the use of rf

evaporation for the purpose of evaporative cooling, we tried

to circumvent this problem with evaporation in the micro-

wave domain by inducing transitions between different hy-

perfine states.

B. Microwave evaporation

An electromagnetic wave resonant with the hyperfine

transition �52S1/2 ,F=1�→ �52S1/2 ,F=2� at �hf=6834.7 GHz

can also be used to selectively remove atoms from the beam

�25�. Indeed, a magnetic dipole transition from the trapped

state �F=1,mF=−1� can only excite atoms to the antitrapped

states �F=2,mF=−2�, �F=2,mF=−1�, or to the untrapped

state �F=2,mF=0�. Contrary to the rf case, this gives three

distinct evaporation radii. This leads actually to a better ef-

ficiency of the evaporative cooling process compared to

single-radius evaporation, as was discussed in �9� for the

case of evaporation with a continuum of radii spanning the

range �Revap ,��.
We calculate the fraction ���mw� of atoms remaining after

such a microwave antenna operating at �mw, in the same way

as for the single-radius evaporation scheme. Defining � as

h��hf−�mw� / �kBT�, we work out the following approximate

formula, valid for a linear potential: ����=1

−0.89�0.67e−0.27�. The shape of this curve plotted in Fig. 5�a�
is qualitatively similar to the one obtained with rf evapora-

tion, but with a much larger width and a more pronounced

minimum.

In practice, microwave evaporation is implemented by us-

ing a 10 dB gain horn antenna powered by a microwave

synthesizer delivering typically 20 dBm after amplification.

The directivity of such an antenna allows us to use the mi-

crowave evaporation scheme even in locations where nearby

metallic walls prevent the use of rf evaporation. For instance,

we can use it in the metal cross located in the middle of the

guide, by shining the microwave through optical viewports

�see Fig. 1�. We have used this evaporation scheme in order

to measure the beam temperature and found a very good

agreement �less than 10% difference� between microwave

and rf spectroscopic measurements of temperature.

We have also calculated the temperature change T� /T ex-

perienced by the beam upon evaporation with a microwave

antenna followed by rethermalization. Figure 5�b� shows the

FIG. 5. �a� Fraction of remaining atoms after the microwave

horn antenna as a function of �. The experimental points are in

good agreement with theory �solid line�; the points at �=6 and 8

are slightly above the expected value, probably because of a lack of

microwave power to reach a 100% efficiency in the evaporation. �b�
Temperature change induced in the beam by evaporation with a

microwave at the parameter �, followed by rethermalization. The

solid line is the theoretical curve; the points are experimental results

of evaporation performed in the interesting region where the phase-

space density increases significantly. For �=8, the phase-space den-

sity of the beam increases by 2.6. For those experiments, the mean

velocity is v̄=0.8 m/s and the guide gradient 600 G/cm.
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corresponding theoretical curve, and the experimental data

points obtained for evaporation with �=6, 8, 10, and 12. The

beam temperature was measured with a rf antenna. The

agreement is excellent, the theoretical curve having no ad-

justable parameters. For the point corresponding to �=8, the

gain in phase-space density is 2.6, which is significantly

higher than the maximum gain of 1.9 that one can obtain

with �single-radius� rf evaporation.

C. Tenfold increase of the beam phase-space density with

several antennas

In order to achieve a significant gain in phase-space den-

sity, we use the following setup �Fig. 1�: We choose vinj

=90 cm/s and b=800 G/cm. Five rf antennas, separated by

�20 cm, are placed at 0.5�z�1.3 m with frequencies de-

creasing from 49 to 25 MHz, then the horn antenna at z

=1.7 m is operated at �mw=6774 MHz, and finally five more

rf antennas are placed at 2�z�2.8 m with frequencies de-

creasing from 21 to 14 MHz. We use such a scheme, in

which obviously no complete rethermalization can occur be-

tween successive rf antennas
1
, because it is less sensitive to a

potential lack of efficiency of an antenna for some frequency.

In addition, this scheme is closer to the usual evaporation

ramp in the time domain used for evaporative cooling of

trapped atoms than the steplike evaporation process that

would consist in letting the beam rethermalize completely

after each antenna.

With the last evaporation antenna placed at z=2.8 m, and

the analysis antenna used for the temperature measurements

at z=4 m, the beam can rethermalize completely after the

last antenna, and therefore we measure the temperature of a

beam that is really in thermal equilibrium.

Figure 6 shows the rf spectra from which we deduce the

initial �without evaporation� and final �after evaporation by

the 10 rf and microwave antennas� temperatures Ti and T f.

We find Ti=574±9 �K, and T f =164±6 �K. The corre-

sponding flux reduction is � f /�i=0.13±0.02. From this we

infer a gain in phase-space density by a factor 10.4−3.0
+4.1. The

spectrum giving T f corresponds to a well thermalized beam

�the spectrum does not reach the value 1 for, e.g., �rf

=14 MHz, which would be the signature �8� of the absence

of rethermalization after the last evaporation antenna�. This

configuration corresponds to the existence of a steady-state

temperature gradient dT /dz�200 �K/m along the beam.

Those measurements require a good stability of the inci-

dent atomic flux. Indeed, a small relative variation �i /�i

can be amplified very significantly since a decrease in �i

will result in fewer collisions between successive antennas,

and thus in a more pronounced reduction of the flux than in

the collisional case. We observed that fluctuations in �i by

30% could lead to fluctuations above 50% in � f. For the data

of Fig. 6 we therefore checked that the absolute flux was

almost constant and equal to its maximal value during the

whole data acquisition.

V. CONCLUSION AND PROSPECTS

In this article, we have demonstrated a significant gain in

the phase-space density of a magnetically guided atomic

beam by means of continuous evaporative cooling. This ten-

fold increase brings the beam’s phase-space density to about

2�10−7. In order to gain the seven remaining orders of mag-

nitude required to reach quantum degeneracy, the tempera-

ture needs to be decreased so much that the guide confine-

ment will become harmonic. As pointed out in �9�, the

evaporation becomes less efficient for this confinement as

compared to the linear case, and the elastic collision rate

cannot increase significantly during the evaporation process.

In order to have a quantitative picture of the whole evapo-

ration ramp all the way to quantum degeneracy, we therefore

calculated for arbitrary values of �, the change in flux and

temperature for a given value of �. This allows one to cal-

culate, through Eqs. �2� and �3�, the gain in phase-space den-

sity and the evolution of the collision rate.

The resulting “evaporation trajectories” followed by the

beam in the plane �T ,�� when it crosses successive single-

radius evaporation antennas are plotted in Figs. 7 and 8. The

frequency of each antenna is adapted so as to evaporate at

constant � parameter, and we assume that full rethermaliza-

tion occurs after each antenna. One sees that evaporating at

relatively low � minimizes the number of antennas needed to

reach degeneracy, but implies having very low final flux and

temperatures, in the 30 nK range. Simultaneously, the colli-

sion rate for such low evaporation parameters is decreasing

significantly in the final evaporation stages when the tem-

1
Even at the low velocity achieved in the second, horizontal part

of the guide, on average only �1.5 collisions per atom can occur

over 20 cm.

FIG. 6. Radio-frequency spectra used to determine the tempera-

ture of the atomic beam with and without evaporation by ten rf

antennas and the horn antenna. The temperature reduction from

574 to 164 �K, accompanied by a flux reduction by a factor 7.7,

leads to a tenfold increase of the phase-space density. The arrows

represent the evaporation frequencies of the 10 rf antennas. The two

longer arrows correspond to rf frequencies that would lead to the

existence of evaporation radii coinciding with the ones resulting

from microwave evaporation by the horn; another one at 60.7 MHz

is not shown on the figure.
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perature is low and the potential harmonic �see Fig. 8�. On

the contrary, evaporating at too large � requires too many

antennas and thus a very long guide.

A promising strategy probably consists in operating the

antennas with �=4 or 5, requiring a number of antennas

between 60 and 100. Nonetheless, due to the finite range of

the antennas, with such a large number of evaporation zones

one probably needs to abandon the simple model of discrete

evaporation zones followed by rethermalization �26�, and re-

sort to a continuous evaporation model as the one used in

standard Bose-Einstein condensation experiments and con-

sidered in �7�. The atomic energy distribution is then at any

time close to a truncated Boltzmann distribution �27�,
whereas we considered here that enough time was allowed

between two successive antennas to recover an exact equi-

librium. Another possibility would consist in using surface

evaporation �28� by approaching solid surfaces close to the

beam, on which the most energetic atoms would stick: this

would allow for the use of many very localized evaporation

zones.
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❧ ❹❁✭❁♠❵❞❜❦✏✐❥�✄✍✆✰✛✎✏☎✞✢✧s❬⑥■❦✏❙❚✂✺☞✘♥❀❃✛�✺◗✄✒✣✭✺✂✯s➵Ï✵❦➘ÿ✁✍✆♦✠✒✣✾✹�✄✢✘✢✘☎✞✥⑤s❴Ï✵❦✄♣❀✂✺☞✄✝✆❛❻s✛✸❾❦✗ÿ✁✂✆☎✱◗✆♥❻s✜×t❦✛✡✧☎✞✒✣✭✺✂✏✻❄☞✄✝✆✝✯s⑥■❦✠✡❂☞✄✰✛✰✩✍✆☎✞✢✘✢✧s✜➽❷❦①Ï✵❦①Ï✵❦✰×t❦✞✸❾❦✺❙❵�✄❃✄❃✄☎✞✢●✻❄☞✄✝✆✥⑤s②❏❖❱ ❂ ❦✛✯✩☞✄✢✘�❀✻✽�✄✝✯❦●❼✑❢☞q②❏❖❙✬◗✆❑◆❏❖❯✘❱♦❫❇❛■➽✘❱✬❨✵❴☞➀➄P❇❝❉❱✬♥✵❏
➛❾❼ ❂ ⑨⑩➛ ❂ ➽ ❂ ❙✳P⑤❤✳❤✳P✹✐④❏❖❙●➵❡❏❖❭⑤◗✄P❘❯➄◗✆❯➄⑥✜◗✆❱✬♥✧◗✆❨✧❑rq☞s➹ñ➙Ý◗Ú❇➯✙✖ Õ✜❑❧ã✗✖✆✲✏❑✓❱❲❱❳✖✄s →☛➔ s✵Û✿❖⑤ÛP➨✘Û☞❹❥❸➨✬⑤Û⑤ÛP➨✤❺♦❦



❧ ❹✜➨✗♠♠×t❦✪✐✜☞✄✰✹✫✛☎✞✝✆✥✙✫✛☎✞✒✣✝❉st❽♠❦s❇❈✢◆✫✆✻✽☎●♥❀☎✞✰✑s③➽❷❦✪t✧✒✣☎✞✎✏✢✧sr➽❷❦✪✉✞�✄✭✺✂✆✒✼✻❚s ❂ ❦➚ÿ✁✂✆✒✣✝✯s Ï✵❦✪❡❵☎✞✭✺❃✄☎✞✰✩✟
P❈☎✞✝✆✥❁✭✺✂✆✢✿☞✆❛❻s❄❏❖❱⑧➵✽❦❄❜❝✰✛✒✼✻❥✻❚❦ ❂ ❙✳P⑤❤✳❤✳P✹✐✘❏♦❙✈❝✡❙✳P❘❑ ❫✉×⑩P❘❛✄❏❅❞❖❨✧❛✁❫❇❙➩➛❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯ ❂ P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✳❏⑩❱✳P❫❝✈▲❏♦❭④❏❖❯✵❏❖❙✍❫❇❱✍❏❣✸✰❏❖❙✬❑♣◗ ♥ ❫❘❤❋s①ñ➙Ý◗Ú❇➯✙✖❴Õ❄❑❧ã✗✖✆✲✏❑✓❱❲❱❳✖✄s →✠✇ s✜❹❁✬⑤ÛP➨✘Û☞❹❥❸➨✬⑤Û⑤ÛP➨✤❺❖❦

❧ ❹✙❖❁♠♠×t❦✶Ô ❦✛♣✆❋✕✒✣☎✞✰✛✢✘☎✞✒✣✝✯s ❂ ❦✰❽♠❦✛✯✠✫✿☞✄✝✯s ❂ ❦✩✦♠❦✛✯✺✭✺✂✆✍✆✝✆✭✺❃■s❬➽❷❦✰×t❦✩✸❾❦✺t✁☞✆✍✆✤✙☞✛✭✺✂✯s②❽♠❦①Ï✵❦✺❙❚☎✞✰✆✻❄☞✄✝✯s❷❏❖❱
Ô ❦❀❙❚☎✬✫✺✫✛☎✞✰✛✢✘☎②❦ ❂ P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✬◗✄P❘❯③P❇❝●Ö✯❫❇◗✆❙✳❤✻P❇❝❄✸✵❏❖❙✬❑♣◗✄P❘❯✧◗✄❞✈❽❄❱✳P❘❑◆❤❚❯✵❏❋❫❇❙✻❫①✸✰❏❅❤✬♥✘❴✰❫❘❞✍♥t➵❡❏❅❤✳P❘❯✰❫❇❯✵❞❅❏⑤s
ñ➙Ý◗Ú❇➯✙✖❴Õ✜❑❧ã✗✖✛✲✄❑✓❱❲❱❳✖✄s →✠✇ s❬❹❁✬⑤ÛP➨✘Û❏✭➄❸➨✬⑤Û⑤ÛP➨✤❺♦❦

❧ ❹✙q❁♠♠×t❦❉➵✽❦❬❇❈✝✆✎✏✰✛☎●❋✕✥⑤s ❂ ❦ ♥ ❦❬✡✧�✠❋✕✝✆✥❁☎✞✝✆✎❉s❬✦♠❦ ⑨✽Ï✵❦❂★✪✒✣☎✞✥❁✝✆☎✞✰✑s❬✈✻❦❻➽❷❦❂P❈✍✆✰✛✮✱☎✞☎②s✌✈✻❦❉×t❦✌❙❚✍✆✰✛✝✯s■❏❖❱
Ô ❦✜❙❝☎✬✫✺✫✛☎✞✰✛✢✘☎②❦ ➈✜❴✵❤✳❏❖❙✬✐⑤❫❇❱✬◗✄P❘❯ P❇❝❈❤✢❯✤❱✳❏❖❙✟❝✒❏❖❙✳❏❖❯✵❞❅❏▲➛❾❏❖❱②✔❧❏❅❏❖❯③❞✆✔❾P➯➛❾P⑤❤✳❏ ❂ P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✳❏❅❤❋s❥❏ Ù✜➙▲❑◆▼➹Ù④❑❖s
✇ û✞❨✜s✞q❏✭♠✪❪❸✟❹✸➞✙➞♠✪⑤❺♦❦

❧ ❹➦✪✙♠♣➽❷❦✿❜❝✍✆✤✬✫✿☞■s➑Ñ♣❦✗P❈✒✣☎✞✭✺❃❀✻❄☞✄✝✆✝✯s♠Ó✑❦✗❡❣☞✄✎✏✾✹✒✣♦✞☞✄♦✠✒✣✭✿s❇❏❖❱✄✈✻❦✹❼●❦✗✚✜✰✛✒❭✫✛✭✺✂✺☞✄✰✛✎❉❦ ❂ P❘❯✘❱✬❙✍❫❘❤✬❱❀❤✢❯✘❱✳❏❖❙✟❝✒❏❖❙✳P❘❑◆❏❖❱✬❙✬➀❨✵❤✬◗✆❯✧❭❏➛❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯ ❂ P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✳❏❅❤✈❱✳P✇×⑩❏❋❫❘❤✬❨✧❙✳❏
h/m

❫❇❯✵❴
α
s✕ñ➙Ý◗Ú❇➯✙✖❀Õ✜❑❧ã✗✖❄✲✏❑✓❱❲❱❳✖✄súó → s❡❹✜➨✘ÛP➨✘Û☞❹❸➨✬⑤Û⑤Û❏✬④❺♦❦

❧ ❹❋➾❁♠♠×t❦ ⑨✟➈♠❦✳★✪☎●❋①☎✞✥⑤s❻×t❦■➵✽❦❂❇❈✝✆✎✏✰✛☎●❋✕✥⑤s❂✈✻❦❻×t❦✳❙❚✍✆✰✛✝✯s✌✈✻❦❾➽❷❦❩P❈✍✆✰✛✮✱☎✞☎②s ❂ ❦ ♥ ❦✌✡✧�✠❋✕✝✆✥❁☎✞✝✆✎❉s❧❏❖❱Ô ❦❬❙❝☎✬✫✺✫✛☎✞✰✛✢✘☎②❦r➈❡❨✧❱✬q✧❨✧❱ ❂ P❘❨✧q✧❛✄❏❖❙♠❝✒P❘❙❇➛❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯ ❂ P❘❯✵❴✧❏❖❯✵❤✳❏❅❴③❽❄❱✳P❘❑◆❤❋stñ➙Ý◗Ú❇➯✙✖úÕ❄❑❧ã✗✖❂✲✄❑✓❱❲❱❳✖✄s
û➜ó❬s✞❖⑤➾❏✬➄❸✟❹✸➞✙➞♠✪⑤❺♦❦

❧ ❹✸➞❁♠♠❼●❦tÔ ❦❂❡❣☞✛❛❀✢✘☎●♥❻s❻⑥■❦❂P❈☎✞✝✆❛❻s❻×t❦✌❙❵�✄✾✹✍✏✻❄☞■s➙Ï✵❦❬❍■☎✞✝✯søÑ♣❦❂❡❵☎✞✢●✻✽☎✞✰✛✥❁�✄✝✯s❄➽❷❦❉⑥■❦❂t✁�✄✢✘✥✙✫✛�✄✝✯s❻❏❖❱
Ô ❦✄✈✻❦❀✚✜✂✆✒✣✢✘✢✘✒✣✤✞✥⑤❦❵❽❯Ô✇❏❖❛✆❛❣⑨ ❂ P❘❛✆❛✆◗✆❑❥❫❇❱✳❏❅❴ ➚ ❨✰❫❘❤✬◗❣⑨ ❂ P❘❯✘❱✬◗✆❯✤❨✵P❘❨✵❤◆❽❾❱✳P❘❑ ⑥✿❫❘❤✳❏❖❙❋s❬❏ Ù✜➙▲❑◆▼➹Ù◆❑❖s ✇ ó ➔ s❧❹➦✪❘Û✿q❸✟❹✸➞✙➞✙➞④❺♦❦

❧ ✬⑤Û❁♠❵❤♦❦✹✐❥✢✘�✄✭✺✂✯s✹❞❜❦✧Ô ❦✹❡❣❢✄✝✆✥❁✭✺✂✯s④❏❖❱❯❞❜❦✹❉✜✥❁✥❁✢✘✒✣✝✆❛❀☎✞✰✑❦✵❽❄❱✳P❘❑ ⑥✿❫❘❤✳❏❖❙❯✔❄◗✆❱✬♥◆❫▲❞✓✔➆➈❡❨✧❱✬q✧❨✧❱ ❂ P❘❨✧q✧❛✄❏❖❙❋s⑥ñ➙Ý◗Ú❇➯✙✖
Õ✜❑❧ã✗✖✛✲✄❑✓❱❲❱❳✖✄s✶ó ✇ s✶✭⑤Û⑤Û⑤➾➄❸✟❹✸➞✙➞✙➞④❺♦❦

❧ ✬☞❹◆♠❵❤♦❦✛✐❥✢✘�✄✭✺✂✯s✛❞❜❦➹Ô ❦✛❡❣❢✄✝✆✥❁✭✺✂✯s✜❏❖❱✁❞❜❦✛❉✜✥❁✥❁✢✘✒✣✝✆❛❀☎✞✰✑❦❜×⑩❏❋❫❘❤✬❨✧❙✳❏❖❑◆❏❖❯✤❱❜P❇❝❻❱✬♥✰❏♠❤✬q✰❫❇❱✬◗✁❫❇❛❉❞❅P❘♥✵❏❖❙✳❏❖❯✵❞❅❏♣P❇❝❾❫❱✬❙✍❫❇q✧q②❏❅❴✢➛❾P⑤❤✳❏▲❭✘❫❘❤❳❫❇❱❄❱✬♥✵❏❜q✧♥✰❫❘❤✳❏▲❱✬❙✍❫❇❯✵❤✬◗✆❱✬◗✄P❘❯❬s✺❦❣❪✿❱✡➫✕↕☛❑❖s ➪✌➶☛➔ s❬❹✙q✿q❪❸➨✬⑤Û⑤Û⑤Û④❺♦❦
❧ ✬❏✬❁♠❣✴♣❦✵⑥❬❏▼ÿ✁�✄⑤■s①Ï✵❦✩✦♠❦✩✡✧✂✠♥✆❋✕✒✣✥❁✥❁☎✞✝✯s②➽❷❦✰❽♠❦✠t✁☞✄✝✆❛✆❋✽☞✄✢✿☞■s✠✸❾❦✺❜❝☎✞✰✛♦✠✒✣☎✞✰✑s✜➽❷❦✺t✧✒✣✭✺✂✺☞✄✰✛✎❉s ♥ ❦✠P❈☎✞✢✿☞✄✝✠✟✝✆�✠♥❻s✿Ö✯❦❀✐❥�✄✍✠♥❀☎✞✰✑s✯❏❖❱♠❽♠❦✏❇❈✥❁✤✞☎✞✭✠✫✑❦➄❽❾❱✳P❘❑ ⑥✿❫❘❤✳❏❖❙❵✈❳◗✆✐✘❏❖❙✬❭④❏❖❯✵❞❅❏⑤sþñ➙Ý◗Ú❇➯✙✖øÕ✜❑❧ã✗✖❬✲✏❑✓❱❲❱❳✖✄s➘ó û②s■❹➦✪❘ÛP➨✘Û❏✭❸➨✬⑤Û⑤Û☞❹✹❺♦❦
❧ ✬❏✭❁♠❭Ï✵❦ ⑨❳✸❾❦✌t✧✒✣�✄✍✯sþÔ ❦✌❜❝✍✆☎✞✰✛✒✣✝✯s❀✴♣❦✯⑥❬❏✫ÿ✁�✄⑤■s❉×t❦❬⑥✞☞✆✍✆⑤✄✍✆☎✩✻✽♦✠☎✞✰✩❛❯✍✆☎②s■Ö✯❦✌✐❥�✄✍✠♥❀☎✞✰✑stÐ✻❦❬✉✞�✄✥❁✥❁☎②s❉❏❖❱❽♠❦✞❇❈✥❁✤✞☎✞✭✠✫✑❦✈➛❾❏❋❫❇❑ ❲✘❨✰❫❇❛✆◗✆❱✢➀⑧P❇❝■❫✻❯✵P❘❯☞⑨❁◗✄❴✧❏❋❫❇❛✯❫❇❱✳P❘❑ ❛✁❫❘❤✳❏♦❙✹s✆❪✳↕✷⑦❣➙✷ã✑Ù⑨î✗▼❷➺➑â❳⑧❚❪✿❱ ⑨✛⑩✿❶✘⑩✗❷✿❸✘❹●❺❘❦
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❧ ✪❁➐✗♠❭Ñ♣❦➑❿▲❦✿P❥☞✹◗✄✒✣✥⑤s❇×t❦❘➈♠❦✿★✪☎●❋✕☎✞✥⑤s❇❏♦❱➘Ô ❦✗❙❚☎✬✫✺✫✛☎✞✰✛✢✘☎②❦✧❽❡❯✻❫❇❯✰❫❇❛✆➀✤❱✬◗✄❞❋❫❇❛☞❑◆P✘❴✧❏❖❛✘❝✒P❘❙✯❏❖✐⑤❫❇q❷P❘❙✍❫❇❱✬◗✆✐✘❏❧❞❅P✘P❘❛✆◗✆❯✧❭P❇❝■❫❇❱✳P❘❑◆❤❋s✠❅❧í✾í✰➭➔✖❴ñ➙Ý◗Ú❇➯✙✖❴Ü●s ❆ ➈❬s✜❹✙❖✿❖➄❸✟❹✙➉✿➉✿❖④❺♦❦
❧ ✪✗❖❁♠♠❽♠❦✜✐❥✰✩�✩❋✽☞✄☎●♥❀✥⑤s●❽♠❦❄t✁�✄♦✠☎✞✰✹✫✑s❳➈♠❦✜✯✺✒✣✰✛✑✓☎✱☞✄✝✯s✻Ï✵❦❄✚✜�✄✍✆✤✙☞❀✰✺✎❉s▲➽❷❦❄➵❵�✠❋✜☞✄❃■s❄✈✻❦❄✐❥�✄✒✣✰✩�✄✝✯s ❂ ❦❩❤♦❦

❍■☎✞✥✙✫✛♦✠✰✠�✄�✄❃❻s✵❏❖❱●❽♠❦✬❇❈✥❁✤✞☎✞✭✠✫✑❦❯❞❾♥✵❏❖❙✬❑❥❫❇❛✆◗→q✹❫❇❱✬◗✄P❘❯⑩P❇❝✑❑❥❫❇❭⑤❯✵❏❖❱✬◗✄❞❋❫❇❛✆❛✆➀⑧❱✬❙✍❫❇q✧q❷❏❅❴❪❑◆❏❖❱✍❫❘❤✬❱✍❫➑❴✧❛✄❏▲♥✵❏❖❛✆◗✆❨✧❑➄s
ñ➙Ý◗Ú❇➯✙✖❴Õ✜❑❧ã✗✖✛❅❜s ❆ →✿s✵Û❏✭➑➐⑥✪❘Û❏✭➄❸➨✬⑤Û⑤Û☞❹✹❺♦❦

❧ ✪✗q❁♠❵❿▲❦✺✉✱☞✛✭✺❃✄✥❁�✄✝✉❏❖❱❡❼●❦✛♣✏☞✄✰✛☎✩✻✽♦✞☞■❦❾×⑩P✘❴✧❏❖❛✆◗✆❯✧❭➜❿❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯⑩❞❅P❘❯✵❴✧❏❖❯✵❤✳❏❅❴❵❭✘❫❘❤✳❏❅❤❡❫❇❱●⑦✵❯✧◗✆❱✳❏❚❱✳❏❖❑♣q❷❏❖❙✍❫✹⑨❱✬❨✵❙✳❏❅❤❩✔❄◗✆❱✬♥❵➳●⑨▲❴❷P✤❴☞➀⑧❤✬◗✆❑♠❨✧❛✁❫❇❱✬◗✄P❘❯✵❤❋s➹ñ➙Ý◗Ú❇➯✙✖❴Õ❄❑❧ã✗✖✆❅❜s ❆✩❆ s✵Û❏✭❏✭✿q⑤Û✿q❵❸➨✬⑤Û⑤Û❏✬④❺♦❦
❧ ✪❏✪✙♠❵✦♠❦✹❍■✍➄❏❖❱ ❂ ❦♠Ï✵❦✱⑥❬�✄�✏✫✑❦✛✈❳◗✆❙✳❏❅❞❖❱❧❤✬◗✆❑♠❨✧❛✁❫❇❱✬◗✄P❘❯✈P❇❝❬❏❖✐⑤❫❇q②P❘❙✍❫❇❱✬◗✆✐④❏❡❞❅P✤P❘❛✆◗✆❯✧❭✵s✩➂✱✖①ñ➙Ý◗Ú❇➯✙✖✶Ü③➸✩❅✜❱❳✖➹Ø➲î❇➭❭✖✄➨✹í✠❱❳✖

ñ➙Ý◗Ú❇➯✙✖✄s ✇ ❽❬s✧⑥✗✭❏✬☞❹✈❸✟❹✙➉✿➉✿q④❺♦❦
❧ ✪❘➾❁♠ ❂ ❦●➵✽❦✜★✪�✄✝✆✰✩�✄☎②s❡❼●❦❄❽♠❦✉ÿ✁�✄✰✛✝✆☎✞✢✘✢✧s ❂ ❦❄❽♠❦✽✯✩☞✆✭✺❃✄☎✬✫✺✫✑s ❂ ❦❀Ï✵❦✽★➩♥✱☞✱✫✺✫✑s●❏❖❱ ❂ ❦❄❼●❦❄❍■✒✣☎✩✻❄☞✄✝✯❦×⑩❏❋❫❘❤✬❨✧❙✍❏♦❑◆❏❖❯✤❱❡P❇❝ ❂ ❤✟⑨ ❂ ❤●❏❖❛✁❫❘❤✬❱✬◗✄❞❚❤✳❞❋❫❇❱✬❱✳❏❖❙✬◗✆❯✧❭⑧❫❇❱

T = 30 µ
Ñ♣s①ñ➙Ý◗Ú❇➯✙✖❴Õ❄❑❧ã✗✖✆✲✏❑❫❱❲❱❳✖✆s➹û✬➈❬s✬➐✵❹✓➐❵❸✟❹✙➉✿➉❏✭④❺♦❦

❧ ✪✗➉❁♠❵❞❜❦✱❾❀☞✄✂✺☞✘♥❀☎②s☞Ö✑❦➜ÿ✁✰✛☎✞✝✯s ❂ ❦✱t❥�✄�✄✥⑤s✘❏❖❱❂✈✻❦✱❜❝✍✆➅✞✰✿♥✆✟◆➆❝✎✏☎✞✢✘✒✣✝✯❦❬Ö❉❙✳P❘q✰❫❇❭✘❫❇❱✬◗✄P❘❯❪P❇❝✜❭⑤❨✧◗✄❴✧❏❅❴❥❞❅P❘❛✄❴✈❫❇❱✳P❘❑◆❤❋s
Þ✭î✗⑧❈⑧➜✖✺❦qî➑▼✵➭➺➀❭▼✺✖✆❏ Ù✓➀▲✖✛❦❳➫●⑧➜✖✆❏✩➀✣⑧➟✖✄s➜ó❬s✶✭☞❹✙❖ ❳ ✭❏✬⑤➾➄❸➨✬⑤Û⑤Û❏✭④❺♦❦

❧ ➾⑤Û❁♠♠Ö✯❦●❾❬☎✞♦✠�✄☎✞✍✏✮♣❏❖❱❻➳♠❦●✚✏☞✿◗✄✢✘�✄✮✱✮✰❦✛❿❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯➟❴②❏❋❫❇❑◆❤❡➍④❞❅P❘♥✵❏❖❙✳❏❖❯✤❱❻q✧❙✳P❘q✰❫❇❭✘❫❇❱✬◗✄P❘❯✈❱✬♥✧❙✳P❘❨✧❭⑤♥❪❫▲❭⑤❨✧◗✄❴✧❏⑤s
ñ➙Ý◗Ú❇➯✙✖❴Õ✜❑❧ã✗✖✛❅❜s ❆ →✿s✵Û❏✭❏✭✿q⑤Û❏✬➄❸➨✬⑤Û⑤Û☞❹✹❺♦❦

❧ ➾☞❹◆♠♠➳♠❦✩✚✏☞✿◗✄✢✘�✄✮✱✮✰❦❯❿❧❙✳❏❋❫➑✶☞❴✧P❁✔❄❯➄P❇❝✯❤✬❨✧q②❏❖❙✟➲✵❨✧◗✄❴☞◗✆❱✢➀❪P❇❝❉❫❇❯➄❫❇❱✳P❘❑ ❛✁❫❘❤✳❏❖❙❄q✰❫❘❤✬❱●❫❇❯➄P✗❴✵❤✬❱✍❫❘❞❖❛✄❏⑤s①ñ➙Ý◗Ú❇➯✙✖ Õ✜❑❧ã✗✖✛❅❜s
❆✩❆ s✰Û☞❹❁✭✿q☞❹❋Û➄❸➨✬⑤Û⑤Û❏✬④❺♦❦

❧ ➾❏✬❁♠♠Ö✯❦❯❾❬☎✞♦✠�✄☎✞✍✆✮❷s✯➳♠❦❯✚✏☞✹◗✄✢✘�✄✮✱✮✵s❉❏❖❱◆➽❷❦❬✯✺✒✣✝✆✂✺☞■❦➉➽✤P❘❛✆◗✆❱✳P❘❯✧◗✄❞⑧❱✬❙✍❫❇❯✵❤✬❑♣◗✄❤✳❤✬◗✄P❘❯rP❇❝✜❿❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯③❑❥❫❇❱✬❱✳❏❖❙
✔❄❫❋✐④❏❅❤❋s①ñ➙Ý◗Ú❇➯✙✖❴Õ✜❑❧ã✗✖✛❅❜s ❆ ó❬s✰Û✿q❏✭✿q⑤Û⑤➾➄❸➨✬⑤Û⑤Û❏✭④❺♦❦



❧ ➾❏✭❁♠❭Ñ♣❦✠❡❵✍✺☞✄✝✆❛❻❦✳❏✠❱▲❪✿❱✼➀✁➯✓❱✼➀➨Ù☛❪❘➭ Ø➯❑✰Ù❧Ý✱❪✗▼✞➀➨Ù♦➯❖❦tÔ ◗✆❛✄❏❖➀④s✧➳❳❏✓✔➻✴❻P❘❙✷✶②s✜❹✙➉⑤➾♠✪✤❦
❧ ➾➑➐✗♠❵❿▲❦✆P❈✒✣✍✯s ❂ ❦✆❜❝✍✛✫✛✂✏✻❄☞✄✝✆✝❉s✛✈✻❦✛❾❬☎✞✎✏☎✞✰✛☎✞✰✯s✜❏❖❱✁❿▲❦✛t❥�✄✍✆✢✘☎✬✫✑❦❵➼❧➭➔➽◆⑧➟❑✓▼✩❱➧➯♣➺✘❑❚ñ➙Ý◗Ú❇➯◆➀❲➾❖➫✞❑❵❏✠❱▲❪✿❱✼➀✁➯✓❱✼➀❲➾❖➫✞❑❖❦

✦❳❏❖❙✬❑❥❫❇❯✧❯❬s✵Ö❉❫❇❙✬◗✄❤❋s❬❹✙➉⑤➾✿➉☞❦
❧ ➾✿❖❁♠❵❞❜❦✛❾❀☞✄✂✺☞✘♥❀☎②❦❥Ó ❂ P❘❑♣q✧❙✳❏❅❤✳❤✬◗✄P❘❯➅❴✜❩ ❨✧❯⑧❿✟❏♦❱▲❴✜❩ ❫❇❱✳P❘❑◆❏❅❤❳❝✡❙✳P❘◗✄❴✧❤♠➍❷❴☞❨➅❞❖❛✁❫❘❤✳❤✬◗✄❲✘❨✵❏♠❫❇❨➅❲✘❨✰❫❇❯✤❱✬◗✄❲✘❨✵❏♣Ô④s ✬⑤Û⑤Û❏✬☞❦×⑩▼❖❑◆P❘◗✆❙✳❏❚❴✧❏❣✈▲❼■❽♠❦
❧ ➾✿q❁♠❚Ô ❦✿❙❚☎✬✫✺✫✛☎✞✰✛✢✘☎②s✗✈✻❦⑤➽❷❦✿P❈✍✆✰✛✮✱☎✞☎②s⑤❏❖❱❀✈✻❦✹×r❦✿✯✠✫✿☞❀✻✽✤✞☎✞✰✩✟④❙❚✍✆✰✛✝✯❦✧×➅❫➑✶✤◗✆❯✧❭✵s✹q✧❙✳P✗❴✧◗✆❯✧❭❚❫❇❯✵❴✽❨✧❯✵❴✧❏❖❙✳❤✬❱✍❫❇❯☞⑨❴☞◗✆❯✧❭❝❿❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯ ❂ P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✳❏❅❤❋❦✏❿❾P⑤❤✳❏♦⑨✢❼❉◗✆❯✵❤✬❱✳❏❖◗✆❯❪❞❅P❘❯✵❴✧❏❖❯✵❤✍❫❇❱✬◗✄P❘❯❪◗✆❯❪❫❇❱✳P❘❑♣◗✄❞❡❭✘❫❘❤✳❏❅❤❋s✤Ö❉❙✳P✤❞❅❏❅❏❅❴☞◗✆❯✧❭④❤P❇❝❜❱✬♥✵❏➥❤✢❯✤❱✳❏❖❙✬❯✰❫❇❱✬◗✄P❘❯✰❫❇❛❚➽✤❞✳♥✵P✤P❘❛❳P❇❝❚Ö❉♥✤➀☞❤✬◗✄❞❅❤❥❼❉❯✧❙✬◗✄❞❅P❊✸✰❏❖❙✬❑♣◗❁s ❂ P❘❨✧❙✳❤✳❏ ❂✌➙ ⑥■s■q✰❫❇❭④❏❘q♠✪✤❦✌❤✬➈❜➽rÖ❉❙✳❏❅❤✳❤❋s❽❡❑◆❤✬❱✳❏❖❙✳❴✵❫❇❑➄s❬❹✙➉✿➉✿➉☞❦
❧ ➾♠✪✙♠♠⑥■❦✞✈✻❦✩❾❀☞✄✝✆✎✠☞✛✍✇❏❖❱❡❼●❦✵×t❦✩❾❬✒✣✮✹✭✺✂✆✒❭✫✛✾☞❦✕Ø➯➽✰Ù☛❪✗▼✞➀❲➾❖➫✞❑❖❦❻×❵◗✆❙❋s✧×⑩P⑤❤✳❞❅P❘❨❬s❬❹✙➉⑤➾❏✬☞❦
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