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LNMPO^MPO j�\NkNd$lGWmSnZ[UXWP\^]po5qn\^_aZ^_5WPlGWmSrUnegk5e$SsWPY%Zut^evSwMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O[i
LNMPO^MxL j�\NkNy$lGevS�Y%Zuqnz^\[{1WGe$]aS|MhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ov}
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LNMxLNMxL �F�aZ[�m]ae$SskNe�jDZ^qXz<\[{��F\^�5o5lPe$S�MhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM~L^�
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LNM �)j�\NkNy$lGevS�UXqnWGoalGe�UnS MfMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM��aO
�~�g?�2v68./4N2v687&0H?$2$4N2v68?$2$6@��IA*�CB*1?%"#��"#4 �3�
�5MPOR��]-UXqn\NkN�a��UnWG\<] MhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM��-¡
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�5M �5MPO �FqnW�Uny�qnef±��X�ªMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM®1L
�5M �5MxL �FqnW�Uny�qnef¨F�X��MhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM®-�
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�5M aMxL ±¤o5o5lPWP�$Z[UXWP\^]�µ�l¶¬ evSrUnWGY%Z[UnWG\<]pk5e$SsY�d�lmZu]at^e$SF�a]aWPS	MhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM®Ni
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�5Mx¡NMxL QTSVUXWPY%Z[UnWG\<]D�F\<]akNWGUXWP\^]5]ae�lPlGeh�©UXd$qnZuUXWP{^e#MfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM~¡-i
�5Mx¡NM � Ã��5e$lPÁ-�5evSsZulPt^\<qXWGUX�5Y�evSFQ��F��MfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�Ä<¯
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aMPO^MxL QTSVUXWPY%Z[UnWG\<]po>ZuqsQTj kNefY�\NkNy�lPe$S�e�¢No>\<]5e�]-UXWPe�lmS MhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�Ä1i
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aMxLNM � QTSVUXWPY%Z[UnWG\<]po>Zuq�jDZu¢1WPY£�aY¥kNef{1qnZ^WPSXe�Y#_5lmZu]a��e�MfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM)i^¡
aMxLNM  QTSVUXWPY%Z[UnWG\<]`k5efY�d$lPZ^]5t^evS�kNeflG\<WPS�e$lGlPWPoNUXWmÁ-�5e$S MfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM)iu}
aMxLNMx¡ Q³¢No&d�qnWGY�e$]<U�Z[UnWG\<]aSgMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�«<¯

aM �)¦�evS���\<o5�5lPe$S MhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�«^
aM �5MPO ��d��a]aW�UnWG\<]pe�U�o5qn\^o5qnWGd�UXdvS MhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�«-¡
aM �5MxL ��]N��d$qXe$]a��efk�¬ �5]5e���\^o5�alGe MhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�}<¯
aM �5M � ��]N��d$qXe$]a��efk�¬ �5]`Y�d�lmZu]5t<efkNe���\<o5�5lPe$S�MfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�}-L
aM �5M  Q³¢No&d�qnWGY�e$]<U�Z[UnWG\<]aSgMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM�}^
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¡NMPO^MPO & qn\N��evSXSX�aSsSVUnZ[UnWG\<]5]aZ^WGqne$S�e�U���\^o5�5lPe$S�MfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$¯-¡
¡NMPO^MxL ¦+egY�\NkNy$lGe#��j���Z�SVUnZuUXWP\^]5]aZ^WGqnehZc{^e$�h��\^o5�5lPe$S MfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$¯1i
¡NMPO^M � ¦+WGe$]aSsZc{^ev�¤lPe$SsoaqX\N��evSXSX�aS�Zu�5UX\^qnd�t<qXevSXSXWG�8SFµ����aZ^]5t^e$Y�e$]-UnS�kNefqnd�t^WPY�e$S�Y%Zuqnz^\[{1WPe�]	O^O<O

¡NMxL �F\^oa�5lGefe�U¤kNd�o&e�]>k5Zu]a��egUXe�Y�o&\^qne�lPlGe MfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^OcL
¡NMxLNMPO ��d�o&e�]akaZu]a��e�k5Zu]aS�lPe$S¤��jw��Z[§�¨F�Fe�Ug��j���Z MfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^OcL
¡NMxLNMxL Ã��5e$lPÁ-�5evS�qXe$Y%Zuq�Á<�ae$S�SV�aqslPZ�kNd$o>e$]ak5Zu]>��efkNe$S�o5qX\N��e$SnSV�aS�SVUnZuUXWP\^]5]aZ^WGqne$S�MfMhMfMfM O^O$

¡NM �)±�lPt^\<qXWGUX�aY�efk�¬ e$SVUXWPY%Z[UnWG\<] MgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^OvÄ
¡NM �5MPO QTSVUXWPY%Z[UnWG\<]`k5e$Ss���aZ[�m]5evSskNe�jDZ^qXz<\[{�Zc{<e$�g��\<o5�5lPe$S MfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^O[i
¡NM �5MxL QTSVUXWPY%Z[UnWG\<]`k5e$S¤��j���Z�Zc{^ev�h��\^oa�5lGevS�MfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^O[i
¡NM �5M � Q³¢No&d�qnWGY�e$]<U�Z[UnWG\<]aSgMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O^Ov«
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¡NM aMxL QTSVUXWPY%Z[UnWG\<]`k5e$S�Y�\NkNy�lPe$S���\^�5oalGevS MhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$�-L
¡NM aM � Q³¢No&d�qnWGY�e$]<U�Z[UnWG\<]aS MfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$�^
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Ä5MxLNM  Q³¢Ne$Y�oalGevS MfMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ov¡5O
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��� *��u2$*1IAÌ[?��p45IA?v?v68*10A?%"#7>. "BÈ@*<J�*1? �5K>�
±�MPO
	gd�]ad�q�ZulPW�Und$S MhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ociu�
±�MxL ²³e$��UXe$�5qnS�t<Zu�>SXSXWGe$]aS�e�U¤SXo5�5d$qXWmÁ-�5e�Y�e�]-UsWP]-{[Z^qXWmZu]-UnS MhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Oci[

Ê��hÌ[7�^*1?v?$IB?�?�2v4N2$6@7>0B0A4a6�Ì[*1?�*-2��^7+*����<68*1032$?�CB*`Ì[=��:*-J�687&0 �5K&K
¨gMGO & qnd$kNWm��UnWG\<]`lGWP]5d$Z^WGqne MhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Oci<i
¨gM L �se$lPZuUXWP\^]aSskNe &³Z<SXSnZut<e MfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ociu«

¨gM L5MGO & qnd$k5WP��UXWP\^]`lGWP]5dvZuWPqXege�U¤Z^�NUX\N��\[{[Z^qXWmZu]a��e��
Rp ↔ Ap

MfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ociu«
¨gM L5M L & qnd$k5WP��UXWP\^]`lGWP]5dvZuWPqXege�U¤��\-e�����WPe�]-UnSskNefqnd��>e�¢NWG\<]��

Ap ↔ µ
MfMfMgMfMhMfMhMfMhMfMfM Ociu«

¨gM L5M �	À>Z^��Un\^qnWPSnZ[UnWG\<]!kNe#�F�a\^lPe$SXz-W�kNe
R−1
p

�
µ↔ Rp

MfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM Ociu}
¨gM ��QTSVUXWPY%Z[UXWP\^]�kNevS��F\1e�����WPe�]-U�SskNe �sd��ae�¢NWG\<] MhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«<¯

¨gM �aMGO ±¤lGt<\^qnW�Un�5Y�ehk5e�¨F�aqXt MhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«<¯
¨gM �aM L ±¤lGt<\^qnW�Un�5Y�ehk5e�¨F�aqXt�qXd$t^�5lmZuqnWmSVd�MfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«aO

")"��A4��¶0B*-?�CB*��Æ4NÌ! >71Ë ���&�
��MPO Ã��5e$lPÁ-�5evS�]5\uU�Z[UXWP\^]>S MhMfMfMgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«<�
��MxL ��d��a]5WGUXWP\^]>Sse�U�o5qn\^oaqXWPd�Und$S�MgMfMhMfMhMfMhMfMfMhMfMgMfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«<�
��M � & qn\^o5qnWPd�UXdvSskNefY�d�lmZu]5t<e$S�kNevS����aZc� ]5evS�k5e�jDZuqnz^\[{�MfMhMfMfMhMfMhMfMhMfMfMgMfMhMfMhMfMhMfMfM O$«<Ä

Ê�6�9:È8687&,>Ìc4 "��B68* ���('
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Y QTSXoaZ^��efkNe$S�\<_aSVe$qX{[ZuUXWP\^]aS���evSVo>Z^��egUn\^o&\^lP\^t^WmÁ-�5e��
X QTSXoaZ^��efkNe$S�d�UnZ[U�S���Z<���5d$S��8e$SXoaZ^��e�Un\^o&\^lP\^t<WPÁ-�5e��
U QTSXoaZ^��efkN�`o5qX\N��e$SnSV�aS�Z^�N¢NWGlPWPZ^WGqne���e$SXoaZ<��egUX\<o>\<lG\<t^WmÁ<�ae��
B(Y), B(X ), B(U) � qnWP_5�pk5e$Ss_&\^qnd�lPWGe$]aS�SV�aq Y , X , U
(Ω,A, P )

QTSVo>Z^��eho5qn\^_>Zu_5WPlGWmSXd
�
p−1 �1o5�ay�qneg�a]5W�Und�kNe�� p
��� p−1 �1o5�ay�qneg�a]5W�Und�kNe � p
Y

² ZuqnWmZu_5lPegZ^lGdvZ[Un\^WPqXehkNe
(Ω,A, P )

k5Z^]aS
(Y ,B(Y))

X
² ZuqnWmZu_5lPegZ^lGdvZ[Un\^WPqXehkNe

(Ω,A, P )
k5Z^]aS

(X ,B(X ))

U
² ZuqnWmZu_5lPegZ^lGdvZ[Un\^WPqXehkNe

(Ω,A, P )
k5Z^]aS

(U ,B(U))

µ
j�evSV�5qnefSV�aq

(Y ,B(Y))

λ
j�evSV�5qnefkNef¦�e$_>evSVt<�5efSV�5q�� d � d ≥ 1

N � \<Y£_5qnehk�¬ \<_aSXe�qn{cZuUXWP\^]aS
K � \<Y£_5qnehkNe���lmZ^SnSVevS
S

Q ]aSXe�Y#_5lPehk�¬ WP]akNWm��evS
|S| ��Zuq�kNWP]aZul�kNefl¶¬ e�]aSXe�Y#_5lGe

S

YS
�F�aZ^Y�opY%Zuqnz^\[{1WPe�]�\<_aSXe�qn{^d

YA (Ys)s∈A
� lG\<qnSnÁ-�5e A ⊂ S

XS
�F�aZ^Y�opY%Zuqnz^\[{1WPe�]!�$Z^���5d

Yn
�F�aZ[�m]5eh\<_aSVe$qX{<d�ehkNehlG\<]5t^�ae��5q

n
�
(Yi)1≤i≤n

Xn
�F�aZ[�m]5ef�$Z^���5d$egkNeflP\^]at^�5e$�5q

n
�
(Xi)1≤i≤n

Un
�F�aZ[�m]5efZ^�N¢NWGlPWPZ^WGqnehkNeflG\<]5t^�ae��5q

n
�
(Ui)1≤i≤n

y
�sdvZulPWPSnZ[UnWG\<]!kNe

YS
��\<�

YN
�

x
�sdvZulPWPSnZ[UnWG\<]!kNe

XS
��\<�

XN
�

yn
�sdvZulPWPSnZ[UnWG\<]!kNe

Yn
�
(yi)1≤i≤n

yp:n
�sdvZulPWPSnZ[UnWG\<]!kNe

Yp:n
�
(yi)p≤i≤n

i
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p(·) �¤e$]aSXW�Und�k�¬ �a]5ef{[ZuqnWPZ^_5lGehZulPd$ZuUX\<WGqne�qne�lmZ[UnWG{<e�Y�e�]-Usµ��5]5ehY�e$SX�5qnehk5efqXd���d�qne�]a��e
p(· |· ) �¤e$]aSXW�Undg��\^]akNWGUXWP\^]a]5e�lPlGehk�¬ �5]5eg{[ZuqnWPZ^_5lGegZulPd$ZuUX\^WPqne¤qne�lmZ[UXWP{^e$Y�e�]-U�µ£�5]5egY�evSV�aqXehkNegqXd���d�qne�]a��e
αn

& qn\^_aZ^_5WPlGWGUXdfZc{[Zu]-U�o>\<�5q
1 ≤ n ≤ N

βn
& qn\^_aZ^_5WPlGWGUXdfZuqnqnWGy$qXe�o>\<�5q

1 ≤ n ≤ N

ψn
& qn\^_aZ^_5WPlGWGUXdhY%Zuqnt^WP]aZulPehZ#o&\<SVUXe$qXWP\^qnW3o>\<�5q

1 ≤ n ≤ N

P �1bNSVUXy�Y�efkNe &:e$Z^qnSX\^]
Θ

QTSXoaZ^��efkNefoaZuq�ZuY�y�UXqne$S
f(y, θ)

�¤e$]aSVWGUXdfo>Zuq�ZuY�d�UnqXWmÁ-�5e�o&\^�aqslGevS�lG\<WPSsk�¬ d�Y�WmSXSXWP\^] � Zc{<e$� θ ∈ Θ

F (y, θ)
À5\<]a��UnWG\<]pkNefqnd�o>ZuqXUXWGUXWP\^]!k5eflPZ�kNe$]aSVWGUXd

f(y, θ)

{p(·, θ), θ ∈ Θ} jD\1k5y�lPefoaZuq�ZuY�d�UnqXWmÁ-�5ego>\<�5qs�5]5e�kNe$]aSXW�Und
N(m,Σ)

¦�\<W�]5\^qnY%ZulPe�qnd�e$lGlPefkNefY�\[b^e�]a]5e
m
e�U¤kNeh{[ZuqnWPZ^]a��e

Σ

CN(m,Σ)
¦�\<W�]5\^qnY%ZulPeg��\^Y�o5lPe�¢Nef��WPqn���5lPZ^WGqnehkNefY�\[b^e�]a]5e

m
e�U¤kNef{[ZuqnWmZu]a��e

Σ

γ(a, b)
¦�\^W�t-ZuY�Y%Z

iγ(a, b)
¦�\^W�WP]1{^e$qnSXe�t-ZuY�Y%Z

Tr(A) � q�Z^��egk5eflPZ�Y%Z[UnqXWm��e A = (aij)1≤i,j≤p

C
�F\^oa�5lGe

c
��e�]aSXW�Und�kNef��\<o5�5lPe

η
&³Zuq�ZuY�y�UnqXehkNef��\<o5�5lPe

A
jDZuUXqnWP��ehk5e�UnqnZ^]aSXW�UnWG\<]pkNehU�ZuWPlGlPe

K ×K

|M | ��d�UXe$qXY�WP]aZu]-U�kNeflmZ�Y�ZuUXqnWP��ef��Zuqnqnd�e
M

φ
&³Zuq�ZuY�y�UnqXehk�¬ �5]`Y�\1k5y�lPeh��\^Y�o5lPe�U �8\^�`k�¬ �a]5e#��j��F\ �

Lc
¦�\<tu§©{1qnZ^WPSXe�Y#_5lPZ^]a��e�k�¬ �a]pY�\NkNy$lGef��\<Y�o5lGe�U

V
��\^]5]5d$e$Ss��\^Y�o5lPy�UXevS

pc
��e�]aSXW�Und�kNe$S�\<_aSXe�qn{cZuUXWP\^]aS�kN�`Y�\NkNy�lPef��\<Y�oalGe�U

U
��\^]5]5d$e$S�WP]a��\<Y�o5lGy�UXevS

L
¦�\<tu§©{1qnZ^WPSXe�Y#_5lPZ^]a��e�k�¬ �a]pY�\NkNy$lGehWP]a��\<Y�oalGe�U

D(P,Q)
�¤WP{^e$qXt<e�]a��e³kNe � �5lPlG_>Z^��z-§©¦+e�WP_5lPe�q3e�]-UXqneTkNe$�N¢�Y�evSV�5qne$S+kNe o5qn\^_aZ^_5WPlGWGUXdvS��

D(p, q)
�vkNWP{^e�qnt^e$]a��e

e�]-UnqXefkNe$�N¢!kNe$]aSVWGUXdvS
p
e�U
q
�

��\[{
(X,Y )

�F\[{[ZuqnWPZ^]a��e�e�]-UXqnehlGevS�{cZ^qXWmZu_alGevSsZulPd$Z[Un\^WPqXevS
X
e�U
Y��\[{

φ(X,Y )
�F\[{cZ^qXWmZu]>��ese�]-UnqXe�lGevS {[ZuqnWPZ^_5lPe$STZ^lGdvZ[Un\^WPqXevS

X
e�U
Y
lP\^q�SXÁ-�5e�lmZflP\^W )r\^WP]-UXe¤evSrU�WG]>kNe�¢Nd�e�oaZuqFlGe

oaZ^qnZ^Y�y�UXqne
φ

α(F ,G)
�F\1e�����WPe�]-U�kNefY�d�lmZu]5t<e$Z^]a��e���\^qXUXehe�]-UnqXeflPe$S�UnqXWP_5�aS F e�U G ��\�� F , G ⊂ A � Zc{^ev� (Ω,A, P )e$SXoaZ<��ego5qX\<_aZu_aWGlPWPSXd��

β(F ,G)
�F\1e�����WPe�]-U�kNe

β− Y�d�lmZu]5t<e$Z^]a��e�e�]-UnqXe�lPe$ShUnqXWP_5�aS F e�U G �8\�� F , G ⊂ A � Zc{^ev� (Ω,A, P )e$SXoaZ<��ego5qX\<_aZu_aWGlPWPSXd��
φ(F ,G)

�F\1e�����WPe�]-U�kNe
φ− Y�d�lmZu]5t<e$Z^]a��e���\<qVUne�e$]-UXqne�lPe$S!UXqnWP_5�aS F e�U G �8SX\^�aSV§¶UXqnWG_5�>S!kNe A � \��

(Ω,A, P )
e$SVUs�5]`e$SXoaZ^��eho5qX\<_aZu_aWGlPWPSXd��

σ(U) � qnWP_5��e�]5t<e�]akNqnd�e�oaZ^q³lPZg{[ZuqnWmZu_5lPesZulPd$Z[Un\^WPqXe U �8kNd��a]5WPe¤SX�5q³l@¬ e$SXoaZ<��eso5qn\^_aZ^_5WPlGWmSVd$e
(Ω,A, P )

�
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{3M ZaM ² ZuqnWmZu_5lPegZ^lGdvZ[Un\^WPqXe
�rM k�M q À5\<]a��UnWG\<]pk5efqXd$oaZuqXUXWGUXWP\^]
W¶M W¶M k ��]akNd$o>e$]ak5Z^]<U�e�UsWPkNe$]-UXWmÁ<�ae�Y�e�]-U¤kNWmSrUnqXWP_5�5d
±��X� ±�]`��]N��\<qXY%ZuUXWP\^]`�FqnWGUXe�qnWP\^] �8��qnWGUXy�qnefk�¬ ±�z[ZuWPz^e��
¨��X� ¨�Zcb^evSVWmZu]���]5��\^qnY�ZuUXWP\^]D�FqXWGUXe$qXWP\^]
±¤�F� ±�]>ZulPb1SXehe�]D�F\^Y�o&\<SnZu]-UXevSF��]>kNd�o&e�]akaZu]-UXevS
� À:� � qnZ^]aSr��\<qXY�d$egkNefÀa\^�5qnWGe$q��¤WmSn��qny�UXe

� ����������

jDj���Z j�\NkNy$lGefkNe�jDZ^qXz<\[{���Z^���5d
jDj���Zu§©¨�� j�\NkNy$lGefkNe�jDZ^qXz<\[{���Z^���5dfµ�¨�qX�5WGUs��]akNd$o>e$]ak5Zu]-U
��j���Z �F�aZ[�m]5efkNe�j Zuqnz^\[{���Z^���5d
��j���Zu§©¨����F�aZ[�m]5efkNe�j Zuqnz^\[{���Z^���5dfµ�¨�qX�aW�Us��]akNd$o>e$]ak5Z^]<U
��j��F\ �F�aZ[�m]5efkNe�j Zuqnz^\[{��F\^�5oalGe
�1���+² ²³e$��UXe$�5q�±�lPd$ZuUX\^WPqne �No5�5d�qnWmÁ<�ae�Y�e�]-Us��]1{cZ^qXWmZu]-U�� �No5�5e�qnWm��ZulPlPb���]1{cZ^qXWmZu]-U���Zu]>kN\^Y ²³ev��Un\^q �
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¦+Z�SXe�t<Y�e�]-UnZuUXWP\^] k�¬ WGY%Zut<e$SfevSrU�lGe�UXq�ZuWGUXe�Y�e$]<U�Á<�aWF��\<]aSXWPSVUXe�µ`q�Z^SnSXe�Y£_alGe$qflGevS�o5WG¢Ne�lmS£k�¬ �5]5e!WGY%Zut<e
e�]��$\^]5evSh�5\^Y�\^t<y�]5evSge�] �NUXWPlPWPSnZu]-U�lPe���\^]-Une�]1�wk5e���e��5¢-§���W¶M�¦�e%qnd$SX�5lGUnZuUfk�¬ �5]ae�SVe$t^Y�e�]-UnZuUXWP\^]we$SVU£ZulP\^q�S
�5]5e��$ZuqXUXe%Á-�5WT��\^]aSVUXWGUX�5e%�a]wqnd$SX�5Y�d�kNe%l¶¬ WPY%Zut<e�WP]5WGUXWmZulPe%e�U£Á-�5W e$]w�8Z^��WPlPW�Une%l@¬ Zu]aZ^lGbNSXe � _5WPe�] Á-��¬ e�lPlGe%]ae
��\<qXqne$SXo&\^]akNe�oaZ^SFUn\^� )r\<�5qnS�µ#�5]5ehqnd$ZulPWGUXdgo5�1b1SXWmÁ<�ae^Ma�Fe�UXUXef]5\^UXWP\^]!k�¬ �5\<Y�\^t^d$]5d�WGUXdhkNd$o>e$]ak�_aWGe$]pS��5qskNe$S
��qnWGUXy�qne$S:Á-�5W1\^]-U³d�Unds���5\^WmSVWmSBo>\<�5q:lPZg��\<]aSVUXqn�a��UnWG\<]#kNe�lmZg�$ZuqXUXe � e�U³WGlNe�¢1WmSVUXe�e$SnSVe$]<UnWGe$lGlPe�Y�e$]<U³kNe$�N¢��8ZuY�WPlGlPe$S
kNe#Y�d�UX�5\NkNevS¤kNe�SVe$t^Y�e�]-U�Z[UXWP\^]�� -L�� �&lGevS�Y�d�Un�5\NkNe$S�oaZuq�qXev���5e�q����5efkNe£��qX\<]<UnWGy$qXevSse�UglGevS�Y�d�Un�5\NkNe$S�oaZ^q
qne$���5e$qn���5ehkNehqnd�t^WP\^]>S�M
¦�evS£Y�d�UX�5\NkNevS�oaZuq�qXev���5e�q����5epkNe���qn\^]-UnWGy$qXevS#kNd�UXe$qXY�WP]5e�]-U�lGevS���\^]-UX\<�5q�S#kNevS���\^]ae$S#�5\^Y�\^t<y�]5evS£e$]

SXe£_aZ<SXZ^]<U¤SX�5qglGevS �a�>��UX�>Z[UXWP\^]>S�kNe#l@¬ WP]<Une�]aSXWGUXd#k5e£l¶¬ WPY%Zut^e<M &³Zuq�e�¢Ne�Y�o5lPe � l¶¬ �NUnWGlPWmSXZuUXWP\^] k�¬ d$Á-�aZuUXWP\^]aS�Zu�N¢
kNd$qXWP{^d$e$S�oaZuqXUXWPe�lPlPe$S�o&e�qnY�e�U�kNe`�8ZuWPqne�d�{^\<lG�ae�q%��evS%��\^]-Un\^�5q�S�kNeDSV\<qVUne�µ kNd�Une�qnY�WP]5e$q%lGevS%���aZu]5t<e�Y�e�]-U�S
_5qn�aSnÁ<�ae$S¤k5�Dt^q�Z^kNWPe�]-U�e�UgkN\<]a�flPe$S��$\^]5evS�M&��Z^]aS�lPe#�$Z^S�kNe£lmZ%Y�\^qno5�5\<lG\<t^WPegY%ZuUX�5d$Y�ZuUXWmÁ-�5e � lGe#��\^]>��e�o5U
kNe�lPWGt<]5e%kNe�oaZuqXUnZ^t^e#k5e$She$Z^�N¢ � kNd��a]aWGe�µ!oaZuqXUXWPqfk�¬ �5]5e�kNWmSrU�Zu]a��e � o&e�qnY�e�U£kNe%kNd�Une�qnY�WG]5e$qfkNWGqne$��UXe$Y�e$]-U
lPe$S���qn\^]-UXWPy�qne$SskNevS���\<]5e$S�qne$���5e$qn���ad�e$S$M
��e�Y%Zu]5WPy�qne�kN�aZ^lGe � l@¬ Zuoao5qX\N���5efo>Zuq�qne$���5e$qn���aehk5e�qXd$t^WP\^]aSs��\^]aSXWmSrUne£µ�qXe$t^qn\^�5o&e�q�k5e$Sso5WG¢Ne�lmS�o5qnd$SXe�]5§

UnZ^]-Ufk5e$Sf��Z^qnZ<��Und�qnWPSVUXWmÁ-�5e$S¤o5qX\N���5evS � e�UfµplPe��5qfZuUVUXqnWP_5�5e�qh�5]ae%d�UXWmÁ-�5e�UXUXe<M���l S�¬ Zut<W�UfkNe�l@¬ Zu]at^lPe�k�¬ Z[UXUnZ<Á<�ae
���5\<WPSXW+k5Z^]aS¤��e�UVUnefUX�ay$SXe^M &TlG�aS�o5qnd$��WPSXd�Y�e�]-U � ]5\uUnqXe#��Z^k5qXe�kNe�UXq�Zc{cZ^WGl+e$SVU¤lGe#��Z^k5qXefo5qn\^_>Zu_5WPlGWmSVUXefo5qn\^o&\<SXd
oaZ^q 	ge�Y%Zu]`e�U 	ge$Y%Zu]��xiu� �+e�U¤¨�evSXZ^t�xLu¯!�¶Ma¦T¬ WmkNd$eh��\^]ak5Z^Y�e�]-UnZ^lGefkNe���e�UVUne�Zuo5oaqX\N���5ege$SVU¤kNe���\<]aSXWPkNd$qXe$q
lmZ�SVe$t^Y�e�]-UnZuUXWP\^] k�¬ �5]5e�WPY%Zut<e���\^Y�Y�e%l¶¬ evSrUnWGY%Z[UnWG\<] _aZcb^dvSVWPe�]a]5e%k�¬ �a] o5qX\N��e$SnSV�aSfZ^lGdvZ[Un\^WPqXe �8µD{cZ^lGe$�5q�S
kNWmSX��qXy�UXevS �:µhoaZ^qVUnWGq k�¬ �5]%oaqX\N��evSXSX�aSB\^_>SVe$qX{<d^Mu¦+ZfSXe�t<Y�e�]-UnZuUXWP\^]�e$SVUTZulP\^q�S³k5Zu]aS³��e¤��\<]-UXe�¢1Une��a]%o5qX\<_5lPy�Y�e
kNe���lmZ^SnSVWG�>�$Z[UXWP\^]#kN\^]-U:�5]5e�oaZuqXUXWm���alPZ^qXWGUXdFe$SVUBl¶¬ WPY�o>\<qVU�Zu]a��e�k5eFlmZ�k5d�o&e�]ak5Z^]a��e�SXoaZ[UnWPZ^lGe�kNe$SB\<_aSVe$qX{[ZuUXWP\^]aS$M
�Fe�lPlPe�§���W evSrU�o5qnWmSVe�e�] ��\^Y�oNUXe�µpUnqnZc{<e�q�SglGe���\^]a��e�oNU£��lGd�kNe%Y�\NkNy$lGe�kNe�j Zuqnz^\[{D��Z<���5d � kaZu]aSflPe$Á-�5e$l lPe
o5qn\N��e$SnSX�aS£�$Z^���5d�evSrU�SV�ao5o>\-SVd�"�UnqXe!�5] ���aZ^Y�o/kNepj Zuqnz^\[{ �:�u¬ e$SVU#lP�5WsÁ-�5W�e$SVU#lmZ ��Z^�aSXe!kNe!lPZ�kNd�o&e�]N§
k5Z^]a��e�\^_aSXe�qn{^d$e£kNevS�oaW�¢Ne�lmS$M��Fe�UVUne�Z^o5o5qn\1���ae#S$¬ evSrUhqXd${^d$lGd$efUXqny$S���d$��\^]ak5e � e�UfZ�e$]5t^e$]akNqnd#kNe�]5\<Y£_5qne��N¢
kNd${^e�lP\^oao>e$Y�e$]-UnSTk5\^]-UT�5]%oaZ^]5\^q�ZuY%Zge$SVUFkNqne$SnSXd¤k5Zu]>S³lGevS qnd$��e�]-UXevS³Y�\^]5\<t^q�Zuo5�5WPe$S³k5eh�F�aZ^lGY�\^]>k�� �^«!�&e�U
# WP]5z1lGe$q$�POv¡^Ä��¶M+�Fe�UXUXe#o5qX\<_5lPd�Y%Z[UnWPÁ-�5e�evSrU���\^qnY�e�lPlGe$Y�e$]-U�d$Á-�5WP{[ZulPe�]-UXe�µ���e$lGlPe#k5� lPWPSnSXZ^t^efe$]�UXq�ZuWGUXe$Y�e$]-U
kN� SXWPt^]aZ^l+\^��e$] Zu�5UX\^Y%ZuUXWmÁ<�ae%� &� � e�Ugo>\<�5q¤lPe$Á-�5e$lA\<]D���5e�q����5e�µ�evSrUnWGY�e$q¤�5]5e����aZc� ]5e£k5e£jDZuqnz^\[{!]5\^]5§
\^_>SVe$qX{<d�eTµ�oaZuqXUXWPq:k�¬ �a]�SXWGt<]aZul-_5qn�5WGUXd^Mu�gZu]>SB��e�UXUXe�\^oNUnWPÁ-�5e � lPe$S:SXWGt<]aZu�5¢�o>e$�5{^e$]<U'"�UnqXe���\<]aSXWPkNd$qXdvS+��\^Y�Y�e
kNevS¤WPY%Zut^evS¤�a]5WPk5WGY�e�]>SVWP\^]5]ae�lPlGevS¤Y%ZuWmSgo>\<�5qglGevSXÁ-�5e$lGlPe$S�lGe$�5qhSrUnqX�a��UX�5qne£\<qXWPe�]-Und�e£o>ZuqXUXWm���5lPWGy$qXe£o>e$qXY�e�UhlPe
kNd${^e�lP\^oao>e$Y�e$]-Usk5efY�d�UX�5\NkNevS�SXo>dv��WG�>Á-�5e$S$M
¦�evSfWmkNd�evS£Á-�5W \<]<U#t^�5WmkNd�]5\-ShUXq�Zc{[Zu�N¢�o>e$�5{^e$]<U$"�UXqne�Z^lG\<qnSfkNd${^e$lG\<o5o>d$e$S�SX\^WGU£k5Z^]aS�lPe���\<]-UXe�¢1Une�kN�
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UXq�ZuWGUXe$Y�e�]-U�k�¬ WPY%Zut^e � SV\<W�U%k5Zu]>S���e�lP�5WskN� UXq�ZuWGUXe�Y�e$]<U%kN� SVWPt^]>Zul¶MB�gZu]aS�lmZ UX�5yvSVe � ]a\^�aS�]5\<�aS�SV\<Y�Y�evS
WP]<Und�qne$SnSVdvS�µ�lPZ�SXe�t^Y�e$]<U�Z[UnWG\<]pkNe�SXWPt^]aZ^�N¢����a]5WPk5WGY�e�]>SVWP\^]5]ae�lmS ��e$]pq�ZuWmSX\^]!k5e$S�kN\<]5]5d$e$SsÁ-�5ef]5\<�aSsZc{^\<]aS
UXq�ZuWGUXd$e$S � Y%ZuWmS�Z^�aSXSXW¤o>Zuq�lmZ o&\<SnSVWP_5WPlGWGUXdwkNe�UXq�Zu]>Sr��\<qXY�e�q��5]5eDWPY%Zut^e e�] �5] SXWPt^]aZ^l�oaZuq!�5] oaZ^qn��\^�5q�S
kNe�l¶¬ WGY%Zut<e�SVe$lG\<] �5]5e���\^�5qn_>e�k5e &:e$Zu]a\ ��{^\<WGq �GOv« �Fo&\^�5q£�5]5e�Z^o5o5lPWP�$Z[UXWP\^] kN� o>Zuq���\^�aqnSfkNe &BevZu]5\�e$]
SXe�t^Y�e$]<U�Z[UnWG\<] k�¬ WGY%Zut<e$S ��M�¦�e��VkNd$o5lPWGe$Y�e$]-U
�wkNewl¶¬ WPY%Zut^e�o>e$qXY�e�U`Z^lG\<qnS!k�¬ �5UXWPlGWmSVe$q!lPe$S`Z^lGt<\^qnW�Un�5Y�e$S�k5e
���aZ[�m]5evS�Á-�5WASX\^]-U�oaZ^qVUnWP���5lPWGy$qXe$Y�e$]-U�qnZ^o5WPk5e$S � e�U¤d${1W�Une�l@¬ e�Y�o5lP\^WBkNe£���aZ^Y�oaS�kNe£j Zuqnz^\[{%]5dv��e$SnSXW�U�Zu]-U¤kNe$S
��Z^lP���5lmSAZ<SXSXe �FlG\<�5qnkaS�McQ ]N�>] � l@¬ WPY�o&\^qXUnZ^]a��eFo5q�Z[UXWmÁ-�5e�kNe$S:���aZ[�m]5evSAk5e�jDZ^qXz<\[{g�$Z^���5d$e$SAk5Zu]aS:kNe�]5\<Y£_5qne��N¢
kN\<Y�Z^WG]ae$S �8{^\<WGqAlPZ¤_5WG_alGWP\^t<qnZ^o5�5WPe��re$]�lGWPt^]ae��TkNe��#Mu��Zuoao>d��³SX�5q+lPe$SB���aZc� ]5evS+kNe�jDZuqnz^\[{g��Z^���ad�e$S � )r�aSVUXWG�ae�µ
e�lPlPeTSVe$�5lPe³l@¬ d�Un�akNeTkNeF��e³Y�\NkNy�lPe e�UBkNeTSXe$S�t<d�]5d$qnZ^lGWmSXZuUXWP\^]aS$M��Fe SV�>����yvS�k5Z^]aS�lPe$S�Z^o5o5lPWP�$Z[UnWG\<]aS�qne�o&\<SXe:SX�5q�lPe$S
o&\<SnSVWP_5WPlGWGUXdvS k�¬ �5]5esoaZ^qVUTkNe��$Zulm���5lPe�q �8e�¢5Z^��UXe$Y�e$]-U:\<�%Zuo5o5qn\c¢NWGY%ZuUXWP{^e�Y�e$]<U ��lPe$S o5qX\<_aZu_aWGlPW�Und$S³Zho&\<SVUXe$qXWP\^qnW
k�¬ WG]-Und�q "�U � e�U�k�¬ Zu�NUnqXepoaZuqXU�k�¬ e$SVUXWPY�e$q%lGevS�oaZuq�ZuY�y�UXqne$S�kN� Y�\NkNy$lGe�Zc{[Zu]-U%kNe`qXdvZulPWPSXe�q�l¶¬ evSrUnWGY%ZuUXWP\^] kN�
o5qn\N��e$SnSX�aS%��Z<���5d^MF�Fe�UVUXe o5qX\N��d$kN�5qne`e�] kNe$�N¢ d�UnZuo&e$S � Z^o5o>e$lGd$eDSVe$t^Y�e�]-U�Z[UXWP\^] ]5\<]N§©SX�5o&e�qn{1WPSXd�e � kN\^]5]ae
UX\<�NUXesSX\^]�WGY�o&\^qXUnZ^]a��e�o5q�Z[UXWmÁ-�5esµ¤l¶¬ Zuo5o5qn\N���5e�SrU�Z[UXWmSVUXWmÁ<�ae�e$]£UnqnZ^W�Une�Y�e�]-U k�¬ WGY%Z^t^e^Mc��l5SX����UTkNesSVeskN\<]5]5e$q
�5]�Y�\NkNy�lPe�oaZ^qnZ^Y�d�UXqnWmÁ<�aehZ<k5Zuo5UXd�Zu�5¢pkN\<]5]5d�evS�µ�UXq�ZuWGUXe$q�o&\^�5q¤Zc{<\^WPq��5]DZulPt^\<qXWGUX�5Y�e�kNe�SXe�t<Y�e�]-UnZuUXWP\^]
Zu�5UX\^Y%ZuUXWmÁ<�ae^MT�Fe�o&e�]akaZu]-U � ��\^Y�Y�e!o&\^�5q�Un\^�NU%Y�\NkNy�lPe�SrU�Z[UnWPSVUXWmÁ-�5e � lmZ�Y�\NkNd$lGWmSXZuUXWP\^] o>e$�NU�SVe`qnd�{^d$lGe$q
WP]aSV� �%SnZu]-Une#e�Ufk5WGY�WP]-�ae�qflPe$Sgo>e$qV��\<qXY%Z^]a��evS�kNe%SXe�t<Y�e$]-UnZ[UnWG\<]D\^����\^�aqX]5WPqfkNe$SgWP]N��\^qnY%Z[UnWG\<]aSge�qnqX\<]5]5d�evS
SX�5q!lPe$S`�$Zuq�Z^��Und�qnWPSVUXWmÁ-�5e$S!kNe$Sp��lmZ^SnSXe$S$M���e�]a\^Y£_aqXe$�aSVevS�Y�\NkNWG�>��ZuUXWP\^]aS!\^��e�¢1UXe$]aSXWG\<]aS!k5� Y�\NkNy�lPewk5e
���aZ[�m]5e%kNe%jDZ^qXz<\[{���Z^���ad�e�\^]-Ufd�Und�oaqX\<o>\-SVd$e�Zu�a] kNe�qXe$l��<���5e�qf��e$qVU�ZuWP]5e$Sg�1b1o>\^UX�5yvSVevSh\^� k�¬ WG]a��\^qno>\<qXe$q
kNevS�o5qn\^o5qnWPd�UXdvSsoaZ^qVUnWP���5lGWPy�qne$Ssk5e$S�oa�5d�]5\<Y�y�]5evS�\^_>SVe$qX{<d$S � ��\^Y�Y�efoaZ^q¤e�¢Ne$Y�oalGeflPe$S����aZc� ]5e$S¤kNe£jDZ^qXz<\[{
��Z<���5d�evS#�8Z^��Un\^qnWGe$lGlPe$S �8WG]-UXqn\NkN�5WmSXZ^]-U�oalG�aSXWPe��5q�S�o5qn\1��e$SnSV�>S#�$Z^���5dvS �xi^¡�� �#\<� lPe$S�o5qn\N��evSXSX�aS���Z<���5d$S�SXe�Y�W�§
Y%Zuqnz^\[{1WPe�]aS �8o>\<�5qplGevÁ<�ae�lglGe�o5qX\N��e$SnSV�aS!��Z<���5dD]�¬ e$SVUpoalG�aS!]5dv��e$SnSnZuWPqXe$Y�e$]-U�Y%Zuqnz^\[{1WGe$]�� «^ � Ä<Ä � Äu!� ��M
��]�o&\^�5qnqnZ%��\^]aSX�5lGUXe$q�lGe#qXdv��e$]<U�\<�5{1qnZ^t^efkNe%��Zuo5o&d � j�\^�5lPWP]5e$S¤e�U��sbNkNd$]Dq�Z^SnSVe$Y£_5lmZu]-U�kNe£]a\^Y£_aqXe$�aSVevS
t^d$]5d�q�ZulPWmSXZuUXWP\^]aS�kNe$S¤���aZc� ]5e$S�kNe�j Zuqnz^\[{%��Z<���5d�evS � �<L �¶M
¦�evS+oaqX\<_5lGd$Y%Z[UXWmÁ-�5e$SBÁ-�5e�]5\^�aS:Zc{<\^]aS�UXq�ZuWGUXd�evSAkaZu]aSBlmZsUX�ay$SXe���\^]a��e�qn]5e�]-UAlmZ�t^d�]ad�q�ZulPWPSnZ[UnWG\<]fe�U:lGe�qnZ ��§

]5e$Y�e$]-UTkNe$S:o5qn\N��dvkN�5qne$S:kNe�SXe�t^Y�e$]<U�Z[UnWG\<]£oaZ^q ���aZc� ]5eskNe�jDZ^qXz<\[{h�$Z^���5d$e^M<�Fe$o>e$]ak5Zu]-U � ]5\uUnqXe�_5�NU evSrUTk5e
��\^�aqX]5WPq¤kNevS�ZulPt^\<qXWGUX�aY�evS�kNe�SXe�t<Y�e$]-UnZ[UnWG\<]`]5\^]N§�SX�5o>e$qX{1WmSVd$eho>\<�5{[Zu]-U "�UnqXef�5UXWPlGWmSVdvS¤k5Z^]aS�kNevS¤��\^]akNWGUXWP\^]>S
\^o&d�q�Z[UnWG\<]5]5e$lGlPe$S�e�¢NWPt^evZu]-UXevS�M1Q ]D��\^lPlPZ^_>\<qnZuUXWP\^]�Zc{<e$�glPZ�SX\N��WPd�UXd � �aZ^lGevSs±�WPq¤��e���e�]>��e � ]5\^�aSsZc{<\^]aS�kNd${^e�§lP\^o5o&d�k5e$S+UXe$���a]5WPÁ-�5evSBd$��\<]5\^Y�evS�e�]£UXe$qXY�e$S:kNe���\<Y�oalGe�¢1WGUXd�\^�#kNeTUne�Y�oaS:kNe���Z^lP���5l � k5Z^]aSBl@¬ \^_�)rev��UnW��>k�¬ �5]ae
WPY�oalGd$Y�e$]-UnZ[UnWG\<]`Y�ZuUXd$qXWPe�lPlGehe�Usk�¬ �5]aef�NUXWPlGWmSnZ[UXWP\^]`e$]�Une�Y�oaSsqnd�e$l�kNe$S�Z^lGt<\^qnW�Un�5Y�e$S�kNefSXe�t^Y�e$]<U�Z[UnWG\<]�M

� ��������� ���! "�����

&:\^�5q�lPZ!��lmZ^SnSVWG�>�$Z[UXWP\^]`_aZcb<d$SXWGe$]5]5e£k5e
N
\<_aSVe$qX{[ZuUXWP\^]aS

Y = (Yn)1≤n≤N
WP]akNd$o>e$]ak5Zu]-Une$S�e�U�WmkNe$]<UnW�§

Á-�5e�Y�e$]<UfkNWmSrUnqXWP_5�5d$e$S���W¶M W@M k � � \^]�SX�5o5o&\<SXe�Á<�+¬ WPl:e�¢NWPSVUXe%kNevSg{cZ^qXWmZu_alGevS�Z^lGdvZ[UX\<WGqne$S (Xn)1≤n≤N
µ!{cZ^lGe$�5q�S

k5Z^]aSg�5] evSVoaZ<��e�kNWmSX��qXe�U X �8kNe%��Z^qnk5WG]aZ^l
K
� � \�� Xn

e$SVUglmZp��lmZ^SnSVe�kNe#l¶¬ \^_aSXe�qn{[Z[UXWP\^]
Yn
M � \^�aSg]5\^UX\^]>SZulP\^q�S�o>\<�5q�UX\<�NU

k ∈ X , πk = P (Xn = k)
lmZ�o5qn\^_aZ^_5WGlPWGUXdfk�¬ Zuo5oaZ^qVUne�]aZ^]a��ehµ�lPZ%��lPZ<SXSXe

k
kNeflmZ�{[ZuqnWPZ^_5lGe

Yn
� e�U�]5\<�aS¤SX�5o5o&\<SX\^]aS¤Á<�ae�lPZ�lG\<WAkNe Yn ��\^]akNWGUXWP\^]a]5e�lPlGe$Y�e�]-U�µ Xn = k

Z<kNY�e�U¤�5]ae#kNe$]aSVWGUXd#oaZuq�ZuY�d�§
UXqnWmÁ<�ae

f(yn, θk)
M � \^�NUne$SflPe$S�\^_aSXe�qn{[Z[UXWP\^]>S Yn \^]-U�kN\^]>��o>\<�5q£kNe$]aSVWGUXd%lPe%Y�d�lmZu]5t<e ∑K

k=1 πkf(yn, θk)e�U�lmZDlP\^W�ZDo&\<SVUXe�qnWP\^qnWFkNeplPZ {[ZuqnWPZ^_5lGe
Xn

Á<�ae�]5\<�aS£�5UXWPlGWmSV\<]aS#o>\<�5q���lPZ<SXSXe�q£�a]aZ^lGe$Y�e$]-U
Yn

SVepkNd$k5�5W�U
kNWPqXev��Une�Y�e�]-U�kNeflmZ£��\<qXY#�5lPehk5e�¨�Zcb<e$S�t^q#�^��egµ�l¶¬ WP]akNd$o>e$]ak5Z^]a��e�kNevS�\^_aSXe�qn{[Z[UnWG\<]aS�M
¦�egY�\NkNy�lPefkNef���aZc� ]5ehkNefjDZuqnz^\[{���Z<���5d�o&e�qnY�e�U�kNeho5qne�]ak5qXege�]`��\<Y�o5UXeg�5]5efkNd�o&e�]>k5Zu]a��ehe�]-UXqne�lPe$S

\^_>SVe$qX{[Z[UnWG\<]aS
Yn
�8e�UhoaZ^SnSVe$q�Z^WG]aSXW:kN���$Z^S�W@M W@M k Z^� ��Z<S�SVUnZuUXWP\^]5]>ZuWPqXe��se�]���\^]>SVWmkNd�q�Zu]-UhÁ<�ae£lPe$S�{cZ^qXWmZu_alGevS
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(Xn)1≤n≤N
SV\<]-U¤�5]5e����aZc� ]5e£kNe#jDZuqnz^\[{�k5e£lP\^WASVUnZuUXWP\^]5]>ZuWPqXe

π = (π1 . . . πK)
′ M>¦AZ%lP\^W:kN��o5qn\1��e$SnSV�>S

Y
evSrU¤Z^lG\<qnS���\^Y�o5lPy�UXe$Y�e�]-U�SVo&d$��W��ad$efe�]`q�Z )r\^�5UnZu]-U�lGevS��1b-o&\uUn�5y$SXe$SsSX�5WP{[Zu]-UXevS �
� lGevS�\^_aSXe�qn{[Z[UXWP\^]>S Yn SV\<]<UsWP]akNd$o>e$]ak5Zu]-Une$Ss��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U¤Zu�po5qX\N��e$SnSV�aS�kNevS���lmZ^SnSXe$S �
� lPZ�lP\^W�kNe Yn ��\^]ak5W�UnWG\<]5]5e�lPlPe�Y�e�]-U�µ (Xn)1≤n≤N

]5e�kNd$o>e$]ak`Á-�5e�kNe
Xn
M

jDZ^lGt<qXdFl@¬ WG]-UnqX\NkN�a��UXWP\^]£k5e���e�UVUneskNd�o&e�]akaZu]a��e � WGl1qne$SVUXeFo>\-SXSXWG_alGe�kNe���Zulm���alGe$qBkNe�Y%Zu]5WPy�qneTo>ZuqXUXWm���5lPWGy$qXe$Y�e�]-U
SXWGY�o5lPe�lPe$S³o5qn\^_>Zu_5WPlGWGUXdvS Zho&\<SVUXe�qnWP\^qnW

P (Xn|Y)
t^q#�^��e�Z^�N¢£��\<qXY#�5lPe$S³qnd$���5qnSXWP{^e$S³Zc{[Z^]<UX§©Z^qXqnWPy�qneFkNe¤¨�Z^�5Y�§

# e�lm��� �8{^\^WPq�GOv�u!� � � e�U%k5\^]a�pk�¬ e�¢No5lP\^WGUXe�q��8Z<��WPlGe$Y�e$]-U�Un\^�NUne$S�lPe$S�\^_>SVe$qX{[Z[UnWG\<]aS#o>\<�5q�lPZ ��lmZ^SnSXW��>�$Z[UnWG\<]�M
��e£o5lP�aS � lPe$S�oaqX\<_aZu_5WPlPW�Und$Ss�NUnWGlPe$S�k5Zu]>S�lPe£��Z^lP���5lAkNe£l@¬ e$SVUXWPY%Z[UXe$�5q¤o>Zuq�Y%Z[¢NWPY£�5Y�kNe�{1q�ZuWmSVe$Y£_5lmZu]>��efkNe$S
oaZ^qnZ^Y�y�UXqne$S�kN�`Y�\NkNy�lPefSV\<]<U�Un\^�NUne$S��$Zulm���5lPd�evSFo>Zuqsl¶¬ Z^lGt<\^qnW�Un�5Y�ehk5eh¨�Z^�5Y�§ # e�lm����M
¦�e�SX� )re�U�k5e`��e�UXUXe`UX�ay$SXe�e$SVU�lmZwY�\1k5d�lPWPSnZ[UnWG\<] e�U�l@¬ e$SVUXWPY%Z[UXWP\^] SVUnZ[UnWPSVUXWmÁ-�5e`o>\<�5q%lmZwSXe�t<Y�e�]-UnZuUXWP\^]

]5\<]N§©SX�5o&e�qn{1WPSXd�ehkNe$S¤SVWPt^]aZ^�N¢ � e�U�]5\-S�UXq�Zc{cZ^�N¢�SXehSX\^]-U�ZulP\^q�S�kNd�{<e�lP\^o5o&d$SsZ^�NUX\<�5q�kNe�kNe$�N¢!Á-�5evSrUnWG\<]aS �
O<M��F\^Y�Y�e�]-Ugo&e��5UV§©\^] Y�WPe��N¢ k5d$��qnWPqXe�lGe�o5qn\N��e$SnSX�aS¤\<_aSXe�qn{^d � e�Ufe�]�oaZuqXUXWm���alGWPe�qfSnZ�SVUXqn�a��Un�5qXe�kNe�kNd�§
o>e$]ak5Zu]>��e��

L5M��F\^Y�Y�e�]-UFo&\^�5{<\^]aST]5\^�>S e$SVUXWPY�e�q�lGe�o5qn\1��e$SnSV�>ST��Z<���5d�e�U�lPe$SFoaZuq�ZuY�y�UXqne$S kNe�Y%Zu]5WPy�qne�µ���\^]aSXe�qn{^e$q
kNe$STUXq�ZuWGUXe$Y�e$]-UnSTSXWPY�oalGevSFe�U�SnZ[UnWPSV�8ZuWmSXZ^]-UnS o&\^�aqFo&e�qnY�e�UVUnqXe�l@¬ �NUnWGlPWPSnZ[UnWG\<]�o5q�Z[UnWPÁ-�5egkNe¤o5qn\^t<qnZ^Y�Y�evS
lGevS�Y�e�UVU�Zu]-U�e�]p\1e��5{1qne��

�Fe$S�kNe$�N¢�Á-�5e$SVUXWP\^]aS�SX\^]-UFY�\uUnWG{<d�evS � e�]-UXqne�Z^�NUXqne$S � o>Zuq�lGehkNd�{<e�lP\^o5o&e�Y�e$]<U�kNego5qX\N��d$kN�5qne$SFkNehSVe$t^Y�e�]-UnZu§
UXWP\^]`o5qne�]>Zu]-U�e$]���\^Y�oNUneflGevS�o5qn\^o5qnWGd�UXdvS�SXo&d$��WG�>Á-�5evS�kNe$SsSXWPt^]aZ^�N¢�q�Z^k5Z^q$M
� \<�aSsqne�Y%Zuq�Á-�5\^]>S�ZulP\^q�SsÁ-�5e�lmZ%Y�\1k5d�lPWPSnZ[UnWG\<]`k5e£lmZ�kNd�o&e�]>k5Zu]a��e£kNevS�\^_>SVe$qX{[Z[UnWG\<]aS�o&e��NU "�UXqnef�8Z^W�UnekNe�Y%Zu]5WPy�qne�o5lG�>S³t^d$]5d�q�ZulPeTe$]���\^]aSXWPk5d�q�Zu]-U:Á-�5e�lPe�o5qX\N��e$SnSV�aS:��\^�5o5lPe

Z = (Zn)1≤n≤N = (Xn, Yn)1≤n≤Ne$SVU��a]5e#���aZ[�m]ae£kNe£jDZ^qXz<\[{!SVUnZuUXWP\^]5]aZ^WGqnefe�Ug]5\^]�oalG�aSgSXe��5lPe�Y�e�]-UglGe�oaqX\N��evSXSX�aS
X
M��Fe�UVUne£Y�\NkNd�lPWmSXZuUXWP\^]

kNWPqXev��UneFkN��oaqX\N��evSXSX�aS )r\^WP]<U:��\<qXqne$SXo>\<]akfµ�l¶¬ �-b1o&\uUn�5y$SXeFkNe����aZc� ]5eTk5e�jDZ^qXz<\[{¤��\<�5o5lPe � Y�\1k5y�lPeFqnd$��e�Y�Y�e�]-U
WP]<UnqX\NkN�aW�U�oaZuq & WPe$� ��b1]aSXz-W�k5Z^]aS �GOcL[ �©M�& WPe$� �$b1]aSVz1W3Z£Y�\<]<UnqXdgÁ-�5e�lmZ#Y�Z^qXz<\[{1WPZ^]5W�Und�kN�po5qX\N��e$SnSV�aSF��\<�5o5lPe
Z
evSrU��a]5e���\<]akNWGUXWP\^] SV� �%SnZu]-Une�o&\^�aq£Zc{^\<WGqhlmZ`Y�Z^qXz<\[{1WPZ^]5W�Und�Zpo&\<SVUXe$qXWP\^qnW kN� o5qn\1��e$SnSV�>S

X
ZuWP]aSXW Á<�ae

l¶¬ e�¢1WmSVUXe�]>��e£kNe£o5qX\N��d$kN�5qne$S�qXdv���5q�SVWP{^evSskNe£�$Zulm���5l+k5e$S�oaqX\<_aZu_5WPlPW�Und$S�Z%o&\<SVUXe$qXWP\^qnW¶M&�Fe$��W+o&e�qnY�e�U�kNefUnqnZ^]aSV§
o&\<SXe�q�Zu�N¢H���aZ[�m]ae$S���\^�ao5lGevS#UX\^�>S£lPe$S#UXq�ZuWGUXe$Y�e�]-UnS��VqnZ^o5WPk5e$S
��k5e$S����aZc� ]5evS#kNe�jDZ^qXz<\[{��$Z^���5d$e$S#_aZ^SXd�evS
SX�5qs��e$S�o5qn\^oaqXWPd�Und$S$M5�F\<Y�Y�ego&\^�5q�lPe$Ss���aZ[�m]5evS�kNegj Zuqnz^\[{%��Z<���5d�evS � lPZ#lP\^W�k�¬ �5]pY�\NkNy$lGef��\^�5o5lPehSrU�Z[UXWP\^]5§
]aZ^WGqne�e$SVUFkNdv��qnW�Une�oaZ^qTlmZ�kNe�]>SVWGUXdgkNe�lmZ�lP\^W )r\<WG]-Une¤kNe

Y1, Y2
� Y%Z^WPSTe�lPlGe�]�¬ evSrU�o5lP�aS ]5dv��evSXSnZuWPqXe$Y�e�]-U d�t-ZulPe�µ

∑
k,l pklf(y1, θk)f(y2, θl)

�8\��
pkl
e$SVU:lmZ�o5qX\<_aZu_aWGlPW�Und

P (X1 = k,X2 = l)
��M[Q ]#UX\<�NUXe�t^d$]5d�q�ZulPWGUXd � e$lGlPeFevSrU

d�t-ZulPe£µ ∑
k,l pklf(y1, y2, θkl)

e�Ugl@¬ �NUnWGlPWPSnZ[UnWG\<] kNe�kNe�]>SVWGUXdvS¤_5WP{[ZuqnWGd$e$S
f(y1, y2, θkl) 6= f(y1, θk)f(y2, θl)o&e�qnY�e�U�ZulP\^q�S�kNe#kNd$��qXWPqXe#kNe$S���Z^S¤k5Zu]aS¤lGevSXÁ-�5e$lGlPe$S�lGevS�\^_>SVe$qX{[Z[UnWG\<]aSs]5e#SV\<]<U�oaZ^SsWP]akNd$o>e$]ak5Z^]<Une$Sg��\<]akNWG§

UXWP\^]a]5e�lPlGe$Y�e�]-U¤Zu�`o5qn\N��e$SnSX�aS�kNe$Ssd�UnZuUnS$M � \<�aSsWP]<UnqX\NkN�aWPSX\^]aS�lPe$Ss��\^o5�alGevS �GO<O� �AkaZu]aSslmZ�Y�\NkNd�lPWPSnZ[UnWG\<]pk5e��evSfkNe�]>SVWGUXdvS � ��e%Á<�aW ]5\^�>Sho>e$qXY�e�U�]a\^] SVe$�5lGe$Y�e�]-U£kNe�{^d$qXWG�ae�qg�8Z<��WPlGe$Y�e$]-U�lPZ`��\<]-UXq�ZuWP]<Une�k�¬ d$t<ZulPWGUXd%kNe$S
kNe$]aSVWGUXdvSfY%Zuqnt^WP]aZulPe$ShkN�ae$S�µ`lmZ`SrU�Z[UXWP\^]a]aZuqnW�Und%kN� o5qn\1��e$SnSV�>S

Y � Y�Z^WPS£Zu�aSnSVW k�¬ dv��qnWGqne�e�¢No5lPWP��W�Une�Y�e�]-U�lmZkNe$]aSVWGUXd�k5e$Ss\<_aSVe$qX{[ZuUXWP\^]aSFe�U¤kN��oaqX\N��evSXSX�aS���]ad$��evSXSnZuWPqnegk5Z^]aSslPef��Z^k5qXeh_aZcb<d$SXWGe$] ��M>�FegUXq�Zc{[ZuWPl���\<]aSrUnW�Un�5e �
µD]a\uUXqne���\^]5]aZ^WPSnSnZu]a��e � lmZDo5qne�Y�WPy�qne��NUnWGlPWPSnZ[UnWG\<]HkNevS£��\<o5�5lPe$S�k5Zu]>S�lPe!��\<]-UXe�¢1Une!kNevS�Y�\NkNy�lPe$S�kNe!j ZuqX§
z^\[{��$Z^���5dvS�M1¦�\<qnSnÁ-�5eg]5\^�aS�SX�5o5o&\<SX\^]aSsÁ-�5eglPegoaqX\N��evSXSX�aS

X
e$SVUsY�Z^qXz<\[{1WGe$] � lmZ�kNW��&d$qXe$]a��ehe�]-UnqXeh���aZc� ]5evS

��\<�5o5lPe$Sfe�U����aZ[�m]ae$S�kNe!jDZuqnz^\[{ �$Z^���5d$e$Sf��\^]aSXWPSVUXe!ZulP\^q�She�¢5Z^��UXe�Y�e$]<U#e�] l¶¬ Z )r\^�NU#k5e���e�UVUXe!kNd�o&e�]akaZu]a��e
��\<]akNWGUXWP\^]5]ae�lPlGe � qXe$o5qnd$SXe�]-UXd$e%oaZuqflPe$S#��\^oa�5lGevS�MA¦ ¬ WG]-UXd$q�"�U£kNe$S#��\<o5�5lPe$SfevSrU£kNe�o>e$qXY�e�UXUXqne��5]5e%Y�e$WGlPlGe$�5qne
Y�\NkNd�lPWPSnZ[UnWG\<]�kNeflPZ%SVUXqn�a��UX�5qne�kNe�kNd$o>e$]ak5Zu]>��e£kNevS�kN\<]5]5d�evSs\^_>SVe$qX{<d�e$S��8]5\uU�ZuY�Y�e�]-U�l@¬ Zu�5UX\N��\[{[ZuqnWmZu]a��e��
e�Uf]5\<�aShY�\^]-UXqn\^]>S�lPe$S��8Z^WG_5lPe$SnSXe$S � ]5\^]�qXe$Y�Z^qnÁ-�5d$e$S)r�aSnÁ-��¬ µ!o5qnd$SXe�]-U � k5e$Sf���aZ[�m]5evShkNe%jDZuqnz^\[{`��Z<���5d�evS
SX�5q���e�U¤Z^SXo>ev��UV§©lmµ5M
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¦ ¬ WP]<UnqX\NkN�>��UXWP\^]wkNe�lPZ`kNd$o>e$]ak5Zu]>��e���\^]>kNW�UnWG\<]5]5e$lGlPe%k5Zu]aSglPe$SgY�\NkNy�lPe$ShkNe%jDZ^qXz<\[{p�$Z^���5dvS�]+¬ evSrUfoaZ<S
�5]5e#]5\^�a{^e$Z^�NUXd � e�U�WPl:e$SVUg��lmZ^SnSXWPÁ-�5e � o&\^�5qglPZ!kNe$Sn��qnWPoNUXWP\^]DkNe�o5�5d$]5\^Y�y$]5e$S¤o>\-SXSXd$k5Z^]-UgkNevS�kNb1]aZ^Y�WPÁ-�5evS
��\<Y�o5lGe�¢Ne$S � kNefSV�5oao>\-SVe$q�Á<�aeglPefo5qn\N��e$SnSX�aS�kNe$S�\<_aSVe$qX{[ZuUXWP\^]aS�e$SVUs�5]5e����aZ[�m]aehk5ehj Zuqnz^\[{���\<]akNWGUXWP\^]5]ae�lG§
lPe�Y�e�]-U�Zu�N¢�\<_aSXe�qn{cZuUXWP\^]aS$M<��egUXe$lPS�o5qn\N��evSXSX�aS�SV\<]<UsZuoao>e$lGdvSFoaqX\N��evSXSX�aS�Zu�NUn\^qnd�t<qXevSXSXW��8SFµ#���>Zu]5t<e�Y�e�]-U�k5e
qnd�t^WPY�e�Y%Z^qXz<\[{-WPe�]�e�UslGevSFUXq�ZuWGUXe�Y�e$]<U�Ss��lmZ^SnSVWmÁ-�5e$S�k�¬ e$SVUXWPY%Z[UXWP\^]`kN�po5qn\1��e$SnSV�>SF�$Z^���5dge�U�kNevS�oaZuq�ZuY�y�UnqXevS
SXe�t<d�]5d$qnZ^lGWmSXe�]-U�µp��e$ShY�\NkNy�lPe$S%� ¡^} � �<L �¶M+¨�WPe�] Á-�5e���evShY�\NkNy$lGevS�SX\^WPe�]-U�Zu�aSnSVW k5e$S����aZ[�m]ae$SfkNe%jDZ^qXz<\[{
��\<�5o5lPe � lPegY�\NkNy$lGefÁ-�5eg]5\^�aSsk5d�{^e$lG\<o5o&\^]aS�S�¬ e�]`kNWmSrUnWG]at^�5e���\^]akaZuY�e�]-UnZ^lGe$Y�e�]-UsoaZuq�l@¬ �aSnZut<egkNevSs��\<o5�5lPe$S �
e�U�o>ZuqslmZ���\^]5]>ZuWmSXSnZu]a��egk5eglmZ�lG\<W �8SVUnZuUXWP\^]5]>ZuWPqXe��TkNe

Yn
M

� ] Zu�5UXqnepZ<SVo&e$��U�kNe`lmZwY�\NkNd$lGWmSnZ[UXWP\^] oaZuq%���aZ[�m]aepkNe�jDZ^qXz<\[{w�$Z^���5d$ep��\^]aSXWmSrUne!e$] lPe����5\^WG¢Hk�¬ �5]
Y�\NkNy�lPe oaZ^qnZ^Y�d�UXqnWmÁ<�ae

f(yn, θk)
Z^k5Z^oNUXd o>\<�5q�qne�o5qnd$SXe�]-Une�q�lmZ/kNe$]aSVWGUXdwkNe

Yn
��\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<Upµ

Xn = k
M��gZu]aSplPe���Z<kNqne kNewlPZ ��lmZ^SnSVWG�>��ZuUXWP\^] kNe kN\^]a]5d�evS�Y£�al�UnWG{[ZuqnWPd�e$S!e�U�kNe�lPZ SVe$t^Y�e�]-UnZuUXWP\^] kNe

SXWGt<]aZu�N¢pe�Uhk�¬ WPY%Zut<e$S � lPe�Y�\1k5y�lPe£t<Z^�aSnSVWPe�]`qne$SVUXe�lPe£Y�\NkNy�lPe�lPe£o5lP�aS��NUXWPlPWPSXd � Y�"$Y�e#SXWBk�¬ Zu�5UXqne$SsY�\NkNy�lPe$S
oaZ^qnZ^Y�d�UXqnWPÁ-�5evS£\<]-U�d�UXdp�NUXWPlGWmSXd$S�k5Zu]>S�k5W �3d�qne�]-UXevS�Zuo5o5lPWm��Z[UnWG\<]aS�GOv¯^}��©M � \<�aS�]5\^�aS�SX\^Y�Y�e$S#WG]-Und�qne$SnSVdvSµ�l¶¬ �NUXWPlGWmSnZ[UXWP\^] ��e�Ugl¶¬ evSrUnWGY%ZuUXWP\^] ��kNe�Y�\NkNy$lGevSgo5lG�>S�qnd$Z^lGWmSVUXe$S¤\^�w��Zuo>Zu_5lPe$S�k�¬ WP]-UXd$t^qne�qg�5]5e���\^]a]aZuWmSXSnZu]>��e
SX�5q%lGevS�kNe$]aSVWGUXdvS�Y%Zuqnt^WP]aZulPe$S$M � \^�>S%d�Un�akNWP\^]aS%lPe$S�lP\^WmS%kNe �-Un�akNe$]<U!e�U�lPe$S�lP\^WmS � � Á-�5W¤ZuoaoaZuqXUXWPe�]5]ae�]-U
Zu�5¢ Y�\NkNy�lPe$S%e$lGlPWPoNUXWmÁ-�5e$S�Z^o5o&e�lPd$S �V²³e$��UXe��aq�±�lPd$ZuUX\^WPqne$S �1o5�ad�qnWPÁ-�5e$Y�e$]-U���]-{[Z^qXWmZu]-UnS
�pe�U�Á-�5W�SX\^]-U�kNe$S
Y�\NkNy�lPe$ShoaZ^qVUnWP���5lPWGy$qXe$Y�e$]-Ugo&e�qXUXWP]5e�]-U�Sho>\<�5qfqXe$o5qnd$SXe�]-UXe$q�lPe$SfSXWGt<]aZu�5¢DqnZ<k5ZuqvM&¦T¬ �5UXWPlGWmSXZuUXWP\^] kNe�lPZplP\^W �
k5Z^]aS:lGes��\^]-UXe�¢-Une�k5eslPZgSVe$t^Y�e�]-U�Z[UXWP\^]#]5\^]5§©SX�5o&e�qn{-WmSXd�e�e$SVU:qne�]>kN�5e�o>\-SXSXWP_5lGe�oaZ^q:lGeskNd${^e�lP\^oao>e$Y�e$]-U³k�¬ �5]ae
Y�d�Un�5\NkNe�k�¬ e$SVUXWPY%Z[UXWP\^] o>Zuq£Y%Zu¢1WPY£�aY kNe�{-q�ZuWmSXe�Y£_alPZ^]a��e<M � \^�>S�WP]<UnqX\NkN�aWPSX\^]aS�o>\<�5q�lmZ�o5qne�Y�WGy$qXe���\<WPSlPe$S���\^o5�5lPe$SfkaZu]aShlPe���\<]<Une�¢1UXe%kNe%lmZ�SXe�t^Y�e$]<U�Z[UnWG\<]wkNe%kN\<]5]5d$e$SfY#�5l�UnWG{[Z^qXWPd�evS � ��e�Á<�aW ]5\^�>Sho>e$qXY�e�U£k5e
kNd��a]5WPq¤kNef]5\<�5{^evZu�N¢�Y�\NkNy$lGevSsY£�5lGUXWP{[ZuqnWGdvS�e�U¤]a\^�aS�Y�\^]-UnqX\<]aS�e�]`oaZ^qVUnWP���5lGWPe�q¤l@¬ WG]-Und�q "�U¤kNevSslG\<WPS�t-ZuY�Y%Z
Y£�al�UnWG{[ZuqnWPd�e$S�o&\^�aqslPZ�SXe�t^Y�e$]<U�Z[UnWG\<]pk�¬ WPY�Z^t^e<M
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¦ ¬ e$SVUXWPY%Z[UnWG\<]�kNe$SAoaZuq�ZuY�y�UXqne$S�kNevSA���>Zc� ]5e$SAkNeFjDZ^qXz<\[{��$Z^���5d$e$S �@ZuWP]aSVW1Á-�5eFk5e$SAo5qX\N��e$SnSV�aS+Y%Zuqnz^\[{1WGe$]aS
µw���aZu]5t<e�Y�e�]-U%kNe`qXd$t^WPY�e�Y%Zuqnz^\[{1WPe�] ��e$SVU��8Z^W�Une`lGepo5lP�aS%SV\<�5{^e$]-U#oaZ^q�lmZwY�d�UX�a\1k5e`k5� Y%Z[¢NWPY£�5Y k5e
{1qnZ^WPSXe�Y#_5lmZu]a��e � Á-�5W�kN\<]5]5e��5]�evSrUnWGY%Z[Une��5q�o&\<SnSVdvk5Zu]-U�lGevSTo5qn\^oaqXWPd�Und$SF�aSV�ae�lPlGevSFkNeh��\<]1{^e�qnt^e$]a��esoaqXevSXÁ-�5e�§
S��5qXe � kNe!]5\^qnY%ZulPW�Und%e�U#k�¬ e����$Z^��WGUXd!Z^SXb-Y�oNUn\uUnWPÁ-�5e �PO$¯-L � ¡^« � L5O � ¡^} � �-L��©MAjDZ^lGt<qXd%lmZ���\<Y�oalGe�¢1WGUXd!kNe�lmZ
{1qnZ^WPSXe�Y#_5lmZu]a��eFkNe���e$S:Y�\NkNy�lPe$S � lGevS:o>\<WG]-U�S³SrU�Z[UXWP\^]a]aZuWPqXevS:kNe�lPZglP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��eTSV\<]-U³�$Zulm���5lPd$S:t<qD�<��e�µ
kNevS�Y�d�Un�5\NkNe$S�qXdv���5q�SXWG{<e$S �&l@¬ ZulPt^\<qXWGUX�5Y�efQTSXo&d�q�Zu]a��e�§�jDZ[¢NWPY�WmSnZ[UXWP\^] �������	��º�¸©¼u¸@¾8¹�
��� ¼��<¾���¾��$¼u¸@¾8¹�
 � QTj �
kNe���e�Y�oaSVUXe$q � ¦AZuWPqnk!e�U��s�a_5WG]��x¡^L�� � \<�!l¶¬ �a]5e�kNe�SXe$S�{[ZuqnWPZ^]-UXe$S �PO$¯<« �¶M
�Fe�o&e�]>k5Zu]-U � lP\^q�SXÁ-�5e�lmZ¤lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��e SVes��\^Y�o5lPWPÁ-�5e � ]a\uUnZ^Y�Y�e$]-U:o>Zuq:l@¬ �NUnWGlPWPSnZ[UnWG\<]#kNevS³��\<o5�5lPe$S �

lmZ�qXev���5e�q����5efkN�DY%Z[¢NWPY£�5Y�kNe�{1q�ZuWmSVe$Y£_5lmZu]a��e � Y "�Y�e�o>Zuq�QTj � Z^_>\<�NUXWGU�µ%kNevS�o5qn\^_5lPy�Y�evS�k�¬ \^oNUnWGY�WmSXZu§
UXWP\^]p]1�5Y�d�qnWPÁ-�5ehÁ-�5W�o&e��5{<e�]-U���\^qXUXe�Y�e$]<UslPWGY�WGUXe$qsl@¬ Zuo5oalGWm��Z^_5WGlPWGUXdfkNe$S�o5qn\N��dvkN�5qne$S�kNefSVe$t^Y�e�]-U�Z[UXWP\^]!]5\^]5§
SX�5o>e$qX{1WmSVd$e^M � \<�aSgo5qX\<o>\-SV\<]aS¤Z^lG\<qnS��5]5e�]5\<�5{^e$lGlPe£Y�d�Un�5\NkNe�k�¬ evSrUnWGY%ZuUXWP\^]�k5e$SgoaZuq�ZuY�y�UXqne$S¤k5e#Y�\NkNy�lPe$Sµ�kN\<]5]5d$e$S�Y%Z^]aÁ-�aZu]-UXevS � _aZ^SXd�evS�SV�aq¤lPe$Ss��\<]a��UnWG\<]aS�evSrUnWGY%Z^]<Une$S��8WG]-UnqX\NkN�5WGUXevS�oaZ^q 	g\Nk5Z^Y£_&e%�xiu} � ��M3¦ ¬ e$SV§
UXWPY%Z[Une��5qsevSrU¤kNd�UXe$qXY�WP]5dfµ�oaZuqXUXWPqsk�¬ �a]pdv���aZu]-UnWGlPlG\<]

y = (y1, . . . , yN )
e$]`qXdvSV\<lG{[Zu]-U��5]5efdvÁ<�>Z[UXWP\^]`kNehlmZ

��\^qnY�e
g(y, θ) = 0

M
g
e$SVUh�5]5e�����\<]a��UnWG\<]De$SVUXWPY%Zu]-UXeL�#kNd�o&e�]akaZu]-Uhk5e$S�oaZuq�ZuY�y�UnqXevS�e�UhkNevSg\^_aSXe�qn{[Z[UXWP\^]>S �

Á-�5W � SV\<�aSh��e�qXUnZ^WG]ae$Sh��\<]akNWGUXWP\^]aS � kN\^]a]5e�k5e$She$SVUXWPY%Z[Une��5q�Sh��\^]1{<e�qnt^e�]-U�S�M3¦ ¬ WG]-Und�q "�UfkNe%��e$ShY�d�UX�5\NkNevShe$SVU
kNe�o&e�qnY�e�UXUXqne�kNe����5\<WPSXWGqflmZ`��\<qXY�e�kNe%lmZ`��\^]>��UXWP\^]

g � ]5\^UnZ^Y�Y�e$]<U£SnZ���\<Y�o5lGe�¢NW�Und � kNe�Y�Z^]5WPy�qne%qXe$lPZuUXWG§{^e$Y�e�]-UgWP]akNd$o>e$]ak5Z^]<Une�k5e#lmZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]>��efkN�wY�\NkNy$lGe<M3Q ]�kNd${^e$lG\<o5oaZu]-Ug�5]5e�WPkNd$e#oaqX\<o>\-SVd$e£oaZ^q
� e$bNkNe�e�U�j�\<qVUn\^] � }<¯ � � ]5\^�>S%Y�\^]-UXqn\^]aS�Á-��¬ WGl�e$SVU�o>\-SXSXWP_5lGe�kNeD��\^]aSVUXqn�5WPqXe�kNe�Y%Z^]5WGy$qXe`t<d�]5d$qnZ^lGe`kNe$S
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��\^]>��UXWP\^]>S£evSrUnWGY%Zu]-Une$S£k5e�Y�\NkNy�lPe$S�µ kN\<]5]5d$e$S�Y%Z^]aÁ-�aZu]-UXevS �@��\^Y�Y�e�lPe$S����aZ[�m]5evS£kNe`jDZ^qXz<\[{ ��Z<���5d�evS
\^����\^�5o5lPe$S ��µ�oaZ^qVUnWGq�kNevS���\^]>��UXWP\^]>Sse$SVUXWPY%Zu]-UXevSsSVo&d$��W��ad$e$Sso&\^�aq��5]�Y�\NkNy�lPe���\<Y�oalGe�U$M � \^�aSsoaqX\<o>\-SV\<]aS�5]���Z<kNqne¤Un�5d�\<qXWmÁ-�5e�o&\^�aqsl@¬ d�Un�akNe�kNehlPe��5q�S�o5qn\^o5qnWGd�UXdvS � Á-�5W�]5\<�aS�o>e$qXY�e�Usk5efqnZ<SXSXe�Y#_5lGe$q�kaZu]aS�lPehY�"$Y�e
��\^qnY%ZulPWPSXY�e`o5lG�>SVWPe��5q�S�e$SVUXWPY%Z[Une��5q�S%e�U�Y�d�UX�5\NkNevS�kNeD��Z^lP���5l�e�¢1WmSVUnZu]-Une$S�o&\^�5q�lPe$S�Y�\NkNy$lGevS�µ kN\^]a]5d�evS
WP]a��\<Y�oalGy�UXe$S$M+QT] e �3e�U � lmZ�kNd�Une�qnY�WP]aZuUXWP\^]/kNe�l¶¬ e$SVUXWPY�ZuUXe$�5q£µ�oaZ^qVUnWGq#kNe%��\^]>��UXWP\^]>S�e$SVUXWPY%Zu]-UXevS�Zu_&\^�5UXWGU
µ!�5] o5qn\^_alGy$Y�e�kNe�qXev���5e�q����5e£k5e#q�Z^��WG]5evS � SXWGY�WPlPZ^WGqne#µp��e$lG�5W³kN��Y%Z[¢NWGY#�5Y|kNe�{1qnZ^WPSXe�Y#_5lPZ^]a��e � e�Ugo&\^�5q
lPe$Á-�5e�l:]5\<�aSgo5qn\^o&\<SX\^]aS��5] ZulPt^\^qnWGUX�5Y�e£WGUXd$qnZuUXWG�Tt^d$]5d�q�ZulPWmSXZ^]<U�QTj � Zuoao>e$lGd�QTSVUXWPY%Z[UXWP\^] �F\^]ak5W�UnWG\<]5]5e�lPlPe
�©UXd$qnZuUXWP{^e<M � \^�aS�kN\<]5]5\<]aS�kNe$S���\<]akNWGUXWP\^]aS�t<d�]5d$qnZ^lGevSFSX\^�aS�lPe$SnÁ-�5e�lPlGevS���e�U�Z^lGt<\^qnW�Un�5Y�e¤o&e��NU�"�UXqnegkNd��a]5W�e�U
��\<]1{^e�qnt^e<M � \^�>S³e�]�kNdvkN�5WmSV\<]aS kNevS ZulPt^\<qXWGUX�aY�evS:\^qnWGt<WG]>Zu�N¢#k�¬ evSrUnWGY%Z[UnWG\<]%kNe¤���aZ[�m]5evS kNe�jDZ^qXz<\[{���Z<���5d�evSY£�al�UnWG{[ZuqnWPd�e$S�e�U�kNe#���aZc� ]5e$Ssk5e£jDZuqnz^\[{!��\^�ao5lGevS � e�U¤qne$SVUnZ^]<UsoaZ^qVUnWP���5lPWGy$qXe$Y�e$]-U¤SVWPY�o5lGevS �8]5e�]5dv��e$SnSXW�U�Zu]-U
Zu�>���5]5eho5qn\N��dvkN�5qnehk�¬ \<oNUXWPY�WPSnZ[UnWG\<]!]1�5Y�d�qnWmÁ<�aegY#�5lGUXWmkNWGY�e$]aSVWP\^]a]5e�lPlGe���M
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± oaZ^qVUnWGq�kNe�l¶¬ WP]-UXe�]>SVWGUXd � kN�DSXo>ev��UnqXe���\^o5oalGe$q¤e�UgkNe�lmZ�o>\<lPZ^qXWmSXZuUXWP\^]�kN�DSXWGt<]aZul+qXe���� � �a]�qnZ<k5Zuqso&e��NU
��\^�aqX]5WPqskNe$S�WP]N��\<qXY%Z[UnWG\<]aSFqXevSVo&e$��UXWP{^e�Y�e$]<UsSX�5qslPZ#qnd��aev��UXWP{1W�Und�d$lGe�UXqn\^Y%Zut<]5d�UnWPÁ-�5e � lPZ#{1W�Une$SnSVege�UslmZ�SVUXqn�a��§
UX�aqXeDoa�-bNSXWPÁ-�5e�kNeDl¶¬ e$]-{1WPqX\<]5]5e$Y�e$]-U$M��FevS�WP]N��\^qnY%Z[UXWP\^]>S%d�U�Zu]-U!Z^�$Á-�5WPSXe$S+�rlPWGt<]5e�oaZ^q�lPWGt<]5e���lG\<qnS�kNeDlmZ
qn\uUnZuUXWP\^]/kNe!l@¬ Zu]-Une�]5]5e!k�¬ �a]Hq�Z^k5Z^q�{^e$WGlPlGe � ]5\<�aS�oaqX\<o>\-SV\<]aS�kNep��\^]>SrUnqX�5WPqne�kNe$S�ZulPt^\<qXWGUX�aY�evS�kNep��ZuqXUX\^§
t^q�Zuoa�5WGepZu�NUn\^Y%Z[UnWPÁ-�5e`k5Z^]aS���e`��\^]-Une�¢1UXe � e$] �5UXWPlGWmSXZ^]-U�lPe$S�Y�d�Un�5\NkNe$S%kNd${^e$lG\<o5o>d$e$S#o5lP�aS��aZu�5UnS$M � \^�aSWP]<Und�t<qX\<]aSs]5\^UnZuY�Y�e�]-UglPZ�o5qX\<o5qnWGd�UXd£kNe�kNd�o&e�]>k5Zu]a��e#SXoaZ[UnWPZ^lGe#kNe£l¶¬ WP]-UXe$]aSVWGUXd�qne���ae ��qne�Y%Zuq�Á-�5d�e£e�U�d�UX�N§
kNWPd�e�k5Z^]aS��POv¡^L � O$¯u � �BoaZ^q kNe$S³Y�\NkNy$lGevS³kNesjDZuqnz^\[{���\^�5o5lPe$S³Zc{<e$����\<o5�5lPe$S$Mu�¤eso5lP�aS � ]5\^�>S:o5qX\<o>\-SV\<]aS:kNe$S
Y�\NkNe$SskNehqne�o5qnd$SXe�]-U�Z[UXWP\^]�oaZuq�ZuY�d�UnqXWmÁ-�5e�k5egl¶¬ WG]N��\<qXY%ZuUXWP\^]`�¤\<o5o5lPe�q�\^�po>\<lPZ^qXWPY�d�UnqXWmÁ-�5e � Á-�5W�SXegoaq�"�UXehµ
kNevSfY�d�UX�a\1k5e$S�kNe!SVe$t^Y�e�]-UnZuUXWP\^]w_aZcb^dvSVWPe�]a]5e^M � \^�aSh�NUnWGlPWmSV\<]aS�ZulP\^q�SfkNevSflG\<WPS£kNe�SrU�Z[UnWPSVUXWmÁ-�5e�kNWPqXev��UXWP\^]5§]5e$lGlPe�o>\<�5q%Y�\NkNd�lPWPSXe�q%lPe$S%k5e�]aSXW�Und$S

f(yn, θk)
e�U%o5qX\<o>\-SVe$q%kNe�]5\^�a{^e�lPlPe$S�Y�d�Un�5\NkNe$S�k5e`SXe�t<Y�e�]-UnZuUXWP\^]

]5\<]N§©SX�5o&e�qn{1WPSXd�e � Á-�5ef]a\^�aS�WPlGlP�aSVUXqn\^]aSsSX�5q�kN\<]5]5d$e$SsSXWGY#�5lGd$e$S�e�U�qnd�e$lGlPe$S$M

� ���1� � � ���  "� ��� ��� � � ��� � ��� �F 

�gZu]aS#lGep���aZuoaW�UnqXeDO � ]a\^�aS#o5qnd$SXe�]-UX\<]aSflPe$S#Y�\NkNy$lGevS#k5epjDZ^qXz<\[{ ��\<�5o5lPe$S � e�U�kNd$Y�\^]-UXqn\^]aS£lGevS£oaqX\^§
o5qnWGd�UXdvS�Á-�5W�)r�aSVUXWG�ae$]<U�lGe$�5q£e$Y�o5lG\<W o&\^�5q#lPZ�SXe�t<Y�e$]-UnZ[UnWG\<] _aZcb^dvSVWPe�]5]ae^M � \^�aSf]a\^�aS#��\^]>��e�]-UnqX\<]aSfZulP\^q�SSX�5q#lPe$S#o5qn\^o5qnWPd�UXdvS£kNevS#���>Zc� ]5e$S#��\^�ao5lGevS � e�U�]5\^�>S£WP]-UXqn\1k5�5WPSX\^]>S��5]5e�Urb1o>\<lG\<t^WPe�kNe�Y�\NkNy$lGevS#Á-�5ep]5\^�>S
�NUnWGlPWPSX\^]>S���\^]aSVUnZ^Y�Y�e$]<U�oaZuq�lPZ�SX�5WGUXe ���F�aZ[�m]ae#kNe�jDZuqnz^\[{p��Z<���5d�e#µ�¨�qX�aW�U¤��]>kNd�o&e�]akaZu]-U��©��j���Z[§�¨�� �
o&\^�5q³lPe$S³���aZ[�m]ae$S³kNesjDZ^qXz<\[{���Z^���ad�e$S:��lPZ<SXSXWPÁ-�5evS � �F�aZ[�m]ae�k5e�jDZuqnz^\[{£��Z^���ad�e��¶��j���Z �Bo>\<�5q³lGevS³���aZc� ]5evS
kNe�jDZuqnz^\[{D�F\^�ao5lGe#o>\<�5qhlGevSXÁ-�5e$lGlPe$S�lPe#o5qn\N��evSXSX�aSg��Z^���ad£e$SVUhlG�5W³Z^�aSXSXWBY�Z^qXz<\[{1WGe$] � e�Uge$]N�a] �F�>Zc� ]5e�k5e
jDZ^qXz<\[{��F\<�5o5lPe �¶��j��F\ ��k5Zu]aS�lPe���Z<S�t^d$]5d�q�Zul¶M
¦�ef���aZ^o5WGUXqnehL£UXq�ZuWGUXehkNehl¶¬ WP]N��d�qne�]>��efkNe$S¤��jw��Z#e�Uso>e$�NU¤SVehkNdv��\^Y�o&\<SXe�q�e�]`kNe$�N¢!SX\^�aSV§¶o>ZuqXUXWPe$S$M-¦AZ#oaqXe�§
Y�WGy$qXe�UXq�ZuWGUXe¤kNevS Y�d�Un�5\NkNe$STe�UF��\^]ak5W�UnWG\<]aS qne$Á-�5WmSVevS³o&\^�5qFlPZ���\^]1{^e$qXt<e�]a��eskNe�l¶¬ evSrUnWGY%Z[Une��5q�kN�%Y%Z[¢NWPY£�5Y
kNe%{1q�ZuWmSVe$Y£_5lmZu]a��e�k5e$S����aZ[�m]ae$SfkNe�jDZ^qXz<\[{D��Z<���5d�evSf��lmZ^SnSVWmÁ-�5e$She�U£kNe$SfoaqX\N��evSXSX�aShkNe�j Zuqnz^\[{�µ����aZu]5§
t^e$Y�e�]-U£kNe�qnd�t<WGY�e$ShY%Z^qXz<\[{-WPe�]>S � ZuWP]aSXWTÁ-�5e�kNevS�e$SVUXWPY%Z[Une��5q�SfkN� ]5\<Y£_5qne�kNe���lmZ^SnSXe$S$M � \^�>S£Zu_&\^q�kN\<]aSd�t-ZulPe�Y�e�]-U�lGevS%Z^SXo>ev��U�S��$Zulm���5lmZ[Un\^WPqXevS#k5eplmZ kNd�Une�qnY�WG]aZuUXWP\^] kN� Y%Zu¢1WPY£�aYÂkNe`lPZw{1q�ZuWmSVe$Y£_5lmZu]a��e!Zc{<e$�
lPe$S�ZulPt^\^qnWGUX�5Y�e$S£QTj e�U�·&¸©¹vº�»5¼c½�¸¶¾8º�§©QTj M �gZu]>S£lmZ SXe$��\^]akNepSV\<�aSV§¶oaZ^qVUnWGe � ]5\<�aS#e�¢No>\-SV\<]aS�lPe$S���\^]a��e�oNU�S
kNe%_aZ<SVe�kNe%lmZ!UX�5d$\^qnWGe%kNevSg��\^]a��UXWP\^]aShevSrUnWGY%Zu]-Une$S � e�U�]5\<�aShWG]-UnqX\NkN�5WmSX\^]aSglmZ`Y�d�UX�5\NkNe%kNe���\^]aSVUXqn�a��UXWP\^]
kNef��\<]a��UnWG\<]aS�evSrUnWGY%Z^]<Une$Sso>Zuq�o5qn\ )rev��UnWG\<]�M � \<�aS¤Z^_>\<qnk5\^]aSsZ^lG\<qnSslPe�o5qn\^_alGy$Y�e�k5e�lPZ�kNd�Une�qnY�WP]aZuUXWP\^]�kNe$Sq�Z^��WP]5evS¤kNevS�dvÁ-�aZ[UnWG\<]aS�Z^WG]>SVWB\^_NUne�]1�5evS¤e�Ug]5\<�aS�o5qX\<o>\-SV\<]aS�l¶¬ ZulPt^\^qnWGUX�5Y�e£k�¬ QTSVUXWPY%Z[UXWP\^] �F\^]ak5W�UnWG\<]5]5e�lPlPe
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�©UXd$qnZuUXWP{^e���Q��F� ��M � \^�aS���\^]a��lG�a\^]aS�oaZ^qsl@¬ Zuo5oalGWm��ZuUXWP\^]`kNehl@¬ Q��F�sµ�kNW �3d�qne�]-Une$S���\^]>��UXWP\^]>S�e$SVUXWPY�Z^]-UXe$S$M�gZu]aS�lGew���aZuo5WGUXqneD� � ]5\<�aS�o5qnd$SXe�]-Un\^]aS�k5W �3d�qne�]-UnS�Y�\1k5y�lPe$S�o>Zuq�ZuY�d�UnqXWmÁ-�5e$S�k5e kNe�]>SVWGUXdvS�Y#�5l�UnWG{[Z^qXWPd�evS
f(yn, θk)

e�UFlGe$�5qnS o5qX\<o5qnWGd�UXd$S:lPe$S o5lG�>S³WGY�o&\^qXUnZ^]<Une$S$M � \<�aS kN\<]5]5\<]aS:lGevSTZ^lGt<\^qnW�Un�5Y�e$S:k�¬ e$SVUXWPY�ZuUXWP\^]%\<_NUXe�§]1�aS�SV\<W�U�oaZuq�ZulPt^\^qnWGUX�5Y�e�QTj � SX\^WGUFo>Zuq�ZulPt^\^qnWGUX�5Y�e�Q��F� kaZu]aSFlGeg��Z<kNqXegkNe$S����aZ[�m]5evSTkNegjDZuqnz^\[{���Z<���5d�evS
��lmZ^SnSXWPÁ-�5evS � e�U�WPlPlG�aSVUXqn\^]>S�lGevS�qXdvSV�5lGUnZuUnSsSX�5q�kN\<]5]5d�evS�qXd$e�lPlGevS�e�U¤SXWGY#�5lPd�e$S$M
�gZu]aS�lPe����aZuoaW�UnqXeh � ]a\^�aSskNdv��qnWG{<\^]aS�l¶¬ �5UXWPlGWmSXZuUXWP\^]�kNevS¤��j��F\�o>\<�5qslPZ%SXe�t<Y�e�]-UnZuUXWP\^]!k5efo5qX\N��e$SnSV�aS�SVUnZu§
UXWP\^]a]aZuWPqXevS � e�U�l@¬ WP]<UnqX\NkN�>��UXWP\^] kNevS���\<o5�5lPe$Sho&\^�5qflmZpqXe$o5qXdvSVe$]-UnZ[UnWG\<]�kNe%lmZ�kNd$o>e$]ak5Zu]>��e%��\<]akNWGUXWP\^]5]5e$lGlPe^M
� \<�aS�d�UX�ak5WG\<]aS�evSXSXe�]-UXWPe�lPlPe�Y�e�]-U�lPe���Z<S�kNe$S���j���ZDµ`\<_aSVe$qX{[ZuUXWP\^]aS�Sn��Z^lPZ^WGqne$S � e�U#]5\^�aS�Y�\<]-UXqn\^]aSfl¶¬ WG]N§
�a�5e$]a��epkNe�lmZ k5d�o&e�]ak5Z^]a��ep��\<]akNWGUXWP\^]5]5e$lGlPe�e$]/Y�\1k5d�lPWPSnZ[UnWG\<]/e�U�e�]HSXe�t<Y�e$]-UnZ[UnWG\<]�M � \^�aS#kNd�{<e�lP\^o5o&\^]>SZulP\^q�Ssl¶¬ evSrUnWGY%ZuUXWP\^]DkNevS¤oaZ^qnZ^Y�y�UXqne$S�o&\^�aq¤lPe$Sf��j���Z%e�Uf��j��F\!µ%o>ZuqXUXWPq¤kNe���\<]a��UnWG\<]aS�evSrUnWGY%Z^]<Une$S¤_5WGe$]
���5\<WPSXWGevS � e�U�Y�\<]-UXqn\^]aS SX�5q�kN\^]a]5d�evS qnd�e�lPlPe$S lmZ���\^]aSVUXqn�a��UnWG\<]�kNe��$ZuqXUXevSTkNe�l@¬ e�]1{1WGqn\^]a]5e�Y�e�]-UTq�Z^kaZuqTµfo>ZuqX§
UXWPq¤kNehl¶¬ WP]-UXe$]aSVWGUXd<M
�gZu]aS³lPes���aZuoaW�UnqXe�¡ � ]5\^�aS:oaqXdvSVe$]<Un\^]aSBlPe$S³oaqXWP]a��WPo&e$S³o5�1bNSXWPÁ-�5evSBk5��q�Z^kaZuq � lGevSBUXq�ZuWGUXe�Y�e$]<U�S³Á-�5WaSX\^]-U³e �3e$��§
UX�ad$S�SX�5q�lGe�SXWPt^]aZ^l � e�U�lmZ�SrUnqX�>��UX�aqXefkNevS�kN\^]a]5d�evS�Á-�5ef]a\^�aSsSXe�t<Y�e$]-UX\^]>SFe �&ev��UnWG{<e�Y�e�]-U$M � \^�>SskNd$��qXWP{^\<]aSlPe�SXo&e$��UnqXes��\^o5oalGe$q³e�U l¶¬ e$lGlPWGo>SVeskNeso&\^lmZuqnWPSnZ[UnWG\<]#Z^�N¢5Á<�ae�lmSA]a\^�aS:]5\<�aS:WP]<Und�qne$SnSV\<]aSBo>\<�5q ��Z^qnZ<��Und�qnWPSXe�qAl@¬ e�]N§
{1WGqn\^]a]5e�Y�e�]-UgqnZ<k5Zuq � e�Ug]a\^�aShkN\<]5]5\^]>S�lPe$SgY�\NkNe$ShkNe�qne�o5qnd$SXe�]-UnZuUXWP\^]De�UglPe$SgY�\NkNy�lPe$Sg�NUnWGlPWmSVdvS�o&\^�aqglPe$S
SXe�t^Y�e$]<Une�qvM � \^�aS�WPlGlP�aSVUXqn\^]aSFlPe$S�o5qn\1��d$kN�aqXevSFkNefSXe�t<Y�e$]-UnZ[UnWG\<]�]5\<]N§©SX�5o&e�qn{1WPSXd�e¤SX�5qskNevS�k5\^]5]5d$e$S�qnd�e�lPlPe$S$MQ ] ��\^]a��lG�>SVWP\^] � ]5\^�aS¤o5qn\^o&\<SX\^]aS�k5e$S�o&e�q�SXo>ev��UXWP{^evS�kNe#qXev���5e�q����5efk5Zu]>S�lPe�o5qn\^lP\^]5t<e�Y�e�]-U¤kNevS¤Á-�5e$SVUXWP\^]>S
\^�a{^e�qXUXevS�k5Zu]aSs��e�UXUXehUX�ay$SXe^M

�Fe�UXUXe�UX�ay$SXe�evSrUflPe�lGWPe�� kNe�qXe$]a��\<]-UXqne#kNevSfkN\^Y%ZuWP]5evSgk5� UnqnZ^W�Une�Y�e�]-U�k�¬ WGY%Zut<e � kNe�lmZpSVUnZuUXWmSrUnWPÁ-�5e�e�U
kN� UnqnZ^W�Une�Y�e�]-U�kN� SXWGt<]aZulsq�Z^kaZuq � e�U!��\^]aSVUXWGUX�5e��a] UXq�Zc{cZ^WGl�k5e�Y�ZuUX�5d$Y%Z[UXWmÁ-�5e$S�Zuo5o5lPWmÁ<�ad�e$S$M Q ] e �&e�U �
kNevS�o5qn\^_5lPy�Y�evSfo5q�Z[UXWmÁ-�5e$S�qXe$]a��\<]<UnqXdvSfe�] WPY%Zut<e%e�U#e$] qnZ<k5Zuq#SV\<]<U�lPe�Y�\uUne��5q�kN�/kNd${^e�lP\^oao>e$Y�e$]-U#kNe$S
]5\<�5{^evZu�N¢�Y�\1k5y�lPe$S�e�UskNe$S�Y�d�Un�5\NkNe$S�o5qnd$SXe�]-Und�e$STWP��W@Ma�Fe�UXq�Zc{[ZuWPl&S$¬ evSrU�Zuo5oa�5b^dgZulP\^q�STSX�5qskNe�]a\^Y£_aqXe$�aSVevS
SXWGY#�5lPZuUXWP\^]aS�e�U���\^]5��qX\<]<U�Z[UnWG\<]aS�Zu�N¢HkN\<]5]5d$e$S�qnd�e�lPlPe$S � kN\^]-U%]5\^�>S�e�¢No>\-SV\<]aS�WP��WslGevS�qXdvSV�al�U�Z[UnS�lPe$S�oalG�aS
oaZ^qXlmZu]-UnS$M � \^UXqne%\^_�)rev��UnW���e$SVU£ZulP\^q�SfkNe���\^�aqX]5WPq��5] e�¢1o&\<SXd�kNevS�Á-�5e$SVUXWP\^]aSfSXo&d$��WG�>Á-�5evS�Á-�5e%]5\^�>S�Zc{^\<]aSe��ae$S�µfUXq�ZuWGUXe$q�kaZu]aSF���aZ^���5]�kNeh��evSFkN\<Y%ZuWP]5e$SFkNe¤Une�lPlGegSV\<qVUne�Á-�5e�]5\<S���\<]<UnqXWP_5�NUnWG\<]aSTSX\^WPe�]-U�e�¢No5lP\^WGUnZu_alGevS
oaZ^q kNe$S³oaqnZuUXWm��WPe�]aS:WmSXSX�aS k5e���e$S³k5W �3d�qne�]-UnS �5\^qnW �$\^]aS$M � \<�aS³q�Zuo5o&e�lP\^]aS:o>Zuq ��\<]aSXd$Á-�5e�]-U³e�¢No5lPWm��WGUXe�Y�e$]<U lPe$SkNd��a]5WGUXWP\^]aS�e�U�lGevS�qXdvSV�5lGUnZuUnSTe$SnSVe$]<UnWGe$lPS�kNevSTY�d�Un�5\NkNe$S���lPZ<SXSXWPÁ-�5evSTkNeh���aZ<���5]�k5e���evS�kN\^Y%ZuWP]5evS � SV\<W�Usk5Zu]>S
lPe���\^qnoaSAk5eFlmZ�Un�5y$SXe�lG�5WG§©Y�"$Y�e � SV\<W�U:k5Zu]>SAlPe$S:Z^]5]5e�¢NevS�Mc��Z^]aS:��evSAkNe$qX]aWGy$qXevS � ]5\^�>SAq�Zuoao>e$lG\<]aS+lPe$S:��\^]a��e�oNU�S
��lmZ^SnSXWPÁ-�5evS�e�]�UXq�ZuWGUXe�Y�e$]<U:kN�£SXWGt<]aZul1kNeF{^e$��UXe$�5qnSAZulPd$ZuUX\^WPqne$S���\^Y�o5lPe�¢Ne$SA��WPqn���5lPZ^WGqne$S � e�UAq�Zuo5o&e�lP\^]>S�lPe$SAlGWPe�]aS
e�]-UnqXe�lPe$SfkNW��&d$qXe$]-UXe$Sho>Zuq�ZuY�d�UnqXWmSXZuUXWP\^]aS�kNe$S�o5qX\N��e$SnSV�aSgSVUnZ[UnWG\<]5]aZ^WGqne$Sge�U�lPe$SfZ^lGt<\^qnW�Un�5Y�e$S��NUXWPlPWPSXd$Sho&\^�5q
lPe$S��$Zulm���5lPe�qvM5Q ]N�>] � ]5\<�aSso5qnd$SXe�]-Un\^]aS�q�Zuo5WmkNe$Y�e$]-U�lGevSso5qn\^o5qnWGd�UXdvS�e$SnSVe$]<UnWGe$lGlPe$S¤kNe����aZc� ]5evS�kNe�jDZ^qXz<\[{�µ
e$SXoaZ<��efk�¬ d�UnZuUst^d�]ad�q�Zul � e�U�Á-�5e�lmÁ-�5e$Ssqnd$SX�5lGUnZuUnS�SV�aqslGe$�5q¤��\<Y�o>\<qVUne�Y�e�]-U�Z^SXb1Y�o5UX\uUnWPÁ-�5e<M
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� \<�aS�qnZ^o5o&e�lP\^]aS�Wm��WslPe$S�o5qnWG]a��WGo&e$S%Á-�5W���\<]akNe$]<U%l¶¬ Z^]aZulPbNSVe!_aZcb^dvSVWPe�]a]5epk5e$S�WGY%Z^t^e$S�e�U�]a\uUnZ^Y�Y�e$]-UlPew��\^]a��e�oNU!��\^]ak5Z^Y�e�]-UnZ^lgkNew���aZuY�oaS!Y%Zuqnz^\[{1WPe�]aS � ZuWP]aSXWfÁ<�ae���e$lG�aWhk5e����aZ^Y�o>S�Y%Zuqnz^\[{1WPe�]aS���Z^���ad$S$M
� \<�aS�WP]-UXqn\NkN�5WmSV\<]aS£Z^lG\<qnSflPe$S#Y�\NkNy�lPe$S#kNe!jDZ^qXz<\[{���\^�5o5lPe$S �GOv�5O �sÁ-�5WFe$]HSX\^]-U£�5]5e!t^d$]5d�q�ZulPWPSnZ[UnWG\<] � e�U
]5\<�aS�qnZ^o5o&e�lP\^]aS � k5Zu]>S��5] ��Z^k5qXe`t^d$]5d�q�Zul � lPZwo5qn\^oaqXWPd�Und`Á-�5W¤Y�\^UXWP{^e`lPe��5q%d�UX�akNe �TlPZwY%Zuqnz^\[{1WmZu]5WGUXdpZ
o&\<SVUXe�qnWP\^qnW@M &³Zuq%lmZ SV�aW�Une � ]5\<�aS�d�Un�akNWP\^]aS�oaZuqXUXWm���5lPWPy�qne�Y�e�]-U%lGevS%���aZc� ]5evS%kNeDjDZuqnz^\[{ ��\^�5o5lPe$S �POvLu!�¤e�U
]5\<�aShqXevkNd�Y�\<]<UnqX\<]aSglGevSho5qn\1��d$kN�aqXevS�qnd$���5q�SVWP{^evSgk5e���Zulm���al kNe$Sho5qn\^_>Zu_5WPlGWGUXdvSfZpo>\-SrUne�qnWG\<qXW � t^d�]ad�q�ZulPWPSnZu]-U
lPe$S£Z^lGt<\^qnW�Un�5Y�e$SfÁ-�5WF\^]-U�qXe$]akN�5evSflPe$S£���>Zc� ]5e$S�k5e�jDZuqnz^\[{D�$Z^���5d$e$S�SXW o&\^o5�alPZ^WGqne$S$MB�Fe$��WTo&e�qnY�e�UVUnqnZ�k5e
o5qn\^o&\<SXe�q¤k5e$SsUnqnZ^W�Une�Y�e�]-U�SJ�VqnZ^o5WPk5e$S
�hY%ZulPt^qnd�lmZ���\<Y�o5lGe�¢NW�Und£Z^�$��qn�5e£kN�DY�\NkNy$lGe<M>Q ]�kNe�qn]5WPe�q¤lPWPe�� � ]5\^�>S
q�Zuo5o&e�lP\^]aSBlmZfkNd��>]5W�UnWG\<]�k5e$S³Y�\NkNy�lPe$SBUnqXWPo5lPe�U�S��GOcLu� � OcLu}��ao&\^�aq³lGevSXÁ-�5e$lGlPe$S:lPe$SBUnqnZ^W�Une�Y�e�]-UnS:_>Zcb^d$SXWPe�]aS:SX\^]-U
e�]>��\^qnehe�]1{1WPSnZut<e$Z^_5lGevS�e�]`e�¢No5lP\^WGUnZ^]<U�lmZ�Y%Zuqnz^\[{1WmZu]5WGUXdhk�¬ �5]`o5qX\N��e$SnSV�aS�oalG�aS¤t^q�Zu]ak �5]5\<�aS�kN\<]5]5\<]aSskNe$S
e�¢Ne$Y�oalGevS�kNe£��e$SsY�\NkNy�lPe$S¤��e£Á-�5W�o&e�qnY�e�U�k5e�Y�\^]-UXqne�q�Á-�5e �Vl¶¬ Z^o5o5qn\1���ae�UnqXWPo5lPe�U��hqnd��5]aW�U�kaZu]aSs�a]�Y�"$Y�e
��Z<kNqnegoalG�aSXWPe��5q�S�t^d$]5d�q�ZulPWPSnZ[UnWG\<]aS�kNd�)Vµ�o5qn\^o&\<SXd�evS�k5e$SsY�\NkNy�lPe$Ssk5e�jDZuqnz^\[{%��Z<���5d$S���lPZ<SXSXWPÁ-�5evS�M
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� \<�aS�o5qXdvSVe$]-UX\^]>S¤k5Z^]aS���e�UXUXe�SVev��UXWP\^] lGe�oaZuq�Z^k5WGt<Y�e#kNe#lmZ�SXe�t<Y�e�]-UnZuUXWP\^]�_aZcb<d$SXWGe$]5]5e#k�¬ WPY%Zut^evS �3lPeY�\NkNy�lPe�SrUn\N���aZ^SVUXWmÁ-�5e�e�U�lPe$Shqny�t^lPe$Sfk5e�kNd$��WPSXWG\<]�_>Zcb^d$SXWPe�]5]5e�Á-�5e%]5\<�aSf�NUnWGlPWPSX\^]>Sho>\<�5q�lmZp��\^]aSVUXqn�a��UXWP\^]
k�¬ �5]5e��$ZuqXUX\^t<qnZ^o5�5WPe�kNevS���\<]5e$S��5\<Y�\^t^y$]5e$S�k�¬ �5]5efWPY%Zut<e^M

� ]ae�WGY%Z^t^e
y
evSrU£lmZ`qnd$ZulPWmSXZuUXWP\^] k�¬ �5]5e�{[ZuqnWmZu_5lPe�ZulPd$ZuUX\^WPqne

YS
kNd��a]5WPe!SX�5q��5] evSVo>Z^��e%oaqX\<_aZu_5WPlPWPSXd

(Ω,A, P )
M
S
evSrUg�5]De$]aSVe$Y£_5lPe��>]5WBk�¬ WP]akNWm��e � k5e#��Z^qnk5WG]aZ^l |S| e�U�qne�oaqXdvSVe$]<Une�l¶¬ e$]aSVe$Y£_5lPe£kNevS¤oaW�¢Ne�lmS ��\^�SXW�Une$S ��Á-�5W<��\^]aSVUXWGUX�ae�]-UAl¶¬ WPY%Zut<e^M

YS = (Ys)s∈S
e$SVUA�a]5e �8Z^Y�WPlPlGe�kNeT{[ZuqnWmZu_5lPe ZulPd$ZuUX\^WPqne

Ys : (Ω,A, P ) −→
(Y ,B(Y)) � \�� Y e$SVUT�5]�evSVo>Z^��e�UX\^o&\^lP\^t<WPÁ-�5e ��e�U B(Y)

k5d$SXWGt<]5e�lmZfUXqnWP_5��kNevST_&\^qnd�lPWGe$]aSTSX�5q Y ��MN�gZu]aSTlGevSZuoao5lGWm��ZuUXWP\^]aSsÁ-�5eh]5\<�aS�UXq�ZuWGUX\<]aS � Y o>e$�NU�"�UnqXe �
�
l@¬ e$SXoaZ^��e�e$�a��lPWmkNWGe$] � d \^� � d � d ≥ 1

��Y�evSV�5qnehY£�5lGUXWm��Z^oNUXe$�5qs\^�`Y#�5l�UnWPSXo&e$��UnqnZ^lGe�� �
� lPZ�SXo5�5y�qneh�5]5WGUXd�kNe�� d ]5\^UXd$e � d−1 =

{
y = (y1, . . . yd) ∈

� d ∣∣∣∣‖y‖ =
(∑d

i=1 y
2
i

)1/2
} ��qne�o5qnd$SXe�]5§

O[i
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UnZ[UnWG\<]!o>ZuqXUXWPe�lPlGefkNefl¶¬ WP]N��\<qXY%Z[UnWG\<]p��\^oao5lGe$qs\^�po>\<lPZ^qXWPY�d�UnqXWmÁ-�5e���M
Q ] Un\^�NUne�t^d$]5d�q�ZulPWGUXd � YS

evSrU�Zuo5o&e�lPd��5]/���aZ^Y�o/ZulPd$Z[Un\^WPqXe��$M��1W
A
evSrU£�a]/SV\<�aSr§©e�]>SVe$Y£_5lPe�kNe

S � ]5\^�aS]5\^UX\^]>S
YA = (Ys)s∈A

lmZ�{[Z^qXWmZu_5lPe`ZulPd$Z[Un\^WPqXepY%Zuqnt^WP]aZulPepe�U
yA = (ys)s∈A

SXZwqnd$ZulPWmSXZuUXWP\^]�M³¦�\<qnSnÁ-�5e
S = [1..N ]

�@Zc{^e$�
N ≥ 1

� � YS
��]5\^UXd�Z^lG\<qnS

YN
��Y�\1k5d�lPWPSXe�ZulP\^q�Sh�5]HSXWPt^]aZ^l �5]5WmkNWPY�e$]aSXWG\<]5]5e�l�e�U#e$SVU

Zuoao>e$lGd$eg�a]5e����aZc� ]5e<M
�1e$t^Y�e�]-UXe$q:l@¬ WGY%Z^t^e

y � �u¬ e$SVU³e$SVUXWPY�e�q:lPZgqnd$Z^lGWmSXZuUXWP\^]£k�¬ �5]aesWGY%Zut<e X = (Xs)s∈S
kNd��a]5WPe�SX�5q

(Ω,A, P )e�U�kN\<]-U�l¶¬ e$SXoaZ^��egkNevS�{[ZulPe��5q�S X evSrUs�5]pe$SXoaZ<��ehkNWPSn��qne�U�kNef�$Zuq�kNWG]>Zul
K ≥ 2 � Á-�5ehl¶¬ \<]!WmkNe$]<UnW��>ehµ [1..K]

M
�Fe�UXUXe�qXdvZulPWPSnZ[UnWG\<]

x
e$SVU�Zuoao>e$lGd$eJ�rqnd$Z^lGWGUXd�UXe�qnq�ZuWP] ��M � \<�aS ]5\^UX\<]aS µ �5]ae¤Y�e$SX�5qne�kNe�qXd���d�qne�]a��e¤kNd��>]5WGegSV�aq

(Y ,B(Y)) � δ lmZ¤Y�e$SX�5qneFkNe���\<Y�oNUnZ^t^eTSX�5q (X ,B(X )) � e�UB]5\<�aSBSV�5oao>\-SV\<]aSAÁ-�5e�lmZ�lP\^W1kNe (XS ,YS)
Z^kNY�e�U

�5]5ehkNe$]aSVWGUXd
p(x,y)

qne�lmZ[UXWP{^e$Y�e�]-UFµ#lPZ£Y�evSV�aqXe�o5qX\NkN�aW�U
(δ ⊗ µ)

|S| M-¦+e$S�kNe$]aSVWGUXdvSFk5e$S�lG\<WPS�kNe
XS

e�U
YSSX\^]-U£]5\^UXd�evS�qne$SXo>ev��UnWG{<e�Y�e�]-U

p(x)
e�U
p(y)

M:Q ] SrU�Z[UnWPSVUXWmÁ-�5e�_aZcb<d$SXWGe$]5]5e � lGevS£kNe$]aSXW�Und$S p(x) � p(y|x)
e�U

p(y)
SX\^]-U¤��lmZ^SnSVWmÁ-�5e�Y�e$]<U�Z^o5o>e$lGd$e$S��8qXevSVo&e$��UXWP{^e$Y�e$]-U ��lP\^W+Z�o5qnWP\^qnW � {1q�ZuWmSVe$Y£_5lmZu]>��ege�U�lP\^W+k�¬ \^_>SVe$qX{[Z[UnWG\<]

��\<��{-q�ZuWmSXe�Y£_alPZ^]a��e�WP]<Und�t<qXd$e���M^Q ]N�a] � lPZhlP\^W>Zho>\-SrUne�qnWG\<qXW p(x|y)
SXe¤kNd$k5�5W�U�kNe$S k5e�]aSXW�Und$S³oaqXdv��d$k5e�]-UXevS³oaZuq

lmZ£��\<qXY#�5lPehk5e�¨�Zcb<e$S

p(x|y) =
p(y|x)p(x)

p(y)

�@L5MGO��
∝ p(y|x)p(x)

�¶LNMxL �
¦ ¬ e$SVUXWPY%Z[UnWG\<]�kNe

XS
µsoaZ^qVUnWGq+k5e

YS
e$SVU+e �3e$��UX�5d$e oaZ^q+l¶¬ Z^o5o5lPWP�$Z[UXWP\^]fk�¬ �5]5eFqXy$t^lPe kNeTkNdv��WmSVWP\^]h_aZcb<d$SXWGe$]5]5e<M

�Fe�lPlPe�§���WNe$SVU ��\<]aSrUnqX�aW�Une�µgoaZ^qVUnWGq³k�¬ �5]5e���\<]a��UnWG\<]�k5e���\ �5U
L : X |S|×X |S| −→ �:M^¦T¬ evSrUnWGY%Z[Une��5q³_>Zcb^d$SXWPe�]

kNe
XS

��\<qXqne$SXo>\<]ak5Z^]<U�Zu�`��\ �NU
L
e$SVU�lPZ#��\^]>��UXWP\^]

y 7→ x̂(y)
Á-�5W�Y�WG]aWGY�WmSVeflPe���\ �NUsY�\[b<e�] � W¶M e^M

x̂ = arg min
T

E [L(XS ,T(YS))]

\��
T
kNdv��qnW�Uhl@¬ e�]>SVe$Y£_5lPe#kNevS���\<]a��UnWG\<]aS¤Y�evSV�5q�Zu_alGevS¤e�U�WP]<Und�t<qnZ^_5lGevS¤kNe Y |S| k5Z^]aS X |S| M3Q ] UXq�ZuWGUXe$Y�e$]-U

kNefl¶¬ WPY%Zut<ege�U�kN��SVWPt^]aZ^l � lPe$S���\<]a��UnWG\<]aS�kNeho&e�qXUXeflPe$S�o5lP�aS���\^�5q�ZuY�Y�e�]-U��NUXWPlPWPSXd�evS�SV\<]-U

∀x = (xs)s∈S ,x
′
= (x

′

s)s∈S ∈ X |S|, L1(x,x
′
) = 1{x6=x

′}

L2(x,x
′
) =

∑

s∈S
1xs 6=x′

s

¦ ¬ e$SVUXWPY%Z[Une��5qF\^_NUne�]1�%Zc{^e$��lmZh��\<]a��UnWG\<]
L1
evSrUTlPe¤jDZu¢NWGY#�5Y ± &B\-SrUne�qnWG\<qXW �@jD±�& � e�UFZfo&\^�5qFe�¢No5qne$SnSVWP\^]

x̂ ���� (y) = arg max
x∈X |S|

p(x|y)
�@LNM � �

¦ ¬ e$SVUXWPY%Z[Une��5q \<_NUXe$]1��Zc{<e$�
L2
evSrU lPe�jDZu¢1WPY£�aY�Z &:\<SVUXe$qXWP\^qnWNkNe$S j Zuqnt^e$S��@j &Tj �³e�UFZho&\^�5qTe�¢No5qne$SnSVWP\^]

x̂ ��� (y) = (x̂s, ��� (y))s∈S

∀s ∈ S, x̂s � ��� (y) = arg maxxs∈X p(xs|y)

�@L5M  �

&³Zuq�lmZsSV�aW�Une � ]a\^�aS��5UXWPlGWmSVe$qX\<]aS3o5lP�aS�o>ZuqXUXWm���5lPWGy$qXe$Y�e�]-U�l@¬ e$SVUXWPY%Z[UXe$�5q+j &Fj�Á<�aW^Y�WG]aWGY�WmSVe � e�]fY�\[b^e$]5]5e �
$
S
6�2'& 2)E����L6
7L&��87+2)E��82�� 6
782)6
GJI8MK6 C86��

2 � G�A#4K2 M�� 4KG�A! �6
:'4K6J&3:34KC@4KGH6�7@2)4KE�78786
MKMK6�E��+M A��>4KC#"
E�A#G%$
786%& ?
E�78234KC#"
:36
:JC86
2
2)E��@2'� 6
78236�GJI8MK6
2/C86(�

3 � E��)� d
A*�L6
?

d + �86
MK?�E�7 + �86�0
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�@L5M Ä �
�Fe�UXUXe�o5qn\^o5qnWPd�UXd#o>e$qXY�e�Uhe$]-UXqne�Z^�NUXqne$Shk�¬ Z �%qnY�e$qgÁ-�5e�o&\^�5qgUn\^�NUfe�]>SVe$Y£_5lPe
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SXe$��UnWG\<]pSX�5WP{[Zu]-UXe<M
ÀBWG]>ZulPe�Y�e�]-U � lPe$S�Y�\NkNy$lGevS��NUXWPlGWmSXd$Ss��lmZ^SnSXWPÁ-�5e$Y�e$]-U�o&\^�5qslmZ�Y�\1k5d�lPWPSnZ[UnWG\<]!kNevSsWGY%Z^t^e$S�e�Usk5e$SsSXWGt<]aZu�N¢

SX\^]-UslGevS�Y�\NkNy$lGevS�kNefjDZ^qXz<\[{���Z^���ad$S � ��\<]akNdvSsSV�5qslPe$S¤�#�1b1o&\uUX�ay$SXe$SsSX�5WG{[Z^]<Une$S �
� l@¬ WGY%Z^t^e XS

evSrU��5]����aZ^Y�o!Y%Zuqnz^\[{1WPe�]�Zc{<e$�
p(x) =

∏
c∈C ψc(xc)

�

� lGevS�\^_aSXe�qn{[Z[UXWP\^]>S (Ys)s∈S
SX\^]-UsWP]akNd�o&e�]>k5Zu]-UXevSs��\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<U¤µ

XS
�

� ∀s ∈ S, p(ys |x ) = p(ys |xs )
M

Q ]�q�ZuWmSX\^]hkNe l¶¬ �1b1o>\^UX�5yvSVe k�¬ WP]akNd$o>e$]ak5Zu]>��e � ]5\<�aS�Zuoao>e$lGlPe�qn\^]aS+��e$S�Y�\NkNy$lGevS �Xj�\NkNy�lPe$S+kNeTjDZ^qXz<\[{���Z^���5dvS
µ�¨�qX�5WGU���]akNd$o>e$]ak5Z^]<U����@jDj���Z[§�¨�� ��M5¦AZ�k5e�]aSXW�Und�kN�`o5qn\1��e$SnSV�>S���\^�5oalGe

ZS = (Xs, Ys)s∈S
e$SVU

p(z) = p(x)
∏

s∈S
p(ys |x )

=
∏

c∈C
ψ̃c(zc)

¦�evSh��\^]>��UXWP\^]>S
ψ̃c(z)

SX\^]-U�d�t-ZulPe$Sfµ
ψc(x)

SXW
c
]�¬ e$SVU£oaZ<Sh�5]/SXWG]5t<lGe�UX\<] � SXWG]5\<] ]5\^�aS£Zc{^\^]>S ψ̃{s}(z) =

ψ{s}(xs)p(ys |xs )
M�&³Z^q���\^]aSXd$Á-�5e$]-U � lGeho5qn\N��evSXSX�aS#)r\^WP]<U ZS

e$SVUse�]a��\^qne¤�5]`���aZuY�o`kNehjDZuqnz^\[{�qne�lmZ[UXWP{^e�§
Y�e�]-U�Zu�!Y�"$Y�egSXbNSrUny�Y�egk5e�{<\^WmSVWP]aZut<e�Á-�5eh��e$lG�5W�kNe

XS

MN¦�ehSV�a�$��yvS�kaZu]aS�lPe$S�Zuo5oalGWm��ZuUXWP\^]aS�kNe$S�Y�\NkNy�lPe$S
jDj���Zu§©¨��hqne�o&\<SXe�SV�5q#lGe��8ZuWGU�Á-�5e�l¶¬ Z�o5qnWG\<qXWFY�Z^qXz<\[{1WGe$]�evSrU��V��\^] )r�5t<�5d���Zu� oaqX\N��evSXSX�aS�k�¬ \<_aSVe$qX{[ZuUXWP\^]
p(y |x ) =

∏
s∈S p(ys |xs )

��lPZpkNe�]>SVWGUXd�Z�o&\<SVUXe$qXWP\^qnW
p(x |y )

SVe#�8Z^��UX\^qnWmSVe#qXe$lPZuUXWP{^e�Y�e$]<UfZu��Y "�Y�e�SXbNSr§
UXy$Y�e�k5e#{<\^WmSVWP]aZut<e$S V Á-�5e

p(x)
MA�Fe$��W:o>e$qXY�e�U�kNe���\<]5]aZ[�PUnqXe#lGevSgSXo&d$��WG�>�$Z[UXWP\^]>S�lP\N��Z^lGevS�kNe

p(x |y ) � e�UkN\<]a��k�¬ Zuo5oalGWmÁ-�5e�q�lGevSfUne$���5]5WmÁ-�5e$S#kNe!SXWPY£�5lmZ[UnWG\<]/kNe�Urb1o&e!j���j�� � ]5\^UnZuY�Y�e�]-U£l¶¬ d$���aZ^]<UnWGlPlP\^]5]5e$�5q#k5e
	gWP_5_aS$M^��l5evSrU o&\<SnSVWP_5lPe�kNe�SXWGY#�5lGe$q lPe$S ���aZ^Y�oaS³Zho>\-SrUne�qnWG\<qXW � e�UFoaZuqXUnZ^]<U � k�¬ e$SVUXWPY�e$q lPe$S³o5qn\^_>Zu_5WPlGWGUXdvS:Y%ZuqX§
t^WP]aZ^lGevSFZ#o>\-SrUne�qnWG\<qXW���o&\^�aq�lPeh��Zulm���al3k5�pj &Fj � \^��k�¬ e�¢1oalG\<qXe$qFlmZ£oaqX\<_aZu_5WPlPW�UndgZ£o>\-SrUne�qnWG\<qXW � ]a\uUnZ^Y�Y�e$]-U
o&\^�5qflmZ`kNd�Une�qnY�WP]aZuUXWP\^] kNe%SV\<]�Y%Z[¢NWPY£�5Y � �PO�Ni � Ov¡^Ä��¶M���e%o5lP�aS � lGevShY�d�UX�5\NkNevSfj���j�� o>e$�5{^e$]<U "�UXqne
�NUnWGlPWPSXd�evS�o>\<�5q�l@¬ e$SVUXWPY%Z[UXWP\^] kNe�j�\NkNy�lPe$S�jDZ^qXz<\[{1WGe$]aS���Z<���5d$S�SV\<W�U�o&\^�5q��5]5e`evSrUnWGY%Z[UnWG\<]Ho5lPe�WP]5e$Y�e$]-U
_aZcb<d$SXWGe$]5]5e � SX\^WGUso>\<�5q�lPegY%Zu¢1WPY£�aY�kNeh{1qnZ^WPSXe�Y#_5lmZu]a��e � �xiuÄ �©M
¦�\<qnSnÁ-�5e

XS
evSrU��5]ae����aZc� ]5e�kNe�jDZ^qXz<\[{ � ]a\^�aSh\<_NUXe$]5\^]aSh�a]5e����aZc� ]5e�kNe�j Zuqnz^\[{���Z<���5d�e%µ`_5qn�5WGU

WP]akNd�o&e�]>k5Zu]-U �¶��jw��Z[§�¨F� � � e�U�l¶¬ ZulPt^\^qnWGUX�5Y�eH�VZc{[Zu]-UX§©Z^qXqnWGy$qXeL� ��\^�	\�¹����T¼%��7���,n¼<º ���T¼%� 7 � {^\^WPq�SXe$��UnWG\<]`L5M L5M L �
o&e�qnY�e�U�k5ep�$Zulm���5lPe�q�qnZ^o5WmkNe�Y�e�]-U�e�U�e�¢5Z^��UXe$Y�e$]-U#lmZ o5qn\^_>Zu_5WPlGWGUXdpZ o&\<SVUXe$qXWP\^qnW

p(x |y ) � ��\^]-UXq�ZuWPqXe$Y�e�]-UZu�5¢p���aZ^Y�o>S�Y%Zuqnz^\[{1WPe�]aS�t^d$]5d�q�Zu�5¢3M5��e£oalG�aS � WPl+evSrU�o>\-SXSXWG_alGe�kNe#��Zulm���alGe$q�e�¢5Z^��UXe$Y�e$]-U�lGevS�o5qn\^_aZ^_5WPlGWGUXdvS
Y%Zuqnt^WP]aZulPe$S

p(xn |y )
ZuWP]aSXW>Á-�5e

argmaxx p(x |y )
MN�Fe$lPZh��\<�5qn]5W�U�kN\^]a�¤kNe$S�ZulPt^\<qXWGUX�5Y�evS³kNe��$Zulm���5l>qnZ^o5WPk5e

kNevS:e$SVUXWPY�ZuUXe$�5qnSB_aZcb<d$SXWGe$]aSB��lmZ^SnSVWmÁ-�5e$S �8k5Z^]aS:lPe��$Z^SB\�� X e$SVUB�>]5W ��M � \<�aS:qXevkNd�Y�\<]<UnqX\<]aS � k5Z^]aSBlPZhSXe$��UXWP\^]SX�5WG{[Z^]<Une � ��e$S�qnd$���aqnSXWG\<]aS�k5Zu]>S�lGe��$Z^kNqneho5lG�>S�t^d�]ad�q�Zul�kNe$S¤���aZc� ]5e$S�kNe�j Zuqnz^\[{%��\<�5o5lPe �¶��j��F\ ��M
� �LE�4K:361C86 MK6
2/?�A#MK?*�@MK6�:�6��8A#?F&36
GH6�7L& (BE��@: ?
6
:'&)A#4K786
2!2'&):��8?F&'�8:36
2�C@6 �LE�4K2)4K7�A! �6
2
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� \<�aS q�Z^SnSXe�Y£_alG\<]aS³k5Zu]>ST��e�UVUne�SXe$��UnWG\<]%lGevS o5qn\^oaqXWPd�Und$S³��\<]ak5Z^Y�e$]-UnZulPe$STkNe$SFY�\1k5y�lPe$ST��\^�5oalGevSTÁ-�5e�l¶¬ \<]o&e��NU�UnqX\<�5{^e$q � SX\^�>S�kNe$S���\^qnY�e$SsoaZ^qV��\<WPSsk5W �3d�qne�]-UXevS�k5Z^]aS�lPe$S�Z^qVUnWP��lGevS �PO$�5O � OvLu � OvL^« � ¡^� � OcL^¡�� � e�U¤]5\^�>S
e�]�k5\^]5]5\<]aS³lPe$S k5d�Y�\^]aSVUXq�Z[UnWG\<]aS$M � \<�aS³Y�e�UXUX\^]>S e�]%o>ZuqXUXWm���5lPWGe$q³e�]%d${-WmkNe$]a��e�lPeslPWGe$]%e�]-UXqnesY%Zuqnz^\[{1WPZ^]5WGUXdkN��o5qX\N��e$SnSV�aS���Z<���5d�e�UhlP\^W:��\^]>kNW�UnWG\<]5]5e$lGlPe#kNevS¤\<_aSXe�qn{cZuUXWP\^]aS¤kNe#Y%Z^]5WGy$qXe£o5lG�>S�oaqXdv��WmSVe£Á-�5e�k5Zu]>S �POvLu!�¶M
� \<�aShkN\^]a]5\^]aShZ^�aSXSXWBlGevSfkNd�Y�\^]>SrUnqnZuUXWP\^]aS ��]5\<] e�¢1WmSVUnZu]-Une$Shk5Zu]>S�lPe$ShZ^qVUnWP��lGevS¤o5qnd$��d$kNe$Y�Y�e$]-Uh��W�Und$S ��k5el¶¬ Z^lGt<\^qnW�Un�5Y�egkNef²�W�Une�qn_5W�o&\^�5qslPe$Ss���>Zc� ]5e$Ss��\^�5o5lPe$SsZ^WG]>SVW�Á-�5e�kNehlmZ�o5qn\^o5qnWGd�UXdfLNMxLNMPO^M

"	# " #%$ � ��� � �F "�����   � � ��� � �
�  ��� ��� � � ����J � ��

¦�\<qnSnÁ-�5e�lPe$Sh���aZ^Y�o>S�Z^lGdvZ[UX\<WGqne$S�\^_>SVe$qX{<d
YS

e�U��$Z^���5d
XS

SV\<]-U�Une�lmSgÁ-�5e�lPe#o5qn\N��evSXSX�aS�)r\^WP]<U
ZS =

(Xs, Ys)s∈S
SV\<W�U��5] ���>ZuY�oHkNepjDZuqnz^\[{ � ]5\<�aS�kNWGqn\^]>S£Á-�5e XS , YS

��\^qnY�e�]-U#�5] ���aZuY�oHk5e!jDZ^qXz<\[{
��\<�5o5lPe^M5�gZu]aS�lPef��Z<kNqXehkNehlmZ£Y�\NkNd�lPWmSXZuUXWP\^] � SXW�]5\^�>ST�8Z^WPSX\^]>SF�a]5WPÁ-�5e$Y�e�]-U�l@¬ �1b1o>\^UX�5yvSVehkNehY%Zuqnz^\[{1WPZ^]5WGUXd
kNe

ZS
� ]5\^�aSsk5WGqn\^]aSsÁ-�5eh]5\<�aSsZc{^\<]aS��5]`Y�\1k5y�lPehk5e�jDZuqnz^\[{%��\<�5o5lPe^M

�hÌ[7 "F7>?v6�2v687&0 '��m'��8���/RS'HTWU�!HV���'H&Q�_��� '?O !H��� �WT��!HTW��� �W���L�'HN�OQ���`!H�#O"� ��
·3¹u¾ ¸

ZS = (Xs, Ys)s∈S +

�º�»5¼�� ��7 � � ¼%���<¹%��� �;
G¼[¸¶¾3� ��� ��
>¸J[ V ¼%
G¹���½ XS

��½�¸ + 
�º�»5¼ � ��7 � � ¼%���<¹%�
� �;
G¼[¸¶¾3� ��� ��
>¸ [ V º�¹ 
 7[¾ ¸¶¾8¹ 
 
 �;
3
���� ��
a¸ [

YS
0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0

p(xs
∣∣xS\s,y ) =

p(xs, ys
∣∣xS\s,yS\s )

p(ys
∣∣xS\s,yS\s )

∝ p(xs, ys |xVs ,yVs )

∝ p(xs |xVs , ys,yVs )

Q ] qne�{[Z^]a���5e � XS
]�¬ evSrUpo5lP�aS�]ad$��evSXSnZuWPqne�Y�e�]-U�lP�5W�§©Y "�Y�e Y%Z^qXz<\[{-WPe�] ��]a\^]N§���\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<Upµ

YS
� � oaZuq���e�Á-��¬ WGl�]�¬ e$SVU�Á<�ae�lGeDoaqX\N��evSXSX�aS�Y%Zuqnt^WP]aZ^l�k�¬ �5] oaqX\N��evSXSX�aS�Y%Zuqnz^\[{1WPe�]�M³��eDo5lP�aS � e�] Un\^�NUne

t^d$]5d�q�ZulPWGUXdg]5\^�aSsZc{<\^]aS
p(ys |x ) 6= p(ys |xs )

M
� \<�aS�o>\<�5{^\<]aS���\^]>SrUnqX�5WPqne!kNevS����>ZuY�oaS���\<�5o5lPe$S#e�] Z ��ZuWP_5lGWmSnSXZ^]<U�lGevS��-b1o&\uUn�5y$SXe$S�kNevS�j j���Z[§�¨���M

� \<�aShkNd��>]5WPSnSX\^]aSglPe$Shj�\NkNy�lPe$Sfj Zuqnz^\[{1WGe$]aSg��Z<���5d$S �8j j���Z � (XS ,YS)
��\^Y�Y�e�d�U�Zu]-Uhk5e$Sgo5qn\1��e$SnSV�>S

o&\^�5q�lGevSXÁ-�5e$lGlPe$S
XS

evSrU��5]!���>ZuY�o!kNegjDZuqnz^\[{�qne�lmZ[UXWP{^e$Y�e�]-UFµ#�5]!SXbNSrUny�Y�e�kNeg{^\<WPSXWP]aZut<e V M1¦�evS�\^_aSXe�qX§{[Z[UnWG\<]aS:]5esSV\<]-U:o>Z^SA��\^q���d$Y�e$]-U:WP]akNd$o>e$]ak5Z^]<Une$S³��\^]akNWGUXWP\^]a]5e�lPlGe$Y�e�]-U µ
XS

e�U³�5]aest^d�]ad�q�ZulPWPSnZ[UnWG\<]£SVWPY�o5lPe
kNeglPZ#lP\^W���\<]akNWGUXWP\^]5]5e$lGlPehkNe

YS
e$SVU�kNegSX�5o5o&\<SXe�qsÁ-�5eh�u¬ e$SVU�Z^�aSnSVW3�5]p���aZuY�o�Y%Z^qXz<\[{-WPe�]%qne�lmZ[UnWG{<e�Y�e�]-U�µ

V ��\^]akNWGUXWP\^]a]5e�lPlGe$Y�e�]-U�µ XS
�8kN\<]-U�lPZ%kNe$]aSXW�Und£S�¬ d$��qXWGU¤SX\^�aS���\<qXY�eh�8Z<��UX\<qXWmSXd�e ∏

c∈C ψc,x(yc)
��M&��Z^]aS���e

��Z<Sr§©lmµ � ]5\^�>SsZc{^\^]>S �

p(x,y) = p(y|x)p(x)

=
∏

c∈C
ψc,x(yc)

∏

c∈C
ψc(xc)

�1W����aZ<Á-�5e���\<]a��UnWG\<]
ψc,x(y)

]5e�kNd$o>e$]ak kNe
x
Á-��¬ µDUnqnZc{<e�q�S�lPe$S%��\-\<qnk5\^]5]5d$e$S�Zuo5o>ZuqXUXe�]>Zu]-U�µ

c
]5\^�aS
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Zu�aqX\<]aS�ZulP\^q�S

p(z) ∝
∏

c∈C
ψc(zc)

Zc{^ev�
ψc(zc) = ψc,x(yc)ψc(xc)

M>�F\^Y�Y�eglmZ#lG\<W3k5e
ZS

SXe¤�8Z<��UX\<qXWmSXegSXe�lP\^]!lGefSXb1SVUXy$Y�egkNef��lGWmÁ-�5e$S C � �^¬ evSrUkN\<]a�g�5]����aZuY�o`kNe�jDZuqnz^\[{�qne�lmZ[UnWG{<e�Y�e�]-U�µ V M
� ]ae�Y�d�UX�5\NkNe�t^d$]5d�q�ZulPeFk5e���\^]>SrUnqX�a��UXWP\^]�kNesjDj���Z�o5qX\<o>\-SVd$e�kaZu]aS �POv¡�� �8t^d�]ad�q�ZulPWPSnZu]-U:�5]5e�Y�d�UX�a\1k5e

o5qn\^o&\<SXd�e¤kaZu]aS � «<� � �F��\<]aSXWPSVUXe¤µ#��\<]aSVWmkNd$qXe$q �5]����aZ^Y�o�Y%Zuqnz^\[{1WGe$]
WS

qne�lmZ[UXWP{^e$Y�e�]-UFµ V � �a]�e�]aSXe�Y#_5lPekNe���lPWPÁ-�5evS
(ci)1≤i≤Q

��\<qXY%Zu]-UB�5]5eTo>ZuqXUXWGUXWP\^]£kNe
S
e�UB�5]5eF��\^]a��UXWP\^]

f
M �1W1lPZs��\^]a��UXWP\^]

f
SXeFkNdv��\<Y�o&\<SXeFSXe�§

lP\^]�lGevSB��lGWmÁ-�5e$S³SX\^�>SAlmZ���\^qnY�e
f(x,w) = (fi(xci ,wci))1≤i≤Q

� ZulP\^q�SBlGes���aZ^Y�o (XS ,YS = f(XS ,WS))e$SVUF�a]�jDj���ZaM � ]�Y�\[b<e�]%o5lP�aS�kNWPqXev��UTevSrU�ZulP\^q�S kNe�SX�5o5o&\<SXe�q�Á-�5e
p(z)

e$SVUF�5]5e�Y�e$SX�5qXe�kNe 	gWP_5_aS�SVe$lG\<]
�5] SXbNSrUny�Y�e�kNe#{^\^WmSXWG]aZ^t^evSsZ^k5Z^oNUXd<M>�gZu]aS���e£�$Z^SV§¶lmµ � ]a\^�aS¤]�¬ Zc{<\^]aS�oalG�aS�lmZ�Y�Z^qXz<\[{1WPZ^]5W�UndfkNe XS

� Y%ZuWmS
]5\<�aS�o&\^�5{<\^]aS¤���5\^WmSVWPq

p(y|x)
UXe$lBÁ-��¬ WPl+qne�o5qnd$SXe�]-UXef_aWGe$]�lPZ%qnd$Z^lGWGUXd<M>�gZu]aS �GOv�5O � O�!� � lmZ%kNe$]aSVWGUXd p(z) kN���\<�5o5lPe�Z�d�Und����5\^WmSVWPe�kNehUne�lPlGe£SX\^qXUXefÁ-�5eflmZ�lG\<W+��\<]akNWGUXWP\^]5]ae�lPlGe�SX\^WGU��5]D���aZ^Y�opt<Z^�aSnSVWPe�] � \<q�lGevS����aZ^Y�o>S

t<Z^�aSnSVWPe�]aS ��e$]#o>ZuqXUXWm���5lPWGe$q:lGevSAY�\NkNy$lGevSB��\^]ak5W�UnWG\<]5]5e�lmS:Zu�NUn\u§©qXd$t^qne$SnSVWG�8S �3qXevSrUnW�Un�5e�]-U³_5WPe�]���e$qVU�ZuWP]5e$S+UXe�¢-Un�5qne
kNevS�WGY%Zut<e$S � {^\<WGq # WP]5z1lGe$q �GOc¡uÄ��©M

"	# " # " � ����� � ����  � � �#� � 	 � � ��� ����

� \<�aSFUXq�ZuWGUX\<]aS�k5Zu]aSs��e�UXUXehoaZuqXUXWPefkNe$S¤��jw�F\�SVUnZuUXWP\^]5]aZ^WGqne$S�e�Usk5eglPe��aqnS�o5qn\^oaqXWPd�Und$SFe$SnSVe$]<UnWGe$lGlPe$S � ]5\^§UnZ^Y�Y�e$]-UBlPe$SBo5qn\N��d$k5�5qXevS+kNes�$Zulm���5l1kNe$SBo5qn\^_>Zu_5WPlGWGUXdvSAZ¤o>\-SrUne�qnWG\<qXW¶Mc¦+Z¤SVUnZuUXWP\^]5]>ZuqnW�UndT]�¬ e$SVUBo>Z^SB]5d$��e$SnSXZ^WGqne
o&\^�5q d�UnZ^_5lGWPqT��e$S kNe$qX]aWGy$qXevS � Y%ZuWmS³e$lGlPe�o&e�qnY�e�UTkNe¤SXWGY�o5lPWG�ae�q lmZho5qnd$SXe�]-UnZuUXWP\^]�kN�%Y�\NkNy�lPese�UFk5esY�e�UVUnqXe�e$]
d�{1WmkNe�]>��e�lPe$SFkNW �3d�qne�]>��e$STY%Z )re��aqXevS Zc{^ev��lGevS���j���ZaM � \<�aSF�NUXWPlGWmSX\^]aSF��e$STo5qn\^o5qnWGd�UXdvS³o>\<�5qTY�e�UVUXqne�e$]�d�{1WG§kNe$]a��e�lPe$STlGWPe�]>STe$]<UnqXesY%Z^qXz<\[{-WmZu]aW�Und�k5��o5qn\1��e$SnSV�>S

XN
� WP]akNd$o>e$]ak5Zu]>��e���\^]ak5W�UnWG\<]5]5e�lPlPe¤kNe$ST\^_aSXe�qn{[Z[UnWG\<]aS

e�UsY%Zuqnz^\[{1WmZu]5WGUXd�kN�!oaqX\N��evSXSX�aS���\<�5o5lPe^Ma�Fe$S�o5qn\^o5qnWPd�UXdvS�\^]-U�d�UXdho5qnd$SXe�]-UXd$e$S�k5Zu]>SFlPef��Z<ST\��!l¶¬ evSVo>Z^��egkNe$S
d�U�Z[U�S X e$SVUT�a]5W3k5Z^]aSTlPe$S�ZuqXUXWm��lPe$S �GOcL[ � ¡u�!� � e�lPlGevSTqne$SVUXe$]<U�d�t-ZulPe�Y�e�]-UT{[ZulmZu_alGevSTlP\^q�SXÁ-�5e X e$SVUF�5]!e$SXoaZ^��e
Á-�5e�lm��\<]aÁ-�5e�Zc{^ev�

δ
Y�evSV�5qne�kNefqnd���d$qXe$]a��e�SX�5q

(X ,B(X ))
M &³Z^q���\^]>SVdvÁ<�ae�]-U � lPe$S�ZulPt^\<qXWGUX�5Y�evS�k5ef�alGUXq�Zut^e

o&\^�5q�l¶¬ evSrUnWGY%Z[UnWG\<] k�¬ �5] o5qn\N��e$SnSX�aS
XN

µ�e$SXoaZ^��epk�¬ d�U�Z[U���\<]-UXWP]-� SX\^]-U�o&\<SnSXWG_5lPe$S �@k5Zu]aS��a] ��\^]-UXe�¢-Une
t<Z^�aSnSVWPe�] �GOcLu« � � \^�pt^d$]5d�q�Zul'�x¡[!�Ae�]`�NUXWPlPWPSnZu]-UslGeh�>l�UnqnZ^t^egoaZuqXUXWm���5lmZuWPqne���M

�1W
ZN = (XN ,YN )

evSrUD�a]5e ��j��F\ SVUnZuUXWP\^]5]aZ^WGqne � e$lGlPe e$SVUDe�]-UnWGy$qXe$Y�e$]-U kNd��a]aWGe/o>Zuq SnZ kNe�]N§
SXW�Und�kNe�UXq�Zu]aSXWGUXWP\^] e�U�SnZ/lP\^WhSrU�Z[UXWP\^]a]aZuWPqXe � \<� kNe Y%Z^]5WGy$qXe�d$Á-�5WP{[ZulPe�]-UXeDo>ZuqplPZ kNe�]aSXWGUXd p (z1, z2) =

p (x1, x2, y1, y2)
Á-�5e�]5\<�aSskNd$��\^Y�o&\<SX\^]aS�e$]

p (x1, x2) p (y1, y2 |x1, x2 )
M � \<�aS�SX�5o5o&\<SX\^]aS�oaZuqslmZ%SV�aW�UneÁ-�5eh]5\^�>S���\^]5]>ZuWmSXSX\^]aSFlmZ£lP\^W�kN�po5qn\N��e$SnSX�aS

ZN
oaZ^q�lmZ���\<]5]aZuWmSnSXZ^]a��e¤k5eglmZ�o5qn\^_aZ^_5WGlPWGUXd)r\^WP]<Une

p(x1, x2)e�U¤k5eflPZ�kNe$]aSVWGUXdf��\^]akNWGUXWP\^]a]5e�lPlGe
p (y1, y2 |x1, x2 ) � M¦+Z�kNe$]aSXW�Undhk5ehUXq�Zu]aSXW�UnWG\<]

p (z2 |z1 ) � qne�lmZ[UnWG{<e�Y�e�]-U�µ�lPZ�Y�e$SX�5qnegoaqX\NkN�5WGU δ ⊗ µ
S�¬ d$��qXWGU

p (z2 |z1 ) =
p (x1, x2) p (y1, y2 |x1, x2 )∫

X p (x1, x2) p (y1 |x1, x2 ) δ(dx2)

\��
p (y1 |x1, x2 )

evSrU³lmZ�k5e�]aSXW�Und�Y�Z^qXt<WG]>ZulPe!�Vt<Zu�>���5e��TkNe
p (y1, y2 |x1, x2 )

��]5\^UXd�e�oaZ^qV��\<WPS
pg (y1 |x1, x2 )

��M
��efY�Z^]5WPy�qnehSXb1Y�d�UXqnWmÁ<�ae � ]5\<�aS�]5\uUn\^]aS p(y2 |x1, x2 )

lmZ�Y%Zuqnt^WP]aZulPe��XkNqn\^WGUXeL�hkNe
p (y1, y2 |x1, x2 )

��]5\^UXd$e
oaZ^qV��\<WPS

pd(y2 |x1, x2 )
��M3¦+Z�lG\<WBSVUnZuUXWP\^]5]aZ^WGqne�Z�o&\^�aq�kNe$]aSVWGUXd

p(z1) =
∫
X p(x1, x2)pg(y1 |x1, x2 )δ(dx2)

�	� 6
?
4B6�2'& �8786 6��>&36
782)4KE�7 C86!M A C86
2)?
:'4K(@&34KE�7 %�A#I@4 & �86
MKMK6
GH6
7�& 9�A#4 &36 C86
2 ��
�� A ���� � ( E��8: MK6
2 + �86
MKMK6�2 7@E��82 ?
E�787�A#4K2)23E�782 M AC86
78234 & " C86 &3:)A#7@2)4 &34KE�7
p(x2 |x1 )

6F& M AJMKE�4�C � "�GH4K232)4KE�7
p (y1 |x1 )

0
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Á-�5W�evSrU�Zu�>SXSXW�d�t-ZulPegµ
p(z2) =

∫
X p(x1, x2)pd(y2 |x1, x2 )δ(dx1)

�a��e$��W�Y�\<]<UnqXefÁ-�5ehlPe$SskNe$]aSVWGUXdvSsY%Zuqnt^WG§
]aZ^lGevSFt-Zu�a���ae¤e�UskNqn\^WGUXehSV\<]-U�lPWGd$e$S$MN±�WP]aSVW � lP\^q�SFkNehlmZ#SXo&d$��WG�>�$Z[UXWP\^]!k�¬ �a]!Y�\NkNy�lPehoaZuq�ZuY�d�UXqnWPÁ-�5e�o&\^�aq�lPe$S
���aZ[�m]5evS���\^�ao5lGevSsSrU�Z[UnWG\<]5]aZuWPqne$S � ]a\^�aS�kNe${-qn\^]>S����a\^WmSVWPq��5]5eflP\^W )r\^WP]-UXe p (y1, y2 |x1, x2 )

qXevSVo&e$��UnZu]-U���e�UVUne
��\<]-UXq�ZuWP]<Une^M � \<�aS�Z^_>\<qnkNe$qX\<]aS���e�U¤Z<SVo&e$��U�k5Zu]aS�lPe����aZ^o5W�UnqXeh>M¦+ZfSXWPY£�5lmZ[UnWG\<]�kNe$S���j��F\�e$SVUTo5lP�aS���\<Y�oalGWmÁ-�5d�e¤Á-�5e���e�lPlPe¤kNe$S���j���Zfe$]%qnZ^WPSX\^]%kNe�l@¬ WG]-UnqXWm��ZuUXWP\^]%kNe$S
o5qn\N��e$SnSX�aS

XN
e�U

YN
M5Q ]`e �3e�U � lPZ�kNe$]aSXW�Und�kNehUXq�Zu]aSXWGUXWP\^]`kNe ZN

SXefqnd�d$��qXWGU�e�]a��\^qne �

p (x2, y2 |x1, y1 ) = p (y2 |x2, y1, x1 ) p (x2 |x1, y1 )
�@LNMPO^O��

�se$Y�Z^qnÁ-�5\<]aSDÁ-�5e lGevSw��j���Zu§©¨���SV\<]-U �5]Æ��Z<SDoaZ^qVUnWP���5lPWGe$q�kNe ��j��F\ o&\^�5q�lGevSXÁ-�5e$lGlPe$S ]5\^�aS�Zc{^\<]aS
p (y1, y2 |x1, x2 ) = p (y1 |x1 ) p (y2 |x2 )

e�UAkN\<]a�BUXe$lGlPe$S+Á<�ae
p (y1 |x1, x2 ) = p (y1 |x1 )

e�U
p (y2 |y1, x1, x2 ) =

p (y2 |x2 )
M

� ]aegqnd$Z^lGWmSnZ[UXWP\^]
z = (z1, . . . , zN )

k�¬ �5]ae����aZc� ]5eh��\^�ao5lGefevSrUs\<_NUXe$]-�ae�kNehlPZ#�8Z ��\^]`SV�aWG{[Zu]-Une��
O<M
x1
e$SVU�UXWPqXd�SXe�lP\^]

p(x1) =
∫
X p(x1, x2)δ(dx1)

e�U
y1
e$SVUsUXWPqndhSXe�lP\^]plPefY�d$lPZ^]5t^e

∫
X p(x1, x

′
2)p(y1

∣∣∣x1, x
′
2 )δ(dx

′
2)

�

L5M�&B\<�5q�UX\<�NU
n ≤ N � xn evSrU�UnWGqnd�SVe$lG\<]!lmZ�lG\<W

p (xn |xn−1, yn−1 ) ∝ p(xn−1, xn)p(yn−1 |xn−1, xn ) = p(x1, x2)p(y1 |x1, x2 )
�@LNMPOvL �

e�U
yn
e$SVUsUXWPqXdfSXe�lP\^]plPZ�kNe$]aSVWGUXd

p (yn |xn, yn−1, xn−1 ) =
p (y1, y2 |x1, x2 )

p (y1 |x1, x2 )

�@LNMPO$� �
Q ] Un\^�NUne�t^d$]5d�q�ZulPWGUXd � WGlF]�¬ evSrU�kN\^]a��oaZ^Sfo&\<SnSXWG_5lPe�kNe!SVWPY£�5lPe�q�k�¬ Zu_&\^q�k�lmZD���aZ[�m]ae (xn)1≤n≤N

k5Z^]aS£SnZ
UX\^UnZ^lGWGUXd�o5�5WmSFkNe¤UXWPqXe$qFlPe$SF\^_>SVe$qX{[Z[UnWG\<]aS

yn
SXe�lP\^]�l@¬ d�U�Z[U��$Z^���5d � \<���5]5egkNe�]aSXWGUXd�k5e¤UnqnZ^]aSVWGUXWP\^]�k5d�o&e�]ak5Z^]-U

kNevS�{cZ^lGe$�5q�S
xn−1, xn

� ��\^Y�Y�eh��e�lmZ�o>e$�NU "�UnqXehlPef��Z^S�o&\^�aqslGevS���j���Z5M
jDZ^lGt<qXd��5]5ego5lG�>S�t^q�Zu]akNeg��\<Y�oalGe�¢1WGUXdhk5Z^]aS�lPZ�kNe$Sn��qnWPoNUXWP\^]pkNe$S���Z^qnZ<��Und�qnWPSVUXWmÁ-�5e$STlG\N��Z^lGevSFk5e$S���j��F\ �

]5\<�aS£t-Zuq�kN\^]>S�lPe$S#o5qX\<o5qnWGd�UXd$S£lGevS�o5lG�>S#��\^]5]1�5evS#kNevS���jw��Z[§�¨F� � µ SnZc{^\<WGq£lGevS���\<qXY#�5lGevS#k5e!qnd$���5qXqne�]>��e
Zc{[Zu]-UV§�ZuqnqnWGy$qXe<M
�hÌ[7 "BÌ[68=-2$=w' � ' �@�H��� � �� TWT �& �`� '#V�'H&"�
·3¹u¾ ¸

ZN + 
 �Y� � � ¹W0"@ ��½D7 ��
a½�¾ ¸$B�½ p (yn |xn )
��¸
p (xn |yn )

�	� + � ��
a¸���¸Z� ��ºn¼�
Gº + 
CB ��½ �a¼%�D��B�º + ��½�¾8¹�
¼%�[¼ 
>¸60

∀n ≥ 2,

p (yn |xn ) =
R
Y p(zn|zn−1 )p(yn−1|xn−1 )µ(dyn−1)

p(xn|xn−1 )

p (xn |yn ) =
R
X p(zn|zn−1 )p(xn−1|yn−1 )δ(dxn−1)

p(yn|yn−1 )

�@LNMPO� �

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0

p (yn |xn ) =
p (yn, xn |xn−1 )

p (xn |xn−1 )

=

∫
Y p (yn, xn |yn−1,xn−1 ) p (yn−1 |xn−1 )µ(dyn−1)

p (xn |xn−1 )

=

∫
Y p (zn |zn−1 ) p (yn−1 |xn−1 )µ(dyn−1)

p (xn |xn−1 )



�"� �"� � ��	������� 	�� ������� ��� �H�  ������ L<¡
&³ZuqslPehY�"$Y�e���Zulm���al � ]5\<�aSs\<_NUXe$]5\^]aS�lmZ�qXdv���5qnqne�]a��e�o&\^�5q p(xn |yn )

M

�hÌ[7 "BÌ[68=-2$=w' � ' � ' ��� � �� TWT �& �`� '#TTW���T �
·3¹u¾ ¸

ZN + 
 �K� � � ¹0�@ ��½ 7 ��
a½�¾ ¸$B�½ p (yn+1:N |xn, yn )
��¸
p (xn+1:N |xn, yn )

�� + � ��
>¸ ��¸Z� ��º�¼�
Gº + 
 B ��½
�a¼%� ��B�º + ��½�¾8¹�
w¼�����¾15-� � 0

∀n ≤ N − 2,

p (yn+1:N |xn, yn ) =
∫
X p (yn+2:N |xn+1, yn+1 ) p (zn+1 |zn ) δ(dxn+1)

p (xn+1:N |xn, yn ) =
∫
X p (xn+2:N |xn+1, yn+1 ) p (zn+1 |zn )µ(dyn+1)

�@LNMPOv¡ �

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0

p (yn+1:N |xn, yn ) =

∫

X
p (yn+1:N , xn+1 |xn, yn ) δ(dxn+1)

=

∫

X
p (yn+2:N |xn+1, yn+1 ) p (yn+1, xn+1 |xn, yn ) δ(dxn+1)

� \<�aSsZc{^\<]aS�lPZ�Y "�Y�efqnd$���5qXqne�]>��ego>\<�5qslGevS�o5qn\^_aZ^_5WGlPWGUXd$S
p (yn+1:N |xn, yn )

M

�Fe$S���\^qnY£�5lPe$SgkNe#qXdv���5qnqXe$]a��efo&e�qnY�e�UXUXe�]-UfkNe£qne�UnqX\<�5{^e$q�lPe$S�t^q�Zu]akNe$�5q�S���lmZ^SnSVWmÁ-�5e$S¤WG]-UnqX\NkN�5WGUXevS�o&\^�5q
lPe��al�UnqnZ^t^e%e�U�lGe�lPWmSXSnZut<e�k5e$S����aZ[�m]ae$S�kNe�j Zuqnz^\[{D��Z<���5d�evS�M�¦+e$S �Vo5qn\^_aZ^_5WPlGWGUXdvSfZc{cZ^]-U
�

(αn)1≤n≤N
SX\^]-U

kNd��a]5WPe$S�SX�5q X oaZuq




α1(x1) = p(x1|y1)
∀n ≤ N − 1

αn+1(xn+1) =
∫
p (zn+1 |zn )αn(xn)δ(dxn)

�@LNMPO$Ä �

e�U`lPe$Sp��\^]>SrU�Zu]-UXevS!kNew]5\<qXY%ZulPWmSXZuUXWP\^] o>e$qXY�e�UVUXe$]-U�k5e���Z^lP���5lPe�qplPZH{-q�ZuWmSXe�Y£_alPZ^]a��eDWP]-UXd$t^qnd�e
p(y)

M�¦+e$S
�Vo5qX\<_aZu_aWGlPW�Und$S�Z^qXqnWPy�qne��

(βn)1≤n≤N
� kNd��a]aWGevS�k5Z^]aS�lPe#�$Z^Sh��j���Z[§�¨��FoaZ^q p (yn+1:N |xn ) � SX\^]-U¤d$t<ZulPe$S¤µ

p (yn+1:N |xn, yn )
e�U¤SV\<]-Us�$Zulm���5lPd�evS�qXdv���5q�SXWG{<e�Y�e�]-UsSV�5q X oaZ^q




βN(xN ) = 1

∀n ≤ N − 1

βn(xn) =
∫
p (zn+1 |zn )βn+1(xn+1)δ(dxn+1)

�@LNMPOci �

��*1./45Ìc��IB* '��m'��8�����D��� '��_��!H& �&"�_T`�9T � �W� TWT`�W& �`��?'HV*'H&"�D���K'HTTW���T �
@A¼ ��B�º + ��� ��
3º ��¼%����¾15;� � �5¹ + ��
���º�¼�
Gº + 
�7 ��½ � �X¹W,�¼,�¾3
 ¾ ¸$B�½

βn
�� + ¸£½��=�[¹[¾3��º�¹ � � � + 
 �=��B�º + ��� ��
3º �¼%�[¼ 
>¸ �a¹ + � 
G¼�ºn»a¼���
 � Z̃N =

(
Z̃n

)
1≤n≤N �

¹W,�¸���
 + � ��
 ¾�
H� �;��½�¼ 
>¸Y
��/½���
a½ 7 �
ZN
0 @ � ���n¹$º ��½n½ + ½¾�
#� �;��½-B ��½�¸�¸©¹ +�� ¹ + ��½ + 
 �Hº�»5¼���
 � 7 � � ¼%���<¹%� ½�¸©¼u¸@¾8¹�

&¼u¾3� �

�
> + ¾ ��½�¸`º�¹ � ��
C5�¸���� ��
>¸pº�¹ 
 
 + � �a¼%� 
G¼

7 ��
5½�¾ ¸$B
p̃(z̃1, z̃2) = p(x̃2, x̃1)p (ỹ2, ỹ1 |x̃2, x̃1 )

0	�£¹ + ½%¼��c¹�
5½!¼�
G¹%��½ p̃g (ỹ1 |x̃1, x̃2 ) = pd (ỹ1 |x̃2, x̃1 )
��¸

p̃d (ỹ2 |x̃1, x̃2 ) = pg (ỹ2 |x̃2, x̃1 )
0 � � � 
 + ½ �
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p (yn+1:N |xn, yn ) =
p (yn+1:N , xn, yn)

p (xn, yn)

=
p̃ (x̃N−n+1, ỹN−n+1)

p̃ (x̃N−n+1, ỹN−n+1)

� ¹ + �£ºn¼�
Gº + 
��-�K
���½ � �X¹W,�¼,�¾3
 ¾ ¸$B�½�¼%����¾15;� � βn �
¾3
+½ +�� ¸ 7^¹ 
3ºF7 � �5¼��Xº�¹ + ��¾3� 
G¼pº�»5¼���
 � ZN

7^¼�
5½/
���½���
a½f¾�
�
� �-��½�� �a¹ + ��º�¼%
Pº + 
��;� 
 ��½ � �X¹W,�¼W,�¾3
 ¾ ¸$B�½f¼%�[¼ 
>¸ α̃n Xrº�¹%��� ��½ �a¹ 
�7<¼ 
>¸"[D
G¼ ���n¹W,�¼W,�¾3
 ¾ ¸$B/7 �g¸Z�X¼ 
a½�¾ ¸@¾8¹�
 p̃(z̃2 |z̃1 )

^
��¸ 7 �F7u¾3�$¾m½��;� �5¼�� 
G¼Y
G¹[¾:½�¸�¼[¸¶¾8¹ 

3¼[¾3� �F7 �

ZN
X©¾17 ��
>¸@¾1> + �D[!º �-
3
��F7 � Z̃N

^�0 �#¹ + ½�¼%�[¹ 
a½/7<¹ 
3º

βn(xn) =
α̃N−n+1(xn)

p(xn, yn)

�F\^Y�Y�e�k5Z^]aS�lPe���Z<S£kNevS���j���Zu§©¨�� � lPe$S#kNe�]>SVWGUXdvS�Y%Zuqnt^WP]aZulPe$SfZDo>\-SrUne�qnWG\<qXW kNevS�o5qn\N��evSXSX�aS XN
SXe

��Z^lP���5lPe�]-U�kNWGqne$��UXe$Y�e$]-U¤µ#o>ZuqXUXWPq�k5e$Sso5qn\^_>Zu_5WPlGWGUXdvS�Zc{cZ^]-U�e�U¤ZuqnqXWPy�qne^M
�hÌ[7 "BÌ[68=-2$=w' � ' �m��� ·�¹[¾ ¸

ZN + 
 � � � � ¹0 �£¹ + ½f¼��c¹�
5½

p(xn |y ) ∝ αn(xn)βn(xn)
�@LNMPO$« �

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0

p(xn |y ) ∝ p(xn,y)

∝ p(y1:n−1, zn, yn+1:N )

∝ p (y1:n−1 |zn ) p (yn+1:N |zn )

¦+Z#kNe�qn]5WPy�qne¤d$t<ZulPWGUXd¤oaqX\[{1WPe�]-UFkNeglPZ£o5qn\^o5qnWGd�UXdgk�¬ WP]akNd$o>e$]ak5Z^]a��eh��\<]akNWGUXWP\^]5]5e$lGlPe�k5��oaZ<SXSXd¤e�U�kN�����NUX�aq�k5e
lmZ����>Zc� ]5e

ZN
M

� \<�aS�Y�\^]-UnqX\<]aS3Y%ZuWP]<Une�]aZ^]-U3lPe lPWGe$]he�]-UXqne³lPZ�Y%Z^qXz<\[{-WmZu]aW�UndBkN�foaqX\N��evSXSX�aS XN
e�U�lmZskNe$]aSVWGUXd

p (y1, y2 |x1, x2 ) �Z[�>] k�¬ \<_NUXe$]5WGq£�5]5e%Y�e�WPlGlPe��aqXe���\^Y�o5qnd��5e$]aSVWP\^] kN� oaZ<SXSnZut<e�k5� Y�\NkNy$lGe!��jw��Z[§�¨F�gZu� Y�\NkNy�lPe!��j��F\aM
&:\^�5qf��e�lmZ�]5\<�aShkNd�Y�\<]<UnqX\<]aSgÁ<�ae#lmZ�Y%Z^qXz<\[{-WmZu]aW�Und�o>e$�NU£kNdv��\^�alGe$qgkNe%kNe$�N¢ ��\<]akNWGUXWP\^]aSgo5qn\N���5e$S � Y%ZuWmS
oaZ^q:k5e$S:Y�d$�$Zu]5WmSVY�evSBk5W �3d�qne�]-UnS$M &:\^�5q³��e�UVUnesqnZ^WPSX\^] � ]5\<�aS:e�¢No5lPWm��WGUX\^]>SAlPe$S³k5d�Y�\^]aSVUXq�Z[UnWG\<]aS:k5Zu]>SAlPe$S³k5e��N¢
��Z<S�M
�hÌ[7 "BÌ[68=-2$=w' � ' �PÅJ��� !H& �H�_�_��!H&�� � �?RS'HTWU�!HVI��'H&��_� �
·3¹u¾ ¸

ZN + 
 � � � � ¹ ½�¸�¼[¸¶¾8¹ 
 
&¼[¾3� � 0g·&¾ p(y1 |x1, x2 ) = p (y1 |x1 )
¼%
G¹���½

XN
��½�¸ + 
 � º�»5¼���
 � 7 �

� ¼%���<¹%�%0
� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � \^�aS+Zc{^\^]>S>o>Zuq��1b1o>\^UX�5yvSVe ∀n, p (xn+1 |xn, yn ) = p(xn+1,xn,yn)

p(xn,yn) = p(yn|xn )p(xn,xn+1)
p(xn,yn)

�
SX\^WGU�e$]a��\<qXe

p (xn+1 |xn, yn ) = p (xn+1 |xn )
M>±�WP]aSVW � lmZ�kNe�]aSXWGUXd�kNegUXq�Zu]>SVWGUXWP\^]`kNe ZN

S�¬ d$��qXWGU

p (xn+1, yn+1 |xn, yn ) = p (yn+1 |xn+1, yn, xn ) p (xn+1 |xn )

&³Zuq���\^]aSXd$Á-�5e$]<U � ]5\^�>S�o>\<�5{^\<]aSF�8Z^��Un\^qnWPSXe�q�lmZ�kNe�]aSXWGUXd�kNe XN
e�]pWG]-Und�t^q�Zu]-U���e$lGlPefkNe

ZN
�



�"� �"� � ��	������� 	�� ������� ��� �H�  ������ L-i

p (x) =

∫

YN

p(z1)

N∏

n=2

p(zn|zn−1)µ(dy)

= p(x1)

N∏

n=2

p(xn|xn−1)

∫

YN

p(y1|x1)

N∏

n=2

p(yn|yn−1, xn−1, xn)µ(dy)

= p(x1)

N∏

n=2

p(xn|xn−1)

�hÌ[7 "BÌ[68=-2$=w' � ' � � ��� !H& �H�_�_��!H&�� � �?RS'HTWU�!HVI��'H&��_� �
·3¹u¾ ¸

ZN + 
 � � � � ¹�½�¸©¼u¸@¾8¹�

&¼u¾3� � 01·>¾ p(y2|x2, x1) = p(y2|x2)
¼�
G¹%��½

XN
��½�¸ + 
 ��º�»5¼���
 � 7 � � ¼%���<¹%�%0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0s��l SX����U£kNe���\^]aSXWPk5d�qne�qhlPZ`���aZ[�m]ae�k5e�j Zuqnz^\[{�WP]-{<e�q�SVe
Z̃N =

(
Z̃n

)
1≤n≤N

WP]<UnqX\NkN�aW�Une
k5Z^]aSTlmZfqne�Y%Zuq�Á-�5e�L5M L5MGO<M �1W&lPZ£lG\<W>kNe

ZN
{<d�qnW��ae¤lPZ#��\^]>kNW�UnWG\<]!L � ��e$lPZ£WGY�o5lPWPÁ-�5egÁ-�5e¤lmZ�lP\^W&kNe Z̃N

{^d�qnWG�ae
lmZ���\^]ak5W�UnWG\<]wO � k�¬ \��plPZ�Y%Zuqnz^\[{1WmZu]5WGUXdhkNe XN

M

��*1./45Ìc��IB*�'��m'��m'�� E 
 �K��B�º + ��� ��
&º �£¾�� �	B 7[¾8¼u¸�� ��-� � ��¸A7 � ��¹�
a¸Z� �-�K> + �D
G¼pºn¹�
�7u¾ ¸@¾8¹�
 p(y2|x2, x1) =

p(y2|x2)
¾�� ��
�¾1> + �F> + � ∀n ≤ N, p (yn |xn ) = p (yn |xn )

0

¦�\<qnSnÁ-�5e�l@¬ �5]5e�\<��l@¬ Zu�NUnqXe�k5e$S ��\^]akNWGUXWP\^]>S kNe$S o5qX\<o5qnWGd�UXd$S L5M L5M he�UFLNMxLNMx¡¤evSrUF{^d�qnWG�ad�e � ]5\^�aSTkNWGqn\^]>S³Á<�ae
lmZhY�Z^qXt<WG]>ZulPe���\^]a��e�qn]5d�eskNe�lmZhkNe�]>SVWGUXd

p (y1, y2 |x1, x2 )
]5e�k5d�o&e�]ak%Á-�5e�kNesl¶¬ d�UnZuUF��\<�5q�Zu]-U$Mu¦AZ�oaqX\<o5qXWPd�Und

LNMxLNM £Z#kNd�)Vµ£d�UXd�Y�\^]-UXqnd�k5Z^]aS �GOcL[ � � Z^lG\<qnSTÁ<�ae�lmZfo5qn\^o5qnWPd�UXdhLNMxLNMx¡���_aWGe$]�Á-��¬ WPY�Y�d$kNWmZ[Uneg��\^]aSXd$Á-�5e$]a��e¤k5e
LNMxLNM  �³]�¬ Z�)VZuY%ZuWmS d�UXd�qXe$Y�Z^qnÁ-�5d$e^M � \^�>S Y�e�UXUX\^]>SFWm��W&e�]�d�{1WPk5e�]a��e�lPZ#kNW��&d$qXe$]a��e�e�]-UXqne�lPe$SFY�Z^qXt<e$SFkNqX\<W�Unee�U�t<Z^�a���5e�e�]!k5\^]5]aZ^]-U�kNe$�N¢�qnZ^WPSX\^]>STkNWmSrUnWG]>��UXevS�o>\<�5q�lGevSXÁ-�5e$lGlPe$SFlGego5qn\N��e$SnSX�aSF�$Z^���5dgk�¬ �5]5e���j��F\£o&e��NU
"�UnqXe%�a]5e����aZ[�m]5e�k5e�jDZuqnz^\[{3M &³Zuq£��\^]aSXd$Á-�5e$]-U � SXW X evSrU£Y%Z^qXz<\[{-WPe�] � ]a\^�aS£]5e%o>\<�5{^\<]aSfoaZ<S���\<]a��lP�5qne
Á-�aZu]-U�Zu�5¢Do5qX\<o5qnWGd�UXd$ShkNe

p(y1, y2|x1, x2)
e�Ufk5e�SXe$ShY%Z^qXt<WG]aZ^lGevS�M��Fe�o&e�]>k5Zu]-U � SXW³]5\<�aShSV�5oao>\-SV\<]aShÁ<�ae

pd(y2|x1, x2)
e�U
pg(y1|x1, x2)

SV\<]<U�d$t<Z^lGevS ��lPe$SA��\<]akNWGUXWP\^]aSTO e�U³LsSVeF��\^]5��\^]akNe$]-U � � ]5\<�aS�o&\^�5{<\^]aS+Z �%qXY�e$q
ZulP\^q�S�Á-�5eFlPZsY%Z^qXz<\[{-WmZu]aW�Und kNe

X
WGY�o5lPWPÁ-�5e�Á-�5e

p(y2|x1, x2) = p(y2|x2)
lP\^q�SnÁ<�ae X e$SVU+�a]aW�� ��o5qn\^o&\<SXWGUXWP\^]

�@L5M � �+k5e �POvLu � ��Mu¦ ¬ d�t<Z^lGWGUXd�kNe$SBY%Zuqnt^evS+kNqn\^WGUXe�e�U:t<Z^�a���5e�Z¤Zu�>SXSXW<�a]5e���\^]aSXd$Á-�5e$]a��e�SV�aqBlPe$SBlP\^WmS+Y%Z^qXt<WG]aZ^lGevS
��\<]akNWGUXWP\^]5]ae�lPlGevSskNe$S�\<_aSVe$qX{[ZuUXWP\^]aS$M
� �B=17aÌ[Ç1./*D' � ' �@�H� ·3¹[¾ ¸

ZN
� � � ½�¸�¼[¸¶¾8¹ 

3¼[¾3� � 0

p (y2 |x2, x1 ) = p (y1 |x2, x1 ) = p (yi |xi )
�5¹ + � i = 1, 2

½�¾ ��¸F½�� + 
 ��� ��
>¸ ½�¾
p(yn|x) = p(yn|xn)

0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � � \<�aS�Y�\^]-UXqn\^]aSsk�¬ Z^_>\<qnk!l@¬ WPY�oalGWm��ZuUXWP\^]`kNWGqne$��UXe<M
� \<�aSsSnZc{^\^]>SFkNd )Vµ�oaZuqslmZ�qXe$Y%Zuq�Á<�aehL5M L5M L#Á-�5e

p (y2 |x2, x1 ) = p (y2 |x2 ) =⇒ ∀n, p (yn |x1:n ) = p (yn |xn )

¦+Z£Y "�Y�egk5d�Y�\^]aSVUXq�Z[UnWG\<]�S�¬ Zuoao5lGWmÁ-�5ehµ�lmZ£���aZ[�m]5e�WG]1{<e�q�SVe�o&\^�aq�lmZ^Á-�5e$lGlPe¤]a\^�aSFY�\^]-UXqn\^]aSFÁ-�5e
α̃n(x̃n) =

��� 7 :'"
2 �@M &<AD&J2)4KGH4KM A#4K:'6 A "
&'"HGHE�7L&):�"HC�A#782 MK6�?�A#2JE��
X

6
23&1?
E�7L&)4K7 � G�A#4K2�&36
M + �86 ZN

2)E�4 &(�87+(8:3E�?
6
2)2 �@2  LA!�8232)4K6
7
�
	����� 0��!A#782 ?
6 ?�A#2'�5M & � M�� "  LA#MK4 & " C@6�2�G�A#:� �6�2/C8:'E�4 &36 6F&� LA!�8?<%@6 7 � 6�2'&�(8M �82�7#"
?�6
232<A#4K:'6L0
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���
�H	�� ��

p̃(ỹn |x̃n )
��Z^qs]5\^�aSsZc{<\^]aS

p̃ (ỹ2 |x̃2, x̃1 ) = p̃ (ỹ2 |x̃2 )
M>�£¬ Zuo5qny$S�lmZ�o5qn\^o5qnWGd�UXd��@L5M L5M � � � ]5\<�aSsZc{^\<]aS

p(yn|x) ∝ αn(yn)βn(yn)

∝ p (yn |xn ) p (yn |xn )

p (yn, xn)

��\^]a�

p(yn|x) = p (yn |xn )

� ¦+Z�qXdv��WPo5qn\1Á-�5ege$SVUsWGY�Y�d$k5WPZuUXe^M
Q ] e �&e�U � ]5\^�aS�qXe$Y�Z^qnÁ-�5\<]aSfÁ-�5e p (y2 |x2, x1 ) =

∫
p (y2 |x ) p(x3:n |x2, x1 )µ(dx3:n) = p (y2 |x2 ) � e�UkN\<]a� ∀n, p(yn|x) = p(yn|xn) =⇒ p (y2 |x2, x1 ) = p (y1 |x2, x1 ) = p (yi |xi )

M

� \<�aS�Zc{^\^]>S kN\^]>� p(yn|x) = p(yn|xn) =⇒ XN
���aZ[�m]5efkNefjDZ^qXz<\[{ � ��egÁ-�5W3Y�\<]-UXqne�lPZ£qXevkN\^]>k5Zu]a��e

kNevSF�1b1o&\uUX�ay$SXe$S�kN�pY�\NkNy$lGe���j���Z�k5Zu]>SFlPef��Z<kNqXegkNe$S�Y�\NkNy�lPe$S���j��F\>Ma�Fe�o&e�]ak5Z^]-U � ]5\<�aS�]�¬ Zc{<\^]aSFoaZ<S
d$Á-�5WP{[ZulPe�]a��ehe�]-UXqnef��e$Ssk5e��N¢p�-b1o&\uUn�5y$SXe$S � µ�Y�\<WG]>SskNe�SV�ao5o>\-SVe$qslPZ�qnd�{<e�q�SVWP_5WPlGWGUXdhkNe ZN

M
� \<�aS�o&\^�a{^\^]>S���\<]a��lP�5qneDÁ<�ae Y%ZulPt^qnd�lPZH��\^Y�o5lPe�¢NWGUXd Z<����qX�5eDk5e$S�Y�\NkNy$lGevS!��\^�5o5lPe$S � lPe��$Zulm���5lgkN�j &Tjªk�¬ �a]5eh��j��F\#ZflPZ�Y�"$Y�e¤��\<Y�oalGe�¢1WGUXd�ZulPt^\^qnWGUX�5Y�WmÁ<�ae�Á<�ae�o>\<�5qT�a]5eh��j���ZaM<¦AZ�kNW��&d$qXe$]a��e�qnd$SXWmkNe

�5]5WmÁ-�5e�Y�e$]<U�kaZu]aS�lPe���Zulm���al�kNe$S�o5qn\^_>Zu_5WPlGWGUXdvS%kNepUXq�Zu]aSXWGUXWP\^]
p(zn+1|zn) � Á-�5Wse$SVU�e �3e$��UXWP{^e$Y�e$]-U�oalG�aSlP\^�5q�k�o&\^�aqslGevS���j��F\%Á-�5eho>\<�5qslGevS���j���Zu§©¨���M

¦�evSF��j��F\£Á-�5W>]5e�SX\^]-UToaZ<S kNe$S���j���Z[§�¨��+o5qnd$SXe�]-Une�]-UTkNe��5¢�WP]5]5\[{[Z[UnWG\<]aS³oaZ^q q�Zuo5o&\^qXUTµf��evS kNe�qn]5WPy�qne$S �
O<MslPZ�kNd$o>e$]ak5Zu]>��efkNe$S�\^_aSXe�qn{[Z[UXWP\^]>S���\^]ak5W�UnWG\<]5]5e�lPlPe�Y�e�]-U�Zu�N¢!d�UnZuUnSs�$Z^���5dvS �
L5MslGevS£lP\^WmS£Y%Z^qXt<WG]aZ^lGevS£kNevS�\^_aSXe�qn{[Z[UXWP\^]>S�o&e��5{<e�]-U�k5d�o&e�]akNqne`kNe�Un\^�NU�lPe!o5qn\N��evSXSX�aS£�$Z^���5d � e�U�oalG�aS
SVe$�5lGe$Y�e�]-U�kNefl@¬ d�U�Z[U���\<�5q�Zu]-U$M

¦+Z�o5qne�Y�WPy�qneho5qX\<o5qnWGd�UXdhe$SVU�qXe$lGWPd�efµ�lmZ%kNd�o&e�]akaZu]a��efWG]ak5�5W�UnefoaZuqslmZ%kNe$]aSVWGUXd
p (y1, y2 |x1, x2 ) � ZulP\^q�S�Á<�ael¶¬ d$t<ZulPWGUXd

p(yn|x) = p(yn|xn)
evSrU�qne�lPWGd$egZ^�N¢!Y%Z^qXt<e$S�kNe

p (y1, y2 |x1, x2 )
M

�Fe`���aZu]5t<e�Y�e�]-U�SV�5oao>\-SVep�5]5e`Y�\NkNW��&��Z[UnWG\<] k5Z^]aS#lPZ�Y�\1k5d�lPWPSnZ[UnWG\<] Zc{^ev��lPe$S���j��F\>MBQT] e �&e�U � lPe
���5\<W�¢ kNe$S�k5e�]aSXW�Und$S

p(yn|xn) � Z^o5o&e�lPd�e$S�lG\<WPS�k�¬ d$Y�WmSnSVWP\^] � e$SVU�t^�5WmkNd%oaZ^q�lPZ���\^]5]>ZuWmSXSnZu]a��e�o5�1b1SXWmÁ<�ae�\<�e�Y�o5WPqnWPÁ-�5e�kN�wo5�5d�]a\^Y�y�]5e�\<_aSVe$qX{<d � oaZuqhe�¢1e$Y�o5lGe��5]5e�lP\^W³kNe ��Zcb1lPe�WPt^� o&\^�aqgl¶¬ WG]-UXe$]aSXW�Und�qnd�UnqX\NkNW��3�aSVd$e
oaZ^q£lPe�SV\<lTe$]/qnZ<k5Zuq ��{^\<WGq£lGep���aZuo5WGUXqne���o&\^�aq£lmZDo5qnd$SXe�]-UnZuUXWP\^] kNe!o5lG�>SVWPe��5q�S�Y�\NkNy$lGevS�oaZ^qnZ^Y�d�UXqnWPÁ-�5evS
kNe�lG\<WPSFk�¬ d$Y�WPSnSVWP\^]�Z<k5Zuo5UXd$SFµ£kNW��3d�qne�]-UnS Urb-o&e$S�k�¬ WG]5��\^qnY�ZuUXWP\^]�kNWmSXo>\<]5WG_alGevSFSX�5qTl¶¬ e�]1{1WGqn\^]5]ae�Y�e�]-UTq�Z^k5Z^q ��M
� ] Y�\NkNy$lGe�kNe#j Zuqnz^\[{���\^�5o5lPe£]ad$��evSXSXWGUXe �8e�Uho>e$qXY�e�U �s�5]ae£Y�\NkNd�lPWPSnZ[UnWG\<]�o5lP�aS¤oaqXdv��WmSVe£k5�Do5�5d$]5\^Y�y�]ae
\^_>SVe$qX{<dg�$Zuq�lPZ�lP\^W�k�¬ d$Y�WmSnSVWP\^]pe$SVU¤kNd$��\^Y�o&\<SXdg��\^Y�Y�eflGehY�d�lmZu]5t<efkNefo5lP�aSVWPe��aqnS�lP\^WmS �

p(yn|xn) =

K∑

x
′
n+1=1

p(x
′

n+1|xn)p(yn|xn, x
′

n+1)

e�U����aZ<Á-�5ep��\^Y�o&\<SnZu]-UXe!qXe$o5qXdvSVe$]-UXe`kNW �3d�qne�]-U%��\<Y�o&\^qXUXe$Y�e�]-U�k5d$��qnWP{cZ^]-U�l¶¬ WP]-UXe$qnZ<��UXWP\^] e�]-UXqneplGevS%kNW �3d�§
qne�]-UXevS���lPZ<SXSXe$S$M &:\^�5q�lmZ Y�\NkNd�lPWmSXZuUXWP\^] k�¬ �a]5e`WGY%Zut<e � ��ev��W�o&e�qnY�e�U�k�¬ WG]-UXd$t^qne�q�kNe$S�Y�\NkNy$lGevS�k5W �3d�qne�]-UnS
o&\^�5qslPe$S �$\^]5evSF��qX\<]<UnWGy$qXevS�e�Uso&\^�5q�lPe$S��$\^]5evS��5\^Y�\<t^y�]ae$S$M
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&:\^�5q¤lPZ�SXWPY£�5lmZ[UnWG\<]`k5e�lPZ����aZc� ]5e£Z�o&\<SVUXe$qXWP\^qnW�\^��lPe£�$Zulm���5lBkN�DjDZ[¢NWPY£�5Y�kNe
p (x |y ) � ]a\^�aS�Zc{^\^]>S_&e$SX\^WP]DkNe#��\^]5]aZ[�PUnqXe£lPZ%lP\^W:kNe

XN
��\^]ak5W�UnWG\<]5]5e�lPlPe�Y�e�]-Ugµ

YN
M � \^�aS�SXZc{<\^]aS�Á-�5e#�u¬ e$SVU��5]5e����aZc� ]5e£k5ejDZ^qXz<\[{�]a\^]N§©�5\^Y�\<t^y�]aegkN\<]-U�]a\^�aS�o&\^�5{<\^]aSs�$Zulm���5lPe�q�k5WGqne$��UXe�Y�e$]<UslmZ�kNe�]aSXWGUXd�kNehUnqnZ^]aSVWGUXWP\^] �

∀n ≤ N − 1, p (xn+1|xn,y) =
p (yn+2:N , zn+1)

p (yn+1:N , zn)

=
p (yn+2:N |zn+1) p(zn+1)

p (yn+1:N |zn) p(zn)

=
p (yn+2:N |zn+1)

p (yn+1:N |zn)
p(zn+1|zn)

∝ p (yn+2:N |xn+1, yn+1) p(xn, xn+1)p(yn, yn+1|xn, xn+1)

�1\<W�U�e$]!]5\<qXY%Z^lGWmSXZ^]-U

∀xn, xn+1, p (xn+1|xn,y) =
βn+1(xn+1)p(xn+1, xn)p(yn+1, yn|xn, xn+1)∫

βn+1(x
′
n+1)p(xn+1, x

′
n+1)p(yn+1, yn|xn, x′

n+1)δ(dx
′
n+1)

�@LNMPO$} �

&³Zuq�lPe�Y "�Y�e£�$Zulm���5l � ]5\<�aS�o&\^�a{^\^]>Ss\^_NUne�]5WPq��5]ae�e�¢No5qne$SnSVWP\^]pe�¢No5lPWm��WGUXe�o&\^�5q�lGevSso5qn\^_aZ^_5WPlGWGUXdvS )r\^WP]-UXe$S¤Z
o&\<SVUXe�qnWP\^qnW �

p(xn, xn+1|y) ∝ p (yn+2:N |yn+1, xn+1, yn, xn,yn−1 ) p (xn+1, yn+1 |xn, yn,yn−1 ) p(xn,yn)

∝ βn+1(xn+1)p(xn+1, yn+1|xn, yn)p(xn,yn)

SX\^WGU�e$]`]5\^qnY%ZulPWPSnZu]-U

∀xn, xn+1, p(xn, xn+1|y) =
αn(xn)p(yn+1, xn+1|yn, xn)βn+1(xn+1)∫ ∫

αn(x′
n)p(yn+1, x

′
n+1|yn, x′

n)βn+1(x
′
n+1)δ(dx

′
n)δ(dx

′
n+1)

�@LNMxLu¯ �

±�WP]aSXW � kNe�Y�"$Y�e�Á-�5e¤lPe$STo5qn\^_aZ^_5WGlPWGUXd$STY%Zuqnt^WP]aZulPe$S Z�o>\-SrUne�qnWG\<qXWaSXe��$Zulm���5lPe¤kNWPqne$��Une�Y�e�]-U�oaZuqFlPZfoaqX\<o5qXWPd�Und
�@L5M L5M � � �

∀n, x̂n, ��� (y) = arg max
x

αn(x)βn(x)
�¶LNMxLNO��

lPe$S�e�¢No5qne$SnSVWP\^]aS �@LNMPO$} ��e�U��@L5M L^¯ ��o&e�qnY�e�UVUnqX\<]-U�kNe#�$Zulm���5lPe�qgkNWPqXev��UXe$Y�e�]-U�lPe$S¤o5qX\<_aZu_aWGlPW�Und$S )r\^WP]<Une$S�WG]-Une�qX§
{^e$]aZu]-U�kaZu]aS¤lPZ�SXWPY£�5lmZ[UnWG\<]`k5�Do5qn\1��e$SnSV�>S�Z%o&\<SVUXe�qnWP\^qnW ��\<��l@¬ e$SVUXWPY%Z[UXWP\^]�kNe$S¤oaZuq�ZuY�y�UnqXevS � {<\^WPq�SXe$��UXWP\^]
�5M aMxL ��M
�F\^Y�Y�e¤l¶¬ e$SVUXWPY�ZuUXe$�5qFj &Fj � l@¬ e$SVUXWPY%Z[UXe$�5q�jD±�& k�¬ �a]5ef��jw�F\£o&e��NUsSVeg��Z^lP���5lGe$qToaZ^qT�5]ae�e�¢-Une�]aSXWP\^]

kNe%l¶¬ Z^lGt<\^qnW�Un�5Y�e�k5e%²¤WGUXe�qn_5W �PO$�^!�¶M � \^�>SfkNd$��qXWP{^\<]aSh��e�U�Z^lGt<\^qnW�Un�5Y�e � kNd )Vµ!�5UXWPlGWmSVd�kaZu]aS �x¡u� �FY�Z^WPSfSnZu]>S
)r�aSVUXWG�>��ZuUXWP\^] � Á-�5WNo&e�qnY�e�U³kNes��Zulm���alGe$qBZc{<e$� �a]5e���\^Y�o5lPe�¢NWGUXd�o>\<lGb1] �<Y�WmZulPe�lPZgSVdvÁ-�5e�]a��e�k5e$SBd�U�Z[UnS:Zcb-Zu]-U+lmZ
o5qn\^_aZ^_5WPlGWGUXdhk�¬ \1�$���5qnqne�]a��e�Y%Z[¢NWPY£�5Y`MN��]5WGUXWmZulPe�Y�e$]<U � ��e�UsZ^lGt<\^qnW�Un�5Y�egZ�d�UXdho5qn\^o&\<SXd�o&\^�5q�lPe$S¤��j���Zu§©¨��
�8��e�UXUXe�o5qn\^oaqXWPd�Undfe$SVU¤o>e$qnk5�5efo>\<�5q¤lPe$S¤���aZuY�oaS�k5e£jDZuqnz^\[{��$Z^���5dvS � e�U¤lmZ�qXev���5e�q����5efkN�DjD±�& kN\<W�U�"�UXqne
qnd$ZulPWmSVd$e£oaZ^qhk5e$SgY�d�UX�a\1k5e$Sh\^o5UXWPY�WmSnZ[UXWP\^] UXe$lGlPe$SfÁ-�5e�lGe�qne$���5W�UX§©SXWPY£�5lPd�� Ä � ��M � \^�aSgqne$���5e$qn���5\<]aS�lPZpSV�aW�Une
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kNd��a]5WPefoaZuq
x̂ ���� = (x̂n, ���� )n≤N = argmax

XN
p(x |y )

¦+Z�SX\^lP�NUnWG\<]wqne$���ae�q����5d�e�e$SVU#Zu�>SXSXW³lGe�Y�Zu¢NWGY#�5Y°kNe�lPZ`o5qn\^_>Zu_5WPlGWGUXd )r\<WG]-Une
p(x,y)

M � \<�aSfWP]<UnqX\NkN�aWPSX\^]aSZulP\^q�S�lPZ�Á-�aZ^]<UnW�Und
∀n ≥ 2, δn(xn) = max

xn−1

p(xn,xn−1,yn)

e�U�]a\^�aS�]5\^UX\<]aS
δ1(x1) = p(x1, y1)

M
�hÌ[7 "F7>?v6�2v687&0 '��m'��m'����D��� '��_��!H& ���8T � �� TWT �& �`��� ��

δn

∀n ≤ N − 1, δn+1(xn+1) = max
xn

p(xn+1, yn+1 |xn, yn )δn(xn)
�@LNMxL^L �

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � \^�aS Y�\<]-UXqn\^]aS³Á-�5eslmZhY%Z[¢NWGY�WmSXZuUXWP\^]�t^lP\^_>ZulPe�SX�5q XN o&e��NU "�UXqne�kNd$��\^Y�o&\<SXd�e�e�]%�5]ae
SX�a����e$SnSVWP\^]�kNeJ�Vo>e�UXWGUXevS Y%Z[¢NWPY�WmSnZ[UXWP\^]>SF� � e�]��NUnWGlPWmSXZ^]<UFlPZg�8Z<��UX\<qXWmSnZ[UXWP\^]�kNe�lmZh��\<]a��UnWG\<]�k5e�{1qnZ^WPSXe�Y#_5lPZ^]a��e<M
�F\^Y�Y�eh]5\^�>SsZc{^\^]>S

∀xn, xn+1, p(xn+1,xn,yn+1) = p(xn+1, yn+1 |xn, yn )p(xn,xn−1,yn)

¦�ehY%Z[¢NWPY�WPSnZ[UnWG\<]pkNe
p(xn+1,xn,yn+1)

e$]
xn
SXe�kNd$��\^Y�o>\-SVege�] �

max
xn

p(xn+1,xn,yn+1) = max
xn,xn−1

p(xn+1, yn+1 |xn, yn )p(xn,xn−1,yn)

SX\^WGU�e$]a��\<qXe

max
xn

p(xn+1,xn,yn+1) = max
xn

p(xn+1, yn+1 |xn, yn ) × δn(xn)

��*1./45Ìc��IB* '��m'��P�J� @ ��½
δn
½�¹ 
>¸ 7 ��½K,�¹%� 
 ��½h½ + ��B;��¾ � + � ��½ �a¹ + � 
���½ ���X¹,n¼,�¾3
�¾ ¸6B�½ � ¹[¾�
>¸���½

∀xn+1, ∀xn, p(xn+1,xn,yn+1) ≤ δn+1(xn+1)

@A¼D½���º�¹ 
 7 � � �X¹ � ��¾1B�¸$Bp½ + � 
G¼> + �;
3
�� ��½�¸/,n¼[½;B �=
�G ¼%
 :-¹%��¾ ¸�» � �?7 ���+¾ ¸ �-�;,�¾ ��½�¸K> + �Y
�G ¹ 
 �� + ¸/7WB�¸ �-� ��¾�
 �;�½ + º�º ��½�½�¾3� ��� ��
a¸ 
���½/B�¸�¼[¸@½
x̂n, ����� (y)

��
 �a¼%�Xº�¹ + �n¼ 
a¸ 
G¼!ºn»a¼���
 �F7 � �%¼ 
>¾15-� �/��B�¸Z�X¹�:W�X¼7 � 0
�hÌ[7 "F7>?v6�2v687&0p'��m'��P�J� ·&¾

y
��½�¸�¹W,�½��-���%B ��¸&½�¾	
3¹ + ½ 
&¹u¸©¹�
5½ (x̂n, ����� (y))1≤n≤N = argmaxx∈XN p(x |y ) �¼%
P¹%��½ 
&¹ + ½f¼��c¹�
5½

x̂N, ����� (y) = arg max
x

δN (x)

��¸

x̂N−1, ����� (y) = arg max
xN−1

p(x̂N, ����� (y), yN |xN−1, yN−1 )δN−1(xN−1)

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0�¦AZ�o5qne�Y�WPy�qne�Z �%qXY%Z[UnWG\<]�e$SVU:{-q�ZuWPe�oaZuq:kNd��>]5W�UnWG\<]�k5e
δN
Mu¦AZ¤SXe$��\<]akNe�Z �%qnY�ZuUXWP\^]�oaqX\^§

{1WGe$]-U+kNe lmZ�qXe$lPZuUXWP\^]hkNe qnd$���aqXqne�]a��eAe$]-UXqne³lGevS�{1qnZ^WPSXe�Y#_5lPZ^]a��evS3kN�fo5qn\1��e$SnSV�>S
Zn
�
p(z) = p(zN |zN−1 )p(zN−1)

M
�1W
x̂N, ���� (y)

e$SVU ��\^]a]-� � lPZgqne$���5e$qn���5e�kNe�lmZ�{[Z^lGe$�5q³µ�l¶¬ WG]aSVUnZ^]-U N−1
evSrU \<_NUXe$]-�ae�o>Zuq:lPZgY%Z[¢NWPY�WPSnZ[UnWG\<]



�"��� � � ��	������� � ���F������� � �aO
SX�5WG{[Z^]<Une���e�]`]5\^UnZ^]<U

zN = (x̂N, ���� (y), yN )
�

arg max
xN−1,xN−2

p(zN |zN−1 )p(zN−1) = arg max
xN−1

{p(x̂N, �� � (y), yN |xN−1, yN−1 )δN−1(xN−1)}

¦ ¬ ZulPt^\<qXWGUX�aY�e�k5e¤²¤WGUXe$qX_aW&SXe¤kNd$qX\<�5lGe¤e�]�kNe$�N¢�UXe$Y�o>S �-lGe���Zulm���al>qnd$���5qnSXWG��k5e$S _&\^qn]5evSTSX�5o>d$qXWPe��aqXevS
δn
�

o5�5WmSslmZ�kNd�Une�qnY�WP]aZuUXWP\^]pqXdv���5q�SVWP{^e���qnd�UnqX\<t^q�Z^kNe�� kNevS
x̂n, �� �

M

� È@,>7>Ì[6�2 �A./*�'��m'��8�����Y� )�!#T�_�_L N ��� �<�A�_���T����

∀x1 ∈ X , δ1(x1) = p(x1, y1)

∀n ≤ N, ∀xn ∈ X , δn(xn) = max
xn−1

{δn−1(xn−1) × p (xn, yn |xn−1, yn−1 )}
�£¹ + ½f¼��c¹�
5½#¼�
G¹%��½

x̂N, ����� = arg max
x

δN (x)

��¸

∀n ≤ N − 1, x̂n, ����� = arg max
xn

{δn(xn) × p (x̂n+1, ����� , yn+1 |xn, yn )}

�F\^Y�Y�e�k5Z^]aS�SnZ�{^e�q�SXWG\<]p��lPZ<SXSXWPÁ-�5e � lPZ���\^Y�o5lPe�¢NWGUXd�kNe#��e�U¤Z^lGt<\^qnW�Un�5Y�efe$SVU O(NK2)
�5lGe#��Zulm���al+kNe$S

N
��\^]a��UXWP\^]aS

δn
]ad$��evSXSXWGUXe

K2 Y#�5l�UnWGoalGWm��ZuUXWP\^]aS$M ��l¤SX����U�e�]>SV�5WGUXeDk5eD���5e�q����5e�q N ��\^WmS%�5] Y%Z[¢NWPY£�5Y
oaZ^qXY�W

K
{cZ^lGe$�5q�S�M � \^�>S�o&\^�5{<\^]aS¤o5qX\<o>\-SVe$q¤kNevS�o5qn\N��d$k5�5qXevS�k�¬ e$SVUXWPY%Z[UXWP\^] _aZcb^dvSVWPe�]5]ae�j &Tj�e�UgjD±�&

UXqny$S�t^d�]ad�q�ZulPe$S�� � lmZ%kNW��&d$qXe$]a��e�e$]-UXqneflGevSg��j���Z%e�U¤lPe$S���j��F\�o>\<qVUne�]-U��5]5WmÁ-�5e�Y�e�]-UhSV�5q¤lGe£�$Zulm���5lAkNe�lmZ
Y%Z[UnqXWm��efkNehUnqnZ^]aSVWGUXWP\^]pkN�`o5qn\1��e$SnSV�>Ss��\^Y�o5lPe�UvM

��	� � ������ ��� � ��� � �� � �
¦ ¬ WP]N��d�qne�]a��e�_aZcb^dvSVWPe�]5]ae�k5Z^]aS:lPe$S:Y�\NkNy�lPe$S µhkN\<]5]5d$e$S:Y%Zu]aÁ-�aZ^]-UXe$SBevSrU³�8Z<��WPlGWGUXd$eslG\<qnSnÁ-�5eFlPe�o5qn\1��e$SnSV�>S

Z!o>\-SrUne�qnWG\<qXWBe$SVUgY%Z^qXz<\[{-WPe�] ��WPl:e$SVUfo>\-SXSXWG_alGe�SV\<W�UfkNe���Z^lP���5lGe$q�e�¢5Z^��Une�Y�e�]-UhlPZ!lP\^W³Z�o&\<SVUXe$qXWP\^qnW � SX\^WGUhk5e
l¶¬ dv���aZu]-UXWPlPlG\<]5]5e�qBkNe Une�lPlGe�SX\^qXUXeTÁ-�5eFl@¬ \^]�oa�5WPSnSXeFZuoao5qX\N���5e$q�oaZ^qBj�\<]-UXe���Z^qXlP\�]�¬ WGY�o&\^qXUXe�Á<�ae�l1e$SVUXWPY%Z[UXe$�5qvM
�Fe�o&e�]>k5Zu]-U!lmZ/Y%Z^qXz<\[{-WmZu]aW�Und`k5� ��\<�5o5lPe o&e��NU�SVe�qXd${^d$lGe$q%"�UnqXeD�a]5e��1b1o&\uUX�ay$SXe�UXqn\^o ��\<qVUneDo&\^�5q

ZN��\<� o&\^�5q
XN

��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-Upµ
YN

��Ms¦�e$S!Y�\NkNy�lPe$S�UXqnWGoalGe�UpSX\^]-U!�5]ae e�¢1Une�]aSXWG\<] kNevS�Y�\NkNy�lPe$S
��\<�5o5lPe$S � o&\^�aq�lPe$SnÁ-�5e�lPlGevS¤WPl:qXevSrUne£o&\<SnSVWP_5lPe#kNe���Z^lP���5lPe�q �r�8Z^��WGlPe�Y�e$]<U��£lGevSgo5qX\<_aZu_aWGlPW�Und$S p(x|y)

\^�wkNe£lPe$S
d$���>Zu]-UXWPlGlP\^]a]5e�q �PO$Ä � OcLu� � OcLu} �©M
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p (zn+1 |zn )( E��8:
n = 1..N − 1
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YS + 
 º�»5¼�� � ¼%
 Bn¼u¸©¹u¾3� �`¹W,�½��-���%B ��¸
XS


��!º�»5¼�� � ¼%
 Bn¼u¸©¹u¾3� ��7 ��½YB�¸�¼[¸@½%º�¼<ºn»#B�½;0 �#¹ + ½ 7[¾3�X¹�
5½
> + � YS

��½�¸ + 
 º�»5¼�� � 7 � � ¼����^¹�������¾ ��
���¸�X � ����^#½�¾:¾3
 � �^¾m½�¸ � + 
 � �X¹$º ��½�½ + ½f¼ + �<¾3
 ¾8¼u¾3� � US = (Us)s∈S[ �[¼%
�� + � 7<¼ 
a½ U X . 
a¾B¹ + º�¹ 
>¸@¾�
 + ^£¸ �-
 > + ��
 � ���X¹vº ��½�½ + ½ � ¹u¾�
a¸ ZS = (Xs, Us, Ys)s∈S
½�¹u¾ ¸ + 
Dºn»a¼ � � 7 �

� ¼%���<¹%�%0
�1W
S = [1..N ] � ]5\<�aS£k5WGqn\^]aS#Á-�5e YN

evSrU��5]5ep���aZc� ]5e�kNepjDZuqnz^\[{DUXqnWGo5lPe�UvM³¦�e�o5qn\N��evSXSX�aS
UN

e$SVU
�5]�o5qX\N��e$SnSV�aS¤lPZuUXe$]<UgWG]a\^_aSXe�qn{^d�SXWGY�WPlPZ^WGqne#µ

XN
� e�U�Un\^�aS�lPe$S�o5qX\N��e$SnSV�aS¤Y%Zuqnt^WP]aZu�N¢`SV\<]-UgkN\<]a��Y%Zuqnz^\^§

{1WGe$]aSs��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-UsZ^�N¢!Z^�NUXqne$S$MNQ ]`oaZuqXUXWm���alGWPe�q � (UN ,XN )
e$SVU�Y%Zuqnz^\[{1WGe$]���\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U

µ
YN

�^]5\<�aS:o>\<�5{^\<]aS³kN\<]a�s��Z^lP���5lGe$q lPe$S³o5qn\^_>Zu_5WPlGWGUXdvS
p (xn, un |y )

e�U
p (xn, un |y, xn−1, un−1 )

oaZuq³lPe$S
qnd$���aqnSXWG\<]aS:Zc{[Zu]-U e�UFZ^qXqnWPy�qne^M[¦+ZfkNe$]aSXW�Und

p (xn |y )
S�¬ \^_NUnWGe$]-UTZulP\^q�S:e�]�WG]-Und�t^q�Zu]-U³lmZfkNe�]aSXWGUXd

p (xn, un |y ) ���ehÁ-�5W3e$SVUF�8Z^W�U��8Z^��WGlPe�Y�e$]<U�lG\<qnSnÁ-�5e¤l¶¬ e$SXoaZ^��e U evSrU��a]5W � Y�Z^WPS�kNe${1WGe$]<U�_&e$Zu�>��\^�ao�o5lP�aS�kNW ����WGlPe�lP\^q�SnÁ<�ae Ue$SVU¤��\<]-UXWP]-�+M&�Fe�lmZ�]5d$��e$SnSVWGUXefZ^lG\<qnS�l¶¬ �5UXWPlGWmSXZuUXWP\^]�kNefY�d�Un�5\NkNe$S�kNe�SXWGY#�5lPZuUXWP\^]pe�U�k�¬ Z^o5o5qn\c¢1WPY%Z[UnWG\<]�UXe$lGlPe$S
Á-�5ehlGevSsY�d�Un�5\NkNe$Ssj���jw� \<�pj�\<]-UXe#��ZuqnlP\�SXd$Á-�5e$]<UnWGe$l � Ä<¯ � Ov�^«��©M

� ]%Y�\NkNy$lGe�UnqXWPo5lPe�UTo&e��NU�kN\^]a�¤SVes{<\^WPq ��\^Y�Y�es�5]%Y�\NkNy�lPe¤��\^�5o5lPe
((UN ,XN ) ,YN )

k5\^]-UTlPeso5qX\N��e$SV§
SX�aSA�$Z^���5d

(UN ,XN )
]aeF]5\<�aSAWG]-UXd$qXevSXSXeFÁ-�5eFoaZuqXUXWPe�lPlPe�Y�e�]-U$M � \<�aSAo>\<�5{^\<]aSAk5WGqneFkNe�Y%Zu]5WPy�qneTdvÁ-�5WG{[Z^lGe$]<UneÁ-��¬ �5] Y�\NkNy�lPe�UnqXWPo5lPe�Uhe$SVU��5]�o5qn\1��e$SnSV�>SsY%Zuqnz^\[{1WGe$]�oaZuqXUXWPe�lPlPe�Y�e�]-U �8\^�DWPY�oaZuqX�8ZuWGUXe$Y�e�]-U����s\^_>SVe$qX{<d�W@M e^M

WPl�e�¢NWmSrUne��5] o5qn\1��e$SnSV�>S�Y�Z^qXz<\[{1WGe$]
ZN

µ {[ZulPe��5q�S�k5Z^]aS��5] e$SXoaZ<��e Z ��Y#�5]5W�k�¬ �5]ae`UXqnWG_5� B(Z)
��e�U

�5]5e£��\^]a��UXWP\^]aS
ϕ
Y�evSV�5q�Zu_alGe�e�U�kNd�UXe�qnY�WG]aWPSVUXe£UXe�lPlPe$S¤Á-�5e£]5\^�aS¤\^_aSXe�qn{^\<]aS ∀n, Yn = ϕ(Zn)

M&¦+e�Y�\1k5y�lPe
UXqnWPo5lGe�U���\<qXqne$SXo>\<]ak/Z^� �$Z^S�\�� ]5\<�aS�o>\<�5{^\<]aS#�8ZuWPqXe`�5]ae`k5d$��\<Y�o>\-SVWGUXWP\^] �V�$ZuqXUXdvSVWPe�]5]ae��!kNevS�{cZ^qXWmZu_alGevS
Zn = (Un, Xn, Yn)

e�UF\���lPZ���\^]a��UXWP\^]
ϕ
��\^qnqXevSVo&\^]ak%µ£lPZ£o5qn\ )re$��UXWP\^]

πY
SXe�lP\^]�lmZ£k5e�qn]5WGy$qXeg��\1\^q�kN\<]5]5d�e<M

� \^UXqne£\<_�)re$��UXWG�Te$SVUgk�¬ e$SVUXWPY�e�qglPZ���\^]a��UXWP\^] πX(Zn)
� \�� πX evSrUhlmZ�o5qn\ )rev��UXWP\^]DSXe�lP\^] lPZ!kNe��N¢NWPy�Y�e���\1\^qX§

kN\<]5]5d�e<M<��]1{<e�q�SVe$Y�e$]-U � �5]�o5qn\N��evSXSX�aS Y%Z^qXz<\[{-WPe�] Zn µ�{[ZulPe��aqnS�k5Zu]>S Z UXe$lGlPegÁ-�5e�]5\^�>SF]+¬ \<_aSVe$qX{<\^]aSTÁ<�ae
ϕ(Zn)

� Zc{<e$� ϕ : Z −→ Y �sSV�5q )re$��UXWP{^e��¤o&e��5U "�UnqXe���\^]aSXWPk5d�qnd���\^Y�Y�e��5] o5qX\N��e$SnSV�aSgUnqXWPo5lPe�UvM �1WT]a\^�aS
���5\<WPSXWPSnSX\^]aSg�5]5e���\<]a��UnWG\<]

ϕ⊥ : Z −→ V �8SX�5q )rev��UnWG{<e�� � UXe�lPlPe�Á<�ae%lPZp��\<]a��UnWG\<] z 7→ (ϕ(z), ϕ⊥(z))
�8kNe

Z −→ Y × V ��SX\^WGUf�5]5e%_5W )re$��UXWP\^]���ZulP\^q�S Yn = ϕ(Zn)
SXe�q�Z��5]ae����>Zc� ]5e%kNe%jDZuqnz^\[{ � qXWPo5lPe�U$M#�NW ]5\^�>S{^\<�5lP\^]aSsevSrUnWGY�e$q��5]�o5qn\N��e$SnSX�aS

h(Zn)
� ]5\<�aS�o&\<SX\^]>S Xn = h(Zn)

� e�UgZulP\^q�S (ϕ⊥(Zn), Xn, Yn)
e$SVU¤�5]ae

���aZ[�m]5efkNe�j Zuqnz^\[{3M
¦�evS�Y�\NkNy$lGevSFUXqnWGo5lPe�U�S ��\<��Y�\NkNy�lPe$S�Y%Zuqnz^\[{1WPe�]aSToaZuqXUXWPe�lPlPe�Y�e�]-U�\^_aSXe�qn{^dvS � qnZ<SXSXe�Y#_5lGe$]-U�kNehY£�al�UnWGo5lPe$S

e�¢1Une�]aSXWG\<]aS�kNe$S�jDj���Z£WG]-UXqn\NkN�5WGUnSFo>\<�5q�Z ��ZuWP_5lGWPq�lGevST�1b1o>\^UX�5yvSVevSFk5e$SFY�\NkNy$lGevSF��lPZ<SXSXWmÁ<�ae$S �@jDj���Zu§©¨�� ��M
±�WP]aSXW � SXe�lP\^] lPZ kNd��a]5WGUXWP\^] kN� o5qX\N��e$SnSV�aS�Z^�N¢NWGlPWPZ^WGqne UN

� ]5\^�>S�SX\^Y�Y�e$S�e$] Y�e$SX�5qnepk5epqne�UnqX\<�5{^e$q�k5e
]5\<Y£_5qne��N¢�Y�\NkNy$lGevS�{1WmSXZ^]<U�µ`qne�l5�^���5e$qflPZ�SVUnZuUXWP\^]5]>ZuqnW�Und ��lmZ`Y�ZuUXqnWP��e�kNe�UXq�Zu]>SVWGUXWP\^] kN� o5qn\N��evSXSX�aS

XNd�{<\^lP�5e%e�]w��\<]a��UnWG\<]/kNe
Un

� }^} � � � lPZ`Y%Z^qXz<\[{-WmZu]aW�Und�kNe XN
�
Un

e$SVU£lPe�UXe$Y�o>S£kNe�SXd�)r\<�5q£k5Z^]aS����aZ<Á-�5e
d�U�Z[Ufe�Uf]5e%SX�5WGU�o5lG�>Sh]5d$��e$SnSXZ^WGqne�Y�e�]-Ug�5]5e�lG\<W³e�¢No&\^]5e$]<UnWGe$lGlPe �GOcL<i � Ä<Ä � «u&� ��\^�we�]>��\^qne�l@¬ WG]>kNd�o&e�]akaZu]a��e
��\<]akNWGUXWP\^]5]ae�lPlGe �8lGe�o5qn\1��e$SnSV�>S

(YN ,UN )
evSrUT�a]5eh��j���Zu§©¨��:��\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<U�µ

XN
� L-i � ��M � ]5e¤lPWmSrUne

kNevS#kNW��3d�qne�]-UXevS£t<d�]5d$qnZ^lGWmSXZuUXWP\^]aS£kNe$S%��j���Z[§�¨��he�U#lPe��aq#qnd�dv��qnW�Un�5qXe!SV\<�aSf��\<qXY�e!k5e�Y�\NkNy�lPe�UnqXWPo5lPe�U�e$SVU
�8ZuWGUXe�kaZu]aS �POvL^}��¶M

� ]%�$Z^S:oaZ^qVUnWP���5lGWPy�qne�Y�e$]<U³WP]-UXd�qne$SnSnZu]-UBevSrUT��e�lP�5W5\���lPeso5qn\N��e$SnSX�aS:Zu�N¢NWPlGWmZuWPqXe�evSrUT��\^]-UXWP]1� � ��Z^q ��e�lmZho&e�qX§
Y�e�U�kNe#��\^qnY£�5lPe�qhkNevShY�\NkNy$lGevShSrU�Z[UXWmSVUXWmÁ<�ae$Sh��\<Y�oalGe�¢1evS¤e$]w��\^]aSXWmkNd�q�Zu]-U�Á-�5e%��e�SX\^]-Uhk5e$Sg\^_aSXe�qn{[Z[UnWG\<]aS
oaZ^qVUnWGe$lGlPe$SskNefoaqX\N��evSXSX�aSsSXWGY�o5lPe$S$M5±�WP]aSXW � SVW�lPe���\<�5o5lPe (Xn, Yn)n≥1

evSrU��5]ae����aZc� ]5efkNe�jDZ^qXz<\[{ � Z^lG\<qnS�lPe
o5qn\N��e$SnSX�aS

(Yn)n≥1
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-Ugµ

(Xn)n≥1
evSrUg�5] o5qn\N��evSXSX�aS�Y%Z^qXz<\[{-WPe�]+M � ]�Y�\NkNy$lGe�SVWPY�o5lPe
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kNe�o5qn\N��e$SnSX�aSgY�Z^qXz<\[{1WGe$]�e$SVUhlPe�o5qn\1��e$SnSV�>SgZ^�NUX\<qXd$t^qne$SnSVWG� lPWG]5dvZuWPqXe�k�¬ \^q�kNqne�O%Á-�5e�]5\^�aSgo&\^�5{<\^]aSgdv��qnWGqne
Yn+1 = a(Xn)Yn + σ(Xn)εn

��\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-Usµ
XN

� (εn)n
d�UnZu]-U��5]�_aqX�5WGUs_5lmZu]a��WG]>kNd�o&e�]akaZu]-U�k5e

(Xn)n≥1
� kNe�{[Z^qXWmZu]a��e 1

M � \^�aS³o&\^�a{^\^]>S � Zu�a]%k�¬ ZuY�d�lPWG\<qXe$q³lGesY�\NkNy$lGe � �NUnWGlPWPSXe�qFkNe$S³Y�\NkNy$lGevS ±�� k�¬ \^q�kNqne
p � Á-�5eg]5\^�>STo&\^�5{<\^]aSTUX\<� )r\^�aqnSFd$��qXWPqXegSV\<�aST��\^qnY�egY%Z[UnqXWm��WPe�lPlGe Y̌n+1 = a(Xn)Y̌n + σ(Xn)εn

�8lGevS�\^_aSXe�qX§
{[Z[UnWG\<]aSFÁ-�5e¤]5\^�aS���\<]aSXWPkNd$qX\<]aS SX\^]-U�Z^lG\<qnS lGevST{<e$��Une��5q�S

(Y̌n)n≥1
� e�U a(Xn)

e�U
σ(Xn)

SV\<]-UFkNe$SFY%Z[UnqXWm��evS
kNd$o>e$]ak5Zu]-Une$S�kNe$S�d�UnZuUnS ��Ma�Fe�o&e�]akaZu]-UslPZ#Y�\1k5d�lPWPSnZ[UnWG\<]!Zu�5UX\u§©qnd�t^qne$SnSXWG{<eso>e$�NU�S�¬ Zc{^d$qXe$qTWP]aSV� �%SnZu]-Une�o&\^�5q
kNdv��qnWGqnehlPZ�qnWP���5evSXSXehkN�`o5qX\N��e$SnSV�aS�e�U�]5\^�aS�o&\^�a{^\^]>Ss��\^]>SVWmkNd�qne�q�Á-��¬ WGl�evSrU�oalG�NU��uU¤kNegUrb1o&e�±���jD± � W¶M e<M

∀n, Yn −
p∑

k=1

ak(Xn)Yn−K = εn −
q∑

l=1

bl(Xn)εn−l
�@LNMxLu� �

Zc{^ev�
(εn)n∈ �

_5qX�aW�U _alPZ^]a�uM ��q � Un\^�NUDo5qn\N��evSXSX�aS�±��¤jD±ÂZ<kNY�e�U ZulP\^q�S`�5]5eHqXe$o5qXdvSVe$]-UnZ[UnWG\<] �Ve$SXoaZ^��e
k�¬ d�U�Z[UnS
� �





Ǔn+1,p = A(Xn)Ǔn,p + C(Xn)εn+1

Yn = B(Xn)Ǔn,p

�@LNMxL[ �

Zc{^ev�
Ǔn,p = (Un . . . Un−p)

M1±�WP]aSXW&SXW
Y
��\^]akNWGUXWP\^]a]5e�lPlGe$Y�e�]-U�µ

X
e$SVUT�5]�oaqX\N��evSXSX�aS ±���jD± �8kNegkNe�t<qXd$S

p � q ��\<]aSrU�Zu]-UnS � � Z^lG\<qnSh�^¬ evSrU�Zu�>SXSXW³�5] o5qn\1��e$SnSV�>S¤UnqXWPo5lPe�U�e$] ��\^]aSXWmkNd�q�Zu]-UhlGe�o5qn\N��e$SnSX�aS U
SrU�Z[UnWG\<]5]aZuWPqne

{^d$qXWG�>Z^]<U�lmZ�qne�o5qnd$SXe�]-UnZuUXWP\^] �@L5M Lu ��M&¦�efo5qn\N��evSXSX�aS
U
e$SVU¤�5]DY�\[b^e$]pk5e�{[ZuqnWGe$q�e�U�k�¬ Z^�5t^Y�e�]-Une�q�lmZ���\<Y�§

o5lPe�¢NWGUXd�kNevS Y�\NkNy�lPe$S³�5UXWPlGWmSVd$e$S³o&\^�aqTkNd$��qXWPqne�lmZfkNb1]aZ^Y�WmÁ-�5e�kNe
Y
��\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<UTµ

X
�ul@¬ �NUnWGlPWPSnZ[UnWG\<]

kNefY�\NkNy�lPefjDj���Z�o5lP�aS�t<d�]5d$qnZ^�N¢ ��]5\<]N§©lGWP]5d$Z^WGqne$S ��Á-�5e��@LNMxL[ �Fe$SVUsk5\^]a�he$]-{1WmSXZ^t^evZu_5lPe��




Ǔn+1,p = f(Ǔn,p, εn+1, A(Xn))

Yn = h(Ǔn,p, ζn, B(Xn))

�@LNMxL^¡ �

Zc{^ev�
A,B

kNevSsoaZuq�ZuY�y�UXqne$S�kNd�o&e�]akaZu]-U¤kNe$S�d�UnZuUnS��$Z^���5d$e$S
X � e�U (ζn)

�5]p_5qX�aW�U�_5lmZu]>�h]5\^qnY%ZulPWPSXd^M
¦�evSTY�\NkNy$lGevS UnqXWPo5lPe�UnSFo&e�qnY�e�UVUne�]-U�Z^�aSnSVW&�5]5e�Y�\NkNd$lGWmSnZ[UXWP\^]�o5lG�>SFqnd$Z^lGWmSVUXe¤kN�pSVWPt^]>Zulaq�Z^kaZuq � o5qnd$SXe�]-UXd$e

k5Z^]aS%�xL<i � Lu} �©M � \^�>S£SnZc{^\^]>SfÁ<�ae�lPZ��8ZuY�WGlPlPe�kNe$S£{^ev��UXe$�5q�S�ZulPd$ZuUX\^WPqne$S�SXo5�5d$qXWmÁ-�5e�Y�e�]-U�WP]1{cZ^qXWmZu]-U�S ��{<\^WPqSXe$��UnWG\<]�aMxLNMPO��BkN\^]a]5es�5]5e�Y�\NkNd$lGWmSXZuUXWP\^]�kNe$S UXq�ZuWP]aS³k�¬ \^]ak5ese�]�Z^�$��\<qnk#Zc{^e$��lPe$S k5\^]5]5d$e$S � ^&�¶M<��l5e$SVUTkN\^]>�
SX\^�5�aZ^W�U�Zu_5lPe%Á-��¬ �a] Y�\NkNy$lGe%Y%Z^qXz<\[{-WPe�]�o>\<�5q�lmZ�SVe$t^Y�e�]-U�Z[UXWP\^] kNe�SXWGt<]aZu�5¢�SV\<W�U�e$] Z^����\^q�k�Zc{<e$����e�UVUne
o5qn\^o5qnWPd�UXd<M �1\^WGU

(XN ,YN )
lPeho5qX\N��e$SnSV�aS#)r\^WP]-U � Une�l�Á-�5ehlGevS�\^_aSXe�qn{[Z[UXWP\^]>SFSX\^WPe�]-UskNe$S�{^ev��Une��5q�S�ZulPd$Z[Un\^WPqXevS

SXo5�5d�qnWmÁ<�ae�Y�e�]-UFWP]1{[ZuqnWPZ^]<U�S k�¬ d�Y�WmSXSXWG\<]�kNe�Y�\[b<e�]5]ae�]1�5lGlPe^M � \^�aS�SXZc{<\^]aSTÁ<�+¬ WPl>e�¢NWPSVUXegZulP\^q�S³�5]�UnqX\<WPSXWPy�Y�eo5qn\N��e$SnSX�aS
UN

� Zuoao>e$lGdhUne�¢1UX�5qne � Une�l+Á-�5e

∀n ≤ N, Yn = U1/2
n εn

�@LNMxLuÄ �
Zc{^ev�

εn ∼ N(0,Σxn)
�8lGe�SXo>ev��z1lGe�� � e�U Un kNe�kNe$]aSVWGUXd g(u, θxn)

M��NWT]5\<�aSfSV�ao5o>\-SV\<]aS�Á-�5e%lPe$S���\^�5oalGevS
(Un, εn)n

SV\<]<U�WG]ak5d�o&e�]ak5Z^]-UnSglGevS��5]>Sgk5e$SgZu�NUnqXevS¤��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-Ugµ
X � e�UhÁ-�5e X

evSrUgY�Z^qXz<\[{1WGe$] �
ZulP\^q�S

(X,Y)
e$SVU��5]5e ��j���Z[§�¨���MF�Fe�o&e�]akaZu]-U � ]5\<�aS%SnZc{^\^]>S�Á-�5e`lPe$S���\<�5WGlPlPWPS%q�Z^kaZuq ��W¶M e<M lGevS%SVWPt^]>Zu�N¢

qnd��adv���5WGevS�oaZuqslPe$S�\^_aSVUnZ<��lPe$S�]aZuUX�5qne�lPlGevS ��SX\^]-U���\<qXqnd�lPd$SsSXoaZuUXWmZulPe�Y�e�]-U���Y "�Y�e�e$]`e�]1{1WGqn\^]5]ae�Y�e�]-Us�5\^Y�\^§
t^y$]5e�� � e�U�Á-�5e���e�UVUne�kNd$o>e$]ak5Zu]>��e�evSrU�kN�5e!Z^� o5qn\1��e$SnSV�>SfkNe�Une�¢1UX�5qne^M &:\^�5q#Y�\NkNd$lGWmSXe�q£��e�UVUne!kNe$qX]aWGy$qXe �
]5\<�aSF�8ZuWmSV\<]aSTl¶¬ �-b1o&\uUn�5y$SXegÁ-�5e

U
e$SVU��5]5eh���aZc� ]5ehkNegj Zuqnz^\[{���\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-Usµ

X
���a]5eh�-b1o&\uUn�5y$SXe

kNe�jDZ^qXz<\[{1WPZ^]5W�Und�SXWPY�WPlmZuWPqXe�ZfkNd )Vµhd�Und�o5qn\^o&\<SXd�o&\^�aq lPZfSXWPY£�5lmZ[UnWG\<]�k�¬ �5]5e�UXe�¢1Un�5qXe���\^qnqXd$lGd$esZc{^e$��Y%Zuqnt^evS
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t<Z^Y�Y�Z#k5Zu]>S �PO$¯^!� � \^��e$]a��\<qXegk5Zu]>S �POv¡^� � ��MN±�WP]aSXW � lmZ�Une�¢1UX�aqXeh]�¬ e$SVU�o>Z^S�\^_aSXe�qn{[Zu_5lPe�k5WGqne$��UXe�Y�e$]<U � Y%ZuWmS
l¶¬ evSrU�oaZ^q�lGef_5WmZuWmSskNeflmZ#UXq�Zu]aSV��\^qnY%Z[UXWP\^] �@L5M L^Ä ��M
¦ ¬ Z )r\<�NU�kNe�lPZ�k5d�o&e�]ak5Z^]a��e�kaZu]aShlmZ!UXe�¢1Un�5qXe���\^Y�o5lPWPÁ-�5e�lPe$SfoaqX\N��dvkN�5qne$ShkNe�SXe�t<Y�e$]-UnZ[UnWG\<]�e�U£k�¬ e$SV§

UXWPY%Z[UnWG\<] � e$] qnZ^WPSX\^] kNepSV\<]/��Z^qnZ<��UXy$qXe%��\^]-UXWP]1��M+Q ] e �3e�U � WPlF]+¬ evSrU£o>Z^S�o&\<SnSXWG_5lPe �8�5\^qnY�WPS#k5Zu]aS£lGep��Z<S
t<Z^�aSnSVWPe�] �AkNe���Z^lP���5lGe$q³Zu]aZ^lGb-UXWmÁ-�5e�Y�e$]<U:lPe$SBo5qn\^_aZ^_5WGlPWGUXd$SBZc{[Zu]-U:e�U ZuqnqXWPy�qneTkNe

(xn, un)
Muj ZulPt^qnd���e�lmZ � ]5\^�>S

Zc{^\<]aSsY�\^]-UnqXd£kaZu]aS � L-i �Bt<qD�<��e�µ��5] ZulPt^\<qXWGUX�aY�efoaqX\<o>\-SVd�o>Zuq�&:e$qXe ��e�Ug²³e�qnY�Z<Zuz �GOcLu¯ � � e�U�oaZ^q¤�5]�ZulG§
t^\<qXWGUX�aY�ehk�¬ d$���aZ^]-UXWPlGlP\^]5]>Zut^e�j�\^]-UXe�§r��Z^qXlP\#SXd$Á-�5e$]-UXWPe�l�Á-�5e�]a\^�aS�o&\^�5{<\^]aS���Z^lP���5lPe�q��5]5efZuo5oaqX\c¢NWPY�ZuUXWP\^]
kNevSho5qX\<_aZu_aWGlPW�Und$ShZc{[Zu]-U

αn(x, u)
e�U�Z^qXqnWGy$qXe

βn(x, u)
e�U£k5\^]a��kNe�lmZpk5e�]aSXW�Und�kNe�lGWmSnSXZ^t^e

p(xn|yN )
M+��e

o5lP�aS � ��e$S�Y�\NkNy$lGevSsSV\<]<U�o5lP�aS��>kNy$lGevSsµ£lmZ�qXdvZulPW�Und � ��efÁ-�5W�o&e�qnY�e�U¤k�¬ d�{[ZulP�5e$q�lPe$S�WPY�oaZ^��UnSskNehlmZ£]a\^]N§©o5qnWPSXe
e�]���\^Y�oNUXefkNeflmZ���\<qXqnd�lmZ[UnWG\<]!k5Z^]aS�lGevS�UXq�ZuWGUXe$Y�e$]-UnS �xLu} �©M
¦�evS%kNe��5¢ e�¢Ne$Y�oalGevS�o5qXdv��dvkNe�]-UnS�Y�\<]<UnqXe$]-U%Á-�5e�lPe$S�Y�\NkNy$lGevS�UXqnWGoalGe�UnS%o&e�qnY�e�UVUne�]-U!kNe�kNdv��qnWGqne�kNe$S

SXW�Un�aZ[UnWG\<]aS£��\^Y�o5lPe�¢Ne$S � Un\^�NU�e�]/��\<]aSXe�qn{cZ^]-U�l@¬ e�¢NWmSrUne�]a��e!kNe�oaqX\N��dvkN�5qne$S£qXdv���5q�SVWP{^evSho>\<�5q£lPe!�$Zulm���5l�kNe$S
o5qn\^_aZ^_5WPlGWGUXdvS�Z�o&\<SVUXe$qXWP\^qnW@M1¦+Z�qne$���5e$qn���ae�kNehY�\NkNy�lPe$S�e$]a��\<qXego5lP�aS�t^d$]5d�q�Zu�N¢�o&\<SnSXd$k5Z^]<Us��e�UVUnegoaqX\<o5qXWPd�Und
Z���\^]akN�aW�UFµ�l@¬ WG]-UnqX\NkN�a��UXWP\^]�kNevSTY�\NkNy$lGevS oaZ^qVUnWGe$lGlPe�Y�e�]-UTY%Z^qXz<\[{-WPe�]>S � o&\^�5qFlGevSXÁ-�5e$lGlPe$STlPZ�SXe��alGe�oaqX\<o5qXWPd�Und
qne$Á-�5WmSVehe$SVUslPZ�Y%Zuqnz^\[{1WmZu]5WGUXdhZ�o>\-SrUne�qnWG\<qXW�kN�`o5qn\N��evSXSX�aS���Z<���5d � �POvL^Ä��¶M

& lP�aSst<d�]5d$qnZ^lGe$Y�e$]-U � lPZ#Un�5d�\<qXWPefkNe$S�Y�\NkNy�lPe$S�t<qnZ^o5�5WmÁ-�5e$S���{<\^WPqs¦+Zu�aqXWGU��$e�]��GOv¯^¯ � ��Y�\^]-UXqnegÁ-�5eflmZ���Zu§
oaZ<��WGUXd�µf��Z^lP���5lPe�q lPe$S³oaqX\<_aZu_5WPlPW�Und$S³k�¬ WG]-Und�q "�UFkNeslP\^WmS³Y#�5l�UnWG{[Z^qXWPd�evS SVo&d$��W��>d�e$S oaZuqTk5e$S³lP\^WmS ��\<]akNWGUXWP\^]5]ae�lPlGevS
UXWPe�]-U�Zu�!�8ZuWGU�Á-��¬ WPl�SX\^WGU�o&\<SnSXWG_5lPehkNeg�8Z^��Un\^qnWPSXe�q�lmZ£oaqX\<_aZu_5WPlPW�Und�)r\<WG]-UXefkNeh{[ZuqnWmZu_5lPe$S�\^_>SVe$qX{<d�e$SF\^�p��Z<���5d�evS
SXe�lP\^]��5]%t^q�Zuo5�ae^M[��l5evSrUTZ^lG\<qnS:o&\<SnSVWP_5lPesk5Zu]aST��e�qXUnZ^WG]>S³��Z^S��8lG\<qnSnÁ-�5eslPest^q�Zuo5�5e�]5e�o&\<SnSXy$kNe�oaZ<S kNes_&\^�a��lGe��
k�¬ d�Une�]akNqne�lGevS¤qnd$���5qnSXWP\^]aS�Zc{cZ^]-UV§�ZuqnqXWPy�qneho>\<�5q�e �&ev��Un�5e�qglPZ!Y%Zuqnt^WP]aZulPWmSXZuUXWP\^] ��W¶M e<M3lGe���Z^lP���5lBk5e$SgkNe�]aSXWGUXd$S
Y%Zuqnt^WP]aZulPe$SAk�¬ WG]-UXd$q�"�U � �[�u¬ e$SVU³l@¬ ZulPt^\<qXWGUX�5Y�e�kNeFoaqX\<oaZut-Z[UXWP\^]�k5e$S:��qn\[b<Z^]a��evS+kNe &:e$Zuqnl ��, �;
 ¾ �1\ � �X¹ �a¼;:-¼[¸¶¾8¹ 
 �
Á-�5WBo>e$qXY�e�UhkNe#�$Zulm���5lPe�q�e�¢5Z^��UXe$Y�e$]-U¤lGevS¤oaqX\<_aZu_5WPlPW�Und$S�Z�o>\-SrUne�qnWG\<qXW¶M&�Fe�UhZulPt^\<qXWGUX�5Y�e£Z�d�UXd#d�Une�]akN�wZu�N¢
t^q�Zuoa�5e$S¤o>\-SXSXd$k5Z^]-UgkNevS�_&\^�>��lPe$SgSV\<�aS¤lPe�]5\^Y kNeP
G¹v¹ ��49, �;
 ¾ �1\ � �X¹ �a¹�:-¼[¸¶¾8¹ 
 � e�Uho&e�qnY�e�Uhk5e�kN\<]5]5e$q��5]ae
e$SVUXWPY%Z[UnWG\<]�kNe$STo5qX\<_aZu_aWGlPW�Und$S³qne$���ae�q����5d�evS:e�]%WGUXd�q�Zu]-UTlPe�o5qn\N��evSXSX�aS kNe¤o5qX\<oaZut-Z[UnWG\<]�)r�aSnÁ-��¬ µ���\<]-{<e�qnt^e$]a��e
�POv¡^¡ �¶Ma¦AZ���\<Y�o5qXd$�5e�]>SVWP\^]`kN�DSX�a����y$Sse$]�o5qnZuUXWmÁ-�5e�kNe���e�U�ZulPt^\<qXWGUX�aY�ehevSrU¤lPe£SX� )re�UgZ^��Un�5e�lAkNe�]5\<Y£_5qne��N¢
kNd${^e�lP\^oao>e$Y�e$]-UnS � �GOc¡<i � }-L��¶M
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� \<�aSfZc{^\<]aSgo5qnd$SXe�]-UXd%k5Z^]aSflmZ!o>ZuqXUXWPe%o5qXdv��dvkNe�]-UXe�lPe$Sfqny�t<lGevShkNe�kNd$��WPSXWP\^] Á-�5e�]5\^�aS��NUXWPlGWmSX\^]aSho&\^�5qSXe�t^Y�e$]<Une�q��5]5ehWPY%Zut^eg\^�!�5]`SVWPt^]aZ^l@Ma�Fe$lGlPe$SV§©��W�SV\<]-U�_aZ<SVd$e$S�SX�5q��5]5ehY�\1k5d�lPWPSnZ[UnWG\<]�o5qn\^_aZ^_5WPlGWmSrUnegk5e$S�\^_5§
SXe�qn{cZuUXWP\^]aS¤e�UhkNe$S�d�U�Z[UnSg��Z<���5d$S¤e�Uh�NUXWPlPWPSXe�]-U�lmZ�lP\^W:kNe

XN
��\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<UhZu�N¢`\^_>SVe$qX{[Z[UnWG\<]aS

YN
M

�gZu]aSFlGeg��Z<kNqXe�kaZu]aSFlGevÁ-�5e�l>]5\^�aSTUXq�Zc{[ZuWPlGlP\^]>S � lPe$S�kNe$]aSVWGUXdvSTZ£o>\-SrUne�qnWG\<qXW p (x |y )
SX\^]-UTWP]a��\<]5]1�5e$STe�U�]5\^�aS

kNe${^\^]>SFk�¬ Zu_&\^q�k�lPe$S�evSrUnWGY�e$q�Zc{[Z^]<U�kNeho>\<�5{^\<WGq�SXe�t^Y�e$]<Une�q��5]5ehSXd�qnWGehk�¬ \^_aSXe�qn{[Z[UXWP\^]>S
y
M�&:\<�5qs��e�UXUXehq�ZuWG§

SX\^] � ]a\^�aSg�8Z^WPSX\^]aShl¶¬ �-b1o&\uUn�5y$SXe�Á-�5e%lGe%oaqX\N��evSXSX�aS YN
��\<�

ZN
�ge$SVU£SrU�Z[UnWG\<]5]aZuWPqne � e�U£Á-�5e%lPe$S£kNe�]aSXWGUXd$S

p (y1, y2 |x1, x2 )
e�U
p (x1, x2)

ZuoaoaZuqXUXWPe�]5]ae�]-Ugµ!kNe$SgY�\NkNy�lPe$S�oaZuq�ZuY�d�UXqnWPÁ-�5evS�M>��lBevSrUfZulP\^q�S�o&\<SnSXWG_5lPe � e�U
�u¬ e$SVUTlPe�_5�NU�kNe¤��e�UVUne¤oaZ^qVUnWGe � k�¬ e$SVUXWPY�e$qF��e$S³oaZ^qnZ^Y�y�UXqne$S³µ�oaZuqXUXWPqTkNevS SVe$�5lPe$S \<_aSXe�qn{cZuUXWP\^]aS y e�UFkNe���Zulm���5§lPe�q¤�a]De$SVUXWPY%Z[UXe$�5q ��
 + : ��¾�
 �8oaZuq�WG] )re$��UnWG\<] ��kNe$S¤o5qX\<_aZu_aWGlPW�Und$S�Z%o>\-SrUne�qnWG\<qXWBk�¬ Zuo5oaZ^qVUne�]aZ^]a��e�Z^�N¢���lmZ^SnSVevS
p̂(xn |y )

e$]w�5UXWPlGWmSXZ^]-U#��evSfe$SVUXWPY%Z[UXWP\^]>S�kNe$S�oaZuq�ZuY�y�UnqXevS�M�¦AZ�SVe$t^Y�e�]-UnZuUXWP\^]wqXdvZulPWPSXd�e%Zc{<e$��lGevSfo5qn\^_aZ^_5WG§
lPW�Und$S

(p̂(xn |y ))1≤n≤N
e$SVU�Zuoao>e$lGd$e£SVe$t^Y�e�]-U�Z[UXWP\^]p]5\<]N§©SX�5o&e�qn{1WPSXd�e � oaZuq¤\^o5o&\<SXW�UnWG\<]�µ%lPZ%SXe�t<Y�e�]-UnZuUXWP\^]

SX�5o>e$qX{1WmSVd$ehe �3e$��Un�5d�e�Zc{<e$��lGevS�{1qnZ^WPS�o5qn\^_aZ^_5WPlGWGUXdvS�M
��lTo&e��5U�oaZ^qnZ[�PUnqXe�k5d�UX\<�5qn]5d�k5Z^]aS�lPe���Z<kNqne�kNe�lmZDSXe�t<Y�e$]-UnZ[UnWG\<] k�¬ �a]5e�WPY%Zut^e � k�¬ e$SVUXWPY�e�q#lGevS£oaZ^qnZu§

Y�y�UnqXevS kNe$S lG\<WPS k�¬ d$Y�WmSnSVWP\^] � ZulP\^q�S³Á<�ae�]5\^�>S³{^\<�5lG\<]aS³SXWGY�o5lPe�Y�e�]-UFZc{<\^WPq:�5]%e$SVUXWPY%Z[UXe$�5qTkNevS³o5qn\^_aZ^_5WPlGWGUXdvS
Z o&\<SVUXe�qnWP\^qnW@MF�Fe�UVUXe�Zuo5o5qn\N���5e�e$SVU�Y�\uUnWG{<d�e�oaZ^q�lPZ o&\<SnSXWG_5WPlPW�Und k�¬ �NUXWPlGWmSXe�q�lPe$S�]5\^Y#_5qXe$�N¢H\<�NUXWPlPS!kNe�lmZ
SVUnZ[UnWPSVUXWmÁ-�5egoaZuq�ZuY�d�UnqXWmÁ-�5e � e�U�kNeg_>d$]5d��&��WPe�qskNegqXdvSV�5lGUnZuUnSTUX�5d$\^qnWPÁ-�5evSToa�5WPSnSnZu]-UnS ��o&\^�5q�l¶¬ evSrUnWGY%ZuUXWP\^] � ]5\^§
UnZ^Y�Y�e$]-U�Z^� SX� )re�U�kN� Y�Zu¢NWGY#�5Y kNep{-q�ZuWmSXe�Y£_alPZ^]a��e�� � 1¡��©M �¤epo5lP�aS � lmZ Y�\NkNd$lGWmSXZuUXWP\^] oaZuq�ZuY�d�UnqXWmÁ-�5e
kN\<]5]5e£kNevS¤qnd$SX�5Y�d$S¤��\^Y�oaZ<��U�S¤kNevS¤��lmZ^SnSXe$S � o>e$qXY�e�UVUnZ^]-UgkNe�lPe$S���Z^qnZ<��UXd$qXWmSXe�qvM>�Fe�o&e�]ak5Z^]-U � lGevS�qnd$SX�5l�U�Z[U�S
kNevS%o5qn\1��d$kN�aqXevS%k�¬ evSrUnWGY%ZuUXWP\^] SV\<]-U�µ Y�Z^]5WPo5�5lPe�q�Zc{<e$�po5qnd$��Z^�NUXWP\^] � oaZuq���e�Á-�5eDl¶¬ evSrUnWGY%ZuUXWP\^] ��\<qXqne$��UXe
kNevS¤oaZ^qnZ^Y�y�UXqne$S¤]�¬ Z^SnSV�5qne�]-U¤o>Z^S¤��\^q���d�Y�e$]<Ug�5]5e�e$SVUXWPY%Z[UXWP\^]���\^qnqne$��Une£kNevS¤o5qn\^_>Zu_5WPlGWGUXdvS�Z�o>\-SrUne�qnWG\<qXW¶Ma��l
e$SVU%kNW ����WGlPe�kNe!qne�lPWPe�q�lPZwÁ-�aZulPW�Und!e�U%lPZ�{[ZuqnWPZ^_5WGlPWGUXd!k5e$S�e$SVUXWPY%Z[UXe$�5q�S�k5e$S�oaZuq�ZuY�y�UXqne$S�kNe$S�lP\^WmS#k�¬ d�Y�WmSr§
SXWG\<] � µ���e�lPlGevS�kNe$S¤e$SVUXWPY%Z[UXe$�5q�S p̂(xn |y )

e�UgkNe$Ssqny�t<lGevS�kNe£SXe�t<Y�e�]-UnZuUXWP\^]`Á<�aW+lPe��5q¤SX\^]-U�Z<SXSX\N��WPd�evS�M�&:\^�aq
��e�UVUne#q�ZuWmSV\<] � ]5\^�aS�]5\<�aS¤WP]-UXd$qXevSXSXe�qn\^]aS�k5Zu]>S¤lPe$Sh���aZ^o5W�UnqXevS�SX�5WP{[Zu]-UnS � µ�l@¬ d$�$ZuqXUge$]-UXqne�UnZ^�N¢Dk�¬ e�qnqXe$�5q�e$]
SXe�t^Y�e$]<U�Z[UnWG\<]!SX�5o>e$qX{1WmSVd$ehe�U�]5\<]N§©SX�5o&e�qn{1WPSXd�e<M

�1W>]5\^�aSTqXe${^e$]5\^]aS³Z^�%o5qn\^_5lPy�Y�e¤SVUnZuUXWmSrUnWPÁ-�5e¤k5e�l@¬ e$SVUXWPY%Z[UnWG\<]�k�¬ �a]5eh��j���Zu§©¨�� ��\<��kNe¤Y%Zu]aWGy$qXest<d�]5d�§
q�ZulPe�k�¬ �a]5e���j��F\ � � ��e�lP�5W�§���WBSV\<qVU�kN�D�$Z^kNqne���lmZ^SnSXWPÁ-�5efkNe�l¶¬ e$SVUXWPY�ZuUXWP\^]`oaZ^qnZ^Y�d�UXqnWPÁ-�5e � e�U¤S$¬ WG]aSn��qnWGU�k5Zu]>S
lmZ�o5qn\^_alGd$Y�ZuUXWmÁ-�5e#kNe�l¶¬ evSrUnWGY%ZuUXWP\^]�k5e$SgY�\1k5y�lPe$Shµ�kN\<]5]5d$e$SgY%Zu]aÁ-�aZ^]<Une$S ��\<�wµ�{cZ^qXWmZu_alGe�lPZuUXe$]<Une�� � Á-�5W
]�¬ e$SVU�oaZ^SfSnZu]>Sho>\-SVe$q�kNe$SfoaqX\<_5lGy$Y�e$SgUX�ad�\^qnWmÁ<�ae$She�U�oaqnZuUXWmÁ<�ae$ShWPY�o&\^qXUnZ^]-UnS$M#�1WTkNe$o5�5WmSflGevSgUXq�Zc{[Zu�N¢�k5e

�-¡
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¨�Zu�5Y�e�U�&Be�UXqnWGe��PO$� � � lPZ#Y�d�Un�5\NkNefkN�!Y%Zu¢1WPY£�aY kNeh{-q�ZuWmSXe�Y£_alPZ^]a��e�e$SVU�lmZuqnt^e$Y�e$]-UF�NUnWGlPWPSXd�eho&\^�5q�l¶¬ evSrUnW�§
Y%Z[UnWG\<]!kNevST]5\<Y£_5qne��5¢�Y�\NkNy$lGevSFkNehjDZ^qXz<\[{��$Z^���5dvS o5qn\^o&\<SXd$S�kNe�oa�5WPS�lPe$S�Zu]5]ad�e$S�Ä^¯ � � ��e�]�¬ e$SVU�Á-��¬ Z^SnSVe �
qnd$��e$Y�Y�e$]-U¤Á<�+¬ \<]<U�d�UXdfY�\^]-UnqXd$e$S�lPe$S�_&\^]a]5e$SsoaqX\<o5qXWPd�Und$SskNe���e�U¤evSrUnWGY%ZuUXe��aq�k5Zu]aS��5]D��\<]<Une�¢1UXeft<d�]5d$qnZ^l
��{<\^WPq � �<L���o&\^�5qF�5]�o>Zu]5\<qnZ^Y�Zfk5e$SFqXdv��e�]-U�S qnd$SX�5l�U�Z[U�STe$]�WG]5��d�qne�]a��e�kNevS���j���Z ��M-��l3]�¬ e$]�qne$SVUXe¤o>Z^S Y�\<WG]aS
Á-�5eflmZ�qXev���5e�q����5ehkN��Y%Z[¢NWGY#�5Y¥t<lG\<_aZul�k5eflPZ�{1q�ZuWmSVe$Y£_5lmZu]a��ef��\^]>SrUnW�Un�5ef�5]5efqnd�e$lGlPe�kNW �%���5lGUXd£µ�lmZ^Á-�5e$lGlPe
kNevS�SV\<lG�5UXWP\^]aS%o>ZuqXUXWPe�lPlGevS�\^]-U�d�Und�o5qn\^o&\<SXd�e$S � oaZ^qXY�W�lPe$SnÁ-�5e�lPlGevS%l¶¬ Z^lGt<\^qnW�Un�5Y�epQFj e�U!SXe$S%]a\^Y£_aqXe$�aSVevS
{[ZuqnWPZ^]-UXe$S$M

&³Zuq�ZulPlGy$lGe$Y�e�]-U � lGe kNd${^e$lG\<o5o>e$Y�e�]-U`k5e�Y�d�Un�5\NkNe$S�k�¬ dv���aZu]-UXWPlPlG\<]5]aZut<e o&e�qX��\^qnY%Zu]-UXevS�e�U �>e�¢NWG_alGevS �
j���j���e�Updv���aZu]-UnWGlPlG\<]5]aZ^t^eDk�¬ WGY�o&\^qXUnZ^]a��e ��� � �a¹%��¸�¼ 
&º � ·3¼�� � 
 ¾�
�: � �PO$�<« � � j�\<]<Une ��Z^qXlP\/SVevÁ-�5e�]-UXWPe�l
� Ä^¯ � � o>e$qXY�e�U¤µ#l¶¬ Zuo5o5qn\N���5e¤_>Zcb^d$SXWPe�]5]5ehkNeg��\^�aqX]5WPqs�5]pe$SVUXWPY%Z[UXe$�5q�k5Z^]aS�lGef�$Z^kNqnegk5egY�\NkNy$lGevS�UXqny$Ss��\<Y�§
o5lPe�¢Ne$S � e�U£SXe%o5q "�Une�o>ZuqXUXWm���5lPWGy$qXe$Y�e�]-Uf_5WGe$] µ!l¶¬ WG]N��d$qXe$]a��e�k5e$S�jDjw��Z5M���e%o5lG�>S � lPe%]5\<Y£_5qne%kNe%��lmZ^SnSVevS
o&e��NU "�UXqne%e$SVUXWPY�d���\^] )r\^WP]<Une�Y�e�]-U�Zu�5¢�oaZ^qnZ^Y�y�UXqne$ShkN� Y�\NkNy�lPe�t^q#�^��e�Z^�N¢����aZ[�m]ae$S�kNe�j Zuqnz^\[{�j�\^]-Une
��ZuqnlP\£µ£SnZu�NU�qnd�{^e$qnSXWP_5lGe ��� �;� �-��½�¾1,;
���� + � � � ¼����^¹��Y�+»5¼u¾�
 � ¹ 
>¸��F� ¼���
G¹#\^� ���<j���jw� � WP]-UXqn\1k5�5W�U�oaZ^q
	gqne�e�]�k5Z^]aS � «^¯ � � � e�]���\<]aSVWmkNd$qnZ^]<Uso5lP�aSXWGe$�5q�S�Y�\NkNy$lGevSse�U�e�] �VSnZu�5UnZu]-U��hkNefl¶¬ �a]`µ�l¶¬ Zu�NUnqXe �PO$�<Ä��¶M&ÀAWP]aZ^lGe�§
Y�e�]-U � l¶¬ e$SVUXWPY�ZuUXWP\^]�_aZcb^dvSVWPe�]5]ae#e$]�SXe�t^Y�e$]<U�Z[UnWG\<]�SVUnZ[UnWPSVUXWmÁ-�5e�kN\^]5]ae�k5e$SgY�d�UX�a\1k5e$Sht^lP\^_>ZulPe$SgÁ<�ae#l¶¬ \<]
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¦�e o5qX\N��e$SnSV�aS���Z^���ad
X = (Xn)n≥1

e$SVU��5]5ew���aZc� ]5e k5e jDZuqnz^\[{ SrU�Z[UXWP\^]a]aZuWPqXe � kN\<]<UplPZ/Y�ZuUXqnWP��e
kNe�UXq�Zu]aSXW�UnWG\<] e$SVU#]5\^UXd$e

A
M � \^�aS#SV�5oao>\-SV\<]aS£Á-��¬ e�lPlGepZ^kNY�e�U#�5]5ep�5]5WmÁ-�5e�lP\^W�SVUnZ[UnWG\<]5]aZ^WGqne π ∈ S \��

S =
{

(πi)1≤i≤K ∈ � K ∣∣∣∑K
i=1 πi = 1, 0 ≤ πi ≤ 1

} M
¦�e�o5qn\N��evSXSnSV�>Sgk5e$Sf\<_aSVe$qX{[ZuUXWP\^]aSge$SVUf]5\uUnd

Y = (Yn)n≥1
e�U�]5\^�>S�SV�ao5o>\-SV\<]aShÁ-�5e����aZ^Á-�5e%kNe$]aSXW�Und

p(y1 |x1 = k )
Z^o5oaZuqXUXWPe�]-U!µ/�5] Y�\NkNy�lPeDoaZ^qnZ^Y�d�UXqnWPÁ-�5e {f(y, θk), θk ∈ Θk} , k = 1..K

M�¦�eDY�\NkNy$lGe
��j���Zu§©¨���e$SVU�oaZuq�ZuY�d�UXqnd�oaZuq�lPe {<e$��UXe��aq�kNeDoaZ^qnZ^Y�y�UXqne$S

φ = (A, θ = (θk)1≤k≤K)
Zuo5o>ZuqXUXe�]>Zu]-U�µ

l¶¬ evSVoaZ<��e
Φ = SK×Θ1×· · ·×ΘK

M � \^�aSASV�5oao>\-SV\<]aS�Á-�5e lPe$S+e$SXoaZ^��e$S Θk
SX\^]-U+kNevS�oaZ^qVUnWGevS+kNe�� dk , dk ≥ 1

M
�gZu]aS�lmZ£Á-�aZ^SXWG§@Un\uUnZ^lGWGUXdgkNe$S�Zuoao5lGWm��ZuUXWP\^]aSTUXq�ZuWGUXd$e$SFoaZuq�lmZ#SX�5WGUXe � Un\^�NUne$SFlGevSFlP\^WmS�Zuo5oaZ^qVUnWGe$]5]5e$]<U�Zu�!Y�"$Y�e
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SXb1SVUXy$Y�e�kNe &:e$Zuq�SX\^] � P � ��egÁ-�5W&o>e$qXY�e�U�kNehSXd�lPe$��UnWG\<]5]5e$qFlPe¤Y�\NkNy�lPeglGego5lP�aS�Z^k5Z^oNUXdg��\^] )r\^WP]<Une�Y�e�]-U�µ�lmZo5�aZ<SVe�k�¬ e$SVUXWPY%Z[UXWP\^]+M�ÀAWP]aZ^lGe$Y�e$]-U � Y evSrUf�5]wo5qn\1��e$SnSV�>SgSVUnZuUXWP\^]5]>ZuWPqXe£UXe�l Á-�5e�lmZ!k5e�]aSXW�Und%kNe

Yn
SV\<W�UhlPe

Y�d�lmZu]5t<ehoaZuq�ZuY�d�UnqXWmÁ-�5e
p (yn, φ) =

K∑

k=1

πkf(yn, θk)
�8�aMGO��

e�UgkN\^]-U¤lmZ%SrUnqX�>��UX�aqXe�kNe#kNd�o&e�]akaZu]a��e�e$SVU�kNdv��qnW�UnefoaZuq�lmZ%Y%Z[UnqXWm��e
A
M � \^�aSs]a\uUX\<]aS p (yn, φ)

lmZ�kNe$]aSXW�Und
kNe

Yn = (Y1, . . . , Yn)
d�t-ZulPehµ

p (yn, φ) =
∑

x1,...,xN

πx1f(y1, θx1)

N∏

i=2

axi−1xif(yi, θxi)
�8�aM L �

¦�e�Y�\NkNy�lPe���j���Zu§©¨���evSrU:kN\^]a�F�5]#o5qX\<lG\<]5t^e$Y�e�]-UAZu�#��Z^SBkNd$o>e$]ak5Zu]-U³kN�£Y�\NkNy$lGe�SrU�Z[UnWPSVUXWmÁ-�5eFkNe�Y�d�lmZu]5t<e
�NUnWGlPWPSXdfo&\^�5qslmZ���lmZ^SnSVWG�>��ZuUXWP\^]pkNe�kN\^]a]5d�evS�WG]ak5d�o&e�]ak5Z^]-UXe$S$M

�	# " # " � �� �
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¦+Z£kNd�Y�\^]>SrUnqnZuUXWP\^]�kNeg¦�e$qX\<�N¢�kNe¤lmZ£��\^]aSXWPSVUnZ^]a��e¤��\^qXUXe � kNe�l@¬ QTj�² SX�5W�U�lmZ£SVUXq�Z[UXd$t^WPe�e�]�UXqn\^WmS d�UnZuo&e$SkNe # Zulmk � �POv¡u¯!� �
O<M��F\^]1{^e$qXt<e�]a��e�kNe¤lPZhlP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��eF]a\^qnY�Z^lGWmSXd�e 1

n log (p(Yn, φ))
{^e�q�S:�5]5e���\^]a��UXWP\^]

λ(φ) � Pφ0o5qXevSXÁ-�5e�§©S��5qne�Y�e�]-U��
φ0
e$SVU�lPeg{1q�ZuW�oaZ^qnZ^Y�y�UXqne�� �

L5Ms²¤d�qnWG�>��ZuUXWP\^]!Á-�5e���e�UXUXeh��\^]>��UXWP\^]plPWGY�WGUXe
λ
evSrU��5]���\^]-UXq�Z^SVUXe � W¶M e^M5{<d�qnW��ae

λ(φ) ≤ λ(φ0)
e�U (

λ(φ) = λ(φ0) =⇒ φ = φ0

)
;
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�aM��F\^]1{^e$qXt<e�]a��e�kN�`Y%Z[¢NWPY£�5Y¥k5e 1

n log (p(Yn, φ))
{^e$qnS���e�lP�5W+kNe

λ � W¶M e<M

lim
n→∞

Zuqnt
max
φ

( 1

n
log (p(Yn, φ))

)
=
Z^qXt

max
φ

λ(φ)

� \<�aS%kNd${^e�lP\^oao>\<]aS�k5Zu]aS���e�UVUneDSVev��UnWG\<]HlPe$S��1b1o>\^UX�5yvSVevS%kNe�¦�e�qn\^�5¢HÁ<�aWso>e$qXY�e�UXUXe$]<U�l¶¬ Zu_&\^�NUnWPSnSVe$Y�e�]-UkNe ��eDo5lmZu] � e�] kN\<]5]aZu]-U � lG\<qnSnÁ-�5eD�u¬ e$SVU�lPe ��Z<S � �5]5e�UnqnZ<kN�a��UnWG\<] o5qnZuUXWmÁ-�5eDkNeDlmZ oaZ[Un�5\^lP\^t<WGeDÁ-�5e�lPe$S
�1b1o>\^UX�5yvSVevSs���5e�q����5e�]-Usµ�d�{1W�Une�q�o&\^�aqst<Zuq�Zu]-UnWGq�lGef_&\^]`��\<Y�o>\<qVUne�Y�e�]-U�kNefl¶¬ QTjD²£M
¦ ¬ Z^�$��\<Y�oalGWmSXSXe�Y�e$]<U�kNe l@¬ d�U�Zuo&e/ODqne�o&\<SXe`SX�5q!lPZ o5qn\^oaqXWPd�UndDk�¬ e$qXt<\NkNWP��W�Und � kN� oaqX\N��evSXSX�aS

Y � ZuWP]aSXWÁ-�5e£SX�5q�l¶¬ e�¢NWPSVUXe$]a��e£k5e£��e$qVU�ZuWP]aS�Y�\^Y�e$]<U�S�Á-�5W+o&e�qnY�e�UXUXe�]-Uhk�¬ d�UXe$]akNqne�lPZ�o5qX\<o5qnWGd�UXd�kNe£��\^]1{^e$qXt<e�]a��egZ^�
o5qn\N��e$SnSX�aSskNe�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��e

log p(Yn)
M&¦ ¬ e�qnt^\NkNWm��WGUXdfkN��o5qn\N��e$SnSX�aS

Y
k5d$��\<�5lPe�kNe�l¶¬ e$qXt<\1k5WP��W�Und�kN�

o5qn\N��e$SnSX�aS���Z^���ad
X
�ao>\<�5q���e$lPZ � \^]�SV�ao5o>\-SVefÁ-�5eflmZ�Y�ZuUXqnWP��e A evSrU�WPqnqXdvkN�a��UnWG_alGe��8���rMaZu]a]5e�¢Ne£� ����e�Á-�5WWPY�oalGWmÁ-�5e�Á-�5e�lGe�o5qn\N��e$SnSX�aS

X
evSrU³o&\<SXW�UnW��3qnd$���aqXqne�]-U$McQ ]�oaZ^qVUnWP���5lPWGe$q � ��e$lPZgWPY�o>\-SVesÁ-�5e�lPZglP\^WNSVUnZ[UnWG\<]5]aZ^WGqne

π
���aZuqnt^e�UX\<�aSslPe$Ssd�UnZuUnS�� ∀k, πk > 0

� � e�UgkN\^]a�fÁ-�5eflPef]5\<Y£_5qne�k�¬ d�UnZuUnS K SX\^WGU¤��\<qXqne$��U$M�&:\^�aq�Zc{^\^WPq�lPZ
��\<]1{^e�qnt^e$]a��e�o5qne$SnÁ<�ae�§�S �5qnehkNehlPZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��e�]5\<qXY%ZulPWmSVd$e � ¦�e$qX\<�N¢�SV�ao5o>\-SVe�Z^�aSnSVW�Á-�5e��

� ∀k ≤ K, Eφ0 [|log(f(Y1, θk))|] <∞ � \�� φ0
e$SVU�lGef{1q�ZuW3oaZuq�ZuY�y�UXqne �

� ∀θk ∈ Θk, ∃δ > 0, Eφ0

[
sup‖θk−θ′k‖<δ

(
log(f(Y1, θ

′

k))
)+
]
<∞ � \�� x+ = max(0, x)

M

¦ ¬ d�U�Zuo&ehL£��\<]aSVWmSVUXe�µ£Y�\^]-UXqne�q�Á<�ae¤lmZ���\<]a��UnWG\<]�lGWPY�W�Une
λ
evSrU��5]5ehkNWP{^e�qnt^e$]a��e�kNe � �5lPlP_aZ^��z-§�¦�e�WP_5lPe�qFe�]-UXqne

kNevS#lP\^WmS�kNepo5qX\N��e$SnSV�aS$M:¦+Z�o>\-SXSXWG_aWGlPW�Undpk5e`��\^]a��lG�aqXepÁ<�ae
λ(φ) = λ(φ0) =⇒ φ = φ0

qXe$o>\-SVe`ZulP\^q�S
SX�5qfl@¬ WmkNe�]-UXWG�>Z^_5WGlPWGUXd%kN�wY�\NkNy$lGe%o>Zuq�ZuY�d�UnqXWmÁ-�5e � W@M e^M�l¶¬ WG] )rev��UnWG{1WGUXd�kNe%lmZ�o>Zuq�ZuY�d�UnqXWmSXZuUXWP\^]���SXW p(y, φ) =

p(y, φ0)
o5qXevSXÁ-�5e�§©S��5qne�Y�e�]-U:ZulP\^q�S

φ = φ0
�
p(y, φ0)

e$SVU³lPZgkNe$]aSVWGUXdskN�#o5qn\1��e$SnSV�>S
Y
��Mu¦ ¬ WPkNe$]-UXWG�>Zu_5WPlPW�Und�k5e

lmZ�lP\^WNkN�£oaqX\N��evSXSX�aS
Y
kNd$��\^�5lPeFkNe�l¶¬ WmkNe�]-UnW��>Z^_5WPlGWGUXd�kN�£Y�d$lPZ^]5t^e �8�5MPO�� � t^q#�^��eFµ��5]#qXdvSV�5lGUnZuUBkNe � e�Wm���5e�q:SV�aql¶¬ WmkNe�]-UnW��>Z^_5WPlGWGUXd�kNe$S¤o5qX\NkN�aW�U�S¤kNe#Y�d$lPZ^]5t^e�k5e£lP\^WmS �GO$<« �©M3�Fe$o>e$]ak5Z^]<Ugl@¬ WmkNe�]-UXWG�>Z^_5WGlPWGUXd#k�¬ �5]�Y�d$lPZ^]5t^e�]ae

o&e��NU�"�UXqnehk5d��a]5WPefÁ-��¬ µ��5]aego&e�qnY£�5UnZ[UnWG\<]!oaqXyvS�k5e$Ss��lmZ^SnSXe$S � Y%Z^WPSs��e�UVUnefkNW �����5l�Undfo>e$�NU�"�UnqXef��\^]-UX\<�5qX]ad�e
e�]#��\^]>SVWmkNd�q�Zu]-U+lmZ���\^]1{^e$qXt<e�]a��e kNeTl¶¬ QFj�² Y�\NkN�5lP\�lmZ�qne�lmZ[UnWG\<]�k�¬ dvÁ-�5WG{[Z^lGe$]a��e�kNeTo&e�qnY£�NU�Z[UnWG\<]aS+k�¬ WP]akNWm��e$S
kNevS�oaZuq�ZuY�y�UnqXevS�M1��l�evSrU¤k5\^]a�hSX�5o5o&\<SXdgl¶¬ WPkNe$]-UXWG�>Zu_5WPlPW�Undh��\^qXUXefkN�`Y�\1k5y�lPe � kNd��a]5WPefoaZuq

K∑

k=1

πkf(y, θk) =

K∑

k=1

π
′

kf(y, θ
′

k) µ− o>S =⇒ ∀k ≤ K, πk = π
′

k

e�U
θk = θ

′

k

�8�aM � �

��*1./45Ìc��IB*`��� ' �@�H� @/G ¾�
#�[¼%��¾8¼ 
3º � �a¼%� ��-� � + ¸�¼[¸¶¾8¹ 
?7 ��½h¾�
�7[¾8º ��½K7 � 
P¼F
G¹[¾ 7 + � �X¹vº ��½�½ + ½ �a¹c½��#¼ + ½�½�¾"7 ��½
���n¹W,;
C5�� ��½	7<¼ 
5½ 
G¼P� ��º�»	�;�Xºn»� 
 + �FB;��¾1> + �	7 + �%¼��<¾�� + � 7 �F� �X¼u¾m½����	,-
G¼�
&º � 0Q@/G ¾�
#�[¼%��¾8¼�
&º �%½�¾ : 
a¾ . � > + �

&¹ + ½¤¼%�[¹ 
5½ K!

�%¼��<¾��%¼M:W
G¹,n¼ + �	7 �M
G¼K
G¹ :��$� �X¼[¾m½����F,;
G¼�
&º � ��¸ 
3¹ 
 � 
 + ½ + 
%½�� + 
JX6
G¹%��½;> + G ¾3
 ��
 � �<¾m½�¸�� + 
�^ �º �D> + ¾ ��
wº�¹ � ��
 ¾1> + � 
G¼ � ��ºn»�-�Xº�»	� ��
 � �X¼[¸¶¾1> + � 0 � 
 ��� ��¸
�
�a¹ + � ��B�½�¹ + 7%� �K
 ��½KB > + ¼u¸@¾8¹�
5½ 
&¹�� ��¼�
���½D7WB]. �


a¾m½�½�¼ 
>¸ 
�G � � �
�

3¹ + ½�½�¹ � � ��½¤¼ � ��
 B�½M[�º�¹ 
a½�¸Z� + ¾3� �M7 ��½s½ + ¾ ¸ ��½ 7JG ��½�¸¶¾���¼u¸@¾8¹�
97 ��½ �5¼��X¼ �	5�¸Z� ��½ > + ¾A¼��FB��


 ¾8¹�� ��
>¸ ��
 �%¹%4 ��

 � 
P¼P� �X¼u¾m½����	,-
P¼ 
&º � 7 � 
�G B�ºn»a¼ 
>¸@¾3
3
G¹�
 X��5¼�� � � ��� ��
��%¼�� ��º 
�G B�º�»5¼�
a¸¶¾3
3
G¹ 
 
&¼;: � � � � �
�a¹ + �F
�G ��½�¸¶¾��%¼[¸¶¾8¹ 
 ,n¼�4WB�½�¾ ��

 �$^ �

��¸ 
�G ¹�
 ��½�½�¼�4 �%½�¹ + � ��
a¸ 7�G ¼ �	B;
 ¾8¹%� �;�Y
P¼ ��� Bnº�¾m½�¾8¹ 
 7 �Y
�G ��½�¸¶¾���¼u¸�� + � ��

�%¹%4 ��

&¼�
a¸�½ + �K
���½ 7 �-� 
>¾15-� ��½£¾ ¸$B-�n¼[¸¶¾8¹ 
5½�ºn¹�
5½�¾17WB;��B ��½ ���n¹$º�»	��½ 7�G + 
 �%¼��<¾�� + �F0�@+¼ � + 
 ¸@¾ � 
 ¾8º�¼[¸¶¾8¹ 
 7 ��½
�%¼��<¾���¼Y� ��
�7pº ��¸¶¸���¹ �#B;�X¼[¸¶¾8¹ 
 �a¹[¸ ��
>¸@¾ �;
3
���� ��
a¸ 7^¼�
�: �-� � + ½�� �

º�¼%�/
P¼ �%¹%4 ��

>¾m½�¼[¸¶¾8¹ 
 �	� + ¸A7^¹ 
 
 �;�#¼%
P¹%��½
+ 
 ��½�¸¶¾��%¼[¸ � + �". 
3¼%
3½�¹ + ½ �V¹ �&¸¶¾���¼�
�½�¾ ¸ + B ��
>¸]� �K7 � + � �%¼��<¾��%¼ 7 �K
G¼F
G¹ : �$� �X¼u¾m½����	,-
P¼ 
&º � 0 � � �a»�B�
&¹��F5�
 �

��� E�4 &
Y = (Yn)n∈ � : (Ω,A, P ) −→ (Y � ,B(Y � ))

�87 (8:'E>?
6
2)2'�82H23&)AD&34KE�787�A#4K:'6 6F&
T
M�� E�( "
:3AD&)6 �8:HC@6 C#"
?�A#M A! �6 2'�8:

(Y � ,B(Y � )) � &)6
M + �@6 2)4 y = (yn)n∈ � ∈ Y � � 78E��821A 
@4KE�7@2 T (y) = (yn+1)n∈ �
0���E��82�78E#&3E�782

I =
˘
A |T−1(A) = A

¯
M A &3:'4KI#� C86
2 4K7 �#A#:34 A#7L&32 C86

T � 6
& J = Y−1(I)
M A &):'4KI#� 4KG�A! �6L0�� 6�(8:'E�?�6
232 �82

Y
6
2'& 6
:� �E>C@4 + �86 234!M A &3:'4KI#�

J
6�2'&

&36�MKMK6 + �86 B ∈ J =⇒ P (B) = 0
E��

1
0 � 6
?�4!4KGH(8MK4 + �@6�A#MKE�:32 MK6 &3%#"
E�:'$
GH6 6
:' �E�C84 + �86 C86� 4K: ��E � + �84 A��H:'GH6 + �86

1
n

Pn
k=1 f(Yk) −→ E [f(Y1)] P

� (8:'6
2 + �86 � 2 �@:36
GH6
7�& �;6F& A!�82)234�C�A#7@2 L1 � � ( E��8: &)E��>&�9;E�78?F&34KE�7 f
GH6
2'�8:)A#I@MK6!6F&�4K7�&'"  �:)A#I8MK6�0



<¯ ������� � � ��� � � �����������������	 �#� ����� �������  �
	��� � � � �

¾�� �5¹[½��Y7^¹ 
3º	7 � �%B-��¾ . �-� 
���½ �v¹ 
 ��½ 7<¼ 
5½D
���½;> + �-
 ½ B-�[¹%
 + �F
�G ¼%
 :<¹���¾ ¸ » � ��7�G ��½�¸¶¾��%¼[¸¶¾8¹ 
�0 � � ���X¹,-
 5�� � ��½�¸
¾�
a¸Z��¾�
5½;5 > + �£¼ + � �%¹ 75-
���½D7 � �	B-
G¼�
�: �

�
��¸s¼ � �5¼��X¼�� ¸ � ��� �/
P¹%��½;> + G ¾3
 
 G 4�¼ �a¼c½K7 � ��¼ �<¾���¼Y
G¹vºn¼ + �I0

Q ]N�>] � lPZpkNd�Y�\<]aSrUnqnZuUXWP\^] k5e#lmZ�UnqX\<WPSXWPy�Y�e£d�UnZuo&e�qXe$o>\-SVe�kNe#Y%Z^]5WGy$qXe#e$SnSVe$]-UXWPe�lPlGe�SV�5qhlPe$S�o5qn\^o5qnWGd�UXdvS
kNe���\^]-UXWP]1�5WGUXd%e�]

θ
k5e$S�kNe$]aSXW�Und$S

f(y, θ) � e�U#kNe���\^Y�oaZ<��WGUXd�kNe%l¶¬ evSVo>Z^��e�k5e$S�o>Zuq�ZuY�y�UnqXevS Φ
MAQ ] e �3e�U �

l¶¬ e�¢1WmSVUXe�]>��e k�¬ �5] Y%Z[¢NWPY£�5Y kNeDlmZ lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��e
φ̂n

o&\^�5q�UX\^�5U
n
e$SVU�t<Z^qnZ^]<UnWGe�SXW¤lPe$S!kNe�]aSXWGUXd$S

kNevShlG\<WPSfk�¬ d�Y�WmSXSXWP\^] ��e�U£kN\^]a��lmZp{-q�ZuWmSXe�Y£_alPZ^]a��e��¤SX\^]-U���\<]<UnWG]1�5evShe�U£Á-�5e�l¶¬ evSVoaZ<��e%kNevShoaZuq�ZuY�y�UnqXevSge$SVU
��\<Y�oaZ^��U��uM[¦AZ¤]5dv��evSXSXW�Und�k5e�l¶¬ �-b1o&\uUn�5y$SXe�k5e���\^Y�oaZ^��W�UndFevSrU³WPlGlP�aSVUXqnd�e�oaZuq:l¶¬ e�¢Ne�Y�o5lPe���lPZ<SXSXWPÁ-�5e �8kN\<]5]5d�oaZ^q
�s\<_>e$qVU�kaZu]aS �PO$�1i � �¤k�¬ �5]�Y�d�lmZu]5t<e�kNe�lP\^WmSs]5\^qnY%ZulPe$S � oaZuq�ZuY�d�UXqnd�e$S�o>Zuq�lPe$S¤Y�\[b<e�]5]ae$S�e�U�lGevS�{[ZuqnWPZ^]a��evS
(mi, σ

2
i )
M �1W3]5\^�>STo5qne�]a\^]aS

Θ =
� × � +∗ � lmZ�{1q�ZuWmSVe$Y£_5lmZu]>��e¤�$Zulm���5lPd�egZc{^e$�¤�5]�dv���aZu]-UnWGlPlG\<] (y1, . . . , yN )]�¬ e$SVU#oaZ<S£_&\^qn]5d$e!SX�5o>d$qXWPe��aqXe$Y�e$]-U � ��e!Á-�5epl@¬ \^]Ho>e$�NU�{<\^WPq£e$]/o5qne�]aZ^]<U#o>\<�5q m1 = y1

e�U#e$]/�8ZuWmSnZu]-U
UXe$]akNqne

σ2
1

{^e�q�S
0
M>��lAe$SVUgkN\<]a�f]5dv��e$SnSnZuWPqXe�k5Z^]aSg��e£�$Z^S¤k5e£_&\^qn]5e�q�e�UgkNe£��e�qnY�e�q¤l¶¬ e$SXoaZ^��e£kNe$S�{[ZuqnWPZ^]a��evS

e�]�e�¢5��lP�aZu]-U
0
M&�¤efY "�Y�e�o&\^�aq�lGevSso5qn\^o&\^qXUXWP\^]aS � WPl��8Zu�5U�SVeflPWPY�WGUXe$q¤µ��5]D��\^Y�oaZ^��UJ�rlP\^WP] ��kNe$S�_>\<qnk5S�k5�

SXWGY�o5lPe�¢Ne S o5�5WmSnÁ<�ae%]5\^�aS£��\^]>SVWmkNd�qn\^]>Sgk5e$S�Y�d$lPZ^]5t^evSfkN\^]-U�lPe$Sfo5qn\^o&\^qXUXWP\^]>SgSX\^]-UfUn\^�NUne$S�SVUXqnWP��UXe$Y�e$]-U
o&\<SXW�UnWG{<e$S$M>±�WP]aSXW � e�]�Un\^�NUne�qnWGt<�5e��5q � lmZ%qne$���5e$qn���5efkN� Y�Zu¢NWGY#�5Y�k5e�lPZ�lG\<tu§©{-q�ZuWmSXe�Y£_alPZ^]a��ehkN\^WGUgSXef�8Z^WGqne
SX\^�aS���\^]-UXq�ZuWP]-UXe�k�¬ ZuoaoaZuqXUXe$]aZu]a��efµ%�5]D��\<Y�oaZ^��U¤��\^]1{<e�]aZ^_5lGe$Y�e�]-U¤kNd��>]5WASXe�lP\^]`lPefUrb1o>e£k5e�Y�\1k5y�lPe^MaQT]
o5q�Z[UnWPÁ-�5e � ��e�UXUXehY%Z[¢NWPY�WmSnZ[UXWP\^]pe$SVU��8ZuWGUXefSnZu]aSs��\^]-UXq�ZuWP]-UXe � e�U�lPe$S1�XSX\^lP�NUXWP\^]aSsk5WG{<e�qnt^e�]-Une$S
��SV\<]<U�d$�$ZuqXUXd$e$S$M
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 �! � �  ����� � � �� � � �� � � ��� ���� � � � �

¦�evS�UXev���5]5WmÁ<�ae$S�kNe�k5d�Y�\^]aSVUXq�Z[UnWG\<]!�5UXWPlGWmSVd$e$Sso>Zuq�j�e${^e�l �GO<OvL�� � e�U�t<d�]5d$qnZ^lGWmSXd�e$S�oaZ^q��¤\<�a�he�UgjDZ[UnWPZ<S
\^]-Uho>e$qXY�WmS�k5e£UnqnZ^W�Une�qglGe���Z<S�kNevSgY�\NkNy$lGevS���j���Z[§�¨��s]5\^]N§�SVUnZ[UnWG\<]5]aZ^WGqne$S��8W@M e^M

P (X1) 6= π
� � ZuWP]aSXWBÁ-�5e

��e$lG�aWA\���l@¬ e$SXoaZ^��e£k�¬ d�U�Z[UnS�e$SVUgSXe��alGe$Y�e$]-U���\<Y�o>Z^��UvM��Fe�UVUne£t^d$]5d�q�ZulPWmSXZuUXWP\^]�)r�aSrUnW��>e�kN\<]a�fl¶¬ �5UXWPlGWmSXZuUXWP\^] k5e
l¶¬ evSrUnWGY%Z[Une��5q#kN� Y�Zu¢NWGY#�5Y°kNe%{1q�ZuWmSVe$Y£_5lmZu]>��e�k5Zu]aS�lGevSfY�\1k5y�lPe$Sfµ`e$SXoaZ<��e$Sfk�¬ d�UnZ[U�S���\<]-UXWP]-�>S � ��e$qXY�d$S
e�Uh_&\^qn]5d$S �8SXWB]a\^�aSgSV\<Y�Y�evS¤k5Z^]aS � d �se�Ugo>Z^SgSVe$�5lGe$Y�e�]-U¤�a]aWPS$M+�Fe�o&e�]ak5Z^]-U � lGevS¤Y�\NkNy�lPe$Sg��\<�5q�ZuY�Y�e�]-U
�NUnWGlPWPSXd$STe�]�SVUnZuUXWmSrUnWPÁ-�5e¤e�UTUnqnZ^W�Une�Y�e�]-UFk5��SVWPt^]aZ^l �8]5\uU�ZuY�Y�e�]-UFk5Z^]aS lPe���\^]-UXe�¢-Une�kN�%�alGUXq�Zut<e�kNe � Z^lGY%Z^] �
\^]-U�kNevSse$SXoaZ^��e$S�k�¬ d�U�Z[UnS�]5\^]N§©_&\^qn]5d�evS � ��efÁ-�5W�lPWPY�WGUXeflmZ�o>\<qVUnd�eho5q�Z[UnWPÁ-�5efkNe���e$S�qnd$SX�5l�U�Z[U�S�M
¦�evS³��\<]aSVWmSVUnZu]>��e$SA��\<qVUne�e�U³�8ZuWP_5lPe�kNe�l@¬ QTj�² \<]-U:oa��"�UXqne�Y�\<]-UXqnd�e$S:o&\^�aq³lGevS:o5qX\N��e$SnSV�aS³Z^�NUX\<qXd$t^qne$SnSVWG�8S

µ�_aZ^Sn���alGe$Y�e$]-U �8{^\<WGqs��\^�a� � j�\^�5lPWP]5e$S�e�U��sbNkNe�] � �x¡u}&� � � Á-�5W�]�¬ Zuo5o>ZuqXUXWPe�]5]5e$]-U�o5lP�aS�µ�lmZ���lmZ^SnSVehkNe$S�oaqX\^§
��evSXSX�aS���jw��Z[§�¨F� �alPe�o5qn\N��evSXSX�aS�kNevS�\<_aSVe$qX{[ZuUXWP\^]aS�evSrU¤�a]5e£���aZ[�m]5e#kNe£jDZ^qXz<\[{���\<]akNWGUXWP\^]5]5e$lGlPe�Y�e$]<U¤Z^�
o5qn\N��e$SnSX�aS³kNe$S d�UnZuUnS$M-�Fe$S Y�\NkNy$lGevS SX\^]-U �NUXWPlPWPSXd$S³e$]-UXqne�Zu�NUnqXevS:e�]%d$��\^]5\<Y�d�UXqnWPe � «<¡ � � Z^WG]>SVWaÁ-��¬ e�]���\^]-UXq��^lPe
Z^kaZuoNU�Z[UXWG� � Ä5O � � e�U�e�]�SX�5WG{1W�kNefY�\<�5{^e$Y�e$]-U � �^Ä!�¶M5��lmS�SX\^]-UsoaZuq�ZuY�d�UXqnd$S�kNehlPZ�Y%Z^]5WGy$qXehSX�5WG{[Z^]<Une��5lPegoaqX\^§
��evSXSX�aS

X
e$SVU��5]aeh���>Zc� ]5e�kNehjDZ^qXz<\[{#�5\<Y�\^t^y$]5e � kNefkNe$]aSVWGUXdhkNe�UXq�Zu]aSXWGUXWP\^] qφ � e�U Y

e$SVU��a]5eg���>Zc� ]5egk5e
jDZ^qXz<\[{ �8kNehU�ZuWPlGlPe�kNefY�d�Y�\^WPqnegd$t<Z^lGefµ

s
����\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-U¤µ

X � kNe�kNe�]>SVWGUXd�kNehUnqnZ^]aSXW�UnWG\<] �8�5\^Y�\u§t^y$]5e��
gφ(ys+1 |ys, xs+1 )

]5e�kNd$o>e$]ak5Z^]<U�Á<�ae�kNesl@¬ d�U�Z[UT��\^�5q�Zu]-U$Mu¦AZhkNe�]aSXWGUXd¤kNe
YN

��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U
Zu�5¢�{[ZulPe��5q�S�WG]aW�UnWPZ^lGevS

y−s+1:0 = (y0, . . . , y−s+1)
S�¬ d$��qXWGU �

pφ(y|y−s+1:0) =

∫
· · ·
∫
p(x1)gφ(y1 |y−s+1:0, x1 )

∏
qφ(xN−1, xN )

∏
gφ(yN |yN−s:N−1, xN )δ(dx)
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Yn =

s∑

k=1

ak(Xn, φ)Yn−k + σ(Xn)εn
�8�aM  �
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Z
e�U�kN�wo5qn\1��e$SnSV�>S

Z%o&\<SVUXe$qXWP\^qnW
(Xn |YN )n≥1

M&¦ ¬ Zuqnt^�5Y�e�]-U���lGd£e$SVU¤lPZ�o>\-SXSXWP_5WGlPWGUXd£k�¬ Zuoao5qX\N���5e$q�lmZ%lG\<tu§©{1qnZ^WPSXe�Y#_5lPZ^]a��e���\<�
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S��5qXe$Y�e�]-UTe�U��5]5WG��\^qnY�d�Y�e�]-UT{<e�q�S �5]ae���\^]>��UXWP\^]!��\^]-UnqnZ<SrUne^M<¦+e$ST�-b1o&\uUn�5y$SXe$S ��\^qnY£�5lPd�evS WPY�oalGWmÁ-�5e�]-U�e�]-UXqne
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H0 : K = p

H1 : K = p+ 1
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D(p, q) =

∫
log

(
p

q
(y)

)
p(y)µ(dy)

Q³U�Zu]-U�kN\^]a]5dDkNe$S�\^_aSXe�qn{[Z[UnWG\<]aS
y � l¶¬ \<_�)re$��UXWG��kN� ��qnW�Uny�qne�±��X�¥e$SVU�kNe ���5\<WPSXWPq%oaZuqnY�W

M
Y�\NkNy�lPe$S

oaZ^qnZ^Y�d�UXqnWPÁ-�5evS P(Φi) = {Pφ, φ ∈ Φi} , i = 1..M � lPefo5lP�aSso5qn\N���5efkNe P0
Zu��SXe�]aSsk5eflPZ%kNWP{^e$qXt<e�]a��egk5e

� �5lPlG_>Z^��z-§©¦+e�WP_5lPe�qvM &B\<�5qF���>Z^Á-�5e�Y�\NkNy�lPe P(Φi)
� l¶¬ QTjD² φi(y)

evSrU�lGe¤o>\<WG]-U�Á-�5W>Y�WG]5WPY�WPSXe¤lmZ�kNWP{^e$qXt<e�]a��e
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Pφi(y)
Zu��SXe�WP]�kNe¤���aZ<Á<�ae�Y�\1k5y�lPe P(Φi)
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e�U

Pφi(y)
M¤�Fe�lPlGe�§©��WgZHo>\<�5qpe�¢No5qne$SnSVWP\^]

EP0,Y

[
D(P0, Pφi(Y))

]

EP0,eY

[
log(P0(Ỹ ))

]
−EP0,Y

[
EP0,eY

[
log(Pφi(Y)(Ỹ ))

]] �8�aM ¡ �
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oaZ^q

log( P0(y)
Pφ(y)(y))
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EP0,Y

[
log( P0(Y)

Pφi(y)(Y) )
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EP0,Y

[
log(Pφ(Y)(Y))

]

e�U
EP0,Y

[
EP0,eY

[
log(Pφ(Y)(Ỹ ))
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[
log(Pφ(Y)(Y))

]
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[
EP0,eY

[
log(Pφ(Y)(Ỹ ))
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logBi,j ' Li(y, φi(y)) − Lj(y, φj(y)) − 1

2
(|Φi| − |Φj |) logN
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φi(y)
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P(Φi)
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2 |Φi| logN
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��Zu� UXe�qnb � }^Ä ��o&e�qnY�e�UVU�Zu]-U�lGe�kNd${^e�lP\^oao>e$Y�e$]-U�Z<SVb1Y�oNUX\^UXWmÁ-�5e!d${^\NÁ-�5d!kaZu]aS�lPepo>Zuq�Zut^q�Zuoa�5e%o5qnd$��dvkNe�]-U �
kN\<]<UslmZ )r�aSVUXe$SnSXegevSrU¤SX\^WGUsWG]1{<d�qnW��>Z^_5lPe � SV\<W�UsWPqXqnd$Z^lGWmSnZu_5lPegkaZu]aS�lPe$S�Y�\NkNy�lPe$S¤µ�k5\^]5]5d$e$S�Y%Zu]>Á<�>Zu]-UXevS�M
�Fe$S+��qnW�Uny�qne$S�WP]N��\^qnY%Z[UnWG\<]5]5e�lmS�Zu_&\^�5UXWmSXSXe�]-U+µ�kNevS���qnWGUXy�qne$S+kNe {1qnZ^WPSXe�Y#_5lmZu]a��eBo&d�]>ZulPWPSXd�e³e�U+lGe$�5q�Y�WmSVe e$]

o5q�Z[UnWPÁ-�5e Y�e�UA��lmZuWPqXe$Y�e�]-U�e�]�d${1WPkNe$]a��eTlPZs�$Zuq�Z^��Uny�qne³kNd$��WPSXW��ak5e lPZ�{-WGUXevSXSXe kNe���qn\^WmSXSnZu]a��e³kNe lmZso>d$]aZulPWmSXZuUXWP\^]
��e$]p��\^]a��UXWP\^]�kNeflmZ�UnZuWPlPlGe�kNefl¶¬ d$���aZ^]<UnWGlPlP\^] ��M5��Z^]aS � i1O � � 	hZ^SnSXWPZuU�oaqX\<o>\-SVefkNevS���\<]akNWGUXWP\^]aSsSX����SXZ^]-UXe$Ssk5e
{1W�Une$SnSVe�kNes��qn\^WmSnSXZ^]a��eFo>\<�5q:t<Zuq�Zu]-UnWGqBlPZgSXd�lPe$��UnWG\<]#kN��_&\^]�]5\^Y#_5qXe�kNes��lmZ^SnSXe$SAo5qXevSXÁ-�5e�§©S��5qne�Y�e�]-U �8SnZu]aS:SXe
o5qnd�\N�����5o&e�qFk5e�lPZ�Y�Z^]5WPy�qne¤kN\^]-UF��e$SFo>d$]aZulPWmSXZuUXWP\^]aS³\<]-UTd�Und���\<]aSVUXqn�5W�Une$S ��M-¦�e�o5qn\N��evSXSX�aS

Y
evSrUF��\^]aSXWmkNd�qnd

�5]5WmÁ-�5e�Y�e$]<U`��\<Y�Y�eD�a] o5qn\1��e$SnSV�>S�SrU�Z[UnWG\<]5]aZuWPqne`UXe�lhÁ-�5e lmZ/kNe$]aSXW�Und kNe
Yn

SX\^WGU��5] Y�d�lmZu]at^e kNe
KkNe$]aSVWGUXdvS�M &:\^�aq£Un\^�NU

N � \^]/WP]-UXqn\1k5�5W�U�lmZ���\^]>��UXWP\^] kNe�o&d�]>ZulPWPSnZ[UnWG\<] K 7→ aN(K)
Á-�5W�o>e$qXY�e�UXUXq�Z kNe

��\<]aSVUXqn�5WGqne`lPZ {1q�ZuWmSVe$Y£_5lmZu]>��e ��Y%Zuqnt^WP]aZulPe���o&d�]>ZulPWPSXd�eDkN� oaqX\N��evSXSX�aS � kN\^]-U�lmZ Y%Z[¢NWGY�WmSXZuUXWP\^] �8SX�5q K �kN\<]5]5e�q�Z#�5]`e$SVUXWPY�ZuUXe$�5q
K̂
kN�p]5\^Y#_5qXefkNe���\^Y�o&\<SnZu]-UXevS�MN¦�ef��qXWGUXy$qXehd�Un�akNWPdfe$SVU �

Lp,K = max
φi∈Φi

N∑

n=1

log p(yn, φi) − aN (K)
�8�5M i �

��efÁ-�5W+k5\^]5]5eho&\^�5q¤l@¬ e$SVUXWPY%Z[UXe$�5q�kN�`]5\<Y£_5qnegk5e���lmZ^SnSVe �

K̂ = argmax
K

{
max
φi∈Φi

N∑

n=1

log p(yn, φi) − aN (K)

}

¦�evSs��\<]akNWGUXWP\^]aSsSX����SXZ^]-UXe$S�o&\^�aq�Z^SnSV�5qne�q�lmZ���\^]>SVWmSrU�Zu]a��e¤��\<qVUne�kNehl@¬ e$SVUXWPY%Z[Une��5q
K̂
SX\^]-U �

O<M
K 7→ aN (K)

e$SVU��a]5eh��\^]a��UXWP\^]���qn\^WmSnSXZ^]<Une
L5M
K1 > K2 =⇒ aN (K1) − aN (K2) −→N→∞ +∞

�aM ∀K1,K2,
aN (K1)−aN (K2)

N −→N→∞ 0

¦+Z���\^]a��UXWP\^]wkNe#o&d�]>ZulPWPSnZ[UnWG\<] kNe�¨F�X� � kNe�lmZ���\<qXY�e aN (K) = |Φi|
2 logN � {^d�qnWG�ae#��e$Sh��\<]akNWGUXWP\^]aS$M��Fev��W{1WGe$]-U%Z�o&\<SVUXe�qnWP\^qnW�e�¢No5lGWmÁ-�5e�q�lPe`_>\<] ��\^Y�o>\<qVUne�Y�e�]-U%kNe`l@¬ �aSnZut<epkNe�¨��X� o&\^�5q%lmZwkNd�Une�qnY�WP]aZuUXWP\^] kN�

]5\<Y£_5qne%kNe���lmZ^SnSVevShk5Zu]aS�lGevS£��j���Z5MB�Fe$o>e$]ak5Z^]<U � ��e%qnd$SX�5lGUnZuUho&e�qnY�e�U�)r�aSVUXe�k5e�kNd�Une�qnY�WP]5e$qflPZ`_&\^]5]ae
{1W�Une$SnSVe�o>\<�5q

aN (K) � e�U�o>\-SVe!ZulP\^q�ShlGe!o5qX\<_5lPy�Y�e�kNe�lmZDkNd�UXe$qXY�WP]aZ[UnWG\<] o5qnZuUXWmÁ-�5e�kN�/��\-e�����WPe�]-U£Y£�al�§UXWPo5lPWP�$Z[UnW��fY�\NkN�5lP\ lGevÁ<�ae�l�evSrU�kNd��a]5W��5]5e���\<]a��UnWG\<] k5e�o>d$]aZulPWPSnZ[UnWG\<] {^d�qnWG�>Zu]-U%lGevS%�1b1o>\^UX�5yvSVevS`O � Lwe�U
�5M
��*1./45Ìc��IB*D�J�P�J�8�������WO�!��_L ��W�W� ���?N �� 'H&J)��`'#& �`�
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a¸ �a¹ + ��¼ � � � �-� 
G¼

β
� �FB;
G¼�
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3
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lmZ`lG\<WFkN� o5qn\N��e$SnSX�aS
XN
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kNe�lmZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e � Zu�`Y "�Y�efUnW�UnqXe£Á-�5eflPe$S¤Y�d�UX�a\1k5e$S�k�¬ \^o5UXWPY�WmSnZ[UXWP\^]�]1�5Y�d$qXWmÁ-�5e ��WGUXd$qnZuUXWP{^e���k5e
Urb1o>e � e
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SVUnZ[UnWPSVUXWmÁ-�5e%qne�o&\<SnZu]-U£SV�aq�lPZ`]a\uUXWP\^] kNe�Y�\NkNy$lGevS���\<Y�o5lGe�U£e�U#WG]a��\^Y�o5lPe�UvM � \<�aS�kNdv��qnWG{<\^]aSfk5e�Y%Zu]5WPy�qnet^d$]5d�q�ZulPeglGefY�d$�$Zu]5WmSXY�efkNehl¶¬ Z^lGt<\^qnW�Un�5Y�e^M
� \<�aS�SX�5o5o&\<SX\^]>S�Á-�5e ]a\^�aSpZc{^\<]aS%\^_>SVe$qX{<d u � qXdvZulPWPSnZ[UnWG\<] k�¬ �5]5e {[Z^qXWmZu_5lPe Z^lGdvZ[UX\<WGqne U � k5\^]-U�lmZkNe$]aSVWGUXd

p(u, φ)
�8qXe$lPZuUXWP{^e�Y�e$]<U�µ`�5]ae�Y�e$SX�5qXe

µ
�hZ^o5oaZ^qVUnWGe$]<U£µ`�a]wY�\NkNy$lGe�o>Zuq�ZuY�d�UnqXWmÁ-�5e�WG]ak5e�¢Nd%oaZuq

�5]`e�]>SVe$Y£_5lPe
Φ
M5¦ ¬ \^_�)rev��UXWG�AevSrU¤k5ehk5d�UXe$qXY�WP]5e�q

argmaxφ∈Φ log(p(u, φ))
M � \^�aS�]5\^UX\<]aS L(u, φ)

lmZ#lP\^t^§
{1qnZ^WPSXe�Y#_5lmZu]a��e�kNe

u � Z^o5o>e$lGd$e�Zu�aSnSXWNlG\<tu§©{-q�ZuWmSXe�Y£_alPZ^]a��eFWG]a��\^Y�o5lPy�Unes\^��\^_aSXe�qn{^d$e^M � \<�aS SX�5o5o&\<SX\^]aS³Á-��¬ WGle�¢NWmSrUneF�a]5eF{[Z^qXWmZu_5lPeFZ^lGdvZ[Un\^WPqXe
V
kNe�k5e�]aSXW�Und

pc(v, φ)
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ϕ
Une�lNÁ-�5e

U = ϕ(V)�
U
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V
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V
e$SVU:Z^o5o&e�lPd�e�kN\^]5]ad�e���\^Y�o5lPy�UneFe�U

U
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kN\<]5]5d�e¤WG]a��\^Y�o5lPy�Une^M �NW
v
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V � Lc(v, φ) = log(pc(v, φ))
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h
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oaZ^qnZ^Y�y�UXqne
(φn)n≥1

Une�lPlGe¤Á-�5e (
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Q(φ, φn) = Eφn [Lc(V, φ) |u ]

�Æ4NJ�6@./68?v4N2v687&0
φn+1 = arg maxφ∈Φ Q(φ, φn)
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]5\<�aS�e�¢No5lP\^WGUX\<]aS�lPZ�kNdv��\<Y�o&\<SXWGUXWP\^]`SV�5WP{[Zu]-UXe �

L(u, φ) = Lc(v, φ) − log (p(v |u, φ ))
�8�aM « �

p(v |φ,u )
kNd$SXWPt^]5ewlPZ kNe�]>SVWGUXd kNe

V
��\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-U

U
o&\^�aqplPewoaZuq�ZuY�y�UnqXe

φ
M � \^�aS!o&\^�5{<\^]aSkNdv��\^Y�o&\<SXe�qsZulP\^q�S��5]�Z^�$��qn\^WmSXSXe�Y�e�]-UskNehlPZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]>��e�WP]a��\<Y�o5lGy�UXefe$]pkNe$�N¢!o>ZuqXUXWPe$S �

L(u, φ) − L(u, φn) = Lc(v, φ) − Lc(v, φn) − log

(
p(v |u, φ )

p(v |u, φn )

) �8�aM } �

� \<�aS:o5qne�]5\<]aSBl@¬ e$SXo&d�q�Zu]a��e���\^]akNWGUXWP\^]a]5e�lPlGesµ U = u
��lP\^q�SXÁ-�5e�lGe�oaZ^qnZ^Y�y�UXqneT{[Z^�NU

φn
�:µ�k5qX\<W�Une�e�U³t<Zu�>���5e

kNe���e�UVUnefd�t-ZulPW�Und �

L(u, φ) − L(u, φn) = Eφn [Lc(V, φ) − Lc(V, φn) |u ] + Eφn

[
log

(
p(V |u, φn )

p(V |u, φ )

)
|u
] �8�5MPO$¯ �

¦�e�SXe$��\^]akHUXe$qXY�e�kN� Y�e$Y£_5qne�kNe�kNqn\^WGUXe`e$SVU%lPZ kNWP{^e$qXt<e�]a��e!kNe � �5lPlG_>Z^��z-§©¦+e�WP_5lPe�q�e�]-UXqneplGevS%kNe�]aSXWGUXd$S
�8��\^]ak5W�UnWG\<]5]5e�lPlPe$S �

p(v |u, φn )
e�U
p(v |u, φ )

Á<�aWae$SVU Un\^� )r\<�5qnSTo>\-SVWGUXWP{^e<M � \<�aSTZc{<\^]aSTkN\^]a��lmZfY�WP]5\^q�Z[UnWG\<]SX�5WG{[Z^]<Une �
L(u, φ) − L(u, φn) ≥ Eφn [Lc(V, φ) − Lc(V, φn) |u ]

�8�5MPO^O��
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φn+1
Une�lBÁ<�ae

Q(φn+1, φn) > 0
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(L(φn))n≥0

\^_5UXe�]1�5efo>Zuq��5]�ZulPt^\^qnWGUX�5Y�e�	gQTj {<e�q�S
�5]`Y%Z[¢NWPY£�5Y lP\N��Z^l3k5eflPZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e

L? � ZuWP]aSXW�Á<�aeglmZ���\<]-{<e�qnt^e$]a��egkNe (φn)n≥0
{^e$qnS��5]`o&\^WP]-U

φ?
Z[UXUXe$WGt<]aZu]-U���efY%Z[¢NWPY£�5Y

L? = L?(u, φ?)
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m
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Lc(φ) = log (p(x, A)) +

N∑

i=1

K∑

k=1

log (f(yi, θk)) × 1k(xi)
�8�5MPOvL �

¦+Z#��\<]a��UnWG\<]
Q
µ�Y%Z[¢NWGY�WmSVe$qse$SVU �

Q(φ, φn) = Eφn [log (p(XN , A)) |y ] +

N∑

i=1

K∑

k=1

P (Xi = k |y, φn ) log (f(yi, θk))
�8�5MPO$� �

±�WP]aSXW � lmZ#Y�WmSXehµ�)r\^�aq φn+1 = (An+1, (θ
(n+1)
k )1≤k≤K)

_aZ<SVd$e�SX�5qs�5]5egY%Z[¢NWGY�WmSXZuUXWP\^]!t^lP\^_aZ^lGegS�¬ \^_NUnWGe$]-U
oaZ^q£kNe��5¢wY%Z[¢NWPY�WPSnZ[UnWG\<]aS�SX�5q�lPe$S�o>Zuq�ZuY�y�UnqXevSfkNe�lmZ�lG\<WFkN� oaqX\N��evSXSX�aS�Z`oaqXWP\^qnW

X
e�U�SV�5q£lGevS�lP\^WmS�kNe$S

\^_>SVe$qX{[Z[UnWG\<]aS �
O<M
An+1 = argmaxAEφn [log (p(XN , A)) |y ]

L5Mso>\<�5q
1 ≤ k ≤ K, θ

(n+1)
k = argmaxθk

∑N
i=1 P (Xi = k |y, φn ) log (f(yi, θk))
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P (Xi = k |y, φn )
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∀i, k, l, n, π(n)
i,k = P (Xi = k |y, φn )

e�U
p
(n)
i (k, l) = P (Xi = k,Xi+1 = l |y, φn )
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¦ ¬ ZulPt^\<qXWGUX�aY�efQFj�e$SVU�SX\^�5{<e�]-U¤��\<]aSVWmkNd$qXd���\^Y�Y�e�lPZ�Y�d�UX�5\NkNe�kNe£qnd���d$qXe$]a��efo&\^�aq¤l¶¬ evSrUnWGY%Z[UnWG\<]DkNe$S
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]5dvZu]5Y�\^WP]aS�kNe$SFlPWGY�WGUnZ[UnWG\<]aS�Á-�5W3\^]-U�SVUXWPY£�5lPdglPZ£o5qX\<o>\-SVWGUXWP\^]�k5e�]5\<Y£_5qne��5¢%Z^lGt<\^qnW�Un�5Y�e$STW�Und�q�Z[UXWG�8S�k�¬ evSrUnW�§
Y%Z[UnWG\<]£WP]aSVoaWGqnd�evSBk5� �Vo5qXWP]a��WGo&e�QTj ��Mc¦+e$S:kNd��8Zu�NU�S³��\^]a]-�>SBk5eFl¶¬ Z^lGt<\^qnW�Un�5Y�eFSX\^]-U:lPZgSVe$]aSXWG_5WPlPW�Und�µ�lmZ¤{[ZulPe��aq
WP]5W�UnWPZ^lGe

φ0
� lmZ��8Z^WG_alGeg{1W�Une$SnSVehkNeh��\^]1{<e�qnt^e�]>��e � lPZ�kNW �����5lGUXdfkN�p��Zulm���al3k5e�lmZ£lP\^W�Z#o>\-SrUne�qnWG\<qXW P (V|u, φn)\^� kN� �$Zulm���5l�kNepl@¬ e$SXo&d�q�Zu]a��e � lPZwkNW �%���5lGUXd`kNe!lmZ�Y�Zu¢NWGY�WmSXZuUXWP\^]HkNeplmZDo5�aZ<SVe`j M �1e$lG\<]HlPe$S#Y�\NkNy$lGevS �
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o5qn\N��d$k5�5qXehk�¬ WGY�o5�5UnZ[UnWG\<]!e$]!qne�Y�o5lmZ^��e�Y�e�]-U�kNehl@¬ d�U�Zuo&egQ¤M5¦�efSX���ad�Y%Z£t<d�]5d$qnZ^l&k5egl¶¬ ZulPt^\^qnWGUX�5Y�e¤evSrUs�5]ae
ZulGUXe$qX]>Zu]a��e#e$]<UnqXe�SXWGY#�5lPZuUXWP\^]�e�U�Y%Z[¢NWPY�WmSnZ[UXWP\^]�kNe�lPZplP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e �V��\^Y�o5lPd�Und�e�� � )r�aSnÁ<�+¬ µ!\^_NUne�]N§
UXWP\^]Dk�¬ �5]���\^Y�o&\^qXUXe$Y�e$]-U�SrU�Z[UnWG\<]5]aZuWPqnehk5e£lmZ�SV�aW�Une£kNe$S¤oaZuq�ZuY�y�UXqne$S$M &³ZuqXUnZu]-U¤k�¬ �5]5e#{[ZulPe��5q�WP]-UXWmZulPe

φ0
�

]5\<�aSs��\<]aSrUnqX�aWPSX\^]aS�WGUXd$qnZuUXWP{^e�Y�e$]<UslmZ�SV�5WGUXe�Z^lGdvZ[Un\^WPqXe
(φn)n≥1

�

�g? "T=-Ì[450 �^* (�2$7�!�B45?$2$68��IB*
u(n+1) ∼ p(u |v, φn )

�Æ4NJ�6@./68?v4N2v687&0
φn+1 = arg maxφ Lc(u

(n+1), φ)

�1W�]5\^�aS!Zuo5o&e�lP\^]>S
M

lPZ UnqnZ^]aSV��\^qnY�ZuUXWP\^] Á-�5W�Z<SXSX\N��WPeDµ
u(n+1) lPeD]5\<�5{^evZu� oaZuq�ZuY�y�UXqne φn+1,

]5\^�>S
o&\^�5{<\^]aS�qnd�dv��qnWGqne �1QFj���\^Y�Y�ehlGe�SXbNSrUny�Y�efkNb1]aZuY�WmÁ-�5efSV�5WP{[Zu]-U �

φn+1 = TEM (φn) + V (φn,u
(n+1))

�8�5MPOv¡ �
\��

V (φn,u
(n+1))

e$SVU#oaZ^q#kNd��a]5WGUXWP\^]/d$t<Z^lTµ
M(u(n+1)) − TEM (φn)

MB¦AZDSV�aW�Une!ZulPd$ZuUX\<WGqne�ZuWP]aSXWF��qnd�d$e
(φn)n≥1

e$SVU!�5]ae ���aZc� ]5e k5e�jDZ^qXz<\[{/�5\^Y�\<t^y�]ae � Á-�5W�o>e$�NU�S�¬ WG]-Une�qno5qXd�UXe$q���\<Y�Y�eD�a]5e o&e�qXUX�5qn_aZuUXWP\^]
ZulPd�Un\^WPqXehkNefl¶¬ Z^lGt<\^qnW�Un�5Y�e�QFj M
¦ ¬ e�qnt^\NkNWm��WGUXd¤e�U�lPZ���\<]-{<e�qnt^e$]a��e�kNe

(φn)
{^e$qnSF�5]5eglP\^W3SrU�Z[UXWP\^]a]aZuWPqXe

πφ,SEM
\<]<U�d�Und�Y�\^]-UnqXd�lG\<qnSnÁ-�5e

lPe$S�\^_aSXe�qn{[Z[UnWG\<]aS£Y%Z^]aÁ-�aZu]-UXevS�Zuo5oaZ^qVUnWGe$]5]5e$]<U�µ �a] ��\^Y�oaZ^��U�\<�HlP\^q�SXÁ-�5eplPe!Y�\NkNy�lPe`e$SVU��a]5ep�8ZuY�WGlPlPe
e�¢No&\^]5e$]-UXWPe�lPlGe�o>Zuq£��o � }<� � ¡-i � � \^� e$]a��\<qXe�kaZu]aS#lGe!��Z^S£WG]>kNd�o&e�]akaZu]-U �@SXZ^]aS£��\^]-UXq�ZuWP]-UXe$Sf��\^qXUXe$S#SV�aq£lmZ
��\^qnY�e£oaZ^qnZ^Y�d�UXqnWmÁ<�ae � Y%Z^WPS¤l@¬ QTj�²�kN�DY�\NkNy$lGe���\<Y�oalGe�UgkN\<W�Uge�¢NWPSVUXe$q�e�U "�UXqne#Z^SXb1Y�oNUX\^UXWmÁ<�ae�Y�e�]-U�]a\^qX§
Y%Zul �soaZ^q � WPe�lmSXe�] �PO^Oc¡ �¶M3¦+Z�k5W �����al�Und£e$SnSXe�]-UXWPe�lPlGe#kNe£l¶¬ Z^lGt<\^qnW�Un�5Y�e �1QTj�qnd$SXWmkNe�e�] lPZ%qne�lmZ[UnWG\<]`e�]-UXqne�lmZ
Y�\[b^e$]5]5e#k5e�lmZ!lG\<W:SVUnZuUXWP\^]5]>ZuWPqXe

πφ,SEM
e�Ugl¶¬ QFj�²£MB�Fe�lPWGe$]�evSrUhe�]�t^d�]ad�q�Zul:��\^Y�o5lPe�¢Ne �3��owZ!Y�\^]-UXqnd

k5Z^]aS�lGe`��Z<S£e�¢1o&\^]ae�]-UXWPe�lsÁ-�5e`��e$S�kNe$�N¢HÁ-�aZu]-UnW�Und$S�kNW �3y�qne�]-U�k�¬ �5]H\<qnk5qXe
1/N � \�� N

evSrU�lPZ UnZ^WGlPlPepkNe
l¶¬ dv���aZu]-UXWPlPlG\<]�MN¦�\^q�SnÁ<�ae

N
UXe$]akp{^e�q�SFl@¬ WG]5�a]5W � � WPe�lmSVe$]`e�Us��o!Y�\<]<UnqXe$]-U�Un\^�aS�lPe$S�kNe$�N¢!lmZ���\^]1{<e�qnt^e�]>��e�k5elmZ#lP\^WASrU�Z[UXWP\^]a]aZuWPqXeg{^e$qnS��5]aeflG\<W�]5\^qnY%ZulPeg��e�]-UXqnd�efSX�5qsl@¬ QTj�²#M
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k�¬ \^_NUne�]5WPqTZ^�aSXSXW5�5]ae¤Zuo5oaqX\c¢NWPY�ZuUXWP\^]�kNe�lmZh{cZ^qXWmZu]>��eskNe�l¶¬ evSrUnWGY%ZuUXe��aq � �x¡<i��¶M-�£¬ �5]%o&\^WP]<U�kNes{1�5e�o5q�Z[UnWPÁ-�5e �
Y%ZulPt^qnd��5]5e!{1W�Une$SnSVe�k5e!��\<]1{^e�qnt^e$]a��e%oalG�aS£�8ZuWP_5lPe��@Z^����\^Y�oaZ^t^]5d$e�SV\<�5{^e$]<U�k�¬ �a] UXe$Y�o>S#kNep��Z^lP���5lFoalG�aS
lP\^]5t!e�]Dq�ZuWmSV\<] kNe#lPZ�o5�aZ^SXe#k5e�SXWGY#�5lmZ[UXWP\^] �sl¶¬ Zc{[Zu]-U�Zut^e#kNe �NQTjÂSX�5qgQTj evSrUfk�¬ "�UXqne£Y�\<WG]aSgSXe�]aSXWG_alGe�µ
l¶¬ WP]5WGUXWmZulPWPSnZ[UnWG\<]pÁ-�5efQTj � e�U¤kNefSXe���\<Y�o&\^qXUXe$qsk5Zu]aSs��e�qXUnZ^WG]aSs�$Z^S�Y�WPe��N¢!Á-�5efQFj � � �u!�©M

&:\^�5q¤lGevS���j���Z[§�¨�� � l@¬ ZulPt^\<qXWGUX�aY�e �NQTj���\<]aSVWmSVUXefe�]�lmZ%SXWGY#�5lPZuUXWP\^]�kNe
X̃(n) =

(
X̃

(n)
i

)
1≤i≤N

UXWPqXd$e
SXe�lP\^]wlPZplP\^WTZpo&\<SVUXe�qnWP\^qnW

P (X |y, φn ) � o5�5WmShe�] lPe���Z^lP���5l Zu� SVe$WG] kNe%���aZ<Á-�5e%��lmZ^SnSVe%kN� Y%Z[¢NWPY£�5Yªk5e
{1qnZ^WPSXe�Y#_5lmZu]a��egk5Z^]aS�lPeh�$Z^Ssk�¬ \^_>SVe$qX{[Z[UnWG\<]aS�WG]>kNd�o&e�]akaZu]-UXevS �

∀k, θ(n+1)
k = arg max

θk

∏

i|x̃i
(n)=k

f(yi, θk)

∀k, l, a(n+1)
kl =

∑N−1
i=1 1kl(xi, xi+1)∑N

i=1 1kl(xi)
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��e$S�Y�d�Un�5\NkNe$SsZ^l�Une�qn]aZ[UnWG{<e$S�Zu�pY�Zu¢NWGY#�5Y¥kNeh{1qnZ^WPSXe�Y#_5lmZu]a��e¤\^]-Usd�Undho5qX\<o>\-SVd$e$S�o&\^�5q�l¶¬ evSrUnWGY%Z[UnWG\<]
kNevS!��j���Z � ��\^Y�Y�e�lPe$S%Y�\^WP]akNqne$S���Zuqnqnd$S ��{<\^WPq�oaZuq%e�¢Ne�Y�o5lPeDj�e�{<e�l �PO^OcL�� � � lmZ Y%Z[¢NWGY�WmSXZuUXWP\^] kNe�lmZ
{1qnZ^WPSXe�Y#_5lmZu]a��e�Y%Z^qXt<WG]aZ^lGe ∑N

i=1 log (p(yi, φ))
��{<\^WPq%�PO$¯^�!� ��\^� e�]a��\^qne%lPZ �r{1q�ZuWmSVe$Y£_5lmZu]a��e%kNe$S#kN\^]5]ad�e$S

SXd�oaZ^qXd$e$S
�Ad�t-ZulPe µ ∑n
i=1 log

(
pm
(
(ym(i−1)+1, . . . , ymi), φ

)) �8\��
pm(·, φ)

evSrUAlPZskNe$]aSXW�UndTkNe
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k�¬ e$SXo>d$qnZ^]a��e���\^]>kNW�UnWG\<]5]5e$lGlPe^MN�Fe�UVUne¤WmkNd�e � lmZ[Une�]-UXe�k5Zu]aSTl@¬ ZulPt^\<qXWGUX�aY�esQFj
� � Zfd�UXd¤t<d�]5d$qnZ^lGWmSXd�e�oaZuq � e$b1k5e
e�Usj�\<qVUn\^] � }^¯ ��o&\^�5q�o5qn\^o&\<SXe�qF�5]!]a\^�5{<e�l3ZulPt^\^qnWGUX�5Y�e�qnd$���5qnSXWG�+k�¬ evSrUnWGY%ZuUXWP\^]!k5e�oaZ^qnZ^Y�y�UXqne$S �8Á-�5eg]5\^�>S
q�Zuo5o&e�lP\^]aShk5Z^]aShlmZ!SXe$��UXWP\^] �5Mx¡NM �5M � ��M+�Fe$o>e$]ak5Zu]-U � � e�bNkNe ��¸g¼�
C0�]+¬ d�UX�akNWPe�oaZ^ShlPe$ShoaqX\<o5qXWPd�Und$ShkNevS¤��\<]a��§
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MK6!?
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MK6 4K78?
E�GH(8MK6F& * ∇L(u, φ) = E [∇Lc(v, φ)|u]
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�hÌ[7 "F7>?v6�2v687&0 �J�m���8�����/T !��%� ���_��!H& �������!H& ������!#&Q�?����_�$N 'H&"����
·3¹u¾ ¸

V + 
 � �`0 ¼0>½ + � (V ,B(V))
��¸

U = ϕ(V)
�%0 ¼W0>½ + � (U ,B(U)) �

¼%� ��º
ϕ : (V ,B(V)) −→ (U ,B(U))

\�¹ 
3º�¸¶¾8¹ 
 � ��½ + �X¼,-
 � ��¸ 7WB�¸ �-� ��¾�
a¾m½�¸ � 0³·>¾
g

��½�¸ + 
 � \�¹ 
&º�¸¶¾8¹ 
 ��½�¸¶¾���¼�
a¸ ��ºn¼�����B�¾�
a¸$B6:��n¼W,;
�� ��¸�½�¼ 
a½ ,�¾8¼[¾m½
7 � {pc(·, φ), φ ∈ Φ} ¸��;
 > + �

g : V × Φ −→ � p
(v, φ) 7→ g(v, φ)

¼%
P¹%��½/
G¼ \�¹ 
&º�¸¶¾8¹ 

G
½ + �/7<¹ 

 B ��½f¾�
&º�¹�� � 
C5�¸ ��½/7B1. 
a¾ � �5¼��

G : U × Φ −→ � p
(u, φ) 7→ Eφ [g(V, φ) |u ] =

∫
g(v, φ)p(v |u, φ )µ(dv)

��½�¸ + 
 � \�¹ 
&º�¸¶¾8¹ 
 ��½�¸¶¾���¼�
a¸ �f½�¼ 
a½ ,�¾8¼[¾m½
�
ºn¼�����B£¾�
a¸$BZ:W�X¼,-
�� 0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � \^�aS ]5\uUn\^]aS G(φ) = G(U, φ)
e�U
g(φ) = g(V, φ)

M-¦+Zg��\^]>��UXWP\^]
G
e$SVUT��Z^qXqnd�WG]-Und�t<Z^_5lPe

o5�5WmSnÁ<�aeh�^¬ evSrU�lmZ�o5qn\ )re$��UXWP\^]`kNe
g(φ)

Zuo5oaZ^qVUne�]aZ^]-U�µ
L2 e�U G evSrU¤SnZu]>S�_5WPZ^WPS�o>Zuq���ehÁ<�ae

∀φ, Eφ [G(φ)] = Eφ [Eφ [g(φ) |U ]] = Eφ [g(φ)] = 0

�Fe�UXUXeDY�d�UX�5\NkNewkNe ��\<]aSVUXqn�a��UnWG\<] e$SVU�oaZuqXUXWm���alGWPy�qne�Y�e�]-U�SXWGY�o5lPe o>Zuq���eDÁ-��¬ WGlg]�¬ e$SVU�oaZ^S�]5d$��e$SnSXZ^WGqne
k�¬ �NUXWPlPWPSXe�q�lPZ�o5qn\ )rev��UnWG\<]pSX�5q��5]ae�e$SXoaZ^��e�kNeh��\^]>��UXWP\^]>S�e$SVUXWPY%Zu]-UXevSso5qnd$kNe�UXe$qXY�WP]5d�evS Hu

� ��\^Y�Y�eflGef��\<]-U
� e$bNkNe¤e�U�j�\<qVUn\^]�M-�¤e�o5lP�aS � ]5\<�aS o&\^�a{^\^]>SFZc{<\^WPq �5]5e¤��\^qnY�e�e�¢No5lPWP��W�Une�kNe�lPZ���\^]a��UXWP\^]�oaqX\ )re�UXd$e¤k5Z^]aSFk5e
]5\<Y£_5qne��N¢p��Z^S$M
¦�e¤Y�Zu¢NWGY#�5Y�kNe�{1qnZ^WPSXe�Y#_5lmZu]a��ese$SVUTl@¬ e$SVUXWPY%Z[Une��5qF\^_NUne�]1��lP\^q�SXÁ-�5eslmZh��\^]>��UXWP\^]�e$SVUXWPY�Z^]-UXe�evSrUTlPe¤{<e$��UXe��aq
Sn��\^qne^M-¦+ZfoaqX\<o>\-SVWGUXWP\^]�SX�5WP{[Zu]-UXe�Y�\<]<UnqXegÁ-�5e¤lPe$SFe$SVUXWPY%Z[UXe$�5q�STkN�!Y�Zu¢NWGY#�5Y�kNe¤{1q�ZuWmSVe$Y£_5lmZu]a��e���\<Y�oalGe�U
e�U�WP]a��\^Y�o5lPe�U¤SX\^]-U�kNWGqne$��UXe$Y�e$]-U�qne�lPWPd$S$M
�hÌ[7 "F7>?v6�2v687&0 �J�m���m'��	� � �W&"���_��� � ��� �$�%L��T
·3¹u¾ ¸

s(φ) = ∇φLc(V, φ)

���� ��º�¸ � + �s½�ºn¹�� �fº�¹ � ��
���¸

�
��¸
S(φ) = ∇φL(U, φ)


���� �nº�¸ � + �s½�º�¹%� �g¾�
&º�¹ � �
��
 ��¸$0B·>¾ 
3¹ + ½ �5¹ + �c¹�
5½f¾�
a¸ �;��� �;��¸@¾3�f¾�
>¸6B6:W�X¼[¸¶¾8¹ 
 ��¸A7WB;��¾3�c¼u¸@¾8¹�


�
¼%
G¹���½

S(φ) = Eφ [s(φ) |U ]
�@�5MxLu¯ �
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� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � \^�aS�SX�5o5o&\<SX\^]aS�Á-�5e p (v |u, φ ) � lPZ�kNe�]>SVWGUXdhkNe V

��\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-Usµ
U � e$SVUFUne�lPlGeÁ-�5efSV\<]pSX�5o5o&\^qXU

Hu = {v ∈ V |ϕ(v) = u} SX\^WGU�WP]akNd$o>e$]ak5Z^]<U¤k5e φ M � \^�>S�Zc{^\<]aSFZ^lG\<qnS �

Eφ [s(φ) |u ] =

∫

Hu

∇φpc(v, φ)

pc(v, φ)
p (v |u, φ ) ν(dv)

=

∫

Hu

∇φp (v |u, φ ) p(u, φ) + p (v |u, φ )∇φp(u, φ)

p (v |u, φ ) p(u, φ)
p (v |u, φ ) ν(dv)

=

∫

Hu

∇φp (v |u, φ ) ν(dv) +

∫

Hu

∇φp(u, φ)

p(u, φ)
p (v |u, φ ) ν(dv)

=
∇φp(u, φ)

p(u, φ)

±�WP]aSXWalmZ�o5qn\ )rev��UnWG\<]�k5e¤lmZh��\^]a��UXWP\^]%evSrUnWGY%Zu]-Une�\^oNUnWGY%Z^lGe �@µ��5\<qXW ��\<]��a]5W � SX�5qTlPe$S�kN\^]a]5d�evS ��\<Y�oalGy�UXe$S
e$SVU�lPZD��\^]a��UXWP\^]HevSrUnWGY%Z^]<Une!\<oNUXWPY%ZulPe��@µ �5\<qXW ��\<] �a]5W ��SV�5q�lPe$S�kN\^]a]5d�evS£WP]a��\<Y�o5lGy�UXevS �:lmZDo5qn\^o&\<SXWGUXWP\^]
SX�5WG{[Z^]<UnefY�\^]-UXqne�Á-�5e�l¶¬ \<oNUXWPY%ZulPW�Und�SVefUnqnZ^]aSXY�e�U¤kNe�Y%Zu]aWGy$qXeht^d$]5d�q�ZulPehoaZuq¤o5qX\ )re$��UXWP\^]�M � \^�aS�qXevkNd�Y�\^]5§UXqn\^]>Sg��e�UXUXe�o5qX\<o>\-SVWGUXWP\^]wkNd�)Vµ!Y�\^]-UXqnd�k5Zu]aS�� }^¯ � � Y%ZuWmSge�] �5UXWPlGWmSXZ^]-UhlmZp��Zuq�Z^��UXd$qXWmSXZuUXWP\^]DkNe�l¶¬ evSVo&d�q�Zu]a��e
��\<]akNWGUXWP\^]5]ae�lPlGe<M � \^�>S�]5\uUn\^]aS Πu(Hv)

l¶¬ e$]aSVe$Y£_5lPefkNe$S���\<]a��UnWG\<]aS�e$SVUXWPY%Zu]-UXevS�SV�5q�k5\^]5]5d$e$S�WP]a��\<Y�oalGy�UXe$S
\^_5UXe�]1�5evS�oaZuqslmZ�o5qn\^o&\<SXW�UnWG\<]��8�aM ¡5MGO���M
�hÌ[7 "F7>?v6�2v687&0 �J�m���P�J���/T !��%� ���_��!H& ����?���'H�%� � � �`!HT ��
·>¾
g?(φ)

��½�¸ + 
 > + ¼[½�¾��©½�º�¹%� �P7<¼ 
a½ 
G¼ \�¼ ��¾3
3
���º�¹ 
#� � � � Hv �
¼%
G¹���½

G?(φ) = Eφ [g?(φ) |U ]
��½�¸ + 


> + ¼c½�¾��©½�ºn¹�� � 7^¼ 
a½ 
G¼ \�¼��#¾3
3
 � Πu(Hv)
0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0���¬ e$SVUA�a]5eF��\^]aSXd$Á-�5e$]a��e�kNe$SAo5qn\^o5qnWGd�UXdvS+kNeFl@¬ e$SXo>d$qnZ^]a��eF��\^]>kNW�UnWG\<]5]5e$lGlPe � ��\<Y�Y�eFo5qX\ )re$��§
UXe$�5q \<qVUn�5\^t<\^]aZ^l-k5Z^]aS:l¶¬ evSVoaZ<��eskNe � WGlP_>e$qVUTk5e$SB��\^]>��UXWP\^]>S ��Z^qXqndFWP]-UXd$t^q�Zu_5lPe$S$McQ ]�e �3e�U � WGl5e�¢NWPSVUXeso5lP�aSXWGe$�5q�S
��Z^qnZ<��Und�qnWPSnZ[UnWG\<]aSFk5egl¶¬ \^oNUnWGY%ZulPWGUXd�k�¬ �5]5eh��\<]a��UnWG\<]!evSrUnWGY%Zu]-Une��

g?
\<oNUXWPY%Zul�k5Z^]aS Hv

SXW�e�U¤SXe��5lPe�Y�e�]-U¤SXW
g? = arg min

g∈Hv

Eφ

[
(g − s(φ))(g − s(φ))

′
]

��efÁ-�5W+SXWPt^]5WG�aefÁ-�5ehlGefÁ-�aZ^SXWG§©Sn��\<qXe�e$SVU�lmZ#��\^]a��UXWP\^] �VlPZ#o5lP�aS���\<qXqnd�lPd�eL��Zu�`SX��\^qne
s(φ) � lP\^q�SXÁ-�5eh��efkNe$qX]5WPe�qe�¢NWmSrUne^M � e$bNkNe�Z Y�\^]-UnqXd`k5Zu]>S�� }^¯!�¤Á<�aepSXW

Q
e$SVU��5] Á-�aZ<SVWG§�SX��\^qne�Zu� SVe$WG] kNe

Πu(Hv) � Z^lG\<qnS#WGl�k5\^WGU{^d$qXWG�ae$q

Q = arg min
G∈Πu(Hv)

Eφ

[
(G− g?)(G− g?)

′
]

Q ]`oaZ^qVUnWP���5lGWPe�q � ]5\<�aSsZc{^\<]aS�Zu�aSnSVW

Tr(Eφ

[
(Q− g?)(Q− g?)

′
]

= inf
G∈Πu(Hv)

Tr(Eφ

[
(G− g?)(G− g?)

′
]
))

SX\^WGU�e�]>��\^qne
Eφ

[
‖Q− g?‖2

]
= infG∈Πu(Hv)Eφ

[
‖G− g?‖2

] M/��qh��e�UXUXe#_>\<qX]5e#WG]5��d�qnWGe$�5qXe#e$SVUgZuUVUXe$WG]-Une
kNe�Y%Zu]5WPy�qne��5]5WmÁ-�5e�oaZuqglPZ�o5qn\ )re$��UXWP\^]�\<qVUn�5\^t<\^]aZ^lGe

G?
��l¶¬ e�]aSXe�Y#_5lGe

Πu(Hv)
e$SVUg��\<]1{^e�¢Ne�� � k5\^]a�#]5\^�>S

Zc{^\<]aS
Q = G?

M
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&:\^�5q�lPep�$Zulm���5l�kNeplPZ ��\^]a��UXWP\^] ]5\^qnY%ZulPWPSXd�e
G(s) Z^WG]aSXW�Á<�aepkN� ��qnW�Uny�qne!k�¬ WP]N��\^qnY%Z[UXWP\^] E(G) � ]5\^�aSZc{^\<]aS�_>evSV\<WG]�kNevSse�¢No5qne$SnSXWG\<]aSskNeflmZ�{cZ^qXWmZu]>��efkNe
G
e�U¤kN� )VZ<��\<_5WGe$]

∂φG
M&¦ ¬ e�¢No5qne$SnSVWP\^]pkNeflPZ�{[Z^qXWmZu]a��e

kNe
G
��]5\^UXd$eh��\[{

φ(G)
�sSXehk5d$kN�5WGU�kNehlmZ#��\^qnY£�5lPefkNeflPZ�{[ZuqnWmZu]a��eh��\^]ak5W�UnWG\<]5]5e�lPlPe �
��\[{

φ(G(φ)) =
��\[{

φ(g(φ)) −Eφ [
��\[{

φ (g(V, φ) |U )]
�@�5MxLNO��

\��
u 7→ ��\[{

φ (g(V, φ) |u )
qne�oaqXdvSVe$]<UnehlPZ���\[{[Z^qXWmZu]a��e�kNe

g(φ)
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U¤µ

U
d�{[ZulP�5d�ehe$]

u
M

��e#Y "�Y�e � ]a\^�aSge�¢No5lPWm��WGUX\^]>S�lPe�lGWPe�]�e�]-UXqne£lPe�)VZ<��\<_5WGe$]�kNe�lmZ���\<]a��UnWG\<] e$SVUXWPY%Zu]-UXe�o5qn\ )re�UXd�e#e�Uf��e$lG�5W
kNe%��e$lG�aW kNe

g
M���l Z^o5oaZ^qnZ[�PUfÁ-�5e%��e�lmZp��\^qnqne$SXo>\<]akDZulP\^q�Shµp�5]5e�t^d$]5d�q�ZulPWPSnZ[UnWG\<] kNe�lmZ���\<qXY#�5lPe�kNe�¦+\^�5WmS �

o&\^�5qs]�¬ WPY�o&\^qXUXe�Á-�5e$lGlPeg��\^]a��UXWP\^]`e$SVUXWPY%Zu]-UXe
g � e�U�o5lP�aS�SXe��alGe$Y�e$]-U�o&\^�aq�lGefSn��\<qXe<M

�hÌ[7 "F7>?v6�2v687&0 �J�m���GÅ ���(!#TN8��� ��� � �"!#� �$��� �& �T '����$� �`�
·>¾ 
3¹ + ½ �5¹ + �c¹�
5½f¾�
a¸ �;��� �;��¸@¾3�K7B-��¾3�[¼[¸¶¾8¹ 
 ��¸F¾�
>¸6B6:W�X¼[¸¶¾8¹ 


�

&¹ + ½�¼%�[¹ 
a½

∂φG(u, φ) = Eφ [∂φg(V, φ) |u ] +
ºn¹��

φ (g(V, φ), s(V, φ) |u )
�8�aM L<L �

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0 � \^�aS¤��Zulm���alG\<]aS�lGevS�kNd$qXWP{^d$e$SskNe£���>Z^Á-�5ef��\<Y�o&\<SnZu]-Unehk5e G(u, φ) = (Gi(u, φ))1≤i≤d
�

e�U�]a\uUX\<]aS
g(v, φ) = (gi(v, φ))1≤i≤d

M

∇φGi(u, φ) = ∇φ

∫

Hu

gi(v, φ)p (v |u, φ ) ν(dv)

=

∫

Hu

∇φgi(φ)p (v |u, φ ) ν(dv) +

∫

Hu

gi(v, φ)∇φp (v |u, φ ) ν(dv)
�8�aM L^� �

��qs]5\<�aSsZc{^\<]aS

∇φp (v |u, φ ) =
∇φp(v, φ)p(u, φ) − p(v, φ)∇φp(u, φ)

p(u, φ)2

��efÁ-�5W�]a\^�aS�o&e�qnY�e�U¤kNefqnd�dv��qnWGqne�lPefSVev��\<]ak�Une�qnY�ehk5e�kNqX\<W�UnefkNe �8�aM L^� � � SX\^WGU �

∫

Hu

gi(v, φ)∇φp (v |u, φ ) ν(dv) =

∫

Hu

gi(v, φ)
∇φp(v, φ)

p(u, φ)
ν(dv)

−
∫

Hu

gi(v, φ)
p (v |u, φ )∇φp(u, φ)

p(u, φ)
ν(dv)

=

∫

Hu

gi(v, φ)∇φ log p(v, φ)p (v |u, φ ) ν(dv)

− ∇φp(u, φ)

p(u, φ)

∫

Hu

gi(v, φ)p (v |u, φ ) ν(dv)

= Eφ [gi(V, φ)∇φ log p(V, φ) |u ] −Gi(u, φ)S(u, φ)

� \<�aSsZc{^\<]aS�kN\^]>�

∫

Hu

g(v, φ)∇φp (v |u, φ )
′
ν(dv) = Eφ

[
g(V, φ)s(V, φ)

′ |u
]
−Eφ [g(V, φ) |u ]Eφ

[
s(V, φ)

′ |u
]

=
��\[{

φ (g(V, φ), s(V, φ) |u )
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��*1./45Ìc��IB*���� � �@�H� �#¹ + ½ � ��¸]�X¹ + �c¹�
5½ ,�¾ ��
Y
P¼K7WB�º�¹ � �a¹c½�¾ ¸@¾8¹�
�7 �A@+¹ + ¾m½�X6�[¹[¾3��º�»5¼ �&¾ ¸Z� ��� �
� � � ��Z^ 
P¹%��½;> + �


&¹ + ½ + ¸¶¾3
 ¾m½�¹ 
5½hºn¹�� � �Q\�¹ 
3º�¸¶¾8¹ 
 ��½�¸@¾��%¼ 
>¸���½ + �M
���½ 7^¹ 
 
�B ��½gº�¹ � ��
C5�¸���½M
 �g½�ºn¹�� �
g(v, φ) = s(v, φ)

7<¼ 
a½

G¼ \�¹%� � + 
���X ��0 � �;^�a

∂φS(u, φ) = Eφ [∂φs(V, φ) |u ] +
º�¹��

φ (s(V, φ), s(V, φ) |u )

��¸ ��
 ¾�
a¸Z�X¹ 7 + ¾m½�¼ 
>¸/
���½!¾�
 \�¹�� ��¼u¸@¾8¹�
5½97 �	� ¾m½X»�-�D¹W,�½��-���%B ��½ �a¹ + �=7^¹ 
 
�B ��½`º�¹ � ��
C5�¸ ��½ ��¸f¾�
3º�¹ � ��
C5�¸���½
Ic(v, φ) = −∂φs(v, φ)

��¸
I(u, φ) = −∂φS(u, φ) �


P¼�7Bnº�¹�� �a¹c½�¾ ¸¶¾8¹ 
 7 � @+¹ + ¾m½g½��K��B B�º-��¾ ¸Aa

I(u, φ) = Eφ [Ic(V, φ) |u ] − º�¹%�
φ (s(V, φ), s(V, φ) |u )

> + �/
�G ¹�
w¼ � ��-
3
��%¼ + ½�½�¾"
 � � ��¾�
&º�¾ �	�F7�G ¾�
 \�¹%� �%¼[¸¶¾8¹ 
 �%¼ 
�> + ¼ 
>¸�� �
� � � ��-0

��Z^o5o>e$lG\<]aS�l¶¬ e�¢1oaqXevSXSXWG\<]!kNehl¶¬ WP]N��\<qXY%Z[UnWG\<]pk5e�ÀAWmSX�5e�qst<d�]5d$qnZ^lGWmSVd$e

E(G) = Eφ [∂φG(φ)]
′
Eφ

[
G(φ)G(φ)

′
]−1

Eφ [∂φG(φ)]

e�U�qnd$�$Zuo5WGUX�alG\<]aS�l@¬ e�¢No5qne$SnSVWP\^]pkN� )VZ^��\^_5WPe�]pe�U¤kNeflmZ�{[ZuqnWPZ^]a��e �

Eφ [∂φG(U, φ)] = Eφ [∂φg(V, φ)] +Eφ [
��\[{

φ (g(V, φ), s(V, φ) |U )]

��\[{
φ(G(φ)) =

��\[{
φ(g(φ)) −Eφ [

��\[{
φ (g(V, φ) |U )]

�8�5MxL[ �

�1W:lPe��$Zulm���5lBe �3e$��UXWG��kNe���evS¤t<qnZ^]akNe��aqnS¤o>\<�5q��a] Y�\NkNy�lPe#oaqXdv��WmS¤evSrUfkNW �%��WGlPe � WPlB��\^�5qn]5WGUhkNevSgWG]ak5WP�$Z[UXWP\^]>S
� �>]aZulPe�Y�e�]-UTZ<SXSXe ��WG]-Un�5W�UnWG{<e��:SX�5q³l¶¬ WP]��a�5e$]a��e�k5esl@¬ \^_aSXe�qn{[Z[UnWG\<]£oaZ^qVUnWGe$lGlPeskNe

V
SV�aq³lPZfÁ-�aZ^lGWGUXdskNesl¶¬ evSrUnWGY%Zu§

UXWP\^]+M&¦AZ�{cZ^qXWmZu]>��e£kNevS�evSrUnWGY%Z[Une��5q�S�kNevS¤o>Zuq�ZuY�y�UnqXevSsZu�5t<Y�e$]-UXe�]5dv��evSXSnZuWPqXe$Y�e�]-U�lG\<qnSnÁ-�5ef]5\<�aS�o&e�q�kN\^]>S
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lPefY�\<]-UXqne�lPehUX�5d$\^qny�Y�efSV�aWG{[Zu]-UvM



¡uÄ ������� � � ��� � � �����������������	 �#� ����� �������  �
	��� � � � �

� �B=17aÌ[Ç1./*���� � �@�H�P� T�_� �T � � ���`!H&Q�%�$����'H& �`� X��������
�
� 0 � � �-^

·3¹u¾ ¸
(gn(φ))n≥1 +
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¸ �;
 > + �
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�� + � 7 � � ��º�¸ � + ��½ ��
a¸Z�X¼�
a¸ 7^¼�
5½8
P¼ ,n¹ + 
�� {φ| ‖φ− φ0‖ ≤ δ} 0 @+¼º�¹ 
>¸@¾�
 + ¾ ¸6Bh¾�� ��
�¾1> + ��¼%
G¹���½K> + ��º �#ºn»a¼ � � 7 �K� �nº�¸ � + � 7^¹u¾ ¸ ½�G ¼ 
 
 + 
��;��¼ + ��¹u¾�
5½ + 
 �"\�¹u¾m½K7^¼ 
a½�
P¼ ,�¹ + 
�� 0

@ �£¸�»�B�¹���5�� � 7 + �a¹[¾�
a¸�. � � 7 � � �X¹ + � �;��¼ � � � � > + ��¸©¹ + ¸ \�¹�
&º�¸@¾8¹�
Hº�¹ 
a¸¶¾�
 + �F7 � C 7<¼ 
5½ C �
¹ �

C
��½�¸ + 
�º�¹ 
H� � � �#º�¹ � �a¼^º�¸ 7 ��� p

�
¼W7 � ��¸MXr¼ + �%¹[¾�
a½6^ + 
 �5¹u¾�
a¸ . � � 0

� \<�aS Zc{<\^]aSB{1�%Á<�ae�lPZhoaqX\ )re$��UnWG\<]�k5e$S:��\<]a��UnWG\<]aS³e$SVUXWPY%Zu]-UXevS³o&e�qnY�e�UTkNe¤kNdvkN�5WPqXes�a]���e�qXUnZ^WG]�]5\<Y£_5qnekNe�o5qn\^o5qnWGd�UXdvS�kNevS���\^]a��UXWP\^]aSge$SVUXWPY%Zu]-UXevShSV�5qfkN\<]5]5d$e$Sh��\<Y�oalGy�UXe$S � o>\<�5qglGevSXÁ-�5e$lGlPe$SgWPl³e$SVUhSX\^�5{<e�]-U�oalG�aS
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� \<�aS�]a\uUX\<]aS�o&\^�aq δ > 0 � Cδ = {φ |‖φ− φ0‖ = δ } e�U Bδ = {φ |‖φ− φ0‖ ≤ δ } M � \^�aS��8ZuWmSV\<]aS��5]kNd${^e�lP\^oao>e$Y�e$]-Usk5e � Zcb1lP\^qsZu�po5qne�Y�WGe$qs\^q�kNqne � e�]`WP]<UnqX\NkN�aWPSnZu]-U φ̃n(v) ∈ Bδ

�

∀φ ∈ Cδ, gn(v, φ) = gn(v, φ0) + ∂φgn(v, φ̃n(v)) (φ− φ0)

��\^]a�ho&\^�5q
Gn(u, φ)

]5\^�aS�o&\^�a{^\^]>S�d$��qnWPqXe

(φ− φ0)
′
Gn(u, φ) =

∫
(φ− φ0)

′
gn(v, φ0)pn(v|u, φ)µ(dv)

+

∫
(φ− φ0)

′
∂φgn(v, φ̃n(v)) (φ− φ0) pn(v|u, φ)µ(dv)
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sup
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′
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∫
sup
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(φ− φ0)
′
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′
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pn(V|u,φ)
pn(V|u,φ0)

qXevSrUne�_&\^qn]5d$e%WG]N��d$qXWPe��aqXe$Y�e$]-U�oaZuqf�5]ae
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Mu�gZu]aS:��e��$Z^SV§¶lmµ � lGevS³kNe��5¢�e$SXo>d$qnZ^]a��evS
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(u, φ) 7→ G(u, φ) =

∫
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∀φ1, φ2, h(φ1, φ2) = Eφ1 [g(V, φ2) |u ]
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�1W:lmZ�SX�5W�Une#��\^]1{^e$qXt<ef{^e�q�S��a]5e#{[Z^lGe$�5q
φ∞ � ZulP\^q�S�lmZ�{[Z^lGe$�5q¤lPWGY�WGUXe�{^d$qXWG�ae�q�Z Eφ∞ [g(V, φ∞) |u ] = 0

e�U
SXe�q�Z#kN\<]a�h�5]5ehq�Z^��WG]5efkNefl¶¬ d$Á-�aZ[UnWG\<]

G(u, φ) = 0
M

� \<�aS�kN\<]5]5\<]aS�k5Z^]aS���e�UVUne£SVev��UnWG\<]`k5e$S¤��\^]ak5W�UnWG\<]aSso&e�qnY�e�UVU�Zu]-U�k�¬ Z^SnSV�aqXe$qsl@¬ e�¢NWmSrUne�]a��efe�U¤lmZ%��\<]-{<e�qX§t^e$]a��ehk�¬ �5]5egUXe$lGlPefSV�aW�Une^M5±
φ0
�5¢Nd � lGegUn�5d�\<qXy$Y�ehkNevS���\^]a��UXWP\^]aS�WPY�oalGWm��WGUXevS�o>e$qXY�e�U�kNefkNdvkN�5WPqXefkN�`��\<Y�§

o&\^qXUXe�Y�e$]<U�lG\N��Z^l+kNe
h
l@¬ e�¢NWmSrUne�]a��e£k�¬ �5]5e�q�Z^��WG]5efµ%l¶¬ d$Á-�aZ[UnWG\<]

h(φ0, φ) = 0
M � \<�aS�]a\uUX\<]aS ∂ih, i = 1, 2lmZ�kNW��&d$qXe$]<UnWGe$lGlPe¤o>ZuqXUXWPe�lPlGe�o>Zuq q�Zuo5o&\^qXUFµflmZfWPy�Y�e¤{[Z^qXWmZu_5lPe^M �1W

h
e$SVU�kNeg��lmZ^SnSVe

C1 e�U�SVW φ0, φ
′
0

SX\^]-UFk5e��N¢
o&\^WP]<U�S�kaZu]aS�l@¬ WP]<Und�qnWGe$�5q�k5e

Φ � ZulP\^q�S�l¶¬ WP]1{^e�q�SXWG_5WPlPW�Und£kNe£lmZ�Y%ZuUXqnWP��e ∂2h(φ0, φ
′
0)
o>e$qXY�e�Ugk�¬ Z �%qnY�e$q�Á-��¬ WGl

e�¢NWmSrUneh�5]5eh��\^]>��UXWP\^] T � kNef��lmZ^SnSVe C1 kNd��a]5WPe�SV�5qs�a]p{<\^WmSVWP]aZ^t^e V(φ0)
kNe

φ0
UXe$l+Á-�5e

∀φ ∈ V(φ0), h(φ, T (φ)) = 0
�@�5M �^¯ �

� \^UXqneF\<_�)re$��UXWG�ae$SVU kN\^]>�FkNeskNd�UXe$qXY�WP]5e�qBlGevS:o>\<WG]-U�S+�a¢1evS:kNeFlmZ���\^]a��UXWP\^] T Á-�5WNSX\^]-UBq�Z^��WG]ae$SBkNe�l@¬ d$Á-�aZuUXWP\^]
G(φ) = 0

M � \<�aS�SX�5o5o&\<SX\^]>S�Á-�5e�lPZ���\^]a��UXWP\^] T e$SVUgUXe�lPlPe�Á-�5e ∀φ ∈ V(φ0), T (φ) ∈ V(φ0)
� e�UfÁ-�5e�k5e

o5lP�aS V(φ0)
e$SVU���\<Y�o>Z^��U�e�U���\^]1{^e�¢1e<M³�Fev��W�o&e�qnY�e�U�k�¬ �a]5e`oaZuqXU�k5epqne�]>kNqXepo&\<SnSVWP_5lPe!lmZ���\^]aSVUXqn�a��UXWP\^]

kNewlPZ SX�5W�Une
(φn)n≥1

e�UDk�¬ Zu�NUnqXe�oaZuqXU�k�¬ Z<SXSX�5qne�qpoaZuq`l¶¬ e�¢NWPSVUXe$]a��e k�¬ Zu� Y�\<WG]aSp�5] o&\^WP]<Up�5¢NewoaZuq`lPe
UX�ad�\^qny�Y�ehkNef¨�qX\<� 	�e�qvM &³Z^qXY�W3lGevS�o>\<WG]-U�ST�a¢1evSskNe T � ��e$qVU�ZuWP]aS�o>e$�5{^e$]<U "�UXqnegZuUVUXq�Z^��UXWG�8S�\^��qnd�oa�5lPSXWG�8S � e�UlPe���\^Y�o&\^qXUXe�Y�e$]<U�kNe�lmZ`SV�5WGUXe

(φn)n≥1
kNd�o&e�]akwZulP\^q�ShkN� )VZ^��\<_5WPe�] kNe T e$]w��e$Sho&\^WP]-UnS$M�¦ ¬ e�¢No5qne$SnSVWP\^]

kN� )VZ^��\^_5WPe�]`Zu�po&\^WP]<U�WP]5WGUXWmZul
φ0
evSrU¤kN\<]5]5dhoaZ^qslGehUn�5d�\<qXy$Y�ehkNevS���\^]a��UXWP\^]aS�WPY�o5lPWP��W�Une$S

∂φT (φ0) = −
(
∂2h|(φ0,T (φ0))

)−1
∂1h|(φ0,T (φ0))

�8�5M �5O��
�1W:lPe$S�Y�\NkN�alGevS�kNe£UX\<�NUXevS¤lPe$S�{[ZulPe��5q�S¤oaqX\<o5qXevS�kNe

∂φT (φ0)
SX\^]-UgSVUXqnWP��UXe$Y�e$]-U�WP]N��d�qnWGe$�5qne$S¤µ

1
��W¶M e^M�SV\<]

q�Zcb^\^]�SXo&e$��UnqnZ^l1]5\uUnd ‖∂φT (φ0)‖
evSrU³WP]N��d�qnWGe$�5q³µ£O�� � ]5\<�aSBo>\<�5{^\<]aS:Z �%qnY�e$qBÁ-�5e�lPe�q�Zcb^\<]£SXo>ev��UXq�ZulNkN��)VZ[§

��\<_5WPe�]fe$SVUAWP]N��d$qXWPe��5qBµ�OTSX�5qA�5]�{^\<WPSXWP]aZut<e V ′
(φ0) ⊂ V(φ0)

M!�1W V ′
(φ0)

e$SVUBµ¤SV\<]fUX\<�5qA��\^Y�oaZ^��U � l@¬ Zuo5oalGWm��Zu§
UXWP\^] T SXe�q�Z���\^]-UnqnZ<��UnZ^]-UXe:oaZuq���e³Á-�5e³]5\<�aS�Z^�5qX\<]aS ‖T (φ1) − T (φ0)‖ ≤

{
supφ∈V′ (φ0)

‖∂φT ‖
}
‖φ1 − φ0‖

M
�1\<�aSf��e�UVUXe!��\^]>kNW�UnWG\<] � T Zu�5q�Z`kN\^]>�#�a] �5]5WmÁ<�ae%o>\<WG]-Uh�5¢Ne �8ZuUVUXq�Z^��UXe$�5q �

φ̃
SV�aq V ′

(φ0)
e�U�{^e$qnSglPe$Á-�5e�l

��\<]1{^e�qnt^e
(φn)n≥1

Ms¦+e$S!e�¢No5qne$SnSVWP\^]aSpkNevS )VZ<��\^_aWGe$]aS!k5e
h ∂1h(φ1, φ2) = ∂φ1 (Eφ1 [g(V, φ2) |u ]) =��\[{

φ1 (g(V, φ2), s(V, φ1) |u )
e�U
∂2h(φ1, φ2) = Eφ1 [∂φ2g(V, φ2) |u ]

o>e$qXY�e�UVUXe$]-U�kN\<]a�¤k�¬ Z ��qnY�e�q�Á<�ae
SXW�o>\<�5qsUX\<�NU

φ ∈ V ′
(φ0)

� lmZ�o5lP�aSst^q�Zu]>kNe�{[Z^lGe$�5qso5qn\^o5qne �8e�]`Y�\NkN�5lPe���kNeflmZ�Y�ZuUXqnWP��e

��\[{
φ (g(V, T (φ)), s(V, φ) |u )

−1
Eφ [∂φg(V, T (φ)) |u ]

�@�5M �<L �
e$SVU�o5lP�aS�o&e�UnW�Une Á-�5e

1 � (φn)n≥1
��\^]1{^e$qXt<e!{<e�q�S��5] o>\<WG]-U�kNe V ′

(φ0)
M � \<�aS�Zc{<\^]aS�kN\<]a�`lGe qXdvSV�5lGUnZuUSX�5WG{[Z^]<U �
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� 6�� T (Cφ0) ⊂ Cφ0
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supφ∈Cφ0

∥∥∥ º�¹%� φ (g(V, T (φ)), s(V, φ) |u )
−1
Eφ [∂φg(V, T (φ)) |u ]

∥∥∥ < 1
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P¹%��½ T �a¹c½�½;5 7 � + 
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>¸�. � � φ̃ 7^¼�
5½ Cφ0
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º�¹ 
#� �;�]: �K� �-��½
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0

¦�evSf�1b1o>\^UX�5yvSVevS£kNe���e%UX�ad�\^qny�Y�e�SX\^]-U#k5W ����WPlPe$S£µD{^d�qnWG�ae�q�e�U£]5ep��\^]>SrUnW�Un�5e�]-U£�5]/��qXWGUXy$qXe�o5qnZuUXWmÁ-�5e
o&\^�5qsd�UX�akNWPe�q¤lGef��\<Y�o>\<qVUne�Y�e�]-U�Z^SXb1Y�o5UX\uUnWPÁ-�5efkNeflmZ�SV�aW�Une

(φn)n≥1
M

�1W:lmZ�SX�5W�Une
(φn)n≥1

��\^]1{<e�qnt^ef{^e$qnS��5]�o>\<WG]-Ug�5¢Ne
φ̃ � lGe�)VZ^��\^_5WPe�]wkNe T d�{[Z^lG�5d�Zu� o>\<WG]-U

φ̃
o>e$qXY�e�U

kNe�kNd�Une�qnY�WP]5e$q�lmZ%{1W�Une$SnSVe�kNe#��\^]1{^e$qXt<e�]a��e�Z^SXb1Y�o5UX\uUnWPÁ-�5e#kNe£lmZ�SX�5WGUXe^M3¦�e�)VZ^��\^_5WPe�] Z^�Do&\^WP]<U��5¢Ne£{[Zu�5U
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∂φT (φ̃) = −
(
Eφ̃

[
∂φ̃g(V, φ̃) |u

])−1 ��\[{
φ̃

(
g(V, φ̃), s(V, φ̃) |u

) M³¦AZD��\<qXY#�5lGe`kNe�¦�\<�5WmS#t<d�]5d$qnZ^lGWmSXd�e
�8�aM L<L � � kN\^]5]ae%l@¬ e�¢No5qne$SnSVWP\^]wkNe (Eφ̃

[
∂φ̃g(V, φ̃) |u

]) e�]w��\<]a��UnWG\<]wkNe%lmZp��\^]>��UXWP\^]we$SVUXWPY%Zu]-UXe%oaqX\ )re�UXd$e
G � ��ehÁ-�5W+o>e$qXY�e�U¤k5efqXd$d$��qnWPqXe�lGe�)VZ<��\^_aWGe$]

∂φT (φ̃) =

(
Idp −

��\[{
φ̃

(
g(V, φ̃), s(V, φ̃) |u

)−1

∂φG(u, φ̃)

)−1 �8�5M �^� �
\��
Idp

e$SVUBlmZ¤��\^]a��UXWP\^]£WmkNe$]<UnW�Und�SX�5q � p M[¦+Z�{1W�Une$SnSVe�kNe���\^]1{<e�qnt^e�]>��e evSrU³ZulP\^q�S�qnd�t<lGd$eToaZ^q λ(G) � lGe�Y�\1k5�5lGekNe#lPZ�o5lG�>S¤t<qnZ^]akNe�{[ZulPe��aq¤o5qn\^o5qne£kNe���\[{
φ̃

(
g(V, φ̃), s(V, φ̃) |u

)−1

∂φG(u, φ̃)
M3¦AZ�{1WGUXe$SnSXe£SVe$qnZ�d�lPe�{^d$e

SXW lPZDY�ZuUXqnWP��e���\[{
φ̃

(
g(V, φ̃), s(V, φ̃) |u

) evSrU£t<qnZ^]akNe �8Z^�/SVe$]aS�kNe�l@¬ \^q�kNqne�k5e$SfY%Z[UnqXWm��evS�SXb-Y�d�UXqnWPÁ-�5evS
kNd��a]5WPe$SBo>\-SVWGUXWP{^evS � � �u¬ e$SVUV§�µ[§�kNWGqneTSXW1lPZ¤��\^]a��UXWP\^]#e$SVUXWPY�Z^]-UXe���\^Y�o5lPy�UneFevSrUBUXqny$S:��\^qnqXd$lGd$eTZu��SX��\^qne �8��\^Y�o5lPe�U �
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U�Z^�N¢�\^_aSXe�qn{[Z[UnWG\<]aS�M � \<�aS�qXe�UXqn\^�5{<\^]aSTWP��W��5]5efkNevS���\^]ak5W�UnWG\<]aS�o>\<�5qsÁ<�ae�lmZ£{[Z^qXWmZu]a��eZ^SXb1Y�oNUX\^UXWmÁ<�aehk5e$S�e$SVUXWPY%Z[Une��5q�S ��d$t<ZulPefµ E(G)−1 ��SV\<W�Us�8Z^WG_5lPe^M
Q ] ��\^]a��lG�>SVWP\^] � SVW φ0

evSrU��a] oaZuq�ZuY�y�UXqneDÁ<�ae�lm��\^]>Á<�ae�UXe$lgÁ-�5e
Eφ0 [∂φg(V, φ) |u ]

SV\<W�U!�5]5e Y%ZuUXqnWP��e
WP]-{<e�q�SVWP_5lPe � e�U#Á-�5e%lGevSf�1b1o>\^UX�5yvSVevS�kN� UX�ad�\1y�Y�e��5Mx¡NMxLpSV\<]-U�{^d�qnWG�ad�evSfZulP\^q�ShlPZ�SX�5WGUXe (φn)n≥1

��\<]-{<e�qnt^e
{^e$qnS��5]5e�q�Z^��WG]5e#kNe�l¶¬ dvÁ<�>Z[UXWP\^]

G(v, φ) = 0
M �1\^�aS���evS���\<]akNWGUXWP\^]aS � ]5\<�aS�o&\^�a{^\^]>S�kNd��>]5WGq�l@¬ ZulPt^\<qXWGUX�aY�e

SX�5WG{[Z^]<U � Zuo5o&e�lPd�ZulPt^\<qXWGUX�aY�ehk�¬ QTSVUXWPY�ZuUXWP\^] �F\^]>kNW�UnWG\<]5]5e$lGlPef�©UXd$qnZuUXWP{^e���Q��F� � �
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 � �[¼%
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&¼ 
>¸ [ Φ
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��½�¸ 7B1. 
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a¸ �5¼��

∀n ≥ 1, φn+1
��½�¸F½�¹�
 + ¸¶¾8¹ 
 ��


φ
7 �D
�G B > + ¼[¸¶¾8¹ 
 Eφn [g(V, φ) |u ] = 0
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�

G¼�½ + ¾ ¸�� 7 ��½ �a¼%�X¼��F5�¸]� ��½ (φn)n≥0¼[¾�
a½�¾3º�¹ 
a½�¸]� + ¾ ¸ � ��½�¸ + 
 ��º�»5¼���
 � 7 � � ¼����^¹��
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 �sºn¼��X¼^º�¸$5-� �s¼�
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 � � ��¾3
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 � + � � � ����
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7 �K
�G ��½ �5¼<º �	7 ��½ �a¼%�X¼��F5�¸Z� ��½K> + � �a¼%� � � �D7WB�¸��;� ��¾�
a¾m½�¸�� 0
¦ ¬ ZulPt^\<qXWGUX�aY�efQFj�e$SVU��5]�ZulPt^\^qnWGUX�5Y�efQ��F� � Zuoao5lGWmÁ-�5d£µ%lmZ%��\<]a��UnWG\<]DSX��\^qne£kNevS¤kN\<]5]5d�evS¤��\^Y�o5lPy�UXevS�M

Q ]�e �&e�U � o&\^�5q¤�5]`Y�\NkNy$lGe�µ%k5\^]5]5d$e$S�WP]a��\<Y�o5lGy�UXevS � lmZ%SX�5W�Une�kNe$S�oaZuq�ZuY�y�UnqXevS (φn)n≥0
kNefl¶¬ Z^lGt<\^qnW�Un�5Y�e

QTj e$SVU#\^_5UXe�]1�5e!oaZuq#lPZ qXdvSV\<lG�5UXWP\^]/SX�a����e$SnSVWP{^e�k5�/o5qn\^_5lPy�Y�e!SX�5WP{[Zu]-U �8e�]/q�Z^SnSVe$Y£_5lmZu]-U£e$]/�5]5epSVe$�5lPe
d$Á-�aZuUXWP\^]plGevS�d�U�Zuo&e$SsQ e�U¤j �

(∇φEφn [Lc(V, φ) |u ])|φ=φn+1
= 0

�1W1]5\<�aS+o&\^�a{^\^]>S+WP]-UXe�qn{^e$qVUnWGqBkNd�qnWP{cZuUXWP\^]�e�UAWP]-UXd�t<qnZuUXWP\^] � �5]5e�d�U�Zuo&eTQTj���\<qXqne$SXo&\^]akhkN\<]a�Fµ¤lPZ¤qXdvSV\<lG�5UXWP\^]
kNefl¶¬ dvÁ-�aZ[UnWG\<]

Eφn [∇φLc(V, φ) |u ]|φ=φn+1
= 0

⇐⇒ Eφn [s(V, φ) |u ]|φ=φn+1
= 0

¦+Z���\<]-{<e�qnt^e$]a��e�kNe!lPZ�SV�aW�Une
(φn)n≥0

��\^]aSVUXqn�5WGUXe�o>Zuq£QFj o5qn\[{1WGe$]<U�kNe�lmZ ��qX\<WPSnSnZu]a��e�kNe�lmZ���\<]a��UnWG\<]
(L(u, φn)) � �8{^\<WGq:Un�5d�\<qXy$Y�evS kNe # � � ���aZuo5WGUXqnes� �GOv¯^« � � � ��\<]<UnqnZ^WGqne�Y�e$]<U³µfQ��F�:o&\^�5qFÁ<�aWa��e$lPZhqne�o&\<SXe�SV�aq
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L
§©oaSXe��ak5\u§©{-q�ZuWmSXe�Y£_alPZ^]a��e%evSrU�kNd��a]5WPe

oaZ^q �

pL(φ) =
∑

s∈L
log p(zs|(zt)t6=s, φ)
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E

[
∇φ

∑

s∈L
log p(Zs|(Zt)t6=s, φ)

]
= E

[
E

[
∑

s∈L
∇φ log p(Zs|(Zt)t6=s, φ) |(Zt)t/∈L

]]

= E
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∑

s∈L
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= 0
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G = arg min
H∈Hu

Eφ [(H − g)(H − g)′]
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lPZ#��\^]>��UXWP\^]!UXe$lGlPe�Á-�5e

H (φ |φ0,u ) = arg min
H∈Hu

Eφ0

[
‖H(u, φ) − g(V, φ)‖2

]

� \<�aSs��\<]aSVUXqn�5WPSX\^]>SFWGUXd$qnZuUXWP{^e$Y�e$]-U φn+1
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H (φn+1 |φn,u ) = 0
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(φn)n≥0
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η = Eθ [T (Y )]
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θ
e�U
η
e$SVU¤kN\<]5]5d�ehoaZ^q

∇θϕ(θ) = η
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y = (y1, . . . , yN) � ZulP\^q�S�SVW�lmZ��8ZuY�WPlGlPefe$SVUsY�WP]5WPY%ZulPefe�U¤Á-�5e T (y)
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T (y) = η � �POvL � Ov¯^¯��©M &B\<�5q�k5d�UXe$qXY�WP]5e�qgl¶¬ QTjD² θ̂MV
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lmZ#qne�lmZ[UnWG\<]
T (y) = ∇θϕ(θ̂MV ) � W¶M e<M

θ̂MV = (∇θϕ)
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T
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WP]<UnqX\NkN�aW�UnehkaZu]aS�lmZ�SVev��UXWP\^]`�5M aMPOhSVefkNdv��\^Y�o&\<SXe�e$]
Q(φ, φn) = Q(A) + Q(θ, θn)

M��F\<Y�Y�e#lGevS�Y�WmSVevS�µ )r\<�5qhkNe
A
e�U
θ
SX\^]-Uge �3e$��Un�5d�evS�WP]akNd$o>e$]ak5ZuY�Y�e�]-U

l¶¬ �5]ae�kNefl@¬ Zu�5UXqne � ]5\<�aSskN\^]a]5\^]aS��a]5WPÁ-�5e$Y�e�]-U�lGef�$Zulm���5l�kNe θn+1
�

Q(θ, θn) =

N,K∑

i,k=1

π
(n)
i,k (〈T (yi), θk〉 − ϕ(θk))

¦ ¬ d�U�Zuo&e�j°��\^]aSXWmSrUnehk5\^]a�ge�]`lmZ�qXdvSV\<lG�NUnWG\<]pk5egl¶¬ d$Á-�aZ[UnWG\<]`�aZu_5WGUX�ae�lPlGeho&\^�5qslPe$SsY�\NkNy$lGevS�e�¢No>\<]5e�]-UnWGe$lPS �

∀k ≤ K, ∇θk
ϕ(θk) =

(
T (y)

)
k,n

��>M � �

\��w]5\<�aShZc{^\^]>S�]a\uUXd (
T (y)

)
k,n

=
PN

i=1 π
(n)
i,k T (yi)

P
N
i=1 π

(n)
i,k
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e�U

Σ
SX\^]-U£qne$SXo&e$��UnWG{<e�Y�e�]-U£lmZ�Y�\[b^e$]5]5e�e�U#lmZ�{[ZuqnWPZ^]a��e���M+¦+e$S
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∀k ≤ K,





mk =
PN

i=1 π
(n)
i,k yi

P
N
i=1 π

(n)
i,k

Σk =
PN

i=1 π
(n)
i,k (yi−mi)(yi−mi)

′

P
N
i=1 π

(n)
i,k
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a, b

�8qXevSr§
o&e$��UnWG{<e�Y�e�]-U¤kNeh��\<qXY�efe�U¤k�¬ dv���5e�lPlPe���e�UgZ#�a]5e£kNe$]aSVWGUXd

f (y, (a, b)) = 1
Γ(a)ba y

a−1 exp(− y
b )1 � +(y)

MaQ lPlGe
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(mk, Σk)1≤k≤K

E��
θ = (θk)1≤k≤K
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e$SVU�]5\^UXd�e
γ(a, b)

e�U¤SnZ#��\^qnY�eh�$Zu]5\<]5WmÁ<�aegevSrU �




T (y) = (−y, log(y))
′

θ = ( 1
b , a− 1)

ϕ(θ) = −(θ2 + 1) log(θ1) + log(Γ(θ2 + 1))

e�U�o&\^�aq����aZ^Á-�5ehWGUXd�q�Z[UnWG\<]
n
kNefQTj ]5\<�aSskNe�{<\^]aS�qnd$SX\^�>kNqXeglPehSXbNSrUny�Y�e �

∀k,





θn+1
2,k +1

θn+1
1,k

= (y)k,n

− log(θn+1
1,k ) + ψ(θn+1

2,k + 1) =
(
logy

)
k,n

\��
ψ(x) = d log Γ(x)

dx

e$SVUglmZ%��\<]a��UnWG\<]�kNWPt<Z^Y�Y�Z � k5d�qnWG{<d�e£lP\^t-ZuqnW�Un�5Y�WPÁ-�5e#kNe#lmZ���\^]a��UXWP\^] Γ
k�¬ Q �5lPe�qvM&QT]

qnd�d$��qXWP{[Zu]-UTlPe$STd$Á-�aZ[UnWG\<]aS e$]%��\^]>��UXWP\^]!kNe$SFoaZuq�ZuY�y�UXqne$S³�aSX�5e$lPS
a, b � ]a\^�aST\^_NUne�]5\<]aS lPe$ST��\^qnY£�5lPe$SFkNe¤Y�WmSVeµ�)r\^�5q�SX�5WP{[Zu]-UXevS �

∀k,





an+1
k = ξ−1(

(
logy

)
k,n

− log((y)k,n))

bn+1
k =

(y)k,n

an+1
k
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Zc{^ev�
ξ
��\^]>��UXWP\^]!UXe$lGlPe�Á-�5e

ξ(x) = ψ(x) − log(x)
M
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∀y ∈ Sd−1, f (y, (ξ, κ)) =
(κ

2

)d
2−1 1

Γ(d2 )Id/2−1(κ)
exp(κξ′y)

\��
ξ ∈ � d−1 e$SVUfZuo5o&e�lPd%kNWGqne$��UXWP\^]�Y�\[b<e�]5]ae£e�U κ ≥ 0

e$SVUhlGe�oaZ^qnZ^Y�y�UXqne#kNe%��\^]a��e�]-UXq�Z[UnWG\<]�M��Fe�UVUne#lP\^W
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T (y) = y

θ = κξ

ϕ(θ) = (d2 − 1) log(κ2 ) − log(Γ(d2 )) − log(Id/2−1(κ))

\��
Id/2−1

qne�o5qnd$SXe�]-UXe�lmZ¤��\<]a��UnWG\<]�k5e�¨FevSXSXe�lNkNesoaqXe$Y�WPy�qne�e$SXo>yv��e � ¡!�¶M �1WN]5\^�>S:]5\uUn\^]aS
Ad(κ) =

Id/2(κ)

Id/2−1(κ)
�
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∀k,





ξ̂k =
(y)k,n

‖(y)k,n‖e�U
κ̂k = A−1

d

(∥∥∥(y)k,n

∥∥∥
)
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κ̂k
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R(ξ)
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I(ξ)

′
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g
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Y |U = u
evSrUh�5]5e

lP\^W:]5\^qnY%ZulPe
N(m, Σ

u )
e�U�kNe%kNdvkN�5WPqXe%SnZ�{[ZuqnWmZu]a��e#kNWPqXev��Une�Y�e�]-U���oaZ^q�Zuo5o5lPWm��Z[UnWG\<]�kNe�lmZ���\<qXY#�5lPe�kNe�lmZ

{[ZuqnWPZ^]a��eh��\<]akNWGUXWP\^]5]ae�lPlGe��
V (Y ) = E

[
U−1
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× Σ

�8aMPO^O��
¦+Z�UXe�¢-Un�5qne

U
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q(y) = 1
2 (y −m)′Σ−1(y −m)

f (y, (m, Σ, g)) =
|Σ|−1/2

(2π)d/2

∫ ∞

0

u
d
2 e−uq(y) g(u)du

�8aMPOvL �

¦+ZhkNe$]aSXW�Und
f(·|m, Σ, g)
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gd : u 7→ |Σ|−1/2
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Y
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∀λ > 0, Y = λ1/2ε/(λU)1/2
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λg(

·
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ϑ ∈ Ξ
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1

Γ(a)ba
1

va+1
e−1/bv1 � +(v)
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U ∼ γ(a, b) �
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λU ∼ γ(a, λb)
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 + ½ �

3¹ + ½�¼%�[¹ 
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{
E [U ] = ab

E [logU ] = ψ(a) + log(b)
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E [logV ] = −ψ(a) − log(b)
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M �1W
U ∼ γ( ν2 ,
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ν ) � Z^lG\<qnS Y SX�5WGU%�5]5eplG\<W�k5e

�-Un�akNe�]-U �8]5\uUndflG\<W � ��µ ν kNe$t^qnd$SskNehlPWG_&e�qXUXdvS � ]5\uUnd�e Tm,Σ,ν
�

f (y, (m, Σ, ν)) =
Γ( ν+d2 )|Σ|−1/2

(πν)d/2Γ( ν2 )

(
1 +

2q(y)

ν

)− ν+d
2 ��aMPO$Ä �

&³ZuqFl@¬ QTÁ&M ��aMPO^O��:]5\<�aS qne�UnqX\<�5{^\<]aS Á-�5e�k5y$S�Á<�ae
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ν

ν − 2
× Σ
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m
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a ) � Z^lG\<qnS Z Z��5]5eflP\^W�kNehUrb1o&e � ]5\^UXd$e
Km,Σ,a

�

f (y, (m, Σ, a)) =
2aa|Σ|−1/2

(2π)d/2Γ(a)

(√
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a
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2

Ka−d
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2
√
aq(y)

) ��aMPOci �
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VK,Σ,a(Y ) = Σ
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O<M�¦+Z!lG\<W

Tm,Σ,ν
evSrUf�5]ae�lP\^W³ZpÁ-�5e��5e�d$oaZuWmSXSXe � oaZ^qn��e�Á-��¬ WGl S$¬ Zut^WGUfk�¬ �a]5e�lG\<W:k5e#Urb1o&e#oa�5WPSnSnZu]a��e �@µ

l@¬ e�¢1UXq "�Y�e � o>\<�5q ν = 1 � Y SX�5WGUs�5]5eflP\^W�kNe#��Z^�a���1b�Á-�5W�]�¬ Z�oaZ^SskNehY�\[b^e$]5]5e���M
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UXe$]akp{^e$qnS��5]aehk5WGq�Z^�ge�]
m
lP\^q�SXÁ-�5e

a
Une�]akp{^e$qnS

0
M+¦+\^q�SXÁ-�5e

a = 1 � lmZ�lG\<W � e$SVU�oaZuqX��\^WmS�Zuoao>e$lGd$e%lG\<WTkNe�¦AZuo5lmZ^��e�t<d�]5d$qnZ^lGWmSXd�e^M�¦T¬ Z^o5o5qn\c¢NWGY%Z[UnWG\<]
Z^SXb-Y�oNUn\uUnWPÁ-�5eh��lmZ^SnSVWmÁ-�5efkNeflmZ£��\<]a��UnWG\<]

Kα
��{^\<WGq �x¡ � �

∀α > 0, Kα(x) ∼+∞

√
π

2x
e−x
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{cZ^lGe$]-U�evSrU ‖y‖a− d+1

2 e−2
√
a‖y‖ � � Y%ZuWmS�_&e$Zu�>��\^�ao!Y�\^WP]aS�q�Zuo5WmkNefÁ-�5eflmZ#lP\^W�]a\^qnY�Z^lGe<M
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Y%Zuqnt^WP]aZulPe$S�e�U�lGevS��at^�5qne$S�>M L#o&\^�5q�kNevSse�¢Ne$Y�oalGevSskNe�kNe�]>SVWGUXdvS�e�]�kNWPY�e$]aSXWG\<]`L ��M



ic ����� � � � ��� � � � ��	����#�� � � � ��� � �� ������ � ����� � ��

������� >MGO � jDZuqnt^WP]aZ^lGevS�k5e$S�lP\^WmS�e�lPlGWPoNUXWmÁ-�5e$S �5lG\<W � �V¬ � ¬ � � lG\<W � ¬��v§�¬ � lG\<W � \^qnY%ZulPe�� § �

�5A � C@6�7@2)4 &'" C86 M A MKE�4
78E�:3G�A#MK6

�;I � C86
782)4 &'" C86 M A�MKE�4
	A*�L6
?
ν = 10

�;? � C86
78234 & " C@6�M A�MKE�4��A �L6�?
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f(r) = r
σ2 exp

(
− r2

2σ2

) � ��e
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γ(1, σ2)
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I

′ e �&ev��UXWP{^e$Y�e�]-U�qne���5e�e$SVU��a]5e£o&e�qXUX�5qn_aZuUXWP\^]
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I
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′
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Z o&\^�5q�kNe$]aSVWGUXd

fI′ (y) =∫ +∞
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( y

aσ2

)(a−1)/2
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5½D> + � fI(y) ∼
Cya−1e−2

√
ay

σ
º � > + ¾"�v¾ ��
>¸ ��+ ½�¸¶¾ . �;� 
�G ¼ � ���X¹ �^¾��%¼[¸¶¾8¹ 
 7 �/
G¼Y
G¹u¾ 7 ��½f¾�
a¸ ��
a½�¾ ¸$B�½ �a¼%� + 
 �/
G¹u¾J:<¼�� �%¼W0
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�1W:]5\<�aShZc{^\^]>S��5]5e�lP\^W:e�lPlPWGoNUnWPÁ-�5e
E(m, Σ, ϑ) � ]5\^�aShSX\^Y�Y�e$ShSX\^�5{<e�]-U�WP]-UXd�qne$SnSXd$S�oaZuqgl@¬ e$SVUXWPY%Z[UnWG\<]kNevS!o>Zuq�ZuY�y�UnqXevS�o&\<SXW�UnWG\<]N§¶dv���5e�lPlPe

(m,Σ) � \^��Z^lG\<qnS!kN� o>Zuq�ZuY�y�UnqXew��\^Y�o5lPe�U (m, Σ, ϑ)
M � \^�>S!]a\^�aSWP]<Und�qne$SnSV\<]aS:Wm��W>µhlPe��aq e$SVUXWPY%Z[UXWP\^]�oaZ^q l¶¬ QTjD²£M1��Z^]aS³lPe�o5qne�Y�WGe$q ��Z<S � SXWa]a\^�aS SX�5o5o&\<SX\^]>S Á-�5eslPZg��\<]a��UnWG\<]

h
e$SVU���\<]5]1�5e � lmZ kNW �3d�qne�]-UnWPZuUXWP\^] kNe`lPZwlP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e �8k5Z^]aS�lPe`�$Z^S%k�¬ �5] d$���>Zu]-UXWPlGlP\^] W@M Wmk�M y =

(y1, . . . , yN)
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m =
PN

i=1 w(ri)yiPN
i=1 w(ri)

Σ = 1
N

∑N
i=1 w(ri)(yi −m)(yi −m)

′

��aMxLu¯ �

Zc{^ev�
ri =

∥∥Σ−1/2(yi −m)
∥∥2 e�U

w(r) = −h′(r)
h(r)
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qn\^_5�aSVUXevSXSXe �8e�]DUne�qnY�e$SgkNe�SXe�]>SVWP_5WPlGWGUXd�µ�kNevS�{[Z^lGe$�5qnS�Zu_&e�qnqnZ^]-UXe$S � � }5O � � � SXW:lPZ���\^]a��UXWP\^] w kNd$��qX\u�PUhZ^SnSVe �
{1W�Une^M3Q ]�e �3e�U � lmZ%��\<]a��UnWG\<] r 7→ w(r)
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l¶¬ WP]��a�5e$]a��e�kNevS¤\<_aSVe$qX{[ZuUXWP\^]aS�k5Zu]aS�l¶¬ evSrUnWGY%Z[UnWG\<] kNevS¤oaZ^qnZ^Y�y�UXqne$S$M3�Fe�UVUne���\^]>��UXWP\^]�e$SVUgkNdv��qn\^WmSXSnZu]-Une ��e�U
SX\^�5{<e�]-UBqnd�dv��qnW�Une�SX\^�>SAlmZ���\^qnY�e

w(r) = ψ(r)
r
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kNd��a]5WPefoaZuq �
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N∑

i=1

{
d

2
log(ui) − uiq(yi) + log(g(ui, ϑ))

} ��aMxLNO��

�NZ^]aSpo5qXdv��WmSVe$q!lmZ kNe�]>SVWGUXd
g � ]a\^�aSpd$��qXWP{^\<]aS!lGe SX���ad�Y%ZHt<d�]5d$qnZ^lgk5ewl¶¬ ZulPt^\^qnWGUX�5Y�e QFj o&\^�5q��a]5e�lP\^W
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2
) − log(

ν
(n)
i + d

2
) = 0

�8aMxLu« �

� \<�aS:]5\^UX\^]>S ϕ(x) = ψ(x)− log(x)
e�U
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i = d+ν(n)

2q(n)(yi)+ν(n)

M
��Zulm���5lPe�q�lmZ�Y�\[b^e$]5]5e�e�U#{[ZuqnWmZu]a��e�kNe$S£\^_aSXe�qn{[Z[UXWP\^]>S

(yi)1≤i≤N
e�]Ho>\<]akNd�q�Zu]-U£Zc{<e$�

m(n+1) e�U
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√
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√
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√
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H(x, a) = − log(x) + ∂α logKα(2ax)|α= d

2−a
M

¦+Z�Y�WmSVe�µ�)r\^�aq�kN�`oaZuq�ZuY�y�UnqXehkNefÁ-�5e��ae
a
Zu_&\^�NUnW�U¤µ�lmZ�qXdvSV\<lG�NUnWG\<]!kNefl¶¬ d$Á-�aZ[UnWG\<]

ϕ(a) = ˜ϕ(n)
��aM �<L �

Zc{^ev� ˜ϕ(n) = 1 −
(

1
N

∑N
i=1 Eφn [ 1

Ui
|y] +Eφn [log(Ui)|y]

) M &:\^�5q�qnd$SX�5Y�e�q � l@¬ ZulPt^\<qXWGUX�5Y�epo>e$qXY�e�UVUnZ^]-U
k�¬ e$SVUXWPY�e�qs�5]5eflP\^W

Km,Σ,a
evSrU �

O<Ms��]5W�UnWPZ^lGWmSnZ[UXWP\^] �
m(0) = 1

N

∑N
i=1 yi

� Σ(0) = 1
N

∑N
i=1

(
yi −m(0)

) (
yi −m(0)

)′ � a(0) = 10
��evSrUnW�§

Y�ZuUXWP\^]`k5Zu]>S�lGe��$Z^S�t<Z^�aSXSXWPe�] �
L5M�&B\<�5q
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Kd
2
−a(n)+1

(2
√
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t^e$]5qne£k�¬ Zuo5o5qn\N���5e�o&\^�5qglPe#��Z^lP���5l:kNe£l¶¬ QFj�² k5e$SgZu�NUnqXevS�lP\^WmS¤e$lGlPWGo5UXWmÁ<�ae$S$M&�gZu]aS�lPe$Sg��Z^S¤\��DWPlB]�¬ evSrUhoaZ<S
o&\<SnSVWP_5lPe�k5e�kNd$kN�aWGqne�lPZp��\<qXY�e%Zu]aZ^lGb-UnWPÁ-�5e%kNe%lmZplG\<W Z!o&\<SVUXe$qXWP\^qnW kNe�lmZpUXe�¢1Un�5qXe � WGlTqXevSrUne�e$]1{-WmSnZut^evZu_5lPe
k�¬ �NUXWPlPWPSXe�q¤k5e$S�Y�d�Un�5\NkNe$S�k5ehSXWPY£�5lmZ[UnWG\<]!o&\^�5q��$Zulm���5lPe�qsl¶¬ d�UnZ^o>efQ Zc{<e$���5]�ZulPt^\^qnWGUX�5Y�ehj��FQTj M
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� \<�aS�Y�e�UXUX\^]>S�e�]`\1e��5{1qnehkaZu]aSs��e�UVUne�SVev��UnWG\<]!lPe$SsZ^lGt<\^qnW�Un�5Y�e$S�k�¬ e$SVUXWPY�ZuUXWP\^]�kNehY�d�lmZu]5t<e$SskNeflP\^W�k5e

�-Un�akNe�]-U£e�U#kNe�lP\^W � kaZu]aSflPe���Z<kNqne�kNe�lmZ�SVe$t^Y�e�]-UnZuUXWP\^] ]5\<]N§©SX�5o&e�qn{1WPSXd�e ��o>Zuq£j &Fj ��kNe����>Zc� ]5e$S�k5e
jDZ^qXz<\[{��$Z^���5d$e$Ss��j���Z[§�¨���M � \^�>Ss��\^Y�oaZ^qX\<]aSFlGevS�k5W �3d�qne�]-UnS�Y�\NkNy$lGevS��N����² �NlP\^W3]5\^qnY%ZulPe � lP\^W � e�U�lP\^W
� Zu�a]%kNesY�e�UXUXqnese�]�d�{1WmkNe�]a��e�l@¬ Zuo5o&\^qXUTkN��oaZ^qnZ^Y�y�UXqne�k5e�Á<�ae��5eso&\^�5q³l¶¬ e$SVUXWPY�ZuUXWP\^]�e�U lmZhSVe$t^Y�e�]-U�Z[UXWP\^]+M
� \<�aSfUnqnZ^W�Un\^]aS£lGep��Z<S#k�¬ �5]5e���j���Z[§�¨��fSrU�Z[UXWP\^]a]aZuWPqXe!µD� ��lPZ<SXSXe$S$MA¦+e�o5qn\N��e$SnSX�aS£�$Z^���5d�evSrU�o5lP�NU �^U

�XSrU�Zu_5lPe�� � Zc{^ev�£�5]ae�Y%Z[UXqnWm��e%kNe�UXq�Zu]>SVWGUXWP\^] A = (aij)1≤i,j≤3
� aii = 0.8

e�U
aij = 0.1

Á<�>Zu]ak
i 6= j

M
�F�aZ<Á<�ae`��lPZ<SXSXepe$SVU%k5d��a]5WPe`oaZuq%lPe$S�o>Zuq�ZuY�y�UnqXevS#kNe�Y�\[b<e�]5]5evS£e�U�{[ZuqnWPZ^]a��evS�SX�5WP{[Zu]-UnS �

µ1 = (0, 0)
′ �

µ2 = (1.5, 1.5)
′ � µ3 = (3, 3)

′ � Σ1 =

[
1 0.4

0.4 1

]
� Σ2 =

[
1 0.2

0.2 1

] e�U
Σ3 =

[
1 0.5

0.5 1

] M � \^�aS
UXevSrUn\^]aSsZ^lG\<qnSs¡�Sn��d�]>ZuqnWGW�kNW��3d�qne�]-UnS �
O<M � ]`Y�d�lmZu]5t<egkNe���lP\^WmS�]5\^qnY%ZulPe$S���Y�d$lPZ^]5t^e N �L5M � ]pY�d$lPZ^]5t^ehkNeh��lG\<WPS � � kNegoaZuq�ZuY�y�UXqne$S�kNefÁ<�ae��5ehWmkNe�]-UXWmÁ-�5e$S ν1 = ν2 = ν3 = 10

�8Y�d�lmZu]5t<e
T1
�

�aM � ]`Y�d�lmZu]5t<egkNe���lP\^WmS � � kNefoaZ^qnZ^Y�y�UXqne$S�kNe�Á-�5e$�5e ν1 = 5 � ν2 = 10
Zu]ak

ν3 = 15
��Y�d�lmZu]at^e

T2
�

>M � ]pY�d$lPZ^]5t^efkNef��lP\^WmS � � k5ego>Zuq�ZuY�y�UnqXevS�k5ehÁ-�5e$�5ehWPk5e�]-UXWmÁ-�5e$S a1 = a2 = a3 = 5
��Y�d�lmZu]at^e

K1
�

¡5M � ]`Y�d�lmZu]5t<egkNe���lP\^WmS � � kNehoaZ^qnZ^Y�y�UXqne$S�kNe�Á-�5e$�5e$S a1 = 1 � a2 = 2 � a3 = 4
��Y�d�lmZu]at^e

K2
�

¦�evS�k5e�]aSXW�Und$SgkNe$Sh¡%Y�d$lPZ^]5t^evS�\^_5UXe�]1�aSgSX\^]-U¤UnqnZ<��d�evS¤k5Z^]aS�lPe$S¤�at>M �8aM � �se�U��8aM  ��M � \^�aSg��\<Y�o>Zuqn\^]aSslPe$So5qn\N��d$k5�5qXevS¤kNe�SXe�t^Y�e$]<U�Z[UnWG\<]D]5\^]5§©SX�5o&e�qn{-WmSXd�e�o&\^�5qf��e$Sh¡%Y�d�lmZu]5t<e$S�e�]��NUXWPlGWmSnZu]-Ug�a]5e%��jw��Z[§�¨F�skN\<]-U
lPe$S%lP\^WmS�k�¬ d�Y�WmSXSXWG\<] SX\^]-U�SX\^WGU�kNe$S�lG\<WPS�]5\<qXY%Z^lGevS � kNevS%lP\^WmS�kNe �-Un�akNe�]-U�\<� kNe$S%lP\^WmS � MT¦+e$S�Y�\NkNy�lPe$S
��\<qXqne$SXo&\^]ak5Z^]-U¤SV\<]<Ug]5\uUnd$Sgqne$SXo>ev��UXWP{^e$Y�e�]-U¤Y�\NkNy�lPe$S � � � e�U � M3¦ ¬ d$���aZ^]-UXWPlGlP\^] Á-�5e#]5\^�>S�SXe�t<Y�e$]-UX\^]>Se$SVU¤kNegUnZ^WGlPlPe

N = 1000
M
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��I � 
 "
M A#7# �6
2�C861MKE�4K2 T1

�;? � 
 "
M A#7# �6
2�C86 MKE�4K2 K1

����� � aM � � jDd�lmZu]5t<e$S�kNe �1���+²ÆZcb<Zu]-U�Y "�Y�efoaZuq�ZuY�y�UXqnegkNefÁ-�5e$�5e � Une�¢1UX�5qne��
N,K1, T1

��A � 
 "
M A#7# �6
2�C86 MKE�4K2 T1

��I � 
 "
M A#7# �6
2�C86 MKE�4K2 K1

������� >M 
�
j�d�lmZu]at^e$S�kNe �N����²ÆZcb<Z^]-U�kNevS�oaZuq�ZuY�y�UXqne$S�kNe�Á-�5e��aehk5WPSVUXWP]a��U�S

K2, T2
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Y�d�lmZu]5t<e$S � Z^�N¢!k�¬ e�qnqXe$�5q
N OvL � 

T1
e�U
T2

O� � ¡
K1

e�U
K2

O$¯ � }
����� � >MGO � � Z^�N¢!k�¬ e�qnqne��5q ��� ��e$]pSXe�t<Y�e�]-UnZuUXWP\^]`SV�5o&e�qn{1WPSXd�e

¦�evS%U�Zu�N¢ k�¬ e�qnqXe$�5q�Un�5d�\<qXWmÁ-�5e �8e�] ��\^]-UXe�¢-Une�SX�5o&e�qn{-WmSXd��%SX\^]-U!evSrUnWGY�dvS�oaZ^q!j�\<]-UXe ��Z^qXlP\ e�U�SX\^]-U
kN\<]5]5d$SfkaZu]aSglPe#U�Zu_5lPe$Z^� �8aMPO���M�jDZulPt^qnd#kNevShoaZuq�ZuY�y�UXqne$SgkNe%Á<�ae��5e%kNW��&d$qXe$]-UnS � lGevShY�d$lPZ^]5t^evShkNe�lG\<WPS �
�
K1

e�U
K2
��e�Uhk5e#lP\^WmS � � T1

e�U
T2
�¤o&\<SnSVyvkNe�]-Ugk5e$S�UnZ^�N¢ k�¬ e�qnqXe$�5q�Un�5d�\<qXWmÁ-�5e$S¤UXqny$S�o5qn\1���ae$S � Á-�5e�]5\^�>S

��\<]aSXWPkNd$qX\<]aS���\<Y�Y�ehd�t-Zu�N¢�M
¦�evS�Y�d�lmZu]at^e$S�kNe �-UX�ak5e�]-U�SX\^]-U£lPe$S#o5lP�aS�kNW �%��WGlPe$S�µDqne$SVUnZ^�5qne�q �8e�]Hq�ZuWmSX\^]/kNe!lPZ�kNd$��qX\<WPSnSXZ^]a��e%e$]

o5�5WmSnSXZ^]a��ehkNe$SsÁ-�5e$�5e$S � ��efÁ-�5W�Z^�5t^Y�e�]-Une�lmZ�U�ZuWPlGlPefkNe$S��$\^]5evS�kNef��\^]5���aSVWP\^] � � ZulP\^q�S�Á<�aeglPe$S�Y�d$lPZ^]5t^evS�k5e
lP\^W � SV\<]<U�lPe$Sso5lP�aS��8Z<��WPlGevSsµ�SVe$t^Y�e�]-UXe$q �8��e�Á-�5W+e$SVU�_aWGe$]pWPlPlG�aSVUXqndhoaZuqslPe$Ss��oaWP�$SsSVd$oaZuqnd$S�kN�`Y�d�lmZu]5t<e���M

¦ ¬ e$SVUXWPY%Z[UnWG\<] k5e$S�o>Zuq�ZuY�y�UnqXevShe$SVU£e �3e$��UX�5d$e�oaZuq£l@¬ ZulPt^\<qXWGUX�5Y�e�QTj k5e�lPZ�SXe$��UXWP\^] >M L5M  � o>\<�5q£�5]ae
]5\<Y£_5qne�k5efO$¯^¯¤W�Und�q�Z[UnWG\<]aS�Mu¦T¬ WP]5WGUXWmZulPWPSnZ[UnWG\<]£evSrU³qnd$ZulPWmSVd$eFe$]�evSrUnWGY%Z^]<U³lPe$S:oaZ^qnZ^Y�y�UXqne$SBkNevS:lG\<WPS³k�¬ d�Y�WmSXSXWP\^]
µpoaZuqXUXWPqfkNe$Sf��lPZ<SXSXe$Sg��\<]aSVUXqn�5W�Une$ShoaZ^qh�5]wZ^lGt<\^qnW�Un�5Y�e�Z^� � o5lG�>Sfo5qn\1���ae$S�{^\^WmSXWG]aS$M�¦�evShqXdvSV�5lGUnZuUnShkNe�lmZ
SXe�t^Y�e$]<U�Z[UnWG\<]!]5\<]N§�SV�5o&e�qn{1WPSXd�ehSX\^]-U�qnZ<SXSXe�Y#_5lPd$S�k5Zu]>S�lGehU�Zu_5lPe$Z^� �8aMPO$� � � e�U�\<]-U�d�UXdf\<_NUXe$]1�!oaZ^q�j�\^]-Une
��ZuqnlP\ �@SV�5q¤¡^¯^¯�SXWGY#�5lPZuUXWP\^]aS ��M
¦�\<qnS�kNeglPZ#qne$SVUnZu�aqnZuUXWP\^]�]5\<]N§�SV�5o&e�qn{1WPSXd�e � ]a\^�aS�o&\^�5{<\^]aS�kNWmSXSX\N��WPe�q�lGeh��Z<S�\���lPe$S�Á-�5e$�5e$SsSX\^]-UFd$t<Z^lGevS

kNeh��e$lG�5W�\���e$lGlPe$S�SX\^]-U�kNWmSVUXWP]a��Une$S$MNQ ]!e �&e�U � o&\^�5q�lPe$S�Y�d�lmZu]5t<e$S N , T1, K1
� lGevS��#Y�\NkNy�lPe$S�kN\<]5]5e�]-UskNe$S

o&e�qX��\^qnY�Z^]a��evSfSVWPY�WGlmZuWPqne$S � Zc{^e$�#�5]5e�k5d�t^q�Z^kaZ[UXWP\^]wqne�lmZ[UXWP{^e$Y�e�]-U��8Z^WG_alGe�k5e$SgUnZ^�N¢wk�¬ e$qXqne��5qfo>Zuqfq�Zuo5o&\^qXU
Zu�p��Z<S�SX�5o&e�qn{1WPSXd^MN¦+Z#qne$SVUnZu�aqnZuUXWP\^]�lmZ£oalG�aSsk5W ����WPlPe�evSrU���e$lGlPehkN�!Y�d$lPZ^]5t^e

T1
� o&\^�5q�lPe$Á-�5e�l3lPehY�\NkNy$lGe �

kN\<]5]5efkNe$S�o>e$qV��\<qXY%Zu]>��e$S�dvÁ<�aWG{[ZulPe�]-Une$S ��lPd�t<y�qne�Y�e�]-UsY�e�WPlGlPe��aqXe��FÁ-�5eflPeh{1qnZ^W�Y�\NkNy$lGe<M
&:\^�5qBlPe$SBY�d�lmZu]5t<e$S

T2, K2
� WPlNZuo5o>Zuq�Zc�mUBÁ-�5e�l@¬ e$SVUXWPY%Z[UXWP\^]#e$SVU:Z �&ev��UndFoaZ^qAlPe$S:���aZ^]5t^e$Y�e�]-UnSBkNe ��Une�¢1UX�N§

qne�� � ��e�Á-�5W&kNd�t<qnZ<kNeslGevS³o&e�qX��\^qnY�Z^]a��evS³kNe¤SXe�t<Y�e$]-UnZ[UnWG\<]�Mu��l5evSrU�Zu����\<]-UXq�ZuWPqXe�]5\uU�Zu_5lPe¤Á-�5eslPe$STY�\NkNy$lGevS �e�U � kNe${-WPe�]a]5e�]-Usk�¬ �a]5e�o>ZuqXUFd$Á-�5WP{[ZulPe�]-Usk5Zu]aSF�5]p��\^]-Une�¢1UXe��5d�Und�qn\^t^y$]5e �8o>\<�5q�lGevSTUne�¢1UX�aqXevS � � e�U�k�¬ Z^�NUXqne
oaZ^qVUgo5lG�>S¤o&e�qX��\^qnY%Zu]-Ugk5Z^]aS�lGe���Z^SgkN�DY�d$lPZ^]5t^e

K2
�8]5\^�aS�o&\^�5{<\^]aS���\^]>SVWmkNd�qne�qgÁ-�5e£lPe$Sgo&e�qX��\^qnY�Z^]a��evS

kNevS�Y�\NkNy$lGevS � e�U � o>\<�5qslPe$S�Y�d�lmZu]5t<e$S T1
e�U
T2
SV\<]-U�dvÁ-�5WG{[Z^lGe$]<Une$S ��M

�Fe$��WaSXWGt<]5W��>e¤Á-�5e�lPe�oaZuq�ZuY�y�UXqne�kNe¤Á-�5e��ae�e$SVUT�5]5e���Zuq�Z^��UXd$qXWmSrUnWPÁ-�5eskNevST��lPZ<SXSXe$S³Á-�5W&o>e$qXY�e�UFkNe�Y�WPe��N¢
kNWmSX��qXWPY�WG]ae�q³lPe$S ��lPZ<SXSXe$S$McQ ]%e �3e�U � lGesY�\NkNy$lGe � e�U � qXd$�aSXSXWmSXSXe�]-U³µf��Zuo5UX�5qne�q ��e�UVUne�kNW��&d$qXe$]a��eskNe�Une�¢1UX�5qne �Y "�Y�e£SXW�l¶¬ Z^lGt<\^qnW�Un�5Y�egQFj ]5e�o&e�qnY�e�U¤oaZ<S�kNe�kNd�UXe�qnY�WG]ae�q�e�¢NZ<��Une�Y�e�]-U�lPe$Ss{[ZulPe��aqnS�k5e$SsoaZ^qnZ^Y�y�UXqne$Ssk5e
Á-�5e��ae �

� j�\NkNy�lPe T2
�
ν̂1 = 5, 1 ; ν̂2 = 14, 2 ; ν̂3 = 15

��Y�\NkNy�lPe � ��e�U â1 = 2 ; â2 = 4, 4 ; â3 = 5
�8Y�\NkNy$lGe

� �
� j�\NkNy�lPe K2

�
ν̂1 = 2, 9 ; ν̂2 = 6, 4 ; ν̂3 = 11

��Y�\NkNy$lGe � �Ae�U â1 = 1 ; â2 = 4, 4 ; â3 = 4, 8
�8Y�\NkNy$lGe

� �
¦�evS�oaZuq�ZuY�y�UXqne$S�kNefY�\[b^e$]5]5ege�U¤kNef{[ZuqnWmZu]a��egSX\^]-Use$SVUXWPY�d$S�oaZ^q���\^]-UnqXefSnZu]aS�_5WmZuWmS�M

Å �m'��m���m' (+��� � �^7&. ":È8*-J�*1?
¦�evS�1���+² �NUnWGlPWmSVdvS e�]�qnZ<k5Zuq SX\^]-UFkNe�Y�\[b^e�]a]5e�]1�5lPlGe � ��egÁ-�5WaevSrU��5]5e�k5W �����al�Und�SX�5o5o5lPd�Y�e�]-U�ZuWPqXeso&\^�5q

lmZ�SXe�t<Y�e�]-UnZuUXWP\^] � ��Z^q�lPZ�{[ZulPe��5qsY�\[b<e�]5]5ege$SVU��5]poaZuq�ZuY�y�UXqne¤UnqXyvSskNWPSn��qnWPY�WP]aZ^]<Use$]<UnqXeglPe$Ss��lmZ^SnSXe$S$M � \^�aS
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� O$� �  Oc¡ � Ä O$� � « Oc¡ � i O^O � i
� O$� � ¡ Oc¡ � ¡ O$� � O Oc¡ � i O^O � i

����� � aMxL � � Z^�N¢Dk�¬ e$qXqne��aq � � �¤e�]wSVe$t^Y�e�]-U�Z[UXWP\^]�]a\^]N§�SV�ao>e$qX{1WmSVd$e�o>\<�5qhlGevS¤Y�d$lPZ^]5t^evS N � T1
� T2

� K1
�

K2

Y�d�lmZu]5t<e$S � Zu�5¢!k�¬ e�qnqXe$�5q
CN

L^� � ¡
CT1

Lu � }
CK1

Lu � «
CT2

L^¡
CK2

L^� � ¡
����� � >M � � � Z^�N¢!k�¬ e�qnqne��5q ��� ��e$]pSXe�t<Y�e�]-UnZuUXWP\^]`SV�5o&e�qn{1WPSXd�e

Y�\^]-UXqn\^]>S�]5dvZu]5Y�\^WP]aS�Á-�5e!lPe$S �1���+²�]5epo&\<SnSVdvk5Zu]-U�Á-�5epkNe$S�{[ZuqnWmZu]a��e$S�e�U�k5e$S�oaZuq�ZuY�y�UXqne$S�kNe`Á-�5e��ae
kNWmSrUnWG]>��UnS�o>e$�5{^e$]<UhUn\^� )r\<�5qnS "�UXqne%SVd$oaZuqnd$S � e�U£Á-�5e�l@¬ e$SVUXWPY%Z[UnWG\<] SXe%��\<Y�o&\^qXUXe%SX����SXZ^Y�Y�e$]-Uh_aWGe$]�o&\^�5q
o&e�qnY�e�UVUnqXe�kNe$S�o5qn\1��d$kN�aqXevS¤kNe�SVe$t^Y�e�]-UnZuUXWP\^]�]5\<]N§�SV�5o&e�qn{1WPSXd�e#Z^����e�oNU�Zu_5lPe$S$M � \^�aSg��\<Y�oaZuqn\^]aS�o>\<�5q�lPe$S
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��Z<S�qXd$e�l � ]a\^�aSFUXevSrUn\^]aSs¡#SX��d�]aZ^qXWPW � SXe�lP\^]!lGegUrb1o>ehkNehlmZ£lP\^W�k�¬ d�Y�WmSXSXWG\<]�e�U�l¶¬ d�t<Z^lGWGUXdhkNevSFo>Zuq�ZuY�y�UnqXevSFkNeglmZ
UXe�¢1UX�5qne^M
¦�e�oaqX\N��evSXSX�aS%�$Z^���5d�Z � d�U�Z[U�S%e�U�Z o&\^�5q�Y�ZuUXqnWP��e�kNe�UXq�Zu]>SVWGUXWP\^]

A = (aij)1≤i,j≤3
� aii = 0.8e�U

aij = 0.1
Á-�aZu]ak

i 6= j
M¤¦�evS���lmZ^SnSVevS`SV\<]<U k5e Y�\[b<e�]5]ae�]1�5lPlGe e�UD\^]-UDo&\^�5q�{[ZuqnWmZu]a��e �

Σ1 =[
1 0.2 + 0.8i

0.2− 0.8i 1

]
� Σ2 =

[
1 −0.4 + 0.1i

−0.4 + 0.1i 1

] e�U
Σ3 =

[
1 0.5 + 0.5i

0.5 − 0.5i 1

] M
� \<�aS�UXevSrUn\^]aSsZ^lG\<qnSs¡�Sn��d$]aZuqnWGW�kNW��3d�qne�]-UnS �
O<M � ]`Y�d�lmZu]5t<egkNe���lP\^WmS�]5\^qnY%ZulPe$S���Y�d$lPZ^]5t^e
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�

L5M � ] Y�d�lmZu]5t<e�kNe���lP\^WmS � � kNe�oaZuq�ZuY�y�UnqXevSfkNe�Á-�5e$�5e%WPk5e�]-UXWmÁ-�5e$S ν1 = ν2 = ν3 = 10
�8Y�d�lmZu]5t<e

CT1
�

�aM � ]%Y�d�lmZu]5t<e¤kNe¤��lG\<WPS � � kNe�oaZuq�ZuY�y�UnqXevS³kNe�Á-�5e$�5e ν1 = 5 � ν2 = 10
Zu]ak

ν3 = 15
��Y�d�lmZu]at^e

CT2
�

>M � ]/Y�d�lmZu]at^e�kNep�DlP\^WmS � � kNe�o>Zuq�ZuY�y�UnqXevS�kNe!Á-�5e$�5e�WmkNe$]<UnWPÁ-�5evS a1 = a2 = a3 = 5
�8Y�d�lmZu]5t<e

CK1
�

¡5M � ]`Y�d�lmZu]5t<egkNe���lP\^WmS � � kNehoaZ^qnZ^Y�y�UXqne$S�kNe�Á-�5e$�5e a1 = 1 � a2 = 2 � a3 = 4
�8Y�d$lPZ^]5t^e

CK2
�

� \<�aS kN\<]5]5\<]aS³k5Zu]>S:lGe�U�Zu_5lPe$Z^� �8aM � �AlPe$S:U�Zu�N¢�k�¬ e$qXqne��aqBe$]%SVe$t^Y�e�]-UnZuUXWP\^]�SV�ao>e$qX{1WmSVd$e�k5e���e$SF¡¤Y�d$lPZ^]5t^evS��\<Y�o5lGe�¢Ne$S$M^¦�evS qnd$SX�5l�U�Z[U�S kNe�lmZ�SXe�t^Y�e$]<U�Z[UnWG\<]�]a\^]N§�SV�ao>e$qX{1WmSVd$e�SX\^]-UTq�Z^SnSXe�Y£_alGd$e$S³k5Z^]aS lPesUnZ^_5lPe$Zu� �8aM  ��M
¦�evS�¡#Y�\NkNy$lGevS�UXevSrUnd$S�\<]<U�kNevS���\[{[Z^qXWmZu]a��e$S���\<Y�oalGe�¢1evS � e�U�o>\-SXSXy$kNe$]-U�lPe$S�Y "$Y�evSsoaZ^qnZ^Y�y�UXqne$S�kNefÁ-�5e��ae
Á-�5ehk5Zu]aSFlPe���Z<STqnd�e$l@M � \<�aS�o>\<�5{^\<]aST��\^]aSVUnZuUXe$q�Á-�5e�lGevSTU�Zu�N¢�k�¬ e�qnqne��5q�SV\<]-UF_&e$Zu�>��\^�ao�o5lP�aS�WGY�o&\^qXUnZu]-U�SÁ-�5e¤k5Z^]aS³lPe¤��Z<S:\��%lmZhY�\[b^e�]a]5ese$SVUT]5\<]�]1�5lPlPe � Y%Z^lGt<qXdskNevS {[ZuqnWPZ^]a��evS:_5WPe�]�kNWmSrUnWG]>��UXevS � e�UTWPlaevSrUT��lPZ^WGqFÁ<�ae
lmZho>\-SXSXWG_aWGlPW�Und¤k�¬ �5]5e�qne$SVUnZ^�5q�Z[UXWP\^]���\<]1{^e�]>Zu_5lPe�e$SVU e$SnSVe$]<UnWGe$lGlPe�Y�e$]<U�kN�5e¤µhlmZhY%Zuqnz^\[{1WPZ^]5WGUXd�kN�%o5qn\1��e$SnSV�>S
kNevSFd�UnZuUnS���e�Usµ#lmZ���\<qVUnegoaqX\<_aZu_5WPlPW�Und�kNehqne$SVUXe�q�k5Z^]aS�lGehY "�Y�egd�UnZuU ��M5¦�e$SFU�Zu�N¢�k�¬ e�qnqne��5q�SV\<]-U���e�o&e�]ak5Z^]-U
UX\<�aSsµ�o>e$��o5qny$S�d$Á-�5WP{[ZulPe�]-UnS � e�U�kNefl¶¬ \^q�kNqXehkNe£L<¡ ��M
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� j�\NkNy�lPe CT2
�
ν̂1 = 5, 9 ; ν̂2 = 10, 4 ; ν̂3 = 13, 1

��Y�\NkNy$lGe � �se�U â1 = 2, 5 ; â2 = 4, 4 ; â3 = 5, 4��Y�\NkNy�lPe � �
� j�\NkNy�lPe CK2

�
ν̂1 = 2, 2 ; ν̂2 = 5, 9 ; ν̂3 = 9, 7

�8Y�\1k5y�lPe � �he�U â1 = 1 ; â2 = 2, 1 ; â3 = 3, 4��Y�\NkNy�lPe � �

j�d$lPZ^]5t^ehQTSVUXWPY�d
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Å �m'��m���P� "#7&0 �<È8IB?$6@7>0
� \<�aS�Zc{^\^]>S³UXevSrUnd�lPe$S�Z^lGt<\^qnW�Un�5Y�e$S QFj°k�¬ e$SVUXWPY%Z[UnWG\<]!kNegY�d�lmZu]5t<e$STk5e �1���+² k5Zu]aS�O$¯#SX��d�]aZ^qXWPW3kNW �3d�§

qne�]-UnS$M � \^�aSFo&\^�5{<\^]aSF��\^]>��lP�5qXe�Á<�ae¤lmZ�lP\^W&]5\^qnY%ZulPe ��\<��lPe¤Y�d�lmZu]5t<e � �Te$SVUsµfd�{1WGUXe�q�lP\^q�SXÁ-�5e�]a\^�aS�Zc{^\<]aSkNevS³Y�d�lmZu]5t<e$S³kNe��1���+² � Z^lG\<qnS:Á-�5eslPe$S³lP\^WmS � e�U � \^]-U kNe$S³o&e�qX��\^qnY%Zu]a��e$S³SXWGY�WPlPZ^WGqne$S³kaZu]aS:lmZho5lP�5oaZuqXU kNe$S��Z<S�M<±�WP]aSVW � ��\^Y�Y�e�l¶¬ Z^lGt<\^qnW�Un�5Y�e�QTj o&\^�5qFl@¬ e$SVUXWPY%Z[UXWP\^]�k�¬ �5]ae�Y�d�lmZu]5t<e�kNe¤lP\^W � evSrU�Y�\<WG]>S ��\ �NUXe$�N¢�e$]UXe$qXY�evS�k5eg�$Zulm���5l �8��\^]-UXq�ZuWPqXe$Y�e�]-UFµ#lPZ#lG\<W � Á<�aW&]ad$��evSXSXWGUXe¤l¶¬ d�{[ZulP�aZ[UnWG\<]!kNeglmZf��\^]>��UXWP\^]pSVo&d$��WPZ^lGe
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∀x ∈ � d, F (x1, . . . , xd) = C(F1(x1), . . . , F (xd))
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Y�d�Un�5\NkNe�kNe���\<]aSVUXqn�a��UnWG\<]!kNWPqXev��Une � lPeho5lG�>S�SV\<�5{^e$]-Usk5eh��\^o5�alGevS�_5WG{[Z^qXWPd�evS � Á-�5W+Z^_>\<�NUXWGU�e$SnSXe�]-UXWPe�lPlGe$Y�e�]-U
Zu�5¢g�8Z^Y�WGlPlGevSAk5e���\^o5�5lPe$SBZuq����5WPY�d$kNWPe�]5]ae$S$M$¦ ¬ Zu�5UXqneF��\<]aSXWPSVUXe�µ¤kNd�UXe�qnY�WG]ae�q:µ�l¶¬ Z^WPkNe�kN��Un�5d�\<qXy$Y�eTkNe��1z1lPZ^q
lmZ%��\^oa�5lGe#SV\<�aSr§ )VZ^��e�]-UXefµ%kNevSsY�\NkNy�lPe$S¤Y£�5lGUXWP{[ZuqnWGdvSs�aSX�5e�lmS � kN\^]-U¤lPe$Ssqne�oaqXdvSVe$]<U�Zu]-UnS�lPe$S�o5lG�>S�]5\<Y£_5qne��N¢
SX\^]-UslGevSs��\^oa�5lGevS�e�lPlGWPoNUnWPÁ-�5evS�M
�p=�:0B6�2$6@7>0 Å �P�J�m'���� !O���� � � T �WL �$N � �#���&Q&(�
·3¹u¾ ¸

ϕ + 
 � \�¹ 
3º�¸¶¾8¹ 
 �`B;��¾ .F¼�
a¸ 
���½ � �X¹ � ��¾1B�¸$B�½f½ + ¾3�[¼ 
>¸���½/a




ϕ : [0, 1] −→ [0,+∞]

ϕ(1) = 0, ϕ(0) = +∞
ϕ
º�¹ 
>¸@¾�
 + � �

½�¸]��¾8º�¸ ��� ��
>¸ 7Bnº;�X¹u¾m½n½�¼�
a¸ �
E 
 ��º�¹ � + 
��p¼%�Xº�»1¾��	B 7[¾ ��

 � ��½�¸g¼%
P¹%��½�7WB]. 
>¾ � �a¼%�

C(u, v) = ϕ−1(ϕ(u) + ϕ(v))
0
ϕ

��½�¸g¼ � ��-
 BY
 �D:�B��

�B;�X¼u¸�� + ��7 �9
P¼/º�¹ � + 
 � 0g·&¾ ϕ ��½�¸D7 � + �Y\�¹u¾m½?7WB;��¾3�c¼,-
���½ ��¸ > + � ϕ′ > 0 �


P¼ 7 ��
5½�¾ ¸$B87 �=
G¼ ºn¹ � + 
�� ��½�¸
c(u, v) = (ϕ−1)(2) (ϕ(u) + ϕ(v)) × ϕ′(u)ϕ′(v)

0

� \<�aSFqXe$]-{<\[b^\<]aS³Zu�N¢%lPWG{1qne$S�kNe � e�lmSXe�]�e�U �<\1e¤o&\^�5q��5]5e�lGWmSVUXehZ^SnSVe ����\<Y�o5lGy�UXegkNe$S���\<o5�5lPe$S�Zuq����5WPY�d�§kNWPe�]5]ae$S��8lGegUnZ^_5lPe$Zu� �8aMx¡ �FqnZ<SXSXe�Y#_5lPe�lPe$S�o5lP�aS���\^�5q�ZuY�Y�e�]-U��NUXWPlPWPSXd�evS ��M
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�F\<o5�5lPe$S
t 7→ ϕθ(t) θ Cθ�FlmZcb-UX\^] 1
θ (t

−θ − 1) [−1,∞)− {0} Cθ(u, v) = max
(
(u−θ + v−θ − 1)−1/θ, 0

)
	g�5Y#_>e$l

(− log t)θ [1,∞) Cθ(u, v) = exp
(
−
[
(− logu)θ + (− log v)θ

]1/θ)

À5q�Zu]5z
(− log e−θt−1

e−θ−1 )
� − {0} Cθ(u, v) = − 1

θ log
(
1 + (e−θu−1)(e−θv−1)

e−θ−1

)

� ��� � aMx¡ � Ã��ae�lmÁ<�ae$S�e�¢Ne$Y�oalGevSskNe���\<o5�5lPe$SsZuq����5WPY�d$kNWPe�]5]ae$S

¦�evSge�¢No5qne$SnSVWP\^]aSgkNevSf��\^oa�5lGevShZuq����5WGY�dvkNWGe$]5]5evS�o&e��a{^e�]-U "�UnqXe�qne�lmZ[UnWG{<e�Y�e�]-UfSVWPY�o5lGevS � ��e�o&e�]ak5Z^]-UhlPe$S
kNe$]aSVWGUXdvSA��\^qnqXevSVo&\^]>k5Zu]-UXevS��8Á-�5eF]5\^�aSAZu�5qn\^]>S�µ��NUnWGlPWmSVe$qAk5Z^]aS+lPe$SAZuo5oalGWm��ZuUXWP\^]aSAkNeFSXe�t<Y�e$]-UnZ[UnWG\<]he�UB��lPZ<SXSXWG§
�>�$Z[UXWP\^] �+\<]-U³k5e$S³e�¢1oaqXevSXSXWG\<]aSB��\^Y�o5lPWmÁ<�ad�e$S:e�U o>e$��Y�Z^]5WmZu_5lPe$S$M � ]�qXe$o5qn\1���ae�SX\^�5{<e�]-U:�8ZuWGU µg��e$S:Y�\NkNy�lPe$S
e$SVU£l¶¬ WP]akNe�¢5Z[UXWP\^] oaZ^q��5] oaZ^qnZ^Y�y�UXqne�Y�\^]5\NkNWPY�e�]aSXWG\<]5]5e$l � ��e�Á-�5WF��\^]aSVUXWGUX�ae�SV\<�5{^e$]<U��a]5e�lPWGY�WGUnZ[UnWG\<] µ
l¶¬ Z<kNd$Á-�aZuUXWP\^] Z^�N¢DkN\^]5]ad�e$S$M&��l:S$¬ Zut^WGUgZ^�aSnSVW:SV\<�5{^e$]-U�kNe���\^oa�5lGevS¤_aWG{[ZuqnWPd�e$S � Y�Z^WPS�e�lPlPe$SgSV\<]<Uge�¢1UXe$]aSXWG_5lPe$S
µ#lPZ�kNWPY�e$]aSXWG\<]

d
M �1\^�>S���e�qXUnZ^WG]5evSF��\^]ak5W�UnWG\<]aSFSX�5q�lPe�t<d�]5d$qnZuUXe��aq

ϕ � lPZ���\^]a��UXWP\^]`µ d Z^qXt<�5Y�e�]-UnS�kNd��>]5WGeoaZ^q
∀u ∈ [0, 1]

d
, C(u) = ϕ−1

θ

(
d∑

i=1

ϕθ(ui)

) ��aM <¯ �
e$SVU��5]5ef��\^o5�5lPe^M
¦�evSF��\^o5�alGevSFe$lGlPWPoNUXWmÁ-�5e$S�SX\^]-U��a]5egZ^�NUXqne��8ZuY�WGlPlPe¤UnqXyvSFqnWm���5e�kNef��\^o5�5lPe$SFY£�al�UnWG{[ZuqnWPd�e$S � µ�lmZ^Á-�5e$lGlPe¤��\<]-U

oaZ^qVUnWGehlPe$Ss��\<o5�5lPe$S�t-Zu�aSnSVWPe�]a]5e$S�e�U��1UX�akNe$]-U¤kN\^]5]ad�e$S�oaZuq�lPe$S�kNd��a]5WGUXWP\^]aSsSX�5WP{[Zu]-UXevS�M

�F\^o5�alGe 	hZu�>SXSXWGe$]5]5e �
cρ(u1, . . . , ud) = |ρ|−1/2 exp

(
−1

2
ζ ′(ρ−1 − Id)ζ

) ��aM aO��
\��

ρ = (rij)1≤i,j≤M
e$SVUT�5]5e¤Y�ZuUXqnWP��e�kNe¤��\^qnqXd$lPZuUXWP\^] � e�U ζ = (Φ−1(u1), . . . ,Φ

−1(ud))
� Φ d�U�Zu]-U lmZh�rM k�M qk�¬ �5]5eft-Zu�aSnSVWPe�]a]5eg��e�]-UXqnd�ehqnd$kN�aW�Une^M

�F\<o5�5lPe �-UX�ak5e�]-U �
cρ(u1, . . . , ud) = |ρ|−1/2 Γ( ν+d2 )Γ( ν2 )d−1

Γ( ν+1
2 )d

(
1 + 1

ν ζ
′
ρ−1ζ

)− ν+d
2

∏d
k=1(1 +

ζ2k
ν )−

ν+1
2

��aM -L �

\��
ρ = (rij)1≤i,j≤M

evSrU��5]5e�Y�ZuUXqnWP��e�kNeg��\<qXqnd�lmZ[UnWG\<] � e�U ζ = (T−1
ν (u1), . . . , T

−1
ν (ud))

� Tν d�U�Zu]-UFlmZf�8kNqk�¬ �5]5eflP\^W�kNe �1UX�akNe$]-U¤��e�]-UnqXd$egqnd$k5�5W�Une^M
�Fe$Sfk5e��N¢ ��\^oa�5lGevSfSV\<]-UhlPe$S£��\^oa�5lGevSfkNe$ShlP\^WmShe�lPlPWGoNUnWPÁ-�5evS���\<qXqne$SXo&\^]ak5Z^]-UXe$S � e�U£kN\<]-Uhl¶¬ e�¢No5qne$SnSVWP\^]wZ

d�Und#\<_NUXe$]1�5e#e$]�Z^o5o5lPWPÁ-�aZ^]<UglGe#UX�ad�\^qny�Y�e�kNe �1z1lPZ^q �@��Zuqg]5\<�aSh��\^]a]aZuWmSXSX\^]>S�lmZ�lP\^W:kNe$SgY%Zuqnt^evS�e�UhlmZ�lP\^W
)r\^WP]-UXe���M3±�WP]aSVWBlmZ���\<o5�5lPe�t<Z^�aSnSVWPe�]5]ae�e$SVU�lmZ�SXe��5lPe#µ%qne$k5\^]5]5e$q¤�5]ae#kNe$]aSVWGUXd#t<Z^�aSXSXWPe�]5]5e£lG\<qnSnÁ-�5efl@¬ \^] lG�5W
Zuoao5lGWmÁ-�5e�kNe$S�Y%Zuqnt^e$S�kNe�t<Zu�>SXSXWGe$]5]5e#�5]5WP{cZ^qXWPd�e<M&��e�Y�"$Y�e � lPZp��\<o5�5lPe#kNe �-Un�akNe�]-Ufe$SVU�lmZpSVe$�5lGe���\<o5�5lPe
Á-�5W5qne$kN\<]5]5e��5]5eslP\^W5k5e��-UX�ak5e�]-U lG\<qnSnÁ-�5e�lGevS:Y%Zuqnt^e$S:SX\^]-U kNe�Urb1o>e��1UX�akNe$]-U ��e�UTÁ-�5e�Un\^�aS:lPe$S oaZuq�ZuY�y�UnqXevS
kNe�Á-�5e$�5efSV\<]<Usd$t<Zu�5¢ ��M
� \<�aSB�NUXWPlPWPSXe�qn\^]aSAe$SnSXe�]-UXWPe�lPlGe$Y�e�]-U:��e$S³L�Y�\1k5y�lPe$SBoaZuq:lmZ�SX�5WGUXe � o>Zuq���e�Á<�aeF]5\<�aS:Zc{^\<]aS+�a]5e�e�¢No5qne$SnSVWP\^]e�¢No5lPWm��WGUXe � ZuWmSVd$Y�e$]-U�Y�Z^]5WPo5�5lmZu_5lPefe�U��$Zulm���5lmZu_alGefkNeflmZ%kNe�]>SVWGUXd �@Á-�5ef]5\^�>Ss�NUXWPlPWPSX\^]aS¤��\^]>SrU�ZuY�Y�e�]-U¤k5Zu]>S

lPe$SFY�\NkNy$lGevSFj j���Z ��M-jDZ^lG�ae��5qne��aSXe�Y�e$]<U � ��e$S���\<o5�5lPe$S³��\<]-U�o5qne$SnÁ-�5es�at<�5qne¤k�¬ e�¢5��e$oNUXWP\^]��$Zuq�lGevSF��\^o5�alGevS
e�lPlPWGoNUnWPÁ-�5evS¤\<]-U�q�Zuqne�Y�e�]-U�k�¬ e�¢No5qne$SnSXWG\<]DZu�aSnSVW+�8Z^��WGlPe^M3ÀaZ^] ��¸¤¼�
C0 � � Ä1i � ��\<]<U��NUXWPlGWmSXd#lmZ�qne�lmZ[UnWG\<]�_5W )rev��UnWG{<e
e�]-UnqXehlP\^WmSskNe$S�Y%Zuqnt^evS�e�U�lP\^WmS�)r\^WP]<Unefo>\<�5qsd�Un�akNWPe�q�kNefY%Z^]5WGy$qXeht<d�]5d$qnZ^lGeglGevSs��\<o5�5lPe$S�e�lPlPWGoNUnWPÁ-�5evSse�UslPe��5q
e�¢No5qne$SnSXWG\<]�qne�]>k�o5qX\<�5WP_5W�UnWG{<e�lPe��5qF�NUXWPlGWmSnZ[UXWP\^]+M &³ZuqFe�¢Ne�Y�o5lPe � ]5\^�aSFkN\^]a]5\^]aSTl@¬ e�¢No5qne$SnSXWG\<]#e�¢1oalGWm��WGUXegkNe�lmZ



�"��� � ���� �H� �  ��� � «<}
��\<o5�5lPefkNeflPZ�lP\^W �

∀u, c(u) =
Γ(a)d−1

(2aa)d−1

√
2a

(d−1)(2a+1)
2

√
(ζρ−1ζ ′)a−d/2∏

i |ζi|
Ka−d/2(

√
2aζρ−1ζ ′)

∏
iKa−d/2(

√
2a|ζi|)

��aM <� �
\��

ζ = (K−1
a (u1), . . . ,K−1

a (ud))
� Zc{^ev� Ka ��\^]a��UXWP\^] kNe�qnd�o>ZuqXUXWGUXWP\^] k�¬ �a]5e%lG\<W � ��e�]-UnqXd$e�qnd$k5�5W�Une � k5e

oaZ^qnZ^Y�y�UXqne
a
Ms¦ ¬ d�{[ZulP�aZ[UnWG\<] kNe���e�UXUXe kNe�]aSXWGUXdwWGY�o5lPWPÁ-�5e kN\<]a� kNevS`��Zulm���alPSp��\<Y�oalGe�¢1evS��8e�]-UXqne�Z^�NUXqne$S

l¶¬ WP]-UXd�t<qnZuUXWP\^]!]-�aY�d$qXWmÁ-�5eho>\<�5q���Z^lP���5lPe�qslPe$S��rM k�M qvM � � e�UsWG]-UXe$qnk5W�U¤SX\^]p�NUXWPlPWPSnZ[UnWG\<]pkNefY%Z^]5WGy$qXehWP]-UXe�]>SVWP{^e<M

�Æ*1?vI+Ì[*1?�CFEG45?v?$7 �^68452$687&0 ¦+Z���\^o5�alGe#qXe$o5qXdvSVe$]-UXe�kNe#Y�Z^]5WPy�qne£e�¢N�aZ^�aSVUXWP{^eflmZ�kNd$o>e$]ak5Zu]>��e£e$]-UXqne£kNe$S
{[ZuqnWPZ^_5lPe$S+Z^lGdvZ[Un\^WPqXevS�Mv¦ ¬ WG]N��\<qXY%ZuUXWP\^]£Á-��¬ e�lPlGe�kNd$lGWP{1qXeFe$SVUBY%ZulP�5e$�5qXe$�aSXe�Y�e�]-U+UnqX\<o#��\^Y�o5lPe�¢NeTo&\^�5qBo&\^�5{<\^WPq
"�UnqXe�WG]-UXe$qXoaqXd�UXd�e�e�] U�Zu]-U�Á-�5e!lGWPe�]Hk5e�kNd�o&e�]>k5Zu]a��e�e$]<UnqXe�{cZ^qXWmZu_alGevS�M &B\<�5q#��e�UXUXe�q�ZuWmSX\^] � k5e$S#Y�evSV�aqXevS
k�¬ Z^SnSV\N��WPZuUXWP\^]£]1�5Y�d$qXWmÁ-�5e�SV\<]-U:�5UXWPlGWmSVd$e$S³o&\^�aqTZc{^\<WGq:�5]�qnd$SX�5Y�dsWG]-UXe$qXoaqXd�UnZu_alGeskNeslmZf��\<o5�5lPe^Mu��e�Y%Zu]5WPy�qne
qne�Y%Zuq�Á-�aZu_5lPe � �5]���e�qXUnZuWP] ]5\<Y£_5qne kNe�Y�e$SX�5qXevS!��lPZ<SXSXWmÁ<�ae$S�k�¬ Z<SXSX\N��WmZ[UXWP\^] e$]<UnqXew��\<�5o5lPe�kNe�{cZ^qXWmZu_alGevS
ZulPd$ZuUX\<WGqne$Sgqnd�e�lPlPe$S

(X,Y )
SX\^]-Uh��\^]a��UXWP\^]w�5]5WmÁ<�ae�Y�e�]-U£kNe%lmZ`��\^oa�5lGe

CXY
�PO^O$!�¶MA¦�e$ShY�evSV�5qne$ShlPe$ShoalG�aS

��\<�5q�Zu]-UXevS³SV\<]<U lPesU�Zu�%kNe � e$]ak5ZulPl
τ
e�UFlGe����5\�kNe��1o&e$Z^qXY%Z^]

ρ � kN\<]-U lGevSTkNd��a]5WGUXWP\^]aS SX\^]-U lPe$SFSV�5WP{[Zu]-UXevS�M
�1W�]5\<�aS�Zc{<\^]aS�kNe��5¢p��\<o5WPe$S�WP]akNd�o&e�]>k5Zu]-UXevS

(Xi, Yi)i=1,2
kN����\<�5o5lPe

(X,Y ) � ]a\^�aSsZc{<\^]aS

τ = P ((X1 −X2)(Y1 − Y2) > 0) − P ((X1 −X2)(Y1 − Y2) < 0)
�8aM ^ �

¦�e�U�Zu��kNe � e�]>k5ZulPl
τ
evSrU lmZhkNW��&d$qXe$]a��ese$]<UnqXe�lmZgo5qX\<_aZu_aWGlPW�Undsk�¬ Zc{<\^WPq:�5]5esoaZ^WGqne���\^]a��\^q�k5Zu]-UneFe�U �5]5esoaZ^WGqne

kNWmSX��\^q�k5Zu]-Une^M � e$lPSXe�]�Z�Y�\^]-UXqndfÁ<�ae

τXY = 4

∫

[0,1]2
CXY (x, y)dCXY (x, y) − 1

¦�e��s�5\�kNe �1o>evZuqnY%Zu]�e$SVU¤lPe£��\1e��%��WGe$]-U�kNe£��\^qnqXd$lPZuUXWP\^] �8Z^�DSVe$]aSs�aSX�5e�l ��k5e$S�q�Zu]at<S�µ��5]D�8Z^��Une��5q�o5qny$S �
W¶M e<M

ρ̃XY = E [(FY (Y ) −E [FY (Y )]) (FX (X) −E [FX (X)])]
�8aM -¡ �

� \<�aSsZc{^\<]aS�ZulP\^q�S
ρ̃XY = 12

∫

[0,1]2
C(u, v)dudv − 3

&:\^�5q:l¶¬ d�UX�ak5e�kNe�lPZgkNd�o&e�]>k5Zu]a��e�e�]-UXqne�k5e��N¢£{[Z^qXWmZu_5lPe$S:Z^lGdvZ[UX\<WGqne$S � ��e$SBY�e$SX�5qne$S:SX\^]-U:k5\^]a��o5qnd���d$qnZ^_5lGevSAZ^�
��\1e��%��WGe$]-UTkNe���\<qXqnd�lmZ[UnWG\<]#kNe�&:e$Z^qnSX\^]�e�]-UnqXe

X,Y
Á<�aWakNd�o&e�]>k%kNeslPZf��\^o5�alGesY%ZuWmS Z^�aSXSXW5kNevS³Y%Zuqnt^WP]aZulPe$S$M

�Fe�UXUXe�kNd$o>e$]ak5Z^]a��e�Z^o5oaZuq�Zc�mU�]5e�UXUXe�Y�e$]<U¤Z^��UnqnZc{<e�q�S�kNehl@¬ WPk5e�]-UXWGUXd�kNe � \1e ��kNWG]at �
�hÌ[7 "F7>?v6�2v687&0 Å �P�J�8���	� � �W&"���_��� � ���?!I�	��H�$&J)
·>¾
X

��¸
Y
½�¹ 
>¸ 7 � + � �c¼���¾8¼W,;
���½f¼%
CB�¼u¸©¹u¾3� ��½���B �-
3
 ��½¤¾�
>¸6B6:W�X¼W,;
���½ �

¸ �-
3
 ��½�> + � E [|XY |] <∞ �
��¸:½�¾ 
&¹ + ½


&¹u¸©¹�
5½
FX , FY , FXY


���½ \�¹ 
3º�¸¶¾8¹ 
a½P7 �P� B��a¼%��¸¶¾ ¸@¾8¹�
 � ��½ ���º�¸¶¾3� ��½P7 �
X � Y

��¸/7 + ºn¹ + ��
�� �

&¹ + ½�¼��c¹�
5½¼%
P¹%��½

º�¹%�
(X,Y ) =

∫

� 2

(FXY (x, y) − FX(x)FY (y)) dxdy

&³Zuq���\^]aSXd$Á-�5e$]<U¤SXW
X
e�U
Y
SV\<]<U¤k5e��N¢`{[ZuqnWPZ^_5lGevSs��e$]<UnqXd$e$Ssqnd$k5�5W�Une$S � lPe��5q¤��\1e�����WPe�]-U�kNe���\^qnqXd$lPZuUXWP\^]

ρ
�@kNe &:e$Zuq�SX\^] �Te$SVUsd�t<Z^lGefµ



}^¯ ����� � � � ��� � � � ��	����#�� � � � ��� � �� ������ � ����� � ��

ρ = E [XY ] =

∫

� 2

(CXY (FX (x), FY (y)) − FX(x)FY (y)) dxdy

e�U¤k5d�o&e�]ak`kNevS�Y�Z^qXt<WG]>ZulPe$S$M

¦�\<qnSnÁ-�5e ]5\<�aSB�NUXWPlPWPSX\^]aSB�5]ae���\^o5�alGeFoaZuq�ZuY�d�UnqXWmÁ-�5e � WPlNe$SVUBoaZ^qB��\^]aSXd$Á-�5e$]-UBWP]-UXd�qne$SnSnZu]-UBk�¬ e�]#e�¢No5qnWGY�e$q
lPe$S³Y�e$SX�5qne$S

τ
e�U
ρ̃
e$]���\^]a��UXWP\^]�kNe���evS³oaZuq�ZuY�y�UXqne$S � Zu�a]%kNesqne�UXqn\^�a{^e�q:lmZgY�"$Y�esWG]-UXe$qXoaqXd�UnZ[UnWG\<]#WP]-UX�5WGUXWP{^e

kN� ��\1e�����WPe�]-UnS!kNe���\^qnqXd$lPZuUXWP\^] k5Zu]>S�lPe$S�Y�\NkNy$lGevS!��lPZ<SXSXWPÁ-�5evS�M �1�5q!��e o&\^WP]-U � lGevS���\<o5�5lPe$S�e�lPlGWPoNUXWmÁ-�5e$S
o&e��5{<e�]-U "�UnqXesY%Z^laWP]<Une�qno5qnd�UXd��$Zuq e$lGlPe$SFSV\<]-U oaZuq�ZuY�d�UnqXd$e$S:oaZ^q �5]5e¤Y�ZuUXqnWP��e�kNe¤��\^qnqXd$lPZuUXWP\^] �8kNe�&:evZuq�SV\<] �
ρ
Mu�F\<Y�Y�eF]5\^�>SAl¶¬ Zc{^\^]>S�{1� � ��e�UXUXe�Y%Z[UXqnWm��eT]aeFo&e��NU³oaZ<S "�UXqneTd$t<ZulPe �8e�]�Un\^�NUneFt<d�]5d$qnZ^lGWGUXd���µ�lPZ¤Y�ZuUXqnWP��eFkNe
��\[{[Z^qXWmZu]a��e

Σ
k�¬ �5]p{^ev��Une��5q�l¶¬ Zcb-Zu]-UFo&\^�5qs��\^o5�5lPe � �$Zuq Σ

kNd�o&e�]>kpk5e$S�Y%Zuqnt^e$S$M-Q ]��8Z^W�Uso&\^�5q�lPe$Ss��\^o5�5lPe$S
e�lPlPWGoNUnWPÁ-�5evS � lPZ�Y%Z[UnqXWm��e ρ = (ρij)

evSrU�qne�lPWPd�efZu�!UnZ^�`k5e � e$]ak5Z^lGl
(τij)

�

∀i 6= j, ρij = sin(
π

2
τij)

��aM <Ä �
��e o5lP�aS � lmZ ]1�5lPlGWGUXd kN� oaZ^qnZ^Y�y�UXqne ρ ]5e���\^qnqXevSVo&\^]ak oaZ<S�µ lmZ/SXW�Un�aZ[UnWG\<] k�¬ WG]ak5d�o&e�]ak5Z^]a��e�e�]-UXqneDlPe$S{[ZuqnWPZ^_5lPe$S

(Xi)
� Y�WmSsµ�oaZuqXUso>\<�5q�lmZ���\^oa�5lGeft-Zu�aSnSXWGe$]5]5e^M>�Fev��W�SXehUXq�Z^kN�aW�U�oaZ^qslGeh�8Z^W�U¤Á-�5eflmZ#�8ZuY�WPlGlPe�kNe$S

��\<o5�5lPe$S �-UX�>kNe�]-Uf]5e���\^]-UnWGe$]<UgoaZ^SglmZ���\^o5�5lPe�k�¬ WP]akNd$o>e$]ak5Z^]a��e
c⊥ � ��\<]-UXq�ZuWPqXe$Y�e$]-U�Zu�w��Z^SgkNe�lPZ!��\<o5�5lPe]5\<qXY%ZulPego>\<�5q�lmZ^Á-�5e�lPlPe

ρ = Idd =⇒ cρ = c⊥
M

� #�� # " � ���#� � �� �� � � � �� ������� � 

±A{cZ^]-U#l¶¬ WP]-UXqn\1k5�a��UnWG\<]HkNe�l¶¬ e$SVUXWPY�ZuUXWP\^] kNe�Y�d�lmZu]at^e$S�kNep��\^oa�5lGevS � ]5\<�aS£q�Zuoao>e$lG\<]aS£kNW��3d�qne�]-UXevS£Y�d�§
UX�a\1k5e$S��NUXWPlPWPSXd�evS#o&\^�aq�l¶¬ WG]N��d$qXe$]a��epoaZ^qnZ^Y�d�UXqnWPÁ-�5e!k�¬ �a] Y�\NkNy�lPe`SVo&d$��W��ad`µ�l@¬ ZuWmkNe`k�¬ �a]5e���\^oa�5lGe<M � \^�aSSX\^�5�aZ^W�Un\^]aS!e$SVUXWPY�e�qplGevSpoaZuq�ZuY�y�UnqXevS

(θ = (θi)1≤i≤d, η)
k�¬ �5]5e kNe�]aSXWGUXdwY£�5lGUXWP{[ZuqnWGd$e � kN\^]-U`lGevS!kNe$]aSXW�§

UXdvShY%Zuqnt^WP]aZulPe$S�Zuo5oaZ^qVUnWGe$]5]5e$]<UfZu�5¢DY�\NkNy$lGevS {fθi , θi ∈ Θi}
e�U�kN\^]-UhlPZp��\<o5�5lPe�Z^o5oaZ^qVUnWGe$]<UfZu��Y�\1k5y�lPe

{cη, η ∈ Υ} M
� \<�aS�]a\^�aS!��\^]>��e�]-UnqX\<]aS%SV�aq�lPeDY%Z[¢NWGY#�5Y kNeD{1q�ZuWmSVe$Y£_5lmZu]a��e � �$Zuq!��e�UXUXe Y�d�UX�5\NkNe k�¬ evSrUnWGY%Z[UnWG\<]

e$SVU�SV\<�5{^e$]-U%��\^]aSXWmkNd�qnd�e`��\<Y�Y�e`lmZ�Y�d�UX�5\NkNeDkNe�qnd���d$qXe$]a��e<M � \^�>S�{^e�qnqn\^]aS�kNe`o5lP�aS�Á-�5e`lPe�o5qX\<_5lPy�Y�ek�¬ \^oNUnWGY�WmSXZuUXWP\^]`Á-�5ehl@¬ \^]`kN\^WGUsqXdvSV\<�akNqne�o&e��5U�"�UXqnef��\<]<Un\^�5qn]5dgoaZuq�l¶¬ �>SXZ^t^ehkNe$S���\<]a��UnWG\<]aS�e$SVUXWPY%Zu]-UXevS�M �1W
y = (y1, . . . , yN )

\��
yi = (yji )1≤j≤d

evSrU �5]%dv���aZu]-UnWGlPlG\<]�W@M W@M k � ]5\^�aSFkNe�{<\^]aS:Y%Zu¢1WPY�WPSXe�qTlPZg��\<]a��UnWG\<]5]5e�lPlPe
L(θj , η)

L(θ, η) =
N∑

i=1





d∑

j=1

log fθj (y
j
i ) + log cη(Fθ1(y

1
i ), . . . , Fθd

(ydi ))





��aM 1i �

��lB]�¬ b`Z%t<d�]5d$qnZ^lGe$Y�e$]-U�oaZ^S�kNe£SX\^lP�NUXWP\^]DZ^]aZulPb-UXWmÁ<�ae£µ���e£o5qX\<_5lPy�Y�e£kNe�Y%Zu¢1WPY�WPSnZ[UnWG\<] � e�U¤lmZ%qXdvSV\<lG�5UXWP\^]
]1�5Y�d�qnWPÁ-�5e%e$] e$SVU£��\<Y�oalGe�¢1e � ��Z^qfUX\<�aSflPe$Sfo>Zuq�ZuY�y�UnqXevSfSV\<]<U�lPWPd$S�o>ZuqflmZD��\<o5�5lPe^M�Q ] e �&e�U � lGe�{<e$��UXe��aq
Sn��\^qne

s (θ, η) =
(
∇θ1L

′
. . . ∇θd

L′ ∇ηL
′
)′ kN\<]5]5e�]-U�lPe$S�dvÁ<�>Z[UXWP\^]>S�]5\^qnY%ZulPe$S�SV�aWG{[Zu]-Une$S �





∀j ≤ d,
∑N

i=1 ∇θj log fθj (y
j
i ) + ∂j log cη(Fθ1(y

1
i ), . . . , Fθd

(ydi )) ×∇θj log fθj (y
j
i ) = 0e�U

∇ηL =
∑N

i=1 ∇η log cη(Fθ1(y
1
i ), . . . , Fθd

(ydi )) = 0

��aM <« �



�"��� � ���� �H� �  ��� � }aO

∂j
e$SVUTlmZ�kNd�qnWP{^d�eso>ZuqXUXWPe�lPlGe�qne�lmZ[UnWG{<e�Y�e�]-UFµ�lPZ�)�§©WPy�Y�e�{[ZuqnWPZ^_5lPe^M<¦AZ�kNW �����5lGUXdgµ���Z^lP���5lGe$q l¶¬ QTjD²�]5dv��evSXSXW�Une

kNe�UXqn\^�5{<e�qTk5e$S�Y�d�UX�a\1k5e$S�ZulGUXe�qn]aZuUXWP{^e$S!�re�����Z^��e$S ��Z[�a]pk�¬ d${1W�Une�q�kNe�Un\^Y£_&e�q�SX�5q�k5e��VY%Zu�5{[ZuWmS
�sY%Zu¢1WPY%Z
lP\1�$Zu�N¢ � Z^_>\<�NUXWmSnSXZ^]<U�µ k5e�Y�Z^�5{[ZuWmS%e$SVUXWPY%Z[Une��5q�S�M � qny$S%q�ZuoaWPkNe$Y�e�]-U�Zc{^ev�!l¶¬ e$SVUXWPY�ZuUXWP\^] kNevS%o5qne�Y�WPe�q�SY�\NkNy�lPe$S�Y£�al�UnWG{[ZuqnWPd$S�SVo&d$��W��>d$Ssµ#l@¬ ZuWmkNefkNeh��\^oa�5lGe � kNe$SFUne$���5]5WmÁ-�5e$S�\<]<Usd�UXdho5qn\^o&\<SXd�e$SFo&\^�5qs��\<]-UX\^�aqX]5e$q
��efoaqX\<_5lGy$Y�e � e�UgSVefq�ZuY�e�]ae�qsµ%kNe$S¤��Zulm���alPSs_&e$Z^�a��\<�5opo5lG�>S�SVWPY�o5lPe$S � oaZuqX��\^WmS�Y "�Y�e�e�¢1oalGWm��WGUXevS �a�u¬ e$SVU�lPe
��Z<SskNehlPZ�Y�d�UX�5\NkNe ��
 \��;� ��
3º � �A¹%� � ¼%�]:^¾�
5½ �8�rÀ:j � �PO�^ � }u!� ��M
¦ ¬ WmkNd�eDevSrU`kNe kNd$��\^�5o&e�q!lPZHqXev���5e�q����5eDkN� Y%Zu¢1WPY£�aY¿t<lG\<_aZul ��aM 1i �%e$]�L d�U�Zuo&e$S � e$] Y�e�UXUnZu]-U`µ

o5qn\u�5UglGe#�8ZuWGU�Á-�5e£lmZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]>��e L (θ, η)
SX\^WGU�lmZpSV\<Y�Y�e�kNe�k5e��N¢�Une�qnY�evS �&lmZ�SX\^Y�Y�e�kNe$S�lG\<tu§

{1qnZ^WPSXe�Y#_5lmZu]a��e$S³kNevS Y%Zuqnt^evS���]5\^UXd�evS Lj o>\<�5q 1 ≤ j ≤ d
�³e�UF�5]%UXe$qXY�e�Á-�5W&]5e¤kNd$o>e$]ak�Á-�5e¤k5e�lPZf��\^o5�alGe

∇ηL
M
� \<�aSho5qn\N��d$k5\^]aShZulP\^q�Sge�] kNe$�N¢ Une�Y�oaS���\<] k5d�UXe$qXY�WP]5e�lGevSfQTj�² θ̂j

kNe$Sho>Zuq�ZuY�y�UnqXevSgk5e$SfY%Zuqnt^evS
��\<Y�Y�e�k5Zu]>S¤lPe#�$Z^S�WP]akNd$o>e$]ak5Z^]<U � o5�5WmS¤WPlPShSX\^]-U¤�NUnWGlPWmSVdvS¤o&\^�5qh��Z^lP���5lPe�q ∇ηL � Á<�aWAevSrUgY�Zu¢NWGY�WmSVd�µ�SX\^]UX\<�5qse�]

η
M





θ̂j = argmaxθj

∑N
i log fθj (y

j
i )

η̂ = arg maxη∈E
∑N

i=1 log cη(Fθ̂1(y
1
i ), . . . , Fθ̂d

(ydi ))

��aM <} �

�Fe�UXUXe�SXWGY�o5lPWG�>��ZuUXWP\^]�ZulPt^\^qnWGUX�5Y�WmÁ<�ae���\^qnqXevSVo&\^]ak#µgl@¬ �NUXWPlPWPSnZ[UnWG\<]�k�¬ �5]5e���\<]a��UnWG\<]#evSrUnWGY%Z^]<UneskNW �3d�qne�]-Une�kN�
Sn��\^qne

s(θ, η)
M&¦+Z�Y%Z[¢NWGY�WmSXZuUXWP\^]!e�]�kNe��5¢�UXe$Y�oaSsqne�{1WGe$]-U�µ�qnd$SX\^�ak5qXeglGefSXbNSrUny�Y�e





∀j ≤ d, ∇θjLj = 0

∇ηL = 0

��aMx¡u¯ �

Á-�5W1e$SVUBlPd�t<y�qne�Y�e�]-UAk5W �3d�qne�]-U³kNe���e�lP�5W1\^_NUne�]1��o&\^�5q:l¶¬ QFj�²£Mu¦+eFSXb1SVUXy$Y�e ��>M ¡^¯ �+��\^qnqne$SXo>\<]akfµ¤lmZs��\<]a��UnWG\<]
e$SVUXWPY%Zu]-UXe

g ���  (θ, η) =
(
∇θ1L

′
1 . . . ∇θd

L′

d ∇ηL
′
)′ M>�Fe$��W�o>e$qXY�e�U¤k�¬ Z �%qXY�e�qsSX\^�aSsk5e$Ss��\<]akNWGUXWP\^]aSsSXWG§

Y�WGlmZuWPqne$S�µ���e�lPlGevS�]5d$��e$SnSVWGUnZ^]<U�lPZw��\<]aSXWPSVUnZ^]a��epkNe`l@¬ QTj�² Á-�5e`lGevS�e$SVUXWPY�ZuUXe$�5qnS (
(θ̂i, ���  )1≤i≤d, η̂ ��� 

)

WmSXSX�aS�kNeg��e�oaqX\<t^q�ZuY�Y�e�kNe�Y%Zu¢1WPY�WPSnZ[UnWG\<]�SX\^]-U���\^]aSXWPSVUnZ^]-UnS e�U�Z<SVb1Y�oNUn\uUXWmÁ-�5e�Y�e$]<U�]5\^qnY%Zu�N¢�M1¦+Z£o>e$qVUne
oaZ^qBq�Zuoao>\<qVU³µ¤l¶¬ e$SVUXWPY�ZuUXe$�5q kN��Y�Zu¢NWGY#�5YÆkNe�{1qnZ^WPSXe�Y#_5lPZ^]a��e�SVe�SXW�Un�5esZu��]5WG{<e$Z^�#kNe�l¶¬ e��%�$Z^��W�Und�kNe�l¶¬ evSrUnW�§
Y%Z[Une��5q �<lPZh{[Z^qXWmZu]a��esZ^SXb-Y�oNUn\uUnWPÁ-�5e E(g ���  )−1 ��{<\^WPq � }^ � }-¡�� �:e$SVUTSV�ao>d$qXWPe��5qne�µhlmZh{cZ^qXWmZu]>��eskNe�l¶¬ QFj�²£M
� dvZu]5Y�\<WG]aShk�¬ �5]wo>\<WG]-U�kNe�{1�5e�o5qnZuUXWmÁ-�5e � l¶¬ evSrUnWGY%Z[Une��5qf�rÀ:jÂ��\^�5qn]5WGUglPe�o5lP�aSfSV\<�5{^e$]-Ug�5]ae#evSrUnWGY%Z[UnWG\<]
kNe�Y�e$WGlPlGe$�5qne�Á-�aZulPW�Und�Á-��¬ �5]5e�Y%Z[¢NWPY�WPSnZ[UnWG\<]wt<lG\<_aZulPe^MA¦ ¬ e$SVUXWPY�ZuUXe$�5q£�rÀ:j Z �����5e�Y�"$Y�e��5]5e�{[Z^qXWmZu]a��e
WP]N��d�qnWGe$�5qnehÁ-�5e �Vl¶¬ QTjD² ��Z^lP���5lGdL� � Z^WG]>SVW+Á-��¬ �5]`_5WmZuWmSsY�\^WP]akNqnefk5Zu]aS�lGe��$Z^Ssk�¬ e�qnqXe$�5q�kNe�SXo>dv��WG�>��ZuUXWP\^]aSsk5e
lmZhlG\<W5kNe$S³Y%Z^qXt<e$S ��lmZf��\<Y�o>Zuq�ZuWmSV\<]£oaZ^q j�\^]-UXe�§r��Z^qXlP\hkNe$S LgevSrUnWGY%Z[Une��5q�S³Zgd�Und�e �3e$��UX�5d$e�k5Zu]aS³k5W �3d�qne�]-UnS
��\<]-UXe�¢1Une$S�oaZ^q �^\1ehe�U��¤��� }u!�Ae�U¤À5e$qXY%Z^]5WPZ^]!e�U��N��Z^WGlPlPe�U � Ä<« � ��M
��*1./45Ìc��IB*`ÅJ�m���m��� · + ��
���½�¼c½ ���º�¸@½K7 �K�X¹W, + ½�¸���½�½��K7 �K
�G ��½�¸¶¾���¼u¸@¾8¹�
 7 � 
G¼!º�¹ � + 
 �/� �;
G¼u¸@¾3� ��� ��
a¸�¼ + � �;� �
� � + ��½�½ + � 
���½ ��¼��]: ��½

�

&¹ + ½�½�¾ : 
&¼�
G¹ 
a½/> + G + 
 ��½�¸@¾��%¼[¸ � + ��½����#¾�� �a¼%�n¼ �	B�¸Z��¾1> + ��¼ � ��-
CB�¹�� 
>¾1, + ½ �

��-� � ��¸
7�G B;�v¾ ¸��;��
P¼ ���X¹ �5¼ :<¼u¸@¾8¹�
 7 �Dº ��¸@¸ � �-��� � + ��[?
P¼ ºn¹ � + 
�� �

�c¹u¾3� ��
 � -0 	 + 
 ¾ � + 7JG + ¸@¾3
�¾m½��;�P
���½ \�¹ 
3º�¸¶¾8¹ 
a½P7 �
��B �5¼���¸@¾ ¸¶¾8¹ 


Fθ̂j
(yji )

�a¹ + � 7WB�¸��;� ��¾�
 �;� 
�G � � � 7 ��
G¼%º�¹ � + 
 � �
¹ 
 + ¸@¾3
�¾m½�� F̂j 
�G ��½�¸¶¾���¼u¸�� + � ��� �&¾3��¾1> + �/7 ��
G¼

\-037W0 �;0 @ G ��½�¸¶¾��%¼[¸¶¾8¹ 
 7 � 
G¼�ºn¹ � + 
�� 
 G ��½�¸ 7<¹ 
3º �a¼c½ �	�;��¸ + �;, B � �a¼%� + 
 � ��¼ + �c¼u¾m½�� ��½�¸@¾��%¼[¸¶¾8¹ 
 ��¸��3¹ + ½ �#Bnº�¾��
.Fº�¼u¸@¾8¹�
 7 ��½ �%¼%�Z: ��½YX6�c¹u¾3� � ���� �5¹ + � + 
 ��º�¹ � �5¼��X¼[¾m½�¹�
 ��
>¸]� ��¹ �&¸¶¾��#¾m½�¼[¸¶¾8¹ 
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�
� � � ��¸s¹�� 
>¾1, + ½6^W0

� ��¸ ��½�¸¶¾���¼u¸�� + � ��½�¸ 
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P¹%4WB �5¹ + �D
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 7 � �%¹ 75-
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&¼[¾3� ��½
�
7^¹�
a¸F½�� + 
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G¼!ºn¹ � + 
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>¾ � �a¼%� + 
 ��¹ 7W5;
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}<L ����� � � � ��� � � � ��	����#�� � � � ��� � �� ������ � ����� � ��

� #�� #�� � ���#� � �� �� � � � � � ���
� � �� �  ��� � � � ��

&:\^�5q�l¶¬ WP]N��d�qne�]>��e�k5e$S���j���Z[§�¨�� � ]a\^�aS�kNd$��\^Y�o&\<SX\^]aSFlGevSTlP\^WmS�k�¬ d$Y�WPSnSVWP\^] f(y, θk)
e�]�UXe�qnY�eg��\^o5�alGevS

e�U�Y%Z^qXt<e$S � k5ehUXe�lPlPehSX\^qXUXefÁ-�5eh]5\<�aS�Zcb1WG\<]aS �

f(y, θk) =

d∏

i=1

fθi,k
(yi) × cηk

(Fθ1,k
(y1), . . . , Fθd,k

(yd))
��aMx¡NO��

lPe$S:Y%Zuqnt^evSBZ^o5oaZ^qVUnWGe$]5]5e�]-U³Zu��Y�\NkNy�lPe {
fθi,k

, θi,k ∈ Θi,k

} �8k5e��rM k�M qvM
Fθi,k

�:Zc{^ev�
1 ≤ i ≤ d � 1 ≤ k ≤ K �e�U�lPe$Sf��\^o5�alGevSgZ^o5oaZ^qVUnWGe$]5]5e�]-U�Zu�wY�\NkNy�lPe {cηk

, ηk ∈ Υk}
M � \<�aSh]5\uUn\^]aS θk = ((θi,k)1≤i≤d, ηk) � e�U�lPeoaZ^qnZ^Y�y�UXqne

φ
kNeflmZ%��jw��Z[§�¨F�Fe$SVU

φ = (A, (θk)k) = (A, (θi,k)i,k, (ηk)k)
M

Å �P�J�P�J�8� ��CB*1032$61�B4N9:68È@6�2v=�CA*1?�È87&68?
&:\^�5qhZ^SnSX�5qXe$q�l¶¬ WPkNe$]-UXWG�>Zu_5WPlPW�Und�kNevSgY�d$lPZ^]5t^evShkNe#lmZ���\^qnY�e ��>M ¡5O�� � ]5\<�aShSV�ao5o>\-SV\<]aSgÁ<�ae�lPe$SgY%Zuqnt^evS

e�U�lPe$Ss��\^o5�alGevSsSV\<]<UsWmkNe�]-UnW��>Z^_5lPe$S � e�U¤Á-�5eflPe$S��rM k�M q Fθi,k

SX\^]-U���\<]-UXWP]-�ae$S �

∀i ∈ [1..d],

K∑

k=1

πkfθi,k
(yi) =

K∑

k=1

π
′

kfθ′i,k
(yi) µ− oaS =⇒ ∀k ≤ K, πk = π

′

k

e�U
θi,k = θ

′

i,k

��aMx¡^L �

∀u ∈ [0, 1]d,
K∑

k=1

πkcηk
(u) =

K∑

k=1

π
′

kcη′k (u) µ− oaS =⇒ ∀k ≤ K, πk = π
′

k

e�U
ηk = η

′

k

��aMx¡u� �

�1\<�aSs��e�UVUXe���\^]ak5W�UnWG\<] � lGefY�\NkNy$lGe f(y, θk)
e$SVU�WmkNe$]<UnW��&Zu_5lPe^M5QT]pe �&e�U � SXW�]5\<�aSsZc{^\<]aS �

K∑

k=1

πkf(y, θk) =

K∑

k=1

π
′

kf(y, θ
′

k)

l¶¬ d$t<ZulPWGUXd�evSrU�ZulP\^q�S³{1qnZ^WGe���\^Y�o>\-SXZ^]-UXe�oaZ^qF��\^Y�o>\-SXZ^]-UXe � e�UFl¶¬ �-b1o&\uUn�5y$SXe¤k�¬ WPk5e�]-UXWG�>Zu_aWGlPW�Und�kNevSTY%Z^qXt<WG]aZ^lGevS
o&e�qnY�e�Ugk�¬ Z �%qnY�e�q�Á-�5e#]5\^�>S¤Zc{^\<]aS ∀k, ∀i, θi,k = θ

′

i,k

e�U
πk = π

′

k

M��Fe$��WBWPY�oalGWmÁ-�5e£e$]DoaZuqXUXWm���alGWPe�qgÁ<�ae
]5\<�aSTZc{<\^]aS ∀i, k, ∀yi, Fθi,k

(yi) = Fθ′i,k
(yi)

M � \^�>S o&\^�5{<\^]aSFkN\^]a�¤]5\^�>S q�ZuY�e�]5e$qFµfl¶¬ �-b1o&e�q����5_&e [0, 1]d �e�U�l¶¬ WPkNe$]-UXWG�>Zu_5WPlPW�Und�kNe$S�Y�d�lmZu]at^e$Ssk5eh��\^o5�alGevS�o>e$qXY�e�U¤k5e���\^]>��lP�5qXe<M
Q ]N�>]/l@¬ WmkNe�]-UXWG�>Z^_5WGlPWGUXd!k�¬ �5]HY�d$lPZ^]5t^e�k5e!��\<o5�5lPe$S£o>e$�NU�SX\^�5{<e�]-U£SXe�kNd$k5�5WGqne!k5e�l@¬ WmkNe�]-UXWG�>Z^_5WGlPWGUXd!k5e

Y�\NkNy�lPe$S�Y#�5l�UnWG{[Z^qXWPd�evSs��lmZ^SnSVWmÁ-�5e$S$M �1\^WGU {Cη, η ∈ Υ} �5]5eh�8ZuY�WPlGlPe�kNef��\<o5�5lPe$S�e�U¤SVW�]a\^�aSsZc{<\^]aS

∀u ∈ [0, 1]d,
K∑

k=1

πkCηk
(u) =

K∑

k=1

π
′

kCη′k (u)

±�lP\^q�S�o&\^�5q�Un\^�NU
H1, . . . , Hd

�rM k�M q � ]5\<�aS�Zc{^\<]aS

∀y,
K∑

k=1

πkCηk
(H1(y1), . . . , Hd(yd)) =

K∑

k=1

π
′

kCη′k (H1(y1), . . . , Hd(yd))

��l>SX����U�Z^lG\<qnSTkNe¤���5\<WPSXWGqTlGevS³��\^]>��UXWP\^]>S
Hi
kNe¤Y�Z^]5WPy�qne¤µf��egÁ<�ae�lGe¤o5qX\<_5lPy�Y�e¤ZuWGUFkNd )Vµfd�Und�qnd$SX\^lP�%o>\<�5q lmZ

�8ZuY�WPlGlPe¤Y#�5lGUXWP{cZ^qXWPd�e {Cη(H1, . . . , Hd), η ∈ E} ��lPe$ST�rM k�M qvM Hi
o&e��a{^e�]-U�Zu�aSnSVW&kNd�o&e�]>kNqXegk�¬ �5]�oaZ^qnZ^Y�y�UXqne

θ
��M>±�WP]aSXW�o&\^�5q�lPe$S¤��\^oa�5lGevSs]5\<qXY%ZulPe$S�e�U �-UX�>kNe�]-U�Zcb-Zu]-U�Y "$Y�e£]5\^Y#_5qXefkNe�k5e�t^qnd$Ssk5eflGWP_>e$qVUnd$S � WPlASX����U



�"��� � ���� �H� �  ��� � }<�
kNefo5qne�]>kNqXeglPe$S��rM k�M q

Φ
e�U
Tν
o&\^�5qs\<_NUXe$]5WPqsl@¬ WPk5e�]-UXWG�>Zu_aWGlPW�Und^M

Å �P�J�P�J�m' �g?�2v68./452$687&0 ":4NÌ "AÌ[7��$*��^2$687&0 CB*-?�=1��IB4N2$6@7>0B?�� �s�
¦+Zfk5W �����al�Und�WP]-UXqnWG]aSXy$Á-�5e�k5e¤lmZ�kNd�Une�qnY�WG]aZuUXWP\^]�k�¬ �5]�evSrUnWGY%ZuUXe��aqFk�¬ �5]5ef��j���Z[§�¨�� � e�UFe�]�oaZ^qVUnWP���5lPWGe$q

kNe�l¶¬ QTjD² � e$SVU Z^�$��e�]-Un�5d�e�oaZuq:lmZ�SXo&d$��WG�>�$Z[UXWP\^]�kNe$S:lP\^WmS:k�¬ d�Y�WPSnSXWG\<]#µ�l@¬ ZuWmkNeskNe$S:��\^o5�5lPe$S$M � ]5e�evSrUnWGY%Z[UnWG\<]
��lmZ^SnSXWPÁ-�5ehk�¬ �5]!Y�d$lPZ^]5t^egkNef��\^oa�5lGevS�oaZuqsZulPt^\<qXWGUX�aY�e�QTj Zu_&\^�NUnW�U�µ#lPZ#Y%Z[¢NWPY�WmSnZ[UXWP\^]pkNehlPZ£��\^]>��UXWP\^]

QSX�5WG{[Z^]<Une

Q(φ, φn) = E [log (p(X, A)) |y, φn ] +

N,d,K∑

i,j,k=1

π
(n)
i,k log

(
fθj,k

(yji )
)

+

N,K∑

i,k=1

π
(n)
i,k log

(
cηk

(
Fθ1,k

(y1
i ), . . . , Fθd,k

(ydi )
))

\��
φn =

(
An, (θ

(n)
i,k )i,k , (η

(n)
k )k

) evSrUsl¶¬ evSrUnWGY%Z[UnWG\<]!��\^�5q�Zu]-UXehkN�poaZuq�ZuY�y�UXqne
φ
Ma¦+Z#{1qnZ^WPSXe�Y#_5lmZu]a��e���\<Y�§

o5lPy�UnegoaqX\ )re�UXd$efZ£lmZ�Y�"$Y�e���\<qXY�efÁ-�5ehl@¬ d$Á-�aZuUXWP\^] ��aM 1i � e�U�o>\-SVegoaZ^q���\^]>SVdvÁ<�ae�]-U�lPe$S�Y "$Y�evSskNW �%���5lGUXd$S
Zu�pY�\^Y�e�]-U¤kNehlmZ�o5�aZ<SVefkNehY%Z[¢NWPY�WmSnZ[UXWP\^]+M
��e�Y%Zu]aWGy$qXehSVWPY�WGlmZuWPqnegZ^�!��Z<S�kNe�l¶¬ e$SVUXWPY�ZuUXWP\^]pk�¬ �a]5efSVe$�5lGeh��\<o5�5lPe � ]5\<�aS�o>\<�5{^\<]aS���\^]-Un\^�5qn]5e�q���e�UVUne

kNW �����5lGUXdpe�] �NUXWPlGWmSnZu]-U#lmZDY�d�Un�5\NkNep�rÀBj e�U�l@¬ e$SVUXWPY%Z[UXWP\^] oaZuq#o5qn\ )re$��UXWP\^]HÁ-�5e!]5\^�>S#Zc{<\^]aS#kNd�{<e�lP\^o5o&d
k5Z^]aS�lPZ�SXe$��UXWP\^]`�5Mx¡NM � \<�aSsWP]-UXqn\1k5�5WPSX\^]>SFlmZ#��\^]a��UXWP\^]`e$SVUXWPY%Zu]-UXefSX�5q�kN\<]5]5d�evSs��\<Y�oalGy�UXe$S g ��� 

g ���  : ([1..K]× Y)
N × SK ×

K,d∏

i,j=1

Θi,j ×
K∏

k=1

Ek −→ � K(K−1)+
PK,d

i,j=1|Θi,j |+
PK

k=1|Ek|

� \<�aSg]5\uUn\^]aS Lc lmZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]a��e���\<Y�oalGy�UXe�kN� Y�\NkNy�lPe�e�U Lc,j =
∑N,K

i,k=1 1k(xi) log
(
fθj,k

(yji )
)

lmZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e���\^Y�o5lPy�Une�kN�!o5qn\1��e$SnSV�>S Y%Zuqnt^WP]aZul
(X,Yj) = (Xn, Y

j
n )1≤n≤N

MN¦+Z���\^]a��UXWP\^]�evSrUnW�§
Y%Zu]-UXeh�rÀ:j e$SVU

g ���  ((x,y), φ) =

(
∇AL

′

c

(
∇θk,j

L
′

c,j

)
1≤k≤K

(
∇ηk

L
′

c

)
1≤k≤K

)′ ��aMx¡[ �

� \^UXqneh\^_�)rev��UXWG�:e$SVU�Y%Z^WG]-UXe$]aZu]-U�kNe�kNd�UXe$qXY�WP]5e�qslPe$Ssq�Z^��WG]ae$S�kNeflmZ£��\<]a��UnWG\<]!evSrUnWGY%Z^]<Unefo5qn\ )re�Und�e

G ���  (y, φ) = Eφ [g � �  ((x,y), φ) |y ]

&:\^�5qF��e�lmZ � ]5\^�>S³�NUXWPlPWPSX\^]aSTl@¬ ZulPt^\<qXWGUX�aY�e�Q��F� ��\^qnqXevSVo&\^]>k5Zu]-U���{^\<WGqFSVev��UXWP\^]��aM ¡5M L ��M &³ZuqXUnZ^]-UFk�¬ �5]5e�{[ZulPe��aq
WP]5W�UnWPZ^lGe

φ0
� ��e�U¤ZulPt^\^qnWGUX�5Y�e � Á-�5ef]5\<�aSsZuoao>e$lGlPe�qn\^]aS��rÀ:j`§©Q��F� � SXefY�e�U¤SX\^�aS�lmZ���\^qnY�efSX�5WP{cZ^]-UXe

∀j ∈ [1..d], ∀k ∈ [1..K],





θ
(n+1)
j,k

Une�l+Á-�5e ∑N
i π

(n)
i,k ∇θk

log fθj,k
(yji ) = 0e�U

η
(n+1)
k

UXe$l+Á-�5e ∑N
i=1 π

(n)
i,k ∇ηk

log cηk
(F
θ
(n+1)
1,k

(y1
i ), . . . , Fθ(n+1)

d,k

(ydi )) = 0��aMx¡^¡ �
e�U�o&e��5U¤S�¬ WG]-Une�qno5qXy�UXe$q���\^Y�Y�ef�5]5ehY%Z[¢NWPY�WmSnZ[UXWP\^]pe�]�kNe$�N¢�Une�Y�oaS�kNeflmZ#��\^]a��UXWP\^]5]ae�lPlGe

Q(φ, φn)
M
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3º �P7 �Y
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G¼ 
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 ��½�¸M
G¼�½�¹ � � �P7 �

3
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�
7^¹�
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3
 ��� ��
>¸¤º�¹ 
a¸Z� � 
CB 0 � ¹ + �£¼�
3
CB6: �;�K
���½ \�¹%� � + 
���½ �

&¹ + ½ 
3¹[¸ �-�n¹ 
5½ �a¹ + �f¸�¹ + ¸ �5¼��X¼ �	5�¸]� �

∀i, k, cηk

(
Fθ1,k

(y1
i ), . . . , Fθd,k

(ydi )
)

= cηk

(
Fθj,k

) 0

Q(φn+1, φn) −Q(φn, φn) = E [log (p(X, An+1)) |y, φn ] −E [log (p(X, An)) |y, φn ]

+

N,d,K∑

i,j,k=1

π
(n)
i,k log

(
f(yji , θ

(n+1)
j,k )

)
−

N,d,K∑

i,j,k=1

π
(n)
i,k log

(
f(yji , θ

(n)
j,k )
)

+
N∑

i,k=1

π
(n)
i,k log

(
c
η
(n+1)
k

(
Fθn+1

j,k

))
−

N∑

i=1

π
(n)
i,k log

(
c
η
(n)
k

(
Fθn

j,k

))

@ ��¸Z�X¹[¾m½�¾15�� �£¸ �-� � �D7 �/
P¼�½�¹ � � �YX�
&¹u¸6B
∆LC(η)

^%½�� 7WB�º�¹ � �5¹[½�� ��
8a

∆LC(η) =

N∑

i,k=1

π
(n)
i,k log

(
c
η
(n+1)
k

(
F
θ
(n+1)
j,k

))
−

N∑

i=1

π
(n)
i,k log

(
c
η
(n)
k

(
F
θ
(n)
j,k

))

=

{
N∑

i=1

π
(n)
i,k log

(
c
η
(n+1)
k

(
F
θ
(n+1)
j,k

))
−

N∑

i=1

π
(n)
i,k log

(
c
η
(n)
k

(
F
θ
(n+1)
j,k

))}

+

{
N∑

i=1

π
(n)
i,k log

(
c
η
(n)
k

(
F
θ
(n+1)
j,k

))
−

N∑

i=1

π
(n)
i,k log

(
c
η
(n)
k

(
F
θ
(n)
j,k
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]5efo&e�qnY�e�UVUne�]-U�oaZ<SskNefSVd$oaZuqne�q�lPe$S�kNW��3d�qne�]-UXevS���\^]ae$S � Y�Z^lGt<qXdglmZ#oaqXWmSVehe$]`��\^Y�oNUnehk5eflPZ���\<qXqnd�lmZ[UnWG\<]�M
Q ] ��\^]a��lG�>SVWP\^] � SV�5qp��evS�kNe$�N¢ WPY%Zut<e$S%qnd�e$lGlPe$S�Y£�5lGUXWP{[ZuqnWGd$e$S � WPl¤e$SVU!Z^o5oaZuq�Zc�mU�Á-�5e l¶¬ �NUXWPlGWmSnZ[UXWP\^] k5e

lmZ!lP\^WTt<ZuY�Y%ZpY£�5lGUXWP{[ZuqnWGd$e�o>e$qXY�e�U£k�¬ \<_NUXe$]5WGq#kNe$ShWPY%Zut^evSfSVe$t^Y�e�]-Und�e$Sfk5e%Y�e$WGlPlPe��5q�Á-�aZ^lGWGUXd�Á-�5e%��e$lGlPe$S
\^_5UXe�]1�5evSgoaZuqfkNevShY�\NkNy$lGevShY£�5lGUXWP{[ZuqnWGd$e$Sgo5lP�aSf��lmZ^SnSXWPÁ-�5evS�M��Fe�lmZp]5\^�aSgo&e�qnY�e�U�kNe�o>e$]aSXe�q�Á-��¬ �5]5e�o5qnWPSXe
e�]p��\<Y�o5UXehkNeg��\^]-UXq�ZuWP]-UXevSFSXWGY�o5lPe$S�SX�5q�lGevSFY%Z^qXt<WG]aZ^lGevS �@kNe�]aSXWGUXd$S�SX�5q � + e�UskNWPSVUXqnWP_5�NUXWP\^]pZ^SXb1Y�d�UXqnWPÁ-�5e��
o&e��NU¤Z^Y�d$lGWP\^qne�q�lmZ£Y�\NkNd�lPWmSXZuUXWP\^]`SrU�Z[UXWmSVUXWmÁ<�aegkNevSskN\^]a]5d�evS�qXd$e�lPlGevSFY%Z^]5WGoa�5lGd$e$S�e�]!UXq�ZuWGUXe$Y�e�]-U�k�¬ WPY%Zut<e$S$M
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�FeT���aZ^o5WGUXqne³qXe$o5qXe$]akge�U:kNd�{<e�lP\^o5o&e³l@¬ ZuqXUXWm��lPe��xLu« �©M � \^�aS+d�Un�akNWP\^]aS+l@¬ �NUXWPlPWPSnZ[UnWG\<]�kNe$SA���aZc� ]5e$S+kNeTjDZ^qXz<\[{��\<�5o5lPe$SAo>\<�5qBlPZgSVe$t^Y�e�]-U�Z[UXWP\^]+M &:\^�5q:��e$lPZ � ]a\^�aSAo5qn\1��d$kN\<]aSBµ��5]5e�qne���\^qnY£�alPZuUXWP\^]f\^qnWPt^WP]aZulPeTkN�#o5qX\<_5lPy�Y�e
kNehlmZ���lPZ<SXSXWG�>��ZuUXWP\^]!kaZu]aS�lmZ^Á-�5e$lGlPe�lPe$Ss��\^o5�alGevSsSVehqnd�{^y$lGe$]-U�o&e�qXUXWP]5e�]-Une$S�o&\^�5qslmZ�kNe$Sn��qnWGo5UXWP\^]!k�¬ �5]��$Z^kNqne
t^d$]5d�q�Zul�k5eflPZ%��lPZ<SXSXW��&��Z[UnWG\<]!kNevS�kN\<]5]5d�evSsWmSXSX�aSsk�¬ �5]�o5qn\N��e$SnSX�aS�SrU�Z[UXWP\^]a]aZuWPqXe<M5¦�ef]5\<�5{^evZu�pY�\1k5y�lPe�Á<�ae
]5\<�aS%o5qn\^o&\<SX\^]aS�ZulP\^q�S ��e�U!d�UX�>kNWG\<]aS�o>ZuqXUXWm���5lPWGy$qXe$Y�e�]-U ��evSrU��a]5e����aZ[�m]aeDkNe jDZ^qXz<\[{/��Z^���ad�e�e�Up]5\^�>S
kNWmSX���NUX\<]aS�kNe$S�kNW��&d$qXe$]a��evS�e�]-UXqne�lPe$S�Y�\NkNy�lPe$S�Á-�5e�]a\^�aS�o5qn\^o&\<SX\^]aS£e�U�lGevS�Y�\NkNy$lGevS���jw��Z e�¢1WmSVUnZu]-U�S
k5Z^]aSslmZ�lGWGUVUnd�q�Z[UX�aqXe<M&��¬ evSrU¤Z^�aSnSVW�l¶¬ \1�$��Z<SVWP\^]`kNefo5qnd$��WPSXe�qsl¶¬ Z^o5o&\^qXU¤kNe$S���jw��Z�oaZuq�q�Zuoao>\<qVU�Zu�5¢���j���Zu§
¨���kN�Do&\^WP]-UgkNe�{1�5e#kNe#lPZ�kNe$Sn��qnWGo5UXWP\^] kNe#lPZ!SrUnqX�>��UX�aqXe£k5e#kNd$o>e$]ak5Zu]>��e#k5e$SgkN\^]5]ad�e$S�\^_>SVe$qX{<d�e$S$M &:\^�aq
��e$lPZ � ]a\^�aSFkN\^]5]a\^]aSFlPZ£SrUnqX�a��UX�5qne�k5e¤lmZf��\^]>��UXWP\^]!k�¬ Z^�NUX\N��\[{cZ^qXWmZu]>��e�kNevS���j���Z � e�U�]5\<�aSFo5qX\<o>\-SV\<]aS³�5]ae
Zu]>ZulPb1SXe kNe���e$S+Y�\1k5y�lPe$SA_aZ^SXd�eTSX�5qAlGevS+��\1e��%��WGe$]-UnSBkNe Y�d�lmZu]5t<e$Z^]a��e �8�NUXWPlPWPSXd$SB��lmZ^SnSVWmÁ-�5e�Y�e$]<U�o&\^�aqAl¶¬ d�UX�ak5e
kNevS�o5qn\N��evSXSX�aS�SVUnZuUXWP\^]5]>ZuWPqXevS ��M � \^�aS!Y�\^]-UXqn\^]aS�e�]aSX�5WGUXe Á-��¬ WPlge$SVUpo&\<SnSVWP_5lPe�k�¬ e$SVUXWPY�e�q`��evS�]5\<�5{^evZu�N¢Y�\NkNy�lPe$S#oaZuq�lmZDY�d�Un�5\NkNepk5e!o5qn\ )rev��UnWG\<]HkNe���\<]a��UnWG\<]aS�e$SVUXWPY%Zu]-UXevS#kNd${^e$lG\<o5o>d$e$S#k5Zu]aS#lmZ�SXe$��UXWP\^]H�aM ¡5M
��e�Y "�Y�e � ]a\^�aSsY�\<]<UnqX\<]aSsÁ-��¬ WGlAe$SVU�o>\-SXSXWG_alGe�kNe#��Zulm���alGe$qs�5]5e�Zuoao5qX\c¢NWPY%Z[UXWP\^]`kNefl¶¬ evSrUnWGY%ZuUXe��aq�oaZuq¤�5]
ZulPt^\<qXWGUX�aY�esQ��F��M � \<�aS \<_NUXe$]5\^]>STZulP\^q�S³kNevS o5qn\N��d$k5�5qXevS k�¬ e$SVUXWPY%Z[UXWP\^]�SXWPY�oalGevS � d�{1W�U�Zu]-UToaZ^q e�¢Ne$Y�oalGe�lPe$S\^o5UXWPY�WmSnZ[UXWP\^]>S£��\<Y�o5lGe�¢Ne$S�WPY�o5lPWPÁ-�5d$e$S#oaZuq��a]5e�Y%Z[¢NWPY�WPSnZ[UnWG\<]/kNe�lmZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e^M�ÀBWG]>ZulPe�Y�e�]-U �
]5\<�aS¤Y�\<]<UnqX\<]aS¤Á-�5e#lPZ�Y�d�UX�a\1k5e#k�¬ e$SVUXWPY%Z[UXWP\^]�kNd�{<e�lP\^o5o&d�e#o>\<�5q¤lPe$Sf��j���Z�S$¬ d�UXe$]ak k5WGqne$��UXe�Y�e$]<UhZu�N¢
��j��F\�t^d$]5d�q�ZulPe$S$M
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�1\<W�U
Y
�5]/o5qn\N��e$SnSX�aS£SVUnZuUXWP\^]5]aZ^WGqne�e�U

y = (y1, . . . , yN)
�5]5epqnd$ZulPWmSXZuUXWP\^] Á-�5e�]5\<�aS#{^\^�alG\<]aS£SXe�t^§

Y�e�]-UXe$q$M5��ef]5\<Y£_5qne��aSXe$S�Y�d�UX�5\NkNevS�e�¢NWPSVUXe$]-U�o>\<�5qslPZ���lPZ<SXSXW��&��Z[UnWG\<]pk5ehk5\^]5]5d$e$Sse�Uso>e$�5{^e$]<U�"�UXqne � o&\^�5q
�5]5e�t^q�Zu]akNe�oaZ^qVU � qnd��5]aWGevS�k5Zu]>SflPZ kNWPSn��WPo5lPWG]ae�kNe �sev��\^]a]aZuWmSXSnZu]>��e%kNe�Àa\^qnY�evS � � ¼[¸¶¸��;� 
 � ��ºn¹ : 
a¾ ¸¶¾8¹ 
 �
Á-�5W�qXev��\<�5{1qXe$]<U#e�]-UXqne!Z^�NUXqne$S#l@¬ Zu]>ZulPb1SXe!k5WPSn��qnWGY�WP]aZu]-Une�lPWG]5dvZuWPqXe � lPe$S�ZulPt^\<qXWGUX�aY�evS£kNe � � o5lG�>S#oaqX\N���5evS
{^\<WPSXWP]aSF� � lPe$SFZuqn_5qne$STk5e���lmZ^SnSXW��>�$Z[UnWG\<] � lPe$SFqXdvSVevZu�N¢%kNe¤]ae��5qn\^]5evS �8{^\^WPq �x¡uÄ!�&o&\^�5qF�5]�o>Zu]5\<qnZ^Y�Zfk5e$S³Une$���N§
]5WmÁ-�5e$SskNegqne$��\<]5]aZ^WPSnSXZ^]a��egkNeg��\^qnY�e$S � \<��e�]>��\^qneglGevS�Y�Z<���5WP]5e$S�µ�SV�5oao>\<qVU�kNeh{^ev��Une��5q���· + � �a¹%��¸ � ��º�¸�¹%�
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� ¼^º�»1¾�
 � �PO�-}�� ��M&�Fe$S�Y�d�UX�5\NkNevS�SV�ao5o>\-SVe$]-U�lPefo5lP�aSsSX\^�5{<e�]-U�Á<�aeglPe$S�\^_aSXe�qn{[Z[UXWP\^]>S
(y1, . . . , yN )

��\<]aSVUXWG§
UX�ae�]-UT�5]�d$���>Zu]-UXWPlGlP\^]�W¶M W¶M k � e�U e$lGlPe$ST���5e�q����5e�]-U ZulP\^q�S:µfkNd�Une�qnY�WG]5e$q³lGevS ��Z^qnZ<��Und�qnWPSVUXWmÁ-�5e$S:kNevS³\^_aSXe�qn{[Z[UnWG\<]aS
Á-�5W�SX\^WPe�]-U�lPe$S�o5lP�aSskNWmSn��qnWGY�WP]aZu]-UXevS�M1Q lPlPe$SsSXegoaq�"�UXe�]-U�t^d$]5d�q�ZulPe�Y�e�]-U�Z^SnSVe ��Y%Zul�µ#lmZ#��lPZ<SXSXW��&��Z[UnWG\<]!k�¬ \^_5§
SXe�qn{cZuUXWP\^]aS#kNd�o&e�]>k5Zu]-UXevS�M:¦+Z���lmZ^SnSVWG�>�$Z[UXWP\^] _>Z^SXd�e�SX�5q�kNe$S#Y�\1k5y�lPe$S#o5qX\<_aZu_aWGlPWPSVUXevS�t<d�]5d$qnZuUXWG�8S ��o>ZuqX��\^WmS
kNdvSVWPt^]5d$e`oaZuq � ¼��<¾�� + � @³¾C� �;
 ¾G»5¹v¹ 7 �Q
G¼[½�½�¾ .�º�¼[¸¶¾8¹ 
 ��Z^k5\^oNUneplPe`oaZuq�Z^k5WGt<Y�e`_aZcb<d$SXWGe$]He$] ��\^]aSXWmkNd�q�Zu]-UÁ-�5ehlGevSs\^_>SVe$qX{[Z[UnWG\<]aS�SV\<]-U�lmZ�qXdvZulPWPSnZ[UnWG\<]!k�¬ �5]`Y�d�lmZu]5t<efkNe

K
lP\^WmS � UXe�lPlPe�Á<�ae

∀yn ∈ Y , p(yn) =
K∑

k=1

πkp(yn |k )
�@¡NMPO��

¦+ZHt^q�Zu]ak5e �ae�¢NWP_5WPlGWGUXdwkNe l¶¬ Z^o5o5qn\N���5eD_aZcb<d$SXWGe$]5]5e �8{-WmZ/lmZ/Y�\NkNd$lGWmSXZuUXWP\^] �aWGd$qnZ^qn���5WmÁ-�5e���o&e�qnY�e�U�ZulP\^q�S
k�¬ WG]-Und�t^qne�q�k5e$S%��\<]5]aZ^WPSnSXZ^]a��evS���\^Y�o5lPe�¢NevS%SV�5q�lGevS%lGWPe�]>S�e�]-UXqne�lGevS%\^_>SVe$qX{[Z[UnWG\<]aS � Urb1o5WmÁ-�5e�Y�e$]<U�o>Zuq%lPe
_5WmZuWmS¤kN� o5qX\N��e$SnSV�aS�lPZuUXe�]-U

X
Z^SnSV\N��WGd�Z^��Y�d$lPZ^]5t^e�k5e£lP\^WmS � ∀k ≤ K, πk = P (Xn = k)

��M��FlPZ<SXSXW��>e�q�lPe$S
\^_>SVe$qX{[Z[UnWG\<]aS�qXe${-WPe�]-Ufµ�evSrUnWGY�e$qflGe�o5qn\1��e$SnSV�>S

X
Á-�5W Z!lGe�o5lP�aShSX\^�5{<e�]-Ug�a]5e�WG]-UXe$qXoaqXd�UnZ[UnWG\<] o5�1bNSXWPÁ-�5e �

kNehUne�lPlGe�SX\^qXUXehÁ-�5ef]5\^�>SsZcb-WP\^]>S�k5e��N¢!��\^]5]>ZuWmSXSnZu]a��e$S�Z�o5qnWG\<qXW �
� ]5\^�aS+��\^]a]aZuWmSXSX\^]>S3oaZuqXUXWPe�lPlGe$Y�e�]-U+lPe lGWPe�]fe$]-UXqne X e�U

Y
�8W@M e^MvlPZsk5e�]aSXW�Und

p(y |x )
��{1WmZ�lPZ���\^]5]>ZuWmSXSnZu]a��e

kNe�lmZ kNe$]aSXW�Und
p(yn |xn ) � Á-�5e!]5\^�aS�SnZc{^\^]>S "�UnqXe!d�t-ZulPe�µ

fxn(yn)
M {fk(y), k ∈ [1..K]} evSrU��5]e�]aSXe�Y#_5lGe�kNe�lP\^WmS%Z o5qnWG\<qXWsÁ-�5e�]5\<�aS%kNe${^\^]>S�lGe�o5lP�aS�SX\^�a{^e�]-U%e$SVUXWPY�e�q � e�U�Á-�5W¤SXb1]-UX�5d�UXWmSVe��5]ae

��\^]a]aZuWmSXSnZu]>��e�Z�o5qnWP\^qnW�kNe$S�o5�ad�]5\<Y�y$]5e$S�oa�-bNSXWPÁ-�5evS�e�] )re�� �

� ]5\^�aSs��\^]5]>ZuWmSXSX\^]aSFlmZ%SrUnqX�a��UX�5qne��8kNe�k5d�o&e�]ak5Z^]a��e���kN�`o5qX\N��e$SnSV�aS X
M

��e�Y%Zu]5WPy�qne�t^d�]ad�q�ZulPe � SXW5]5\^�>S Zc{^\<]aSBWG]1{[ZuqnWPZ^]a��eskNevS³o5�5d$]5\^Y�y$]5e$S³\<_aSXe�qn{^d$S:o>Zuq:UXq�Zu]>SVlmZ[UnWG\<]�kNevS³WP]akNWm��e$S
n � ]5\^�aS¤o>\<�5{^\<]aS¤k5WGqne#Á-�5e#lGe#o5qX\N��e$SnSV�aS Y

e$SVU��5]DY�d$lPZ^]5t^e£SVUnZuUXWP\^]5]>ZuWPqXe<M>¦ ¬ \^_ )re$��UnW��Tk5e#��e�UVUne�SXe$��UXWP\^]
e$SVU�kNe£�8ZuWPqXeflPe£lPWPe�]�e�]-UnqXe�lmZ%lP\^W �8��\<]5]1�5e���kNe

Yn
e�U�lmZ%lP\^W )r\^WP]<Une£kNe

YN = (Y1, . . . , YN )
lG\<qnSnÁ-�5e���e�UVUne

kNe$qX]5WPy�qne`e$SVU�\^_NUne�]1�5e�ZuoaqXyvS%SVo&d$��W��>�$Z[UnWG\<] kNe�lmZ lP\^W���\<]akNWGUXWP\^]5]ae�lPlGe
p(y|x)

M �NW�]5\^�>S%]5\uUn\^]aS
x−n =

(x1, . . . , xn−1, xn+1, . . . , xN ) ∈ XN−1 � ]5\<�aS�Zc{<\^]aS

p(yn |xn ) =
∑

x−n

p(yn |x )p(x−n |xn )
�@¡5M L �

��l�e$SVU#kN\^]>�%]5d$��e$SnSXZ^WGqne�Á-�5e�lPe$S£Y�\1k5y�lPe$S�oaqX\<o>\-SVdvSfo>\<�5q£lmZDkNe$]aSXW�Und!��\<]akNWGUXWP\^]5]ae�lPlGe
p(y |x )

Z^WGe$]<U�kNe$S
Y%Zuqnt^evS%Á<�aW�SX\^WPe�]-U���\<Y�o>Z[UXWP_5lPe$S!Zc{^e$�plPe$S�lG\<WPS�k�¬ d$Y�WmSnSVWP\^]

fk
SXe�lP\^] l¶¬ evÁ>M �@¡5M L ��MT¦+e$Sp��jw��Z[§�¨F��SX\^]-U

kNevSfY�\1k5y�lPe$S�SXo>dv��WG�>Zu]-U�lPe$SfWP]-UXe$qnZ<��UXWP\^]>She�]-UXqne�lGevSf\^_aSXe�qn{[Z[UnWG\<]aS���lmZ�kNe�]>SVWGUXd
p(y |x )

� � e�U£Á-�5WTSX\^]-U�e$]
Z^�$��\<qnk`Zc{^ev�glGevS¤kNe$]aSVWGUXdvS

p(yn |xn )
��e�U

p(yn)
��Á-�5e£l@¬ \^]DSXe£kN\<]5]5e£Z%oaqXWP\^qnW@M>jDZuWmS�e$]`UX\^�5UXe�t<d�]5d$qnZ^lGWGUXd �

lmZ ��\^Y�oaZuUXWP_5WPlGWGUXdDe$]-UXqne
p(y |x )

e�U
p(yn |xn )

evSrU!k5W ����WPlPe µ qnd$ZulPWmSVe$q$M &³Zuq!��\^]>SVdvÁ<�ae�]-U � ]a\^�aS��8Z^WPSX\^]>S
l¶¬ �1b1o>\^UX�5yvSVefÁ-�5eflPehlGWPe�]`e�]-UnqXe

XN
e�U

YN
e$SVU�Une�l+Á-�5e

∀n ≤ N, p(yn |x ) = p(yn |xn )
�@¡5M � �

�gZu]aS���e#�$Z^S � l¶¬ evÁ&M �@¡5M L ��e$SVUgSXbNSrUnd�Y%Z[UnWPÁ-�5e$Y�e�]-U¤qnd$ZulPWmSVd$e � e�U�lmZ�kNe�]>SVWGUXd���\^]>kNW�UnWG\<]5]5e$lGlPe p(y |x )
Z%o&\^�5q

Y%Zuqnt^evS�lPe$S�kNe�]aSXWGUXd$S {p(yn |xn )}1≤n≤N
M:¦�\<qnSnÁ-�5e Y =

� � lPe$S���\^oa�5lGevS �8{^\<WGq�SVev��UXWP\^]HaM � �f]a\^�aS#o>e$qV§
Y�e�UXUXe�]-U kNe�kNd$��qXWPqXeFl@¬ e�]>SVe$Y£_5lPe�k5e$S:kNe�]>SVWGUXdvS

p(y |x )
{<d�qnW��&Zu]-UA��e�UVUne���\^]akNWGUXWP\^] �[SVW

F (y |x )
e�U
F (yn |xn )kNdvSVWPt^]5e$]-U �8qXevSVo+M ��lPe$S���\<]a��UnWG\<]aSskNefqnd�oaZ^qVUnW�UnWG\<]!kNe

p(y |x )
e�U
p(yn |xn ) � ]5\^�aSsZc{<\^]aS

F (y |x ) = Cx (F (y1 |x1 ), . . . , F (yN |xN ))
�@¡5M  �



�����B��� ����� �J	�����������	 	��� ���������� �� � ��� ��������	 	��������� O$¯1i

Cx

evSrU��5]5e¤��\^o5�alGe � kNd$o>e$]ak5Zu]-Une¤kN�%o5qn\N��e$SnSX�aS ��Z<���5d � Á-�5WaevSrUT�a]5WPÁ-�5e�SVWaUX\^�5UXe$STlGevS³�rM k�M q F (yn |xn )
SX\^]-U

��\<]-UXWP]-�ae$S$M-��e�oalG�aS � SVW3]5\<�aS�]5\uUn\^]aS F (y) =
∑K
k=1 πkF (y |xk )

e�U
C
lPZ#��\^oa�5lGehkNeglPZ£lG\<W )r\^WP]<Unegk5e

YN
�

]5\<�aSsZc{^\<]aS�ZulP\^q�SFl¶¬ d�t<Z^lGWGUXd

C
(
F (y1), . . . , F (yN )

)
=
∑

x

p(x)Cx (F (y1 |x1 ), . . . , F (yN |xN ))

�1W3lPe$SF�rM k�M qskNe�UX\<�NUXevSFlPe$S���lPZ<SXSXe$SFSV\<]<Us��\<]-UXWP]-�ae$S � l¶¬ WmkNe$]<UnW��&��Z[UnWG\<]!kNeglmZ#��\^o5�5lPe C e$SVU�o&\<SnSVWP_5lPe�t<qD�<��e¤Z^�UX�ad�\^qny�Y�efkNe �1z1lmZuq �

∀u1, . . . , uN , C(u1, . . . , uN) =
∑

x

p(x)Cx

(
F
(
F

−1
(u1) |x1

)
, . . . , F

(
F

−1
(uN ) |xN

))

¦+Z%��\^o5�alGe
C
qne�o5qnd$SXe�]-UnehUX\^�5UXe�lmZ�SVUXqn�a��Un�5qXe�k5e£kNd�o&e�]>k5Zu]a��e£kN��o5qn\N��evSXSX�aS

YN
M>��lAZuoaoaZuq�Zc�mU¤kN\^]>�fÁ<�ae

k5Z^]aS��5] Y�d$lPZ^]5t^eDSVUnZuUXWP\^]5]>ZuWPqXe � lmZ/kNd�o&e�]>k5Zu]a��eDY�\NkNd�lPWPSXd�e e�]-UXqneDlPe$S!\^_aSXe�qn{[Z[UXWP\^]>S Yn kNd$o>e$]ak ]5\<]SXe��5lPe�Y�e�]-U�k5e�lPZ�kNd�o&e�]akaZu]a��e£��\<]akNWGUXWP\^]5]5e$lGlPefWP]<UnqX\NkN�aW�Une£oaZ^q
p(y |x )

�8e�UhkNe
p(x)

�sY%Z^WPS�Zu�aSnSVWAkNe$S¤lG\<WPS
Y%Zuqnt^WP]aZulPe$S�kNe

Yn
���a\^WmSVWPe$S$M

Q ]fo5lP�aSBkNe {<d�qnW��ae$q�lmZso5qn\^o5qnWGd�UXd �¶¡NM � � � ]5\^�>S+SX�5o5o&\<SX\^]aS�Á-�5eTlGeFY�d$lPZ^]5t^e SVUnZuUXWP\^]5]>ZuWPqXe YN = (Yn)n≥1e$SVU�Une�lPlGe�Á<�ae
ZN = (XN ,YN )

SV\<W�U`Zu�aSnSVW¤�5]5e����>Zc� ]5e kNewjDZuqnz^\[{3MF�Fe$��W¤WPY�o5lGWmÁ-�5e�Z^lG\<qnS�Á<�ae
YN��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U¤µ

XN
SX\^WGU��5]5e#���aZc� ]5efkNe£jDZ^qXz<\[{ � W¶M e^MalmZ%kNe$]aSVWGUXd�k5e�lPZ%��\^o5�alGe Cx

�8kNd��a]5WPe£k5Zu]>S
l¶¬ dvÁ<�>Z[UXWP\^] �@¡5M  � ��o&e��NU¤SXeg�8Z^��UX\^qnWmSVe$q

cx(u1, . . . , uN) =
N∏

i=2

cxi−1,xi(ui−1, ui)
�@¡5M ¡ �

Zc{^ev�
cxi−1,xi

lmZ���\^oa�5lGefkNeflmZ
p(yi−1, yi |xi−1, xi )

M
�Fe$��W>qne�{1WPe�]-UFZ^lG\<qnSFµ�qne�l5�^���5e$q l@¬ �1b1o>\^UX�5yvSVegk�¬ WP]akNd$o>e$]ak5Z^]a��eh��\<]akNWGUXWP\^]5]5e$lGlPe�kaZu]aSTlGegY�\1k5y�lPeh��j���Zu§

¨���M � ]5e`��j���Z�SVUnZuUXWP\^]5]>ZuWPqXe%qnd�e$lGlPe�SXe�q�Z���\^Y�o5lPy�Une�Y�e�]-U#k5d$��qnWGUXe�oaZ^q�lmZ�Y%Z[UXqnWm��e�kNe�UXq�Zu]aSXW�UnWG\<] kNe�lmZ
���aZ[�m]5e���Z<���5d�e

XN
� SXe$S³kNe$]aSVWGUXdvS:Y%Zuqnt^WP]aZulPe$S p(y1|x1)

e�U³lGevS³��\<o5�5lPe$S
cx1,x2

Mu��Z^]aS:lPe��$Z^SB{^ev��Un\^qnWGe$l � ��e�UVUne
kNevSX��qXWPoNUXWP\^]£e$SVUAo5lP�aSBkNW ����WGlPeFoa�5WPSnÁ-�5eTlmZ¤k5d$��\<Y�o>\-SVWGUXWP\^]�kNe��1z1lmZuqAÁ-�5W-o&e�qnY�e�UBlmZ¤k5d$��\<Y�o>\-SVWGUXWP\^] �¶¡NM  ��]ae
SXest^d�]ad�q�ZulPWPSXe�oaZ^S³Z^�N¢#{<e$��Une��5q�S³ZulPd$ZuUX\<WGqne$S �ul¶¬ e�]aSXe�Y#_5lGe�k5e$SF��j���ZfSVUnZuUXWP\^]5]>ZuWPqXevS³µh{cZ^lGe$�5q�S³k5Zu]aS�� d e$SVU
WmkNe�]-UXWG�>Z^_5lGegµfl¶¬ e$]aSVe$Y£_5lPe¤kNevSTkNe$]aSXW�Und$S

p(y1, y2 |x1, x2 )
SX�5q � 2d Zcb<Z^]-U o>\<�5qTY%Zuqnt^evS p(yi |xi ), i = 1, 2 �Y%ZuWmSBWGlN]�¬ e$SVU³oaZ^SBWmkNe�]-UnW��>Z^_5lPe�µgl¶¬ e$]aSVe$Y£_5lPe�kNes��\^oa�5lGevS�McQ ]�e �3e�U � lGe�Un�5d�\<qXy$Y�e�k�¬ WGY�o&\<SnSVWP_5WPlGWGUXdskNd$Y�\^]-UXqnd

oaZ^q 	ge$]5e$SVU ��¸h¼%
C0Ak5Z^]aS � �aO � Y�\^]-UXqne%Á-�5e�lPZpSVe$�5lPe���\^o5�alGe�_5WP{[ZuqnWGd$e
C : [0, 1] × [0, 1] −→ � Une�lPlGe%Á-�5e

o&\^�5q�Un\^�NUne$S��rM k�M q
F1
e�U
F2
SX�5q�� d � lPZ���\<]a��UnWG\<] F = C(F1, F2)

kNd��a]5WPe�SV�aq�� 2d oaZ^q

F
(
(yi1)1≤i≤d, (yj2)1≤j≤d

)
= C

(
F1

(
(yi1)1≤i≤d

)
, F2

(
(yj2)1≤j≤d

))

SX\^WGU£�5]5e��rM k�M qvMBSX�5q � 2d � e$SVU#lmZD��\^o5�5lPe!k�¬ WP]akNd$o>e$]ak5Zu]>��e C⊥(u, v) = uv
M#&³Zuq���\<]aSVdvÁ-�5e�]-U � µDY%Z[UnqXWm��e

kNe�UXq�Zu]aSXW�UnWG\<]/e�U�Y%Zuqnt^e$S
(fk)1≤k≤K

�5¢Nd�e$S � l@¬ e�]aSXe�Y#_5lPe!kNevS���j���Z���\<qXqne$SXo>\<]ak5Z^]<U�o&e��5UV§ "�UXqne!k5d$��qnWGU
oaZ^qVUnWGe$lGlPe�Y�e�]-U�SXe�lP\^]plGevS�Y�Z^qXt<e$S����5\<WPSXWGevS�M � \^�aS�e$]�kN\^]5]ae�qn\^]aS�k5Z^]aS�lPZ�SX�5WGUXefo5lP�aSXWGe$�5qnS�e�¢Ne�Y�o5lPe$S$M

�	#%$&# " �  � ��� ���� � � � ���� �! "���
� ��� � �  � 	
�� ��� � � � ��

� \<�aS�k5d$��qnWP{^\^]>S�k5Zu]>S!��e�UVUne�SXe$��UXWP\^] lPe Y�\NkNy�lPe oaZ^qnZ^Y�d�UXqnWmÁ<�aeDÁ<�ae ]5\<�aS�Zc{<\^]aS%�5UXWPlGWmSVd�o>\<�5q�lPe$S��j���Z�SVUnZuUXWP\^]5]>ZuWPqXevSsqXd$e�lPlGevS�M>��l+evSrUgoaZuqXUXWm���5lPWPy�qne�Y�e�]-U�Y%Zu]5WmZu_alGe�o&\^�aq¤lPe$S¤Z^o5o5lPWP�$Z[UnWG\<]aS�oaZ^qn��e�Á-��¬ WPlBe$SVU
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�a]aZ^lGe$Y�e�]-U£UnqXyvS£SXWGY�WPlPZ^WGqne�Zu�HY�\NkNy$lGe���j���Z[§�¨���M � \^�aS#kN\^]5]a\^]aS�Zu�aSnSXWFÁ-�5e�lmÁ-�5e$S#��Z<S�oaZ^qVUnWP���5lGWPe�q�S£k5e��j���Z%{<e$��UX\^qnWPe�lPlGevS � ]5\<]�d�Un�akNWPd�e$S¤oaZuq�lPZ%SX�5WGUXe � e$]�Y�e�UVU�Zu]-U¤e�] d�{1WPk5e�]a��e���e�qXUnZ^WG]ae$S¤k5e$S¤k5W �����al�Und$S¤Á-�5W
lPe��5q�SX\^]-UsWG]a�5d�qne�]-UXevS�M

���8���m'��8� �%9B?v*-ÌvË5452$687&0B?#Ì[=1*1È8È@*-?
¦�e!Y�\1k5y�lPe!oaZ^qnZ^Y�d�UXqnWmÁ<�aep��j���Z Á-�5ep]5\<�aS£�5UXWPlGWmSV\<]aS#oaZuq�lPZwSX�5W�Une�evSrU%kNd$��qXWGU�oaZuq�lPZ Y%Z[UXqnWm��e!k5e

UXq�Zu]>SVWGUXWP\^]
A ∈ SK � kN\^]-UplPZHlG\<WgSVUnZuUXWP\^]5]aZ^WGqne π e$SVUpSX�5o5o&\<SXd�e �a]5WPÁ-�5e<M � \^�>S!SX�5o5o&\<SX\^]aSpÁ-�5e lPe$SlP\^WmS�k�¬ d�Y�WPSnSXWG\<] \^]-U��5]5e�k5e�]aSXW�Und ��o>Zuq�q�Zuo5o&\^qXU£µ�lmZ`Y�e$SX�5qXe�k5e�¦�e$_>evSVt<�5e��fZ^o5oaZ^qVUne�]aZ^]<U�µ��a] Y�"$Y�e

Y�\NkNy�lPe�oaZuq�ZuY�d�UXqnWPÁ-�5e
f(y, θk), θk ∈ Θ

�8Zc{<e$�`kNevS���\^]a��UXWP\^]aS�kNeDqnd�oaZ^qVUnW�UnWG\<]
F (y, θk)

��\<]-UXWP]-�ae$S%e�U
θ = (θk)1≤k≤K

� �[WGl5S$¬ Z^t^WPqnZ¤lGe�o5lP�aS³SX\^�5{<e�]-U:k5e�lP\^WmSB]5\^qnY%ZulPe � t<Z^Y�Y�Z¤\^� 	Fe$WG_a�5lGl¶Mu¦�evS:��\^oa�5lGevSB_5WG{[Z^qXWPd�evS
Y�\NkNd�lPWPSnZu]-UflmZpk5d�o&e�]ak5Z^]a��e���\^]ak5W�UnWG\<]5]5e�lPlPe�\<]-Uh�a]5e%kNe�]aSXWGUXd

c(u, v ; ηk,l), ηkl ∈ Υ
��]a\^�aSh]5\^UX\<]aS

η =

(ηkl)1≤k,l≤K
��M

�F\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-U Zu��o5qn\N��e$SnSX�aS³��Z<���5d � lPe�o5qX\N��e$SnSV�aS³k5e$S:\^_>SVe$qX{[Z[UnWG\<]aSBe$SVU �5]5e����aZ[�m]ae�k5e�Y%Z^qXz<\[{
]5\<]N§¶�a\^Y�\^t<y�]5e¤k5\^]-U�lPeg]5\[b<Z^��kNe�UXq�Zu]aSXW�UnWG\<]�Z^k5Y�e�U�lmZ�kNe�]aSXWGUXdhSV�5WP{[Zu]-UXe���qne�lmZ[UnWG{<e�Y�e�]-U�µ£lmZ£Y�evSV�5qne�k5e
¦�e$_>evSVt<�5e��

p(yn |yn−1, xn, xn−1 ) = f(yn, θxn)cηxn−1,xn
(F (yn−1, θxn−1), F (yn, θxn))

�@¡5M Ä �
¦�eh]5\[b-Zu�`kNegUXq�Zu]aSXWGUXWP\^]`kN�`o5qX\N��e$SnSV�aS���\^Y�o5lPe�U

Z
Z�o&\^�5q�kNe$]aSXW�Und

∀z1, z2, p(z2 |z1 ) = ax1x2 × f(y2, θx2)cηx1,x2
(F (y1, θx1), F (y2, θx2))

�@¡5Mxi �
¦+Z�lP\^W�kN�`o5qn\N��evSXSX�aS

Y
evSrU�kN\<]a�hWP]akNe�¢Nd$ego>Zuq

φ = (A, θ, η) ∈ SK × ΘK × ΥK2 � e�U¤Z#o&\^�aq�kNe�]aSXWGUXd

p(y, φ) =
∑

x1,...,xN

πx1ax1x2 . . . axN−1xN

N∏

i=1

f(yi, θxi)

N∏

i=2

cηxi−1,xi
(F (yi−1, θxi−1), F (yi, θxi))

�@¡5M « �

¦�e�Y�\NkNy�lPes��jw��Z[§�¨F��k5d$��qnWGUBoaZ^q {A, f(y, θk), θk ∈ Θ} e$SVUB�a]�SX\^�aSV§©Y�\NkNy$lGeFkN�#Y�\NkNy$lGe���j���Z�lP\^q�SnÁ<�aelPe$S£�8ZuY�WGlPlPe$S�kNe!��\^o5�alGevS
c(u, v ; ηk,l), ηkl ∈ Υ

��\<]-UXWPe�]5]5e$]-U#lmZ ��\<o5�5lPe
c⊥
MT��¬ evSrU�lGe`��Z<S#kNe!lPZ���\<o5�5lPe

t<Z^�aSnSVWPe�]5]aeFo&\^�5q³lmZ^Á-�5e$lGlPe�]5\^�>S³Zc{^\^]>S
c0 = c⊥ � \^��kNes��e$qVU�ZuWP]5e$S³��\^o5�alGevSBZ^qn���aWGY�d$k5WGe$]5]5e$S � oaZ^qBe�¢Ne�Y�o5lPelmZg�8ZuY�WGlPlPe¤kNe 	g�5Y#_>e$l�§ � \<�5t<Z<Zuq�k#k�¬ e�¢No5qne$SnSXWG\<]

Cη(u, v) = exp
(
− ((− logu)η + (− log v)η)1/η

) � o&\^�5q
lmZ^Á-�5e�lPlPe

C1 = C⊥ � \^�£e�]a��\^qneTlmZ��8Z^Y�WPlPlGe�kNe 	g�5Y£_&e�l C(u, v ; η) = uv exp(−η logu log v)
o>\<�5q:lPZ<Á-�5e�lPlGe

C0 = C⊥ M � \^�>S+]5\^UX\<]aS η⊥ �5]�Une�lNoaZ^qnZ^Y�y�UXqne lP\^q�SXÁ-��¬ WGl-e�¢NWmSrUne8� � e�U η⊥ = (η⊥k,l)
lP\^q�SXÁ-�5eF��e�lmZ�e$SVUAo&\<SnSVWP_5lPe

o&\^�5q³Un\^�NUne$STlGevST��lmZ^SnSXe$S$M �1W
η⊥ ∈ Υ

Z^lG\<qnS:lPe�Y�\NkNy�lPeg��j���Zu§©¨��+evSrUFe�Y£_&\[�mUXd�k5Zu]aS lGe�Y�\NkNy$lGeg��jw��Z[§�¨F��M
� \<�aSgZu_&\^q�kN\^]aS¤WP��WAl¶¬ WPkNe$]-UXWG�>Zu_5WPlPW�Und�kN��Y�\1k5y�lPe���j���ZaM&¦AZ�lP\^W:kN� o5qn\N��evSXSX�aS Y

evSrUhWmkNe�]-UXWG�>Z^_5lGe�SVW
lmZ!lP\^W³kNe

(Y1, Y2)
e$SVUfWPk5e�]-UXWG�>Zu_alGe<M &:Z^qf��\^]>SVdvÁ<�ae�]-U � WPl SV����U£kNe%SX�5o5o&\<SXe�qhl¶¬ WmkNe�]-UnW��>Z^_5WPlGWGUXd%kN�wY�\1k5y�lPe

Y�\NkNy�lPe`oaZuq�ZuY�d�UnqXWmÁ-�5epo>\<�5q%lGevS%kNe�]>SVWGUXdvS
p(y1, y2 |x1, x2 ) � W¶M e<M³l@¬ WmkNe�]-UXWG�>Z^_5WGlPWGUXdDkN� Y�d�lmZu]5t<e`k5e$S�lP\^WmS_5WP{[ZuqnWGd$e$S�kNeg�rM k�M q

Cηkl
(F (y, θk), F (y, θl))

M ��qs]5\<�aS�SXZc{<\^]aS�Á-�5efSVW�lPe$S�Y�d�lmZu]at^e$SF�a]aWPSskNevS�lG\<WPS�k�¬ d�Y�WmSr§
SXWG\<]

f(y, θ), θ ∈ Θ
e�U#kNe$S���\<o5�5lPe$S

cη(u, v), η ∈ Υ
SX\^]-U£WmkNe�]-UXWG�>Z^_5lGevS � ZulP\^q�ShlGevS£lP\^WmSf_5WP{[ZuqnWGd$e$S#SV\<]<U

WmkNe�]-UXWG�>Z^_5lGevSsk�¬ Zuo5qny$S�lmZ£oaZ^qVUnWGeh>M �aM �aMGO<M � \^�aS��NUnWGlPWPSX\^]>Ssk5Zu]aS�lmZ�SV�5WGUXehlPe$Ss��\^o5�5lPe$S�t-Zu�aSnSVWPe�]a]5e$S�Á-�5W�SX\^]-U�8Z^��WGlPe$Shµ!WGY�o5lPd�Y�e$]<Une�q � e�U�SV� �%SnZuY�Y�e�]-UhqXWm���5evS�o&\^�aqgY�e�UVUXqne�e�]wd�{1WPk5e�]a��e#l¶¬ WP]-UXd$q�"�UhkNe�l¶¬ Z^o5o&\^qXUhkNe�lmZ
kNd$o>e$]ak5Zu]>��e���\<]akNWGUXWP\^]5]ae�lPlGe<M

$
η⊥

7 � 6��>4K23&36 (�A#2�&3E�� �'E��8:'2 � ?
E�GHGH6�( E��8:/MK6
2/?�E�(��8MK6
2!6
MKMK4K(@&34 + �86
2�A!�@&3:36 + �86 M A ?
E�(#�8MK6� LA!�@2)2)4K6
787@6L0���A#782�?�6 ?�A#2�� M & � MK6GHE�C#$
MK6 ��
�� A � �� 7 � 6
23&�(�A#2�6
G I E �K&'"�C�A#782 MK6�GHE>C�$�MK6 � 
�� A@0
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���8���m'��m' �%9B?v*-ÌvË5452$687&0B?#Ë&*��u2$7>Ì[68*1È8È@*1?
�F\^Y�Y�e�]5\<�aS�]+¬ Zc{<\^]aS�o5lP�aS�lGe�UX�5d$\^qny�Y�e£kNe �1z1lPZ^q¤Á-�5W+]5\<�aS�o&e�qnY�e�UhkNe#��\^]-UXq��^lPe�qslPe$S¤Y�Z^qXt<e$S�SX\^�5§

�aZ^W�Und�e$S � lGeh��Z<SFk5e$S���j���Z�{<e$��UX\^qnWPe�lPlGevST]5ego&e��NUso5lP�aS "�UnqXe�UXq�ZuWGUXd$e�kNegY%Zu]5WPy�qne�t<d�]5d$qnZ^lGe<M � \^�aS�kN\<]5]5\^]>SZulP\^q�S�Á-�5e�lmÁ-�5e$S�e�¢1e$Y�o5lGevSskNeh�8ZuY�WPlGlPe$S�o>Zuq�ZuY�d�UnqXWmÁ-�5e$S�kNe#��j���Z�SVUnZuUXWP\^]5]aZ^WGqne$S�{<e$��Un\^qnWGe$lGlPe$S$M
� * �^45? ,&45IB?$?v68*10 � ]5ew��\^]aSVUXqn�a��UXWP\^] SXWGY�o5lPe kNe ��jw��ZHevSrU���e$lG�5Wh\�� lPe$S`kNe�]>SVWGUXdvS

p(y1|x1)
SX\^]-U

t<Z^�aSnSVWPe�]5]ae$S$M5Q ]De �&e�U � SVWA]5\^�aS�SV�ao5o>\-SV\<]aS¤Á-�5e£lGe���\^�ao5lGe (Y1, Y2)
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U�µ

(X1, X2)
e$SVU

�5]%{<e$��Une��5qTt<Zu�>SXSXWGe$] � ]5\<�aS³o&\^�5{<\^]aS t<Zuq�Zu]-UnWGq:lmZ���\<]<UnqnZ^WG]-Une�SX�5q lPe$STY%Zuqnt^e$S:o>Zuq �5]�SXWPY�oalGe¤��\^]-UXq��^lPeskNe$S
Y�\[b^e$]5]5e$SBe�U:{[Z^qXWmZu]a��e$S$M � \^�aS:]a\uUX\<]aSBlGevS:Y�\[b^e�]a]5e$SAe�U³{[ZuqnWPZ^]a��evS:kNe$SBlP\^WmS³k�¬ d$Y�WPSnSVWP\^] (mk)1≤k≤K ∈ � de�U

(Σk)1≤k≤K ∈ SPD(d) � kNe`UXe$lGlPe SX\^qXUXeDÁ-�5eDlPe�{^ev��Une��5q�t-Zu�aSnSXWGe$] (Y1, Y2)
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-U�µ

(X1 = k, X2 = l)
ZuWGU�o&\^�aqsY�\[b<e�]5]aege�U�{[ZuqnWPZ^]a��e

mkl =

[
mk

ml

]
Skl =

[
Σk Σkl

Σ
′

kl Σl

] �@¡5M } �

Σkl
evSrU��5]5epY%Z[UXqnWm��e

d × d
e�U#qne�o5qnd$SXe�]-UXe!e�¢5Z^��UXe$Y�e$]-U#lmZ ��\[{[Z^qXWmZu]a��e%e�]-UXqne�lPe$S�\<_aSVe$qX{[ZuUXWP\^]aS#��\^]>kNW�§

UXWP\^]a]5e�lPlGe$Y�e�]-UhZ^�N¢Dd�U�Z[U�S
k, l
M�±�WP]aSXW � l¶¬ e$]aSVe$Y£_5lPe�kNe$S���j���Z!µ�Y%Zuqnt^evS�e�Uhµp��\<�5o5lPe$S�t<Zu�>SXSXWGe$]aSg��\^]>kNW�§

UXWP\^]a]5e�lPlGe$Y�e�]-U#Zu�5¢ d�U�Z[UnS£e$SVU£kNd$��qXWGU�oaZ^q�l@¬ e�]>SVe$Y£_5lPe�kNe$S�Y�ZuUXqnWP��e$S
Σkl

Une�lPlGevS�Á-�5e
Skl

SV\<WGe$]<U£k5d��a]5WPe$S
o&\<SXW�UnWG{<e$S$M � \^�aS�kN\<]5]5\^]>S���W�§�kNevSXSX\^�aST�5]5ef��\<]akNWGUXWP\^]�]ad$��evSXSnZuWPqne¤e�UsSX����SXZ^]<Une�o&\^�aq�Á-�5eh��e$lPZ�SV\<W�U�lPeg�$Z^S ���\<]aSXd$Á-�5e�]>��ehkNeflPZ�kNdv��\<Y�o&\<SXWGUXWP\^]`kNe#�F�5\^lPe$SXz1W�kNehlPZ�Y%ZuUXqnWP��e

Skl
M

�hÌ[7 "F7>?v6�2v687&0 ���8���8��� ·3¹u¾ ¸
ρ =

[
ρ1 r

r′ ρ2

]
+ 
 � �%¼[¸Z��¾8º ��7 ��¸©¼u¾3
3
��

2d × 2d �
¸ �;
3
���½

(ρi)i=1,2
½�¹[¾ ��
a¸

7WB]. 
>¾ ��½ �a¹c½�¾ ¸¶¾3� ��½;0 @A¼ �%¼[¸Z��¾8º �
ρ

��½�¸ 7B1. 
a¾ � �5¹[½�¾m¸¶¾3� ��½�¾ ��¸T½�� + 
���� ��
a¸T½�¾
ρ2 − r

′
ρ1r > 0 �

� \<�aSgo>\<�5{^\<]aSf��\<]aSVUXqn�5WGqne£�a]wY�\NkNy$lGe%SXWGY�WPlPZ^WGqne#lP\^q�SnÁ<�ae#]5\<�aSfSX�5o5o&\<SX\^]aShÁ-�5e�UX\<�NUXevShlGevSfkNe�]aSXWGUXd$S
p(y1|x1)

SV\<]<U%kNevS#lP\^WmS#e�lPlGWPoNUXWmÁ-�5e$S
E(mk, Σk, ϑ)

�8k5Z^]aS�lGe`��Z<S#kNevS�lG\<WPS � e�U � � e�lPlGevS�\^]-U�lPepY�"$Y�e
oaZ^qnZ^Y�y�UXqnefkNe£Á-�5e��ae���M �1W

(Y1, Y2)
��\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-U�µ

(X1 = k, X2 = l)
e$SVU¤lP�5WAZ^�aSXSXW��5] �N����² kNe

lP\^W
E(mkl, Σkl, ϑ)

�8d�t<Z^�N¢!Z^�N¢�oaZ^qnZ^Y�y�UXqne$S�kNe��@¡5M } � � � ]5\^�>S�qXe�UXqn\^�5{<\^]aSFlGevSsY%Zuqnt^evS p(y1 |x1 )
M

� * �^4a?H,&=-0B=-Ì[45È ��l�e$SVU%o>\-SXSXWG_alGeDk�¬ Z^kaZuoNUne�q%lmZ�Y�\NkNd$lGWmSXZuUXWP\^] oaZuq���\^o5�alGe�Zu�5¢ ��j���Z {^ev��Un\^qnWGe$lGlPe$S �
Y%ZuWmSslmZ�k5e$Sn��qnWGoNUnWG\<]!\<_NUXe$]1�5efe$SVU�_>evZu�a��\^�5o`o5lP�aSslP\^�aqnkNefÁ-�5e�k5Z^]aS�lPe���Z^SsSn��Z^lPZ^WGqne���\<�`Á-�5efk5Z^]aSslPe���Z<S
t<Z^�aSnSVWPe�]�oaqXdv��d$k5e�]-U ��MNQ ]!e �&e�U � SXW p(y1 |x1 )

Z#o&\^�5qskNe$]aSVWGUXdvS�Y%Zuqnt^WP]aZulPe$S
f1
x1

(y1
1), . . . , f

d
x1

(yd1) � kNeg�rM k�M q��\<qXqne$SXo&\^]ak5Z^]-UXe$S
F 1
x1

(y1
1),. . . , F dx1

(yd1) � lPZ���\^]>��UXWP\^] kNe�qnd�oaZ^qVUnW�UnWG\<]�kNe (Y1, Y2)
��\^]akNWGUXWP\^]a]5e�lPlGe$Y�e�]-U�µ

(X1, X2)
S$¬ dv��qnW�U

F (y1
1 , . . . , y

d
1 , y

1
2 , . . . , y

d
2 |x1, x2 ) = Cx1,x2(F

1
x1

(y1
1), . . . , F

d
x1

(yd1), F 1
x2

(y1
2), . . . , F

d
x2

(yd2))
�@¡NMPO$¯ �

¦+Z���\^o5�5lPe
Cx1,x2

{^d$qXWG�aehlmZ#oaqX\<o5qXWPd�Und$S�SX�5WG{[Z^]<Une$SsSX�5qslPe$S�SX\^�aSV§���\^oa�5lGevS

C[1..d],x1,x2
= Cx1

C[d+1..2d],x1,x2
= Cx2

\��
Cx1

e�U
Cx2

SX\^]-UslGevSs��\^oa�5lGevS�\^_NUne�]1�5evS�oaZuqslmZ�kNd$��\^Y�o>\-SVWGUXWP\^]`kNe �1z1lmZuq�kNe
p(y1 |x1 )

e�U
p(y2 |x2 )

M
¦�eD��\^]-UXq��^lPe`kNe$S�SX\^�>Sr§���\<o5�5lPe$S%k�¬ �5]5eD��\^o5�5lPe�e$SVU�kNW ����WPlGe � oaZ^qn��e`Á-�5eD��e�lmZ qXe${1WGe$]<U�µwqnd$SX\^�ak5qXe`lPe

o5qn\^_5lPy�Y�e�kNe$Sh��lmZ^SnSXe$S¤k5e�ÀaqXdv���5e�Ufk5Zu]>S¤lPe��$Z^S�t^d$]5d�q�Zul ��{^\<WGqglPe����aZ^o5WGUXqne�L�k5e�� }u!�³o&\^�5qfkNevS¤qnd�o&\^]>SVevS
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oaZ^qVUnWGe$lGlPe$Shµ`��e�o5qn\^_5lPy�Y�e���M���l evSrUfo5lP�aSg�8Z^��WGlPe%kNe�oaZuqXUXWPq�kNe%��\<o5�5lPe$ShY#�5l�UnWG{[Z^qXWPd�evSg��\^]5]1�5evSge�U£k�¬ e�] kNd�§
kN�5WPqne£lPe$SgSV\<�aSr§���\<o5�5lPe$S�Zu�a]�k�¬ �NUnWGlPWmSVe$qg��e$SgkNe�qn]5WPy�qne$S�o&\^�aq�Y�\NkNd�lPWmSVe$q¤lmZ�SVUXqn�a��Un�5qXe�kNe#k5d�o&e�]ak5Z^]a��e�kNe$S
p(y1 |x1 )

M>�Fev��W�evSrUso&\<SnSVWP_5lPeg]a\uUnZ^Y�Y�e$]-U�o>\<�5qslGevSs��\<o5�5lPe$SsZuq����5WPY�d$kNWPe�]5]ae$S�e�U�e$lGlPWGo5UXWmÁ<�ae$S$M5Q ]`e �3e�U � SVW
∀u ∈ [0, 1]2d , C(u) = ϕ−1

θ

(∑2d
i=1 ϕθ(ui)

) � lGevSFSX\^�aSV§���\^oa�5lGevS SX\^]-UTe�]>��\^qne¤Z^qn���5WPY�d$kNWPe�]a]5e$S³e�UFd$t<ZulPe$STµ
C[1..d](u1, . . . , ud) = ϕ−1

θ

(∑d
i=1 ϕθ(ui)

) e�U
C[d+1..2d](ud+1, . . . , u2d) = ϕ−1

θ

(∑2d
i=d+1 ϕθ(ui)

) M��Fe�§
o&e�]ak5Z^]-U�l@¬ �NUXWPlPWPSnZ[UnWG\<]`k5e$Ss��\<o5�5lPe$SsZ^qn���5WPY�d$kNWPe�]a]5e$S�o&\^�5qslmZ�Y�\NkNd�lPWPSnZ[UnWG\<]!evSrU�lPWPY�WGUXd$e���Z^qse�lPlGefSX�5o5o&\<SXe
Á-�5eglPZ�SrUnqX�>��UX�aqXehkNehkNd�o&e�]akaZu]a��egSX\^WGU�lmZ#Y�"$Y�ege$]-UXqnegkNe$�N¢���\<Y�o>\-SXZ^]<Une$S�kN��Y "$Y�eh{<e$��Une��5q�\^�!e�]a��\^qne
µ�kNe$�N¢�WG]>SrU�Zu]-UnS�kNW �3d�qne�]-U�S � ��e£Á-�5WBe$SVU��5]ae��1b-o&\uUn�5y$SXe£Z<SXSXe ��lP\^�aqnkNe<Ma�gZu]aS�lGe#��\^]-Une�¢1UXe£k5e£lmZ�SVe$t^Y�e�]5§
UnZuUXWP\^] � ��e�UVUne���\^]-UXq�ZuWP]-UXe�WPY�o5lPWPÁ-�5e�Á-�5e�SXe��alGevS¤lPe$SglP\^WmS¤Y%Zuqnt^WP]aZ^lGevS¤kNevS�\<_aSXe�qn{cZuUXWP\^]aS¤o>e$�5{^e$]-Uh���aZ^]5t^e$q
Zc{^ev�¤lPe$Ss��lPZ<SXSXe$S$M
¦�evS³��\<o5�5lPe$S:e�lPlPWGoNUnWPÁ-�5evS SX\^]-U kNe���eso&\^WP]-UTkNes{1�5e�o5lG�>S³WG]-Und�qne$SnSXZ^]<Une$S � ��Zuq³WPl5evSrU o&\<SnSVWP_5lPeskNe���\<]<Unq �<lGe$q

lPe$SsSX\^�aSV§©��\^o5�alGevS � UX\<�NU�e�]�Zcb-Zu]-U�k5e$S�lPWGe$]aS�kNW��&d$qXe$]-UnS�e�]-UnqXehlPe$Ss��\<Y�o>\-SXZ^]<Une$S�kN�`{^ev��Une��5q (Y1, Y2)
M

�hÌ[7 "F7>?v6�2v687&0����8���m'�� ·�¹[¾ ¸ + 
 �wº�¹ � + 
 � �;
3
 ¾ �3¸@¾1> + � C 7 � ¸�¼[¾3
3
 �
M
7 � ��¼u¸]��¾8º � 7 � º�¹%��� B-
G¼u¸@¾8¹�


ρ
0g·&¾

A ⊂ [1..M ] �

G¼!½�¹ + ½ �Vº�¹ � + 
 �PX$7 � C ^ CA ��½�¸ + 
 ��º�¹ � + 
 � �-
3
 ¾ �3¸@¾1> + �Y7 + � ��� ��¸]4 ��	> + � C �

�a¼%�X¼��FB�¸]� B �
�a¼%� 
G¼ ��¼u¸]��¾8º � 7 ��º�¹%����B;
G¼[¸¶¾8¹ 


ρA = (ρij)i,j∈A
0

� 
 �5¼���¸@¾8º + 
 ¾ �;� �
½�¾
M = 2d

��¸(> + � ρ =

[
ρ1 r

r′ ρ2

]
��½�¸Q
G¼F7Bnº�¹�� �a¹c½�¾ ¸¶¾8¹ 
 �a¼%� ,-
G¹vº/7 �g¸©¼u¾3
3
��

(d×d)
7 � 
G¼ ��¼u¸]��¾8º �

ρ �

���½¤½�¹ + ½ �Vº�¹ � + 
���½ C[1..d]

X6� ��½ ��0
C[d+1..2d]

^�½�¹�
a¸ 7 ��½fºn¹ � + 
���½ �;
3
 ¾ �3¸@¾1> + ��½/7 � �5¼��X¼ �	5�¸]� �
ρ1
X6� ��½ ��0

ρ2
^W0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0s��lASV����U�k�¬ e�¢1oalG\<W�Une�q�lPef�8ZuWGU¤Á-�5e�lmZ%��\<o5�5lPe�k�¬ �a]�{^e$��UXe$�5q
(U1, . . . , UM )

evSrU�WP]1{[ZuqnWPZ^]<Une
oaZ^q�UXq�Zu]aSV��\^qnY%Z[UXWP\^] ��\^]-UnWG]1�5e`e�U���qX\<WPSnSnZu]-UXep��\^Y�o&\<SnZu]-UXe`oaZ^q%��\^Y�o&\<SnZu]-UXe<M ±�WP]aSXW � o&\^�5q!kNd�Une�qnY�WP]5e$q
�5]5e�SX\^�aSV§���\^oa�5lGe � WGl�SX����U�kNepUXqn\^�5{<e�q��5]5e �V_>\<]5]5e��!UXq�Zu]aSV��\^qnY%Z[UXWP\^]

g = (g1, . . . , gM )
UXe$lGlPe�Á<�aeplPe$S

lP\^WmS�kNe
(V1, . . . , VM ) = (g1(U1), . . . , gM (UM ))

e�U!kNe
(Vi)i∈A

SV\<WGe$]-U%�8Z^��WPlPe$S�µ WmkNe$]<UnW��>e�qvM &:\^�5q�lPe$S
��\<o5�5lPe$Sfe$lGlPWPoNUXWmÁ-�5e$S � ��e�UVUne�UXq�Zu]aSV��\^qnY%Z[UXWP\^]we$SVU g = (Φ−1, . . . ,Φ−1) � \�� Φ

e$SVU�lPZp�rM k�M q$MAWG]1{^e$qnSXe�kNe%lPZ
Y%Zuqnt^WP]aZulPe��8��e$]-UXqnd�ehqXdvkN�5WGUXe��Fk5eflPZ#lG\<W�e�lPlPWGoNUnWPÁ-�5ef��\^qnqXevSVo&\^]akaZu]-U�µ�lmZ���\^o5�alGe<M � \^�>S�\^_NUne�]5\<]aSsZulP\^q�S��5]{^ev��Une��5qBe�lPlGWPoNUnWPÁ-�5eskN\<]<U:lPe$SBlG\<WPSBkNevSBSX\^�>Sr§©{^ev��UXe$�5q�S+ZuoaoaZuqXUXWPe�]5]ae�]-UBµ�lPZ�Y "�Y�eF�8ZuY�WGlPlPe � e�U:o&\^�5q:lPe$SnÁ<�ae�lPlGevS
l¶¬ WmkNe�]-UnW��>�$Z[UnWG\<]pkNevS���\<o5�5lPe$S�evSrUsWPY�Y�dvkNWPZuUXe<M

�1W³]5\<�aSfSX�5o5o&\<SX\^]aSfÁ-�5e%lmZplG\<W kNe����aZ^Á-�5e���lmZ^SnSXe
k
e$SVU£kNdv��qnW�Une�o>Zuqf�5]5e���\^o5�5lPe�t<Z^�aSXSXWPe�]5]5e ��qne$SXo�M

�-Un�akNe�]-U �#k5epkNWPY�e�]aSXWP\^]
d � Zcb<Z^]-U#�5]5epY%Z[UnqXWm��e`kNe`��\^qnqnd�lmZ[UXWP\^] ρk � ZulP\^q�S#�5]5e!�8ZuY�WGlPlPepkNe���\^o5�5lPe$S 2dkNWPY�e�]aSXWG\<]5]5e$lGlPe$S���\^]1{<e�]aZ^]<U�o&\^�aq�lmZ%Y�\NkNd�lPWPSnZ[UnWG\<]���j���Z�evSrU�lPZ��8ZuY�WGlPlPe#kNe���\^oa�5lGe£t<Zu�>SXSXWGe$]5]5e �8qXevSVo�M

�-Un�akNe�]-U �sWP]akNe�¢Nd$efoaZuq�lPe$S¤Y%Z[UXqnWm��e$S¤kNe�lmZ���\^qnY�e
ρkl =

[
ρk rkl

r′kl ρl

]
� Zc{<e$� rkl UXe$lGlPe$S�Á<�ae ρkl SX\^WGU¤�5]ae

Y%Z[UnqXWm��efkNd��a]5WPefo>\-SVWGUXWP{^e<M
¦ ¬ e�]>SVe$Y£_5lPe£kNevSh��j���Z�kN\^]-U�lmZ%lP\^W:kN� ��\^�5o5lPe£Z��5]5e#��\^o5�alGe�e$lGlPWPoNUXWmÁ-�5e£evSrUhkN\^]a�#kNd$��qXWGUXe£oaZuq�l@¬ e�]N§

SXe�Y£_alGepkNe$S#Y%Z[UXqnWm��e$S
(ρk)1≤k≤K

e�U�kNevS£Y%Z[UnqXWm��evS
(rkl)1≤k,l≤K

{^d$qXWG�>Z^]<U#lPZ���\^]>kNW�UnWG\<]HkNe!o>\-SVWGUXWP{1W�Und
kN\<]5]5d�ehoaZ^qslPZ�o5qn\^o&\<SXWGUXWP\^]�¡NMPO^MPO^M
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kNe$�N¢ o5qX\N��e$SnSV�aS

X = (Xn)n≥1
e�U

Y = (Yn)n≥−s+1
�
s
e�]-UnWGe$q£o&\<SXW�UnW�� � � UXe�l�Á-�5e X

SX\^WGU#�a]5e!���aZ[�m]ae
kNe`jDZuqnz^\[{wo&\<SnSVdvk5Zu]-U#�a]5e�kNe�]aSXWGUXd`kNe�UnqnZ^]aSXW�UnWG\<]

q(xn, xn+1)
� e�U�UXe$l�Á-�5e Y

��\^]ak5W�UnWG\<]5]5e�lPlPe�Y�e�]-U%µ
X
SV\<W�Uf�5]ae����>Zc� ]5e%kNe%jDZuqnz^\[{�kNe�Y�d�Y�\^WPqne

s
M�¦�e�]5\[b-Zu��k5e#UnqnZ^]aSXW�UnWG\<]�kNe

Yn
��\^]ak5W�UnWG\<]5]5e�lPlPe�Y�e�]-Ufµ

Y n−1 = (Yn−1, . . . , Yn−s)
��o&\^�5q

n ≥ 1
�T]aehk5d�o&e�]akpÁ-�5efkNe

Xn
��o>ZuqnY�W�lPe$S

(Xk)1≤k≤n
��M � ]!e�¢Ne�Y�o5lPe
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·3¹u¾ ¸

(X,Y) + 
 �Y� � � ¼�½�¸©¼u¸@¾8¹�

3¼[¾3� � �
¸ �-
3
��F> + �D
G¼	
G¹u¾ ½�¸�¼[¸¶¾8¹ 

3¼[¾3� �F7 � X

½�¹[¾ ¸
π = (π1, . . . , πK)

′ 0
�£¹ + ½�½ + � �a¹c½�¹ 
a½ > + � ∀k, E [|Y1| |X1 ] < ∞ �

¼%� �nº
E [Y1 |X1 = k ] = mk �

��¸F
���½wº�¹ � + 
���½ ckl ½�¹ 
a¸º�¹ 
>¸@¾�
 + ��½;0 	M
G¹���½�
G¼pº�¹%�[¼%��¾8¼�
&º � � �<¾m½�¸��
�
��¸ 
&¹ + ½£¼%�[¹ 
5½

∀n ≥ 2, cov(Y1, Yn) =
∑

k,l

p
(n)
kl covkl(Y1, Yn) +

∑

k,l

(
p
(n)
kl − πkπl

)
mkml

�@¡NMPOv¡ �

¹ �
covkl(Y1, Yn)

��½�¸ 
G¼!ºn¹��c¼���¾8¼ 
3º �F7 �
Y1, Yn

º�¹�
�7[¾ ¸¶¾8¹ 
 
 �;
3
���� ��
a¸ [
X1 = k,Xn = l

0

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0��F\<Y�Y�e�]5\<�aS:Zc{^\^]>S ∀k, E [|Y1| |X1 = k ] <∞ � e�U³Á-�5e�lPe$S³��\<o5�5lPe$S ckl SX\^]-U³��\^]-UnWG]1�5evSkN\<]a�s_&\^qn]5d�evS SV�aq
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cov(Y1, Yn) = E [Y1Yn] −E [Y1]E [Yn]

=
∑

k,l

p
(n)
kl E [Y1Yn |X1 = k,Xn = l ] −

∑

k,l

πkπlmkml

� \<�aS�qnd�d$��qXWP{^\<]aS£��e�UXUXe�kNe�qn]5WPy�qne!e�¢No5qXevSXSXWP\^] SX\^�>S#lmZ ��\^qnY�e�kNe`l¶¬ evÁ&M �@¡NMPOv¡ ��e$]H�8Z^WPSnZu]-U%Zuo5o>Zuq�Zc�mUXqne�lPeUXe$qXY�e ∑
kl p

(n)
kl mkml

M

¦+Z���\[{[ZuqnWPZ^]a��e�k�¬ �5]ae���j���Z�e$SVU�lmZ�SX\^Y�Y�e£kNe£lmZ���\[{[ZuqnWPZ^]a��e���qXd$d�e�oaZ^q¤lPe£o5qn\N��evSXSX�aS¤�$Z^���5d ��d�t-ZulPe
µDlmZD{[Z^qXWmZu]a��e�k5Z^]aS�lGep��Z^S%��j���Zu§©¨�� � � e�U�kNeplPZ���\[{[ZuqnWPZ^]a��e���\^]ak5W�UnWG\<]5]5e�lPlPepkNevS£\<_aSXe�qn{cZuUXWP\^]aS$M:�Fe�UVUne
kNe$�N¢NWGy$Y�eF��\^]-UnqXWP_5�NUnWG\<]fe$SVUAk�¬ e�¢No5qne$SnSVWP\^]f��\<Y�o5lGe�¢Ne³e�UAWPl^]+¬ evSrU+o>Z^S�o&\<SnSXWG_5lPeTk�¬ e�]�k5d$kN�5WPqne �5]5eFe�¢No5qne$SnSVWP\^]
Zu]>ZulPb<UnWPÁ-�5e � ]5W�Y "�Y�e��a]5e�e�¢1oaqXevSXSXWG\<] Z^SXb-Y�oNUn\uUnWPÁ-�5e�k5e�lmZD��\[{[ZuqnWmZu]a��e � ��\^Y�Y�e�k5Zu]>S£lPe$S���j���Z[§�¨���M
� \<�aSsZuoao>\<qVUne�qn\^]aS��5]5efqnd�o&\^]>SVehoaZ^qVUnWGe$lGlPefµ���e�UXUXe�Á-�5e$SVUXWP\^]`k5Z^]aS�lPZ�SXe$��UXWP\^]`SV�5WP{[Zu]-UXe<M

�	# " # " � � �� � ���� � �� � � � ���� � ��� ��� ��� � �� ��� � �� ���� � � ������ � � � �� �! � ��� � � ��� ��

� \<�aShWP]<UnqX\NkN�aWPSX\^]aS�Un\^�NU£k�¬ Zu_&\^q�k�lGevSfkNW �3d�qne�]-U�Sf��\^]>��e�o5UnSfkNe%Y�d�lmZu]at^e$Z^]a��e��NUnWGlPWPSXd$S�e�] SrU�Z[UXWmSVUXWmÁ<�aeo&\^�5q³d�UX�akNWPe�qTlGevS:o5qX\<o5qnWGd�UXd$S³k5e$S:o5qn\N��e$SnSX�aS:SrU�Z[UXWP\^]a]aZuWPqXevS�Mu¦+e$S³��\-e�����WPe�]-UnS³kNesY�d$lPZ^]5t^evZu]a��e�SX\^]-U kNd��>]5WPS
kNe�Y%Z^]5WGy$qXe �XZu_>SrUnqnZ^W�Une���e$]-UXqne�kNe��N¢�UXqnWP_5�aS$M �1\^WGU

(Ω,A, P )
�a]%e$SXoaZ^��eso5qX\<_aZu_aWGlPWPSXdse�U F e�U G kNe$�N¢�SX\^�>Sr§UXqnWP_5�aSskNe A M � \^�>SskNd��a]aWPSnSV\<]aSsZulP\^q�S�lGevS���\1e�����WGe$]<U�SskNe α §©Y�d�lmZu]5t<e � β §©Y�d�lmZu]5t<ehe�U φ §¶Y�d$lPZ^]5t^ehoaZ^q

α(F ,G) = sup
A∈F ,B∈G

|P (A ∩ B) − P (A)P (B)|

β(F ,G) = E

[
sup
A∈F

|P (A) − P (A|G)|
] �@¡NMPO$Ä �

φ(F ,G) = sup
A∈F ,B∈G/P (B)>0

|P (A) − P (A|B)|

�Fe$Ss����\-e�����WPe�]-UnSskNefY�d$lPZ^]5t^evZu]a��egSX\^]-UslGWPd$S�oaZuqsl¶¬ WP]5d$t<ZulPWGUXdfSV�aWG{[Zu]-Une

2α ≤ β ≤ φ
�¶¡NMPOci �

�1Ws]5\<�aS�]5\^UX\^]>S%kNe`Y�Z^]5WPy�qne!t<d�]5d$qXWmÁ-�5e
c(F ,G)

lGevS%��\1e�����WPe�]-U�S�k5e�Y�d$lPZ^]5t^evZu]a��e�e$]<UnqXe�kNe$�N¢/UnqXWP_5�aS
kNd��a]5WPe$S�o>Zuq�lPe$S�dvÁ-�aZ[UnWG\<]aS �@¡5MGOvÄ � � ]5\^�>S�o>\<�5{^\<]aS�kNd��a]5WPq+lPe$S���\-e�����WPe�]-UnS�k5e Y�d�lmZu]5t<e$Zu]>��e³k�¬ �5]fo5qn\1��e$SnSV�>S
SVUnZ[UnWG\<]5]aZ^WGqne

Y = (Yn)n∈ �
oaZ^q

∀k ≥ 1, ck,Y = c (σ ((Yn)n≤0) , σ ((Yn)n≥k))

� \<�aS�o&\^�5{<\^]aS�k5\^]a�³Z<SXSX\N��WPe�q�µ Y
lGevS�SV�aW�Une$S�kNeF��\1e�����WPe�]-U�S�kNe³Y�d�lmZu]5t<e$Z^]a��e

(αn)n≥1, (βn)n≥1, (φn)n≥1e�] ��\^]aSXWmkNd�q�Zu]-U%lGevS%UnqXWP_5�aS�k5e$S+�Vd�{<y�]5e$Y�e�]-UnS%o>Z^SnSVd�e�U����NUX�aq
��MF¦+e�o5qX\N��e$SnSV�aS
Y
evSrU!Z^lG\<qnS%Z^o5o&e�lPd

α
§

Y�d�lmZu]5t<e$Z^]<U ��\<�p��\^qXUXe�Y�e$]<UsY�d�lmZu]at^e$Z^]-U � � β §¶Y�d�lmZu]at^e$Z^]-U�\<� φ §©Y�d�lmZu]5t<e$Zu]-U�SXW�lPZ�SX�5W�Une�kNe$S¤��\1e�����WPe�]-U�S��\<qXqne$SXo&\^]ak5Z^]-UnSTUXe�]>k�{<e�q�S
0
�
limk→∞ ck,Y = 0

M &³ZuqslPe$S�WP]5d�t-ZulPW�Und$S�kNehl@¬ e$Á&M �¶¡NMPOci � � lPZ φ §¶Y�d$lPZ^]5t^evZu]a��eWPY�oalGWmÁ-�5e£lmZ
β
§©Y�d$lPZ^]5t^evZu]a��e � Á-�5WAWGY�o5lPWmÁ<�ae£lmZ%Y�d�lmZu]5t<e$Zu]>��eh��\^qXUXe<M3�FevS���\1e�����WGe$]<U�S � SVe$lG\<]�lGe$�5q¤{1WGUXevSXSXe

kNe£k5d$��qn\^WmSnSXZ^]a��eh{^e$qnS¤¯ � o&e�qnY�e�UXUXe�]-U�k�¬ WmkNe�]-UnW��ae$q¤lPe$S���Z^S¤o>\<�5q�lPe$SnÁ-�5e�lPlGevS�]5\<�aS¤Zc{<\^]aS�Un\^� )r\<�5q�Ss�5]5e�lP\^W
��\^qXUXefkNevSst^q�Zu]>k5S�]5\^Y#_5qXevS � �5]pUn�5d�\<qXy$Y�ehlPWGY�WGUXe���e�]-UXq�Zul � M$M�M � Ä-L �¶M
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�Fe$Ss��\1e�����WPe�]-UnSsSX\^]-UsWPY�o&\^qXUnZ^]-UnS�oaZ^qn��egÁ-��¬ WGlmSso&e�qnY�e�UVUne�]-U¤kNef��\<]-UXq��^lPe�q � e$]-UXqnehZ^�NUXqne$S � lPeh��\^Y�o&\^qX§

UXe$Y�e�]-U¤Z^SXb1Y�o5UX\uUnWPÁ-�5efkNevSsZu�NUn\N��\[{[ZuqnWPZ^]a��evSFk�¬ �5]`o5qn\N��evSXSX�aS � t<qD�<��ehZu�N¢pWG]ad�t<Z^lGWGUXdvS�SV�5WP{[Zu]-UXevS�M
� *1./.H*`���m'��8���	�W& � )�'����_��� � � ��'HV � � !HV
·3¹u¾ ��
>¸

U, V
7 � + � �c¼���¾8¼W,;
���½f¼�
CB�¼[¸�¹[¾3� ��½M��B �;
3
���½ �

¸ �-
 > + � U ∈ Lp(P ) � V ∈ Lq(P )
03·�¹[¾ ��
a¸

p, q, r > 0 �¸ �-
x½K> + � 1
p + 1

q + 1
r = 1

��¸
α = α (σ(U), σ(V ))

0 �£¹ + ½£¼��c¹�
5½£¼%
G¹���½

cov(U, V ) ≤ 2r (2α)
1/r ‖U‖p ‖V ‖q

�@¡NMPO$« �
� *1./.H*`���m'��m'��	�W& � )�'����_��� � � � ��T`'*)��$N !HV
·3¹u¾ ��
>¸

U, V
7 � + �P�c¼���¾8¼W,;
���½%¼�
CB�¼[¸�¹[¾3� ��½D��B �;
3
���½ �

¸ �-
"> + � U ∈ Lp(P ) � V ∈ Lq(P )
0³·�¹[¾ ��
a¸

p, q > 0 �¸ �-
x½K> + � 1
p + 1

q = 1 �
��¸
φ = φ (σ(U), σ(V ))


3¹ + ½�¼%�[¹ 
a½�¼�
G¹%��½

cov(U, V ) ≤ 2φ1/p ‖U‖p ‖V ‖q
�@¡NMPO$} �

� \<�aS�qne�]1{^\[b<\^]aS�µ � Ä-L��+o&\^�5q¤�5]5e�o5qnd$SXe�]-U�Z[UXWP\^]`kNevSso5qn\^o5qnWGd�UXdvS�k5e£kNd�o&e�]>k5Zu]a��e�k5Zu]>SslGevS�o5qn\1��e$SnSV�>S
SVUnZ[UnWG\<]5]aZ^WGqne$S � e�U�Zu�N¢�qnd$SX�5l�U�Z[U�S Z^SXb1Y�o5UX\uUnWPÁ-�5evSTÁ-�5W&lGe$�5qFSX\^]-UFZ<SXSX\N��WPd$S$M � \<�aS qne$k5d�Y�\^]-UXqn\^]>S ��WG§©k5e$SnSV\<�aSlmZ�o5qX\<o5qnWGd�UXdH�Vk�¬ �5d$qXdvkNW�Und���kNeflmZ#Y�d$lPZ^]5t^evZu]a��e � Á-�5W�Y�\^]-UnqXefÁ-��¬ �5]5eh��\^]>��UXWP\^]�kNd�UXe$qXY�WP]5WPSVUXef]aefo>e$�NU¤oaZ<S
Zu�at^Y�e�]-UXe$q�lPZ%kNd$o>e$]ak5Z^]a��ehe�]-UnqXefkNe$�N¢�UnqXWP_5�aS$M
� �B=17aÌ[Ç1./*!���m'��8��� ·3¹u¾ ��
>¸

U, V
7 � + �F�[¼%��¾8¼,-
���½£¼%
CB�¼u¸©¹u¾3� ��½ ��B �;
3
���½ 7WB]. 
>¾ ��½�½ + � + 
 ��½ �a¼^º � ���n¹W,�¼W,�¾3
 ¾m½;B

�
f, g : (

�
,B(

�
)) → (

�
,B(

�
))
7 � + � \�¹ 
3º�¸¶¾8¹ 
a½ � ��½ + �X¼W,;
���½ ��¸

U
′

= f(U), V
′

= g(V )
0 �#¹ + ½�¼%�[¹ 
a½¼%
P¹%��½Da

� 6��
c(σ(U

′
), σ(V

′
)) ≤ c(σ(U), σ(V ))

�@¡5M L^¯ �
� 6@6�� @ ��½�ºn¹ � � º�¾ ��
>¸8½D7 � �	B;
G¼ 
I: ��¼ 
3º � 
 �D7B����
 7 ��
a¸A> + � 7 �K
G¼!ºn¹ � + 
�� CUV 7 + º�¹ + � 
�� (U, V )
� 6@686�� ·3¹u¾ ¸

Z
��½�¸ + 
 � �X¹$º ��½�½ + ½g½�¸©¼u¸@¾8¹�

3¼[¾3� �F7 ��º�¹ � � º�¾ ��
a¸@½K7 � �FB;
G¼�
�: �n¼�
&º �

(ck,Z)k≥1
��¸ 
�� ���n¹$º ��½n½ + ½

Y = (f(Zn))n∈ �
¹��

f
��½�¸ + 
 �£¼ � ��
 ¾8º�¼u¸@¾8¹�
 � ��½ + �n¼W,;
�� 0 	M
G¹%��½ 
&¹ + ½f¼��c¹�
5½

∀k ≥ 1, ck,Y ≤ ck,Z

� B��%¹ 
a½�¸Z�X¼u¸@¾8¹�
�0��FevS�qnd$SX�5lGUnZ[U�S£SX\^]-U£�5]ae!��\<]aSXd$Á-�5e�]>��e�kNWPqXev��Une!kNe�lmZDoaqX\<o5qXWPd�Und�kNe�_>Z^SXe�kNe$S�UXqnWG_a�aS��
SXW
f
e$SVU��5]5e Z^o5o5lPWP�$Z[UnWG\<] Y�evSV�5q�Zu_alGe � ZulP\^q�S σ(f(U)) ⊂ σ(U)

M�¦ ¬ WG]5d$t<Z^lGWGUXd �¶¡NMxLu¯ ��k5d$��\<�5lPe ZulP\^q�S%kNe
lmZDkNd��>]5W�UnWG\<]/kNe$S#��\1e�����WGe$]<U�S�kNe�Y�d$lPZ^]5t^evZu]a��e^M�&³Zuq£e�¢Ne�Y�o5lPe � o>\<�5q£lPe���\1e��%��WGe$]-U α � SVWF]5\^�>S�]5\^UX\^]>S
σ(U) = F � σ(U

′
) = F ′ e�U

σ(V ) = G � σ(V
′
) = G′ � WPl�e$SVU¤��lmZuWPq�Á-�5e

sup
A∈F ′ ,B∈G′

|P (A ∩ B) − P (A)P (B)| ≤ sup
A∈F ,B∈G

|P (A ∩ B) − P (A)P (B)|

�gZu]aS�lGe%�$Z^S�\�� lPe$ShZ^o5o5lPWP�$Z[UXWP\^]>S
f
e�U
g
SX\^]-U�_5W )re$��UXWP{^evS � Zcb<Z^]-U�lPe$SgWG]ad�t<Z^lGWGUXdvS�kaZu]aS�lGevShkNe��N¢ SXe�]>S �

]5\<�aS�Zc{^\<]aS%kN\<]a��d�t-ZulPW�UndDkNe$S���\1e�����WPe�]-U�S�kNeDY�d�lmZu]at^e$Z^]a��e
c(σ(U

′
), σ(V

′
)) = c(σ(U), σ(V ))

MFQ ]
oaZ^qVUnWP���5lGWPe�q � SXW³]5\^�aShoaqXe$]5\^]aSho&\^�aq f e�U g lPe$Sg��\<]a��UnWG\<]aSfkNe%qnd�oaZ^qVUnW�UnWG\<]�kNe U e�U

V
��]a\uUXd$e$Sfqne$SXo&e$��UnW�§

{^e$Y�e�]-U
FU

e�U
FV
� � ]5\<�aShe�] kNd$k5�5WPSX\^]>SfÁ<�ae�lPe$S£��\1e�����WPe�]-U�Sgk5e%Y�d$lPZ^]5t^evZu]a��e�SX\^]-Ufd�t-Zu�N¢ µ`��e��N¢�k5e

FU (U), FV (V )
e�U¤kN\<]a�g]5e�kNd$o>e$]akNe�]-U¤Á-�5e�kNehlmZ%��\<o5�5lPehk5e

(U, V )
M

¦ ¬ e�¢1Une�]aSXWG\<]�kNe�l¶¬ WP]5d$t<ZulPWGUXd �@¡NMxLu¯ �¤Z^�N¢ o5qn\N��evSXSX�aS�qXe$o>\-SVe�SV�aqflGe�Y "�Y�e%Zuqnt^�5Y�e$]<UfÁ-�5e�k5Zu]aShlPe%��Z<S
_5WP{[ZuqnWGd<M
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Y
e$SVU��5]aeg���aZ[�m]aegkNehjDZ^qXz<\[{#oaZ^qVUnWGe$lGlPe�Y�e$]<U�\^_>SVe$qX{<d�e � WGl

e�¢NWmSrUne
Z
���aZc� ]5efkNe�jDZ^qXz<\[{�e�U��5]5eh��\<]a��UnWG\<]!Y�evSV�5q�Zu_alGe

f
Une�lPlGevS�Á-�5e

∀n, Yn = f(Zn)

�gZu]aS�lPe���Z^S%k5e$S%���aZ[�m]5evS���\^�ao5lGevS�e�U�UXqnWPo5lGe�UnS � lmZD��\<]a��UnWG\<] f e$SVU�l@¬ Zuo5oalGWm��ZuUXWP\^] ��\1\^q�kN\^]5]ad�e`SV�5q%l¶¬ e$SV§oaZ<��e Y . �1\^�aS£kNe$S���\^]ak5W�UnWG\<]aS�Z^SnSXe ��t^d$]5d�q�ZulPe$S��8SVUnZuUXWP\^]5]>ZuqnW�Und%e�U � Z^qXqnWmSr§©qXdv���5qnqne�]a��e � {^\^WPq�Zu]a]5e�¢Ne!� � �
lPe$Sh���aZc� ]5evS�kNe�jDZ^qXz<\[{pSX\^]-Uhe�qnt^\NkNWmÁ<�ae$S�e�U

β
§¶Y�d$lPZ^]5t^evZu]-UXevS�M �1\^�>S���e$Sh��\<]akNWGUXWP\^]aShSX�5q

Z � lPe$Sh���aZc� ]5evSkNe�jDZuqnz^\[{!oaZuqXUXWPe�lPlGe$Y�e�]-U¤\^_>SVe$qX{<d�e$S ��e�Uhe�] oaZuqXUXWm���5lPWPe�q¤lPe$Sh��j���Z �¤SV\<]-U¤e�lPlGevS�Z^�aSnSVWAe�qnt^\NkNWmÁ<�ae$S�e�U
β
§

Y�d�lmZu]5t<e$Z^]<Une$S$M&��e%o5lP�aS � ]5\^�aSh��\^]5]aZ^WPSnSX\^]aS��5]wY�Z )r\^q�Zu]-Ugk5e�lmZp{1W�Une$SnSVe�kNe%kNd$��qX\<WPSnSnZu]a��e � ��e%Á-�5W³]5\^�>S
o&e�qnY�e�U�kNe���\^]5]aZ[�PUnqXeft<qD�<��ehZu�N¢pWG]ad�t<Z^lGWGUXdvS��@¡5MGO[i �Fe�U �@¡NMPO$« ��lPZ�{1WGUXevSXSXe�kNe�kNdv��qn\^WmSXSnZu]a��efkNeflPZ���\<]a��UnWG\<]
k�¬ Zu�NUn\N��\[{[ZuqnWPZ^]a��e<M�&³Zuq�e�¢Ne�Y�o5lPe � SXW Z

evSrU�t^d$\^Y�d�UnqXWmÁ-�5e�Y�e$]<U#e�qnt^\NkNWmÁ<�ae��8Zc{<e$�%�a]5epk5d$��qn\^WmSnSXZ^]a��e�e�¢1§
o&\^]5e$]<UnWGe$lGlPe�kN� ��\1e�����WPe�]-U

βn
� ��e�Á-�5WTevSrU£�a]5e�o5qn\^o5qnWPd�UXd%{<d�qnW��>d�e%oaZ^q£lPe$SfY�\NkNy�lPe$S &�±�����j SX\^�aSflPe$S

�1b1o>\^UX�5yvSVevS�kNe���\^�a��e�U#Z^l@M � �x¡u} � � � ]5\^�aS£o>\<�5{^\<]aS�Z ��qnY�e�qflmZD��\[{[Z^qXWmZu]a��e�k5d$��qn\[�mU�e�¢No&\^]5e$]-UXWPe�lPlGe$Y�e$]-U
kNyvSgÁ-�5e

Yn ∈ L2+ε Zc{^ev� ε > 0
M �1W:lPZp���aZ[�m]5e�kNe�jDZuqnz^\[{pe$SVU��5]aW���\<qXY�d�Y�e$]<Uht^d$\^Y�d�UnqXWmÁ-�5e�Y�e$]<Uge�qnt^\^§

kNWmÁ-�5e �@��e£Á-�5W:��\<qXqne$SXo>\<]akpµ�lmZ�kNd$��qX\<WPSnSnZu]a��ege�¢No>\<]5e�]-UXWPe�lPlPe£kNe$S
φn
� � ]5\^�>S¤Zc{^\<]aSse$]a��\<qXe�kNdv��qn\^WmSXSnZu]>��e

e�¢No&\^]5e$]-UXWPe�lPlGehkNehlPZ���\[{[Z^qXWmZu]a��e � Zc{^e$��kNe$Ss��\^]-UXq�ZuWP]-UXevSTY�\^WP]aSF��\^qXUXevS�SV�5q�l¶¬ e�¢NWPSVUXe$]a��ehkNehY�\^Y�e�]-UnS�t<qD�<��e
µ�l@¬ WP]5d�t-ZulPW�Undhk�¬ ��_5q�Zut<WGY�\[{3M � \<�aS�UXWPqX\<]aSskNe���e$S�qne�Y%Zuq�Á-�5e$S�kNe$�N¢!��\<]a��lP�aSXWG\<]aS �

� ¦+ZD{1WGUXevSXSXe!kNe`kNdv��qn\^WmSXSnZu]a��e�kNeplPZwkNd$o>e$]ak5Zu]>��e`kNe$S���j���Z ��e�U%]5\^UnZ^Y�Y�e$]<U�kNeplPZw��\[{[ZuqnWmZu]a��e��o>e$�NU "�UnqXef\<_NUXe$]1�5e�oaZ^q�lPZ%��\^]5]>ZuWmSXSnZu]a��efkNe$SsoaqX\<o5qXWPd�Und$S�k5�poaqX\N��evSXSX�aSsY%Z^qXz<\[{-WPe�]p��\<Y�oalGe�U � oalG�aS
�8Z^��WPlPehµ�d�UX�akNWPe�q � Ä-L��¶M

� ¦+ZgY�\1k5d�lPWPSnZ[UnWG\<]#oaZ^qF��j���ZhkNe$S o5qX\N��e$SnSV�aS:kNesY�d$lPZ^]5t^evS³SrU�Z[UXWP\^]a]aZuWPqXevS:SVe$Y£_5lPeso5lP�aS³Z^k5Z^oNUXd$e�Zu�N¢o5qX\N��e$SnSV�aSBkN\<]<U³lmZ�k5d�o&e�]ak5Z^]a��eskNdv��qn\[�mU³qnZ^o5WPk5e�Y�e�]-U$McQ ]�e �&e�U � ��\<Y�Y�e�]5\<�aS:]5e�Y�\NkNd�lPWPSX\^]>SBk5WGqne$��§
UXe�Y�e$]<U+Á-�5eTlGevS�kNe�]>SVWGUXdvS

p(yn, yn+1)
� lPe$S�kNe$]aSXW�Und$S�k�¬ \^q�kNqne³SV�5o&d�qnWPe��5qne p(yn, yn+2), . . . , p(yn, yn+p)]5e�SV\<]-U#Á-�5e�kNe$S#��\<]aSVdvÁ-�5e�]a��e$SfkNe�l@¬ �1b-o&\uUn�5y$SXe �Vo5qX\N��e$SnSV�aShY%Z^qXz<\[{-WPe�]woaZ^qVUnWGe$lGlPe�Y�e�]-U�\<_aSVe$qX{<d���M

� ] Y�\NkNy�lPew��j���ZwUne�l�Á-�5e�SXZ kNd$o>e$]ak5Z^]a��e SX\^WGU�µ/kNdv��qn\^WmSXSnZu]>��e`qnZ^o5WmkNeDZ kN\^]>�DkNe$S�kNe�]aSXWGUXd$S
p(yn, yn+p)

Á-�5W¤��\^]1{^e$qXt<e�]-U�{^e�q�S�q�Zuo5WmkNe�Y�e$]<U�{<e�q�S
p(yn)p(yn+p)

� ��eDÁ-�5W¤o>e$qXY�e�UpkNe�]5e��8Z^WGqne
Zuo5o&e�l�Á-��¬ µ�kNe$S��1b1o>\^UX�5yvSVevS£kNd )VµD��\<qXY#�5lPd�e$S�SX�5q#lPe�oaqX\N��evSXSX�aS ��W¶M e<MBlmZDlP\^WskNe!lPZ�Y%Zuqnt^WP]aZulPe�� � e�U
kN\^]a��lPWPY�WGUXe�lGevS³qnWPSnÁ-�5e$S k5e�Y%Zu�5{[ZuWmSXe$S Z<kNd$Á-�aZuUXWP\^]aS Z^�N¢�k5\^]5]5d$e$S$M-�Fe$��Wao&e��NU���\<]aSVWmSVUXe�qTe�]%�5]�Une$SVU
kNe%��\^�ad�qne�]a��e#kN�wY�\1k5y�lPe�o>ZuqhqnZ^o5o&\^qXUhZ^�N¢�kN\<]5]5d�evS�M��1W³]a\^�aSh{<\^�5lP\^]aS�Y�\NkNd�lPWPSXe�qhe�UfSXe�t<Y�e�]-UXe$q
kNe$S³oaqX\N��evSXSX�aS µ£kNd�o&e�]akaZu]a��e�lG\<]5t^�ae � WPl&SXe�Y#_5lPeso5qXd���d�q�Zu_5lPe�k�¬ e�]%�8Z^WGqnesl¶¬ �1b1o>\^UX�5yvSVe¤e�¢No5lPWP��W�Une�Y�e�]-U �
oaZuqFe�¢Ne�Y�o5lPe¤oaZ^qTl¶¬ e$Y�o5lG\<W&k5e����aZ[�m]5evST��\^�5o5lPe¤\<�%UXqnWPo5lGe�UFoaZ^qVUnWGe$lGlPe�Y�e$]<U�Y%Zuqnz^\[{1WGe$]5]5evS���{^\<WGq �GOv�^¯ �
o>\<�5qslPZ�SXe�t<Y�e$]-UnZ[UnWG\<]!kNevSso5qn\N��e$SnSX�aS�µ#Y�d$Y�\<WGqnehlG\<]5t^�ae���M

���	� �  � ��� � ��� � � � � ������� �����������

� \<�aSBZu_&\^q�kN\^]aSBk5Z^]aSA��e�UXUXesSVev��UnWG\<]�l@¬ e$SVUXWPY%Z[UnWG\<]#k�¬ �5]5e���j���ZgSX�$ZulmZuWPqXe � SXe�lP\^]£lPe�Y�\NkNy$lGe�kNdv��qnW�U³k5Zu]>SlmZ#SXe$��UXWP\^]!¡5MGO<M L5MGO<M � \<�aS�qnZ^o5o&e�lP\^]aST_5qXWPy�{<e�Y�e�]-U�l@¬ Zuoao5lGWm��ZuUXWP\^]�k5e�lmZ�Y�d�Un�5\NkNeH�r��]N��e$qXe$]a��ehÀ5\<q�j Zuqnt^WP]aSF�o&\^�5q%l¶¬ evSrUnWGY%ZuUXWP\^] k�¬ �a]5eD���aZc� ]5e`kNeDjDZ^qXz<\[{ SVUnZuUXWP\^]5]>ZuWPqXe
Y = (Yn)n≥1

SXo&d$��WG�ad$epo>Zuq%�5]5e���\^o5�5lPe^M
�F\^Y�Y�e£k5Z^]aSslmZ�SXe$��UnWG\<]�aM � � ]a\^�aSse$] kNdvkN�5WmSV\<]aSs�5]�evSrUnWGY%Z[Une��5q�Q��F�so&\^�5qg��jw��Z%e�U¤o&\^�aq¤lPe$SnÁ<�ae�lPlGevS
]5\<�aS�o>\<�5{^\<]aSsZc{^\<WGq�kNevS���\^qnY£�5lPe$S�e�¢1oalGWm��WGUXevS�M



����� � ��� � ����� ����� � 	 � �����������������	 O^O[i
�	#�� #%$ � �� "� � �! "����� ���� � ����� ���� �  � � ��� � 	 � 	��� ������� � ��

�1\<W�U¤�a]5e#���aZ[�m]ae�kNe#jDZ^qXz<\[{
Y = (Yn)n≥1

qXd$e�lPlGefe�UgSVUnZuUXWP\^]5]aZ^WGqne � UXe�lPlPe#Á-�5e£SnZ%lP\^WASVUnZuUXWP\^]5]>ZuWPqXefe�U
lmZ#��\^o5�5lPe�k5e

(Y1, Y2)
Z^k5Y�e�UVUne�]-U�qne$SXo&e$��UnWG{<e�Y�e�]-U�kNe$S�kNe$]aSVWGUXdvS

fθ, θ ∈ Θ
�8k5e��rM k�M q

Fθ
�Te�U

cη , η ∈ Υ
M �1W

y = (y1, . . . , yN )
evSrUs�5]`d$���>Zu]-UXWPlGlP\^] � SXZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e¤S�¬ d$��qXWGU �

L(θ, η) =

N∑

i=1

log (fθ(yi)) +

N∑

i=2

log (cη(Fθ(yi−1), Fθ(yi)))
�¶¡NMxLNO��

¦�ef�$Zulm���5l+k5egl¶¬ QTj�²Æ]5dv��evSXSXW�UnehlPZ�qnd$SX\^lP�NUXWP\^]`kNe$S�dvÁ-�aZ[UnWG\<]aS�]5\^qnY%ZulPe$S�SX�5WG{[Z^]<Une$S




∑N
i=1 ∇θ log fθ(yi) +

∑N
i=1 ∇θ log (cη(Fθ(yi−1), Fθ(yi))) = 0

∑N
i=2 ∇η log (cη(Fθ(yi−1), Fθ(yi))) = 0

�@¡NMxL^L �

�F\^Y�Y�e ]5\<�aS�l¶¬ Zc{^\^]>S�kNd�)Vµ�{-�#k5Zu]aS+lPZ¤SVev��UXWP\^]f>M � � lPe$SAd$Á-�aZ[UnWG\<]aS�]5\<qXY%Z^lGevS�]5eTo&e�qnY�e�UXUXe�]-UBoaZ^S�k�¬ \<_NUXe$]5WGq
k�¬ e�¢No5qne$SnSVWP\^] Z^]aZulPb-UXWmÁ-�5e o&\^�5qplPe�Y%Z[¢NWPY£�5Y kNew{1qnZ^WPSXe�Y#_5lmZu]a��e � e�U`kNevS�oaqX\N��dvkN�5qne$S!k�¬ \<oNUXWPY�WPSnZ[UnWG\<]
]1�5Y�d�qnWPÁ-�5efSX\^]-Us]5d$��e$SnSXZ^WGqne$S�o&\^�5qsqnd$SX\^�>kNqXeh��efSXbNSrUny�Y�e^M
¦�evS³Y�d�Un�5\NkNe$SFk�¬ evSrUnWGY%ZuUXWP\^]%e�]%kNe$�N¢�d�UnZ^o>evS �rÀ:j�e�UF\^Y�]5WP_5�aS �8{^\<WGqTSXe$��UXWP\^]�aM �5MxL �BoaqXdvSVe$]<Und�evS k5Zu]>S

lPe`�$Z^S�Y£�al�UnWG{[ZuqnWPd�e�S�¬ Zuoao5lGWmÁ-�5e�]-U�e�]a��\^qne �8{^\<WGq � aO ��o&\^�5q��5]aeDZuo5o5lPWm��Z[UnWG\<] k�¬ \^Y�]5WP_5�aS%µ�l¶¬ evSrUnWGY%Z[UnWG\<]
SXe�Y�W�§©oaZ^qnZ^Y�d�UXqnWPÁ-�5e�k�¬ �5]5es���aZc� ]5eskNesjDZ^qXz<\[{ ��Mv¦AZ¤Y�d�UX�5\NkNe��rÀ:j���\^]>SVWmSrUneFe$]#lmZ�qXdvSV\<lG�NUnWG\<]#kN��SXb1SVUXy$Y�e
SX�5WG{[Z^]<U





∑N
i=1 ∇θ log fθ(yi) = 0

∑N
i=2 ∇η log (cη(Fθ(yi−1), Fθ(yi))) = 0

�@¡NMxLu� �

o&\^�5q#lGevÁ<�ae�lPlGe%]5\<�aS�\<_NUXe$]5\^]>Sfo5lP�aSf�8Z<��WPlGe$Y�e$]-U£�5]5e�SX\^lP�NUnWG\<] Z^]aZulPb-UXWmÁ-�5e � \^� o>\<�5q£lPe$Á-�5e$l lPe$S�\<oNUXWPY�W�§
SnZ[UXWP\^]>S�]1�5Y�d�qnWPÁ-�5evS¤SX\^]-U¤o5lP�aSgSVWPY�o5lPe$S�e�U�o&e�qX��\^qnY%Zu]-UXevS�M��Fe£SXb1SVUXy$Y�e#��\<qXqne$SXo&\^]ak`ZulP\^q�S�µ�lPZ���\<]a��UnWG\<]
e$SVUXWPY%Zu]-UXe

GIFM (θ, η) =
(
∇θL

′
m ∇ηL

′
)′ � \��D]5\<�aS�Zc{<\^]aS�]5\uUnd Lm o&\^�5qglmZ�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��ehk5e

lmZ#Y%Z^qXt<WG]aZ^lGe<M

�	#�� # " � �� "� � �! "����� ���� � � � � � 	��� ����� � ����

± oaZ^qVUnWGq�kNe$SFkNd�{<e�lP\^o5o&e�Y�e$]<U�STSX�5qTlmZfo5qn\ )rev��UnWG\<]�kNe$S ��\^]a��UXWP\^]aSTe$SVUXWPY�Z^]-UXe$S �8SXe$��UXWP\^]��5Mx¡ � � ]5\<�aS oaqX\^§
o&\<SX\^]aS3�5]ae ]5\^�a{^e�lPlPe³o5qX\N��d$kN�5qne³k�¬ e$SVUXWPY�ZuUXWP\^]fkNevS�oaZuq�ZuY�y�UXqne$S�k�¬ �5]fY�\NkNy�lPeF��j���Z5M$¦+Z�lP\^tu§©{1qnZ^WPSXe�Y#_5lmZu]a��e
��\<Y�o5lGy�UXefkN�`Y�\NkNy�lPe �8kNdv��qnW�U¤kaZu]aS�lmZ�oaZuqXUXWPe�¡NMPO^MxLNMPO��FS�¬ d$��qXWGU

Lc(φ) = log p(x, A) +

N,K∑

i,k=1

1k(xi) log f(yi, θk) +

N,K,K∑

i,k,l=1

1k,l(xi, xi+1) log cηkl
(F (yi, θk), F (yi+1, θl))

� \<�aS�WP]<UnqX\NkN�aWPSX\^]aSsZ^lG\<qnS�lmZ�lG\<tu§©{-q�ZuWmSXe�Y£_alPZ^]a��e�Y%Z^qXt<WG]aZ^lGehkN�`o5qn\N��e$SnSX�aS (Zn)1≤n≤N
kNd��a]aWGefoaZ^q



O^Ov« ������� � � ��� � � �������
	��� 	�� � ����� ��� �H� ����#�� ��� �H� �  ��� �

Lc,m =

N∑

i=1

log(p(zi, φ))

=
∑

i,k

1k(xi) log (πkf(yi, θk))

e�U�lmZ#��\^]a��UXWP\^]`e$SVUXWPY%Zu]-UXe

g ���  ((x,y), φ) =
(

∇AL
′
c

(
∇θk

L
′
c,m

)
1≤k≤K

(
∇ηk,l

L
′
c

)
1≤k,l≤K

)′ �@¡NMxL[ �
� \<�aSgo5qn\^o&\<SX\^]aS�k�¬ evSrUnWGY�e$qglPe$S�oaZ^qnZ^Y�y�UXqne$SgkNe�lPZ`��j���Z�e$] qnd$SX\^lP{[Zu]-U�l¶¬ dvÁ-�aZ[UnWG\<] kNd��>]5WGe�oaZ^qglmZ�oaqX\^§
)re$��UXWP\^]�kNehlmZ���\^]a��UXWP\^]pe$SVUXWPY�Z^]-UXe

g ���  � W¶M e<M

G ���  (y, φ) = Eφ [g � �  ((x,y), φ) |y ]
�¶¡NMxL^¡ �

� \<�aSF�NUXWPlGWmSX\^]aSTl@¬ ZulPt^\<qXWGUX�5Y�e�Q��F�³o>\<�5qFlmZfqne$���5e$qn���ae¤kNe$STqnZ<��WP]5e$SFkNe¤l¶¬ d$Á-�aZ[UnWG\<] G ���  (y, φ) = 0 � ��e�Á-�5WkN\<]5]5e�lGevS���\<qXY#�5lGevS�k5e#qnd�§©e$SVUXWPY%Z[UXWP\^]>S�WPY�oalGWm��WGUXevSgSX�5WP{[Zu]-UXevS�o&\^�aq�lPe$SgoaZ^qnZ^Y�y�UXqne$S�kNe$S�lG\<WPShk�¬ d�Y�WmSXSXWP\^]
e�U¤k5e$Ss��\<o5�5lPe$S

o&\^�5q
1 ≤ k, l ≤ K,





θ
(n+1)
k

Une�l+Á-�5e ∑N
i=1 π

(n)
i,k ∇θk

log f(yi, θk) = 0

η
(n+1)
kl

UXe$l+Á-�5e ∑N
i=1 p

(n)
i (k, l)∇ηkl

log cηkl
(F (yi, θ

(n+1)
k ), F (yi+1, θ

(n+1)
l )) = 0�@¡NMxLuÄ �

¦+ZH{^e$qnSXWG\<] SrUn\N���aZ^SVUXWmÁ-�5e kNewQ��F�©§©�rÀBj ��\<]aSVWmSVUXe e$] lmZ/qnd$SX\^lP�NUXWP\^] Zc{<e$�Dk5\^]5]5d$e$Sp��\<Y�oalGd�UXd�evS!k5e
l¶¬ dvÁ<�>Z[UXWP\^] �@¡NMxL[ � � ��e�Á<�aW-kN\<]5]5e�lGevS+Y "$Y�evS���\<qXY#�5lPe$SBkNeTY�WmSVevSAµ�)r\^�5q:Á-�5eTl¶¬ e$Á&M �¶¡NMxLu� ��Y%ZuWmS+o&\^�aqB���aZ<Á-�5e
��lmZ^SnSXe

k
e�U:���aZ<Á-�5eT��\<�5o5lPeFkNe���lmZ^SnSXe$S

(k, l)
M � \<�aS+o&\^�a{^\^]>S��a]aZ^lGe$Y�e�]-UBqnd�WP]-UXe$qXo5qnd�Une�q�lmZ�o5qX\N��dvkN�5qne �rÀ:j`§Q��F��kNeflmZ#Y%Z^]5WGy$qXefSX�5WP{cZ^]-UXe �

O<M���Zulm���5lPe�q�lPe$SsoaZ^qnZ^Y�y�UXqne$S
An+1

e�U
θn+1

��\^Y�Y�eho>\<�5q��5]5e£��j���Zu§©¨��
L5M���Zulm���5lPe�q�lPe$SsY�WmSVevSsµ�)r\<�5q�kNevS��rM k�M q�kNevSslP\^WmSsk�¬ d$Y�WPSnSVWP\^]
�aM���Zulm���5lPe�q

ηn+1
��\<Y�Y�e³d�UnZ^]<U�l¶¬ QTj�² k5e$S���\^o5�5lPe$S � _aZ<SVd³SX�5q�lPe$S�k5\^]5]5d$e$S�Y�WmSVevS�µ�)r\^�aq (F (yi, θ

(n+1)
k )

)
1≤i,k≤N,K

�	#�� #�� � � ��� � � ����J �! "���
� �

� \<�aS�WPlPlG�aSVUXqn\^]>S¤k5Z^]aS¤��e�UVUne#SXe$��UXWP\^]Dl¶¬ WP]��a�ae�]a��e#kNe#lPZ�k5d�o&e�]ak5Z^]a��e���\<]akNWGUXWP\^]5]5e$lGlPe£o&\^�aq¤lPe$Sf��j���Zk5Z^]aS�lGevSso5�aZ<SVevSsk�¬ e$SVUXWPY�ZuUXWP\^]pe�U¤kNe�SXe�t<Y�e�]-UnZuUXWP\^]!k5e$SsY�d�lmZu]at^e$S�SVUnZuUXWP\^]5]aZ^WGqne$S$Ma�Fe$��W�]5\^�>S�o>e$qXY�e�U¤k5e
Y�e�UXUXqnefe�]pd�{1WPk5e�]a��efl@¬ WG]-Und�q "�U�kNeflmZ#oaqXWmSVehe$]`��\^Y�oNUnehk5eflPZ�kNd$o>e$]ak5Zu]>��efe�]-UnqXehlPe$S�\^_>SVe$qX{[Z[UnWG\<]aS�o>\<�5q

�
l@¬ e$SVUXWPY%Z[UXWP\^]`kN�`Y�d�lmZu]5t<e ∑K

k=1 πkf(yi, θk)
�

�
l@¬ e$SVUXWPY%Z[UXWP\^]`kNefl¶¬ Z^�NUX\N��\[{cZ^qXWmZu]>��e�k5�poaqX\N��evSXSX�aS�\^_>SVe$qX{<d

Y �
� lGegUnZ^�N¢pk�¬ e$qXqne��5q�e$]pSXe�t<Y�e$]-UnZ[UnWG\<]!]a\^]N§�SV�ao>e$qX{1WmSVd$e^M

� \<�aSgWGlPlP�aSrUnqX\<]aShSV�aqhk5e$ShkN\^]a]5d�evS�q�Z^kaZuqgqXd$e�lPlGevS � lGe%��\^Y�o>\<qVUne�Y�e�]-UfkNe$ShZ^lGt<\^qnW�Un�5Y�e$SgkNe�SXe�t<Y�e�]-UnZuUXWP\^]oaZ^q���j���Z[§�¨�� e�Ug��j���Z�Zc{<e$�g��\^oa�5lGevS�M
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���P�J�P�J�8� �g?�2v68./452$687&0H*-2%./7�CB=1È86@?$4N2v687&0/CB*�È84wCA= "T*10BCA450 �^*
� \<�aSFY�\<]-UXqn\^]aS UX\^�5U�k�¬ Zu_&\^q�k�µ£l@¬ ZuWmkNe�k5egÁ-�5e$lPÁ-�5evSTe�¢1e$Y�o5lGevSFÁ-�5eglPe$Ss��j���Z[§�¨��³qXe$o5qX\NkN�aWPSXe�]-UTY%ZullmZ�lP\^W³kN�wo5qn\1��e$SnSV�>S¤\<_aSVe$qX{<d

Y � lG\<qnSnÁ-�5e£]a\^�aShZc{^\<]aS��5]5e�kNd�o&e�]akaZu]a��e���\^]ak5W�UnWG\<]5]5e�lPlPe^M � \<�aS�UXq�ZuWGUX\^]>So&\^�5q���e�lmZ/� e�¢Ne$Y�oalGevS �T]5\<�aS�SXWPY£�5lP\^]aS�k5Zu]aS�lGeDoaqXe$Y�WPe�q!��Z^S��5]5ew��j���Z µHkNe��N¢ ��lmZ^SnSVevS�kN\<]<U�lPe$S
lP\^WmS�k�¬ d$Y�WmSnSVWP\^] SV\<]<U�kNe$S�lP\^WmS�t<ZuY�Y%Z � e�U#Une�lPlGevS�Á-�5e`lmZ�k5d�o&e�]ak5Z^]a��e`��\<]akNWGUXWP\^]5]ae�lPlGe`SV\<W�U�o&\^qXUXd�epoaZ^q
�5]5eD��\^o5�alGe�t-Zu�aSnSVWPe�]a]5e^M �gZu]aS�lGeDk5e��N¢NWPy�Y�e�e�U�lPe`UXqn\^WmSXWGy$Y�e��$Z^S � WGl�S�¬ Zut<W�U�kNe�Y�d$lPZ^]5t^e�SVUnZ[UnWG\<]5]aZ^WGqne
kN\<]<U�]5\^�aS¤]5e#��\^]5]>ZuWmSXSX\^]aS�oaZ^S¤lPZ%lP\^W � Y%Z^WPS�kN\^]-U¤]5\<�aSgSV\<Y�Y�evS�S �aqnS�Á<�+¬ WPlA]ae£S�¬ Zut<W�U�]5WBk�¬ �5]ae���j���Zu§
¨���]aWTk�¬ �5]5ep��j���Z ��WPlFS$¬ Zut^WGU�k�¬ �5] ���aZuY�o kNe�jDZ^qXz<\[{D��Z^���ad � kN\<]<U�lPe$Sh\<_aSXe�qn{cZuUXWP\^]aSfSX\^]-U���\<qXqnd�lPd�evS
��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-UsZ^�N¢p��lPZ<SXSXe$S$M

&:\^�5q+Y�e�UVUnqXe e$]fd�{1WmkNe�]a��e³lPZ¤Á<�>ZulPW�Und kNe l¶¬ evSrUnWGY%Z[UnWG\<]flPZ�lG\<W^kN�fo5qn\N��e$SnSX�aS � ]5\^�aS��NUXWPlGWmSX\^]aS+lGevS3��\^]a��UXWP\^]aS
k�¬ Zu�NUn\N��\[{[ZuqnWPZ^]a��e�e�U�k�¬ Zu�NUn\N��\^qnqnd�lmZ[UXWP\^] � Y%Z^WPS�Zu�>SXSXW�lGevSs��\1e�����WGe$]<U�SskNe � e�]akaZulPl�e�U�kNe �1o&e$Z^qXY%Zu] ��{<\^WPq
aM �5MPO��£��\<Y�Y�epWG]>kNWP�$Z[Une��5q%kNeplPZwkNd$o>e$]ak5Zu]>��e`kNe

Y
M ¦T¬ Zc{[Zu]-U�Zut^e!kNep��e$S�kNe$�N¢HkNe�qn]5WPy�qne$S#Y�e$SX�5qXevS#k5e

kNd$o>e$]ak5Zu]>��efe$SVU�kNef]ae£kNd�o&e�]>kNqXe�Á-�5e�k5e�lPZ%��\^o5�alGe � ��\<]<UnqnZ^WGqne�Y�e$]<U�µ�l¶¬ Z^�NUX\N��\^qnqXd$lPZuUXWP\^]�MN¦�e$�5q�e�¢NZ^Y�e�]
]5\<�aSgo>e$qXY�e�U�kNe�SXd�oaZ^qXe$q�lmZ!Á-�aZ^lGWGUXd�kNe�l¶¬ evSrUnWGY%Z[UnWG\<]�kN�wY�d�lmZu]5t<e#kNe�lmZ!Á-�aZ^lGWGUXd�kNe�l¶¬ evSrUnWGY%Z[UnWG\<]�kNe�lmZ
kNd$o>e$]ak5Zu]>��e^M
¦ ¬ *-J�*1. "BÈ@*`� evSrU��5]5ef��j���Z£µ#kNe��5¢%��lPZ<SXSXe$S UXe$lGlPe$S�Á-�5e¤lPe$SFlG\<WPS�k�¬ d�Y�WmSXSXWG\<]�SX\^WPe�]-UFkNevSTlP\^WmSTt-ZuY�Y%Z

γ(1, 1)
e�U
γ(3, 2)

M>¦+Z�Y%ZuUXqnWP��e£kNefUnqnZ^]aSVWGUXWP\^]�kNe£lPZ����>Zc� ]5e�kNe£jDZ^qXz<\[{
X
evSrU

A =

[
0, 8 0, 2

0, 2 0, 8

] M&¦�e$S
kNd$o>e$]ak5Zu]>��e$S¤��\^]>kNW�UnWG\<]5]5e$lGlPe$S�SX\^]-U�qne�o5qnd$SXe�]-Und�e$S�oaZ^q¤kNevS���\<o5�5lPe$S�t<Z^�aSnSVWPe�]5]ae$S�o&\^�5qsUn\^�NUne$SslPe$S¤��lmZ^SnSVevS
WP]akNe�¢Nd$e$S�oaZuq�lPep��\-e�����WPe�]-U�k5ep��\^qnqXd$lPZuUXWP\^]

ρkl, k, l = 1, 2
M � \^�aS�SX�5o5o&\<SX\^]aS�Á-�5e ρ11 = ρ22 = 0, 8e�U�Á-�5e

ρ12 = ρ21 = 0
M+�Fe�UVUne�kNe�qn]5WPy�qne#�1b1o&\uUX�ay$SXe�SXWGt<]5WG�ae%Á<�ae�lPe$Sg\<_aSVe$qX{[ZuUXWP\^]aShSX\^]-UgWP]akNd$o>e$]ak5Z^]<Une$S

��\<]akNWGUXWP\^]5]ae�lPlGe$Y�e$]-UhZ^�N¢ d�U�Z[U�S�lP\^q�SnÁ<�ae£lPe$Shd�U�Z[U�SgSX\^]-UfkNW��&d$qXe$]<U�S��8��e�Á-�5W ��\^qnqXevSVo&\^]ak Zu�N¢ �$\^]5evS¤��qn\^]5§
UXWPy�qne$S ��M
� \<�aS�SXWGY#�5lP\^]aS��a]5eT���aZ[�m]5eFkNe³lG\<]5t^e$�5q N = 1000 � e�U+]a\^�aS�lmZsqne$SVUnZ^�5qX\<]aS�kNe³Y%Zu]aWGy$qXe ]a\^]N§�SV�ao>e$qX{1WmSVd$eoaZ^q¤�5]5e���j���Zu§©¨���e�Uh�5]5e%��j���Z � e�]D�5UXWPlGWmSXZ^]-U��5]wZulPt^\^qnWGUX�5Y�e��rÀ:j`§©Q��F����dvÁ-�5WG{[Z^lGe$]<Ufµ%l¶¬ Z^lGt<\^qnW�Un�5Y�e

QTj¿k5Zu]>S�lPe���Z^Sf��j���Zu§©¨�� ��M � \^�aShkNdvkN�5WmSV\<]aS�k5e$SgoaZuq�ZuY�y�UXqne$S�e$SVUXWPY�dvSglGevS¤��\<]a��UnWG\<]aShkNe�kNd�o&e�]akaZu]a��eUX�ad�\^qnWmÁ<�ae$S�o&\^�5qslPe$S�Y�\NkNy�lPe$S¤��jw��Z�e�U���j���Z[§�¨�� � M
��l ZuoaoaZuq�Zc�mUhkaZu]aShlPe$SfÁ-�aZuUXqne�t<qnZ^o5�5evSgk5e%lPZ!�at<�5qXe%¡NMPO%Á-�5e�lGevS�kN\^]a]5d�evS�WmSnSV�5evSfkN� Y�\1k5y�lPe!��j���Z

SX\^]-U�_5WPe�] e$SVUXWPY�d$e$Sgk5Zu]>S�lPe£Y�\NkNy�lPe%��jw��Z �3o5qXdv��WmSVd$Y�e�]-U¤lPe�UnZ^� kNe � e�]ak5Z^lGlBe�UglGe#qX�a\!kNe �1o>evZuqnY%Zu]
SX\^]-U�UXqny$S¤_5WPe�]Dqne$SVUXWGUX�5d$e$S�SV�5q�lGevS�}�o5qXe$Y�WGe$qnS�kNd$�$ZulmZut^evS�M &:Z^q¤��\<]-UXqne � lPe£Y�\NkNy$lGe���jw��Z[§�¨F��]5e#o>e$qXY�e�U
oaZ<S¤kNe#qXevSrUnW�Un�5e�qh��\<]-{<e�]aZ^_5lPe�Y�e�]-U�lmZ�kNd�o&e�]>k5Zu]a��e£o&\^�5qglPe$S¤��o5qne�Y�WGe$qnS�kNd$�$ZulmZut<e$S���\^qnqXevSVo&\^]akaZu]-U¤Zu�N¢
lP\^WmS

p(y1, y2)
� p(y1, y3) e�U p(y1, y4) �8e�]���e�Á-�5W³��\^]a��e�qn]5e£lPe#qn�5\`kNe �1o>evZuqnY%Zu] ��M��Fe$lGlPe�§���W:kNdv��qn\[�mU�UnqXyvSq�Zuo5WmkNe�Y�e$]<UfZc{[Zu]-U�kNe�UXqn\^�5{<e�qglPZ`��\^�5qn_>e�Z^SXb1Y�oNUX\^UXWmÁ<�ae �@µ`kNd$��qX\<WPSnSXZ^]a��e#e�¢No&\^]5e$]<UnWGe$lGlPe��gkNevSfkN\^]a]5d�evS

qnd�e�lPlPe$S �8k5efY�"$Y�ehÁ-�5eflmZ���\<�5qX_&egUX�5d$\^qnWPÁ-�5efkN�`o5qn\N��evSXSX�aS���j���Z�d�Un�akNWPd���M

¦�evSfkNe��5¢1WPy�Y�e�e�UfUnqX\<WPSXWPy�Y�e�e�¢Ne�Y�o5lPe$SfZ^�N¢5Á<�ae�lPlGevS�]a\^�aSh]5\<�aShWP]<Und�qne$SnSV\<]aShSV\<]-Ufk5e$ShY�d�lmZu]5t<e$SfSVUnZu§
UXWP\^]a]aZuWPqXevS�Á-�5W ]5e!SV\<]<U�o>Z^S£k5e$Sfo5qn\N��evSXSX�aS#��j���ZaM���lFS$¬ Zut^WGU£kNe����>ZuY�o kNe�jDZ^qXz<\[{ µ`_5qn�5W�U���\^qnqnd�lPd �
]5\<�aSht^d$]5d�qn\^]aS¤UX\<�NU�k�¬ Zu_&\^q�k

ε = (εs)s∈S
�5]5e%���aZ^Y�o kNe�Y%Zuqnz^\[{`t<Z^�aSnSVWPe�] �8kNe�Urb1o>e�Y�\[b^e$]5]5evS�Y�\^§

_5WPlGevS �£kNe%Une�lPlGepSV\<qVUne�Á<�ae�]5\^�>S�o5�5WmSnSVWP\^]aS#��\<]5]aZc�mUXqne%lmZ�lG\<WTY%Zuqnt^WP]aZ^lGe �8lG\<WT]5\<qXY%ZulPe���e$]-UXqnd�e�qnd$kN�aW�Une���M
&³ZuqhZuo5oalGWm��ZuUXWP\^] kNe�lmZ%��\^]>��UXWP\^]wkNe�qXd$oaZuqXUXWGUXWP\^]

φ � ]5\<�aS¤\<_NUXe$]5\^]>SgZ^lG\<qnS¤�5]5e�qXdvZulPWPSnZ[UnWG\<] u = (us)s∈Sk�¬ �5]5e£��\^o5�alGeft-Zu�aSnSVWPe�]a]5efkNehUrb1o>e�Y%Z^qXz<\[{-WPe�]+M � \^�aS�o>\<�5{^\<]aSst^d$]5d�qne�qsZ^lG\<qnS��5]�Y�d$lPZ^]5t^efSVUnZ[UnWG\<]5]aZ^WGqne
����A#7821MK6 ?�A#2 ��
�� A � M A�9�E�:'G��8MK6�� � 0 	�� � 7 � 6�2'&1(�A#2�9�A#?�4KMK6
GH6
7L& ?�A#MK?*�@M A#I8MK6�6F& M A�9;E�78?F&)4KE�7 &3%#"
E�:34 + �86�6
23&1E�I@&36
7 �86H(8A#:2)4KG �8M AD&34KE�7 6F& ?�A#MK?*�@M 6
GH(84K:34 + �86�2'�8: �8786 ?<%8A�� 7861C86 MKE�7# ��86 �8: 	�� � � � 0
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	��� 	�� � ����� ��� �H� ����#�� ��� �H� �  ��� �

��A � ��E�78?F&)4KE�7 C � A!�@&)E�?
E �#A#:34 A#78?
6 (R(n))1≤n≤50

�;I � ��E�78?F&)4KE�7 C � A!�@&)E�?
E�:3:�"
M AD&)4KE�7 (ρn)1≤n≤9

�;? � 	"A!� C@6 ��6�7@C�A#MKM � (τn)1≤n≤n

�;C ��� %8E C86 � ( 6�A#:3G�A#7
(ρ̃n)1≤n≤9

������� ¡NMPO � QFSrUnWGY%Z[UnWG\<]�kNe�lPZ kNd�o&e�]>k5Zu]a��e�kNewlmZ/qnd$ZulPWmSXZuUXWP\^] k�¬ �5]5e/��j���ZHµHLH��lmZ^SnSVevS�e�UpY%Zuqnt^evSt<Z^Y�Y�Z � �¤J�*1. ":È8*�� �

− :
k5d�o&e�]ak5Z^]a��e�e�Y�o5WPqXWmÁ-�5e���evSrUnWGY�d$e�SX�5q l@¬ d$���>Zu]-UXWPlGlP\^] � � −− :

kNd�o&e�]>k5Zu]a��esUX�ad�\^qnWmÁ<�aesoaZuq���jw��Z[§�¨F� �
∗ − ∗ :

k5d�o&e�]ak5Z^]a��ehUn�5d�\<qXWmÁ-�5ehoaZuq¤��j���Z

e�]DZ^o5o5lPWPÁ-�aZ^]-U�lmZ���\<]a��UnWG\<]`k5e�qXd$oaZuqXUXWGUXWP\^]pWP]-{<e�q�SVe
F−1
θk

� \��`l¶¬ d�UXWmÁ-�5e�UXUXe k evSrU¤kNd�UXe$qXY�WP]5d�e�o>Zuqs�5]�Y�e�§SX�5qXehkNe 	gWG_a_aSsµ
K
��lmZ^SnSXe$S � Z^�N¢�#oalG�aS�o5qn\N���5e$S�{<\^WmSVWP]aS$M-¦AZ#kNe$]aSXW�UndgkNef��eg���aZ^Y�o�e$SVU�o5qX\<o>\<qVUnWG\<]5]5e$lGlPe

µ
exp

(
α
∑

〈s,t〉 xsxt
) � \�� ∑

〈s,t〉
kNd$SXWPt^]5e!lPZ�SV\<Y�Y�epSV�5q�l¶¬ e$]aSVe$Y£_5lPe!k5e$S�SVWGUXevS#Á-�5WsSX\^]-U#{<\^WmSVWP]aS$MA¦+e

oaZ^qnZ^Y�y�UXqne
α
e$SVU�lPZ#��\^q���efkNehlmZ%kNd�o&e�]>k5Zu]a��ehe�]-UXqnefkNe��N¢`SVWGUXevS � e�U�{[Zu�NU�L�k5Z^]aS�lGevS�SXWGY#�5lPZuUXWP\^]aS$M

¦�ef���aZ^Y�o
y = (ys)s∈S

ZuWP]aSXW�\^_NUne�]1�pe$SVUsZ^lG\<qnSFUnqnZ^]aSr��\<qXY�dge�]`���aZc� ]5ehoaZ^q��a]po>Zuq���\^�aqnS�kNe &:e$Zu]a\ �
lmZp���>Zc� ]5e�\^_NUne�]1�5e�]�¬ e$SVU�oaZ^ShY%Zuqnz^\[{1WPe�]5]ae ��e$lGlPe�e$SVU£kNe�o5lP�aS�µ`kNd�o&e�]>k5Zu]a��e%lG\<]5t^�ae#o&\^qXUXd$e�k5e%oaZuqhlmZ
��\^qnY�e#kN��oaZuq���\<�5q�S ��Y%Z^WPS�]5\^�>S���\^]5]aZ^WPSnSX\^]aS�SXZ�lG\<WBSVUnZuUXWP\^]5]aZ^WGqne£Á-�5W:e$SVU�lPe�Y�d$lPZ^]5t^e ∑K

k=1 πkFθk
(y)
M

� \<�aSs��\<]aSXWPkNd$qX\<]aS�ZulP\^q�S�kNe��N¢`��Z<S � o&\^�5qslPe$Á-�5e$l�]5\^�>SsZc{^\^]>S �
��J�*-. "BÈ@*`' L���lmZ^SnSXe$S�Zc{^ev��kNevSslP\^WmS�t<ZuY�Y%Z

γ(1, 1)
e�U
γ(3, 2)

�8{^\^WPq��at^�aqXe�¡NMxL �
��J�*-. "BÈ@*p� ����lmZ^SnSXe$S�Zc{^ev��kNevSslP\^WmS�]5\^qnY%ZulPe$S

N(0; 0, 5) � N(0; 1) �N(0; 2)
��{<\^WPq��at^�5qne�¡NM  �

±�WP]aSXW ]5W lPe�Y�\1k5y�lPe!��j���Z[§�¨�� � ]aW lGe�Y�\NkNy�lPe!��j���Zp]5e�SX\^]-UfZ^k5Z^oNUXdvSho>\<�5q�kNd$��qXWPqne���e$SfkN\<]5]5d$e$S���e$]
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q�ZuWmSV\<]!kNevS��-b1o&\uUn�5y$SXe$SskNefY%Z^qXz<\[{-WmZu]aW�Und�kN�`o5qn\N��e$SnSX�aS

X
Y�Z^WPSsZ^�aSnSVW�kN�`o5qn\N��evSXSX�aS )r\^WP]-U

Z
��M

¦�\<qnSnÁ-�5e�]5\<�aS¤UXq�Z ��\<]aS�lPe$S���\<]a��UnWG\<]aS�k5e�kNd$o>e$]ak5Z^]a��e�e$SVUXWPY�d�e$S¤UX�ad�\^qnWmÁ<�ae�Y�e�]-U�e�UglPe$S���\<]a��UnWG\<]aS�k5e
kNd$o>e$]ak5Zu]>��e�e$Y�o5WGqnWmÁ<�ae$S �8{^\<WGq£�at^�5qne$S�¡NM ��e�U%¡NMx¡ � � ]5\<�aS£��\^]aSVUnZuUX\<]aS£Á-�5e!lPZDk5d�o&e�]ak5Z^]a��e!lG\<]5t^�ae�kNe$S
\^_>SVe$qX{[Z[UnWG\<]aS evSrU�Y%Zul3qXe$o5qn\1k5�5W�Une¤oaZ^qFlPe$Ss��j���Z �8Á-�5W3\^]-U�WP��W>�5]aegkNdv��qn\^WmSXSnZu]>��e¤kNe¤Urb1o>ege�¢No&\^]5e$]<UnWGe$lGlPe �
{^\<WGqsSXe$��UXWP\^]�¡NMxL ��Á-�5W�lmZ�SX\^�>Sr§©e$SVUXWPY�e^M
�Fe�o&e�]>k5Zu]-UgkaZu]aS�lGevSgL����aZuY�oaS¤UXq�ZuWGUXdvS � WGl³Z^o5oaZuq�Zc�mU�Á-�5e#lGe�Y�\1k5y�lPe���j���Z!Zc{^e$�£��\^oa�5lGevS¤qnd��>SXSXW�Ugµ

e$SVUXWPY�e�qT��\^qnqXev��Une�Y�e�]-U:l@¬ Zu�NUn\N��\^qnqnd�lmZ[UXWP\^]�)r�aSnÁ<�+¬ µgl¶¬ \<qnkNqne�L���{<\^WPqXe�� � � Y%ZuWmS Zu�aSnSXWNlGevS:UnZ^�N¢#kNe � e$]ak5Z^lGlNe�U
�s�5\�kNe �1o>evZuqnY%Zu]�kNe

p(y1, y2)
� p(y1, y3) e�U�kaZu]aSF�5]5egY�\^WP]akNqne¤Y�e$SX�5qne���e$lGlPe$S�kNe p(y1, y4) M-��l3ZuoaoaZuq�Zc�mUZulP\^q�SsÁ-�5eflPe�Y�\1k5y�lPe���j���Z�e$SVUXWPY�dfWG]>kN�5WGU��5]5e�k5d$��qn\^WmSnSXZ^]a��ehe�¢No&\^]5e$]-UXWPe�lPlGe�kNe£lPZ%kNd$o>e$]ak5Z^]a��e � ��e�Á-�5W

kN\<]5]5eg�5]!dv��Z^qVU�WGY�o&\^qXUnZu]-UsZc{^ev��lPe$S�kN\^]a]5d�evSFo&\^�aq�lPe$S�lP\^WmS�k�¬ \<qnk5qXegSV�5o&d�qnWPe��5qne
p(y1, y1+p)

Zc{<e$�
p > 4

M
¦�e%Y�\NkNy$lGe!��j���Zu§©¨��gqXe$o5qn\1k5�5W�UfY%ZulF��e�UXUXe�k5d�o&e�]ak5Z^]a��e � Á-�5WTkNdv��qn\[�mUfUXqny$Sh��\<qVUne�Y�e�]-U£kNyvSflPe%o5qXe$Y�WGe$q
kNdv��ZulmZut<e � e�U�qne$SVUXefµ��5]`]5WP{^evZu�!UXqny$S�_aZ<S�M

�5A � �
"
:34 &'" &)6
:':)A#4K7 �;I � ?<%�A#GH( E�I82)6
: �
"

��? � 2)6  �GH6
7�&)AD&)4KE�7 (�A#: � 
�� A ���� ��C � � 6  �GH6
7�&)AD&34KE�7 (�A#: ��
�� A

� ��� � ¡NMxL
�
�F�aZuY�o`��\^�ao5lGefµ%L���lmZ^SnSXe$S�e�U�Y%Zuqnt^evS�t<ZuY�Y%Z � ��J�*-. "BÈ@*�' �

¦ ¬ d�Un�akNe�kN�����>ZuY�o�µ!�!��lPZ<SXSXe$S�o>e$qXY�e�UhkNe�Y�\^]-UXqne�qhÁ-�5e�l@¬ e$SVUXWPY%Z[UXWP\^]�kNe$SgY%Zuqnt^evS¤evSrUh_5WmZuWmSVd$e£oaZ^q
l¶¬ evSrUnWGY%Z[UnWG\<]�kNe�lmZ!k5d�o&e�]ak5Z^]a��e<M3Q ]�e �&e�U � lPe$Sh�p��lmZ^SnSVevS�SX\^]-UfkNe�Y�\[b<e�]5]ae$S�]-�alGlPe$S � ��e�Á<�aW³WGY�o5lPWPÁ-�5e$]-U
Á-��¬ �5]5ehe$SVUXWPY%Z[UXWP\^]!]5\^]5§¶_5WmZuWmSXd�e�k5e$S�oaZuq�ZuY�y�UXqne$SFoaZuq¤��j���Zu§©¨�� kN\<]5]5eg�5]5eg��\^]a��UXWP\^]pk�¬ Z^�NUX\N��\[{cZ^qXWmZu]>��e
]1�5lPlGe`oaZ^q�lmZ���\^qnY£�5lPe �@¡5MGOv� ��M ��q%��e$lGlPe$SV§���W�SX\^]-U�SVUXqnWm��UXe$Y�e�]-U%o>\-SVWGUXWP{^evS � e�U�l¶¬ e�¢5ZuY�e�] kNevS�oaZuq�ZuY�y�UnqXevS
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��A � ��E�78?F&)4KE�7 C � A!�@&)E�?
E �#A#:34 A#78?
6 (R(n))1≤n≤50

�;I � ��E�78?F&)4KE�7 C � A!�@&)E�?
E�:3:�"
M AD&)4KE�7 (ρn)1≤n≤10

��? � 	"A!� C86 ��6
78C�A#MKM � (τn)1≤n≤9

�;C � � %8E C86 � ( 6�A#:3G�A#7 � (ρ̃n)1≤n≤9

������� ¡NM � � QFSrUnWGY%Z[UnWG\<]�kNe#lPZ!kNd�o&e�]>k5Zu]a��e#k�¬ �5]�Y�d$lPZ^]5t^e#SrU�Z[UXWP\^]a]aZuWPqXe#µ!L%��lPZ<SXSXe$S¤e�UhY�Z^qXt<e$Sst-ZuY�Y%Z
� ��J�*1. ":È8*D' �
− :

kNd�o&e�]akaZu]a��ege$Y�o5WGqnWmÁ<�ae �8e$SVUXWPY�d$efSV�5qsl¶¬ dv���aZu]-UnWGlPlG\<] � � −− :
kNd$o>e$]ak5Z^]a��e�UX�5d$\^qnWPÁ-�5egoaZ^q���jw��Z[§�¨F� �

∗ − ∗ :
k5d�o&e�]ak5Z^]a��ehUn�5d�\<qXWmÁ-�5ehoaZuq¤��j���Z

e$SVUXWPY�d$STo>\<�5qFlPe$STlG\<WPSFk�¬ d�Y�WPSnSXWG\<] �8���rM<UnZ^_5lPe$Zu��¡5MGO�� � Y�\<]-UXqne¤Á-�5e�l¶¬ evSrUnWGY%Z[UnWG\<]�kNevS Y�\[b^e$]5]5e$S e$SVUF_5WmZuWmSVd$e
Z[�>]�k5esqXe$o5qX\NkN�aWGqneFlmZfSVUXqn�a��Un�5qXe�k5e�kNd�o&e�]akaZu]a��e�kNe$S³kN\<]5]5d$e$S$M � \<�aS³qne�Y%Zuq�Á-�5\^]aS:Á-�5e�lPe�Y�\1k5y�lPe���j���ZZc{^ev����\<o5�5lPe¤evSrUnWGY�e���\^]1{^e$]aZu_alGe$Y�e$]-UTlGevSTo>Zuq�ZuY�y�UnqXevS kNe¤lmZ�lP\^W3k�¬ d�Y�WmSXSXWG\<] � e�U�Á-�5e�lGe�Y�\1k5y�lPe�qne�o5qn\NkN�5WGU
�5]5e�oaZuqXUXWPe¤kNe�lPZ£��\^qnqnd�lmZ[UXWP\^]%kNevSTkN\<]5]5d$e$SFe�]%e$SVUXWPY%Zu]-U�k5e$S o>Zuq�ZuY�y�UnqXevS kNe���\^o5�alGevS ]5\<]N§¶]1�5lPlPe$S �@��\<qXqne$SV§
o&\^]ak5Z^]-UsZ^�pSXe$��\^]ak�UXe$qXY�efkNe�kNqn\^WGUXefkNehl¶¬ evÁ&M �@¡5MGOc¡ � � � d�t-Zu�N¢�µ ρ11 = 0, 6 � ρ22 = 0, 57

e�U
ρ33 = 0, 69

M
¦�evS�Zu�NUnqXevSToaZ^qnZ^Y�y�UXqne$SFkNe$S���\^o5�5lPe$S�SX\^]-UF��\<qn��d$S�µ "�UXqne¤d$t<Zu�5¢%µ�¯ � o&\^�5q�d�{1WGUXe$q��a]5e¤UnqXyvSF��\^qXUXe¤{[Z^qXWmZu]a��e
��e�U£kNe$ShWP]aSVUnZ^_5WGlPWGUXd$Sh]1�5Y�d$qXWmÁ-�5e$S �¤k5�5e$SfZ^� �8Z^WG_5lPe%]5\<Y£_5qne�k�¬ \<_aSVe$qX{[ZuUXWP\^]aS

(yn, yn+1)
o>\<�5qfe$SVUXWPY�e�qhlmZ

��\<o5�5lPef��\^qnqne$SXo>\<]ak5Zu]-UsZu�N¢!d�UnZuUnS
(Xn = k,Xn+1 = l)

lP\^q�SXÁ-�5e
k 6= l

M

���P�J�P�J�m' �g?�2v68./452$687&0HCB*1? "B4NÌ[45.HÇ<2$Ì[*-?
� \<�aS#qXe$o5qXe$]5\^]>S�Wm��W�lGevS£qnd$SX�5lGUnZuUnS�kNe�l¶¬ Z^qVUnWP��lGe � L^«!� � kaZu]aS�lPe$Á-�5e�l�]5\<�aS£]a\^�aS�SV\<Y�Y�evS£WP]-UXd$qXevSXSXd$S#µ

l¶¬ evSrUnWGY%Z[UnWG\<]wk5e$ShoaZ^qnZ^Y�y�UXqne$S�e�U£µplmZ!SXe�t<Y�e$]-UnZ[UnWG\<] ]5\<]N§�SV�5o&e�qn{1WPSXd�e�oaZ^q#��j���Z � SXe�lP\^]wlPZ!��\^q���e�kNe�lmZ
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"

��? � ?<%�A#GH( :36
23&)A!�8:�"J(8A#: ��
�� A ���� �;C � � %�A#GH( :'6
23&)A!�8:�"J(�A#: ��
�� A �;6
& ?
E�(#�8MK6
2 �

������� ¡5M  � �F�aZuY�o`��\<�5o5lPehµ%����lPZ<SXSXe$S�e�U�Y%Z^qXt<e$S�t<Z^�aSXSXWPe�]5]5evS���e�]-UnqXd$e$S�� ��J�*1. "BÈ@*�� �

kNd$o>e$]ak5Zu]>��e �@��\^]>kNW�UnWG\<]5]5e$lGlPe�Y�e�]-U!Z^�N¢ d�UnZuUnS ��M � \^�>S�o5qne�]5\<]aS���\^Y�Y�eDe�¢Ne�Y�o5lPeD�5]ae ��j���Z µ/k5e��N¢
��lmZ^SnSXe$Sge�UflP\^WmSgk�¬ d$Y�WmSnSVWP\^]�t<ZuY�Y%Z � kN\<]-UhlmZ!Y�ZuUXqnWP��e%kNe�UXq�Zu]aSXW�UnWG\<] A =

[
0, 8 0, 2

0, 2 0, 8

] M�¦AZ�o5qne�Y�WPy�qne
��lmZ^SnSXe�SX�5W�U��5]5ehlP\^W�kNe�Urb1o>e

γ(1; 0, 5)
e�U�lPZ�SXe$��\<]akNeg��lmZ^SnSVe�e$SVU��5]aeglP\^W�kNe�Urb1o>e

γ(2; 1)
M1¦+Z�kNd�o&e�]>k5Zu]a��e

��\<]akNWGUXWP\^]5]ae�lPlGe � Y�\1k5d�lPWPSXd�ehoaZ^qs�5]5e���\<o5�5lPeft<Z^�aSXSXWPe�]5]5e � e$SVUsUXe�lPlPe�Á<�aeflGe���\-e�����WPe�]-U¤kNe���\<qXqnd�lmZ[UnWG\<]�SX\^WGU
]1�5l:o>\<�5q

(X1 = k,X2 = l)
lP\^q�SXÁ-�5e

k 6= l
M�¦�\^q�SnÁ<�ae�lGevSh��lmZ^SnSVevS�SX\^]-UhWPkNe$]-UXWmÁ<�ae$S � lPe�oaZuq�ZuY�y�UnqXe�kNe�lPZ

��\<o5�5lPe
ρ
o>e$�NU£{[ZuqnWGe$qhe�]-UXqne%¯!e�U�¯ � «5M�¦�evShqXdvSV�al�U�Z[UnSfk5e$Sho5qn\N��d$k5�5qXevShk�¬ evSrUnWGY%Z[UnWG\<]wSX\^]-Uf\^_5UXe�]1�5evShoaZuq

SXWGY#�5lPZuUXWP\^]`j�\^]-Une���Z^qXlP\ � o&\^�5q�kNe$SsSXd�qnWGevSskNehlG\<]5t^e$�5q N = 1000
e�U¤Z�d�Undgqnd�o&d�Und%O$¯<¯���\<WPS$M

��l ZuoaoaZuq�Zc�mU�Á<�ae%lPZ`kNd$o>e$]ak5Zu]>��e�Z!UXe$]ak5Zu]>��e�µ`Zu�5t<Y�e�]-UXe$qflGe�U�Zu�N¢�k�¬ e$qXqne��5q � Y%ZuWmSfÁ-�5e���e$lG�5WG§���W SXe
SVUnZu_aWGlPWPSXe�qnZ^o5WmkNe�Y�e�]-U���o&\^�5q

ρ > 0, 5
��Mu¦+e$SBo5qn\N��d$k5�5qXevS:kNe�SVe$t^Y�e�]-U�Z[UXWP\^]�SV�ao>e$qX{1WmSVd$e�kN\<]5]5e$]<U kNevS:qXdvSV�al�§

UnZuUnS:o5qn\N���5e$SBU�Zu]-U Á-�5e�lPZfkNd$o>e$]ak5Z^]a��e�]�¬ e$SVU oaZ^SBUnqXyvSB��\^qXUXe ��{<\^WPqBUnZu_alGevZu�%¡NMxL �AY%ZuWmS:WGl5evSrU³]5\^UnZ^_5lGesÁ-�5e�lmZ
]5d$t^lPWGt<e�]a��eFkNe�lPZ�kNd�o&e�]>k5Zu]a��e���\^]ak5W�UnWG\<]5]5e�lPlPeFk5Z^]aSBlGevS:��j���ZgZsUne�]akaZu]a��e�µ�kNd�t<qnZ<kNe�qAlGevS+o&e�qX��\^qnY%Zu]a��e$S$M
�Fe�o&e�]>k5Zu]-U���e�U�dv��Z^qVU�WPY�o>\<qVU�Zu]-U¤e�]-UnqXe�lPe$SgL�Y�\NkNy�lPe$S¤e$SVU�Y�\^WP]akNqne�lP\^q�SXÁ-�5ef]5\<�aS¤��\^Y�oaZ^qX\<]aS�lGevSsU�Zu�N¢
k�¬ e�qnqXe$�5q£e$]HY�\NkNe�]a\^]N§�SV�ao>e$qX{1WmSVd$e^MA�gZu]>S#��ep��\^]-UXe�¢-Une � WGl�ZuoaoaZuq�Zc�mU#��lmZuWPqne�Y�e�]-U�Á-�5e!l@¬ e$SVUXWPY%Z[UnWG\<]HkNe$S
oaZ^qnZ^Y�y�UXqne$STe�]-UXq�Zc� ]5e�k5e$S�e�qnqXe$�5q�S WPY�o&\^qXUnZ^]-UXehÁ<�aW&]ae�o&e�qnY�e�UVUne�oalG�aS�k�¬ Zc{^\<WGqF�5]5egUXe$lGlPehkNW �3d�qne�]>��ege�]-UXqne
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��A � ��E�78?F&)4KE�7 C � A!�@&)E�?
E �#A#:34 A#78?
6 (R(n))1≤n≤50

�;I � ��E�78?F&)4KE�7 C � A!�@&)E�?
E�:3:�"
M AD&)4KE�7 (ρn)1≤n≤9

��? � 	"A!� C86 ��6
78C�A#MKM (τn)1≤n≤9

�;C ��� %8E C86 � ( 6�A#:3G�A#7
(ρ̃n)1≤n≤9

������� ¡5M ¡ � QTSVUXWPY%Z[UXWP\^] kNe�lmZ kNd�o&e�]>k5Zu]a��eDk�¬ �5] Y�d$lPZ^]5t^e�SVUnZuUXWP\^]5]aZ^WGqne`kNe`Urb1o>eD���aZ^Y�o ��\^�5o5lPe�µ ���lmZ^SnSXe$S�e�U�Y%Zuqnt^evS�t<Zu�>SXSXWGe$]5]5evS � �¤J�*1. ":È8*�� �
− :

kNd�o&e�]akaZu]a��ege$Y�o5WGqnWmÁ<�ae �8e$SVUXWPY�d$efSV�5qsl¶¬ dv���aZu]-UnWGlPlG\<] � � −− :
kNd$o>e$]ak5Z^]a��e�UX�5d$\^qnWPÁ-�5egoaZ^q���jw��Z[§�¨F� �

∗ − ∗ :
k5d�o&e�]ak5Z^]a��ehUn�5d�\<qXWmÁ-�5ehoaZuq¤��j���Z

lPe$SgY�\1k5y�lPe$S���j���Z�e�U���jw��Z[§�¨F��M � \^�NUfk�¬ Zu_&\^q�kDe�]�qnZ^WPSX\^]Dk�¬ �5]wo5lP�aSgt^q�Zu]akD]5\^Y#_5qXe�kNe�oaZuq�ZuY�y�UnqXevSo&\^�5qFlGevS���j���Z£Á<�ae¤o&\^�5qFlGevS���j���Zu§©¨�� � ]a\^�aSFZc{^\^]>S³�5]5e�o5lG�>STt<qnZ^]akNes{[ZuqnWPZ^]a��e�kNe$STe$SVUXWPY�ZuUXe$�5qnS ��{<\^WPq
UnZ^_5lPe$Zu� ¡NM  �g��e�Á-�5W k5\^]5]5e�k5e$Sho&e�qX��\^qnY�Z^]a��evSgY�\<WG]>Sh_>\<]5]5e$Sho&\^�aqflPZ`SXe�t^Y�e$]<U�Z[UnWG\<]�]5\<]N§�SV�5o&e�qn{1WPSXd�e<M
�Fe�o&e�]>k5Zu]-U¤lP\^q�SXÁ-�5eflmZ�kNd$o>e$]ak5Z^]a��e�evSrU¤��\^qXUXe �

ρ > 0, 5
� � lGe£{-q�ZuW+Y�\NkNy$lGe���j���Z%kNe�{1WPe�]-U¤Y�e�WPlPlGe$�5q�Á-�5e

lPefY�\NkNy$lGe£��j���Zu§©¨���M

�1W ]a\^�aS���\^Y�oaZ^qX\<]aSglGevSfqnZ<��WP]5e$Sh�$ZuqnqXdvSfkNe$Sfdv��Z^qVU�SfÁ<�>Z^kNq�Z[UnWPÁ-�5evS�Y�\[b<e�]aSfkNevSfe$SVUXWPY%Z[Une��5q�S � WP]a��\^qX§
o&\^q�Zu]-U�ZuWP]aSXW+lPe£_5WmZuWmS¤k5e£l¶¬ evSrUnWGY%Z[Une��5q � ]a\^�aS���\^]>SrU�Z[UX\<]aS¤Á-�5e#��e��5¢���WBSX\^]-U¤_&e$Z^�a��\<�5o�o5lP�aS�WGY�o&\^qXUnZu]-U�S
o&\^�5q�lPe$Sg��j���Z[§�¨��FÁ-�5e�o&\^�5q¤lGevS���j���Z%kNyvS�Á-�5e

ρ = 0, 4
�8o>\<�5q�lPe$Sso>Zuq�ZuY�y�UnqXevS�k5e�lPZ%��lPZ<SXSXe�L � � {^\<WGq

UnZ^_5lPe$Zu�D¡5M ¡5M>�F\^Y�Y�ef]5\^�aS�l@¬ Zc{^\<]aS�kNd�)Vµ�\<_aSVe$qX{<dgkaZu]aSslmZ%SXe$��UnWG\<]!oaqXdv��d$k5e�]-UXe�Z^�`SX� )re�U¤kN��Y�d�lmZu]5t<ehk5e
��lP\^WmS�]5\^qnY%ZulPe$Ss��e$]-UXqnd�e$S �@���rMaUnZu_alGevZu�D¡NMPO�� � ]5\^�aS¤Zc{^\^]>SF�a]5e�e$SVUXWPY%Z[UnWG\<]!_5WmZuWmSXd�e�kNevSsoaZuq�ZuY�y�UXqne$S�kNeflmZ
lP\^W�SVUnZ[UnWG\<]5]aZ^WGqne�lP\^q�SnÁ<�aeg]a\^�aSsZc{<\^]aS��5]5efkNd$o>e$]ak5Z^]a��e���\^]akNWGUXWP\^]a]5e�lPlGe<M
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m̂ σ̂2 m̂ σ̂2O ¯ ¯ � ¡uÄ §�¯ � ¯5O ¯ � ¡L §nO � iu� O � «^� §�¯ � ¯<¡ O � }<L� O � i<i O � «^� ¯ � L^¡ � � L^¡
����� � ¡NMPO � &³Z^qnZ^Y�y�UXqne$SFe$SVUXWPY�d$S�kNevS�Y%Zuqnt^e$S�t-Zu�aSnSVWPe�]a]5e$S � *-J�*1. ":È8*�� �

ρ
��j���Zu§©¨�� ��j���Z

¯ Ov� � ¯ � L Ov¡ � « Ov¡ � Ä¯ �  Oci � i O$Ä � «¯ � Ä O$} � ¡ Oci � ¡¯ � « L^L Oci � ¡
� � � � ¡NMxL � � Z^�N¢!k�¬ e�qnqXe$�5qsSV�ao>e$qX{1WmSVd$ege$]p��\^]a��UXWP\^]`kNeflPZ���\^qnqXd$lPZuUXWP\^]

� \<�aSg]5\^�>S�WP]-UXd$qXevSXSX\^]aS�Y%ZuWP]-UXe�]>Zu]-Uhµp�5]wY�d�lmZu]5t<e�SVUnZuUXWP\^]5]>ZuWPqXe#\^_NUne�]1��µpoaZ^qVUnWGqfk�¬ �5] ���aZuY�o�k5ejDZ^qXz<\[{�SVUnZuUXWP\^]5]aZ^WGqne�\<_NUXe$]-�aegkNegY%Zu]5WPy�qne�SXWPY�WPlmZuWPqXegµ£l¶¬ *-J�*1. ":È8*`' � Á-�5e¤]a\^�aS�Zuoao>e$lG\<]aS *-J�*1. ":È8*�Å M
� \<�aShZ )r\<�NUX\<]aS¤o>ZuqgqnZ^o5o>\<qVUfµ�l¶¬ *<J�*1. ":È8* ' �5]5e�UXqn\^WmSXWGy$Y�e���lmZ^SnSVe�kN\^]-UhlPZ!lP\^W³k�¬ d�Y�WPSnSXWG\<] e$SVU γ(2, 1)� Un\^�NUge�] ��\^]aSXe�qn{[Zu]-U�lPe£Y "�Y�e£o>Zuq�ZuY�y�UnqXe
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o&\^�5q�lGe����aZuY�o�Y%Zuqnz^\[{1WPe�]�kNe$Sg��lmZ^SnSXe$S ��Ma�gZu]aSg��e���Z<Sr§©lPµ �

]5\<�aST\<_NUXe$]5\^]>SFZ^lG\<qnSTlGevSTqnd$SX�5lGUnZ[U�SFk5��UnZ^_5lPe$Zu�p¡NM Ä5M<¦+e�Y�\NkNy$lGef��j���Z�o&e�qnY�e�Usk�¬ evSrUnWGY�e$q���\^qnqXev��Une�Y�e�]-U
lPe$S�oaZuq�ZuY�y�UXqne$S�kNe$S�Y%Zuqnt^evS � ZulP\^q�SFÁ-�5eglGehY�\NkNy�lPe���j���Z[§�¨��:��\^�5qn]5WGU��a]5e�evSrUnWGY%ZuUXWP\^]�_aWPZ^WPSXd�ehkNe$S�oaZ^qnZu§
Y�y�UnqXevSsk�¬ d$Y�WPSnSVWP\^]+M�&B\<�5qslmZ�SXe�t<Y�e�]-UnZuUXWP\^]�]a\^]N§�SV�ao>e$qX{1WmSVd$e � ]5\^�>S�\^_NUne�]5\<]aS�ZulP\^q�SF�a]!U�Zu�N¢pk�¬ e$qXqne��aq�k5e
Ov¡ �  ��kaZu]aS�lPe���Z<S¤��j���Z � ��\^]-UXqnehL<L � } �´kaZu]aS�lPef��Z^S¤��jw��Z[§�¨F� � {<\^WPq��at^�5qne�¡NM Ä5M

���P�J�P�J�P� (+*1,>./*1032v4N2$6@7>0 CA*�CB7&0A0B=1*-?�Ì[=1*1È8È8*1?
� \<�aSTSXe�t<Y�e�]-UX\<]aS kNevSTkN\<]5]5d�evS qnd�e$lGlPe$S³WmSnSV�aSFk�¬ �5]�q�Z^k5Z^q µfWGY�o5�alPSXWG\<]aST��\^oao5lGe$qTd$Y�e�UVU�Zu]-UFe$]%_aZu]ak5e

� ��W¶M e<M��5]�kN\<Y%ZuWP]5e#kNe#��qnd$Á-�5e�]>��e�kNe�«u§nOcL 	 � � � SV\<W�Uh�5]5e�lG\<]5t^�ae��5qgk�¬ \<]akNe�kNe�l@¬ \^q�kNqne#kNe%¡���Y � {<\^WPq
SXe$��UnWG\<]�ÄaMGO���M3¦�e�SVWPt^]aZ^lAevSrU���\^]aSVUXWGUX�5d�kNe%L^¡^Ä���Z<SVevS�k5WPSVUnZ^]a��evS �8\^_aSXe�qn{[Z[UXWP\^]>S � � e�Uh���aZ<Á-�5e#\<_aSXe�qn{cZuUXWP\^]
yn = (y1

n, . . . , y
16
n )

e$SVUT�5]�{^e$��UXe$�5qF��\^Y�o5lPe�¢Ne�kNe�k5WGY�e�]>SVWP\^]�OvÄ���W¶M e<M<lmZfq�Z[�8ZulPe���\<]-UXWPe�]-U¤O$Ä�qXdv���5qnqXe$]a��evS ��M
� \<�aSF�8ZuWmSV\<]aS��5]5ef��Z^qVUn\^t<qnZ^o5�5WPe�kNeglPZ�q�Z^kNWmZulPe¤e$]!e�¢No5lG\<W�U�Zu]-U��5]5WmÁ<�ae�Y�e�]-Usl@¬ WP]N��\^qnY%Z[UXWP\^]pkNehqXd��ae$��UXWP{1W�Unde�U ]a\^�aS �$Zulm���5lP\^]>S:l@¬ ZuY�o5lPW�Un�akNesY�\[b^e$]5]5e�qne���aese�]%���aZ^Á-�5es�$Z^SXe

An = 1
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∑16
k=1

∣∣ykn
∣∣ o&\^�5qT�5]5esd�Y�WmSXSXWP\^]e�U��5]5egqnd$��e$oNUXWP\^]��5\^qnW �$\^]-UnZ^lGe¤e�]�o&\^lmZuqnWPY�d�UXqnWGe<M-¦+egSXWPt^]aZ^l>qne����e$SVU�oaqXdvSVe$]<Und�k5Z^]aSFlPZ£�at^�aqXe �@¡NM i ��M � \^�aS��\<]5]aZ^WPSnSV\<]aSBlPZh{<d�qnW�Und�UXe�qnq�ZuWP]#o&\^�5qF��e�UXUXesq�Z[�8Z^lGe � e�UF��e�lPlGe�§©��WNe$SVUF��Z^qnZ<��UXd$qXWmSXd�eTo>Zuq lmZg{cZ^qXWmZu_aWGlPW�Undso5�1bNSVWmÁ-�5e

kN�HSX\^l��8k5\^]-U#]5\<�aS�kN\^]5]a\^]aS£lPZ���\^Y�o&\<SXW�UnWG\<]/k5Zu]>S£lPe�U�Zu_5lPe$Z^� �@¡NM i � � � Y%ZuWmS£Z^�aSXSXW�oaZuq#lGevS#��\^]akNWGUXWP\^]>S
Y�d�Und�\^qn\^lP\^t<WPÁ-�5evS�M � \<�aSsZc{^\<]aS�SV�5q���e�UXUXehqnZu�8ZulPegk5e��N¢���\<�5WPlGlPWPS¤kNeho5lG�aWGe��8Zc{<e$�gkNe$S�{1WGUXevSXSXe$S�q�Z^kNWmZulPege�]-UXqne§r¡fe�UF§nOcLhY �[S � � Á-�5W3SV\<]<U�d�Une�]akN�>STe�U�o&\<SnSVyvkNe�]-U��5]5e���\<qVUne¤qnd��aev��UnWG{1WGUXd^M1¦+Z£o>\-SVWGUXWP\^]!kNeg��e$S�kNe��5¢���\<�5WPlGlPWPS
e$SVUTWP]akNWmÁ-�5d�e¤SX�5qFlPZg�at<�5qne �@¡5Mxi � � e�U���\<qXqne$SXo&\^]ak�Zu�N¢�\^_aSXe�qn{[Z[UnWG\<]aSsO�µ%Ov�5O�e�UsL[aOsµ£L<¡uÄ��8lPZhlP\N��ZulPWmSXZuUXWP\^]
kNevSg��\^�5WPlGlPWmSgZpd�UXd�e �3e$��UX�5d$e�Z^o5qny$S��alGUXq�Zut^e��¤\<o5o5lPe�qfe�Uh\<_NUXe$]-UXWP\^]�k5e�lmZ`��Z^qVUne�kNWmSVUnZu]>��e�§���\^o5o5lPe�qfkNe�lmZ
q�Z[�8ZulPe£o>Zuq¤�a]5e£UnqnZ^]aSV��\^qnY�d$e£kNe�À5\<�5qXWPe�qhkNWmSX��qXy�UXe�SV�5q�OvL^«%qnd$���aqXqne�]a��e$S � {<\^WPq¤lPe����aZ^o5WGUXqne#¡�e�UglmZ%�>t^�5qne
Ä5Mx¡ ��Mv¦AZso5lP�5WPeFY%Zuq�Á-�5e³��\<qVUne�Y�e�]-UAlPeToaqX\^�al-k5e$SAqXd��ae$��UXWP{-WGUXdvS+kNeFlPZ¤qnZ<kNWmZulPe � e�UB]a\^�aSAZc{^\^]>S�e$SnSXe�]-UXWPe�lPlGe$Y�e�]-U
UXqn\^WmS�]5WP{^evZu�N¢�kNefqnd�o&\^]>SVe �
�©7aÌc2v* o5lP�5WGe � qXe$lGWPe��B\^�pWG]5��qnZ<SrUnqX�a��UX�5qne
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&:\^�5qFlPZ#SVe$t^Y�e�]-U�Z[UXWP\^]�k5e���e�UVUne�q�Z[�8Z^lGe � ]5\<�aST�5UXWPlGWmSV\<]aSF�5]�Y�\NkNy�lPeh��jw��Z�e�U��5]�Y�\NkNy$lGef��j���Z[§�¨�� �
Zc{^ev�hkNe$S�lP\^WmS�k�¬ d�Y�WmSXSXWG\<]

γ
M5Q ]�q�ZuWmSX\^]!k5�!�8Z^WG_alGef]5\<Y£_5qnefk�¬ \^_aSXe�qn{cZuUXWP\^]aS�e�U¤kNehUXq�Zu]>SVWGUXWP\^]aS � lPefY�\NkNy$lGe

��j���Z`Á-�5e�]5\^�>She$SVUXWPY�\<]aSge$SVU���\^]-UnqnZ^WG]-Ufµ�"�UXqne�UXe�l Á-�5e ∀k 6= l, c(u, v; ρkl) = c⊥
��k5Z^]aShlGe%�$Z^ShkNe$S

��\<o5�5lPe$S�t-Zu�aSnSVWPe�]a]5e$S � ��e$��W�SVehUnqnZ<kN�5WGUsoaZuqslmZ���\^]>kNW�UnWG\<] ∀k 6= l, ρkl = 0
M
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o&\^�5qglGevS¤Y�\NkNy$lGevSf��jw��Z�e�U���j���Z[§�¨�����e$]D�8ZuWmSnZu]-U¤{[ZuqnWGe$qgk5e�L�µp¡���lPZ<SXSXe$S � �&]5\^�>S�SXd�lPe$��UXWP\^]5]5\<]aS��5]
Y�\NkNy�lPe`��j���Z µD�D��lmZ^SnSXe$Sfe�U#�5]/Y�\NkNy$lGe���j���Z[§�¨��hµD ��lmZ^SnSVevS � {^\^WPq�U�Zu_5lPe$Z^� �@¡5M « ��M:�F\<Y�Y�e!]5\^�>S
l¶¬ Zc{<\^]aS³WP]akNWmÁ-�5d�kaZu]aSFlPZ#SVev��UnWG\<]��5M �5MxL � lPe���qXWGUXy$qXe�¨F�X� �¤o>d$]aZulPWmSVe�o5lG�>STlmZ���\<Y�o5lGe�¢NW�Und�Á-�5e¤lPe���qXWGUXy$qXe�±��X�
e�U�Z£UXe$]ak5Zu]>��ehµ#SXd�lPe$��UXWP\^]5]5e$q�k5e$S�Y�\1k5y�lPe$S�o5lP�aS�oaZuq���WPY�\^]5WPe��5¢ �8lGef��qXWGUXy$qXeg±��X� SXd�lPe$��UXWP\^]5]ae¤�5]pY�\1k5y�lPe
µ�¡���lmZ^SnSXe$S�o&\^�5qg��jw��Z�e�Uh��j���Zu§©¨�� ��M � \<�aSso&\^�5{<\^]aSs��\^]aSVUnZuUXe�q�Á-�5e£lGehUne�qnY�e�k5e�o>d$]aZulPWmSXZuUXWP\^]���qn\[�mUSX����SXZ^Y�e$]-UBq�Zuo5WmkNe$Y�e$]-UBZc{^ev� lPe$S:kN\<]5]5d�evSBo>\<�5q³Zc{^\^WPq+�a]���qXWGUXy$qXe���\^]1{<e�¢NeFµ¤Y�WP]5WPY�WPSXe�q��8��esÁ<�aW-]+¬ evSrU³oaZ<S
lPe���Z^Ssk5e�±��X� Á<�aW�\<Sn��WPlGlPeho>\<�5q�lPehY�\NkNy$lGe#��jw��Z ��M>�¤efo5lP�aS � lPe$S���qXWGUXy$qXevSs±��X� e�U¤¨��X� ��\<]-U�oaqXd���d�qne�qslPe
Y�\NkNy�lPe���j���Z�Z^�fY�\1k5y�lPe���j���Zu§©¨�� � ��eTÁ-�5W-��\^]aSVUXWGUX�ae �5]�d$lGd$Y�e$]-UASV�ao5o5lPd�Y�e�]-UnZ^WGqne o&\^�5qA�5]5e Y�e$WGlPlGe$�5qne
Z^k5d$Á-�aZ[UnWG\<] Zu�N¢ kN\^]a]5d�evS�oaZ^q£lmZ�o5qnWPSXe%e�]H��\^Y�oNUne�k�¬ �5]5e!k5d�o&e�]ak5Z^]a��e!��\^]>kNW�UnWG\<]5]5e$lGlPe �8Z^�/Y�\[b^e$] k5e


 � E��82�A*�LE�7@2�� � + �86 MK6�?
:'4 & $
:'6 �� � � 6F&�C86�G�A#784 $
:'6  �"
7#"
:)A#MK61MK6
2/?�:'4 &'$�:'6
2!C86 �@:3A#4K2)6
G I@M A#78?
6 ( "
7�A#MK4K2'"
6�2)E��82/?
6
:'&)A#4K786
2?
E�78C84 &34KE�782 � ( 6
:3GH6F&'&)6
7L& C@6!2 "
MK6
?F&)4KE�7@786
: MK6!I E�7�78E�G I8:'6!C@6!?
M A#2)236�2 C8A#782 �87�GHE>C�$�MK6 ��
�� A1234 ?�6
M �84 �5?�4 6
23& β
� G%"
M A#7# �6�A#7�&

� �LE�4K: :'6�G�A#: + �86 �@0 �@0 	 � 0 � E��82 7 � �@&34KMK4K2)E�782 (�A#2 4K?
48M�� � 
� C�A#7@2 MK6/?.A#MK? �8M C86�M A �>:)A#4K236�GJI8M A#78?
6�( "
7�A#MK4K2'"
6 � G�A#4K2 M�� 6
23&34KG�AD&)6 �8:C86/M A�(8:'E �'6�?F&34KE�7HC86�M A 9�E�7@?
&34KE�7H6
23&34KG�A#7�&36 � � 
 � 6�7 ?�E�7@2)4KC#"
:3A#7�& + � � 4KMK2 2)E�7L& A#232)6 ��(8:3E�?<%86
2 M�� �@7�C86/M�� A!�@&3:36�( E��8: + �86�?
6
&'&36A#(8(8:'E �>4KG�AD&34KE�7 2 � �H2)6(& 2'"
MK6�?F&34KE�78786
:�MK6 78E�G I8:'6 C86 ?
M A#2)236
2.0



����� � ��� � ����� ����� � 	 � �����������������	 OvL-i
�F\<qXqnd�lmZ[UnWG\<] ��j���Z[§�¨�� ��jw��Z

��lmZ^SnSVe j �1Q �
â
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¯ O ¯ � ¯^-¡ ¯ � ¯u1¡ ¯ � ¯<¯u<Ä ¯ � ¯^¯<}L ¯ � ¯-¡NO ¯ � ¯^¯<Ä ¯ � ¯-¡[ ¯ � ¯^¯1i¯ � L O ¯ � ¯<¯-iu¡ ¯ � ¯^¯1i ¯ � ¯<¯-iu¡ ¯ � ¯5Ov�L ¯ � O$ ¯ � ¯5OcL ¯ � Oc¡ ¯ � ¯5O$¯ �  O ¯ � ¯aO$�u ¯ � ¯^¯<« ¯ � ¯<«^� ¯ � ¯5Oc¡L ¯ � �1i ¯ � ¯<L^Ä ¯ � L<¡ ¯ � ¯<L¯ � Ä O ¯ � ¯-L^¡ ¯ � ¯5O$ ¯ � ¯aO� ¯ � ¯^�<�L ¯ � Ä^ ¯ � ¯u ¯ � �-L ¯ � ¯^�¯ � « O ¯ � ¯-¡ ¯ � ¯<L^Ä ¯ � ¯-L ¯ � OL O � Ä<Ä ¯ � ¯-iu� ¯ � -Ä ¯ � ¯-i
����� � ¡5M ¡ � ��Z<��WP]5ef��Zuqnqnd�ehkNe$S�dv��ZuqXUnSsÁ-�aZ<kNq�Z[UXWmÁ-�5e$S�Y�\[b^e$]aS

�FlmZ^SnSVe ��jw��Z[§�¨F� ��j���Z
â b̂ â b̂O O � O ¯ � �<¡ ¯ � }<« ¯ � <«L L � Ä ¯ � i^i O � }<} ¯ � }-i�  � 1¡ O � <Ä � O � }

����� � ¡5M Ä � &³Zuq�ZuY�y�UnqXevSFevSrUnWGY�d$e$S�o&\^�5qslPe$SsY%Z^qXt<e$S�t<Z^Y�Y%Z�k5Zu]>S�lGe����aZ^Y�op�

lmZ���\<o5�5lPe#t-Zu�aSnSXWGe$]5]5e���M3�Fev��W:e$SVUh��\^]N�>qXY�d�oaZ^q�lmZp��\^Y�oaZ^qnZ^WPSX\^]�kNevS¤lP\^WmShSrU�Z[UnWG\<]5]aZuWPqne$SsUn�5d�\<qXWmÁ-�5e$S�kNe$S
��j���ZHe�U!e�UD��jw��Z[§�¨F�%Zc{<e$�`lmZ/lP\^WhSrU�Z[UXWP\^]a]aZuWPqXe�kNe$SpkN\^]a]5d�evS � {^\^WPq��>t^�5qne �¶¡NM « �%Z^WG]aSXWhÁ<�ae oaZ^q�lmZ
SVUXqn�a��Un�5qXe�kNe#k5d�o&e�]ak5Z^]a��e�e$SVUXWPY�d�e#{^\^WPq��>t^�5qne �¶¡NM } ��M3¦+Z!kNe�]>SVWGUXd

p(y1, y2)
e$SVU�Y�WGe$�N¢De$SVUXWPY�d�e�k5Zu]aS�lPe

Y�\NkNy�lPe���j���ZsÁ-�5e���jw��Z[§�¨F��M$¦ ¬ e�¢5ZuY�e�]fkNeTlPZskNd$o>e$]ak5Z^]a��eTk5�fo5qX\N��e$SnSV�aS�����\^]a��UXWP\^]�k�¬ Zu�5UX\N��\<qXqnd�lmZ[UnWG\<] �
UnZ^�pk5e � e$]ak5Z^lGl�e�U�qn�5\�kNe �1o&e$Z^qXY%Zu] � Y�\^]-UnqXefÁ-�5ehlGehY�\NkNy�lPe£��j���Z[§�¨��TkNdv��qnW�UsY�WGe$�N¢�lmZ�kNd�o&e�]akaZu]a��e
k�¬ \^q�kNqne�L �8W@M e^M�lmZ!lG\<WBkNe

Y1, Y3
� � Y%ZuWmS¤]a\^�aShZc{^\<]aS¤Z^�N§�kNe�lmµ�kNevSge$SVUXWPY�ZuUXWP\^]aS�o5qn\N���5e$S�l@¬ �5]5e�kNe�l¶¬ Z^�NUXqne

o&\^�5q!lGevS�Y�\NkNy�lPe$S`��j���Z[§�¨���e�U`��j���Z �8e�¢5��e$oNUXd�o>\<�5q�lPeDU�Zu�N¢ kNe � e$]ak5ZulPl ��M�¦�e$S�e$SVUXWPY%Z[UXWP\^]>S�kNe$S
oaZ^qnZ^Y�y�UXqne$SFkNe$S���\<o5�5lPe$S�SV\<]-U

ρ̂11 = 0, 9 � ρ̂22 = 0, 7
e�U
ρ̂33 = 0, 64 � ��egÁ-�5W3Y�\<]-UXqne�]-UF�5]!d$�$ZuqXUT��\^qXU�oaZuqq�Zuo5o&\^qXU�Z^�`Y�\NkNy$lGe£��j���Zu§©¨���M

&:\^�5q��a]aWGqslPe$Ss�$ZuqXUXe$S�\<_NUXe$]1�5e$S�o&\^�5qslPe$SskNe$�N¢!q�Z[�8Z^lGevSFSX\^]-Usq�Z^SnSVe$Y£_5lPd�evSFk5Z^]aS�lPehUnZu_alGevZu���¶¡NM } ��M5¦�e$S
��lmZ^SnSXe$S!O`k5� Y�\NkNy�lPeD��j���Zwe�U!��j���ZwSV\<]<U�WmkNe�]-UXWmÁ-�5e$S�e�U%��\^qnqXevSVo&\^]>kNe�]-U�µw�5]aepqnd��>e$��UnWG{1WGUXd!�8ZuWP_5lPe
e�U%µDlmZ ��\^]ae!SnZu]aS#o5lP�5WGe<M³¦+Z ��lPZ<SXSXe!��kN�HY�\NkNy$lGeD��j���Z�e�U�lPZ���lmZ^SnSVe!�kN� Y�\NkNy$lGeD��j���Zu§©¨���SX\^]-U

��Z<SVevS � b1o>eO�§�¡-i Zud$qX\NkNqn\^Y�e
¡^«[§Vic ��Z^qXqnWGy$qXe
i<i qn\^�NUne

«^¯u§nOv¯u {1WPt^]5evSr§����5lGUX�aqXevS
O$¯^ qn\^�NUne

O$¯^u§�Ov¡u� {1WGlPlmZut^e�§¶�>Zu_5WGUnZuU�kNWmSXo>e$qnSXd
Ov¡uu§rLu¯^¯ {1WPt^]5evSr§����5lGUX�aqXevS
Lu¯aO�§rL^¡uÄ qXe$lGWPe��8SV§©�aZu�NUne��5q�S

� ��� � ¡NM i
�
�F\<Y�o>\-SVWGUXWP\^]po5�1bNSVWmÁ-�5efkNeflPZ�q�Z[�8Z^lGe
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������� ¡5M Ä � �F�aZuY�o���\<�5o5lPefµ��%��lPZ<SXSXe$S�e�U�Y�Z^qXt<e$S�t<Z^Y�Y�Z

o5qne$SnÁ-�5e£WmkNe�]-UnWPÁ-�5evS �8lGe�Y�\NkNy�lPe%��jw��Z�kN\<]5]5e�]-UfkNe$S ��\<]5e$S��5]�o>e$��o5lP�aSgd�Une�]ak5�5e$S ��e�Uh��\^qnqXevSVo&\^]>kNe�]-U
Zu����\<]5egk5e¤UnqXyvST��\<qVUne�qnd��>e$��UnWG{1WGUXdge�]pqnZ^WPSX\^]!kNe�lmZ#o5lG�aWGehe�Usk�¬ \^_aSVUnZ<��lPe¤UnqXyvS�qXd��ad$���5WmSnSXZ^]<UvM<¦AZ#kNW��3d�qne�]a��e
e$SnSXe�]-UXWPe�lPlGe£e�]-UXqne£lPe$SgkNe��5¢`Y�\NkNy$lGevS¤qnd$SXWPk5e£k5Zu]>S¤lmZ�SXe�t^Y�e$]<U�Z[UnWG\<]DkNe#lmZ���lPZ<SXSXe£kNevS¤{[ZulPe��aqnS¤Y�\[b<e�]5]ae$S �
��\<qXqne$SXo&\^]ak5Z^]-UBµ�lPZh��lmZ^SnSXe�LgkN��Y�\1k5y�lPe���jw��Z�e�U Á<�aW5Z¤d�UXd�SXd�oaZ^qXd$eTe�]%Lg��lmZ^SnSVevSBoaZuq:lPe�Y�\NkNy$lGe¤��j���Zu§
¨���M&¦+e#{1WPlGlmZut<e�e$SVUfSVd$oaZuqnd�e�]-UnqXe#lGevS���lPZ<SXSXe$SgL%e�Uf��kaZu]aS�lGe�Y�\NkNy�lPe���j���Zu§©¨���Z^lG\<qnS�Á<�+¬ WPlA]ae#l¶¬ evSrUhoaZ<S
k5Z^]aS lPe¤Y�\NkNy�lPeg��j���ZaM^��l&e�]%evSrU�kNe�Y "�Y�e¤o&\^�aqTlmZ ��\<]5e¤kNe��aZu�NUne��5qFe�]��a]!kNe¤q�Z^kNWmZulPe��8��\^qnqXevSVo&\^]>k5Zu]-U
µ�lPZ��$\^]5e�Lu¯aO�§rL^¡^Ä ��M

Q ]%��\<]a��lP�aSXWG\<] � lPe�Y�\NkNy$lGe���j���ZhZ^o5oaZuq�Zc�mU³��\^Y�Y�es�5]�Y�\1k5y�lPeso>e$qVUnWG]5e$]-U o>\<�5q kNd$��qXWPqne�lPe�o5qn\1��e$SnSV�>S
kNevS!Z^Y�oalGWGUX�ak5e$SpSV�5q!lGevS�kN\<]5]5d$e$S�UXq�ZuWGUXd�evS�MF��l�o&e�qnY�e�U`k�¬ �a]5e oaZ^qVUpkNe Y�\NkNd�lPWmSVe$q��5] e$]1{-WPqn\^]5]5e$Y�e�]-U

��qnWGUXy�qne$S ±��X� ¨��X�
]5\^Y#_5qnehk5e���lmZ^SnSVevS ��j���Z[§�¨�� ��jw��Z ��j���Zu§©¨�� ��j���Z

L ÄaOv¡ � L Lu«<} Ä<�^Ä � ¡ �aOci � ¡� L<Lu¯ � i i<i � L L^Ä^� � � Ov�^¯ �  OvÄ-i � O «<� � L Lu�<« OvÄ^« � �¡ Oc¡u¯ �  iNO � ¡ L<¡uÄ � i Ov}<¡ � Ä
� ��� � ¡NM «

�
�FqnWGUXy�qnefk�¬ WG]N��\<qXY%ZuUXWP\^]po>\<�5qslPZ�SXd�lPe$��UXWP\^]`kNefY�\1k5y�lPe$S
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������� ¡5M «
�
�¤e$]aSXW�Und�SrU�Z[UXWP\^]a]aZuWPqXege$SVUXWPY�d�e

p(yn, φ)
M

− :
e$SVUXWPY�ZuUXWP\^]�kNe�lPZhkNe$]aSXW�Und�o>Zuq:lPZ�Y�d�Un�5\1k5e�kNe$S:]5\[b-Zu�N¢ �8]5\[b<Z^�£t<Z^�aSnSVWPe�]�e�U:��e�] "�UXqne����a\^WmSVWPeFo>Zuq³o5lP�5tu§

WP] � � −· :
kNe�]>SVWGUXdsUn�5d�\<qXWmÁ-�5e�oaZ^q���j���Z �8Y�d�lmZu]5t<e¤kNe¤��k5e�]aSXW�Und$STt<ZuY�Y%Z � � −− :

k5e�]aSXW�UndsUX�ad�\^qnWmÁ<�ae�oaZuq
��j���Zu§©¨�� �8Y�d�lmZu]5t<ehk5eg%kNe$]aSXW�Und$Sst-ZuY�Y%Z �
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6 R(n)
�;I � � �@&3E�?�E�:': � ?

©
M AD&34KE�7

ρn

��? � 	"A!� C86 ��6
78C8A#MKM τn

�;C � :3%@EHC86 � ( 6�A#:3G�A#7
ρn

����� � ¡NM } � �-UnqX�>��UX�aqXefkNe�kNd$o>e$]ak5Z^]a��efevSrUnWGY�d�e
− :

kNd$o>e$]ak5Z^]a��e#e�Y�o5WPqXWmÁ-�5e ��evSrUnWGY�d$e£SV�5q�l@¬ d$���>Zu]-UXWPlGlP\^] � � −− :
kNd�o&e�]akaZu]a��efUX�5d$\^qnWPÁ-�5e£oaZuqg��jw��Z[§�¨F� �

∗ − ∗ :
k5d�o&e�]ak5Z^]a��ehUn�5d�\<qXWmÁ-�5ehoaZuq¤��j���Z

¦�\N�$ZulPWPSnZ[UnWG\<] ��jw��Z[§�¨F� ��j���Z
�FlmZ^SnSVe�O Ov�5O�§�L5O� � LNOv«[§rL^L^Ä Ov�5O�§rLNO$ � LNO$«u§�L<LuÄ
�FlmZ^SnSVe�L O<O^O�§nOv�^¯ � LNOc¡c§rLNO[iL<L<ic§�L^�<L � Lu�<«[§rL^¡u

O�§�Ä � Ov�[§�Ä^}iu«[§�«-i � Ov¯5O�§nOv�^¯L5Ov¡c§rLNO[i � L^L<ic§�L<¡uÄ
�FlmZ^SnSVef�

O�§©Ä � OvLc§ViuLi[«u§©«1i � O$¯5O�§nO<O$¯L^�^�u§�L^�-i � L^¡<¡c§rL^¡^Ä
iv§�OvL � iu¯[§Vi^i«^«u§nOv¯^¯

�FlmZ^SnSVeh ic§nO<O � i[�u§ri<i«<«[§�O$¯<¯
����� � ¡NM } � ��Z^qVUne$S�\^_5UXe�]1�5evS�oaZuq�SXe�t<Y�e�]-UnZuUXWP\^]�_>Zcb^d$SXWPe�]5]5e
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lmZ¤��\<qXqnd�lmZ[UnWG\<]fkNeFl¶¬ WG]-UXe$]aSXW�UndTe�]�kNWmSrU�Zu]a��eFZu�#SVe$WG]£k5e$S ��\<]5e$S+�5\^Y�\^t<y�]5evS�Mv¦+Z���\^qXUXeT{[Z^lGe$�5qBk5e$SAoaZuq�ZuY�y�UnqXevS
kNevS���\<o5�5lPe$Sst-Zu�aSnSVWPe�]a]5e$S�e�U¤lPZ�_>\<]5]5efe$SVUXWPY%Z[UnWG\<]DkNe$SsoaqX\<o5qXWPd�Und$SskNe#kNd�o&e�]akaZu]a��e�kNe

p(y1, y2)
SV\<]<U¤k5e

��\^qXUXevS�WG]ak5WP�$Z[UXWP\^]>STe$]��8Zc{^e$�5q�kNehl@¬ e�¢NWmSrUne�]a��egkNeh��e�UVUnegkNd$o>e$]ak5Z^]a��e � e�U�o>\<�5q�lGegqXe )re�UskN�pY�\NkNy$lGe���j���Zu§
¨���MF�Fe`Y�\NkNy$lGeDk5e`��\^qnqXd$lPZuUXWP\^]Hk5e�l@¬ WG]-Une�]aSXW�Und`e$SVU%UXqny$S�o5qn\1���ae`k�¬ �5] Y�\NkNy�lPe�kNd�)Vµwd�UXd`WG]-UnqX\NkN�5WGU�oaZ^q
# Z[UVU�S£k5Z^]aS%�POv¡<L � Oc¡u����o>\<�5q�lmZ�Y�\NkNd�lPWPSnZ[UnWG\<] kNe�lmZpUXe�¢-Un�5qne�k�¬ �5]HSXWGt<]aZul q�Z^kaZuq ��{<\^WPq£SXe$��UnWG\<] aMxLNMPO���M
# Z[UVU�S ��¸�¼%
C0aSV�ao5o>\-SVefÁ-�5eglPZ#Une�¢1UX�5qnege$SVU��a]!o5qn\N��evSXSX�aS�Zcb<Zu]-U�kNe$S�Y%Zuqnt^evSTt-ZuY�Y%Z�e�U��a]5efkNd�o&e�]akaZu]a��e
Y%Zuqnz^\[{1WPe�]5]5e�Y�\NkNd$lGWmSXd�e�o>Zuq��5]5e`��\^oa�5lGe!t<Z^�aSXSXWPe�]5]5e<M � \^�aS�Zc{^\<]aS£k5e��N¢ WP]5]5\[{[Z[UnWG\<]aS£o>Zuq�qnZ^o5o>\<qVU�µ��evS#UXq�Zc{cZ^�N¢ �:]5\^�aS�WP]-UXqn\1k5�5WPSX\^]>S£�5] o5qn\1��e$SnSV�>S£Y%Zuqnz^\[{1WPe�]/�$Z^���5d

X
Y�\NkNd�lPWmSXZ^]<U�l¶¬ �5d�UXd$qX\<t^d�]ad�WGUXd!k5e

l¶¬ e$]-{1WPqX\<]5]5e$Y�e$]-U � e�UT]5\^�>S e$SVUXWPY�\^]aSTlGevS³oaZ^qnZ^Y�y�UXqne$S k5�%Y�\NkNy$lGe�ZuWP]aSVW&Á-�5e�lPe�]5\^Y#_5qne�kNe¤��lmZ^SnSXe$S � # ZuUVUnS
��¸�¼%
 0al¶¬ �NUXWPlGWmSXe�SVe$�5lGe$Y�e�]-U�o>\<�5qslmZ#t<d�]5d$qnZuUXWP\^]pkNe�kN\^]a]5d�evS ��M

����� � �!��� � ��� � � � ���	����
 � ��� � ����

¦ ¬ �NUnWGlPWPSnZ[UnWG\<]�kNevSs��jw�F\#o&\^�5q�lmZ£SXe�t<Y�e$]-UnZ[UnWG\<]�kNevS�SXWPt^]aZ^�N¢%WGY�o5lPWPÁ-�5e$]-U��a]5e�Y�\NkNWG�>��ZuUXWP\^]pkNe�l¶¬ WG]N§
UXe$qXoaqXd�UnZ[UnWG\<]%kNe¤lmZ���lmZ^SnSXW��>�$Z[UnWG\<]�MuQ ]�e �&e�U � ]5\^�aSFSXZc{<\^]aSTÁ<�ae¤SVW Z = (X,Y)

e$SVUT�5]5e����aZc� ]5e¤kNe�jDZuqnz^\[{
SVUnZ[UnWG\<]5]aZ^WGqne � SnZ`lP\^W evSrU#k5d$��qnWGUXe�oaZ^q�lPe$S£k5e�]aSXW�Und$S p(x1, x2)

e�U
p(y1, y2 |x1, x2 )

MAQT] UX\^�5UXe�t<d�]5d$qnZ^lGWGUXd �
]5\<�aS!Zc{<\^]aS

p(y1 |x1, x2 ) 6= p(y1 |x1 )
e�U

p(y2 |x1, x2 ) 6= p(y2 |x2 ) � ��ewÁ-�5WhWPY�o5lGWmÁ-�5e Á<�ae�lPe$SplP\^WmSk�¬ d�Y�WmSXSXWG\<]���lmZ^SnSXWPÁ-�5evS
p(y1|x1)

e�U
p(y2|x2)

]5eg��\^]aSVUXWGUX�ae�]-UFo5lP�aSFlGevS!�V_5qnWPÁ-�5evS d$lGd$Y�e$]-UnZuWPqne$S
��k5��Y�\1k5y�lPe
kNe���lPZ<SXSXW��&��Z[UnWG\<] � Y%ZuWmSsSV\<]<U�µ�lPe��5q�Un\^�5qs�5]`Y�d�lmZu]at^efkNeflP\^WmS �

∀x1, p(y1 |x1 ) =
∑

x
′
2

p(x
′

2 |x1 )p(y1

∣∣∣x1, x
′

2 )

∀x2, p(y2 |x2 ) =
∑

x
′
1

p(x
′

1 |x2 )p(y2

∣∣∣x
′

1, x2 )
�@¡NMxL<i �

e�U#]5\^�aS�o>\<�5{^\<]aSfkNWPqXe��a]>ZulPe�Y�e�]-U£Á-�5e%lmZ�kNe�]aSXWGUXd
p(yn)

evSrU��a] Y�d$lPZ^]5t^e%kNe�Y�d$lPZ^]5t^e%kNe�lG\<WPS$M+±�WP]aSXW �
l¶¬ Z^o5o5qn\1���ae�kN�!Y�\NkNd$lGWmSnZ[UXe$�5q�kN\^WGU�d${^\<lG�5e$qF�$Zuq�WGl�kN\<W�U���\^qnY£�5lPe�q�SXZ#��\<]5]aZuWmSnSXZ^]a��e¤k5e�lmZ£qnd$Z^lGWGUXd�o5�1bNSVWmÁ-�5e
e�]Dk5d$��\<Y�o>\-SXZ^]<UslmZ%kNe�]>SVWGUXd

p(y1 |x1 )
��\^Y�Y�eflGe�Y�d$lPZ^]5t^e�kNefoalG�aSXWPe��5q�Sso5�5d$]5\^Y�y$]5e$S$M5��lAS$¬ Zut^WGU�kNefUnqnZu§

kN�5WPqne�lGevSFk5W �3d�qne�]a��e$SFkNe���\^Y�o>\<qVUne�Y�e�]-UTe$]-UXqne���\<]5e$ST�5\^Y�\^t<y�]5evS �8�$Z^ST\��
x1 = x2

� e�U�k5W �3d�qne�]-UXevS �$\^]5evS
��qn\^]-UXWPy�qne$S �@��Z<S³\��

x1 6= x2
��MN�Fe�q�Z �%]5e$Y�e�]-U o>e$�NU "�UXqne��aZ^]akNWm��Zuo>Zu]-UT��Z^q WGl>]5d$��e$SnSVWGUXe�k�¬ Zc{<\^WPq kNe$STWG]5��\^qX§

Y%Z[UnWG\<]aS�SV\<�5{^e$]<U�WP]aZ^�$��e$SnSXWG_5lPe$S�SX�5q�lGevS�o5�5d�]a\^Y�y�]5evS���\^]>SVWmkNd�qnd$S$M1±�lGUXe�qn]aZuUXWP{^e�Y�e$]<U � ]5\^�>SFo&\^�a{^\^]>ST{<\^WPq
��e�UVUne£Zuo5oaqX\N���5ef��\<Y�Y�ef�a]5e�Y�\NkNd�lPWPSnZ[UnWG\<]!]a\^]N§©oaZuq�ZuY�d�UXqnWPÁ-�5efkNevSslG\<WPS

p(y1 |x1 )
M>jDZ^WPS���\^]-UXq�ZuWPqne�Y�e�]-U

µf�5]%Y�\NkNy$lGef��j���Z[§�¨��Ao&\^�5qFlGevÁ-�5e�l>lGevS lP\^WmSTk�¬ d�Y�WmSXSXWG\<]%SVe$qnZ^WGe$]<U qne�oaqXdvSVe$]<Und�evS³oaZuqT�5]�Y�d�lmZu]5t<e�kNe¤lP\^WmS �
W¶M e<M

p(y1 |x1 ) =
∑M
k=1 λk(x1)fk(y1, x1)

� lPe$S�o&\^Wmk5S�kN��Y�d�lmZu]at^ef��\<]aSVWmkNd$qXdfk5Z^]aSslPe$S���j��F\%kNd$o>e$]akNe$]<U
]5\<]pSXe��5lPe�Y�e$]<U¤k5efl@¬ d�U�Z[U���\<�5qnZ^]-U � Y%ZuWmSsZu�aSnSXW�kNehl@¬ d�U�Z[U�o5qnd$��d$kNe$]<UvM

&:\^�5qflPe$S���j��F\ � lPe$S�Y�\NkNy$lGevSfo5qn\^o&\<SXd$ShSXe�qn\^]-U���\^]>SrUnqX�5WGUnS£µ!o>ZuqXUXWPq£kNe$S£kNe�]aSXWGUXd$S p(y1, y2 |x1, x2 )e�U
p(x1, x2)

� ��e�o&e�]akaZu]-U£��evS�kNe�]>SVWGUXdvS�]5e%o&e��5{<e�]-U "�UnqXe!���5\^WmSVWPe$Sfk5e%Y�Z^]5WPy�qne%WG]ak5d�o&e�]ak5Z^]-UXe$S�l@¬ �5]5e�k5e
l¶¬ Z^�NUXqnew�$Zuqp]5\^�>Spk5e�{^\<]aS!qXevSVo&e$��UXe�q`kNevSp��\^]-UXq�ZuWP]-UXevS � kN�5evSpµ lmZ SVUnZuUXWP\^]5]aZ^qXWGUXdwkN� oaqX\N��evSXSX�aS$M � \^�aSe�¢No5lPWm��WGUX\^]>SpZ^lG\<qnS!lPew���5\<W�¢ k5ew��\^]-UXq�ZuWP]-UXe$SpÁ-�5ew]5\^�aS`Zc{<\^]aS��8ZuWGU � e�U�]5\<�aS`kN\^]a]5\^]aS`Z^lG\<qnS!lPZH��\^qnY�e
t^d$]5d�q�ZulPe`kNe$S�Y�\NkNy�lPe$S�oaZuq�ZuY�d�UnqXWmÁ-�5e$S#�NUnWGlPWPSXd$S$M � ]5e�Y�d�UX�a\1k5eDk�¬ evSrUnWGY%ZuUXWP\^] � Un\^� )r\<�5qnS�_>Z^SXd�e`SV�5q%lPe$S
��\^]>��UXWP\^]>S�e$SVUXWPY�Z^]-UXe$S�evSrU�oaqX\<o>\-SVd$e � e�U�]5\<�aS�UXq�ZuWGUX\<]aSsÁ-�5e�lmÁ-�5e$S�e�¢Ne�Y�o5lPe$S$M



O$�-L ������� � � ��� � � �������
	��� 	�� � ����� ��� �H� ����#�� ��� �H� �  ��� �

�	#�� #%$ �  � ��� ���� � � � � �� �  "� ��� � ��� � 

�gZu]aSTlPZ£Y�evSV�aqXe�\��%lGe�o5qn\1��e$SnSV�>S
Z
e$SVUTY%Zuqnz^\[{1WGe$] � SnZ�SVUnZ[UnWG\<]5]aZ^qXWGUXd�evSrUFd$Á-�5WP{cZ^lGe$]-UXe�µ�l@¬ d�t-ZulPW�Und¤kNe$S

kNe$]aSVWGUXdvS
p(y1, x1)

e�U
p(y2, x2)

M��Fev��WBWGY�o5lPWPÁ-�5e�Á-�5e£lPe$SgkNe�]>SVWGUXdvS
p(x1, x2)

e�U
p(y1, y2 |x1, x2 )

kN\<WG{<e�]-U
{^d$qXWG�ae$q

∀(x, y) ∈ X × Y ,
∑

x2

p(x, x2)pg(y |x, x2 ) =
∑

x1

p(x1, x)pd(y |x1, x )
�@¡NMxLu« �

�1W5]a\^�aS ���a\^WmSVWmSXSX\^]>SAlPWP_5qXe$Y�e�]-U lPZhlP\^W
p(x1, x2)

� ]5\<�aS kNe${^\<]aS³���5\^WmSXWGq³kNevS³Y�\1k5y�lPe$S³o&\^�5q p(y1, y2 |x1, x2 )UXe$lGlPe$S�Á-��¬ WGlmS�SV\<W�U�o>\-SXSXWP_5lGehkNeh��\<]<Unq �<lGe$q lPe$S�Y%Zuqnt^e$S {pg(y |x1, x2 )} e�U {pd(y |x1, x2 )} � e�U�k�¬ Z^SnSX�5qXe$qFkNeo5lP�aS�Á-�5ef��evS�Y%Zuqnt^e$S�{<d�qnW��ae$]-U�lmZ���\<]<UnqnZ^WG]-Une �¶¡NMxLu« ��M
&:\^�5q£lGe�oaqXe$Y�WPe�q#o>\<WG]-U � WPlTe$SVU#o&\<SnSXWG_5lPe�k�¬ �NUXWPlPWPSXe�q#lGevS£��\<o5�5lPe$S£o>\<�5q£qne�o5qnd$SXe�]-Une�qflmZDkNe�]>SVWGUXd )r\<WG]-Une

p(y1, y2 |x1, x2 )
�@kN\^]-UT]a\^�aST]5\uUn\^]aSTlPZ�k5e�]aSXW�Und�kNe���\^oa�5lGe

cx1,x2

� SXWa]5\<�aS ]5\<�aS qne$SVUXqne�WPt^]a\^]aS Z^����Z<S kNe$S
\^_>SVe$qX{[Z[UnWG\<]aS�qXd$e�lPlGevS�M�&:\<�5qslGefkNe$�N¢NWGy$Y�efo>\<WG]-U � ]5\^�aSsSX�5o5o&\<SX\^]>S�Á-�5ef]a\^�aSsZc{<\^]aS

∀y ∈ Y , ∀k, l,





pg(y |k, l ) = pd(y |l, k )

p(k, l) = p(l, k)

�@¡NMxLu} �

�1\<�aSh��e$S��1b1o>\^UX�5yvSVevS�kNe%SXb1Y�d�UXqnWGe � lmZp��\^]-UnqnZ^WG]-UXe �@¡NMxLu« �sevSrUfkN\^]>��Un\^� )r\<�5qnS�{^d$qXWG�ad$e^M � \^�>SgSX�5o5o&\<SX\^]>SZulP\^q�ShÁ-�5e%lGevShY%Zuqnt^WP]aZulPe$S
pg(y |k, l )

Z^o5oaZuqXUXWPe�]a]5e�]-U�Zu�N¢�Y�\NkNy$lGevS {f(y, θkl), θkl ∈ Θ} e�U£Á-�5e�lPe$S cklZuoaoaZuqXUXWPe�]5]ae�]-U#Zu�5¢wY�\NkNy�lPe$S {cηkl
(·, ·), ηkl ∈ Υ} M � \^�aS#��\<]aSVWmkNd$qX\<]aSfkN\^]>��kNevS���j��F\ SVUnZuUXWP\^]5]>ZuWPqXevSoaZ^qnZ^Y�d�UXqnd�evS�oaZuqA�5]5eFY�ZuUXqnWP��eTkNeFo5qX\<_aZu_aWGlPW�Und$S )r\^WP]<Une$SASVb1Y�d�UnqXWmÁ-�5e$S

P = (pkl) ∈
� K×K � lPe$SAoaZuq�ZuY�y�UnqXevS

kNevSfY%Zuqnt^e$Sgt-Zu�a���5evS
θ = (θkl) ∈ ΘK×K e�U�lGevSfoaZ^qnZ^Y�y�UXqne$ShkNevS���\<o5�5lPe$S

η = (ηkl) ∈ ΥK×K M � \^�aS]5\^UX\^]>S
φ = (P, θ, η) ∈ Φ

Ma¦AZ�lG\<W�kNe
Z1
S�¬ d$��qXWGU�kN\^]a�

p(z1, φ) =
∑

x
′
2

px1x
′
2
f(y1, θx1x

′
2
)

�@¡NM �^¯ �

e�U�lmZ�lG\<W )r\^WP]-UXe�kNe
(Z1, Z2)

Z#o&\^�aqse�¢No5qne$SnSVWP\^]

p(z1, z2, φ) = px1x2f(y1, θx1x2)f(y2, θx2x1)cηx1x2
(F (y1, θx1x2), F (y2, θx2x1))

�@¡NM �5O��

��*1./45Ìc��IB*£���GÅ �8��� �#¹ + ½ + ¸¶¾3
 ¾m½��;�X¹ 
a½ �5¹ + � 
 ��½ �%¼%�Z:u¾�
3¼%
���½A7 ��½ ��¹ 7W5;
���½ �a¼%�X¼��FB�¸Z��¾1> + ��½T½�¾�� ��
���½F¸ �-
 ½ > + �
7 ��½M
P¹[¾m½ :<¼ + ½n½�¾ ��

 ��½f¹ + :<¼�� �%¼�Xr¼%� ��º

Θ
7 � ���¸¶¾ ¸ ��½ 7[¾�� ��
5½�¾8¹�
5½6^

�
�%¼[¾m½/> + ¾	��-� � ��¸@¸ ��
>¸ 7 � � ��� �X¹ 7 + ¾3� �

7 ��½ 
G¹[¾m½#º�¹�� � 
�� � ��½ �5¹ + � 
���½ 
G¹u¾m½D7�G B��#¾m½�½�¾8¹ 
 p(y1|x1)
0

�	#�� # " � �� "� � �! "����� ���� � ��� ���������� � � ����

���GÅ �m'��8� �g?�2v68./452$687&0H4<Ë>*��DCB7&0A0B=1*-? �^7&. ":È8Ç-2$*1?
��e�Y%Zu]aWGy$qXewSVWPY�WGlmZuWPqXewZu�N¢���j���Z � ]5\^�aS!o5qn\^o&\<SX\^]aS!�5]5e���\^]>��UXWP\^]�e$SVUXWPY%Zu]-UXe�o>\<�5q`e$SVUXWPY�e$q!lPe$S

oaZ^qnZ^Y�y�UXqne$S:kN��Y�\NkNy�lPe���\<Y�oalGe�U$Mu±s�>]�k�¬ \<_NUXe$]5WGqFkNe$SB��\<qXY#�5lGevS³k�¬ e$SVUXWPY�ZuUXWP\^]%SXWGY�o5lPe � ]5\<�aS ��\^]aSVUXqn�5WmSV\<]aS
lmZ¤��\<]a��UnWG\<]�e$SVUXWPY�Z^]-UXeskNe�SX\^qXUXe�Á<�aeslGevS:e$SVUXWPY�ZuUXWP\^]aS³k5e$S³oaZ^qnZ^Y�y�UXqne$S

P � θ e�U η SV\<WGe$]<U kNdv��\<�5o5lPd�e$S �<ZuWP]aSVW



��� �"� ����� �
	��� 	�� ����� � ��� �H� ������ O$�<�
]5\<�aS¤]+¬ Zc{<\^]aSso>Z^Sgµ�e�]1{1WmSXZ^t^e�q�kNe$S�Y�d�UX�a\1k5e$S�]-�aY�d$qXWmÁ-�5e$S�kNe�qXev���5e�q����5e�kNe#qnZ<��WP]5e$S�k5Zu]aSgkNevS¤evSVoaZ<��evS
kNe�t<qnZ^]akNe`kNWGY�e$]aSVWP\^]+M � \^�>S�]5\uUn\^]aS Lc(φ) = log p(z, φ)

o>\<�5q�lmZwlG\<tu§©{-q�ZuWmSXe�Y£_alPZ^]a��e�k5� o5qn\N��evSXSX�aS
��\<Y�o5lGe�U �8kNd��a]5WPe�µ�oaZuqXUXWPqskNe �@¡5M �aO�� ��M5¦+Z#��\^]>��UXWP\^]

G̃
Á-�5eh]5\^�aS��5UXWPlGWmSV\<]aSsevSrU

G̃ : ZN × Φ −→ φ

(z, φ) 7−→ (G1(z, P )G2(z, P, θ), G3(z, P, θ, η))

\��p]5\<�aSsZc{^\<]aS




G1(z, P ) = P − P̂

G2(z, P, θ) = ∇θLc,mg

G3(z, P, θ, η) = ∇ηLc

�@¡NM �<L �

P̂
evSrU�l¶¬ e$SVUXWPY�ZuUXe$�5qse�Y�o5WPqXWmÁ-�5e�SXb-Y�d�UXqnWPSXdgk5eflPZ�Y%Z[UnqXWm��efkNefo5qn\^_>Zu_5WPlGWGUXdvS )r\^WP]<Une$S

∀k, l, P̂kl =
1

2(N − 1)

N−1∑

i=1

(1kl(xi, xi+1) + 1lk(xi, xi+1))
�@¡NM �^� �

Lc,mg

e$SVU¤lPZ�lP\^t^§¶{1q�ZuWmSVe$Y£_5lmZu]>��ehkNe�lmZ%Y%Zuqnt^WP]aZulPeht<Zu�>���5e �
mg
�¤kNe�lmZ�lG\<W )r\<WG]-UXe

(Y1, Y2, X1, X2)
� �u¬ e$SVU

µ£k5WGqne�kNe�lPZ£lG\<W&k5e
(Y1, X1, X2)

M � \<�aS�Zc{^\^]>STkN\<]a� Lc,mg =
∑N,K,K

i,k,l=1 1k,l(xi, xi+1) log (pkl′f(yi, θkl))
�

e�U�lmZ#��\^]a��UXWP\^]`e$SVUXWPY%Zu]-UXef��\^qnqXevSVo&\^]akaZu]-UXe�e$SVU¤ZulP\^q�S

G2(z, P, θ) =

(
N∑

i=1

1k,l(xi, xi+1)∇θkl
log f(yi, θkl)

)

1≤k,l≤K

�@¡NM �u �

Q ]N�>]plmZ���\^]>��UXWP\^]pe$SVUXWPY%Zu]-UXe
G3

{[Z^�NU

G3(z, P, θ, η) =

(
N∑

i=1

1k,l(xi, xi+1)∇ηkl
log cηkl

(F (yi, θkl), F (yi+1, θlk))

)

1≤k,l≤K

�@¡NM �<¡ �

¦+Zs��\^]a��UXWP\^]
G̃
evSrUB�5]5e Y�\NkNWG�>��ZuUXWP\^]£kNeFlPZs��\^]a��UXWP\^]�evSrUnWGY%Zu]-Une �rÀ:j � Á-�5W-o&e�qnY�e�UBk�¬ Zc{^\<WGq��a]5e e$SVUXWPY%Z[UnWG\<]

SXd$Á-�5e�]-UnWGe$lGlPeDkNe$S�oaZuq�ZuY�y�UXqne$S
P � Θ o5�5WmS

η
M��Fe$o>e$]ak5Z^]<U!oaZuq�k5d��a]5WGUXWP\^] k5e

G1, G2, G3
� ]5\^�>S�Zc{^\<]aS

UX\<� )r\^�aqnS
Eφ

[
G̃(Z, P, θ, η)

]
= 0

M

��*1./45Ìc��IB*D� �PÅJ� ' � @+¼ ��B�½�¹�
 + ¸@¾8¹�
87 �D
�G B > + ¼[¸¶¾8¹ 
 G̃(φ) = 0
�� + ¸ ½�� �[¹[¾3�#º�¹�� � � + 
�� �3¾3�c¹u¸ 7 � 
s¼ + ½�½��

�a¹ + � ��B�½�¹ + 7%� �/
���½�4c½�¸65�� � ∇φLc(φ) = 0
ºn¹���� ��½ �a¹ 
 7^¼�
a¸s¼ + �%¼��<¾�� + � 7 �D� �X¼[¾m½����F,;
G¼ 
3º � 0

���GÅ �m'��m' �g?�2v68./452$687&0H4<Ë>*��DCB7&0A0B=1*-?�680 �^7&. ":È8Ç-2$*1?
¦�\<qnSnÁ-�5e�]5\<�aS�]�¬ \^_>SVe$qX{<\^]aS%Á-�5e�lGeDoaqX\N��evSXSX�aS

Y � ]5\<�aS��NUnWGlPWmSV\<]aS�Z^lG\<qnS%lmZ ��\<]a��UnWG\<] e$SVUXWPY%Zu]-UXe g̃\^_5UXe�]1�5ehoaZ^qso5qn\ )re$��UXWP\^]`kNe
G̃(φ)

g(y, φ) = Eφ

[
G̃(Z, φ) |y

]

&:\^�5qBkNd�Une�qnY�WG]5e$q+�5]aeTq�Z^��WP]5eTk5eTl¶¬ dvÁ<�>Z[UXWP\^] � ]5\<�aS��NUnWGlPWmSV\<]aS+l¶¬ ZulPt^\^qnWGUX�5Y�e³Q��F� � ��eFÁ<�aW-kN\<]5]5e lPe$S+��\^qnY£�alGevS
SX�5WG{[Z^]<Une$SskNefY�WmSVevSsµ�)r\^�5q�kNevSsoaZ^qnZ^Y�y�UXqne$S�SV\<]-U
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	��� 	�� � ����� ��� �H� ����#�� ��� �H� �  ��� �

∀k, l,





p
(n+1)
kl = 1

2(N−1)

∑N−1
i=1

(
p
(n)
i (k, l) + p

(n)
i (l, k)

)

θ
(n+1)
kl

UXe�lAÁ<�ae ∑N
i=1 p

(n)
i (k, l)∇θkl

f(yi, θkl) = 0

η
(n+1)
kl

UXe�lAÁ<�ae ∑N
i=1 p

(n)
i (k, l)∇ηkl

cηkl
(F (yi, θ

(n+1)
kl ), F (yi+1, θ

(n+1)
lk )) = 0

�@¡NM �^Ä �

� \<�aSho&\^�5{<\^]aSfZ^�aSXSXW³o5qn\^o&\<SXe�qh�5]5e%{<e�q�SVWP\^]wSrUn\N���aZ^SVUXWmÁ-�5e%kNe%l@¬ ZulPt^\<qXWGUX�aY�e�Q��F�ge�] SXWGY#�5lPZ^]-UfSXe�lP\^]wlmZlP\^W³Z�o&\<SVUXe$qXWP\^qnWBlGe�o5qn\N��e$SnSX�aS
X � e�Ufe�]wqnd$SX\^lP{cZ^]-UgkNWPqXev��Une�Y�e�]-UhlGe%SXb1SVUXy$Y�e G̃((x,y), φ) = 0

M���Z^]aSh��e
��Z<S£lmµ � l¶¬ WP]-UXd$q�"�U�o5q�Z[UnWPÁ-�5epkNe`��e�U%ZulPt^\<qXWGUX�aY�e!Zuo5oaZ^qnZ[�PU���lmZuWPqXe$Y�e�]-U �:\^�5UXqne�lmZ�SXWGY�o5lPWm��WGUXd`kNe$S���Z^lP���5lmS
WPY�oalGWmÁ-�5d$S�o&\^�5q�\^_5UXe�]aWGq�lGe`SXb1SVUXy$Y�epµ�qXdvSV\<�akNqne ��]a\^�aS�]�¬ Zc{^\<]aS�oaZ<S�_>evSV\<WG]Hk5e`�$Zulm���5lPe�q�lPe$S�kNd�qnWG{<d�evS
∇φp(y1, y2 |x1, x2, φ )

� � ]5\^�>SBZc{<\^]aSBZu�>SXSXW1�5]5e�o5qn\^o5qnWGd�UXd�kNe�Y�\NkN�alPZ^qXWGUXd�kNe�l@¬ ZulPt^\<qXWGUX�aY�e<M$��lNevSrU:o&\<SnSVWP_5lPe
k�¬ �NUXWPlPWPSXe�qflPe$S���\^qnY£�alGevS �8e�U�kN\<]a��lGevSho5qX\<t^q�ZuY�Y�e$S�kNd�)Vµpd$��qXWGUnS ��kN��Y%Zu¢1WPY£�aYªkNe�{1qnZ^WPSXe�Y#_5lPZ^]a��e�k5Zu]>S
lPe£��Z<Ssk�¬ �a]5e£SXe��5lPe£��lmZ^SnSXe^M5��e�o5lP�aS�lPe£���aZ^]5t^e$Y�e$]-Usk5e�Y�\1k5y�lPefoaZuq�ZuY�d�UnqXWmÁ-�5eho>\<�5q¤�a]5efY%Zuqnt^ef\^�`�5]ae
��\<o5�5lPeh]5ef{1WGe$]<UsoaZ<S�Y�\1k5W��ae$q�lPehSXbNSrUny�Y�e�µ�qXdvSV\<�akNqne�o&\^�aqslGevSsZu�NUnqXevS�oaZuq�ZuY�y�UnqXevS�M

�	#�� #�� � � ��� � � ����J �! "���
� �

� \<�aSpY�\^]-UXqn\^]aSp�5] e�¢1e$Y�o5lGe kNe SXe�t<Y�e$]-UnZ[UnWG\<]�kNe ���aZ[�m]ae$S���\<�5o5lPe$S � e�U ��\<Y�oaZuqn\^]aS!lPe$S`o&e�qX��\^qX§Y%Zu]a��e$S�kNefSXe�t^Y�e$]<U�Z[UnWG\<]�e�]-UnqXegY�\1k5y�lPe���jw��Z£e�U�Y�\NkNy$lGe£��j��F\>M � \^�>S�SXWPY£�5lP\^]aS��5]aeh���>Zc� ]5e£��j��F\µ�kNe$�N¢�d�UnZ[U�S � Une�lmS�Á-�5e pd(y |1, 1)
SX\^WGUf�5]5e�lP\^W

γ(3; 3) � pd(y |1, 2)
SV\<W�U��a]5e%lG\<W

γ(2; 2, 5)
M�¦�evS�kNWmSrUnqXWG§

_5�NUnWG\<]aS#Y�Z^qXt<WG]>ZulPe$S
pd(y |2, 1)

e�U
pd(y |2, 2)

SX\^]-U£qne$SXo>ev��UXWP{^e$Y�e�]-U�kNevS£lP\^WmS£k5e # e�WP_5�5lPl �
W (1, 2)

e�U
W (1, 1)

M � \^�aS�SX�5o5o&\<SX\^]aS�kNepo5lP�aS%Á-�5e!lmZ�Y�ZuUXqnWP��e!kNepo5qn\^_aZ^_5WPlGWGUXdvS�)r\<WG]-Une$S�kN� oaqX\N��evSXSX�aS���Z<���5d�evSrU
P =

[
0, 4 0, 15

0, 15 0, 4

]
� e�UfÁ-�5e£lPe$Sg��\<o5�5lPe$SgSV\<]<Ugt<Z^�aSXSXWPe�]5]5evS�M � \<�aS��8Z^WPSX\^]>S¤{[ZuqnWPe�q���\^Y�Y�e£o5qnd$��d$kNe$Y�§

Y�e�]-Usl@¬ WP]<Une�]aSXWGUXd�kNehlmZ#kNd$o>e$]ak5Z^]a��ehe�]`Y�\NkNWG�>Zu]-U�lGevS�oaZuq�ZuY�y�UnqXevSFk5e$Ss��\<o5�5lPe$S$M � \<�aSs��\<Y�o>Zuqn\^]aS�ZulP\^q�SSX�5qFkNe$�N¢%��\^]5�at^�5q�Z[UnWG\<]aS:lPe$S o&e�qX��\^qnY%Zu]a��e$S³e$]�SVe$t^Y�e�]-U�Z[UXWP\^]�]5\<]N§�SV�5o&e�qn{1WPSXd�e�k5e$S���jw�F\�e�UFk5e$Ss��j���Z
�
N = 500

� �
�^4a?`�

ρ11 = ρ22 = 0, 1
e�U
ρ12 = ρ21 = 0, 5

�^4a?�'
ρ11 = ρ22 = 0, 5

e�U
ρ12 = ρ21 = 0, 8

��l+evSrU¤k5d�lPWP�$Z[U�kNe#��\^Y�oaZ^qXe$q�lGevS�Y�\NkNy�lPe$S���jw��Z�e�Uh��j��F\%o>Zuq���e�Á-�5ef]5\<�aS�]5efo&\^�a{^\^]>SsoaZ^S¤��\^Y�oaZ^qXe$q
lmZ!lP\^W³kNe

Yn
kaZu]aSgl¶¬ �5] e�Uhl¶¬ Zu�NUnqXe�Y�\1k5y�lPe^MA�Fe�o&e�]>k5Zu]-U � ]a\^�aSho5qn\^o&\<SX\^]>S¤o&\^�5qhlPe�Y�\NkNy$lGe���j���Zp�5]ae

lP\^W
γ
o&\^�5q�lmZ���lmZ^SnSVe�O � e�Us�5]5eflP\^W�kNe # e�WP_5�5lPl�o&\^�5qslmZ%��lmZ^SnSXehLNM�&:\<�5qsd�{[ZulP�5e$qslGevSskNW �3d�qne�]>��e$S�e$]-UXqneh��e$S

Y�\NkNy�lPe$Ssk5Z^]aS�lGef�$Z^S�]5\^]5§©SX�5o&e�qn{-WmSXd�e � ]5\<�aS�Zc{^\^]>SF�$Zulm���5lPdhlGevSTU�Zu�N¢pk�¬ e$qXqne��aq�k5Z^]aS�lGef�$Z^S�SV�ao>e$qX{1WmSVdhkNe$S
��Y�\NkNy$lGevS���j��F\ � ��j���Z�e�U���j���Zu§©¨���M &B\<�5q���e$S�kNe$�N¢�kNe�qn]5WPe�q�S Y�\NkNy�lPe$S�]5\<�aSFe$SVUXWPY�\<]aSFlGevSTY�\NkNy�lPe$S
��j���Z%Z^o5o5qn\1���ad$S�e�]��5UXWPlGWmSXZ^]-U¤lPZ�{<d�qnW�UndhUXe$qXq�ZuWP]`e�U�kNevSse$SVUXWPY%Z[Une��5q�S�µ%kN\<]5]5d�evS¤��\^Y�o5lPy�UXevS�M3�Fe$��WA]5\^�>S
o&e�qnY�e�UTk�¬ Zc{^\^WPqB�5]5ese$SVUXWPY%Z[UnWG\<]�k5e�lmZf��Z^oaZ^��W�Und�µfk5d$��qnWPqXe�lGesoaqX\N��evSXSX�aS ��j��F\fSXWGY#�5lGd<M � \<�aS³Zc{^\<]aS:ZulP\^q�SkNevS�o&e�qX��\^qnY%Zu]a��e$Sgd$Á-�5WP{[ZulPe�]-UXevSgo>\<�5qhlGevS�Y�\NkNy$lGevS£��j���Z�e�U#��j���Z[§�¨�� � Y "�Y�e%SXW³lPZpkNd�o&e�]>k5Zu]a��e%kN�
o5qn\N��e$SnSX�aS�k5Zu]aS�lmZ%��\<]N�at<�5qnZuUXWP\^]!L�evSrUsY�WPe��N¢`��Zuo5UX�5qnd�ehoaZ^q�lPefY�\NkNy�lPe#��j���Z5M
¦�evS�UnZ^�N¢pk�¬ e$qXqne��5q�SXe�kNd$t^q�Z^kNe$]<U���\<qVUne�Y�e�]-U¤o&\^�5q¤lGevSsY�\1k5y�lPe$S���j���Z�e�Uh��j���Zu§©¨��Te$]�Y�\1k5e�]5\^]5§

SX�5o>e$qX{1WmSVd$e%Y%ZuWmShWGlFqXevSrUne���e�o&e�]>k5Zu]-U�o5qn\N���5e$S$M+¦�e�U�Zu�N¢ k�¬ e�qnqXe$�5q�kNWPY�WP]1�5e�Zc{<e$��l@¬ Zu�at^Y�e�]-UnZuUXWP\^] kNe%lmZ
	�� 786 �#A#:34 A#I@MK61A#M ".AD&3E�4K:'6 (BE�234 &)4 �L6!2 �84 & �87@6�MKE�4�C@6�- 6
4KI#�8MKM � 78E#&'"�6 W (a, b)

2)4�2<A1C86
782)4 &'" C86�(@:3E�I�A#I@4KMK4 & " :'6
M AD&)4 �L6
GH6
7�& &
M AJGH6
2'�8:36 C@6� 6
IB6
2' ��8616�2'&

g(y; a, b) = b
ab xbe−( x

a
)b

1 � +(y)
0
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��Z^S SV�ao>e$qX{1WmSVd$e ]5\^]N§�SX�5o>e$qX{1WmSVd$e e$SVUXWPY�d$e�Zc{^ev�
Zuo5oaqXe$]<UnWPSnSnZut^e ]5\<]N§�SV�5o&e�qn{1WPSXd�e evSrUnWGY�d�e�Zc{<e$�

Z^o5o5qne�]-UXWmSnSXZ^t^e ]5\^]5§©SX�5o&e�qn{-WmSXd�e
O ¡ � � Ä �  i � } OvL � ¡ i � i OcL � �L L � ¡ � �  i O^O i � i O<O � }

� � � � ¡NMPO$¯ � � Zu�N¢!k�¬ e$qXqne��5q�]5\<]N§�SV�5o&e�qn{1WPSXd�ehkNevS����aZc� ]5evS���\^�5oalGevS

������� ¡NMPO$¯ � �F�aZ^Y�oDkNe#jDZ^qXz<\[{���\<�5o5lPe£µ�L%��lPZ<SXSXe$S�e�U¤Y%Zuqnt^evSst<Z^Y�Y�Z � *-J�*-. "BÈ@*�' ��SVe$t^Y�e�]-UXd$e�oaZ^q�5]5e����>Zc� ]5efkNefjDZuqnz^\[{���\^�5o5lPefµ%L#��lPZ<SXSXe$S�e�U�Y�Z^qXt<e$S�t<Z^Y�Y�Z

kNd$o>e$]ak5Zu]>��e � Y�Z^WPS�WPl�qne$SVUXeh_5WPe�]`SV�ao>d$qXWPe��5q�Z^�pUnZu�5¢!k�¬ e�qnqXe$�5q�]5\^]N§�SX�5o>e$qX{1WmSVd$egk5eflPZ�{1qnZ^WGe£��j��F\>M
�gZu]aS���e�UVUne�SVWGUX�aZuUXWP\^] � ]a\^�aS�o&\^�5{<\^]aS���\<]a��lP�5qnefÁ<�ae�lmZ�kNW �3d�qne�]>��ehY%Z )re��aqXege�]-UXqne£��j��F\�e�U���j���Zu§

¨��sUXWPe�]-Uho5lP�aShµ�lmZ�Y�\NkNd�lPWmSXZuUXWP\^]Do5lP�aSgqnWP���5e�kNe$ShkNe$]aSXW�Und$SgY%Zuqnt^WP]aZulPe$S
p(yn, φ)

Á-��¬ µ�l¶¬ WG]-UXqn\NkN�a��UXWP\^]�k5e
lmZ�k5d�o&e�]ak5Z^]a��e���\^]ak5W�UnWG\<]5]5e�lPlPe �NY "$Y�e�SXW�lPefY�\NkNy$lGe£��j���Z�lmZ�o5qXe$]akpe�]`��\<Y�o5UXe � WGl�]�¬ e$SVU�oaZ<Ss��Zuo>Zu_5lPe
kNefqne�o5qn\NkN�5WPqXeglmZ#lP\^W�k5�poaqX\N��evSXSX�aS���j��F\�SXWGt<]5WG�>��ZuUXWP{^e�Y�e$]<U�Y�WGe$�N¢pÁ-�5ehlPefo5qn\1��e$SnSV�>Ss��jw��Z[§�¨F��M

� \<�aSsSXe�t^Y�e$]<Un\^]aSsZc{<e$���5]5e#��j��F\�l¶¬ WPY%Zut<ehUXq�ZuWGUXd�efk5Z^]aS�l¶¬ e�¢1e$Y�o5lGe£L�Á-�5W�evSrU�lmZ�qnd$ZulPWmSXZuUXWP\^]!k�¬ �5]ae���aZ^Y�owkNe�jDZuqnz^\[{ �F\^�ao5lGe � kN\^]-UhlGevS�Y%Z^qXt<e$SgSV\<]<UfkNe#Urb1o>e γ ��{<\^WPqgSXe$��UXWP\^]w¡5M �aM �aMGO���M3��Z^]aSh��e%��Z<S¤lmµ �]5\<�aS³\^_5UXe�]a\^]aS:�5]�U�Zu�N¢�k�¬ e$qXqne��aq kNes � �8��\<]-UXqne� � L � o&\^�5qTlGesY�\NkNy�lPe���j���Z � e�UF} � } � o>\<�5q lPesY�\1k5y�lPe
��j���Zu§©¨�� � � e�U�l@¬ WPY�Z^t^efSXe�t^Y�e$]<Und�ege$SVU�qXe$o5qnd$SXe�]-UXd$egk5Z^]aS�lmZ£�>t^�5qne��@¡NMPO$¯ ��M

&³Zuq�ZuY�y�UnqXevSFevSrUnWGY�d$e$S
(a b)

�VO%O�� �VO�L � �@LpO�� �@L%L �
��jw�F\ �8¯ � }<¡�O � O�� �rO � ¡�¯ �  � �8�O � ¡ � �¶L � L�L � ¡ ���jw��Z �@¯ � }^}pO�� �¶L � «^}%L � O����j���Z[§�¨�� �rOf¯ � } � �¶L � Ä%L � O��

� ��� � ¡NMPO^O
�
QTSVUXWPY�ZuUXWP\^]`kNe$S�Y�Z^qXt<e$S
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�F\1e��%��WGe$]-UnSskNe���\^qnqXd$lPZuUXWP\^] �rO%O�� �rO£L � �@L!O�� �@L�L �
��j��F\ ¯ � i ¯ � ¡ ¯ � « ¯ � Ä-¡��j���Z ¯ � Ä1i ¯ � -� ¯ � �1i ¯ � Ä1i

����� � ¡NMPOvL � QFSrUnWGY%Z[UnWG\<]�kNe$Ss��\^o5�5lPe$S�t-Zu�aSnSXWGe$]5]5e$S

& qn\^_>Zu_5WPlGWGUXdvS �VO%O�� �rO�L � �¶L!O�� �@L%L �
��j��F\ ¯ � Ä5O ¯ � ¯aO ¯ � ¯aO ¯ � �-¡��j���Z ¯ � Ä^� ¯ � ¯-L ¯ � ¯-L ¯ � �<���jw��Z[§�¨F� ¯ � Ä ¯ � ¯aOv¡ ¯ � ¯5Oc¡ ¯ � �1i

����� � ¡5MGOv� � QTSVUXWPY%Z[UnWG\<]pkNevSso5qn\^_aZ^_5WPlGWGUXdvS#)r\<WG]-Une$S�kNe (X1, X2)

¦�e�Y�\1k5y�lPe ��j���Z ��e�U`k5Z^]aS!�5]5ewY�\<WG]>kNqXe�Y�e$SX�5qXe�lGe�Y�\1k5y�lPe ��j���Zu§©¨�� ��kN\^]5]ae�]-U!�5]ae�_&\^]5]ae
Zuoao5qX\c¢NWPY%Z[UXWP\^]%kNevSTlP\^WmS Y%Z^qXt<WG]aZ^lGevS�M<¦�e¤Y�\NkNy$lGeg��jw�F\#SXd�oaZ^qXe�Á-�aZ^]<U�µflP�5W&���>Z^Á-�5e�Y%Zuqnt^e�kNe

p(y1, y2)SX\^�aS%lmZ ��\<qXY�e k�¬ �5] Y�d�lmZu]at^eDkNewkNe��N¢ t<Z^Y�Y�Z �FlGevS���\^Y�o>\-SXZ^]-UXe$S
pd(y|1, 1)

e�U
pd(y|2, 2)

\<]<U�k5e$S
��\1e��%��WGe$]-UnS�o5qn\N���5e$SskNevSs{1qnZ^WPS�{[Z^lGe$�5qnS � Y%ZuWmSs��e$�N¢1§©��W3UXWPe�]5]5e$]-U���\<Y�o5UXe�kN�p�8ZuWGU¤Á-�5eflmZ#lP\^W+e$SVU�Y�\NkNWG�ad$e
lP\^q�SXÁ-�5e�]a\^�aS�Zc{^\^]>S¤kNevS���\<]5e$S¤��qn\^]-UXWPy�qne$Sse�Uhk5e£lmZ%o5qnd$SXe�]a��e#kNevS¤kNe$]aSVWGUXdvS

pd(y|1, 2)
e�U
pd(y|2, 1)

M>¦+e$S
e$SVUXWPY%Z[UnWG\<]aS kNevS SrUnqX�>��UX�aqXevS³kNe¤kNd$o>e$]ak5Zu]>��e���oaqX\<_aZu_5WPlPW�Und$S()r\^WP]-UXevS kNe�l¶¬ d�UnZuUT��Z^���adse�UT��\<o5�5lPe$S �:SV\<]-U³UX\^�5U
µh�8Z^W�U�SVWPY�WGlmZuWPqXevS ��e�¢5��e�o5UXd�evSTo&\^�aqTlPe$S o>Zuq�ZuY�y�UnqXevS kNe¤lmZ���\^o5�5lPe¤kNe�lPZ£kNe�]aSXWGUXd

p(y1, y2|x1 = 1, x2 = 2)
��M

¦ ¬ �NUnWGlPWPSnZ[UnWG\<]�k5e$S:kNe�]>SVWGUXdvS
pd(y|x1, x2)

k5Zu]aS³��e�UXUXe�Y�\1k5d�lPWPSnZ[UnWG\<]���j��F\ho&e�qnY�e�U kNe�o5qXe$]akNqneFe$]���\^Y�oNUne
lmZ!]a\^]N§©Y%Zuqnz^\[{1WPZ^]5WGUXd£kN�wo5qn\N��e$SnSX�aS��$Z^���5d�k5Z^]aSf��e�Uhe�¢Ne�Y�o5lPe^M�jDZ^lGt<qXd���e�UXUXe�Z^Y�d$lGWP\^q�Z[UnWG\<] kN�wY�\1k5y�lPe
oaZ^qsqnZ^o5o>\<qVUsZu�5¢`��j���Z � ]5\^�aS�]+¬ Zc{<\^]aS�oaZ<Ssk�¬ Z^Y�d�lPWG\<qnZuUXWP\^]�]ae�U¤kNevS�qXdvSV�5lGUnZuUnSskNehlmZ%SVe$t^Y�e�]-U�Z[UXWP\^]+M
�F\^Y�Y�e³lPeTY�\^]-UXqne �x¡u� � � lPe$S+Y�\1k5y�lPe$SB��jw�F\so>e$qXY�e�UXUXe$]<U:k�¬ Zc{^\^WPq�kNevS�o&e�qX��\^qnY�Z^]a��evS�e�]�SXe�t<Y�e�]-UnZuUXWP\^]

SX�5o>d$qXWPe��aqXe�Z^�N¢H��j���Z[§�¨�� � ��epÁ<�aWFo5qn\[{1WGe$]-U£k�¬ �a]5e�Y�e�WPlPlGe$�5qXe�Y�\NkNd$lGWmSnZ[UXWP\^]/k5e�lmZDkNd�o&e�]>k5Zu]a��e � Y%ZuWmS
Zu�>SXSXW+kNeflmZ%kNe�]>SVWGUXd

p(yn)
oaZuqs�5]�Y�d$lPZ^]5t^e<Ma¦�efY�\NkNy�lPe���j���Z%Z^o5oaZ^qnZ[�PU�ZulP\^q�S���\<Y�Y�e��a]`��\^Y�o5qn\^Y�WmS

e�]-UnqXe���e$SfkNe$�N¢�Y�\NkNy�lPe$S£Á<�aWFkNe${-WPe�]-U�o5qn\N���5e%kNe%l¶¬ �5] \<��l¶¬ Zu�NUnqXe%e$]���\<]a��UnWG\<] kNe%lPZ`oaqXdvSVe$]a��e�\^� ]5\<]
kNepkNd�o&e�]akaZu]a��e!��\<]akNWGUXWP\^]5]ae�lPlGe � e�U�kNe!lPZ�_&\^]a]5e!Z<kNd$Á-�aZuUXWP\^]/kNe!lPZ lG\<WTY%Zuqnt^WP]aZulPe^M � \^�>S#Zc{<\^]aS�k5e��N¢kNW �����5lGUXdvS�Zu�N¢5Á-�5e$lGlPe$S�]5\<�aSskNe�{<\^]aSF�8Z^WGqneg�8Z^��efk5Z^]aS�lPe���Z^S���j��F\�t<d�]5d$qnZ^l � Á-�5W�SX\^]-U�kNe$Ss��\^]aSXd$Á-�5e$]a��evS
kNeflmZ���\^Y�o5lPe�¢NWGUXd�kNevSsY�\NkNy�lPe$S � ��e�Á-�5W�WP]a��W�Une�µ�l@¬ �NUXWPlPWPSnZ[UnWG\<]pkNefY�\NkNy$lGevS���j���Z��NUXWPlPWPSnZu]-U¤kNe �V_>\<]5]5evSF�
lP\^WmSsk�¬ d$Y�WPSnSVWP\^]+M � \^�>SsZu_&\^q�kN\^]aSs��e�U�Z^SXo&e$��U¤kaZu]aS�lmZ�SVev��UXWP\^]`SX�5WG{[Z^]<Une^M

�	#�� #�� � � � � � � � ����� � ��� �
� ����� � �� �H�
 � ���� ��� � ������

¦�evS³Y�\NkNy�lPe$SF��jw�F\�kNe�{1WPe�]5]5e$]-UTqnZ^o5WmkNe�Y�e�]-U³UnqXyvS ��\<Y�oalGe�¢1evS � ��e�Á-�5W>SXe�UXq�Z^k5�5W�UTk�¬ �5]ae�oaZuqXU oaZ^qTkNe$S
kNW �����5lGUXdvSAk�¬ WP]<Une�qno5qnd�UnZuUXWP\^]�kN�£Y�\NkNy$lGe ��e�U:kNevS+o>Zuq�ZuY�y�UnqXevS�e$SVUXWPY�d$S � � e�UBk�¬ Z^�NUXqne oaZ^qVUBoaZuqBkNe$SBkNW �%���5lGUXd$S
k�¬ e$SVUXWPY%Z[UXWP\^]+M[Q ]#e �&e�U � lPe$S:oaZ^qnZ^Y�y�UXqne$SBk�¬ e �3e�U ��qn\^WmSXd θkl e�U ηkl Zc{^ev� k 6= l

SX\^]-U:SX\^�a{^e�]-UBUXqny$S:kNW ����WPlGevSBµ
e$SVUXWPY�e�qFe�]%q�ZuWmSV\<]�k5��Urb-o&e�k5e¤kN\^]a]5d�evSTÁ-�5Wa]a\^�aSTWG]-UXd$qXevSXSXe�]-U �<lG\<qnSnÁ-�5es]5\^�>STSXe�t^Y�e$]<Un\^]aS �5]5e�WPY%Zut^es\<�
�5]�SXWGt<]aZul-µ�l@¬ ZuWmkNeTk5e Y�\1k5y�lPe$S�Y%Z^qXz<\[{-WPe�]>S � l¶¬ WP]N��\<qXY%Z[UnWG\<]fSVoaZuUXWmZulPeTÁ-�5e ]5\<�aS�e�¢1oalG\<W�Un\^]aS�evSrUB_aZ^SXd�e SX�5q�l¶¬ Z
o5qnWG\<qXW-kNeTl¶¬ e�¢NWPSVUXe$]a��eFkNe �$\^]5evS��5\<Y�\<t^y$]5e$S$Mc�Fe$lPZ�SXWPt^]5WG�aeTÁ-�5eF]5\^�aSAZc{^\<]aS�kNevS�U�Zu�N¢�kNe³UnqnZ^]aSXW�UnWG\<]aS��8Z^WG_5lPe$S
e�]-UnqXefd�UnZ[U�S�kNW��&d$qXe$]-UnS��@��e�Á-�5efl¶¬ \<]�o>e$�NU���\<]aSVUnZ[Une�q�SX\^�5{<e�]-UsoaZuqsl¶¬ \^_NUne�]-UXWP\^]�kNe�Y%ZuUXqnWP��ehk5efUXq�Zu]aSXWGUXWP\^]
µ%kNWmZut<\^]aZ^lGe��VlPZ^qXt<e�Y�e�]-U
�hkN\^Y�WP]aZu]-UXe�� � ��e�Á-�5W+WPY�o5lPWPÁ-�5e£Á-�5efl¶¬ d�{^y$]5e�Y�e$]<U {(Xn, Xn+1) = (k, l)} Zc{^ev�
k 6= l

Z%�a]5e�o5qn\^_aZ^_5WPlGWGUXdfUnqXyvS��8ZuWP_5lPe#k�¬ ZuqnqnWG{<e�qvM�&:Z^q¤��\<]aSXd$Á-�5e�]-U � ]5\^�>S¤Zc{^\<]aS�o&e�� k�¬ \^_>SVe$qX{[Z[UnWG\<]aS�o&\^�5q
e$SVUXWPY�e�q

θkl
e�U
ηkl
� e�Us��e��N¢1§���W3\^]-U��5]5egUXqny$ST��\^qXUXeh{[ZuqnWmZu]a��e��1WGl�evSrU�Y "�Y�eho>\-SXSXWP_5lGehk�¬ \^_aSXe�qn{^e$qFk5Z^]aS�kNe$S

{^e$qnSXWP\^]aSsSVUX\N���aZ<SrUnWPÁ-�5evS�kNe�l¶¬ Z^lGt<\^qnW�Un�5Y�ehQ��F�s�5]5e£k5WPSXoaZuqnWGUXWP\^]���\<Y�oalGy�UXe£k�¬ �5]5e�UXq�Zu]aSXW�UnWG\<]
(k, l)

e$SVU�kNe
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SXegqne�UnqX\<�5{^e$q�k5\^]a�hk5Z^]aS�l@¬ WPY�o&\<SnSXWG_5WPlPW�Und�kNeho>\<�5{^\<WGq�e$SVUXWPY�e�qslPe$S�oaZ^qnZ^Y�y�UXqne$S���\<qXqne$SXo&\^]ak5Z^]-UnS$M-��efo5lP�aS �
l¶¬ evSrUnWGY%Z[UnWG\<]%SVdvÁ<�ae�]-UXWPe�lPlGeskNes�rÀ:j`§©Q��F�Bo>e$�NUTZuY�o5lPWG�ae�qT��e�o5�5d�]a\^Y�y�]5eso>Zuq���e�Á<�+¬ �5]aese�qnqXe$�5q³WGY�o&\^qXUnZ^]<Une
SX�5q�l¶¬ evSrUnWGY%Z[UnWG\<] kNe$S£oaZuq�ZuY�y�UnqXevShkNe$S£Y�Z^qXt<e$S

θkl
Zu�aqnZ`�5]ae%WG]��>�5e�]a��e�SX�5q£��e$lGlPe�kNevS���\<o5�5lPe$S

ηkl
� Á-�5W

SXe�qn\^]-U+]5dv��e$SnSnZuWPqXe$Y�e$]-U+Y%Zul-e$SVUXWPY�d$e$S$Mv¦AZ�qne$���5e$qn���aeTk�¬ �5]£evSrUnWGY%Z[Une��5qAe$SVUBqne�]>kN�5eFk5d�lPWP�$Z[UXeFoaZuqA�5]5eF�8ZuWP_5lPe
UnZ^WGlPlPe�k�¬ dv���aZu]-UnWGlPlG\<]�\^���5]%t^q�Zu]>k£]5\<Y£_5qne�kNe���lPZ<SXSXe$S$M^¦�evSF��j��F\fe$]<UnqnZ[�m]ae�]-U³�5]5e�e�¢1oalG\-SVWP\^]�kN�%]5\<Y£_5qne
kNehoaZ^qnZ^Y�y�UXqne$S � ��efÁ-�5W�e$SVUs�5]5efZu�NUnqXef�$Zu�aSXegk5egl¶¬ Zu�5t<Y�e$]-UnZ[UnWG\<]!kNehlmZ�{cZ^qXWmZu]>��ehkNe$S�evSrUnWGY%Z[Une��5q�S$M � \^�aSkNdvSVWPt^]5\<]aS |Θ| o&\^�5q!lGe ]5\^Y#_5qXe�kNe oaZ^qnZ^Y�y�UXqne$S�evSrUnWGY�dvS�o&\^�5qp���aZ^Á-�5e�kNe�]aSXWGUXdDY�\NkNd�lPWmSVd$e � p(y1|x1)o&\^�5q!lGevS!��j���Z e�U

p(y1|x1, x2)
o&\^�aq�lGevSp��j��F\ ��e�U |Υ| o&\^�aq�lGe ]5\^Y#_5qXeDk5eDoaZuq�ZuY�y�UXqne$S�e$SVUXWPY�d$So&\^�5q�lGevS¤��\<o5�5lPe$S$M>¦+e�]5\^Y#_5qneft^lP\^_aZ^l+kNe�oaZ^qnZ^Y�y�UXqne$S�e$SVUXWPY�dvS¤k5Z^]aS��a]�Y�\NkNy$lGe%��j���Z%evSrU |Φ � ���� | =

K × (K − 1) + K × |Θ| + K2 × |Υ| ��e�U�e$]HoaZ^qVUnWP���5lGWPe�q |Φ � �������� � | = K × (K − 1) + K × |Θ| � �ZulP\^q�S�Á<�aeg��e�lP�5W�k�¬ �a]!Y�\NkNy�lPe£��j��F\�e$SVU |Φ � ���� | = (K2 − 1) +K2 × |Θ|+K2 × |Υ| M5¦+Z#��\<Y�oalGe�¢1WGUXdkN��Y�\NkNy�lPe�{[ZuqnWPe£kN\^]>�he�]DlPe£��Z^qXqndfkN��]5\<Y£_5qne�kNe#��lPZ<SXSXe$S�o&\^�aq¤lPe$S�Y�\NkNy$lGevSg��j��F\%e�Uh��j���Z � ��e£Á-�5W
Y�\^]-UXqne¤Á-�5e�l@¬ e$SVUXWPY%Z[UXWP\^]!kNe¤Y�\NkNy�lPe$S�Zc{^ev�skNe¤]a\^Y£_aqXe$�aSVevST��lPZ<SXSXe$ST]5d$��e$SnSVWGUXe�d$]5\^qnY�d�Y�e�]-UFk5egkN\<]5]5d$e$S$M
�1W³]5\<�aSgqXev���5e�q����5\<]aS

5
��lmZ^SnSVevS�Zc{<e$�£lGevSh�-b1o&\uUn�5y$SXe$SgkNe�l@¬ e�¢Ne$Y�oalGe�o5qnd$��dvkNe�]-U � ]5\^�aShZc{<\^]aS |Θ| = 2

e�U
|Υ| = 1

��e£Á-�5W+]5\<�aS�kN\<]5]5e |Φ � ��	�
��� � | = 30 � |Φ � ��	� | = 55
e�U |Φ � ��	� | = 99

�&��e�UVUXe#Zu�5t<Y�e$]-UnZ[UnWG\<]
kN��]5\^Y#_5qne�k5e�o>Zuq�ZuY�y�UnqXevS+o&\<SXe�_5WGe$]#d${1WPkNe$Y�Y�e$]-U:lPe�o5qn\^_5lPy�Y�eskNe�l@¬ WP]<Une�qno5qnd�UnZuUXWP\^]�kN�#Y�\NkNy$lGe�\^_5UXe�]1��M
&:\^�5q�lP�NUVUne�qs��\<]-UXqneg��e�UVUnegZ^�5t^Y�e$]<U�Z[UnWG\<]!kNeglPZ���\<Y�o5lGe�¢NW�Und � WGl�evSrU�o&\<SnSVWP_5lPegkNehq�Z )r\<�NUXe$q�kNevS���\^]-UnqnZ^WG]-UXevS
UXe$lGlPe$S

θkl = θk
e�U
ρkl = 0

SXW
k 6= l

MA¦+Z`o5qne�Y�WPy�qne�o&e�qnY�e�U#k5e�oaZ^SnSXe�q�kN� Y�\NkNy�lPep��j��F\DZ^�wY�\NkNy$lGe
��j���Z � lPZ�kNe��N¢NWPy�Y�e�o&e�qnY�e�U�kNe£lGWPY�W�Une�q �@k5Zu]>SslGe#��Z^Sg��j��F\ ��\<��k�¬ d$lGWPY�WG]ae�q �@k5Zu]>S�lPe£��Z<S���j���Z ��lPe$S
o5qn\^_5lPy�Y�evS³k�¬ evSrUnWGY%ZuUXWP\^]%kN�aS Z^�N¢£�8Z^WG_alGevS³]5\^Y#_5qne$S³kNe����aZ^]5t^e$Y�e�]-U k�¬ d�UnZuUnS$M �1\^�>S ��evS kNe��5¢���\<]-UXq�ZuWP]<Une$S �
lPe�Y�\1k5y�lPep��j���Z�Z��5]ae���\<Y�oalGe�¢1WGUXd%d$t<Z^lGe�µ

K × (K − 1) + K × (|Θ| + |Υ|) � Á-�5WTqne$SVUXe�k5� Y�"$Y�e
\^q�kNqneskNe�t^q�Zu]>kNe��5q Á-�5e���e�lPlGe�kN�%Y�\1k5y�lPe���j���Z[§�¨���M-�FesY�\1k5y�lPeg��j���Zf��\<]-UXq�ZuWP]<U³evSrUTo>ZuqXUXWm���5lPWGy$qXe$Y�e�]-U
WP]<Und�qne$SnSXZ^]-U e�]�q�ZuWmSV\<]%kNe�SnZfoaZ^qn��WGY�\^]aWGese�U�kNegSXZ��$ZuoaZ<��WGUXd�µ#��Zuo5UX�5qne�qTk5e$S���Zuq�Z^��UXd$qXWmSrUnWPÁ-�5evS:e$SnSVe$]-UXWPe�lPlGevS
kN�`o5qn\N��e$SnSX�aS�\^_aSXe�qn{^d<M
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Á-�5WTqne��\^WGU�lGevS�dv���5\<Sfqne�]1{<\[b^d$Sho>Zuq�lPe$S#kNW �3d�qne�]-U�S�\^_>SrU�Z^��lPe$S�\^� ��WP_5lPe$S£k5�/oaZcbNSXZ^t^e<MA�F\^Y�Y�e�SV\<] ]5\^Y
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�: ��Z�oaZuqnY�W�SVevSs\^_�)rev��UnW��8SslmZ%kNd�UXe$��UXWP\^]�kNevS���WP_5lPe$Sse�U
l¶¬ evSrUnWGY%Z[UnWG\<]�kNeh��e$qVU�ZuWP]5e$S�kNe¤lPe��aq��$Zuq�Z^��Und�qnWPSVUXWmÁ-�5e$S � ��\^Y�Y�e¤lPe��5q�o&\<SXW�UnWG\<]�e�U�lGe$�5q�{1W�Une$SnSVe<M-¦+e$SFY�evSV�aqXevS
e �3e$��UX�5d$e$Sso>Zuqs��e�SXbNSrUny�Y�efSV\<]<Uso&e�qXUX�5qn_&d�e$SsZ^lGdvZ[Un\^WPqXe$Y�e$]-U�oaZ^q�kNe$S�oaZuq�Z^SXW�Une$S�k�¬ \^qnWGt<WG]ae$S�kNWP{^e�q�SXe$S �

� lGeh_5qn�5WGU¤kNe$S�qnd$��e�oNUne��5q�S �
� lGevS�oaZuq�Z^SXWGUXe$S3kN�>S+µ�l¶¬ e$]-{1WPqX\<]5]5e$Y�e$]-U��8_5qn\^�5WPlGlPe��aqnS � qnd��ae�¢1WP\^]>S�SV�5q�lPe oaZcbNSnZut<eAt<d�]5d$qnZ^]<U��5]h��\<�5WPlGlPWPS � �
� lGevSskNWPSVUX\<qnSXWP\^]aS�kN�5evSsµ�lPZ�o5qn\^o>Zut<ZuUXWP\^] �

� lPZ�qn\uUnZuUXWP\^]pk�¬ Z^]-UXe�]a]5e ��lP\^q�SXÁ-�5eh��e$lGlPe�§���W�evSrU�e$]!Y�\<�5{^e$Y�e$]-U ��M
¦ ¬ \^_ )re$��UnW���kNevS³UnqnZ^W�Une�Y�e�]-UnS e �3e$��Un�5d$SFSV�aqTlPe$S SXWGt<]aZu�5¢#qne���>S³e$SVUFZulP\^q�S³kNe¤k5WGY�WP]-�ae�q � {^\<WGqne�k�¬ d�lPWGY�WP]5e�qF��e$S
o&e�qXUX�5qn_aZ[UnWG\<]aS Zu�a]�kNe�Y%Z[¢NWPY�WPSXe�q lPe�q�Zuo5o&\^qXUTSXWGt<]aZulaµ�_5qX�aW�UTe�UTlPe$S oaqX\<_aZu_5WPlPW�Und$S kNe�kNd�Une$��UnWG\<] � ZuWP]aSVW>Á<�ae
lmZ�o5qXdv��WmSVWP\^]`kNevSse$SVUXWPY%Z[UXe$�5q�S�kNe$S¤��Zuq�Z^��UXd$qXWmSrUnWPÁ-�5evS�kNe$S���WG_alGevS�Ma¦+e$SsoaqX\<t^qny$SFUXev���5]5WmÁ<�ae$Ssqnd$Z^lGWmSVdvSskNe�oa�5WPS
�5]5e#��WP]aÁ-�aZu]-UnZ^WG]ae£k�¬ Zu]5]5d$e$Ss\<]-U¤o>e$qXY�WmS�lPe£kNd${^e�lP\^oao>e$Y�e$]-U�kNe�q�Z^k5Z^qnSs�$ZuoaZ^_5lPe$S�kNe���\^�5qn]5WPq¤�5]5e£WGY%Zut<e
kNe�l@¬ e�]1{1WPqX\<]5]5e�Y�e$]<U � Á-�5W³e�¢No5lG\<W�Une�]-Uho5qXdv��WmSVe$Y�e�]-U�lPe#_aqX�5WGUhWPSnSV�wkN�woaZcbNSXZ^t^e �8W@M e^M3lPe£��\<�5WGlPlPWPS ��e�UfkN\^]5]ae
kNefY#�5l�UnWGoalGevS�WG]N��\<qXY%ZuUXWP\^]aSsSX�5qslPe�SV\<l � lmZ�{^d�t<d�U�Z[UXWP\^] � l¶¬ Z[UXY�\-SVo5�ay�qne � lmZ#Y�e$q � M�M$M
±�WP]aSXW�Zu�N¢ qnZ<k5Zuq�S#��lPZ<SXSXWmÁ<�ae$S�kNeDSX�5qV�8Z<��e!UXe$lPS%Á-�5e�lPe$S�q�Z^k5Z^qnS�kNe����aZ^Y�o kNe�_aZuUnZ^WGlPlGe � kNe�kNd���e$]aSXe

Zud$qXWPe�]a]5e � � �uUnWGe$q � Y�d�Und�\ � ]aZc{[Zul � SVepSV\<]<U�Z )r\<�NUXdvS�lPe$S#qnZ<k5Zuq�S£Z^d�qn\^o&\^qXUXd$S�\^�HSnZ[Une�lPlGWGUXepkNW�U�S�µ SXb-]-Un�5y$SXe
k�¬ \^�5{<e�qXUX�5qne���·�4 
a¸�»	��¸@¾8º�	 ��-��¸ + � � �¤¼7^¼%� � �N±�� � Á-�5W&o>e$qXY�e�UVUXe$]-U�k�¬ \^_NUne�]5WPq�kNe$STWGY%Zut<e$SFkNe¤l¶¬ e$]1{-WPqn\^]5]5e�§Y�e�]-UsUXe$qXqne$SVUXqne � e�¢1oalG\<W�U�Zu]-UslGevS�]5\^Y#_5qXe$�N¢!Zc{[Zu]-U�Zut^evSFk5�`SXWPt^]aZ^l�qnZ<k5Zuq �PO$¯^Ä�� �

� SXZ#qXWm���5evSXSXeho5�1b1SXWmÁ<�ae �NWP]-UXe$]aSVWGUXdfqnd�UnqX\NkNW��3�aSVd$e � e �&e�U¤�¤\<o5o5lPe�q � o>\<lPZ^qXWPY�d�UnqXWPe � WP]<Une�qX��d�qn\^Y�d�UnqXWPe �
�
SV\<]!WP]aSXe�]aSXWG_aWGlPW�UndfZu�N¢!��\^]ak5W�UnWG\<]aSsZ[UnY�\-SVoa�5d�qnWPÁ-�5evS �

�
SVevSs��Zuo>Z^��WGUXdvS�kNe�kNWmSX��qXWPY�WG]aZuUXWP\^]`kNe$S�Y%ZuUXd�qnWmZu�N¢�M

&³ZuqpkNe$S�UXev���5]5WmÁ<�ae$SpkNeDUnqnZ^W�Une�Y�e�]-Upk�¬ WPY%Zut^e � ��e$S!WGY%Zut<e$S%o&e�qnY�e�UXUXe�]-U�kNeD��\<�5qn]5WGqpkNe$S!WP]N��\^qnY%Z[UXWP\^]>S
e�¢No5lP\^WGUnZ^_5lPe$Shk5Zu]>ShlGevSfZuo5o5lPWm��Z[UnWG\<]aSgY�WGlPW�U�ZuWPqXevS � \<�wk5e$SfkN\<Y�Z^WG]ae$S�UXe$lPSfÁ-�5e%lmZ�Y�d�UXd�\<qX\<lG\<t^WPe � l¶¬ \N��dvZu]5\^§
t^q�Zuoa�5WGe � l@¬ Zut<qXWm���5lGUX�aqXe � \^�pl@¬ e�¢No5lP\^q�Z[UnWG\<]�o&d�UXqn\^lPWPy�qne^M

O$�<}
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�Fe$SFUne$���5]5WmÁ-�5e$S � e�]-UnqXefZu�5UXqne$S�lPZ�SXe�t<Y�e$]-UnZ[UnWG\<]�_aZcb<d$SXWGe$]5]5e � \<]-U�d�UXdhq�Zuqne�Y�e�]-UsZuo5o5lPWmÁ<�ad�e$S�o&\^�5qslPe$S
q�Z^k5Z^qnS���lmZ^SnSVWmÁ-�5e$S�kNefSX�5qV�8Z<��egÁ<�aW�kN\^]5]ae�]-U�k5e$S�WPY�Z^t^evST�5]aWPkNWPY�e�]aSXWP\^]5]5e$lGlPe$S$M � \<�aS��NUXWPlPWPSX\^]aSskaZu]aS���e�UVUneoaZ^qVUnWGe�lPe$S Z^lGt<\^qnW�Un�5Y�e$S:kNesSVe$t^Y�e�]-U�Z[UXWP\^]�kNd${^e�lP\^oao>dvS³k5Zu]aS:lPe$S³���>Zuo5WGUXqne$S:o5qnd$��d$kNe$]-UnS:o&\^�5q³o5qn\^o&\<SXe�q:�5]ae
Y�d�Un�5\NkN\^lP\^t<WGe�kNep��Z^qVUn\^t^q�Zuoa�5WGe%kNe�l@¬ e�]1{1WGqn\^]a]5e�Y�e�]-U#k5e�qnZ<k5Zuq�S�kNe!SV�5qn{^e$WGlPlmZu]a��e%e�¢No5lP\^WGUnZu]-U£lPe$S£WG]5��\^qX§
Y%Z[UnWG\<]aS£��\^o5oalGe$q£\^� o&\^lmZuqnWPY�d�UXqnWPÁ-�5e<MB�Fe�o&e�]>k5Zu]-U � lPZDY�d�UX�5\NkN\<lG\<t^WPe�o5qn\^o&\<SXd�e%o&\^�5q#lPZ ��ZuqXUX\<t^q�Zuo5�aWGe
kNehl¶¬ e$]-{1WPqX\<]5]5e$Y�e$]-U���\^o5oalGe$q�]+¬ evSrUs]1�5lPlGe$Y�e$]-UsSXo&d$��WG�>Á-�5ehZu�pqnZ<k5Zuq � e�Uso>e$�NU "�UnqXehd�Une�]ak5�5e$SsZ^�N¢%UXq�ZuWGUXe�§
Y�e�]-UnSgkNevSgSXWPt^]aZ^�N¢po&\^qXUXe$�5q�S¤kNe���e�UVUXe�WP]N��\^qnY%Z[UXWP\^]D��\^Y�Y�e#��e��N¢D\<_NUXe$]-�ae$S�oaZuq�d$���5\<t^q�Zuo5�5WPe���\^o5o5lPe�q
��d$Y�WPSnSVWP\^]Dk�¬ �5lGUXq�Z^SX\^]>S � � lGWmk5Z^q �Z@³¾ :v»N¸ � ��¸ �nº�¸¶¾8¹ 
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�: � d�Y�WmSXSXWG\<]�k�¬ �5lGUXq�Z^SX\^]>S ��Mu¦�e$S o5qX\N��d$kN�5qne$SAUnWGe$]5]5e�]-UT��\^Y�oNUXe�k5�#��\<qXY%ZuU:o>ZuqXUXWm���5lPWGe$q kNe$S
SXWGt<]aZu�N¢�q�Z^kaZuqsÁ-�5W+SX\^]-U�kNe$S�WPY%Zut^evS��5]5WmkNWPY�e$]aSXWG\<]5]5e�lPlPe$SskNe�SXWGt<]aZu�5¢�Y£�5lGUXWmkNWPY�e$]aSXWG\<]5]5e�lmS$M
� \<�aSBqnZ^o5o&e�lP\^]aSAUX\<�NU k�¬ Zu_&\^q�k�lPe$S:o5qnWG]>��WPo>evS:o5�1b1SXWmÁ<�ae$S:kN��qnZ<k5ZuqBe�U kNdv��qnWG{<\^]aSA_5qnWGy${^e�Y�e$]<U:lmZg���>Zc� ]5ekNepUXq�ZuWGUXe$Y�e�]-U�qnZ<k5Zuq � e�U�lPe$S�\^o&d�q�Z[UnWG\<]aS�]5d$��e$SnSXZ^WGqne$S�µwl@¬ \^_5UXe�]-UnWG\<] kNevS%kN\^]a]5d�evS%SV�5q%lPe$SnÁ-�5e�lPlPe$S%SX\^]-U

Zuoao5lGWmÁ-�5d�evSslPe$S�UXq�ZuWGUXe$Y�e�]-UnS�k5e�SVe$t^Y�e�]-UnZuUXWP\^]�M � \^�aS�e�¢No5lPWPÁ-�5\<]aS�ZulP\^q�S�lGefoaqX\<_5lGy$Y�e�kNeflPZ%k5d�UXev��UnWG\<]pe$]q�Z^k5Z^q � e�U£]5\^�>Sh�8ZuWmSV\<]aSflPe�lPWGe$] Zc{<e$��lmZ�SVe$t^Y�e�]-U�Z[UXWP\^] e�U�lPZDk5d�UXev��UnWG\<]/Á<�aWT��\<]aSrUnW�Un�5e��5]ae�Zuo5oalGWm��ZuUXWP\^]
o&\uUXe$]-UXWPe�lPlGe�kNevS�UXq�Zc{[Zu�N¢�kNe���e�UXUXehUX�ay$SXe^M
� \<�aSgkNd�{<e�lP\^o5o&\^]aSgZulP\^q�S��a]5e#Y�d�UX�5\NkN\<lG\<t^WPe£o&\^�5qglPZpSXe�t^Y�e$]<U�Z[UnWG\<] kNe£l¶¬ e�]1{1WGqn\^]5]ae�Y�e�]-Ug��\^oao5lGe$q �_aZ<SVd$e�SX�5qf�5]ae%Y�\NkNd$lGWmSnZ[UXWP\^] Zu�5UX\^qnd�t<qXevSXSXWP{^e£kN� SXWGt<]aZul³q�Z^kaZuqvM � \^�aShoaqXdvSVe$]<Un\^]aSh�a]w]a\^�5{<e$Zu��Y�\1k5y�lPe��j���Z�o&\^�5qslmZ%SVe$t^Y�e�]-U�Z[UXWP\^]pk�¬ �5]5efq�Z[�8ZulPe � e�U¤kN\^]5]a\^]aSsÁ-�5e$lPÁ-�5evS�e�¢Ne�Y�o5lPe$Ssk�¬ Zuoao5lGWm��ZuUXWP\^]aS$M
��e%Y�"$Y�e�Á<�ae%o>\<�5q�l¶¬ WP]N��\^qnY%Z[UnWG\<]w��\^o5oalGe$q � ]a\^�aShq�Zuo5o&e�lP\^]>ShlGevSfo5qn\^o5qnWGd�UXdvSho>\<lPZ^qXWPY�d�UXqnWmÁ<�ae$ShkNe$S

\^]>kNe$Ssd$lGev��UnqX\<Y�Z^t^]5d�UXWmÁ-�5e$S � e�U¤]a\^�aS�kN\^]5]a\^]aS�k5W �3d�qne�]-UXevSsqne�o5qnd$SXe�]-UnZuUXWP\^]aSsk5e�l@¬ WP]N��\^qnY%Z[UXWP\^]`o&\^lmZuqnWGY�d�§
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�8ÄaM ¡ �

¦+ZhoaqX\<_aZu_5WPlPW�Und�k5e�kNd�Une$��UnWG\<]�k�¬ �5]5e���WP_5lPe � SV\<�aS:l@¬ �1b1o>\^UX�5yvSVe H1
e$SVUTZuoao>e$lGd$eslPZho5qn\^_>Zu_5WPlGWGUXd�k5e�kNd�Une$��UnWG\<]

Pd
M1¦�e¤qXWmSXÁ-�5e�kNe¤o5qne�Y�WPy�qne�e$SXo&y$��e�kNe���e�UXevSrU�e$SVUFZuoao>e$lGd�lPZfoaqX\<_aZu_5WPlPW�Und¤kNe��8Z^�aSnSVe¤Z^lPZ^qXY�e��

Pfa
� e�U�k5\^WGU



O�-Ä ������� � � ����� ��������� � 	 � ��������	 	�� � � � 	 � ������	 	���� � 	 � ����	����

������� Ä5M Ä � �¤d�UXev��UXWP\^]�oaZuq � ÀN±¤��M�QTSrUnWGY%ZuUXWP\^]�k5e�l¶¬ Z^Y£_5WmZu]>��e Y�\[b<e�]5]5e�Zu�NUn\^�5q`kNewlPZ ��Z^SXeDUne$SVUXd$e��lPe$S#��Z<SVevSfkNWGqne$��UXe$Y�e$]-U#Z^k!)VZ<��e$]<Une$Sf]ae�SV\<]-U�oaZ^S���\^]aSXWmkNd�qnd�evShoaZuq�qn\^_a�aSrUne$SnSVe�Z^�N¢w��WG_alGevS�d�Une�]ak5�5e$Sf\<�
o5qn\N���5e$S ��M �NWalPe$S Z^Y£_5WmZu]a��e$S³evSrUnWGY�d$e$S SX\^]-U lPe$S³Y�\[b^e$]5]5evS kNe$ST��Z^SXe$STkNqX\<W�Une$S:e�UTt<Z^�a���5e$S � lPe � ÀN±¤�H�NUXWPlGWmSXe��o>Zuqse�¢Ne$Y�oalGe���lGehY%Z[¢NWPY£�5Y�kNe$SskNe$�N¢pZ^Y£_5WmZu]>��e$S�evSrUnWGY�d�evS�M

"�UnqXe£WGY�o&d�q�Z[UXWP{^e$Y�e�]-Us�5¢Nd£µ%�5]ae�{[ZulPe��5qsUnqXyvSs�8Z^WG_5lPe8� � lPe�o5lP�aS¤SX\^�a{^e�]-U 10−6 M3�F\^Y�Y�e�l¶¬ e$]1{-WPqn\^]5]5e$Y�e�]-U
q�Z^k5Z^q¤e$SVUgZ^lGdvZ[Un\^WPqXe � lGe�SXe��5WPlBk5\^WGU�o&\^�5{<\^WPq�S$¬ Z<k5ZuoNUne�qhkNe£Y%Z^]5WGy$qXe#µ�Y%ZuWP]-UXe�]aWGqglPZ Pfa µ��5]D]5WP{^evZu� k5e
10−6 MB¦�evShUXq�ZuWGUXe$Y�e$]-UnS�Á-�5W o&e�qnY�e�UXUXe�]-U#��e���\<]<Unq �<lGe%kNe�lPZp�8Z^�aSXSXe�ZulmZuqnY�e%SV\<]<U£Z^o5o&e�lPd$S � ÀN±¤� ��o&\^�5q
� � Z^�N¢HkNe�ÀaZ^�aSXSXe`±�lmZuqnY�e �F\<]aSrU�Zu]-U
� ��MT�FevS#Y�d�UX�5\NkNevS%kNe`qXd$t^�5lmZ[UnWG\<] kNe`lmZD�8Z^�aSXSXe`ZulmZuqnY�epqne�o&\<SXe�]-Ue$SnSXe�]-UXWPe�lPlGe$Y�e�]-U�SX�5q�l¶¬ e$SVUXWPY�ZuUXWP\^]DkN� ]5WG{<e$Z^��Y�\[b<e�]DkNe �rl¶¬ ZuY£_aWPZ^]a��eL� � e�U�lmZ���\^Y�oaZuq�ZuWmSX\^]`kNe£lmZ�{[ZulPe��aq
��\<�5q�Zu]-UXe`µ ��e�]5WP{^evZu� Y�\[b^e�]+M ¦�e�_5qn�5WGU�ZulPd$Z[Un\^WPqXe`Á-�5W¤��\^]aSVUXWGUX�5e�l¶¬ ZuY£_aWPZ^]a��e�k5Z^]aS�lPZ<Á-�5e�lPlGe`lmZ ��WP_5lPe
e$SVU�o5lP\^]5t<d�e%evSrU£Z^o5o>e$lGd$e%lGe���\<�5WPlGlPWPS$M��Ne�lP\^] lGe�Urb1o&e�kNe%��\<�5WGlPlPWPS ����\^�5WPlPlGWmS£kNe�SX\^l � kNe%Y�e$q � k5e%o5lG�aWGe�� � lPe$S
Y�d�Un�5\NkNe$Spk�¬ e$SVUXWPY�ZuUXWP\^] k5e l¶¬ Z^Y£_5WmZu]a��eDo&e��5{<e�]-U!{[ZuqnWPe�q � Y%ZuWmS�t-Zuq�kNe�]-U���\<Y�Y�e�o5qnWG]a��WGo&e t<d�]5d$qnZ^l�lmZ
�VY�\[b<e�]5]aWPSnZ[UnWG\<] ��SV�aqslGevS���Z<SVevS�SXWGUX�5d$e$SsZc{[Zu]-Use�U¤Z^o5qXyvS�lPZ���Z<SVegUne$SVUXd�e � {^\<WGq��at<�5qne��@Ä5M Ä ��M

jDZ^lGt<qXdsl¶¬ �5UXWPlGWmSXZuUXWP\^]�k5e�o5qn\N��dvkN�5qne$S SVUnZuUXWmSrUnWPÁ-�5evSTo&\^�5q�ZuY�d$lGWP\^qne�q lmZ�qn\^_a�aSrUne$SnSVe�kNe���e�UVUne¤evSrUnWGY%Z[UnWG\<]
qne�lmZ[UXWP{^e$Y�e�]-U�Zu�N¢w{cZ^lGe$�5q�SfZ[Urb1o5WmÁ<�ae$S �@��\^Y�Y�e%lPe$S�SVUnZuUXWmSrUnWPÁ-�5evS�kNe%q�Zu]5t � � l¶¬ evSrUnWGY%ZuUXWP\^] kNe%l¶¬ Z^Y£_5WmZu]a��e
o&e��NU "�UXqne�kNd�Und�qnWG\<qXWPd�e�oaZ^qf�5] ��\^�aWGlPlGWmSfWP]5�5\<Y�\<t^y$]5e ��e�U�Zu�5t<Y�e$]-UXe�q�Z^WG]>SVW³lmZ

Pfa
\^� kNWPY�WG]1�5e$q�lmZ

Pd
� �

Zc{^ev��lPZho5qnd$SXe�]>��e�kNe����aZ^]5t^e$Y�e�]-UnS Z^_5qn�5oNUnS$M^¦AZfSVe$t^Y�e�]-UnZuUXWP\^]�_aZcb^dvSVWPe�]a]5e�o>e$�NUTlPWGY�WGUXe�q���eso5qn\^_alGy$Y�ese$]
o5qn\^o&\<SnZu]-U³�5]5eg��ZuqXUXe�k5e$STk5W �3d�qne�]-UnS³��\^�5WPlGlPWmS e�U��5]5e�lP\N��Z^lGWmSXZuUXWP\^]%kNe¤��e$S ���>Zu]5t<e�Y�e�]-UnS$M^��e��N¢�o5WmSrUne$S � ]5\<]
e�¢No5lP\^qnd�evSsk5Zu]>S�lmZ%SV�5WGUXe � o&e��5{<e�]-U "�UXqne�o5qn\^o&\<SXd�e$S �>lPZ���ZuqXUXe�k5e$S���\<�5WGlPlPWPS¤e$SVU¤�NUXWPlPWPSXd�e�o&\^�aq�kNd�UXe�qnY�WG]ae�q �
µ�l¶¬ ZuWmkNe£k�¬ �5]���qXWGUXy$qXe#kNe£{<\uUXe � lPe�Urb1o&e#kNe � ÀN±¤� µ��NUnWGlPWmSVe$q �8t<Zuq�Zu]-UnWPSnSXZ^]-U�lmZ�Y�e$WGlPlGe$�5qne£o5qn\^_aZ^_5WPlGWGUXd£k5e�8Zu�>SXSXesZulmZuqnY�e�o&\<SnSVWP_5lPe � UX\<�NU³e�]�Y%Z[¢NWPY�WmSnZu]-UBlmZgo5qn\^_aZ^_5WGlPWGUXdskNe��8Zu�aSnSXe�Z^lPZ^qXY�e � -¯ � ��M � ]5e�Zu�NUnqXe�\^o5UXWmÁ<�ae
]�¬ e$SVUAo5lP�aSBkNeF��\^]aSXWmkNd�qne�q�lmZ¤�$ZuqXUXe e$lGlPe�§©Y "�Y�e � Y%ZuWmS+lPe Y�\NkNy�lPeFSVUnZuUXWmSrUnWPÁ-�5e�Zcb<Zu]-U�o&e�qnY�WPSBkNeTlmZ���\^]aSVUXqn�5WPqXe<M
¦�egY�\NkNy�lPe�evSrUnWGY�d���oaZ^q�e�¢Ne�Y�o5lPe��a]5ef��jw��Z �Te$SVU��a]5e�Y�\NkNd$lGWmSXZuUXWP\^]�k5�!Y�d�lmZu]at^e�k5e¤��\<�5WGlPlPWPS�qne�]a��\^]-UXqnd
SX�5qTlmZhqnZ<kNWmZulPe � Z^WG]aSXWalPe$SF��WP_5lPe$S o&\^]>��UX�ae�lPlGevSTZcb<Z^]-UTkNe$STqXd��ae$��UXWP{-WGUXdvS oaZ^qVUnWP���5lPWGy$qXe$Y�e$]-U³��\^qXUXe$ST\^�%Zc{^ev�skNe$S
o5qn\u�almSs{1WGUXe$SnSXe�SVWPt^]5WG�>�$Z[UXWP{^e$Y�e�]-U¤kNW��&d$qXe$]<U�S¤kNe£lGe$�5q¤e$]-{1WPqX\<]5]5e$Y�e$]-U�o>e$�5{^e$]<U�"�UXqne£��\<]aSXWPkNd$qXd$e$Ss��\^Y�Y�e
kNevS o&\^WP]<U�STZuUrb-oaWPÁ-�5evS kNe¤��esY�\NkNy$lGe<M &³Zuq���\<]aSVdvÁ-�5e�]-U � �5]5e�o5qn\N��dvkN�5qne�kNe¤kNd�UXe$��UXWP\^]�kNevSTZuUrb-oaWPÁ-�5evS k�¬ �5]
Y�d�lmZu]5t<e � SXWPY�WPlmZuWPqXe�µ���e�lPlGevSfo5qn\^o&\<SXd�e$Sho>Zuq£jD�$¦+Z<���5lPZ^] �@���aZuoaW�UnqXe!i � k5Zu]>S �GOv¯^} � �ho&e��NU$"�UXqne�Z<k5ZuoNUnd�e<M
&³Zuqge�¢Ne�Y�o5lPe � k5Z^]aS¤lPe#�$Z^S�k�¬ �a] Y�d�lmZu]5t<e#kNe#lG\<WPS �1���+² � ��e�lmZ�qne�{1WPe�]-U�µ��NUXWPlGWmSXe�qg�5]���qXWGUXy$qXe£k�¬ ZuUrb-oaWP��W�Und
kNevS \^_>SVe$qX{[Z[UnWG\<]aS

yi
oaZuqFqnZ^o5o&\^qXUTµflPZ�{cZ^lGe$�5qTY�\[b<e�]5]5e�k5d��a]5WPe¤o>Zuq

qk(yi) = 1
2 (yi−mk)

∗Σ−1
k (yi−mk)e�U�µ���\<Y�oaZuqne�q lmZf{[ZulPe��aq ∑K

k=1 πi,kqk(yi)
��\^�

mink πi,kqk(yi)
�Tµ��5]�SXe��aWGl¶M �NW&��e�lPlGe�§©��Wae$SVUTt<qnZ^]akNe � ]5\^�>S

��\<]aSXWPkNd$qX\<]aSgZulP\^q�S�Á-�5e�l@¬ \^_>SVe$qX{[Z[UnWG\<]
yi
e$SVUf�5] o&\^WP]-U�Z[Urb1o5WmÁ<�ae�kN�wY�\NkNy�lPe�k5e#��\<�5WPlGlPWPS � e�U�Á-��¬ WGl S$¬ Z^t^WGU

kN\<]a�hk�¬ �a]5e���WP_5lPe^M
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¦+ZhY�d�UX�5\NkN\<lG\<t^WPe�kNe�SXe�t<Y�e$]-UnZ[UnWG\<]%kNes��\^�aWGlPlGWmSTÁ-�5e¤]5\^�aSTo5qn\^o&\<SX\^]aS SXe¤SXW�Un�5e�e$]�ZuY�\^]-UFkNe¤l@¬ Zu]aZ^lGbNSXe
��\^o5o5lPe�q�e�U�kNeplPZ o5�aZ^SXe�kNe`kNd�UXe$��UXWP\^]Hk5e$S���WP_5lGevS�M � \<�aS#�NUXWPlGWmSX\^]aS#lGe`SXWGt<]aZulFqXe����HZ^o5qXyvS£��\^Y�o5qne$SnSVWP\^]k�¬ WGY�o5�alPSXWG\<] � ]5\^UXd (yn)1≤n≤N

� e�U�]5\^�>S�lGe�SXe�t<Y�e$]-UX\^]>S�SXe�lP\^]`�#Urb1o>evS�k�¬ WG]N��\<qXY%ZuUXWP\^] �
O<M��sd��aev��UnWG{1WGUXd
L5M��¤\<o5o5lPe�q
�aM�&B\<lPZ^qXWPY�d�UnqXWPe

�gZu]aS#lGevS�oaZ^qVUnWGevS#SX�5WP{[Zu]-UXevS � ]5\^�aS#o5qn\^o&\<SX\^]aS��5]5e�Y�d�UX�5\NkN\<lG\<t^WPe�o>\<�5q£e�¢1UXq�ZuWPqXe�e�U�SXd�oaZ^qXe$q£��evS#�DWG]N§
��\^qnY%Z[UnWG\<]aS � kNe�Y%Zu]5WPy�qneDµ ��\^�aqX]5WPq�kNevS���Z^qVUne$S�k5W �3d�qne�]-UXevS%e�Up��\^Y�o5lPd�Y�e$]<U�ZuWPqXevS%kNeDl¶¬ e$]1{-WPqn\^]5]5e$Y�e�]-U
q�Z^k5Z^q$M-¦ ¬ WGY%Zut<e�Á-�5eg]5\^�>S UnqnZ^W�Un\^]aSF]�¬ e$SVU�kN\<]a��oaZ^SFl@¬ WPY�Z^t^egkNWPSVUnZ^]a��e�§©��\^oao5lGe$qF�>Zu_5WGUX�5e$lGlPe � Y%ZuWmSFe$SVU��5]ae
SXd$Á-�5e�]>��e`k�¬ \<_aSXe�qn{cZuUXWP\^]aS�Z^o5oaZuqXUXe$]aZu]-U�µwk5e$S�e$SXoaZ^��e$S�kNe`qne�o5qnd$SXe�]-UnZuUXWP\^]HZ<kNd$Á-�aZuU$M³¦+ZwY�\NkNd�lPWmSXZuUXWP\^]
SVUnZ[UnWPSVUXWmÁ-�5eh�NUXWPlPWPSXd�efkNdv��qnW�U�kN\<]a�glGehY�d�lmZu]5t<efkNe$S���\<�5WGlPlPWPS �@�¤\<o5o5lPe�qs\^�po&\^lmZuqnWGY�d�UnqXWmÁ-�5e��T\^_>SVe$qX{<d�lPehlG\<]5t
k�¬ �5]5eDq�Z^k5WPZ^lGe � e�U�WP]-UXd$t^qne�l@¬ WG]5��\^qnY�ZuUXWP\^] kNe k5d�o&e�]ak5Z^]a��e�SVoaZuUXWmZulPe^M � \^�aS��NUXWPlGWmSX\^]aS!ZulP\^q�S��5] Y�\1k5y�lPe��j���Z � e�U�lmZ��$ZuqXUXehqne$���5e$qn���5d$e�evSrUsl¶¬ evSrUnWGY%ZuUXe��aq�j &Tj�kN�`o5qn\N��e$SnSX�aS���Z^���ad^M

&³ZuqFlPZ#SV�5WGUXe � ]5\^�aS�kNdv��qnWG{<\^]aSTlGevSFSXe�t<Y�e$]-UnZ[UnWG\<]aS e�¢No5lG\<W�U�Zu]-UF�a]5WPÁ-�5e$Y�e�]-U�lPe$SFWP]N��\^qnY%Z[UXWP\^]>ST��\^o5o5lPe�q
\^�!o>\<lPZ^qXWPY�d�UnqXWmÁ-�5e^M � \<�aS�]5e¤UnqnZ^W�Un\^]aS�kN\<]a�¤o>Z^S�lPZ#SVe$t^Y�e�]-U�Z[UXWP\^]!kNehl@¬ e�]1{1WGqn\^]a]5e�Y�e�]-U�qnZ<k5ZuqF_aZ^SXd�ehSV�aqlmZhqXd��ae$��UXWP{-WGUXd � Á-�5W5o&e��NU "�UnqXesqnd$Z^lGWmSVd$e�k5WGqne$��UXe�Y�e$]<U�Zc{^e$�FlPe$S Y�\NkNy$lGevSF��j���Zgo5qnd$SXe�]-UXdvS k5Zu]>S³lGe����>Zuo5WGUXqne
¡ � {<\^WPq�l@¬ e�¢Ne�Y�o5lPe£¡NM �5M �5M �5M

� �  ��� � � � ������������� � ��� �  � �
¦ ¬ WP]N��\^qnY%Z[UXWP\^]`��\^o5o5lPe�q���\^qnqne$SXo>\<]ak�µ�lmZ%kNe�]>SVWGUXd�SXo>ev��UnqnZ^lGefÁ-�5efl¶¬ \<]po&e��5U�Z^SnSV\N��WGe$q�µ����>Z^Á-�5ehUXq�ZuWP]

k�¬ WGY�o5�alPSXWG\<]�Mc±�WP]aSVW � e�lPlGeFe$SVU:��lPZ<SXSXWmÁ<�ae�Y�e�]-U+�NUnWGlPWmSVd$eTo&\^�5q:SVd$oaZuqne�q+�5]5e���WP_5lGe�kN����\<�5WPlGlPWPSBkNe�SV\<l � o>\-SXSXd$kaZu]-U
�5]5e���\^qXUXesqnd��aev��UXWP{1W�UndsY%ZuWmS³�5]5es��qnd$Á-�5e$]a��e���\^oao5lGe$q ]1�5lPlGe � \^�%kN�%_aqX�5WGU³UX�ae�qnY�WmÁ-�5e � SV\<�5{^e$]-U³Z<SXSXWPY�WPlmZu_5lPe
µ��5]`_5qn�5W�U�_alPZ^]a� � Á-�5W�Z��a]5e�kNe�]>SVWGUXdfSXo>ev��UXq�ZulPef��\<]aSrU�Zu]-UXe<MNQ ]-UXqne���evSskNe��N¢`��\<Y�o&\^qXUXe$Y�e�]-UnS�e�¢-Unq�"$Y�e$S �
lPe$ST��\^�5WPlGlPWmSTo&e��5{<e�]-U�Zc{<\^WPqTkNevSFSXo>ev��UnqXevSTZu�5¢���\<qXY�evS {[ZuqnWGd$e$S � o5qnd$SXe�]-U�Zu]-UFkNevSTo5Wm��SFµ£kNW��3d�qne�]-UXevST{1WGUXe$SnSXe$S$M
�Fe$��Wse$SVU�lGe��$Z^S%kNevS���\^�5WPlGlPWmS%kNe�Y�e�q � kNe$S���\<�5WGlPlPWPS%{<\^lP�5Y�WPÁ-�5evS�e�] o5qnd$SXe�]a��epk�¬ �1bNkNqX\<Y�d�UXd$\^qne$S ��o5lP�5WPe �
]1�aZut<egk5eft^q "�lPe$S � � \^�`kNehUn�5qX_a�5lGe$]a��evSsZ[UnY�\-SVoa�5d�qnWPÁ-�5evS�M
¦ ¬ \^_ )re$��UnW��ak5eTlmZ�SVe$t^Y�e�]-U�Z[UXWP\^]���\^oao5lGe$qBk5d$��qnWGUXe Wm��W1e$SVUAk�¬ \^_5UXe�]aWGqB�5]5e���lmZ^SnSVWG�>��ZuUXWP\^]�kNevS���\<�5WPlGlPWPSBSXe�lP\^]

lPe�o5qn\u�>l3k5e�lPe��5q�kNe$]aSVWGUXdfSXo>ev��UnqnZ^lGe � W¶M e<MNSXZ£��\^qnY�e � Urb1o5WmÁ-�5e�Y�e$]<UslPe�]a\^Y£_aqXegkNe�oaWP�$SFe�U�lPe��aq�d�UnZ^lGe$Y�e$]-U ��M
¦�evSsq�Z^k5Z^qnSs��\^o5oalGe$q¤µ�WGY�o5�alPSXWG\<]�o>e$qXY�e�UVUXe$]-U�kNe�qnd$Z^lGWmSVe$qs�5]5e�Z^]aZulPbNSVe���\^o5oalGe$q��aZu�5UXe�§©qnd$SX\^lP�NUXWP\^] � Á-�5W
��\<]aSVUXWGUX�5e��5]ae`Z^l�Une�qn]aZ[UnWG{<e�µ�l¶¬ Zu]aZ^lGbNSXep��\^o5oalGe$q���lmZ^SnSVWmÁ-�5epoaZuq%_aZ^]a��kNep�alGUXqne�\^� � À:� �8��e�UXUXeDZuY�d�§
lPWG\<qnZuUXWP\^] k5e�lPZ qne�o5qnd$SXe�]-U�Z[UXWP\^] kNe�l@¬ WP]N��\^qnY%Z[UXWP\^] ��\^o5o5lPe�q!Zwk5d�)Vµ d�UndDkNd�{<e�lP\^o5o&d`o>\<�5q�kNevS�kN\^]a]5d�evS
d$���a\^t^q�Zuoa�5WPÁ-�5evS���\^o5o5lPe�q�PO^O � ��M �Fe�UXUXe`Zuo5o5qn\N���5e�evSrU�_aZ^SXd�e�SX�5q��5]5epY�\1k5d�lPWPSnZ[UnWG\<]/Zu�NUn\^qnd�t^qne$SnSXWG{<e�k5e
���aZ<Á<�ae�dv���aZu]-UnWGlPlG\<]

yn
� ��e�Á-�5WaqXe${-WPe�]-UTµh]5e���\^]aSXWmkNd�qne�q³Á-��¬ �5]5e¤SX\^�aSV§¶�8ZuY�WGlPlPe�k5e�SVo&e$��UXqne$S³o&\<SnSVWP_5lPe$S:o&\^�5q

lPe!��\<�5WPlGlPWPS$M³¦+ZwSVe$t^Y�e�]-U�Z[UXWP\^] �¤\<o5o5lPe�q�o5qn\^o&\<SXd�ep��\^]>SVWmSrUnepZ^lG\<qnS#e�] lmZ���lPZ<SXSXW��&��Z[UnWG\<] � oaZuq��5] Y�\1k5y�lPe
��j���Z � kNe$Sso>Zuq�ZuY�y�UnqXevSTWP]akNe�¢NZ^]-U�lGevSsSVo&e$��UXqne$SsZu�5UX\^qnd�t<qXevSXSXWG�8S¤M

�	# " #%$ � ��� � ��� �! "����� � � ��� �  ��/ ��� � ����� ���  "� ��� � �� ���"� � � �� � � 	�

¦+Z`Y�\NkNd$lGWmSXZuUXWP\^]/Z^�NUX\<qXd$t^qne$SnSVWP{^e�kNe$S#SVWPt^]>Zu�N¢wqnZ<k5Zuq�evSrU�kNd$SXWGt<]5d�e!k5Zu]aS£lGe!kN\^Y%ZuWP]5e�q�Z^kaZuq�oaZ^q�lPe
UXe$qXY�eTk�¬ Z^]aZulPbNSVe �>Zu�NUne�§©qXdvSV\<lG�NUnWG\<]�M�Q lPlPeTo&e�qnY�e�UBk�¬ Zc{^\<WGq+�5]5e e�¢1oaqXevSXSXWG\<]hoaZuq�ZuY�d�UnqXWmÁ-�5e³e�U:Zu]aZ^lGb-UnWPÁ-�5eTk5e
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lmZgk5e�]aSXW�UndsSVo&e$��UXq�ZulPe��@Á-�5e�]5\^�aS:o&\^�a{^\^]>SB��\^]5]>Zc�mUXqne�Z^lG\<qnS:µ�]�¬ WPY�o>\<qVUne�Á-�5e�lPlGe�qnd$SX\^lP�NUXWP\^] � ��\^]-UXq�ZuWPqne�Y�e�]-U
Zu�fSXo>ev��UnqXe³\<_NUXe$]-�fo>Zuq � À:� ��e�]f���aZ<Á<�ae ��Z^SXe³kNWmSrU�Zu]a��e n � ��\<qXqne$SXo&\^]ak5Z^]-U3Z^�N¢gkN\<]5]5d$e$S (yn,1, . . . , yn,ni)

M
� \<�aSgSV�5oao>\-SV\<]aS¤Á-�5e (yn,1, . . . , yn,ni)

e$SVU�lmZ�qnd$Z^lGWmSnZ[UXWP\^]�k�¬ �5]�o5qX\N��e$SnSV�aS�Zu�NUn\^qnd�t<qXevSXSXW��
Y = (Yn)n∈ �k�¬ \^q�kNqne

p � W@M e^M>Á<�ae Y
{^d�qnWG�ae

∀n, Yn =

p∑

k=1

akYn−k + εn
�8ÄaM Ä �

Zc{^ev�
(εn)

_5qn�5WGU�_5lPZ^]a����e$]-UXqnd � kNe {cZ^qXWmZu]>��e σ2
b

M�¦�e$S���\1e�����WPe�]-U�S���\<Y�oalGe�¢1evS
(ak)1≤k≤p

SX\^]-U�Zuo5o&e�lPd$S
��\1e��%��WGe$]-UnS�Z^�NUX\<qXd$t^qne$SnSVWG�8S�M��3¬ WPlPS#SV\<]<U£UXe�lmS�Á-�5e�lPe�o&\^lPb1] �^Y�e

P (z) = 1 −∑p
k=1 akz

−k ZuWGU�UX\<�NUXe!SVevS
q�Z^��WP]5evSgµpl¶¬ WP]-UXd$qXWPe��5qfkN� ��e�q���lPe#�5]aW�Und �8��e%Á-�5e�]5\<�aSfSV�ao5o>\-SV\<]aSgoaZuqhlmZ`SV�5WGUXe�� � WPlTS$¬ Z^t^WGUhZ^lG\<qnShkN���alGUXqne
µpY�WG]5WPY£�aY°kNe%o5�>Z^SXe#e�U�lGe�_5qn�5WGU�_5lPZ^]a�

(εn)n∈ �
e$SVUhlPe%o5qn\N��e$SnSX�aShk�¬ WP]5]5\[{[ZuUXWP\^] kNe

Y
MA��Z^]aS���e%�$Z^S �

lmZHSX�5W�Unewk5e$SpZu�NUn\1��\[{[ZuqnWPZ^]a��evS
(R(n) = E [X0X

?
n])n∈ �

�8\^� k5e$S`Zu�NUn\N��\^qnqnd�lmZ[UXWP\^]>S (
ρn = R(n)

R(0)

)
n∈ �

�
e$SVU#e$]-UXWPy�qne�Y�e�]-U%kNd�Une�qnY�WP]5d$e�oaZ^q#lPe$S���\1e�����WGe$]<U�S#Z^�NUX\<qXd$t^qne$SnSVWG�8S$M+¦+Z�kNe�]aSXWGUXd`SVo&e$��UXq�ZulPe�kNepo5�5WmSXSnZu]a��e
S(f) =

∑
n∈ � R(n)e2iπnf � kNd��>]5WGe�SX�5q I =

]
− 1

2 ,
1
2

] � e$SVU�d�t-ZulPegµ

S(f) =
σ2
b

|1 −∑p
k=1 ake

−2iπkf |2
�8ÄaMxi �

¦+Z£Y�\1k5d�lPWPSnZ[UnWG\<]�Zu�NUn\^qnd�t<qXevSXSXWG{<e�S�¬ Zc{^y$qXe "�UXqne��a]5e�_&\^]a]5e�kNevSX��qXWPoNUnWG\<]�kN����\<�5WPlGlPWPS�kNegY�e�q � o>Zuq���e�Á-��¬ e�lPlPe
o&e�qnY�e�U�kNe�qXevSrUnW�Un�5e�q�Z^SnSVe ���>kNy�lPe�Y�e$]<U�SXZDk5b-]>ZuY�WPÁ-�5e!Zu�/SXe�WP]/k�¬ �a]5e�Y "�Y�e�q�Z[�8Z^lGe � «1i �¶MB�¤e!Y%Zu]5WPy�qne
t^d$]5d�q�ZulPe � lPe$S�oaZuq�ZuY�y�UnqXevS�kN��Y�\1k5y�lPe �8Ä5M Ä ��SX\^]-U¤��\^]aSXWPk5d�qnd$Ss��\<Y�Y�ef�a]p_&\^]�qnd$SX�5Y�dfkNe�lmZ�kNb1]aZuY�WmÁ<�ae
kNevS+��\<�5WPlGlPWPSB��\^o5o5lPe�q � e�U:o>\-SXSXy$k5eTl¶¬ Zc{[Zu]-U�Zut^eFkNe�k5d$��\<�5o5lPe�q:��e�UVUXe�kNb1]aZ^Y�WmÁ-�5e���qne�o5qnd$SXe�]-UXd$e oaZ^qAlPeF{<e$��UXe��aq
(a1 . . . ap)

′ ��k5eglmZ�o5qn\^o5qnWPd�UXdhkNefqnd��aev��UnWG{1WGUXdfkNefl¶¬ e$]-{1WPqX\<]5]5e$Y�e$]-U��@Á<�aW�e$SVU�o>\<qVUnd�ehoaZ^q
σ2
b

��M
�Fe�o&e�]>k5Zu]-U � o5lP�aSXWGe$�5qnSgoaZ^qnZ^Y�d�UXqnWmSXZuUXWP\^]aS�k�¬ �5]�Y�\1k5y�lPe�Z^�NUX\<qXd$t^qne$SnSVWG� SV\<]<Ugo>\-SXSXWP_5lGevS¤e�Ug]a\^�aSg�NUnWGlPW�§

SX\^]aS:oaZ^qXY�Wa��e�lPlGevSr§���WNlPe$ST��\1e�����WPe�]-U�S kNe���\<qXqnd�lmZ[UnWG\<]£oaZ^qVUnWGe$lGlPe
(µk)1≤k≤p

�8Á-�5es]a\^�aS Z^o5o&e�lPlGe$qX\<]aS:WG]>kNW �3d�§
qne�Y�Y�e�]-U���\1e�����WPe�]-UnS�kNehqnd��ae�¢NWG\<] �Tk5\^]-U�]a\^�aS�q�Zuo5o&e�lP\^]aS�lmZ#k5d��a]5WGUXWP\^]`k5Z^]aS�l@¬ Zu]5]ae�¢Neg¨ � Z^WG]aSXW�Á-�5e�lPe$S
qne�lmZ[UXWP\^]>S�kNe�oaZ<SXSnZut<e�e$]-UXqne�lGevS�kNW��&d$qXe$]-UnS�o>Zuq�ZuY�d�UnqXWmSXZuUXWP\^]aS�k�¬ �5]DoaqX\N��evSXSX�aSs±�� �>��\1e��%��WGe$]-UnS¤k�¬ Z^�NUX\^§
��\[{[Z^qXWmZu]a��e � ��\1e�����WPe�]-UnSF±�� e�U���\-e�����WPe�]-UnSFkNe¤qnd��ae�¢NWG\<] �©� � ��MN¦+e$ST��\1e�����WPe�]-UnSFkNe¤qnd��>e�¢NWG\<]%o>\-SXSXy$k5e�]-U
UXqn\^WmSsZc{[Zu]-UnZ^t^evS �

� ��Zulm���alBkNWPqne$��Uhe�Uhq�Zuo5WmkNe#k5e$S�� � (µk)1≤k≤p
��e�Uhk5e#lmZ�oa�5WPSnSnZu]a��e#kN��_5qX�aW�U

σ2
b

�¤oaZ^q�l¶¬ Z^lGt<\^qnW�Un�5Y�e
kNef¨F�aqXt%µ�oaZuqXUXWPq�k�¬ �5]`d$���aZ^]-UXWPlGlP\^]

(y1, . . . , yni)
Zc{^ev�

ni ≥ p �

� e�¢NWPSVUXe$]a��e�k�¬ �5]ae�{^e$qnSXWG\<]!qnd�t<�5lmZuqnWPSXd�efkNe�l¶¬ ZulPt^\^qnWGUX�5Y�efkNe£¨��5qnt�Á-�5W+o&e�qnY�e�U¤l¶¬ evSrUnWGY%ZuUXWP\^]�kNe$Sh� �SV�5q#kNe��8ZuWP_5lPe$SfU�ZuWPlGlPe$S£k�¬ dv���aZu]-UnWGlPlG\<] ���5]5e!kNW �vZuWP]5e�k�¬ \^_aSXe�qn{[Z[UnWG\<]aS � � e�] q�Z )r\<�NUnZ^]<Uf�5]/��qXWGUXy$qXe�k5e
kN\^�a��e��5q#SVo&e$��UXq�ZulPe^M+¦+e$S£��\1e�����WPe�]-UnS

µk
SV\<]<U ����\<qn��d$S
��µ�kNdv��qn\[�mUXqne%lG\<qnSnÁ-�5e

k
Zu�5t<Y�e�]-UXe � ��e�Á-�5W
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µp = 0 =⇒ ∀n ≥ p, µn = 0
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(µn)n≥1
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(ρn)n≥1
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µn
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ρn
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(ρn)n≥1
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(y1, . . . , yni)
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M � \^UXqne�\<_�)re$��UXWG��evSrU�kN\<]a�%kNe�q�Z^SnSVe$Y£_5lPe�qhlPe$Sh{^ev��Une��5q�ShkNe$S �X��\1\<qnkN\<]5]5d$e$SgSVo&e$��UXq�ZulPe$S
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(µ1, . . . , µp) ∈ Dp e�]��NUnWGlPWPSnZu]-U��5]ae�]5\uUnWG\<]DkNe�SXWGY�WPlPZ^qXWGUXdfe$]<UnqXef{<e$��UXe��aqnS µ � ��e�Á-�5e�]a\^�aS��8Z^WPSX\^]>S�k5Zu]>SlPeg�$Z^kNqne�kNeglmZ#SXe�t<Y�e$]-UnZ[UnWG\<]%_aZcb^dvSVWPe�]a]5e¤e$]!���5\<WPSXWPSnSnZu]-UT�5]5e��8ZuY�WPlGlPehoaZuq�ZuY�d�UXqnWPÁ-�5e¤k5e�lP\^WmS�k�¬ d$Y�WPSnSVWP\^]+M
&:\^�5q���e�lmZ � ]5\<�aS��NUnWGlPWPSX\^]>S��5]5e�kNdv��\^Y�o&\<SXW�UnWG\<]!o&\^lmZuWPqnehk5�p{<e$��UXe��aq µ �

µ = ‖µ‖ × µ
�@Ä5M } �

\�� ]5\^�aSgZc{^\<]aS ‖µ‖ =
√∑p

i=1 |µi|
2 e�U

µ = µ
‖µ‖
� Á<�ae£]5\<�aS�Z^o5o&e�lP\^]aS�qXevSVo&e$��UXWP{^e$Y�e$]-U¤lPZ�]5\^qnY�e£e�U�lmZ
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M
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3º �K7 � 
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k |µk|
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(1 − |µk|2) ≤ exp(−‖µ‖2
∞)
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1 − (a + b) ≤ (1 − a)(1 − b) ≤ e−(a+b)

0



Ov¡^¯ ������� � � ����� ��������� � 	 � ��������	 	�� � � � 	 � ������	 	���� � 	 � ����	����

7^¼�
5½D, ��¼ + º�¹ + � 7 �£½�¾ ¸ + ¼u¸@¾8¹�
5½ �

3¹ + ½£¼%�[¹ 
a½ ‖µ‖2

∞ > 1 �
�%¼[¾m½#º �-
P¼ ��;� � ��¸ 7 � ��¹�
a¸Z� �-�K> + �K
G¼ �[¼%��¾8¼�
&º �

7 �K
�G ¾�
 
&¹%�[¼[¸¶¾8¹ 

σ2
∞
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kNe$]aSVWGUXdvS���]5\^UnZuY�Y�e�]-U�lGevS���\^]>SrU�Zu]-UXevSFkNeg]5\<qXY%ZulPWmSXZuUXWP\^] �PO$¯-i�� ��M5�Fe$lGlPe$SV§���W&��\^]-U�WG]-UXe$qX{<e�]5WPq�kNe$ST��\^]a��UXWP\^]aS
SXo>dv��WmZulPe$S���e`Á<�aW�WPY�o5lPWPÁ-�5eplGepo5lP�aS�SV\<�5{^e$]<U�l@¬ Zu_>SVe$]a��epkNe���\<qXY#�5lPe!Zu]>ZulPb<UnWPÁ-�5e!o>\<�5q�l@¬ e$SVUXWPY%Z[UnWG\<]HkNe$S
oaZ^qnZ^Y�y�UXqne$S#kNep��e$S�lP\^WmS�M &:\^�5q���\<]-UX\^�aqX]5e$q#��e$S�o5qn\^_5lPy�Y�e$S � ]5\^�aS��NUnWGlPWmSV\<]aS��5]5e`Zuo5o5qn\N���5e��5UXWPlGWmSVd$e!e$]
��lmZ^SnSXW��>�$Z[UnWG\<]���\^]aSXWPSVUnZ^]-U e�]�l¶¬ �5UXWPlGWmSXZuUXWP\^]�oaZ^qVUnWGe$lGlPe¤kNe�l¶¬ WG]N��\<qXY%ZuUXWP\^]%��\<]<Une�]1�5e�k5Z^]aS lPe$ST\^_aSXe�qn{[Z[UnWG\<]aS�M[��l
S$¬ Z^t^WGU+k�¬ e�¢No5lG\<W�Une�q��a]5WPÁ-�5e$Y�e�]-U+l¶¬ WP]N��\^qnY%Z[UnWG\<]hk5eTkNWPqXev��UXWP\^]ho&\^qXUXd$e³oaZuq�lPe {<e$��Une��5q

µ � e�U+k5eT��\<]aSVWmkNd$qXe$q�Á<�aekNe$�N¢�{^ev��Une��5q�S
µ1
e�U
µ2
SX\^]-UsSVWPY�WGlmZuWPqXevSFSXW�lPe�o5qn\NkN�5WGU�SX�$ZulmZuWPqXegkNe$S�t^q�Zu]>kNe��5q�SF]5\^qnY%ZulPWPSXd�evS

R(〈µ̄1, µ̄2〉)e$SVUFt<qnZ^]ak ��lP\^q�SnÁ<�aeslGevST{<e$��Une��5q�STSX\^]-UF��\^Y�o5lPe�¢Ne$S �:\<��lGe�o5qn\1k5�5W�U�SX�$ZulmZuWPqXe 〈µ̄1, µ̄2〉
��lP\^q�SXÁ-�5e�lPe$ST{^ev��UXe$�5q�S

SX\^]-U�qXd$e�lmS ��M&�Fe�UXUXe�Y�d�UX�5\NkNe£Z�kNd�)Vµ�d�UXd£Z^o5o5lPWPÁ-�5d$e�µ�kNe$S¤kN\^]5]ad�e$SsUXe�¢1Un�5e�lPlGevS�e�U�k�¬ e�¢No5qne$SnSVWP\^]`kNe�t<y�]5evS
kN\<]<U�lmZ£��lmZ^SnSXW��>�$Z[UnWG\<]%e$SVU�kNW ����WPlGegoaZ^qn��e�Á-��¬ e�lPlGevSFZ^o5oaZuqXUXWPe�]a]5e�]-U�µ#kNe$S�evSVoaZ<��evSFkNe�t^q�Zu]ak5e$S�kNWGY�e$]aSVWP\^]>S
� «!�©M���Z^]aS�]a\uUXqne ��Z<S � ��e�lmZ�qne�{1WGe$]-U+µs��\^]>SVWmkNd�qne�q�Á-�5eTl@¬ WG]5��\^qnY�ZuUXWP\^]ho&\^qXUXd�e³o>Zuq�lmZ�]5\^qnY�e ‖µ‖ e$SVU�_&e$Zu�>��\^�aoY�\^WP]aS�kNWmSn��qnWGY%Zu]-Une%e�U#�5UXWPlGe�Á-�5e�lPZ�kNWPqne$��UnWG\<]

µ̄
oaZ^qn��e�Á-�5e%UX\<�aSflPe$S�� ��SV\<]<U£k5e�]5\^qnY�e%WG]5��d�qnWGe$�5qXe�µ

O^M��Fe�lmZ/qne�{1WPe�]-UpZ^lG\<qnS!µ/�NUnWGlPWmSVe$qp��\^Y�Y�e WP]akNWm��e�k5ewSXWGY�WPlPZ^qXWGUXd�lGew��\-SVWP]1�aS!k5e l¶¬ Z^]5t^lPeD��\<qXY�d o>Zuq�lPe$S
kNe$�N¢�{^e$��UXe$�5qnS

µ1
e�U
µ2
M3jDZulPt^qndhUX\<�NU � ]5\<�aS�Zc{<\^]aS�{1�DoaqXdv��d$k5e�Y�Y�e�]-U�Á-�5e ‖µ‖ ��\<]<Une�]aZ^W�U��5]5e£o>ZuqXUXWPekNe!l@¬ WG]5��\^qnY�ZuUXWP\^]/SX�5q£lmZ ��\^Y�o5lPe�¢NWGUXd�kN� o5qn\1��e$SnSV�>S � Á-�5W�o&e��NU%ZuY�d�lPWP\^qne�q�lPe$S#SVe$t^Y�e�]-UnZuUXWP\^]aS£\^_NUne�]1�5evS

Zc{^ev��lGevSTkNWPqne$��UnWG\<]aS$M � \<�aSFo5qX\<o>\-SV\<]aS³ZulP\^q�S kNe$�N¢%Y�d�UX�a\1k5e$S�kNe¤SXe�t^Y�e$]<U�Z[UnWG\<]%_aZcb^dvSVWPe�]5]aes�NUXWPlGWmSnZu]-UFSX\^WGU�5]5WmÁ-�5e�Y�e$]<U
µ̄ � SX\^WGU µ̄ e�U ‖µ‖ M

�	# " #�� �  � ��� ���� �� �! "� �� "� � �  � � �"� � �  � � � �  �� � ��� ���

¦�e�Y�\NkNy$lGep��lmZ^SnSVWmÁ-�5e�o&\^�5q�lmZ ��lmZ^SnSXW��>�$Z[UnWG\<] k5e!kN\<]5]5d�evS#k5WGqne$��UXWP\^]5]5e$lGlPe$S#��\<]aSVWmSVUXe�e$]/l@¬ �NUnWGlPWPSnZ[UnWG\<]
kNe#lG\<WPS�kNe�²³\^]�j�WPSXe$S�§�ÀBWmSV�5e$q¤o&\^�5q�lPZ�Y�\NkNd$lGWmSnZ[UXWP\^]Dk5e$S�lP\^WmS¤k�¬ d$Y�WmSnSVWP\^]�M>�r��W � kaZu]aS¤lGe£UXq�ZuWGUXe�Y�e$]<UgkN�
SXWGt<]aZulNq�Z^k5Z^q³]5\^�>S³WG]-UnqX\NkN�5WmSX\^]aS:lmZfkNd�o&e�]>k5Zu]a��e�SVo>Z[UXWmZulPe�oaZuqT�5]5esY�\NkNd�lPWPSnZ[UnWG\<]���j���Z[§�¨�� �8j ��¦+Z<���5lmZu]
k5Z^]aS �GOv¯^} ��\<�p¨�Z^]5e�q )re�e ��¸�¼%
 0>kaZu]aS � « ��UnqnZ^W�Une�]-UslGef��Z<S�W@M W¶M k � � e�U�lPehY�\1k5y�lPe�Á<�aeg]a\^�aS��NUnWGlPWmSV\<]aS�o>\<�5qslmZ
lP\^W�k�¬ d�Y�WmSXSXWG\<]!evSrU��a]5eflG\<W�kNef²³\^]`j�WmSVevSr§�ÀBWPSX�5e$q���\^Y�o5lPe�¢Ne<M
¦�\<qnSnÁ-�5e�]5\^�aSh{<\^�5lP\^]>S�e�¢No5lG\<W�Une�q�µplmZ���\<WPS ‖µ‖ e�U µ � ]5\<�aSfSV�ao5o>\-SV\<]aSfÁ-��¬ WGlTS$¬ Zut^WGUfkNe�kNe��5¢�t^q�Zu]5§kNe$�5qnS�WP]akNd$o>e$]ak5Zu]-Une$S � UXe�lPlPe$S%Á-�5eplPZwlP\^Wsk�¬ d�Y�WPSnSXWG\<] kNe`l¶¬ \<_aSVe$qX{[ZuUXWP\^] (‖µ‖ , µ)

S$¬ dv��qnWG{<e
p(‖µ‖ , µ) =

p1(‖µ‖)p2(µ) � \�� p2
evSrUg�5]5e�lG\<W³kNe£²³\<]�j�WmSVevSr§�ÀBWPSX�5e$q���\<Y�o5lGe�¢Ne£e�U

p1
e$SVU��a]5e#lP\^WBt<Z^Y�Y�ZaM&�gZu]>S���e

��Z<S � lGe#oaZuq�ZuY�y�UXqne θk kNe£lmZ%lP\^W:kNe£lmZ���lmZ^SnSXe k e$SVU θk = (θ1k, θ
2
k) = (ak, bk, κk, ξk)

\��
ak
e�U
bk
SX\^]-U¤lPe$S

oaZ^qnZ^Y�y�UXqne$S�kNehlmZ�lG\<W�t<ZuY�Y%Z � e�U κk e�U ξk SV\<]-Us��e��N¢pkNeflPZ�lP\^W�kNef²³\<]�j�WPSXe$SV§�ÀAWmSX�5e�qvM�Fe�o&e�]>k5Zu]-U � ��\^Y�Y�e#]5\<�aShl¶¬ Zc{<\^]aS¤Y�\<]-UXqnd�k5Z^]aSgl@¬ e�¢Ne$Y�oalGe%kNe�lPZ`SXe$��UXWP\^]w¡5M �aM �aM ��o>\<�5qhl@¬ WP]<Une�]aSXWGUXd �



��� �"��� ����� �J	�����������	 	 � �1������ Ov¡5O
lPe$S³SXWGt<]aZu�N¢#qnZ<k5Zuq³SX\^]-U ��\^qnqnd�lPd$SBe�]�kNWmSrU�Zu]a��e � b£��\^Y�o5qnWPS³kaZu]aS³kNevS³Y�WGlPWPe��N¢��5\^Y�\^t<y�]5evS�M � \^�aS:q�Zuo5o&e�lP\^]>SÁ-�5e%��e�UVUXe%kNd$o>e$]ak5Z^]a��e�e�¢NWmSrUne�oa�-bNSXWPÁ-�5e$Y�e�]-U��8e�]-UXqne%Zu�NUnqXevS�kaZu]aShlPe���\^�5WPlGlPWmS�Y�e$q � {<\^WPq�lPe$SgUnqnZc{[Zu�5¢�k5e
# Z[UVU�S �POv¡^L � Ov¡u��� � � Y�Z^WPS�evSrU�Z^�aSXSXW���qnd�dhoaZ^q�lPZ���\<Y�o5qXevSXSXWP\^]!k�¬ WPY�o5�5lmSVWP\^] �8Á-�5W�qnd$Z^lGWmSXe��5]ae���\^]1{<\^lP�NUXWP\^]
SX�5q��5]5eD��e�] "�UXqne SVo>Z[UXWmZulPe � {^\^WPqneDSVev��UXWP\^] ÄaMGO<M L ��M &:\^�aq�e�] Une�]5WPq!��\^Y�oNUXe � ]5\<�aS�SX�5o5o&\<SX\^]aS�Á<�aeD]5\^�>S
o&\^�5{<\^]aS£lPZ Y�\NkNd$lGWmSXe�q£e$]/�NUnWGlPWPSnZu]-U��5]/Y�\NkNy�lPe`��j���ZaMB��e�Y "$Y�epÁ-�5e�o&\^�5q�lPe$S�{<e$��UXe��aqnS#ZulPd$Z[Un\^WPqXevS
� Un�5d�\<qXy$Y�e�k�¬ WGY�o&\<SnSVWP_5WPlGWGUXdhkNe 	ge�]5evSrU ��¸T¼%
C05o>\<�5q�lPZ£t^d�]ad�q�ZulPWPSnZ[UnWG\<]�k5e$S���\<o5�5lPe$S�Zu�N¢%lP\^WmST_5WP{[ZuqnWGd$e$S�SV�aq
� p × � q � � WGl evSrU£k5W ����WPlPe�k�¬ e�¢No5lGWm��WGUXe$q£kNevSflG\<WPSfSX�5q ( � + × � Sp−1

)
×
( � + × � Sp−1

) kN\^]-U�lPe$SfY%Zuqnt^evS
ZuoaoaZuqXUXWPe�]5]ae�]-UpµH�5] Y�\NkNy�lPe�oaqXdvkNd��a]aW@M�±s�a] k�¬ WG]-UXqn\NkN�5WPqXe��5]5ewd�{<e�]-UX�5e$lGlPe�k5d�o&e�]ak5Z^]a��e�e�]-UXqne�k5e��N¢
\^_>SVe$qX{[Z[UnWG\<]aS���\<]aSVdv���NUnWG{<e$S

(‖µ1‖ , µ1)
e�U

(‖µ2‖ , µ2) � ]5\^�>S�WG]-UXqn\NkN�5WmSV\<]aS�lmZ#lP\^W�_aWG{[ZuqnWPd�efSV�aWG{[Zu]-Une �

f(‖µ1‖ , θ11)f(‖µ2‖ , θ12)c(F (‖µ1‖ , θ1), F (‖µ2‖ , θ2)) × f(µ1, θ
2
1)f(µ2, θ

2
2)

�8Ä5MPOvL �
\��

c
e$SVU �5]5e���\^o5�alGe��8t<Zu�>SXSXWGe$]5]5esk5Z^]aS³lPe$S³Zuoao5lGWm��ZuUXWP\^]aS³Á-�5es]a\^�aS:UnqnZ^W�Un\^]aS ��Mu±A{^ev�s��e�UVUXeslP\^W )r\^WP]<Une � k5e��N¢

{^ev��Une��5q�S+kNe�� �/SX\^]-UAlPWPd$SAoaZuqBlGe$�5qB]5\^qnY�e �[SVW-lPZ���\<o5�5lPeT�NUnWGlPWPSXd�e�WP]akN�5WGUB�a]5eFkNd$o>e$]ak5Z^]a��e�o>\-SVWGUXWP{^e ��W¶M e<MvlPe$S
kNe$�N¢f{cZ^qXWmZu_alGevS�\^]-UAUXe�]>k5Zu]a��eFµ¤{cZ^qXWPe�qBk5Zu]>S+lPeTY "�Y�e�SVe$]aS � ��\^Y�Y�eTo&\^�5qB�5]5e���\^oa�5lGeFt<Z^�aSXSXWPe�]5]5eFZc{^e$� �5]
��\1e��%��WGe$]-UAkNeT��\^qnqXd$lPZuUXWP\^]¤o&\<SXWGUXWG� ��]5\<�aS+Z^�5qn\^]aS&Une�]ak5Z^]a��eFµsZc{^\^WPq�kNevS�{^ev��Une��5q�S�{^\<WPSXWP]aS�kNe Y "�Y�e lP\^]at^e��aq
��e�UFkNevS SVo&e$��UXqne$S³o&\<SnSXd$k5Z^]<U³lmZhY "�Y�esqXWm���5evSXSXesSVo&e$��UXq�ZulPe���M<ÀAWP]aZ^lGe$Y�e$]-U � o&\^�5qTlPZfSXe�t<Y�e$]-UnZ[UnWG\<]���\^oao5lGe$q �
]5\<�aSfo&\^�5{<\^]aSh�NUnWGlPWmSVe$q�lGevSfWP]N��\^qnY%Z[UXWP\^]>S

(‖µn‖ , µn)
e�U�]5\<�aS�Zc{<\^]aSfkNe$�N¢wk5e�]aSXW�Und$S�k5e�UXq�Zu]aSXW�UnWG\<] kN�

o5qn\N��e$SnSX�aS���\^Y�o5lPe�U
Zn = (Xn, µn)

e$SVU �
{ �@kNWGqne$��UXWP\^]5]ae�l �

p(zn+1 |zn ) = p(xn+1 |xn )p(µn+1 |xn+1 )�@��\^Y�o5lPe�U �
p(zn+1 |zn ) = p(xn+1 |xn )p(‖µn+1‖ |‖µn‖ , xn, xn+1 )p(µn+1 |xn+1 )

�8Ä5MPO$� �

� \<�aSskN\<]5]5\^]>S�o5lG�>SVWPe��5q�S�e�¢Ne$Y�oalGevSskNe$SsSXe�t<Y�e$]-UnZ[UnWG\<]aS�\^_NUne�]1�5evSsSV�5q�k5\^]5]5d$e$SsSXWGY#�5lPd�e$S � ZuWP]aSXW�Á-�5e�SV�aqkNevSskN\^]5]ad�e$S�qnd�e$lGlPe$S$M

�	# " #�� � ���� � � ��

� \<�aS�Y�\<]<UnqX\<]aS�Á-�5e�lGe�Y�\1k5y�lPe oaZ^qnZ^Y�d�UXqnWPÁ-�5e�WP]-UXqn\NkN�5WGUpk5Z^]aS�lmZHSXe$��UXWP\^] o5qnd$��d$kNe$]<Une o&\^�5qpkNe$Sq�ZuWmSV\<]aSge$SnSVe$]<UnWGe$lGlPe�Y�e$]<UgUXev���5]5WmÁ-�5e$S��@��\^]-Unq �<lGe�kNe$ShlP\^WmShY%Zuqnt^WP]aZulPe$S � o>\-SXSXWP_5WGlPWGUXd%k�¬ d$��qnWPqXe#�8Z^��WGlPe�Y�e�]-UflmZ
kNe$]aSVWGUXdwkNe$S�lG\<WPS � e�¢NWPSVUXe$]a��e�kNe o5qn\N��dvkN�5qne$S�k�¬ e$SVUXWPY%Z[UnWG\<] SVWPY�o5lPe$S ��e$SVUpZ<SXSXe �Dt<d�]5d$qnZ^lGe�o&\^�aq!kNdv��qnWGqne
��\<qXqne$��UXe$Y�e$]-U�lGevS �>�a��Un�aZ[UnWG\<]aS`kNe$S!\^_aSXe�qn{[Z[UnWG\<]aS�SXWGY#�5lPd�e$S�\^��qXd$e�lPlGevS�M���Z^]aSplGevS!Z^o5o5lPWP�$Z[UXWP\^]>S � ]5\^�>S
�NUnWGlPWPSX\^]>S#¡���\-e�����WPe�]-UnS#kNe�qnd��ae�¢1WP\^] o&\^�5q�kNd$��qXWPqne�e�U#SXe�t<Y�e�]-UXe$q�l@¬ e�]1{1WPqX\<]5]5e�Y�e$]<U �B]5\<�aSfUnqnZc{[ZuWPlPlG\<]aS
kN\<]a�hZc{^e$�gkNevSso>\<WG]-U¤kNe D5 � SX\^WGU�kNe$S�o&\^WP]-UnS�kNe � + × ��� 5 M

ÍJ�m'��GÅ �8� �p7>0B0B=-*1?�?v68.wIAÈ@=-*1?
&:\^�5q�qnd$ZulPWmSVe$q�lPZwSXe�t^Y�e$]<U�Z[UnWG\<] � ]5\<�aS���Z^lP���5lG\<]aS��a]Hqnd$SX�5Y�d!kNevS�k5\^]5]5d$e$S£§glPep{^e$��UXe$�5q µ k5e$S���\^§e�����WGe$]<U�S�kNe`qXd��ae�¢NWP\^]/§�kN\<]-U�lmZwÁ<�>ZulPW�UndpkNd$o>e$]ak kN� ]5\^Y#_5qXepk�¬ \^_aSXe�qn{[Z[UXWP\^]>S �8e�U�kNe`lGe$�5q�lG\<W ��M��1WslPe

]5\<Y£_5qne%kNe%qXdv���5qnqne�]a��e$ShkNWmSVo&\^]5WP_5lPe$Sfe$] ���aZ^Á-�5e��$Z^SXe�§�kNWPSVUnZ^]a��e�Zu�at^Y�e�]-UXe � lGevS �a�a��UX�aZuUXWP\^]aS£ZulPd$Z[Un\^WPqXevS
kNevS���\1e�����WPe�]-UnS�kNepqXd��ae�¢NWP\^]HSXe�qn\^]-U£evSXSXe�]-UnWGe$lGlPe�Y�e�]-U�kN�5e$S�Z^�N¢ �a�a��Un�aZ[UnWG\<]aS�kNepl@¬ e�]1{1WGqn\^]a]5e�Y�e�]-UvM �1W
lPe$S#o5qX\<o5qnWGd�UXd$S£�¤\<o5o5lPe�q �a�a��Un�5e�]-U�o>e$� Zu� SVe$WG]/kNep���aZ^Á-�5e!��lmZ^SnSVe � ]5\<�aS#Z^�5qn\^]aS�Z^lG\<qnS#kNe$S£]1�aZut<e$S£k5e
o&\^WP]<U�S�UnqXyvS���\^]a��e�]-UXqnd�evS�M � \<�aSgWGlPlG�>SrUnqX\<]aS¤��e�UVUne�SXWGUX�aZuUXWP\^] �8{^\^WPq��at^�5qne �@Ä5M i � �¤lP\^q�SXÁ-�5e�]a\^�aSgZc{^\<]aSfOvL^«qnd$���aqXqne�]a��e$S+o>\<�5q:�5]5e�qnZu�8ZulPeFkNes¡u¯<¯¤��Z<SVevSr§�kNWmSrU�Zu]a��e^M � \^�>SBZc{<\^]aSA����lPZ<SXSXe$SB��\<qXqne$SXo&\^]ak5Z^]-UAµ¤kNevSBo5qX\N��e$SV§SX�aS�Zu�5UX\^qnd�t<qXevSXSXWG�8SFkNWmSVUXWP]a��U�S � k5efY�"$Y�e�{[ZuqnWPZ^]a��e

σ2
0

Y%ZuWmS�Zc{^ev��k5e$S���\-e�����WPe�]-UnSskNefqnd��>e�¢NWG\<]pk5W �3d�qne�]-UnS



Ov¡<L ������� � � ����� ��������� � 	 � ��������	 	�� � � � 	 � ������	 	���� � 	 � ����	����

µ1 =




0, 1− 0, 9i

0, 4i

0


 � µ2 =




0, 3 + 0, 8i

0, 5

0, 1 + 0, 2i



e�U
µ3 =




0, 1− 0, 9i

0

0



M5¦+e$SskN\<]5]5d�evSsSV\<]-UsSXWPY£�5lPd�evS

e�] �8Z^WPSnZu]-U�l¶¬ �1b1o&\uUX�ay$SXe�Á<�ae�]5\^�>S�Zc{^\<]aSh�5]5ep��jw��Z[§�¨F�¤UXe$lGlPe�Á-�5e�lPe�o5qn\N��e$SnSX�aSf��Z<���5d�ZuWGU�lPZDY�ZuUXqnWP��e
kNe�UXq�Zu]>SVWGUXWP\^]

A =




0, 9 0, 05 0, 05

0, 05 0, 9 0, 05

0, 1 0, 1 0, 8



M�¦+e$Sh]5\<qXY�e$ShkNevSh{^ev��UXe$�5q�SfSV\<]<Uhd�t-ZulPe$Shµ ‖µ1‖ = 0, 98 �

‖µ2‖ = 1, 03
e�U ‖µ3‖ = 0, 87 � e�U�lGeho5qn\u�>l&kNevS�]5\^qnY�e$SFe$SVUXWPY�d$e$S�lPe�lP\^]5t�kNeglPZ#q�Z^kNWmZulPe¤evSrUskN\^]a]5d�o>Zuq�lPZ�at<�5qXe��@Ä5M « ��M
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� ��� � Ä5M i � � �aZ^t^efkNe$Ss��\1e�����WPe�]-UnSsk5efqXd��ae�¢NWP\^]�� p = 5
��M
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������� ÄaM « � � \^qnY�evShkNe$Sg{^ev��Une��5q�S�� ‖µ‖ �g�$Zulm���5lPd$ShZc{^ev��OcLu«�qnd$���5qnqXe$]a��evS � e�UfqXd$oaZuqXUXWGUXWP\^]wkNe$Sh��lPZ<SXSXe$S�lGelP\^]5t%kNeflmZ�qnZ<kNWPZ^lGe<M
�gZu]aS³��e�UVUne���\<]N�at^�aqnZuUXWP\^] � ]5\^�>S:\^_NUne�]5\<]aS³ZulP\^q�SB�5]�UnZu�5¢#k�¬ e�qnqXe$�5q:e�]�SVe$t^Y�e�]-UnZuUXWP\^]�]5\^]5§©SX�5o&e�qn{-WmSXd�e

d�t-Zul&µ�¯ �ÆlG\<qnSnÁ-�5es]5\<�aS �NUnWGlPWmSV\<]aS lPe¤Y�\NkNy�lPeh��jw��Z[§�¨F�Be�]�e�¢No5lP\^WGUnZu]-U lPe$SFWG]5��\^qnY�ZuUXWP\^]aS
(‖µ‖ , µ̄)

��]5\<�aS
Zc{^\<]aS#WGY�o&\<SXd

c = c⊥
o&\^�5q�lmZ���\^o5�5lPept<Zu�>SXSXWGe$]5]5e���M �1W�]5\^�>S#�5UXWPlGWmSV\<]aS��5]5e ��j���Zu§©¨��fo&\^�5q�lmZ�SXe�t^§

Y�e�]-UnZuUXWP\^]DkNevS¤kNWPqne$��UnWG\<]aS
µ̄
]5\<�aS¤Zc{<\^]aS�e$]a��\<qXef�5]DUnZu�5¢`k�¬ e�qnqne��5q¤k5e£¯ � �>lmZ�kNWPqne$��UnWG\<]�e$SVU�kN\<]a�f�5]5e

SVUnZ[UnWPSVUXWmÁ-�5egUX\^UnZulPe�Y�e$]<U¤k5WPSn��qnWGY�WP]aZu]-UnehkaZu]aSs��e�Use�¢Ne�Y�o5lPe^M
�1Wg]5\^�>S!Zc{<\^]aS�SXe��alGe$Y�e$]-U�O$Ä/qXdv���5qnqXe$]a��evS%oaZ^qp�$Z^SXe�§�kNWPSVUnZ^]a��e � lmZHkNWmSVo&e�q�SXWG\<] kNe$Sp��\1e�����WGe$]<U�S!k5e

qnd��ae�¢1WP\^]�Zu��SXe�WP]�kNe����>Z^Á-�5es��lmZ^SnSVe�e$SVU _&e$Zu�>��\^�ao#o5lP�aS³t<qnZ^]akNe<M � \^�>S:Y�\<]-UXqn\^]aS:��W>kNe$SnSV\<�aSBlGevS³qnd$SX�5l�U�Z[U�SkNevS�SVe$t^Y�e�]-U�Z[UXWP\^]>S�\<_NUXe$]1�5e$Sfµ`oaZ^qVUnWGq�k5e�kNe��N¢ Urb-o&e$S£kNe$S���\1e�����WPe�]-UnSfk5e%qXd��ae�¢NWP\^] ��Zulm���alGd$e$ShoaZ^qf�5]
ZulPt^\<qXWGUX�aY�e�k5e!¨��5qnt ��lmZ^SnSVWmÁ-�5e�\<� qXd$t^�5lmZuqnWPSXd ��{<\^WPq£SXe$��UnWG\<]H¨gM �De�]HZ^]5]5e�¢Ne���M:�Fev��W�o>e$qXY�e�U�k�¬ d�{[ZulP�5e$q
l¶¬ WP]��a�5e$]a��eDk5eplmZ kNWmSVo&e�q�SVWP\^] kNevS�� � �@kN�5e�µwlPZ SX�5qne$SVUXWPY�ZuUXWP\^] kNe$S�� ��k�¬ \^q�kNqne!d$lGe${^dplG\<qnSnÁ-�5e`]5\^�>S
Zc{^\<]aS�o>e$� k�¬ \<_aSVe$qX{[ZuUXWP\^]aSgo&\^�5qhlPe$She$SVUXWPY�e�q ��M���e%o5lP�aS � ]a\^�aSfSXe�t<Y�e$]-UX\^]>S�lPe$Sfk5\^]5]5d$e$Sge�] e�¢1oalG\<W�U�Zu]-U
SX\^WGU�lGevSfkNWGqne$��UXWP\^]aS

µ̄ � SX\^WGU�lPe$SfkNWPqXev��UnWG\<]aShe�U£lPe$ShY�\[b<e�]5]5evS µ̄ e�U ‖µ‖ M+¦+e$Shqnd$SX�5lGUnZ[U�SfkNe�SXe�t^Y�e$]<U�Z[UnWG\<]SX\^]-UsqnZ<SXSXe�Y#_5lGdvS�k5Zu]aS�lPegUnZ^_5lGevZu� �8ÄaMGO��Fe�U�\^]-Usd�Undf\^_NUne�]1�5evSsSV�5q¤¡^¯^¯#W�Und�q�Z[UnWG\<]aS�j�\^]-UXe#��Z^qXlP\aM

qXd$t^�5lmZuqnWmSVd ]5\<]pqnd�t<�5lmZuqnWPSXd
µ̄

i �  �@L � � �  � ¡ �rO � i �
µ̄
e�U ‖µ‖ i �  �¶L � � �  �  �rO � i �

����� � ÄaMGO � � Z^�N¢#k�¬ e�qnqne��5q³kNe�SXe�t<Y�e$]-UnZ[UnWG\<]#kNe�o5qn\N��evSXSX�aS³±�� e$] � ��e�U dv��Z^qVUX§@Urb1o&eFe$]<UnqXe�oaZ^qXe$]-UX�5yvSVevS � �µ�oaZuqXUXWPq�kNe�O$Ä�qnd$���5qXqne�]>��e$S$M
¦+Z!o5qne�Y�WPy�qne#qne�Y%Zuq�Á-�5e£evSrU�Á-�5e�l@¬ Z )r\<�NU�kNe�l@¬ WP]N��\^qnY%Z[UXWP\^]wkNe�lPZ!]5\<qXY�e ‖µ‖ ]+¬ Z^Y�d$lGWP\^qne£o>Z^Sh]5\^UXqne��Z^oaZ^��W�Und�k5e�k5WPSn��qnWGY�WP]aZ[UnWG\<] o&\^�5qflmZ`SVe$t^Y�e�]-U�Z[UXWP\^]+M��Fev��W³e$SVUfe�¢No5lPWP�$Zu_5lPe�oaZuqhlPe��8ZuWP_5lGe�dv��ZuqXUhe�]-UXqne#lPe$S

]5\<qXY�e$S ‖µ1‖ � ‖µ2‖
e�U ‖µ3‖

e�U oaZ^q³lGes�$Zuq�Z^��Uny�qne UnqXyvS/�r_5qn�5WGUXd$e���k5e���e�UXUXesWP]N��\^qnY%Z[UXWP\^]�Zc{^ev�FSXe��alGe$Y�e$]-U�OvÄ
qnd$���aqXqne�]a��e$S$Mv¦AZ�k5e��N¢NWPy�Y�eFqne�Y%Z^qnÁ-�5eFe$SVU³Á-�5e�l¶¬ �NUnWGlPWmSXZuUXWP\^]�kNe$S � � qXd$t^�5lmZuqnWPSXd$SAµ�Une�]akaZu]a��e�µgZu�5t<Y�e�]-UXe$q
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lPe�UnZ^�N¢ k�¬ e�qnqne��5q�k5e$S�SXe�t<Y�e$]-UnZ[UnWG\<]aS �@ZuWP]aSVW�Á<�ae SV\<] d$��Z^qVUX§@Urb1o&e���M��Fe$��W¤e$SVU��5]ae ��\<]aSVdvÁ-�5e�]a��eDkNe�lmZ
qnd�t^�alPZ^qXWmSXZuUXWP\^]�Á-�5WBUXe$]ak µ��8ZuWPqXe���\^]1{<e�qnt^e�q¤lGevSf� �Æ{^e�q�Sg¯ � ��e�Á<�aW:k5WGY�WP]-�ae#kN\<]a�£lPe$SgkNW��&d$qXe$]a��evSge�]-UXqne
lPe$Ss��lmZ^SnSXe$S$M
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������� Ä5M } � Q ¢1e$Y�o5lGevS�k5e%� �Æ�$Zulm���5lPd$S �rO�µ�� �¤Zc{^ev��O$Ä%qnd$���5qXqne�]>��e$S¤e�Uh��\^lP\^qnd$S¤SVe$lG\<]DlGevS���lPZ<SXSXe$S �8Zc{^ev�lPWPSnSXZ^t^e�§ lGWPt^]ae�kN�`�aZu�NU � e�U¤SnZu]aS�lPWmSXSnZut<e¤§ lPWGt<]5e�kN�`_aZ<S ��M

��A � ��"
GH6 � � ��I � � "
GH6 � �

��? � ��"�GH6 � � ��C � � "
GH6 � �

������� Ä5MPO$¯ � Q ¢1e$Y�o5lGevS�kNe£� � ��Z^lP���5lPd$S����e�U�¡ �FZc{^ev��O$Ä#qnd$���aqXqne�]a��e$STe�Us��\^lP\^qnd$S�SXe�lP\^]�lPe$S���lmZ^SnSXe$S �8Zc{^ev�lPWPSnSXZ^t^e�§ lGWPt^]ae�kN�`�aZu�NU � e�U¤SnZu]aS�lPWmSXSnZut<e¤§ lPWGt<]5e�kN�`_aZ<S ��M
¦+Z�SXe�t<Y�e�]-UnZuUXWP\^] Á-�5e�]5\<�aS£Zc{<\^]aSh�NUnWGlPWmSVdpµ`oaZuqXUXWPq#kNevS£kN\<]5]5d$e$S

(‖µ‖ , µ̄)
qne�o&\<SXe�SX�5q£�5] Y�\NkNy$lGe

��j���Z � o&\^�aqFlPe$Á-�5e$l&]a\^�aSFe$SVUXWPY�\^]aS�Zu�>SXSXW>�a]5egk5d�o&e�]ak5Z^]a��eh��\<]akNWGUXWP\^]5]ae�lPlGe���oaZ^qFlmZ���\^oa�5lGe�t<Z^�aSXSXWPe�]5]5e��
o&\^�5q�lGevS�]5\^qnY�e$S$MB¦+e$S���\1e�����WPe�]-U�S£evSrUnWGY�d$S�o&\^�5q�lmZ���\^o5�5lPe�t-Zu�aSnSXWGe$]5]5e!kaZu]aS#lGevS���Z^S#lPWPSnSVd$e$S#e�U�]5\^]5§
lPWPSnSVd$e$SgSV\<]-UgWmkNe�]-UnWPÁ-�5evS�e�UhSX\^]-Ug]-�alPS���e$]�Y�\[b<e�]5]5e��so&\^�5qgUn\^�NUne$SglGevS���lPZ<SXSXe$S �3]5\^�>SgSX\^Y�Y�e$Sg��Z^oaZu_alGevS
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κ
kNe$S

lP\^WmS³kNes²³\^]%j�WmSVevSr§�ÀBWPSX�5e$q SV\<]<U³e$]�Y�\[b<e�]5]5evSBd�t<Z^�N¢#µf�<¯�o&\^�aq:UX\^�5UXe$S lGevS³��lmZ^SnSVevS � WP]akNWmÁ-�aZu]-UTkNevS³��lmZ^SnSVevS
UXqny$S��a\^Y�\^t<y�]5evS�Zc{<e$�gkNe$S�\^_aSXe�qn{[Z[UXWP\^]>SFoaqX\N���5evS�k�¬ �5]`Y "�Y�efo5qn\u�>l�Y�\[b<e�]�M
ÍJ�m'��GÅ �m' �p7>0B0B=-*1?�Ì[=1*-È@È8*1?
¦�evSFk5\^]5]5d$e$S�Á-�5e¤]5\<�aSF�NUXWPlGWmSX\^]aS�k5Z^]aSF��e�UXUXehSVev��UXWP\^]!SV\<]<U�WPSnSX�5e$S�kN�!�g¦#� � � � + ¸@½�ºn»��
�� ��
a¸Z� + � \ �*�

@ + \�¸ � �¤¼ + �£½�º�»5¼�\�¸ � � � e�U¤\<]-U�d�UXd�\<_NUXe$]1�5e$SsZc{<e$�glGefq�Z^kaZuq�Y�d�UXd$\^qn\^lP\^t<WPÁ-�5e & �g¦+������±�� �PO�-L � � Á-�5W+e$SVU
�5]�qnZ<k5ZuqBe�]�_aZ^]akNe¤� ����qXdvÁ<�ae�]a��e�µh¡ � ¡u¯^ 	 � � � SX\^WGUB�a]5eslG\<]5t^�ae��5q:k�¬ \^]akNe�d$t<ZulPe�µh¡ � 1¡���Y���M^¦�evSBqnZ<k5Zuq�S
Y�d�Und�\^qn\^lP\^t<WPÁ-�5evST�5UXWPlGWmSVe$]-U�l@¬ e �3e�U¤��\^o5oalGe$q�o>\<�5qse$SVUXWPY�e�qslPe$SsoaqX\<o5qXWPd�Und$S���WP]5d�UXWmÁ<�ae$S�kNehl¶¬ ZuUXY�\<SXo5�5y$qXehe�U
�5] k5e$S�\<_�)re$��UXWG�8S¤kNevS�q�Z^k5Z^qnS�Y�d�UXd�\<qX\<lG\<t^WmÁ-�5e$S�evSrU�k5e�qXev��\<]aSrUnqX�aWGqneflGe#���aZuY�oDkNe�{<e�]-U¤e$]`�8ZuWmSXZ^]<UgkNe�lmZ
{^d$lG\N��WGY�d�UnqXWPes�¤\<o5o5lPe�qvM^± oaZ^qVUnWGq kNeslmZfkNe$]aSVWGUXd�SXo&e$��UnqnZ^lGe�e�UFkNe�SXe$S:Y�\^Y�e�]-U�S � ]a\^�aS³o&\^�a{^\^]>S³kNd�Une�qnY�WP]5e$q
lmZhqXd��ae$��UXWP{-WGUXd��8Y�\^Y�e�]-UTk�¬ \^q�kNqne�¯ � � lmZg{1W�Une$SnSVesq�Z^kNWmZulPe�Y�\[b^e�]a]5eskN��{^e�]-UTk5Z^]aS³lmZhkNWGqne$��UXWP\^]%kNeso&\^WP]-UnZut<e
��Y�\<Y�e$]-U�k�¬ \^q�kNqne£O�� e�U�Zc{<\^WPqT�5]5egY�e$SX�5qne�kNevSTUn�5qn_5�5lPe�]a��e$S�Zu�pSVe$WG]pkNe�l¶¬ d�lPd�Y�e�]-Usk�¬ ZuUXY�\<SXo5�5y$qXe�d�Un�akNWPd
�8Zc{<e$�:lPeTY�\^Y�e$]<UBk�¬ \<qnk5qXeTL � oaZ^qV��\<WPS�Z^o5o&e�lPdTlmZuqnt^e��aq�SVo&e$��UXq�ZulPe���Mv¦+Zs{1WGUXevSXSXe Y�\[b^e$]5]5e kN��{<e�]-U+evSrU+evSrUnWGY�d$e
Zc{^ev�¤�a]5efo5qnd$��WmSXWG\<]!kNd$o>e$]ak5Zu]-U¤kNehlmZ�lPZ^qXt<e��5qsSXo>ev��UXq�ZulPe � Á-�5W�k5d�o&e�]akpe�lPlPefY�"$Y�ehk5eflPZ#��\^qnY�efkNehl@¬ \^]ak5e
d�Y�WmSVehoaZ^qslGefq�Z^kaZuq�e�U�kNevSso5qn\^o5qnWGd�UXdvS�k5efl@¬ Z[UnY�\-SVoa�5y�qne^M
¦�evS:Y�e$SX�5qXevS³\^]-U d�UXd��8ZuWGUXevS k5Z^]aS³lPe���Z^k5qXeskN�%o5qn\ )re�U ± � �T§ # Zuz<e���o5qn\ )re�U e��5qn\^o&d�e$]#o&\^�5qTlGe¤��\^]-UXq��^lPekN��UnqnZu�>�sZud$qXWPe�] � � kN\<]-U l@¬ \^_�)rev��UnW���e$SVUTl¶¬ Z^Y�d�lPWG\<qnZuUXWP\^]�kNe$S UXe$���a]5WPÁ-�5evS kNe�{<d�lP\N��WPY�d�UXqnWGeso&\^�aqTlmZfkNd�Une$��UnWG\<]

e�U%lPe�SV�5WP{1WGe�kNevS#UX�5qn_5�5lPe�]a��e$S�t<d�]5d$qXd$e$S�k5Zu]>S#lPe�SVWPlPlPZ^t^e`kNe$S�Zc{1WG\<]aS$M:�gZu]>S�lGe���Z<S�Á<�aep]a\^�aS#UXq�ZuWGUX\<]aS �
]5\<�aS%]�¬ Zc{^\<]aS�oaZ^S�k5e�{^\^qXUXe�¢HkNe ��e!Urb1o&e � e�U�WPl¤S�¬ Zut<W�U��a]5WPÁ-�5e$Y�e�]-U�k�¬ �5] ���aZuY�o kNeD{<e�]-U �r]aZuUX�5qne�l ��M
¦ ¬ e�]>SVe$Y£_5lPe�kNe%lmZ���ZuY�oaZ^t^]5e%kNe�Y�evSV�aqXevSfZ`d�UXd�qXdvZulPWPSXd%µ`o5lG�>SVWPe��5q�Sfd$lGd${cZuUXWP\^]aShe�U£o5lP�aSXWGe$�5qnS£Z&��WPY£�5UnS �
kNefUne�lPlGe#SV\<qVUne�Á<�ae�]5\^�>S�Zcb1WG\<]aSs�5]5e#��\^�a{^e�qXUX�aqXeh{^\<lG�aY�d�UXqnWPÁ-�5e�k5e�l@¬ Z[UnY�\<SXo5�5y�qne^M � ]5e�{<d�lP\N��WPY�d�UXqnWGe�k5e
l¶¬ d$lGd$Y�e$]-UhkNe�{^\<lG�aY�e���\<]aSVWmkNd$qXd�o&e�qnY�e�UfkNe�Y�e�UVUnqXe�e�]�d�{1WPk5e�]a��e£�5]w��WmSXZ^WGlPlGe$Y�e�]-UgkNe�{^e$]-U$M��Fe�kNe$qX]aWGe$q
e$SVUf�5] ���aZu]at^e�Y�e$]<Uh_5qn�aSnÁ<�ae�k5� ���>ZuY�owk5e�{<e�]-Ufe�]-UXqne%kNW��&d$qXe$]<Une$Sf��\^�a���5evShZ[UXY�\-SVo5�ad�qnWPÁ-�5evS � WPlGlP�aSVUXqnd
oaZ^qslPZ��at<�5qne��@Ä5MPO^O���M>�Feft^q�Zuoa�5WPÁ-�5ehY�\^]-UnqXefSXe�lP\^]pl@¬ ZulGUXWGUX�ak5e�kNe$S����>Zu]5t<e�Y�e�]-UnSskaZu]aS�lmZ�{1W�Une$SnSVehq�Z^kNWmZulPe
kN�`{^e$]-UsÁ-�5W+WG]ak5WPÁ-�5efkNevSsY�\1k5W��>�$Z[UnWG\<]aS�_5qn�aSXÁ-�5evSskNehl@¬ WP]<Une�]aSXWGUXdfe�U �c\<�pkNeflmZ�kNWPqXev��UXWP\^]`kN�`{^e$]-U$M

� ��� � Ä5MPO^O � QTSVUXWPY�ZuUXWP\^]`kNeflmZ#{1WGUXevSXSXefkN�`{^e�]-Use�]p��\<]a��UnWG\<]`k5egl¶¬ ZulGUXWGUX�akNefo&\^�aqs�5]�Z&��WPY£�5U¤kN\^]5]ad^M
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SXd�lPe$��UnWG\<]5]5e$q�lGef]a\^Y£_aqXe�kNe#��lmZ^SnSVevS�oaZuq¤¨��X��kNefY%Zu]aWGy$qXe���\^qnqXev��UXehlP\^q�SXÁ-�5ef]a\^�aSs]+¬ Zc{<\^]aS�oaZ<Ss�5]5e�UXe�lPlPe
kNd���\^qnY�ZuUXWP\^]%��\<]-UXWP]-�ae¤kN��SXo>ev��UnqXe¤SX�5qFlPZ�k5WPSVUnZ^]a��e �8{^\<WGq � L<¡��>o&\^�5qFlPZ£SVe$t^Y�e�]-UnZuUXWP\^]%��\^o5o5lPe�q�kNes��\<�5WPlGlPWPS
kNefo5lP�5WPe���M

� �	� ��� � � � ������������� ���� ����� ��� � ����� � �
±A{cZ^]-U�k�¬ WG]-UnqX\NkN�5WPqne¤lmZ�o5qn\N��d$k5�5qXe�kNegSXe�t<Y�e�]-UnZuUXWP\^]%o&\^lmZuqnWGY�d�UnqXWmÁ-�5e � ]5\<�aSTq�Zuoao>e$lG\<]aS lPe$SFo5qn\^o5qnWGd�UXdvS

o&\^lmZuqnWGY�d�UnqXWmÁ-�5e$S�kNehl¶¬ \<]akNehd�lPe$��UXqn\^Y%Zut<]5d�UnWPÁ-�5e � e�Us]5\^�aS�kN\<]5]5\<]aS�kNW �3d�qne�]-Une$S�qne�o5qnd$SXe�]-UnZuUXWP\^]aS�kNef��e�UVUne
WP]N��\^qnY%Z[UXWP\^]+M

�	#�� #%$ � � � � � � �  � �
	���� � ��

ÍJ�P�J�8���8� (�2�Ì[I �u2$IAÌ[*DË&* �^2$7>Ì[68*1È8È@*
� ]ae�\<]akNego5lPZ^]5e¤d$lGev��UnqX\<Y�Z^t^]5d�UXWmÁ-�5e�Á-�5W�SXe�o5qn\^o>Zut^e�k5Zu]aS�l¶¬ evSVo>Z^��e�e$SVUF��\<qXY�d$e�kNefL£���>ZuY�oaSF{^e$��UX\^§

qnWGe$lPS��8d�lPe$��UnqXWmÁ-�5ese�UFY�Z^t^]5d�UXWmÁ-�5e��B��\<�5o5lPd$S � Y£�5UX�5e$lGlPe�Y�e�]-U \<qVUn�5\^t<\^]aZ^�N¢�e�U {[ZuqnWmZu]-U k5Zu]aS lGe�Une�Y�oaS �8]5\^�aS
o&\^�5{<\^]aS�k5d$kN�5WPqne£lPe£���aZuY�o�Y%Zut<]5d�UnWPÁ-�5e#kN� ���aZ^Y�o�d$lGev��UnqXWmÁ-�5e���M � \^�aS�kNd$SXWGt<]5\^]>SsoaZuq −→r �a]�o>\<WG]-Ugk5e� 3 e�U�oaZ^q E(−→r )

lPe����aZ^Y�o!{^ev��UX\<qXWPe�l>d�lPe$��UXqnWPÁ-�5egZu��o&\^WP]-U −→r M �1W −→k evSrU�lmZ£kNWPqXev��UnWG\<]�kNego5qX\<oaZut-Z[UnWG\<]�k5el¶¬ \<]akNe � l¶¬ e$]1{^e�lP\^oao>e���\^Y�o5lPe�¢Ne�kN�w���>ZuY�oDd�lPe$��UXqnWPÁ-�5e�S$¬ dv��qnW�UhZulP\^q�S E(−→r ) = E0e
i−→r ·−→k �8lGe����aZ^Y�o�d�lPe$��§

UXqnWmÁ<�aese$SVU o>e$qXo&e�]ak5WP���5lPZ^WGqne�µhlmZfkNWGqne$��UXWP\^]%kNeso5qn\^o>Zut<ZuUXWP\^] ��Mu± �5]5eso&\<SXWGUXWP\^] −→r e�U �5]%WG]>SrU�Zu]-U t kN\<]5]5dvS �lmZ#kNWPqne$��UnWG\<]�e�U�l¶¬ Z^Y�o5lGWGUX�>kNefkN�!���aZ^Y�o�d�lPe$��UXqnWPÁ-�5ehSX\^]-U�k5\^]5]5d$e$SFoaZuq�lmZ£o>ZuqXUXWPe¤qnd�e�lPlPegkNe
E0e

i(ωt+−→r ·−→k ) M
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� \<�aS�]5\<�aS3WP]<Und�qne$SnSV\<]aS�µ�l¶¬ e�¢1oaqXevSXSXWG\<]gk5�����aZuY�ohd�lPe$��UXqnWPÁ-�5e³k5Z^]aS��5]fqne�o&y�qne³\^qXUX�5\<]5\^qnY%Zul (eh, ev, ez) �k5Z^]aShlGevÁ-�5e�l
ez =

−→
k
M � \^�aShZ^o5o>e$lG\<]aSfZulP\^q�S�o>\<lPZ^qXWmSXZuUXWP\^]�lPZ!]aZ[Un�5qne�{<e$��UX\^qnWPe�lPlGe�kNe�l@¬ \^]ak5e�oalPZ^]5e%k5Zu]aSlPe#o5lmZu]

(eh, ev)
�
eh
e$SVUhl@¬ Z[¢Ne£�a\^qnW �$\^]-UnZ^lAe�U

ev
e$SVU�l¶¬ Z[¢Ne#{<e�qXUXWm��Z^l � � o&e�qno>e$]akNWm���5lmZuWPqne#µ�lmZpkNWGqne$��UXWP\^] k5e

o5qn\^oaZ^t<ZuUXWP\^] −→
k
Ma¦ ¬ \^]>kNefS�¬ d$��qXWGUse�]p��\^]a��UXWP\^]�kNehl¶¬ \<qnkN\<]5]5d$e

z � {^\<WGq��at<�5qXe��@Ä5MPO$Ä � �

E(z) = Eh(z)eh +Ev(z)ev
�8Ä5MPO� �

\��
Eh(z)

e�U
Ev(z)

SX\^]-UslGevS���\1\^q�kN\<]5]5d�evSF��\^Y�o5lPe�¢Ne$Ssk5efl@¬ \^]ak5e^MNQ lPlGevSs\^]-Uso&\^�5qse�¢1oaqXevSXSXWG\<]
{

Eh(z) = Eh0e
ikzeiδh

Ev(z) = Ev0e
ikzeiδv

������� Ä5MPO$Ä � & qX\<oaZut-Z[UnWG\<]`k5� ���aZuY�oDd$lGev��UnqXWmÁ-�5e£k5Z^]aS�lmZ�kNWPqne$��UnWG\<] −→
k
e�Uge$lGlPWPoaSVe#kNe£o&\^lmZuqnWPSnZ[UnWG\<]Dk5Zu]>S

lPefo5lPZ^]!o&e�qno&e�]akNWm���alPZ^WGqnefµ −→
k

� \<�aS�o&\^�5{<\^]aS�{^\<WGqsZ^lG\<qnS�oaZ^q���e�UXUXefd$��qXWGUX�aqXehÁ-�5eflGehlPWGe$�pk5d$��qnWGU�oaZuq�l¶¬ e�¢-UnqXd$Y�W�Undhk5�p{<e$��UXe��aq����aZuY�od�lPe$��UXqnWPÁ-�5e¤e$SVUF�5]5e�e�lPlGWPoaSXe¤k5Z^]aSTlPe�o5lmZu]
(eh, ev)

M<QT]�o>\<lPZ^qXWPY�d�UnqXWPe � ��e�UXUXe�e�lPlGWPoaSXe¤e$SVUToaZ^qnZ^Y�d�UXqnd�eso>ZuqTlPe$S
Zu]at^lPe$S�k�¬ WG]a��lGWP]aZ^WPSX\^]

ψ
e�U¤k�¬ e�lPlPWGoNUnWP��W�Und

χ
M>�FevSsZu]5t<lGevSsSV\<]-Usk5d��a]5WmSsoaZ^q�lGevSsqXe$lPZuUXWP\^]aS�SX�5WP{cZ^]-UXe$S

tan(2ψ) =
2Eh0Ev0
E2
h0 −E2

v0

cos(δ0)

tan(χ) = ±aξ
aη

\��
δ0 = δv − δh

evSrUhlPZpkNW��&d$qXe$]a��e%kNe�o5�aZ<SVe�e�]-UnqXe�lGevSfL���\^Y�o>\-SXZ^]-UXe$S � e�U 2aξ, 2aη
SV\<]-U�lPe$ShlP\^]5t<e��5q�S

��qne$SXo�M �:kNe$S:t<qnZ^]ak#e�U o&e�UXWGUFZu¢1evS:kNesl@¬ e�lPlPWGoaSXe^M<¦�e��aq³WG]-UXe$qXoaqXd�UnZ[UnWG\<]#t<d�\<Y�d�UXqnWPÁ-�5e�e$SVUTkN\<]5]5d�eso>Zuq:lPZg�>t^�5qne
�8ÄaMGO[i ��M1¦T¬ Z^]5t^lPe

χ
�$Zuq�Z^��UXd�qnWmSVe�lPZ£��\^qnY�ehk5egl¶¬ e�lPlGWPoaSXe � ZuWP]aSXW�Á<�aehSX\^]pSVe$]aSskNehoaZ^qn��\^�5q�SFSX�5WP{[Zu]-U�SX\^]`SXWGt<]5e

��o&\^lmZuqnWmSXZuUXWP\^]Dt-Zu�a���5e�SVW
χ < 0 � o&\^lmZuqnWPSnZ[UnWG\<]DkNqn\^WGUXe�SVWP]5\^] ��M+�Fe$ShZu]at^lPe$SgS�¬ e�¢No5qnWGY�e$]<Uhe�] ��\^]a��UXWP\^]wkNe$S��Z^qnZ<��Und�qnWPSVUXWmÁ-�5e$S�kNefl¶¬ \<]akNe �

sin(2χ) = sin(2α) sin(δ0)

tan(2ψ) = tan(2α) cos(δ0)
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¦ ¬ Zu]at^lPe

α
e$SVUgkNd��a]5W:oaZuq

tanα = Ev0

Eh0

M&Q ]�t^d�]ad�q�Zul � ]5\<�aS�k5WPSX\^]aSgÁ-�5e£l¶¬ \^]akNe#e$SVU�o&\^lmZuqnWPSXd�e£e�lPlGWPoNUXWmÁ-�5e�§
Y�e�]-U$M �NW&lmZ�kNW �3d�qne�]>��ehkNe�oa�aZ^SXe

δ0
evSrUsd$t<ZulPe�µ ±π

2

Y�\NkN�5lP\
2π � lPZ#o>\<lPZ^qXWmSnZ[UXWP\^]%evSrUs��WPq����5lmZuWPqXe � e�U�SVW δ0e$SVU�]1�5lPlGe � lPZ�o&\^lmZuqnWPSnZ[UnWG\<]�e$SVU�qne$��UnWGlPWPt^]5e<M

������� ÄaMGO[i � &³Zuq�ZuY�d�UnqXWmSnZ[UXWP\^]pkNehl@¬ e�lPlPWGoaSXe�kNeho&\^lmZuqnWPSnZ[UnWG\<]�oaZ^q�Z^]5t^lPefk�¬ WG]a��lGWP]aZ^WPSX\^] ψ e�U¤k�¬ e�lPlGWPoNUnWP��W�Und χ

ÍJ�P�J�8���m' � *��u2v*-IAÌ�CB*�(�2$7� >*1?
¦ ¬ \^]>kNefo5lmZu]5e�kNefl¶¬ e$Á&M �8ÄaMGO$ ��o&e��NUgZu�aSnSVW "�UXqnefqXe$o5qnd$SXe�]-UXd$ego>Zuqs�5]�{<e$��Une��5q

g
kNe�� 4 Zuo5o&e�lPd�{<e$��Une��5q�k5e

�-Un\^z^evS

g =




g0

g1

g2

g3




=




|Ev |2 + |Eh|2
|Ev |2 − |Eh|2
2<(EvE

∗
h)

2=(EvE
∗
h)




=




|Ev0|2 + |Eh0|2
|Ev0|2 − |Eh0|2
2Ev0Eh0 cos(δ)

2Ev0Eh0 sin(δ)




�8Ä5MPOv¡ �

g0
e$SVUgl¶¬ d$]5e�qnt^WPe�Un\uU�ZulPe�kNe�l¶¬ \<]akNe � g1 e$SVUglmZpkNW �3d�qne�]>��e�e�]-UXqne#lPe$S�d�]ae�qnt^WPe$S�o>\<lPZ^qXWmSVd$e$S��5\^qnW ��\^]-U�ZulPe�Y�e�]-Ue�Uf{<e�qXUXWm��ZulPe�Y�e$]<U � e�U�lPe$She�]-UnqXd$e$S g2, g3 ��\^]-UXWPe�]5]ae�]-Ugl¶¬ WG]N��\<qXY%ZuUXWP\^] kNe%kNW �3d�qne�]>��e$Sfk5e�oa�aZ^SXe�e�]-UXqne#lPe$S��\<Y�o>\-SXZ^]<Une$S

h
e�U
v
M³��Z^]aS#lGe`��Z<S#k�¬ �5]5ep\^]ak5e!��\<Y�o5lGy�UXe$Y�e$]-U�o&\^lmZuqnWPSXd�e��8��e`Á-�5W�e$SVU#o5qne$SnÁ-�5e�lPe`��Z^S

kNe�l¶¬ \^]akNe�d�Y�WPSXe�oaZ^q�lPe�qnZ<k5Zuq � lmZDkNd�o&\^lmZuqnWmSXZuUXWP\^]wd�UnZ^]-U#kN�5e�Z^�N¢wk5d��8Zu�5UnS£k5e�l@¬ Zu]-Une�]5]5e�� � ]5\^�aS#Zc{^\<]aS
g2
0 = g2

1 + g2
2 + g2

3

Ma¦�eh{^ev��Une��5q�kNe �-Un\^z<e$S�e$SVU�qne�lPWGdfZu�poaZ^qnZ^Y�y�UXqnegk5efl@¬ e�lPlGWPoaSXefkNefo>\<lPZ^qXWmSnZ[UXWP\^] �

g = g0




1

cos(2ψ) cos(2χ)

sin(2ψ) cos(2χ)

sin(2χ)




�8Ä5MPO$Ä �



O$Ä^ ������� � � ����� ��������� � 	 � ��������	 	�� � � � 	 � ������	 	���� � 	 � ����	����

\��
ψ
e�U
χ
SX\^]-U�lGevS�Zu]at^lPe$Ssk�¬ WG]>��lPWG]aZ^WPSX\^]`e�U�k�¬ e�lPlGWPoNUXWm��WGUXd<M � \^�aSso&\^�a{^\^]>SskN\^]a�£Z^SnSV\N��WPe�qsµ�Un\^�NU¤{<e$��UXe��aqkNe �-UX\<z^evST�5]!o>\<WG]-UskNeglPZ#SVo5�ay�qne�kNegqnZcb<\^]

g0
�8Z^o5o>e$lGd$e�lmZ£SXo5�5y$qXegkNe &B\<WG]>��Zuqnd�� {^\<WGqT�at^�5qne �@Ä5MPO$« ��M1¦�e$S

o&\^WP]<U�SsÁ-�5W�SVefSXW�Un�5e�]-U�SX�5q�l@¬ d$Á-�aZuUXe��aq���\^qnqXevSVo&\^]>kNe�]-Usµ£�5]aego&\^lmZuqnWmSXZuUXWP\^]�qne$��UXWPlGWPt^]5e��@��Zuq
χ = 0

� � Á-�aZ^]<U
µ%��e$�N¢pÁ-�5WASV\<]<U�Z^�N¢!o �^lPe$S � WPlPS���\^qnqXevSVo&\^]>kNe�]-Usµ��5]5efo&\^lmZuqnWPSnZ[UnWG\<]!��WPq����5lmZuWPqXe�� χ = π

4

��MaQT]N�a] � lGefo&\^WP]-U
(χ, ψ) = (0, 0)

��\^qnqne$SXo>\<]ak�µ�lmZ�o&\^lmZuqnWPSnZ[UnWG\<]�qXev��UnWGlPWGt<]5e£�a\^qnW �$\^]-UnZ^lGe � e�UhlPe£o&\^WP]<U (χ, ψ) = (0, π2 )
µ�lmZ

o&\^lmZuqnWPSnZ[UnWG\<]�{^ev��UnWP�$ZulPe^M

������� Ä5MPO$« � �se$o5qXdvSVe$]-UnZ[UnWG\<]!k�¬ �5]`{^ev��Une��5q�kNe �-Un\^z<e$SsSX�5qslPZ�SXo5�5y$qXefkNe &:\^WP]a�$Zuqnd
Q ]/qne�{[Z^]a���5e � l@¬ \^]>kNe�qnd�UXqn\NkNW��&�aSXd�e�e$SVU£lPZ SV\<Y�Y�e���\^�5d$qXe$]-UXe�kNevS�\<]akNe$S£qXd�UXqn\NkNW �3�aSXd�evSfoaZuq#lGevS£��WG_5lPe$S
d�lPd�Y�e$]<U�ZuWPqXevS k5Z^]aST�a]5e�Y "�Y�e��$Z^SXe�§�kNWmSrU�Zu]a��e � Á-�5W&e$SVU�kN\<]a�s�5]ae¤{[ZuqnWPZ^_5lPe�ZulPd$Z[Un\^WPqXes{[Z^qXWmZu]-UFZ^����\^�aqnSFkN�
UXe$Y�oaSse�U�{<d�qnW��&Zu]-U�l¶¬ WG]5d$t<Z^lGWGUXd

g2
0 ≥ g2

1 + g2
2 + g2

3

�8Ä5MPOci �
jDZ^lGt<qXdslPe��$Zuq�Z^��Uny�qne�ZulPd$ZuUX\^WPqne�kNe�l¶¬ \<]akNe¤qnd�UnqX\NkNW��3�aSVd$e � lPZfqne�oaqXdvSVe$]<U�Z[UnWG\<] �@Ä5MPO$Ä �³kNe�SX\^]%d�UnZuU�kNe�o&\^lmZuqnWG§
SnZ[UXWP\^]�SX�5qFlPZ#SVo5�ad�qne¤kNe�&:\<WG]a�$Zuqndse$SVUTUn\^� )r\<�5qnST{[ZulPWPkNe � �$ZuqTUX\^�5UXe¤\<]akNe�oalPZ^]5e¤evSrUTlmZ£SX\^Y�Y�e¤k�¬ �5]5e�\^]ak5e
��\<Y�o5lGy�UXe$Y�e$]-U¤o>\<lPZ^qXWmSXd�efe�Ugk�¬ �a]5e£\<]akNe�kNd$o>\<lPZ^qXWmSVd$e ��\<]DkNW�UhÁ-�5e�l¶¬ \<]akNefe$SVU¤oaZ^qVUnWGe$lGlPe�Y�e$]<U�o>\<lPZ^qXWmSVd$e���M
Q ]`WP]<UnqX\NkN�aWPSnZu]-UslGe�k5e�t^qndhkNefo>\<lPZ^qXWmSnZ[UXWP\^]

d =

√
g21+g22+g23
g0

� ]5\<�aSsZc{^\<]aS �

g = g0




1 − d

0

0

0




+ g0




d

cos(2ψ) cos(2χ)

sin(2ψ) cos(2χ)

sin(2χ)




¦ ¬ e�lPlPWGoaSXefkNeflmZ#o>ZuqXUXWPego&\^lmZuqnWmSVd$egevSrU�Z^o5o>e$lGd$efd�U�Z[U�kNefo&\^lmZuqnWPSnZ[UnWG\<]!kNehl¶¬ \<]akNe^M
¦�eT{^e$��UXe$�5qAkNe��-UX\<z^evS�Y�\[b^e$]fo>e$�NU "�UXqneTZ^SnSX\1��WGdFµs�5]�o&\^WP]-UBkNeFlPZ�SVo5�ay�qneTkNe�&:\<WG]a�$Zuqnd � ��\^qnqXevSVo&\^]>k5Zu]-U

ZulP\^q�S�µ��5]5efe�lPlPWGoaSXefkNefo&\^lmZuqnWPSnZ[UnWG\<]�Y�\[b^e$]5]5e^M5¦+e$SsZ^]5t^lPe$S�k�¬ WG]>��lPWG]aZ^WPSX\^]pe�U¤k�¬ e$lGlPWGo5UXWm��WGUXd�SX\^]-Usd�t<Z^�N¢!µ �
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χ =
1

2
arcsin(

g3
g0

)

ψ =
1

2
arctan(

g3
g2

)

�	#�� # " � ���  �
� ��  �! "����� � ����� � � � �  � � � � 

¦+Z#o&\^lmZuqnWPSnZ[UnWG\<]�e$SVUs�5]5e���Z^qnZ<��Und�qnWPSVUXWmÁ-�5e�kNehl¶¬ \<]akNehd�lPe$��UXqn\^Y%Zut<]5d�UnWPÁ-�5egÁ-�5W�o>e$�NU�"�UnqXehY�\NkNWG�ad�ehoaZ^q
lPe�Y�WPlGWPe��pk5Zu]aS�lPe$Á-�5e$l&l¶¬ \^]akNegSVego5qn\^oaZ^t^e�e�U�SX�5q�lPe$Á-�5e�l3e$lGlPe�SXe�qnd��>d$���5WGU$Ma�Fe$SFY�\NkNW��&��Z[UnWG\<]aS�o>e$qXY�e�UVUXe$]-U
k�¬ Z^�$Á<�ad�qnWGq kNevS WP]N��\^qnY%Z[UnWG\<]aS SX�5o5o5lPd�Y�e�]-U�ZuWPqXevS³SV�5qTl@¬ e�]1{1WGqn\^]a]5e�Y�e�]-U q�Z^k5Z^q � e�UToaZ^qVUnWP���5lGWPy�qne�Y�e$]<UTSX�5q lPe$S
d�lPd�Y�e$]<U�Sf�5¢NevS�Á-�5WFSX\^]-U#kNW ����WPlGevS£µ��$Zuq�Z^��Und�qnWPSXe�qfo>Zuq�e �&e�U#�¤\<o5o5lPe�qvMA��e$S£e�¢Ne�Y�o5lPe$S#k�¬ Z^o5o5lPWP�$Z[UnWG\<] k5e
l¶¬ WPY%Zut^e$qXWPe�o&\^lmZuqnWGY�d�UXqnWPÁ-�5e �N±�� o>\<�5q��$Zuq�Z^��UXd�qnWmSVe$q³�a]5e$Y�e$]-U�l¶¬ e$]1{-WPqn\^]5]5e$Y�e�]-U �8]5\uU�ZuY�Y�e�]-UFlmZ£{<d�t<d�UnZu§
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�m�/�`�Z�h�F���P�������R���R�e���_�/�H�/�u�e R¡h¢_ R�+£P¤¥�(�§¦i£1¨m©�¡h�:ª«�
¬«3®�¯V°P±

X
¯S±
Y ² ¯S³:´eµ_¯8¶S±·¯S³?¸8¹xºA»-¼8ºA±¥A®½¸H¯Y¹ ² ºA°5¹\¾ d ¿ »-ºÀµAºA¸Y®�º/ÁV»E¯ÂºA»-¼8º3±·3®½¸+¯ Z = X + iY ∈ J d ¯V¹8±ºHÃ/Ã5¯S»-¼8¯dµ_¯8¶S±·¯S³?¸zºA»E¼V±¥A®½¸+¯7¶8AÄÅÃR»-¯H´O¯FÆ

Ç ¬P®|»-¯V¹�¯Y¹tÃ1¼V¸+º3°R¶8¯V¹ mX = E [X ]
¯V±
mY = E [Y ]

¯H´/®B¹Y±·¯S°1± ¿ »cÈ ¯Y¹tÃ1¼V¸HºA°R¶8¯ ² ¯ Z ¯V¹Y± ² ¼�É)°1®�¯jÃ5º3¸
E [X ] + iE [Y ] ¿ ¯S±T¯V¹Y±;°«A±¥¼H¯ E [Z]

3³
mZ
Æ

Ç ¬P®`»-¯V¹i¯V¹�Ã1¼S¸+ºA°«¶H¯V¹ E [XX ′
] ¿ E [Y Y ′

] ¯S±
E
[
XY

′
] ¯H´/®B¹8±¥¯S°1± ¿ °R3³O¹ ² ¼�ÉI°P®B¹8¹V3°5¹i»-¯V¹ÊÄjºA±t¸Y®�¶H¯V¹ CZ¯V±

SZ
Ã5º3¸





SZ = E
[
(Z −E [Z]) (Z −E [Z])

′]

CZ = E
[
(Z −E [Z]) (Z − E [Z])

?]
f�Ë M l_y

? ² ¼V¹8®WÌ:°R¯j»cÈ HÃ1¼V¸HºA±¥¯V³?¸ ² ¯7±t¸+ºA°1¹tÃ5A¹8®½±t®�A°PÍc¶8A°SÎY³:Ì>ºA®B¹S3°ÐÏ·±�¸+º3°5¹tÃ1_¹Y®½±�®�3°�Ñ5¯S¸YÄd®½±t®�¯V°P°R¯ÓÒ ¿ ¯S± ′ »+È HÃ1¼V¸+º3Í±·¯S³?¸ ² ¯d±�¸HºA°5¹tÃ1_¹Y®½±t®�A°RÆ
$u0Ê[j0A=H6+*BXV%

CZ
%F'c=`=+</2AÔÓ<:2568'`'c%F[\*W{¥9?GVUP.5*-%�QR</'+*W=H*-@/%|f�XV</.>=+6803*E6+%F[7%F.>=`Õ

SZ
yZ%V=�%F'c=I03Q5QR%SDEGS%}XS<A@_0:6+*B03.PXV%

9?%
Z M $&%('x[j03=+6H*EXS%F' CZ %S= SZ QR%S25@/%S.>=mÖS=+6H%�%S4OQ16+*E[\GS%F'x%S.�×h<:.1XV=+*E<:.�9?%('x[j03=+6H*EXS%F'm9?%eXS<A@_0:6+*B03.PXV%

CX
%V=

CY
9?%('x@/%FXV=+%S216H'm03DEGF03=+<:*E6H%F'Ø6HGS%FDE'

X
%S=
Y
]}0:*-.1'+*iw/21%K9?%KDE%S256pXV<A@A036H*B03.1XS%ÂXV6H<:*B'cGF%

CXY =

E
[
(X −E [X ]) (Y −E [Y ])
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CZ = CX + CY + i
(
C

′

XY − CXY

)

SZ = CX − CY + i
(
C

′

XY + CXY

)
f�Ë M + y

N </21'}QR<:25@/<:.1'Å0321'H'c*aXV<:.P'c*B9?GS6H%S6gw>25%|DE%b@/%FXY=H%S256ÊXV<:[\Q5DE%V4?% Z = X + iY
%('Ó=Ê25.À@:%(XY=+%F256Å0:D-G(0A=+</*-6H%i6+GF%SD

Z̃ =
(
X

′
Y

′
)′ Õ|@A03DE%S2568')950:.1' ¾ 2d ]><:C5=+%S.O2Ø%F.xXV</.1XS03=+GF.103.>=)Q10:6c=H*-%('I6HGS%FD-DE%g%V=T*-[j0:,:*E.103*E6+% M $a0|[\<�,:%S.1.5%

9?%
Z̃
%('Ó=Å9?</.1X

meZ =

(
E [X ]

E [Y ]

) ]?%S=Å'+07[j0A=H6+*BXV%|9?%bXS<A@A036H*E0:.1XV% 'c%|9?G(XV<:[\QR</'+%i%S.pC5DE<OXF'

CeZ =

(
CX CXY

CY X CY

)

Ëg*E.1'+*`DE0mXV</.5.103*B'H'+0:.1XV%z95%F' [j0A=+6H*BXV%F'
CZ
%V=
SZ
%F'c=iGFw>25*E@_0:D-%F.>=+%\ÕØDB0LXS<:.5.10:*E'H'H03.1XS%z9?%7DE0L[j0A=+6H*BXV%

CeZf�w>25*aXV<:.>=H*-%F./=}Q5DE21'g9&v *E.?×h<:6H[j0A=H*-</.1'}w>25%iDE0\'+%S25DE%|[j0A=+6H*BXV%
CZ
%S.p,:GF.5GS6803D½y M

�m�/�`�Z�h�F���P�������R�.-&�L¦Ê¤¥�(�/�a¡h P�:¤Ó�H¢
/ ° µ_¯8¶S±·¯S³?¸Lº3»-¼8ºA±¥A®½¸+¯À¶8AÄÅÃR»E¯+´O¯

Z
¯Y¹Y±\Ï10VA¸Y±¥¯VÄj¯S°1±-ÒÂ¶S®½¸+¶S³?»-ºA®½¸H¯m¹Y®

Z
¯S±
eiθZ
A°1±iÄ32VÄj¯L»-A® ¿ Ã1A³?¸±¥A³?±

θ ∈ ¾�Æ
/ °�µ_¯8¶S±·¯S³?¸bºA»-¼8ºA±¥A®½¸H¯7¶83ÄgÃ«»-¯+´O¯

Z
¯V¹Y±T¶S®½¸+¶S³?»-ºA®½¸+¯ ² È A¸ ² ¸+¯ ² ¯S³:´j¹Y®�°R3³O¹zºAµAA°5¹ SZ = 0

Æ
Ëg*E.1'+* 25.p@:%(XY=+%F256g03DEGF03=+</*-6H% w>25*u%F'c=}XS*-68XV21DE0:*-6H% 9&v </6H9?6H% + %F'c=T=H%SDED-%bw>25%

{
CXY = −CY X
CX = CY

f�Ë M ì>y
'+<:*-=

CZ = 2 (CX + i CY X)
f�Ë M �Oy
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Z = X + iY
³?°ÂµA¯8¶V±¥¯S³?¸zºA»-¼8ºA±¥A®½¸H¯7¶83ÄgÃ«»-¯+´O¯ ² º3°5¹ J d ÆKJV»a¯Y¹Y± ² ®½±T°R3¸YÄ\º3»ZA³xÌ>ºA³O¹8¹Y®�¯S°Â¹Y® Z̃ =(

X
′
Y

′
)′ ¯Y¹Y±&³?°jµA¯8¶V±¥¯V³?¸�Ì>ºA³O¹8¹Y®�¯V° ² ¯}»-3® N (meZ , CeZ

) Æ�Lz3³O¹ ² ®½¸+A°1¹�MS³1¯ Z ¹Y³?®½±&³?°«¯�»-3® CN(mZ , CZ)
Æ

N`<:256m25. @:%FXV=+%F256L,>0321'H'+*-%F.&];DE%F'mQ56H<:Q16+*EGV=HGF'x95%KXS*-68XV25DB036H*-=+GÂ×h</6c=H%e%S=pXS*-68XV21DE0:6+*-=+GKÕ�Dtv </6H9?6H% + '+<:.>=GFw>25*E@A03DE%S.>=+%(' MPO 03.1'7XV%mXS0:'F]`'+0e9?%S.1'+*-=+Gx6H%SDB0A=H*-@/%S[\%S.>=\ÕÂDB0Â[\%F'+256H%L9?%m$&%SCR%F'+,:21%L'+256 ¾ d × ¾ d 'Sv GFXS6+*-=03DE<:68'�Q

fZ(z1, . . . , zd) =
1

πd |CZ |
exp

(
− (z −mZ)

?
C−1
Z (z −mZ)

)

N </21'�QR<:25@/<:.1'}0:21'+'+* GFXS6+*E6H% 'H0\9?%S.1'+*-=+GbXV</[\[7%i25.p@/%FXY=H%S256g95% ¾ 2d ]1%S.p.5<3=803.>= ∀k, zk = xk + iyk
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fZ(z1, . . . , zd) =
1

(2π)d
∣∣CeZ

∣∣1/2
exp

(
−1

2

(
(x−mX)

′
(y −mY )

′
)
C−1

eZ

(
x−mX

y −mY

))

�m�/�`�Z�h�F���P�����.-&�.-&�e���_�/�H�/�u�e�_£P¨L©�¡h�:ª«� GY©��&¢/�:¤
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Z = X + iY
³?°�µA¯8¶V±¥¯V³?¸zº3»-¼8ºA±¥A®½¸+¯\¶8AÄÅÃR»E¯+´O¯ ² º3°5¹ J d Æ JV»Z¯V¹Y± ² ®½±)¹tÃ5Ñ1¼V¸Y® MS³1¯SÄ\¯S°1±�®½°1µAºA¸Y®�º3°1±�¹Y®°R3³O¹)Ã1A³?µAA°1¹|»cÈ ¼8¶V¸Y®½¸+¯

Z = mZ + Uε

ºAµA¯8¶
ε ∼ CN(0,Σ) ¿ U µ_º3¸Y®�º:ÁS»-¯jºA»-¼8º3±·3®½¸+¯d¸+¼8¯V»½»-¯d±¥¯V»½»E¯ MS³1¯ U > 0 ¿ mZ ∈ J d Æ
$&%('������� XS<:[\Q5DE%V4?%F'd'c</./=79?<:.1XØ25.5%x,/GS.5GF6H0:D-*B'H0A=+*E<:. 9?%('������� 6HGS%FDE'Lfh@:</*-67'c%(XY=H*-</.!� M1+ y M �O*T.5<:2P'0:95<:Q?=H<:.1'�Dtv G(XV6H*W=H256H%

Z = mZ + U−1/2ε
]503DE<:68'TDE0\9?%F.1'c*-=+Gb95%

Z
%('Ó= Q

fZ (z) =
|Σ|−1

πd

∫ ∞

0

ude−uq(z) g(u)du
f�Ë M n:y

w>25*:%('Ó=aDE0}@/%S68'c*E<:.iXV</[\Q5D-%S4?%)9?%IDtv G(w>210A=H*-</.\f � M l + y MFN <:21'u0_@:<:.P'«.5<3=HG q(z) = (z −mZ)? Σ−1 (z −mZ)
%S=

g
QR<:256}DB0j9?%S.P'c*-=+G|9?%|DB0d=+%V4O=H256+%

U M5N <:21'}0_@/<:.1' CZ = E
[
(Z −E [Z]) (Z −E [Z])

?]
= E

[
U−1/2

]
Σ M$u07DE<:*��
XV<:[\Q5DE%V4?%|07QP</256g9?%F.1'c*-=+G

fK(z, (mZ ,Σ, a)) =
2aa|Σ|−1

πdΓ(a)

(
q(z)

a

) a−d
2

Ka−d
(
2
√
aq(z)

) f�Ë M � y
$u07DE<:*�� XV<:[\Q5DE%V4?%|0\QR<:256g9?%F.1'+*W=HG

fT (z(mZ ,Σ, ν)) =
2dΓ( ν2 + d)|Σ|−1

(πν)dΓ( ν2 )

(
1 +

2q(z)

ν

)−( ν
2 +d) f�Ë M ë:y



l_ë � �������	���
�������������������������������� ���!��"$#&%(')�	���*�



� ��������� �

	 ��� � ��������� � 	 � 	 ��������� ��� �� � 	

� � ��
 � ���� 	 � ��� ���� � !������
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X = (Xn)n∈ �'+<:.>=b9?GFXS6+*-=+%('ÊQP036|DB0x×h</.1XY=H*-</.K9&v 0:2?=+<?XV<A@A0:6+*B03.1XS%d9?GSU1.5*E%\QP</256i=+</2?=

n ∈ � Q1036 R(n) = E [X0X
∗
n]
M �¥D%F'c=ÊG(w>25*-@A0:D-%F./=i9?%dXS<:.5.P0��B=+6H%d'H0Ø9?%S.P'c*-=+G7'cQR%FXV=+6803DE%

S(f) =
∑

n∈ � R(n)e2iπnf
f�9?GVUP.5*-%\'+256ÅDE%7'+%S,/[\%S.>=

] − 1
2 ,

1
2 ]
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∥∥∥∥∥
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∥∥∥
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x1, . . . , xN
yY]`Dtv 0:D-,/<:6H*W=Hk5[\%Ø9?% �T256H,Â%('Ó=7*-.5*-=+*B03DE*B'cGF%

Q10:6

ed0,N = ed0,N = xN

%V=gDE%F'�%F6+6H%S216H'�'+<:.>=gXS03DBXV21D-GF%F'�6HGFXV216H'+*-@/%S[\%S.>=�Q1036

QR<:256
p ≥ 1,





edp,n = edp−1,n + µne
r
p−1,n−1

erp,n = erp−1,n + µ?ne
d
p−1,n$u0�[\*-.5*E[\*E'H0A=H*-</. 9?%mDE0�@:%F6H'+*-</. %S[\Q5*E6+*Bw>25%L95%F'dQ525*B'+'H03.1XS%F'79 v %S6H6+%F256

σ2,d
p

%V=
σ2,r
p

9?<:.5.1%xDtv %('Ó=H*-[j0A=H%S256
'+25*-@A0:./=g9?%

µp
Q

∀p ≥ 2, µ̂p =
2
∑N
n=p+1 e

d∗
p−1,ne

r
p−1,n−1

∑N
n=p+1

∣∣edp−1,n

∣∣2 +
∣∣erp−1,n−1

∣∣2
f&� M r>y
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edp−1,n

%S=
erp−1,n−1

'c</.>=g6+%('cQR%FXV=+*E@:%S[\%F./=}DE%F'�%F6+6H%S2568'�9?%|Q56HGF9?*BXY=H*-</.À9?*-6H%FXV=+%|%S=g6+GS=+6H<:,:680:95%ÊÕ7D�v <:689?6H%
p − 1
95%

xn
%V=
xn−1
M(� %SDB0ØXS<:6H6+%('cQR<:.19À0:21'H'c*ZÕØ25.5%d@:%F6H'+*-</.À%S[\Q5*E6+*Bw>25%d952�XV<O%��ØXS*-%F./=i9?%dXS<:6H6+GFDE03=+*E<:.Q10:6c=H*-%FD %S.>=+6H%i%S6H6+%F256}9?%|Q56HGF9?*BXY=H*-</.m9?*E6H%FXY=H%i%V=g%S6H6H%S256}9?%|Q56HGF95*EXV=+*E<:.m6+GS=+6H<:,:680:95% M

�� ���T� � $��  �3�!� ���6* �Y*  -Y���6��� ��-�$!'2�3�
XJ�

N`<:256pX8k10/w/21%�%S.>=H*-%F6
p
]TDtv 03DE,:<:6H*-=+k5[\%�9?% �T256H, X8k5%F6HX8k5%eD-% XV<O%'�jXS*-%F.>=mw>25*i[\*-.5*E[\*E'+%KD�v %S6H6+%F256p9?2

�c[7<?9 �FD-%�0:2?=+</6+GF,:6H%F'H'c*-× �K9&v </6H9?6H%
p
03Q5Q16+<?X8k10:./=ÀDE% @O6H0:*bQ56H<OXS%F'H'c2P'

X MÊN <:21'Â'H0_@:</.1'pw>25% D-</6H'Hw>2&v 25.Q56H<?XV%F'H'+21'Ø%('Ó=p%��«%FXV=+*E@:%S[\%F./=À0325=+<:6HGS,/6+%('+'+*-×Ó];'H0 9?%F.1'c*-=+G '+QP%(XY=+6803DE%�%('Ó=pGS,>03D Õ 1
|Ap(f)|2

]T<?S
Ap(f) =

1 −∑p
k=1 a

(p)
k e−2iπkf M $u0 6HGS,/25DB036H*W=HGÂ9?%ÂDB0�9?%S.P'c*-=+GK'cQR%FXV=+6803DE%Â9?% X

QR%S25=mÖS=+6H%Â[\%F'+256+GF%Â03DE<:68'jQ10:6
Dtv *E.>=+GS,/6H0:D-%

J2
p =

∫ π/2
−π/2

∣∣∣∂A(f)
∂f

∣∣∣
2

df =
∑p

k=1(2πk)
2
∣∣∣a(p)
k

∣∣∣
2 M

N`<:256Ê9?GV=H%S6H[7*E.5%F6Ê9?%(' � � XV</6+6H%F'+QR<:.1950:.>=H'}Õj25.Â'+QR%FXY=H6+%d032?=H<:6HGS,:6H%F'H'+*W×`w/21*a'+<:*-=ÅD-*B'H'c%/]1<:.À6H%S[\Q5DB0:XS%DB07w>210:.>=+*-=+GbÕ7[\*-.5*E[\*E'+%S6g9103.1'�Dtv 0:D-,/<:6H*W=Hk5[\%|9?% �;216+,

min
µp

{
σ2,d
p + σ2,r

p

} f&� M q>y
Q10:6}DE0d×h<:.PXY=+*E<:.1.5%SDED-%i6HGS,/25DE0:6+*B'+GS%7o-l �_s

min
µp

{
σ2,d
p + σ2,r

p + λJ2
p

} f&� M l �>y
<RS

λ
%F'c=I25.\k ,OQR%S6HQ1036803[ �S=+6H% M?� %V=+=+%}[\*E.5*-[\*B'+03=+*E<:.j0i25.5%Ê'c</D-2?=H*-</.70:.103D ,>=+*Bw>25%}QP%F6+[\%S=c=H0:.>=)9?%gQ5DE21'�25.1%%F'c=+*E[j0A=H*-</.L6HGFXS256H'+*E@:%EQ

∀p ≥ 2, µ̂p =
2
∑N
n=p+1 e

d∗
p−1,ne

r
p−1,n−1 + λ(2π)2

∑p−1
k=1 k

2a
(p−1)
k a

(p−1)
p−k∑N

n=p+1

∣∣edp−1,n

∣∣2 +
∣∣erp−1,n−1

∣∣2 + λ(2π)2
∑p−1

k=1 k
2a

(p−1)
k a

(p−1)
p−k

f&� M l:l_y
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N </21'`6803Q5QR%SDE<:.1'Z*BXV*?DE%F'IXS<:.1XS%SQ?=8'`*-[\QR<:6+=H0:./=8'`9?%}DE0Ê=Hk5GS</6+*E%}9?%F'�X8k10 �B.1%F'`9?%	�Â0:6
�/<A@R](%V=)95%F'`6HGF'+25DW=80A=8'XV</.5.O21'T9?%|XV<:.O@/%S6H,:%S.PXV% M/� %F';6H0:Q5QR%SDB'T'+<:.>=�C10:'+GF';%F'H'+%S.>=+*E%SDED-%F[\%S.>=�'+256TD-%('T<:25@O6803,:% 9?% �;6HGS[j0:219Ào + ì_s&%S=Dtv 0:6c=H*EXSD-%i*E./=H6+<?9?2PXY=+*-×�ÕdDB0d=+k5GF<:6H*-%|9?%('gX8k10 �B.5%('�9?%
�Â036_�:<A@j9?% ��*E%S6H.5% ,Âo-l �/nFs M
� �S� �<: 7}�=@�:A7}� � $i�a�i�a�'$b�L�

�O</*W=
X = (Xn)n≥0

21.5%IX8k10��½.5%)95%��Â036_�:<A@ÅÕ�@A0:D-%F256H'u9503.1'
(E, E)
%F'+Q10:XS%�[\%F'+256+G M �IDED-%;%F'c=&k5<:[\</, �S.1%'+*TDE%F'dQ56H<:C10:C5*ED-*-=+G('d9?%L=+6803.P'c*-=+*E<:.

P (Xn+1 |Xn )
'+<:.>=d=+<:25=+%F'7DE%F'd[\ÖS[\%F'7QR<:2567=+</2?=

n M $u%L.1<�,/032�95%=+6803.P'c*-=+*E<:.
P (x,A)

%F'c=zDB0m×h<:.1XV=+*E<:. =+%FD-DE%xw>25% ∀x ∈ E, ∀A ∈ E , P (Xn+1 ∈ A |Xn = x ) = P (x,A) M
�a6+</*E'�</QPGF6H03=+*E<:.1'TQR%S25@/%S.>=}ÖV=+6H%|9?GVUP.5*-%('gÕ7Q1036+=+*E6g9?2p.5<�,>032

P
�� QPGF6H03=+*E<:.p'c256ÅD-%('g[\%F'+256H%F' QP'+* ν %('Ó=Å21.5%b[\%F'+256H%b'c256 (E, E)

]R0:D-</6H'�.1<:21'}.1<3=+</.1'
νP
DB0j[\%F'+256+%

9?GVU1.1*-%iQ10:6
νP (A) =

∫
P (x,A)ν(dx) �

�� QPGF6H03=+*E<:.Â'+256ÊDE%F'Å×h<:.PXY=+*E<:.P'�Q '+* h %F'c= 21.5%b×h</.1XY=H*-</. h : E → ¾ ]R.5<:2P'Ê9?GSU1.5*B'+'+<:.P'ÅDB0j×h</.1XY=H*-</.
Ph(x) =

∫
P (x, dy)h(y) = E [h(X1) |X0 = x ] �

�� QPGF6H03=+*E<:.x'+256�D-%('�.5<�,/0:2?4Ø9?% =+6803.1'+*-=+*E<:. Q5'+* Q %('Ó=}25.p032?=H6+% .5<�,>032x9?% =H6H0:.1'c*-=+*E<:.u]>.1<:21'�9?GSU1.5*B'Ó{'c</.1'TD-%|.5<�,>032m9?%i=+6803.1'+*-=+*E<:.
PQ(x,A) =

∫
P (x, dy)Q(y,A) M �O*u.5<:21'�*-=+GF6+</.1'�Dtv </QPGF6H03=+*E<:.&]?.5</21'<:C?=H%S.5</.1'

P (Xn ∈ A |X0 = x ) = P . . . P (x,A) = P n(x,A) M$u0x9?*E'c=H0:.1XV%|%F.Â@A036H*E03=+*E<:.L=+<:=H03DE%b%F./=H6+% + [7%('c216+%(' ν1 %S= ν2 ]12?=H*-DE%bQR<:256ÊD�v GV=H219?%79?%bDB0ØXV</.>@/%S6H,:%F.1XV%i9?%F'X8k10 �B.5%('}9?%��Â036_�:<A@j%('Ó=g9?GSU1.5*E%|Q1036 Q

‖ν1 − ν2‖TV = 2 sup

A ⊂ E

|ν1(A) − ν2(A)|

�I.?UP.&]P'+*
x ∈ E
]
Px
95GF'+*-,/.5%iDE0\Q56H<:CP03C5*ED-*-=+G|9?2mQ56H<?XV%F'H'+21'

X
D-</6H'Hw>25%

PX0 = δx
M

� �54 � ���p�L�8�Z��$b�m�<7T� � � $ � �Z�S�T�a�}�
N </21')95<:.5.5</.1'�[j03*E.>=+%F.103.>=)DE%F')Q56+%F[\*��F6+%('I9?GVUP.5*W=H*-</.1'I*E[\QP</6c=803.>=+%('IQR<:256;D�v GV=H219?% 9?%gDB0b'Ó=803C5*EDE*W=HGÅ9?%F'X8k10 �B.5%('}9?%��Â036_�:<A@Ø'c=H03=+*E<:.5.P03*E6+%(' M
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¬«3®½±
A ∈ E ¿ »-¯&ÃR¸+¯SÄ7®�¯V¸;±·¯SÄgÃR¹ ² ¯T¸+¯S±¥A³?¸;¯S° A ¯Y¹Y±«»-ºÊµAºA¸Y®�º:ÁS»-¯gº3»-¼8ºA±¥A®½¸+¯ τA = inf {n ≥ 1 : Xn ∈ A} ÆLz3³O¹ °«A±¥A°1¹

τA = ∞ »-A¸8¹ MS³1¯d»-ºx¶8Ñ5º��½°R¯d°R¯z¸+¯S±·3³?¸Y°R¯�ÎSº3Ä\º3®B¹d¯V° A Æ
�m�/�`�Z�h�F���P���x�.-&�.-&���:�:�_¢ �1�`�>�Ó¤��:¤Ó¡B¤Ó�+¢
¬«3®½±

ϕ
³?°«¯jÄj¯Y¹Y³?¸+¯ ² ¯bÃR¸+/Á8º:ÁS®½»æ®½±·¼L¹Y³?¸ (E, E) ¿ ³?°«¯x¶8Ñ5º��½°R¯ ² ¯
	�ºA¸ �/Aµ X ¯Y¹Y± ϕ Í¥®½¸Y¸+¼ ² ³1¶V±t®�ÁV»E¯�ÏÓ3³®½¸Y¸+¼ ² ³1¶S±t®�ÁV»-¯ÓÒj¹Y®

ϕ(A) > 0 =⇒ ∀x ∈ E, Px(τA <∞) > 0

� º ÃR¸H:Á8º:ÁS®½»æ®½±¥¼
ϕ
¯V¹Y±Tº8Ã:Ã1¯V»-¼8¯ ² ®B¹Y±t¸Y®�ÁV³?±t®�A° ² È ®½¸Y¸H¼ ² ³1¶V±t®�ÁS®½»æ®½±·¼ ² ¯b»Eºx¶8Ñ5º��½°«¯FÆ

�g.1%�95GVU1.5*-=+*E<:.7GFw>25*E@A03DE%S.>=+%}9?%�DB0
ϕ
{·*E6+6HGF9?2PXY=+*EC5*ED-*-=+G/]A2?=+*EDE*E'H03.>=�D-%('`.5<�,/0:2?4z9?%T=+6803.P'c*-=+*E<:.d%V=I.5%T×�03*B'H03.>=

Q5DE21'}*E.>=+%S6H@:%F.5*E6TDE%i=+%F[\Q1'}9?%|6H%V=+</256}%F'c=}DE0\'+25*E@_0:.>=+%

∃n ≥ 1, ∀x ∈ E, ∀A =Hw ϕ(A) > 0, P n(x,A) > 0

�g.1%gXV<:.P9?*W=H*-</.j'c2 �Ø'H03.>=+%g9&v *E6+6HGF9521XY=H*-C5*EDE*W=HGg9 v 21.j.5<�,/0:2
P
%F'c=)D�v %V4?*B'Ó=H%S.1XS%g9 v 25.5%g9?%F.1'c*-=+G

f
6+%FDE03=+*E@:%F[7%F.>=

Õ
ϕ
w>25*u'+<:*-=g'Ó=H6+*BXY=H%S[\%S.>=}QR</'+*W=H*-@/%|%V=�=+%FD-DE%bw>25%|QP</256

n ≥ 1
Q

∃n ≥ 1, ∀x ∈ E, ∀A ∈ E , P n(x,A) =

∫

A

f(x, y)ϕ(dy)

�¥Du'+2 �\=Å03DE<:68'�9?%iQ56+</25@:%F6}w/21%|D-%i.5<�,>032
Pn
0:95[7%S=g25.5%|9?%F.1'c*-=+G|6H%SDB0A=H*-@/%S[\%S.>=gÕ

ϕ M
� <�OPA�E��+9�<��x�.-&���R���:�:�_¢ �P�`�/�c¤��:¤Ó¡B¤Ó�+¢ �«�IG�� �  ��HI�IG���� GY©& «�_� ���Ü¢>�H P� �1¤�G:�/�_�/�

� 3³?¸ »E¯Y¹d¶8Ñ5º��½°R¯V¹ ² ¯�	Âº3¸ �:3µ �x¼S±·º3± ² ®B¹V¶S¸+¯S±�¹ ¿ ³?°«¯z¶8Ñ5º��½°«¯\¯Y¹Y± ² ®½±¥¯b®½¸Y¸+¼ ² ³1¶V±t®�ÁV»E¯b¹Y®�°«A³O¹bºAµAA°5¹ �
∀x, x′, ∃nPn(x, x′) > 0

Lz3³O¹LºAµAA°1¹mºA»-3¸8¹p¼ MS³?®½µ_º3»-¯V°«¶8¯Â¯V°P±�¸H¯x»+È ¯+´/®B¹Y±·¯S°R¶8¯ ² È ³?°«¯zÃR¸+/Á8º:ÁS®½»æ®½±·¼À¹Y±·º3±�®�3°1°Rº3®½¸+¯&MS³?® ¶8Ñ5ºA¸tÌ/¯p±¥A³O¹Ø»E¯Y¹Ã1A®½°1±�¹ ² ¯�»cÈ ¯V¹�Ã1º:¶8¯ ¯S±z»cÈ ®½¸Y¸+¼ ² ³1¶V±t®�ÁV®½»W®½±·¼ ² ¯Â»-º�Ä\º3±�¸Y®�¶8¯ ² ¯�±�¸HºA°5¹Y®½±t®�A° P Æ � A¸8¹ MS³1¯ n ¯V¹Y±z³?°1® 0V3¸YÄ\¯K¯S°»-¯V¹7¼S±·º3±�¹ ¿ ®�Æ½¯(Æ)¹Y® ∃n, ∀x, x′, Pn(x, x′) > 0 ¿ »-ºLÄjºA±t¸Y®�¶H¯ ² ¯7±t¸+ºA°1¹8®½±t®�A°�¯V¹Y± ² ®½±·¯ ÃR¸Y®½Ä7®½±�®½µA¯FÆPLdA³O¹dºAµAA°1¹ºA»EA¸8¹
A
Ã«¸Y®½Äd®½±t®½µ_¯i¹8®`¯V±Z¹S¯S³?»-¯VÄj¯S°1±Z¹Y®u»-º\¶8Ñ5º��½°«¯ ² ¯�	Âº3¸ �:3µd¯V¹8±I¯S¸�Ì> ² ® MV³1¯ ¿ º3µ_¯8¶i³?°«¯Ê³?°1® MS³1¯�Ã«¸+:Á8º/ÁV®½»æ®½±¥¼¹Y±·º3±�®�3°1°«ºA®½¸+¯}Ã5A¹Y®½±�®½µA¯\¶HÑ1ºA¸�Ì>¯8ºA°1±�±¥A³O¹i»-¯V¹b¼S±¥ºA±�¹VÆ

N�036H[\* =+</2?=+%('gDE%F'Å95*E'c=+6H*-C12?=+*E<:.1'Å9 v *E6H6+G(9?21XY=H*-C1*-DE*W=HGzw>25%bQR</'H' �(9?%b25.1%zX8k10��½.5%|*E6+6HGF9521XY=H*-C5DE%:]P*-Da%F'c=ÅQR</'c{
'+*-C5DE%|9?%i[\<:.>=+6H%S6}w>2&v *-D %S4O*B'c=+%i25.5%|9?*B'Ó=H6+*EC52?=H*-</.p*-6H6+G(9?21XV=+*EC5D-% [j0A4?*E[\0:D-%/]?Q1036�6803Q5QR<:6+=}ÕdDB0:w>25%FD-DE%Ê=+<:25=+%F'
DE%F' 032?=H6+%('Å9?*B'Ó=H6+*EC52?=H*-</.1' 9 v *E6H6+G(9?21XY=H*-C1*-DE*W=HGd0/9?[\%V=c=H%S.>=Ê21.5%795%S.1'+*W=HG M $&%('Ê9?*B'c=+6H*-C525=+*E<:.1'Ê[j0A4?*-[j0:D-%('Å'+<:.>=03DE<:68';=+</2?=+%('�GFw>25*E@_0:D-%F.>=+%F'F]?* M % M QP<>'+' �F95%S.>=}D-%('}[\ÖS[\%F'�%F.1'c%F[zC5DE%F'�.1GS,:DE*E,:%F0:C5DE%F' M$Iv *E6+6HGF9?2PXY=+*EC5*ED-*-=+Ge'c*E,:.5*-U1%�w>25%�=+</2?=L%F.1'c%F[zC5DE%�9?%

ϕ
{t[\%F'+256H%À.5<:.�.>21D-DE%�QR%S2?=mÖV=H6+%�03=c=H%S*E./=p9?%SQ125*E'

.&v *-[\QR<:6+=+%zw>25%FDaQR<:*E.>=
x ∈ E M �¥Da%F'c=Ê*E.>=+GS6H%F'H'H03.>=Å9?%z'H0_@:</*-6g'+*aXS%F'g%F.1'+%S[zC1D-%('}QP%F25@:%F.>=ÊÖV=H6+%d0A=c=H%S*E.>=H'g21..5</[zC56H%iU1.5*&</2À*-.5U1.5*a95%i×h<:*B' M+� %V=c=H%|Q56H<:Q56H*-GS=+G/]1w>25*&%S.>=H6H0 �B.5%|DB0j9?GSU1.5*-=+*E<:.Â9?2ÂXS<:.1XS%SQ?=Å9?%z6+G(XV256H6+%F.1XV%/]'Fv *E.>=+GS6H%F'H'+%x032?4 Q56H<:C10:C5*ED-*-=+G('z9?%('z%F.1'c%F[zC5DE%F' {Xn ∈ A

* M ' M } = ∩n≥0 ∪k≥n {Xk ∈ A} ]Z<RS * M ' M '+*-,/.5*WUP%
�c*-.?UP.5*-[\%F./=Å'+<:21@:%S.>= � M
�m�/�`�Z�h�F���P���x�.-&���u���d¢_�/�u�/�(�IHI�_�

/ °«¯\¶HÑ1º��½°R¯Ø®½¸Y¸+¼ ² ³1¶S±�®�ÁS»-¯pÏÓº3µ_¯8¶ ² ®B¹Y±t¸Y®�ÁV³?±t®�A° ² È ®½¸Y¸+¯ ² ³1¶S±�®�ÁS®½»æ®½±¥¼ØÄjºS´/®½ÄjºA»-¯ ψ Òm¯V¹Y±T¸H¼H¶S³?¸Y¸+¯S°1±¥¯z¹8®uÃ1A³?¸±¥A³?±T¯S°5¹S¯SÄ\ÁS»-¯
A
±¥¯V»�MV³1¯

ψ(A) > 0 ¿ »E¯Y¹ ² ¯S³:´p¶8A° ² ®½±�®�3°5¹i¹Y³?®½µ_º3°1±¥¯Y¹i¹SA°P±)µA¼V¸Y® ÉT¼8¯Y¹
� ��� ∀x ∈ E, Px (Xn ∈ A

®�Æ-¹SÆ
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π
Æ��Ê»-3¸8¹

X
¯Y¹Y±
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¯Y¹Y±T³?°R¯z¶8Ñ5º��½°R¯ ² ¯�	�ºA¸ �/Aµj®½¸Y¸+¼ ² ³1¶V±t®�ÁV»E¯ ² ¯ ² ®B¹Y±�¸Y®�ÁS³?±�®�3°�®½°Pµ_º3¸Y®�ºA°1±¥¯ π ¿ ¯V±

f : (E, E) −→ ¾§±¥¯S»½»-¯ MS³1¯ Eπ(|f |) =
∫
|f(x)|π(dx) <∞ Æ��Ê»-3¸8¹

Px

({
1

n

n∑

k=1

f(Xk) −→ Eπ(f)

})
) = 1 π − ÃP¹ f �ÊM l(y
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∀i ≤ p− 1, ∀x ∈ Ei−1, P (x,Ei) = 1
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∃ ν Ã«¸+:Á8º/ÁV®½»æ®½±¥¼d¹Y³?¸ E, β > 0, C ⊂ E
±¥Æ M(Æ

ν(C) > 0
¯S± ∀x ∈ C, ∀A, P (x,A) > βν(A)
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π ¿ º3»-A¸8¹
‖Pn(x, ·) − π(·)‖TV −→ 0

f �ÊM1+ y
Ã1A³?¸

π − ÃR¹"±¥A³?± x Æ
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∀A ⊂ E, ψ(A) > 0, ∀x ∈ E, Px (Xn ∈ A
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M ¿ π − ®½°1±¥¼tÌ:¸+º/ÁV»-¯7¯S±)³?°R¯7¶8A°1¹8±¥ºA°P±·¯ 0 < r < 1

±¥¯V»)MS³1¯

∀x, ∀n, ‖Pn(x, ·) − π(·)‖TV ≤M(x)rn
f �ÊM ì>y
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αn = sup

A,B ⊂ E

|Pπ (X0 ∈ A, Xn ∈ B) − π(A)π(B)| = O(rn), r < 1

$&%d[j0AÔÓ<:6803.>=Å9?%mf �ÊM ì/yÅ9?GSQR%S.19e9?%zDB0j@A03DE%S216Ê*E.5*-=+*B03DE%:]R%V=Ê*EDZ%F'c= 03DE<:68'Å'+<:21@:%S.>=g*E.>=+GS6H%F'H'H03.>=Ê9?%7'c25Q1QP<>'c%F6w>25%|XV%S=c=+%|@O*-=+%('+'+%|9?%bXV</.>@/%S6H,:%F.1XV%Ê%F'c=g@:GS6H*-U1GS% 25.5*-×h<:6H[\GS[\%S.>=Å'+256}D�v %F'+Q10/XV%|9?%F'�GS=H03=H'F]1XV%|w>25*u0:CP</2?=+*-=gÕ
DB0d.1<3=+*E<:.p9 v %S6H,:<?9?*BXV*-=+Gi,:GF<:[\GV=H6+*Bw>25%i25.5*-×h<:6H[\%:]503Q1QP%FD-GF%i95*-6H%FXV=+%S[\%F./=g%F6+,/<?9?*EXS*W=HGÊ21.5*W×h</6+[\% M
�m�/�`�Z�h�F���P���x���u�.-&�� � FR£ �P¤c�:¤Ó�H¢Â��H`¤! /£P�:¨ �

/ °«¯z¶8Ñ5º��½°R¯\¯V¸tÌ/ ² ® MS³1¯ ² ¯ ² ®B¹Y±�¸Y®�ÁS³?±t®�A°�®½°Pµ_º3¸Y®�ºA°P±·¯ π ¯V¹8±;³?°1® 0V3¸YÄ\¼SÄ\¯S°1±}¯S¸�Ì/ ² ® MS³1¯z¹Y®

∃M > 0
¯S±
r < 1
±¥¯V»)MS³1¯ ∀x, ∀n, ‖P n(x, ·) − π(·)‖TV ≤Mrn
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, ∃δ > 0, ∃ε < 1,∃m, ∀B ⊂ E, µ(B) > ε =⇒
infx∈X P (x,B) > δ
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φn = sup

A,B ⊂ E

|Pπ (Xn ∈ B |X0 ∈ A ) − π(B)| = O(rn), r < 1
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X
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π
µA¼V¸Y® ÉTºA°1±T»cÈ ³?°«¯ ² ¯Y¹ ² ¯S³:´m¶H3° ² ®½±�®�3°5¹|¹Y³?®½µ_º3°1±¥¯Y¹ �

� ��� »EºL¶8Ñ5º��½°R¯\¯Y¹Y±`Ì/¼8AÄj¼S±�¸Y® MS³1¯VÄj¯S°1±}¯V¸�Ì> ² ® MS³1¯d¯S±;®½»Z¯+´/®B¹Y±·¯ ε > 0
±·¯S»�MS³1¯

f2+ε ¹V3®½± π Í¥®½°P±·¼·Ì:¸+º:ÁS»-¯
� ��� � »-ºx¶8Ñ5º��½°R¯\¯V¹8±T³?°1® 0V3¸YÄ\¼SÄj¯V°P±T¯S¸�Ì/ ² ® MS³1¯\¯V± f ¯Y¹Y±�¶Hº3¸Y¸+¼ π Í¥®½°P±·¼·Ì:¸+º:ÁS»-¯
�Ê»-3¸8¹i»EºjµAºA¸Y®�ºA°«¶8¯ ² ¯ (f(Xn))n≥0

¯V¹8±RÉI°P®�¯d¯S±;µAºA³?±

σ2
f = Eπ

[
(f(X0) − πf)

2
]

+ 2

∞∑

k=1

Eπ [(f(X0) − πf) (f(Xk) − πf)]

� ¯�Ã«»æ³O¹ ¿ √n( 1
n

∑n
k=0 f(Xn) − πf)

¶8A°Pµ_¯S¸�Ì>¯d¯S°�»EA®�µA¯V¸8¹|³?°R¯bµ_º3¸Y®�º:ÁS»-¯jºA»E¼Hº3±·3®½¸+¯d°R3¸YÄ\º3»-¯ N (0, σ2
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