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Introduction

L’état d'un systeme physique constitué d’un tres grand nombre de particules soumises a
diverses actions peut étre étudié a plusieurs niveaux, c’est-a-dire suivant des échelles (d’es-
pace, de temps par exemple) différentes.

On peut tout d’abord en étudier un modéle microscopique, ¢’est-a-dire un modele mathé-
matique dans lequel l'inconnue est 1'état de chaque particule. Ces modeles peuvent étre
donnés sous la forme d’équations d’évolution : suivant les systemes considérés, et suivant les
parametres intervenant dans la description de 1’état des particules - position, vitesse, ... -
les équations, écrites dans un espace des phases tres grand, pourront par exemple prendre
la forme des équations de Newton pour des particules classiques en interaction, d’un flot
gradient pour des systemes dissipatifs, ... De tels modeles prennent donc la forme de systemes
d’équations nombreuses et couplées, ce qui peut rendre leur étude difficile. C’est pourquoi
on préfere souvent remplacer cette description microscopique de chaque particule dans un
espace des phases tres grand par une description macroscopique dans un espace des phases
réduit.

Ainsi, dans une description macroscopique cinétique, I'état du systéme est a chaque ins-
tant représenté par une densité de présence dans ’espace des phases R? x R? des positions
x et vitesses v. Cette densité peut obéir a une équation aux dérivées partielles d’évolution
posée sur [0, +oo[xR?% x R?, dont la forme traduit le type d’interaction entre les particules.
Si seules les particules suffisamment proches I'une de I'autre interagissent, la densité vérifie
une équation de Boltzmann ; si au contraire chaque particule ressent I'influence de toutes les
autres particules, alors I’équation satisfaite par la densité est dite de champ moyen : c’est le
cas par exemple de I’équation de Vlasov de la forme

A VL F(2) Vo =0

dont I'inconnue f(t, z,v) est la densité de présence au temps ¢ dans I'espace R?¢ des positions
x et des vitesses v; c’est aussi le cas, pour des systemes homogenes en position dont 1’état
est donné par une densité de présence dans l'espace des vitesses uniquement, de certaines
équations de McKean-Vlasov de la forme

of

S = AV (YY) Vo (VW ),
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dont I'inconnue f(t,v) est la densité de présence au temps ¢ dans I'espace R des vitesses v.
Dans une description macroscopique hydrodynamique, I’état du systeme est représenté par
des fonctions sur I'espace des positions uniquement donnant a chaque instant ¢ la densité,
la vitesse et la température dans l'espace des positions x, obtenues comme des moments en
vitesse v de la densité cinétique de présence f(t,z,v). Par exemple, les équations d’Euler

ou
{E+(U-V)u = —Vp
V-u =0

régissent ’évolution du champ de vitesse u(¢, ) d’un fluide non visqueux en régime incom-
pressible.

Dans le travail présenté ici, nous nous intéressons essentiellement a des modeles macros-
copiques cinétiques. Une fois le modele obtenu, sous forme d’une équation aux dérivées par-
tielles sur la densité de présence, il peut étre intéressant de chercher a en approcher les solu-
tions. Plusieurs types de méthodes sont envisageables, dont la précision peut dépendre de la
forme de I’équation considérée. Nous étudions ici des méthodes d’approximation particulaires
pour des équations de champ moyen ; elles consistent en 'introduction d’un grand nombre
N de particules fictives, évoluant selon un systeme d’équations différentielles couplées, or-
dinaires ou stochastiques, posé dans un espace tres grand, mais dans un sens plus simple a
résoudre que 1’équation macroscopique.

Ainsi dans le cas de I'équation de Vlasov, ces N particules fictives, repérées par leur
position et vitesse (X}, V") pour 1 < i < N dans l'espace des phases R2?, évoluent
suivant les équations de Newton régissant la dynamique des particules physiques du modele
microscopique. Il ne s’agit cependant en rien d’un retour vers ce modele : en effet, si le systeme
physique original est constitué d’un nombre de particules de 'ordre de 10?° par exemple,
I’espoir de la méthode est de pouvoir approcher de maniere satisfaisante 1’état du systeme
donné par la densité macroscopique de présence, et méme ’état du systeme physique des
10% particules, par l'introduction d’un nombre N limité de particules fictives (X}, V;"V),

de Tordre de 10° par exemple. L’état du systéme de particules introduites par la méthode
N

1 A :
d’approximation est décrite par les observables N Z o(XN V"N pour des fonctions test
i=1
v, et peut donc étre décrit par une mesure de probabilité, dite mesure empirique, définie sur
'espace des phases R?? par

1 N
~N
He = NZ(5<X,§’N,VJ’N>'
i=1

Dans le cas de I’équation de McKean-Vlasov, les particules fictives introduites dans 1’ap-
proximation particulaire sont repérées par leur seule vitesse dans R et évoluent suivant des
équations différentielles stochastiques conduites par un mouvement brownien rendant compte
du terme de diffusion donné, au niveau macroscopique de ’équation, par le laplacien. On
définit de méme une mesure empirique dans I'espace des positions.

L’étude de la précision de la méthode d’approximation particulaire se ramene donc a la
comparaison de deux mesures de probabilité, dépendant du temps, dont I'une (la solution
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de I’équation macroscopique) est déterministe, alors que l'autre (la mesure empirique) peut
étre déterministe ou aléatoire suivant le modele. La convergence de la mesure empirique
vers la densité macroscopique, pour N tendant vers l'infini, est appelée limite de champ
moyen pour les équations macroscopiques considérées. Il s’agit d’en donner des formulations
précises, avec si possible 'obtention d’estimations explicites et 1’étude de leur dépendance
en temps.

Son analyse repose en particulier sur une bonne connaissance des propriétés des solutions
des équations d’évolution (des particules d’une part, de la densité de présence d’autre part)
intervenant dans le probleme, mais aussi sur l'introduction d’outils analytiques traduisant
les distances entre ces mesures : deux exemples fondamentaux en sont la distance de Was-
serstein (liée a la théorie du transport optimal de mesures) et la notion d’entropie relative
ou d’information de Kullback. Nous rappelons en particulier, dans la partie 0 de cette intro-
duction, quelques notations et quelques propriétés des distances de Wasserstein dont nous
ferons usage dans la suite.

L’introduction se compose ensuite de trois parties présentant les différents themes et
résultats des travaux composant cette these. Dans la partie I nous abordons I'étude de li-
mites de champ moyen pour les équations de Vlasov et d’FEuler incompressibles dans le plan :
dans ces modeles le probleme de limite se ramene a une question de stabilité d’équations aux
dérivées partielles, qui peut étre résolue par des propriétés de type contraction en distances
de Wasserstein. Nous présentons aussi un résultat analogue pour des lois de conservation
scalaires. Dans la partie suivante nous nous intéressons a des inégalités de concentration,
ou de déviation, de certaines mesures de probabilité, et a leurs liens avec les inégalités de
transport (qui lient les distances de Wasserstein et 1’entropie) et les inégalités de Sobolev loga-
rithmiques ; en particulier nous donnons de telles inégalités pour des lois jointes de variables
dépendantes. Enfin, dans la partie III, nous considérons une approximation d’équations de
McKean-Vlasov par des systemes de particules évoluant suivant des équations différentielles
stochastiques; nous donnons une estimation quantitative de la précision de la méthode a
I’aide des inégalités de concentration introduites dans la partie précédente.

0 - Distances de Wasserstein

Ces distances, qui évaluent I’écart entre deux mesures de probabilité, sont liées au probleme
de transport optimal, formulé originalement par G. Monge de la maniere suivante. Soient,
dans le plan R?, deux distributions pg et p; de méme masse d’un matériau donné. Sachant
que le cout du transport d’une unité de masse d'un point z a un point y du plan est la
distance euclidienne |z — y| dans R?, comment doit-on transporter la premiere distribution
sur la deuxieme de maniere a minimiser le cotit de transport donné par

| t@) =l o) o

si tout point x de la distribution pg est envoyé au point ¢(z) de la distribution pq 7
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Dans le cadre plus abstrait d’un espace polonais X, d'un cott de transport ¢(z,y) pour
aller de = a y et de deux mesures boréliennes de probabilité g et py sur X, il s’agit de
trouver, parmi toutes les applications ¢t de X dans X, dites de transport, envoyant pg sur
dans le sens ou pu; est la mesure image de g par ¢t notée tfiug, c’est-a~-dire dans le sens ou

po[t™(B)] = pu[B]

pour tout borélien B de X, celles qui minimisent la quantité
| et t)) duo(a).
X

Ce probleme n’a pas toujours de solution : par exemple, sur R muni de la distance usuelle,
si i est la masse de Dirac en 0 et pq est la moyenne des masses de Dirac en —1 et +1, il
n’existe méme pas d’application ¢ envoyant jg sur py, puisque le point x = 0 doit étre envoyé
ala foissur y = —1 et y = +1.

On est alors amené a la formulation plus faible suivante du probleme due a L. Kantoro-

vich : minimiser la quantité
// c(,y) dm(z, y)
XxX

parmi tous les éléments 7, appelés plans de transport, de ’ensemble II(pg, 1t1) des mesures
boréliennes de probabilité sur I'espace produit X x X de marginales pg en la premiere
variable et p; en la deuxieme. On autorise ainsi a répartir la masse dpuo(x) initialement en
x en divers points y selon la masse dm(z,y). Cet ensemble II(po, pt1) est toujours non vide
car il contient le produit tensoriel g ® p;. Ce nouveau probleme est bien une formulation
faible du probleme initial puisque d’une part toute application de transport ¢ induit un plan
de transport 7 défini par m = (Id X t)fpo ou Id est I'application identité sur X, et d’autre
part les deux infima sont égaux sous certaines conditions sur ¢ et pg. Il admet toujours une
solution des que c¢ est une fonction semi-continue inférieurement sur X x X, et sous certaines
hypotheses supplémentaires sur X, c et g, ce plan de transport optimal est unique et s’écrit
en fait sous la forme (Id x t)fuo pour une certaine application ¢.

Ces résultats et plus généralement 1’étude de ce probleme de transport et ses liens avec
de nombreux domaines, tels que ’analyse de certaines équations aux dérivées partielles, des
inégalités fonctionnelles ou géométriques, ou la théorie des probabilités, sont exposés dans
[1], [93], [94] ou [111] par exemple. Ici nous ne rappelons que quelques notations et résultats
dont nous nous servirons a plusieurs reprises dans la suite.

Dans le cas ou le cott ¢ est donné par c(z,y) = d(z,y)? ou d est une distance sur X
semi-continue inférieurement sur X x X et p est un nombre strictement positif, on pose

. min(1,1/p)
Wy(po, p1) = inf (// d(z,y)? dr(z, y))
mell(po,p1) XxX

pour deux mesures boréliennes o et p; de probabilité sur X, cette quantité étant éventuel-
lement infinie. Elle définit une distance sur I'espace P,(X) des mesures boréliennes de pro-

babilité p sur X telles que le moment [ d(x,x0)? du(x) soit fini pour un (et donc tout)
X
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xo € X, notée W, et appelée distance de Wasserstein ou de Monge-Kantorovich d’ordre p
associée a d.

Si par exemple d est la distance triviale donnée par d(x,y) = 1,.,, la distance W; d’ordre
1 correspondante vérifie la relation

1
Wi (po, 1) = s llpo — pallrv
9

ou |[po — pi||rv est la norme de variation totale de la mesure g — piy.

De facon générale la distance W satisfait la formulation duale de Kantorovich-Rubinstein

Wilpo, ) = swp { [ oo duole) = [ ole) (o)} 0

[So]lipgl

(cf. [50] ou [111, Theorem 1.13] par exemple), ou [p];;, désigne la semi-norme de Lipschitz
définie par
|o(x) = ()]
Pliip = sup “—— ==
[ ] P Ty d(l‘,y)

Dans le cas ou X = R muni de la distance usuelle et p > 1, la distance W,,(uo, 1) entre
deux mesures i et g, peut étre exprimée simplement & l’aide des pseudo-inverses F; ' des
fonctions de répartition F; des p;, définies sur [0, 1] par

F7l(t) = inf {z € R; Fy(x) > t}

(2

Fie) = [ duty) = ] - o,a]]

pour z € Ret ¢ =0,1. On a en effet la relation

o) = ([ 1670~ R o) ©)

qui, pour p = 1, s’écrit aussi

—+00

W0, 11) = / Foa) — Fi(x)|de (3)

—00

par le théoreme de Fubini.

Au niveau topologique, si d est une distance métrisant X pour laquelle il est complet
et si W, est définie a partir de d, nous verrons en particulier dans I’annexe de ce mémoire
que la convergence d'une suite (f,,), de P,(X) vers une mesure de probabilité p pour W,
est, sous une condition de moments, équivalente a la convergence faible (étroite) de (un)n
vers u. Nous y montrerons également que 'espace (P,(X), W,,) est aussi un espace polonais,
complet pour la distance W, (cf. Theorem A.2).
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I - Propriétés de type contraction de certaines équations aux dérivées
partielles

Dans cette partie I nous abordons I’étude de limites macroscopiques par I’approximation
de deux équations, d'une part I’équation de Vlasov et d’autre part 1’équation d’Euler incom-
pressible dans le plan en formulation vorticité, par des systemes de particules déterministes.
Notant alors que la mesure empirique de ces particules est elleeméme une solution (faible)
de I'équation de Vlasov ou d'une version régularisée de I’équation d’Euler, le probleme de la
limite de champ moyen se ramene a un probleme de stabilité de solutions de ces équations :
sachant qu’une donnée initiale gy (ici la mesure empirique du systeme de particules en leurs
positions initiales) est proche d’une autre donnée initiale fy fixée (ici la densité initiale de
présence dans ’espace des phases pour ’équation de Vlasov ou la vorticité initiale du fluide
pour I'équation d’Euler), est-on str qu’en chaque instant ultérieur ¢ > 0 la valeur g; a 'ins-
tant ¢ de la solution correspondante g de donnée initiale gg soit encore proche de la valeur
fi de la solution f de donnée initiale f?

Un tel probleme de stabilité peut, dans certains cas favorables, étre énoncé de maniere
précise et résolu de fagon simple. Ainsi nous verrons dans le paragraphe 1.1 de cette intro-
duction pour I’équation de Vlasov avec potentiel lipschitzien et dans le paragraphe 1.2 pour
I’équation d’Euler régularisée que pour p = 1 et 2 il existe une constante positive L, telle
que, pour toutes solutions f et g de données initiales fy, et gy respectives ayant certains
moments finis, on ait la relation

Wp(ft,gt) S eLpt Wp(f0790)7 t Z 0

ou W, est la distance de Wasserstein d’ordre p. En particulier, par exemple dans le cas de
I’équation de Vlasov, étant donnés 71" et € > 0, la mesure empirique du systeme de particules
au temps ¢ sera éloigné d’au plus ¢ (en distance W,,) d’une solution donnée f;, uniformément
sur [0, 77, si initialement la mesure empirique est & distance au plus € e~ T de f;.

Ce type de résultat quantitatif de stabilité a été étudié et montré pour plusieurs classes
d’équations, dans des sens plus ou moins forts. Ainsi par exemple H. Tanaka [108] a obtenu
le résultat de contraction

Wa( fe, 9¢) < Wal( fo, 90), t>0

pour des solutions, de centre de masse et d’énergie cinétique fixés, de I’équation de Boltzmann
homogene pour des molécules maxwelliennes (cf. aussi [19] et [111]); cela lui permet alors
d’établir la convergence de ces solutions vers des distributions gaussiennes. De méme J. A.
Carrillo, M. P. Gualdani et G. Toscani [35], [38] obtiennent cette méme propriété pour les
distances de Wasserstein d’ordre 2p avec p entier, entre solutions de 1’équation des milieux
poreux en dimension 1; le résultat s’étend alors a la distance W, qui mesure 1’écart entre
les supports de mesures.

Dans le paragraphe 1.3 nous considérerons une loi de conservation scalaire, visqueuse ou
non, et montrerons qu’en chaque instant ¢ > 0 les dérivées spatiales Ju,/0x et Ju,/0x de
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deux solutions u et u croissant en variable d’espace de 0 a 1, qui sont donc des mesures de
probabilité, vérifient 'inégalité

(G 5e) < WG gr) 12 2

pour tout p > 1. Comme, pour p = 1, la distance W, entre deux mesures de probabilité
sur R s’écrit comme la norme L' de la différence de leurs fonctions de répartition, nous
retrouverons en particulier la propriété de contraction

|lwe — || 1y < ||uo — o 21wy, t>0

démontrée par S. Kruzkov et qui est fondamentale dans la théorie de ces équations.

Notons que des résultats plus fins, de la forme

Wa(f, 9:) < @(t) Wa(fo, 90), t>0

avec ®(t) tendant vers 0 quand ¢ tend vers U'infini, ont été obtenus pour certaines classes de
solutions d’équations tres particulieres. Il ne s’agit alors plus tant d’un résultat de stabilité
que d’un résultat de comportement asymptotique : si en effet on peut prendre pour gg une
solution stationnaire ou un profil remarquable de I’équation, cela signifie que f; converge vers
ce profil quand ¢ tend vers l'infini, a priori en distance W5, mais parfois pour des normes plus
fortes grace a d’autres arguments, avec un taux de convergence donné par la fonction ®. La
convergence sera dite exponentielle (resp. polynomiale) si ®(t) est de la forme C' e~ (resp.
Ct=) avec A > 0. Citons en particulier des résulats de convergence polynomiale obtenus
par H. Li et G. Toscani [71] pour des équations dites de friction modélisant des milieux
granulaires, ou par J. A. Carrillo, M. Di Francesco et G. Toscani [34] dans le cas ol g est une
solution autosimilaire de 1’équation des milieux poreux (appelée profil de Barenblatt) et f
une solution de méme centre de masse. En dimension quelconque des résultats de convergence
exponentielle ont été démontrés pour des équations de McKean-Vlasov par J. A. Carrillo,
R. J. McCann et C. Villani dans [36, 37] sous des hypotheses de convexité sur les potentiels
considérés (étendant ainsi des résultats connus pour ’équation de Fokker-Planck); nous
reviendrons sur ces équations dans la derniere partie de cette introduction puisque nous en
étudierons une approximation particulaire.

Remarquons que ces derniers résultats de contraction s’accompagnent souvent de condi-
tions nécessaires sur les données initiales. Ainsi par exemple, si ’équation préserve le centre

de masse, alors / x dfo(x) —/ xdgo(x) = / x dfy(x) —/ x dgy(x), et la formulation de
R Rd Rd R

Kantorovich-Rubinstein assure que cette différence entre les centres de masses est bornée
par Wi(fi, g;); comme cette distance tend vers 0 quand ¢ tend vers U'infini, il s’ensuit que
nécessairement fj et go ont méme centre de masse. C’est ainsi qu’apparaissent des conditions
imposées dans les travaux [34] (qui justement précise des résultats obtenus dans [35] sans ces
conditions), [36] ou [108], par exemple sur les centres de masse et éventuellement ’énergie
cinétique. Dans le cas de I’équation de Vlasov, nous verrons dans le paragraphe I.1 qu’'une
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condition sur le centre de masse et la vitesse moyenne des distributions initiales permet
d’affiner les résultats.

Les techniques utilisées pour obtenir de tels résultats de contraction sont de deux ordres.

Tout d’abord en dimension 1, les démonstrations font toutes appel a la formulation simple
(2) des distances W, a 'aide des fonctions de répartition, ou plutot de leurs pseudo-inverses.
Ainsi I'idée utilisée dans [34], [35], [38] et [71] est d’écrire (du moins formellement) 1’équation
vérifiée par le peudo-inverse F, ' de la fonction de répartition F; de la solution considérée f; ;
controler la distance W, d’ordre p entre deux solutions de 1’équation initiale revient alors a
controler la norme LP(]0, 1) de la différence entre les solutions d’une autre équation, parfois
plus simple a étudier. Dans 1'étude des lois de conservation scalaires (cf. paragraphe 1.3)
nous ne pouvons établir d’équation sur le pseudo-inverse que dans un cas tres particulier
ou la méthode des caractéristiques s’applique, et pour lequel I'inégalité de contraction (4)
est d’ailleurs une égalité. Nous obtenons alors le résultat dans le cas général en intégrant ce
premier cas dans un schéma de discrétisation en temps.

Par contre en dimension supérieure, ou on ne peut plus considérer les pseudo-inverses,
les seuls résultats de ce type semblent avoir été démontrés en distances W, d’ordre 1 et 2.
En effet la distance W; s’avere d’utilisation facile grace a la formulation de Kantorovich-
Rubinstein (1). Cependant, si elle est pratique et permet souvent s’obtenir des résultats
de maniere simple, elle donne rarement des résultats optimaux. Pour affiner les résultats il
convient alors d’utiliser la distance Wj.

Une structure différentielle adaptée sur Uespace (P2(R?), W) a en effet été formelle-
ment présentée dans les travaux précurseurs de F. Otto (cf. [87] en particulier), et permet
d’interpréter certaines équations aux dérivées partielles comme un flot gradient sur la me-
sure solution : c’est le cas par exemple des équations de la chaleur, des milieux poreux, de
Fokker-Planck et de McKean-Vlasov. Ce formalisme permet de deviner de maniere heuris-
tique des propriétés sur les solutions de telles équations. La construction précise se fait alors
a I’aide d'une discrétisation en temps du flot gradient, qui elle ne nécessite pas de structure
différentielle sur Py(R?), mais uniquement la structure métrique donnée par Wy (cf. aussi les
travaux [2, 3], [33], [62], [64] et [86]).

Cette interprétation, associée a des techniques de dissipation d’entropie liées aux inégalités
de Sobolev logarithmiques, a permis par exemple dans [36, 37] d’obtenir les résultats de
convergence exponentielle pour des équations de McKean-Vlasov, de la forme

Wa(fi 90) < e Wa( fo, go)

ol gp est une solution stationnaire. Elle est également a la base de résultats de convergence
de type polynomial pour I’équation de Burgers avec viscosité, de la forme

||ft - gtHLl(R) < Ct 12 ||f0 - gOHLl(R)

ou g est une onde de diffusion particuliere (cf. [45]).

Ce formalisme a aussi permis l'obtention de plusieurs résultats liés aux inégalités de
Sobolev logarithmiques et de Talagrand que nous aborderons dans la partie II de cette
introduction.
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C’est enfin sur cette structure, a travers la théorie développée par L. Ambrosio, N. Gigli et
G. Savaré dans |2, 3|, que se baseront nos calculs menant aux résultats de stabilité en distance
Wy pour les équations de Vlasov et d’Euler que nous présenterons dans les paragraphes 1.1
et 1.2. Notons que, d’apres [111, Section 8.3], ces équations doivent étre vues comme des flots
hamiltoniens et non des flots gradients dans cette structure : pour ces équations il ne s’agit
alors pas d’établir une convergence vers un équilibre, mais seulement un résultat de stabilité
du type

Wa(fi, 1) < €™ Wa(fo, go)-

C’est ce que nous allons présenter maintenant, en commengant par I’équation de Vlasov.

I.1. Limite de champ moyen pour ’équation de Vlasov (cf. chapitre 1)

Dans ce paragraphe nous nous intéressons au probleme de la limite de champ moyen pour
I’équation de Vlasov, qui consiste en ’étude de la concordance éventuelle des descriptions
d’un systeme physique réalisées d’une part a travers 'introduction d’une densité de présence
évoluant selon 1’équation de Vlasov, d’autre part a travers un grand nombre de particules
évoluant selon les équations de Newton.

Etant donné un potentiel V sur R?, cette équation cinétique de Vlasov, dont l'inconnue
est une probabilité de présence f = f(t,z,v) dans I'espace des phases R? x R¢, dépendant
du temps, s’écrit

0

a—{+v-v$f—(V$V*p[ft])-Vyfzo, t>0, r,v e R? (5)
ou, en notant de facon classique par f; : (z,v) — f(¢,x,v) la densité de présence au temps ¢
dans l'espace des phases, p[f;] est la densité de présence au temps ¢t dans I'espace physique

R? des positions, c’est-a-dire la marginale de f; donnée par

ol (@) = / mu)d,  weR!

Ainsi ’évolution de la densité f; en chaque point de ’espace des phases dépend de la valeur
de la densité en tous les autres points a travers le terme de convolution (en z) V.V * p[f] :
dans ce sens I’équation (5) est dite de champ moyen.

Un cas tres intéressant est celui de ’équation de Vlasov-Poisson en dimension d = 3,
utilisée en physique des plasmas, dans lequel le champ électrique dérive du potentiel V(x) =
(47)z|)~!. Un autre cas intéressant est celui de 1'’équation correspondant au potentiel de
gravitation V(z) = —(47|x|)~!, qui est utilisée dans la modélisation de la matiere stellaire.
Le probleme de la limite de champ moyen dans ce cas de potentiels singuliers est encore
ouvert, malgré les avancées récentes de M. Hauray et P.-E. Jabin [60].

Dans la suite nous nous restreindrons a des potentiels V' lipschitziens, ou plus précisément
de classe C' & dérivées bornées, et tels que V,V(0) = 0. Nous appellerons solution de (5)
avec donnée initiale fo dans P(R??) une fonction f continue de [0, +oo[ dans P(R?*?) muni
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de la topologie faible (étroite), vérifiant I’équation au sens des distributions en (¢, z,v) et
valant fyent = 0.

Dans ce cadre l'existence et 'unicité de solutions ont été établies dans [25] ou [104,
Chapter 5] par exemple si la fonction V,V est de plus bornée sur R, I'unicité étant complétée
d’un résultat de stabilité tres fort sur lequel nous reviendrons par la suite.

Le modele microscopique associé consiste en un systeme de N particules dont I'état est
déterminé par les N couples (X}, V") de R4, évoluant suivant les équations de Newton

dx;N

_yiN
dt ! ,
avey liV: o 0 1<i<N (6)
SN VA (0. A e
dt N 2

a partir de données initiales déterministes (X2, Vi'™). Des données initiales aléatoires pour-
raient également étre considérées comme dans [25] ou [32]. Notons que 'existence et I'unicité
des solutions de (6) sont assurées des que V.V est une fonction lipschitzienne.

L’état du systeme au temps t est donné par le N-uplet ((th’N, th’N), - (XtN’N, VtN’N))
de (R2?)V: cependant, quand N devient grand, la position de chaque particule dans ’espace

des phases n’a que peu d’importance, et ne sont intéressantes que des quantités statis-
N

tiques (observables) telles que la position physique moyenne N Z th‘ N 1a vitesse moyenne

i—1

1 & 1 & Z

N Z Vi ou Dénergie cinétique N Z V"N |2, Or toutes ces quantités peuvent étre obte-
i=1 =1

nues en testant la valeur iV & linstant ¢ de la mesure empirique iV du systéme, définie
par

1 N
~N
He = NZ@XZ’N,VZ’N)’
1=1

sur des fonctions particulieres, telles que (x,v) — x, v ou |v|? pour les observables précédentes.
En d’autres termes, de la connaissance de cette mesure découle la connaissance de 1’état du
systeme. Cette mesure représente en fait au temps ¢ une densité de particules dans l'es-
pace des phases dans le sens ou il¥(A) est la portion de particules dans la configuration
(XN v (XY VNN se trouvant dans Uensemble A de Pespace des phases.

Notons enfin que la mesure empirique /i est une mesure de probabilité sur R?¢ quel que
soit le nombre N de particules : il sera alors envisageable d’étudier la convergence de il
dans P(R?*¥) quand N tend vers I'infini.

Le probleme de la limite macroscopique s’énonce alors ainsi : soient d’une part fy, une
mesure de probabilité sur R?? évoluant en f, selon I'équation de Vlasov, et d’autre part
(XN, Vi) pour 1 < i < N, N points de Pespace des phases évoluant en (X", V")
suivant les équations de Newton. Si la répartition des (X é’N, I/S’N) approche f; dans le sens ou
leur mesure empirique fi{y est proche de f, est-il alors vrai qu'en chaque instant ¢ la solution
¢ est encore bien approchée par la mesure empirique 2 des N couples (XZ’N, Vti’N) ?

| 2
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Ainsi, si d est une distance sur P(R??), métrisant par exemple la topologie faible (étroite)
sur cet espace, est-il vrai que la distance d(i1Y, f;) converge vers 0 quand N tend vers I'infini
pour chaque instant ¢ > 0 s’il en est ainsient =07

Comme dans le cadre macroscopique de ’équation de champ moyen (5), la force exercée
sur chacune des N particules est a chaque instant la moyenne des forces exercées par toutes
les autres particules du systeme, et non seulement par les particules proches comme dans
certains modeles (de Boltzmann par exemple). Dans ce sens ce probleme de limite est dit de
champ moyen.

Comme 1V est solution (faible) de 'équation de Vlasov pour la donnée initiale i) (cf. [25]
ou [104] par exemple), et comme évidemment il en est de méme pour f et fy, le probléeme de
la limite macroscopique se ramene donc a un probleme de stabilité des solutions de I’équation
de Vlasov (nous verrons dans la partie III de cette introduction que ce n’est plus le cas dans
un cadre ou I’évolution est stochastique). Une premieére réponse a cette question de stabilité
a ¢été donnée, relativement a la distance dpr qui métrise la topologie faible (étroite) sur
P(R?*), sous la forme suivante :

Théoréme 1 (cf. [85], [104]). Supposons que V,V soit une fonction sur R? bornée par
une constante B et lipschitzienne de semi-norme de Lipschitz L. Si f et g sont des solutions
de l’équation de Viasov (5) de données initiales respectives fo et gy dans P(R??), alors

dpr(fi,9¢) < e dpr(fo, go)

pour tout t > 0, ot ¢ est la constante (2 max(B,1) + 1) max(L, 1).

Dans cet énoncé la distance dgy, est définie par

()= s {[Lo@ae - [ e

ol || . ||iip désigne la norme de Lipschitz définie par

HSOHIZP = max |:Sup |90(Z)‘, sup M]
z w#z ||w - Z||g1

et ||. |l désigne la norme sur R?? définie par ||(21, 20)|ln = |21| + |22| ol |2] est la norme
euclidienne de z; dans R¢.

Sur lespace P;(R?*?) des mesures de P(R??) de premier moment fini considérons mainte-
nant la distance de Wasserstein W, d’ordre 1 définie & partir de la norme |[|.||a sur R??. Par
la formulation de Kantorovich-Rubinstein on note que Wy > dpgy..

En adaptant la démonstration proposée dans [104] pour la distance dpy, [111, Problem
14] donne une version du théoreme 1 dans le cadre de la distance W) pour des données
initiales dans P; (R??). Dans le chapitre 1 nous précisons ce résultat sous la forme suivante :
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Théoréme 2 (cf. Theorem 1.2). Supposons que V.V soit une fonction lipschitzienne sur
R? de semi-norme de Lipschitz L. Si f et g sont des solutions de I’équation de Viasov (5)
de données initiales respectives fy et go dans P1(R??), alors

Wi(f 9t) < e“* Wi fo, 90)

pour tout t > 0, ot ¢ est la constante L + max(L,1).

Ce résultat est donné dans [111] avec la constante ¢ = 2 max(L, 1).

Dans le chapitre 1 nous montrons ensuite que la distance de Wasserstein W5 d’ordre 2,
définie sur Despace Py(R??) des mesures de P(R*?) de second moment fini, & partir de la
norme euclidienne sur R??, permet de nouveau d’améliorer la constante ¢ intervenant dans
les théoremes 1 et 2. Plus précisément, en utilisant la structure de type différentiel de ’espace
(P (R*), WW,) évoquée précédemment, nous obtenons de maniere formelle le

Théoréme 3 (cf. Theorem 1.3). Supposons que V' soit une fonction deux fois différentiable
sur R, de matrice hessienne D2V telle que —L Id < D2V (z) < LId pour une constante
L et tout z dans R, Si f et g sont des solutions de l’équation de Vlasov (5) de données
initiales respectives fo et go dans Py(R??) ayant mémes moyennes en espace et en vitesse,
alors

Wa(fi, 9) < € Wa(fo, 90)
pour tout t > 0, ot ¢ est la constante (L + 1)/2.

Nous voyons sur cet exemple comment 1'utilisation de la distance W5, éventuellement
par une preuve plus complexe s’appuyant sur une théorie plus élaborée, permet d’affiner un
résultat obtenu par I'utilisation de la distance W7, peut-étre de maniere plus simple grace a
la formulation duale de Kantorovich-Rubinstein.

Nous retrouverons ce type d’amélioration dans le cadre de 'approximation particulaire
des équations d’Euler, vers laquelle nous nous tournons maintenant.

I. 2. Approximation particulaire des équations d’Euler incompressibles dans le
plan (cf. chapitre 2)

Nous venons de voir que le probleme de la limite de champ moyen pour I'équation de
Vlasov (avec un potentiel lipschitzien) pouvait étre ramené a un probleme de stabilité des
solutions de cette équation ; ce probleme a été a son tour résolu de maniere quantitative par
une propriété de contraction (dans un sens large) de la forme

d(f, 9t) < e d(fo, 90)

ou d désigne la distance dgr,, Wi ou W5 et ¢ est une constante dépendant du potentiel et de
la distance choisie, la précision de la méthode étant déterminée par le facteur e“.

Nous considérons maintenant un probleme analogue d’approximation particulaire pour
les équations d’Euler incompressibles dans le plan.
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Ces équations, portant sur la vitesse u = u(t,r) € R?* d’un fluide incompressible, non
visqueux et recouvrant le plan R2, s’écrivent

ou
{EH“'V)U = VP >0, zeR? (7)
Veu =0

olt V - est I'opérateur de divergence sur R2. La fonction p = p(t, ) désigne le champ scalaire
de pression et n’est pas une donnée du probleme, mais une inconnue supplémentaire que ’on
peut déterminer a partir de u.

Au champ de vitesse u; : x — u(t, ) au temps t peut étre associé le champ scalaire de
vorticité (ou tourbillon) w; défini sur R? par

ou?  Ou}
wy = rotuy = — — —

81‘1 8:702

st uy = (ul,u?) et © = (z1,72) dans R?. Ce champ mesure le degré de rotation du fluide
en chaque point, et d’apres (7) est transporté par le champ de vitesse u; dans le sens ou
w : t — wy est solution de I’équation

)
a—j—l—u-Vw:O, t>0 xecR2 ®)

1
SZZ’ - g—i) et G(z) = —ﬂln|x| est la solution

fondamentale de 1’équation de Poisson sur R?, cette équation (8) s’écrit aussi sous la forme

u; pouvant s’écrire uy = K xw; ou K = <

aa—c:+(K*w)~Vw:0, t>0, z¢€R2% 9)

C’est cette équation (9), formellement équivalente a (7), que nous considérons désormais.
Il s’agit 1a encore d’'une équation de champ moyen dans la mesure ou I’évolution de w;(z) en
un point z fixé dépend, via le terme de convolution K x w;(z), de la valeur de w; en tous les
autres points de R2.

Les solutions considérées sont a chaque instant ¢ > 0 des mesures de probabilité sur
R2, absolument continues par rapport a la mesure de Lebesgue et a densité bornée presque
partout. Dans ce cadre, il existe d’apreés [76] une unique solution de donnée initiale fixée,
dans un sens précisé dans le chapitre 2.

Nous étudions maintenant une approximation particulaire de I’équation (9), appelée

méthode des tourbillons et définie comme suit.
Soit w) un profil initial de vorticité de la forme

N

N § :

wo = a; 5X3,N
i=1
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ou les Xé’N sont N points de R? et les a; sont N nombres positifs de somme 1. Le terme
a; 0~ est appelé un tourbillon d’intensité a; et localisé en Xé’N. Supposant alors que les NV
0

. iz i, IN 7 .
points X évoluent en X, selon les équations

dXtLN N iN J,N .
T oSG KGN XN, 1<i<N,
=1
J#i

la mesure
N
N __ E
wt = a; (5ngN
i=1

peut étre interprétée comme une solution faible de I'équation (9) (cf. [76], [97] ou [98]). Notons
que cette solution n’entre pas dans le cadre de solutions a densité considéré ci-dessus.

Le probleme de 'approximation particulaire pourrait alors s’énoncer ainsi : étant donné
un profil initial de vorticité wy sous forme d’une mesure de probabilité sur R? & densité
bornée presque partout, que 'on suppose bien approché (dans un sens a préciser) par un
profil discret w', le profil w; obtenu par I’équation d’Euler (9) est-il alors toujours bien
approché par le profil discret w}¥ construit ci-dessus ?

Cependant, pour éviter des difficultés dues a la singularité du noyau K en 0, on remplace
K par une fonction K. de classe C* de R? dans R?, de divergence nulle, vérifiant K.(0) = 0
et K.(2) = K(z) pour |z| > € pour un nombre ¢ positif fixé. On fait alors évoluer les N
centres Xé’N des tourbillons en X" par les équations

dx;pte a i\Ne j,Ne .
o = D a K(XPY - XY, 1<i< N
j=1

. . . . . , .o i N
qui ont maintenant une unique solution, quelles que soient les données initiales X7 . Le

N N
tourbillon initial wév = Zai ) xiN évolue alors en wiv © = Zai dyine, solution faible de
i=1 i=1
I’équation
O _ 2
EJr(KE*M)-V,u—O, t>0, zeR (10)

Etant donné T' > 0, nous voulons alors savoir pour quels noyaux K. et donnée initiale wf’
la mesure wiv “ reste proche de la solution w, préalablement fixée, et ceci sur tout I'intervalle
[0, 77].

Ce probleme est énoncé de maniere précise et étudié dans [76]. En particulier I'écart entre
les mesures de probabilité considérées y est mesuré au moyen de la distance de Wasserstein
W, 4 d’ordre 1 construite sur P(R?) a partir de la distance d(x, y) = min(|z—y|, 1) équivalente
sur R? & la distance euclidienne |z —y|. Comme dpy, cette distance métrise la topologie faible
(étroite) sur P(R?). Le résultat obtenu s’énonce ainsi :
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Théoréme 4 (cf. [76]). Supposons que le noyau K. soit une fonction bornée par la constante
B. et lipschitzienne de semi-norme de Lipschitz L.. Alors, avec les notations introduites ci-
dessus, pour tout T"> 0 on a

sup Wy q(wy, in’E(N)

0<t<T

) — 0 quand N — 400

pour toute suite e(N) telle que
exp (con) (T + =™ )Wy g(wo,wy’) — 0 quand N — +o0
ot c. = max(2 B, L.).

L’idée de la preuve de ce résultat donnée dans [76] est d’introduire une mesure w; proche
4 la fois de w; et de w*. Pour cela on prend pour wi la solution de (10) pour la donnée
initiale wg. Comme wfv “ en est aussi une solution, un résultat général de stabilité assure que

Wi a(wy, w,fv’e) < exp (ce(t + ecft))WLd(wo, wév) (11)

pour tous € > 0 et ¢ > 0.
D’autre part le fait que w; et w; aient méme donnée initiale w, entraine que

sup Wig(w,wy) — 0 quand ¢ — 0.
0<t<T

Le résultat découle alors de ces deux points par inégalité triangulaire.

Ceci signifie que, étant donnée la suite de données initiales (w)')y convergeant vers wy,
le parametre ¢ = (V) de troncature du noyau ne doit pas tendre trop vite vers 0, sans quoi
exp (c(T + e*T)) tendrait trop vite vers linfini.

Notons de nouveau que la précision de la méthode dépend de la maniere dont la constante
intervenant dans (11) croit avec ¢t mais aussi avec €. Il est donc intéressant de voir si cette
constante peut étre améliorée de maniere simple. Notant W, et W5 les distances de Wasser-
stein d’ordre 1 et 2 définies sur P;(R?) et Po(R?) & partir de la distance euclidienne |z — y|
sur R2, nous pouvons améliorer cette constante d'un facteur exponentiel :

Théoreme 5 (cf. Theorem 2.2). Soient w} et w? deur solutions de (10) de données
initiales w} et w@ dans P1(R?). Alors, avec les notations précédentes,

Wi (wy,wp) < €5 Wy (wg, wi)

pour tout t > 0.
St de plus le noyau K. est une fonction impaire et si les données initiales wy et wi sont
dans Py(R?) et ont méme centre de masse, alors

WQ(W%,W?) < eLEtW2<wé7w§>

pour tout t > 0.
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Ces résultats sont démontrés dans le chapitre 2 en adaptant des techniques utilisées dans
le chapitre 1 pour I’équation de Vlasov.

Obtenir de telles estimations pour I’équation d’Euler originale (9) semble une tache bien
plus difficile. Cependant, dans le cas ou 1’équation est posée sur un domaine borné D de
R? assez régulier, et pour des données initiales w} et w? & densité bornée et telles que
Wi (wg, wi) < 1, nous montrons (cf. Theorem 2.5) l'estimation

W, (wtla th) < 61—exp(—ct) Wy (wé’ wg)exp(—ct)

pour tout ¢ < In (1 — In Wy (w),wd))/c, ou ¢ est une constante dépendant de D, [|wgl|re<(n)
et ng”Loo(D)

I.3. Métriques contractantes pour des lois de conservation scalaires (cf. cha-
pitre 3*)

Dans le chapitre 3 nous établissons une propriété de contraction en distance de Was-
serstein pour des solutions croissantes de lois de conservation scalaires, ou plus précisément
pour leurs dérivées spatiales.

Etant donnée une fonction de flux f de R dans R localement lipschitzienne, considérons
plus précisément la loi de conservation scalaire

ou 0

o T /=0, t>0 z€R (12)

d’inconnue u = u(t, z) a valeurs réelles et de donnée initiale uy dans L*(R).

Il a été établi qu’une telle équation peut ne pas admettre de solution classique, mais par
contre admettre une infinité de solutions distributions (cf. [41] et [101] par exemple pour
I'équation de Burgers).

1l s’agit donc de choisir une solution parmi toutes ces solutions distributions : c¢’est ce a
quoi pourvoit la notion de solution entropique (ou admissible), définie par exemple dans [101].
En particulier toute solution classique est une solution entropique. Cette notion de solution
entropique est bien adaptée a ’équation considérée dans la mesure ou, comme l’a montré
S. Kruzkov [65], il existe une unique solution entropique de (12) dans C/([0, +oo[, L}, .(R)),
localement bornée et de donnée initiale ug dans L>(R).

Comme précédemment, pour tout instant ¢ > 0 nous notons u; la fonction définie dans
R par uy(x) = u(t,x). Parmi les nombreuses propriétés de ces solutions, mentionnons la
propriété suivante de contraction en norme L' : si ug et @y sont deux fonctions de L*°(R)
telles que ug — @ appartienne a L'(R), alors u; — @; est dans L'(R) pour tout ¢, avec
|y — @t”Ll(R) < lug — %HLI(R)-

Pour une certaine classe de solutions nous nous proposons d’étendre cette propriété de
contraction a une famille de distances mesurant 1’écart entre deux solutions.

* Le chapitre 3 reprend et précise le travail [21] écrit en collaboration avec Y. Brenier et G. Loeper.
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Considérons pour cela I'ensemble U des fonctions croissantes de R dans R, continues a
droite et admettant les limites 0 et 1 en —oo et +00. Des lois de conservation scalaires avec
des données initiales dans U ont été utilisées dans [30] dans 1'étude de gaz sans pression
formé de particules collantes (sticky particles).

Cet ensemble U est en fait I’ensemble des fonctions de répartition de variables aléatoires
réelles, en bijection avec I’ensemble des mesures de probabilité sur R par ’application qui a
une fonction v de U associe sa dérivée v' au sens des distributions. De plus la relation (3)
assure que pour deux fonctions v et v de U

”U — @HLI(R) = W1<UI, @I)

L’ensemble U étant préservé par la loi de conservation (12) dans le sens o toute solution
entropique u de donnée initiale ug dans U est telle que u; appartient a & pour tout ¢, on a
en particulier la relation

Uy — i - (55 5
e = il agey = Wa (s 5
si u et u sont deux solutions de données initiales dans U, et la propriété de contraction en
norme L! s’écrit alors 9 9 S 90
uy O ug O
wi (G5 S) < (5 50,
Oxr Oz Jxr Oz

Comme nous le montrerons dans le chapitre 3, cette propriété se généralise a 'ordre p
sous la forme suivante :

Théoréme 6 (cf. Theorem 3.6). Si u et 4 sont deux solutions entropiques de I’équation
(12) de données initiales respectives ug et iy dans U, alors

(G 3e) < 5

De ce résultat nous déduisons que la distance W, entre les dérivées spatiales de deux
solutions entropiques est une fonction décroissante du temps. Nous pouvons alors envisager
de prolonger ce résultat dans différentes directions : par exemple montrer que cette distance
est conservée par l’équation pour certaines données initiales et fonctions de flux; étendre
cette propriété de contraction a des lois de conservation visqueuses ou a des fonctions de
flux différentes; considérer une situation analogue en dimension d’espace supérieure; enfin
déterminer la limite de la distance quand le temps t tend vers I'infini, et en particulier donner
des conditions sur les données initiales pour que cette distance décroisse vers 0.

pour tous p > 1 ett > 0.

Nous apportons une réponse a la premiere question de conservation sous la forme sui-
vante :

Théoréme 7 (cf. Theorem 3.7). Supposons que le flux f soit de classe C*. Si deuz solutions
classiques u et @ de ’équation (12) de données initiales respectives wy et Uy dans U sont
strictement croissantes en x pour tout t > 0, alors

") = (5 )




24 INTRODUCTION

pour tous t > 0 et p > 1. En particulier

Jwe — |l iy = [luo — ol 21 ()

pour tout t > 0.

Les hypotheses de ce théoreme sont vérifiées en particulier des que f est convexe et de
classe C?, et ug et g sont strictement croissantes et de classe C' (cf. Corollary 3.11).

Notons que cette question de conservation de la distance en norme L' entre deux solutions
entropiques est abordée par C. Dafermos [41, Section 11.8] dans le cadre (différent) de
solutions dans L*(R) et de flux strictement convexes.

La preuve du théoreme 7 est fondée sur les deux remarques suivantes : d'une part, si X
est l'inverse de ug, la méthode des caractéristiques assure qu’en tout temps ¢ > 0 l'inverse
X; de u; est donné par

Xi(w) = Xo(w) +1 f'(w)

et d’autre part, avec des notations analogues pour @, la relation (2) assure I’égalité

(22 = [ i) - Swpaw (13)

pour tout t > 0, et en particulier pour ¢ = 0.

Cette idée est a la base de la démonstration du théoreme 6, mais dans le cadre général
de fonctions de U nous ne pouvons plus considérer leurs inverses, mais plutot leurs pseudo-
inverses. Faisons alors évoluer le pseudo-inverse X de ug suivant la méthode des caractéris-
tiques, sur un intervalle de temps h, en

Xp(w) = Xo(w) + h f'(w).

X, n’étant plus a priori croissante, nous ne pouvons considérer son inverse ni méme son
pseudo-inverse. Nous introduisons alors le pseudo-inverse Tjug de son réarrangement mono-
tone : c¢’est la fonction de répartition de X, et est donc un élément de . Nous retrouvons
ici la méthode de transport-écroulement développée par Y. Brenier dans [26] et [27] et qui
permet de construire une solution approchée de (12).

Contrairement a ’égalité (13) du cas classique du théoreme 7, nous avons seulement,
dans le cas général du théoreme 6, la majoration

Wg(%(m@) (o)) / X (w (w)|pdw< Wp(% %)) (14)

Par itération de l'opérateur T}, nous définissons a partir de ug et 4y deux solutions ap-
prochées de (12) vérifiant en tout temps la propriété de contraction cherchée (d’apres (14)).
Montrant que ces solutions approchées convergent respectivement vers u et u dans un sens
convenable quand A tend vers 0, nous en déduisons alors le théoreme 6.
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Ce méme théoreme 6 peut étre étendu aux solutions (distributions) de lois de conservation
visqueuses de la forme

2
%+%f(u):y%y t>0, z €R, (15)
ou v est un nombre strictement positif fixé. Pour cela nous complétons le schéma développé
pour la loi de conservation inviscide de la maniere suivante : a une donnée initiale uy nous
associons la fonction Tjug précédemment définie, et qui rend compte du terme Of(u)/0x
de I'équation ; puis nous faisons évoluer Tjuy en 7,uqy selon ’équation de la chaleur avec
viscosité v sur l'intervalle de temps h, rendant ainsi compte du terme de diffusion v 9?u/0x?.
Par itération de cet opérateur 7, nous pouvons alors obtenir ’analogue du théoreme 6 dans
le cas visqueux (cf. Theorem 3.28).

Plus généralement nous pouvons nous intéresser aux solutions de lois de conservation de
fonctions de flux différentes. Supposons pas exemple que u et u soient des solutions de

ou 0 0*u ouw 0 =, . 0%

EI AR TR T P AT A v
de données initiales respectives ug et @y dans U, ot v > 0. Dans le cas inviscide ou v = 0,
Y. Brenier [29] obtient la relation

t>0, zeR (16)

2(8% 8€Lt> < W2<8u0 Ot

% 0 S0 = leagoa

pour t > 0. Nous étendons cette propriété au cas visqueux et a tout p > 1 sous la forme
suivante :

Théoréme 8 (cf. Theorem 3.36). Soient v > 0, f et f deuz fonctions localement lip-
schitziennes. Si u et @ sont des solutions (entropiques si v =0 et distributions si v > 0) des
équations (16) de données initiales ug et iy dans U, alors

Ouy, Oty Ouyg 8ﬂ0> -
=L ) < W, (2 L — Pl
p< ox 8:70) p( ox Oz +tf = fllzeqoap
pour toust > 0 et p > 1.

Ce résultat, qui contient bien entendu le théoreme 6 et son équivalent visqueux, sera en
fait démontré a l'aide d’estimations servant déja a montrer ces résultats.

Nous avons donc établi que la distance entre les dérivées spatiales de deux solutions des
lois de conservation (12) et (15), & données initiales dans U, est une fonction décroissante du
temps. Une question serait alors de déterminer la limite de cette fonction, et si possible de
montrer que cette limite est égale a 0 pour certaines données initiales. Ceci est envisageable
dans la mesure ou des résultats de convergence de solutions vers des profils particuliers
ont été obtenus dans le cadre L' (cf. [102]); citons en particulier I’étude du comportement
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asymptotique de solutions de I’équation de Burgers avec viscosité menée par M. Di Francesco
et P. A. Markowich [45] et déja citée dans cette introduction.

On pourrait également étudier les mémes problemes pour d’autres types d’équations,
comme par exemple ’équation de Rosenau

ou 0
5+%f(u)_[(*u—u, t>0, reR,

ott K(z) = e~ 1#1/2, qui est un modele simplifié de gaz radiatif (cf. [102]).

Parmi d’autres généralisations envisageables on pourrait considérer des lois de conserva-
tion scalaires sur [0, +oo[xR? avec d > 1 et s’intéresser a des solutions croissantes en chacune
des variables d’espace, et tendant vers 0 (resp. 1) quand chaque variable d’espace tend vers
—o00 (resp. +00). De telles fonctions peuvent encore s’interpréter comme des fonctions de
répartition de variables aléatoires & valeurs dans R, et dans la mesure ott |[u;, — || 11 (ra) est
toujours une fonction décroissante du temps si u et 4 sont deux telles solutions, on peut dans
ce cadre multidimensionnel se poser les mémes questions que dans le cadre monodimension-
nel précédent ; par contre on ne peut plus exprimer directement les distances de Wasserstein
en termes de pseudo-inverses.

IT - Inégalités de concentration et de transport

Dans I’étude des sytemes de particules en interaction que nous présenterons dans la partie
I1I de cette introduction, nous établirons en particulier des inégalités de déviation de la forme

[[ sup { Z@ XZN / o(z) dut(:c)} > 5] < KNe

<P lzp

pour tous € > 0 et N assez grand, ou, pour tout instant ¢ > 0, p; est une mesure de
probabilité sur R? décrivant 1’état du systeme au niveau macroscopique, et les X tz N donnent
I'état dans R? de N particules en interaction; comme précédemment [p];;, désigne la semi-
norme de Lipschitz d'une fonction ¢ de R? dans R, définie & partir de la distance euclidienne
sur R%. Pour obtenir une telle inégalité nous introduirons N variables aléatoires Y?N pour
1 <17 < N, proches des XZ’N dans un certain sens, indépendantes et de loi commune p;.
Oubliant ce probleme particulier, il s’agira alors de montrer une inégalité générale de la

forme
[ sup { Zcp YY) / o(z) dp,(x)} > z—:] < e KN (17)

[‘p]lzp< 1

et dans un premier temps lmegahte

sup P [%Zw(Yi) - / () dp(z) > 6] < e KN

[‘p}l1p< 1 i=1 R4
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oll 1 est un mesure de probabilité sur R? et Y pour 1 < i < N sont N variables aléatoires
indépendantes de loi u.

C’est ce type d’inégalités de concentration, ou de déviation, que nous considérons dans
cette partie, en en donnant en particulier des conditions nécessaires ou suffisantes pour
qu’elles soient vérifiées, en étudiant leurs liens avec les inégalités de transport et de Sobolev
logarithmiques et en cherchant dans quelle mesure elles peuvent s’étendre a certaines familles
de variables Y dépendantes.

I1.1. Inégalités de concentration gaussienne (cf. chapitre 4%)

Considérons tout d’abord le cas d’'une mesure p sur R. Sous quelles conditions sur pu
sommes-nous certains qu’une inégalité telle que

[‘p}lipgl

sup [P %;w(w) —/Rw(x) dp(x) > 6] < eaN (18)

et en premier lieu

TN

1 . A A7o2
]P’—g YZ—/:cd,u:c >e| <e2lVe
_Nizl R @ ]

soit vérifiée pour une certaine constante A > 0, tout € > 0, tout N > 1 et tout échantillon
(Y?)1<i<y de N variables aléatoires indépendantes et de loi p?

Si la mesure p est de variance finie, le théoreme central limite assure que l'inégalité (18)
est vérifiée pour une constante A dépendant de la variance de u, mais seulement asymptoti-
quement quand N tend vers 'infini. Pour qu’elle le soit pour tout N, nous devons ajouter
des conditions sur u. Par exemple, si g a son support dans un segment [a,b] de R, alors
I'inégalité de Hoeffding (cf. [68, Section 1.6] ou [81, Section 1.2] par exemple) assure que

2Ne?2

TN
1 i - 2
P N ;1 Y — /Rxd,u(x) > 5] <e -9 (19)

puis que

2Ne?2

sup P %Z@(Yl) - /Rap(:c) du(x) > 5] <e -0 (20)

[‘p]lipg 1

pour tous € > 0 et N > 1, ce qui répond a la question.

Plus généralement, (18) est vérifiée pour tout N si I'inégalité

2
sup / ! P S 00D 0y < e,
(Pl <1 /R

~

>

est vérifiée pour tout réel t. Cette condition est en effet suffisante comme ’assure 'inégalité de
Chebyschev exponentielle ; elle est aussi nécessaire (cf. [56, Proposition VI. 48] par exemple

* Le chapitre 4 correspond en grande partie a Uarticle [23] écrit en collaboration avec C. Villani.
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dans un cadre plus général). Notons que cette condition est vérifiée avec A = 4/(b—a)? pour
toute mesure p dont le support est inclus dans le segment [a, b, ce qui permet de retrouver

(19) et (20).

De maniere générale, si (X, d) est un espace métrique complet et séparable, nous di-
rons qu’une mesure borélienne de probabilité p sur X vérifie une inégalité de concentration
gaussienne de constante A > 0, notée CG(N), si I'inégalité

2
sup / et(SO(w)—szO(y) du(y)) du(z) < en (21)
X

[So]lipgl

est vérifiée pour tout réel ¢. Par exemple (21) est vérifiée par la mesure gaussienne standard
sur R avec A = 1, avec égalité pour ¢(z) = x. En termes d’inégalité de déviation pour les
fonctions lipschitziennes, (21) est une condition suffisante pour que l'inégalité de déviation
normale (gaussienne)

2

sup ,u[go —/ o(x)du(zr) >¢e| < e 2e ,
[‘p}lipgl X

qui est (18) avec N = 1, soit vérifiée pour tout € > 0 (cf. M. Ledoux [68, Chapter 1] pour
une étude de cette propriété).

Cette inégalité CG () admet une formulation duale équivalente 77 () que nous définissons
maintenant. Pour cela, soit W; la distance de Wasserstein d’ordre 1 définie a partir de la
distance d sur X, et, étant données deux mesures boréliennes de probabilité p et v sur X,
soit H(v|u) Uentropie relative (ou information de Kullback) de v par rapport a p définie par

H(wly) = /X j—:@) 0 % () du(x)

v
si v est absolument continue par rapport a u, de dérivée de Radon-Nikodym o et par
1

H(v|p) = +o0 sinon.
Avec ces notations, nous dirons qu'une mesure borélienne de probabilité p sur (X, d)
vérifie une inégalité de transport d’ordre 1 de constante A > 0, notée T7(A), si I'inégalité

i) < /3 HOlp) 2

est satisfaite pour toute mesure v sur X et nous dirons que p vérifie une inégalité T} si elle
satisfait 77(A) pour un A > 0.

En utilisant les formulations duales de la distance W, (de Kantorovich-Rubinstein) et de
I'entropie (cf. [43, Lemma 6. 2. 13] par exemple), S. Bobkov et F. Gotze [17] ont alors montré
qu'une mesure p vérifie I'inégalité CG(A) si et seulement si elle vérifie T3 ().

Si l'espace X est muni de la distance d(z,y) = 1,4, toute mesure p sur X vérifie
I'inégalité T7(4) puisque (22) se réduit alors a 'inégalité de Csiszar-Kullback-Pinsker

lv = pllrv < V2 H(v|p)
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qui elle est vraie pour toutes mesures v et p sur X (cf. par exemple [5, Théoreme 8.2.7],
[43, Exercise 6.2.17] et la preuve du théoréme 4.1 dans le chapitre 4, avec ¢ = 1, pour trois
démonstrations différentes). Notons que cette inégalité est liée a celle de Hoeffding (19),
comme 'attestent par exemple les démonstrations de ces deux inégalités données dans [81]
et fondées sur le méme lemme, et nous avons vu que (19) est un cas simple de l'inégalité de
déviation (18) considérée dans ce paragraphe.

Nous venons de noter que l'inégalité de Csiszar-Kullback-Pinsker est vraie pour toutes
mesures 4 et v. Il n’en est pas de méme des inégalités équivalentes CG(A) et T (), comme
I’atteste la caractérisation suivante :

Théoréme 9 (cf. [46] et Corollary 4.6). Une mesure de probabilité borélienne p sur X
vérifie une inégalité Ty (ou de concentration gaussienne) si et seulement si elle admet un

moment exponentiel carré, au sens ou il existe a > 0 et xg € X tels que / (@ 0)? du(x)
X
soit fini.

Plus précisément, si p vérifie Ty(\) (ou CG(N)), alors / @) quy(x) est fini pour
b
tout a < \/2 et xy € X.

Inversement, sl existe a > 0 et xy € X tels que / el wo)? du(x) soit fini, alors p
X

-1
vérifie Ty(A) (ou CG(N)) avec A = sup (l <1 + ln/ ed(@o.2)? d,u(x))) .
X

20€X, a>0 \ @

La condition nécessaire est donnée dans [46] (cf. aussi [68, Proposition 1.9] et [5, Section
7.2]), alors que la condition suffisante est démontrée dans [46, Theorem 2.3 dans la formu-
lation CG(\) et précisée dans le chapitre 4 dans la formulation T} (\) (cf. Corollary 4.6)
ou CG(A) (cf. Theorem 4.18), ol on obtient 'expression de la constante \.

Cette caractérisation peut s’avérer pratique pour des applications dans lesquelles la di-
mension de I'espace ne joue pas un role prépondérant. Par exemple, dans I’étude de systemes
de particules en interaction présentée dans la partie I1I, montrer qu’a chaque instant ¢ la loi
i sur L'espace des phases RY vérifie une inégalité T} reviendra & montrer 'existence d’un
moment exponentiel carré pour la loi y;, ¢’est-a-dire encore a vérifier la propagation d’un tel
moment par I’équation aux dérivées partielles satisfaite par ;. Cette caractérisation assure
également le résultat de perturbation suivant : si h est une fonction bornée, alors la mesure
h p normalisée vérifie une inégalité T3 s’il en est de méme de pu.

L’inégalité de concentration gaussienne C'G(\) est liée au phénomene de concentration
de la mesure (présenté par M. Ledoux dans [67] et [68] par exemple) sous la forme suivante :
si p vérifie une inégalité C'G(\), alors pour tout borélien A de X tel que pu[A] > 1/2 et tout
r>0ona

pA) = 1w (23)
on A" = {z € X;d(z,A) < r} (cf. [68, Proposition 1.7] par exemple). Autrement dit la
mesure de A" devient rapidement proche de 1 (de maniére exponentielle) quand r tend vers
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Iinfini, ce qui semble naturel puisque la queue de la distribution p est exponentiellement
petite d’apres le théoreme 9.

Avant que S. Bobkov et F. Gotze [17] aient montré 1’équivalence des inégalités CG(\) et
T1(A), K. Marton [77] (cf. aussi [106]) avait montré que (23) est vérifiée pour tous A et r tels
que pu(A) > 1/2 et r > 24/—2 In p[A] sous la condition que p vérifie une inégalité T (N).

Ayant ainsi caractérisé les mesures vérifiant l'inégalité (18), nous montrerons dans le
paragraphe suivant dans le cadre des inégalités de transport, comment obtenir I'inégalité
plus forte (17), cette fois sous une condition sur la taille N de 1’échantillon.

I1.2. Inégalités de transport (cf. chapitres 4, 6* et 7)

Etendant la définition de I'inégalité T a tout p > 1, nous dirons qu’une mesure borélienne
de probabilité sur X satisfait une inégalité T),(\), dite inégalité de transport ou de Talagrand
d’ordre p et de constante A, si

Wyl ) < 5 H (v

pour toute mesure v sur X, et qu’elle vérifie une inégalité T), si elle satisfait 7,,(\) pour un

A > 0.

Ces inégalités T,, deviennent de plus en plus fortes quand p grandit puisque W, < W,
pour 1 < p < p’ d’apres 'inégalité de Holder. Les distances W7 et W; étant les distances de
Wasserstein les plus utilisées, comme nous I'avons déja noté, il en est de méme des inégalités
T1 et TQ.

Alors que l'inégalité T peut étre caractérisée simplement (comme dans le théoreme 9
par exemple), il semble qu’il n’en soit pas de méme pour Ty. Elle admet cependant une
formulation duale analogue & (21) (cf. [17]). D’autre part, par exemple sur R? muni de la
distance euclidienne, I'inégalité T»(\) implique I'inégalité de Poincaré

I

pour toute fonction f sur R? de classe C*° & support compact ; inversement toute mesure p
sur R? de la forme du(z) = eV @ dz, ot V est une fonction deux fois différentiable sur R¢
telle que DV (z) > AId pour un A > 0 et tout x € R%, vérifie To(\) (cf. [14], [18], [88]),
et plus généralement toute mesure vérifiant une inégalité de Sobolev logarithmique satisfait
une inégalité T, comme nous le verrons dans le paragraphe II.3.

Nous avons noté que T implique 77 ; la réciproque est fausse puisqu’il existe des mesures
sur R a support compact, donc vérifiant une inégalité T}, mais ne satisfaisant pas d’inégalité
de Poincaré, et donc a fortiori pas d’inégalité T5.

Une propriété remarquable de 'inégalité T est la propriété de tensorisation. M. Talagrand
[106], apres avoir établi que la mesure gaussienne sur R vérifie T5(1), en déduit alors qu’il

@)= [ 1wt dnte) < 5 [ V1@ duto

* Le chapitre 6 reprend larticle [22] écrit en collaboration avec A. Guillin et C. Villani.
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en est de méme pour la mesure gaussienne sur R avec N quelconque. Plus généralement,
si, pour 1 < i < N, p; est une mesure sur X vérifiant T5(\), alors il en est de méme (en
particulier avec la méme constante) pour la mesure produit p; ® --- ® puy sur I'espace XV

muni de la distance dgp(z, y) (Z d(x;, y;) ) (cf. [68, Proposition 6.3] par exemple).

Dans le paragraphe II.1 nous avons vu qu'une mesure p sur (X, d) satisfaisant 77 (\)
vérifie I'inégalité

sup P [ Zcp YY) / o(x) du(x) > 5] < g2 Ne (24)

pour tous N > 1, ¢ > 0 et toutes variables aléatoires Y indépendantes et de loi u, le
coefficient \ apparaissant dans le membre de droite étant le meilleur possible. Comme nous
I’avons annoncé au début de cette partie II, nous voulons maintenant avoir la majoration
plus forte

N
1 ‘ 2
Pl s |30 = [ ola)duta)| > ef <o (25)
[So]lipgl i=1 X
c’est-a-dire )
2
P[Wi(a™, p) > e] < e zhe (26)
N

1 ‘
S AN . _ i
ou fi** est la mesure empirique N Zl Oy des Y.
1=
Dans le chapitre 6 nous montrons en particulier dans le cas ou X est l’espace euclidien
R¢ :

Théoréme 10 (cf. Theorem 6.1). Soient p € [1,2] et u une mesure de probabilité sur R?
vérifiant une inégalité T,(X). Alors, pour tous d' > d et N < A, il existe une constante Ny,
dépendant de X', d et d’un moment exponentiel carré de u, telle que

P [Wy(i, 1) > €] < e 3N (27)

pour tous € > 0, N > Nymax (e~ ¥+ 1) et toutes variables aléatoires Y, ..., YN indépen-
dantes et de loi uu, ot fi¥ est leur mesure empirique et

- 1 st 1< p<?2
T 3-2v2 si p=2.

Pour p = 1 nous pouvons donc passer de (24) a (25) (ou (26)) au prix du remplacement
de X par X' < X arbitrairement proche de ), et d’une condition sur la taille N de I’échantillon.
En fait une variante de la preuve de ce théoreme assure une estimation de la forme

P (W, (0", 1) > ] < Cle)e s N
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sans restriction sur /N, mais pour une (grande) constante C(¢), calculable d’apres la preuve.

Le résultat du théoreme 10 semble naturel au vu du théoreme de Sanov (donné dans [43]
par exemple). En effet, une application de ce théoreme a l'ensemble A = {v; W, (v, p) > €},
pour un € > 0 fixé, laisse espérer une majoration de la forme

P [W, (i, 1) > ¢] < exp (— N inf {H(v|p);v € A})
pour N grand. Cette majoration étant admise, comme
: A
inf {H(v|p);v € A} > 5 €

puisque p satisfait une inégalité T,(\), on obtient bien une majoration du type (27), mais
seulement de maniere asymptotique, alors que le théoreme 10 donne de plus une estimation
précise sur une taille suffisante de 1’échantillon. En réalité ce théoreme de Sanov ne donne
pas une telle majoration; en effet, sur I'espace non borné R¢, la fermeture A de A pour la
topologie faible (étroite) contient la mesure p elle-méme : ainsi inf{H(v|u); v € A} = 0
et le théoreme de Sanov ne donne alors que la majoration triviale P[W,(a", ) > ] <
exp (— N inf{H(v|p);v € A}) = 1.

L’idée de la preuve du théoreme 10 est la suivante. Dans une premiere étape nous rame-
nons le probleme au cas d’un ensemble compact en tronquant les différents termes en dehors
d’une boule de R?. Puis nous recouvrons l’ensemble des mesures de probabilité sur cette
boule, qui est lui méme compact, par un nombre fini de boules en distance de Wasserstein,
sur lesquelles nous développons 'argument de Sanov. Enfin nous optimisons les parametres
introduits au cours de ces deux étapes. La condition N > N max(g_(d'“), 1) imposée sur la
taille de I’échantillon provient en particulier d’un calcul d’entropie métrique effectué dans la
deuxieme étape. Nous ne savons pas si cette condition peut étre améliorée.

Pour des mesures satisfaisant des hypotheses plus faibles, par exemple n’admettant qu’'un
moment polynomial fini, nous donnerons dans les théoremes 6.5 et 6.6 des versions plus faibles
de ce résultat, mais fondées sur la méme démarche.

Ce théoreme sera appliqué dans la partie 111 & des variables aléatoires indépendantes Yf’N
pour 1 < i < N, évoluant avec le temps t et définies a partir des positions Xf N de particules
en interaction. Par la suite nous nous placerons au niveau des trajectoires elles-mémes, et
non plus au niveau des positions des particules en un instant ¢ fixé. Pour cela nous serons
amenés a considérer des mesures sur l'espace C des fonctions continues de [0, 7] dans R,
pour un 7' > 0 fixé, muni de la norme uniforme et a les comparer a 'aide de la distance de
Wasserstein W, définie sur P,(C) a partir de la norme uniforme sur C. Notant C* 'espace
des fonctions de C héldériennes d’indice o €10, 1], muni de la norme héldérienne

17 = sup (sup 170, sup U=,
0<t<T

0<t,s<T ‘t — S|a
t#s

et qui est un borélien de C, nous montrons dans le chapitre 7 I’extension suivante du théoreme
10 pour des mesures sur C, concentrées sur C* :
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Théoréme 11 (cf. Theorem 7.1). Soient p € [1,2] et p une mesure de probabilité sur
C vérifiant une inégalité T,(\) pour un A > 0, et telle que /e“”x”i du(x) soit fini pour un

c
a>0 et un a €]0,1]. Alors, pour tous o/ < « et ' < A, il existe une constante Ny telle que

P [W,(u, i) > ] <e oy Ne (28)

pour tous € > 0, N > Nye2 exp(Noe /) et toutes variables aléatoires Y, ... YN

indépendantes et de loi i, ot fi’¥ est leur mesure empirique et

st 1< p<?2

1
ﬁp:{ (1+VMa)? si p=2.

Cet énoncé est bien une extension du théoréme 10 . En effet, si m est une mesure sur R?
satisfaisant T),(\), alors la loi 1 d’un processus constant sur [0, 7] et de loi initiale m satisfait
les hypotheses du théoreme 11 (pour tout a < A\/2). Par projection en ¢t = 0, 'inégalité (28)
se réduit alors a (27) avec la méme constante ,, cependant sous une condition plus forte
sur la taille de I’échantillon.

Par comparaison au théoreme 10 nous avons ajouté la condition que p soit concentrée

sur un espace C* avec / ellela dp(z) fini pour un a > 0. En adaptant la preuve du théoreme

précédent a ce cadre dg dimension infinie, nous commencgons par une troncature a un en-
semble compact de C; grace a cette hypothese de concentration nous pouvons prendre une
boule de C* pour la norme holdérienne, qui est compacte dans C pour la topologie de la
norme uniforme. Cette condition est par exemple vérifiée par la mesure de Wiener sur C, les
trajectoires du mouvement brownien étant en particulier holdériennes d’indice o pour tout
a < 1/2, et par extension le sera par la loi du processus particulier considéré dans la partie
I1I.

Dans le paragraphe I1.1 nous avons vu qu'une mesure g sur un espace métrique complet
et séparable (X, d) vérifie une inégalité de transport T} (ou de concentration gaussienne) des

que le moment / e 4@ (1) est fini pour un @ > 0 et un 25 € X (cf. théoreme 9). Ce

X
résultat est en fait une conséquence du résultat suivant que nous montrons dans le chapitre 4 :

Théoréme 12 (cf. Theorem 4.1). Soient X un espace mesurable, pu et v deuz mesures de
probabilité sur X et p une fonction mesurable positive sur X. Alors

B ety < (3+m [ @0 auo)) (VR + 30 )
(i) Ne(n=v)lr < V2 (HID/XQW du(:c))l/2 VH(@v ).

Pour ¢ = 1 nous retrouvons I'inégalité de Csiszar-Kullback-Pinsker

lv = pllrv < e/ H(v|p)
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avec la constante non optimale ¢ = 2 au lieu de v/2 (la constante optimale pouvant étre
retrouvée en réécrivant la preuve de ce théoreme dans le cas particulier ou p = 1).

Si / etd(@o. du( ) est fini pour un a > 0 et un xy € X, nous en déduisons que
X

Wi, v) < CH(v|p)?

pour toute mesure v sur X, ou

1 %
4

= 2 1 f —<1 l ad(1'071')2p )

¢ xoelxn, a>0 (2CL tn /X ¢ d,U(I)

est fini (cf. Corollary 4.4). En particulier, pour p = 1, nous retrouvons la condition suffi-
sante du théoreme 9.

La quantité ||¢ (u — v)||rv a depuis été interprétée dans [56, Proposition VI. 7] comme
le cotit de transport entre p et v pour la fonction de cotit

c(z,y) = (p() + o(y)) Lary-

Des inégalités de la forme de celles obtenues dans le théoreme 12 sont alors vues comme des
exemples d’inégalités dites « norme-entropie », qui généralisent l'inégalité T}, et de maniere
analogue sont équivalentes a certaines inégalités de déviation (cf. [57]).

I1.3. Inégalités de Sobolev logarithmiques

Nous avons vu qu’une inégalité de concentration gaussienne C'G(\) est équivalente & une
inégalité de transport 77(\), et est donc impliquée par une inégalité T),(A) pour tout p > 1.
Sur I'espace euclidien R?, elle est également impliquée par une inégalité de Sobolev logarith-
mique (ISL) ainsi définie : une mesure borélienne v de probabilité sur I'espace euclidien R¢
vérifie une ISL de constante A, notée ISL(\), s

[ P nre /f ) dpu(a 1n/f ) dpu(a /|Vf| ) dpu()

pour toute fonction f de R? dans R de classe C* et & support compact.

Depuis que L. Gross [58] a montré que la mesure gaussienne vérifie cette inégalité avec
A = 1, de nombreux travaux ont porté et portent encore actuellement sur ces inégalités,
tant du point de vue de leur étude théorique, avec I’établissement de conditions nécessaires
ou suffisantes ou leur étude sur des espaces plus généraux, que de leurs liens avec d’autres
domaines tels que les inégalités de Sobolev et de Poincaré, la théorie de 'information, 1'hy-
percontractivité de semi-groupes, la concentration de la mesure, l'isopérimétrie, I’analyse de
modeles issus de la mécanique statistique, ou enfin I’étude de la convergence vers I’équilibre
de solutions de certaines équations aux dérivées partielles par des techniques de dissipation
d’entropie. Tous ces aspects sont présentés dans [5], [67], [68, Chapter 5], [69], [111, Section
9.2] et dans les travaux mentionnés dans ces références.
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Nous n’abordons ici que trois points, a savoir les liens entre ces inégalités et les inégalités
de concentration et de transport, des conditions nécessaires ou suffisantes a leur obtention,
et leurs propriétés de tensorisation.

Comme nous I'avons annoncé ci-dessus, une mesure sur R? vérifie une inégalité CG(\)
ou T1()\) des qu’elle vérifie ISL(A), comme 'assure argument de Herbst (cf. [5, Chapter 7]
ou [68, Chapter 5] par exemple pour une démonstration et une discussion sur I’historique de
ce résultat).

Il peut donc étre intéressant de savoir quelles mesures vérifient une ISL. En dimension
d = 1, ces mesures ont été caractérisées par S. Bobkov et F. Gotze [17]. Sur R? avec d > 2 il
n’existe pas de telle caractérisation, mais des conditions suffisantes, de deux ordres (ainsi que
des conditions nécessaires). Citons d’une part le critere suivant du a D. Bakry et M. Emery
8] (cf. [16], [18], [31], [40], [69], [88] pour d’autres démonstrations, dont certaines sont fondées
sur le transport optimal) : toute mesure sur R? ayant une densité de la forme e~V (®) par
rapport a la mesure de Lebesgue, avec V de classe C? tel que D*V (z) > X\ Id pour un A > 0
et tout x € R?, vérifie ISL()\); en particulier la mesure gaussienne sur R? vérifie ISL(1)
et ceci quelle que soit la dimension d (nous reviendrons sur cet aspect indépendant de la
dimension). Citons d’autre part les critéres suivants qui permettent de transmettre une ISL
d’une mesure a une autre :

e si une mesure p sur R? vérifie ISL(A) et v est une fonction bornée sur RY, alors e~ i
vérifie I'inégalité ISL()\ exp[—2(supv — infv)]); pour de tels v nous avons noté dans le
paragraphe II.1 que e~ p vérifie une inégalité T} s’il en est de méme de p;

e si une mesure u sur R? vérifie ISL(A) et o est une fonction lipschitzienne de R¢ dans
R", de semi-norme de Lipschitz L, alors la mesure image de p par ¢ vérifie ISL(A\/L?) :
prenant pour u la mesure gaussienne, cette propriété permet par exemple de montrer que la
loi uniforme sur [0, 1] vérifie une ISL (cf. [54] pour la constante optimale dans cette inégalité)
ou de retrouver le critere de Bakry - Emery a partir d'un résultat général de L. Caffarelli
[31, Theorem 11], repris dans [111, Theorem 9.14]; nous nous servirons également de cette
propriété dans le paragraphe 5.3 du chapitre 5;

® si y11 ety sont deux mesures sur R? et R™ respectivement vérifiant I.SL(\), alors 1, ® o
satisfait aussi ISL()) sur lespace euclidien R? x R™ : cette propriété, dite de tensorisation,
est fondamentale; elle assure en particulier que si p vérifie ISL(A) sur R¢, alors la mesure
produit pu®N vérifie aussi ISL(A\) sur (R?)Y pour tout N > 1, avec donc une constante
indépendante de N (ce qui par exemple n’est pas le cas des inégalités de Sobolev pour la
mesure de Lebesgue).

Apres avoir noté que ISL()) implique T ()\) sur R?, comparons & présent les inégalités
ISL(A) et Ty(A). Ces deux inégalités présentent les points communs suivants : d'une part
elles sont vérifiées par toute mesure de la forme e=V® dx ou D2V (x) > AId pour tout
r € R%; d’autre part elles sont stables par tensorisation et impliquent une inégalité 77 (\)
(ainsi qu'une inégalité de Poincaré). A la suite de plusieurs travaux sur le sujet, on peut
maintenant conclure que ISL(\) implique T5(\) (cf. [16] et [88]), mais qu'une inégalité T
n’implique pas une ISL en toute généralité (cf. P. Cattiaux et A. Guillin [39] pour un contre-
exemple en dimension 1); cependant il existe des formes partielles de réciproque pour des
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mesures de la forme e~V dx avec D?V (x) > o Id pour un o € R et tout 2 € R? (cf. [40] et
[88]).
Pour des mesures sur I'espace euclidien R nous avons donc le schéma

ou les deux implications sont strictes sans hypothese supplémentaire.

Dans le prochain paragraphe nous nous intéresserons a ces inégalités de concentration
gaussienne, de transport et de Sobolev logarithmique sur des espaces produits.

I1.4. Le cas des espaces produits (cf. chapitres 4 et 5%)

Du paragraphe I1.2 il ressort que si, pour ¢ = 1,..., N, la mesure u; sur I’espace métrique
(X, d) vérifie une inégalité To(\), alors la mesure produit pu; ® -+ ® py vérifie également
une inégalité Th(\) sur I'espace produit X muni de la distance dy» définie par dpe(x,y) =

N 1/2
( Z d(x;, yl)2> . D’apres le paragraphe I1.3 il en est de méme pour les inégalités de Sobolev
i=1

logarithmiques si X est 'espace euclidien R? (et donc X est I'espace euclidien (R?)M).

La situation est différente pour 'inégalité T7 ou de concentration gaussienne. Supposons
en effet, avec les notations précédentes, que chaque pu; vérifie CG(\) : qu'en est-il alors de
1 ® - @ py sur XN7

On peut tout d’abord montrer que y; ® -+ @ uy vérifie CG(A/N) sur X» muni de
la distance dy2. Interprétons ce résultat en termes d’inégalités de déviation pour des va-

riables aléatoires. Soient par exemple Y, ..., Y" des variables indépendantes de méme loi u
satisfaisant C'G () sur X et soit ¢ une fonction lipschitzienne sur X de semi-norme de Lip-
N

schitz 1. L’application ® définie sur X par ®(zy,...,2y) = Z (z;) étant lipschitzienne
i=1

de semi-norme /N sur l'espace (X, d2) et u®V vérifiant CG(\/N) sur cet espace, on a la

majoration

LQ), qud QN Nt2
et(vN xN VN )dugN <e 25 ,
XN
puis (seulement)

’ [%290(5/@')— /X () du(z) >5] e (29)

pour tout € > 0 d’apres l'inégalité de Chebyschev. Or d’apres le paragraphe I1.1 on a en fait

' l% ; p(Y") — /Xw(:c) dp(x) > 8] <e it (30)

* Le chapitre 5 reprend Particle [15] écrit en collaboration avec G. Blower.
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Cette propriété de tensorisation pour la distance d,2 ne semble donc pas intéressante
On peut 'améliorer en munissant X* de la distance dyn définie par dyi (z,y) Z d(x;,ys),

comme le suggere la définition de CG(\), en termes de fonctions lipschitziennes, ou de Ty (M),
dans laquelle apparait la distance d et non directement d? comme pour T5. Il peut alors étre
montré que p; ®- - -® uy vérifie 'inégalité CG(A/N) et que la constante A/N est la meilleure
que l’on puisse obtenir. En termes d’inégalités de déviation, I'application ¢ étant maintenant
lipschitzienne de semi-norme 1 sur XV puisque ¢ l'est sur X, I'inégalité CG(\/N) vérifiée
par u®N assure que

_ N Nt2
/ et(cb fXNCDdM )dIU/®N S 6W7
XN

ce qui implique bien (30).

Nous voyons sur cet exemple que, bien que ces distances soient équivalentes sur (R4)Y
pour N fizé puisque dpz < dp < V/Ndp, la distance dpn semble plus adaptée que dp & la
tensorisation des inégalités de concentration gaussienne, puisqu’elle permet d’obtenir le bon
ordre de convergence dans les inégalités de déviation.

ad(z1,y1)?

D’apres le théoreme 9, une mesure g sur X telle que / e dp(z) soit fini pour

X
un a > 0 et un y; € X, vérifie T7(\) pour un certain A. Dans ce cas, si X est muni de la

distance d,2, alors
ad,2 (z,y)? QN ad(x N
20" N () = (] e dpu(ay) )
XN X

est fini pour y = (y1,...,41) € XV, et donc u®V vérifie I'inégalité de transport

9 3
Wit ) < (2(14 8 1 [ e auan)) ) VAL
a X

pour toute mesure v sur XV, oit W; est définie sur P(X?) a partir de la distance dy sur
X%, Or, par exemple pour v = p®Y oll p est une mesure sur X absolument continue par
rapport a u, le membre de gauche de cette inégalité de transport est d’ordre v/ IV, alors que

le membre de droite est d’ordre vV N.vVN = N.
Si maintenant X% est muni de la distance dp, alors

" N
/ eﬁdm(x,y)Q d,u®N(x) < (/ ad(z1,y1)? de))
XN X

est fini pour y = (y1,...,71) € X" et donc pu®" vérifie I'inégalité de transport

2N : 2
Wi (v, p®) < <7 (1 + N In /XN ead@1y1) dﬂ(xl))) H(v|p®N)

pour toute mesure v sur XV, olt maintenant W est définie sur P(X) & partir de la distance
de> sur XV, Dans le méme exemple ot v = p®"V, le membre de gauche est d’ordre N alors
que le membre de droite est d’ordre N3/2.
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Il semble donc que la caractérisation de I'inégalité de concentration gaussienne en termes
de moments exponentiels carrés ne donne rien d’intéressant pour des mesures sur des espaces
produits (aussi bien pour la distance dp que la distance dy2). Il conviendra donc de limiter
son utilisation a des mesures sur des espaces dont la dimension est fixée ou n’a pas d’impact
particulier : ce sera le cas des mesures j; décrivant 1’état macroscopique du systeme que I'on
considérera dans la partie III de cette introduction, et qui sont des mesures sur ’espace des
phases R? (de dimension indépendante du nombre N de particules en interaction dans le
modele microscopique associé).

Nous venons donc de voir que si Y!, ..., Y™ sont N variables indépendantes de loi respec-
tive p; sur un espace (X, d) vérifiant une inégalité CG(\) (resp. T2(A)), alorslaloi p;®- - -®un
de (Y1, ..., YN) satisfait une inégalité CG(\/N) (resp. To()\)) sur 'espace XV muni de la
distance dp (resp. dg2). Si de plus X est I'espace euclidien R? et si les p; vérifient une I.SL(\),
alors 11 ® - -+ ® py satisfait aussi ISL()) sur 'espace euclidien (RY)N.

Nous nous proposons maintenant de considérer certains cas de variables dépendantes.
Plus précisément nous considérons un processus stochastique (Y'!,...  YV) & valeurs dans X
et donnons des conditions suffisantes sur la distribution initiale P(Y) de Y! et les distributions
conditionnelles p;(. | x1,...,2;_1) de Y sachant Y, ... Y"1 pour 2 <i < N, pour que la
loi

P(N)(dxl, oodey) =py(dx, |y, enoy) - pe(das | ) P(l)(dxl)

de (Y1,..., YY) vérifie une inégalité de concentration gaussienne, de transport ou de Sobolev
logarithmique.

Dans le cas de variables indépendantes, il suffit de supposer que P (qui est p; avec
les notations précédentes) et que chaque p;(. | x1,...,x;_1) (qui est p;) vérifient une telle
inégalité. Dans le cas de variables dépendantes nous ajoutons une condition sur les distri-
butions conditionnelles, traduisant précisément le fait que chaque Y* ne dépend pas trop de
Y1 ..., Y1 cest-a-dire que chaque p;(. | 1,...,z;_1) ne dépend pas trop de zy, ..., z;_1.

Traitant de questions analogues dans divers cadres, K. Marton [78, 79] et P.-M. Samson
[96] traduisent cette condition, par exemple dans le cas de processus de Markov, par un
coefficient a; (nul dans le cas indépendant) tel que

sup  D(pi( | 1), pil. | yim1)) <
Ti—1,Yi—1€X
ou D mesure 'écart entre mesures de probabilité, comme la norme de variation totale de
leur différence (cf. [96]).
Ici, suivant les travaux de H. Djellout, A. Guillin et L. Wu [46], nous considérons plutot
des conditions de la forme

sup D(pl(' | zic1), pi- | yz‘ﬂ))

< «
Ti_1,yi-1€X d(%‘—l,?/z‘—l)

= kg

Dans le chapitre 5 nous donnons tout d’abord le résultat suivant de concentration gaus-
sienne pour la loi jointe des N variables Y, ..., Y" d’un processus stochastique :
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Théoréme 13 (cf. Theorem 5.6). Soit (Y,.... YY) un processus stochastique d valeurs
dans (X, d), de loi initiale PV et de distributions conditionnelles p;i(. | z;, ..., zi_1). Suppo-
N-1
sons qu’il existe A\ >0, L >0 et p1,...,pn_1 > 0 avec Z p; < L tels que
j=1

(i) PY et p;(. | 21,...,2i_1) pour r; € X,1<j<i—1et2<i<N satisfassent CG(\)
sur X ;
(11) pour zj,y; € X,1<j<i—1et2<i<N

i—1
Wl (pz( | L1y 7xi—1)7pi(' | Yy .- 7yi—1)) S sz—j d(xjayj)
j=1

Alors la loi jointe de (Y, ... YN) vérifie CG(\y) sur (X", dpn), avec

1 1 N m—1 9
o (or)
m=1 =0

La dépendance de Y" en Y7 avec j < i est ici mesurée par le coefficient p;_;, qui ne
dépend que de la différence ¢ — j entre les temps j et 7, et est nul pour tout ¢ — 5 > 1 dans
le cas d’un processus de Markov et pour tout ¢+ — j dans le cas de variables indépendantes.

Pour L < 1 nous retrouvons l'inégalité CG(\(1 — L)?/N) de [46], qui étend & des va-
riables faiblement dépendantes l'inégalité CG(A/N) vérifiée par la loi jointe de N variables
indépendantes Y!,..., Y'Y (pour lesquelles L = 0) dont les lois respectives vérifient toutes
CG(N). Ce résultat implique les inégalités de déviation

N N
1 , 1 ,
sup P [N E o(Y") —E(N E go(Yl)) > 6] < e 2(I-L)*Ne (31)
i—1 i=1

[‘p]lipg 1

pour tous € > 0 et N > 1, et

N

1 . M L1Ne

sup P [N >t = [ elo)duta) > ] < e-30-1pNE
=1

[@}lipg 1

si de plus les Y ont méme loi p.

Pour chaque valeur de L nous donnons dans le chapitre 5 (cf. Example 5.15) un exemple
de processus de Markov (Y1, ... YV) construit & partir du processus d’Ornstein-Uhlenbeck,
qui satisfait les hypotheses du théoreme 13 et dont la loi jointe P™) vérifie une inégalité de
concentration de constante égale a la constante Ay donnée par le théoreme : pour cela nous

montrons que l'inégalité
2

/ et(apffXNade(N)) dP(N) < 62371\7
XN

est une égalité pour une certaine fonction lipschitzienne ¢ et tout réel t. En ce sens les
constantes données par le théoreme 13 sont optimales.
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Dans le chapitre 4 (cf. Theorem 4.13) nous utilisons la caractérisation des inégalités
de concentration gaussienne en termes de moments exponentiels carrés pour établir de telles
inégalités pour la loi jointe d’un processus stochastique : les conditions de faible dépendance
portent sur des moments exponentiels des mesures de transition, qui sont moins contrai-
gnantes que la condition (ii) du théoreme 13 avec L < 1 (cf. Example 4.17), mais suf-
fisantes pour établir une inégalité C'G(N'/N) pour la loi jointe des N premieres variables,
ou X > 0 est indépendant de N. Cependant ces résultats sont obtenus sur 'espace produit
X" muni de la distance dp et donc, comme nous l'avons déja observé pour des variables
indépendantes (cf. (29)), ne peuvent induire des inégalités de déviation de la forme (31).

Le théoreme 13 est obtenu dans le chapitre 5 comme cas particulier (correspondant a
p = 1) d’un résultat plus général (cf. Theorem 5.4) assurant une inégalité de transport 7,
pour la loi jointe de processus stochastiques. Nous ne détaillons pas ce résultat dans cette
introduction, et présentons maintenant un énoncé qui est un analogue du théoreme 13 au
niveau des inégalités de Sobolev logarithmiques.

Nous considérons désormais un processus stochastique (Y'1,...,Y") & valeurs dans l'es-
pace euclidien R? et cherchons des conditions suffisantes sur les distributions conditionnelles
pour que la loi jointe de (Y}, ..., YV) vérifie une ISL sur (R?)" si possible avec une constante
indépendante du nombre N de variables (ce qui étendrait le cas de variables indépendantes
abordé au début de ce paragraphe).

Pour cela nous supposons que les distributions conditionnelles ont une densité strictement
positive par rapport a la mesure de Lebesgue sur R? et sont de la forme

pz(dl‘z | X1y .. ,ZL‘Z‘_l) = e_ui(ml"”’xi)dl'i, 2<1< N (32)
pour des fonctions u; de (R?)? dans R. La dépendance de Y en Y7 pour j < i se traduisant

par la dépendance de la fonction u; = u;(x1,...,2;) en la variable z;, nous la mesurons par
la transformée de Laplace

Ou;
A;j(s) = sup / exp(s A (xl,...,:cl-)> pilde; | x,. .., 21), seRY j<i
Rd

T1,.-Ti—1 axj

olt 9/0x; est le gradient par rapport a z; € R? et a - b est le produit scalaire de a,b € R%.
Dans le chapitre 5 nous montrons alors le

Théoréme 14 (cf. Theorem 5.10). Avec les notations introduites précédemment, soit
(Y1, ..., YN) un processus stochastique a valeurs dans R?, de loi initiale PY) et de distribu-
tions conditionnelles p;(. | x1,...,2,-1) pour 2 < i < N de la forme (32). Supposons qu’il

N-1
existe des constantes A >0, L >0 et p1,...,pn_1 avec Z Ve < V'L telles que
=1

(i) PY et p;i(. | 21,...,2i1) pourz; € X,1 < j<i—1¢et2<i< N vérifient ISL()\)
sur RY ;
(ii) A ;(s) < exp(pi—j |s]*/2) pour tout s € R%.
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Alors la loi jointe de (Y1, ..., YN) vérifie ISL(Ay) sur (RN on

(VX - VI)? si L <A
A

L=\
Av=14 NN +1)(e—1) * ’
AN LA
Al I A  L> A\
(L) e(N+1) e

La dépendance de Y en Y7 avec j < i est controlée par 'hypothese (ii). Sous 'hypothese
(i), nous montrons dans le chapitre 5 (cf. Proposition 5.11) que cette hypothese (ii) est
satisfaite pour j < i donnés deés que u; est deux fois différentiable sur (R9)¢, avec

2

A 0, A
— )\pZ,JIdS 78 g (xl,...,xi) S )\pifj[d; xl,...,xiERd
r;0x

J

au sens des matrices symétriques de taille d x d.
Par exemple pour un processus de Markov nous en déduisons le

Corollaire 15 (cf. Theorem 5.3). Soit (Y*,...,YN) un processus de Markov a valeurs
dans R?, de loi initiale PY) et de noyau de transition de la forme p(dy | x) = e @) dy.
Supposons qu’il existe des constantes A > 0 et L > 0 telles que

(i) PO et p(. | 2) pour x € R? vérifient ISL()\) dans R? ;

(ii) u soit deuz fois différentiable sur RY x R et vérifie

2
—L1Id <

u
< LId R4
81‘8y(x’y) —_ b 'I7y 6

au sens des matrices symétriques de taille d x d.
Alors la loi jointe de (Y1, ..., YN) vérifie ISL(Ay) sur (RN on

4 _ L 2

u st L <\,
A
A L=
= S =
AN =9 NV + Die—1) !
A2V L2 — )2 e
\ (Z) Ne(N + 1) kA
En particulier la loi jointe de (Y!',... Y¥") vérifie une ISL de constante uniforme en N

si la dépendance entre les variables n’est pas trop grande au sens ou L < \; ceci étend
I'inégalité ISL(A) dans le cas de variables indépendantes pour lequel L = 0.

Comme nous 'avons fait pour les inégalités de concentration gaussienne, nous montrons
dans le chapitre 5 (cf. Example 5.15) que pour chaque valeur de L 'ordre de grandeur en N
de la constante Ax obtenue dans le corollaire 15 est optimal sans hypothese supplémentaire.

Ce probleme d’obtention d’une ISL pour la loi jointe de variables dépendantes a été
considéré indépendamment et dans un cadre différent par K. Marton [80]. Les résultats
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obtenus peuvent étre comparés dans la situation simple du corollaire 15 : cet énoncé assure
une ISL pour la loi jointe, avec une constante indépendante du nombre N de variables,
des que L < A; le résultat principal de [80] (cf. Theorem), dans ce cas particulier, semble
n’assurer un tel résultat que pour L < \/2.

Notons enfin que, toute mesure P sur I'espace produit (R%)" pouvant se décomposer en
une distribution « initiale » P1) et N — 1 distributions conditionnelles p;(. | z1,...,2;_1)
pour 2 < i < N sous la forme

P(dl’l,. .. ,dl‘N) :pN(de'n | T1y. .. ,ZL‘N_l) .. .pg(dl‘g | l‘l)P(l)(dl‘l)

et rentrant donc potentiellement dans le cadre du théoreme 14, celui-ci ne permet pas de
retrouver toutes les ISL connues pour des mesures sur des espaces produits. Ainsi, des me-
sures intervenant dans des modeles de mécanique statistique, considérés dans [59] et [69] par
exemple, vérifient des ISL avec des constantes indépendantes de la dimension N, ce qui ne
semble pas se déduire directement du théoreme 14.

Ce théoreme 14 n’est donc qu'un résultat partiel vers la caractérisation des mesures
sur les espaces produits vérifiant une ISL, si possible avec une constante indépendante de la
dimension. Il serait en particulier intéressant d’établir une forme de réciproque de cet énoncé
pour déterminer dans quelle mesure il approche une telle caractérisation, et d’affaiblir les
hypotheses afin d’inclure des exemples tels que ceux considérés dans [59] et [69].

IIT - Limites de champ moyen pour des systemes de particules sto-
chastiques en interaction

Dans la partie I de cette introduction nous avons abordé I'étude de limites de champ
moyen par ’approximation des équations de Vlasov et d’Euler par des systemes de particules
déterministes en interaction. Nous nous tournons maintenant vers un probleme analogue
pour des équations aux dérivées partielles comportant un terme de diffusion, ce que nous
traduirons au niveau de I'approximation par une évolution aléatoire des particules.

II1.1. Présentation du modele macroscopique

Nous nous proposons d’étudier une approximation particulaire de certaines équations aux
dérivées partielles d’évolution, de la forme

g_’;:Au+v.(uvv>+v-(u(vw*u)), £>0, oeR (33)

oll A est le laplacien, V le gradient et V- I'opérateur de divergence sur R?. Nous considérerons
des solutions au sens des distributions, avec des mesures de probabilité sur R? comme données
initiales. Comme I’équation préserve la positivité et la masse totale, les solutions seront a
chaque instant des mesures de probabilité sur R%. D’apres la formule d’Ito, la valeur g a
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Iinstant ¢ d’une telle solution p de donnée initiale iy peut étre vue comme la distribu-
tion d'une variable aléatoire Y; a valeurs dans R?, évoluant suivant I’équation différentielle
stochastique

dY, = V2dB, = VV(Y;) = VW  ,(Yy)

a partir d'une donnée initiale Yj distribuée suivant 9, pour un mouvement brownien (By);>o
a valeurs dans R?. En particulier I'évolution de p(x) = p(t,z) en un point z € R? fixé
(resp. évolution de Y;) dépend de la valeur de u,(y) en tous les points y € R?, & travers le
terme de convolution VW x i, (z) (resp. VW  11,(Y;)) : en ce sens I'équation (33) est dite de
champ moyen, comme le sont les équations de Vlasov et d’Euler considérées précédemment.
Dans l'interprétation particulaire donnée par le processus (Y;)i>o, les potentiels V' et W
doivent étre respectivement interprétés comme des potentiels extérieur et d’interaction entre
les différentes parties du systeme; en particulier nous supposerons que W est une fonction
paire sur RY.

En dimension d = 1 une équation de cette forme, pour les potentiels V =0 et W(x) =
|z|3/3, régit Pévolution de la densité macroscopique (en la variable de vitesse) d’un milieu
granulaire homogene en espace et composé, au niveau microscopique, de particules interagis-
sant par des chocs inélastiques et excitées par une source de chaleur (cf. [11], [12]).

Les équations (33) sont des exemples d’équations de McKean-Vlasov, de la forme générale

o~ d
el . "
ot Z;l 01,01 (aijlz, plp) + Z 890, iz, ), >0, z€

d’inconnue p = p(t, x). Iciles a;j]x, p] sont les coefficients de la matrice a[z, u] = s[z, u]*s[z, y]

avec sz, ul = | o(z,y) p(y) dy pour une famille o(x, y) de matrices d x d et les b;[z, v] sont
Rd

les composantes du vecteur / B(z,y)u(y) dy pour une famille 3(x,y) de vecteurs de R?
R4

(cf. [73]). A cette famille d’équations appartient en particulier I’équation incompressible de
Navier-Stokes dans le plan, en formulation tourbillon, de la forme

0
8—C::VAw—V-(wu), t>0, xcR?
oG G
ou u; = K % w; est le champ de vitesse du fluide au temps t, K = ( ) 0 ) et
1 81‘2 81‘1
G(z) = —2—ln|x\ est la solution fondamentale de I'équation de Poisson sur R% Cette
0

équation s’obtient a partir des équations incompressibles de Navier-Stokes dans le plan de
la méme maniere que 1’équation d’Euler (8) sur le tourbillon se déduit des équations d’Euler
(7) sur la vitesse dans le cas non-visqueux ou v = 0.

L’équation (33) a récemment été étudiée pour son comportement asymptotique en temps
grand. Des résultats de convergence des solutions vers une solution stationnaire ont été
obtenus par différentes techniques sous des hypotheses de convexité sur les potentiels V' et
W : nous aborderons ce point plus en détail dans le paragraphe III.6.
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I11.2. Approximation particulaire de I’équation

Dans le paragraphe précédent nous avons interprété la solution p; au temps ¢ comme la
distribution de Y; évoluant suivant

dY, = V2dB, — VV (Y;) = VIV 5 (V). (34)

Cette équation est parfois dite non-linéaire dans le sens ou Y; évolue suivant un champ de
force VW % p; dépendant de sa loi p;.

L’approximation particulaire de 1’équation (33) consiste en l'introduction de N processus
(XZ’N)QO pour 1 < i < N, représentant des particules évoluant chacune dans un champ de
force créé non plus par la distribution p;, mais par les N — 1 autres particules.

Nous avons vu dans la premiere partie de cette introduction que 1’état d’un systeme
constitué d'un grand nombre N de particules déterministes X*, pour 1 < z' < N, dans

'espace des phases R? peut étre déerit par sa mesure empirique m” = — Zé xi puisque

celle-ci génere les observables du systeme. Cette mesure empirique est en falt une densité de
particules dans R? dans la mesure oil, pour tout borélien A de R%, la quantité MmN [A] est
égale a la portion de particules parmi X', ..., XV se trouvant dans la configuration A.
Supposons maintenant que ces particules X soient des variables aléatoires, échangeables
dans le sens ott leur loi jointe m®™) sur (R%)" est invariante par permutation de ses facteurs.
Alors la loi d'une particule (quelconque par symétrie de la loi), qui est la premiére marginale
de m™) et donc une mesure déterministe sur R?, est égale a I'espérance Em” de la mesure
empirique. Dans ce cas une notion de densité de particules est donc donnée par 'espérance

de la mesure empirique.

1 N

Si gl = N Z XZ"N est la mesure empirique des N particules th N destinées & donner une
i=1
approximation de 1’équation (33), il peut donc sembler raisonnable de faire évoluer les X, N

dans le champ de force créé par la mesure /i, selon les équations différentielles stochastiques
dX;N =v2dByN —VV(XPN) = VW s N (XY),  1<i<N

c’est-a-dire

dXIN = V2dBIN - V(X - Wt XY, 1<i<N o (35)

I|M2

ou les (BE’N)lgl-S ~ sont N mouvements browniens indépendants. Supposant que les positions
initiales XS’N soient échangeables, la symétrie du systeme d’équations assure qu’il en est de
méme pour les positions Xf N4 tout instant ultérieur.

Dans cette situation d’évolution stochastique la mesure empirique % : t — ¥ ne vérifie
pas ’équation originale (33), comme c’était le cas dans le cadre déterministe des équations
de Vlasov ou d’Euler.
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On peut cependant se demander si son espérance Eu qui a tout instant t associe

la loi ,u,g d’une particule quelconque du systeme, vérifie une telle équation. Dans cette

(N) (N

optique, la formule d’Itd assure que p®) : ¢ — py’, ol py ) est la loi jointe du N-uplet
(XN XN, est solution de 'équation
8u(

o = AWM (N) 4 N ( (V) V) + VWM. (u(N)(W*M(N))), t>0, ze€(RHY (36)

ott AWM et V). sont le laplacien et I'opérateur de divergence sur (R%)™
V(z) = (VV(z"),...,VV("))

et
( ZVWIE — i), ZVW —$j)>

pour x = (zt,...,2") € (RH)N et ott V est comme précédemment le gradient défini sur RY.
Notant ,u,EQ) la loi jointe de deux particules du systeme au temps t et projetant 1’équation

(36) sur la premiere coordonnée, il s’ensuit que u(!) vérifie 'équation

o
ot

YAV v (TOAVATS R v (/

R4

VW (z —y)u® (z, y) dy), t>0, zeR

au sens des distributions. Cette équation n’est pas fermée puisque, les particules Xy PN pétant
pas indépendantes du fait de leur interaction (cf. (35)), la loi jointe 1$? de deux particules
n’est pas égale au produit tensoriel ugl) ® ,ugl) de la loi de chaque particule. Cependant, si tel
était le cas, la mesure uV) vérifierait 'équation (33), avec de plus la méme donnée initiale g
si les X ont pour distribution initiale s ; sous un résultat d’unicité pour (33), les mesures
,LL,EI) et u; seraient alors égales pour tout t.

L’interaction entre deux particules données semblant étre d’ordre 1/N d’apres I’équation
(35), nous pouvons espérer que pour N grand elles se comportent de maniere indépendante
I'une de I'autre : nous reviendrons dans un instant sur ce phénomene, appelé propagation du
chaos (cf. [105]) ou propriété de Boltzmann (cf. [63]). D’apres ce qui précede nous pouvons
alors espérer que pour N grand les mesures ,ugl), c’est-a-dire E i, et p1; restent proches pour
tout t si elles le sont initialement pour ¢t = 0.

I11.3. Premiers résultats de convergence

Ici nous voulons savoir si la mesure empirique aléatoire i des N particules Xf N et non
seulement son espérance E 1Y, est proche de la mesure déterministe y, solution de (33) au
temps t.

Cette question a été étudiée en particulier dans des travaux de H. McKean, H. Tanaka
[109], A.-S. Sznitman [105], S. Méléard [84] ou S. Benachour, B. Roynette, D. Talay et
P. Vallois [9, 10] (mais aussi pour d’autres équations, comme ’équation des milieux poreux
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dans [91]) en liaison avec le phénomene de propagation du chaos : sous diverses hypotheses
sur la dimension d et les potentiels V et W, si les données initiales X7 sont des variables
indépendantes de loi pg, alors pour chaque k fixé la loi ,ugk) du k-uplet (th’N, e ,Xf’N)
converge au sens de la topologie faible (étroite) des mesures sur (R4)* vers puP* quand N tend
vers l'infini : autrement dit les k& variables th N ,Xf N se comportent, asymptotiquement
quand N tend vers l'infini, comme des variables indépendantes de loi u;. En particulier, pour
k=1,laloi " (= E D) d'une particule converge bien vers ;.

D’apres [105, Proposition 2.2] ou [84, Proposition 4.2], cette propriété est équivalente
a la convergence en loi de la mesure empirique aléatoire ¥ vers la mesure déterministe s
(comme éléments de I'espace des mesures de probabilité muni de la topologie faible (étroite)),
et assure en particulier que

E — 0 quand N — +o0,

[ e@aid@ - [ el duo

R4

c’est-a-dire que

N

Eﬁgwﬂ%—@wwmm

— 0 quand N — 400

pour toute fonction test ¢ sur RY. Suite & ces résultats de type loi des grands nombres, les
N
1 .
déviations des observables N E ©(XPN) autour de / , o(z) dpg(z) ont été étudiées dans
i=1 R

les cadres asymptotiques d'un théoréme central limite ou de grandes déviations (cf. [48], [84]
ou [109] par exemple).

Il peut étre intéressant, dans une perspective numérique, d’obtenir des estimations quan-
titatives de la convergence de i vers p; assurant que la méthode a de grandes chances de
donner un bon résultat. Par exemple, si ¢ est une fonction test, peut-on mesurer 1’écart entre

N
1 .
I’observable N E ©(XN) du systeme et la valeur / o(z) dpy donnée par la solution i, de
i=1 Re

I’équation (33) en estimant par exemple la quantité

IP’H% i (X)) — /Rd p() dut(w)‘ > 6]

en fonction de la taille N du systeme? Notons en effet que I'utilisation de tels systemes de
particules stochastiques s’est révélée utile dans des méthodes numériques d’approximation
d’équations de la forme de (33) (cf. [107] par exemple) : il s’agit alors de pouvoir évaluer
I’erreur commise par la méthode numérique en fonction des différents parametres tels que le
nombre de particules ou le pas de temps de discrétisation des équations (35).

De tels résultats ont été obtenus récemment par F. Malrieu [74] en liaison avec les
inégalités de concentration (ou de déviation) étudiées dans la partie II de cette introduction.
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Se fondant sur un résultat de D. Bakry [7], il montre tout d’abord que la loi jointe ugN)
du N-uplet (th’N, e ,XtN ’N) vérifie une inégalité de Sobolev logarithmique de constante A

indépendante de t et N si g vérifie une telle inégalité et si les potentiels V' et W vérifient
certaines hypotheses de convexité. En particulier I'inégalité

N N
1 . 1 A
swp P[> e(X) ~E(5 Y e(xiM) | > ¢] c2e78
=1 )

[‘p]lipg 1 =

est vérifiée pour tout € > 0. Il reprend ensuite argument de couplage présentée dans [105]
par exemple, qui consiste en l'introduction d’une famille de processus indépendants (ﬁi’N)tZO,
pour 1 < i < N, tels que Y;i’N soit proche de X,f’N et de loi u; en chaque instant ¢. Cette loi
e étant celle a l'instant ¢ du processus (Y;);>0 solution de

dY, = V2dB, — VV(Y;) = VW * 11,(Y;)

, e ey N .. IN , . .
pour une donnée initiale Yy de loi pyg, les (Y;"" );>0 sont définis comme les solutions des
équations

AY;N = V24BN — V(YY) = VW ok (YY), 1<i< N

pour les données initiales indépendantes YOZ"N = Xé’N et ou (BE’N)tZO est le mouvement
brownien dirigeant I’évolution de Xy N pour chaque 7.
Il montre alors que les X, et les Y;""¥ restent proches en tout instant ¢ au sens ot

- A 2
E|xXN - vV < =
< G
puis
N ' RS i, N C
sup E(— XMV)—E(— v )‘ <
[Plup<1 N;M = N;Mt =75

pour une constante C' indépendante du temps, puis en déduit le résultat suivant par inégalité
triangulaire et hypotheses sur les Y;Z’N :

Théoréme 16 (cf. [74]). Supposons que V soit de classe C* sur RY et uniformément convexe
et que W soit de classe C?, convexe, paire et croisse de fagon polynomiale a l'infini. Soient
d’une part p la solution de (33) de donnée initiale po satisfaisant une inégalité de Sobolev
logarithmique sur R? et d’autre part (Xti’N)tZO pour 1 < i < N les solutions de (35) pour des
données initiales X" indépendantes et de loi .

Alors il existe deuz constantes positives C' et X telles que

N

1 N C
sup su ]P’H—E X, —/ z)d x‘>—
tzloo [gohippgl N &~ X Rd P(2) diu() VN

pour tous € >0 et N > 1.
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En particulier il existe deux constantes Ny et A telles que

N

1 ;
s sy B[ L3 e - [
=1

t20 [pl1ip<1 Rd

() d,ut(x)’ > 5} <2 o2 lVe? (37)
pour tous € > 0 et N > Nye 2

Un aspect de ce résultat est I'indépendance des constantes en ¢, sur laquelle nous revien-
drons dans le paragraphe II1.6. Nous nous proposons maintenant de prolonger cette étude
en obtenant des estimations plus fortes sur la convergence de la mesure empirique.

IT1.4. Nouveaux résultats de déviation de la mesure empirique (cf. chapitre 6)

Dans le chapitre 6, sous une condition plus contraignante sur le nombre N de particules,
nous renforcons les inégalités de déviation (37) sous la forme

N
1 : 2
P| sup sup | Y o(XpY) —/ o(z) dﬂt(x)’ >6} < Ce RV
R4

0<t<T [‘P}lipgl =1

c’est-a-dire
P sup Wi ) > e| < Ce N,
0<t<T
olt Wi est la distance de Wasserstein d’ordre 1 définie sur P;(R?) & partir de la distance
euclidienne sur R? et pour certaines constantes positives C' et K. Pour cela nous supposons
que les potentiels V et W sont deux fois différentiables sur R¢ et vérifient

D*V(z) > B3I, ~I<D*W(z)<~I, zecR? (38)
pour des constantes réelles 3, 7,7, et
IVV(z)| = O(e”™)  quand |z| — +o0 (39)

pour tout a > 0. Sous ces hypotheses l'existence et l'unicité trajectorielles et en loi de
solutions des équations stochastiques (34) et (35) peuvent étre montrées en adaptant a notre
cas la méthode développée par A.-S. Sznitman [105] dans le cas on VV et VIV sont bornés et
lipschitziens, puis étendue par S. Méléard au cas ou VV et VIV sont seulement lipschitziens ;
le probleme de Cauchy pour 1’équation (33) est quant a lui traité dans [36].

Nous montrons alors le

Théoréme 17 (cf. Theorem 6.7). Supposons que V' et W vérifient les hypothéses (38) et
(39). Soient d’une part p la solution de (33) de donnée initiale po admettant un moment
exponentiel carré fini sur RY et d’autre part (X;™)iso pour 1 <i < N les solutions de (35)
pour des données initiales Xé’N indépendantes et de loi .

Alors, notant i la mesure empirique des XZ’N, pour tout T' > 0 4l existe une constante
K et pour tout d' > d il existe deux constantes positives C et Ny telles que

P sup Wi, ) > 2| < C (14 Te?) e KV (40)

0<t<T

pour tous € > 0 et N > Ny max(e~(@+2) 1).
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Nous montrons ainsi que non seulement la mesure empirique est proche de la mesure
limite a chaque instant, de maniere uniforme sur les observables, mais aussi que la probabilité
d’observer une déviation significative sur l'intervalle de temps [0, T] est petite. De plus, par
rapport au théoreme 16, nous étendons la classe de données initiales o admissibles a des
mesures vérifiant uniquement une condition d’intégrabilité, cette condition étant impliquée
par une inégalité de Sobolev logarithmique d’apres la partie II.

En contre-partie nous nous limitons a des forces d’interaction VW lipschitziennes et
imposons une condition (néanmoins explicite) sur la taille N du systéme de particules a
considérer. Celle-ci apparait dans la démonstration dont nous présentons maintenant 1'idée.

Comme dans le paragraphe I11.3 nous introduisons une famille de processus indépendants
(Y;"M)y20 pour 1 < i < N, solutions de

dY/"™ = V24BN = VV (YY) = VW (YY), 1<i<N

pour les données initiales Y[)i’N = Xé’N et ou (Bf’N)tzo est le mouvement brownien dirigeant
I’évolution de Xz’N pour chaque 7. Nous remplagons I’estimation en moyenne
4 . 2
E XZ,N _ YZ,N 2 < -
} t 3 ’ = N
du paragraphe II1.3, ou dans notre cas C pourrait dépendre de ¢, par l'estimation presque
sure
sup Wl(:aivhut) <c sup Wl<ﬁiv7:ut>

0<t<T 0<t<T
N
. ~N 1 s i, N ’
our, = N Z 5Y:,N est la mesure empirique des Y, et ¢ une constante dépendant de 7T'.
i=1
En particulier
P| sup Wi, ) > 2| <P| sup Wi(o, u) > €| (41)
0<t<T 0<t<T

oué=¢/e.

Dans un premier temps nous estimons la quantité P[Wl(ﬁfv ) > é}. Le temps ¢ étant
fixé, il s’agit de mesurer la déviation de la mesure empirique de N variables indépendantes
autour de leur loi commune. Pour cela, apres avoir vérifié que p; admet un moment expo-
nentiel carré par propagation de ce moment par ’équation, et donc satisfait une inégalité de
transport 17 d’apres le théoreme 9, nous déduisons du théoreme 10 I'existence de constantes
K et Ny, dépendant de £, telles que

P[Wy (0N, ) > &] < e KNE
pour tous € > 0 et N > N max(é_(d'“), 1), puis ensuite une borne pour

P[ sup Wi (9", ) > €]
0<t<T

grace a des propriétés de continuité en temps de u; et des Yf’N. Nous concluons alors la
démonstration de I'inégalité (40) grace a (41).
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En termes de propagation du chaos, si par exemple

1
~N,2 ) )
Sy Z - O™ X )

est la mesure empirique des paires de particules, 'indépendance asymptotique de deux parti-

cules quelconques du systeme est donnée par le résultat suivant, qui se démontre de maniere
analogue au théoreme 17 :

Théoréme 18 (cf. Theorem 6.8). Sous les hypothéses du théoreme 17, pour tous T > 0
et d > d il existe deux constantes positives K et Ny telles que

P| sup Wi(jiy, pe @ pe) > 6] < e KN
0<t<T

pour tous € > 0 et N > Ny max(e~(@+2) 1).

Ici W, désigne la distance de Wasserstein d’ordre 1 définie sur P;(R? x R?) & partir de
la distance euclidienne sur R? x R<,

Une application possible d’une variante du théoreme 17 sera donnée dans le paragraphe
I11.6.

IT1.5. Extension des résultats au niveau des trajectoires (cf. chapitre 7)

Les théorémes 16 et 17 donnent des estimations de déviation de la mesure empirique 2
des particules au temps ¢ autour de la valeur p; au temps ¢ de la solution de 1’équation (33),
c’est-a-dire autour de la loi au temps ¢ du processus (Y;):>o défini par

dY, = V2dB, — VV(Y;) = VIV 5 p,(Y;) (42)

pour une donnée initiale Yy de loi py.

Dans le chapitre 7 nous établissons des résultats analogues au niveau des trajectoires
des particules. Pour cela, étant donné T > 0, nous considérons la mesure empirique des
trajectoires (X" )o<i<r sur lintervalle de temps [0, T], définie par

Chaque trajectoire étant un élément de l'espace C des fonctions continues de [0, T dans R,
il s’agit d’une mesure aléatoire sur C et non plus sur R? comme précédemment.

Nous étendons les estimations de déviation (40) a ce nouveau cadre (qui est le cadre
utilisé par de nombreux auteurs) :



INTRODUCTION 51

Théoréme 19 (cf. Theorem 7.2). Supposons que VV et VW soient lipschitziens sur R?
et soit o une mesure de probabilité sur R? admettant un moment exponentiel carré fini.
Etant donné T > 0, soit d’une part po ) la loi du processus solution de (42) sur [0,T] pour
une donnée initiale de loi o et soit d’autre part /fo&T] la mesure empirique des solutions

(XM o<t<r de (35) sur [0,T) pour des données initiales X\~ indépendantes et de loi .
Alors, pour tout a € (0,1/2), il existe deuz constantes positives K et Ny telles que

IP[ sup Wi(ad, ) > z—:} < e KNE (43)

0<t<T
pour tous € > 0 et N > Nye~?2 exp (NO 5*1/0‘).

Ici W désigne la distance de Wasserstein d’ordre 1 définie sur P;(C) a partir de la norme
uniforme sur C.

Par projection au temps ¢ nous retrouvons les inégalités de déviation (40) pour les mar-
ginales en temps (sous une condition plus forte sur la taille du systeme de particules). Mais
surtout nous obtenons des estimations de concentration au niveau des trajectoires dans leur
ensemble. Nous espérons qu’elles se révéleront utiles pour de futures applications faisant
intervenir la probabilité que le systeme soit dans un état A au temps s puis dans un état
B au temps t, et qui, nous semble-t-il, ne peuvent étre traitées par des estimations portant
uniquement sur les marginales en temps.

Le théoreme 19 se démontre par une adaptation de la preuve du théoreme 17, en uti-
lisant en particulier le théoreme 11 a la place du théoreme 10. Une comparaison des deux
démonstrations laisse apparaitre qu’elle est plus simple dans le sens ou elle comporte moins
d’étapes, mais qu’en contre-partie celles-ci sont plus délicates : par exemple, pour vérifier
que la loi pp 1) satisfait les hypotheéses du théoreme 11, nous faisons appel a des propriétés
fortes de régularité et d’intégrabilité des solutions d’équations différentielles stochastiques.

Dans le prochain paragraphe nous verrons que le théoreme 17 peut étre précisé dans
certains cas ou une solution d’équilibre de I’équation (33) a été mise en évidence.

IT1.6. Approximation particulaire des solutions stationnaires (cf. chapitre 6)

Les solutions de 1'équation (33) ont récemment été étudiées pour leur comportement
asymptotique quand ¢ tend vers I'infini.

Tout d’abord, D. Benedetto, E. Caglioti, J. A. Carrillo et M. Pulvirenti [11] ont établi,
dans le cas ou V = 0 et W(z) = |z|*>/3 en dimension 1, l'existence d'un profil stationnaire
loo €t la convergence des solutions p; vers ce profil quand le temps ¢ tend vers l'infini.
Puis 'équation (33) a été interprétée comme un flot gradient sur la mesure solution dans la
structure différentielle développée sur 'espace des mesures de probabilité (de second moment
fini) par F. Otto et mentionnée dans la partie I de cette introduction. L’énergie définissant
ce flot gradient est I’énergie libre définie par

Fo) = [ ) nf@)des [ Vi) s@de s [ W) ) ) dedy
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si v est absolument continue par rapport a la mesure de Lebesgue, de densité f. Grace a cette
interprétation, et s’appuyant sur des techniques de dissipation d’entropie liées aux travaux
de D. Bakry et M. Emery sur les inégalités de Sobolev logarithmiques et fondées sur une
comparaison des dérivées successives de F'(u;) par rapport a t, J. A. Carrillo, R. McCann
et C. Villani [36, 37] ont montré des résultats de convergence exponentielle en temps des
solutions p; de I’équation vers un profil limite pi, minimisant 1’énergie libre F'. Par exemple,
pour des potentiels V' et W vérifiant (38) avec 5 > 0,5+ 2+ > 0, ils obtiennent un résultat
de la forme
Wal iy, fros) < C e BH27E t>0

pour une constante C' dépendant de pi.

Certains de ces résultats de convergence ont été obtenus de maniere indépendante par
F. Malrieu [74] grace a 'approximation particulaire (35) de (33).

Dans ce cadre nous pouvons espérer que la mesure empirique i) du systéme au temps
t soit une bonne approximation de la solution stationnaire p., quand N et ¢ tendent vers
I'infini, uniformément en temps. En effet dans le chapitre 6 nous précisons le théoreme 17
sous la forme suivante :

Théoréme 20 (cf. Theorem 6.9). Avec les notations et sous les hypothéses du théoréme
17, supposons que B > 0, et 3+ 2~ > 0. Alors
(i) il existe une constante positive K telle que, pour tout d' > d, il existe des constantes
C et Ny telles que
supP (Wi (@', ) > €] < C (142 e N
>0
pour tous € >0 et N > Nymax(e~@+2 1) ;
(i) il existe de plus des constantes Ty et g telles que

sup P[W1<laiva,uoo) >€] < C(1+€*2) €7§N€2
t>To In(eo/€)

pour tous € > 0 et N > Nymax(e~@+2 1).

Les hypotheses de convexité imposées a V' et W permettent I'obtention de telles estima-
tions uniformes en temps, comme nous l’avons noté dans le théoreme 16.

Dans ce qui précede nous avons approché la solution au temps ¢ de I’équation (33), ou
son profil limite, par une mesure empirique Y au sens de la distance de Wasserstein W,
qui, sous une condition de moments, métrise seulement la convergence faible (étroite) des
mesures de probabilité. Or sous nos hypotheses sur V' et W, les mesures i, et p; pour ¢t > 0
ont une densité réguliere par rapport a la mesure de Lebesgue (cf. Proposition 6.19). Nous
pouvons alors chercher a approcher ces densités de maniere plus forte, en norme uniforme
par exemple.

Pour cela nous régularisons la mesure empirique dil¥ (z) en f*(x) dx avec

Y0w) = 3 D Gale = X)), (44)
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olt o, = a~%((./a) pour une fonction ¢ positive et de classe C> sur R¢, & support compact et
d’intégrale 1. Ainsi par exemple, dans le chapitre 6, nous montrons et utilisons des propriétés
de régularité de la densité des u; pour établir le résultat suivant sur la densité f., de la mesure
d’équilibre fi :

Théoréme 21 (cf. Theorem 6.11). Avec les notations et sous les hypothéses du théoréme

20, pour tout € > 0 il existe un a = O(e) tel que la mesure empirique réqularisée définie par
(44) vérifie

sup P [HftNﬂ - fOOHLOO(Rd) > g] < C (1 + 8_(2d+4)) 6_% N g2d+4
)

t>Toln(eg /e
pour tout N > Nymax(e~(@+2) 1).

Dans tous ces énoncés, les constantes peuvent étre calculées explicitement en fonction
des données.

Voici donc donnés quelques résultats d’approximation de la solution de I’équation (33)
par une méthode particulaire.

Il pourrait étre intéressant d’affaiblir les hypotheses faites sur les potentiels V' et W, afin
de pouvoir inclure en particulier le cas intéressant de ’équation des milieux granulaires, qui
a été une motivation de cette étude, et pour lequel W (z) = |z|?/3.

Diverses extensions de ce travail sont envisageables : par exemple, a un niveau théorique,
considérer le cas ou les données initiales ne sont plus indépendantes, mais constituent un pro-
cessus de Markov par exemple, ce qui nous ramene en particulier a des problemes d’inégalités
de déviation pour des variables dépendantes, en partie abordés dans la partie I de cette in-
troduction ; ou également, dans une optique numérique, étudier les erreurs supplémentaires
commises dans la discrétisation en temps des équations décrivant 1’évolution des particules
en interaction.
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Chapitre 1

Propriétés de stabilité exponentielle
et limite de champ moyen pour
I’équation de Vlasov

Notant que le probleme de la limite de champ moyen pour l’équation de Viasov peut se
ramener a un probleme de stabilité de solutions de [’équation, nous nous intéressons a des
propriétés de type contraction, ou plutot d’expansion controlée, pour certaines distances me-
surant l’écart entre solutions. En particulier nous montrons que [’'utilisation des distances de
Wasserstein d’ordre 1 et surtout 2, pour laquelle nous disposons d’un cadre agréable développé
récemment, permettent de mieux controler la croissance de la distance entre solutions.

Introduction

Let us consider the Vlasov equation

88_{+U.V$f_vx\/*p[ft]-vvf:0, t>0, z,v€R (1.1)

where the unknown f; : (x,v) — f(t,x,v) represents the density of presence of a system at
time ¢ in the phase space R? x R?; in the equation the density in the space of positions p[f;]
and the force field V,V * p[f;] are given by

plfil(z) = fi(z,v) dv, z eR?

R4

and
V.V % ol (x) = / V@)l dy,  wERE

o7
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We also let a-b denote the scalar product of two vectors a and b in R?, and V, or V,, denote
the gradient operator in R<.

We shall assume that the potential V' is symmetric in the sense that V(—xz) = V(x)
for any € R? and differentiable with Lipschitz gradient V,V. In the case when V,V is
moreover bounded, existence and uniqueness of measure-valued solutions to (1.1) have been
proven in [25], [85] and [104] : more precisely, given fy in the space P(R?*?) of probability
measures on R?? there exists a unique map in C([0, +-o00[, P(R??)), where P(R?*®) is equipped
with the usual weak (narrow) topology, such that (1.1) hold in the sense of distributions
with the initial datum f;.

1.1 A first stability result and the particle approximation

The proof is based on some estimate involving the dual-bounded Lipschitz distance dgy,

defined on P(R*?) by

() = s {[Le@ae - [ ewae)

where || . ||;i is the Lipschitz norm defined as

ol = mae [ sup ()], sup AL 2N,
z vz |w—zle
and ||. ||, is the norm on R?? defined by ||(21, 22)||¢ = |21| + |22| where |z is the Euclidean
norm of z; in R%. The dual-bounded Lipschitz distance metrizes the weak (narrow) topology
on P(R?*), as pointed out in the appendix or in [47].
The uniqueness result goes in [104] with a really strong stability result relatively to the
distance dpgr,, which can be stated as follows :

Theorem 1.1 (cf. [104]). Assume that VV is bounded by some constant B and Lipschitz
with Lipschitz seminorm L. If f and g are solutions to (1.1) with initial data fo and go in
P(R?*), then

dpr(fe, 9r) < e“" dpr(fo, 90) (1.2)

for any t >0, where ¢ = (2 max(B,1) + 1) max(L, 1).

Let us now explain how one can solve the mean field limit for this Vlasov equation from
this estimate.
On one hand let f be a given solution to the Vlasov equation with initial datum fy.
On the other hand let us consider N particles in the phase space R??, with initial positions
(X3, V) evolving into (X}, V}'), for 1 <1i < N according to the Newton equations
dX}
dt

; N

vy 1 i

= VRV - X))
j=1
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Then one can note that the empirical measure

1 N
~N o ) )
i =57 D doxiv
=1

of the system is a solution to the Vlasov equation (see [25]).
Since the same holds for f, Theorem 1.1 ensures that

dBL<ft,,aiV) < e dBL(an/:LéV)'

If in particular the initial positions (X¢, V{) are such that ) be close to fy in the weak
(narrow) sense of probability measures, so that dgr(fo, 1d’) is small, then i) will remain
close to f; at later times : more precisely, if dgr,(fo, 1) = e(N), then dpy(f:, i) will remain
of order ¢(N)? with 3 < 1, uniformly on a time interval of order | Ine(N)| (see also [32] for
instance for the approximation of stable stationary solutions by means of particles initially
drawn in a random way).

1.2 Improving the stability results by using Wasserstein distances

In this section we aim at getting stability results analogous to (1.2) for stronger distances
and with a better control on the growth on the constants.

First of all one can adapt the argument developed in [104] for the distance dp; to the
Wasserstein distance W, of order 1 defined from the norm ||. || on R?¢, on the space P; (R?*)
of probability measures on R?? with finite first moment. Note that W; > dp;, since, by the
Kantorovich-Rubinstein dual formulation,

Wig) = s {[L oo - [ o@ae)

where [.];;, is the Lipschitz seminorm defined from the |||/ norm on R

Then, as soon as the potential V' is symmetric and has Lipschitz gradient, one can
prove existence and uniqueness of solutions to (1.1) in the space P;(R??). In particular the
propagation of the first moment can be checked by the following a priori estimate.

Let f be a solution to the Vlasov equation (1.1), and let <z > stand for (1 + |z|?)¥/? for
r in R Then

d
dt de(<x> T <v>)diw,v) = /de <<i> T <Z> ' va*'o[ft](x» df(w,v)

< [l 192 s Al o).

But V.,V is L-Lipschitz and equal to 0 at 0, so |V,V(x —y)| < L|x —y| < L(|x| + |y|) for
any x and y in R%, and

[vav s dti@l o) < [[ 19 -l dido) diwy <21 [ el o).
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Hence

4
dt R2d

and then

(<x>+ <v>)dfy(z,v) < maX(l,QL)/ (<x>+ <v>)dfi(x,v)
R2d

/ (<z> + <v>)dfy(z,v) < emaxL2L)t / (<z>+ <v>)dfy(z,v).
R2d R2d

Now / (<x> + <v>)dfo(z,v) is finite if fo belongs to P;(R??), and consequently so is
R2d

(<z>+ <v>)dfi(z,v) for any t > 0. In other words f; also belongs to Py (R??).
R2d

Furthermore the stability result given in Theorem 1.1 turns into

Theorem 1.2. Assume that V.,V is Lipschitz with Lipschitz seminorm L. If f and g are
solutions to (1.1) with initial data fo and go in P1(R??), then

Wi (fi, g1) < " Wi(fo, 90)
for any t >0, where ¢ = L + max(L, 1).

We shall not give the proof of this result since it is just an adaptation of the proof of
Theorem 1.1 given in [104], and is detailled in [111, Problem 14] with ¢ = 2 max(L,1) as a
constant.

Instead we want to obtain such a result for the Wasserstein distance W of order 2,
defined from the usual Euclidean norm on R??, on the space P5(IR??) of probability measures
p on R?? with finite moment of order 2.

Let us note that, as a general fact, amongst all Wasserstein distances W), the distances
Wy and W5 have been particularly used to study issues arising in probability theory, partial
differential equations, etc. Indeed W7 satisfies the convenient Kantorovich-Rubinstein dual
formulation : in particular bounding by above the distance W7 (u,v) for some measures p

and v on R? amounts to bounding the integral o(z) d(p — v)(x) uniformly over the 1-
R4

Lipschitz functions. On the other hand the space (Py(R?), W) has been equipped with a
differential structure, first in [87], motivated by issues in PDE problems, then in more detail
in [2], [3] or [37] for instance. This structure has revealed really adapted to the study of
numerous PDE’s such as the porous medium equation or some granular media equation,
which in this structure can be seen as gradient flows on the measure solution of the equation
(see for instance [36], [37], [87] and [111, Chapter 8|). In this formalism the Vlasov equation
can be seen as a Hamiltonian equation on the measure; however we shall not use this fact
to obtain our stability estimates.

In this work we just want to see, through the example of the Vlasov equation, that using
the W, distance can enable to refine a result obtained, in a maybe simpler way, with the W
distance : more precisely we are going to improve the exp[(L + max(L, 1))t] term obtained
in Theorem 1.2 into a exp[(1 + L)t/2] term, proving in a formal way the following
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Theorem 1.3. Assume that V is twice differentiable, with Hessian matriz such that —L I <
D2V (x) < L1 for some constant L and any x in Re. If f and g are solutions to (1.1) with
initial data fo and go in Py(R??), then

Wafing0) < B W, (o, o)

for any t > 0.
If moreover fy and gy have same center of mass and mean velocity, then

1+L

Wa(fe, 90) < e 2 "Walfo, 90)

for any t > 0.

By center of mass and mean velocity of a measure x on R?? we mean the quantities

/xdu(x,v) and/ vdu(z,v).
R2d R2d

Proof. Unless specified all integrals are meant in R?? and the gradient V = (V,,V,) is
meant with respect to the couple z = (x,v) in R??. The scalar product between two vectors
a and b in R? (resp. R??) is denoted a - b (resp. <a,b>); the corresponding Euclidean norm
is denoted | .| (resp. || .||) and the divergence of a vector field U in R?? is denoted <V, U >.

We first note that any solution f to the Vlasov equation with initial datum f; in Py(R??)
is such that f; also belongs to Py (R?*?) for any ¢ > 0. For this it is sufficient to check that

the propagation of the moment of order 2 holds, namely that / (|z|* + [v|?) dfi(, v) is finite

if so is /(|x\2 + |v|?) dfo(z,v), which can be done along the argument given above for the

first moment.

Let us now write the Vlasov equation as

aa—{+ <V,ulfy] f>=0, t>0, ze€R™ (1.3)

where

ulh](2) = (v, =V.V * p[h](x))

for any z = (z,v) in R?? and any probability measure h on R??.

Let ¢ > 0 be given, and assume that f; and g; are absolutely continuous with respect
to the Lebesgue measure. Then, as we have seen in the first part of the introduction, there
exists some function ¢, on R?? such that the map V¢, send the measure f; onto g, in an
optimal way (for W5), in the sense that g, is the image measure Vi, ff; of f; by Vi, and

W2(fig0) = / IVer(2) — 2| dfu(2).

Moreover, letting ¢; be the Legendre transform of the convex function ¢;, the map Vy
sends the measure g; onto f; in an optimal way. Note that these facts are independent of the
dynamics.
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But, by (1.3), a result by L. Ambrosio, N. Gigli and G. Savaré, given in [2, Theorem 3.
12] (see also [3] or [111, Section 8.5]), ensures that the squared W, distance between f; and
g; is derivable with respect to time, with

1d

57 Vs (fi,90) = / <z=Vi(2), ulg](z) > dgt(Z)—/ <Veou(z)=z ulfil(z) > dfi(z). (1.4)
Now we aim at bounding the right hand side in terms of W2(f;, g;) so as to conclude the

argument by Gronwall’s lemma.

For this we now let ¢ be fixed and, for notational convenience, let ¢ = ¢y, ug = f; and
w1 = g Given s € [0, 1] we also let 7% = (1 — s) Id + s Vo and consider the displacement
interpolation between py and pq defined by ps = T*4po. Then it can be checked that pg is a
weak solution to the continuity equation

Opss
a’; b <V pus>=0, se[0,1, »eR¥
where the velocity v, is given by
S d S
vs(T%(2)) = @T (2) = Vop(z) — 2.

In this notation, the right hand side in (1.4) is equal to

/ <ur(2), ul)(2)> dpn(z) / <uo(2), ulpol(2) > dpol2)
:F(l)—F(O):/O F'(s)ds (1.5)

where, for s € [0, 1],

F(s) = / <uy(2) ulns)(2)> dpg(z) = / <6(2), uln)(T*(2)) > dpo(2)

with 0(z) = Vp(z) — z. Note that 6 is the displacement made when transporting fig onto ;.
By derivation

F(s) = [ <002) 4 (e (°(:1) > do(2) (16)

We introduce again some notation. Given z in R?*! we decompose 0(2) as (6,(2),0,(2))
with both components in R?; in the same way we let T%(z) = (T%(z), T#(2)) and have already
let z = (z,v) and Vo(z2) = (V.p(2), Vop(2)).

In this notation, given s € [0, 1], the term u[us](7°(z)) = u[us](z + s60(2)) is the vector
(04 50,(2), — V.V % pla)(T2(2))). But

VLV %l (T2(2)) = / VL V(TS (2) — T (w)) dpsolw),
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SOVl (T2) = [ D) - To@) 6L — 6u(w) duo(w)
Hence

d

Sl = (8.6~ [ DIVITC) = To@)6u() — 02(w) dyafw)
and by (1.6)

F(s) = [ 0.(2)-0u(2) diol)— [ [ 0u(2) - DAVTE)~T2(0)) 00l2) -6 (w) o) o).
R4
(1.7)
By Young’s inequality and optimality of ¢ between pg and p; the first term is bounded
by

1
5 [0 + 0P o) = 5 [ IV0(2) = 2P duo(e) = SWE o). (18)
Since V' is a symmetric function, the second term in (1.7) is equal to

1
3 [0 = 0utw)) - DV(TEE) = Tew))(0.(2) . (w)) diof) d2)
and then, since moreover V' has Hessian matrix bounded by L I, it is bounded by
/ [ 10u(2) = 0] 182(2) = ()] do(w) )
) 1/2 ) 1/2
<5(/ / = 6o da(w)dpo(2)) ([ 16.62) = @) dpo(w) o))
R4d R4d

(1.9)

by Cauchy-Schwarz inequality.

In the general case when f, and gy are not assumed to have same center of mass and
mean velocity, (1.9) is bounded by

/2
2.1 / 10,()P dtol) / 10,(2)]2 dpao(2) SL/ 10,(2)P+16,(2) 2 dpio(=) = LW2 (0, )

by Young’s inequality and the identities in (1.8).
Hence, by (1.7), (1.8) and (1.9) we have obtained the bound

1
F/(s) < (5 + L) Wilho.m)
for any s € [0, 1] so that, in the original notation,

1d

SEWEfna) < (5 1) WElfug)
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by (1.4) and (1.5).
Then one can conclude the argument of the first statement in Theorem 1.3 since this
holds for any t.

Let us now assume that the initial data fo and gg have same center of mass and mean
velocity. Since V' is a symmetric function, this property is conserved by the Vlasov equation.
In particular the assumptions of Lemma 1.4 below hold with puo = f; and u; = g, and
0 = ¢, — Id. This implies that (1.9) is now bounded by

L([10.eP @) " ([ 10 P dno()) " 5 [ 1040 i) = 5WE o )

by Young’s inequality and optimality of Id + € in the transport between o and p; again.

Then one can conclude the proof by following the argument given in the general case. O

In this proof we have used the following general

Lemma 1.4. Let pg and p1 be in Po(R?*?) with same center of mass and mean velocity, and
let 0 be a map from R?? into itself such that uy = (Id + 0)8pg. Then

J 102 = i) o) dyate) =2 [ 18P do(a)

where i stands for x or v, and 0(2) = (0,(2),0,(2)) € R? x R? for any z € R,
Proof. Letting ¢+ be any index x or v, we have
[+ 0@ i) = [ widintw)
R2d R2d
by measure image relation, with

/ zid,uo(z):/ w; dpy (w)
R2d R2d

by assumption on the moments, so that

/R 6,(2) dpo(2) = 0,

In particular, expanding the square,

//RM (w)]* dpo(2) dpo(w) = 2/ 10:(2)|? dpio(2) _2’/de 2) dpo(z ?

S M2CIRE

which concludes the argument. O

For general initial data, Theorem 1.3 can be made more precise for large ¢ as in
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Theorem 1.5. Assume that V is twice differentiable, with Hessian matriz such that —L I <
D2V (x) < L1 for some constant L and any x in Re. If f and g are solutions to (1.1) with
initial data fo and go in Py(R??), then

Wl g) < it (26504 R0+ ), el Wi o, )
for any t > 0.

Let us note that the extra terms that appear when the initial data do not have the same
means can certainly be improved, and why not removed. Note however that difficulties arising
from the behaviour of the center of mass have been encountered in some other contexts, which
has led to fix this center of mass : see for instance the works [36, 37] on the asymptotic
behaviour of a granular media equation or [75] on its particle approximation, and [34] on the
porous medium equation.

Proof. In view of the first statement in Theorem 1.3 we just prove the first bound ; for this
we reduce the problem to that of the second case in Theorem 1.3 by translating f;, into a
measure hy with same center of mass and mean velocity as gq.

More precisely we let

X = /:L’dfo(:v,v) —/SL’dg()(SL’,U) and V= /vdfo(:c,v) —/Udgo(:c,v)

be the difference of the centers of mass and mean velocities. Given a € R?? we also let 7,
stand for the translation map z — z — a on R??. In this notation we let hy = T(x,v)ifo have
same means as go. Then h : t +— hy = T(x11vv)if; is solution to the Vlasov equation with
initial datum hg

Indeed, if ¢ is a C* function on [0, +00[xR?? with compact support, then

/(bt(:c,v) dhy(z,v) — /(bo(sc,v) dho(z,v) = /wt(a:,v) dfy(z,v) — /1/}()(1’,@) dfo(z,v)

where v is the C* function on [0, +o0o[xR?? with compact support defined by ;(x,v) =
b0 Txrev ) (T,v) = ¢p(x — X —tV,v—=V). But f; is a solution to the Vlasov equation with
initial datum fo, so the latter expression is equal to

/ / 81/13 +v- Vx,lvz)s - vvws ’ V$V * p[f8]> (:E? U) df5($7 U) ds. (110)
Noting in particular that
s 09,
B (z,v) = Bs (=X =sV,uo—=V)=V - Vyps(x —X —tV,v—-V)

and
V.V *plfsl(x,v) = V,V x plhg](z — X — s V)
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since hy = T(x1sv,v)ifs, it follows that (1.10) is in turn equal to

/T

This means that indeed A is a solution to the Vlasov equation with initial datum hg.

8;;8 (2,0) + v Vas(z,0) = Vods(z,0) - VoV plhy] (x)) dhy(z,v) ds.

Since hy and go have same center of mass and mean velocity, Theorem 1.3 ensures that
the distance between their respective solutions at time ¢ satisfies

1+L

Walhe, gi) < ez “Wy(ho, go)-

We finally get an estimate on f; and g; from this bound.

First of all s
Wa(fi he) = (J& + VP2 + [V]2)Y

since h; is obtained by translating f; according to the vector (X + ¢V, V). This leads us to
bound (|X + ¢ V> + |V|2)1/2 in terms of fy and go.
In t = 0, for any unit vector (e, e,) in R*! we have

<(X,V),(ex,ev)>:X-eerV-ev:/(x-eerv-ev)d(fo—go)(:p,v)

by definition of X and V. But the map (z,v) — z - e, + v - e, is 1-Lipschitz on R?¢, so
Kantorovich-Rubinstein dual formulation ensures that

< (Xa V)? (el“v ev) > S Wl(f07 gO)'
Since this holds for any unit vector (e,,e,), and since W; < Wy, we finally obtain
2 2\1/2
(|X| + V| ) < Wa(fo, 90)-
In other words, Wa(ho, fo) < Wa(fo,90) and Wa(ho,g0) < 2Wa(fo,g0) by triangular
inequality:.

Then, for general ¢ > 0, the map (z,v) — (x +tv) - e, +v - e, is (2(1 + t?)'/%Lipschitz,
so in the same way we obtain

Walfuuh) = (X + VP + V)7 < 200+ ) Walfo, o).
Collecting all terms we conclude by triangular inequality that

Wal(firg0) < Walfe, he) + Walhe, g0) < (21 +2)2 Wa(fo, go) + ¢ 2 Walho, go)
< (2675 4 (201 4 12))2) Wa(fo, 90).

This concludes the argument of Theorem 1.5. O



Chapitre 2

Approximation particulaire des
équations d’Euler incompressibles
dans le plan en formulation vorticité

Dans ce chapitre nous nous intéressons a une méthode particulaire d’approximation des
équations d’Euler incompressibles en dimension deux d’espace et en formulation vorticité,
et montrons comment améliorer l'ordre de grandeur (en temps) de constantes apparaissant
dans cette méthode en utilisant les distances de Wasserstein.

Introduction

Let us consider the two dimensional incompressible Euler equations

ou
{EHU'V)“ = VP t>0, zeR? (2.1)
V-u =0

where u; :  — u(t,z) € R? is the velocity field of a fluid at time ¢, and p; : x — p(t,x) is
called the pressure field at time t.
Here a - b denotes the scalar product of two vectors a and b in R? and V denotes the

gradient operator ; in a consistent way V - stands for the divergence operator, and (u; - V) u;

oul ou

is the vector with components (ui—t +u? t) fori=1,2,if uy = (u},u?) and = (z1, x9)
8:1:1 8.772

in R?.

One can consider the vorticity w; of the fluid at time ¢ defined as the rotational of the
velocity field u;, namely by

ou?  Ouy
wy = —t — —L.

N (‘3:701 61‘2

67
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The vorticity field w; gives a measure of how the fluid is rotating, and by (2.1) is transported
by the velocity field u; in the sense that w : ¢t — w; satisfies the equation

%—C:+u-Vw:O, t>0, zcR% (2.2)
Formally the velocity u; can be recovered from the vorticity w; in the following way
(for this and for any other topics on the Euler equations we refer to [76] for instance). The
incompressibility condition V - u; = 0 is sufficient for the existence of a so-called stream
function ¥, such that
u = VU,

with the general notation X+ = (X5, —X;) if X = (X, X5). Then ¥, is linked with the
vorticity w; by the Poisson equation

A\I/t = —Wt

where A is the Laplace operator in R2. This equation can be solved in R? as ¥, = G * w,
where G is the Green kernel .
G(r) = —=— In|z|.
27
In particular
u = VI, = K w, (2.3)
where
K(r) = VAG) = -1 2
27 |z|?
Let us note that K (x—y) is the velocity field in x generated by a charge of intensity one fixed
in y. Let us also note that (2.3) makes sense if, for instance, w; belongs to L'(R?) N L>°(R?).
In particular (2.2) writes only in terms of the vorticity as

B
a—°:+K*w.w:0, t>0, zeR2

In the Euler equations (2.1) the unknown quantity is the velocity field u;. This means
that we fix  and we look at the velocity of a particle that at time t passes through x : this
is the Eulerian point of view.

Following some other point of view, one can label some particle initially positionned at
some point z, and follow its trajectory (®:(x)):>0 as time goes; this is the Lagrangian point
of view, which is related to the Eulerian one by noting that u; and ®; are linked by

d(bt (l’)
dt

= w(By(2)). (2.4)

In particular, if one knows all the trajectories (®;(x));>o of the fluid particles initially at
®o(x) = x, then one can recover the velocity field by differentiation. Conversely, knowing
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the velocity field, one can obtain the trajectories of the fluid particles by solving (2.4) from
the initial datum ®y(z) = x.

In this notation, (2.2) means that the vorticity is transported by the flow ®,. More
precisely, as a measure, w; is the image measure ®,fiwy of wy by the map ®, : R? — R2. The
incompressibility condition imposed on the velocity wu; in (2.1) ensures that ®, is inversible
with constant Jacobian determinant equal to 1, so that

Wt :(,(.)OO(I);1

as the level of the vorticity densities.

To sum up the Euler equations (2.1) for some initial datum ug on R? are formally equi-
valent to the system

dd
c;fx) = w(Pi(z)), >0, reR?

Oo(z) = =, x € R? (2.5)
wi(z) = wo(®;'(2)), t>0, z€R’
u(r) = Kxw(z), t>0, zeR?

for some initial datum wy on R2.

It is precisely this system we now consider.

Assuming that the initial vorticity wy belongs to L'(R?) N L>°(R?), there exists a unique
triple (®,w, u) solution to (2.5), where w belongs to L>([0, +o0o[xR?) N L>(]0, +-o00[, L} (R?))
with [|we| er2) = ||wol| w2y for any ¢ > 0 and p > 1 (see for instance [76, Exercise 2.9]).

From now on we shall assume that wg is nonnegative with unit integral, and can be
seen as a probability measure with bounded density (by identifying an absolutely continous
measure to its density). Then the same holds for w; by the general properties mentionned
above.

Let us note here that the relations ||w¢|| rrm2) = [|wo| rr(r2) are consequences of the fact
that w; is the image measure of wy by the measure-preserving map ®,.

2.1 Particle approximation

These equations have been studied from diverse points of view, but here we want to focus
on some particle approximation of (2.5), which we now describe.

On one hand we let wy be a probability measure on R? with bounded density, evolving
into w; according to equations (2.5).

On the other hand we let X}, ..., X" be N points in R? and ay, ..., ay be N nonnegative
N

numbers satisfying the normalization condition Z a; = 1. We let also K. be a divergence

=1
free C*° R2-valued function on R? with K.(0) = 0 and equal to K but at short distances,
namely such that K.(z) = K(z) if |2| > ¢, where ¢ is a given positive number. Let also
c. = max(2 B, L.) where K. is bounded by B. and has Lipschitz seminorm bounded by L..
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Then we let the X!’s evolve according to

i N
dXtZ,E 1,€ J,E
X = X

By assumption on K. (and properties on K') this system of differential equations admits
a unique solution, whereas it may not have if we had not replaced the genuine singular kernel
K by K. (even taking a sum on j # i in the right hand side).

Let also
N

N, 5 .
wt = a; th,s

i=1
be the vorticity profile made of the N vortices a; 6 .- with intensity a; (in some other context
t

it would be called the empirical measure of the N particles XZ’6 at time ¢ with the masses
a;), and wy© = WY initially.

Then the issue of the particle approximation in this model is the following : how good
w{¥ must be an approximation of wp, and how do we have to choose the kernel K. to be sure

that th “ is a good approximation of w; at some later time ¢ ?

This problem is stated in a more precise form in [76, Section 5] by means of the Was-
serstein distance W; 4 of order 1 defined on the space P(RQ) of probability measures on R?
from the distance d defined on R? by

eyl i r—yl <1
d(z,y) = { 1 otherwise

where | . | is the Euclidean norm on R?. The distance d is equivalent to the Euclidean distance
on R?, and by the Kantorovich-Rubinstein dual formulation

Wiat,r) =sup{ [ f@)duta) = [ f(@)duo); 1£6) = 1] < dloy) tor ),

one can prove the relation
Wia<dpp <2Wig4

where dpgy, is the dual-bounded Lipschitz distance defined by

o) = s { [ @) duta)= 1) du(@): 1£0) =7 ()] < lo=y]. 1£(2)] < Lfor alla.y}

Since dp;, metrizes the (narrow) weak topology on P(R?) as mentionned in the previous
chapter, it follows that so does the distance W 4.

Then C. Marchioro and M. Pulvirenti [76] obtain the following result :
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Theorem 2.1 (cf. [76]). Assume that the kernel K. is bounded by some constant Be and
Lipschitz with Lipschitz seminorm L.. Then, in the above notation, for any T > 0 there

holds

sup Wy q(wy, w,fv’e(N))

0<t<T

—0 as N — +©

for any sequence e(N) such that
exp (cg(N)(T + ecs(N)T))Wl,d(wo,wéV) —0 as N — +00
where c. = max(2 Be, L.).

As pointed out in [76], the result can be considerably improved under some smoothness
assumption on the initial data and a better choice of K..

In the next section we simply show how to improve the imposed condition by an expo-
nential factor in a simple way, by just making some other choice of distance between the
involved probability measures.

2.2 Improving the rate of convergence

Let us start by giving the sketch of the proof of Theorem 2.1 as given in [76].

The idea is to introduce a measure w; which is far neither from w; nor from w; €. For this
purpose we let w® : ¢t — wf be the solution in the sense of distributions of the (regularized
Euler) equation

ow®

g + K. *w® - Vo =0, t>0, zcR? (2.6)
with initial datum w§ = wy. Such a solution exists and is unique, and satisfies the property
sup Wig(wi,wy) — 0 as ¢ —0 (2.7)

0<t<T

where w; has been defined as the solution to the (true) Euler equation (2.5) with the same
initial datum wy.

But w™* also is a solution to (2.6), and (2.6) satisfies the following general stability
property : if p* for i = 1,2 are two solutions to (2.6) with respective initial data p in P(R?),
then we have

Wiape, 117) < exp (co(t + e=")) Wi a(gs o) (2.8)

for any ¢ > 0. In particular
Wy a(ws,w,") < exp (c(t + €)W a(wo, wp')

and by triangular inequality

IN

N7E £ 3 N7E
sup Wi g(wy, wy ™) sup Wi a(we,wy) + sup Wy g(wi,w; ™)
0<t<T 0<t<T 0<t<T

< sup Wia(wr,wp) 4 exp (eo(T + e 7)) Wi a(wo, wy)
0<t<T
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for any 7" > 0, which concludes the argument of Theorem 2.1 by (2.7). O

We note that, as for the Vlasov equation discussed in the previous chapter, the conver-
gence of the particle approximation is largely based on a (quantitative) stability result on
a certain partial differential equation. In particular the accuracy of the method depends on
how the constant that appears in the bound (2.8) grows in ¢ and t.

It is precisely this estimate (2.8) we now aim at improving.

For this purpose we consider again the Wasserstein distances W, defined from the usual
Euclidean distance |z — y| on R? on the set P,(R?) of probability measures with finite
moment of order p for the Euclidean norm.

Let us recall that we have let K, be a divergence free C> R2-valued function on R?, with
K.(0) = 0 and such that K.(z) = K(z) if |z| > €. We have also let ¢. = max(2 B., L.) where
K. is bounded by B. and has Lipschitz seminorm bounded by L..

Any two solutions w! and w? to the (regularized Euler) equation

%+K€*w.vw:o, t>0, zeR? (2.9)

for some initial data w} and wg in P(R?) have been proven in [76] to satisfy the relation
Wia(wt, wi) < exp (co(t + e=")) Wi a(w, wp)

for any t > 0.
We now improve this bound by an exponential factor, first using the W, distance :

Theorem 2.2. Assume that the kernel K. is Lipschitz with Lipschitz seminorm L.. If w?
and w? are solutions to (2.9) with initial data w} and w2 in Py (R??), then

Wi(wy, wi) < e Wi (wp, wp)
for anyt > 0.

Proof. We adapt to our case the method developed in [85] or [104] for the Vlasov equation,
and used also to prove Theorem 1.2 in the previous chapter.

That w! has finite moment, hence belongs to P; (R?), can be proven by an a priori estimate
on the quantity / <x> dw!(r), where <z >= (1+]z|?)"/2, as done in detail in the previous

R2
chapter.

Then, to w! for ¢ = 1,2 we associate the corresponding flow ®¢ given for x € R? by

d®;(x) PPl
dt = K. *w;(®y(z)),
op(z) = .

Note that existence and uniqueness to these equations result from the Lipschitz property
of K. and hence of K, * w!, and that w{ is the image measure ®ifw! of wi by the measure-
preserving map P, (since K. is divergence free).
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By definition of the W, distance we shall have to consider joint measures on R? x R?
with marginals w} and w?. Some of them can be built in the following way : let 7y be any
probability measure on R? x R? with marginals wj and w3, and ®;(z,y) = (®}(z), ®(y));
then the measure m, = ®,fm has marginals w} and w?.

Indeed, if P, and P are the projections defined by Pi(z,y) = = and Py(z,y) = y, the
identities

P,o®, = Cbé o P,

hold for i = 1,2, so that for any continuous bounded functions a and b on R? we have

| @) dnte) = [ (@0 Piodfay) + bo Pro®iay) drofay)
_ /RW (a0 ®! o Py(z,y) + bod?o Py(z,y)) dmo(,y)
_ /RR (a0 ®(z) + bo®2(y)) dm(z,y)
_ /Rancb,}(x)dwg(x) +/RQbo<I>?(y)dw§(y)
— /R 2 a(z) dw!(z) + /R ] b(y) dwi (y)-

This means that indeed m; has marginals w; and w?.

Consequently
Wiwhof) < [ Jo-yldntey) = [ 10} - Bl du(ey) < O + Lo
R2 xR2 R2 xR2
(2.10)
where

WO = [ 18l@) - 8@ drola,) = [ [0}(a) - 0 0)| deio)

corresponds to particles having the same initial position, but moving according to different
flows, and

L) = [ 180 - 8 w)ldny)

corresponds to particles having diverse initial positions, but moving according to the same
flow.

First of all, as regards the I term,

DU [ Lo - )| dadfa)

where

IN

—| @ (z) — ()|

y ’%{cpg(x) - @f(:c)}’ = |K. xw(®} () — K. xw}(®(x))]

< |Korwy (04(2)) — Koww, (07(2))] + [Kexwy (9 (2)) — Kexwy (9 (2))].
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But the first term is bounded by L. |®}(x) — ®Z(z)| since K., and hence K, * w}, is L.-
Lipschitz, and for the same reason the second term is bounded by L.W;(w},w?) by the
Kantorovich-Rubinstein dual formulation of Wj.

Hence
dl(t)

dt
by integrating with respect to the measure w, so that

< L L(t) + Le Wl(wtl,wtz),

t
L(t)e <t < LE/ Wi (w!, w?) e t=5ds (2.11)
0

since I;(0) = 0.
Then the I, term satisfies the inequality
dl5(t)
dt

< L Ix(t)
since in the same way
d
Z18(2) = P(y)| < [Kexwf(Pf(2)) = Ko w (D ()] < Le |7(x) — P(y)].
Thus

L(t)e ! < I(0) = /

R2xR2

2}(a) - Bl dmoey) = [ Jo—yldmeg). (212)

R2xR2

Collecting (2.10), (2.11) and (2.12) we obtain the inequality
t
Wi(w},wi)e bt < (I + L) (t) e ™" < L,(0) + Lg/ Wi (w!, w?) e L5 ds,
0
which by Gronwall lemma leads to

Wh(w!,w?) < Ip(0) et — / 2 — y| dmo(z, y) €<t
R2 xRR2
Taking the infimum over all 7y with marginals wj and w2 concludes the argument. O

We now give an analogous result in W5 distance :

Theorem 2.3. Assume that the kernel K. is odd and has derivative VK, with Fuclidean
matriz norm uniformly bounded by some constant L.. If w' and w? are solutions to (2.9)
with initial data fo and gy in Py(R??), then

Wa(fir g0) < € Wa(fo, 90)

for anyt > 0.
If moreover w} and w? have same center of mass, then

Wa(wy,wi) < e Wa(wg, w)

for anyt > 0.
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By center of mass of a measure u on R? we mean the moment / xdu(x). As in the
2

R
example of the Vlasov equation we have improved the constant by passing from the simpler
distance W to the more complex W5 ; note that the oddness condition on K. is not so strong
since the original kernel K itself is odd.

Proof. We adapt the formal argument used in the previous chapter for the Vlasov equation
(Theorem 1.3), to which we refer for further details.

We first note that, since K. is an odd function, the moment |z|? dwi(x) is conserved by
4 /R2
the equation, so that w! belongs to P»(IR?) as soon as so does w;. This conservation property
is actually shared by the original Euler equation (2.5).

Given t > 0, and using the same notation as in the previous chapter, we assume that
to = w} and p; = w? are absolutely continuous with respect to the Lebesgue measure, so that
there exists an optimal (for Ws) map T between g and p1. Then we let 7° = (1—s) T+ s Id
and s = T*8pp for s € [0, 1] and consider the curve (ps)o<s<1 with endpoints po and py. We
also introduce the velocity field associated to this curve and given by

dT*(z)

vs(T%(x)) = T = T(x) — x.

On the other hand K is divergence free, so equation (2.9) writes as the transport equation

Ow
—t + V- (wtKe*wt) = 0.
ot
Hence the squared distance W3 (w}, w?) between the two solutions w; and w? is derivable
with respect to time, with

§@WQ (w},w?) = /Rz vi(z) - K. * wl(x) dw?(z) — / vo(z) - K. * wi(z) dwt (z)  (2.13)

RQ

where
F(5) = [ o) Kooepno)dpe) = [ 60) - K a(T(0) o)
in the notation 0(x) = T'(z) — =.
But
Kon(T@) = [ K (@) =) dinso) = [ Ko =y 4 5(6(2) = 006) daly).

KT ) = [

R

VoK (z =y + s(0(z) = 0(y))) (0(x) = 0(y)) duo(y)
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where VK. is the space derivative of the map K, : R? — R2. Since K. is assumed to be
odd, VK. is symmetric, so that

- % / /RQXRJQ(@ —0(y)) - VoI (2 — y + s(0(x) — 0(y))) (0(x) — 0(y)) dpolx) dpio(y).

Moreover V, K. has Euclidean matrix norm uniformly bounded by L., so
<[] 1)~ 6P duale) daly) (214)
R2ZxR2

In the general case when w} and w? are not assumed to have same center of mass, the
right-hand side in (2.14) is bounded by

for any s dans [0, 1].

2L, [ 0@ duale) = 2 L WHh w?)
RQ

since Id + 6 is an optimal map between pop = w; and pu; = w?. Hence, by (2.13) and (2.14),

1d
thWQ(Wtawt) <2L WZ(wtath)

which ensures the first result in Theorem 2.3 by Gronwall’s lemma.

In the speciﬁc case when w} and w? are assumed to have same center of mass, we first
note that so do w! and w?. Indeed, on one hand

d .

— | zdwi(z) = | K.xwi(z)dw!(x // (z — y) dwi(x) dwi(y),
dt RQ RQ RQ XRQ

and on the other hand K. is an odd function, so that this integral is equal to its opposite,

hence to 0, which means that / x dw!(z) indeed is conserved.

2
Since moreover the map Id + 6 transports pg onto pq, Lemma 1.4, written with only one

(space) variable, ensures that

//RQXRQ z) = 0(y)|* dpo(@) dpio(y —2/ 16(2)|? dpio (). (2.15)

But again Id + 6 is an optimal map between py = w} and y; = w?, so one can proceed
as in the first case to obtain the bound

1d
Lyt ) < LW )
from (2.13), (2.14) and (2.15), and conclude the argument of Theorem 2.3. O

As for the Vlasov equation, Theorem 2.3 for general initial data in Py(R??) can be made
more precise for large ¢ as in
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Theorem 2.4. Assume that the kernel K. is odd and has derivative VK. with Fuclidean
matriz norm uniformly bounded by some constant L.. If fwl and w? are solutions to (2.9)
with initial data wi and W3 in Py(R??), then

Walw}, w?) <inf(2el<f + 1, e 5 Wy(wg, wi)

for any t > 0.

2.3 The Euler equations in a bounded domain

In the previous section we have proven a strong stability result for measure solutions to
equation (2.9), which can be seen as a regularized version of the Euler equation in vorticity
formulation.

Obtaining such a result for the genuine Euler equations (2.5) seems to be a much harder
task, and in this section we aim at deriving a partial result in this direction.

We now let D be a simply connected and open set in R?, sufficiently regular so that one
can define a normal n at each point of the boundary 0D, and solve in a unique way the
Poisson equation on D, with Dirichlet condition on D : then we note Gp its fundamental
solution and Kp = V+Gp.

As in the case of the whole space R?, the problem

0

8—?+(U-V)u = —Vp, t>0, z€D
V-u = 0, t>0, €D
un = 0, t>0, xze€dD

with initial datum wuy on D can formally be written in the form

d®

% = w(Py(x)), t>0, z€D
Oy(z) = =, r€eD (2.16)
wi(z) = wo(®;(x)), t>0, ze€D
u(x) = Kp*wi(x), t>0, ze€D

for some initial datum wy on D.

According to [76, Section 2.3], for any initial datum wq in L>°(D) there exists a unique
triple (@, w, u) solution to (2.16), where w belongs to L>°([0, +00[xR?) and, for any ¢ > 0 w,
is quasi-Lipschitz in the sense that

ur(2) —u(y)] < Cllwollze p(le —yl),  z,yeD (2.17)
where the function ¢ is defined as

[ r(l—=Inr) ifr<1
‘p<r>—{1 ifr>1
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It can indeed be checked that the kernel Kp satisfies the bound

/D Kn(z —y) — Kp(a' —y)|dy < Collz— ) (2.18)

for some constant C' depending on D by its Lebesgue measure.

In the previous section when K. was a Lipschitz kernel, K. xw, also was Lipschitz, which
we largely used in particular in connection with the Kantorovich-Rubinstein formulation.
Now u; = K * w; satisfies the weaker property (2.17), which will turn the exponential term
obtained in the stability result Theorem 2.2 into a double-exponential term.

More precisely we prove

Theorem 2.5. Let wy and w? be two probability measures on D with bounded density with
respect to the Lebesque measure, and such that Wy(w},wd) < 1. Ifw' and w? are the solutions
to the Euler equations (2.16) for the initial data w} and wg, then

W, (wtla th) < 61—exp(—ct) Wy (wé’ wg)exp(—ct)

Jor any t < In (1 — InWi(wg,wd))/c, where ¢ = 3C max (||wg||zoo(py, |w||r=(p)) for some
constant C' depending on D (introduced in (2.18)).

Note that, D being bounded, any two probability measures on D belong to P (D) and are
at most distant of the diameter of D in W distance; in particular the condition W (wl, wd) <
1 is satisfied for any initial data as soon as the diameter of D is not bigger than 1.

Proof. We use the same notation as in the proof of Theorem 2.2. In particular we let g
be some measure on D X D having marginals w} and w2, and let ®;(z,y) = (D} (x), P (y))
where @ is the flow associated to w! for i = 1,2. Noting that m; = ®;fimy has marginals w/}
and w?, we write

Wh(whw?) < /D o= sldmlz.y) = /D 1@}a) =~ @) dro(a,) < RO + Lt

where
n(t) = /D 10}(@) = (@) dma(z.9) = /D B (z) — B(2)] du ()

and
I(t) = /D @) = B2y dro(z. )

First of all, as regards I; we have

T < [ Ik @) - K@) oo
< [ 1K (@) - K ik (@) dub(e)
+ [ K *w (D7 (2)) — K * wi(PF(2))] dwy (). (2.19)
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Inequality (2.18) and then Jensen’s inequality applied to the concave function ¢ ensure
that the first term in the right hand side in (2.19) is bounded by

Cllwillem/D@(lfbi(x)—<I>?(x)|)dWé(l“)

< Cllwi llz= oy </D @4 () — @ (x)| dwé(ﬂf)) = Cllw; =o)L (t)).  (2.20)

To bound the second term one moreover uses the marginal properties of 7; and then
the fact that the Jacobian of ®? is 1 since the vector field K * w? is divergence-free. One
successively gets

/D K % 0} (@2(2)) — K * w2(®2(2)] duch ()

-,

< [ [ 1K@ - X) - K@) - V)] el ds | dm(XY)

= HwéHLoow)/ {/ IK<y—X>—K(y—Y)I1dy}dm<X,Y)
DxD ?2(D)

< Claliw [ ellX =Y dn(x.v)
DxD

[ IR @3H0) - X) - K@) - ¥) dr (X)) dado)

< Ol ( / D|<I>i<x>—<1>f<y>\dm<x,y>)
< Clltlummye (1) + L(0)).

But [|w}||ze(py = ||w§|lLee(p) for any ¢ by a general property of the Euler equation, so

finally I
d—tl(t) < Cllwgllz=mle(Li(t) + @ (L(E) + L(1))].

As regards I, one repeats the argument leading to (2.20) to get the inequality

d,
dt
Adding both terms leads to

(t) < Cllwillz=mye(L2(t) = C lwill =o)L (t))

%(1’1 +L)(t) < C max ([lwollzw), lwollzem)) (eI (1) + @(L(t) + e(I(t) + L(1)).

and then

%(11+12)(t) < co((Li+ D)) (2:21)

with ¢ = 3C max ([|w§ ||z (p), [wE||L=(p)) since ¢ is nondecreasing.
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But the solution to the problem

{#glzcwmm
y(0) €10.1]

which is nondecreasing since ¢ is nonnegative, is given by

y(t) — elfexp(fct) y(())exp(fct)

1
as far as y(t) €]0,1], that is, for all ¢ < = In (1 — Iny(0)).
¢

(2.22)

Let us now assume that initially W, (w}, w?) < 1, and let 7 be an optimal plan between
wp and w2. Then (I; + 15)(0) is equal to W;(wg,w?), and hence is not bigger than 1. By a

comparison principle, (2.21) and (2.22) with y(0) = (I; + I2)(0) ensure that

(h+ L)1) < 700 (1 o+ B)(0) ™

1
forall t < = In (1 —In (Il + IQ)(O))). This concludes the argument since (I3 + 15)(0) =
c

Wi(wg,wd) and Wy (w}, w?) < (I + I)(t) at later times.

O



Chapitre 3

Meétriques contractantes pour des lois
de conservation scalaires

Ce chapitre est en grande partie une version précisée de 'article [21] écrit en collaboration
avec Yann Brenier et Grégoire Loeper, et publié dans Journal of Hyperbolic Differential
Equations; un complément est apporté dans le dernier paragraphe.

Nous considérons des solutions entropiques croissantes de lois de conservation scalaires
en une dimension d’espace, et montrons que les dérivées spatiales de telles solutions vérifient
une propriété de contraction pour toutes les distances de Wasserstein. Ce résultat prolonge la
propriété de contraction dans L' montrée par Kruzkov. Nous traitons les lois de conservation
scalaires visqueuses ou non, ainst qu’une extension de ce résultat au cas de solutions de lois
de conservation de fonctions de flux différents.

Introduction

Existence and uniqueness of solutions to scalar conservation laws in one space dimension
have been established by Kruzkov in the framework of entropy solutions (see [65] for ins-
tance), and among the properties satisfied by these solutions it is known that the L' norm
between any two of them is a non-increasing function of time.

In this work we shall focus on a class of entropy solutions such that a certain distance
between the space derivatives of any two such solutions be also nonincreasing in time. On
this class of solutions this result extends the L' norm contraction property.

More precisely we consider as initial data nondecreasing functions on R with limits 0 and
1 at —oo and +o0 respectively. These properties are preserved by the conservation law, and
corresponding solutions have been shown in [30] to arise in some models of pressureless gases,
obtained as a continuous limit of systems of sticky particles. Noticing that the distributional
space derivative of these functions are probability measures, we may consider the Wasserstein

81
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distance between the space derivatives of any two such solutions, and we shall prove in this
paper that this distance is a nonincreasing function of time, constant in the case of classical
solutions.

3.1 Introduction to the results

Given a locally Lipschitz real-valued function f on R, called a flux, we consider the scalar
conservation law

{ut—irf(u)x:O, t>0, v cR, (3.1)

u(0,.) = u°,
with unknown u = u(t, ) € R and initial datum «° € L>°(R).

Notation : In this work u, is the derivative of u with respect to ¢ (and not the function
u(t,.) as in the previous chapters), and u, is the derivative of u with respect to x.

We shall consider solutions that are called entropy solutions (see [101] for instance) and
are defined as follows : a function u = u(t,z) € L*(]0,+00[xR) is said to be an entropy
solution of (3.1) on [0, +00[xR if the entropy inequality

E(u), + F(u), <0 (3.2)

holds in the sense of distributions for any convex Lipschitz function F on R, and with
associated flux F' defined by

_ /0 " ) B (0) d. (3.3)

This means that

/+OO/ ) pr+ F(u) o) di d + /E(uo(fv))so(ow) dr >0

R

for all nonnegative ¢ in the space C2°([0, +o0[xR) of C* functions on [0,4oco[xR with
compact support.

We shall also consider classical solutions, that is, functions u = u(t, z) in C*(]0, +-0o[xR)N
C([0, +oo[xR) satisfying (3.1) pointwise.

In particular any classical solution to (3.1) satisfies (3.2), i.e. is an entropy solution, and
conversely any entropy solution satisfies (3.1) in the distribution sense.

For entropy solutions, the following result is due to Kruzkov (see [65]) :

Theorem 3.1. For every u’ € L¥(R), there erists a unique entropy solution u to (3.1) in
L>(]0, +00[xR) N C([0, +00], Lj,.(R)).

Moreover for classical solutions, we have (see [101] for instance) :
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Theorem 3.2. Given a C* flur f and a C' bounded initial datum u® such that f' o u® be
nondecreasing on R, the unique entropy solution u to (3.1) is a classical solution.

In this work we shall consider initial data in the subset U of L>°(R) defined by

Definition 3.3. A function v : R — R belongs to U if it is nondecreasing, right-continuous,
and has limits 0 and 1 at —oo and 400 respectively.

The following proposition expresses that this set is preserved by the conservation law
(3.1) :

Proposition 3.4. Given an initial datum u® € U, the entropy solution u given by Theorem
3.1 is such that u(t,.) belongs to U for all t > 0.

More precisely, given any ¢ > 0, the L*(R) function u(t,.) is a.e. equal to an element of
the set U.

Proof. On one hand u° has bounded variation, and thus so has u(t,.) for all t > 0 by a
general property of the entropy solution. In particular u(¢,.) is continuous but at countably
many points, at which it has left and right limits. At each = we may define u(¢,x) by its
right limit, which makes u(¢,.) right-continuous on the whole R.

On the other hand, according to two general properties of the entropy solution, possible
limits at —oo and +o00 and monotonicity properties are preserved by the conservation law. In
particular here u(¢,.) has limits 0 and 1 at —oo and +oo respectively, and is nondecreasing.
This concludes the proof of Proposition 3.4. |

The set U is characterized by

Proposition 3.5. The distributional derivative v, of any v € U is a Borel probability mea-
sure on R, and for any v € R,

() = va(] — 00, 1]).

Conversely, if p is a probability measure on R, then v defined on R as
v(z) = (] — oo, )

belongs to U, and v, = L.

Consequently the map v +— v, is one-to-one from U onto the set P of probability measures
on R (and U can be seen as the set of repartition functions of real-valued random variables).

Propositions 3.4 and 3.5 allow us to characterize at any time the distance between two
solutions (with initial datum in /) in terms of their space derivatives, in particular by means
of the Wasserstein distances : given any real number p > 1, the Wasserstein distance of order
p is defined on the set of probability measures on R by

1/
Wyl i) = inf ([ | —ylPdn(z,y)) "
™ R2
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where 7 runs over the set of probability measures on R? with marginals p and /i; these
distances are considered here in a broad sense with possibly infinite values.

This paper aims at proving that the Wasserstein distances between the space derivatives
of any two such entropy solutions is a nonincreasing function of time :

Theorem 3.6. Given a locally Lipschitz real-valued function f on R and two initial data u°
and u° in U, let u and U be the associated entropy solutions to (3.1). Then, for any t > 0
and p > 1, we have (with possibly infinite values)

Wy(ualt,.), alt, ) < Wyul, ).
We shall see in Section 3.2 that for p = 1 the distance W satisfies
Wi(vg,02) = [l = 0l[11(w)
for all v, v € U. Hence Theorem 3.6 reads in the case p =1 :
lutt, ) = at, Moy < [ = @
Thus, for initial profiles in I, we recover the L!-contraction property given by Kruzkov.

The result of Theorem 3.6 can be improved in the case of classical solutions, since in this
case the Wasserstein distance between two solutions is conserved :

Theorem 3.7. Given a C' real-valued function f on R, let u® and @° in U be two initial data
such that the associated entropy solutions uw and @ to (3.1) be classical solutions, increasing
in x for allt > 0. Then for anyt >0 and p > 1 we have (with possibly infinite values)

Wo(ua(t, ), ot ) = Wy(uy, ).

x)

From these general results can be induced some corollaries in the case of initial data in
the subsets U, of U defined as :

Definition 3.8. Let p > 1. A function v in U belongs to U, if its distributional derivative
v, has finite moment of order p, that is, if / |z|P dv, () is finite.
R

As in Proposition 3.5 the map v — v, is one-to-one from U, onto the set P, of probability
measures on R with finite moment of order p. But we shall note in Section 3.2 that the map
W, on P, x P, defines a distance on P,. Then the real-valued map d, defined on U, x U, by

dy(v,0) = Wy(vg, 0z)
induces a distance on U, and for the associated topology we have

Corollary 3.9. Given a locally Lipschitz function f on R, p > 1 and u® € U,, the entropy
solution u to (3.1) belongs to C([0, +oo[,U,).
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In particular for p =1
dl(v7?}) - Wl(vm7,ﬁx) - ||U - /Ij”Ll(R))
and the previous result can be precised by

Corollary 3.10. Given a locally Lipschitz function f on R and u® € U,, the entropy solution
u to (3.1) is such that

lult,.) = uls, )@ < 16— sl 1 lzegoap-

This known result holds under weaker assumptions (for u® with bounded variation, see
[101]), but in our case it will be recovered in a straightforward way.

Finally Theorem 3.7 can be precised in the U, framework in the following way :

Corollary 3.11. Given a C* convex flur f and two C' increasing initial data u® and @° in
U, for some p > 1, the following three properties hold :
1. the associated entropy solutions u and u are classical solutions;
2. u(t,.) and u(t,.) belong to U, and are increasing for allt >0 ;
3. for all t > 0, we have (with finite values)
Wy (ua(t, ), is(t,.)) = W,(ul,al).

x)

The paper is organized as follows. The definition and some properties of Wasserstein
distances are discussed in greater detail in Section 3.2. In Section 3.3 we consider the case of
classical solutions, proving Theorem 3.7 and Corollary 3.11. Then the general case of entropy
solutions is studied in Sections 3.4 and 3.5 : more precisely in Section 3.4 we introduce a
time-discretized scheme, show the W, contraction property for this discretized evolution
and prove the convergence of the corresponding approximate solution toward the entropy
solution; Theorem 3.6 and its corollaries follow from this in Section 3.5. In Section 3.6
we shall finally see how the contraction property given in Theorem 3.6 extends to viscous
conservation laws, whereas a generalization to solutions of conservation laws with fifferent
flux functions is proposed in Section 3.7.

3.2 Wasserstein distances

In this section p is a real number with p > 1, P (resp. P,) stands for the set of probability
measures on R (resp. with finite moment of order p) and dz for the Lebesgue measure on R.
The Wasserstein distance of order p, valued in R U {400}, is defined on P x P by

Wytpoi) = inf ([ o= ypPante))” 3:4)
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where 7 runs over the set of probability measures on R? with marginals p and j. It is
equivalently defined by

Wy(os. ) = inf / X, (w (w)|pdw)1/p (3.5)

where the infimum is taken over all random variables X, and X on the probability space
(]0, 1[, dw) with respective laws p and fi. It takes finite values on P, x P, and indeed defines
a distance on P,,.

For complete references about the Wasserstein distances and related topics the reader
can refer to [111]. We only mention that both infima in (3.4) and (3.5) are achieved, and for
the second definition we shall precise some random variables that achieve the infimum. For
this purpose we introduce the notion of generalized inverse :

Definition 3.12. Let v belong to . Then its generalized inverse is the function v~! defined
on ]0, 1] by
v (w) = inf{z € R; v(z) > w}.

Then v~! is a nondecreasing random variable on (]0, 1[,dw) by definition, with law v,

since
/ ) du = / | JECIr A

= /R(/O1 F($)1u(s)<wy dW) ds
- / F(5)(1 = v(s)) ds
= [ 6) dusls)

for all f in C!(R). In particular its repartition function is v.

Moreover this generalized inverse achieves the infimum in (3.5) :

Proposition 3.13. Let v and v in U. Then we have (with possibly infinite values)

1/
(e, T) = / o7 (w) — 5 (w) P dw)

for all p > 1. In particular for p =1 we also have
Wl(vx,'ﬁx) = ||U — /DHLl(R)

Proof. The general result is proved in [111]. The result specific to the case p = 1 follows by
introducing, for a given v € U, the map defined on Rx]0, 1] by

. 1 ifo(z) >w
- {1 100>
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for which we have

o — 57 (w) = / o — 5l(z, w) de
R

for almost every w €10, 1], and

/0 o — jol(z, w) dw = v —3|(2)

for almost every = € R. Integrating the first equality on w in ]0, 1] and the second one on x

in R, we deduce
1
/ o™t — o7 (w) dw = / lv —0|(x) dx.
0 R

O

Given v € U, its generalized inverse v~! is actually the a.e. unique nondecreasing random

variable on (]0, 1], dw) with law v,. Given any other random variable X on (]0, 1[, dw) with
law v, v! is called the (a.e. unique) nondecreasing rearrangement of X (see [111]).

We conclude this section recalling a result relative to the convergence of probability
measures. A sequence (u,) of probability measures on R is said to converge weakly toward

a probability measure p if, as n goes to 400, / pdu, tends to / pdp for all bounded

R R
continuous real-valued functions ¢ on R (or equivalently for all C* functions ¢ with compact
support, that is, if u, converges to u in the distribution sense). Given p > 1 this convergence
is metrized on P, by the distance W, as shown by the following proposition (see [111]) :

Proposition 3.14. Let p > 1, () a sequence of probability measures in P, and p € P.
Then the following statements are equivalent :
i) (Wy(ttn, 1)) converges to 0 ;
it) (n) converges weakly to v and sup/ |z|? dpn () tends to 0 as R goes to infinity.
lz|>R

n

In this proposition we do not a priori assume that p belongs to P,, but it can be noted
that this property is actually induced by any of both hypotheses i) and ii).
For measures in P we have the weaker result :

Proposition 3.15. Let p > 1, (u,) and (v,) two sequences in P converging weakly to p and
v in P respectively. Then (with possibly infinite values)

W, (e, v) < lminf W, (g, vn).

n—-+o00
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3.3 The case of classical solutions : Theorem 3.7 and corollary
3.3.1 Proof of Theorem 3.7

We consider two classical solutions v and @ to (3.1) such that u(¢,.) and (¢, .) belong to
U and be increasing for all ¢ > 0, and we shall prove that

Wa(ua(t, ), la(t, ) = Wy(uy, )

as a consequence of Proposition 3.13.
The map u is increasing from 0 to 1, so has a (true) inverse X (0,.) defined on ]0, 1] by

u’(X(0,w)) = w.
Then, given w €0, 1[, we consider a characteristic curve ¢t — X (¢, w) solution of

for t > 0, and taking value X (0,w) at t = 0. Since f is C! and u is bounded there exists a
(non necessarily unique) solution X (., w) to (3.6) by Peano Theorem (see [61] for instance);
moreover by a classical computation from (3.1) it is known to satisfy

u(t, X(t,w)) = w (3.7)

for all t > 0, from which it follows that

Xi(tw) (= £/(ult, X (¢ ) = £/(w)

and hence
X(t,w) = X(0,w) + tf'(w). (3.8)
In particular there exists a unique solution X (.,w) to (3.6). Now given t > 0, X(¢,.) is the

(true) inverse of the increasing function u(¢,.) (by (3.7)), and Proposition 3.13 writes

W (), it ) = (/01 X (4 w) —X(t7w)‘1’dw)1/p.

But from (3.8) we obtain

X(t,w) — X(t,w) = X(0,w) — X(0,w). (3.9)

This result ensures in particular that W, (u,(¢,.), @,(¢,.)) remains constant in time, may its
initial value be finite or not ; note however that (3.9) is actually much stronger that Theorem
3.7. O
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3.3.2 Proof of Corollary 3.11

We assume that f is a C? convex function on R, and u° is a C! increasing initial profile
in U,.

First of all we note that the associated entropy solutions u is a classical solution in view
of Theorem 3.2 : this result is proved in [101] for instance, and its proof also ensures that
u(t,.) is increasing for all ¢t > 0.

Then we check that the moment property is preserved by the conservation law, that is,
that u(t,.) also belongs to U, for any ¢ > 0. Indeed, given ¢t > 0, we have by the change of
variable w = [u(t,.)](x) :

[epuaae = [ X ()P dw
R 0
= [ IX@w i) de
0

1
< ot U X (0, w)”dw + || f'[[7 e 0,11,
0

which is finite since )
| xX©wpras = [ japdie) iz
0 R

is finite by assumption. This ends the proof of Corollary 3.11. a

3.4 Time discretization of the conservation law

In the previous section we have seen that the classical solutions are obtained through the
method of characteristics, that we now summarize in our case : given an initial profile u° in
U such that the corresponding solution u be C! and increasing in z for all ¢ > 0, let X(0,.)
be its inverse, defined by

u(X(0,w)) = w

for all w €]0, 1]. Let then X (0, w) evolve into
X(t,w) = X(0,w) +tf'(w) (3.10)

forall t > 0 and w €10, 1] (see (3.8)). The solution u(t,.) is then the inverse of the increasing
map X (¢,.), that is, is the unique solution of

X(t,u(t,z)) = =

In the general case, defining X (0,.) in some similar way, there is no hope for the func-
tion X (t,.) defined by (3.10) to be increasing for ¢ > 0; inverting it would thus lead to a
multivalued function, and no more to the entropy solution of the conservation law, as in the
particular case discussed above.
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However, averaging (or ”collapsing”) this multivalued function into a single-valued func-
tion, Y. Brenier showed in [26] how to build an approximate solution to the conservation
law.

We now precisely describe this so-called Transport-Collapse method in our case.

3.4.1 Definition and W, contraction property of the discretized solution

Let u° € U be some fixed initial profile, with generalized inverse X (0,.) given as in
Definition 3.12 by
X(0,w) = inf{z € R;u’(z) > w}

for all w €]0,1[. X(0,.) can be seen as a random variable on the probability space ]0,1]
equipped with the Lebesgue measure dw ; its law is u2, as pointed out after Definition 3.12.
We let then X (0, .) evolve according to the method of characteristics, denoting

X(h,w) = X(0,w) + hf'(w)

for all h > 0 and almost every w €0, 1[. Again, given h > 0, X (h,.) can be seen as a random
variable on ]0, 1[; let then Tj,u® be its repartition function, that is, the function belonging to
U and defined at any x € R as the Lebesgue measure of the set {w €]0,1[; X (h,w) < z}. It
is given by

1
Thuo(:c) :/ L{ X (hw)<a} (W) dw.
0

We summarize this construction in the following definition :
Definition 3.16. Let v € U with generalized inverse X (0,.) defined on ]0, 1] by
X(0,w) = inf{z € R;v(z) > w}.
Then, given h > 0, and letting
X(h,w) = X(0,w) + hf'(w)

for almost every w €]0, 1], we define the U function Tj,v on R by
1
Tyo(z) = / Lix(huw)<a} (W) dw.
0

In the case of Section 3.3 (see (3.8)), it turns out that X(h,.) is the (true) inverse of
Tyu®, and (h,z) — Tyu’(z) is exactly the entropy solution to equation (3.1) with initial
datum u° in U. This does not hold anymore in the general case, but will allow us to build
an approximate solution Spu’ by iterating the operator T},. Let us first give two important
properties of T}, :
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Proposition 3.17. Let h > 0, T}, defined as above and p > 1. Then
i) Tyv belongs to U, if so does v.
ii) For any v and 0 in U we have (with possibly infinite values unless v and v € U,,)

Wp([Thv]xv[Thﬁ]w) < Wp(vmaﬁx)'

Proof. It is really similar to what has been done in Section 3.3 as for Corollary 3.11.
i) Typv belongs to U as a repartition function of a random variable, and we have

z|Pd VgL = h’w fdw
[laranal@ =[x
_ (/‘|XXOJU)+hf%w)Vdu
0
< 2”1/ [ X0, w) [P + [hf'(w)]” dw
0
< gp- {/}R|x\pdvx(x) +hPHf’Hpoo(]0,1D] ’

which ensures that [T,v], has finite moment of order p if so does v,.

i1) On one hand the generalized inverses X (0,.) and X (0, .) of v and ¥ respectively satisfy
1/p
(Vs T) / 1X (0, w) — X(0, w)|pdw> (3.11)

by Proposition 3.13 (with finite values if both v and © belong to U, and possibly infinite
otherwise). On the other hand X (h,.) and X (h,.) have respective law [T,v], and [T,7]., so

W, ([Thlls, [Tyl / X (h,w) — X(h, w)|pdw>1/p (3.12)

by definition of the Wasserstein distance. But
X(h,w) — X(h,w) = X(0,w) — X(0,w)

for almost every w €0, 1 by definition, which concludes the argument by (3.11) and (3.12).
Note again that (3.12) holds only as an inequality since X(h,.) and X (h,.) are not
necessarily nondecreasing, which was the case in the example discussed in Section 3.3. O

We now use the operator T}, defined above to build an approximate solution S,u’ to the
conservation law (3.1) :

Definition 3.18. Let h be some positive number and v € U. For any ¢t > 0 decomposed as
t=(N+n)h with N e Nand 0 <n <1, we let

Spo(t,) = (1—=n)TNv() + nTN ()

where TPv = v and TN o = T, (TN v).
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These iterations make sense because Tpv € U if v € U, Spu(t,.) € U (resp. U,) for any
h,t >0 and v € U (resp. Uy,).

We now prove two contractions properties on these approximate solutions. We first have
the W, contraction property :

Proposition 3.19. Let h be some fixed positive number and Sy defined as above. Then,
giwen v and v in U, we have for anyt >0 :

W ([Snvla(t, ), [Sn0]a(t ) < Wi (02, Tr).

Proof. It follows from Proposition 3.17 (about 7},) and to the convexity of the W), distance
to the power p, in the sense that

WE(apy + (1 = a)pa, avy + (1 — a)vy) < aWP(py,v1) + (1 — a)Wh(ua, v2)

for all real number « € [0, 1] and probability measures p1, p2, 1 and vy (see [111] for ins-
tance). O

Then we have the L'(R) contraction property :

Proposition 3.20. Let h be some fixed positive number and Sy, defined as above. Then, for
any v €U and s,t > 0 we have

[Sho(t,.) = Swv(s, M@ < 1t = s|[flrego,p-
Proof. We first observe that
170V = Vi@ < B ([ Legoap (3.13)
for any V € U. Indeed X
LV (z) = /0 Loy =1(w)4hy(w)<a) dw

for all x € R by definition, so for any test function ¢ € C.(R) we have
1
/R [T,V () — V(2)] 6(z) do = /R ( /0 (L v )y <as — L (wyesy] dw)gb(x) dz

1
= / ( / Ly -1 @)rns w)<ar = Ly=1w)<a}] ¢(2) da:) dw
0 R
R e qoap 101l Lo ),

IN

which yields the announced bound on ||T,V — V|| 11 (w).

Then we let s = (M +m)h and t = (N +n)h with M, N € Nand 0 < m,n < 1, and, for
example assuming that N > M, considering the intermediate times (M + 1)h,..., Nh, we
have

N-1
Swu(t, )= Spo(s,.) = n[Tu(TYv) = Tiv]+ Y [Tu(Thv) = Trol+ (1—m)[T(T v) = T, o).
k=M+1
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Then, as Tjv belongs to U for all integer k, we have from the preliminary estimate :

N—-1
IShv(t, ) = Sho(s, Mlpw < (X =m)+ > 1 +n]h|f lz=goap = = $)If [ L>gop-
k=M+1

O

We shall now make use of this L!(R) contraction property to prove the convergence of
the scheme toward the entropy solution of the conservation law.

1

3.4.2 Convergence of the scheme in the L,

(R) sense
In this section we prove

Proposition 3.21. Let u® € U. Then, as h goes to 0, the function Spu’ converges in
C([0, +oo], L}, (R)) to the entropy solution of (3.1) with initial datum u°.

loc

Our proof, which will go in several steps, follows the one of Brenier in [26], adapted to
functions of U instead of L'(R).

1. Compactness of the sequence

We give here a compactness result on the family of approximate solutions. For this
purpose we first recall that L}, (R) is equipped with the topology defined by the semi-norms

pulh) = [ 15 ds

m

for any integer m and f € L} (R), and that it is metrizable for this topology.

Then the space C(]0, +o0o[, L},.(R)) is equipped with the topology defined by the semi-
norms

Qnm<f) = Sup pm(f)

te[0,n]

1
loc

for any integers n and m and f € C([0,+o0[, L
metric.
In particular a family F is relatively compact in L}, (R) (resp. C([0, +ool, L},.(R))) if and

only if any sequence in F has a subsequence converging in L}, .(R) (resp. C([0, +ool, L},.(R))).

loc loc

(R)), and this topology is induced by a

Then we shall prove

Proposition 3.22. Givenv € U the family (Syv)y, is relatively compact in C([0, +ool, L}, .(R)).

Proof. On one hand the family (¢t — Shv(t,.))s is uniformly equicontinuous from [0, +o00]
into L}, (R) by Proposition 3.20.

loc

On the other hand, given ¢ > 0, the family (S,v(¢,.))s, is relatively compact in L (R).

loc

Indeed, as previously noted, any function in ¢/ is bounded by 1 and belongs to the set BV (R)

of real-valued L}, (R) functions with bounded variation, with total variation equal to 1. But
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Spu(t,.) € U for any h, so the family (Spv(t,.)) is bounded in L>(R) N BV(R), and thus
as announced is relatively compact in L], (R) by Helly’s theorem.

Arzela-Ascoli Theorem (see [99] for instance) then ensures that the family (Syv), is
relatively compact in C([0, +ool[, L}, .(R)). O

2. The entropy inequality : proof of Proposition 3.21

In this section we prove that, given u® € U, the limit of any sequence of (Spu);, converging
in C([0, +oc[, L},.(R)) is the entropy solution to the conservation law (3.1) with initial datum

loc

u®. By the compactness property of the family (S,u);, established in Proposition 3.22 this
shall ensure Proposition 3.21

We have noted that if the flux f and the initial profile ©u° € I are such that the entropy
solution u of the conservation law (3.1) is a classical increasing (in x) solution, then actually
u(t,.) = Tu’

for all ¢ > 0. In particular

[E(Tu")]e(2) + [F(Ti")]o(x) <0

for any Lipschitz convex function E and associated flux F' defined by (3.3). This formally
induces

d
dt Ju

for any nonnegative test function ¢ € C}(R), and in particular at t = 0

E(Ta®)(x) $(z) do — / F(Ta®) () ¢ (2) dx < 0

R

d

G [ BT) (@) o(a) do

. < /RF(UO)(J:) &' (v) d. (3.14)

t=

In the general case where the initial profile u° is any function in U, the following discrete
version of (3.14) holds :

Proposition 3.23. Let E be a Lipschitz convex function, with associated flux F' defined as
in (3.3), v €U,h >0 and ¢ € C*(R), nonnegative and with support included in [—R,+R)].
Then

/R [E(Tyo(z)) — B(u(a))] élx) da
<h / F(o(@)) ¢/(2) de + B0z | 12w gong |l e (R 4+ Rl f llzegonp)-

Assuming this result for the moment we show how it implies Proposition 3.21.

Given u® € U, we consider a sequence of the family (Sju); converging to a function u
in C([0, +o0[, Li,.(R)), and we shall prove from Proposition 3.23 that u is a solution to the

loc
conservation law with initial datum «°, that is, that u € L>°(]0, +oo[xR) and satisfies
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/ﬂo/ ) @it @) + F(u(t, ))sox(t,x))dtdx + /E(uo(x))go(o,x) dz >0

R

for all nonnegative ¢ € C°([0, +00[xR).

For this purpose we again denote (Syu"); the converging sequence in C([0, +oo|, L}, .(R)).
This sequence is bounded in L>°(]0, +00[xR), and thus its limit u belongs to L>(]0, +oo[xR).

Let now ¢ € C°([0,4+00[xR), be nonnegative and such that ¢(t,x) = 0 for t > T or
|z| > R. Given h > 0 we denote N = [T'/h] and apply Proposition 3.23 to v = Spu®(kh, .)
and ¢ = p(kh,.) for k =0,...,N. Letting M = || f'||1~qo,;p and summing on k =0,..., N
yield then by a change of indexes :

>~ [ B(Su kh,2)) [o((k = D) — plh, ) da
k=1"R
+/RE(ShuO((N+ Dh,z)) p(Nh,x)dx — / E(u’(2))p(0,z) dz

R

< hZ/ (Syi®(kh, 7)) oo (kh, ) d:c+h2ZHgom (b, o) (B + AM)M2 || ' e
k=0

First of all the second terms in both sides converge to 0 as h goes to 0. Then

E(Spu’(kh,x)) [p(kh,x) — @((k — 1)h,z)] dv — ¢(t, ) dt dz
;/R h ¥ / / ) ex(
// E(Spul(kh, x)) — B(Spu’(t, z))]p:(t, ) dt dw

+§// E(Syu’(t,2)) — E(u(t,=))]pi(t, z dtdx+/ / ) @it ) dt dz.

But by Proposition 3.20 the first term in the right-hand side is bounded by
N rkh
|| oo M| 02]| Lo Z/( | |[kh — ] dt < ||E"|| g M| @yl Th,
— Jk—1)n

the second term by

N kh
Vil S / 15w (1, ) — w(t, )|t
=1 (k—1)h

< NE | llpellzoe T (| Spu®(t, @) — w(t, ©)lleor), 21— rRD)
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and the third one by
2R || Bl oo ol @t Lo -

Hence the three of them converge to 0 as h goes to 0, which means that

Z/RE(ShuO(kh,x)) lp(kh, z) — @((k — 1)h, z)] dz — / / ) @u(t, x) dt da.

We finally prove in the same way that

hZ/ (Spu’( khx)¢xkhxdx—>// ) oct, ) dt dx

as h goes to 0 by noting that F' is bounded and Lipschitz on [0, 1].
Thus, at the limit, the entropy inequality (3.2) holds for w.

Consequently, given u” € U, any sequence of (S,u’);>0 has a subsequence converging in
C([0, +o0l, L} (R)) to a function which is an entropy solution to (3.1) with initial datum

loc
u°. By the uniqueness of this solution ensured by Theorem 3.1 this concludes the proof of

Proposition 3.21.

3. Proof of Proposition 3.23

We first give the following general lemma :

Lemma 3.24. Let E be a Lipschitz convex function on [0,1] and A a measurable subset of

([0,1], dw). Then
E(/O1 1A(w)dw)

Proof. We first assume that E’(|A|) = 0, where |A| stands for the Lebesgue measure
1

14(w)dw of A.

Then E’ is non-positive on [0, |A|] and nonnegative on [0, |A|]¢. Thus on one hand

E(|A|)—E(O):/ E’:/ E’+/ E'g/ E,
[0,]A]] [0,|Al]NA [0,]A[JnA® [0,|Al]NA

and on the other hand

/E’:/ E’+/ E’Z/ E,
A [0,|A[JnA [0,]Al]nA [0,|A[JnA

E(A]) — E(0) g/AE’(w)dw.

IN

E(0) —i—/o 14(w)E' (w) dw.

which yields
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In the general case we replace E by E — wFE'(]A|) and apply the previous case. a

We now turn to the proof of Proposition 3.23. For this, given v € U, we consider again
the map jv defined on Rx]0, 1[ by

: 1 ifo(z) >w
jul@,w) = { 0 ifv(x) <w.

Lemma 3.24, applied to A = {w €0, 1[;v(z — hf'(w)) > w}, yields

1

1
E </o Lo(o—hs/@)>w) d“’) < B0) + /0 Liva—nhg/(w))>wy E' (w) dw.

But )
E(Thv(x)) = E ( / Lo(a—hs/w)>w) dw)
0

by definition of Tjv, and

1
/O Lua—hg(w))>w) E' (W) dw = /0 ju(z = hf'(w), w) E'(w) dw,
1
MWMZE@+/W@MEWMW
0
by definition of jv, so
1
B(To(a)) — @) < [ vl = hf ) w) = jole,w)] E'lw)dw.
0
Consequently, for any nonnegative ¢ € C3(R),

[ 1Bt - B d%//:Hw ) — 6(a)] jul, w) E'(w) du d.

Then, assuming that f is M-Lipschitz on [0, 1], a Taylor expansion of ¢ around x yields
¢(x + hf'(w)) — ¢(x) = hf'(w)¢'(z) + %(hf'(w))%"(y(% h,w))
for some y(z, h,w) € [x — hM,x + hM], and thus
v(z)) — E(v(x x)dr < h o(z,w) f(w)E (w) dw) ¢ (x) da
[ 1B @) — Be@)] st < [ ( [ ot ) w d) o)
+ %/0 j‘"’(w)QE'(w)</]R " (y(z, h,w))ju(z,w) da:)dw.
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But on one hand for the first term

/o Ju(z,w) f (w)E (w) dw = /0 Ju(z, w)F'(w) dw = F(v(z)) — F(0) = F(v(x)).

On the other hand, for the second term, if ¢ has support in [—R, R], then ¢”(y) = 0 for
y € [t — hM,z + hM] and x such that |z| > R+ hM, and hence

(/f%@”ﬂwK/¢WM%thM%wM@mﬂ§Mﬂﬂm@MWm2@+hM)
0 R

This concludes the proof of Proposition 3.23.

3.4.3 Convergence of the scheme in W, distance sense

We first prove a uniform equiintegrability result on the approximate solutions :

Proposition 3.25. Let S, be defined as above, v € U, and T > 0. Then

sup sup / |z|Pd][Spv].(t, x)
|z|>R

0<h<T 0<t<T

tends to 0 as R goes to infinity.

Proof. We again denote M = || f'|| 1 o,1), and first consider T, itself, writing

1
[ lebdBale) = [ 107 )+ b ) Ly sasn do

< [ el + B psnarsy den(a)
R

hM \*
< |1+ 7) / P dv,(x
( R—hM \x\ZthM| | (@)

for R > hM. From this computation we deduce by iteration

p
z|Pd TN ( ) / z|? dv, (x
/sz‘ | H _]hM \x\zR—NhM| | (=)

for R > NhM, with

ﬂ 1+7hM < 1+7hM N<eX 7NhM
‘ R—jhM ) = R—n~NhM) =P\rR_Nnm )

7j=1
Thus

pT' M
z|Pd|Spvl(Nh, §exp<7)/ z|? dv, (x
ePdiSiela(Vh2) S exp (g ) [ e

lz|=R
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for any N and h such that Nh <T.
From this we get for instance

2pT' M
x|[Pd|Spvl.(t, x §exp<7)/ P dv,(x
/WR" (Shol.(t, 2) RSTNE) o an )

for any ¢ and h smaller than T'. This concludes the argument since the last integral tends to
0 as R goes to infinity. a

From this we deduce the convergence of the scheme in W, distance sense :

Proposition 3.26. Let u® € U, and u be the entropy solution to (3.1) with initial datum
u®. Then, for any t > 0, W,([Spu’].(t,.), us(t,.)) converges to 0 as h goes to 0.

Proof. Given ¢ > 0, S,u’(t,.) converges to u(t,.) in L}, (R) as h goes to 0 (by Proposition

3.21), so [Spul.(t,.) converges to the probability measure u,(t,.), first in the distribution
sense, then in the weak sense of probability measures, and finally in W), distance by Propo-
sitions 3.25 and 3.14.

Note in particular that u,(t,.) has finite moment of order p for any ¢ > 0, that is, u(,.)
belongs to U,,. O

3.5 The general case of entropy solutions : Theorem 3.6 and co-
rollaries

3.5.1 Proof of Theorem 3.6

We let p > 1 and consider two initial data u® and @° in ¢ with associated entropy
solutions u and .

Given ¢t > 0, Proposition 3.21 yields again the convergence of [S,u’].(t,.) to u,(¢,.) in
the weak sense of probability measures. Since this holds also for @°, we obtain

W (uy(t,.), (2, .)) < liIhn iglf W, ([Shu’].(2, ), [Sni®).(t,.))
by Proposition 3.15. But, for each h,

Wy([Shula(t, ), [Sha"la(t, ) < Wy(uy, @)

x)

by Proposition 3.19, so finally

W, (ua(t, ), @u(t, ) < W, (u2, @)

x? x

This concludes the argument. O
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3.5.2 Proof of Corollary 3.9

We recall that in the introduction we have defined a distance on each U, by letting

d

p(uv ﬂ) = Wp(uma ﬁ’x)a

and we now prove that, given p > 1 and u® € U,, the entropy solution u to the conservation
law (3.1) belongs to C([0, 4+oo[,U,,).

We first note, in view of the proof of Proposition 3.26, that u(t,.) indeed belongs to U,
for all t > 0.

Then, given s > 0, we need to prove that d,(u(t,.), u(s,.)) (= Wy(ux(t,.), u.(s,.))) tends
to 0 as t goes to s. Indeed, on one hand u(t, .) tends to u(s,.) in L}, (R) by Theorem 3.1, so

ug(t,.) tends to u,(s,.), first in the distribution sense, then in the weak sense of probability
measures.

On the other hand, given 7" > s, we now prove that sup / |z|? du,(t, ) goes to 0
0<t<T J|z|>R

as R goes to infinity. For this, given € > 0, let R such that

s swp [ a5, < <
0<h<T 0<t<T J |2|>R

by Proposition 3.25. Let then ¢ € C°(R) such that 0 < ¢ <1 and ¢(x) =0 if || < R.
On one hand

Awmumwm%mm—jéwwmw%ww

as h goes to 0 since p(x)|z[P € C*(R) and [S,u’],(,.) tends to u,(t,.) in distribution sense.
On the other hand

[ o@lal st o) < e
R
for all 0 < h,t < T'. Hence at the limit
[ etwlap due.o) < -
R

for all t < T, from which it follows that

sup / |z|P du,(t,x) < e,
0<t<T Jiz|>R

which means that indeed sup / |z|? du,(t, x) goes to 0 as R goes to infinity.
0<t<7 J|e|>R

From these two results we deduce the continuity result by Proposition 3.14. O
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3.5.3 Proof of Corollary 3.10

Given ¢t > 0, Spu’(t,.) converges to u(t,.) in L}

loe(R) by Proposition 3.21, so for all
s,t,n > 0 we have

Hu(t, ) — U(S, .)HLl(],an = }ILILT(I) HShuO(t, ) — Shu(](S, ')HLlG*n,n[)'
But

[Shu’ (¢, .) = Shu’(s, M rrg-nnp < 1900’ () = Suu’(s, @) < [t = sl F/ll=@)

for all A > 0 by Proposition 3.20, so letting h go to 0 we get

u(t,.) —u(s, ) rg-nnp < |t =5/ |f'l| o mw)-

Since this holds for all n > 0, we obtain Corollary 3.10. a

3.6 Extension to viscous conservation laws

In this section we let v be some positive number and f be some locally Lipschitz real-
valued function on R, and we consider the viscous conservation law

(3.15)

u + f()y = Uty t>0,zelR
u(0,.) = u",

with unknown u = u(t, z) € R and initial datum u° € L>(R).

We shall prove that the W, contraction property given in Theorem 3.6 in the inviscid
case when v = 0 also holds in the viscous case when v is positive.

In this section we consider solutions in the sense of distributions : more precisely a
function u in L*(]0, +00[xR) is a solution of (3.15) if

+oo
/ /(ugot+f(u)80m+l/ug0m) dt dz + /uo(x)go(o,x)d:c =0
o Jr R
for any ¢ in C°([0, +00[xR). It is known (see [102] for instance) that, given u® € L>®(R),
there exists a unique solution to (3.15) in L*°(]0, +oo[xR).

The set U is preserved by the viscous conservation law in the sense of

Proposition 3.27. Any solution u to (3.15) with initial datum u® € U is such that u(t,.)
belong to U for all t > 0.

Proof. Given t > 0 the solution u(t,.) takes values between 0 and 1 by maximum principle,
has total variation bounded by the total variation of u°, which is 1, and is almost everywhere
nondecreasing. In particular it is continuous but at countably many points and has limits > 0
and < 1 at —oo and +oo respectively. These limits are actually equal to 0 and 1 respectively
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since the quantity / du,(t, ) (which is equal to the total variation of u(¢,.)) is conserved,
R
and equals 1 (see for instance [101]). O

As in the case of the inviscid conservation law discussed above we shall prove

Theorem 3.28. Given a locally Lipschitz real-valued function f on R and two initial data
u® and @° in U, let u and @ be the associated solutions to (3.15). Then, for any t > 0 and
p > 1, we have (with possibly infinite values)
Wilua(t,.), Ua(t, ) < Wy(ug, dy).
We briefly mention how this contraction property for the viscous conservation law enables
to recover the same property for the inviscid equation, given in Theorem 3.6. Given some
initial datum «® in &/ and v > 0, let indeed u, be the corresponding solution to the viscous
equation (3.15). Then it is known (see [101] for instance) that w,(¢,.) converges in L .(R) to
the solution u(t,.) to the inviscid conservation law (3.1) with initial datum «°. From this the
argument already used in Section 3.5.1 (with S,u®(¢,.) intead of u,(t,.)) enables to recover
Theorem 3.6.

The proof of Theorem 3.28 is an extension of the argument given in the inviscid case
in Sections 3.4 and 3.5, and goes in several steps. The property is first proved for a time-
discretized solution of equation (3.15), then for the true solution to equation (3.15) by using
the convergence of the approximate solution.

3.6.1 Time-discretization of the equation

In this section we define a time-discretized solution of the equation by using the discre-
tization scheme of the inviscid conservation law discussed in Section 3.4.

The procedure goes in the following two steps. Given some time step h > 0, we first
map v to Tpv as in Section 3.4; then we let Tjv evolve according to the heat equation with
viscosity v on a time length h, that is, map it to

Tho = Kj, « Tho

where K, is the heat kernel defined on R by

1 22
Kalz) = vVAarhy ¢

Letting g be the standard Gaussian on R defined by
1 y?

9(y) =7 e 7,

and recalling that T}, satisfies

Tho(x) = /o Jju(z —hf'(w),w) dw
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where
(e, w) = 1 ifv(z) >w
JULWI =90 if v(z) <w,

we have
Too(z) = / Tyo(s — 2) Kn(2) dz = / Ty — V2hwy) g(y) dy
-/ / jolw — Vahwy — hf (w), ) gly) dydw.

In particular we recover in our case the time discretization introduced in [26].

From the properties satisfied by 7} can be deduced

Proposition 3.29. Let h be some positive number and 7}, defined as above. Then
i) Tpv belongs to U (resp. Uy,) for any v inU (resp. U, ).
ii) For any v and 0 in U and p > 1 we have (with possibly infinite values)

Wo([Tnvle, [Tnt]e) < Wp(va, 0a)-

Proof. i) Let v be given in U. Then T,v belongs to U by Definition 3.16, and thus so does
Typv as the convolution of Tyv with a probability measure.

If moreover v belongs to U, that is, has finite moment of order p, then so does Tyv by
Proposition 3.17. Since so does the Gaussian K, also, this ensures that

[P Bala@rde = [[ o+ yP R T o) dody
<2 ([ uPEa) v+ [ lapTiol.(o)da)

is finite. Hence 7,v also belongs to U,.
ii) K} being a probability measure, and WP being convex, we have

Wp([%v]mu [ﬁzﬁ]x) < Wp([Thv]rv [Th@]r>7

which in turn is bounded by W, (v, 9,) by Proposition 3.17 again. O

Then we define an approximate solution S,u® to (3.15) by iterating the 7, operator
according to

Definition 3.30. Let h be some positive number and v € U. For any ¢t > 0 decomposed as
t=(N+mn)h with N e Nand 0 <n <1, we let

Sw(t,.) = (1—n)TNv() + n TN ()

where 7,v = v and Z," "'v = T,,(T,Vv).
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From Proposition 3.29 we deduce the following W, contraction property :

Proposition 3.31. Let h be some positive number and Sy, defined as above. Then
i) Spv belongs to U (resp. U,,) for any v in U (resp. U, ).
it) For any v and 0 inU, p > 1 and t > 0, we have (with possibly infinite values)

Wp([Shvla(t, ), [Satla(t, ) < Wy(ve, Ur).

The following L*(R) contraction property shall be useful to prove the convergence of the
discretized solution S,u’ toward the solution to (3.15) :

Proposition 3.32. Let h be some fixed positive number and Sy, defined as above. Then, for
any v in U, twice derivable with v" in L*(R), and any s,t > 0, we have

ISt ) = Shvls, Ml < [t = sl [ z=gop + v IV rw]-

Proof. The argument goes in several steps.
1. Let u,v in Y with v —u € L*'(R). Then

| Thv — Thull ey < Jlv —ulliw)

whence
1T v = Tlullpw < v —ullng (3.16)

for any integer number k.
Indeed

”7711} — ThuHLl(R) = HTh * KhU — Th * KhuHLl(R) < HThU — ThuHLl(R) ”KhHLl(R)

where || Kj[11r) = 1 and

1

jv(x = hf'(w),w) — ju(z — hf'(w), w) dw| dx

< //}va, — ju(y, w)| dy dw

= v —u||L1

HThU — ThuHLl(R) =

according to the proof of Proposition 3.13.
2. Let v in U with second derivative v” in L*(R). Then

| Kp v — v piwy < hvljv”|| o).
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Indeed the relation 2hv K} (y) = —y Kx(y) and two integrations by parts ensure that,
given ¢ € C2(R),

[ o) —v@lo@de = [[ v K (o +3) = o) dydo
— // z) Ki(y / ¢ x+sy)yds) dzx dy
— /0 /Rv(:c) /R(—Qhu)K,;(y)ﬁ(:chsy) dy) dx ds

- 2hy/1/v(:p) /Kh(y)¢"(x+sy)sdy> ds dz
= 2hu/ /Kh / )qb(:c—l—sy)da:) ds dy

hv |V @ 9]l o )

IN

3. By triangular inequality, the bound (3.13) and finally step 2, we obtain

1 Thv — v|| 1wy | K * Thv — K * v|| ey + || Kn o+ v — 0| 1wy
[Tho = ol ey 1Kl + 1S+ v = vl gy

h (1 e qoap + v 1V |l )] - (3.17)

IA N CIA

4. We can now conclude the argument. For this purpose we decompose s as (M + m)h
and t as (N 4+ n)h with M, N € N and 0 < m,n < 1. For instance assuming that N > M,
we obtain

N—-1
1Su(t, ) = Sivls, Mwm < nlTY(T0) = B0l + Y. 1TTw) - Teoln
k=M+1

+(1 - ) 17" (Twv) — T vl ey

< (n+ Z 1 +1—m)||Thw —v|ne
k=M+1

<t = sl zegoay + v 10"l )

by (3.16) and (3.17) successively. O

3.6.2 Convergence of the scheme
In this section we prove

Proposition 3.33. Let u° be in U. Then, as h goes to 0, the family (Spu®)y converges in
C([0, +ool, L} (R)) toward the solution to (3.15) with initial datum u°.

loc



106 I - PROPRIETES DE CONTRACTION

The proof is similar to the one given in Section 3.4 in the inviscid case, going in the
following steps.

1. Compactness of the scheme

It is given by
Proposition 3.34. Given v inU, the family (Syv)y, is relatively compact in C([0, +oc, L}, (R)).

Proof. 1. Let V be the subset of U composed of the twice derivable functions v with v”
in L*(R). Then the conclusion of the proposition holds for any v in V by the argument of
Proposition 3.22, in view of Proposition 3.32.

2. Let now v be any element in ¢ and (Sy,,v)., be a sequence of the family (Syv)p,, where
(hm)m is a sequence converging to 0 as m goes to infinity.

Let also (vy), be a sequence in V such that |[v — v,||z1r) tend to 0 as n goes to infinity.
For instance, one may let v, = p,, * v where p,(x) = n p(nz) for some nonnegative C°(R)
function p with unit integral ; then one can check that

1
o= valoe) < 3 [ lelple) = (318)

For any n, the function v, belongs to V so by the first step the sequence (S, vy)m
is relatively compact in C([0, +oo[, L},.(R)). Then, by a diagonal argument, there exist a
sequence (my)g tending to infinity, that we shall denote (m),, again, and a sequence (wy,),
in C([0, +o0l[, L},.(R)) such that, for any n, Sj, v, converge to w, in C([0,+oo], L}, .(R)) as
m goes to infinity.

Let us note that (w,), is a Cauchy sequence in C([0, +oc[, L}, .(R)). Indeed it follows from
(3.16) that

Sup sup 1Sk, vn(t; ) = Shuvp(t, i@y < llvn = vpllr)
for any n and p. In particular at the limit in m

Sup [[wa(t, ) = wplt, )z @) < llvn = wllore), (3.19)

so that (w,), is a Cauchy sequence in the complete space C([0, +oo[, LL.(R)) by (3.18). Let
W be its limit.

Then, for any T, R, m and n we have

sup_[|Sp,, 0(t,.) — woo(t, )l L1q-Rr+Rp < JSup 1Sk, 0(t; ) = Shvn(t, L1 g=R+RD
<t<

0<t<T
+ sup [|Sh, vn(t;.) —wn(t, )rg—r+rp + sup |Jwn(t,.) — wee(t, )|l 1q=r+RD
0<t<T 0<t<T

< |lv = vallzrg=r4rp + SUP S, vn(t,.) — wnlt, )l|Lrg=r+rp + sup [[wn(t,.) = WoollL1q—r +RD-
0<t<T 0<t<T

Given € > 0, there exists n such that the first and third terms be bounded by ¢, and for
this n there exists some M such that the second term also be bounded by ¢ for any m > M.
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Since R and T are arbitrary, this means that the original sequence (Sj,,v), of the fa-
mily (S,v);, has a subsequence which converges in C([0, +o00[, L},.(R)) (toward ws,). This

loc
concludes the argument. O

2. An approximate solution

Proposition 3.35. Let v be in U and ¢ in C°(R) with support included in [—R, R|. Then,
i the above notation, we have

[ Fiot@) = v@lota) de = hw [ v@ye@da=n [ o)

< [P(M*(R+hM)+v M)+

4 3/2 "
Mmu) P16

where M = || f'[| =qo,1))-

Proof. By definition of 7;, and triangular inequality we have

[ Fio@) = v@)ota) da = hw [ vy @da=n [ o)

< /R[Kh « V() — V(x)]o(x)dx — hV/RV(a:)ﬁ'(:c) dx /R[Thv(:c) —v(x)]¢"(x) dx

/R Tho() — v(@)(x) do — b / F(0(@))é (2) da

where in the first term we have let V = Tjv.

1. The first term in (3.20) is bounded by

+ hv

+ (3.20)

3\/7?(h1/)3/2||q5”||L ®)- Indeed

[ Vo) V@l dr = [ [ Vot +9) - )] Kl dody

//R )y Knly d:cdy—i—// Kh( ) da dy

+// /¢3)x+ty)(1—t) dt)y Ky (y) dx dy
R2 2
by Taylor’s formula.

The first term in the right-hand side is equal to 0 since K} is an even function. The
second term is equal to hu/ V(z)¢"(z) dz since /y2 Ky(y)dy = 2 hv. Finally the third
R R

term is equal to

- [ [ mwn - ota ([ o)
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where V, is a probability measure on R, so is bounded by

lyl° /1 N 4 i
- Ki(y)d 1—t @) = =) "] Lo (r)-
[ By [0 07 10 im0 = 3216 e

2. The second term in (3.20) is bounded by
hv||Tho = vl 16" e@) < 2 v M [¢7]| 1w

according to (3.13).

3. The third term in (3.20) is bounded by A? ||¢"|| Lo @)y M?(R + h M) according to Pro-
position 3.23 with F(z) = x and E(x) = —z (for which F(z) = f(x) and F(z) = —f(x)
respectively).

This concludes the argument. O

3. Proof of the convergence of the scheme

In this section we prove Proposition 3.33 by adapting the argument of Proposition 3.21
to the viscous case, where solutions are meant in the sense of distributions.

For this purpose, given u® in U, we consider a sequence of the family (S,u°); converging
to a function u in C([0, +ool, L}, (R)) by Proposition 3.34; we shall prove by Proposition

loc
3.35 that u is a solution to the viscous conservation law (3.15) with initial datum u°, that

is, that u belongs to L>°(]0, +oo[xR) and satisfies

/0+°°/R(u<pt+f(U) Qo+ VU Q) dtdr + /uo(x) 0(0,2)dzr =0

R

for any ¢ in C°(]0, +oo[xR).

First of all the converging sequence, that we shall denote (S,u’), again, is bounded in
L°(]0, +00[xR), so that its limit u also belongs to L>°(]0, +00[xR).

Then we let ¢ € C°([0, +oo[xXR) and then T > 0 be such that p(t,z) =0 for t > T.
Given h > 0 we let N stand for [T'/h]. We shall also let C' denote various constants depending
on ¢ (hence on T'), || f'|| (0,1 and v, but neither on & nor h. Applying Proposition 3.35 to
v =8pu’(kh,.) and ¢ = p(kh,.) for k=0,..., N ensures that

/R [Shuo((k + Dh, z) — Spu’(kh, :C)} o(kh,x) dx

- hl// Spu’(kh, z) 0uu(kh, x) do — h/ f(Spu(kh, x)) . (kh, z) dx
R R

is bounded by Ch3/? for k = 0,...,N. Hence, summing on k = 0,..., N and making a
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change of indexes,

-> / Spul(kh, z) [p(kh, z) — o((k — 1)h, z)] da
k=1 “R

N N
_hI/kZ:O/RShuo(kh,:p) Ouz(kh, ) dx_th:O/Rf(Shuo(k?h,l')) o, (kh, z) dz

—/Ruo(:c) (0, ) dx—/RShuO((N—l—l)h,:c) ©(Nh,z)dx (3.21)

is bounded by Cv/h.
Then, by Proposition 3.32 and the convergence of (S,u®);, towards u in C([0, +o00[, L},.(R)),

loc
we can follow the argument of Proposition 3.21 to check that the first sum in (3.21) converges

T T
to / / u(t, x) p4(t, x) dt dz, the second sum to v / / u(t, ) pue(t, ) dt dz, and the third
o Jr o Jr
T

one to / / f(u(t,z)) v (t, x) dt dz. Since finally the last term in (3.21) tends to 0 as h goes

0 JR
to 0, it follows that u satisfies

/+w/(ug0t+f(u) Pr + VU QL) dtdu + /uo(az)go(o,x)dx = 0.
o Jr

R

Consequently any sequence of (S,u);, has a subsequence converging in C([0, +-o0l, L,.(R))

to a solution to (3.15) with initial datum u°. This concludes the proof of Proposition 3.33
by uniqueness of this solution. O

3.6.3 Proof of Theorem 3.28

In this section we let p be some real number > 1 and we give the proof of Theorem 3.28.

We let u° and @° be two initial data in I/ and we denote u and @ their respective solutions
to (3.15).

Given t > 0, S,u’(t,.) converges to u(t,.) in L}, (R) by Proposition 3.33, so [S,u’].(t,.)

converges to u,(t,.) first in the distribution sense, then in the weak sense of probability
measures. Since this holds for @° also we have

W ana(t,.), () < T inf W, (8,00, (1, ), [S,80(1,.)
by Proposition 3.15. But, for each h,
Wo([Snta(t, ), [Suitla (t, ) < Wo(ug, iig)
by Proposition 3.31, so finally
Wo(ua(t, ), ta(t, ) < Wy(uy, i)

This concludes the argument. O
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3.7 Extension to conservation laws with different flux functions

We have seen in the previous sections that if v is a nonnegative number and f is a locally
Lipschitz function, then any two solutions u and @ to the scalar conservation law

w4 f(u)y =V tyy, t>0, ze€R
with respective initial data v° and " in U satisfy the contraction property

Wy(ua(t, ), ta(t, ) < Wy(uy, Gy)

T

for any t > 0 and p > 1. In the whole section, by solution we mean entropy solution in the
inviscid case when v = 0, and solution in the sense of distributions in the viscous case when
v>0.

In this section we give an extension of this result for solutions v and « to conservation
laws with different flux functions.

More precisely we let again v be some nonnegative number, and f and f be two locally
Lipschitz functions on R. Then we let u be the solution to

up + f(U)e = Ve, t>0, zeR (3.22)
with initial datum «" in ¢, and @ be the solution to
U+ fl@)y = Vigy, >0, zeR
with initial datum @ in /. We shall prove
Theorem 3.36. In the above notation we have, with possibly infinite values,
W (sl ), () < W) + 17 = Fllasony (3.23)
foranyt >0 andp > 1.

In particular we recover Theorems 3.6 and 3.7 for f = f. On the other hand, relation
(3.23) also writes

Wp(ul“(t’ ')7 ﬁl“(tv )) < Wp<ur<s> ')7 aib(tv )) + (t - 5) “f/ - JE,HL"GOJD

for any ¢ > s > 0; in this form it extends the result obtained by Y. Brenier [29, Section 5]
in the case when v = 0 and p = 2.

Proof. We slightly change the notation introduced in Sections 3.4 and 3.6 to define the
approximate solution to (3.22). More precisely we add an exponent f (or f) to mean that
the evolution is governed by the flux function f (or f); for instance equation (3.22) shall be
discretized by means of the T/ function defined as follows (see Definition 3.16)
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Definition 3.37. Let v in U with generalized inverse X (0, .). Then, given h > 0, and letting
X1 (hyw) = X(0,w) + h f(w)

for almost every w €]0, 1], we define the U function T/v on R by

1
T}{U(SL’):/ 1{Xf(h7w)§x}(w)dw.
0

To use common notation in the case when v = 0 and v > 0, we let K} be again the heat
kernel defined on R by

1 22
€ 4hv
vVAamrhy

if v > 0, and K}, be the Dirac mass g at 0 if ¥ = 0 (which by the way is the weak limit of
the heat kernel above as v goes to 0). Then, as in Section 3.6, we let

Kh(Z) =

T = K, + T/,

so that %f = g * T,f = T}{ again in the inviscid case, and we define an approximate solution
Sf:uo to (3.22) by iterating the ’];Lf operator as in Definition 3.30.

We use similar notation for f.

Now the proof goes in the following 4 steps.
1. Let v be given in U. Then

Wy vle, [T 0)e) < R = Fllzeqoap-
Indeed, if X (0,.) is the generalized inverse of v, then [T}/v], is the law of
X (h,w) = X(0,w) + h f'(w)

whereas [T}f v|,; is the law of

X (h,w) = X (0,w) + h f'(w).
In particular

W([T )., [T o), / X7 (h,w) — X7 (h,w)|P dw = hp/ | (w) — f/(w)]? dw.
2. Let v and v be given in Y. Then
Wy([T vl [T 00) < Wolvw, 8) + B = Fllesgo.p-

Indeed, by definition of ’];Lf and ’];f , triangular inequality and convexity of W2,

Wy (K # [T 0]y K # [T 0]0) + Wy (K # [T 0], K # [T 1].)
< Wy([T o)., [TV 5).) + W, ([T 0., [T 5.,

W, ([T 0., [T 7.)

IN
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where th~e first term is bounded by W), (v,, ;) by Proposition 3.17, and the second term by
RN = f'lleqoap by the first step.

3. Let v and v be given in U, and ¢t > 0. Then

Wp([Sf]:U]x(tv D5 [Sf]:ﬁ]ar(tv D) S Wy(ve, 0) +t If = ]F,HLP(}O,I[)-

Let us indeed decompose t as (M +m) h with M € N and 0 < m < 1. Then, by induction
from the second step,

Wo ([T 0, (T 0)) < Wi(ve, 0a) + kRS = Fllzegoap

for any £ in N, and in particular for & = M and £ = M + 1. Consequently, by definition of
Sy and convexity, W,([S!v].(t,.), [S]#].(t,.)) is bounded by

(1= m) W, (T M, (T ML) + m Wy (T ola, (T, N
< Wolve, 0) + L = fllzegop-

4. Proceeding as in Sections 3.5 and 3.6 we note that [S/u°],(t,.) and [S]4°),(t,.) res-
pectively converge to u,(t,.) and @(t,.) in the weak sense of probability measures in view of
Propositions 3.21 when v = 0 or 3.33 when v = 0. In particular it follows from Proposition
3.15 and the third step of the current proof (with u° and @°) that

Wy (ug(t,.), 4z (t,.)) < liminf Wp([S,fv]x(t, ), [S,{z?]m(t, D) < Wy(ud, al) + ¢ f — ]?I”LP(]O,l[)

h—0 T

for any ¢ > 0. This concludes the argument. O
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Chapitre 4

Inégalités de Csiszar-Kullback-Pinsker
a poids

Ce chapitre correspond en grande partie a l'article [23] écrit en collaboration avec Cédric
Villant et publié aur Annales de la Faculté des Sciences de Toulouse. Un complément est
apporté en anneze.

Nous généralisons l'inégalité de Csiszar-Kullback-Pinsker en introduisant des fonctions
de poids dans la variation totale, les poids admissibles dépendant de la décroissance a ['infini
de la mesure de référence. A partir de cette nouvelle inégalité nous retrouvons en particulier
I’équivalence d’une inégalité T et de l’existence d’un moment carré-exponentiel, dont nous
donnons une autre démonstration, plus directe, en annexe. En application de ces résultats,
nous établissons une variante des résultats de H. Djellout, A. Guillin et L. Wu [46] sur des
imégalités de transport pour des systémes dynamiques aléatoires, sous une condition portant
sur des moments exponentiels. Comme autre conséquence nous retrouvons et généralisons
un résultat de G. Blower [14] relatif a une perturbation d’une inégalité Ts.

Introduction

Let X be an abstract Polish space, and let P(X) be the set of all Borel probability
measures on X ; let d be a lower semi-continuous metric on X, and let p belong to [1, +00).
Whenever p, v belong to P(X), we define

e the Wasserstein distance of order p between p and v by

500) = o ([ atoypar )

where 7 runs over the set of probability measures on X x X with marginals p and v;

115
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e the Kullback information of ;1 with respect to v by

d
Hl) = [ frog v f=:

by convention H (u|v) = 400 if u is not absolutely continuous with respect to v.

Both objects play an important role in a number of problems in probability theory,
where they may be encountered under the names of Monge-Kantorovich distances, or mi-
nimal distances, and relative entropy, or relative H functional. More information can be
found, together with many references, in [111]. For various purposes it is of interest to inves-
tigate whether they can be compared to each other. The most famous such inequality is the
Csiszar-Kullback-Pinsker inequality, which we shall denote CKP inequality for short :
if d is the trivial distance, i.e. d(z,y) = 1,.,, then

2Wi(p,v) = [[p—vllrv < V2H (p|v),

where “T'V” stands for the total variation norm.

Another class of inequalities which has been studied at length is encountered under
the names of Talagrand inequalities, transportation inequalities, or transportation
cost-information inequalities; we shall just denote it by 7},. By definition, a reference
probability measure v satisfies the 7,(\) inequality for some A > 0 if

Vn e PY). W) < 210,
and it satisfies T, if it satisfies T},(\) for some A > 0. In particular, CKP inequality means
that any reference probability measure satisfies T (4) when d is the trivial distance.

We note right away that W, < W, for p < p', so that T, inequalities become stronger
and stronger as p becomes larger. The cases p = 1 and p = 2 are of particular interest.

The study of T, inequalities is a rather old topic [93], which recently received a new
impulse. First, it was pointed out by Marton [77] and Talagrand [106] that these inequalities
are a handy tool in the study of concentration of measure [68]; in particular, Talagrand
showed how to take advantage of the good tensorization properties of inequality 15, to
establish concentration in product spaces. At the same time, he established the validity of
T, for the Gaussian measure, which justifies the terminology of “Talagrand inequalities”.
On the other hand, recent developments of the theory of optimal transportation led to
new connections between these inequalities and other classes of functional inequalities with
a geometric content, in particular logarithmic Sobolev inequalities. For instance, the
main result in [88] is that a logarithmic Sobolev inequality implies a Ty inequality (and the
converse is also true under some convexity assumption). Various proofs and variants of these
results, together with a detailed discussion, can be found in [16, 88, 111].

On the other hand, the works by Bobkov and Gétze [17], and Djellout, Guillin and Wu [46]
suggest that there is still room for investigation in an abstract Polish space setting, without
any underlying geometric structure. More precisely, given a reference probability measure v,
one of the main results proven in these references is the equivalence between
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1. v satisfies a T} inequality;

2
2. there exists A such that / @ =[ 1@ dv@) gy, (z) < ez for any real ¢ and Lipschitz

function f with Lipschitz seminorm 1;

3. v admits a square-exponential moment, i.e. /e”‘d(””’y)2 dv(z) is finite for some a > 0

and some (and thus any) y.

Notice how tractable is this criterium for 7 : for instance, the validity of a logarithmic
Sobolev inequality depends on subtle properties of the reference measure, which imply not
only the existence of a square-exponential moment, but also — among other features which
are still poorly identified — strict positivity, in a quantitative way which has not been made
precise so far (see however [39] for important progress in that direction). Djellout, Guillin
and Wu explored various applications of their result, including 7} inequalities in path space
for solutions of stochastic differential equations, or 7T} inequalities in large dimension for
random dynamical systems under adequate assumptions of weak dependence.

The purpose of this paper is twofold.

On one hand, we shall establish a generalization of the CKP inequality, allowing for a
weight in the total variation. How much weight is allowed will depend on the decay of the
reference measure. In that generalization, the optimal constant 4 will be lost, but this will
be more than compensated by the gain of precision brought by the weight. In view of the
large range of applications of the usual CKP inequality, we do hope that this generalization
can be of interest in various contexts.

On the other hand, we shall point out that, instead of considering CKP inequality as just
a particular case of 717, it is possible to establish many general comparison results between
W, and H by studying the weighted CKP inequality. In particular, we shall recover in a
straightforward way (and with improved constants) the above-mentionned result according to
which a square-exponential moment implies 77. Then we shall establish a variant of the result
by Djellout, Wu and Guillin [46] about random dynamical systems, in which assumptions
are only expressed in terms of exponential moments. Not only are these conditions easier
to check, but they also allow for more generality. Also, we shall establish weakened versions
of T1 and 75 inequalities, in which the square-root on the right-hand side is replaced by a
combination of powers, and which are satisfied with quite a bit of generality, under just decay
assumptions on the reference measure. Among them is a generalization of an unpublished
partial result by Blower [14] about the perturbation of 75 inequalities.

The plan of the paper is as follows. In section 4.1, we state our weighted CKP inequality
and derive from it various applications to the study of 7}, inequalities and their variants. In
section 4.2, we give a detailed proof of the weighted CKP inequality and in section 4.3 we
show how our results can be applied to the study of discrete-time processes. Finally, in the
appendix, we give another proof of the equivalence between a T} inequality and the existence
of a square-exponential moment.
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4.1 Main results

Working in a Polish space is a natural assumption when handling Wasserstein distances,
because it is sufficient to derive all the well-known and useful properties of these distances,
in particular their relation with the weak topology [111]. However, for all the results in this
section, no use will be made of completeness or separability, and so we state the results with
more generality.

In the sequel, the notation ¢(u — v) is a shorthand for the signed measure ou — pv.

Theorem 4.1 (weighted CKP inequalities). Let X be a measurable space, let p, v be
two probability measures on X, and let p be a nonnegative measurable function on X. Then

6 el < (5108 [ @4 avw)) (VAR + L)
(ii) e (p=v)lrv < V2 (1 + log/@o(m)2 d’/(f)) " VH(pv).

Remarks 4.2. 1. The assumption / e dv < +oo is always stronger than the assumption

X
[y €*¥dv < 400, so the inequality (i) above always applies in more generality than (ii).
Further note that if we choose ¢ =1 in (ii), we recover the usual CKP inequality

I = vy < e/ H(ulv)

with the non-optimal constant ¢ = 2 instead of V/2. This shows that the constants on the
right-hand side of (ii) cannot be improved by more than a factor v/2. Although we worked
quite a bit to decrease this numerical constant, it is likely that one can still do better, at least
by replacing [ e’ with i e*?*. Note though that the optimal constant v/2 can be recovered
by writing our proof again in the particular case ¢ = 1, as it shall be pointed out in section
4.2.

2. Let us discuss very briefly the sharpness of the orders of magnitude in the above
inequalities. When p is very close to v, the Kullback information can be approximated by
a weighted squared L? norm, which shows that it is natural to expect a term in /H (u|v)
(as opposed to another power of H) in the right-hand side. On the other hand, consider the
situation when X = R", and the reference measure v is the standard Gaussian distribution ;
choose ¢(z) = §|z| for § < 1/4/2. Then the left-hand side of inequality (i) will be typically
O(y/n) as n — oo, while the right-hand side will be typically O(n). If p(z) = §>_ |z;|//n,
then the left-hand side will be typically O(n), while the right-hand side will be typically
O(n3/?). These examples suggest that Theorem 4.1 still leaves room for improvement for
problems set in large dimension. As we shall see in Section 4.3, this loss of a O(y/n) factor
will put limitation on the validity of measure concentration inequalities that can be deduced
from Theorem 4.1 in large dimension.

We postpone the proof of Theorem 4.1 to the next section, and now list two consequences.
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Corollary 4.3. Let X be a measurable space equipped with a measurable distance d, letp > 1
and let v be a probability measure on X. Assume that there exist xo € X and o > 0 such

that /ead(mo’m)p dv(x) is finite. Then

Vpe PX),  Wy(uv) < C[H(MIV)E + (
where

1 ) ’
C:=2 inf (— (g +10g/604d(m0,x) dl/(ﬁ))) < 400.

ro€X, a>0 \ «v

Corollary 4.4. Let X be a measurable space equipped with a measurable distance d, let p > 1
and let v be a probability measure on X. Assume that there exvist xo € X and o > 0 such

that /ead(mo’m)2p dv(z) is finite. Then
1
Vpe P(X),  Wy(p,v) <CH(plv)?,
where

1 2p ﬁ
C:=2 inf (2— (1 + log/eﬂéd(mo,x) dl/(:L‘))) < 400.
«

zro€EX, a>0

Particular case 4.5. When X is bounded, a simpler bound holds :
Vpe P(X),  Wyluv) < 2%diam(X) H(ulv)%,

where diam(X) := sup{d(z,y); =,y € X}.

Since the proofs of these results are very similar, we only give the proof of Corollary 4.4.
Proof of Corollary 4.4. On one hand it is known [111, Proposition 7.10] that

Whu,v) < 27 Hd(zo, )" (1= v)llzv;

on the other hand the second part of Theorem 4.1 yields

[Vadteo =], < V3 (1410g [ et d”(‘”)m VHG),

This concludes the argument. O

We now focus on some particular cases of interest, namely for p = 1 and p = 2 under
assumptions of exponential moments of order 1, 2 and 4.
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Corollary 4.6. Let X be a measurable space equipped with a measurable distance d, let v be
a reference probability measure on X, and let xy be any element of X. Then

(i) ]f/ @) 4y (1) < 400 for some o > 0, then there is a constant C such that
X

Vi P(X),  Wilnv) <C (H(ulv) + Hu))

(1) [f/ @00 qu (1) < 400 for some o > 0, then there is a constant C such that
X

Vpe P(X),  Wi(u,v) < C~VH(ulv);
pe PX),  Walnv) < C |VHGI) + H(uv)].
In particular, v satisfies Ty .

(iii) ]f/ ed(zo2)! dv(z) < +oo for some o > 0, then there is a constant C' such that
X

Vp € P(X),  Waluv) < CH(ulv)i.

Remark 4.7. Part (ii) of this corollary contains the result that the existence of an expo-
nential moment of order 2 implies a 77 inequality ; according to [17], the converse is true, so
this criterion is optimal. To compare these various results in practical situations, it is good
to keep in mind the following elementary lemma, :

Lemma 4.8. Let X be a measurable space equipped with a measurable distance d, let p > 1
and let v be a probability measure on X . Then the following three statements are equivalent :

1. there exist xy € X and a > 0 such that /e“d(mo’x)p dv(x) is finite;
2. for any xoy € X, there exists a > 0 such that /eo‘d(xo’x)p dv(z) is finite;

3. there exists a > 0 such that // @V dy(x) du(y) is finite.

Moreover,

2
: ad(zo,z)P < ad(x,y)P < : a2P~1d(zg,x)P )
mtrég(/e dv(z) < //e dv(x) dr(y) < (mtrg(/e dl/(l‘))

Remark 4.9. The following two results can be deduced from the equivalence between the
existence of an exponential moment of order 2 and a T} inequality :

1. Let pu be a probability measure on a Polish space X, satisfying 7. Then so does any
probability measure v = hu, where h is a u-almost surely bounded measurable function
on X.
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2. Let p be a probability measure on R¢ satisfying 7. Then so does its marginal (via
orthogonal projection) on any hyperplane of R

Remark 4.10. Part (ii) also generalizes the perturbation result proven by Blower, who
showed in [14] that an inequality of the form W, < C(H'Y/? + H'*) holds true when v is
bounded from above and below by constant multiples of a reference measure v, satisfying
T5. In fact, if vy satisfies T5, then it also satisfies T4, so it has a finite square-exponential
moment, and so does v if it is bounded above by a constant multiple of 1.

Remark 4.11. Let v be a reference probability measure having finite exponential moments
of order p; how far is it from satisfying 7}, 7 The preceding results indicate that the answer
is very different for p = 1 and p = 2. If T} is not satisfied, this means that the decay of v at
infinity is not fast enough, and the T} inequality usually fails for large values of the Kullback
information. On the contrary, if 75 is not satisfied, this is not necessarily just for a question
of fast decay (remember that 75 implies strict positivity), and the T5 inequality usually fails
for small values of the Kullback information. In particular, it is no wonder that we did not
manage to recover 75 inequalities with our arguments taking into account only the decay of
V.

4.2 Proof of the main inequalities

We shall now present detailed proofs of the main inequalities in Theorem 1.

Proof of Theorem 4.1.
Without loss of generality, we assume that p is absolutely continuous with respect to v,
with density f. We set v := f — 1, so that

po=(1+u)y;

we note that v > —1 and / udr = 0. We also define
X

h(v) == (1+v)log(l+v)—wv, v € [—1,+00)
so that
H(plv) = / h(u) dv. (4.1)
X
We note that h > 0.
We start with the proof of inequality (i), splitting the weighted total variation as

/(pd\u—l/\ :/go\u\dy:/ gp\u\du—l—/ pudy. (4.2)
{~1<u<a} {u>4}

We shall estimate both terms separately, first bounding the first term (u < 4) in (4.2).
By Cauchy-Schwarz inequality,

1/2 1/2
/ o luldv < (/ g02d1/> (/ u2du> :
u<4 u<4 u<4
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On the other hand, from the elementary inequality
—1<v<4 = v <4h()

(a consequence of the fact that h(v)/v is nondecreasing) we deduce

/ w?dv < 4/ h(u) dv.
u<4 u<4

Combining this with the nonnegativity of h and (4.1), we find

[L§4¢|U|du <2 (/X @ du)l/2 (/X h(u) du) v =2 (/X ©? du)l/2 H(ulv)'2. (4.3)

Since the function t — ¢2V7 is increasing and convex on [1/4,400) we can write

exp (2“/}(902@/) < exp (2\//)((g0+1/2)2du> S/Xexp (2 (g0+1/2)2> dv
:/Xew“dy.
2”/)<S02dy <1+ log/ewdu;

if we plug this into (4.3), we conclude that

/ o luldv < (1 + log/ e%? dl/) H (plv)"2. (4.4)
u<4 X

We now turn to the estimate of the second term (u > 4) in (4.2). By applying the
Young-type inequality

In other words,

wé < wlogw —w + €* (w>0,§ €R) (4.5)

with w = u(z) and £ = p(z) — Z, where Z is a nonnegative constant to be chosen later, we
find

u(z)p(z) < u(x)logu(z) —u(x) + e? D=2 4+ Zu(x)

< h(u(x)) + (inf \/h(v)>1 e?@=2\ h(u(z)) + Zu(z)

v>4

on {u(z) > 4}. By integration, we deduce

/ updy < / h(u)du—i—\/E/ e“’Z\/h(u)dl/—i-Z/ udy,
u>4 u>4 u>4 u>4
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where . | |
b= (infh(0) = M) <1

By Cauchy-Schwarz inequality again,

/u>4 e? % \/h(u)dv < \//X e2(0=2) dy \//u>4 h(u) dv = \//X e2e=2) dy \/H (u|v).

Finally, from the inequality

v>4 = v <4k h(v)

we deduce

/ udy < 4k/ h(u)dv < 4kH (p|v).
u>4 u>4

Our conclusion is that, for any constant Z > 0,

/>4g0udl/ < (1+4k2)H (plv) + \/EH/XBQ(W—Z) dv /H (ulv). (4.6)

We now choose Z in such a way that
/ 2= dy = 1;
X

1
Z = §log/62‘pd1/20.

in other words,

Plugging this into (4.6), we conclude that
/ pudry < <1 + leog/e%" du) H(pulv) + Vi /H(ulv). (4.7)
u>4

3 1
Now inequality (i) follows from (4.4) and (4.7) upon noting that 1+ vk < 3 and 2k < 5

We next turn to the proof of (ii). Although the decomposition (4.2) and the same kind
of argument would also lead to the result, we prefer to proceed as follows.
Since h(0) = h'(0) = 0, by Taylor’s formula with integral remainder, we can write

b1t
h(u):u2/ dt,
o 1+tu

H(uly) = /X/Olwdy(x)dt.

1+ tu(x)

and thus
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On the other hand, by Cauchy-Schwarz inequality on (0,1) x X

i
<[ -] [[]

( / ¢|u|dy)2 < CH(uly)

//(1 0 (L) it .

</01(1 —t)dt>2

We decompose the numerator as follows :

//(1—t)(1+tu)g02dudt: /(l—t)tdt /(1+u)¢2du+ /(l—t)th/gonu

1 1
= é/apZd,u + g/chdl/. (4.9)

From the convexity inequality

2

|u|2dudt}

thus

where

/gpQ dp < H(ulv) +10g/e“"2 dv, (4.10)

(a well-known consequence of (4.5), see for instance [68, eq. (5.13)]) and Jensen’s inequality,
in the form

/@2 dv < log/e“’2 dv, (4.11)

we deduce that the right-hand side of (4.9) is bounded above by

1 1 2
6H(u|u)+§log/e“" dv.

Plugging this into (4.8), we conclude that

(/gp Jul du)2 < (§H+ QL) H, (4.12)

where H stands for H(u|v) and L for log / e du.
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The preceding bound is good only for “small” values of H. We now complement it with
another bound which is relevant for “large” values of H. To do so, we write

(/¢|u|dy)2g /¢2|u|d1//|u|d1/
<(fue o) (fore [ o)

<(H+2L)2

where we have successively used Cauchy-Schwarz inequality, the inequality |u| < 1+ u +1
on [—1,+00) (which results in |u| v < g+ v), and finally (4.10) and (4.11).

Combining this with (4.12), we obtain

(/wmeQSmm<@Hx§+LymH+zm).

From the elementary inequality

min(at® + bt, t +d) < Mt, M:%{1+b+\/(b—1)2+4ad}
we get
[ eluldv < my/Hul)
where
m < \/1+L+\/(L—1)2+§L <V2VL+1
This concludes the proof. O

Remark 4.12. If ¢ = 1, we can replace the inequality (4.10) by just [ du = 1; then the
first part of the proof of (ii) becomes a proof of the usual CKP inequality, with the sharp
constant \/5

4.3 Application to random dynamical systems

Let now be given a Polish space X, an arbitrary element xy € X and a set of conditional
Borel probability measures (Pg( - [2571)) -1 xk-1 p>1, depending on 2871 = (z4,...,24_1) €
X*=1in a measurable way. We interpret x as the (deterministic) initial position of a random
dynamical system (Xj)gen, with values in X, and Py( - |2*7!) as the law of X}, knowing
that Xy = 79 and (X,...,X;_1) = 2¥71. The question is whether it is possible, knowing
some nice bounds on the conditional probability measures, to get a T} inequality for the law
P"of (Xy,...,X,) on X" with a nice dependence on n.

Let us first assume that all the conditional probability measures satisfy a T} inequality,

say with a uniform constant. In the context of independent random variables, it is rather
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easy [68, p. 122] to show that P" satisfies T7(A\) for A™! = O(n), and that this is sharp in
general. Now we want to know whether the same behavior is generic for dependent random
variables. Some results in that direction have been obtained by Marton and by Rio; they
are summarized and slightly improved in [46]. In those references it is shown that if each
Py( - |2*71) satisfies Ty (k) for some fixed x > 0, and the random dynamical system is weakly
dependent, in the sense that the future does not depend too much on the present, then
the answer is positive. See [46, Section 4] for precise assumptions. For instance, a sufficient
condition is that the dynamical system is Markovian and that the map

o1 = Po( - |27
is L-Lipschitz from X to P(X), equipped with the W distance, uniformly in k, for some
L <1

In the present section, we shall establish a variant of this result under a different set of
assumptions, which seems to be easier to check in practical situations, because it is expressed
in terms of exponential moments with respect to a given origin point (which we chose,
arbitrarily, as the starting point of the dynamical system). What will make our argument
work (in a very straightforward way) is the simple and explicit dependence of the constants
in Theorem 4.1 upon n when X is replaced by X".

In the sequel we consider a Polish space X, equipped with a measurable distance d, x¢ an
arbitrary element in X, and (Py(-|2*7")) k-1 xr-1 x> a family of Borel probability measures
on X, depending on z*71 := (zy,...,7,_1) € X*7! in a measurable way. For all n > 1, we
define the probability measure P™ on X" by

dpn(.'lfl, c. ,.’En) = dP1<.’L'1)dP2<.T2‘SU1) c. dPn<.§Un|LU17 c. ,l‘nfl),

and equip X" with the distance D defined by

D(l‘,y) - DQ(ZL‘,?/) =

There is an important difference with the above-mentioned works, namely the choice of
the distance on the product space X" : instead of D,, they consider the distance

Dy(z,y) = Z d(@k, yr)-
k=1

While D, is often more natural than Dy, the latter is better adapted for arguments involving
tensorization and Lipschitz functions. Of course, D < y/nDsy, so the distance D is stronger
than D, for each finite n, but does not behave similarly in the asymptotic regime n — +oc.
Accordingly, if we try to deduce natural concentration estimates from our results, we typically

obtain
)\ 2
P" > 5] < 2exp (—75)

%Zs@(xk)—/ (%Zs@(m) AP (z")
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for any n > 1 and any Lipschitz function ¢ on X with Lipschitz seminorm 1. The fact that
this bound does not go to 0 as n — oo is probably linked to Remark 4.2 (2).

Theorem 4.13 (7} inequalities for random dynamical systems). With the above
notation, assume the existence of ag > 0, a sequence (zx)k>1 i X and families of nonnegative

numbers (Vi)k>1, (5;)j>1 with

1 n
7 = sup [; ;%

< 400, ﬁZZZﬁj<a07

n>1

Jj>1
such that for all k > 1, 2" 1 € X+1,
k—1
lOg/ eaod(zk,mk)2 dpk(xk|xk—1) S’}/k—i_Zﬁ] d(Zkfj,Skaj)z-
X =

Then, there exists A > 0 such that for alln > 1, P™ satisfies Ty(\/n).

Particular case 4.14. Consider a homogeneous Markov chain on X with transition kernel
P(dy|x). Assume the existence of (zg,yo) € X x X, g > 0, 5 < g and C' < 400 such that

Vo e X, / e Wwow)* p(dy|z) < Cel Uwon)”, (4.13)
X

Then there exists A > 0 such that for all n > 1, P™ satisfies T1(\/n).

Remark 4.15. If Condition (4.13) is satisfied for some choice of (zg,yo, @, 3,C), then
for any o < ag and (z{,y)) € X x X we can find /' € [, ), C' < +oo such that
Condition (4.13) is satisfied for (z{, vy, o, 5, C"). Thus the choice of reference points zy and
Yo is arbitrary : for instance, if X = R?, we can choose 0 for both, and the condition becomes

Ja >0, g <a, C<+oo; Vo € R, / W P(dy|z) < CeP 1. (4.14)
R4

Proof of Theorem 4.13. Let a := ay — . Since a < ag, by assumption,

n—1
/ ead(xo,xn)Q Pn(dxn|xn_1) S €xXp (771 + Z ﬁkd(zn—ka xn—k)2> .
X

k=1

In particular,

n—1
/ D" am)? P (da") < e“’"/ exp (Z a+ Br)d znk,xnk)2> P (dz™ ).
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Here 2" = (z1,..., z,); note that a + O < ap for all k, and in particular we can repeat the
argument with n — 1 in place of n. Using an induction argument, one easily shows that

/ eaD(:L'",zn)Q Pn<dl‘n) S 622:1 YE S en’y.

In particular,

log/ e L@ pr(de™) = O(n),

and we conclude by applying the results presented in section 4.1. O

As examples of application we now consider the following two particular cases :

Example 4.16. Let (X;) be a Markovian dynamical system on a Polish space X, with
transition kernel P( - |z) such that
(i) P( - |z) satisfies T} (\) for a constant A independent of x;
(ii) the map x +— P(-|x) is L-Lipschitz from X to P(X), equipped with the W} distance,
with L < 1.
Then there exist @ > 0 and # < « such that for any zg,yo € X, there exists 7 < +00
such that

log/ e w00 P(dy|z) < v+ Bd(xo, 7)?
X

for all x € X. In particular the hypotheses of Theorem 4.13 hold in view of the Particular
case 4.14.

Example 4.17. Let (X;)ren be a dynamical system on R such that the hypotheses of [46,
Theorem 4.1] hold, that is, with the notation introduced above,
(i) there exists some constant A such that

Wl(V, Pk( . |xk‘fl>> < \/gH(U‘Pk( . ‘xk71>)

for all k > 1, 257! in (R?)*~! and all probability measures v on R¢;
400

(ii) there exist some nonnegative numbers a; such that Z a; <1 and
j=1

k—1

Wi(Pe( - 2571, P - 1350) < ) aslaey — Fn

J=1

for all k > 1 and 2%, 781 in (R4)*-L,

Then the assumptions of Theorem 4.13 also hold for this system.

This last example shows that our assumptions are not less general than those in [46].
Note carefully that when we apply Theorem 4.13 to this system, we do not recover such a
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strong conclusion as in [46] because of the choice of distances on product spaces (D; instead
of Dl)

Since the proofs for both Examples 4.16 and 4.17 are similar, we only study the second
example.

Proof of the assertion in Example 4.17. In a first step we prove that for any £ > 1,

oFL 2L in (ROFL 2, in RY, €, > 0 and a < 50 we have

1Og/€a(1—e)|yk—zk2 Py (dy| 257

< L1051 %) 4 (é - 1) (1 T %) (/ T Pk<dtk|z’“‘1>)2

k—1 k-1
1
Z_1)(1+6 iy s — 22
+a(€ )( + )]El:ak j ;l:ak ilzi — 2l

Indeed, the probability measure Py( - |2%71) satisfies 77 ()\) and the map y +— |y — 2z;] is
1-Lipschitz, so by the Bobkov-Gétze formulation of the 77 inequality (see [17, Theorem 1.3]
and [46, Section 1]) we have

/ ollve—svl=f Il Putanle* ] p gy 1251y < L

1—2a/\

(4.15)

A
for any a < 5 2k € R? and z*~! € (RY)k-1,
Let then € be some positive number. Integrating the inequality

2/ 2
+ <g — 1) </ |tk_2k| Pk(dtk|l‘k_1)>
and using (4.15) lead to

2 1 2 1 ?
og [ ext-oimn s paylet ) < ~Giog1-3 0 (2 1) ( [ 1 -l Ptaniet ) )
£

Recall the Kantorovich-Rubinstein formulation of the W distance [111, Theorem 1.14] :

Wi(p,v) = sup (/gdu—/ng)
g 1—Lipschitz

n

(o) l—sl? < ]m—m — [l Pttt

This and Assumption (i), with 2"~! = 2"~ imply

/ ‘f}k — Zk| Pk(dtk‘l’kil) — / ‘f}k — Zk| Pk(dtk|2k71) S W1<Pk< . ,SL’kil), Pk( . ,Zkil))

k—1
< D lay =zl
j=1
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Thus for any positive number &

(/ Itr — 2] P,g(dlt,gp:’“—l))2

< (1 + %) </ |tk — 2] Pk(dtk|2k1))2 +(1+9) (kz_é ag—j |z; — Zj|>

and by Cauchy-Schwarz inequality we can bound this quantity by

] ) 2 k—1 k—1
(13) ([ 1t 2 Bal=b) 10 >y sl = ol

This concludes this first step.

2
)

In the second step, we build the sequence (z;) by the following induction process. Let

z1 be arbitrary in R?; assuming that we have defined 2*~! = (21,..., 2,_1), we let

2k 2:/ tkPk(dtk|zk_1).
R4

Then
2
a (/ |tk — Zk| Pk(dtk|2k1)) S 10g/6atkzk| Pk(dtk|2k71)
o [ el = 24

1
<log ———=
V1—2a/A
thanks to Jensen’s inequality and again the Bobkov-Gotze formulation of the T inequality,
which is satisfied by P( - [2*71).
Now we choose € € (0,1) and § > 0 in such a way that

a(é—l) (1+5>§aj <a(l—¢):

j=1

. 1/2 400 1/4
for instance, ¢ = <Z aj> and § = <Z aj> — 1 will do. Then the assumptions of
j=1 j=1

Theorem 4.13 can be ::hecked to hold for

ap = a(l —¢),

D) G ()

5, ;:a(1—1) (1+%)aj.

€

and
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4.4 Appendix : A direct proof of the characterization of 7} inequa-
lities

According to what is above, a Borel probability measure v on a Polish space (X,d)
satisfies a T inequality if and only if it admits a square-exponential moment. In particular,
if there exist a > 0 and zp € X such that / (@ z0)? dv(z) be finite, then, by Corollary

X
4.4, v satisfies the inequality

Wi(p,v) < C H(pulv)?

1
2 2 2
C:= inf (— <1+ln/ e2d(@0.) du(q:))) :
zo€eX, a>0 \ «v X

1 2
In other words v satisfies T7(A\) with A = sup (— (1 + ln/ead(mo’x) du(x)))

z0€X, a>0 \ &
In this appendix we give a direct proof of this implication (with a slightly worse constant),
based on an idea communicated to us by M. Ledoux.

for all  where

-1

Theorem 4.18. Let v be a Borel probability measure on a Polish space (X,d) such that
/ edl@z0)? dv(zx) be finite for some o > 0 and xg € X. Then v satisfies the inequality
X

Wi(p,v) < C H(pulv)?

for all p where

1
2 ) 3
C:= 3.07 inf (— sup (0.7, ln/ e2d(@0.2) du(m))) .
ro€X, a>0 \ v X

Proof. By the Bobkov-Gotze formulation of the T} inequality it is sufficient to prove that

2,2
/ @ dy(z) < e
X

holds for any ¢t € R and any Lipschitz function f on X with Lipschitz seminorm 1 and zero

mean [ f(x)du(z), where C' is given as in the Theorem.
b

For this purpose we fix such a function f, and let
At) = ln/ e du(z), teR:
b's

in this notation we wish to prove that the inequality

C?¢t?
4

At) <
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holds for any real number ¢, or at least any nonnegative ¢ since we may change f into —f.

1. We let ¢ > 0 to be fixed later on and choose k& > 0 such that

/ (@) dv(z) < e,
X

for instance k* = %inf (%d) where L = ln/ ed(zo,2)* dv(z).

Indeed, by triangular, Young’s, Jensen’s and Holder’s inequalities,
5 2
/ 1@ g (z) = / &L @ ww)]” g
X X
2
< / LS d@naw]” g
b's

S €2k2f d($0,y)2dV(y) / €2k‘2d(1‘,x0)2 dy(x)
X

2 2 2
< (/ €2k d(z,z0) dV(LE))
X

4k?
< </ el(:70)” du(:l:)) T e
X

2. For any p > 1 and ¢t > 0 we have

]_ 1 p2t2 2 r2
At) < —ln/ P @ du () < —ln/ ewz T gy (1)
p X p X

by Hélder’s and Young’s inequalities, so that

pt?
At) < s t

20
k P

W

3. By assumption on f and v, Taylor’s formula ensures that

t2

AG < sup A(s)
s€[0,t]
where
N'(t) < / 2(x) @ du(x)
X
since

/Xetf(m) dv(x) > exp (t /Xf(x) du(m)) =1

by Jensen’s inequality and assumption on f.
But, for any € > 0,

a2 k22
@) < ez o 2

(4.16)

(4.17)



4. INEGALITES DE CKP 133

by Young’s inequality and, for any € > 1/2,

P g el
g — e

by the inequality ex < e*. Hence

) 2
€ st I

2¢e —1 k2

At) <

by (4.16). In particular

2
2
€ 651\2/1 Lo0-1 t

Alt) < 4.1
() = 2¢ -1 k? (4.18)
forany e > 1/2, M >0,/ >0and 0 <t < Mk.
4. From (4.17) and (4.18) it follows that
1 42
At) < — L<—— —>t2 4.1
for all ¢ > 0 if M satisfies
€ Mg 20 p
2e—1°" EEYTER

We try to minimize the coefficient of ¢ in (4.19) by choosing &, p and ¢ (hence M).
5. We actually let ¢ > 1/2 and p > 1 be fixed and we minimize over ¢. For notational

41
convenience we let y = M?/2 and we try to minimize — — + % Letting
Py

€ _ ¢ p
g — ey+20-1 _ ~ Y

for any ¢ > 0, there exists a unique y = y(¢) such that f(l,y(l)) = 0 since %(ﬂ, y) > 0.
Y

1
Moreover @(f) <0 for ¢ > 3
Then the function
4 1 P
)= - — | = il
a(t) py(€)+£ ( 2e—11¢

de 1 eey(f)+2671>

1
has a unique minimum on ¢ > —, achieved for ¢ such that 8 (> — 4/ — ¢ p?y?(¢) = 0. Since

moreover f(¢,y(¢)) = 0, this minimal ¢ satisfies the equation F'(¢) = 0 where

F(f) = € VEVREIta-1 t\e _ b
2e -1 2vV202—1( 4

1
This equation F'(¢) = 0 has a unique solution on ¢ > B since F'(¢) > 0.



134 1T - INEGALITES DE CONCENTRATION

6. As a constant C one can choose

(2 ) Eamie)”

1
with ¢ > 5 solution to F'(¢) = 0.

1 3
We finally try to optimize over p > 1 and ¢ > o) For instance, for p = 3 and ¢ = 3 we
obtain ¢ = 0.677... which gives

C =3.07 (2 sup(0.7, L)) v

This concludes the argument. O

Let us note that this proof is more direct than the one given above, but it is specific to
this transportation inequality, and in the end leads to a slightly worse constant C' (by the
numerical factor 3.07).



Chapitre 5

Inégalités de concentration pour des
variables dépendantes

Ce chapitre correspond a larticle [15] écrit en collaboration avec Gordon Blower et soumis
pour publication.

Nous considérons dans ce chapitre des processus stochastiques a temps discret et a va-
leurs dans un espace polonais abstrait, et donnons des conditions suffisantes sur la distri-
bution initiale et les mesures de transition pour que la loi jointe du processus vérifie des
mégalités de concentration gaussienne ou de transport, ou encore une inégalité de Sobolev
logarithmique dans le cas ou 'espace d’état est l’espace euclidien R™. Dans de nombreuz cas
lordre de grandeur des constantes obtenues est optimal en le nombre de variables aléatoires
considérées. Dans certains cas ces constantes sont méme indépendantes du nombre de va-
riables, étendant ainsi a des variables faiblement dépendantes des résutats connus pour des
variables indépendantes.

Introduction

Given a complete and separable metric space (X, d), Prob(X) denotes the space of Radon
probability measures on X, equipped with the (narrow) weak topology. We say that p €
Prob (X)) satisfies a Gaussian concentration inequality GC(k) with constant x on (X, d) if

/X exp(tF (x))u(dr) < exp(1 /

X

F(z) pld) + K 2 /2) (t € R)
holds for all 1-Lipschitz functions F' : (X,d) — R (see [17]). Recall that a function g :
(Q,dy) — (922,d2) between metric spaces is L-Lipschitz if dy(g(z), g(y)) < Ldi(x,y) holds

for all =,y € €, and we call the infimum of such L the Lipschitz seminorm of g.

135
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For k > 1 and z1,...,2, in X, we let 2® = (z,,...,2;) € X* and, given 1 <
s < 00, we equip the product space X* with the metric d®) defined by d®)(z®) y*)) =

(Ef:l d(z;,y;)%)"* for ™ and y® in X*.

Now let (§;)}_, be a stochastic process with state space X. The ﬁrst aim of this paper is to
obtain concentration inequalities for the joint distribution P of £ = (&,...,¢,), under
hypotheses on the initial distribution P(\) of & and the conditional distributions py(. | 2*~1)
of &, given £*~Y; we recall that P™ is given by

P (dz™) = p,(dz, | 27V) ... pa(day | 1) PY (dxy).

If the (&;)7—, are mutually independent, and the distribution of each §; satisfies GC(x), then
P™ on (X", d") is the product of the marginal distributions, and inherits GC(nk) from
its marginal distributions by a simple ‘tensorization” argument. A similar result also applies
to product measures for the transportation and logarithmic Sobolev inequalities which we
consider later; see [68, 106]. To obtain concentration inequalities for P™ when (¢;) are
weakly dependent, we impose additional restrictions on the coupling between the variables,
expressed in terms of Wasserstein distances which are defined as follows.

Given 1 < s < 00, Probg(X) denotes the subspace of Prob(X) consisting of v such that
[ d « (0, y)* v(dy) is finite for some or equivalently all o € X. Then we define the Wasserstein
distance of order s between p and v in Proby(X) by

v) = igf(//XXX d(xz,y)’ m(dx dy))l/s (5.1)

where m € Probg (X x X) has marginals m; = p and my = v. Then W defines a metric on
Probs(X), which in turn becomes a complete and separable metric space (see [93, 111]).

In section 5.2 we obtain the following result for time-homogeneous Markov chains.

Theorem 5.1. Let (§;)7_, be an homogeneous Markov process with state space X, initial
distribution P and transition measure p(. | ). Suppose that there exist constants r, and
L such that :

(i) PY and p(. | z) (x € X ) satisfy GC(k1) on (X,d) ;

(ii) x — p(. | ) is L-Lipschitz (X, d) — (Prob; (X), W).
Then the joint law P™ of (&1, ...,&,) satisfies GC(ky) on (X™,dY), where

n m—1

en S0y

m=1 k=0

In Example 5.15 we demonstrate sharpness of these constants by providing for each value
of L a process such that x, has optimal growth in n.

Concentration inequalities are an instance of the wider class of transportation inequalities,
which bound the transportation cost by the relative entropy. We recall the definitions.
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Let v and p be in Prob(X), where v is absolutely continuous with respect to u, and
let dv/du be the Radon—-Nikodym derivative. Then we define the relative entropy of v with

respect to p by
dv
H(v | p :/log—dl/;
im= | 085

note that 0 < H(v | u) < oo by Jensen’s inequality. By convention we let H(v | ) = oo if v
is not absolutely continuous with respect to p.

Given 1 < s < oo, we say that © € Probg(X) satisfies a transportation inequality T(cv)
for cost function d(z,y)®, with constant «, if

1/2

Wil ) < (ZHO | )

for all v € Prob(X).

Marton [77] introduced T; as ‘distance-divergence’ inequalities in the context of informa-
tion theory ; subsequently Talagrand [106] showed that the standard Gaussian distribution
on R™ satisfies T»(1). Bobkov and Gotze showed in [17] that GC(k) is equivalent to Ty (1/k);
their proof used the Kantorovich-Rubinstein duality result, that

Wi(n.0) = sup { | rputan) - [ ) vt

where p,v € Prob;(X) and f runs over the set of 1-Lipschitz functions f : X — R. A
v € Prob(X) satisfies a T} inequality if and only if v admits a square-exponential moment ;
that is, [, exp(B8d(z,y)?)v(dz) is finite for some § > 0 and some, and thus all, y € X;
see [23, 46] for detailed statements. Moreover, since Ts(«) implies T,.(«) for 1 < r < s
by Holder’s inequality, transportation inequalities are a tool for proving and strengthening
concentration inequalities; they are also related to the Gaussian isoperimetric inequality as
in [14]. For applications to empirical distributions in statistics, see [81].

Returning to weakly dependent (5]-);-‘:1 with state space X, we obtain transportation
inequalities for the joint distribution P under hypotheses on P() and the conditional
distributions. Djellout, Guillin and Wu [46] developed Marton’s coupling method [78, 79] to
prove T,(a) for P™ under various mixing or contractivity conditions; see also [96], or [23]
where the conditions are expressed solely in terms of exponential moments. We extend these
results in sections 5.1 and 5.2 below, thus obtaining a strengthened dual form of Theorem
5.1.

Theorem 5.2. Let (§;)7_, be an homogeneous Markov process with state space X, initial
distribution P and transition measure p(. | x). Suppose that there exist constants 1 < s < 2,
a >0 and L > 0 such that :

(i) PY and p(. | z) (xv € X ) satisfy Ty(a) ;

(ii) x — p(. | x) is L-Lipschitz (X, d) — (Probs (X), Wy).
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Then the joint distribution P™ of (&y,...,&,) satisfies Ty(aw,), where

nt=@/9(1 — LY#)2q if L<1,

. 6(2/5)_2<n_(2/5)_1o{ Zf L = 1’
n = L—1\2 a .

' > 1;

(es—lL"> n+1 if ’

in particular o, is independent of n for s = 2 when L < 1.

Our general transportation Theorem 5.4 will involve processes that are not necessarily
Markovian, but satisfy some a hypothesis related to Dobrushin—Shlosman’s mixing condition
(see [79, Definition 2] for instance). When X = R™, we shall also present some more com-
putable version of hypothesis (ii) in Proposition 5.5, and later consider a stronger functional
inequality.

A probability measure p on R™ satisfies the logarithmic Sobolev inequality LSI(a) with
constant a > 0 if

/Rmf2log<f2//Rmf2du)dug g/Rm IV f1% dpe

holds for all f € L?(du) that have distributional gradient V f € L?(du; R™). Given (a;) € R™,
let [(ar)lles = (325 lanl*) !/ for 1 < s < oo, and ||(ax) e = supy < ax|-
The connection between the various inequalities is summarized by

LSI(a) = Th(a) = Ti(a) & GC(1/a); (5.2)

see [17, 88, 111]. Conversely, Otto and Villani showed that if u(dz) = e~V® dz satisfies
Ty(a) where V : R™ — R is convex, then u also satisfies LST(«/4) (see [16, 88, 111]; but
this converse is not generally true, as a counter-example in [39] shows.

Gross [58] proved that the standard Gaussian probability measure on R™ satisfies LSI(1).
More generally, Bakry and Emery [8] showed that if V' is twice continuously differentiable,
with Hess V' > al,, on R™ for some a > 0, then u(dr) = e~V ® dx satisfies LSI(«); see for
instance [112] for extensions to this result. Whereas Bobkov and Gotze [17] characterized in
terms of their cumulative distribution functions those u € Prob(R) that satisfy LSI(«) for
some «, there is no known geometrical characterization of such probability measures on R™
when m > 1.

Our main Theorem 5.10 gives a sufficient condition for the joint law of a weakly dependent
process with state space R™ to satisfy LSI. In section 5.5 we deduce the following for
distributions of time-homogeneous Markov processes. Let 0/0x denote the gradient with
respect to x € R™.

Theorem 5.3. Let (§;)7_; be an homogeneous Markov process with state space R™, ini-

tial distribution PY) and transition measure p(dy|x) = e @Y dy. Suppose that there exist
constants o« > 0 and L > 0 such that :



5. INEGALITES POUR DES VARIABLES DEPENDANTES 139

(i) PY and p(. | z) (x € R™) satisfy LSI(a) ;
(i1) u is twice continuously differentiable and the off-diagonal blocks of its Hessian matriz
satisfy

2
Jgwayll <+
Oxoyll —
as operators (R™, (%) — (R™, (?).
Then the joint law P™ of the first n variables (&1, .. .,&,) satisfies LSI(avy,), where

( —L 2
a
a
_ f L=
M =N n(n+1)e—1) i @
a2 [? — o? . T

J— - @ > .
\ (L) ae(n+1) i @

in particular o, is independent of n when L < «.

The plan of the paper is as follows. In section 5.1 we state and prove our results on
transportation inequalities, which imply Theorem 5.2, and in section 5.2 we deduce Theorem
5.1. In section 5.3 we prove LSI(«) for the joint distribution of ARMA processes, with «
independent of the size of the sample. In section 5.4 we obtain a more general LS, which we
express in a simplified form for Markov processes in section 5.5. Explicit examples in section
5.5 show that several of our results have optimal growth of the constants with respect to n
as n — 00, and that the hypotheses are computable and realistic.

5.1 Transportation inequalities

Let (&), be a stochastic process with state space X, let pi(. | *~1) denote the tran-
sition measure between the states at times & — 1 and k, and let P(™ be the joint distribution
of €™ . Our main result of this section is a transportation inequality.

Theorem 5.4. Let 1 < s < 2, and suppose that there exist a; > 0 and M > py > 0
(¢=1,...,n) such that :

(i) PY and pp(. | 2*V) (k=2,...,n; 25D € X*k=1) satisfy T,(a) on (X, d);

(i) 2%V pp(. | 2%V 4s Lipschitz as a map (X*1,d®)) — (Prob, (X), W) for
k=2,...,n, in the sense that

N

-1

Walpr( 1 2™) e [y * ) < ) oy d(ayyy) (@570, e XET,
1

<.
Il

Then P™ satisfies the transportation inequality Ty(cv,) where

oo ()
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Suppose further that
(iii) Sy < .
Then the joint distribution P™ satisfies Ty(cv,) where

'~/ (1 — RY#)2q if R <1,
) etz 4 1)@ if R=1,
On = R—1\2s « R
] > 1.
<es*1R"> n-+1 i

In hypothesis (iii), the sequence (p;,){—] measures the extent to which the distribution of
&, depends upon the previous &, _1,&,_9, ... ; o in most examples (pk)z;% is decreasing.

A version of Theorem 5.4 was obtained by Djellout, Guillin and Wu, but with an explicit
constant only when R < 1; see [46, Theorem 2.5 and Remark 2.9]. Theorem 5.4 also improves
upon section 4 of [23]|, where the assumptions were written in terms of moments of the
considered measures.

The Monge-Kantorovich transportation problem involves finding, for given u, v € Prob(X),
an optimal transportation strategy in (5.1), namely a 7 that minimises the transportation
cost ; a compactness and semi-continuity argument ensures that, for suitable cost functions,
there always exists such a w. We recall that, given u € Prob(X), another Polish space Y
and a continuous function ¢ : X — Y, the measure induced from u by ¢ is the unique
v € Prob(Y) such that

/Y F(y)v(dy) = /X F(el)ulz)

for all bounded and continuous f : X — R. Brenier [28] and McCann [82] showed that if 1z and
v belong to Probs(R™), and if moreover p is absolutely continuous with respect to Lebesgue
measure, then there exists a convex function ® : R™ — R such that the gradient ¢ = V®
induces p from v and gives the unique solution to the Monge-Kantorovich transportation
problem for s = 2, in the sense that

/R V() — alf p(dr) = Wl v

Further extensions of this result were obtained by Gangbo and McCann [52] for 1 < s < 2,
by Ambrosio and Pratelli [4] for s = 1, and by McCann [83] in the context of compact and
connected C3-smooth Riemannian manifolds that are without boundary (see also[111]).

Proof of Theorem 5.4. In order to give an explicit solution in a case of importance,
we first suppose that X = R™ and that P and p;(dz; | 29Y) (j = 2,...,n) are all
absolutely continuous with respect to Lebesgue measure. Then let Q™ € Prob,(R™™) be
of finite relative entropy with respect to P™. Let Q) (dz)) be the marginal distribution
of ) € RI™ with respect to Q™ (dz(™), and disintegrate Q™ in terms of conditional
probabilities, according to

Q(j)(d:(:(j)) = ¢;(dz; | JU(jfl))Q(J‘fl)(dx(jfl)).
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In particular ¢;(. | xU~Y) is absolutely continuous with respect to p;(. | zU~Y) and hence
with respect to Lebesgue measure, for QU~ almost every 20—, A standard computation
ensures that

HE@E™ [ P™) = H(@QY|PY) (5.3)

n

, 201 201 G=1) (gD
+Z/RMMH<%<.| ) [ p( [2U79)) QU1 (dali~Y)

When the hypothesis (i) of Theorem 5.4 holds for some 1 < s < 2, it also holds for s = 1.
Consequently, by the Bobkov-Gétze theorem, PY and p;(dz; | U~Y) satisfy GC(k) for
k = 1/a, and then one can check that there exists & > 0 such that

| explellaE) PO () < oc
RrRmM

and likewise for p; ; compare with Herbst’s theorem [111, p. 280], and [17, 46]. Hence Q™) and
qj(dx; | 2U7D) for QU—Y almost every xU~Y have finite second moments, since by Young’s
inequality

[ el Q@) < HQ® | PO) +1og [ exp(ele ) PO(d) < o0

and likewise with ¢; and p; in place of QY and PW respectively.

Let 6; : R — ]Rm be an optimal transportation map that induces P! (dz;) from
QW (dz,); then for QM every each zy, let x5 +— 0y(xy,z2) induce py(dzy | 61(z;)) from
¢(dzy | 1) optimally ; hence ©®) : R?™ — R?™ defined by O®) (21, 25) = (01 (1), Ox(x1, 25))
on a certain set of full Q® measure, induces P from Q®. Generally, having constructed
O : RI™ — RI™ we let x;1 — 0;,1(xY), 2;,1) be an optimal transportation map that
induces pjyi(dzjyy | OV (2W)) from g1 (dzjq | 29)), for all 210 in a certain set of full QW)
measure ; then we let ©U+D : RU+D™ _, RI™ x R™ be the map defined by

@(j+1)(x(j+1)) — (@(J')<x(j))’ gjﬂ(x(jﬂ)))

on a set of full QUTY measure. In particular ©U+Y induces PU*tY from QU in the style
of Kneser.

This transportation strategy may not be optimal, nevertheless it gives the bound
WAQU P < [ () — 2. () de (5.4

by the recursive definition of @ where we have let

d’f:/ 10(2®) — 21 )5.QW (d2x®)) (b =1,...,n).
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However, the transportation at step k is optimal by construction, so

do= [ Wl 1O gl a0 QD). (55)
R(k=1)m

Given a,b > 0,1 < s <2and v > 1, we have (a+b)* < (v/(y—1))*ta® +~°~1b°. Hence
by the triangle inequality, the expression (5.5) is bounded by

0% s—1 B B s _ _
() / Wil |2% ) qe(- | 27) Q%D (a1
Y — R(k—1)m
e [ W 1O, ) Qe ). (56)
By hypothesis (i) and then Holder’s inequality, we bound the first integral in (5.6) by

i — (ﬁ)“(%)“ ( / . Hi ) 4"

Meanwhile, on account of hypothesis (ii) the second integral in (5.6) is bounded by

k—1
o Zpk 31659 = | QD () = Y ey,
7j=1

and when we combine these contributions to (5.6) we have
dk S hk —F’}/Silzpk,j dj. (57)

In the case when the p, are merely bounded by M, one can prove by induction that

k—1
dy < hy + ,ysflMZhj(l + ,ysflM)kfl*j’

J=1

so that

de<2h 14+~ M)" < <Zh2/s) (Z | 4 A5 LA) 2D 2 s))( 2)/2
J=1

by Hélder’s inequality. The first sum on the right-hand side is

(Z h2/5) — ( i )S_l (g) (Q(n | p® )5/2
v—1 «
by (5.3). Finally, setting v = 1+ 1/n, we obtain by (5.4) the stated result

2\s/2(1+ M)"
W@, Py < ()R ot | peoyre
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(iii) Invoking the further hypothesis (iii), we see that T,, = > " | d; satisfies on account
of (5.7) the recurrence relation

m+1
Toe1 <D hj+7 7 'RT,,
j=1

which enables us to use Holder’s inequality again and bound 7;, by

n k
Z(Zh] is Zh_yz is
k=1 j=1 j=1
N 9/2 = _o)\ (2-9)/2
<Z h2/) < Z(’YS 1R)€)2/(2 ))
j=1 ¢=0
for 1 < s < 2. By (5.4) and the definition of 7,, this leads to
s—1 , 0 m7l o\ (2-9)/2 /9 5/2
QP < ()T (S S m)T )T (S | P 6
m=1 /¢=0
s—1 nt 2 5/2
(527) e R (@ ) (5.9
=0

this also holds for s = 2. Finally we select v according to the value of R to make the bound
(5.9) precise. When R < 1, we let v = R™Y/* > 1, so that v"'R = R'/* < 1, and we deduce
the transportation inequality

1-s/2

WL(Q™, Py < (3)3/2(”7

(n) P(n 5/2
2 e P

When R > 1, we let v =1+ 1/n to obtain the transportation inequality

n n)\s 2 8/2 S— —S 1 + 1 n n(871)Rn - 1 n n)\s
WU P < (2) st (G0 JECRITRS

(I1+1/n)*'R—-1
which leads to the stated result by simple analysis, and completes the proof when X = R™.

For typical Polish spaces (X, d), we cannot rely on the existence of optimal maps, but
we can use a less explicit inductive approach to construct the transportation strategy, as in
[46]. Given j = 1,...,n — 1, assume that 7¢) € Prob(X%) has marginals Q) (dz")) and
PU)(dyY)) and satisfies

J
WL(QY), PO < / >,y O (e ).
X4

k=1
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Then, for each (2, y) € X% let 0j,1(. | 29, y)) € Prob(X?2) be an optimal transpor-
tation strategy that has marglnals gjr1(dzjiq | x J)) and pj;1(dy;41 | y9)) and that satisfies

Wi(gj+ (- | SU(j)),ij(- | yD))* = /2 d(@j41,Yj+1)° 0j41(dwjpr dyjan | 2y ).
X
Now we let
70D (dg 0+ gy U+ = o1 (dzjey dyjia | 29y 70) (dg D) dy @),

which defines a probability on X20U+1) with marginals QU+ (dzU+Y) and PUHD (dy+D),
This may not give an optimal transportation strategy ; nevertheless, the recursive definition
shows that

W,(Q™, PM)* < Z/ ([ 299), pi( | y9=)) 70D (daUDdy =)

2(5— 1)

and one can follow the preceding proof from (5.4) onwards. a

Proof of Theorem 5.2. Under the hypotheses of Theorem 5.2, we can take p; = L and
p; =0 for j =2,...,n, which satisfy Theorem 5.4 with R = L in assumption (iii). O

The definition of W not being well suited to direct calculation, we now give a computable
sufficient condition for hypothesis (ii) of Theorem 5.4 to hold with some constant coefficients
pe when (X, d) = (R™, ¢7).

Proposition 5.5. Let uj : Ri — R be a twice continuously differentiable function that has
bounded second-order partial derivatives. Let 1 < s < 2 and suppose further that :

(i) pj(dz; | 297Y) = exp(—u;(2V)) dx; satisfies Ts(a) for some a > 0 and all 29~V €
R(] 1)ym .

)

(ii) there ezists some real number M such that

/ <8uj>J—1 2
su —

m(j_% g I\ Oy / k=11le5
where 1/s' +1/s =1 and 0/0x), denotes the gmdient with respect to xy,.

Then xU~Y — p;(. | 2UV) is \/(M/a)-Lipschitz (RU=D™ (%) — (Proby(R™), Wy).

pi(dx; | x97Y) = M,

Proof. Given 20~ 701 ¢ RU=U™ e let 20V (¢) = (1 — #)z0~D +¢20=D (0 < t < 1)
be the straight-line segment that joins them, and we consider

F) = Wa(pi(- | 2970(0),pi( | 297));

then it suffices to show that f : [0, 1] — R is Lipschitz and to bound its Lipschitz seminorm.
By the triangle inequality and (i), we have

(f(t+5()5—f(t)>2
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<1
=5

< —{Hs 125720+ 8) [y | 29790) + H(ps( | 2970 |yl | 297+ ) |

Wi (p;(- | 299 +8)),p;(. | 297D(1)))?

_ % /m(u]‘(x(j—l)(t +0), ;) — uy(x971 (1), 2;))

{exp(—u; (270 (t), 25)) — exp(—u; (@ (t +8),25)) } da;. (5.10)
However, by the assumptions on u; and the mean-value theorem, we have

Uj(x(jfl)(t +8),25) —uy(zV70 (1), 25)

ou 52 - o - o
—5Z<ax; PUD(0), )t~ ) + o (Hessu, (207 - 3070), (07 - 50-)),

where Hess u; is computed at some point between (V=Y z;) and (2=, x;) and is uniformly
bounded. Proceeding in the same way for the other term (5.10), we obtain

lim sup(f(t i 5; — /) ) / (Z<g§i U=D(#), ), 25 — fik>>2pj(dxj | 2071 (2)).

60—0+

Hence by Holder’s inequality we have

o sup WE+0) = £(0)
6—0+ 0

for 1 < s <2, and likewise with obvious changes for s = 1. By assumption (ii) and Vitali’s
theorem, f is Lipschitz with constant /(M,/a)||z9=Y — zU=Y||s, as required. O

1/2

2/s' . ) .
)" s, |27 0)) s — gt

/s

5.2 Concentration inequalities for weakly dependent sequences

In terms of concentration inequalities, the dual version of Theorem 5.4 reads as follows.

Theorem 5.6. Suppose that there exist k1 >0 and M > p; >0 (j =1,...,n) such that :
(i) PY and p(. | 2%Y) (k =2,...,n; 2%Y € Xk satisfy GO(k1) on (X, d);
(i) 2%V pe(. | V) is Lipschitz as a map (X*~1,dV) — (Prob, (X),W;) for
k=2,...,n, in the sense that

%%} (pk( | 2®=D), pe( | y* D) Zp’f Sd(z;,5) (2D k=D ¢ xk-1y
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Then the joint law P™ satisfies GC(k,) on (X", dY)), where

(1+ M)*™
M? '

Rp = R1

Suppose moreover that
(iii) Y1 py < R.
Then P™ satisfies GC(k,(R)) on (X", dY), where

n

kn(R) = Ky Z (mz_:l Rk>2.

m=1 k=0

Proof of Theorem 5.6. This follows from the Bobkov-Gotze theorem [17] and the bound
(5.8) with s = 1 in the proof of Theorem 5.4. O

Alternatively, one can prove Theorem 5.6 directly by induction on the dimension, using
the definition of GC'

Proof of Theorem 5.6. Under the hypotheses of Theorem 5.1, we can apply Theorem 5.6
with py = L and p; =0 for j = 2,...,n, which satisfy (iii). O

5.3 Logarithmic Sobolev inequalities for ARMA models

In this section we give logarithmic Sobolev inequalities for the joint law of the first
n variables from two auto-regressive moving average processes. In both results we obtain
constants that are independent of n, though the variables are not mutually independent, and
we rely on the following general result which induces logarithmic Sobolev inequalities from
one probability measure to another. For d > 1, let v € Prob(R™) satisfy LS1(«), and let ¢ be
a L-Lipschitz map from (R™, £?) into itself; then, by the chain rule, the probability measure
that is induced from v by ¢ satisfies LST(«/L?). Our first application is the following.

Proposition 5.7. Let Zy and Y; (j = 1,2,...) be mutually independent random variables
in R™, and let o > 0 be a constant such that the distribution PO of Zy and the distribution
of Y; (j=1,2,...) satisfy LSI(«).

Then for any L-Lipschitz map © : R™ — R™, the relation

Zinn=0(Z)+Yin  (=01,...) (5.11)

determines a stochastic process such that, for any n > 1, the joint distribution P~ of
(Z;)5—y satisfies LSI(ow,) where

(1- L) if 0<L<1,
(0%
f L =1
=1 nnine—1n L1
L—1 o

f L > 1.
L™ e(n+1) L=
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Proof. For (z0,y1,...,Yn—1) € R" let v,(20,Y1,-.-,Yn—1) be the vector (zo,...,2,_1),
defined by the recurrence relation

241 = @(Zk) + Yrt1 (]i] =0,...,n— 2). (5.12)

Using primes to indicate another solution of (5.12), we deduce the following inequality from
the Lipschitz condition on © :

l2ke1 = 2hall® < (14 ) L2z — 217 + (1 + e Dllynrr — Yol (5.13)

for all € > 0. In particular (5.13) implies the bound

k _
Iz = 207 < (L +2)L2) 20 — 2617 + (L +7) Y ((1+2)22) 1y — w41>

-

1

J

By summing over k, one notes that ¢,, defines a Lipschitz function from (R™™, ¢?) into itself,
with Lipschitz seminorm

—

L, < (A4 )Y (1 +0)22)")

3

1/2

i

We now select € > 0 according to the value of L : when L < 1, welet e = L™ —1 > 0, so that
L,, < (1—L)~*; whereas when L > 1, we let e = n~!, and obtain L, < [n(n+1)(e—1)]1/?
for L =1, and Ly, <[e(n+1)L"(L—1)"1"2 for L > 1.

Moreover, ¢, induces the joint distribution of (Zj)?;& from the joint distribution of
(Zo,Y1,...,Y,_1). By independence, the joint distribution of (Zy, Y,..., Y, 1) is a product
measure on (R™™, (?) that satisfies LST(«). Hence the joint distribution of (Zj)?;ol satisfies
LSI(a), where a = L% av. O

The linear case gives the following result for ARMA processes.
Proposition 5.8. Let A and B be m x m matrices such that the spectral radius p of A
satisfies p < 1. Let also Zy and Y; (j = 1,2,...) be mutually independent standard Gaussian
N(0, ,) mndom variables in R™. Then, for any n > 1, the joint distribution of the ARMA
process (Z; )] o, defined by the recurrence relation

ZJ+1:AZ]+BY7+1 (.7:0717)7

satisfies LSI(a) where

- (o)’ (ZMWH)
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Proof. By Rota’s Theorem [89], A is similar to a strict contraction on (R™, £2); that is, there
exists an invertible m x m matrix S and a matrix C' such that [|C|| <1and A = ,/pS~'CS;
one can choose the similarity so that the operator norms satisfy

ISHISTHE < Y p 1 A* < oe.
j=0
Hence the ARMA process reduces to the solution of the recurrence relation

which involves the ,/p-Lipschitz linear map © : R™ — R™ : ©O(w) = /pCw. Given n > 1,
the linear map ®,, : R™ — R™", defined to solve (5.14) by

(20, Y15 -+ Yn) — (S20, SBy1, ..., SBYn_1) — (Sz0,521, ..., Szn_1) — (20, 21, - - -, Zn—1)5

has operator norm

1@l < ISTISTHIL = v/p) ™ max{L, || B]I};

moreover, @, induces the joint distribution of (Zy,..., Z,_1) from the joint distribution of
(Zo,Y1,...,Y,_1). By Gross’s Theorem (see [58]), the latter distribution satisfies LSI(1),
and hence the induced distribution satisfies LSI(«), with a = ||®,,| 2. O

Remarks 5.9. (i) As compared to Proposition 5.7, the condition imposed in Proposition
5.8 involves the spectral radius of the matrix A and not its operator norm. In particular,
for matrices with norm 1, Proposition 5.7 only leads to LSI with constant of order n=2;
whereas Proposition 5.8 ensures LS/ with constant independent of m under the spectral
radius assumption p < 1.

(ii) The joint distribution of the ARMA process is discussed by Djellout, Guillin and
Wu [46, Section 3]. We have improved upon [46] by obtaining LSI(«), hence T5(«r), under
the spectral radius condition p < 1, where « is independent of the size n of the considered

sample and the size of the matrices.

5.4 Logarithmic Sobolev inequalities for weakly dependent pro-
cesses

In this section we consider a stochastic process (§;)7_;, with state space R™ and initial
distribution P, which is not necessarily Markovian; we also assume that the transition
kernels have positive densities with respect to Lebesgue measure, and write

dp; = p;(dx; | 297V = e‘“f(”ﬁ(j))d:cj (1=2,...,n).

The coupling between variables is measured by the following integral

Aji(s) = sup / exp<<s, 8—%(:16(])») pj(dx; | 2U7D), (seR™ 1<k<j<n)
R™ Tk

x(j_l)
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where as above 0/0x) denotes the gradient with respect to x; € R™. The main result in this
section is the following.

Theorem 5.10. Suppose that there exist constants o > 0 and Kk, > 0 for 1 <k <j<n
such that

(i) PY and pp(. | 2* V) (k =2,...,n; 21 € RE=Dm) satisfy LSI(a) ;

(ii) Njr(s) < exp(kjx ||s||?/2) holds for all s € R™.
Then the joint distribution P™ satisfies LSI(cv,) with

n—2 n—1

o=+ Ta ) (5.15)

k=0 j=k+1

for all e > 0, where K; = 1—|—€ Zfin ¢n—j/c for j=1,. — 1.
Suppose further that there exist R 2 0 andlpg >0 fort=1,...,n—1 such that
(111) Kjp < pj_i for 1 <k <j<mn, and ni\/@ < VR.

Then P™ satisfies LSI(cv,) where -

if R=a,

oy = n+1 e—l

if R>a.
(R> e(n+1) 1) /

Before proving this theorem, we give simple sufficient conditions for hypothesis (ii) to
hold. When d = 1, hypothesis (i) is equivalent to a condition on the cumulative distribution
functions by the criterion for LST given in [17].

Proposition 5.11. In the above notation, let 1 < k < j and suppose that there exist o > 0
and Ljy > 0 such that

(i) p;(. | 297V satisfies GC(1/a) for all zV=Y € RU~Dm ;

(1) u; is twice continuously differentiable and the off-diagonal blocks of its Hessian matric
satisfy

e
Ox;0xy Il — grk
as matrices (R™, (%) — (R™, (?).
Then
Aji(s) <exp(Liylls)?/(20)) (s €R™).
Proof of Proposition 5.11. Letting s = ||s|| e for some unit vector e, we note that by (ii)
the real function z; — (e, Ou;/0xy) is L;,-Lipschitz in the variable of integration, and that

ou; . 0 -
[ e gyt 1297 = (e [ sy 27) =0
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since p;(. | zU~Y) is a probability measure. Then, by (i),

[ exo((s: 52 potdny | 207) < expl L o] /2)
holds for all zU=Y in RU=Y™ This inequality implies the Proposition. O

Proof of Theorem 5.15. For notational convenience, X denotes the state space R™. Then
let f: X™ — R be a smooth and compactly supported function, and let g; : X"/ — R be
defined by gy = f and by

) ) LN\ 1/2
gi(a" ) = ( /X 951 (@ T py(dnyia | ) (5.16)

for j =1,...,n— 1; finally, let g, be the constant (/ f2apm)z,
b's
From the recursive formula (5.16) one can easily verify the identity

n—1
/X o 1og(f2/ s deP(")>dP(”) -y / P log(g2/g2,,) AP ) (5.17)
=0

Xn=i

which is crucial to the proof; indeed, it allows us to obtain the result from logarithmic
Sobolev inequalities on X.
By hypothesis (i), the measure dp,,_; = p,_j(dz,_; | ("97V) satisfies LSI(c), whence

2 dg; \2 .
/gf- log (g3 /97 1) dpn—j < —/( : ) dp,—;  (j=0,...,n—1), (5.18)
X o Jx

8xn_j

where for j = n — 1 we take dp; = P (dxz;). The next step is to express these derivatives
in terms of the gradient of f, using the identity

1
8gj / af J / 8ung
- dp,, .. .dp, § dpy_s ... dp,_; 5.19
g]axn] Xn_jfaxn]p Pn—j41 — Mgawpe Pn—ir1 (5.19)

which follows from the definition (5.16) of g7 and that of p,,_;. The integrals on the right-hand
side of (5.19) will be bounded by the following Lemma.

Lemma 5.12. Let 0 < { < j <n —1, and assume that hypothesis (ii) holds. Then

5 OUp— 1/2
H/ 9t 5 L dp,_ eH < ge+1(2 Kn—t,n— j/ 97 10g(97/92+1) dpn- e) : (5.20)
Ln—j

Proof of Lemma 5.12. By definition of A,_,,_;, we have

/exp(<s, - Z> log Ap—rn—j(s ))dpn,gg 1 (s € X),
X ox

n—j
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and hence by the dual formula for relative entropy, as in [16, p. 693],

Oy,
/ (<s, €>—logAnfz,nfj(8)>g?de§ / 97 10g(97/971) dpp—e-
X a:L‘n—j X

Then hypothesis (ii) of the Theorem ensures that

Ot Is*
(s, [ Gr=tgtdms) < 5F sy gt + [ ol /) dpus
X O%n—j 2 X
and the stated result follows by optimizing this over s € R™. a

Conclusion of the Proof of Theorem 5.10. When we integrate (5.20) with respect to
dpp—¢—1...dpp—j11, we deduce by the Cauchy-Schwarz inequality that

ou .y
2 n
—d — o.od —
‘/jegea e Pn—r p J+1

1/2
<9 (2 Kn—tn-j /R R 10g(9§/g?+1)dpn—e---dpn—j+1) :
.

Then, by integrating the square of (5.19) with respect to dP™ %) and making a further
application of the Cauchy—Schwarz inequality, we obtain

_ j—1 2
dg; |2 i of 2 14+e1(2 1/2
dP"=i) < (1 dp™ (2nsnshe)
=0
(5.21)
where £ > 0 is arbitrary and hy is given by
he = / , gz? 1og(g§/g§+1)dp<n—f>_
Xn-
From (5.21), which holds true for j = 1,...,n — 1, we first prove the general result given

in (5.15). By (5.18) and the Cauchy—Schwarz inequality again, we obtain from (5.21) the
crucial inequality

hy <di+ K> hy  (G=1,...,n—1)

where we have let

2(1+4¢) Of \%,m -
d] N /Rn(axn]> ap (]—O,...’n 1)’

a
i—1
14+e1% ‘
K, = - Z/{n_g,n_j (j=1,....,n—1).
=0

Since hy < dy and all terms are positive, the partial sums Hy = Zf:o h; satisty the system
of inequalities
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with Hy < dy. By induction, one can deduce that

n—2 n—1

Hyoy <dna+ > dp J] 1+ Ko,

k=0  f=k+1
which in turn implies the bound

n—2 n—1

n1<(1+ZH 1+Kz> d;.

k=0 {=k+1 7=0

Z
,_.

By (5.17) this is equivalent to the inequality

n—2 n—1

/Xn f21og(f2/ . deP(”)>dP(”) < @(HZ 1:[ 1+Kg)/xn IV f|[2dP™.

k=0 (=k+1

Since f is arbitrary, this ensures that P satisfies LSI(a,) with ay, as in (5.15).

(i) The extra hypothesis (iii) enables us to strengthen the preceding inequalities, so

(5.21) leads to the convolution-type inequality

- (me)

forj=1,...,n—1, and hy < dy for 7 = 0. By summing over j we obtain

ihjéidﬁrprg_lZ(ZW\/i)

7=0 7=0 Jj=1 ¢=0

1
hy <dj+ =

k—1

ihjﬁidj e 1(2\/P7> Z

j=0 j=0 =0

Now let R; = (37_, \/pe)? and D; = >5_ dy; then by induction one can prove that

k-1 R
Hy < Dy + Z D; H Ry
=0 =i ©

for k=1,...,n— 1, and hence

n—1

n—2 .
1 -1 n—j—1 1 -1 ¢
= (1 () o (R o

§=0 ¢=0

(5.22)
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since D; < D,,_; and R; < R by hypothesis (iii). We finally select ¢ to make the bound
(5.22) precise, according to the relative values of R and a.

When R = 0, we recover LSI(a) for P™ as expected, since here P™ is the tensor
product of its marginal distributions, which satisfy LST(«).

When 0 < R < «a, we choose ¢ = (y/(a/R)—1)"! > 0so that (1+e " )R/a = y/(R/a) < 1

and hence

- D,_
Hy 1 < Doy Y (Rja)? = 2

Py 1 - V(R/a)

which by (5.17) and the definition of H,_; and D,,_; implies the inequality

/Xn 12 log(fQ/ - deP(N)>dP(") < ﬁ/xu IV f|2dP™.

When R > a, we choose € = n in (5.22), obtaining

2+ 1) (1 4+ 1/n)"(R/a)* — 1 2 1 o(n).
Hor 25 ( (L4 1/n)(Rja) 1 )/X IVAFarT:

as above this leads to the stated result by (5.17). This concludes the proof. O

5.5 Logarithmic Sobolev inequalities for Markov processes

The results of the preceding section simplify considerably when we have an homogeneous
Markov process (fj);-‘zl with state space R™, as we shall now show. Suppose that the transi-

tion measure is p(dy | r) = e @Y dy where u is a twice continuously differentiable function
such that

A(s|z) = /Rm exp((s, %(az,y») p(dy | x) < o0 (s,z € R™). (5.23)

Then Theorem 5.10 has the following consequence.

Corollary 5.13. Suppose that there exist constants kK > 0 and « > 0 such that :
(i) PY and p(. | ) (x € R™) satisfy LSI(a) ;
(ii) A(s | ©) < exp(k||s||?/2) holds for all s,z € R™.

Then the joint law P™ of the first n variables satisfies LS (o), where

(\/_—a/ﬁ)z if k<a,

a, =94 n(n+1)(e—1) for=a
(;) e(n+1) oR>a
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Proof. In the notation of section 5.4, we have u;(z\)) = u(x;_1, x;), so we can take ;; = 0
fork=1,...,7—2,and ;-1 = x for j = 2,...,n; hence we can take p; = x and p; = 0 for
j=2,3,.... Now we can apply Theorem 5.10 (iii) and obtain the stated result with R = «
in the various cases. (In fact (5.21) simplifies considerably for a Markov process, and hence
one can obtain an easier direct proof of Corollary 5.13.) O

Proof of Theorem 5.3.

By the mean-value theorem and hypothesis (ii) of Theorem 5.3, the function y —
(e,0u/0x) is L-Lipschitz (R™, ?) — R for any unit vector e in R™, and hence A(s | x) <
exp(||s]|*L?/(2a)) holds for all s € R™ as in Proposition 5.11. Hence we can take k = L?/a
in Corollary 5.13 and deduce Theorem 5.3 with the various values of the constant. O

Remark 5.14. Corollary 5.13 is a natural refinement of Theorems 5.1 and 5.2. Indeed
LSI(«) implies Ts(cr). Then, in the notation of the mentioned results, suppose that wu is
a twice continuously differentiable function with bounded second-order partial derivatives.
Then, by Proposition 5.5, hypotheses (i) and (ii) of Corollary 5.13 together imply that
the map = +— p(. | ) is (k/a)'/? Lipschitz as a function R™ — (Proby (R™), W), hence
R™ — (Probg (R™), W) as in Theorems 5.1 or 5.2. Similarly Proposition 5.5 ensures that
Theorem 5.10 is a refinement of Theorem 5.4 with, for s = 2,

1 jl/ ou 1L
M < Ms/ao = — su H ]H (dz; 2V~ 1) ) < —
2/ @ x(y‘};) ; rm |1 0Ty, pi{dz; | Z

Note also the similarity between the constants in Theorem 5.4 (iii) and Theorem 5.10 (iii)
when s = 2 and one rescales R suitably. In Example 5.15 we show these constants to be
optimal.

Example 5.15. (Ornstein—-Uhlenbeck Process) We now show that the constants x,, of Theo-
rem 5.1 (or Theorem 5.6(iii)) and «,, of Corollary 5.13 have optimal growth in n. For this
purpose we consider the real Ornstein—Uhlenbeck process conditioned to start at x € R,
namely the solution to the It stochastic differential equation

Az = —pzPdt +dBL,  (t>0)

where (Bt(o)) is a real standard Brownian motion starting at 0, and p € R. In financial
modelling, OU processes with p < 0 are used to model stock prices in a rising market (see
[51, p. 26] for instance). More precisely we consider the discrete-time Markov process (£ i)

defined by &; = Z](.f) where 7 > 0, and test the Gaussian concentration inequality with the
1-Lipschitz function F, : (R", (') — R defined by F),(z(™) = > i1 Ty
The exponential integral satisfies

n

/ exp (an(a:("))) P™(dz™) =E exp (an(é(”))) =E exp (s Z Z;?). (5.24)

Jj=1
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This sum can be expressed in terms of the increments of the OU process

n—1 n—j—1

ZZ“” Z@’ +Z > 0 (250, = 02,7)
J= i=

with 8 = e7?". Moreover one can integrate the stochastic differential equation and prove that
(Z((ﬁl) —0Z ](f))ogkgn—l are independent random variables each with N(0,c?) distribution,
where 02 = (1 —6%)/(2p) when p # 0, and 0> = 7 when p = 0. Hence the exponential

integral (5.24) equals

n—1 n—j—1

eXp( Z@Z )HEeXp[ ( Z 01> Z(ﬁl)T —QZJ(»f))] :eXp(SEFn(f("))+32/{n/2)

where
-1 n—j-—1

Z( ) (5.25)

=0 =0
However, hypothesis (i) of Theorem 5.1 holds with L = @, since P(!) with distribution
N(x,0?%) and p(. | ) with distribution N(0x,0?) satisfy GC(k;) where x; = o2, while
hypothesis (ii) is satisfied with

Wi(p(. | z),p(. | 2')) = Wi(N(0z,0%), N(0z', 0%)) = 0|z — 2’| (z,2' € R). (5.26)

Hence the constant x,(L) given by Theorem 5.1 is exactly the directly computed constant
Kn in (5.25), in each of the cases L = 1, L > 1 and L < 1, corresponding to p =0, p < 0
and p > 0.

As regards Corollary 5.13, note that the transition probability is given by

1 (y — 0z)°
Ao (g )W

since Z\”) is distributed as 6z + B( ). Hence by direct calculation we have

p(dy | x) =

1 62 0

o = o - _;
2 o2 o2

consequently the dependence parameters (r/a)'/? and 6 given in (5.26) coincide, as in Re-
mark 5.14(ii).

Further, by considering the function f(z™) = exp (Z?:1 07x;), one can prove that the
joint law P cannot satisfy a logarithmic Sobolev inequality with o, greater than some
constant multiple of n™ for § = 1, and (a/k)" for § > 1. Thus for § > 1, we recover the
order of growth in n of the constants given in Corollary 5.13 ; whereas for § < 1, the constant
given in Corollary 5.13 is independent of n.

The OU process does not satisfy the Doeblin condition Dy, as Rosenblatt observes; see
(95, p. 214].
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Chapitre 6

Premiers résultats de concentration
dans la limite de champ moyen

Ce chapitre correspond a larticle [22] écrit en collaboration avec Arnaud Guillin et Cédric
Villani, et accepté pour publication dans Probability Theory and Related Fields.

Dans ce chapitre nous établissons tout d’abord des inégalités de concentration quantita-
tives pour la mesure empirique de variables indépendantes a valeurs dans R?, exprimées en
distances de Wasserstein. De ceci et d’un argument de couplage nous déduisons des bornes
d’erreur dans un probleme d’approximation d’une équation de champ moyen par un systéme
de particules stochastiques en interaction.

Introduction

Large stochastic particle systems constitute a popular way to perform numerical simu-
lations in many contexts, either because they are used in some physical model (as in e.g.
stellar or granular media) or as an approximation of a continuous model (as in e.g. vortex
simulation for Euler equation, see [76, Chapter 5] for instance). For such systems one may
wish to establish concentration estimates showing that the behavior of the system is sharply
stabilized as the number N of particles goes to infinity. It is natural to search for these es-
timates in the setting of large (or moderate) deviations, since one wishes to make sure that
the numerical method has a very small probability to give wrong results. From a physical
perspective, concentration estimates may be useful to establish the validity of a continuous
approximation such as a mean-field limit.

When one is interested in the asymptotic behavior of just one, or a few observables (such
as the mean position...), there are efficient methods, based for instance on concentration of
measure theory. As a good example, Malrieu [74] recently applied tools from the fields of

159
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Logarithmic Sobolev inequalities, optimal transportation and concentration of measure, to
prove very neat bounds like

N
1 )
sup P [’N > so(XZ)—/wdut
i=1

lellLip<1

C 2
> ——4e| <2, (6.1)

VN

Here (X})1<i<n stand for the positions of particles (in phase space) at time ¢, ¢ is a given
error, IP stands for the probability, y; is a probability measure governing the limit behavior
of the system, C' and A are positive constants depending on the particular system he is
considering (a simple instance of McKean-Vlasov model used in particular in the modelling
of granular media). Moreover,

[p(x) — (y)]
[¢llLip := sup :
P TF£Y d(SC, y)
where d is the distance in phase space (say the Euclidean norm |- | in R%).

This approach can lead to nice bounds, but has the drawback to be limited to a finite
number of observables. Of course, one may apply (6.1) to many functions ¢, and obtain
something like

[e%S) N
11 , C 2
P Z_ _Z%(XZ)—/wkdut >—+5} < Ce Ve (6.2)
2 t = )
L1 KELN VN
where (¢r)ren is an arbitrarily chosen dense family in the set of all 1-Lipschitz functions
converging to 0 at infinity. If we denote by J, the Dirac mass at point x, and by

1N

~N . ,

He = N E 5)(;
i=1

the empirical measure associated with the system (this is a random probability measure),
then estimate (6.2) can be interpreted as a bound on how close i is to y;. Indeed,

d(p,v) = Z% /sokd(u ~v)

defines a distance on probability measures, associated with a topology which is at least as
strong as the weak convergence of measures (convergence against bounded continuous test
functions). However, this point of view is deceiving : for practical purposes, the distance d
can hardly be estimated, and in any case (6.2) does not contain more information than (6.1) :
it is only useful if one considers a finite number of observables.

Sanov’s large deviation principle [43, Theorem 6.2.10] provides a more satisfactory tool
to estimate the distance between the empirical measure and its limit. Roughly speaking, it
implies, for independent variables X}, an estimate of the form

(6.3)

P [dist(i), ) > e] =~ e NE) as N — oo,
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where
ale) == inf{H(l/|,u); dist(v, ) > 5} (6.4)

and H is the relative H functional :

H(v|p) = /—ln—d,u

(to be interpreted as +oo if v is not absolutely continuous with respect to ). Since H
behaves in many ways like a square distance, one can hope that a(g) > const. 2. Here “dist”
may be any distance which is continuous with respect to the weak topology, a condition
which might cause trouble on a non-compact phase space.

Yet Sanov’s theorem is not the final answer either : it is actually asymptotic, and only
implies a bound like

lim sup % log P [dist(f1,", p) > €] < —a(e),
which, unlike (6.1), does not contain any explicit estimate for a given N. Fortunately, there
are known techniques to obtain quantitative upper bounds for such theorems, see in par-
ticular [43, Exercise 4.5.5]. Since these techniques are devised for compact phase spaces, a
further truncation will be necessary to treat more general situations.

In this paper, we shall show how to combine these ideas with recent results about measure
concentration and transportation distances, in order to derive in a systematic way estimates
that are explicit, deal with the empirical measure as a whole, apply to non-compact phase
spaces, and can be used to study some particle systems arising in practical problems. Typical
estimates will be of the form

P[sup( ZQDXZ /cpdut)>z—:

lellLip<1

< Ce M (6.5)

As a price to pay, the constant C' in the right-hand side will be much larger than the one
n (6.1).

Here is a possible application of (6.5) in a numerical perspective. Suppose your system
has a limit invariant measure o, = lim u; as ¢ — oo, and you wish to numerically plot its
density f.. For that, you run your particle simulation for a long time ¢ = T', and plot, say,

- % Z Colz — X7, (6.6)

where (, = a~%((x/a) is a smooth approximation of a Dirac mass as a — 0 (as usual,  is
a nonnegative smooth radial function on R? with compact support and unit integral). With
the help of estimates such as (6.5), it is often possible to compute bounds on, say,

P|[|fr = foollze > ¢
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in terms of IV, ¢, T" and «. In this way one can “guarantee” that all details of the invariant
measure are captured by the stochastic system. While this problem is too general to be
treated abstractly, we shall show on some concrete model examples how to derive such
bounds for the same kind of systems that was considered by Malrieu.

In the next section, we shall explain about our main tools and results ; the rest of the paper
will be devoted to the proofs. Some auxiliary estimates of general interest are postponed in
Appendix.

6.1 Tools and main results

6.1.1 Wasserstein distances

To measure distances between probability measures, we shall use transportation dis-
tances, also called Wasserstein distances. They can be defined in an abstract Polish space
X as follows : given p in [1,+00), d a lower semi-continuous distance on X, and p and v two
Borel probability measures on X, the Wasserstein distance of order p between p and v is

Mol )= i) < / / d(x, y)dn(z, y)) v

where 7 runs over the set II(u, ) of all joint probability measures on the product space
X x X with marginals ¢ and v; it is easy to check [111, Theorem 7.3] that W, is a distance
on the set P,(X) of Borel probability measures y on X such that [ d(zo,z)? du(z) < +oc.

For this choice of distance, in view of Sanov’s theorem, a very natural class of inequalities
is the family of so-called transportation inequalities, or Talagrand inequalities (see [68]
for instance) : by definition, given p > 1 and A > 0, a probability measure y on X satisfies
T,(A) if the inequality

W) < 4/3 HOln)

holds for any probability measure v. We shall say that p satisfies a 7T}, inequality if it satisfies
T,(A) for some A > 0. By Jensen’s inequality, these inequalities become stronger as p becomes
larger ; so the weakest of all is 7. Some variants introduced in [23] will also be considered.

Of course T}, is not a very explicit condition, and a priori it is not clear how to check that
a given probability measure satisfies it. It has been proven [17, 46, 23] that Ty is equivalent
to the existence of a square-exponential moment : in other words, a reference measure p
satisfies T} if and only if there is a > 0 such that

/ 0" dp(z) < 400

for some (and thus any) y € X. If that condition is satisfied, then one can find explicitly
some A such that 77(\) holds true : see for instance [23].

This criterion makes T3 a rather convenient inequality to use. Another popular inequality
is Ty, which appears naturally in many situations where a lot of structure is available, and
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which has good tensorization properties in many dimensions. Up to now, 75 inequalities have
not been so well characterized : it is known that they are implied by a Logarithmic Sobolev
inequality [88, 16, 113], and that they imply a Poincaré, or spectral gap, inequality [88, 16].
See [39] for an attempt to a criterion for T5. In any case, contrary to the case p = 1, there
is no hope to obtain 75 inequalities from just integrability or decay estimates.

In this paper, we shall mainly focus on the case p = 1, which is much more flexible.

6.1.2 Metric entropy

When X is a compact space, the minimum number m(X,r) of balls of radius r needed
to cover X is called the metric entropy of X. This quantity plays an important role in
quantitative variants of Sanov’s Theorem [43, Exercise 4.5.5]. In the present paper, to fix
ideas we shall always be working in the particular Euclidean space R?, which of course is not
compact ; and we shall reduce to the compact case by truncating everything to balls of finite
radius R. This particular choice will influence the results through the function m(P,(Bg), ),
where Bp is the ball of radius R centered at some point, say the origin, and P,(Bg) is the
space of probability measures on Bpg, metrized by W,

6.1.3 Sanov-type theorems

The core of our estimates is based on variants of Sanov’s Theorem, all dealing with inde-
pendent random variables. Let p be a given probability measure on R?, and let (X%),—;
be a sample of independent variables, all distributed according to wu; let also

ﬂN = ii(sxi
N i=1

be the associated empirical measure. In our first main result we assume a 7}, inequality for
the measure p, and deduce from that an upper bound in W, distance :

-----

Theorem 6.1. Let p € [1,2] and let u be a probability measure on R satisfying a T,(\)
inequality. Then, for any d > d and N < X, there exists some constant Ny, depending
on N,d and some square-exponential moment of u, such that for any ¢ > 0 and N >
No max(e~(@+2) 1),

P (W, p) > ] < e s N, (6.7)

where
C[rifi<p<2
T \3-2v2ifp=2.

Compared to Sanov’s Theorem, this result is more restrictive in the sense that it requires
some extra assumptions on the reference measure p, but under these hypotheses we are able
to replace a result which was only asymptotic by a pointwise upper bound on the error
probability, together with a lower bound on the required size of the sample.
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In view of the Kantorovich-Rubinstein duality formula

W) =sup{ [ Fae=0); 1l <1} (63)

Theorem 6.1 implies concentration inequalities such as

’

P[ P K%iﬂ)@)— / f d) >€] <o a N (6.9)
k=1

I 1 flluip<

for N < A\, and N sufficiently large, under the assumption that p satisfies a T3 inequality, or
equivalently admits a finite square-exponential moment. Those types of inequalities are of
interest in non-parametric statistics and choice models [81].

Remark 6.2. The sole inequality 77 (\) implies that for all 1-Lipschitz function f,

N
’ [% >0 [ > ] S (6.10)
k=1

and it is easy to see that the coefficient A in this inequality is the best possible. While the
quantity controlled in Theorem 6.1 is much stronger, the estimate is weakened only in that
A is replaced by some X > \ (arbitrarily close to \) and that N has to be large enough. In
fact, a variant of the proof below would yield estimates such as

P [Wy(u, iY) > €] < Ce) e ¥V,

where now there is no restriction on N, but C'(¢) is a larger constant, explicitly computable
from the proof.

Remark 6.3. As pointed out to us by M. Ledoux, there is another way to concentration
estimates on the empirical measure when d = p = 1. Indeed, in this specific case,

L0 = [ S ) 7]

L\(R)

where H = 1jg ) stands for the Heaviside function on R and F' denotes the repartition
function of pu, so that

where
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are centered L!(R)-valued independent identically distributed random variables. But, accor-
ding to [6, Exercise 3.8.14], a centered L!'(R)-valued random variable Y satisfies a Central
Limit Theorem if and only if

/R(E[Y2(t)])l/2 dt < 400,

a condition which for the random variables F};’s can be written

/ VF@)(1 = F(t)dt < +oo0. (6.11)

Condition (6.11) in turn holds true as soon as (for instance) [ |z|**° du(z) is finite for some
positive 6. Then we may apply a quantitative version of the Central Limit Theorem for
random variables in the Banach space L'(R). See [55] and [70] for related works.

Remark 6.4. Theorem 6.1 applies if N is at least as large as ¢ for some r > d+2; we do
not know whether d + 2 here is optimal although, for p = 1, a variant of the present proof,
consisting in directly deducing (6.9) from (6.10), also leads to a similar condition N > Nye™"
with r > d + 2.

For the applications that we shall treat, in which the tails of the probability distributions
will be decaying very fast, Theorem 6.1 will be sufficient. However, it is worthwile pointing out
that the technique works under much broader assumptions : weaker estimates can be proven
for probability measures that do not decay fast enough to admit finite square-exponential
moments. Here below are some such results using only polynomial moment estimates :

Theorem 6.5. Let ¢ > 1 and let 1 be a probability measure on R?® such that

/ el du(z) < +oo.
R

Then
(1) For anyp € [1,q/2), 6 € (0,q/p—2) and d’ > d, there exists a constant Ny such that

P [Wp(ﬂyﬂN) > 5] < AN H S

_ 2P+dl i
for any e >0 and N > Ny max(e Ta» g% ;

(ii) For any p € [q/2,q), 6 € (0,q/p—1) and d’ > d there exists a constant Ny such that

P (W, (u, V) > e] <IN

_g2ptd /
for any e >0 and N > Nomax(e ¢ f;,,, ,e?=4),

Here are also some variants under alternative “regularity” assumptions :
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Theorem 6.6. (i) Let p > 1; assume that &, == [ e*ldy is finite for some o > 0. Then,
for all d' > d, there exist some constants K and Ny, depending only on d, a and &E,,
such that

P [Wp<,u7,aN) > g] < efKNl/P min(e,e?)

for any € > 0 and N > Nymax(e~®+%) 1),

(i1) Suppose that p satifies Ty and a Poincaré inequality, then for all a < 2 there ezists
some constants K and Ny such that

P [Wy(p, i) > ] < e KN min(e?) (6.12)

for any € > 0 and N > Nymax(e~(*+4) 1),

(i4i) Let p > 2 and let p be a probability measure on R® satisfying T,(\). Then for all N <
and d' > d there exists some constant Ny, depending on i only through \ and some
square-exponential moment, such that

/

P [Wy(p, i) > €] < min (6_%%2 e WY 6_%N2/p52> (6.13)
or any € > an = o Imax o s .
f ye>0and N> N, (e7@+2) 1)

6.1.4 Interacting systems of particles

We now consider a system of N interacting particles whose time-evolution is governed
by the system of coupled stochastic differential equations

N
) . . 1 . .
dX] = V2dB] = VV(X))dt — = > VW(X] = X]ydt,  i=1,....N. (6.14)

Jj=1

Here X7 is the position at time ¢ of particule number 4, the B"’s are N independent Brownian
motions, and V' and W are smooth potentials, sufficiently nice that (6.14) can be solved
globally in time. We shall always assume that W (which can be interpreted as an interaction
potential) is a symmetric function, that is W (—z) = W(z) for all z € R<.

Equation (6.14) is a particularly simple instance of coupled system ; in the case when V'
is quadratic and W has cubic growth, it was used as a simple mean-field kinetic model for
granular media (see e.g. [74]). While many of our results could be extended to more general
systems, that particular one will be quite enough for our exposition.

To this system of particles is naturally associated the empirical measure, defined for each
time ¢ > 0 by

N
A=) o, (6.15)
i=1

Under suitable assumptions on the potentials V' and W, it is a classical result that, if the ini-
tial positions of the particle system are distributed chaotically (for instance, if they are iden-
tically distributed, independent random variables), then the empirical measure i)Y converges
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as N — oo to a solution of the nonlinear partial differential equation

% =Au+ V- (utV(V—l—W*,ut)), (6.16)
where V- stands for the divergence operator. Equation 6.16 is a simple instance of McKean-
Vlasov equation. This convergence result is part of the by now well-developed theory of
propagation of chaos, and was studied by Sznitman for pedagogical reasons [105], in the
case of potentials that grow at most quadratically at infinity. Later, Benachour, Roynette,
Talay and Vallois [9, 10] considered the case where the interaction potential grows faster
than quadratically. As far as the limit equation (6.16) is concerned, a discussion of its use
in the modelling of granular media in kinetic theory was performed by Benedetto, Caglioti,
Carrillo and Pulvirenti [11, 12], while the asymptotic behavior in large time was studied by
Carrillo, McCann and Villani [36, 37] with the help of Wasserstein distances and entropy
inequality methods. Then Malrieu [74] presented a detailed study of both limits ¢ — oo
and N — oo by probabilistic methods, and established estimates of the type of (6.1) under
adequate convexity assumptions on V' and W (see also [111, Problem 15]).

As announced before, we shall now give some estimates on the convergence at the level of
the law itself. To fix ideas, we assume that V' and W have locally bounded Hessian matrices
satisfying

(i) D*V(z)>pI, ~I<D*W(zx)<A1I, Vz € RY,
(6.17)
(i) |VV(z)] = O(e?*)  for anya > 0.

Under these assumptions, we shall derive the following bounds.

Theorem 6.7. Let jig be a probability measure on R?, admitting a finite square-ezponential
moment :

Jag > 0; M,, = /ea°x2 dpg(x) < 400.

Let (X})1<i<n be N independent random variables with common law pio. Let (X}) be the solu-
tion of (6.14) with initial value (X¢, ... X{), where V and W are assumed to satisfy (6.17) ;
and let y; be the solution of (6.16) with initial value pg. Let also 1Y be the empirical measure
associated with the (X})i1<i<n. Then, for all T > 0, there exists some constant K = K(T)
such that, for any d' > d, there exists some constants Ny and C' such that for all e >0

N> Ny max(e™ @+ 1) = P | sup Wi(i¥, ) >¢e| <O +Te ) exp (-KN¢e%).
0<t<T

Note that in the above theorem we have proven not only that for all ¢, the empirical
measure is close to the limit measure, but also that the probability of observing any significant
deviation during a whole time period [0, 7] is small.

The fact that Y is very close to the deterministic measure p; implies the propagation of
chaos : two particles drawn from the system behave independently of each other as N — oo
(see Sznitman [105] for more details). But we can also directly study correlations between
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particles and find more precise estimates : for that purpose it is convenient to consider the
empirical measure on pairs of particles, defined as

1
AN72 p— . .
He = N(N —1) Zé(XZ,Xi)'
i#]
By a simple adaptation of the computations appearing in the proof of Theorem 6.7, one can
prove

Theorem 6.8. With the same notation and assumptions as in Theorem 6.7, for all’ T > 0
and d' > d, there exists some constants K > 0 and Ny such that for all € > 0

N > Nymax(e= @+ 1) = P | sup Wi(f"?, pe @ pe) > €| < exp (-K Ne&?).
0<t<T
(Here W stands for the Wasserstein distance or order 1 on P;(R? x R?).) Of course, one
may similarly consider the problem of drawing k particles with & > 2.

Theorems 6.7 and 6.8 use Theorem 6.1 as a crucial ingredient, which is why a strong
integrability assumption is imposed on py. Note however that, under stronger assumptions
on the behaviour at infinity of V' or W, as the existence of some § € R, B, € > 0 such as

D*V(z) > (B|z|* + B)I, Vo € RY,

it can be proven that any square exponential moment for y; becomes instantaneously finite
for t > 0. Note also that, by using Theorem 6.5, one can obtain weaker but still relevant
results of concentration of the empirical measure under just polynomial moment assumptions
on g, provided that VV does not grow too fast at infinity. To limit the size of this paper,
we shall not go further into such considerations.

6.1.5 Uniform in time estimates

In the “uniformly convex case” when 3 > 0, 3+ 2v > 0, it can be proven [36, 37, 74] that
[ converges exponentially fast, as t — 0o, to some equilibrium measure .. In that case, it
is natural to expect that the empirical measure is a good approximation of t., as N — oo
and t — oo, uniformly in time. This is what we shall indeed prove :

Theorem 6.9. With the same notation and assumptions as in Theorem 6.7, suppose that
6> 0,0+ 2y > 0. Then there exists some constant K > 0 such that for any d' > d, there
exists some constants C' and Ny such that for all ¢ > 0
N > Nymax(e " 1) = supP[Wi (i, ) > e] < C(1+¢72) exp (—K N&?)
t>0
As a consequence, there are constants Ty, €¢ (depending on the initial datum) and K' = K /4
such that, under the same conditions on N and ¢,
sup  P[Wi(f), pioe) > €] <C(14¢e7%) exp (—K'Ne?).

t>Tp log(eo/e)
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Remark 6.10. In view of the results in [36], it is natural to expect that a similar conclusion
holds true when V' = 0 and W is convex enough. Propositions 6.14 and 6.21 below extend
to that case, but it seems trickier to adapt the proof of Proposition 6.23.

We conclude with an application to the numerical reconstruction of the invariant measure.

Theorem 6.11. With the same notation and assumptions as in Theorem 6.9, consider the
mollified empirical measure (6.6). Then one can choose a = O(g) in such a way that

N3 Nmax(e ) = sup Blfi— falle >
t>Tp log(eo /<)

< C(1+e @) exp (—K' N 2H).

These results are effective : all the constants therein can be estimated explicitly in terms
of the data.

6.1.6 Strategy and plan

The strategy is rather systematic. First, we shall establish Sanov-type bounds for inde-
pendent variables in R? (not depending on time), resulting in concentration results such as
Theorems 6.1 to 6.6. This will be achieved along the ideas in [43, Exercices 4.5.5 and 6.2.19]
(see also [98, Section 5]), by first truncating to a compact ball, and then covering the set of
probability measures on this ball by a finite number of small balls (in the space of probability
measures) ; the most tricky part will actually lie in the optimization of parameters.

With such results in hand, we will start the study of the particle system by introducing
the nonlinear partial differential equation (6.16). For this equation, the Cauchy problem can
be solved in a satisfactory way, in particular existence and uniqueness of a solution, which
for t > 0 is reasonably smooth, can be shown under various assumptions on V' and W (see
e.g. [36, 37]). Other regularity estimates such as the decay at infinity, or the smoothness in
time, can be established ; also the convergence to equilibrium in large time can sometimes
be proven.

Next, following the presentation by Sznitman [105], we introduce a family of independent
processes (Y;')1<i<n, governed by the stochastic differential equation

{ dYj = V2dBi — VV(Yj)dt — VW * u,(Y}) dt, (6.18)

Yi = X

As a consequence of 1to’s formula, the law v; of each Y} is a solution of the linear partial
differential equation

8Vt

EZA%+V'<V(V+W*/H)%>, Vo = Ho-
But this linear equation is also solved by p;, and a uniqueness theorem implies that ac-
tually v, = py, for all £ > 0. See [9, 10] for related questions on the stochastic differential
equation (6.18).
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For each given ¢, the independence of the variables Y;" and the good decay of y; will imply
a strong concentration of the empirical measure

1 N
i=1

To go further, we shall establish a more precise information, such as a control on

P [ sup Wi(o, ) > 5] :
0<t<T
Such bounds will be obtained by combining the estimate of concentration at fixed time ¢
with some estimates of regularity of {¥ (and y;) in ¢, obtained via basic tools of stochastic
differential calculus (in particular Doob’s inequality).
Finally, we can show by a Gronwall-type argument that the control of the distance of i
to py reduces to the control of the distance of 2 to pu; : for instance,

P | sup Wi(al, pe) > 6] <P [ sup Wi}, ) > Ce (6.19)

0<t<T 0<t<T

for some constant C'. We shall also show how a variant of this computation provides estimates
of the type of those in Theorem 6.9, and how to get data reconstruction estimates as in
Theorem 6.11.

6.1.7 Remarks and further developments

The results in this paper confirm what seems to be a rather general rule about Was-
serstein distances : results in distance W; are very robust and can be used in rather hard
problems, with no particular structure; on the contrary, results in distance W5 are stronger,
but usually require much more structure and/or assumptions. For instance, in the study of
the equation (6.16), the distance W5 works beautifully, and this might be explained by the
fact that (6.16) has the structure of a gradient flow with respect to the Wy distance [36, 37].
In the problem considered by Malrieu [74], W5 is also well-adapted, but leads him to impose
strong assumptions on the initial datum pug, such as the existence of a Logarithmic Sobo-
lev inequality for pg, considered as a reference measure. As a general rule, in a context of
geometric inequalities with more or less subtle isoperimetric content, related to Brenier’s
transportation mapping theorem, W5 is also the most natural distance to use [111]. On the
contrary, here we are considering quite a rough problem (concentration for the law of a ran-
dom probability measure, driven by a stochastic differential equation with coupling) and we
wish to impose only natural integrability conditions; then the distance W; is much more
convenient.

Further developments could be considered. For instance, one may desire to prove some
deviation inequalities for dependent sequences, say Markov chains, as both Sanov’s theorem
and transportation inequality can be established under appropriate ergodicity and integra-
bility conditions.
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Considering again the problem of the particle system, in a numerical context, one may
wish to take into account the numerical errors associated with the time-discretization of the
dynamics (say an implicit Euler scheme). For concentration estimates in one observable, a
beautiful study of these issues was performed by Malrieu [75]. For concentration estimates
on the whole empirical measure, to our knowledge the study remains to be done. Also errors
due to the boundedness of the phase space actually used in the simulation might be taken
into account, etc.

At a more technical level, it would be desirable to relax the assumption of boundedness
of D?>W in Theorem 6.7, so as to allow for instance the interesting case of cubic interaction.
This is much more technical and will be considered in a separate work.

Another issue of interest would be to consider concentration of the empirical measure on
path space, i.e.

N
1
N .
Ho,r) *= N Zé(Xf)ogng’
i=1

where T' is a fixed time length. Here ,&fg 71 is a random measure on C([0,7]; R?) and we
would like to show that it is close to the law of the trajectories of the nonlinear stochastic
differential equation

dY; = V2dB, — VV(Y,) dt — (VW % ) (Yy) dt, (6.20)

where the initial datum Y{ is drawn randomly according to ug. This will imply a quantitative
information on the whole trajectory of a given particle in the system.

When one wishes to adapt the general method to this question, a problem immediately
occurs : not only is C([0, T]; RY) not compact, but also balls with finite radius in this space are
not compact either (of course, this is true even if the phase space of particles is compact). One
may remedy to this problem by embedding C([0, T]; Br) into a space such as L?([0,T]; Bg),
equipped with the weak topology ; but we do not know of any “natural” metric on that space.
There is (at least) another way out : we know from classical stochastic processes theory that
integral trajectories of differential equations driven by white noise are typically Hoélder-a for
any o < 1/2. This suggests a natural strategy : choose any fixed a € (0,1/2) and work in
the space C*([0, T]; R?), equipped with the norm

leolla = sup [w(®)] + sup LD =]
0<t<T st |t — s|®
For any R > 0, the ball of radius R and center 0 (the zero function) in C* is compact, and
one may estimate its metric entropy. Then one can hope to perform all estimates by using
the norm C®; for instance, establish a bound on, say, a square-exponential moment on the
law of Y} :
Eexp (8] (Ye)osi<rll2) < +oo.

Again, to avoid expanding the size of the present paper too much, these issues will be
addressed separately.
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6.2 The case of independent variables

In this section we consider the case where we are given N independent variables X € R?,
distributed according to a certain law . There is no time dependence at this stage. We shall
first examine the case when the law p has very fast decay (Theorem 6.1), then variants in
which it decays in a slower way (Theorem 6.5 and 6.6).

6.2.1 Proof of Theorem 6.1

The proof splits into three steps : (1) Truncation to a compact ball Bg of radius R, (2)
covering of P(Bgr) by small balls of radius » and Sanov’s argument, and (3) optimization of
the parameters.

Step 1 : Truncation. Let R > 0, to be chosen later on, and let By stand for the ball
of radius R and center 0 (say) in R%. Let 1z, stand for the indicator function of Br. We
truncate p into a probability measure @i on the ball By :

1BR,u

he = )

We wish to bound the quantity P [Wp(,&N L) > z—:] in terms of up and the associated empi-
rical measure. For this purpose, consider independent variables (X*),<x<y drawn according
to u, and (Y*);<p<n drawn according to ug, independent of each other; then define

Sk . Xk if | X* <R
B YR if | XE > R

Since X! and X}, are distributed according to p and pg respectively, we have, by definition
of Wasserstein distance,

W2, ) < EJXE = XEP = B(IX! = V' PLir) < 2E(1XPLxsr)

= 2”/ |z|P dp(x).
{l=|>R}

But u satisfies a T},(\) inequality for some p > 1, hence a fortiori a 73()) inequality, so
E, = / e dp(z) < 400
R4

for some o > 0 (any o < A/2 would do). If R is large enough (say, R > 1/p/(2a)), then the
p
function r — — > is nonincreasing for » > R, and then
eon’

P p [ alz|?
W (p, pr) <2 gy e dp(z).
{l=[>R}
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We conclude that

WP(u, i) < 2PE RPe™ (o < \/2, R > \/p/20). (6.21)
On the other hand, the empirical measures
1 — 1
=<2 0xe, A= D0
k=1 k=1
satisfy
N

N
1 1
~N ~N - kE __ yvk|p - k
wy (AR, b )<Nk—1‘XR X" Ssza
where Z¥ := 2P |X*P1 yuop (k = 1,...,N). Then, for any p € [1,2], we can introduce
parameters € and # > 0, and use Chebyshev’s exponential inequality and the independence

of the variables Z* to obtain

PG > < BlpYzts ]

L k=1
< E (eXpZQ(Zk —5”))
= exp (—]\?:9181’ —InEexp(62,)]). (6.22)

A
In the case when p < 2, for any a; < a < > there exists some constant Ry = Ro(aq,p)

such that
2P0rP < onr? + C,

forall@ >0 and r > Roﬁﬁ, whence
Eexp(0Z1) < Eexp(on [ X1 1jxusp) <1+ Egelor—t
As a consequence,
P [W,(an, ) > e] < exp <—N [9 el — Eae(al_“)RQ]) . (6.23)
From (6.21), (6.23) and the triangular inequality for W,
P [Wy(u, ™) > €] < P [Wo(i, i) + Wy(pr, i) + Wylfg, i) > €]
P Wy(un, i) > ne = 2ELPRe™ ™| + P [Wy(a, i) > (1 = n)e]

P [Wam i) > e — 28 PRe 5]

IN

IN

+ exp (—N (9(1 — )Pl — B, el R2)> . (6.24)
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A
This estimate was established for any given p € [1,2), n € (0,1),£,0 >0, ¢; < a < B and
R > max <\/p/2a, Roé’ﬁ), where Ry is a constant depending only on «; and p.

In the case when p = 2, we let Z% := |V}, — X;|? 11x, =1 (k =1,..., N), and starting from
inequality (6.22) again, we choose a1 < « and then 6 := «4/2 : by definition of Z; and ug,

E (exp (%Zl)) = /R?d exp (%|y - :E|21\x\21~2> dp(z) dur(y)

— ulBal+ @ /| . / oo (Gl =) dn@) ()

S 1+ (1 . Eae_aRQ)_l/ eoz1\y|2 d,u(y) / 6041\96\2 d,u(:v)

lyl<R lz|>R

2

< 1+42E%ao)R
for R large enough, from which
P [Wa(ad, i) > e] < exp (—N [% e 2 R? e@“*a)RQD . (6.25)

To sum up, in the case p = 2 equation (6.24) writes

P Wl i) > €)] < B [Watyun, i) > ne — 261Fe 4]

+exp (—N (%(1 _ )2t — 2 B2 el R)) . (6.26)

So, apart from some error terms, for all p € [1,2] we have reduced the initial problem
to establishing the result only for the probability law ug, whose support lies in the compact
set Bpg.

We end up this truncation procedure by proving that pp satisfies some modified 7,
inequality. Let indeed v be a probability measure on By, absolutely continuous with respect
to p (and hence with respect to pg); then, when R is larger than some constant depending
only on F,, we can write

H(v|ug) — H(v|p) :/ lnﬂdy—/ ln@dyzlnu[BR] >1In (1—Eae*°‘32>
Br  AHR Br dp
> 2, % (6.27)

But 4 satisfies a T},(\) inequality, so

A
H(vlp) = S W2(p,v) =

DO | >

(Walpaa v) = Wyl )

(6.27), we obtain

=

by triangular inequality. Combining this wit

A 2 o
Hvlur) = 5 (Wolin,v) = Wylun 1)) = 2Bae
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From this, inequality (6.21) and the elementary inequality
Va € (0,1) 3C, > 0; Vr,y € R, (x—y)? > (1 —a)z? — Cuy?, (6.28)

we deduce that for any A; < A there exists some constant K such that

A 2
H(v|pg) > éWp(uR, v)? — KR %, (6.29)

Step 2 : Covering by small balls. In this second step we derive quantitative estimates
on iy. Let ¢ be a bounded continuous function on Bpg, and let B be a Borel set in P(Bg)
(equipped with the weak topology of convergence against bounded continuous test functions).
By Chebyshev’s exponential inequality and the independence of the variables X%,

Pliy € B] < exp (—Ninf/ ¢dy) E (eNfBqudﬂ%)
veB Br

= exp (—N inf pdv — %logE (eNfBRMﬂg)])

veB |/ Br

[ 1
= exp (—N inf odv — ¥ logE (625:1 W&'&))})

veB L BR

= exp | —N inf ¢du—log/ eCdug| | .
veB |/ BR Br

As ¢ is arbitrary, we can pass to the supremum and find

Pliy € B <exp{—N sup inf [/ qbdu—log/ e¢d,uR] .
$eCy(Br) V<P L/ By Br

Now we note that the quantity [ ¢ dv—log [ e® dpup is concave in ¢ and linear continuous in
v; if we further assume that B is convex and compact, then (for instance) Sion’s min-max
theorem [103, Theorem 4.2’] ensures that

sup inf {/ ¢du—log/e¢du3] =inf sup [ gbdl/—log/e‘éd;m} .
¢€Cy(Br) VB L) By veB yeCy(Br) L) Br

By the dual formulation of the H functional [43, Lemma 6.2.13], we conclude that

Pk € B] < exp (—N ixelgH(yLuR)) . (6.30)

Now, let § > 0 and let A be a measurable subset of P(Bg). We cover the latter with A/
balls (B;)i<i<n4 with radius §/2 in W), metric. Each of these balls is convex and compact,
and it is included in the J-thickening of A in W, metric, defined as

As = {1/ € P(Br); Jvee€ A Wy(vva) < 5}.
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So, by (6.30) we get
Play € A <P ANGUB <ZIP’

< Z%;exp <—N UiéléiH(l/mR)) < N4exp (—N Vienff"(s H(l/|,uR)) . (6.31)
We now apply this estimate with
A= {1/ € P(Br); Wy(v,ur) > ne — QE;/pRe*%I#}.
From (6.29) we have, for any v € A;,
H(v|pg) > %Wp@, pr)? — KR?e™ % > %,ﬁ — KR,

where ,
L = max (775 — QE;/pRe_FR — 0, O) .

Combining this with (6.31), we conclude that

(a3 A
P [Wp(uR,gg) > ne — 2E;/PRe—zR2] < N%exp <_N [21 2 - KR % D . (6.32)

Now, given any Ay < A1, it follows from (6.28) that there exist d;, 7, and K7, depending

on «, A1, A9, such that
At
2

2 _KR2€7QR2 > %82

— K R (6.33)
where 0 := 61 and n := n;.

Though this inequality holds independently of p, we shall use it only in the case when
p < 2. In the case p = 2, on the other hand, we note that for any n € (0, 1),

A A
51#2 — KR? % > ?277252 — K \R?e % (6.34)
where § := 4;¢.

Finally, we bound A4 by means of Theorem 6.25 in Appendix 6.7 : there exists some
constant C' (only depending on d) such that for all R > 0 and § > 0 the set P(Bg) can be

covered by
R (c%)
—Vvl
(5 1)

>l
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balls of radius § in W, metric, where a V b stands for max(a, b). In particular, given 6 = d;¢,
we can choose

AA < <K2§ v 1) ) (6.35)

balls of radius d, for some constant K, depending on A; and s (via d;) but neither on € nor
on R. (The purpose of the 1 in (K2R/e V 1) is to make sure that the estimate is also valid
when € > R.)

Combining (6.24), (6.32), (6.33) and (6.35), we find that, given p € [1,2), Ay < A and

o < a< 3 there exist some constants K7, K5, K3 and R; such that for all £,¢ > 0 and

R> R, max(l,Cﬁ),

Ko (f)
P [Wp(ﬂaﬂN) > 5] < <K2§ V 1) exp ( |:)\2_8 — K, R2e —aR2:|)
+exp ( (K:s (el — Kyl R2)> (6.36)

for some constant Ky = K4(6,a1). In the case when p = 2, we obtain similarly

R Ka( %) A "
P [Wg(u,,&N) > z—:] < <K2; V 1) exp <—N [?an-:Z — K R? })

+ exp (—N (%(1 —n)?e? — Kyelmo) R2)> (6.37)

for any n € (0,1) and R > R;.

These estimates are not really appealing (!), but they are rather precise and general.
In the rest of the section we shall show that an adequate choice of R leads to a simplified
expression.

Step 3 : Choice of the parameters.
We first consider the case when p € [1,2). Let A’ < A9, @/ < av and dy > d. We claim that

)\/
P [Wy(p, i) > €] < exp <—§N 52) + exp (—a/N &%)

as soon as

1
R? > R, max (1, 2 In (—2)) . Neght2> K Rh (6.38)
g

for some constants Ry and K5 depending on u only through A, o and F,,.

Indeed, on one hand
d dy
(8 (s) 2 (1)
€ € €
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for some constant Kg, on the other hand
K1R2efaR2 < 670411'%2

for R large enough, and then

dy 2 1.2
K (E) - N {)\278 — e_o‘lRQ} < -—N A<

€ - 2

for R?/In(%) and N e“*2/R% large enough; this is enough to bound the first term in the
right-hand side of (6.36) if moreover R/c is large enough.
Moreover, letting ap € (o, 1), we can choose ¢ in such a way that K3 = 277, so that

exp (—N (Kgggp — Kyel™®) R2>> = exp (—N (ag e? — Kyelt1=o) RQ)) ,
which in the end can be bounded by
exp (=N o/e?)
if R and R?/ ln(a%) are large enough. With this one can get a bound on the right-hand side

of (6.36).

Now let us check that conditions (6.38) can indeed be fulfilled. Clearly, the first condition
holds true for all € € (0,1) and R? > RsIn(%f), where R; and Kg are positive constants.

Then, we can choose
1/d
Ks

so that the second condition holds as an equality. This choice is admissible as soon as

N 440 2 K
(?551 ) ZRgln 5_2

and this, in turn, holds true as soon as
N > K; e~ @+, (6.39)

where d’ is such that d’ > d, and K7 is large enough.

If ¢ > 1, then we can choose R? = Rye?, i.e. R = /Rye, and then the second inequality
in (6.38) will be true as soon as N is large enough.

To sum up : Given d’ > d, N < A and o’ < a, there exists some constant Ny, depending
on d" and depending on u only through A\, a and FE,, such that for all € > 0,

!/
P [W,(p, i) > €] < exp (—% NsQ) +exp (—a/ N &%)
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, N
as soon as N > Nymax(e~@+2 1). Then we note that, given K < min (5 ,o/), the

inequality
)\/
exp (—5 N€2) +exp (—a/ Ne?) <exp (—K N¢&?)

holds if condition (6.39) is satisfied for some K; large enough. To conclude the proof of
Theorem 6.1 in the case when p € [1,2), it is sufficient to choose X' < A\, a@ < \/2.

Now, in the case when p = 2, given \3 < Ay and ay < a1, conditions (6.38) imply
AN A3 2 Q2 2 2
P [Wa(p, i) > €] < exp 5 Ne* | +exp (——(1 —n)° Ne* ).

A
Then we let oy := ?3 and 7 := V2 — 1, so that

Then \
P (Wi i) > o] < 2ewp (-3 -2VD)EN )

for X' < A, the above quantity is bounded by
)\/
exp (—(3 —2 \/§)§N 52)
as soon as (6.39) is enforced with K7 large enough. This concludes the argument. O

6.2.2 Proof of Theorem 6.5

It is very similar to the proof of Theorem 6.1, so we shall only explain where the differences
lie. Obviously, the main difficulty will consist in the control of tails.

We first let p € [1,q), a € [1, g) and R > 0, and introduce
p

M, i~ / 2|7 dpu(z).
Rd
Then (6.21) may be replaced by
W2(j1, ) < 2M, 00 (6.40)
and (6.22) by

RepP—4q

IP) [Wp(ﬂg7 IELN) > E] S CNa_a (gp _ CRp—q)oz

(6.41)
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for some constant C' depending on a and M,.
Let us establish for instance (6.41). Introduce

Zk =Y = X" Lix > (1< k< N).
By Chebychev’s inequality,
1 & 1
P [W,(ay, i) >¢e] <P [NZZk > ep] =P [N ;(Zk ~EZ,) > —EZ

k=1 1

E| (% ~EZ)
S T N@-EZ)"

’ «

provided that e? > [E Z;. But, since the random variables (Z; — E Zj); are independent and
identically distributed, with zero mean, there exists some constant C' depending on « such
that

«

< CN°E|Z; — E Z,|*

N

> (Z —E Z)

k=1

E

where @ := max(«/2,1). This inequality is a consequence of Rosenthal’s inequality in the
case when o > 2, but also holds true if @ € [1,2) (see for instance [90, pp. 62 and 82]). Then,
on one hand,

EZ =E|Y) = Xi|P L1x, > < 2PM RV,

while on the other hand,

E|Zy —EZ|* =E||[Y1 — X1|’ Lx, 1 — EY1 — X1 L1y, 5|
< CE|Y; — X1|*P 1jx,jsr < C M, ROV

with C' standing for various constants. Collecting these two estimates, we conclude to the
validity of (6.41) for R7P ¢P large enough.

Then (6.40) and (6.41) together ensure that

PIW,(p, i) > e] <P [Wy(pr, i) > ne — 2M,/P R =7
Rozp—q

Na—a
N e — e

(6.42)

for any € € (0,1), n > 0 and R?PeP (1 — n)? large enough.

Since pg is supported in Bpg, the Csiszar-Kullback-Pinsker inequality and Kantorovich-
Rubinstein formulation of the W; distance together ensure that it satisfies a Tj(R™?) in-
equality (see e.g. [23, Particular Case 5] with p = 1). This estimate also extends to any W,
distance, not as a penalized T, inequality as in (6.29), but rather as

W2 (v, pur) < 27" R* H (v|pg) (6.43)
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(see again [23, Particular Case 5]).
From (6.42) and (6.43) we deduce (as in (6.37)) that

R K (2)" N2 B RoP—q
~N a—o
P [Wp(l‘ ,M) > 5] < <K1§) exp <_22p—1R2p)+CN ((1 — 77)1’751’7 — CRp—q)a

(6.44)

for any ¢, where now
W= (nz—: — 2MYPRY-a/P 5)+ .

Letting 71 < n and d’ > d, and choosing § = §y &, we deduce

R\ 9* Ne» K, N
~N 1
P [(Wp(l‘  p) > 5] < exp ((z) T 9% 1 R2p T 92p—1 R2

+ O N e

((1 —my)per — C RP—9)

for RTP¢P (1 —n)P large enough, and then

2p 2p ap—q
~N P Ne a—a R
]P [Wp(,u ,,LL) > 5j| S exp <_22p—1 R2p ) + CN W (645)
for n, < m, provided that the conditions
v R\
R Z Rﬁ:iﬁ, N Z KQ (;) (646)

hold for some R; and K.

Given any choice of R as a product of powers of N and ¢, the first term in the right-hand
side of (6.45) will always be smaller than the second one, if N goes to infinity while ¢ is kept
fixed ; thus we can choose R minimizing the second term under the above conditions. Then
the second condition in (6.46) will be fulfilled as an equality :

R= Kye Nowtd .

As for the first condition in (6.46), it can be rewritten as

2p+d’

N > N() e Ta=rp

)

and then, by (6.45),
~N _d g ArO—o oP=d
P [W,(a"V, 1) >¢e] <exp | —KsN2+d | + Kge ¢ N 2pra’,

Hence _
P [Wy(a", p) >e] <e "N* (6.47)
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for all e € (0,1) and N larger than some constant and, given d’ > d, for all € > 1 and
N > Me?~4 where M is large enough.

In the first case when p > ¢/2, any admissible « belongs to [1,¢/p) C [1,2], so @ = 1. If
0 €(0,q/p—1), we get from (6.47), with o = ¢q/p — 9, that
P[Wp(,&N,,u) > 5} < gTINIU/pHS

for all e > 0 and )
2p+d

N > Nymax(e " a-r ,5d/’d).

In the second case when p < ¢/2, we only consider admissible o’s in [2,q/p) C [1,q/p),
so that @ — o = —«/2. Choosing 6 € (0,q/p — 2), we get from (6.47)

P[WP@N, ,U) > 8:| < c—4 N 4/2p+56/2
under the same conditions on N as before. This concludes the argument. O

6.2.3 Proof of Theorem 6.6

It is again based on the same principles as the proofs of Theorems 6.1 and 6.5, with the
help of functional inequalities investigated in [23] and [39]. We skip the argument, which the
reader can easily reconstruct by following the same lines as above. O

6.2.4 Data reconstruction estimates

Finally, we show how the above concentration estimates imply data reconstruction esti-
mates. This is a rather general estimate, which is treated here along the lines of [98, Section
5] and [111, Problem 10].

Proposition 6.12. Let i be a probability measure on R?, with density f with respect to
Lebesque measure. Let X1, ..., Xy be random points in R?, and let ¢ be a Lipschitz, nonne-
gative kernel with unit integral. Define the random measure ji and the random function fe .

by

1N, N N R
ey 0 el = p Rl X) Gl) = (2).
Then,
up |feale) = f()] < 'fl'fi" Wi (i, p) + d(a), (6.48)

rER4

where 0 stands for the modulus of continuity of f, defined as

o(e) == sup [f(z) = f(y)l.

le—y|<e
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As a consequence, if f is Lipschitz, then there exist some constants a, K > 0, only
depending on d, || f||Lip and ||¢||Lip, such that

P[||fee = fllie > 2| <P[Wi(it 1) > K='?] (6.49)
for all e > 0.

Proof. First,

|k Cal) = f(2)] =

[ Gle =0 00 = s o] < [ Gla =l - fGo)lay.

R4 Rd

Since (,(x — y) is supported in {|z — y| < a}, and (, is a probability density, we deduce
x Galz) — f(2)] < d(a). (6.50)

Now, if = is some point in R?, then, thanks to the Kantorovich-Rubinstein dual formula-
tion (6.8),

[ ot = i (0| < 1ot = i 0 = 0w i,

’fc,a — px Cof(z) =

To conclude the proof of (6.48), it suffices to combine this bound with (6.50).
Now, let L := max(|| f|Lip, [|[C]|Lip), and o :=¢/(2L). The bound (6.48) turns into

; Wi (i, ) (2L)™'L - 2
Hf@cz_fHL‘X’ SL(ﬁ‘f‘OJ) < W Wl(,LL,,LL)+§.

In particular,
cd+2 ]

P[”fc,a — fllpe > 8} <P {Wl(ﬁh 1) > GE

which is estimate (6.49). O

Remark 6.13. Estimate (6.49), combined with Theorem 6.1 or Theorem 6.5, yields simple
quantitative (non-asymptotic) deviation inequalities for empirical distribution functions in
supremum norm. We refer to Gao [53] for a recent study of deviation inequalities for empirical
distribution functions, both in moderate and large deviations regimes.

6.3 PDE estimates

Now we start the study of our model system for interacting particles. The first step
towards our proof of Theorem 6.7 consists in deriving suitable a priori estimates on the
solution to the nonlinear limit partial differential equation (6.16). In this section, we recall
some estimates which have already been established by various authors, and derive some
new ones. All estimates will be effective.
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6.3.1 Notation

In the sequel, y is a probability measure, taken as an initial datum for equation (6.16),
and various regularity assumptions will later be made on pg. Assumptions (6.17) will always
be made on V and W, even if they are not recalled explicitly ; we shall only mention additional
regularity assumptions, when used in our estimates. Moreover, we shall write

' := max(|7], |y'])- (6.51)

The notation u; will always stand for the solution (unique under our assumptions) of (6.16).
We also write

e(t) = / e da(a)

for the (kinetic) energy associated with i, and

M, (t) := /Rd el dpy ()

for the square exponential moment of order a.

The scalar product between two vectors v, w € R? will be denoted by v - w. The symbols
C and K will often be used to denote various positive constants; in general what will matter
is an upper bound on constants denoted C', and a lower bound on constants denoted K. The
space C* is the space of k times differentiable continuous functions.

6.3.2 Decay at infinity

In this subsection, we prove the propagation of strong decay estimates at infinity :

Proposition 6.14. With the conventions of Subsection 6.3.1, let § be —v if v < 0, and an
arbitrary negative number otherwise. Let

— VvV (0)|?
a:=2(8+7), G::2d+ﬂ.
27|
Then

(i) e(t) < e [e<o> - 1} ,-

(ii) For any ap > 0 there is a continuous positive function «(t) such that a(0) = ag and

M., (0) < +00 —= Ma(t) (t) < +00. (652)

(iii) Moreover, in the “uniformly convex case” when 3 > 0 and 3+~ > 0, then there is
a > 0 such that

sup e(t) < +oo0, sup M,(t) < +o0.
>0 >0
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Corollary 6.15. If g admits a finite square exponential moment, then p, satisfies T1 (),
for some function \; > 0, bounded below on any interval [0,T] (T < c0).

Proof. We start with (i). For simplicity we shall pretend that j, is a smoothly differentiable
function of ¢, with rapid decay, so that all computations based on integrating equation (6.16)
against |z|? are justified. These assumptions are not a priori satisfied, but the resulting

bounds can easily be rigorously justified with standard but tedious approximation arguments.
With that in mind, we compute

et)=2d— Z/Rd(x - VV(x)+ 2 - VW py(x)) dpe(z)

with

-2 /Rd:c - VV(2) dp(z) < =20 /Rd |z|? dpus (x) — 2VV(0) - /Rdxd,ut(a:).

Since VW is an odd function, we have
2 [ o VW e dute) = <2 [[ o IW - ) duly) duuta)
R4
=~ [0 YW - duly) duta)

< <y [[ o= vP duty) i)
= —2v [/le dpu( ’/xdut

If v <0, then
VVO)]?  |[VV(0)]?
€/<t) < Qd_Q(fy—f—ﬁ)e(t)+2’y‘/xdut(l’)+ 2|,§/(|]) | 2|§)/O|)|
[VV(0)]?
< 2d—2(v+ Be(t) + Tl

and if v > 0, then for any 7 < 0

e(t) < 2d—2(M+ Be(t) — 2y </|x| dp (@ )/fﬂdﬂt@)

[VV(0)2
2 \77|

2\ L IVV(0)
)* 27
< 2d-2+ Pe(t) +

This leads to _
e'(t) <G —ae(t),

and the conclusion follows easily by Gronwall’s lemma.
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We now turn to (ii). Let o be some arbitrary nonnegative C! function on R, . By using
the equation (6.16), we compute

d 2 2
p Ol dyy () = /[2da+4a2|x|2 —202-VV (2) =20z VWi, (z)+a’ () |z*] e dpy (2).

Since D?V (z) > B3I for all z € R? we can write

C
—z - VV(z) < =z - VV(0) = Bl < =pla|* + [VV(0)|lz| < (6 — B)|z]* + 15 (6:53)
for any 0 > 0 and z € R
Next, our assumptions on W imply VW (0) = 0, and v < D?*W(z) < ~+'I, so
v VW) >~Jaf  and |z DAW(2)y| < Tlally
for all z,y, 2 € R, with I" defined by (6.51). Hence, by Taylor’s formula,
o VWogula) = = [ o VW= g)duly
= —x - VW(x //x D*W (z — sy) ydu(y) ds
R4
< —ylaP 4 Tlal [ lolduty)
R
9 r
< (=y+Inlzl” + Iy e(t), (6.54)
where 7 is any positive number.
From (6.53) and (6.54) we obtain
d a()fa?
= (Ma(®) < [ [AQ) + BOl) 2O () (6.55)
dt R4

where

A(t) = Ca(t)(1+e(t),  B(t)=dad(t) +4a(t) +balt),

and C is a finite constant, while b= —2(y+ 3 —J — I'n).
We now choose a(t) in such a way that B(t) =0, i.e.

() +4a’(t) +ba(t) =0, a(0) = .

This integrates to

1 1—ebt\ ! 1 -
a(t) =e* (—+4 ‘ ) <: <—+4t) ifb:0>.
Qp b (&%)
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Obviously « is a continuous positive function, and our estimates imply

%(Ma(t) (ﬂ) < A(t)Ma(t) (t).

We conclude by using Gronwall’s lemma that
t
Map(0) < exp ([ A)ds ) 2oy 0)
0

Next, the estimate (iii) for e(t) is an easy consequence of our explicit estimates when
B> 0,8+~ >0 (in the case when v > 0 and 3 > 0, we choose 77 € (0, 3)).

As for the estimate about M,(t), it will result from a slightly more precise computation.
From (6.55), we have

d

G [ o) < [ 1@+ Bl e dpuga) (6.56)

R4

where A is bounded on R, by some constant a, and

B=2a2a—(B+~v—06—1In).

Since 3 + v > 0, for any fixed « in <O , @) we can choose 6,7 > 0 such that B < 0.
Letting R? = —a/B and G = —B > 0, equation (6.56) becomes
d alz|? 2 2y polzl?
prll du(x) <G | (R* = |z|?) e*™" dp(z). (6.57)
t R4 R4

Let p > 1. The formula

/ (RZ . |x‘2) eoc\x\2 dut(:c) < R2(1 _pQ)/ €a|a:|2 dut(x)
lz|>p R |z|>p R

= R*(1-p°) {/ eIt dp(x) — / eIt dpu(z)
R4 lz|<p R

leads to

/ (R — [2) e duy(z) < / (R2p? — o) e dpug() + B2(1 — p) M,
Rd

lz|<pR
by decomposing the integral on the sets {|z| < p R} and {|x| > p R}. From (6.57) we deduce
(Ma)'(t) + w1 Ma(t) < wy

where w; and wq are positive constants. It follows that M,(t) remains bounded on R, if
M,(0) < +oo, and this concludes the argument. a
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6.3.3 Time-regularity
Now we study the time-regularity of p;.

Proposition 6.16. With the conventions of Subsection 6.3.1, for any T < +oo there exists
a constant C(T) such that

Vs, t € [0,T), Wi (g, 1) < C(T) |t — s|Y2. (6.58)

Remark 6.17. The exponent 1/2 is natural in small time if no regularity assumption is
made on p; it can be improved if ¢, s are assumed to be bounded below by some ¢y > 0.
Also, in view of the results of convergence to equilibrium recalled later on, the constant C(7T")
might be chosen independent of T'if 3 > 0,5+ 2~ > 0.

Remark 6.18. A stochastic proof of (6.58) is possible, via the study of continuity estimates
for Y;, which in any case will be useful later on. But here we prefer to present an analytical
proof, to stress the fact that estimates in this section are purely analytical statements.

Proof. Let L be the linear operator —A—V-(-VV +V(Wxp,)), and let e~ *F be the associated
semigroup : from our assumptions and estimates it follows that it is well-defined, at least
for initial data which admit a finite square exponential moment. Of course p; = e . It
follows that

Wapis, ) = Walps, e ) = Wy (/Rd 8y dpas(y), /Rd e 70, dus(y))

< [ W8y, e IES,) dug(y).

Rd

Our goal is to bound this by O(v/t — s). In view of Proposition 6.14, it is sufficient to prove
that for all a > 0,
2
W2(8,,e"0=28,) = O(t — 5) O(e").

This estimate is rather easy, since the left-hand side is just the variance of the solution
of a linear diffusion equation, starting with a Dirac mass at y as initial datum. Without
loss of generality, we assume s = 0, and write i, := e *%§,. For simplicity we write the
computations in a sketchy way, but they are not hard to justify.

Since the initial datum is 6, its square exponential moment M, of order « is e®¥*. With
an argument similar to the proof of Proposition 6.14(ii), one can show that

0<t<T — / el djiy() < C(T)(1+ M,) < C(T) e,

Now, since |[VV|(z) = O(e®™*), a < a, [VW * | grows at most polynomially, and /i,
admits a square exponential moment of order «, we easily obtain

d

o | v = / V(V A+ Wk ) disy = / O(e) djs, = O(e™MF);
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d 2

dt % djiy = d — /”f V(V A+ W s ) dfig = O(eF),

From these estimates we deduce that the time-derivative of the variance V(i) := [ x| dfi —
([« djir)* is bounded by O(e"¥’) for any b > 0. Since jig has zero variance, it follows that

the variance of fi; is O(te’!¥!”), which was our goal. O

6.3.4 Regularity in phase space

Regularity estimates will be useful for Theorem 6.11. Equation (6.16) is a (weakly nonli-
near) parabolic equation, for which regularization effects can be studied by standard tools.
Some limits to the strength of the regularization are imposed by the regularity of V. So as
not to be bothered by these nonessential considerations, we shall assume strong regularity
conditions on V' here. Then in Appendix 6.8 we shall prove the following estimates :

Proposition 6.19. With the conventions of Subsection 6.3.1, assume in addition that V
has all its derivatives growing at most polynomially at infinity. Then, for each k > 0 and for
all tg > 0, T > to there is a finite constant C(to, T'), only depending on to, T,k and a square
exponential moment of the initial measure pg, such that the density f, of u is of class C*,
with
sup || fillex < C(to, T).
to<t<T

If moreover 3 > 0, 4+~ > 0, then C(to,T) can be chosen to be independent of T for any
fized tg.

Remark 6.20. For regular initial data and under some adequate assumptions on V' and
W, some regularity estimates on f;/f., where f,, is the limit density in large time, are
established in [37, Lemma 6.7]. These estimates allow a much more precise uniform decay,
but are limited to just one derivative. Here there will be no need for them.

6.3.5 Asymptotic behavior

In the “uniformly convex” case when (3 + vy > 0, the measure pu; converges to a definite
limit p1o, as ¢ — oo. This was investigated in [74, 36, 37]. The following statement is a simple
variant of [36, Theorems 2.1 and 5.1].

Proposition 6.21. With the conventions of Subsection 6.53.1, assuming that 3 > 0, 3+2~ >
0, there exists a probability measure po, such that

WZ(:utnuoo) S Cei)\ta A>0.

Here the constants C' and \ only depend on the initial datum pug.
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6.4 The limit empirical measure

Consider the random time-dependent measure

N
1
N = ~ > oy, (6.59)
=1

where (Y');>0, 1 <4 < N, are N independent processes solving the same stochastic diffe-
rential equation A A _
dY} =V2dB} = [V(V + W * u))(Y}) dt,

and such that the law of Y{ is . As we already mentioned, for each ¢ and 7, Y} is distributed
according to the law ;. We call 2} the “limit empirical measure” because it is expected to
be a rather accurate description, in some well-chosen sense, of the empirical measure ¥ as
N — oo.

Our estimates on iy, and the fact that ¥ is the empirical measure for independent
processes, are sufficient to imply good properties of concentration of 7V around its mean py,
as N — oo, for each t. But later on we shall use some estimates about the time-dependent
measure (even to obtain a result of concentration for i with fixed t). To get such results,
we shall study the time-regularity of /Y. Our final goal in this section is the following

Proposition 6.22. With the conventions of Subsection 6.3.1, for any T > 0 there are
constants C' = C(T) and a = a(T) > 0 such that the limit empirical measure (6.59) satisfies

VA € [0,T],Ve > 0, IED[ sup Wl(lﬁév,ﬁtN)>z—:] <exp (—N(ae® = CA)).
¢

0<s,t<to+A

To prove Proposition 6.22, we shall use a bit of classical stochastic calculus tools.

6.4.1 SDE estimates

In this subsection we establish the following estimates of time regularity for the stochastic
process Y; : For all T' > 0, there exist positive constants a and C' such that, for all s, ¢,t9, A €
[0, 77,

(i) E|Y; - Yi[2 < CJt o

(i) E|Y, - Yi|' < CJt — s

(iii) E[ sup exp(a|Yt—Ys\2)} <1+CA.

to<s<t<to+A

Proof. We start with (i). We use It6’s formula to write a stochastic equation on the process
(1Ye = Yi[H)ezs -

t
YV, = Yi|* = M, +2d(t—s) — 2/ (VV(Y,) + VW x 1, (Yy)) - (Y, — Y5) du,
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where M; ,, viewed as a process depending on ¢, is a martingale with zero expectation. Hence
t
E|Y, - Y>=2d(t —s) — 2/ E(VV(Y,) + VW % u,(Yy)) - (Y, — Ys) du. (6.60)
On one hand

E|(VV(Y) + VW 5 () - (Y = V2) C < A(EIVV(Y)P + BIVIW o, (Y,))

(E\YUF + E|Ys\2>. (6.61)

On the other hand, by Proposition 6.14, u, has a finite square exponential moment, uni-
formly bounded for v € [0,T]. More precisely, there exist a > 0 and M < +oo such that

e du,(z) < M for all uw < T. Since by assumption |[VW (z)| < L|z| and |VV(z)| =
O(e**1”), we deduce
sup <E (VV(Yy) + VW s 1, (Ya)) - (Yo — Ys)) < +o00.
s<u<T
In view of (6.60), it follows that there exists a constant C' = C(7T') such that

E|Y; — Y < (2d + O) (t — s).

This concludes the proof of (i).

To establish (ii), we perform a very similar computation. For given s, let Zs, := (|Y; —
Yi|*)t>s. Another application of 1t6’s formula yields

¢
EZ,=4(2+d) [ BY.- Y. du
¢
- 4/ ElY, — Y’ (Y. = Y;) - (VV(Y.) + VWV x 11, (Y,,)) du.
On one hand, from (i),
t t
/ E|Y, — Ys|*du < 20/ (u—s)ds = C(t —s)°.
On the other hand

/tE |Yu - Y9|2(Yu - YS) ' (VV(Yu) + VIV « Nu(Yu)) du

t 3/4 t . 1/4
< (/ Ezs,udu) (/ E|VV(Y,) + VW s 1y (Yy)] du) (6.62)
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by Holder’s inequality. But again, since the measures p; admit a bounded square exponential

moment, E|VV(Y,) + VW x 1, (Y,)|* is bounded on [0, T]. We conclude that

EZ,<C ((t 2 (t— ) < / ‘B, du) 3/4> | (6.63)

Then, with C' standing again for various constants which are independent of s and ¢,

EZ,., < CE|Y,* +E|Y,|*) <2C sup /\:c|4duu < C;

0<u<T
so, from (6.63),
EZ., <C((t—s)*+(t—s)Y*t—s)*") <C(t—s),
and by (6.63) again we successively obtain
EZ, < C(t—s)"4,

and finally
EZ,, <C(t—s)

This concludes the proof of (ii).

We finally turn to the proof of (iii). Without real loss of generality, we set ¢, = 0. We
shall proceed as in the proof of Proposition 6.14, and prove the existence of some constant
C and some continuous positive function a on R, such that

E < sup  exp (a(t)|V; — Y8|2)) <1+CA. (6.64)

0<s<t<A<T
Let a(t) be a smooth function, and
Lsy = U DIYVi=Ys[?,
By Ito’s formula,
Zsy =1+ Mg,
+ / t 2a(u) (d -+ 20]Y, = Y[ = (VV + YW 5 ) (V) - (Ya = ¥3)) + @)Yy = V] Zyudu
where .
M= [ au) (Y, = Y) Z,dB.

For each s, M, viewed as a stochastic process in ¢, is a martingale.
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By Young’s inequality, for any b > 0,

—2(VV + VW 5, (V) - (Y, — Y,) < b|Y, — YS}Z + %}vv + VW MUE(YU).

So, by letting
1
Ay, = a(u) [2 d+ 5| VV () + VW (V)|

and
B(u) := d'(u) + 4 a*(uw) + ba(u)

we obtain

t
4&@+M@+/muummn—nm4wM

We choose a in such a way that the function B is identically zero, that is

amazebu<a@>+4l_f%u)4,

where a(0) is to be fixed later. Then

t
Zs,t S 1 + Ms,t + / Au Zs,u du
from which it is clear that
A
E sup Zst <1+E sup M, +/ EA, Zs, du.
s<t<A s<t<A s

By Cauchy-Schwarz and Doob’s inequalities,

2

<2 sup E|M,J”
s<t<A

sup M,

s<t<A

2
(E sup Ms,t) <E

s<t<A

Also, by Itd’s formula and the Cauchy-Schwarz inequality again,
t
E|M,,|?* = / a(u)’E|Y, = Y|* Z2, du

t
< %/ a(w)® (B|Y, —YiH)"* (B 22,)" du.

In view of (ii), there exists a constant C' such that
E|Y, — Y|* < C (u—s)*.
Furthermore,

EZ;,=Eexpda(u)|Y, - Y* < (Eexp 16 a(u)|Yu\2)1/2 (Eexp 16 a(u)]Y;|2)1/2_

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)
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Recall from Proposition 6.14 that there exist constants M and « > 0 such that

sup /eo‘|y2 dpy(y) < M.

s<u<A

If we choose a(0) < a//16, the decreasing property of a will ensure that a(u) < «/16 for all
u € [0, A], and

Besp 6a(ulif? (= [ ay)) < o1

Then, from (6.69),
sup EZ2 < M.

s,u —
s<u<A

Now, from (6.67) and (6.68) we deduce
sup B [My 2 < C(t - 5)*

s<t<A
Combining this with (6.66), we conclude that

E sup M,; <CA.

s<t<A

In the same way, we can prove that E (A;Z,;) is bounded for ¢ € [s, A] by bounding
E Z?, and E A7. This concludes the proof of (6.64), and therefore of (iii) above. O

6.4.2 Time-regularity of the limit empirical measure

We are now ready to prove Proposition 6.22.
On one hand

N
NNy < LNy
Wﬂuﬁv,vﬁ)sﬁgm—m,
SO

P [ sup Wi(oN, o) >e| <P (6.70)

0<s<t<A

1L
— Vt>
N; c

where
Vii= sup |Y =Y/

0<s<t<A

By Chebyshev’s exponential inequality and the independence of the (Y} — Y}),

1 N
P[N;\/i>€

But, for any given ¢ and w > 0,

< exp <—N sup [e¢ — lnEeXp((Vl)D :

¢=0

Eexp(¢V!) < Eexp (g(wzig/ly)) < exp CTCL)IEeXp %(Vl)?
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¢

Let w = QL, so that 5o =a Then, from estimate (iii) in Subsection 6.4.1,
a w

I[Zexpi(\/l)2 <1+CA,
2w

uniformly in s and A. Hence, for any ¢ > 0,

2

Eexp((V?') < Eexp Zf_a (1+CA).

Consequently,

1 .
P[N;VZ>€

VAN

( N sup EQ—%Z—IH(IJrC’A)})

¢>0

= exp ( [ag? — In( 1—|—CA)])
< exp(—N[ae®> - CA]).

The proof of Proposition 6.22 follows by (6.70). a

6.5 Coupling

We now (as is classical) reduce the proof of convergence for i to a proof of convergence

for the empirical measure 2}V constructed on the auxiliary independent system (Y}!). The

final goal of this section is the following estimate.

Proposition 6.23. With the conventions of Subsection 6.3.1,

t
Wl(:aivvut) < F/ " S)W( Vs 7,“5) d3+W1(Vt nut)
0

where I' is defined by (6.51), and o := ( + 2min(v,0).

Proof. For the sake of simplicity we give a slightly sketchy proof. We couple the stochastic
systems (X7) and (Y}) by assuming that (i) X = Y¢ and (ii) both systems are driven by
the same Brownian processes B!. In particular, for each i € {1,..., N}, the process X} — Y}
satisfies the equation

A(X; = YY) = =(VV(X]) = VV(¥)) dt = (VW ¥ (X)) = VW s u(Y)) ) dt. - (6.71)
From (6.71) we deduce

1d

S = Y = — (VX)) - V() - (X - V)

— (VW 0 (X)) = VW o, (Y))) - (X] = Y)). (6.72)
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Our convexity assumption on V' implies
—(VV(X]) = VV(Y))) - (X] = Y)) < =BI1X; = Y%
so the main issue consists in the treatment of the quantity VW * g (X)) — VW * p, (Y})
appearing in the right-hand side of (6.72). There are (at least) two options here. The first
one consists in writing
VIV 5 i (X7) — VW 5 iy (¥7) =
(VW s i = VW 5 1) (X7) + (VW % (X)) = VIV 5 (¥)): - (6.73)

while the second one consists in forcing the introduction of 7V as follows :

VIV s i (X i)—VW*MYJ)I
va (X] = X)) = VW (Y = Y]] = (VW x5 — VW 5 ) (Y)). (6.74)

Both options are interesting and lead to slightly different computations. Since both lines of
computations might be useful in other contexts, we shall sketch them one after the other. The
second option leads to better bounds, but at the price of more complications (in particular,
we shall need to sum over the index i at an early stage).

First option : We start as in (6.73). In view of our assumption on D?*W, the Lipschitz
norm of VW (X} — -) is bounded by T'. Therefore, by the Kantorovich-Rubinstein dual
formulation (6.8),

VW (i) — ) (X7)

= | [ WX = (@ = ) )| < TWAGE ),
R4

and then our assumptions on V and W imply

1d
2dt

In other words, | X; — Y| satisfies the differential inequality

— X0 = VP < —(y+ B8) | X = Y+ T WAl ) 1X7 = Y.

d i o o A
X =Y+ (B ]X -V < INUA(TANTY

(X} and Y} separately are not Lipschitz functions of ¢, but their difference is). Hence, by
Gronwall’s lemma,

t
X =YD [ e W ) ds
0

Now we sum over 7 ; by convexity of the distance W, and triangular inequality, we obtain
[N
W) < 5 DI VIS T [ e i ) ds
N i=1 0

t
< F/ e~ (B+7)(t=s) [W (Ms , Uy )_|_ Wi (v, ,us)] ds.
0
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By using Gronwall’s lemma again, we deduce
WG, 52 < T[RRI ) s
0

By applying the triangular inequality for W, we conclude to the validity of Proposition (6.23),
only with a replaced by the (a priori smaller) quantity 5+ v —T.

Second option : Now we start with (6.74). This time we sum over ¢ right from the begin-
ning :

1d & N ) . A A AR .
5 Z —Y/[P= =) (VVX) = VV) - (Xi = Y)) = = ) (A + BY)
i=1 i=1 i,j=1
where

AV = (VW(X] = X]) = VW (Y] = Y])) - (X] - Y})
and

BY = (WY = YY) = VW (V) - (X] = V7).
Since VI is an odd function and D?W (x) > ~I for all z € R?, we have
AY + Al = (VW(X] = X7) = VIV (Y] =Y7)) - ((X] = X7) = () = ¥)))
. , . .
> 9|(X] = X7) — (V) = YY)

whence

N N N
S A< ISV - XD - (Y < 2Ny YUK - VP

1,j=1 2,7=1 i=1

where v~ = min(v,0).
Then

N
=3 B = —(X] = Y]) - (VW 5N (V) = VW s g (Y)).

Our assumption on D? implies that the Lipschitz norm of VW (Y}’ — -) is bounded by T';
so, by the Kantorovich-Rubinstein dual formulation (6.8),

W (5 = ) (V)] =

VWY — ) (o — m(y)) < TWA, ).

R4

Collecting all terms we finally obtain

N N
= Z X =Y/ P < —(B+27) Y 1X = V/P 4T Y 15 = YW, pe).
i=1 1=1
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1/2
Then, since Z|X’ Y| < (NZ|X’ Y| ) , the function y(¢) ( Z | XY/ )
satisfies the dlfferentlal mequahty
Y1)+ (B+2y7)y(t) < TWi(5y", ),

so that
1/2

N t
1 . . _
(N S - YZIQ) <L [ W ) ds
i=1 0

The conclusion follows by triangular inequality again since

1/2
Wiy, oY) < Wy, ) < ( Z|XZ YZ|2> .

O

Remark 6.24. Not only does the “second option” in the proof lead to better bounds, it also
provides an estimate of the distance between i and 7 in the W, distance, which is stronger
than the W) distance. However, we do not take any advantage of this refinement.

6.6 Conclusion

In this section, we paste together all the estimates established in the previous sections,
so as to prove Theorems 6.7 to 6.11.

6.6.1 Concentration estimates

We start with the proof of Theorem 6.7. By C' we shall denote various constants depending
on T', on our assumptions on V' and W, and also on f eolel? dpp(x), for some o > 0.
From Proposition 6.23,

sup Wi(a, ) < (Tel™ 4 1) sup Wi, py) ds.

0<t<T 0<t<T

In particular, there is a constant C' such that

[N
I

(6.75)

Qo

P | sup Wl(ﬂiv,utbs] <P [sup Wi ) > €|,

0<t<T 0<t<T
From Corollary 6.15 and Theorem 6.1 we know that

sup P Wy (07, py) > &) < e KN
0<t<T
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for all t € [0,T], N > Ny max(é~@*? 1) (d' > d). The issue now is to “exchange” sup and
PP in this estimate. As we shall see, this is authorized by the continuity estimates on 2{¥ and

Mot
Let A > 0 (to be fixed later on), and let M be the integer part of T'//A 4 1. We decompose

the interval [0, 7] as

0,7] = [0,A]U[A,2A] U...U[(M — DA, T] C Ul[m, (h+ 1)A].

h=0

Proposition 6.16 guarantees that, if A < a&? for some a small enough, then

€
Then, by triangular inequality and (6.76),
P [SUP Wi (2, ) >5}
0<t<T
<P | sup sup Wi (D), ) > €
h=0,...M—1 hA<t<(h+1)A
<P [ sup sup  WA(D,vpa) + sup - Wi(ha, pan)
h=0,...,M—1 hA<t<(h+1)A h=0,...M—1
+ sup sup Wi (pna, pe) > é)]
h=0,..,M—1 hA<t<(h+1)A
N o~ . €
<P [ sup sup  Wi(D),0pa) +  sup - Wi(pa, pnn) > —] :
h=0,...M—~1 hA<t<(h+1)A h=0,..,M—1 2

which can be bounded by

. €
+ P [ sup  Wi(pa, Hna) > ﬂ :

5

N AN

sup sup Wi (D", 0,A) > =
4 h=0,...,M—1

P
h=0,...,M—1 hA<t<(h+1)A

By Corollary 6.15 and Theorem 6.1, there exist some constants C' and Ny such that

. € N
P {Wl(%}fmﬂm) > Z] < exp(~C' N &%)

forall h=0,...,M — 1, and N > Nymax(é~(¥*+? 1). Hence

M-1 .
< Z P {Wl(ﬁéVA,ﬂhA) > ﬂ < Mexp(—C N &). (6.77)
h=0

) g
P| sup  Wi(Dpa, pna) > 1
h=0,....M—1
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On the other hand, from Proposition 6.22 we deduce

P sup  WA(&N,o)) > ° < exp (—N(g g — C’A))
RA<t<(h+1)A 4 4

forall h=0,...,M —1and € > 0, so

P [ sup sup WA, o)) > Z] < M exp (—N(%éQ — CA)) : (6.78)
he

=0,..,M—1 hA<t<(h+1)A

We can assume that A < %% and M < CT/é* + 1; then we can bound the right-hand
side of (6.78) by

a . T a
Mexp(—gNe)SC(lJré—Q) exp<—§N€> (6.79)
From (6.77) and (6.79) we deduce that, for A small enough (depending on e!),
~N ~ r ~2
P [ sup Wi(0,", pue) > 8} <2C <1 + ~—2) exp(—K N &%) (6.80)
0<t<T 3

for N > Nymax(£~(@+2 1). So we deduce from (6.80) that

T
P [sup Wi, ) > é| <exp <1n(0<?+1>) —KNéQ),

0<t<T

where again C, K stand for various positive constants, and N > max(N, g (@+2) 1). This
concludes the proof of Theorem 6.7. a

6.6.2 Uniform in time estimates

Now, we shall focus on the case when 3 > 0,3 + 2+ > 0, and derive Theorem 6.9 by a
slightly refined estimate.
Let us start again from the bound

t
Wit s p1e) < F/ e UIWA (0L, i) ds + Wh (0, )
0

where a := 42 min(, 0) is positive. Let A > 0 (to be fixed later on), and k be the integer
part of t/A. If Wi(al, us) is larger than e, then

either Wy (9 1) > g
G+D)A

or 35 € {0,...,k}; / e_o‘(t_s)Wl(ﬁéV,,us) ds

€
> .
in — 2k+2—5T"
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Indeed, (£/2) + 32, (¢/2"%77) < e. As a consequence,

either Wy (7Y, ;) > %

eaea[tf(j+1)A]

or 45 €{0,...,k}; sup 1% ﬁiv, s) > A
it J JA<s<(+D)A O ) 20T

Since, for t € [JA, (j + 1)A]

ealt—(+1)4] - eak—j—1)A B 1 AT k—j
ok+2=j = gk—jr2  \4eed J\ 2 )

we conclude to the existence of a constant C' such that

P Wi, ) > ] <P (Wi, ) > 5]

alA

k k—j
+ Z]P’ [ sup Wi (oY, ps) > Ce (67) ] . (6.81)
=0

FALs<(G+1)A

We already know that the first term in the right-hand side in (6.81) is bounded by e~V ?
for some constant A > 0, and so we focus on the other terms.

In the proof of Theorem 6.7, we have established that there are constant C' and A,
depending on A and on bounds on square exponential moments for pg, such that

P [ sup Wi (0, pis) > 6

0<s<A

<C (1 + %) e MO (6.82)

Proposition 6.14 guarantees that these square exponential bounds also hold true for u;,
uniformly in ¢. Thus we can apply (6.82) with p;a taken as initial datum, and get

P [ sup Wi (0, ps) > 5] < Ce M, (6.83)

JALs<(G+1)A

as soon as N > Nymax(6~(@+2) 1).

We now use (6.83) to bound the sum appearing in the right-hand side of (6.81). Choose
A large enough that

eaA

f:=— >1.
2

Applying (6.83) with § replaced by C67~*e, we can bound the sum in the right-hand side
of (6.81) by

k
O exp(— K249 NE2)

J=0
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for N > Nymax(e~(@+2) 1), where C', K and N, are again positive constants. Since again
is larger than 1, there is a constant a > 0 such that 2= > a(k — 5), so the sum above is
bounded by

—KNeg?

> e
C <€—KN52 + ZB—KZN52> < C <6—KN52 + — eKN€2> .
=1

If N, is large enough, our assumption N > Nymax(e~(@*+?) 1) implies that e XN * s always
less than 1/2, so that the above sum can be bounded by just Ce %% = This concludes the
proof of the first point of Theorem 6.9.

)

The second point is proved by writing

Wi (fiy ptoo) < Walfay' s 1) + Wi (p, fios) < Wiy i) + Ce™™

successively by the triangular inequality for Wasserstein distance and use of Proposition
6.21. Then the result follows from the uniform estimate obtained above. O

6.6.3 Data reconstruction

We finally consider Theorem 6.11. Proposition 6.19 ensures that, ast — oo, f; is uniformly
bounded in C*, where k is arbitrarily large. Since f; converges to f. as t — oo, we deduce
that f. is Lipschitz. Then Theorem 6.9 and Proposition 6.12 together imply Theorem 6.11.
O

6.7 Appendix : metric entropy of a probability space

We now prove the covering result used in Section 6.2.1, as a particular case of a more
general estimate. Let E be a Polish space, we look for an upper bound on the number
N,(E,6) :==m(P(E),d) of balls of radius ¢ in Wasserstein distance W, needed to cover the
space P(F) of probability measures on E. We use the same strategy as in [43, Exercise 6.2.19],
where the Lévy distance is used instead of the Wasserstein distance.

Theorem 6.25. Let (E,d) be a Polish space with finite diameter D. For any r > 0, define
N(E,r) as the minimal number of balls needed to cover E by balls of radius r. Then, for all
p>1andé € (0,D), the space P(E) can be covered by N,(E, ) balls of radius § in W,

distance, with
D\ PN(E:3)
N,(E,58) < (867) . (6.84)

Remark 6.26. The W, distance between any two probability measures on £ is at most D,
so, for all 6 > D, we have the trivial estimate N,(FE,0) = 1.
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Proof. Let r > 0, and let {x; }1<;<n(g,) be such that E is covered by the balls B(z;,r) with
centers x; € E and radius r. For simplicity we shall write N = N(E,r).

In a first step we prove that for any p € P(FE) there exist nonnegative real numbers
N

(Bj)1<j<n, with Z/Bj =1, such that

J=1

N
Wp(uaﬂ) < ﬂ = Zﬁjaxj
j=1

For this we first replace the balls B(z;,r)’s by the sets Bj’s defined by

Vi, Bj=B(z;,r)\ |J Blawr),

k<j—1

so that F is partitioned into the Bj’s. Next define

Bj = pulBj]
It is easy to check that the required properties are fulfilled. Indeed, we may transport pu
N
onto fi = Zﬁjéxj by sending all x’s in éj onto xj, for each j = 1,..., N : the cost of this
j=1

transport is bounded by Ejvzl rPu(B;) = rP.

In the second step we introduce an integer K (whose value will be made more precise
later on), and consider the set

N
Cx = {Z%’%; (aj)i<j<n € AK} C P(E),
j=1

where Ak is the set of all N-tuples (a;)1<;j<n, such that each «; is of the form k; /K, k; € N,
N
and Z a; = 1.
j=1
N

Given a probability measure i = Zﬁiél'i (where (3;); does not necessarily belong to
i=1
A ), there exists ¢/ in C such that

W4 i) < D (%)/ (6.55)

To prove (6.85), we define n; as the integer part [K3;] of K3; and J as the first integer

such that
J

Z(nj+1)+ Z n; = K.

j=1 j=J+1
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N
Since Z B; =1, it is clear that J < N. Then we define a measure p’ € Cx by p' = Z ozjéxj,
T j=1
where

o — nj;l fory=1,...,J
1M forj=J+1,...,N.

Let us bound the distance between p and p/. For that we gradually define a transport
plan between fi and y' in the following way : first of all, at each point z;, the mass n;/K
stays in place. Then, the remaining masses (3; — n;/K are redistributed as follows : all the
remaining mass at x1,...,x, is brought to z;, together with possibly a bit of mass at x,,1,
until a total mass 1/K has been added at location z; (for ¢ large enough). If J > 2, then
we again bring mass from xq, ..., until another mass 1/K has been added at z5. We carry
on until all the mass at x; has been used, thus building a transport plan (m;;)1<; j<ny which

n4
sends fi1 onto 4, in such a way that 7; > ?Z for all 7. Hence,

n; 1
< B _ e
Z Ti; < i =bi- %<7
J#i
and this plan yields an upper bound on the Wasserstein distance :

N
. Dp
Wr(j, ') < E d(z, zj)P mij = E E d(zs, x))P my < N?.
i,j=1 =1 j#i

To summarize the first two steps : for any p in P(F) there exists p’ € Cx such that

N\ VP
/!
Wy, 1) < 7’+D<g) :
In other words, the family (B (1,7 + D(N/K)l/l’)) .. covers P(E).
weCk

In the third step we choose some suitable K and r for a given .
We first choose K in such a way that 7 and D(N/K)'/? have the same order of magnitude,

for instance
D p
K= {N (—) } + 1.
r

r+ D (N/K)'? <2,
and the balls B(y/,r + D(N/K)"?) have radius at most ¢ if

Then

r =

0
-
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Now K and r are fixed, N = N(F,0/2), and we just have to estimate the cardinality
iCxk of Ck. For this we first note that

o _(EAN-1 (K+N-1)...K
W = (K —1)IN! N!

Without loss of generality, we have assumed § < D,;so K > N. Then K <--- < K+ N-1<
2K, and hence
QKN [2Ke\"
< < | — .
e < <\ W

Since N > 1 and 2D > §, we can write

p p
ke () vrcav (2

and we deduce

with C' = 2(4e)'/? < 8e.

D pN(E,S
Consequently, we have covered P(E) by the <CF> balls (B(',9))wec, with

radius d. This concludes the argument.

In the particular case when F is the Euclidean ball By of radius R in R¢, we have

N(Bp,1) < k (g)d (6.86)

for some constant k. To see this, one may for instance consider the balls with center in the

lattice %Zd in R?. Then Theorem 6.25 yields the bound

s < ()

which is used in the present paper.

6.8 Appendix : regularity estimates on the limit PDE

In this appendix we study solutions to the limit equation

0
a_’Z:Au+V~(w(v+W*u)), t>0, zeRY (6.87)
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and establish the regularity results stated in Proposition 6.19. Following the method in [44],
we shall measure the regularity in terms of L2-Sobolev spaces

H*(RY) = {u € L2(RY); 0u € LA(RY), a € N, || < s} (s €N).

Our main result is as follows.

Theorem 6.27. Let V and W such that all their partial derivatives 0%V and 0*W are
continuous and grow at most polynomially at infinity, for any multi-inder o« € N with
o] < s+ 1. Let a, E > 0 and let po be a probability density such that

/ e dpg(z) < E.
R4

Then, there exists a continuous function f : (0,4+00) — (0, +00), only depending on d, s, V,
W, a and E, such that any classical solution p = u(t, z) to (6.87), starting from pg, satisfies

HS(Rd) S f(t>'

Proof. For the sake of simplicity we only give a formal proof, which can be turned rigorous
by means of regularization arguments.
Let then p = (u(t,.))w>0 be a solution of
ou
ot

we rewrite the equation as

a2, )]

=Ap+V-(uV(V+Wxp), t>0, zeR%

d
D= gt + 0, [n0ig],
i=1

where 9; = 0% if e; is the i-th vector of the canonical base of R?, and
o(t,x) = V(z) + W p(t, ).
Let o € N? be given. By integration by parts and Cauchy-Schwarz inequality,

o* _/aaaaa —/aa 9 (0
2dt/| pf” 1 e (D)

= Z 0 0% (s + 0, [ 0:9))
= —Z !8”“ / 9 0 [udig]
1=1
d d
_Z 5 ‘804—%-@1-#‘2 + Z [/Rd ‘aa—l—eiﬂf} anﬁ/ ‘804 B-l—eng 86#‘ ]
i=1 i B<a
d
< _%Z ‘8a+el + 2005/ ‘aa ,BJreZ(baﬁlu‘ )
i=1

BLa
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By summing over a € N? with |a| < s, we find

T Z/ o <= Z/ e + > anﬁ/ |5o=Beig 9P|

|| <s ‘a|<sl 1 |o¢‘<5ﬁ<a

Given T' > 0, by Proposition 6.14 there exist constants a and E , depending only on d, a,
FE and T, such that

/ Pyt 2) < B (6.88)

for all ¢t € [0,T]. In particular, it follows from our assumptions on the derivatives of V' and
W that all ‘60‘_5 +e’¢‘2 terms are bounded by some polynomial in |z|, uniformly in ¢ € [0, 7).
Let (x) := /1 + |z|?. For k,s > 0, we introduce the weighted norms

1/2

ey / o u(a) ? da

|a|<s

and
sy = [ @) fute)] da.

Then for any s € N and T" > 0 there exist k and C' > 0 such that

d
0<t<T—=  —lpli < —lplie +Clpl

e (6.89)

We shall prove later on the following interpolation lemma :

Lemma 6.28. Given d > 1, s € N an k > 0, there ezist nonnegative constants C(d, s, k)
and h(d, s, k), and 0(d, s) € (0,1) such that for all u € L1 (RY) N H*F(RY),

ds ds
lulli; < O s Bllull7; " ul 52

Then, again from (6.88), all H,LL”L}L(d k)(t) norms are bounded on [0, 7], so from (6.89)

and Lemma 6.28 there exists some constants C such that

2/0

e+ Clp

e < =l Hs+1<——|!u|Hs+1+C< —C|\ ]| 7+

L
ar

In other words A(t) = ||| % (t) satisfies on [0, T] the differential inequality

At)+cA)P <C (6.90)

for some constants ¢, C' > 0 and p = 1/6 > 1 depending only on d, a, E, s and T.
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Let us distinguish two cases. If A(0) < 1, then we only use the inequality A’(t) < C to
make sure that

A(t) S A(0)+Ct <1+ CT

for any ¢ € [0, 7.
If on the other hand A(0) > 1, we deduce from (6.90) that

Al(t) + c A(t)? < CA(Y),
as long as A(t) > 1, so that D(t) := A(t)' 77 satisfies the inequality
D't)+(p—1)CD(t) > (p—1)c

which integrates to

D(t) > D(0)el-P)Ct 4 %(1 — e1-P)Cty > é(l _ei-nty,

As a consequence, as long as A(t) > 1, we have

A(t) < (¢/C)Y17P(1 — eUmPtyL/U=p),

In the end, we have obtained an a priori bound on A(t) = /\6o‘u|2 (t) for t € (0,77,

depending only on d, s,a, E and T', but not on the initial value A(0). Then the proof can be
concluded by an approximation argument. O

Proof of Lemma 6.28. We proceed by induction on s.
In the first step we prove the result for s = 0. Given d > 1 and a € (0, 1], we write

/Rd<x>k |u(x)|? dx = /Rd<x)k lu(z)| |u(z) >~ da,

so, by Holder’s inequality,
lull72 < HUHULL% lull*2,

2—a

—a

(with = o0 if @ = 1). Then by Sobolev embedding,

lullzz < C(d, a)llullzy Ilullze
a

4
where a = 1 if d = 1, a is arbitrary in (0,1) if d = 2, and a = 712 if d > 3, that is,

1-6(d 0(d
lullzz < C@lull "l

a

1 1
where 6(1) = 5 any 0(2) € (5, 1) for d =2, and 0(d) = for d > 3.

d+2
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In the second step we let s > 1 and assume by induction that there exist some constants

C(d,s—1,k),h(d,s—1,k) > 0and 6(d,s—1) € (0,1) such that for all u € L (RY)NH*(R?) :

0(d,s—1)
Hs .

1-6(d,s—1
gz < C(dy s = 1, k) [Jull ;" lul
h(d,s—1,k)
Let then u € L (RY) N H*1(RY).
Given a € N? with |a| = j and 1 < j < s, we split a into a = a1 + ap with |ay| = 1, and
integrate by parts :

10°ull72 < K10 ull g, , 10%ull2 + 10" ull g, 1107 ullL:
< (k+ D)0l sup (|07l re,
| <j+1

whence

sup [|0%ul|7, < (k+1) sup [|0%upz, sup [[0%ul
o= o =j—1 ol <j+1

<(k+1) sup [|0%ulls, sup [[0%ul]ze.
lor|<s—1 o <s+1

Since this holds for any 1 < j < s we obtain

sup ||8°‘u||%2§(k:+1) sup ||0%u||p2. sup ||0%u|L2.

1<[al<s k jal<s—1 * lal<s+1
Moreover

lullfz < llullzz, llullzz < sup [[0%ullps, sup [0%ullLe,

o <s—1 o <s+1

so that finally

lullZry < (& + Dllull gaor el

Then, by induction hypothesis,

—0(d,s— 0(d,s—
lullf < (ke +1) C(dy s — 1, 28) [l 1Y Jfull 5570 [fuf e,
h(d,s—1,2k)
whence
1-6(d, 0(d,
ey < C(ds b, ) ull 7 a5

1

2—0(d,s—1)
the argument. O

where 0(d, s) = € (0,1) and h(d, s, k) = h(d,s — 1,2k) > 0. This concludes






Chapitre 7

Concentration de la mesure empirique
sur les trajectoires des particules

Ce chapitre correspond a Uarticle [20)].

Dans ce chapitre nous prolongeons [’étude de la limite de champ moyen d’un systeme de
particules abordée dans le chapitre pécédent. Nous obtenons en particulier des estimations
de grandes déviations non asymptotiques mesurant la concentration autour de sa limite de la
mesure empirique des particules, non plus a un instant donné comme précédemment, mais au
niveau des trajectoires. Pour cela nous adaptons a des espaces de trajectoires les techniques
développées dans le chapitre précédent pour R?.

Introduction

This paper is devoted to the study of the behaviour of some large stochastic particle
system. In the models to be considered, the evolution of each particle is governed by a
random diffusive term, an exterior force field and a mean field interaction with the other
particles. For such systems the limit behaviour has been clearly identified and studied in
terms of law of large numbers, central limit theorem and large deviations. Here we shall give
new quantitative estimates on the convergence in question in the setting of large deviations.

This follows some works addressing this issue at the level of observables or at the level of
the whole system at a given time, that we now summarize. For that purpose let (X});<i<n
be the position at time ¢ of the N particles of the system in the phase space R? and let
be some probability measure describing the limit behaviour of the system. At the level of
Lipschitz observables, F. Malrieu [74] adapted ideas of concentration of measure to obtain
bounds like
N

§ el - [ ed

> £+5 SQe*)‘NEQ

= . ON>1, (7.1)

sup P
[pli<1

211
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where C' and \ are some constants independent of € and N, and [-]; is the Lipschitz seminorm

defined by
x J—
(], 1= sup o () - ey)|
a£y |z =y

In other words, letting J, stand for the Dirac mass at a point z € R¢, the empirical measure

1 N
~N . __ E )
:ut T N p 5)(;’

of the system, which generates the observables at time ¢, satisfies the deviation inequality
C
> —+5] < Qe M N>1.

sup P U/ dAN—/ d
R VA A N

Now one can measure how this empirical measure i’ is close to its limit u; in a stronger
sense, namely, at the very level of the measures. For this, adapting Sanov’s large deviation
argument, the authors in [22] got quantitative and non-asymptotic bounds on the deviation of
f¥ around yu; for some distance which induces a topology stronger that the narrow topology.
By comparison with (7.1), these bounds can be written as

N
1 A 2
P [sup — E o(X}) —/ o dpy >5] < Ce)e ™M N >1. (7.2)
i=1 Re

In this work we want to go one step further by considering the whole trajectories of the
particles. A natural object to consider is the empirical measure of the trajectories (X})o<i<r
on some given time interval [0, 7], which is defined as

N
1
~N L )
Hor = N > Oxiocicr
1=1

where dx: is the Dirac mass on the path (X})o<;<7. This is a random probability

Jo<t<T
measure, no_lc;nger on the phase space R?, but now on the path space, which in our model
is the space of R%valued continuous functions on [0, 7).

Its limit behaviour is given as follows : the limit x; of the empirical measure fi)¥ at time
t can be seen as the law of the solution at time ¢ to a (nonlinear) stochastic differential
equation ; then the law of the whole process on [0, 7] so defined will be the limit of ﬂfgﬂ.
We shall give a precise meaning to this convergence, and obtain some estimates which are
the analogue of (7.2) in the path space; in particular we shall see that they imply (7.2) by

projection at time t.

In the next section we state our main results and give an insight of the proofs, which will
be given in more detail in the following sections.
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7.1 Statement of the results

7.1.1 Some notation and definitions

One of the key points in this work is to measure the discrepancy between probability
measures : this will be done by means of transportation (or Wasserstein) distances,
which have revealed convenient in this type of issues and are defined as follows. Let (X, d)
be a separable and complete metric space, and let p be a real number, p > 1; then the
Wasserstein distance of order p between two Borel probability measures p and v on X is

W, (1, mf(//XXX xypdw(:cy))p

where 7 runs over the set of all joint measures on X x X with marginals p and v. It can be
checked that W), induces a metric on the set of Borel probability measures on X such that

the moment / d(xg, )P du(x) be finite for some (and thus any) zy in X ; convergence in
X

this metric is equivalent to narrow convergence (against bounded continuous functions) plus
some tightness condition on the moments (see for instance [111] for further details on these
distances).

At some point the space (X, d) will be R? equipped with the Euclidean distance |-|, and in
this context W), shall be denoted W, ,. But (X, d) will mainly be the space C([0, T], R%), also
denoted C if no confusion is possible, of Re-valued continuous functions on [0, 7], equipped
with the uniform norm

[flloe := sup [f(t)];
0<t<T

for this space the Wasserstein distances will be denoted W), jo 7. The Wasserstein distances
considered in these two situations are linked in the following way : if, for 0 < ¢ < T, 1, is the
projection from C into R defined by m,(f) = f(t), then for any Borel probability measures
pand v on C, and any p > 1, the relation

Wp,T(thj%WtﬂV) < Wp,[O,T} (:uv V)a 0<t<T (73)

holds, where mfii is the image measure of u by 7.

The distance between two probability measures ¢ and v on X can also be expressed in
terms of the relative entropy of v with respect to p (for instance), defined by

H(v|p) = / —ln—d,u

if v is absolutely continuous with respect to p, and H(v|u) = +oo otherwise.
Both notions are linked by the family of transportation or Talagrand inequalities : given
p>1and A > 0, we say that a probability measure 1 on X satisfies the inequality T},()) if

Woluv) < 4/3 Hvl)
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holds true for any measure v, and we say that p satisfies 7}, if it satisfies 7),(A) for some
A > 0. By Jensen’s inequality, the weakest of all is T, which is also the only one for which
a simple characterization is known : a measure u satisfies Ty (\) for some A > 0 if and only
if it admits a square exponential moment, in the sense that there exist some a > 0 and x

in X such that [ exp (ad(zo,z)?)du(z) be finite. Numerical relations between such a and

X
A can be found in [23, 46].

7.1.2 A general concentration inequality for empirical measures

The proof of our main theorem on the particle system is based on some general concen-
tration result for the empirical measure of C-valued independent and identically distributed
random variables. We state this result separately.

For this purpose, given some Borel probability measure p on C, and N independent
random variables (X*);<;<x with law p, we denote

= ii(sxi
N

their empirical measure.
Given some real number o € (0, 1], we denote C := C*([0, T], RY) the space of functions
in C := C([0,T], RY) which moreover are Holder of order a, equipped with the Holder norm

1/ llec := sup ([1flloo [f]a)

where
e s D=6

o<ts<r [t —s]®

C“ is a Borel set of the space C equipped with the topology induced by the uniform norm,
and for Borel measures on C, concentrated on C®, we have in the above notation :

Theorem 7.1. Let p € [1,2] and let u be a Borel probability measure on C satisfying a
T,(N\) inequality for some A\ > 0, and such that /e“”x”i du(x) be finite for some a > 0 and

c
a € (0,1]. Then, for any o' < o and X' < X, there exists some constant Ny such that
P (W (u, i) > e] < e TN, (7.4)
for any e >0 and N > Nye2 exp (Noe~ /"), where

if 1<p<?2

1
*%:{u+v®®* if p=2
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Here the constants Ny depends on p only through A, a, o and /e“”x”i du(z).
c
Let us make a few remarks on this result.

First of all, for another formulation of the obtained bound, we recall Kantorovich-
Rubinstein dual expression of the W; distance on a general space (X, d) :

Wi(p,v) = sup {/ @du—/ sodV} (7.5)
[pl1i<1 Y I X X

where [p]; := sup w Then a result by S. Bobkov and F. Gotze [17] ensures that
THyY r,y
a T1(\) inequality for u is equivalent to the concentration inequality
A 2
supIP’ / du>el| <e 2V N>1.
s [ ~ Z o(X) = | edu ]

By comparison, the bound given by Theorem 7.1 implies, by (7.5),

sup < th (X") /tpdu) > € Se_%/NEQ, N <A, Nlarge enough,
[el1<1 c
but a modification of the proof would also lead to

[smo( Z@ /Csodu>>€

1<1

<Ce)e ¥V, N <A, N>1, (7.6)

for some computable large constant C'(¢). In other words we control a much stronger quantity,
up to some loss on the constant in the right-hand side, or some condition on the size of the
sample.

This result seems reasonable in view of Sanov’s theorem (stated in [43] for instance). By
applying this theorem to A := {v; W, jo.71(v, ) > €}, for some given ¢ > 0, one can hope for
a bound like

P [Wpor(p, ) > €] < exp < — Ninf {H(v|p);v € A})

for large N. With this bound in hand, since
A
inf {H(v|p);v € A} > 5 g

as pu satisfies T,,(\), one indeed obtains an upper bound like (7.4), but only in an asymptotic
way, whereas Theorem 7.1 moreover gives an estimate on a sufficient size of the sample for
the deviation bound to hold. Sanov’s theorem does not actually give such a relevant upper
bound here ; indeed, on an unbounded space such as C, the closure A of A (for the narrow
topology) contains y itself : in particular inf{ H(v|u); v € A} = 0 and Sanov’s theorem only
gives the trivial upper bound P[A] < exp ( — N inf{H (v|u);v € A}) = 1.
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To get a more relevant upper bound we impose some extra integrability assumption that
may at first sight seem strong and odd. The reason is that, proceeding as in [22], we first
reduce the problem to a compact set of C that has almost full ;1 measure : a large ball of C*
will do by Ascoli’s theorem and the integrability assumption on p. Then on this compact set
one can get, precise upper bounds by using some techniques based on some covering argument
and developed in [66] (see also [43, Exercises 4.4.5 and 6.2.19] and [56]). And actually the
assumption is satisfied by the Wiener measure on C (recall that the Brownian motion paths
are almost surely Hélder of order « for any v < 1/2) and by extension by the law of the
process we shall be considering.

This integrability assumption again implies the existence of a square-exponential moment
for p on C (for the uniform norm). Since this is equivalent to some 77 inequality for u, the
T,(A) assumption is redondant in the case when p = 1 if one does not care of the involved
constants.

Finally this result can be seen as an extension of the following similar concentration result
given in [22, Theorem 1.1] in the case of measures on R? : if m satisfies some T},(\), then

P [W,..(m, ") > ¢] < ewENS S50 N> N, max(e @2 1), (7.7)

Let indeed m be such a measure on R? Then the law p of a constant process on [0, T
initially distributed according to m satisfies the assumptions of Theorem 7.1 (one can take
any a < A/2), and the bound (7.7) follows by (7.3) with the constant 7, obtained in [22].
Note however that the required size of the sample is here much larger for small ¢.

This theorem will be proved in Section 7.2.

7.1.3 Interacting particle systems

We now turn to the study of a system of NV stochastic interacting particles which positions
X! in the phase space R? (1 < i < N) evolve according to the system of coupled stochastic
differential equations

N
) ) ) 1 . )
dX} =~/2dB! — VV(X})dt — ~ > VW(X; - X])dt, 1<i<N. (7.8)
j=1
Here the B’s are N standard independent Brownian motions on R¢, V and W are exterior
and interaction potentials respectively.

The state of the system at some given time ¢ can be described by some random probability
measure on the phase space R?, defined as

1 N
AN _ L _
My _N;5X;

and called the empirical measure of the system. As pointed out in the introduction, the
observables of the system are simply given by

N 2o = [ o) aid o),



7. EXTENSIONS DES RESULTATS AUX TRAJECTOIRES 217

whence the relevance of this object. Another remarkable feature of this measure is that it
belongs to the same functional space (of measures on R?), independently of the size of the
system. Hence there is some hope for the empirical measure to converge when N goes to
infinity. And indeed, under some assumptions on the potential V' and W, it has been proven
that if the particles are initially distributed in a chaotic way, for instance as independent
and identically distributed variables, then Y converges as N tends to +oo to a solution to
the partial differential equation

Opuy

This nonlinear diffusive equation, in which A, V- and V respectively stand for the Laplace,
divergence and gradient operators, is an instance of a McKean-Vlasov equation and has been
used in the modelling of one-dimensional granular media in [11] for instance. The convergence
of the empirical measure is strongly linked with the phenomenon of propagation of chaos
for the interacting particles, and both issues have been studied by H. Tanaka [109], A.-
S. Sznitman [105], S. Méléard [84] or S. Benachour, B. Roynette, D. Talay and P. Vallois
9, 10] for instance, under various assumptions on the potentials V' and W and in different
senses. Then quantitative concentration estimates, in the setting of large deviations, of the
empirical measure around its limit u; have been obtained by F. Malrieu [74] at the level of
observables, and later at the level of the law itself in [22].

In this work we want to go one step further by studying the limit behaviour of the
empirical measure

1 N
i = 37 2 0x
=1

of the trajectories X' = (X})o<t<7 of the particles on some time interval [0, T].
For that purpose, let Y = (Y;)o<:<r be a solution to the equation

dY, =V2dB, — VV(Y,) dt — VW 1, (Y;) dt (7.10)

starting at Yj distributed according to the initial condition pg in (7.9), where v, is the law
of Y; at time ¢. Then, by Itd’s formula, 14 also is a solution to equation (7.9) with initial
datum g, and a uniqueness result ensures that actually vy = p;. In other words the limit
behaviour g of fif' is the time-marginal of the law o7y of the process Y, in the sense
that it is the image measure of pp ) by the canonical projection m; defined on the paths
space C by m;(f) = f(t). Since ¥ is the time-marginal of the empirical measure /lfg,:r] that
we are considering, it is natural to hope that /lfg,:r] converge (in some sense) to fif, ). This
convergence has indeed been proved in the first works mentionned above, and here we want
to extend to this new framework the techniques that have been developed in [74] and more
particularly in [22].

We shall assume that the potentials V and W are twice differentiable on R¢, with bounded
hessian matrices in the sense that there exist some real constants 3, 5',v and +' such that

BI<D*V(x)<p'I, ~yI<D*W(x)<yI, xR (7.11)
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In other words the force fields VV and VW are assumed to be Lipschitz on the whole R

Under these assumptions, global existence and uniqueness, pathwise and in law, of the
solutions to (7.8) and (7.10) are proven in [84] for instance for square-integrable initial data ;
moreover the paths are continuous (in time). We shall also assume that the potential W,
which gives rise to an interaction term, is symmetric in the sense that W (—z) = W (z) for
all z € R?. Then we shall prove

Theorem 7.2. Let jig be a probability measure on R?, admitting a finite square-exponential

moment in the sense that there exists some ag > 0 such that eolel? duo(x) be finite. Let
. R4 ‘
(X{)1<i<n be N independent random variables with common law py. Given T > 0, let (X*);

be the solution of (7.8) on [0,T] with initial value (X});, where V and W are assumed to
satisfy (7.11) ; let also /lfgﬂ be the empirical measure associated with the N paths X°. Let
finally pom be the law of the process solution of (7.10) for some initial value distributed
according to jig.

Then, for any o € (0,1/2), there exist some positive constants K and Ny such that

P (Wi 0.1 (k0,715 ﬂfX,T]) >e] < e K Ne

for alle >0 and N > Nye~2 exp (Nye~Y/?).

Here the constants K and Ny depend on T, V, W, o and / efolel® dpo(z).
R4
By Kantorovich-Rubinstein formulation again, this bound can be written as

[ sup ( Z(p (X" / () d,LL[O’TKSL’)) > 5] < e KN (7.12)

[p]1<1

By projection at time ¢, it implies concentration inequalities for the time-marginals of the
empirical measures similar to inequalities (7.1) and even (7.2). But above all it gives concen-
tration estimates at the level of the whole paths. In return we impose some stronger condition
on the required size of the sample (note however that by (7.6) one can also get less precise
estimates valid for any number N of particles).

Assume for instance that one is interested in the behaviour of a point Y; evolving ac-

cording to (7.10). Then, from (7.12), one can derive error bounds in the approximation by
N

— Z ©(X") of the expectation of quantities ¢(Y') which depend on the whole path, such as

the dlstance d(Y,A) =inf {|Y;—y|;t € [0,T],y € A} of the trajectory to a given set A in R?,
which measures how close Y; has been to A, or the maximal distance sup {|Y; —z|;t € [0,7]}
to a given point  in the phase space R? : for instance, under the assumptions of Theorem
7.2, for any 7' > 0 and « € (0, 1/2) there exist some positive constants K and Ny such that

P HE (Y, A)] - %id(Xi,A)’ > z—:] < e KN
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for any Borel set A in R?, ¢ > 0 and N > Nye~2 exp (Nye~ /).

Theorem 7.2 will be proven in detail in Sections 7.3 and 7.4 along the following lines.
Following A.-S. Sznitman [105] we proceed by coupling, by introducing a family of N identi-
cally distributed processes Y = (Y;")o<;<r solution to the (nonlinear) stochastic differential
equations
{ déj = )\éz‘ng—VV(Y;Z’)dt—VW*M(W)dt l<i<N:

0o = o

here j; is the solution at time ¢ to (6.16), but is also the law on R? of any Y, by Itd’s
formula, and, for each i, B = (B})o<i<r is the Brownian motion driving the evolution of
X In particular the paths Y are close to the paths X* and one can prove that there exists
some constant C' (depending only on 7T') such that

W, 10,71 (10,175 ﬂf(\)[,:r]) < C Wy jo,ry(0,17, ﬁﬁﬂ)

N
1
hold almost surely, where ﬁﬁ =y Z dyi ; hence controlling the distance between fi 7
i=1

and ﬂfg,T] reduces to the same issue with fpo,T) and ﬁﬁ )"

But, by definition, the N processes Y for 1 < ¢ < N are independent and distributed
according to pij,77. Then Theorem 7.1 ensures good concentration estimates for the empirical
measure ﬁ[ﬁ ) around the common law po 7. In the end we obtain the bound

P [WL[O,T](M[O,T],,EL%’T}) > E] <P [WI,[O,T] (Lo, ’)[](;I,T]) > %] < oK Ne?
under some condition on € and N.

The proof is actually an adaptation of the argument given in [22, Section 1.6] of estimates
(7.2) for time-marginals. The current proof turns out to be simpler in the sense that it consists
in fewer steps; in return each of these steps is somehow more delicate : for instance, as we
shall see in the following sections, the proof of Theorem 7.2 requires the computation of the
metric entropy of some space of Holder-continuous functions, and checking that the law of
Y fulfills the assumptions of this theorem needs some strong integrability in Hélder norm on
solutions to stochastic differential equations.

An adaptation of this proof leads to quantitative estimates on the phenomenon of pro-
pagation of chaos, namely, that any k£ particles drawn from the system tend to behave
like independent and identically distributed variables. Indeed, considering, for instance for
k = 2, the empirical measure on pairs of paths defined on C x C by

. 1
M[O,T} = N(N _ 1) ;5()@7){”

one camn prove
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Theorem 7.3. With the same notation and assumptions as in Theorem 7.2, for all’ T > 0
and « € (0,1/2) there exist some positive constants K and Ny such that

~ _ 2
P |:W17[(],T]<,U/[(]7T] & M[O,T}7Mf:)[:12“}) > 8] <e KNe¢

-2 -1/«
- 0 .
for alle >0 and N > Nye* exp(Nge™ /%)

Here the constants K and Ny depend on T, V, W, o and a finite square-exponential mo-
ment of g, and W o 7] stands for the Wasserstein distance of order 1 on the product space

C x C. The proof consists in writing the coupling argument for pairs of paths and comparing

1 1
AN72 F—
,u[O,T] b2y M[QT] and V[O,T} = m Zi] 5(yz’7yj) through m ZE] 5(yz’7yj).

Let us finally note that it would be desirable to relax the assumptions made on the
potentials V' and W, in particular so as to include the interesting case of the cubic potential
W(z) = |2|3/3 on R, which models the interaction among one-dimensional granular media
(see [11]). It could also be interesting to consider the whole trajectories (X¢):>o, and derive
concentration bounds on functionals such as hitting times for instance.

Before turning to the proofs we briefly recall the plan of the paper. In the coming
section we prove Theorem 7.1 for general C-valued independent variables. The study of the
particle system is addressed in the following two sections : in Section 3 we reduce our concen-
tration issue on interacting particles to the same issue for independent variables by a coupling
argument, whereas in Section 4 we check that we can apply our general concentration result
to these independent variables; with this in hand we can prove Theorem 7.2. An appendix
is devoted to a general metric entropy estimate in a space of Holder-continuous functions,
which enters the proof of Theorem 7.1.

7.2 A preliminary result on independent variables

The aim of this section is to prove Theorem 7.1 for N independent and identically distri-
buted random variables valued in C. We have seen how this result, applied to the artificial
processes (Y}');, enters into the study of our interacting particle system.

The proof goes in three steps : truncation to a ball B of C*, compact for the topology
induced by the uniform norm; covering of B% and then of P(B%) by small balls on which
one develops Sanov’s argument ; conclusion of the argument by optimizing the introduced
parameters. Since it follows the lines of the argument given in [22, Section 2.1] in the finite
dimensional case, in which p is a measure on R?, we shall only sketch the argument, stressing
only the bounds specific to our new framework. We refer to [22] for further details.

Step 1. Truncation. Given R > 0, to be chosen later on, we denote B¢ the ball
{f € C*%||flla < R} of center 0 and radius R in C*. This set B% is a compact subset of C for
the topology induced by the uniform norm || - ||o : indeed it is relatively compact in C by
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Ascoli’s theorem, and closed since if f in C is the uniform limit of a sequence (f,), in C%,
then || f||o < liminf || f,||a, and in particular f belongs to B% if so do the f,.

Letting 1ze be the indicator function of Bf, we truncate p into a probability measure
pr on the ball B, defined as
1o p
HUR = —Ra :
1B

Note that u[B%] is positive for R larger than some R, depending only on a and E, :=

ecllela du(x). In this step we reduce the concentration problem for C to the same issue for

c
the compact ball B%, by bounding the quantity P[Wp(u, Ny > z—:] in terms of ur and the
associated empirical measure.

This is achieved by the following coupling argument. Given independent random variables
(X*®)1<pen with law g, and (Y*),<p<n with law pg, let

Sk Xk if | X*, <R,
L Yk if | X*|, > R.

Since X! and X} have respective law p and pig, we have, by definition of W), o 7] distance,

W o (s ur)? <E[X' — Xp|% = E(HXl - Yl"go1||X1||Q>R)

< 2RI X2, + RO Lx1y.5R) < 27 /{n lo>R) Il dite)-
Z||a>

By monotonicity of the map x — |z|? e=1*I* on |z| > \/p/2a, this ensures the bound
W 0,11 (ts pir)? < 2 F, RPe™ R > max(Ry, \/p/2a). (7.13)

On the other hand, the empirical measures

satisfy
1 & 1 &
Wy iV < = 01Xk = XM < = 30 27 XM L o
k=1 k=1

Then, proceeding as in [22, Section 2.1], we can use Chebyshev’s exponential inequality and
the independence of the variables X* to obtain, given a; < a and 1 < p < 2, the existence
of some constant R; such that

P[Wjom) (i, i) > €] < exp (—N(9 eP — Eae(‘“‘“)RQ)) (7.14)
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for all @ > 0 and R > R,077. From (7.13) and (7.14), and by triangular inequality for
W, 0,1, we obtain the bound

N N _ap2
P Wy om(p, i) > ] <P [Wmo,ﬂ (1r, i) > e —2E)PRe s }
+ exp (—N(Q(l —n)Pel — B, elm 9 RQ)) ; (7.15)

here p is any real number in [1,2), n in (0,1), £,0 > 0,a; < a and R is constrained to be
1
larger than Ry max(1,62-7) for some constant Ry depending only on F,,a,a; and p.

In the case when p = 2, we obtain
P [Wa oz, ™) > €] <P [WQ,[O,T] (1rs fig) > 1€ — QE;/QRG_%RQ]
+ exp <—N(%(1 —n)%e? — 2E2 (79 RQ)) . (7.16)

Step 2. Sanov’s argument on small balls. In view of (7.15) for p < 2 or (7.16) for
p =2, we now aim at bounding P [a¥ € A] where

A= {V € P(Bg); Wyon (v, ur) = ne — ZE;/pRe_%Rz}.

For that purpose, reasoning as in [22, Section 2.1}, we let 6 > 0 and cover A with NV/(A, 0) balls
(Bi)i<i<n(a,6) with radius 0/2 in W), o 77 distance. Then one can develop Sanov’s argument
on each of these compact and convex balls, to obtain the bound

N(A) N (A,0)
1 < < < — i .
Plag € Al IP’[ € U B] Z z; eXp( NVIQ;H(UWR))

(7.17)
Then one establishes an approximate 7,(\) inequality for ug : namely, for any A\ < A
there exists K such that

A —a
—1 Wp,[07T}(l/, ,LLR)2 — K1 R2 e R?

for all measure v on By. With this inequality in hand, given 1 < p < 2 and Ay < A\; < A,
one deduces from (7.17) the existence of some positive constants d1,7; and K such that

a p2 )\
P Wy o, i) > ne =2 EYPRe™ 3™ | < N(A,9) exp (—N(g e — Klfz?e—af*))
(7.18)

where we have chosen ¢ := d,¢ and 7 := n;.
In the case when p = 2, we do not choose n at this stage, and simply obtain

a A
F [WZ[O,T](MRaﬂg) >ne— QE;/ZR‘B_ERQ] <N(A,9) exp (_N(fz n’e? — K1R2€_aR2>)
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where 0 := d;¢.
Then, since A is a subset of P(B%), Theorem 7.10 in the Appendix enables to bound
N(A,d) with 6 = ;¢ by

1/

exp (KQ(R&t’l)d (e (max(1, K> Re’l))> (7.19)

for some constant K5 depending neither on € nor on R.

Remark 7.4. The order of magnitude of this covering number in an infinite-dimensional
setting constitutes a main change by comparison with the finite-dimensional setting of [22],
and will influence the final condition on the size N of the sample.

Step 3. Conclusion of the argument. We first focus on the case when p € [1,2).
Collecting estimates (7.15), (7.18) and (7.19), we obtain, given Ay < A and a; < a, the
existence of some positive constants K, Ky, K3 and R3 depending on E,,a,a;,a, A and Ay
such that

P[ plo) (1, 1) > €]
( Ré‘il 3K2(Rs*1)1/a In (max(l,KQRé?*l)) . N(); 82 1R2€QR2>)

+exp (—N(K3 0P — I el Rz)) (7.20)

for all €,6 > 0 and R > R3max(1, Gﬁ), and for some constant K, = K4(6,a1).
Then let A3 < Ag. One can prove that the first term in the right-hand side in (7.20) is

bounded by exp <—% N 52) provided

R?* > Rymax(1,e% In(¢7?)), Ne&?> K; 36 (R 1)@

for some positive constants R4, K5 and Kg depending also on A3. Moreover, for

52—]2 )\3
2K,

0 —

)

A
also the second term in the right-hand side in (7.20) is bounded by exp (—?3 N 52) as soon

as R? > Rsmax(1,In(¢7?%)), for some constant R; depending on \j3.

To sum up, given A3 < A, there exist some positive constants A, B and C' such that

P [Wy(p, i) > €] §2exp(—%]\752)

as soon as

R* > Amax (1,£% In(c7?)), Ne? > B exp (C(Réfl)l/o‘) . (7.21)
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1. Ne?\“
Letting R = ¢ (5 In %) if ¢ € (0,1) and R = v/Ae otherwise, and o/ < a, both

conditions in (7.21) hold true as soon as N > Nye~2 exp(Nye~/") for some constant N
depending on E,, a, A\, A3, « and /. Finally, given A < A3 < A, this condition ensures that

A N
P (W o1y(, i) > €] < exp ( -5 Nz—:2>,

possibly for some larger Ny. This concludes the argument in the case when p € [1,2).

In the case when p = 2, given 0 < n < 1, \3 < Ay and ay < ay, the same condition on N
and ¢ (for some Nj) is sufficient for the bound

A
P [Waomy(p, i) > €] < exp (—?3 n? N€2) + exp (—%(1 —n)? N52>
to hold (by (7.16)). One optimizes this bound by letting

As NG

a,=a—(€0,a)) and n=—"—"—,
which gives
)\3 a
P[W. ) > €] <2 ex <——7N€2).
[ 2,[O,T]</~L 2 ) ] P D) (\/5+\/X>2

Finally, given X' < A3 < A, there exists some (possibly larger) Ny such that

N a
P|WV- ,AN > el <ex (——71\[52).
[ 2,[0,T]<M 1% ) } p 5 (\/E+\/X)2

for any € > 0 and N > Nye~2 exp(Noe /). This concludes the proof of Theorem 7.1 in
this second and last case. O

7.3 Coupling

Here we begin the proof of Theorem 7.2 on the behaviour of our interacting particle
system whose size tends to infinity.

We recall that we are given N independent variables X¢ in R, with common law g,
and N independent Brownian motions B® = (B!)o<i<r in R, and we consider the solutions
X' = (X})o<t<t to the coupled stochastic differential equations

N
dX! =/2dB! — VV(X})dt — ~ VWX - X{)dt 1<i<N.
j=1
We also let po7) be the law of the process Y = (Y;)o<i<r defined by

dY; = V2dB, — VV(Y;) dt — VW  1,(Y}) dt
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and starting at some Yj drawn according to pg; here B = (B;)o<i<r also is a Brownian
motion and g is the law of Y}, that is, the time-marginal of pyo 7 at time .
We want to compare this law jip 7] and the empirical measure of the paths

For this purpose we introduce the family of N independent processes Y* = (Y,")o<s<r
defined by ' ' ‘ ‘
dY; =V2dB! —VV(Yi)dt — VW % u,(Y))dt ~ 1<i<N (7.22)

for the same Brownian motions B, and such that Yy = X{ initially. We let

N

R 1

IJ[JST’T} = N Z 5yi (723)
i=1

and in this section we reduce the problem to measuring the distance between fi(o 77 and ﬁfg 7)-

Indeed we prove
Proposition 7.5. In the above notation and under the assumptions
BI<DV(x), vI<D*W(x)<y'I, zeR’

onV and W, where 3,y and ~' are real numbers, for any T > 0 there exists some constant
C' depending only on 3,v,~" and T such that

W, 10,71 (10,175 ﬂf(\)[,:r]) < C Wy o,y (p0,17, ﬁﬁﬂ)
almost surely.

Proof. We first follow the lines of the proof of [22, Proposition 5.1], but in the end we want
an estimate on the trajectories as a whole. Since for each i both processes (X/); and (Y});
are driven by the same Brownian motion B?, the process X* — Y satisfies the equation

d(X; = Y)) = —(VV(X]) = VV(Y})) dt — (VW * i} (X;) = VIV * 11, (Yy)) dt.
In particular, letting u - v denote the scalar product of two vectors u and v in R,

ld i i i i i
ST = VI = — (VV(X) = YV () - (X - V)
— (VW s iV (X)) = VW s (Y))) - (X{ = Y)). (7.24)
We decompose the last term according to
VW s 1) (X}) = VWV s (Y)) =
(VW s i — VW sk 1) (X]) + (VI s (X)) = VIV s 1y (Y)).
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By our assumption on D?*W, the map VIV (X} — -) is [-Lipschitz with T := max(|vy|, |/]).
Consequently, by the Kantorovich-Rubinstein dual formulation (7.5) of W ;,

VW s () — pe)(X7)| = | | VW(X] —y)d(ity — p)(y)| < T Wi (', pe).  (7.25)

Rd

Then, in view of our convexity assumptions on V' and W, (7.24) and (7.25) imply

1d
2dt

In particular, by Gronwall’s lemma,

X =V < —(y+ B) |X] = Y A+ T W () ) | X5 — Y7,

t
X~ Y]] sr/ R0 Y, (N ) du
0

since initially X{ = Y. Consequently, by convexity of the W o4 distance,

1 i i
Wl[oﬂmoﬂ V{(Yt]) < Nzoiugt|xs_y|
XN
< — u F —(B+v)(s— U)W  Hh d 726
< g (A ) du (7.26)

IN

Fem”/ Wi (i), o) du
0
forall 0 <¢t<T. But

WIT(,% 7/~Lu> <M [0, u](M[o u]» 0, u}) <M [0, u](u[o )’ V[o u]) + W [0, u](VOU} Ko, u])

by the projection relation (7.3) and triangular inequality for W g, so by Gronwall’s lemma
again

t
Wi [Ot](u[Ot], f }) < FeW*”"T/ exp <Fe|5+7|T( )) Wi o, u](l/[ s H0.u) du
0
forall0 <t <T. But

W10, (9.0 H0u1) < Wjo, (D045 1410,41)

for all 0 < u < ¢ since 19[%7 and o, are the respective image measures of VO 1 and [,

by the 1-Lipschitz map deﬁned from C([0,¢],R?) into C([0, u], R?) as the restriction to [0, u].
From this we obtain the bound

Wit (il P0.g) < C Wi (Po.g o)

for some constant C depending only on T, 3, and ~'. This concludes the argument by
triangular inequality. O
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Remark 7.6. If moreover § + v > I where again I' := max(|y|,|7|), then we can let C' be
(B+7) (B+~—T)"1 in Proposition 7.5, independently of T'. Indeed, if 3+~ > 0, then (7.26)
leads to

t
Wi io. (Ao, Pog) < T Sup/ ~EEm dy sup W (A p) <
0

1% 0N
0<s<t 0<u<t - ﬁ+ 1’[0"5](’“[0715} /L[O,t])

and by triangular inequality

B+
Wi [Ot](M[Ot] o) < ﬁwl Ot]( [0,]  Hpo.4)

provided g+ v > T

This is reminiscent of the fact that, under some convexity assumptions on V' and W,
such as 3 > 0, B+2+v > 0, it has been proven in [74, 36, 37] that the time-marginal y; of the
measure fi[py converges, as t goes to infinity, to the stationary solution to the limit equation
(7.9). One can also prove in this context that (in expectation) observables of the particle
system are bounded in time.

Hence, under this kind of assumptions, one could hope for some uniform in time constants
in this coupling argument : that was obtained in [22, Proposition 5.1] for the time-marginals,
and here for the whole processes. However, contrary to [22] where this property was used
to approach the stationary solution by coupling together estimates of concentration of the
empirical measure (as N goes to infinity) with estimates of convergence to equilibrium (as ¢
goes to infinity), in this work we are concerned with finite time intervals only, and shall not
use this specific property in the sequel.

7.4 Conclusion of the argument

In the previous section we have reduced the issue of measuring the distance between
Hjo,r] and [Lfg’T] to measuring the distance between o) and the empirical measure ﬁ[ﬁ 7] of
N independent random variables drawn according to fi 7.

We now solve the latter issue by proving that the measure o7 fulfills the hypotheses
of Theorem 7.1 with p = 1, namely, that there exist some « € (0, 1] and @ > 0 such that

/ea“x”?" d,u[oﬂ (l‘) = EGXPWHY-Hi) < +o0.
C

Here again C stands for C([0,T],R%), ||f|lo for the Holder norm of f on [0,7], and Y =
(Yi)o<t<r is the solution to the stochastic differential equation

dY, = V2dB, — VV(Y,) dt — VW s i, (Yy) dt (7.27)

starting at Yy drawn according to po, where u; is the law of Y.
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Proposition 7.7. Let py be a Borel probability measure on R? admitting a finite square-
exponential moment, and let Yy be drawn according to pg. GiwvenT' > 0,V and W satisfying
hypotheses (7.11), let Y be the solution to (7.27) starting at Yy. Then, for any o € (0,1/2),
there exists a > 0, depending on pg only through a finite square-exponential moment, such
that Eexp(allY.||2) be finite.

Assuming this result for the moment we can now conclude the proof of Theorem 7.2.
Let indeed « be given in (0,1/2), and o € («, 1/2). Then, by Proposition 7.7 and Theorem
7.1, applied with @ = g and o/ = «, there exist some constants & and Ny, depending on
g, o, T and a square-exponential moment of pg, such that

P (W1 0,11 (kpo,71: Do 1) > €] < e KNE

for any £ > 0 and N > Ny&~2 exp(Ny&~ /), where ﬁ[](\)[:r} is defined by (7.22) and (7.23).
Then, by Proposition 7.5, there exist some constants C', depending only on 7', and then K
and Ny, depending on ag, o, T" and a finite square-exponential moment of j, such that

P (W1 1o, (470,17 ﬂfX,T]) > ¢] < P [Wh 0,0 (po,1, Po,ry) > €/C) < e KNE

for any € > 0 and N > Nye2 exp(Nye~/*). This concludes the argument. O

Proof of Proposition 7.7. It is necessary and sufficient to prove that there exist positive
constants a; and ay such that Eexp(a||Y]|%) and Eexp(ay[Y]?) be finite, where [ -], stands
for the Holder seminorm defined in Section 7.1.2.

1. We start with the expectation in uniform norm. For this we first note that, according
to [22, Proposition 3.1], there exist some positive constants M and @, depending on pg only
through a finite square-exponential moment, such that sup E|Y;|? and sup Eexp(a|Y;|*)

0<t<T

0<t<T
be finite and bounded by M.
Then we let b be some smooth function on [0,7], to be chosen later on, and we let

Z; = exp(b(t) |Y:]?). We want to prove that E sup Z; is finite for some positive function b.
0<t<T

By Ito’s formula,
Z, = ZO+Mt+/Ot [V ()| Ys? 42 db(s)+4b(s)* |Ys|*=2b(s) Yy - (VV (V) + VW, (Ys))] Zy ds
where (M;)o<i<r is the martingale defined as
M, :2\/§/tb(s) Z,Y, - dB,.
0

But D2V (z) > 31 for all z € RY, so for any § > 0 and y € R? we have

VV(0)]*

—y - VV(y) < 0 =Byl + —55
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Furthermore VW is I'-Lipschitz and VW (0) = 0, so

—Jy-VWWM&DZ—%Lg-VW@—ZMm@)

<or / iyl ly — 2| dyis() < 3T |y +T / 2 duy (=),
Rd Rd

But / |2|* dus(2) = E|Y;|* is bounded by M on [0, T, so collecting all terms together, we
R4
obtain t
Zy < Zoy+ M, +/ [C(s) + D(s) |Ys|*] Zsds
0

where

VvV (0)?

C(s) = (2d—|— ' M+ #) b(s), D(s) =b(s) +4b(s)* + (2(6 — 3) +3T) b(s).
Then, given 6 > 0 such that ¢ := 2 (d — §) + 3T be positive, we let b(s) such that D(s) =0,
that is, let

b(s) = e (b(0) " 4 (1—e))
for some b(0) to be chosen later on. In particular b is a nonincreasing continuous positive
function on [0, +00), and, for this function b, Z; almost surely satisfies the inequality

(7.28)

t
&§%+M+@®/&%.
0
In particular

T
E sup Z;, <EZy+E sup Mt+C’(O)/ E Z, ds. (7.29)
0

0<t<T 0<t<T

But, by Cauchy-Schwarz’ and Doob’s inequalities,
2
(E sup Mt) <E sup |M;|* <2 sup E|M,|*.
0<t<T 0<t<T 0<t<T

Then, by [to’s formula again,
M2 — 8/;@(5)21@[23\3@2} ds
< 800 [ B [s) PP exp(20(s) )] s
< 85(0) /OtIE exp(35(0) |Va[?) ds.

Choosing b(0) < @/3, this ensures that sup E|M;|?, whence E sup M,, is finite.
0<t<T 0<t<T
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Since, for this b(0), sup E Z; also is finite, it follows from (7.29) that so is E sup Z;,
0<t<T 0<t<T

which concludes the argument for the expectation in uniform norm with a; = b(T").

2. We now turn to the expectation in Holder seminorm. For this purpose we simply write
the solution as

t
Y= Yo+ Bim [ (VY +IW o (Y0) ds
0

so that
Vo < (Bl [ (V) + VW (1)) ]

almost surely; here Y and B stand as before for the map ¢ — Y; and t — B; respectively,

and / ©(s) ds is an antiderivative of . Hence, by Cauchy-Schwarz’ inequality,
0

Eexp(as[Y]2) < (Eexp(4 aQ[B]i))l/Q (E exp (4 as [/;(VV(YS) + VW x ug(Ys)) dsf))lﬂ,

«

But, on one hand, Eexp (4a2[B]2) is finite for a; small enough (see [49, Theorem 1.3.2]
for instance, with E = C and N(f) = [f]a). On the other hand, by assumption (7.11), VV'
and VW are respectively B and I'-Lipschitz with B := max(|3|, |3’|) and I' := max(|v|, |7']),
so there exists some constant A such that

[VV(y) + VW 5 ()| < A+ (B+ D)yl
for all y € R? and s € [0, 7). In particular

[/ (vv<m)+vw*us()@))ds]a < sup %/:(AJF(BJFF)\YUMU

0 0<si<T |t — 8
< Tt (A + (B + F)HYHOO)

almost surely, and

Eexp <4 a [/ (VV(Ya) + VIV # 1,(Y2)) ds} i)

0
< exp (8ax T?**A%) Eexp (8 as T*2*(B + T)2||Y||§O>

which by step 1 is finite as soon as 8as T*72*(B +T')? < a;.
On the whole, Eexp(ay[Y]?) is indeed finite for a, small enough, depending on g only

[e%
through a finite square-exponential moment, which concludes the argument. a
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7.5 Appendix : metric entropy of a Holder space

The aim of this appendix is to establish the bound (7.19) used in the covering argument
in the proof of Theorem 7.1, which amounts to studying the metric entropy of a Holder space
and of some related space of probability measures.

In the notation introduced in Sections 7.1.1 and 7.1.2, it is a consequence of Ascoli’s
theorem that the closed ball B% := B%([0,T],R?) = {f € C% | flla« < R} of center 0 and
radius R in C* is a compact metric space for the metric defined by the uniform norm.

Here we aim at estimating by how many balls of given radius r < R and centered in
B% the compact metric space B% can be covered. We note that for » > R the sole ball

{f € B3 | fllac < 1} covers By

Notation : Given r > 0, the covering number N'(E,r) of a compact metric space (F,d)
is defined as the infimum of the integers n such that E can be covered by n balls centered
in £/ and of radius r in d metric. Then we have the following result which gives some lower
and upper bounds on the covering number N (B%,r) and in our case makes more precise the
bounds given for instance in [72] or [110] :

Theorem 7.8. Given some integer number d > 1, some positive numbers T', R, r and «
with r < R and o < 1, the covering number N (B%,r) of B%, equipped with the uniform
norm, satisfies

d a b =
N(B%,T) < (10\/E§> 35éd1+21a T(?)é
r

<— R th
S qga gt then

If moreover, for instance, r
Vd E) d 92 & U IE T(R)%

N(Bp.1) = ( 4 r

The lower bound ensures that the upper bound, from which depends the condition on
the size of the sample imposed in Theorems 7.1 and hence 7.2, has the good order of growth

in R/r.
Proof. 1. We start by establishing the upper bound.
1. 1. We first consider the case when d = 1.

T R
Given J and K some integers larger or equal to 1, we let 7= — and n = 7a and then

J
ti = (G—3)7, jEN, 1 <j<J
y, = (k—3)n, keN, —K+1 <k<K

Then we cover the rectangle [0,7] x [-R,+R] in R; x R, which contains the graph of all
functions in B%([0,7],R), by a lattice with step 7 in t—axis and 7 in y—axis.
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Then let f be a given function in B%([0, 7], R). Since the intervals [yk—g ; yk—i-g] cover the

interval [—R, +R], for every integer j € [1, J] there exists some integer k(j) € [-K + 1, +K]|
such that

n
| f(t) = Y| < o

In particular
n Ui @ @
kG = o] < 5 F 1) = FG) + 5 S n+ Rl —4[* < i+ R < 2n

if we suppose KT < J. But since the y; take values which are regularly distant of n, it
follows that more precisely

[YkGi+1) — V()| < -

From this map & :[1,J]NN — [-K + 1, K] NN, we define the function f; : [0,7] —
[—R, +R)] affine on each interval of the subdivision (0,¢,--- ,¢;,T) and such that

f(0) = fi(tr),
fets) = wgy, 15757
f(T) = filts).

In particular we note that this function fj is Lipschitz with

| fr(t) — fr(s)] k) — Ukl _ M

\]

o<ts<T  |t—s|  1gkek |41 — ]

but that it does not necessarily belong to B%([0, 7], R).

The number of such functions fj, is bounded by the number of J-uples (yx(;))i<j<s such
that |yrj11) — Yr)| < mfor 1 < j < J —1, that is the number of J-uples (k(j))i1<j<s such
that |k(j + 1) — k(j)| < 1 for 1 < j < J — 1. Such J-uples are obtained by choosing k(1)
among 2K values, then k(2) among 3 values for —K +2 < k(1) < +K — 1 or 2 values for
k(1) = =K + 1 and +K, and so on. Hence there exist at most 2 K 377! such functions f;.

R
If we now let K be the smallest integer larger or equal to 4 — and J such that KT < J¢,
r
then

1 = filloe < 5

Indeed, given t in [0, 7], there exists some integer number j in [1, J] such that ¢ belong to

[t; — g7tj + g], so that

[F (&) = @] < 1F@) = FEDN+ 1) = Fulti)] + [frlts) = Fr(®)]
no,n

o n (T)a T r
< ¢ AR Tt < R(= 21 <cop< .
<R[t Zf]| +|f(t]> y](k)“"T‘t] t|<R 5 —0—2—0—7_2 < 77_2
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Hence we can cover B%([0,T],R) by less than 2 K 377! balls of radius g of the metric
space C([0,T],R) equipped with the uniform norm, and if we let J and K be the smallest

R
integers larger or equal to 5aT (—)é and 4 — respectively, then KT < J holds true, and
r r

9 K371 < 10 B gsr Ty
- r

1. 2. From this we now deduce the upper bound in the general case d > 1.
Let F be a given function in B%([0, T], R?) with components F; € B%([0,T],R), 1 < i < d.

R R
Let now J and K be the smallest integers larger or equal to 5a T(\/E—)é and 4Vd —
r r

respectively. With each i, we associate an integer k; in [1,2 K 377!] such that

| Fi — fr,

r
o S —=
2v/d
where the fj are the functions in C([0, 7], R) defined in the first step (relatively to " instead

Vd
of r).

Then the function Fj, ..., with components f;, for 1 < i < d belongs to C([0,T],R?)
and satisfies ||F' — F}, ... x,|lc < 7/2. Moreover there are at most (2 K 3’71)? such functions
Fy,

1y skas

Consequently we can cover B&([0, R], R?) by less than (2 K 3771)? balls of radius g of the

metric space C([0, 7], R%) equipped with the uniform norm, whence by less than (2 K3/ *1)d
balls of radius r of the metric space B%([0, 7], R?) equipped with the uniform norm.

This concludes the proof of the upper bound of the covering number N (B%([0, T, R%), 7).

2. We now turn to the lower bound.

2.1. We first consider the case d = 1.
We can give different types of lower bounds by considering special functions of the type
fr defined in the first step. Here, for instance, we give the detail for one of them.

T
Given some non-zero integer J, we let 7 = Wi and n = 7* R, and then

ye = (k—3)n, keN, —7 o+l <k<7 43
From amap £ : [1, J]JNN — [0, 1]NN, we define as above the function f; : [0, 7] — [yo, y1]
affine on every interval of the subdivision (0,tq,--- ,t;,7) and such that
fe(0) = fi(t1)
fe(t5) = ywip), 1<j<J

fe(T) = fi(ts).
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Given some integer [ such that —77¢ +% <l <7t — %7 we define the function fg : [0,7] —
[Y1, y1+1] such that

Su(t) = fu(t) +1n.
Then fi belongs to Bi([0, T],R) and |[fu — furlloo = 1 if fr # frr-

If for instance r < inf(R,27'T*R) and J + 1 is the smallest integer larger or equal to
. Roa :
2 C"T(?)O‘, then ||fk;l — fk’l’”oo > 2r if fkl 7é fk"l"
Thus we have found L 27 elements in B%([0,7],R) mutually distant of at least 2r in

1
uniform norm, where L is the number of integers [ such that —7~% + 5 <[ <77%— 3 Thus

N(B%([0,T],R),7) > L27.

But
1 R 2e.a R 2
L>2((%—=2)-1)+1=217"“-2>((—)e ——) —2> —— — —2,
~ (<T 2> )+ g _((7’) T) - r T
. T R
If moreover, for instance, r < —— R, then L > — and
4T+ 4 2r
1R _,-1 1
N (B([0.T).R).r) > {22 717,
,
2. 2. From this we now deduce the lower bound in the general case d > 1.
The L92% functions Fj,y, ... ku, With components fi, for j =1,---,d where fy,;, have

been defined in the first step, belong to B%([0, 7], R?) and are mutually distant of at least

2\/87‘.

This concludes the argument for the lower bound of the number N (B%([0, T],R%),r). O

We now turn to the covering number of the corresponding space of probability measures :
given a Polish metric space (E,d), p > 1 and 6 > 0, we denote N,(P(E),?) the covering
number of P(E) for the W, distance.

Then we have the following general result which is proven in [22] (see also [43], [66]) :

Theorem 7.9. Let (E,d) be a Polish metric space with finite diameter D, p and 6 some
real numbers with p > 1 and 0 < 6 < D. Then the covering number N,(P(E),d) of P(E)
satisfies

P D 5
./\/;,( (E),(S) < (Seg)pN(E,Q)
where N'(E,0) is the covering number of E.

Note that if § > D, we simply have N,(P(E),d) = 1 since the Wasserstein distance
between any two probability measures on F is at most D.

Since Bf equipped with the metric defined by the uniform norm is a Polish metric space
with finite diameter 2R, we deduce the following result :
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Theorem 7.10. Letd > 1, p, T, R, 6 and o be some positive numbers with p > 1, § < 2R
and a < 1. Let also BS = {f € C* || flla < R} be equipped with the uniform norm. Then the

space P(B%) of probability measures on B% can be covered by N,(P(B%),0) balls of radius &
in Wasserstein distance W, with

- él+% (5—1)é
N(PB2).6) < (16 oty ovaRs ot Bt

For § > 2R, we have
Np(P(Bg),d) = 1.






Annexe

Espaces de mesures

Dans cette annexe nous obtenons des propriétés de séparabilité, métrisabilité et complétude
d’espaces de mesures de probabilité a poids; nous considérons en particulier le cas de tels
espaces munis d’une distance de Wasserstein et montrons qu’ils sont complets et séparables
sl en est de méme de [’espace sous-jacent.

Introduction

If (X, 7) is a topological space, i.e. a set X with a topology 7 which will simply be denoted
X if there is no ambiguity, and w a real-valued continuous function on X, bounded by below
by a positive constant, we denote P, (X) the set of Borel probability measures p on X such
that

/X w(@) du(z) < +oo.

In the framework of measures we equip this set P, (X) with the natural weak topology
defined by the set Cp,(X) of real-valued continuous functions f on X such that w™! f be
bounded on X ; this topology, that will be denoted w-Cy, (X ), is defined by the seminorms

po s | [ i) duta)

i=1,...,n

for any finite family fi, ..., f,, of functions of Cy,(X).

In this work we are concerned with some separability, metrizability and completeness
properties of the topological space (P, (X), w-Cpy,(X)).

In a first part we give the following general result :

237
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Theorem A.1. If the topological space (X, T) is separable (resp. separable and metrizable,
resp. separable, metrizable and topologically complete), then so is (P (X), w-Cpu(X)).

Conversely if (P,(X), w-Cp(X)) is separable (resp. separable, metrizable and topologi-
cally complete), then so is (X, 1) if (X, T) is a priori metrizable.

We recall that a topological space (X, 7) is separable if X has a countable dense subset,
(X, 7) is metrizable if the topology 7 is defined by a metric d on X, and (X, 7) is metrizable
and topologically complete if it is metrized by a metric d such that the associated metric
space (X, d) is complete. A separable, metrizable and topologically complete space is called
a Polish space.

We consider here these sets of probability measures on such spaces, having in mind in
particular some applications to problems arising in statistical physics, where, as in chapter 7,
it is useful to handle probability measures on infinite-dimensional spaces such as the Wiener
space of Ri-valued continuous functions on some interval [0, T, or some sets of probability
measures on some phase space.

For w = 1, that is without weight, some results of this type are known in different ways :
for instance [13], [47], [92], ... build some explicit distances on the set of Borel probability
measures on a metric space, whereas [24], [42], [100], ... give a functional approach for Radon
measures.

These results are respectively proven in sections A.2, A.3 and A.4 by functional methods.
We first prove similar results for the set of finite nonnegative Borel measures on X equipped
with the (narrow) weak topology defined by the set of bounded real-valued continuous func-
tions on X, and then we deduce the announced properties by an homothetic transformation
on measures and functions.

Then, in a second part, we shall more specifically consider the case when (X, d) is a
metric space and w is the weight

w=1+ d(xo,')p

where p is a positive real number and xy belongs to X. The associated space P,(X) is
independent of zy and will be denoted P,(X) : then P,(X) is the set of Borel probability
measures p on X with finite moment of order p (relatively to d), that is, such that

/Xd(:co,:c)p du(z) < +oo.

In the same way the space Cp,(X) will be denoted Cp,(X).

The w-Cy,(X) topology can be defined on the set P,(X) by different metrics (see Remark
A.11 and below). In section A.5 we shall see how this set P,(.X) is metrized by the Wasserstein
distance W), which plays a basic role in mass transportation problems. If (X, d) is a separable
complete metric space, the map W), defined on P,(X) x P,(X) by

Wy,(p,v) = inf (//X Xd(x,y)pdw(x,y))% if 1<p

™

Wy,(p,v) = inf d(xz,y)P dn(z,y) if 0<p<l,
T XxX
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where 7 runs over the set of probability measures on X x X with marginals p and v, is a
metric on the set P,(X) (see [3], [94] or [111] for instance), and in this case we shall prove

Theorem A.2. If (X,d) is a separable complete metric space and p a positive number, then
1 - the w-Cpp(X) topology is defined on the set P,(X) by the metric W,
2 - the metric space (Py(X), W,) is separable and complete.

A.1 Notation

In this section we fix some notation and recall some classical and useful results on Borel
measures.

Given a topological space (X, 7) which will in general be simply called X, we denote
M (X) the set of finite nonnegative Borel measures on X, that is, the set of finite non-
negative measures on the o-algebra generated by the topology 7, and P(X) the subset of
M (X) of probability measures, that is, with total mass 1.

Denoting Cp(X) the set of bounded real-valued continuous functions on X, we equip the
set M (X)) with the topology defined by the seminorms

for any finite family f1, ..., f, in Cy(X). This topology is denoted w-Cy(X) and often called
the narrow topology on M (X).
Thus for any bounded real-valued continuous function f on X, the map

MHLﬂ@W@

is a real-valued continuous function on (M, (X), w-Cy(X)). More generally, if f is only lower
semicontinuous, we recall the classical result :

Proposition A.3. If (X, 7) is metrizable, then for any nonnegative real-valued lower semi-
continuous function f on X, the map

MHLﬂ@W@

is a R U {400}-valued lower semicontinuous function on (M} (X), w-Cy(X)).

Proof. Assuming that the topology 7 is defined by a metric d on X, we can approach f by
the nondecreasing sequence of continuous bounded functions (f,,), defined on X by

falw) = inf{ inf [f(y) + nd(z,y)],n}.

yeX
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Then for any p € M} (X), the monotone convergence theorem ensures

l[;f(w)du(w)==sgp£[;fﬁtr)du(x)

Since moreover for any integer n the map

MHLh@WW)

is a real-valued continuous function on (M, (X),w-Cy(X)), this concludes the argument. O

In particular, if (X, 7) is metrizable and (u,,), converges to u in (M (X), w-Cy(X)), then
for any nonnegative real-valued lower semicontinuous function f on X

/Xf(w)du <1;gglgj/f ) dpin(x

The subset P(X) will be endowed with the induced w-Cy(X') topology.

In particular, considering the subset D(X) = {0,; v € X} of P(X) where, given z € X,
the point mass ¢, is defined by §,(B) = 1 if x € B and 0 otherwise, for all Borel sets B of
X, we recall the following result (see [13] for instance) :

Proposition A.4. If (X,7) is metrizable, then the topological space (D(X),w-Cp(X)) is
homeomorphic to (X, 7) and the subset D(X) is sequentially closed in (P(X),w-Cy(X)).

Proof. For the first point the map x +— 9, can be proven to be an homeomorphism from
(X, 1) onto (D(X), w-Cp(X)).

Then let (x,), be a sequence of points in X such that the sequence (d,, ), converges to
some g in (P, (X), w-Cpo(X)). Then there exists some subsequence of (x,,), which converges
to some z in (X, 7), so that p = d, by the first point.

Indeed let us assume that (z,), does not have any convergent subsequence. Then any
subset F' of the subsequence (z,/),s is a closed subset of (X, 7). The characteristic function
1x\r of the open set X \ F' is lower semicontinuous, so by Proposition A.3

n

1 —p(F) = /X 1x\p(z) du(zr) < lim,inf/X 1x\p(x) dog (x) = 0.

Consequently p(F) = 1 for every infinite subsequence (z,),/, which is impossible for
such a probability measure p. This concludes the argument. a

We now recall an important result about the sequential compactness of subsets of the
space (P(X),w-Cy(X)). This property is linked to the following notion of tightness which
proves important both in the theory of w-Cy(X) convergence and its applications.

Definition A.5. Let (X, 7) be a topological space. A subset F of P(X) is uniformly tight
if for every £ > 0 there exists a compact set K in X such that u(K) > 1 —¢ for all p € F.
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Then we have the following result (see [13] for instance) :

Proposition A.6 (Prokhorov). Let (X, 7) be a metrizable space. Then any uniformly tight
subset of P(X) is relatively sequentially compact for the w-Cy(X) topology.

Prokhorov also proved a converse of this result under suitable extra conditions : if (X, 7)
is a Polish space, then any relatively sequentially compact subset of P(X) for the w-Cy(X)
topology is uniformly tight. As a particular case we have the following result, which can be
proven directly :

Proposition A.7 (Ulam). Let (X, 1) be a Polish space. Then any finite family of P(X) is
uniformly tight.

In the sequel we shall consider some weighted Borel measures. More precisely we let w
be a real-valued continuous function on X, bounded by below by a positive constant, called
a weight. Then we denote M (X) the set of finite nonnegative Borel measures p on X such
that w u € M (X) and P, (X) the set of probability measures on X that belong to M, (X).

Denoting Cp, (X) the set of functions f on X such that w™! f € Cy(X), we equip the set
M (X) with the topology defined by the seminorms

for any finite family fi, ..., f, in Cp(X). This topology is denoted w-Cy,(X). The subset
P.(X) will be endowed with the induced w-Cy,(X) topology.

A.2 Separability

In this section we prove the first statement in Theorem A.1, that is, the topological
space (P, (X), w-Cpy,(X)) is separable when so is (X, 7), and conversely if (X, 7) is a priori
metrizable.

First of all we prove
Proposition A.8. If (X,7) is a separable topological space, then so is (M} (X),w-Cy(X)).

Proof. If (z,) is a sequence dense in (X, 7), then the countable family of combinations of
point masses 4, at x, with nonnegative rational coefficients is dense in (M} (X), w-Cp(X)).

Let indeed p € M (X) with u# 0, e > 0 and fy,..., f, € Cp(X) such that 0 < f; < 1
(as we may assume).

2 + 2 p(X)

Given an integer k > ) let

7 —1 )
in:{xEX?TSfj(fﬁ)<E}
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forj=1,...,nandi=1,...,k. Since 0 < f; < 1, we have

S () < [ pie)duta) <

i=1 1=

k

1
E/J(in)-
1
Let then (X;)cr, a finite partition of X generated by these (Xj;);,; such that

Xi=Jx

leLj;

for any j, ¢, and for some subsets Lj; of L such that U Lj; = L for any j.
i=1
Let also (q;);er, be some nonnegative rational numbers such that

1

X)) — -
[1(X0) ql|<kcardL

for any [.
Then choosing any y; € X, for each [ € L, it can be checked that

k

|Zz_1 ZQlf] ) %

leL

for any j = 1,...,n. But by density of the family (z,), and continuity of f; at y;, for any
a > 0 and [ € L there exists some z,,, such that

|fi(y) — fi(wn,)| <

for any j =1,...,n. Then

k

k.
S ) — Y ) z
=1

leL

)= aliw)l + Y alfiw) — fi(zm,)]

leL leL

1 + ,u(X ) 1
X) 4+ =
< .t (X)) + ol @
2 X 1
which is bounded by above by L() provided o < ————-
1+ k p(X)
Consequently the measure
m= Z qzax”l
leL
satisfies 2 2 1(X)
+
[ p@auta) = [ i) ima Z
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for y =1,...,n, that is, m belongs to the neighbourhood

{verger| [ n@ant - [ pwao) <ei-1...n}
b's b's
of p since we have chosen k > % O

Then the following result can be proven from the previous proposition :

Proposition A.9. If (X, 7) is a separable topological space and w a weight as above, then
(M (X)), w-Cpo(X)) also is separable.

Proof. It is due to the fact that the map
h:p—w 'ty

is an homeomorphism from (M (X), w-Cy(X)) onto (M} (X)), w-Cp(X)). O
Hence, if (X, 7) is a separable topological space, then so is the subspace (P, (X ), w-Cp, (X)),

which concludes the proof of the sufficient condition of Theorem A.1 in this first case.

Conversely, if (P, (X), w-Cyp, (X)) is a separable topological space, then so is its subspace
(D(X), w-Cp, (X)) and then (D(X), w-Cp(X)). Consequently, if the topological space (X, 7)
is metrizable, the first result of Proposition A.4 ensures the necessary condition in Theorem
A.1 in this first case.

A.3 Metrizability

In this section we prove that the topological space (P, (X), w-Cp, (X)) is metrizable and
separable when so is (X, 7).

First at all we prove
Proposition A.10. If (X, 7) is a separable metrizable space, then so is (M} (X),w-Cy(X)).

Proof. Following for instance the ideas developed in [42] or [100] in the framework of Radon
measures, we give an abstract functional approach of this result in the following way.
Let d be a distance on X which metrizes the topology 7.

1 - We first assume that (X, d) is a compact metric space.

We denote M(X) (resp. MT(X)(= M (X))) the set of signed (resp. nonnegative) Bo-
rel measures on X and C(X) (= Cp(X)) the set of real-valued continuous functions on X,
equipped with the supremum norm

Ifllecx) = sup |f ()]
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Riesz representation theorem ensures that the map p +— 1, where I, is defined on C(X)

by
=Aﬂmww

is an isometry from the set M(X) with norm ||x||sm(x) = [1/(X) onto the topological dual
of (C(X),| - |lecx)) with dual norm.

Since the space (C(X), | - [lcx)) is a separable Banach space, Banach-Alaoglu theorem
ensures then that the unit ball

MU(X) = {p € M(X); |p|(X) <1}

of the Banach space (M (X), | - ||sm(x)) is compact and metrizable for the w-C(X) topology.
The set

MP(X) = {j € M (X); p(X) < 1)
is a closed subset of (./\/ll(X),w—C( )). Thus (MTH(X), w-C(X)) is also compact and me-

trizable, hence Polish.
Then the set

MP(X) = (€ MF(X0): (X) < 1}
is an open subset of (M™!(X), w-C(X)) since for any f € C(X), in particular f = 1, the

map
pe [ ra)dnte)

is continuous from (M™(X), w-C(X)) into (R, |-]). Thus (M (X),w-C(X)) also is Polish.
Finally, as the map
i

T Ta)
is an homeomorphism from (M™(X),w-C(X)) onto (M™* (X),w-C(X)), it follows that
(M (X),w-C(X)) is a Polish space too.

2 - We now assume that (X, d) is a separable metric space.

Possibly replacing the distance d by a distance e defining the same topology on X, we
may consider X as a subset of a compact metric space (X, &) (the completion of (X, e)) such
that the identity map i from X into X be an homeomorphism from (X e) onto (Y, €) where
Y is a dense subset of X. In particular the Borel sets of X are the i~*(B) = BN X where
B is a Borel set of X.

Let us consider the map
I:iprspoit
from M, (X) to M+ (X), where g oi~! is the image measure of y by i defined by

(woi ™ )(B) = i (B)) (= u(BN X))



ESPACES DE MESURES 245

for any Borel set B of X, or by

| F@awei @ = [ Fon@ante) (= [ Flx @) du(o)

for any measurable function f from X into R.
First of all, the map I is continuous from (M, (X),w-Cy(X)) into (M*(X X), w-C(X))
since, by the above formula, for any p € M, (X) and f € C(X),

@i = [ 5@ dua)

where f is the function of Cy,(X) defined by f = f|x.
Then this map is one-to-one. Let indeed p and v € M, Jr(X ) such that Iyu = Iv. Then, for
any Borel set B of X, there exists some Borel set B of X such that B = BN X ; then

u(B) = u(B N X) = (In)(B) = (Iv)(B) = v(BN X) = u(B),

so that u = v.

Finally, letting M+ (X, X) = (M, (X)), I is continuous from (MH(X, X),w-C(X))
into (M,"(X), w-Cy(X)). To prove this point, as (M*(X,X),w-C(X)) is metrizable (and
separable) because so is (M (X),w-C(X)) by step 1, it is sufficient to prove that if (1),

and p in M, (X) are such that Iy = hm T, in (M*(X),w-C(X)), then / f(z)du(z) =
X

hm f( ) dpn(z) for all f e Cyp(X).

nﬂ

Assummg for instance that 0 < f <1, we let fo and f; be the functions defined on X by
extending f outside X by 0 and 1 respectively, and we let fo and f; be the upper and lower

semicontinuous functions on X defined by

Jo(x) =limsup fo(y)  fa(x) = liminf fi(y).

Yy y—x

Since f; is lower semicontinuous on X, Proposition A.3 ensures that

Xﬁ(i) d(Ip)(z) < liminf Xﬁ(i) d(1p,)(Z).

n—-4o0o

In the same way
/ Fo(@) d(Ip)(z) > lim sup/ Fo(@) d(Tpy) ().
X n—-+o0o
But%:ﬁ:fonX,so

limsup/f ) dpn(z /f ) dp(x <hm1nf/ f(z) dpn(x),

n—-+4o00 n—+0o0
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[ r@dute) = tim_ [ @) i

Hence the map I is an homeomorphism from (M, (X), w-Cy(X)) onto (M+ (X, X), w-C(X)).
Consequently (M (X),w-Cy(X)) is metrizable and separable, with the distance associa-
ted with the distance on M™ (X, X). O

whence

Remark A.11. This proposition can also be proven by explicitly building a distance on
If (X, 7) is a separable metrizable space, some distances can indeed be explicitly built on
P(X), that define this w-Cy(X) topology.
For instance if the topology 7 is defined by a metric d on X, the map p defined on
P(X) x P(X) by

p(p,v) =inf{e > 0; v(B) < u(B°) + ¢ for all Borel set B}

where

Bf={zr € X;d(z,B) <¢}

is a metric on P(X), called the Prokhorov metric, or sometimes the Lévy-Prokhorov metric.
This distance is to be linked to the following equivalent definition of the w-Cy(X) topology
on P(X) : a fundamental set of neighbourhoods of y for this topology is made up of the

{veP(X);v(F) <p(F;)+e i=1,...,n}

for a finite family of closed sets F}, ..., F,, of X and ¢ a positive number.
In the same way the map p defined on P(X) x P(X) by

x) dp(x /f ) dv(x

where ||.|[;; is the Lipschitz norm defined by

p(j1,) = sup { € CX), 1l < 1},

() = )]
1y = max (sup | (0)] sup =25 ).

is also a metric on P(X), called the dual-bounded Lipschitz metric and often denotes dpy,.
If (X, 7) is a separable metrizable space, the w-C,(X') topology on the set P(X) can then
be metrized by these distances p (see [13], [42], [47], [92] for instance).
Then the map defined on M/ (X) x M, (X) by

pnv) = p(ﬂ“ ) (X))~ p(X)] i g and v #0,
p1(0,v) = v(X) if p=0,

is a distance on the set M, (X) which metrizes the w-Cy(X) topology.
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Then the following result can be proven from the previous proposition :

Proposition A.12. If (X, ) is a separable metrizable space and w a weight as above, then
(M (X)), w-Cpo(X)) also is metrizable and separable.

Proof. We only need to prove that (M, (X), w-Cp,(X)) is metrizable.
On one hand, as in the proof of Proposition A.9, we consider the map

h:p—w 'y

from M (X) onto M (X), which is an homeomorphism from (M; (X),w-Cy(X)) onto
(M;Z}(X), w‘cbw(X))'

On the other hand by Proposition A.10, there exists a metric p; on M (X) such
that the identity map i on M; (X) be an homeomorphism from (M} (X),w-C,(X)) onto
(M (X), p1). We then define a metric p,, on M. (X) by

polv) = po(h™" (), h ™ (v)).

Note then that the map h is an isometric homeomorphism from (M (X),p;) onto
(M (X), p,) by definition of p,.

The identity map j on M, (X) is then an homeomorphism from (M} (X), w-Cy, (X))
onto (M (X), p,) since we have the following commutative diagram

h

(M}, w-G(X)) = (M, w-Cpu(X))
Li L
h
(M;r7p1> - (Mzz;apw)
In particular (M, (X), w-Cp, (X)) is metrizable. O

Consequently the subspace (P,,(X), w-Cp, (X)) is also metrizable by the distance p,,, and
separable, which concludes the proof of the second point in Theorem A.1.

Remark A.13. The argument developed in these two proofs would also give the separability
of these measures spaces without calling up the results obtained in section A.2.

A.4 Completeness

We now prove the last point in Theorem A.1 in the same way we proved above the second
point. First of all we have

Proposition A.14. If (X, ) is a Polish space, then so is (M} (X), w-Cp(X)).
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Proof. Following the ideas of [42] and [100] and using the notations introduced in the second
step of the proof of Proposition A.10, X is a G of its completion ()~(, €), that is, X = ﬂ U,

where (U,) is a sequence of open sets of (X,é).
In particular X is a Borel set of X and the Borel sets of X are the subsets of X which
are Borel sets in X. In this case we have

MH(R, X) = {i € M*(X); (X \ X) = 0},
Indeed, if p € M, (X), then
)X\ X) = (I)(X) = (Ip)(X) = p(X) = p(X) = 0.
Conversely, if ji € M*(X) is such that (X \ X) =0, let fix be the measure induced on X
by [i, and defined by
fix(B) = j(B)
for any Borel set B of X. Then, for any Borel set B of X,

(Ifix)(B) = fix(BNX) = i(BNX) = y(B\(BN(X\X))) = i(B) - i(BN(X\ X)) = u(B),
whence 1 = [fix.
Then we decompose
MH(X,X) = () Sup

where
S = {fi € M*(X); fi(U) > (X) — %}

for any integer n, p > 1. )
The indicator function 1, of the open set U, is a lower semicontinuous function on X,
so the map

i /X Lo, (2) dfi(2) = (U,

is lower semicontinuous on (M™* (X ), w-C (X)) by Proposition A.3. Thus each S, , is an open
set of (M (X),w-C(X)) and M (X, X) is a G in this space.
But from step 1 of the proof of Proposition A.10, this space is Polish and consequently

so is its subspace (M1 (X, X), w-C(X)).

Finally by the homeomorphism from (M (X), w-Cy(X)) onto (M*(X, X), w-C(X)) in-
troduced in step 2 of the proof of Proposition A.10, we can conclude that (M (X), w-Cyp(X))
is a Polish space too. O

From this result we can now prove

Theorem A.1.3. If (X, 7) is a Polish space and w a weight as above, then the topological
space (Py(X), w-Cy (X)) also is a Polish space.
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Proof. From the previous proposition there exists a distance p; on M, (X) which defines on
M (X) the w-Cy(X) topology, and for which (M} (X), p1) is a separable complete metric
space.

Then with the notations of the proof of Proposition A.12, the metric p,, associated with p;
defines on M, (X) the w-Cy,(X) topology, and the metric space (M, (X), p.,) is separable
and complete since the map h is an isometry from (M, (X), po) onto (M} (X)), p).

Finally P, (X) is a closed subset of (M, (X), p.,) since

Pu(X) = {ue My (X), / Ldu(z) = 1)

X

and x — 1 belongs to Cp,(X).
Thus (P, (X), p.) is a separable complete metric space. This concludes the proof of the
sufficient condition of Theorem A.1 in this case. a

Conversely, if (z,), is a Cauchy sequence in (X, d), then so is (0., ), in (D(X), w-Cp(X))
by Proposition A.4, and then in (P,(X), w-Cp, (X)) since in particular the identity map
from (D(X), w-Cy(X)) onto (D(X), w-Cpy (X)) is continuous. Hence, if (P, (X), w-Cpy (X)) is
complete, then (J,, ), converges to some g in (P, (X), w-Cp, (X)), hence in (P(X), w-Cy(X)).
Then Proposition A.4 ensures that u = d, for some z € X, and that (x,), converges to x in

(X, d).

Remark A.15. If (X,d) is a separable complete metric space, the Prokhorov distance or
the dual-bounded Lipschitz distance defining the w-Cy(X) topology on P(X) are such that
(P(X), p) is complete. Using the notation of Remark A.11, the distance p; associated with
p is such that (M, (X), p1) is complete.

A.5 Wasserstein distances

In this section we let (X, 7) be a Polish space, d a lower semicontinuous distance on X,
p a positive real number, and we consider the weight

w =14 d(xg,-)?

for some zp in X. Then we simply denote P,(X) the z(-independent set of probability
measures p such that

/X d(zo, z)P dp(x) < +o0.

The map W, defined on P,(X) x P,(X) by

Wy,(p,v) = inf (//X Xd(x,y)pdﬂ(x,y))% if 1<p

™

Wy,(p,v) = inf d(xz,y)P dn(z,y) if 0<p<1,
T XxX
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where 7 runs over the set II(p,v) of probability measures on X x X with marginals p and
v, is a distance on P,(X) (see [111] for instance).
First of all for the w-C,(X) topology we have the following general result :

Proposition A.16. With the above notation, let (u,) a sequence in Py(X) converging to
in (P(X),w-Cp(X)). Then

n—-4o0o

/ d(zg, x)P du(x) < lim inf/ d(zo, )P dpy,(x).
X b
If moreover p € P,(X), then for all v € Py(X)

Wy,(p,v) < lim+inf Wy (pon, ).

Proof. The first statement stems from Proposition A.3.

For the second point we first note that for any p; and py in P,(X) there exists some
probability measure 7 on X x X achieving the infimum defining W,,(p1, p2). Indeed II(p1, p2)
is uniformly tight, so any minimizing sequence (7,), has a cluster point 7 by Prokhorov
theorem on X x X, which in turn achieves the infimum since, by Proposition A.3 applied to

X x X and d(.,.),

// d(z,y)? dr(z,y) < liminf // d(z, y)P dmn(z,y) = Wy(py, po)™x0P),
XxX oo J U xxx

Then let (n') be a subsequence such that W),(u,, ) converge to liminf W, (u,,v) as n’

n—-400
goes to infinity.

For each n’, there exists by the above remark a probability measure 7,, on X x X, with
marginals !, and v, such that

/ /X e )P dm e y) = W e, ). (A.1)

The sequence (p!,),, converges weakly, so is uniformly tight, so for any 6 > 0 there exists
a compact K such that v(K) > 1—9§ and p,/(K) > 1—4 for any n'. Since 7, has marginals
iy and v, this implies

T (K X K) = pp (K)v(K) > (1 —0)* > 1 — 26,

which means that the family (m,/), is tight. Thus by Prokhorov theorem there exists a
subsequence (7,~),» and a probability m on X x X such that (m,~),» converges weakly to 7
as n” goes to infinity. In particular by Proposition A.3 and (A.1) :

// d(z,y)" dr(z,y) < lim mf// d(x,y)? dmpn(z,y)
XxX n—to0 J Jxxx
= lim WP(unr,v) = liminf WP (p,,v). (A.2)

n/'—4o00 n—+400



ESPACES DE MESURES 251

Then 7,» has marginals p,~» and v, so at the limit 7 has marginals ; and v. In particular

WP (u,v) < //Xxx d(z,y)P dr(x,y)

and hence from (A.2)
W2 (p,v) < liminf WP (1, v).

n—-4o0o

This concludes the argument. O

From now on we more specifically consider a separable complete metric space (X, d) and
the Wasserstein distance W, defined by the distance d. We shall prove, as announced in
Theorem A.2, that this distance turns (P,(X), W,) into a separable complete metric space.

We let Cy,(X) denote the set of functions f on X such that (1 + d(zo, -)p)_lf € Cy(X)
and equip P,(X) with the topology defined by the seminorms

pr sup | [ fi(x)du(z)|

i=1,...,n X

for any finite family fi, ..., f, in Cy,y(X). This topology is denoted w-Cp,(X), and is linked
with the topology defined by the distance W), by the following result (see [111] for instance) :

Proposition A.17. Let (X, d) be a separable complete metric space, p a positive number,
(fn)n and p in Py(X). Then the following statements are equivalent :

1. (fn)n converges to p in (Py(X), W),

2. (fn)n converges to p in (Pp(X), w-Cpy(X)),

3. (fin)n converges to p in (P(X),w-Co(X)) and (/

/X d(o, )P du(z). ’

d(xg, x)? d,un(:p)) converges to

n

From this we can infer the first part of Theorem A.2 :

Theorem A.2.1. Let (X,d) be a separable complete metric space and p a positive number.
Then the w-Cy,(X) topology on P,(X) is defined by the metric W,,.

Proof. It stems from Proposition A.17 and the fact that the w-Cp,(X) topology is metrizable
by Theorem A.1. O

Although (P,(X), w-Cy,y(X)) is topologically complete by Theorem A.1, the previous
result does not necessarily ensure that (P,(X), W,) is complete.

We now prove here in several steps this result, which is the second part of Theorem A.2
(see also [3] or [93] for other proofs). First of all :

Proposition A.18. Let (X,d) a separable complete metric space and (un), a Cauchy se-
quence in (Py(X), W1). Then (pin)n is uniformly tight.
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Proof. We adapt the classical proof of Ulam lemma (Proposition A.7).

€ being a given positive number, there exists IV such that

Wi (pn, piny) < €2

for any n > N. In other words, for any n, there exists j < NN such that

Wl(una Mj) S 52-

(A.3)

The finite family (y;) <y is uniformly tight by Ulam lemma, so there is a compact set

K of X such that
ni(K) =1—¢

for any j < N. Since K is compact, there exist p points z, ...

p
K c U= | B(ay.e)
k=1

where B(zy,¢) = {z € X;d(zx, ) < €}. In particular
pi(U) =1 —e¢

for any 7 < N.
But by Kantorovich-Rubinstein formulation of W}

) dp(z /f ) dv(x

where the Lipschitz seminorm is defined by

i {|

T = aGy

we have in particular

,p in X such that

[y < 1}

/¢ 2) dpts (o /<z> ) djun(e) < Wil )

1
for any j and n, where ¢ is the —-Lipschitz function defined on X by ¢(z) = (1 —
€

On the other hand 1y < ¢ < 1py- where U® = {z;d(z,U) < €}, so

| @@ 2@ and [ ol dunta

Consequently
1
Mn(UE) > M]<U> - g Wl(:uju Mn)

) < in(U7),

£

(A.4)

d(m,U))-f—'

(A.5)
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for any 7 and n.
But by (A.3), for any n there exists j < N such that Wi(un, u;) < €2 Then by (A.4)
and (A.5)
wn(US) > 1 —2e¢.

Thus for any € > 0 we have found a set U® such that p,(U®) > 1 —2¢ for any n. But U®
is not necessarily (relatively) compact, though bounded, so at this point we can not claim
that (i), is uniformly tight. Now we are going to build a compact set S for which the same
kind of property holds.

Up to now we have proven that for any ¢ > 0 there exist p points x4, ..., z, such that

pn (X \ | Blay, 20)) < 2¢

k=1
p
for any n since U C U B(xy,2¢).
k=1
For any integer m we then proceed as above with £27"! instead of . More precisely
for any m we get a finite number p(m) of points =7, ... s Tplom) of X such that

p(m)

X\U (27, e27™)) < e2™

for any n.
Then we note that the set

400 p(m)
= ﬂ U B(x?,sQ’m)
m=1 k=1

is totally bounded since for any p, choosing m such that ¢ 27 < p, we see that S is covered
by the p(m) balls B(z}',e2~™) with radius € 27™ < p. From this it follows that the closure
S of S is compact since X is complete.

Moreover for any n

p(m)

pn(X\ S) < Z”n X\ U xk,52_m))§§52_m =c

Thus S is compact and satisfies p1,,(X \ S) < ¢ for any n. In other words the sequence
(tn)r is uniformly tight. O

Corollary A.19. Let (X,d) be a separable complete metric space, p > 1 and (), be a
Cauchy sequence in (Py(X),W,). Then there ezists a subsequence of (fin)n converging to a
probability measure p in w-Cy(X) sense.
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Proof. (p,), is Cauchy in (P;(X), W;) since Wy < W, so is uniformly tight by Proposi-
tion A.18, and thus relatively sequentially compact in P(X) for the w-Cy(X) topology by
Prokhorov theorem (Proposition A.6). O

Proposition A.20. Let (X,d) be a separable complete metric space, p > 1 and (pp)n @
bounded sequence in (P,(X),W,), converging to a probability measure p for the w-Cy(X)
topology. Then pu also belongs to P,(X).

Proof. Let xq be a given point in X. Then

[ dtan o dueto) < 27 ([ dan, 0 o) + W) ) < €

where C'is a constant independent of n’ since the sequence (W, (t, t0)),, is bounded.
On the other hand (g, ), converges to u in w-Cy(X) sense, so by Proposition A.16 we
get

/ d(zo, z)P dp(x) < lim inf/ d(xg, )P dpy (z) < C,

X n'—+oo [x

which ensures that indeed p € P,(X). O
Now we give the proof of the second part of Theorem A.2 :

Theorem A.2.2. If (X,d) is a separable complete metric space and p a positive number,
then the metric space (P,(X), W,) is complete.

Proof. 1. We first consider the case p > 1.

Let indeed (), be a Cauchy sequence in (P,(X), W,). Then by Corollary A.19 there
exists a subsequence (fi,), converging to a probability measure p in w-Cy(X) sense, with u
in P,(X) by Proposition A.20.

We now prove that W,(u, i,y) tends to 0 as n' goes to infinity. The sequence (fiy)n
converges to p in w-Cp(X) sense, so by Proposition A.16

W (gt p) < liminf W, (s, fom ). (A.6)

n’/—-+oo

for any given m’ in the sequence (n').
But (fty)s is Cauchy for the distance W), so for any € > 0, and n’, m’ large enough

Wt pimr) < €. (A7)
From (A.6) and (A.7) it finally follows that
WP(M? :um/> S €

for m’ large enough, which means that indeed W),(u, jt,/) tends to 0 as n’ goes to +oo.
Finally W, (g, 1) tends to 0 as n goes to infinity since the whole sequence (p,,), is Cauchy
in (Py(X), Wp).
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2. Then we consider the case 0 < p < 1.

dP is a distance on X which defines the same topology as d, so that, with obvious nota-
tions, we have P,(X,d) = P1(X,d") and Cp,y (X, d) = Cpi (X, dP).

Moreover (X, dP) is complete if (X, d) is complete and W,(X,d) = Wi (X, dP).

Thus, given a weight p €]0, 1[ and a metric d on X, the results associated with the weight
p and the metric d stem from the results associated with the weight 1 and the metric d?
proven in the previous step. O
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