
HAL Id: tel-00011584
https://theses.hal.science/tel-00011584

Submitted on 10 Feb 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Modélisation stochastique et estimation de la dispersion
du pollen de maïs.Estimation dans des modèles à

volatilité stochastique.
Agnès Grimaud

To cite this version:
Agnès Grimaud. Modélisation stochastique et estimation de la dispersion du pollen de maïs.Estimation
dans des modèles à volatilité stochastique.. Mathématiques [math]. Université Paris-Diderot - Paris
VII, 2005. Français. �NNT : �. �tel-00011584�

https://theses.hal.science/tel-00011584
https://hal.archives-ouvertes.fr


���������	��
����� ��������
 ������������
 �������	��� 
��!"� #%$�& ')(+*%,.- '/(�02143%$.5

�687�
��
9;:=<?>A@CBD:=EGFIH2JKFMLN:=JPO?<RQSLN9T@NU=V4HSO?H

Q/W)XZY.[]\_^�Q`[bacBd\_e_fhg/[i^_jGfkY.lbm�nS^ofpjrq
jG9;s2tuLwvx@yLyFIs{z;|RncY.}Sl]|RncYAfp~/\S[]jRnSmim]a�fp~/\Sli[]j

9?>�s2�MHuJKFIs2H�9�vx>���i�S�������"�=�������

YALyFM>MH�z
���4�%�/�i�����)�����4� �����¡ {¢R�R�����¤£4¥%¦§¦/�¨¦������2���)�����4�©�%¦ª�«�

�P���¬�¦`®r�����4���P¥�¬��4�]�]¦`�©�%¦¯���±°¤�³²
¦������2���)�����4�©���%�´�µ�%¦��µ�¶���P·`�]¦��"¸º¹P�4�«�)���2�i�2���

�����¡ {¢»�R������£4¥%¦¼²

QSLy>MH2t½FI>�LNt2H/OTH)FM¾?¿2��H�z  {ÀGÁ¤Â+ÃÅÄÇÆÉÈ+Ã»�«�¡®¡¦`�Ê�

jG:x<TFIHuJË<TH�9?<TE?@NLyÌË<TH2V4H2JKF.@NH)Í;Î �%ÏËÐ=ÃËÑÓÒÔÄ¤ÃÓÕ ÍÖÍ;Î�×�O?HuØÙvxJKFo@NH«Ú�<?>pÛ%t2:xV�9;:=�Ms/OTH��Ñ�Ã»�]À?Ü+Ä¤ÃÓ¦/�i�u¦{Ý \oJ?LyØxH2>M��LyFMs�mÔvx>MLy�_q��Ñ�ÃR¦/ÞÉÆCß2ÀTÒcÃÅÁ�Â	àP�R�+���u�)��Ý \_J?LáØ=Hu>M�MLáFIs�mâvÙ>MLN�/ãxã��Ñ�Ã´ �ÀTÁ¤Â�ÃËÄÇÆÉÈ+Ã»�«�¡®±¦/�»�PÝ fäe_^onå\_JTLyFIs�|rfkn��Ñ�Ã»�%æ�Ñ�ÆCÈ+ÆCçÜ+Ãr¬��� {�¡®%�ÓÝ \oJ?LyØxH2>��MLyFMs�mâvx>�LN�oq�§²c��ÀTÁ�ß4®4¥P�%¦/���PÝ \oJ?LyØxH2>M��LyFMs�OTH{è/éxFMH2E;:=>Mê�§²³ëÆÉÀ?È�ìIí�ÃGÈ�î�ï��¡�PÝ \oJ?LyØxH2>M��LyFMs)^oHuJ?J?H2��ã

vx<PØG<rO?Hu�_>Mvx9?9;:=>�FM�AO?H �ð²âëÃÅÀ�È�ìñ��À?ÄÇÐ»�Ròc�±°Ç�ôó \_J?LáØ=Hu>M�MLáFIs/Y+:=<?@y:=<?�MH�õKöZH½FoO?H�§²c��ÀTÁ¤ß�®4¥r�%¦/����ó \oJ?LyØxH2>��MLyFMs)O?H�è)éxFMH2E;:=>MêKö½÷





®¡ÃËÑ�ÃÅÄÇÐKÆ ÃGÑ ÃGÈ;Á¤ß

� H¡FMLNH2JT�¼FI:=<TF�OBdvxE;:=>�O��´>�H2V4H2>�t2LNHu>4X vÙFI¾TH2>MLyJ?HPa�vx>MsuO?:´ÌÅ<?LAvÓH2<µt2:xJ��ÖvxJ?tuHPH2J V�:=L«HuF
VrBdvR9�Hu>MV4LN�{OTH%V�HuJ?H2>��ÊETLNH2J�tuH±FI>Mv ØxvÙLN@ ÷âjGHu��t2:=J?J?vxLN���IvxJ?tuH2��H½F��MH2��>�H2V�vx>MÌÅ<?Hu��VRB :=JKF
E;H vx<Tt2:=<?9Rvx9?9;:=>pFIs`FI:x<TFovx<r@N:=J?ê�OTH�V�v¼FI¾?¿u�MHÙ÷
� H�>MHuV�Hu>Mt2LyH � H vxJ��ä|»vx>�t{n
	2v��h�oHuF`|»vÙFM�S^.<?O?HuV�:4O�BDv Ø=:=Ly>Svxtut2Hu9TFIs�O?H�tu:=J?�Mvxt2>�H2>SOTH{@NHu<?>
FMH2V49?��4>Mvx9?9;:=>�FMH2>AV�v{FI¾?¿u�MHÙ÷
� HZFMLNHuJ?�ivx<?���ML��`>�H2V4H2>MtuLNHu>âtñ¾�vx@yH2<?>�H2<?��H2V4H2JKF«a�vx<?>MH.[c@yLNHx×Ù[c@NLy�IvxE;HuFM¾�è�vÙ�M�MLNvÙF ×ÙQS:=V4LNJTLNÌÅ<?H
mcLNt2vx>MO±HuF � LNvxJ����ÖHuJ?ê��«vÙ:¼O�BDv�Øx:=LN>Zvxt2tuH29TFMs`O�B��uFM>MH/V4H2V¼E?>�H_OT<�Ú�<?>�Ûx÷ � HS��<?LN�«FI>M¿u�ZFI:x<?tñ¾?s2H
O?H)@yH2<?>A9?>�s2��H2J?tuH{vx<¤Ú�:=<?>MOBD¾Å<?LC÷
|RHu>MtuL��4@ B <?J?LáFIs�|RfknåO?H�@ B fäeS^.nåOTH � :=<GÛ��hH2J�� � :=�IvÙ�SO?H�VRBDv Ø=:=Ly>.vxt2tu<?H2Ly@N@yLNH`FI:x<TF_vx<R@y:=J?ê
O?Hot2Hu� vxJTJ?s2Hu�ZO?HoFI¾?¿u�MHSO?vxJ?�]<?J?H`vÙV¼E?LwvÙJ?t2H.tñ¾�vx@yH2<?>�H2<?��Hx÷G[cJ±9�vx>pFILyt2<?@yLNH2>cV4H2>�t2L��¼jÅÛG@áØËLNH
}o<?HuF_HuFS}_Hu>�Ø=s�|R:=J?:ËORÌÅ<?L+VrBD:=JKFo9;H2>MV4LN�.O?H��ÉvxLN>�H/V�Hu�_9T>MH2V4LNHu>M�o9�vx�oO�vxJ?�o@NH�O?:=V�vxLyJ?H
O?H)@Nv¼>MH2tñ¾TH2>Mtñ¾TH{@N:x>M�AO?H)V4:=JP��FñvÙê=H/O?H�Q`[cn{÷;[³FoV�Hu>Mt2L��±jG<�	 vxJ?JTH�Y/÷�suêKvx@yH2V4H2JKF ÷
|RHu>MtuL��ÊV�Hu�¼LNJ�� :=>MV�vÙFILyt2LyH2J?�)9?>�s�� s2>�s2�Pz³[c>�LNtP| ÷á×Ôg]vÙ@Ns2>�LNH±^�÷ÔHuF�n_J?J?LNH��S÷â�MvxJ?��ÌÅ<?L+Ú�H
J�BDvx<?>MvxLN�A9?vx�.9?<PV�HuJ?H2>���E?LNHuJrFM:=<TFMH/@wv�9�vx>pFILNH`vx9?9?@yLNt vÇFILyØxH`O?H)V4:=J%FI>Iv ØÙvxLy@ ÷
[³F¼V4H2>�t2LZvx<�� FI¾?su�Ivx>�O?��O?H¡@CBD<?JTLyFIsÙ×�H2Jµ9�vx>pFILNtu<?@NLyH2>�Q`v ØËLNOµac÷á× �ÖvxJ?JKÛ g¼÷ÔHuF¼g]vx@ys2>�LNH4n{÷
v Ø=Hut�ÌÅ<?LGÚuBDvxL�9?vx>�FIvxê=s/O?H/FI>�¿2�oE�:xJ?�AV�:xV�HuJÅFM�2÷
� H�>�H2V4H2>MtuLNH�suêKvx@NHuV�HuJKF!�â@N:x>MH2JKF/n�÷�HuF)gSLNJ?tuH2JKF�^�÷9�:=<T>/@NH2<T>`:=>MHuLN@y@NH¼vÇFMFIHuJKFILyØxH�HuF�9;:=<?>
VrBdv Øx:=LN> ��:=<TFMH2JÅ<?H�O�vxJ?�.@NHu�.V�:=V4H2JKFM�AO?H)O?:=<TFMHx÷
� HPØ=:=<TO?>IvxLy��s2êKvx@yH2V4H2JKF4>MHuV�Hu>Mt2LyH2>�@NHu��HuJ?�MHuLNê=J?vxJKFI�4O?H»mÔvx>MLy�¡qË×iv�ØxH2tRÌË<TLcÚuBDvxLAH�"�H2t½FI<?s
V4:=JPV�:xJ?LyFM:=>IvÙF2×THuJ»9�vx>pFILyt2<?@yLNH2> � vÙt2ÌÅ<?H2@yLNJ?H�|»vÙt�n_@NH2Hu�MH�ÌÅ<?L�VRBDv#�ÉvÙLyF.9�vx>pFñvxêxs���:=J»êx:%$TF
9;:=<?>�@ B H2J?��H2Lyê=J?H2V4H2JKF2÷³|RHu>MtuL&�»@CBDsuÌË<TLN9;H�O?H¡mi>�:=E�vxETLN@NLáFIsu�2×+jËFIvÙFILy��FILyÌÅ<?H�H½F4|R:ËO?s2@yLN�MvÙFILy:=J
O?H�mÔvx>MLy�/ã=ã=×ÖW`>M�Mv Û=×�O?H�VRBDv Ø=:=Ly>Avxtut2<?HuLN@N@yLNH_H2JPFñvxJKFoÌÅ<�BDncY.[i^)÷
[³FoV�Hu>MtuL��4mâvÇFI>MLyt2LNv4m+÷ÖHuF
�±|RLytñ¾?¿2@yH�'�vx���MH�9�:=<T>o@yH2<?>ovxLyO?H)O�vxJ?�o@NHu�_OTs2V�vx>Mtñ¾?Hu�SvÙO?V�L(�
J?Ly��FM>IvÙFMLyØ=Hu�2÷
m+:=<?>)��J?Ly>2×½Ú�H.J�B :=<?ET@NLNHZ9�vx�iV±v
�ÉvÙV�Ly@N@NHÙ×¤H2J49�vx>�FMLNtu<?@NLyH2>âV4H2�c9?vx>MHuJÅFM�«H½F]mâvx��t vx@C×KÌÅ<?L�VRB :=JKF
FM:=<ÇÚ�:=<?>��A�M:=<GFIH2JÅ<?H�HuFoHuJ?t2:=<T>Ivxê=suH{vÙ<rtu:=<?>��oOTH�tuH2�_vxJ?J?suH2�u÷





���������
	������������������ Î

� �������  !�#" $ �&%�'�(#)��
"

* �uÈ�Á�Ä¤æ,++ÜÔÐxÁ¤Æ æ;È *-*
ã=÷áã mÔvx>�FMLNHSf.zT|R:ËO?s2@yLN�IvÇFILN:xJ��pFI:Ëtñ¾�vx��FMLNÌÅ<?H`H½FAH2�pFILyV±vÙFMLN:=J4O?H_@wv{O?Ly�M9;H2>��MLN:xJ±O?<
9;:=@N@yH2J%O?H)V�v��h�/÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ºã=ã
ã=÷áã=÷áã X vxO?>�H�O?H)tuH)FM>Iv ØÙvxLN@ ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ºã/.
ã=÷áã=÷10 [³ØxvÙ@N<�vÙFMLN:=J%H½FoV�:ËO?s2@yLN�MvÙFILy:=J±O?H)@Nv¼O?LN��9�Hu>M�MLy:=JPO?<r9�:=@y@NHuJ ÷�÷�÷�÷)÷ºã/.
ã=÷áã=÷Dõ |R:ËO?s2@yLN�IvÇFILN:xJ±O?H`@Nv�O?Ly�M9;H2>��MLN:xJ¡O?<%9;:=@N@yH2J±HuJ%V�Ly@NLyH2<4¾?:=V4:=ê=¿2JTH �

@ BDvxLNOTH`O?H)V�:ËO?¿u@NH2�AV4s2t2vxJ?Ly��FIHu�Ó÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ºã32
ã=÷áã=÷4. |R:ËO?s2@yLN�IvÇFILN:xJ%O?H)@ B H�"�HuF.O�B <?J?H)O?Ly�Mt2:xJÅFMLNJÅ<?LáFIs/O?<rt2:=<GØ=H2>pF_Øxs2ê=s½Fñvx@�÷50xõ

ã=÷10 mÔvx>�FMLNH/fMf_zÖ[c��FILyV±vÇFILN:xJ¡O�vxJ?�.O?Hu�_V4:ËO?¿2@yH2����Ø=:=@NvÙFILy@NLáFIso��FI:Ëtñ¾�vx�pFILyÌË<THº÷�÷)÷50=q
ã=÷10G÷áã [c��FILyV±vÇFILN:xJ 9;:=<?>)O?Hu�{V4:GOT¿2@NHu�!�rØx:=@wvÙFMLN@yLyFIs���FM:Gtñ¾�vÙ��FILyÌÅ<?H±V4H vxJ �

>MH½Ø=H2>pFILyJ?ê ��@CBdvxLyO?H`O?H)ØÙvx>MLNvxJKFIHu�AO?H)@wv¼V4suFI¾T:GO?H/OTH�'�¾?LáFMFM@NH/÷�÷�÷)÷5076
ã=÷10G÷10 [c��FILyV±vÇFILN:xJô9�vx>±V�s½FI¾?:ËO?H»OBDLyJ�� s2>�H2J?tuHÓLNJ?O?Ly>MHutuFIHR9�:x<?>±O?Hu�%V�: �

O?¿2@yH2�.V4H vxJ��h>MH½Ø=H2>pFILyJ?ê4v�ØxH2t�<?JrH�"�HuFo@NH½Ø=H2>Mvxê=Hå÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ õTã
ã=÷Dõ mÔvx>�FMLNH¡f�fMf4zc|Rsu@wvxJ?êxH%O?H%V�:ËO?¿u@NH2��V�L(�ËFIH2�{9�:=<T>�@ BDvxJ�vx@áÛG��H±O?Hu�4vx9?9�vx>�LNH �
V4H2JKFI�.O?H)tñ¾?>�:=V4:=�M:=V4H2�.tñ¾?H�	�@yH/t2:=@ 	 v´÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ õ7.

ã=÷4. ^.s�� su>MH2JTt2H2� ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ õ98

� �;:=<?>,@BAä�DCFE�A�:i� �9EG:=HJI�Ci�9EGABKML�NONPEQN��REGABSTCFEGAB:i�U<�NO@�C�<?Aä�DVWN�X?�DA�:]�
<?L5VW:�@B@�N��5<�NYSTC[Z�� \�]
Õ ��æ,+�ÏGÞÉÆÉß2ÀTÁ¤Æ æ;È ßuÁ�æ�ÐÇÂ�À�ßuÁ¤ÆÉç�Ü�Ã±ÃKÁ{ÃËßuÁ�ÆCÑ�ÀGÁ¤ÆÉæ;ÈQ++Ã%Þ À�+ÔÆÉß_^cÃÅÄÇß ÆÉæ;È`++Üba³Ü,c`+�Ã
^cæ;ÞCÞ ÃËÈ#++ÜbÑ�ÀGdñß�ÃËÈbÑ ÆÉÞÉÆÉÃËÜµÂ+æ;Ñ�æÖî-eËÈ+Ã f *
0G÷áã fkJKFI>�:GOT<?tuFMLN:=JPHuFoV4:xFILáØÙvÙFILy:=J?� ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.Kõ
0G÷10 QSHu�Mtu>MLN9GFILN:xJRO?H)@CBDH �T9;s2>�LNHuJ?t2H ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.R8

0G÷10G÷áã QSLN��9�Hu>M��LN:=JrO?<P9�:x@N@NHuJ%O?H)V±v �h� ÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.R8
0G÷10G÷10 QSH2��t2>�LN9TFMLN:=JrO?H)@ B H �G9;s2>MLyH2J?tuH»÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.R8

0G÷Dõ |R:ËO?su@NLN�MvÙFILy:=J%O?H)@wv¼OTLN�M9;H2>��MLy:=JPO?<R9;:=@y@NH2Jª÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.Åq
0G÷DõT÷áã ��:=J?tuFMLN:=JT�AO?H)O?LN��9�Hu>M�MLy:=J�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.Åq
0G÷DõT÷10 QSs��?J?LyFMLN:=JPO?<rV�:ËO?¿u@NH`�pFñvÙFMLN��FMLNÌÅ<?Hµ÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷g.9h

0G÷4. |R:ËO?¿u@NH2�.V4s2t2vxJ?LN�pFIHu�o9;:=<?>A@yH/V±v �h� ÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷587i
0G÷4.?÷áã a�:=L�¾KÛG9;H2>�E�:x@NLNÌÅ<?H/êxs2J?su>Ivx@yLN�MsuH ó è)}SQ/ö`÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷58xõ
0G÷4.?÷10 |R:=<TØxH2V4H2JKF_E?>M:3j.J?LyH2JRv�ØxH2t�O?>ML � F.O�vxJ?�

R3 ÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷5872
0G÷4.?÷Dõ mâvx���IvxêxH�HuJRtu:G:=>�O?:=J?JTs2H2�o9;:=@wvxLy>MHu�»÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷58=q

0G÷18 eo:=<TØ=H2vx<��rV4:GOT¿2@NHu�A9?>M:x9�:=��s2�º÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷5876



� �J�������
	�� � ������������� �

0G÷18G÷áã l³FI<?O?H�O�B <?Jr9?>M:Ët2Hu�M�M<T�_O�BdW`>MJ?�pFIHuLNJ��k\_¾?@yH2JÅE�Hut��%LNJKFIsuê=>Ms ÷�÷�÷�÷�÷)÷5876
0G÷18G÷10 |R:ËO?s2@yLN�IvÇFILN:xJ%O?H)@wv{ØËLyFMH2�M��H�O?vxJ?�.@NH/9?@NvxJ¡Ø=Hu>�FMLNt vÙ@S÷�÷�÷�÷�÷�÷�÷�÷)÷ 2 i
0G÷18G÷Dõ |R:ËO?s2@yLN�IvÇFILN:xJ%O?<%Ø=H2t½FIHu<?>_ØËLyFMH2���MH)O�vxJ?�o@NHS9?@wvxJP¾?:x>ML 	u:=JKFñvx@	÷�÷�÷)÷ 27.
0G÷18G÷4. jËÛËJKFI¾?¿u�MH{��<?>.@NHu�oV4:ËO?s2@yLN�IvÇFILN:xJ?�«OTH�@Nv¼FI>Iv�Ú�H2tuFM:=LN>�H¼÷�÷�÷�÷�÷�÷�÷�÷)÷ 2Kq

0G÷ 2 [c��FMLNV�vÙFILy:=J%O?Hu�o9?vx>IvxV4¿uFM>MHu��÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ 2 h
0G÷ 2T÷áã ��:=J?tuFMLN:=JT�AO?H/ØxvÙ>MLwvÙJ?t2H/9?>�:=9;:=�MsuH2�b÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ 2 h
0G÷ 2T÷10 |RsuFM¾?:ËO?H ÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q7i
0G÷ 2T÷Dõ |RLN��H)H2Jr:GHu<TØË>MH ÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q .
0G÷ 2T÷4. ^osu�M<?@áFñvÙFM� ÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q .
0G÷ 2T÷18 nSJ�vÙ@yÛË�MH)O?Hu�_>�s2�M<T@yFñvÇFI��÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q=q

0G÷dq g]vx@yLNO�vÇFILN:xJ¡O?H2�.>�s2�M<T@yFñvÇFI�{÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q7h
0G÷dqG÷áã XZ>MLáFI¿2>�H)O?H)�Ms2@yH2t½FILN:xJ�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�q7h
0G÷dqG÷10 YÔHu��FM�_��<?>.@NH/9�vx>MvxV4¿uFI>�H α O?H)@wv¼@N:xL�è)}SQ ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ 6 i0G÷dqG÷Dõ l³FI<?O?H�O?Hu�o>�s2��LNO?<?�o>MsuO?<?LáFI� ÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ 6Tã
0G÷dqG÷4. XZ:=<?>�E�Hu�_O?Hu��� :=J?tuFMLN:=JT�AO?H)O?LN��9�Hu>M�MLy:=JPLNJ?OTLyØËLNO?<TH2@N@yH2�«÷�÷�÷�÷�÷�÷�÷)÷ 6 h
0G÷dqG÷18 l³FI<?O?H�O?Hu�_v�Ú�<?��FMs2��÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ 6 h
0G÷dqG÷ 2 XZ:=V49�vx>IvÙLN�M:xJPv�ØxH2t�@NHu�o9?vx>IvxV4¿uFM>MHu�A9?¾KÛG��LNÌÅ<?Hu� ÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ h i
0G÷dqG÷dq QSLN��t2<?���MLy:=JR��<?>.@ B H2�pFILNV�vÙFMLN:=J¡OTH2�o9�vx>IvÙV�¿½FI>MHu�§÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ h=õ

0G÷ 6 XZ:=JTt2@N<T�MLN:xJrH½Fo9�Hu>M�M9;H2t½FILáØ=H2��÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ h7.
0G÷ h n_J?J?H �GH�nðzÖa�:xLN� ¾KÛË9�Hu>ME;:=@NLyÌÅ<?H2�.ê=suJ?s2>Mvx@NLy�Ms2Hu�.�M<?> R ÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷ h h
0G÷áã3iôn_J?J?H �GH �åz;è/>IvÙ9?¾?LNÌÅ<?Hu�AO?H2�o>Msu�MLyO?<?� ÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3i7.
0G÷áã=ã n_J?J?H �GH X"z¤mâvx>MvxV4HuFI>�LNtcV4:GOTH2@N� � :=>�tu:=>MJ�9�:x@N@NHuJ/O?LN��9�Hu>M�Mvx@Å<?�MLyJ?ê_OTL "�<?�MLy:=J
9?>�:GtuH2���MH2�SvxJ?OP��FIvÙFILy��FMLNt vÙ@�H2�pFILNV�vÙFMLN:=J ÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3i h
0G÷áã=ã=÷áã�fkJKFI>M:ËO?<?t½FILy:=Jô÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3i h
0G÷áã=ã=÷10§Q`vÙFIv4O?Hu�Mtu>MLN9GFILN:xJRvÙJ?OP��FñvÇFILN�pFILyt vx@�9T>M:=E?@yH2V ÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã=ã3i
0G÷áã=ã=÷Dõðmâvx>MvxV4HuFI>�LNt/V4:GOTH2@N� � :=>A9�:x@N@NHuJ%O?LN��9�Hu>M�Mvx@�vxJ?OP9;:=@N@yLNJ�vÙFMLN:=J ÷�÷�÷)÷.ã=ã�õ
0G÷áã=ã=÷4.ªmc>M:=9;:=�MHuO»V4:GOTH2@N�8÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã=ã 8
0G÷áã=ã=÷18ðjËFñvÇFILN�pFILyt vx@vxJ�vx@áÛG��LN� ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã 0Gã
0G÷áã=ã=÷ 2ðQSLN��t2<?���MLy:=Jð÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã 0 8

� ��æ,+�ÏGÞÉÆÉß2ÀTÁ¤Æ æ;È¶ÃÅÁ ÃËßuÁ¤ÆÉÑ�ÀTÁ¤Æ æ;ÈT+�Ã�ÞÉÀ +ÔÆÉß_^cÃÅÄÇß Æ æ�È ++ÜTa³Ü,c +�ÃO^cæ�ÞÉÞ ÃGÈ¶ÃËÈ
Ñ ÆÉÞCÆ ÃËÜµÂ+ÏKÁ�ÏÅÄ¤æÖî eËÈ�Ã *����
õT÷áã fkJKFI>�:GOT<?tuFMLN:=J	÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã�õ98
õT÷10 QSHu�Mtu>MLN9GFILN:xJRO?Hu�.H �G9�su>MLyH2J?tuH2� ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã�õ 2
õT÷Dõ |R:ËO?su@NLN�MvÙFILy:=J%O?H)@wv¼OTLN�M9;H2>��MLy:=JPO?<R9;:=@y@NH2Jª÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã�õ 6
õT÷DõT÷áã |R:ËO?¿2@yH��pFñvÙFMLN�pFILNÌÅ<?H ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã�õ h
õT÷DõT÷10 |R:ËO?s2@yLN�IvÇFILN:xJ%O?H)@wv{FI>Mv¤Ú�H2t½FI:=Ly>MH ÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.9i

õT÷4. |R:ËO?su@NLN�MvÙFILy:=J%��FM:Gtñ¾?vx��FMLNÌÅ<?H)O?H)@wv{FM>Iv¤Ú�HutuFI:xLN>MH ÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.?ã
õT÷18 fkJKFI>�:GOT<?tuFMLN:=J�O?H.@ B H�"�HuFiOTHA@wv`O?Ly�Mt2:xJÅFMLNJÅ<?LáFIsAO�vxJT�]@yH2�)� :=JTtuFILy:=J?�³OTHoOTLN�M9;H2> �
��LN:=JPLNJTO?LyØËLNOT<?H2@y@NH2��÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/. .
õT÷18G÷áã |R:ËO?¿2@yH�n§zÖeo:=>MV�vx@yH`fkJKØ=H2>��MH¼è�vx<T�M�MLyH2J?JTHx×Öe_fpè ÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/. .
õT÷18G÷10 |R:ËO?¿2@yH ��zÖeofpè��kFM>IvxJ?��@wvÙFMs2H	��÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.R8
õT÷18G÷Dõ |R:ËO?¿2@yH{X�z ÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.Åq

õT÷ 2 [c��FMLNV�vÙFILy:=J%O?Hu�o9?vx>IvxV4¿uFM>MHu��÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.96
õT÷ 2T÷áã ^_vÙ9?9�Hu@�O?H)@wv¼V4suFM¾?:GOTH��pFñvÙFMLN�pFILNÌÅ<?H ÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.96



���������
	������������������ �

õT÷ 2T÷10 [ �T9;s2>�LNHuJ?t2H4ã�z?FI>M¿���H ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã/.9h
õT÷ 2T÷Dõ [ �T9;s2>�LNHuJ?t2H 0¡z?FI:=<?>�J?H2��:=@ª÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã 8xõ

õT÷dq XZ:=JTt2@N<T�MLN:xJrH½FoO?LN��t2<?���MLN:xJ ÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã 876
õT÷ 6 n_J?J?H �GH4z�O?s2V4:=J?�pFI>MvÙFILy:=J%O?H)@wv�9?>�:=9�:x�MLyFMLN:=J¡õT÷ . ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã 87h

�Ë� �P�REGABSTCFE�A�:i�5<�Ci�S�`<?N�� ST:=<_�,@�N�������:�@BCFEGA�@�A EG>��9E�:=H�I�Ci�REGA�K�L?N	��
�\
f ¦/ßuÁ�ÆCÑ�ÀGÁ¤ÆÉæ;È� æ;Ä	Ñ�ÃÅÀ�È�ìMÄÇÃ��;ÃÅÄ�Á¤ÆCÈ�îªßuÁ�æ�ÐÇÂ�À�ßuÁ¤ÆÉÐ��;æ;ÞÉÀTÁ�ÆCÞÉÆ Á��ªÑ�æ�++ÃËÞÉßôÜ+ß ÆCÈ�î

� ÂÔÆ Á Á¤Þ ÃrÑ�ÃKÁ¤Â�æ,+Ôß�À�Þ Á�ÃÅÄÇÈ+ÀGÁ¤Æ��;ÃËß *�� Î
.?÷áã fkJKFI>�:GOT<?tuFMLN:=J	÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã32Kq
.?÷10 |RH2vxJr>MHuØxH2>pFILNJTê¡jËFM:Gtñ¾?vx��FMLNt/gi:=@wvÇFILN@yLyFkÛ�|R:ËO?Hu@N� ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã32 6

.?÷10G÷áã QSH��?J?LyFMLN:=J?�ovxJTORvÙ�M�M<TV�9TFMLN:=JT� ÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã32 6
.?÷10G÷10 jG9;H2t2L ��t)9?>M:x9�Hu>�FILyH2��� :=>AV4H vxJ �k>MH½Ø=Hu>�FILyJ?ê�¾?LyO?O?H2JrO?L "<?��LN:=JT��÷�÷�÷)÷.ã¤q7i

.?÷Dõ '�¾?LáFMFM@NH)vxJ?OPYÔvx9;H2>MHuO '�¾TLyFMFM@NH)[c��FMLNV�vÙFI:x>M� ÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã¤q 0
.?÷DõT÷áã '�¾?LyF�FI@yH/V�LyJ?LNV¼<TVªtu:=JKFI>Mvx��F� <?J?t½FILy:=JPt2:=V49?<TFIvÙFILy:=J ÷�÷�÷�÷�÷�÷)÷.ã¤qxõ
.?÷DõT÷10 nS�pÛGV49TFM:xFILyt/9?>M:=9;H2>pFILyH2��÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã¤q .
.?÷DõT÷Dõ YâvÙ9�Hu>MH2O '�¾?LyF�FI@yH`H2�pFILNV�vÙFM:=>»÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã¤q72

.?÷4. n�F j«:��pFIH29T�_�pFñvÙFMLN��FMLNt2vx@V4HuFM¾?:GO	÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã¤q=q
.?÷18 jËFM<?OTÛP:=JP��LNV¼<?@NvÙFILy:=J?�	÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã36=õ

.?÷18G÷áã [ �?vÙV�9?@yH2� ÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã36=õ
.?÷18G÷10 ^oHu�M<?@áFI�ovxJ?OrO?Ly�Mt2<T�M�MLy:=J ÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã367.

.?÷ 2 XZ:=JTt2@N<T�MLN:xJ�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3h90
.?÷dq n_9?9�HuJ?O?L(� ÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3h=õ

Î ¦/ßuÁ�ÆCÑ�ÀGÁ¤ÆÉæ;È�� æ;Ä Ñ�ÃÅÀ�È�ìMÄÇÃ��;ÃÅÄ�Á¤ÆCÈ�î�ßuÁ�æ�ÐÙÂ�À�ßuÁ¤ÆÉÐ��;æ;ÞÉÀGÁ¤ÆCÞÉÆ Á��	Ñ æ,++ÃËÞÉß���Æ Á¤Â�ÀÞ Ã��;ÃÅÄ¤À?îÖÃ»Ã��iÃËÐxÁ *�� Î
8G÷áã fkJKFI>�:GOT<?tuFMLN:=J	÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3hKq
8G÷10 mc>M:xE�vxE?Ly@NLN�pFILytS9?>�:=9�Hu>�FMLNH2�&� :x> FI¾?H)��FM<?O?LyH2OrV�:ËO?H2@�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3h 6

8G÷10G÷áã |R:ËO?H2@�vxJTO»vx���M<?V49TFMLN:=J?� ÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3h 6
8G÷10G÷10 mc>M:=E�vÙE?LN@yLN��FMLNt_9?>M:=9;H2>pFILyH2��÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷.ã3h h

8G÷Dõ YA¾?H�LNJTO?LN>�H2tuF LNJ�� Hu>MH2JTt2H)V�H½FI¾?:ËO�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷07i i
8G÷4. YA¾?H�9?>�:=9�:x�MH2ORvx<��GLy@NLwvÙ>�Û4t2>�LyFIHu>MLy:=J�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷07i=õ

8G÷4.?÷áã YA¾?H�t2>MLáFIHu>MLN:xJ ÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷07i=õ
8G÷4.?÷10 mc>M:=9;H2>pFILNHu��÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷07i7.

8G÷18 jGLyV¼<?@NvÙFILy:=J?�«FM:���FI<TOTÛ%FI¾?H)V4HuFM¾?:GOP9;H2> � :=>MV�vxJ?tuH2�{÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷07i 6
8G÷ 2 XZ:=JTt2@N<TO?LNJ?ê�>�H2V�vx> �Å�`÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã=ã

�Ë�G� �;>,@�Ci�S��N <?N ST:=<S�,@�N���STA��ME�N�� VW: L�XT@�� C]�?C�@! �GN <�N�� C[V�V�C#"
X�ABN�STN�� ET� <?N HJI?X�: ST:]�D: STN�� HJI?N%$Y@�N HP:�@!$PC &'��\
� ��æ,+�eGÞ Ã Ñ Æ c�Á�Ã À��;ÃËÐ�Ñ�ÏËÞÉÀ�È�îÖÃ)(oÀ�^ ^ÔÞCÆÉÐ=ÀTÁ¤Æ æ;È+*�Þ-, À�È�À�Þ.��ß2Ã +�ÃGßRÀJ^ ^+À?ÄÇÆ ÃKì
Ñ�ÃËÈ�Á¤ß +�ÃÊÐÇÂ+Ä¤æ;Ñ�æ;ß2æ;Ñ�ÃËß�ÐÙÂ�Ã�/»Þ ÃÊÐ=æ;Þ�/KÀ Õ * Î
2T÷áã fkJKFI>�:GOT<?tuFMLN:=J	÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã¤q
2T÷10 mc>Msu�MHuJÅFIvÙFILy:=JrO?H2�oO?:=J?JTs2H2�r÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã¤q



� �J�������
	�� � ������������� �

2T÷Dõ |R:ËO?su@NLN�MvÙFILy:=JP÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã36
2T÷DõT÷áã |R:ËO?¿2@yH4÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã36
2T÷DõT÷10 [ �T9T>MH2���MLy:=J»O?H)@Nv�@y:=ê�� ØG>MvxLN��H2V¼ET@wvxJ?tuH ÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0Gã3h

2T÷4. [c��FMLNV�vÙFILy:=J%O?Hu�o9?vx>IvxV4¿uFM>MHu�o9?vx>AV±v �TLyV¼<?VªO?H/ØË>IvxLy�MH2V{E?@wvxJTt2Hµ÷�÷�÷�÷�÷)÷0 07i
2T÷18 ^.s2��<?@yFIvÙFI� ÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0 07i

2T÷18G÷áã [c��FILyV±vÇFILN:xJ%O?H2�.9�vx>MvxV4¿uFI>�H2�Ó÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0 07i
2T÷18G÷10 YÔHu��F_�M<?>.@Nv¼�Ms2êx>Ms2ê=vÙFILy:=JPV�HuJ?O?s2@yLNHuJ?J?H�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0 0Gã
2T÷18G÷Dõ YÔHu��F_�M<?>.@CBdvxt½FILy:=J%O�B <?JRêx¿2J?H)<?J?LyÌÅ<?H´÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0 0Gã

2T÷ 2 [cJ?ê=@yLN��¾RvÙ>�FILyt2@yHr÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷�÷�÷�÷�÷�÷�÷�÷�÷�÷�÷)÷0 0xõ
��Æ ÒâÞÉÆ æ;îÖÄ¤ÀJ^ÔÂÔÆ Ã Õ ���



YA¾?Ly�)YA¾?H2��LN�¼vÙLNV4�`FI:r��FI<TOTÛ ��FI:Ëtñ¾�vx�pFILyt�9?>�:GtuH2���MH2�u×³vx9T9?@NLyH2O´:=J�:xJ?H�¾?vxJ?O FM:RV4:ËO?H2@y@NLNJTê
vxJTO¡H2�pFILNV�vÙFMLN:=J4: ��FI¾THSt2:x>MJ%9;:=@N@yH2J4O?LN��9�Hu>M�MLy:=J%vxJTO¡:=J¡FI¾THS:xFM¾?H2> ¾?vxJ?O±FM:¼H2�pFILNV�vÙFMLN:=J4LNJ
�pFI:Ëtñ¾�vx��FMLNt`Øx:=@wvÙFMLN@yLyFkÛ4V�:ËO?Hu@N�2÷TfhF.LN�A:=>�êKvxJ?L 	2H2Orvx��� :=@y@N:3j.LNJTê?÷
YA¾?H!��>���Fotñ¾�vx9TFMH2>_LN�.vxJrLNJKFI>�:GOT<?tuFMLN:=JP9?>�H2�MHuJKFILNJTê�FI¾TH���<?EËÚ�HutuF`:��âFI¾TLN�AFI¾?Hu�MLy�_vÙJ?OÊv���ÛËJ��
FM¾?H2��LN�.: �+FI¾?H):=ETFIvxLNJTH2OP>MHu�M<?@áFI�2÷
YA¾?H���H2t2:xJ?O�tñ¾�vÙ9TFIHu>{vxLyV�Ly�`FI:rV�:ËO?H2@³vxJ?OÓFI:rH2�pFILNV�vÙFMH¼FI¾?H�t2:x>MJ 9�:=@y@NHuJÓO?LN��9�Hu>M�MLy:=J´LNJ
vxJr¾?:=V4:=ê=HuJ?:=<?�.HuJÅØËLy>M:=J?V4H2JKF2×;LC÷DHÙ÷�F jZ:�t2:=>�J ��Hu@NO?�.¾�v Ø=H�J?:±��H29�vÙ>IvÙFMLN:=JrE�H½F jZHuH2J»FM¾?H2Vr÷
YA¾?H.9;:=@N@yH2J¼êx>IvxLyJ�9�vÙFI¾�Ly�cV�:ËO?H2@yH2O�<?��LNJ?ê)O?L "<T�MLN:xJ�9?>M:Ët2Hu�M�MHu�ZvÙJ?O�FI¾?Ly�c@NH vÙO?�³FI:)O?L "Hu>MH2JKF
LyJ?O?LyØËLyO?<�vx@G9�vx>IvÙV�H½FI>MLytAO?LN��9�Hu>M��LN:=J#� <?J?t½FILN:xJ?�2÷ÅYA¾?HuJ�FI¾TH_9�vÙ>IvxV4HuFMH2>M�«vx���M:Ët2LwvÇFIH2O�FI:)FI¾TH2�MH
� <?JTtuFILy:=J?�.vx>�H)H2��FMLNV�vÙFIHuOPvxJ?Or>MHu�M<?@áFI�ovx>MH/ØÙvx@yLNO�vÙFMH2O�÷
YA¾?Ly��tñ¾�vx9TFMH2>+LN�+vx@N��:ovxJ�HuJ?ê=@yLN�M¾�vx>pFILyt2@NH j.¾?LNtñ¾�LN��FI:.E;H«��<?E?V4LyFMFMH2O�× vxJ?O{êxLyØ=HuJ�LyJ�vx9?9;H2J?O?L(�
vÙFAFM¾?H)H2J?Or: �+FI¾?H)tñ¾�vÙ9TFIHu>2÷
YA¾?H)FI¾TLN>MOPtñ¾�vÙ9TFIHu>SvxLyV Ly�.FM:�V4:ËO?H2@�vÙJ?OrFM:�Hu��FMLNV�vÙFIH`FM¾?H�tu:=>MJr9;:=@N@yH2JPO?LN��9�Hu>M��LN:=JPLNJrvxJ
¾?H½FIHu>M:=ê=HuJ?H2:x<?�SHuJÅØËLy>M:=J?V4H2JKF2×;LC÷DHÙ÷?F jZ:�t2:=>�J ��Hu@NO?�_vx>�H���H29�vÙ>IvÙFMH2OÊEKÛrvxJ?:ÙFI¾?Hu>_tu<?@yFM<?>MH�:=>
v�JÅ<?O?H{êx>M:=<?JTO�÷ÖQSL "�H2>�H2JKF`LyJ?O?LáØGLyO?<�vx@�O?LN��9�Hu>M��LN:=J � <?J?t½FILN:xJ?�SvÙ>MH�9?>M:=9;:=��H2O»E?vx�MHuO»:=JrFI¾?H
:=EGFñvxLyJ?H2OP>MHu�M<?@áFI�.LNJ%tñ¾?vx9TFIHu>_f�fñ÷
YA¾?H)tñ¾�vÙ9TFIHu>_fhgåvxLyV��«FI:4H2��FMLNV�vÙFIHS9�vx>IvÙV�H½FIH2>��.LNJ%V4H vxJ��h>MH½Ø=H2>pFILyJ?ê���FI:Ëtñ¾�vx�pFILyt)Øx:=@wvÇFILN@yLyFkÛ
V4:GOTH2@N�u÷ ��:=>/FI¾?Ly�2× '�¾?LyF�FI@yH�vÙJ?O YÔvx9�Hu>MHuO '�¾?LyF�FI@yH4Hu��FMLNV�vÙFI:=>���vx>MH4<?�MHuO�÷)��<?>pFI¾?Hu>MV4:=>MHÙ×
v»F j«: �pFIHu9"�pFñvÙFMLN��FMLNt2vx@«V4HuFM¾?:ËO Ly�¼9?>�:=9�:x�MH2OµLyJ j.¾?LNtñ¾ :=J?H%: �.FM¾?HP9�vx>IvÙV�H½FIH2>���LN�¼Hu��FML �
V�vÙFIHuOÊ<?��LNJ?ê%vÙJÊH2V49?LN>�LNt2vx@�V�:=V4H2JKFSV�H½FI¾?:ËO�÷jG:=V4H{�MLyV¼<?@NvÙFILy:=J?�ovx>MH�O?:=J?H�FI:%t2:xV�9�vÙ>MH
9;H2> � :=>MV�vxJ?tuH2�A: �+FI¾?:x�MH)H2�pFILNV�vÙFM:=>M�u÷
YA¾?HZtñ¾�vx9TFMH2>³g�vxLyV�LN�³Hu��FILyV±vÇFILN:xJ�� :=>âV�H2vxJ��k>�HuØxH2>�FMLNJ?êS��FI:Ëtñ¾�vx�pFILytZØ=:=@NvÙFILy@NLáFkÛ/V�:ËO?Hu@N� j.LáFI¾
v @yHuØ=Hu>IvxêxHÊH�"�H2t½F ÷ YA¾?HÓ9?vx>IvxV4HuFMH2>��%vx>MHRFI¾?HuJ	Hu��FMLNV�vÙFIHuOb<?�MLyJ?ê�vxJ�LNJTO?LN>�H2tuF±LNJ�� Hu>MHuJ?t2H
V4HuFM¾?:GO÷ÖjGLNV{<?@wvÙFMLN:=JT�Zvx>�H�vx@N��:4OT:=J?H)LNJ¡FM¾?LN�.t vÙ�MHx÷
YA¾?H�jËL �ËFI¾rvxJ?OP@Nvx��FAtñ¾?vx9TFIHu>.LN� tu:=V�9;:=��H2OP: ��F jZ:4vx9T9�H2vx>MHuO»vx>pFILyt2@NHu� ó :=J?H/LNJ�� >�H2J?tñ¾RvxJ?O
:=JTHRLyJ HuJ?ê=@yLN�M¾�ö½×c>MHu�M<?@áFILyJ?ê :��SFI¾TH�j«:=> ��OT<?>MLyJ?ê V�Û Q`[cn���FIvxê=HrvxJ?O"E�Huê=LNJTLNJ?ê´: �SV{Û
FM¾?H2��LN�2÷ËfhF �pFI<?OTLNH2�«FI¾?H_t2:=JKFI>�:=@:���¾?:=V4H2:=@y:=ê=:=<T�«9�vÙLN>MLyJ?ê�LNJ%W`Ly@N�MHuH2O±^_vx9;H`}_vx9?@y:=LNO?�]<?��LNJ?ê
FM¾?H)V�L(�GFM<?>MHS: �ÔF j«:±V4L �GHuOrV4:ËO?H2@C÷



XZH½FMFIH`FM¾?¿2��H/H2�pF.t2:=J?�Mvxt2>�s2H��¼@ B suFM<?O?H/O?HS9?>M:Ët2Hu�M�M<T�o�pFI:Ëtñ¾�vx�pFILNÌÅ<?Hu�2×Övx9T9?@NLyÌË<Ts2� O�B <?J?H/9?vx>�F
�)@wv/V4:GO?su@NLy�IvÙFMLN:=J¼H½FZ@CBDHu��FMLNV�vÙFILy:=J�O?Ho@wv/O?LN��9�Hu>M��LN:=J4O?<±9;:=@y@NH2J�O?HoV�v��h�cH½FZO�BDvx<TFM>MHo9�vx>pF&�
@CBDHu��FILyV±vÇFILN:xJ{O�vxJT�«O?Hu�iV�:ËO?¿2@yH2� �/Ø=:=@NvÙFILy@NLáFIs]��FI:Ëtñ¾�vx�pFILyÌË<THx÷Ë[c@N@NHAHu��F]:=>�êKvxJ?Ly�Ms2H.O?H.@Nv
�Év��2:=J
��<?LyØÙvxJKFIHÙ÷
a�Hotñ¾�vx9?LáFI>MH_fcH2�pF <?J¡tñ¾?vx9?LyFM>MH_O�BDLyJKFI>M:ËO?<?t½FILy:=J�9T>Ms2��H2JKFñvÙJÅF @NHo�M<ÇÚ�H½F O?H`tuHuF�FIH_FM¾?¿2��H`HuFZ<?J?H
�pÛGJKFM¾?¿2��H{O?Hu�o>�s2��<?@yFIvÙFI�.:=ETFMH2JÅ<?�u÷
a�HPtñ¾�vx9?LáFI>�H%fMf{Hu��F4t2:xJ?�Ivxtu>MsuH �Ó@wvÓV4:GOTs2@NLy�IvÙFMLN:=J HuF4@ B H2�pFILyV±vÙFMLN:=J O?Hr@wvÊO?Ly�M9;H2>M��LN:=JµO?<
9;:=@N@yH2JÊOTH�V±v�� �SHuJ V4LN@yLNHu<»O?LáF/¾?:=V4:=ê=¿uJ?Hx×�txB H2��F � � �hO?LN>�H¼@N:x>M�MÌÅ<?H�OTH2<��´tñ¾?vxV�9T�/�M:=JKF)@ B <?J
�±tuUxFIs{O?H�@ BDvx<TFM>MHx÷�a�v�FI>Mv¤Ú�H2t½FI:=Ly>MH¼OBD<?JÓêx>IvxLyJ»O?H�9;:=@N@yH2JRH2��F`V�:ËO?s2@yLN��s2H ��@ BDvxLNO?H�O?H¼9?>�:��
tuH2�M��<?�¡O?HRO?L "�<?��LN:=J"HuF�t2:=J?OT<?LyF � @CBD:=EGFIH2JKFMLN:=J"O?H»O?L "su>MHuJÅFMH2� � :=J?tuFMLN:=JT��O?HRO?LN��9�Hu>M��LN:=J
LyJ?O?LyØËLyO?<?H2@y@NHu�2×x9?vx>IvxV4suFM>MLyÌË<TH2�2÷Å[cJ?��<?LyFMHS@yH2�i9�vx>MvxV�¿½FI>�H2�iO?HStuH2� � :=J?t½FILN:xJ?�i�M:=JKF Hu��FMLNV4s2�iHuF
@yH2�/>Msu�M<?@áFñvÙFM�):=ETFIHuJÅ<?��ØÙvx@yLNO?su�2÷�XZH�FI>Mv ØxvÙLN@ �ÉvxLáF/@ B :=EËÚ�H½F�O�BD<TJ�vx>pFILyt2@NH �r��:=<?V4HuFMFM>MH�ÌÅ<?Lc�MH
FM>M:=<TØxH)H2JRvxJ?J?H �TH ��@wv ��JPO?H)t2H�tñ¾�vx9TLyFI>�Hx÷
a�H¼tñ¾�vÙ9?LyFM>MH�fMf�f.9�:=>pFIH¼��<?>/@wv�V�:ËO?s2@yLN�MvÙFILy:=JRH½F)@ B H2�pFILNV�vÙFMLN:=JrO?H�@wv�O?LN��9�Hu>M�MLy:=JÓO?<´9;:=@N@yH2J
O?H±V±v�� �¼H2JµV4LN@yLNH2< O?LáF¼¾?s½FIs2>�:=ê=¿uJ?Hx×ctÙBDHu��F ��� �kOTLN>MH±@N:=>��MÌÅ<�B LN@iÛ�vÊ<?J?H%OTLN�Mtu:=JKFILyJË<TLyFIs±O�vxJ?�
@yH�tu:=<TØ=Hu>�F/Øxs2ê=s½Fñvx@C÷QSHu<��Ótñ¾?vxV�9T�`O?H¼V�v��h�o�M:xJÅF`�Ms29?vx>Msu�/9�vx>S<TJ?H�vx<TFM>MH�t2<?@áFI<?>�H¼:=<Ê<?J
��:=@ÖJË<÷TQSL "su>MHuJÅFMH2� � :=J?tuFMLN:=JT�«O?HoO?Ly�M9;H2>M��LN:=J�LNJ?OTLyØËLNO?<TH2@N@yH2�³��:=JKF 9?>�:=9;:=�MsuH2�ZE?vx�MsuH2� ��<?>«@yH2�
>�s2�M<T@yFñvÇFI�A:=ETFMH2JÅ<?�_vx<rtñ¾�vx9?LáFI>MH/f�fñ÷
a�H�tñ¾�vx9?LáFI>MH�fhg H2��FSt2:=JT�Ivxtu>Ms �4@ B H2�pFILNV�vÙFMLN:=J%9�vÙ>IvxV4suFM>MLNÌÅ<?H)9;:=<?>oO?H2�_V�:ËO?¿u@NH2����Ø=:=@NvÙFIL(�
@yLyFIsA�pFI:Ëtñ¾�vx�pFILNÌÅ<?H��uV4H vxJ��h>MH½Ø=H2>pFILyJ?ê����@ BDvxLyO?HAO?H2�«H2�pFILNV�vÙFMH2<?>��«O?H�'�¾?LyF�FI@yHoH½FZOTH '�¾?LáFMFI@yH
>MvxE�:ÙFIsx÷?QSH�9T@N<?�u×�<?J?H�V�s½FI¾?:ËO?H/��FIvÙFILy��FMLNÌÅ<?H���O?H2<��r9?vx�_Hu��Fo9?>�:=9�:x�Ms2H�:��r@ B <?JPO?H2�o9�vx>Mv �
V4¿uFM>MH2�iHu��F]H2�pFILNV4s�/@ BDvxLNOTHAO�BD<TJ?H.V�s½FI¾?:ËO?H.O?H.V�:xV�HuJÅFM�2÷KQ_H2�]�MLNV{<?@wvÙFMLN:=JT�â�M:xJÅF]>�s vx@yLN�MsuH2�
9;:=<?>Atu:=V�9?vx>MHu>A@NH2�A9;H2> � :=>MV�vxJ?tuH2�.O?Hu�oHu��FMLNV�vÙFIHu<?>M�u÷
a�H�tñ¾?vx9?LyFM>MH�g©9�:=>pFIH �M<?>Ê@CBDHu��FMLNV�vÙFILy:=J�O�vxJ?�ÓO?Hu�ÊV4:GO?¿u@NHu� �"Øx:=@wvÙFMLN@yLyFIsÓ�pFI:Ëtñ¾�vx�pFILNÌÅ<?H
�uV4H vÙJ��k>�HuØ=Hu>�FMLNJ?ê���v Ø=H2t�<?JÓH "H½F/@NH½Ø=Hu>Ivxê=HÙ÷�a�H2�/9?vx>IvxV4¿uFM>MHu�S�M:xJÅF�vÙ@N:=>��SH2�pFILyV�su� �¡@ BDvxLyO?H
O�B <?J?H)V4suFM¾?:GOTH/O�BDLyJ�� s2>�H2J?tuH�LyJ?O?Ly>MH2t½FIHÙ÷�QSH2�o�MLyV¼<?@NvÙFILy:=J?�Z��:=JKF ��JT:=<TØ=H2vx< �ÉvÙLyFIHu�2÷
a�H)O?H2>�J?LNHu>.tñ¾�vx9?LáFI>MH�H2�pFStu:=J?�pFILyFM<?s)O?H�O?H2<��RvÙ>�FILyt2@yH2�A9�vx>�<?� ó @ B <?JrH2J � >IvxJ��2vxLN�u×?@ BDvx<TFM>MH)H2J
vxJTê=@wvxLy�ñö/�M<?>{<?J�FI>Iv ØÙvxLy@«tu:=V�V4H2JTt2s±@y:=>M�{O?H¡V4:=J���FIvxê=H¡O?H¡Q`[cn{÷³fk@ 9;:=>pFIH¡��<?>¼@ B suFM<?O?H
O?<�O?suFMH2>�V�LyJ?LN��V�HAê=suJ?suFMLNÌÅ<?H_O?H2�Zvx9?9�vx>�LNHuV�HuJÅFM�iO?H_tñ¾T>M:=V4:=�M:xV�Hu�«tñ¾?H�	`O?Hu�«¾�vÙ9?@N: � O?H2�]O?H
tu:=@ 	2v��4@CBdvxLyO?H`O�B <?JrV�su@wvxJTê=H`O?H)V4:GO?¿u@NHu�AV�L(�GFMH2�u÷



� � ����' % )�� �

��� %�)	�  �
��b%�'� �

����� ��'��+(�0u$ ��� & �4#%,��½025�'/(�0���� 5�(����c*r'�5�(�02143%$ $ (º$.5�(�02- '`�
(�0���� #%$��2' #%0u5� Ó$!�â5�0���� #P3  "�����½$#� #%$�- '%$�5

a�H2�/FM>MH2JKFMH�O?Hu>MJ?Ly¿2>�H2��vxJ?J?suH2��:=JKF)ØG< �MH4O?s½Ø=H2@y:=9?9;H2>�O?H2�/FMH2tñ¾?J?LyÌÅ<?H2��V�:ËO?H2>�J?H2�)O?H �uêxs �
J?LyH{ê=suJ?suFMLNÌÅ<?H��Ù×�vx9?9;H2@ys2Hu�`FI>IvÙJ?�Mê=suJ?¿2��Hx×�tu:=J?��LN��FIvxJKF��¡LNJKFI>�:GOT<?LN>�H{<?JÓ:=<Ó9T@N<?��LNH2<T>M�`ê=¿uJ?H2�
O�vÙJ?�c@NHA9�vÇFI>MLyV�:xLNJ?H«ê=s2J?s½FILyÌË<THoOBD<?J�:=>�êKvxJ?Ly�MV4Hx×xv���J�O?H.@N<?LTt2:=J�� su>MHu>c<?J?H.t vx>MvxtuFMs2>�LN��FMLNÌÅ<?H
J?:x<TØ=Hu@N@NHÙ×�H½F �±tu:=J?�pFI>M<TLN>MH{vxLNJT�ML�O?H2�S:=>MêKvÙJ?LN��V�Hu�SO?LáFI� �uê=s2JTsuFILyÌÅ<?H2V4H2JKF/V4:GOTL ��su� �Ù×ÖJ?:xFMs2�
W)è�| ÷]a�HR9?>MHuV�LyH2>�FI>MvxJ?� � Hu>�F±vx>�FML ��tuLNHu@oOTH»ê=¿uJ?H2��H2JKFI>�HÊO?H2< ��E�vÙtuFIsu>MLyH2� � <GF±>�s vx@yLN�MsrH2J
ã3h=qxõT÷KXZHu�]FMH2tñ¾?JTLNÌÅ<?H2�«9�Hu<TØ=HuJKF �½FI>MHovx9T9?@NLyÌË<Ts2H2�]vx<T�M�MLÖE?LyH2J��M<T>]OTH2�]:=>MêKvÙJ?LN��V�Hu�ivxJ?LNV�vx<��
:=<�Øxs2ê=s½Fñvx<��4ÌÅ<?Ho�M<T>]OTH2�iV�Lyt2>�:��k:=>�êKvxJ?Ly�MV4H2�u÷xa�v`FI>MvxJ?� � :x>MV�vÙFILy:=J�9�Hu>MV4HuF]vxLyJ?�MLC×x��H2@N:xJ4@yH2�
t2vx�2×ËO?H`V4:GOTL ��Hu>2×K�M<T9?9?>MLyV�Hu>«:x<¡LNJKFI>�:GOT<?LN>�H_tuH2>�FIvxLNJT�Zt vÙ>Ivxt½FI¿2>�H2�u÷?QSH_9?@N<?�u×GHu@N@yH_9;H2<TFZ�2B H�� �
� HutuFI<TH2>i�M<?>]O?Hu�]LyJ?O?LáØGLyO?<?�cO?:xJÅFiFM:=<TFIHu�i@NH2�ituH2@N@y<?@NHu� ó >�H29?>�:GO?<TtuFI>�LNtuH2�i:=<�J?:=JÖö³tu:=JKFILNHuJ?J?HuJÅF
@CBDnSQ`e¯s½FI>IvÙJ?ê=H2>u×â:=< FM>IvxJT�Mê=¿uJ?Hx×³H½F�ÌÅ<?LZ��:=JKF�O?:=J?t±t vx9�vÙE?@NHu�¼O?H¡@yH�FI>MvxJ?��V�H½FMFI>�H �Ê@NHu<?>
O?Hu�MtuH2J?O�vÙJ?t2HÙ÷
�iÃËß ^+Ä¤æ;îÖÄ eËß�ÀJ^ ^cæÖÄ�Á�ÏËß ^ÔÀ?Ä¡Þ-,áÜ�Á¤ÆCÞÉÆÉß2ÀTÁ¤Æ æ;È +�ÃËß%�±àP�
a�H)ê=s2JTLNH/ê=suJ?suFMLNÌÅ<?H�v�9;H2>�V�Ly�AHuFo9;H2>MV4HuF.OTH�9?>�:=ê=>�H2�M��H2>oO�vxJ?�.O?L "su>MHuJÅFM�.O?:=V�vxLNJ?Hu�AO?H)@wv
>�H2tñ¾?Hu>Mtñ¾?H�z
& QSvxJ?��@NH±O?:=V�vxLNJ?H�V�suO?LNt2vx@ ×�@Nv»FI¾?su>Ivx9?LyH¡ê=suJ?LNÌÅ<?HPvÊO?skÚ �ÊsuFMs%H �G9�su>MLyV�HuJÅFMs2HP9;:=<?>
OTH2�±9?vÙFI¾?:x@N:=ê=LyH2��FI>�¿2��O?LyØxH2>M��H2�u× O?<�t2vxJ?t2Hu>¡vx< �ôV�vx@NvxO?LNHu��t vx>�O?LN:�� ØÙvx�Mtu<?@wvxLy>MHu�2×cO?H
@Nv�V{Û=:=9?vÙFI¾?LyH � @Nv�V¼<?t2:�ØËLN��t2LyO?:=�MHÙ÷oa�H ê=suJ?LNH´ê=suJ?suFMLNÌÅ<?H´9�Hu>MV4HuFrs2ê=vx@NHuV�HuJÅFr<?J
<T�Ivxê=H/JT:=<TØ=H2vx<»OTH2�o9?@wvxJKFMH2�.v���JrO�B :=ETFMH2J?Ly>AO?H2�.V4:=@Nsut2<?@yH2���<?�IvÙê=H/FI¾?su>Ivx9;H2<TFMLNÌÅ<?H
��H{��<?E?��FMLyFM<�vxJKF/vx< �Ê�pÛGJKFM¾?¿2��H2�)tñ¾?LNV4LNÌÅ<?Hu�_:x< ��@CBDH �GFM>Ivxt½FILy:=J»O?H��M<?ET��FñvÙJ?t2Hu�/LN�M��<?H2�
OBD:=>�êKvxJ?Hu�i¾Ë<TV±vxLyJ?�c:=<4vxJ?LyV±vÙ<�� ó LNJ?��<?@NLyJ?Hx×Ù¾?:=>MV4:=J?HAOTHotu>M:=Ly�M�MvxJ?t2Ho9�vx>cH �GH2V49?@NH ö½÷

& QSvxJ?�¼@yH±O?:=V�vxLyJ?H±vÙê=>MLyt2:=@yHx×�@NHu�¼V4:GO?L ��t vÇFILN:xJ?��vxtuFM<?H2@y@NH2��O?<�ê=suJ?:=V4H±O?Hu�¼9?@wvÙJÅFMH2�



* Õ ���������	��
���������

ØËLy�MH2JKF �_9?>�:xFIsuê=H2>+@NHu�Ôtu<?@yFM<?>MHu�ÔH½F �ovxV4s2@NLy:=>MHu>�@NHu<?>M�+t vx>MvxtuFMs2>�LN��FMLNÌÅ<?Hu�âvxêx>M:=J?:xV�LyÌË<TH2�ó >MHuJ?O?H2V4H2JKF2×ZvxO?vx9TFñvÇFILN:xJ � O?L "�s2>�H2JKFIHu�±t2:xJ?O?LyFMLN:=JT�4tu@NLyV±vÙFMLNÌÅ<?Hu�ñö½÷i[cJ
07i i=õT× 2KqË÷ q
V4LN@y@NLy:=J?�âOBD¾?HutuFIvx>MHu� O?H`9?@NvxJKFIHu�«FI>MvxJ?��ê=s2J?LyÌÅ<?H2�«suFñvÙLNH2JKFZt2<?@áFILyØxs2�«t2:=JKFI>�H�.9i�V�Ly@N@yLN:=J?�
HuJ ã/h h hT÷Ta�Hu�.9?>MLyJ?t2Ly9�vx@NHu�.vxV4s2@NLy:=>IvÇFILN:xJ?�«��:=JKF�z
��a�vÓ>Msu�MLy��FñvÙJ?t2HPO?Hu��9?@NvxJKFIHu��vx<��µLyJ?�MHutuFIHu��JÅ<?Ly�MLyE?@NHu��vx<��µtu<?@yFM<?>MHu�2÷]XZH2tuL.9�Hu>MV4HuF
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FkÛË9�HÙ÷
Ò � �rÆÉß_^cÃÅÄÇß Æ æ�È î;ÞÉæÖÒ+À�ÞÉÃrÃKÁ¡ÆÉÈ�+ÔÆ.��Æ +ÔÜ�ÃËÞCÞ Ã
n	9�vx>pFILN>iO?Hu�ZH �T9;s2>�LNHuJ?t2Hu� O?H_FkÛË9;HSf�fñ×ËOTH2<��¡vx9?9?>�:Gtñ¾TH2�ZH �GLN��FMH2JKF 9;:=<?>]suFM<?O?LyH2>Z@yH2� ��<���O?H
9;:=@N@yH2J�÷�\_JTH�9?>MHuV�Ly¿2>MH �Év��2:=J´O?H¼FM>Iv ØÙvxLN@y@NHu>2×;vx9?9;H2@ys2H�vx9?9T>M:Ëtñ¾?H�E�vxt��9jZvx>MO�×�Hu��F)O�BDv¤Ú�<?�pFIH2>
O?Hu��V4:ËO?¿2@yH2�)O?LN>�H2t½FIH2V4H2JKF��M<?>�@NHu�):=E?�MHu>�ØÙvÙFMLN:=J?�)>�H29?>�s2�MHuJKFñvxJKF�@NvPOTLN�M9;H2>��MLy:=J ET>M<?LáFIs2H4O?H
@CBDHuJ?�MHuV¼E?@NH�O?Hu�{9?@NvxJKFIHu��OT<�tñ¾�vxV49 ó |R:=>�>MLN� ��� ��
 ×cã3h h7.Åö ÷+XZHuF�FIH4O?LN��9�Hu>M�MLy:=J ê=@N:=E?vx@NH�O?<
9;:=@N@yH2J�×Ë:=E?��H2>pØ=s2H�vx<P9;:=LNJKF (x, y) ×ËH2�pF_OT:=J?t/@wv�9?>M:=E?vxE?LN@yLyFMs_9;:=<?>AÌÅ<�B <?J?H)ê=>MvxLNJ?H_@N:Ët vx@yLN��s2HHuJ	tuHÓ9�:xLNJKF%9;:=�M��¿2O?H @NHÊV�vx>�ÌË<TH2<?>%H½FPH2��FPJT:xFIsuH µ(x, y) ÷AXZH29;H2JTO�vxJKF ×.t2H½FMFMH � :=J?tuFMLN:=JO?su9�HuJ?O E;H vx<Tt2:=<?9 O?H2��O?LN��9�:x�MLyFML � �)H �G9;s2>�LNV4H2JKFñvx< � ó H2���MHuJÅFMLNHu@N@NHuV�HuJKF{@yH2�)FñvxLy@N@NHu�2× � :x>MV4H2�
H½F.9�:=��LyFMLN:=J?�AOTH2�.�M:=<T>Mt2Hu�ñöAHuFoO?:=JTt�JTH�9;H2>�V�H½F.9�vx�.O�BDvx9?9?>�:Gtñ¾TH�9T>Ms2OTLNtuFMLyØxHx÷
Q`vÙJ?�ct2H FM>Iv ØÙvxLN@C×ÇtÙBDHu��F]@wv_�MH2tu:=J?O?Hovx9T9?>M:Ëtñ¾?Hx×xO?LyFMH � :=> jZvx>�O�×=ÌÅ<?L?Hu��F]vxO?:x9TFIsuHx×xFM:=<TFctu:=V�V4H
eo<?>MV4LNJ?LyH2V4L ��� ��
 ó ã/h h 6Kö × � @NH2LyJ ó 07i i7iKöSHuF � @NH2LyJ ��� ��
 ó 07i i=õ=ö½÷�fk@c�2BDvxê=LáF�O?H�V4:ËO?s2@yLN�MHu>
H½F_OBDHu��FILyV�Hu>2×���9�vÙ>�FILy>AO?H2�o:=E?��H2>pØxvÇFILN:xJ?�AE?>M<TLyFIsuH2�.O?sut2>MLáFIHu�_tuL �kOTH2�M��<?�2×Ö@yH2�A9�vx>MvxV4¿uFI>�H2�.O?H
@Nv#� :=JTtuFILy:=JrO?H{O?Ly�M9;H2>��MLN:xJRH���t2vxt2H{LNJ?O?LáØËLNO?<?Hu@N@yH/O?<»9;:=@N@yH2J�×�JT:xFIsuH γ ÷�XZHuF�FIH � :xJ?tuFMLN:=JRH2��F<?JTH¡O?H2JT�MLyFMs±��<?> R2 HuF γ(x, y) >�H29?>�s2��H2JKFIHP@wvr9?>M:xE�vxE?Ly@NLyFMs�ÌË<BD<?J�êx>IvxLyJ�O?H¡9;:=@y@NH2J s2V4LN�vx<R9�:xLNJKF (0, 0) FI:=V¼E;H�HuF
� sut2:=JTO?H{<?J»:¤ØË<?@yH{��LyFI<Ts�HuJ (x, y) ÷�a�v#� :=J?tuFMLN:=JRO?H{OTLN�M9;H2>��MLy:=JLyJ?O?LyØËLyO?<?H2@y@NHA9?>�s2��H2JKFIH`@CBdv ØÙvxJKFñvÙê=H_OTHSJ?H_9�vx�ZOTs29;H2J?O?>�H ó FM¾?s2:x>MLNÌÅ<?HuV�HuJKF ö]OT<¡O?LN��9�:x�MLyFML ��HuF
� :=<T>MJ?LáF.vxLNJT�ML�<?JTH�ÌÅ<�vÙJÅFML ��t2vÙFILy:=J �u>M:xE?<?��FMH �/O?H)@wv¼O?Ly�M9;H2>��MLN:xJrOT<R9;:=@N@yH2J�÷
a�v � :=JTtuFILy:=J O?H�OTLN�M9;H2>��MLy:=J ê=@y:=E�vx@yH �uBDH �T9T>MLNV4H tu:=V�V4H�<TJ�ÌË<T:xFILyH2JKFÓO?H 9T>M:ËO?<?LyFM�ÊO?H
tu:=JKØ=:=@y<TFILy:=JôLyJÅFMs2ê=>MvxJKF±@yHROTLN�M9;:=��LyFIL �`H �T9;s2>�LNV4H2JKFñvÙ@oH½F¡@Nv � :=J?t½FILy:=JôO?HRO?LN��9�Hu>M��LN:=J"LNJ?O?L(�
ØËLNOT<?H2@y@NHx÷Ômc@N<?�{9?>Msut2LN��s2V4H2JKF ×â@NH±JÅ<?V4s2>MvÙFIHu<?>�t2:x>M>MHu�M9;:=J?O vx<���t2:xJÅFM>MLyE?<TFILy:=J?��vÙ9?9�:x>�FIsuH2�
9�vÙ>¡@wv���:=<?>�t2H´V±vÙ>MÌÅ<?s2H´vÙ<bt vx9TFMH2<?>%��LyFM<?sÓH2J (x, y) HuFP@yHÊO?s2JT:=V�LyJ�vÙFMH2<?>�t2:=>�>MH2��9�:xJ?Ovx< � t2:=JKFI>�LNE?<GFILN:xJ?�4vx9?9;:=>�FMs2H2��9�vx>4@ B H2J?��H2V¼ET@NHrO?H2��9?@wvxJKFMH2�4s2V4HuFMFM>MLyt2H2�4O?Hr9�:x@N@NHuJ � t2H
t2vx9TFIHu<?>2×�9�Hu>MV4HuF�FñvxJKF/vÙLNJ?��LÔO?H�t2:=JT�MLNOTs2>MHu>`@wv4t2:=V49;suFILáFILy:=JR9;:=@y@NLNJTLNÌÅ<?H)H2JKFI>�H¼@NHu�S9?@NvxJKFIHu�2÷
XZH½FMFIHS>MH2@NvÙFILy:=J49�Hu>MV4HuF«s2êKvx@yH2V4H2JKF«O?H`9?>�H2J?O?>�H`H2J±t2:=V49TFIH_O?H2�Z9?¾?s2JT:=V�¿uJ?H2�ZO?H`O?sut vx@Nvxê=H
O?H �?:=>IvxLy�M:=J%OTH2�'��Hu<?>M�.:=<%O?H)9;H2>pFIH/O?H`ØËLwvÙE?LN@yLyFIsoO?<P9;:=@N@yH2J%vx<%tu:=<?>��AO?H)@NH2<T>ZFI>Mv¤Ú�H2t½FI:=Ly>MHó � @yH2LyJ 07i i7iKö½÷Ëa�v{>MHu@wvÙFMLN:=J�H �Tvxt½FIH/>MHu@NLNvxJKFZ@yH2� � :xJ?tuFMLN:=J?� µ HuF γ �MH`FI>�:=<TØxH/vx<¡9�vÙ>Ivxê=>Mvx9?¾?H��<?LyØÙvxJKF ÷
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n_LNJ?��L ×��»9�vx>pFILN>�O?H2��:xE?�MHu>�ØÙvÙFILy:=J?�u×âO?L "su>MH2JKFM��V�:ËO?¿2@yH2��9�:=<T>¼@wv � :=J?tuFMLN:=J�O?H%O?LN��9�Hu>M��LN:=J
LyJ?O?LyØËLyO?<?H2@y@NHR9�Hu<TØ=HuJÅF �uFM>MHÓFIHu��FMH2>2÷_XZHu9�HuJ?O�vxJKF ×.@yH �ÉvxLyF%OBdv Ø=:xLN>P<?J	ÌË<T:xFILyH2JKFrLNV49?@NLyÌË<TH
<?J t vÙ@Nt2<T@³O?H�O?s2tu:=JKØ=:=@y<TFILy:=J´J?:=J @NLyJ?s vxLy>MHÙ×�tuH�ÌÅ<?LcJ�B H2�pF{9?vx�/<?J 9?>M:=ET@N¿2V4H�t2@Nvx�M��LNÌÅ<?H�H2J
�pFñvÙFMLN��FMLNÌÅ<?Hu�2÷âXSBDHu��F�9;:=<?>MÌÅ<?:xL ×+9�vx>{@Nv»�M<TLyFIHÙ×Ô:xJ�suFI<TO?LNHu>Iv»O?Hu� �ÉvxV4LN@y@NH2�)O?H � :=J?tuFMLN:=JT�{O?H
O?Ly�M9;H2>��MLN:xJ%LNJ?O?LáØËLNO?<?Hu@N@yH2�Z9?vx>IvxV4suFM>MLyÌË<TH2� O?H/@Nv � :=>MV4H {γθ(x, y), (x, y) ∈ R2 H½F θ ∈ Θ} ÷
���-��� \ �;:=<�>,@�Aä�DC[EGA�:i� <?N @�C <�Aä�RV N�XT�GA�:i� <�L;V :�@�@�N�� N�� STA�@�A�N,L I�: "

ST:i�i����N�� @ � C�A�<�N <?N&ST:=<S�,@�N�� ST>,HPCi�?Ap�9EGN��
À� � , ÃRc�^cÏËÄÇÆ ÃËÈÔÐ=Ã
a�H2�PO?:xJ?J?s2Hu�R<GFILN@yLN��s2H2�%9T>M:�ØËLNH2JTJ?H2JKFrO�B <?J?H H �G9�su>MLyH2J?tuH >�s vx@yLN�MsuHÓ9�vx>%@CBDnoè)m]| 9T>M¿2�rO?H
|R:xJÅFIvx>MêxLN��O?<?>MvxJKF�@ B suFMs ã/h h 6T÷âa�HPtñ¾�vÙV�9µH2�pF�vx9?9?>�: �GLyV±vÙFMLyØxH2V4H2JKF�<?J t vx>�>MsPO?H´ã 07iÙV
��<?>{ã 0 ixVR÷�fk@+v4suFIs�t2<?@áFILáØ=s��M<?LáØxvÙJÅFS@NH�V�:ËO?¿u@NH�z�ã 8 84@yLNê=JTH2�.O?LN�pFñvxJKFMH2�SOTH iT÷ 6xV v Ø=Hut 6 i i
9?@NvxJKFIHu��Hu�M9�vxtus2Hu��O?H iT÷10ÙVº9�vÙ>{@NLyê=J?HÙ÷�nS<�tuH2JKFI>�H¡O?< tñ¾?vxV�9×+:xJ�vR9?@NvxJKFIs4<?J t2vx>M>�s±O?H
07iÙV��M<?>�07ixV O?H{V�v�� �_9;:=�M��s2O�vÙJÅF`<?JÊV�vx>MÌÅ<?Hu<?>SO?:xV�LyJ�vxJKFoJ?:=J»FM>IvxJ?��ê=s2JTLNÌÅ<?H{tu:=@N:x>IvxJKF
@yH2�{êx>IvxLyJ?�{HuJ�E?@NHu<�÷³[cJ�O?Hu¾?:=>M��OTH¡t2H¡t2vx>M>�s¡t2HuJKFI>IvÙ@ ×âOT<�V±v�� �.ÚMvx<TJ?H%v»s½FIs%�MHuV�s ó Ø=:xLN>
�âLyê=<?>�H�ã=÷áã¤ö ÷�W`J%vx9?9;H2@y@NH_V�Ly@NLNHu<�¾?:=V4:=ê=¿2JTHSt2H`FkÛË9;H`O?H/ê=su:=V4suFI>�LNHo:��%O?Hu� tñ¾�vxV49?� O�B <?J?H
V �2V4H`t2<T@yFI<T>MH)�M:=JKFot2UÙFIH���t2UxFMHx÷
a�H{OTs2E?<TF`O?H{@CBDs½Fñvx9;H{O?H�9�:x@N@NLyJ?LN�MvÙFILy:=JPv±@yLNH2<rÌÅ<�vxJ?OÓ@yH{9;:=@N@yH2JrH2�pF/@NLyE�su>Ms�O?H{@Nv�9�vxJTLNt2<T@NH
V �x@NHÙ÷;[iJT�M<?LáFIH�v±@yLNHu<»<?J?H�9T¾�vx�MH{O?H{FI>MvxJ?��9�:=>pF/9?<?Ly�SO?H{O?s29;UxF ó � s2t2:xJ?O�vÙFMLN:=JÖö ÷\oJÓê=>IvÙLNJ
O?HS9�:=@y@NHuJ¡H2�pFAØGLNvxE?@yHSH2J%V4:�Û=HuJ?J?H/<?J?H/¾TH2<?>�H ó vx<%V�v �GLNV¼<TVª<TJ?H/¾?H2<T>MH/HuF O?H2V4LNH ö½÷�XZHu@wv
O?su9�HuJ?OrO?H2�ot2:=JTO?LyFMLN:=J?�Zt2@NLyV±vÇFILNÌÅ<?Hu�`zTFMH2V49�su>IvÙFM<?>MHÙ×�¾Ë<TV�LyO?LyFMs`O?H)@ BDvxLN>«9�vx>AH �THuV�9T@NHx÷Öa�H
V�vx>MÌÅ<?Hu<?>±<GFILN@yLN��sRs½FñvxJKF%O?:xV�LyJ�vxJKF ×i@N:x>M�MÌÅ<�B <?J�êx>IvxLyJ�O?H»9;:=@y@NH2J"9?>M:�ØxH2J�vxJKFPO?H»V±v�� ���
ê=>MvxLNJT�¼E?@NHu<?� � s2tu:=J?O?H%<TJ?H ��H2<?>�OTHrV�v�� � �Óê=>IvÙLNJ?�oÚMvÙ<?J?H2�u×c:=J�:=ETFMLNHuJÅF�<TJ êx>IvxLyJ E?@NHu<�÷
a�:=>��MÌÅ<?HP@ B :=J :=ET�MH2>pØ=Hr�M<?>�@yH2��su9?LN��@yH¡J?:=V¼ET>MH%O?H%ê=>MvxLNJT�¼E?@NHu<?�2×ctuH2@NvÊO?:=J?J?H%OT:=J?tP<?J?H
LyV±vxêxH`O?H)FI:=<TFMH2�_@NH2�.9;:=@N@yLNJ?Ly�IvÙFMLN:=JT�Zv ÛKvÙJÅFSH2<R@NLNHu<P9�HuJ?O�vxJKF`@Nv�9�su>MLN:ËO?H)O?H ��:=>MvxLN��:=J�×�ÌÅ<?L
�uBDs½Fñvx@yH/�M<?>.O?Hu<��r�MHuV±vxLyJ?H2�AHuJKØGLy>M:=J÷
n_<±FI:xFIvx@ ×D0 h=õKq�su9?LN�«:=JKFAsuFMsS>�s2t2:x@yFIsu�Z��H2@N:xJ¡<?J¡V�vxLN@y@wvxêxHAJ?:=J¡>�s2ê=<?@yLNHu>2÷Å[cJ%H�"�HuF2×G@CBDsutñ¾�vxJ��
FMLN@N@y:=J?J�vÙê=H.H2��Fo9?@y<?� O?HuJ?�MH��¼9?>�: �TLyV�LáFIs_O?H/@wv{9?vx>MtuH2@N@yH`t2HuJKFI>IvÙ@NH)v���J%OBdv Ø=:xLN>A<?J?H/Hu��FMLNV�v �
FMLN:=JÊ9T@N<?�
�?J?H�O?H�@wv � :xJ?tuFMLN:=JÊOTH�O?LN��9�Hu>M�MLy:=JÓLNJTO?LyØËLNOT<?H2@y@NH �¡t2:=<?>pFIHu��OTLN��FIvxJ?tuH2�2÷�mi<TLN�2×@NH
J?:xV¼E?>MH�O?H�ê=>IvxLyJ?�.E?@NHu<?�S��<?>Stñ¾?vxÌÅ<?H¼s29TLÔsutñ¾�vxJKFILy@N@N:xJ?J?s�v�s½FIs{tu:=V49TFIsÙ÷�QSvxJ?�StuH�FM>Iv ØÙvxLN@C×
:=J � H2>Iv¼@CBD¾KÛË9;:xFI¾?¿u�MH/ÌÅ<?H/@yHSJ?:=V{E?>MHoFI:xFIvx@O?HSê=>IvxLyJ?�Z��<?> <?J%su9?L�O?HSV±v�� �ZHu��FAtu:=J?��FIvxJKF.HuF
suêKvx@ ��õ h7. ó J?:=V¼E?>�H)V�:�Û=HuJÖö½÷
Ò � ��æ�+�eËÞ ÃGß�Ñ�ÏËÐ=À�È+ÆÉßuÁ�ÃËß
Q`vÙJ?�S@Nv�@NLáFMFMs2>IvÇFI<?>�Hx×�LN@�H �TLy��FMH{9?>�LNJ?tuLN9�vx@yH2V4H2JKFoO?H2< � �Év��u:=J?�_9�:=<T>_V4:GOTs2@NLy�MHu>o@Nv#� :xJ?tuFMLN:=J
O?HRO?LN��9�Hu>M��LN:=J"LNJ?O?LáØËLNO?<?Hu@N@yHx÷ca�v�9?>�H2V4LN¿u>MHx×iO?LáFIHrH2V49?LN>�LNÌÅ<?HÙ×]tu:=J?��LN��FMH ��tu:=J?��LNO?su>MH2>�O?H2�
� :=JTtuFILy:=J?��v ÛKvxJKFP<?J?H»H �G9?>MHu�M��LN:=JbV�vÙFI¾Ts2V�vÙFILyÌË<TH �u��LNV49?@NH��´z � :=J?t½FILN:xJ?��H �G9�:=JTH2JKFILyH2@N@yH2�
J?suêKvÙFMLyØ=Hu�2×�� :=J?t½FILy:=J?�.9?<?Ly�M�IvÙJ?t2Hu�_O?sut2>�:=LN���IvxJKFIHu�S:=<r<?JRt2:=V49?>M:xV�Ly� H2JKFI>�H{tuH2�oO?H2<�� � :=JTt �
FMLN:=J?�u× 9�vx>�H �GH2V49?@NHi<?J?H]@N:xLKè)vxV�V�v ó � @yH2LyJ 0 i i iT×2e_<?>�V�LyJ?LNHuV�L ��� ��
Çã3h h 6Kö ÷¤XZH2� � :=J?t½FILy:=J?�
��:=JKF³LN��:xFI>�:=9;H2�âOT:=J?tAvxO?vx9TFIsuH2� �_O?H2�³OTLN�M9;H2>��MLy:=J?�â9;:=���Ms2O?vxJKFit2HuF�FIH 9T>M:=9?>�LNs½FIsx÷xXZH29;H2JTO�vxJKF ×
@yHoV�v�� �]s½FñvxJKF«<?J?H_H2�M9;¿2tuH`vxJTs2V4:=9?¾?Ly@NHx×x@wv)O?LN��9�Hu>M�MLy:=J4O?<±9;:=@N@yH2J�J�BDv�9�vÙ�«@yLNH2<4O?HoV±vÙJ?LN¿u>MH
Ly�M:xFM>M:=9;H ó H "H½FoO�BD<TJ?H�OTLN>MHutuFMLN:=J%O?:xV�LyJ�vxJKFIH/O?<PØ=HuJKF ö½÷
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������� ã=÷yã � QSLN��9�:x�MLyFML ��H �T9;s2>�LNV4H2JKFñvÙ@�v�ØxH2t�V±vÙLN@N@Nvxê=H.O?H)@ B s2tñ¾?vxJKFILN@y@N:=JTJ�vxê=H

a�v¡�MHut2:=JTO?H �Év �2:=J�×�vxO?:=9TFMs2H�O�vxJT��tuH¼FI>Mv�ØÙvxLy@ ×;H2�pF�OTH4tu:=J?��LNO?su>MH2>)O?Hu�)V�:ËO?¿2@yH2�`OTLyFI� �kV�s �
t2vxJ?LN�pFIHu� �ñ÷?a�H)9?>�LNJ?tuLN9;H/H2�pF_OTH�tu:=J?��LNO?su>MH2>o@NH/êx>IvxLyJ%O?H)9�:=@y@NHuJ%t2:=V4V�H/<TJ?H)9�vx>�FMLNtu<?@NH`��:=<��
V4LN��H ��<?JPtñ¾�vxV49rOTH � :=>MtuH2�.@N:=>�� O?H)�Iv¼FM>Iv¤Ú�HutuFI:xLN>MH ó V4:GO?¿u@NHu�AO?LyFM� O?H/FkÛË9�H�a�vxê=>MvxJ?ê=LyH2JÖö ÷
XZHu��V4:ËO?¿2@yH2�`O?H�FM>IvxJ?��9�:x>�FI�)O?H�9?vx>�FMLNt2<T@NH2�/��:=JKF�LN�M��<?�)O?H�@wv¡V4s2t2vxJ?LyÌË<TH4OTH2� ��<?LyO?H2�u÷�fk@N�
tu:=J?O?<?Ly�MHuJÅF �±@ B <TFILy@NLy�IvÙFMLN:=J%O�B s2ÌÅ<�vÇFILN:xJ?�`O?L "su>MH2JKFMLNH2@y@NHu�_�pFI:Ëtñ¾�vx��FMLNÌÅ<?Hu�2÷�XZH½FMFIH{V�s½FI¾?:ËO?H�v
O?skÚ ��suFIs)<TFMLN@yLN�MsuH`9�vx> � @NHuLNJ ���	��
 ó 07i i=õ=öZHuF.Y+<�� FI: ��� ��
 ó ã/h hKq=ö ÷
fk@;H �GLN�pFIH_s2êKvx@yH2V4H2JKF«O?H2� V4:ËO?¿2@yH2�]O?LyFZ[c<?@Nsu>MLNHuJ?�ZE?vx�Msu� �M<?>«@ B suFM<?O?HSOBDsuÌË<?vÙFILy:=J?� vÙ<���O?s2>�L �
Øxs2H2�Z9�vx>�FMLNHu@N@NHu� ó 9�vx>]H �GHuV�9?@yH_9;:=<?>]@wv�O?LN��9�Hu>M��LN:=J�O?<±V�v��h�u×%�«vxV±vÙV¼<?>IvG× ó 07i i .Åö��Åa�:=<?E;HuF
���	��
 ó 07i i7.Kö«H2JrV�Ly@NLyH2<¡O?LáF.¾?suFMs2>�:=ê=¿2JTH�ö½÷
Q`vÙJ?� @wv��M<?LáFIHÙ×G:=J%JT:xFIH Pt = (Xt, Yt, Zt)

@Nv�9;:=�MLáFILy:=J ��@ B LNJ?�pFñvxJKF t OBD<?J%êx>IvxLyJ±O?H`9;:=@y@NH2J÷W`JPV�:ËO?su@NLN��H (Pt)t≥0
9�vx>A<?Jr9?>�:GtuH2�M��<?�oO?H)O?L "�<?�MLy:=J�÷

W`J%LNJKFM>M:ËO?<?LyFZs2êKvÙ@NH2V4H2JKF TF
@NHSFMH2V49?�AO?H � sut2:=J?O?vÙFILy:=J�×?tÙBDHu��F ��� �kOTLN>MHS@NHSFMH2V49?�AO�BDvx>M> �uF.O?H

@Nv{FI>Iv�Ú�H2tuFM:=LN>�H/�M<?>.<?JTH�9T@wvxJKFIH � HuV�Hu@N@NHÙ÷
n�9�vx>�FMLN>]O?HS@Nv�V4:GOTs2@NLy�IvÙFMLN:=J�O?HS@wv�FM>Iv¤Ú�HutuFM:=LN>�Hx×ËH2J �ÉvxLy�IvxJKFZO?H2� ¾KÛË9;:xFI¾?¿u�MHu�.vx�M��<?>IvxJKFAÌÅ<?H
@yHotu:=<?9?@yH (XTF

, YTF
) vxO?V4HuF]<?J?H�� :=J?t½FILN:xJ�O?HoO?HuJ?�MLáFIsx×Ë:=J�:=ETFILyH2JKF«vx@N:x>M�i<?J?H�� :=J?tuFMLN:=J4O?HO?Ly�M9;H2>��MLN:xJ�LyJ?O?LáØGLyO?<?Hu@N@NH γ H2J�t vx@yt2<?@NvxJKF�t2H½FMFIH]O?HuJ?�MLáFIso÷�nSLNJT�ML × γ H2��FÔ:=ETFMH2JÅ<?H]H2J�tñ¾?H2>�tñ¾�vxJKF@Nv�O?HuJ?�MLáFIs/O?H`9T>M:=E�vÙE?LN@yLyFIsoO?<%9;:=LNJKFZO?H`@ B H2��9�vxtuH/:��%@wv)FI>Iv�Ú�H2tuFM:=LN>�H`>MHuJ?t2:xJÅFM>MH/<?J%:�ØË<?@yH`HuF

@yH � s2t2:xJ?O?Hx÷
\oJ?H � :xLN��V�:ËO?s2@yLN��s2H�@wv%FI>Mv¤Ú�H2t½FI:=Ly>MH4O�B <?J ê=>MvxLNJ´O?H�9�:=@y@NHuJ�×�@NH4E?<TF�H2�pF¼O�B H2�pFILyV�Hu>�@yH2��9�v �
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>MvxV�¿½FI>�H2�AO?Hu�� :xJ?tuFMLN:=J?�ZO?H)O?LN��9�Hu>M�MLy:=J%LNJTO?LyØËLNOT<?H2@y@NH2� ��@ BDvxLNO?H_O?H2�.O?:xJ?J?s2Hu�2÷;mÔ:x<?>At2Hu@wvT×?Ly@
Hu��FoO?:=J?t)J?sut2Hu�M�IvÙLN>MH�O?H)O?s ��J?LN>A<TJRV4:GOT¿2@NHSV±vÙFM¾?s2V�vÙFMLNÌÅ<?Hx÷
Ð � ��æ,+�eËÞÉÃ»ßuÁ�ÀTÁ¤ÆÉßuÁ¤ÆÉç�Ü�Ã
W`J4t2:=J?��LNO?¿u>MHo<?J?Ho�M:=<T>Mt2H SA

O?HoV±v�� � ��êx>IvxLyJ?�iE?@NHu<?�i@N:Ët vx@yLN�Msu�cH2J (xk, yk)k=1,...,SA

HuF SB<?JTH���:=<?>�t2H)t2:=V49;:=�MsuH�OTH�V�v�� ���êx>IvxLyJ?�ÔÚMvx<?J?Hu�.@N:Ët vx@yLN�Msu� H2J (xk, yk)k=1,...,SB

÷
Q`vÙJ?�.t2HuF�FIH)9�vx>pFILyHx×?:=J �ÉvxLáFA@NHu�A¾ÅÛË9;:xFI¾T¿2�MHu�S��<?LyØÙvxJKFIHu�)z
� ó }�ã¤ö{z������ � ��� 
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 ��	46).,� ��
7.,� �
�'�� ��
 ���-�82-0�	 � �!9�� � (
� ó }SõKö4z;:�
<	 = 9 �>� ���?� �@�
 A�0�� ��	 � �B2-0�	 0��C!.,� � ��	 �!� � 
 ���@� ���ED&�'����� ���@� �F� �
G��IHJ����� �
�
�-��0 �K� �@�' �ML, 
N �10@� ���$2
� �
�	4�K� �O��� 
 
 ��	46P����� � � �
�ED#� �5��0�����	�� ���C"��	46������ �K� ��� ��� �
Q ��� �
��'��	
R (
acB ¾ÅÛË9;:xFI¾T¿2�MH ó }�ã¤öSJ?H�FILyH2JKF)9�vx�/tu:=V49TFIH�O?Hu��H "H½FI�)O?H�E;:=>MO´�M<T>�@yH2�/9;:=@N@yLNJ?Ly�IvÙFMLN:=JT�_vÙ<��
H �GFM>MsuV�LáFIs2�cOT<4tñ¾?vxV�9÷ÅXZH2tuL�H2��FÚ�<T��FIL ��sA9;:=<?>cO?HAê=>MvxJ?O?�ctñ¾?vxV�9T�c:���9�Hu<4OTHo9T@wvxJKFIHu�c�M:=JKF
��:=<?V4LN�MHu� �Pt2H½F¼H "H½F ÷+[c@N@NH�Hu��F�ØxvÙ@wvxE?@yH�<?J?LyÌË<TH2V4H2JKF¼O�vÙJ?��@yH�t vx��O?<�V4LN@yLNH2<Ó¾T:=V�:xê=¿2J?HÙ÷
n_LNJ?��L ×�@wv � :=JTtuFILy:=JrO?H{O?Ly�M9;H2>��MLN:xJRLyJ?O?LyØËLyO?<?H2@y@NH/Hu��F_LNJ?O?su9�HuJ?O�vxJKFMH{O?H�@wv�9�:=��LyFMLN:=JPLNJTLyFILNvx@NH
O?H)@Nv¼9?@wvxJKFMH/s2V4HuFMFM>MLyt2Hx÷
jG:x<?�«@yH2�]¾KÛG9;:xFM¾?¿2��H2� ó }�ã¤ö�� ó }_õKö½×KLy@�H �GLN�pFIHS<TJ?HS>�H2@wvÇFILN:xJ4@yLwvxJKFi@yH2� � :=J?tuFMLN:=JT� µ HuF γ ó t2vxO?>MHO?Ly�Mtu>MHuFñöSz

µ(x, y) =

∑SA

k=1 γ(x− xk, y − yk)
∑SA

k=1 γ(x− xk, y − yk) +
∑SB

k=1 γ(x− xk, y − yk)

ó ã=÷áã¤ö

a�:=>��MÌÅ<?H�@wv�O?H2JT�MLyFMs�OTH�9?@NvxJKFIHu�_Hu��F_�M< �4�IvÙV�V4H2JKF_ê=>IvxJTO?Hx×�@Nv4��:=V�V4H/O?Ly�Mt2>�¿uFMH�9;H2<TF �uFM>MH
>�H2V49?@wvxtus2H/9�vÙ>A<?J?H)LNJKFIsuê=>IvÙ@NHx÷
a�:=>��4OTHr@CBDH �G9�su>MLNHuJ?t2HP9;:=<?>�@NH%V�v�� �2× n O?Hu�Mt2HuJ?O�vxJKFM� ó tÙBDHu��F ��� �kOTLN>MH%@yHPJ?:=V¼E?>�H¡FI:xFIvx@AO?Hê=>MvxLNJT�]��<?>Z<TJ¡s29?Lwöi:xJÅF«suFMsSsutñ¾�vxJKFILy@N@N:xJ?J?s2�]�M<T>Ztñ¾�vxÌÅ<?HSt vx9TFMH2<?>«@N:Ët vx@yLN��s2�iH2J (xk, yk)

÷GW/J
J?:ÙFIH Nk

@yH/J?:=V¼E?>�H/O?H)ê=>IvÙLNJ?�AE?@yH2<?�.��<?>.@NH/t vÙ9TFIHu<?>.�MLyFM<?s/H2J (xk, yk)
÷

a�H2�+O?:=JTJ?s2Hu�âsuFM<?O?Lys2H2�+suFIvxJKFâOTH2�+O?:=J?J?suH2�ÔO?H«tu:=V49TFñvxêxHx×�@ B ¾KÛË9�:xFM¾?¿2��HZ@Nv.9T@N<?��J�vÙFM<?>MHu@N@yH]Hu��F
O?H.tu:=J?�MLyO?s2>�H2>iÌÅ<?Ho@NH2�cØÙvx>�LwvxE?@yH2�cvÙ@Ns vÇFI:=Ly>MH2� Nk

�M<?LáØ=HuJÅF«<?J?Ho@N:xLTE?LyJ?:=V4Lwvx@yHZO?H.9�vx>MvxV4¿uFI>�H2�
(n, µ(xk, yk))

ó � @yH2LyJ ��� ��
 ×�07i i=õ=ö½÷�XZHu9�HuJ?O�vxJKF2×+:xJ JTH�9�Hu<TF�9�vx�/J?suê=@NLyê=H2>_@NH2�/H "H½FI�)@NLys2�
�¼@Nv{t2:=>�>Msu@wvÙFMLN:=J�O?H2�Aê=suJ?:xFkÛË9;H2�.O?H2�Aêx>IvxLyJ?�Zsutñ¾�vxJKFILy@N@N:xJ?J?s2�Z�M<?>A<?J%V �2V4HSt2vx9TFMH2<?>A:=<%@yH2�
H "H½FI�cO?<?�]vx< �ÉvÙLyF³ÌÅ<?H.@CBDHuJ?�MHuV¼E?@NHZO?H2�i:=E?��H2>pØxvÇFILN:xJ?�³J�B :=JKF]9�vx�csuFMsA9?>MLy�MHu�cO�vxJ?�c@yH2�cV �2V4H2�
tu:=J?O?LáFILN:xJ?� H �G9;s2>�LNV4H2JKFñvx@yH2� ó XZ:=@N@yHuFMF2×�ã3h hGã¤ö½÷
XSB H2�pFi9�:=<T>MÌÅ<?:=LC×ÙO�vÙJ?�³t2H FM>Iv ØÙvxLN@C×¤:=J¼t2:xJ?�MLyO?¿2>�HA<?J�V�:ËO?¿u@NH]��FñvÇFILN�pFILyÌË<TH O?H >�s2ê=>�H2�M��LN:=J�9T@N<?�
ê=suJ?s2>Mvx@�O?H)@wv � :x>MV4H�z

Nk = nµ(θ; xk, yk) + εk
v�ØxH2t E(εk) = 0 H½F V ar(εk) = σ2nv(θ, b; (xk, yk))

:��P@yH2� (εk)k
�M:xJÅFo��<?9?9;:=�MsuH2�SLyJ?O?su9�HuJ?O�vxJKFIHu�2÷

a�H/9�vx>MvxV4¿uFI>�H σ2 H2��FSvx9?9;H2@ys/9�vx>MvxV�¿½FI>�H/O?H)O?LN��9�Hu>M�MLy:=J�÷
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fk@cHu��F �%J?:xFIHu>)ÌË<TH�tuH4V4:ËO?¿2@yH¼��FIvÙFILy��FILyÌÅ<?H�J�BDHu��F�9�vx�)��9�sut2L �?ÌË<TH �P@ B H �G9;s2>MLyH2J?tuH�<TFILy@NLN��s2HÙ÷
fk@�9;H2<GF �½FI>�H�<GFILN@yLN��s`9�:x<?> FI>MvxLyFMH2> O�BDvx<TFM>MHu�_O?:xJ?J?s2Hu�_��<?>.<?J?H�vx<TFM>MH/Hu�M9;¿2t2H�O?H)9?@wvÙJÅFMH2�A:=<
9;:=<?> <TJRvÙ<TFI>�H/O?LN��9�:=��LyFML ��H �T9;s2>�LNV4H2JKFñvÙ@ ó t �â@yH`9�vx>Mvxê=>IvÙ9?¾?H¼ã=÷áã=÷4.�H2JPV4LN@NLyH2<�¾?suFMs2>M:xê=¿2J?H ö½÷
+ � ��æ�++ÏËÞÉÆCß2ÀGÁ¤ÆÉæ;È+ß ++ÃÊÞÉÀÊÁ�Ä¤À��2ÃËÐxÁ�æ;Æ Ä¤Ã
��æ,+�eËÞÉÃËß�Ã9c�ÆCß½Á�À�È�Á¤ß (
a�H2�³FM>M:=Ly�³9?>�H2V4LN¿2>�H2�)� :=JTtuFILy:=J?�³OTHoOTLN�M9;H2>��MLy:=J�suFM<?O?LNsuH2�i�M:xJÅFiE?vx�MsuH2�]�M<?>c<?JTHoV4:ËO?s2@yLN�IvÇFILN:xJ
O?H_@wv�FM>Iv¤Ú�HutuFM:=LN>�H_O�B <?J%ê=>MvxLNJ�O?H`9;:=@N@yH2J�× (Pt)t≥0

×G9�vÙ>«FI>�:=LN�«V�:x<TØ=HuV�HuJÅFM� E?>�: j.JTLNH2JT�Av Ø=H2t
O?>�L � FALyJ?O?su9�HuJ?O�vxJKFI�u÷
n_LNJ?��L ×T@Nv¼FI>Iv�Ú�H2tuFM:=LN>�H (Pt)t≥0

�2B s2tu>MLyFo��:=<?�.@wv � :=>�V�H






dXt = fxdt+ τxdB
1
t

dYt = fydt+ τydB
2
t

dZt = fzdt+ τzdB
3
t

:��P@yH2� (Bi
t)i=1,2,3

��:=JKFoFM>M:=Ly�AV�:x<TØ=HuV�HuJÅFM�.E?>M:3j.J?LyH2J?�oLNJ?OTs29;H2J?O�vÙJÅFM� �
τx, τy, τz

�M:=JKFo9;:=�MLáFIL � �ZHuF fz
H2�pF_��<?9?9;:=�Ms�J?suêKvÙFIL �ä÷

fx
H½F fy

>�H29?>�s2�MHuJKFIH2JKFS@NH2�.tu:=V�9;:=�MvxJKFIH2�.¾?:x>ML 	u:=JKFñvx@yH2� OT<rØxH2JKFSV4:�Û=HuJ�÷
fz
>MHu9?>Msu�MH2JKFMH¼@wv�ØËLyFIHu�M��H{O?H�tñ¾Å<TFIH¼OT<?H �4@wv�ê=>Iv ØËLyFMsx×;vx9?9;H2@ys2H�vx<?���ML�ØGLáFIHu�M�MH�O?H{��s2O?LyV�HuJ��

FIvÙFILy:=J�÷
a�v�V±vÇFI>MLyt2H`OTH)ØÙvx>�LwvxJTt2H �ht2:�ØÙvx>MLNvxJ?tuH`>MHu9?>Msu�MH2JKFMH{@NHu�AFI<?>�E?<?@NHuJ?t2Hu�.O?H2�os2tu:=<?@NHuV�HuJKFI�2÷
� @NHuLNJ ��� ��
 ó 07i ixõKöS:=JKF �ÉvÙLyF�O?L "�s2>�H2JKFIHu�{¾KÛË9�:ÙFI¾?¿u�MH2�{�M<?>�@wvP@N:=LcOT< FIHuV�9T��O�BDvx>�> �uF�O?H4@wv
FM>Iv¤Ú�HutuFI:xLN>MH{�M<?>)<?J?H�9?@NvxJKFIH � HuV�Hu@N@NHÙ÷[c@y@NH2�St2:=J?OT<?LN��H2JKF �±FM>M:=Ly� �ÉvxV4LN@N@yH2�oO?H � :=J?t½FILy:=J?�/O?H
O?Ly�M9;H2>��MLN:xJrLyJ?O?LáØGLyO?<?Hu@N@NHu�2÷
ãx÷_mc>�H2V4LN¿2>�H/¾KÛG9;:xFM¾?¿2��H z�9?>�s2O?:xV�LyJ�vxJ?tuH/O?H)@wv{Ø=suê=suFIvÙFILy:=J
a�v{FM>Iv¤Ú�HutuFI:xLN>MH/�uBdvÙ>M> �½FIH�vx<PE;:=<TFAO�B <?JPFIHuV�9?�.vÙ@Ns vÇFI:=Ly>MHSLyJ?O?su9�HuJ?O�vxJKFoO?H/@wv{FM>Iv¤Ú�Hut �
FM:=LN>�H¡�M<TLyØÙvxJKF�<?J?H%@y:=LZH �T9;:=J?HuJKFILNHu@N@yHx×³V4:GOTs2@NLy�IvxJKF{@NH±FMH2V49?��O�BDvÙFMFMH2LNJKFMHr��<?>�J�B LNV��
9;:=>pFIH)ÌÅ<?H2@y@NH�9�vx>�FMLNH/Ø=suê=suFIvx@NHÙ÷[cJ?��<?LyFMHx×Ö@NH)FIHuV�9T�_O?H!� s2tu:=J?O�vÇFILN:xJ�× TF

×ÖHu��F_:=ETFIHuJÅ<
HuJÓt2:=JTO?LyFMLN:=J?J?vxJKF/t2H½FMFIH¼ØÙvx>�LwvxET@NH�9�vx>/@ B suØxs2J?HuV�HuJKF�z �¼@NH�ê=>IvxLyJÊO?H�9;:=@N@yH2JÓvÇFMFIHuLNJKF
@Nv¼¾�vx<TFMH2<?> h OTH2� ��H2<T>M�� H2V4H2@N@yH2� �Ù÷QSvxJ?�/t2H�t2vx�2× TF

�M<TLyF/<?JTH4è)fpè ó è/H2J?Hu>Ivx@yL 	2HuOÊfkJKØ=Hu>M�MH±è)vx<?�M��LwvxJ�ö_O?H�9�vx>MvxV4¿uFI>�H2�
1

2
× λ+

f 2
z

2τ 2
z

HuF h2

2τ 2
z

÷
a�v� :=J?tuFMLN:=J�O?H«O?LN��9�Hu>M�MLy:=J{LyJ?O?LáØGLyO?<?Hu@N@NH γ vÙ�M�M:Ët2Lys2H]H2�pFivx@N:x>M��@wvoO?H2J?��LyFMsZO�B <?J?H è�}_Qó è)HuJ?H2>Mvx@NL 	2HuO%}oÛË9;H2>ME;:=@yLNt)è)vx<?���MLwvÙJ�×�� vx>�J?O?:=> "��ke_LyH2@N��H2JÊã/h hKq=öZv ØxH2t�@NH`9�vÙ>IvxV4¿uFM>MH
α = 1

2
÷XZH½FMFMH{@N:xL�H2��F`vx9?9;H2@ys2H{è)Yo| ó è)HuJ?H2>Mvx@NL 	2HuORY+<�� FI:¡|R:ËO?H2@wö½÷ ó XZHu�
� :=J?t½FILy:=J?�

��:=JKFoO?s���JTLNH2�ovx<Ptñ¾�vÙ9?LyFM>MHW0G÷dö
0Ë÷_Q_H2<��GLN¿uV�H)¾KÛË9�:ÙFI¾?¿u�MH z�9?>MsuO?:=V4LNJ�vxJTt2H/O?<r�M:=@
QSvxJ?�âtuHZt2vx�2×Ç@wv.Ø=s2êxsuFñvÇFILN:xJ{J�BDvx>M> �uFMHZ9�vx�Ô@NHu�ÔFI>Mv¤Ú�H2t½FI:=Ly>MHu�2÷Ça�H«FIHuV�9T�âO?H � s2t2:xJ?O�vÙFMLN:=J
Hu��F�O?s��?J?LZtu:=V�V4H�@NH�FIHuV�9T�{O?H�9?>MHuV�LyH2>)9�vx���Ivxê=H�O?H±@NvPFM>Iv¤Ú�HutuFM:=LN>�H ó O?< ê=>MvxLNJ O?H
9;:=@y@NH2J�öSvx< J?LyØxH vx< z = h ×�¾?vx<TFIHu<?>)O?H2��9?@NvxJKFIH2�!� H2V4H2@y@NHu�2÷�Q{BDvx9?>�¿2��@NHu��9T>M:=9?>�LNs½FIs2�
OT<rV4:=<TØxH2V4H2JKFoE?>M:3j.J?LyH2J�× Th

��<?LyF.<TJ?H�è)fpè OTH�9?vx>IvxV4¿uFM>MHu� 3

2
,
f 2

z

2τ 2
z

H½F h2

2τ 2
z

÷
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a�v � :=JTtuFILy:=J´O?H�O?LN��9�Hu>M��LN:=JÓLyJ?O?LyØËLyO?<?H2@y@NH γ Hu��F�vx@N:x>M�`@Nv¡O?H2J?��LyFMs4OBD<?JTH±è)}SQªv Ø=Hut@yH`9�vx>MvxV4¿uFI>�H α = 3
2
÷ÖXZHuF�FIH�@N:=L�H2�pFSvÙ9?9�Hu@NsuH�eofpè ó eo:=>MV�vx@�LyJKØ=H2>��MH�è)vx<?�M��LwvxJ�ö½÷

õG÷oY+>M:xLN�MLy¿2V4H`¾KÛË9�:xFM¾?¿2��H z�êxs2J?su>Ivx@yLN�IvÇFILN:xJ
a�H¡FMH2V49?��O?H�� s2tu:=J?O�vÇFILN:xJ�H2��F4<?JTH%ê=s2J?su>Ivx@yLN�MvÙFILy:=J O?Hu��O?H2<���t vx��9?>�s2t2suO?H2JKFM�Rz³Ly@
��<?LyF]<?JTH/è/fpè O?H_9?vx>IvxV4¿uFM>MH α ÌË<TH2@Ntu:=J?ÌÅ<?HÙ÷�XZHS9?vx>IvxV4¿uFM>MH.H2�pF @yLNs��@CBDLyJ ��<?HuJ?t2HoO?H@Nv�FM>Iv¤Ú�HutuFM:=LN>�H���<?>S@Nv�Øxs2ê=s½FñvÙFMLN:=J�÷ ó mÔ:=<?>_@NH�9?>MHuV�LyH2>.V4:GO?¿u@NHÙ×�:=JÓv ØÙvxLyF α = 1/2 H½F9;:=<?>A@yH/�MHut2:=J?O α = 3/2 ÷dön_@N:=>��`×T@Nv � :=J?t½FILN:xJ%O?H/O?LN��9�Hu>M��LN:=J%LyJ?O?LyØËLyO?<?H2@y@NHoH2�pF.<?J?H�è�}_Q�v Ø=H2t α ÌÅ<?Hu@Nt2:xJ?ÌÅ<?Hx÷XZH)V4:GOT¿2@NHSH2J?ê=@y:=E;H/@NH2�AOTH2<��r9?>�s2tus2O?HuJÅFM�2÷

��æ,+�eËÞÉÃËß ^ÔÄ¤æ-^cæ;ß2ÏËß (
QSHu<��±J?:=<TØxH2@N@yH2� � :=J?tuFMLN:=JT�ZO?H_O?LN��9�Hu>M�MLy:=J¡LyJ?O?LyØËLyO?<?H2@y@NHu�]:xJÅFZsuFMsSt2:xJ?�MLyO?s2>�s2H2�AO?vxJ?�ZtuHSFI>Mv �
ØÙvxLy@ ÷Ëa�H2�AV4:GO?¿u@NHu�Z9?>�s2t2suO?H2JKFM�_s½FñvxLyH2JKFA<?J?LyÌÅ<?H2V4H2JKF.E�vx��s2�A��<?>A@wv{V4:ËO?s2@yLN�IvÇFILN:xJ�O?Hu�At2:=V��
9;:=�IvÙJÅFMH2�iO?HA@NvSFI>Iv�Ú�H2tuFM:=LN>�Hx÷Ùfkt2L ×x@NH2�cV4:ËO?¿2@yH2�³LyJÅFM>M:ËO?<?LáFI�â��:=JKF]E�vx�Msu�i�M<?>c<?JTHoV4:ËO?s2@yLN�IvÇFILN:xJ
9?@y<?�.9?>Msut2Ly�MH±zÖ:=JR9?>MHuJ?O»suêKvx@yH2V4H2JKFSHuJ»tu:=V�9GFIH�@NH2�ot2:xV�9;:=�IvÙJÅFMH2�oO?<RØxH2t½FIH2<T>SØËLyFIHu�M��H{O?H
@Nv{FI>Iv�Ú�H2tuFM:=LN>�H/O?<rê=>IvxLyJ%O?H)9�:x@N@NHuJ�÷
� Q`vxJ?��<?J�9T>MH2V4LNHu>/FIH2V49?�u×ÔO�vÙJ?��@yH�9?@wvxJ ¾?:=>�L 	2:xJÅFIvx@ ×@wv%FI>Iv�Ú�H2tuFM:=LN>�H�H2��F�FI:=<¤Ú�:=<?>M��V4:��O?s2@yLN��s2H�9�vx>)O?Hu<�� V�:x<TØ=HuV�HuJÅFM�)E?>M:3j.J?LyH2J?��LNJ?OTs29;H2J?O�vÙJÅFM�{v ØxH2t4O?>ML � F ÷�mÔvx>)t2:=JKFI>�Hx×�H2J
�MHPE�vx�MvxJKF4�M<?>�@NHu��s2ÌÅ<�vÙFMLN:=JT��O?Hra+vÙJ?ê=HuØËLyJ ó 9?>M:�ØxH2J�vxJKF�O?HP@ B s2ÌÅ<�vÙFMLN:=J�OTH2��� :=>MtuH2��H2J
9?¾KÛË�MLNÌÅ<?H ö½×.@wv t2:=V49�:x�IvxJKFIHÊØxH2>pFILNt2vx@NH»H2��FrV4:GOTs2@NLy�MsuH»9�vx>%<TJ	9T>M:Ët2H2���M<?�rO�BdW`>MJ?�pFIH2LyJ��
\_¾?@yH2JÅE;H2t��%LNJKFMs2ê=>�s�LyJ?O?su9�HuJ?O�vxJKFoO?H2�oV4:=<TØ=HuV�HuJKFI�.E?>M:3j.J?LyH2J?�u÷�XZH2t2L�9;H2>�V�H½FoO?H/FIH2JTLN>
t2:=V49TFMH`O?<��ÉvxLáFZÌÅ<?H/@yHSê=>MvxLNJ¡OTH`9�:x@N@NHuJ±Hu��F.�M:x<?V�Ly�&�{<TJ?H � :=>MtuH`O?<?H �¼@wv�êx>Iv ØËLyFIsSV±vxLy�
s2êKvÙ@NH2V4H2JKF���<?J?H!� :=>�t2H/O?<?H�vx<PØ=HuJKF ÷;a�v�FM>Iv¤Ú�HutuFM:=LN>�H/9�:=<T> Zt

H2�pFSO?:xJ?t)O?H)@wv � :=>�V�H�z
{

dZt = Vtdt
dVt = czdt− βVtdt+ σzdBt

v Ø=H2t fcz JTs2êKvÙFML �ÔHuF β, σz
9�:x�MLyFML � �u÷

Vt
>MH29T>Ms2��H2JKFIH�@Nv�ØËLáFIH2���MH{ØxH2>pFILNt2vx@NH�O?<Rê=>IvxLyJROTH{9;:=@N@yH2J�÷ cz H2�pF/<?J?H�� :=>MtuH�>�s2��<?@yFIvxJKF`O?H@wvrê=>Iv ØËLyFMs±HuF σzdBt

>MH29T>Ms2��H2JKFIH%@yH2��t2:=JKFI>�LNE?<GFILN:xJ?�{O?H±@wv � :x>Mt2H�H �GH2>�t2suH%9�vx>¼@yH ��<TLNO?Hó Lyt2L+@NH�ØxH2JKF öS��<?>`@Nv±9�vx>pFILNtu<?@NH�O?<?>MvxJKF/�M:xJÊFI>Iv�Ú�HuF ×�ÌÅ<?LâJ�B :=JKF/9�vÙ�`O?säÚ ��suFIs�V4LN��H2�_O�vxJ?�
@NH`FMH2>MV4H/@NLyJ?s vÙLN>MHSO?H � >MLNt½FILy:=J −βVt

÷
a�H`FIH2V49?�AO?H � sut2:=JTO�vÙFILy:=J%H2�pF.FI:=<ÇÚ�:x<?>M� 9T>MLN�Atu:=V4V�H_@NHSFMH2V49?�AO?H)9?>MHuV�LyH2>«9�vx�M�Mvxê=H)O?H
@wv¼FI>Mv¤Ú�H2t½FI:=Ly>MH)vx<rJ?LáØ=H vÙ< h ×�V±vÙLN� tuHuFMFMH�� :xLN� �ht2LC×TtxB H2�pFS9;:=<?>.<?Jr9?>�:GtuH2�M��<?�/W �k\ LNJKFIsuê=>MsHuFoJ?:=Jr9?@y<?�A<?JrV�:=<GØ=H2V4H2JKFoE?>�: j.JTLNH2JRv Ø=Hut�O?>�L � F2÷
jG:=<?�/@CBD¾KÛË9;:xFI¾?¿u�MH fz < 0 × Th

Hu��F ��JTL³9?>MHu�MÌÅ<?H��M<T>MH2V4H2JKF2÷�XZH29;H2J?O?vxJKF)LN@+J�BDH �GLN��FMH�9�vx�
O�B H �G9?>MHu�M��LN:=J´vxJ?vx@yÛÅFILyÌÅ<?H�H �TvxtuFMH¼O?H{@Nv4OTH2J?��LyFIs�O?H{tuH�FMH2V49?�SO?H�9�vx���Ivxê=HÙ÷\oJÊtñ¾�vxJTê=H �
V�HuJKF¼O?H±FMH2V49?�{9;H2>�V�H½F�vx@y:=>M��O?H¡��H¡>IvÙV�HuJ?H2>{vx<�FIHuV�9T�{O?H¡9T>MH2V4LNHu>�9?vx�M�Mvxê=H¡O�B <?J?H
t2:=<T>ME;H¡O?s29;H2JTO�vxJKF�O?<�FMH2V49?�{9;:=<?>�<?J V4:=<TØxH2V4H2JKF�E?>�: j.JTLNH2J÷â\oJ?H%vx9?9T>M: �GLNV�vÙFILy:=J
O?H¡@NvRO?HuJ?�MLáFIs¡O?H±t2HuF�FIH¡ØÙvx>�LwvxE?@yH4vx@Ns2vÙFI:=Ly>MH4H2�pF�vx@N:x>M� �ÉvÙLyFIH4H2J�<GFILN@yLN�MvxJKF�<TJ FI¾?su:=>M¿uV�H
O�BDvx9?9?>�: �GLyV±vÙFMLN:=J ó QS<?>�E?LNJ�×ã3h h90=ö ÷
W`JR:=EGFILNHuJKF_<TJ?H�JT:=<TØ=Hu@N@yH!� :xJ?tuFMLN:=JPO?H)O?Ly�M9;H2>M��LN:=JrLNJTO?LyØËLNOT<?H2@y@NHSHuJ»t2vx@Ntu<?@wvxJKF.@Nv�@y:=L�O?<
t2:=<T9?@NH (XTF

, YTF
) ÷



� �� ��� ����� ��� ����� �	��� ����
�� ��� ��� ��� � � �������� ��� � ��� ��
� � ��� � � ����
������ Õ *

� Q`vxJ?��<?J O?Hu<��GLN¿uV�H�FIHuV�9?�u×Ô@yH2��t2:=V49;:=�IvxJKFMH2�{OTH±@wv%ØËLyFMH2�M��H±O�vÙJ?�{@yH�9?@NvxJ ¾?:=>ML 	2:=JKFIvx@�M:=JKFAV4:ËO?s2@yLN�MsuH2�]9�vx>«O?H2� 9T>M:Ët2H2���M<?�.O�BdW`>MJ?�pFIHuLNJ��k\_¾?@yH2JÅE�Hut��Ö×TJ?:xFMs)W �ä\�×ËLyJ?O?su9�HuJ?O�vxJKFI�
HuFâ9�:=<T>â@wv.t2:xV�9;:=�IvÙJÅFMH«ØxH2>�FMLNt2vx@NH]O?H @Nv.FM>Iv¤Ú�HutuFI:xLN>MHÙ×Ù:xJ{t2:xJ?�MHu>�Ø=HA<TJ¼V�:x<TØ=HuV�HuJÅFâE?>M:3j&�
J?LNHuJ»v ØxH2t�O?>ML � F ÷?a�v¼FI>Mv¤Ú�H2t½FI:=Ly>MH (Pt, t ≥ 0) �2B s2tu>MLáF.O?:=J?t)�M:x<?�_@Nv � :=>�V�H�z







dXt = V x
t dt

dYt = V y
t dt

dZt = fzdt+ τzdB
3
t

v Ø=H2t { dV x
t = −cxV x

t dt+ τxdB
1
t

V x
0 = ηx

HuF { dV y
t = −cyV y

t dt+ τydB
2
t

V y
0 = ηy

(X0, Y0, Z0) = (0, 0, 0) ÷
:��r@NH2� (Bi

t)i=1,2,3
�M:=JKF_õ�V�:=<GØ=H2V4H2JKFM�_E?>�:3j.J?LNHuJ?�.LNJ?O?su9�HuJ?O�vxJKFM� �

τx, τy, τz
�M:xJÅF«9;:=�MLáFIL � �u× cx, cy ��:=JKF ��<?9?9;:=�Msu�Z9;:=�MLáFIL � �iH½F fz

H2�pF �M<T9?9�:x�MsSJTs2êKvÙFML �ä×KtuHSÌÅ<?L
�MLyê=J?L �?H/ÌË<TH Th = inf{t > 0, Zt = h} Hu��F���J?L�9?>�H2��ÌË<TH�� $?>MHuV�HuJÅF ó h < 0 ö ÷XZHuF�FIH%V4:GO?su@NLy�IvÙFMLN:=J´9;H2>MV4HuF¼vxLNJT�ML]O?H¡J?H¡9T@N<?��t2:=J?��LNO?su>MHu>¼t2:=JT��FñvÙJÅFM��@NHu�{9�vx>MvxV4¿uFI>�H2�
O?s2tu>MLáØxvÙJÅF�@wv%ØËLyFMH2�M��H±H½F{@NvrO?Ly>MHutuFILy:=J O?< ØxH2JKF��r@wvPO?L "�s2>�H2J?tuH�O?Hu�{V4:GOT¿2@NHu�)H �GLN�pFñvxJKFI�
O?s2tu>MLáFI��t2L(�kO?Hu�M�M<T�2÷�Y+<�� FI: ��� ��
 ó ã3h hKq=ö�v�ØÙvxLáF�H2JKØËLN�Mvxê=sc<?J�V4:GO?¿u@NH³��H2V¼ET@wvxE?@yHx÷ XZH29;H2J?O�vÙJÅF
t2:=JKFM>IvxLy>MH2V4H2JKF!�¡@yH2<?>��/¾KÛG9;:xFM¾?¿2��H2�2×�:=JÓJTH��M<?9?9;:=��H49?vx�/@NHu�`9?>M:Ët2Hu�M��<?�)��FñvÇFILN:xJ?J�vxLy>MH2�u÷
XZH2@Nv�9;H2>�V�H½FoO�BDLyJKFI>M:ËO?<?Ly>MH`<TJ?H/ØGLáFIHu�M�MH�V4LNJ?LyV±vx@yH.O�BDsuV�Ly�M��LN:=JPO?Hu�oêx>IvxLyJ?�AO?H)9�:x@N@NHuJ�÷
a�H2�.t2:=V49;:=�IvxJKFMH2� Xt

HuF Yt
:=ETFIHuJÅ<?H2�o�M:=JKFoO?Hu�_9?>�:GtuH2���M<?�oO�BdW
�k\�LNJKFIsuê=>Msu�2÷

a�HÊFIH2V49?�PO?H � sut2:=J?O?vÙFILy:=JbH2�pFROTs���J?L/tu:=V4V�HÊ@yH»FIHuV�9T�rOTHÓ9?>MHuV�LyH2>¡9�vÙ�M�IvÙê=H´O?HÓ@wv
FI>Mv¤Ú�H2t½FI:=Ly>MH)vx<rJ?LyØxH vx< h ÷XZH2@Nv{t2:=JTO?<?LyF��{<?J?H
� :xJ?tuFMLN:=J¡OTH`O?LN��9�Hu>M��LN:=J¡LyJ?O?LáØGLyO?<?Hu@N@NH.��:=<?� � :=>�V�H_O�B <?J?H`LyJÅFMs2ê=>Mvx@NHÙ×
ÌÅ<?L/JÅ<?V�su>MLyÌË<TH2V4H2JKFr9�:=��H´O?H2�P9?>�:=E?@N¿uV�Hu�%O?H´t2:=JKØxH2>MêxH2J?tuH�@N:x>M�%O?H´@ B <TFMLN@NLy�IvÙFMLN:=J O?H
@ BDvx@Nêx:=>MLáFI¾?V4H_��H2>pØxvÙJÅF ��H2�pFILNV4H2>A@yH2�A9�vÙ>IvxV4¿uFM>MH2�u÷
nSLyJ?�ML?<TJ?H.vx9?9?>�: �TLyV±vÇFILN:xJ¼O?HAt2H.V4:GOT¿2@NH«H2�pFZvÙ@N:=>��³suFM<?O?LNsuHx×=E?vx�MsuHo��<?>c@ BDvx9?9T>M: �GLNV�vÙFILy:=J
O?H2�)� :xJ?tuFMLN:=J?�ÔO�B H2�M9;s2>MvxJ?tuHoH½FcO?H ØÙvx>�LwvxJ?tuHZO?Hu�c9?>M:Ët2Hu�M��<?� Xt

H½F Yt
÷=QSH 9T@N<?�u×x@NHu�³t vÙ@Nt2<T@N�

O?H¼@Nv � :=J?t½FILN:xJ»O?H¼OTLN�M9;H2>��MLy:=JÊê=@y:=E�vx@yH���H � :=JKF`O�vÙJ?�`<?JÓt2vxO?>MH{t2:=JKFILyJÅ<Ót2:=JKFI>MvxLN>�H2V4H2JKF
vx<��rvÙ<TFI>�H2�.V�:ËO?¿u@NH2�As½FI<?OTLNs2�u÷
Ã � ¹�À�ÞÉÆ +�ÀTÁ¤Æ æ;È +�ÃËß4Ä¤ÏËß Ü+Þ Á�ÀGÁ¤ß
m+:=<?>)H2�pFILNV4H2>/@yH2�)9�vx>MvxV4¿uFI>�H2�)O?Hu��O?L "su>MHuJÅFMH2�!�ÉvxV4LN@N@yH2�o9�vx>MvxV�s½FI>�LNÌÅ<?H2�)O?H�� :=JTtuFILy:=J?�)O?H
O?Ly�M9;H2>��MLN:xJôLNJTO?LyØËLNOT<?H2@y@NH2��9?>�:=9;:=�MsuH2�%vx<b9?vx>Ivxêx>Ivx9?¾THR9?>�s2tus2O?HuJÅF ó V�:ËO?¿2@yH2�4H �GLN�pFñvxJKFM�¡HuF
9?>�:=9;:=�Msu�ñö½×�:xJ{v.H2V49?@N:�Ûxs]<TJ?HiV�s½FI¾?:ËO?Hi�MHuV¼E?@wvÙE?@NH �.@wv V4suFM¾?:GOTH]OTH]ÌÅ<�vÙ�ML � ØË>IvxLy�MH2V{E?@wvxJTt2H
LyJÅFM>M:ËO?<?LáFIH�9�vx>!'�HuO?O?Hu>ME?<?>�J ó ã3h=q .Åö`HuF{<TFILy@NLN��s�@ BDvx@Nê=:x>MLyFM¾?V4H¼O?H%è)vx<?��� �ä|»vx>MÌÅ<�vÙ>MOTF�LNV��
9?@ys2V4H2JKFIs/O?vxJ?�.@NH/@y:=ê=LNtuLNHu@�e_@y� 0�� ×Öv Ø=Hut�@yH2ÌÅ<?Hu@�@NH2�At2vx@Ntu<?@N�A:xJÅFos½FIs)H�"�H2t½FI<?su� ó HuJR@NvxJ?êKvÙê=H
XAö ÷
Y+>M:=Ly�&� :=J?t½FILN:xJ?�AO?H/ØÙvx>MLNvxJ?t2H v :=JKFosuFIs)HuJÅØËLy�Ivxê=suH2��z
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ãx÷_a�Hu�oØÙvx>�LwvxE?@yH2�.suFM<?O?Lys2H2�osuFIvxJKF`O?Hu�SO?:xJ?J?s2Hu�SO?H�t2:xV�9TFIvxê=HÙ×;Ly@�H2�pFSJ�vÇFI<?>�H2@+O?H�tu:=J?��L �
OTs2>MHu>�O?vxJ?�±<TJô9?>�H2V4LNH2>�FMH2V49?��<TJ?H � :xJ?tuFMLN:=J O?HRFkÛË9;HRETLNJ?:=V4LwvÙ@NH¡O?HR@wv � :=>�V�H´z
v1(θ; (xk, yk)) = µ(θ; (xk, yk))(1 − µ(θ; (xk, yk)))

÷
0Ë÷_QSvxJ?�{<TJ �MHut2:=J?O FIH2V49?�u×Ô@NvR9?@y<?9�vx>pF�OTH2�¼tu:=V�9GFñvxê=Hu��s½FñvxJKF{JË<T@N�{:x< FI>�¿2��9?>M:Ëtñ¾?H2�
OTH 	us2>M: ó FM:=<?�4LNJ�� su>MLNHu<?>M� � iT÷10=ö½×c<?JTH � :=J?t½FILy:=JµO?HrØÙvx>�LwvxJTt2HrJ?:=J JË<T@N@NHPHuJ
iT×iO?H
FkÛË9;H.@NLNJTs vxLy>MHx×ÙH2�pFZtu:=J?�MLyO?s2>�s2Hov���J4O?Ho9�:xJ?O?s2>�H2>iO?H��Év��u:=J�tu:=>M>�H2t½FIHo@NH2�c:xE?�MHu>�ØÙvÙFILy:=J?�
��LNê=JTL ��t2vÙFILáØ=H2�/z v2(θ, b; (xk, yk)) = b+ µ(θ; (xk, yk))

9;:=<?> 0 ≤ µ ≤ 0.5 ÷
õG÷_[cJ��?J�×Ù@CBDs½FI<?OTHZO?<¼êx>Ivx9?¾TLNÌÅ<?HZOTH2�âØÙvx>�LwvxJ?tuH2�ÔH2V49?LN>�LNÌÅ<?H2�+H2J � :=J?tuFMLN:=J�O?HZ@CBDHu�M9;s2>MvxJ?t2H
v%tu:=J?O?<?LáF��%H2�M�Mv Û=H2>�O?H�V�:ËO?su@NLN��H2>`@Nv�� :=J?tuFMLN:=JÓOTH�ØÙvx>�LwvxJTt2H�9�vx>)<?JTH#� :xJ?tuFMLN:=J´O?H
FkÛË9;H)H �G9�:xJ?H2JKFILyH2@y@NH�z v3(θ, b; (xk, yk)) = exp(b µ(θ; (xk, yk))

÷
\oJ?H � :xLN��@NHu��9�vÙ>IvxV4¿uFM>MH2�4O?Hu�±O?L "su>MH2JKFMH2�#�ÉvxV�Ly@N@yH2�¼O?H � :=J?t½FILN:xJ?��O?HROTLN�M9;H2>��MLy:=JôLyJ?O?LyØËL(�
O?<TH2@N@yH2�`Hu��FMLNV4s2�2×9�:=<T>`@NHu�SFI>�:=LN�
� :xJ?tuFMLN:=J?�SO?H¼ØÙvx>MLNvxJ?t2H{9?>M:=9;:=��s2H2�u×�@ B :=EËÚ�HutuFIL �]H2��F)OTH�O?s �
FMH2>MV4LNJTH2> ÌÅ<?Hu@N@NH/V4:ËO?s2@yLN�IvÇFILN:xJ±H2�pFS@Nv¼V�LyH2<��%vxO�vx9GFIs2H�vx< �PO?:=J?JTs2H2�u÷
e�Bdv ÛKvÙJÅF �ÉvÙLyFÔO?H2�i¾KÛË9�:xFM¾?¿2��H2�iÌÅ<?HA�M<T>c@ B H2�M9;s2>MvxJ?tuH HuFi@Nv_ØÙvx>MLNvxJ?t2H«O?H2�³ØÙvx>�LwvxET@NH2�âvx@Ns2vÙFI:xLN>MHu�
Nk
×Ö@ B <TFMLN@NLy�IvÙFMLN:=J±O�BD<TJ»t2>�LyFM¿2>MH�O?H��Ms2@yH2t½FILN:xJRtu@wvx���MLNÌÅ<?H ó FkÛË9;H{n �Ùv � �xH�:=< Cp

|»vx@y@N:3j.�.9�vx>
H �THuV�9T@NH�öoJ�BDHu��F)9�vÙ�`9�:x�M�MLyE?@NHÙ÷�XZHu9�HuJ?O�vxJKF ×LN@+H �GLN�pFIH�<?J´t2>�LyFM¿2>MH���FIvÙFILy��FILyÌÅ<?H¼O?H���s2@NHutuFMLN:=J
O?H%V4:ËO?¿2@yH¡O?H¡FkÛË9�HPn �Ùv � �xH ó }_<?>pØËLNtñ¾ HuF�Y+�IvxLC×Zã3h h 8=ö�O�vxJT�4@yH¡t vÙ��O�BD<TJ?HPV�s½FI¾?:ËO?H%O?H
ÌÅ<�vx��L � ØG>MvxLN��H2V¼ET@wvxJ?tuHx÷
Q{BDvx<TFM>MH)9�vx>pF ×?OTH2�oV�s½FI¾?:ËO?H2�Aêx>Ivx9?¾TLNÌÅ<?H2�.��:=JKFSO?Ly�M9;:=J?LyE?@NHu�`z
� acBDs½FI<?O?H{O?H2�/>�s2�MLyO?<?�_>Ms2OT<?LyFM�`H2J � :xJ?tuFMLN:=JÊOTH2�/v¤Ú�<T��FIsu�`HuF`�M<?>`@yH�tñ¾?vxV�9÷�jGL+@NH�V�:ËO?¿2@yHH2�pF/vx���MH 	{9?>M:Ëtñ¾?H{OTH�@Nv�>Ms2vx@NLáFIsÙ×?@wv�9?@N<T9�vx>�F_O?Hu�S>Msu�MLyO?<?�SOT:=LyF��uFM>MH�t2:=V49?>MLy�.H2JKFI>�H �B0�HuF
0¼HuFo@NH/ê=>Mvx9?¾?LyÌÅ<?H)J?H)O?:=LyF 9�vx�.9?>Msu�MHuJÅFMH2>oO?H���FI>�<?tuFM<?>MH)9�vÙ>�FILyt2<?@yLN¿u>MHx÷

� acBDs½FI<?O?HPO?Hu�4v¤Ú�<?��FMs2�u÷«[c@y@NH±9;H2>�V�H½F�O?H%t2:xV�9�vÙ>MH2>�@yH2�¼ØÙvx@yH2<?>���:=E?�MHu>�Øxs2H2��vx<���ØÙvx@NHu<?>M�H2�pFILNV4s2Hu�2÷
� a�v�tu:=V49�vx>IvÙLN�M:xJ%O?H2�oO?L "�s2>�H2JKFIHu�.t2:=<?>�E�Hu�_OTH2��� :=J?t½FILN:xJ?�AO?H)O?LN��9�Hu>M��LN:=JPLNJTO?LyØËLNOT<?H2@y@NH2�u÷[cJ���J× 9�:x<?>¡@NHu�¡V4:GO?¿u@NHu�±V4s2t vÙJ?LN�pFIH2�u× @NHu�¡9�vx>MvxV4¿uFI>�H2�¡Hu��FMLNV4s2�¡9;H2<TØxH2JKF �uFM>MHÓ>MHu@NLys2� �
tuH2>�FIvxLNJT�Z9�vx>MvxV4¿uFI>�H2�«E?LN:=@y:=ê=LyÌË<TH2�]HuF 9T¾ÅÛË��LNÌÅ<?H2�u×�H2J¡9?vx>�FMLNt2<T@NLNHu>2×ÅO?Hu� O?:=J?JTs2H2�AV4suFMs2:=>�:=@N: �
ê=LyÌÅ<?H2�A>�H2@NH½Ø=suH2�S@y:=>M�ZO?H)@ B H �G9�su>MLyH2J?tuHx÷
� � �uÈ�Á�ÃÅÄ ^ÔÄ¤ÏKÁ�ÀTÁ�ÆÉæ;È#+�ÃËß4Ä¤ÏËß Ü+Þ Á ÀTÁ¤ß
a�H2�A>�s2��<?@yFIvÙFI�AV4:=JKFI>�H2JKF.ÌÅ<?H)@wv¼V4:GO?su@NLy�IvÙFMLN:=J�v¤Ú�<?�pFñvxJKFo@NH`V4LNHu<��±@NH2�AOT:=J?J?suH2�.O?H)@ B H �G9;s �
>�LNH2JTt2H/H2�pF.@wv � :=JTtuFILy:=J%O?H/O?Ly�M9;H2>��MLN:xJ%LNJ?O?LáØËLNO?<?Hu@N@yH γ O?H/FkÛË9�H)eofpè�v Ø=H2t)<?JTH!� :xJ?tuFMLN:=J%O?HØÙvx>�LwvxJ?tuH.O?H_FkÛË9;HS@NLyJ?s vÙLN>MHAH½FZ<TJ¡9�vx>MvxV�¿½FI>�HoOTHSO?Ly�M9;H2>M��LN:=J4O $ �)@wv)t2:x>M>Msu@wvÙFMLN:=J4O?Hu�Zê=suJ?:��
FkÛË9;H2�)O?H2�)ê=>MvxLNJT�`O�B <?J V �2V4H¼t2vx9TFIHu<?>2÷�a�Hu��tu:=V49�:=�MvxJKFIHu��OTH�@wv±FI>Mv¤Ú�H2t½FI:=Ly>MH�O�B <?J ê=>IvÙLNJ
O?H.9;:=@N@yH2J�tu:=>M>�H2�M9;:=J?O?vxJKF �/tuHuFMFMH_V4:ËO?s2@yLN�IvÇFILN:xJ{�M:xJÅF«vx@y:=>M�ÔFI>M:xLN�cV4:=<TØ=HuV�HuJKFI�iE?>M:3j.J?LyH2J?�
v Ø=HutPO?>ML � F�LNJ?OTs29;H2J?O�vÙJÅFM��HuF4@NH±FMH2V49?��O?H�� s2tu:=J?O�vÇFILN:xJ Hu��F4O?s ��J?LAt2:xV�V4H¡@NH�FIH2V49?��O?H
9?>�H2V4LNHu>`9�vx���Ivxê=H�vx<´J?LáØ=H vÙ< O?Hu� �?H2<?>��!� HuV�Hu@N@yH2�2÷�QSH�9?@N<?�u×�@NHu�`ØxvÙ>MLwvÙE?@NHu�/vx@Ns2vÙFI:xLN>MHu�2×�vÙ� �
��:GtuLNs2Hu�AH2JPt2:Ë:=>�O?:=J?J?suH2�.9;:=@wvxLy>MHu�2× (R,Θ) ×TJ?H/��:=JKF_9?vx�ALNJ?OTs29;H2J?O�vÙJÅFMH2�ot2:=V4V4HS@ BDv ØÙvxLNHuJÅF��<?9?9;:=�Ms)Y+<�� FI: ��� ��
 ó ã/h hKq=ö ÷
a�H2�SV�:ËO?s2@yLN�MvÙFILy:=J?�.9?@N<T�
��J?Hu�/9?>M:=9;:=��s2H2�/OTH�@wv�FM>Iv¤Ú�HutuFI:xLN>MH�E�vx��s2H2�)��<?>`@NHu�`t2:xV�9;:=�IvÙJÅFMH2�
O?Ho@wv/ØËLyFMH2�M��H`O�vxJT�«@yH_9?@NvxJ�Ø=H2>pFILyt vx@;:=<±¾T:=>ML 	2:=JKFñvÙ@�J?HS��HS�M:xJÅF«9�vx�«>Ms½Ø=s2@ys2� �uFI>�HSV4H2Ly@N@NHu<?>MHu�
tu:=JKFI>IvÙLN>MHuV�HuJKF �´t2HrÌÅ<�B :=Jbvx<?>MvxLyF�9T<ô9;H2J?��H2>2÷ZjTvxJT��O?:x<TFIHrH2�pF �ktuHRO�$�vx< �ÉvxLyF�ÌÅ<?HrO?H2�
vx9T9?>M: �GLNV�vÙFILy:=J?��:=JKFPsuFIs �ÉvxLáFIHu�¡9�:x<?>%:=ETFMH2J?Ly>%O?H2�P>Msu�M<?@áFñvÙFM�%@N:=>��%O?HÓ@ B H2�pFILyV±vÙFMLN:=J"O?H2�
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9�vÙ>IvxV4¿uFM>MH2�u÷ Q{BDvx<TFM>MHi9�vx>pF ×u:=J�v.O�$�<GFILN@yLN��H2>@Nv � :=>�V¼<?@NHÔ>MHu@NLwvÙJÅF�@NH2� � :=J?tuFMLN:=JT��O?HcO?LN��9�Hu>M��LN:=J
LyJ?O?LyØËLyO?<?H2@y@NH H½FZêx@N:=E�vÙ@NHx×xO?:=J?J?suHSHuJ ó ã=÷áã¤ö ×KO�vxJ?�«<?J±t2vx�«tu:=JKFILyJË<÷?W`J±9;H2<GF«FM:=<TF«O?H_V �2V4H
J?:ÙFIH2>_ÌÅ<?H�@wv#� :=J?tuFMLN:=J»O?H¼O?Ly�M9;H2>M��LN:=JR:=ETFMH2JÅ<?H�9;:=<?>S@yH{V4:GOT¿2@NH .%�MH{>Ivx9?9T>M:Ëtñ¾?H¼O?H¼tuH2@y@NH
O?<rV4:GO?¿u@NH 0Ë×�e_fpè�÷
\oJ±FI>Mv�ØÙvxLy@ÖH2J%9;H2>M��9�HutuFMLyØ=H/��H2>MvxLyF«O�B LNJKFIsuê=>MHu> @NHu�ZJ?:=<GØ=H vÙ<��%>�s2�M<T@yFñvÇFI�Z:xETFIHuJË<T�.vx<¡@N:xê=LNtuLNH2@
|RnSm]W)Q�÷³XZH4@N:=êxLNt2LyH2@cvPsuFMs±O?s½Ø=Hu@N:=9?9;s49�vx>�@ B <?J?LyFMs4[itu:��kfkJTJ?:�Ø´O?H±@CBDfäe_^on¯è/>MLNêxJ?:=J´HuF
@yH»@wvÙE�:=>MvÙFI:xLN>MHR[]jT[¯OB W`>M�Mv Û=÷ fk@_9�Hu>MV4HuF%O?HÓ��LNV¼<T@NH2>u×«O?vxJ?�%O?Hu�%t2:=J?OTLyFILy:=J?��9?¾KÛG��LNÌÅ<?Hu�
9?>�:Gtñ¾TH2�)O?H�@wv%>Ms2vx@NLáFIs ó 9?>MLy�MH�HuJ tu:=V�9GFIH�O?H2�)t2vx>Ivxt½FIsu>MLN�pFILyÌË<TH2�)9?¾KÛË�MLNÌÅ<?Hu�{O?Hu�)ê=>IvxLyJ?�/O?H
9;:=@N@yH2J ó 9;:=LNOT�2×;¾�vx<TFMH2<?>`OTH2� ��Hu<?>M� � HuV�Hu@N@yH2�ñöAHuF`O?H¼9�vx>MvxV4¿uFI>�H2�_@NLNsu�SvÙ<ÊØ=H2JKF ó O?LN>�H2t½FILN:xJ�×
LyJÅFMH2J?��LyFMs�öMö ×GOTH2� 9;s2>�LN:ËO?H2�]O?H`9;:=@N@yLNJ?Ly�IvÙFMLN:=J�OT<¡V±v �h�]HuF 9?vx>Z��<?LyFMH`O�B suFI<TO?LNHu>Z@wv�O?LN��9�Hu>M��LN:=J
O?<r9;:=@N@yH2J�×Ë9�vx>.H �GHuV�9?@yH/H2J �ÉvxLN�MvxJKFAØÙvx>MLyH2>A@wv{FIvxLN@y@NH_HuFo@wv � :=>�V�H/OTH2�.tñ¾�vxV49?�2÷
[cJPH�"�HuF2×?<?JPLNJ?tu:=JKØ=suJ?LwvxJKF.>�H2J?tu:=JKFI>Ms)Lyt2LHu��Fo@NHSV±vxJTÌË<TH/O�BDH �G9�su>MLNHuJ?t2Hu�_OTLN�M9;:=J?LyE?@NHu�2÷ËnAt �
FM<?H2@y@NH2V4H2JKF v�@yLNHu<¡<?J?H/V4LN��H`H2JPt2:xV�V¼<TJ�×TO�vÙJ?�.@NH`t2vxO?>MH/OT<r9T>M:ÇÚ�H½F.H2<?>�:=9�suH2JRjGfpè�|»[cn{×
O�B H �G9;s2>�LNH2JTt2H2�o�M<T>o@Nv�O?LN��9�Hu>M�MLy:=JPO?H ��<��POTH�9;:=@y@NH2J÷
a�H¼E?<GF × �¡@Nv¡E�vx�MHÙ×�H2�pF)O?H�9;:=<TØ=:xLN>`9?>�s2O?Ly>MH�ÌÅ<?Hu@N@NH{O?LN�pFñvxJ?tuH¼O?:=LáF/�Msu9�vx>�H2>/O?Hu<��´tñ¾�vxV49?�
9;:=<?>³ÌÅ<�B LN@TJ�B Û¼vxLyF³9�vx�cO?HA9;:=@N@y<TFILy:=J{êxs2J?s½FILNÌÅ<?H.O�B <?J?HAtu<?@yFM<?>MHA9?vx>c@ BDvx<TFM>MHx÷=XZH29;H2J?O?vxJKF«@yH2�
9?>�s2tus2O?HuJÅFM�AV�:ËO?¿u@NH2�]J?H_9�Hu>MV4HuFMFMH2JKF 9?vx�ZO?H_O?s2tu>MLy>MHSOTH �Év��u:=J±�MvÙFILy� �ÉvxLy�IvxJKFIHo@wv�O?LN��9�Hu>M��LN:=J
O?< 9�:x@N@NHuJ�vÙ< J?LyØxH vx< O�B <?J?H¡O?Ly�Mtu:=JKFILNJÅ<?LáFIs4O�vxJ?��<?J�9?v�ÛË�Mvxê=Hx×ÔtxB H2�pF � � �kO?Ly>MH4ÌË<?vxJ?O O?Hu<��
tñ¾�vÙV�9?�AOTH/V±v�� � �M:xJÅF.��s29�vÙ>Ms2�o9�vx>Z<?JP�M:=@�JÅ<r:=<%<?J?H�vx<GFI>MH/tu<?@yFM<?>MHÙ÷ � @NHuLNJ ó 07i i iKö]v ØxvÙLyF
��LNV¼<?@ys O?Hu�iFM>Iv¤Ú�HutuFM:=LN>�H2� �/9�vx>pFILN>âO?H.@wv
� :=J?t½FILy:=J�O?H.O?LN��9�Hu>M�MLy:=J�LNJTO?LyØËLNOT<?H2@y@NH«FM>M:=<GØ=s2Ho9;:=<?>
@yHrV4LN@yLNHu<�¾?:=V4:=ê=¿2JTHr9;:=<?>4<?J?HrH �G9;s2>�LNH2JTt2H»OTs2t2>�LyFMH»vx<"9�vx>Mvxê=>IvÙ9?¾?HrvKö�t2L.O?H2���M:=<T�2÷ a�v
tu:=V�9?vx>IvxLy�M:=J%HuJKFI>MH)@yH2�AØÙvx@NHu<?>M�A��LNV¼<?@ys2Hu�AHuFo@NHu�AO?:=J?J?suH2�oJ�B suFñvÙLyF.9�vx�AFM>M¿2�.�MvÙFILy� �ÉvxLy�IvxJKFIHÙ÷
a�v±��<?LyFMH{O?<ÊFM>Iv ØÙvxLN@�9?>�s2�MHuJKFIs�LNtuLÔHu��F/OT:=J?t{OBDHu�M�Iv ÛxH2>)O?H¼V4:GOTs2@NLy�MHu>_@yH ��< �ÊO?H{9�:=@y@NHuJ»H2J
9?>�s2��H2J?tuH�O�B <?J?H�O?Ly�Mt2:xJÅFMLNJÅ<?LáFIsx÷
���-����� �;:=<�>,@�Aä�DC[EGA�:i� <?Ng@ � N��WNPE < � LS��N <�Aä�GH :i�EGAp�ML�A EG> <?L HP:�L ��N�XGE

��>���>PEGC @
\oJ?H.O?LN��t2:=JKFILyJÅ<?LyFMs O?<4t2:=<TØxH2>pF]Øxs2ê=s½Fñvx@Ötu:=>M>�H2�M9;:=J?O �/�Msu9�vx>MHu>iO?H2<��4tñ¾?vxV�9T�2×KLNtuLTO?H.V�v��h�u×
9�vÙ>A<?J»vÙ<TFI>�H)FkÛË9;H)O?H)t2<?@áFI<?>�H�:x<r<TJR��:=@�JÅ<�÷
QSHu�³s2ÌÅ<?Ly9�Hu�âO?HZE?LN:Ët2@yLNV�vÙFI:=@y:=ê=LyHx× O?HZ@CBDfäe_^on�pè/>MLyê=J?:=J)HuF �Z:=>MOTH vx<���×Ç:=JKF³O?s½Ø=Hu@N:=9?9;s O?Hu<��
V4:GOT¿2@NHu�ZO?LáFI� OTH`FkÛG9;H)[c<?@Nsu>MLyH2J�×GE�vx�Msu�A�M<?>A@CBDs½FI<?OTH`O?H/@wv�FI<?>�E?<?@NHuJ?t2H/H½FAO?<%FI>MvxJ?��9�:=>pFAO?H
9;:=@N@yH2JPO?H�V±v�� � ó a�:=<?E;HuF ��� ��
 × 07i i7.Kö½÷�fk@N�o9;H2>MV4HuF�FIHuJÅF_O�B H2�pFILNV4H2>o@wv�t2:xJ?t2HuJÅFM>IvÙFMLN:=JRHuFS@NH
O?su9�UÙF H2J¡v�ØÙvx@;O�B <?J?H/��:=<?>MtuH`O?:=JTJ?s2HÙ÷�XZH29;H2JTO�vxJKF ×GLN@N�]9?>�s2�MHuJKFIH2JKFo@NHoO?su�Iv ØÙvxJKFñvxê=HSO�Bdv Øx:=LN>
O?Hu�AFIH2V49?�.O?H)t vÙ@Nt2<T@N� FI>�¿2�.@N:xJ?ê=�2÷
Q`vÙJ?�.t2HuF�FIH�9�vx>pFILNHÙ×���9�vx>pFILN>AOTH2�o>Ms2��<?@yFIvÙFI�.:=EGFIH2JÅ<?�o9?>�s2t2suO?H2V4V4H2JKF ×�:=JPØÙv4OT:=J?t)H2���Iv Û=Hu>
O�B suFM<?O?LyH2>A@wv�O?Ly�M9;H2>��MLN:xJrOT<R9;:=@N@yH2J�÷
fk@KH �TLy��FMH]OTH2<���V4:GOTH2��O?H]O?LN��9�Hu>M��LN:=J)O?<�9�:x@N@NHuJ�z�<?J?Hiê=>MvxJ?O?Hi9�vx>pFILyHc>MH2�pFIH �o9;HuFMLyFMHivx@yFMLyFI<TO?H
H½FSv�<?JTH�O?<T>Ms2H�O?H/ØËLNH)O?H)<?J?H ��O?H2<��r¾TH2<?>�H2�2÷;\oJ?H�9;HuFMLyFMH/9�vx>�FMLNH/Hu��F_H2V49�:=>pFIsuH�9?vx>AO?H2�
ØxH2JKFI�cvÙ�Mt2HuJ?�MLy:=J?J?Hu@N� �S¾�vx<TFMH vx@áFILáFI<?O?HiH½FâØËLyFÔ9?@N<T�Ô@y:=J?êxFMH2V49?� ó @NHu�ÔE�vÙ�M�MHu�âFIHuV�9;s2>MvÙFI<T>MH2�ÔHuF
@yHoFIvx<���O�B ¾Ë<TV�LyO?LyFMs_@yH_>�H2J?O?HuJKF.9?@N<?�]ØËLwvxE?@yH�ö ÷Ën_LNJ?��L ×Å9;:=<?>]@NHSV�v�� �2×ÅO?H2�ZsuFI<TO?H2� ��<?ê=ê=¿u>MHuJÅF
ÌÅ<�B LN@GH �GLN�pFIH O?<�9;:=@N@yH2J�ØGLNvxE?@yHZ�M<T�Mt2Hu9TFILyE?@NHZO�B �½FI>�H FI>IvÙJ?�M9;:=>�FMs��`O?Hu�cO?LN�pFñvxJ?tuH2�cO?HZ9?@N<?��LNHu<?>M�
�ÅLN@y:=V4¿uFI>�H2� ó a�:=<?E;HuF ��� ��
 ×D0 i i7.Åö ÷Ka�v)ÌÅ<?Hu��FMLN:=J4O?Ho�Iv Ø=:=Ly>c�MLÖt2H.9;:=@N@yH2J�9;H2<TF]H "HutuFILáØ=HuV�HuJÅF



ÕJf ���������	��
���������

9;:=@N@yLNJ?Ly�MHu>«Hu��Fo:=<TØxH2>�FMHx÷
a�H2�±V�:ËO?¿2@yH2��9?>Msu�MH2JKFMs2�rO�vxJ?�¡@Nv��M<TLyFIHRt2:=JT�MLNOT¿2>MHuJKFP<?J?LNÌÅ<?HuV�HuJKFP@NH»9T>MH2V4LNHu>±V4:GOTH»O?H
O?Ly�M9;H2>��MLN:xJ�÷.a�v O?L �4t2<?@áFIs´H2���MH2JKFMLNH2@y@NH´H2�pF»ÌÅ<?H J?:=<?�rJ?H 9�:x<TØ=:=JT�R9?@y<?�Pt2:=JT�MLNOTs2>MHu>RÌÅ<?H
FM:=<TFIHu�R@yH2�P9?@NvxJKFIH2�PO?Ly�M9;H2>��MH2JKF»@NH2<T>r9;:=@y@NH2J���<?LyØÙvxJKFr@wv�V �2V4H � :xJ?tuFMLN:=J�O?H O?LN��9�Hu>M��LN:=J
LyJ?O?LyØËLyO?<?H2@y@NHÙ÷â[cJ H�"�HuF ×i9;:=<?>�tñ¾�vxÌÅ<?Hr9?@NvxJKFIHPO?< tñ¾�vxV49�×c@wvÓO?Ly�Mt2:xJÅFMLNJÅ<?LáFIs%�MHPFI>�:=<TØxH �
<?JTH�OTLN��FIvxJ?tuH�OTL "�s2>MHuJKFIHx÷�fk@��ÉvÙ<TF.O?:=J?t/FMH2J?Ly>At2:=V49TFIH)O?H)@Nv¼9�:=��LyFMLN:=J%LyJ?LyFMLwvx@yH_O?<rê=>MvxLNJPO?H
9;:=@N@yH2J%@CBDH "H½F.O?H)@wv¼O?Ly�Mt2:xJÅFMLNJÅ<?LáFIs/�M<T>o@Nv � :=J?t½FILN:xJrOTH�OTLN�M9;H2>��MLy:=JPLNJ?O?LáØËLNO?<?Hu@N@yHx÷
Q`vÙJ?� @NHot vÙ� O?<%t2:x@ 	 vG×G@Nv�V4suFI¾T:GO?H_9?>M:x9�:=��s2H_9�vx>Am+:=LN@y@NH2< � �ä|RLN@y¾?H2V ó 07i7i90=öct2:=J?��LN�pFñvxLáF H2J
9�vÙ>�FILyH���LNJKFM>M:ËO?<?LN>�H.<?J¡9�vx>MvxV4¿uFI>�H_OTH_FI>MvxJ?��@wvÙFMLN:=J�÷ËXZHu9�HuJ?O�vxJKFALyt2LC×KO�vxJ?�«@NH.t vx�«O?<¡V�v��h�u×
@Nv � :=J?tuFMLN:=JPO?H)O?Ly�M9;H2>��MLN:xJrLyJ?O?LáØGLyO?<?Hu@N@NHoJ�B H2�pFS9�vÙ�oLy�M:xFM>M:=9;Hx÷
À� �iÃËß4Ã9c,^cÏÅÄÇÆÉÃËÈ+Ð=ÃËß
QSHu<��rH �G9;s2>�LNH2JTt2H2�_:=JKFoH2<»@yLNHu<%O�vxJ?�o@wv�>Msuê=LN:xJrOTH{|r:=JKFñvx>�ê=LN�.H2J ã3h h7h�H½F 0 i i i��M<?>.O?Hu<��
tñ¾�vÙV�9?�]O�B H2JKØËLN>�:=J 07i i m × ã32 i m ÷Gm+:=<?>«tñ¾�vxt2<TJ%O?H2�«tñ¾�vxV49?�2×Ë<?J?H_9�vx>MtuH2@y@NH.O?H 20 m×
20 m O?H�V±v �h�.¾?:=V4:%	uÛËê=:ÙFIH�9�:=<T>_@Nv4tu:=@N:=>MvÙFILy:=J%O?<Êêx>IvxLyJrHuJÊE?@yH2<Êv4suFMs���H2V4s2Hx÷;nS<GFI:=<?>O?Hu�)9�vx>MtuH2@y@NH2�SO?H�V±v�� � �%ê=>IvÙLNJ?�/E?@yH2<?�u×�<?J?H4vx<GFI>MH�tu<?@yFM<?>MH�v%s½FIs�9?@wvÙJÅFMs2H�O�B <?J?H�@Nvx>Mê=Hu<?>
O�B H2JKØËLN>�:=J 87i m ÷cm+:=<?>�@wvÊ9T>MH2V4LN¿u>MH¡H �G9�su>MLNHuJ?t2HÙ×cLN@«�2BDvxê=LyF¼O?H¡FI>�¿ ��H ó t2:=J?��LNO?su>Ms%tu:=V�V4H<?J»�M:=@+JÅ<Öö_HuFS9�:x<?>S@Nv��MHut2:=JTO?Hx×�Ly@��2BDvxê=LyF_O?H{FM:=<?>�J?H2��:=@ ó t2<?@áFI<?>�H{O�B <?J?H{¾�vx<TFMH2<?>`su@NH½Ø=s2H ö½÷
Q`vÙJ?��@NH�>MH2�pFIH%O?<µtñ¾�vÙV�9�×ÔO?<�V�v��h���Rê=>IvxLyJ?�oÚMvx<TJ?H2� ó ¾?:=V4:%	uÛËê=:xFMH±9;:=<?>¼@CBdvÙE?�MHuJ?t2H%O?<
V�vx>MÌÅ<?Hu<?>ñö.O?H{@Nv�V �2V4H�ØÙvx>�LNs½FIs�v±suFMs{�MHuV�sÙ÷�\oJÊs2tñ¾�vÙJÅFMLN@y@N:=J?J?vxê=H)O�B s29?Ly�`O?H{V�v�� �Sv±s½FIs
�ÉvxLáFA�M<T>o<TJRV�vxLN@y@wvxêxHo>�s2ê=<T@NLNHu>AO?<Ptñ¾�vxV49ROTH�V�v�� �ÔÚMvx<?J?H)vx<rV4:=V�HuJKFAO?H)@wv�>Msut2:=@áFIHÙ÷
\oJ?H/O?L �4tu<?@yFMsS>MHuJ?t2:xJÅFM>MsuH�Lyt2LC×Gtu:=V�V4H`O�vÙJ?� @NHSt vx�AO?<PV4LN@yLNH2<4¾?:=V4:=ê=¿uJ?Hx×GH2�pF.@NH`V�vxJ?ÌÅ<?H
O�B H �G9;s2>�LNH2JTt2Hx÷i[cJ H�"�HuF2×c9�vx>�H �GHuV�9?@yHx×³Ly@ZJ�B ÛµvÊ9�vÙ�4OBDH �T9;s2>�LNHuJ?t2H �½FIsuV�:xLNJ ��HuJµV�Ly@NLNHu<
¾?:xV�:=êx¿2J?H�ÌË<TL vx<?>MvxLyF�9;H2>MV4LN�u×ÔO?vxJ?�¼<?J�9T>MH2V4LNHu>�FMH2V49?�2×ÔO�BDHu��FMLNV4H2>{@yH2��9�vx>IvÙV�¿½FI>MHu�¼O?H
@Nv � :=J?t½FILN:xJ¡O?H`O?Ly�M9;H2>��MLN:xJ%LNJ?O?LáØËLNO?<?Hu@N@yH�÷Gfk@ �Évx<TF O?:=J?t/Hu��FILyV�Hu>Z��LNV¼<?@áFñvxJTs2V4H2JKF tuH2�A9�vx>Mv �
V4¿uFM>MH2�AH½Fo@NH2�.9�vÙ>IvxV4¿uFM>MH2�A@yLNsu���@CBDH "H½F.O?H)@wv¼O?Ly�Mtu:=JKFILNJÅ<?LáFIs/O?<rt2:x<TØ=Hu>�FoØ=s2êxsuFñvÙ@ ÷
Ò � �2È�Á ÄÇæ�+ÔÜ+ÐxÁ¤Æ æ�È ++Ã»Þ-, Ã��iÃKÁ + ,áÜ+È+Ã ++ÆÉß Ð=æ;È�Á¤ÆÉÈ�ÜÔÆ Á�Ï�++ÜbÐ=æ�Ü%�;ÃÅÄ¤Á �;ÏÅîÖÏÅÁ À�Þ
Q`vÙJ?�/<?JÓ9?>�H2V4LNH2>oFIHuV�9?�u×�@wv4FI>Iv�Ú�H2tuFM:=LN>�H{O?<´ê=>MvxLNJ»O?H¼9;:=@N@yH2JÓv¡s½FIs¼V4:GOTs2@NLy�MsuH{9�vx>_FI>M:xLN�
V4:=<TØxH2V4H2JKFI�cE?>�:3j.J?LNHuJ?�iv Ø=H2t.O?>�L � FâLNJ?O?su9�HuJ?O�vxJKFM�cO�vxJ?�c@yH2�³O?Hu<���tñ¾�vÙV�9?�cOTHAV±v�� �âH½Fc9�vx>
<?JTH FI>Iv�Ú�H2tuFM:=LN>�H O?s½FIH2>�V�LyJ?LN�pFIH«O�vxJ?�c@Nv`9�vx>�FMLNH«t2<?@áFILyØxs2H.v Ø=Hut.O?<�FI>M¿���HA:=<�O?<�FM:=<?>MJTH2�M:x@ ÷=a�H
FMH2V49?�iO?H�� s2t2:xJ?O�vÙFMLN:=J�LNJKFM>M:ËO?<?LyFâFILNHuJKFZvÙ@N:=>��ct2:=V49TFIHAOT< �ÉvxLáFcÌÅ<�BD<TJ±ê=>MvxLNJ�O?Ho9;:=@N@yH2J�9;H2<TF
��H
���GH2>AH½F � s2tu:=J?O?Hu>A<?J?H �?H2<?> O?vxJ?�A@NH_9?>MHuV�LyH2>]tñ¾�vxV49%:=<%V4:=<?>MLy>iO�vxJ?� @Nv{O?Ly�Mt2:xJÅFMLNJÅ<?LáFIs
:=<PHuJ?t2:=>�H)�MH ���GH2>.�M<T>o<TJ?H ��H2<?>.O?<PO?Hu<��GLN¿uV�H)tñ¾�vxV49�÷ÖXZHu@wv�v�t2:=JTO?<?LyFovÙ<rt2vx@Ntu<?@�O�B <?J?H
� :=JTtuFILy:=J�O?HZO?Ly�M9;H2>��MLN:xJ{LNJTO?LyØËLNOT<?H2@y@NHcV�vx@N¾?Hu<?>MHu<?�MHuV�HuJKF³J?:=J�H �G9?@y:=LyFIvxE?@NHiJÅ<?V4s2>�LNÌÅ<?H2V4H2JKF
s½FñvxJKFot2:=V49;:=�MsuH/O?H)9?@N<?��LNHu<?>M�.LNJKFMs2ê=>Mvx@NHu� O?:=<?ET@NH2�u÷
m+:=<?> >�s2�M:x<?O?>MHS@NHS9T>M:=E?@y¿2V4Hx×ÅLN@�v �Évx@y@N<�FI>�:=<TØ=Hu> <?J?H`vx<TFI>�H`V4suFI¾T:GO?HÙ÷TmÔvx>�FIvxJKFAO?H`@Nv�� :=JTt �
FMLN:=JRO?H�O?LN��9�Hu>M��LN:=JÊLyJ?O?LáØGLyO?<?Hu@N@NH)O?H�FkÛG9;H�e_fpè�×JT:xFIsuH fNIG(x, y; θ) ÌÅ<?L³��H2>�F`O?H�V�:ËO?¿u@NHO?H_E�vx��Hx×ËJ?:xFIsoV4:GO?¿u@NHon{×Å@ B H�"�HuF«O?H_@wv)O?LN��t2:=JKFILyJÅ<?LyFMsSv�suFIs_V�:ËO?su@NLN��s.H2J¡LyJÅFM>M:ËO?<?Ly�IvxJKF]O?H2�
9�vÙ>IvxV4¿uFM>MH2��O?H � FI>IvÙJ?�M@NvÙFILy:=J � ó Q`vÙJ?�¼@NH4t vÙ�¼O?H±@CBDs½FI<?OTH±O?H�@wvROTLN�M9;H2>��MLy:=J�O?<�9;:=@y@NH2J O?H
tu:=@ 	2vT×;mÔ:=Ly@N@NHu<����p|RLy@N¾?HuV ó 07i i90xöov ØÙvxLyFosuêKvx@NHuV�HuJKFSLyJÅFM>M:ËO?<?LáF_<TJRFIHu@Ô9?vx>IvxV4¿uFM>MHÙ× � :xJ?tuFMLN:=J
O?H)@Nv¼@wvx>�ê=H2<?>AOTH�@Nv¼O?LN��t2:=JKFMLNJÅ<?LyFMsx÷dö
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W`JP>MHuV�9?@Nvxt2H/@CBD¾KÛË9;:xFI¾?¿u�MH ó }�ã¤öZ9�vx>ó }�ã=BdöZz�� 	 � � 
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 �)����	 ���C"��	
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 � γ(x0,y0)
6+.,��<�-0�� ��	��$� �P� �5���'�� �!"��	 (

W`JP�M<?9T9�:=��H�OT:=J?t)O�vxJ?�.@Nv¼�M<?LáFIH ó }�ã=B ö × ó }�0=ö HuF ó }SõKö ÷
a�H2�/OTH2<��ÊH �G9�su>MLyH2J?tuH2�)O?LN��9�:xJ?LNE?@yH2�_�MH�9?>�suFñvÙJÅF`V±vx@��¡<?J?H�vÙJ�vx@yÛË��H¼H2J´t2:Ë:=>�O?:=J?J?suH2�/9;:��
@NvxLN>�H2�2×G<?J?H)V4suFI¾T:GO?H/V4L �ËFMH/H2��Fo9?>�:=9;:=�MsuHx÷
jGL P0 = (x0, y0)

Hu��FZ@wv)9�:=��LyFMLN:=J�O?H_@wv)9?@wvxJKFMH_suV�H½FMFI>�LNtuH_H½F P1 = (x1, y1)
@wv)9�:x�MLyFMLN:=J4O?H

@NvS9?@wvÙJÅFMHA>Msut2H29GFI>MLyt2HÙ×K�MH.�MLáFI<�vxJKFcO?vxJ?�i@NHu�ctñ¾�vxV49?�cO?H.V±v �h�2×ÙJ?:xFMs2� D1
:x< D3

ó Øx:=LN>)�âLNê=<T>MH
ã=÷10=ö ×G@yHSê=>MvxLNJ�O?H`9;:=@N@yH2J±Hu��FA��<?9?9;:=�Ms/9?vx>Mtu:=<?>MLy>Z<?JTH`O?LN�pFñvxJTt2H Dx0,x1

��<?LyØÙvxJKFZ@ BDv �GHSO?Hu� xH½F.<?J?H�O?LN�pFñvxJ?tuH Dy0,y1

��<?LyØÙvxJKF.@CBdv �GH/O?Hu� y O�vxJ?�.@wv¼OTLN�Mtu:=JKFILyJÅ<?LyFMsx×?J?:ÙFIs2H D2
÷

W`JrV�:ËO?s2@yLN��H)vx@N:=>��A@ B H�"�HuF_O?H�@wv�O?LN��t2:=JKFMLNJÅ<?LyFMs)O?<»tu:=<TØ=Hu>�FoØ=suê=suFIvx@ÔO?vxJ?�o@NH)O?:=V�vxLNJTH D2HuJ%LNJKFI>�:GO?<TLN�IvÙJÅF«O?Hu�A9�vx>IvÙV�¿½FI>MHu� O?HSFM>IvxJT�M@wvÇFILN:xJ α1,i
�M<TLyØÙvxJKFA@ BDv �GHSOTH2� x HuF α2,i

��<?LyØÙvxJKF
@CBdv �GH/O?Hu� y O?H)@wv �Év��u:=Jr�M<?LáØxvÙJÅFMH�zm+:=<?> (x, y) ∈ R2 ×�:=JÊtu:=J?�MLyO?¿2>�H��MHu�`t2:Ë:=>MOT:=J?J?suH2�/9;:=@wvxLy>MHu�Svx���M:Ët2Lys2H2� (r, θ) ÷n_@N:=>��S9;:=<?>
1 ≤ i ≤ m ×Ë:=J±OTs���J?LáFZ@CBDHuJ?�MHuV¼E?@yH Si = {(x, y) ∈ R2, ui ≤ θ ≤ ui+1} ÷Ëa�H2� (ui)

�M:xJÅF]FIHu@N�
ÌÅ<?H ∪iSi = R2 ÷
m+:=<?> (x, y) ∈ D1

:=< D3
H½F (x, y) ∈ Si

×Ô:=J >MHuV�9T@wvxtuH±O?:=JTt (x − x0)
9�vx> (x − x0 −

α1,iDx0,x)
H½F (y − y0)

9�vx> (y − y0 − α2,iDy0,y)
÷

Q`vÙJ?� @wv�9?>IvÙFMLNÌÅ<?H`@yH2�«H2J?��H2V¼E?@yH2� Si
��:=JKF.tñ¾?:=Ly�MLN�«9�vx> >Mvx9?9;:=>�F vx<��±O?LN>�H2t½FILN:xJ?� O?<¡ØxH2JKF.HuF

m ØÙvx>MLyH/H2JKFI>�H 0¼HuF�.?÷
n_@N:=>��2×Z@Nv � :=J?t½FILy:=JbO?HÓO?Ly�M9;H2>M��LN:=JbLyJ?O?LáØGLyO?<?Hu@N@NHr9;:=<?>¡<?JTHÓ9?@wvxJKFMHÓs2V4HuFMFM>MLyt2HÊ��LyFI<Ts2HÓH2J
(x0, y0)

Hu��FoO?s ��J?LNH)9�vÙ>

γ(x0,y0)(x, y) =







fNIG(x− x0 − α1Dx0,x, y − y0 − α2Dy0,y; θ) (x, y) ∈ D1

0 ��L (x, y) ∈ D2

fNIG(x− x0 − α1,iDx0,x, y − y0 − α2,iDy0,y; θ)
�ML (x, y) ∈ D3 ∩ Si

W`J±>�H2V�vx>MÌÅ<?HoÌÅ<?H αi > 0 �MLyê=J?L �?HoÌÅ<�B LN@�Û4v�<?J±H "H½FZO�BDvxtut2s2@ys2>MvÙFILy:=J���<?>Z@Nv�OTLN�M9;H2>��MLy:=J�OT<9;:=@N@yH2J%H½F.LNJKØ=Hu>M�MHuV�HuJKF ×Ö�ML αi < 0 ×?Ly@ÛPv�<?JrH�"�HuFoO?H)>IvÙ@NH2JKFMLN�M��H2V4H2JKF ÷
a�HS��H2tu:=J?O%V4:GO?¿u@NH.t2:xJ?�MLyO?s2>�sSFILyH2JKFZtu:=V49TFIH_O?< �ÉvxLáF«OTHS@wv!� :=>�FMHS9;:=@N@yLNJ?Ly�IvÙFMLN:=J{H2J¡E;:=>MOT<?>MH
O?Hr@wv´O?Ly�Mt2:xJÅFMLNJÅ<?LáFIsrt2:=V4V�HP:=J"9�Hu<TF¡@yH%Ø=:=Ly>���<?>�@yH2��>MH29T>Ms2��H2JKFñvÇFILN:xJ?�±ê=>Mvx9?¾?LyÌÅ<?H2�4O?H2�
O?:xJ?J?s2Hu� ó Ø=:=Ly>oXZ¾�vx9?LáFI>�H)õKö½÷
W`J´J?:xFMH D̃3

@ B H2J?��H2V¼ET@NH�t2:xJ?��FMLyFI<Ts4OTH2��9�:=LyJKFI�/O?H D3
��LyFM<?s2���rvx<´9?@N<?��ã�V4¿uFI>�H�O?H D2O�vÙJ?�.@wv¼:=<r@NHu�AO?LN>�H2tuFMLN:=J ó �ñöZOT<rØxH2JKF ÷

W`J ØÙvrt2:=J?��LNO?su>MHu>�ÌÅ<?H��ML]@ B s29?LiO?H4V±v �h��vx9?9�vÙ>�FILyH2JKF �R@ B H2JT�MH2V{E?@NH D̃3
HuF��ML]@NH�ê=>MvxLNJ O?H

9;:=@N@yH2J`9?vx�M��H]O?vxJ?��@wv OTLN�Mtu:=JKFILyJË<TLyFIsÙ× vx@y:=>M�@wv � :=JTtuFILy:=J/O?HcO?Ly�M9;H2>��MLN:xJ/LNJ?O?LáØËLNO?<?Hu@N@yHÔHu��F+s2êKvÙ@NH
�/@wv`��:=V4V�HAO�B <?J49�vx>MvxV�¿½FI>�H q ∈]0, 1[ H½F«OT<4FMH2>MV4H.O?H.@wv
� :=JTtuFILy:=J�LNJ?OTLyØËLNO?<TH2@N@yHZ9?>�:=9;:=�MsuH9;:=<?>¼@yH¡9?>�s2t2suO?H2JKF�V�:ËO?¿u@NHx÷³jGLNJT:=J�:=Jµ9?>MHuJ?Oµ@ B H �G9?>�H2�M��LN:=JµO?HP@Nv � :=J?t½FILN:xJ�LNJ?O?LáØËLNO?<?Hu@N@yH
9?>�:=9;:=�MsuH�9;:=<?>A@yH/9?>Msut2suO?H2JKF`V4:ËO?¿2@yHx÷
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������� ã=÷ 0 � |R:ËO?s2@yLN�MvÙFILy:=J¡O?H�@wv¼O?Ly�Mtu:=JKFILNJÅ<?LáFIs!��@ BDvxLyO?H`O?H)9�vx>MvxV4¿uFI>�H2�.O?H/FI>MvxJ?��@wvÙFMLN:=J

Ð � ®¡ÏËß Ü+Þ Á�ÀTÁ¤ß�ÃKÁ ^cÃËÄÇß_^cÃËÐxÁ¤Æ.�;ÃËß
a�H¼V4:GOT¿2@NH���FIvÙFILy��FILyÌÅ<?H{<TFMLN@yLN�Ms�9�:x<?>SHu��FILyV�Hu>`@NHu�`9�vx>MvxV4¿uFI>�H2�`OTH2�/V4:GO?¿u@NHu�S9?>�:=9�:x�Ms2�/Hu��F
tuH2@N<TL�O?s2tu>MLáF_HuJ ãx÷yã=÷10¼t�ö ÷
a�H2��>Msu�M<?@áFñvÙFM��OTH2�{Hu��FMLNV�vÙFILy:=J?�/O?Hu�{9�vx>MvxV4¿uFI>�H2�)9;:=<?>�@NH2��O?L "su>MH2JKFM��V4:GOT¿2@NHu�)V�:=JKFM>MH2JKF
ÌÅ<�B <?J?H%O?Ly�Mtu:=JKFILNJÅ<?LáFIs4O?<�t2:x<TØ=Hu>�F�Ø=suê=suFIvx@ vR<?J�H�"�HuF�OBdvxtut2su@Ns2>MvÙFILy:=J ��<?>¼@wvrO?LN��9�Hu>M��LN:=J
O?<R9�:x@N@NHuJ�÷�Q`vÙJ?�_@yH�t2vx�oO?<RFM>M¿ �?Hx×ÖLN@�Ûrv4<?J?H�9?@N<?�oê=>MvxJ?O?H�9�:x@N@N<GFILN:xJ ��@Nv�E;:=>�O?<?>MH�O?H�@wv
O?Ly�Mtu:=JKFILNJÅ<?LáFIs«9�vx>³>Mvx9?9;:=>�FivÙ<�t vx�cO?<¼FM:=<?>�J?H2��:=@?:���@NvS9�:x@N@N<GFILN:xJ{vSFMH2J?O�vÙJ?t2H�`��HA>Ms29?vx>�FMLN>
9?@y<?�A�M<T>o@CBDHuJ?�MHuV¼E?@yH/O?<Rtñ¾?vxV�9÷
a�H±V4:ËO?¿2@yH4@yH±9?@y<?��vxO�vx9TFMs¡vx< � O?:xJ?J?s2Hu�¼H2�pF�@NH49?>�H2V4LNH2>�V4:GO?¿u@NH�O?sut2>MLáF¼tuL �kOTH2�M��<?�2÷³XZH �
9;H2J?O?vxJKF ×�9;:=<?>/@NH¼FM:=<?>�J?H2��:=@cH2J´9�vx>pFILyt2<?@yLNH2>u×Ly@��Évx<?OT>IvxLáF/H2JKØËLN�Mvxê=H2>)<?J 9�vx>MvxV4¿uFI>�H q ÌÅ<?L��:=LyF�<?J?H � :xJ?tuFMLN:=J OTs29;H2J?O�vÙJÅF¼O?H θ v��?J O?H¡V4LNHu<�� 9?>MHuJ?O?>MH±H2J�t2:xV�9TFMH±@yH2�{OTL "�s2>MHuJKFIH2�O?Ly>MHutuFILy:=J?� OTH�ØxH2JKF ÷
fk@��MHu>IvxLáFos2êKvx@yH2V4H2JKFo�M:=<T¾�vxLyFIvxE?@yH�OTH�>�s vx@yLN�MHu>.O?H�JT:=<TØ=Hu@N@yH2�oH �G9�su>MLyH2J?tuH2�2×��ML�9;:=�M��LNE?@yH�tu:=<��
9?@ys2Hu�Av Ø=H2t)O?Hu� H �G9;s2>�LNH2JTt2H2�.HuJrV4LN@yLNHu<�¾?:xV�:=êx¿2J?HÙ×Tv��?J%O?H/t2:=V49?>�H2J?O?>�H`O?H �Év��u:=J%9?>�s2t2Ly�MH
ÌÅ<?Hu@oHu��F�@ B H�"�HuF�O�B <?J?HrO?LN��t2:=JKFILyJÅ<?LyFMsr��<?>4@NH2��9�vÙ>IvxV4¿uFM>MH2�4O?Hu��V4:GOT¿2@NHu��HuF4O?HrÌË<T:=L.O?s �
9;H2J?OTH2JKF±@yH2�49�vx>MvxV�¿½FI>�H2��O?HPFI>IvÙJ?�M@NvÙFILy:=JµLNJKFI>�:GO?<TLyFI��tuL �hO?H2���M<?� ó 9�vx>�H �THuV�9T@NHx×i:=J 9;H2<TF
9;H2J?��H2>¡ÌÅ<�B LN@y��Øx:=JKF%O?s29;H2JTO?>MHÓO?H»@ B LNJKFIHuJ?�MLáFIs»OT<�Ø=H2JKFñö½÷.XZHut2LSO?vxJ?�¡@yH»E?<TF¡O?HÊ9;:=<TØ=:xLN>
H "HutuFI<TH2>.O?H2�o9?>�s2O?LytuFILy:=J?�u÷
\oJ?H¡9?>�H2V4LN¿2>�H±9;H2>��M9;H2tuFMLyØxH%H2��F¼O?H¡FI>MvxLyFMH2>�O?H2��O?:xJ?J?s2Hu���MLyV�Ly@wvxLy>MH2�u×�O?Ly�M9;:=J?LNET@NH2��O?H29T<?LN�
9;H2<rO�vxJ?�.@yH/9?>M:ÇÚ�H½FSjGfpè�|R[in�÷
Q{BDvx<TFM>MH.9�vx>pF ×=Ly@T9;:=<?>�>IvxLáF �uFM>MHALNJKFMs2>MHu�M�MvxJKFZO�B LNJKFMs2ê=>�H2>ct2Hu�iJ?:=<TØxH vx<��4>�s2��<?@yFIvÙFI�]vx<�@N:xê=LNtuLNH2@
|RnSm]W)QðÌÅ<?Lcvxt½FI<?Hu@N@yH2V4H2JKF/J?H�9?>�H2J?O 9�vx�/HuJ´t2:=V49TFIH�@yH2�/H "H½FI�)O?<´9�v ÛË�Ivxê=H ó O?LN��t2:=JKFIL(�
JÅ<?LáFIs¡O?<TH �Ê@CBDLy�M:=@yH2V4H2JKF¼:x< �Ê<TJ?Hrvx<TFI>�H%t2<?@áFI<?>�H%:=<�H2JTt2:=>�H �Ó@Nv»9?>Msu�MHuJ?t2HrO?H%¾�vxLyH2�Iö½÷
\oJÊFI>Iv ØÙvxLy@ÔO?H���LNV¼<T@wvÙFMLN:=J?�.9;:=<?>`LyJKFI>M:ËO?<?Ly>MH�O?H2�/O?Ly��FIvxJ?t2Hu�/O�B LN�M:x@NH2V4H2JKFSt2>M:xLN�M�MvxJKFIHu� ó O?H
ÌÅ<?Hu@NÌÅ<?H2��V4¿uFM>MH2�#�ÊÌÅ<?Hu@NÌÅ<?Hu�4tuH2JKFñvÙLNJ?Hu��O?H%V�¿½FI>�H2�ñö{H½F�O?L "�s2>�H2JKFIHu��t2:=JTO?LyFMLN:=J?�{O?H¡Ø=HuJÅF
9;:=<?>�>IvxLáFAs2êKvÙ@NH2V4H2JKF�½FI>MH�V4LN�AH2Jr9?@Nvxt2H)O�vxJT�o@yH)E?<TF��J�vx@�OBDH "HutuFI<TH2>SOTH2�o9?>MsuO?LNt½FILN:xJ?�AHuF
O?:xJ?t)O?H)O?suFMH2>MV4LNJTH2>A<?J?H)O?Ly��FIvxJ?t2H)O�B LN��:=@NHuV�HuJKF ÷
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	�� � ����� 
 � Õ �

���� ��'��+(�0u$��+� �r�	5�(�0u- '/(�0���� #P'��P5ª#%$.5 - �4#����u$.5�� � ���2'`�
(�0��½0 (�, 5�(����c*P'�5�(�0u143P$

Q`vÙJ?�ÔtuHcFI>Iv ØÙvxLy@ ×2:xJ�tu:=J?�MLyO?¿2>�H«<TJ�9?>�:GtuH2���M<?�Ô��FI:Ëtñ¾�vx�pFILyÌË<TH«E?L(�kO?LyV�HuJ?�MLy:=J?J?Hu@ (Yt, Vt)
O?s ��J?L

9�vÙ>/z






dYt = σtdBt, Y0 = 0
dVt = b(θ, Vt)dt+ a(θ, Vt)dWt

Vt = σ2
t , V0 = η

ó ã=÷DõKö

:�� (Bt,Wt)
H2�pF¼<?J V�:x<TØ=HuV�HuJÅF �Z>M:3j.J?LyH2J ��FñvÙJ?O�vx>�O O?H

R2 × η <?J?H4ØxvÙ>MLwvÙE?@NH�vx@ys vÙFM:=LN>�HLyJ?O?s29;H2JTO�vxJKFIH)O?H (Bt,Wt)t≥0
÷

XZH�V4:GOT¿2@NH�H2�pF�vx9?9;H2@ys¼V�:ËO?¿u@NH �4Ø=:=@NvÙFILy@NLyFMs)��FI:Ëtñ¾�vx�pFILyÌË<TH�HuF σ2
t
>�H29?>�s2�MHuJKFIH4@wv4Øx:=@wvÇFILN@yLyFMs

LyJ?��FIvxJKFñvxJ?suHx÷
XZHu�rV4:ËO?¿2@yH2�%:=JKFPsuFMs´9?>M:=9;:=��s2�r9�vx>P}_<T@N@`H½F '�¾?LyFMH ó ã3h 6=q=ö±HuFP��:=JKFR��:=<TØxH2JKFÊ<TFMLN@yLN�Msu�
HuJ ��J�vxJTt2Hx÷âmÔ:=<T>{<?J?H±>MHuØË<?H±�M<?>�@NH2��V�:ËO?¿u@NH2� �RØx:=@wvÙFMLN@yLyFIs��pFI:Ëtñ¾�vx�pFILNÌÅ<?HÙ×Ô:xJ 9�:x<?>M>MvR�MH
>�H29;:=>�FMH2>�4è)¾KÛË�MHu@N� ��� ��
 ó ã/h h 2Kö ÷
a�HAV4:GO?¿u@NHAO?H��Z@Nvxt��{H½FZjGtñ¾?:=@yH2� ó ã3h=qxõKöâH2J4H2�pF]<?J�H �GH2V49?@NH.�MLyV�9T@NHx÷xa�Ho9T>ML � St

OBD<?J�vxt½FIL �
��J?vxJ?t2LyH2>³Hu��FivÙLNJ?��LTV4:GO?su@NLy�Ms]9�vx>³<?J�V4:=<TØxH2V4H2JKFcE?>�: j.JTLNH2J�ê=su:=V4suFI>�LNÌÅ<?H«:���@NH«9?>M:Ët2Hu�M�M<T�
Yt
×;O?s���JTL³9�vx> Yt = ln(St)

Ø=su>ML �?H¼@ B s2ÌÅ<�vÙFMLN:=J�z dYt = (µ − σ2/2)dt + σdBt
v ØxH2t B <?JV4:=<TØxH2V4H2JKFoE?>M:3j.J?LyH2J´× µ HuF σ OTH2�.t2:=JT��FñvÙJÅFMH2�u÷ ó σ Hu��F_vx9?9;H2@ys2H/@Nv�Øx:=@wvÇFILN@yLyFMs_O?H)@CBdvxt½FIL �ñö

a�H/E?<TFoHu��F_O�BDHu��FMLNV4H2>A@NH`ØxH2t½FIH2<T>_O?H)9�vÙ>IvxV4¿uFM>MH2� θ O?<r9?>�:GtuH2�M��<?� (Vt)
× θ s½FñvxJKFoLNJ?tu:=J?JÅ<�÷acB H2��FMLNV�vÙFILy:=J/O?Hu�Ô9�vÙ>IvxV4¿uFM>MH2��@y:=>M��ÌË<TH]@NvAO?L "�<?�MLy:=J (Vt)

H2�pFâ:=ET�MH2>pØ=suH v.O?säÚMv.suFMs«E;H vx<Tt2:=<?9
s½FI<?O?Lys2HSv�ØxH2t_O?L "�s2>�H2JKFIHu� ¾KÛG9;:xFM¾?¿2��H2�&�ÉvxLáFIH2�]�M<T>Z@NHu�«:xE?�MHu>�ØÙvÙFILy:=J?�u÷Ga�v{OTL "�<?�MLy:=J�9;H2<GF&�uFM>MH
:=ET�MH2>pØ=suH�O?H �Év �2:=JPt2:xJÅFMLNJÅ<?H/��<?>.<?JPLNJKFIHu>�ØÙvx@N@yHSO?H/FMH2V49?� [0, T ]

ó � <GFI:�ÛKvxJKFM�2×�ã3h 6 .Åö½÷T[i@y@NH
9;H2<TF_s2ê=vx@NHuV�HuJÅF��½FI>MH�:=E?��H2>pØ=s2H{O?H �Év��u:=JrO?LN��t2>Ms½FILy�Ms2H{v Ø=H2t�:=<»ETLNH2J ∆n

FIH2JTO»Ø=Hu>M��i�v Ø=H2t
n∆n
FIHuJ?O%Ø=H2>��A@ B LNJ��?J?L�:x< n∆n = T

ó � H2���M@yH2>2×�ã3h hKq �?è)HuJ?:=J��äX vÙFñvÙ@N:xF«HuF � vÙt2:ËO�×ã3h7h=õ�ö��
:=<PE?LyH2J ∆ Hu��F���Gs ó � H2�M��@NHu>oH½FSj��=>MHuJ?�MHuJ�×�ã3h h h � � Hu�M��@NH2>u× 07i i i=ö½÷
Q`vÙJ?�ÔtuH«FM>Iv ØÙvxLN@C× @wvAO?L "<?��LN:=J (Vt)

J�B H2��Fâ9�vx�+:=E?��H2>�Øxs2HÙ÷KW`J¼voO?H2�Ô:=E?�MHu>�ØÙvÙFMLN:=J?��O?Ly�Mtu>MsuFMLN��s2H2�
O?< 9?>�:GtuH2�M��<?�4LNJKFIsuê=>Ms (Yt)

÷imi@y<?��9?>Msut2Ly�MH2V4H2JKF2×c9�:=<T> ∆ ���GsRH½F�9;:=��LyFIL �ä×â:=Jµ:=ET�MH2>pØ=HR@NH
9?>�:GtuH2���M<?� (Zi)1≤i≤n

O?s ��J?L�9�vx>

Zi =
1√
∆

∫ i∆

(i−1)∆

σs dBs =
1√
∆

(Yi∆ − Y(i−1)∆)

W`JPLNJKFI>�:GOT<?LyFAsuêKvx@yH2V4H2JKF.@NHu� ØxvÙ>MLwvÙE?@NHu� (V̄i, i ≥ 1) O?s���JTLNH2�o9�vx>

V̄i =
1

∆

∫ i∆

(i−1)∆

Vs ds

W`JÓ9;H2<TF/tu:=J?�pFñvÙFMH2>/ÌÅ<?H�@wv4ØxvÙ>MLwvÙJ?t2H¼OT<Ó9?>M:Ët2Hu�M�M<T� (Zi)
×�t2:=J?OTLyFILy:=J?J?Hu@N@yH2V4H2JKF`vÙ<Ó9�vx�M��sx×

Hu��F�<?J?H#� :=J?tuFMLN:=J O?su9�HuJ?O�vxJKF�O?H�tuH±9�vÙ�M�Ms4HuF�H2�pF{¾TsuFIsu>M:=��t2suO�vx��FMLNÌÅ<?HÙ÷³\_J H �GH2V49?@yH49T@N<?�
��LNV49?@NH�H2��F�@NH±V�:ËO?¿2@yH �ÓFIH2V49?��O?Ly�Mtu>MHuF±è/n`^AX } ó �Z:=@y@NH2>��M@yHuØ;× ã3h 672Kö�O?:=JKF4@wv»ØÙvx>�LwvxJTt2H
tu:=J?O?LáFILN:xJ?J?H2@y@NH_O?s29;H2J?OrO?Hu�_:=ET�MH2>pØÙvÙFILy:=J?�A9�vx���MsuH2�SH½FoO?H)@wv{ØÙvx>MLNvxJ?tuH/9?>Msut2s2OTH2JKFIHÙ÷



Õ � ���������	��
���������

Q`vÙJ?�«@Nv/@NLyF�FIsu>IvÙFM<?>MHÙ×=<?J?H_9?>MHuV�Ly¿2>MHovx9T9?>M:Ëtñ¾?Hot2:=J?��LN�pFIH ��s½FI<?O?LyH2>]@NH.9?>�:GtuH2�M��<?� (Zi, i ≥ 1)HuJ��ÉvÙLN�IvÙJÅF�FMH2J?OT>MH n Ø=H2>���@ B LNJ���JTL v Ø=Hut ∆ = ∆n
O?su9�HuJ?O�vxJKF�O?H n HuF�FIHuJ?O�vxJKF�Ø=Hu>M� iT×@Nv¡@N:=J?êx<?H2<?>)O?<´FIHuV�9T��OTH4@CBD:xE?�MHu>�ØÙvÙFILy:=J n∆n

FIHuJ?O�vxJKF�Ø=Hu>M��@ B LNJ���JTL ÷�è/H2JT:=J��pX vÇFñvx@y:xF ���
��
 ó ã3h h h=öA9T>M:=9;:=�MHuJKF`<?J?H�V4suFI¾T:GO?H�H �G9?@yLNtuLyFIH)E�vÙ�Ms2H{�M<?>oO?H2��� :=J?t½FILN:xJ?�_OTH2�S:xE?�MHu>�ØÙvÙFILy:=J?�
(Yi∆n, 1 ≤ i ≤ n) ÷ ó XZH½FMFMH�vx9?9?>�:Gtñ¾?H�LyJ?t2@y<TF`@Nv±V�s½FI¾?:ËO?H�O?H�V4:=V4H2JKFI�SH2V49?LN>�LNÌÅ<?H2�S9?>M:��9;:=�MsuH{O�vÙJ?�)è/H2J?:=J �pX vÙFIvx@N:xF ��� ��
 ×+ã3h h76T÷ öoè/@N:xFMH2> ó 07i7i iKöA9?>M:=9;:=��H{<?JÓtu:=JKFI>IvÙ��FIH�O�vxJ?�S@NH
t2vx�.:�� (Yt)

H2��Fo:=ET�MH2>pØ=s�v Ø=H2t�<?JrO?:=<?ET@NH)9�vx�AO?H)O?Ly�Mtu>MsuFMLN�MvÙFILy:=J�÷
Q`vÙJ?�_@Nv��M<?LáFIHx× ∆ Hu��F_t2:=JT�MLNOTs2>Ms ���GsÙ÷\oJ?H�OTL �4t2<?@áFIs/Hu��F_ÌË<TH�@Nv�@y:=L�H �?vÙtuFIH�O?<r9?>M:Ët2Hu�M�M<T�LyJÅFMs2ê=>�s (Zi, i ≥ 1) J�B H2��F�H2J ê=suJ?s2>Mvx@A9�vx��H �G9?@yLNtuLyFIHÙ×âH �TtuH29TFMs»9;:=<?>�ÌÅ<?Hu@NÌÅ<?H2�4V4:GO?¿u@NHu�2÷n_LNJ?��L ×x@NvSØË>IvxLy�MH2V{E?@wvxJTt2H O?<4V4:GO?¿u@NH«H2��F]O?L �4t2LN@yH��`t vÙ@Nt2<T@NH2>cH �G9?@NLyt2LyFMH2V4H2JKF ÷xQ{BDvx<TFI>�HA9�vx>pF ×
@yH±9?>�:GtuH2�M��<?� (V̄i, i ≥ 1) J�B H2��F49�vÙ�¼V±vÙ> �x:�ØËLNHuJ�÷iXZHu9�HuJ?O�vxJKF × (Zi, i ≥ 1) 9;H2<GF#�uFI>�H¡ØË<tu:=V�V4H�<?J?H4tñ¾�v��NJ?H�O?H±|»vx> �Ù:�Ø´t vxtñ¾?suH¡v Ø=Hut±9;:=<?>/tñ¾�v �wJ?H4t vxtñ¾Ts2H (Ui, i ≥ 1) :�� Ui =
(V̄i, Vi∆) ÷_a�Hu�»V4suFI¾T:GO?Hu�R�pFñvÙFMLN�pFILNÌÅ<?Hu�R9;:=<?>P@yH2�rtñ¾�v��wJTH2�rO?H�|»vÙ> �x:�Ø	t vÙtñ¾?s2Hu�Ê:=JKF»s½FIsHu�M�MHuJKFILNHu@N@yH2V4H2JKF.O?suØxH2@y:=9?9;s2H2�_O�vxJ?�.@yH/t vx�.:��r@ B H2��9�vxt2H)O�B suFIvÙFI�.O?H)@Nv�tñ¾?v��wJ?H)s½FñvxLáF&��J?L�:=<
tu:=V�9?vxtuF2÷GfktuL ×TtuH`J�B H2�pF.9?@N<?�Z@NH`t2vx� 9?<?Ly�MÌÅ<?H/@CBDHu�M9�vxtuH`O?H`FMH2V49?� H2�pFALNJ���J?L ÷Tè/H2J?:=J �kt vÇFñvx@y:xF
���	��
 ó 07i i i=ö«:=JKFosuFI<TO?LNsuH2�.@NHu�o9T>M:=9?>�LNs½FIs2�AOTH�tuH2�.tñ¾�v��NJ?H2�.O?H�|»vx> �x:�ØPt vÙtñ¾?s2Hu�2÷
QSL "su>MHuJÅFMH2�`V4suFM¾?:ËO?H2�`OBDHu��FILyV±vÇFILN:xJR:=JKFSO?säÚ �±s½FIs¼s½FI<?OTLNs2Hu�2÷mâvx>`H �GH2V49?@NH�z@ B <TFMLN@NLy�IvÙFMLN:=J
O?<���@yFM>MH]O?H � vÙ@NV�vxJ ó }SvÙ>�Ø=H½Û=×Ëã3h 6 h=ö��¤<?J?H � :=J?tuFMLN:=J�O?H]t2:=JKFI>Mvx��FMHZE�vÙ�Ms2H«�M<?>Ô<?J?H«V�s½FI¾?:ËO?H
O�B H2��9�su>IvxJTt2H)t2:=JTO?LyFMLN:=J?JTH2@N@yH ó è)HuJ?:=J��äX vÙFñvÙ@N:xF ���	��
 ×J07i i=õ=ö½×Ë:=<PO?H2�AV4suFM¾?:GOTH2�AO?H�|R:xJÅFMH �
X vx>�@N:�E�v Ûxs2�MLyH2J?JTH2� ó � LNV ���	��
 ×�ã3h7h 6Kö½÷
Q`vÙJ?�_FM:=<TFIH�@wv��M<?LáFIH�O?H{tuH�FI>Mv ØxvÙLN@ ×T:=JÊ�2B LNJKFMs2>MHu�M��H2>Iv%vÙ<��R9?>M:Ët2Hu�M�M<T�`O?H{OTL "�<?�MLy:=J»t2vxtñ¾?s2H
vx9T9�Hu@Ns2� �uV�H2vxJ��h>MHuØxH2>pFILNJTê��4H½F�FI>M¿u�¼�M:x<TØ=HuJÅF4<TFMLN@yLN�Msu��HuJ ��J�vxJ?tuHx÷cm+:=<?>¼tuH2��V4:GOT¿2@NHu�2×+@wv
� :=JTtuFILy:=J%O?H)O?su>MLyØxH b H2�pFSO?H)@Nv � :=>MV4H�z

b(θ, Vt) = α(β − Vt)

QSHo9?@y<?�2×Å@NHu�«¾KÛË9;:xFI¾?¿u�MHu� �M<?>«@wv � :=J?t½FILN:xJ a ��:=JKF«FMH2@y@NH2�]ÌÅ<?HS@yH.9?>M:Ët2Hu�M�M<T� (Vt)
Hu��FZ��FñvÇFILN:xJ��

J�vÙLN>MHS��FI>�LNt½F_H½F.H2>�ê=:GOTLNÌÅ<?Hx×�H½FoO?:=J?t η vÙO?V�H½F.9�:x<?>A@N:=L@wv¼@N:xL��FIvÙFILy:=J?J�vÙLN>MHÙ÷
��� & �-� �P�REGABSTCFEGAB:i� V :�L?X <�N�� ST:=<S�,@�N�� � ��:�@�C[EGA�@�A E�>��9E�:=H�I�Ci�REGA�K�L?N

STN,Ci� " X�N ��N�XGEGAä�S� � @�� C A�<?NT<�N�� C[XJA�Ci�EGN�� <�NT@�C ST>PEGI�:=<?N�<?N
� I�A EREG@BN

a�H2�_V�:ËO?¿u@NH2�oV4H vxJ��h>MH½Ø=H2>pFILyJ?ê±9;:=�M��¿2O?HuJKF/t2Hu>�FñvÙLNJ?Hu�S9?>�:=9?>MLysuFMs2�S9T>M:=9?>�H2�`OT<?H2�
�±@wv�� :=>MV4H
O?H)@Nv � :=J?tuFMLN:=JPO?H)O?su>MLáØ=H ó è/H2J?:xJ��pX vÙFIvx@N:ÙF ���	��
 × 07i i=õ �Öj �=>MHuJ?�MHuJ�× 07i i iKö ÷
m+:=<?>.@NH/V4:GOT¿2@NHSsuFI<TO?LNsÙ×?:=JRv�@Nv¼9?>M:x9?>MLysuFIs/��<?LyØÙvxJKFMH���:=<?�oO?H2�.¾KÛË9�:ÙFI¾?¿u�MH2�Svx�M��<?>IvÙJÅFo@CBDHu> �
ê=:ËO?Lyt2LyFMsSH½F_@Nv���FI>�LNt½FIH/��FIvÙFILy:=J?J�vÙ>MLyFMs`O?H (Vt)

z
¬�Ä¤æ ^cæ;ß Æ Á¤Æ æ;È * ² *��
� � �����'� �������M�IH�H Z2

i − β), i ≥ 1 R ����� � ��	 �!��0 ��� � �-	 �F���!�������!��� �K� =����	�
��H���6��R (�� 
N�M�����0�����'0�� ��	 ��6+��	 �

Z2
i − β − e−α∆(Z2

i−1 − β) = εi − ψ(θ)εi−1
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 ���� � � ������� � � ��� � � � � � ���	�
	�� � ����� 
 � Õ �

��� (εi)
�����<��	 L,� �- ��L 
 �
	 �B� ��	 �!��0 �
����� Var(εi) = σ2(θ) ��� |ψ(θ)| < 1 (

�  e−α∆ 6= ψ(θ) ��
������ 
 � �����'� �������M� �����+� ��� 
N�M�O� �
� � ��
 ���<�	���������!L 
 � (� �F� ��	4�� ��0P��� �����C� ��
 � �����	��
������/�-��	�	 0 ��6 �����-� λ ∈ [0, 2π] 6 � �
� �

f(λ, θ) =
σ2(θ)

2π

1 + ψ(θ)2 − 2ψ(θ) cosλ

1 + e−2b − 2e−b cosλ

ó ã=÷4.Åö
ó a�Hu�/H �G9?>�H2�M��LN:=JT��H �TvxtuFMH2�)O?H ψ(θ) HuF σ2(θ) �M:=JKF)O?:=JTJ?s2Hu��vÙ< XZ¾�vx9?LáFI>MH .?×�mc>M:x9�:=��LyFMLN:=Jã¤ö ÷
ã¤ö [c�pFILNV�vÙFMLN:=J¡OTH2�o9�vx>IvÙV�¿½FI>MHu�A9�vx>.@wv¼V4suFM¾?:ËO?H/O?H '�¾?LyF�FI@yH`HuF'�¾?LáFMFI@yH`>IvÙE�:xFMs z
m+:=<?>i<?J±9T>M:Ët2H2���M<?�«n`^_|Rn	t vx<?�Mvx@ÖHuF]LNJKØxH2>M��LNE?@yHx×Å<?J?HoV4suFI¾T:GO?H.<?��<?H2@y@NH.9;:=<?>iH2�pFILNV4H2>c@yH2�
9�vÙ>IvxV4¿uFM>MH2�AHu��FoO?H)V�v �GLNV4LN�MHu> @wv � :xJ?tuFMLN:=JPO?H/ØË>IvxLy�MHuV¼E?@wvÙJ?t2H/êKvÙ<?�M��LNH2JTJ?Hx÷ÖacB H2��FMLNV�vÙFIHu<?>
O?<RV±v �TLyV¼<?V¯O?H�ØË>MvxLN��H2V¼E?@NvxJ?tuH�9;:=���M¿2OTH{O?H�E�:xJ?J?H2�_9?>M:x9?>MLysuFIsu�ovx��ÛËV49TFI:xFMLNÌÅ<?Hu��zÖLN@�Hu��F
tu:=J?�MLy��FIvxJKFâvÙ��ÛËV�9GFI:xFMLNÌÅ<?H2V4H2JKF�H½FÔtu:=JKØ=Hu>Mê=H]H2J�@N:=L �o@NvZØGLáFIHu�M�MH √n ó t����Z>M:Ët��9jZHu@N@ÅHuFÔQ`v ØËLN�ã3h7hTã¤ö½÷ ó Q`vÙJ?�c@NH t2vx�i:���@NHA9T>M:Ët2H2���M<?�iHu��F]<?J�n`^)×=@ BDvx@yê=:=>MLáFI¾?V4HiO?H.QS<?>�E?LNJ �äa�HuØËLNJT�M:=J�9;H2<TF
suêKvx@NHuV�HuJKF �½FI>�H�<TFMLN@yLN�MsÙ÷�QSH�V �uV�H)O�vÙJ?�S@yH�t2vx�oO�BD<TJÓ|Rn�×�:=Jr9;H2<TF_<TFILy@NLy�MH2>A@CBdvÙ@Nê=:=>�LyFM¾?V�H
O?Hu�.LNJ?J?:�ØÙvÙFMLN:=J?�Iö½÷
fktuL ×Ö@NH)9?>�:GtuH2�M��<?�`tu:=J?�MLyO?s2>�s{J�B H2�pF`9�vÙ�SêKvx<T�M�MLyH2J�÷;mÔvx>Stu:=J?�MsuÌÅ<?H2JKF ×:=J»<TFMLN@yLN�MH/@Nv#� :xJ?tuFMLN:=J
O?H�V4LNJ?LyV¼<?V OTH�tu:=JKFI>IvÙ��FIH�O?H!'�¾?LyF�FI@NH ó 9?>M:�Ø=HuJ�vxJKF`OTH{@ BDvx9?9T>M: �GLNV�vÙFILy:=J¡O?H�@wv¼ØË>IvxLy�MH2V��
E?@NvxJ?tuHx×�'�¾?LáFMFM@NH¼ã3h 8xõKöZO?s ��J?LNH)9�vÙ>/z

Un(θ) =
1

4π

∫ π

−π

[

ln(2πf(λ, θ)) +
In(θ)

f(λ, θ)

]

dλ
ó ã=÷18=ö

:�� In(θ) >MHu9?>Msu�MHuJÅFMH�@yH/9�su>MLy:GO?:xê=>IvxV4V4H`vx���M:Ët2LNs)vÙ<rØxH2tuFMH2<?> (Z2
i , i ≥ 1) ÷acB H2��FMLNV�vÙFIHu<?> O?H '�¾?LáFMFM@NH/H2�pF_vx@N:=>��AO?s��?J?L�9�vx> θ̂n = arg inf

θ∈Θ
Un(θ) ÷

jG:x<?�)t2H2>pFñvxLyJ?H2�)¾KÛË9�:ÙFI¾?¿u�MH2�u×Ô:xJ 9;H2<TF�t2vx@Ntu<?@NHu>/H �G9?@NLyt2LáFIH2V4H2JKF/@Nv�� :=J?tuFMLN:=JÓOTH�V4LNJ?LyV¼<?V
O?HRt2:=JKFM>Ivx�pFIH»OTH '�¾?LáFMFI@yHP9�:=<T>±<?J�V4:ËO?¿2@yH �´Ø=:=@NvÙFILy@NLáFIs¡�pFI:Ëtñ¾�vx��FMLNÌÅ<?HÊV4H vÙJ��k>�HuØ=Hu>�FMLNJ?êó mi>�:=9;:=�MLáFILN:xJ 0�OT<»XZ¾?vx9?LyFM>MH .Åö ÷
acB H2��FMLNV�vÙFIHu<?>âOTH '�¾?LyF�FI@yH«Hu��Fit2:xJ?�MLy��FñvÙJÅF³HuFctu:=JKØ=H2>�ê=H.vx�pÛGV49TFM:xFILyÌË<TH2V4H2JKFcH2J�@y:=LKØ=Hu>M�i<?J?H
@y:=L�J?:=>MV�vx@yH�ÌÅ<�vxJTO n FIH2JTOÊØ=H2>��/@ B LNJ��?J?L ��@wv4ØËLáFIH2���MH √n ÷�mc@y<?�`9?>�s2t2Ly�MsuV�HuJÅF2×:=J´v��M:=<?�@CBD¾KÛË9�:ÙFI¾?¿u�MH)O�B LNJKØ=Hu>M�MLyE?LN@yLyFMs`O?H)@wv¼V�vÙFI>�LNtuH`O�B LNJ�� :=>�V±vÇFILN:xJ Γ(θ0)

z
√
n(θ̂n − θ0)

D−−−−→
n→+∞

N
(

0,Γ−1(θ0)(Γ(θ0) +B(θ0))Γ
−1(θ0)

)

:�� B(θ0)
<TJ?H/V±vÇFI>MLyt2H��ÉvxLN�MvxJKF LNJKFMH2>�ØxH2J?Ly> @wv�� :=J?tuFMLN:=J±�M9;H2tuFM>Ivx@yH`O�B :=>MOT>MH�.?×G>MHu9?>Msu�MH2JKFIvxJKF

<?JrO?Huê=>Ms)O?H)J?:=JRè)vx<?���MLwvÙJ?LyFMs/O?<P9?>M:Ët2Hu�M�M<T�SsuFM<?O?Lys/HuFoO?s��?J?LNH�vx<RXZ¾�vx9TLyFI>�H .?÷
~`<�vxJTOÊ@ B s2tñ¾�vÙJÅFMLN@y@N:=JrH2�pF/O?H{FIvxLN@y@NH)9�H½FILáFIHx×;@ B H2�pFILyV±vÙFMH2<?>.O?H '�¾?LyF�FI@NH�9;H2<TF �½FI>�H¼V±vÙ<TØÙvxLN�u÷
m+:=<?>.9�vx@yLNH2>&��tuH)9?>M:=ET@N¿2V4H/suØxH2JKFI<TH2@ ×Ö@yH/9?>M:Ët2Hu�M�M<T�S:=>�LNê=LyJ�vx@;H2��F_vx@y:=>M�AV{<?@yFMLN9?@yLNso9�vx>.<?J?H
� :=JTtuFILy:=J�O?LyFMH_OTH_>MvxE�:ÙFñvxê=HÙ×KJ?:xFMs2H (hi, i ≥ 1) ÷Ëa�H_9;s2>�LN:ËO?:=ê=>MvxV�V4H Hu��F«>MH2V49?@Nvxt2s.9�vx>]<?J?HØxH2>M��LN:=J >IvÙE�:xFMs2H ó QSvx¾?@N¾?vx<?�2×Aã/h 6 6Kö{:=EGFIH2JÅ<?HrH2J">MHuV�9?@Nv�� vÙJÅF�@yH2� (Z2

i − Z̄, i ≥ 1) 9�vÙ>
(hi(Z

2
i − Z̄), i ≥ 1) HuF/HuJ @yH¼>MHuJ?:=>MV�vx@yLN�IvÙJÅF2×;v�ØxH2t Z̄ = 1

n

∑n
i=1 Z

2
i
÷�[cJ��?J�×�@wv � :xJ?tuFMLN:=J



� Í ���������	��
���������

O?H�V4LNJ?LyV¼<?V O?H4t2:=JKFM>Ivx�pFIH4H2��F�:=EGFIH2JÅ<?H4H2J >MHuV�9T@wv��2vxJKF)@NH�9�su>MLy:GO?:xê=>IvxV4V4H�LyJ?LyFMLwvx@+9�vx>
tuH2@N<TL �u>IvÙE�:xFMs �`O�vxJT�o@CBDH �G9?>MHu�M�MLy:=Jrt vx@yt2<?@ys2Hx÷
acB H2��FMLNV�vÙFIHu<?> O?H '�¾TLyFMFM@NH_>IvxE;:xFIs/Hu��F.suêKvx@NHuV�HuJKFAt2:=JT�MLN�pFñvxJKF.H½F.t2:=JKØ=Hu>Mê=H�vx�pÛGV49TFM:xFILyÌË<TH �
V4H2JKF³HuJ�@N:=LÅØ=Hu>M�c<?JTH @N:=LÅJ?:x>MV�vx@NH]ÌÅ<�vxJ?O n FMH2J?O�ØxH2>M�c@CBDLyJ���J?L �S@Nv_ØËLyFMH2�M��H √n ó Q`vx¾T@N¾�vx<T�2×ã3h76 6Kö½÷

√
n(θ̃n − θ0)

D−−−−→
n→+∞

N
(

0, CΓ−1(θ0)(Γ(θ0) +B(θ0))Γ
−1(θ0)

)

v Ø=Hut C = lim
n→+∞

nH4,n

H2
2,n

@N:=>��MÌÅ<?H]t2HuF�FIH]@NLyV�LáFIH³H �TLy��FMH ó @NH2��FMH2>MV4H2� H4,n
HuF H2,n

s½FñvxJKFÔO?s��?J?LN�
vx<RXZ¾�vÙ9?LyFM>MH .?×ÖmÔvx>Ivxêx>Ivx9?¾TH .T÷dõT÷DõT÷
0=ö [c�pFILNV�vÙFMLN:=J¡OTH2�o9�vx>IvÙV�¿½FI>MHu�A9�vx>.<?J?H)V4suFM¾?:GOTH/��FñvÇFILN�pFILyÌË<TH!��OTH2<��r9�vÙ� z
jG:x<?�.O?H2�.¾KÛË9�:xFM¾?¿2��H2�_�M<?9?9T@Ns2V4H2JKFIvxLN>�H2�.9�:x<?>A@NH/9?>�:GtuH2���M<?� (Vt)

×
a�H2�S>Ms2��<?@yFIvÙFI�SO?H2�/Hu��FILyV±vÇFILN:xJ?�_OTH2�`9�vÙ>IvxV4¿uFM>MH2�S9�vx>`@yH2�SV4suFM¾?:ËO?H2�`9T>Ms2tus2O?HuJKFIH2�u×�@N:=>��SO?H
��LNV¼<?@NvÙFILy:=J?�u×;V4:=JKFI>�H2JKF)ÌÅ<?H�@NH¼9?vx>IvxV4¿uFM>MH β ×>�H29?>�s2��H2JKFñvxJKF�@ B H2��9�su>IvxJ?tuH�O?H Z2

1
×�Hu��F)V�vx@

Hu��FILyV�sÙ÷ W`J�9T>M:=9;:=�MH»O?:=J?tÊOBDHu��FILyV�Hu>±tuHÓ9�vx>IvÙV�¿½FI>MHR9�vx>�<?JbH2�pFILNV�vÙFMH2<?>�O?HÊV4:=V�HuJKFI�
HuV�9?Ly>MLyÌË<TH2�{HuJ�<TFILy@NLy�IvxJKF�<?J�>Msu�M<?@áFñvÙF{O?HPè/H2J?:xJ��pX vÙFIvx@N:ÙF ��� ��
 ó 07i i i=ö�ÌÅ<?LZ:xJÅF¼V�:=JKFM>Ms
ÌÅ<?Ho@ B H2�pFILNV�vÙFMH2<?> βn = Z̄2 Hu��F � :x>�FIHuV�HuJKF«tu:=J?��LN��FIvxJKF vÙ��ÛËV�9GFI:xFMLNÌÅ<?H2V4H2JKF«HuF]t2:xJÅØxH2>�ê=H`H2J
@y:=L�ØxH2>M�o<?J?H)@y:=L�J?:=>�V±vÙ@NH N (0, σ2) ��@wv{ØËLyFMH2���MH √n ÷a�H2�Zvx<TFM>MH2�Z9�vx>IvÙV�¿½FI>MHu�ZO?<±V�:ËO?¿2@yHx×ÅJ?:xFMs2� ω ×Å��:=JKF.vx@N:x>M�]H2��FMLNV4s2� �{@ BDvxLNOTHoOTH`@wv�V�s½FI¾?:ËO?HO?H '�¾?LáFMFM@NHÓ>IvÙE�:xFMs ó HuF '�¾?LáFMFI@yH�ö±HuJ�>�H2V49?@wv��2vxJKFrO�vxJ?�r@wv � :=J?t½FILy:=J�O?H V4LNJTLNV¼<?V O?H
tu:=JKFI>IvÙ��FIH{:=ETFIHuJÅ<?H¼9?>�s2t2suO?H2V4V4H2JKF β 9�vx> βn

÷W/J»O?s2V4:=JKFI>�H�vx@N:x>M�o@NH�FM¾?s2:x>M¿2V4H{��<?LyØÙvxJKF
��:=<?�.t2Hu>�FñvÙLNJ?Hu�o¾KÛË9;:xFI¾?¿u�MHu�{z
��Â+ÏÅæÖÄ eGÑ Ã * ² * � = �����!�� ��� ����� (ω̂n)n

����� ����	4������ �
	 � ��	 ω0 (
\oJ¼>Msu�M<?@áFñvÙFÔO?H tu:=JKØ=H2>�ê=H2JTt2H.vx�pÛGV49TFM:xFILyÌË<THZH2J�@y:=L��S@NvoØËLyFMH2�M��H √n J�BDvS9�vx�ÔsuFIsZO?s2V4:=JKFI>�sx÷XZHu9�HuJ?O�vxJKF ×Ö@CBDs½FI<?O?H/��<?>o@NH2�A��LNV¼<T@wvÙFMLN:=J?�«@wvxLy�M��H!��9;H2JT�MH2>oÌÅ<?H)txB H2�pFS@yH/t vx�u÷
jGLyV¼<?@NvÙFILy:=J?�
QSHu�/�MLyV¼<?@wvÇFILN:xJ?�_:xJÅF)s½FIs�>�s vx@yLN�MsuH2�`9;:=<?>St2:=V49�vx>�H2>`@Nv¡9�Hu> � :=>�V±vxJTt2H{OTH2�)O?L "�s2>�H2JKFI�/Hu��FML �
V�vÙFIHu<?>M�o9?>�:=9�:x�Ms2�S�M<?>_O?H2<��»H �GHuV�9?@yH2�`9;:=<?> ∆ = 0.1 H½F 1

ó H2�pFILNV�vÙFMH2<?>��_O?H�'�¾?LyF�FI@yH�H½F
'�¾?LáFMFM@NH)>IvxE;:xFMsx×ÖH2�pFILNV�vÙFMH2<?>��_O?Hu�`V4:=V�HuJKFI�oH2V49?LN>�LNÌÅ<?H2�oHuFSH2�pFILNV�vÙFMH2<?>��_O?H�@wv4V�s½FI¾?:ËO?H
V4L �ËFIH '�¾?LyF�FI@NHSHuF'�¾?LyF�FI@yH`>IvxE;:xFMs�ö½÷Gfk@�H2�pF
��J?:ÙFIH2>AÌÅ<?HÙ×ÖÌË<?vxJ?O ∆ = 1 ×?@NHu�A:=E?�MHu>�ØÙvÙFMLN:=J?�
(Zi)
�M:=JKFo9?>MHu�MÌÅ<?H�J?:=JPt2:=>�>Msu@Ns2Hu�2÷

a�H2�.O?Hu<��rV4:GO?¿u@NHu� suFM<?O?LNsu�.�M:=JKF�z
� |R:ËO?¿2@yH�ã z a(Vt) = cVt

÷ XZH»V�:ËO?¿2@yH»vÙ9?9�vx>Mv��NF4t2:xV�V4HR<TJ?HÓvx9?9T>M: �GLNV�vÙFILy:=J"OBD<?J
V�:ËO?¿u@NH)è/n`^AX } ó ã=×�ã�ö ó e_Hu@N��:=J�×�ã3h h7iKö½÷

� |R:ËO?¿2@yH 0%z a(Vt) = c
√
Vt
v Ø=Hut c ∈ R

÷�XZH�V4:ËO?¿2@yH`v�suFMs�9T>M:=9;:=�Ms/9?vx>.}_Hu��FI:xJ ó ã3h h=õ=ö½÷
a�v � :=J?tuFMLN:=J a H2��FP@Nv � :=J?t½FILy:=Jô>Mvxt2LyJ?HÊt vÙ>M>MsuHx×«<TFILy@NLN��s2HR9�vx>%XZ: � ��� ��
 ó ã3h 6 8=ö49;:=<?>
V�:ËO?su@NLN��H2> @yH2� FIvx<��PO�B LNJKFMs2> �½F ÷
Q`vÙJ?�%t2Hu�rt2vx�2×A@yH»Ø=HutuFMH2<?>PO?Hu�r9?vx>IvxV4¿uFM>MHu�%H2��FPOTH OTLNV4H2J?��LN:=Jbõbz θ = (b, β, c) ÷A\_JTH
� :=JTtuFILy:=J{OTH >IvxE;:xFIvxê=H]O?HZFkÛË9�HZYÔ< �ÙHuÛ �ä}_vxJ?J?LyJ?ê)vSs½FIs <TFMLN@yLN�MsuH«O?vxJ?�³@yH«t2vx�³O?H @CBDHu��FMLNV�vÙFIHu<?>
O?H '�¾?LáFMFM@NH`>MvxE�:ÙFIs ó QSvx¾?@N¾?vx<?�2×�ã/h 6 6Kö ÷
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	�� � ����� 
 � �,*

Y+:=<TF�O�BDvxE�:x>MO�×]O�vxJ?��@ B H2J?��H2V¼ET@NHx×i@yH2�±>�s2��<?@yFIvÙFI��9�:=<T>�@yHRV4:GOT¿2@NH�0 ��:=JKF¡V4H2Ly@N@NHu<?>M��ÌÅ<?H
tuH2<��Ê9�:=<T>`@NH¼V4:ËO?¿2@yH±ã=÷\_J?H¼H �G9?@NLyt vÙFMLN:=JÊ9;:=���MLNET@NHx×;�M<Tê=ê=s2>�s2H�9�vx>/è)HuJ?:=J��äX vÙFñvx@y:xF ��� ��
ó ã3h h hKö ×9;H2<TF!�½FI>�H4ÌÅ<?H�@yH�9�vx>IvÙV�¿½FI>MH{@NLNs¼vx<´J?:=V¼E?>�H�O?H�O?H2êx>Ms2�)O?H�@yLNE;H2>�FMs¼O�B <?J?H�@N:xLâO?H
jËFM<?O?HuJÅF.Hu��F.V�vx@;H2��FMLNV4sSV �2V4H`O�vxJT� @NH`t2vx� O�B :=E?��H2>pØxvÇFILN:xJ?�ALNJ?OTs29;H2J?O�vÙJÅFMH2�u÷ÖXZH2tuL�v¼O?säÚMv
s½FIs)>MHuV±vx>�ÌÅ<?s)O�vxJ?�.O?Hu�_vÙ9?9?@NLyt vÙFMLN:=JT� H2J ��J�vxJTt2Hx÷
Q`vÙJ?�Ó@ B H2J?��H2V¼ET@NHx×S@NH2�Ó>�s2��<?@yFIvÙFI�Óv ØxH2t @wvôV4suFM¾?:GOTH���O?H2<���9�vx�Ó>IvÙE�:xFMs2H�O?:xJ?J?H2JKF O?H
V4H2Ly@N@NHu<?>M��>Msu�M<?@áFñvÙFM�%ÌË<TH tuH2<��	:xETFIHuJË<T�Rv ØxH2t @NH2�PvÙ<TFI>�H2�PV�s½FI¾?:ËO?Hu�%suFI<TO?LNsuH2�2÷.Q_H 9T@N<?�
tuHuFMFMH¡V4suFI¾T:GO?H�9�Hu>MV4HuF{<?J�êKvxLyJ O?H±FMH2V49?�{@y:=>M��O?<�t vx@yt2<?@]JÅ<?V4s2>MLyÌÅ<?H¡O?H¡@CBDHu��FMLNV�vÙFIHu<?>ó suFñvÙ9�HrO?H»V4LNJTLNV4LN�IvÇFILN:xJ�O?HR@wv � :=J?tuFMLN:=J O?HRV�LyJ?LNV¼<TV�O?HRt2:=JKFI>Mvx��FMH»O?H '�¾?LyF�FI@yH�ö½÷ia�H
9�vÙ>IvxV4¿uFM>MH β Hu��F{FM:=<ÇÚ�:=<T>M�)H2�pFILNV4s�O?H#�Év��2:=J �IvÇFILN� �ÉvxLN�MvxJKFIHÙ÷+XZH29;H2J?O�vÙJÅF2×ÔtuH�JBDHu��F�9�vx��@NHt2vx�.9�:=<T>A@NH2�A9?vx>IvxV4¿uFM>MHu� b HuF c ��<?LyØÙvxJKFo@NH/V4:GOT¿2@NHSHuFo@wv{ØÙvx@yH2<?>AO?H ∆ tñ¾T:=LN��LNHx÷m+:=<?>)��J?Ly>2×=:xJ49;H2<GF«>�H2V�vx>MÌÅ<?Hu>cÌÅ<�B � ∆ ���TsÙ×K9?@N<T� n Hu��F]ê=>MvxJ?O�×=9T@N<?�c@yH2�cH2�pFILyV±vÙFMLN:=JT�³�M:=JKFV4H2Ly@N@NHu<?>MHu�ZH½F_@yH2�.s2t2vx>�F �hFkÛË9;H2�.9�H½FILáFI�2÷
�âLyJ�vx@yH2V4H2JKF ×Gt2H2�_>Msu�M<?@áFñvÙFM�oV4:=JKFI>�H2JKF_@wv�J?s2tuH2���MLyFMs{9;:=<?>o@ B H2�pFILNV�vÙFMLN:=J¡OTH2�oV�:ËO?¿2@yH2����Ø=:��
@NvÙFILy@NLyFMs«�pFI:Ëtñ¾�vx�pFILNÌÅ<?H ó HuJ�FMH2V49?�«tu:=JKFILyJË<�öcOBdv Ø=:xLN>i<?J±êx>IvxJ?O4J?:=V{E?>MH.O�BÅ:=E?��H2>pØxvÇFILN:xJ?�i�M<?>
<?J�@N:=JTê�LyJKFIH2>pØÙvx@N@yHAO?HoFMH2V49?� ó t2HoÌÅ<?LÖH2�pF �M:x<TØ=HuJÅFZ@NH.t vÙ�«O�vÙJ?�«@yH.O?:=V�vxLNJ?H.O?Ho@wv ��J?vxJ?t2H ö½÷
��� & � & �P�REGABSTCFEGAB:i�gV�C[X ST>PEGI�:=<?N < � Ap��� >�XJN��?HPNYAä�?<�A XJN,H-E�N V :�L?X <?N��

ST:=<S�,@�N�� STN,Ci� "3XJN ��N�XGEGAä�S� C���N,HYL_� N��WNPE @�N ��N�XJCi��N
a�H2�ÔV�:ËO?¿u@NH2���oØx:=@wvÇFILN@yLyFMsc��FI:Ëtñ¾�vx�pFILyÌË<TH O?s2tu>MLáFI�â9T>Ms2tus2O?HuV�V4H2JKFâ9�Hu<TØ=HuJÅF �½FI>�H«FI>�:=9¼>�H2��FM>MLyt �
FML � ��9;:=<?>�V4:ËO?s2@yLN�MHu>@yH2��O?:=JTJ?s2Hu� �?J�vxJ?tuLN¿2>�H2�u÷¤mâvx>�tu:=J?�MsuÌÅ<?H2JKF ×ÇLN@ÙH2�pF�9�:=���MLyE?@NH³OBDLyJÅFM>M:ËO?<?Ly>MH
<?JrH�"�HuFoO?LáFAO?H)@NH½Ø=Hu>Ivxê=H)O?H)@Nv��Év �2:=JP�M<TLyØÙvxJKFIH�z







dYt = σtdBt + ρdWt, Y0 = 0
dVt = b(θ, Vt)dt+ a(θ, Vt)dWt

Vt = σ2
t , V0 = η

ó ã=÷ 2Kö

:�� (Bt,Wt)
Hu��FÔ<?J{V4:=<TØxH2V4H2JKF+E?>M:3j.J?LyH2J���FñvÙJ?O�vx>�O{O?H

R2 × η <?J?HiØxvÙ>MLwvÙE?@NH³LyJ?O?su9�HuJ?O�vxJKFMHO?H (Bt,Wt)t≥0
× θ <?J�9�vx>IvÙV�¿½FI>MH]LNJTt2:=J?JÅ<��oH2�pFILNV4H2>+HuF ρ @ B H�"�HuFÔ@NH½Ø=Hu>Ivxê=H«�M<?9T9�:=��sZJ?suêKvÙFML �ä÷ó nSLNJT�MLZÌÅ<�vÙJ?O ρ Hu��F�suêKvx@�� 0 :=Jµ>�HuFI>�:=<TØxHr@yH¡V4:GO?¿u@NH�t2@wvÙ�M�MLyÌÅ<?H%O?s��?J?LAvx<�9�vÙ>Ivxê=>Mvx9?¾?H9?>�s2tus2O?HuJÅF2÷ ö

fk@�H2�pF!��JT:xFIHu>2×;ÌË<BDLyt2L ×�@CBDH "H½FS@yHuØxH2>IvÙê=H{Hu��F`LyJKFI>M:ËO?<?LáFot2:=V4V�H�O�vxJT� � vx>�J?O?:=> "��ke_LyH2@N��H2JrHuF
jG¾TH29?¾�vÙ>MO ó 07i iTã�ö½÷+XZH29;H2JTO�vxJKF�LN@cH �GLN��FMH�OBdvx<GFI>MHu� �Év��u:=J?��O?H4@NH��ÉvxLN>�H�H2J���<?9?9;:=�IvÙJÅF{9�vx>
H �THuV�9T@NH/ÌÅ<?H�@NH2�AOTH2<��rV4:=<TØxH2V4H2JKFI�.E?>�: j.JTLNH2JT� (Bt)

HuF (Wt)
�M:xJÅFotu:=>M>�s2@Nsu�AH2JKFI>�H�Hu<���÷

XZH/V4:GOT¿2@NH�� <TFALyJÅFM>M:ËO?<?LáFZ9�vÙ>�Z@wvxt�� ó ã/hKq72Kö ÷T[cJ ��J�vxJTt2Hx×Tt2H/9�vx>MvxV4¿uFI>�H ρ �MLyê=J?L �?HSÌÅ<�B <?Jvxtut2>�:=LN���MH2V4H2JKFo9;:=�MLáFIL ��O?vxJ?�.@wv¼Ø=:x@wvÙFMLN@NLáFIs_vx<?>Mv�<TJRH "H½F_JTs2êKvÙFML �+�M<T>_@yH/9?>ML(�%O?Hu�o�pFI:Ët��Å�2÷
XZ:=V4V4H49;:=<?>)@yH2��V�:ËO?¿2@yH2���rØx:=@wvÇFILN@yLyFMs¼��FM:Gtñ¾�vÙ��FILyÌÅ<?H�tu@wvx���MLyÌË<TH2�2×+LN@cHu��F{O?L �4t2Ly@NH�O?H�t vx@(�
tu<?@NHu>{H �G9?@yLNtuLyFIHuV�HuJKF{@Nv � :=J?t½FILy:=J O?H±ØË>MvxLN��H2V¼E?@NvxJ?tuHx÷ÔQSH¡9?@y<?�2×+@wvr��FI>�<?tuFM<?>MH%OT<�V�:ËO?¿2@yH
J?H49;H2>MV4HuF{9�vx��O�B suFIHuJ?O?>�H �Évxt2Ly@NHuV�HuJÅF�@yH2��>Ms2��<?@yFIvÙFI����FIvÙFILy��FMLNÌÅ<?H2��9�:x<?>�@CBDHu��FMLNV�vÙFILy:=JÓO?H2�
9�vÙ>IvxV4¿uFM>MH2�/:xETFIHuJË<T��O?vxJ?�)@NH�t2vx�/O?H2�)V4:GOT¿2@NHu�!�¡Ø=:=@NvÙFILy@NLyFMs��pFI:Ëtñ¾�vx�pFILNÌÅ<?HÙ÷�mâvx>/H �GH2V49?@NH
@yH2�)V�s½FI¾?:ËO?Hu��9?>�:=9;:=�MsuH2�{9?vx>¼è/H2JT:=J��pX vÇFñvx@y:xF ��� ��
 ó 07i i=õ=öS:=<�j��x>MH2JT�MH2J ó 07i i7iKö`J?s2tuH2� �
��LyFIHuJKF{@yH�t2vx@Ntu<?@iO?H�V4:=V4H2JKFI��O�B :=>MOT>MH±<TJ�:=< 9?@N<?��9;:=<?>�@NH2�)ØÙvx>MLNvxE?@yH2� (Zi)

÷âW`>�9�Hu< O?H
t2vx@Ntu<?@N��H �T9T@NLNtuLyFMH2���M:=JKF �ÉvxLN�MvxE?@yH2�2×âH �Gt2Hu9TFIsRO�vxJ?�4ÌÅ<?H2@yÌË<TH2�±t2vx�2÷]mÔvx>�H �GH2V49?@NHÙ×it2H2@Nv Hu��F



� Õ ���������	��
���������

9;:=�M��LNE?@yH±@y:=>M��ÌË<TH%@NH¡9?>�:GtuH2���M<?� (Zi)
Hu��F�<?Jµ9?>�:GtuH2���M<?��O?HPa�suØÅÛ�OB W`>MJT��FIHuLNJ��k\_¾?@yH2JÅE;H2t��ó � vx>MJTO?:=> " �äeoLNHu@N�MHuJ%HuFSjG¾?Hu9�vx>�O�× 07i iTã�ö½÷

m+:=<?>��Évxt2Ly@NLáFIH2>«@ B H2�pFILNV�vÙFMLN:=J¡OTH2�.9�vx>MvxV�¿½FI>�H2�2×�:xJr��<?9?9;:=�MH�ÌÅ<?H�@NH/9?>�:GtuH2�M��<?�SJT:=JP:=E?�MHu>�Øxs
Hu��F�<?J?H4O?LN��t2>�suFILy�IvÙFMLN:=J (Vi)

OTH4@Nv%O?L "�<?�MLy:=J´t2:=JKFMLNJÅ<?H (Vt)
÷�a�H2��:=E?��H2>pØxvÇFILN:xJ?� (Zi)

�M:=JKF
vx@y:=>M�iO?HS@wv � :=>MV4H Zi = F (Vi, ri)

:�� (ri)
H2��F <?J?HS��s2ÌÅ<?HuJ?t2H)O?H_O?LNV4H2J?��LN:=J 0�OTHSØÙvx>MLNvxE?@NHu�

LC÷DLC÷DO�÷GO?H)@N:=L�J?:=>�V±vx@yHx÷
fk@`Hu��F � J?:ÙFIH2>%ÌÅ<?H´@yH2�¡V4:GOT¿2@NHu� � Ø=:=@NvÙFILy@NLáFIsP��FM:Gtñ¾�vÙ��FILyÌÅ<?H´V�H2vxJ��k>�HuØxH2>�FMLNJ?ê�HuJbFIH2V49?�
tu:=JKFILNJÅ<�9�Hu<TØ=HuJÅF �uFM>MHZ:xETFIHuJË<T�ât2:xV�V4H]vx9?9?>�: �GLyV±vÙFMLN:=J/OTH«O?L "<T�MLN:xJ?��O?HZV4:GOT¿2@NHu��O?LN��t2>MH½FI�
O?H/FkÛË9;H�nS^AX } ó e_Hu@N��:=J�×�ã3h7h iKö½÷�XSBDHu��F_@NH/t vÙ�oHuJR9?vx>�FMLNt2<T@NLNHu> O?<PV4:GO?¿u@NH/s½FI<?O?Lys/@N:=>��AO?H2�
��LNV¼<?@NvÙFILy:=J?�«O�vxJ?�.@NH/9?vx>Ivxêx>Ivx9?¾TH/9?>Msut2s2OTH2JKF ×;ÌÅ<?L�9�Hu<TF�uFM>MH)ØG<rt2:xV�V4H`@ BDvx9?9T>M: �GLNV�vÙFILy:=J
O�B <?JrV�:ËO?¿u@NH)è/n`^AX } ó ã=×�ã�ö½÷
fk@��MHuV¼E?@yH�ÌÅ<?H�9�Hu<»O?H)FI>Mv ØxvÙ<��RvxLNHuJKFSs½FIs!�ÉvxLyFM�o��<?>o@NH2�oV4:GO?¿u@NHu�A@NHuØxH2>Mvxê=Hx÷ � vxtuÌË<TLNH2> ��� ��
ó 07i i7.Åö :=JKFS<TFILy@NLN��s)O?H2�`V4suFM¾?:ËO?H2�_O?H�|R:=JKFMH �pX vÙ>M@N:�E�v Û=su�MLNHuJ?J?Hu�/O�vxJ?�`@yH�t2vx�S9?vx>�FMLNt2<T@NLNHu>
O?H4V4:GO?¿u@NHu��@y:=ê��kJT:=>MV�vx@N�u×tÙBDHu��F ��� �kOTLN>MH�ÌÅ<?H ln σ2

i = a + b ln σ2
i−1 + cεi

÷ ó fk@]Hu��F �RJ?:xFMH2>
ÌÅ<�B LN@y�At2:=J?��LNO?¿u>MHuJÅFoÌÅ<?H�@NHu�AO?H2<��r��s2ÌÅ<?HuJ?t2Hu�SO?H)E?>�<?LyF.E?@NvxJ?t/��:=JKF_tu:=>M>�s2@ys2H2�u÷ ö
a�H/V4:GO?¿u@NH/s½FI<?O?Lys z
W`J��2B LNJKFIsu>MHu�M�MH´FI:x<ÇÚ�:=<?>��Pvx<�t vx�PO?Hu�rV4:ËO?¿2@yH2�¡V4H vxJ �k>MH½Ø=Hu>�FILyJ?ê?÷Za�H´V4:GOT¿2@NH»t2:=J?��LNO?su>Ms
�uBDsut2>MLáF ×?9;:=<?> i ≥ 1 ×







Zi = σiri + ρεi

Vi = αβ∆ + (1 − α∆)Vi−1 +
√

∆a(Vi−1)εi, V0 = η
Vi = σ2

i

ó ã=÷dq=ö

:�� (ri)
H½F (εi)

��:=JKF+O?H2<��/�Ms2ÌÅ<?HuJ?t2Hu�âO?H³ØÙvx>�LwvxET@NH2��vx@Ns2vÙFI:=Ly>MHu�O?Hi@N:xL N (0, 1) LyJ?O?su9�HuJ?O�vxJKFIHu�H½F�LNJ?O?su9�HuJ?O�vxJKFMH2��O?H V0
÷ a H2��F4<?JTH�� :=J?tuFMLN:=J�>�s2Hu@N@NH±9�:=��LyFMLyØ=H±9�:=<GØxvÙJÅF�OTs29;H2J?O?>�HPO�BD<TJ9�vÙ>IvxV4¿uFM>MHÊLyJ?t2:=JTJË<�J?:ÙFIs c ÷ α, β H½F ∆ �M:xJÅFP��<?9?9;:=�Msu�R9;:=��LyFIL � � �]HuFPH2J ��J�vÙJ?t2H ρ H2��F��<?9?9;:=�Ms)J?suêKvÙFIL � ó 9�:x<?>.v Ø=:=Ly>A<?JRH "H½Fo@NHuØxH2>Mvxê=H�ö ÷

jGHu<?@�@NH/9T>M:Ët2H2���M<?� (Zi)
Hu��Fo:=E?��H2>�Øxsx÷

jG:x<?�¡O?HÊtuH2>pFñvxLyJ?H2�¡¾KÛË9;:xFI¾?¿u�MHu�2×A9?>�s2t2Ly�MsuH2�Pvx<�XZ¾?vx9?LyFM>MH 8G×Z@yH2�±9T>M:Ët2H2���M<?� (Vi)
HuF (Zi)�MvÙFILy� � :=JKF.O?H)E;:=J?J?Hu�o9T>M:=9?>�LNs½FIs2�u÷

¬�Ä¤æ ^+ÄÇÆÉÏKÁ�Ï * ² *
(Vi)

����� 
 = �-	�!.,� �P��� ����	 �8� � � �
���M���8���C� "��� ��� ��	 � ��� ���C"��	�	 �
�� � �'� 
N� �C"��	
� ��H�� (�� R �M�
� ��� � �
	 � ��	$����� ��	 � � = ��� �
� �	� (�
 � � 
N� ��6 (Vi)

����� ���C2-�,�
!.,� � ��� α %���0�
 �
	-2 � �
	 ��
�����/� ��� ��� �� �� ��	 ���/�-0����������� �
	 � � D ����	 ��	 �C ��
 
 ��� ��	 � ��������� (� � �����'� ������� � (Zi)
�������-	 ����� ����	 � � � � �
�����>� �-����0 � ��� �����30"2 ��
 ��� ��	 � ���C� "��� ��� ��	 �<��� �
%

�!"��	�	 �
�� ��6	���C2-�,�
!.,� � ��� α %���0�
 �
	-2 � �
	 ���
�����5� ��� ��� �� �� ��	 � �5�-0����������� �
	 �	� D ����	 ��	 �C ��
 
 ��%
� ��	 �;��������� (

a�H2��V4:ËO?¿2@yH2�{V4H vÙJ��k>�HuØ=Hu>�FMLNJ?êÓ�MvxJ?��H�"�HuF¼@NHuØxH2>Mvxê=H%H2J�FMH2V49?�¼t2:xJÅFMLNJÅ<µ9�Hu<TØ=HuJKF �½FI>�H¡ØG<
tu:=V�V4H <?J?H�vx9T9?>M: �GLNV�vÙFILy:=J	O?H O?L "<?��LN:=JT�»O?H V4:ËO?¿2@yH2�rO?LN��t2>MH½FI�ÊOTH�FkÛË9�H nS^AX }�:=<
è/n`^AX }�÷ QSHÓ9T@N<?�u×Z@NHu�¡V4:GO?¿u@NHu�±suFM<?O?Lys2�%�M:xJÅF¡��FI>�LNt½FIH2V4H2JKF%�pFñvÙFMLN:=JTJ�vxLN>�H2��HuF �ÉvxtuLN@NHu���
��LNV¼<?@yH2>u÷Ga�v¼V4suFM¾?:GOTHStñ¾?:=Ly�MLyHSLNtuL9;:=<?>«H2��FMLNV4H2>«@NH2�Z9�vx>IvÙV�¿½FI>MHu� H2�pFA<?J?H/V4suFM¾?:ËO?HSO�B LNJ�� s �
>�H2J?tuH�LyJ?O?Ly>MH2t½FIH ó è):=<T>MLNHu>M:=< � ���	��
 ó ã3h h=õKöZH½F_è�vÙ@N@wvÙJÅFZHuFoYÔvx<?tñ¾?HuJ ó ã/h h 2Kö�ö½÷



� � � ��� ��� ��� � � ����
�� ��� ��� � � ��� ����� 
 ���� � � ������� � � ��� � � � � � ���	�
	�� � ����� 
 � ���

n_LNJ?��L�@ B H2��FMLNV�vÙFILy:=J¼O?Hu�«9?vx>IvxV4¿uFM>MHu�]Hu��F]E�vx��s2H_�M<?>i@ B LNJKFM>M:ËO?<?tuFMLN:=J�OBD<?J�V�:ËO?¿u@NHAvx< �TLy@NLNvxLN>�H
9;:=<?>A@yH2ÌÅ<?H2@�@Nv � :=J?tuFMLN:=J%OTH�ØË>IvÙLN�MHuV¼E?@NvxJ?t2H/Hu��F�ÉvxtuLN@NHuV�HuJKFAt vx@yt2<?@NvxE?@yH`t2:=JKFM>IvxLy>MH2V4H2JKFovx<
V4:GOT¿2@NHSsuFI<TO?LNsÙ÷
a�v�V�s½FI¾?:ËO?H/�pFñvÙFMLN��FMLNÌÅ<?H/H½F_@yH/V�:ËO?¿u@NH/vx< �TLy@NLNvxLN>�HS9?>�:=9�:x�Ms z
QSH!�Év��u:=JRJ?vÙFI<?>�H2@y@NHx×T:=J»v�H2JKØËLNH�O?H�tñ¾?:=Ly�MLN>A<TJ»V4:GO?¿u@NH)vx< �TLy@NLNvxLN>�H`vx���MH 	��MLyV�9T@NH/HuF_v ÛKvÙJÅF
O?Hu�³�MLyV�Ly@NLáFI<?O?Hu�+v�ØxH2tA@yH«V4:GOT¿2@NH«suFM<?O?LNsÙ÷ÙfktuL ×Ç9�:x<?>â@yHZV4:GO?¿u@NH]O?s��?J?L?H2J ó ã=÷dq=ö½×Ç:=J¼>�H2V�vx>MÌÅ<?H
ÌÅ<?Hi@N:x>M�MÌÅ<?H ρ Hu��F+s2êKvÙ@ � iT× Zi

HuF+@NH³OTs2E?<TF+O?<)9?>�:GtuH2���M<?� (Vi)
��:=JKFÔ@yH³O?suE?<TF+O�B <?J)9?>M:Ët2Hu�M�M<T�

è/n`^AX }�÷;W`JRv�O?:xJ?t)tñ¾?:=LN��L�t2:=V4V4H/V�:ËO?¿2@yH/vx<��GLy@NLwvÙLN>MHo<?J»è)nS^AX } ó 0G×�ã¤ö ×?txB H2�pF � � �kO?Ly>MH
{

yi =
√
hiνi

hi = ω0 + ω1y
2
i−1 + ω2hi−1 + ω3hi−2

ó ã=÷ 6Kö

v Ø=Hut (νi)
LC÷DLC÷DO�÷ N (0, 1) � ω0 > 0 HuF 0 ≤ ω1 +ω2 +ω3 < 1

ó 9;:=<?> v�Øx:=LN>«@ B H �GLN�pFIHuJ?t2H`OBD<?JTH
��:=@N<TFMLN:=JPvÙO?V�H½FMFIvxJKF.<?JRV4:=V4H2JKFAO�B :=>�O?>MHW0=ö ÷
W`J%9?>�H2J?Orvx@y:=>M�«t2:=V4V�HSt2>MLáFI¿u>MH/vx< �TLy@NLNvxLN>�Ho@Nv � :=J?t½FILy:=J¡O?H/@y:=ê��hØË>MvxLN��H2V¼E?@NvxJ?tuH_tu:=J?O?LáFILN:xJ��
J?Hu@N@yH/vx�M��:GtuLNsuH�vÙ<»è/n`^ X } ó 0Ë×�ã¤öSz

Qn(yn, ω) =
1

n− 1

n
∑

i=2

(

ln(hi) +
y2

i

hi

) ó ã=÷ hKö

[cJrV�LyJ?LNV4LN�MvxJKFZ@yH/t2>MLáFI¿u>MH�ã=÷ hT×?:=Jr:=ETFMLNHuJÅF.<TJRHu��FILyV±vÇFIH2<T> ω̂n = arg max
ω∈Ω

Qn(Zn, ω) ÷
XZ:=V4V4HZ@NHZê=>IvxOTLNH2JKFâO?HA@wv � :xJ?tuFMLN:=J Qn

Hu��Fit vÙ@Nt2<T@wvxE?@yH«OTH&�Év��2:=J�H �G9?@NLyt2LyFMH ó 9�vx>³LáFIs2>MvÙFILy:=JÖö ×
:=J{vStñ¾?:=Ly�MLËO�B <TFILy@NLN��H2>�@ B H2�pFILyV±vÙFMH2<?>+O�B LNJ�� su>MHuJ?t2H«LNJ?O?Ly>MHutuFÔ9?>M:=9;:=��sZ9�vx>³è�vÙ@N@wvÙJÅF+H½F³YÔvx<?tñ¾?HuJó ã3h h 2KöiHuF.ÌÅ<?L�Hu��Fovx�pÛËV�9TFM:xFILyÌÅ<?H2V4H2JKFAsuÌË<TLyØÙvx@NHuJKF��t2H2@y<?L9T>M:=9;:=�Ms/9?vx>.è/:=<?>MLyH2>�:=<�� ���	��
ó ã3h h=õKö ÷¤[cJ�H�"�HuF ×Çt2Hu@wvo9�Hu>MV4HuF³OBdv Ø=:xLN>â<TJ?HZ��H2<?@yHZsuFIvx9;HZO?H V4LNJTLNV4LN�IvÇFILN:xJ/vx<{@yLNHu<{O?H«O?H2<���÷
fk@�Hu��F_E�vx��s���<?>.@wv � :=JTtuFILy:=JP�Mtu:=>MH)HuFoO?s ��J?L�t2:xV�V4H`�M<TLyF)z

θ̂n = arg min
θ∈Θ

∂QnH

∂ω′ (z̃nH(θ), ω̂n)Σn
∂QnH

∂ω
(z̃nH(θ), ω̂n)

:�� Σn
H2�pF%<?J?H»V±vÙFM>MLyt2HRvx@Ns2vÙFI:=Ly>MHPO?s ��J?LNH»9�:=��LyFMLyØ=HRHuF±t2:=JKØ=Hu>Mê=H2vxJKFPØ=H2>��%<?J?HÊV�vÙFM>MLNtuH

O?s½FIHu>MV4LNJ?Ly��FIH Σ s2ê=vx@NHuV�HuJÅF.OTs���J?LyH)9�:=��LyFMLyØ=HÙ÷QSHP9?@y<?�2× z̃nH(θ) = {zi(θ), i = 1, ..., nH} H2��F�<?J?H%FM>Iv¤Ú�HutuFI:xLN>MH%��LNV¼<T@Ns2H%OT<"9?>�:GtuH2���M<?�s½FI<?O?Lys/O?H)O?LNV4H2JT�MLN:xJ nH ó H ≥ 1 ö ÷
jG:x<?�ZtuH2>�FIvxLNJTH2�Z¾KÛË9;:xFI¾?¿u�MHu� ó 9?>�s2t2Ly�MsuH2����@wv���H2t½FILN:xJ¡õ{O?<%XZ¾�vx9?LáFI>MH�8=ö × θ̂n

H2�pF <?J¡Hu��FMLNV�v �
FMH2<?>/tu:=J?�MLy��FIvxJKF)O?H θ0 ÌË<?vxJ?O n FIHuJ?O ØxH2>�� +∞ H½F/t2:=JKØxH2>MêxH±vx�pÛËV�9TFM:xFILyÌÅ<?H2V4H2JKF/HuJ @y:=LØxH2>M�o<?J?H)@y:=LJ?:x>MV�vx@NH ��@Nv�ØËLáFIH2���MH √n ÷
Q{BDvx9?>�¿2�³@NvSmc>M:x9?>MLysuFIs_ã=÷áã=×ÙO?vxJ?�³@yHZt vÙ�âO?<�V4:GOT¿2@NH]suFM<?O?Lysx×Ç:=J�9�Hu<TFcvÙ9?9?@NLyÌÅ<?H2>Ô@NHiFI¾?su:=>M¿uV�H
Hu>Mê=:ËO?LNÌÅ<?H{HuF/<?JÓFM¾?s2:=>�¿2V4H¼t2HuJKFI>IvÙ@NH¼@yLNV4LyFIH)9;:=<?>`@yH2�`9T>M:Ët2H2���M<?� α �hV�su@wvxJTê=H vxJKF ó }_vx@N@+HuF}oHuÛËO?Hx×_ã3h 6 i=ö½×c9;H2>MV4HuF�FñvxJKF¡vxLNJ?��L.O?HRØxs2>ML ��H2>4FI:=<GFIH2��@NHu��¾KÛË9�:ÙFI¾?¿u�MH2�%JTs2t2Hu�M�MvxLN>�H2�%9;:=<?>
v Ø=:xLN>A@wv¼tu:=J?��LN��FIvxJ?tuH�H½F.@wv�t2:=JKØxH2>MêxH2J?tuH{H2Jr@N:xLO?H)@ B H2�pFILyV±vÙFMH2<?>ZO�BDLyJ�� s2>�H2J?tuH�LyJ?O?Ly>MH2t½F ÷
jGLyV¼<?@NvÙFILy:=J?� z



� f ���������	��
���������

�âLyJ�vx@yH2V4H2JKF�O?H2���MLyV¼<?@wvÇFILN:xJ?��:=JKF¡s½FIs �ÉvÙLyFIHu��9;:=<?>4suFM<?O?LyH2>4@wv´9�Hu> � :=>�V±vxJTt2HrO?H»tuHuF¡Hu� �
FMLNV�vÙFIHu<?>�v Ø=H2tR@NHu��O?Hu<��"V�:ËO?¿u@NH2��O?s ��J?Ly�±9?>�s2t2suO?H2V4V4H2JKF ÷«\_J FI>M:xLN�MLy¿2V4H%V�:ËO?¿u@NHrv Ø=H2t
a(x) = cx0.7 v�suêKvx@yH2V4H2JKF.suFMs�s½FI<?OTLNsx÷
a�H2�.9�vÙ>IvxV4¿uFM>MH2� β × ρ HuF c �M:xJÅFoE?LyH2JPH2�pFILyV�su�2÷ÖmÔ:x<?>.@NH2�.V4:GOT¿2@NHu�/ã)HuF_õT×?@yH/9�vx>IvÙV�¿½FI>MH αHu��FAO?L �4t2LN@yH��{H2�pFILNV4H2> ó FM:=<TF tu:=V4V�H �{@wv��MHutuFILy:=J%9?>�s2t2suO?H2JKFMH/9�:=<T>Z@ B H2�pFILyV±vÙFMLN:=J�9�vÙ> <?J?H
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:=Jb9;:=<?>�>IvxLáF¡s½FI<?O?LyH2>¡@yH2�¡V4:ËO?¿2@yH2�%v Ø=HutÓ<?J?H � :=JTtuFILy:=J a O?HÓ@wv � :=>MV4H a(x) = cxγ :��
γ ∈ (1

2
, 1) �MH2>MvxLyF.<TJr9?vx>IvxV4¿uFM>MH/LyJ?t2:=JTJË< ��H2�pFILNV4H2>u÷Q{BDvx<TFM>MH¡9?vx>�F2×âLN@]�MHu>IvxLáF�LNJKFMs2>MHu�M�MvxJKF ×³9;:=<?>¼V4LNHu<�� 9?>MHuJ?O?>�H%H2Jµt2:=V49TFMH¡@wv»�pFI>�<?tuFM<?>MH%O?<

V4:GOT¿2@NH/@yHuØxH2>IvÙê=Hx×�O?H�tñ¾?:=Ly�MLy>At2:=V4V�H)V4:GOT¿2@NH)vÙ<��GLN@NLNvxLN>�HS<?JrV4:GO?¿u@NH�è/n`^AX }�J?:=Jr9�vx>Mv �
V4suFM>MLNÌÅ<?H{t2HuF�FIH�� :=Ly� �ktuL ×�O?H�O?s��?J?LN>/<?J t2>�LyFM¿2>MH�vÙ<��GLN@NLNvxLN>�H�H½F)O�B suFI<TO?LNHu>/@NH�t2:xV�9;:=>�FMH2V4H2JKF
vx�pÛËV�9TFM:xFILyÌÅ<?H/O?H2�oH2�pFILyV±vÙFMH2<?>��.vxLNJT�ML�:=EGFIH2JÅ<?�u÷
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a�H`O?Hu>MJ?LyH2>Atñ¾�vÙ9?LyFM>MH`Hu��F.t2:xJ?�Ivxtu>Ms��¼@ BDvxJ�vÙ@yÛË�MH`OT<%O?suFMH2>MV4LNJTLN�MV4HSêxs2J?s½FILNÌÅ<?H/OTH2�ovx9?9�vÙ>MLNH �
V4H2JKFI�.O?H�tñ¾?>�:=V�:x�M:=V4H2�.tñ¾?H�	{O?Hu�_¾�vÙ9?@N: � O?H2�.O?H�t2:x@ 	 vG÷;XZH�FM>Iv ØÙvxLN@�v�suFMs�tu:=V4V�HuJ?t2s)@N:x>M�
O?HAV4:=J��pFñvxê=HZO?HoQ`[cn�v�ØxH2t_jËÛË@yØËLyHA}_<?H½FiHuF]}oH2>�Øxs_|R:=J?:ËO�O�vxJ?�c@CBD<?JTLyFIsA|RfknbO?HA@ B fäeS^.n
O?H � :=<GÛ��hH2J�� � :=�IvÙ�2÷
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FIvxLNJ�J?:=V¼E?>�H_OTH`tñ¾?>M:xV�:=��:=V4H2�Z¾T:=V�:x@N:=ê=<TH2JKF]�2BDvx9?9�vx>�LNHuJÅFZHuFA@yH2�«vx<TFM>MH2�u×TO?LáFI�«<?J?LyØÙvx@yH2JKFI�u×
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QSHu<��Rvx>pFILNtu@NHu� �M:=JKFo9�vx>�<?�.HuF� :=JKFo@ B :=EËÚ�H½F.O?H)t2H)tñ¾�vx9?LáFI>�Hx÷
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V4LNJ?LyV�HcH½FcLNJ�� s2>MLyH2<?>Ôvx<���H2<?Ly@ ÷Ç[cJ�H�"�HuF ×Ù9�:x<?>³@NH]V�v��h�Ô9�vx>âH �GH2V49?@NHÙ×xO?Hu�³suFM<?O?H2�c��<?ê=ê=¿u>MHuJÅF
ÌÅ<�B LN@ÔH �GLN�pFIH�O?<´9;:=@N@yH2JRØËLNvxE?@NH{�M<?��t2H29GFILNET@NH¼O�B��uFM>MH�FI>MvxJ?��9�:=>pFIs¼9;H2JTO�vxJKF)@wv)Ú�:x<?>MJ?suH#�¡O?H2�
O?Ly��FIvxJ?t2Hu�.O?H)ÌË<TH2@NÌÅ<?Hu� �ÅLy@N:=V4¿uFM>MH2�u÷
|»vÙLN�]ÌË<TH2@�FIvx<��±O?H �½9�:=@y@N<TFMLN:=J �ZO?HSFI>MvxJ?��ê=¿2J?Hu� H2�pF.vxtut2H29GFñvxE?@yHS9;:=<?>«@NH2�«t2:=JT�M:=V4V±vÇFIH2<T>M�
H½F.@ B H2JKØËLN>M:xJ?J?H2V4H2JKF �
Q`vÙJ?�At2H/tñ¾�vÙ9?LyFM>MHx×GJ?:=<?�AJT:=<?�ALNJKFMs2>MHu�M��:=J?���¼@wv{V4:ËO?s2@yLN�IvÇFILN:xJ�O?< ��< �%O?H/9;:=@N@yH2J�O?H/V±v �h�
HuJRV4LN@yLNH2<�¾?:=V4:=ê=¿uJ?Hx×?tÙBDHu��F
��O?LN>�H ��@CBDsutñ¾?H2@y@NH/O�B <?J?H)9�vx>�t2Hu@N@NHÙ÷
eo:xFI>�HS:=EËÚ�HutuFML ��H2�pF.O�B H2��FMLNV4H2>«<?J?H`ÌÅ<�vxJKFML ��t2vÙFILy:=J �u>�:=E?<?�pFIH �SOTH`@wv�O?LN��9�Hu>M�MLy:=J¡O?<%9;:=@y@NH2J×
tÙBDHu��F ��� �kOTLN>MH{<?J?H�ÌÅ<�vxJKFIL ��t vÙFMLN:=J´J?H�O?su9�HuJ?O�vxJKF�9�vx�)O?< O?Ly�M9;:=�MLáFIL �iH �G9�su>MLNV4H2JKFIvx@³<TFMLN@NLy�MsÙ÷
XZHu@wv�J?:=<?�.9;H2>�V�H½FMFI>Mv�vx@N:=>��AO�B <TFILy@NLN��H2> @yH2�A>�s2�M<T@yFñvÇFI�.:=ETFMH2JÅ<?�o9�:=<T>A<?JRtñ¾?vxV�9Rv ÛKvxJKF_<?J?H
tu:=J���ê=<T>IvÙFMLN:=J%O?L "su>MHuJÅFMH)HuFoO?:=J?t)O?H)9;:=<TØx:=LN>AH "HutuFI<TH2>oO?H2�.9?>�s2O?LytuFILy:=J?�u÷
a�H)9?@N<T�o��:=<TØxH2JKF ×;@NHu�oH �G9�su>MLNV4H2JKFIvÙFIHu<?>M�.FI>Mv�ØÙvxLy@N@yH2JKF.v Ø=Hut�@Nv�� :xJ?tuFMLN:=JPO?H�O?LN��9�Hu>M��LN:=JPê=@y:��
E�vÙ@NH´O?<	9�:=@y@NHuJ	ÌÅ<?L�>MHu9?>Msu�MHuJÅFMH @wv�9?>�:=E�vxETLN@NLáFIsÊÌÅ<�B <?J?H 9?@wvÙJÅFMH´9�:=���M¿uO?H�@yH´FM>IvxJT�Mê=¿uJ?Hx÷
XZH½FMFIH � :xJ?tuFMLN:=JÊHu��F)V4H2��<?>IvxET@NH¼��<?>/@NH�FIH2>�>IvxLyJÓO?H�V�vxJ?LN¿u>MH��MLNV49?@yH �¡@CBdvxLyO?H{OTH�t vx9TFMH2<?>��2÷
XZHu9�HuJ?O�vxJKF ×Ët2H½FMFMH�� :=JTtuFILy:=J4O?s29;H2J?O±E�H2vx<?t2:x<?9±O?<�O?LN��9�:x�MLyFML ��H �G9;s2>MLyV�HuJKFñvx@�<TFMLN@yLN�MsÙ÷ÅXSB H2��F
9;:=<?>�ÌË<T:=LKJ?:=<?�Ôvx@y@N:=J?��FM>Iv ØÙvxLN@y@NHu>�M<T>Ô@Nv�� :xJ?tuFMLN:=J)O?H]O?LN��9�Hu>M��LN:=J�LNJ?OTLyØËLNO?<TH2@N@yHx×½>MHu9?>Msu�MH2JKFIvxJKF
@Nv¼O?LN��9�Hu>M�MLy:=J%H �4t2vxt2H�O?<r9�:=@y@NHuJ¡HuF_v ÛKvxJKFo@ BDv ØÙvxJKFñvxê=H/OTH�JTH/9�vx�.O?s29;H2JTO?>MH�O?<rO?LN��9�:=��LyFML �ó :=<%FI>M¿u�.9�Hu<Öö½÷
fk@.H �GLy��FIHR9?>MLyJ?t2Ly9�vx@yH2V4H2JKF4O?H2<�� �Év��u:=J?��9�:=<T>�V4:GOTs2@NLy�MHu>�@wv � :xJ?tuFMLN:=J O?H»OTLN�M9;H2>��MLy:=JôLyJ��
O?LáØËLNO?<?Hu@N@yHx÷ca�v´9?>MHuV�Ly¿2>MHÙ×cO?LyFMHRHuV�9TLN>MLyÌÅ<?Hx×³tu:=J?��LN��FMH �´t2:=JT�MLNOTs2>MHu>�OTH2� � :xJ?tuFMLN:=J?�4v ÛKvÙJÅF
<?JTHRH �T9T>MH2���MLy:=J�V�vÙFI¾?suV±vÇFILNÌÅ<?H �u��LNV49?@NH��Êz � :xJ?tuFMLN:=J?��H �T9;:=J?HuJKFILNHu@N@yH2�4J?s2êKvÇFILyØxH2�u× � :=JTt �
FMLN:=J?�S9?<?LN���IvxJTt2H2��O?sut2>M:xLN�M�MvxJKFIHu��:=< t2:xV�9?>�:=V4LN�SHuJKFI>MH�tuH2��O?H2<�� � :=J?tuFMLN:=JT� ó � @NHuLNJ 07i i7iT×
eo<?>MV4LNJ?LyH2V4L ��� ��
Ëã3h h76Kö½÷xXZH2� � :=J?t½FILy:=J?�³��:=JKF«Ly�M:xFM>M:=9;H2�âO?:=J?t.vxO?vx9TFIsuH2� �/O?Hu�cO?LN��9�Hu>M�MLy:=J?�
9;:=�M��s2O�vÙJÅFotuHuFMFMH�9T>M:=9?>�LNs½FIsx÷
fktuL ×ÅJ?:=<?�]J?:=<T�ZLNJKFMs2>MHu�M��:=J?� <?JTLNÌÅ<?H2V4H2JKF ��@Nv�V4:GOTs2@NLy�IvÙFMLN:=J�OTLyFIH �uV4s2t2vxJ?LN�pFIH��)zË:=J±tu:=J?��L �
O?¿u>MH/ÌÅ<?H/@yHSê=>MvxLNJ¡OTH`9�:x@N@NHuJ¡H2�pF.<?J?H`9?vx>�FMLNt2<T@NHS��:=<?V4LN��H �¼<?J%tñ¾�vxV49%O?H � :=>�t2H`@y:=>M�«O?H/�Iv
FM>Iv¤Ú�HutuFI:xLN>MH{HuF�<?J´FIH2V49?�/O?H�� sut2:=J?O?vÙFILy:=JÓH2�pF�LyJKFI>M:ËO?<?LáF ×�>MH29T>Ms2��H2JKFñvÙJÅF�@NH¼FMH2V49?�/O�BDvx>M> �uF
O?H�@wv�FI>Mv¤Ú�H2t½FI:=Ly>MH�@N:=>��_O?H�@wv�9�:x@N@NLyJ?LN�MvÙFILy:=J�÷?XZH2@wv49�Hu>MV4HuF_O?H{9T>MH2JTO?>MH¼HuJÊt2:xV�9TFMH�@yH�9T¾?s �
J?:xV�¿uJ?H`O?H)O?Ly�M9;H2>M��LN:=J%O?vxJ?�A<?J?H/OTLN>MHutuFMLN:=J%O?:xV�LyJ�vxJKFIH ó t2Hu@N@NHSO?<%Ø=H2JKFñöA9;:=<?>Z@NH`V�v��h�u÷Tn
9�vÙ>�FILy>iO�BD<TJ?HSH �T9;s2>�LNHuJ?t2H`>�s vx@yLN��s2H.9�vx>«@ B noè�m]| ó nS���M:Ët2LwvÇFILN:xJ¡è/s2J?su>Ivx@yH_OTH2� mc>�:GO?<TtuFIHu<?>M�



f-f � � 
��� ��� � � � ���  � � � � ��� ��
�� 
�� ���  � ��� � � � � 
 � � � ��
 	 � 
 ��� � � �

O?H�|»v �h�ñö ×?J?:=<T�_v Øx:=J?�o9?<RHu�M�Mv�ÛxH2>_9?@N<?��LNHu<?>M�AV4:GOT¿2@NHu�AV�sut vxJTLN��FMH2�.HuFo9�vÙ>IvxV4suFM>MLNÌÅ<?Hu�2÷
Q`vÙJ?�³<?J¼9T>MH2V4LNHu>ÔFMH2V49?�2×ÇJ?:=<?�³v�Øx:=J?�)�ÉvxLáF+O?H2�c¾KÛË9�:ÙFI¾?¿u�MH2�c��<?>³@yHZV4:GO?¿u@NH]V±vÇFI¾?suV±vÙFMLNÌÅ<?HÙ÷
[cJ�H "H½F ×+@NHu��:=ET�MH2>pØÙvÙFILy:=J?��>Ms2��<?@yFIvxJKF{OTH±@ B H �G9;s2>�LNH2JTt2H±>�H29?>�s2��H2JKFIHuJÅF¼<?J?H±9T>M:=9;:=>�FMLN:=J O?H
ê=>MvxLNJT�{O?H¡V�v�� �{E?@yH2<?�¼9;:=<?>{@NH2�{s29?Ly�¼s2tñ¾�vÙJÅFMLN@y@N:=J?JTs2�2÷³XZHuF�FIH%9?>�:=9�:x>�FILy:=J�Hu��F�>�H2@NLys2H �»@wv
O?Ly�M9;H2>��MLN:xJ�H���t2vxt2H ��@ BDvxLyO?H.O�BD<TJ¡ÌÅ<?:xFILyH2JKF OTH_9?>�:GOT<?LyFM�«O?H_t2:=JKØx:=@N<TFMLN:=J�9�vx>]@NHu� � :=>�V¼<?@yH2�
O?s ��J?LyH2�.H2J ó õT÷áã¤öZH½F ó 0G÷10=öZHuFoLNJKFM>M:ËO?<?LyFMH2� 9?vx> � @yH2LyJ ó 07i i7iKö½×GYÔ<�� FM: ���	��
 ó ã3h h72Kö½÷
� @NHuLNJ ��� ��
 ó 07i i=õKö³v ØÙvxLyH2JKF �ÉvxLyF³@ B ¾ÅÛË9;:xFI¾T¿2�MHoÌÅ<?Hot2H2�]9?>�:=9�:x>�FILy:=J?�³��<?LyØÙvxLyH2JKFi<?J?Ho@N:xL?E?LNJT:��
V4Lwvx@yHx÷x|»vxLy�]@Nv`t2:=V49�vx>MvxLN��:=J4v Ø=H2to@NHu�iO?:=J?J?suH2�]V�s½FIsu:=>M:=@y:=ê=LyÌË<TH2�³J�B suFIvxLyF]9�vÙ�]tu:=J?tu@N<�vxJKFMHx÷
Q`vÙJ?�.t2H`FI>Mv ØxvÙLN@ ×GJ?:=<?�ALyJKFI>M:ËO?<?Ly�M:=JT�AO?:=J?t/<?Jr9�vx>MvxV4¿uFI>�H`O?H)O?Ly�M9;H2>M��LN:=JPv ��JROTH/9?>MHuJ?O?>MH
HuJÓt2:=V49TFIH{@wv±tu:=>M>�s2@wvÇFILN:xJÊO?H2�/êxs2J?:xFkÛË9;H2�)O?Hu�/ê=>IvxLyJ?�SOTH�9�:=@y@NHuJ ó XZ:x@N@NH½FMF{ã3h hTã=×�}_<THuF ���
��
Aã3h7h 2Kö½×iH½F%J?:=<?�±9?>M:=9;:=��:=J?�¡O?H»V�:ËO?s2@yLN��H2>4@wv � :xJ?tuFMLN:=J"O?H»ØÙvx>MLNvxJ?tuH»O?H»FM>M:=Ly� �Év��u:=J?�
O?L "su>MHuJÅFMH2�rzc<?J?H � :=J?t½FILN:xJ"O?H%FkÛË9;H»E?LyJ?:=V4Lwvx@yHx×+<?J?HrO?HrFkÛË9;HR@yLNJ?s2vxLN>�H¡HuF�<?J?HrO?H%FkÛË9�H
H �T9;:=J?HuJKFILNHu@N@yHx÷
Q`vÙJ?�Z@Nv��M<TLyFIHoO?<¡tñ¾?vx9?LyFM>MHÙ×G��HSFI>�:=<TØ=H_@wv�O?H2��t2>MLy9TFILy:=J±OTH2� V4:GOT¿2@NHu�«V4s2t2vxJ?Ly��FIHu�«9T>M:=9;:=�Msu�2÷
Y+:=<TF4O�BDvxE;:=>MO�×cJT:=<?�4>MH29T>MH2JT:=J?�±@yH2��V4:GO?¿u@NHu�49T>M:=9;:=�Msu��9?vx> � @yH2LyJ ��� ��
 ó 07i i=õ=ö{:��"@yH2�
FM>M:=Ly�St2:xV�9;:=�IvÙJÅFMH2�`OTH�@wv�FM>Iv¤Ú�HutuFI:xLN>MH��M:=JKF)��<?9?9;:=�MsuH2�!�uFM>MH�O?Hu�/V�:=<GØ=H2V4H2JKFM�`E?>M:3j.J?LyH2J?�
v Ø=Hut.O?>ML � FcLNJ?OTs29;H2J?O�vÙJÅFM�2÷KY+>M:=Ly�ct vx�c��:=JKF]H2JKØËLN�IvÙê=s2�i9;:=<?>³@yH FIH2V49?�cO?H&� sut2:=JTO�vÙFILy:=J�÷=Y+>M:xLN�
� :=JTtuFILy:=J?��O?H]O?LN��9�Hu>M��LN:=J�LNJ?O?LáØËLNO?<?Hu@N@yH2����:=JKF³:=ETFMH2JÅ<?Hu�2×ÇJ?:xFIsuH2�«zxè/Yo| ó è)HuJ?H2>Mvx@NL 	2HuO�Y+<�� FI:
|R:ËO?Hu@ ö ó Y+<�� FM: ��� ��
âã3h7hKq=ö½×�e_fpè ó e_:x>MV�vx@³fkJKØ=Hu>M�MH%è�vx<T�M�MLNvxJÖöSH½F¼è)}SQ ó è/H2JTH2>IvÙ@NL 	uH2O
}.ÛG9;H2>�E�:x@NLNt`QSLN�pFI>MLyE?<TFMLN:=JÖö ó � vx>�J?O?:=> "��ke_LyH2@N��H2JÓã3h7hKq¼9�vx>AH �GHuV�9?@yH�ö ÷
mc<?Ly�âJ?:=<T�â9?>�:=9�:x�M:=J?�âO?H2<��{J?:=<GØ=H2@y@NHu�âV4:GO?su@NLy�IvÙFMLN:=J?��OTHZ@wv.FI>Mv¤Ú�H2t½FI:=Ly>MHx×Ç9?@y<?����JTH2�2×ÙE�vx��s2H2�
��<?>S@Nv�V4:GO?su@NLy�IvÙFMLN:=JPO?Hu�/t2:=V49�:x�IvxJKFIHu�SO?<ÊØxH2t½FIH2<T>`ØGLáFIHu�M�MHÙ×H½F/J?:=JÊ@yH2�_t2:=V49�:x�IvxJKFIHu�`O?H
@Nv{FI>Iv�Ú�H2tuFM:=LN>�Hx÷
m+:=<?>¼@NvR9?>�H2V4LN¿2>�H±V4:GOTs2@NLy�IvÙFMLN:=J×�@NHu�¼t2:=V49;:=�IvxJKFMH2�¼O?H±@wvrFM>Iv¤Ú�HutuFM:=LN>�H±O�vxJT�¼@NH�9?@wvxJ�¾?:��
>�L 	2:xJÅFIvx@ >�H2��FMH2JKF�V�:ËO?s2@yLN��s2H2��9?vx>�O?H2<�� V4:=<TØxH2V4H2JKFI�4E?>�: j.JTLNH2JT�±v Ø=HutROT>ML � F�V�vxLy��J?:=<?�
V4:GOTs2@NLy�M:=JT� @wv¼tu:=V�9;:=�MvxJKFIH)O?H)@wv¼ØËLyFMH2�M��H�O?vxJ?�.@NH/9?@NvxJ%Ø=Hu>�FILyt vx@ ��@ BDvxLyO?H`O�B <?Jr9?>M:Ët2Hu�M�M<T�
O�BdW`>MJ?�pFIHuLNJ��k\_¾?@yH2JÅE�Hut��Ö÷�a�H/FIHuV�9T�_O?H � sut2:=J?O?vÙFILy:=JRHu��Fo@NH/FMH2V49?�.O?H�9T>MH2V4LNHu>A9�vx���Ivxê=H�O?H
@Nv/FM>Iv¤Ú�HutuFM:=LN>�H_vÙ<�J?LáØ=H2vx<±O?Hu�«9T@wvxJKFIHu� � HuV�Hu@N@yH2�2÷=e_:=<?�«vx9?9T>M:Ëtñ¾?:=J?�]@wv � :=J?t½FILy:=J�OTH_O?HuJ?�MLáFIs
O?H�t2H±FMH2V49?�{OTH � s2tu:=J?O�vÙFMLN:=J �»@ BDvxLyO?H�O�BD<TJ FI¾?su:=>M¿uV�H�O�BdvÙ9?9?>M: �GLNV�vÙFMLN:=J�×�O�$ �ÊQS<?>�E?LNJó ã3h h90=ö ×âO?<µFIHuV�9T�4OTHR9?>�H2V4LNHu>¼9�vx���Ivxê=HrO�B <?J?HPt2:x<?>ME;HROTs29;H2J?O�vÙJÅF�O?<µFIHuV�9?��9;:=<?>�<?J
V4:=<TØxH2V4H2JKF/E?>�: j.JTLNH2JÓ�pFñvxJTO�vx>MO÷�[³F/J?:=<?�S:=ETFIHuJ?:=J?�/<TJ?H�J?:=<TØxH2@y@NH � :xJ?tuFMLN:=JÊOTH�O?LN��9�Hu> �
��LN:=JPLNJTO?LyØËLNOT<?H2@y@NHx÷
m+:=<?>±@yH»��H2t2:xJ?ObV�:ËO?¿u@NHr9?>M:=9;:=��sx×Z@yH2��t2:=V49�:x�IvxJKFIHu�±O?<�ØxH2t½FIH2<T>¡ØGLáFIHu�M�MH»O�vxJ?�¡@yHR9T@wvxJ
¾?:x>ML 	u:=JKFñvx@A��:=JKF±V4:ËO?s2@yLN�MsuH2��9�vx>4O?Hu��9?>�:GtuH2���M<?�¡OB W`>MJT��FIHuLNJ��k\_¾?@yH2JÅE;H2t��µLNJ?OTs29;H2J?O�vÙJÅFM�2÷
n_LNJ?��L ×x:xJ4JTHotu:=J?��LNO?¿u>MH.9?@N<T�]tu:=J?�pFñvxJKFIH.@Nv/ØËLáFIH2���MH.O?<�Ø=HuJÅF]FI:x<TF]vx<�@N:=JTê�OTHA@wv`FI>Mv¤Ú�H2t½FI:=Ly>MH
H½F�t2H2@NvÓ9�Hu>MV4HuF�O�B LNJKFI>�:GOT<?LN>�H¡<?J?H%ØËLyFMH2�M��HRV4LNJTLNV�vx@NH�O�B s2V4LN���MLN:xJ�O?H2�4ê=>IvÙLNJ?�¼OTHr9;:=@y@NH2J×
¾KÛË9�:ÙFI¾?¿u�MH��M:=<TØxH2JKF`HuJKØGLy�Ivxêxs2H�9�vx>A@NHu�.E?LN:=@y:=ê=Ly��FIHu�2÷TmÔ:=<?>.@Nv�tu:=V49�:=�MvxJKFIH`ØxH2>�FMLNt2vx@NHÙ×�J?:=<?�
tu:=J?�MHu>�Øx:=J?�/<?JÊV4:=<TØxH2V4H2JKF/E?>�:3j.J?LNHuJÓv Ø=H2t�OT>ML � F2×ÖLNJ?O?su9�HuJ?O�vxJKF/OTH2�`tu:=V�9;:=�MvxJKFIH2�SO�vxJ?�
@yHA9?@wvxJ�¾?:x>ML 	u:=JKFñvx@C÷Ka�HAFIH2V49?�iO?H� s2tu:=J?O�vÙFMLN:=J�tu:=J?�MLyO?s2>�s_Hu��F«H2J?tu:=>MHo@NH FMH2V49?�]O?H.9?>MHuV�LyH2>
9�vÙ�M�IvÙê=H´O?H´@wv FI>Mv¤Ú�H2t½FI:=Ly>MH´vx<�J?LáØ=H vÙ<�O?Hu�R9T@wvxJKFIHu��� H2V4H2@y@NH2�u÷A[cJ�H "HutuFM<�vxJKF»tuH2>pFñvxLyJ?H2�
vx9T9?>M: �GLNV�vÙFILy:=J?�u×G:=Jr:=ETFMLNHuJÅF.<TJ?H)J?:=<TØxH2@N@yH � :=J?tuFMLN:=J%OTH�OTLN�M9;H2>��MLy:=JPLNJ?O?LáØËLNO?<?Hu@N@yHx÷
XZHu��O?L "su>MHuJÅFM��V4:ËO?¿2@yH2��V�sut vxJTLN��FMH2��t2:xJ?O?<?Ly�MH2JKF�� O?L "su>MHuJÅFMH2�#�ÉvxV4LN@N@yH2�¼9?vx>IvxV4suFM>MLyÌË<TH2�



	 ��� � � �  ����� � ��� ��� � �  � � � � � � � f Î

O?H � :=J?t½FILN:xJ?��OTH�O?Ly�M9;H2>��MLN:xJ�LNJTO?LyØËLNOT<?H2@y@NH2�u÷�n³ÛKvxJKF{t2:=J?��LNO?su>Ms�<?J V4:GO?¿u@NH�O?H�>Ms2êx>MH2���MLy:=J�×
J?:x<?�%v Ø=:=JT�¡H2J?��<?LyFMHÊH2�pFILyV�srFI:=<?�±t2H2�%9?vx>IvxV4¿uFM>MHu����@CBdvxLyO?HrO�BD<TJ?HÓV�s½FI¾?:ËO?HRO?HÊÌÅ<�vx��L �
ØË>IvÙLN�MHuV¼E?@NvxJ?t2H ó '�HuO?O?Hu>ME?<?>�J�×�ã3hKq .Kö½÷
m+:=<?>)��J?Ly>2×ÙJ?:=<?�iv Ø=:xJ?�ivxJ�vx@áÛË�MsAHuFcØÙvx@yLNO?s«@NHu�³>Msu�M<?@áFñvÙFM�c:=ETFIHuJÅ<?�iv���J�O?HAtñ¾?:xLN�MLy>³@NHZV�:ËO?¿2@yH
V4s2t2vxJ?LN�pFIHoHuFZ@wv � :=J?tuFMLN:=J4O?HoØxvÙ>MLwvÙJ?t2Ho@NHu�ZV4LNH2< ��vxO�vx9TFMs2�Zvx<���O?:=J?JTs2H2�u÷?m+:=<?>ZtuH2@NvT×ÅJ?:=<?�
v Ø=:xJ?�#�»J?:xFM>MH¡OTLN�M9;:=��LyFILy:=J�OBD<?JTH%9�vx>�F{<?J�t2>�LyFM¿2>MH±��FñvÇFILN�pFILyÌË<TH¡O?H¡��s2@NHutuFMLN:=J OTH%V�:ËO?¿2@yH
9;:=<?>.<?J?H�H2�pFILyV±vÙFMLN:=JP9�vÙ>oÌÅ<�vÙ�ML � ØË>IvxLy�MH2V{E?@wvxJTt2H ó |»vÙt�~`<�vx>�>MLNH�vxJTO»Y+�IvxLiã3h h76Kö½÷ÖQ{BDvx<TFM>MH
9�vÙ>�F ×ÔLN@«H �GLN�pFIH%s2ê=vx@NHuV�HuJÅF¼O?H2��V4suFI¾T:GO?Hu��ê=>IvÙ9?¾?LNÌÅ<?Hu�%zâs½FI<?O?HPO?Hu��>Msu�MLNOT<?��>Ms2OT<?LyFM�¼9�vx>
>Mvx9?9;:=>�FZvx<��¡v¤Ú�<?�pFIs2�u×T��<?> @NHotñ¾�vxV49 �Ts½FI<?OTH`O?H2�Zt2:=<?>�E�Hu� O?H`OTLN�M9;H2>��MLy:=J±:=EGFIH2JÅ<?Hu� �?s½FI<?O?H
O?Hu�¼v¤Ú�<T��FIsu�2÷c[cJ��?J�×ÔJT:=<?�¼tu:=V�9?vx>M:=JT��@yH2�{9?vx>IvxV4¿uFM>MHu��9?¾KÛË�MLyÌÅ<?H2��t2vx@Ntu<?@Nsu� �»9?vx>�FMLN>)O?H2�
V4H2��<?>MHu�o>�s vx@yLN��s2H2�ovx<Ptu:=<?>M�.O?H)@CBDH �T9;s2>�LNHuJ?t2H)HuFoO?Hu�.O?:=J?J?suH2�oV�s½FIsu:=>M:=@y:=ê=LyÌË<TH2�2÷

 �� ��$.5�� �Ô0� %(�0 � � #%$����h$ �  Ó,!�Ô0u$#� �Z$
& � & �-� � Aä�DVWN�X?�DA�:]�5<�L VW: @�@�N��5<�N&STCFZ¤�
a�HZV�v�� �ÔHu��Fc<?JTH H2��9�¿ut2H.vxJ?suV�:x9?¾?LN@yHx×�tÙBDHu��F ��� �kOTLN>MH«ÌÅ<?H @wvo9�:x@N@NLyJ?LN�MvÙFILy:=J`J�BDvS@yLNH2<�ÌÅ<?H ê=> �xt2H
vx<4Ø=HuJÅF2×Gtu:=JKFI>MvxLN>�H2V4H2JKF vÙ<�tu:=@ 	2v�9�vx>iH �THuV�9T@NHo:��±@yH2�]LNJ?��H2tuFMH2�«LNJKFIHu>�ØËLNHuJ?J?H2JKFZO�vxJ?�]t2H½FMFIH
s½Fñvx9;Hx÷
a�H)9�:x@N@NHuJ%9�vx>pF_OBD<?JTH�¾�vÙ<TFIHu<?> H �MLáFI<?suH�vx<RJTLyØ=H2vx<rO?H2�_suFñvÙV�LyJ?H2�A��<?>_@Nv�9�vxJ?Lyt2<?@yH/V �x@yHH½F{@Nvr9;:=@N@yLNJ?Ly�IvÙFMLN:=JÊvR@NLyH2< vx<�JTLyØ=H2vx<�OTH2�¼��:=LNHu����<?>{@Nv ��Hu<?> � HuV�Hu@N@yH#�R<?J?H�¾�vx<TFMH2<?> h′ ×v Ø=Hut h′ < H ÷m+:=<?>�@NHPV�v��h�u×³:=J O?LN��9�:=��HPO�BD<TJôV�vx>MÌÅ<?Hu<?>�O?:=V4LNJ�vxJKF2×âJ?:=JµFI>MvxJ?��ê=s2J?LyÌÅ<?Hx×iÌÅ<?L.t2:=@y:=>MLyH
@yH2�)ê=>IvÙLNJ?�)O?H4V±v �h�)H2J E?@NHu<�÷�n¯tñ¾?vxÌÅ<?H � :=Ly�)ÌË<BD<?JTH ��Hu<?>�Hu��F{9�:=@y@NLyJ?LN��s2H{9?vx>�OT<�9;:=@N@yH2J
9?>�:�Ø=H2J?vxJKF%O�B <?J�V�v��h� ��ê=>MvxLNJ?�4E?@yH2<?�u×«:=Jô:=E?�MHu>�ØxHÊO�vxJ?�±@ B s29?L.>Msut2:=@áFIsR<?J�ê=>MvxLNJ E?@NHu<�÷
n_LNJ?��L ×�@yH�J?:=V¼E?>�H�O?H�êx>IvxLyJ?�/E?@NHu<?��9�vx>MV4LâFM:=<?�)@NHu��êx>IvxLyJ?�)O�BD<TJ su9?Li>MH �?¿uFIH4H �Tvxt½FIHuV�HuJÅF
@CBDLyJÅFMH2J?��LyFMs`O?H)@wv�9;:=@N@yLNJ?Ly�IvÙFMLN:=J4�M<?>.<?JPsu9?L�O?:=J?J?sÙ÷
& � & � & � N��GH XJA V?EGA�:i� <?N @�� N �=VW>�XJA�N��?HPN
acB H �G9�su>MLyH2J?tuHÓv suFMsÊ>Ms2vx@NLy�Ms2HR9�vx>�@ B noè�m]| 9?>�¿2�%O?HÓ|R:=JKFñvx>�ê=LN��O?<?>MvxJKF%@ B suFMs�ã3h h76T÷Za�H
tñ¾�vÙV�9�H2��F vx9?9?>�: �TLyV±vÇFILyØxH2V4H2JKF]<?J±t2vx>M>�s_OTH{ã 07iÙV§�M<?>oã 07ixVr÷Kfk@;v�s½FIsStu<?@yFMLyØxs_��<?LyØÙvxJKF«@NH
V4:GOT¿2@NH4zâã38 8�@NLyê=J?Hu�SO?Ly��FñvÙJÅFMH2�`OTH iT÷ 6xV�v ØxH2t 2 i i�9?@wvxJKFMH2�`Hu�M9�vxtus2Hu��OTH iT÷10ÙV 9?vx>`@NLyê=J?HÙ÷
n_<%t2H2JKFM>MH/O?<Ptñ¾�vxV49�×G:=JPv¼9?@wvÙJÅFMs`<?J%t2vx>M>�s`O?H 07ixVª�M<T> 07ixVªO?H/V�v��h�«E?@NHu<�÷?[cJ%O?Hu¾?:=>M�
O?H)tuH�t2vx>M>�s)t2H2JKFM>Ivx@C×?O?<rV±v�� �ÔÚMvx<?J?H)v�suFMs)�MH2V4sx÷ó a�HSt2:=LyJ%H2J%¾�vx<GF�¼êKvx<?tñ¾TH/H2��F.HuJ �ÉvxLyFZ<?J?H/>M:x<TFIH`OT:=J?t/LN@;J�B Û%v¼9�vÙ� H2<PO?H/tu<?@yFM<?>MH �¼tuHuF
HuJ?O?>M:xLyF ÷dö
a�v)O?LN��9�Hu>M�MLy:=J4O?<�9;:=@y@NH2J4v)t2:=V4V4H2J?tusoHuJ � <?Ly@N@yHuFiHuF«v)O?<?>�s_O?Hu<����MHuV±vxLyJ?H2�u÷Åa�H2�Zsu9?LN�i:=JKF
s½FIs)>Msut2:=@áFIs2�.H½FovxJ�vx@áÛG��s2�.H2J»W`tuFM:=E?>MHÙ÷
n_<�FI:xFIvx@ ×�0 h=õKqrsu9?LN��:=JKF¼s½FIs¡>�s2tu:=@yFMs2�{��H2@y:=J�<?J�V±vxLy@N@Nvxê=H¼J?:xJ >Msuê=<?@NLyH2>u÷�[iJ�H "H½F ×+:=J�v
sutñ¾�vxJKFILy@N@N:xJ?J?s4ã3iTã{@yLNê=JTH2� ó ã¼@yLNê=J?H)��<?>/õ±:=<»tñ¾�vxÌÅ<?H¼@yLNê=J?H��M<TLyØÙvxJKF`@Nv�O?Ly��FñvÙJ?t2H{vx<Ê9;:=LNJKF
tuH2JKFI>Mvx@�öiH½FZ:=J±v�9?>�s2@yHuØ=s_õTã_s29?Ly�«��<?>«tñ¾?vxÌÅ<?HS@yLNê=J?H ó <?J�FM:=<?�]@NH2� .=V±ö½÷ÅacB s2tñ¾�vxJKFMLN@N@y:=J?J�vÙê=H
Hu��F¼9T@N<?��O?H2J?��H �»9?>�: �TLyV�LáFIs�O?H�@wvR9?vx>MtuH2@N@yH�tuH2JKFI>Mvx@NH±v���J OBdv Ø=:xLN>�<?J?H¡Hu��FILyV±vÇFILN:xJ 9T@N<?�
��JTH�OTH�@Nv � :=J?t½FILN:xJrOTH�OTLN�M9;H2>��MLy:=JPLNJ?O?LáØËLNO?<?Hu@N@yH ��t2:=<T>�FIHu�.O?LN�pFñvxJ?tuH2�u÷
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n�@Nv �ÔLNê=<?>�H ó 0Ë÷yã¤öZ��H/FI>M:x<TØ=H�<?J?H)>MHu9?>Msu�MHuJÅFIvÙFILy:=JrO?<ROTLN�M9;:=��LyFIL �ä÷
mc<?Ly�2×�:=J vrt2:=V49TFMs�@yH�J?:xV¼E?>MH4O?H�ê=>IvxLyJ?�)E?@NHu<?�{��<?>�tñ¾�vxÌÅ<?H¡su9?L«sutñ¾�vxJKFILy@N@y:=J?J?sÙ÷�fkt2L ×�:=J
� Hu>IvR@CBD¾KÛË9;:xFI¾?¿u�MH¡ÌÅ<?H±@NH4J?:=V¼E?>�H4FM:xFñvÙ@]OTH¡ê=>IvÙLNJ?���M<?>�<?J su9?L«OTH±V�v��h��H2�pF¼t2:xJ?��FIvxJKF�HuF
suêKvx@ ��õ h7. ó J?:=V¼E?>�H)V�:�Û=HuJRHu��FMLNV4s/O?H)ê=>IvxLyJ?� ��<?>_<TJrsu9?L ö ÷
a�v±>�H29?>�s2�MHuJKFñvÙFMLN:=JÓO?Hu�/9?>M:x9�:=>pFILy:=J?�S:xE?�MHu>�Ø=suH2�)O?<ÓJ?:xV¼E?>MH�O?H�ê=>MvxLNJ?�_E?@NHu<?�S��<?>/tñ¾�vxÌÅ<?H
su9?L�s2tñ¾�vÙJÅFMLN@y@N:=J?JTs`�MH)FI>�:=<TØ=H���@wv#�âLyê=<?>�H ó 0G÷1072Kö ÷
m+:=<?> ��J?Ly>2×�OTH2�)O?:=J?JTs2H2��V4suFIsu:=>M:x@N:=ê=LyÌÅ<?H2�_H�"�H2tuFM<?s2Hu�{9;H2J?O?vxJKF�@CBDs½Fñvx9;H¼O?H�9;:=@N@yLNJ?Ly�IvÙFMLN:=J
��:=JKF_OTLN�M9;:=J?LyE?@NHu�2÷T[i@y@NHu�A9�Hu>MV4HuFMFM>M:=JKF.O?H/ØÙvx@yLNO?Hu> @NHu�oOTL "�s2>MHuJKFI�.V�:ËO?¿u@NH2�A9T>M:=9;:=�Msu�2÷
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Graphique des données
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W`J{��:=<?¾�vÙLyFIH]9;:=<TØ=:xLN> �ÉvxLN>�H]OTH2�â9T>MsuØËLy�MLN:xJ?�âO?H]@wvoO?LN��9�Hu>M��LN:=J�O�vxJ?�ÔO?L "�s2>�H2JKFI�ÔO?LN��9�:x�MLyFML � ��O?H
tu<?@yFM<?>MHÙ÷�\_J?HiH �T9;s2>�LNHuJ?t2H]O?:=LáF�O?:=J?t �½FI>MHit2vx9�vxE?@yHcO?H � :=<?>�J?LN>�<TJ?HiÌË<?vxJKFIL �?t vÙFMLN:=J �k>M:=E?<T��FIH	�
O?H.@Nv)OTLN�M9;H2>��MLy:=J�OT<�9;:=@N@yH2J�×xtxB H2��F � � �hO?LN>�HA<?J?HoO?LN��9�Hu>M��LN:=J�O?Ho9�:x@N@NHuJ�J?HoO?s29;H2J?O?vxJKFZ9�vÙ�«O?<
O?Ly�M9;:=�MLáFIL �GH �G9�su>MLNV4H2JKFIvx@ ó FIvxLN@y@NHx× � :=>MV4HcO?H]@wvA�M:x<?>MtuH«suV�H½FMFI>�LNtuH]H½FâOTH«@Nv.9?vx>�FMLNHc>Msut2Hu9TFI>�LNt2H ö½÷
QSHu<�� � :=J?t½FILy:=J?�A�M:xJÅFo<TFMLN@yLN�MsuH2� O?vxJ?�.@wv�@NLáFMFMs2>IvÇFI<?>�H`9�:x<?>AO?s2tu>MLy>MH)t2H½FMFIH)O?Ly�M9;H2>��MLN:xJ�÷
Y+:=<TF�O�BDvxE�:x>MO LN@³Û vr@Nv � :xJ?tuFMLN:=J O?H4O?LN��9�Hu>M�MLy:=J�H��4t vxtuH±LNJTO?LyØËLNOT<?H2@y@NH¼O?< 9�:x@N@NHuJ�×�J?:xFMs2H
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a�v¡O?Ly�M9;H2>M��LN:=JÓêx@N:=E�vÙ@NH�O?<´9�:=@y@NHuJÊH2�pF)@NH¼>�s2�M<T@yFñvÇF/O?H2�)O?Ly�M9;H2>��MLN:xJ?�`LNJTO?LyØËLNOT<?H2@y@NH2�oO?H�9?@y<��
��LNH2<T>M�A9?@NvxJKFIH2�âÚMvx<TJ?H2�.HuF.ET@NH2<TH2�2÷ÖQ_H�9T@N<?�u×?@NH/9;:=@N@yH2J¡suV�Ly�AsuFIvxJKF.�M<?>MvxE�:xJ?O�vxJKF ×�@yH2�'��Hu<?>M�
O�B <?J?H�9?@NvxJKFIH�>�s2t2Hu9TFI>�LNtuH4��:=JKF!� s2t2:xJ?O?s2Hu����<?LyØÙvxJKF)@yH2�)O?L "�s2>�H2JKFIHu�)9?>M:=9;:=>pFILN:xJ?�`O?H�9;:=@N@yH2J
HuJR9?>�s2��H2J?tuH�O�vÙJ?�.@NH/JÅ<�vxê=H)9;:=@N@yLNJ?LyÌÅ<?H`vx<rO?Hu�M�M<T�_O?H)tuHuFMFMH�9T@wvxJKFIHÙ÷
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a�v � :=J?tuFMLN:=J µ O?s29;H2J?O�E�H2vx<?t2:x<?9 O?Hu�{O?Ly�M9;:=�MLáFIL � �/H �G9�su>MLNV4H2JKFIvx<�� <TFMLN@NLy�Msu� ó �M<T>�FI:x<TF{@yH2�FIvxLN@y@NH2�ZHuF�� :=>MV4H2�oO?H2�_�M:=<T>Mt2Hu�ñöAFñvxJ?OTLN�.ÌÅ<?H{@Nv#� :=JTtuFILy:=JrO?H�OTLN�M9;H2>��MLy:=JRLyJ?O?LáØGLyO?<?Hu@N@NH γ H2��F9?@y<?�{>�:=E?<?�pFIH¡H½F¼9?>�H2��ÌË<TH%LNJ?O?su9�HuJ?O�vxJKFMH%O?< O?Ly�M9;:=�MLáFIL �ä÷+XSB H2�pF�9�:x<?>MÌÅ<?:=L]txB H2�pF��M<?>�t2H½FMFIH
� :=JTtuFILy:=J ÌË<THÊ@ B :=JµØxv´FI>Mv�ØÙvxLy@N@yH2>2×ât2:=V4V�HP@CBD:=JKF �ÉvxLyF49?>�s2tus2O?HuV�V4H2JKFPeo<?>MV4LNJ?LyH2V4L ��� ��
ó ã3h h 6Kö ×?[A÷ � @NHuLNJ ó 0 i i iKöZH½F.H2Jr9�vx>�FMLNtu<?@NLyH2> � @NHuLNJ ���	��
 ó 07i i=õ=ö½÷
XZH½FMFIHSvx9?9?>�:Gtñ¾THSH2�pFAvx9T9�Hu@Ns2H_vx9?9T>M:Ëtñ¾?H � � :x> jZvx>MO �Ç÷G[cJ¡:x9?9�:x�MLyFMLN:=J4v Ø=Hut`@ BDvx9?9T>M:Ëtñ¾?H��½E�v �
t��9jZvx>MO �¡9?@y<?�{��:=<TØxH2JKF4<TFILy@NLN��s2H49�vx>�@NH2��H �G9;s2>MLyV�HuJKFñvÙFMH2<?>���HuF¼ÌÅ<?LZt2:=J?��LN�pFIH �RFM>Iv ØÙvxLN@y@NHu>
v Ø=HutP@wv � :=J?t½FILy:=J�O?HPO?LN��9�Hu>M��LN:=Jµê=@y:=E�vx@yH µ ×³ÌÅ<?LA>�s2��<?@yFMH%O?LN>�H2tuFMH2V4H2JKF�O?Hu�4:xE?�MHu>�ØÙvÙFILy:=J?�H �T9;s2>�LNV4H2JKFñvÙ@NH2�u÷
Q`vÙJ?�AFI:=<TFMH)@wv¼�M<TLyFIH)O?H)tuH�tñ¾?vx9?LyFM>MHÙ×?:=J �ÉvxLyFA@yH2�A¾KÛË9�:ÙFI¾?¿u�MH2�_�M<?LáØÙvxJKFIH2��z
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®¡ÃËÑ�ÀTÄÙçÜ+Ã z+@ B ¾KÛG9;:xFM¾?¿2��H ó }�ã¤ö�Hu��F¼Hu�M��H2JKFILyH2@N@yH±O�vÙJ?�¼@NH�FI>Mv ØxvÙLN@iÌÅ<?L«��<?LyF2÷â[c@y@NH�H2�pF�>IvxL(�
��:=J?J�vxET@NHr9�:=<T>�O?Hu�±tñ¾�vÙV�9?��O�B H �G9�su>MLyH2J?tuHÊO?Hrê=>IvxJTO?HRFIvxLN@y@NH¡:��"@wv O?H2J?��LyFMsRO?HR9?@wvÙJÅFMH2�
Hu��F�vÙ�M�MH�	±su@NHuØxs2H¡H½F¼:�� @ B :=J �M<?9?9;:=��H¡ÌÅ<?H±��H2<?@yH2�{ÌÅ<?Hu@NÌÅ<?Hu�¼9?@wvÙJÅFMH2��O?<�E;:=>MO O?H±tñ¾?vxV�9
��<?E?LN���MHuJÅF_O?Hu�oH "H½FI�oO?H)E�:x>MO?�u÷
XZH½FMFIH�¾KÛË9�:xFM¾?¿2��H¼H2�pF`@yLNs2H!�4@ B �u¾?:=V4:=ê=suJ?s2LáFIs��SO?H{@Nv�9?vx>MtuH2@N@yHx÷Ö[c@N@yH)J?H�FMLNHuJÅF_9?@y<?�.O�vxJ?�_@NH
t2vx�.O�BD<TJ?H)O?LN��t2:=JKFILyJÅ<?LyFMs/O?<Rtu:=<TØxH2>�FoØ=suê=suFIvx@ ÷
jG:x<?�it2H2�«¾KÛG9;:xFM¾?¿2��H2�2×ËLN@TH �GLN�pFIHo<?J?Ho>MH2@NvÙFILy:=J�@NLNvxJKFi@wv � :=J?t½FILy:=J�O?H.O?LN��9�Hu>M�MLy:=J4LNJ?O?LáØËLNO?<?Hu@N@yH
H½F.@wv � :=J?t½FILN:xJ%O?H)O?LN��9�Hu>M�MLy:=JPê=@N:xE�vx@NHÙ÷
W`J4t2:=J?��LNO?¿u>MH_<?J?Ho�M:=<?>�t2H_t2:=V49�:x�Ms2H.O?H SA

9?@wvÙJÅFMH2�]O?HoV±v�� � ��ê=>MvxLNJT�]ET@NH2<T�«H½FZ@y:Gt2vx@NLy�Ms2Hu�
HuJ (xk, yk)k=1,...,SA

HuF.<?JTH���:=<?>�t2H)t2:=V49;:=�MsuH/O?H SB
9T@wvxJKFIHu�AO?H/V�v��h����ê=>MvxLNJT�+ÚMvx<?J?Hu�AHuF

@y:Gt2vx@NLy�Ms2Hu� H2J (xk, yk)k=1,...,SB

÷�n_@N:=>��2×?:=Jrv

µ(x, y) =

∑SA

k=1 γ(x− xk, y − yk)
∑SA

k=1 γ(x− xk, y − yk) +
∑SB

k=1 γ(x− xk, y − yk)

ó 0G÷áã¤ö

Q`vÙJ?��t2H½FMFIH%H �G9?>MHu�M�MLy:=J�×c@yH±JÅ<?V4s2>IvÇFIH2<T>�t2:=>�>MH2��9�:xJ?O vx<���tu:=JKFI>�LNE?<TFMLN:=JT�¼vx9?9;:=>pFIs2Hu��9�vx>
@Nv �M:x<?>MtuHÊV±vÙ>MÌÅ<?s2HÊvx<�t vÙ9TFIHu<?>¡�MLáFI<?s»H2J (x, y) HuF±@NHRO?s2J?:xV�LyJ�vÙFIHu<?>±tu:=>M>�H2��9�:=JTO�vx<��tu:=JKFI>MLyE?<TFMLN:=J?�«vx9?9;:=>pFIs2�Z9�vx> @CBDHuJ?�MHuV¼E?@NH_O?H2�Z9?@wvxJKFMH2� suV�H½FMFI>�LNtuH2�ZOTH`9�:x@N@NHuJ��{tuH/t vx9GFIH2<T>2×
9;H2>�V�H½FMFñvÙJÅFovÙLNJ?��L�O?H)t2:=JT�MLNOTs2>MHu>.@wv�t2:=V49;suFILáFILy:=J¡9;:=@N@yLNJ?LyÌË<TH_HuJÅFM>MH�@NHu�A9?@wvxJKFMH2�2÷
XZH½FMFIH{vx9?9?>�:Gtñ¾TH¼v±s½FIs{<GFILN@yLN��s2H)9�vx>_YÔ<�� FM: ��� ��
 ó ã3h h=q=ö.H½F`ê=suJ?s2>Mvx@NLy�MsuH�9�vÙ> � @NHuLNJ ó 07i7i iKö
v��?J%O?H/9?>MHuJ?O?>�H/H2J%t2:xV�9TFMH`O?Hu�o9T¾?s2J?:xV�¿uJ?H2�AO?H/OTs2t vÙ@wvxê=H_O?H ��:=>MvxLN��:=J¡O?Hu�'��H2<T>M�.:=<%O?H
9;H2>pFIH)O?H/ØËLwvxE?Ly@NLáFIsoO?<R9;:=@y@NH2JPvÙ<rtu:=<?>��_O?H)@yH2<?> FM>Iv¤Ú�HutuFI:xLN>MHÙ÷
n_LNJ?��L × �P9�vx>�FMLN>)O?Hu��O?:xJ?J?s2Hu�¼O?< J?:=V¼E?>�H�OTH�ê=>MvxLNJT��ET@NH2<T����<?>�<TJ s29?LC×�ÌÅ<?L«tu:=J?�pFILyFM<?H2JKF
O?Hu�_:xE?�MHu>�ØÙvÙFILy:=J?�.E?>�<?LyFMs2H2�.O?H�@wv � :=JTtuFILy:=J µ O?:=JKFSJT:=<?�.O?LN��9�:x�M:=J?�u×Ö@NH`FI>Mv ØxvÙLN@�tu:=J?�MLy��FMH2>Iv
��H2�pFILyV�Hu>A@wv � :=J?t½FILy:=JPO?H)O?LN��9�Hu>M�MLy:=JPLNJ?OTLyØËLNO?<TH2@N@yH γ ÷
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jGL;@wv)O?HuJ?�MLáFIsSOTH2� 9?@NvxJKFIHu�ZH2�pF ��< �4�IvxV4V�HuJKF ê=>MvxJ?O?HÙ×G:=J±9�Hu<TF <TFMLN@yLN�MHu>i<?J?H_ØxH2>��MLN:xJ¡t2:=JKFML �
JÅ<?HAO?HZ@wvS>�H2@wvÇFILN:xJ¼õT÷áã=÷KjË:=LyF A ⊂ R2 @NHZ�M:=<?� �kHuJ?�MHuV¼E?@NHAtu:=<TØxH2>�Fi9?vx>³@wv_�M:=<?>�t2HAO?Hu�c9?@wvÙJÅFMH2�
O?H.V�v��h� �/ê=>MvxLNJT�]ET@NH2<T�]H½F � @yHA�M:=<?� �kHuJ?�MHuV¼E?@NHot2:x<TØ=Hu>�F«9�vx>c@NHu�i9?@wvxJKFMH2�iO?HoV±v�� � �)ê=>IvxLyJ?�
ÚMvx<TJ?H2�u÷�nS@N:x>M�A�ML�:xJr��<?9?9;:=�MH�ÌÅ<?H�@wv¼O?HuJ?�MLáFIs)H2�pF_@Nv�V �uV�H`O?vxJ?�o@NH2�AOTH2<��r��:=<?>MtuH2��×?:=JRv

µ(x, y) =

∫ ∫

(x′,y′)∈A
γ(x− x′, y − y′)dx′dy′

∫ ∫

(x′,y′)∈A
γ(x− x′, y − y′)dx′dy′ +

∫ ∫

(x′,y′)∈B
γ(x− x′, y − y′)dx′dy′ó 0G÷10=ö

µ(x, y) =
µ ∗ IA(x, y)

µ ∗ IA
S

B(x, y)

W`J{>�H2V�vx>MÌÅ<?HÙ×ÙÌÅ<�B H2J �ÉvÙLyF ×�@yH2� � :=J?t½FILN:xJ?� µ HuF γ �M:=JKF³@yLNsuH2�+9�vx>+<?J¼9?>�:GO?<TLyFÔO?HZtu:=JKØ=:=@y<TFILy:=J�÷n_LNJ?��L ×Ç@ B H2��FMLNV�vÙFILy:=J{OTHA@wv � :=JTtuFILy:=J�O?HAO?Ly�M9;H2>��MLN:xJ¼LNJ?OTLyØËLNO?<TH2@N@yH �`9?vx>�FMLN>³O?Hu�c:=E?��H2>�ØÙvÙFMLN:=JT�2×
HuJ�<GFILN@yLN�MvxJKF�@NHu��s2êKvÙ@NLyFMs2� ó õT÷áã¤öHuF ó 0G÷ 0xö½× J?sut2Hu�M�MLáFIHiO?Hu�+t2vx@Ntu<?@N��H "HutuFM<?s2�+9�vx>�@yH2��:=>�O?LNJ�vÇFIH2<T>M�
ÌÅ<?Li9;H2<TØxH2JKF �½FI>MH4t2: $TFIHu<�� H2J FMH2V49?�2×�HuJ�9�vx>pFILyt2<?@yLNH2>S9�:=<T>�@Nv%O?s���JTLyFILy:=J O�vxJ?��@NH�t vÙO?>MH
O?Ly�Mtu>MHuF2÷
& � \ � & � >��`�?A EGA�:i� <?L ST:=<_�,@BN��REGCFEGAä�REGA�K�L�N
W`J»JT:xFIH nk

@NH�J?:=V¼E?>�H�FM:xFñvx@�O?H�ê=>IvÙLNJ?�.�M<T>S@ B s29TLÔ@y:Gt2vx@NLy�Ms/H2J (xk, yk)
H½F`:=JR:=E?�MHu>�ØxH Nk@yH/J?:=V¼E?>�H/O?H)ê=>IvÙLNJ?�AE?@yH2<?�.��<?>.t2HuFosu9?L ÷

XZ:=V4V4H¼@NHu�/:=E?�MHu>�ØÙvÙFMLN:=J?�/��:=JKF)O?H2��O?:=JTJ?s2Hu��OTH4tu:=V49TFñvxêxHx×@yH2�`ØÙvx>�LwvxE?@yH2�/vÙ@Ns vÇFI:=Ly>MH2� Nk��:=JKF/�M:=<GØ=H2JKF��M<T9?9�:x�Ms2Hu�!�uFI>�H¼O?Hu�/@N:=Ly�_E?LyJ?:=V4Lwvx@yH2�.O?H�9�vÙ>IvxV4¿uFM>MH2� (nk, µ(xk, yk))
ó txB H2�pF

@CBD¾KÛË9�:ÙFI¾?¿u�MH{ÌÅ<�B :=JKF �ÉvxLáF � @yH2LyJ ��� ��
 ×P07i ixõKö½÷;XZH½FMFIH{¾ÅÛË9;:xFI¾T¿2�MH�Hu��FSE�vx�MsuH¼�M<T>S@NH!�ÉvxLáF_ÌÅ<?H
��LA@NH2��êxs2J?:xFkÛË9;H2�4O?H2�4ê=>MvxLNJ?��OTHr9;:=@y@NH2J�ÌÅ<?L&� sut2:=JTO?H2JKF�@NH2��:�ØË<?@NHu��O�BD<TJ?HRV �2V4H%9?@NvxJKFIH
��:=JKF)LNJ?O?su9�HuJ?O�vxJKFM�2×�vx@y:=>M� Nk

��<?LyF`<?J?H�@N:xLâE?LyJ?:=V4Lwvx@yH ó t2:=V4V4H{�M:xV�V4H¼O?H nk
ØÙvx>MLNvxE?@NHu�

vx@ys vÙFM:=LN>�H2� OTH �«H2>MJT:=<?@N@yLLyJ?O?s29;H2JTO�vxJKFIHu�_O?H)9�vÙ>IvxV4¿uFM>MH µ(xk, yk)
ö½÷

XZHu9�HuJ?O�vxJKF ×i:=J J?HP9;H2<TF4�IvÙJ?��O?:=<TFMHr9?vx��J?s2ê=@yLNê=Hu>�@NHu��H�"�HuFI�4@NLys2�#�Ó@wvÊtu:=>M>�s2@NvÙFILy:=J�O?H2�
ê=suJ?:xFkÛË9;H2�AO?Hu�oêx>IvxLyJ?�Zsutñ¾�vxJKFILy@N@N:xJ?J?s2�Z�M<?>A<?JPV �2V4H`s29TL ó XZ:=@y@NH½FMF_ã3h hTã/H½Fo|Rt�XZ<T@N@wvÙê=¾%HuF
eoH2@NOTH2>]ã3h 6 hKö ÷ÙXZH2@wv_9�Hu<TF)�½FI>MH«O $#�_<TJ?H ¾?s½FIs2>�:=ê=suJ?s2LáFIs«FMH2V49�:x>MH2@y@NHiO?<{ØxH2JKFivxtut2:=V49�vxêxJ?s2H
O�B <?J?HAØÙvx>�LwvxE?Ly@NLáFIsZOTHo@Nv/9�su>MLN:ËO?HAO?H�� Hu>�FILy@NLáFIsZOTH2�]:¤ØË<?@yH2�u×ËtuH.ÌË<TL �ÉvÙLyFcÌÅ<?Ho@NHu�]êx>IvxLyJ?H2�cO�B <?J?H
V �2V4H`9?@NvxJKFIH)�M:=JKF� s2tu:=J?O?suH2�oO�vxJ?�.@yH2�.V �uV�Hu�At2:=JTO?LyFMLN:=J?�ZO?H/Ø=H2JKF2÷
XSB H2�pF{9;:=<?>�ÌË<T:=Lc<?J V�:ËO?¿2@yH¼��FIvÙFILy��FMLNÌÅ<?H�O?H�>Msuê=>MHu�M�MLy:=J 9?@N<?�)ê=suJ?s2>Mvx@cH2�pF�t2:=J?��LNO?su>Ms�v Ø=H2t
@CBDLyJÅFM>M:ËO?<?t½FILN:xJ¡O�B�<?Jr9�vx>MvxV�¿½FI>�H/O?H)O?LN��9�Hu>M�MLy:=J�÷ÖW`JP�M<T9?9�:x�MH�O?:=J?t)ÌÅ<?H

Nk = nµ(θ; xk, yk) + εk
v ØxH2t E(εk) = 0 HuF V ar(εk) = σ2nv(θ, b;µ(xk, yk))

:��P@yH2� (εk)k
�M:xJÅFo��<?9?9;:=�MsuH2�SLyJ?O?su9�HuJ?O�vxJKFIHu�2÷

QSL "su>MHuJÅFMH2�
� :xJ?tuFMLN:=J?�oO?H{ØÙvx>�LwvxJTt2H v ��:=JKF`HuJÅØËLy�Ivxê=suH2�`9?vx>S@Nv��M<TLyFMH{HuFSO?s2tu>MLáFIH2�Svx<Ê9�vÙ>Iv �ê=>Mvx9?¾?H 0Ë÷12T÷
a�¾KÛË9;:xFI¾?¿u�MH�O�B LNJ?O?su9�HuJ?O�vxJTt2H{OTH2�o:=E?�MHu>�ØÙvÙFMLN:=J?�.HuJÅFM>MH�O?L "�s2>�H2JKFI�.t2vx9TFIHu<?>M�oH2�pFS>�s vx@yLN�pFIH�z
Hu@N@NHÓ9T>M:�ØËLNH2JKFrO?< �ÉvxLyFPÌÅ<?H @NHu�rêx>IvxLyJ?�%O?H 9�:=@y@NHuJbO�vxJ?�r@NH´JÅ<�vxê=H´9;:=@N@yLNJ?LyÌÅ<?HÊ�M:xJÅFrFI>�¿2�
J?:xV¼E?>MHu<��RHuF/JT:=JÊ@NLyV�LáFñvxJKFM�2÷�a�H �ÉvxLáFSOBD:=ET�MH2>pØ=Hu>/E�H2vx<?t2:x<?9ÊO?H¼êx>IvxLyJ?�_O?vxJ?�`<?JÓt2vx9TFMH2<?>
J�BDv�"�H2t½FIH)O?:=J?t)9�vÙ�o@yH/J?:=V¼ET>MH/O?H)ê=>MvxLNJ?� FM>M:=<GØ=s�O�vxJ?�.@NHu�.vx<TFM>MH2�.t2vx9TFIHu<?>M�u÷
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a�Hc9�vx>MvxV4¿uFI>�H σ2 O?:=LyF��uFI>�Hi��FI>�LNt½FIH2V4H2JKF�9;:=�MLáFIL �ä÷2QSH]9?@y<?�2× ��LK@ B :=J/J?:xFMH σ2
k = (1+d(nk−1)) ×@yHr9?vx>IvxV4¿uFM>MH d >�H29?>�s2��H2JKFIHÊ@Nv tu:=>M>�s2@NvÙFILy:=J�H2JKFI>�H»@yH2�4ê=s2J?:ÙFkÛG9;H2��O?HrO?H2<��"O?Hu�MtuH2J?O�vÙJÅFM�sutñ¾�vxJKFILy@N@N:xJ?J?s2�A��<?>.<?JrV �uV�H`t2vx9TFMH2<?> ó XZ:=@y@NH½FMF ×�ã3h hTã �?}_<?H½F ���	��
 ×�ã3h7h 2Kö½÷

jGLS@NHÓ9�vx>MvxV4¿uFI>�H d H2��Fr9;:=�MLáFIL �ä×ZLN@_H2�pF»vÙ9?9�Hu@NsÓ9�vÙ>IvxV4¿uFM>MHÓO?HÓ��<?> �hO?LN��9�Hu>M�MLy:=J ó H½FP:=J v
σ2

k > 1 ö½÷�QSvxJ?�+@NH³t2vx��t2:=JKFI>MvxLN>�Hx× @yHc9�vx>MvxV�¿½FI>�H d Hu��FÔvx9?9;H2@ysc9�vx>MvxV�¿½FI>�HcO?Hc�M:=<T� �kOTLN�M9;H2>��MLy:=Jó HuF.:=JRv 0 < σ2
k ≤ 1 ö½÷

[cJ���J×O�BDvx9?>�¿2�`@Nv�>MHu@wvÙFMLN:=J ó õG÷yã¤ö ×Ö:=JÊ9;H2<TF/>�H2V�vx>MÌÅ<?Hu>SÌÅ<?H¼@CBD:xJ»H2�pF �ÉvxtuH �±<?J»9?>M:=ET@N¿2V4H
�pFñvÙFMLN��FMLNÌÅ<?HRO?HÊO?sut2:=JKØ=:x@N<TFMLN:=JbJ?:xJ�@NLyJ?s vxLy>MHrÌÅ<?LSJ�B H2�pFP9�vx�¡tu@wvx���MLyÌË<THx÷AXSB H2�pFP9�:x<?>MÌÅ<?:=LC×
O�vÙJ?�`@wv4�M<?LáFIHÙ×:=JÓ�uBDLyJÅFMs2>�H2�M��H2>Mv �¡@CBDs½FI<?OTH¼O?H � :=JTtuFILy:=J?�_O?H¼O?Ly�M9;H2>M��LN:=J»LNJ?O?LáØËLNO?<?Hu@N@yH2�o9�v �
>MvxV�s½FI>�LNÌÅ<?H2�u÷

 ��� & �4#����½$.5�- ,#� '��%0u5�(�$.5  "��3 � �½$©- '%$?5
a�H2�+V4:GO?¿u@NHu��V�sut vxJ?Ly��FMH2���M:=JKFÔO?H2�+V4:GO?¿u@NHu�+<GFILN@yLN��s2��9;:=<?>�@wvAO?Ly�M9;H2>M��LN:=J�vxJTs2V4:=9?¾?Ly@NHx×2O?:=J?t
ÌÅ<�vxJTOÓ@wv�9;:=@y@NLNJTLN�IvÇFILN:xJPv¡@NLNHu<»��H2<?@yH2V4H2JKF)v Ø=Hut�@ BDvxLNO?H�O?<ÊØxH2JKF ÷�fk@y�SJ?H���:=JKF/9�vx�`vxO�vx9TFMs2�
vx<Pt2vx�.O?H)@wv�O?LN��9�Hu>M��LN:=JPH2JKFM:=V�:x9?¾?LN@yHx×ËØ=:=Ly>A9�vx>AH �GHuV�9?@yH)9�:=<T>A@NH/t2:x@ 	 v � @NHuLNJ ó 07i i iKö ÷
a�H49?>MLyJ?t2Ly9�H4ê=s2JTs2>IvÙ@]Hu��F�OTH�tu:=J?�MLyO?s2>�H2>�@NH4ê=>IvxLyJ OTH±9;:=@N@yH2J t2:=V4V�H�<?JTH±9�vx>pFILyt2<?@yH4��:=<��
V4LN��H ��<?JPtñ¾�vxV49rOTH � :=>MtuH2�.@N:=>�� O?H)�Iv¼FM>Iv¤Ú�HutuFI:xLN>MH ó V4:GO?¿u@NHu�AO?LyFM� O?H/FkÛË9�H�a�vxê=>MvxJ?ê=LyH2JÖö ÷
XZHu��V4:ËO?¿2@yH2�`O?H�FM>IvxJ?��9�:x>�FI�)O?H�9?vx>�FMLNt2<T@NH2�/��:=JKF�LN�M��<?�)O?H�@wv¡V4s2t2vxJ?LyÌË<TH4OTH2� ��<?LyO?H2�u÷�fk@N�
tu:=J?O?<?Ly�MHuJÅF
��@CBD<GFILN@yLN�MvÙFILy:=J±O�B s2ÌÅ<�vÇFILN:xJ?�_OTL "�s2>MHuJKFILNHu@N@yH2�A��FM:Gtñ¾?vx��FMLNÌÅ<?H2�_HuF_9�Hu>MV4HuF�FIH2JKF_O?H2�
��LNV¼<?@NvÙFILy:=J?��JÅ<?V4s2>�LNÌÅ<?H2�u×Ù9?vx>âH �THuV�9T@NH �S@ BDvxLNOTH]OTHZ�Mtñ¾Ts2V�vx�³O�BD[c<?@NHu>2÷ ó � @N:ËH2O?HuJ{H½Fcmc@wvÙFMH2J
ã3h7h90=ö
[cJ±9T¾ÅÛË��LNÌÅ<?Hx×ËLN@TH �GLN�pFIHos2êKvx@yH2V4H2JKF]O?H2�«V�:ËO?¿u@NH2�cOTLyFI�iO?H.FkÛË9�H_[c<?@Nsu>MLyH2J�×ÅE�vx��s2�]�M<?>]@ B suFM<?O?H
O?H�@wv�FI<?>�E?<?@NHuJ?t2H{HuF`OT<»FI>MvxJ?�M9;:=>pF`O?H�9�:=@y@NHuJ�÷Öfk@N�ot2:=J?OT<?LN��H2JKF!�±>�s2�M:x<?O?>MH{O?H2�`suÌÅ<�vÙFILy:=J?�
vx< �rO?s2>�LyØ=suH2�`9?vx>�FMLNH2@y@NHu�2÷�[cJ»9?vx>�FMLNt2<T@NLNHu>2×�a�:=<TE�H½F ��� ��
 ó 07i i .ÅöZ:=JKF`O?s½Ø=Hu@N:=9?9;s{OTH2<��RV4:��
O?¿u@NHu�]9;:=<?>i@CBDs½FI<?O?HoO?<49�:x@N@NHuJ�O?H_V�v�� �AzK<?J±V4:GOT¿2@NHAHu<?@Nsu>MLyH2J ó no~/\_fäa+W/e`ö³HuF«<?J�V�:ËO?¿2@yHó j?|ÊW/m]ö]ÌÅ<?LÖ�MLyV¼<?@NH.@Nv�FI>Mv¤Ú�H2t½FI:=Ly>MH.O�B <?J¡HuJ?�MHuV¼E?@NH_O?HSêx>IvxLyJ?�iO?HS9;:=@N@yH2Jr÷Ëa�Hu<?> vÙ9?9?>M:Ëtñ¾?H
Hu��F�E�vx�MsuH���<?>�@wv%V�:ËO?su@NLN�MvÙFILy:=J»OTH2�{9T>M:Ët2H2���M<?��O?H�@NLyE�su>IvÙFMLN:=JÊOTH4FM>IvxJ?��9�:x>�F�HuF�O?H4O?s29;UxF
O?<r9;:=@N@yH2J�÷T[i@y@NH`9T>MH2JTORHuJRtu:=V�9GFIH)@NHu�At vx>MvxtuFMs2>MLy��FMLNÌÅ<?H2�.O?H)@Nv��pFI>�<?tuFM<?>MH�O?<P9�v ÛË�Ivxê=H ó ��:=@
JÅ<�×+vx<TFM>MHu��tu<?@yFM<?>MHu�ñö½×�@NvPFM<?>ME?<T@NH2JTt2H�vÙFIV4:=�M9T¾?s2>�LNÌÅ<?H�vxLNJ?��LcÌÅ<?H�@yH2��t vx>MvxtuFMs2>�LN��FMLNÌÅ<?Hu��O?<
ê=>MvxLNJ�O?H/9;:=@N@yH2J±OTH`V±v �h�2÷Ga�H2�AO?Hu<��%V4:ËO?¿2@yH2�Z9;H2>�V�H½FMFMH2JKFAO�B H2�pFILNV4H2>«@wv{tu:=J?tuH2JKFI>MvÙFILy:=J%HuF
@yH/O?s29;UxF.H2JRv ØÙvx@�O�B <?J?H)�M:=<T>Mt2H�O?:=JTJ?s2HÙ÷
acB <TFILy@NLN�MvÙFILy:=JrO?H2� � :=JTtuFILy:=J?�/O?H�OTLN�M9;H2>��MLy:=JÓLNJ?OTLyØËLNO?<TH2@N@yH2�oH �4t vÙt2H2�)9;:=<?>/@CBDs½FI<?O?H�OT< ��<��
O?H)9;:=@N@yH2J%9?>�s2��H2JKFIH�O?H2< �Rv�ØÙvxJKFIvxê=H2�.��<?>.@NH2�AV4:ËO?¿2@yH2�A9?¾KÛË�MLyÌË<TH2�SOTs2t2>�LyFM�otuL �hO?H2���M<?�)z
� a�H2�AV4:GO?¿u@NHu�Z9?¾KÛË�MLyÌË<TH2�.J?s2tuH2���MLyFMH2JKFoO?H2�«FIH2V49?� OTH/t vx@yt2<?@y�ZH �GtuH2�M��L � �u×�O?<?���¼@Nv{�MLyV¼<?@wv �FILy:=J�OBD<?J�ê=>IvÙJ?O±J?:xV¼E?>MHoO?H.FI>Mv¤Ú�H2t½FI:=Ly>MH2�u×Åt2:=JKFI>MvxLN>�H2V4H2JKF ��@CBD<TFMLN@yLN�IvÇFILN:xJ{O?Hu� � :=J?t½FILy:=J?�
O?H)O?LN��9�Hu>M��LN:=JPLNJTO?LyØËLNOT<?H2@y@NH2�«H �4t vÙt2H2�u÷

� a�H2� � :=J?tuFMLN:=JT�ÓO?HµO?LN��9�Hu>M�MLy:=JåLNJ?O?LáØËLNO?<?Hu@N@yH2�»>�H29?>�s2��H2JKFIHuJÅF @wvb9�:x@N@NLyJ?LN�MvÙFILy:=J	H �4t vxtuH ×t2:=V4V4HA@NH2<T>]JT:=V§@ B LNJ?OTLNÌÅ<?Hx×xO?<�9;:=@y@NH2J×Kvx@N:x>M�cÌÅ<?Ho@NH2�iV4:GOT¿2@NHu�i9?¾KÛG��LNÌÅ<?Hu�ZJ?Ho9?>MHuJ?J?HuJÅF
9�vx��H2J tu:=V49TFIH�O?Hu�{9?¾?suJ?:=V4¿2J?Hu�{O?H49;H2>�FMH�OTH4ØËLwvÙE?LN@yLyFIs{O?<�9;:=@N@yH2J vx< t2:=<?>���OTH±@NHu<?>
FI>Mv¤Ú�H2t½FI:=Ly>MH)HuFoO?Hu�_9?¾Ts2J?:=V4¿2JTH2�oO?H�tu:=V49�s½FILyFMLN:=J÷Gn_LNJ?��L ×?Ly@N�AJ?H�9?>MsuO?LN��H2JKFoÌÅ<�BD<TJ?H{9?>�:��
9�:x>�FILy:=J%O?H)9;:=@N@yH2J%LN���M<?H)O�B <?J?H��M:x<?>MtuH�H½F_vÙFMFMH2LNêxJ�vxJKF.@NH/tñ¾�vÙV�9PsuFM<?O?Lysx÷
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Q`vÙJ?�AFI:=<TFMH)@wv¼�M<TLyFIHÙ×�:=JP�2B LNJKFIsu>MHu�M�MH�O?:=J?t�vx< �PV�:ËO?¿u@NH2�ZO?LyFoa�vxê=>MvxJ?ê=LyH2J?�u÷ÖW`JPJ?:xFIH
Pt = (Xt, Yt, Zt)

@wv.9�:=��LyFMLN:=J!�o@ B LNJ?�pFñvxJKF t O�B <?J�ê=>IvxLyJ)O?H«9;:=@y@NH2J÷¤W`J{V4:GO?su@NLy�MH (Pt)t≥0
9�vx>

<?Jr9?>�:GtuH2�M��<?�o��FI:Ëtñ¾�vx�pFILyÌË<THx×�H2Jr9�vx>pFILyt2<?@yLNH2>Z9�vx>A<?Jr9?>M:Ët2Hu�M��<?�_OTH�OTL "�<?�MLy:=J�÷ÖXSB H2�pF � � �kO?Ly>MH
ÌÅ<?H)@ B :=JP9;H2<TFos2tu>MLy>MH/@wv¼FM>Iv¤Ú�HutuFI:xLN>MH/OT<rêx>IvxLyJrOTH�9;:=@y@NH2J%��:=<?�.@wv � :x>MV4H�z

dPt = b(Pt)dt+ a(Pt)dWt

:�� (Wt)
Hu��Fo<?JrV�:=<GØ=H2V4H2JKFoE?>�: j.JTLNH2Jr��FIvxJ?O�vÙ>MOrO?H)O?LNV4H2J?��LN:=J¡FM>M:=Ly�ALNtuL ÷

W`J´J?:xFMH TF
@NH¼FMH2V49?�/O?H�� s2tu:=J?O�vÇFILN:xJ�×�txB H2�pF ��� �kO?Ly>MH¼@yH¼FIHuV�9?�)O�BDvx>�> �uF)OTH4@Nv±FI>Mv¤Ú�H2t½FI:=Ly>MH

��<?>.<?J?H)9?@wvÙJÅFMH � H2V4H2@y@NHx÷
n�9�vx>pFILy>³O?Ho@wv/V�:ËO?su@NLN�MvÙFILy:=J{OTHo@Nv`FI>Iv�Ú�H2tuFM:=LN>�Hx×KLy@?H2�pF«9;:=���MLNET@NH.O�B :=ETFIHuJ?LN>c<TJ?H�� :xJ?tuFMLN:=J�O?H
O?Ly�M9;H2>��MLN:xJ4LyJ?O?LáØGLyO?<?Hu@N@NH«H2J�tñ¾?H2>�tñ¾�vxJKF @Nv)OTH2J?��LyFIsoO?H.9?>�:=E�vxE?Ly@NLáFIs O?<49;:=LNJKFiO?Ho@ B H2��9�vxt2H.:��
@NvSFI>Iv�Ú�H2tuFM:=LN>�H >MHuJ?t2:xJÅFM>MH.<?J4:�ØG<T@NHAÌÅ<?L�H2�pF � s2t2:xJ?O?s)÷Kmc@N<?�c9T>Ms2tuLN��s2V4H2JKF ×K:=J4v/@wv`9T>M:=9?>�LNs½FIs
��<?LyØÙvxJKFIH�z
¬�Ä¤æ ^+ÄÇÆÉÏKÁ�ÏRÕ�² *�� 	���� �M���'� � .,� �
HJ R TF

�����<�-	 �5� �
�  �ML 
 � ��
�0 �������� �+���'�� �!������;	� �)��� ���,.,� �����-� ��� ��	 ���M�
� ��� � �
	 �;��	 �/� ��	�%
�� ��0 f ���-�

R+∗ (HJ� R 
 �O�����'� 
 � (Xt, Yt)
�M�
� ���;��	 � � ��	4�� ��0����-�

R2 �����-� t > 0 6<	 � �10 � gt(x, y) (HJ�� R � ���5� �
�  �ML 
 ��� TF
��� (Xt, Yt)

�'��	 �)�	��-0�� ��	�� �
	 � ��� (� 
������ 
 ������� � 
 � (XTF
, YTF

) ����� ��	 �B� �
�� �ML 
 � ��
�0 ���1���� �B���-� R2 �M�
� ��� � �
	 � �-	 �$� ��	4�� �10
γ 0"2 ��
 � �

γ(x, y) =

∫ +∞

0

gt(x, y)f(t) dt
ó 0G÷dõ=ö

QSsuV�:xJ?��FM>IvÙFMLN:=JÓz
jG:xLyF φ <?J?H!� :=J?t½FILy:=JPV�Hu�M<?>MvxE?@NH/9;:=��LyFILáØ=HÙ÷�Q{BDvx9?>M¿u�_<TJ?H�� :x>MV¼<?@yH`O?H � v Û=Hu�_H½FS@yH �ÉvxLyFAÌÅ<?H@yH2� ØÙvx>MLNvxE?@yH2� TF

H½F (Xt, Yt)
�M:xJÅFoLyJ?O?s29;H2JTO�vxJKFIHu�2×Ö:=JRvPz

E[φ(XTF
, YTF

)] =

∫ ∫

(x,y)∈R2

∫ +∞

t=0

φ(x, y)gT (x, y|T = t)f(t) dt dx dy

=

∫ ∫

(x,y)∈R2

φ(x, y)

{
∫ +∞

t=0

gt(x, y)f(t) dt

}

dx dy

Q{B :��r@NH/>�s2�M<T@yFñvÇF ÷
W`J´�2B LNJKFIsu>MHu�M�MHu>Iv»OT:=J?t�9�vx>)@wv%��<?LyFMH�O�BD<TJ?H�9?vx>�F �%@wv%@N:xL³O?< t2:=<?9T@NH (Xt, Yt)

HuF�O�BDvx<TFM>MH
9�vÙ>�F ��tuH2@N@yH.O?H_@Nv�tu:=V49�:=�MvxJKFIH.Ø=Hu>�FILyt vx@yH.O?HS@Nv/FM>Iv¤Ú�HutuFM:=LN>�H (Zt)

×Å�M<?9?9;:=��s2HSLyJ?O?su9�HuJ?O�vxJKFIH
O?Hu�.t2:=V49�:x�IvxJKFIHu�.¾?:=>ML 	2:=JKFIvx@NHu�/÷
Q`vÙJ?�AFI:=<TFMH)@wv¼�M<TLyFIH)O?H)tuH)FM>Iv ØÙvxLN@C×G:xJR��<?9?9;:=�MHu>IvPz
� a�H2�.t2:Ë:=>MOT:=J?J?suH2�oO?H)@wv{FI>Mv¤Ú�H2t½FI:=Ly>MH)vx<PFIHuV�9T� 0 ��:=JKF P0 = (0, 0, 0) ÷
� a�v�¾?vx<TFIHu<?>.O?H2� ��Hu<?>M�oV �Ù@NH2�ZH2��Fo9?>�LN��H�tu:=V4V�H`:x>MLNêxLNJ?H`OTH�@CBdv �TH/OTH2� z ÷
� a�H2� ��H2<T>M�� H2V4H2@N@yH2� ��:=JKF_vx@N:=>��A�M<?9T9�:=��s2Hu�
�uFM>MH���<?J?H)¾�vx<GFIH2<T> h v�ØxH2t h < 0 ÷
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XZHu�`V�:ËO?¿u@NH2�o�M:xJÅFSE�vx��s2�`��<?>S@Nv�V4:GO?su@NLy�IvÙFMLN:=J%O?H�@wv�FI>Iv�Ú�H2tuFM:=LN>�H�OBD<?JÓêx>IvxLyJRO?H�9�:x@N@NHuJ �
@CBdvxLyO?H`O�B <?JrV�:x<TØ=HuV�HuJÅFoE?>�:3j.J?LNHuJ»v Ø=Hut�OT>ML � F O�vxJ?�

R3 ÷






dXt = fxdt+ τxdB
1
t

dYt = fydt+ τydB
2
t

dZt = fzdt+ τzdB
3
t

ó 0G÷4.Åö

:��P@yH2� (Bi
t)i=1,2,3

��:=JKFoFM>M:=Ly�AV�:x<TØ=HuV�HuJÅFM�.E?>M:3j.J?LyH2J?�oLNJ?OTs29;H2J?O�vÙJÅFM� �
τx, τy, τz

�M:=JKFo9;:=�MLáFIL � �u÷
fx
H½F fy

>�H29?>�s2�MHuJKFIH2JKFS@NH2�AØËLyFMH2���MH2�oV4:¤ÛxH2J?JTH2�oO?<rØxH2JKF_O�vxJ?�.@NH/9T@wvxJ%¾?:x>ML 	u:=JKFñvx@C÷
fz
×³�M<?9T9�:=��sRJTs2êKvÙFML �ä×Ô>MH29T>Ms2��H2JKFIHr@wvÊØËLyFMH2���MHPO?HPtñ¾Å<TFIHrO?<?H �Ó@wvÊê=>Mv ØGLáFIsÙ×cvx9?9;H2@ys2HPvx<?���ML
ØËLyFMH2���MH)O?H)�MsuO?LNV4H2JKFñvÇFILN:xJ�÷
a�v�V±vÇFI>MLyt2H`OTH)ØÙvx>�LwvxJTt2H �ht2:�ØÙvx>MLNvxJ?tuH`>MHu9?>Msu�MH2JKFMH{@NHu�AFI<?>�E?<?@NHuJ?t2Hu�.O?<?H2�_vx<%Ø=HuJKF ÷
a�v �âLyê=<?>MH ó 0G÷DõKö�tuL �ävÙ9?>M¿u��>MH29T>Ms2��H2JKFIHr@wv»FM>Iv¤Ú�HutuFM:=LN>�H¡O�B <?J"êx>IvxLyJ O?HP9�:x@N@NHuJ 9�vx>pFñvxJKF�O?<
9;:=LNJKF (0, 0, 0) HuFS�2BDvx>M> �uFIvxJKF)�M<?>`@yH{9?@NvxJÊO�B s2ÌÅ<�vÇFILN:xJ {z = h} ×:�� h Hu��F)@wv4¾�vx<TFMH2<?>SO?H2�9?@NvxJKFIHu�&� H2V4H2@N@yH2�u÷

������� 0G÷Dõ � \_J?H)FI>Mv¤Ú�H2t½FI:=Ly>MH/O�B <?Jrê=>IvxLyJ%O?H)9�:x@N@NHuJ

Q`vÙJ?� t2HSt vx�u×?@NH_t2:=<?9T@NH (Xt, Yt)
vxO?V4HuFZ9�:x<?> @N:xL;<TJ?H`@N:xL�J?:x>MV�vx@NHoO?H`V4:�Û=H2JTJ?H (fxt, fyt)

H½F.O?H)V±vÙFM>MLyt2H/O?H)t2:�ØÙvx>�LwvxJ?tuH (τ 2
x t 0
0 τ 2

y t

) ÷

� @NHuLNJ ��� ��
 ó 07i i=õKö�:=JKF �ÉvxLyFM��FM>M:=Ly�¡¾KÛG9;:xFM¾?¿2��H2�rO?L "�s2>�H2JKFIHu�%9�:=<T>¡@wv @y:=L_OT<�FMH2V49?�%O?H
� sut2:=J?O?vÙFILy:=J TF

×tu:=J?O?<?Ly�IvxJKF��±FM>M:=Ly� �ÉvxV4LN@y@NH2�oO?H � :xJ?tuFMLN:=J?�SO?H�O?LN��9�Hu>M��LN:=JÊLyJ?O?LáØGLyO?<?Hu@N@NHu�
O?s½FñvxLy@N@ys2H2� vx<P9�vx>IvÙê=>Ivx9T¾?HW0G÷ .T÷ 0G÷
ãx÷_\oJ�FMH2V49?�ZvÙ@Ns vÇFI:=Ly>MHALNJTO?s29;H2J?O?vxJKF O?Ho@wv/FI>Mv¤Ú�H2t½FI:=Ly>MHoHuF«O?H_@y:=L�H �G9;:=J?HuJÅFMLNHu@N@NHoH2�pF LyJ��
FM>M:ËO?<?LáFâ9;:=<?>³V4:ËO?s2@yLN�MHu>Ô@yH«FMH2V49?�³O�BDvÙFMFMH2LyJÅFMH �M<T>³J�B LNV49�:=>pFIH]ÌÅ<?H2@y@NH 9�vÙ>�FILyH«Øxs2ê=s½Fñvx@yHx÷
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[cJ?��<?LyFMHx×Ç@NHcFIHuV�9T�âO?H � s2t2:xJ?O�vÙFMLN:=J�H2�pF³:=ETFMH2JÅ<�H2J�t2:=JTO?LyFMLN:=J?J?vxJKFâtuHuFMFMH«ØÙvx>�LwvxE?@yHc9�vx>
@CBDs½Ø=suJ?H2V4H2JKF�z �`@NH/ê=>MvxLNJ%O?H)9;:=@N@yH2JPvÙF�FIHuLNJKF.@wv�¾�vx<GFIH2<T> h O?H2� ��Hu<?>M��� H2V4H2@y@NHu� �Ù÷

0Ë÷_a�H{FMH2V49?�SOTH � s2t2:xJ?O�vÙFMLN:=JÊHu��F/OTs���J?Lât2:=V4V�H�@NH�FIH2V49?�`OTH¼9?>MHuV�LyH2>_9�vx�M�Mvxê=H¼OTH¼@wv
FM>Iv¤Ú�HutuFM:=LN>�H ó O?<Rê=>IvxLyJ%O?H�9�:=@y@NHuJÖöZvx<rJ?LyØxH vx< z = h ÷;jTv4@y:=L�Hu��F_t2:=J?JÅ<?H�O�BDvx9?>�¿2�o@NH2�9T>M:=9?>�LNs½FIs2�AOT<RV4:=<TØxH2V4H2JKFoE?>M:3j.J?LyH2J�÷

õG÷_a�H`FMH2V49?�.O?H � s2t2:xJ?O�vÙFMLN:=JPH2�pFo<?J?H)ê=s2JTs2>IvÙ@NLN�MvÙFILy:=J%O?Hu�oOTH2<��rt2vx�.9?>Msut2s2OTH2JKFI�u÷
Q`vÙJ?�{@NvR9?>�:Gtñ¾�vÙLNJ?H��MH2t½FILy:=J�×+:=J �2B LNJKFMs2>MHu�M��H �RO?Hu�¼@N:=Ly�)O?H¡9?>�:=E�vxE?Ly@NLáFIs2�)<TFMLN@yLN�MsuH2��9�vx>�@wv
��<?LyFMH�zA@NH2�%@y:=LN�±¾ÅÛË9;H2>�E�:=@yLNÌÅ<?Hu�%ê=s2J?su>Ivx@yLN��s2H2� ó è�}_Q/ö±O�vxJ?�

R2 ÷Aa�H2�P>Msu�M<?@áFñvÙFM�Ps2J?:=JTt2s2�
��H2>M:xJÅFo<TFMLN@yLN�Msu� H2JT�M<?LáFIHx÷
& ��� �-� � :�A I  �VWN�X��W:�@�ABKML�N���>���>�XJC�@�Aä�G>,N��¤��� ���
a�v{O?s ��J?LáFILN:xJ¡O?H`@Nv{@N:=LÖ¾KÛË9�Hu>ME;:=@NLyÌÅ<?H`ê=suJ?s2>Mvx@NLy�Ms2HSH2J%O?LyV�HuJ?�MLy:=J»ã/Hu��FAO?sut2>�LyFIHSH2J%O?s½FñvxLy@N�
��@ BDvxJ?J?H �TH_n{÷ËQSH_9?@N<?�u×Åt2H2>pFñvxLyJ?H2�«9?>M:x9?>MLysuFIsu�Zt2vx>Ivxt½FIsu>MLN�pFILyÌË<TH2�iÛ���:=JKF 9?>�s2��H2JKFIsuH2�2÷Tfkt2L ×Å:=J
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fGIG(α, ρ, η; t) =
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I(α, ρ, η)
t−αe−ρt− η
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I(α, ρ, η) = 2
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α �����)�-	I��0 ��
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fGHD(α, λz, λx, λy, δx, δy; x, y) =
λ1−α

z δxδy(p/q(x, y))
α
2

2π

Kα(
√

pq(x, y))

K1−α(λz)
eδxλxx+δyλyy
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��� p = λ2
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yy
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0

tν−1 exp
(

−pt− q

t

)

dt = 2

(

q

p

)ν/2

Kν(2
√
pq)
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Kn+1/2(s) =

√

π

2
s−1/2e−s

[

1 +

n
∑

i=1

(n + i)!

(n− i)!i!
(2s)−i

]
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K1/2(s) =

√

π

2
s−1/2e−s ó t vx�.9�vx>pFILyt2<?@yLNH2>Iö«HuF K3/2(s) =

√

π

2
s−1/2e−s(1 + s−1)

ó 0G÷ 6Kö
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θ = (α, λx, λy, λz, δx, δy)
�
����� λz =

√

η′ρ′, λx =
fx

√
η′

τx
, λy =

fy

√
η′

τy
,

δx =
1

τx
√
η′
δy =

1

τy
√
η′
6 ��� η′ = 2η ��� ρ′ = 2ρ (
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f(XT ,YT )(x, y) = f(x, y) =

∫ +∞

0

f(XT ,YT )|T=t(x, y)fT (t)dt

:�� fT
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f(x, y) =

∫ +∞

0

1

2πτxτyt
exp

(

−(x− fxt)
2

2τ 2
x t

− (y − fyt)
2

2τ 2
y t

)

× 1

I(α, ρ, η)
t−αe−ρt− η

t dt
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f(x, y) = A(x, y)

∫ +∞

0

t(−α−1) exp

(

−tp′ − q′

t

)

dt
ó 0G÷ hKö
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f 2
x

2τ 2
x
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f 2

x

2τ 2
x

HuF q′(x, y) = η +
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2τ 2
x
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2τ 2
y

A(x, y) =
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2πI(α, ρ, η)τxτy
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(

fx

τ 2
x

x +
fy

τ 2
y

y

)
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4πτxτy

(η/ρ)(α−1)/2
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√
ρη)
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fx

τ 2
x
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fy
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y

y
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η′

2
HuF ρ =

ρ′
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1

2η′
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ρ′η′ +
f 2

xη
′

2τ 2
x

+
f 2

y η
′

2τ 2
y

)

=
1

2η′
p

H½F q′(x, y) =
η′

2

(

1 +
x2

2τ 2
xη

′ +
y2

2τ 2
y η

′

)
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η′

2
q
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f(x, y) =
(η′/ρ′)(α−1)/2 η

′(−α)

2πτxτyK1−α(
√
ρ′η′)

× exp

(

fx

τ 2
x

x+
fy

τ 2
y

y

)

×
(

p

q

)α/2

Kα(
√
pq)
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√
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fx

√
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fy

√
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τy
, δx =

1

τx
√
η′

H½F δy =
1

τy
√
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÷
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H½F q(x, y) = 1 + δ2
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f(x, y; θ) =
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z δxδy(p/q(x, y))
α
2

2π

Kα(
√

pq(x, y))

K1−α(λz)
eδxλxx+δyλyy
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α =
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, δx =

τz
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(
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fGTM(λz, λx, λy, δx, δy; x, y) =
δxδyλze
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2π

e−
√

pq(x,y)

√

q(x, y)
eδxλxx+δyλyy
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z + λ2

x + λ2
y
��� q(x, y) = 1 + δ2
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a�H`Ø=HutuFMH2<?>_9�vx>IvÙV�¿½FI>MH θ = (δx, δy, λx, λy, λz)
vÙ9?9�vx>pFILNHuJKF�� Θ = (R+)2 × (R)2 × R+ ÷
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vÙ9?9�vx>pFILNHuJKF�� Θ = (R+)2 × (R)2 × R+ ÷

Ð � ��æ,+�eËÞÉÃ � Ý]àP¢»� (âîÖÏËÈ+ÏÅÄ¤À�ÞÉÆCßuÀTÁ¤Æ æ�È
XZH½FMFIH!� :=Ly� �ktuL�@NH/FMH2V49?�_OTH!� sut2:=JTO�vÙFILy:=JrH2��F_�M<T9?9�:x�Ms{��<?LyØË>�H�<TJ?H¼è/fpè��IvÙJ?�oØÙvx@yH2<?>.9�vÙ>�FIL(�
tu<?@NLy¿2>MHS9�:=<T>o@yH/9?>MHuV�LyH2> 9?vx>IvxV4¿uFM>MH α ÷�nS@N:x>M�2× γ Hu��Fo<?J?H{è�}_Q�O?H)9�vx>IvÙV�¿½FI>MHu�

α, δx =
τz
τx|h|
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O?Hu� ê=>MvxLNJ?�«O?H`9;:=@N@yH2J ó 9?@y<?�ZLy@���H2>Iv¼9T>M:Ëtñ¾?H`O?H�ã=÷18G×ËV�:xLNJ?�]@wv�Øxs2ê=s½FñvÙFMLN:=J¡vx<?>Iv�O�BDLyJ ��<?HuJ?t2H
��<?>.@wv{FI>Mv¤Ú�H2t½FI:=Ly>MH/9�vÙ>oH �GH2V49?@NHÙ÷ ö
& ��� � \ � Ci�G�DCi� N N�� H :=:[XJ<�:i�_��>,N�� VW: @�C�A XJN��
W`J%ØÙv4H "HutuFI<TH2>.@NH/t2vx@Ntu<?@�9�:x<?>A@NH/V4:GOT¿2@NH 0G×�e_fpè�÷
a�v � :=J?t½FILN:xJ%O?H)O?LN��9�Hu>M�MLy:=JPLNJ?OTLyØËLNO?<TH2@N@yH`vx���M:Ët2Lys2H�vx<rV�:ËO?¿2@yH 0¼H2�pF ×�O�BDvx9?>�¿2��0G÷ .T÷ 0¼EÖöSz

fNIG(x, y; θ) =
δ2eλz

2π

(q(x, y)−1/2 + p1/2)

q(x, y)
e−

√
pq(x,y)eδ(λxx+λyy)

v Ø=Hut p = λ2
z + λ2

x + λ2
y
× q(x, y) = 1 + δ2(x2 + y2) HuF θ @NH`ØxH2t½FIH2<T>SO?Hu�o9?vx>IvxV4¿uFM>MHu�2÷
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fktuL ×?:=Jrv��M<?9T9�:=��s�vx<?�M��L δx = δy = δ ÷
W`JP9�:x�MH x = r cosω H½F y = r sinω v Ø=Hut r ≥ 0 H½F ω ∈ [0, 2π[ ÷
n_@N:=>��2×?:=Jrv

fNIG(x, y; θ)dxdy = C(θ)
q(r)−1/2 + p1/2

q(r)
exp(−

√

pq(r)+δr(λx cosω+λy sinω))rdrdθ

v Ø=Hut q(r) = 1 + δ2r2 ÷
W`JÊ9;H2<TF`s2t2>�LN>�H λx cosω + λy sinω = (λ2

x + λ2
y) cos(ω − ω1)

v�ØxH2t ω1 ∈ [0, 2π[ FMH2@+ÌË<TH
cosω1 =

λx
√

λ2
x + λ2

y

H½F sinω1 =
λy

√

λ2
x + λ2

y

÷
n_@N:=>�� fNIG

�2B s2tu>MLáF_��:=<?�.@wv � :=>�V�H{z
fNIG(r cosω, r sinω; θ) = C(θ)gθ(r) exp(κr cos(ω − ω1))

v Ø=Hut κ = δ(λ2
x +λ2

y)
× C <?JTH
� :=J?t½FILN:xJ±J?H`OTs29;H2J?O�vÙJÅF ÌË<TH`O?H2�Z9�vx>IvÙV�¿½FI>MHu�ZO?<%V4:ËO?¿2@yHx× g<?JTH!� :xJ?tuFMLN:=J%O?su9�HuJ?O�vxJKF_O?H r HuFoO?<PØ=HutuFMH2<?>o9�vx>MvxV�¿½FI>�H θ ÷

W`J»tu:=J?�pFñvÙFMH¼ÌÅ<?H{@Nv�@N:xL+OTH Ω t2:xJ?O?LyFMLN:=JTJ?H2@y@NH2V4H2JKF�� {R = r} ��<?LyFS<?J?H{OTLN��FM>MLyE?<TFILy:=JrO?Hgi:=J"|RLy�MHu� ó � vÙFI��tñ¾?H2@yHuFRã3h 6Tã�ö�HuF�O?:=J?tP@Nv´OTLN>MHutuFMLN:=J�O?<µØ=HuJKF¡>MHuJKFI>MHrH2J t2:xV�9TFMHPO�vxJ?�
@CBDH �T9T>MH2���MLy:=J O?H @wv � :=J?t½FILy:=J�OTH O?Ly�M9;H2>��MLN:xJ�LyJ?O?LyØËLyO?<?H2@y@NHÙ÷ mÔ:x<?>»tuH2�PFI>M:xLN�PV�:ËO?¿u@NH2�u×A@wv
9;:=@N@yLNJ?Ly�IvÙFMLN:=J4J�B H2�pF_OT:=J?t)9�vx�.LN��:xFI>�:=9;H ó t2:xJÅFM>IvxLy>MHuV�HuJÅFovÙ<rtu:=@ 	2v�9�vx>AH �GHuV�9?@yH�ö ÷
Q{BDvx<TFM>MH�9�vx>�F2×��M:=<?�{t2HuF�FIH � :=>MV4Hx×�:=J tu:=J?�pFñvÙFMH±ÌÅ<?H±@yH2��ØxvÙ>MLwvÙE?@NHu��vÙ@Ns vÇFI:=Ly>MH2� R H½F Ω J?H��:=JKF 9�vx�«LNJ?OTs29;H2J?O�vÙJÅFMH2�u×?t2:=JKFM>IvxLy>MH2V4H2JKF �{@ B ¾KÛË9�:xFM¾?¿2��H �ÉvxLáFIHo9�vx>«YÔ<�� FM: ������
 ó ã3h hKq=öcÌÅ<?L
��<?9?9;:=�MHuJÅF R HuF Ω LyJ?O?su9�HuJ?O�vxJKFIHu�_9;:=<?>A@yH2<?>AV4:ËO?¿2@yHx÷^.H2V�vx>MÌÅ<?H�za�H�V �uV�H�>IvxLy�M:=JTJ?H2V4H2JKF_9�Hu<TF/�2BDvx9?9T@NLNÌÅ<?Hu>_9;:=<?>_@NH�V�:ËO?¿u@NH4ã=×�è)Yo| ×�HuFS@NH
V4:GOT¿2@NH õT×Ëè�}_Q{÷Ëa�H2� � :=J?tuFMLN:=JT�c�2B s2t2>�LyØxH2JKF suêKvx@NHuV�HuJKFit2:=V4V�H.@yHA9?>M:ËO?<?LáFiO�BD<TJ?H�� :xJ?tuFMLN:=J
J?H)O?su9�HuJ?O�vxJKFoÌÅ<?H�O?H r HuFoO?H)@wv¼OTH2J?��LyFIs)O�B <?J?H�@N:xLO?H/gi:=J»|RLN��H2�u÷

 ��� � ��� �����	� � 
 ����������  � �� "�������
& ��� �-� � EGL�<�NY< � L�� V�XJ:�� N����DL��`< ��������� ��!�"#��$&%('�)#!�� �*!��,+-"#�.��/�01��/
243�5�68793�:<;

(Vt) =9>@? dVt = −fVtdt + τdBt, V0 = η >BADCFE η :G3�5�6 =HC 3�5 > 3 ; C 5 C (Bt)t I
f > 0 C ; τ > 0 J (Vt) CFK ;L5�MD3 EON 3 =,? M EFCFKPKQN�K 5SRT2 ? 3 K ; C :U3�V#WLX�Y C 3[Z CE]\^J_ Y CFK ; E M`3�3 Nba[N�C Y >*K M`Y N ;�:UM`3c5 C4EC ;P; C 6 a[N9> ;�:GMD3b5�:UdH6 ?PC 3 ;�: C YGY CeK ;�M E X >DK ;�: a[N�C�f M`Z,; C 3 N�CgC 3
>D=,= YG: ahN�> 3 ;�Y >�i M ?Pj�N Y C 5SR _ ;Qk[l CFK ;�5 C Y >�i M ?Qj�C

Vt = e−ftη + τe−ft

∫ t

0

efsdBs

243m5�67�3�:U; > YUM ?QK Y Cg=�? M EFCKQKPN�K (Xt)t≥0 =9>D? Xt =

∫ t

0

Vsds J
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!�"��$#&%('�%�)*#,+.-0/
(Xt)t≥0 1�2�354�67681�9;:=<�>?6*@�A�B�1�2�2�<72DC&EGFH@
>�2�3I1�J(>8K�LNM�9;1�>*O�1�B�PQJ(>83I:SRT@�:�UV>�AW3I:

6�4T@�9X4Q2�<�J(3I1YFHK�LZJ(>83[:SRT@�:]\
243 K R :G3 ;�6 ?QCKQKQCe>DN EB>@K 5SR N 3 =�? M ECFKPKQN�K 3�M`3 K ; > ;�:UM`3�3 > : ?QC_^ M`3 KQN�=,= M KPC 5�M`3 E�a[N�C V0 = v0 J
`ba�)*c�)*de%('�%f)*#,+N-hgji
k 1H6*@�A�B�1�2�2�<72 Xt 1�2�35:SR74T9ml Xt = v0

1 − e−ft

f
+
τ

f

∫ t

0

(

1 − e−f(t−u)
)

dBu \
n 1V6*9o<p2�UHAW>q4 E(Xt) = mt(f, v0) = v0

1 − e−ft

f
1�3

V ar(Xt) = σ2
t (f, τ) =

τ 2

f 2

(

t+
4e−ft − 3 − e−2ft

2f

)

r 6 j MD3 K ; ?�> ;Q:GM`3 ^s 3 >D=,= YG: ahN�> 3 ; Y C ;QX�6FM ?utFj�C 5 C�v9N Z�:G3,: = M N�? Y CK :U3[;Q6]w ?Q> Y CK K ;�M E X >DK ;�: ahN,CFKOf�x ? MD;Q; CF?zy�{|{7}
=9> w C~y��T{ l I M`3 >

Xt =

∫ t

0

{

e−fsv0 + τe−fs

∫ s

0

efudBu

}

ds

Xt = v0

∫ t

0

e−fs ds+ τ

∫ t

0

e−fs

{
∫ s

0

efudBu

}

ds

Xt = v0
1 − e−ft

f
+ τ

∫ t

0

dBu e
fu

{
∫ t

u

e−fs ds

}

Xt = v0
1 − e−ft

f
+
τ

f

∫ t

0

(

1 − e−f(t−u)
)

dBu f�}�JXy�� l

r COEC ;Q; C 6 EF? :U; N�?QC I M`3 C 3 5,6F5 N :<;�5�: ?PCFE ; CFj�C 3 ;LY�R CFKP= 6 ?�> 3 EFC 5 C Xt

5�MD3�3�6 C	E : V�5 CKQKPN�KFJ
x M N�? Y >�A@>D? : > 3 EC I MD3 >

V ar(Xt) =
τ 2

f 2

∫ t

0

(

1 − e−f(t−s)
)2
ds

=
τ 2

f 2

∫ t

0

(

1 + e−2f(t−s) − 2e−f(t−s)
)

ds

5SR M|�mY Cg? 6 KPN YU; > ; J
x M N�? Y CK 5 CN���j M�5 t Y CK =,? M = M K 6 K.E :<V 5 CFKPK M N�K I N 3�w ?Q> :G3 5 CL= M`YGY C 3 CFK ;.;QM NW� M N,?QK E M`3 K :G5�6 ? 6
E M j j�C N 3 C�=9>D? ;�: EN Y C K M N�j : KQC��4N 3 E X >Dj�= 5 C i M ?QECFKJp� CF? ; > :U3 CFK E M j�= M KQ> 3 ; CK1K M`3 ; j M@V
5�6YG: K 6 CK 5 C i >�� M`3 = Y N�K =�? 6 E : KQC�^@C 3 C d C ; I KPN : A@> 3 ;1Y C EB>DK I M`3 K R :U3 ;�6 ?PCFKPKQC�� Y >�j Mh5�6FYU: K�> ;�:GMD35 CK�E M j�= M K�> 3 ; CK 5 N ADCFE ; CFN,?LA :U; CFKPKQC	C ;L3�M`3 = Y N�KL>DN��mE M j = M KQ> 3 ; CFK 5 C Y > ; ?�>��PCFE ;QM`: ?PCDJ
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��� � ��� ����� /�)#"#� �1��" � � � ! )!�#"�" ��!����h! � � �e� )#!%$�)!� �&" !S����"#�'� )
r > 3 K�EFCO=�?QCj : CF? j Mh5 t Y C I Y CFK�E M j = M K�> 3[; CFK X�M ? :�(M`3 ; > Y CFK 5 C Y > ; ?�>��PCFE ;QM`: ?PC (Xt, Yt) ?QCK V; C 3 ;�5 CFN�� j M N�A`CFj�C 3 ; K Z ? M�)�3�: C 3 KL>BA`CE 5 ? : i ;�:U3�5�6 =HC 3�5 > 3 ; KJ+* > YUM`: 5 N E M N�= Y C (Xt, Yt)CK ;L5�M`3 E :U3 E X > 3�wD6 CDJ
x >D?�E M`3 ; ?PC I = M N�? Y >�E M j�= M KQ> 3 ; CgA`C? ;Q: EB> Y C Zt I C 3 KQC Z >DKQ> 3 ; KPN�? Y CFK 6 ahN�> ;�:UM`3 K 5 C�* > 3�Vw C8A :G3 f =�? M A`C 3 > 3 ;�5 C Y�R 6 a[N9> ;�:GMD3 5 CK�i M ?QECFK C 3 = X�, K : a[N�C l I M`3 KQN,=�= M KQCba[N�C Y > A :<; CKQKQC
ADCF? ;Q: EF> Y C Vt CK ; j M�5�6YG: K 6 C�=9>D? ^

{

dZt = Vtdt
dVt = fzdt− βVtdt + Ftdt

fz CK ; N 3 Cgi M ?QECO? 6 KPN YU; > 3 ;L5 C Y > w ?�>BA :U;Q6 C ; Ft ?QC=�? 6 KQC 3 ; C Y CK�E M`3 ; ? :GZ N ;�:UM`3 K 5 C Y >�i M ?PEFC
C
�,C?QE 6 CL=9>D? Y C�-9N :G5 COf : E :�Y C A`C 3[;]l KQN�? Y >4=9>D? ;Q: EN Y C 5 N�?�> 3 ; K M`3 ; ?�>��PC ; I ahN :93SR MD3[; =�>DK 5�6 � �68;�6 j : KQCK 5 > 3 K Y C ; CF?Qj�C YG:U3�6 > : ?QC 5 COi ? : E ;�:GMD3 −βVt J Ft CFK ; j M�5�6YG: K 6 C 3 w`63�6 ?Q> Y =9>D?�N 3
j M N,ADCFj�C 3 ;LZ ? M�)�3�: C 3 K ; > 3�5 >D? 5 J
* > ; ?Q>��PCFE ;�M`: ?QC (Pt)t≥0

5 COEFCOj M�5 t Y C I >D=�=^C YU6 j Mh5 t Y C/. I CK ;L5�M`3 E	j Mh5�6FYU: K 6 C4=9>D?






dXt = fxdt+ τxdB
1
t

dYt = fydt+ τydB
2
t

dZt = Vtdt
f�}�JXy|y l

>BA`CE
{

dVt = (cz − βVt)dt+ τzdB
3
t

V0 = v0 = 0
f�}�JXy�} l

M|�mY CFK (Bi
t)i=1,2,3 K M`3 ;10 j M N,A`Cj C 3 ; K Z ? M�)�3�: C 3 K :U3�5�6 =^C 3,5 > 3 ; K�f C ; P0 = (0, 0, 0)

l32
τx, τy, τz K M`3 ; = M K :<;�: i K I β > 0 C ; cz < 0 J_ Y CK ; � 3,MD; C?La[N�C τz 3SR >�=�>DK ;QM N ; � i > :U; Y > j54j CgK :;w`3,:U7 EF> ;�:UM`3 = X6, K : a[N�C*a[N�C*= M N�? Y CFK
j M�5 t Y CK y=� 0 J
798 :;:<8 +.->=@? AW<�@ β > 0 U 9 E :�A]<�4T3�JSAW>CBED�\GFHDJIY47CHK�1�3N68AW<�@ 2�AW9o<�3�JSAW>

Vt =
cz
β

(1 − e−βt) + τze
−βt

∫ t

0

eβsdBs

r 6 j MD3 K ; ?�> ;Q:GM`3 ^243 = M KQC St = exp(βt)Vt J+* >�i M ?Qj�N Y C 5 R _ ;Qk 5�MD3�3 C	> YGM ?QK�^
dSt = cz exp(βt)dt+ τz exp(βt)dBt

5SR M|�
St = v0 +

cz
β

(exp(βt) − 1) + τz

∫ t

0

exp(βs)dBs J 243 C 3 5�6F5 N :U;�Y Cg? 6 KPN YU; > ; J 3

r R >D=�?utFK Y CgEF> Y EN Y C d CFE ; N 6 C 3 � Y >�=�? M = M K :<;�:GMD3 }�J 0 I Zt =^CFN ; K R 6 E? : ?QCOK M N,K Y >�i M ?Qj�CD^
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Zt =
cz
β
t− cz

β

1 − e−βt

β
+
τz
β

∫ t

0

(

1 − e−β(t−s)
)

dBs f�}�JXy 0 l

243 KQN�=,= M KPC ;�M NW� M N�?QKga[N�C Y C ; CFj�=�K 5 C�i 6 E M`3�5 > ;�:GMD3 CK ;	Y C�=�?QCj : CF? ; CFj�=�K 5 C =9>DKQKQ> w C5 C Y > ; ?�>��PCFE ;QM`: ?PC � Y > X >DN ; CFN�? h J 243 = M KPC 5�M`3 E νh = inf{t > 0, Zt ≤ h}.
`ba�)*c&aW%�"7'�" +N-h��� AW<p2_9 E M���68AW3fM���2�1/A]< 1 cz < 0 1�3 h < 0 U 9;1_3I1 K_682�C&E 4T@
@���3 νh = inf{t >
0, Zt ≤ h} U�A	� Zt 1�2�3VC�AW>8>�:D1�> D�\GF�
�UH1�2�3�� >8J�6*@�1�2JA]< 1_2��@�1 K�1�>83S\
r 6 j MD3 K ; ?�> ;Q:GM`3 ^ 243 >

P(νh = +∞) = P(∀t, Zt > h) = P( lim
t→+∞

↘
⋂

u≤t

{Zu > h})

= lim
t→+∞

P(
⋂

u≤t

{Zu > h}) ≤ lim
t→+∞

P(Zt > h)

s 3 N ;Q:GYG: K�> 3 ;*Y�R 6]w > YG:U;Q6 fS}�JXy 0 l C ; Y > =�? M =�? M K :U;Q:GM`3 }�J 0 I M`3 > E(Zt) =
czt

β
(1 + O(1)) C ;

a[N9> 3,5 t
; C 3�5 A`CF?PK Y R :U3,793�:

h − E(Zt) > 0 J s 3 >@=�= YG: a[N9> 3 ; Y�R :G3,6]w > YU:U;Q6�5 C�� : C 3 > , j 68V
� E X C Z6,[; E X CA I M`3 M`Z,;Q: C 3[; > YGM ?PK

P(Zt > h) = P(Zt − E(Zt) > h− E(Zt)) ≤
V ar(Zt)

(h− E(Zt))2

� M NW� M N,?QK I 5SR >D=�?utFK Y > =�? M = M K :U;�:UM`3 }�J 0 I MD3 M`Z,;Q: C 3[; E(Zt) ∼
cz
β
t C ; Var(Zt) ∼

τ 2
z

c2z
t
5 R M|�

limt→+∞ P(Zt > h) = 0 C ;LY Cg? 6 KQN YU; > ; J 3

_ E : I EC 3 R CK ; = Y N,K Y > 5 C 3 K :<;�6m5 N ; CFj�=�K 5 Cb=�?PCFj : C? =9>DKQKQ> w C� N 3 3�: ADCB>DN h = M N�? N 3
j M N,ADCFj�C 3 ;gZ ? M
)�3,: C 3 >BA`CE 5 ? : i ; a[N : 3,M N�K :G3 ;Q6 ?QCKQKPCDJ 243 K M N X > :<; C I C 3 i > :<; I Y > 5 C 3 K :<;�65 N ; CFj�=�K 5 C�=�?PCFj : CF? =9>DKQKQ> w C��4N 3 3�: A`CB>@N h = M N,? N 3 =�? M EFCKQKPN�K 5 R 2 ? 3 K ; C :G3�V�WeX�Y C 3[Z CFE]\:U3[;Q6]w ? 6 J * > 5�68; CF?Pj :U3 > ;Q:GM`3 5 C Y > i M`3 E ;Q:GM`3 5 C 5 C 3 K :U;�6m5 CmEC =,? M EFCFKPKQN�K > 6;�6m68; N 5�:U6 C5 C=�N : K = Y N�K : CFN,?QK > 3�3�6 CFK I j > : K :GY`3 R C
� : K ; C.=9>@K 5 C.K M`Y N ;Q:GM`3 KSC��,>DE ; CFK > 3 > Y ,[;�: a[N�CKFJ	� M N,A`C 3[;Y CFK ? 6 KPN YU; > ; K M`Z,; C 3 N�K 5�M`3,3 C 3 ;15 CK :G3 i M ?Qj > ;�:UM`3 K�KPN�? Y CK j M j�C 3 ; K M N�KPN�? Y > ; ?Q> 3 KPi M ?Qj 6 C5 C * >D= Y >DEFC 5 C Y > 5 C 3 K :U;�6 5 N =�?QCj : CF? ; CFj�=�K 5 C =�>DKQKQ> w C I j > : K =�>DK KQN�? Y�R C���=�?PCFKQK :GM`3
C
�,= YG: E :U; C 5 C Y > 5 C 3 K :<;�6 J�� R CFK ; = M N,?LEC Y > a[N�C Y R M`3 A@> >D=�=�? M E X CF? Y > 5 C 3 K :<;�6O5 C νh J
�������	������� ���"!$#&%'�)(�*�#&%+���,�-*/.�01�	23.�*�#4%+*5%���*/6'*��-�'�7�����

γ 8
9;: "p) a=< : 8 +N->= FH> 2�<�6768A�2�1 A]<81Q9;1 6*@�A�B�1�2�2�<72 Zt 1�2�3_C�:>� >8J 6�4T@�D�\GF�
 47?T1�B cz < 0 1�3
h < 0 \-@_9;AW@�2 9X4�C�1�>�2�J(3I: CT< 3[1 K_682=C&E 4T@
@A��3 νh U C�:>� >8JS1_2�<�@ R+ U�681�<�3B��3�@�1 4�676*@�A�B�M8:�1 6�4T@

pθ(t) =
βg′(βt)
√

2πg(βt)

[

bzH(βt) + cz
g(βt)

− bzH
′(βt)

g′(βt)

]

exp

(

−(bzH(βt) + cz)
2

2g(βt)

)

f�}�JXy . l

A	� bz =
−cz
τz
√
β
, cz =

−β3/2h

τz
U H(t) = 1 − e−t − t 1�3 g(t) = t− 1.5 + 2e−t − 0.5e−2t \
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r 6 j MD3 K ; ?�> ;Q:GM`3 ^
x M N�? E M j�j�C 3 ECF? I � Y�R > :U5 C 5SR N 3 E X > 3�w Cj C 3[; 5 C ; Cj =�K I M`3 KQC ?�>DjQt 3 C � Y�R >D=�=,? M � : j > ;�:UM`35 C Y > 5 C 3 K :U;Q6�5 N =�?QCj : CF? ; CFj�=�K 5 C�=9>DKPK�> w C 5SR N 3 j M N,ADCFj�C 3 ; Z ? M�)�3�: C 3 ; ?Q>BA`CF?PK�> 3 ; N 3 C
E M N�? Z C 5�6 =^C 3,5 > 3 ;L5 N ; CFj�=�KFJ243 A M`:<; i >DE :UY Cj C 3[; ahN,C Y R M`3 =^CFN ;e6 EF? : ?QC νh K M N�K Y >�i M ?Pj C~^
νh(Y ) = inf{t > 0, Yt ≤ fθ(t)}

M|�
Yt =

∫ t

0

(

1 − e−β(t−s)
)

dBs C ;

fθ(t) =
βh

τz
− cz
τz
t+

cz
τzβ

(1 − e−βt) J
243m5�67�3�:U;LY Cg=,? M EFCFKPKQN�K Ỹt =

∫ t

0

(

1 − e−(t−u)
)

dBu J�� YUM ?QK I M`3 > Yt
L
=

1√
β
Ỹβt J r R M|�

νh(Y )
L
= inf{t > 0, Ỹβt ≤

√

βfθ(t)} =
1

β
inf{u > 0, Ỹu ≤ f̃θ(u)} =

1

β
ν̃(Ỹ )

>BA`CE f̃θ(u) = b̄zH(u) + c̄z
MT�

b̄z =
cz

τz
√
β

C ; c̄z =
β3/2h

τz
C ; H(u) = (1 − e−u − u) J

(Ỹt) CK ; N 3 COj >D? ;Q:G3�w > Y C YGM EB> Y C�E M`3 ;�:G3 N�C	>BA`CE Ỹ0 = 0 EB>@?�E R CFK ; N 3 C :U3 ;�6]w ?�> Y C 5SR _ ;�k J r C
= Y N�K I

g(t) = < Ỹ >t =

∫ t

0

(

1 − e−(t−s)
)2
ds = t+

4e−t − 3 − e−2t

2

f C ;�5�M`3 E MD3 > lim
t→+∞

< Ỹ >t = +∞ J l243 5�67�3�:U;
T (s) = inf{t > 0, < Ỹ >t > s} J g ? 6 > YG: K�> 3 ; N 3 C Z,: �PCFE ;�:UM`3 EF? M`: KPK�> 3 ; C 5 C

[0,+∞[ KQN�? [0,+∞[ I M`3 >
T (s) = inf{t > 0, g(t) > s} = g−1(s).

x >D? N 3b;�X,6FM ?utFj�C 5 CgE X > 3�w CFj�C 3 ;�5 C ; Cj =,K	f =9>D? C���CFj�= Y C�� M|w C?QK C ;��(:GYUYG: >@j KLfIy�{|{H. l I
=9> w C��H. l I M`3 >�> YGM ?QK ỸT (s)

L
= B̃s

MT�
B̃s CFK ; N 3 j M N,A`Cj C 3 ;eZ ? M�)�3�: C 3 K ; > 3,5 >D? 5 J

x >D?�KQN :<; C I
inf{s > 0, ỸT (s) ≤ f̃θ(g

−1(s))} L
= inf{s > 0, B̃s ≤ f̃θ(g

−1(s))} = g(ν̃(Ỹ ))

5�MD3 E ν̃(Ỹ )
L
= g−1

(

inf{s > 0, B̃s ≤ f̃θ(g
−1(s))}

) J
s 3 N ;�:UYG: KQ> 3 ; Y > =,? M =�? :G68;�6g5 N j M N,A`Cj C 3[;LZ ? M�)�3�: C 3 Bt

L
= −Bt C ; C 3 = M K�> 3 ;

aθ(s) = −f̃θ(g
−1(s)) = −b̄zH(g−1(s)) + c̄z = bzH(g−1(s)) + cz I M`3 C 3 5�6F5 N :U; a[N�C

νh(Y )
L
=

1

β
g−1

(

inf{s > 0, B̃s ≥ aθ(s)}
) f�}�JXy�� l

243 AD> j > :G3 ; C 3 > 3 ; 5�M`3�3 C? N 3 C >@=�=�? M � : j > ;Q:GM`3(5 C Y > 5 C 3 K :<;�6 5 N ; CFj�=�K 5 R > ;P; C :G3 ; C
inf{s > 0, B̃s ≥ aθ(s)} I Y R >@=�=�? M � : j > ;Q:GM`3 6; > 3[;L3�M@;�6 C rθ(t) J
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* >�i M`3 E ;�:GMD3 aθ

5�67�3�: C CFK ; C1 KQN�? Y R :U3[; CF? AD> YGY C [0,+∞) >BA`CE aθ(0) = cz > 0 f EB>D?
h < 0, cz < 0 C ; β > 0

l J r C	= Y N�K I a CK ; E M`3 EF>BA`C f g 68; > 3 ; E M`3 A`C���C l J243 =^CFN ; > YUM ?QK�>D=�=�? M E X C? Y > 5 C 3 K :<;�6 5 N ; Cj =,K 5 C =�?QCj : CF?4=�>DKQKQ> w C 5SR N 3 j M N�A`CFj�C 3 ;Z ? M�)�3�: C 3 =9>D?�N 3 C�E M N�? Z C 5�6 =HC 3�5 > 3 ;O5 N ; CFj�=�K � Y R > :G5 C 5SR N 3 ;�X�6M ? tj C 5�� � r N�? Z�:G3
fIy�{|{7} l J 243 M`Z,;�: C 3 ; > YUM ?QK

rθ(t) =
1√
2πt

(

aθ(t)

t
− a′θ(t)

)

exp

(

−aθ(t)
2

2t

)

f>* R CF?P?QCN�?�E M j�j : KQC YUM ?QK 5 C Y R >@=�=�? M � : j > ;Q:GM`3 CK ;L:G3 i 6 ? : CFN�?PC � √
π/Γ(0.5) × e(t)

M|�
e(t)

?PCF=�? 6 KQC 3 ; C Y Cgj >�� : j�N�j 5 C |a(r)−a(s)
r−s

− a′(r)| = M N�? 0 < s < r ≤ t J � :G3 K : = Y N�K Y >�=^C 3 ; C5 C Y >�i M`3 E ;Q:GM`3 a A@>D? : C Y C 3[; CFj�C 3 ; I = Y N�K Y >4E M`3 A`C? w C 3 EFCLA`C?QK Y >�Ah?�> : C i M`3 E ;�:GMD3�5 C 5 C 3 K :U;�6
CK ; ?�>D= :G5 C@J l243 C 3 5�6F5 N :U; > YUM ?QK Y > 5 C 3 K :U;Q6 p(t) 5 C νh � Y�R > :G5 C 5 C Y�R 6]w > YU:U;Q6 fS}hJhy�� l ^

pθ(t) =
βg′(βt)
√

2πg(βt)

[

bzH(βt) + cz
g(βt)

− bzH
′(βt)

g′(βt)

]

exp

(

−(bzH(βt) + cz)
2

2g(βt)

)

3

243 =HCN ; > YGM ?QK M`Z,; C 3�: ?�N 3 Cgi M`3 E ;�:UM`3b5 C 5�: KP=HC?QK :GM`3m:G3,5�: A :G5 N�C YUY C ^
`ba�)*c�)*de%('�%f)*#,+N-�� FH> 2�<�6768A�2�1 i
KH9X4�3�@u4��e1�B�3IAWJ(@�1 (Pt)t≥0 1�2�3HC�:>� >8JS1 6�4T@5B 
p\�� IQ47?T1�B τx = τy = τ \
K59;1b3[1 K_682~C�1	�e:�B�AW>*C74T3�JSAW> ?T:�@
J �H1 TF = νh 1�3zAW>q4�676*@�A�B�M81�2]4
�eAW>�B�3�JSAW>qC�1 C�1�>�2�J(3[:56�4T@
9X4��eAW>�B�3�JSAW> pθz C�:>� >8JS1DB�J(K C�1�2�2�<72]\
@_9;AW@�2�U 9X4Y9;AWJ CT<~68AWJ(>83 C�1	�e:�B�AW>*C74T3�JSAW> (XTF

, YTF
) 47CHK�1�3.68AW<�@=C�1�>�2�J(3[:

γ(θ; x, y) =
λ2

π
exp (2λ(δxx + δyy))

∫ +∞

0

1

t
exp

(

−(δ2
x + δ2

t )t−
λ2(x2 + y2)

t

)

p1(t, θz)dt

A	� p1(t, θz) = pθz(
t

β
) 1�3 θz = (bz, cz) U θ = (δx, δy, λ, bz, cz) UV47?T1�B δ2

x =
f 2

x

2τ 2β
U

δ2
y =

f2
y

2τ2β U λ2 =
β

2τ 2 1�3 θ ∈ R2 × (R+)3 \
r 6 j MD3 K ; ?�> ;Q:GM`3 ^_ Y KQN� ; 5 C4E MD3 K ; > ; C? a[N�C Xt KQN :U; N 3 C YUM`:93�M ?Pj > Y C 5 C�j M
, C 3�3 C fxt C ; 5 CLA@>D? : > 3 EFC τ 2t

2
Yt N 3 C YUM`:�3,M ?Qj > Y C 5 C�j M
, C 3�3 C fyt C ; 5 C A@>D? : > 3 EC τ 2t C ; νh > 5 j�C ; = M N�? 5 C 3 K :U;Q6 pθz(t) J
� YGM ?PK I C 3 >D=�= YG: a[N9> 3[;eY�R 6]w > YG:<;�6 fS}�J 0 l C ; C 3 i > : KQ> 3 ;4Y C*E X > 3�w CFj�C 3 ;O5 C�A@>D? : > Z�Y C t = βu IM`3mM`Z�;�: C 3 ;�Y Cg? 6 KQN Y<; > ; J
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* >mE M j�= M K�> 3 ; C A`C? ;Q: EB> Y C Zt CFK ; � 3�M N,A`CF>DN�j M�5�6YG: K 6 C =�>D?*N 3 j M N,A`Cj C 3[;*Z ? M
)�3,: C 3
>BA`CE 5 ? : i ; I :U3�5�6 =^C 3,5 > 3 ;L5 C (Xt, Yt) J
* > ; ?Q>��PCFE ;�M`: ?QC (Pt)t≥0 K R 6 E? :U; > YGM ?PK	f 5 > 3 KLN 3 =�?PCFj : C? ; Cj =�K l K M N�K Y > i M ?Qj�CD^







dXt = V x
t dt

dYt = V y
t dt

dZt = fzdt+ τzdB
3
t

f�}�JXy � l

>BA`CE
{

dV x
t = −cxV x

t dt+ τxdB
1
t

V x
0 = vx

0

C ;
{

dV y
t = −cyV y

t dt+ τydB
2
t

V y
0 = vy

0M|�
P0 = (0, 0, 0) C ;LY CK (Bi

t)i=1,2,3 K M`3 ;10 j M N,ADCFj�C 3 ; K Z ? M�)�3�: C 3 K :U3�5�6 =^C 3,5 > 3 ; K 2
τx, τy, τz K M`3 ; = M K :<;�: i K I cx, cy K M`3 ; KPN�=�= M K 6 Ke= M K :<;�: i K C ; fz CFK ; KQN�=�= M K 6*3�6 w > ;Q: i#J243 =HCN ; ?QCFj >D?PahN,CF?�a[N�C Y CFK�=9>@?�>DjQt ; ?QCFK τx C ; τy 3 R M`3 ; =9>DK ;QM N ; ��i > :U;�Y >�j54j CgK :;w`3�: V7 EF> ;�:UM`3 = X6, K : ahN,C�=9>D?�?Q>D=�= M ? ; >@N��mj M�5 t Y CK�=�? 6 E 6F5 C 3 ; KJ
*�C ; CFj�=�K 5 C i 6 E M`3�5 > ;�:UM`3 CK ; � 3�M N�A`CB>@N =�? : K 6 w > Y >DN ; CFj�=�K 5 C =�?PCFj : CF?O=9>@KQK�> w Cc>DN3�: A`CF>DN h J*� M j�j�C fz < 0 I Th = inf{t > 0, Zt = h} CFK ;�793,: =�?QCKQa[N�C�K � ?QCj C 3 ; f h < 0

l
C ; KQN :<;e5,M`3 EON 3 C	� _ � J

	���������� 8 ����� )*# � '�%f) # � 8 � %�d]c 8pa�d]%�)*# %�# � %��m% ��� 8 ��� 8

γ �
* >e=,?QCFj : t?QC :G5�6 C 6; > :U; 5 C.KQN�=�= M KPCF?1a[N�C Y CFK ; ?�>��PCFE ;QM`: ?PCFK 5 > 3 K Y C = Y > 3�X,M ? : (FM`3 ; > Y K M`3 ; C 3
? 6]w`: j C.K ; > ;�:GMD3�3 > : ?QC K ; ? : E ; I E R CK ;PV � V�5,: ?QC ahN,C Y CFK A@>D? : > Z,Y CFK V x

0 C ; V y
0 > 5 j C ;Q; C 3 ; = M N,? YGM`: K

?PCFKQ=^CFE ;�: A`CFK N 3 C N
(

0,
τ 2
x

2cx

)

C ; N 3 C N
(

0,
τ 2
y

2cy

)

J � YUM ?QK I 5 > 3 K EFC EB>@K I Y CK =,? M EFCFKPKQN�K (Xt)

C ; (Yt) K M`3 ; K ; > ;Q:GM`3,3 > : ?PCFK K ; ? : E ; CFKJ s 3 =9>D? ;�: EN YG: CF? :UY K�K M`3 ; EC 3 ; ? 6 K 5�M`3 E Y CN�?�j M�, C 3�3 C3 C 5�6 =^C 3,5 =9>DK 5 N ; CFj�=�KFJ�� C Y > 3SR CFK ; =9>DKeC 3 A : KQ> w CB> Z�Y C@JN� R CFK ; = M N�?Qa[N MD: I M`3 A@>�= Y N ;QkD;
E M`3 K :U5�6 ?PCF? 5 CKL=,? M EFCFKPKQN�K 3�M`3 K ; > ;�:UM`3�3 > : ?QCKFJ
� : M`3 KQN�=,= M KPC�a[N�C Y > ; ?�>��PCE ;QM`: ?PC (Pt)t≥0 CFK ; 5�68793�: C�=9>D?�f 0 J . l I Y > YGM`:95 NcE M N,= Y C (Xt, Yt)K R M`Z�;�: C 3 ; i >@E :GY CFj�C 3 ;mw ?��DEFC � Y >L=,? M = M K :<;�:UM`3 }�J 0 C ; Y >�i MD3 E ;Q:GM`3	5 C 5�: KP=HC?QK :UM`3	:G3�5�: A :G5 N�C YGY C
KPC	EF> Y EN Y C4> YGM ?PK�� Y�R > :G5 C 5 C Y�R 6 a[N9> ;Q:GM`3 }hJ 0 J s YUY C4K R C
��=�? : j CgK M N�K�i M ?Qj�C 5SR N 3 C :U3[;Q6]w ?Q> Y C@J
� C=HC 3�5 > 3 ; I Y�R > Y;w`M ? :U;QX j�CbN ;�:UYG: K 6 = M N�? CFK ;�: j�CF? Y CKc=9>D?Q>DjYt ; ?PCFK 3 C E M`3 ADCF? w C =�>DKFJ s 3
=9>@? ;�: EFN YU: C? I M`3 KPC X CFN,? ; C � 5 CFKb=�? M`Z�Y tFj�CFK 3 N�j 6 ? : a[N�CKc= M N�? Y C EB> Y EFN Y�5 C ECF? ; > :U3 CFK:U3[;Q6]w ?Q> Y CKFJ
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A :G5 N�C YUY C Z >DK 6 C KQN�? Y�R >D=�=,? M � : j > ;�:UM`3�5 CK�i M`3 E ;�:UM`3 K mt(c, v0) C ; σ2

t (c, τ)
5�67�3�: CK�� Y >

=�? M =�? :G6;Q6 }�J 0 I =9>D? 5 CFK�i M`3 E ;Q:GM`3 K m̄t(c, v0) C ; σ̄t
2(τ) ?QCFKP=HCE ;Q: A`Cj C 3 ; J

x >D? > 3 > YUM|w`: C >BA`CFE Y CK j Mh5 t Y CFK�� ��� I�� _ � C ; ��� r 5,6793�: K C 3 }�J .,J } I M`3*5,6793�:<;
m̄t(v0) =

v0t Jx M N�? Y >ei M`3 E ;�:GMD3 σ2
t (c, τ) I C 3 C d CE ; N�> 3 ; N 3 5�6 ADC YUM =�=^CFj�C 3 ; YG: j :<;�6 � Y�R M ? 5 ?QC 0 I M`3 =�?QC 3�5

σ̄t
2(τ) = τ 2t3 J

��CFj >D?Qa[N�CK�^ * > AD>@? : > 3 EFC I : E : I CK ; C 3 t3 > YGM ?QK�a[N�C = M N,? Y CK�j M�5 t Y CK�=�? 6 E 6F5 C 3[; K C YUY C68; > :<; C 3 t J s ;eY Cg=9>D?Q>DjYt ; ?PC c 3SR >D=�=9>@?�>�� ; = Y N�K 5 > 3 K�EFC 3�M N�A`CB>@N j M�5 t Y C@J
� :G3 K : I MD3 5�68793�:<;�Y Cgj M�5 t Y C � =9>D?�^
� %
	

Xt KQN :<; N 3 C YGM`:[3�M ?Qj > Y C 5 C j M�, C 3�3 C m̄t(v
x
0 ) C ; 5 C A@>D? : > 3 EC σ̄t

2(τx) I > ADCFE vx
0 ∈ R

C ; τx > 0 J
� %�%
	

Yt KQN :U; N 3 C YUM`:,3,M ?Qj > Y C 5 C�j M�, C 3�3 C m̄t(v
y
0) C ; 5 C A@>D? : > 3 EFC σ̄t

2(τy) I >BADCFE vy
0 ∈ R

C ; τy > 0 J
� %�%�%�	

Zt = fzt + τzBt > ADCFE fz < 0 , τz > 0 J
� %���	

X, Y C ; Z K M`3 ;L:G3�5�6 =HC 3�5 > 3 ; KFJ
`ba�)*c�)*de%('�%f)*#,+N-h� FH> 2�<�6768A�2�1 i
KH9X4�3�@u4��e1�B�3IAWJ(@�1 (Pt)t≥0 1�2�3HC�:>� >8JS1 6�4T@b9;1/K�A]C���9;1 ��C�:�B�@
J(3�B�J(K C�1�2�2�<72]\
KH9;1b3[1 K_682=C�1	�e:�B�AW>*C74T3�JSAW> ?T:�@
J �H1 TF = Th = inf{t > 0, Zt = h} \
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, YTF
) 47CHK�1�3.68AW<�@=C�1�>�2�J(3[:

γ̃(θ; x, y) = C̃(θ)

∫ +∞

0

exp
(

−λz

u
− u
)

exp
(

− (x−wxu)2

2a2
xu3 − (y−wyu)2

2a2
yu3

)

2πaxayu9/2
du fS}�JXy � l

47?T1�B θ = (λz, ax, ay, wx, wy) U�1�3 θ 4�676�4T@
3I1�>*4T>83 l Θ = (R+)3 × R2 1�3
λz = ρη, a2

x =
τ 2
x

ρ3
, a2

y =
τ 2
y

ρ3
, wx =

vx
0

ρ
, wy =

vy
0

ρ
\

n 1V6*9o<p2�U C̃(θ) =

√
λze

2
√

λz

√
π

\
r 6 j MD3 K ; ?�> ;Q:GM`3 ^
Th KPN :U;�;QM NW� M N,?QK�N 3 C	� _ � 5 CO=9>D?Q>DjYt ; ?PCFK 3

2
,
f 2

z

2τ 2
z

C ; h2

2τ2
z
J

r CO= Y N�K I : E : I C 3 N ;Q:GYG: K�> 3 ; Y�R 6]w > YU:U;Q6 fS}hJ 0 l I M`3 E M j�j�C 3 ECg=9>D? 6 E? : ?PC I
K : ω = (ρ, η, τx, τy, cx, cy, v

x
0 , v

y
0) >BA`CE ρ =

f 2
z

2τ 2
z

, η =
h2

2τ 2
z

γ̃(ω; x, y) = C(ω)

∫ +∞

0

exp
(

−η
t
− ρt

)

t3/2

exp
(

− (x−vx
0 t)2

2τ2
x t3

− (y−vy
0
t)2

2τ2
y t3

)

2πτxτyt3
dt
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>BA`CE C(ω) =

√
ηe2

√
ηρ

√
π

J
x1N : K I M`3 C d CFE ; N�C Y CgE X > 3�w Cj C 3[;L5 CgA@>D? : > Z�Y C u = ρt

5 > 3 K Y�R :G3 ;�6 w ?�> Y CDJ243 M`Z,;�: C 3 ; > YGM ?PK Y CO? 6 KQN Y<; > ; K M N X > :<;�6 >BA`CFE Y CFK 3�M@; > ;Q:GM`3 K :U3[; ? Mh5 N :<; CFK 5 > 3 K Y >�=,? M = M K : V;Q:GM`3 J 3
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x M N�? Y CFK 5 CFN�� j Mh5 t Y CFKL=�? M = M K 6 K 5 > 3 K�EC�=9>D?Q> w ?Q>D= X C I M`3 N ;�:GYU: KPCF?�> Y > i M ?Qj�N Y C 5�67�3�: C
C 3 fS}�J } l 5 > 3 K N 3 EB> 5 ?PC E M`3 ;�:G3 N = M N�? EB> Y EFN Y CF? Y >Li MD3 E ;Q:GM`3�5 C 5�: KQ=^CF?QK :GM`3 w`YGM`Z > Y C µ(x, y) J
� : V�5 CKQK M N�K�KQC ; ? M N,A`C 3 ;�Y CFK�EB> Y EFN Y K 3�6 EFCFKPK�> : ?QCKFJ
243 >�^ µ(x, y) =

SB(x, y)

SB(x, y) + SJ(x, y)
> ADCFE

SB(x, y) =

∫∫

(x′,y′)∈B

γ(x− x′, y − y′) dx′dy′

SJ(x, y) =

∫∫

(x′,y′)∈J

γ(x− x′, y − y′) dx′dy

243 KQN�=,= M KPC*a[N�C Y C 5�M j > :G3 C B CK ; N 3 ?QCFE ; > 3�w`Y C 5�68793�: =9>@?
B = {(x, y) ∈ R2, a1 ≤ x ≤ a2 et b1 ≤ y ≤ b2}

*�C 5�M j > :U3 C J CFK ; N 3 ?PCFE ; > 3�w`Y C
J1 = {(x, y) ∈ R2, a3 ≤ x ≤ a4 et b3 ≤ y ≤ b4}

>BA`CE a3 < a1, a2 < a4, b3 < b1 C ; b2 < b4 I >DN�a[N�C Y M`3 ?QC ;Q: ?PC Y C 5�M j > :U3 C B J243 =HCN ;L5�M`3 E 6 EF? : ?QC J K M N�K Y >�i M ?Qj�C
J = {(x, y) ∈ R2, a1 ≤ x ≤ a2 et (b2 ≤ y ≤ b4 ou b3 ≤ y ≤ b1)}

⋃

{(x, y) ∈ R2, b3 ≤ y ≤ b4 et (a2 ≤ x ≤ a4 ou a3 ≤ x ≤ a1)}
243 ?�>D=,=HC YGY C�ahN,C Y >�i M`3 E ;Q:GM`3 C?Pi CFK ;e5�68793�: Cg=�>D?

C?Pi (x) =
2√
π

∫ x

0

e−t2 dt ∀x ∈ R

� > Y EFN YUM`3 K SB(x, y) J
243 > SB(x, y) =

∫ a2

x′=a1

∫ b2

y′=b1

γ(x− x′, y − y′) dx′dy′ J
243 = M KQC

I(x,mt, σt, c, d) =
1√
2πσt

∫ d

c

exp

(

−(x− x′ −mt)
2

2σ2
t

)

dx′ f�}�JXy�� l
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M|�
mt ?QCF=,? 6 KPC 3 ; C Y > j M�, C 3,3 C 5 N =,? M EFCFKPKQN�K (Xt) C ; σ2

t KQ> A@>D? : > 3 ECDJ243 KQN�=,= M KPC�ahN,C Y > 5 C 3 K :U;Q6�5 N ; CFj�=�K 5SR > ;P; C :U3 ; C�CFK ; d(t, θ) J s 3 >D=�= YU: a[N9> 3 ;1Y C ;�X,6FM ?utFj�C5 Cbv9N Z�:U3�: I M`3 >
SB(x, y) = C̃(θ)

∫ +∞

t=0

d(t, θ)I(x,mx
t , σ

x
t , a1, a2)I(y,m

y
t , σ

y
t , b1, b2) dt

s 3 C d CFE ; N9> 3 ;LY CgE X > 3�w CFj�C 3 ;e5 CgA@>D? : > Z�Y C u =
x− x′ −mt√

2σt
I M`3 M`Z,;Q: C 3 ;

I(x,mt, σt, c, d) = − 1√
π

∫
x−d−mt√

2σt

x−c−mt√
2σt

exp(−u2) du

=
1

2

(

C?Pi
(

x− c−mt√
2σt

)

− C?Pi
(

x− d−mt√
2σt

))

r R M|�
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SB(x, y) = C̃

∫ +∞

0

d(t, θ)I(x,mx
t , σ

x
t , a1, a2)I(y,m

y
t , σ

y
t , b1, b2) dt.

r C Y >�j54j C4i >T� M`3 I M`3mM`Z�;�: C 3 ; C 3 5�6 E M j = M KQ> 3 ;eY C 5�M j > :G3 C �Q>DN 3 C f 3�MD;�6�� l
798 :;:<8 +.-hg

SJ(x, y) = C̃
∫ +∞
0

d(t, θ)×
{I(x,mx

t , σ
x
t , a1, a2) (I(y,my

t , σ
y
t , b2, b4) + I(y,my

t , σ
y
t , b3, b1)) +

I(y,my
t , σ

y
t , b3, b4) (I(x,mx

t , σ
x
t , a2, a4) + I(x,mx

t , σ
x
t , a3, a1))} dt \
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x >D? Y >LKPN :U; C I �e=9>D? ;�: ? 5 C Y�R C���= 6 ? : C 3 EC 5�6 EF? :U; C.C 3 f�}�J } l I M`3 A@>LCFK ;Q: j�CF? Y CK =9>D?Q>DjQt ; ?PCFK 5 CFK5�:<d 6 ?QC 3[; K1j Mh5 t Y CFK$� Y�R > :G5 C 5SR N 3 C�j 68;�X�Mh5 C 5 C�ahN�>DK : V Ah?�> : KQCj Z�Y > 3 EFC@J7� C Y >�A@>4=HC?Qj�C ;Q; ?QC5 > 3 K�N 3 =�?QCj : CF? ; CFj�=�K 5 C Y CK�E M j =�>D?QC? � Y R > :G5 C 5 C j 6;QX�Mh5 CFK w ?�>D= X�: a[N�CKmf E M j =�> V
?Q> : K M`3 5 CFK w ?Q>D= X�: ahN,CFK 5 CFK�? 6 K :U5 N�K ? 65 N :U; K l J s 3 KQN :<; C I M`3 =^CFN ; ?PC YG: CF? Y CFK =9>D?Q>DjQt ; ?PCFK
CK ;�: j 6 K > ADCFE Y CK 5,M`3�3�6 CFK j 68;�6FM ? M`YUM|w`: a[N�CK1C ; Y CK 5�M`3�3�6 CFK = X6, K : a[N�CK 5 N�j >� KFJ 2g3 =^CFN ;5�MD3 E�E M j =�>D?QC? Y CKeA@> Y CFN�?PKeCK ;�: j 6 CFK4C ;4Y CFKeA@> Y CFN�?PK M`Z KQCF? A 6 CFKFJ&� C Y > 3�M N�K4=^CF?Pj C ;�5 R C 35�65 N : ?QC Y C f K l j M�5 t Y C`f K l Y C`f K l = Y N,K =�? M E X C`f K l 5 C Y >	? 6 > YG:U;Q6 J f r > 3 K�� Y C :G3 1�3 4T9 fS}��|� 0 l1Y >E M j =�>D?�> : K M`3 >BADCFE Y CFK 5,M`3�3�6 CFKLj 68;�6FM ? M`YUM|w`: a[N�CK 3SR 6; > :U; =9>@KLE M`3 E Y N9> 3 ; C l
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� C ; ?�>BA@> :GY > = M N�? Z N ; I 5 > 3 K�N 3 =�?PCFj : CF? ; CFj�=�K I 5 COK : j�N Y C? I 5 > 3 K 5 CK�E M`3�5,:U;�:UM`3 K = X�, VK : a[N�CFK =�? M E X CFK 5 C Y >*? 6 > YG:<;�6 I 5 CFK = 6 ? :GMh5 CFK 5 C�= M`YUYG:G3,: K�> ;�:GMD3�5 Ncj >� K C ; =9>D?.KQN :<; C 5 R 68; N V5�: CF? Y > 5�: KP=HC?QK :UM`3 5 N = M`YUY C 3 I =9>@?	C
��CFj�= Y C C 3 i > : K�> 3 ; A@>D? : CF? Y > ; > :UYGY C�C ;	Y >bi M ?Qj�C 5 CFK
E X >@j =�KJ.x M N�?gEFC Y > I MD3 > Z CFK M`:G3 5 C ; C 3�: ?4E M j = ; C 5 CK	EF>D?�>@E ;�6 ? : K ;�: a[N�CFKg= X6, K : a[N�CFK 5 CFKw ?Q> :G3 K 5 C = M`YGY C 3 f = M`:G5 K I X >DN ; CFN�? 5 CFK�-9CFN,?QK�i Cj C YGY CK l C ;*5 C =9>D?�>@jYt ; ?QCK YU:G6 K�>DN A`C 3[;
f 5�: ?PCFE ;Q:GM`3 I :U3[; C 3 K :U;Q6 l J * C ; ?�>BA@> :GY 5 C � Y C :G3 f�}T�|�|� l KQN�? Y > i M`3 E ;�:GMD3 5 C 5�: KP=HC?QK :GM`3 = M N�?Y C�j >��K*> 6;Q6 :U3[;Q6]w ? 6 5 > 3 K Y C j Mh5 t Y C � � x 2 r 5�6 A`C YUM =�= 6 =9>@? Y R N 3,:U;�6 s E M&V _ 3�3�M A 5 CY R _
� � � �g? :hw`3�M`3 C ; Y C Y > Z^M ?�> ;�M`: ?QC s � s 5 R 2 ?QKQ> , f � 3�w CA :G3 1�3 4T9 I }T�|��y l J � C j Mh5 t Y C

=^CF?Pj C ; 5 C 5�6 EF? : ?QC C 3 j :UYG: CN X�M j M|w t 3 C 5 CFK 5�: KP=HC?QK :UM`3 K 5 C w t 3 CK KPN�? 5 CK =9>@?QEFC YGY CFK
> w ? : E M`Y CK 5 > 3 K 5 CFK�E M`3,5�:U;Q:GM`3 K�? 6 > YU: K ; CFKJWL3 KQCFE M`3�5 M`Z �PCE ;�: i CFK ;�5 C4j Mh5�6YG: KPCF? I ��=9>@? ;�: ? 5 CK�? 6 KQN Y<; > ; K M`Z,; C 3 N�K I Y C1-9N�� 5 Cg= M`YGY C 3
a[N9> 3,5cY Ce=9> , KQ> w C 3 R CK ; = Y N�K X�M j M|w t 3 C I E R CFK ; V � V 5�: ?PCea[N9> 3�5b5 CFN��cE X >@j =�K.K M`3 ; K 6 =9>@? 6 K
=9>@?�N 3 K M`Y�3 N M N N 3 C�>@N ; ?PCgEFN Y<; N�?PCDJ*� R CFK ;eY�R M`Z �PCE ;Q: i 5 N E X >D= :<; ?QC 0 J
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� Y > KPCFE ;�:GMD3 }hJ 0 J } I MD3 > 5�68793�: Y Cgj M�5 t Y C�K ; > ;�: K ;�: ahN,C 5 C Y >�i >T� M`3 KPN : A@> 3 ; C~^
Nk = ntµ(θ; xk, yk) + εk >BADCFE E(εk) = 0 C ; V ar(εk) = σ2ntv(θ, b;µ(xk, yk))

M|� Y CFK (εk)k K M`3 ; KQN�=�= M K 6 CFK :G3,5�6 =^C 3�5 > 3 ; CFK I nt ?QC=�? 6 KQC 3 ; C Y C 3�M j Z ?QC ;�M@; > Y 5 C w ?�> :U3 K
KPN�? Y�R 6 = :�YGM EB> YU: K 6 C 3 (xk, yk) C ; Nk

Y C 3�M j Z ?QC 5 C w ?�> :U3 K Z,Y CFN,K1KQN�?1EC ; 6 = : J *�C�=9>@?�>DjQt ; ?QC:U3[; ? Mh5 N :<; σ2 CFK ; N 3 =9>D?Q>DjQt ; ?PC 5 C 5�: KP=HC?QK :GM`3 Jr > 3 K N 3 =,?QCFj : C? ; CFj�=�K I M`3 =,? 6 KPC 3 ; C Y CFK ; ? M`: K i MD3 E ;Q:GM`3 K 5 C�A@>D? : > 3 EFCLC 3 A : K�> w`6 CKFJ8x1N : K IM`3 5,6 EF? :U; Y >�j 68;�X�Mh5 C�K ; > ;Q: K ;Q: a[N�C N ;�:GYU: K 6 C_^Dj 68;�X�Mh5 C 5 C�a[N9>DK :<V A�?Q> : KPCFj Z,Y > 3 ECDJ s 3�793 I M`35�MD3�3 C Y CK ? 6 KPN YU; > ; K C ; > 3 > Y , KQC 5 CK.? 6 KQN YU; > ; K = M N�? Y CKV�gj M�5 t Y CK 5�6 E? :U; K =�? 6 E 6F5 CFj�j C 3[;
C ;�Y CFK 0 i M`3 E ;�:UM`3 K 5 CgA@>D? : > 3 ECDJ
����� ��� � � �e�^��" � ��� � !%" �1��"!� ���H! $�� � $ � ��/�!��
� ? M`: K i M`3 E ;�:GMD3 K 5 CgA@>D? : > 3 EFC v K M`3 ; C 3 A : KQ> w`6 CFK 5 > 3 K�EFC ; ?Q>BAD> :GY J

yDJzv M`3 E ;�:UM`3b5 C ; , =HC Z�:U3�M j : > Y C ^
�hN�=�= M K M`3 K*a[N�C yi =

ni
∑

i=1

Ri,j

M|� Y CFK Ri,j K M`3 ;�5 CK*A@>D? : > Z�Y CFKO> YU6 > ;QM`: ?PCFK 3 C�= M N V
A@> 3 ; =�?QC 3�5 ?QC�ahN,C 5 CFN��cA@> Y CN�?QK I E R CK ; V � V 5�: ?PC�a[N�C4EC4K M`3 ;�5 CFK A@>D? : > Z�Y CFK.> YG6 > ;�MD: ?QCK5 C � CF? 3�M N YUYG: 5 C =9>D?Q>DjYt ; ?PC pi J � : Y CK�A@>D? : > Z�Y CFK Ri,j K MD3[;O:U3�5�6 =HC 3�5 > 3 ; CK I M`3 ?PC V; ? M N�A`C Y R X6, = M@;�X tKQC i > :U; C*=�>D? � Y C :G3 1�3�4T9 fS}��|� 0 l ^ Nk KQN :<; N 3 C YUM`: Z�:G3�M j : > Y C 5 C
=�>D?�>DjQt ; ?QCK (n, µ(xk, yk)) J� > :G3 ; C 3 > 3 ; I K :�Y CK A@>D? : > Z,Y CFK Ri,j K M`3 ; E M ?Q? 6FYU6 CFK�C 3 ; ?QCmC YUY CFK C ; K :�M`3 3�MD; C d Y C
E M C ��E : C 3 ;c5 C E M ?Q? 6FY > ;�:UM`3 C 3[; ?QC Ri,j C ; Ri,k = M N�? j 6= k > YGM ?PK M`3 > ;�M N�� M N�?QK
E(yi) = nipi f =9>D? YG:U3�6 >D? :U;Q6�5 C Y�R CFKP= 6 ?�> 3 EFC l J
r R >DN ; ?QCO=9>@? ; I M`3 > Var(yi) =

ni
∑

j=1

Var(Ri,j) +

ni
∑

j=1

∑

j 6=k

Cov(Ri,j, Ri,k) J

*�C�E M C � E : C 3[; 5 C�E M ?Q? 6FY > ;�:GMD3 d I C 3 ; ?PC Ri,j C ; Ri,k I CFK ; d =
Cov(Ri,j, Ri,k)

√

Var(Ri,j) Var(Ri,k)
J

� M j j�C Var(Ri,j) = Var(Ri,k) = pi(1−pi) I :UY A : C 3 ; Cov(Ri,j, Ri,k) = dpi(1−pi) Jr R M|�

Var(yi) =

ni
∑

j=1

pi(1 − pi) +

ni
∑

j=1

∑

j 6=k

dpi(1 − pi)

= (1 + d(ni − 1))nipi(1 − pi) f�}�JXy�{ l
r R M|� Y CgE X,M`: � 5SR N 3 C	i MD3 E ;Q:GM`3b5 CgA@>D? : > 3 EC 5�:U; C 5 C ; , =HC Z�:G3,M j : > Y Cb^
v1(µ) = µ(1 − µ) J
��CFj >D?PahN,CFK ^
� : d > 0 I EFC Y >bK :hw`3�:U7 C�N 3 = Y N�K w ?�> 3�5 6 EF>D? ; C 3[; ?QC Y CK 3�M j Z ?QCK 5 C��KQN,EFE]tK�� a[N�C
ECOahN : CFK ; > ;P; C 3�5 N 5 > 3 K Y CgEF>DK M|� Y CFK A@>D? : > Z,Y CFK M`Z KQC?PA 6 CFK�K M`3 ;L:G3�5,6 =^C 3�5 > 3[; CFKJ
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WL3 Cc>@N ; ?PC = M KQK :GZ�:UYG:<;�6 5SR :G3 > 5�6 a[N9> ;Q:GM`3 5 N�j Mh5 t Y C�=^CFN ; 4 ; ?QC Y >bAD>@? : > Z�:GYU:U;�6�5 > 3 KY CFKg=�? M`Z > Z,:GYG:<;�6 K 5 C ? 6 = M`3 KQCDJ � C Y >m=HCN ; KQC =�? Mh5 N : ?QC YUM ?QKPahN,C Y R C 3 KQCj Z�Y C 5 CFK M`Z�V
KPCF? AD> ;�:GMD3 K 3 C K M`3 ; =9>@K*=�? : KPCFK 5 > 3 K Y CFKOj�4Fj�CFK	E M`3,5�:U;Q:GM`3 KgC
��= 6 ? : j�C 3 ; > Y CKFJ r CFK
EF> Y EN Y K�f =�>D?�C
�,Cj = Y C � M`YUY C ;Q; y�{|{�y l E MD3�5 N : KQC 3 ; � Y R 6 a[N9> ;�:UM`3 f�}�JXy�{ l >BADCFE d > 0 J
� :G3 K : I 5 > 3 K Y C�EF>DK 5 C Y >*KQN�? V�5�: KQ=^CF?QK :GM`3 I M`3b3 Cg=^CFN ; =9>DK 5�: K ;�:U3�w N�C? Y CFK C d C ; K 5 N�K
��N 3 C*E M ?P? 6FY > ;�:UM`3 C 3 ; ?PC Y CK 5�MD3�3�6 CK4C ;�Y CKeC d C ; K 5 N,K � N 3 C*A@>D? : > Z�:UYG:U;Q6 C 3 ; ?QC Y CFK
=,? M`Z > Z�:GYU:U;�6 K 5 CO? 6 = M`3 KQC@J

}hJzv M`3 E ;�:UM`3b5 C ; , =HC YU:G3�6 > : ?PC ^s 3 6; N 5�: > 3 ;.Y CFK 5�MD3�3�6 CK.C
��= 6 ? : j�C 3 ; > Y CK I M`3 ?PCFj >D?Qa[N�C�a[N�C Y CK AD> Y CFN,?QK M`Z KPCF?PA 6 CK
= M N�? Y CFK =�? M = M ? ;�:UM`3 K 5 C 3�M j Z ?PCFK 5 C w ?�> :U3 K Z�Y CFN�K KQN�? N 3*6 = : I K M`3 ; CFKQKPC 3 ;�: C YUY CFj�C 3 ;
E M j�=�? : KQCFK C 3 ; ?QC� C ; 0.2 C ;�3 C 5�6 =9>DKPKQC 3 ; =9>DK 0.5 J � :G3 K : I :UY CFK ;�: j�= M ? ; > 3 ; 5 C
j Mh5�6FYU: KQC? Y >gi M`3 E ;Q:GM`3 5 C�A@>D? : > 3 ECeKPN�? EC ;�:U3 ; CF? A@> YGY C�f C ; 3�M`3 KPN�? ;QM N ; Y R :U3 ; CF? A@> YGY C
[0, 1]

l J
r C = Y N�K I M`3 K M N X > :<; C =�?PC 3�5 ?QC N 3 C i M`3 E ;�:UM`3 5 C A@>D? : > 3 EC 3�M`3(3 N YGY C C 3 �,J s 3
C d C ; I :GY , > Z CB>DN�E M N�= 5 C�A@> Y CFN�?PK M`Z KQCF? A 6 CFK�=�? M E X CFK 5 C�� C ; = M N,? Y R CK ;Q: j > ;�:UM`3
=�>D?�>Dj 6; ? : ahN,C 5 CFK�i M`3 E ;�:UM`3 K 5 C 5,: KQ=^CF?PK :UM`3b:G3�5,: A :G5 N,C YGY CFK I Y >�j 68;�X�Mh5 CgK ; > ;�: K ;Q: a[N�C
N ;�:GYU: K 6 Cgf A M`: ? =9>D?Q> w ?Q>D= X C�KPN : A@> 3 ; = M N�? Y > 5 CFKPEF? : = ;�:UM`3 5�6; > :GYUYG6 C 5 C Y >4j 68;�X�Mh5 C 5 C
a[N9>@K :<V Ah?�> : KQCFj Z�Y > 3 EFC l i > :U;	:G3 ; C?PADC 3�: ? Y >mi MD3 E ;Q:GM`3 5 C AD>@? : > 3 EFC�>DN 5�6F3�M j :U3 > ; CN�?5 CFK 6 a[N9> ;Q:GM`3 K 5 C	a[N9>@K :<V Ah?�> : KQCFj Z�Y > 3 EFC I 5SR M|� Y R >@=�=9>D? :U;�:UM`3c5 C w ?Q> 3�5 CK�AD> Y CFN,?QKFJ
� 793c5 C�= M`3,5�6 ?PCF? 5 C�i >T� MD3 E M ?Q?QCE ; C Y CK M`Z KPCF? AD> ;�:GMD3 K K :;w`3�:<7 EB> ;�: ADCFK I M`3 E M`3 K :G5 t?QC5,M`3 E�N 3 C i M`3 E ;Q:GM`3 5 C A@>D? : > 3 EFC 5 C ; , =HC YG:U3�6 > : ?QC I 5�67�3�: C�= M N�? µ ∈ [0, 0.5] I =9>@?
v2(µ, a) = (a+ µ)

M|�
a ∈ R+ J

0 Jzv M`3 E ;�:UM`3b5 C ; , =HCOC
�,= M`3 C 3 ;�: C Y ^s 3,7�3 I C 3 ; ?Q>T�B> 3 ; Y C w ?�>D= X�: a[N�C 5 CFK AD>@? : > 3 EFCK CFj�= : ? : a[N�CK =�>D? ?Q>D=�= M ? ; � Y R CK V
= 6 ?Q> 3 EC I C 3 > , > 3 ; ?QC w ? M N�= 6 Y CK 5�M`3�3,6 CFKb=�>D? =9>@ahN,C ; K 5 C ; > :UYGY C KPN��K�> 3 ; C I M`3E M`3 K ; > ; C�a[N�C Y >bE M N�? Z C EF? MD:U;	YG6 w tF?PCFj�C 3 ; = M N,? Y CFKgA@> Y CN�?QK 5 C Y R CKQ= 6 ?�> 3 EFC�E M j V
=,? : KPCFK�C 3 ; ?QCb� C ; �,J } I =,N : K�E? M � ; i M ? ; CFj�C 3 ; = M N�?�EFC YGY CK�KQN�= 6 ? : CFN,?QCFK��Q�,J }bJ
� C Y > 3�M N�K >DjQt 3 C��4E M`3 K :G5�6 ?QCF?1N 3 C�i M`3 E ;Q:GM`3�5 C A@>D? : > 3 EFC 5 C ; , =HC �C
��= M`3 C 3 ;�: C YGY C �5 C Y >�i M ?Qj�C v3(µ, b) = exp(bµ) > ADCFE b > 0 f ;�M N�� M N�?QK�= M N�? µ ∈ [0, 0.5]

l J
����� ��� � / ��' ��� !
� 	�� V CFK ;Q: j > ; CN�? ^243 KQN�=,= M KPC*a[N�C Y�R M`3mM`Z KPCF? A`C (Y1, ..., Yn) N 3 n V 6 E X > 3 ;Q:GYGYUM`3b5SR N 3 C YGMD:

Pθ I MT� θ ∈ Θ CFK ;Y C4A`CFE ; CN�?e=�>D?�>DjQt ; ?QC I 5 C 5�: j�C 3 K :GMD3 k J 243 K M N X > :U; C	CK ;Q: j�CF? EC*=9>@?�>DjQt ; ?QC θ J243 KQN�=,= M KPC*a[N�C Y�R CFK ;�: j > ; CFN�? θ̂ 5 C θ0 A 6 ? :<7 CON 3 K , K ; tj C 5SR 6 a[N9> ;�:GMD3 K 5 C Y >�i M ?Qj�C
Ψn(θ) =

1

n

n
∑

i=1

ψθ(Yi) = 0 J
* > i M`3 E ;Q:GM`3 ψ = (ψθ,1, ...ψθ,k) CFK ; >D=�=^C YU6 C Y >�i M`3 E ;�:UM`3 KQE M ?QC C ; Y�R CFK ;�: j > ; CFN�? θ̂ � V
CK ;�: j > ; CFN,?FJ
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243 i > :U; Y CFK X6, = M@;�X tKQCFKeKQN : A@> 3 ; CFK ^
� Ψn(θ) E MD3 ADCF? w C*C 3 =,? M`Z > Z�:GYU:U;�6 A`C?QK Ψ(θ) = E(ψθ(X1)) J
� * >�KPN :U; C (θ̂n)n E M`3 A`C? w C C 3 =�? M`Z > Z,:GYG:<;�6 A`C?QK θ0 a[N9> 3�5 n ; C 3,5 ADCF?PK +∞ >BA`CE Ψ(θ0) = 0 J
� x M N,? ;�M N ; x I Y > i M`3 E ;�:UM`3 θ 7→ ψθ(x) > 5 j�C ;c5 CFK 5�6 ? : A 6 CK =�>D? ;Q: C YUY CK KPCFE MD3�5 CFK C ;
E M`3 ;Q:G3 N�CFKL=9>D?�?Q>D=�= M ? ; � θ J

� * >�j > ; ? : EFC I (k×k) I 5 CK 5�6 ? : A 6 CK =�?QCj : tF?PCFK =�>D? ;Q: C YUY CK 5 C Ψn I 3,MD;�6 C Ψ̇n(θ0) I E M`3 A`C? w CC 3 =�? MDZ > Z�:UYG:U;Q6 ADCF?QK Y > j > ; ? : EC (k × k) Γθ0
= E(ψ̇θ0

)
:G3 ADCF?QK :GZ�Y CDJ

�
243 3�M@; CgC 3�793 I(θ) = E(ψθψ

T
θ ) J

� YGM ?PK M`3 > Y C ;�X�6M ? tj COKPN : A@> 3 ; f � > 3 5 C? � >`>D? ; y�{|{ � =9>D?�C
��CFj�= Y C l
9;: "p) a=< : 8 +N-h+ √

n(θ̂n − θ0)
L−−−−→

n→+∞
Nk

(

0, (Γθ0
)−1I(θ0)(Γ

T
θ0

)−1
)

� 	 � 6;QX�M�5 C 5 C	j >W� : j�N�j 5 C	Ah?�> : KQCj Z�Y > 3 EFC ^243 KQN�=�= M KPC ;�M NW� M N�?PKea[N�C Y�R M`3mM`Z KQC?PADC (Y1, ..., Yn) N 3 n V 6 E X > 3 ;Q:GYGYUM`3 > , > 3 ; = M N,?Li M`3 E V;Q:GM`3 5 C 5 C 3 K :U;�6 pθ J 243 K M N X > :U; C CFK ;Q: j�CF? Y C A`CE ; CFN�? =9>D?Q>DjYt ; ?PC θ 5 C 5�: j�C 3 K :GMD3 k J* R CFK ;Q: j > ; CN�? 5 N j >W� : j�N�j 5 CLAh?�> : KQCFj Z�Y > 3 EFC I 3,MD;�6 θ̂V,n I j >W� : j : KPC Y >gi M`3 E ;�:GMD3 5 C YGMTw@V
Ah?�> : KQCj Z�Y > 3 EFC 5�67�3�: C =9>D? Ln(X, θ) =

n
∑

i=1

ln(pθ(Xi)) J$� C Y > 6 a[N : A@>DN ; � ? 6 K M N 5 ?PC Y C
K , K ; tj C 5SR 6 a[N9> ;Q:GM`3 K I = M N�? j = 1, ..., k ^
Ψn(θ) =

n
∑

i=1

ψθ,j(Xi) = 0 >BADCFE : E : ψθ,j(x) =
∂

∂θj
ln(pθ(x)) J

� M N�K Y CFKOE M`3�5�:<;�:GMD3 K 5 C ? 6 w N Y >@? :U;Q6 E : V�5 CKQKPN�K I M`3 > Y C ;�X�6M ? tj C 5 C E M`3 A`CF? w C 3 EFCcC 3 YUM`:
>DK , j = ;QMD;�: a[N�CgKQN : A@> 3 ; ^
9;: "p) a=< : 8 +N-hg √

n(θ̂V,n − θ0)
L−−−−→

n→+∞
Nk(0, I

−1(θ0))

* > 5�6 j MD3 K ; ?�> ;Q:GM`3 5 N ;�X,6FM ?utFj�CcCFK ; Z >DK 6 CcKPN�? Y�R N ;Q:GYG: K�> ;Q:GM`3 5 R N 3 C i M ?Qj�N Y C 5 C � > ,�YUM ?
= M N�? Y >�i M`3 E ;Q:GM`3 Ψn C ; KPN�? Y CK 6]w > YU:U;Q6 K�KQN : A@> 3 ; CKb^

E(ψθ) = 0 C ; E(ψ̇θ) = −I(θ) fS}hJ }T� l
M`Z�; C 3 N�CKeC 3 5,:UdH6 ?QC 3 E : > 3 ;�Y�R 6]w > YG:U;Q6

∫

pθ dP = 1 J
* > j > ; ? : EFC I(θ) CK ;eY >�j > ; ? : EFC 5SR :U3 i M ?Pj > ;Q:GM`3 5 Cbv : K X CF?J
��CFj >D?Qa[N�C ^4� : M`3 E M`3 K :G5 t?QCLN 3 j Mh5 t Y C�> 5 j�C ;Q; > 3 ; N 3 C YUM|w@V A�?Q> : KPCFj Z,Y > 3 EC 5 C Y >4i M ?Qj�C
σ−2{yTθ − b(θ) − c(y, σ)} I > YUM ?QK�C 3 5�:<d 6 ?QC 3 E : > 3 ;�Y�R C���=�?QCKQK :GM`3 C ; C 3 KPN�=�= M K�> 3 ; a[N�C Y C
KPN�=�= M ? ;L5 C Y > YUM`: 3 C 5,6 =^C 3�5 C	=9>DK 5 C θ I M`3 ; ? M N�A`C ^

E(Y ) = µ(θ) = b′(θ) C ; Cov(Y ) = σ2b”(θ) = σ2V (µ).

� 	 � 68;�X�Mh5 C 5 COj >�� : j�N�j 5 COa[N9>DK : V Ah?�> : KQCj Z�Y > 3 EFC ^
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�eN =9>@?�> w ?Q>D= X C=}�J 0 J } I 3�M N,K�>BA MD3 Kei > :<;�5 CFK X6, = MD;QX tFKPCFK4N 3�: a[N�Cj C 3[; KQN,? Y R CKQ= 6 ?�> 3 EFC	C ;Y >�AD>@? : > 3 EFC 5 CFK�AD>@? : > Z�Y CK > YU6 > ;QM`: ?PCFK Nk J�� :G3 K : I Y CFN�?PK YGM`: K 3 C 3�M N,KLK M`3 ; =9>DK�E MD3�3 N�CFKLC ;M`3 3 CO=^CFN ; =9>DKLCFK ;�: j C? Y CFK�=9>@?�>DjQt ; ?QCFK 5 CKej Mh5 t Y CFK5� Y�R > :G5 C 5 C Y > j 68;�X�Mh5 C 5 COj >�� : V
j�N,j 5 C�Ah?�> : KQCFj Z�Y > 3 EFC 5,6 EF? :U; C�E : V�5 CKQKPN�KFJ � M N�Kg> YGYGMD3 K 5�M`3 E�N ;�:GYU: KPCF?LN 3 C�j 6;QX�M�5 C 5 C
a[N9>DK :<V A�?Q> : KPCFj Z,Y > 3 EC :U3 ; ? Mh5 N :<; C =9>D? � C 5�5 C? Z N�? 3 f y�{ � . l C ;$wD6F3�6 ?�> YU: K 6 C.=�>D? � Ee� N YGY > w`X
fIy�{ � 0 l =9>D?�C���Cj = Y CDJ243 KQC 5�M`3�3 C N 3 A`CE ; CN�?c> YG6 > ;�M`: ?QC Y = (Y1, ..., Yn)

5 C E M�M ? 5�M`3�3,6 CFK :G3,5�6 =^C 3�5 > 3 ; CFK
>BA`CE E(Yi) = µi(β) C ; Var(Yi) = σ2v(µi)

M|�
v CFK ; N 3 C i MD3 E ;Q:GM`3 5�M`3�3�6 CcC ;�M|��Y R M`3

3�M@; C µi = µi(β) J
* >bi M`3 E ;Q:GM`3 5 C�a[N9>DK :<V Ah?Q> : KPCFj Z�Y > 3 EC�CK ; E M`3 K ; ?PN :U; C��m=9>D? ;�: ? 5 N K , K ; tj C 5SR 6 a[N9> ;�:UM`3 K5�:<d 6 ?QC 3[;Q: C YGY CK KQN : A@> 3 ; ^
� MD:U; Ri(µi; yi) =

∂K

∂µi
(µi; yi) =

yi − µi

v(µi)
J

*�C YGMTw >D? :<;�X j�C 5 C Y >�i M`3 E ;�:GMD3 5 C	a[N9>@K :<V Ah?�> : KQCFj Z�Y > 3 EFC I 3�MD;�6 K I CK ; > YUM ?QK 5�68793�: =9>@?
K(µ; y) =

n
∑

i=1

∫ µi

yi

Ri(t, yi) dt =

n
∑

i=1

∫ µi

yi

yi − µi

v(µi)
dt

* R CFK ;Q: j > ; CN�? 5 C ahN�>DK : V Ah?�> : KQCj Z�Y > 3 EFC I 3�MD;Q6 β̂QV I j >�� : j : KQC Y >�i MD3 E ;Q:GM`3 K JW� C Y >e?QC8A : C 3 ;5�MD3 Eb� ? 6 K M N 5 ?PC Y CgK , K ; tFj�C 5 R 6 ahN�> ;�:UM`3 K I = M N�? j = 1, ..., k ^

Uj(β) =

n
∑

i=1

∂µ

∂βj
(β; yi)

yi − µi

v(µi)
= 0

M NmK M N�K�i M ?Qj�C4j > ; ? : E : C YUY C U(β) = DTV −1(µ) (y − µ) = 0 >BA`CFE D =
∂µ

∂β
C ;

V (µ) = Diag(v(µ1), ..., v(µn)) I j > ; ? : EFC n× n
5�: > w`M`3 > Y CDJ

U CK ;L5�M`3 E Y >�i M`3 E ;�:GMD3 �8ahN�>DK : V KQE M ?QC �@J _ E : I M`3 > 5�M`3 E ψθj
(x) =

∂µ

∂βj

(β; x)
x− µi

v(µi)
J

s 3 i > :U; I M`3 > f =9>D?�C
��CFj�= Y C � C 5�5 CF? Z N�? 3 ye{�� . l E(Ri) = 0 I Var(Ri) =
1

v(µi)
I

E

(

∂Ri

∂µi

)

=
1

v(µi)
C ; E

(

∂K

∂βi

∂K

∂βj

)

= −E
(

∂2K

∂βi∂βj

)

=
1

V (µ)

∂µ

∂βi

∂µ

∂βj

J
� :G3 K :SY >�i M`3 E ;�:UM`3 U(β) CFK ; EC 3 ; ? 6 C	C ;L5 COj > ; ? : EFC 5 COE M A@>D? : > 3 EFC ^

σ2iβ = σ2DTV −1D = E(ψθψ
T
θ )

* > YUM|w@V a[N9>@K :<V Ah?�> : KQCFj Z�Y > 3 EFC AD> 5�M`3 EbKPCbE M j�= M ? ; C? � 5 C Y > j�4Fj�C i >T� M`3 � a[N�C Y > YGMTw@V
Ah?�> : KQCj Z�Y > 3 EFC f Y > =,?QCFN�A`C 5 N ;�X�6M ? tj CcfS}�J } l�6; > 3[;�Z >DK 6 C�KPN�? Y R N ;�:GYU: KQ> ;�:UM`3b5SR N 3 C*i M ? V
j�N Y C 5 C � > ,�YUM ?�C ;�Y CFK 6]w > YG:U;Q6 KOf�}�J }T� l J
x Y N,K�=�? 6 E : K 6 j�C 3 ; I M`3 > f � E�� N YUY > w`X y�{ � 0 l

√
n(β̂QV − β0)

L−−−−→
n→+∞

Nk

(

0, σ2i−1(β0)
)

M|� −i(β0) ?PCF=�? 6 KPC 3 ; C Y�R CFKQ= 6 ?Q> 3 EC 5 C Y >�j > ; ? : EFC 5 CFK 5�6 ? : A 6 CFKLKQCE M`3�5 CFK 5 C K J
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*�Cg=9>D?Q>DjQt ; ?PC σ2 CFK ; CFK ;�: j 6 =9>@? Y >�A@>D? : > 3 ECg? 6 K :G5 N,C YGY C~^

σ̂2 =
1

n

n
∑

i=1

(Yi − µi(β̂))2

v(µi(β̂))
f�}�J }�y l

� 	 � >DK 6; N 5�:G6 ^
x M N�? Y >�i M`3 E ;�:UM`3m5 C ; , =HC Z�:U3�M j : > Y C I E R CFK ; C
��>@E ; Cj C 3 ;�Y CgEB>DK ; ?Q> :U;Q6 C 3 E l J
x >D?cE MD3[; ?QC I = M N�? Y CFK 5 CN��(>@N ; ?PCFKci M`3 E ;�:UM`3 K I :GY�, >�N 3 =9>D?�>@jYt ; ?QC C 3 = Y N�K 5 > 3 K Y >
i M`3 E ;�:UM`3b5 CgA@>D? : > 3 ECDJ243 3�MD; C p Y > 5�: j�C 3 K :GM`3 5 N ADCFE ; CFN�? 5 CFK =9>@?�>DjQt ; ?QCFK θ C ; MD3 KPN�=�= M KQC a[N�C b CFK ; 5 C5�: j C 3 K :UM`3 y`J � YGM ?QK Y CFK 6 ahN�> ;�:UM`3 K 5 C a[N9>DK :<V Ah?Q> : KPCFj Z�Y > 3 EC K MD3[; 5�MD3�3�6 CK = M N,? i = 1, ..., p
=9>@?

Ui(θ, b) =

n
∑

k=1

∂µ

∂θi
(θ; xk, yk)

Nk − ntµ(θ; xk, yk)

g(θ, b, nt; xk, yk)

C ;�Y�R M`3 ?�>�� M N ; C Y�R 6 a[N9> ;Q:GM`3 KPN : A@> 3 ; CQ^
Up+1(θ, b) =

n
∑

k=1

∂g

∂b
(θ, b, nt; (xk, yk))

(Nk − ntµ(θ; xk, yk))
2 − g(θ, b, nt; (xk, yk))

g2(θ, b, nt; (xk, yk))

f�}�J }|} l* R CK ;Q: j > ; CN�? 5 C a[N9>@K :<V Ah?�> : KQCFj Z�Y > 3 EFC 5 C (θ, b) I 3�MD;Q6 (θ̂, b̂) I CK ; > YUM ?QK 5�67�3�: =9>D?
Ui(θ̂, b̂) = 0 = M N�? ;QM N ; i = 1, ..., p C ; Up+1(θ̂, b̂) = 0 J
*�C4=9>@?�>DjQt ; ?QC σ2 CK ;�;QM NW� M N�?PK CFK ;�: j 6 =�>D? Y >	AD>@? : > 3 EFCe? 6 K :G5 N,C YGY C 5�68793�: CgC 3 fS}hJ }�y l >BA`CFE: E : µi(θ) = nµ(θ; (xi, yi)) C ;LY C ; CF?Pj C v(µi(β̂)) CFK ; ?PCFj�= Y >DE 6 =9>D? g(θ, b, n; (xk, yk)) J
* R CFK ;Q: j > ; CN�? (θ̂, b̂) A 6 ? :U7 C Y CFKej54j CK�=�? M =�? :G6;Q6 Kg>@K , j = ;�MD;Q: a[N�CFK 5�6 E? :U; CFK4E :<V 5 CFKPKQN�KgC 3
E l J s 3 =9>D? ;�: EFN YU: CF? I :UY CFK ; E M`3 K : K ; > 3 ; C ; E M`3 ADCF? w C C 3 YGM`: ADCF?PK�N 3 C YGMD:13�M ?Qj > Y C EFC 3 ; ? 6 C
a[N9> 3,5 Y C 3�M j Z ?PC 5SR M`Z KQC?PA@> ;Q:GM`3 K n ; C 3�5 A`CF?PK Y R :U3,793�: J
s 3 C d C ; I Y�R 6 a[N9> ;Q:GM`3 fS}hJ }|} l CFK ; E M`3 K ; ?QN :U; C��g=9>D? ;�: ? 5SR N 3 >@? w N�j�C 3 ; >DK , j = ;QMD;�: a[N�C	f �LN�C ;
1�3_4T9 y�{|{ � l J1� : Z CFK ;�Y >mK M j�j C 5 C n A@>D? : > Z,Y CFKO> YG6 > ;�M`: ?QCFK :U5 C 3 ;Q: a[N�CFj�C 3 ;*5�: K ; ? :GZ N 6 CFK5SR CFKP= 6 ?�> 3 EFC µ C ;�5 CbAD>@? : > 3 EFC σ2 I Y C ;QX�6FM ?utFj�CmEFC 3 ; ?�> Y�YU: j :U; C 5�:<; ahN,C I = M N�? n KQN� V
KQ>Dj j�C 3 ;�w ?�> 3�5 I Y > YUM`: 5 C (Z−nµ)√

nσ
=^CFN ; 4 ; ?PC*>@=�=�? M E X�6 C	=�>D?�N 3 C YGMD: 3�M ?Pj > Y C�EC 3 ; ? 6 C	C ;5 COA@>D? : > 3 ECYy`J � :G3 K : I Y R 6 ahN�> ;�:UM`3 f�}�J }|} l CFK ; E MD3 K ; ?QN :<; C	E M j�j COK : Y CFKLj M j�C 3 ; K$�PN,KQa[N R �Y R M ? 5 ?QC . 5 CK4AD>@? : > Z�Y CK εi = Yi − nµi

6; > : C 3 ;g6 w >DN�� >DN�� j M j C 3 ; K 5SR N 3 C YGM`: 3�M ?Pj > Y C
EC 3 ; ? 6 C C ;O5 C�A@>D? : > 3 EFC σ2v(θ, b, ni; (xi, yi)) J � YUM ?QK I a[N9> 3,5 n CFK ; KPN��K�>Dj�j�C 3 ;�w ?Q> 3�5 I
Var(εi) ≈ 2σ4v2(θ, b, ni; (xi, yi)) J_ 3 ; C?PA@> YUY CFK 5 C	E M`3,7 > 3 EFC ^243 =^CFN ; 5�MD3 E�E M`3 K ; ?PN : ?PC 5 CFK :U3[; CF? AD> YGY CK 5 C�E M`3,7 > 3 EFCDJ WL3 :G3 ; C?PA@> YGY C 5 CLE M`3,7 > 3 EFC�= M N�?Y CL=�>D?�>DjQt ; ?QC θi

5 C 3,: A`CF>DNc>@K , j = ;�MD;Q: a[N�C 95% CK ; I K : √n(θ̂i − θ0,i) E M`3 A`C? w CeC 3 YGM`: ADCF?QK
N 3 C N (0, ê2) a[N9> 3�5 n ; C 3�5 ADCF?PK Y R :U3,793�: I IC = [θ̂i − 1.96ê, θ̂i + 1.96ê] J

x M N�? Y CO=9>D?Q>DjYt ; ?PC σ2 I nσ̂2

σ2
0

E M`3 A`C? w C�C 3 YUM`: I a[N9> 3�5 n ; C 3,5 A`C?QK Y R :U3,793�: I A`C?QKeN 3 χ2 �
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(n− p)
5 C w ? 6 K 5 C YU:GZ CF? ;�6 I MT� n ?PCF=�? 6 KPC 3 ; C Y C 3,M j Z ?PC 5 C 5�M`3,3�6 CK C ; p Y > 5�: j C 3 K :UM`3�5 N

ADCFE ; CFN�?L=9>D?Q>DjQt ; ?PC θ fS� M`YUY C ;P; f ye{|{�y l.M N � Ee� N YGY > w`X C ; � C YU5 CF?*f ye{ �|{ lPl J243 C 3b5,6F5 N :<; N 3b:G3 ; CF?PA@> YUY C 5 CgE MD3,7 > 3 ECg= M N�? σ2
5 C 3,: A`CF>DN >DK , j�= ;�M@;�: a[N�C {7� %

5 C Y >
i M ?Pj C

IC(σ̂2) =

[

nσ̂2

q0.975
,
nσ̂2

q0.025

]

>BA`CE q0.025 C ; q0.975 a[N9> 3[;Q:GY CFK 5SR N 3 χ2 � (n− p)
5 C w ? 6 K 5 C YG:UZ C? ;Q6 J

����� ��� � "#��! !�� � ! � " ��!
x M N�? Y CFK.EB> Y EFN Y K I M`3 >�N ;�:GYU: K 6LY C Y > 3�w > w C � C ; Y C YUM|w`: E : C Y93�Y K�}�� I ahN : CK ; N 3 C 3 KPCFj Z�Y C 5 C
i M`3 E ;�:UM`3 K ��= Y N,K M N � C ;O5 C�=�? M|w ?Q>Dj j�CFK � f >BA`CE Y > YG:UZ ?�> : ? : C � � � l J _ Y N ;�:UYG: KQC Y�R > Y;w`M&V
? :U;�X j C 5 C �O>DN�KPK V � >D?Qa[N9>@? 5,; = M N�?�CFK ;�: j C? Y CFK�=9>@?�>DjQt ; ?QCFK 5 R N 3 j Mh5 t Y C 5 CO? 6]w ?PCFKQK :GM`33�MD3�V�YU:G3�6 > : ?PC�KQN,?LN 3 C 3 KQCj Z�Y C 5�MD3�3�6O5SR M`Z KQC?PA@> ;Q:GM`3 KJ* R > Y;w`M ? :U;QX j�C 5 C �O>DN�K V � >D?Pa[N9>D? 5�; CFK ; N 3 C j Mh5�:<7 EB> ;Q:GM`3 5 C Y�R > Y;w`M ? :U;QX j�C 5 C �O>DN�KPK V
� C )�;�MD3 J _ Y N ;�:UYG: KQC Y CFK�C���=�?PCFKPK :GMD3 KeC
��= YG: E :U; CFK 5 CK�i M`3 E ;Q:GM`3 K 5 CFK 5�6 ? : A 6 CFK 5 C Y >�i MD3 E ;Q:GM`35 C 5�: KQ=^CF?PK :GMD3 µ C ;e5 C Y >�i M`3 E ;�:GMD3 5 COA@>D? : > 3 EFC v J _ Y >Dj 6FYU:GM ?PC Y >�K ; > Z�:GYU:U;�6�3 N,j 6 ? : a[N�C@J
x M N�?4EF> Y EN Y C? Y > i M`3 E ;�:GMD3 µ I i M`3 E ;Q:GM`3 5 C 5�: KQ=^CF?QK :GM`3 wDYGM`Z > Y C 5�67�3�: C�C 3 f 0 JXy l C ; fS}hJ } l I:UY i >DN ; C d CE ; N�CF? Y CbEF> Y EN Y 5SR N 3 C 5�M N Z�Y CbK M j�j C 5,: KQE? t ; C M N 5SR N 3 C 5�M N Z,Y C :U3[;Q6]w ?Q> Y C IKPN : A@> 3 ;�Y CK�EB>DKJ
x M N�? Y CFKLj M�5 t Y CK=y � 0 I M`3 >�N ;Q:GYU: K 6 N 3 j > :GYGY > w C 5,: KQE?QC ;�Z >@K 6 KPN�? Y R Cj = Y >DECFj�C 3 ;�5 CFK
= Y > 3 ; CK I E R CFK ; V � V 5�: ?PCeN 3 =9>DK 5 C 5�: KQEF? 6;Q: K�> ;�:GMD3 5 C �,J �	jYt ; ?PCFK = M N�? Y�R >W��C 5 CFK x C ; 5 C���J }
jQt ; ?QCFK�= M N�? Y R >W��C 5 CK y J�f Ei Y > 78w N�?QC=}�JXy l
x M N�? Y CFK j Mh5 t Y CFK .gC ; � I N 3 j > :GYUY > w C 5,: KQE?QC ; E M`3,5 N : KQ> :U; >DN EF> Y EN Y�5 R N 3 C 5�M N Z�Y C K M j j�C5�: KQE? t ; CgC ;�5 R N 3 C :U3 ;�6]w ?�> Y C w`63�6 ?Q> YG: K 6 C@J8� C Y > 6; > 3 ; ; ? M =bE M �,; CN��mC 3b; CFj�=�K I M`3 > 5�M`3 E
N ;Q:GYU: K 6 Y > 5�68793�:U;Q:GM`3 5 C Y > i M`3 E ;�:GMD3 µ

5 > 3 K Y CbEB> 5 ?QCmE MD3[;Q:G3 NSJ � :G3 K : I 5 R >D=,? tFK Y CFK EB> Y V
EN Y K*C d CFE ; N 6 K C 3 }�J � I M`3 > =,N KQCc?Q>Dj C 3 CF?*>DN�EF> Y EN Y 5SR N 3 CcKQCN Y C :G3 ;�6 w ?�> Y C I ECca[N : >
E M`3 K :U5�6 ?Q> Z�Y CFj�C 3 ;�5�: j :G3 N 6�Y CFK ; CFj�=�K 5 COEB> Y EFN Y =9>D? M ? 5,:G3 > ; CFN�?J
����� ��� � /�� � ) � � ���
� : V�5 CKQK M N�K I KPC ; ? M N,ADC 3 ; Y CFK ; > Z�Y CB>DN�� 5 CFK1CFK ;�: j > ;Q:GM`3 K 5 CK1=9>D?�>@jYt ; ?QCK = M N�? Y CFK j Mh5 t Y CFK
yQ� � 5,6793�: KOC 3 5,6; > :GY K4>DN�� =9>@?�> w ?Q>D= X CK=}�J . C ; }�J ��J *�CK 6 EB>D? ;PV ; , =^CFK	K M`3 ; EB> Y EFN YG6 Kb�
=9>@? ;�: ? 5 CK 5,M`3�3�6 CFKL? 6 C YGY CFKFJ243 ?�>D=,=HC YGY C�ahN,C σ2 = 1 + d(nt − 1)

M|�
nt CFK ;eY C 3�M j Z ?QC ;�M@; > YS5 C w ?�> :U3 K�=9>D? 6 = : J

y`J � M�5 t Y C~yQ^ � ���
� CLj Mh5 t Y C�CFK ; 5,6 EF? :U; >DN =9>D?�> w ?�>D= X Cz}�J .,J }O> l J _ Y E M`3 K : K ; C_�OKQN�=,= M KPCF?.ahN,C Y >gA 6]w`68; > ;Q:GM`3
CK ; 5 C 3 KPC C ; YU: j :U; C 5�M`3 E Y CFK ; ?Q>��PCFE ;�M`: ?QCFKJ 2g3 > A�N a[N�C Y > i MD3 E ;Q:GM`3(5 C 5�: KP=HC?QK :GM`3:U3�5�: A :U5 N�C YUY C 6; > :U; > YUM ?QK�N 3 C	� ��� I 5,M`3 ;eY R C
��=�?QCKQK :UM`3 CFK ; ^
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fGTM(λz, λx, λy, δ; x, y) =
δ2λze

λz

2π

e−
√

pq(x,y)

√

q(x, y)
eδ(λxx+λyy)

M|�mM`3 >�i > :U; Y�R X�, = MD;�X tFKQCOa[N�C τx = τy
5�M`3 E δx = δy = δ J

� >@? : > 3 EFC Z�:U3�M j : > Y C � >@? : > 3 EFC YU:G3�6 > : ?PC � >D? : > 3 ECgC���= MD3 C 3 ;�: C YUY C�����������
	����� ����	�������	������ ��������	���	��! "� ���	�������	������ �������	��	��! "� �#��	�������	������ ��������	���	��! "�
δ yTy`J � . �H.,J �7� y���Jhy�� }�J �|� .�J � � � y`J ��y|ye{
λx

V �,JG�|�|��y �,JG� �|�7} V �,J �T�|�H. �,JG�|�|�H. V ��J �|� � �,JG�|�7}�.
λy �,JG�|�|{ � �,JG�|�|{H. �,JG��y|y 0 �,JG�|� 0 �,JG� 0 y�� �,JG��y�� .
λz �,JG��y�� � �,JG�|{ �7� �,JG��y �|� �,JG�|�H. �,JG�H. 0 0 �,JG��y .7}
a

V V y`JG�|{ 0 10−5
0 J � � � 10−7

V V
b

V V V V � .�J 0 } �,J � �7}�y
σ2 {7� � � y .�J �H. 0 J .7� 0$ {�y|y�� 2 ye�|�|{ ��% $ y 0 J {|� 2 y���J 0 �#% $ 0 J } 0 � 2 0 J � �H.&%
d } .�J 0 { �,J � 0 . � ��J �|� ��y

')(+*-, }�Jhy � � 6 KQN Y<; > ; K 5 CFK�CK ;�: j > ;�:GMD3 K 5 CKe=9>@?�>DjQt ; ?QCFK�= M N�? Y Cgj Mh5 t Y C~y ^ � ���

}�J � M�5 t Y Cb}�^ � _ �
� C	j Mh5 t Y COCFK ;�5�6 EF? :U; >DN =�>D?�> w ?�>D= X CD}�J .�J } Z9l J 243 3 C*KQN�=,= M KPC�= Y N�K�a[N�C Y > A 6]w`68; > ;Q:GM`3
>D?P?�4 ; C Y CK ; ?�>��PCE ;QM`: ?PCFKFJ�� C YGY CK V E : K R >D?P?�4 ; C 3 ; Y >�=�?QCj : tF?PC i M`: K M|� C YUY CFK > ;Q; C :;w`3 C 3 ; Y C 3�: ADCB>DN5 CK -9CN�?QK i CFj�C YUY CFKJ 243 >	AhNca[N�C Y >gi M`3 E ;�:GMD3 5 C 5�: KP=HC?QK :GM`3 :G3�5�: A :G5 N�C YGY C 6; > :U; > YUM ?QK N 3 C
�
_ � I 5,M`3 ;eY R C
��=�?QCKQK :UM`3 CFK ; ^

fNIG(λz, λx, λy, δ; x, y) =
δ2eλz

2π

(q(x, y)−1/2 + p1/2)

q(x, y)
e−

√
pq(x,y)eδ(λxx+λyy)

M|�mM`3 >�i > :U; Y�R X�, = MD;�X tFKQCOa[N�C τx = τy
5�M`3 E δx = δy = δ J

� EC 3�: ADCB>DN V�Y � I MD3 E M`3 K ; > ; C a[N�C I = M N�? Y > A@> Y CFN�? CFK ;Q: j 6 C 5 N =�>D?�>DjQt ; ?QC b 5 > 3 K Y >
i M`3 E ;�:UM`3b5 CgA@>D? : > 3 EC I v3 I 5 C ; , =^C	C
��= M`3 C 3 ;�: C YGY C I :UY3, >/.�C���= YGM K :GMD310 I E R CFK ; V � V 5�: ?PC4a[N�C Y >
i M`3 E ;�:UM`3 v3 > ;P; C :G3 ; ?�>D= :G5 Cj C 3[;�5 C w ?�> 3�5 CFK�A@> Y CN�?QK�a[N9> 3�5 µ EF? M � ; J f µ ∈ [0, 0.5]

l
r CL= Y N�K I EFC ;Q; C�i M`3 E ;�:UM`3 5 CeA@>D? : > 3 EC�>D=,= M ? ; C�N 3 CeK ; ?QN�E ; N�?PC4>DN�� ? 6 K :U5 N�K ? 65 N :U; K YUM ?QK 5 CY CFN�?4?PCF=�? 6 KPC 3 ; > ;Q:GM`3 w ?Q>D= X�: a[N�C�C 3 i M`3 E ;�:UM`3 5 CKO>��PN�K ;Q6 K f E8i 7�w N�?QCKb}�JXy�� C ; }�JXy �c=9> w CFK
�|} V � 0 l J r C�j�4Fj�C YGM ?PK 5 C Y >b?QCF=,? 6 KPC 3 ; > ;�:GMD3 5 CK*? 6 K :G5 N�K	? 65 N :<; KOKQN�? Y C�E X >Dj =Z^ = M N�?Y CFK�? 6 K :U5 N�K 3�6]w > ;�: i K I :GY >D=�=9>@?�>�� ; N 3 COK M ? ; C 5 COEFC?QE Y C ;�M N ; >@N ;�M N,? 5 N E X >Dj = 5 COj >� K5�w ?Q> :G3 K Z�Y CN�KFJ243 =HCN ;L6]w > Y CFj�C 3 ; ?PCFj >D?Qa[N�C?�ahN,C I = M N�? Y Cgj M�5 t Y C y I EFC Y > j M�5�:<7 C4K :;w`3�:<7 EB> ;�: ADCFj�C 3 ;Y >�AD> Y CFN,?�CFK ;Q: j 6 C 5 N =9>D?Q>DjQt ; ?PC δ J

� >
243 C���E Y N ; EFC ;P; C	j Mh5�6YG: KQ> ;�:UM`3 =�>D? Y > KQN :U; C@J
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� >@? : > 3 EFC Z�:U3�M j : > Y C � >@? : > 3 EFC YU:G3�6 > : ?PC � >D? : > 3 ECgC���= MD3 C 3 ;�: C YUY C�����������
	����� ����	�������	������ ��������	���	��! "� ���	�������	������ �������	��	��! "� �#��	�������	������ ��������	���	��! "�
δ �,J ��y � � �,JG� � 0 � �,J ��y � � �,JG�7}|}|� �,J � 0 � � �,JG�7} �T{
λx

V �,JG�|�7� � �,JG�7�T�|{ V �,J �T�|{ � �,JG�|� �7� V ��J � 0 � � �,JG�|�H.��
λy �,JXy��|� � �,JG�7} . . �,JXy�{�y . �,JG��y . 0 �,JXy��7� . �,JG��y�� �
λz �,JG�7� ��y �,JG� � 0 � �,JG� � �|{ �,JG�7}T�H. �,JG��� ��y �,JG��y��T{
a

V V y`JXy �|� 10−5
0 J � �T{ 10−7

V V
b

V V V V {7��J 0 0 �,J � �|{�y
σ2 yJ.p��JG{ {,J } ��y }hJ { 0 �$ y 0 �,J � 2 y�� �,J �#% $ ��J �|��y 2 {,J �|�|�#% $ }�J � � � 2 0 J � � ��%
d ��J 0 � ��� �,J �|}�y�� ��J �|� .7{

')(+*-, }hJ } � � 6 KQN Y<; > ; K 5 CFK�CFK ;�: j > ;Q:GM`3 K 5 CFKL=9>D?Q>DjQt ; ?PCFK�= M N�? Y Cgj Mh5 t Y C }�^ � _ �

0 J � M�5 t Y C 0 ^ � � r
� C.j Mh5 t Y C CFK ; 5�6 E? :<; >DN*=9>D?Q> w ?�>@= X CV}�J .,J }�E l J _ E : I Y >�i M`3 E ;�:GMD3�5 C 5�: KP=HC?QK :GM`3*:G3�5�: A :G5 N�C YGY C
E M`3 K :U5�6 ? 6 COCFK ; N 3 C ��� r >BADCFE Y Cg=9>D?Q>DjQt ; ?PC α a[N�C Y E M`3 a[N�C@J s YUY CgCK ;L5 C Y >�i M ?Pj C~^

fGHD(α, λz, λx, λy, δ; x, y) =
λ1−α

z δ2(p/q(x, y))
α
2

2π

Kα(
√

pq(x, y))

K1−α(λz)
eδ(λxx+λyy)

M|�mM`3 >�i > :U; Y�R X�, = MD;�X tFKQCOa[N�C τx = τy
5�M`3 E δx = δy = δ J

� >D? : > 3 EC Z�:G3�M j : > Y C � >D? : > 3 EFC YG:G3,6 > : ?QC�#���������
	����� ���	�������	������ �#� ����	��	��  "� �#��	�������	������ ��������	�� 	��  "�
δ �,J ��{ �7� ��J } 0H0 . ��J � �|�T� �,JG�7� ��y
λx

V ��J �|� . � ��J �7}�y � V �,JG�|� �7} �,JG�|�7� �
λy �,Jhy��|�|� ��J ����. � ��Jhy � � 0 �,JG�7}T�|�
λz �,J � �T{|{ ��J �7� � 0 ��J � �|� 0 �,JG��y���y
α y`J 0 { � � ��Jhy��T�H. yDJ .�y 0 0 �,JG�H. ��y
a

V V y`JXy � � 10−5
0 J � 0 . 10−7

σ2 y��|��J � {,J } � 0$ y . ��JG{ 2 y � 0 J ��% $ �,J �|� � 2 {,J �|�|}�%
d �,J 0 { 0 . �,JG�7}�y��

' (-*+, }hJ 0 � � 6 KQN Y<; > ; K 5 CFKLCFK ;�: j > ;Q:GM`3 K 5 CFKL=9>D?Q>DjQt ; ?PCFK�= M N�? Y Cgj Mh5 t Y C 0 ^ ��� r

x M N�? Y CFK*j Mh5 t Y CFK	>BA`CEcN 3 C�A@>D? : > 3 EFC ; , =HC Z�:G3,M j : > Y C I M`3 M`Z,;Q: C 3 ;*5 CFK�? 6 KPN YU; > ; K*>DKPKQC (
=�? M E X CFK 5 C ECFN�� 5 C � Y C :G3 1�3~4T9 I a[N : >BA@> : C 3[; N ;Q:GYU: K 6 N 3 C j 6;QX�Mh5 C 5 C j >W� : j�N,j 5 C
Ah?�> : KQCj Z�Y > 3 EFCg= M N�? Y R CK ;Q: j > ;�:UM`3c5 CKL=�>D?�>DjQt ; ?QCKFJ
x M N�?O= Y N,K 5 C 5�6; > :GY K I M`3 KPC ?PCF= M ? ; CF?�>m>DN =9>D?Q> w ?Q>D= X C f�}�Jhy � l KQN�? Y >cE M j�=9>D?Q> : K M`3 5 CFK
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CK ;�: j > ;�:GMD3 K >BA`CE Y CFK�=9>D?Q>DjQt ; ?PCFK�= X6, K : a[N�CFKJ
.�J � M�5 t Y C/. ^
� C j Mh5 t Y C CFK ; 5,6 EF? :U; >DN =9>D?Q> w ?�>@= X C }�J �hJ }�J _ Y CK ; Z >DK 6 KPN�? Y > j Mh5�6FYU: K�> ;�:GMD3 5 C Y >; ?�>��PCE ;�MD: ?QC � Y R > :G5 C 5 C 5 CFN�� j M N,A`Cj C 3 ; K Z ? M�)�3�: C 3 Kb>BA`CE 5 ? : i ;�:G3�5,6 =^C 3�5 > 3[; Kc= M N�?Y CFK�E MhM ? 5�MD3�3�6 CK (Xt, Yt)

2 C ; 5SR N 3 =�? M ECFKQKPN�K 5SRT2 ? 3 K ; C :U3�V#WLX�Y C 3[Z CE]\ :U3[;Q6]w ? 6 = M N�? Y >
E M j = M KQ> 3 ; C4A`C? ;Q: EB> Y C (Zt) J

� >D? : > 3 EC Z�:G3�M j : > Y C � >D? : > 3 EFC YG:G3,6 > : ?QC�#���������
	����� ���	�������	������ �#� ����	��	��  "� �#��	�������	������ ��������	�� 	��  "�
δx

V ��Jhy��|}|} ��J 0 }T}�y V �,JXy�{|� 0 �,JXy���ye�
δy y`J . 0 �T{ ��J . ��{ � yDJ 0 0 .7� �,JXy �7}��
λ �,Jhy�� ��y ��J ��y �T{ ��Jhy��|}T� �,JG�|��� �
bz �,J . � � 0 ��J �7� 0 } ��J . .�y � �,JG��y � 0
cz �,Jhy�}T� � ��J � � . � ��Jhy�}�{|{ �,JG�7}�y �
a

V V �,JG{H. � 10−6 .�J �|� 0 10−8

σ2 y�� 0 J � y��,J ��y$ y . ��J � 0�2 y ��y`J � ��% $ y ��J � � 2 y�{,J �7}/%
d �,J 0 � � 0 �,JG�H.p� 0

')(+*-, }�J . � � 6 KQN YU; > ; K 5 CKeCK ;�: j > ;�:GMD3 K 5 CKe=�>D?�>DjQt ; ?QCK�= M N,? Y Cgj Mh5 t Y C .
��CFj >D?Qa[N�CY^ � EF>DN�KPC 5 C�=�? M`Z�Y tj CK 3 N�j 6 ? : a[N�CFK I M`3 >c>@=�=�? M E X�6 Y CFKei MD3 E ;Q:GM`3 K H(u)

g(u)
C ;

H′(u)
g′(u)

=9>D? −1
5 > 3 K Y >�i M`3 E ;�:UM`3b5 C 5 C 3 K :U;Q6 pθz J

��J � M�5 t Y Cb� ^
� C j Mh5 t Y C CFK ; 5,6 EF? :U; >DN =9>D?Q> w ?�>@= X C }�J �hJ 0 J _ Y CK ; Z >DK 6 KPN�? Y > j Mh5�6FYU: K�> ;�:GMD3 5 C Y >; ?�>��PCE ;�MD: ?QC � Y R > :U5 C 5 C 5 CFN�� =�? M EFCKQKPN�K 5SRT2 ? 3 K ; C :U3�V#WLX�Y C 3hZ CFE]\ :G3,5�6 =^C 3�5 > 3 ; KcC ;c3�M`3
K ; > ;Q:GM`3�3 > : ?PCFK = M N,? Y CK E MhM ? 5�M`3�3�6 CFK (Xt, Yt)

2 C ;�5SR N 3 j M N,A`Cj C 3 ;�Z ? M�)�3�: C 3 >BADCFE 5 ? : i ;
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CK ; 5 C Y R M ? 5 ?PC 5 C y�� i MD: K�= Y N�K w ?Q> 3�5 C ahN,C Y > i M`3 E ;�:UM`3�5 CcA@>D? : > 3 EC 5 C ; , =^C YG:U3�6 > : ?QC@J
x M N�?�E M j�=9>D?�> : K MD3 I Y >mi M`3 E ;Q:GM`3 5 C A@>D? : > 3 EFC 5 C ; , =^CcC���= M`3 C 3 ;Q: C YUY C�CFK ; > YGM ?QK 108 i MD: K
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n− p− 2
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Résidus standardisés positifs Gtm variance bin
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Résidus standardisés négatifs Gtm variance bin
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Résidus standardisés positifs Nig variance bin
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Résidus standardisés négatifs Nig variance bin
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Résidus standardisés positifs Ghd variance bin
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Résidus standardisés positifs Modèle 4 variance bin
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Résidus standardisés négatifs Modèle 4 variance bin
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Résidus standardisés positifs Gtm variance droite
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Résidus standardisés négatifs Gtm variance droite
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Résidus standardisés positifs Nig Variance droite
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Résidus standardisés négatifs Nig Variance droite
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Résidus standardisés Ghd Variance droite
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Résidus standardisés négatifs Ghd Variance droite
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Résidus standardisés ,positifs Modèle 4 Variance droite
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Résidus standardisés négatifs Modèle 4 Variance droite
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Résidus standardisés positifs O−U intégrés 
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Résidus standardisés négatifs Modèle 4 Variance droite
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(
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2π t3/2
exp

(
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(
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(
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=
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(
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(
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√
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s & i�������. Y � YGM � � _ � � � N!� � ��� � �hN � $ M j j �cY � YGM � ( R N &+�	� M $ � &�&QN	&�&QN Z^M ��( M &)&	��% r ��&	&
& M ��� � �����:����� Y . & M N	& & M N	&1& M j j � &6� & ����� � &�&���&3�DN#$:��&1�����)����$FN Y � � � &QN	������&��
`ba�)*c&aW%�"7'�" +N-h� FH> B�AW>�2�J�C���@�1�9;1�6*@�A�B�1�2�2�<p2bO]J�CTJGK�1�>�2�JSAW>8>�1�9 (Xt, Zt)t≥0 C�:>� >8J 6�4T@

{

Xt = ct+W 1
t

Zt = at+W 2
t

f�}-% }T{ l

A	� (W 1
t )t 1�3 (W 2

t )t 2�AW>83bC�1�<� K�AW<�?T1 K�1�>83(2�O]@�A-,�>8JS1�>�2 2�3S4T>*C74T@ CW2�J(>*C�:[681�>*C74T>83(2�47?T1�B
a > 0 1�3 c ∈ R \
FH> C�:>� >8J(3N68AW<�@ b > 0 U Rb = inf{t > 0, Zt = b} \B�FH>Y68AW<�@
@u4TJ(35:SR74T9;1 K�1�>83N6*@�1�>*CT@�1 a 1�3 b >�:SR74T3�J ��2 3[AW<p2b9;1�2 C�1�<�p\ I
@_9;AW@�2~9X4?9;AWJ�C�1D9X4 ?W4T@
J�47O]9;1 4T9;: 4T3[AWJ(@�1 XRb 1�2�3�<�>�1�	 /-1jC�1_6�4T@u4HK ��3�@�1�2 α =

√
a2 + c2 U

β = c U µ = 0 1�3 δ = |b| \
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E(ϕ(XRb

)) =

∫

x

∫

t

ϕ(x) fXt(x) fRb
(t) dt dx =

∫

x

dxϕ(x)

{
∫

t>0

fXt(x) fRb
(t) dt

}

M|�
fXt �

� �	����& � &�� ��Y � ( � &	&������7( � Xt

� � fRb
� � �	����& � &�� ��Y � ( � &	&������7(�N9� � j��	& ( R ����� � � &�� �

Rb % �3� &!&�� Y � ( � &	&������ ( � XRb
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∫

t>0

fXt(x) fRb
(t) dt %

r R ���	�ut�& Y � �	� M �	��������� f�}-% � l . M &7$ M &)&������ fRb
% r R �DN!��� � �����)�:. Xt &PN	����N)& �*YUM � & M �Pj5� Y�� ( �

j M�, � & & � ct � �.( � ����������&	$ � t ( R M|�

g(x) =

∫

t>0

1√
2πt

exp

(

−(x− ct)2
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)

× |b| eab

√
2π

1
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exp

(

−b
2

2t
− a2

2
t

)

dt
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|b| eab

2π
e2cx
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1

t2
exp
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−(b2 + x2)

2t
− (a2 + c2)

2
t

)

dt fS}-% 0 � l

� YGM ��&�. � & N!��� Y ��&��'& � Y ��i M �Pj�N Y�� fS}-% } � l . M & M`Z ��� � &��

g(x) =
eab

2π
ecx

√
a2 + c2

√

1 + x2/b2
K1

(

|b|
√
a2 + c2

√

1 + x2/b2
)

��� &	&��4. XRb
&QN!���LN)& � � _ � ( � �������@jYt���� � & α =

√
a2 + c2, β = c, µ = 0

� � δ = |b| %

7 )*%�d :�� c 8pa ��) � % � � 8�d � "�#m"�a �� %�d]"�8�d
* � i M &	$���� M & ( � ( � &	&������+(	��
�&!� �7� & f�}-% } � l . � � �	����& � &�� ��&�� Y � YGM � � _ ��. � &��:. � & i������:. N)&
$���& ����������$FN Y � � ��( �cY � YGM � X6, � � � Z^M`Y �Ua[N ��w ��&	����� Y ��&�� � . � &���� M (�N!��� � �����;�8����&)( M � d^V � � �FY & � &fIy�{|{�� l %
!�"��$#&%('�%�)*#,+.->=�+ Lm>�1 ?W4T@
J�47O]9;1 4T9;: 4T3[AWJ(@�1�2�<�J(3H<�>�1=9;AWJ M��
681�@ O�AW9oJ>A]<81 R�:�>�:�@ 4T9oJ;2�:�1_2�J�1�9(9;1
47CHK�1�3N68AW<�@	�eAW>�B�3�JSAW> C�1=C�1�>�2�J(3[:

h(x;λ, α, β, δ, µ) = a(λ, α, β, δ)
(

δ2 + (x− µ)2
)(λ−0.5)/2

×Kλ−0.5

(

α
√

δ2 + (x− µ)2
)

exp (β(x− µ)) fS}�% 0 y l

A	� a(λ, α, β, δ) =
(α2 − β2)λ/2

√
2π αλ−0.5 δλKλ

(

δ
√

α2 − β2
)

FH> 4 α > 0 6�4T@u4HK ��3�@�1�C�1 �eAW@ K�1�U β 47?T1�B 0 ≤ |β| < α 6�4T@u4HK ��3�@�1�C�1?O]J�4TJ;2�U µ ∈ R

6�4T@u4HK ��3�@�1bC�1 9;A�B 4T9oJ;2]4T3�JSAW>�U δ > 0 6�4T@ 4HK ��3�@�1 C&E :�B�M81�9(9;1 1�3 λ ∈ R \
FH> >�AW3[1�@u4B�1�3�3[1b9;AWJ GHD(λ, α, β, δ, µ) \



� 	 	 �� � ����� �
�;�����|�������������
	���������� 	 ����	����h���]�����e�T�
R

= � g

� � j(���Qa[N � ^ x M N	� λ = −1/2 . M &7��� M N!� �OY � YGM � � M �Pj5� Y�� _ &�� � ��& � � �DN	&�&�� � &)& � %W & � �DN!��� � ��� Y�� N	�6� &������ � &�&��'& � � � &�� Y�� $���& M|� λ = 0.5 %
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√

α2 − β2)
� �1&�� Y � YUM �

( � X &���$ X �'& � {Z = z} � &)� N)& �eYUM �)& M �Pj5� Y�� ( � j M�,�� &)& � µ+βz
� �"( � ����������&	$ � z .�� YGM ��&Y � YGM � ( � X � &��LN)& � GHD(λ, α, β, δ, µ) %
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GHD(λ, α, β, δ, µ) � M N	� λ = −1/2, 1/2
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inf{s > 0, ỸT (s) ≤ f̃θ(g

−1(s))} D
= inf{s > 0, B̃s ≤ f̃θ(g

−1(s))} = g(ν̃(Ỹ ))
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, YTF
) B���&0��( � &	&���� , � & R2

) ���EB

γ(x, y) =

∫ +∞

0

gu(x, y)pθz(u)du

r � � & w �EB � ���������GP D�� $8B	��& w � t = βu . ) � � P!����� & �EB � � � &�� D ��%
� 	 � 	 � 8 � �
v � � �EB ��D ��&�� �!� � � � & � ( I � ( �UD .��CB � �����EB ��& I � ( �UD�� ( � & � I � � � �	� � $���& �9) � , %2O & F ��$���. � & �CB �
� D ��& � (x, y) .	�CB � � �UD � $���� , � � $�� � �3��&�&)��� DHD�I � ( �;D�� ( ��� �CB � �0�EB���&9�EB � � � &������ � & % ��&��
	��&��
���!�	� � �-� I ����� � & �CB � � �;D � $���� , � � $�� � �8$ � I � � & � &���& � &(�EB � � D ��& � (x, y) ��� � ��&�&�� I�� (�� � P �
� ) � � &)( � � � &)( � &�� " � &	&)� � � &7\ � B D�� & P � $8Q �	� � $ � &�& � &�% O � � � � I ����&3� � � &���� � ( �	$ � � I � &	� I � D) � &)(�&�� ��� ( F � � � � DHD�� & w ����� &!& �UI ��&�&�� � & K ��&�&�� I �!��� � & ( � & � P , P	� � D � w ��&���& M % �� � � � � � � �CB �
� � ������$�� D $ � I � � & � & � Zt ��&6&����

DHD � � � � ) &	����& I � ��� � & ) ���CB (	��� F �0��&6� &#
	��&�� I � ( �UD &�%� B � � � DHD � &������ � & ��� I�� TF ��&9( � 
�& � ( P , �EB � 
���&)�e\ �	��&�&�� w � ��� I�� ��� �CB � D�� � �;D
h % � � &	$ � TF

��&1� w ��� &#� �WO � K & ��� �� ( �;D } M %
� � �EB � �����CB (Pt)t≥0 ��&6� &	������� D�D , ) ������� � &#� & �EB � F � � I ^







dXt = V x
t dt

dYt = V y
t dt

dZt = fzdt+ τzdB
3
t

K }-% .�y M

) ���CB dV x
t = −cxV x

t dt+ τxdB
1
t , V x

0 = vx
0 ��&)( dV y

t = −cyV y
t dt+ τydB

2
t , V y

0 = vy
0

��& ( (X0, Y0, Z0) = (0, 0, 0)
2
τx, τy, τz �

� &�������� � . cx, cy �
� &�������� � ��&)( fz & �]w � ����� � %

(Bi
t)i=1,2,3 ���

� �CB!� ��� � &)( � � � & ( � &�� � � � ) &	����& I � ��� � &!&�%
� � �CB � �	� � $ � &�& � & (Xt)t≥0 ��&)( (Yt)t≥0 ���

� � &�� �]w ����� � ( " � &!&�� � � &7\��ZB D�� & P � $8Q �	� � $ � &�& � &�%
� � &�������� , � � � � F � � ��� ��� K y�{|{ � M .1P � �CB " ��&	&�� � � &7\ � B D�� &@P � $8Q7�	� � $ � &�& � & (V x

t ) ��&)( (V y
t ) .

��� � & � ��& �!�	� � & � ( &)������$�� D , &�������� � &���� , ) B	��$8B*� � � I ����&�� � � & ��� � (��	$ � � I � &	� I � D ) � &)(
&�� ��� ( F � �6� � DHD�� & w ����� &	& �;I ��&�&�� � & %



=  � ����� �
� �
� � � � � �� ���  � � 	 � � � �  �
��� ������� 	 � 	 � � � � � � � ����� ����	 �

� � ) � � � ��. � F �CB � �����EB (Pt)t≥0 ��&.( � 
�& � ( P ,7� � ������� � & K }-% .�y M ) ���EB TF = Th = inf{t >
0, Zt = h} .!�EB � $ � I ���!� � (#� & (	����� ( ��� D (!��&�� � ��&�� D F

�)&	$���� � &#��& ) ������� � &9��&1��� &�� �]w ��� D % �0& (
�)& ( � � �EB	��& F � � I .��CB � � � & � D �!��� � & F � � ������� I(� � � ��& � &���� I ����� � &(��& & � � � ��&�� D , � � & � D ���GP D�� %@O &
����������$�� D ����. �CB � � � ��� � & � I(� ����$���&�&�� � & F � �6& � I(� � & � �]w ��� D &�%� B	��& D�� ��(!&0� � ( � 
�& � �2& � ) � &)(	���-� (���� D (	��&�� � ��&�� D F

� &	$���� � & P���& � ( � & ���	�	� � �-� I ����� � & �"F
�EB � � �-� � $�������� � &7��&)(#���������'&	$ � F

�)&!$���� � &	& �"F �CB � �!� � $ � &�& � & (Xt) ��& ( (Yt) %
�6$�$ � ��(	� & w � � * �;I I � }-%Xy . ) � B��:� �

E(Xt) = mt(cx, v
x
0 ) = vx

0

1 − e−cxt

cx

V ar(Xt) = σ2
t (cx, τx) =
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2a2
yu3

)

2πaxayu9/2
du

K }-% .p} M

,#� � M θ = (λz, ax, ay, wx, wy) � �*) λz = ρη, a2
x =

τ 2
x

ρ3
, a2

y =
τ 2
y

ρ3
, wx =

vx
0

ρ
, wy =

vy
0

ρ
\

� � ! ��� ? � ! θ � � ��$ ��� Θ = (R+)3 × R2 � �*) C̃(θ) =

√
λze

2
√

λz

√
π

\

x � � �"F ^,O �0��&+Q & � ) &9�EB���� Th ��&1� �WO � ) ���CB#������� I(� � � ��& 3

2
,
f 2

z

2τ 2
z

��&)( h2

2τ 2
z

%
��&+P � F � � � .��)&)( � � K � M \ K ��� M!) � $���& �	& � �CB � F � � I � D � K }-% 0H0_M ��&)( (XTF

, YTF
) B���&1�7( � &	&���� ,� & R2 %



��� ������� � � � � ���	�
���� � � � � � � 	 � ������� 	 � �  � � � ������ 	 �� � � � �  � � � ������ � � ��� � � � 	 =  =

O F ω = (ρ, η, τx, τy, fx, fy, v
x
0 , v

y
0)

) ���EB ρ =
f 2

z

2τ 2
z

, η =
h2

2τ 2
z

.	�CB � &

γ̃(ω; x, y) =

∫ +∞

0

f(XTh
,YTh

)|Th=t(x, y)fTh
(t)dt

= C(ω)

∫ +∞

0

exp
(

−η
t
− ρt

)

t3/2

exp
(

− (x−vx
0
t)2

2τ2
x t3

− (y−vy
0
t)2

2τ2
y t3

)

2πτxτyt3
dt

) ���CB C(ω) =

√
ηe2

√
ηρ

√
π

%
� B � &5�CB � � � & � D �8��& � P-� ��� & � ( P , $:����� , � & w � �-�8� ���������"P D�� $8B���& w�� u = ρt � &��CB � � &�� � w ��� D .) ���CB & � ������� � &	&8� & ��� � (��	$ � (7� & �CB � �	� � � � &������ � & %
v � �6$ � I � �!� ����� � & �"F �CB � P���$8Q ) ����( � &)(!����� (��	� D F

�)&	$���� � & µ(x, y) .-�CB � $ � &���� &�� � �	&0&EB	��� �
��& �	& � ( % � B	��& D�� ��(	&6� � $ � I ���!� � ��� � & �"F � &�� & w�D�� � &�� �]w ��� D %
� F � � � I � ( �UD � & w (!��T � � � &��(�	����� I�� ������$ � &)(	����� (���� D (	��&�� � ��&�� D F

�)&!$���� � &	&�. ������&�& � $ � &�&���� ,
� � � &���� I ��� � ������� I�� � � ��& ��&)( �CB � & � � $ � I ����� � �EB � � � &�� D ��&�� � $8B � � & � �CB �]I � &�� 
	��� � (I � ( �UD $ � I �	��� � (#� � �CB � � P	& � �)� � (�(������!%
����� �9�
	 �^> � >7A � >7A � ���5� � � � � � A �
� 	 3 � � �
4�d �
4 � �� :<8 � : 	 �
* � ���!&�� � $:� DHD �EB � $ � &	&�� ( � � � (9&)� ������&�����$�� D�I � ( �UD ^

Nk = ntµ(θ; xk, yk) + εk

) ���EB E(εk) = 0 ��&)( V ar(εk) = σ2ntv(θ, b; (xk, yk))
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0 20 40 60 80 100 120

0

20

40

60

80

100

120

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
Résidus standardisés négatifs Nig variance bin
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Proportions de grains bleus observés sur les épis pour le trèfle
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Proportions de grains bleus observés sur les épis pour le tournesol

Tournesol
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µ
*:3
γ

*�'93
*:%(,�?B59*�i1#&)N#1�()+*m�

µ(x, y) =

∑SA

k=1 γ(xk,yk)(x, y)
∑SA

k=1 γ(xk,yk)(x, y) +
∑SB

k=1 γ(xk,yk)(x, y)

u H ^ ª£w

?B}
(xk, yk)k=1,...,SA

57*:0(578:'7*�%G37*�%G3I)N#Q)F?�,y#&)F2F'7#&362+?B%X;A*�'T0A)N#1%G36*:';A*~D#&U�'CHQYB56#&2F%('E�()+*�@('
,:?B%('9372+37@/#1%G3|)F#�'7?B@(59,�*

SA

* 3
(xk, yk)k=1,...,SB

)N#E0�?1'72+372F?B%�;(*:'�0A)N#1%G36*:'�;A*!D#&U�'tHEYB56#12+%('
d7#1@A%(*�'h,�?1%('9372+36@(#1%G3h)N#�'7?B@A57,�*

SB

^
��*�'c;(?B%(%A8�*�'!;(?B%G3�?B%O;(2F'90�?B'9*T,:?B5759*�'70�?B%(;A*�%G3E#1@L%A?BDm�(59*T;(*YB56#12+%('{�()F*:@('!'9@(5m@(%L8:0(2
)+?S,�#1)F2+'78�#1@�0�?B2F%G3

(x, y)
^ � *�'7?1%<3�;A*�'l?B�('9*�5oi1#q362F?1%('a�(59@(2+378�*:'l;(*�)N#tfg?B%(,:372F?B%!;(*�;(2+'70�*�57'92F?B%

YB)+?B�/#1)+*
µ
^ ��*J�(@A3M*�'o3b;(?B%A,J;�[\*:'9362+D*:5�)F*�'M0/#157#1DCZ:3659*�'�;(*:'Mfg?B%A,:362+?B%('�;(*J;(2F'90�*:57'92F?B%

2+%(;(2+i�2+;(@(*�)+)F*:'
γ

*:%GiS2+'6#1Y18�*�'�H�0/#15o362F5>;(*W,�*�'t?B�('9*�5oi1#q362F?1%(' ^

�ZY��0Y\[ ]  1^4_a`cbedgfA%"f=h\dOf=hci�j4b
C %v%(?&36*

nk

)F*�%(?BDm�A57*�37?13.#&)�;(*|YB56#12+%('�;(*$D#&U�'�'7@(5>@(%I8�0(2�)F?�,y#1)+2F'98t*:%
(xk, yk)

* 3
Nk

)F*
%(?1Dm�(57*�;A*{Y156#12+%('��()F*:@('h'7@(5h,:*:3t8�0(2 ^
��*�DC?S;(Z:)F*�'o3.#&372F'9372Fr<@(*�,:?B%('72+;(8�598W*�'93t)+*�D�:D*�r<@(*W,�*:)F@(2�;A@~,.-/#&0(2+3757*�0(598�,�8:;(*�%G3!�

Nk = nkµ(θ; xk, yk) + εk
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#yiB*:,
E(εk) = 0

*:3
Var(εk) = σ2

knkv(θ, b; (xk, yk))
^

�¢3h)F*:'�i1#&572N#&�()F*:'�#1)F8�#&36?12F57*:'
(εk)k

'9?B%G3|'9@(0(0�?B'78:*�'t2F%(;(8:0�*:%(;/#1%G37*�' ^
� * 3736*�-Gs�0�?136-(Z:'7*E;j[k2F%(;A8�0�*�%(;/#&%(,�*E;(*:'�?B�('7*:59i&#&372F?B%('|*�%G3659*�;(2+��8�59*�%G36'�,�#10A36*:@(57'W*:'93W578�#qn
)+2F'937*W�S*:)F)F*h0(59?eiS2+*�%G3�;A@Tf�#12+3�r<@(*$)+*�'�YB56#12+%('�;(*|0�?B)+)F*�%C;/#1%A'�)F*t%<@/#1YB*�0�?B)+)F2+%(2Fr<@(*�'9?B%G3�3659Z�'
%(?1Dm�(57*:@SR~*:3�%A?B%b)F2+D243.#1%G37' ^ ��*!f�#1243|;�[\?B�A'7*�5oiB*:5���*�#1@(,�?1@(0b;(*mY156#12+%('�;(#1%('$@(%K,�#10A37*�@(5
%j[\#&��*�, 36*W;(?B%(,W0/#&'t)+*�%(?BDm�A57*�;(*WYB57#12F%('�3757?B@SiB8�'t;/#1%A't)+*�'t#1@A3757*:'t,�#10A37*�@(59' ^
��*�0/#157#1DCZ:3659*

σ2
k

*�'93|#10(0�*�)+8�0/#157#1DZ 3659*�;(*W;(2F'90�*:57'72+?B%�*:3h?B%M;(?B243h#yiB?B2+5
σk > 0

^
_ )l59*�0(598�'7*:%G36*C)N#I,�?B59578:)N#&372F?B%K*:%<3757*E)F*:'WYB8�%(?&3�sS0�*�'{;(*E;(*:@SRQ;(*:'7,�*:%(;/#1%G37'm8�,.-/#&%<372F)+)F?B%(%A8�'
'9@(5!@(%�DC��DC*C,y#10A37*�@(5Iu � ?B)+)F*:393Cªe«B«AªB= ��@A*:3~� ���1�lªe«B« AGw ^¦x ?B@(5!0()F@('c;(*T;A8:3.#&2F)F':=�?B%L'7*
59*�0�?B5937*�56#E#1@ � -/#&0(2+3757*c�S= x #156#1Y156#10(-A*!� ^ H ^ �Bw ^
�l%*-/%�=�?1%M,:?B%('o3.#&37*1=`;j[\#10(57Z:'mu�H ^ ª£w =/r<@(*W)V[k?B%~#E#&�j#&2F57*WHE@(%M0(57?1�()FZ:D*�;(*W;(8:,�?B%Gi1?B)F@A372F?B%
%(?1%X)F2+%(8y#&2F57*�r<@(2�*�'o3m;(24¡C,�2F)+*CHM8 36@(;(2+*�5c;(@X0�?B2F%G3c;(*EiS@A*T'936#&362+'9372Fr<@(* ^ � [k*�'o3�0�?1@(57r<@(?B2�=
0/#&5�)F#'7@A2+36*&=�?1%z,�?1%('72+;(8�59*�56#v;A*�'�fg?1%(,:372F?B%('�;(*!;A2F'70�*�59'72+?B%z2+%(;(2+i�2+;(@(*�)+)F*:'t0(#156#1DC8:37572+r�@A*�'
;(*W)F#!fg?B57DC* {γ(θ; x, y), θ ∈ Θ et (x, y) ∈ R2} #ei1*�,

Θ
'9?B@('on�*�%('9*�Dm�A)F*W;(*

Rp u
p ≥ 1

w ^

�ZY��0Y�� ]  1^��a`chcdT%.f=hn 	� ^>b `n% f�
¸%�gb���fA Wh�
7b
��?B59'�;(*E)V[k8:36@A;(*�;(*E)N#v;(2+'70�*�59'72F?1%J;A@O0�?B)F)+*�%b;A*CD#&UV'�*�%QD2+)F2+*�@b-(?1D?BY1Z�%(*EHI)V[\#12+;(*m;(*
DC?S;AZ�)F*:'WD8:,y#1%(2+'937*�'�=�?B%X#yi1#&2+3c,�?B%(,:)F@Or�@A*T)N#Ifg?B%(, 362+?B%O;A*T;(2+'70�*�57'92F?B%J2F%A;(2+i�2F;A@(*�)+)F*�r<@(2
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fNIG(λz, λx, λy, δ; x, y) =
δ2eλz

2π

(q(x, y)−1/2 + p1/2)

q(x, y)
e−

√
pq(x,y)eδ(λxx+λyy) u H ^ �Bw

#yiB*:,
p = λ2

z + λ2
x + λ2

y

*:3
q(x, y) = 1 + δ2(x2 + y2)

^
"$#&%('�,�*�,y#1':=e)N#�3657#£d9*�, 36?B2+57*l;(@{YB56#&2F%�;(*�0�?B)F)+*�%j=

Pt = (Xt, Yt, Zt)t≥0

=�0�*:@A3¦�:3659*�DC?�;(8�)+2F'78:*
0/#&5�3657?12F'�DC?B@AiB*:D*:%G36'h�(57?e¤h%(2+*�%('t#yiB*:,c;A572+f¥3h2+%(;(8:0�*:%(;/#1%G36'W�







dXt = fxdt+ τxdB
1
t

dYt = fydt+ τydB
2
t

dZt = fzdt+ τzdB
3
t

u H ^ HGw

?B}
fx, fy > 0

=
fz < 0

* 3
τx, τy, τz > 0

^
�t#10(0�*�)+?B%('jr<@(*l)+*�'�,�?1D0�?B'6#&%<37*�'�-(?1572F:?B%G3.#1)+*�'j;A@{;A572+f¥3j57*�0A578�'9*�%G36*:%G3a)+*�'ji�2+37*�'7'9*�'�DC?£s1*�%(%A*�'
;(@{iB*:%<3¢*:3�r�@A*�)N#h,�?BDC0�?B'6#1%G37*�i1*�59372F,�#1)F*�;(@!;A572+f¥3�57*:0(578:'7*:%<37*�)N#�i�2+37*�'7'9*>;(*�,.-<@A36*�;A@mYB56#&2F%
;(*�0�?1)F)F*:%T;(@A*$H!)F#cYB57#ei�24368 ^ ��*�'�0/#156#&DZ 3657*:'>;(*�i1#&572N#&%(,�*t;(@I0(59?S,:*�'7'9@('�'937?S,.-(#1'9372Fr<@(*$59* n
0(598�'9*�%G36*:%<3|)F*:'�36@(59�(@()F*:%(,�*:'�;A@(*�'t#1@�iB*:%<3 ^
C %E#$)F*:'¢57*:)N#&372F?B%A'a'7@A2+i&#1%G36*:'l57*�)+2N#1%G3a)F*�'a0/#156#&DZ 3657*:'l;(*�)N#tfg?B%(,:372F?B%!;(*�;(2F'90�*:57'92F?B%�2+%(;(2+i�2 n
;(@A*�)F)+*1=

fNIG

=<*:3�)F*:'�0/#156#&DZ 3657*:' ] 0(-Gs�'72Fr<@(*:' ] ;A*�)F#{DC?S;A8�)F2+'6#&372F?B%Iu H ^ HGw¢;(*h)N#�3657#£d9*�, 36?B2+57*
;j[k@(%MYB56#&2F%I;(*W0�?B)F)+*�%K�

δ =
τz
τ |h| , λx =

fxh

ττz
, λy =

fyh

ττz
, λz =

fzh

τ 2
z

� %(*W;(2F'9,�?B%G362+%<@(2+378�;/#1%('h)F*�,:?B@Ai1*�593hi18�YB8 3.#1)¦#�;(*�@�RM*:��*:36'W�
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� ��*�iB*:,:37*�@(5�;A*|;(2+'70�*�57'92F?B%bugi1*�%G3�w�0�*�@S3>i&#1572+*�5�*:3>;(?B%(,�D?�;(2�-(*�5�)N#�fg?B%(, 362F?1%T;(*�;(2F'90�*:5on

'72+?B%�2F%(;(24i�2F;(@(*:)F)+*|;(@M0�?1)F)F*:% ^
_ )j*:'93�;(?B%(,W%(8:,�*:'7'6#&2F57*W;j[\#10(0�?B5o36*�5h;(*:'hD?�;(2�-(,y#&372F?B%('�#1@�D?�;(Z�)+*$,�2 n�;(*:'7'9@(' ^
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	 5h�����c��� 5

C %b'9@(0(0�?B'7*mr<@(*!)F*WiB*�%G3W#@(%(*m;(2+57*:,:362+?B%M0(578:;(?BDC2F%/#1%G37*!)F?157't;(*!)F#0�8�572+?S;A*c;(*!0�?B)+)F2+%(24n
'7#&362+?B%I*:3hr<@(*W)N#m;A2F'7,:?B%G362+%�@A2+368|*�'93t,:?B%('9372+37@(8�*W;(*�0()F#1%G36*:'�D?B2+%('�-/#&@A36*:'tr<@(*W)F#m-/#1@A37*�@(5
;(*:'�P/*�@(59'tfg*:D*:)F)+*�' ^
"$#&%('>)+*�'>,.-(#1D0A'>?B}2F)/s#!;(@vD#&U�':=<,1[k*�'93onpHqn�;(2F59*�)+*�'�;(?BD#12F%A*�'

D1

*:3
D3

=�)N#W3657#£d9*�, 36?B2+57*
*:'93~D?�;(8�)+2F'98�*b0/#&5M3757?B2+'ID?B@SiB*�DC*�%G37'~�(59?e¤h%(2F*:%('z#yi1*�,X;A572+f¥3�2+%(;(8:0�*:%(;/#1%G36' ^ "$#1%('M)N#
0/#&59362+*l,�@()43624iB8�*�#yiB*:,>@(%A*>#1@S3657*�,:@()+37@(57*&=e;(?BD#12F%(*l%A?1368

D2

=e?B%{'7@(0(0�?B'9*>r<@(*�)N#�3657#£d9*�, 36?B2+57*
*:'93h;(8 36*�59D2+%(2F'o36*$'9@(2+i&#1%G3h)F#m;(2F59*�,:372F?B%I;A@�i1*�%G3�*:3hr<@j[k*�)F)+*�;(*�'9,�*:%(; ^ �l%M* ��* 3y=/;/#&%('�,�* 3736*
0/#&59362+*1=�?B%K,�?1%('72+;(Z�59*�r�@A*�)F*mYB57#12F%~;(*�0�?B)F)+*�%z*:'93W'9?B@(DC2F'$'9*�@()+*�DC*�%G3WHv)N#Cfg?B57,:*m;(@KiB*:%<3
* 3h%(*W'7@(�(243t0/#1'h;(*�36@(59�(@()+*�%(,:*�'t#&36DC?B'90(-(8�592Fr<@(*:'t;A@(*�'�H�)N#miB8:YB8:36#&362+?B% ^
"![\#1@A3757*W0/#15o3y=(2+)j* RS2+'936*�3757?B2+'�0�?B'9'72+�(2F)+2+368:'>0�?B@(5�@(%MYB57#12F%�;(*W0�?B)F)+*�%v8:D2+'��

ª ^t_ )�'7*	-ARS*{'9@(5h@(%(*�P/*:@(5|#yi&#1%G3h;(*W'7?159362+5�;(@M0(57*:D2+*�5�,.-/#1DC0�;(*WDT#qU�'
D1

^
� ^t_ )�'9?B593�;(@z0A57*�DC2F*:5h,.-/#1DC0b*:3�D*:@(593|#1@~'7?B)�;/#1%A'|)N#�;(2+'7,:?B%G362F%<@(24368

D2

?B@~;/#1%('�)F*
;A*�@SRS2FZ:D*�,.-(#1D0

D3

^
H ^t_ )/'9?B593�;(@0(57*:D2+*�5l,.-/#1DC0j=Gi&#�d9@A'7r<@j[\#1@v;(*:@SRS2FZ�DC*h,.-/#1DC0T* 3>'9* -ARS*t'7@(5�@(%(*tP/*�@A5 ^

"$#&%('c)F#I'7@(2436*1=�?1%X'�[k2F%G378�57*:'7'9*�56#zHM@(%A*C3756#£d9*:,:36?12F57*E*:%O;(2+D*:%('72+?B%O��0�?B@(5W'92FDC0()F2 -/*�5$)+*�'
%(?&3.#&372F?B%('>*:3t)F*:'�,y#1)+,�@()+' ^

C %�'7@(0A0�?B'9*c;A?B%(,Wr<@(*c)+*�YB56#&2F%I;(*W0�?B)F)+*�%I*�'o3t@(%(*W0/#15o362F,:@()F*�0(#15936#1%G3h;j[\@A%~0�?B2F%G3
(x0, 0)#10A0/#15937*�%/#&%<3|#1@M;(?BD#12F%A*

D1

^TC %M'7@(0A0�?B'9*!r<@(*{)F*�iB*:%G3�#E@(%(*!;A2F57*:,:372F?B%�0(598�;(?BDC2F%(#1%G36*
'9@(2+i&#1%G3{)V[k?B572+*�%G3.#q362F?1%b;(*C)V[\#qRS*C;A*�'c#1�('7,:2F'9'7*�' ^ ��?B2+3

Pt = (Xt, Zt)
)F#I0�?B'92+372F?B%K;(@OYB56#&2F%

;(*W0�?B)F)+*�%�H�)V[k2F%A'93.#&%<3
t > 0

^
C %�;(8:-(%(2+3t)N#!3756#£d9*:,:37?B2F59*�;(@~Y156#12+%I;(*W0�?B)+)F*:%I0/#15��
� "$#1%('

D1

* 3
D3

=(?B%M'7@(0(0�?B'9*cr<@(*E�
{

dXt = fxdt+ τxdB
1
t

dZt = fzdt+ τzdB
2
t

u H ^ �<w

?B}
(B1

t )
* 3

(B2
t )

'7?1%<3$;(*�@SRzDC?B@AiB*:D*:%G36'$�(59?e¤h%(2F*:%('$2F%A;(8�0�*�%(;(#1%G36'��
fx > 0

=
fz < 0*:3

τx, τz > 0
^

� "$#1%('
D2

=/?B%�'7@A0(0�?1'7*{;(?B%(,W)N#!3756#£d9*:,:37?B2F59*�;(8:37*�57DC2F%A2F'937*��
{

dXt = f̄xdt
dZt = f̄zdt

u H ^ EBw

#yiB*�,
f̄x > 0

ug0/#15�-Gs�0�?137-(Z�'9*ew�*:3
f̄z < 0

^
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� 2 n�;(*:'7'7?1@('�=�HK)N#��a2+YB@(59*;H ^ HA=¢@(%(*M57*:0(578:'7*:%<36#&362+?B%�;(*�)N#bDC?S;(8:)F2+'6#&372F?B%O0(57?B0�?B'98�*�;(*�)N#
3756#£d9*:,:36?12F57*�;�[\@(%MYB57#12F%I;(*W0�?B)F)+*�% ^

���	��
 H ^ H � �t*:0(578:'7*:%<36#&362+?B%b;(*!)N#ED?�;(8�)+2F'7#&362+?B%�;(*!)F#C3657#£d9*�, 36?B2+57*{;j[k@(%KYB56#&2F%z;A*!0�?B)F)+*�%
0(59?B0�?B'78:*{*:%~;A2FDC*�%('92F?B%M� ^

�l%I*�%Gi�2F'7#1YB*�#1%G3h,�*�'h;(24��8:57*:%<37'�,y#1':=(,�*:)N#!,:?B%(;(@A2+3hHm;(8&-/%(2+5�)F*|37*�DC0('�;(*$fg8:,�?B%A;/#&362+?B%
TF

=
2+%('936#1%G3t#1@(r<@(*�)¦#�)F2+*�@I)F#m0�?B)+)F2+%(2F'7#&362+?B%j=G;(*W)N#mf�#I+:?B%�'7@(24i&#1%G36*E�
C %�2F%G3659?S;A@(2+3�)+*�'�37*�DC0('h;j[ #q3736*:2F%G36*

Th

* 3
νai

(X)
;(*W)F#�f�#,+�?B%�'7@A2+i&#1%G36*E�

�
Th = inf{t > 0, Zt = h} ^� x ?B@A5

i = 1, 2
�
νai

(X) = inf{t > 0, Xt = ai} = νai
.� ?BDCD*

fx > 0
=(?B%~#

νa1
(X) < +∞ p.s.

��*$36*:D0A't;A*Wfg8:,�?B%A;/#&362+?B%
TF

*:'93|#1)F?B59'�;(8&-/%(2�0/#15��
� �S2

Th∧νa1
= Th

=B?B%E0(57*:%(;
TF = Th

*:3�)N#$0�?B)+)F2F%A2F'6#q362F?1%c#�)+2F*�@�;(#1%('
D1

*:%
(XTh

, YTh
)
^

� �S2
Th ∧ νa1

= νa1

=���59?B2F'$,�#1'�'7?1%<3{Hv;A2F'9372F%(Y1@(*�5 ^ C %K2F%G3757?�;(@(2+3|@(%(*�-/#&@A36*:@(5$'7*:@(2F)
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)
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TF = inf{t > νa2

, Zt = h} ^
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νa1
≤ t ≤ νa2

=/?B%�0�*:@A3t8�,:572F59*W;j[ #&0(57Z:'!u�H ^ EBw

Xt = f̄x(t− νa1
) + a1

* 3
Zt = f̄z(t− νa1

) + Zνa1
.

� )+?B57':=(?B%~#
νa2

= ā+ νa1

?B}�?B%z#�0�?B'78
ā =

a2 − a1

f̄x

^�C %M*�%M;(8�;(@A2+3hr<@(*

Zνa2
= f̄z + Zνa1

u H ^ AGw



� ����#3
F���3�A�����£�M��� � � "��,�y�����*���	���0
�I������� � � � �e���&� 	���


"$#&%('�36?B@('h)+*�'�,y#&'�=
TF

*:'938-/%(2
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u = x−x0

� �
u1 = a1−x0 -�� �m����� ���t�4� �q���A���O2��F�|�1��?7�1�������.�

XTF
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γ(x, x0, θ) = I(u, h, θ)1{x∈D1} + J(u1, θ)1{x=a2} +G(x, x0, a1, a2, h2, θ)1{x>a2}
u H ^ ¬Bw

���1�$
θ = (fx, fz, σx, σz, f̄x, f̄z)

8�� �

� - I(u, h, θ) = 2C(u, h, θ) ×
(

p(u, h, θ)

q(θ)

)1/2

× K−1

(

2
√

q(θ)p(u, h, θ)
)

���1�$
p(u, h, θ) =

h2

2τ 2
z

+
u2

2τ 2
x

8
q(θ) =

f 2
z

2τ 2
z

+
f 2

x

2τ 2
x

� �

C(u, h, θ) =
|h|

2πτxτz
exp

(

fzh

τ 2
z

+
fxu

τ 2
x

)

� - J(u1, θ) =

∫ h2

h1

J(z, u1, θ) dz
���1�$

J(z, u1, θ) = C̃(u1, θ) exp

(

fz

τ 2
z

z

)

×2

(

r(z, u1, θ)

s(θ)

)1/2

×K−1

(

2
√

s(θ)r(z, u1, θ)
)

r(z, u1, θ) =
u2

1

2τ 2
x

+
z2

2τz

8
s(θ) =

f 2
x

2τ 2
x

+
f 2

z

2τ 2
z

� �
C̃(u1, θ) =

u1

2πτxτz
exp

(

fxu1

τ 2
x

)

-

 - G(x, x0, a1, a2, h2, θ) =

∫

z>h2

I(x− a2, h2 − z, θ) J(z; a1 − x0, θ) dz
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fNIG(x, y; θ) =
δ2eλz

2π

(q(x, y)−1/2 + p1/2)

q(x, y)
e−

√
pq(x,y)eδ(λxx+λyy)

#yiB*:,
p = λ2

x + λ2
y + λ2

z

=
q(x, y) = 1 + δ2(x2 + y2)

*:3
θ = (δ, λx, λy, λz)
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γ(x0,y0)(x, y) =







fNIG(x− x0, y − y0; θ)
'72

(x, y) ∈ D1

0
'72

(x, y) ∈ D2

fNIG(x− x0, y − y0; θ)
'72

(x, y) ∈ D3
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(x, y) ∈ Si
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(x − x0 −
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(x0, y0)
0/#15

γ(x0,y0)(x, y) =







fNIG(x− x0 − α1Dx0,x, y − y0 − α2Dy0,y; θ)
'92

(x, y) ∈ D1

0
'72

(x, y) ∈ D2

fNIG(x− x0 − α1,iDx0,x, y − y0 − α2,iDy0,y; θ)
'72

(x, y) ∈ D3 ∩ Si

u H ^ «Gw

C %M%(?136*{r<@(*!'92
P0 = (x0, y0)

*:3
P = (x, y)

#10(0(#159372F*�%A%(*�%G3|H
D3
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#1)F?B59'�?B%M#
Dx0,x = Dy0,y = 0
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(x0, y0)
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γ(x0,y0)(x, y) =















fNIG(x− x0, y − y0; θ)
'92

(x, y) ∈ D1

0
'72

(x, y) ∈ D2

q + fNIG(x− x0 − α1,iDx0,x, y − y0 − α2,iDy0,y; θ)
'92

(x, y) ∈ D̃3 ∩ Si

fNIG(x− x0 − α1,iDx0,x, y − y0 − α2,iDy0,y; θ)
'72

(x, y) ∈ D3 ∩ Si
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Nk = nµ(θ; xk, yk) + εk

#yi1*�,
E(εk) = 0

*:3
V ar(εk) = σ2g(θ, n; (xk, yk))?B}�)+*�'

(εk)k
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g(θ, n; (xk, yk)) = nµ(θ; xk, yk)(1 − µ(θ; xk, yk))
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≤ h− f̄zā}
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I(x− a2, h2 − z, θ) J(z; a1 − x0, θ) dz

�a2+%/#1)+*�DC*�%G3y=�?B%~#

T3 =

∫

R

ϕ(x)[G(x, x0, a1, a2, h2, θ1x≤a2
] dx

u H ^ ªBHGw

�l%m'9?BDD#1%G3¢)+*�'¦3657?12F'�36*�59D*:'a,�#1)F,:@()F8:'a*�%Mu�H ^ ªBª£w =Au H ^ ª£�1w�* 3hu H ^ ªBHBw =q?B%m?B�A372F*:%<3a)F*�578�'9@()+36#&3
'9?B@(-/#124368 ^
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��-(*K,:?B%G362+%�@A?B@('onV362+D*b'o36?�,.-/#1'o362F,~iB?B)F#&362+)F2+3�s DC?�;(*�)+'v-/#yiB*Q��*�*�% 37-(*K'7@(�<d9*�,:3M?1f{D#1%Gs
59*�,�*:%G3C#159372F,�)+*�' ^ ��-(*:'7*�DC?S;(*:)F':=�2+%<3757?�;(@(,:*�; �Gs ��@A)F)�#1%(; /�-(2+37*Quoªy« FG¬Bw�=�-/#yi1*�#1%�2FD�n
0�?B5936#1%G3C57?B)+*I2F% 36-(* -/%/#1%A,�2N#&)h#1%(; 'o3.#&372F'o362F,M-(*�)F;A'bug'7*�*~* ^ Y ^�¨ -Gs�'7*:)F'K� �m�1��uoªe«1« AGw!fg?B5
# '9@(59i1*:sAw ^W� % *�R(#&D0()+*L2F'~36-(*�'9?&n�,�#1)F)+*�; ©>)F#1,.� #&%(; �S,.-(?B)+*�'KDC?S;A*�)c¤h-A2F,.- D?�;(*:)F'
37-(*z)+?BYX?1f�#1%�#1'7'9*:3I0A572F,:*z�Gs�36-(*~'7?B)+@A362+?B%�37?O36-A*b'937?S,.-/#&'9362+,z;(24��*:57*:%<372N#1)h*:r�@(#&362+?B% �
dYt = µ(σ2

t )dt + σtdWt , t ∈ [0, S]
=(¤h-(*�59*

σ2
t

2+'t37-(*{2F%('o3.#1%G3.#&%(*�?B@A'�iB?1)N#&372F)F243�sB=
(Wt)

#
'o3.#1%(;(#157;~©>57?e¤h%(2F#1%�D?&362F?1%I#1%(;

µ
#E59*y#1)jfg@A%(,:372F?B% ^

_ %L37-(2F'm;A?S,:@(D*:%G3y=�¤�*I'937@(;AsO36-(*I,�#1'7*v¤h-(*:57*
Vt = σ2

t

2F'!#bD*�#1%Sn�57*:i1*�5o362F%AYb;(2+��@('92F?B%
0(59?S,:*�'9'�=`#1%(;�¤�*c,:?B%('72+;(*�5�37-(*$3�¤>?qn�;(2+D*:%('72+?B%/#1)j'o36?�,.-/#1'o362F,�0A57?�,�*�'9'

(Yt, Vt)
Y12+iB*:%~�GsK�

(∗)







dYt = σtdBt, Y0 = 0
dVt = α(β − Vt)dt+ a(θ, Vt)dWt

Vt = σ2
t , V0 = η

¤h-(*:57*
(Bt,Wt)

2F'c#~'o3.#1%(;(#157;�©�57?e¤h%(2N#&%XDC?1362+?B%Q?1f
R2 = η #�i1#&572N#&�()F*�2+%(;(*�0�*�%A;(*�%G3�?&f

(Bt,Wt)t≥0

#1%(;
α, β

=
θ

#157*�@(%A��%A?£¤h%z57*y#&)j0/#157#1D* 36*:57' ^
/O*�;(?B%j[ 3t?B�('9*�59i1*{37-(*�0(59?S,:*�'7'

(Vt)
�(@S3|#�;(2+'7,:57*:37*W'6#1DC0()F2+%(Ym?1f�37-(*W2F%G36*:YB56#&37*�;�0(59?S,:*�'7'

#&3$57*�Y1@()N#159)+s~'70/#&,�*�;Q362+D*:'
Zi =

1√
∆

∫ i∆

(i−1)∆

σs dBs

¤h2436-
∆
-ARS*:; ^ ��-(2F'�2+'�*�r<@(2+i&#1)+*�%G3

37?E37-(*W?B�('9*�59i&#&372F?B%A'�?1f�37-(*W2F%(,:57*:D*:%<37'
(Yi∆ − Y(i−1)∆)

^
��-(*X#12FD 2+'M37? *:'9362+DT#q36*Q36-(*O@(%(�<%(?e¤h% 0/#157#1D* 36*:5Mi1*�,:37?B5

θ
fg57?BD 37-(*X?1�('7*:59i&#&362+?B%('

(Zi, 1 ≤ i ≤ n)
^

_ %�36-(*M)F2436*�57#&36@A57*1=�#@-/59'93I#&0(0(57?B#1,.- 2+'E37?XD#1�1*�36*:%(;�37-(*z%<@(D!��*:5?1f|?B�('9*�59i&#&372F?B%A'
n37?O2+%*-/%(243�sX¤h-(2+)F*v36-A*~'7#1D0A)F2F%AYK2F%G36*:59i&#1)

∆ = ∆n

36*:%(;('C36?J�*�59? ^ ��-(*M)F*:%(Y136-�?1f�36-(*
?B�A'7*�5oi&#&362+?B%K362FDC*

n∆n

,�#1%J��* -ARS*�;O?B5�36*:%(;('W36?�2F%*-(%(2+3�s ^ �/?B5�* RA#1DC0()F*&=�fg?B5{#I'937572F, 36)4s
'o3.#&372F?B%/#&59sI#&%(;~*:57YB?�;(2+,$0(57?�,�*:'7'

(Vt)
= ¨ *�%(?1%Sn � #&36#1)F?&3!� ���1��uoªy«B«B«Gw>0(59?B0�?B'7*{#1%M* RS0()+2F,�243

DC*:37-(?S; �/#&'7*�;�?B%�fg@A%(,:372F?B%('E?1ft36-A*~?B�A'7*�5oi&#&362+?B%('
(Yi∆n, 1 ≤ i ≤ n)

u�#1%(;�*�DC0(2+572F,�#1)
DC?BDC*�%G3T*:'9372FD#&36?B59'bug0(57?10�?B'9*�; �Gs ¨ *�%A?B%Sn � #q3.#1)+?13K� �E�1��ªe«B« FBw#159*z2F%A,�)F@A;(*�; 2+% 36-A2F'
#10A0(57?G#&,.-`w ^
� %(?136-A*�5�,�#1'7*W2F'�¤h-(*�%I36-A*�'6#1DC0()F*:;

∆
2+'.-ARS*�;Q�A37-(2F'>2F'>¤h-/#q3�¤h2F)+)���*�;(*:i1*�)+?B0�*:;�2F%v36-A2F'

;(?�,�@AD*:%<3 ^ "|2+��*�59*�%G3m�<2F%A;('c?&f�*�'o362FD#&372F%(YIfg@(%(, 362+?B%('{-/#yiB*v��*�*:%L'937@(;(2F*:; u¥fg?B5c*�RA#1D0A)F*
�! 157*�%A'7*�% u��1�B�B�GwE,�?B%A'72F;A*�572+%(Y #L,�)F#1'7'T?1f{0(57*:;(2F, 362F?1%Sn��/#&'7*�; *:'9372FD#&362+%(YOfg@(%A,:362+?B%('6w ^>_ %
0/#&59362+,�@()F#15�=li&#1592F?B@('v#1%(;�'72+D0()+*~37?�@('7* ] DC?BDC*�%G3I�/#&'7*�;�DC*:37-(?S;A' ] #159*K0(57?B0�?B'9*�; 36?
*:'9362+DT#q36*{@(%(�<%(?e¤h%Q0/#156#&D* 36*�59'�u¥fg?B5|2+%('936#1%(,�*��|#1%A'7*�%�upªe« FG�Bw�fg?B5�YB*�%(*:56#1)+2F:*�;zDC?BDC*�%G3
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,�#1%M#1)F'9?C@A'7*�;Lu&��#159i1*:sB=�ªe«IFB«Gw ^
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0f7hf
	�4d
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 � � ¤)�3�H% � ,.����# � �!� � � ��� � � ��#$# (Yt, Vt)

¤ ��� 

dYt = σt dBt

� ��%
Vt = σ2

t

Vt
� # � � �4� ��% � ��\*�� � � � �4�4���F
 � ��% � # � � ' ���1��# ���$*���% � � �7�!�+*S��� � � ��# # � ��%���������%���� � � &�� ��
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�

/1�9�1��# ���$*�� � % � # � �$� � �9# � ,.� ��� � 8 � &k� �� � � � � 8 � � � ��%l��� � � ��# # (Zi)
�¥¤ ���  � �$� 8 '�� � �@# � ,Y�

� ��� � 8 � � � ���$* � � ∆
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 �

Zi =
1√
∆

(Yi∆ − Y(i−1)∆) =
1√
∆

∫ i∆

(i−1)∆

σs dBs

��� � ªP�

� ����% ��� � ��� � �4��
 �!�
(Vs, s ≥ 0)

0 � ��i� � ��%���,m* � � � � � � ��# (Zi)
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 � #
� % � # � � � � '��	� �!� N (0, V̄i)

¤ ��� 

V̄i =
1

∆

∫ i∆

(i−1)∆

Vs ds
��� � ���



� � � �!�&� �B����� � � 'Q� �%�!� " �,� �	�	���T��
 � � ��
 � ��� �@� ���3
�� 
����

� '�� -,6�/%�� � #  � *!���"������->�$# �7� � � � �/% '�� ��%b� 
 � '��4� � ��% /T ��� �O�oªe«IFG¬���¤ ���  � % � � ' # � ���
���$� � ��#$# (Vt)

� © � � ��%����9�^�p§ � � � # ��� � ��% ������ � � %G�V�1�B�SªP�)��� �!�"��#$� � � � � � 8 � ' #�,.��%�� � #�¤ ��� 
(Vt)

��� � � 8?� � C �$��# � � � ��� �  � ������� � �v�`�<* 
 ��� � � ��# # �
EF� � �� & � �4� �e¤ � � 8 01¤C�|¤ �4���^� ����# � %���� (Vt)

� # � ,6� � ���H� ��*!��� �	� � 8  � %�%����X% � � ' # � ���6��� � � ��#$#$�






dYt = σtdBt, Y0 = 0
dVt = α(β − Vt)dt+ a(Vt)dWt

Vt = σ2
t , V0 = η

��� � H��

¤ ���  α > 0
0
β > 0

� ��% � ��@�$� � ��&(' � ���	� ��� a , � 
 � � #$�Z%���������%6��� ' �(� ���e¤@�D� � � � ,.� � ��� # �
� �!� ���+*!����¤C� � # # ' ,6� �  � � (Bt,Wt)t>0

� # � # � � ��% � � %b©C� �e¤@� � � �l,.� �	� ���O� &
R2 %��&->����%

��� � ���$�B� � � ���4���F
 #$� � � � (Ω,A,P) �/1�l, � �3� � �� & � ��� �e¤ � � 8 # � � ��% � �$% � #$# ' ,.� �	� ����#.��� � �� &(' � ��� � ��� a(θ, x) � � ��� %���� � �
����# ' �$� �  � � ��B ' � �	� ���-�g� � H�� � %�, ��� # � � ' � � B ' �:# � � �4�<�	��
 # � � � � ��� � � 
 � ��%D��� 8 �/% �4� # � ��'��	� ���
(Vt)

¤ ��� O# � � � �i# � � � � (l, r) � � ����' %���% � � (0,∞) �
� � � θ � ��i� � � � ,6� � ���$#�*�� ��� �!� � ��% � #$# ' ,.� �  � � θ ∈ Θ ⊂ Rp �
��� � �{�

η � # � � � � � � � ��%���, * � � � � � � �V%��&->����%S���
Ω

� ��% � ��%����"����%���� � � & (Wt)
�

��� 
 �E� �^�!� � ��� θ ∈ Θ
0
a(θ, x) � # � � ��� �	� � ' � ' #.� � � x �:� � � � &(' � ���	� ���-���

R
0 � ��%

C1 ���
(l, r)

# '��  �  � �

∃ k > 0, ∀ x ∈ (l, r), a2(θ, x) ≤ k(1 + x2)
� ��% ∀ x ∈ (l, r), a(θ, x) > 0

�>���
x0 ∈ (l, r)

0 � ��S# � � � � � ��% # ������% %�����# ���	� ��#6� & % � � ' # � ��� (Vt)
� �$� & ��� � ��l,6� � ���

�$��*���� � � � 8 � � # �Z��� � �� & ���$, �

s(θ, x) = exp

(

−2

∫ x

x0

α(β − u)

a2(θ, u)
du

)

,
� ��%

m(θ, x) =
1

a2(θ, x)s(θ, x)

��� � � �

��� ���{� �>��� � �4� θ ∈ Θ
0 ���@� # � #$# ' ,.��% �  � �

∫

l+
s(θ, v) dv = +∞,

∫ r−

s(θ, v) dv = +∞,

∫ r

l

m(θ, v) dv = Mθ < +∞

�N��� � �!0 ' ��%����l� � ���F� � � �!�<0 � ��Q���$� � ��# # (Vt)
��� ��# � � (l, r) � � ����' %���% � � (0,∞)

� ��% � ��
# � � � � ��� � � 
 % � # � � � � '�� � ���Q� & (Vt)

� # πθ(dv) = π(θ, v)dv
¤ ��� 

π(θ, v) =
1

Mθ

1

a2(θ, v)s(θ, v)
& ��� v ∈ (l, r)

��� � E��

����� � ���� � � ���	� � � � � ��%���, * � � � � � � � V0

 � # � % � # � � � � '��	� �!� πθ(dv)
� ��%

E(V 2
0 ) � # � #$# ' ,.��%

->� ��� � �
� ��%����9� � ���H�<� � H��<0 � ��i���$� � ��#$# (Zi)

� #@# � � �4�<�	��
 # � � � � ��� � � 
 � ��%l��� 8 �/% ���!�
EF��%�����% � ��i���$� � ��#$# (Zi)

� � �����Z#$����� � # �  � %�%���� � � �9�!�+*O��� � � ��# # � /J�i%��&->���

Ui = (V̄i, Vi∆) & ��� i ≥ 1




 � � ��� ��� "��,� �	�	� ���B
� �	��
 � ���1 �����3
��

¤ ���  � � � �$��% '�� ��%5��� � � � � ����# � �1��� � ��� �
������O0

(Zi, i ≥ 1) � # �  � %�%���� � � �7�3�+*\,.��%�� � ¤ ��� Y � %�%���� �  � � � (Ui, i ≥ 1) � � �!� ���+*!����0
' ��%���� � #$# ' ,.� � � ����#7� � ���F�<� � H�� 0

(Ui, i ≥ 1) � # � # � � �4�<�	��
 # � � � � ��� � � 
 � � �9�!�+* �  � � �I¤ ��� 
# � � � �Z#$� � � � (l, r)2

� ��%l��� 8 ��% �4�!� ¨ ��������� ��� � � � � � � �>�1�`�V�1�1�B���)# ��£¤ �  � �N���:� # � ��i# � ,6�
& ��� � ��i��� � � ��# # (Zi)

�

f Y��1Y�� 	 
Ub��%hFh�� 
�
�
 
Ub 
=f=hcbad��E
	
�� b �	��� 
7b �9b 
=f=h ��� 4hc^4^>b�� ^>h��Uj4d�hf
	�4d
���� ' �A�/���£¤@�l� � � � ,6� � ��� #�*�� ��� �!� θ � #�¤@� ���$� ���

θ = (b, β, c)
¤ ���  b = α∆ > 0, β > 0

� ��%
c ∈ R(p−2)

����9,6� � ���H� ��*!��� �	� � 8  � %�%����W% � � ' # � ���5��� � � ��# #$��# � �$�9#$�"� ��� - � # � � �  � # � �4� *�� � � �	���4���F
 ,.�3�
%�� � #�0 � ��,.,.��� ��
K' #$��% � � ->� � � � � � ���� 
 ����# #$��#$#D# �!,6�Q#$�"� ��� � � ��� �!�"��� �	� ��#Y% ' � � � � ��
%�� ��&A�Y&(' � ���	� ��� & ��� , � ¨ ��������� ��� � � � � � � �!�1�@�V�&�B�B��� � �� �� ����# ��� �V�&�B�B���$� � EF� � � � � �4��'�� � ��0
� #$# ' , � � 8 �  � ��� ��:% � � ' # � �!� (Vt)

# � �	� #�->��#V� � ªP�H�<� � H�� 0 � ���� � �� � �+* � � � � � � �@# � � '��<�	' �$� � &
� ��i��� � � ��# # (V̄i)

 � # � �� & � �4� �£¤ � � 8 #$ � ���X� ¨ ��������� ��� � � � � � � ���1�R0��1�1� H����
� ���

E(V̄1) = E(V0) = β
� ��%

E(V̄1
2
) = β2 + Var(V0)

2(α∆ − 1 + exp(−α∆))

α2∆2

��� � A��
� � ��� �^�!�

k ≥ 1
0

E(V̄1V̄k) = β2 + Var(V0)
(1 − exp(−α∆))2

α2∆2
exp(−α∆(k − 1))

�g� � ¬��

�����# �O���$��* � � ' #.�$��# '���� # � �4� �£¤ � �-�B� � � � �I���$���"��� � � ��#Y� &:� ��Q��� � � ��# # (Z2
i ) ' # ��% � � � ��

& � ��� �e¤ � � 8 �
/1�i%��:->��� � ��iB ' � � �	���	� ��#W�

γ0(θ) = (1 + e−2b)(2β2 + 6 Var(V0)
(b− 1 + e−b)

b2
) − 2e−b Var(V0)

(1 − e−b)2

b2
��� � F��

γ1(θ) =
Var(V0)

b2
(

1 − 6be−b − 5e−2b + 4e−b
)

− 2e−bβ2 ��� � «��

/1�i, � �3� � �� � #$# ' ,.� � � ��� ��� ���{�
θ � #�# '��  �  � � γ1(θ) 6= 0 �

� ��%����9� � � � 0A¤)�Z%��&->���

ψ(θ) =
γ2

0(θ) −
√

γ2
0(θ) − 4γ2

1(θ)

−2γ1(θ)

� ��%
σ2(θ) =

−γ1(θ)

ψ(θ)

�g� � ªe���

E & � � � � � #���� � # � �	� #�->��%=0(¤C�Z%��:->���

ψ(θ) = 0
� ��%

σ2(θ) = γ0(θ)
��� � ªBªP�

� � � ��� ���4' %��W¤C� � # # ' ,6�
��� ���{�

α � # � ���# ���S# '��  �  � � e−α∆ 6= ψ(θ) �



� � � �!�&� �B����� � � 'Q� �%�!� " �,� �	�	���T��
 � � ��
 � ��� �@� ���3
�� 
 � 


�Q�������V������	��
 � �	
 �
� ���
=�K����5$���A�1�����/�1��� FZ
O���'���

(Vt)
�����9���H�N��� L�� -  SZ���1�&��������4L ��� S�*AL �  S,8����/������/� �	��,$.���

LL
Z2

i − β), i ≥ 1
S ���K$.���/�����6�H�v���	� �
	��� L � 8 � S - � ���6�1�	�6�$����e� �P@,8��>���A���1�

Z2
i − β − e−b(Z2

i−1 − β) = εi − ψ(θ)εi−1

���/���6�
(εi)

���!��$.���/�����6�H�������¥�p�X�%�����e���.�¥���
Var(εi) = σ2(θ)

���	� |ψ(θ)| < 1
Lc�����9���H�I���

� - � ��� �	��� - ��� S -T;�	����� L ��� S,8������1�	���,$����X��� � $ � 
O� �! "� �	�������!���#�&��2  � �$	��%� L � 8 � S -� ���&����!���������N�����$'��� �! �����7�����&@3���45����!��� 8�!#���
λ ∈ [0, 2π]

8V2/@ �

f(λ, θ) =
σ2(θ)

2π

1 + ψ(θ)2 − 2ψ(θ) cosλ

1 + e−2b − 2e−b cosλ

��( � ª*)��

+ � �/� &�,
� � � # � 0.-C� � ��,.� '�� � Var(Z2

i − β)
� ��%

Cov(Z2
i − β, Z2

i+k − β) & ��� k ≥ 1
� ��%

i ≥ 1 �
����:� ��# '������ # �0/ � � � ����%D� � # ����
?' # � � 8 � �� � /��P*!� & ���$, '�� � �[��( � A��<0"�1( �32 � � ��% � �� & � ��� �  � � 0
� ����% ���	� �!� � �4��
 �!�

(Vs, s ≥ 0)
0 � ��[� � ��%���, * � � � � / � ��# (Zi)

� � � � ��%���������%���� � � ��%
Zi

 � #
% � # � � � / '��	� ��� N (0, V̄i)

� ������4-C�9 � *!�

Var(Z2
i −β) = 2 E(V̄1

2
)+Var(V̄1) = 2β2 +6 Var(V0)

(α∆ − 1 + exp(−α∆))

α2∆2

��( �65 H��

7 ��% & �!� k ≥ 1
� ��%

i ≥ 1

Cov(Z2
i −β, Z2

i+k−β) = Cov(V̄1, ¯V1+k) = Var(V0)
(1 − exp(−α∆))2

α2∆2
exp(−α∆(k−1))��( �65 ( �

��� � ����%=0 � ��� ���$% � � 8 � �98i���������;: � � � � � � �'� �! �<)>=0=0?�� 0 � ��X��� � � ��#$#O� �
Z2

i − β), i ≥ 1
� � #

� ��� � ��� ��% � ��% 7 �A@ 7 � 5 0 5 � �CB � � � �-@� ��� �

Xi = Z2
i − β − e−α∆(Z2

i−1 − β) = εi − ψ(θ)εi−1

-@ ���  � # � �� � � ����� ��� � � � ����� ��#$��� � � �	� �!�l� & Xi

� # � @ 7 � 5 �)��� � � ��# # �
D � � # � � γ � �� � '�� � � � �+* � � � � � � � &(' � ��� � ���1� & Xi

�EB ��F ���G- �  � �Z& �!� � @ 7 � 5 �i��� � � ��#$#�0
γ(0) = σ2(θ)(1 + ψ2(θ))

� ��%
γ(1) = −σ2(θ)ψ(θ)

� & ��� k ≥ 1
0C-C�9 � *!�

γ(k) = 0
� �

@l�!� ���+*!���H-C�  � *!�
γ2(0)− 4γ2(1) > 0

� # � � � � � �� # ��� �<� � � � %�����# ���F
.� # # � � �4�<�	��
 �"��# ��� � *��U� �
E & γ(1) 6= 0

0C-C�Z�0/ � � � �K� #$��� � � #$��8i���������;: � � � � � � �'� �! �I)!=0=0?�� �

ψ(θ) =
γ2(0) −

√

γ2(0) − 4γ2(1)

−2γ(1)

� ��%
σ2(θ) =

−γ(1)

ψ(θ)

7 ��% ��& γ(1) = 0
0 � ���� ψ(θ) = 0

� ��%
σ2(θ) = γ0(θ)

�
J � � ��i� � ����@ � ��%=0K-C� � � � � ��,.� '�� � � ���#$� � -)� � ���$,6# � # & � �4� �G- � � 8 ,
L>��� � �� � ��� , γ(0)

0K-C�i � *��




���� ���������	��
 �	�	� ������ �	�� � �������������


γ(0) = Var(Xi) = (1 + e−2α∆) Var(Z2
1 ) − 2e−α∆ Cov(Z2

1 − β, Z2
2 − β) �

7 ��% � ��� �!� % � � 8 � �l�1( �65 ?�� � ��%J�1( �65 ( � 0C-)�Z�0/ � � � � γ(0) = γ0(θ)
� %����>����% � �4( ��� � �

L>��� � �� � ��� , γ(1)
0 ' # � � 8 � �� & � �<�7�  � � e−2α∆ Cov(Z2

1 , Z
2
2) − e−α∆ Cov(Z2

1 , Z
2
3) = 0

0
-C�i � *�� - ��� 1��( ��� �

γ(1) = Cov(Z2
1 , Z

2
2) − e−α∆ Var(Z2

1) = γ1(θ)

L � � � ����
[� ��V��� ��
 ���!, � � � # φ(z) = 1− e−α∆z
� ��%

ψ(z) = 1−ψ(θ)z
 � *��7���������$� � � � ��

' � ���Z��� � ��� � � � ��%1��� � ��,.,6�!�!�����$��# ' ��%����D� 7#" � , e−α∆ 6= ψ(θ) �%$ ���� � ��6���$� � ��#$# � #
� � ' # � � � ��% � ��*���� � � / � � �
@l�!� ���+*!��� � ��i# ��� �<� � � � %�����# ���F
 � & � � 7'& @ 7 ���$� � ��#$#N � # � ��i�<;����$��#$# � �!�

f(λ, θ) =
σ2(θ)

2π

|1 − ψ(θ)e−iλ|2
|φ(e−iλ)|2 =

σ2(θ)

2π

1 + ψ(θ)2 − 2ψ(θ) cosλ

1 + e−2b − 2e−b cosλ

& ��, � � F6��� � # # ' ,.� �	� ���1� 7 (�� , 7 � ' ,6��� �4� � �4��
 # �	' % 
 # ��G-@# �  � �
E & α∆ < 2.35 � ���� � ����>�$# �V� ���$, � & γ1(θ)

� # ��� 8�� �	� *�� � ��% -)�Y � *!�
γ1(θ) < 0 & ��� � �4�

θ ∈ Θ �
E & α∆ ≥ 2.35

0 ��� � #=�"�!# # � / � � �  � � γ1(θ) = 0 � BT���  � �� � %�% ��� � ��� � � � # # ' ,6� � � ��� β2/Var(V0) >
0.2

0 � ����4-C� � � # �Y � *!�
γ1(θ) < 0 �

(��*) + ,Q_����%-/.10 � � 230546. �7. � + ,Q_ ���%-�.18:9 �`_<; 0 � � � 9

$ �� � � , � # � �[��# �	� , � � � � �� � � � � ,.� � ���$#C*�� ��� ��� θ & �$��, � # � ,6� � � Z2(n)′ = (Z2
1 , ..., Z

2
n)

�
L>��� � � � ' # � � � ��% � ��*!��� � � / � � 7'& @ 7 ��� � � ��# #�0 � � � � ' � � � � �����$� � �  � # � �Q, � ; � , � ��� � ��
8 � ' #$# � � � �4� F!� �4� ����/% &(' � �<�	� �!� �=$ �� � #$# � ��� � � ��% , � ; � , ' , ��� F3� �4� ��/��%T��# �	� , � � ���O � #
8 �/�/% � # 
 ,6� � � � �4� ��� �!�"��� �	� ��# � � � � � �	����'�� � � -@���� � �� -@ ��� �K��� � #$� � # � #$��B ' ��� � �G� &
� � � � % � � � ��%���, * � � � � / � ��#N�?>)�$� � F -C� �4� � ��%A@ � * � # 5B�C�C5 � � E &=� ��:��� � � ��# # � # � � 7'& � ���� � ��
@ ' � / � ���;D ��* � ��# ��� � � 8 ��� ��� �, � � ��/�� � � #$� ' # ��% � L^�!� � @ 7 ��� � � ��#$#�0 ����� # � �� � �����+* � �	� �!��#
� � 8 ��� ��� �, -@ �4�  � � �4/"� ' #$��% �
DN�*-C��*!����0 � �� � �!��# � %����$��%O��� � � ��# # � #)��� � 8 � ' # # � � � �FE � �  � # � � � %�# � � ' # � � �� �4� F!� ��� ��/�/%
� ����� �U; � , � �	� ���7# ' 8�8 ��# � ��% / 
 B  ��� � � �N� 5B� " ?�� � ��% � �� B  ��� �	� ��, � � � , ' , � �!� � � � # �2&(' � � �
� � ���Q%��/�>����% / 
 ,

Un(θ) =
1

4π

∫ π

−π

[

ln(2πf(λ, θ)) +
In(λ)

f(λ, θ)

]

dλ
�1( �65 " �

-@���� �
In(λ) � # � ��i�"��� � ��%�� 8 � � ,m� & � ��7*!� ��� ��� Z2(n)

%���������% / 


In(λ) =
1

2πn

n
∑

k,l=1

(Z2
k − Z̄2)(Z2

l − Z̄2)ei(k−l)λ ��( �65�G �

- ���  Z̄2 =
1

n

n
∑

j=1

Z2
j
�



�6� � � �  � � � ���F��� ���/�����6� � � �  �	� 
�� ��� � � �
� 
 
�� �

$ �� B  ��� � � �V��# �	� , � � ��� � # � ����S%��/�>����% / 
 θ̂n = arg inf
θ∈Θ

Un(θ) �
���������� , E &�� ��\# ��� �<� � � � %�����# ���F
 f � #
/�� ' ��%���% � ��% � ��� �	� � ' � ' #V���

λ ∈ Π
0 -)�Y � *!�

lim
n→+∞

E[In(λ)] = f(λ) � D:�G-)�<*�����0
In(λ) � #2��� � 8 ������� � �4��
 � � ����# � # � ��� � ��# �	� , � � ���`� & f(λ)

�(# ���5>)�$� � F -C� ��� � ��% @ � * � # 5��C�C57& ����� ; � ,6� � �+� �

f	���	��� � ��� �!�#"�$ � �&%'� �)(+� *N
 %+��, �.- � ��( % * �#� 
 % *N
 �0/1( � � �#� 
 %

BT��� O��� � � �	� ����# � � � � �/% '�� ��% � �O# � ���	� ���( � ) � )/0C-)�Z � *��

23�
4657468:9<;
9=46>@?BA �DC
E � ��F�FHG�I ����� � �

(Vt)
F � ��J F � � FLK�����M�NOK��3PQMSRUT ���HV�W������ I J<VXJ IYG#I[Z�\ V��^] ��F �X_ G V Z �^J \ V � ��F

�����._ \  � `\ �7J<V�ab_ \ ] I
ced V6f��H] K�� � MgK J R � R

γ1(θ) 6= 0
M W

Un(θ) =
1

2
ln(σ2(θ)) +

1

2nσ2(θ)

n−1
∑

k,l=0

c(|k − l|, θ)Z̃kZ̃l

�7J����
Z̃i = Z2

i − Z̄2
_ \ ] �! � 

i ≥ 1
� V6f

c(0, θ) =
e−b

ψ(θ)
+

−e−b(1 + ψ2(θ)) + (1 + e−2b)ψ(θ)

ψ(θ)(1 − ψ2(θ))

��( �65*2 �

c(k, θ) = ψk−1(θ)
−e−b(1 + ψ2(θ)) + (1 + e−2b)ψ(θ)

(1 − ψ2(θ))

_ \ ]
k ≥ 1

�1( �65�� �

c�h _ γ1(θ) = 0
W������HV

Un(θ) =
1

2
ln σ2(θ) +

1

2nσ2(θ)

n−1
∑

k,l=0

d(k − l, θ)Z̃kZ̃l

�7J����
d(0, θ) = 1 + e−2b, d(1, θ) = d(−1, θ) = −e−b

� V6f
d(k, b) = 0

_ \ ] |k| ≥ 2
R

+ � �/� &�,
B � ' #$� � ��W# ��� �<� � � � %�����# ���F
 �<;���� ��# # � ��� � � �4��'�� � � ��% � � �1( �65 )�� � ��% � ��S%����>� ���	� ��� � &
Un(θ)

8 � *���� � �G��( � 5 " � �CB �Z � *�� � �� ��� � ���$,6# � � � ��,.� '�� � �KB ����
γ1(θ) 6= 0

0�-)� & � �4� �G-
� ��i# � ,.�$- � 
 � # 8 � � � ���Z�I)!=0=0=�� �

� $ �� �>�$# �@� ��� , � � � ��,.� '�� � � # 1

4π

∫ π

−π

ln(2πf(λ, θ)) dλ �

B �i � *��

ln(2πf(λ, θ)) = ln(σ2(θ)) + ln(1 + ψ(θ)2 − 2ψ(θ) cosλ) − ln(1 + e−2b − 2e−b cosλ).

iN# � � 8 � �� & � �4� �G- � � 8 ��B ' � �4���F
 0�� & ��� �<; � ,.� � � & ' % � �O� 5��CGCG � 03� � ) � � �<0 * � �4� % & ��� � �4� |x| ≤ 1 ,

∫ π

−π

ln(1 + x2 − 2x cosλ) dλ = 0




��#? ���������	��
 �	�	�������� �	�� � �������������


-C�i�0/ � � � �1� # � � � � |e−b| < 1
� ��% |ψ(θ)| < 1

� �  � �

1

4π

∫ π

−π

ln(2πf(λ, θ)) dλ =
1

2
ln(σ2(θ))

� $ ��i#$� � �!��% � ��� , � � � ��,.� '�� � � # T2 =
1

2π

∫ π

−π

1 + e−2b − 2e−b cosλ

1 + ψ2(θ) − 2ψ(θ) cosλ
dλ �

E & ψ(θ) 6= 0
0K-C� -@� ��� �

T2 =
1

2iπ

∫

S

−e−bz2 + (1 + e−2b)z − e−b

z[−ψ(θ)z2 + (1 + ψ2(θ))z − ψ(θ)]
dz

-@���� �
S

�$�����$��# ��� �:� �� ' � ���@��� � ��� � �
DN��� � �!0C-C�i � *�� � � � ��,6� '�� � � �� � � � � 8 � � � � & � � � �	� ��� � �^& � � �<�	� ���=0 � � ��� ��% F (z)

0 � � -@ ��� 
� ��9%�������, � � � � ���@%��/��#$��� � � '��4����&A
D� � S �	$ �� &(' � ��� � ��� F � %�, ��� # � -C�X# � ,.� � �7��� � ��# � � =
� ��%

ψ(θ) � � � �� � � � ��� � ���)� & S � ��%-)�i � *!�

Res(F, 0) =
e−b

ψ(θ)
, Res(F, ψ(θ)) =

−e−b(1 + ψ2(θ)) + (1 + e−2b)ψ(θ)

ψ(θ)(1 − ψ2(θ))

$ ���� � ��@� ��# � % ' � $ ������ ��, � & ��� �� � �!,6���$�� ��� &(' � ���	� ����#	� 8 � *!��# T2 = c(0, θ)
- ���  c(0, θ)%��/�>����% � �K��( �65*2 � �

E & ψ(θ) = 0
0K-C�Z � *!�

T2 =
1

2π

∫ π

−π

(1 + e−2b − 2e−b cosλ) dλ = 1 + e−2b

� $ �� � � # ��� ��� , � � � ��,.� '�� � � #�0 & ��� |k| ≥ 1 ,

T3 =
1

2π

∫ π

−π

eikλ 1 + e−2b − 2e−b cosλ

1 + ψ2(θ) − 2ψ(θ) cosλ
dλ =

1

2π

∫ π

−π

ei|k|λ 1 + e−2b − 2e−b cosλ

1 + ψ2(θ) − 2ψ(θ) cosλ
dλ

E & ψ(θ) 6= 0
0�/ 
Q' # � � 8 � ��Z# � ,.� - � 
 � # & ��� � ��i# � � ����% � ���$, -C�9�0/ � � � � ,

T3 =
1

2iπ

∫

S

z|k|−1 −e−bz2 + (1 + e−2b)z − e−b

(−ψ(θ)z2 + (1 + ψ2(θ))z − ψ(θ)
= c(k, θ)

�1( �65�� �

� �� � � � �$��% '�� ��%K� � �	� ��� � � & � � �<�	� ���- � * � � 85� # � � 8 � �[# � ,.� � �[��� � � � � ψ(θ) � � � �� � � � ��� � ���
� & S - ���  � �� � # # � ��� � � ��%O� ��# � % ' �9��B ' � �=� � c(k, θ) �
E & ψ(θ) = 0

0K-C�Z � *!�
T3 =

1

2π

∫ π

−π

ei|k|λ(1 + e−2b − 2e−b cosλ) dλ

B �i%���% '�� � �  � � T3 = −e−b ��& |k| = 1
� ��%

T3 = 0
� � ���� - � #$� �

iN# � � 8 � �� � /��P*!� � ��,.� '�� � �	� ����#H-C�9�!/ � � � � � ��i�$��# '���� � & � ���+ � ������# ���	� ���%( � ) �

f	���	��� � -��j�0/ � 
 �#� * / , 
7/ $ ,����&$ -
EF� �  � #C#$� ��� � ���j0 -C� � # # ' ,6� �  � ��� �� &(' � ���	� ��� a  � # ��� ��
 �!��� ' �KF ���G-@�Q� � � � ,6� � ��� � ��%
-C��- �4�4� ��# �	� , � � � � ��i� � � � ,.� � ����*�� ��� �!�

θ = (b, β2,Var(V0))
-@���� �

b = α∆
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� 
 
����

�CB � � # # ' ,.� �  � �
�������

θ �4� ��# � � Θ
-@ �4�  � # � � ��,6� � ��� # ' /�#$� � � & (R+)3 # '��  �  � �=� �� ��� � � ��#$# (Vt)

# � � � #��>��#
� #$# ' ,.� � � ����#7� 7 =��F�<� 7 ?�� � @5��� ���P*!��� � �� � � ' �V* � �4' �V� & � ��7� � � � ,.� � ��� θ0

/"� � ��� 8 # � � Θ̊ �
L>���

θ ∈ Θ̊
0K-C�i%�������� � �� � � & �!� , � �	� ���D, � � � � ; & ��� � ��� (i, j) ∈ {1, 2, 3}2 ,

Γ(θ)i,j =
1

4π

∫ π

−π

∂

∂θi
(ln(2πf(λ, θ))

∂

∂θj
(ln(2πf(λ, θ)) dλ

�1( � )!=��

D � � f4,θ(x, y, z)
/"� � �� & � ' � � ��F�!� %����)# ��� �<� � � � # ��� & ��� �<; � ,.� � �'>)� ���4��� � 8 ��� 5�� �C5 & ��� %������

� ���	� ���^�<0 &(' � �<�	� ���O� &
R3 -@ �4� 5� ����� ��# ��� � # � %�� 8 � ���i� & ������� 8 � ' #$# � � � ���F
 � &`� ��Z��� � � ��#$# �

B �i%����>��� � ��i, � � � � ; B(θ)
/ 


B(θ)i,j =
1

8π

∫ ∫

Π2

(

∂

∂θi
ln(f(λ1, θ))

)(

∂

∂θj
ln(f(λ2, θ))

)

f4,θ(λ1,−λ1, λ2)

f(λ1, θ)f(λ2, θ)
dλ1 dλ2

��( � ) 5 �
EF� � ' � � � #$�!0 ' ��%����G� 7 " � 0 � �� 7#& @ 7 � 5 0 5 �X��� � � ��# # � # � � ' # � � 0 � ���� -)� � � � -@� ��� �
Z2

i − β =
∑∞

j=0 djεi−j
�

B �i%����>��� � �� &(' � �<�	� �!� D(λ) =

∞
∑

k=0

dke
−iλk & ��� λ ∈ [0, 2π[ �

$ ���� ' ��%����[� 7#" �<0 � ��� ��� % � � 8 � � $ � � � 8 '��  � � ��%	� � F � � � - � �<)!=!=0=���-C�9 � *!�

B(θ)i,j =
K(θ)

8π

∫

Π

(

∂

∂θi
ln(f(λ1, θ))

)

D(λ1)D(−λ1)

f(λ1, θ)
dλ1×

∫

Π

(

∂

∂θj
ln(f(λ2, θ))

)

D(λ2)D(−λ2)

f(λ2, θ)
dλ2

-@���� �
K(θ) � # � � �!��# � � � � %����"����% � � 8 � & � ��i� � � � ,6� � ��� θ �

7 ��%4-C�i%�������� � �� &(' � �<�	� �!��#

A(b) = 2(1 + e−2b), B(b) = (b− 1 − e−b + (3 + b)e−2b − e−3b)/b2

C(b) = −2e−b � ��%
D(b) = (1 − 6be−b + 4e−b − 5e−2b)/b2

��( � )0)��

B �i, � F3� � �� � #$# ' ,.� � � ���
��� 
 � , b0 � #�# '��  �  � � A(b0)D(b0) − B(b0)C(b0) 6= 0 �
7 � ' ,.��� �4� � � # � ' % 
 # ��*-@# �  � � �?D 5 � � # � � ' � ��& � ��%5��� ��
X��& b0 6= b1

- ���  b1 ' 2.1 �

23�
4657468:9<;
9=46>@?BA � C
E � ��F�FHG#I �H��� � �

(Vt)
F � ��J F � � F1K�� ��M�NOK�� PQMSRK� \ ]&� \�
 �H] �H� ��F�FHG#I � K����HM�� V6f K���HMSR7T ���HV�W

�H�$� ��
 �
� R T ��� E ��J��1�  � � F ��J I � � \ ]

(θ̂n)
J F Z�\ V F J F � �HV�� J<V

θ0
R

� R T ��� I � �^]OJ��
Γ(θ0)

J F V \ V F J<V�a G� 6� ] R




���� ���������	��
 �	�	�������� �	�� � �������������


P!R √
n(θ̂n − θ0)

D−−−−→
n→+∞

N
(

0,Γ−1(θ0)(Γ(θ0) +B(θ0))Γ
−1(θ0)

)

+ � �/� &�,
D � � # � � µ = (e−b, σ2, ψ) � $ ���� -C�D � *!�

θ = (e−b, β2,Var(V0)) = g(µ)
-@���� �

g � # �
&(' � ���	� ���O%���������% /"� � �G- � EF��%�����% � ��� ��� % � � 8 � �l�1( ��� � � ��%G��( � � �;-C�i � *��

γ(0) = A(b)β2+B(b) Var(V0) = σ2(1+ψ)
� ��%

γ(1) = C(b)β2+D(b) Var(V0) = −σ2ψ

- ���  A(b), B(b), C(b)
� ��%

D(b)
%��/�>����% � �1�1( � )0)!� �

E � -C�[ � *��
U

(

β2

Var(V0)

)

=

(

γ0(θ)
γ1(θ)

)

� $ ��[, � � � � ; U � #N�����S# � � 8 '�� � � ��& � ��%l��� ��

��& A(b)D(b) −B(b)C(b) 6= 0

0 � � � ��' ��%����9� D$)�� �
DN��� � �!0 ��& U−1 =

(

u1 u2

u4 u3

)

� ����4-C�9 � *!�
θ = g(µ)

- ��� 

g(e−b, σ2, ψ) = (e−b, u1σ
2(1 + ψ2) − u2σ

2ψ, u3σ
2(1 + ψ2) − u4σ

2ψ)

� ��% � ���� � � �!/ � � �O, � � � � ; Jg
� # � ��*���� � � / � � ' ��%����\� D$)�� �

E � -C�7 � *�� � ��� � #$# �4� � � 7'& @ 7 � 5 0 5 �C��� � � ��#$# (Yi)
# '��  �  � � Yi − e−bYi−1 = εi − ψεi−1- ��� 

E(εi) = 0
� ��%

Var(εi) = σ2 �
EF� �  � # � � #$�!0 � �����# � � , � � ��� µ̂ � # � ����# � # � ��� � � ��% � �� � # # � ��� � � ��% � � & ��� , � �	� ���i, � � � � ; I(µ)� # �����-# � � 8 '�� � � � ��� ��� % � � 8 � � � �� & � ���V�  � � ψ 6= e−b � D:��� � � Γ � #V�����-# � � 8 '�� � � � ��% 5��
� ��%? � � & � ��V���$������# ���	� �!� � �$�V�0/ � � � ����% / 
 � ��� ��
/� � 8 $ ������ ��, G�� )9� & @ �  �  � ' #i� 5�� �C� �
& ����� ; � ,6� � � �

f	���	��� � �7/ $ ,�$��[� �'� �!�#"&$)$ - �#� ��� � 
 ,
E �7� #
F ���G-@� �  � �7� � & ��� ��� � � & �!� �	� ,6�Z# ��� � ��#7� ��B '�� � ��# 8 �$� � � # � ,.� � �9# � ����# & �!� � ��[�0/�# ��� �
* � � � ����# � EF�W� � � �	�4��'�� � �N���� �[# � � �  � # �	��� *�� � � � �4�4���F
 ,.��%�� � # � �$�9#$����� � # �	� ,6�i# ��� � ��# � 7 ��%
� � � ��:#$, � �4� # � ,6� � �@# ��� ' � � � ���=0 � �� B  ���$�	� �@��# �	� , � � ��� , � 
 /"�N��� � /"� � �� ,.��# � # '���� ��% �
$ ���� � & ��� �30 @ �  �  � ' #Y� 5B�C�C� �@# ' 8�8 ��# � # � � ' # � � � � ����� ��%S*���� # � ���-� & � ��\����� � �/%�� 8 � � , ,
� ��i��� % � � � � 
 ����� � �/%�� 8 � � , � #�� ��� � � � ��%4/ 


ĨT (λ) =
1

2πH2,T

T−1
∑

k,l=0

hk,Thl,T (Z2
k − Z̄2)(Z2

l − Z̄2)ei(k−l)λ ��( � )!?��

-@���� � & ��� k ≥ 1, Hk,T =
T−1
∑

t=0

(ht,T )k ��( � )>( �

�N� � � �  � � H2,T
� # � ����� , � ��� � � �	� �!� � ���	� ��� ��� � � # # � ��� � � ��% � � � �� $ � �"��� ��%?����� � �/%�� 8 � � , �

EF� � ��6����� � � ����� ��% � � # �30 ' # � � 8 � �� &(' � �<�	� �!� h(x) = 1 ��& x ∈ [0, 1]
� ��%

h(x) = 0� � ���� - � #$�!0K-C� ����%
H2,T = T �

B � � # # ' ,6� �  � � ht,T = h
(

t
T

) - ���  h(x) = 0 & ��� � ��� x /∈ [0, 1) �



� ��� � 
���� � 
 
�� � �	��
�� �	� �� � ��� � � � 
��	�

@l�!� ���+*!����0 � �� &(' � ���	� ��� h  � # � , � ; � , ' , � � t = [T/2]
� ��%Q%�� � �$� � #$��# � #

t � ����%�# � � =
���
T − 1 � DN��� � � � �� �>� # � � ��% � � # � �0/�#$���$* � � � ����#� � *�� � ��#$# -)� � 8  �U�

EF� � �� & � �4� �G- � � 8 -C� � ��!# � � �� $ ' F!� 
 � D � ��� � � 8 � � �"���

hρ(x) =
1

2
[1 − cos(2πx/ρ)] x ∈ [0,

ρ

2
)

= 1 x ∈
[ρ

2
, 1/2

] ��( � ) " �

= hρ(1 − x) x ∈ (1/2, 1]

7 ��� ���$% � � 8 � ��@ �  �  � ' #V� 5��C� � �<0 -C�A- �4����� � F3� ρ = T−κ/3 - ���  κ < 0.25
�(# ��� � � � �38 � � ��

���O# � , '�� � �	� ����#	� �
$ ���� � ��i��� % � � � � 
 �"��� � ��%�� 8 � � , � #@�$��� � � � ��% / 
Q� �� � � �"��� ��%5*!��� # � ��� � � � ��9, � � � , ' ,
� ��� � � � # �Y&(' � �<�	� ���]%����>����% � � �1( � 5 " � � $  ' #�0 -)�O � *�� � �� � � �����$��% B  ���$�	� �X��# �	� , � � ���
� � - � 
 #@%���������% / 
 θ̃n = arg inf

θ∈Θ
Un(θ) �

7 # 
 ,6� � � � �4� ���$���"��� � � ��#
7 # # ' , � � 8 �  � �V� �� � # # ' ,6� �	� �!��# � � + �$���"�!# ��� � ��� ( � ?X�� � %j0 � �� $ � �"��� ��% B  ��� � � �[��# � � �
, � � �!� (θ̃n) � # � ����# � # � ��� ��� � θ0 � D:�G-C��*���� � �� � # 
 ,6� � � � �4� ����� , � � % � # � � � / '�� � ��� � # # �4� 8  �	��

% ��� ��� ��� ���
7 # # ' , � � 8 �  � � lim

T→+∞

TH4,T

H2
2,T

� ; � # � # � ��% � #)��B ' � �"� � � � �!��# � � � � C - ���  H2,T

� ��%
H4,T

%��/�>����% � �K��( � )>( �<0.-)�Z � *��30 ' # � � 8 � ��i��� �<* � � ' #@��� � � � � ����#7�?@ �  �  � ' # 5B�C�C� �
√
T (θ̃T − θ0)

D−−−−→
T→+∞

N
(

0, CΓ−1(θ0)(Γ(θ0) +B(θ0))Γ
−1(θ0)

)

���������� 8 ,
� 7 ��� ��
 ���!, � � ���F
 ��� � � ����� � � � � � # � /�� ' # ��% �
� EF� � ��6���!� � � �����$��% � � # �30 � ����# � # � ��� �<
 � ��% � �!� *!��� 8 ��� � � � �1% � # � � � / '�� � ��� � #9%���% '�� ��%
& �$��, � ��i��� �<* � � ' #@� ��# '����U�

E�� , '�� � �	� ����#=�$��# '���� # # ��*- �  � �`� ��C��# �	� , � � � ���i� &�� ��C� � � � ,6� � ��� β � #2��� � 8 �/�/% � ��� �� ' 8 
���[� # � ��D�<;���� �<� � � � ���G� &�� ��X��� � � ��#$# (Z2

i )
� D:�G-)�<*���� & ���[# � � �  � # � �4� *�� � � �	���4���F
 ,6�/%�� � #

� ����$�X�<; � # � # � �I��,6� � � ��� � � ,.��,6��� � #[��# � � , � � ���9� & E(V0) = β
0 � � # 
1� � � �!,6� '�� � � ��%

���G-)��� &('�� ��$ ���� � & ��� � � �� � %�� � � # � �[���$������# � � � -C�\# � ����#C,6� � ��/% , β � # ��# � � , � � ��% ' # � � 8
� ,6��,.��� � #C,.� � ���% � ��% � �� � � ���� #)� � � � ,.� � ���$# - ���  � �� B  ��� � � �N��� $ � �����$��% B  ��� �	� �
,.� � ���% �

(�� ( � ��� � 9��%. 4 9 9�� 0 �`_�9��`_ � 0 - ; . � ,�� �

EF� �  � #�#$� ��� � ���j0 � �� � � , � # � �Y��� �+*�� & ���i�(,6� � ���H� ��*!��� �	� � 8 �C# � � �  � # � �4� *�� � � � �4�4���F
 ,6�/%�� � #
%��/�>����% � �S�1( � ?�� � �� � �!��# � # � ��� ��
 � ��% � �� � �!� *!��� 8 ��� � � � �6% � # � � � / '�� � ��� & ��� � �6��# �	� , � � ���
� & θ = (ω, β)

-@���� � � ��N��# �	� , � � ���k� & β 0!��� � ��% β̂n
0 � ����*���� 8 ��# � � ,6��# � # ' � � ��
Y� � � �� � � ' �

* � ��' � � ��% � ��Z� � � � ,.� � ��� ω � #���# �	� , � � ��% ' # � � 8 � �� B  ���$�	� � ,6� � ��/% �




���� ���������	��
 �	�	�������� �	�� � �������������


L � � # � -C�W� � � � ��� � � ��# '���� �0/ � � � ����% / 
 8i���������;: � � � � � � �'� �! �I)!=0=0=�� � ��% ' # ��% � � � ��
& � ��� �G- � � 8 �
iN��%���� � #$# ' ,.� � � ����#Z� 7 =��H�<� 7 ?�� 0C-)�i � *!�

β̂n =
1

n

n
∑

i=1

Z2
i
� # � # � �$��� 8 ��
X� ����# � # � ��� � ��# � � , � � �!��� & β ��( � ) G �

√
n
(

β̂n − β
)

D−−−−→
n→+∞

N
(

0, σ2
) - ���  σ2 =

2 Var(V0)

α∆
+ 2E(V̄ 2

1 ).
��( � ) 2 �

B � � # # ' ,6�
������� � , θ = (ω, β)

- ���  ω ∈ Θ1

0 � ��,.� � �<� # ' /�# � � � &
Rs �

s ≥ 1
� � ��%

β ∈ Θ2

0 � �!,6� � ���
# ' /�# � � � &

R
�

B �[�$� � � �4� �  � �V' ��%���� � #$# ' ,.� � � ����#[� 7 =��F� � 7 ?�� � ��[��� � � ��#$# (Z2
i ) � # # � � �����	��
 # � � �	� ��� � � 


- ���  � # ��� ��� � � � %�����# ���F
 f(θ;λ) �@l�!� ���+*!����0 � ��� ���$% � � 8 � � $ ������$��, ) � (O� & @ �  �  � ' #6� 5��C� � �<0 � ��?��� � � ��# # (Z2
1)

#$����� � #
� � 7#& @ 7 � 5 0 5 �����$� � ��# #�0"# � �	� #*�>��# � �4� � #$# ' ,.� �	� ����#@� & @ �  �  � ' #[� 5�� �C� � � EF�S� � � �	����'�� � �
' ��%���� � #$# ' ,.� �	� ����#Z� 7 =��H�<� 7 ?��<0 � 7 " �<0`� D
= � � � ��%J�?D 5 �<0C-C�Z � *��
��� � � ,F$ �� &(' � ��� � ����# f 0

f4,θ

� ��% ∂
∂θi
f

� � � � ��� �	� � ' � ' #@���
Θ × Π �

7 ��%
θ1 6= θ2

� ,.� �4� ��# f(θ1;λ) 6= f(θ2;λ)
��� � ����# ���	� *�� D � /���# 8 ' �i,.� � # ' � � �

��� � � , L^�!� θ0 ∈ Int(Θ)
0
0 < c1 ≤ f(θ0;λ)

� ��%
f(θ0; .)

� # � D � ��# �  ��� � &(' � ���	� ��� �

��� ? � ,F$ �� &(' � ��� � ����# ∂2

∂θi∂θj

f(θ;λ)
� � � � ��� �	� � ' � ' #@���

Θ × Π �

L>���
ω ∈ Θ1

-C�W%��/�>���
Rn(ω) = Un(ω, β̂n)

-@���� �
Un(θ) � # � �� B  ��� �	� �l, � � � , ' ,

� ��� � � � # �`&(' � �<�	� �!�9%��/�>����% � �6��( � 5 " � �B$ �����-C� ��� � � ω̂n = arg inf Rn(ω) � 7 ��%�-C� � # # ' ,6�
��� � � , ω̂n

' � � B ' � ��
 �<; � # � # � ��% �4� ��# � � Θ̊1
�

E/� � � � � � 8 & � ��, %��/�>� ��� � ����#[� & Γ(θ0)
� � �1( � )!=�� � ��%

B(θ0)
� �T�1( � ) 5 � 0 -C� � � � � �/% '�� � � ��

& � ��� �G- � � 8 , � � � � ; ,

$ ��O, � � � � ; Γs(θ0) = (Γ(θ0)ij)1≤i,j≤s

� ��%
Bs(θ0) = (B(θ0)ij)1≤i,j≤s

-@���� �
s � # � ��

% � ,6����# � ���Q� & � � � � ,6� � ��� ω �

L � � � ����
 -)�i%��/�>���
φ(ω, β;λ) = (φi(ω, β;λ))1≤i≤s

- ���  φi(ω, β;λ) =
1

4π

∂f(ω,β;λ)
∂ωi

f(ω, β;λ)
�

7 ��% � �� &(' � �<�	� �!� g : R 7→ Rs 0 � #�%��/�>����% / 
 g(β) =

∫

Π

φ(ω0, β;λ) dλ

$ ����4-C�Z � *�� � �� & � ��� �G- � � 8 � ������ ��, ,

��� �!4 �
�#� ?BA	
 d V6f��H] ��F�FHG#I�� ��J \ V F K�� ��M�NOK�� PQM W K����HM W K����	 M�NOK�1PQM%� V6f K���HM W ������� FHN
��J I � � \ ]

(ω̂n)n

J FYZ�\ V F J F � �HV��.J<V
ω0

R
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+ � �/� &�, L>��� φ : Π → C
0 � � � � � � 8 � � / � � &(' � ��� � ���j0C-)�i%��/�>���

Jn(φ) =

∫

Π

φ(λ)
In(λ)

f(θ;λ)
dλ

� ��%
J(φ) =

∫

Π

φ(λ) dλ

EF� � �� & � �4� �G- � � 8 0.-@����W������%���%=0 -)��- �4�4� -@� ��� � Jn(φ(θ)) � �.���$� ��� # � �  � �N� �� &(' � ���	� ��� φ%����"����%�# � � #$�Y��� � � � � � ,.� � ��� θ �
B � � � #$�Y%����>���

w(n, η) = sup{|Rn(u) − Rn(v)|; |u− v| ≤ η} �
L>��� � ��D��� �/� & � &�� �� � ����!� ��, -C� & � �4� �G- � ��6# � ,.��- � 
 � #�@ �  �  � ' #X� 5�� �C� �.� � � � ��
B  ��� � � � � � #$� � ���% � � � � � �"��� h � # � � F!���?��B ' � ��� � h(t) = 1[0,1](t)

� � $ �� ' #$��% D ��,., �:� � �
�$� � � �4� ��% � � 7 ��������% � ; ( ��G � ��% ' ��%���� � #$# ' ,.� �	� ����#\� 7 =��F�<� 7 ?�� 0k� 7 " � 0 � D
= � � � ��%I�?D 5 �<0
� �� 
Q� � �4/"� � ��� �4� ��% �
& � � � �4�j�  � � Z(n)′ = (Z2

1 , ...., Z
2
n)

�
� � $ ��/�� 8 � �=0>-C�@��� �+*!� �  � � & ��� � ��� ω1 ∈ Θ1

0
ω1 6= ω0

0 � ���� �@� ; � # � # � � ����# � � � � c(ω1) > 0- ���  lim
n→+∞

Eθ0
[Rn(ω1) − Rn(ω0)] ≥ c(ω1)

�

7 ��� ���$% � � 8 � � @ �  �  � ' #\� 5��C�C� �<0 & ��� � �4� θ1 ∈ Θ � ���� �Z�<; � # � # � � ����# � � � � c(θ1) > 0
# '�� 

�  � � lim
n→+∞

Eθ0
[Un(θ1) − Un(θ0)] ≥ c(θ1)

� E �?���� � -)� � � F!� θ1 = (ω1, β0)
�

@l�!� ���+*!����-)� � � �4-@� ��� � Rn(ω1) = Un(ω1, β0) + T1,n(ω1, β0) + T2,n(ω1, β0)
- ��� 

T1,n(ω1, β0) =
1

4π

∫

Π

(

ln(2πf(ω1, β̂n, λ)) − ln(2πf(ω1, β0, λ))
)

dλ
� ��%

T2,n(ω1, β0) =
1

4π

∫

Π

In(λ)

(

1

f(ω1, β̂n, λ)
− 1

f(ω1, β0, λ)

)

dλ

iN# � � 8 � ��� �	� � '����F
 � &)� �� &(' � ��� � ��� f
� ��% � �� & � ���Z�  � � (β̂n) � ����*���� 8 ��# � � # � � � β0

0E-)�
%���% '�� � �  � � (T1,n(ω1, β0))

� ����*!��� 8 ��# � � # ��� � 0
-@����

n � ����%�# � � � ���>� ���F
��
@l�!� ���+*!��� & �!� ε > 0

0 � ����$�)� ; � # � # n0

# '��  �  � �`& ��� � ��� n ≥ n0

0 ∣
∣

∣

1

f(ω1 ,β̂n,λ)
− 1

f(ω1,β0,λ)

∣

∣

∣
< ε� � # �

�N� � � �  � � In(λ) =
1

2πn

∣

∣

∣

∣

∣

n
∑

k=1

Xke
−ikλ

∣

∣

∣

∣

∣

2 #$�
In(λ) � #�����# ���	� *!� �

DN��� � � -C�Z � *��!0 & ��� � �4� n ≥ n0

0

|T2,n(ω1, β0)| ≤
ε

4π

∫

Π

In(λ) dλ a.s.
�1( � ) � �

E[|T2,n(ω1, β0)|] ≤
ε

4π
E

[
∫

Π

In(λ) dλ

]

� ��% ' # � � 8 D`��,6, � 7 5�� ?i� � � & � �!, @ �  �  � ' # � 5�� �C� �<0
E
[∫

Π
In(λ) dλ

]

= E[Jn(f)] � ����*���� 8 ��#� � J(f)
-@����

n � ����%�# � � � ���>� ���F
��
B �i%���% '�� � �  � � lim

n→+∞
Eθ0

(|T2,n(ω1, β0)|) = 0
� ��%5���� � � lim

n→+∞
Eθ0

(T2,n(ω1, β0)) = 0 �




 � � ���������	��
 �	�	�������� �	�� � �������������


L � � � ����
 -)�i � *!�
Rn(ω1) − Rn(ω0) = (Un(ω1, β0) − Un(ω0, β0))+

(T1,n(ω1, β0) − T1,n(ω0, β0)) + (T2,n(ω1, β0) − T2,n(ω0, β0))

E � ' # � � 8 � �� /"� � �G- �$��# '���� #�0

lim
n→+∞

Eθ0
(Rn(ω1) −Rn(ω0)) = lim

n→+∞
Eθ0

[Un(ω1, β0) − Un(ω0, β0)] > c(ω1)

/^� E � � �!��%=0�-)�i���$�+*�� �  � � lim
n→+∞

� � �
θ0

(Rn(ω1) − Rn(ω0)) = 0 �
B �i � *��

Rn(ω1) = 1
4π

∫

Π
ln(2πf(ω1, β̂n, λ)) dλ+ T2,n(ω1, β0) + Jn(f(ω1, β0))

B �i � *��
lim

n→+∞

� � �
θ0

[
∫

Π

ln(2πf(ω1, β̂n, λ)) dλ

]

= 0
� ' # � � 8 � ���D � /���# 8 ' � � ������ ��,X�

�+iN# � � 8 ��( � ) � � & ��� ε > 0
0 � ����$�i�<; � # � # n0

# '��  �  � �@& ��� � �4� n ≥ n0
0

|T2,n(ω1, β0)| ≤ εJn(f(ω1, β0)) a.s.

E � E[(T2,n(ω1, β0))
2] ≤ ε2E[Jn(f(ω1, β0))

2] �
> '�� E[Jn(f(ω1, β0))

2] = Var[Jn(f(ω1, β0))] + E[Jn(f(ω1, β0))]
2 �

$ ���� � �� �>� # �@� ���$, � �!� *!��� 8 ��# � � =�0K-@ ��� � � ��i# � � ����% � ���$, � � � ����*���� 8 ��# � � J(f)2 �
DN��� � � lim

n→+∞
E[(T2,n(ω1, β0))

2] = 0 �
7 #

lim
n→+∞

E[T2,n(ω1, β0)] = 0
� � # ��0C-C�Z�0/ � � � � lim

n→+∞
V ar[T2,n(ω1, β0)] = 0

� i:# � � 8 D ��,., � 7 5!� (W� � � & � �!, @ �  �  � ' #[� 5�� �C� �<0 lim
n→+∞

� � �
θ0

(Jn(f(ω1, β0))) = 0 � E �

lim
n→+∞

� � �
θ0

(Rn(ω1)) = 0 �
� ' # � � 8 � �� & � �<���  � � √Var(X + Y ) ≤

√

Var(X) +
√

Var(Y )
�

DN��� � � -C�Z�0/ � � � � � ��Z�$��# '���� 0 � ��i# � ,6�7�$� � #$��� � � 86� ��� ��
/� � 8 � � Rn(ω0)

� � $  � �$%=0 ' # � � 8.� $ � 
/� ��� & �!� , '�� � 0.-C�Z � *�� & ��� � * � �4' � ω ∈ Θ1

Rn(ω2) −Rn(ω1) =
s
∑

i=1

(ω2 − ω1)i
∂

∂θi

(Rn(ω))

- ���  ∂

∂θi

(Rn(ω)) =
1

4π

∫

Π

∂
∂θi
f(ω, β̂n;λ)

f(ω, β̂n;λ)
dλ+

∂

∂θi

[

1

4πn
Z(n)′ ∗ Tn

(

1

f(ω, β̂n;λ)

)

∗ Z(n)

]

�

iN# � � 8 D ��,6, � 7 ) �65 ���	� & �$��, @ �  �  � ' #Z� 5��C� � � ' �����O, � � � � ;X%���� � * � �	� *!��#�0

∂

∂θi

[

Tn

(

1

f(ω, β̂n;λ)

)]

= −Tn

(

1

f(ω, β̂n;λ)

)

∗T−1
n

(

−
∂

∂θi
f(ω, β̂n;λ)

f 2(ω, β̂n;λ)

)

∗Tn

(

1

f(ω, β̂n;λ)

)
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$ ����=0 � # � �� &(' � ��� � ��� f � ��% ��� #�%���� � * � �	� *�� &(' � ���	� ����# � �$� � ��� �	� � ' � ' #�0 � # � � @ �  �  � ' #
� 5��C�C� � 0 � ����$�Z� ; � # � # � � ����# � � � � K # '��  �  � �

w(n, η) ≤ Kη

(

1 +
1

n
Z(n)′ ∗ T−1

n (f(ω0, β0;λ)) ∗ Z(n))

) ��( � ) � �

iN# � � 86� �<0K/^� � ��%4( � ) � � &2� � 0K-)�Z�0/ � � � � $ ������$��, 5 � # � � @ �  �  � ' #Z� 5��C� � � �

L>��� � � ��# '���� � &2� ����*���� 8 ��� � � � �O% � # � � � / '��	� �!�=0.-C� � # # ' ,6� � �� & � �4� �*- � � 8 � ��� �$� �<�	' �$� ,
:)��� �$� ��� ' � � ,�$ �����# �	� , � � ��� ω̂n

� �!� *!��� 8 ��# � # 
 ,.� � � � �4� � �4��
 � �Z% � # � � � / '��	� ��� � � � 8 � ' # # � � �
*!� ��� ��� � ��� ��Z� � � � √

n ' ��%���� � #$# ' ,.� � � ����#Z� 7 =��H�<� 7 ?�� 0`� 7#" � � ��%J�?DA= � �H�<� D " � �
B �V � *�� � % � � ��'����F
 ���� � � + � �+* � � 8 � �� � # 
 ,.� � � �	�4� ����� , � �����F
?� # �\8 � � � 8 -C��� F � D:�G-C�<�
*!����0 � ��� ��� % � � 8 � � � ��V# � , '�� � �	� �!��#�� ��# '���� #�0 ��� #$����,6# �  � �C� ��V,.� � ��/% � # * � �4� % � ��% �  � �
� �� � ��� �$� ��� ' � � � # � � ' � �
EF� & � ��� 0 -)�C�0/ � � � � /�� � �G- �  � � √n∇Rn(ω0)

� # � ���# ' , � &/� -C� � ��� ,.#�0P� � �  � �!� *!��� 8 � � 8 � �
� 8 � ' # # � � �[% � # � � � / '��	� ��� � DN�*-C��*!��� -C�)%��!��� � F ���G- ��*- � � %�� � ��� , � � � � � � ��)% � # � � � / '��	� ���
� &j� ��:# ' , � E �)� # ��� �!/ � / ��
 ��� � ��# # � � 
6� � � � F!�
/ � � F � ��:��� �/� & � & @ �  �  � ' #C� ��# '���� # & � �!,
� �� /"� 8 � ��� � � 8 �
D � �@' #:���G- %�� � � �4�j� ��i� � � � #�� & � ��i���$��� &2�  � � -C� � � �l � ��% � � � ��� � ���$� � � 8 Rn

�

B �i��� � � ∇gθ =

(

∂

∂θi
gθ

)

i=1,...,s

�

> 
 � $ � 
/� ��� & ���$, '�� � 0.-C�i � *�� & ��� 1 ≤ i ≤ s ,

∇Rn(ω̂n)i −∇Rn(ω0)i =
s
∑

j=1

∇2Rn(ω(i)
n )ij(ω̂n − ω0)j

- ���  |ω(i)
n − ω0| ≤ |ω̂n − ω0| �

E�� � � � ∇Rn(ω̂n) = 0
�1/ 
 %������ ��� � ���^� � ��%

(ω̂n)
� ����%�# � � ω0

� �D��� �0/ � / �4�����F
 0>-)�:��� �+*�� � ��
� -C� & � �4� �G- � � 8 ��� � � � # ,
� 5 � ∇2Rn(ωn)−∇2Rn(ω0)

� ����*���� 8 ��# � � = � �X���$�0/ � / �4�4���F
 � ��% ∇2Rn(ω0)
� ����*!��� 8 ��# � �

���$�0/ � / �4�4���F
?� � Γs(θ0)�I)�� √
n∇Rn(ω0)

� ����*���� 8 ��# � �7% � # � � � / '�� � ��� � � � �� # ' , � & M1

/�� � � 8@� N (0, σ2∇g(β0)
′∇g(β0))� ��%

M2

/�� � � 8?� N (0,Γs(θ0) +Bs(θ0))
�

�+] \ \ _ \ _ K �HM ,
B �i � *�� ∂2

∂ωi∂ωj

Rn(ω) = S1,n(ω) − S2,n(ω) + 2S3,n(ω) − S4,n(ω)
- ���  ,

S1,n(ω) =
1

4π

∫

Π

∂2f(ω,β̂n;λ)
∂ωi∂ωj

f(ω, β̂n;λ)
dλ; S2,n(ω) =

1

4π

∫

Π

In(λ)

∂2f(ω,β̂n;λ)
∂ωi∂ωj

f 2(ω, β̂n;λ)
dλ

S3,n(ω) =
1

4π

∫

Π

In(λ)

∂f(ω,β̂n;λ)
∂ωi

∂f(ω,β̂n;λ)
∂ωj

f 3(ω, β̂n;λ)
dλ; S4,n(ω) =

1

4π

∫

Π

∂f(ω,β̂n;λ)
∂ωi

∂f(ω,β̂n;λ)
∂ωj

f 2(ω, β̂n;λ)
dλ




 �	� ���������	��
 �	�	�������� �	�� � �������������


D � � #$� � ψ(ω, β;λ) =
1

4π

∂2f(ω,β;λ)
∂ωi∂ωj

f(ω, β;λ)

� ��%
S2(ω0, β0) =

1

4π

∫

Π

ψ(ω0, β0;λ) dλ = J(ψ(ω0, β0))
�

iN# � � 8 � �� & � ��� # �  � � (β̂n) � ����*���� 8 ��# � � β0

� � # � ��%
(ω̂n)

� �!� *!��� 8 ��# � � ω0
� �Y��� �0/ � / �4�����F
 �

� ��% �  � �=� �� &(' � �<�	� ����# f � ��%Z#$� � ����%Z%���� � * � �	� *���# &(' � ��� � ����# � � � � ��� �	� � ' � ' # � � θ 0 -)�� � *!�
S4,n(ω0)

� ��%
S4,n(ωn) � ����*���� 8 � � � Γs(ω0)

� �J���$�0/ � / ���4���F
 � ��%
S1,n(ω0)

� ��%
S1,n(ωn)� ����*���� 8 � � � S2(ω0, β0)

� �O��� �!/ � / ���4���F
!�
B �i � *��

S2,n(ωn) − S2(ω0, β0) = [Jn(ψ(ωn, βn)) − Jn(ψ(ω0, β0))]+

[Jn(ψ(ω0, β0)) − J(ψ(ω0, β0))]

$ �� �>�$# �i� ��� , � ����%�# � � 0 � �-��� �!/ � / ���4���F
5& ��� � ��?# � ,.�?� � � # ��� � # � � � �� �>� # � � � � � � &
� ��[���$��� & � & $ ������ ��, ( �65 �(��B ' � � � ���]��( � ) � � � �	$ ��\# � � ����% � ���$, � ����%�# � � #$� � � 0 ' # � � 8
D ��,., � 7 5�� ?5� � � � ��% D ��,., � 7 5�� (l� � � & �$��, @ �  �  � ' #9� 5��C� � � �
�1L^�!�

ε > 0
0�-)�7 � *!�

P(|Jn(ψ)− J(ψ)| ≥ ε) ≤ 1
ε2 (Var(Jn(ψ)) +E [((Jn(ψ) − J(ψ))2])

DN��� � � -)�O%���% '�� � �  � � S2,n(ω0)
� ��%

S2,n(ωn)
� ����*���� 8 � � � S2(ω0, β0)

� �G��� �!/ � / ���4���F

' ��%����

Pθ0

�
EF� � # � ,.� - � 
 0 S3,n(ω0)

� ��%
S3,n(ωn)

� ����*!��� 8 � � � S3(ω0, β0)
� �.��� �0/ � / �4�����F
Z' ��%����

Pθ0

0
- ��� 

S3(ω0, β0) =
1

4π

∫

Π

∂f(ω0,β0;λ)
∂ωi

∂f(ω0 ,β0;λ)
∂ωj

f 2(ω0, β0;λ)
dλ = Γs(ω0)i,j

$ ����4-C�Z�0/ � � � �K� 5 � �

�+] \ \ _ \ _ K � M ,
B � � � �%-@� ��� �

√
n∇Rn(ω0) =

√
n[g(β̂n) − g(β0)] −

√
n[Jn(φ(ω0, β0)) − J(φ(ω0, β0))] +Dn

-@���� � � �� &(' � ��� � ��� g � #�%���������% / 
 g(β) =

∫

Π

φ(ω0, β;λ) dλ

-@���� �
φ(ω, β;λ) = (φi(ω, β;λ))1≤i≤s

� ��%
φi(ω, β;λ) =

1

4π

∂f(ω,β;λ)
∂ωi

f(ω, β;λ)
�

�N� � � �  � � g(β) = J(φ(ω0, β)) �
iN# � � 8 � �� @ � ��� � ,6� � ��/%=0 � �� �>� # � � ��� , � ����*���� 8 ��# � �7% � # � � � / '�� � ��� � � � N (0,∇g(β0)

′σ2∇g(β0))
�

7 ��� ���$% � � 8 � � $ ������ ��, 7 5�� ) & � ��, @ �  �  � ' #M� 5B�C�C� � � ��% %����>� ���	� ����#D� & Γs(θ0)
� ��%

Bs(θ0)
0 � ��Z#$� � ����% � ���$, � ����*!��� 8 ��# � �O% � # � � � / '�� � ��� � � � N (0,Γs(θ0) +Bs(θ0))

�
$ �� �  � �$% � ���$, Dn

� ����%�# � �O��� �!/ � / ���4���F
?� � 0 � EF��%�����% -C�i � *��

Dn =
√
n

1

4π

∫

Π

In(λ)

[

∂f(ω0,β0;λ)
∂ω

f 2(ω0, β0;λ)
−

∂f(ω0 ,β̂n;λ)
∂ω

f 2(ω0, β̂n;λ)

]

dλ

7 #N��� ��* � � ' #�0K-C� � � �-@� ��� � |Di
n| ≤ εn × (

√
n
∫

Π
In(λ) dλ)



� �����!�6� � 
 �����  � � � ����
 
 � �

- ���  (εn)
� ����*���� 8 � � 8 � � 0

� � # � 0`#$� � �K���$�0/ � / ���4���F
�� 7 ��% � ��� �!� % � � 8 � � $ ������ ��, 7 5�� )�0
(√

n
∫

Π
In(λ) dλ

) � ����*���� 8 ��# � �Q% � # � � � / '��	� ��� � ���� ���@� # /�� ' ��%���% � �O���$�0/ � / ���4���F
��
$ ���� � & ��� ��-C�9�0/ � � � � � ��i� ��# '����U�
$ �� � ��, � � � � � 8 � � � ��� # � �[# � ' % 
.� �� �$� � � � % � # � � � / '�� � ���.� &=� ���#$� � -)�\� � ��%��!,m* � � � � / � ��# �

(���� b � � �Xe � � 9 _�; ��-�0 �`_ � ��9

EF� �  � # # � ��� � ���=0 � �� � � , � # � � � ��,6� � � � � ��:B ' � �4���	� ��#�� & � �� # � ' % � ��%X��# �	� , � � ���$# , B  ��� �
� � � � ��% $ � �"��� ��% B  ��� � � �6��# � � , � � �!� #�0 � -C�-# � ����#Y��# �	� , � � ��� # � ��%I��,6� � � ��� � � ,.��,6��� � #
��# �	� , � � ���$# �
E�� , '�� � �	� ���D� & � ��Z# � ,.� � �7� � �  (Zi)

,
L � � # � -C�Q# � , '�� � � � � ��X% � �"' # � ���J���$� � ��#$# (Vt)

' # � � 8-� ��� '�� ���\# � ���,6��- ��� J# � ,.� �4� � 8
� � � ��� * � � p �

p
# � � �4�<�	��
 ����# ���	� *��+� ��$  ' #�0�-C� � ����� �U; � , � � � � ��i% ���j' # � ���Q��� � � ��#$#

Vt = µ(Vt)dt+ a(Vt)dWt

/ 
D� ��i���$� � ��# # (Ṽn)
%����>����% / 


Ṽ0 = V0

� ��% & �!� n ≥ 0, ˜Vn+1 = Ṽn + µ(Ṽn)p+ a(Ṽn)δWn

-@���� �
δWn = W(n+1)p −Wnp

� � � � � � � % � 8 � ' # # � � �5� � ��%���, * � � � � / � ��# - ��� 5,6� � � = � ��%
* � � � � � � � p � DN���$�!0�-)��- ���4�"� � F!� p =

∆

50
�

E � � ����%=0 & ����� � �  i 0C-C�Z�!/ � � � � � � � ����� �U; � , � �	� ���X� &`� �� � � � � 8 � � � V̄i

� ' # � � 8?� & � ��, � ���
# ' ,X� � L � � � �4��
 0 -)�Z# � , '�� � � � � ��7* � � � � / � � (Zi, 1 ≤ i ≤ n) �
B �i � *�� ' # ��% 5 " =Y# � , '�� � � ��%5� � � �#N� & (Zi)

& ���@% ��� ��� ��� � * � �4' ��#@� & n � ��%
∆ �	$ ����4-)�

� ��,6� '�� ��% � ��i% � � ���$��� � ��# �	� , � � ��� # & �!��� � � l� � � 1� � # -)� �4� � #@��,.� � � �4� � � * � � � � � � �U� ���

f	�
	U��� �� � �0/ "&$ -
DN��� � � &A� ����0 -)� - �4����& � ��' # � �D� � � �	����'�� � ����� � -C�\,.��%�� � # � &A� ��� ' #$��% � � � �� �>� � � ��� � � �>� � % �
L � � # � 0.-C� � ����# � %���� � ���@l�/%�� � 5 %��/�>����% / 
9,







dYt = σtdBt, Y0 = 0
dVt = α(β − Vt)dt+ cVtdWt

Vt = σ2
t , V0 = η

- ���  α > 0, β > 0
0
c > 0

� ��%
θ = (α, β, c) �

$  � #V,.��%�� � � ���"� � � # � �4/�� � ��?% � �"' # � ��� � ����� �U; � , � �	� ���S� & � 8 7#& : D[� 5 0 5 �H� @ ,.��%�� �
� �:� � # ��� 5�� � =�� �
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7 # # ' ,6� � � ���J� 7 )����� � %�# ��& � ��%l�!� ��
Q��& µ > 0
� ��%

a > 0 � $ ����=0 � ��9# � � � � ��� � � 
 % � # � � � �
/ '��	� �!� � # � � � ��*���� #$� 8 � ,., � % � # � � � / '��	� ��� - ��� O� � � � ,6� � ���$# (a, µ) �
B �i������%

E(V 2
0 ) < +∞ & �!� � # # ' ,6� �	� �!�J� 7 ?�� ��$  � # � ,6� �4� ��# a > 2

��� 2α
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> 1 �

$ ����=0K-C�9 � *!�
E(V0) = β

� ��%
Var(V0) =

β2

(2α/c2 − 1)
�

@l�!� ���+*!����0�-C�i � *��
θ ∈ Θ

-@���� �
Θ � # � � ��,.� � ��� # ' /�#$� � � &

E1 = {θ = (α, β, c) ∈ (R+)3 # '��  �  � � α > 0.5c2} �
L>��� � ��i# � ' % 
 0 � ��i� � �  (Zi)

� #�# � , '�� � � ��% & �!�

β0 = 2, α0 = 3, c0 =
√

2
� ��% & �!� ∆ = 0.1

���
1

L>��� � ���#$�Z* � ��' ��#�0 � # # ' ,.� �	� ����#Z� 7 ( �F� � 7#" � � ��%J�?D 5 �)�� � % �
$ �� @5��%�� � ) - � #Q��� ������# ��% / 
 D:��# � ��� � 5B�C� ?�� ��B � � ����# � %���� & ��� (Vt)

� �� ��� � # # �4� � �
#$B ' � � � �F� �/� � ���$� � ��#$# ' #$��%4/ 
 :)�+; �'� �! � � 5��C� " � & ��� � � � ��� ��# � � � � ��# ,

dVt = α(β − Vt)dt+ c
√

VtdWt

7 # # ' ,6� � � ���1� 7 5 � � # � � - � 
 #@# � �	� #*�>��%4- ���  (l, r) = (0,+∞) �
DN��� ��-C�i# � � a =

2αβ

c2
� ��%

µ =
2α

c2
�
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 ��& µ > 0
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@l�!� ���+*!����0�-C�i � *��
θ ∈ Θ

-@���� �
Θ � # � � ��,.� � ��� # ' /�#$� � � &

E2 = {θ = (α, β, c) ∈ (R+)3 # '��  �  � � 2αβ > c2} �
L>��� � ��i# � ' % 
 0 � ��i� � �  (Zi)

� #�# � , '�� � � ��% & �!�

β0 = 1.5, α0 = 1, c0 =
√

2
� ��% & ��� ∆ = 0.1

���
1

� L>��� � ���#$�Z* � ��' ��#�0 � #$# ' ,.� �	� ����#9� 7 ( �F� � 7#" � � ��%J�?D 5 �)�� � % �
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,.��%�� � #)� ��B '�� � ��# � � � 8 �7# � ,.� � � # � ����# & ��� � �� � � � ���$* � � � & �0/�#$���$* � � � ����# �
L>���

∆ = 1
0�-)�9� ��, � � F �  � �:� ��Z* � � � � / � ��# (Zi)

� �$� � � ,6�!# �@' � � ��� �$� � � � ��% � ��� ���$% � � 8 � �
��( ��� � ��$ ��i�$��# '���� # � �$� 8 ���/% & ��� /�� � O,.��%�� � # - ���  � �4��� �	� � � ��' # & ��� @l�/%�� ��5��
L>���

∆ = 0.1
0 � ��i��# �	� , � � �7� & β � #�B '���� �i# � � � # &A
�� � 8 & ��� n = 2000 �

L>���6,6�/%�� � )�0 � ��W�$��# '���� # � � �W# � �	� # &A
/� � 8 & ��� n = 2000 � D:�G-C��*���� & �!�%@l�/%�� ��5 0 � ��
��# �	� , � � ��#Y� & � � � � ,.� � ��� # b � ��%

c
� �$�O��� � *���� 
 8 �/��%]��*!��� & �!� n = 2000 � 7 �$� � #$���

# ' 8�8 ��# � ��% / 
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0 8 �/�/%W� ��# '���� # � �$�\�0/ � � � ����% ' # � � 8O� ,6� � ��/%W���$������# ��% / 
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n
0
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√
2 ĉ
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√
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√
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√
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√
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������( � 5�� B  ���$�	� � � ��% $ � �����$��% B  ��� � � �.��# � � , � � �!� # & �!� @l�/%�� �
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n
0
∆ $ � ' � + � � � ,6� � ���$# ��# �	� , � � ��� ��# � � , � � ���
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n∆ = 100 c0 =

√
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n = 2000 β0 = 1.5 β̂ 5!� ( 2 " = �65 ) " 5�� ( �C� = � = � )
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n∆ = 500 c0 =
√
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√
2
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∑
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∑
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∑
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i Z
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� � , � � ���$# � ����*���� 8 � � �Q% � # � � � / '�� � ��� � # 
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) � � " � 5!���C5 (

n = 1000 β0 = 2 β̂ 5�� �C�C� = �65�GC5
∆ = 0.1 b0 = 0.3 b̂

= � 2 ?0? = � �C�C�
n∆ = 100 c0 =

√
2 ĉ
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2 ĉ 5�� �C�CG 5!��GC� �
n = 1000 β0 = 1.5 β̂ 5�� ( �C� = � = � )
∆ = 1 b0 = 1 b̂ 5�� ( �C5 5�� G =0=

n∆ = 1000 c0 =
√
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E�������������������������� ���!�!�#"%$&�'�(��!�)�+*�(,+-.� (�/10���(2'3� 4�5� 0�'6" � /7�+/��������8� ��$9(:��(�*���(2��;=<#/6'�(�(2'
����(2"&>?(2*�$9�!�@� A������0�$&(B� �7�+��� ��(B���/6'��!�����/7�+�C�+��*�����/6��(D�-�� ��(B�E���(�*���(�':>�*����(2���F�!�=�G� ��(2�!-
�H�5� ����7���5� ����>�*����(2���2; D (2/���(F����(2"I�7�J��(K��/L��$9>?�*5����/M�N*����(=�!/A��� �+� �!���������=OP��(�(8(+;RQ�;�ST�U"���(����
VXW=Y�Z O\[��C�CG�]^-_�*K�`��0�*5��(2"6]a;
D cb�(2��(�*d� �6(���(e$9�'�(��!�)�J�+/fE?(,���%*�(��5� *����2���!��(,� 4$9�'�(�� � /7��/��2�����D'7�+� �6; $8�6(�/g�!�)���
>h�������E��!(i� j��/6���*�>?�*��+� (&� ��(:��+kl�J���!��(2'm��(2��(�*���Q�(n( �?(��X�)�+/�'o��j�E6���+��/o��/o����"�$9$&(X� *����
�5� ����7���������p������+�����!�!�#"9$&�'�(2�q;�$8�6���K$&�'�(2�rbF�+� � *����D�5� 0�'��!(�':EM" > ������stO5[���u GM]X;
<#/j� ���!�v'���20�$9(�/M�Jw�b�()��*�(`��/M� (2*�(��5� (2'4��/e� �6(9-_��!��xbK��/6Q)-_�*�$y�-=����( � ��(2��(�*���Q�(`$&�'�(2� �
OPz7E � ]Xw����K��/ > ��*�/�'��* �hk � ��(2����(�/d(2�'E��6(�>7��*�'4O|{�}�}6[x]H~







dYt = σtdBt + ρdWt, Y0 = 0
dVt = b(θ, Vt)dt+ a(θ, Vt)dWt

Vt = σ2
t , V0 = η

Oq��;G[c]

bK��(2*�( (Bt,Wt)
���I���5����/�'���*�' > *�xbK/����+/%$9�� �!�/j�-

R2 w η �n���+*����+E���(��!/�'�(�>h(�/6'�(�/M��+-
(Bt,Wt)t≥0

w θ ��/g0�/�sU/�xbK/�>���* ��$9(2��(�*d�+/�' ρ ����(e��(X��(2* ��Q�(e( �r(2�2��;F<#/f�7/7��/��2(�w8�G�d���
������0�$9(�'e/6(�QM�+���!��(�;�O.�g��(�/ ρ �!�H(��U07�+���  0 b�(��7�J��(A����(��������������������5� ����7���5� ���I������+� �!���!�#"
E � $9�'�(���]� ���!�F( �?(��X�K$&(���/��2w6��/&�7/7��/��2(�w6���7�+�K�A>h����!� �G��(B��/��2*�(�$9(�/M�8�!/i� ��(B������+� �!���!�#"A>�*����(2���8bK���!�
�7�J��(L��/�(2QM�+� �G��(T( �r(2�2�B�/d� ��(v�������sd>6*����2(�;
� '��!���2*�(2��(v� ��$9>����!/�Q��-N� ��(v�!/U��(�Q�*��+� (2'n>�*����(2��� (Yt)

�+�D*�(2Q�0����+*��!"&��>�����(2':����$9(��
Zi =

1√
∆

∫ i∆

(i−1)∆

σs dBs
�!�8�E���(�*���(�'4O_bK�!��� ∆ �6��(�'C]a;

� ��-_�*������+�����!�J����O?E � ]�$9�'�(��!�=��'�� � ��06�!�#"9��/dz E � ���^� �7�+�^� �6(p(X�6���X�8���!s�(��!������'`-_06/��2�����/
�!�p/����(J�+�����G",�2�$9>�06� (2'�;N���*�(�x��(2*T� ��(`$9�'�(2������*�0��X� 0�*�(`'��(2��/ � ��>?(2*�$9�!�p��d(J�������G"t(X�Uk
��(�/�'i�5���+�����5� �������7*�(2��0��G� ���E6���+��/�(2')��/AE � $9�'�(��!�@��A(��5� �!$)�+��(K0�/�sU/�xbK/d>7��*���$&(X� (2*���;��7�*
(a���+$&>��!(,~�Sv(2/�(�*������!��(�'%$&(X� ���'��A�-K$9�$9(�/M� �dOqST(�/��/�k5�F�+� ������ VXW�Y�Z {�}�}�}M]?���2�/M� *������
E7�+��(�'��/j���/�'��!�����/������!��s�(2���!����'mO|Sv(2/��/�k\�F�+���+���� VXWBY�Z wN{�}�}��M]Xw?>�*�(2'����X� �!�/�k#E�����(2'�(2�����Gk
$&�+� �!/�QF-_0�/��X� �!�/��=O E���*�(�/���(�/�w�{�}�}�}M]X;x<#/L-P�+�2�JwJ����(���(=$9(2�����'6����*�(�E�����(2'A�/����$9>�06� �+� �!�/��
�-K$9�$9(�/M� ���-K�*�'�(�*L�/�(i�+/�'m$&�*�(�; � /�'4-_(2b���*�()(X��>��!���2�!�Jw
(a�6�2(�>6��-_�*L���$&(&��>h(��������
������(2�=~J-_�*
(X�6��$9>��!(^�!/M� (�Q�* �+��(�'��p*�/�����(���/�k i �6��(�/UEh(���svz�(2�U"�>�*���2(�����(��KO > ��*�/�'��* �hk � ��(2����(�/
��/6' E���(�>7�+*�'mO|{�}�}6[x]�]X;
� �-P���2���!�!����� (�(��5� �!$)�+�����/rwrb=(i������0�$&(9� �7���I����()/��/�k#�E6��(�*5��(2'm>�*����(2���A�!�L�:'�������*�(X� �!��(�'
'����r06�����/ (Vi)

��/��5� (���'e�-^�)�2�/M� ��/U0��0��T'�� �?0������/ (Vt)
; D (�/6��(A� �6(A�E���(�*��+�+�����/6�H�J�+/eE?(

bK*��!����(�/ Zi = F (Vi, ri)
bK��(�*�( (ri)

�����,�#b�+kl'���$9(�/������/�������(��U0�(2/���(��-D�q;��q;�'�;��5����/6'7��*�'
Sv��0��������+/n��(��X� �*���;� `�0�*8sU/�xbK��(2'�Q�(�w7-_(Xb�b��*�sU�D��*�(v'��/�(v�/d� ��(v��(X��(2* ��Q�(v$9�'6(����2;6<#/���>7��*������20�����*��J����(�w
-_�*d�!�Q+kl/��*�$&���#E � $&�'�(��!��wF�|;R(+; ln σ2

i = a + b ln σ2
i−1 + cεi

w � �+���U0���(2* VXW)Y�Z Oq{�}�}��U]
0���( > �J"�(�������/��,��*�s�x�g���7���!/����/M� (ak5�F��*����$&(X� ���'��2;F<l�n���i��o/6�� (e� ���+�d� ��(X"f'��/ � �
�2�/����!'�(�*K� �6(I����$&(v-_�*�$A0������ ���/i� 9$&�'�(�������(L�!(2��(�* �+Q�(I( �r(2�2�I~7� ��(X"��2�/�����'�(2*D���7�+�D� ��(
�#b� > *�xbK/����+/:$9������/��F��*�(v���*�*�(2���+��(�'�;
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� ���!�&'6��20�$&(2/M�)�!�&�*�QM��/��!��(2'1���9-_����!xbK��/�Qm~��7*����)b�(,'6(����2*��!E?(:� ��(:����0�'���(2'3$9�'�(2�qw@�
'��!���2*�(2�����2(�'���(�*������/t�-DO|��;![x]8-_�*K� �6(L$9(J��/�kl*�(X��(�*5� �!/�Q&$9�'�(��|w7�q;�(�;7� ��(�-_0�/��X� ���/ b �7�J����/�Q
����(T-_����!cbK�!/�QL���7��>h( b(θ, Vt) = α(β − Vt)

;
� (`��� 06'6"e� ��(`>�*��E7��E6�����!��������>�*��>h(�*5� �!(��v�-^� ��(`�����06�����/e>�*���2(����&w��!/�>���*�������06����*p�G�T�����
�5� *��!�2���!"&������� ���/7��*�")>�*����(2���B��/�' α kl$&� �6�!/�QIbK�G� �n(X��>h�/�(2/U�������!�!")'�(��2*�(J�+����/6Q&�2�( � �2��(2/U����;
E�(2���/6'�w8� ��(�$&�'�(2�TE?(2��/�Qo��� �+� �!�/7��*5"f��/�'�(J���5"f�  ����$L0����+��(�w=����(j��� �+� �!��� �!�J���T���6���(2/
��>6>�*�M�+���1���`� �0���(t��/ ��/�'��!*�(2�2�9��/6-_(2*�(2/���(�$&(X� ���'�w���/M��*��'�0���(2'1EM"1Sv�0�*��!(�*��0�� VXW�Y�Z
O\[������M]���/�',S����!����/M�F��/�' � �+0�����(�/mO5[���� GM]Xw�� `(��5� ��$&�+��(T>7��* �+$&(X� (�*��8�-N� ��(v$9�'�(2�q;
� (4'�(2����*���Eh(4� ���!�t$9(2� �6�' �+/�' �����2�*�'6��/�Q3��3� ��(4>���*�������06����*:����*�0��X� 0�*�(o+-9�3$&(���/�k
*�(2��(2*�����/�Qe$9�'6(��qw
b�(d>�*��>h���(d��/���0����!�����+*�"j$9�'�(2�^-_�*LbK�������4����(d���!s�(2�����6��'�-_06/��2�����/
�!�^�2�$9>�06���+E���(K���/U��* ��*5"�� v� ��(D��/6�!� �����6$9�'�(��|;U���*�(�x��(2*�b�(H���6cbf���7�+��������0�$9>6� �!�/��@-_�*
�2�/����!����(�/��X"���/�'�����"�$9>6� +� �����2�/M��(2*�Q�(2/���(&��/j'����5� *���E�06�����/,�-=(2������$&�+� �*��T��*�(9���+� �!���7(2'�;
���!/7���!�!"D���!$A0������ ���/��r�7�J��(^Eh(�(2/L$&��'�(���D(X�+����07��� (�� �6(^>h(�*5-_�*�$&��/��2(��-�� ��(2��(^(�������$&�+� �!�/��2;
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� (&�2�/�����'�(2*I� �6(&����$9>����G�7(�'j'��!����*�(2��(Xkl����$9(`$&�'�(��^������������+� (2' � %Oq��;![c]aw
'�(2�7/6(�'mEM"�w
-_�*
i ≥ 1 w







Zi = σiηi + ρεi

Vi = αβ∆ + (1 − α∆)Vi−1 +
√

∆a(Vi−1)εi, V0 = η0

Vi = σ2
i

Oq��; {�]

bK�G� �A� �6(B�+����06$&>6�����/:O)( � ]=~ (ηi)
��/�' (εi)

��*�(8�!/�'�(2>?(2/�'�(�/M�=��/�'`��'6(�/M� �!�J���!�!"�'����5� *���E�06��(�'
�5����/�'���*�',S��+0���������/n* �+/�'��$ ���+*����+E���(2��w V0

���8��/6'�(�>h(�/�'6(�/M�H+-��������(+;
α, β �+/�' ∆ ��*�(T>h����G� �G��(�� ρ ���8*�(J���|; � /6':b�(I/6�� ( γ = αβ∆ ;
� ��(@$9�'6(��CO|��; {�]��!��E7����(�'L�/I�+/+*�0��!(�*
��>�>6*�J����$&�+� �!�/v��������2���+��(�'T� K� �6(^$9(J�+/�k#*�(2��(2*�����/�Q
$9�'6(��@O|��;![x]X;
�p/��G"e� ��(&>�*����(2��� (Zi)

�!�L�E���(�*5��(�'r; � ��(d����*�s+c�4�=�7���!/ (Vi)
�����J�+����(2' ����(&������+�����!�!�#"�;� ��(:>7��*���$9(2� (2* ρ w=�+����06$&(2'1/�(2QM�+� �G��(:��/��7/7��/6��(�w^���`�������!(�'m� ��(:��(X��(2* ��Q�(:( �?(��X�J; � �����

�2�*�*�(���>h�/�'6�F� ��A/�(2QM�+���!��(H���*�*�(����+� �!�/)Eh(2�#b�(�(2/:�������� ���!�!�#"`�+/�'n������(2�8>6*����2(p��/)(����/��$9���
$9�'6(����`�+/�'1�!$&>��!��(2�L� �7���)��>?����!���!��(:�!/���*�(�$9(�/M�9��/�� ��(n������+�������G�#"%>6*����(���� (Vi

]������i�
/�(2QM�+���!��(T( �r(2�2�B�/d� ��(v�5� ���sd>�*��!��(p-_�*8(a���+$&>��!(�;
� (H$&��s�(H/�xb��+����06$&>6�����/6�=/�(2��(���� ��*5")��A(�/���0�*�(p����(p(a�6�!����(�/��2(T�-
�L�5� *��!�2���!"9��� �+� �!�/7��*5"
�,�+*�s�x�n���7�+��/�w������0�� ���/d�-8O|��; {�]�bK�!���:���$9(���>?(2���G�7�v>�*��E���E����!���5� ���D>�*��>?(2*�����(��2;
O)( 	 ]H~ � ��(A����*�s+c���=������/ (Vi)

����� I =]0,+∞[ �+�D�5���+��(v��>7���2(�;
O)(�,h]H~ a ���K��*�(J�����5� *��!�2���!"i>h����!� �G��(v��/6':�2�/M� �!/�06�0��8-_0�/��X� ���/:�/ I ;<l�K$&�J"d'�(�>h(�/6'��/:0�/�sU/�xbK/�>7��* �+$&(X� (�*���;
O)(�-h]H~�� ��(2*�(�(X�����5� � k > 0 ��06����� ���+� a2(x) ≤ kx2 + 1
O)( ? ]H~��C�* k '6(2�7/�(2'��!/ O � ��]Xw7>7��*���$9(2� (2*��8���+� �!��-."e~ (1 − α∆)2 + k∆ < 1
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	 ���U��� � , ��� � ���&"�� - �#� * / , � / $ ,#�#�&$ -
�.������� � A�		� F�FHG�I J<V�a K ��
 M�NOK �� M W W��7V V W��7V ] VpV � J F W F Y V G VXJ�� G V��eY ]�� \�
 Z �6Y J<VLW

(Vn)
W

F \ Z G W J \ V \ _ K�� R � MSR � \ ] V \�
 V ] (Vn) Y f I J W F Y F WlY�W J \ V Y ]�� I V�Y FHG ] V�� J W�� I \�I V V W \ _ \ ] f V ]
W�� \��

(Vn)
J F V ]^a \ fSJ Z Y V6f

α
N I J�� J<V�a � J W��tV � �X\ V V V W J Y�Z.Z � f V Z ] V�Y F J<V�a Z�\ V�� Z J V V W F�R

� *���-^~� tEh(�Q��!/�w�� ��(2*�()(a������������/406/����U0�(&��� *����X� �!"j�5���+�����/���*�"j�����06�����/ (Vn) bK�!���4$9�$&(2/M�L�-
�*�'�(�*F�#b��; � 9����xb � �6����w�b=(v-_����!xbf� ��(v*�(������/���/�Q`�-���(���/t��/6' � b�(�(�'6��()O5[������M]X;
�7�* x ∈ I wr�!(2� P (x, dy) � �6(L� *���/����G� �!�/,>�*��E7��E6�����G�#"n�-�� �6( (Vn)

�,��*�s�x�t��������/�;?<#/e�0�*
������(+w�b=(��7�J��(

P (x, dy) =
1

√

2π∆a2(x)
exp

(

− [y − (γ + (1 − α∆)x)]2

2∆a2(x)

)

dy

���!*��5�Jw��!�9�!�&(�����"o�  ��(�(:� �7��� (Vn) �!�)�+/1��*�*�(2'�0����!E���(:�7(��!��(2*)�=������/ 0����!/�Q4������0�$9>6�����/
O � {�]F��/6'�� �6(! B�$&�!/7�+��(�'��=�/M��(2*�Q�(2/���( � �6(��*�(�$:;NOP<l- h ���D�9Eh�0�/6'�(�'���/�'����/M� �!/U0��0��
-_0�/6�2� �!�/n�/ I ����(�/ Ph(x) =

∫

R

h(y)P (x, dy) ���8���/U����/U0��06�D�/ I ; ]
" (2���/6'�w�b=(�'�(X�7/�(v� ��(T-_0�/��X� �!�/ g EM" g(x) = x2 + 1 ;6� (����x��(

E[V 2
i |Vi−1 = x] = ∆a2(x) + [γ + (1 − α∆)x)]2

����/��2(v����(v'����5� *���E�06�����/)�- (Vi|Vi−1 = x) ���K� N (γ + (1 − α∆)x),∆a2(x)) ;i ����/6Q � ����0�$&>�� ���/%O � �M]�b�(�'�(�'�06��(v� �7�+�
E[V 2

i |Vi−1 = x] ≤ (k∆ + (1 − α∆)2)x2 + 2γ(1 − α∆)x + L

bK��(2*�( L �!�K�`�7/6�!� (T�2�/��5����/M�D'�(�>h(�/6'���/�Q9�-�>7��*���$&(X� (2*��8E�06�D/�+�B'6(�>h(�/�'��!/�Q`�- x ;
z�(2� λ = 1

2
(1 − (k∆ + (1 − α∆)2) ; i /�'�(�* � ����06$&>6�����/ O � �U]awrb=(`�7�J��( λ > 0 ;$#D(�/��2(

����(�*�(�(X�����5� �v�d$&(�����06* ��E��!(A��(X� C ��/�'j�d�2�/���� ��/M� b ��/��!��(:Oq��(X"�/ ��/�' � b�(�(�'6��(�w�[ �����M]
��0��������7�+� Pg(x) − g(x) ≤ −λg(x) + b1C(x) ;
#D(�/��2( (Vn) �!� g klQ�(��$9(2��*��!�T(�*�Q��'��!����/�'�����(L(2�U07�+� �!�/mO|��; {�]8��'�$9�!� �D��/�0�/��!��06(L����*��!�2� �G"
�5���+�����/7�+*�"&����!06� �!�/ibK�!���,��$9�$&(2/M�8�-��*�'�(2*8�#b=�;
���!/7���!�!"�w���� (Vn) ���
��*�*�(2'�0����!E���(+wc��>h(�*��!�'6���@��/�' g k#Q�(2�$9(2� *�����(2*�Q��'��!�HO.bK�!��� g(x) = x2+1 ]Xw
(Vn)

��� α kl$&� �6�!/�QFbK�!���I(a��>?�/6(�/M� �������G"p'�(2��*�(������!/�QH�2�( � ����(2/M� �8O|��(2"�/��+/�' � b�(�(2'���(+w�[�� ���6w
>7�&%('`��/�'n>7�(%(%�]X;
2*)
4657468:9<;
9=46> � A 	 d V6f V ] W+�7VBY F�FHG�I�� W J \ V F K �,
 M�NOK �-� M W W+�7V � ] \ Z V F�F (Zi)

J F F W ]OJ Z W|Z � F WqY N
W J \ V Y ]�� � J W+� I \�I V V W \ _ \ ] f V ] W.� \ W V ]^a \ fSJ Z Y V6f

α
N I J�� J<V�a � J W��jV � �X\ V V V W J Y�Z.Z � f V Z ] V�Y N

F J<V�a Z�\ V�� Z J V V W F�R
� *���-^~
z�(2� Ui = (Vi−1, Vi)

-_�* i ≥ 1 ;



, � � ����� ������� � � � �	��
 � � ��
 � �����������
 � � � � ��� 
�� �	��� ��� ������� � �

� �2���*�'���/�Q9� )z
(2$&$&��Oq��;G[c]Xw (Un) ���B�&����*��!�2� �G"n��� �+� �!�/7��*5"d(�*�Q��'6���L�,��*�s+x����������/,bK�G� �
�5���+��(D��>7���2( I2 ;U�:�*�(2c��(�* (Un) �!� α kl$&� �6�!/�QHbK�G� �`(X��>h�/�(�/M�������!�!"I'�(��2*�(J�+����/6QI�2�( � �2��(2/U����;
O � ��(v� ��$9(T*�(������/6��/�Q�wC�+�Kz
(2$&$&�nOq��;![c]aw�����!'dbK�!� �d����(T-_0�/��2�����/ j(x1, x2) = x2

2 + 1 ; ]
i /�'�(�*D������0�$9>6�����/ O � {�]Xw�b=(��7�J��( a(x) > 0 �/ I ; #D(�/��2(�b�(��J��/nbK*��G� (

Zi = G(Ui, ηi) =
√

Viηi + ρf(Ui)

bK��(2*�( (ηn) ���^�v��(��U0�(2/���(H�-��|;R�|;R'�;�* ��/�'6�$ �+��*�����E��!(���w���/�'�(2>?(2/�'�(2/U�=�-r����(H�,��*�s+x�`���7����/
(Un) �+/�' f �L*�(����7-_0�/��2�����/)�/ I2 ; #D(�/��2( (Zn)

�!�=�L�6��'�'�(2/n�,��*�s�x�&���7����/&bK�!� � (Un) ���
���!'�'�(2/,����*�s+c�n��������/�;
<#/�'6(�(�'rw^�2�/�'��G� �!�/7���!�!"��/ Gn = σ(V0, ..., Vn) = σ(U1, ..., Un) w�����(n* ��/�'6�$ �+��*�����E���(2�
(Zj)

��*�(9��/6'�(�>h(�/�'6(�/M�A�+/�' ���x��(i��S��+0���������/�'����5� *���E�06�����/ N (ρf(Ui), Vi)
; " :b=(9�7�J��(

-_�* (λ1, ..., λn) ∈ Rn

E

[

exp(

n
∑

j=1

iλjZj)|Gn

]

= exp

(

iρ

n
∑

j=1

λjf(Uj)

)

exp

(

−1

2

n
∑

j=1

λ2
jVj

)

� (�'6(�'�0��2(�-_*��$ � ���!�
(��U07���!�!�#"T� ���+� (Zn) �����K����'�'6(�/�����*�s+c�����7�+��/IbK�G� � (Un) ���N���!'�'�(�/
�,�+*�s�x�n���7�+��/�;
� ��(2*�(X-_�*�(T� �6(�>6*����(���� (Zn) �7�+�K����(v� ��$9(T>�*��>?(2*�����(��F���7�+�8����(v>�*����(2��� (Un) O � *��>h���� k
�����/n�6;G[v�-�Sv(2/��/�k\�F�+�����!�� VXW=Y�Z wC{�}�}�}M]X;

3

� �7*����v>h�������E��!���G�#":b��0��!'jE?(�� n0���(�� ��(2��(`��������7�+��� �!��>�*��>?(2*�� �!(��v���IST(�/��/�k5�F�+� ����+� VXW
Y�Z w�{�}�}�}M]^�+/�'i� L��>�>��G")�+/i(�$9>���*��������7$&�$&(2/U���=$9(2�����'r; #Dxb=(X��(�*F����(p�2�$&>606���+�����/6���-
(a�6>h(��X���+�����/6�K��(�*�$&�2w���0����,��� E(Z4

i )
�* E(Z2

i Z
2
i+1)

wC��*�(T/�+�B(a��>����!���!��;
#D(�/��2(Ib�(A��������(�� )(a��>�����G�K� ��(AS ��� � # �5� *�06�2� 06*�(L+-�$&(���/�kl*�(2��(�*5� ��/6Q)������������������v��+k
���+� �!���!�#"`$9�'�(��!�=bK�!�����06�D�`��(X��(�*���Q�(T( �r(2�2�J;�O_�2-�>�*�(X���!�0��B�=�7��>�� (�*D�U]

�
��� ���
	 	 ���d	X� 	 ��� 	
� % 	 � 	 ��� 	�� 	 � � � �

� ��(����!$��!�F� �(2��� �!$)��� (p� �6(T>7��* �+$&(X� (�*F��(��X� �* θ = (α, β, c, ρ) bK�!��� θ ∈ Θ ⊂ R4 bK�6(�*�(
b�(�������0�$&(T���7�+� c ���K�+/�0�/6s�/6cbK/��/�(ak#'��!$&(2/����!�/7���?>7��* �+$&(X� (�*=��/d� ��(T-_0�/6�2� �!�/ a ;� �2���������!�J����$9(2�����'�������T$)�����!$&�!��(�����(8���/�'��!�����/������!��s+(����!����'v-_0�/��X� ���/�;(#Dcb�(2��(�*^���$�k
>�0����+�����/:�-��������8-_0�/��X� �!�/,�!�B'���9��0��G�B�!/:�������D�J�+��(�;h<#/�'�(2(�'�w?�!�D*�(2�U0���*�(��H�2�$9>�06����� ���/��-
����(d��/M� (2Q�* �+���-D� �6(i���/6'��!�����/7�+��'�(2/����G�#"4-_0�/��X� �!�/m�- (Z1, ..., Zn)

Q��!��(�/ v0
bK�6���������`�

n k#'��!$&(2/����!�/7���C��/M��(�Q�*����r/�+�K'���*�(��2���!"&���$9>�06� ��E��!(�; " �b=(pbK�!���r/6��8����0�'6"i����(T$&������$A0�$
�!��s�(2���!����')(2������$&�+� �*F��/�':�!� �K�+��"�$&>�� ������p>�*��>h(�*�����(2�D�!/i� ���!�K'���20�$9(�/M�J;
#Dcb�(2��(�*Ab�()�7*�����*�(�$&��*�se� ���+�L����()$9(J��/�k#*�(X��(2*�� �!/�Qt$9�'6(��^������� *����X� �!"��5���+�����/7�+*�"���/�'
�7�+���H>7��*5� �!��0�����*��G"v��� *�0��2��0�*�(+w�� HE?(F$9�*�(=>�*�(����!��(=����(FEh(�Q��!/�/��!/�Qp�- (Vi)

����� ��(FEh(�Q���/�/��!/�Q
�-N� �6(v�+��*�����/6��(p� (2*�$ +-��9S ��� � # >�*���2(����2;
" (2���/6'd�!�F�!�=>h�������E��!(B��A���!$A0������ (K���+��0�(2�=�-

Zn = (Z1, ..., Zn)
-_�*F�AQ��G��(�/)��/��G� ���+�7���/�'6�Gk

�����/ (z0, v0)
�+/�':�`Q��!��(2/:�+���!0�(T�-N� ��(v>7�+* ��$9(2��(�*F��(2�2���* θ ;� ���!���!�^bK�M"9b=(DbK���!�C��>�>��G"9��/i��/6'���*�(��2�^�!/6-_(�*�(�/��2(H$9(2� �6�'9� L(2������$&�+� (K>7��*���$9(2� (2*��2w�'�(2�5k

�2*���Eh(�'n�!/i� ���!�8>7��* �+Q�* ��>6�%O|Sv�0�*��!(�*��0�� VXW=Y�Z w�[������F�7Sv��������/M�8��/�' � ��0�����(2/�w
[����('M]a; � ��(



� � � � � � � � � � � � � � ��� � � � � ����� � ��� ,�� 	

�E������!/�(�'&��/�'��!*�(2�2�F(2������$&�+� �*��=�+*�(H�2�/���������(�/M�D��/�')���/M��(2*�Q�(v�+��"�$&>�� ������J�+���!"A��/i'��!����*���E60�k
�����/�;
� ��(T�7*����D����(�> ~�������!��(v�-���/,�+0�����������*�"9�2*��!��(�*����/�;
� ��(:�7*��5�i�5� (�>1����� ��(�������!��(,+-T��/1��0������!����*5"m��*��!� (2*��!�/ Qn(Zn, ω) bK�!� �1��/3�+0�����������*�"
>7�+* ��$9(2��(�*v��(��X� �* ω ∈ Ω ⊂ Rp ; � /m(��5� �!$)�+���*v�- ω �!�L�E6� ����/6(�'%EM" $)�c�6�!$&�!���!/�Qd� ��(
>�*�(2�����0��K��*��G� (2*����/e~

ω̂n = arg max
ω∈Ω

Qn(Zn, ω) Oq��;R�M]
<l�K�!�K������0�$&(2'����7�+�
��� 	��

Qn
�2�/M��(2*�Q�(2�@����$9�������06*�(��G"I��� n→ +∞ � H�H'�(2��(�*�$&�!/����5� ���@�!��$9�!��bK���!����'�(�>h(�/6'��

�/d����(v0�/�sU/�xbK/,>7�+* ��$9(2��(�*8�-N� ��(v'7����� θ ��/�':�J���!��(�' Q∞(θ, ω) ;
��� , � Q∞

���K���/U����/U0��06�D�!/ ω �+/�',�+'�$&�G� �8�+/�0�/6���U0�(v$)�c�6�!$A0�$ ��/ ω0
;

#D(�/��2(:06/�'�(�*9������0�$9>6�����/��:O�#I[c]lkXO�#p{�]aw ω̂n
���`�e�2�/����!����(�/M�9(�������$&�+� �*A�- ω0

��/6' (ω̂n)�2�/M��(�*�Q�(�/6��(��B��/n'��!��� *���E�0�� ���/i� `* �+��( √
n OqST�0�*���(2*��0�� VXWFY�Z wr[������M]a;

z�(2����/M��*��'�0���(K� �6(HE��!/�'���/6Q�-_0�/6�2� �!�/ b : R4 → Rp '6(2�7/�(2'dEM" b(θ) = arg max
ω∈Ω

Q∞(θ, ω) ;
� (v�7�J��( ω0 = b(θ0)

;
� (�����/L/6�� �!��(@� �7�+���!-�� ��(@-_0�/��X� �!�/ b b=����sU/�xbK/��+/�'A�/�(@� B�/�(+w+�D���/6�����5� (2/U��(��5� ��$&�+���*
�- θ0 ���0���'�E?(v� ��(I����!06� �!�/ θ̃n

+- ω̂n = b(θ̃n) ; � ��(L�!'�(J�9�-�����(L��(��2�/�'t�5� (�>,���K� ��(2/,� 
*�(�>�������(8� �6(B0�/6s�/6cbK/&-_0�/��2�����/ b EM"9��/)(2������$&�+� (8E7�+��(�')�/&����$A06���+�����/����-r����(B�E���(2*���(2'
>�*���2(���� (Zi)

;
<l�K�!�K������0�$&(2'����7�+�
��� - �p� ��(�-_0�/��X� ���/ b ���D�/�(�� )�/�(�;r���*�(�x��(2* b ���K'�(2*��!�+��E6��(I��/�'�����(L$&�+��*��G� ∂b

∂θ′
(θ0)�!�8�-�-_06���r�2���06$&/n* �+/�sC;

� ��(v��(����/�',�5� (�> ~
���!*��5�Jw�-_�*&� Q��G��(2/ �+����06(��- θ ��/6'3��/3�!/��!�����������/6'��!�����/ v0

w^b�(,����/3���!$A0����+� (n��>7�+� �
z̃nH(θ) = {zi(θ), i = 1, ..., nH} +-�����(v$&�'�(���Oq��; {�]Xw�bK�!� � H ≥ 1 ;� ��(2/ ����(j>7��*���$&(X� (2* ω �!�d(�������$&�+� (2'fEM"g*�(�>6�����2��/�Q4����(j�E���(2*���(�'�>6*����(����:bK�G� �f� �6���
����$A0����+� �!�/)�!/n(��U07�+�����/ Oq��; �M]H~

ω̃nH(θ) = arg max
ω∈Ω

Qn(z̃nH(θ), ω) Oq��;��U]
#D(�/��2( ω̃nH(θ) ���K���2�/����!����(�/M�B-_06/��2�����/7�+��(��5� ��$&�+���*F�- b(θ) ����/��2(Tb=(v�7�J��(
lim

n→+∞
ω̃nH(θ) = b(θ) a.s.

� ��(v�!'�(J�����F����(�/n� `�E������!/��A�+���!0�(T�- θ ��0��������7�+� ω̃nH(θ) ���K�2�����(p�  ω̂n
;� ��(v�!/�'���*�(��X�K��/6-_(2*�(�/6��(v(��5� ��$&�+���*F�- θ ���F� �6(�/:'�(2�7/6(�',EM"e~

θ̃nH = arg min
θ∈Θ

[(ω̂n − ω̃nH(θ))′Mn(ω̂n − ω̃nH(θ))]

bK��(2*�( Mn
�!���T* ��/6'��$ >h����!� �G��(F'6(2�7/��G� (8$&�+� *��G�I���/U��(�*�Q���/�Qv� v�T'�(X� (2*�$9��/��!��� �!�=>h����G� �G��(

'�(X�7/��G� (T$&�+� *��G� M ;



,�� , ����� ������� � � ��� ��
 � � ��
 � �����������
 ��� � � ��� 
�� � ��� ��� ������� � �

<#/n� ��(p-_�����xbK�!/�Q�wUb=(I������0�$9(v���7�+�
����� �D� ��(T-_0�/��2�����/ Qn

���8'�(2*��G���+E���(T�2�$&>���*�(2'n�� ω ;
� �^����(HQ�*���'��!(�/M�=+- Qn

����/)Eh(H(a�6>6�����2�!���!"A�2�$9>�06���+E���(IOPEM"9�!��(�*��+� �!�/C]Xw�b�(Bb��*�s`bK�G� �9� ��(
�!/�'���*�(��X�=(2��� �!$)��� �*@>�*��>?���(�')EU"iSv��������/M�^��/�' � ��0�����(2/�O5[�� �('M]�bK�������i�!�F���5"�$&>6���� �!�J���!�!"
(2��06�!�+����(2/M�i� %�������)>�*��>h���(�'gEM"gST�0�*��!(�*��0�� VXW9Y�Z O5[������M]X;^<l�d>h(�*�$9�!���&��m�7�J��(j�/��G"
�/6(d��� (2> +-H�>�� ��$9�����+� �!�/%�!/ θ ���/M� *���*�"%� e� ��(d�!/��!�������^��/6'���*�(��2�A(�������$&�+� �*nO_bK�G� �m�#b=
�>�� ��$9�����+� �!�/�� ]X;N<l�)�!�9E�����(2'3�/�� ��(:���2�*�(n-_0�/��X� ���/1�-B� ��(���0������!����*5"%$9�'�(��|w���/�'o� ��(
�+���!0�(T�- θ �!�K�������(2/,��0��������7�+�K� ���!�K�����*�(T-_0�/��X� ���/��!�8$&�!/���$&����O|���K���!���(v�+�D>h�������E6��(T� 
0 ]X;
#D(�/��2(v����(v��(2���/�'���/�'6��*�(2�2�K(2��� �!$)��� �*F�!�8'�(2��/�(�'�EU"

θ̂n = arg min
θ∈Θ

∂QnH

∂ω′ (z̃nH(θ), ω̂n)Σn
∂QnH

∂ω
(z̃nH(θ), ω̂n)

bK��(2*�( Σn
�!�^�I* �+/�'��$ >h����G� �G��(K'�(2��/��!��(B$&�+� *��G�`�2�/M��(2*�Q��!/�QI��L��'�(2��(�*�$9��/6���������8>h����G� �G��(

'�(X�7/��G� (T$&�+� *��G� Σ ;
� /�'�(�*D� ��(L������0�$9>6� �!�/��LO.#I[x]#kXO�#B�U]aw (θ̃nH) ��/�' (θ̂n) ��*�(����/6�����5� (2/U�p(�������$&�+� �*D+- θ0 ���
n ��(�/�'��K�  +∞ ;
� ��"�$&>�� ������T/��*�$)�+���!"9'��!����*���E606� �!�/
� nE?(2Q���/�w?b=(9*�(2�J���!��� ��(`/�(2��(���� ��*5" ������0�$&>�� ���/��T'��/�(`EM" ST�0�*��!(�*��0�� VXWHY�Z O5[������M]B� 
(2/���0�*�(F� ��(=���/M��(2*�Q�(2/���(D��/L'����5� *��!E�06�����/I�-C� ��(F(2������$&�+� �* (θ̂n) � v�B/��*�$&����'����5� *���E�06�����/r;
���*�(�x��(�*db=(j>�*�(��2����(e���$9(j��'�'��G� ���/7���B������0�$&>�� ���/��d/���d'6�/�(jEM"gST�0�*��!(�*��0�� VXW)Y�Z
O\[������M]^E�06�D0���(2'�-_�*F����(v>�*���-N�-�*�(2��0��G� ��;
� (�������0�$&(T���7�+�8� �6(I�+0�����������*�"9�2*��!��(�*����/d�7�+�K����(v���7�+>?( Qn(Zn, ω) =

1

n

n
∑

i=1

qi(Zi, ω) ;

� /�':b�(v'�(2��/�( Qh
n(z̃h

n(θ), ω) =
1

n

n(h+1)−1
∑

i=nh

qi(z̃i(θ), ω) ;
����� �

ξn =
√
n
∂Qn

∂ω
(zn, ω0) −

√
n

H

H
∑

h=1

∂Qh
n

∂ω
(z̃h

n
(θ0), ω0)

�!�A���5"�$9>6���� �!�J���!�!"e/��*�$&����bK�!� �%��(�*�e$&(���/m��/6'4�7/��!��(i���5"�$&>6���� �!�)�2c�+��*�����/6��()$&�+��*��G�
W = limn→+∞ Varθ0

(ξn)
;

����	 �
Qn

�!�F�#b=`� �!$&(2�8'�(�*��!�+��E��!(p���$9>7��*�(�'d�  ω ��/�'n� ��(T-_��!��xbK��/6QA���!$&�G� �^(X�����5�I~

I0 = lim
n→+∞

Var
θ0

[√
n
∂Qn

∂ω
(z̃n(θ0), β0)

]

J0 = lim
n→+∞

[

− ∂2Qn

∂ω∂ω′ (z̃n(θ0), β0)

]

= − ∂2Q∞
∂ω∂ω′ (θ0, β0) a.s.

���*�(�x��(�* I0 ��/�' J0
��*�(�������0�$9(�':/��/�kl���!/�Q�0�����*�;

���!/7���!�!"9�!�8�!�K������0�$9(�'n� �7�+�



� � ��� � ��� � � � � ��� ��� 
 � � �  � ��� � ��� ����� ,�� -

����� �D� ��(v����$9�!���=�-N� �6(v-_�����xbK�!/�QA$&�+� *��G�eOP�-�'���$9(�/6�����/ 4 × p ��/�' p× 4 ]=(X���!���

lim
n→+∞

[

∂2Qn

∂θ∂ω′ (θ, ω)

]

=
∂2Q∞
∂θ∂ω′ (θ, ω)

lim
n→+∞

[

∂2Qn

∂ω∂θ′
(θ, ω)

]

=
∂2Q∞
∂ω∂θ′

(θ, ω)

� /�'�(�*
� �6(���(=*�(�Q�0�����*��!�#"T�2�/�'��G� �!�/���O.#�[c]#kaO.#pu�]XwJ� �6(��!/�'���*�(��X��(2������$&�+� �*
�!�����5"�$&>6���� �!�J���!�!"
/��*�$&����w�bK��(2/ H �!�K���6(2',�+/�' n ��(�/�'��8��9�!/6�7/��G�#"t~

√
n(θ̃nH − θ0)

D−−−−→
n→+∞

N (0,W (H,M))

bK��(2*�( W (H,M) =

(

1 +
1

H

)

l(θ0,M)−1∂b
′

∂θ
(θ0)MJ−1

0 I0J
−1
0 M

∂b

∂θ′
(θ0)l(θ0,M)−1 ��/�'

l(θ0,M) =
∂b′

∂θ
(θ0)M

∂b

∂θ′
(θ0)

� ��(2/:����(v�>6����$&���r���������(v�- M ���8�E6� ����/6(�'d-_�* M∗ = J0I
−1
0 J0

; � /�':��/d� �6���8�J�+��(

W ∗(H,M) =

(

1 +
1

H

)(

∂2Q∞
∂θ∂ω′ (θ0, ω0)I

−1
0

∂2Q∞
∂ω∂θ′

(θ0, ω0)

)−1

� ��(���(��2�/�'���/�'��!*�(2�2�p(2������$&�+� �*B�- θ w θ̂n
���p�>6� �!$)������/�'j�+��"�$&>�� ������J�+���!"n(2�U0��!�+���!(�/M�T� 

����(T�7*��5�DbK�6(�/ Σ∗ = J−1
0 M∗J−1

0 = I−1
0

;
� ��(D��/6'���*�(��2�^�!/6-_(�*�(�/��2(B$9(2�����'9'�(2����*���Eh(�')��E?x��(H���^�vQ�(�/6(�* �+�h$9(2�����'�;M<#/&����(D-_�����xbK�!/�Q
��(��2�����/rw
b�(i>�*��>h���()��/4��0��6�!������*�",��*��G� (2*����/�-_�*�$9(J��/�kl*�(X��(�*5� �!/�Q,'��!���2*�(2��(Xkq� ��$9(`$&�'�(2���
��/6'nb�(�����(���sd� ���+�D������0�$9>6� �!�/��K��*�(����+� �!���7(2':��`�7�J��(I����"�$9>6� ������T>�*��>h(�*�����(2��;

�
�	� ���
	�
 � � 
 �� 	 � � 	 �i	��2	��T��� ����	X� 	 ��	
���

<#/M� 06�!� �!�/:��(J�+'��D��)��������(A��/,��0������!����*5"i$9�'�(2�
�7�J���!/�Q)���$9(I����$9�����+*��!����(2��bK�!��������(I��*�0�(
$9�'6(�����&� ���+�K� ��(v��/6'���*�(��2�K(2������$&�+� �*8�!�KQ���'�;C�:�*�(2c��(�*2wh����(v(�������$&�+� �!�/d$9(2� �6�':�7���
�#b�L�5� (�>6�=�-r/�06$&(2*��������7$9��/��!$&�!�J�+�����/�; " I�G���!�@>�*�(X-_(�* �+E���(8� ��7�J��(H���U0��G� (D���!$&>��!(8���7�+>?(
-_�*F����(���0������!����*5"9$&�'�(��|;
��������� ����� �"!$#&%'�(!$#*),+
�7�*9� ��(e$9(J��/�k#*�(X��(2*�� �!/�Qm$9�'�(2�B'6(2�7/�(2'��!/ Oq��; {�]aw�bK��(2/ ρ �!�i(��U07�+�H�  0 w Zi

�+/�'f� ��(
Eh(�Q��!/�/��!/�Q��-N� ��( (Vi)

>6*����(����H�+*�(p� �6(�Eh(�Q���/�/��!/�Q��-��)S ��� � # >�*����(2����;
<#/&>7��*������20�����*2w�bK��(2/ a(x) = cx wU� ��(D>�*���2(���� (Zt)

�����06�����/`�-?� ��(D������������������D'��.-?(�*�(�/M� �����
(2��0��+� �!�/j~

dYt = σtdBt + ρdWt, Y0 = 0

dVt = α(β − Vt)dt+ a(θ, Vt)dWt, Vt = σ2
t , V0 = η



,�� � ����� ������� � � ��� ��
 � � ��
 � �����������
 ��� � � ��� 
�� � ��� ��� ������� � �

����/iEh(p��(2(�/:��������(p'�� -r06�����/i��>�>6*�J����$&�+� �!�/&+-N��S ��� � #AO\[�wG[c]^$9�'6(���O � (2�����/�wh[�����}M]a;
� � θ ����-_�0�*5kl'���$9(�/������/����qwc� ��(D��'6(J�T����� �6(�/&��I06��(B�LS ��� � #LOq{�w7[x]�>6*����(����=�+���+0�����������*�"
$9�'6(��qw��q;�(�;

{

yi =
√
hiνi

hi = ω0 + ω2hi−1 + ω3hi−2 + ω1y
2
i−1

Oq��; ��]
bK�G� � (νi)

�q;��q;�'�; N (0, 1) � ω0 > 0 ��/�' 0 ≤ ω1 + ω2 + ω3 < 1 O_��A(�/6��0�*�(v����(p(a�6�!����(�/��2(�+-
�������06�����/ibK�G� �n$&�$&(2/U�K+-��*�'�(�*F�#b�U]a;
� (�$&��*�sd~U� (p���!��I��(��5� (�'i����(H���6����2(p�-
��S ��� � #AO5[�w6{�]����=��0������!����*5"�$&�'�(2�q; #Bxb�(2��(�*�w
����(@�E6���+��/�(2'�*�(���0��!���N�/I����$A0����+� �!�/��r��*�(@/�������
Q���'v����� ��(@*�(2��0��G� �
bK�!���v����(�S ��� � #AO|{�w
[c]=������(+;
#D(�/��2(j-_�*)� ��(j�+0�����������*�"��2*��G� (�*����/rw^b�(e����s+(t� ��(e�2�/�'��G� ���/7���D���Q+kl���!s�(��!������'�-_06/��2�����/
������������+� (2'n��9�&S ��� � #AOq{�w![c]F>�*���2(����

Qn(yn, ω) =
1

n− 1

n
∑

i=2

(

ln(hi) +
y2

i

hi

) Oq��; 'M]

��������� � !$)�� �(!'%'#*���
" �!/���(�����(�>6*����(���� (Zn)

���
����*����X� �G"p��� �+� �!�/7��*5"�wJb�(�����/L�2�/�����'�(2*��G� �
(X��� (2/����!�/I��H�K>�*���2(����
�!/�'�(X��(2'9EM"

Z
w+bK�!� �A����(8� �+$&(F�7/6�!� (ak#'��!$&(2/����!�/7���U'��!����*���E606� �!�/��8OP��� *����!(8��/�'	��(���/M� ��(���0�w

[�� �M��]X;C�7�*D���!� i ∈ Z
whb�(L'�(X�7/�(L����(���/6�7/6�!� (�>7���5�B-_*��$ i EM" Z i = (Zi, Zi−1, ...)

w7bK�������
�!�K����(��X� �*D�-

RN ;
���*�(�x��(�*�wC�!/n����(p-_��!��xbK��/�Q6w�b�(I/6�� (T� �6(�>6*����(���� (Zi) = (Zi(θ))

;

*)����������������� ��� , ��������� ��!�"$#���
�%'&(#���)%+* � �7V ! n W#V !�,'� W.- ��!�/0!1� W �+* �=V��6Y)2�VvW+�6Y�W
Qn(Zn(θ), ω) 3 - ! 2�V�4 " V � Y�Z � - � W ��� 4 VXZ ��*5��!�, V�4

Pθ0

* W6-

Q∞(θ0, ω) = Eθ0

[

ln(h2(ω, Z1(θ)) +
Z2

2(θ)

h2(ω, Z1(θ))

]

� *���-^~
���!*��5�8�!�K�!�8s�/6cbK/:� �7���8b=(��J��/dbK*��!� (&O_��(�(��C��/:��/�'87���&{�}�}��6w�-_�*8(a�6��$&>6��(x]

hi = hi(ω, yi−1
) =

ω0

1 − (ω2 + ω3)
+

∞
∑

j=1

djy
2
i−j

bK�G� � dj ≥ 0 -_�*K���!� j ;
<#/:>7��*5� ���20����+*�w h2 = h2(ω, y1

) =
ω0

1 − (ω2 + ω3)
+

∞
∑

j=1

djy
2
2−j

� ��(2/:����(���0������!����*5")�2*��G� (�*����/d����/:E?(pbK*��!����(�/

Qn(Zn(θ), ω) =
1

n− 1

n
∑

i=2

(

ln(hi(ω, Zi−1(θ)) +
Z2

i (θ)

hi(ω, Zi−1(θ))

)



� � ��� � ��� � � � � ��� ��� 
 � � �  � ��� � ��� ����� ,�� �

� �2���*�'���/�Q��� � *��>?����!�����/:��;![�w�� ��(v>�*���2(���� (Zi(θ))
���8�5� *��!�2���!"i�5���+�����/���*�"i��/�':(�*�Q��'��!��;

#D(�/��2(�wC� ��(�(�*�Q��'6���T� ��(2�*�(2$ Q��!��(��K� �7�+� Qn(Zn(θ), ω) �2�/M��(2*�Q�(2�T����$9��5�K��0�*�(��!"�wC0�/�'�(2*
Pθ0

w6�  Q∞(θ0, ω) = Eθ0

[

ln(h2(ω, Z1(θ)) +
Z2

2(θ)

h2(ω, Z1(θ))

] w7��� n ��(�/�'6�K��`��/6�7/6�!�#"�;
3

� (v/��� ( qi(Zi, Zi−1) = ln(hi(ω, Zi−1(θ)) +
Z2

i (θ)

hi(ω, Zi−1(θ))
;

� /�':b�(�������0�$9(
� ( � �D� ��(2*�(�(X�����5� �K���$&(T>h����G� �G��( δ ��06����� ���+� E(|q2(Z2, Z1−1)|2+δ) < +∞ ;
��������� ��� ,�� !�, V�4�Y �������
	 W � - ! � #��,
�%'&(#�� � %+* W+�7VLY ����� �
	 W � - ! � #�� � %+* #����% Y !�, #���� %
Y)4 V � Y�W � ��/ V ,��
� *���-^~
� (v�J��/dbK*��G� ( Qn(Zn(θ), ω) =

1

n− 1

n
∑

i=2

qi(Zi, Zi−1)
;

� /�'�(�*pO � }M]#kaO � �M]�����(p>�*���2(���� (Zi)
�!���5� *����2���!"9��� �+� �!�/7��*5"9��/�' α k#$9�G����/6QvbK�G� �i(a��>?�/6(�/�k

�������!�!"e'�(2��*�(J������/�Qe�2�( &�2��(2/U����; � �6(�/�0�/�'�(2*nO � }M]#kaO � ��]Xw
b=(d����/���>�>6�!"%�,��(2/U��* ���=����$9�!�
����(��*�(�$ O�#H���!����/6' #D(2"�'�(9[��(%�}6w6>�;![J�M{�]F��/�'db�(I�E6�����!/n������0�$9>6� �!�/ O.#p��]X;
�7�*^O�# 'M]���/�'iO.#Hu�]Xwx�G�
����� ��(^� �+$&(+; � /�'�(2*FO � }M]lkXO � ��]?b�(=����/L�+>�>��!"H� ��(^(�*�Q��'6����� ��(2�*�(2$
-_�*F����(v(X�����5� (2/���(��-N� ��(v$&�+� *��G� J0

�+/�':�������(�+-KO.#Hu�]X; � /�'�����(�/M��* ���
���!$&�G�F�+����06*�(v� ��(
(a�6�!����(�/��2(I�-N� �6(�$&�+��*��G� I0 ;

*)����������������� ��� -�� !�, V�4�Y �������
	 W � - ! � #��,
�%'&(#��-�)% Y !�, #�����%'&(#���� %+* (θ̃nH)

� � Y 3 - ! ��� � W#V ! WV � W ��� Y�W.-'4 -�� θ0 Y � n W#V !�,'� W.- +∞ �
� *���-^~
� (F*�(2�J���!�����7�+� θ̃nH = arg min

θ∈Θ
[(ω̂n−ω̃nH(θ))′Mn(ω̂n−ω̃nH(θ))] bK��(�*�( Mn

�����p* ��/�'6�$
>h����G� �G��(T'�(X�7/��!��(T$)��� *�� �)��(�/�'6��/�Q�� &��'�(2��(�*�$&�!/����5� ���H>?����!���!��(H'�(2�7/6�!� (v$&�+� *��G� M ;
� /�'�(�*D������0�$9>6�����/��IO � }M]lkXO � �U]=��/6'4O�#I[c]lkXO.#B�M]F��/�'����2���*�'���/�Q��� � *��>?����!�����/:��; {���/�'
ST�0�*���(�*��0�� VXWAY�Z O5[������M]Xw�b�(,�7�J��( ω̂n

���/U��(�*�Q���/�Q%0�/�'�(2*
Pθ0

�� β0 = b(θ0)
���!$&��5�

��0�*�(2�!"�; � �����w ω̃nH(θ) ���/M��(�*�Q�(��B�� b(θ) ���!$&����8��0�*�(2�!"�;
� (v'�(2�7/6(v����(T-_0�/��X� ���/

Un(θ) = (ω̂n − ω̃nH(θ))′Mn(ω̂n − ω̃nH(θ))
� � Mn

���/M��(2*�Q�(2�I��,�n'�(2��(�*�$&�!/����5� ���L$)�+��*�� � M w�����(�/ Un(θ) ���/U��(�*�Q�(��I0�/�'�(2*
Pθ0

� 
����(�-_0�/��2�����/ K(θ0, θ) = (b(θ0) − b(θ))′M(b(θ0) − b(θ)) ; � � M ���v�d>h����G� �G��(�'�(X�7/��!��(
$&�+� *��G�i��/�' b �!�K�9�2�/M� ��/U0��0��8-_0�/��2�����/rw6� ��(T-_0�/6�2� �!�/ K �!�K���/M� �!/U0��0��D��/�'n>h����G� �G��(�;
���*�(�x��(�* K(θ0, θ) = 0 �!-���/�'��/��G"t�!- b(θ0) = b(θ) ; � /6'�(�*v� ��(9������0�$9>6�����/t���7�+� b ���
�/6(Xkl��+k#�/�(�w��G�8���F����(v�J����(I�G-���/�':�/��!")�!- θ = θ0

;� ��(2/:����(v���/6�����5� (2/��2"n�-N� �6(�(2������$&�+� �* (θ̃nH) -_����!xbK��O_-_�*F(a�6��$&>6��(  p���20�/��7�ck5�F���5� (��!��(
��/6'  B0��7:[������M]a;

3

� (�$&��*�se~ � ��(I(��5� ��$&�+���* (θ̂n) ���B���!��&�)���/6�����5� (2/U�H(��5� ��$&�+���*K�- θ0 ��� n ��(�/�'6�H�  +∞O_��(�(ISv��������/M�8��/6' � ��0�����(2/%[�� �('M]X;
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 ��� ��� ��� 
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*)����������������� ��� � � !�, V�4�Y �������
	 W � - ! � #��,
�%'&(#��-�)% Y !�, #�����%'&(#�� � %+* √n(θ̂n−θ0) 3 - ! 2�V�4 " V ���! ,)� � W 4 ��� � W � - ! W6-)Y N (0, (1 +
1

H
)B−1AI0A

′(B−1)′) Y � n W#V !�,'� W.- +∞ * � � W+�

A =
∂2Q∞
∂θ∂ω′ (θ0, ω0)Σ

Y !�, B =
∂2Q∞
∂θ∂ω′ (θ0, ω0)Σ

∂2Q∞
∂ω∂θ′

(θ0, ω0)

� � W+� B � V ��!�" Y ������� V , ! - ! ����!�")� ZGY)4 �
� *���-^~7<l�D���8E7�+��(�':�/,Sv�0�*��!(�*��0�� VXW=Y�Z O\[�������]X;
� (v*�(��������?� �7�+� θ̂n = arg max

θ∈Θ

∂QnH

∂ω′ (z̃nH(θ), ω̂n)Σn
∂QnH

∂ω
(z̃nH(θ), ω̂n)

bK��(2*�( Σn
�!�^�I* �+/�'��$ >h����G� �G��(K'�(2��/��!��(B$&�+� *��G�`�2�/M��(2*�Q��!/�QI��L��'�(2��(�*�$9��/6���������8>h����G� �G��(

'�(X�7/��G� (T$&�+� *��G� Σ ;
���*�(�x��(�*D��(2�

An =
∂2QnH

∂θ∂ω′ (z̃nH(θ0), ω0)Σn

Bn =
∂2QnH

∂θ∂ω′ (z̃nH(θ0), ω0)Σn
∂2QnH

∂ω∂θ′
(z̃nH(θ0), ω0)

��/6'
Cn =

∂2QnH

∂ω∂ω′ (z̃nH(θ0), ω0)

� /�'�(�*@� �6(p������0�$9>6� �!�/,O.#pu�]XwM� ��(D� ��*�(�(D$)��� *�� �`���/U��(�*�Q�(T���!$&��5�@��0�*�(��G"&*�(���>?(2�2� �G��(2�!"`� 

A =
∂2Q∞
∂θ∂ω′ (θ0, ω0)Σ, B =

∂2Q∞
∂θ∂ω′ (θ0, ω0)Σ

∂2Q∞
∂ω∂θ′

(θ0, ω0)
��/6' C =

∂2Q∞
∂ω∂ω′ (θ0, ω0)

θ̂n
Eh(��!/�Q`�9$9��/6��$A0�$:wMb=(v�7�J��(

∂2QnH

∂θ∂ω′ (z̃nH(θ̂n), ω̂n)Σn
∂QnH

∂ω
(z̃nH(θ̂n), ω̂n) = 0

� ��( � �J"��!�*F-_�*�$A0��������8�7*��5�B�*�'�(2*DQ��!��(2�
∂QnH

∂ω
(z̃nH(θ̂n), ω̂n) =

∂QnH

∂ω
(z̃nH(θ0), ω0) +

∂2QnH

∂ω∂θ′
(z̃nH(θ0), ω0)(θ̂n − θ0)+

∂2QnH

∂ω∂ω′ (z̃nH(θ0), ω0)(ω̂n − ω0) + εn(xn − x0)

bK�G� � x = (θ̂n, ω̂n
��/�' x0 = (θ0, ω0)

;
���*�(�x��(�* εn

� (�/6'��8� &}`�!/n>�*��E���E����!�!�#"`bK��(2/ n � (2/�'��8� `��/��7/��!�#"�;
� `����$9>��!�!-."9/��� �+� �!�/��Fb�(�'6(2�7/�( ∂QnH

∂ω
(θ0, ω0)

��/��5� (���'�+- ∂QnH

∂ω
(z̃nH(θ0), ω0)

;
#D(�/��2(vb�(��E6���+��/
√
n(θ̂n−θ0) = B−1

n An

[√
n
∂QnH

∂ω
(θ0, ω0) +

∂2QnH

∂ω∂ω′ (θ0, β0)
√
n(ω̂n − ω0) + εn(xn − x0)

]



� � ��� � ��� � � � � ��� � � 
�� � �  � � ��� ��� ����� ,�� �

�p/d� ��(v�����(�*K�7�+/�'�w�b�(����x��(

0 =
∂QnH

∂ω
(θ0, ω̃nH) =

∂QnH

∂ω
(θ0, ω0) +

∂2QnH

∂ω∂ω′ (θ0, ω0)(ω̃nH − ω0) + εn,2(ω̃nH − ω0)

bK�G� � εn,2
� (2/�'���/6Q`��9}`�!/n>�*��E���E����!�!�#"9bK��(�/ n � (2/�'��K� `��/6��/��!�#"�;

#D(�/��2(vb�(��J��/nbK*��G� (
√
n(θ̂n − θ0) = B−1

n AnCn[
√
n(ω̂n − ω0) −

√
n(ω̃nH − ω0) − εn,3

√
n(ω̃nH − ω0)]

bK�G� � εn,3
� (2/�'���/6Q`��9}`�!/n>�*��E���E����!�!�#"9bK��(�/ n � (2/�'��K� `��/6��/��!�#"�;

� "H'�(2��/��!�����/ ω̂n
�!���8$)�c�6�!$A0�$g�- Qn(Zn, ω) ��/�' ω̃nH(θ) �����F$)�����!$A0�$ �- QnH(z̃nH(θ), ω) ;� ��(2/:b�(��7�J��(

0 =
∂Qn

∂ω
(Zn, ω̂n) =

∂Qn

∂ω
(Zn, ω0) +

∂2Qn

∂ω∂ω′ (Zn, ω0)(ω̂n − ω0) + αn(ω̂n − ω0)
Oq��; u�]

bK�G� � αn
� (�/6'��D��9}`�!/n>�*��E���E����!�!�#"9bK��(�/ n � (2/�'��K� `��/6��/��!�#"�; � /�'

0 =
∂QnH

∂ω
(z̃nH(θ0), ω0) +

∂2QnH

∂ω∂ω′ (θ0, ω0)(ω̃nH − ω0) + αn,2(ω̃nH − ω0)
Oq��; %M]

bK�G� � αn,2
� (�/6'���/�Q���)}���/n>�*��E7��E6�����G�#"`bK��(�/ n ��(�/�'6�K��`��/6�7/6�!�#"�;

� (�������0�$&(2':���7�+� QnH(z̃nH(θ), ω) ���06��'nE?(TbK*��!����(�/n0�/�'6(�*8� ��(v���7��>h(

QnH(z̃nH(θ), ω) =
1

H

H
∑

h=1

Qh
n(z̃h

n(θ), ω) bK��(�*�( Qh
n(z̃h

n(θ), ω) =
1

n

n(h+1)−1
∑

i=nh

qi(z̃i(θ), ω)

� ��(2/:b�(��E6���+��/dEM"n��0�E�� * �+�2� �!/�Q�� ��(T�#b�9��(�*�$&�IOq��; u�]F�+/�' Oq��; %M]H~

√
n(ω̂n−ω0)−

√
n(ω̃nH −ω0) = C−1

n

[

√
n
∂Qn

∂ω
(zn, ω0) −

√
n

H

H
∑

h=1

∂Qh
n

∂ω
(z̃h

n(θ0), ω0)

]

+

C−1
n (αn(ω̂n − ω0) − αn,2(ω̃nH − ω0))

#D(�/��2(vb�(��7�J��(vbK�!� � ξn ��/M� *��'60���(2'��!/%O�#p��]H~
√
n(θ̂n − θ0) = B−1

n Anξn + rn

bK�G� � rn = −B−1
n AnCnεn,3

√
n(ω̃nH−ω0)+B

−1
n An(αn

√
n(ω̂n−ω0)−αn,2

√
n(ω̃nH−ω0))

;
� /�'�(�*HO � }M]#kaO � ��]�� ��(D>�*���2(���� (Zi)

���@�5� *��!�2���!"A�5���+�����/���*�"�w α k#$9�G���!/�QHbK�!���&(a��>?�/6(�/M� �������G"
'�(2��*�(J������/�Qj���( 9�2��(�/M����; " eb�(:����/o��>�>��G"m�t�2(�/M� *����8���!$&�G������(��*�(�$ O.#H�+���F�+/�' #B(2"�'�(
[��&%�}6w6>r;![x��{A-_�*8(X�6��$9>���(J]X;� ��(`'�� -r(2*�(2/U�T��(�*�$&�T�!/ ξn ��*�(���/�'6(�>h(�/�'�(2/M�J; #B(2/���(+wN��� I0 ���p/6�/ ����/�Q�0�����*2whb�(`�E6� ����/
���7�+� ξn ���/M��(2*�Q�(2�H�!/:'6������*��!E�06� �!�/)��&�&Sv��0���������/i��(��X� �* N (0, (1 + 1

H
)I0)

;
���*�(�x��(�* B−1

n An
�2�/M��(2*�Q�(2�H���!$&����8��0�*�(2�!"i�� B−1A 06/�'�(�*D������0�$9>6�����/ O.#Hu�]X;



,���� ����� ������� ��� ��� ��
 � ����
��������������
 ��� ��� ��� 
�� � ��� ��� ������� � �

� � √n(ω̃nH − ω0)
��/6' √

n(ω̂n − ω0)
��*�(L��0�>�>h���(�'t� )���/M��(2*�Q�(��!/,'��!����*���E606� �!�/�w�� �6(2"

��*�(LEh�0�/�'6(�'t�!/t>�*��E7��E��!���!�#"�; � ��(2*�(2-_�*�(L����(A*�(2��� rn
��(�/�'6�H� d}&��/,>6*��E7�+E����!�!�#"dEh(�����0���(

(εn,j)j=1,2,3
�+/�' (αn,j)j = 1, 2 ��(�/�':��/d>�*��E7��E6�����G�#"&��`��(�*��;

� ��(2/:b�(��E6���+��/i� ���+� √n(θ̂n − θ0)
���/U��(�*�Q�(��B��/n'����5� *���E�06�����/&� &�

N (0, (1 +
1

H
)B−1AI0A

′(B−1)′) ;
� (�$&��*�sU�T~
k � ��(K������0�$9>6� �!�/��8O�#p{�]aw7O�#H�M]N��/�':O � ��]��+*�(F����(2��s�(2')/U0�$9(�*��!�J���!�!"�;�<#/6'�(�(2'�w��!-6� ��(X"Lb�(�*�(
/�+�@� �+��������(�'�wM� �6(�/`� ��(D��/�'6��*�(2�2�@�!/6-_(�*�(�/��2(D$9(2�����'9b��0��!'9/6��^Q��!��(D*�(���0��!���@-_�*@����(K����0�'6"
�-�(��5� �!$)�+���*��=�/�����$A06���+�����/��2;
kl<l-B����( a -_0�/��2�����/�'�(2>?(2/�'��9-_*��$ �+/ 0�/6s�/6cbK/ ��(��X� �*&>7��*���$&(X� (2*9+-H'��!$&(2/����!�/ s w��
S ��� � #LO p, q) �J��/�Eh(d��QM�+��/%06��(�' �����+0�����������*�"j$9�'�(��|;�#Dxb=(X��(�*9�!�L���I/�(��2(�������*�"%� �7�+�
p+ q + 1 ≥ s+ 2 � `(2/���0�*�(�����(v��/���(2�2���!���!�#"&�-N� ��(vE��!/�'���/6Q`-_06/��2�����/�;

��� � �9	 � � � �T�
		��
 � ��� ��� �� � � �
	 � 	 � � �  
 	 � %��v� � ��
�� 	 �
<#/)����������(2�2� �!�/)b�(T����0�'6"9� ��(p>h(�*5-_�*�$&��/��2(����-�� �6(p��/�'6��*�(2�2��(��5� ��$&�+���*^-_�*�� �6*�(�(B$&�'�(2���
��/6':'6�.-?(�*�(2/M�D�+���!0�(��8+- ∆ ; � ��(����/6����'6(�*�(2'�$9�'�(��!�K��*�(�~
� - , VXZ � ~ a(x) = cx bK�G� � c > 0 ; � ��(�>7��* �+$&(X� (�*��8$A0��5�B���+� �!��-." (1 − α∆)2 + c∆ < 1 ;� ��(&�E���(�*��+�+�����/6� (Zi)

��*�(&����$A0����+� (2'�bK�G� � θ0 = (α0, β0, c0, ρ0) = (2, 5, 0.7,−1) ��/�'
-_�* ∆ = 0.1 ��/�' 0.05 ;
� - , VXZ�� ~ a(x) = c

√
x bK�!��� c > 0 ; � ��(A>�*���2(���� (Vi)

���B����(�/�� ��(A���U07��*�(ak#*����B>�*���2(����
0���(�'j-_�*T��/M��(�*�(2����* ��� (��TEM"��=J� VXWBY�Z O5[��(%���]X; � ��(&>���* ��$9(2��(�*��T$A0������+����d���+� �!��-." (1 −
α∆)2 + c∆ < 1 ;� ��(&�E���(�*��+�+�����/6� (Zi)

��*�(&����$A0����+� (2'�bK�G� � θ0 = (α0, β0, c0, ρ0) = (2.5, 4, 1,−1) ��/�'
-_�* ∆ = 0.1 ��/�' 0.05 ;
� - , VXZ � ~ a(x) = cx0.7 bK�G� � c > 0 ; � ��(H>���* ��$9(2��(�*��=$A0��5�=���+� �!��-." (1−α∆)2 + c∆ < 1 ;� ��(I�E���(�*��+�+�����/6� (Zi)

�+*�(�����$L0����+��(�'nbK�!��� θ0 = (α0, β0, c0, ρ0) = (2.5, 4, 1,−1.5) ��/�'
-_�* ∆ = 0.1 ��/�' 0.05 ;
� ��(I��/�'6��*�(2�2�D(��5� �!$)�+���*��D��*�(I�2�$9>�06� (2',-_�*B{�}�}9*�(2>����!�J�+�����/��FbK�G� � n = 1000, 2000 ��/�'
3000 ; � ��()/U0�$AEh(�* H bK������� Q��!��(��T� ��(9��(2/�Q���� �-�� ��(��2����$A0����+� (2'��A�E���(�*��+�+�����/6�

z̃nH
w

�!�B�������(�/e(2�U07������d{�}`bK��(�/ n = 1000 ��/�'%[J}&bK��(�/ n = 2000, 3000 O.� (��5� �p����xb � �7���
Q�*�(J�+��(��5�D�+���!0�(��F-_�* H '6�/�� �B������/�Q�(v$A0����:(��5� �!$)�+��(�'d�+����06(��8�-�>7��* �+$&(X� (�*���]a;� ��(8*�(���0��!������*�(=��/L����( � �+E���(2�KOq��;G[c]aw�O|��; {�]���/�':O|��; ��]X; � �6(2"A�2�/M�����!/�$&(���/���/6'�(�$9>���*����J�+�
�5����/�'���*�'t'6(2�����+�����/:�-�����(L(2������$&�+� (2'�>7�+* ��$9(2��(�*��2;��:�*�(2c��(�*H����(L*�(���0��!���p��*�(IQ��G��(2/,-_�*
b = α∆ ��/��5� (J�+':+- α ;
���!*��5�8$&�*�( n ���8����*�Q�(+w6Eh(2��� (�*D��*�(T� ��(v(��5� �!$)�+�����/6�8��/�'n(�$9>��!*��������?�+��*�����/6��(��2;
� ( /6�� �!��(e� �7�����!/���bK����!(j����(�*�(���0��!���,�+*�(�E?(X��� (2*:-_�*,�:�'�(2�I{�� ����/ ���'�(2�9[ ���
�g���G������(:(�������$&�+� �!�/o��/1����(t>�*�(2�����06�i���7��>6��(�*2;F�7�*d�:�'�(2�L[�w��4*�(������/3��0�Q�Q�(��5� (�'gEM"
ST(�/��/�k5�F�+� ����+� VXWIY�Z O5[�� ���M]��2�0��!'oEh()���7�+��� �6(d>7��* �+$&(X� (�*L��/M����G����/�Q,����(d/U0�$AEh(�*��-
'�(2Q�*�(2(��@�-C-_*�(2(�'��$ �-?� " � 0�'6(�/M�^'����5� *��!E�06�����/A�!��E7��'6�!"A(2������$&�+� (2'�(2��(2/&-_�*���/�'�(2>?(2/�'�(2/U�
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 � � ����� � � � � � � �  � � � � � � � ��� � � � � � � � � � � � � ,����

�E6��(�*5�+�+� �!�/���O � ���+����E?(2*�Qj��/6'fST�/�(�'6(��,O5[��Mu��U]�]a;��7�*9���'�(��B{�w��G-B����(n>�*����(2��� (Vi)
���

�E6��(�*5��(2'3-_*��$ �%'��!���2*�(2��(,$&��/�/�(2*�w@� ��(�(��5� ��$&�+�����/o�- α ��/�' β ��*�(,Q���' 0�����/�Q � ��(
$9(2�����'n>�*��>h���(2'�EM"��T(������!(�*IOq{�}�}�}M]^-_�*8(a�6��$&>6��(�;
� ��()*�(���0��!��������xb � �7��� β ���A�+�!b=�x"��Lb�(��!�=(2��� �!$)��� (�'��+/�'m� ��$9(&-_�* ρ ��/m�:bK�����(+;��7�*
���'�(2�p[�w�����(d>7��*���$9(2� (2* c �!�A�U0��!��(ib=(2���F(2������$&�+� (2'4��xb=(X��(2*9����(d(�$9>���*����������5����/6'7��*�'
'�(X�����+�����/d�!�F����Q��:�2�/M� *���*�"i��A� ��(v$9�'6(��
{�; � ��(v(�������$&�+� �!�/i�- α �!�8* �+����(�*8E7�+'�(a�6�2(�>6�
bK��(2/ n = 3000 ; � ���!�=���*�*��E?�*��+� (2������(p/�(2(�'d�-N�L�!����-
��/6-_�*�$&�+� �!�/�-_�*�����(���(p$&�'�(2����;
�7�*B���'�(��N�6w β, c ��/6' ρ �+*�(vb=(2���
(��5� ��$&�+��(�'�; #Dcb�(2��(�*H����(�>7��* �+$&(X� (�* α ���D'�� 9�20��!�K� 
(2��� �!$)��� (T���B���'�(2��[I�+/�':����(v��� ��/�'7��*�'�'6(2�����+�����/d�!�8����Q���;

∆
� ��* ��$9(2��(�*�� n = 1000 n = 2000 n = 3000��(J�+/ " ����/6'7��*�' ��(���/ " ���+/�'7��*�' �:(J��/ " � ��/�'7�+*�'

'�(2�����+� �!�/ '�(X�����+�����/ '6(2�����+�����/
b̂ }�; { �&' }6; {�}6[ }6; {��&' }6;G[J��[ }6; {��M� }�; }(%��

∆ = 0.1 β̂ �6; �Mu % }6;R}Mu�� ��; �(%M{ }6;R}('(% ��; ����� }�; }��&%
ĉ }6; '&'�� }6;G[ 'M� }6; '���� }6;G[c{�� }6; u�}Mu }6; }&'('
ρ̂ k\}6; �('M{ }6;G[x��� k#}6; � ��} }6;G[�[�[ k\}6; ���(' }6; }�u��
b̂ }�; {�{�[ }6;G[��Mu }6;G[ 'Mu }6;G[�[�� }6;G[c{�u }�; }��(%

∆ = 0.05 β̂ ��; }�}&% }6;R}(%6[ ��;R}�}Mu }6;R}Mu�} ��; ���(' }�; }��Mu
ĉ }6; %�}�� }6; {&%(' }6; u��M{ }6; {�[c{ }6; u�}6[ }6; }��+�
ρ̂ k\}6; �M�&' }6;G[J�U{ k#}6; �&%(' }6;G[x}Mu k\}6; ���M{ }6; } ���

�����
	 ��;G[��A<#/�'��!*�(2�2�^(��5� ��$&�+���*�-_�*^���'�(��
[KbK�!���i{�}�}v>��+� ���2;��C�* ∆ = 0.1 w b0 = 0.2 �+/�'
-_�* ∆ = 0.05 w b0 = 0.1 ;
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∆
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'�(2�����+� �!�/ '�(X�����+�����/ '�(2�����+� �!�/
b̂ }�; {&%�} }6;G[cu�} }6; {&'6[ }6;G[�[x� }6; {��&% }6; }&%��

∆ = 0.1 β̂ ��; ����u }6;R}('�� ��;R}�}M{ }6;R}M��� ��;R}�}�� }6; }�� �
ĉ }6; �&%M� }6;R}��M{ }6; �(%(% }6;R}(%6[ }�; ����[ }6;R}Mu��
ρ̂ k\}6; ���M� }6;R}���� k#}6; � �(% }6;R}Mu+� k\}6; ���Mu }6;R}('��
b̂ }�;![cu+} }6;G[x�M{ }6;G[c�+� }6;G[�[�[ }6;G[x�M� }6; }&'M�

∆ = 0.05 β̂ ��; ����{ }6;R}M��[ �6; ���Mu }6;R}���[ �6; ���(% }6; }��M�
ĉ }6; � �6[ }6;R}��U{ }6; ����� }6;R}M{�u }�; ���&' }6;R}6[c�
ρ̂ k\}6; �(%Mu }6;G[x}�} k#}6; � ��� }6;R}(%�� k\}6; ���(%M{ }6;R}Mu�}
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	 ��; { �,<#/�'��!*�(2�2�v(��5� �!$)�+���*B-_�*v���'�(��@{&bK�G� ��{�}�}i>7�+� �6��;��7�* ∆ = 0.1 w b0 = 0.25��/6'n-_�* ∆ = 0.05 w b0 = 0.125 ;

∆
� ��* ��$9(2��(�*�� n = 1000 n = 2000 n = 3000��(J�+/ " ����/6'7��*�' ��(���/ " ���+/�'7��*�' �:(J��/ " � ��/�'7�+*�'

'�(2�����+� �!�/ '�(X�����+�����/ '6(2�����+�����/
b̂ }�; �M��� }6; { �M� }6;R�M{�� }6; {�{�� }6; {�u � }�;![cu+}

∆ = 0.1 β̂ ��; ����� }6;G[ '(% ��;R}6[x} }6;G[x}(' �6; ����� }�; }M{�[
ĉ }6; �&%�} }6;���[ % }6; �(%�} }6;R�(%M{ }6; �(%�� }6; }�u�}
ρ̂ k�[�; ��}�� }6;G[x}(' k [�;R����� }6;G[x}�� k�[�; ��}6[ }6; }���[
b̂ }�; {���� }6;G[���� }6; {�{�} }6;G[c��{ }6;G[ '�� }�;![�[xu

∆ = 0.05 β̂ ��; �Mu % }6;R}(%6[ ��;R}�}6[ }6;R}Mu�} �6; ���(' }�; }M{�[
ĉ }6; �&'Mu }6;R���(' }6; �Mu�u }6;G[J�M� }6; ���6[ }6;R�Mu��
ρ̂ k�[�;�� �M� }6;G[c��[ k [�;R����� }6;R}Mu&% k�[�;�� ��� }6; }&'M{
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	 ��; � �,<#/�'��!*�(2�2�v(��5� �!$)�+���*B-_�*v���'�(����)bK�G� ��{�}�}i>7�+� �6��;��7�* ∆ = 0.1 w b0 = 0.25��/6'n-_�* ∆ = 0.05 w b0 = 0.125 ;
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Qn(ω) =
1

n

n
∑

i=1

ψi(ω) ����(�/ I0 ���8(2��� �!$)��� (�'nEM"

În = Γ̂0 +
K
∑

k=1

(

1 − k

K + 1

)

(Γ̂k + Γ̂′
k)

bK�G� � Γ̂k =
1

n

n
∑

j=k+1

∂ψj−k

∂ω
(ω̂n)

∂ψj

∂ω′ (ω̂n)

O K ���v�d-_0�/��X� �!�/j�- n bK���!���%'��(���/������!/���*�(J����()�+�I�d���!Q��j* �+��(�w�E�06�I(�/6�0�Q��j� :(�/���0�*�(
����(v���/������5� (�/6�2"n�- În ; ]
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a(x) = cxγ bK��(�*�( γ ∈ (1

2
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∑
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∑
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∑
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