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Introdu
tion
0.1 Quanti�
ation optimale et appli
ationsLa quanti�
ation est une méthode issue du traitement du signal et de l'information. Elle
onsiste à appro
her un signal à valeurs dans un espa
e 
ontinu par un signal à valeur dansun espa
e dis
ret. A l'origine, 
ette te
hnique a été motivée par des raisons pratiques d'é
o-nomie de transmission [20℄, et a vu ensuite ses appli
ations s'élargir à di�érents domaines,notamment, depuis quelques années, les probabilités numériques. Dans 
ette se
tion nousallons adopter une présentation résolument probabiliste de la quanti�
ation en rappelantquelques resultats théoriques utiles et en mettant en éviden
e ses appli
ations les plusré
entes.0.1.1 Dé�nitions et résultats préliminaires0.1.1.1 Quanti�
ation de variables aléatoiresOn se pla
e dans un espa
e de probabilité (Ω,F ,P), et on se donne une variable aléatoireà valeurs dans R

d, X, de loi PX supposée simulable. Un entier N ∈ N
∗ étant �xé, un N -quanti�eur est une appli
ation borélienne hN appliquant R

d dans un ensemble �ni Γ =

{x1, . . . , xN} ⊂ R
d.Pour dé�nir de manière unique l'appli
ation hN , on a besoin de spé
i�er en plus unepartition borélienne (Ai)1≤i≤N de l'espa
e R

d pour avoir :
hN (X) =

N∑

i=1

xi1Ai(X).Le N -quanti�eur est don
 spé
i�é par la donnée de :� Γ = {x1, . . . , xN} la grille de quanti�
ation de taille N appelée aussi ensemble des
entres, des points de quanti�
ation ou des 
entroïdes, ou en
ore N -quanti�eur as-so
ié à hN .� Une partition borélienne (Ai)1≤i≤N de l'espa
e R
d. A 
haque ensemble Ai sera asso
iéun 
entre xi que l'on supposera toujours appartenir à Ai.9
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Fig. 1 � Partitions de l'espa
e asso
iées à une grille de quanti�
ation en deux dimensionsQuand X ∈ Lp, on dé�nit un N -quanti�eur Lp-optimal de X par l'appli
ation h∗N solutiondu problème d'optimisation paramétré par la taille de la grille de quanti�
ation N :
inf{‖X − h(X)‖p

p, h : R
d → R

d, appli
ation borelienne t.q. |h(Rd)| ≤ N}. (0.1.1)D'après les résultats établis par exemple dans [25℄, 
e problème admet une solution h∗Ndé�nie par un N -quanti�eur Γ∗
N = {x1, . . . , xN}, véri�ant :

E|X − h∗N (X)|p = E min
x∈h∗

N (Rd)
|X − x|p,et par la partition (Ci(Γ

∗))1≤i≤N , dite de Voronoï, asso
iée à 
et ensemble, dé�nissant
h∗N 
omme une proje
tion au plus pro
he voisin sur l'ensemble des 
entres (xi)1≤i≤N (voirFigure 1). Soit :

Ci(Γ
∗) ⊂ {ξ ∈ R

d t.q. |ξ − xi| = min
1≤k≤N

|ξ − xk|}.La distorsion1 s'é
rit alors :
DX,p

N := ‖X − h∗(X)‖p
p = ‖ min

1≤i≤N
|X − xi|‖p

p.Elle 
onverge vers zero quand la taille du quanti�eur N tend vers +∞, et sa vitesse de
onvergen
e est régie par le théorème de Zador énon
é 
omme suit :1On notera par ailleurs l'erreur de quanti�
ation ‖X − h
∗
N (X)‖p.



Quanti�
ation optimale et appli
ations 11Théorème 0.1.1 (Cf. [25, 4℄) On suppose que ∫
Rd |ξ|p+r

PX(dξ) < +∞ pour r > 0. Alors,
lim
N

(N
p
dDX,p

N ) = Jp,d‖ϕ‖ d
d+p

,où PX(dξ) = ϕ(ξ)λd(dξ) + µ̄(dξ), µ̄⊥λd (λd mesure de Lebesgue sur R
d) et pour tout

q ∈ R
∗
+, ‖g‖q := (

∫
|g|q(u)du)

1
q .Remarque 0.1.1 Jp,d 
orrespond à la limite pour la loi uniforme sur [0, 1]. On sait que

Jp,1 = 1
2p(p+1) et que J2,2 = 5

18
√

3
. D'une manière générale, on ne 
onnaît pas la valeur de
ette 
onstante pour d > 2, mais on a J2,d ∼ d

2πe . (Cf. [25℄).Nous pouvons ainsi é
rire que ‖X − h∗N (X)‖p = O(N− 1
d ) au voisinage de N → +∞.Par ailleurs, il sera essentiel de noter que les quanti�eurs L2-optimaux véri�ent une pro-priété dite de stationnarité, à savoir que :

E[X|h∗N (X)] = h∗N (X). (0.1.2)Cette propriété permet d'utiliser des termes 
orre
teurs de premier ordre dans les dif-férentes appli
ations de la quanti�
ation, 
omme nous allons le voir dans le paragraphesuivant pour l'intégration numérique puis, plus loin, dans les exemples d'évaluation d'op-tions améri
aines [6℄ ou de �ltrage (Cf. Chapitre 1).D'un point de vue pratique, dé�nir la fon
tion h∗N pour une taille de quanti�eur �xée
N s'avère être un problème d'optimisation assez déli
at à résoudre notamment dans le
as multidimensionnel. En e�et, pour plusieurs lois en dimensions 1, il existe des solutionsanalytiques fermées ou semi-fermées qui peuvent aisément être 
al
ulées. On 
itera parexemple la quanti�
ation de la loi normale par la méthode de Newton [44℄, ou de la loiexponentielle, entre autres, dans [17℄. Par ailleurs, dans le 
as parti
ulier d'une loi à den-sité log-
on
ave, la solution au problème (0.1.1) est unique [28℄, 
e qui permet l'utilisatione�
a
e d'algorithmes numériques d'optimisation tels que l'algorithme du gradient ou 
eluidu point �xe appelé aussi méthode de Lloyd I [44, 2℄.Ces méthodes déterministes deviennent rapidement di�
iles à mettre en ÷uvre en dimen-sions supérieures à 1. D'une part par
e qu'elles impliquent des 
al
uls d'intégrales trop
omplexes au delà de la dimension 1, d'autres part, par
e que la solution de (0.1.1) n'estpas unique 
e qui diminue en
ore l'e�
a
ité des résolutions numériques. Dans 
e 
as alors,on préfère utiliser des algorithmes sto
hastiques d'apprentissage fondés sur la simulation.On 
itera dans 
e 
ontexte l'algorithme Competitive Learning Ve
tor Quantization (CLVQalgorithm) aussi appelé algorithme de Kohonen à zéro voisins, les algorithmes génétiques[26℄ ou l'algorithme de Lloyd I multidimensionnel [2℄. Une étude détaillée des méthodesde quanti�
ation quadratique optimale est proposée dans [44℄. Il est à noter que 
'est le
as quadratique (p = 2) qui est le plus souvent étudié sur le plan numérique, même si lesrésultats théoriques sont généralement énon
és pour p quel
onque.



12 Introdu
tionNous ne détaillerons pas plus avant 
et aspe
t de la quanti�
ation 
ar il n'est pas au
entre de notre travail. Nous nous intéresserons plut�t à l'exploitation de 
es quanti�eursoptimaux pour di�érentes appli
ations pratiques. A 
et e�et, il est important d'introduiretout d'abord une dé�nition de pro
essus quanti�é (ou quanti�
ation de pro
essus di�érentede la notion de quanti�
ation fon
tionnelle de pro
essus. Cf. [33, 45℄). Ce sera l'objet dupro
hain paragraphe.0.1.1.2 Quanti�
ation de pro
essusDans les di�érentes appli
ations de la quanti�
ation, il est souvent requis de 
onsidérerla quanti�
ation d'un pro
essus markovien à temps dis
ret (Xk)k≥0 dont on 
onnait la dy-namique d'évolution de manière à pouvoir en simuler la traje
toire. Une appro
he possibledans 
e 
as est de quanti�er 
haque variable Xk en tenant 
ompte de sa loi marginale,on parle don
 de quanti�
ation marginale. Pour 
ela, on doit se �xer une taille de grille
Nk à 
haque pas de temps et un Nk-quanti�eur Lp-optimal de Xk ∈ Lp que l'on notera
Γk = {x1

k, . . . , x
Nk

k }.Par 
onséquent, on dé�nit la quanti�
ation (Voronoï) de Xk par :
X̂k = h∗Nk

(Xk) =

Nk∑

i=1

xi
k1Ci(Γk)(Xk). (0.1.3)Le pro
essus ainsi quanti�é (X̂k)k≥0 ne véri�e plus la propriété de Markov. Cependant,une approximation de la probabilité de transition entre di�érents états à deux dates su
-
essives reste possible à travers les paramètres 
ompagnons pij

k , pour i ∈ {1, . . . , Nk} et
j ∈ {1, . . . , Nk+1} dé�nis par :

pij
k = P[Xk+1 ∈ Cj(Γk+1)|Xk ∈ Ci(Γk)]

= P[X̂k+1 = xj
k+1|X̂k = xi

k].D'une manière générale, pour 0 ≤ k < n, i ∈ {1, . . . , Nk} et f borélienne dans Rd, onnotera :
P̂kf(xi

k) = E[f(X̂k+1)|X̂k = xi
k] =

Nk+1∑

j=1

f(xj
k+1)p

ij
k .Pour des horizons n raisonnables (≤ 100), il est don
 possible de 
al
uler et de sto-
ker dans des tables fa
ilement a

essibles les grilles de quanti�
ations et les paramètres
ompagnons i.e. les (xi

k) et les (pij
k ) pour 0 ≤ k ≤ n, 1 ≤ i ≤ Nk et 1 ≤ j ≤ Nk+1. Ce pré-traitement des données, dit o�-line, permet de minimiser les 
al
uls d'éventuels estimateursutilisant la quanti�
ation. Un exemple de 
es grilles pour la loi normale 
entrée réduite estdiponible et télé
hargeable à partir de http ://www.proba.jussieu.fr/pageperso/pages/quant3.html.



Quanti�
ation optimale et appli
ations 130.1.2 Appli
ation à l'intégration numériqueUne appli
ation immédiate de la quanti�
ation est le 
al
ul d'approximations numé-riques d'intégrales par rapport à une mesure donnée. On se pose le problème de l'évaluationde l'intégrale E[f(X)], pourX de loi PX sur (Rd,B(Rd)). Si X̂ désigne une N -quanti�
ation
L2-optimale de X nous pouvons nous donner 
omme estimateur : E[f(X̂)]. Comme X̂ estune variable aléatoire dis
rète, le 
al
ul de 
et estimateur se résumera à une somme pondé-rée �nie, dont les termes sont lus à partir de tables pré-
al
ulées. En reprenant les notationsdu paragraphe pré
édent, on pose :

E[f(X)] ≈ E[f(X̂)] =
N∑

i=1

xi

∫
1Ci(Γ)(x)PX(dx) =

N∑

i=1

xip̂i,où p̂i = PX(Ci(Γ)) = P(X ∈ Ci(Γ)).Les pondérations pi sont aussi des paramètres 
ompagnons qui peuvent être 
al
ulés enmême temps que la grille de quanti�
ation Γ et sto
kés dans des tables a

essibles pendantl'estimation. L'erreur d'estimation est 
ontr�lée par l'erreur de quanti�
ation ∆ = X − X̂.En e�et, quand f est 
ontinue, dérivable à dérivée bornée, il existe ξ ∈ (X, X̂) tel que :
f(X) − f(X̂) = 〈Df(ξ),∆〉,où < ., . > désigne le produit s
alaire 
anonique sur R

d.Ce
i donne la majoration d'erreur qu'on appellera d'ordre zero :
|E[f(X)] − E[f(X̂)]| ≤ C‖∆‖1 ≤ C‖∆‖2. (0.1.4)Quand f est 
ontinue, 2 fois dérivable, à dérivée se
onde bornée, on peut développer fà un ordre supérieur a�n d'établir une majoration d'erreur d'ordre 1. En e�et, il existe

ξ ∈ (X, X̂) tel que :
f(X) − f(X̂) = 〈Df(X̂),∆〉 +

1

2
∆′D2f(ξ)∆.Ainsi, 
omme X̂ véri�e la propriété de stationnarité (0.1.2), il est possible d'établir :

|E[f(X)] − E[f(X̂)]| ≤ E|E[f(X) − f(X̂)|X̂]|
≤ CE|〈∆,∆〉| ≤ C‖∆‖2

2. (0.1.5)En utilisant le théorème de Zador 0.1.1, on obtient un taux de 
onvergen
e en O(N
−1
d )dans le 
as de l'inégalité (0.1.4), et moyennant l'hypothèse plus restri
tive sur la fon
tion

f , on a un taux de 
onvergen
e deux fois plus rapide O(N
−2
d ) à partir de (0.1.5).L'intégration numérique par quanti�
ation est une méthode qui s'appro
he dans sonprin
ipe des méthodes de Monte Carlo [49℄ : elle s'appuie sur une représentation de la loi
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tionde X par un ensemble dis
ret �ni pondéré. L'estimateur de Monte Carlo s'é
rit en e�et
omme la somme équipondérée sur un é
hantillon iid de taille M :
E[f(X)] ≈ 1

M

M∑

i=1

f(Xi) où (X1, . . . , XM ) iid X1 ∼ PX .Mais si le prin
ipe reste le même, de grandes di�éren
es séparent les deux méthodes :� Les grilles de quanti�
ation ainsi que les pondérations peuvent être 
al
ulées o�ine,et sto
kées dans des tables a

essibles par plusieurs appli
ations à la fois. La 
om-plexité du 
al
ul ex
lut don
 la pro
édure d'optimisation des quanti�eurs et 
ompteseulement les opérations élémentaires de somme et de pondération. Au 
ontraire,les méthodes de Monte Carlo utilisent une partie de la 
apa
ité de 
al
ul dans lasimulation online des é
hantillons Xi.� L'estimateur Monte Carlo est un estimateur aléatoire, dont il faudra gérer la varian
elors des appli
ations par des pro
édures de 
ontr�le et de minimisation de varian
e.A son opposé, l'estimateur par quanti�
ation est un estimateur déterministe.� La vitesse de 
onvergen
e (en loi) des estimateurs de Monte Carlo est O(N− 1
2 )(TCL) ; il est indépendant de la dimension. La loi du logarithme itéré règle la vitessede 
onvergen
e p.s. en √ log log N

N . La 
onvergen
e des estimateurs par quanti�
ation,bien que dépendant de la dimension, est asymptotiquement plus rapide jusqu'à ladimension 2 pour 
elles du type ordre 0 et jusqu'à la dimension 4 pour 
elles dutype ordre 1. Au delà, la méthode de quanti�
ation ne reste pas 
ompétitive lorsque
N → +∞ ; 
ependant elle se révèle en
ore très e�
a
e en pratique notamment endimension moyenne (d ≤ 10) lorsque N n'est pas très grand.Il est déli
at de 
omparer une méthode déterministe 
omme la quanti�
ation et uneméthode fournissant un résultat aléatoire 
omme la méthode de Monte Carlo. Néan-moins, si l'on se tient à la pratique des utilisations, il paraît naturel de 
omparer l'er-reur de quanti�
ation ave
 la taille d'un intervalle de 
on�an
e. Typiquement, ave
un 
hoix adéquat d'intervalle de 
on�an
e, 
e
i revient à 
omparer ‖f(X) − f(X̂)‖2et 2σf(X)√

N
pour X̂ une N -quanti�
ation L2-optimale et f Lipshitzienne ; ou bien, plusuniversellement à 
omparer ‖X − X̂‖2 et 2σX√

N
pour les s
hémas de quanti�
ationd'ordre 0 et ‖X − X̂‖2

2 et 2σX√
N

pour les s
hémas d'ordre 1. Il est intéressant de voiralors qu'il existe des seuils 
ritiques N0
c pour les s
hémas d'ordre 0 et N1

c pour less
hémas d'ordre 1, pour lesquels ∀N ≤ N0
c ≤ N1

c l'erreur par quanti�
ation est in-férieure à la longueur de l'intervalle de 
on�an
e donné par la méthode de MonteCarlo. Ce résultat est détaillé dans [43℄.Il est par ailleurs possible d'appliquer un raisonnement d'é
hantillonnage préférentiel[49℄ dans l'intégration numérique par quanti�
ation.Dé�nition 0.1.1 E
hantillonnage Préférentiel : C'est la pro
édure par laquelle onappro
he de manière empirique une mesure de probabilité di�
ile à simuler ν en utilisant
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ations 15un é
hantillon iid (ξ1, . . . , ξN ) d'une autre mesure de probabilité µ dite loi d'importan
e,plus fa
ile à simuler. S'il existe une fon
tion m et une 
onstante m̄ véri�ant :
ν(dx) = m(x)µ(dx) et m(x) ≤ m̄,l'approximation est alors donnée par ν ≈ 1

N

∑N
i=1m(ξi)δξi

.Si on désigne par p la densité de X et par q une densité d'importan
e qui véri�era
f p

q
∈ Cb, on pourra utiliser la quanti�
ation d'une variable Y de densité q pour estimer

E[f(X)].
E[f(X)] = E[f(Y )

p(Y )

q(Y )
] ≈ E[f(Ŷ )

p(Ŷ )

q(Ŷ )
], (0.1.6)

|E[f(X)] − E[f(Ŷ )
p(Ŷ )

q(Ŷ )
]| ≤ C‖Y − Ŷ ‖2.0.1.3 Autres appli
ationsLa quanti�
ation a historiquement 
onnu plusieurs appli
ations dans le domaine dela théorie de l'information, du traitement du signal et de sa 
ompression. Cependant, lasolution qu'elle o�re au problème d'intégration numérique permet de l'appliquer dans denouveaux domaines pour résoudre des problèmes impliquant un 
al
ul numérique d'inté-grales, d'espéran
es ou d'espéran
es 
onditionnelles. De tels problèmes se posent en �nan
edans le 
adre de modèles d'évaluation de produits dérivés, où un 
al
ul d'espéran
e 
ondi-tionnelle est requis et souvent, 
e type de problèmes est reformulé de manière rétrograde enutilisant un prin
ipe de programmation dynamique. La quanti�
ation, de par son prin
ipede pré-traitement et de 
al
ul o�-line des grilles s'adapte bien à 
e type d'appro
he. Parmiles appli
ations qui s'ins
rivent dans 
e 
adre, on 
ite [7℄, où est proposé un algorithmed'évaluation d'options améri
aines et d'estimation de temps d'arrêt optimal, la date d'exer-
i
e de l'option, lorsque l'a
tif sous ja
ent suit une di�usion brownienne. Comme pour leproblème d'intégration numérique, l'utilisation de quanti�eurs stationnaires permet dans
ette appli
ation d'améliorer l'estimation numérique par le passage à un ordre supérieur de
onvergen
e (Cf. [6℄). Par ailleurs, Pagès et Pham [42℄ dé�nissent une quanti�
ation marko-vienne de pro
essus qui préserve la propriété de Markov du pro
essus original et permet deproposer une solution numérique à un problème de 
ontr�le sto
hastique apparaissant dansdes problématiques �nan
ières de gestion de portfeuille. Dans 
es appli
ations, la résolutionnumérique rétrograde est rendue possible grâ
e aux grilles de quanti�
ation pré
al
ulées.Une autre appli
ation issue du domaine du traitement du signal est 
elle de la résolutionde problèmes de �ltrage non linéaire. Elle a été introduite dans [41℄, où la 
onstru
tion d'unesolution séquentielle rétrograde a permis de voir l'e�
a
ité théorique de la quanti�
ation,tout en laissant possible une implémentation numérique 
lassique dite forward. I
i aussi,
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omme pour l'intégration numérique, le problème de �ltrage non linéaire admet une solutionnumérique probabiliste de type Monte Carlo, on peut alors se poser les questions suivantes :
• Comment se positionnent les méthodes de �ltrage par quanti�
ation par rapportau méthodes parti
ulaires du type Monte Carlo ?
• Peut-on dé�nir des pro
édures de pré-traitement en
ore plus élaborées pour amé-liorer la rapidité du 
al
ul on line ? Quel serait l'e�et de telles pro
édures sur le taux de
onvergen
e de l'erreur d'estimation ?Toujours dans le 
adre du �ltrage, il sera intéressant d'étudier le passage à des s
hémasnumériques de type ordre 1, 
omme il a été suggéré dans [43℄ où l'utilisation de la pro-priété de stationnarité permet de dé�nir des pseudo-s
hémas ré
ursifs ajoutant un ordrede 
onvergen
e. Ces s
hémas ne sont pas implémentables en l'état 
ar ils mettent en jeudes quantités non a

essibles numériquement. La question est don
 :
• Comment dé�nir des s
hémas numériques de premier ordre implémentables etprésérvant le taux de 
onvergen
e mis en éviden
e par les pseudo-s
hémas ?En�n, il est intéressant de relever que le point 
ommun à toutes les appli
ations 
itéesest l'utilisation de formulation rétrograde pour établir des majorations de l'erreur sur lavaleur obje
tif, en fon
tion de l'erreur de quanti�
ation. Par le biais du théorème de Zador,il devient ensuite possible de déduire un taux de 
onvergen
e en fon
tion de la taille desgrilles. En �nan
e, la problématique du �ltrage est omniprésente dans les modèles d'a
tifsà volatilité sto
hastique : la volatilité est vue 
omme un signal dont le 
ours de l'a
tif estl'observation bruitée. Là en
ore une question se pose :
• En utilisant le �ltre par quanti�
ation peut-on proposer des solutions à des pro-blèmes d'évaluation d'options améri
aines [7, 6℄ ou d'optimisation de portefeuille [42℄ dansun 
adre à observation partielle, typiquement un modèle à volatilité sto
hastique ?Dans notre travail, nous nous sommes intéressés à l'appli
ation de la quanti�
ationau problème du �ltrage, plus parti
ulièrement au 
al
ul du �ltre par quanti�
ation d'unepart et à la quanti�
ation du �ltre d'une autre. Le problème du �ltrage étant au 
÷ur desdéveloppements de 
ette thèse, nous y 
onsa
rerons toute la se
tion qui suit.0.2 Le problème du �ltrageNous nous intéressons maintenant aux spé
i�
ations d'un problème de �ltrage et àquelques solutions proposées dans la littérature pour le résoudre. On parle de problème de�ltrage quand on est fa
e à un système dont l'évolution en fon
tion du temps est géréepar un pro
essus 
a
hé dont on n'observe que des états bruités. Le �ltrage s'ins
rit dansune appro
he bayesienne de re
onstitution de la loi 
onditionnelle du pro
essus 
a
hé à uninstant donné en s'appuyant sur les observations faites jusqu'à 
et instant. Il 
onnait desappli
ations diverses aussi bien dans le domaine de la 
ommande de systèmes physiquesque dans le 
adre plus ré
ent des mar
hés �nan
iers. Dans 
e qui suit, nous dé�nissons un
adre général à notre problème de �ltrage, il 
onstituera à quelques variantes près notre



Le problème du �ltrage 17modèle d'états pour toute la thèse. Par ailleurs, nous passerons en revue quelques méthodesnumériques de �ltrage qui nous serviront de points de départ à de nouvelles méthodes oude points de 
omparaison ave
 
elles-
i.0.2.1 Le �ltrage optimalOn se pla
e dans le 
adre d'un problème à temps dis
ret et à horizon �ni �xé n ∈ N
∗. On
onsidère les pro
essus signal (Xk) et observation (Yk) régis par les dynamiques suivantes :

{
Xk = Fk(Xk−1, εk), X0 de loi µ0 
onnue à priori,
Yk = Gk(Xk, ηk), k ≥ 1.

(0.2.1)où (εk) et (ηk) désignent des suites indépendantes de variables aléatoires iid et indépen-dantes de X0. La suite (εk)1≤k≤n modélise l'innovation du pro
essus 
a
hé, (ηk)1≤k≤nreprésente l'imperfe
tion des observations. On se propose de déterminer l'état du systèmeà une date �nale n �xée, en s'appuyant sur les observations faites jusqu'à 
ette date.Au sens de la distan
e quadratique, l'estimation optimale de Xn sa
hant les observations
Y1:n = (Y1, . . . , Yn) est donnée par l'espéran
e 
onditionnelle :

E[Xn|Y1:n].De manière plus générale, l'information la plus ri
he disponible à travers les observations
Y1:n est donnée par la loi 
onditionnelle L(Xn|Y1:n). Le problème du �ltrage 
onsiste don
à 
al
uler 
ette loi de probabilité, de manière exa
te dans le 
as du �ltrage optimal, ou demanière appro
hée, on parlera dans 
e 
as de �ltrage sous-optimal.La formulation expli
ite de la solution au problème du �ltrage n'est généralement paspossible. En e�et, dans un 
adre général 
'est un problème de dimension in�nie. Au niveaudes appli
ations, on aspire le plus souvent à appro
her la densité de la loi 
onditionnelle àtravers un ensemble de fon
tions tests qu'on notera de manière générique f . On se donnedon
 pour obje
tif de 
al
uler, dans un premier temps :

Πy,n(dx) = P[Xn ∈ dx|Y1 = y1, . . . , Yn = yn],ou
Πy,nf = E[f(Xn)|Y1 = y1, . . . , Yn = yn].Il sera ensuite possible d'envisager le problème d'évaluation du �ltre aléatoire :

ΠY,n(dx) = P[Xn ∈ dx|Y1, . . . , Yn] ou ΠY,nf = E[f(Xn)|Y1, . . . , Yn].0.2.1.1 Modèle général d'états� Le pro
essus signal (Xk) est une 
haîne de Markov dont la dynamique est régie parl'équation :
Xk = Fk(Xk−1, εk),
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tionoù Fk : R
d × R

q → R
d, est une fon
tion borélienne et (εk)1<k≤n est une suite devariables aléatoires à valeurs dans R

q de même loi (de densité p), indépendantesentre elles et indépendantes de X0. La loi µ0 de X0 est supposée 
onnue a priori. Parailleurs, on désigne par Pk(x, dx
′) le noyau de transition de Xk à Xk+1, et on notepour toute fon
tion f :

µ0f =

∫
f(x)µ0(dx) et Pkf(x) =

∫
f(x′)Pk(x, dx

′).� Le pro
essus des observations (Yk) obéit à la dynamique suivante :
Yk = Gk(Xk, ηk),où Gk : R

d × R
q′ → R

d′ est une fon
tion borélienne et (ηk) une suite de variablesaléatoires iid à valeurs dans R
q′ independantes de σ(X0, εk, k ≥ 1). On suppose quela loi 
onditionnelle L(Yk|Xk) est absolument 
ontinue par rapport à la mesure deLebesgue sur R

d′ . Soit :
P[Yk ∈ dy|Xk = xk] = gk(xk, y)λd′(dy). (0.2.2)La loi initiale du signal étant a priori 
onnue, on pourra supposer sans perte degénéralité que Y0 = y0 �xé.� Le pro
essus (Xk, Yk) est une 
haine de Markov de transition donnée par :

P[(Xk, Yk) ∈ (dx, dy)|Xk−1, Yk−1] = P[Yk ∈ dy|Xk−1, Yk−1, Xk]P[Xk ∈ dx|Xk−1, Yk−1],

= gk(x, y)Pk−1(Xk−1, dx)λd′(dy).grâ
e à l'indépendan
e entre ηk et (Xk−1, ηk−1) et à (0.2.2).Par 
onséquent, la loi jointe L(X0, . . . , Xn, Y0, . . . , Yn) s'é
rit :
L(X0, . . . , Xn, Y0, . . . , Yn) = µ0(dx0)δy0

n∏

k=1

gk(xk, yk)Pk(xk−1, dxk)λd′(dyk),et par la formule de Bayes pour les ve
teurs aléatoires à densité, on en déduit laformule de Kallianpur Striebel [27℄ :
E[f(X0:n)|Y1:n = y1:n] =

∫
. . .
∫
f(x0:n)µ0(dx0)

∏n
k=1 gk(xk, yk)Pk(xk−1, dxk)∫

. . .
∫
µ0(dx0)

∏n
k=1 gk(xk, yk)Pk(xk−1, dxk)

.(0.2.3)Plus parti
ulièrement, on dé�nit le �ltre évalué sur la fon
tion test f par :
Πy,nf = E[f(Xn)|Y1:n = y1:n] =

πy,nf

πy,n1
,où πy,nf est le �ltre non normalisé dé�ni par :

πy,nf = E[f(Xn)

n∏

k=1

gk(Xk, yk)].



Le problème du �ltrage 19� Dans la suite, un é
hantillon y1:n d'observations étant �xé, on 
onfondra par 
om-modité la densité 
onditionnelle gk ave
 la fon
tion de vraisemblan
e asso
iée :
gk(xk)

Déf
= gk(xk, yk),la dépendan
e en yk sera impli
ite lorsque l'observation est �xée.0.2.1.2 Formulation ré
ursiveEn utilisant la propriété de Markov du signal (Xk), il est possible de dé
omposerséquentiellement le 
al
ul de Πy,nf par un argument de programmation dynamique. Ene�et, le passage d'un �ltre à une date intermédiaire 0 ≤ k ≤ n − 1 au �ltre à la datesuivante peut être fait en deux étapes 
onnues sous le nom d'étapes de prédi
tion et demise à jour.

Πk
Prédi
tion−→ Πk+1|k

Mise à jour−→ Πk+1.Prédi
tion C'est une étape de transition linéaire qui utilise l'information a priori de latransition du signal. On dé�nit alors la prédi
tion :
Πk+1|k(dx

′) =

∫
Πk(dx)Pk(x, dx

′). (0.2.4)Mise à jour C'est l'étape de 
orre
tion de la prédi
tion qui utilise l'information fourniepar la nouvelle observation, tombée à la date k + 1 
onsidérée. Elle est non linéaire
ar e�e
tue une normalisation issue de la formule de Bayes pour l'espéran
e 
ondi-tionnelle. Expli
itement, on a :
Πk+1(dx) =

gk+1(x)Πk+1|k(dx)∫
gk+1(x)Πk+1|k(dx)

. (0.2.5)La transition de πk à πk+1 pourra aussi être modélisée par la dé�nition d'un opérateurde transition :
Hy,kf(x) = E[f(Xk)gk(Xk, yk)|Xk−1 = x], 1 ≤ k ≤ n,Ainsi,

πy,0f = E[f(X0)]
Déf
= Hy,0f,

πy,kf = πy,k−1Hy,kf, 1 ≤ k ≤ n.
(0.2.6)Dans la suite, il s'avèrera par ailleurs très utile de voir que 
ette 
onstru
tion forwardpourra être inversée en un s
héma rétrograde ou ba
kward (voir [41℄). A 
ette �n, nousdé�nissons les opérateurs Ry,k 
omme suit :

Ry,nf = f,

Ry,k−1f = Hy,kRy,kf, 1 ≤ k ≤ n.
(0.2.7)et on a l'égalité : πy,n = µ0 ◦Ry,0.
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tion0.2.1.3 Le modèle d'états dis
retLa formulation ré
ursive du 
al
ul du �ltre par les équations (0.2.4) et (0.2.5) rendla résolution du problème numériquement aisée dans le 
adre d'un signal à espa
e d'étatsdis
ret. En e�et, si pour tout 0 ≤ k ≤ n, Xk(Ω) = {x1
k, . . . , x

Nk

k } et si Pk = (Pij
k ) désignela matri
e de transition du signal (Xk) entre k et k + 1, d'après le paragraphe pré
édent,les opérateurs Hy,k s'é
rivent simplement :

Hy,kf(xi
k−1) =

Nk∑

j=1

f(xj
k)P

ij
k−1gk(x

j
k, yk).permettant ainsi un 
al
ul numérique expli
ite du �ltre par le biais de la ré
ursion (0.2.6).En 
onsidérant que πy,k ∈ M1,Nk

(R) et que Hy,k ∈ MNk−1,Nk
(R), on aboutit ausystème ré
ursif matri
iel suivant :

H ij
y,k = P

ij
k−1gk(x

j
k, yk), 0 < k ≤ n,

πy,0 = µ0,

πy,k = πy,k−1Hy,k.Finalement, en normalisant :
Πi

y,n =
πi

y,k∑Nn

j=1 π
j
y,k

et Πy,nf =

Nn∑

i=1

Πi
y,n × f(xi

n).0.2.1.4 Filtrage de KalmanQuand on sort du 
adre dis
ret pré
édent, l'évaluation exa
te du �ltre en utilisantles équations (0.2.4) et (0.2.5) devient plus déli
ate, 
ar elle implique le 
al
ul su

essifd'intégrales. Le modèle d'état dit de Kalman-Bu
y 
onstitue un des rares modèles à espa
ed'états 
ontinu où une formulation expli
ite du �ltre est possible. On parle de �ltre dedimension �nie 2. On 
onsidère :




Xk = ρkXk−1 + θkεk+1, X0 ∼ N (m0,Σ0),

Yk = Xk + αkηk,

εk et ηk iid ∼ N (0, Id),

ρk, θk, αk ∈ Md(R).

(0.2.8)Dans 
e 
as parti
ulier, (Xk, Yk) est une suite gaussienne d'où l'en déduit que le�ltre Πk ainsi que la prédi
tion Πk+1|k sont gaussiens de lois respe
tives N (mk,Σk) et2Filtres dé
rivant des lois paramétrées par un ensemble �ni de paramètres
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N (mk+1|k,Σk+1|k). Les paramètres mk, Σk, mk+1|k et Σk+1|k sont 
onnus ré
ursivementpar l'algorithme suivant (Cf. [21℄), k = 1, . . . , n :

mk+1|k = ρkmk,

Σk+1|k = ρkΣkρ
′
k + θkθ

′
k,

mk = mk|k−1 +Kk

(
Yk −mk|k−1

)
,

Σk = (I −Kk)Σk|k−1,

Kk = Σk|k−1

(
Σk|k−1 + αkα

′
k

)−1
.

(0.2.9)
0.2.1.5 Le �ltre expli
ite de dimension in�nieDans un 
adre plus général, le modèle d'états est non linéaire ou non gaussien. Dans
es 
as plusieurs travaux ont été élaborés pour dé�nir les 
onditions permettant d'avoir des�ltres de dimension �nie. On 
itera dans 
e sens [52, 50℄ pour les �ltres à temps dis
ret, et[13℄ pour les �ltres à temps 
ontinu. Les résultats de 
es travaux montrent qu'en dehors dequelques 
as parti
uliers ([8, 12, 11, 10℄), peu de modèles permettent de dé�nir des �ltresde dimension �nie.Dans 
e paragraphe nous nous interessons au �ltre expli
ite à dimension in�nie introduitdans [18, 19, 12℄ qui sera repris plus tard dans les exemples d'appli
ation (voir Chapitre2). L'idée est de dé�nir une famille paramétrée de lois invariantes par les opérations deprédi
tion (0.2.4) et de mise à jour (0.2.5), en adoptant des 
onditions su�santes sur latransition du signal Pk et sur la vraisemblan
e gk. On introduit des familles (F i,θ)i∈N,θ∈Θde lois paramétrées par un ensemble �ni donné Θ qu'on élargit en une famille F̄ par lemoyen de mélanges à 
oe�
ients α = (αi)i∈N ∈ S.

F̄ = {ν =
∑

i≥0

αiν
i
θ, α = (αi)i∈N ∈ S, θ ∈ Θ, νi

θ ∈ F i,θ},où S = {α = (αi)i∈N,∀i ≥ 0, αi ≥ 0,
∑

i≥0 αi = 1}.Le 
as intéressant en pratique est 
elui des 
oe�
ients de mélange de longueur �nie l ∈ Nvéri�ant αi = 0 pour tout i > l, qui permettent de dé�nir des lois dépendant d'un nombre�ni de paramètres. En partant d'un signal de loi initiale dans F̄ à paramètre de mélange �ni,on montre que la loi du �ltre et de la prédi
tion sont aussi dans F̄ et sont à 
oe�
ient demélange de longueur �nie. Ces paramètres sont 
al
ulables séquentiellement expli
itement(Cf. Algorithme 5).0.2.2 Les méthodes d'approximationOutre les développements parti
uliers pré
édents, des méthodes numériques ont étéadoptées pour fournir des estimations �ables dans les 
as où au
une solution expli
ite n'estdonnée. Bien que d'appro
hes di�érentes, 
es méthodes s'appuient toutes sur le prin
ipe
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tionde trouver une représentation �ni-dimensionnelle de la loi obje
tif Πk. Dans 
e qui suit,nous présentons su

intement trois méthodes d'approximation numérique.0.2.2.1 Filtre de Kalman étenduCette méthode est utilisée en 
as de modèles gaussiens mais non linéaires. Elle a pourprin
ipe de 
onsidérer que lo
alement, l'évolution du système peut être appro
hée par deséquations linéaires via des développements de Taylor à l'ordre un. On 
onsidère le systèmenon linéaire : {
Xk+1 = Fk(Xk, εk+1),

Yk = Gk(Xk) + αkηk.
(0.2.10)Pour 
e système, le pro
essus solution (Πk) n'est pas gaussien, ses moments ne peuvent être
al
ulés de manière simple. Cependant, 
e système peut être linéarisé a�n de permettrela 
onstru
tion d'un algorithme d'approximation ré
ursif du type (0.2.9). La loi du �ltre

Πk ainsi que 
elle de prédi
tion Πk|k−1 sont alors appro
hées par des lois gaussiennes
N (mk,Σk) et N (mk+1|k,Σk+1|k). Soit :

Xk+1 ≈ Fk(mk, 0) + DxFk(mk, 0)(Xk −mk) + DεFk(mk, 0)εk+1,

Yk ≈ Gk(mk|k−1) + DGk(mk|k−1)(Xk −mk|k−1) + αkηk.Par analogie au modèle linéaire gaussien, on dé�nit alors ré
ursivement :
mk+1|k = Fk(mk, 0),

Σk+1|k = DxFk(mk, 0)ΣkDxFk(mk, 0)′ + DεFk(mk, 0)DεFk(mk, 0)′,

mk = mk|k−1 +Kk

(
Yk −Gk(mk|k−1)

)
,

Σk =
(
I −KkDGk(mk|k−1)

)
Σk|k−1,

Kk = Σk|k−1DGk(mk|k−1)
′ (DGk(mk|k−1)Σk|k−1DGk(mk|k−1)

′ + αkα
′
k

)−1
.(0.2.11)A notre 
onnaissan
e, 
ette méthode n'est pas mathématiquement justi�ée dans le
as général même si plusieurs développement ont été faits pour des 
as parti
uliers (parexemple [48℄ pour des 
as d'observations en temps 
ontinu). Elle reste toutefois très utiliséedans la pratique. Son e�
a
ité est trés dégradée par l'existen
e de fortes non linéarités,l'impré
ision dans la spé
i�
ation de la loi initiale, l'instabilité du système [34, 46℄...0.2.2.2 Méthodes de grillesCette méthode s'appuie sur la 
onstru
tion de grilles d'approximation de 
haque va-riableXk par des variables dis
rètes. Dans les termes introduits en première se
tion, il s'agitde la 
onstru
tion de quanti�eurs des variablesXk et de la dé�nition de transitions dis
rètesd'une date à l'autre de manière à revenir au 
as du modèle dis
ret. Revenons aux dé�nitions
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tion et désignons par les X̂k les Nk-quanti�
ations des Xk. On notera
(Ai

k)1≤i≤Nk
la partition asso
iée à 
ette quanti�
ation et X̂k(Ω) = Γk = {x1

k, . . . , x
Nk

k }. Onpeut alors appro
her le �ltre ré
ursivement en dé�nissant l'estimateur π̂y,n par l'algorithmeinspiré du modèle d'états dis
ret ([1, 41℄) :
Ĥy,kf(xi

k−1) = E[f(X̂k)gk(X̂k, yk)|X̂k−1 = xi
k−1],

=

Nk∑

j=1

f(xj
k)P̂

ij
k−1gk(x

j
k, yk),

π̂y,0f = E[f(X̂0)],

π̂y,kf = π̂y,k−1Ĥy,kf.En 
onsidérant que π̂y,k ∈ M1,Nk
(R) et que Ĥy,k ∈ MNk−1,Nk

(R), on aboutit au systèmeré
ursif matri
iel suivant :̂
H ij

y,k = P̂
ij
k−1gk(x

j
k, yk), 0 < k ≤ n,

π̂y,0 = µ̂0 = Ĥy,0,

π̂y,k = π̂y,k−1Ĥy,k.Le 
hoix du quanti�eur, notamment de la grille Γk et de la partition asso
iée 
onstituentun point 
ru
ial dans la qualité de l'estimation. Comme pour le problème de l'intégrationnumérique, il est possible de voir 
ette appro
he 
omme une approximation à l'ordre zérodes opérateurs Rk dans (0.2.7). Ils sont séquentiellement appro
hés par des opérateurs
onstants par mor
eaux :
R̂y,nf = f,

R̂y,k−1f = Ĥy,kR̂y,kf, 1 ≤ k ≤ n,
(0.2.12)pour obtenir de manière équivalente π̂y,n = R̂y,0.Dans [41℄, 
ette dé�nition rétrograde (0.2.12) permet d'établir un 
ontr�le de l'erreurpour un 
hoix judi
ieux du quanti�eur et de la fon
tion test f . En e�et, un 
hoix dequanti�eur L2-optimal nous permet d'établir un taux de 
onvergen
e vers zero par le biaisdu théorème de Zador. Ce
i est possible à travers le 
ontr�le de l'erreur sur le �ltre parl'erreur de quanti�
ation :Théorème 0.2.2 [41℄Supposons Pk est Lips
hitzien et f est bornée Lips
hitzienne 
ontinue, alors il existe unesuite positive de 
onstantes (Cn

j (y))0≤j≤n telles que :
|πnf − π̂nf | ≤

n∑

j=0

Cn
j (y)‖Xj − X̂j‖2.
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tionRemarque 0.2.2 La dépendan
e en les observations des 
onstantes réelles Cn
j (y) peuventêtre rendues expli
ites. (Cf. [41℄).Remarque 0.2.3 Le résultat du Théorème 0.2.2 rend aussi e�
a
e le 
hoix d'un quan-ti�eur Lp-optimal pour établir un taux de 
onvergen
e de l'erreur vers zéro. Le 
hoixquadratique est justi�é par la fa
ilité relative du 
al
ul numérique des grilles de quant�
a-tion.0.2.2.3 Méthodes parti
ulairesCe sont des méthodes probabilistes où l'approximation est justi�ée par la loi des grandsnombres. L'idée est pro
he des méthodes de grilles, dans le sens où le prin
ipe d'appro-
her la loi par une mesure dis
rete �nie est retenue. Comme pour le problème d'intégrationnumérique par méthode de Monte Carlo, 
ette mesure dis
rète 
harge les points d'un é
han-tillon aléatoire appelé système de parti
ules. L'algorithme du �ltre à parti
ules s'appuieensuite sur la propagation dans le temps du système de parti
ules initialement issus d'uné
hantillon de la loi initiale µ0. L'algorithme le plus élémentaire de �ltrage parti
ulaire estle �ltre de Monte Carlo pondéré, appelé aussi SIS pour Sequential Importan
e Samplingalgorithm. Pour 
haque date d'observation k, on dé�nit l'estimateur ΠM

k f par :
ΠM

k f =

M∑

i=1

wi
kf(Xi

k) où Xi
k iid ∼ L(X0:k) et wi

k =
gk(X

i
k)w

i
k−1∑M

i=1 gk(X
i
k)w

i
k−1

.Cet algorithme né
essite de savoir simuler la loi jointe L(X0:k) 
e qui a l'avantage depouvoir se faire ré
ursivement grâ
e à la nature markovienne du signal.D'un point de vue pratique, l'attrait de 
ette méthode réside dans la possibilité d'uneé
riture séquentielle de la solution en utilisant les équations (0.2.4) et (0.2.5). En e�et, étantdonné un système de parti
ules (Xi
0:k)1≤i≤M selon L(X0:k), les é
hantillons (Xi

0:k+1)1≤i≤Msimulés selon la transition Pk à partir de (Xi
0:k)1≤i≤M sont iid selon L(X0:k+1) et d'après(0.2.4) on dé�nit la prédi
tion empirique :

ΠM
k+1|kf =

M∑

i=1

wi
kf(Xi

k+1).L'étape de 
orre
tion (0.2.5) intervient sur les pondérations wi
k par le 
al
ul de la valeurprise par gk en 
haque nouveau point simulé, soit :

ΠM
k+1f =

∑M
i=1 gk+1(X

i
k+1)w

i
kf(Xi

k+1)∑M
i=1 gk+1(X

i
k+1)w

i
k

=
M∑

i=1

wi
k+1f(Xi

k+1).Numériquement la méthode sou�re d'un problème de dégénéres
en
e des pondérations[1, 39℄. Pour y remédier, la solution la plus basique et la plus répandue dans la littérature
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ipaux résultats 25propose d'ajouter une étape de réé
hantillonnage a�n d'améliorer l'exploration de l'espa
ed'états par les parti
ules [22, 15℄. Ce type d'algorithmes séquentiels ave
 réé
hantillonnagemultiplie les parti
ules à fortes pondérations et élimine les autres, il est retrouvé sous plu-sieurs appellations : �ltre parti
ulaire ave
 intera
tion [39℄, �ltre Bootsrap [24℄ ou �ltreMonte Carlo [39, 36, 30℄, on le notera SIR pour Sequential Importan
e Resampling. Dif-férents types de 
onvergen
e de 
es méthodes sont établis dans [14, 15℄. Il est 
ependantné
essaire de mentionner que la solution du réé
hantillonnage peut s'avérer insu�santedans plusieurs 
as pratiques. Il arrive en e�et qu'elle apauvrisse la population des parti-
ules en 
on
entrant le nuage sur peu de points. La taille e�e
tive est ainsi réduite, on parlede dégénéres
en
e des parti
ules du �ltre SIR. On se reportera à [1, 39℄ et aux référen
esqu'ils 
ontiennent, pour une revue de quelques variantes permettant de résoudre 
e typede problèmes.0.3 Prin
ipaux résultatsCette thèse présente quelques 
ontributions à la résolution du problème du �ltrageen utilisant la méthode de la quanti�
ation optimale. Nous nous sommes intéressés auxproblèmes théoriques posés par la majoration de l'erreur dans di�érentes appli
ations du �l-trage par quanti�
ation et à la véri�
ation numérique de 
es résultats via l'implémentationsur ma
hine. Ce travail s'arti
ule en deux parties. La première est 
onsa
rée à l'approfon-dissement des méthodes de �ltrage par quanti�
ation déjà 
onstruites par Pagès et Phamdans [41℄, en utilisant une appro
he de développement au premier ordre (Chapitre 1). La
omparaison numérique de 
ette appro
he par grilles à l'appro
he Monte Carlo des �ltresparti
ulaires fait l'objet du Chapitre 2, dans lequel 
ette étude se dresse à travers plusieursmodèles d'états. Dans la deuxième partie, nous nous sommes intéressés à l'optimisation dela pro
édure du �ltrage numérique par le moyen de grilles de quanti�
ation pré
al
uléessoit à travers la quanti�
ation des observations d'une part (Chapitre 3) ou d'autre part àtravers la quanti�
ation du �ltre même (Chapitre 4). Le but dans la première appro
heétait d'élaborer un algorithme de 
al
ul plus rapide, tout en établissant une majorationsatisfaisante de l'erreur. La deuxième visait à donner une solution numérique au problèmed'évaluation d'option améri
aine dans le 
adre d'un mar
hé à volatilité sto
hastique nonobservée.Le Chapitre 1 a été motivé par les travaux de Pagès, Pham et Printems [43℄, qui sug-géraient de 
onstruire des s
hémas dits d'ordre 1 (Cf. paragraphes 0.1.2 et 0.1.3) pourle 
al
ul du �ltre par quanti�
ation. L'introdu
tion de 
orre
teurs dits d'ordre 1, dansles formules ré
ursives (0.2.12), s'inspirant ainsi des résultats de Bally, Pagès et Printemsdans [6℄, a donné naissan
e à deux di�
ultés à dépasser pour aboutir à des algorithmesnumériques implémentables ayant une 
onvergen
e de type ordre 1. Il fallait proposer des
orre
teurs d'une part a

essibles numériquement, et d'autre part qui permettent d'établirune amélioration du type de 
onvergen
e. Nous proposons deux résolutions possibles du
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tionproblème selon les hypothèses sur le modèle d'état. Typiquement, 
omme dans [43℄, la réso-lution numérique rétrograde du �ltre par quanti�
ation permet de 
onstruire un squelettede s
héma dit s
héma générique d'ordre un, où les termes 
orre
teurs viennent s'ajouteraux approximations d'ordre zéro à la manière d'un développement de Taylor.




R̂nf = f,

D̂Rnf = Df,

R̂kf = E[gk+1(Xk+1, yk+1)
(
R̂k+1f(Xk+1 + 〈D̂Rk+1f(X̂k+1),∆k+1〉

)
|X̂k],

0 ≤ k ≤ n− 1. (0.3.1)Dans les deux algorithmes proposés dans le Chapitre 1, nous dé�nissons l'opérateur
D̂Rk+1f 
omme une approximation d'ordre zéro de DRkf , en partant de deux é
rituresdi�érentes de 
e dernier. Le premier algorithme Algorithme 1 s'appuie sur une dé�nitionré
ursive donnant DRk en fon
tion de DRk+1, le deuxième Algorithme 2 sur une transfor-mation à la Malliavin de DRk pour le réé
rire en fon
tion de Rk+1 et d'une fon
tion poidsque l'on dé�nit (Cf. [6℄). Sous les hypothèses permettant ses 
onstru
tions et d'autres surla dynamique du signal, nous établissons que les approximations de �ltre π̂y,n issues de telss
hémas améliorent le résultat du Théorème 0.2.2 (Théorèmes 1.3.1 et 1.4.1).Dans le Chapitre 2, nous dressons une étude 
omparative de l'implémentation et dela 
onvergen
e numérique de 
es �ltres par quanti�
ation ave
 les �ltres à parti
ules. Ilest intéressant d'y voir le parallèle qui peut être fait 
on
eptuellement entre les deuxappro
hes. A partir des di�érents exemples de modèles d'état qu'on a testés, il se dégageque les méthodes de �ltrage par quanti�
ation s'avèrent e�
a
es en termes de 
onvergen
emême si leur 
omplexité numérique augmente en dimension supérieure à 1. Par rapportaux méthodes à parti
ules, elles ont l'avantage de donner une estimation déterministe au�ltre et d'éviter les problèmes posés par la varian
e des solutions parti
ulaires.Dans le Chapitre 3, nous étendons la notion de quanti�
ation des observations intro-duite par [38℄ pour les �ltres à modèles d'états dis
ret (Cf. paragraphe 0.2.1.3) au 
as des�ltres à espa
e d'états 
ontinu (Algorithmes 6 et 7). Ce
i est rendu possible par l'adoptiondes s
hémas numériques de �ltres par quanti�
ation. En e�et, par son prin
ipe de pré-traitement o�ine, le �ltrage par quanti�
ation permet de sto
ker au préalable, en plus desquanti�eurs du signal, les fon
tions de vraisemeblan
e évaluées sur les produits des grillesde quanti�
ation du signal et de l'observation. En projetant l'observation sur sa grille dequanti�
ation, il est ainsi possible de 
onstruire un algorithme ne faisant pas intervenir le
al
ul de la vraisemblan
e online et par 
onséqeunt plus rapide. L'erreur L1 sur l'estimationdu �ltre aléatoire ΠY,n est 
ontr�lée par l'erreur de quanti�
ation de l'observation dans le
as dis
ret (Théorème 3.2.1), et par 
elle de l'observation et du signal dans le 
as 
ontinu(Théorème 3.3.2).Comme pour le signal, la pro
édure de prétraitement des observations permet d'a

élé-rer l'éxé
ution numérique du s
héma d'estimation. Elle permet aussi d'envisager un pré-
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ipaux résultats 27traitement 
omplet du �ltre par quanti�
ation. Ce
i est étudié dans de plus amples détailsdans le Chapitre 4 à travers une appli
ation en �nan
e.Nous nous sommes intéressés au problème d'évaluation d'options améri
aines dans le
adre d'un modèle de mar
hé à volatilité sto
hastique. La volatilitéXk est modélisée 
ommeun signal Markovien 
a
hé, dont le prix d'a
tif Yk 
onstitue une observation bruitée. Nousdonnons une résolution numérique du problème de re
her
he de temps d'arrêt dans 
e 
adrede mar
hé à information in
omplète. Soit :
u0 = sup

τ∈T Y
n

E

[
τ∑

k=0

f(Xk, Yk) + h(Xτ , Yτ )

]
, (0.3.2)où T Y

n est l'ensemble des temps d'arrêt adaptés à la �ltration des observations (FY
k ) =

(σ{Y0, . . . , Yk}) à valeurs dans {0, . . . , n}. En 
onsidérant la variable Zk = (Yk,ΠY,k), 
eproblème est transformé en un problème de temps d'arrêt à information 
omplète :
u0 = sup

τ∈T Y
n

E

[
τ∑

k=0

f̂(Zk) + ĥ(Zτ )

]
. (0.3.3)où Zk sera une 
haîne de Markov par rapport à (P, (FY

k )). La résolution par quanti�
ation,à la manière de Bally et Pagès dans [4℄ est ainsi rendue possible. Une majoration de l'erreurest donnée par le Théorème 4.4.2. Sur le plan numérique, 
et exemple est illustré par unproblème d'évaluation d'option améri
aine, il est 
onstaté que la valeur de l'option en ob-servation partielle 
onverge vers 
elle à observation totale, quand la taille des quanti�eurstend vers +∞.Le 
hapitre 4 porte sur un arti
le 
o-é
rit ave
 H. Pham et W. Runggaldier et publiédans [47℄. Les autres 
hapitres font l'objet de pré-publi
ations du laboratoire de Probabi-lités et Modèles Aléatoires. Tous les 
hapitres peuvent être lus indépendamment les unsdes autres, le le
teur est prié d'ex
user les répétitions inévitables dans les dé�nitions etpréliminaires.
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Chapter 1First Order s
hemesPrépubli
ation du laboratoire de Probabilités et Modèles Aléatoires [54℄The quantization based �ltering method (see [41℄, [43℄) is a grid based approximationmethod to solve nonlinear �ltering problems with dis
rete time observations. It relies ono�-line prepro
essing of some signal grids in order to 
onstru
t fast re
ursive s
hemes for�lter approximation. We give here an improvement of this method by taking advantageof the stationary quantizer property. The key ingredient is the use of vanishing 
orre
tionterms to des
ribe s
hemes based on pie
ewise linear approximations. Convergen
e resultsare given and 
omparison with sequential Monte Carlo methods is made. Numeri
al resultsare presented for both parti
ular 
ases of linear Gaussian models and sto
hasti
 volatilitymodels.Key words: Quantization, nonlinear �ltering, o�ine prepro
essing, stationary quantizer,sto
hasti
 volatility models.

31



32 First Order s
hemes1.1 Introdu
tionIn several s
ienti�
 �elds, it is often required to estimate the 
hanging state of a systemusing noisy observations of its evolution over time. A 
ommon manner to do this is theBayesian approa
h whi
h 
onstru
ts the probability density fun
tion (pdf) of the state ata given date 
onditionally to all the available observations till this date.In the Gaussian linear 
ase, 
alled also the Kalman 
ase (KF) [21, 1℄, the required pdf isGaussian and by 
omputing sequentially its two �rst moments, we 
an determine it exa
tly.So in this 
ase an expli
it solution is provided. Unfortunately, ex
ept in this 
ase, or in afew other 
ases like the dis
rete �nite state spa
e [1℄ and some other mixing Gaussian mod-els [18℄, there is usually no 
losed expression to the problem solution. So, many numeri
alestimations have been suggested to represent and re
ursively produ
e approximations ofthe state pdf.In this 
ontext, two di�erent approa
hes 
an be mentioned: �srt, the requierd pdf is rep-resented as a sample whi
h would provide an approximation of the distribution when itssize be
omes very large [15℄, this in
ludes for example bootstrap Bayesian method [24℄ orthe intera
ting parti
le �lter [36, 39℄. Se
ond, a quantization of the state spa
e is usedin order to 
ome ba
k to the dis
rete �nite 
ase. As the size of the quantizations growsto in�nity, it is shown that we 
an asymptoti
ally approa
h the 
ontinuous in�nite statespa
e 
ase. Here, the deal will be in estimating some weights asso
iated to some given gridpoints, whi
h de�ne a �nite state dis
rete distribution. This distribution will approa
hthe 
ontinuous spa
e 
ase as the grid size gets larger. The weighted Monte Carlo �lter[1, 39, 15℄ using random samples to 
ompute grids and the Kitagawa method [29℄ for linearnon Gaussian models using prede�ned grids and optimal quantization �ltering [41℄ usingo� line 
omputations to produ
e an optimal quantization of the state pro
ess are examplesof this approa
h.The te
hnique of optimal quantization of random ve
tors is espe
ially useful in problemswhere many expe
tations or 
onditional expe
tations need to be 
omputed. It appears asan e�
ient method to transform an integral into a �nite weighted sum with a 
ontrolled ap-proximation error. We 
an �nd some appli
ations of this te
hnique in [43, 4℄. In [44℄, somenumeri
al methods to 
onstru
t optimal quantization grids for multidimensional Gaussiandistributions are given.Now for the pdf estimation problem we treat here, we use Kallianpur-Striebel formula [27℄to derive a dynami
 programming formula allowing to estimate the pdf re
ursively. Likein [41℄, this approa
h makes possible the use of quantization at ea
h time step in order to
ompute 
onditional expe
tations. We will 
all the algorithm introdu
ed in [41℄ the zeroorder s
heme.In this paper, we are interested by �rst order approximation using optimal or at leaststationary quantizers to estimate the required pdf. This approa
h was �rst introdu
edin [6℄ for solving optimal stopping time problems, namely multi-asset Ameri
an option
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ing. It improves the 
onvergen
e rate of the method. In [43℄, a �rst sket
h of thisidea is presented for pdf estimation but with a pseudo-numeri
al s
heme, whi
h 
annot beimplemented in pra
ti
e. Our aim here is to propose operating �rst order s
hemes whi
himprove the 
onvergen
e rate of the zero order s
hemes from both theoreti
al and pra
ti
alviewpoints. We �rst present them in a ba
kward way; this is the natural manner to devisethem and the appropriate formulation to establish error estimates. Then, we show how toderive the forward formulation to be implemented in pra
ti
e.The paper is organized as follows: in the se
ond se
tion we give some brief preliminarieson quantization and �ltering. The third and fourth se
tions will deal with the algorithmsusing �rst order s
hemes. Ea
h one presents the approximation pro
edure, the s
hemes intheir ba
kward and forward formulation and �nally 
onvergen
e theorems. Then, the �fthse
tion is dedi
ated to summarize the previous results, and enlarge them to the 
ase ofnormalized �lters. Finally, numeri
al results are presented in the sixth se
tion, in
luding
omparison with parti
le methods for several models.Notations:
p ∈ (1,+∞) is a �xed real number, |.| and ‖.‖p denote respe
tively Eu
lidean norm on
R

d and Lp-norm. C1
b,Lip is the set of 
ontinuous di�erentiable fun
tions R

d → R, boundedwith bounded Lips
hitz 
ontinuous derivative and Ck
b the set of 
ontinuous k-times dif-ferentiable fun
tions R

d → R, bounded with bounded derivatives. We will also de�ne
‖f‖∞ = supx∈Rd |f(x)| and [f ]Lip = supx 6=x′

|f(x)−f(x′)|
|x−x′| . α > 0 denotes a generi
 
onstant,

〈., .〉 the Eu
lidean inner produ
t on R
d, A′ the transpose of the real matrix A. Finally,

(ei)1≤i≤d is the 
anoni
al orthonormal basis of R
d.1.2 Preliminaries1.2.1 Quantization �ltering s
hemesWe 
onsider a �xed dis
rete horizon n ∈ N

∗ and some probability spa
e (Ω,F ,P). A signalpro
ess is an R
d-valued dis
rete time hidden Markov 
hain (Xk)0≤k≤n evolving a

ordingto the following signal equation:

Xk+1 = Fk+1(Xk, εk+1), 0 ≤ k ≤ n− 1, (1.2.1)where Fk : R
d ×R

q → R
d, is a Borel fun
tion and (εk)1<k≤n is a sequen
e of iid R

q-valuedrandom variables, independent of X0. The distribution µ0 of X0 is supposed to be known.Furthermore, Pk(x, dx
′) will denote the probability transition of Xk, and:

µ0f =

∫
f(x)µ0(dx) and Pkf(x) =

∫
f(x′)Pk(x, dx

′).At ea
h time step k, Yk an R
d′-valued noisy observation of Xk is made. The dynami
s ofthe observation pro
ess (Yk)0≤k≤n are driven by Borel fun
tions Gk : R

d′ ×R
d ×R

q′ → R
d′
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hemesso that:
Yk = Gk(Yk−1, Xk, ηk), 1 ≤ k ≤ n, (1.2.2)where (ηk) is a sequen
e of iid R

q′-valued random variables, independent of σ(X0, εk, k ≥ 1).We assume for 
onvenien
e, that Y0 = 0 and that, for every 1 ≤ k ≤ n, the distributionof Yk given Xk and Yk−1 admits a 
ontinuous 
onditional pdf y 7→ gk(Yk−1, Xk, y). Wesuppose in addition that gk satis�es the following Lips
hitz assumption:
∀x, x′ ∈ R

d, ∀y, y′ ∈ R
d′ ,

|gk(y, x, y
′) − gk(y, x

′, y′)| ≤ [gk]
y,y′

Lip |x− x′| and max
0≤k≤n

sup
x∈Rd

|gk(y, x, y
′)| ≤ Ly,y′

< +∞.Remark 1.2.1 As the observation pro
ess is �xed, we will drop the dependan
y of [gk]
y,y′

Lipand Ly,y′ in (y, y′) for notational 
onvenien
e.The problem we aim to solve is to 
ompute
Πnf = E[f(Xn)|Y1 = y1, . . . , Yn = yn],for any reasonable Borel fun
tion f : R

d → R and a given observation sequen
e y =

(y1, . . . , yn).Using Kallianpur-Striebel formula [27℄, the problem 
an be redu
ed to the 
omputationof the unnormalized �lter πn de�ned by:
πnf = E[f(Xn)

n∏

k=1

gk(yk−1, Xk, yk)].Then, Πnf = πnf
πn1

.Remark 1.2.2 For 
onvenien
e, the dependen
y of Πn and πn in the observation pro
esshas been omitted, as y is �xed. For the same reason, we will denote gk(x) := gk(yk−1, x, yk)for 1 ≤ k ≤ n, and g0 := 1.By introdu
ing the operators (Hk)0≤k≤n de�ned below, a sequential de�nition of the un-normalized �lter πn 
an be given.Namely, if one de�nes, for every x ∈ R
d:

{
Hkf(x) = gk(x)E[f(Xk+1)|Xk = x], 0 ≤ k ≤ n− 1,

Hn
nf(x) = gn(x)f(x),

(1.2.3)then we have
πnf = µ0 ◦H0 · · · ◦Hn

nf. (1.2.4)Consequently, we 
an write sequentially, either in the forward way:
U0 = µ0 ◦H0 , Uk = Uk−1 ◦Hk , 1 ≤ k ≤ n− 1, (1.2.5)
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kward way:
Rn = Hn

n , Rk = Hk ◦Rk+1 , 0 ≤ k ≤ n− 1, (1.2.6)so that πnf = µ0R0f = Un−1 ◦Hn
nf .Remark 1.2.3 Note that if Gk depends on Xk−1 instead of Xk for 1 ≤ k ≤ n, we are ledto 
onsider the 
onditional pdf of Yk, given Xk−1 and Yk−1. We 
an then de�ne di�erentlythe operators Hk so that πnf still satisfy formally equation (1.2.4).Namely, {

Hkf(x) = gk+1(x)E[f(Xk+1)|Xk = x], 0 ≤ k ≤ n− 1,

Hn
nf(x) = f(x).

(1.2.7)Then, s
hemes (1.2.5) and (1.2.6), with this new de�nition of the (Hk) operators, are stillvalid.Remark 1.2.4 When Gk depends on both Xk−1 and Xk, we 
an also adapt the s
heme tothe modi�ed R
2d-valued signal Markov 
hain Zk = (Xk−1, Xk) and the same observationpro
ess Yk. In this 
ase we de�ne the new observation dynami
s:

Ḡk(Yk−1, Zk, ηk)
Def
= Gk(Xk−1, Yk−1, Xk, ηk).We su

eed then to restore state equations of type (1.2.1) and (1.2.2). The point is thatin this 
ase, the signal dimension is twi
e the original one. This 
an be numeri
ally 
on-straining, parti
ularly when using grid based approximation methods.From the re
ursive de�nition of either Uk or Rk, it be
omes 
lear that it will be usefulto approximate Xk by a random variable X̂k taking a �nite number of values, in order totransform 
onditional expe
tations in �nite weighted sums. This operation is 
ommonly
alled quantization, and is extensively used in signal pro
essing �elds (see [25, 4, 44℄).Temporarily, we suppose that we are able to 
onstru
t su
h an approximation X̂k. Wede�ne the indu
ed error ∆k := Xk − X̂k. Further details about the error modulus ‖∆k‖p,

p ≥ 1 will be given in the next paragraph. In [41℄, these quantizations X̂k are usedto produ
e a pie
ewise 
onstant approximation of Rk. So, the natural approximationpro
edure by quantization, as de�ned in (1.2.8) below appears as a zero order s
heme.It is de�ned as follows:



ˆ̂
Hkf(X̂k) = gk(X̂k)E[f(X̂k+1)|X̂k], 0 ≤ k ≤ n− 1,
ˆ̂
Hn

nf(X̂n) = gn(X̂n)f(X̂n).
(1.2.8)De�ning µ̂0 the dis
rete distribution of X̂0, we have respe
tively the following forward andba
kward iterative zero order approximation s
hemes:

ˆ̂
U0 = µ̂0

ˆ̂
H0 ,

ˆ̂
Uk =

ˆ̂
Uk−1 ◦ ˆ̂

Hk , 1 ≤ k ≤ n− 1, (1.2.9)
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hemesand
ˆ̂
Rn = Hn

n ,
ˆ̂
Rk =

ˆ̂
Hk ◦ ˆ̂

Rk+1 , 0 ≤ k ≤ n− 1, (1.2.10)so that ˆ̂πnf = µ̂0
ˆ̂
R0f =

ˆ̂
Un−1 ◦Hn

nf .Formally, this s
heme is slightly di�erent from that presented in [41℄ (the de�nition of Hkoperators is di�erent indu
ing a shifted s
heme stru
ture). Nevertheless, the zero orderquantization �lter estimator itself remains the same. This form of the s
heme allows toprodu
e 
ostlessly some error bounds for a wider 
lass of test fun
tions f than in theoriginal theorem established in [41℄.Theorem 1.2.1 Assume that the transition kernels Pk of the signal Markov 
hain areK-Lips
hitz operators i.e ∀f : R
d → R Lips
hitz, [Pkf ]Lip ≤ K[f ]Lip.Then, for any f su
h that Hn

nf is bounded Lips
hitz 
ontinuous, and 0 ≤ k ≤ n, thereexists a sequen
e of positive 
onstants (Ck,n
j )k≤j≤n su
h that:

‖Rkf(Xk) − ˆ̂
Rkf(X̂k)‖p ≤

n∑

j=k

Ck,n
j ‖∆j‖pand Ck,n

j ≤ α(p, f)Ln−k Kn−j+1−1
K−1 .Proof.The proof of this result is easily adapted from [41℄ by 
onsidering the shifted s
heme(1.2.10), based on the de�nition (1.2.3) of the Hk operators. We simply take in 
onsider-ation that at the last date, we will have Hn

nf instead of f . For that reason, the Lips
hitzbounded assumption is made on Hn
nf rather than on f . For a detailed proof, see Appendix1.6.3. 2Remark 1.2.5 This shifted stru
ture (1.2.10) of the zero order s
heme 
an be useful sin
eregularity and boundedness assumptions have to be satis�ed by Hn

nf instead of f (see [41℄).This is an advantage, parti
ularly when the 
onditional pdf gk goes to zero very fast as
|x| → +∞. For example, if gn(x) = 1√

2π
exp(− |yn−x|2

2 ), Hn
nf is Lips
hitz 
ontinuous andbounded for f bounded Lips
hitz 
ontinuous as well as for any Lips
hitz fun
tion f su
hthat |f(x)| = O(exp(α|x|2

2 )) for some 0 < α < 1.Corollary 1.2.1 If Pk is Lips
hitz and Hn
nf is bounded Lips
hitz 
ontinuous, then thereexists a sequen
e of positive 
onstants (Cn

j )0≤j≤n su
h that:
|πnf − ˆ̂πnf | ≤

n∑

j=0

Cn
j ‖∆j‖p.Let us now examine the quantization error ∆k and try to establish some 
onvergen
erate toward 0, in whi
h 
ase Corollary 1.2.1 will give a 
onvergen
e rate of the zero orderquantization �lter estimation.
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kground on quantization and optimal quantizationThe aim of quantization is the de�nition of a random variable taking �nite number ofvalues in R
d as an approximation of an R

d-valued one. In this paragraph, we will presentresults useful to our work, further details 
an be found in [25, 44℄.Let X : (Ω,F ,P) → R
d be a random ve
tor and let PX denote its probability distribution.A positive integer N being �xed, let h : R

d → R
d be a Borel map su
h that |h(Rd)| ≤ N .We say that h(X) is a N -quantization of X and that h(Rd) is a N -quantizer. For 
onve-nien
e, the fun
tion h itself will be 
alled N -quantizer.Now, when X ∈ Lp(Ω), we aim to 
onstru
t an Lp-optimal N -quantization of X. Thatis to determine the fun
tion h, if any, whi
h minimizes the Lp-quantization error.This amounts to solving the optimization problem:

inf{‖X − h(X)‖p
p, h : R

d → R
d, Borel map s.t. |h(Rd)| ≤ N}. (1.2.11)This optimization problem has (at least) one solution (see e.g [25℄). Any su
h a solution

h∗ is 
alled an Lp-optimal N -quantizer (or Lp-optimal N -
odebook). Furthermore, oneshows that Lp-optimal N -quantizers have full size i.e |h∗(Rd)| = N and we denote Γ∗ :=

h∗(Rd) = {x1, . . . , xN}. It is 
lear that in this 
ase, h∗ will ne
essarily be a proje
tionfollowing the nearest neighbor rule on Γ∗. Namely:
h∗(ξ) =

N∑

i=1

xi1Ci(Γ∗)(ξ) (1.2.12)where (Ci(Γ
∗))1≤i≤N , 
alled the Voronoi diagram of Γ∗, makes up a Borel partition of R

dsatisfying :
Ci(Γ

∗) ⊂ {ξ ∈ R
d s.t. |ξ − xi| = min

1≤k≤N
|ξ − xk|}.As a 
onsequen
e, the indu
ed Lp-mean quantization error (or Lp-distortion) reads:

DX,p
N := ‖X − h∗(X)‖p

p = ‖ min
1≤i≤N

|X − xi|‖p
p.A

ording to [25, 4℄, DX,p

N is a (stri
tly) de
reasing sequen
e 
onverging to 0 when N →
+∞. Furthermore, the rate of 
onvergen
e of DX,p

N toward 0 is ruled by Zador's Theorem:Theorem 1.2.2 (see [25, 4℄) Assume that ∫
Rd |ξ|p+η

PX(dξ) < +∞ for some η > 0. Then
lim
N

(N
p
dDX,p

N ) = Jp,d‖ϕ‖ d
d+pwhere PX(dξ) = φ(ξ)λd(dξ) + µ̄(dξ), µ̄⊥λd (λd Lebesgue measure on R

d) and for every
q ∈ R

∗
+, ‖g‖q := (

∫
|g|q(u)du)

1
q .
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hemesThis theorem, 
ombined with Corollary 1.2.1 establishes a 
onvergen
e rate result for thequantization based zero order s
heme (1.2.9).Now let us introdu
e an important property of quadrati
 optimal quantizers:Proposition 1.2.1 (Stationary quantizer property)If X̂ is a L2-optimal N -quantization of X, then the stationary quantizer property is veri�ed.Namely,
E[X|X̂] = X̂. (1.2.13)This property is of great help to appre
iate the quality of some estimations. This isshown in further details in [44℄ for numeri
al integration and in [6℄ for optimal stoppingproblems. To illustrate this point by a short example, take the problem of approximating

f(X) by f(X̂), when f ∈ C2
b . We have for some ξ ∈ (X, X̂):

f(X) − f(X̂) = 〈Df(X̂),∆〉 +
1

2
∆′D2f(ξ)∆.So, if X̂ is a stationary N -quantization of X, we have:

E[f(X)|X̂] − f(X̂) = 〈Df(X̂),E[∆|X̂]〉 +
1

2
E[∆′D2f(ξ)∆|X̂]

‖E[f(X)|X̂] − f(X̂)‖p ≤ 1

2
‖D2f‖∞‖〈∆,∆〉‖p ≤ 1

2
‖D2f‖∞‖∆‖2

2pWe see that, owing to the stationary quantizer property (1.2.13) we su

eed to gain oneorder in estimation 
ostlessly.Ba
k to our �ltering problem, we are interested in quantizing the Markov 
hain (Xk)0≤k≤n.We must settle at ea
h step 0 ≤ k ≤ n, a quantizer size Nk and an Lp-optimal Nk-quantizer of Xk denoted Γk = {x1
k, . . . , x

Nk

k }. Consequently, we de�ne (X̂k) an Lp-optimal
(Nk)-quantization of the pro
ess (Xk) by:

X̂k =

Nk∑

i=1

xi
k1Ci(Γk)(Xk), for 0 ≤ k ≤ n. (1.2.14)As the resulting pro
ess (X̂k)0≤k≤n is no longer a Markov 
hain, this pro
edure is 
alledmarginal quantization1 of the pro
ess (Xk).Nevertheless, an approximation of the transition kernels Pk of the 
hain is provided by thefollowing transition probability terms:

pij
k = P[X̂k+1 = xj

k+1|X̂k = xi
k], i ∈ {1, . . . , Nk} and j ∈ {1, . . . , Nk+1}.For 0 ≤ k < n and i ∈ {1, . . . , Nk}, we will denote

P̂kf(xi
k) = E[f(X̂k+1)|X̂k = xi

k] =

Nk+1∑

j=1

f(xj
k+1)p

ij
k .1More details on pro
ess quantization are given in [41℄.



Preliminaries 391.2.3 Generi
 �rst order s
hemeAs Theorem 1.2.2 gives a 
onvergen
e rate of DXk,p
N toward zero, results su
h as Corollary1.2.1 suggest that the quantization �lter s
heme would lead to better results if we su

eedto upper bound the error by higher powers of ‖∆j‖p. This leads us to the idea of mimi
king�rst order Taylor expansions in the Rk approximation.From now on, (X̂k) denotes a marginal stationary (Nk)-quantization of (Xk), and we denote

X̂k(Ω) = Γk = {x1
k, . . . , x

Nk

k }. So, X̂k =
∑Nk

i=1 x
i
k1Ci(Γk). Sin
e X̂k is σ(Xk)-measurable,using the 
haining rule for 
onditional expe
tation E[.|X̂k] = E[E[.|Xk]|X̂k] yields:

E[f(Xk+1)|X̂k] = E[Pkf(Xk)|X̂k]. (1.2.15)In view of Proposition 1.2.1, if D(Pkf) exists (and is Lips
hitz) we 
an write:
E[f(Xk+1)|X̂k] = Pkf(X̂k) + 〈D(Pkf)(X̂k),

0︷ ︸︸ ︷
E[∆k|X̂k]〉 +O(|∆k|2). (1.2.16)We 
an then approa
h E[f(Xk+1)|X̂k] by Pkf(X̂k) with an L1-estimation error of order

O(‖∆k‖2
2). This is the key idea for 
onstru
ting �rst order quantization s
hemes. For su
ha purpose, we assume that:H 1 For any observation pro
ess y, all fun
tions gk lie in C1

b,Lip and there exists L > 0su
h that
max

0≤k≤n
{‖gk‖∞, ‖Dgk‖∞, [Dgk]Lip} ≤ L.and that:H 2 Pk is K-Lips
hitz and ∀f ∈ C1

b,Lip:
Pkf ∈ C1

b,Lip and [DPkf ]Lip ≤ K(‖Df‖∞ ∨ [Df ]Lip).Remark 1.2.6 Noti
e that under assumption H2, for f ∈ C1
b,Lip we have:

‖DPkf‖∞ = [Pkf ]Lip ≤ K[f ]Lip = K‖Df‖∞Under these assumptions, we 
an see that ∀f ∈ C1
b,Lip, ∀0 ≤ k ≤ n − 1, Rkf de�nedre
ursively by (1.2.6), is di�erentiable and:

DRkf = DgkPkRk+1f + gkDPkRk+1f (1.2.17)So, we 
an establish the following proposition, using a ba
kward indu
tion:
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hemesProposition 1.2.2 Assuming H1 and H2 involves:
∀f ∈ C1 su
h that Hn

nf ∈ C1
b,Lip, we have ∀0 ≤ k ≤ n− 1, Rkf ∈ C1

b,Lip.Furthermore:
‖Rkf‖∞ ≤ Ln−k‖Hn

nf‖∞

‖DRkf‖∞ ≤ (LK)n−k‖DHn
nf‖∞ + Ln−k‖Hn

nf‖∞
Kn−k − 1

K − 1
uk := ‖DRkf‖∞ ∨ [DRkf ]∞

≤ (3LK)n−kun + Ln−k‖Hn
nf‖∞

(3K)n−k − 1

3K − 1with the 
onvention Km−1
K−1 = m when K = 1.Proof. The proof is based on an indu
tion on k. Suppose for a given 0 ≤ k ≤ n − 1,

Rk+1f ∈ C1
b,Lip.(Noti
e that Hn

nf ∈ C1
b,Lip by assumption).By de�nition, we have Rkf = gkPkRk+1f .A

ording to H1 and H2, we 
an establish easily that Rkf ∈ C1

b,Lip, through a ba
kwardindu
tion.Furthermore,
‖Rkf‖∞ ≤ L‖PkRk+1f‖∞

≤ L‖Rk+1f‖∞
(1.2.18)From (1.2.17) and Remark 1.2.6, we have also:

‖DRkf‖∞ ≤ L‖PkRk+1f‖∞ + L‖DPkRk+1f‖∞
≤ L‖Rk+1f‖∞ + LK‖DRk+1f‖∞

(1.2.19)In addition,
[DRkf ]Lip ≤ L (‖Rk+1f‖∞ +K‖DRk+1f‖∞

+Kuk+1 +K‖DRk+1f‖∞)
(1.2.20)where uk+1 := ‖DRk+1f‖∞ ∨ [DRk+1f ]Lip.Noti
ing from (1.2.19) that also:

‖DRkf‖∞ ≤ L (‖Rk+1f‖∞ +K‖DRk+1f‖∞ +Kuk+1 +K‖DRk+1f‖∞) ,we have:
uk ≤ L (‖Rk+1f‖∞ +K‖DRk+1f‖∞ +Kuk+1 +K‖DRk+1f‖∞)

≤ 3LKuk+1 + L‖Rk+1f‖∞.
(1.2.21)Re
ursively we 
on
lude the announ
ed result. 2Now, applying the previous idea (from equations (1.2.15) and (1.2.16)) to the sequential



One step �rst order iterative s
heme 41�lter estimation via quantization, when Hn
nf ∈ C1

b,Lip, a generi
 �rst order s
heme 
an bedesigned as follows:




R̂nf(X̂n) = Hn
nf(X̂n),

D̂Rnf(X̂n) = DHn
nf(X̂n),

R̂kf(X̂k) = gk(X̂k)E[R̂k+1f(X̂k+1) + 〈D̂Rk+1f(X̂k+1),∆k+1〉|X̂k],

0 ≤ k ≤ n− 1.

(1.2.22)and then, π̂nf = µ̂0R̂0f .In (1.2.22), D̂Rkf is a quantization based estimate for DRkf . It needs to be spe
i�edto transform the above s
heme into an implementable algorithm. In [43℄, the s
heme(1.2.22) is introdu
ed with no 
omputational 
onsiderations 
on
erning DRkf . It is shownthat under assumptions H2 and H1, the quantization based unnormalized �lter 
onvergestoward πnf at a rate∑n
k=1 ‖∆k‖2

2 (instead of∑n
k=1 ‖∆k‖2 in the original zero order s
hemefrom [41℄).Our aim is to propose some estimate D̂Rkf for DRkf , in order to 
ombine 
omputabilityskills and 
onvergen
e rate improvement. In this aim, two methods will be exhibited:

• the �rst one is based on an indu
tion: at ea
h time step k we evaluate {D̂Rk, R̂k}using {D̂Rk+1, R̂k+1}. This approa
h leads to a one step re
ursive s
heme and isinvestigated in Se
tion 3;
• the se
ond one is based on an integration by parts following an approa
h developedin [6℄: the operator D̂Rk is de�ned as a weighted expe
tation of R̂k. The s
heme
onstru
ted by plugging D̂Rkf expression in (1.2.22) leads to a two step re
ursives
heme, details are investigated in Se
tion 4.1.3 One step �rst order iterative s
hemeWe introdu
e for this se
tion the following assumption, in the spirit of H2, but in fa
t abit more restri
tive:H 2' For ea
h 1 ≤ k ≤ n, Fk admits a bounded, uniformly Lips
hitz derivative withrespe
t to its �rst variable. Namely, ∀x, x′ ∈ R

d, ∀ε ∈ R
d:

|∂xFk(x, ε) − ∂xFk(x
′, ε)| ≤ [∂xFk]

1
Lip|x− x′| and ‖∂xF‖∞ := max

1≤k≤n
‖∂xFk‖∞ < +∞.Example 1.3.1 This assumption is e.g. satis�ed by dynami
s with an additive noise,typi
ally for fun
tions Fk : (x, u) 7−→ bk(x) + σku, where bk is di�erentiable with boundedLips
hitz 
ontinuous derivative and σk ∈ M(d, q), or by dynami
s where Fk satis�es:

Fk(x, u) = bk(x) + σk(x)u, bk, σk being di�erentiable with bounded Lips
hitz 
ontinuousderivatives, applied to signal innovations εk with 
ompa
tly supported pdf.
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hemes1.3.1 De�nition of the s
hemeIn this paragraph, we investigate the re
ursive approa
h to estimate DRk. Under H2', theprobability transitions Pk are K-Lips
hitz with K = ‖∂xF‖∞. Furthermore, the Pk aredi�erentiable in the following sense: for every f ∈ C1
b,Lip,

DPkf = QkDf, k = 0, . . . , n− 1, (1.3.1)where, for every Borel map ϕ : R
d → R

d,
Qkϕ(x) = E[∂xFk+1(Xk, εk+1)

′ϕ(Xk+1)|Xk = x], for x ∈ R
d. (1.3.2)The quantization based estimate for DPkf is then naturally de�ned by:

Q̂kDf(xi
k) = E[∂xFk+1(Xk, εk+1)

′Df(X̂k+1)|X̂k = xi
k], for i = 1, . . . , Nk. (1.3.3)Finally, following equation (1.2.17) one sets:

D̂Rkf(xi
k) = Dgk(x

i
k)P̂k

ˆ̂
Rk+1f(xi

k) + gk(x
i
k)Q̂kDf(xi

k) (1.3.4)as a zero order approximation of DRkf de�ned on Γk = {x1
k, . . . , x

Nk

k }, for any k ∈
{1, . . . , n − 1 }.Remark 1.3.1 From a numeri
al point of view, it would be more natural to use P̂kR̂k+1instead of P̂k

ˆ̂
Rk+1. In fa
t, the algorithm stru
ture would be less 
omplex. Our 
hoi
e in(1.3.4) is motivated on one hand by theoreti
al need to take a zero order approximation forthe di�erential term estimator. On the other hand, using P̂kR̂k+1 will introdu
e distortionterms in both D̂Rk and R̂k whi
h generates important numeri
al instability as emphasizedby numeri
al tests in Figure 1.5.Now, plugging (1.3.4) into the generi
 �rst order s
heme (1.2.22) yields the following �rstorder s
heme:S
heme B : Ba
kward expression





R̂nf(X̂n) = Hn
nf(X̂n),

D̂Rn(X̂n)f = DHn
nf(X̂n),

R̂kf(X̂k) = gk(X̂k)E[R̂k+1f(X̂k+1) + 〈D̂Rk+1f(X̂k+1),∆k+1〉|X̂k],

D̂Rkf(X̂k) = Dgk(X̂k)E[
ˆ̂
Rk+1f(X̂k+1)|X̂k] + gk(X̂k)Q̂kD̂Rk+1f(X̂k)

k = 0, . . . , n− 1.

(1.3.5)
Note that this s
heme is 
ompletely 
omputable, as it 
an be rewritten easily using�nite weighted sums. The quantizers Γk and the weights - whi
h we 
all from now on
ompanion parameters - 
an be 
omputed o� line and stored in an a

essible 
odebook, so



One step �rst order iterative s
heme 43that the only on line 
omputation 
ost will be the 
al
ulus of operators R̂k, ˆ̂
Rk and D̂Rk.The s
heme 
an be reformulated in distribution as follows:S
heme B





ˆ̂
Rnf(xi

n) = Hn
nf(xi

n), i = 1, . . . , Nn,

R̂nf(xi
n) = Hn

nf(xi
n), i = 1, . . . , Nn,

D̂Rnf(xi
n) = DHn

nf(xi
n), i = 1, . . . , Nn,

ˆ̂
Rkf(xi

k) = gk(x
i
k)
∑Nk+1

j=1
ˆ̂
Rk+1f(xj

k+1)p
ij
k ,

R̂kf(xi
k) = gk(x

i
k)
∑Nk+1

j=1

(
R̂k+1f(xj

k+1)p
ij
k + 〈D̂Rk+1f(xj

k+1), δ
ij
k 〉
)

D̂Rkf(xi
k) = Dgk(x

i
k)
∑Nk+1

j=1
ˆ̂
Rk+1f(xj

k+1)p
ij
k + gk(x

i
k)
∑Nk+1

j=1 γij
k D̂Rk+1f(xj

k+1),

i = 1, . . . , Nk, 0 ≤ k < n, (1.3.6)where the 
ompanion parameters, pij
k , γij

k , and δij
k are de�ned by:

pij
k = E[1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R,

γij
k = E[∂xFk(Xk, εk+1)

′1{X̂k+1=xj
k+1}

|X̂k = xi
k] ∈ Md(R) (1.3.7)

δij
k = E[∆k+11{X̂k+1=xj

k+1}
|X̂k = xi

k],

= E[(Xk+1 − xj
k+1)1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R
d.Forward expression of s
heme BFor appli
ations, it is 
ru
ial in terms of 
omputational e�
ien
y, to rewrite the s
hemein a forward way. This allows us to 
ompute 
ostlessly intermediate estimations of πkf ,

1 ≤ k ≤ n− 1, and to use di�erent test fun
tions f without re
omputing the hole s
heme.This forward form 
an be established as follows: one �rst 
he
ks that at ea
h 0 ≤ k ≤ n−1,the ve
tor  ˆ̂
Rk

D̂Rk

R̂k


 satis�es the following one step indu
tion:




ˆ̂
Rk

D̂Rk

R̂k


 = Ĥk




ˆ̂
Rk+1

D̂Rk+1

R̂k+1


 , (1.3.8)



44 First Order s
hemeswhere Ĥk is a lower triangular operator matrix de�ned by: Ĥk =




Ĥ1
k 0 0

Ĥ2
k Ĥ3

k 0

0 Ĥ4
k Ĥ1

k


 ,with for f : R

d → R and ϕ : R
d → R

d,
Ĥ1

0f(x) = E[f(X̂1)|X̂0 = x],

Ĥ2
0f(x) = 0 ∈ R

d,

Ĥ3
0ϕ(x) = E[∂xF1(x, ε1)

′ϕ(X̂1)|X̂0 = x],

Ĥ4
0ϕ(x) = E[〈ϕ(X̂1),∆1〉|X̂0 = x],and for every 1 ≤ k < n

Ĥ1
kf(X̂k) = gk(X̂k)E[f(X̂k+1)|X̂k],

Ĥ2
kf(X̂k) = Dgk(X̂k)E[f(X̂k+1)|X̂k],

Ĥ3
kϕ(X̂k) = gk(X̂k)E[∂xFk+1(Xk, εk+1)

′ϕ(X̂k+1)|X̂k],

Ĥ4
kϕ(X̂k) = gk(X̂k)E[〈ϕ(X̂k+1),∆k+1〉|X̂k].Noti
e that here Ĥ1
k =

ˆ̂
Hk.Then, one 
an see from (1.3.8) that:



ˆ̂
R0

D̂R0

R̂0


 = Ĥ0 ◦ Ĥ1 ◦ · · · ◦ Ĥn−1




Hn
n

DHn
n

Hn
n


 .Setting Ûk = µ̂0◦Ĥ0◦· · ·◦Ĥk, the forward s
heme satis�es the following re
ursive formula:

Û0 = µ̂0Ĥ0 and Ûk = Ûk−1Ĥk k = 1, . . . , n− 1,so that π̂nf = 〈Ûn−1




Hn
nf

DHn
nf

Hn
nf


 , e3〉.1.3.2 Error boundsThe main result of this se
tion is to establish a 
onvergen
e result for s
heme B better thanthe zero s
heme rate. We re
all that here, (X̂k) is a marginal, stationary (Nk)-quantizationof (Xk).Theorem 1.3.1 Assume H1 and H2' and let f satisfying Hn

nf ∈ C1
b,Lip. Then, thereexists a sequen
e of positive real 
onstants (Mn

j )0≤j≤n su
h that:
|πnf − π̂nf | ≤

n∑

j=0

Mn
j ‖∆j‖2

2pwith Mn
j ≤ α(p, f)n+5

2 Ln( (LK)j+1−1
LK−1 )( (3K)n−j+1−1

3K−1 )( (L)j+1−1
L−1 ).



One step �rst order iterative s
heme 45The key to prove the above error bound is to rely on the ba
kward form of the s
hemeB (see (1.3.6)). The main te
hni
al step is to produ
e some error upper bounds for thedi�erential term approximation, namely Âk = DRkf(X̂k) − D̂Rkf(X̂k).The proof of the �rst lemma below is left to the reader:Lemma 1.3.1 For any ϕ bounded Lips
hitz 
ontinuous, Qkϕ : R
d → R

d is Lips
hitz and
[Qkϕ]Lip ≤ ‖ϕ‖∞[∂xFk+1]

1
Lip + ‖∂xF‖2

∞[ϕ]Lip.Then, the error bounds for ‖Âk‖p are given in the lemma:Lemma 1.3.2 For f satisfying Hn
nf ∈ C1

b,Lip, there exists a non negative real sequen
e
(Dk,n

j )0≤k≤j≤n su
h that:
‖Âk‖p ≤

n∑

j=k

Dk,n
j ‖∆j‖pwhere Dk,n

j ≤ α(p, f)Ln−k( (LK)j−k+1−1
LK−1 )(Kn−j+1−1

K−1 ).Proof.From equations (1.2.17), (1.3.4) and (1.3.1):
Âk = Dgk(X̂k)PkRk+1f(X̂k) + gk(X̂k)QkDRk+1f(X̂k)

−Dgk(X̂k)E[
ˆ̂
Rk+1f(X̂k+1)|X̂k] − gk(X̂k)Q̂kD̂Rk+1f(X̂k)

= Dgk(X̂k)
(
PkRk+1f(X̂k) − E[PkRk+1f(Xk)|X̂k]

)

+Dgk(X̂k)
(
E[PkRk+1f(Xk)|X̂k] − E[

ˆ̂
Rk+1f(X̂k+1)|X̂k]

)

+gk(X̂k)
(
QkDRk+1f(X̂k) − E[QkDRk+1f(Xk)|X̂k]

)

+gk(X̂k)
(
E[QkDRk+1f(Xk)|X̂k] − Q̂kD̂Rk+1f(X̂k)

)Then, using H1, one gets:
‖Âk‖p ≤ L‖PkRk+1f(X̂k) − E[PkRk+1f(Xk)|X̂k]‖p

+L‖E[PkRk+1f(Xk)|X̂k] − E[
ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p

+L‖QkDRk+1f(X̂k) − E[QkDRk+1f(Xk)|X̂k]‖p

+L‖E[QkDRk+1f(Xk)|X̂k] − Q̂kD̂Rk+1f(X̂k)‖p. (1.3.9)Now, the Lp-
ontra
tion property of 
onditional expe
tation implies that:
‖PkRk+1f(X̂k) − E[PkRk+1f(Xk)|X̂k]‖p ≤ ‖PkRk+1f(X̂k) − PkRk+1f(Xk)‖p

≤ [PkRk+1f ]Lip‖∆k‖p

≤ K‖DRk+1f‖∞‖∆k‖p.



46 First Order s
hemesFor the se
ond term in the right handside of inequality (1.3.9), we will use on one handthe 
haining rule for 
onditional expe
tation (see equation (1.2.15)) and on the other handits Lp-
ontra
tion property, to write:
‖E[PkRk+1f(Xk)|X̂k] − E[

ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p

= ‖E[Rk+1f(Xk+1)|X̂k] − E[
ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p

≤ ‖Rk+1f(Xk+1) − ˆ̂
Rk+1f(X̂k+1)‖pwhi
h implies, by Theorem 1.2.1:

‖E[PkRk+1f(Xk)|X̂k] − E[
ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p ≤

n∑

j=k+1

Ck+1,n
j ‖∆j‖p.The same arguments on 
onditional expe
tations give:

‖QkDRk+1f(X̂k) − E[QkDRk+1f(Xk)|X̂k]‖p ≤ [QkDRk+1f ]Lip‖∆k‖p,whi
h by Lemma 1.3.1 writes:
‖QkDRk+1f(X̂k) − E[QkDRk+1f(Xk)|X̂k]‖p ≤

(
‖DRk+1f‖∞[∂xFk+1]

1
Lip + ‖∂xF‖2

∞[DRk+1f ]Lip

)
‖∆k‖psin
e DRk+1 is bounded Lips
hitz by Proposition 1.2.2.Then, using the de�nition of Q̂k yields:

‖E[QkDRk+1f(Xk)|X̂k] − Q̂kD̂Rk+1f(X̂k)‖p

≤ ‖ (∂xFk+1(Xk, εk+1))
′
(
DRk+1f(Xk+1) − D̂Rk+1f(X̂k+1)

)
‖p

≤ ‖∂xFk+1‖∞
(
‖Âk+1‖p + ‖DRk+1f(Xk+1) − DRk+1f(X̂k+1)‖p

)

≤ ‖∂xFk+1‖∞
(
‖Âk+1‖p + [DRk+1f ]Lip‖∆k+1‖p

)
.Finally, using ‖∂xF‖∞ = K and Proposition 1.2.2, we derive:

‖Âk‖p ≤ L
(
[∂xFk+1]

1
Lip‖DRk+1f‖∞ +K2[DRk+1f ]Lip +K‖DRk+1f‖∞

)
‖∆k‖p

+L
(
Ck+1,n

k+1 +K([DRk+1f ]Lip

)
‖∆k+1‖p

+L

n∑

j=k+2

Ck+1,n
j ‖∆j‖p + LK‖Âk+1‖p. (1.3.10)The required result follows from a ba
kward indu
tion on k. See Appendix 1.6.3 for expli
itupper bounds. 2



One step �rst order iterative s
heme 47Proof of Theorem 1.3.1.Let Vkf denote the intermediate estimation error when 
onsidering the previous �rst orderapproximation s
heme B in its ba
kward form : Vkf := E[Rkf(Xk)|X̂k] − R̂kf(X̂k).Using triangular inequalities, we isolate three error sour
es in |Vkf |. If we set:
R̄kf(X̂k) = gk(X̂k)E[PkRk+1f(Xk)|X̂k],

= gk(X̂k)E[Rk+1f(Xk+1)|X̂k],then we have:
|Vkf | ≤ |E[Rkf(Xk)|X̂k] −Rkf(X̂k)| + |Rkf(X̂k) − R̄kf(X̂k)|

+|R̄kf(X̂k) − R̂kf(X̂k)|. (1.3.11)Using a �rst order Taylor expansion, there exists ζ̂1
k ∈ (X̂k, Xk) su
h that

E[Rkf(Xk)|X̂k] = E[Rkf(X̂k) + 〈DRkf(ζ̂1
k),∆k〉|X̂k]

= E[Rkf(X̂k) + 〈DRkf(X̂k),∆k〉 + 〈DRkf(ζ̂1
k) − DRkf(X̂k),∆k〉|X̂k]

X̂k being a stationary quantization of Xk, one derives from Proposition 1.2.1 that:
E[〈DRkf(X̂k),∆k〉|X̂k] = 〈DRkf(X̂k),E[∆k|X̂k]〉 = 0.Then,

|E[Rkf(Xk)|X̂k] −Rkf(X̂k)| = |E[〈DRkf(ζ̂1
k) − DRkf(X̂k),∆k〉|X̂k]|

≤ E[|DRkf(ζ̂1
k) − DRkf(X̂k)||∆k||X̂k]

≤ [DRkf ]LipE[|X̂k − ζ1
k ||∆k||X̂k]

≤ [DRkf ]LipE[|∆k|2|X̂k]. (1.3.12)By Taylor expansion of PkRk+1f , we analogi
ally �nd ζ̂2
k ∈ (X̂k, Xk) su
h that:

R̄kf(X̂k) = gk(X̂k)
(
PkRk+1f(X̂k) + 〈DPkRk+1f(X̂k),E[∆k|X̂k]〉

+E[〈DPkRk+1f(ζ̂2
k) − DPkRk+1f(X̂k),∆k〉|X̂k]

)

Rkf(X̂k) − R̄kf(X̂k) = gk(X̂k)E[〈DPkRk+1f(ζ̂2
k) − DPkRk+1f(X̂k),∆k〉|X̂k]Hen
e, |Rkf(X̂k) − R̄kf(X̂k)| ≤ L[DPkRk+1f ]LipE[|∆k|2|X̂k]

≤ LK ([DRk+1f ]Lip ∨ ‖DRk+1f‖∞) E[|∆k|2|X̂k] (1.3.13)



48 First Order s
hemesFor the last term in the right handside of inequality (1.3.11), we have:
|R̄kf(X̂k) − R̂kf(X̂k)| =

∣∣∣gk(X̂k)
(
E[Rk+1f(Xk+1)|X̂k] − E[R̂k+1f(X̂k+1)|X̂k]

−E[〈D̂Rk+1f(X̂k+1),∆k+1〉|X̂k]
)∣∣∣

≤ L
∣∣∣E
[
Rk+1f(Xk+1) − E[Rk+1f(Xk+1)|X̂k+1] | X̂k

]

−E[〈D̂Rk+1f(X̂k+1),∆k+1〉|X̂k]
∣∣∣

+L
∣∣∣E
[
E[Rk+1f(Xk+1)|X̂k+1] − R̂k+1f(X̂k+1)|X̂k

]∣∣∣Furthermore, there exists ζ̂3
k+1 ∈ (X̂k+1, Xk+1) su
h that

Rk+1f(Xk+1) = Rk+1f(X̂k+1) + 〈DRk+1f(X̂k+1),∆k+1〉
+〈DRk+1f(ζ̂3

k+1) − DRk+1f(X̂k+1),∆k+1〉
E[Rk+1f(Xk+1)|X̂k+1] = Rk+1f(X̂k+1) + E[〈DRk+1f(ζ̂3

k+1) − DRk+1f(X̂k+1),∆k+1〉|X̂k+1]Consequently:
|R̄kf(X̂k) − R̂kf(X̂k)| ≤ L|E[Vk+1f |X̂k]| (1.3.14)

+L|E[〈
(
DRk+1f(X̂k+1) − D̂Rk+1f(X̂k+1)

)
,∆k+1〉|X̂k]|

+L[DRk+1f ]Lip

(
E[|∆k+1|2|X̂k] + E

[
E[|∆k+1|2|X̂k+1]

∣∣∣X̂k

])(1.3.15)Finally 
ombining previous inequalities (1.3.12), (1.3.13), (1.3.14), we obtain by using Lp-
ontra
tion property of 
onditional expe
tation:
‖Vkf‖p ≤ ([DRkf ]Lip + LKuk+1) ‖∆k‖2

2p

+2L[DRk+1f ]Lip‖∆k+1‖2
2p + L‖〈Âk+1,∆k+1〉‖p

+L‖Vk+1f‖p.

(1.3.16)Applying Holder inequality 
ombined to Lemma 1.3.2 to the term ‖〈Âk+1,∆k+1〉‖p, wehave:
‖〈Âk+1,∆k+1〉‖p ≤ ‖|Âk+1||∆k+1|‖p

≤ ‖Âk+1‖2p‖∆k+1‖2p

≤
n∑

j=k+1

Dk+1,n
j ‖∆j‖2p‖∆k+1‖2p

≤ 1

2

n∑

j=k+1

Dk+1,n
j

(
‖∆j‖2

2p + ‖∆k+1‖2
2p

) (1.3.17)



Two step iterative �rst order s
heme 49Plugging (1.3.17) into (1.3.16) yields:
‖Vkf‖p ≤ ([DRkf ]Lip + LKuk+1) ‖∆k‖2

2p

+L
(
2[DRk+1f ]Lip + 1

2

∑n
j=k+1D

k+1,n
j

)
‖∆k+1‖2

2p

+1
2L
∑n

j=k+1D
k+1,n
j ‖∆j‖2

2p + L‖Vk+1f‖p.

(1.3.18)Then, by indu
tion taking k = 0 and writing |πnf − π̂nf | ≤ ‖V0f‖p we derive the requiredresult. See Appendix 1.6.3 for further details. 2Theorem 1.3.1, with ‖∆k‖2
2p = O(‖∆k‖2p), shows that the s
heme B su

eeds toembetter the zero-order 
onvergen
e rate. The forth
oming se
tion has been motivated byour wish to relax H2' and to preserve the 
onvergen
e rate improvement.1.4 Two step iterative �rst order s
hemeTo 
onstru
t this se
ond �rst order s
heme, the idea is to represent DPkRk+1f as aweighted 
onditional expe
tation of Rk+1f i.e.

DPkRk+1f(x) = E[Rk+1f(Xk+1) ×Weight|Xk = x],and then to quantize this representation formula. This is a
hieved 
lassi
ally by the meanof an integration by parts formula.Note that in all this se
tion, we will assume q = d. Furthermore, Fk will be supposed tobe di�erentiable.1.4.1 Integration by parts formulaFor notational 
onvenien
e, we will temporarily drop the k indi
es in the notations of Xk,
Fk and Pk. We will also temporarily assume f ∈ C1

b .We start by a transformation of the problem, via di�erentiation. For that, we need �rst toassume the following:H 3 ∀ 0 ≤ k ≤ n, ∃ ck > 0 su
h that for any x ∈ R
d and ε ∈ R

d:
(∂εFk(x, ε))(∂εFk(x, ε))

′ ≥ ckId.We have then, for any x, ε ∈ R
d:

∂x(foF )(x, ε) = ∂xF (x, ε)′(Df)oF (x, ε),

∂ε(foF )(x, ε) = ∂εF (x, ε)′(Df)oF (x, ε).Assuming H3 yields ∂x(foF )(x, ε) = Gx(ε)∂ε(foF )(x, ε), where:
Gx : R

d → Md(R)

ε 7→
(
∂εF (x, ε)−1∂xF (x, ε)

)′
.



50 First Order s
hemesNow, in order to allow a di�erentiation under the integral sign and then apply integrationby parts, we will assume the following te
hni
al hypothesis:H 4 Assume that signal innovations εk distribution is absolutely 
ontinuous toward Lebesguemeasure, with a di�erentiable density p satisfying for all x ∈ R
d,

∫

Rd

|∂xF (x, ε)|p(ε)dε < +∞ and lim
|ε|→+∞

Gx(ε)p(ε) = 0.Then, the i-th 
omponent of DPf(x) for a given 1 ≤ i ≤ d reads:
∂Pf

∂xi
(x) =

∫

Rd

〈Gi
x(ε), ∂ε(foF )(x, ε)〉p(ε)dε (1.4.1)where: Gi

x : R
d → R

d

ε 7→ (Gx(ε))′ei.Furthermore, performing an integration by parts formula on (1.4.1), and taking in a

ountH4 yields:
∂Pf

∂xi
(x) = −

∫

Rq

(foF (x, ε) + C(x))Ψi(x, ε)p(ε)dε (1.4.2)where: Ψi : R
d × R

d → R

(x, ε) 7→ div Gi
x(ε) +

1

p(ε)
〈Gi

x(ε),Dp(ε)〉.Finally, de�ning the weight ve
tor Ψ(x, ε) := (Ψi(x, ε))0≤i≤d, we obtain the generalizationof equation (1.4.2): D(Pkf)(x) = −E[
(
f(Fk+1(x, εk+1)) + Ck(x)

)
Ψk(x, εk+1)].In a Monte Carlo method 
ontext, the 
onstant Ck is tuned in order to minimize thevarian
e of a probabilisti
 estimator of D(Pkf)(x). In our quantization 
ontext, as thevarian
e problem does not o

ur, a natural value for Ck would be zero. It is at least the
hoi
e that minimizes 
omputation 
ost and provides satisfa
tory numeri
al results (see [7℄for a dis
ussion about Ck for an Ameri
an option pri
ing problem).From now on, we will take Ck = 0.1.4.2 Numeri
al s
hemeConsider now a test fun
tion f satisfying Hn

nf ∈ C1
b,Lip. Then, a

ording to Proposition1.2.2, Rkf ∈ C1

b,Lip. Using results of the previous paragraph, we 
an write, for ea
h
0 ≤ k ≤ n− 1: DPkRk+1f(x) = −E[Rk+1f(Xk+1)Ψk+1(x, εk+1)|Xk = x].So, (X̂k) still being a stationary marginal (Nk)-quantization of (Xk), an approximation of
DRkf would be:
D̂Rkf(X̂k) = Dgk(X̂k)E[

ˆ̂
Rk+1f(X̂k+1)|X̂k] − gk(X̂k)E[

ˆ̂
Rk+1f(X̂k+1)Ψk(Xk, εk+1)|X̂k].
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heme 51If one repla
es this expression in (1.2.22), it results in the following two step re
ursives
heme formulated in a ba
kward way:S
heme A Ba
kward formulation




R̂nf(X̂n) = Hn
nf(X̂n),

R̂n−1f(X̂n−1) = gn−1(X̂n−1)E[Hn
nf(X̂n) + 〈DHn

nf(X̂n),∆n〉|X̂n−1],

R̂kf(X̂k) = gk(X̂k)P̂kR̂k+1f(X̂k) + gk(X̂k)×(
E[〈Dgk+1(X̂k+1)P̂k+1

ˆ̂
Rk+2f(X̂k+1),∆k+1〉|X̂k] − E[ 〈gk+1(X̂k+1)×

E[
ˆ̂
Rk+2f(X̂k+2)Ψk+1(Xk+1, εk+2)|X̂k+1],∆k+1〉|X̂k]

)
,

0 ≤ k ≤ n− 2. (1.4.3)This s
heme A 
an be rewritten in distribution using �nite weighted sums. As for theprevious s
heme, the weights are to be 
omputed simultaneously with the optimal quan-tizers. Consequently, the implemented algorithm reads as follows:S
heme A




ˆ̂
Rnf(xi

n) = Hn
nf(xi

n), i = 1, . . . , Nn,

R̂nf(xi
n) = Hn

nf(xi
n), i = 1, . . . , Nn,

R̂n−1f(xi
n−1) = gn−1(x

i
n−1)

∑Nn

j=1

(
Hn

nf(xj
n)pij

n−1 + 〈DHn
nf(xj

n), δij
n−1〉

)
,

i = 1, . . . , Nn−1,
ˆ̂
Rkf(xi

k) = gk(x
i
k)
∑Nk+1

j=1
ˆ̂
Rk+1f(xj

k+1)p
ij
k , i = 1, . . . , Nk, 0 ≤ k < n,

R̂kf(xi
k) = gk(x

i
k)
∑Nk+1

j=1 R̂k+1f(xj
k+1)p

ij
k + gk(x

i
k)×∑Nk+1

j=1

∑Nk+2

l=1

(
ˆ̂
Rk+2f(xl

k+2)p
jl
k+1〈Dgk(x

j
k+1), δ

ij
k 〉

−gk+1(x
j
k+1)

ˆ̂
Rk+2f(xl

k+2)〈λ
jl
k+1, δ

ij
k 〉
)
,

i = 1, . . . , Nk, 0 ≤ k ≤ n− 2 (1.4.4)where the 
ompanion parameters, pij
k , λij

k , and δij
k are de�ned by:

pij
k = E[1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R, (1.4.5)
λij

k = E[Ψk(Xk, εk+1)1{X̂k+1=xj
k+1}

|X̂k = xi
k] ∈ R

d, (1.4.6)
δij
k = E[∆k+11{X̂k+1=xj

k+1}
|X̂k = xi

k],

= E[(Xk+1 − xj
k+1)1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R
d. (1.4.7)It is important to re
all, that the interest of su
h an approa
h lies in the possibility of
arrying out the 
omputation of all the above 
ompanion parameters o� line. On
e thestate equations are �xed and the noise distribution is simulatable, the quantizers and
ompanion parameters 
an be kept o� line. On line 
omputation 
ost will then be redu
ed



52 First Order s
hemesto the sequential determination of ˆ̂
Rk and R̂k on ea
h grid. Compared to the previous
ase, s
heme A is more demanding in on line memory 
apa
ity, as it involves two step
omputations, but, it is worth noting that the new 
ompanion parameters λij

k are of lowerdimension, whi
h 
ompensates the two step re
ursion e�e
t while 
onsidering the algorithm
omplexity or the storage 
apa
ity dedi
ated to 
odebooks.Here also, as for s
heme B , we 
an see that this ba
kward de�nition 
an be rewrittenin a forward form. For 0 ≤ k ≤ n, let Ĥk be the operator de�ned on any fun
tion
f : Γk+2 → R, su
h that:

Ĥkf(xi
k) = gk(x

i
k)E[〈E[f(X̂k+2)|X̂k+1]Dgk+1(X̂k+1)

−gk+1(X̂k+1)E[f(X̂k+2)Ψk+1(Xk+1, εk+2)|X̂k+1],∆k+1〉|X̂k = xi
k].For a time step 0 ≤ k ≤ n− 2, we have the following one step transition system:





ˆ̂
Rk =

ˆ̂
Hk

ˆ̂
Rk+1,

R̂k =
ˆ̂
HkR̂k+1 + Ĥk

ˆ̂
Rk+2.

(1.4.8)Introdu
ing Ûk in addition to ˆ̂
Uk we 
an de�ne the following forward s
heme:S
heme A: Forward expression





ˆ̂
U0 = µ̂0 ◦ ˆ̂

H0,

Û2 = µ̂0 ◦ Ĥ0,for any 0 ≤ k ≤ n− 3,
ˆ̂
Uk+1 =

ˆ̂
Uk ◦ ˆ̂

Hk+1,

Ûk+3 = Ûk+2 ◦ ˆ̂
Hk+2 +

ˆ̂
Uk ◦ Ĥk+1.

(1.4.9)
Finally, given the �nal 
onditions:





R̂nf(X̂n) = Hn
nf(X̂n),

ˆ̂
Rn(X̂n) = Hn

nf(X̂n),

R̂n−1(X̂n−1) = gn−1(X̂n−1)E[Hn
nf(X̂n) + 〈DHn

nf(X̂n),∆n〉|X̂n−1],we have for any n > 1,




µ̂0
ˆ̂
R0 =

ˆ̂
Un−1 ◦Hn

n = ˆ̂πn,

µ̂0R̂0 =
ˆ̂
Un−2R̂n−1 + ÛnH

n
n = π̂n.
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heme 531.4.3 Error boundsThe main result of this paragraph is the following theorem, providing a 
onvergen
e rateof the unnormalized �lter approximation error for the two step re
ursive s
heme A .Theorem 1.4.1 Let (X̂k) be a marginal stationary (Nk)-quantization of (Xk), f satisfying
Hn

nf ∈ C1
b,Lip. Assume H1, H2, H3, H4, q = d and furthermore :H 5 There exists a 
onstant ψp > 0 and s̄ > 1 su
h that:

max
0≤k≤n−1

‖Ψk(Xk, εk+1)‖s̄p ≤ ψp < +∞.Hen
e, there exists a non negative real sequen
e of 
onstants (Mn
j )0≤j≤n su
h that:

|πnf − π̂nf | ≤
n∑

j=0

Mn
j ‖∆j‖2

max{stp,t̄p,2p}where s = s̄
s̄−1 , t > 0, 1

t + 1
t̄ = 1 and Mn

j ≤ α(p, f)(n+ 1)Ln( (L)j+1−1
3K−1 )( (3K)n−j+1−1

3K−1 ).Example 1.4.2 Assume that Fk : R × R → R reads:
Fk(x, ε) = bk(x) + σk(x)ε, (1.4.10)where σk and bk are di�erentiable with bounded derivatives and ∀x ∈ R

d, σk(x) > ck.Then:
Ψk(x, ε) =

σ′
k(x)+p′

p
(ε)(εσ′

k(x)+b′k(x))
σk(x) .

• When εk ∼ N (0, 1), it is the natural framework to study the Euler s
heme of aBrownian di�usion. In this 
ase, the previous hypothesis H5 is satis�ed.
• When εk distribution is 
entered Lapla
e of parameter λ > 0, or εk+m ∼ Gamma(m, 1)with m > 1, hypothesis H5 is also satis�ed.
• In a more general 
ase, when εk ∈ Lp+η for some η > 0 the following assumption:H 5' There exists a 
onstant ψp > 0 and s̄′ > 1 su
h that ‖p′

p
(ε1)‖s̄′p ≤ ψp < +∞.
ould repla
e H5 and gives more expli
it 
onditions on the signal innovation distri-bution.Compared to Example 1.3.1 given for the one step iterative s
heme, we see that hypothesisH5 (or H5') allows to relax the boundedness 
onstraint on ∂εFk in H2' to involve someother 
onstraints on the signal innovations distribution.
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hemesThe stru
ture of the proof of Theorem 1.4.1 is the same as that of the previous se
tion.We �rst study the error indu
ed by the di�erential term estimation. Let us re
onsider for
0 ≤ k ≤ n− 1 and the test fun
tion f : Âk := DRkf(X̂k) − D̂Rkf(X̂k).The error bounds for ‖Âk‖p with the new de�nition of the di�erential term approximation
D̂Rkf are given by the following lemma:Lemma 1.4.1 With assumption H5 on the weight fun
tion Ψk and f su
h that Hn

nf ∈
C1

b,Lip, there exists a non negative real sequen
e (Dk,n
j )0≤k≤j≤n su
h that:

‖Âk‖p ≤
n∑

j=k

Dk,n
j ‖∆j‖spwhere s = s̄

s̄−1 and Dk,n
j ≤ α(p, f)Ln−k (3K)n−j+1−1

3K−1 .Proof.We rede�ne the operators Qk and Q̂k for f : R
d → R

d as follows:
Qkf(Xk) = −E[f(Xk+1)Ψk(Xk, εk+1)|Xk],

Q̂kf(X̂k) = −E[f(X̂k+1)Ψk(Xk, εk+1)|X̂k].Then Qkf = DPkf , so that:
DRkf(X̂k) = Dgk(X̂k)PkRk+1f(X̂k) + gk(X̂k)QkRk+1f(X̂k),

D̂Rkf(X̂k) = Dgk(X̂k)P̂k
ˆ̂
Rk+1f(X̂k) + gk(X̂k)Q̂k

ˆ̂
Rk+1f(X̂k).Consequently, Âk 
an be written as:

Âk = Dgk(X̂k)
[
PkRk+1f(X̂k) − P̂k

ˆ̂
Rk+1f(X̂k)

]
+ gk(X̂k)

[
QkRk+1f(X̂k) − Q̂k

ˆ̂
Rk+1f(X̂k)

]
,so that using H1 and that P̂k

ˆ̂
Rk+1f(X̂k) = E[

ˆ̂
Rk+1f(X̂k+1)|X̂k], we have:

‖Âk‖p ≤ L‖PkRk+1f(X̂k)−E[
ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p +L‖QkRk+1f(X̂k)− Q̂k

ˆ̂
Rk+1f(X̂k)‖p.(1.4.11)Sin
e 
onditional expe
tation is an Lp-
ontra
tion� the �rst term on the right hand sideof inequality (1.4.11) writes:

‖PkRk+1f(X̂k) − E[
ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p

≤ ‖PkRk+1f(X̂k) − E[PkRk+1f(Xk)|X̂k]‖p

+‖E[PkRk+1f(Xk) − ˆ̂
Rk+1f(X̂k+1)|X̂k]‖p

≤ [PkRk+1f ]Lip‖∆k‖p + ‖Rk+1f(Xk+1) − ˆ̂
Rk+1f(X̂k+1)‖p.(1.4.12)
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heme 55It follows from Theorem 1.2.1 that:
‖PkRk+1f(X̂k) − P̂k

ˆ̂
Rk+1f(X̂k+1)‖p ≤∑n

j=k+1C
k+1,n
j ‖∆j‖p +K‖DRk+1f‖∞‖∆k‖p.Moreover, the se
ond term on the right hand side of inequality (1.4.11) gives:

‖QkRk+1f(X̂k) − Q̂k
ˆ̂
Rk+1f(X̂k)‖p

≤ ‖QkRk+1f(X̂k) − E[QkRk+1f(Xk)|X̂k]‖p + ‖E[QkRk+1f(Xk)|X̂k] − Q̂k
ˆ̂
Rk+1f(X̂k)‖p

≤ ‖QkRk+1f(X̂k) −QkRk+1f(Xk)‖p

+‖E[E[Rk+1f(Xk+1)Ψk(Xk, εk+1)|Xk]|X̂k] − E[
ˆ̂
Rk+1f(X̂k+1)Ψk(Xk, εk+1)|X̂k]‖p

≤ ‖QkRk+1f(X̂k) −QkRk+1f(Xk)‖p + ‖Ψk(Xk, εk+1)
(
Rk+1f(Xk+1) − ˆ̂

Rk+1f(X̂k+1)
)
‖p.(1.4.13)But, QkRk+1f(Xk) = DPkRk+1f(Xk), so hypothesis H2 on Pk implies that:

[QkRk+1f ]Lip = [DPkRk+1f ]Lip ≤ K([DRk+1f ]Lip ∨ ‖DRk+1f‖∞) = Kuk+1.Hen
e,
‖QkRk+1f(X̂k) −QkRk+1f(Xk)‖p ≤ Kuk+1‖∆k‖p. (1.4.14)Using Holder inequality, with s = s̄

s̄−1 ≥ 1 we get:
‖Ψk(Xk, εk+1)

(
Rk+1f(Xk+1) − ˆ̂

Rk+1f(X̂k+1)
)
‖p

≤ ‖Ψk(Xk, εk+1)‖s̄p‖Rk+1f(Xk+1) − ˆ̂
Rk+1f(X̂k+1)‖sp (1.4.15)It follows from Theorem 1.2.1 and hypothesis H5 by 
ombining terms (1.4.13), (1.4.14)and (1.4.15) that:

‖QkRk+1f(X̂k) − Q̂k
ˆ̂
Rk+1f(X̂k)‖p

≤
n∑

j=k+1

ψpC
k+1,n
j ‖∆j‖sp +Kuk+1‖∆k‖p, (1.4.16)and ‖Âk‖p ≤ L(ψp + 1)

n∑

j=k+1

Ck+1,n
j ‖∆j‖sp + LK (uk+1 + ‖DRk+1f‖∞) ‖∆k‖sp

≤
n∑

j=k

Dk,n
j ‖∆j‖sp. (1.4.17)Then, expli
it upper bounds for Dk,n

j 
an easily be established. (see Appendix 1.6.3) 2Proof of Theorem 1.4.1. Re
onsider Vkf = E[Rkf(Xk)|X̂k] − R̂kf(X̂k) for 0 ≤ k ≤ n.The proof 
an be 
arried out as in the previous 
ase of Theorem 1.3.1. The unique di�eren
elies in the term Âk. Using Lemma 1.4.1 
ombined with Holder inequality for some t > 1and its 
onjugate t̄ = t
t−1 we have:
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‖〈Âk+1,∆k+1〉‖p ≤ ‖Âk+1‖tp‖∆k+1‖t̄p ≤ 1

2

∑n
j=k+1D

k+1,n
j (‖∆j‖2

stp + ‖∆k+1‖2
t̄p).Then inequality (1.3.16) writes:

‖Vkf‖p ≤ ([DRkf ]Lip + LKuk+1) ‖∆k‖2
2p + 2L[DRk+1f ]Lip‖∆k+1‖2

2p

+L
1

2

n∑

j=k+1

Dk+1n
j (‖∆j‖2

stp + ‖∆k+1‖2
t̄p) + L‖Vk+1f‖p

≤ ([DRkf ]Lip + LKuk+1) ‖∆k‖2
max{stp,t̄p,2p}

+L


[DRk+1f ]Lip +Dk+1,n

k+1 +
1

2

n∑

j=k+2

Dk+1,n
j


 ‖∆k+1‖2

max{stp,t̄p,2p}

+
1

2
L

n∑

j=k+2

Dk+1,n
j ‖∆j‖2

max{stp,t̄p,2p} + L‖Vk+1f‖p (1.4.18)By indu
tion, we derive: ‖Vkf‖p ≤∑n
j=k M

k,n
j ‖∆j‖2

max{stp,t̄p,2p}.Taking k = 0 and writing |πnf − π̂nf | ≤ ‖V0f‖p we establish the announ
ed result. SeeAppendix 1.6.3 for a detailed proof of the expli
it expressions of (Mk,n
j ). 21.4.4 The 
ase of regularizing kernelsIn this paragraph we deal with an interesting skill of the two step re
ursive �rst orders
heme, whi
h allows to establish �rst order s
hemes for non di�erentiable test fun
tions

f , more pre
isely with no di�erentiability assumption on Hn
nf .Proposition 1.4.1 H 2� Assume Pk isK-Lips
hitz su
h that for all f bounded Lips
hitz
ontinuous, Pkf ∈ C1

b,Lip.If f is a test fun
tion su
h that Hn
nf is bounded Lips
hitz 
ontinuous, then Rkf ∈ C1

b,Lipfor all 0 ≤ k ≤ n− 1.This proposition is easily proved, using equation (1.2.17) and an indu
tion on k. Further-more, it allows to de�ne an alternative s
heme to s
heme A , taking into a

ount the nondi�erentiability of Hn
nf :S
heme A'




R̂nf(X̂n) = Hn
nf(X̂n) =

ˆ̂
Rnf(X̂n),

R̂n−1f(X̂n−1) = gn−1(X̂n−1)E[Hn
nf(X̂n)|X̂n−1] =

ˆ̂
Rn−1f(X̂n−1),

R̂kf(X̂k) = gk(X̂k)P̂kR̂k+1f(X̂k) + gk(X̂k)×(
E[〈Dgk+1(X̂k+1)P̂k+1

ˆ̂
Rk+2f(X̂k+1),∆k+1〉|X̂k] − E[ 〈gk+1(X̂k+1)×

E[
ˆ̂
Rk+2f(X̂k+2)Ψk+1(Xk+1, εk+2)|X̂k+1],∆k+1〉|X̂k]

)
,

0 ≤ k ≤ n− 2. (1.4.19)



Convergen
e result for the normalized �lter 57We then de�ne the �rst order unnormalized �lter estimator by π̂nf = E[R̂0f(X̂0)] generatedfrom s
heme A'. The error indu
ed by su
h an estimator introdu
es additional zero ordertype terms as we need one single ba
kward iteration to be able to use �rst order 
orre
tors.This 
an be seen 
learly in the the following theorem.Theorem 1.4.2 Let (X̂k) be a stationary (Nk)-quantization of (Xk), f satisfying Hn
nf isbounded Lips
hitz 
ontinuous. Assume H1, H2�, H3, H4, H5 and q = d.Then, there exists a non negative real sequen
e of 
onstants (M̄n

j )0≤j≤n su
h that:
|πnf − π̂nf | ≤

n∑

j=0

M̄n
j ‖∆j‖2

max{stp,t̄p,2p} + C1‖∆n−1‖p + C2‖∆n‖pwhere s = s̄
s̄−1 , t > 0, 1

t + 1
t̄ = 1.In pra
ti
e, the regularizing e�e
t 
an be viewed in the 
ase of the Euler s
heme of adi�usion implemented with a Gaussian noise (see Example 1.4.2 and Appendix B). Thisis the 
ase studied in [6℄ for pri
ing Ameri
an options with �rst order s
hemes. It isshown that Pk satis�es H2�. Nevertehless, a spe
ial attention have to be given to theLips
hitz 
onstants dependen
y in time dis
retization step, and 
onsequently in our �lteringproblem, to the observation horizon. Namely, if f is Lips
hitz 
ontinuous, then a

ordingto Proposition 2 in [6℄ we have [DPkf ]Lip ≤ C[f ]Lip

√
n. This result alters M̄n

j dependen
yin n and 
onsequently the �lter estimator 
onvergen
e for high observation horizons.Remark 1.4.1 For numeri
al implementation, we 
an 
ompensate the error bounds de-terioration in Theorem 1.4.2 by bigger quantizers in the two last observation dates n − 1and n.1.5 Convergen
e result for the normalized �lterLet f be su
h that Hn
nf ∈ C1

b,Lip. Owing to Theorem 1.3.1 and Theorem 1.4.1, we have seenthat the estimation error on the unnormalized �lter πn, using stationary (Nk)-quantizations
(X̂k), 
an be written as:

|πnf − π̂nf | ≤
n∑

j=0

Mn
j (f, α)‖∆j‖2

2αp,where α = max{ st
2 ,

t̄
2 , 1} ≥ 1 or α = 1 depending on whether we are using s
heme A orB , and ∆j = Xj − X̂j .Now, we derive results on the normalized �rst order quantization �lter estimator Π̂n,de�ned by Kallianpur-Striebel formula as Π̂nf = π̂nf

π̂n1
.
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hemesThus, the estimation error will be:
|Πnf − Π̂nf | ≤ |πnf

πn1
− πnf

π̂n1
| + |πnf − π̂nf

π̂n1
|

≤ ‖Hn
nf‖∞πn−11

πn1π̂n1
|πn1 − π̂n1| +

1

π̂n1
|πnf − π̂nf |

≤
n∑

j=0

Mn
j (f, α) + cyMn

j (1, α)‖Hn
nf‖∞

π̂n1
‖∆j‖2

2αp (1.5.1)Sin
e α = 1 in Theorem 1.3.1, the 
onvergen
e rate improvement obtained for the unnor-malized �lter is preserved by the normalization.When α > 1, whi
h is the 
ase for Theorem 1.4.1, further results are needed to establish a
onvergen
e rate improvement. In fa
t, from inequality (1.5.1) it 
omes out that we needto des
ribe the L2αp-behavior of sequen
es of L2p-optimal quantizers. In this dire
tion,a rather satisfa
tory result 
an be established using Zador Theorem 1.2.2 and Holder in-equality. Namely, if X ∈ Lr′(Rd) for every r′ > 0, then ‖X − h∗N (X)‖s = O(N
−ρ
d ) for any

ρ ∈ (0, r
s).This allows to establish the following theorem, for Π̂n obtained from the two stepre
ursive s
heme:Theorem 1.5.1 Assume that s̄ in H5 satis�es s̄ > 3

2 and that for 0 ≤ k ≤ n and all r > 0

Xk ∈ Lr(Rd). Let (X̂k) be an L2-optimal (Nk)-quantization of (Xk).Then, there exists ρ ∈ (1
2 , 1] su
h that for all f : R

d → R satisfying Hn
nf ∈ C1

b,Lip we have:
|Πnf − Π̂nf | ≤

n∑

j=0

cj(ρ, p, d)
Mn

j (f, α) + cyMn
j (1, α)‖Hn

nf‖∞
π̂n1

N
−2ρ

d

j .Proof. If s̄ > 3
2 , then 1 < s < 3 and there exists 4

3 < t < 4
s . For su
h a number t > 1 wewill have t̄ < 4 and st < 4 so that inequality (1.5.1) is satis�ed for α = max{ t̄

2 ,
st
2 , 1} ∈ [1, 2[.Hen
e, for some ρ ∈ (1

2 ,
1
α) ⊂ (0, 1

α), we 
an write: ‖∆k‖2αp = O(N
−2ρ

d

k ).Consequently from (1.5.1), |Πnf−Π̂nf | ≤
∑n

j=0 cj(ρ, p, d)
Mn

j (f,α)+cyMn
j (1,α)‖Hn

nf‖∞
π̂n1

N
−2ρ

d

j .
2Remark 1.5.1 A 
onje
ture has been made re
ently by H. Lus
hgy and G. Pagès todes
ribe the Ls′-behavior of sequen
es of Lr-optimal quantizers of an R

d-valued randomve
tor for some 0 < r < s′ < r + d:If X ∈ Lr(Rd) su
h that PX(dξ) = ϕ(ξ)λd(dξ) and ∫ ϕ1− s′
r+ddλd < +∞, then any sequen
e

(h∗N ) of Lr-optimal N -quantizers most likely satis�es ‖X − h∗N (X)‖s′ = O(N− 1
d ).This allows to establish an equivalent of Theorem 1.5.1 where ρ = 1 and s̄ is assumed tosatisfy s̄ > 1 + 1

d and then to rise 
onvergen
e rate order of two step re
ursive s
hemes tothe one step re
ursive one.
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al illustrations 591.6 Numeri
al illustrationsPrevious �lter approximation methods will be applied to estimate Πnf1 and Πnf2, where
f1(x) = x and f2(x) = exp(−|x|). Elements of 
omparison with alternative �lter estimationmethods will be given, namely parti
le �ltering methods:SIS Sequential Importan
e Sampling [1, 15℄ whi
h is based on a weighted Monte Carloapproa
h. This method 
an be 
onsidered as 
lose to the quantization method in thesense that it uses weight transformations in the updating step. Unfortunately, it isknown to su�er from weights degeneres
ense.SIR Sequential Importan
e Re-sampling [24, 15℄ whi
h adds a re-sampling step to theprevious algorithm in order to avoid weights degeneres
ense.We will test estimations for di�erent �xed observation sets and so we denote by Π̂y,n, theestimation �lter asso
iated to the observation pro
ess y = (y0, . . . , yn).In all the following examples, we 
hoose to study stationary signal pro
esses in order tosimplify the o� line pro
edure of 
omputing the quantizers. In fa
t, as we marginally quan-tize the signal pro
ess, we 
an just expand the grids of the 
entered redu
ed 
orrespondingdistribution. The obtained quantizers are no longer optimal, some further manipulationsare ne
essary to save the quantizer stationarity property espe
ially in the multidimensional
ases.1.6.1 Kalman �lterBoth signal and observation equations are linear with Gaussian independent noises. It isknown, that the �lter in this 
ase has a Gaussian distribution whi
h parameters (meanand varian
e) 
an be 
omputed sequentially via a deterministi
 algorithm (KF), (see [21℄).We set: Xk = ρXk−1 + θεk+1,

Yk = Xk + αηk,

εk and ηk iid ∼ N (0, Id),

ρ, θ, α ∈ Md(R).

(1.6.1)1.6.1.1 One dimensional 
ase: d=1We 
hoose −1 < ρ < 1 and X0 ∼ N (0, θ2

1−ρ2 ), so that for any 0 ≤ k ≤ n, we have
Xk ∼ N (0, θ2

1−ρ2 ). In this parti
ular 
ase, we 
ould �rst 
ompute2 Γ an L2-optimal quan-tizer of the 
entered redu
ed Gaussian distribution and the 
ompanion parameters for asingle transition step. The quantizers Γk are then dedu
ed by an expansion Γk = θ2

1−ρ2 ×Γ.2Optimal quantizers for the Gaussian distribution are downloadable onhttp://www.proba.jussieu.fr/pageperso/pages/



60 First Order s
hemesThe two �rst order s
hemes are 
ompared to the zero order one with Nk = 200, 0 ≤ k ≤ n.Exa
t values are 
omputed via the Kalman-Bu
y re
ursive �lter algorithm. Parti
les meth-ods are also tested for the sake of 
omparison.
(ρ, θ, α) (0.65,1.0,0.1) (0.8,1.0,0.1)

Π̂y,25f1 Π̂y,25f2 Π̂y,25f1 Π̂y,25f2KF(Ref. Value) -3.239 0.039 1.754 0.17394SIS (5000 pts) -3.244 0.039 1.7487 0.17489SIR (5000 pts) -3.2398 0.039 1.7542 0.1739QF Or0 (200 pts) -3.2394 0.0393 1.7522 0.17425QF Or1 1-step (200 pts) -3.2381 0.039431 1.7524 0.17422QF Or1 2-step (200 pts) -3.2381 0.039431 1.7524 0.17422Table 1.1: One dimensional Kalman �lter 
ase.1.6.1.2 Multidimensional 
ase: d=2Although the quantization based �lter s
hemes presented previously depend on the signaldimension d, for both 
omplexity and 
onvergen
e rate, it remains interesting to 
omputeestimations for medium signal dimensions. We re
onsider equation (1.6.1) with parameters:
ρ =

(
0.996 0

0 0.996

), θ =

(
0.05 −0.01

−0.01 0.02

) and α = 0.5Id.The initial signal distribution is 
entered, Gaussian with 
ovarian
e matrix:
Σ0 =

(
0.325 −0.087

−0.087 0.0626

)
.The 
hosen prior distribution is the stationary one. For signal quantization, we take

Γ = {z1, . . . , zN} the L2-optimal N -quantizer of a 
entered redu
ed Gaussian distribution.At 0 ≤ k ≤ N , Xk ∼ N (0,Σ0) and we de�ne the marginal stationary (Nk)-quantizer of
(Xk) as follows:

X̂k =
N∑

i=1

Σ
1
2
0 z

i1
{Xk∈Σ

1
2
0 Ci(Γ)}Although quantizers are not optimal, we obtain satisfa
tory 
onvergen
e results. Conver-gen
e errors are represented in Figure 1.4. From the log-log s
ale representation in Figure1.4, we 
an evaluate the 
onvergen
e rate improvement using a regression. Table 1.6.1.2summarizes the 
omputed slopes of the regressions.
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al illustrations 61Or0 Or1 1-step Or1 2-step-0.45 -1.1 -1.04Table 1.2: Regression slopes on the log-log s
ale representation (d=2)We observe nearly the expe
ted theoreti
al results. The 
onvergen
e rate for the zero orders
heme is 
lose of 1
d = 0.5. For �rst order s
hemes, the slope is slightly better than thetheoreti
al one 2

d = 1.1.6.2 Canoni
al sto
hasti
 volatility model (SVM)We introdu
e now a non linearity in the observation equation. We 
onsider the followingstate equations in R: 



Xk = βXk−1 + σεk+1,

Yk = exp(Xk

2 )ηk,

εk and ηk iid ∼ N (0, 1),

−1 < β < 1 and σ ∈ R
∗
+.

(1.6.2)Remark 1.6.1 This is the time dis
retization of a 
ontinuous di�usion model introdu
edin �nan
e as a model of an asset dynami
s with sto
hasti
 volatility. The sto
k pri
e Stand its volatility σt solve the following sto
hasti
 di�erential system:
{
dSt = µtStdt+ σtStdWt,

d(ln(σ2
t )) = −λln(σ2

t )dt+ τdWt.
(1.6.3)The sto
k pri
e is supposed to be observable so that the �ltering problem 
orrespondsto a volatility estimation problem, given the set of observed past pri
es. Taking a timedis
retization step ∆, the Euler s
heme writes:

{
ln(

Sk+1

Sk
) = (µk − 1

2σ
2
k)∆ + σk

√
∆ηk,

ln(σ2
k+1) = (1 − λ∆)ln(σ2

k) + τ
√

∆εk+1.
(1.6.4)Now, taking Yk = ln(

Sk+1

Sk
), Xk = ln(σ2

k), ηk and εk iid N (0, 1) 
ondu
ts to the stateequations adopted for the illustration.Here also we 
hoose X0 ∼ N (0, σ2

1−β2 ), in order to use the same grid at ea
h time step
k. The 
hoi
e of the triplet (λ, τ,∆) will determine the dis
rete time model parameters
(β, σ). The exa
t �lter value is not 
omputable for su
h model, so Figure 1.1 shows the
onvergen
e behavior of the quantization �lters. The �rst order s
hemes 
learly 
onvergefaster.
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hemesComparison with parti
le methods is made possible by 
omputing some 
on�den
e intervalthrough the 5% and 95% 
entiles over 4000 realizations of the parti
le �lter estimator. InFigure 1.2 are depi
ted this interval bounds and one realization of the random estimatoras fun
tions of the parti
le number. For a 
omparison between the two methods (parti
lesand quantization), we represent in Figure 1.3 quantization based �lters in the 
on�den
einterval of 10000 parti
les.1.6.3 Numeri
al stabilityTwo stability aspe
ts have been studied through numeri
al appli
ations. The implementedstate equations are those of the previous se
tion (see equation (1.6.2)) when we modelsto
hasti
 volatility.The �rst point we will be interested in, is degeneration of intuitive s
heme devised inRemark 1.3.1. An illustration of su
h a problem is represented by Figure 1.5.The se
ond point is the stability of our estimations in time. This is a re
urrent problemin �ltering methods. Even if we 
onsidered a �xed observation horizon all over this work,it is important to study the estimation behaviour when n grows. As the 
onstants Mn
j areexponentially depending of the observation horizon, we have been interested in verifyingthat this does not alter the numeri
al performan
es of our �lter estimators. (see Figure1.6). Note that the 
hosen state equations and the stationarity assumption give that

K = β < 1.
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Figure 1.1: Quantization �lter approximations for SVM as a fun
tion of the quantizersize Nk - three di�erent observation 50-tuples (right: Πy,50f1, left: Πy,50f2) - (β, σ) =

(0.996, 0.0316).
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Figure 1.4: Quantization �lter estimator errors for 2-dimensional Kalman 
ase as a fun
tionof the quantizer size Nk (left: ‖Π10f1 − Π̂10f1‖2, right: log-log s
ale representation).
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al illustrations 67Appendix A : Expli
it error 
ontrol 
onstantsIn all the following, we will denote Gn
f

Def
= max{‖Hn

nf‖∞, ‖DHn
nf‖∞, [DHn

nf ]Lip}. Sothat, the results of Proposition 1.2.2 write:
‖Rkf‖∞ ≤ Gn

fL
n−k,

‖DRkf‖∞ ≤ Gn
fL

n−k Kn−k+1−1
K−1 ,

uk ≤ Gn
fL

n−k (3K)n−k+1−1
3K−1 .

(1.6.5)A.1 Zero order s
heme 
onstantsLemma 1.6.1 Let α > 0 and let (vk)0≤k≤n, (uk)0≤k≤n, (ak)0≤k≤n be some sequen
essatisfying the following re
ursive inequalities:
∀k ∈ {0, . . . , n− 1}, |vk| ≤ |ak| + α|vk+1| and |uk| ≤

n∑

j=k

|ak| + α|uk+1|.Then ∀k ∈ {0, . . . , n− 1}:
|vk| ≤

n−1∑

j=k

αj−k|aj | + αn−k|vn|and
|uk| ≤

n−1∑

j=k

αj−k+1 − 1

α− 1
|aj | +

αn−k − 1

α− 1
|an| + αn−k|un|.A simpler upper bound is also given by:

|uk| ≤
n∑

j=k

αj−k+1 − 1

α− 1
|aj | + αn−k|un|.Compared with the original zero order s
heme of [41℄, the operators de�ned by system(2.2.1) allow us to enlarge the results of Theorem 1.2.1 and its Corollary, to a slightlylarger 
lass of test fun
tions f .Proposition 1.6.1 Suppose the test fun
tion f for the �lter satis�es: Hn

nf ∈ C1
b,Lip.Then for k ≤ j ≤ n:

Ck,n
j ≤ Gn

f (2 − δ2,p)L
n−kK

n−j+1 − 1

K − 1
.Proof.

‖Rkf(Xk) − ˆ̂
Rkf(X̂k)‖p = ‖gk(Xk)PkRk+1f(Xk) − gk(X̂k)P̂k

ˆ̂
Rk+1f(X̂k)‖p,

≤ ‖gk(Xk)PkRk+1f(Xk) − gk(Xk)E[PkRk+1f(Xk)|X̂k]‖p

+‖
(
gk(Xk) − gk(X̂k)

)
E[PkRk+1f(Xk)|X̂k]‖p

+‖gk(X̂k)
(
E[PkRk+1f(Xk)|X̂k] − E[

ˆ̂
Rk+1f(X̂k+1)|X̂k]

)
‖p,



68 First Order s
hemeswhi
h gives, using E[PkRk+1f(Xk)|X̂k] = E[Rk+1f(Xk+1)|X̂k] a

ording to (1.2.15):
‖Rkf(Xk) − ˆ̂

Rkf(X̂k)‖p ≤ ‖gk‖∞(2 − δ2,p)[PkRk+1f ]Lip‖∆k‖p

+‖Rk+1f‖∞[gk]Lip‖∆k‖p

+‖gk‖∞‖Rk+1f(Xk+1) − ˆ̂
Rk+1f(X̂k+1)‖p,

≤ L ((2 − δ2,p)K[Rk+1f ]Lip + ‖Rk+1f‖∞) ‖∆k‖p

+L‖Rk+1f(Xk+1) − ˆ̂
Rk+1f(X̂k+1)‖p.Now, applying Lemma 1.6.1 we establish:

‖Rkf(Xk) − ˆ̂
Rkf(X̂k)‖p ≤

n−1∑

j=k

Lj−k+1 ((2 − δ2,p)K[Rj+1f ]Lip + ‖Rj+1f‖∞) ‖∆j‖p

+Ln−k‖Hn
nf(Xn) −Hn

nf(X̂n)‖p,

≤
n∑

j=k

Ck,n
j ‖∆j‖p,where:

Ck,n
j ≤

{
Lj−k+1 ((2 − δ2,p)K[Rj+1f ]Lip + ‖Rj+1f‖∞) , k ≤ j ≤ n− 1,

Ln−k[Hn
nf ]Lip j = n.

(1.6.6)From equation (1.6.5), and using [Rkf ]Lip = ‖DRkf‖∞, we derive that for every k ≤ j ≤
n− 1:

Ck,n
j ≤ Lj−k+1

(
(2 − δ2,p)KG

n
fL

n−j−1K
n−j − 1

K − 1
+ 1) +Gn

fL
n−j−1

)

≤ Gn
f (2 − δ2,p)L

n−k

(
K
Kn−j − 1

K − 1
+ 1

)

≤ Gn
f (2 − δ2,p)L

n−kK
n−j+1 − 1

K − 1
.As we have for the last step:

Ck,n
n ≤ Ln−kGn

f ≤ Ln−kGn
f (2 − δ2,p).Then we have for every k ≤ j ≤ n:

Ck,n
j ≤ Gn

f (2 − δ2,p)L
n−kK

n−j+1 − 1

K − 1
.

2
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al illustrations 69A.2 One step iterative �rst order s
heme 
onstantsProposition 1.6.2 For 0 ≤ k ≤ j ≤ n:
Dk,n

j ≤ αpG
n
fL

n−k(
(LK)j−k+1 − 1

LK − 1
)(
Kn−j+1 − 1

K − 1
). (1.6.7)

Mk,n
j ≤ n+ 5

2
Ln−kαpG

n
f (

(LK)j−k+1 − 1

LK − 1
)(

(3K)n−j+1 − 1

3K − 1
)(

(L)j−k+1 − 1

L− 1
). (1.6.8)Proof.We start by establishing (1.6.7). To this end, we re
all inequality (1.3.10):

‖Âk‖p ≤ (‖DRk+1‖∞[∂xFk+1]
1
Lip +K2[DRk+1f ]Lip)‖∆k‖p

+L
(
Ck+1,n

k+1 +K([DRk+1f ]Lip + ‖DRk+1f‖∞)
)
‖∆k+1‖p

+L
n∑

j=k+2

Ck+1,n
j ‖∆j‖p + LK‖Âk+1‖p,and then apply Lemma 1.6.1 to write ‖Âk‖p ≤∑n

j=k+1D
k,n
j ‖∆j‖p, with:

Dk,n
k ≤ L(‖DRk+1f‖∞[∂xFk+1]

1
Lip +K2[DRk+1f ]Lip),

Dk,n
k+1 ≤ (LK + 1)L

(
Ck+1,n

k+1 +K([DRk+1f ]Lip + ‖DRk+1f‖∞)
)
,

Dk,n
j ≤ L

(LK)j−k+1 − 1

LK − 1
Ck+1,n

j , k + 2 ≤ j ≤ n, (1.6.9)whi
h yields, using inequalities (1.6.5):
Dk,n

k ≤ L([∂xFk+1]
1
Lip +K2)uk+1

≤ Ln−k([∂xFk+1]
1
Lip +K2)Gn

f

(3K)n−k − 1

3K − 1
,

Dk,n
k+1 ≤ Ln−k(LK + 1)Gn

f

(
(2 − δ2,p)

Kn−k − 1

K − 1
+ 2K

(3K)n−k − 1

3K − 1

)

≤ Ln−k(LK + 1)(2 − δ2,p + 2K)Gn
f

(3K)n−k − 1

3K − 1
,

Dk,n
j ≤ Ln−k (LK)j−k+1 − 1

LK − 1
Gn

f (2 − δ2,p)
Kn−j+1 − 1

K − 1
, k + 2 ≤ j ≤ n.Here we used Kn−j+1−1

K−1 ≤ (3K)n−j+1−1
3K−1 , whi
h allows to establish inequality (1.6.7). Nowfor (1.6.8), we apply Lemma 1.6.1 to inequality (1.3.18):

‖Vkf‖p ≤ ([DRkf ]Lip + LKuk+1) ‖∆k‖2
2p

+L
(
2[DRk+1f ]Lip + 1

2

∑n
j=k+1D

k+1,n
j

)
‖∆k+1‖2

2p

+1
2L
∑n

j=k+1D
k+1,n
j ‖∆j‖2

2p

+L‖Vk+1f‖p,

(1.6.10)
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hemeswhi
h yields:
‖Vkf‖p ≤

n∑

j=k

Mk,n
j ‖∆‖2

2p,where:
Mk,n

k ≤ [DRkf ]Lip + LKuk+1,

Mk,n
k+1 ≤ L(L+ 1)

(
2[DRk+1f ]Lip +Dk+1,n

k+1 + 1
2

∑n
j=k+2D

k+1,n
j

)
,

Mk,n
j ≤ L

2
Lj−k+1−1

L−1 Dk+1,n
j , k + 2 ≤ j ≤ n− 1,

Mk,n
n ≤ L

2
Ln−k−1

L−1 Dk+1,n
n + Ln−k[DHn

nf ]Lip.

(1.6.11)For this last term, we use for ‖Vnf‖p the upper bound given by (1.3.12) applied at k = n.In parti
ular, we have:
Mk,n

k ≤ uk + LKuk+1

≤ Ln−kGn
f

(
(3K)n−k+1 − 1

3K − 1
+K

(3K)n−k − 1

3K − 1

)

≤ 2Ln−kGn
f (

(3K)n−k+1 − 1

3K − 1
),

Mk,n
j ≤ L

2

Lj−k+1 − 1

L− 1

(
αpG

n
fL

n−k−1(
(LK)j−k − 1

(LK) − 1
)(
Kn−j+1 − 1

K − 1
)

)

≤ Ln−k

2
αpG

n
f (
Lj−k+1 − 1

L− 1
)(

(LK)j−k − 1

(LK) − 1
)(
Kn−j+1 − 1

K − 1
),

k + 2 ≤ j ≤ n− 1.Furthermore,
n∑

j=k+2

Dk+1,n
j ≤ αpG

n
fL

n−k−1(
(LK)j−k − 1

LK − 1
)(
Kn−j+1 − 1

K − 1
)

≤ αpG
n
fL

n−k−1(
Kn−k−1 − 1

K − 1
)

n−k−2∑

j=0

(n− k − j − 1)(LK)j .Then, using inequality (1.6.12), we have:
Mk,n

k+1 ≤ L(L+ 1)

(
2uk+1 + αpG

n
fL

n−k−1(LK + 1)
Kn−k − 1

K − 1

+
1

2
αpG

n
fL

n−k−1(n− k − 1)(
(LK)n−k − 1

LK − 1
)(
Kn−k−1 − 1

K − 1
)

)

≤ Ln−k(L+ 1)αpG
n
f

(
2
(3K)n−k − 1

3K − 1
+ (LK + 1)

Kn−k − 1

K − 1

+
1

2
(
Kn−k−1 − 1

K − 1
)

n−k−2∑

j=0

(n− k − j − 1)(LK)j


 ,
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Mk,n

k+1 ≤ Ln−k(L+ 1)αpG
n
f


2

(3K)n−k − 1

3K − 1
+ (

Kn−k − 1

K − 1
)

n−k−2∑

j=0

n− k − j + 1

2
(LK)j




≤ Ln−k(L+ 1)αpG
n
f

n− k + 5

2
(
(3K)n−k − 1

3K − 1
)(

(LK)n−k − 1

LK − 1
),Finally,

Mk,n
n ≤ L

2

Ln−k − 1

L− 1

(
αpG

n
fL

n−k−1(
(LK)n−k − 1

(LK) − 1
)

)
+Gn

fL
n−k

≤ Ln−k

2
Gn

f

(
αp
Ln−k − 1

L− 1
(
(LK)n−k − 1

(LK) − 1
) + 2

)
.Then, inequality (1.6.8) is proved. 2A.3 Two step iterative �rst order s
heme 
onstantsProposition 1.6.3 For 0 ≤ k ≤ j ≤ n:

Dk,n
j ≤ αs,pG

n
fL

n−k (3K)n−j+1 − 1

3K − 1
(1.6.12)

Mk,n
j ≤ αpG

n
f (n+ 1)Ln−k(

(L)j−k+1 − 1

3K − 1
)(

(3K)n−j+1 − 1

3K − 1
) (1.6.13)Proof.The proof is analogue to that of proposition 1.6.2.We �rst re
onsider inequality (1.4.17):

‖Âk+1‖p ≤ LK(uk+2 + ‖DRk+2f‖∞)‖∆k+1‖sp

+L(ψp + 1)

n∑

j=k+2

Ck+2,n
j ‖∆j‖sp,to write:

‖Âk+1‖p ≤
n∑

j=k+1

Dk+1,n
j ‖∆j‖sp,where:

Dk+1,n
k+1 ≤ LK(uk+2 + ‖DRk+2f‖∞),

Dk+1,n
j ≤ L(ψp + 1)Ck+2,n

j , k + 2 ≤ j ≤ n.
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hemesSo in more details, using inequalities (1.6.5), we have:
Dk+1,n

k+1 ≤ 2LKuk+2 ≤ 2KGn
fL

n−k−1 (3K)n−k − 1

3K − 1
,

Dk+1,n
j ≤ Ln−k−1(ψp + 1)(2 − δ2,p)G

n
f

Kn−j+1 − 1

K − 1
, k + 2 ≤ j ≤ n.This leads to result (1.6.12).Now, a

ording to (1.4.18), Mk,n

j will express as previously, the di�eren
e is introdu
ed by
Dk,n

j expression. So plugging (1.6.12) into (1.6.11) yields:
Mk,n

k ≤ 2Gn
fL

n−k(
(3K)n−k+1 − 1

3K − 1
),

Mk,n
k+1 ≤ L(L+ 1)

(
2Gn

fL
n−k−1 (3K)n−k − 1

3K − 1
+ αpG

n
fL

n−k−1 (3K)n−k − 1

3K − 1

+
1

2
αpG

n
f (n− k − 1)

(3K)n−k−1 − 1

3K − 1

)

≤ αpG
n
fL

n−k(L+ 1)(n− k + 1)
(3K)n−k − 1

3K − 1
,

Mk,n
j ≤ L

2

Lj−k+1 − 1

L− 1

(
αpG

n
fL

n−k−1(
(3K)n−j+1 − 1

(3K) − 1
)

)

≤ Ln−k

2
αpG

n
f (
Lj−k+1 − 1

L− 1
)(

(3K)n−j+1 − 1

(LK) − 1
),

k + 2 ≤ j ≤ n− 1,

Mk,n
n ≤ L

2

Ln−k − 1

L− 1

(
αpG

n
fL

n−k−1
)

+Gn
fL

n−k

≤ Ln−k

2
αpG

n
f (
Ln−k − 1

L− 1
+ 1).

2
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al illustrations 73Appendix B : The parti
ular 
ase of di�usion dis
retizationWe treat the parti
ular 
ase where the signal equation is a di�usion. Namely, we supposethat the signal pro
ess has a 
ontinuous time evolution, within t = 0 and a �xed horizon
T > 0 whi
h follows the sto
hasti
 di�erential equation:

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, (1.6.14)where Bt is a Brownian motion, b : [0, T ] × R
d → R

d and σ : [0, T ] × R
d → Md,d(R) are
ontinuously di�erentiable fun
tions with bounded Lips
hitz 
ontinuous derivatives withrespe
t to x uniformly in t ∈ [0, T ]. In addition σ will be assumed to satisfy a uniformellipti
ity 
ondition :H 3' There exists c > 0 su
h that for any x ∈ R

d and t ∈ [0, T ]:
σ(t, x)σ′(t, x) ≥ cIdThe observation being in dis
rete time, we pro
eed to a time di
retization via a Eulers
heme of step δ = T

n . In some situations, it is however possible to 
onsider the di�usionitself at times kδ, k = 0, . . . , n. This is the 
ase e.g. when there exists a Borel fun
tion
ϕ : [0, T ] × R

d → R
d su
h that Xt = ϕ(t, Bt).We de�ne the dis
rete time pro
ess Xk by:

Xk+1 = Xk + bk(Xk)δ + σk(Xk)
√
δεk+1, (1.6.15)where εk+1 =

B(k+1)δ−Bkδ√
δ

are iid, independent of X0 su
h that εk ∼ N (0, Id), and for
k = 0, . . . , n− 1, bk(x) = b(kδ, x), σk(x) = σ(kδ, x).Our aim is to establish properties of Pk required to apply Theorem 1.3.1 and Theorem1.4.1 to the Euler s
heme 
ase. This also spe
i�es the dependen
y in the time step δ = T

n .B.1 Pk propertiesWith respe
t to the previous notations, we denote the Euler fun
tional by:
Fk(x, ε) = x+ bk(x)δ + σk(x)

√
δε (1.6.16)and the pdf of N (0, Id) by p(ε) = 1√

2π
d exp(− |ε|2

2 ).In the parti
ular studied 
ase, assumption H4 is always satis�ed and, for every Lips
hitz
ontinuous fun
tion f , we have:
DPkf(x) = −E[(f ◦ Fk+1(x, εk+1) + Ck(x))Ψk(x, εk+1)],
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hemeswhere Ψk : R
d × R

d → R
d is su
h that, for every x = (x1, . . . , xd) and ε = (ε1, . . . , εd):
Ψi

k(x, ε) =
∑d

l=1

(
∂Gil

x (ε)
∂εl − εlGil

x (ε)
) (1.6.17)We note that, a

ording to equation (1.6.17): ∀ 0 ≤ k < n, ∀ x, ε ∈ R

d:
|Ψk(x, ε)| ≤ C(

√
n|ε| + |ε|2).The following result is adapted from Proposition 2 in [6℄:Proposition 1.6.4 Assume f : R

d → R Lips
hithz, then Pkf is di�erentiable and fur-thermore:
‖DPkf‖∞ ≤ Cσ,b[f ]Lip and [DPkf ]Lip ≤ Cσ,b

√
n[f ]Lip (1.6.18)Proof.We will temporarily 
onsider d = 1 to alleviate notations. The obtained results 
an thenbe easily extended to the multidimensional 
ase.First, for all x, x′ ∈ R:

|Pkf(x) − Pkf(x′)|2 ≤ [f ]2LipE|Fk(x, ε1) − Fk(x
′, ε1)|2

≤ [f ]2Lip

(
(1 + [bk]Lipδ)

2|x− x′|2 + δ[σk]
2
Lip|x− x′|2E[ε21]

)

+[f ]2Lip2
√
δ
(
x− x′ + δbk(x) − δbk(x

′)
)
(σk(x) − σk(x

′)) E[ε1]︸ ︷︷ ︸
=0

,Then,
‖DPkf‖∞ ≤ [Pkf ]Lip ≤ [f ]Lip

√(
1 + (2[bk]Lip + [σk]

2
Lip)δ + [bk]

2
Lipδ

2
)
. (1.6.19)Sin
e H4 is satis�ed, we 
an use equation (1.4.2) to write:

DPkf(x) = −
∫
f ◦ Fk(x, ε)Ψk(x, ε)p(ε)dε, (1.6.20)where Ψk(x, ε) = Dσk(x)

σk(x) (1 − ε2) −
√

1/δ+Dbk(x)
√

δ

σk(x) ε.For all x ∈ R we have E[Ψk(x, ε1)] = 0, E[|Ψk(x, ε1)|] ≤ C
√
n and E[|ε1Ψk(x, ε1)|] ≤ C

√
n.Consequently:

|DPkf(x) − DPkf(x′)| ≤ E[|f ◦ Fk(x, ε1) − f ◦ Fk(x
′, ε1)||Ψk(x, ε1)|] (1.6.21)

+ |E[
(
f ◦ Fk(x

′, ε1) − f ◦ Fk(x, 0)
) (

Ψk(x, ε1) − Ψk(x
′, ε1)

)
]| (1.6.22)

+ |f ◦ Fk(x, 0) E[Ψk(x, ε1) − Ψk(x
′, ε1)]︸ ︷︷ ︸

=0

|. (1.6.23)
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al illustrations 75On one hand, for term (1.6.21) we have:
E[|f ◦ Fk(x, ε1) − f ◦ Fk(x

′, ε1)||Ψk(x, ε1)|]
≤ [f ]Lip

(
(1 + [bk]Lipδ)E[|Ψk(x, ε1)|] + [σk]Lip

√
δE[|Ψk(x, ε1)ε1|]

)
|x− x′|.On the other hand, for (1.6.22):

E[| (Fk(x, ε1) − Fk(x, 0))
(
Ψk(x, ε1) − Ψk(x

′, ε1)
)
|]

≤ (1 + [bk]Lipδ)E[|Ψk(x, ε1) − Ψk(x
′, ε1)|]|x− x′|

+E[|σk(x
′)
√
δε1
(
Ψk(x, ε1) − Ψk(x

′, ε1)
)
|].Considering that:

E[|σk(x
′)
√
δε1
(
Ψk(x, ε1) − Ψk(x

′, ε1)
)
|] ≤

√
δ
‖σ‖∞√

c

(
[Dσk]LipE|ε1(1 − ε21)| + [Dbk]Lip

√
δE|ε1|2

)
|x− x′|

+
√
δ
[σk]Lip√

c
E[|ε1σk(x

′)Ψ(x′, ε1)|]|x− x′|,yields to derive the announ
ed results. 2Remark 1.6.2 From (1.6.19), we note that for k ∈ {0, . . . , n− 1}, [Pkf ]kLip ≤ C.B.2 Case of a 
onstant di�usion 
oe�
ientIn order to satisfy the assumptions needed for the one step re
ursive quantization baseds
hemes, we have to 
onsider the following alternative assumption:H 2� σ is 
onstant and b ∈ C1
b,Lip.Hen
e, we have

∂xFk+1(x, y) = 1 + Dbk(x)δ,so that, [∂xFk+1]
1
Lip = 1 + δ[Db]Lip and ‖∂xF‖∞ = 1 + ‖Db‖∞.In this very parti
ular 
ase, we 
an get rid of n dependen
y in (1.6.18) by writing:
[DPkf ]Lip ≤ [∂xF ]1Lip‖Df‖∞ + ‖∂xF‖∞[Df ]Lip

≤
(
[∂xF ]1Lip + ‖∂xF‖∞

)
‖Df‖∞ ∨ [Df ]Lip. (1.6.24)
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Chapter 2Quantization �lters and parti
le�lters : a 
omparison approa
hPrépubli
ation du laboratoire de Probabilités et Modèles Aléatoires [53℄We rise a 
omparative study between two di�erent approa
hes to 
onstru
t non linear�lter estimators : on one hand grid methods using zero order and �rst order quantizations
hemes, on the other hand parti
le �ltering algorithms using sequential importan
e sam-pling or resampling. For ea
h method, numeri
al implementation is expli
ited in additionto 
onvergen
e arguments and algorithmi
 
omplexity. Numeri
al examples are then givenover three state spa
e models: the Kalman �lter 
ase, the 
anoni
al sto
hasti
 volatilitymodel and the in�nite dimension expli
it �lter introdu
ed in [18℄.Key words: Nonlinear �lter, quantization s
hemes, parti
le �ltering, importan
e sam-pling, Kalman �lter, sto
hasti
 volatility, in�nite dimension �lter.
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78 Comparison approa
h2.1 Introdu
tionWe 
onsider a �xed dis
rete horizon n ∈ N
∗ and some probability spa
e (Ω,F ,P). A signalpro
ess is an R

d-valued dis
rete time hidden Markov 
hain (Xk)0≤k≤n evolving a

ordingto the following signal equation:
Xk+1 = Fk+1(Xk, εk+1), 0 ≤ k ≤ n− 1, (2.1.1)where Fk : R

d × R
q → R

d, is a Borel fun
tion and (εk)1<k≤n is a sequen
e of independentidenti
ally distributed (iid) R
q-valued random variables, independent of X0. The distribu-tion µ0 of X0 is supposed to be known. Furthermore, Pk(x, dx

′) will denote the probabilitytransition of Xk, and:
µ0f =

∫

Rd

f(x)µ0(dx) and Pkf(x) =

∫

Rd

f(x′)Pk(x, dx
′).At ea
h time step k, an R

d′-valued noisy observation Yk is made. The (Yk)0≤k≤n dynami
sare driven by a Borel fun
tion Gk : R
d′ × R

d × R
q′ → R

d′ su
h that
Yk = Gk(Yk−1, Xk, ηk), 1 ≤ k ≤ n, (2.1.2)where (ηk) is a sequen
e of iid R

q′-valued random variables, independent of σ(X0, εk, k ≥ 1).We assume for 
onvenien
e, that Y0 = 0 and that, for every 1 ≤ k ≤ n, the distribution of
Yk given Xk and Yk−1 admits a 
ontinuous 
onditional pdf y 7→ gk(Yk−1, Xk, y). Further-more, we assume that gk satis�es the following Lips
hitz assumption:
∀x, x′ ∈ R

d, ∀y, y′ ∈ R
d′ ,

|gk(y, x, y
′) − gk(y, x

′, y′)| ≤ [gk]
y,y′

Lip |x− x′| and Ly,y′
= max

0≤k≤n
sup
x∈Rd

|gk(y, x, y
′)| < +∞.Remark 2.1.1 As the observation pro
ess is �xed, we will drop the dependan
y of [gk]

y,y′

Lipand Ly,y′ in (y, y′) for notational 
onvenien
e.The problem we aim to solve is to 
ompute
Πnf = E[f(Xn)|Y1 = y1, . . . , Yn = yn],for an appropriate Borel fun
tion f : R

d → R and a given observation sequen
e y1:n =

{y1, . . . , yn}. Througout the paper, we will use 
apital letters to denote random variablesand small letters to designate their realizations. We will also denote by x 7→ p(x|y) the
onditional pdf of a random variable X given that Y = y.



Introdu
tion 792.1.1 Sequential de�nitionIn order to implement some numeri
al s
hemes solving the �ltering problem, it is importantto see that a re
ursive formulation of the problem is possible owing to the Markov propertyof both the signal pro
ess (Xk) and the pair signal-observation (Xk, Yk). To establish itwe set p(xk|y1:k−1) and p(xk|y1:k) respe
tively the predi
tion and the �ltering pdf, for
1 ≤ k ≤ n. Then for a test fun
tion f with su�
ient regularity properties, we have:

E[f(Xk)|Y1 = y1, . . . , Yk−1 = yk−1] =

∫
f(xk)p(xk|y1:k−1)dxk,

E[f(Xk)|Y1 = y1, . . . , Yk−1 = yk] =

∫
f(xk)p(xk|y1:k)dxk.Using the Chapman-Kolmogorov formula and the Bayes formula, we 
an establish thefollowing re
ursion:Predi
tion

p(xk|y1:k−1) =

∫
p(xk|xk−1)p(xk−1|y1:k−1)dxk−1. (2.1.3)Updating/Corre
tion

p(xk|y1:k) =
p(yk|xk, y1:k−1)p(xk|y1:k−1)∫
p(yk|xk, y1:k−1)p(xk|y1:k−1)dxk

=
gk(yk−1, xk, yk)p(xk|y1:k−1)∫
gk(yk−1, xk, yk)p(xk|y1:k−1)dxk

.(2.1.4)Denoting by α a generi
 
onstant depending on the �xed observations, we 
an derive byindu
tion from (2.1.4) that:
p(xn|y1:n) = α

∫ n−1∏

k=1

gk(yk−1, xk, yk)p(xk|xk−1)dxkµ0(dx0). (2.1.5)Then, it easily derives from the Markov property that:
∫
f(xn)p(xn|y1:n)dxn = α E[

n−1∏

k=1

gk(yk−1, Xk, yk)p(Xk|Xk−1)].This suggests to 
onsider the so 
alled unnormalized �lter πn de�ned by:
πnf = E[f(Xn)

n∏

k=1

gk(yk−1, Xk, yk)].Setting f ≡ 1 shows that the normalization 
onstant equals 1
πn1

. Finally one gets
Πnf =

πnf

πn1
.
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hRemark 2.1.2 For 
onvenien
e, the dependen
y of Πn and πn in the observation pro
esshas been omitted, as it is �xed. For the same reason, we will denote gk(x) := gk(yk−1, x, yk)for 1 ≤ k ≤ n, and g0 := 1.Predi
tion equation (2.1.3) and update equation (2.1.4) 
an merge to write a one steptransition equation, linking p(xk|y1:k) to p(xk−1|y1:k−1) (and 
onsequently the intermediate�lters πk to πk−1).
p(xk|y1:k) = α p(xk−1|y1:k−1)p(yk|xk, yk−1)p(xk|xk−1) (2.1.6)By introdu
ing the operators (Hk)0≤k≤n de�ned below, a sequential de�nition of the un-normalized �lter πn 
an be given.Namely, if one de�nes, for any x ∈ R

d:
{
Hkf(x) = gk(Xk)E[f(Xk+1)|Xk = x], 0 ≤ k ≤ n− 1,

Hn
nf(x) = gn(x)f(x),

(2.1.7)then we have
πnf = µ0 ◦H0 · · · ◦Hn

nf. (2.1.8)Consequently, we 
an write sequentially, either in the forward way:
U0 = µ0 ◦H0 , Uk = Uk−1 ◦Hk , 1 ≤ k ≤ n− 1, (2.1.9)or in the ba
kward way:
Rn = Hn

n , Rk = Hk ◦Rk+1 , 0 ≤ k ≤ n− 1, (2.1.10)so that πnf = µ0R0f = Un−1 ◦Hn
nf .As we 
an see, the operators involved in the sequential de�nition of the �lter have tobe estimated numeri
ally. Both methods we will present and 
ompare below follow twodi�erent known approa
hes to approximate a 
onditional expe
tation. The �rst one, thequantization �ltering method, is a grid method to transform an expe
tation into a �niteweighted sum. These grids and their 
ompanion weights 
an be pre-
omputed and stored o�line. As 
on
erns �ltering, this method has been introdu
ed in [41℄, where the authors useoptimal quantizers to 
onstru
t what we will 
all a zero order quantization �lter. Furtherdevelopments of this method 
an be found in Chapter 1, where the stationary property ofoptimal quantizers is used to develop some s
hemes based on �rst order approximations.In se
tion 3, we re
all the 
onstru
tion of these s
hemes, as well as the most important
onvergen
e results. Se
tion 4 deals with the se
ond �ltering appora
h we will be interestedin. It is a Monte Carlo parti
le method using importan
e sampling to simulate randomgrids. This method has been deeply developed by pra
tionners of �ltering in di�erentappli
ation �elds (see [15℄). Two algorithms will be fo
used on, the sequential importan
esampling (SIS) and the sequential importan
e resampling (SIR).
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hemeA pro
ess quantizer size (Nk)0≤k≤n being �xed, and a quantizer Γk being pre
omputed,we set (X̂k)0≤k≤n a marginal quantization of (Xk)0≤k≤n de�ned by:
X̂k = ProjΓk

(Xk).Quantization �lters are 
onstru
ted using re
ursive s
hemes. The zero order s
heme intro-du
ed in [41℄ uses quantizers to approximate operators Hk by pie
ewise 
onstant operatorsde�ned on the grids Γk. Namely, we de�ne:




ˆ̂
Hkf(X̂k) = gk(X̂k)E[f(X̂k+1)|X̂k], 0 ≤ k ≤ n− 1,
ˆ̂
Hn

nf(X̂n) = Hn
nf(X̂n) = gn(X̂n)f(X̂n).

(2.2.1)So, de�ning µ̂0 as the (dis
rete) distribution of X̂0, we have respe
tively the followingforward and ba
kward iterative approximation s
hemes :
ˆ̂
U0 = µ̂0

ˆ̂
H0 ,

ˆ̂
Uk =

ˆ̂
Uk−1 ◦ ˆ̂

Hk , 1 ≤ k ≤ n− 1, (2.2.2)and
ˆ̂
Rn = Hn

n ,
ˆ̂
Rk =

ˆ̂
Hk ◦ ˆ̂

Rk+1 , 0 ≤ k ≤ n− 1, (2.2.3)so that
ˆ̂πnf = µ̂0

ˆ̂
R0f =

ˆ̂
Un−1 ◦Hn

nf.This formulation of the zero order s
heme provides an implementable solution to the nonlinear �ltering problem. This s
heme 
onsists of a re
ursive pro
edure based on weightedsums involving the optimal quantization grids and some weights, whi
h only depend onthe signal distribution. These quantities are usually 
omputed o� line, sin
e they do notdepend on the observation pro
ess.To be more spe
i�
, we denote Γk = {x1
k, ..., x

Nk

k } and pij
k = E[1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R,then the implemented forward algorithm writes as Algorithm 0.Note that (µ̂i
0)1≤i≤N0 designates the ve
tor of dis
rete probabilities : µ̂i

0 = P(X̂0 ∈
Ci(Γ0)). The use of the ba
kward formulation (2.2.3) asso
iated to the L2-optimal marginal
(Nk)-quantizations of (Xk), allows to establish a 
onvergen
e rate to zero for the errorestimate, for a Borel test fun
tion f satisfying Hn

nf bounded Lips
hitz 
ontinuous, whenthe quantizer size N =
∑n

k=0Nk goes to +∞. Namely,
|πnf − ˆ̂πnf | = O(N−1/d),(see [41℄), with a 
onstant depending on the observation ve
tor and on the time horizon n.
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hAlgorithm 0 Zero order quantization based algorithm
k = 0 1 ≤ i ≤ N0 and 1 ≤ j ≤ N1

ˆ̂
U0(j) =

∑N0
i=1 µ̂

i
0p

ij
0

0 ≤ k ≤ n− 2 1 ≤ i ≤ Nk+1 and 1 ≤ j ≤ Nk+2

ˆ̂
Hk+1(i, j) = gk+1(x

j
k+1)p

ij
k+1

ˆ̂
Uk+1(j) =

∑Nk

i=1
ˆ̂
Hk+1(i, j)

ˆ̂
Uk(i)

k = n 1 ≤ j ≤ Nn

Hn
nf(xj

n) = gn(xj
n)f(xj

n)

ˆ̂πnf =
∑Nn

j=1
ˆ̂
Un−1(j)H

n
nf(xj

n)2.2.2 First order s
hemesIn order to obtain better 
onvergen
e rates, we introdu
e �rst order s
hemes (see [6, 43℄ andChapter 1). The main idea to develop them is to write a pie
ewise linear approximationof Rkf , mimi
king some �rst order Taylor expansion (see [6, 43℄) and using di�erentialterms to introdu
e �rst order 
orre
tors. The generi
 �rst order s
heme 
ould be writtenas follows:




R̂nf(X̂n) = Hn
nf(X̂n),

R̂kf(xi
k) = gk(x

i
k)E[R̂k+1(X̂k+1) + 〈D̂Rk+1f,∆k+1〉|X̂k = xi

k],

0 ≤ k ≤ n− 1.

(2.2.4)where D̂Rk+1f is a numeri
al approximation of DRk+1f when it exists and < ., . > denotesthe Eu
lidean inner produ
t in R
d.A �rst order quantization based unnormalized �lter estimator, is then de�ned by:

π̂nf = µ̂0R̂0f.The way the approximation D̂Rk+1f is de�ned leads to several variants. To establisherror estimates, one makes an extensive use of the stationarity property of L2-optimalquantizers i.e.
E[Xk|X̂k] = X̂k. (2.2.5)In the following, we will present the two s
hemes 
onstru
ted in Chapter 1: the one stepre
ursive s
heme based on a re
ursive de�nition of the di�erential term estimator D̂Rk andthe two step re
ursive s
heme based on an integration by part transformation of 
onditionalexpe
tation derivative DPkRk+1.To establish su
h �rst order s
heme, we need Fk to be di�erentiable and the test fun
tion

f to satisfy Hn
nf di�erentiable with 
ontinous Lips
hitz bounded derivatives (in Chapter1, we see that we 
an relax this assumption in 
ase of regularizing semi-grroups Pk).
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ursive �rst order s
hemeThe re
ursive de�nition of the di�erential term estimator is given in Chapter 1 by:




D̂Rn(X̂n)f = DHn
nf(X̂n),

D̂Rkf(X̂k) = Dgk(X̂k)E[
ˆ̂
Rk+1f(X̂k+1)|X̂k] + gk(X̂k)E[∂xFk(Xk, εk+1)

′D̂Rk+1f(X̂k+1)|X̂k]

k = 0, . . . , n− 1. (2.2.6)Combined with (2.2.6), s
heme (2.2.4) is 
ompletely 
omputable, as it 
an be rewritteneasily using �nite weighted sums. The �rst order 
orre
tor terms introdu
e new 
ompanionparameters γij
k , and δij

k de�ned by:
γij

k = E[∂xFk(Xk, εk+1)
′1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ Md(R), (2.2.7)
δij
k = E[∆k+11{X̂k+1=xj

k+1}
|X̂k = xi

k],

= E[(Xk+1 − xj
k+1)1{X̂k+1=xj

k+1}
|X̂k = xi

k] ∈ R
d,whi
h 
an be 
omputed o�-line during the quantization operation. The on line 
omputa-tion 
ost is redu
ed to the 
omputation of R̂k, ˆ̂

Rk and D̂Rk operators.Moreover, the resulting s
heme 
an be reformulated in a forward way, whi
h allows to 
on-sider problems with intermediate �ltering dates or multiple test fun
tions without addingheavy 
omputations. The implemented algorithm, Algorithm 1, uses a forward formulationbased on matri
ial operators (see Chapter 1 for details).Forward expression
Û0 = µ̂0Ĥ0 and Ûk = Ûk−1Ĥk k = 1, . . . , n− 1,where Ĥk is a lower triangular operator matrix de�ned by Ĥk =




Ĥ1
k 0 0

Ĥ2
k Ĥ3

k 0

0 Ĥ4
k Ĥ1

k


 .Using some additionnal assumptions on Pk, gk and Fk (see Chapter 1), we establishfor L2-optimal Nk-quantizers of (Xk), that:

|πnf − π̂nf | = O(N
−2
d ).2.2.2.2 Two step re
ursive �rst order s
hemeThis method is based on an integration by part formula (see [6, 7, 3℄) whi
h leads to write

DPkRk+1f as a weighted 
onditional expe
tation, namely:
DPkRk+1f(x) = E[Rk+1f(Xk+1)Ψk(Xk, εk+1)|Xk = x],
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hwhere Ψk(Xk, εk+1) = (Ψi(x, ε))0≤i≤d and
Ψi : R

d × R
d → R

(x, ε) 7→ div
(
∂εF (x, ε)−1∂xF (x, ε)

)i
+

1

p(ε)
〈
(
∂εF (x, ε)−1∂xF (x, ε)

)i
,Dp(ε)〉where (∂εF (x, ε)−1∂xF (x, ε))i designates the ith line of the matrix (∂εF (x, ε)−1∂xF (x, ε)).Note that some assumptions on both Fk and the signal innovation pdf p are needed toallow su
h a transformation (see Chapter 1 for details). The resulting formula for R̂k,

0 ≤ k ≤ n− 1, is 
onsequently:
R̂kf(X̂k) = gk(X̂k)P̂kR̂k+1f(X̂k) + gk(X̂k)×(

E[〈Dgk+1(X̂k+1)P̂k+1
ˆ̂
Rk+2f(X̂k+1),∆k+1〉|X̂k] − E[ 〈gk+1(X̂k+1)×

E[
ˆ̂
Rk+2f(X̂k+2)Ψk+1(Xk+1, εk+2)|X̂k+1],∆k+1〉|X̂k]

)
. (2.2.8)This formula introdu
es a new weight λij

k :
λij

k = E[Ψk(Xk, εk+1)1{X̂k+1=xj
k+1}

|X̂k = xi
k] ∈ R

dDepending only on the signal parameters, it 
an be pre
omputed like pij
k and δij

k and kepto� line in a

essible tables. As for the previous �rst order s
heme, a forward trans
riptionof the s
heme is possible using �nite weighted sums whi
h gives the following implementedalgorithm, Algorithm 2.Under some additional assumptions on the weight fun
tion Ψk, we insure a 
onvergen
erate of order N− 2ρ
d where ρ ∈]12 , 1) (see Chapter 1).
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le �lters 85Algorithm 1 One step re
ursive 1st order quantization based �ltering s
heme
k = 0 1 ≤ i ≤ N0 and 1 ≤ j ≤ N1

Û11
0 (j) =

∑N0
i=1 µ

i
0p

ij
0 Û21

0 (j) = 0 ∈ R
d

Û22
0 (j) =

∑N0
i=1 µ

i
0γ

ij
0 Û31

0 (j) = 0 ∈ R

Û32
0 (j) =

∑N0
i=1 µ

i
0δ

ij
0 Û33

0 (j) = Û11
0 (j)

0 ≤ k ≤ n− 2 1 ≤ i ≤ Nk+1 and 1 ≤ j ≤ Nk+2

Ĥ1
k+1(i, j) = gk+1(x

i
k+1)p

ij
k+1 Ĥ2

k+1(i, j) = Dgk+1(x
i
k+1)p

ij
k+1

Ĥ3
k+1(i, j) = gk+1(x

i
k+1)γ

ij
k+1 Ĥ4

k+1(i, j) = gk+1(x
i
k+1)δ

ij
k+1

Û11
k+1(j) =

∑Nk+1

i=1 Û11
k (i)Ĥ1

k+1(i, j)

Û21
k+1(j) =

∑Nk+1

i=1 Û21
k (i)Ĥ1

k+1(i, j) + Û22
k (i)Ĥ2

k+1(i, j)

Û22
k+1(j) =

∑Nk+1

i=1 Û22
k (i)Ĥ3

k+1(i, j)

Û31
k+1(j) =

∑Nk+1

i=1 Û31
k (i)Ĥ1

k+1(i, j) + 〈Û32
k (i), Ĥ2

k+1(i, j)〉
Û32

k+1(j) =
∑Nk+1

i=1 Ĥ3
k+1(i, j)Û

32
k (i) + Û33

k (i)Ĥ4
k+1(i, j)

Û33
k+1(j) =

∑Nk+1

i=1 Û33
k (i)Ĥ1

k+1(i, j)

k = n Hn
nf(xj

n) = gn(xj
n)f(xj

n) Hn
nf(xj

n) = gn(xj
n)f(xj

n)

π̂nf =
∑Nn

j=1(Û
33
n−1(j) + Û31

n−1(j))H
n
nf(xj

n) + 〈Û32
n−1(j),DH

n
nf(xj

n)〉2.3 Parti
le �ltersIn this se
tion, we provide some ba
kground on two 
lassi
al Monte Carlo parti
le methodsfor non linear �lters. Based on online simulations, this approa
h provides, like quantizationbased methods do, a reformulation of 
onditional expe
tations as �nite weighted sums.This time the sum terms are random variables. The following subse
tions deal with twobasi
 parti
le �ltering methods using an importan
e sampling te
hnique.2.3.1 Sequential Importan
e Sampling (SIS)Suppose we are able to simulate N independent random ve
tors (Xi)1≤i≤N , distributeda

ording to L(Xn|Y1 = y1, . . . , Yn = yn). An estimator ΠN
n f of the �lter would be:

ΠN
n f =

1

N

N∑

i=1

f(Xi).In other words, from a quantization viewpoint, we approximate the a posteriori distributionby the set of random samples Xi with weights 1
N . This estimate is unbiased and its rateof 
onvergen
e is ruled by 
entral limit theorem (see e.g. [49, 15℄).Unfortunately, the initial assumption that the distribution L(Xn|Y1 = y1, . . . , Yn = yn) is
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hAlgorithm 2 Two step re
ursive 1st order quantization based �ltering s
heme
0 ≤ k ≤ n− 2 1 ≤ i ≤ Nk, 1 ≤ j ≤ Nk+1 and 1 ≤ l ≤ Nk+2 (g0 := 1)

Ĥ1
k(i, j) = gk(x

j
k)p

ij
k

Ĥ2
k(i, l) = gk(x

i
n)
∑Nk+1

j=1 〈pjl
k+1Dgk+1(x

j
k+1) − gk+1(x

j
k+1)λ

jl
k+1, δ

ij
k 〉Initial 1 ≤ j ≤ N1 and 1 ≤ l ≤ N2

Û1
0 (j) =

∑N0
i=0 µ̂

i
0Ĥ

1
0 (i, j)

Û2
2 (l) =

∑Nk

i=1 µ̂
i
0Ĥ

2
0 (i, l)Transition 1 ≤ k ≤ n− 2, 1 ≤ j ≤ Nk+1 and 1 ≤ l ≤ Nk+2

Û2
k+2(l) =

∑Nk

i=1 Ĥ
2
k(i, l)Û1

k (i) +
∑Nk+1

j=1 Ĥ1
k+1(j, l)Û

2
k+1(j)

Û1
k (j) =

∑Nk

i=1 Ĥ
1
k(i, j)Û1

k−1(i)Final Hn
nf(xj

n) = gn(xj
n)f(xj

n) DHn
nf(xj

n) = f(xj
n)Dgn(xj

n) + gn(xj
n)Df(xj

n)

π̂nf =
∑Nn

j=1 Û
2
n(j)Hn

nf(xj
n)+

∑Nn−1

i=1 Û1
n−2(i)gn−1(x

i
n−1)

∑Nn

j=1

(
Hn

nf(xj
n)pij

n−1 + 〈DHn
nf(xj

n), δij
n−1〉

)simulatable is usually not satis�ed. This distribution is unknown as it is the one we aimto approximate by the �ltering pro
edure. In simulation, this problem is often overpassedby applying an importan
e sampling pro
edure [49℄. Namely, we 
hoose a simulatabledistribution q(xn|y1:n), whi
h we will 
all importan
e distribution and write:
Πnf =

∫
f(xn)ω(xn)q(xn|y0:n)dxn,where ω(x) = p(x|y0:n)

q(x|y1:n) will be 
alled the importan
e weight fun
tion. Now, if we designateby (Xi)1≤i≤N N iid samples of distribution q, a new de�nition of the �lter estimator 
anbe given by:
ΠN

n f =
N∑

i=1

f(Xi)ω(Xi).We approximate the a posteriori distribution by the set of the N random samples (orparti
les) Xi and the asso
iated importan
e weights. In our 
ase, we always know adistribution whi
h 
an be 
hosen as an importan
e distribution: that of the hidden signal
(Xk), so we de�ne:

q(x0:n|y0:n) = p(x1:n) = µ0(x0)
n∏

k=1

p(xk|xk−1). (2.3.1)This 
hoi
e gives the advantage of making possible a sequential approximation of theparti
les and weights {xi
k, ωk(x

i
k)} via simulation, by the use of the predi
tion and update
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le �lters 87equations (2.1.3) and (2.1.4). At ea
h time step 0 ≤ k ≤ n, we simulate an N -sample
(Xi

0:n) having q as a pdf. The �lter estimator at ea
h date 1 ≤ k ≤ N is then:
Πq,N

k f =
N∑

i=1

f(Xi
k)ωk(X

i
0:k),with the sequential update equation for the importan
e weights:

ωk+1(x
i
0:k+1) = α

p(xi
k+1|y1:k+1)

p(xi
0:k+1)

= α
p(xi

k|y1:k)p(yk+1|xi
k+1, yk)p(x

i
k+1|xi

k)

p(xi
k+1|xi

k)p(x
i
0:k)

= α ωk(x
i
0:k)gk+1(yk, x

i
k+1, yk+1) (2.3.2)and ωk+1(x

i
0:k+1) =

ωk(x
i
0:k)gk+1(yk, x

i
k+1, yk+1)∑N

i=1 ωk(x
i
k)gk+1(yk, x

i
k+1, yk+1)

(2.3.3)Hen
e, we 
an implement sequentially Algorithm 3.Algorithm 3 Algorithm SIS
• Simulate from the signal initial distribution {(xi

0)1≤i≤N ,
1
N }

∗ At a given date 0 ≤ k ≤ n− 1, we have {(xi
k)1≤i≤N , (ωk)1≤i≤N}

• Simulate parti
les xi
k+1 ∼ p(xk+1|xi

k)

• Update weights using equation (2.3.2) and (2.3.3), with the observation yk+1

• Go to ∗ for date k + 1The 
onvergen
e rate of the method is independent of the signal dimension, sin
e it is ofMonte Carlo type. For ea
h bounded 
ontinuous test fun
tion f , we have:
E[|Πy,nf − Πq,N

y,n f |] ≤
mn√
N

‖f‖∞. (2.3.4)where mn is a 
onstant depending on n and on the observation.2.3.2 Sequential Importan
e Resampling or Bootstrap �lter (SIR)The method des
ribed previously su�ers from the problem of weight degenera
y, as thesequential de�nition implies to multiply repeatedly the likelihood terms. This produ
essometimes parti
les with very small weights, that we 
arry out throughout the estima-tion although their 
ontribution to the distribution des
ription is negligible. This problemo

urs for example when the importan
e distribution is badly adjusted to the �lter distri-bution.One solution to the degenera
y problem is introdu
ed in [24, 1℄. It suggests to di�use
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hsequentially equally weighted parti
les by adding a resampling step to the previous algo-rithm. This new method 
alled Sequential Importan
e Resampling (SIR) or Bootstrap�lter uses intera
tion between parti
les to eliminate weakly weighted ones. As an interea
-tion phase is introdu
ed, samples are no longer independent and Monte Carlo arguments
annot be used to establish a 
onvergen
e rate like in the previous 
ase. Nevertheless, in[15, 36, 14℄, it is shown that by the means of 
onvenient resampling pro
edures, for examplethe multinomial sampling pro
edure, a 
onvergen
e rate of type (2.3.4) 
an be established.Algorithm 4 Algorithm SIR
• Simulate from the signal initial distribution (xi

0)1≤i≤N

∗ At a given date 0 ≤ k ≤ n− 1, we have (xi
k)1≤i≤N

• Simulate parti
les xi
k+1 ∼ p(xk+1|xi

k)

• Update weights using equations (2.3.2) and (2.3.3), with the observation yk+1

• Resampling step:Simulate N samples ijk+1 from the dis
rete multinomial distributionwith parameters (ωi
k+1)1≤i≤N

• Go to ∗ with date k + 1 and modi�ed parti
les (x
ij
k+1

k+1 )1≤j≤NThe 
hoi
e of resampling pro
edures, also 
alled bran
hing methods, 
an be 
onditionnedby varian
e redu
tion 
riteria, numeri
al 
omplexity or 
onvergen
e rate preserving [14,15℄. The 
ommon point they share is that they aim to obtain an unweighted empiri
aldistribution to sequentially approximate intermediate �ltering pdf. Namely, they a
hievethat E[1{ij
k
=i}] = ωi

k.2.3.3 Elements for a 
omparisonAs mentioned above, the underlying prin
iples of numeri
al methods in sequential nonlinear �ltering are the same (see [34℄). Both parti
le and quantization based methods usethe approximation of the obje
tive distribution by a �nite state one, so that the �nal ex-pression of the �lter estimator appears as a �nite weighted sum. The di�eren
e lies in the
onstru
tion of su
h an approximation. For quantization �lters, we use o� line pre
om-puted marginal distribution quantizers. For parti
le �lters, the grids are random samplesof the same distributions, that need to be 
omputed on line.Following this remark, we see that both approa
hes are similar, and we expe
t that theybehave the same way when treating 
omparable state models and observations. Howeversome di�eren
es deserve to be pointed out.As a probabilisti
 method, parti
le �lters give a random solution to the �ltering prob-lem. This is a point we do not have to manage when treating with quantization methods.
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2Algotithm 1 C1N
2d3Algorithm 2 C2N
3dAlgorithm 3 C3NAlgorithm 4 C4NTable 2.1: Comparison of 
omplexity degrees for di�erent numeri
al �ltering algorithmsConversly, being based on Monte Carlo 
onvergen
e arguments, parti
le methods do notsu�er from dimension dependen
y when 
onsidering their theoreti
al 
onvergen
e rate,whereas quantization based methods do depend on the dimension of the state spa
e. Con-sidering the theoreti
al 
onvergen
e results, quantization methods are still 
ompetitive tilldimension 2 for zero order s
hemes and till dimension 4 for �rst order ones.From an algorithmi
 viewpoint, some more di�eren
es deserve to be mentionned. It isabout the 
omplexity of ea
h algorithm, summerized in Table 2.1.Owing to the o� line 
omputations of the quantizer grids, 
onstants C0, C1 and C3for quantization �lters represent elementary operations 
omputation 
ost. For parti
le�lters, C3 and C4 in
lude simulation 
ost, and 
ould be dependent of N whi
h results inmore 
omplex algorithms. This o

urs for SIR algorithm with some parti
ular resamplingalgorithms.Finally, we should remark that quantization methods need smaller grid sizes thanMonte Carlo methods to attain 
onvergen
e regions. This will be pointed out in numeri
alresults below. This fa
t, in some 
ases, 
ompensates the relatively high 
omplexity rangeof quantization methods, parti
ularily in low signal dimensions.2.4 State EquationsWe aim to 
ompare numeri
al performan
es of the two approa
hes. In this paragraph, webrie�y present three models 
hosen to make up the ben
hmark. As a �rst step, we 
onsiderthe Kalman �lter, a typi
al 
ase where an exa
t expli
it solution 
an be 
omputed. Then,we will 
onsider a 
anoni
al sto
hasti
 volatility model, issued from the dis
retization ofa di�usion pro
ess representing an asset pri
e dynami
s on a �nan
ial market. We will�nally examine the nonlinear �lter 
ase introdu
ed in [18℄ by V. Genon Catalot, for whi
hsome semi-
losed forms of the solution are available. It 
an also be adapted to treat assetpri
es.
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h2.4.1 Kalman �lter (KF)For this model, both signal and observation equations are linear with Gaussian independentnoises. It is well known that the �lter in this 
ase is a Gaussian pro
ess whi
h parameters(the two �rst moments) 
an be 
omputed sequentially by a deterministi
 algorithm (KF),(see e.g. [21℄ for details). We set:




Xk = ρXk−1 + θεk+1, X0 ∼ N (m0,Σ
′
0Σ0)

Yk = Xk + αηk,

εk and ηk iid ∼ N (0, Id),

ρ, θ, α ∈ Md(R).

(2.4.1)2.4.2 Canoni
al sto
hasti
 volatility model (SVM)This is the time dis
retization of a 
ontinuous di�usion model 
ommonly used in �nan
e.The sto
k pri
e St and its volatility σt solve the following sto
hasti
 di�erential system:
{
dSt = 1

2σ
2
t Stdt+ σtStdW

1
t ,

d(log(σ2
t )) = −λlog(σ2

t )dt+ τdW 2
t .

(2.4.2)So, the Euler s
heme with time step ∆ writes:
{

log(
Sk+1

Sk
) = σk

√
∆ηk,

log(σ2
k+1) − log(σ2

k) = −λ log(σ2
k)∆ + τ

√
∆εk+1.

(2.4.3)where ηk and εk are iid N (0, 1).Now, setting Yk = log(
Sk+1

Sk
) and Xk = log(σ2

k) leads to the following dis
rete time stateequations. 



Xk = ρXk−1 + θεk+1,

Yk = exp(Xk

2 )ηk,

εk and ηk iid ∼ N (0, 1),

ρ = (1 − λ∆) and θ = τ
√

∆ ∈ R
∗
+.

(2.4.4)When ∆ ∈ (0, 2
λ) then ρ = (1 − λ∆) ∈ (−1, 1) and (Xk) is a positively re
urrentMarkov 
hain whi
h 
onverges geometri
ally to its invariant distribution N (0, θ2

1−ρ2 ) (withrespe
t to the total variation metri
). The non linearity introdu
ed in the observationequation makes impossible to determine exa
tly the �ltering distribution. This is a 
asewhere numeri
al methods are ne
essary to solve the �ltering problem.2.4.3 Expli
it non linear �lter [18℄In this example, we treat a non linear non Gaussian state equation introdu
ed by V. GenonCatalot in [18℄. When both the noise distribution and the initial signal distribution are
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i�ed in an appropriate way, it is shown how to 
onstru
t an in�nite dimensional expli
itnon-linear �lter, in the sense that all parameters of the a posteriori pdf 
an be determinedby re
ursive expli
it s
hemes.For that we introdu
e the family of the so 
alled Serial Gaussian distributions SG(σ2, (αi)i≥0)(see [18℄) whi
h probability density fun
tions are de�ned by:
u 7→


∑

i≥0

αi
u2i

σ2iC2i


 1

σ
√

2π
exp(− u2

2σ2
),where:

• C2i = (2i)!
2ii!

is the 2ith moment of a N (0, 1) distribution.
• ∀i ≥ 0, αi ≥ 0 and ∑i≥0 αi = 1. We will denote α = (αi)i≥0.
• σ > 0.
SG(σ2, α) 
an be seen as a mixture distribution with a s
ale parameter σ and a mixtureparameter α. In a �ltering 
ontext, 
onsidering the following state equations:

{
Xk = ρXk−1 + θεk+1

Yk = Xkηk

where 



εk iid ∼ N (0, 1),

ηk iid ∼ B(±1, 1
2) ×

√
1

E(λ) ,

X0 ∼ SG(σ2
0, (α

0
i )i≥0),it is established that the �lter distribution as well as the predi
tion one will be SG(σ2, (αi)i≥0),with parameters that 
an be evaluated sequentially. We will denote for 0 ≤ k ≤ n:

L(Xk|Y1:k) ∼ SG(σ̂2
k, (α̂

k
i )i≥0),

L(Xk+1|Y1:k) ∼ SG(σ2
k+1, (α

k+1
i )i≥0),where s
ale and mixture parameters are de�ned by Algorithm 5:Algorithm 5 Expli
it �lterInitial step : L(X0) ∼ SG(σ2

0, (α
0
i )i≥0)Transition from date k to k + 1:Update: σ̂k(Yk) = σk
|Yk|√

Y 2
k

+2λσ2
k

α̂k
0(Yk) = 0

α̂k
i (Yk) = αk

i−1

fi−1(
Yk√
λσk

)P
i≥0 αk

i fi(
Yk√
λσk

)
where fi(z) = (2i+1)z2i

(z2+2)i+3
2Predi
tion: σ2

k+1 = θ2 + ρ2σ̂2
k

αk+1
i =

(
ρσ̂k

σk+1

)2i∑
j≥iC

i
j(

θ
σk+1

)2(i−j)α̂k
i where Ci

j = j!
i!(j−i)!
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hBy 
onstru
tion, we see that starting from a spe
ial SG distribution, with �nite numberof mixture parameters leads to a �nite dimension �lter.Finally, we note that the 
onditional pdf of the observation Yk given the signal Xk, isindependent of the past observations and writes as:
gk(x, y) =

λx2

|y|3 exp(−λx
2

y2
).It satis�es the 
onditions to 
onstru
t and establish the quantization �lter 
onvergen
erates (see Chapter 1).2.5 Numeri
al experiments2.5.1 Stationary suboptimal quantizersQuantization based �lters use pre
omputed quantizer grids and 
ompanion parameters.Although this prepro
essing pro
edure is done o� line, it is worth noting that in some
ases, we 
an re
y
le optimal quantizers of standard distributions to 
onstru
t stationarysuboptimal quantizers that preserve the announ
ed 
onvergen
e rates. In fa
t, supposethere exists a sequen
e of a�ne invertible fun
tions Tk : R

d → R
d, su
h that Xk = Tk(Z),for all 0 ≤ k ≤ n, Z being a knwon distribution. Taking Γ = {z1, . . . , zN} an L2-optimal

N -quantizer of Z, we 
an de�ne a stationary N -quantizer of Xk by setting:
X̂k =

N∑

i=1

Tk(z
i)1{T−1

k
(Xk)∈Ci(Γ)} = Tk(Ẑ). (2.5.1)This quantizer is no more optimal (in fa
t it is not even a Voronoi quantizer), but, sin
e the

Tk are assumed to be a�ne, X̂k still satis�es the stationary property. That is the propertyneeded to establish �rst order s
heme theoreti
al 
onvergen
e rate to zero. Namely, wehave :
E[Xk|X̂k] = Tk(E[Z|Ẑ]) = Tk(Ẑ) = X̂k.Furthermore, even if in this 
ase X̂k is suboptimal, owing to the optimality of Ẑ, and tothe Zador Theorem (see [4, 25℄), we have ‖Xk − X̂k‖2 = O(N

−1
d ). In fa
t we have:

‖Xk − X̂k‖2 = ‖Tk(Z) − Tk(Ẑ)‖2 ≤ |||Tk|||‖Z − Ẑ‖2.This will be parti
ularly interesting when we will 
onsider for example linear signal dy-nami
s with Gaussian innovations and Gaussian initial distribution. This is the 
ase forKalman �lter or for the 
anoni
al sto
hasti
 volatility model (see (2.4.1) and (2.4.4)). It isalso the 
ase for parti
ular expli
it �lter model, when the initial distribution is Gaussian(i.e. SG(σ2
0, (α

0
i )i≥0) where α0 = 1 and αi = 0 for all i > 0). In these 
ases, Xk is Gaussianat all dates and we 
an drasti
ally redu
e the o�ine 
omputation runtime needed to im-plement the quantization based �lters sin
e quantizer grids are obtained from the N (0, Id)
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al experiments 93ones by an a�ne transformation.Another important 
ase of interesting prepro
essing optimization is the 
ase of stationarysignal pro
esses : the transition 
ompanion parameters do not depend on the time step
onsidered, so only one transition is needed. Namey, P(X̂k+1 = xj |X̂k = xi) is the sameon the unique grid Γ = Γ0 = {x1, . . . , xN} quantizing the stationnary distribution.This is even more interesting, as it 
an be asso
iated to the previous point. As-sume for example that for any 0 ≤ k ≤ n, we have Xk ∼ N (0,Σ′Σ) where Σ satis�es
Σ′Σ = (ρΣ)′ρΣ + θ′θ. In this parti
ular 
ase, we 
ould �rst 
ompute1 Γ an L2-optimalquantizer of the 
entered redu
ed Gaussian distribution. The quantizers Γk are then de-du
ed by the expansion Γk = Σ × Γ0 
oupled with (2.5.1), the 
ompanion parametersstored o� line are those of one single transition as they are time independant.2.5.2 Convergen
e testsWe sele
t the following three test fun
tions:

f1(x) = x, f2(x) = |x|2, f3(x) = exp(−|x|).For quantization based methods, as the s
hemes are deterministi
, we simply need to studythe behavior of the �lter estimators (or dier
tly the errors when a referen
e value is avail-able), as the total size N of the grids goes to in�nity.For parti
le �ltering methods, as the estimators are random variables, the testing approa
his slightly di�erent. In fa
t, we need to represent the empiri
al mean as well as a varian
eestimate as fun
tions of the parti
le number N . For that purpose, we simulate a largenumber M of realizations of the �lter random estimator, and represent the empiri
al 
on-�den
e interval 
ontaining 90% of the observed values. This is a
hieved by 
omputing the
5% and the 95% 
entiles over the population of theM �lter random estimator realizations.These values will be represented as fun
tions of the parti
le number N and the s
hemeperforman
e is measured with respe
t to the 
on�den
e interval length.2.5.3 Results and 
omments2.5.3.1 Kalman �lter: d=1True values are 
omputed by the Kalman-Bu
y �lter algorithm. For parti
le methods, werepresent a realization of the �lter estimator with 5000 parti
les. For quantization based�lters, the two �rst order s
hemes are 
ompared to the zero order one with Nk = 100 forall 0 ≤ k ≤ n (see Table 2.2).1Optimal quantizers for the Gaussian distribution 
an be downloaded onhttp://www.proba.jussieu.fr/pageperso/pages/
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h
(ρ, θ, α,Σ0) (0.65,1.0,0.1,0.05) (0.996,0.0316,0.0632,0.7)

Π̂y,10f1 Π̂y,10f2 Π̂y,10f3 Π̂y,25f1 Π̂y,25f2 Π̂y,25f3KF (Ref. Values) 0.0776126 0.9165 0.011546 1.01053 0.3643086 1.02273SIS (5000 pts) 0.0605323 0.923421 0.0102159 1.08403 0.339045 1.17991SIR (5000 pts) 0.0781505 0.915884 0.0115783 1.01208 0.363763 1.02594QF0 (100 pts) 0.077596 0.916493 0.0115486 1.016 0.36235 1.03397QF1 1-step (100 pts) 0.077601 0.916491 0.0115493 1.0121 0.363741 1.02593QF1 2-step (100 pts) 0.0776013 0.916491 0.0115493 1.0121 0.363744 1.02591Table 2.2: One dimensional Kalman �lter 
ase.2.5.3.2 Kalman �lter: d=3We still 
onsider equation (2.4.1) with parameters:
ρ =




0.996 0 0

0 0.996 0

0 0 0.996


, θ =




0.02 0.02 0.01

0.02 0.06 −0.01

0.01 −0.01 0.04


 and α = I3.The initial signal distribution is 
entered and Gaussian with 
ovarian
e matrix:

Σ′
0Σ0 =




0.11 0.23 4e− 4

0.23 0.53 −8e− 4

4e− 4 −8e− 4 0.0018


 .The 
hosen prior distribution is the stationary one. If we denote Γ = {z1, . . . , zN} the

L2-optimal N -quantizer of a 
entered redu
ed Gaussian distribution. At 0 ≤ k ≤ N ,
Xk ∼ N (0,Σ′

0Σ0) and a

ording to (2.5.1) we de�ne the marginal stationary (Nk)-quantizerof (Xk) as follows:
X̂k =

N∑

i=1

Σ0z
i1{Xk∈Σ0Ci(Γ)}.Although the quantization �lter 
onvergen
e rate and numeri
al 
omplexity depend on thesignal dimension d, it remains interesting to apply them for medium dimension signals.The 
hosen quantizers are not optimal but we obtain satisfa
tory 
onvergen
e results.Convergen
e errors are depi
ted in Figure 2.1 for f2 and in Figure 2.2 for f3. From log-logs
ale regression in Figure 2.1, we 
an evaluate the 
onvergen
e rate improvement. TheTable 2.3 summarizes the 
omputed slopes of the log-log regressions.We observe nearly the expe
ted theoreti
al results. A 
onvergen
e rate of 1

d ≈ 0.33 forzero order s
hemes, for �rst order s
hemes, the slopes are di�erent from the theoreti
al one
2
d ≈ 0.66, but still better than the zero order slopes.
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al experiments 95Or0 Or1 1-step Or1 2-step-0.34 -0.52 -0.81Table 2.3: Regression slopes on the log-log s
ale representation (d=3)Figure 2.3 depi
ts 
on�den
e intervals over 5000 parti
le �lter realizations and thereferen
e values 
omputed exa
tly for f2 and approximated via a Monte Carlo estimationfor f3 (see numeri
al integration in the introdu
tion). While SIS degenrates, SIR methodgives satisfying results. Compared with the quantization �lters, it is important to see thatthe range of N is di�erent from one method to another when the same error range is
onsidered. The error rea
hed by quantization �lters for 800 points is farly less than the
on�den
e interval length given by parti
le �lters with 7000 >>
√

800 parti
les.2.5.3.3 Sto
hasti
 volatility modelIn Figure 2.4 a 
omparison is made between parti
le �lter methods over M = 4000 re-alizations and quantization based ones. We note the degenera
y of SIS method. SIRand quantization based methods 
onverge to the same values. Furthermore, even for smallquantizer sizes, we see that quantization based estimations always lie in the 
on�den
einterval of SIR 
omputed for large parti
le sizes (N = 10000).2.5.3.4 Non linear expli
it �lterFor numeri
al appli
ation, we 
onsidered the 
ase where the a priori signal distribution isGaussian. This is a parti
ular serial Gaussian distribution SG(σ2, (αi)i≥0), where α0 = 1and αi = 0 for all i > 0. As it has been pre
ised in paragraph 2.4.3, the model allows to
onstru
t a semi 
losed solution to the �ltering problem: it is of Serial Gaussian distrib-ution with re
ursively determined parameters (see Algorithm 5). Hen
e, referen
e valuesfor the 
onsidered test fun
tions 
an be 
omputed via Monte Carlo simulations from the�lter distribution.Results in Figure 2.5 have been obtained for the set of parameters (ρ, θ, λ) = (0.5, 1, 0.1)and n = 10. We 
hoose the stationary distribution N (0, θ2

1−ρ2 ) as the initial signal one. InFigure 2.6, are depi
ted resluts for (ρ, θ, λ) = (0.65, 1, 0.1) and n = 10. Here, the initialdistribution has been �xed to N (0, σ2
0) with σ0 = 0.05.On one hand the �rst line depi
ts the quantization based �lter behaviour with respe
t tothe total quantizer size. On the other hand, the se
ond and third line represent respe
tivelythe SIS and the SIR 
on�den
e intervals with the empiri
al mean value and 
entiles asfun
tions of the parti
le number. Con�den
e intervals for parti
le �lters are estimated over

M = 1000 realizations.As for the previous example, we observe the degenera
y of SIS �lter, the 
onvergen
e
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hvalue is far from the referen
e value. Quantization based �lter and SIR �lter 
onverge tothe referen
e value. It is worth noting that the grid size order is quite di�erent whether themethod is a quantization based one or a parti
le �lter one. On
e again, in this example,parti
le methods need mu
h more points than quantization ones. This 
ompensates by farthe higher 
omplexity order of quantization approa
h.
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Figure 2.5: Expli
it �lter estimators as fun
tion of grid sizes (left: Π̂10f2, right: Π̂10f3) -
(ρ, θ, λ, n) = (0.5, 1, 0.1, 10).



100 Comparison approa
h

 6.2

 6.4

 6.6

 6.8

 7

 7.2

 7.4

 7.6

 7.8

 8

 8.2

 8.4

 0  20  40  60  80  100  120  140  160  180  200

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - Carre function

Or0
Or1 1-step
Or1 2-step
MC

 0.1

 0.102

 0.104

 0.106

 0.108

 0.11

 0.112

 0.114

 0.116

 0.118

 0  20  40  60  80  100  120  140  160  180  200

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - Exp function

Or0
Or1 1-step
Or1 2-step
MC

 3.5

 4

 4.5

 5

 5.5

 6

 6.5

 7

 7.5

 8

 8.5

 0  1000  2000  3000  4000  5000  6000  7000  8000

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - SIS - Carre function

Centile 5% 
Mean
Centile 95%
MC

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0  1000  2000  3000  4000  5000  6000  7000  8000

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - SIS - Exp function

Centile 5% 
Mean
Centile 95%
MC

 5.5

 6

 6.5

 7

 7.5

 8

 8.5

 9

 9.5

 10

 10.5

 11

 0  1000  2000  3000  4000  5000  6000  7000  8000

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - SIR - Carre function

Centile 5% 
Mean
Centile 95%
MC

 0.07

 0.08

 0.09

 0.1

 0.11

 0.12

 0.13

 0.14

 0  1000  2000  3000  4000  5000  6000  7000  8000

ModCA10 - dim 1 - hor:10 - (24-45-54-32) - SIR - Exp function

Centile 5% 
Mean
Centile 95%
MC

Figure 2.6: Expli
it �lter estimators as fun
tion of grid sizes (left: Π̂10f2, right: Π̂10f3) -
(ρ, θ, λ, σ0, n) = (0.65, 1, 0.1, 0.05, 10).
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Chapter 3Observation prepro
essing fornumeri
al �ltering approximationmethodsPrepro
essing pro
edures are presented in order to establish fast and e�e
ient online al-gorithms to 
ompute dis
rete time observation �lters over a �nite horizon. The 
ase ofdis
rete state models is �rst studied through the use of observation quantization grids,to 
ompute o�ine the likelihood fun
tions and store the 
orresponding values in a

es-sible look up tables. Signal quantization based �lters are then introdu
ed to redu
e the
ontinuous state model to the dis
rete one and then make possible the use of observationquantization prepro
essing pro
edures. In both 
ases, the L1-errors on the random �lterestimates are 
ontrolled and 
onvergen
e rates are given when the quantizer size grows toin�nity using optimal quantization results. Theoreti
al 
onvergen
e rate is 
on�rmed bynumeri
al experiments.Key words: Numeri
al �ltering, quantization, o�ine prepro
essing, state models, random�lter.
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104 Observation prepro
essing for numeri
al �ltering3.1 Introdu
tionSolving a nonlinear �ltering problem is still problemati
 from a pra
tionner point of view.Even if the theory is mature, we are rarely able to give a 
losed formula to the �ltersolution. The problem is to determine the measure-valued solution of a dis
rete �lteringproblem : the a posteriori distribution of a hidden system state x, evolving through someknown dynami
s and from whi
h noisy observations y are made. In other words, we arefa
ing the problem of determining a Borel fun
tion Ξ of the observations, supposed todes
ribe the behaviour of the system a

ording to the information available from thesenoisy observations.An expli
it solution of this problem 
an be given in a few 
ases like dis
rete signal models,�nite dimensional �ltering problems like the Kalman-Bu
y �lters or even some spe
i�
in�nite dimensional �ltering problems. As 
on
erns this last setting, let us mention forexample the model introdu
ed in [18℄ and developed furthermore in [12℄, where the �lterdepends upon 
ountably many parameters (most of them being 
lose to zero in usualpra
ti
al 
ases). All these examples lead to 
losed or semi-
losed form for Ξ. In a moregeneral 
ontext, we are only able to design some numeri
al approximations, via re
ursives
hemes, whi
h 
an be rather 
omputationally demanding in some 
ases (see [34℄). A
entral 
ommun point to the majority of these methods, either for exa
t solutions ornumeri
al approximations, is the use of sequential predi
tion-update transitions, wheregenerally we are brought to 
onsider the evaluation of likelihood fun
tions depending onthe observations.For �ltering appli
ations, it is important to redu
e the online 
omputation runtime,as the �lter value needs to be estimated before we get the next observation. One way toredu
e the 
omputation 
omplexity and runtime is to 
ompute o�ine a set of tools that
an be used in the online algorithm. In that sense, the idea of pre
omputing the likelihoodfun
tion on a prede�ned grid was introdu
ed in [37℄ for �ltering dis
rete �nite state signalmodels. For this parti
ular 
ase, this amounts to the following approximation s
heme,where the observation y is approximated by its quantization ŷ = q(y) and q : R
d′ → Γ(Γ ⊂ R

d′ , �nite) :
Ξ(y)

Obs. Quantization−→ Ξ(ŷ). (3.1.1)Quantization is a pro
edure for approa
hing a 
ontinuous random variable by a dis
reteone in a somewhat optimal way (see Intordu
tion 
hapter and [25℄). For (3.1.1), we use asa quantized observation ŷ the proje
tion of the observation y on a prede�ned quantizationgrid, for whi
h all likelihood values would have been pre
omputed and stored. As thelikelihood fun
tion depends on both signal and observation values, the pro
edure is madepossible by the dis
rete nature of the state spa
e. For general 
ontinous state models, theuse of quantization based �lters introdu
ed in [41, 43℄ allows to make one further step inthe prepro
essing and approximation pro
edure. We �rst de�ne some signal quantization



Optimal �ltering : dis
rete signals 105based �lter estimate and then evaluate it at the observation quantization ŷ.
Ξ(y)

Signal Quantization−→ Ξ̂(y)
Obs. Quantization−→ Ξ̂(ŷ). (3.1.2)For (3.1.2), the optimal quantization of the signal allows to 
ome ba
k to a dis
retespa
e 
ase, whi
h a

ording to [41℄ allows in turn to de�ne both numeri
ally 
omputableand 
onverging �lter estimates. The o�ine 
omputation prin
iple of the quantizationbased �ltering method makes possible the pre
omputing of likelihood values on a produ
tquantization grid of the signal-observation pro
ess. By produ
t quantization,we mean aprodu
t grid ΓX ×ΓY where ΓX and ΓY are some quantization grids of respe
tively X and

Y . The paper is organised as follows : the next se
tion is devoted to the parti
ular 
ase ofoptimal dis
rete signal �ltering, in whi
h we examine the e�e
t of adding an observationquantization pro
edure a

ording to s
heme (3.1.1). A numeri
al appli
ation is 
arried outon a three state sto
hasti
 volatility model. In Se
tion 3.3, the same idea is asso
iatedto quantization based �ltering methods developed in [41℄ in order to enlarge observationquantization �ltering to 
ontinuous state spa
e models. Here, we will also perform somenumeri
al tests on the 
lassi
al 
ase of Kalman �lter.3.2 Optimal �ltering : dis
rete signals3.2.1 Sequential s
hemesIn this se
tion we treat the parti
ular 
ase of a dis
rete signal pro
ess with a �nite obser-vation horizon n. Assume the signal is an R
d-valued dis
rete Markov 
hain Xk of knowntransition matrix Pk su
h that, at ea
h time step k, Xk is a random ve
tor taking Nk states

x1
k, . . . , x

Nk

k in R
d. The initial distribution µ0 of X0 is supposed to be known a priori. Wedenote, for 1 ≤ i ≤ N0, µi

0 := P[X0 = xi
0].At ea
h time step k, an R

d′-valued noisy observation Yk of Xk is made. The dynami
s ofpro
ess (Yk)0≤k≤n are driven by a Borel fun
tion Gk : R
d × R

d′ × R
d × R

q′ → R
d′ su
hthat:

Y0 = 0 and Yk = Gk(Xk−1, Yk−1, Xk, ηk), 1 ≤ k ≤ n, (3.2.1)where (ηk) is a sequen
e of iid R
q′-valued random variables, independent of σ(Xk, k ≥ 0).We assume for 
onvenien
e that for every 1 ≤ k ≤ n, the distribution of Yk given

(Xk−1, Yk−1, Xk) admits a 
ontinuous 
onditional pdf y 7→ gk(Xk−1, Yk−1, Xk, y).The problem we aim to solve is to 
ompute the measure-valued random variable ΠY,nwhi
h represents a regular version of the 
onditional distribution of Xn given the wholeobservation pro
ess Y = (Y1, . . . , Yn). Namely, using a �xed set of regular test fun
tions
f , we want to 
ompute an approximation of:

ΠY,nf = E[f(Xn)|Y1, . . . , Yn].



106 Observation prepro
essing for numeri
al �lteringMore pre
isely this means for ea
h test fun
tion f : R
d → R, we 
an asso
iate a Borelfun
tion:

Ξn : (Rd′)n → R

(y1, . . . , yn) 7→ Πy,nf = E[f(Xn)|Y1 = y1, . . . , Yn = yn].As the signal is dis
rete, this fun
tion 
an be evaluated sequentially as follows. First,the Kallianpur-Striebel formula yields:
Ξn(y1, . . . , yn) = Πy,nf =

πy,nf

πy,n1
, (3.2.2)where πy,nf = E[f(Xn)

∏n
k=1 gk(Xk−1, yk−1, Xk, yk)] is the so-
alled unnormalized �lter.Owing to the Markov property of the signal, the unnormalized �lter πy,n satis�es thefollowing sequential formula:

Hy,kf(xk−1) = E[f(Xk)gk(xk−1, yk−1, Xk, yk)|Xk−1 = xk−1],

πy,0f = E[f(X0)],

πy,kf = πy,k−1Hy,kf.

(3.2.3)So, 
onsidering that πy,k ∈ M1,Nk
(R) and that Hy,k ∈ MNk−1,Nk

(R), (3.2.3) may bewritten in a matri
ial form as follows :
H ij

y,k = P
ij
k−1gk(x

i
k−1, yk−1, x

j
k, yk), 0 < k ≤ n,

πy,0 = µ0,

πy,k = πy,k−1Hy,k.

(3.2.4)Finally, a non linear normalization step gives:
Πi

y,n =
πi

y,n∑Nn

j=1 π
j
y,n

and Ξn(y) = Πy,nf =

Nn∑

i=1

Πi
y,n × f(xi

n).The indu
tive formulation of the �lter 
omputation has the advantage of needing onlythe last two observations and the last intermediate �lter value, to 
ompute the transitionin (3.2.4). Having in mind the quantization of the observations, we aim to redu
e the
omputation pro
edure, by evaluating o�ine the likelihood gk(x
i
k−1, yk−1, x

j
k, yk). Unfor-tunately, this is not possible on real observations whi
h of 
ourse 
ome out online. The ideaof quantizing the observation pro
ess is to 
onstru
t an approximation Ŷk for Yk takinga �nite number NY

k of states in ΓY
k = {y1

k, . . . , y
NY

k

k } and su
h that for 1 ≤ k ≤ n, thereexists a Borel fun
tion qk : R
d′ → R

d′ su
h that Ŷk = qk(Yk).On
e this approximation is pro
essed, o�ine, we 
an 
ompute and then keep in somea

essible "look up tables" the likelihood values gk(x
i
k−1, y

l
k−1, x

j
k, y

m
k ). Then we approxi-mate Ξn(y) by Ξn(ŷ), where ŷ = (q1(y1), . . . , qn(yn)). This 
onsists in plugging the quan-tized likelihood gk(x

i
k−1, qk−1(yk−1), x

j
k, qk(yk)) instead of gk(x

i
k−1, yk−1, x

j
k, yk) in (3.2.4)
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rete signals 107Algorithm 6 Dis
rete state �ltering algorithm with prepro
essed observation
πŷ,0 = µ0Transition from k to k + 1: πŷ,k is de�ned and ŷk = yl0

k .
• New observation yk+1,
• Proje
tion : ŷk+1 =

∑NY
k+1

m=1 y
m
k+11Am

k+1
(yk+1),

• De�ne m0 the indi
e of yk+1 nearest neighbour on the grid ΓY
k+1.

• H ij
ŷ,k+1 = P

ij
k gk+1(x

i
k, y

l0
k , x

j
k+1, y

m0
k+1).

• πŷ,k+1 = πŷ,kHŷ,k+1.to spare the online 
omputations of the true one. The quantized likelihood are "read" ina table and need not to be 
omputed. This leads to Algorithm 6.Finally, we de�ne the estimator ΠŶ ,n of the random �lter ΠY,n by the re
ursive s
heme(3.2.4) involving the quantized observations. We have 
onsequently:
ΠŶ ,nf

Def
= (Πy,n)y=Ŷ f = Ξn(Ŷ ).In the forth
oming subse
tion, we establish some error bounds for the L1-error indu
edby su
h a prepro
essing pro
edure. This will emphasize the interest of using optimal(quadrati
) NY

k -quantizations 1 of the observations (Yk). We have in fa
t a 
onvergen
erate result, indu
ed by the so-
alled Zador theorem, namely:
‖Yk − Ŷk‖2 = O((NY

k )−
1
d′ ).3.2.2 Stability with respe
t to observation impre
isionIn view of studying the estimation L1-error ‖ΠY,nf − ΠŶ ,n‖1, we examine some stabilityresults when some error is introdu
ed in the observations used in the �ltering s
heme. We
onsider two di�erent observation n-tuples: y = y1, . . . , yn and y′ = y′1, . . . , y

′
n. Let φndenote the joint pdf of Y1:n de�ned by:

φn(y) = E[

n∏

k=1

gk(Xk−1, yk−1, Xk, yk)].Lemma 3.2.1 For every k ∈ {0, . . . , n}, assume gk satis�es the following assumption:H 1 The fun
tion gk is bounded and we denote Lg := max
1≤k≤n

‖gk‖∞. Moreover, there existsa 
onstant [gk]
1
Lip > 0 su
h that for any u, u′, ū and ū′ in R

d′:
|E[gk(Xk−1, u,Xk, u

′)] − E[gk(Xk−1, ū, Xk, ū
′)]| ≤ [gk]

1
Lip

(
|u− u′| + |ū− ū′|

)
.1meaning a quantizer of size N

Y
k minimizing the L

2-error ‖Yk − Ŷk‖2 among all N
Y
k -quantizers.
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essing for numeri
al �lteringHen
e, for any y, y′ ∈ (Rd′)n

|φn(y) − φn(y′)| ≤ Ln−1
g

n∑

k=1

(
[gk]

1
Lip + [gk+1]

1
Lip

)
|yk − y′k|,with the notation [gn+1]

1
Lip = 0.Proof. We �rst re
all y0 = 0.

|φn(y) − φn(y′)| ≤ |E[
n∏

k=1

gk(Xk−1, yk−1, Xk, yk) −
n∏

k=1

gk(Xk−1, y
′
k−1, Xk, y

′
k)]|

≤ |E[
n∏

k=1

gk(Xk−1, yk−1, Xk, yk) −
n−1∏

k=1

gk(Xk−1, y
′
k−1, Xk, y

′
k)gn(Xn−1, yn−1, Xn, yn)]|

+|E[
n−1∏

k=1

gk(Xk−1, y
′
k−1, Xk, y

′
k)gn(Xn−1, yn−1, Xn, yn) −

n∏

k=1

gk(Xk−1, y
′
k−1, Xk, y

′
k)]|,

≤ Lg|φn−1(y) − φn−1(y
′)| + Ln−1

g [gn]1Lip

(
|yn−1 − y′n−1| + |yn − y′n|

)
,

≤ Ln−1
g

n−1∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
|yk − y′k| + Ln−1

g [gn]1Lip|yn − y′n|.

2The error involved by the quantization of the observation is 
ontrolled by the followingtheorem:Theorem 3.2.1 Assume H1 and in addition:H 2 ‖ 1
φn(Y )‖2 < +∞.Then, for every f ∈ Cb:

‖ΠY,nf − ΠŶ ,nf‖1 ≤ 2‖f‖∞Ln−1
g ‖ 1

φn(Y )
‖2

n∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
‖Yk − Ŷk‖2.Remark 3.2.1 H2 is generally satis�ed by models with �nite dis
rete states. This kindof hypothesis is 
losely 
onne
ted to some mixing assumptions needed to establish uniform
onvergen
e of parti
le �lters [23, 14, 51℄. For the present, we only study the 
onvergen
eproblem of random �lter estimates at a �xed horizon. It would be important in a furtherstep to examine the statbility of the �lter as the horizon n grows.Proof.Let y, y′ in R

d′n. Using Lemma 3.2.1 we have:
|πy,nf − πy′,nf | ≤ ‖f‖∞|φn(y) − φn(y′)|,

≤ ‖f‖∞Ln−1
g

(
n−1∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
|yk − y′k| + [gn]1Lip|yn − y′n|

)
.
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ording to Lemma 3.1. in [41℄, we have 
onsequently:
|Πy,nf − Πy′,nf | ≤

2Ln−1
g ‖f‖∞

φn(y) ∨ φn(y′)
×

(
n−1∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
|yk − y′k| + [gn]1Lip|yn − y′n|

)
. (3.2.5)Now taking the L1-norm of the previous inequality and using H2 yields:

‖ΠY,nf − ΠŶ ,nf‖1 ≤ 2‖ 1

φn(Y )
‖2L

n−1
g ‖f‖∞

(
n∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
‖Yk − Ŷk‖2

)
.with the 
onvention[gn+1]

1
Lip = 0. 2Theorem 3.2.1, when Ŷk is an L2-optimal NY

k -quantization of Yk, ensures the 
onver-gen
e to zero of the L1-estimation error, when NY
k → +∞ with the rate (NY

k )−
1
d′ .Remark 3.2.2 Note that the result of Theorem 3.2.1 is still available for a general statespa
e model, in parti
ular a 
ontinuous state signal.3.2.3 ExampleOne appli
ation of �ltering in �nan
e is the 
alibration of volatility in sto
hasti
 volatilitymodels. We 
onsider here an observable risky asset pri
e (Sk) with dynami
s given by :

Sk+1 = Sk exp

[(
r − 1

2
X2

k

)
δ +Xk

√
δηk+1

]
, S0 = s0 > 0,where (ηk) is a sequen
e of Gaussian white noise, (Xk) is the unobservable volatility pro
essand δ > 0 represents a dis
retization time step. Equivalently, we observe the pro
ess

(Yk) = (logSk), and we noti
e that the 
onditional distribution of Yk+1 given (Xk, Yk) hasthe following density :
gk+1(Xk, Yk, y

′) =
1√

2πX2
kδ

exp

[
−
(
y′ − Yk − (r − 1

2X
2
k)δ
)2

2X2
kδ

]
, y′ ∈ R.We model here the dynami
s of (X,S) under a risk neutral martingale measure P, rrepresenting in this 
ase the riskless interest rate.We assume that (Xk) is an homogeneous Markov 
hain taking three possible values xb

< xm < xh in R+\{0}. Its probability transition matrix is given by :
Pk =




1 − (pbm + pbh)δ pbmδ pbhδ

pmbδ 1 − (pmb + pmh)δ pmhδ

phbδ phmδ 1 − (phb + phm)δ


 . (3.2.6)



110 Observation prepro
essing for numeri
al �lteringThe 
onsidered volatility model is a Markov-
hain approximation "à la Kushner" (see [31℄)of an Ornstein-Uhlenbe
k pro
ess :
dXt = λ(x0 −Xt)dt+ σdWt.Denoting by ∆ > 0 the spatial step, this 
orresponds to a probability transition matrix ofthe form (3.2.6) with :

xb = x0 − ∆, xm = x0, xh = x0 + ∆,and
pbm = λ+ σ2

2∆2 , pbh = 0

pmb = σ2

2∆2 , pmh = σ2

2∆2

phb = 0 , phm = λ+ σ2

2∆2 .

(3.2.7)Remark 3.2.3 Here the fa
tor ‖ 1
φn(Y )‖2 depends on xh and xb, and on the observationhorizon n. The 
ase where n grows deserves to be examined numeri
ally, as it would beexpe
ted that the error 
ontrol deteriorates.In order to ensure that Pk is indeed a probability transition matrix, we have the
onsisten
y 
onditions:

1 −
(
λ+

σ2

2∆2

)
δ ≥ 0 and 1 − σ2

∆2
δ ≥ 0.Numeri
al tests are performed with:- Pri
e parameters : r = 0.05, S0 = 110,- Volatility parameters : λ = 1, σ = 0, 1, X0 = 0.15,- Spatial step : ∆ = 0, 05.- Quantization : Observation quantization grids all have the same size N̄Y for ea
h timestep tk = kδ with δ = 1

n . We perform optimal quantization using a sto
hasti
 gradientdes
ent algorithm (see [4, 44℄).The L1-error is represented in Figure 3.1 and Figure 3.2 for two di�erent observationhorizons n = 5 and n = 20. The 
onvergen
e rate to zero is depi
ted through the regressionon the log-s
ale representations. The slope is 
lose of 1
d′ = 1 whi
h is 
oherent withtheoreti
al results.3.3 Continuous state signalsWe suppose now that the signal pro
ess (Xk) is an R

d-valued dis
rete time hidden Markov
hain (Xk)0≤k≤n, whi
h evolves a

ording to a signal equation of the form:
X0 ∼ µ0 and Xk+1 = Fk+1(Xk, εk+1), 0 ≤ k ≤ n− 1, (3.3.1)



Continuous state signals 111where (εk)1<k≤n is a sequen
e of iid R
q-valued random variables, independent of X0, and

Fk : R
d × R

q → R
d are some Borel fun
tion. The probability transition from Xk to Xk+1will be denoted Pk(x, dx

′).The distribution µ0 of X0 is supposed to be known. We will denote:
µ0f =

∫
f(x)µ0(dx) and Pkf(x) =

∫
f(x′)Pk(x, dx

′).In this new framework, the Kallianpur-Striebel formula (3.2.2) and the re
ursive 
on-stru
tion of the �lter (3.2.3) are still true. The di�eren
e is that the Hy,k operators involvenow some "
ontinuous state" 
onditional expe
tations whose evaluation in most general
ases 
an only be a
hieved by numeri
al approximations. The method we use here is thatdeveloped by Pagès and Pham in [41℄ : ea
h Xk is approximated by an L2-optimal NX
k -quantization X̂k in order to redu
e the problem to the dis
rete state 
ase (note howeverthat (X̂k) is no longer a Markov 
hain). Namely, we de�ne

X̂k =

NX
k∑

i=1

xi
k1Ci(Γ

X
k

)(Xk),where Ci(Γ
X
k ) is the so 
alled Voronoi tessellation of the grid ΓX

k . Then one sets re
ursively:
Ĥ ij

y,k = P̂
ij
k−1gk(x

i
k−1, yk−1, x

j
k, yk), 0 < k ≤ n,

π̂i
y,0 = µ̂i

0 = P[X0 ∈ Ci(Γ
X
0 )],

π̂y,k = π̂y,k−1Ĥy,k.

(3.3.2)Then, we de�ne Ξ̂n(y) asso
iated to some test fun
tion f ∈ Cb,Lip, and a �xed observa-tion realization y as the normalized �lter de�ned by:
Π̂i

y,n =
π̂i

y,k∑Nn

j=1 π̂
j
y,k

and Ξ̂n(y) = Π̂y,nf =

Nn∑

i=1

Π̂i
y,n × f(xi

n).Using results from [41℄, we derive the following theorem whi
h establishes a 
onvergen
eresult for the �lter estimation, depending on the quantization error estimates:Theorem 3.3.1 For k = 1, . . . , n, assume:H 3 The signal Markov operator Pk is K-Lips
hitz, namely for any Lips
hitz fun
tion f ,
Pkf is (K[f ]Lip)-Lips
hitz.H 4 (i) The fun
tion gk is bounded on R

d × R
d′ × R

d × R
d′, we set Lg = max

1≤k≤n
‖gk‖∞.(ii) There exists a real 
onstant [gk]

2
Lip su
h that for any u, u′ in R

d′, gk(., u, ., u
′) isLips
hitz on R

d × R
d. For x, x′ and x̄, x̄′ in R

d:
|gk(x, u, x

′, u′) − gk(x̄, u, x̄
′, u′)| ≤ [gk]

2
Lip

(
|x− x̄| + |x′ − x̄′|

)
.
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essing for numeri
al �lteringLet y = (y1, . . . , yn) be a �xed observation n-tuple. Then, for every test fun
tion f ∈ Cb,Lipthere exists a sequen
e of nonnegative real 
onstants (Bn
k (f))0≤k≤n not depending on theobservation sequen
e su
h that:

|Πy,nf − Π̂y,nf | ≤
Ln

g

φn(y) ∨ φ̂n(y)

n∑

k=0

Bn
k (f)‖Xk − X̂k‖2,where φ̂n(y) = π̂y,n1and Bn

k (f) ≤ Kn−k[f ]Lip + 2‖f‖∞
Lg

(
([gk+1]

2 + [gk]
2) + (1 +K)

∑n
j=k+1K

j−k−1[gj ]
2
).The signal quantization allows to 
ome ba
k to the re
ursive 
omputations of thedis
rete state 
ase. For a given observation y, we have here also to evaluate gk on thesignal quantization grid points ΓX

k and the 
olle
ted observations. This 
an be avoided(at least in the online pro
edure) by 
ombining this with an observation prepro
essingpro
edure.Using a quantized version of the observation pro
ess Ŷk, the likelihood fun
tion gk 
an bepre-evaluated o�ine on a produ
t quantization grid ΓX
k ×ΓY

k of (Xk, Yk) and kept in somea

essible "look up tables". The online 
omputation 
ost is then redu
ed to some moreelementary operations.Comparatively with the dis
rete state 
ase, the prepro
essing pro
edure involves hereto quantize both the signal and observation pro
esses. This means prede�ning optimalquantization grids in R
d×R

d′ of the form ΓX
k ×ΓY

k . As Yk depends ofXk, it 
ould have beenintuitive to 
onsider the quantization of the simulatable Markov pro
ess Zk = (Xk, Yk), by
hoosing a quantization size (NZ
k ) and performing a gradient des
ent algorithm. A

ordingto known results on optimal ve
tor quantization, we have:

‖Xk − X̂k‖2 ≤ ‖Zk − Ẑk‖2 = O((NZ
k )

−1
d+d′ ),

‖Yk − Ŷk‖2 ≤ ‖Zk − Ẑk‖2 = O((NZ
k )

−1
d+d′ ).The fa
t is that, in our �ltering problem, we have no need to quantize this joint distribution

(Xk, Yk). For the signal, we only need to store the quantization grids and then 
ompanionparameters like probability transitions (see [41℄). As 
on
erns the observation, it will be thequantization grids and likelihood evaluation on the produ
t quantization grid of (Xk, Yk).The idea is then to perform separate optimization pro
edures for the quantization of bothmarginal pro
esses (Xk) and (Yk). In fa
t, as Xk and Yk are separately simulatable, we
an e.g. perform a sto
hasti
 gradient des
ent algorithm for ea
h �xed quantization size
NX

k and NY
k . The quantizer obtained for (Xk, Yk) is still Voronoi (although usually notoptimal for the 
ouple (Xk, Yk)). The point is that :

‖Xk − X̂k‖2 = O((NX
k )

−1
d ),

‖Yk − Ŷk‖2 = O((NY
k )

−1
d′ ).

(3.3.3)



Continuous state signals 113This is moreover interesting as it allows to re
y
le signal quantizers to 
onstru
t produ
tgrids, and a

elerates the prepro
essing pro
edure. It is worthnoting that the storage 
a-pa
ity for the pre
omputed grids (with 
ompanion parameters and asso
iated likelihoodvalues) 
an be drasti
ally redu
ed in 
ase of stationnary signal and observation pro
esses(see Chapter 2).On
e the quantizers are prepro
essed, the Algorithm 7 des
ribed below 
an be imple-mentd.Algorithm 7 Quantization based �ltering algorithm with observation prepro
essed
π̂ŷ,0 = µ̂0Transition from k to k + 1: π̂ŷ,k is de�ned and ŷk = yl0

k .
• New observation yk+1,
• Proje
tion : ŷk+1 =

∑NY
k+1

m=1 y
m
k+11Am

k+1
(yk+1),

• De�ne m0 the indi
e of yk+1 nearest neighbour on the grid ΓY
k+1.

• Ĥ ij
ŷ,k+1 = P̂

ij
k gk+1(x

i
k, y

l0
k , x

j
k+1, y

m0
k+1).

• π̂ŷ,k+1 = π̂ŷ,kĤŷ,k+1.The L1-error for the �lter estimate Π̂Ŷ ,n resulting from Algorithm 7, after normaliza-tion, is 
ontrolled by Theorem 3.3.2.Theorem 3.3.2 Assume that for 1 ≤ k ≤ n:H 1' For all u, u′, ū, ū′ in R
d′ , x, x′ in R

d we have:
|gk(x, u, x

′, u′) − gk(x, ū, x
′, ū′)| ≤ [gk]

1
Lip

(
|u− u′| + |ū− ū′|

)
.Hen
e, for ea
h test fun
tion f ∈ Cb,Lip and under assumptions H2, H3 and H4, wehave:

‖ΠY,nf − Π̂Ŷ ,nf‖1 ≤ 2‖f‖∞Ln−1
g cNn

n∑

k=1

([gk]
1
Lip + [gk+1]

1
Lip)‖Yk − Ŷk‖2

+ Ln
g c

N
n

n∑

k=0

Bn
k (f)‖Xk − X̂k‖2, (3.3.4)where cNn = min{‖ 1

φn(Y )‖2, ‖ 1
φn(Ŷ )

‖2, ‖ 1
φ̂n(Y )

‖2, ‖ 1
φ̂n(Ŷ )

‖2} ≤ ‖ 1
φn(Y )‖2 < +∞ and N =

(Nk)0≤k≤n.When (3.3.3) is satis�ed by the prepro
essed quantizers, Theorem 3.3.2 gives a 
onver-gen
e rate to zero of the random �lter estimation L1-error.Proof.
‖ΠY,nf − Π̂Ŷ ,nf‖1 ≤ ‖ΠY,nf − Π̂Y,nf‖1 + ‖Π̂Y,nf − Π̂Ŷ ,nf‖1.
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essing for numeri
al �lteringThe �rst term on the right hand side sum is 
ontrolled by Theorem 3.3.1 and H 2. Forthe se
ond one we need further developments for the proof.We 
onsider a dis
rete state Markov 
hain with transition P̂k and su
h that Zk(Ω) = Xk(Ω)for ea
h 0 ≤ k ≤ n.Then, we have:̂
Hy,kf(xk−1) = E[f(X̂k)gk(xk−1, yk−1, X̂k, yk)|X̂k−1 = xk−1],

= E[f(Zk)gk(xk−1, yk−1, Zk, yk)|Zk−1 = xk−1].We denote by φ̂n(y) = π̂y,n1.By the Markov property of Zk, we have φ̂n(y) = E[
∏n

k=1 gk(Zk−1, yk−1, Zk, yk)]. Now, byanalogy with the dis
rete state 
ase and parti
ularly with Lemma 3.2.1, for two n-tuplesof R
d′ , y and y′:

|φ̂n(y) − φ̂n(y′)| ≤ |E[
n∏

k=1

gk(Zk−1, yk−1, Zk, yk) −
n∏

k=1

gk(Zk−1, y
′
k−1, Zk, y

′
k)]|,

≤ |E[
n∏

k=1

gk(Zk−1, yk−1, Zk, yk) −
n−1∏

k=1

gk(Zk−1, y
′
k−1, Zk, y

′
k)gn(Zn−1, yn−1, Zn, yn)]|

+|E[
n−1∏

k=1

gk(Zk−1, y
′
k−1, Zk, y

′
k)gn(Zn−1, yn−1, Zn, yn) −

n∏

k=1

gk(Zk−1, y
′
k−1, Zk, y

′
k)]|,

≤ Lg|φ̂n−1(y) − φ̂n−1(y
′)| + Ln−1

g [gn]1Lip

(
|yn−1 − y′n−1| + |yn − y′n|

)
,

≤ Ln−1
g

n−1∑

k=1

(
[gk+1]

1
Lip + [gk]

1
Lip

)
|yk − y′k| + Ln−1

g [gn]1Lip|yn − y′n| + Ln−1
g [g1]

1
Lip|y0 − y′0|.Then, by Lemma 3.1 in [41℄, we have :

‖Π̂Y,nf − Π̂Ŷ ,nf‖1 ≤ 2‖f‖∞Ln
g‖

1

φ̂n(Y ) ∨ φ̂n(Ŷ )
‖2

n∑

k=1

([gk]
1
Lip + [gk+1]

1
Lip)‖Yk − Ŷk‖2Hen
e,

‖ΠY,nf − Π̂Ŷ ,nf‖1 ≤ 2‖f‖∞Ln
g‖

1

φ̂n(Y ) ∨ φ̂n(Ŷ )
‖2

n∑

k=1

([gk]
1
Lip + [gk+1]

1
Lip)‖Yk − Ŷk‖2

+ 2‖f‖∞Ln
g‖

1

φn(Y ) ∨ φn(Ŷ )
‖2

n∑

k=0

Bn
k (f)‖Xk − X̂k‖2. (3.3.5)By symmetry, we 
an 
onstru
t an inequality equivalent to (3.3.5), starting from :

‖ΠY,nf − Π̂Ŷ ,nf‖1 ≤ ‖ΠY,nf − ΠŶ ,nf‖1 + ‖ΠŶ ,nf − Π̂Ŷ ,nf‖1.



Continuous state signals 115So, using Theorem 3.2.1 and Theorem 3.3.1, we have:
‖ΠY,nf − Π̂Ŷ ,nf‖1 ≤ 2‖f‖∞Ln

g‖
1

φn(Y ) ∨ φn(Ŷ )
‖2

n∑

k=1

([gk]
1
Lip + [gk+1]

1
Lip)‖Yk − Ŷk‖2

+ 2‖f‖∞Ln
g‖

1

φn(Ŷ ) ∨ φ̂n(Ŷ )
‖2

n∑

k=0

Bn
k (f)‖Xk − X̂k‖2. (3.3.6)Setting in (3.3.5) or in (3.3.6):

cNn = min{‖ 1

φn(Y )
‖2, ‖

1

φn(Ŷ )
‖2, ‖

1

φ̂n(Y )
‖2, ‖

1

φ̂n(Ŷ )
‖2},a
hieves the proof. 23.3.1 ExampleIn this se
tion we 
hoose to treat numeri
ally a linear Gaussian state model. This leadsto the well known Kalman �lter. In this 
ase, the �lter distribution is Gaussian and anexpli
it solution is given by sequential 
omputations of its �rst two moments. We set:





Xk = ρXk−1 + θεk+1, X0 ∼ N (0, transΣ0Σ0)

Yk = Xk + αηk,

εk and ηk iid ∼ N (0, 1),

|ρ| < 1, ρ, θ ∈ R.

(3.3.7)
Πy,n is a Gaussian distribution with mean and varian
e depending on the observationpro
ess and whi
h 
an be 
omputed sequentially by the means of a deterministi
 algorithm[21℄. In our spe
ial Kalman �lter 
ase, we note that both signal and observation marginaldistributions are Gaussian. Hen
e, a fast prepro
essing pro
edure will 
onsist in using pre-
omputed Gaussian quantizers, kept online on http://www.proba.jussieu.fr/pageperso/pages.html. In addition, we take the signal stationary distribution, as the a initial onewhi
h allows to 
onsider one single transition step for transition parameters P̂

ij
k (Cf. Chap-ter 2).For appli
ation, we �x n = 25 and 
hoose three test fun
tions f1(x) = x, f2(x) = x2and f3(x) = e−|x|. Note that assumptions needed in Theorem 3.3.2 are satis�ed : K ≤ ρ,

Lg ≤ 1√
2πα

and [gk]
1
Lip = [gk]

2
Lip ≤√ e

2πα3 .The L1-error is 
omputed via a Monte Carlo estimation over MC = 5000 observationrealizations. In Figure 3.3 we represent it as a fun
tion of N = NX
k = NY

k the quantizersize of both the signal and the observation pro
esses. We see that the use of observationquantization has a very little impa
t on the error rates. On the log s
ale �gure (Figure3.4), the 
onvergen
e rate is dedu
ed from the linear regression slope. As in the dis
retestate 
ase the theoreti
al rate 1
d = 1 is obtained.
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omputed with observation quantization -
f = Id - (n = 5)
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Chapter 4Approximation by quantization ofthe �lter pro
ess and appli
ations tooptimal stopping problems underpartial observationJoint paper with H. Pham and W. Runggaldier [47℄.We present an approximation method for dis
rete time nonlinear �ltering in view ofsolving dynami
 optimization problems under partial information. The method is based onquantization of the Markov pair pro
ess �lter-observation (Π, Y ) and is su
h that, at ea
htime step k and for a given size Nk of the quantization grid in period k, this grid is 
hosento minimize a suitable quantization error. The algorithm is based on a sto
hasti
 gradientdes
ent 
ombined with Monte-Carlo simulations of (Π, Y ). Convergen
e results are givenand appli
ations to optimal stopping under partial observation are dis
ussed. Numeri
alresults are presented for a parti
ular stopping problem : Ameri
an option pri
ing withunobservable volatility.Key words: Nonlinear �ltering, Markov 
hain, quantization, sto
hasti
 gradient des
ent,partial observation, optimal stopping.
121



122 Ameri
an options in partial observation markets4.1 Introdu
tionWe 
onsider a dis
rete time, partially observable pro
ess (X,Y ) where X represents thestate or signal pro
ess that may not be observable, while Y is the observation. The signalpro
ess {Xk, k ∈ N} is valued in a measurable spa
e (E, E) and is a Markov 
hain withprobability transition (Pk) (i.e. the transition from time k−1 to time k), and initial law µ.The observation sequen
e (Yk) is valued in R
d and su
h that the pair (Xk, Yk) is a Markov
hain and(H) The law of Yk 
onditional on (Xk−1, Yk−1, Xk), k ≥ 1, denoted qk(Xk−1, Yk−1, Xk, dy

′),admits a bounded density
y′ 7−→ gk(Xk−1, Yk−1, Xk, y

′).For simpli
ity, we assume that Y0 is a known deterministi
 
onstant equal to y0. No-ti
e that the probability transition of the Markov 
hain (Xk, Yk)k∈N is then given by
Pk(x, dx

′)gk(x, y, x
′, y′)dy′ with initial law µ(dx)δy0(dy).We denote by (FY

k ) the �ltration generated by the observation pro
ess (Yk) and by Πkthe �lter 
onditional law of Xk given FY
k :

Πk(dx) = P
[
Xk ∈ dx| FY

k

]
, k ∈ N.The �lter pro
ess (Πk)k allows one to transform problems related to the partially ob-served pro
ess (X,Y ) into equivalent problems under 
omplete observation related to thepair (Π, Y ) and this latter pair turns out to be Markov with respe
t to the observation�ltration (FY

k ). An important 
lass of problems related to partially observable pro
essesare sto
hasti
 
ontrol and stopping problems that are dynami
 sto
hasti
 optimizationproblems where the partial observation 
on
erns the state/signal pro
ess. We shall, inparti
ular, 
onsider optimal stopping under partial information and, in this 
ontext, a�nan
ial appli
ation 
on
erning the pri
ing of Asian options in a partially observed sto-
hasti
 volatility model.We shall assume that the state spa
e E of the state/signal pro
ess (Xk) 
onsists ofa �nite number m of points. Problems with a more general state spa
e 
an be approxi-mated by problems with a �nite state spa
e (see e.g. [31℄). With Xk taking the m values
xi (i = 1, · · · ,m), the �lter pro
ess is 
hara
terized by an m−ve
tor with 
omponents
Πi

k = P[Xk = xi|FY
k ] and takes thus values in the m−simplex Km in R

m. While the �lterpro
ess allows thus to transform a problem under partial observation into one under fullobservation, it has the drawba
k that a �nite-valued state spa
e be
omes in�nite. Thisleads to di�
ulties when trying to solve dynami
 optimization problems also in dis
retetime. For a
tual 
omputation one has thus to dis
retize the pro
ess Πk, approximatingit with a pro
ess that takes a �nite number of values in the simplex Km. Approa
hesto this e�e
t have appeared in the literature; they are based on dis
retizing the obser-vations pro
ess (Yk) and then approximating Πk by a �lter of Xk, given the dis
retized



Preliminaries 123observations path (see e.g. [35℄, [9℄, [55℄, [38℄ and referen
es therein). Su
h an approa
hhas the drawba
k that the number of possible values for the approximating �lter growsexponentially fast with the time step.In this paper, we propose a new approa
h by exploiting the Markov property of (Π, Y )kwith respe
t to the observation �ltration (FY
k ). This means that the 
onditional law of

Xk+1 given FY
k is summarized by the su�
ient statisti
s (Πk, Yk) valued in Km×R

d. Thissuggests to approximate the 
ouple pro
ess (Π, Y ) with (Π̂, Ŷ ) that in the generi
 timestep k takes a number of values Nk that 
an be assigned arbitrarily. Following standardusage, we shall 
all this quantization and the problem then arises to �nd an optimalquantization, namely su
h that it minimizes for ea
h time period k the L2−approximationerror indu
ed by the quantization. This error is related to what e.g. in information theoryis 
alled distorsion. The implementation of the minimizing algorithm itself is based on asto
hasti
 gradient des
ent method 
ombined with Monte-Carlo simulations of (Π, Y ). As abyprodu
t, we obtain an approximation of the probability transition matri
es of the Markov
hain (Π, Y ). These 
ompanion parameters provide in turn an approximation algorithm, via the dynami
 programming prin
iple, for 
omputing optimal values asso
iated todynami
 optimization problems under partial observation.Optimal quantization methods have been developed re
ently in numeri
al probabilityand various problems of optimal stopping, 
ontrol or nonlinear �ltering, see [40℄, [4℄, [5℄,[42℄, [43℄, [41℄. In our 
ontext, we obtain error bounds and rate of 
onvergen
e for theapproximation of the pair �lter-observation pro
ess (Π, Y ). We then give an appli
ationto the approximation of optimal stopping problem under partial observation and study as-so
iated 
onvergen
e results. Finally, we present a numeri
al illustration for the Ameri
anoption pri
ing problem with unobservable volatility.The rest of the paper is organized as follows. In Se
tion 2, we re
all some preliminarieson nonlinear �ltering. Se
tion 3 is the heart of the paper. We �rst present the quanti-zation approximation method for the �lter-observation Markov 
hain, and then analyzethe indu
ed error. The rate of 
onvergen
e and the pra
ti
al implementation of the algo-rithm for the optimal quantization are dis
ussed. In Se
tion 4, we apply our quantizationmethod to the approximation method of an optimal stopping problem under partial obser-vation. Convergen
e results for the asso
iated optimal value fun
tions are provided. Thelast Se
tion 5 presents numeri
al tests for the Ameri
an option pri
ing with unobservablevolatility.4.2 PreliminariesWe denote by M(E) the set of �nite nonnegative measures on (E, E) and by P(E) thesubset of probability measures on (E, E). It is known thatM(E) is a Polish spa
e equippedwith the weak topology, hen
e a measurable spa
e endowed with the Borel σ-�eld. We re
all



124 Ameri
an options in partial observation marketsthat from Bayes formula, Πk is given in indu
tive form by :
Π0 = µ

Πk = Ḡk(Πk−1, Yk−1, Yk), k ≥ 1, (4.2.1)where Gk is the 
ontinuous fun
tion from M(E) × R
d × R

d into M(E) de�ned by :
Gk(π, y, y

′)(dx′) =

∫

E
gk(x, y, x

′, y′)Pk(x, dx
′)π(dx),and Ḡk is the normalized 
ontinuous fun
tion valued in P(E) :

Ḡk(π, y, y
′) =

Gk(π, y, y
′)∫

E Gk(π, y, y′)(dx′)
.Denoting by (Fk) the �ltration generated by (Xk, Yk), and using the law of iterated 
on-ditional expe
tations, we have for any k and bounded Borelian fun
tion ϕ on P(E)×R

d :
E
[
ϕ(Πk+1, Yk+1)| FY

k

]

= E
[
E[ϕ(Ḡk+1(Πk, Yk, Yk+1), Yk+1)|Fk]

∣∣FY
k

]

= E

[∫
ϕ(Ḡk+1(Πk, Yk, y

′), y′)Pk+1(Xk, dx
′)qk+1(Xk, Yk, x

′, dy′)

∣∣∣∣FY
k

]

=

∫
ϕ(Ḡk+1(Πk, Yk, y

′), y′)Pk+1(x, dx
′)qk+1(x, Yk, x

′, dy′)Πk(dx). (4.2.2)This proves that the pair (Πk, Yk)k is a (P, (FY
k )k) Markov 
hain in P(E)×R

d, with initialvalue (µ, y0). Moreover, under (H), this also shows that the (unnormalized) law of Yk
onditional on (Πk−1, Yk−1), denoted Qk(Πk−1, Yk−1, dy
′) admits a density given by :

y′ 7−→
∫
Gk(Πk−1, Yk−1, y

′)(dx′) =

∫
gk(x, Yk−1, x

′, y′)Pk(x, dx
′)Πk−1(dx).(4.2.3)Noti
e that the probability transition Rk (from time k − 1 to k) of the Markov 
hain

(Πk, Yk)k is not expli
it in general. A
tually, from (4.2.2), we 
an write :
Rkϕ(π, y) =

∫
ϕ(Ḡk(π, y, y

′), y′)Qk(π, y, dy
′), ∀(π, y) ∈ P(E) × R

d. (4.2.4)In the sequel, we denote by |.|2 the Eu
lidian norm and by |.|1 the l1 norm on R
l. Forany R

l-valued random variable U , we denote :
‖U‖

2
=
(
E|U |2

2

) 1
2 and ‖U‖

1
= E|U |1 .
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ess 1254.3 An optimal quantization approa
h for the approximationof the �lter pro
ess4.3.1 The approximation methodWe assume here that the state spa
e E of the signal pro
ess (Xk) is �nite 
onsisting of mpoints : E = {x1, . . . , xm}. The initial dis
rete law µ = (µi) and the probability transitionmatrix Pk are de�ned by :
µi = P[X0 = xi], i = 1, . . . ,m,

P ij
k = P[Xk = xj |Xk−1 = xi], i, j = 1, . . . ,m.The random �lter Πk is 
hara
terized by its random weights :

Πi
k = P[Xk = xi|FY

k ], i = 1, . . . ,m,and may then be identi�ed with a random ve
tor valued in the m-simplex Km in R
m ofdimension m− 1 :

Km =

{
π = (πi) ∈ R

m : πi ≥ 0, 1 ≤ i ≤ m, |π|1 =
m∑

i=1

πi = 1

}
.By (4.2.1), it is expressed in the re
ursive form :

Π0 = µ

Πk = Ḡk(Πk−1, Yk−1, Yk) =
GPk(Yk−1, Yk)

⊤Πk−1

|GPk(Yk−1, Yk)⊤Πk−1|1
, (4.3.1)where GPk(Yk−1, Yk) is a m×m random matrix given by :

GPk(Yk−1, Yk)ij = gk(x
i
k−1, Yk−1, x

j
k, Yk)P

ij
k , 1 ≤ i, j ≤ m. (4.3.2)Here M⊤ denotes the transpose of a matrix M .A �rst approa
h for approximating the �lter pro
ess (Πk) 
onsists in dis
retizing theobservation pro
ess (Yk) by repla
ing it by a pro
ess (Ŷk) taking a �nite number N ofvalues, and then approximate for ea
h k the random �lter Πk by a random �lter of Xkgiven Ŷ1, . . . , Ŷk. So at ea
h time step k, given Ŷk and Π̂k, the random variable Π̂k+1 maytake N values. Thus, at time n, the random �lter Π̂n is identi�ed with a random ve
tortaking Nn possible values. All these values are pre
omputed and stored in a �look-up table�but this 
ould be very heavy, typi
ally when n is large. Su
h an approa
h was introdu
edin [35℄ and [9℄, and investigated further in [55℄, [38℄ and Chapter 3.We propose here a new approa
h. This starts from the key remark that the pair pro
ess

(Πk, Yk) is Markov with respe
t to the observation �ltration (FY
k ). In other words, the
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onditional law of Xk+1 given FY
k may be summarized by the su�
ient statisti
 (Πk, Yk).Therefore, sin
e the Markov 
hain (Πk, Yk) is 
ompletely 
hara
terized by its probabilitytransitions, the idea is to approximate these probability transitions by suitable probabilitytransition matri
es.In a �rst step, we dis
retize for ea
h k the 
ouple (Πk, Yk) by approximating it by

(Π̂k, Ŷk) taking a �nite number of values. The spa
e dis
retization (or quantization) of therandom ve
tor Zk = (Πk, Yk) in Km × R
d is 
onstru
ted as follows. At initial time k = 0,re
all that Z0 is a known deterministi
 ve
tor equal to z0 = (µ, y0), so we start from thegrid with one point in Km × R

d :
Γ0 = {z0 = (µ, y0)} .At time k ≥ 1, we are given a grid Γk of Nk points in Km × R

d :
Γk =

{
z1
k = (πk(1), y1

k), . . . , z
Nk

k = (πk(Nk), y
Nk

k )
}
,and we denote by Ci(Γk), i = 1, . . . , Nk, the asso
iated Voronoi tesselations :

Ci(Γk) =
{
z ∈ Km × R

d : ProjΓk
(z) = zi

k

}
, i = 1, . . . , Nk.Here ProjΓk

is a 
losest neighbor proje
tion for the Eu
lidian norm :
∣∣z − ProjΓk

(z)
∣∣
2

= min
i=1,...,Nk

|z − zi
k|2 , ∀ z ∈ Km × R

d.Noti
e that by de�nition of the Eu
lidian norm, we 
learly have :ProjΓk
=
(ProjΓΠ

k
,ProjΓY

k

)
, Ci(Γk) = Ci(Γ

Π
k ) × Ci(Γ

Y
k ),where :

ΓΠ
k = ProjKm

(Γk) = {πk(1), . . . , πk(Nk)}
ΓY

k = ProjRd(Γk) =
{
y1

k, . . . , y
Nk

k

}
.We then approximate the pair Zk = (Πk, Yk) by Ẑk = (Π̂k, Ŷk) valued in Γk and de�nedby :

Ẑk = ProjΓk
(Zk) =

(ProjΓΠ
k
(Πk),ProjΓY

k
(Yk)

)
.In a se
ond step, we approximate the probability transitions of the Markov 
hain (Zk) :

Rk(z, dz
′) = P

[
Zk ∈ dz′|Zk−1 = z

]
, k ≥ 1, z ∈ Km × R

d,by the following probability transition matrix :
r̂ij
k = P

[
Ẑk = zj

k

∣∣∣ Ẑk−1 = zi
k−1

]

=
P [Zk ∈ Cj(Γk), Zk−1 ∈ Ci(Γk−1)]

P [Zk−1 ∈ Ci(Γk−1)]
=:

β̂ij
k

p̂i
k−1

,
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ess 127for all k ≥ 1, i = 1, . . . , Nk−1, j = 1, . . . , Nk. We shall see later how the grids Γk andthe number of points Nk are optimally 
hosen and implemented, and how the asso
iatedprobability transition matrix r̂k 
an be estimated.Example : Computation of predi
tor 
onditional expe
tation.Suppose we are interested in the 
omputation for any k = 0, . . . , n, and for arbitrarymeasurable fun
tion ϕk+1 on Km × R
d, of the �lter predi
tor :

Uk = E
[
ϕk+1(Xk+1, Yk+1)| FY

k

]
.A pre
ise appli
ation where su
h FY

k -measurable random variables appear is presented inSe
tion 4. Then, by introdu
ing the fun
tion :
ϕ̂k+1(π, y) =

m∑

i=1

ϕk+1(x
i, y)πi, ∀ π = (πi)i ∈ Km, ∀y ∈ R

d,and using the law of iterated 
onditional expe
tation, we 
an rewrite Uk as :
Uk = E

[
ϕ̂k+1(Πk+1, Yk+1)| FY

k

]
= E

[
ϕ̂k+1(Zk+1)| FY

k

]
.We thus approximate the sequen
e of FY

k -measurable random variables Uk by Ûk = v̂k(Ẑk)where the fun
tions v̂k, k = 0, . . . , n, are de�ned on Γk by :
v̂k(z

i
k) = E

[
ϕ̂k+1(Ẑk+1)

∣∣∣ Ẑk = zi
k

]

=

Nk+1∑

j=1

r̂ij
k+1ϕ̂k+1(z

j
k+1), ∀ zi

k ∈ Γk.4.3.2 The error analysisThe quality of the approximation des
ribed in the previous paragraph is measured asfollows. We denote for any subset D in R
l :

BL1(D) = {ϕ Borelian from D into R :

‖ϕ‖sup := sup
x∈D

|ϕ(x)| ≤ 1, [ϕ]
lip

:= sup
x,y∈D,x 6=y

|ϕ(x) − ϕ(y)|
|x− y|1

≤ 1

}
.We make the following assumption.(H1) There exists a 
onstant Lg su
h that for all k ≥ 1 :

m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′ ≤ Lg|y − ŷ|1 , ∀y, ŷ ∈ R

d.
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an options in partial observation marketsProposition 4.3.1 Under (H1), we have for any n and ϕ1, . . ., ϕn ∈ BL1(Km × R
d) :

∣∣∣∣
∫
ϕ1(z1) . . . ϕn(zn) (R1(z0, dz1) . . . Rn(zn−1, dzn) − r̂1(z0, dz1) . . . r̂n(zn−1, dzn))

∣∣∣∣

≤
n∑

k=1

3
√
m+ d

2L̄g − 1

[
(2L̄g)

n−k+1 − 1
] ∥∥∥Zk − Ẑk

∥∥∥
2

, (4.3.3)where L̄g = max(Lg, 1).We �rst state a preliminary result on the Lips
hitz property of the transition of theMarkov 
hain (Zk)k = (Πk, Yk)k.Lemma 4.3.1 Under (H1), we have for all k ≥ 1 and Borelian fun
tion ϕ on Km ×R
d :

|Rkϕ(z) −Rkϕ(ẑ)| ≤
(
2[ϕ]

lip
+ ‖ϕ‖sup

)
L̄g |z − ẑ|1 , ∀z, ẑ ∈ Km × R

d.Proof. Re
all from (4.2.3) that the 
onditional law Qk(π, y, dy
′) of Yk given (Πk−1, Yk−1)

= (π, y) admits a density given by :
y′ 7−→ fk(π, y, y

′) =
m∑

i,j=1

gk(x
i, y, xj , y′)P ij

k π
i.This 
onditional density satis�es the Lips
hitz property : for all (π, y) and (π̂, ŷ) ∈Km×R

d,
∫ ∣∣fk(π, y, y

′) − fk(π̂, ŷ, y
′)
∣∣ dy′ ≤

m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′

+
m∑

i

|πi − π̂i|, (4.3.4)where we used the fa
t that ∑j P
ij
k

∫
gk(x

i, y, xj , y′)dy′ = 1. From (4.2.4), we then havefor any z = (π, y) and ẑ = (π̂, ŷ) ∈ Km × R
d :

|Rkϕ(z) −Rkϕ(ẑ)| ≤
∫ ∣∣ϕ(Ḡk(π, y, y

′), y′) − ϕ(Ḡk(π̂, ŷ, y
′), y′)

∣∣Qk(π, y, dy
′)

+

∣∣∣∣
∫
ϕ(Ḡk(π̂, ŷ, y

′), y′)
(
Qk(π, y, dy

′) −Qk(π̂, ŷ, dy
′)
)∣∣∣∣

≤ [ϕ]
lip

∫ ∣∣Ḡk(π, y, y
′) − Ḡk(π̂, ŷ, y

′)
∣∣
1
fk(π, y, y

′)dy′

+ ‖ϕ‖sup

∫ ∣∣fk(π, y, , y
′) − fk(π̂, ŷ, y

′)
∣∣ dy′

≤ [ϕ]
lip

∫ ∣∣Ḡk(π, y, y
′) − Ḡk(π̂, ŷ, y

′)
∣∣
1
fk(π, y, y

′)dy′

+ ‖ϕ‖sup

m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′

+ ‖ϕ‖sup

m∑

i

|πi − π̂i|. (4.3.5)
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ess 129Now, from (4.3.2), we have :
∫ ∣∣Ḡk(π, y, y

′) − Ḡk(π̂, ŷ, y
′)
∣∣
1
fk(π, y, y

′)dy′

≤
m∑

j=1

∫ ∣∣∣Ḡj
k(π, y, y

′) − Ḡj
k(π̂, ŷ, y

′)
∣∣∣ fk(π, y, y

′)dy′

=
m∑

i,j=1

∫ ∣∣∣∣∣
gk(x

i, y, xj , y′)P ij
k π

i

fk(π, y, y′)
− gk(x

i, ŷ, xj , y′)P ij
k π̂

i

fk(π̂, ŷ, y′)

∣∣∣∣∣ fk(π, y, y
′)dy′

≤
m∑

i,j=1

P ij
k π̂

i

∫ ∣∣gk(x
i, y, xj , y′)fk(π̂, ŷ, y

′) − gk(x
i, ŷ, xj , y′)fk(π, y, y

′)
∣∣

fk(π̂, ŷ, y′)
dy′

+
m∑

i=1

|πi − π̂i|

≤
m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′

+

∫ ∣∣fk(π, y, y
′) − fk(π̂, ŷ, y

′)
∣∣ dy′ +

m∑

i=1

|πi − π̂i|

≤ 2
m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′ + 2

m∑

i=1

|πi − π̂i|,where we used again (4.3.4). Plugging into (4.3.5) and using (H1) yield :
|Rkϕ(z) −Rkϕ(ẑ)|

≤
(
2[ϕ]

lip
+ ‖ϕ‖sup

)



m∑

i,j=1

P ij
k

∫ ∣∣gk(x
i, y, xj , y′) − gk(x

i, ŷ, xj , y′)
∣∣ dy′ +

m∑

i=1

|πi − π̂i|




≤
(
2[ϕ]

lip
+ ‖ϕ‖sup

)
(Lg|y − ŷ|1 + |π − π̂|1) , (4.3.6)and then the required result. 2Remark 4.3.1 In the 
ase where the law of Yk 
onditional on (Xk−1, Yk−1, Xk) does notdepend on Yk−1, i.e. its density gk depends only Xk−1, Xk, the 
ondition (H1) is empty,or in other words is trivially satis�ed wth Lg = 0. Then, inequality (4.3.6) shows that forall z = (π, y), ẑ = (π̂, ŷ) ∈ Km × R

d,
|Rkϕ(z) −Rkϕ(ẑ)| ≤

(
2[ϕ]

lip
+ ‖ϕ‖sup

)
|π − π̂|1 . (4.3.7)Proof of Proposition 4.3.1. For k = 1, . . . , n, we de�ne the measurable fun
tions on



130 Ameri
an options in partial observation markets
Km × R

d, resp. on Γk :
vk(z) = ϕk(z)

∫
ϕk+1(zk+1) . . . ϕn(zn)Rk+1(z, dzk+1) . . . Rn(zn−1, dzn),

v̂k(z) = ϕk(z)

∫
ϕk+1(zk+1) . . . ϕn(zn)r̂k+1(z, dzk+1) . . . r̂n(zn−1, dzn),with the 
onvention that for k = n, vn = v̂n = ϕn, we then have the ba
kward indu
tionformulas :

vk(z) = ϕk(z)Rk+1vk+1(z) := ϕk(z)E[vk+1(Zk+1)|Zk = z] (4.3.8)
v̂k(z) = ϕk(z)r̂k+1v̂k+1(z) := ϕk(z)E[v̂k+1(Ẑk+1)|Ẑk = z], (4.3.9)for all k = 1, . . . , n− 1.Step 1. We 
learly have ‖vk‖sup ≤ 1. Moreover, from (4.3.8) and using Lemma 4.3.1, wehave :

[vk]lip ≤ [ϕk]lip + [Rk+1vk+1]lip

≤ 1 + L̄g + 2L̄g[vk+1]lip .Sin
e [vn]
lip

≤ 1, a standard ba
kward indu
tion yields :
[vk]lip ≤

3
2 (2L̄g)

n−k+1 − 1 − L̄g

2L̄g − 1
, (4.3.10)for all k = 0, . . . , n.Step 2. From (4.3.8)-(4.3.9), we may write :

∥∥∥vk(Zk) − v̂k(Ẑk)
∥∥∥

1

≤
∥∥∥vk(Zk) − E[vk(Zk)|Ẑk]

∥∥∥
1

+
∥∥∥E
[(
ϕk(Zk) − ϕk(Ẑk)

)
Rk+1vk+1(Zk)

∣∣∣ Ẑk

]∥∥∥
1

+
∥∥∥E
[
ϕ(Ẑk)

(
Rk+1vk+1(Zk) − r̂k+1v̂k+1(Ẑk)

)∣∣∣ Ẑk

]∥∥∥
1

= I1 + I2 + I3. (4.3.11)By the law of iterated 
onditional expe
tation, we have :
I1 ≤

∥∥∥vk(Zk) − vk(Ẑk)
∥∥∥

1

+
∥∥∥E[vk(Ẑk)|Ẑk] − E[vk(Zk)|Ẑk]

∥∥∥
1

≤ 2
∥∥∥vk(Zk) − vk(Ẑk)

∥∥∥
1

≤ 2[vk]lip

∥∥∥Zk − Ẑk

∥∥∥
1

.Sin
e 
onditional expe
tation (here with respe
t to Ẑk) is a L1-
ontra
tion, and vk+1 isbounded by 1, we have :
I2 ≤

∥∥∥ϕk(Zk) − ϕk(Ẑk)
∥∥∥

1

≤
∥∥∥Zk − Ẑk

∥∥∥
1

,
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ess 131re
alling that ϕk is in BL1(Km × R
d). Sin
e Ẑk is σ(Zk)-measurable, and re
alling alsothat ϕk is bounded by 1, we have :

I3 ≤
∥∥∥vk+1(Zk+1) − v̂k+1(Ẑk+1)

∥∥∥
1

.Plugging these estimates of I1, I2 and I3 into (4.3.11), we get
∥∥∥vk(Zk) − v̂k(Ẑk)

∥∥∥
1

≤
(
1 + 2[vk]lip

) ∥∥∥Zk − Ẑk

∥∥∥
1

+
∥∥∥vk+1(Zk+1) − v̂k+1(Ẑk+1)

∥∥∥
1

.Sin
e ∥∥∥vn(Zn) − v̂n(Ẑn)
∥∥∥

1

≤
∥∥∥Zn − Ẑn

∥∥∥
1

, a dire
t ba
kward indu
tion yields :
∥∥∥vk(Zk) − v̂k(Ẑk)

∥∥∥
1

≤
n∑

j=k

(
1 + 2[vj ]lip

) ∥∥∥Zj − Ẑj

∥∥∥
1

.The required result is proved by taking k = 0, substituting the estimate (4.3.10) and usingCau
hy-S
hwarz inequality : ∥∥∥Zj − Ẑj

∥∥∥
1

≤
√
m+ d

∥∥∥Zj − Ẑj

∥∥∥
2

. 24.3.3 Optimal quantization and rate of 
onvergen
eThe estimation error (4.3.3) in Proposition 4.3.1 shows that to obtain the best approxima-tion of the sequen
e of probability transitions (Rk) of the Markov 
hain (Zk)k = (Πk, Yk)kby this quantization approa
h, one has to minimize at ea
h time k ≥ 1 the L2 quantizationerror ‖Zk − Ẑk‖2. By identifying a grid Γk = {z1, . . . , zNk} of size |Γk| = Nk points in
Km×R

d, with the Nk-tuple (z1, . . . , zNk) ∈ (Km×R
d)Nk , the obje
tive is then to minimizethe symmetri
 fun
tion :

DZk

Nk
(z1, . . . , zNk) =

∥∥Zk − ProjΓk
(Zk)

∥∥2

2

= E

[
min

1≤i≤Nk

∣∣Zk − zi
∣∣2
2

]
, ∀Γk = (z1, . . . , zNk) ∈ (Km × R

d)Nk ,(4.3.12)whi
h is the square of the L2 quantization error and is usually 
alled distorsion. Theoptimal quantization 
onsists, for ea
h k ≥ 1 and given a number of points Nk, to �nda grid Γ̂k of size Nk that rea
hes the minimum of the distorsion fun
tion DZk

Nk
. Thisquestion has been ta
kled for a long time as part of quantization for information theoryand signal pro
essing, and more re
ently in probability for both numeri
al and theoreti
alpurpose (see [25℄ or [40℄). We re
all these results and apply them in our 
ontext in thenext paragraph. Now, we fo
us on the behaviour of the minimum of this fun
tion, i.e. theminimal L2 quantization error, when the number of points Nk goes to in�nity. For this,we �rst re
all the so-
alled Zador theorem, see e.g. [25℄.
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an options in partial observation marketsTheorem 4.3.1 Let X be a R
l-valued random variable with distribution P

X
, s.t. E|X|2+δ

2

< ∞ for some δ > 0. Then
lim
N

(
N

2
l min
|Γ|≤N

‖X − ProjΓ(X)‖2
2

)
= J2,l

(∫

Rl

|f | l
l+2 (x) dx

) l+2
l (4.3.13)where P

X
(dx) = f(x)λl(dx) + ν(dx) is the Lebesgue de
omposition of P

X
with respe
t tothe Lebesgue measure λl on R

l. The 
onstant J2,l 
orresponds to the 
ase where X is theuniform distribution on [0, 1]l.Remark 4.3.2 In dimension l = 1 and 2, the values of J2,l are known : J2,1 = 1/6 and J2,2

= 5
18

√
3
. In higher dimension, the true value of J2,l is unknown but we have an equivalent

J2,l ∼ l
2πe as l goes to in�nity.Here, we 
annot apply dire
tly this theorem to Zk sin
e the distribution P

Zk
of (Πk, Yk)is not known in general, and in parti
ular its de
omposition with respe
t to the Lebesguemeasure. However, one 
an prove the following error bound for the minimal distorsionerror of Zk.Proposition 4.3.2 For k ≥ 1, assume that there exists some ε > 0 s.t. :

∫
|yk|2+ε

2

k∏

l=1

gl(xl−1, yl−1, xl, yl)dyl < ∞, ∀ x0, . . . , xk ∈ E. (4.3.14)Then, we have :
lim sup
Nk→∞

N
2

m−1+d

k min
|Γk|≤Nk

‖Zk − ProjΓk
(Zk)‖2

2
≤ C(m, d, fk),where

C(m, d, fk) =
m(d+m− 1)

(md)
d

d+m−1

(J2,d)
d

d+m−1

(∫

Rd

|fk|
d

d+2 (y) dy

) d+2
d+m−1

,and fk is the marginal density of Yk given by :
fk(y) =

∫
gk(xk−1, yk−1, xk, y)Pk(xk−1, dxk)

k−1∏

l=1

gl(xl−1, yl−1, xl, yl)Pl(xl−1, dxl)dylµ(dx0).Remark 4.3.3 In the 
ase where the law of Yk 
onditional on (Xk−1, Yk−1, Xk) does notdepend on Yk−1, i.e. the fun
tion gk does not depend on Yk−1, the expression fk of themarginal density of Yk simpli�es into :
fk(y) = E[gk(Xk−1, Xk, y)], y ∈ R

d, (4.3.15)
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h for the approximation of the �lter pro
ess 133and 
ondition (4.3.14) is written as :
∫

|yk|2+δ
2

gk(xk−1, xk, yk)dyk < ∞, ∀ xk−1, xk ∈ E,for some δ > 0.Proof of Proposition 4.3.2. For any grids
ΓΠ = {π(1), . . . , π(M)} of size |ΓΠ| = M points in Km,

ΓY =
{
y1, . . . , yL

} of size |ΓY | = L points in R
d,we denote

ΓΠ ⊗ ΓY =
{
(π(i), yj) : 1 ≤ i ≤M, 1 ≤ j ≤ L

} of size ML points in Km × R
d.We then have by de�nition of the norm ‖.‖2 and of the proje
tion :

∥∥Zk − ProjΓΠ⊗ΓY (Zk)
∥∥2

2
= ‖Πk − ProjΓΠ(Πk)‖2

2
+ ‖Yk − ProjΓY (Yk)‖2

2
,and so

min
|Γk|≤Nk

‖Zk − ProjΓk
(Zk)‖2

2

≤ min
M,L :ML≤Nk

(
min

|ΓΠ|≤M
‖Πk − ProjΓΠ(Πk)‖2

2
+ min

|ΓY |≤L
‖Yk − ProjΓY (Yk)‖2

2

)(4.3.16)For M0 in N\{0}, 
onsider the grid ΓΠ of size M = Mm−1
0 points in Km :

ΓΠ =

{(
i1
M0

, . . . ,
im−1

M0
, 1 −

m−1∑

l=1

il
M0

)
: i1, . . . , im−1 = 1, . . . ,M0,

m−1∑

l=1

il ≤M0

}
,Denoting for all a ∈ R, [a] the smallest integer smaller than a, we have for all π = (πi)1≤i≤m

∈ Km :
|π − ProjΓΠ(π)|2

2
= min

i1, . . . , i
m−1 = 1, . . . , M0

i1 + . . . + i
m−1 ≤ M0

m−1∑

l=1

∣∣∣∣πl − il
M0

∣∣∣∣
2

+

∣∣∣∣∣
m−1∑

l=1

(
πl − il

M0

)∣∣∣∣∣

2

≤ m min
i1, . . . , i

m−1 = 1, . . . , M0

i1 + . . . + i
m−1 ≤ M0

m−1∑

l=1

∣∣∣∣πl − il
M0

∣∣∣∣
2

≤ m
m−1∑

l=1

∣∣∣∣πl − [πlM0]

M0

∣∣∣∣
2

≤ m(m− 1)

M2
0

.
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min

|ΓΠ|≤M
‖Πk − ProjΓΠ(Πk)‖2

2
≤ m(m− 1)

M
2

m−1

. (4.3.17)On the other hand, noti
e that 
ondition (4.3.14) ensures that E|Yk|2+ε
2

< ∞. Thus,from Theorem 4.3.1 applied to Yk, we have for all δ > 0 and L large enough,
min

|ΓY |≤L
‖Yk − ProjΓY (Yk)‖2

2
≤

(
J2,d‖fk‖ d

d+2

+ δ

)

L
2
d

, (4.3.18)where we set :
‖fk‖ d

d+2

=

(∫

Rd

|fk|
d

d+2 (y) dy

) d+2
d

.Substituting (4.3.17) and (4.3.18) into (4.3.16) yields :
min

|Γk|≤Nk

‖Zk − ProjΓk
(Zk)‖2

2

≤ min
M,L :ML≤Nk



m(m− 1)

M
2

m−1

+

(
J2,d‖fk‖ d

d+2

+ δ

)

L
2
d


 .We 
on
lude with the elementary result that for all a, b > 0 :

min
M,L :ML≤N

[
a

M
2
l

+
b

L
2
d

]
= (d+ l)

(a
l

) l
d+l

(
b

d

) d
d+l 1

N
2

d+l

.

24.3.4 Pra
ti
al implementation of the optimal approximating �lter pro
essWe now 
ome ba
k to the numeri
al implementation of an algorithm that 
omputes forea
h k :
• an optimal grid Γ̂k whi
h minimizes the distorsion :

DZk

Nk
(Γk) = ‖Zk − ProjΓk

(Zk)‖2
2as well as an estimation of this error,

• the weights of the Voronoi tesselations :
p̂i

k = P

[
Zk ∈ Ci(Γ̂k)

]
, i = 1, . . . , Nk,

β̂ij
k+1 = P

[
Zk+1 ∈ Cj(Γ̂k+1), Zk ∈ Ci(Γ̂k)

]
, i = 1, . . . , Nk, j = 1, . . . , Nk+1,
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h for the approximation of the �lter pro
ess 135and so the probability transition matrix r̂ij
k+1 = β̂ij

k+1/p̂
i
k.This program is based on the following key property of the distorsion : The fun
tion

DZk

Nk
is 
ontinuously di�erentiable at any Nk-tuple Γk = (z1, . . . , zNk) ∈ (Km × R

d)Nkhaving pairwise distin
t 
omponents and its gradient is obtained by formal di�erentiationinside the expe
tation operator in (4.3.12) (see [40℄) :
∇DZk

Nk
(Γk) = 2 E[H(Γk, Zk)], (4.3.19)where the (Km × R

d)Nk -ve
tor valued fun
tion H is given by :
H(Γk, z) =

(
(zi − z)1z∈Ci(Γk)

)
1≤i≤Nk

, Γk = (z1, . . . , zNk) ∈ (Km × R
d)Nk , z ∈ Km × R

d.This above integral representation for ∇DZk

Nk
suggests to implement a sto
hasti
 gradientdes
ent, whenever one is able to simulate easily independent 
opies of Zk. We will 
omeba
k below on the simulation of Zk. The sto
hasti
 gradient pro
edure is re
ursivelyde�ned by

Γs+1
k = Γs

k − δs+1 H(Γs
k, ξ

s+1
k ) (4.3.20)where the initial grid Γ0

k has Nk pairwise distin
t 
omponents, (ξs
k)s≥1 is an i.i.d. sequen
eof P

Zk
-distributed random ve
tors, and (δs)s≥1 is a sequen
e of step parameters satisfyingthe usual 
onditions :

∑

s

δs = ∞ and ∑

s

δ2s < ∞.In an abstra
t framework (see e.g. [16℄ or [32℄), under some appropriate assumptions, asto
hasti
 gradient des
ent asso
iated to the integral representation of a so-
alled potentialfun
tion (DZk

Nk
in our problem) 
onverges a.s., when s goes to in�nity, toward a lo
alminimum Γ̂k of this potential fun
tion :

∇DZk

Nk
(Γ̂k) = 0.Although these assumptions are not ful�lled by DZk

Nk
, the en
ountered theoreti
al problems
an be partially over
ome (see [40℄) Pra
ti
al implementation does provide satisfa
toryresults (a 
ommonly en
ountered situation with gradient des
ents). Moreover, 
omputationof the weights of the tesselations and of the distorsion 
an be implemented as by-produ
tof the pro
edure. We now des
ribe this algorithm, known as the Competitive LearningVe
tor Quantization algorithm.Simulation of the Markov 
hain (Zk)k :We noti
e that from (4.2.4), we are able to simulate the probability transition Rk of the

(P,FY
k ) Markov 
hain (Zk)k = (Πk, Yk)k. For k = 0, re
all that Z0 is a known deterministi
ve
tor equal to z0 = (µ, y0). For k ≥ 1, starting from (Πk−1, Yk−1),
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• we simulate Xk−1 with probability law Πk−1, and then Xk a

ording to the proba-bility transition Pk.
• we simulate Yk a

ording to the probability transition qk(Xk−1, Yk−1, Xk, dy

′).
• we 
ompute Πk by the formula (4.3.1) :

Πk =
GP (Yk−1, Yk)

⊤Πk−1

|GP (Yk−1, Yk)⊤Πk−1|1
.Subsequently, we sto
k S independent 
opies of the Markov 
hain (Z0, . . . , Zn), thatwe denote ξs = (ξs

0, . . . , ξ
s
n), s = 1, . . . , S. The algorithm reads as follows :Initialisation phase :

• Initialize the n grids Γ0
k = (z0,1

k , . . . , z0,Nk

k ) ∈ (Km ×R
d)Nk for k = 0, . . . , n, with Γ0

0

= z0 redu
ed to N0 = 1 point for k = 0.
• Initialize the weights ve
tors : p0,i

k = 1/Nk, β0,ij
k+1 = 0, i = 1, . . . , Nk, j = 1, . . . , Nk+1,and the distorsion D0

Nk
= 0, for k = 0, . . . , n.Updating s → s + 1 : At step s, the n grids Γs

k = (zs,1
k , . . . , zs,Nk

k ), the weights ve
tors
ps,i

k , βs,ij
k+1, i = 1, . . . , Nk, j = 1, . . . , Nk+1, the distorsion Ds

Nk
have been obtained and weuse the sample ξs+1 of (Z0, . . . , Zn) to update them as follows : for all k = 0, . . . , n,

• Competitive phase : sele
t ik(s+ 1) ∈ {1, . . . , Nk} su
h that
ξs+1 ∈ Cik(s+1)(Γ

s
k), i.e. ik(s+ 1) ∈ argmin1≤i≤Nk

|zs,i
k − ξs+1|2 .

• Learning phase :
⋆ Updating of the grid :

zs+1,i
k = zs,i

k − δs+1 1i=ik(s+1)

(
zs,i
k − ξs+1

)
, i = 1, . . . , Nk

⋆ Updating of the weights ve
tors and of the probability transition
ps+1,i

k = ps,i
k − δs+1

(
ps,i

k − 1i=ik(s+1)

)
,

βs+1,ij
k+1 = βs,ij

k+1 − δs+1

(
βs,ij

k+1 − 1i=ik(s+1),j=ik+1(s+1)

)
,

rs+1,ij
k+1 =

βs+1,ij
k+1

ps+1,i
k

,for all i = 1, . . . , Nk, j = 1, . . . , Nk+1.
⋆ Updating of the distorsion

Ds+1
Nk

= Ds
Nk

− δs+1

(
Ds

Nk
−
∣∣∣zs,ik(s+1)

k − ξs+1
∣∣∣
2

2

)
,



Appli
ation : optimal stopping under partial observation 137It is shown in [40℄ that on the event {Γs
k → Γ̂k}, set of traje
tories of (Γs

k)s that
onverge to Γ̂k lo
al minimum of the distorsion, we have :
ps,i

k −→ p̂i
k = P

[
Zk ∈ Ci(Γ̂k)

]
, a.s.

βs,ij
k+1 −→ β̂ij

k+1 = P

[
Zk+1 ∈ Cj(Γ̂k+1), Zk ∈ Ci(Γ̂k

]
, a.s.

Ds
Nk

−→ DZk

Nk
(Γ̂k), a.s.for all k = 0, . . . , n, i = 1, . . . , Nk, j = 1, . . . , Nk+1, as s goes to in�nity.

4.4 Appli
ation : optimal stopping under partial observationWe 
onsider the framework of Se
tion 3. We denote by T Y
n the set of stopping timesadapted with respe
t to the observation �ltration (FY

k ) and valued in {0, . . . , n}. Giventwo measurable fun
tions f and h on E × R
d, we 
onsider the following optimal stoppingproblem under partial observation :

u0 = sup
τ∈T Y

n

E

[
τ∑

k=0

f(Xk, Yk) + h(Xτ , Yτ )

]
. (4.4.1)We shall transform this problem into an optimal stopping problem under 
omplete obser-vation. We denote

J(τ) = E

[
τ∑

k=0

f(Xk, Yk) + h(Xτ , Yτ )

]
, τ ∈ T Y

n ,the expe
ted gain fun
tion asso
iated to (4.4.1). We shall also introdu
e the fun
tions :
f̂(π, y) =

m∑

i=1

f(xi, y)πi, ∀ π = (πi)i ∈ Km, ∀y ∈ R
d,

ĥ(π, y) =
m∑

i=1

h(xi, y)πi, ∀ π = (πi)i ∈ Km, ∀y ∈ R
d.
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an options in partial observation marketsThen, by using the law of iterated 
onditional expe
tations and the de�nition of the �lter
(Πk), we have for all τ ∈ T Y

n :
J(τ) = E




n∑

j=0

1τ=j

(
j∑

k=0

f(Xk, Yk) + h(Xj , Yj)

)


= E




n∑

j=0

1τ=j

(
j∑

k=0

E
[
f(Xk, Yk)| FY

k

]
+ E

[
h(Xj , Yj)| FY

j

]
)


= E




n∑

j=0

1τ=j

(
j∑

k=0

f̂(Πk, Yk) + ĥ(Πj , Yj)

)


= E

[
τ∑

k=0

f̂(Zk) + ĥ(Zτ )

]
.Therefore, problem (4.4.1) may be rewritten as :

u0 = sup
τ∈T Y

n

E

[
τ∑

k=0

f̂(Zk) + ĥ(Zτ )

]
. (4.4.2)Sin
e the pro
ess (Zk)k = (Πk, Yk)k is a (P, (FY

k )) Markov 
hain, problem (4.4.2) is thenan optimal stopping problem under 
omplete observation.By the dynami
 programming prin
iple, we have u0 = v0(z0), where the sequen
e ofmeasurable fun
tions vk : Km × R
d 7→ R, k = 0, . . . , n, is given in re
ursive form by theba
kward formula :

vn(z) = ĥ(z), ∀z ∈ Km × R
d (4.4.3)

vk(z) = max
{
ĥ(z); E

[
f̂(Zk+1) + vk+1(Zk+1)

∣∣∣Zk = z
]}

,

∀z ∈ Km × R
d, k = 0, . . . , n− 1. (4.4.4)Applying the quantization approa
h des
ribed in Se
tion 3 and setting :

Ẑk = ProjΓk
(Zk), Γk = (z1

k, . . . , z
Nk

k ) ∈ (Km × R
d)Nk , k = 0, . . . , n,we then approximate, following [4℄, the sequen
e of fun
tions (vk) by the sequen
e offun
tions v̂k : Γk → R, k = 0, . . . , n de�ned by :

v̂n(z) = ĥ(z), ∀z ∈ Γn

v̂k(z) = max
{
ĥ(z); E

[
f̂(Ẑk+1) + v̂k+1(Ẑk+1)

∣∣∣ Ẑk = z
]}

,

∀z ∈ Γk, k = 0, . . . , n− 1.



Appli
ation : optimal stopping under partial observation 139From an algorithmi
 viewpoint, this reads as follows :
v̂n(zi

n) = ĥ(zi
n), i = 1, . . . , Nn

v̂k(z
i
k) = max



ĥ(z

i
k);

Nk+1∑

j=1

r̂ij
k+1

(
f̂(zj

k+1) + v̂k+1(z
j
k+1)

)


 ,

i = 1, . . . , Nk, k = 0, . . . , n− 1.The optimal grids Γk and the asso
iated probability transition matrix (r̂ij
k+1) are estimatedfollwing the pro
edure des
ribed in Se
tion 3.The indu
ed approximation error is provided in the following theorem.Theorem 4.4.2 Assume that f and h are bounded and Lips
hitz, uniformly in x ∈ E, i.e.

‖f‖sup := sup
x∈E,y∈Rd

|f(x, y)| < ∞ and [f ]
lip

:= sup
x∈E,y,ŷ∈Rd,y 6=ŷ

|f(x, y) − f(x, ŷ)|
|y − ŷ|1

< ∞.Then under (H1), we have for all k = 0, . . . , n :
∥∥∥vk(Zk) − v̂k(Ẑk)

∥∥∥
1

≤
√
m+ d(f̄ + h̄)

n∑

j=k

[
(7 + 2(n− j))L̄g + (n− j + 2)

(2L̄g)
n−j+1

2L̄g − 1

]
‖Zj − Ẑj‖2 ,(4.4.5)where f̄ = max(‖f‖sup , [f ]

lip
), h̄ = max(‖h‖sup , [h]lip).Remark 4.4.4 In view of Proposition 4.3.2, the estimation (4.4.5) provides a rate of
onvergen
e for the approximation of v0(Z0) of order

n(2L̄g)
n

N
1

m−1+d

,when Nk = N is the number of points at ea
h grid Γk used for the optimal quantization of
Zk, k = 0, . . . , n. The term (2L̄g)

n is important when n is large, but this is 
onsistent withthe rate of 
onvergen
e obtained in approximation of nonlinear �ltering by quantization,see [41℄ or by Monte-Carlo parti
le methods, see [36℄.Lemma 4.4.2 Under the assumptions of Theorem 4.4.2, the fun
tions vk, k = 0, . . . , n,de�ned in (4.4.4), are bounded and Lips
hitz with :
‖ vk ‖sup ≤ (n− k + 1)(f̄ + h̄), (4.4.6)

[vk]lip ≤ n− k + 3

2

(f̄ + h̄)

2L̄g − 1
(2L̄g)

n−k+1. (4.4.7)
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an options in partial observation marketsProof. From (4.4.4), we have ‖ vk ‖sup ≤ ‖ĥ‖sup + ‖f̂‖sup + ‖ vk+1 ‖sup . Sin
e ‖ vn ‖sup

= ‖ĥ‖sup , ‖f̂‖sup ≤ ‖f‖sup , ‖ĥ‖sup ≤ ‖h‖sup , we obtain immediately the inequality (4.4.6)by indu
tion.On the other hand, relation (4.4.4) and Lemma 4.3.1 also show
[vk]lip ≤ [ĥ]

lip
+ [Rk+1(f̂ + vk+1)]lip

≤ [ĥ]
lip

+ L̄g

(
‖f̂‖sup + 2[f̂ ]

lip
+ ‖vk+1‖sup + 2[vk+1]lip

)
. (4.4.8)By de�nition of f̂ , we 
learly have for all z = (π, y) and z′ = (π′, y′) in Km × R

d,
|f̂(z) − f̂(z′)| ≤ ‖f‖sup |π − π′|1 + [f ]

lip
|y − y′|1

≤ f̄ |z − z′|1 ,A similar inequality holds for [h]
lip

i.e. [ĥ]
lip

≤ h̄. Plugging into (4.4.8) and using (4.4.6)yields
[vk]lip ≤ h̄+ L̄g

(
3f̄ + (n− k)(f̄ + h̄)

)

+ 2L̄g[vk+1]lip . (4.4.9)Sin
e [vn]
lip

= [ĥ]
lip
, a straightforward indu
tion gives (4.4.7). 2Proof of Theorem 4.4.2.We set Φk(z) = E[f̂(Zk+1)+vk+1(Zk+1)|Zk = z] and Φ̂k(z) = E[f̂(Ẑk+1)+v̂k+1(Ẑk+1)|Ẑk =

z]. Then, for k = 0, . . . , n− 1,
∥∥∥vk(Zk) − v̂k(Ẑk)

∥∥∥
1

≤
∥∥∥ĥ(Zk) − ĥ(Ẑk)

∥∥∥
1

+
∥∥∥Φk(Zk) − Φ̂k(Ẑk)

∥∥∥
1

≤ [ĥ]
lip
‖Zk − Ẑk‖1 +

∥∥∥Φk(Zk) − Φk(Ẑk)
∥∥∥

1

(4.4.10)
+
∥∥∥E[Φk(Ẑk)|Ẑk] − E[Φk(Zk)|Ẑk]

∥∥∥
1

+
∥∥∥E[Φk(Zk)|Ẑk] − Φ̂k(Ẑk)

∥∥∥
1

≤ [ĥ]
lip
‖Zk − Ẑk‖1 + 2

∥∥∥Φk(Zk) − Φk(Ẑk)
∥∥∥

1

+
∥∥∥E[Φk(Zk)|Ẑk] − Φ̂k(Ẑk)

∥∥∥
1

, (4.4.11)by the law of iterated 
onditional expe
tation. Sin
e Ẑk is σ(Zk)-measurable, we have
∥∥∥E[Φk(Zk)|Ẑk] − Φ̂k(Ẑk)

∥∥∥
1

=
∥∥∥E[f̂(Zk+1) + vk+1(Zk+1)|Ẑk] − E[f̂(Ẑk+1) + v̂k+1(Ẑk+1)|Ẑk]

∥∥∥
1

≤ [f̂ ]
lip

∥∥∥Zk+1 − Ẑk+1

∥∥∥
1

+
∥∥∥vk+1(Zk+1) − v̂k+1(Ẑk+1)

∥∥∥
1

.
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al illustration 141Plugging into (4.4.11) yields :
∥∥∥vk(Zk) − v̂k(Ẑk)

∥∥∥
1

≤
(
[ĥ]

lip
+ 2[Φk]lip

)
‖Zk − Ẑk‖1 + [f̂ ]

lip

∥∥∥Zk+1 − Ẑk+1

∥∥∥
1

+
∥∥∥vk+1(Zk+1) − v̂k+1(Ẑk+1)

∥∥∥
1

.Sin
e ∥∥∥vn(Zn) − v̂n(Ẑn)
∥∥∥

1

≤ [ĥ]
lip
‖Zn − Ẑn‖1 , a dire
t indu
tion gives :

∥∥∥vk(Zk) − v̂k(Ẑk)
∥∥∥

1

≤
n∑

j=k

aj‖Zj − Ẑj‖1 (4.4.12)where
aj =





[ĥ]
lip

+ 2[Φk]lip , j = k

[ĥ]
lip

+ 2[Φj ]lip + [f̂ ]
lip

, j = k + 1, ...n− 1

[ĥ]
lip

, j = n

(4.4.13)Now, by Lemmata 4.3.1 and 4.4.2, we have
[Φk]lip = [Rk+1(f̂ + vk+1)]lip

≤ L̄g

(
‖f̂‖sup + 2[f̂ ]

lip
+ ‖vk+1‖sup + 2[vk+1]lip

)

≤ L̄g[3f̄ + (n− k)(f̄ + h̄)]

+ (f̄ + h̄)(
n− k

2
+ 1)

(2L̄g)
n−k+1

2L̄g − 1
.Substituting into (4.4.13) and (4.4.12) provides the required result by using also Cau
hy-S
hwarz inequality.4.5 Numeri
al illustration : Bermudean options in a partiallyobserved sto
hasti
 volatility modelWe 
onsider an observable risky asset pri
e (Sk) with dynami
s given by :

Sk+1 = Sk exp

[(
r − 1

2
X2

k

)
δ +Xk

√
δεk+1

]
, S0 = s0 > 0,where (εk) is a sequen
e of Gaussian white noise, and (Xk) is the unobservable volatilitypro
ess. δ > 0 may represent some dis
retization time step. Equivalently, we observe thepro
ess (Yk) = (lnSk), and we noti
e that the 
onditional law of Yk+1 given (Xk, Yk) hasa density given by :

g(Xk, Yk, y
′) =

1√
2πX2

kδ
exp

[
−
(
y′ − Yk − (r − 1

2X
2
k)δ
)2

2X2
kδ

]
, y′ ∈ R.
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an options in partial observation marketsWe model here the dynami
s of (X,S) under some risk neutral martingale measure P, rrepresenting in this 
ase the riskless interest rate.We assume that (Xk) is an homogeneous Markov 
hain taking three possible values xb

< xm < xh in R+\{0}. Its probability transition matrix is given by :
Pk =




1 − (pbm + pbh)δ pbmδ pbhδ

pmbδ 1 − (pmb + pmh)δ pmhδ

phbδ phmδ 1 − (phb + phm)δ


 . (4.5.1)In this 
ontext of a partially observed sto
hasti
 volatility model, we 
onsider a Bermudeanput option with payo� :

h(y) = (κ− ey)+, y ∈ R,and we want to 
ompute its pri
e given by :
u0 = sup

τ∈T Y
n

E

[
e−rτδh(Yτ )

]
. (4.5.2)We 
onsider a model where the volatility (Xk) is a Markov-
hain approximation à laKushner (see [31℄) of a mean-reverting pro
ess :

dXt = λ(x0 −Xt)dt+ ηdWt.Denoting by ∆ > 0 the spatial step, this 
orresponds to a probability transition matrix ofthe form (4.5.1) with :
xb = x0 − ∆, xm = x0, xh = x0 + ∆,and
pbm = λ+

η2

2∆2
, pbh = 0

pmb =
η2

2∆2
, pmh =

η2

2∆2

phb = 0, phm = λ+
η2

2∆2
.In order to ensure that Pk is indeed a probability transition matrix, we have the 
onsisten
y
onditions :

1 −
(
λ+

η2

2∆2

)
δ ≥ 0 and 1 − η2

∆2
δ ≥ 0We perform numeri
al tests with- Pri
e and put option parameters : r = 0.05, S0 = 110, κ = 100,- Volatility parameters : λ = 1, η = 0, 1, X0 = 0.15,
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al illustration 143- Spatial step : ∆ = 0, 05.- Quantization : Grids are of same size N �xed for ea
h time period with step δ = 1
n .We �rst 
ompare in Table 4.1 the �lter expe
tation at the �nal date n = .... 
omputedby the optimal quantization method with in
reasing grid size N , and by 106 Monte Carloiterations.

E[Π1
n] E[Π2

n] E[Π3
n] Relative error (%)Monte Carlo 0.287608 0.422833 0.289558Quant. with N = 300 0.301651 0.421725 0.276624 0.898Quant. with N = 600 0.301604 0.421458 0.276938 0.886Quant. with N = 900 0.301598 0.421316 0.277086 0.881Quant. with N = 1200 0.301618 0.42122 0.277162 0.879Quant. with N = 1500 0.301605 0.421205 0.27719 0.878Table 4.1: Comparison of quantized �lter value to its Monte Carlo estimationWe see that besides the very low error level, we 
an observe error and relative errorde
reasing as the grid sizes grow.Se
ondly, in order to illustrate the e�e
t of the time step, we 
ompute the Ameri
anoption pri
e under partial observation when the time step δ de
reases to zero (i.e. nin
reases) and 
ompare it with the Ameri
an option pri
e with 
omplete observation of

(Xk, Yk). Indeed, in the limit for δ → 0 we fully observe the volatility, and so the partialobservation pri
e should 
onverge to the 
omplete observation pri
e.Moreover, when we have more and more observations, the di�eren
e between the twopri
es should de
rease and 
onverge to zero. This is shown in �gure 4.2, where we performedoption pri
ing over grids of size NΠ,Y
= 1500 in 
ase of partial observation. The totalobservation pri
e is given by the same pri
ing algorithm 
arried out on N

X,Y
= 45 pointprodu
t grids of (Xk, Yk). We have seen in Remark 4.4.4 that for �xed n, the rate of
onvergen
e for the approximation of the value fun
tion under partial observation is oforder N1/(m−1+d)

Π,Y
where NΠ,Y

is the number of points used at ea
h time k, for the grid of
(Πk, Yk) valued in Km ×R

d. From results of [4℄, we also know that the rate of 
onvergen
efor the approximation of the value fun
tion under full observation is of order m×N
Y
where

N
X,Y

= m×NY is the number of points at ea
h time k, used for the grid of (Xk, Yk) valuedin E ×R
d. This explains why, in order to have 
omparable results, and with m = 3 and d

= 1, we have 
hosen N
Y
∼ N1/3

Π,Y
.In addition, it is possible to observe the e�e
t of information enri
hment as the timestep de
reases. In fa
t, if we 
onsider multiples of n as the time step parameter, we noti
ethat the Ameri
an option pri
e in
reases for both total and partial observation models (seetables 4.2 and 4.3).
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Figure 4.1: Filter error 
onvergen
e as N grows
n 4 8 16Tot. Obs. (N

X,Y
= 30) 1.45863 1.75689 1.77642Part. Obs. (NΠ,Y
= 1000) 0.921729 1.13898 1.47089Variation 0.53 0.61 0.30Table 4.2: Ameri
an option pri
e for embedded �ltrations - First Example

n 5 10 20Tot. Obs. (N
X,Y

= 45) 1.57506 1.72595 1.91208Part. Obs. (NΠ,Y
= 1500) 0.988531 1.30616 1.59632Variation 0.58 0.42 0.31Table 4.3: Ameri
an option pri
e for embedded �ltrations - Se
ond Example
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es as δ → 0
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RésuméNous développons une appro
he de résolution numérique du �ltrage par méthode de grille, en utili-sant des résultats de quanti�
ation optimale de variables aléatoires. Nous mettons en oeuvre deuxalgorithmes de 
al
ul de �ltres utilisant les te
hniques d'approximation du type ordre 0 et ordre1. Nous proposons les versions implémentables de 
es algorithmes et étudions le 
omportement del'erreur des approximations en fon
tion de la taille des quanti�eurs en s'appuyant sur la propriétéde stationnarité des quanti�eurs optimaux. Nous positionnons 
ette appro
he par grille par rapportà l'appro
he parti
ulaire du type Monte Carlo à travers la 
omparaison des deux méthodes et leurexpérimentation sur di�érents modèles d'états. Dans une se
onde partie, nous nous intéressonsà l'avantage qu'o�re la quanti�
ation pour le prétraitement des données o�ine pour développerun algorithme de �ltrage par quanti�
ation des observations (et du signal). L'erreur est là aussiétudiée et un taux de 
onvergen
e est établi en fon
tion de la taille des quanti�eurs. En�n, laquanti�
ation du �ltre en tant que variable aléatoire est étudiée dans le but de la résolution d'unproblème d'évaluation d'option améri
aine dans un mar
hé à volatilité sto
hastique non observée.Tous les résultats sont illustrés à travers des exemples numériques.Mots 
lés : Filtrage, quanti�
ation optimale, quanti�eur stationnaire, �ltres parti
ulaires, MonteCarlo, prétraitement o�ine, option améri
aine, volatilité sto
hastique.Abstra
tWe develop a grid based numeri
al approa
h to solve a �ltering problem, using results on optimalquantization of random variables. We 
onstru
t two �ltering algorithms using zero order and �rstorder approximation te
hniques. We suggest implementable versions of these algorithms and studythe approximation error behavior by 
onsidering the stationnary property of optimal quantizers.The grid approa
h is then 
ompared to the parti
le one based on Monte Carlo methods. The studyis done over a set of di�erent state models. In a se
ond part, we have been interested in the ad-vantadge given by quantization methods to prepro
ess o�ine the information. This permitted todevelop a �ltering algorithm based on observation (and signal) quantization. Here also the error
onvergen
e rate to zero as the quantizer size goes to in�nity is studied. Finally, the quantization ofthe �lter as a random variable is studied in order to solve a problem of pri
ing an Ameri
an optionin an unobserved sto
hasti
 volatility market. All results are illustrated by numeri
al experiments.Keywords : Filtering, optimal quantization, stationary quantizer, parti
le method, Monte Carlo,o�ine prepro
essing, Ameri
an option, sto
hasti
 volatility.Vu : le Président Vu : les su�rageantsM. .................. MM. ...................Vu et permis d'imprimer :Le Vi
e-Président du Conseil S
ienti�que 
hargé de la Re
her
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