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Introduction

0.1 Quantification optimale et applications

La quantification est une méthode issue du traitement du signal et de I’information. Elle
consiste a approcher un signal a valeurs dans un espace continu par un signal a valeur dans
un espace discret. A Dorigine, cette technique a été motivée par des raisons pratiques d’éco-
nomie de transmission [20], et a vu ensuite ses applications s’élargir a différents domaines,
notamment, depuis quelques années, les probabilités numériques. Dans cette section nous
allons adopter une présentation résolument probabiliste de la quantification en rappelant
quelques resultats théoriques utiles et en mettant en évidence ses applications les plus
récentes.

0.1.1 Définitions et résultats préliminaires
0.1.1.1 Quantification de variables aléatoires

On se place dans un espace de probabilité (£2, F,P), et on se donne une variable aléatoire
a valeurs dans R?, X, de loi Px supposée simulable. Un entier N € N* étant fixé, un N-
quantifieur est une application borélienne hy appliquant R? dans un ensemble fini I' =
{z!,..., 2N} C R4

Pour définir de maniére unique l'application hpy, on a besoin de spécifier en plus une
partition borélienne (A?);<;<y de l'espace R? pour avoir :

N
ha(X) =) a1 4(X).
=1

Le N-quantifieur est donc spécifié par la donnée de :
r={z!... ,a:N} la grille de quantification de taille N appelée aussi ensemble des
centres, des points de quantification ou des centroides, ou encore N-quantifieur as-
socié a hy.
— Une partition borélienne (Ai)lgigN de I’espace R%. A chaque ensemble A’ sera associé
un centre z' que I'on supposera toujours appartenir a A°.
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Fi1G. 1 — Partitions de I’espace associées a une grille de quantification en deux dimensions

Quand X € LP, on définit un N-quantifieur LP-optimal de X par I’application h}; solution
du probléme d’optimisation paramétré par la taille de la grille de quantification N :

inf{[|X — h(X)[[D, h: RY — R?, application borelienne t.q. |h(R%)| < N}. (0.1.1)

D’apreés les résultats établis par exemple dans [25], ce probléme admet une solution hj,
définie par un N-quantifieur I’y = {2!,... 2}, vérifiant :

EX —hy(X)P=E min |X —z|?,
zeh, (RY)
et par la partition (C;(I'"))1<;<n, dite de Voronoi, associée a cet ensemble, définissant
h% comme une projection au plus proche voisin sur I’ensemble des centres (z%);<;<y (voir
Figure 1). Soit :

(T* d i — : _ .k
Cil") C{ €Rt.q. [¢ — 2| = min |¢— a7}

1

La distorsion* s’écrit alors :

X’p — _ h* p: s _ 7 P
Dy* = 1X = (X = || min_ 1X = 2[5,

Elle converge vers zero quand la taille du quantifieur N tend vers +o0o, et sa vitesse de

convergence est régie par le théoreme de Zador énoncé comme suit :

LOn notera par ailleurs 'erreur de quantification || X — ki (X)|p-
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Théoréme 0.1.1 (Cf. [25, 4]) On suppose que [pq |E[PTPx (d€) < +o00 pour v > 0. Alors,
. PX,
(VDY) = Syl o

ot Px(d€) = o(&)Ag(d€) + a(de), ilg (Ag mesure de Lebesgue sur R%) et pour tout
1
g €RY, [lgllq == (f lgl?(w)du)s.

Remarque 0.1.1 J, 4 correspond a la limite pour la loi uniforme sur [0, 1]. On sait que

1 _ 5  1v N .
Ip1 = () et que Joo = 55 D’une maniére générale, on ne connait pas la valeur de
: d
cette constante pour d > 2, mais on a Jp g ~ 5. (Cf. [25]).

1
Nous pouvons ainsi écrire que || X — b} (X)|l, = O(N~4) au voisinage de N — +o00.
Par ailleurs, il sera essentiel de noter que les quantifieurs L?-optimaux vérifient une pro-
priété dite de stationnarité, & savoir que :

E[X|h% (X)] = hi (X). (0.1.2)

Cette propriété permet d’utiliser des termes correcteurs de premier ordre dans les dif-
férentes applications de la quantification, comme nous allons le voir dans le paragraphe
suivant pour l'intégration numérique puis, plus loin, dans les exemples d’évaluation d’op-
tions américaines [6] ou de filtrage (Cf. Chapitre 1).

D’un point de vue pratique, définir la fonction A%, pour une taille de quantifieur fixée
N g’avére étre un probléme d’optimisation assez délicat a résoudre notamment dans le
cas multidimensionnel. En effet, pour plusieurs lois en dimensions 1, il existe des solutions
analytiques fermées ou semi-fermées qui peuvent aisément étre calculées. On citera par
exemple la quantification de la loi normale par la méthode de Newton [44], ou de la loi
exponentielle, entre autres, dans [17]. Par ailleurs, dans le cas particulier d'une loi & den-
sité log-concave, la solution au probléme (0.1.1) est unique [28], ce qui permet 1'utilisation
efficace d’algorithmes numériques d’optimisation tels que l'algorithme du gradient ou celui
du point fixe appelé aussi méthode de Lloyd I |44, 2].
Ces méthodes déterministes deviennent rapidement difficiles & mettre en ceuvre en dimen-
sions supérieures & 1. D’une part parce qu’elles impliquent des calculs d’intégrales trop
complexes au dela de la dimension 1, d’autres part, parce que la solution de (0.1.1) n’est
pas unique ce qui diminue encore ’efficacité des résolutions numériques. Dans ce cas alors,
on préfere utiliser des algorithmes stochastiques d’apprentissage fondés sur la simulation.
On citera dans ce contexte l'algorithme Competitive Learning Vector Quantization (CLVQ
algorithm) aussi appelé algorithme de Kohonen a zéro voisins, les algorithmes génétiques
[26] ou P'algorithme de Lloyd I multidimensionnel [2|. Une étude détaillée des méthodes
de quantification quadratique optimale est proposée dans [44]. Il est a noter que c’est le
cas quadratique (p = 2) qui est le plus souvent étudié sur le plan numérique, méme si les
résultats théoriques sont généralement énoncés pour p quelconque.
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Nous ne détaillerons pas plus avant cet aspect de la quantification car il n’est pas au
centre de notre travail. Nous nous intéresserons plutdt a ’exploitation de ces quantifieurs
optimaux pour différentes applications pratiques. A cet effet, il est important d’introduire
tout d’abord une définition de processus quantifié (ou quantification de processus différente
de la notion de quantification fonctionnelle de processus. Cf. [33, 45]). Ce sera l'objet du
prochain paragraphe.

0.1.1.2 Quantification de processus

Dans les différentes applications de la quantification, il est souvent requis de considérer
la quantification d’un processus markovien & temps discret (Xj)x>0 dont on connait la dy-
namique d’évolution de maniére & pouvoir en simuler la trajectoire. Une approche possible
dans ce cas est de quantifier chaque variable X en tenant compte de sa loi marginale,
on parle donc de quantification marginale. Pour cela, on doit se fixer une taille de grille
N a chaque pas de temps et un Np-quantifieur LP-optimal de X € LP que 'on notera

1 Ny
Ly ={xp,...,2. %}

Par conséquent, on définit la quantification (Voronoi) de X}, par :

Ni

Xi = hiy, (Xp) = inlci(rk)(Xk)- (0.1.3)
i—1

Le processus ainsi quantifié (Xk)kzo ne vérifie plus la propriété de Markov. Cependant,
une approximation de la probabilité de transition entre différents états & deux dates suc-
cessives reste possible a travers les paramétres compagnons p;g, pour i € {1,..., Ny} et
j€{1,..., Ngs1} définis par :

p = P[Xpp1 € Cj(Thi1)| Xk € Ci(T)]
= PXp4 = xi+1|X;€ = x}].

D’une maniére générale, pour 0 < k < n, i € {1,..., N} et f borélienne dans R?, on

notera :
Nig1

Pif(al) = Elf (Xee) [ Xe = af] = Y flaf)pf-
j=1

Pour des horizons n raisonnables (< 100), il est donc possible de calculer et de sto-
cker dans des tables facilement accessibles les grilles de quantifications et les parameétres
compagnons i.e. les (:L'i) et les (pzj) pour 0 <k <n,1<i<Npet1l<j< Ngyi. Cepré-
traitement des données, dit off-line, permet de minimiser les calculs d’éventuels estimateurs
utilisant la quantification. Un exemple de ces grilles pour la loi normale centrée réduite est
diponible et téléchargeable a partir de http ://www.proba.jussieu.fr/pageperso/pages
/quant3.html.
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0.1.2 Application a ’intégration numérique

Une application immeédiate de la quantification est le calcul d’approximations numé-
riques d’intégrales par rapport & une mesure donnée. On se pose le probléme de I’évaluation
de lintégrale E[f(X)], pour X de loi Px sur (R% B(R%)). Si X désigne une N-quantification
L?-optimale de X nous pouvons nous donner comme estimateur : E[f(X)]. Comme X est
une variable aléatoire discréte, le calcul de cet estimateur se résumera a une somme pondé-
rée finie, dont les termes sont lus a partir de tables pré-calculées. En reprenant les notations
du paragraphe précédent, on pose :

BIFC0) ~ ELF(D) = 3ot [ 1o, (@Pxlde) = 3D

ot p' = Px(C;(I)) = P(X € C;(T)).

Les pondérations p’ sont aussi des paramétres compagnons qui peuvent étre calculés en
méme temps que la grille de quantification I' et stockés dans des tables accessibles pendant
I'estimation. L’erreur d’estimation est controlée par I'erreur de quantification A = X — X.
En effet, quand f est continue, dérivable & dérivée bornée, il existe £ € (X,X) tel que :

F(X) = f(X) = (Df(&), A),

ol < .,. > désigne le produit scalaire canonique sur R%.
Ceci donne la majoration d’erreur qu’on appellera d’ordre zero :

[ELf(X)] — E[f(X)]| < CllA]l1 < Ol A2 (0.1.4)

Quand f est continue, 2 fois dérivable, & dérivée seconde bornée, on peut développer f
a un ordre supérieur afin d’établir une majoration d’erreur d’ordre 1. En effet, il existe
£e (X,X') tel que :

FX) — F(X) = (DF(X), A) + SAD (A

Ainsi, comme X vérifie la propriété de stationnarité (0.1.2), il est possible d’établir :

A~

[E[f(X)] = E[f(X)]| E[E[f(X) — f(X)|X]|

< CE[(A,A)] < A3 (0.1.5)

IN

En utilisant le théoréme de Zador 0.1.1, on obtient un taux de convergence en O(N_Tl)
dans le cas de I'inégalité (0.1.4), et moyennant I’hypothése plus restrictive sur la fonction
f, on a un taux de convergence deux fois plus rapide O(N%Q) a partir de (0.1.5).

L’intégration numeérique par quantification est une méthode qui s’approche dans son
principe des méthodes de Monte Carlo [49] : elle s’appuie sur une représentation de la loi
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de X par un ensemble discret fini pondéré. L’estimateur de Monte Carlo s’écrit en effet

comme la somme équipondérée sur un échantillon iid de taille M :
1L
E[f(X)] ~ 4 Z;f(Xl) on (X',...,XxM) iid X'~Pyx.
1=

Mais si le principe reste le méme, de grandes différences séparent les deux méthodes :

— Les grilles de quantification ainsi que les pondérations peuvent étre calculées offline,
et stockées dans des tables accessibles par plusieurs applications a la fois. La com-
plexité du calcul exclut donc la procédure d’optimisation des quantifieurs et compte
seulement les opérations élémentaires de somme et de pondération. Au contraire,
les méthodes de Monte Carlo utilisent une partie de la capacité de calcul dans la
simulation online des échantillons X*.

L’estimateur Monte Carlo est un estimateur aléatoire, dont il faudra gérer la variance
lors des applications par des procédures de controle et de minimisation de variance.
A son opposé, I'estimateur par quantification est un estimateur déterministe.

— La vitesse de convergence (en loi) des estimateurs de Monte Carlo est O(N _%)

(TCL) ; il est indépendant de la dimension. La loi du logarithme itéré régle la vitesse

de convergence p.s. en 4/ logl%]v. La convergence des estimateurs par quantification,
bien que dépendant de la dimension, est asymptotiquement plus rapide jusqu’a la
dimension 2 pour celles du type ordre 0 et jusqu’a la dimension 4 pour celles du
type ordre 1. Au dela, la méthode de quantification ne reste pas compétitive lorsque
N — +400; cependant elle se révéle encore trés efficace en pratique notamment en
dimension moyenne (d < 10) lorsque N n’est pas trés grand.

Il est délicat de comparer une méthode déterministe comme la quantification et une
méthode fournissant un résultat aléatoire comme la méthode de Monte Carlo. Néan-
moins, si l'on se tient a la pratique des utilisations, il parait naturel de comparer 1’er-
reur de quantification avec la taille d’un intervalle de confiance. Typiquement, avec
un choix adéquat d’intervalle de confiance, ceci revient a comparer || f(X) — f(X)|2

2 ; . . . o .
et 22299 pour X une N-quantification L2-optimale et f Lipshitzienne ; ou bien, plus

VN
20x

universellement a comparer ||X — X2 et <2X pour les schémas de quantification

VN
d’ordre 0 et || X — X||3 et 2%\; pour les schémas d’ordre 1. Il est intéressant de voir
alors qu'il existe des seuils critiques NO pour les schémas d’ordre 0 et N! pour les
schémas d’ordre 1, pour lesquels YN < N? < N! I'erreur par quantification est in-
férieure a la longueur de l'intervalle de confiance donné par la méthode de Monte
Carlo. Ce résultat est détaillé dans [43].
Il est par ailleurs possible d’appliquer un raisonnement d’échantillonnage préférentiel

[49] dans l'intégration numérique par quantification.

Définition 0.1.1 Echantillonnage Préférentiel : C’est la procédure par laquelle on
approche de maniére empirique une mesure de probabilité difficile a simuler v en utilisant
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un échantillon iid (&1, ...,&N) d’une autre mesure de probabilité p dite loi d’importance,
plus facile a simuler. S’il existe une fonction m et une constante m vérifiant :

v(dx) = m(z)p(dx) et m(x) < m,
Uapprozimation est alors donnée par VA vazl m(&;)de, .

Si on désigne par p la densité de X et par q une densité d’importance qui vérifiera
fg € Cp, on pourra utiliser la quantification d’'une variable Y de densité ¢ pour estimer

E[f(X)]-

o PO g
BUCO) =B B~ EAHRE) 0.16
ELC) BRI < Y -

0.1.3 Autres applications

La quantification a historiquement connu plusieurs applications dans le domaine de
la théorie de 'information, du traitement du signal et de sa compression. Cependant, la
solution qu’elle offre au probléme d’intégration numérique permet de I'appliquer dans de
nouveaux domaines pour résoudre des problémes impliquant un calcul numérique d’inté-
grales, d’espérances ou d’espérances conditionnelles. De tels problémes se posent en finance
dans le cadre de modéles d’évaluation de produits dérivés, ou un calcul d’espérance condi-
tionnelle est requis et souvent, ce type de problémes est reformulé de maniére rétrograde en
utilisant un principe de programmation dynamique. La quantification, de par son principe
de pré-traitement et de calcul off-line des grilles s’adapte bien a ce type d’approche. Parmi
les applications qui s’inscrivent dans ce cadre, on cite [7], ot est proposé un algorithme
d’évaluation d’options américaines et d’estimation de temps d’arrét optimal, la date d’exer-
cice de loption, lorsque l'actif sous jacent suit une diffusion brownienne. Comme pour le
probléme d’intégration numérique, 'utilisation de quantifieurs stationnaires permet dans
cette application d’améliorer I’estimation numérique par le passage & un ordre supérieur de
convergence (Cf. [6]). Par ailleurs, Pages et Pham [42] définissent une quantification marko-
vienne de processus qui préserve la propriété de Markov du processus original et permet de
proposer une solution numeérique a un probléme de controle stochastique apparaissant dans
des problématiques financiéres de gestion de portfeuille. Dans ces applications, la résolution
numérique rétrograde est rendue possible grace aux grilles de quantification précalculées.

Une autre application issue du domaine du traitement du signal est celle de la résolution
de problémes de filtrage non linéaire. Elle a été introduite dans [41], ot la construction d’une
solution séquentielle rétrograde a permis de voir l'efficacité théorique de la quantification,
tout en laissant possible une implémentation numérique classique dite forward. Ici aussi,
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comme pour 'intégration numérique, le probléme de filtrage non linéaire admet une solution
numérique probabiliste de type Monte Carlo, on peut alors se poser les questions suivantes :

e Comment se positionnent les méthodes de filtrage par quantification par rapport
au méthodes particulaires du type Monte Carlo ?

e Peut-on définir des procédures de pré-traitement encore plus élaborées pour amé-
liorer la rapidité du calcul on line? Quel serait l'effet de telles procédures sur le taux de
convergence de l'erreur d’estimation ?

Toujours dans le cadre du filtrage, il sera intéressant d’étudier le passage & des schémas
numeériques de type ordre 1, comme il a été suggéré dans [43] ou l'utilisation de la pro-
priété de stationnarité permet de définir des pseudo-schémas récursifs ajoutant un ordre
de convergence. Ces schémas ne sont pas implémentables en 1’état car ils mettent en jeu
des quantités non accessibles numériquement. La question est donc :

e Comment définir des schémas numériques de premier ordre implémentables et
présérvant le taux de convergence mis en évidence par les pseudo-schémas ?

Enfin, il est intéressant de relever que le point commun & toutes les applications citées
est l'utilisation de formulation rétrograde pour établir des majorations de I'erreur sur la
valeur objectif, en fonction de 'erreur de quantification. Par le biais du théoréme de Zador,
il devient ensuite possible de déduire un taux de convergence en fonction de la taille des
grilles. En finance, la problématique du filtrage est omniprésente dans les modeéles d’actifs
a volatilité stochastique : la volatilité est vue comme un signal dont le cours de I'actif est
I'observation bruitée. La encore une question se pose :

e En utilisant le filtre par quantification peut-on proposer des solutions a des pro-
blémes d’évaluation d’options américaines |7, 6] ou d’optimisation de portefeuille [42] dans
un cadre a observation partielle, typiquement un modéle a volatilité stochastique ?

Dans notre travail, nous nous sommes intéressés a l'application de la quantification
au probléme du filtrage, plus particuliérement au calcul du filtre par quantification d’une
part et a la quantification du filtre d’une autre. Le probléme du filtrage étant au coeur des
développements de cette thése, nous y consacrerons toute la section qui suit.

0.2 Le probléme du filtrage

Nous nous intéressons maintenant aux spécifications d’un probléme de filtrage et a
quelques solutions proposées dans la littérature pour le résoudre. On parle de probléme de
filtrage quand on est face & un systéme dont I’évolution en fonction du temps est gérée
par un processus caché dont on n’observe que des états bruités. Le filtrage s’inscrit dans
une approche bayesienne de reconstitution de la loi conditionnelle du processus caché a un
instant donné en s’appuyant sur les observations faites jusqu’a cet instant. Il connait des
applications diverses aussi bien dans le domaine de la commande de systémes physiques
que dans le cadre plus récent des marchés financiers. Dans ce qui suit, nous définissons un
cadre général a notre probléme de filtrage, il constituera a quelques variantes prés notre
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modeéle d’états pour toute la thése. Par ailleurs, nous passerons en revue quelques méthodes
numériques de filtrage qui nous serviront de points de départ a de nouvelles méthodes ou
de points de comparaison avec celles-ci.

0.2.1 Le filtrage optimal

On se place dans le cadre d’un probléme & temps discret et a horizon fini fixé n € N*. On
considére les processus signal (Xj) et observation (Y}) régis par les dynamiques suivantes :

{Xk = Fi(Xk_1,ex), Xo de loi ug connue a priori, (02.1)

Yk = Gk(kale)a k > 1.

ou (e) et (n) désignent des suites indépendantes de variables aléatoires iid et indépen-
dantes de Xy. La suite (e)1<k<, modélise I'innovation du processus caché, (n;)i1<k<n
représente 'imperfection des observations. On se propose de déterminer I’état du systéme

Au sens de la distance quadratique, I'estimation optimale de X, sachant les observations
Yim = (Y1,...,Y,) est donnée par 'espérance conditionnelle :

E[Xn|Y1:n].

De maniére plus générale, 'information la plus riche disponible & travers les observations
Y1., est donnée par la loi conditionnelle £(X,,|Y1.,). Le probléme du filtrage consiste donc
a calculer cette loi de probabilité, de maniére exacte dans le cas du filtrage optimal, ou de
maniére approchée, on parlera dans ce cas de filtrage sous-optimal.

La formulation explicite de la solution au probléme du filtrage n’est généralement pas
possible. En effet, dans un cadre général c¢’est un probléme de dimension infinie. Au niveau
des applications, on aspire le plus souvent & approcher la densité de la loi conditionnelle a
travers un ensemble de fonctions tests qu’on notera de maniére générique f. On se donne
donc pour objectif de calculer, dans un premier temps :

II, »(dz) = P[X, € dz|Y1 = y1,..., Y = ynl,

ou
Hy,nf = E[f(Xn)’YI =Yty 7Yn = yn]'

Il sera ensuite possible d’envisager le probléme d’évaluation du filtre aléatoire :

Hy,n(d.f) ZP[Xn S d.%"Yl,,Yn] ou Hymf :E[f(Xn)‘Yl,,Yn]

0.2.1.1 Modéle général d’états

— Le processus signal (Xj) est une chaine de Markov dont la dynamique est régie par
I’'équation :
Xk = F(Xk-1,¢€r),
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ot F, : R* x R? — Rd, est une fonction borélienne et (e)1<x<p est une suite de
variables aléatoires & valeurs dans R? de méme loi (de densité p), indépendantes
entre elles et indépendantes de Xg. La loi pg de X est supposée connue a priori. Par
ailleurs, on désigne par Py (x,dz’) le noyau de transition de Xy & Xj1, et on note
pour toute fonction f :

wof = /f(x)uo(d:z) et Prf(x /f VP (x, da’).
Le processus des observations (Yj) obéit a la dynamique suivante :
Y = Gk(Xkank)’

ou Gj, : R4 x RY — R? est une fonction borélienne et (1) une suite de variables
aléatoires iid a valeurs dans R? independantes de (X, &g, k > 1). On suppose que
la loi conditionnelle £(Yj|X})) est absolument continue par rapport a la mesure de
Lebesgue sur RY . Soit :

PYy € dy| Xy = 1] = g(@r, y) A (dy). (0.2.2)

La loi initiale du signal étant a priori connue, on pourra supposer sans perte de
généralité que Yy = yo fixé.
Le processus (X, Y)) est une chaine de Markov de transition donnée par :

P[(Xk, Yy) € (dz,dy)| Xg—1,Ye—1] = PYi € dy|Xp—1, Yi—1, Xp|P[Xy, € dz|Xy—1, V1],

= gr(z,y)Pr_1(Xp—1,dz) Ay (dy).

grace a l'indépendance entre n et (Xp_1,7,—1) et a (0.2.2).
Par conséquent, la loi jointe £(Xo, ..., X,, Yo, ...,Y,) s’écrit :

n
L(X(]a ce. 7XTL7 }/Oa LRI Yn) = MO(de)éyo H gk(‘rka yk‘)Pk‘(mk‘—b d.ﬁEk))\d/ (dyk:)a
k=1
et par la formule de Bayes pour les vecteurs aléatoires a densité, on en déduit la
formule de Kallianpur Striebel [27] :

[ f@om)po(dzo) [Teey gk (@k, yk) Pr(zp—1, dzy) _

[ [ po(dzo) [Ti—y gk (@k, ) Pr(2k—1, dzy)
(0.2.3)

E[f(XOn)lyln = yl:n] =

Plus particuliérement, on définit le filtre évalué sur la fonction test f par :

TT.
Hy,nf = E[f<Xn)‘Y1n = yl:n] = ym{:
y,n

o 7y, f est le filtre non normalisé défini par :

mynf = E[f H (X yr)]-
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Dans la suite, un échantillon 7., d’observations étant fixé, on confondra par com-
modité la densité conditionnelle g, avec la fonction de vraisemblance associée :

Deéf
gk(xk) = gk(xka yk)7

la dépendance en g sera implicite lorsque 1’observation est fixée.

0.2.1.2 Formulation récursive

En utilisant la propriété de Markov du signal (Xj), il est possible de décomposer
séquentiellement le calcul de IL,, f par un argument de programmation dynamique. En
effet, le passage d’'un filtre & une date intermédiaire 0 < k < n — 1 au filtre & la date
suivante peut étre fait en deux étapes connues sous le nom d’étapes de prédiction et de
mise a jour.

Prédiction Mise a jour
Hp  — Mgy — g

Prédiction C’est une étape de transition linéaire qui utilise 'information a priori de la
transition du signal. On définit alors la prédiction :

My (da’) = /Hk(da;)Pk(x,d:z:'). (0.2.4)

Mise a jour C’est ’étape de correction de la prédiction qui utilise I'information fournie
par la nouvelle observation, tombée a la date k + 1 considérée. Elle est non linéaire
car effectue une normalisation issue de la formule de Bayes pour ’espérance condi-
tionnelle. Explicitement, on a :

_ k1 (@) gy i (dir)
J g1 (@) g g, (da)”

La transition de 7y, & 741 pourra aussi étre modélisée par la définition d’un opérateur

ey 1(d) (0.2.5)

de transition :
Hyif(x) =E[f(Xk) g6 ( Xk, Y )| X—1 = ], 1<k <n,

Ainsi,
Déf
myof = E[f(Xo)] = Hyolf, (0.2.6)
myrf = Tyr—1Hyrf, 1<k<n.

Dans la suite, il s’avérera par ailleurs trés utile de voir que cette construction forward
pourra étre inversée en un schéma rétrograde ou backward (voir [41]). A cette fin, nous
définissons les opérateurs R, ; comme suit :

Bynf =T, (0.2.7)
Ry,kflf = Hy,kRy,kf7 1<k <n.

et on a I'égalité : my,, = 1p 0 Ry 0.
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0.2.1.3 Le modéle d’états discret

La formulation récursive du calcul du filtre par les équations (0.2.4) et (0.2.5) rend
la résolution du probléme numeériquement aisée dans le cadre d'un signal a espace d’états
discret. En effet, si pour tout 0 < k < n, X (Q) = {z}, ... ,ka’“} et si Py = (PZJ) désigne
la matrice de transition du signal (Xj) entre k et k + 1, d’aprés le paragraphe précédent,
les opérateurs H, j s’écrivent simplement :

Ng

Hypf(zh ) = > f@)P gn(zl, ).
=1

permettant ainsi un calcul numérique explicite du filtre par le biais de la récursion (0.2.6).
En considérant que 7, € My n,(R) et que Hyj € Mn, , n,(R), on aboutit au
systéme récursif matriciel suivant :

g ij J
Hy,k = Pkflgk(xmyk): 0<k<n,
Ty0 = Mo,
7Ty,k- - Try:kleny'

Finalement, en normalisant :

7
i Tyk
yn ZNn J

Np,
et Oynf =Y T, x f(ah).
7=1Ty.k =1

0.2.1.4 Filtrage de Kalman

Quand on sort du cadre discret précédent, 1’évaluation exacte du filtre en utilisant
les équations (0.2.4) et (0.2.5) devient plus délicate, car elle implique le calcul successif
d’intégrales. Le modéle d’état dit de Kalman-Bucy constitue un des rares modéles a espace
d’états continu ou une formulation explicite du filtre est possible. On parle de filtre de
dimension finie 2. On considére :

Xi = prXp—1 + Operr1, Xo ~ N(mg, o),
Yi = X + g,

ep et np wid ~ N(0,1y),

Pk, Ok, ar € Mg(R).

(0.2.8)

Dans ce cas particulier, (X, Ys) est une suite gaussienne d’ou l'en déduit que le
filtre IIj, ainsi que la prédiction Iz g sont gaussiens de lois respectives N(myg, X)) et

2Filtres décrivant des lois paramétrées par un ensemble fini de paramétres
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N(mk+1|kazk+1\k)- Les parametres my, X, mp 1), et Xp g, sont connus récursivement
par l'algorithme suivant (Cf. [21]), k=1,...,n:

Mpy1k = PEM,
Yevik = PkZrp) + 00y,

0.2.9
me = myp_1 + K (Y — myp_1) ( )
Y = (= Kp)Zkg-1,

-1
Kr = Yot (Sep—1 +aral) .

0.2.1.5 Le filtre explicite de dimension infinie

Dans un cadre plus général, le modele d’états est non linéaire ou non gaussien. Dans

ces cas plusieurs travaux ont été élaborés pour définir les conditions permettant d’avoir des
filtres de dimension finie. On citera dans ce sens [52, 50| pour les filtres a temps discret, et
[13] pour les filtres & temps continu. Les résultats de ces travaux montrent qu’en dehors de
quelques cas particuliers ([8, 12, 11, 10]), peu de modéles permettent de définir des filtres
de dimension finie.
Dans ce paragraphe nous nous interessons au filtre explicite a dimension infinie introduit
dans [18, 19, 12| qui sera repris plus tard dans les exemples d’application (voir Chapitre
2). L’idée est de définir une famille paramétrée de lois invariantes par les opérations de
prédiction (0.2.4) et de mise a jour (0.2.5), en adoptant des conditions suffisantes sur la
transition du signal Py, et sur la vraisemblance gi. On introduit des familles (]—'i’e)ieNﬂE@
de lois paramétrées par un ensemble fini donné © qu’on élargit en une famille F par le
moyen de mélanges a coefficients @ = (;);en € S.

F={v= Zai’/gv a=()ien €8S, 0 €0, v e FiY,

i>0

o S ={a = ()ien,Vi >0, &; >0, > .oqa; =1}

Le cas intéressant en pratique est celui des coefficients de mélange de longueur finie [ € N
vérifiant a; = 0 pour tout ¢ > [, qui permettent de définir des lois dépendant d’un nombre
fini de paramétres. En partant d’un signal de loi initiale dans F & paramétre de mélange fini,
on montre que la loi du filtre et de la prédiction sont aussi dans F et sont a coefficient de

meélange de longueur finie. Ces parameétres sont calculables séquentiellement explicitement
(Cf. Algorithme 5).

0.2.2 Les méthodes d’approximation

Outre les développements particuliers précédents, des méthodes numériques ont été
adoptées pour fournir des estimations fiables dans les cas ot aucune solution explicite n’est
donnée. Bien que d’approches différentes, ces méthodes s’appuient toutes sur le principe
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de trouver une représentation fini-dimensionnelle de la loi objectif II;. Dans ce qui suit,
nous présentons succintement trois méthodes d’approximation numérique.

0.2.2.1 Filtre de Kalman étendu

Cette méthode est utilisée en cas de modéles gaussiens mais non linéaires. Elle a pour
principe de considérer que localement, I’évolution du systéme peut étre approchée par des
équations linéaires via des développements de Taylor a 'ordre un. On considére le systéme
non linéaire :

{Xk+1 = Fi.( Xk, €r41), (0.2.10)

Vi = Gi(Xk) + o
Pour ce systéme, le processus solution (II;) n’est pas gaussien, ses moments ne peuvent étre
calculés de maniére simple. Cependant, ce systéme peut étre linéarisé afin de permettre
la construction d’un algorithme d’approximation récursif du type (0.2.9). La loi du filtre

I ainsi que celle de prédiction IIj,_; sont alors approchées par des lois gaussiennes
N(mk, Ek) et N(mk+1|k, Ek+1|k)- Soit :

Xit1 =~ Fip(my,0) + Dy Fj(my, 0)( Xy — my) + DeFi(my, 0)eg41,
Vi = Gr(mgpr—1) + DGr(mpp—1)(Xk — mpp—1) + cgn.

Par analogie au modéle linéaire gaussien, on définit alors récursivement :

My = Fr(mg,0),

Ypik = DaFi(mg, 0)3;DyFy(my, 0)' + DeFy(my, 0)De Fy,(mg, 0)',
mr = myp_1 + K (Ve — Gre(myp_1)) ,
Yk = (I = KiDGr(myg—1)) Skip—1, )
K = Eppo1DGr(mye—1) (DGr(mypp—1)Eppe—1DGr(myp_1) + arar,) .

(0.2.11)

A notre connaissance, cette méthode n’est pas mathématiquement justifiée dans le

cas général méme si plusieurs développement ont été faits pour des cas particuliers (par

exemple [48] pour des cas d’observations en temps continu). Elle reste toutefois treés utilisée

dans la pratique. Son efficacité est trés dégradée par l'existence de fortes non linéarités,
I'imprécision dans la spécification de la loi initiale, 'instabilité du systéme [34, 46]...

0.2.2.2 Meéthodes de grilles

Cette méthode s’appuie sur la construction de grilles d’approximation de chaque va-
riable X}, par des variables discrétes. Dans les termes introduits en premiére section, il s’agit
de la construction de quantifieurs des variables X, et de la définition de transitions discrétes
d’une date a I’autre de maniére a revenir au cas du modéle discret. Revenons aux définitions
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de la premiére section et désignons par les Xk les Ng-quantifications des Xi. On notera
(A%)1<i<n, la partition associée a cette quantification et Xp(Q) =Ty = {zi,... ,xiv’“} On
peut alors approcher le filtre récursivement en définissant I’estimateur 7, ,, par I'algorithme
inspiré du modele d’états discret ([1, 41]) :

Hypf(hy) = E[f(Xe)gr(Xe yr)| Xio1 = zj_4),

Nk . .. .
= > )P k(@ ue),

j=1
tyof = E[f(Xo)],
ﬁ'y,kf = 7?ry,kfIJEIg,(,l<:.f‘

En considérant que 7, € M n, (R) et que fly,k € My, _, n.(R), on aboutit au systéme
récursif matriciel suivant :

7 Pl J
Hy,k = Pk_lgk(wk,yk% 0<k<n,
Tyo = fo = Hyp,
ﬁ-yvk = ﬁ-yvk_lHy7k'

Le choix du quantifieur, notamment de la grille I'y et de la partition associée constituent
un point crucial dans la qualité de estimation. Comme pour le probléme de l'intégration
numeérique, il est possible de voir cette approche comme une approximation a l'ordre zéro
des opérateurs Ry dans (0.2.7). Ils sont séquentiellement approchés par des opérateurs
constants par morceaux :

Byt =1, (0.2.12)

pour obtenir de maniére équivalente 7, , = ﬁy,o.

Dans [41], cette définition rétrograde (0.2.12) permet d’établir un controle de lerreur
pour un choix judicieux du quantifieur et de la fonction test f. En effet, un choix de
quantifieur L?-optimal nous permet d’établir un taux de convergence vers zero par le biais
du théoréme de Zador. Ceci est possible & travers le controle de I'erreur sur le filtre par
I'erreur de quantification :

Théoréme 0.2.2 [41]
Supposons Py, est Lipschitzien et f est bornée Lipschitzienne continue, alors il existe une

suite positive de constantes (C7(y))o<j<n telles que :

o f = fnfl <D CPIX; — Xjlle.
j=0
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Remarque 0.2.2 La dépendance en les observations des constantes réelles Cj” (y) peuvent
étre rendues explicites. (Cf. [41]).

Remarque 0.2.3 Le résultat du Théoréeme (0.2.2 rend aussi efficace le choix d'un quan-
tifieur LP-optimal pour établir un taux de convergence de l'erreur vers zéro. Le choix
quadratique est justifié par la facilité relative du calcul numérique des grilles de quantfica-
tion.

0.2.2.3 Méthodes particulaires

Ce sont des méthodes probabilistes ot I'approximation est justifiée par la loi des grands
nombres. L’idée est proche des méthodes de grilles, dans le sens ou le principe d’appro-
cher la loi par une mesure discrete finie est retenue. Comme pour le probléme d’intégration
numérique par méthode de Monte Carlo, cette mesure discréte charge les points d’un échan-
tillon aléatoire appelé systéme de particules. L’algorithme du filtre a particules s’appuie
ensuite sur la propagation dans le temps du systéme de particules initialement issus d’un
échantillon de la loi initiale pg. L’algorithme le plus élémentaire de filtrage particulaire est
le filtre de Monte Carlo pondéré, appelé aussi SIS pour Sequential Importance Sampling
algorithm. Pour chaque date d’observation k, on définit I’estimateur Hﬁ/[f par :

M Yoyl
Y f = wagf(X,’c) ou X ild ~ L(Xox) et wy = J\Z( 2 Al

: 2 i=1 9k (Xp)wy

i=1 i=1 9k\ A g )W
Cet algorithme nécessite de savoir simuler la loi jointe £(Xq.x) ce qui a I'avantage de
pouvoir se faire récursivement grace a la nature markovienne du signal.
D’un point de vue pratique, 'attrait de cette méthode réside dans la possibilité d’une
écriture séquentielle de la solution en utilisant les équations (0.2.4) et (0.2.5). En effet, étant
donné un systéme de particules (X¢, )1<i<m §elon L(Xo:x), les échantillons (X4, 1 )1<i<m
simulés selon la transition Py, a partir de (X{.;)1<i<nr sont iid selon £(Xo.x11) et d’aprés
(0.2.4) on définit la prédiction empirique :

M
H]k\/«[kl\kf = Z wif(Xlst)'
i=1

L’étape de correction (0.2.5) intervient sur les pondérations w! par le calcul de la valeur
prise par g; en chaque nouveau point simulé, soit :

M . . .
D im1 Gkt (X’Z@‘-f—l)w;cf(X]:‘-‘rl

i - ,
2121 Jk+1 (Xlzg+1)w}g

Numériquement la méthode souffre d'un probléme de dégénérescence des pondérations

Y f =

) & .
= Z w£+1f(le;+1)-
i=1

[1, 39]. Pour y remédier, la solution la plus basique et la plus répandue dans la littérature
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propose d’ajouter une étape de rééchantillonnage afin d’ameéliorer I’exploration de I'espace
d’états par les particules [22, 15]. Ce type d’algorithmes séquentiels avec rééchantillonnage
multiplie les particules a fortes pondérations et élimine les autres, il est retrouvé sous plu-
sieurs appellations : filtre particulaire avec interaction [39], filtre Bootsrap [24] ou filtre
Monte Carlo [39, 36, 30], on le notera SIR pour Sequential Importance Resampling. Dif-
férents types de convergence de ces méthodes sont établis dans |14, 15]. II est cependant
nécessaire de mentionner que la solution du rééchantillonnage peut s’avérer insuffisante
dans plusieurs cas pratiques. Il arrive en effet qu’elle apauvrisse la population des parti-
cules en concentrant le nuage sur peu de points. La taille effective est ainsi réduite, on parle
de dégénérescence des particules du filtre SIR. On se reportera a [1, 39] et aux références
qu’ils contiennent, pour une revue de quelques variantes permettant de résoudre ce type
de problémes.

0.3 Principaux résultats

Cette theése présente quelques contributions & la résolution du probléme du filtrage
en utilisant la méthode de la quantification optimale. Nous nous sommes intéressés aux
problémes théoriques posés par la majoration de 'erreur dans différentes applications du fil-
trage par quantification et a la vérification numérique de ces résultats via I'implémentation
sur machine. Ce travail s’articule en deux parties. La premiére est consacrée a 'approfon-
dissement des méthodes de filtrage par quantification déja construites par Pagés et Pham
dans |41], en utilisant une approche de développement au premier ordre (Chapitre 1). La
comparaison numeérique de cette approche par grilles a I’approche Monte Carlo des filtres
particulaires fait 'objet du Chapitre 2, dans lequel cette étude se dresse a travers plusieurs
modeéles d’états. Dans la deuxiéme partie, nous nous sommes intéressés a ’optimisation de
la procédure du filtrage numérique par le moyen de grilles de quantification précalculées
soit & travers la quantification des observations d’une part (Chapitre 3) ou d’autre part a
travers la quantification du filtre méme (Chapitre 4). Le but dans la premiére approche
était d’élaborer un algorithme de calcul plus rapide, tout en établissant une majoration
satisfaisante de I'erreur. La deuxiéme visait & donner une solution numérique au probléme
d’évaluation d’option américaine dans le cadre d’'un marché & volatilité stochastique non
observée.

Le Chapitre 1 a été motivé par les travaux de Pages, Pham et Printems [43], qui sug-
géraient de construire des schémas dits d’ordre 1 (Cf. paragraphes 0.1.2 et 0.1.3) pour
le calcul du filtre par quantification. L’introduction de correcteurs dits d’ordre 1, dans
les formules récursives (0.2.12), s’inspirant ainsi des résultats de Bally, Pageés et Printems
dans [6], a donné naissance a deux difficultés a dépasser pour aboutir & des algorithmes
numériques implémentables ayant une convergence de type ordre 1. 1l fallait proposer des
correcteurs d'une part accessibles numériquement, et d’autre part qui permettent d’établir
une amélioration du type de convergence. Nous proposons deux résolutions possibles du



26 Introduction

probléme selon les hypothéses sur le modéle d’état. Typiquement, comme dans [43], la réso-
lution numérique rétrograde du filtre par quantification permet de construire un squelette
de schéma dit schéma générique d’ordre un, ol les termes correcteurs viennent s’ajouter
aux approximations d’ordre zéro a la maniére d'un développement de Taylor.

Enf = fa
ﬁnf = Df,
Rif = Elgeri(Xer1,Yri1) (fikﬂf(XkH + <]5I\1k+1f(xk+1),Ak+1>> | X,

0<k<n-—1.
(0.3.1)

Dans les deux algorithmes proposés dans le Chapitre 1, nous définissons 'opérateur
l/)T%k.Hf comme une approximation d’ordre zéro de DRy f, en partant de deux écritures
différentes de ce dernier. Le premier algorithme Algorithme 1 s’appuie sur une définition
récursive donnant DRy, en fonction de DRy 1, le deuxieme Algorithme 2 sur une transfor-
mation a la Malliavin de DRy, pour le réécrire en fonction de Ry 1 et d'une fonction poids
que l'on définit (Cf. [6]). Sous les hypothéses permettant ses constructions et d’autres sur
la dynamique du signal, nous établissons que les approximations de filtre 7, , issues de tels
schémas améliorent le résultat du Théoréme 0.2.2 (Théorémes 1.3.1 et 1.4.1).

Dans le Chapitre 2, nous dressons une étude comparative de I'implémentation et de
la convergence numérique de ces filtres par quantification avec les filtres a particules. 11
est intéressant d’y voir le paralléle qui peut étre fait conceptuellement entre les deux
approches. A partir des différents exemples de modeéles d’état qu’on a testés, il se dégage
que les méthodes de filtrage par quantification s’avérent efficaces en termes de convergence
méme si leur complexité numérique augmente en dimension supérieure a 1. Par rapport
aux méthodes & particules, elles ont 'avantage de donner une estimation déterministe au
filtre et d’éviter les problémes posés par la variance des solutions particulaires.

Dans le Chapitre 3, nous étendons la notion de quantification des observations intro-
duite par [38] pour les filtres & modeéles d’états discret (Cf. paragraphe 0.2.1.3) au cas des
filtres a espace d’états continu (Algorithmes 6 et 7). Ceci est rendu possible par I’adoption
des schémas numériques de filtres par quantification. En effet, par son principe de pré-
traitement offline, le filtrage par quantification permet de stocker au préalable, en plus des
quantifieurs du signal, les fonctions de vraisemeblance évaluées sur les produits des grilles
de quantification du signal et de I'observation. En projetant 1’observation sur sa grille de
quantification, il est ainsi possible de construire un algorithme ne faisant pas intervenir le
calcul de la vraisemblance online et par conséqeunt plus rapide. L’erreur L' sur ’estimation
du filtre aléatoire Iy, est controlée par I'erreur de quantification de I'observation dans le
cas discret (Théoréme 3.2.1), et par celle de I'observation et du signal dans le cas continu
(Théoreme 3.3.2).

Comme pour le signal, la procédure de prétraitement des observations permet d’accélé-
rer I’éxécution numérique du schéma d’estimation. Elle permet aussi d’envisager un pré-
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traitement complet du filtre par quantification. Ceci est étudié dans de plus amples détails
dans le Chapitre 4 a travers une application en finance.

Nous nous sommes intéressés au probléme d’évaluation d’options américaines dans le
cadre d’un modéle de marché a volatilité stochastique. La volatilité X est modélisée comme
un signal Markovien caché, dont le prix d’actif Y}, constitue une observation bruitée. Nous
donnons une résolution numérique du probléme de recherche de temps d’arrét dans ce cadre
de marché & information incompléte. Soit :

up = sup E , (0.3.2)

T€TY

Z f(Xka Yk) + h(XT, YT)
k=0

oit 7,Y est I'ensemble des temps d’arrét adaptés a la filtration des observations (.7:]3/) =
(0{Yo,...,Y;}) a valeurs dans {0,...,n}. En considérant la variable Z, = (Y}, Ily ), ce
probléme est transformé en un probléme de temps d’arrét a information compléte :

ug = sup E . (0.3.3)

TeTY

> F(Zk) + h(Zs)

k=0

ou Zj, sera une chaine de Markov par rapport a (P, (]—',Z)) La résolution par quantification,
a la maniére de Bally et Pages dans |4] est ainsi rendue possible. Une majoration de I’erreur
est donnée par le Théoréeme 4.4.2. Sur le plan numérique, cet exemple est illustré par un
probléme d’évaluation d’option américaine, il est constaté que la valeur de 'option en ob-
servation partielle converge vers celle a observation totale, quand la taille des quantifieurs
tend vers +oo.

Le chapitre 4 porte sur un article co-écrit avec H. Pham et W. Runggaldier et publié
dans [47]. Les autres chapitres font I'objet de pré-publications du laboratoire de Probabi-
lités et Modeles Aléatoires. Tous les chapitres peuvent étre lus indépendamment les uns
des autres, le lecteur est prié d’excuser les répétitions inévitables dans les définitions et
préliminaires.
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Chapter 1

First Order schemes

Prépublication du laboratoire de Probabilités et Modeles Aléatoires [54]

The quantization based filtering method (see [41], [43]) is a grid based approximation
method to solve nonlinear filtering problems with discrete time observations. It relies on
off-line preprocessing of some signal grids in order to construct fast recursive schemes for
filter approximation. We give here an improvement of this method by taking advantage
of the stationary quantizer property. The key ingredient is the use of vanishing correction
terms to describe schemes based on piecewise linear approximations. Convergence results
are given and comparison with sequential Monte Carlo methods is made. Numerical results
are presented for both particular cases of linear Gaussian models and stochastic volatility
models.

Key words: Quantization, nonlinear filtering, offline preprocessing, stationary quantizer,
stochastic volatility models.
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1.1 Introduction

In several scientific fields, it is often required to estimate the changing state of a system
using noisy observations of its evolution over time. A common manner to do this is the
Bayesian approach which constructs the probability density function (pdf) of the state at
a given date conditionally to all the available observations till this date.

In the Gaussian linear case, called also the Kalman case (KF) [21, 1], the required pdf is
Gaussian and by computing sequentially its two first moments, we can determine it exactly.
So in this case an explicit solution is provided. Unfortunately, except in this case, or in a
few other cases like the discrete finite state space |1] and some other mixing Gaussian mod-
els [18], there is usually no closed expression to the problem solution. So, many numerical
estimations have been suggested to represent and recursively produce approximations of
the state pdf.

In this context, two different approaches can be mentioned: fisrt, the requierd pdf is rep-
resented as a sample which would provide an approximation of the distribution when its
size becomes very large [15], this includes for example bootstrap Bayesian method [24] or
the interacting particle filter [36, 39]. Second, a quantization of the state space is used
in order to come back to the discrete finite case. As the size of the quantizations grows
to infinity, it is shown that we can asymptotically approach the continuous infinite state
space case. Here, the deal will be in estimating some weights associated to some given grid
points, which define a finite state discrete distribution. This distribution will approach
the continuous space case as the grid size gets larger. The weighted Monte Carlo filter
[1, 39, 15] using random samples to compute grids and the Kitagawa method [29] for linear
non Gaussian models using predefined grids and optimal quantization filtering [41]| using
off line computations to produce an optimal quantization of the state process are examples
of this approach.

The technique of optimal quantization of random vectors is especially useful in problems
where many expectations or conditional expectations need to be computed. It appears as
an efficient method to transform an integral into a finite weighted sum with a controlled ap-
proximation error. We can find some applications of this technique in [43, 4]. In [44], some
numerical methods to construct optimal quantization grids for multidimensional Gaussian
distributions are given.

Now for the pdf estimation problem we treat here, we use Kallianpur-Striebel formula [27]
to derive a dynamic programming formula allowing to estimate the pdf recursively. Like
in [41], this approach makes possible the use of quantization at each time step in order to
compute conditional expectations. We will call the algorithm introduced in [41] the zero
order scheme.

In this paper, we are interested by first order approximation using optimal or at least
stationary quantizers to estimate the required pdf. This approach was first introduced
in [6] for solving optimal stopping time problems, namely multi-asset American option



Preliminaries 33

pricing. It improves the convergence rate of the method. In [43], a first sketch of this
idea is presented for pdf estimation but with a pseudo-numerical scheme, which cannot be
implemented in practice. Our aim here is to propose operating first order schemes which
improve the convergence rate of the zero order schemes from both theoretical and practical
viewpoints. We first present them in a backward way; this is the natural manner to devise
them and the appropriate formulation to establish error estimates. Then, we show how to
derive the forward formulation to be implemented in practice.

The paper is organized as follows: in the second section we give some brief preliminaries
on quantization and filtering. The third and fourth sections will deal with the algorithms
using first order schemes. Each one presents the approximation procedure, the schemes in
their backward and forward formulation and finally convergence theorems. Then, the fifth
section is dedicated to summarize the previous results, and enlarge them to the case of
normalized filters. Finally, numerical results are presented in the sixth section, including
comparison with particle methods for several models.

Notations:

p € (1,+00) is a fixed real number, |.| and |.|[, denote respectively Euclidean norm on
R? and LP-norm. CI}, Lip is the set of continuous differentiable functions R — R, bounded
with bounded Lipschitz continuous derivative and Cf the set of continuous k-times dif-
ferentiable functions R — R, bounded with bounded derivatives. We will also define
[ flloo = sup,era | f ()] and [f]Lip = sup,z, w a > 0 denotes a generic constant,
(.,.) the Euclidean inner product on R?, A’ the transpose of the real matrix A. Finally,

(ei)1<i<a is the canonical orthonormal basis of RY.

1.2 Preliminaries

1.2.1 Quantization filtering schemes

We consider a fixed discrete horizon n € N* and some probability space (£2, F,P). A signal
process is an R%valued discrete time hidden Markov chain (Xk)o<k<n evolving according
to the following signal equation:

Xk+1 :Fk+1(Xk,Ek+1), nggn—l, (1.2.1)

where Fj, : R? x R? — R%, is a Borel function and (€k)1<k<n is a sequence of iid R?-valued
random variables, independent of Xy. The distribution pg of Xq is supposed to be known.
Furthermore, Py (z, dz’) will denote the probability transition of Xy, and:

uof—/f(m),uo(d:r) and Pkf(:):)—/f(x')Pk(x,dx').

At each time step k, Y} an R? _valued noisy observation of X} is made. The dynamics of
the observation process (Y )o<k<n are driven by Borel functions Gy, : RY x RYx RY — RY
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so that:
Vi = Ge(Yio1, X, i), 1<k <n, (1.2.2)

where (1) is a sequence of iid R? -valued random variables, independent of o(Xp, e, k > 1).
We assume for convenience, that Yy = 0 and that, for every 1 < k < n, the distribution
of Yy given X and Y;_; admits a continuous conditional pdf y — gx(Yr_1, Xx,y). We
suppose in addition that g satisfies the following Lipschitz assumption:

Vo, o' e R, Yy, y € RY,

196 (W, 2,0) — gk (v, 2, ) < [gelyl v — 2| and  max sup [gi(y, 2, ¢')| < LV < +oc.
0<k<n e

v,y

Remark 1.2.1 As the observation process is fixed, we will drop the dependancy of [gk]Lip

/. . .
and LYY in (y,y’) for notational convenience.

The problem we aim to solve is to compute

an = E[f(Xn)‘Yl =UY1,-- -;Yn = yn]a

for any reasonable Borel function f : R — R and a given observation sequence y =
(y17 B 7yn)

Using Kallianpur-Striebel formula [27], the problem can be reduced to the computation
of the unnormalized filter 7, defined by:

mnf = E[F(Xn) [T v We—1, Xe )]
k=1

Then, II,, f = ™f

Tl

Remark 1.2.2 For convenience, the dependency of II,, and m,, in the observation process
has been omitted, as y is fixed. For the same reason, we will denote gx(x) := gk (yx—1, %, yx)
for 1 <k <n,and gg := 1.

By introducing the operators (Hy)o<k<n defined below, a sequential definition of the un-
normalized filter 7, can be given.
Namely, if one defines, for every z € R%:

{ka(ﬂf) = gk(@)E[f(Xk+1)[Xg =2], 0<k<n-1, (12.3)
Hy f(z) = gn(x)f(2),
then we have

Tnf =poo Hy---0 Hf. (1.2.4)

Consequently, we can write sequentially, either in the forward way:

Uy=moHy, Up=Ur10Hr, 1<k<n-—1, (1.2.5)
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or in the backward way:
R,=H), Rp=HpoRpt1, 0<k<n-—1, (1.2.6)
so that 7w, f = puoRof =Up—10Hf.

Remark 1.2.3 Note that if Gj depends on Xj_; instead of Xj, for 1 < k <n, we are led
to consider the conditional pdf of Yz, given X1 and Y;_1. We can then define differently
the operators Hy so that 7, f still satisfy formally equation (1.2.4).

Namely,

{ka(x) = g1 (DE[f(Xpp )| Xp = 2], 0<k<n-—1, (1.2.7)

Hy f(z) = f(x).
Then, schemes (1.2.5) and (1.2.6), with this new definition of the (Hj) operators, are still
valid.

Remark 1.2.4 When Gy, depends on both X _; and Xj, we can also adapt the scheme to
the modified R??-valued signal Markov chain Zj, = (X;_1, X;) and the same observation
process Y. In this case we define the new observation dynamics:

_ Def
Gr(Yie1, Zeme) = Gr(Xp—1, Yee1, Xp, 1r)-

We succeed then to restore state equations of type (1.2.1) and (1.2.2). The point is that
in this case, the signal dimension is twice the original one. This can be numerically con-
straining, particularly when using grid based approximation methods.

From the recursive definition of either Uy or Ry, it becomes clear that it will be useful
to approximate X by a random variable Xk taking a finite number of values, in order to
transform conditional expectations in finite weighted sums. This operation is commonly
called quantization, and is extensively used in signal processing fields (see [25, 4, 44]).

Temporarily, we suppose that we are able to construct such an approximation X;.. We
define the induced error Ay := X}, — X}, Further details about the error modulus [|A||,,
p > 1 will be given in the next paragraph. In [41], these quantizations X, are used
to produce a piecewise constant approximation of Rg. So, the natural approximation
procedure by quantization, as defined in (1.2.8) below appears as a zero order scheme.

It is defined as follows:

(X)) = ge(X0E[f (Xeen) | Xil, 0<k<n—1,

2 . N (1.2.8)

Defining fip the discrete distribution of Xo, we have respectively the following forward and
backward iterative zero order approximation schemes:

U[)Zﬂoffo, UkZUk_loI:Ik , 1<k<n-1, (1.2.9)
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and

~
~

R,=H', Ry=HyoRu,, 0<k<n-—1, (1.2.10)

so that  7nf = fioRof = Up_1 0 Hf.

Formally, this scheme is slightly different from that presented in [41] (the definition of Hy,
operators is different inducing a shifted scheme structure). Nevertheless, the zero order
quantization filter estimator itself remains the same. This form of the scheme allows to
produce costlessly some error bounds for a wider class of test functions f than in the
original theorem established in [41].

Theorem 1.2.1 Assume that the transition kernels Py of the signal Markov chain are
K-Lipschitz operators i.e Vf : R? — R Lipschitz, Prflrip < K[ f]Lip.
Then, for any f such that H)'f is bounded Lipschitz continuous, and 0 < k < n, there

exists a sequence of positive constants (C’j’ )kgjgn such that:

R n
1R (X)) — Rif (Xi)lp <> CF™I Al
j=k

k, g Kniti_

Proof.

The proof of this result is easily adapted from [41] by considering the shifted scheme
(1.2.10), based on the definition (1.2.3) of the Hj operators. We simply take in consider-
ation that at the last date, we will have H]' f instead of f. For that reason, the Lipschitz
bounded assumption is made on H]! f rather than on f. For a detailed proof, see Appendix
1.6.3. O

Remark 1.2.5 This shifted structure (1.2.10) of the zero order scheme can be useful since
regularity and boundedness assumptions have to be satisfied by H" f instead of f (see [41]).
This is an advantage, particularly when the conditional pdf g; goes to zero very fast as
|x| — +o00. For example, if g,(z) = \/%exp(—w), H]' f is Lipschitz continuous and
bounded for f bounded Lipschitz continuous as well as for any Lipschitz function f such

that |f(x)| = O(exp(O";'Q)) for some 0 < o < 1.

Corollary 1.2.1 If Py is Lipschitz and H' f is bounded Lipschitz continuous, then there

erists a sequence of positive constants (C )o<j<n such that:

T f = Tnf| <) CFIAp-

j=0
Let us now examine the quantization error Ay and try to establish some convergence

rate toward 0, in which case Corollary 1.2.1 will give a convergence rate of the zero order
quantization filter estimation.
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1.2.2 Background on quantization and optimal quantization

The aim of quantization is the definition of a random variable taking finite number of
values in R¢ as an approximation of an R%valued one. In this paragraph, we will present
results useful to our work, further details can be found in [25, 44].
Let X : (Q,F,P) — R be a random vector and let Py denote its probability distribution.
A positive integer N being fixed, let h: R? — R? be a Borel map such that |h(R%)| < N.
We say that h(X) is a N-quantization of X and that h(R?) is a N-quantizer. For conve-
nience, the function h itself will be called N-quantizer.

Now, when X € LP(Q2), we aim to construct an LP-optimal N-quantization of X. That
is to determine the function h, if any, which minimizes the LP-quantization error.
This amounts to solving the optimization problem:

inf{[|X — h(X)[[D, h: R? — R?, Borel map s.t. |h(R%)| < N}. (1.2.11)

This optimization problem has (at least) one solution (see e.g [25]). Any such a solution
h* is called an LP-optimal N-quantizer (or LP-optimal N-codebook). Furthermore, one
shows that LP-optimal N-quantizers have full size i.e |h*(R%)| = N and we denote I'* :=
h*(R%) = {a',...,2V}. It is clear that in this case, h* will necessarily be a projection
following the nearest neighbor rule on I'*. Namely:

N
W (&) = a'le,re(€) (1.2.12)
=1

where (C;(T*))1<i<n, called the Voronoi diagram of I'*, makes up a Borel partition of R?
satisfying :
(T d 4 I : .k
C,(IT'") Cc {£ e R s.t. € — 2  in 1€ — "]}

As a consequence, the induced LP-mean quantization error (or LP-distortion) reads:

X,p o gk P _ : AP
DY 1= |IX ~ W ()l = || min X '

According to [25, 4], Qﬁ’p is a (strictly) decreasing sequence converging to 0 when N —
+o00. Furthermore, the rate of convergence of Qﬁ’p toward 0 is ruled by Zador’s Theorem:
Theorem 1.2.2 (see [25, 4]) Assume that [pq |(|PTTPx(d€) < 400 for some n > 0. Then
1 z X7 —
h]]\ffn(NdQNp) = Jp,dH‘P”d;ip

where Px (d€) = ¢(&)Na(d€) + f(d€), fLrg (\g Lebesque measure on R?) and for every
g € RY, lgllq == (f lgl*(w)du)s.

Q=
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This theorem, combined with Corollary 1.2.1 establishes a convergence rate result for the
quantization based zero order scheme (1.2.9).
Now let us introduce an important property of quadratic optimal quantizers:

Proposition 1.2.1 (Stationary quantizer property)
IfX is a L?-optimal N -quantization of X, then the stationary quantizer property is verified.
Namely,

E[X|X] = X. (1.2.13)

This property is of great help to appreciate the quality of some estimations. This is
shown in further details in [44] for numerical integration and in [6] for optimal stopping
problems. To illustrate this point by a short example, take the problem of approximating
f(X) by f(X), when f € C?. We have for some ¢ € (X, X):

F(X) — F(X) = (DF(X), A) + JAD (A,
So, if X is a stationary N-quantization of X, we have:
EF(0IX] - f(X) = (DF(X),E[AIX]) + JE[AD?F(€)AIX]
[EFCOIR]~ fllp < 51D Flloll (8, Ay < Il AT,

We see that, owing to the stationary quantizer property (1.2.13) we succeed to gain one
order in estimation costlessly.

Back to our filtering problem, we are interested in quantizing the Markov chain (X )o<x<n.
We must settle at each step 0 < k < n, a quantizer size N and an LP-optimal Ng-
quantizer of X, denoted I'y = {x}, ... ,a:;gvk} Consequently, we define (Xk) an LP-optimal
(Nk)-quantization of the process (Xj) by:

Ng
Xy =Y zjle,ry(Xk), for 0<k<n. (1.2.14)
i=1
As the resulting process (Xk)ogkgn is no longer a Markov chain, this procedure is called
marginal quantization' of the process (X}).
Nevertheless, an approximation of the transition kernels Py, of the chain is provided by the
following transition probability terms:

pY =P X1 = ﬂ?iH’Xk =at], ie€{l,...,Ng} and je{l,...,Npp1}.
For 0 <k <nandie€{l,...,N;}, we will denote
A~ . A~ A~ . Nk+1 . ..
Py f(z}) = E[f (Xg41)| Xy = 23] = Z f@y)py -

J=

—_

"More details on process quantization are given in [41].
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1.2.3 Generic first order scheme

As Theorem 1.2.2 gives a convergence rate of Qﬁ’“p toward zero, results such as Corollary
1.2.1 suggest that the quantization filter scheme would lead to better results if we succeed
to upper bound the error by higher powers of ||A;||,. This leads us to the idea of mimicking
first order Taylor expansions in the Rj approximation.

From now on, (X) denotes a marginal stationary (N}, )-quantization of (X}), and we denote
Xk(Q) =Ty = {z},.. ,xiv’“} So, X, = vaz’“l xélci(pk). Since X, is o (X} )-measurable,
using the chaining rule for conditional expectation E[.|Xy] = E[E[.| Xy]|X%] yields:

E[f (Xpr1) | X5] = B[P f(X5) | X5]. (1.2.15)

In view of Proposition 1.2.1, if D(Pyf) exists (and is Lipschitz) we can write:

0
——

E[f(Xk41)1Xk) = Prf (Xx) + (D(Prf)(Xk), E[Ak] X)) + O(|Ak[?). (1.2.16)

We can then approach E[f(Xj.1)|X%] by Prf(Xs) with an Ll-estimation error of order
O(||Ag||3). This is the key idea for constructing first order quantization schemes. For such
a purpose, we assume that:

H 1 For any observation process y, all functions gi lie in C;Lip and there exists L > 0
such that

Oglggn{ﬂgkﬂoo, IDgklloo, [Dgrlrip} < L
and that:
H 2 Py, is K-Lipschitz and Vf € C;Lip"

Pif €Chryp  and  [DPyflrp < K(IDf]leo V [Df]Lip)-
Remark 1.2.6 Notice that under assumption H2, for f € Cl} Lip W€ have:
HDPkaoo = [Pkf]Lip < K[f]Lip = K”DfHoo

Under these assumptions, we can see that Vf € CiLip, VO < k < n—1, Rpf defined
recursively by (1.2.6), is differentiable and:

DRy f = DgrPrRi+1f + geDPrRit1 f (1.2.17)

So, we can establish the following proposition, using a backward induction:
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Proposition 1.2.2 Assuming H1 and H2 involves:
Vf € C! such that H'f € C;Lip’ we have VO < k <n—1, Ry f € Cl}Lip'
Furthermore:

IRk flloo < L™ *H flloo
n—k n n—k n Kn_k -1
IDRiflle < (LK)""|DHy fllc + L HanHooﬁ
up = |DRgflloc V [DR f]oo
_ _ 3K)"F 1
< BLEYFu, + L bED f BEV T
< LK) uy 4+ L e B

with the convention Iﬁ(m:ll =m when K = 1.

Proof. The proof is based on an induction on k. Suppose for a given 0 < k < n — 1,
Ri1f € Cy pipe

(Notice that H'f € Cl},Lip by assumption).

By definition, we have Ry f = gxPrRi+1f.

According to H1 and H2, we can establish easily that Ry f € CéLiP, through a backward
induction.

Furthermore,
< L|P
IReflloe < LIPrRrs1 flloo (1.2.18)
< Ll|Rg+1flleo
From (1.2.17) and Remark 1.2.6, we have also:
IDRyflloe < LIPkRis1 flloo + LIDPx Ry 11 floo (1.2.19)
< LHRk+1f”oo + LKHDRk+1f”OO
In addition,
DRk fleip < L (|1Rk+1flloo + K|DRg+1f|l0o (1.2.20)

+Kupy1 + K| DRyt flloo)

where ug 11 = |[DRpy1flloo V [DRgy1flLip-
Noticing from (1.2.19) that also:

IDRkfllo < L Bit1flloo + KIIDRks1 flloo + Kurts + KIDRy 1 flloo)

we have:
we € L(|Rkerflbo + KIDRin fllo + Kuier + KIDRcaflo) (1)
S 3LKUk+1 + LHRk—i-lfHoo
Recursively we conclude the announced result. O

Now, applying the previous idea (from equations (1.2.15) and (1.2.16)) to the sequential
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filter estimation via quantization, when H]f € C;,Lip’ a generic first order scheme can be

designed as follows:

5\Rnf()zn) = DHgf(Xn)v (1.2.22)
Rif(Xp) = gn(X0E[Rps1 f(Xir1) + (DRpsr f(Xigr) Appr) | X3,
0<k<n-1.

and then, 7, f = fioRof.

In (1.2.22), ﬁ%kf is a quantization based estimate for DRy f. It needs to be specified
to transform the above scheme into an implementable algorithm. In [43|, the scheme
(1.2.22) is introduced with no computational considerations concerning DRy f. It is shown
that under assumptions H2 and H1, the quantization based unnormalized filter converges
toward 7, f at arate Y p_; [|Ax]|3 (instead of S p_; || Ag|l2 in the original zero order scheme
from [41]).

Our aim is to propose some estimate l/)ﬁkf for DRy f, in order to combine computability
skills and convergence rate improvement. In this aim, two methods will be exhibited:

e the first one is based on an induction: at each time step k& we evaluate {l/Dl\%k,}/%k}
using {DRy11, Ri+1}. This approach leads to a one step recursive scheme and is

investigated in Section 3;

e the second one is based on an integration by parts following an approach developed
in [6]: the operator Eﬁk is defined as a weighted expectation of ﬁk The scheme
constructed by plugging l/)l\%kf expression in (1.2.22) leads to a two step recursive
scheme, details are investigated in Section 4.

1.3 One step first order iterative scheme

We introduce for this section the following assumption, in the spirit of H2, but in fact a
bit more restrictive:

H 2’ For each 1 < k < n, F} admits a bounded, uniformly Lipschitz derivative with
respect to its first variable. Namely, Vz, 2/ € R?, Ve € R%:

02 Fi(x,€) — 0, Fp (2, ¢)| < [850Fk]iip|x —2'|  and  ||0:F |0 i= max. |02 Fk |l oo < 400.

Example 1.3.1 This assumption is e.g. satisfied by dynamics with an additive noise,
typically for functions Fy : (x,u) — by (x) + ou, where by, is differentiable with bounded
Lipschitz continuous derivative and o € M(d,q), or by dynamics where Fj satisfies:
Fy(z,u) = bi(x) + or(x)u, by, o being differentiable with bounded Lipschitz continuous
derivatives, applied to signal innovations € with compactly supported pdf.
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1.3.1 Definition of the scheme

In this paragraph, we investigate the recursive approach to estimate DRy. Under H2’, the
probability transitions Py are K-Lipschitz with K = [|0;F|cc. Furthermore, the Py are
differentiable in the following sense: for every f € C; Lip»

DP,f=QiDf, k=0,...,n—1, (1.3.1)
where, for every Borel map ¢ : R? — R9,
Qro(®) = E[0pFri1(Xi,ehg1) @(Xps1)| Xp = 2], for z € R%. (1.3.2)
The quantization based estimate for DPy f is then naturally defined by:
QiDf () = E[0pFry1(Xi,eps1)Df (Xpg1)| Xp = 28], fori=1,..., Ni. (1.3.3)

Finally, following equation (1.2.17) one sets:

DRy f(x}) = Dge(a}) PRy f(2h) + g(2}) kD f () (1.3.4)

as a zero order approximation of DRy f defined on I'y = {:E,lg,...,:xiv’“}, for any k €
{1,....n — 1}

Remark 1.3.1 From a numerical point of view, it would be more natural to use f’kﬁkﬂ

instead of f’kRkH. In fact, the algorithm structure would be less complex. Our choice in
(1.3.4) is motivated on one hand by theoretical need to take a zero order approximation for
the differential term estimator. On the other hand, using f’kﬁk_}rl will introduce distortion
terms in both f)?%k and ﬁk which generates important numerical instability as emphasized
by numerical tests in Figure 1.5.

Now, plugging (1.3.4) into the generic first order scheme (1.2.22) yields the following first
order scheme:
Scheme B : BACKWARD EXPRESSION

Rof(X,) = HI f(Xy),
DR, (X,)f = DHZ f(X),

Rif (Xk) = gr(Xi)E[ R f (Xis1) + (DRir f (Xien), D) | X, (1.3.5)
DRy, f(Xy) = Dgr(Xp)E[ Ry 1 f(Xpy1)| Xi] + 9 (Xi) QrD Ryi £ (Xi)
k=0,....,n—1.

Note that this scheme is completely computable, as it can be rewritten easily using
finite weighted sums. The quantizers I'; and the weights - which we call from now on
companion parameters - can be computed off line and stored in an accessible codebook, so



One step first order iterative scheme 43

that the only on line computation cost will be the calculus of operators ]3%, Ry, and l/)ﬁk
The scheme can be reformulated in distribution as follows:

Scheme B
Rof(al) = H' f(al), i=1,...,Ny,
Rof(x w::H“f( ), i=1,..., Ny,

DR, f(a" Y=DH!f(xl), i=1,...,Np,
By f(2}) = gl >2Nk+11%k+1f<mi;+1>p§;$ o
By f(z}) = gi(af) 0 (Rkﬂf(w 7+ (DRisa f(wh1),5))

DRy f(z}) = Dy (x},) > ;2 ples Rea (o )py + gr()) S22 ples WDR1 f(2], 1),
i=1,....N. 0<k<n,

(1.3.6)
where the companion parameters, p;/, 7,7, and §;/ are defined by:
(/I . v v, el
Pp = E[l{xkﬂzxiﬂﬂ){k =] €R,
v = E0:Fs(Xp,ep41)'1 | X, = 2}] € My(R) (1.3.7)

{(Xp1=2p 41}

51? = E[Akﬂl{f(,ﬁﬂ:xiﬂ}‘j{k:x;c]a

= E[(XkJrl - xi+1)1{Xk+1:xi+1}‘Xk = .f}c] S Rd.

FORWARD EXPRESSION OF SCHEME B

For applications, it is crucial in terms of computational efficiency, to rewrite the scheme

in a forward way. This allows us to compute costlessly intermediate estimations of my f,

1 <k <n-—1, and to use different test functions f without recomputing the hole scheme.

This forward form can be established as follows: one first checks that at each 0 < k <n-—1,
Ry

the vector f)ﬁk satisfies the following one step induction:

Ry,

DR, | =Hi | DRysr | - (1.3.8)
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HL 0 0
where 'f’Zk is a lower triangular operator matrix defined by: ﬁk = ﬁz I:I,:;' 0 ,
0 H! o}
with for f: R? — R and ¢ : R¢ — R,
Hif(z) = E[f(X1)Xo = z],
Hif(x) = 0€R,
.FISQO(JT) = E[axFl (‘T,Sl)/(p(XlﬂXo = ‘T]a

) = gr(Xe)E[f (Xpy1)| Xe],

(Xk) = Dgp(Xe)E[f(Xpt1)|Xal,

Hio(Xi) = gr(Xp)E[0p Fiyr (Xe, €hp1)'0(Xns1) | Xe),
(Xp) = gr(XRE[(p(Xks1), Aprr) | Xx).

Notice that here ﬁ,i = f[k
Then, one can see from (1.3.8) that:

Ry L ~ H;
DRy | =HooHio---oHu 1 | DH]!
Ry Hy;

Setting LA{k = ﬂooﬁo o-- -oﬁk, the forward scheme satisfies the following recursive formula:
Z/A(():ﬂoﬁo and Z:[k:ak_lﬁk k=1,...,n—1,
H f
so that  #,f = (Up_1 | DH"f | ,e3).
Hy f
1.3.2 Error bounds

The main result of this section is to establish a convergence result for scheme B better than
the zero scheme rate. We recall that here, (X'k) is a marginal, stationary (IVy)-quantization

Theorem 1.3.1 Assume H1 and H2’ and let f satisfying H]'f € C;Lip' Then, there
erists a sequence of positive real constants (Mjn)ogjgn such that:

n
mnf — Fnfl <Y MPA]3,
j=0

. n ny(LK)It1—1\,(3K)"—J+1_1\ ,(L)I*t1-1
with M} < a(p, f)23 L (=) (B =) (W=,
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The key to prove the above error bound is to rely on the backward form of the scheme
B (see (1.3.6)). The main technical step is to produce some error upper bounds for the
differential term approximation, namely Aj = Dka(Xk) — DRf(X3).

The proof of the first lemma below is left to the reader:

Lemma 1.3.1 For any ¢ bounded Lipschitz continuous, Qpy : R — R? is Lipschitz and

[@relzip < 0llool0s Fit1]Lip + 102 F I3 [#] Lip-
Then, the error bounds for HAka are given in the lemma:

(D}

j Jo<k<j<n such that:

n
~ k‘,
1Aklly < > D5 141

=k
where D;-C’n < a(p, f)L”*k((LKL)Zilil)(Kn;(jjll_l).

Proof.
From equations (1.2.17), (1.3.4) and (1.3.1):

~

A = Dgi(Xp)PrRii1f(Xk) + gi(Xe) QuD Rypr1 f(X)
~Dgi(Xp)E[Rps1f(Xi1) | Xk] — 95 (X)) QrDRyy1 f(Xi)
= Dg( Xk PrRii1 f( Xk [Pk:Rk-l—lf(Xk”Xk])

+Dgi(X1) (EIPwRi1f (X)Xl — B[Rk f (K1) X))

(
)

+91(Xk) (QkDRk—Hf (Xy) — [QkDRk—&-lf(XkﬂXkD
( )

/N

+91(Xk) (E[QeDRis1 f(Xi)| Xi] — QuDRypyr f(X)

Then, using H1, one gets:
1Akl < LIPkRE1f(Xk) = EPERes1 f(X3) | X[
+L|[E[Py Ry y1 f(Xi) | Xk] = E[Rpyr f(Xps) | X[l

+L||QrDRiy1 f(Xi) — E[QrDRisr f(X5) | Xe]llp
+L||E[QkD Ry 1 f(X)| X — QeDRicyr £ (Xi) - (1.3.9)

Now, the LP-contraction property of conditional expectation implies that:

Py Ris1 f(Xk) = B[Pk Ry f(Xi) I Xellly < [PrRrsr f(Xx) = PrRisr f(Xe)
< [PkRk+1f]Lip||Aka
< K| DRgs1fllool|Akllp-
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For the second term in the right handside of inequality (1.3.9), we will use on one hand
the chaining rule for conditional expectation (see equation (1.2.15)) and on the other hand
its LP-contraction property, to write:

|IEPrResr f(Xp)| Xk] — E[ékwtlf(XkJrl)’Xk]Hp
B[ Ri 1 f (X411 Xk] = E[Rki1 f (Xiy1) | Xi]
< | Res1 f(Xig1) — Risr f (K1)

which implies, by Theorem 1.2.1:

|E[Py Ry f (Xl Kn] = E[Rpsr f(Kps) | Kl < Z CEL A
j=k+1

The same arguments on conditional expectations give:

|QkDRyt1 f(Xk) — E[QeDRi1 f(Xi) | Xllp < [QrDRicr1 flrip| Asllp,

which by Lemma 1.3.1 writes:
|QkD Ry 1 f (Xx) — E[QkD Ry 1 f(X) | Xi]ll, <
(IDRk11fllool0 Fisa] Lip + 10 F |3 [D Ri1 flri) | Al

since DRy 1 is bounded Lipschitz by Proposition 1.2.2.
Then, using the definition of Ok yields:

IE[QeD Ry 1 f(Xi) | Xk] — QuDRiyrf(Xi)llp
| (OpFry1 (X €s1)) (DRk+1f(Xk+1) - ﬁkﬂf(f(kﬂ)) llp

192 Ficalloe (1 Aks1llp + IDRass f(Xker) = DRigr f (X))

192 Ficirlloe (1 Akl + DRes1f il Akl

IN A

IN

Finally, using [|0,F||«c = K and Proposition 1.2.2, we derive:

IAkly < L (10 Fosalbipl DRis flloe + KD Ryt fluiy + KID Ry floc) 1A%l
+L (CE™ + K(DRys f11ip) |8kl
k+1,n 2
FLYD CFAly + LK Al (13.10)
Jj=k+2

The required result follows from a backward induction on k. See Appendix 1.6.3 for explicit
upper bounds. O
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Proof of Theorem 1.3.1.

Let Vi f denote the intermediate estimation error when considering the previous first order
approximation scheme B in its backward form : Vi f := E[ka(Xk)\Xk] — Ekf(Xk)
Using triangular inequalities, we isolate three error sources in |Vj f|. If we set:

Ref(Xe) = go(Xp)E[PrRir1f(Xi)| Xk,
= ge(Xp)E[Rpr1 f(Xps1)| X,

then we have:

Vif| < |E[Ref(Xp)|X5] — Rif (Xp)| + |Ref(Xy) — Rif (X))
+H Ry f(Xk) — Rrf(X)]. (1.3.11)

Using a first order Taylor expansion, there exists C} € (Xk, X}) such that

E[Rpf(Xk)| Xx] = E[Rif(Xy) + (DRpf(Ch), Ak)|X4]
= E[Rif(X)) + (DR.f(Xk), A) + (DRef () — DR f(Xi), A) | Xi]

X being a stationary quantization of X}, one derives from Proposition 1.2.1 that:
E[(DR f(Xk), M) Xi] = (DRif(Xi), E[AR|X]) = 0.
Then,

B[Ry f (Xi)|Xk] — Rif (Xi)| = [E[DRif(Gh) — DRES(Xk), Ar)| Xl
E[DRy.f(Ch) — DRif(X5)|| Akl| Xi]

DRy f1LipBII X5 — Gl Akl Xe]

DRy f]LipE[| Ak)?| Xr]. (1.3.12)

INIA TN

By Taylor expansion of Py Ry.1f, we analogically find 5,3 € (Xk,Xk) such that:

Ref(Xp) = gr(Xp) (PkRka(Xk) + (DPy Ryi1 f(Xi), E[Ag| X))
FE[(DPRe 1 f () — DPxRys1 f(X0), Ar) [ K]
Ref(Xy) — Rif(Xi) = gu(Xp)E[(DPyRys1 f(CR) — DPyRiq1 f(Xi), Ar)| Xy]

Hence, |Rpf(Xx) — Rif(Xp)| < LIDPiRy i flLipEl| Axl*| Xi]
< LK ([DRys1 floip V [DRit1 flloo) E[JAR?|XH] - (1.3.13)
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For the last term in the right handside of inequality (1.3.11), we have:

|Rif(Xy) — R f(Xp)| = ‘gk(Xk:) (E[Rk+1f(Xk+1)|Xk] — B[Rps1 f(Xi11) | Xe]
~E[(DRe1f (Xer), M) Kl )|
< L|E[Rir1 f (K1) = B[R f(Xen) i ] | X4
—E[(DRes1f(Xan), M) Kol

+L ‘E [E[Rk+1f(Xk+1)|Xk+1] - ﬁtkﬂf(XkH)’Xk} ’
Furthermore, there exists élirl € (X'kH,XkH) such that

R f(Xit1) = Riprf(Xe1) + (DRps1 f(Xis1), Agi1)
+(DRi+1 (G 1) — DRe1 f(Xpet1), Ags1)
E[Rir1f(Xns1)| Xns1] = Biprf(Xps1) + E{DRer1 f(Gir) — DRigr f(Xis1), A1) K]

Consequently:

|Rif(Xp) — Riof(Xp)| < LIE[Visr f1Xa]] (1.3.14)
+LIE((DRys1/ (Xis1) = DRyy1 f(Xii) ) s Al X
+LIDRi f1ip (B Qw1 P10 + B [ElAp 21K X))
(1.3.15)

Finally combining previous inequalities (1.3.12), (1.3.13), (1.3.14), we obtain by using L?-
contraction property of conditional expectation:

IVeflly < (IDRiflrip + LEupsr) [Aell3,
+2LDRyci1 flripl Aws1l3, + LI(AR+1, A1)l (1.3.16)
+L|| Vi1 £ llp-

Applying Holder inequality combined to Lemma 1.3.2 to the term |[(Agy1, Apy1)|p, we
have:

1Akl Arralllp

1Ak 1ll2p ] Ak |2

n
k+1,
< Y DETA o Ak 2
j=k+1

1 E k+1
< 5 D0 DET (1A, + 1Ak3,) (13.17)
Jj=k+1

(ARt Al
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Plugging (1.3.17) into (1.3.16) yields:

Vifllp < (IDRif)Lip + LKuki1) [ Axll3,
+L (2D R flnip + 3 X DF) 1Ak l3, (1.3.18)
k+1,
AL DEIAG 1B, + LV 1l

Then, by induction taking k = 0 and writing |m, f — 7, f| < ||Vof]lp, we derive the required
result. See Appendix 1.6.3 for further details. O

Theorem 1.3.1, with [[Ag[3, = O([|Axll2p), shows that the scheme B succeeds to
embetter the zero-order convergence rate. The forthcoming section has been motivated by
our wish to relax H2’ and to preserve the convergence rate improvement.

1.4 Two step iterative first order scheme

To construct this second first order scheme, the idea is to represent DPp Ry f as a
weighted conditional expectation of Ry f i.e.

DP Ryt f(x) = E[Rpt1 f(Xg+1) X Weight| Xy = z],

and then to quantize this representation formula. This is achieved classically by the mean
of an integration by parts formula.

Note that in all this section, we will assume ¢ = d. Furthermore, F} will be supposed to
be differentiable.

1.4.1 Integration by parts formula

For notational convenience, we will temporarily drop the k indices in the notations of X,
F), and Pj. We will also temporarily assume f € C}.

We start by a transformation of the problem, via differentiation. For that, we need first to
assume the following:

H3V 0<k<mn,3c, >0 such that for any x € R? and e € R?:
(ang(ZE, 6))(85Fk(I, 5))/ > CkId.
We have then, for any z,e € R%:

Op(foF)(z,e) = 0.F(z,e)(Df)oF(x,e),
O-(foF)(z,e) = O0.F(x,e)(Df)oF(z,¢).

Assuming H3 yields 0, (foF)(z,e) = G(g)0:(foF)(x,¢), where:

G, :RY — My(R)
e (0:F(x,6) 0, F(x,¢))



50 First Order schemes

Now, in order to allow a differentiation under the integral sign and then apply integration
by parts, we will assume the following technical hypothesis:

H 4 Assume that signal innovations ¢, distribution is absolutely continuous toward Lebesgue
measure, with a differentiable density p satisfying for all z € R,

/ 10, F(z,8)|p(e)de < 400 and  lim Gu(e)p(e) = 0.
Rd

le|—+o00
Then, the i-th component of DP f(x) for a given 1 < ¢ < d reads:

@) = [ (@) 0. 108w 2)ple)e (141)

where:  GL:RY — RY
e — (Gu(e)) e

Furthermore, performing an integration by parts formula on (1.4.1), and taking in account
HA4 yields:

(?91:{ (@) = _/Rq(fOF(I,E) +C(2))¥'(z,£)p(e)de (1.4.2)
where: T :RIxR? — R
(z,6) = divGy(e) + p(1€)<g;(s),Dp(g)>.

Finally, defining the weight vector W(z,¢) := (V'(z,€))o<i<d, we obtain the generalization
of equation (1.4.2):  D(Pyf)(z) = —E[(f(Fit1(z,e541)) + C*(2)) Vi (, e541)].

In a Monte Carlo method context, the constant C* is tuned in order to minimize the
variance of a probabilistic estimator of D(Pyf)(z). In our quantization context, as the
variance problem does not occur, a natural value for C¥ would be zero. It is at least the
choice that minimizes computation cost and provides satisfactory numerical results (see |7|
for a discussion about C* for an American option pricing problem).

From now on, we will take C* = 0.

1.4.2 Numerical scheme

Consider now a test function f satisfying H'f € Cl},Lip' Then, according to Proposition
1.2.2, Ryf € Cg,Lip' Using results of the previous paragraph, we can write, for each
0 < ]{AS n—1: DPkRk+1f($) = _E[Rk+1f(Xk+l)\Ilk+1(x76k+1)‘Xk- = .CE]

So, (X}) still being a stationary marginal (Ny)-quantization of (X}), an approximation of
DRy f would be:

DRy f(Xy) = ng(Xk)E[ék—i-lf(Xk—i-l)‘Xk] - gk(Xk)E[ék+1f(Xk+1)‘1’k(Xk,€k+1)|Xk]~
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If one replaces this expression in (1.2.22), it results in the following two step recursive
scheme formulated in a backward way:
Scheme A BACKWARD FORMULATION

;

W f (X ) = HIf(Xn),
n 1f( ) = gnfl(anl)E[Hgf(Xn) + <DHﬁf(Xn), AnHanl]a
Rif(Xy) = g(Xp)PrRyi1 f(Xp) + gr(Xp) X

(BIDge1 (K1) Prss Biaf (Kiin), A1)l Xe] = B (g (Kiga)
E[Rir2f (Xns2) W1 (Xt 1, ehi2)| Xisal, Ak+1>’Xk]) ;
0<k<n-—2

(1.4.3)
This scheme A can be rewritten in distribution using finite weighted sums. As for the
previous scheme, the weights are to be computed simultaneously with the optimal quan-
tizers. Consequently, the implemented algorithm reads as follows:

Scheme A

Rof () — Hf(z'), i=1,...,Nn,

R f(zh) = H'f(zl), i=1,... Ny,

Roif(@) = guoa(@ho) SN (HEf@hpil + (DHf(h),00.))
i=1,...,N,_1,

Rf(z}) = gmz)zjka R f@d,)p?, i=1,..., Ny, 0<k<n,

Rif(ah) = gn(al) S35 R f ()oY + gi(af) x
S e (Rk+2f(xk+2>pk+l<ng<x )8
—ng(ka)Rka(ka)()\ﬁ_s_l, 5U>> )
i=1,...,Np, 0<k<n-2

1.44
where the companion parameters, pzj, /\Zj, and (5? are defined by: | !
Py = [1%“:%“}\& =2i] €R, (1.4.5)
A= E[‘I’k(Xm€k+1)1{Xk+1:xak'+1}\Xk = z}] € RY, (1.4.6)
5 = E[Aki1lig,, ot 1 Xk = i,
= E[(Xp1 — xiﬂ)l{&ﬂz%ﬂ)&k =zt] e R (1.4.7)

It is important to recall, that the interest of such an approach lies in the possibility of
carrying out the computation of all the above companion parameters off line. Once the
state equations are fixed and the noise distribution is simulatable, the quantizers and
companion parameters can be kept off line. On line computation cost will then be reduced
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to the sequential determination of Ry, and ﬁk. on each grid. Compared to the previous
case, scheme A is more demanding in on line memory capacity, as it involves two step
computations, but, it is worth noting that the new companion parameters )\Zj are of lower
dimension, which compensates the two step recursion effect while considering the algorithm
complexity or the storage capacity dedicated to codebooks.

Here also, as for scheme B |, we can see that this backward definition can be rewritten
in a forward form. For 0 < k < n, let Hj, be the operator defined on any function
f :Tgio — R, such that:

Hof(zh) = gr(@i)ELE[f(Xpr2)| Xetr1]Dgrs1(Xpt1)
— k1 (X ) ELf (Xp2) Vi1 (Xir1, €p42) [ Xper 1], Apr1) | Xk = 2]

For a time step 0 < k < n — 2, we have the following one step transition system:

R, = HpRpi1,

~ PN . 2 (1.4.8)
Ry = HypRyy1 + HgRpyo.
Introducing Uy, in addition to U, we can define the following forward scheme:
Scheme A: FORWARD EXPRESSION
(2 R A
Uo = fip o Ho,
UQ = /10 © I:I(]’
for any 0<k<n-3, (1.4.9)
U3 = Uks20 Hyyo + Ug 0 Hyp1.

Finally, given the final conditions:

]?nf( An) - H,’}f(Xn),
Rn(Xn) = Hgf(f(n),
Rﬂ—l( An—l) = gn—1<Xn—l)E[Hgf( An) + <DHﬁf(Xn)v An>‘Xn—1]7

we have for any n > 1,

,aORO = n—loI_I;L1 = ﬁ'n,

foRy =

T T

n72Rnfl+Uan = Tn.
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1.4.3 Error bounds

The main result of this paragraph is the following theorem, providing a convergence rate
of the unnormalized filter approximation error for the two step recursive scheme A .

Theorem 1.4.1 Let (Xk) be a marginal stationary (Ny)-quantization of (Xy), [ satisfying
H!f e Cl}Lip' Assume H1, H2, H3, H4, q = d and furthermore :

H 5 There exists a constant 1, > 0 and 5 > 1 such that:

- < .
o JHBX [k ( Xk, ep41)|lsp < ¢Pp < 400

Hence, there exists a non negative real sequence of constants (M]')o<j<n such that:

n
’an — 7érnf’ < ZM;L“Aj“?)max{Stp,fp72p}
=0

=1 and M} < a(p, f)(n+ 1)Ln((L3);;_1—1)((3K)n—j+1_1).

_ & 1
where s = 227, 1> 0, ; + T SR

S—

=

Example 1.4.2 Assume that Fj : R x R — R reads:
Fy(x,e) = bi(z) + ox(x)e, (1.4.10)

where o and by, are differentiable with bounded derivatives and Vo € R?, op(z) > cp.
Then:

o () + B (&) (0}, ()10} (x))
or(z) )

‘lfk(l', 6) =

e When ¢, ~ N(0,1), it is the natural framework to study the Euler scheme of a
Brownian diffusion. In this case, the previous hypothesis H5 is satisfied.

e When ¢, distribution is centered Laplace of parameter A > 0, or e+m ~ Gamma(m, 1)
with m > 1, hypothesis H5 is also satisfied.

e In a more general case, when g5, € LP™" for some 7 > 0 the following assumption:
H 5’ There exists a constant ¢, > 0 and § > 1 such that ||%/(€1)||§/p < Py < +o0.
could replace H5 and gives more explicit conditions on the signal innovation distri-
bution.

Compared to Example 1.3.1 given for the one step iterative scheme, we see that hypothesis
H5 (or H5’) allows to relax the boundedness constraint on 9. Fj in H2' to involve some
other constraints on the signal innovations distribution.
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The structure of the proof of Theorem 1.4.1 is the same as that of the previous section.
We first study the error induced by the differential term estimation. Let us reconsider for
0 <k <n—1 and the test function f: A := Dka(Xk) — ﬁkf(Xk)

The error bounds for || Ay ||, with the new definition of the differential term approximation
l/)ﬁk f are given by the following lemma:

Lemma 1.4.1 With assumption H5 on the weight function ¥y and f such that H]' f €
1 . . k.n .
Cb,Lip’ there exists a non negative real sequence (Dj Jo<k<j<n such that:

n
~ k,
HAka < ZD]' nHAjHSP
o
where s = =*5 and D;C’" < a(p, f)L"_k%-

Proof.
We redefine the operators @y and Qk for f: R — R? as follows:

Qrf(Xy) = —E[f(Xpp1)Vi( Xk, ept1) | Xk,

A~ ~

Quf(Xr) = —E[f(Xpt1)Pr(Xp, cpp1)| K-

Then Qrf = DPyf, so that:

DRyf(Xr) = Dgi(Xp)PrRit1f(Xn) + 9(Xi) QuRir1 f(Xi),
DRif(Xy) = Dgi(Xp)PrRis1f(Xp) + gr(Xi) QrRur1 f(Xp).

Consequently, Ak can be written as:
Ay = Dgp(Xp) [PrBRiir f(X) — f’kRk—i-lf(Xk)} + gr(X) [QkRk—i-lf(Xk) - QkRk—l—lf(Xk)} 7
so that using H1 and that PyRy 1 f(Xi) = E[Rps1 f(Xps1)| Xi], we have:

1Ak llp < LIPkRks1 f(Xk) = E[Riir f(Xpr1) | Xl + LI Qu i1 f(Xk) — QuRir £ (Xi) [p-

(1.4.11)
Since conditional expectation is an LP-contraction,, the first term on the right hand side
of inequality (1.4.11) writes:

IPLRi F(XK) — B[R f(Xn)| Xi

< |PrRis1 f(Xi) — B[Py Ryyr £ (X)Xl
HEP, Ris1 £ (X5) — Rir f(Xi1) | Xkl
< [PrRii1 flripll Akllp + | Rt f(Xir1) — R f(Xigr)llp-

(1.4.12)
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It follows from Theorem 1.2.1 that:

O > % k+1,
IPxRi1 £ (Xk) = PRy f(Xnin)llp < 251 CF " 1811y + KIDRes1 fllool| Akl
Moreover, the second term on the right hand side of inequality (1.4.11) gives:

Qi Bis F(Xk) — QkRiyr £(X0)

< |QuRrs1 f(Xk) — EIQuRicer f (X Xnllly + | E[Qu R f(Xi) | Xn) — QuBar f(X) 1
< QiR f(Xi) — QrRigr f(Xi)lp
HEE[Rys1 f( Xk 1) Wk (X, €41 [ Xk) [ Xn] = B[Rp 1 f (X 1) Wr (X ex10) | Xl
< ||QkRis1f(Xk) — QuRisr f(Xi)lp + V% (X €r41) (Rk+1f(Xk+1) - Rk+1f(Xk+1)) lp-
(1.4.13)
But, QxRi+1f(Xk) = DPrRi11f(Xk), so hypothesis H2 on Py implies that:
(QrRi+1fLip = [DPrRi1 floip < K([DRk1 flLip V | DRiy1flloo) = Kugyr-
Hence,
1Qk Ric 1 f(Xk) — QiR f(Xi)lp < Kuppr | Akl (1.4.14)

Using Holder inequality, with s = =55 > 1 we get:

W5 ( Xk, €p41) (Rk+1f(Xk+1) - ék-ﬁ-lf(Xk—H)) lp

< N1 U(Xks ) lspll Rir f (K1) = R f (Xirn) | sp (1.4.15)

It follows from Theorem 1.2.1 and hypothesis H5 by combining terms (1.4.13), (1.4.14)
and (1.4.15) that:

|QkRis1f(Xi) — Qkékﬂf(Xk)Hp

n
< DT T A s + K | Akl (1.4.16)
Jj=k+1
n
and  |[Akll, < L@y +1) > 5T Al + LE (whsr + [DRisr flloo) Ak
Jj=k+1
n
k7
< > DIIA s (1.4.17)
ji=k

Then, explicit upper bounds for Df’n can easily be established. (see Appendix 1.6.3) O

Proof of Theorem 1.4.1. Reconsider Vi f = E[Ry.f(Xz)|X] — Ref(Xy) for 0 < k < n.
The proof can be carried out as in the previous case of Theorem 1.3.1. The unique difference

lies in the term flk Using Lemma 1.4.1 combined with Holder inequality for some ¢ > 1

and its conjugate t = 45 we have:
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k+1,
AR +1, Akl < Ak llpll Al < 5 Xfmprn Dy " (18113 + 1A8%11113,)-
Then inequality (1.3.16) writes:

Vifll, < ([Dka]Lip+LKuk+1) A5, + 2LIDRis1 flLipl| A1 3,

+L Z DA 112 + 1 Ak41llZ,) + LiVies1 fll
j =k+1

(DR fLip + LK 1) | Ak ]2

IN

maz{stp,tp,2p}

1

k1, k41,

+L [DRk+1f]Lz‘p+Dk+1n+§ Z Dy 1Ak 1 e st .20}
j=k+2

k41,
+ L Z D " n”A Hmax{stp,tp,?p} + L||Vk+1f||p (1418)
j=k+2
By induction, we derive: ||Vi.fll, < 377, M "[|A; Hmax{stp,tpzp}
Taking k = 0 and writing |m,f — 7, f| < HVopr we establish the announced result. See
Appendix 1.6.3 for a detailed proof of the explicit expressions of (M]k") O

1.4.4 The case of regularizing kernels

In this paragraph we deal with an interesting skill of the two step recursive first order
scheme, which allows to establish first order schemes for non differentiable test functions
f, more precisely with no differentiability assumption on H,' f.

Proposition 1.4.1 H 2”7 Assume Py, is K-Lipschitz such that for all f bounded Lipschitz
continuous, Py f € C} Lip-

If f is a test function such that H]!f is bounded Lipschitz continuous, then Ryf € Cb Lip
forall0 <k <n-—1.

This proposition is easily proved, using equation (1.2.17) and an induction on k. Further-
more, it allows to define an alternative scheme to scheme A ., taking into account the non
differentiability of H f:

Scheme A’
Rof(Xn) = HUf(X,) = Ruf(X )
Roif(Xno1) = gnot (K )E[HIF(X0)|Knot] = Roo1 f(Xno1),
Rif(Xp) = gu(Xp)Py }/%kJrlf(X )+ gr(Xg) x

(EIDgi1 (R Pt Reraf (Kiesn), M) Xl = EL (g1 (R x

E[Rirof (Xir2) Wit (Xpr1, ehra)| Xar), Ak+1>’Xk]) )
0<k<n-2.

(1.4.19)



Convergence result for the normalized filter o7

We then define the first order unnormalized filter estimator by 7, f = E[Ro f(Xo)] generated
from scheme A’. The error induced by such an estimator introduces additional zero order
type terms as we need one single backward iteration to be able to use first order correctors.
This can be seen clearly in the the following theorem.

Theorem 1.4.2 Let (Xk) be a stationary (Ny)-quantization of (Xy), f satisfying H)'f is
bounded Lipschitz continuous. Assume H1, H2”, H3, H4, H5 and q = d.

Then, there exists a non negative real sequence of constants (M}')o<j<n such that:

n
‘ﬂ-nf - ﬁnf’ < ZM}L“Aj‘|1271az{stp,fp,2p} + ClHATL—lHP + CQHARHP
=0

wheres:%,t>0, %—i—%:l.
In practice, the regularizing effect can be viewed in the case of the Euler scheme of a
diffusion implemented with a Gaussian noise (see Example 1.4.2 and Appendix B). This
is the case studied in [6] for pricing American options with first order schemes. Tt is
shown that Pj satisfies H2”. Nevertehless, a special attention have to be given to the
Lipschitz constants dependency in time discretization step, and consequently in our filtering
problem, to the observation horizon. Namely, if f is Lipschitz continuous, then according
to Proposition 2 in [6] we have [DPy, f]rip < C[f]ripy/n. This result alters ]\7[]" dependency
in n and consequently the filter estimator convergence for high observation horizons.

Remark 1.4.1 For numerical implementation, we can compensate the error bounds de-
terioration in Theorem 1.4.2 by bigger quantizers in the two last observation dates n — 1
and n.

1.5 Convergence result for the normalized filter

Let f be such that H f € C,} Lip- Owing to Theorem 1.3.1 and Theorem 1.4.1, we have seen
that the estimation error on the unnormalized filter 7, using stationary (N )-quantizations
(X)), can be written as:

T f = Faf] <Y M (F, @) 18]30p,

J=0

where a = max{%t, %, 1} > 1 or @ = 1 depending on whether we are using scheme A or

B,andAj:Xj—Xj.

Now, we derive results on the normalized first order quantization filter estimator II,,
defined by Kallianpur-Striebel formula as 11, /= Tnf

Tl
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Thus, the estimation error will be:

- Tnf Tnf Tnf — Tnf
1L, f —1I < —
M f =T fl - < ‘ﬂnl frn1’+’ finl |
H"” 11 1
§ M|Wnl - frn1| + A7|7Tnf - ﬁ'nﬂ
1,1 Tl
" MP(f, o) + VM (1,a)|[Hy flloo
< Z ’ ~ ]1 - HAJH%Q]D (1.5.1)
j=0 o

Since @ = 1 in Theorem 1.3.1, the convergence rate improvement obtained for the unnor-
malized filter is preserved by the normalization.
When « > 1, which is the case for Theorem 1.4.1, further results are needed to establish a
convergence rate improvement. In fact, from inequality (1.5.1) it comes out that we need
to describe the L?*P-behavior of sequences of L*P-optimal quantizers. In this direction,
a rather satisfactory result can be established using Zador Theorem 1.2.2 and Holder in-
equality. Namely, if X € L™ (R%) for every /> 0, then || X — hi(X)|s = O(N ) for any
pe(0,%). )

This allows to establish the following theorem, for II,, obtained from the two step
recursive scheme:

Theorem 1.5.1 Assume that s in H5 satisfies § > % and that for 0 < k <n and allr >0
X € L"(RY). Let (X}) be an L%-optimal (Ny)-quantization of (X}).
Then, there exists p € (%, 1] such that for all f: R? — R satisfying H*f € CI}Lip we have:

. n MP(f,a) + MM, a) || H fl =2p
M f =T f| <) ejlp,p,d)—2 2 mEN
. 1
3=0
Proof. If 5 > %., then 1 < s < 3 and there exists % <t< %. For such a number ¢ > 1 we

will have t < 4 and st < 4 so that inequality (1.5.1) is satisfied for o = max{%, 2.1} € [1,2].
—2

—2p
Hence, for some p € (%, é) c (0, é) we can write: [[Agll2ap = O(N,* ).
~ n n nfllo, =28
Consequently from (1.5.1), |II,f—1II,f| < Z?:o ci(p,p,d) M; (f’a)ﬂy]‘;[il(l’a)HH"fll N; d
O

Remark 1.5.1 A conjecture has been made recently by H. Luschgy and G. Pageés to
describe the L -behavior of sequences of L™-optimal quantizers of an R%valued random
vector for some 0 <r < s’ <r+d: )

If X € L"(RY) such that Px (d¢) = p(£)A\g(d€) and fgal_rsfdd)\d < +o00, then any sequence
(h%) of L™-optimal N-quantizers most likely satisfies | X — b, (X)||s = O(N_é).

This allows to establish an equivalent of Theorem 1.5.1 where p = 1 and 5 is assumed to
satisfy s > 1 + é and then to rise convergence rate order of two step recursive schemes to
the one step recursive one.
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1.6 Numerical illustrations

Previous filter approximation methods will be applied to estimate II,, f1 and II,, fo, where
fi(z) = x and fo(x) = exp(—|z|). Elements of comparison with alternative filter estimation
methods will be given, namely particle filtering methods:

SIS Sequential Importance Sampling [1, 15] which is based on a weighted Monte Carlo
approach. This method can be considered as close to the quantization method in the
sense that it uses weight transformations in the updating step. Unfortunately, it is
known to suffer from weights degenerescense.

SIR Sequential Importance Re-sampling [24, 15] which adds a re-sampling step to the
previous algorithm in order to avoid weights degenerescense.

We will test estimations for different fixed observation sets and so we denote by ﬂy,n, the
estimation filter associated to the observation process y = (Yo, ..., Yn)-

In all the following examples, we choose to study stationary signal processes in order to
simplify the off line procedure of computing the quantizers. In fact, as we marginally quan-
tize the signal process, we can just expand the grids of the centered reduced corresponding
distribution. The obtained quantizers are no longer optimal, some further manipulations
are necessary to save the quantizer stationarity property especially in the multidimensional

cases.

1.6.1 Kalman filter

Both signal and observation equations are linear with Gaussian independent noises. It is
known, that the filter in this case has a Gaussian distribution which parameters (mean
and variance) can be computed sequentially via a deterministic algorithm (KF), (see [21]).

Xi = pXg—1 + 0cp41,

Yi = Xk + ang,

ep and np iid ~ N(0,1y),
p, 0, a € MyR).

We set: (1.6.1)

1.6.1.1 One dimensional case: d=1

We choose —1 < p < 1 and Xg ~ N(O,%), so that for any 0 < k < n, we have

X ~ N(0, %). In this particular case, we could first compute? T' an L?-optimal quan-

tizer of the centered reduced Gaussian distribution and the companion parameters for a

single transition step. The quantizers I'y, are then deduced by an expansion I'y = % xT.

2Optimal quantizers for the Gaussian distribution are downloadable on
http://wuw.proba. jussieu.fr/pageperso/pages/
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The two first order schemes are compared to the zero order one with N = 200, 0 < k£ < n.
Exact values are computed via the Kalman-Bucy recursive filter algorithm. Particles meth-

ods are also tested for the sake of comparison.

| (p,0, ) | (065,1.00.1) [ (0.81.00.1) |
Iyosf1 | yosfo | Iyosf1 | 1Ly 25f2
KF(Ref. Value) -3.239 0.039 1.754 | 0.17394
SIS (5000 pts) -3.244 0.039 1.7487 | 0.17489
STR. (5000 pts) -3.2398 0.039 1.7542 | 0.1739
QF Or0 (200 pts) -3.2394 0.0393 1.7522 | 0.17425
QF Orl 1-step (200 pts) | -3.2381 | 0.039431 | 1.7524 | 0.17422
QF Orl 2-step (200 pts) | -3.2381 | 0.039431 | 1.7524 | 0.17422

Table 1.1: One dimensional Kalman filter case.

1.6.1.2 Multidimensional case: d=2

Although the quantization based filter schemes presented previously depend on the signal
dimension d, for both complexity and convergence rate, it remains interesting to compute
estimations for medium signal dimensions. We reconsider equation (1.6.1) with parameters:

. 05 —0.01
,— 006 0 ), [ 005 —00 and a = 0.51,.
0 0.996 —0.01  0.02

The initial signal distribution is centered, Gaussian with covariance matrix:

o 0.325 —0.087
7\ —0.087 00626 |
The chosen prior distribution is the stationary one. For signal quantization, we take
I' = {z',..., 2"} the L?%-optimal N-quantizer of a centered reduced Gaussian distribution.
At 0 < k < N, X; ~N(0,%) and we define the marginal stationary (Nj)-quantizer of
(Xg) as follows:
N 1
Xk = Y2241 1
; O7 T aeniciry
Although quantizers are not optimal, we obtain satisfactory convergence results. Conver-
gence errors are represented in Figure 1.4. From the log-log scale representation in Figure
1.4, we can evaluate the convergence rate improvement using a regression. Table 1.6.1.2
summarizes the computed slopes of the regressions.
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Or0 | Orl 1-step | Orl 2-step
-0.45 -1.1 -1.04

Table 1.2: Regression slopes on the log-log scale representation (d—2)

We observe nearly the expected theoretical results. The convergence rate for the zero order
scheme is close of é = 0.5. For first order schemes, the slope is slightly better than the
theoretical one % =1

1.6.2 Canonical stochastic volatility model (SVM)

We introduce now a non linearity in the observation equation. We consider the following
state equations in R:

X = BXk-1+ o€k,

Yy = exp(Z ),

er and n wid ~ N(0,1),
—1<pB<1 and oeR}.

(1.6.2)

Remark 1.6.1 This is the time discretization of a continuous diffusion model introduced
in finance as a model of an asset dynamics with stochastic volatility. The stock price St
and its volatility oy solve the following stochastic differential system:

(1.6.3)

dSt = MtStdt + O'tStth,
d(in(0?)) = —Nn(o?)dt + 7dW,.

The stock price is supposed to be observable so that the filtering problem corresponds
to a volatility estimation problem, given the set of observed past prices. Taking a time
discretization step A, the Euler scheme writes:

S o 1
{ln( g:l) = (g — Eglz)A + op VAN, (1.6.4)

In(oj ;) = (1= AA)In(o}) + RN

Now, taking Y = ln(sgzl), Xy = In(o?), mr and g iid N(0,1) conducts to the state

equations adopted for the illustration.

Here also we choose Xg ~ N(0, %), in order to use the same grid at each time step
k. The choice of the triplet (A, 7,A) will determine the discrete time model parameters
(B,0). The exact filter value is not computable for such model, so Figure 1.1 shows the
convergence behavior of the quantization filters. The first order schemes clearly converge
faster.
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Comparison with particle methods is made possible by computing some confidence interval
through the 5% and 95% centiles over 4000 realizations of the particle filter estimator. In
Figure 1.2 are depicted this interval bounds and one realization of the random estimator
as functions of the particle number. For a comparison between the two methods (particles
and quantization), we represent in Figure 1.3 quantization based filters in the confidence
interval of 10000 particles.

1.6.3 Numerical stability

Two stability aspects have been studied through numerical applications. The implemented
state equations are those of the previous section (see equation (1.6.2)) when we model
stochastic volatility.

The first point we will be interested in, is degeneration of intuitive scheme devised in
Remark 1.3.1. An illustration of such a problem is represented by Figure 1.5.

The second point is the stability of our estimations in time. This is a recurrent problem
in filtering methods. Even if we considered a fixed observation horizon all over this work,
it is important to study the estimation behaviour when n grows. As the constants M]” are
exponentially depending of the observation horizon, we have been interested in verifying
that this does not alter the numerical performances of our filter estimators. (see Figure
1.6). Note that the chosen state equations and the stationarity assumption give that
K=p<1.
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Figure 1.1: Quantization filter approximations for SVM as a function of the quantizer
size Nj, - three different observation 50-tuples (right: II,s0f1, left: I, 50f2) - (B,0) =
(0.996,0.0316).
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Figure 1.2: Particle filter approximations for SVM as
SIR algorithm (left: H100f17 I‘ight: Hlo()fg) - (ﬁ,O')
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Figure 1.3: Quantization filter estimator as functions of quantizer size,
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Figure 1.4: Quantization filter estimator errors for 2-dimensional Kalman case as a function
of the quantizer size Ny (left: |[II10f1 — f[loleg, right: log-log scale representation).
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Figure 1.5: Quantization filter estimator for SVM using intuitive first order schemes as
function of quantizer size (right: ﬂ100f1 as a function of quantizer size N for n = 100, left:
I f1 as a function of n for N = 170) - (8,0) = (0.995,0.01).
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Figure 1.6: Horizon varying effect on quantization based filters for SVM (top: 11 fo for
Nj; = 10 as a function of n, bottom: II fy for Nj = 200 as a function of n) - (B,0) =
(0.995,0.01).
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Appendix A : Explicit error control constants

€

In all the following, we will denote G et max{||H}; f oo, |DH} flloo, [DHy flLip}- So
that, the results of Proposition 1.2.2 write:

|IRiflle < GRL™H,
DRy flloo < G”L" ’“% (1.6.5)

A.1 Zero order scheme constants

Lemma 1.6.1 Let o > 0 and let (vg)o<k<n, (Uk)o<k<n, (Gk)o<k<n be some sequences
satisfying the following recursive inequalities:

n

VE€{0,....,n—1}, |l <laxl + aloppa]  and  furl < lar] + afugial.

j=k
Then Yk € {0,...,n —1}:
n—1
ol <Y~ ¥ Flag| + @y
j=k
and . .
_ k+1 _ a~
|ug| Sza]a |a]|+ a_zllan|+a"_k|un\.

j=k
A simpler upper bound is also given by:

|u| < Z

Compared with the original zero order scheme of [41], the operators defined by system

al—k+
\%Ha" * .

(2.2.1) allow us to enlarge the results of Theorem 1.2.1 and its Corollary, to a slightly
larger class of test functions f.

Proposition 1.6.1 Suppose the test function f for the filter satisfies: H)'f € Cb Lip-

Then for k < j < n: ‘
Ln—k: an]Jrl -1

k,TL n
O < G2 — 8ap) —

Proof.

| Ref(Xg) — ékf(Xk)Hp = |lgp(Xp)PrRey1f(Xy) — gk(Xk)f)kék—Hf(Xk)”p,
95(Xi)PrRics 1 f (X5) — g1 (Xi) B[Py Ry £ (Xi) | X0 ]l
1 (91(X0) = 98(%) ) B[Pk Res1 £(Xi)| Xl

g (%8) (PR S (X0) | Xe] = Bl f(Xir)| X)) I

IN
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which gives, using E[PyRp41f(X1)|Xk] = E[Ris1f(Xt1)| Xk according to (1.2.15):

| Ry f(Xk) — f%kf(Xk)Hp < lgrlloo(2 = 02,p) [Pk R 1. flLipl Akl

H[ Rer1.flloolgr] Lipl | Ak lp
Hlgkllool Ricer £ (K1) = R S (K1) s
L((2 = 02p)K[Rt1.fLip + [[Bi+1flloo) | Akllp
FL| Ricsr f (Xirr) — Bt f(Kisn) -

IN

Now, applying Lemma 1.6.1 we establish:

R A n—1 '
1Ref(Xk) = Ref (Xl < D L7 (2 = 02p) K [Rjea flLip + | Ry flloo) 181
j=k

FLVRHE F(X) — HEF(X0) s

k,n
< ZCj HAjth
j=k
where:
chn < [PH@ K s i 4 Wi fl), kim0
T LR HT f Ly J=n.

From equation (1.6.5), and using [Ry f]rip = ||DRkf||s, we derive that for every k < j <
n — 1

K" -1

J - K-1

chn < pikt ((2 — 02p) KGHL" 71 +1)+ G?L"‘j_1>

K7 -1
< GH2 =)L h <K k-1 1)
anj+1 -1
—k
S G- 0y I —
As we have for the last step:
Ckm, < Ln—an < Ln—an 2§
n —_ f —_ f( 271’)'

Then we have for every k < j < n:

Lnfk Kn_j+1 -1

k.n n
CEm < GH(2 — 6ap) —
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A.2 One step iterative first order scheme constants

Proposition 1.6.2 For 0 <k <j <mn:

(LK)j—k—l-l -1 Kn—j—H -1
LK —1 K-1

(LK)i=k+t — 1 3K+t — 1 (L)J=F —1
LK —1 3K —1 L—-1

D™ < o, GFL™H( (1.6.7)

k, n+5 —
M;" < — L Fap G ). (1.6.8)

Proof.
We start by establishing (1.6.7). To this end, we recall inequality (1.3.10):

[Akll, < (IDRis1lloo0s Fret1]Lip + K2DRisr flrip) | Akllp
L (CEL™ + K(DRys1flip + DRkt flloe)) 1Akially

n
k+1, 2
+L Z Cj+ n||Aj||p+LK”Ak+1||pa
j=k+2

and then apply Lemma 1.6.1 to write || A, < D ikt Df’" |Ajl|p, with:
Dy < L(ID Ry flloo@a Fita] Lip + KD Ry flLip),

k. k1,
Dy < (LK + DL (CE" + K(IDRgafluip + IDRks1 fll) )

(LK) R — 1Ck+1,n
LK —1 J ’
which yields, using inequalities (1.6.5):

Dyr k+2<j<n, (1.6.9)

D™ < L([00Filbiy + K2)upss

= Lip
—k 1 2y m BK)"F —1
< L"([0cFrpa]pp + K )G?W’
kmn n—k n ank —1 (3K)nik —1
3K) k-1
< L"MLK 4+ 1)(2 - o) BT 1
k,n n—k (LK)j_k+1 -1 n Kttt :
.’ < - — _ <9 <n.
D] < L TR 1 Gf(2 d2.p) T k+2<j<n
Here we used K";(jjll_l < (3K2,:;gil_1, which allows to establish inequality (1.6.7). Now

for (1.6.8), we apply Lemma 1.6.1 to inequality (1.3.18):

Viflly < (DRwflLip + LEKug 1) [ Akll3,
k
+L (2DRus1 flrip + 3 Smis DF ) 1Ak 113,
k+1,
+%LZ?:1€+1 Dj+ "[1Az113,
+L|[Vit1.fllps

(1.6.10)
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which yields:

where:
k.n
Mk

k,n
Mk+1

kn
Mj

MPEn

IN A

IA N

First Order schemes
n
k?
j=k

DRy flLip + LK up41,
L(L+1) (2D Ris fliip + DER" + 3 X5 D)

- (1.6.11)
LLEDI kr2<j<n-,

n—k__ k _
%LL_l 1Dn+17n +L" k[DH;Llf]sz

For this last term, we use for ||V, f||, the upper bound given by (1.3.12) applied at k& = n.

In particular, we have:

k,n
Mk

M

Furthermore,

n
Z D?+1’n < apG}LLn—k—l(

j=k+2

<

IA

IN

IN

IN

ug + LK ugq

n—kn (3K)n7k+1 —1 (3K)n7k —1
L Gf< sk—1 N 3K

BK)nkarl -1

2Ln—k n (
L7k 1 LK) =% -1 Kr=+l 1
il osz”}L"_k_l(( )
2 L-1 (LK) — 1 K—1
Lnfk Gn(Ljkarl -1 (LK)jfk -1 anjJrl o 1)

9 UV (LK) — 1 K—1 7

k+2<j<n-—1.

(LK% -1  Kr—+l 1
LK —1 K—1

2

b1 Kn—k-1_1 n—k— .
oG M () > (n—k-j-1)(LK).

IN

J=0

Then, using inequality (1.6.12), we have:

MFn

k+1

<

IN

Kk —1

L(L+1) (2uk+1 +apGPL" M HLK + 1)ﬁ
1 e (LK% -1  Kr=F1_1

~opGRL" (- k-1
TGy (n TR k=1
3K)" R —1 Kk —1
LR+ 1 " 2(7 LK +1)———
(L4 1)y Gy R G iy |

2

1 KR "IN A
il e E A J
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—k—2
k. Lk BK)*k—-1 Kvk_1" n—k
Myl < LRI D)0GY | 25—+ () D~
j=0
_ —k+5 (BK)"* -1 (LK) % -1
< " k L 1 n T
Finally,
Mk:,n < £Ln_k -1 a GnLnfkfl((LK)n_k — 1) + GnLnfk
n= 2 L[-1 L) (LK) —1 !
Ln—k Ln—k -1 (LK)n—k -1
E— 2
= Gf(“” L-1 ' (LK)-1 )+>

Then, inequality (1.6.8) is proved.

A.3 Two step iterative first order scheme constants
Proposition 1.6.3 For 0 <k <j<n:

(3K)" 9+ — 1

k.n —k
D" < sy G

J
(L)j—kz-i-l -1 (3K)n—j+l -1

M < oG (n + 1) L"F
N L Gy 3K — 1

)

Proof.
The proof is analogue to that of proposition 1.6.2.
We first reconsider inequality (1.4.17):

1Aksilly < LE(ups2 + [DRpaflloo) [ A llsp

n
k+2,
+L(¢p + 1) Z Cj+ 114 sps
j=k+2

to write:

n
i k41,
lAsilly < D2 D7 1A g,
j=k+1

where:

Dy < LK (ujso + |DRpgaf]lo),
DY < L(ghy + )OS k+2<j<n.

71

(LK)

(1.6.12)

(1.6.13)
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So in more details, using inequalities (1.6.5), we have:

k+1,n —k—1 (SK)n_k —1
Dk+1 < 2LKugyo < QKG}LLn T3k 1
Kn—j—l—l —1
D;?'H’” < Ln_k_l(wp +1)(2 - (5271))6??; k+2<j<n.

This leads to result (1.6.12).

Now, according to (1.4.18) Mf’n will express as previously, the difference is introduced by

D;?’n expression. So plugging (1.6.12) into (1.6.11) yields:

B BK)n—k—H -1
P 2T e )
k,n e BK)"TR -1 e BK)R -1
1 (BK)"k-1 -1
_ (BK)"F —1
ko LIk o1 (BK)"TIH -1
M < - GHL" -_—
i = 9 L1 \"" T
Lk LJ—k+1 _1q 3K+ 1
< a0y B ,
2 L1 (LK) — 1
kE+2<j<n-1,
LI k-1
k, ~ —k—1 —k
MEm < ST (apGpn 1) + gL
Lnfk Lnfk -1
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Appendix B : The particular case of diffusion discretization

We treat the particular case where the signal equation is a diffusion. Namely, we suppose
that the signal process has a continuous time evolution, within ¢ = 0 and a fixed horizon
T > 0 which follows the stochastic differential equation:

dXt = b(t,Xt)dt+U(t, Xt)dBt, (1614)

where B; is a Brownian motion, b : [0,7] x R? — R? and o : [0,7] x R? — M, 4(R) are
continuously differentiable functions with bounded Lipschitz continuous derivatives with
respect to x uniformly in ¢ € [0,7]. In addition o will be assumed to satisfy a uniform
ellipticity condition :

H 3’ There exists ¢ > 0 such that for any x € R? and t € [0, T7:

U(ta JI)O'/(t, ‘T) > cly

The observation being in discrete time, we proceed to a time dicretization via a Euler
scheme of step § = % In some situations, it is however possible to consider the diffusion
itself at times k9, k = 0,...,n. This is the case e.g. when there exists a Borel function
©:[0,T] x R* — R? such that X; = ¢(t, By).

We define the discrete time process X by:

Xip1 = Xk + be(X3)8 + 0 (Xi) Ver1, (1.6.15)

where €41 = W are iid, independent of Xy such that e, ~ N(0,I;), and for
k=0,...,n—1, bg(z) = b(kd, z), o(x) = o(kd, ).

Our aim is to establish properties of P required to apply Theorem 1.3.1 and Theorem
1.4.1 to the Euler scheme case. This also specifies the dependency in the time step § = %

B.1 P, properties

With respect to the previous notations, we denote the Euler functional by:

Fi(x,¢) = x + by(2)d + op(2)Vde (1.6.16)

and the pdf of N(0, ;) by p(e) = \/;d exp(—'%),

In the particular studied case, assumption H4 is always satisfied and, for every Lipschitz
continuous function f, we have:

DPy f(z) = —E[(f 0 Frs1(, eps1) + CF(2)) Uil 1)),
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where ¥y, : R x RY — R? is such that, for every = (z',...,2%) and e = (¢',...,&%):

Ui(z,e) = S, (8%1; elgil(e )) (1.6.17)
We note that, according to equation (1.6.17): V 0<k <n,V x,e¢€R®%
[Wh(z,9)] < C(Vale| + e,
The following result is adapted from Proposition 2 in [6]:

Proposition 1.6.4 Assume f : R — R Lipschithz, then Py f is differentiable and fur-
thermore:

IDPflloe < Coplflrip and [DPrflrip < CopvVnlflLip (1.6.18)

Proof.

We will temporarily consider d = 1 to alleviate notations. The obtained results can then
be easily extended to the multidimensional case.

First, for all 2,2’ € R:

Pef(z) — Prf(a) <[fI1pE|Fk(z,e1) — Fr(a',e1)]?
< iy (U4 r]zipd) |z — 21 + blow) e — 2/ PE[e]])
+[f ]Lin\[ (:c — x4 dbg(x) — (5bk($')) (op(x) — O'k(l‘/)) Ele1],
——

=0

Then,

IDPyflloo < [Prflrip < [f]up\/(l + (2[bkLip + [ok]3,,)8 + [bk]%zpﬁ) (1.6.19)

Since H4 is satisfied, we can use equation (1.4.2) to write:
DPy f(x /foFk 2, £) Uy (2, £)p(e) de, (1.6.20)

where Wy(z,¢) = D2 (1 — ¢2) - VATV @)V6
For all € R we have E[Uy(x,e1)] = 0, E[| U (z, 51)H < Cy/nand E[|le1 Uk (z,21)|] < Cy/n.

Consequently:

IDPyf(z) — DPyf(2")] <E[fo Fy(z,e1) — fo Fp(a',e1)|[Wp(x,e1)]] (1.6.21)
+ [E[(fo Fr(2',e1) = f o Fi(x,0)) (Pr(x,e1) — U2, e1))]| (1.6.22)
+ |f o Fy(z,0) E[Wy(z,e1) — Ui(a',1)] |. (1.6.23)

—~

=0
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On one hand, for term (1.6.21) we have:
E[lf o Fi(x,e1) — foFu(a,e)l[Wi(z,e1)l]
< [l (0 + BilpD Bl 2] + o] VOB ()] o ]

On the other hand, for (1.6.22):

El| (Fr(z,e1) — Fr(x,0)) (Pr(z,e1) — g(2',e1)) |]
< (14 [ba]Lip®) B[Pk (2, €1) — g (' e1)[] |z — 2]
+E[|ox (") Voer (Wp(a,e1) — Up(a/,e1)) []-

Considering that:

El|log(x)Voer (U (z,e1) — Ug(a',e1)) |] <

\/SHT/”EOO ([DJ]C]LZ‘pE‘El(l — 5%)’ + [Dbk]Lip\/SE“glF) ‘.%' - 1'/’

+ \/S[U]jgipE[|€1ak(a:')\I/(x’, e1)|]|z — 2|,

yields to derive the announced results. O

Remark 1.6.2 From (1.6.19), we note that for k € {0,...,n — 1}, [Pkf]]zip <C.

B.2 Case of a constant diffusion coefficient

In order to satisfy the assumptions needed for the one step recursive quantization based
schemes; we have to consider the following alternative assumption:

H 2” o is constant and b € C;Lip‘
Hence, we have
OpFiet1(z,y) = 14 Dbg(2)S,
so that, [83;Fk+1]}:ip =1+ 9Db]1ip and [|03F oo = 1 + [|Db||o-
In this very particular case, we can get rid of n dependency in (1.6.18) by writing:
IDPiflrip < [0aF]LiplDS oo + 102 Flloo[DfLip
< ([9F Ty + 10:Flloo) D f oo V DS ] iy (1.6.24)
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Chapter 2

Quantization filters and particle
filters : a comparison approach

Prépublication du laboratoire de Probabilités et Modeéles Aléatoires [53]

We rise a comparative study between two different approaches to construct non linear
filter estimators : on one hand grid methods using zero order and first order quantization
schemes, on the other hand particle filtering algorithms using sequential importance sam-
pling or resampling. For each method, numerical implementation is explicited in addition
to convergence arguments and algorithmic complexity. Numerical examples are then given
over three state space models: the Kalman filter case, the canonical stochastic volatility
model and the infinite dimension explicit filter introduced in [18].

Key words: Nonlinear filter, quantization schemes, particle filtering, importance sam-
pling, Kalman filter, stochastic volatility, infinite dimension filter.

7
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2.1 Introduction

We consider a fixed discrete horizon n € N* and some probability space (€2, F,P). A signal
process is an R%valued discrete time hidden Markov chain (Xk)o<k<n evolving according
to the following signal equation:

Xk—i—l :Fk+1(Xk,Ek+1), nggn—l, (2.1.1)

where F, : R? x R? — R?, is a Borel function and (€k)1<k<n is a sequence of independent
identically distributed (iid) R?-valued random variables, independent of X. The distribu-
tion pp of Xy is supposed to be known. Furthermore, Py (z, dz’) will denote the probability
transition of X, and:

o f = /Rd f@)po(dz) and Prf(x)= /Rd f(@Py(z,dx).

At each time step k, an R¥ -valued noisy observation Y}, is made. The (Y% )o<k<n dynamics
are driven by a Borel function Gy : RY x R% x R? — R? such that

Vi = Ge(Yio1, X, i), 1<k <n, (2.1.2)

where (1) is a sequence of iid R? -valued random variables, independent of o(Xp, e, k > 1).
We assume for convenience, that Yy = 0 and that, for every 1 < k < n, the distribution of
Yy given X and Y;_1 admits a continuous conditional pdf y — g (Yi_1, Xk, y). Further-
more, we assume that g satisfies the following Lipschitz assumption:

Vo, o' e RY, Yy, y € RY,

9k (v, 2, 9') = gy, 2", )| < [gn]7), lo — =

‘| and LYY = max sup |gp(y, 2, y)| < +oo.
0<k<n ;cpd

RTS

Remark 2.1.1 As the observation process is fixed, we will drop the dependancy of [gk]Lip

/. . .
and LYY in (y,y') for notational convenience.

The problem we aim to solve is to compute

an = E[f(Xn)‘Yl =UYi,-- -;Yn = yn]a

for an appropriate Borel function f : R¢ — R and a given observation sequence yi., =
{y1,...,yn}. Througout the paper, we will use capital letters to denote random variables
and small letters to designate their realizations. We will also denote by x +— p(x|y) the
conditional pdf of a random variable X given that Y = y.
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2.1.1 Sequential definition

In order to implement some numerical schemes solving the filtering problem, it is important
to see that a recursive formulation of the problem is possible owing to the Markov property
of both the signal process (Xx) and the pair signal-observation (X, Y%). To establish it
we set p(xg|y1.x—1) and p(xg|yi.x) respectively the prediction and the filtering pdf, for
1 <k <n. Then for a test function f with sufficient regularity properties, we have:

Elf(X)Y1 =y1,. -, Y1 = Yk—1] /f(ﬂffk)P(xﬂyl:k—l)dﬂﬁk,
E[f(X0)IYi = g1, ..., Vi = 1] = /fuwmmwmmm,

Using the Chapman-Kolmogorov formula and the Bayes formula, we can establish the

following recursion:

Prediction
p(Tk|y1:k—1) = /p(xk’xk—l)p(xk—l|y1:k—1)dxk—1- (2.1.3)

Updating/Correction

p(zk|yrn) = p(yk’$k7yl:kfl)p(l'k‘ylskfl) _ gk(yk,l,xk, yk)p<mk’y1:k71)
: [ p(ler, vk )p@rlyie—1)dze [ gxWr_1, 2 ye)p(2k|yrr_1)doy
(2.1.4)

Denoting by « a generic constant depending on the fixed observations, we can derive by
induction from (2.1.4) that:

n—1
pantyin) = o [ T ontonos.on mp(onlon)dzgpo(dzo). (2.15)
k=1

Then, it easily derives from the Markov property that:

n—1

/f(xn)p(xn‘yl:n)dxn = « E[H gk(yk—la Xk7yk)p(Xk’Xk—1)]-
k=1

This suggests to consider the so called unnormalized filter m,, defined by:
n
mnd = ELF(Xn) [ ] or (i1, Xeo )]
k=1

Setting f = 1 shows that the normalization constant equals ?11 Finally one gets

f

Tl

L, f =
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Remark 2.1.2 For convenience, the dependency of II,, and m,, in the observation process
has been omitted, as it is fixed. For the same reason, we will denote gx(x) := gk (yx—1, %, yx)
for 1 <k <n, and gg :=1.

Prediction equation (2.1.3) and update equation (2.1.4) can merge to write a one step
transition equation, linking p(xg|y1.x) to p(xx—_1|y1..—1) (and consequently the intermediate
filters 7 to mr_1).

p(zrlyie) = a p(xr—1|y1:6—1)P(Wk|Tk, Yye—1)p(@kK|TK-1) (2.1.6)

By introducing the operators (Hy)o<k<n defined below, a sequential definition of the un-
normalized filter m, can be given.
Namely, if one defines, for any z € R%:

{ka(iv) = gk (XK E[f (Xp41)[ Xk = 2], 0<k<n-—1, (2.17)
Hy f(z) = gn(2) f(2),
then we have
Tnf =poo Hy---o Hf. (2.1.8)
Consequently, we can write sequentially, either in the forward way:
UQ:,U,()OH(), Uk:kalona 1Sk‘§n—1, (219)
or in the backward way:
R,=H), Ry=HpoRpy1, 0<k<n-—1, (2.1.10)

so that m,f = poRof = Up—10 H] f.

As we can see, the operators involved in the sequential definition of the filter have to
be estimated numerically. Both methods we will present and compare below follow two
different known approaches to approximate a conditional expectation. The first one, the
quantization filtering method, is a grid method to transform an expectation into a finite
weighted sum. These grids and their companion weights can be pre-computed and stored off
line. As concerns filtering, this method has been introduced in [41], where the authors use
optimal quantizers to construct what we will call a zero order quantization filter. Further
developments of this method can be found in Chapter 1, where the stationary property of
optimal quantizers is used to develop some schemes based on first order approximations.
In section 3, we recall the construction of these schemes,; as well as the most important
convergence results. Section 4 deals with the second filtering apporach we will be interested
in. It is a Monte Carlo particle method using importance sampling to simulate random
grids. This method has been deeply developed by practionners of filtering in different
application fields (see [15]). Two algorithms will be focused on, the sequential importance
sampling (SIS) and the sequential importance resampling (STR).
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2.2 Quantization based filters

2.2.1 Zero order scheme
A process quantizer size (Ny)o<k<n being fixed, and a quantizer I';, being precomputed,
we set (Xk)ogkgn a marginal quantization of (X)o<k<y, defined by:

Xk = Projr, (Xk).

Quantization filters are constructed using recursive schemes. The zero order scheme intro-
duced in [41] uses quantizers to approximate operators Hj, by piecewise constant operators
defined on the grids I'y. Namely, we define:

Hef(Xe) = ge(XOE[f(Xen) [ X, 0<k<n—1,

2 . N . . (2.2.1)

So, defining fig as the (discrete) distribution of X, we have respectively the following
forward and backward iterative approximation schemes :

Uo=jwHy, Upy=Up10H,, 1<k<n-—1, (2.2.2)
and . X X .

R,=H', Ry=HyoRp,, 0<k<n-—1, (2.2.3)
so that

72(77,.](‘ = /lOROf = U?’L—l S Hr?f

This formulation of the zero order scheme provides an implementable solution to the non
linear filtering problem. This scheme consists of a recursive procedure based on weighted
sums involving the optimal quantization grids and some weights, which only depend on
the signal distribution. These quantities are usually computed off line, since they do not
depend on the observation process.

To be more specific, we denote I'y, = {z}, ..., xiv’“} and pzj =E| }|Xk =zi] € R,

1{Xk+1:95i+1
then the implemented forward algorithm writes as Algorithm 0.

Note that (ﬂ%)lgz‘gNo designates the vector of discrete probabilities : ,&6 = P(Xo €
C;(T¢)). The use of the backward formulation (2.2.3) associated to the L?-optimal marginal
(Ng)-quantizations of (Xj), allows to establish a convergence rate to zero for the error

estimate, for a Borel test function f satisfying H' f bounded Lipschitz continuous, when
the quantizer size N = _;'_, Nj goes to +00. Namely,

|7Tnf - %nﬂ = O(N_l/d)a

(see [41]), with a constant depending on the observation vector and on the time horizon n.
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Algorithm 0 Zero order quantization based algorithm

k= 1§1§N0and1§]§N1
Uo(j) = 20 itypg)
0<k<n-—2 1<i< Nyypand 1 <5 < Niso

l?kﬂ(iaj) = 9k+1(ff7i+1)2?2j+1

Uk1(j) = Soivt, Hiya (i, §)Uk(4)
k=mn 1<7< N,

Hp f(xh) = q(%)f(%)

2.2.2 First order schemes

In order to obtain better convergence rates, we introduce first order schemes (see 6, 43| and
Chapter 1). The main idea to develop them is to write a piecewise linear approximation
of Ry f, mimicking some first order Taylor expansion (see |6, 43]) and using differential
terms to introduce first order correctors. The generic first order scheme could be written
as follows:

ﬁnf()zn) = H}}f(f(n),
Rif(z}) = gp(@L)E[Rks1(Xk+1) + (DRps1 f, Dpy1)| Xy = 2], (2.24)
0<k<n-—1.

where 5\Rk+1f is a numerical approximation of DRy 1 f when it exists and < .,. > denotes
the Euclidean inner product in R
A first order quantization based unnormalized filter estimator, is then defined by:

#nf = fioRo -

The way the approximation ﬁ%kﬂf is defined leads to several variants. To establish
error estimates, one makes an extensive use of the stationarity property of L?-optimal
quantizers i.e.

E[X5| Xi] = X (2.2.5)

In the following, we will present the two schemes constructed in Chapter 1: the one step
recursive scheme based on a recursive definition of the differential term estimator Z/)]\i’,k and
the two step recursive scheme based on an integration by part transformation of conditional
expectation derivative DP Ry 1.

To establish such first order scheme, we need F}, to be differentiable and the test function
f to satisfy H,!f differentiable with continous Lipschitz bounded derivatives (in Chapter
1, we see that we can relax this assumption in case of regularizing semi-grroups Py).
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2.2.2.1 One step recursive first order scheme

The recursive definition of the differential term estimator is given in Chapter 1 by:

DRy f(Xk) = Dgi(Xi)E[Rp1 f(Xp1) | Xn] + g (X0)E0r P (X, £441) DRt f (X1 )| X
k=0,....,n—1.
(2.2.6)
Combined with (2.2.6), scheme (2.2.4) is completely computable, as it can be rewritten
easily using finite weighted sums. The first order corrector terms introduce new companion
parameters 'ylij, and 5;3 defined by:

VW= E[aka(Xka5k+1)/1{j{k+1:xi+l}‘xk = 1}] € Ma(R), (2.2.7)
o = E[Ak—&-ll{)‘(kH:xiHﬂXk = 3],

. . ) d
E E[(Xk+1 — xi+1)1{Xk+1=$i+1}|Xk = :UZ] € R%,

which can be computed off-line during the quantization operation. The on line computa-
tion cost is reduced to the computation of fzk, Ry, and ﬁk operators.

Moreover, the resulting scheme can be reformulated in a forward way, which allows to con-
sider problems with intermediate filtering dates or multiple test functions without adding
heavy computations. The implemented algorithm, Algorithm 1, uses a forward formulation
based on matricial operators (see Chapter 1 for details).

FORWARD EXPRESSION

Z;Io:,&oﬁo and z]k:zftk,ﬁk k=1,...,n—1,

g o 0
where ﬁk is a lower triangular operator matrix defined by 7'A[k = ﬁ,z fI,Z’ 0
0 H! H}

Using some additionnal assumptions on Py, g and Fj (see Chapter 1), we establish

i

for L?-optimal Nj-quantizers of (X}), that:

|Tnf — Fuf| = O(NT).

2.2.2.2 Two step recursive first order scheme

This method is based on an integration by part formula (see [6, 7, 3]) which leads to write
DP Ry 1f as a weighted conditional expectation, namely:

DPy Ry 1 f(x) = E[Rpq 1 f(Xpg1) U (X, €41) | Xn = 2],
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where Wi (Xy, eps1) = (Vi(w,€))o<ica and

7ORYxRY — R
(r,8) — div (0-F(z,e) 19, F(x,¢))" + ﬁ((asF(x,e)_lﬁmF(x,s))z,DP(€)>
p(e
where (0-F(x,e) 10, F(x,¢))! designates the i line of the matrix (0.F(z,¢) 10, F(z,¢)).
Note that some assumptions on both Fj and the signal innovation pdf p are needed to

allow such a transformation (see Chapter 1 for details). The resulting formula for }?ik,
0 <k <n-—1,is consequently:

R f(Xk) = gu(X)Pr Ry f(Xe) + g2 (Xi) x
(EHDgrs1 (Xt Prsi Reraf (i), M) K] = EL (g (X)) x

E[Rpof (Xns2) Wiar (Xsr, ep42) | Kea], ) [ Ka]) - (2:2.8)
This formula introduces a new weight )\Zj:

A = E[‘Ijk(Xka5k+1)1{f(,€+1:xi+1}’xk = z}] e R
Depending only on the signal parameters, it can be precomputed like p?cj and 5,? and kept
off line in accessible tables. As for the previous first order scheme, a forward transcription
of the scheme is possible using finite weighted sums which gives the following implemented
algorithm, Algorithm 2.

Under some additional assumptions on the weight function Uy, we insure a convergence

_2 1
rate of order N~ @ where p €]35,1) (see Chapter 1).
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Algorithm 1 One step recursive 1st order quantization based filtering scheme

k=0 1<i<Npand 1 <5< N
U () = 2N whpy U3 (j) =0 e R
U(5) = S0 piyyg U3'(j)=0€R
U3(5) = SN0, 1oy U3 (5) = U3*(5)

0<k<n-—-2 1<Z<Nk+1and1<]<Nk+2

Hkﬂ(z j) = 9k+1(93k+1)pk+1 I:{]ngl(i,j) = D9k+1($2+1)2?2]+1
H1<:+1(Z j) = 9k+1($k+1)’7k+1 H1§+1(i7j) = 9k+1(337i;+1)511€]+1
ULk () = S U () HL L (6, )

U2, () = S URM () HL (i 5) + UP () HE 4 (i, )

U22,(7) = S U () HE, (i, 9)

URLL(G) = S5 URH @) H]y (6, g) + (UF(0), HE 44 (6, 5)

U2,(7) = i HY L (1,5)UF2(0) + UP ) HE (i, 5)

UB () = S UB )AL, 9)

k=n H f(wh) = gn(ah) f(xh) - Hf(xh) = ga(ah) f(xh)
fnf = SN (U (5) + USL (5) Hir () + (U2 ,(§), DHJ f ()

2.3 Particle filters

In this section, we provide some background on two classical Monte Carlo particle methods
for non linear filters. Based on online simulations, this approach provides, like quantization
based methods do, a reformulation of conditional expectations as finite weighted sums.
This time the sum terms are random variables. The following subsections deal with two
basic particle filtering methods using an importance sampling technique.

2.3.1 Sequential Importance Sampling (SIS)

Suppose we are able to simulate N independent random vectors (Xi)lgigzv, distributed
according to £(X,|Y1 = y1,...,Yn = Yn). An estimator ITIY f of the filter would be:

1 N
=52 F(X)
=1

In other words, from a quantization viewpoint, we approximate the a posteriori distribution
by the set of random samples X* with weights % This estimate is unbiased and its rate
of convergence is ruled by central limit theorem (see e.g. [49, 15]).

Unfortunately, the initial assumption that the distribution £(X,|Y1 = y1,...,Yn = yn) is
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Algorithm 2 Two step recursive 1st order quantization based filtering scheme
0<k<n—2 1<i<Ng1<j<Ngyiand1l <1< Ngyo (go:=1)
H)\(i,5) = g(«})py!
HE(6,0) = gi(h) X5 (0 D (1) = g ()M 1.6

Initial 1<j<Niand1<I< Ny
o) = Xl g Ho (6,3)
F(1) =2 i HE (i)

Transition 1<k<n—2,1<j< Nggppand 1 <1< Nigyo
o NPl Nig1 £ LN .
13+2(l) = vazkl ng(% QUI% (1) + Zj:k1+1 HliJrl(]v l)szﬂ(J)
1% ) =24 HI}:('L.J)UI%—I(’L.)
Final Hy f(wh) = gu(@l) fah)  DHZf(ah) = f(@h)Dga(wh) + ga(wh)Df(ah)
fnf = Y00 U2(H)Hy f (h)+
No1 7 . i " n i g n N
2o ' U%—2(Z)9n71($n—1) Zjvﬂ (Hn (55%)1%34 + (DH,, f(ﬁz)»‘snj—ﬁ)

simulatable is usually not satisfied. This distribution is unknown as it is the one we aim
to approximate by the filtering procedure. In simulation, this problem is often overpassed
by applying an importance sampling procedure [49]. Namely, we choose a simulatable
distribution q(zy|y1.), which we will call importance distribution and write:

an_/f(xn)w(xn)q<mn’3/0:n)dxna

— p(x‘y():n)
) q(x|y1:n)
by (X*)i<i<n N iid samples of distribution ¢, a new definition of the filter estimator can

where w(x) will be called the importance weight function. Now, if we designate

be given by:
N
I =) F(XDw(XY).
i=1

We approximate the a posteriori distribution by the set of the N random samples (or
particles) X? and the associated importance weights. In our case, we always know a
distribution which can be chosen as an importance distribution: that of the hidden signal
(Xk), so we define:

n

Q(«TO:n|y0:n) - p(mlzn) - ,U/O('TO) Hp(xklxkfl). (231)
k=1

This choice gives the advantage of making possible a sequential approximation of the
particles and weights {z%,wg ()} via simulation, by the use of the prediction and update
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equations (2.1.3) and (2.1.4). At each time step 0 < k < n, we simulate an N-sample
(X¢.,) having q as a pdf. The filter estimator at each date 1 < k < N is then:

N
N f =37 F(X)wn(Xi),
=1

with the sequential update equation for the importance weights:

P(fg41)
(@ |y1r)p (W1 |21 ye) (2 4|2
p($2+1|1:2)p(1’6:k)
= a wr(@hp)ghr1 Uk Thop 1, Yht1) (2.3.2)
Wi (%) Gh41 (Y Thoy 15 Ykt 1)

N - -
Z¢:1 wk(%)gkﬂ (Yn, $2+1, Yk+1)

W1 (Thepy1)

and Wh1(Thpi1) (2.3.3)

Hence, we can implement sequentially Algorithm 3.

Algorithm 3 Algorithm SIS

e Simulate from the signal initial distribution {(z)1<;<n, %}

x At a given date 0 < k <n — 1, we have {(xf;)lgigm (Wi)1<i<N}

e Simulate particles x| ~ p(zgy1|z},)

e Update weights using equation (2.3.2) and (2.3.3), with the observation yx1
e Go to x for date k 4+ 1

The convergence rate of the method is independent of the signal dimension, since it is of
Monte Carlo type. For each bounded continuous test function f, we have:

\/%anoo- (2.3.4)

where m,, is a constant depending on n and on the observation.

[y, f — g7 f1] <

2.3.2 Sequential Importance Resampling or Bootstrap filter (SIR)

The method described previously suffers from the problem of weight degeneracy, as the
sequential definition implies to multiply repeatedly the likelihood terms. This produces
sometimes particles with very small weights, that we carry out throughout the estima-
tion although their contribution to the distribution description is negligible. This problem
occurs for example when the importance distribution is badly adjusted to the filter distri-
bution.

One solution to the degeneracy problem is introduced in |24, 1]. It suggests to diffuse
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sequentially equally weighted particles by adding a resampling step to the previous algo-
rithm. This new method called Sequential Importance Resampling (SIR) or Bootstrap
filter uses interaction between particles to eliminate weakly weighted ones. As an intereac-
tion phase is introduced, samples are no longer independent and Monte Carlo arguments
cannot be used to establish a convergence rate like in the previous case. Nevertheless, in
[15, 36, 14], it is shown that by the means of convenient resampling procedures, for example
the multinomial sampling procedure, a convergence rate of type (2.3.4) can be established.

Algorithm 4 Algorithm SIR

e Simulate from the signal initial distribution (z})1<;<n

x At a given date 0 < k <n — 1, we have (l‘fe)giSN
e Simulate particles zj_ | ~ p(z41]7},)
e Update weights using equations (2.3.2) and (2.3.3), with the observation yy1
e Resampling step:
Simulate N samples iiﬂ from the discrete multinomial distribution

with parameters (W} 1)1<i<n

i
e Go to * with date k + 1 and modified particles (mZ‘_‘ﬁ)lgjgN

The choice of resampling procedures, also called branching methods, can be conditionned
by variance reduction criteria, numerical complexity or convergence rate preserving |14,
15]. The common point they share is that they aim to obtain an unweighted empirical
distribution to sequentially approximate intermediate filtering pdf. Namely, they achieve
that E[l{zfc:z}] = wlzc'

2.3.3 Elements for a comparison

As mentioned above, the underlying principles of numerical methods in sequential non
linear filtering are the same (see |34]). Both particle and quantization based methods use
the approximation of the objective distribution by a finite state one, so that the final ex-
pression of the filter estimator appears as a finite weighted sum. The difference lies in the
construction of such an approximation. For quantization filters, we use off line precom-
puted marginal distribution quantizers. For particle filters, the grids are random samples
of the same distributions, that need to be computed on line.

Following this remark, we see that both approaches are similar, and we expect that they
behave the same way when treating comparable state models and observations. However
some differences deserve to be pointed out.

As a probabilistic method, particle filters give a random solution to the filtering prob-
lem. This is a point we do not have to manage when treating with quantization methods.
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Algotithm 0 | CoN?
Algotithm 1 | C1N2d?
Algorithm 2 | CoN3d
Algorithm 3 | C3N
Algorithm 4 | C4yN

Table 2.1: Comparison of complexity degrees for different numerical filtering algorithms

Conversly, being based on Monte Carlo convergence arguments, particle methods do not
suffer from dimension dependency when considering their theoretical convergence rate,
whereas quantization based methods do depend on the dimension of the state space. Con-
sidering the theoretical convergence results, quantization methods are still competitive till
dimension 2 for zero order schemes and till dimension 4 for first order ones.

From an algorithmic viewpoint, some more differences deserve to be mentionned. It is
about the complexity of each algorithm, summerized in Table 2.1.

Owing to the off line computations of the quantizer grids, constants Cp, C'7 and Cs
for quantization filters represent elementary operations computation cost. For particle
filters, C3 and C} include simulation cost, and could be dependent of N which results in
more complex algorithms. This occurs for SIR algorithm with some particular resampling
algorithms.

Finally, we should remark that quantization methods need smaller grid sizes than
Monte Carlo methods to attain convergence regions. This will be pointed out in numerical
results below. This fact, in some cases, compensates the relatively high complexity range
of quantization methods, particularily in low signal dimensions.

2.4 State Equations

We aim to compare numerical performances of the two approaches. In this paragraph, we
briefly present three models chosen to make up the benchmark. As a first step, we consider
the Kalman filter, a typical case where an exact explicit solution can be computed. Then,
we will consider a canonical stochastic volatility model, issued from the discretization of
a diffusion process representing an asset price dynamics on a financial market. We will
finally examine the nonlinear filter case introduced in [18] by V. Genon Catalot, for which
some semi-closed forms of the solution are available. It can also be adapted to treat asset
prices.
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2.4.1 Kalman filter (KF)

For this model, both signal and observation equations are linear with Gaussian independent
noises. It is well known that the filter in this case is a Gaussian process which parameters
(the two first moments) can be computed sequentially by a deterministic algorithm (KF),
(see e.g. [21] for details). We set:

Xp = pXp—1+0cpr1,  Xo~ N(mo, X5%0)
Yy = Xi + ang,

e and np iid ~ N(0,1y),

p, 0, a € MyR).

(2.4.1)

2.4.2 Canonical stochastic volatility model (SVM)

This is the time discretization of a continuous diffusion model commonly used in finance.
The stock price S; and its volatility oy solve the following stochastic differential system:

dSt = %O'tzStdt + O'tStthl, (2 4 2)
d(log(0?)) = —Nog(c?)dt + TdW2. .
So, the Euler scheme with time step A writes:
S
log(%5:%) = B .
log(oz,1) —log(o7) = —Alog(o})A + VAeji1.

where 7y, and ey, are iid (0, 1).

Now, setting Yy, = log(sg—:l) and X, = log(c?) leads to the following discrete time state

equations.
Xi = pXp—1+ Oegy1,
Vi = exp(3 ),
ex and np 1id ~ N(0,1),
p=(1-AA) and 0=r71VA€R:.
When A € (0,%) then p = (1 — AA) € (—1,1) and (X) is a positively recurrent
Markov chain which converges geometrically to its invariant distribution N (0, lf—;) (with

(2.4.4)

respect to the total variation metric). The non linearity introduced in the observation
equation makes impossible to determine exactly the filtering distribution. This is a case
where numerical methods are necessary to solve the filtering problem.

2.4.3 Explicit non linear filter [18]

In this example, we treat a non linear non Gaussian state equation introduced by V. Genon
Catalot in [18]. When both the noise distribution and the initial signal distribution are
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specified in an appropriate way, it is shown how to construct an infinite dimensional explicit
non-linear filter, in the sense that all parameters of the a posteriori pdf can be determined
by recursive explicit schemes.

For that we introduce the family of the so called Serial Gaussian distributions SG(02, (c;)i>0)
(see [18]) which probability density functions are defined by:

21 2

U 1 U
U o ———— exp(——=
; (A 0_21027: o 27‘( p( 20_2 )7

where:

o Oy = % is the 2i"" moment of a NV(0,1) distribution.

e Vi >0, a; > 0 and Zizo a; = 1. We will denote a = (;)i>0.
o 0> 0.

SG(c?, a) can be seen as a mixture distribution with a scale parameter o and a mixture
parameter «. In a filtering context, considering the following state equations:

ep did ~N(0,1),
where me did o~ B(£1,1) x ﬁ,

Xo ~ SG(03, (ad)ix0),

{Xk = pXp_1 + Ocpq
Y = Xpni

it is established that the filter distribution as well as the prediction one will be SG(02, (@;)i>0),
with parameters that can be evaluated sequentially. We will denote for 0 < k < n:

L(Xp|Yik) ~ SG(62,(65)is0),
L(Xp1|Yi) ~ SG(ofiq, (@F)is0),

where scale and mixture parameters are defined by Algorithm 5:

Algorithm 5 Explicit filter
Initial step : £(Xo) ~ SG(03, (a?)i>0)
Transition from date k£ to k + 1:

Update: 6:(Ye) = on ng;az
as(Yy) = 0
vy = aof L‘/%’“) where f;(z) = Qi)
¢ i1 Yiso ok fi \/?f,k ) ! (32—1—2)“'%
Prediction: U,%_H = 0>+ pQ&z

21 .
B+l _ Jeleg i(_ 0 \2(i—j) Ak i J!
a; = (0k+1) ijl- Cj(UkJrl) & where Cj = a0
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By construction, we see that starting from a special SG distribution, with finite number
of mixture parameters leads to a finite dimension filter.

Finally, we note that the conditional pdf of the observation Y given the signal X, is
independent of the past observations and writes as:

A2 A2
g\, Y) = T3 EXpl——7)-
(z,y) B ( )2 )

It satisfies the conditions to construct and establish the quantization filter convergence
rates (see Chapter 1).

2.5 Numerical experiments

2.5.1 Stationary suboptimal quantizers

Quantization based filters use precomputed quantizer grids and companion parameters.
Although this preprocessing procedure is done off line, it is worth noting that in some
cases, we can recycle optimal quantizers of standard distributions to construct stationary
suboptimal quantizers that preserve the announced convergence rates. In fact, suppose
there exists a sequence of affine invertible functions T}, : R? — R? such that X, = T}(2),
for all 0 < k < n, Z being a knwon distribution. Taking I' = {z!,..., 2V} an L2-optimal
N-quantizer of Z, we can define a stationary N-quantizer of Xj by setting:

N
Xe =D Tl o1 xpecyry = Te(2). (2.5.1)
i=1

This quantizer is no more optimal (in fact it is not even a Voronoi quantizer), but, since the
T}, are assumed to be affine, Xk still satisfies the stationary property. That is the property
needed to establish first order scheme theoretical convergence rate to zero. Namely, we
have :

E[X3| Xx] = Th(E[Z]2]) = Ti(2) = X;.

Furthermore, even if in this case Xk is suboptimal, owing to the optimality of Z, and to
the Zador Theorem (see [4, 25]), we have || X} — Xi|l2 = O(N_Tl). In fact we have:

1X5 — Xillo = |T6(2) — Te(2)|l2 < I THII1Z — Z]2-

This will be particularly interesting when we will consider for example linear signal dy-
namics with Gaussian innovations and Gaussian initial distribution. This is the case for
Kalman filter or for the canonical stochastic volatility model (see (2.4.1) and (2.4.4)). It is
also the case for particular explicit filter model, when the initial distribution is Gaussian
(i.e. SG(03,(a?);>0) where ap = 1 and a; = 0 for all i > 0). In these cases, X}, is Gaussian
at all dates and we can drastically reduce the offline computation runtime needed to im-
plement the quantization based filters since quantizer grids are obtained from the N (0, 1)
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ones by an affine transformation.

Another important case of interesting preprocessing optimization is the case of stationary
signal processes : the transition companion parameters do not depend on the time step
considered, so only one transition is needed. Namey, ]P)(Xk+1 = acJ]Xk = z') is the same
on the unique grid I' = 'y = {z',..., 2"} quantizing the stationnary distribution.

This is even more interesting, as it can be associated to the previous point. As-
sume for example that for any 0 < k < n, we have X ~ N(0,X'Y) where ¥ satisfies
Y'Y = (pX)pX + 0'6. In this particular case, we could first compute! I' an L2-optimal
quantizer of the centered reduced Gaussian distribution. The quantizers I';, are then de-
duced by the expansion I'y = ¥ x I'g coupled with (2.5.1), the companion parameters
stored off line are those of one single transition as they are time independant.

2.5.2 Convergence tests

We select the following three test functions:

fi(z) ==, fa(z) = |2, f3(x) = exp(=|z]).

For quantization based methods, as the schemes are deterministic, we simply need to study
the behavior of the filter estimators (or dierctly the errors when a reference value is avail-
able), as the total size N of the grids goes to infinity.

For particle filtering methods, as the estimators are random variables, the testing approach
is slightly different. In fact, we need to represent the empirical mean as well as a variance
estimate as functions of the particle number N. For that purpose, we simulate a large
number M of realizations of the filter random estimator, and represent the empirical con-
fidence interval containing 90% of the observed values. This is achieved by computing the
5% and the 95% centiles over the population of the M filter random estimator realizations.
These values will be represented as functions of the particle number N and the scheme
performance is measured with respect to the confidence interval length.

2.5.3 Results and comments
2.5.3.1 Kalman filter: d=1

True values are computed by the Kalman-Bucy filter algorithm. For particle methods, we
represent a realization of the filter estimator with 5000 particles. For quantization based
filters, the two first order schemes are compared to the zero order one with N = 100 for
all 0 < k < n (see Table 2.2).

'Optimal quantizers for the Gaussian distribution can be downloaded on
http://wuw.proba. jussieu.fr/pageperso/pages/
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’ (p,0,a, %) | (0.65,1.0,0.1,0.05) (0.996,0.0316,0.0632,0.7)
II, 10f1 Iy 10 f2 My10fs | Myosfi | Tlyosfo | Tyo2sf3
KF (Ref. Values) 0.0776126 0.9165 0.011546 | 1.01053 | 0.3643086 | 1.02273
SIS (5000 pts) 0.0605323 | 0.923421 | 0.0102159 | 1.08403 | 0.339045 | 1.17991
SIR (5000 pts) 0.0781505 | 0.915884 | 0.0115783 | 1.01208 | 0.363763 | 1.02594
QFO0 (100 pts) 0.077596 | 0.916493 | 0.0115486 1.016 0.36235 1.03397
QF1 1-step (100 pts) | 0.077601 | 0.916491 | 0.0115493 | 1.0121 0.363741 | 1.02593
QF1 2-step (100 pts) | 0.0776013 | 0.916491 | 0.0115493 | 1.0121 0.363744 | 1.02591

Table 2.2: One dimensional Kalman filter case.

2.5.3.2 Kalman filter: d=3

We still consider equation (2.4.1) with parameters:

0.996 0 0 0.02 0.02 0.01
p= 0 0.996 0 ,0=1 002 0.06 -0.01 and «a=Is.
0 0 0.996 0.01 —-0.01 0.04

The initial signal distribution is centered and Gaussian with covariance matrix:

0.11 0.23 de — 4
SSe=| 023 053 —8—4
de —4 —8e—4 0.0018
The chosen prior distribution is the stationary one. If we denote I' = {z',... 2"} the

L?-optimal N-quantizer of a centered reduced Gaussian distribution. At 0 < k < N,
X ~ N(0,%2(3) and according to (2.5.1) we define the marginal stationary (Nj)-quantizer

of (X%) as follows:
N

Xy = Z 202" (x50 Ci(1)) -
i=1

Although the quantization filter convergence rate and numerical complexity depend on the
signal dimension d, it remains interesting to apply them for medium dimension signals.
The chosen quantizers are not optimal but we obtain satisfactory convergence results.
Convergence errors are depicted in Figure 2.1 for fs and in Figure 2.2 for f3. From log-log
scale regression in Figure 2.1, we can evaluate the convergence rate improvement. The
Table 2.3 summarizes the computed slopes of the log-log regressions.

We observe nearly the expected theoretical results. A convergence rate of é ~ 0.33 for
zero order schemes, for first order schemes, the slopes are different from the theoretical one

% ~ 0.66, but still better than the zero order slopes.
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Or0 | Orl 1-step | Orl 2-step
-0.34 -0.52 -0.81

Table 2.3: Regression slopes on the log-log scale representation (d—3)

Figure 2.3 depicts confidence intervals over 5000 particle filter realizations and the
reference values computed exactly for f and approximated via a Monte Carlo estimation
for f3 (see numerical integration in the introduction). While SIS degenrates, SIR method
gives satisfying results. Compared with the quantization filters, it is important to see that
the range of N is different from one method to another when the same error range is
considered. The error reached by quantization filters for 800 points is farly less than the
confidence interval length given by particle filters with 7000 >> /800 particles.

2.5.3.3 Stochastic volatility model

In Figure 2.4 a comparison is made between particle filter methods over M = 4000 re-
alizations and quantization based ones. We note the degeneracy of SIS method. SIR
and quantization based methods converge to the same values. Furthermore, even for small
quantizer sizes, we see that quantization based estimations always lie in the confidence
interval of STR computed for large particle sizes (N = 10000).

2.5.3.4 Non linear explicit filter

For numerical application, we considered the case where the a priori signal distribution is
Gaussian. This is a particular serial Gaussian distribution SG(0?, (a;)i>0), where o = 1
and o; = 0 for all ¢ > 0. As it has been precised in paragraph 2.4.3, the model allows to
construct a semi closed solution to the filtering problem: it is of Serial Gaussian distrib-
ution with recursively determined parameters (see Algorithm 5). Hence, reference values
for the considered test functions can be computed via Monte Carlo simulations from the
filter distribution.
Results in Figure 2.5 have been obtained for the set of parameters (p, 60, \) = (0.5,1,0.1)
and n = 10. We choose the stationary distribution N(0, %) as the initial signal one. In
Figure 2.6, are depicted resluts for (p,0,\) = (0.65,1,0.1) and n = 10. Here, the initial
distribution has been fixed to N(0,03) with o9 = 0.05.
On one hand the first line depicts the quantization based filter behaviour with respect to
the total quantizer size. On the other hand, the second and third line represent respectively
the SIS and the SIR confidence intervals with the empirical mean value and centiles as
functions of the particle number. Confidence intervals for particle filters are estimated over
M = 1000 realizations.

As for the previous example, we observe the degeneracy of SIS filter, the convergence
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value is far from the reference value. Quantization based filter and SIR filter converge to
the reference value. It is worth noting that the grid size order is quite different whether the
method is a quantization based one or a particle filter one. Once again, in this example,
particle methods need much more points than quantization ones. This compensates by far
the higher complexity order of quantization approach.
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Figure 2.1: Quantization filter estimator errors for 3-dimensional Kalman case as a function
of the quantizer size Nj, (top: ||[II10f2 — 1o f2|l2, bottom: log-log scale representation).

Mod132 - hor:10 - (54, 68, 10) - Exp function
0.6 T T T T T T
[oro —
[Orl 1-step <~
[Orl 2-step  ---*---
MmC H

Figure 2.2: Quantization filter estimator errors for 3-dimensional Kalman case as a function
of the quantizer size Ny : |[II10f3 — 1o f3]|2 -
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Prétraitements par quantification et
application en filtrage
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Chapter 3

Observation preprocessing for
numerical filtering approximation
methods

Preprocessing procedures are presented in order to establish fast and effecient online al-
gorithms to compute discrete time observation filters over a finite horizon. The case of
discrete state models is first studied through the use of observation quantization grids,
to compute offline the likelihood functions and store the corresponding values in acces-
sible look up tables. Signal quantization based filters are then introduced to reduce the
continuous state model to the discrete one and then make possible the use of observation
quantization preprocessing procedures. In both cases, the L!-errors on the random filter
estimates are controlled and convergence rates are given when the quantizer size grows to
infinity using optimal quantization results. Theoretical convergence rate is confirmed by

numerical experiments.

Key words: Numerical filtering, quantization, offline preprocessing, state models, random
filter.
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3.1 Introduction

Solving a nonlinear filtering problem is still problematic from a practionner point of view.
Even if the theory is mature, we are rarely able to give a closed formula to the filter
solution. The problem is to determine the measure-valued solution of a discrete filtering
problem : the a posterior: distribution of a hidden system state x, evolving through some
known dynamics and from which noisy observations y are made. In other words, we are
facing the problem of determining a Borel function Z of the observations, supposed to
describe the behaviour of the system according to the information available from these
noisy observations.

An explicit solution of this problem can be given in a few cases like discrete signal models,
finite dimensional filtering problems like the Kalman-Bucy filters or even some specific
infinite dimensional filtering problems. As concerns this last setting, let us mention for
example the model introduced in 18] and developed furthermore in [12], where the filter
depends upon countably many parameters (most of them being close to zero in usual
practical cases). All these examples lead to closed or semi-closed form for Z. In a more
general context, we are only able to design some numerical approximations, via recursive
schemes, which can be rather computationally demanding in some cases (see [34]). A
central commun point to the majority of these methods, either for exact solutions or
numerical approximations, is the use of sequential prediction-update transitions, where
generally we are brought to consider the evaluation of likelihood functions depending on
the observations.

For filtering applications, it is important to reduce the online computation runtime,
as the filter value needs to be estimated before we get the next observation. One way to
reduce the computation complexity and runtime is to compute offline a set of tools that
can be used in the online algorithm. In that sense, the idea of precomputing the likelihood
function on a predefined grid was introduced in [37] for filtering discrete finite state signal
models. For this particular case, this amounts to the following approximation scheme,
where the observation y is approximated by its quantization § = ¢(y) and q : RY — T
(I ¢ R, finite) :

E(y) Obs. Qﬂcization E(Q) (311)

Quantization is a procedure for approaching a continuous random variable by a discrete
one in a somewhat optimal way (see Intorduction chapter and [25]). For (3.1.1), we use as
a quantized observation g the projection of the observation y on a predefined quantization
grid, for which all likelihood values would have been precomputed and stored. As the
likelihood function depends on both signal and observation values, the procedure is made
possible by the discrete nature of the state space. For general continous state models, the
use of quantization based filters introduced in [41, 43| allows to make one further step in
the preprocessing and approximation procedure. We first define some signal quantization
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based filter estimate and then evaluate it at the observation quantization g.

Signal Quantization = Obs. Quantization =,
(y) — =(y) —

2(). (3.1.2)

For (3.1.2), the optimal quantization of the signal allows to come back to a discrete

[1]

fumy

space case, which according to [41] allows in turn to define both numerically computable
and converging filter estimates. The offline computation principle of the quantization
based filtering method makes possible the precomputing of likelihood values on a product
quantization grid of the signal-observation process. By product quantization,we mean a
product grid T'* x I'Y where I'Y and I'V are some quantization grids of respectively X and
Y.

The paper is organised as follows : the next section is devoted to the particular case of
optimal discrete signal filtering, in which we examine the effect of adding an observation
quantization procedure according to scheme (3.1.1). A numerical application is carried out
on a three state stochastic volatility model. In Section 3.3, the same idea is associated
to quantization based filtering methods developed in [41] in order to enlarge observation
quantization filtering to continuous state space models. Here, we will also perform some
numerical tests on the classical case of Kalman filter.

3.2 Optimal filtering : discrete signals

3.2.1 Sequential schemes

In this section we treat the particular case of a discrete signal process with a finite obser-
vation horizon n. Assume the signal is an R%valued discrete Markov chain X, of known
transition matrix Py such that, at each time step k, X}, is a random vector taking N, states
x,lg, . ,ka’“ in R%. The initial distribution pg of Xy is supposed to be known a priori. We

denote, for 1 <i < Ny, pé = P[Xo = z}].

At each time step k, an RY -valued noisy observation Y3 of X} is made. The dynamics of
process (Yj)o<k<n are driven by a Borel function Gj, : R x R x RY x R — R? such
that:

Y[) =0 and Yk = Gk(Xk—17Yk—17Xk777k)7 1 < k < n, (3.2.1)

where (7)) is a sequence of iid RY -valued random variables, independent of o(Xg, k> 0).
We assume for convenience that for every 1 < k < n, the distribution of Yj given
(Xk—1,Yr—1, Xi) admits a continuous conditional pdf y — gr(Xg_1, Yi—1, Xk, v).

The problem we aim to solve is to compute the measure-valued random variable Ily,,
which represents a regular version of the conditional distribution of X,, given the whole
observation process Y = (Y7,...,Y,,). Namely, using a fixed set of regular test functions
f, we want to compute an approximation of:

Iy, f = E[f(X,)|Y1,..., Y.
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More precisely this means for each test function f : R — R, we can associate a Borel

function:
En: (RY)" — R
(y17"'7yn) = Hy,nf:]E[f(Xn)D/l:yl?7Yn:yn]

As the signal is discrete, this function can be evaluated sequentially as follows. First,
the Kallianpur-Striebel formula yields:

Tynf
Tynl

En(yts-.oyn) =ynf = , (3.2.2)
where 7y f = E[f(Xn) [1i—; 9%(Xk—1, Yk—1, Xk, y)] is the so-called unnormalized filter.
Owing to the Markov property of the signal, the unnormalized filter , , satisfies the
following sequential formula:

Hypf(zp—1) = E[f(Xe)ge(@r—1,Yk—1, Xk, )| X—1 = Tp—1],
Tyof = E[f(Xo)], (3.2.3)
Ty ke f = Tyr—1Hyrf.

So, considering that 7, € M n,(R) and that H,, € Mn, | N (R), (3.2.3) may be

3

written in a matricial form as follows :

H;/j,k = P;%]_lgk(x’;;fl?yk—lvx‘]jgayk)? 0<k< n,
. (32.4)
ﬂ-y:k = ﬂ-y:kle »k’

Finally, a non linear normalization step gives:

; N,

. ! L .

I, = <yt and En(y) = ynf = > I, x f(zh).
Zj:l Ty, i=1

The inductive formulation of the filter computation has the advantage of needing only
the last two observations and the last intermediate filter value, to compute the transition
in (3.2.4). Having in mind the quantization of the observations, we aim to reduce the
computation procedure, by evaluating offline the likelihood gk(l’i,l, Yk—1, J:ff,yk) Unfor-
tunately, this is not possible on real observations which of course come out online. The idea
of quantizing the observation process is to construct an approximation Yk for Y taking

Y
a finite number Ng/ of states /in Fky = {yl}m . ,yzcv’“ } and such that for 1 < k < n, there
exists a Borel function g, : RY — R? such that Y3 = qx(Y%).

Once this approximation is processed, offline, we can compute and then keep in some
accessible "look up tables" the likelihood values gk(x};_l,yfﬁ_l,mi, yi*). Then we approxi-
mate Z,(y) by E,(9), where § = (¢1(y1), .-, qn(yn)). This consists in plugging the quan-
tized likelihood gx(x},_;, qr—1(Ye—1), =1, qr(yx)) instead of gi(x}_,, yx—1,2}, yk) in (3.2.4)
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Algorithm 6 Discrete state filtering algorithm with preprocessed observation
73,0 = Ho
Transition from k to k + 1: my, is defined and g, = y]lgo.

e New observation yp41,
N
s N k41
e Projection : fi1 = Y yi Lag, (vs):
e Define mg the indice of y,1 nearest neighbour on the grid Fzﬂ.
ij _ pi i lo mo
o Hyhp =Py G2 (T U Thy 15 Vpgr)-
® Tk+1 = TykHght.

to spare the online computations of the true one. The quantized likelihood are "read" in
a table and need not to be computed. This leads to Algorithm 6.

Finally, we define the estimator H};’n of the random filter Ily,,, by the recursive scheme
(3.2.4) involving the quantized observations. We have consequently:

Def A
H?,nf = (Hy,n)y:fff::n(y)-

In the forthcoming subsection, we establish some error bounds for the L'-error induced
by such a preprocessing procedure. This will emphasize the interest of using optimal
(quadratic) NY-quantizations ! of the observations (Y}). We have in fact a convergence
rate result, induced by the so-called Zador theorem, namely:

1YV = Yilla = O(N) )~ 7).

3.2.2 Stability with respect to observation imprecision

In view of studying the estimation L'-error ||Ily,,f — Il  |[1, we examine some stability
results when some error is introduced in the observations used in the filtering scheme. We
consider two different observation n-tuples: y = y1,...,y, and ¢ = v},...,y),. Let ¢,
denote the joint pdf of Y7., defined by:

n
én(y) = B[] ] 96 (Xe—1, vk-1, X, ).
k=1
Lemma 3.2.1 For every k € {0,...,n}, assume gy satisfies the following assumption:
H 1 The function g;, is bounded and we denote Ly := max llgk||oo- Moreover, there exists
<k<n

a constant [gk]lLip > 0 such that for any u, v, @ and @' in RY :

|E[gk(Xk—17u’Xkaul)] - E[gk(Xk—la a7Xk’ﬂ,)]| < [gk]}ﬂ,p (|u - ul| + |,L_L - E,D :

!meaning a quantizer of size N} minimizing the L-error ||Y; — Yi||2 among all N} -quantizers.
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Hence, for any y, 3y € (RY)"

6n(y) — S < L3 (k) Lip + L9541)Lip) vk — Vil

k=1
with the notation [9n+1]}:z‘p =0.
Proof. We first recall yg = 0.
n n
lon(y) — Yyl < |EH (Xk—15Yr—1, X, Yk) — H (X1 Y1, Xk Y2
n n—1
< E[H gk(Xk—la Yk—1, ka yk) - H gk(Xk—la y;g—]_’ ka y;c)gn(anla Yn—1, Xna yn)”
k=1 k=1
n—1 n
+“E[H gk(kala y;c—h le yi:)gn(Xn—h Yn—1, X?% yn) - H gk(kala yi:—l? Xka y;c)”?
k=1 k=1
< Lyldn-1(y) = dn (W) + Ly gl Lip (1yn—1 = Yhs| + lyn — wnl)
n—1
< LY (lgksalLip + (98] Lip) 16 — Ukl + L gn] Liplym — -
k=1

|

The error involved by the quantization of the observation is controlled by the following
theorem:

Theorem 3.2.1 Assume HI and in addition:
H 2 H¢ ||2 < +00.
Then, for every f € Cy:

n

_ 1 .
ITyinf =Ty fll < 20 loe 2 3 (ks + lowan) 1Y = Vil
n k=1

Remark 3.2.1 H2 is generally satisfied by models with finite discrete states. This kind
of hypothesis is closely connected to some mixing assumptions needed to establish uniform

convergence of particle filters [23, 14, 51]. For the present, we only study the convergence
problem of random filter estimates at a fixed horizon. It would be important in a further
step to examine the statbility of the filter as the horizon n grows.

Proof.
Let y, ¥/ in RY"™. Using Lemma 3.2.1 we have:

|7ry,nf - Wy’,nf’ < fllsolPn(y) — ¢n(y/)|,
n—1
< | flleoLy™! (Z (lge+1)Lip + (98] Lip) 19k = Ykl + [9n]Liplyn — y%\) :

k=1
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According to Lemma 3.1. in [41], we have consequently:

2077 flloo
= On(y) V on(y') .

n—1
(Z ([9k4+1) Lip + 98] Lip) 19k — Ykl + [9n) Lipltm — yél) - (325)
k=1

|Hy,nf - Hy’,nf’

Now taking the L'-norm of the previous inequality and using H2 yields:

1 - .
My f =1y fll < QHWH2LZ_1HJ”HO<> (Z (k1) 2ip + 98] Lap) Y5 — YkH2> :
" k=1

with the convention[gnﬂ]lup =0. 0

Theorem 3.2.1, when }Afk is an L2-optimal Ng—quantization of Y}, ensures the conver-

1
gence to zero of the L!-estimation error, when N} — +oo with the rate (NY)~ .

Remark 3.2.2 Note that the result of Theorem 3.2.1 is still available for a general state
space model, in particular a continuous state signal.

3.2.3 Example

One application of filtering in finance is the calibration of volatility in stochastic volatility

models. We consider here an observable risky asset price (Sy) with dynamics given by :

1
Sk+1 = Skexp [(7“ - 2ng> o+ Xk\/gﬁkﬂ} , So = s0>0,

where (n;) is a sequence of Gaussian white noise, (X}) is the unobservable volatility process
and § > 0 represents a discretization time step. Equivalently, we observe the process
(Yx) = (log Sk), and we notice that the conditional distribution of Yy given (Xj, Yy) has
the following density :

, ¥ eR.

2

1 Yy =Y, — (r—31X2)6

Ger1(Xp, Y, ¥) = ———=exp _{ 2)((252 £))
1/27TX]35 k

We model here the dynamics of (X,S) under a risk neutral martingale measure P, r
representing in this case the riskless interest rate.
We assume that (X}) is an homogeneous Markov chain taking three possible values x

< 2™ < 2 in R4 \{0}. Tts probability transition matrix is given by :

1- (pbm + pbh)5 Dm0 Pph0
P, = Pmb0 L — (Pmb + Pmn)0 Pkl . (3.2.6)
Dhp0 Dhm0 1 — (phb + Phm)d
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The considered volatility model is a Markov-chain approximation "a la Kushner" (see [31])
of an Ornstein-Uhlenbeck process :

dXt = )\(SCO - Xt)dt + O'th.

Denoting by A > 0 the spatial step, this corresponds to a probability transition matrix of
the form (3.2.6) with :

= zg— A, 2™ =z, 2" = z9+ A,
and )
Pom = At 5xz , pon = 0
2
Pmb = ;72 y Pmh — 20? (327)
2
pw = 0 s Phm = A+ 5z

Remark 3.2.3 Here the factor HWHQ depends on z and z°, and on the observation

horizon n. The case where n grows deserves to be examined numerically, as it would be
expected that the error control deteriorates.

In order to ensure that P is indeed a probability transition matrix, we have the
consistency conditions:
2 2
1- (A+2‘TAQ>520 and 1—%520.
Numerical tests are performed with:

- Price parameters : r = 0.05, So = 110,

- Volatility parameters : A =1, 0 = 0,1, Xy = 0.15,

- Spatial step : A = 0,05.

- Quantization : Observation quantization grids all have the same size NY for each time
step t = ké with § = % We perform optimal quantization using a stochastic gradient
descent algorithm (see [4, 44]).

The L'-error is represented in Figure 3.1 and Figure 3.2 for two different observation
horizons n = 5 and n = 20. The convergence rate to zero is depicted through the regression
on the log-scale representations. The slope is close of % = 1 which is coherent with
theoretical results.

3.3 Continuous state signals

We suppose now that the signal process (Xj) is an R%valued discrete time hidden Markov
chain (Xj)o<k<n, which evolves according to a signal equation of the form:

XO ~ Lo and Xk+1 = Fk+1(Xk75k+1)a 0 < k <n-— 1, (3.3.1)



Continuous state signals 111

where (ex)1<k<n is a sequence of iid R?-valued random variables, independent of Xy, and
Fi, : R% x RY — R? are some Borel function. The probability transition from X}, to Xkt
will be denoted Py(z, dx’).

The distribution pg of Xg is supposed to be known. We will denote:

wof = /f x)po(dx) and Prf(x /f YPi(x,dx’).

In this new framework, the Kallianpur-Striebel formula (3.2.2) and the recursive con-
struction of the filter (3.2.3) are still true. The difference is that the H, j operators involve
now some "continuous state" conditional expectations whose evaluation in most general
cases can only be achieved by numerical approximations. The method we use here is that
developed by Pageés and Pham in [41] : each X} is approximated by an L2-optimal N{X-
quantization X}, in order to reduce the problem to the discrete state case (note however
that (X}) is no longer a Markov chain). Namely, we define

X
Nk

X = aploy e (Xn),
=1

where Ci(Ff) is the so called Voronoi tessellation of the grid Fi(. Then one sets recursively:

H;jk = P.?;lgk(ﬂ?i_pyk—l,ﬂﬁf;,yk), 0<k<n,
fo = fth=P[Xoe Gy, (3.3.2)
7Ty7k = ﬁ-yvk_lHy7k

Then, we define én(y) associated to some test function f € Cy 1, and a fixed observa-
tion realization y as the normalized filter defined by:

"’L

o Tk 2
I, = =x, and Enly) =1, f = E H
Z ﬂ-
J=1"y.k

Using results from [41], we derive the following theorem which establishes a convergence
result for the filter estimation, depending on the quantization error estimates:

Theorem 3.3.1 For k =1,...,n, assume:

H 3 The signal Markov operator Py is K-Lipschitz, namely for any Lipschitz function f,
Py f is (K[f]Lip)-Lipschitz.

H 4 (i) The function gy is bounded on R x RY x R? x RY | we set L, = maz 19 | 0o -
(ii) There exists a real constant

. / .
lg ]2L such that for any u,v’ in R | gp(.,u,.,u') is
Lipschitz on R% x R?. For x, 2’ and &, 7’

in RY:

|gk($7uvlj7ul) - gk(i‘auﬂjjau,” < [gk]%zp (|‘T - J_j| + |3§', - j,’) .
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Let y = (y1,...,Yn) be a fized observation n-tuple. Then, for every test function f € Cp rip
there exists a sequence of nonnegative real constants (B} (f))o<k<n not depending on the
observation sequence such that:

’Hy,nf B ﬁy,nf‘ S P (y ZBk Xk — XkH27
n

where on(y ) = Tynl
and B () < K4l + 21 ((lgsal? + (]2 + (1 + ) Xy KI41g]2)).

The signal quantization allows to come back to the recursive computations of the

discrete state case. For a given observation y, we have here also to evaluate g; on the
signal quantization grid points Fi( and the collected observations. This can be avoided
(at least in the online procedure) by combining this with an observation preprocessing
procedure.

Using a quantized version of the observation process ffk, the likelihood function gi can be
pre-evaluated offline on a product quantization grid FkX X F}; of (Xg,Yx) and kept in some
accessible "look up tables". The online computation cost is then reduced to some more
elementary operations.

Comparatively with the discrete state case, the preprocessing procedure involves here
to quantize both the signal and observation processes. This means predefining optimal
quantization grids in R? xR? of the form FkX kaY. As Y}, depends of X}, it could have been
intuitive to consider the quantization of the simulatable Markov process Zy = (X}, Y%), by
choosing a quantization size (NkZ) and performing a gradient descent algorithm. According
to known results on optimal vector quantization, we have:

—1

1Xe = Xill2 < 112 = Zilla = O(NE) &),
1Y = Vills < 112k — Zill2 = O((NF)#).

IN

The fact is that, in our filtering problem, we have no need to quantize this joint distribution
(Xk, Yx). For the signal, we only need to store the quantization grids and then companion
parameters like probability transitions (see [41]). As concerns the observation, it will be the
quantization grids and likelihood evaluation on the product quantization grid of (X, Yz).
The idea is then to perform separate optimization procedures for the quantization of both
marginal processes (Xj) and (Y;). In fact, as X and Y} are separately simulatable, we
can e.g. perform a stochastic gradient descent algorithm for each fixed quantization size
NX and NY. The quantizer obtained for (X, Yy) is still Voronoi (although usually not
optimal for the couple (X, Y%)). The point is that :
1Xk = Xl = O(WNF)7),

y =1 3.3.3
1Y = Yila = O((NY)@). (3.3.3)
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This is moreover interesting as it allows to recycle signal quantizers to construct product
grids, and accelerates the preprocessing procedure. It is worthnoting that the storage ca-
pacity for the precomputed grids (with companion parameters and associated likelihood
values) can be drastically reduced in case of stationnary signal and observation processes
(see Chapter 2).

Once the quantizers are preprocessed, the Algorithm 7 described below can be imple-
mentd.

Algorithm 7 Quantization based filtering algorithm with observation preprocessed
g0 = Ho
Transition from k to k + 1: 7y is defined and g = yff.

e New observation yp41,
NY
o . oA _ k+1
o Projection : gri1 = 32,5 yi Lag, (Yktr),
e Define mg the indice of yi+1 nearest neighbour on the grid Fzﬂ.
i _ pi i o lo J mo
L Hg),kJrl - Pk gk-i—l(x%wyk 7$k+17yk+1)'

® Tykt1 = Ty kHykt1.

The L'-error for the filter estimate fIY ,, resulting from Algorithm 7, after normaliza-
tion, is controlled by Theorem 3.3.2.

Theorem 3.3.2 Assume that for 1 < k < n:
H 1’ For all u,v/,4,@ in RY, 2,2/ in R% we have:
|g/€($7 u, xlv u,) - gk(xa U, x,a a/)| < [gk]}lzp (|u - u,’ + |,L_L - ﬂ,|) .

Hence, for each test function f € Cy r;p and under assumptions H2, H3 and HJ, we
have:

n
My f =y fll < 20 Flloc Ly~ en > (k] Lip + [91]Lip) Ve = Yill2
k=1

+ L3l > BR(AIXk — Xilla, (3.3.4)
k=0

where ¢ = min{”qﬁn%

1 1 1
) ||2, || an(f/) H2a || qgn(y) ||2’ H qgn(f/)

2} < lgwyllz < +o0 and N =

(Nk)o<k<n-

When (3.3.3) is satisfied by the preprocessed quantizers, Theorem 3.3.2 gives a conver-
gence rate to zero of the random filter estimation L'-error.
Proof.

My f =Ty, flln < [Ty f =y flla + 1Ty f =g, flh-
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The first term on the right hand side sum is controlled by Theorem 3.3.1 and H 2. For
the second one we need further developments for the proof.

We consider a discrete state Markov chain with transition Py, and such that Zj,(Q) = X;(Q)
for each 0 < k < n.

Then, we have:

A~

Hypf(me1) = ELFXR)g0(@r 1, Yr1, Xpo k)| X1 = 26_1],
= E[f(Zk)9k(Tk-1, Y1, Zks Yi)| Zi—1 = Tp—1]-

We denote by gZ;n(y) =mynl.

By the Markov property of Z;, we have (;Aﬁn(y) =E[[Ti—1 9x(Zk-1,Yk—1, Zk, yr)]. Now, by
analogy with the discrete state case and particularly with Lemma 3.2.1, for two n-tuples
of R, y and ¢/

n n
‘¢n(y) - ’ < ’E H Zk'flvykflaZkayk) - Hgk(Zkflvy;cth]my;ﬂ)”a
= N =
< E[H 96(Ze—1:Un—1 Zis i) — [ [ 96 (Zo—1: 01> Zis i) 90 (Zni—1 Un—15 Zns )|
k=1 k=1
n—1 n
+’E[H gk(Zkfla y;;:—la Zk7 y;g)g’VL(Zn—h Yn—1, Z’Vl? y’VI) - H gk(Zkfh y;f—h Zka y;{:)]"
k=1 P
< Lglon-1(y) = bn-1()| + L gnlbip (ln—1 — v 1| + lyn — i) .
n—1
< LY (lgksalbip + (98] 1ip) [k — vl + Ly gn) Liplyn — vl + Ly~ oa Laplvo — vol.
k=1

Then, by Lemma 3.1 in [41], we have :

n

A A 1 N
Ty f =g, flls < 20 flloo Lg = ll2 D (98] ip + (g1 )20p) Ve — Yicll2

Hence,
i n 1 - 1 1 o
Iy f =1y, fllr < 2HfllooLgHmu2 g[gk]up + [9e1)Lip) Vi = Va2
R e ) uzsz PIXk — Xill2 (3.3.5)

By symmetry, we can construct an inequality equivalent to (3.3.5), starting from :

My f =Ty, flln < [Ty f =g o+ 1Tp,, f =T flh-
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So, using Theorem 3.2.1 and Theorem 3.3.1, we have:

n

1 N
2> (lgrlbip + 9541 Eip) Ve = Yill2

Oy f =Myl < 2l Lgll———
[Ty, v fll < 20 f] gHgbn(Y)\/an(Y) k=1

1 " .
T2 flloeLgll— = ll2 2 Be () Xk — Xill2. (3.3.6)
T oY)V ou(Y) ,;)
Setting in (3.3.5) or in (3.3.6):
1 1 1 1

N .

¢, = min{]| 2y =~ ll2s = M2 == Ml2}
achieves the proof. O

3.3.1 Example

In this section we choose to treat numerically a linear Gaussian state model. This leads
to the well known Kalman filter. In this case, the filter distribution is Gaussian and an
explicit solution is given by sequential computations of its first two moments. We set:

Xk = pXg_1 + Ocpr1, Xo~ N(0,trans¥oX)

Y = Xk + any,

er and mn, wid ~ N(0,1),

lp| <1, p,0€R.

(3.3.7)

IL,,, is a Gaussian distribution with mean and variance depending on the observation
process and which can be computed sequentially by the means of a deterministic algorithm
[21]. In our special Kalman filter case, we note that both signal and observation marginal
distributions are Gaussian. Hence, a fast preprocessing procedure will consist in using pre-
computed Gaussian quantizers, kept online on http://www.proba. jussieu.fr/pageperso
/pages.html. In addition, we take the signal stationary distribution, as the a initial one
which allows to consider one single transition step for transition parameters f’;ﬂj (Cf. Chap-
ter 2).

For application, we fix n = 25 and choose three test functions fi(z) =z, fa(x) = 22
and f3(x) = e~ 17l Note that assumptions needed in Theorem 3.3.2 are satisfied : K < p,
Ly < ﬁ and [gk]lup = [gk]QLip < Vo

The L'-error is computed via a Monte Carlo estimation over M C = 5000 observation

realizations. In Figure 3.3 we represent it as a function of N = N,gf = N,z/ the quantizer
size of both the signal and the observation processes. We see that the use of observation
quantization has a very little impact on the error rates. On the log scale figure (Figure
3.4), the convergence rate is deduced from the linear regression slope. As in the discrete
state case the theoretical rate é = 1 is obtained.
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Chapter 4

Approximation by quantization of
the filter process and applications to
optimal stopping problems under
partial observation

Joint paper with H. Pham and W. Runggaldier [47].

We present an approximation method for discrete time nonlinear filtering in view of
solving dynamic optimization problems under partial information. The method is based on
quantization of the Markov pair process filter-observation (II,Y) and is such that, at each
time step k and for a given size N of the quantization grid in period k, this grid is chosen
to minimize a suitable quantization error. The algorithm is based on a stochastic gradient
descent combined with Monte-Carlo simulations of (II,Y"). Convergence results are given
and applications to optimal stopping under partial observation are discussed. Numerical
results are presented for a particular stopping problem : American option pricing with
unobservable volatility.

Key words: Nonlinear filtering, Markov chain, quantization, stochastic gradient descent,

partial observation, optimal stopping.
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4.1 Introduction

We consider a discrete time, partially observable process (X,Y) where X represents the
state or signal process that may not be observable, while Y is the observation. The signal
process { X,k € N} is valued in a measurable space (F,€) and is a Markov chain with
probability transition (Py) (i.e. the transition from time k£ —1 to time k), and initial law pu.
The observation sequence (Y}) is valued in R? and such that the pair (Xg, Y;) is a Markov
chain and
(H) Thelaw of Y}, conditional on (Xx_1, Yx—1, Xx), k > 1, denoted qx(Xy_1, Yi—1, Xk, dy)

admits a bounded density

v — g Xk-1, Y1, Xg, ¥).

For simplicity, we assume that Y is a known deterministic constant equal to yg. No-
tice that the probability transition of the Markov chain (X, Yy)ren is then given by
Py(x,dx)gip(x,y, ',y )dy with initial law p(dz)dy, (dy).

We denote by (FY) the filtration generated by the observation process (Y;) and by Iy
the filter conditional law of X} given FZ :

y(dv) = P[Xpedx|F], keN

The filter process (Il )x allows one to transform problems related to the partially ob-
served process (X,Y) into equivalent problems under complete observation related to the
pair (I, Y") and this latter pair turns out to be Markov with respect to the observation
filtration (]-'Z) An important class of problems related to partially observable processes
are stochastic control and stopping problems that are dynamic stochastic optimization
problems where the partial observation concerns the state/signal process. We shall, in
particular, consider optimal stopping under partial information and, in this context, a
financial application concerning the pricing of Asian options in a partially observed sto-
chastic volatility model.

We shall assume that the state space E of the state/signal process (Xj) consists of
a finite number m of points. Problems with a more general state space can be approxi-
mated by problems with a finite state space (see e.g. [31]). With X} taking the m values
2t (i = 1,---,m), the filter process is characterized by an m-—vector with components
IIi = P[X} = 2°|F)] and takes thus values in the m—simplex K, in R™. While the filter
process allows thus to transform a problem under partial observation into one under full
observation, it has the drawback that a finite-valued state space becomes infinite. This
leads to difficulties when trying to solve dynamic optimization problems also in discrete
time. For actual computation one has thus to discretize the process Il;, approximating
it with a process that takes a finite number of values in the simplex K,,. Approaches
to this effect have appeared in the literature; they are based on discretizing the obser-
vations process (Y;) and then approximating II; by a filter of X, given the discretized
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observations path (see e.g. [35], [9], [55], [38] and references therein). Such an approach
has the drawback that the number of possible values for the approximating filter grows
exponentially fast with the time step.

In this paper, we propose a new approach by exploiting the Markov property of (II,Y);
with respect to the observation filtration (]—",3) This means that the conditional law of
Xpa1 given ]—",Z is summarized by the sufficient statistics (Ily, Y}) valued in K™ x R%. This
suggests to approximate the couple process (II,Y) with (ﬂ,f/) that in the generic time
step k takes a number of values Nj that can be assigned arbitrarily. Following standard
usage, we shall call this quantization and the problem then arises to find an optimal
quantization, namely such that it minimizes for each time period k the L?—approximation
error induced by the quantization. This error is related to what e.g. in information theory
is called distorsion. The implementation of the minimizing algorithm itself is based on a
stochastic gradient descent method combined with Monte-Carlo simulations of (I, Y). Asa
byproduct, we obtain an approximation of the probability transition matrices of the Markov
chain (II,Y)). These companion parameters provide in turn an approximation algorithm
, via the dynamic programming principle, for computing optimal values associated to
dynamic optimization problems under partial observation.

Optimal quantization methods have been developed recently in numerical probability
and various problems of optimal stopping, control or nonlinear filtering, see [40], [4], [5],
[42], [43], [41]. In our context, we obtain error bounds and rate of convergence for the
approximation of the pair filter-observation process (II,Y). We then give an application
to the approximation of optimal stopping problem under partial observation and study as-
sociated convergence results. Finally, we present a numerical illustration for the American
option pricing problem with unobservable volatility.

The rest of the paper is organized as follows. In Section 2, we recall some preliminaries
on nonlinear filtering. Section 3 is the heart of the paper. We first present the quanti-
zation approximation method for the filter-observation Markov chain, and then analyze
the induced error. The rate of convergence and the practical implementation of the algo-
rithm for the optimal quantization are discussed. In Section 4, we apply our quantization
method to the approximation method of an optimal stopping problem under partial obser-
vation. Convergence results for the associated optimal value functions are provided. The
last Section 5 presents numerical tests for the American option pricing with unobservable
volatility.

4.2 Preliminaries

We denote by M(E) the set of finite nonnegative measures on (E, &) and by P(E) the
subset of probability measures on (E, £). It is known that M(FE) is a Polish space equipped
with the weak topology, hence a measurable space endowed with the Borel o-field. We recall
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that from Bayes formula, I is given in inductive form by :

HO = W
O, = Gr(Mx_1,Ye1,Ys), k>1, (4.2.1)

where G}, is the continuous function from M(E) x R? x R? into M(E) defined by :
Gulm.)(de') = [ gulavya) (e, da'ym(da),
E

and G}, is the normalized continuous function valued in P(FE) :

Gi(m.y,9')
fE Gk(ﬂ-a Y, y’)(d:ﬂl) '

Gr(m,y.y) =

Denoting by (Fj) the filtration generated by (X, Yy), and using the law of iterated con-
ditional expectations, we have for any k& and bounded Borelian function ¢ on P(E) x R? :

(M1, Yier1)| Fy |
Elo(Gra1 (Mg, Yie, Yir1), Yies )| Fil | 7Y

[ O(Grr1 (W, Yie, v), ') Proyr (X, d2' ) qrogr (X, Yie, 27, dy')

E

E

E Fr ]
= /SD(GkJrl Wi, Yie, ), ') Prgr (2, da’ ) g (2, Y, 2, dy' )T (dz). (4.2.2)
This proves that the pair (Ily, Yy )x is a (P, (fg/)k) Markov chain in P(FE) x R?, with initial

value (i, ). Moreover, under (H), this also shows that the (unnormalized) law of Y
conditional on (ITy_1,Yj_1), denoted Qr(ITx_1,Yy_1,dy’) admits a density given by :

Yy — /Gk(Hk—hYk—lvyl)(dx/) = /gk(fE,Yk—hﬂf/,y/)Pk(w,dwl)Hk—1(dﬂ?X~4-2-3)

Notice that the probability transition Rj (from time k& — 1 to k) of the Markov chain
(ITg, Yx ) is not explicit in general. Actually, from (4.2.2), we can write :

Rip(my) = / oGm0, ) Qi y dy), ¥(m,y) € P(E) x RE. (42.4)

In the sequel, we denote by |.|, the Euclidian norm and by |.|, the I* norm on R!. For
any R!-valued random variable U, we denote :

1
IUll, = (EIUS)? and |U|l, = E|UI,.
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4.3 An optimal quantization approach for the approximation
of the filter process

4.3.1 The approximation method

We assume here that the state space E of the signal process (X}) is finite consisting of m
points : E = {x!,...,2™}. The initial discrete law y = (u*) and the probability transition
matrix Py are defined by :
p = PXo=2 i=1,...,m,
P = PXp=aXp =2, 4,5=1,...,m.

The random filter Il is characterized by its random weights :
I = PX,=2F], i=1,...,m,

and may then be identified with a random vector valued in the m-simplex K,, in R™ of
dimension m — 1 :

m
K,, = {W:(wi)eRm :WiZO,lﬁiS’m, |7r‘1 :Zwi: }

i=1

By (4.2.1), it is expressed in the recursive form :

oy = p
- GPy(Yi-1,Yy) "1

I, = Gp(Ip_q1,Ye_1,Yr) = 4.3.1
k k(Ig—1, Y1, Vi) (GP(Yo1, Vo) Tl ] (4.3.1)

where GPy(Yy_1,Y)) is a m x m random matrix given by :
GPk(kalv Yk)zg = gk(l';c_l, kal,.%'i, Yk)P]ij, 1 < Z,] <m. (432)

Here M7 denotes the transpose of a matrix M.

A first approach for approximating the filter process (Ilj) consists in discretizing the
observation process (Y;) by replacing it by a process (Y;) taking a finite number N of
values, and then approximate for each k the random filter II; by a random filter of X}
given }71, . ,Yk. So at each time step k, given Y, and fIk, the random variable fIkH may
take N values. Thus, at time n, the random filter II,, is identified with a random vector
taking N™ possible values. All these values are precomputed and stored in a “look-up table”
but this could be very heavy, typically when n is large. Such an approach was introduced
in [35] and [9], and investigated further in [55], [38] and Chapter 3.

We propose here a new approach. This starts from the key remark that the pair process
(Ilg, Yx) is Markov with respect to the observation filtration (F}). In other words, the
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conditional law of Xj 11 given F} may be summarized by the sufficient statistic (I, Y%).
Therefore, since the Markov chain (IIj, Y:) is completely characterized by its probability
transitions, the idea is to approximate these probability transitions by suitable probability
transition matrices.

In a first step, we discretize for each k the couple (Ilj,Y)) by approximating it by
(Il;, Y3) taking a finite number of values. The space discretization (or quantization) of the
random vector Z;, = (IIj, Y3) in K,, x R? is constructed as follows. At initial time k& = 0,
recall that Zj is a known deterministic vector equal to zop = (u, o), so we start from the
grid with one point in K, x R% :

Lo = {z0= (0}
At time k > 1, we are given a grid I';, of N, points in K, x R¢ :
Do = {ah = m@.ub)e 2 = m, ™) |
and we denote by C;(I'x), ¢ = 1,..., Ng, the associated Voronoi tesselations :
Ci(Ty) = {z € Ky x RY : Projp, (2) = zk} i=1,..., Ny
Here Projp, is a closest neighbor projection for the Euclidian norm :

|z - Projpk(z)‘2 = i:IlninNk |z — zt],, Vzé€Ky,xR%L

Notice that by definition of the Euclidian norm, we clearly have :
Projr, = (Projpy, Projry ), CilTy) = Gi(TH) x Ci(T)),
where :
Ty = Projg, (Tx) = {me(1), ..., m(Ng)}
Y = Projpa(T) = {uh s}

We then approximate the pair Z = (IIj, Yx) by 7 = (ﬂk,ffk) valued in T, and defined
by :

Zy = Projp,(Z) = (ijpg (Ix), Projpy (Yk:)) -
In a second step, we approximate the probability transitions of the Markov chain (Zy,) :
Ri(z,dZ) = P|Zyed|Zy1=2], k>1, z2€ K, xRY,
by the following probability transition matrix :
72? = P [Zk = zi‘ Zk_l = z,i,l}

P(Z; € Cj(Ty), Zy—1 € Ci(Tpn)] B

P[Z-1 € Ci(Tg-1)] By
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forall k > 1,i=1,...,Nx_1, 5 = 1,..., Ni. We shall see later how the grids I'y, and
the number of points N are optimally chosen and implemented, and how the associated
probability transition matrix 7, can be estimated.

Example : Computation of predictor conditional expectation.

Suppose we are interested in the computation for any k£ = 0,...,n, and for arbitrary
measurable function ¢y on K, x R? of the filter predictor :

Ur = E[@p1(Xes1, Yir1)| Fr ] -

A precise application where such fg/—measurable random variables appear is presented in
Section 4. Then, by introducing the function :

m
Peri(my) = D> rn(@,yr’, Vr=(r") € Kny, Yy R,
=1

and using the law of iterated conditional expectation, we can rewrite Uy as :

Up = E[@r1(Mps1, Yir )| FY ] = E[@rr1(Zus)| Fr -

We thus approximate the sequence of f{—measurable random variables Uy by ﬁk = @k(Zk)

where the functions 0, k = 0,...,n, are defined on I'y by :
or(z;) = E [@kﬂ(zkﬂ)‘ Zy = 22]
Nk+1 .. . .
= Y o @ra(zl), Yz €T
j=1

4.3.2 The error analysis

The quality of the approximation described in the previous paragraph is measured as
follows. We denote for any subset D in R/

BL(D) = {¢ Borelian from D into R :

[/l == suplp(z)| <1, [g],, == sup
P xeD lip x7y€D7x7éy |x — y|1

(@) — o) _ 1}.

We make the following assumption.

(H1) There exists a constant Ly such that for all & > 1 :

m
Z P]:’] / ‘gk(l‘l)y)xjuy,) - 9k(ﬂ$27?3,x3,y/)‘ dy/ S Lg|y — g|1’ vy’g c Rd.
7,7=1
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Proposition 4.3.1 Under (H1), we have for any n and @1, ..., ¢n € BLi(K,, x R?) :
/gpl(zl) cooon(zn) (Ri(20,d21) ... Ry(2n—1,dzn) — 71(20,d21) ... Tn(2n—1,dzy))

SZ?’”

2L, -1

[( Ly -] |z - 2 - (4.3.3)

where Ly, = max(Lg,1).

We first state a preliminary result on the Lipschitz property of the transition of the
Markov chain (Zk:)k: = (Hk,Yk)k
Lemma 4.3.1 Under (H1), we have for all k > 1 and Borelian function ¢ on K,, x R? :
|Rip(2) = Rip(2)] < (el + I0llp) Lg 12 = 21y, V2,2 € Ky x RY.

Proof. Recall from (4.2.3) that the conditional law Q (7, y,dy’) of Y} given (ITx_1, Y1)
= (m,y) admits a density given by :

y —  fiulmy,y) ng oy, 2l y ) P,
i,j=1

This conditional density satisfies the Lipschitz property : for all (7, %) and (7, §) € K,,, xR,

/\fk(ﬂ,y,y’)—fkﬁ@ )| dy' < ZPJ/L% oy, 2l y) — ge(a', g, 27,y | dy

i,j=1
+ Z|7r — 7 (4.3.4)

where we used the fact that Zj Plzj [ gr(z',y, 27,y )dy’ = 1. From (4.2.4), we then have
for any z = (m,y) and 2 = (#,9) € K x R?:

Riple) = Ripld)] < [ [o(Gulma/)o1)) = o(Gul 3.9, Qulr. v,
| [ oGt i) ) @ulm ) — Q. )
< e hp/!Gk T y,y') = Gr(7,9,9)| | frlm,y,y')dy
+ le!sup/\fk(myny’) — fi(®,9,9) | dy’
< e “p/\Gk T y,y') = Gr(7,9,9)| | frlm,y.y)dy

+H¢ILWZP]/\%$ y, 2l ) = gr(@' 9,27, y) | dy
1,j=1

- HsonZ |7t — 7 (4.3.5)
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Now, from (4.3.2), we have :
/ ‘Gk’(ﬂ-ayay/> - Gk(ﬁ-a v, y/)‘l fk(ﬂ.)y>y,)dy,
< Z/‘G] my,y) = GL(7, 0,y ))fk(my,y’)dy’

zz/

gr(@’ y, 21 Y\ PImt gp(at, g, 27,y ) PP 7

fk: (7T7 Y, y,)dy,

= Jr(m oy y) Je(®.9,.9)

< ZP@J ,/}gk 'y 2l ) (7,0, 9) Agk(xz,ﬁ,xﬂ,y')fk(vr,y,y’)\dy,
o fe(®,9,9/)
DI

< ZPJ/‘Q].C.T Y, x 7y) gk ’% 7y ‘dy

3,j=1

+ [ 1umns) = Ailr g df +Z|w—w

< 2ZPJ/\gk oyl y) — g 9,27y | dy' +2Z|7r—7r

t,j=1

where we used again (4.3.4). Plugging into (4.3.5) and using (H1) yield :

|Rip(2) — Rip(2)]

< (2l + 19llu) ZPJ/\gk o'y, y) — gr(a, 9,20y | dy' + ZIW 'l
,j=1
and then the required result. O

Remark 4.3.1 In the case where the law of Y conditional on (Xj_1, Y31, Xx) does not
depend on Yj;_1, i.e. its density g depends only Xj_1, X}, the condition (H1) is empty,

or in other words is trivially satisfied wth L, = 0. Then, inequality (4.3.6) shows that for
all z = (m,y), 5 = (,§) € Ky x RY,

|[Rio(z) — Brp(2)] < (2], + llel,) [m =7l (4.3.7)

Proof of Proposition 4.3.1. For k£ = 1,...,n, we define the measurable functions on
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K,, x R% resp. on T, :

w(x) = enl2) / 1 (1) o o) R (2 d2s1) - Rz, ),

0 = oue) [ Pen (o) pnlen)in (s dan) oo, )
with the convention that for k = n, v, = 0, = @,, we then have the backward induction
formulas :
ve(2) = wr(2)Rkr1vk11(2) = wrp(2)Evkt1(Zrs1)| Zk = 2] (4.3.8)
k(2) = or(2)Prr10641(2) = ok(2)E[0k11(Zky1)Zk = 2], (4.3.9)

forall k=1,...,n— 1.

Step 1. We clearly have ||vg||,,, < 1. Moreover, from (4.3.8) and using Lemma 4.3.1, we

sup

have :

[Uk]zip < [()Okf]lip + [Rk‘—l—lvk-i-l]zip
< 1+ EQ + 21—;g[vk+l}lip'

Since [vp],,, < 1, a standard backward induction yields :

% (2Lg)" 1 —1- L,

el < T , (4.3.10)
forall k =0,...,n.
Step 2. From (4.3.8)-(4.3.9), we may write :
Hvk(Zk) — 0 (Z) o= Hvk(Zk) — E[vi(Z1)| Z4] 1
+||B [ (01(2) - 0n(Z0) Riavenn(Z0)| 2] |
+ HE [@(Zk) (Rk+1vk+1(Zk) - 721<:+1771f+1(2k)) Zk] 1
= L+ L +1s (4.3.11)

By the law of iterated conditional expectation, we have :

I |oZ) - o)

+ [Bon( 201 24] - Eloe(21)1 24

1

< 2Hvk(Zk) — ()

< 2wy, HZk — Z

1 1

Since conditional expectation (here with respect to Zk) is a L'-contraction, and vy is

bounded by 1, we have :

9
1

I, < HSOk(Zk)_SOk(ZAk)

< HZk — 7
1
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recalling that ¢, is in BL;(K,, x R%). Since Zj, is o(Z))-measurable, and recalling also
that ¢ is bounded by 1, we have :

Is < Hka(ZkH)—@kH(ZkH)
1

Plugging these estimates of Iy, I and I3 into (4.3.11), we get

Since

ok(Zy) — k(21 Okt1(Zs1) — 41 (Zit)

< (1 + Q[Uk]lip) HZk - Zk

+ ‘
1 1 1

Un(Zn) - 6n( n) Ly — Zn

<|

, a direct backward induction yields :

1 1

Hvk(zk) - @k(Zk)Hl < fj (1+2[v;],,,) sz . ZJH .
j=k

The required result is proved by taking k = 0, substituting the estimate (4.3.10) and using

< vm+d||z -2 0
1

Cauchy-Schwarz inequality : HZj — Zj

K
4.3.3 Optimal quantization and rate of convergence

The estimation error (4.3.3) in Proposition 4.3.1 shows that to obtain the best approxima-
tion of the sequence of probability transitions (Rj) of the Markov chain (Zy)r = (g, Y )k
by this quantization approach, one has to minimize at each time k > 1 the L? quantization
error || Zy — Zy||2. By identifying a grid T, = {z%,..., 2N} of size |T;| = N points in
K xR?, with the Ny-tuple (21,...,2V) € (K, x RNk the objective is then to minimize

the symmetric function :
Z . 2
DN’;(zl,...,zN’“) = ||Zk—P1"OJFk(Zk)H2

= E 1%111%111\1,6 |Zk - z"j VD, = (2.0, 2M) e (K, x RY4Y8,12)
which is the square of the L? quantization error and is usually called distorsion. The
optimal quantization consists, for each k£ > 1 and given a number of points N, to find
a grid [y of size Nj, that reaches the minimum of the distorsion function Df,’; This
question has been tackled for a long time as part of quantization for information theory
and signal processing, and more recently in probability for both numerical and theoretical
purpose (see [25] or [40]). We recall these results and apply them in our context in the
next paragraph. Now, we focus on the behaviour of the minimum of this function, i.e. the
minimal L? quantization error, when the number of points Nj goes to infinity. For this,
we first recall the so-called Zador theorem, see e.g. [25].
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Theorem 4.3.1 Let X be a R'-valued random variable with distribution P, s.t. IE]X\3+6
< oo for some 6 > 0. Then
H—TQ
2 l
li Nz'X—P'X2:J/z+zd 4.3.13
i (N i 1% Proir(012) = ar ([ @) T a3y

where P, (dx) = f(x) N(dx) + v(dx) is the Lebesgue decomposition of P, with respect to
the Lebesgue measure \; on R!. The constant Ja, corresponds to the case where X 1is the

uniform distribution on [0, 1]'.

Remark 4.3.2 In dimension [ = 1 and 2, the values of J;; are known : Jy; = 1/6 and J3 2

= -5 _In higher dimension, the true value of J5; is unknown but we have an equivalent

18V/3"

Jog ~ 2%6 as [ goes to infinity.

Here, we cannot apply directly this theorem to Zj, since the distribution P, of (I, Y)
is not known in general, and in particular its decomposition with respect to the Lebesgue
measure. However, one can prove the following error bound for the minimal distorsion

error of Zj..

Proposition 4.3.2 For k > 1, assume that there exists some € > 0 s.t. :

k
/|yk|§+sHgl(xl_l,yl_l,xl,yl)dyl < o0, Vuxg,...,v € E. (4.3.14)
=1

Then, we have :

2
limsup N min _ [|Z, — Projp, (Z4)|? < C(m,d, fi),

Ny —00 IT%| <N
where
(d+m—1) T
m m — _d _d_ +m—
Clmd gy = "D et ([ i)
(md) dtm—1 R4
and fi. is the marginal density of Yy, given by :
k—1
frly) = /gk(ivk—byk—l,fﬂk,y)Pk(iﬂk—l,dSEk) 1 9@ vv, 2 90) Py, da) dyupa( o)
=1

Remark 4.3.3 In the case where the law of Y conditional on (Xj_1,Y;_1, X)) does not
depend on Y3 _1, i.e. the function g; does not depend on Yj_1, the expression f; of the
marginal density of Y simplifies into :

fey) = Elge(Xp—1, Xe,)], y€RY, (4.3.15)
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and condition (4.3.14) is written as :

/|yk‘g+6gk(xk1;$kayk)dyk < oo, Vap 1,7, € F,

for some ¢ > 0.

Proof of Proposition 4.3.2. For any grids

' = {x(1),...,7(M)} of size [T = M points in K,,,
ry = {yl, o ,yL} of size [IY| = L points in RY,
we denote
Mer” = {(x(i),y) :1<i<M,1<j<L} ofsize ML points in K, x R%.

We then have by definition of the norm ||.||, and of the projection :
. 2 : .
|2k = Projrngry (Zi)||] = Tk — Projpa (IT)||2 + [[Yi — Projpv (Vi) |2,
and so

Z, — P Z
|Frkr|1gjlvk |1Z); — Projr, (Z)||2

< o (i = Projen ([ + sain, %~ Projer (1) 3.10

For My in N\{0}, consider the grid T'! of size M = M"! points in K,
™ = Ky m—1 1— ”f KRN i i -1 M mz_:ll < M
MO’“"MO’ . MO s lly ey bm—1 y -+ 4V10, L >0 ¢y

Denoting for all @ € R, [a] the smallest integer smaller than a, we have for all 7 = (7)1 <;<m
€ K,

m—1 ; -1 ; 2
_ i 2 _ : LM E 1Y
|7T Projrn (Tr)|2 T imI_l'lllill ,,,,, Mo My * <7T My
i1+ .. Fimo1 < Mo I=1 =1
m—1 . 2
. 1 1]
< m min e
i1y, im_1=1,..., Mo My
i1 timo < My =1
71' MO
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This shows that :

. . m(m —1
min |TT;, — Projpn (IT;) |2 < —Ljfl
[T <M Mm—1

(4.3.17)

On the other hand, notice that condition (4.3.14) ensures that E|Yk\g+5 < 00. Thus,
from Theorem 4.3.1 applied to Y, we have for all § > 0 and L large enough,

(Jg,dnfkud +6)
e Prot (v < ) 4.3.18
i, e Proim OO0 < S o

where we set :
d+2

Iy, = ([ a0 a)

Substituting (4.3.17) and (4.3.18) into (4.3.16) yields :

min || Zy — Projpk(Zk)Hz

T |< N,
J: +9
[y (el )
< min 5 5
M,L :ML<Ny M m—1 Ld

We conclude with the elementary result that for all a, b > 0 :

) a b B a7z [(b\*H 1
ML ML<N [M%—FL;] = @+ <7> (d No

|

4.3.4 Practical implementation of the optimal approximating filter process

We now come back to the numerical implementation of an algorithm that computes for

each k :

e an optimal grid I, which minimizes the distorsion :
Z : 2
DIFTw) = |12k — Projr, (Z1)I;

as well as an estimation of this error,

e the weights of the Voronoi tesselations :
ﬁz = P [Zk S Cz(fk)] , 1 =1,..., N,

B[iﬂ.l = IP>|:Zk-|—1 ECj(f‘k—f—l)a Zkecl(fk) ) izl?"'aNka jzlv"'ka-i-la
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and so the probability transition matrix f]iirl = B;{H/ﬁi

This program is based on the following key property of the distorsion : The function
Df/; is continuously differentiable at any Nj-tuple Ty, = (2!,...,2V) € (K, x RN
having pairwise distinct components and its gradient is obtained by formal differentiation
inside the expectation operator in (4.3.12) (see [40]) :

Z —_—
VDN (L) = 2E[H(Ty, Zy)], (4.3.19)
where the (K, x RY)Ne_vector valued function H is given by :

H(Tg,2) = ((zz - Z)IZECi(Fk))]_SiSNk , Ie= (Zla .- -,ZNk) € (Km x Rd)Nka z € Ky X RY.

This above integral representation for VD]%,’Z suggests to implement a stochastic gradient
descent, whenever one is able to simulate easily independent copies of Z. We will come
back below on the simulation of Zj. The stochastic gradient procedure is recursively
defined by

Dyt = T5 = e H(L G (4.3.20)

where the initial grid Fg has N, pairwise distinct components, (£;)s>1 is an i.i.d. sequence
of sz -distributed random vectors, and (d5)s>1 is a sequence of step parameters satisfying

the usual conditions :
Zés = oo and 263 < oo.
S S

In an abstract framework (see e.g. [16] or [32]), under some appropriate assumptions, a

stochastic gradient descent associated to the integral representation of a so-called potential
function (D]%’Z in our problem) converges a.s., when s goes to infinity, toward a local

minimum Ty of this potential function :
VDZE (D) = 0.
k

Although these assumptions are not fulfilled by Df,’; , the encountered theoretical problems
can be partially overcome (see [40]) Practical implementation does provide satisfactory
results (a commonly encountered situation with gradient descents). Moreover, computation
of the weights of the tesselations and of the distorsion can be implemented as by-product
of the procedure. We now describe this algorithm, known as the Competitive Learning

Vector Quantization algorithm.

Simulation of the Markov chain (Zy)y :

We notice that from (4.2.4), we are able to simulate the probability transition Ry of the
(P, FY') Markov chain (Z); = (I, Yy )g. For k = 0, recall that Z is a known deterministic
vector equal to zg = (u,yo). For k > 1, starting from (ITx_1,Ys—1),
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e we simulate Xj_; with probability law II;_;, and then X} according to the proba-
bility transition Pj.

e we simulate Y according to the probability transition qx(Xg_1, Yi—1, X, dy’).

e we compute IT; by the formula (4.3.1) :

GP(Yi—1,Yy) Ty

1I .
‘ |GP(Yi—1,Ye) "Tg1],

Subsequently, we stock S independent copies of the Markov chain (Zy,...,Z,), that
we denote &% = (&§,...,&5), s = 1,..., 5. The algorithm reads as follows :

Initialisation phase :
e Initialize the n grids I'0 = (22’1, ce zg’N’“) € (Km x RYNk for k = 0,...,n, with T
= zp reduced to Ny = 1 point for & = 0.
e Initialize the weights vectors : pg’i =1/Ny, ﬁgﬁ =0,2=1,...,Ng, 7 =1,..., Ngq1,
and the distorsion D?\rk =0,for k=0,...,n.

Updating s — s+ 1 : At step s, the n grids I'; = (zZ’l, . ,zZ’N’“), the weights vectors
Pyt B i =1,...,Ng, j = 1,..., Npq1, the distorsion Dy, have been obtained and we

use the sample ¢571 of (Zo, ..., Z,) to update them as follows : for all k = 0,...,n,
o Competitive phase : select ix(s + 1) € {1,..., Ny} such that

&hoe Cips+1)(Ty), ie. dp(s+1) € argminlSiSNk]zZ’z—§S+1]2.

e Learning phase :

* Updating of the grid :
G = G Loy (-6 =1 N

* Updating of the weights vectors and of the probability transition

s+1,0 S,1 S,1
s+1,45 8,17 8,4 o o
ﬁkﬂ - ﬁkﬂ — 041 (ﬁkﬂ - 11:Zk(3+1)7]:1k+1(5+1)) )
ﬁs—l—l,ij
s+1,ij k+1
Tkt1 st17
Py,

for all 1 = 1,...,Nk, ] = 1,...,Nk+1.
* Updating of the distorsion

s,ig(s+1) €s+1

Ny, k

s+1 s s
Dyt = Dj —de <D P

2
)
2
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It is shown in [40] that on the event {I'} — [}, set of trajectories of (I'7)s that
converge to I'), local minimum of the distorsion, we have :

pZ’i — ﬁ% =P |:Zk S Cz(fk)] ,  a.s.
Bed — B =P [Zk—i-l € Cj(Tkt1), Zi € Cz‘(fk] ., a.s.
DS — Di: Tr), a.s.

N

foral k=0,...,n,i=1,..., Ny, 5 =1,...,Ngy1, as s goes to infinity.

4.4 Application : optimal stopping under partial observation

We consider the framework of Section 3. We denote by 7,) the set of stopping times
adapted with respect to the observation filtration (F}) and valued in {0,...,n}. Given
two measurable functions f and h on E x R%, we consider the following optimal stopping
problem under partial observation :

T

Z f(Xk7 Yk) + h(XT, YT)
k=0

up = sup E . (4.4.1)

TETY

We shall transform this problem into an optimal stopping problem under complete obser-
vation. We denote

T

> Xk, Yr) + (X7, V)
k=0

, TGTY,

n

J(r) = E

the expected gain function associated to (4.4.1). We shall also introduce the functions :

flmy) = f@ yr', Va=(r); € Ky, Yy eRY,

M

=1

~

h(m,y) = h' y)r', V= (r'); € Kp, Yy € R%

NE

1

-
Il
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Then, by using the law of iterated conditional expectations and the definition of the filter
(), we have for all 7 € T,Y :

J(r) = E ilT ( ka,Yk>+h<Xj7Y;>)
0

k=

n J

- E zlf ]<ZE f(xk,mrm+E[h<Xm>|f}“])
k=0

n J
. zlﬁj( fmk,mm(nj,m)
j k

Therefore, problem (4.4.1) may be rewritten as :

u = sup E [Z F(Z) + h(Z,) (4.4.2)
k=0

TeTY

Since the process (Zg)r = (I, Yi)x is a (P, (F))) Markov chain, problem (4.4.2) is then
an optimal stopping problem under complete observation.

By the dynamic programming principle, we have uy = vg(zg), where the sequence of
measurable functions vy, : K, x R¢ — R, k = 0,...,n, is given in recursive form by the
backward formula :

vn(z) = h(z), Vze K, xR? (4.4.3)
vp(2) = max {ﬁ(Z)ﬂE [f(ZkJrl) + Uk+1(Zk+1)’ Zr = 2} } ;
Vze Ky xR k=0,...,n—1. (4.4.4)

Applying the quantization approach described in Section 3 and setting :
7, = Projr, (Z), Tk = (21, .. z,iv’“) € (KpxRHYNMe k=0,...,n,

we then approximate, following [4]|, the sequence of functions (vy) by the sequence of
functions 0y : I'y, — R, kK = 0,...,n defined by :

bn(z) = h(z), Vzel,

0(2) = max {R()E | F(Zisr) + 0pe1 (Zii)
Vzely, k=0,...,n—1.

=)
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From an algorithmic viewpoint, this reads as follows :

Niy1
oe(eh) = max{ ) o iy (P + o) ¢
j=1

i=1,...,Ny, k=0,...,n—1.

The optimal grids I';, and the associated probability transition matrix (7*,?+1) are estimated
follwing the procedure described in Section 3.

The induced approximation error is provided in the following theorem.

Theorem 4.4.2 Assume that f and h are bounded and Lipschitz, uniformly in x € E, i.e.

|f(z,y) — f(z,9)]
||f||sup = Sup |f(x’y)| < &Y and [f]lip = Sup - ~ < &)
€ B,ycRY r€E,y, iR y#£7 ly — 4l

Then under (H1), we have for allk = 0,....,n :

Hvk(Zk) — i (Zy) 1

3 . (2Ly)" !
k

< VmrdF+ )Y (T4 20— DI+ (0 -+ 2) S| 12— Zi14,4.5)

2L, — 1
j= g

where f = max(|[fl,.,, [£],), b = max([lh]., [A],,)-

Remark 4.4.4 In view of Proposition 4.3.2, the estimation (4.4.5) provides a rate of
convergence for the approximation of vy(Zy) of order

n(2L,)"

Ni—iad
when N = N is the number of points at each grid I'y, used for the optimal quantization of
Zk, k=0,...,n. The term (ZEQ)” is important when n is large, but this is consistent with

the rate of convergence obtained in approximation of nonlinear filtering by quantization,
see [41] or by Monte-Carlo particle methods, see [36].

Lemma 4.4.2 Under the assumptions of Theorem 4.4.2, the functions vg, k = 0,...,n,
defined in (4.4.4), are bounded and Lipschitz with :

[0k [y < (0 =k+1(f+h), (4.4.6)

n—k+3(f+h)
2 2L,—1

Wil < (2L )"+ (4.4.7)
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Proof. From (4.4.4), we have || vy [l < [1Allsy + 11wy + | Okt [l Since || vn ..,
= ||iLHsup, ||f||sup < fllsups ||ﬁ||sup < ||A|l,,,, we obtain immediately the inequality (4.4.6)
by induction.

On the other hand, relation (4.4.4) and Lemma 4.3.1 also show

IN

[ﬁ]lip + [Rk-i-l(f + Uk"l‘l)]lip
By + Lo (1511 + 200 + 01l + 2l0sa)s ) - (448)

[Uk]zip

IN

By definition of f, we clearly have for all z = (m,y) and 2/ = (7, 3/) in K™ x R<,

1£(2) = FE < Ml lm = 'L+ iy = L
< .ﬂz - Z/|1’
A similar inequality holds for [h],, i.e. [il]“.p < h. Plugging into (4.4.8) and using (4.4.6)
yields
[0kl h+Lg (3f + (n—k)(f + 1))
+ 2Lg[vg41],.,- (4.4.9)
Since [vy],,, = [ﬁ]lip, a straightforward induction gives (4.4.7). 0

Proof of Theorem 4.4.2.

We set ®1(2) = E[f(Zrs1)+0k11(Zri1)| Zk = 2] and @4(2) = B[f (Zhy1)+0k11(Zri1) | 21 =
z]. Then, for k =0,...,n—1

7

|ox(20) = 00(2) < |(zi) - i(2) 1+Hq>k(zk)—<i>k(2k) 1
< (Bl 126 = Zell, + ||@r(Z0) - @u(Z0)| (4.4.10)
+ | Bl@k(Z0)12)  Bl@w(Z0)| 1)+ |[BIO(Z0)| 2] - u(21)]|

< (W2 = Zil, + 2| 0(Z0) - @) |

+ HE[‘I’k(Zk)\Zk] — &4(Z1)

1

by the law of iterated conditional expectation. Since 7y, is o(Zy)-measurable, we have

HE[(I)]C(Z]C)|Z]€] — &4(2Zy,)

1

= BV Ziin) + 001 (i) 2] = ELF(Zisa) + 0ns1 (Zas)| 24

A,

[f1ii

1

IA

Zi1r — Zia|| + H'Uk—i-l(Zk-i-l) — Opr1(Zrt1)
1

1
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Plugging into (4.4.11) yields :

[z — )| < (1, + 209, ) 12 = 2l + (),

1

+ | vk+1(Zrg1) — Okg1(Zis1)
1
Since ‘ vn(Zn) — 0n(Zn)|| < I:]/:L]lipHZn — Zy|l,, a direct induction gives :
1
n
Hvk(Zk) - @k(Zk)H < Y aillZ - Zll,
1 j:k
where

) [h]lip + 2[®k]lipl J=k
a; = [h]lip + 2[(;)1']11;; + [f]lip , J=k+1,.n-1

[] j=n

Now, by Lemmata 4.3.1 and 4.4.2, we have
@k, = [Rk+1(f + V1))
< Ly (Iflouy + 201y + 041y + 200ks1],,)
Lyf3f + (n = K)(f + D)
+

- - n—k (2L, )"k +1
(O S

A

IN

Zi+1 — iyt
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1

(4.4.12)

(4.4.13)

Substituting into (4.4.13) and (4.4.12) provides the required result by using also Cauchy-

Schwarz inequality.

4.5 Numerical illustration : Bermudean options in a partially

observed stochastic volatility model

We consider an observable risky asset price (Si) with dynamics given by :

1
Skr1 = Spexp |:<7° — 2X%> 1) +Xk\/g€k+1] , Sy = sg>0,

where (ej) is a sequence of Gaussian white noise, and (X}) is the unobservable volatility

process. 0 > 0 may represent some discretization time step. Equivalently, we observe the
process (Y;) = (InS), and we notice that the conditional law of Y1 given (X, Y:) has

a density given by :

! exp [_ (y/_Yk_(T_%XI?)é)Q]

9 X Yiy) = ——— 5
/27X 26 2Xj0

y €R.
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We model here the dynamics of (X, S) under some risk neutral martingale measure P, r
representing in this case the riskless interest rate.
We assume that (X3) is an homogeneous Markov chain taking three possible values x°

< 2™ < 2 in R, \{0}. Tts probability transition matrix is given by :

1 — (Pom + Pon)o Pomd Poi0
Pk = pmb5 1-— (pmb + pmh)5 pmh(S . (451)
Phb0 Phm? 1 — (pnb + Phm)d

In this context of a partially observed stochastic volatility model, we consider a Bermudean
put option with payoff :

hy) = (k—e)y, yeR,
and we want to compute its price given by :

up = sup E [e_”(sh(YT)} . (4.5.2)
TeTY

We consider a model where the volatility (X}) is a Markov-chain approximation a la
Kushner (see [31]) of a mean-reverting process :

dXt = )\(LEO — Xt)dt + nth

Denoting by A > 0 the spatial step, this corresponds to a probability transition matrix of
the form (4.5.1) with :

2 = z0— A, 2™ = z0, 2" = 2o+ A,
and
i
pbm:)\"i‘Wa pon =0

B n? B 2

Pmb = W’ pmh—w

02

P = 0, Prm = )\+W'

In order to ensure that Py is indeed a probability transition matrix, we have the consistency
conditions :

0 0
We perform numerical tests with
- Price and put option parameters : » = 0.05, Sy = 110, x = 100,
- Volatility parameters : A =1, n = 0,1, Xy = 0.15,
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- Spatial step : A = 0,05.
- Quantization : Grids are of same size N fixed for each time period with step § = %

We first compare in Table 4.1 the filter expectation at the final date n = .... computed
by the optimal quantization method with increasing grid size N , and by 106 Monte Carlo
iterations.

B[] E[112] E[II3] | Relative error (%)
Monte Carlo 0.287608 | 0.422833 | 0.289558
Quant. with N =300 | 0.301651 | 0.421725 | 0.276624 0.898
Quant. with N = 600 | 0.301604 | 0.421458 | 0.276938 0.886
Quant. with N =900 | 0.301598 | 0.421316 | 0.277086 0.881
Quant. with N = 1200 | 0.301618 | 0.42122 | 0.277162 0.879
Quant. with N = 1500 | 0.301605 | 0.421205 | 0.27719 0.878

Table 4.1: Comparison of quantized filter value to its Monte Carlo estimation

We see that besides the very low error level, we can observe error and relative error
decreasing as the grid sizes grow.

Secondly, in order to illustrate the effect of the time step, we compute the American
option price under partial observation when the time step & decreases to zero (i.e. n
increases) and compare it with the American option price with complete observation of
(Xk, Yx). Indeed, in the limit for § — 0 we fully observe the volatility, and so the partial
observation price should converge to the complete observation price.

Moreover, when we have more and more observations, the difference between the two
prices should decrease and converge to zero. This is shown in figure 4.2, where we performed
option pricing over grids of size Ny, = 1500 in case of partial observation. The total
observation price is given by the same pricing algorithm carried out on N, . = 45 point
product grids of (X, Yx). We have seen in Remark 4.4.4 that for fixed n, the rate of
convergence for the approximation of the value function under partial observation is of
order Né{)ﬁm_1+d) where Ny .
(ITj, Y3,) valued in K™ x R%. From results of [4], we also know that the rate of convergence

is the number of points used at each time k, for the grid of

for the approximation of the value function under full observation is of order m x IN,, where
Ny, = mx Ny is the number of points at each time k, used for the grid of (X, Y) valued
in E x R This explains why, in order to have comparable results, and with m = 3 and d
= 1, we have chosen N, ~ Né/g’

In addition, it is possible to observe the effect of information enrichment as the time
step decreases. In fact, if we consider multiples of n as the time step parameter, we notice
that the American option price increases for both total and partial observation models (see

tables 4.2 and 4.3).
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Figure 4.1: Filter error convergence as N grows

n 4 8 16
Tot. Obs. (N, = 30) 1.45863 | 1.75689 | 1.77642
Part. Obs. (N, = 1000) | 0.921729 | 1.13898 | 1.47089
Variation 0.53 0.61 0.30

Table 4.2: American option price for embedded filtrations - First Example

n 5 10 20
Tot. Obs. (NXA, = 45) 1.57506 | 1.72595 | 1.91208
Part. Obs. (Nnyy = 1500) | 0.988531 | 1.30616 | 1.59632
Variation 0.58 0.42 0.31

Table 4.3: American option price for embedded filtrations - Second Example
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Figure 4.2: Partial and total observation option prices as § — 0
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Résumé

Nous développons une approche de résolution numérique du filtrage par méthode de grille, en utili-
sant des résultats de quantification optimale de variables aléatoires. Nous mettons en oeuvre deux
algorithmes de calcul de filtres utilisant les techniques d’approximation du type ordre 0 et ordre
1. Nous proposons les versions implémentables de ces algorithmes et étudions le comportement de
Ierreur des approximations en fonction de la taille des quantifieurs en s’appuyant sur la propriété
de stationnarité des quantifieurs optimaux. Nous positionnons cette approche par grille par rapport
a l'approche particulaire du type Monte Carlo & travers la comparaison des deux méthodes et leur
expérimentation sur différents modéles d’états. Dans une seconde partie, nous nous intéressons
a l'avantage qu’offre la quantification pour le prétraitement des données offline pour développer
un algorithme de filtrage par quantification des observations (et du signal). L’erreur est 1a aussi
étudiée et un taux de convergence est établi en fonction de la taille des quantifieurs. Enfin, la
quantification du filtre en tant que variable aléatoire est étudiée dans le but de la résolution d’un
probléme d’évaluation d’option américaine dans un marché a volatilité stochastique non observée.
Tous les résultats sont illustrés a travers des exemples numeériques.

Mots clés : Filtrage, quantification optimale, quantifieur stationnaire, filtres particulaires, Monte
Carlo, prétraitement offline, option américaine, volatilité stochastique.

Abstract

We develop a grid based numerical approach to solve a filtering problem, using results on optimal
quantization of random variables. We construct two filtering algorithms using zero order and first
order approximation techniques. We suggest implementable versions of these algorithms and study
the approximation error behavior by considering the stationnary property of optimal quantizers.
The grid approach is then compared to the particle one based on Monte Carlo methods. The study
is done over a set of different state models. In a second part, we have been interested in the ad-
vantadge given by quantization methods to preprocess offline the information. This permitted to
develop a filtering algorithm based on observation (and signal) quantization. Here also the error
convergence rate to zero as the quantizer size goes to infinity is studied. Finally, the quantization of
the filter as a random variable is studied in order to solve a problem of pricing an American option
in an unobserved stochastic volatility market. All results are illustrated by numerical experiments.
Keywords : Filtering, optimal quantization, stationary quantizer, particle method, Monte Carlo,
offline preprocessing, American option, stochastic volatility.
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