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Ý , DHB<��D¤�<9<B<@/L<@CB<��DE?A�oL�@o6<;�7>=×J:=�DHFEDß?K�)68@C;A��@�?#L<@/�þJ:FE�C9<FE@C;GFH@C�
6<;�7>=×J:=<DEFHDß?A�C�3L�öù@CB<��@C�n=<FE@C�µ687>9<;oL�@C�oÙ�J:;�DôJ�=<FH@��oJ:FH�CJ�?K7:DH;�@C�3�C7>Bh?KDEBp9<@�� Ý * JW;A@�6<;A���A@CBh?�J�ä
?KDE7>B]I:;KJ:6<��DH��9<@)L<@)FôJ/��7>B<�v?KDE7>B f 68@�;A��@�?G��IhJ:FE@C��@CBh?�L<@�ÙÉDE�A9×J�FHDE�A@C;ÛFôJoL<DH�%?K;�DH=<9�?ADH7:BõL<@FôJµÙ�J:;�DôJ:=�FH@'J:FE�þJ�?A7>DE;A@ X Ý
� @C68@�B<L×J:Bh?þ��L×J�B<�0L<@/B<7>�n=<;A@�9<�A@��)J�6<6<FHDE�þJ�?KDE7>B��C�<FôJËL<@�B<�ADß?K� f @���?�DEB<�C7:B<Bp9<@/@�?07>B�B<@L<DE�A687>��@õ��9<@õL�ö÷9�B n äà���£�×J�B�?ADHFHFE7:BüD Ý D Ý L Ý X1, . . . , Xn

DH���A9 L�ö÷9�B<@�Ù�J:;�DôJ:=<FE@�J�FH�þJ�?K7>DE;A@ XJ:L<��@�?�?�J:Bh? f �C7>����@3L�@CB<��DE?K� Ý * @/6�;A7>=<FE�C��@'L<9��%?�J�?ADH��?ADH��DH@CB¹�C7>B��ADH�%?K@oJ�FH7>;��!øË9�?KDEFHDE�A@�;�C@v?��C���×J�B�?KDEFHFE7>B 687>9<; ��7>B<��?A;A9<DE;A@¹9<BÄ@���?ADH��J�?K@�9<; fn ��9<DG��7>DE? FE@¹6<FE9<� � 6�;A7p���<@��]687>�%ä�ADE=<FH@nL<@ËFHJ¹L�@CB<��DE?K� f Ý � @�?�?K@ËB<7:?KDE7>BUL<@Ë6<;A7þâÉDH��DE?A�µB�ö÷@���?/6×J:�/J:=��A7>FE9<@ @�?/;�@C��9<DE@C;�?3FôJ�A68���CDßú×�þJ�?ADH7>B�L�öù9<Bõ��;ADE?A�C;�@0L~ö÷@�;A;A@�9<; Ý ( @�9Éâ�?à�p68@C��L�@0�C;�DE?K��;A@��Û68@C9ÉÙ>@CB�?GJ:FE7>;���ûv?K;�@0@CBhÙÉDãä
�KJ�I>�C� � ��@C�A9�;A@'L�öù@C;�;A@C9�;!I>FE7>=×J�FH@07>9¹��@��A9<;�@'L�öù@C;�;A@C9�;!687>B���?K9�@CFEFH@ Ý ( J:B<�G��@'?A;KJþÙ�J:DEF�L<@
?K���C�A@��:B<7>9�� B�7>9<�½6<FHJ:�C@�;A7>B��½L×J:B��½FH@Û�CJ:L<;A@�L~öxJ:6�6<FHDE�þJ�?ADH7:B<�¡B<���C@��A�ADß?�J:Bh?�F_ö÷@���?ADH��J�?KDß7>B/L<@
?K7:9�?K@#FôJ3�C7>9�;A=8@0;A@C6�;A�C��@CBh?�J�?ADEÙ>@�L<@ f ´�6<FH9�?ÂÑ:?���9�ö÷9�B<@0Ù�J:FE@C9<;�@CBõ9<Bõ687>DEB�?�6×J:;%?KDE�C9<FEDH@�;¶µ@�?#B�7>9<�!B<@3�C7>B��ADHL��C;A@�;A7>B��#L<7>B<�3��9<@/L<@��#�C;�DE?A�C;A@��!I>FH7:=×J:9Éâ Ý
È J:;���D�FE@C�G��@��A9<;�@C�#L~ö÷@�;A;A@�9<;A�#I>FE7>=×J:FE@��GFE@C�G6<FH9<�G9�?ADHFHDß�A�C@��C�<�CDß?K7>B��!FE@C�GB<7>;A��@C� Lp

||f − fn||p =















(

∫

|f − fn|p
)1/p �AD 1 ≤ p <∞
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L<@ f 6×J�;#;KJ:6<687:;�?�ø g Ý8È J:;A��D-FH@C�#@���?KDE�õJ�?K@�9<;A�#6<;��C��@CB�?A�C�)6<J:; ¥ J:;�;A7>B�� . �Dã:;�ú�@�?#Ù�J:BL<@�; � @�9<FH@�B Ä #ZÅ �«F¤öäÁ rHsv���Â±:���:¢ ¢õ} ¢õ�¢»:r ¿Ã¾ ´�DHB<Dß?KDHJ�FE@���@CBh?36<;A7>687:�A��6<J:; ¥ J:;�;A7>B Ä  dÅ µ'@���?
L<�vú×B<D�øµ6×J:;%?KDH;�L<@ n 7>=<��@C;�Ù�J�?KDE7>B<� X1, . . . , Xn

DHB<L��C68@CB�L×J:Bh?K@C�G@v?GL�DH��?A;ADE=<9<�C@�����9<DEÙ�J:B�?
FôJnFH7:D�L�@ f L<@3FôJn�õJ�B<DH��;A@)�A9<DßÙ�J:Bh?K@ �

• � 7>DE? g 9<B<@fL<@�B<�ADß?K�f��7>B<B�9<@k´�L<DE?A@ »p}v{�svr|��¾s»p}f�Ë¾n×u¾v�K}v{~t�} µµJ:���A7p�CDE�C@WøUFôJÜFE7>D�L<@6<;�7>=×J�=<DHFEDß?K� νg ´ L<Dß?K@ ¢õ}�s�³p��}Ï»p}3�¶¾n×u¾v�K}v{~t�} µpå
• � 7>DE? ` 9<BW@CBh?KDH@�;G?A@CF-��9<@ 1 ≤ ` @v?#�A7:DE? h = 1/` å
• � 7:B<�ADEL<�C;�7>B<�o9<B�@�6×J:;�?ADE?ADH7:B
L<@ R

d � P = {A1, . . . , A`} ?K@�FHFE@Ë��9<@ νg(Ai) = h �
i = 1, . . . , ` å

• , FH7>;��C��@CB]B<7:?�J�B�? an = 1/(nh+ 1) �É7>BõL<�vú×B<DE?�F¤öù�<DE��?K7:I>;KJ:�Ë��@!��7pL<Dßú×� fn 6×J�; �

fn(x) =

[

(1 − an)
µn
(

A(x)
)

h
+ an

]

g(x) =
nµn

(

A(x)
)

+ 1

nh+ 1
g(x) , ´ 
 Ý � µ

7Zæ µn L��C�ADEI>B<@fFHJÜ��@��A9<;�@f@C��6<DH;�DH��9<@¹J:���A7p�CDE�C@WøUF¤öù�C���×J:Bh?KDHFEFE7:B X1, . . . , Xn
@v?

A(x) = Ai
�AD x ∈ Ai

Ý
* J�6<;A@���DH�C;�@õ@£âÉ6<;A@��A�ADE7>BkL�@ fn B�7>9<�n6�;A�C��@CBh?K@¹�C@v? @C�%?KDE�õJ�?A@C9<;o��7>����@�9<B ����FôJ�B<I>@@CBh?K;�@/9<BW@C��?ADH��J�?K@�9<;GL<@'?à�É68@/��DH��?A7>I>;AJ:����@)@�?#FHJ L<@�B<�ADß?K�3L<@/;�������;A@CB��C@:��L�öù7Dæ�FE@'B<7>�
L�öù�<DH�%?K7>I:;KJ:����@o��7pL<DEú<� Ý * Jõ�A@C��7>B<L<@ �C��;ADß?K9<;A@µB<7>9��'��7>Bh?K;A@o�p9�@ �C@v?'@C��?ADH��J�?K@�9<;�@���?
@CB�� J:Dß?���7>B<�%?K;A9<Dß?Û�C7:����@!9<B<@0L<�v��7>;A��J�?KDE7>BË6×J:;���7>;A��@þJ:9pâ�L<@0FôJ3L<@�B<�ADß?K�0L�@0;A������;A@�B<�C@
g
Ý � 9�;G�£�<J:��9<@3�C@�FHFE9<FH@ Ai L<@'FHJn6×J�;�?KDß?KDE7>B~�ÉFE@)�C7p@�Ö��CDH@�B�?!�n9<FE?ADE6<FEDß�þJ�?A@C9<;ÛL<@ g(x) Ù�J:9�?

nµn
(

Ai
)

+ 1

nh+ 1
=
nµn

(

Ai
)

+ 1

nνg(Ai) + 1
.

, DEB<�AD_�8�A9<;)FE@C���CFHJ:�A��@C�'7ZæUFôJ���@C��9<;A@n@���6<DE;ADE��9<@µ@���?'�A9<68��;ADE@C9<;�@ËøõFôJ���@C�A9�;A@nL<@n;A�v���vä
;A@�B<�C@��~7:B��C7>;�;ADEI>@/FôJ�L�@CB<��DE?K� g @�BÜFôJ � L<�v��7>;A��J:B�?!Ù>@C;��)FE@/�×J:9�?��âå�ø�F¤öùDHB�Ù>@�;A��@:�8FE7>;A���p9�@FôJn��@��A9<;�@/@���6<DE;ADE��9<@'@C�%?0DEB����C;�DH@C9�;A@3øËFHJ ��@C�A9�;A@3L<@/;�������;A@CB��C@:��7>BWL<�v��7>;A��@ g Ù>@C;A�#FE@=×J:�Ï´|Ù>7>DH;Gè½DHI:9<;A@ 
 Ý 
 µ Ý
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 �ìë5í î�ï�ðDñ�òVó[ôÏô�õ¼ô�ð�ö�í ÷�ø¼ùMï¶òÇó[í ïÞúNð�ûFïËí�û[ü�ýSöÿþ ü[û"õ©öDõ�û"î¶í ï�ø©ñ[ó[ü"î�î�í õ�û[û"õ N (0, 1)ù � ðAí�ûFïËí���� øNîËý���� ó¼öDõ�û"î¶í ï�øhöDõÆòÇø	�nø�ò õ�ûdúNõmõ¢î�ïsü[û"õmöDõ�û"î¶í ï�øhöDõ�
5ü[ô
�Zõ��Ãùjï¶ízòÇõ�ï�îËý�� n = 100 �
` = 8 �
* 7>;��A��9<@�FH@WB�7>�n=<;A@WL<@��CFHJ:�A�A@�� ` @�?õF¤öù�C���×J:Bh?KDEFHFE7:BÄ�A7:B�?�ú�âÉ�C������@�?]@���?ADH��J�?K@�9<;�68@C9É?ûv?K;�@�Ùp9¹��7>����@#9<B<@���7>B���?KDE7>B<B�@CFHFE@0J:L���@v?A?�J�B�?�@�B¹@CBh?K;��C@)FôJ/L<@CB��ADE?A�)L�@);������C;�@CB<��@ g @�?��7:9<;AB<DE�A�AJ:B�?¡@CBµ��7>;�?KDE@19<B<@ÛB<7:9�Ù>@CFEFH@1L<@CB��ADE?A�ÛL<@�6<;A7:=×J:=<DEFHDß?A� ´ @���?KDE�õJ�?K@C9�;«L<@ f µ-��9<@ÛF¤öù7>B68@�9�?3B�7:?K@�; B`g

Ý�È 9<DH����9<@ B`g
@C��?'9<B<@ L�@CB<��DE?K�nL<@n6<;A7:=×J:=<DEFHDß?A�:��B<7>9<�)687>9�Ù>7>B<�3J�FH7>;��

FHJo��7>B<��DHL<��;A@C;���7>����@#L<@CB<��DE?A�)L<@�;������C;�@CB<��@'L�@)F_ö÷��DH��?A7>I>;AJ:���Ë@#��7pL<DEú<� � �C@�FôJo�C7>B�L<9<DE?
øf9<B B<7:9�Ù>@CF�@���?KDE��J�?K@�9<;3L<@ f �«B<7�?K� B2

` g
�«��9<D168@C9�?nøf�A7>Bü?K7>9<;3L<@�Ù>@�B<DH;/L<@CB��ADE?A��L<@

;�������;A@CB��C@0L<@!F¤öù�<DH�%?K7>I>;AJ:���Ë@���7pL�DEú×��@�?ÛJ:DHB<��D×L�@#�A9<Dß?K@ ÝEÝßÝ � @#6<;A7p��@C���A9<��Dß?K��;KJ�?ADE��J:����B<@
B<J�?K9<;�@CFEFH@C��@�B�? ø#�C7:B<�ADEL<�C;�@C; FH@ s	�Ôsv���v¢õ}�»���{8�:¢ rj²¢³×} B`

ø#@C�A6<J:�C@�L�öù��?KJ�?K� L<@ÛL�DH��@CB<��DH7>B
DEB�ú×B<DE@:��L<��ú<B<D«L<@3FHJn� JZÐ�7>BW��9<DEÙ�J:B�?A@ �

B` : D → D
g 7→ B`g ,

´ 
 Ý! µ
7Zæ D ;A@�6<;A���A@CBh?K@�F¤öù@CB��A@C�n=<FE@ L<@C�/L<@�B<�ADß?K�C�/L�@�6<;�7>=×J:=<DEFHDß?A�n�A9�; R

d Ý«¥ @�;AFEDHB<@v?3@�? ¥ DHJ:9Ä xdÅ 7>Bh?1��?K9�L<DH�G�C@!���p�%?K�C��@#L��pB×J���DE�p9�@!@�B�L<DH��@CB<��DH7:B 9<B Ý � @��ÛJ:9�?A@C9<;��C�h�A7:9<����@C;%?�J:DEB<@C�
�h�p687:?K�<���A@��C�#7>B�?f��7>B�?A;A�UFôJ ��?KJ�?KDE7>B<B×J�;ADE?A�ÜL<@��f?K;AJ�Ú�@���?A7>DH;�@C�¹L<@
L<@CB��ADE?A�C� {Bp

` g}p≥0J�6<;A��� 9<BkB<7:�n=<;A@�ú×B<D�L�ö÷Dß?K��;KJ�?ADH7>B<� Ý ( J:B<� �C@¹�CJ:�C�½FôJ�� J���DEFEFß@�L�ö÷@���?ADH��J�?K@�9<;A� {Bp
` g :

p ≥ 0} @C��?�L<@/�þJ:;�L<DHB×J�F-ú<B<D Ý ( J:B<�0FH@�� ÓÔÐpÑ9E�Ð�Ó½B�o,Qÿ�TEnCuÓÔÐ]L<@/�C@�?�?K@o6<;A@���DE�C;�@/6×J:;%?KDE@:�B�7>9<���v?K9<L�DH@�;A7>B<��L<DJÉ~��;A@CBh?K@�������?K��7pL<@C��68@C;���@v?A?�J�B�?�L<@)���CFE@C��?ADH7>B�B<@C;�9�B¹@���?KDE�õJ�?K@C9�;�ø

D
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F¤öùDHBh?K��;ADE@C9<;'L<@��C@v?A?K@�� J:��DHFßFE@ Ý � @C�µ����?A�<7pL<@��µ��@C;A7:B�?µ@CB��A9<Dß?K@õJ:6<6<FEDH��9<��@C�o687>9�;/?K@�B�?A@C;
L�ö÷J:���CFHDE7:;A@C;�FH@��!68@�;���7>;A��J:B��C@C�!L�öù@C�%?KDE�õJ�?K@C9�;A�#ø B<7Ô�hJ�9�L�@/FHJ L<@�B<�ADß?K� Ý
* J¹�C7:B<��?A;A9<�v?KDH7:BüL�@ËF_ö÷�<DE��?A7>I>;KJ�����@µ��7pL<Dßú×�n;�@C687>��@Ë�A9<;'9<B<@Ë6×J�;�?KDß?KDE7>BÜL�7>B�?3FE@C�'��FH�£ä
��@CB�?A�½�A7>Bh?�L<@���û���@���@C��9<;A@�L<@�;�������;A@CB��C@ Ý ( J:B<� FH@Û�CJ:� ;A��@CF_��FE@����<7>DãâµL�öù9<B<@�6<J:;�?KDß?KDE7>B
=×J:���C@#�A9<;1FH@��1��9×J:Bh?KDHFE@C��L<@#FHJ'L<@�B<�ADß?K�#L�@#;������C;�@CB<��@0�CöùDH��687>��@!L<@G� JZÐC7:B�B<J�?K9<;�@CFEFH@ ÝhÈ FH9<�
6<;��C�CDE�A����@�B�?þ����?�J�B�?WL�7>B<B<�
9<Bc@�B�?KDE@C;¹687>��DE?KDß� ` ´ B�7>�n=<;A@UL�@
�CFôJ��A�A@��¶µ£�!FHJ 6<J:;�?KDß?KDE7>B
P = {A1, . . . , A`} @C��?#L<�vú×B<DH@36<J:;

{

A1, A2, . . . , A`

}

=
{

] −∞, q1], ]q1, q2], . . . , ]q`−1,∞[
}

,

7Dæ��É687>9<; i = 1, . . . , `− 1 � qi L<���ADHI:B<@)FH@0�p9<J:B�?ADHFH@0L�öù7>;�L<;A@ ih L<@)FHJµL�@CB<��DE?K� g Ý � @C68@�BÉäL×J:Bh?þ�8FH@o��7>B<��@C6�?'L�@µ�p9<J:B�?ADHFH@/9<B�DEÙ�J:;�DH�/��?KJ:B�?0��7>;�?A@C��@CBh?�FHDE�oøõFHJ�;A@CFHJ�?KDE7>BWL�ö÷7:;AL<;�@µL<@
R
�¡FH@�6×J:���KJ:I:@]J:9 L<7>��J:DEB<@��n9<Fß?KDßÙ�J�;ADE�ËB�öù@���?n6×J:�oDH�����CL<DHJ�? Ý-È J:;o�C7>B��A�C��9<@�B�?þ�½687>9�;
L<@��'L�DH��@CB<��DH7>B��06<FH9���I>;KJ:B�L<@C���p9�@n9<B���DHF«� J�9�?)��öxJ�?�?�J:���<@�;'øõ��@�?�?K;A@o@CBU�vÙpDHL<@�B<�C@n9<B<@
6×J:;%?KDß?KDE7>BkL�7>B�?�FH@�����FôJ:���A@����A7>DE@CBh?�L�@W��@��A9<;�@�L�@W;A������;A@�B<�C@�DHL<@�B�?ADH��9<@ Ý ( J�B<��FE@©LCÐDtB>Î8ÍTG9B�o,Qÿ�TEnCuÓÔÐµL<@#�C@v?A?K@#6×J:;�?ADH@��hB<7:9<�Û6�;A�C��@CBh?K7>B<�ÛL<DÔÉ��C;�@CBh?K@C������?K��7pL<@C��68@C;���@v?A?�J�B�?
L<@õ�C7:B<��?A;A9<DE;A@õL<@�?A@CFHFE@C�o6<J:;�?ADE?KDE7:B<� Ý � 7>9<�µ��?A9<L<DH7:B<�µFôJW�C7:B�Ù>@�;AI>@�B<�C@¹@CB @�B�?K;�7>6<DE@õ;�@vä
FôJ�?KDßÙ>@n@�?3@CBü@�B�?K;�7>6<DE@ ;A@�FôJ�?ADEÙ>@n��7Ô�>@�B<B<@ËL<@��/��DH��?A7>I>;AJ:���Ë@C�)��7pL<Dßú×�C�'J:�A��7p�CDE�C�/ø¹�C@��
6×J:;%?KDß?KDE7>B<� Ý

­�®�� j ²�©b¯f®�°f±G§ ¸�®µ¬�¼fª�¯f­3©«®/ªv»½±!§ ±!¯ ±!§�©«ª�¬ ­3©«ªv®µ¯ °f± ³�­
°¹±!¯W§-ª£©«²

* @C�o@C�%?KDE�õJ�?A@C9<;��/B<7>BS6×J:;KJ����v?K;ADE��9<@C�/L�@�FôJfL<@�B<�ADß?K��L<��68@CB<L�@CB�?n@CB I>��B<��;KJ:F�L~ö÷9<B 7>9
6<FE9<�ADE@C9<;��)6<J:;KJ����v?K;A@���L<7>Bh?'FE@µ���<7>Dãâ���@ ;���Ù>��FH@n��;A9<��DôJ�F¤��J�9<�A�AD½=�DH@�BU687:9<;�FôJ�6<;��C�CDE�ADE7>B
FH7p�CJ:FH@o��9<@ 687>9<;)FôJõ6�;A�C��DH��DH7>BÜI>FH7>=<J:FE@µL�@ F¤öù@C�%?KDE�õJ�?A@C9<; Ý�È J:;)@vâÉ@C��6<FE@ L×J�B<�'FH@µ�þJ��'L<@
F¤öù@C�%?KDE�õJ�?A@C9<;�øoB<7u�hJ:9 fn,h ´ FE@0B�7Ô�hJ:9 K @C�%?�úÉâ���@�? h L<���ADHI:B<@�FHJ3��@CB<ûv?K;A@uµv�ÉDHF�@���?�� J:��DHFE@L<@fÙ:7>DH; ��9<@WFôJUFE7>D�L�@WL<@�B<�ADß?K� fn,h ��7>B�Ù:@C;AI:@WÙ>@�;A��FHJU��@C�A9�;A@W@���6�DH;ADE��9<@¹FH7:;A�A��9<@ h?K@�B<L<� Ù>@C;�� 0 J:FH7>;��n��9<@ fn,h ?K@�B<LÄ9<B�DE��7>;�������@�B�?µÙ>@�;A�ËFôJ���7>B���?KDE7>B Bp9�FHFE@]FH7:;A�A��9<@ h?K@�B<LWÙ>@�;A�#F_ö÷DEB�ú×B<D ÝEÝßÝ
* @C�n6×J�;KJ:����?A;A@C�µDEB<�C7:B<Bp9��nL<@�� @���?ADH��J�?K@�9<;A�µB�7>B 6<J:;KJ:���v?K;ADE�p9�@C�µL�@]FôJ�L�@CB<��DE?K�õ�A7>Bh?
�A7:9�Ù>@CBh?��A��FH@C�v?KDE7>B<B<���#@CB���DHB<DE�ËDE�KJ�B�?GFH@��!?A@C;���@��#L<7:��DEB×J:B�?A�GL×J:B��#FH@3L���Ù>@�FH7>6<68@���@�B�?
J:�%�É��6�?A7:?KDE�p9�@]L<9 �C;�DE?A�C;A@õL�öù@C;�;A@C9�; �C7>B��ADHL��C;A� Ý�¥ DH@CB ��9<@¹��@C�ËJ:6<6<;�7p���<@C� �A7:DH@CBh?n6�@�;%ä
��7>;��õJ:Bh?K@��0L×J:B��)L�@µB<7>�n=<;A@�9<�A@��)�ADß?K9×J�?KDH7:B<�C��@�FHFE@C�06�;A�C��@CBh?K@CBh?/J:9���7>DHB<�#L�@C9Éâ�DHB<��7>BÉä
Ù>�CB�DH@CBh?K� Ý ( ö÷J:=87>;�L��1FH@¹�þJ:FE�C9<FGL<@W��@C��L���Ù>@�FH7>6<68@���@�B�?A�õJ:���p��6�?K7�?KDH��9<@���B<���C@C���ADE?A@�@CB
I>��B<�C;AJ:F�L<@C�µ�h�É687:?A�<�C��@C�n�A9<;oFôJW;��CI>9<FHJ:;�DE?K�ËL�@õFôJfL<@CB��ADE?A�]ø�@���?ADH��@C; Ý � @��CDÛ68@C9�?µû�?A;A@
��;A9���?K;AJ:B�?�L×J:B<��FôJ)��@��A9<;A@G7DæË��@C�1�h�É687�?K�<���A@C���A7>Bh?1L<DÔÖ��CDEFH@���ø�Ù>�C;ADßú×@C;�L<J:B<��FôJ);��þJ:FEDE?A� á
� B<�A9�DE?K@��«�C@��o6<;�7p�C��L<9<;A@��µ��7>B�?/L<@�B×J�?K9<;�@�J:���p��6�?K7�?KDE�p9�@:�-�C@���9<D1��DHI>B�DEú×@ ��9�ö÷@�FHFE@C�3B<@
�A7:B�?þ�<?A�<�C7:;ADH��9<@���@CB�?C�<Ù�J:FôJ:=�FH@C���p9�@/FH7:;A�A��9<@ n @C��?#DHB�ú<B<D ÝßÝEÝ
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Ê�Ò��ÆR ?]CFo¡Î0G«Ð�L·B>Î8ÑUÒgE ÍbQ�CuÎPE ÓÔÐALµÐÉÍÇÐ�L�C"E_ÑÆQ�C"E�Î8Í/G¡Ðm@nQÆG«ÐpÍTLuEVCF?

( J:B<��9<BÜ7>9�Ùp;KJ�I>@µ;��C�C@�B�?C� ( @vÙp;A7Ô�>@n@�? * 9�I>7>�AD Ä 
  �Å @£â�6�FH7>;�@CBh?)L<@µB<7>9ÉÙ>@CFEFH@o����?A�<7pL<@C�
68@�;A��@�?�?�J:Bh?)L<@µ���CFH@���?ADH7>B�B<@C;)J�9�?K7>��J�?ADH��9<@���@�B�?0FE@C��6<J:;KJ:���v?K;A@���L�öù@C�%?KDE�õJ�?A@C9<;���L<@µFHJ
L�@CB<��DE?K� Ý-È FH9��'6�;A�C��DH���C��@CBh?þ���v?�J:Bh?'L<7>B<B�� F = {fθ, θ ∈ Θ} 9<B<@n� J���DEFEFß@µL�@ L<@�B<�ADß?K�C��CJ:B<L<DEL×J�?A@C�o6×J:;AJ:����?K;��C@�6<J:; Θ �¡FE@C�o���v?K�<7pL<@��µL<�vÙ>@CFE7>6<68��@C�n6×J:; ( @�Ùp;A7u�>@]@�? * 9<I>7:�AD68@�;A��@�?�?K@CBh?#L<@3�A�CFE@C�v?KDE7>B<B<@�;#J:9�?A7>��J�?KDE��9<@C��@CBh?G9<BW@C��?ADH��J�?K@�9<; fn L×J�B<� F ?K@CF��p9�@ �

E

{∫

|fn − f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fθ − f |
}

+Dn .
´ 
 Ý$# µ

( DE?ËJ�9�?K;A@���@CB�?C�½F¤öù@C;�;A@C9�; L1
��7u�>@CB�B<@¹L<@¹F¤öù@C�%?KDE�õJ�?K@C9�;µ�A��FH@���?ADH7>B<B��¹B<@¹L��C6×J:���A@f6×J:�

?A;A7>DE�G��7>DH�GFôJË6<FE9<�#68@v?KDE?A@/@C;�;A@�9<;0687>���ADH=�FH@:�×6<FE9<�#9<BW?K@C;���@3;A���ADHL�9<@CF Dn
��9�ö÷DEF-Ù�JË� J:FEFH7:DE;

��öxJ�?A?�J��£�<@�;½ø#��7>B�?A;ÂÑ>FE@C; Ý � @�?K@C;���@ Dn
L<��68@CB<LnL�@ÛFôJG;ADE�£�<@��A��@���7>�n=<DEB×J�?K7:DE;A@�L<@�FôJG�CFôJ��A�A@

F @v?'68@�9�?'û�?A;A@n��7>B�?A;ÂÑ>FE�oÙpDHJõ9<BÜL<��?A7>9<;)6<J:;�FôJ�?A�<�C7:;ADH@oL<@µá�J�6<B<D � @�? � �<@�;�Ù>7>B<@�B � DE�Ä ��
 Å ��9<;!FôJn�C7>BhÙ>@C;AI:@CB<��@o9<B<DE��7:;A��@)L<@3FôJn��@��A9<;�@/@���6�DH;ADE��9<@ Ý
2 BS68@�9�?oÙ>7:DH;3FE@Ë6<;A@���DE@C;'?A@C;���@ËL<9S��@��n=<;A@ËL<@�L<;�7>DE?A@ËL<@�F¤öùDHB<��IhJ:FEDã?K�©´ 
 Ý$# µ)�C7>����@
9�B<@ }v�£�K}�³É��»�� �vwhw8�K�N¹>r|¢��:� r¤��{o� F_öù@C;A;�@C9<;¡�C7:����DH��@16×J:;¡FH@ � ��@CDEFEFE@�9<;�� @C��?ADH��J�?K@�9<;¡6<;��C��@CB�?
L<J:B<�¹FHJ �CFHJ:���A@ Ý * @U��@C��7>B<LY?A@C;���@Ü68@�9�?fûv?K;�@
J:���A7p�CDE�Uø 9<B<@ }v�£�K}�³p�¼»�� }�sv� r|¢��:�_r¤��{Q�
F_ö÷@�;A;�@C9<;G��7>����DE�A@�6×J:;GF¤öù@C�%?KDE�õJ�?K@C9�;����CFH@���?ADH7>B<B��36<J:;G;KJ:6�687>;�?!J:9f��@�DHFEFE@�9<;�@���?ADH��J�?K@�9<;
6�;A�C��@CBh? L×J:B��µFôJW��FôJ:���A@m´�Ù>7>DE;oè½DHI>9�;A@ 
 Ý � µ Ý � @��nL<@�9ÉâS?K@�;A��@C�/Ù�J:;�DH@CBh?µ@�B I>�CB��C;KJ�FÛ@�B
��@CB<� DHBhÙ>@C;��A@ � 6<FH9��½FôJ!� J:��DHFßFE@ F @C��? ;ADE�£�<@Û@�? 6�FH9<�½FE@�?K@�;A��@�L�ö÷J:6<6�;A7þâ�DE�õJ�?KDE7>Bo;�DH���p9�@�L<@L�DH��DEBp9<@�; Ý � B]��7>Bh?K;A@�6×J:;%?KDH@���DHF×�A@C;AJµ6�FH9<��L<DÔÖ���DHFE@!L<@#?K;A7:9�Ù>@C;ÛFE@ � ��@CDEFEFE@�9<;��G@���?ADH��J�?K@�9<;
L<J:B<� F �×@v?!ÙpDH��@vä Ù>@�;A�AJ Ý

* 7>;��A��9<@oFH@��#L<@�B<�ADß?K���0�þJ:B<L�DHL×J�?A@C�#L<��68@CB<L<@�B�?)L<@��0L<7>B<B��C@C�Þ´ ��ö÷@���?�6×J:;!@vâÉ@C��6<FE@/FH@3�þJ��
FE7>;A����9<@õF¤öù7>B ���<@C;��£��@fø��A��FH@���?ADH7>B<B�@C;µFHJW��@CB�û�?K;�@]L<@õF¤öù@C�%?KDH��J�?A@C9<;oø�B<7Ô�hJ�9 7>9 FE@�6×J:�
L�@µF¤öù�<DH�%?K7>I:;KJ:�Ë��@Fµ£�×FôJË� J:��DHFßFE@3L<@µL<@�B<�ADß?K���)�CJ:B<L<DEL×J�?K@�����ö÷���C;ADß? F = {fn,θ, θ ∈ Θ} @v?F_ö÷DEB<�CI>J:FEDß?A�a´ 
 Ý!# µ�L<@�ÙpDE@CB�?

E

{∫

|fn − f |
}

≤ 3
(

1 + Cn
)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+Dn

7ZæWFH@)?A@C;A��@ Cn @C��?#@CBWI>��B<�C;AJ:F � 68@v?KDE?����É?à�p6<DH��9<@���@�B�?#L<@3F_ö÷7>;�L<;A@'L�@ 1/
√
n
Ý

* ö÷J:FHI:7>;ADß?A�<��@�L<@G�A��FH@C�v?KDE7>BËL�öù9<BË?A@CF<@C�%?KDH��J�?A@C9<; fn @C��?1=×J:�A�!��9<;1FHJ)��DHB<DE�ËDE�KJ�?KDE7:BnL�ö÷9�B��;ADß?K�C;�@3@���6<DE;ADE��9<@'L�9�I:@CB<;�@

sup
A∈A

∣

∣

∣

∫

A

fθ − µn(A)
∣

∣

∣

´ 
 Ýzx µ
7Zæ µn L��C�ADEI>B<@#FHJ3��@��A9<;A@#@���6<DH;�DH��9<@!J:�A��7p�CDE�C@0ø/F_ö÷�����×J:B�?ADHFEFE7>B X1, . . . , Xn

@�? A ;�@C6<;��vä��@CBh?K@f9<B�@¹�CFôJ��A�A@¹L~ö÷@�B<�A@��n=<FH@���Ú�9<L<DE�CDE@C9<��@C��@CBh? �£�<7:DH�ADE@ Ý Þ @��õJ�;A��9<7>B<�nL�öù@C�n=<FE�C@]��9<@
��D A L<�C��DHI>B�@�FôJU?K;ADE=<9Å=87:;A�CFEDH@�B<B<@WL<@ R

d ��J:FE7>;A�ËFôJ
��9×J:Bh?KDß?K�k´ 
 Ýzx µËøü7>6�?ADH��DE�A@�;Ë@C�%?
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ç'èVé�ê 
 Ý � ����ú��"ø�ô�ó�í����zü"î�ï¶òVó[ûFï���þäí�û"øNñ[ó �!í ï�ø ´ 
 Ý!# µ ��! � ! � ò õ � ò ø¢î�õ�ûFï�õ"�zþ!õdòÜòÇõdü[ò5öÿþ$õ¢î�ïËí�ô�ó"ïËí ð�û#�
! � $%� ú�õ���� õ�öÿþzó � � òÇð'&]í�ô�ó"ïËí ð�û#� θ? õ¢î�ï(� õ � ó�òVó[ô*)�ï¶òÇõ�ó"î�îºð�úFí ø�ó[ü*+Âô�õdí���� õdü[ò�, õNî�ïËízôróFï�õ�ü[ò�ö[ó]û"îú�� ódî�î�õ �
�C7:B<��?KJ:����@CBh?1��IhJ:FE@!ø 
 Ý , F¤öùDHBhÙ>@C;��A@��h��D×FHJ'��FôJ��A�A@GL�ö÷@�B<�A@��n=<FH@ A @���?1?K;�7>6Ë68@�?ADE?A@:�hJ:FE7>;A�FôJ06<;A7þâÉDH��DE?A�Û@�B�?K;�@ ∫

A
fθ
@�? ∫

A
f B<@�Ù�J)6×J:�½��7>;��C����@�B�?�DE��6�FEDE��9<@C; ��9<@ fθ ��7>DE? � 6<;�7p�£�<@��L<@ f Ý

( @vÙÉ;�7Ô�>@�@�? * 9<I>7:�AD Ä 
  dÅ �«@CBS�CöùDHB��A6<DE;KJ:Bh?/L<@��/?K;AJuÙ�J�9ÉâüL<@.-ÛJ�?K;KJ��C7>� Ä �Z� Å �«7>Bh?/��7>Bh?K;��
L×J:B��'FE@C9<;07>9�Ùp;KJ:I:@n��9�öùDHF �A9�ÖË?'L<@n�C7:B<�ADEL<�C;�@C;)FôJ��CFHJ:�A��@nL�öù@CB<��@C�n=<FH@��·´ J:6<68@CFE�C@ tvyß��s�su}»p}0/��:� �A�pt��us µ

A =
{

{x : fθ(x) > fθ′(x)} : (θ, θ′) ∈ Θ2
}

.

( J:B���FôJ
��J�Ú�7:;ADß?K�¹L�@C���þJ��C��=�DH@CBÅ��9<@���7>��6<FH@£â�@WL~ö÷9<BÅ687>DHBh?�L<@WÙp9<@���7>�n=<DHB×J�?K7>DE;�@:�
�C@v?A?A@µ�CFHJ:�A��@µ;�@C��?A@nJ:���A@ � � J:��DHFE@/ø���J:B<DE6<9<FE@C; Ý � D¡7>B��C7>B<��DHL<��;A@o6×J:;#@vâÉ@C��6<FH@/FH@/�þJ���7Dæ
F ;�@C6<;��C�A@�B�?A@oF¤öù@CB<��@C�n=<FE@'L<@'?K7>9�?A@C�!FH@��!L<@�B<�ADß?K���#IhJ:9<���ADE@CB<B<@��#9<B<DEÙ�J:;ADE�C@��C�

F =
{

fm,σ(x) =
1

σ
√

2π
e−(x−m)2/2σ2

: m ∈ R, σ > 0
}

,

DHF:@C��?¡� J��CDEFH@ L<@1Ù>7>DE;-��9<@�FôJG��FôJ:���A@�L�@1-ÛJ�?A;KJ:��7>�¡J:�A��7p�CDE�C@Ûø F @���? �C7:��687:�A�C@1L�ö÷DEB�?A@C;%Ù�J:FHFE@C���@C;������!@�?#L~ö÷9<B�DH7>B<�GL<@3L<@C9ÉâfL<@C��Dßä DEB�?A@C;�Ù�J:FEFE@���´|Ù>7>DH;Gè½DHI:9<;A@ 
 Ý! µ Ý


 #



Ê�Ò��ÆR ?]CFo¡Î0G«Ð�L·B>Î8ÑUÒgE ÍbQ�CuÎPE ÓÔÐALµÐÉÍÇÐ�L�C"E_ÑÆQ�C"E�Î8Í/G¡Ðm@nQÆG«ÐpÍTLuEVCF?
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ç6èVé�ê 
 Ý! �32âõdü'&�õ�û"î�õ�ô
� � õNî�öDõ4� ó½ú5� ó"îºî�õ·öDõ76XóFï¶òVódúNðDîÞù98:)uú5�"õ¢îÂý�ó"îºî�ð�ú"í ø¢î�ó]ü'&½öDõ�û"î¶í ï�øNî
f1

ù�� ð�í î N (0, 1) � ï¶òVóDí ï � � õdízû�ýaõ�ï f2
ù�� ðAí N (0.5, 1.5) � ïËí�òÇõ�ï�îËý0; {x : f1(x) > f2(x)}ùMñ[ó[üdú��"õFý�� {x : f2(x) > f1(x)} ù ö�ò ð�í ï�õuý �

( J:B<�ËFE@��¡ÓÔÐpÑ9E Ð�ÓkBdobQ��gEVCuÓÔÐSL<@¹�C@v?A?A@fL<@C9pâ�DE�C��@¹6×J:;�?ADH@��½B<7>9<� ��?A9<L<DE7>B<� �C@v?A?A@f���£ä
?A�<7pL<@'L<J:B<�GFH@��þJ:L�;A@'L<@'FHJn���CFE@C�v?KDH7:B¹L<@'FôJµ6×J:;%?KDß?KDE7>B P @v?!L<@'FHJµL<@CB��ADE?A�'L<@';������C;�@CB<��@
g L<@C�1�<DE��?A7>I>;KJ����Ë@C�½��7pL<Dßú×�C� Ý * ö÷7>;�DHI>DEB×J�FEDã?K��L<9 ?K;AJuÙ�J�DHFÉ;A�C��DHL<@GL×J�B<�1FE@�� J�DE? ��9�öxø'B<7:?A;A@��7>B<B×J�DH�A�AJ:B<��@:��J:9<��9<B<@����v?K�<7pL<@068@C;���@v?A?KJ:B�?�L<@����CFE@C�v?KDH7:B<B<@C;ÛFH@#6×J:;AJ:���v?K;�@#��7>B<�v?KDE7>BÉä
B�@CF g B~öxJË@�B<�C7:;A@/�v?K�36<;A7:687>�A��@ Ý
È J�;A��D-FE@C�!B<7>�n=<;A@�9Éâf@C��?ADH��J�?K@�9<;A�!B<7:B�6×J:;AJ:���v?K;�DH��9<@C�!L<@/FHJËL�@CB<��DE?K����F¤öù@C�%?KDE�õJ�?A@C9<;Gø
B�7Ô�hJ:9.´ È J:; � @�B Ä 
 x"Å � Þ 7:�A@CB�=<FHJ�?A? Ä 
 {�Å µ!@���?)6<;�7>=×J:=�FH@C��@CBh?0FH@/6<FE9<�09É?KDHFEDE�A� Ý Þ J:6<68@�FH7>B��
��9<@3�C@�?#@C�%?KDE�õJ�?A@C9<;�@C��?#L<�vú×B<D«6<J:; �

fn,h(x) =
1

nhd

n
∑

i=1

K
(x−Xi

h

)

, x ∈ R
d , ´ 
 Ý!{ µ

7ZæWFH@ {~���>�Z³ K : R
d → R

Ù>�C;�DEú×@ ∫ K = 1 @�? h > 0 @���?#FôJ ×þ}v{=<v�_�K} ´ 7>9 w��:�A�:¢>�v� �K}Ï»p}
yzrHs�sC�F±p} µ Ý � @�?G@���?KDE�õJ�?K@C9�;�@���?Ãy×@vâÉDE=<FH@��ÉL×J:B<��FHJµ��@��A9<;A@�7Dæ¹DEF8FôJ:DE�A�A@�øµF¤öù9�?KDEFEDE�AJ�?K@�9<;Û9<B�@
I:;KJ:B<L�@GFEDH=8@�;�?K�ÛB<7>B �A@C9�FH@���@�B�?�L×J:B<� FH@��£��7>DßâµL<9ËB<7u�hJ:9 K �:��J:DE�½@�B<�C7:;A@GL×J:B<� FH@��£��7>DßâL�9�;��C@CF h Ý * 7>;��A��9�öù7>B��A@3FHDE��Dß?A@'J:9pâfB<7Ô�hJ�9Éâ K 687:�ADE?ADE�����<FE@C��ÙpDE?K@��A�A@��0L�@/��7>B�Ù>@�;AI>@�B<�C@Ù�J:;ADE@CBh?�68@C9Ë@�B ��7>B<�v?KDE7>BnL<@ K @�?�FH@�� �C;�DE?K��;A@���@��A�A@�B�?ADH@�FH��L<9 �£��7>DßâµL<9ËB�7Ô�hJ:9 �A7>Bh?�J�FH7>;��FHJ3�ADE��6<FEDE��Dß?K�G@�?ÛFôJ'ÙpDE?A@C�A��@�L<@#�þJ:FE�C9<F�L~ö÷9<B�@�6×J�;�?þ��FHJ3;A��I>9<FHJ:;ADß?K�GL<@0FôJ3��7>9<;�=8@)ø/7>=É?K@CB�DH;
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L�ö÷J:9�?A;A@Ë6×J:;%? Ý � Bü;A@�Ù�J:B<���<@��¡FH@ ���<7>Dãâ
L�9S6<J:;KJ:����?A;A@ h �A@�;���Ù>��FH@Ë�C;A9��CDôJ�F¤��J:9<���AD1=�DH@CB687>9<;GFôJn6<;A���CDH��DH7:BWFE7p�þJ:FE@)��9<@/I>FE7>=×J:FE@�L<@/F_ö÷@���?ADH��J�?K@�9<; Ý

* ö÷@���?ADH��J�?K@�9<;¡´ 
 Ý!{ µG@C�%?)��7>B<Bp9�687>9<;0687>���A�CL�@C;)L<@o=87>B<B�@C��6<;A7:6<;ADE��?K���0FH7>;��A��9<@oFôJËL<@CBpä
�ADß?K� f @���? �A9�Ö��KJ�����@CBh? ;A��I>9<FHDE�C;�@ Ý � @C68@�B<L×J:Bh?þ����@C� 68@C;%��7>;A��J:B<��@C�n��öxJ:��7>DEB<L<;ADE�A��@CBh?@CBf6<;A���A@CB��C@oL�@3�CDE=<FH@��G6�FH9<�G��7>��6�FH@£â�@��Ï´��C7>����@)6×J:;G@£â�@���6<FH@'L<@��#L�@CB<��DE?K���!� 9�FE?KDE�Ë7�ä
L×J:FE@C���>Ù>7>DE; � J:DHBË@�? � ��7:?A? Ä 
 ��Å µ Ý � B�7:9�?K;A@��hFôJ'L�DH��@CB<��DH7>B L<@#F_ö÷@��A6×J:��@#L<@��Û7:=<�A@�;�Ù�J�?KDH7:B<�
68@C9É?�6×J:���KJ:=<FE@C��@CBh?�J�É�@C�v?K@C; FôJ��p9<J:FHDß?K�õL<@fF_ö÷@���?KDE��J�?KDß7>B ´ � J:DHB Ä 
 �"Å µ Ý � @v?�@CB<��@C�n=<FE@
L<@ L<��� J:9É?K�368@�9�?/û�?A;A@ �C7>;�;ADHI:�:�~L×J�B<�39<B<@ �C@�;�?�J�DHB<@ ��@C��9<;A@��-@CB
68@C;A��@v?A?�J:Bh?/J:9
6×J�;KJ�ä
����?K;�@ h L<@��Cö÷J:L×J�6�?K@�; FH7p�CJ:FE@C��@CBh?½J:9n687>DEB�? L�ö÷@���?ADH��J�?KDE7>Bo@v?�J:9ÉâµL<7:B<B<�C@�� Ý 2 Bn7>=�?KDE@CBh?J:FE7>;A�)9<B<@�B�7>9�Ù>@CFEFH@n� J:��DHFßFE@µL�ö÷@���?ADH��J�?K@�9<;A���«J:6<68@�FH��� }�sv� r|¢��:��}�³p�Ks È {~���:�Z³%Ó��:�£r �[ÙCyH}�s �
@�?#L���ú×B<DE�!L<@3�õJ:B�DH��;A@)I>�CB<��;KJ:FE@36<J:;

fn,h(x) =
1

n

n
∑

i=1

1

h(x,Xi)
K

(

x−Xi

h(x,Xi)

)

, x ∈ R
d , ´ 
 Ýz� µ

7Dæ h : R
d × R

d → (0,∞) @C��?µ9<B<@���7>B<�v?KDE7>BS��@C��9<;KJ:=�FH@ Ý ( @õB<7:� =�;A@C9pâ J:9É?K@C9�;A�µ��@�A7:B�?�DEB�?A�C;A@��A���C�õJ:9Éâk6<;�7>6<;ADE��?A�C�ËL<@f?K@�FH�Ë@���?KDE��J�?K@�9<;A� Ý , =<;AJ:���A7>B Ä � Å J
��7>B�?A;A�¹�p9�@
687>9<;n9�Bk=87>B �£��7>Dßâ L<@ h(x,Xi)

�½FE@�?K@C;���@õL<@¹=<DHJ:DE�µL<@]F¤öù@C;�;A@C9�; L2
68@�9�?�J�?A?K@�DHB<L�;A@

L<@��oÙpDß?K@C���A@��µL<@���7>BhÙ>@C;AI:@CB<��@]�×J�=<DE?A9<@CFEFH@���@CBh?/;��C��@C;�Ù>��@C� øWL<@��o@C�%?KDH��J�?A@C9<;��oøWB<7u�hJ:9
´�úÉâ�@��¶µ�9�?ADHFEDE�KJ:Bh?ÛL<@C��B<7Ô�hJ�9Éâ]B<�CI>J�?KDß����L�öù7>;AL�;A@ #<Ý � @�;A;A@�FHF�@�? � �C7�?A? Ä � YdÅ 7>B�?���IhJ:FH@���@CB�?
��7>B�?A;A�Û��9<@�L<@�?A@CFH� @C��?ADH��J�?A@C9<;��½68@C;���@v?A?K@�B�? L�ö÷J:���CFHDE7>;�@C;¡L�@���J:B<DH��;A@��ADHI:B<DEú×�CJ�?KDßÙ>@ÛFE@C�
68@C;%��7>;A��J:B<��@C�3L<@C�/@���?ADH��J�?K@�9<;A�3øfB<7Ô�>J:9�´|ú�âÉ@C�¶µ'@CBüI>;KJ:B�L<@ËL<DH��@CB��ADH7:B Ý ( J:B<�/FE@Ë�CJ:�
9<B<DßÙ�J:;�DH����687:9<;)��@C;%?�J:DEB<@C�0� J:��DEFEFß@C�0L�@nL<@CB��ADE?A�C�C� ( @vÙÉ;�7Ô�>@ @�? * 9<I>7>��D Ä 
"� Å 7>B�?)7>=É?K@CB�9��
687>9<;µL�@C�n@C�%?KDE�õJ�?A@C9<;��µL�9 ?à�p6�@h´ 
 Ýz� µ£� L<@��µÙpDE?K@��A��@C� L�@]��7>B�Ù>@�;AI>@�B<�C@¹687>9<;oFH@��C;�DE?K��;A@
L1
6<FH9���;KJ:6�DHL<@�����9<@'FH@���ÙpDE?A@C�A��@C�G�×J:=<Dß?K9<@�FHFE@C�ÛL<@C�G@���?KDE�õJ�?K@C9�;A�GøµB<7Ô�hJ�9 Ý � 7>B<��DHL<��;A7>B<�

6×J:;!@vâÉ@C��6<FE@/FH@ ¢õ�¢»?�vyH}�¸�@þ�d³×}v� f(x) = 2x �A9�; [0, 1]
Ý � B��Cö÷J:6<6<9��hJ�B�?��A9�;0FE@C�#;��C��9<FE?KJ�?K�

L<@ ( @vÙÉ;�7Ô�>@o@v? * 9<I>7>��D Ä 
"� Å ´ * @�����@ 
 µ£�<7>BW68@�9�?0��7>Bh?K;A@�;G��9<@/687>9�;!FH@'���<7>Dãâ

h0(x) =
1

2x
1{x≤1/2} + 2(1 − x)1{x>1/2} ,

7>B�J
E

{∫

|fn,h0(x) − f |
}

≤
√

8

n
. ´ 
 Ý!� µ

� 9<;0FôJ�è½DHI>9�;A@ 
 Ý$# �8B<7>9<����7>��6<J:;A7>B���FE@C�068@C;%��7>;A��J:B<��@C��L<@µF¤öù@���?KDE�õJ�?K@C9�; fn,h0(x)
JuÙ>@C�

�C@�FHFE@C�GL<9W��@�DHFEFE@�9<;�@C�%?KDE�õJ�?A@C9<;GøËB<7u�hJ:9fú�âÉ@ fn,h?
�<�:öù@C�%?�äàø�äàL<DE;A@

h? ∈ argmin
h>0

∫

|fn,h − f | .
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ùjï¶òVóDí ï � � õdí�û�ý6õNï � ó�òC�zþ!õNî�ïËízôróED
ï�õdü[ò fn,h?
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 Ýz� µ �JI õNîròÇøNî�ü � ï�ó"ï�îlî�ð�ûFï�ô�ðLK¢õ�û[û"øNî�î�ü[òNMEO P½ò ø � øNïËí ïËí ð�û"î �
� 7>9<�ËÙ>7Ô�>7>B��õ��FôJ:DE;A@���@�B�?Ë��9<@�FE@C��@�;A;A@�9<;A� L1

�C7:����DE�A@C�Ë6×J�;�F¤öù@C�%?KDE�õJ�?A@C9<;ËøüB�7Ô�hJ:9
Ù�J:;ADHJ:=<FE@3�A7>Bh?�DHB�����;ADE@C9<;�@C�0ø���@CFEFH@��0L<@oF_ö÷@���?KDE��J�?K@�9<;#ø�B<7Ô�hJ�9�úÉâ�@ Ý~È J:;#@vâÉ@C��6<FE@:��6�7:9<;
L�@C��?KJ:DHFEFß@C�ÛL�öù�C���×J:Bh?KDHFEFH7:Bõ6<;A7p���<@��GL<@ 
 YZYDY ��� J:DH;�@#Ù�J:;�DH@C;ÛFôJ/��@CB<ûv?K;�@'68@�;A��@�?�L<@);A��L<9<DH;�@
F_ö÷@�;A;�@C9<; L1

L<@ �DxRQ @�B�ÙpDH;�7>B Ý
( J:B<� FE@½LCÐAB>Î�ÍbG7Bdo,Qÿ�gEVCuÓÔÐüL�@¹��@�?A?A@¹6×J:;%?KDE@:� B�7>9<�nB<7>9<�nDHBh?K�C;�@C�A��7>B<�Ëø�FôJ����CFE@C��?ADH7:B
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?A�<7pL<@����C7:� =�DHB×J�?A7>DE;�@C�!L<�C��;ADß?K@C�06<FE9<�0�×J�9�?þ��B<7>9<�0��7>B�?A;A@C;�7>B<�#�C7>����@CBh?0�A��FH@���?KDE7>B<B<@�;
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?ADH��J�?K@�9<;3���CFH@���?ADH7>B<B���B<@�L<�C6×J��A�A@]6<J:�oFôJf6<FH9<�/68@�?ADE?K@�@C;�;A@C9�;µ687>���ADH=�FH@:�¡øW9<BS� J:��?A@C9<;
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9<B<DE��9<@C�)�vÙ>7>FE9×J:B�?�L×J�B<��L<@C��@C�A6<J:�C@��'L<@µL<DH��@CB��ADH7:B�DEB�ú×B<DE@ Ý � F¡� J�9�?)J:FH7>;���J�L×J:6�?A@C;�FE@C�
����?K��7pL<@C�/��?�J�?KDH�%?KDE�p9�@C�/��FôJ:���ADH��9<@��µøW��@C�oB<7>9ÉÙ>@þJ:9pâ DEB<L<DßÙÉDEL<9<� Ý 2 BS;A@�I>;A7>9�68@���7>9<�oFE@
Ù>7p�þJ�=<FH@#I>�CB��C;KJ�F8L<@ sv�¤�>� rHsv� rj²¢³�}T×þ��{~tv� r¤��{<{~}vy|yH} F¤öù@CB<��@C�n=<FE@#L<@C��?K@��£�<B�DH��9<@C����?KJ�?KDE��?ADH��9<@C�
68@C;���@v?A?KJ:B�?!L<@'?K;KJ�DE?K@�;�@NÖ��þJ��C@C��@CBh?0�C@��#L<7>B<B<��@C�#L�öù9<B�I>@�B<;A@3B<7:9�Ù>@þJ:9 Ý
( J:B���FH@f�C7>Bh?K@£âÉ?A@�L�@�FôJ tvyß��s�svr ¿�tA�:�_r¤��{K×þ��{~tv� r¤��{×{~}vy|yH}õs�³uw×}v��ÓurHsF¾�} � 9<B yß�[Ùv}vy ´ ��ö÷@���?%ä�ø�ä
L<DE;A@�9<B<@�Ù�J:;ADHJ:=<FE@0�p9<J:FHDß?�J�?ADßÙ>@�J:L<��@�?�?�J:Bh?�6<FH9<��DH@�9<;A����7pL×J�FHDß?A�C�Ëµ1@C��?!J:�A��7p�CDE�3øµ���×J:��9<@
DHB�L<DEÙpDHL�9���@v?¹7>Be���<@C;��£��@üø 6�;A�CL�DH;A@�FH@�FHJ:=8@CF0DEB<�C7:B<Bp9eL~ö÷9<B�@UB<7>9ÉÙ>@CFHFE@�7>=<��@C;�Ù�J�?KDE7>B ÝÈ 7>9<;!��@3� J:DE;A@��<B<7>9��#L<DE�A687>��7>B<�!L�ö÷9�B��C���×J:Bh?KDEFHFH7:B (X1, Y1), . . . , (Xn, Yn)

L<@'Ù�J:;�DôJ:=�FH@C�
J:FE�þJ�?A7>DH;�@C�õDEB<L<�C68@�B<L×J:Bh?K@��W@v?fDHL<@�B�?ADH��9<@���@�B�?¹L<DH�%?K;�DH=<9<��@C����7Dæ Xi

@���?f9<B<@Ü��7>B<��?ADH7>B
J:FE�þJ�?A7>DH;�@3ø Ù�J�FH@�9<;A�#L<J:B<�#9<B�@C��6×J:��@o��7:B<��?ADH7>B�B<@CF F ��@v? Yi @���?09<B<@3Ù�J�;ADôJ�=<FH@3J�FH�þJ�?K7>DE;A@økÙ�J�FH@�9<;A�WL×J:B<� {0, 1} Ý * öù7>=pÚ�@C�v?KDE�µ@C�%?�L<@ü�C7>B<�%?K;�9<DH;�@:�#øÄF_öxJ�DHL<@UL<@ü�C@�?��C���×J:Bh?KDEFHFH7:BL�ö÷J:6<6<;�@CBh?KDH���KJ:I:@:�×9<B<@ �W�Ü±:yH}Ï»p}ntvyß��s�svr ¿�tA�:�_r¤��{

gn : F → {0, 1}
��9<D¤��ø�9<B�@nB�7>9�Ù>@CFEFH@/��7:B<��?ADH7>B X DHB<L<��68@CB<L<J:B�?A@nL<@�� Xi

��J:�A��7p�CDE@µFH@/FôJ:=8@�F Y 7>9 
 Ý 2 B
6×J:;�FH@3J�FH7>;��C�<JuÙ>@��/9<BWFH��I>@C;!J:=�9<�#L�@/FHJ:B<I>J:I>@:��L�@ tvyß��s�svr ¿�tA�:� r¤��{h»p}nt��d³É�NÙv}�svÝ
& B�@#?K@CFEFH@G6<;A7p���CL<9<;�@�L<@#�CFHJ:�A��DEú×�CJ�?KDE7>BË?A;A7>9�Ù>@#L<@0B<7:� =�;A@C9��A@C��J:6<6<FEDH�CJ�?KDE7:B<�1L<J:B<�ÛF_ö÷DEBÉä
L<9<�%?K;ADE@:�«7Dæ FE@C�o��7>9<;�=8@C�µ68@C9ÉÙ>@CBh?þ�½6<J:;o@£âÉ@C��6<FH@��¡;A@�6<;A���A@�B�?K@�;n9<B ��ûC��@�6<�<��B<7>���CB<@
J:9��C7>9�;A�0L<9�?A@C��6<� � ��Ù>7>FE9�?KDE7>BWL<@oFHJ ?K@C��68�C;AJ�?K9�;A@:��L<9�6 " 7>9�@CB��C7>;�@µL�@oF¤öùDHBh?K@CB��ADE?A�
L�öù9<B���DHI>B<J:F��A7:B<7>;�@ Ý

* JË68@�;���7>;��õJ�B<�C@'L�ö÷9�B<@/;A��I>FH@ gn @C�%?0��@C��9<;A��@/6×J:;G�KJ w8�K�ZÙ��[ÙCr|yzr|��¾�»�� }v�£�K}�³É���
L(gn) = P

(

gn(X) 6= Y |(X1, Y1), . . . , (Xn, Yn)
)

.

� �<��7>;ADE�p9�@C��@CBh?þ�×FH@'6<;�7>=<FE�C��@'@C�%?0;��C��7>FH9f6<9<DH����9<@/FHJ �X�Ü±:yH}Ï»p}�Y0���h}�s

g?(x) =

{

0 �AD P(Y = 0|X = x) ≥ P(Y = 1|X = x)
1 �ADEB<7>B

@C�%?07>6É?KDH��J:Fß@:��J:9W�A@�B<�#7Dæ �

L? = P
(

g?(X) 6= Y
)

= inf
g:F→{0,1}

P
(

g(X) 6= Y
)

´�Ù>7:DH; ( @vÙp;A7Ô�:@:� . �Dã>;�ú @v? * 9<I>7>��D Ä 
Z
 Å �¡6×J:I:@ 
 Y µ Ý ¥ DH@�B @CBh?K@CB�L<9�� FôJW;��CI:FH@�L<@ ¥ Ju�>@��
L<��68@CB<L L<@�FôJ¹L<DH�%?K;ADE=<9�?KDE7>B/´�DHB<��7>B<B�9<@Fµ'L<@ (X,Y ) @v?µB�@�68@C9É?µL<7>B���û�?A;A@��þJ:FE�C9<FE�C@�ø
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L?
Ý ( @/��J:B�DH�C;�@'6�FH9<�G6<;A���CDH��@:�×7>BWL<DE;KJn��9<@/FôJn;A��I>FH@ gn @C�%?0��7>B�Ù>@�;AI>@�B�?A@oFH7:;A�A��9<@

lim
n→∞

EL(gn) = L? . ´ 
 Ý!\ µ
, ��@]Ú�7>9�;C��L<@üB<7:�n=<;A@�9<�A@�������?A�<7pL<@��WL<@
�CFHJ:�A��DEú×�CJ�?KDE7>BY7:B�?W�v?K�
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@v? �C7:��6×J�;A�C@�� 687:9<;nL<@�� 7>=<��@C;�Ù�J�?KDE7>B<�n�vÙ>7>FH9×J�B�?n@CB L<DH��@CB��ADH7:B ú<B<DH@h´�Ù>7>DE; ( @vÙp;A7Ô�>@��
. �Dã>;%úo@�? * 9<I:7>�AD Ä 
D
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 Å 687>9<;µ9<B�@
L�DH�A��9<�A��DH7>BüL<��?KJ:DHFEFE�C@ ��7>B<��@C;AB<J:B�?oFôJ¹;A��I>FE@ËL<9SB<7u�hJ:9S@�B L�DH��@CB<��DH7>B
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||f − g||1 =

∫

|f − g| @v? D(f, g) =















∫

f log
f

g
�AD f ¿ g

∞ �ADHB�7>B .
� FÛ@���?n=<DH@�B ��7>B<B�9ì´|Ù>7>DH;/6×J:;o@vâÉ@���6<FE@ ç 9<FEFH=×J:� � Ä 
D
 Å µ3��9<@]��@C�nL<@�9Éâ L�DH��?KJ:B<��@C�µ�A7>Bh?
FHDE�C@��G6×J:;GF¤öùDHB<��IhJ:FEDã?K��L<DE?A@3L�@SÝ r|{�s¶Úh}v�0�

||f − g||1 ≤ 2D(f, g) .

� @�?�?K@o;�@CFHJ�?KDE7>B¹DH��6<FEDE��9<@'��9<@oFHJËL<DE��?KJ:B<�C@3L<@ ç 9�FHFE=×J:� � ä * @CDE=<FE@C;�DHB�L<9<DE?G9<B<@3?K7>687>FE7>I>DE@
6<FE9<�G��7>;�?A@3��9<;#F¤öù@��A6×J:��@/L<@C�#L<@�B<�ADß?K���0L�@/6<;�7>=×J:=<DEFHDã?K�)��9<@/�C@�FHFE@/J��A�A7p��DH��@oøËFôJ L�DH��?KJ:B<��@
L1
Ý

( J:B�� L<@¹B�7>�n=<;A@�9Éâ L<7:�õJ:DEB<@C�oL<@¹FHJ��%?�J�?ADH��?ADH��9<@h´�Ù>7>DE; ¥ @�;AFEDHB<@v?þ�¡á1J�Ú�L<JÜ@�?nÙ�J:BkL�@C;� @�9<FH@�B Ä {�Å 687:9<;/L�@C�/@vâÉ@C��6<FE@C�¶µ)FôJ¹�C7:B�Ù>@�;AI>@�B<�C@ L1
68@C9�?o��@�;A�vÙ>�CFH@�;/DHB��A9�Ö��KJ�B�?K@�@v?

7>BÄFE9<D�6<;A�v���C;�@�J:FH7:;A� FHJU�C7:B�Ù>@�;AI>@�B<�C@�L<��ú<B<DH@f6×J:; FôJUL�DH��?KJ:B<��@WL�@ ç 9<FEFH=×J:� � ä * @�DH=<FE@�; Ý
� @C68@�B<L×J:Bh?þ�Ô?K;�7>9�Ù>@�;¡L<@C� @���?ADH��J�?K@�9<;A�«L<@�FHJGL<@CB<��DE?A�Û��7>BhÙ>@C;AI:@þJ:Bh? J:9/�A@CB��½L�@�F¤öù@CB�?A;A7>6�DH@
;A@�FôJ�?ADEÙ>@#68@�9�?���7>9<FE@�Ù>@C;Û�p9�@CFH��9<@���L<DJÖ���9<FE?A�C� Ý Þ @��õJ�;A��9<7>B<���p6×J:;Û@£â�@���6<FH@��p�p9�@)L<J:B<��FE@
�þJ��/L�@ËF¤öù@C��?ADH��J�?K@�9<;)��DH��?A7>I>;AJ:����@n9<��9<@CF f̂n �-FHJ]�p9<J:B�?ADE?K� D(f, f̂n)

68@�9�?/û�?A;A@ËDHBÉú×B<DH@
JuÙ>@��/9<B�@/6<;�7>=×J:=<DEFHDã?K�)B�7>BWBp9<FEFH@ Ý
, ú<BÅL<@f6×J:FEFHDE@�;n�C@v?A?A@WL<DÔÖ���9<FE?A�:� ¥ J:;�;A7>B~� . �Dã>;%úÅ@�?ËÙ�J�BÅL<@�; � @C9<FE@CB Ä � Å 7>B�?Ë��7:BÉä
?K;��n�p9~ö÷DEF½�v?�J:Dß?)687>�A��DH=<FE@nL�@ ��7>B<��?A;A9<DE;A@n9<BU@C�%?KDH��J�?A@C9<; fn L<@ f ��7>B�Ù>@�;AI>@CJ:B�?36<;�@C���p9�@�Âà�;A@C��@CBh?�@�BÄ@�B�?A;A7>6<DE@¹;�@CFHJ�?KDßÙ>@]@v?Ë@CBk@CBh?K;A7:6<DH@];A@�FôJ�?ADEÙ>@õ��7u�>@CB<B�@ Ý � @�?Ë@C��?ADH��J�?K@�9<;C�
DHB�DE?KDEJ:Fß@C��@CBh?µ6<;A7>687:�A�¹6×J�; ¥ J:;A;�7>B Ä 
 Å �½@C�%?�J:6<68@�FH�KÁ rHsv�à�Ë±:���:¢ ¢õ}�¢õ�u»:r ¿Ã¾vÝ � F�@C�%?ËL<�vä
ú×B<DGøU6×J:;%?KDE;nL<@ n äà���£�×J�B�?KDEFHFE7:B D Ý D Ý L Ý X1, . . . , Xn

L�öù9<B<@¹Ù�J:;�DôJ:=�FH@]J:FH�CJ�?K7:DH;�@ X L<@ R687>���A�CL<J:B�? f ´ DHB��C7>B<B�9<@uµ��C7>����@'L<@�B<�ADß?K�3�C7>���n9<B<@'L�@/FHJ ��J:B<DE�C;�@'��9<DEÙ�J:B�?A@ �
• � 7>DE? g 9<B<@fL<@�B<�ADß?K�f��7>B<B�9<@k´�L<DE?A@ »p}v{�svr|��¾s»p}f�Ë¾n×u¾v�K}v{~t�} µµJ:���A7p�CDE�C@WøUFôJÜFE7>D�L<@6<;�7>=×J�=<DHFEDß?K� νg ´ L<Dß?K@ ¢õ}�s�³p��}Ï»p}3�¶¾n×u¾v�K}v{~t�} µ Ý
• � 7>DE? ` 9<BW@CBh?KDH@�;G?A@CF-��9<@ 1 ≤ ` @v?#�A7:DE? h = 1/`

Ý
• � 7:B<�ADEL<�C;�7>B<� 9<B<@¹6×J�;�?KDß?KDE7>B L<@ R

� P = {A1, . . . , A`} ?K@CFEFH@õ��9<@ νg(Ai) = h �
i = 1, . . . , `

Ý
• , FH7>;��C��@CB]B<7:?�J�B�? an = 1/(nh+ 1) �É7>BõL<�vú×B<DE?�F¤öù�<DE��?K7:I>;KJ:�Ë��@!��7pL<Dßú×� fn 6×J�; �

fn(x) =

[

(1 − an)
µn
(

A(x)
)

h
+ an

]

g(x) =
nµn

(

A(x)
)

+ 1

nh+ 1
g(x) , ´ 
 Ý 
 µ

7Zæ µn L��C�ADEI>B<@fFHJÜ��@��A9<;�@f@C��6<DH;�DH��9<@¹J:���A7p�CDE�C@WøUF¤öù�C���×J:Bh?KDHFEFE7:B X1, . . . , Xn
@v?

A(x) = Ai
�AD x ∈ Ai

Ý
� �
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 � ë5í î�ï�ðZñ�òVó[ôÏô�õ¼ô�ð�ö�í ÷�ø¼ùMï¶òVóDí ïÞú�ð�ûFïËí�û[ü�ýSöÿþ ü[û"õKöDõdû"î�í ï�øKñDó]ü"î�î�í õ�û[û"õ N (0, 1)ù � ðAí�ûFïËí���� øNîËý �ÈI ómöDõ�û"î¶í ï�øKöDõ¼ò ø��nø�ò õ�ûdú�õiõNî�ï½ü[û"õ©öDõ�û"î¶í ï�øiöDõ·
5ü[ôU�Zõ��'ùjïËí�òÇõ�ï�îËý�� n = 100 �
` = 8 �
* J�6�;A@C��DH��;A@�@vâÉ6<;�@C�A�ADE7>B L<@ fn B<7>9��n6<;A���A@�B�?K@¹��@�? @���?ADH��J�?K@�9<;o�C7>����@�9<B ���CFHJ:B<I>@@�B�?A;A@/9�B�@���?KDE�õJ�?K@C9�;GL<@3?à�p68@/�<DE��?K7>I:;KJ:����@)@v?#FôJ L�@CB<��DE?K�3L<@3;A�v���C;A@�B<�C@��8L�öù7DæWFH@'B<7:�
L~ö÷�<DE��?A7>I>;KJ�����@/��7pL�DEú×� Ý * Jõ�A@��C7>B�L<@Ë���C;�DE?K9�;A@nB�7>9<�)��7:B�?K;�@µ��9<@ ��@�?'@C�%?KDE�õJ�?A@C9<;0@C�%?
@�B�� J:DE?1�C7>B���?K;�9<DE?Û��7>����@!9<B<@0L<�v��7>;��õJ�?ADH7:B�6×J�;���7>;��C@CJ:9Éâ�L<@0FHJ3L<@CB<��DE?A�0L<@0;A�v���C;�@CB<��@
g
Ý � 9<;G���×J:��9<@3��@CFEFH9<FE@ Ai L�@'FôJµ6×J:;%?KDE?ADH7:B��pFH@)��7p@NÖ��CDE@CBh?#�n9<Fß?KDE6<FßDE�CJ�?K@�9<;�L<@ g(x) Ù�J:9�?

nµn
(

Ai
)

+ 1

nh+ 1
=
nµn

(

Ai
)

+ 1

nνg(Ai) + 1
.

, DHB<��D¤�8��9<;)FH@C����FôJ:���A@C�)7DæUFHJ���@��A9<;�@n@C��6<DH;�DH��9<@o@C�%?3��9<68�C;�DH@�9<;A@ËøõFHJõ��@C��9<;A@nL<@n;������£ä
;�@CB<��@:��7>B
��7>;A;�DHI>@µFHJõL<@CB<��DE?A� g @CB
FôJ � L<����7:;A��J:B�?0Ù>@C;A�'FH@n�<J:9�?��âå�ø]F¤öùDHBhÙ>@C;��A@nFH7>;��A��9<@FHJ ��@C��9<;A@3@C��6<DH;�DH��9<@'@���?#DHB�����;ADH@�9<;A@3ø FôJ ��@��A9<;A@3L<@3;A�v���C;A@�B<�C@��87>BWL<�v��7>;���@ g Ù>@�;A�#FH@=<J:�Ï´�Ù>7>DE;!è½DEI>9<;�@ 
 Ý 
 µ Ý
* 7>;��A��9<@'FE@�B<7>�n=<;A@�L<@)�CFHJ:�A��@C� ` @v?GF¤öù�C���×J:Bh?KDHFEFE7>B��A7>Bh?�ú�âÉ�C�C�<F_öÉ@C�%?KDE�õJ�?A@C9<;r´ 
 Ý 
 µ�68@C9É?ûv?K;�@�Ùp9¹��7>����@#9<B<@���7>B���?KDE7>B<B�@CFHFE@0J:L���@v?A?�J�B�?�@�B¹@CBh?K;��C@)FôJ/L<@CB��ADE?A�)L�@);������C;�@CB<��@ g @�?��7:9<;AB<DE�A�AJ:B�?¡@CBµ��7>;�?KDE@19<B<@ÛB<7:9�Ù>@CFEFH@1L<@CB��ADE?A�ÛL<@�6<;A7:=×J:=<DEFHDß?A� ´ @���?KDE�õJ�?K@C9�;«L<@ f µ-��9<@ÛF¤öù7>B68@�9�?3B�7:?K@�; B`g

Ý�È 9<DH����9<@ B`g
@C��?'9<B<@ L�@CB<��DE?K�nL<@n6<;A7:=×J:=<DEFHDß?A�:��B<7>9<�)687>9�Ù>7>B<�3J�FH7>;��

FHJo��7>B<��DHL<��;A@C;���7>����@#L<@CB<��DE?A�)L<@�;������C;�@CB<��@'L�@)F_ö÷��DH��?A7>I>;AJ:���Ë@#��7pL<DEú<� � �C@�FôJo�C7>B�L<9<DE?
øf9<B B<7:9�Ù>@CF�@���?KDE��J�?K@�9<;3L<@ f �«B<7�?K� B2

` g
�«��9<D168@C9�?nøf�A7>Bü?K7>9<;3L<@�Ù>@�B<DH;/L<@CB��ADE?A��L<@

;�������;A@CB��C@nL<@µF_ö÷�<DE��?A7>I>;KJ�����@3��7pL<DEú<�/@�?'J�DHB<��D¡L<@µ��9<DE?A@ ÝßÝEÝ � @µ6<;A7p��@C���A9<�'Dß?K��;KJ�?ADE�½B<7>9��
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J:���CB<@3øË��7>B<��DHL<��;A@C;!FH@ s	�usv���v¢õ}¡»���{8�:¢ rj²¢³�} B`
L<�vú×B<D«L�@/FHJn� JZÐ�7>BW��9<DEÙ�J:B�?A@ �

B` : D → D
g 7→ B`g ,

´ 
 Ý � µ
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Ý

0 2 4 6 8 10 12 14

0.5

1

1.5

2

p

||f−Bpg||
1

ç'èVé�ê 
 Ý$# �·!PòÜò õ�ü[ò î L1
úNð�ô�ô�í î�õ¢î � ó�òG� õ¢î 15 � òÇõdô�í õ�ò î�í ï�ø�ò ø¢î öDõ.� ó c í ñ�ü[òÇõ^M �æåÃ�
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* @ 6�;A7>=<FE�C��@nJ:9��p9�@CF B<7>9��'�A7:����@C���C7>BÉ��;A7>Bh?K���'@C�%?3��9�ö÷@�Bü6<;AJ�?KDE�p9�@nFôJ�L<@CB<��DE?A� f @���?DHB��C7>B<B�9<@ Ý�È J:;Ë�C7:B<�A���p9�@CB�?õB<7>9<��B<@f�A7>����@��Ë6×J���ø
��û���@¹L<@W�CJ:FE�C9<FE@C; FH@���@�;A;�@C9<;��
||Bp

` g − f ||1 @�? D(f,Bp
` g)
��@�?'B<7:9<�'L�@�Ù>7>B��3L<7:B<�nL<��ú×B�DH;)9�B<@ �%?K;KJ�?K�CI:DH@µ68@C;���@v?A?KJ:B�?

L<@'���<7>DH��DH;�J:9�?A7>��J�?KDE��9<@C��@CBh?�9<BW@���?ADH��J�?K@�9<;�L×J�B<�!FHJµ� J���DEFEFß@ {Bp
` g : p ≥ 0} øn6×J:;�?ADH;L<@3F¤öù�C���×J:Bh?KDEFHFE7:B X1, . . . , Xn

Ý

­�®�� �S±!§¤Ì¹»½®�¸�²!°fº¹» ±!§�°¹±¦§-²G³�±!¸�©«ª�®µ¯

� 7:9<�]6<;��C�A@�B�?A7>B<�¹L×J:B<�õ�C@v?A?K@Ü��@C��?ADH7>BQL<@�9ÉâQ���v?K�<7pL<@��¼´ 9�B<@Ü687>9<;õFE@���;ADß?K�C;�@ L1
@v?

F¤ö÷J:9�?A;A@ 687>9<;3FH@Ë��;ADE?A�C;�@�L�@ ç 9�FHFE=×J:� � ä * @CDE=<FE@C;Ëµ068@C;A��@�?�?�J:Bh?/L<@��A��FH@���?KDE7>B<B<@�;oJ�9�?K7>��J�ä
?KDE��9<@C��@CBh?#9<B�@C�%?KDH��J�?A@C9<;GL<@/FHJËL�@CB<��DE?K�/L<J:B<�#9<B<@3� J:��DEFEFß@'L�öù@C�%?KDE�õJ�?A@C9<;��!�þJ:B<L�DHL×J�?A� Ý
* @���7pL��CFH@W�õJ�?K�<���õJ�?KDE��9<@���@Ü6<;��C�A@�B�?A@UL<@�FôJü�õJ:B�DH��;A@���9<DEÙ�J:B�?A@ Ý � 7>Dß? g 9<B<@�L<@CBpä�ADß?K�3L<@3;A�v���C;A@�B<�C@/úÉâ���@ Ý � 7>9<�!B�ö÷@�É~@���?A9<7>B<��J:9<��9<B<@/���p687:?A�<�C��@µ��9<;#��@�?A?A@/L<@CB<��DE?A� Ý � B
7>9�?A;A@��>�C@G68@C9É?�ûv?K;A@G9<BË@���?KDE�õJ�?K@�9<; L<@GFHJ)L<@�B<�ADß?K�G�CDE=<FH@ f L<�C68@�B<L×J:Bh?�L<@C�17:=<�A@�;�Ù�J�?KDH7:B<�
X1, . . . , Xn

ÝhÈ 7>9<;��£�<J:��9<@#@�B�?KDE@C; ` @�? p �>7>BËB<7�?K@ fn,θ FH@ p äàDE�C��@���DH��?A7>I>;AJ:����@���7pL<Dßú×�DE?A�C;��i´ L<�vú×B<D�6×J:;À´ 
 Ý 
 µ'@v?�´ 
 Ý � µºµ3��7>B<��?A;A9<Dß?µø�6×J�;�?KDE;3L<@ ` �CFHJ:���A@C��� θ = (`, p)
Ý � ?�J�B�?

L<7>B�B<�/F_ö÷@�B<�A@��n=<FH@
Θ =

{

(`, p), ` L<DEÙpDE�A@ n @�? p ≥ 0} , ´ 
 Ý!# µ
B<7>9��06�;A7>687>��7>B<�#��J:DHBh?K@CB<J:B�?GL<@C9ÉâW6<;�7p�C�CL�9<;A@���68@C;���@v?A?KJ:B�?#L<@/���CFE@C��?ADH7>B�B<@C;!9<B�@C�%?KDãä
��J�?K@�9<;G6×J:;%?KDH��9<FEDH@�;�L×J�B<�#FHJn� J���DEFEFß@a´�ú<B<DH@uµ FΘ = {fn,θ, θ ∈ Θ} Ý

�GçM�Èç�� P
Àÿ� Ã:è�À<Á
L1

* J#���v?K�<7pL<@���9<@ÛB<7>9<� 9�?ADHFEDE�A7>B��«DH�CDh@C�%?½=×J:�A��@���9<; FH@�� 7:9�?KDEFH�-�C7>�n=<DEB×J�?K7:DE;A@��«L<��Ù>@�FH7:6<68�C�
6×J:; ( @vÙÉ;�7Ô�>@'@�? * 9<I>7:�AD Ä 
 YdÅ¤Ý � 7>9��GFHJµ6�;A�C��@CBh?K7>B<�GL�ö÷J:=87>;AL¹L<J:B<��9<B¹�C7:B�?K@£âp?K@'I>�CB��C;KJ�F
JuÙ�J:B�?1L<@!F_öxJ�6<6<FEDH��9<@�;�ø'B<7:?A;A@G6<;A7>=�FH�C��@ Ý � 7:DE? FΘ = {fn,θ} 9�B<@G� J:��DHFßFE@�L�öù@C��?ADH��J�?K@�9<;A�L<@
FôJ L<@�B<�ADß?K�
687>9�Ù�J�B�?WL<�C68@�B<L<;A@SL�@C� n L<7>B<B��C@C� X1, . . . , Xn

@�?W6×J�;KJ:����?A;A�C@U6×J:;
θ ∈ Θ

Ý � 7>Dß? m < n 9<BÜ@�B�?ADH@�;0��9<D¡6×J:;%?�J:I>@/F¤öù�C���×J�B�?KDEFHFß7>BW@�BÜL<@�9Éâ���7>9<��äà�C���×J:Bh?KDEFHFE7>B<� Ý2 BWDHBh?K;�7pL<9<DE?�FôJn�CFHJ:�A��@/L�@3Ù�J:;ADHJ:=<FH@��!J�FH�þJ�?K7>DE;A@��

AΘ =
{

{

x : fn−m,θ(x) > fn−m,θ′(x)
}

: (θ, θ′) ∈ Θ2
}

´_J�6<68@CFE�C@ tvyß��s�su}�»p}ª/��:� ���pt��us J:�A��7p�CDE�C@¹ø Θ @�Bk;�������;A@CB��C@fJ:9Éâ ?A;KJþÙ�J:9Éâ L<@Ñ-ÛJ�?K;AJ:�C7:�Ä 
 �dÅ µv�<@�?#7:BWL<��ú<B<DE?

∆(fn−m,θ) = sup
A∈AΘ

∣

∣

∣

∣

∫

A

fn−m,θ − µm(A)

∣

∣

∣

∣

,

7Dæ µm L<���ADHI:B<@3FôJn��@��A9<;�@3@C��6<DH;�DH��9<@'J:�A��7p�CDH��@oø F¤öù�C���×J:Bh?KDEFHFE7:B Xn−m+1, . . . , Xn

Ý
 �#
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* ö }�sv�_r|¢��:�à}�³p�½»p}�yß�¼»:rHsv�¤�:{~t�}�¢ r|{×r|¢S³É¢ fn
@C�%?nJ:FH7>;��3L<��ú×B�DÛ��7>����@ËB�ö÷DE��687:;�?K@Ë��9<@�F

@���?ADH��J�?K@�9<; fn−m,θ Ù>�C;�DEú�J�B�?

∆(fn−m,θ) ≤ inf
θ∗∈Θ

∆(fn−m,θ∗) +
1

n
,

FE@)?K@�;A��@ 1/n ÙpDE�KJ:Bh?#��DH��6<FH@���@CB�?Gø�J:���A9<;�@C;#F_ö÷@£â�DE��?A@CB<��@/L�öù9<B<@3?A@CFEFH@)L<@�B<�ADß?K� Ý
Þ J:6<68@�FH7>B��oøW��@���?KJ:L<@��p9�@�FôJ »:rHsv�¤�:{~t�}]}v{.Ó��:�vr �:� r¤��{ �à���¤�:yH} 687:9<;/L<@C9pâS��@��A9<;�@C�oL<@
6�;A7>=×J�=<DHFEDß?K� µ1

@�? µ2
@C��?#L<�vú×B<DH@36<J:;

T (µ1, µ2) = sup
B∈B

∣

∣µ1(B) − µ2(B)
∣

∣ ,

7Zæ B ;A@�6<;A���A@�B�?K@nFôJË?K;ADE=<9�=87>;��CFEDH@CB�B<@oL<@ R
Ý � F¡@C�%?)� J:��DHFE@/L<@oÙ>7>DE;0��9<@ T (µ1, µ2) ≤ 1

Ý
* 7>;��A��9<@ µ1

687>�A���CL<@]9<B<@õL<@CB��ADE?A�õ@�? µ2 = µn
´�FôJW��@C�A9�;A@õ@C��6<DH;�DH��9<@uµv�«7>B J���ûC��@

T (µ1, µn) = 1 á � B�6×J:;�?ADH��9<FHDE@�;C��?K7>9É?K@3?K@CBh?�J�?ADEÙ>@/L<@/�A�CFE@C�v?KDH7:B<B<@C;#9<B<@oL�@CB<��DE?K� fn−m,θ@�B���DHB�DH�ËDE�AJ:B�?�9<BW�C;�DE?K��;A@'L<9WI>@CB<;�@

sup
B∈B

∣

∣

∣

∫

B

fn−m,θ − µm(B)
∣

∣

∣

@���?��AJ:B<�Ë@��A687>DE;C�½6<9<DH����9<@fFôJÜ��9×J�B�?ADE?K�¹øU7>6�?ADH��DE�A@�;n@���?�J�FH7>;��n�C7:B<��?�J�����@CBh? �CIhJ:FE@¹ø
 Ý-¥ DH@CBU@CBh?K@�B<L<9��-��@CFôJ]B<@ �A@ 6<;�7pL<9<DE?)6<FH9<�)FH7:;A�A��9<@ F_ö÷7:BU;A@���6�FôJ:��@nFH@n��9<6<;A@��n9<�a�A9<;
B 6×J�;/FH@Ë��9<6<;A@��n9<� �A9<;/9<B<@��CFHJ:�A�A@�6<FE9<�/68@v?KDE?A@:�-�C7>����@Ë6×J�;/@vâÉ@���6<FE@�FôJ¹�CFHJ:�A��@�L<@-�J�?K;KJ��C7>� Ý * ö÷@���?KDE�õJ�?K@C9�;�L<@�FHJ/L<DH�%?�J:B��C@0��DEB<DE�µ9<� @C�%?�L<7>B�����7>B<��?A;A9<Dß?�@CBõ��DEB<DE��Dß�KJ:Bh?
9�B���;ADß?K�C;�@3@���6<DE;ADE��9<@ w8yä³hsGw×}v� r|� ��9<@/FHJnÙ�J:;ADHJ�?KDE7>B]?A7:?�J�FH@ Ý
( @�Ùp;A7u�>@õ@�? * 9<I>7:�AD Ä 
 YdÅ 7>Bh?o��7>Bh?K;A�Ë��9<@�F¤ö }�sv�_r|¢��:�à}�³É�·»p}�yß�h»:rHsv�¤�:{~t�}�¢ r|{×r|¢S³p¢ fnÙ>��;ADßú×@3F¤öùDHB<��IhJ:FEDã?K��7>;KJ:��FH@)�A9<DßÙ�J:Bh?K@ �

∫

|fn − f | ≤ 3 inf
θ∈Θ

∫

|fn−m,θ − f | + 4∆(f) +
3

n
. ´ 
 Ýzx µ

* @�?K@C;���@ infθ∈Θ

∫

|fn−m,θ−f | ;A@�6<;A���A@�B�?K@#FôJ)6<FE9<��68@�?ADE?A@G@C;A;�@C9<;1��9<D<6<9<DH���A@!û�?A;A@!��7>� ä��DH��@ËFH7>;��A��9<@�F_ö÷7:B J:6�6<;A7p���<@ f 6×J:;/9<B ��FH����@�B�?/L<@ FΘ

Ý � ÙÉDEL<@C����@CBh?þ�«FHJ¹Ù�J:FE@C9<;/L<@
��@o?A@C;A��@/L�öù@C;A;�@C9<;07>6�?KDE�õJ�FE@��×��9<D¡L<�C68@�B<LUL<@oFHJ���DH=<FE@ f �8B<7>9���@���?�DHB<��7>B<B�9<@ Ý " @C9<;�DH�%ä?ADH��9<@���@�B�?þ�pF¤öùDHB��CIhJ:FßDß?K�Ï´ 
 Ýzx µ1�ADHI:B<DEú×@#L<7>B<����9<@)F¤öù@C;A;�@C9<;Û�C7>����DH��@06×J�;�F¤öù@C�%?KDH��J�?A@C9<; fnB�@�L<�C6<J:�A��@õ6×J��3?K;�7>DH�)��7>DE�'F¤öù@C;A;�@C9<;3��DHB�DH�µ9<� ��9<;/FHJf��FôJ��A�A@�6�FH9<�39<B
?K@C;���@Ë;��C��DHL<9<@�F¤�
∆(f) �×��9�öùDHF~Ù�J � J�FHFE7>Dß;��Cö÷J�?A?KJ:���<@C;#øË��7>B�?A;ÂÑ>FE@C; Ý � @3�C7>Bh?K;ºÑ>FH@'68@�9�?#û�?A;A@3@NÉ�@C�v?K9<�3ÙpDôJn9<BL���?K7:9<;Û6×J�;ÛFHJ'?K�<��7>;ADE@#L<@#á�J�6<B<D � @�? � �<@C;%Ù>7>B<@�B � DH� Ä 
 {dÅ �A9<;ÛFHJ3�C7>BhÙ>@C;�I>@CB<��@)9<B<Dß��7>;A��@
L�@/FHJ ��@C��9<;A@3@C��6<DE;ADE�p9�@ Ý
Þ J:6<68@�FH7>B����p9�@3FE@)��7p@NÖ��CDE@CBh?!L<@'6<9<FßÙ>�C;�DH�AJ�?KDE7>B SAΘ

(m) L�öù9<Bf@�B<�A@��n=<FH@)L<@ m 687>DEB�?A�6<J:;!FHJ ��FôJ:���A@3L�öù@CB<��@C�n=<FE@C� AΘ
@C�%?0L<�vú×B<D-6×J:;

SAΘ
(m) = max

x1,...,xm∈R

� J:;�L {{x1, . . . , xm} ∩ A : A ∈ AΘ

}

.

 [x
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( Dß?�J:9�?K;�@C��@CBh?þ�>FH@G��7p@NÖ��CDE@CBh?ÛL<@!6<9�FEÙ>��;ADH�AJ�?KDE7>B B�öù@C�%?�J:9�?A;A@!��9<@!FH@GB<7:� =�;A@G�õJÔâ�DE�n9<�
L<@��A7:9<�%ä @CB<��@C�n=<FE@C�µL<@ m 687>DEB�?A�/687>9�Ù�J�B�?µû�?A;A@�7>=É?K@CB�9<�nøWF¤ö÷J:DEL<@ËL<@�;�@C�C7:9�Ùp;A@C��@CBh?K�6×J:;ÛL<@���@CB<��@C�n=<FE@C��L<@ AΘ

Ý ( @C�GJ�;AI>9<��@�B�?K�ÛL<@�B×J�?A9<;A@���7>�n=<DEB×J�?K7:DE;A@Ï´�Ù>7>DE;�á�J:6�B<D � @v?
� �<@�;�Ù>7>B<@�B � DE� Ä 
 {dÅ µ���7:B�?K;�@CBh?!�p9�@

E
{

∆(f)
}

≤ 2E

{

√

log 2SAΘ
(m)

m

}

.

� @�?�?K@n�õJÔÚ�7>;AJ�?KDß7>B�����7>�n=<DHB��C@nJþÙ>@C�nF¤öùDHB��CIhJ�FEDß?A�½´ 
 Ý�x µ£��B<7>9<�)��7>B<L<9�DE?'øõF_ö÷DEB<�CIhJ�FEDß?A�o��9<Dßä
Ù�J:Bh?K@

E

{∫

|fn − f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fn−m,θ − f |
}

+ 8E

{

√

log 2SAΘ
(m)

m

}

+
3

n
´ 
 Ýz{ µ

��9<D×@C�%?��C@�B�?K;AJ:FH@GL×J�B<�1FH@���?A;KJþÙ�J:9Éâ L<@ ( @�Ùp;A7u�>@0@v? * 9<I>7:�AD Ä 
 YdÅ_Ý 2 BË;A@��õJ:;���9<@C;AJ3��9<@!�C@
;A���A9<Fß?�J�?0@���? {~��{�¸%��s	��¢�w8����� rj²¢³×} ´ B�9<F¡=8@C��7>DHB�L~ö÷9<B�6×J:���KJ:I>@µø�FHJ�FEDH��Dã?K@'687>9<;�JþÙ>7>DH;!L<@
F¤öùDHBÉ��7>;A��J�?ADE7:Bfµ!@v?3��9�öùDHF½B<@nB<�C��@C���ADE?A@ �Z³×t�³É{~} Á �£w×��� Á ��su}a»p} �Ë¾Ü±Z³Éyß�:�£r|�<¾ �A9<;'FHJõL<@�B<�ADß?K�
�CDE=<FH@ f Ý � F B<7:9<�)��@C�n=<FE@µ��9<@µ�C@C��� J�DE?K�#�A7>Bh?)�A9�Ö��AJ:����@�B�?);KJ�;A@C��687:9<;����C;ADß?K@�;0L~ö÷ûv?K;A@�A7:9<FHDEI>B<�C� Ý * Jõ�A@�9<FH@µL<DJÖ��C9<Fß?K�:�8��9<D ;A���ADHL�@nL<J:B<��FH@o�þJ�FH�C9�F L<@ SAΘ

(m) �8@C�%?'L<���A7>;��õJ:DE�L<@3B×J�?A9<;A@3��7>�n=<DHB<J�?K7>Dß;A@ Ý

� @�?�?K@)6<;�7p�C��L<9<;A@)L<@��A��FH@���?KDE7>B]��@C;AJ øµB�7>9�Ù>@þJ�9¹9�?KDEFHDE���C@Þ´�@�?�;KJ�6<68@CFE�C@�L<@��õJ�B<DH��;A@06�FH9<�
=<;���Ù>@Fµ L<J:B<�ËFôJÜL<@C9pâ�DE�C��@f6×J:;%?KDE@¹L<@f�C@v?A?A@f?K���C�A@ Ý � BÅ6×J�;�?KDE�C9<FEDE@C;C� B<7:9<��B�7>9<��J�?A?KJ�ä
���<@C;�7>B<�'øõ=87>;AB�@C;�FH@o��7É@�Ö��CDE@CB�?)L<@n6�9<FEÙ>��;ADE�KJ�?KDE7>B

SAΘ
(m) 687>9<;0L<DÔÉ��C;�@CB�?A@C�0� J:��DEFEFß@C�L�öù@C�%?KDH��J�?A@C9<;�� FΘ

Ý ( J:B<�oFE@Ë�C7:B�?K@£âp?K@���9<D�@���?oFH@ËBÿÑ�?K;A@��«B<7:9<�o;AJ:6<68@CFE7>B<�3��9<@ fn−m,θL<���ADHI:B<@3FE@ p äàDE�C��@��<DH�%?K7>I:;KJ:����@���7pL<Dßú×�)Dß?K�C;��'��7>B<�%?K;A9�DE?#øn6×J:;%?KDH;�L<@ ` ��FôJ��A�A@��!@�?!L<@��
n −m 6<;�@C��DH��;A@C�)L<7>B<B<��@C� Ý , ú<Bü��9<@ËFôJõ� J���DEFEFß@ FΘ = {fn−m,θ : θ ∈ Θ} ��7>DE?)ú×B�DH@��B<7>9��#���<@C;����<7>B<��ø �A��FH@���?KDE7>B<B<@�; θ L×J�B<�!F¤öù@CB<��@C�n=<FE@

Θ =
{

θ = (`, p) : ` L�DEÙpDH��@ n−m @v? p ≥ 0
}

.

� 7:9<�ü;AJ:6<68@�FH7>B<�U�p9�@ P` L��C�ADEI>B<@kFH@ �CJ:;AL�DHB×J:FµL<@ÄFHJQ� J:��DHFßFE@ L�ö÷@���?ADH��J�?K@�9<;A�
Dß?K��;A�C��C7:B<��?A;A9<Dß?0ø 6×J:;�?ADH;�L<@ ` �CFHJ:�A��@C� Ý , DEB<�AD_�<@�B�B<7�?�J:Bh? Pn,m = max
`:` éXê ë�êíì£î n−mP` �×7>BWJ

� J�;AL {FΘ} =
∑

`:` éXê ë�êíì£î n−m
P` ≤ Pn,m(n−m) .

� F�@C�%?���IhJ:FE@C��@CB�?�� J:�CDEFH@GL<@!Ù>7>DE;1��9<@0FH7>;��A��9<@#FHJ'� J:��DHFßFE@GL~ö÷@���?KDE�õJ�?K@C9�;A� FΘ
@���?Ûú<B<DH@���7>B

J

SAΘ
(m) ≤ � J:;AL {AΘ} ≤ � J�;AL {FΘ}

( � J:;AL {FΘ} − 1
)

≤ P 2
n,m(n−m)2 .

 Z{
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2 B�L<��L<9<Dß?�J:FH7:;A�!L�@½´ 
 Ýz{ µ�F_ö÷DEB<�CI>J:FEDß?A�'�A9<DßÙ�J:Bh?K@/687>9<;#F_ö÷@���?ADH��J�?K@�9<;GL<@oFHJËL<DE��?KJ:B<�C@/��Dßä
B�DH�n9<�

E

{∫

|fn − f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fn−m,θ − f |
}

+8E

{

√

log 2 + 2 log
(

Pn,m(n−m)
)

m

}

+
3

n
.

( J:B<��L<@�B<7>�n=<;�@C9Éâõ��7pL<��FH@���´|Ù>7>DH;Û6<J:;�@£â�@���6�FH@�FH@������×J:6<Dß?K;�@C� 
 @v? � L<@)FHJoL<@�9ÉâÉDH����@
6<J:;�?ADH@Fµ£��DHF!@C��?]687>�A��DH=<FE@�L�öù7>=�?A@CB<DE;õL<@��]=87>;AB�@C�]687>9<;õFHJüÙ�J:;�DôJ:=�FH@�J:FH�CJ�?K7:DH;�@

SAΘ
(m)L��C68@CB�L×J:B�? su}�³pyH}v¢õ}v{×� L<@ n @v? m �<6×J:�!L<@3F_ö÷���£�×J�B�?ADHFHFß7>B Ý � B�;�@�Ù�J�B<�£��@:��L×J:B<�!FH@'�CJ:L<;�@L�@Ü?K;KJþÙ�J:DEF0��9<@
B<7:9<�¹B<7>9<�¹��7>����@��õú�âÉ�C�C�GDEF0�A@C�n=<FE@Ü6<FE9<�¹L�DÔÖ��CDEFH@�L<@U�C7>Bh?K;ºÑ>FH@�;]FHJ

Ù�J:;ADHJ:=<FE@'J:FH�CJ�?K7>DE;�@ Pn,m DHB<L<��68@CB<L<J:����@�B�?!L<@C�!L<7>B<B<��@C� Ý
�Gçj�Èç = P
À��àÃ:è�À�Á ��Áðï ¿�*�*<�)¾5�tñ'��[nÁ0�<�r*�Á�À
� 7>9<��9É?KDHFEDE�A7>B��WDH��D/FH@ü�C;�DE?K��;A@SL<@SÙ�J:FHDEL×J�?ADE7>Bc�C;�7>DH���C@ J:9l��@CB<�ÜL�@ F¤öùDHB���7:;A��J�?ADE7>BcL<@
ç 9<FEFH=×J�� � ä * @�DH=<Fß@C;�687>9<;!���CFH@���?ADH7>B�B<@C; θ L×J:B<�

Θ =
{

θ = (`, p) : ` L<DEÙpDH��@ n @�? p ≥ 0
}

.

� 7>9<��;KJ�6<68@CFE7>B<����9<@nFHJ�L�DH��?KJ:B<��@µL<@ ç 9�FHFH=<J:� � ä * @CDH=�FE@C;!@CBh?K;A@µFôJ�L<@CB��ADE?A� ø�@C�%?KDE��@�; f@v?#F¤öù@C�%?KDH��J�?A@C9<; fn,θ �Cöù�C��;ADß?

D(f, fn,θ) =

∫

f log f −
∫

f log fn,θ

= E

{

log f(X)
}

− E

{

log fn,θ(X) |X1, . . . , Xn

}

.

* J¹6<;A@���DE�C;A@ ��9×J:Bh?KDß?K�Ë@���?oF_ö÷7:6<687>�A��@ËL<@�F_ö÷@�B�?A;A7>6<DE@ L<@ f ��9<@�B�7>9<�/��9<6<687>��7>B<�/ú×B�DH@ Ý¥ DH@CBü@�B�?K@�B<L<9��¡@�FHFE@ B<@�L<�C68@�B<L 6×J:�/L<@ θ @�?oB�öùDHBh?K@�;�ÙpDH@�B�?/6×J:�/L<J:B<�/FôJ¹��DHB<DE�ËDE�KJ�?KDE7:BL�@/F_öù@C;A;�@C9<; Ý $ 9<J:B�?#J:9f�A@C��7>B<LW?K@�;A��@:�<��9<D-L<�C68@�B<L�L<@3FH@'L�@CB<��DE?K� f DEB<�C7>B�Bp9<@��×DHF~68@C9É?ûv?K;�@oJ�6<6<;A7p���<�36×J:; �

− 1

n

n
∑

i=1

log f in,θ(Xi)

7Zæ f in,θ L��C�ADEI>B<@3F_ö÷@���?KDE�õJ�?K@C9�; fn,θ J���6<9É?K�'L<@3FôJ i äà����@'7>=��A@C;%Ù�J�?ADH7>B�� rjß }¢ß �

f in,θ(x) =
nµin

(

A(x)
)

+ 1

nh+ 1
g(x) JuÙ>@�� µin

(

A(x)
)

=
1

n− 1

∑

j 6=i

1{Xj∈A(x)} .

* @3��;ADE?A�C;�@3L<@'Ù�J�FHDHL<J�?KDE7:B¹��;A7>DE�A�C@3��7>B<��DH��?A@/J:FH7>;��!ø �£��7>DH��DH; θ L×J:B�� Θ ��9<D-��DHB<DE�ËDE�A@

− 1

n

n
∑

i=1

log f in,θ(Xi) .
´ 
 Ý�� µ

 [�
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Þ @C��J:;A��9<7>B�����9<@n�C@µ�C;�DE?A�C;A@o68@C9É?'ûv?K;A@nJ:9��A�AD DHBh?K@C;�6<;A�v?K�µ��7>����@/F¤öù@C�%?KDH��J�?A@C9<;!L<@µÙ�J�ä
FHDEL×J�?ADE7:B �C;�7>DH���C@fL<9Ä��J�âÉDH�n9<��L<@¹Ùp;KJ:DE�A@�� =�FôJ:B<��@ Ý � BÄ@NÉ�@�?C���£�<7:DH�ADE; θ L×J:B<� Θ ��9<D��DHB<DE�ËDE�A@a´ 
 Ý�� µ��C��9<DEÙ�J:9�?0øË���<7>DE�ADE; θ �p9�D«��J�âÉDH��Dß�A@

n
∏

i=1

f in,θ(Xi) ,

��9<D«J:6<6×J:;AJ�ÕH?��C7>����@)9<BW@C�%?KDH��J�?A@C9<;�L<@/FHJnÙp;AJ:DH��@C�n=<FHJ:B<�C@ Ý
* JU���v?K�<7pL<@¹L<@]Ù�J:FHDEL×J�?ADE7>B �C;�7>DH���C@fJ:9Ä��@CB<��L�@fF¤öùDHB���7:;A��J�?ADE7>B L<@ ç 9�FHFH=<J:� � ä * @CDH=�FE@C;
;A�vÙ>�CFE@f9<Bk�C@C;%?�J:DEBkB<7:� =�;A@¹L�@¹� J:DE=<FH@��A��@C� 687>9<; FE@C� @C�%?KDE�õJ�?A@C9<;�� B<7:BÄ6<J:;KJ:����?A;ADE�p9�@C�
�CFHJ:�A��DH��9<@��!?A@CFE�!��9<@3FH@��!��DH��?A7>I>;AJ:���Ë@C��7>9fFH@��!@���?KDE�õJ�?K@�9<;A�!ø B<7Ô�hJ�9k´ ¥ ;A9�B<@CF Ä ��Å µ Ý * @C�
;A���A9<Fß?�J�?A��;A@�FôJ�?ADE���Ûøµ��@C��@C�%?KDE�õJ�?A@C9<;���B��C�C@��A�ADß?K@CBh?!L�@C�����p687:?A�<�C��@C�G6<;A���CDH��@C���A9�;�FôJ/L<@CBpä
�ADß?K�0ø/@���?KDE��@�;�´�B<7:?KJ:����@CBh?���9<;ÛFE@#��7>��687:;�?K@���@�B�?�L<@�����9<@�9<@C��L<@0L<DE��?A;ADH=�9�?KDE7>BËL<@ f µ Ý� B�;A@vÙ�J:B��£�<@���L�@!;��C�C@�B�?A�1?K;AJuÙ�J:9Éâ L<@ ¥ @C;�FHDEB<@�? @�? ¥ ;�9<B<@CF Ä #ZÅ 7>Bh?1��DH�½@CBË��ÙpDHL�@CB<��@#F_ö÷DEBÉä
?K��;Aûv?0L<@/�C@�?�?K@/���v?K�<7pL<@3L×J:B��0FE@3�C7:B�?K@£âp?K@oL<@��0�<DH�%?K7>I:;KJ:����@��!��7pL<Dßú×�C� Ý � @��)J�9�?K@�9<;A�
7>Bh?þ�×@�B�6×J:;�?ADH��9<FHDE@�;C����7>B�?A;A�3��9<@/��@/�C;ADß?K��;A@3L<@3Ù�J:FHDEL×J�?ADE7>B¹��;A7>DE�A�C@3@C�%?�J:���p��6�?K7:?ADH��9<@£ä
��@CB�?!7>6É?KDH��J:F�687>9<;G�A��FH@C�v?KDE7>B<B<@�;!FH@'B�7>�n=<;A@'L<@3�CFHJ:�A��@C� ` L<@3��@C�#@C�%?KDE�õJ�?A@C9<;�� Ý

­�®�S ò ÌsÌf³vªC¸�­'©«ªC®µ¯ óNô�­o¬ ²G³vªv®/»½±�»Jõ ºW¯¦±!§�©«ªC¬ ­'©«±!º]»ðö ¯f®�Ò^÷
­oº

( J:B��Ë��@�?�?K@¹6×J:;%?KDH@�� B<7>9<� J:6<6<FEDH��9<7>B<�µFH@��n���v?K�<7pL�@C� L<@]�A��FH@C�v?KDE7>B 6<;��C�A@�B�?A�C@C��6�;A�C���vä
L<@�����@CBh?0J:9�6<;�7>=<FE�C��@3�A9�DEÙ�J�B�? Ý � 7>Dß?#9�B n ä �C���×J:Bh?KDEFHFE7>B¹D Ý D Ý L Ý X1, . . . , Xn

DH���A9�L�öù9<B<@
Ù�J:;�DôJ�=<FH@/J�FH�þJ�?K7>DE;A@ X J:L<��@�?�?�J:Bh? f �C7:����@3L<@CB<��DE?A�µ��7>���n9<B<@ Ý � ?�J:Bh?�L<7:B<B<� K 9<B<@��7>B<�v?KDE7>BÜ;��C@�FHFH@���687:�ADE?ADEÙ>@o@�?'L�öùDHBh?K��I>;KJ:FE@ 
 �A9<;

R
@v? h 9<BU@CBh?KDH@�;���?K;�DH�v?K@C��@CBh?)687>�ADß?KDE���7>B L<�vú×B<DE?nF_ö÷@���?KDE��J�?K@�9<; gn J��A�A7p��DH�]J:9 {~���>�Z³ K @�? ø�FôJ ×þ}v{=<v� ��} ´�7>9 w��:�A�:¢>�v� �K}�»p}

yzrHs�sC�F±p} µ h 6<J:;
gn(x) =

1

nh

n
∑

i=1

K
(x−Xi

h

)

.

� 7:9<��6<;A7>687:�A7>B<����L×J:B<���C@v?A?A@n�A@���?ADH7>B~��L�öù9�?KDEFHDE�A@�;#�C@v?'@���?ADH��J�?K@�9<;0��7>����@/L<@CB��ADE?A�µDHB<Dãä
?KDHJ:FE@�L<9k�%�p��?K����@¹L��pB×J:��DH��9<@h´ 
 Ý � µ Ý È 7>9�;n�£�×J��p9�@f@�B�?KDE@C; ` @v? p �½7>B B�7:?K@�;KJ fn,θ FE@
p ä DH����@W�<DE��?K7:I>;KJ:����@f��7pL<Dßú×�W�C7>B<�%?K;�9<DE?]ø 6×J:;%?KDE;�L<@ ` �CFHJ:�A��@C�¼´ θ = (`, p) µ Ý � 7>9��J:L×J�6�?K7>B��C�1L×J:B<��9�BÇ6<;A@���DE@C; ?K@���6��C�1FH@���L�@C9ÉâÅ6<;�7p�C�CL�9<;A@��]L�@��A��FH@C�v?KDE7>BÅ6<;A���A@�B�?A�C@C�
L×J:B��!FôJn�A@���?ADH7>Bf6<;A���C��L<@CBh?K@o687:9<;!���<7:DH�ADE;�9<BW@���?KDE��J�?K@�9<; fn,θ 6×J:;�?ADH��9<FHDE@�; Ý�È 9<DH���×L<J:B<�9<Bf�A@��C7>B�LW?A@C��6<�C��B<7>9<�G�C7:��6×J�;A7>B<��FE@C��68@C;���7:;A��J:B<�C@��GL<@'F¤öù@C�%?KDH��J�?A@C9<;����CFE@C�v?KDH7:B<B<�3ø
�C@�FHFE@C�GL<@3F¤öù@C��?ADH��J�?A@C9<;Gø B<7u�hJ:9 Ý
* ö÷@���?ADH��J�?K@�9<;Ûø/B<7u�hJ:9 gn @C��?'y×@£â�DE=<FE@:��L×J:B���FHJ3��@��A9<;�@�7ZæõDEF�FHJ:DH���A@#øoF_ö÷9É?KDHFEDß�KJ�?K@C9�;19<B<@I>;AJ:B<L<@]FHJ�?KDß?K9�L<@�B<7>B �A@�9<FH@���@�B�? L<J:B<�nFH@õ���<7>Dßâ L<9 B<7u�hJ:9 K �½��J:DH�o@�B<�C7:;A@¹L×J�B<� FE@

 Z�



Ê�Ò v } �T�T@MEjBDQ�C"E|Î8Í�ø=ùuQ×Ñk?A@ME�Î�ÓÔÐpÓ	úmc¡ÍQÐALNC"E ÑkQ�CuÐAc«Óeû Í«ÎA�0Q�c

���<7>DãâËL<9õ6×J�;KJ:����?A;A@!;A�C@�F h Ý * 7>;��A��9�öù7>Bõ�A@0FEDH��Dã?K@!J�9Éâ�B<7Ô�hJ�9Éâ K 687>�ADß?KDß���C�>FH@C��ÙÉDß?K@��A�A@��L�@��C7>BhÙ>@C;AI:@CB<��@)Ù�J:;�DH@�B�?�68@C9]@CBõ��7>B���?KDE7>BõL�@ K @�?�FE@C�Û�C;�DE?A�C;A@���@C���A@�B�?KDE@CFE��L�9]�£�<7:Dßâ�L<9B�7Ô�hJ:9U��7>B�?3J:FE7>;���FHJõ;��CI>9�FôJ:;�DE?K�/L<@nFôJ��C7:9<;A=8@ ø]7>=É?K@CB�DH;�L�öù9<B<@n6×J:;%?þ��FôJ��ADE��6<FEDE��Dß?K�/@�?
FHJnÙpDE?A@C���A@/L<@3�þJ�FH�C9�F-L�ö÷J:9�?A;A@36×J:;%? Ý � ö÷@���?0687>9<;G�C@v?A?K@/L�@C;AB�DH��;A@3;KJ:DE�A7>Bf��9<@���L×J:B��#��@�?A?A@
�v?K9<L�@:��B<7:9<�!B<7>9<�!FHDE��Dß?A@C;�7>B<�Gø 9<B�B�7Ô�hJ:9WIhJ�9<�A��DH@CB Ý

� B ;�@�Ù�J:B��£��@:�>FH@Û���<7>DßâoL<9 6×J:;AJ:����?K;�@�L�@�FHDE�A�KJ�I>@ h �A@�;A�vÙ>�CFE@��C;�9<�CDHJ:F�J:9��A�AD�=�DH@CBn687>9�; FHJ6�;A�C��DH��DH7>BoFE7p�þJ:FE@1��9<@�I>FE7>=×J�FH@�L<@ÛF¤öù@C�%?KDH��J�?A@C9<; gn Ý , �C@-Ú�7>9<;��ÔL<@ÛB<7>�n=<;�@C9<��@C�½����?A�<7pL<@C�L�@1�A��FH@���?KDE7>B/J�9�?K7>��J�?ADH��9<@½7>B�?«�v?K��6<;A7>687:�A�C@��C�þ?K@C�%?K�C@��¡@�?«�C7:��6×J�;A�C@��'´|Ù>7>DH;�6<J:;-@vâÉ@���6<FE@� J:;A;�7>B Ä 
"� Å � ¥ @C;AFEDHB�@�?'@v? ( @�Ùp;�7Ô�>@ Ä xdÅ µ Ý � 7>9��3;�@C6<;�@CB<7>B��/DE�CD½L�@C9Éâ
L�@Ë��@C�3����?A�<7pL<@C�
��9<@3B<7>9<�!;A���A9<��7>B<�!=<;ADEû�Ù>@���@�B�?!L×J:B<�!FH@'6×J�;KJ:I:;KJ:6<��@3�A9�DEÙ�J�B�? Ý

�Gçn¦�çº� [µÁ0-kÁ0-hÃ���& ¾ ÃÉÁ-¿0À�-{ü Â���ý1¾�¿ �p�1Â�-A����+�Àÿ+0-
�Ï@jcbOÿt¶E Í L2

ø �AD h → 0 @�? nh → ∞ FE7>;A����9<@ n → ∞ �«J:FH7:;A�3��7>9<�oL�@C�o�h�É687�?K�<���A@C��%?�J:B�L×J:;AL]��7>B<�C@�;AB×J�B�?GFHJo;A��I>9<FHJ:;ADß?K�#L�@)FHJoL<@�B<�ADß?K� f �ÉFôJ3��@CB<ûv?K;�@)��9<D���DEB<DE��Dß�A@#F¤öù@C;�;A@C9�;��9×J�L<;KJ�?ADH��9<@3DEB�?K��I>;A��@3��7Ô�>@�B<B<@3@C�%?0L<@3FHJn��7>;���@ �

hpi =

∫

K2

(
∫

t2K)2

(∫

f ′′2

)−1/5

n−1/5 ´ 
 Ý!� µ

´|Ù>7>DH; ¥ 7>�A�
@�? * @C��7>9�?A;A@ Ä �dÅ @v? � �%�É=<J � 7ÔÙ Ä 
 x"Å µ Ý 2 9�?K;�@��KJ�B×J�?K9�;A@õJ:���p��6�?K7�?KDH��9<@��¡FHJ
FHJ:;AI:@C9<;-L<@ÛFHJG��@�B<û�?A;A@Û7:6�?KDE�õJ:Fß@�L<��68@CB<LnL�@ÛFHJ!L<@�B<�ADß?K���CDE=<FH@ f J:9/?A;KJuÙ>@�;A�¡L<9µ6<J:;KJ:����?A;A@
∫

f ′′2 @�?�B<@G68@�9�?1L<7:B<�Gûv?K;A@�9�?KDEFHDE���C@Û?A@CFHFE@���9<@�FHFH@�L×J:B���FH@�� �þJ:FE�C9�FH� Ý & B<@�� JZÐ�7>B �CFHJ:�A��DH��9<@
L�@o;A@C���CL�DH@�;0ø���@oL<@C;�B<DH@�;06�;A7>=<FE�C��@/��7>B<��DH�%?K@µø�;A@C��6<FHJ:�C@�;#FHJ���9×J�B�?KDß?K� ∫ f ′′2 6×J:;#9<B
@���?ADH��J�?K@�9<; J�6<6<;A7:6<;ADE� Ý � @�?A?A@WJ�6<6<;A7p���<@¹�C7:B<L<9<Dß?ËøÜ9<Bk@CB��A@C�n=<FE@¹L<@]���v?K�<7pL<@�� ��9<@
F_ö÷7:BUJõ��7>9�?K9���@µL<@n;�@CI>;�7>9<68@�;)�A7:9<�)FH@/Ù>7p�þJ:=<FE@µI>�CB<��;KJ�F½L<@ ¢À¾v� Á �¢»p}�s#w8yä³Z±Z¸àr|{ �8@�?'��9<D
7:B�?�� J:Dß?�F_ö÷7:=ÉÚ�@v?�L�ö÷9�B<@';A@C���<@�;A���<@/J:��?ADEÙ>@a´�Ù:7>DH;�6×J�;�@vâÉ@C��6<FH@ ( @��<@�9�Ù>@CFH� Ä \�Å � � J:L<J:;KJþ�hJÄ 
  dÅ 7>9 @�B<�C7:;A@ � �<@þJ�?A@C;n@�? ý 7>B<@�� Ä 
 #�Å µ Ý * ö÷J:6<6<;�7p�£��@ w8yä³Z±Z¸àr|{ ��9<@¹B�7>9<�n9�?KDEFHDE��7>B<�oDE�CD
@���?#��@CFEFH@)L<�C��;ADß?K@'6×J:; ¥ 7:�A�]@v? * @��C7>9É?K;A@ Ä �dÅ ´ � �×J:6<Dß?K;�@ { µ���9<D��A9<I>I:�C;A@�B�?#L<@'�£��7>DH��DH;�FHJ
Ù�J:FH@�9<;GL<@ ∫ f ′′2 J:���A7p��DH�C@/øËFHJ L�@CB<��DE?K�3B<7:;A��J:FH@

1

σ
√

2π
exp

(

− x2

2σ2

)

,

7Zæ σ2 �A@�;KJW@C��?ADH���Ë6×J:;3FôJ]Ù�J:;�DôJ:B��C@�@���6<DH;�DH��9<@ S2
n = 1

n

∑n
i=1(Xi − X)2 �«JuÙ>@�� X =

1
n

∑n
i=1Xi

Ý�È 7>9�;���@)���<7>Dãâ~�pFH7>;��A��9<@ K @���?GFE@�B�7Ô�hJ:9]IhJ:9<���ADE@CB��ÉFôJ3��@CB<ûv?K;A@a´ 
 Ý!� µ���ö÷���C;�DE?J�FH7>;��
hpi ' 1.059

Sn
n1/5

.

2 BõB<7:?A@C;KJ gnhpi

F_ö÷@���?ADH��J�?K@�9<;�øoB<7Ô�hJ�9¹J:�A��7p�CDE�)øo�C@v?A?A@���@�B<ûv?K;A@ Ý�¥ DH@�Bõ@CB�?A@CB<L�9�����ûC��@
��D n @C�%?)�A9�Ö��AJ:����@�B�?�I>;KJ�B<L��8;�DH@CB�L�ö÷9�BÜ687>DHBh?0L<@oÙp9<@o?K���C7>;�DH��9<@oB<@µB<7:9<�)J:���A9<;�@nL<@

 D\



�X?�@�ÐABZC"E�Î�Í/G5HJIiEjLNCuÎfO8Ó"Q×Ñ Ñ ÐALSR Î0GbEnUT?AL � Cu?pÓ"?AL

=87>B<B�@C�n68@C;%��7>;A��J:B<��@C�µL<@õF¤öù@C��?ADH��J�?A@C9<;oJ:���A7p��DH�]ø�FHJW��@CB�û�?K;�@¼´ 
 Ýz� µ3687:9<;µFH@��µ�C;�DE?A�C;A@��
L1
@�?fL<@ ç 9<FEFH=×J:� � ä * @�DH=<Fß@C; Ý � @C68@�B<L×J:Bh?þ�!FE@C�]���v?K�<7pL<@�� w8yä³Z±Z¸àr|{ L2

��?�J�B�?f��7>9�Ù>@CBh?
9�?ADHFHDß�A�C@��C��DHFGB~ö÷@���?õ6×J:��DEB<�C7>���C;A@�B�?�L�öù��?A9<L<DH@�;�FH@C9�;A��68@C;%��7>;A��J:B��C@C��687>9<;�L�@C���C;�DE?A�C;A@��
J:9�?A;A@��#��9<@/FE@'�C;�DE?K��;A@ L2

Ý
� QÄÑk?[C"o¡Î0G«ÐÆGTc G«ÎPc¡ÒT@ ÐSÍ«Î��PQ�chø¡L×J�B<�)FôJ����v?K�<7pL�@nL<9UL<7:9<=<FE@nB�7Ô�hJ:92´ ¥ @C;�FHDHB�@�?
@�? ( @�Ùp;A7u�>@ Ä xdÅ µv�¡7>B �C7>B<��DHL<��;A@õL<@�9Éâ B<7u�hJ:9Éâ L�DÔÉ��C;A@�B�?A� K @�? L L<7>Bh?nFE@C�/��7>B<�v?KDH7:B<��þJ�;KJ:�v?K�C;�DH�%?KDH��9<@�� J:���A7p�CDE�C@�� B<@���7Z� B<��DHL�@CB�?½�A9�; J:9<��9<BnÙ>7:DH�ADEB×J:I>@�7:9�Ù>@C;%? L<@�F¤öù7>;ADEI>DßB<@ Ý * @
B<7u�hJ:9 K �A@C;AJ�FE@3B<7Ô�hJ�9�I>J:9<�A��DH@�B�@v?07>B�B�7:?K@�;KJ g1

nh
F_ö÷@���?KDE�õJ�?K@C9�;!J:�A��7p�CDE�oø��C@/B<7u�hJ:9

@�?/øfFHJõ��@CB<ûv?K;�@ h Ý � 7>����@n�A9<I:I>�C;���6<J:; ¥ @C;�FHDHB�@�?'@�? ( @�Ùp;A7u�>@ Ä xdÅ ��B<7>9<�3��7>B<��DHL<��;A7>B<��C7:����@'��@C��7>B<L�B<7Ô�hJ�9�FE@'B<7Ô�hJ�9�687:FE�pB<7>��DôJ�F L L<�vú×B<D«6<J:;

L(x) =







7−31x2

4
��D |x| ≤ 1/2

x2−1
4

��D 1/2 ≤ |x| ≤ 1
0 ��D 1 ≤ |x|

@�?½B<7>9��½L<�C��DHI>B�7>B<�½6<J:; g2
nh
F_ö÷@���?KDE�õJ�?K@C9�; J��A�A7p��DH��ø0�C@�B<7:9�Ù>@þJ:9nB<7u�hJ:9 L @v?�ø0FôJG��@CB<ûv?K;A@

h
Ý * @)6×J�;KJ:����?A;A@�L<@)FEDH���KJ:I>@ hdn @C�%?!���CFE@C��?ADH7>B�B<�)@�Bf��DHB<DE�ËDE�AJ:B�?ÛFôJoL<DE��?�J�B<�C@ L1

@CB�?A;A@
g1
nh
@�? g2

nh
´�Ù>7:DH;!è DHI>9<;�@ 
 Ý�x µ£�<�:öù@C�%?�ä�øÔäàL<DE;A@

hdn = argmin
h>0

∫

|g1
nh − g2

nh| .

¥ @�;AFHDEB<@�?o@v? ( @vÙÉ;�7Ô�>@ Ä x"Å 7:B�?µ��?A9<L<DE�õFE@C�o6<;A7>6�;ADH�v?K���µL<@õF_ö÷@���?ADH��J�?K@�9<;/���CFE@C��?ADH7>B�B<�:�¡@CB
��7>B�?A;KJ:Bh?!B�7:?�J:����@CB�?G��9<@3FH@';A���A9<Fß?�J�?!L�@/��7>B�Ù>@�;AI>@�B<�C@o��9<DEÙ�J:B�?#@���?!Ù>�C;�DEú×� �

lim
n→∞

E

{∫

|g1
nhdn

− f |
}

= 0 .

�Gçj¦�çÜ= [nÁ0-.��Á-Â�-A� Ã�+0- Ã�Á0-hÃ�-
, ú<BUL�öùDHFEFE9<��?A;A@C;#FE@C��68@�;���7>;��õJ�B<�C@��)L�@C�)����?A�<7pL<@C��L<@µ�A��FH@C�v?KDE7>BÜ6�;A�C��@CBh?K�C@��C��B<7>9<��9�?KDãä
FHDE�A7>B�� \ L<@CB<��DE?A�C�!?K@���?A� �
( 
 Ý * J L<@CB<��DE?A�/9�B<DE��7>;���@ U[0,1]

�A9<; [0, 1] å
( � Ý * J L<@CB<��DE?A�/I>J:9<�A��DH@�B<B<@ N (0, 1) å
(  ÉÝ * J L<@CB<��DE?A� f(x) = 1/(2

√
x) ��9<; [0, 1] å

( #�Ý * J L<@CB<��DE?A�/L~ö÷9<BW����FôJ�B<I>@)L<@3L<@C9ÉâfFH7>DE��9<B�DE��7>;���@�� 0.5U[0,1] + 0.5N (1, 1) å
( xpÝ * J L<@CB<��DE?A�/L~ö÷9<BW����FôJ�B<I>@)L<@3L<@C9ÉâfFH7>DE��IhJ�9<�A��DH@CB�B<@C� 1

3
N (−20, 1

4
) + 2

3
N (0, 1) å

( {ÉÝ * JÄL<@�B<�ADß?K�üL�ö÷9�B ����FôJ�B<I>@
L�@ü?K;�7>DH�fFE7>DE�f9�B<DE��7>;���@�� 0.5U[0,1] + 0.25U[0,0.1] +
0.25U[0.9,1]

å
#DY
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ç6èVé�ê 
 Ýzx �32âõdü'&0�jó[ô�í���� õNîÏöÿþ!õNî�ï¶ízôróFï�õ�ü[ò îÞöDõ[� ó©öDõdû"î�í ï�ø�ö[ó[û"î^��þ$õ�û"î�õ�ô
� � õ�öDõ·ï�ð�üFï�õNîe� õ¢î
öDõdû"î�í ï�ø¢î �wI õ � ó�òVó[ôF)Nï¶òÇõlöDõp�$í î�îÂó"ñDõ�î�ø�� õuú�ïËí ð�û[û"ø�ô�í�ûDízô�í îºõp� ó�ö�í î�ïºó[ûdúNõ L1

õ�ûFï¶ò õ g1
nh
õNï g2

nh �
( �ÉÝ * JUL<@CB��ADE?A�fL<@ S(X + 0.1) 7Dæ S @C�%?�FôJ�Ù�J:;ADHJ:=<FE@¹J�FH�CJ�?K7>DE;�@ svrJ±:{~} ��9<D�Ù�J:9É? 
JuÙ>@��n6<;�7>=×J:=�DHFEDß?K� Y�Ýzx 7>9Wä 
 JþÙ>@C�µ6<;�7>=×J:=<DEFHDß?A� Y�Ý�x @v? X J�687>9<;0L<@�B<�ADß?K� f(x) =

4(1 − x1/3) �A9�; [0, 1]
Ý

( ��Ý * JËL<@�B<�ADß?K�3L�öù9<B����CFHJ:B<I>@)L<@3�ADãâ¹FH7>DE��IhJ:9��A�ADE@CB<B�@C�
32

63
N
(

− 31

21
,
32

63

)

+
32

63
N
(17

21
,
16

63

)

+
8

63
N
(41

21
,

8

63

)

+
4

63
N
(53

21
,

4

63

)

+
2

63
N
(59

21
,

2

63

)

+
1

63
N
(62

21
,

1

63

)

;

( \�Ý * JËL<@�B<�ADß?K�3L�öù9<B�J:9É?K;A@'����FôJ:B�I>@)L<@/��Dßâ¹FH7:DH��I>J:9<�A��DH@�B<B<@C�
1

2
N (0, 1) +

1

10
N (−1, 0.1) +

1

10
N (−0.5, 0.1)

+
1

10
N (0, 0.1) +

1

10
N (0.5, 0.1) +

1

10
N (1, 0.1) .

� @�� B<@�9���L<@CB��ADE?A�C�½�A7>Bh? ;�@C6<;��C�A@�B�?A�C@C���A9�;½FôJ0è DHI>9<;�@ 
 Ý!{�Ý , ú×BnL<@�;�@CB<L<;�@�F¤öù��?K9�L<@�FHJ#6<FE9<�
68@�;�?ADHB<@�B�?K@µ687>�A��DH=<FE@:��B�7>9<�'JþÙ>7>B<�)���<7>DH��D L<@��'L<@�B<�ADß?K�C�)6<;��C�A@�B�?KJ:B�?'L<DÔÉ��C;�@CBh?K�'J��A68@C�v?K� Ý
, DHB<��D¤��B<7>9��#;�@C��J:;A��9<7>B��!�p9�@ �

• FH@��!L<@�B<�ADß?K��� ( � � ( x � ( � @�? ( \ ��7>Bh?#FHDH���A@��0å
# 
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0 1
0

1

−5 5
0

0.5

0 1
0

5

−4 5
0

0.8

0 1
0

3.5

−1.5 1.5
0

2

−5 4
0

0.5

−4 4
0

0.7

D1 D2 D3 

D4 D5 D6 

D7 D8 D9 

 

−20 0
0

0.6

ç'èVé�ê 
 Ý!{ � I õNîÈþ·öDõdû"î�í ï�ø¢î�ï�õ¢î�ï�î �

• FHJ L�@CB<��DE?K� (  687>���A��L<@o9<BW6<DE� � DHB�ú<B<DJ��øËF¤öù7>;�DHI:DEB<@âå
• FE@C�GL<@CB��ADE?A�C� ( # � ( { @�? ( � 687:�A�A��L<@CBh?�L<@��#L<DH���C7:B�?KDEBp9<Dß?K���0å
• FE@C�GL<@CB��ADE?A�C� ( x � ( { � ( � � ( � @v? ( \ �A7>Bh?#�n9<FE?ADE��7pL×J�FE@�� Ý

È 7>9<;��£�×J���9<@ L<@CB<��DE?A�:�~B<7>9��3JþÙ>7>B<�)�ADE�n9<FH� x�Y �����×J:B�?ADHFEFH7:B<�0@�?'B<7:9<�'JuÙ>7>B��3J�6<6<FHDE��9<�C�
FH@��!L<@�9ÉâW6�;A7p�C��L<9<;�@C�0L�@/���CFE@C��?ADH7>BfL<���C;ADß?K@��#6<;��C���CL<@�����@CBh? Ý

( J:B��1FH@��CJ:��L<@GFôJ����v?K�<7pL�@G�C7:�n=<DHB×J�?K7>DE;�@�´ ��;ADß?K��;A@ L1
µv�:FH@C� �C���×J:Bh?KDEFHFE7>B<�½��7>B�?1L<@�?KJ:DHFEFE@

n = 500
Ý � 7>9<���C7>B<��DHL<��;A7>B��]FE@C�  DYZY 6<;�@C��DH��;A@C��7>=��A@C;%Ù�J�?ADH7>B��õ687>9<;��C7:B<��?A;A9<DE;A@�FH@��

@C�%?KDE�õJ�?A@C9<;��Û@�?�FH@�� � YDY L<@C;�B<DH��;A@���687>9<;Û�A�CFE@C�v?KDH7:B<B<@�;�FH@���6×J�;KJ:����?A;A@C���É��ö÷@���?%ä�ø�ä L<DH;�@0�p9�@
m = 200

Ý � 7>9��#9�?KDEFHDE�A7:B<�GFH@��#@���?KDE��J�?K@�9<;A�#øËB<7Ô�hJ�9 gn = gnhpi

@�? gn = gnhdn

��7>����@
L<@�B<�ADß?K�'L<@';A������;A@�B<�C@3L<@C�!��DH��?A7>I>;AJ:���Ë@C����7pL�DEú×��� Ý 2 BfB<7�?K@C;AJ fn−m,θ FH@ p ä DH����@�Dß?K��;A��C7:B<��?A;A9<Dß?0ø 6×J:;�?ADH;�L<@ ` �CFHJ:�A��@C�C� θ = (`, p)

Ý
# �
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2 BW9É?KDHFEDE�A@)FHJ ����?A�<7pL<@'�C7>�n=<DEB×J�?K7:DE;A@�6<;A���A@CBh?K��@o@CB � @C�v?KDE7>B 
 Ý! �Ý 
 �<687>9�;!�A��FH@���?KDE7>B<B<@�;
9�B�@���?ADH��J�?K@�9<;GL×J:B��#FHJn� J���DEFEFß@

{

fn−m,θ, θ ∈ Θ
}

JþÙ>@C�
Θ = {θ = (`, p), ` ∈ {5, 10, 15} @v? p ≥ 0} . ´ 
 Ý!\ µ

2 BµL<�C��DHI>B�@C;KJ06×J:; fn F¤öù@C��?ADH��J�?K@�9<;«�A�CFE@C�v?KDE7>B<B<�r´ }�sv� r|¢��:��}�³p��»p}�yß�Ï»:rHsv�¤�:{~t�}�¢ r|{×r|¢S³É¢ µ@v?�6×J:; L1(fn)
F¤öù@C;A;�@C9<; L1

��7>����DE�A@�6×J�;��C@�?�@���?KDE�õJ�?K@C9�; Ý � 7>9<��JþÙ>7>B<�1;�@C6<;��C�A@�B�?A�0L×J:B��
FE@ � J:=<FH@CJ:9 
 Ý 
 �
• FE@C�3@C;�;A@�9<;A� L1

��7Ô�>@�B<B<@C�/�C7:����DH��@C�'6×J:;3FE@C�3@���?KDE�õJ�?K@C9�;A�/øfB<7u�hJ:9 gnhpi

´��C7>FE7>B<B<@� µ�@v? gnhdn

´ ��7>FE7>B<B<@ x µpå
• FE@C��@C;�;A@�9<;A� L1

��7Ô�>@�B<B<@C�G�C7:����DH��@C��6×J:;�FE@C��@C�%?KDE�õJ�?K@C9�;A��L<@'FHJµL<DH�%?�J:B��C@)��DEB<DE�n9��
FE7>;A����9<@µFHJ�L<@CB��ADE?A�µDHB�DE?KDEJ:Fß@/@���?)F_ö÷@���?KDE��J�?K@�9<;0ø�B�7Ô�hJ:9 gnhpi

´ ��7>FH7>B�B<@  µG@�?�FH7>;��A��9<@
FHJ L�@CB<��DE?K�3DHB�DE?KDEJ:Fß@)@C�%?0F_ö÷@���?KDE�õJ�?K@�9<;GøËB�7Ô�hJ:9 gnhdn

´��C7>FE7>B<B�@ { µpå
• FE@C�]�C�CJ:;�?A�¹;A@CFHJ�?ADE��� E.R. @CBh?K;A@UFE@C�]@�;A;A@�9<;A� L1

L<@��f@���?KDE�õJ�?K@�9<;A�¹ø B<7u�hJ:9Y@v?fL�@C�
��DH��?A7>I>;AJ:���Ë@C����7pL�DEú×���C� rjß }¢ß �

E.R. =
L1(gn) − L1(fn)

L1(gn)
.

È 7:9<;0FHJË���v?K�<7pL�@oL<@/Ù�J:FHDEL×J�?ADE7>Bf�C;�7>DH���C@À´ �C;�DE?A�C;A@/L�@ ç 9<FHFE=×J:� � ä * @CDE=<FE@�;¶µ�6<;A���A@�B�?K��@n@�B
� @C��?ADH7>B 
 Ý! �Ý � �×FE@C�G�C���×J:Bh?KDEFHFH7:B<���A7>Bh?#L<@'?�J:DEFHFß@C� n = 150

Ý 2 BWB<7�?K@C;AJ f cvn F_ö÷@���?ADH��J�?K@�9<;���CFE@C��?ADH7>B�B<�/ø F¤öùDHB�?A�C;�DH@�9<;�L<@3FôJµ� J:��DHFßFE@
{

fn,θ, θ ∈ Θ
}

7Zæ Θ L<���ADEI>B<@�F¤öù@C�A6<J:�C@�L�@C� 6×J:;AJ:����?K;�@C��´ 
 Ýz\ µ Ý 2 B B�7:?K@�;KJ��CI>J:FH@���@�B�? KL(f cvn ) F¤öù@C;�;A@�9<;J�9Y�A@CB��WL<@UFôJ L<DH�%?�J:B��C@UL<@ ç 9�FHFH=<J:� � ä * @CDE=<FE@C;��C7>����DE��@Ü6×J�;¹F¤öù@C�%?KDE�õJ�?A@C9<; f cvn Ý * @��;��C��9<FE?KJ�?K�!��7>B�?#6�;A�C��@CBh?K�C�0L×J�B<�!FH@ � J:=<FE@þJ:9 
 Ý � Ý

� 7>9<�«7>=<�A@�;�Ù>7>B��¡?K7>9É?¡L�ö÷J:=87>;AL/��9<@�FH@��«68@C;���7:;A��J:B<�C@��¡L�@C�¡@C�%?KDH��J�?A@C9<;��¡ø!B<7u�hJ:9/Ù�J:;ADE@CB�?
��9<DEÙ�J:B�?õFôJ
L<@CB<��DE?A�ÜøS@C��?ADH��@C; Ý � @��]@C�%?KDE�õJ�?A@C9<;����A@���7>��687:;�?K@�B�?õ@�BQ@NÉ�@�?õ?A;A���õ=<DH@�B
687:9<;�FH@���L<@CB��ADE?A�C�Û9<B<Dß��7>;A��@C��@�?ÛIhJ:9<���ADH@�B<B<@���´ ( 
 @v? ( � µ Ý � FE���A7:B�?Û@CBõ;�@�Ù�J�B<���<@���7>DHB<�
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æ @0��7>B<��DHL<@�;�?K�<@#6<;A7:=<FH@�� 7:��@���?KDE�õJ�?KDEB<I/J:B�9<B � B<7Ls!B¹6�;A7>=×J�=<DHFEDß?à�nL<@CB��ADE?à� f L<@vú×B<@�L7:B
R
d =×J:��@CL 7>BµDHB<L<@�68@CB<L�@CB�?C�hDHL�@CBh?KDH�CJ:FHFã�3L<DE��?A;ADH=�9�?K@�Ln7:=<�A@�;�Ù�J�?KDH7:B<� X1, . . . , Xn
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F (f, fn)
Ý 2 �½DEB�?K@�;A@���?0J:;�@3@���?KDE�õJ�?K7>;�� fn �C7:B<�ADE��?K@�B�?#DHB¹?A�<@3�A@�B<�A@

lim
n→∞

F (f, fn) = 0 a.s. 7>; lim
n→∞

EF (f, fn) = 0

s!�<@�;A@
E
L<@CB�7:?K@��1?K�<@!@vâÉ68@���?�J�?KDE7>Bes!Dß?K�Ë;A@��A68@���?�?K7'?K�<@!;KJ�B<L<7>� Ù>@���?K7:; (X1, . . . , Xn)ú×I>9�;ADHB�I'DEBn?K��@G@C�%?KDH��J�?A@ fn Ý � �<@�?�s�73��7>�%?�DH��687>;�?KJ:Bh?½L<DEÙ>@�;AI>@�B<�C@��1DHB ��J�?A�<@C��J�?KDE�CJ:F��?KJ�?KDE��?KDE�C�3J:B�LüDHB���7>;��õJ�?KDß7>B�?K�<@�7>;��
J:;�@ ?K�<@ ?A7:?�J:F½Ù�J:;ADHJ�?KDE7>B V J:B�Lü?A�<@ËDHB���7:;A��J�?KDß7>BL<DßÙ>@C;AI:@CB<��@ D Ý � �<@��WJ�;A@3L�@�ú×B<@�L�=h�

V (f, g) =
1

2

∫

|f − g| =
1

2
‖f − g‖L1

D(f, g) =















∫

f log
f

g
Dß� f ¿ g

∞ 7:?K�<@�;�s!DE�A@:�
s!�<@�;A@ ¿ L<@�B<7:?K@���J:=<��7>FH9�?A@3�C7>Bh?KDEBp9<Dß?�� Ý � ?#DH�(s�@�FHF � B<7Ls!B.´ �v� Ý � �AD ��~ ; Ä 
  �Å � ç @C��68@C;�ä��J:B Ä � Y�Å �«J:B�L ç 9�FHFE=×J:� � Ä �D� Å µ0?K�<J�?)��7>;'J:FEF½L�@CB<��DE?KDE@C� f J:B�L g � V (f, g) J:B<L D(f, g)J:;�@3FHDEB � @CLf=h�]?K�<@'��7>FEFE75s!DEB<InDEB<@C��9×J:FEDE?à�>���CJ:FEFH@CLiÝ r|{�s¶Úh}v� DEB<@C��9×J�FHDE?à� �

2V 2(f, g) ≤ D(f, g) ,

s!�<DE�£�
@�B�?KJ:DHFE�0?K�×J�?)?A�<@ DHB���7:;A��J�?ADE7:BÜL<DßÙ>@C;�I>@CB<��@ËDE��?K7>687>FE7>I>DE�CJ:FEFã�W��?K;�7>B<I>@�;)?A�×J:BU?A�<@
?K7�?�J:F~Ù�J:;ADHJ�?KDE7>B Ý
� BÅBp9<��@C;�7>9<��J:6�6<FHDE�þJ�?ADE7>B ú×@CFEL<��7:����?�J�?KDH�%?KDE�C�K´ L<J�?�J
�C7:��6<;�@C���ADH7:B��Û?A@CFH@��C7>���n9<B<DE�þJÔä
?KDE7>B�B<@v?Zs�7:; � �C�~�CFHJ:�A�ADßú×�CJ�?KDE7>B���6×J�?�?K@�;ABÜ;�@C��7>I>B<Dß?KDE7>B�7>;#B<@C9<;AJ:F¡B<@�?�s�7>; � � ÝEÝßÝ µv�~?A�<@µ��7>BÉä
�ADE��?A@CB<�v��L<@vú×B<@�LU=h�f?K7�?�J:F�Ù�J:;�DôJ�?ADH7>Bf��Ju�¹6<;A7uÙ>@oDHB×J�L<@C��9×J�?K@ Ý � ��DH�0DE�!?K��@o�þJ:��@Us!�<@�B
6<;�@C�CDE�A@0@C�%?KDH��J�?ADH7:B�7:�~?�J:DEF×6<;A7>=<J:=<DEFHDß?ADE@���7:;Û��7>BhÙ>@C;AI:@CB<��@'7��-DEB�?K@�I>;KJ�FH�17:�~Ù�J:;�DH7:9<�1��9<B<�vä
?KDE7>B×J:FE�0J:;�@µ;�@C��9<DE;A@CL�´ ��@C@ ¥ @C;�FHDHB�@�?þ��á1J�Ú�L×JõJ:B�L�Ù�J:BÜL<@�; � @C9<FE@CB Ä �dÅ ��7>;0L<DH���C9<���ADE7>Bfµ Ý
, B�7:?K�<@�;���7>B<��@C;AB�s!DE?A���C7:B�Ù>@�;AI>@�B<�C@nDHBW?K7�?�J:F-Ù�J�;ADôJ�?KDH7:BWDH�!?K�<J�?þ�8I>DßÙ>@CBÜJ:Bh�W�A@��p9�@CB<�C@
7:�'L<@�B<�ADß?��Ä@C��?ADH��J�?K@��C��?K�<@�;KJ�?A@�7��'�C7>BhÙ>@C;�I>@CB<��@U7:�)?K��@�@vâÉ68@C�v?K@�L L1

@C;�;A7>;��CJ:BQ=8@
J:;�=<DE?A;KJ:;%�]�AFE75s7´ ( @�Ùp;A7u�>@ Ä 
 x"Å µ Ý � �<@C;�@���7>;�@o�%?K;A7:B<I>@C;G?K7:687>FH7>I:DE@C�G��9<���ÜJ:�!DHB���7:;A��J�?KDß7>B
L<DßÙ>@C;AI:@CB<��@oJ:;A@'7:�|?K@�BW6<;A@v��@C;�;A@CL Ý
� FôJ��A�ADE�þJ:F�B<7>B<6×J�;KJ:��@�?A;ADH�½L<@�B<�ADß?à�)@C��?ADH��J�?K@����A9<���oJ:� � @C;�B<@CFh@���?ADH��J�?K@��«J�B<L3�<DH�%?K7>I:;KJ:���
J:;�@GB<7:?19�B<DEÙ>@�;A�KJ�FHFE�o�C7:B<�ADE��?K@�B�?1DHB DHB���7:;A��J�?ADE7:BnL<DEÙ>@�;AI>@�B<�C@Ï´��A@C@ " J:FHF Ä 
 \�Å µ Ý � �<@!��7pLÉä
DEú<@CLË�<DH�%?K7>I:;KJ:��� DEB�?K;�7pL<9<��@CLË=�� ¥ J:;A;�7>B Ä � Å J:B<L ¥ J:;A;�7>B�� . �Dã>;�ú�J:B�LËÙ�J�B�L<@C; � @C9<FE@CBÄ  �Å ��DH;��C9<�µÙ>@�B�?!?A�<DH�G6<;�7>=<FH@�� Ý � ��@��WJ:;�@3L<@vú×B<@CL�J:�G��7>FEFE75s!� Ý
� 9<6�687>�A@Ü?K�×J�?>s�@U7:=<�A@�;�Ù>@
DEB<L<@�68@CB<L<@�B�?

R
d ä Ù�J:FH9�@CLQ;KJ:B<L�7>� Ù�J�;ADôJ�=<FH@�� X1, . . . , Xns!DE?A�W��7>����7:Bf9<B � B�75s!B�L<@CB<��DE?à� f Ý

x�Y
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• ( @CB�7:?K@�=h� g J � B<7Ls!B L<@CB<��DE?à�
7>B R
d J:B<LS=h� νg ?A�<@�J:�A��7p�CDôJ�?K@CLS6�;A7>=×J�=<DHFEDß?à���@CJ:�A9�;A@Zå

• ( @�ú<B<@õJf�A@���9<@CB��C@õ7:��DEB�?K@�I>@C;�� {`n}n≥1
�A9<���S?A�×J�? 1 ≤ `n ≤ n J�B<LSFE@�? hn =

1/`n
å

• � B�?A;A7pL<9<��@'Jo��@C��9<@CB<�C@'7��-6×J:;�?ADE?KDE7:B<� Pn = {An,1, An,2, . . . , An,`n} � n ≥ 1 �É��9<���?K�×J�? νg(An,i) = hn
� i = 1, . . . , `n

å
• è½DHB<J:FEFß���C7>B<��DHL<@�;C�<��7:; an = 1/(nhn + 1) ?K��@3��7:FHFE75sGDHB�I @���?KDE��J�?K7>; fn

fn(x) =

[

(1 − an)
µn
(

An(x)
)

hn
+ an

]

g(x) =
nµn

(

An(x)
)

+ 1

nhn + 1
g(x) . ´ � Ý 
 µ

s!�<@C;�@ µn �%?�J:B<L��U��7>;�?A�<@ @���6<DE;ADE�þJ:F/��@þJ:��9<;A@ J:�A��7p�CDôJ�?K@CL s!DE?K�l?A�<@ �KJ:��6<FE@
X1, . . . , Xn

J�B<L An(x) ��?�J�B<L<�!��7>; An,i DE� x ∈ An,i
Ý

� ��@�@���?KDE�õJ�?K@Æ´ � Ý 
 µnDH��Jü��Dßâp?K9<;�@f7:�'JS��DH��?A7>I>;AJ:� ä ?à�p68@fL<@CB��ADE?à�Ä@���?KDE��J�?K@WJ:B<LÄ?K�<@� B<7Ls!B�L<@�B<�ADß?�� g Ý � ?1�þJ:B�J:FE�A7'=8@#;�@CIhJ�;AL<@�LõJ���J36�DH@C��@�s!DE�A@G?K;KJ�B<����7>;��õJ�?KDE7>Bn7:� g Dß?K�A@�FE���s!��DH���WDH��?K��9<�#7��|?K@CBf�þJ:FEFH@CL¹DHB¹?A�<DH�G��7>B�?A@vâp?#?A�<@ ��}n×þ}v�K}v{~t�}�»É}v{Ésvr|�9��Ý
& B<L<@�;!?K��@3�C7>B<L�DE?KDE7>B<�

D(f, g) <∞, lim
n→∞

hn = 0 J�B<L lim
n→∞

nhn = ∞ ,

J�FH��7>��?µ�A9<;�@f��7>B<�ADE��?K@�B<�v� DHB DEB���7>;A��J�?ADE7:B L�DEÙ>@C;�I>@CB��C@WJ:B�Lk�C7>B��ADH�%?K@�B<��� DEB @vâÉ68@C�v?K@CL
DEB���7>;��õJ�?KDß7>B¹L<DEÙ>@�;AI>@�B<�C@/�×JuÙ>@/=8@�@CB�6<;�7ÔÙ>@�L�=�� ¥ J:;A;�7>B�� . �Dã>;%úÜJ:B�LWÙ�J:B�L<@�; � @�9<FH@�BÄ  �Å_Ý è×7>;o��9<;%?K�<@�;n;A@��A9<Fß?K�n7>B ��7pL<DEú×@�L �<DE��?K7:I>;KJ:���
s�@];A@���@�;µ?K�<@];A@CJ:L<@�;n?A7 ¥ @�;AFEDHB<@v?
J�B<L ¥ ;A9�B<@CF Ä xdÅ � ¥ @C;AFEDHB�@�?þ� . �Dã>;%úÄJ:B�L Ù�J:B L<@C; � @C9<FE@CB Ä {dÅ � ¥ @�;AFHDEB<@�?nJ:B�L ¥ DôJ:9 Ä #�Å
J�B<L . �Dã:;�ú-� * DH@��A@:��á�J�Ú�L<J�J�B<LfÙ�J:BWL<@�; � @C9<FE@CB Ä 
 �dÅ_Ý
æ ��@CB d = 1 �0?K�<@
��9×J:Bh?KDEFH@C�¹7��o?K�<@
;�@���@�;A@CB��C@SL�@CB<��DE?à�YJ:;A@
9��A@CLc?K7k6×J:;%?KDß?KDE7>B R

Ý
è×7:;A��J:FEFß�:�>L<@�B<7:?ADHB<I3=h� G ?A�<@!L<DE��?K;�DH=<9É?KDH7:Bµ��9<B<��?ADH7:B�J:�A��7p�CDôJ�?K@CL.s!DE?A� ?K�<@!6�;A7>=×J�=<DHFEDß?à�
L�@CB<��DE?à� g ´ g DE�GL<@�ú<B<@CL�7>B (a; b) � a J:B<L b ��Jþ�]=8@3DHB�ú×B�DE?K@uµv�:s�@3�A@�?

An,i =
(

G−1
( i− 1

`n

)

, G−1
( i

`n

)]

, i = 1, . . . , `n ,

s!��@C;A@3?K�<@3DHBh?K@C;%Ù�J:F (., .] DH�G9<B<L<@�;A�%?K7p7pLÜJ��#7>68@�B�7>Bf?K�<@3FH@v�|?0J�B<L���FH7>��@CLW7>Bf?K�<@/;�DHI>�h?7:B<FE��s!�<@CB Dß?K� 9<6�68@C;½=87>9<B<LnDH�¡ú<B<DE?A@�J�B<L�s!�<@�;A@ G−1 DH�¡?A�<@���9×J:Bh?KDHFE@���9�B<��?ADH7>BµL<@vú×B<@�L
=h�







G−1(α) = inf{x : G(x) ≥ u} Dß� 0 < α < 1
G−1(α) = a Dß� α = 0
G−1(α) = b Dß� α = 1 .

´ � Ý � µ

x 
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� �p9��C�É9<B�DEÙ�J:;�DôJ�?K@G��7pL<DEú×@�L���DH��?A7>I>;AJ:��� ;A@��A9<Fß?���;�7>� ?A�<@#�C7:��6×J�;ADH��7>BË7:��?K�<@!�p9<J:B�?ADHFH@��
7:� g s!Dß?K� ?K�<@¹@C��6<DH;�DH�CJ:FÛ��9×J:Bh?KDHFE@C� Ý & B<L�@C;Ë��DEFEL �C7>B<L�DE?KDE7>B<�µ?A�<@f���<7>DE�C@¹7:� g L<7p@C�B<7:? JdÉ~@���? L�;KJ:��J�?KDE�þJ�FEFß�U?A�<@¹J����p��6É?K7:?ADH�C� ÝUÈ ;KJ:�v?KDE�þJ:FEFE�:�½��75s�@vÙ>@C;�� g ���<7>9<FEL B<7:?n=8@� ?A7p7 � J�;�����;A7:� f �×��7Ë?K�×J�?!?A�<@3��7>��6<J:;ADE�A7>B¹=8@�?�s�@�@CB�?A�<@3@���6<DE;ADE�þJ:F���@þJ:��9<;A@3J:B<Lf?A�<@;A@v��@C;�@CB<��@oL<@�B<�ADß?��¹7uÙ>@C;G?K��@/6<J:;�?ADE?KDE7>B]�õJ � @C�!�A@�B<�A@ Ý
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. DEÙ>@�BÄJU��@CJ:�A9<;�@ ν ��9��ADHB�I ²¢³��:{×�_r|yH}�t���{×�à�d³p�µw8yH���|s 7:� � �<J � ;KJ:=87>;%?�� Ä 
 Y�Å 7>; t�}v{×�à}v��d³p� � �>�º»/²¢³<�:{×� r|yH}�s�s�³p�V×��pt�}�s 7:� * DH9~� È J:;�@CFHDE9<�¹J:B<L � DHB�I>� Ä �  dÅ �07>B<@U�þJ:Bc��7>B<�%?K;A9���?
J �A@��p9�@CB<�C@ü7:�/6×J:;%?KDE?ADH7:B<� Pn = {An,1, . . . , An,`n} �A9<���Y?K�×J�? ν(An,i) = hn (i =
1, . . . , `n). � �<@��A@]��@C��9<@�B<�C@C�ËJ:;�@�B<@C�%?K@CL DHBü?K��@õ��@CB<��@õ?K�×J�?o��7>;oJ:FEF n ?A�<@C;�@õ@£â�DE��?A�nJ��@C��9<@�B<�C@

Bn,1 ⊂ Bn,2 ⊂ . . . ⊂ Bn,`n

��9<����?A�×J�?
∀i = 1, . . . , `n, An,i = Bn,i −

i−1
⋃
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9<B<DE7>Bf7:� �A@�?A�#DHB Pn �Ãs�@3�×JuÙ:@
ν(An M A) = 0.5 ,

s!�<DE�£�W@�B�?�J�DHFH��?K�<J�? Pn DH�GB�7:? ν ä�J:6�6<;A7þâÉDH��J�?KDßB<I Ý
2 ?K�<@�;GJ:9É?K�<7>;����<JuÙ>@)L<@vú×B<@CLf��9×J:Bh?KDEFH@���DHBõ�n9<FE?ADEL<DE��@�B<�ADE7>B×J�F��A6×J��C@��Ï´��A@�@ ¥ ;�75s!BfJ�B<L
" @v?A?A�õJ:B��A68@C;�I>@C; Ä \�Å � � L<L�� Ä 
 {dÅ J:B<L Ä 
 �"Å µ£��=<9�?!J���� J:;�J:�Ìs�@ � B�75s¨B<7:B<@)68@C;A��DE?A�Û?A�<@
�C7:B<��?A;A9<�v?KDH7:BS7:����7pL<Dßú×@CLü��DH��?A7>I>;AJ:���)��7>;/J:B��U;A@v��@C;A@�B<�C@�L<@CB��ADE?à� Ý � ��DH�/FE@þJ:L<�39<�3?K7
;A@���?A;ADH�v?#7>9�;#J�?�?K@�B�?KDE7>B¹?A7�J �C@�;�?�J:DEBf�CFôJ��A�!7:� ;A@v��@C;�@CB<��@oL<@�B<�ADß?KDH@�� Ý

=%ç =%ç�� XÇÁ041¿�*�¾�À�& �����<;)Á0� ����-hÃ��541À�¾6& -
� �<@)�%?�J:B<L<J:;AL];A@�I>9<FHJ:;r´�9<B<��7pL<DEú×@�Lfµ1�<DE��?A7>I>;KJ��ñDE�ÛL<@�ú×B�@CLf=h�õJµ6×J�;�?KDß?KDE7>B�7�� Rd DHBh?K7
;A@���?KJ:B<I>9<FHJ:;-�C@�FHFH�-7:�:s!DEL�?K�<� h1, . . . , hd

Ý � ��@ÛI:7hJ:F>7:�É?K��DH�«6×J�;KJ:I:;KJ:6<�3DH�-?A�<@ÛJ�L×J:6�?KJ�?KDE7>B
7:�8?A�<DH��6<J:;�?ADE?KDE7>Bµ?A73��7pL�DEú×@�LË��DH��?A7>I>;AJ:��� Ý � BË?A�<DH� ;A@CI>J:;AL.s�@!7>B�FE�µ�C7:B<�ADEL<@C;�;A@���@�;A@�B<�C@
L<@�B<�ADß?KDH@�� g �A9<���W?K�×J�?

g(x1, . . . , xd) = g1(x1) . . . gd(xd) ,
´ � Ý$# µ

s!�<@�;A@ g1, . . . , gd
J:;�@n9<B<DEÙ�J:;ADHJ�?K@oL<@CB��ADE?ADH@�� Ý è�7:; j = 1, . . . , d �=sÛ@ L<@CB�7:?K@ =h� Gj

?A�<@
L<DE��?K;�DH=<9É?KDH7:B���9<B<��?ADH7>B
J��A�A7p��DôJ�?K@CL·s!DE?A�Ü?K�<@ 6�;A7>=×J�=<DHFEDß?à�WL<@CB<��DE?à� gj J:B<LU=�� G−1

j
?A�<@

��9×J:Bh?KDHFE@)��9�B<��?ADH7>BWJ:�!DEBÆ´ � Ý � µ Ý
. DEÙ>@CB D Ý D Ý L Ý 7:=<�A@�;�Ù�J�?ADH7>B�� X1, . . . , Xn

��;A7>� J'L<@CB��ADE?à� f 7>B R
d J�B<LËI>DEÙ>@�B�J';A@���@�;A@�B<�C@

L<@�B<�ADß?�� g �A9<����J:�Ï´ � Ý!# µ£�×��7pL<DEú×@�Lf�n9<Fß?KDßÙ�J�;ADHJ�?K@��<DH�%?K7>I>;AJ:���GJ:;A@3=�9<DHFß?!J:�G��7>FEFE75s!� �
• � @�? ` = `1 . . . `d

s!DE?A� `1, . . . , `d 687:�ADE?ADEÙ>@nDEB�?K@�I>@C;��3J:B<L
FH@v? hj = 1/`j
��7:; j =

1, . . . , d å
• è×7:; j = 1, . . . , d J:B<L ij = 1, . . . , `j−1 �>�C7:��6�9�?K@�9<B<DßÙ�J:;�DôJ�?A@Û��9×J:Bh?KDEFH@��½7:��7:;AL<@�;
ijhj
7�� gj Ý ( @CB<7�?K@/=h� qj,ij ?A�<@C��@o��9×J�B�?KDEFH@��C� rjß }¢ß �

qj,ij = G−1
j (ijhj)

s!Dß?K�¹?K�<@3��7>B�Ù>@�B�?ADH7>B qj,0 = −∞ J�B<L qj,`j = ∞ å
• � 7:B<�ADEL<@C;3?A�<@�I>;ADELüL<@vú×B<@�L =h�U?K�<@�J:=87uÙ>@Ë� J:��DEFß� {qj,ij} å ?K��DH�3I>;�DHLüFE@þJ�L<�3?A7�J6×J�;�?KDß?KDE7>B]7:�

R
d DEB�?A7 ` ���p68@�;A;A@���?KJ:B<I>FE@C�¡´ ��@C@oè½DEI>9<;�@ � Ý � µ£�<�KJþ�

Ai1,...,id =
d
∏

j=1

(qj,ij−1, qj,ij ] ;
´ � Ýzx µ
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• è×7>;G@CJ:����7:�¡?K�<@��A@/�C@�FHFE�C�<��7>��6�9�?K@'?A�<@3@C��6<DE;ADH�CJ:F���@CJ:�A9�;A@ �

µn(Ai1,...,id) =
1

n

n
∑

i=1

1{Xi∈Ai1,...,id
} ;

• � �<@ �K}Ü±Z³Éyß�:�n¢õ�¢»:r ¿�}Â»f¢S³pyz� rVÓ��>�£r �:�à} Á rHsv���Â±:���:¢ »p}v{�svr|�9��}�sv�_r|¢��:�à}
fn
DH�)L<@vú×B<@�L

=�� �

fn(x) =
nµn

(

A(x)
)

+ 1

nh+ 1
g(x) ´ � Ýz{ µ

s!�<@C;�@ h = h1 . . . hd
J:B<L A(x) �%?�J:B�L<�!��7>; Ai1,...,id DE� x ∈ Ai1,...,id

Ý

�>��� � ����� � �>��� �

� �)� �

�A�)� �

� ��� � � �)� � � �3� � ��� � �

� ��� � � �)� � � �3� � ��� � �

� ��� � � �)� � � �3� � ��� � �

è½DHI:9<;A@ � Ý � � ! &Zó[ô � � õ�ð�� � ó�ò ïËí ïËí ð�û·ízû R
2 ; `1 = 4 � `2 = 3 �

� @CB<7:?A@3=�� νg ?A�<@36<;�7>=×J�=<DHFEDß?à����@CJ:�A9�;A@3J:�A��7p�CDôJ�?K@CL4s!DE?A�¹?K��@3;A@v��@C;�@CB<��@/L<@CB<��DE?à� g Ý	� ?DE�G@þJ:��DHFß�]��@C@CBW?K�<J�?þ����7>;!J:Bh�¹�A@v? Ai1,...,id �

νg(Ai1,...,id) = h .

� 7:B<�ADE��?K@�B<���ÇDEBÇDHB���7:;A��J�?ADE7:BÅL<DßÙ>@C;AI:@CB<��@UJ:B<LQ@£âÉ68@C��?A@CLYDHB���7:;A��J�?ADE7:BÅL<DßÙ>@C;AI:@CB<��@ÜDH�
@���?KJ:=<FHDE�A�<@�LWDHBf7:9<;!B<@£âp?#?K��@C7>;�@C� Ý
| o¡Ð�Î�ÓÔÐpÑ Õ�ÒEÕ�Ò Ê Û¡}v� fn Ùv}�� Á }��K}Ü±Z³pyß�:��¢õ�¢»:r ¿�}Â» Á rHsv���Â±:���:¢�»p}n¿1{~}Â»�r|{ ´ � Ýz{ µ ßxm)s�¸
s�³p¢õ}3� Á �:� D(f, g) <∞ ß

xDx
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T r�V�nV×

hj = hj,n
T
j = 1, . . . , d

V �:{P»
lim
n→∞

max
1≤j≤d

hj,n = 0
� Á }v{c� Á }Wsu}Â²¢³×}v{~t�}
��×

w��:�£� r|�_r¤��{
{Pn} = {An,i1,...,id}1≤j≤d

1≤ij≤`j,n»p}n¿1{~}Â»�r|{ ´ � Ýzx µ rHs νg ¸%�vwhw8���N¹>r|¢��:� r|{A±[ß
T r|r�V¯qü���K}���Ó:}v�/��s�s�³p¢õ}3� Á �:� lim

n→∞
nhn = ∞ T

hn = h1,n . . . hd,n
VL��� Á }v{

lim
n→∞

D(f, fn) = 0 a.s
�:{P»

lim
n→∞

ED(f, fn) = 0 .

�/Ó�Î�Îfe æ @'ú×;A�%?#6<;�7ÔÙ>@ (i)
Ý�� @�? S L<@CB<7�?K@'?K�<@'�A9<6�687>;�?#7�� ν J:B<L S Dß?K�G��7>��6<FH@���@�B�?DHB

R
d Ý�æ DE?A�WJË��FHDHI:��?!J:=�9<�A@/7��½B<7�?�J�?ADH7>B��:sÛ@/L<@�B<7:?A@

{Pn} = {An,1, . . . , An,`n} .
è×7>; j = 1, . . . , d �ÉFH@v? aj = inf{x ∈ R : gj(x) 6= 0} J:B<L bj = sup{x ∈ R : gj(x) 6= 0}´ aj J:B<L bj �õJþ��=8@ËDEB�ú×B<Dß?K@uµ Ý�� @v? Sj ´�;A@��A6 Ý Sj µ�=8@ ?A�<@Ë6<;�7�Ú�@C��?ADH7>BU7:� S ´ ;�@C��6 Ý S µ7>B (aj, bj)

Ý
Sj
DH�!?K�<@o9<B<DE7>B�7�� kj L<DH�%?KDHB���?0DHBh?K@�;�Ù�J�FH�#7:��FE@CB<I:?A� τj(i) ´ i = 1, . . . , kj

µ Ý
è×7>; x = (x1, . . . , xd) ∈ S �~FH@v? pj(xj) L�@CB<7�?K@n?A�<@nBp9�� =8@�;)7:�1DHBh?K@C;%Ù�J:FE��7:� Sj =8@���7>;�@
xj
J:B<LW�C7:B<�ADEL<@C;G��7:; j = 1, . . . , d

Tj : Sj 7→ R

xj → xj −
pj(xj)
∑

i=1

τj(i)

J:B<L

T : S 7→ R
d

(x1, . . . , xd) → (T1(x1), . . . , Td(xd)) .

� �<@ÛJ:6�6<FHDE�þJ�?ADE7>B T J�FHFH7Ls!�~?K7#;�@C��7ÔÙ>@�?A�<@��h�p68@C;A;�@C�v?�J:B<I:FH@�� R 7:� Rd �A9��£�/?K�×J�? νg(R) =
0
Ý è½DãâfJ ��@CJ:�A9�;KJ:=<FE@'�A@v? A. � � An DH�G@��p9<J:F-?A7�J 9<B<DE7>Bf7:�½��@�?A�0DEB Pn ?A�<@CB

νg(An M A) = νTg (T (An) M T (A)) ,

s!�<@�;A@
νTg : T (S) 7→ [0, 1]

A → νg
(

T−1(A)
)

.

x�{
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� ��@C;A@v��7>;A@���DE?G�A9�Ö���@C�#?K7Ë6<;�7ÔÙ>@'?K�×J�?G?K��@/6<J:;�?ADE?KDE7:B

{PT
n } = {T (An,1), . . . , T (An,`n)}

DE� νTg ä�J:6<6�;A7þâ�DE�õJ�?KDßB<I Ý�� 7�?K@f?A�×J�? T (An,i)
´ i = 1, . . . , `n

µ J:;�@W�h�É68@�;A;�@C��?KJ:B<I>FE@C��7��
R
d �A9<���
?A�×J�? νTg (T (An,i)) = h1,n . . . hd,n

Ý�� @CB<7�?KDHB�I¹=�� Tj(An,i) ?K��@ 6<;�7�Ú�@���?KDE7>BÜ7:�
T (An,i)

7uÙ>@C;�?A�<@ j ä ?K�Ë��7>��687>B<@�B�?�7�� Rd �hDE?�DH��@CJ:��DHFE�µ��@C@CB�?A�×J�?�?K�<@GFH@CB�I:?K�Ë7:� Tj(An,i)?A@CB<L��#?K7 � @C;A7õJ�� limn→∞ hj,n = 0
Ý è×7>;!@CJ:����=×J�FHF B ��@CBh?K@�;A@CLÜJ�?#�A7:��@3687>DEB�? x0

��sÛ@
L�@CL<9<��@/?A�×J�?

lim
n→∞

max
{i:T (An,i)∩B 6=∅}

L<DôJ:� (T (An,i)) = 0 ,

s!��@C;A@UL<DôJ:� (E) = supx,y∈E d(x, y)
J:B<L d(x, y) L<@�B<7:?K@��¹?K��@UL<DH�%?�J:B<��@UDEB R

d Ý�� ?
��7:FHFE75sG�1��;A7>� � ��DH� ��~ ;r´ 
 \[�� �p6 Ý 
 {Z� µ ?K�×J�?Û?K�<@06×J:;%?KDß?KDE7>B {PT

n } DE� νTg ä�J:6�6<;A7þâÉDH��J�?KDßB<I Ý� 7:�n=<DHB<DEB<I (i) s!Dß?K� � �<@C7:;A@C� � DHB ¥ J�;A;A7:B��z�'�Dã:;�ú J:B�LSÙ�J:B L�@C; � @C9�FH@CB Ä  dÅ I>DßÙ>@C�
(ii)
Ý

¥

=%çÜ=%ç = b:Â!��¿�Á-Â���Á ���À�X��À�À�Á0*�¾�Ã����1Â
� ��;A7>9<I:�
J:BU@£â�J:��6�FH@��rs�@n��?A9<L���?K��@nDHB�y<9<@CB<��@n7:��?K�<@n���×J:68@n7:��?K�<@µL×J�?�J�Ù>@���?A7>;)7>B
?A�<@!68@C;���7:;A��J:B<��@!7:��?A�<@!L<@CB��ADE?à� @C�%?KDH��J�?A@GL<@vú×B<@CL�DHBK´ � Ýz{ µ ÝP� J:=<FH@ � Ý 
 I:DEÙ>@C��?A�<@G?K7:?KJ:F
Ù�J:;ADHJ�?KDE7>B V (f, fn)

J:B<LÅ?K��@�DHBÉ��7>;A��J�?ADE7:BÄL<DEÙ>@�;AI>@�B<��@ D(f, fn)
=8@�?�s�@�@CBe=<DHB<7:;A��J:FE�

J�B<L ?K�<@�DH;µ��?KJ:B<L×J�;AL ��7pL<Dßú×@CL ��DH��?A7>I>;AJ:�O@C��?ADH��J�?K@�� Ý�� DH�n9<FHJ�?A@CL =<DEB<7>;��õJ:Fß�o�×JuÙ>@ 0��@þJ�B���9<B<Dß?0�%?�J:B<L<J:;AL�L�@�ÙpDôJ�?KDH7:B�J:B<L�Ù�J:;��pDHB�I��C7>;�;A@�FôJ�?ADH7>BÆ´���;�7>� 0 ?K7 0.95 µ£��?A�<@o�AD � @7�� ?K�<@3�KJ���6<FE@C�GDH� n = 250
Ý�� 7���7>B<�%?K;A9���?#?K�<@3@���?KDE�õJ�?K@:�tsÛ@/���<7p7>�A@ `1 = `2 = 5 J:B<L?A�<@3;A@v��@C;A@�B<��@oL<@�B<�ADß?�� g DH�!J 6<;A7pL<9���?#7:�	�'9<�n=8@�F�L<@CB<��DE?ADH@C� �

g(x, y) = exp
(

− x− exp(−x)
)

exp
(

− y − exp(−y)
)

. ´ � Ýz� µ

ρ
Y Y�Ý � x YÉÝ�x Y�Ýz�Dx YÉÝz\[x

V (f, fn)
Y�Ý 
 \ Y�Ý 
 \ Y�Ý �A
 Y�Ý �D� YÉÝz �#

D(f, fn)
Y�Ý! � Y�Ý! D Y�Ýz Dx Y�Ý$#[ YÉÝ��d#

� J�=<FH@ � Ý 
 � d�ðZï�ó � `dó�òjí ó"ïËí ð�û¡ó[ûdö�ízûL�nð]òÜô�óFïËí ð�û¡ö�í `"õdòÇñDõdûdúNõÏódú¢ú�ð]òÇö�í�û"ñaï�ðaïW�"õ�ú�ð]òÜò õ�� ó"ïËí ð�û �
Þ @C��9<FE?A�GJ:;�@)��FH@CJ:;AFß��=8@�?�?K@C;�DEBõ?K��@)6<;A@��A@�B<�C@37���sÛ@þJ � ��7>;A;�@CFôJ�?KDH7:B Ý	� B<@��þJ:B¹@£â�6�FôJ:DEB]Dß?
J�� ��7>FEFH7Ls!� ÝP� B�è½DEI>9<;A@ � Ý! ��s�@G�×JþÙ>@G;A@C6�;A@C��@CBh?K@CLõJ)�AJ:��6�FH@�7:�8�AD � @ n = 250 �ADE�n9<FôJ�?K@�L��;�7>�ñJ/=<DEB<7>;��õJ�FÃs!Dß?K� 0 ��@þJ:BõJ�B<LõDHL�@CBh?KDE?à�nÙ�J�;ADôJ�B<�C@#��J�?K;�Dßâ©´3  óN¡ Ú µ�J:B<L�?A�<@0DE�õJ�I>@7�� ?K��DH�G�KJ:��6<FE@'=h�]?K�<@/J�Ö�B<@'?K;AJ:B<����7:;A��J�?KDE7>B¼´3¢ èVé1Û�Ú µ �

T (x) = Σ1/2x+ a

xD�
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−2 −1 0 1 2

−2

−1

0

1

2

−3 −2 −1 0 1 2

−2

−1

0

1

2

è DHI>9�;A@ � Ýz �� ��õ¢õ�ï�õW&dï�ízû7�pü �"îºõ¢ú�ïËí ð�û �t�K�Ã�4�Ã�
s!�<@�;A@

Σ =

(

1 0.95
0.95 1

) J:B<L a =

(

−1
0

)

.

� 7�?K@�?K�×J�?�?K�<@�?A;KJ:B�����7>;���@�LQ�KJ:��6<FE@��CJ:Be=8@��A@C@�BcJ:�]J �KJ:��6<FH@���DH�n9<FôJ�?K@�LÅ��;�7>� J
=<DEB<7>;A��J:F N (a,Σ)

Ý æ @G;A@�6<;A@��A@�B�?�7>Bn?K��@C�A@GI>;AJ:6<�<DE�C�½?A�<@G6<J:;�?ADE?KDE7:Bn9��A@CL ?K7'��7>B<�%?K;A9���?
;A@�I>9<FHJ:;)��7pL<DEú×@�LU�<DH�%?K7>I>;AJ:���*s!Dß?K�üJ¹;�@���@�;A@CB��C@�L<@�B<�ADß?��Ü7:�?�'9<�n=8@CF�´ ��@C@K´ � Ýz� µºµ)J�B<L
`1 = `2 = 5

Ý è×7:;1?K�<@#?K;AJ:B<�%��7>;A��@CL��KJ���6<FE@:��7>B<Fß� ��@�sY��FôJ��A�A@���687>�A��@C���A@C�G7>=��A@C;%Ù�J�?ADH7>B<���
?K��@]6×J�;�?KDß?KDE7>BSDE�µB<7�?�s�@�FHF�J�L×J:6�?A@CL ?A7�?A�<@]L×J�?�J���FH7:9<L Ý�� �<@�;A@v��7>;A@õ?K�<@õ�C7:��6×J�;ADE�A7>B
=8@�?�s�@�@CB�?K�<@/@���6<DH;�DH�þJ�F~��@CJ:�A9�;A@/J:B<LW?A�<@/;�@���@�;A@CB��C@oL<@�B<�ADß?��¹7ÔÙ>@�;!?K�<@36×J:;%?KDE?ADH7:B¹L<7p@C�
B<7:?!��J � @3�n9<���W��@CB<��@ Ý
� 73��7>;A;�@C�v?�?K��DH�C��sÛ@GB<7LsÅ6<;A7:687>�A@�?A7'��7>B<��?A;A9<�v?1L×J�?�J�L<@C68@�B<L<@�B�?���7pL�DEú×@�Ln�<DH�%?K7>I:;KJ:���
��7>;Gs!��DH��� � @C@�6<DHB<Io?A�<@06×J:;AJ:��@�?K@�;A� g J:B<L `j (j = 1, . . . , d) ú�âÉ@CL��p?K�<@0��7>;A;�@C�A687:B<L<DHB�I6×J:;%?KDß?KDE7>BõDH��@C��9<DEÙ�J:;ADHJ:B�?�9<B�L<@C;!J�Ö�B<@)?A;KJ:B�����7>;��õJ�?ADE7>Bõ7:�¡L×J�?KJµÙ>@C�v?K7>;�� Ýp� 9�;���@v?K�<7pL
DH� DHB��A6<DE;A@CLµ=��/?K�<@�J�Ö�B<@�@���9<DEÙ�J�;ADôJ�B�? ²¢³��:{×�_r|yH}0t���{×���d³p� w8yH����s L�@�ú×B<@�LË=�� � �×J � ;AJ:=87>;�?à�Ä 
 Y�Å_Ý

=%ç =%çj� ZY¾�ÃÉ¾g�d�#Àÿ�<¥�Á-Â & ������;�Á0� ����-hÃ��541À�¾'& -
� ?KJ�?KDE��?KDE�þJ:F�6<;AJ:��?ADH��@'�A9<I>I:@C��?A�!?K�<J�?!�<DE��?K7:I>;KJ:����=<J:�A@�L�7>BfL×J�?�J�ä L<@C68@�B<L<@CBh?06<J:;�?ADE?KDE7:B<�
s!DHFEF>6�;A7ÔÙpDEL<@1=8@�?�?K@C;¡68@�;���7>;��õJ�B<�C@�?A�×J:B3?K�<7>��@�=×J:��@CLo7>BoJGú�âÉ@CLµ��@C��9<@�B<�C@�7:��6×J:;%?KDß?KDE7>B<� Ý� �<@�7>;A@v?KDH�CJ:F-@vÙpDHL<@�B<�C@3��7>;�?A�<DH�G�A9<68@�;ADE7>;ADß?��Ñs�J:�!6<9�?!��7:;�s�J:;�LW=h� � ?K7>B�@ Ä � #�Å_Ý
� B�?K�<DE��6×J:;KJ�I>;KJ:6����#s�@0�C7:B<��?A;A9<�v?GJo��7pL<DEú<@CL���DH��?A7>I>;AJ:� =×J:�A@�L]7>B]J/L×J�?KJ�äàL�@C68@CB�L<@CBh?
6×J:;%?KDß?KDE7>BÜ@���9<DEÙ�J:;ADHJ:B�?)9<B<L<@�;/J�Ö�B<@n?K;AJ:B<�%��7>;A��J�?KDE7:BÜ7:�1?K��@ËL<J�?�JõÙ>@C�v?K7>;·´���7:;�ú�âÉ@CL g

x��
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J�B<L `j � j = 1, . . . , d µ Ý�� �<@GJ:6�6<;A7hJ��£�nDE� =×J:�A@�L 7>B J � L×J�?KJ�äàL�;ADßÙ>@CBµ��7p7>;AL<DEB×J�?A@Û���p��?A@C�S�DEB�?A;A7pL<9<��@CLW=h� � �×J:9<L��p9<;�D¡J:B<L � @�B<I>9<6É?�J Ä 
"� Å_Ý
è×7:;A��J:FEFß�:�uú�â n0

�A9<���o?K�×J�? n0 > d+1 J:B<Lo��7>B<�ADEL<@�; n0+n
L×J�?�J!687>DHBh?K� X1, . . . , Xn0+nD Ý D Ý L Ý ��;�7>� J)L�@CB<��DE?à� f 7>B R

d Ý	� 6�FHDE? ?K��@GL×J�?KJ)DHBh?K7'J)�A@v? X1, . . . , Xn0

9��A@CL ��7>; ���<7p7>��ä
DEB<I3?K�<@ � L×J�?�JÔäàL<;�DEÙ>@�B���7p7>;AL�DHB×J�?A@#�%�É�%?K@��a�0J:B<L]J/�A@v? Xn0+1, . . . , Xn0+n

9<��@CLõ��7>;1�C7>Bpä
�%?K;A9���?KDEB<IË?A�<@/L�@CB<��DE?à�f@���?KDE�õJ�?K@ Ý	� 7�FEDHI>�h?K@�B¹?K��@/B<7�?�J�?ADH7>B"s�@as!DHFEFrs!;ADE?A@ X?

1 , . . . , X
?
n��7:; Xn0+1, . . . , Xn0+n

Ý

• � @�? ` = `1 . . . `d
sGDE?K� `1, . . . , `d 687>��DE?KDßÙ>@UDEB�?A@CI>@�;A�C��J:B<LcFE@�? hj = 1/`j

��7>;
j = 1, . . . , d å

• � @�? α = {k0, k1, . . . , kd} L<@CB�7:?K@WJU�A9<=��A@�?�7�� {1, 2, . . . , n0} 7�����D � @ (d + 1)
Ý

� 7>B<��DHL<@�;Û?K��@�687>DEB�?K� Xk0 , . . . , Xkd

s!�<DH���>s!DEFHF<��7>;�� J � L×J�?�JÔäàL<;�DEÙ>@�B��C7p7>;�L<DHB×J�?K@
���p��?A@C�S����s!��@C;A@ Xk0

s!DHFEF>L<@v?K@�;A��DHB<@ ?K�<@17>;ADEI>DEB3J:B<L3?K�<@1FHDEB<@C�ÉÚ�7>DEB<DHB�I�?K�×J�?«7>;ADEI>DEB
?K7�?A�<@];A@��õJ�DHB<DEB<I d L×J�?KJ�687>DHBh?K� Xk1 , . . . , Xkd

s!DEFHF���7>;A� Ù�J:;ADE7>9<�o�C7p7>;�L<DHB×J�?K@
J�âÉDH� Ý � 7:B<�ADEL<@C;G?K��@ d× d ��J�?K;�Dßâ

X(α) = {Xk1 −Xk0 , . . . , Xkd
−Xk0} .

� � f DH��J�=<�A7>FE9�?K@�FE�n�C7:B�?KDEBp9�7>9<��7:B R
d � X(α) DE��J:B�DHBhÙ>@C;�?ADH=<FE@G��J�?K;�Dßâ�s!DE?A��6<;A7>=pä

J:=<DEFHDß?à��7>B<@ ��7>;/J:Bh�
���<7>DE�C@Ë7:� α ´ ��@C@ � �<J:9<L<��9<;AD�J:B<L � @CB<I>9�6�?�J Ä 
"� Å µ Ý£� @£âÉ?C�
?K;KJ�B<����7>;���J:FHF�?K��@37>=<�A@�;�Ù�J�?KDE7>B<�!DHB¹?A@C;A���G7:� ?A�<@3B<@�sl��7p7>;AL<DEB×J�?A@'���p��?A@C� J:�







Ẋi = {X(α)}−1Xi, i = 1, . . . , n0 ,

Ẋ?
i = {X(α)}−1X?

i , i = 1, . . . , n .

• � @�? g̃ =8@/JËL<@�B<�ADß?��¹7>B R
d �A9<���W?K�×J�?

g̃(x1, . . . , xd) = g̃1(x1) . . . g̃d(xd) ,
´ � Ýz� µ

s!�<@C;�@ g̃1(x1), . . . , g̃d(xd)
J�;A@�9<B<DßÙ�J:;ADHJ�?A@ÛL<@�B<�ADß?KDH@�� ÝP� @vú×B<@ p = (p1, . . . , pd)

?K�<@
�C7p7>;�L<DHB<J�?K@	s!DH�A@'��@CL<DHJ:BWJ��A�A7p��DôJ�?K@CLxs!Dß?K�¹?K�<@3L<@�B<�ADß?�� g̃ � rjß }¢ß �

pj = G̃−1
j (0.5) , j = 1, . . . , d ,

J:B<L FH@v? Ẋ([n0/2])
=8@�?K�<@õ@C��6<DE;ADH�CJ:F��C7p7>;�L<DHB×J�?K@�s!DE�A@���@�L<DHJ:BS��;A7:� ?K�<@õ�KJ:��6<FE@

Ẋ1, . . . , Ẋn0

� rjß }¢ß �
Ẋ([n0/2]) = (Ẋ

(1)
([n0/2])

, . . . , Ẋ
(d)
([n0/2])

) .

s!�<@C;�@ [ ] �%?�J:B<L�����7>;�?K�<@)DEB�?A@CI>@�;�6×J:;%?GJ:B<L Ẋ(j)
(1) , . . . , Ẋ

(j)
(n0)
L<@�B<7:?K@���?K��@)7>;AL�@C;

��?�J�?KDH�%?KDE�C�!7:�½?K��@ j ä ?A���C7:��687>B�@CB�?A�07:�½?A�<@oL<J�?�JËÙ>@���?A7>; Ẋ1, . . . , Ẋn0

Ý � 7:B<�ADEL<@C;
xZ\
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?A�<@1Ù>@C�v?K7>; bαX = p−Ẋ([n0/2])
J:B<LoFE@�? X̃?

i
=8@1?K�<@�DE�õJ�I>@�7�� Ẋ?

i
=��'?A�<@1?K;AJ:B<��FôJ�?ADH7>B

7�� Ù>@C�v?K7>; bαX � rjß }¢ß �
X̃?
i = Ẋ?

i + bαX , i = 1, . . . , n .
¤ �n��7>;µ?A�<@¹;A@�I>9<FôJ�;n��7pL<Dßú×@CL �<DE��?K7>I:;KJ:���µ6<;�@C��@CB�?A@CLÇJ�=87ÔÙ>@��1��7>; j = 1, . . . , dJ�B<L ij = 1, . . . , `j − 1 �¡L<@�B<7:?K@ q̃j,ij ?K��@���9×J:Bh?KDHFE@ 7:��7>;AL<@�; ijhj 7:� g̃j Ý£� ��@C�A@��9×J�B�?KDEFH@��GFH@þJ�Lf?A7�J 6×J:;%?KDE?ADH7:B¹7:�

R
d DHBh?K7 ` ���p68@C;�;A@C�v?�J:B�I>FH@��0�AJu�

Ãi1,...,id =
d
∏

j=1

(q̃j,ij−1, q̃j,ij ] .

� @v? µn ´�;A@��A6 Ý µ̃n µË=�@W?K�<@�@���6�DH;ADE�þJ�F!��@þJ��A9<;�@ÜJ:���A7p�CDHJ�?K@�L s!DE?A�Å?K�<@��AJ:��6<FH@
X?

1 , . . . , X
?
n
´�;A@��A6 Ý X̃?

1 , . . . , X̃
?
n
µ�å

Ã1,1 Ã2,1 Ã3,1

Ã1,2 Ã2,2 Ã3,2

Ã1,3 Ã2,3 Ã3,3

A1,1
A2,1

A3,1

A1,2

A2,2

A3,2

A1,3

A2,3

A3,3

è DHI>9�;A@ � Ý!#�� dTòVó[û"î �nð[òÜô�ó"ïËí ð�ûÏð��gó � óZòÔïËí ïËí ð�û·í�û R
2 �

• ¥ âÉ6<;�@C�A�#?A�<@ Ãi1,...,id ö÷�!DHB¹?A@C;A���G7:� ?A�<@37>;ADEI>DEB×J:F���7p7>;AL<DEB×J�?A@'���p��?A@C�W� rjß }¢ß �
Ai1,...,id = X(α)

(

Ãi1,...,id − bαX
)

.

Ãi1,...,id
DH�!?A�<@oDH��J:I:@37:�½?A�<@o���p68@�;A;A@���?KJ:B<I>FE@ Ai1,...,id =���J�BÜJ�Ö�B<@/?A;KJ:B<�%��7>;A��J�ä?ADH7>B]?K�<@�;A@v��7>;A@ Ãi1,...,id DE�#J�BW���p68@�;A6×J:;AJ:FHFE@CFE7>I>;AJ:��´ ��@C@oè½DEI>9<;�@ � Ý!# µ Ý�� 7>;�@C7ÔÙ:@C;C�

Dß?!DE�G@þJ:��DHFE�õ�A@�@CBW?K�×J�?

µn(Ai1,...,id) = µ̃n(Ãi1,...,id) ;

{ZY
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• è½DHB<J:FEFß�:�Éú�â
gα(x) =

1
∣

∣det
(

X(α)
)∣

∣

g̃
(

{X(α)}−1x+ bαX
)

, ´ � Ý!\ µ
?K�<@�BW?K��@ »h�:� �Z¸�»:�£rVÓ:}v{�¢õ�u»:r ¿�}Â» Á rHsv�à�Â±:���:¢ »p}v{�svr|���¹}�sv�_r|¢��:�à} DE�GL<@�ú×B�@CL�=��

fn(x) =
nµn

(

A(x)
)

+ 1

nh+ 1
gα(x) ,

´ � Ý 
 Y µ
s!�<@C;�@ h = h1 . . . hd

J:B<L A(x) �%?�J:B�L<�!��7>; Ai1,...,id DE� x ∈ Ai1,...,id
Ý

� ÐpÑ ÑkQSÕ�ÒEÕ0Ò Ê u Á }¹}�sv�_r|¢��:�à} fn(x) »p}n¿1{~}Â»�r|{ ´ � Ý 
 Y µ rHs]�Ü¢õ�¢»:r ¿�}Â» Á rHsv���Â±:���:¢ r|{� Á }'su}v{�su}n��× ´ � Ý 
 µ ß
�/ÓÔÎ�Îfe � ?!�A9�Ö��C@��#?K7Ë6<;A7uÙ>@3?A�<@'��7>FHFE7Ls!DEB<I J:�A��@C;�?ADH7>B�� �

• gα
DH�õJ L<@�B<�ADß?���´ s�@[s!DHFHF!L<@�B<7:?K@�=�� νgα

?K��@Ü��@þJ:��9<;A@ÜJ:�A��7p�CDHJ�?K@�L s!Dß?K�Ç?A�<DH�
L<@CB��ADE?à��µ�å

• ��7>; j = 1, . . . , d J:B<L ij = 1, . . . ,mj
� νgα

(Ai1,...,id) = h
Ý

� ��@C�A@oJ:�A��@C;�?ADH7>B��#J:;A@3L�DH;A@���?!�C7:B<�A@��p9�@CB<�C@C��7:�¡?K�<@3���×J:B�I>@/7�� Ù�J�;ADôJ�=<FH@���?K��@C7>;�@C� Ý
¥

� ÐÉÑÆQ<ÓG¦ÅÕ0ÒEÕ�Ò Ê � B<@µ�CJ:BÜ9��A@µ7:?K��@C;#?K;AJ:B<��FôJ�?ADH7>B��C���<7Ls�@�Ù>@�;)7>9�;0�£��7>DH��@o7:� bαX �A@�@C���?A7�=8@as�@�FHF«J:L×J�6�?K@�LW?K7�7>9�;#@���?ADH��J�?K@ Ý�� B�L<@C@�L��8��7pL<DEú×@�LW��DH��?A7>I>;AJ:����;A@��A9<Fß?!��;A7>� ?K�<@
��7>��6×J:;ADE�A7>Bf=8@v?ZsÛ@C@CB�?K�<@3;A@���@�;A@�B<�C@oL<@�B<�ADß?��fJ:B<LW?A�<@/@���6<DE;ADE�þJ:F~��@þJ��A9<;�@ Ýp� ��9<�C�87>9�;
?A;KJ:B��AFôJ�?KDH7:B
DH�/���<7:�A@CB ��7�?A�×J�?/?A�<@�DE�õJ�I>@ 7:� Ẋ1, . . . , Ẋn0

�×J:�3?K�<@��KJ:��@���@CL<DHJ:BSJ:�
?A�<@'L<@�B<�ADß?�� g̃ Ý	� �<DE��?K;AJ:B<�AFHJ�?KDE7>Bõ�þJ:Bf=8@'��@C@�B�J��!J � =<DôJ�����7>;A;�@C�v?KDE7>B�� Ý½æ @'���<7p7>�A@)?K�<@��@CL�DôJ:B¹=8@C�CJ:9<�A@/7:�½Dß?K�G;�7>=<9<�%?KB<@��A� Ý
è×;�7>� B<7Ls¦7>B��oI>DEÙ:@CB ;KJ:B�L<7>� Ù�J:;ADHJ:=<FE@C� T1, . . . , Tn0+n

�
s�@ªs!;�DE?K@ T ?1 , . . . , T ?n ��7>;
Tn0+1, . . . , Tn0+n

J�B<L µn(A;T ?1 , . . . , T
?
n) ��7:;�?A�<@�@���6<DE;ADE�þJ:F<��@CJ:�A9<;�@)J��A�A7p��DôJ�?K@CLÑs!DE?A�

T ?1 , . . . , T
?
n

Ý�� 7>;�@C7uÙ>@C;��Rs!DE?A� J)��FHDEI>��?½J:=<9��A@�7:��B<7:?KJ�?KDE7>B���s�@]s!DEFHFpL�@CB<7:?A@�=�� {Ai1,...,id}?A�<@36×J:;%?KDE?ADH7:B
{Ai1,...,id}1≤j≤d

1≤ij≤`j

.

æ @�B<7Ls 6�;A7ÔÙ>@Ë?A�<@�@C��9<DßÙ�J:;�DôJ:B<��@�7���?A�<@�6×J:;%?KDE?ADH7:B
9<B�L<@C;oJ:;A=�DE?K;AJ:;��ÜJ�Ö�B<@Ë?K;KJ�B<����7>;�ä
��J�?ADH7>B���7:�½L×J�?�JnÙ>@C�v?K7>;�� Ý
| o¡Ð�Î�ÓÔÐpÑ Õ�ÒEÕ�ÒEÕ u Á }fw��:�v� r|� r¤��{ {Ai1,...,id}

rHsÄ}Â²¢³prVÓ��:�£r �:{×��³É{P»p}v� �:�NÙCr|�_���:���e�A�Å{~}
� ���:{�sn×þ���v¢��:� r¤��{�sµ��×Ï»h�:�¤�ÀÓ:}�tv�à���Ks¢ß"��} tA�:{¡×þ���£¢S³Éyß�:�à}3r|����s ×þ��y|yH� � s¢ßÛ«}v��� Á } d ¸�»:r|¢õ}v{�svr¤��{8�:ygÓ:}£tv�à���Ks X1, . . . , Xn0+n

Ùv}�� ���:{�sn×þ���v¢õ}Â»�r|{×�à�
Z1, . . . , Zn0+n� r|� Á Zi = MXi + c �gÁ }v�K} M rHs
�

d × d
{~��{�svr|{A±Z³pyß�:��¢��:�_�£r ¹Ç�:{P»

c
rHs
��Ó:}�t�¸

�à����r|{
R
d ßjof³Ôwhw×�usu}�� Á �:� � }K³�su}�� Á }�sC�:¢õ}m»p}v{�svr|��� g̃ �:{P» � Á }WsC�:¢õ}�r|{×�à}Ü±p}v�Ks `j

{ 
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T
j = 1, . . . , d

V)���ot���{�sv�_��³×tv�-� Á }l»h�:�¤�Z¸�»:�vrVÓ:}v{Ë¢õ�¢»:r ¿�}Ë» Á rHsv�à�Â±:�A�:¢�×£�K��¢ X1, . . . , Xn0+n�:{P»
Z1, . . . , Zn0+n

ß nn× {Ai1,...,id}
T �K}�sàwXß {Bi1,...,id}

V/»p}v{~���à}�s
� Á }]w��:�v� r|� r¤��{ t���¢S¸wP³p��}Â»�×£����¢ � Á }3sC�:¢�w8yH} X1, . . . , Xn0+n
T �K}�sàwXß

Z1, . . . , Zn0+n
VL�Û� Á }v{S×þ���µ�:y|y«r|{×��}Ü±p}v�Ks

i1, . . . , id
s�³×t Á � Á �:� 1 ≤ ij ≤ `j

�:{P»
1 ≤ j ≤ d � } Á �ZÓ:}

T r�V
Bi1,...,id = MAi1,...,id + c .

T r|r�V
µn(Ai1,...,id ;X

?
1 , . . . , X

?
n) = µn(Bi1,...,id ;Z

?
1 , . . . , Z

?
n) .

�/Ó�Î�Îfe � @�? α = {k0, k1, . . . , kd} =8@0J3��9<=<�A@v?�7:� {1, . . . , n0} 7:�~�AD � @ d+1
Ý � 7:B<�ADEL<@C;

X(α) = {Xk1 −Xk0 , . . . , Xkd
−Xk0}

J:B<L
Z(α) = {Zk1 − Zk0 , . . . , Zkd

− Zk0}�A7Ë?A�×J�?(s�@/�<JuÙ>@ Z(α) = MX(α)
Ý

� 7�?K@'?A�×J�?G��7>; i = 1, . . . , n0

Żi =Z(α)−1Zi

=X(α)−1Xi +
(

MX(α)
)−1

c

=Ẋi +
(

MX(α)
)−1

c .

� �<@�;A@���7:;A@ Ż[n0/2] = Ẋ[n0/2] + (MX(α))−1c J:B<L bαZ = bαX −
(

MX(α)
)−1

c
Ý

¤ ��s�@�9<��@Ë?K�<@Ë�KJ:��@ËL<@�B<�ADß?à� g̃ J:B<L
?K�<@Ë�KJ:��@ËDEB�?A@CI>@�;A� `j ´ j = 1, . . . , d µ£�«?A�<@�6<J:;%ä?KDß?KDE7>B<�0�C7>��6<9�?A@CLU��7>;0?K;KJ�B<����7>;���@�LU7>=<��@C;�Ù�J�?KDE7>B<�ps!DEFHF¡=8@n?K�<@ �AJ:��@n��7:;�?K��@ �KJ:��6<FE@C�
X1, . . . , Xn0+n

J:B<L Z1, . . . , Zn0+n

Ý�æ @/L�@CB<7�?K@ {Ãi1,...,id} ?K��DH�G6×J:;%?KDE?ADH7:B Ý
� 7���7>��6�9�?K@ {Ai1,...,id} J:B<L {Bi1,...,id} s�@/7>B<Fß�¹�<JuÙ>@3?K7�;�@�?A;KJ:B<�%��7>;A� {Ãi1,...,id}

Ý è×7:;
J:FEF�DEB�?A@CI>@�;A� i1, . . . , id ��9<����?A�×J�? 1 ≤ ij ≤ `j

J:B<L 1 ≤ j ≤ d �<DE?���7>FHFE7Ls!��?A�×J�?
Bi1,...,id =Z(α)(Ãi1,...,id − bαZ)

=MX(α)
(

Ãi1,...,id −
(

bαX − (MX(α))−1c
)

)

=M
(

X(α)
(

Ãi1,...,id − bαX
)

)

+ c

=MAi1,...,id + c ,

s!�<DE�£�WI>DßÙ>@C� T r�V�Ý
� DEB<�C@ X̃?

i = X(α)−1X?
i + bαX

J:B�L Z̃?
i = Z(α)−1Z?

i + bαZ (i = 1, . . . , n) �½DE?o@þJ��ADHFß���7>FEFH7Ls!��?K�×J�?
∀i = 1, . . . , n, X̃?

i = Z̃?
i .

{ �
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� ��@C;A@v��7>;A@

µn(Ãi1,...,id ; X̃
?
1 , . . . , X̃

?
n) = µn(Ãi1,...,id ; Z̃

?
1 , . . . , Z̃

?
n)J�B<L T r|r�V DE�G6<;A7uÙ>@CL Ý

¥

� 7:?K@!?K�×J�? T r|r�V DH��6<FEDE@���?K�×J�?NsÛ@�7:B<FE� �×JþÙ>@0?A7o�C7>��6<9�?A@#?A�<@0@C��6<DE;ADE�þJ:F<��@þJ:��9<;A@#7:�~?K�<@
;�@C�v?�J:B<I:FH@C� Ãi1,...,id J:���A7p��DôJ�?A@CL0s!DE?A�W?A�<@/?A;KJ:B�����7>;���@�L�7>=��A@C;%Ù�J�?ADH7>B<����JË�n9<�£����DH��6<FH@�;
L�@�ÙpDH��@3?K�<J:Bf?K��@/@���6�DH;ADE�þJ�F~��@þJ��A9<;A@37�� ?A�<@3���p68@C;�6×J:;KJ�FHFE@CFH7:I>;KJ�� Ai1,...,id

Ý
� ?)DE�Fs�7:;�?K�Ü687>DHBh?KDEB<I�7>9�?�?K�<J�?�?K��@ J:�v?K9×J:F ;�@���@�;A@CB��C@ L<@�B<�ADß?��9´ DEB�?A�<@n��@CB<��@Ë7��S´ � Ý 
 µºµ
DE� gα s!�<DE�£�kDH��6<FEDE@��µ?K�×J�?Ë?A�<@f;�@���@�;A@CB��C@WL<@CB��ADE?à� L�@C68@CB�L<��7>B ?K��@fL×J�?KJ Ý¨§ 7Ls�@vÙ>@C;C�
DEBS6<;AJ:��?ADH�C@^s�@��þJ�B �×JuÙ>@��A7:��@�JW6<;ADE7>;AD�DEL<@þJW7:BS?K��@�L<@CB��ADE?à�
?A7�@���?ADH��J�?K@ Ý©� BS?K�×J�?
�CJ:�A@��=s�@n�C7>9�FHLÜ=8@nDHBh?K@�;A@���?K@�L
DEBÜ��7>B<�%?K;A9<�v?KDEB<I¹��7pL<Dßú×@CL��<DH�%?K7>I:;KJ:� ��7:;)Jõ6×J:;%?KDH��9<FôJ�;
;�@���@�;A@CB��C@ËL<@�B<�ADß?�� g Ý]� ?'DE�)687>���ADH=�FH@µ?A7¹9<�A@n?A�<DH�)J:FHI>7:;ADß?A�<� 6<;�7ÔÙpDHL<@�LU?A�×J�? g ��Jþ��=8@s!;�DE?�?K@CBfDHB¹?A�<@'��7>;A�

g(x) =
1

| det(M)| g̃(M
−1x+ a) ´ � Ý 
D
 µ

s!��@C;A@ x = (x1, . . . , xd)
� M DH��J�BÜDEB�Ù>@C;%?KDE=<FH@3�õJ�?A;ADãâ d × d � a DH��J�Ù>@���?A7>;�7:� Rd J:B<L

g̃ DH�!J 6<;A7pL�9<��?#7:� 9<B<DßÙ�J:;ADHJ�?K@)L<@�B<�ADß?KDE@C��� rjß }¢ß �
g̃(x) = g̃1(x1) . . . g̃d(xd) .� BÄ?K�<DE���ADß?K9×J�?ADH7:B{s�@�B<7SFE7>B<I>@�;Ë�A6<FEDE?Ë?A�<@�L<J�?�J�´ J:FHF�?K�<@W7>=<�A@�;�Ù�J�?KDE7>B<�õJ�;A@W9<�A@�LÇ?A7

��7>B<�%?K;A9���?½?K��@���7pL<Dßú×@CLo��DH��?A7>I>;AJ:�Àµ-J:B�L�sÛ@�7>B�FE�3�×JþÙ>@Û?A7�;�@C6<FHJ:�C@ X(α) =h� M J:B<L bαX=h� a ÝP� 7:?K@�?K�×J�?��n9<Fß?KDEB<7>;���J�FpL<@CB��ADE?ADH@�� gµ,Σ J�;A@GDEBn?K�<@���7:;A� 7:��´ � Ý 
D
 µ ÝP� @�Ù>@�;�?K��@CFH@��A�� ��@C7>;�@C� � Ý � Ý � L<7p@C�!B<7:?!�<7>FHL]��7>;G�A9<������7pL�DEú×@�Lf�<DE��?K7>I:;KJ:��� Ý
� 9<����J:;�D � DEB<I<�Rs�@��<JuÙ>@0��7>9�B<L¹Jo6<J:;�?ADE?KDE7:B�@���9<DEÙ�J:;ADHJ:B�?Û9<B�L<@C;�J:;�=<DE?A;KJ:;%��JdÖ�B�@0?K;AJ:B<�%ä
��7:;A��J�?KDE7:B Ý � 7>B��ADH�%?K@�B<����DHB�DEB���7>;A��J�?ADE7:BWL<DßÙ>@C;AI:@CB<��@µ7:� ?A�<@o�C7>;�;A@C��687>B<L<DEB<Iõ@C�%?KDE�õJ�?A@
DE�'J]��?A;KJ:DEI>�h?A��7>; s�J:;ALÜ��7>B<��@C��9<@CB<�C@�7���?A�<@ B�@vâp?3FH@C����Jm´ s!��7>�a6<;�7p7:��DE�)��?A;KJ:DEI>��?���7>;%ä
s�J:;ALfµ Ý
� ÐpÑ ÑkQSÕ�ÒEÕ0ÒEÕ nv{u×þ���£¢��:� r¤��{¼»:rVÓ:}v�Ü±p}v{~t�}3rHs/r|{�Ó��:�vr �:{×�6³É{P»p}v�/r|{�Ó:}v�£� rjÙCyH}/�_���:{�sn×þ���£¢��Z¸
� r¤��{ ��×'� Á }Ï»h�:� �ËsC�:¢�w8yH}¢ß
`oÎ�ÓÔÎP@M@nQ<ÓF�ÅÕ�ÒEÕ�Ò_Ê Û«}v� fn Ùv}3� Á }Ï»h�:�¤�Z¸�»:�vrVÓ:}v{�¢õ�¢»:r ¿�}Â» Á rHsv�à�Â±:�A�:¢Í»p}n¿1{~}Â»�r|{ ´ � Ý 
 Y µ ßm�s�s�³p¢õ}3� Á �:� D(f, gα) <∞ a.s.

qü���K}���Ó:}v�X����s�s�³p¢õ}'� Á �:�f×þ��� i = 1, . . . , d
�
hi = hi,nT � Á }v�K}n×þ����} h = hn

VL�
lim
n→∞

max
1≤i≤d

hi,n = 0
�:{P»

lim
n→∞

nhn = ∞ ,

� Á }v{
lim
n→∞

D(f, fn) = 0 a.s.
�:{P»

lim
n→∞

E
(n0)D(f, fn) = 0 a.s.

�gÁ }v�K}
E

(n0) »p}v{~���à}�s/� Á } t���{P»:r|�_r¤��{8�:y¡}º¹�w×}�tv� �:� r¤��{©±:rVÓ:}v{Ü� Á } Xi

� s5×þ��� �gÁ r¤t Á 1 ≤ i ≤
n0

ß
{D 



^�_1ÐABZC"E�Ï8Ðh`oÎ�ÍbLNCuÓdcbBZC"E Î8ÍÄÎPe�R Î0GbEnU ÐAG IKEML�CuÎPO�Ó"Q×ÑkL

�/Ó�Î�Îfe è½Dãâ X1, . . . , Xn0

��9<���W?K�<J�? D(f, gα) <∞ Ý�� @�? f̃ ´ ;A@��A6 Ý f̃n µ�=8@)?K��@'?KJ:;AI:@�?L<@�B<�ADß?�� f ´�;A@C��6 Ý ?K��@µL<@CB��ADE?à��@���?KDE�õJ�?K@ fn µ!DEB�?K�<@o?A;KJ:B�����7>;���@�L��C7p7>;�L<DHB×J�?K@o�%�p��?K@����rjß }¢ß �






f̃(x) =
∣

∣det
(

X(α)
)∣

∣f
(

X(α)(x− bαX)
)

f̃n(x) =
∣

∣det
(

X(α)
)∣

∣fn
(

X(α)(x− bαX)
)

.

f̃n
DE�!?K�<@o;�@CI>9<FHJ:;!��7pL�DEú×@�L��<DE��?K7:I>;KJ�� L�@CB<��DE?à�W@C�%?KDH��J�?A@/7�� f̃ ´ ��@C@µ6<J:I>@ xd# µG9<��DHB<I g̃J:�!;�@���@C;�@CB<��@oL�@CB<��DE?à� Ý è×;A7>� � �<@C7:;A@C� � Ý � Ý 
 �<Dß?G��7:FHFE7Ls!��?K�<J�?











lim
n→∞

D(f̃ , f̃n) = 0 a.s.

lim
n→∞

E
(n0)D(f̃ , f̃n) = 0 .

� �<@/��7>B<��FH9<��DH7>B¹��7>FEFH7Ls!����;A7>� � @�����J � Ý � Ý � Ý
¥

Êa®�� ª ±G³�±!¸�©«ª�®µ¯ ®]�
α

� �w«E¬�«`­���®¯­��±°�²���«o®���³K�´«Eµ¶°J³>°�ä=µw­2·ßÙ¯«�² �¸®¹µw·Eú¶«`µ �w·E�A³�®¯º�­�°:� ��»�«�°�­A»E��µw«`¬�«�²wµ<��¼w¬�®�²½³A�w«
���w®¯·H�`«£®:� `j (j = 1, . . . , d) � g̃ °�²wµ α Ý�§ «�­A«Ñse«esE·W»W»	­A«C�A³2­2·E�`³�®¯¼´­�°¾³2³2«�²}³�·W®�²�³�®¿³A�w«
���w®¯·H�`«�®:� α Ý Þ «���«`²À³Á¼w²w·ßÙ¾°�­A·S°¾³2«�­A«C�2¼´»�³K�u®¯ÂÃ³>°�·�²w«�µ�Â�� ¥ «`­2»W·�²w«`³u°�²wµ ¥ ­2¼´²w«�» Ä x"Å �A�w®Ls³K�w°¾³$³K�´« ç ¼w»�»WÂ¶°�� � ä � «`·WÂw»Y«�­o�`­2®>���%ä ÙJ°�»W·�µ¶°¾³2·W®�²�³�«C���w²´·H�À¼w«"se®¯­ � �7sp«�»W»���®¯­µ�2«`»W«C�9³�·�²wº `1��­2®:�Ä³K�w«Åµ¶°¾³�° Ý æ «]«£â¹³�«�²´µ¿³K�´·H�o¬w­2®p�`«�µw¼´­2«Å³�®Æ³K�´«/�A«�»�«C�`³2·W®¯²�®:� α Ý
� «`³ X1, . . . , Xn0+n

Â�«]· Ý · Ý µ Ý ®¯Â<�A«�­%Ù¾°¾³�·�®¯²<�G��­2®:�Ç°Æµw«�²<�A·�³à� f °�²wµ�»�«`³ Sn0

µw«�²w®¾³�«Å³A�w«
��®�»W»W«��`³2·W®¯²È®:�!°�»�»Û�2¼wÂ<�A«`³A�¸®:�#�2· � « d + 1 ®:� {1, . . . , n0}

Ý èz·ãâ `j ´ j = 1, . . . , d µ�°�²wµ
g̃ ´ �2¼��£�É°��K´ � Ý!� µºµ Ý è¶®�­ α ∈ Sn0

�p»�«`³½¼��¸µ´«�²w®�³2«�Âh� fαn ³A�w«�µ¶°¾³�°�äVµw­A·EÙ¯«`²k�£®¹µw·ßú¶«�µ
�$¼w»�³2·ßÙ¾°�­A·W°¾³2«)�w·E�A³2®¯º¯­�°��Êµ´«�ú¶²´«�µ�·�²Æ´ � Ý 
 Y µ Ý
¥ âÃ¬¶°�²wµw·�²wº½³K�w«]°��`³�¼w°�»B·�²���®¯­A�£°J³�·Y®¯²Ëµ´·EÙ¯«�­Aº¯«�²���«]«`­2­2®�­G�¹·W«`»Wµ<�

D(f, fαn ) =

∫

f log f −
∫

f log fαn .
´ � Ý 
"� µ

� �w«��A«C�`®¯²wµÈ·�²À³2«�º¯­2°�» �`®¯¼w»�µ�Â�«.sE­2·Y³2³�«`²�°:�
E[log fαn (X)] ��sG�w«�­A«¸³A�w«½«vâÃ¬�«C�9³>°¾³2·W®¯²�·H�

³>° � «�²�sE·Y³K�Ì­2«��2¬�«C�9³Å³2®©³A�w«$«�Ù¾°¾»W¼¶°¾³2·W²wº±¬�®¯·�²À³�°�²wµÍ²w®�³�®ÔÙ¯«`­u³K�w«n��°��£¬w»�« Ý�� �w« �`­2®>���%ä
Ù¾°�»�·Wµw°¾³�·�®�²Áµw«�Ù¹·E��«��`®¯²<�2·E�A³A�C·W²Å­2«��¸®ÔÙ¹·W²wºo®¯²w«�µ¶°¾³�°E¬�®¯·�²À³C°��£®¯²´º X?

1 , . . . , X
?
n
°�²wµ]¼<�A·W²wº

³K�´«o­2«��±°�·�²w·�²wº (n−1) ¬�®¯·�²À³A�z³�®'�`®¯²<�A³2­2¼<�9³p°�²Æ«C�6³�·E�±°¾³2®¯­�®:� E(log fαn (X))
Ýz� �w·H� �A³�«`¬

·H�	­2«`¬�«�°¾³2«�µ���®¯­	«�°:��� X?
i
´ i = 1, . . . , n µ Ý	� «`³ fα,in

Â�«E³A�w«!�£®¹µw·ßú¶«`µË�w·H�6³�®¯º¯­2°:�Îµ´«�²<�A·�³à�
«C�6³�·E�±°¾³2«Áµw«vú¶²w«`µÌ°���³2«�­oµw«�»�«`³2·W²wº$³K�w« i ä3³K��®¯Â<�2«`­�Ù¾°J³�·W®�²�� rjß }¢ß �

fα,in (x) =
nµin

(

A(x);X?
1 , . . . , X

?
n

)

+ 1

nh+ 1
gα(x)

{�#



Õ�Ò�� ��ÐA@�Ð�BZCFE Î8ÍÄÎfe α
s!�´«�­2« gα ·H�oµw«vú¶²w«`µ�Âh�k´ � Ýz\ µ?°¾²wµ

µin
(

A(x);X?
1 , . . . , X

?
n

)

=
1

n− 1

∑

j 6=i

1{X?
j ∈A(x)} .

æ ·Y³K�Ë³K�´·H�o²w®�³�°¾³�·�®¯²��w°�²�«C�6³�·H�£°¾³2«Á®:�
E[log fαn (X)] ·E�Eº�·EÙ¯«`²�Â��

1

n

n
∑

i=1

log fα,in (X?
i )

°¾²wµ �2·�²<�`«¸³K�w«�úw­A�A³�·�²À³2«�º¯­2°�»	·W²�´ � Ý 
"� µ�µw®¹«C��²w®�³�µ´«�¬�«�²´µ¨®¯² α ��se«£µw«�µ´¼<��«©°W��­2®:�A�%äÙJ°�»W·�µ¶°¾³2·�®¯²¹�`­2·Y³�«`­2·W®�²¹��®�­?³K�w«3���w®¯·E��«Å®:� α �

���w®¹®>�A« α̂ ∈ Sn0

s!�w·H���W�¸·W²w·E�½· � «�� CV (α) = − 1

n

n
∑

i=1

log fα,in (X?
i )
Ý

è¶®�­µúÉâ´«`µ α �Cse«¹�¶°þÙ¯«Ë¬w­2®uÙ¯«�µ¨³A�¶°¾³$³A�w«Ë¬w°�­A³�·Y³�·�®¯²È·E�Æ°dÖ£²´«Ë«C�À¼w·ßÙ¾°�­A·S°�²}³ ÝÏ� �´«Ë²w«vâ¹³
³A�w«�®�­2«C� �6³>°¾³2«C�C³A�¶°¾³'³K�w·E�'¬w­2®¯¬�«`­A³à�3�A³�·�»W»>�´®¯»Wµ���s!�w«`² α ·E�«�2«`»W«C�9³�«`µ�Â��3��­A®>�A��ä Ù¾°¾»W·�µ¶°¾³�·�®¯² Ý
| o¡Ð�Î�ÓÔÐpÑ Õ�Ò���Ò Ê u Á }3t Á ��r¤t�}'��× α Ù'��tv�K�us�s�¸<Ó��:yzrj»h�:� r¤��{]rHs0r|{�Ó��:�vr �:{×�b³É{P»p}v���:�NÙCr|�_���:���
�A�Ä{~}3� �A�:{�sV×þ���£¢��:� r¤��{�sµ��×Ï»h�:�¤�ÀÓ:}�tv�à����s¢ß"�Ë} tA�:{¡×þ���£¢S³Éyß�:�à}/r|����s ×þ��y|yH� � s¢ßÛ«}v��� Á } d ¸�»:r|¢õ}v{�svr¤��{8�:ygÓ:}£tv�à���Ks X1, . . . , Xn0+n

Ùv}�� ���:{�sn×þ���v¢õ}Â»�r|{×�à�
Z1, . . . , Zn0+n� r|� Á Zi = MXi+c

�gÁ }v��} M rHs#� d×d {~��{�svr|{A±Z³pyß�:��¢��:� �vr ¹n�:{P» c rHs0�ÏÓ:}�tv�à���Gr|{ R
d ßof³uwhw×�usu}n� Á �:� � }S³hsu} � Á }µsC�:¢õ}a»p}v{�svr|��� g̃ �:{P»f� Á }µsC�:¢õ}nr|{×��}Ü±p}v�Ks `j T

j = 1, . . . , d
V

�à�
t���{�sv� ��³�tv�0� Á }½»h�:�¤�Z¸�»:�£rVÓ:}v{ ¢õ�¢»:r ¿�}Ë» Á rHsv���Â±:���:¢µs fαn,X T � r|� Á X1, . . . , Xn0+n
VÜ�:{P»

fαn,Z
T � r|� Á Z1, . . . , Zn0+n

VZßeu Á }v{

α̂
¢ r|{×r|¢ rYÐ�}�s − 1

n

n
∑

i=1

log fα,in,X(X?
i ) ⇔ α̂

¢ r|{×r|¢ rYÐ�}�s − 1

n

n
∑

i=1

log fα,in,Z(Z?
i ).

�/ÓÔÎ�Îfe æ «esE·W»�»�µ´«�²w®¾³�«±Âh� {Ai1,...,id} ´�­2«C�A¬ Ý {Bi1,...,id} µÁ³K�w«£¬¶°¾­A³�·Y³�·�®¯²�°��A�2®p�`·S°¾³2«�µ
sE·Y³K��³K�w«��¸®¹µw·Eúw«�µS�w·E�A³�®�º¯­�°�� �`®¯²<�A³2­2¼<�9³�«`µ ��­2®>�Ñ³A�w«���°:�¸¬w»�« X1, . . . , Xn0+n

´�­A«C�2¬ Ý
Z1, . . . , Zn0+n

µ Ýæ «3�¶°þÙ¯«
1

n

n
∑

i=1

log fα,in,Z(Z?
i ) =

1

n

n
∑

i=1

log
nµin

(

B(Z?
i );Z

?
1 , . . . , Z

?
n

)

+ 1

nh+ 1
gα(Z

?
i )

s!�´«�­2«
gα(Z

?
i ) =

1

|det(Z(α))| g̃
(

Z(α)−1Z?
i + bαZ

)

.

{[x



^�_1ÐABZC"E�Ï8Ðh`oÎ�ÍbLNCuÓdcbBZC"E Î8ÍÄÎPe�R Î0GbEnU ÐAG IKEML�CuÎPO�Ó"Q×ÑkL
� �w«`®¯­2«�� � Ý � Ý � °�²´µ�·�³A�E¬´­2®¹®:��º¯·ßÙ¯«







Z(α) = MX(α)

bαZ = bαX −
(

MX(α)
)−1

c
Bi1,...,id = MAi1,...,id + c .

� ®¯­A«�®uÙ¯«�­C�¹·�³�·E��«�°:�A·W»ß� �2«`«�²£³K�¶°¾³ µin
(

B(Z?
i );Z

?
1 , . . . , Z

?
n

)

= µin
(

A(X?
i );X

?
1 , . . . , X

?
n

) Ý
È ¼´³2³2·W²wº¸°�»�»Ò¬w·W«���«��E³�®�º¯«`³A�w«�­��Ãse«]®�Â´³>°¾·W²

− 1

n

n
∑

i=1

log fα,in,Z(Z?
i ) = − 1

n

n
∑

i=1

log fα,in,X(X?
i ) + log(| det(M)|) .

� ·�²<��« M µw®¹«C�E²w®�³Eµw«�¬�«`²wµ�®¯² α �w³K�´«]¬´­2®¹®:��·H�G�`®>�£¬´»W«9³�« Ý ¥

Êa®�S ª ªC¬ º¹³�­3©«ª�®µ¯f§

� ²�³K�´·H�o¬¶°�­2°�º¯­2°�¬<�4se«]°�­A«Å¬´­2«C�A«�²}³�·W²´º��2®>�¸«)ú¶²w·�³2«'��°:�¸¬w»�«'�A·H�$¼w»W°¾³2·�®�²Ë­A«C�2¼´»�³K�E®�²�³A�w«
«NÖ��`·W«�²����Í®:��³K�w«Æµ¶°¾³�°�äVµ´­2·EÙ¯«`²
�¸®¹µw·ßú¶«�µU�w·E�A³�®�º¯­�°:� fαn

µw«�ú¶²´«�µ�Â��/´ � Ý 
 Y µ0��®:�£¬¶°¾­2«�µ
sE·�³A��³A�w«Å­2«`º¯¼w»S°¾­G�¸®¹µw·Eúw«�µf�´·H�A³2®¯º¯­2°:� fn

µ´«�ú¶²w«`µ�Âh�k´ � Ýz{ µ Ý�æ «Å¼<�2«Å³�se®¸µ¶°J³>° �2«9³K� Ý
æ «!ú¶­��A³��2·H�$¼w»W°¾³2«�µ 50 �2°:�¸¬w»W«���®:���2· � « n0 +n ´ n0 +n = 150, 300, 550 µ½��­A®>�ÎÂw·EÙJ°�­2·ãä
°¾³2«£²w®¯­��±°�»	¬�®¯¬w¼´»S°¾³2·W®¯²��asE·Y³K� � «`­2®��£«�°�²<�C��¼w²w·Y³µ�6³>°�²´µ¶°�­2µÈµw«vÙ¹·S°¾³2·W®¯²<��°¾²wµSÙ¾°�­%�¹·W²wº
��®�­2­2«`»S°¾³2·W®¯²Ë��®¹«NÖ��`·W«`²À³K� ρ = 0, 0.25, 0.5, 0.75 °�²wµ 0.95

Ý è¶®¯­�«�°��£�]�2°:�¸¬w»W«��#sp«��¶°uÙ¯«
��®:�£¬w¼Ã³�«�µf�¸®¹µw·Eúw«�µ¹�´·H�A³2®¯º¯­2°:��� fn °�²´µ fαn ´ α ·H���A«�»W«��`³2«�µ�Â��]�`­2®>���%ä ÙJ°�»W·�µ¶°¾³2·W®�²fµ Ý æ «
���w®¹®>�2«























g̃(x, y) = exp
(

− x− exp(−x)
)

exp
(

− y − exp(−y)
)

n0 = 50
`1 = `2 = 4 ��®�­ n = 100
`1 = `2 = 5 ��®�­ n = 250
`1 = `2 = 6 ��®�­ n = 500 .

æ «Áµw·E�2¬w»W°u�¸·W² � °�Âw»�« � Ý � ³K�w«Á°uÙ¯«`­�°�º�«Á®�� D(f, fn)
°�²wµ D(f, fαn ) °¾²wµ©³K�w«�º}°�·�² Ga ·�²·W²É��®¯­A�£°¾³2·�®�²Ëµw·ßÙ¯«�­2º�«�²<�`«

Ga =
D(f, fn) −D(f, fαn )

D(f, fn)
.

è¶®¯­Ò³K�w«��2«C�`®¯²wµ�µw°¾³>°G�A«`³þ�J¬�®¯·�²À³A�'°�­2«	º¯«`²w«�­2°¾³�«`µ3��­2®>�¨�$¼w»�³2·ßÙ¾°�­2·�°¾³2«½���p���¸«`³2­2·E� � °¾¬w»S°:�`«
µw·E�A³�­A·WÂw¼Ã³�·W®�²<��´ �A«�« ¤ ²wµw«`­A�2®¯² Ä 
 Å µ]sE·Y³K��µw«�²<�A·�³à�

f(x) =
2

(2π)d/2|Σ|1/2 (xtΣ−1x/2)v/2Kv

(√
2xtΣ−1x

)

,

{Z{



Õ�Ò vÄ�0E Ñ¼cT@nQ�C"E|Î8ÍTL

n ρ D(f, fn) D(f, fαn ) Ga
 YDY Y Y�Ý! D{ YÉÝ �  YÉÝz D{
� xZY Y�Ý! � YÉÝ 
 x YÉÝ�xZ 
x�YDY Y�Ý � \ YÉÝ 
D
 YÉÝz{ �

 YDY YÉÝ � x Y�Ý! D{ YÉÝ � # YÉÝz D 
� xZY Y�Ý! � YÉÝ 
 x YÉÝ�xZ 
x�YDY Y�Ý! DY YÉÝ 
D
 YÉÝz{D 

 YDY Y�Ýzx Y�Ý! D\ YÉÝ �  YÉÝ!# 

� xZY Y�Ý! [x YÉÝ 
 x YÉÝ�xD�
x�YDY Y�Ý! 
 YÉÝ 
D
 YÉÝz{[x

 YDY YÉÝ��Dx Y�ÝzxZY YÉÝ �  YÉÝ�x�#
� xZY Y�Ý$# 
 YÉÝ 
 x YÉÝz{D 
x�YDY Y�Ý! D{ YÉÝ 
 Y YÉÝ�� �

 YDY YÉÝz\[x Y�Ý!�[x YÉÝ � # YÉÝ�� �
� xZY Y�Ýz�Z YÉÝ 
 # YÉÝz� 

x�YDY Y�Ý!{Z# YÉÝ 
D
 YÉÝz�D 

� °¾Âw»W« � Ý � �EÓ õ¢ñ�ü � ó�ò ô�ð�ö�í ÷�õ¢ö0�Dí î�ï�ðDñ�òVó[ô�î%`"õdòÇî�ü"î ö[óFï�óLD<ö�òMí `"õdû·ô�ð�ö�í ÷�õ¢ö0�Dí î�ï�ðZñ�òVó[ô�î �
sEÔ´«�­2« v = (2 − d)/2 Õ Σ ·WÖ]° d × d ²w®�²ÉäV²w«`º}°¾³2·EÙ¯«½µw«�úw²w·�³2«£Ö6×ÃØ¸Ø¸«`³�­A·WÙ½Ø£°¾³2­2·ãâÏ°�²wµ
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æ «EÖ2«9³pÖ2«vÙ¯«�­2°�»Nµw·WØ¸«�²wÖA·W®�²wÖ d = 2, 4, 8, 10 °¾²wµ¸Ö2«�Ù�«�­�°¾»�Ö2°�Ø¸¬w»W«oÖA· � «�Ö n0 +n
Ý è¶®�­	«�°�Ù>Ô

´ d, n0 + n µ Õ se«�Ö2·�ØÆ¼´»S°¾³2«�µ xZY Ö�°�Ø¸¬w»�«�ÖpÛ�­A®¯ØÄ°�ÖA×¹Ø¸Ø£«9³�­A·WÙ � °�¬w»S°¾Ù�«uµ´·WÖA³2­2·WÂ´¼´³�·�®¯²esE·�³2Ô
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� Ô´«?µw«�²´Ö2·�³V× g̃ ·WÖz°!ØÆ¼´»�³�·ßÙJ°�­2·�°¾³2«�ÖA³�°�²wµ¶°¾­2µ$²w®¯­2Ø£°�»Àµw·�ÖA³�­A·WÂw¼Ã³�·W®�²�°�²´µ�se«?Ù>Ôw®¹®¯ÖA« `j = 3
(j = 1, . . . , d)

Ý è¶®¯­ d = 2 °�²´µ 4 se«�°�º}°¾·W²Ü³>° � « n0 = 50 ³�®ÏÖ2«`»W«�Ù9³ α ÂÀ×ÜÙ�­A®¯Ö2Ö�ä
ÙJ°�»W·�µ¶°¾³2·�®¯² Ý
§ ®5sp«�Ù¯«�­ Õ Û�®�­	Ôw·Wº�Ôw«�­	µ´·WØ¸«�²wÖA·W®¯²wÖz³�Ô´«E®¯¬´³�·�Ø¸· � °¾³2·�®�²Æ¬w­A®¯Âw»�«�ØÎ·�Ö Ù¯«�­A×ÆÔw«�°uÙÀ×¸°¾²wµ½³>° � «�Ö
³2®¹®ÅØ$¼wÙ<ÔÆ³�·�Ø£«e³2®]­A«�°�Ù>Ô£°�²£°¾µw«�ÝÀ¼¶°¾³2«7Ö2®�»W¼´³2·W®¯² Ý�� Ô¹¼wÖ Õ Û�®¯­ d = 8 °�²wµ 10 Õ se«E¬w­2®¯¬�®�Ö2«³2Ôw«$Û�®¯»�»W®LsE·�²wº©°�»Y³�«`­2²¶°¾³2·EÙ¯« Ý3æ «ÆÙ>Ôw®¹®¯ÖA«Æ³2Ôw«$³�­2°�²wÖ6Û�®¯­2Ø£°¾³�·�®�²ÌØ£°¾³�­A·ßâ X(α) ·W²ÌÖ2¼wÙ>Ô�°
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s?°�×�³2Ô¶°¾³�³�Ô´«±·�Ø±°�º�«½®�Û X1, . . . , Xn0

Ô¶°�Ö�³2Ôw«±Ö2°�Ø¸«�Ù¾°�­A·S°�²wÙ`«vä=Ù�®uÙ¾°�­2·W°�²wÙ`«£Ø£°¾³�­A·ßâ�°¾Ö
³�Ô´«£µ´«�²wÖA·�³V× g̃ ´�·Wµ´«�²À³2·�³V×Ì·W²�®�¼w­]«£â´°�Ø£¬´»W«Fµ Ý£� ²�®�³2Ôw«�­asp®¯­2µ´Ö Õ se«¸­2«�¬´»S°�Ù`« X(α) sE·�³�Ô
Σ̂1/2 sEÔw«`­2« Σ̂ ·�Öu°¾²Ì°�Ö¸²w«�«�ÝÀ¼w·EÙJ°�­2·W°�²À³7«�ÖA³2·WØ£°¾³�«Å®�ÛP³�Ô´«oÙJ°�­2·W°�²wÙ�«£äVÙ`®ÔÙJ°�­2·W°�²wÙ�«]Ø£°¾³�­A·ßâ
®�Û?³�Ôw«±µw·�ÖA³�­A·WÂw¼´³2·W®�²�´�Ù`®¯Ø¸¬w¼´³�«`µÈÛ�­2®¯Ø X1, . . . , Xn0

µ Ý�� Ôw«©­A«�Ö6³Æ®�Û?³�Ôw«±Ù�®�²wÖA³2­2¼wÙ9³�·W®�²
µw®¹«`Ö�²w®�³uÙ<Ôw°�²wº¯« ÝÁ� ®¾³�«�³�Ôw°¾³u³2Ôw«�Ù�®¯­A­2«`Ö2¬�®¯²wµ´·W²wº©«�Ö6³�·�Ø±°¾³2«�²w®©»�®¯²wº�«�­!µw«`¬�«�²wµ´ÖÁ®¯² αÂw¼´³¸®�² Σ̂

Ý�� ²�³�Ôw·�ÖÆ­2«�º¯°�­2µ�·�³7sE·W»W»pÂ�«�µ´«�²w®�³2«�µÞÂ}× f Σ̂
n
°�²´µ�Û�®¯­$³�Ôw«�Ö2° � «�®�Û!Ù�»W°�­2·Y³.×

³�Ô´«�°�ÖAÖ2®¹Ù`·S°¾³2«�µ¿­2«9Û�«�­2«`²wÙ�«�µw«�²wÖA·�³V× gα °�²wµWÙ¯«`Ù`³�®�­ bαX sE·W»�» Â�«�µw«`²w®�³2«�µ�ÂÀ× gΣ̂
°�²wµ bΣ̂X Ý� ®¯²wÖA·WÖ6³�«�²´Ù`× � ®¯­2®�»W»W°�­A× � Ý � Ý 
 ·�ÖoÖA³�·�»W»�³�­2¼w«ÁÛ�®�­ f Σ̂

n .
æ «Á³�° � « n0 = 1000 Û�®¯­ d = 8 °�²wµ

10
Ý
D(f, fn)

°�²´µ D(f, fαn ) °�­A«ÅÙ�®¯Ø¸¬w¼´³2«�µ�Û�­2®¯ØÇß¿®¯²}³�«£ä � °�­A»W®½Ø¸«`³�Ô´®¹µ Ý�� Ôw«]­2«�ÖA¼w»�³2Ö
°�­A«Åµw·�Ö2¬w»W°à×¯«`µ�·W² � °�Âw»�« � Ýz ÉÝ

Êa®�á âäã�å�æeç`è�éËê`å Î ëíìEî ïÅð�ñ±ò

ó¯ô � ¼w­?«9õ´°¾Ø£¬w»�«�Ö?µw«�Ø¸®¯²wÖ6³�­2°¾³�«�­�°¾³2Ôw«�­?ÖA³2­2·�ö¹·�²wº¯»Y×½³�Ô¶°¾³ fαn ·WÖ?®�²Ë³�Ô´«psEÔw®¯»�«�Â�«`³2³2«�­
³2Ô¶°�² fn ô � Ô´«¸µ´·ÔÉF«�­A«�²wÙ`«½·W²wÙ`­2«�°�Ö2«`Ö�sE·�³�ÔÌ³�Ôw«ÆÙ�®¯­A­2«`»S°¾³2·W®¯²Í°�²´µÏ³2Ôw«Æµw·WØ¸«�²wÖA·W®¯² ô
ß¿®�­2«�®à÷¯«�­ Õ ö�«�«`¬w·�²wº n °�²wµ d ø õÃ«`µ Õ D(f, fαn ) ·WÖ'Ö6³>°�Â´»W«1sEÔ¶°¾³�«9÷¯«�­C³�Ô´«pÙ`®¯­A­2«�»W°¾³�·�®¯² ô� ³p·WÖ1se®¯­6³�Ô±¬�®¯·�²À³2·W²wºÅ®¯¼Ã³p³2Ô¶°¾³�³2Ôw«!¬¶°¾­A³�·Y³�·�®¯²½·WÖ1se«�»�»�°�µ¶°�¬Ã³�«�µ¸³�®]³�Ô´«!µ¶°¾³�°]Ù�»�®¯¼wµ
«9÷¯«�²0sE·�³2Ô�Ôw·�º¯Ô�Ù`®¯­2­A«�»S°J³�·W®�²%´�ÖA«�«�ùz·�º¯¼w­A«]ú ô x µ ô

ú ô � ²�Ù`®¯²À³2­�°�Ö6³
sE·Y³�ÔÏ³�Ôw« ø ­2Ö6³�µ¶°¾³>°�ÖA«`³ Õ ¬�«�­6Û�®¯­2Ø£°�²wÙ`«�Ö]®�Û fαn °�²wµ fn °�­2«½Ö2·�Ø£·�»W°¾­
sEÔ´«�² ρ = 0 Û�®�­½³�Ô´«¿Ö2«`Ù�®¯²´µûÖ2«9³ ô � ³£·WÖ¸¬´­2®¯Â¶°¾Âw»�×¨µw¼w«�³2®�³�Ô´«�Û�°�Ù`³¸³2Ô¶°¾³¸³2Ôw«
Ö6×ÃØ¸Ø¸«`³2­2·WÙ � °�¬w»W°�Ù`«pµw·�ÖA³�­A·WÂw¼Ã³�·W®�²�°�²wµ�³�Ôw«pÖA³>°¾²wµ¶°�­Aµ$º}°�¼wÖAÖ2·W°�²�µw·�ÖA³�­A·WÂw¼´³2·W®�²]Ô¶°à÷¯«
³2Ôw«]Ö�°�Ø¸«]Ø¸«�µ´·S°�² ô � Ôw«`­2«9Û�®¯­2«]³2Ôw«Å³�­�°¾²wÖ2»W°¾³�·�®¯²Ë÷¯«`Ù`³2®¯­!·�Ö7Ù`»W®¯ÖA«Å³�®¸ü�«`­2®±°�²wµ�³2Ôw«
­A«`Û�«`­2«�²´Ù�«�µw«`²wÖ2·Y³.×�°¾²wµ�³�Ôw«Åµw«`²wÖ2·Y³.×©³�®½«�Ö6³�·WØ£°¾³2«Å°�­A«ÅÙ�»�®¯Ö2«Å«`²w®¯¼wº�Ô0sE·�³2Ôw®¯¼´³o³2Ôw«
³2­�°�²wÖA»S°¾³2·W®�² ô � ²©³�Ôw«�®�³�Ô´«�­?Ô¶°�²´µ Õ Û�®¯­p³�Ô´« ø ­AÖA³oµ¶°¾³>°�Ö2«9³ Õ ³�Ôw«u³�se®Æµw·WÖ6³�­2·�Âw¼´³2·W®�²wÖµw®¸²w®�³!Ôw°à÷¯«Å³�Ôw«]Ö�°�Ø¸«]Ù`®¹®¯­2µ´·W²¶°J³�«�sE·�Ö2«ÅØ£«`µw·S°¾² ô � Ôw«Å³�­�°�²´Ö2»S°J³�·�®¯²�Ù�°¾²�Â�«]Ö2«`«�²
°¾Ö7°�ý.Â´·S°�Ö?Ù�®¯­A­2«`Ù`³�®�­6þÁÂ�«`³�se«`«�²¿³�Ô´«Á³Zse®½µw«�²wÖA·�³2·W«�Ö ô

ÿ´ô ù¶®¯­?³�Ôw«]ÖA«�Ù`®¯²wµ�µ¶°¾³�°½Ö2«`³ Õ ³2Ôw«]¬¶°�­6³�·Y³�·�®¯²Ë·WÖE²w®�³7«`Ý¹¼´·�÷¾°¾­2·S°¾²À³EÂÀ×�°�Ö¸²w«Å³2­�°�²wÖ6Û�®¯­��Ø£°¾³2·W®¯²�®¾Û¶³�Ôw«eµ¶°¾³�°uÖ2°�Ø£¬´»W«NsEÔw«`² d = 8 ®�­ d = 10
ô ¤ »W»À³2Ôw«eÖ�°�Ø¸« Õ ³�Ôw«e«�Ö6³�·�Ø±°J³�«·�Ö]¬�«�­AÛ�®�­2Ø£°�²À³�°�²wµ�³2Ôw«£Ù�®¯Ø¸¬w¼Ã³>°¾³�·�®¯²�·�Ö]Ý¹¼´·WÙ>öÏ«`÷¯«`²¨·�²�»S°¾­2º¯«½µw·WØ¸«`²wÖ2·�®¯² ô�� «

«`Ø£¬´Ô¶°�Ö2·�ü�«�³�Ôw°¾³�³�Ô´«$³�­2°�²wÖAÛ�®�­2Ø£°¾³�·�®¯²��V­A«`³2­�°�²´ÖAÛ�®¯­AØ£°¾³2·�®�²�¬w­2®¹Ù`«�µw¼w­A«��A¼wÖ6³]°�»�»W®LsEÖ
³2®½Ö2«`»W«`Ù`³!°Æ­A«`Û�«`­2«�²´Ù�«]µw«`²wÖ2·Y³.×>sEÔw·�Ù<Ô�·WÖ?²w®�³eý=³�®¹®$Û�°�­.þuÛ�­2®�ØÄ³2Ôw«Åµ´«�²wÖA·�³V×©³2®½«�Ö6³�·��
Ø£°¾³2« ô � ²�®¾³�Ôw«`­(sp®¯­2µwÖE®¯¼´­oÙ<Ôw®�·WÙ`«Å®�ÛC³2Ôw«Á³�­2°�²wÖ6Û�®¯­2Ø£°¾³�·�®�²ËØ£°¾³2­2·Yõ±·�ÖoØ¸®�³�·Y÷¾°¾³2«�µ
Â}×�³�Ôw«]Û�°�Ù9³!³2Ô¶°¾³7³�Ôw«�­2«9Û�«�­A«�²wÙ`«$µw«`²wÖ2·Y³.×�Ö2Ô´®¯¼w»�µ�Â�«$°¾Ö!Ù�»�®¯Ö2«�°¾Ö!¬�®¯Ö2ÖA·WÂw»�«]³2®£³2Ôw«
µw«`²wÖ2·Y³V× f ³2®±«�Ö6³�·�Ø±°¾³2« ô � ·W²wÙ`« f ·WÖ7¼w²wöÀ²w®LsE²Í·W²¿¬w­�°¾Ù`³�·�Ù�« Õ se«�ÖA«�»�«�Ù9³u³�Ôw«�°�Ö¸²w«³2­�°�²wÖ6Û�®¯­2Ø£°¾³2·W®�²$Ö2¼´Ù<Ô½³�Ôw°¾³	³2Ôw«o·WØ£°�º¯«e®¾Û X1, . . . , Xn0

°�²´µ½³2Ôw«o­�°�²´µw®¯Øä÷¾°�­2·W°�Âw»�«
sE·Y³�Ô�µw«�²´Ö2·�³V× g̃ Ô¶°à÷¯«

• ³�Ôw«oÖ�°¾Ø£«?÷J°�­2·W°�²wÙ�«��VÙ`®G÷¾°¾­2·W°�²wÙ�«?Ø±°J³�­2· õ�´ sE·Y³�Ô$³�Ôw«oÔw«�»�¬½®�Û�³�Ô´«E»�·W²w«�°�­�³�­�°¾²wÖ��
Û�®¯­2Ø£°¾³2·�®¯² Σ̂−1/2 µ�å
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• ³�Ôw«ÅÖ2°�Ø¸«ÅØ¸«�µw·W°�² �M�E·�³2Ô�³2Ôw«Á³�­2°�²wÖ2»W°¾³�·�®¯² bΣ̂X � ô
� ®�³�«7³2Ô¶°¾³��EÔw«`² f ·WÖ�«�»W»�·�¬´³�·YÙ�°�»Y»Y×ÆÖ6×ÃØ¸Ø¸«`³2­2·WÙ Õ ÖA·WØ¸·W»�°�­	Ù�®¯²wµ´·�³�·�®¯²wÖ�®�²£³�Ôw«!Ù<Ôw®�·WÙ`«®¾Û¸³�Ô´«Ü³�­�°¾²wÖAÛ�®¯­AØ±°J³�·�®¯² Ø±°¾³2­2· õ °¾­2«¨µ´·WÖ2Ù`¼wÖ2ÖA«�µ�Â}× � Ô¶°�öÀ­�°¾Â�®¯­A³V×�� ó .B�$·W² ³2Ôw«
°¾ÖA×¹Ø£¬Ã³�®�³�·�ÙÁÖ6³�¼wµ´×Ë®�Û�³2Ôw«]°B�¸²w«Å«�ÝÀ¼w·Y÷¾°�­A·S°�²}³EØ$¼w»�³2·Y÷¾°�­A·W°¾³2«�ÝÀ¼¶°�²}³�·�»W«`Ö ô

2 .
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� ó ��� ô1��ô�  ²wµ´«�­2ÖA®¯² ô`  Ø$¼w»�³2·Y÷¾°�­A·W°¾³2«�»�·W²w²´·Wö¸µw·�ÖA³2­2·WÂ´¼´³�·�®¯² ô�¡�¢¤£�¢�¥\¦p¢{¥¤§c£�¨e©«ª�¬]­�®�£�®<¥M¯°¥M¢{±²`³ ¢�¢ ³ ¬]¦ Õ ó84´9Kÿ¯ÿ¯ÿPµ¹ÿ¯ÿ-	 Õ ó/0-0 ú ô
�0úP�  �ô1¶]ô ÚO·B¸f¸f¹�º ô¼» Ô´½ÁÙ<¹�ºÀ÷-½<¸i¾-½<º´Ù<½j¿�ºÀ¿�º´Ûy¹-¸2Øn·BÁf¿�¹�º�¹�Û�Â´¸f¹-Ã´·�Ã´¿\Ä�¿ÅÁV×WÆ´½<º´Öf¿�ÁV×"½`ÖiÁf¿WØn·Q�Á]¹-¸AÖ ô´Ç º ª�¬]­/§ ³h³ ©�¥M¨�ÈQ¦k­5ÉO¢yÊ ³sË ¨�¢ ³ ¬�¨e£�¢�¥¤­Q¨e£�¯�¡�±QÌ�Í�­/¦p¥MÎ+ÌÏ­5É ËhÐ`Ð`Ð ­Q¨ Ë ¨8É8­Q¬�ÌW£�¢�¥¤­Q¨Ñ Ê ³ ­Q¬p± Õ�Ò ¹�Ã�½ 9�Ó ·�Â´·�º Õ Ó�Ô º´½ ó80 �6ú 4Ëó/0�
-
´ô
� ÿ �  �ô1¶]ô ÚO·B¸f¸f¹�º Õ�Õ ô�Ö ×-×-¸ ø)Ø ·Bº´ÆÚÙ ô7Û!ô ÷B·BºÜÆ´½<¸]ß�½ Ô Ä\½Yº ô ��¿\Ý�Á]¸i¿\Ã Ô Áf¿\¹-ºa½<Ý�Á]¿�Þ�·BÁf¿\¹�ºß ¹-º'Ýf¿\Ý�Á]½YºbÁ�¿\ºàÁ]¹�Á]·�Ä¾÷B·�¸f¿\·BÁ]¿�¹-º[·�º´Æá¿\ºàÁ5��¹mÁUâ+Âe½YÝ�¹�ã+¿\º+ãy¹-¸fÞn·BÁf¿�¹�º[Æ'¿�÷-½Y¸f¾-½Yº ß ½ ô ËhÐ`Ð`ÐÑ ¬i£�¨'¦<£�§p¢�¥¤­Q¨Ú­Q¨ Ë ¨8É8­Q¬�ÌW£�¢�¥¤­Q¨ Ñ Ê ³ ­Q¬�± Ø ÿ-
'9Yó84}ÿ-2/µ�ó84 , 4 Ø ó/0�0 ú ô
� 4 �  �ôbä ½<¸iÄ\¿�º´½YÁs·�º´Æ ÖÆôbä ¿\· Ô ô�Ç Áf½<¸]·QÁ]½<ÆnÞW¹�Æ´¿ ø ½<ÆWå'¿�Á]¹�¾-¸]·�ÞWÝD·�ÝsÆ'â�º�·BÞn¿ ß ·�Ä´Ýiâ�ÝiÁf½<ÞWÝ ôæ ­QÎ+¬�¨e£�¯¼­5É�çj­Q¨�Í'£-¬i£�Ì ³ ¢{¬p¥¤§à¡�¢¤£�¢�¥\¦p¢{¥¤§h¦ Ø ó8	'90ÿ�
 , µ�4 . ó Ø ú�.-. 4wô
�3,P�  �ôáä ½<¸fÄ�¿\º´½pÁÚ·�º'Æ�Ù ôáä ¸ Ô º´½<Ä ô Û ¸f¹-ÝiÝ��=÷Q·�Ä\¿�Æ�·BÁf½<ÆèÆ´½<º'Ýf¿�ÁUâ�½<Ý�Á]¿\Þn·BÁf½<ÝzÃ�·�Ýf½YÆ�¹-º
Ò Ô Ä\Ä�Ã�· ß ö-� Õ ½<¿�Ã´Ä�½Y¸S¿�º'ãy¹-¸iÞ�·QÁ]¿Å¹-º ô æ ­QÎ�¬�¨e£�¯D­5Éáçj­Q¨�Í´£�¬i£�Ì ³ ¢{¬p¥¤§á¡�¢é£�¢{¥\¦p¢�¥¤§h¦ Ø ó/	'964�0¯ÿ/µ, óàÿ Ø ú�.-. 4´ô

� 	 �  �ô/ä ½<¸iÄ\¿�º´½YÁ ØQÕ ôQÖ â-×-¸ ø)Ø ·�º´ÆjÙ ô3Ûuô ÷B·�ºjÆ´½<¸�êJ½ Ô Ä�½<º ô-» å´½�·BÝiâ�ÞnÂ+Á]¹�Áf¿ ß º'¹-¸fÞn·�Ä�¿ÅÁUâ�¹Bã¸f½YÄR·BÁf¿�÷-½[½<º�Á]¸i¹-ÂbâÀ¿\ºJÞ Ô ÄÅÁ]¿Y÷B·B¸f¿\·QÁ]½àÆ´½Yº´Ýf¿ÅÁ5âÀ½<ÝiÁf¿\Þn·BÁ]¿�¹-º ôOª�Î'®<¯°¥¤§f£�¢�¥¤­Q¨Ü© ³ ¯fë Ë ¨'¦p¢{¥M¢�Î�¢© ³ ¡�¢¤£�¢{¥\¦p¢�¥{ì<Î ³ © ³ ¯fë�í�¨�¥Mî ³ ¬]¦p¥M¢5ï�© ³ ªO£�¬p¥\¦ Ø 4wó�90ÿ/µ ú 2 Ø ó/0�0�2Ãô
� 2 �  �ôðä ½<¸iÄ\¿\º'½YÁ Ø Ç>ôOñ ·P�iÆ�· Ø ·�º´ÆòÙ ô3Ûuô ÷Q·�ºóÆ´½<¸�ê�½ Ô Ä\½Yº ô�  Ãe¹ Ô ÁÀÁ]å´½Ú·�Ý�â�ÞnÂ'Áf¹�Á]¿ ß· ß<ß Ô ¸]· ß â�¹�ãkÃ�·�¸i¸f¹-ºôÆ´½Yº´Ýf¿ÅÁUâ�½<Ý�Á]¿�Þ�·BÁf½<Ý ô Ë]ÐsÐ`ÐõÑ ¬i£�¨'¦<£�§p¢�¥¤­Q¨'¦�­Q¨ Ë ¨8É8­Q¬�ÌW£�¢�¥¤­Q¨Ñ Ê ³ ­Q¬p± Ø ÿ-
+9�ó<4}ÿ�2/µ�ó<4 , 4 Ø ó/0-0-
´ô
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 � äuô ê ôsä ¸f¹/�mº ô÷ö Áh·BÁf¿\ÝiÁf¿ ß ·�Ä Ô Ýf½�¹Bã�Áfå´½JÝfÂ´·BÁ]¿\·�ÄOÞn½YÆ´¿R·Bº ô æ ­QÎ+¬�¨e£�¯k­5ÉÀ¢yÊ ³"ø ­Q±�£�¯¡�¢é£�¢{¥\¦p¢{¥¤§]£�¯ù¡)­/§p¥ ³ ¢{±PúD¡ ³ ¬p¥ ³ ¦�û Ø 4 , 9 ú-, µ¹ÿ . Ø ó/0�
¯ÿ´ô
� 0 � äuô ê ô�ä ¸i¹P�mºn·�º´Æ »Áô3üCô�ý ½pÁfÁfÞ�·�º'ÝfÂe½<¸i¾-½<¸ ôù  �Wº´½S¿�ºÀ÷Q·�¸f¿\·�ºbÁD¸]·BºwöþÞW½YÁ]å'¹�Æ´Ý`¿\º^Á]å´½Ã´¿�÷Q·�¸f¿\·BÁ]½[Ä\¹ ß ·BÁ]¿�¹-ºÿÞW¹�Æ´½<Ä ô æ ­QÎ�¬�¨e£�¯ ­5Éj¢yÊ ³áø ­Q±�£-¯)¡�¢é£�¢{¥\¦p¢�¥¤§f£�¯�¡)­/§p¥ ³ ¢{±Pús¡ ³ ¬�¥ ³ ¦[û Ø4�0'9Kÿ . ó�µÃÿ´ó . Ø ó/0�
�2Ãô
� ó .B� äuô�Û å´·�öb¸]·�Ãe¹-¸�Á5â ô � º�·B�Wº´½�½�� Ô ¿�÷Q·�¸f¿\·�ºbÁSÞ Ô Ä�Á]¿Y÷Q·�¸f¿�·BÁ]½�� Ô ·�ºbÁf¿\Ä�½<Ý ô Ñ Ê ³�Ë ¨'¦p¢{¥M¢�Î�¢ ³­5É[¡�¢¤£�¢{¥\¦p¢�¥¤§f£�¯��z£�¢MÊ ³ ÌW£�¢�¥¤§h¦ Ø , ÿ'90ÿ�
 . µ�4 . ÿ Ø ú�.-. ó�ô
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� ó¯ó � üCôðÛ å´· Ô Æ´å Ô ¸f¿ ô � º�·%¾-½<¹-ÞW½YÁf¸f¿ ß º´¹�Á]¿�¹-º ¹�ã�� Ô ·�º�Á]¿�Ä\½<ÝWãy¹-¸�Þ Ô ÄÅÁ]¿Y÷B·B¸f¿\·QÁ]½JÆ�·BÁ]· ôæ ­QÎ�¬�¨e£�¯¼­5Éá¢MÊ ³�� Ì ³ ¬�¥¤§f£-¨�¡�¢é£�¢{¥\¦p¢�¥¤§f£�¯ � ¦h¦8­P§p¥{£�¢{¥¤­Q¨ Ø 0Ãó-91
-	 ú µ+
-2 ú Ø ó/0-0-	Ãô
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-
'9Yóàÿ-	�ÿPµ�óàÿ-2 . Ø ó/0�0¯ÿ´ô
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��¸ ônÇ º'ãy¹-¸iÞ�·QÁ]¿�¹-º+�¤ÁUâ�Âe½«ÞW½8·�Ý Ô ¸f½YÝ�¹�ãqÆ´¿�÷-½Y¸f¾-½Yº ß ½W¹�ãOÂ´¸i¹-Ã�·�Ã'¿\Ä\¿�Á5âaÆ´¿�ÝiÁ]¸i¿\Ã Ô �Áf¿\¹-º'Ýð·�º'Æÿ¿�º´Æ´¿\¸i½ ß ÁO¹-Ã´Ýf½Y¸A÷B·QÁ]¿�¹-º´Ý ô�¡�¢{Î´©�¥{£«¡)§p¥����z£�¢yÊ��� àÎ�¨�È�£�¬ Ø ú 9 ú 0-0/µÃÿ´ó/
 Ø ó/0�	�2Ãô
� ó84 � Ç>ô�Û Ýi¿Wü
��¸ ô^Ö ½Yº´½<¸f·�Ä\¿�ü<½YÆÜ½YºbÁf¸f¹-Â�âÜ·�º'Æ!� Ô ·BºbÁ]¿�ü8·BÁf¿\¹-º Â´¸f¹�Ã´Ä\½YÞnÝ ôcÇ º Ñ ¬f£�¨'¦
�D¡�¥#"-¢yÊª�¬i£/È�Î ³%$ ­Q¨8É�� Ë ¨8É8­Q¬pÌW£�¢{¥¤­Q¨ Ñ Ê ³ ­Q¬�±/úk¡�¢¤£-¢{¥\¦p¢{¥¤§f£�¯'& ³ §p¥\¦p¥¤­Q¨!(ùÎ+¨�§p¢�¥¤­Q¨'¦hú ø £�¨e©�­QÌª�¬]­/§ ³ ¦h¦ Ø Â�·B¾-½<Ý ó , 0/µ�óP2B4 Ø ü ¸]·�¾ Ô ½ 9`  ß ·�Æ'½<ÞW¿R· Ø ó/0�2¾ÿ´ô
� ó ,Q� Õ ô ��½`÷�¸f¹/â-½ ô � º"·B¸fÃ´¿ÅÁ]¸]·B¸iâ^ÝfÄ�¹P�÷¸]·BÁf½<Ý�¹�ã)¾-Ä\¹�Ã�·�Ä ß ¹-ºÀ÷-½Y¸f¾-½Yº ß ½à¿�ºnÆ´½<º'Ýf¿�ÁUâW½<Ý�Á]¿�Þ�·Q�Áf¿\¹-º ô*)+��É��-,.� Ø 	 ú 914�2 , µ�4-
¯ÿ Ø ó/0-
¯ÿÃô
� ó/	 � � ô ù ô ÙDÆ´Æ'â ô[ö ½YÁu÷Q·�Ä Ô ½YÆ ¹-¸iÆ´½<¸i¿\º´¾n¹�ãDÃ´¿�÷Q·�¸f¿\·BÁ]½áÆ�·BÁh· ôkÇ º ¡�¢U­/§hÊ'£Q¦p¢�¥¤§0/ ³ ­QÌ ³ ¢�¬�±/ú/ ³ ­QÌ ³ ¢{¬�¥¤§j¡�¢¤£�¢�¥\¦p¢{¥¤§h¦húO£�¨e©n¡�¢ ³ ¬ ³ ­Q¯\­fÈ�± Ø Â´·�¾-½YÝ 2�0/µ+0 . ô�¶]ô ñ$ô�  ÞþÃ�·�¸�Á]Ý Ô Þn¿\·�ºJ·Bº´Æ� ô'� ½Y¿\Ä Ø´Õ ½Y¿\ÂwüY¿\¾ Ø ó80-
¯ÿ´ô
� óP2 � � ô ù ô ÙDÆ´Æ'â ô � ¸fÆ´½Y¸f¿�º´¾c¹Bã�Þ Ô Ä�Á]¿Y÷Q·�¸f¿�·BÁf½SÆ´·BÁh· ô�Ç º $ ­QÌ�ÍeÎ�¢ ³ ¬k¡)§p¥ ³ ¨ù§ ³ £�¨e©þ¡�¢¤£�¢{¥\¦21¢{¥¤§h¦43 Ñ Ê ³áË ¨�¢ ³ ¬yÉY£�§ ³ Ø Â�·�¾�½<Ý]ú-, µÃÿ . ô Õ ô�ä ¿�Ä\Ä�·�¸fÆ Ø   ÞnÝ�Á]½<¸iÆ�·�Þ 9[� ¹-¸iÁfå+� ý ¹-Ä\Ä\·Bº´Æ Øó80-
 , ô
� ó/
 � Õ ôQÖ â-×-¸ ø�Ø ù ô Õ ¿�½<Ýi½ Ø Ç>ô/ñ ·Q�iÆ�· Ø ·�º´Æ�Ù ô7Ûuô ÷Q·�º�Æ´½Y¸¼êJ½ Ô Ä�½<º ô ��¿�ÝiÁf¸f¿\Ã Ô Á]¿�¹-º[½<ÝiÁf¿\Þn·BÁf½<Ýß ¹-º´Ýi¿\ÝiÁf½<º�Ák¿�º χ2 �UÆ'¿�÷-½<¸i¾-½<º ß ½ ôm¡�¢¤£�¢{¥\¦p¢�¥¤§h¦ Ø ÿ ú 9Kÿ´ópµ , 2 Ø ó/0�0-
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� ó/0 � üCôDý ·BÄ\Ä ô � º Ò Ô Ä\Ä�Ã�· ß ö-� Õ ½<¿�Ã´Ä�½Y¸cÄ�¹-ÝfÝ^·�º´ÆôÆ'½<º´Ýi¿�ÁUâ ½<Ý�Á]¿\Þn·BÁf¿\¹�º ô Ñ Ê ³5� ¨�¨e£�¯3¦a­5É¡�¢¤£�¢{¥\¦p¢�¥¤§h¦ Ø ó , 9Yó84�0´ó�µ�ó , ó80 Ø ó/0-
-2Ãô
�Kú�.B� Ó´ô1ý�ô1äuô Ò ½<ÞWÂe½<¸iÞ�·Bº ô � º�Á]å'½�¹-Â'Á]¿�Þ Ô Þ�¸f·BÁ]½k¹�ã�Áf¸]·�º´ÝiÞn¿ÅÁfÁf¿�º´¾�¿�º'ãy¹-¸iÞ�·QÁ]¿Å¹-º ô Ñ Ê ³� ¨�¨e£�¯3¦þ­5É��z£�¢yÊ ³ ÌW£�¢{¥¤§f£�¯ù¡�¢¤£-¢{¥\¦p¢{¥¤§h¦ Ø 4 . 9 ú ó , 	Pµ ú óP2-2 Ø ó/0-	-0Ãô
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Ö ½<º'½<¸]·BÄ φ ¯ Æ'¿�÷-½Y¸f¾-½Yº ß ½YÝÀ� Õ ¿�½<Ýf½n·�º´Æ ñ ·:°iÆ�· �u±:²P� � ·B¸f½«�m¿\Æ´½YÄ�â Ô Ýf½<Æ%¿\º Þn·�º�â�³�½YÄ\Æ´Ý�¹BãÝ�Áh·BÁf¿\Ý�Á]¿ ß Ý��yÆ�·BÁ]· ß ¹�ÞnÂ'¸f½<ÝiÝf¿\¹�º Ø Á]½YÄ\½ ß ¹-ÞWÞ Ô º´¿ ß ·BÁf¿�¹�ºÀº´½YÁU�q¹-¸AöbÝ Ø ß ÄR·�ÝiÝf¿l³ ß ·BÁf¿\¹-º Ø Â�·QÁfÁ]½Y¸fº¸i½ ß ¹-¾-º´¿ÅÁ]¿\¹�º Ø º´½ Ô ¸f·�Ä�º´½YÁU�q¹�¸2öbÝ
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∗ ¸®¹�º�»�¼¾½À¿9Á?¼¾¹Â»Ãº©¿�ÄÅ¼¾Æ�½Ã½�Ç�È�Æ�¹ÂÇ@ºÂ»ÃÆ2Ä�ÇÊÉ�¿?¼�¸®½�Ç�»ÀÄ}Ë�¿�¹Â½À»ÃÄ:¿�º©¿¾º�Ì©Á�¹ÍÇ�¹ÍÎ-Ë�»�Ç�Ï7Ðµ¿¾º'Ñ�Ï:È:½À»ÃÁ*Î�Ç�Ä�Ò©½ÀÇÓ¹Â¿�ÉÔÏ:¿ÕyÖØ×@ÖpÙ�ÚÍÖpÙuÛ¾ÚÍÜ
2-2



�à$´&P$�#�Ý�w�Ýb&�Þ�Ý�ßàÝ7á�w:âàãbä�â�ä÷~Uã�åæây�+Ý7å��çâ�(YwÔãBè�&P$�# u (Yw:â{#%$+w�Ý�(
Á]¸i¹�Æ Ô ß ½<Æ Ãbâ ä ·�¸f¸i¹-º÷�#±<�q·�º´Æ ä ·�¸i¸f¹-º Ø Ö â-×�¸?³�·�º´Æ�÷B·�º Æ'½<¸^ê�½ Ô Ä�½<º��Ã²Q� ß ¿�¸ ß Ô Þ�÷-½<ºbÁÁ]å'¿\ÝðÂ´¸f¹�Ã´Ä\½YÞç´ » å´½pâJ·�¸f½[Æ´½�³´º´½<Æa·�Ýðãy¹-Ä�Ä\¹/�mÝ
´
ö+Ô Â'Âe¹-Ýf½ Á]å�·BÁ��q½z¹�Ã´Ýf½Y¸A÷-½Ü¿�º´Æ´½YÂe½<º´Æ´½YºbÁ

R
d ¯ ÷Q·�Ä Ô ½<Æ÷¸]·�º´Æ'¹-Þ ÷B·B¸f¿R·BÃ´Ä\½YÝ X1, . . . , Xn�m¿�Áfå ß ¹-ÞWÞn¹�º Ô º´ö�º'¹P�mº�Æ´½<º´Ýi¿�ÁUâ f ´

• �k½<º´¹�Áf½nÃbâ g ·�öbº´¹P�mº%Æ´½Yº´Ýf¿ÅÁ5âÜ¹�º R
d ·Bº´Æ Ãbâ νg Á]å'½�·�ÝiÝf¹ ß ¿R·BÁf½<Æ Â´¸f¹�Ã�·�Ã´¿�Ä\¿ÅÁUâÞW½8·BÝ Ô ¸i½�*

• �k½�³�º´½�·«Ýi½
� Ô ½Yº ß ½c¹Bã¼¿�ºbÁ]½Y¾-½<¸iÝ {`n}n≥1
Ý Ô ß å�Áfå�·BÁ 2 ≤ `n

·Bº´ÆJÄ\½pÁ hn = 1/`n
*

• Ç º�Á]¸i¹�Æ Ô ß ½m·àÝf½�� Ô ½<º ß ½S¹BãeÂ�·�¸iÁf¿�Áf¿\¹�º´Ý P = {An1, . . . , An`n} Ý Ô ß å«Á]å´·BÁ νg(Ani) =
hn
ãy¹-¸ i = 1, . . . , `n

*
• é ¿\º�·�Ä�Ä�â ß ¹-º´Ýf¿�Æ´½Y¸ Ø ãy¹-¸ an = 1/(nhn + 1) Ø Á]å'½áãy¹�Ä\Ä�¹/�m¿\º'¾^Æ´½Yº´Ýf¿ÅÁUâÀ½<ÝiÁf¿\Þn·BÁ]½ fn 9

fn(x) =
[

(1 − an)
µn
(

An(x)
)

hn
+ an

]

g(x) =
nµn

(

An(x)
)

+ 1

nhn + 1
g(x) , ��±µ´u± �

�må'½<¸f½ µn ÝiÁ]·�º´Æ´Ý ãy¹-¸aÁ]å'½�½<ÞWÂ´¿\¸i¿ ß ·�ÄjÞn½<·�Ý Ô ¸f½ô·�ÝiÝf¹ ß ¿R·BÁf½<Æ��m¿ÅÁ]å Á]å´½�Ýf·�ÞWÂ´Ä\½
X1, . . . , Xn Ø ¥�� ³ � Ø µn(A) = (1/n)

∑n
i=1 1[Xi∈A] Ø ·�º´Æ An(x) ½�� Ô ·�Ä�Ý Ani ¿Åã x ∈

Ani
´

» å´½�½<Ý�Á]¿\Þn·BÁf½%�¾±µ´u± � ¿�Ýn·ÚÞn¿#ê+Á Ô ¸f½ÿ¹�ã[·Úå´¿�ÝiÁ]¹�¾-¸]·�Þ ¯ ÁUâ+Âe½ÿÆ'½<º´Ýi¿�ÁUâ|½<Ý�Á]¿\Þn·BÁf½J·�º´Æ Áfå´½öbº´¹P�mºnÆ'½<º´Ýi¿�ÁUâ g ´ Ç Á ß ·�ºn·�Ä\Ýi¹áÃe½m¸f½Y¾�·�¸iÆ´½<Æn·�Ýs·[Â´¿\½ ß ½p�m¿\Ýi½mÁf¸]·�º´Ý�ãy¹-¸fÞn·BÁf¿\¹�º^¹�ã g ¿�Á]Ýi½<ÄÅã 9¸f¹ Ô ¾-å´ÄÅâ|ÝiÂ�½<·�öb¿\º'¾ Ø Áfå´¿\ÝnÞW¹�Æ´¿l³�½YÆ å´¿�ÝiÁf¹-¾-¸]·BÞ ¸i½<Ý Ô Ä�ÁfÝnãy¸f¹-Þ Áfå´½ ß ¹-ÞWÂ�·�¸i¿\Ýi¹-º ¹�ã[Áfå´½� Ô ·�º�Á]¿\Ä�½<Ýà¹Bã g µ Á]å'½ ¬ ³ É ³ ¬ ³ ¨ù§ ³ © ³ ¨+¦p¥M¢�±áµ �m¿�Áfå Á]å´½^½YÞnÂ'¿\¸f¿ ß ·BÄæ� Ô ·�ºbÁf¿\Ä�½<Ý«�{Ýi½<½ é ¿\¾ Ô ¸f½±µ´u±áãy¹�¸m·�ºJ½2ê'·BÞnÂ´Ä�½ � ´
é ¹-¸�ã Ô ¸�Á]å´½Y¸O¸f½<Ý Ô Ä�ÁfÝO¹-ºÀÞW¹�Æ´¿l³�½YÆ"å´¿�ÝiÁ]¹�¾-¸]·�ÞWÝ Ø �q½à¸f½Yãy½Y¸qÁ]å´½à¸f½<·�Æ´½Y¸OÁf¹ ä ·�¸i¸f¹-º Ø Ö â-×-¸?³·�º´Æ�÷Q·�º�Æ´½<¸�êJ½ Ô Ä�½<º%�À²P���må´¹nÂ´¸i¹G÷-½ ß ¹�º´Ýf¿�ÝiÁ]½Yº ß â�¿�ºÿÁ]å'½jÝf½<º'Ýf½c¹Bã ¿�º'ãy¹-¸fÞn·BÁf¿�¹�ºÿÆ´¿Y÷-½<¸ ¯¾-½Yº ß ½ Ø ä ½<¸iÄ\¿\º'½YÁ Ø Ö â-×-¸?³À·�º´Æ£÷B·�º"Æ'½<¸ðêJ½ Ô Ä�½<ºz�ìëB�e�må´¹þÂ'¸f¹G÷-½à· ß ½<º�Á]¸]·BÄ�Ä\¿�ÞW¿�Á`Á]å´½Y¹-¸f½YÞãy¹-¸ Ò Ô Ä�Ä\Ã�· ß ö ¯5Õ ½Y¿\Ã´ÄÅ½<¸�Æ'¿�÷-½<¸i¾-½Yº ß ½ Ø Ö â-×-¸�³ Ø`Õ ¿\½YÝf½ Ø ñ ·:°iÆ�· ·�º´ÆÜ÷Q·�º�Æ´½<¸«ê�½ Ô Ä\½Yºó�#±/.Q� Ø·�º´Æ ä ½<¸iÄ\¿\º'½YÁ Ø ñ ·�°iÆ´·�·Bº´Æ�÷B·�º Æ´½Y¸cê�½ Ô Ä\½<º � 2 �D�må´¹�½2ê�Á]½Yº´Æ%Áfå´½W¿\º+ãy¹-¸fÞn·BÁf¿�¹�ºÜÆ´¿Y÷-½<¸ ¯¾-½Yº ß ½ ß ¹�º´Ýf¿�ÝiÁ]½Yº ß âáÂ´¸f¹�Âe½<¸iÁf¿\½YÝ�¸i½<ÝfÂe½ ß Áf¿�÷-½YÄ�â[Á]¹ðÁ]å´½ χ2 ¯ Æ'¿�÷-½<¸i¾-½<º ß ½�·Bº´ÆjÁf¹SÞn¹�¸f½D¾-½<º'½<¸]·BÄ
φ ¯ Æ´¿Y÷-½<¸i¾-½<º ß ½<Ý�´� º ß ½þÁ]å'½^¹-Ã´Ýf½Y¸A÷B·QÁ]¿\¹�º´Ýá·�¸i½^¾-¿Y÷-½<º Á5�q¹ÀÂ�·�¸]·BÞn½pÁ]½<¸iÝ[å´·à÷-½þÁ]¹ÀÃe½ ß å´¹�Ýf½<ºÜÁf¹ÿÃ Ô ¿\Ä\ÆaÁfå´½ÞW¹�Æ´¿l³�½YÆ÷å´¿\Ý�Á]¹-¾�¸]·�Þ Ø º�·�ÞW½<ÄÅâ · ¸i½Yãy½Y¸f½<º ß ½ÜÆ´½Yº´Ýf¿ÅÁ5â g ·�º'Æó· Â´·�¸iÁf¿�Á]¿�¹-º P ´ ¶ ½ ß ½<º�ÁÔ º´¿Y÷B·�¸i¿R·BÁf½"¸f½YÝ Ô ÄÅÁ]Ý«¹-Ã'Á]·�¿\º'½<ÆôÃbâ ä ½<¸iÄ\¿�º´½YÁ«·�º´Æ ä ¸ Ô º´½YÄj�{Ýf½Y½ � 4 � Ø �1,Q� � Ýiå´¹/� Á]å�·BÁ^Áfå´½Ò Ô Ä\Ä�Ã�· ß ö ¯5Õ ½<¿�Ã´Ä�½Y¸ ß ¸f¹-ÝiÝ ¯ ÷Q·�Ä\¿�Æ�·BÁf¿\¹�ºáÁ]½ ß å'º´¿p� Ô ½���¹-¸2öbÝ���½<Ä�ÄbÁf¹�Ýi½<Ä\½ ß Á�Á]å'½�Â�·�¸iÁf¿�Áf¿\¹�ºáãy¸f¹�ÞÁ]å'½cÆ�·BÁ]·�·�º'ÆaÁfå�·BÁ�¿ÅÁk¿\Ýk·�Ý�â+ÞWÂ'Áf¹�Á]¿ ß ·�Ä�ÄÅâÀ¹�Â'Á]¿�Þ�·�Ä�´   Ýkã{·B¸�·BÝk��½�ö�º'¹P� Ø º´¹n�q¹-¸AöJå´·�ÝÃe½<½Yº Æ´½`÷-¹BÁ]½<Æ Ýi¹�ã{·�¸áÁf¹aÝi½<Ä\½ ß Á g ·�º´Æ P Ýi¿\Þ Ô Ä�Á]·�º'½<¹ Ô ÝiÄ�â�´ » å'¿\Ýc·B¸iÁ]¿ ß Ä�½«Â´¸f¹�Âe¹-Ýf½YÝ�Á]¹³�Ä�Ä)Á]å'¿\Ým¾�·�Â Ø Ô Ýi¿\º´¾n·W¾�½<º´½Y¸]·�Ä�Þ Ô ÄÅÁ]¿Y÷B·B¸f¿\·QÁ]½àÆ�·BÁh· ¯ Ã�·�Ýi½<Æ ß ¹-ÞþÃ´¿\º´·BÁ]¹-¸i¿\·BÄ)ÞW½YÁfå´¹�Æ´¹-Ä�¹-¾�â

2yí
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Â'¸f½<Ýi½<º�Á]½<Æz¿�º �k½`÷�¸f¹/â-½^·�º´Æ Õ Ô ¾-¹-Ýi¿�� 0 �Â´kê�¹�¸f½�Â´¸f½ ß ¿�Ýf½<ÄÅâ Ø �q½��m¿�Ä\Ä�Ýfå´¹/�èå´¹P� Á]¹�Ýi½<Ä�½ ß ÁÃe¹BÁ]å g ·�º´Æ P µ �m¿�Áfå´¿\º ¾-¿�÷-½Yº ß Ä\·�ÝfÝi½<Ý µ Ýf¹|Á]å´·BÁÿÁ]å´½Ú½2ê+Âe½ ß Á]½YÆ L1
½Y¸f¸f¹�¸J¹�ã�Á]å´½ß ¹-¸f¸i½<ÝiÂe¹-º´Æ´¿�º´¾ÚÝf½YÄ\½ ß Á]½YÆ ½<ÝiÁf¿\Þn·BÁ]½"¿\Ý Ô ÂôÁf¹ ·z¾-¿�÷-½Yº ß ¹-º´ÝiÁ]·�ºbÁWÞ Ô ÄÅÁ]¿�Â´Ä�½�¹�ãSÁ]å´½ÿÃe½YÝiÁÂe¹�ÝfÝf¿�Ã´Ä\½S½Y¸f¸f¹�¸�Â´Ä Ô Ý�·�º"·�Æ'Æ´¿�Áf¿�÷-½ðÁ]½<¸iÞ��må´¿ ß ånÁf½<º´Æ'Ý�Á]¹}þ<½Y¸f¹ Ô º´Æ´½Y¸qÞW¿\Ä�ÆW·�ÝfÝ Ô ÞWÂ'Á]¿�¹-º´Ý
´» å'½ÜÂ�·�Âe½Y¸À¿\Ý"¹�¸f¾�·Bº´¿pþY½<Æ ·�Ý�ãy¹-Ä\Ä�¹/�mÝ
´ Ç º ö ½ ß Áf¿\¹�ºÿ² Ø �q½zÂ´¸i½<Ýf½YºbÁÿÁfå´½zÞ Ô Ä�Áf¿Y÷B·�¸i¿\·BÁf½Ýi½<Ä�½ ß Áf¿\¹-ºáÂ´¸f¹ ß ½<Æ Ô ¸i½q·�º'Æ�¾-¿Y÷-½DÁ]å´½`Þ�·B¿\º[¸f½<Ý Ô Ä�ÁfÝ
´¼Ù©ê'·�ÞWÂ´Ä\½YÝ�·B¸f½D�q¹-¸Aö�½<Æc¹ Ô Á�¿\º ö ½ ß Á]¿�¹-º� ·�º´ÆJÝi¿\Þ Ô Ä\·BÁ]¿Å¹-º'Ýð·�¸f½áÂ'¸f½<Ýi½<º�Á]½YÆa¿\º ö ½ ß Á]¿�¹-º 4 ´ ü ¸f¹�¹BãyÝS·�¸f½[¾�·BÁfå´½<¸i½<ÆJ¿\º ö ½ ß Áf¿\¹-º���´

¢�£�� � «�¦®¨�� �-¦®­
¬
	���§��
� �*¦��*§�������� ¬�¦®­�¨}¥
��������� ���! #"%$'&)(+*-,!.0/1$321*-.�45&6 %/7�+$�8
9 Ýf¿�º´¾S¿\Æ´½<·�Ý�ãy¸f¹-Þ 6 ·BÁ]¸f· ß ¹-Ý;:#±�ë=< Ø ��½`÷�¸f¹/â-½q·�º´Æ Õ Ô ¾�¹-Ýf¿>:@?=<�½�ê+Â´Ä\¹�¸f½�·mº´½BA�Â�·�¸f·�Æ´¿\¾�Þòãy¹-¸Áfå´½�Æ�·BÁ]· ¯ Ã�·BÝf½<Æ"¹�¸O· Ô Á]¹-Þn·BÁ]¿ ß Ýi½<Ä�½ ß Á]¿\¹�º"¹�ã)Á]å´½kãy¸f½Y½�Â�·�¸f·�Þn½pÁ]½Y¸fÝq¹Bã�Æ´½Yº´Ýf¿ÅÁ5ân½YÝiÁ]¿�Þ�·QÁ]½<Ý¿�ºW¾-½Yº´½<¸f·�Ä�Ýi¹jÁ]å�·QÁ`Á]å´½S½�ê'Âe½ ß Áf½<Æ L1

½Y¸f¸f¹�¸s¿�Ý3Am¿�Áfå´¿\ºW·á¾-¿Y÷-½<º ß ¹-º´Ý�Áh·�º�Á�Þ Ô Ä�Áf¿�Â´Ä�½O¹�ã�Á]å´½Ãe½YÝiÁ�Âe¹-ÝfÝi¿\Ã´Ä�½«½<¸f¸i¹-¸
´ » ¹�Ý Ô ÞWÞ�·�¸i¿pþY½^¿\ºÜÁfå´½WÂ´¸i½<Ýf½YºbÁ ß ¹-ºbÁf½2ê�Á Ø ·�ÝiÝ Ô ÞW½CAq½n·�¸f½«¾-¿�÷-½Yº· ß Ä\·�ÝfÝá¹�ãOÆ'½<º´Ýi¿�ÁUâÜ½<ÝiÁf¿\Þn·BÁ]½YÝáÂ�·�¸]·BÞn½pÁ]½Y¸f¿pþY½<ÆÚÃbâ θ ∈ Θ Ý Ô ß å Áfå�·BÁ fn,θ Æ´½Yº´¹�Á]½YÝjÁ]å´½Æ'½<º´Ýi¿�ÁUâ ½YÝiÁf¿\Þn·BÁ]½DAm¿ÅÁ]å Â�·�¸]·BÞn½pÁ]½<¸ θ ´ Õ ½YÁ m < n Ãe½ÿ·�º�¿�ºbÁ]½Y¾-½Y¸�Amå´¿ ß å�ÝfÂ'Ä\¿�ÁfÝ�Á]å'½Æ´·BÁh· X1, . . . , Xn
¿\ºbÁf¹

• ·«Ýi½YÁ X1, . . . , Xn−m
Ô Ýf½YÆ�ãy¹�¸OÁ]å´½ ß ¹�º´ÝiÁf¸ Ô ß Á]¿\¹�ºJ¹�ã�Áfå´½áÆ´½<º'Ýf¿�ÁUâÀ½<Ý�Á]¿�Þ�·QÁ]½FE

• ·Æ÷Q·�Ä\¿�Æ�·BÁ]¿Å¹-ºÀÝi½YÁ Xn−m+1, . . . , Xn
´
G ?
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Ç ºbÁf¸f¹�Æ Ô ß ½áÁfå´½ ß ÄR·BÝfÝm¹�ã�¸]·�º'Æ´¹-Þ Ýf½pÁ]Ý

AΘ =
{

{

x : fn−m,θ(x) > fn−m,θ′(x)
}

: (θ, θ′) ∈ Θ2
}

Q AΘ
¿�ÝðÁfå´½áÝf¹ ¯ ß ·BÄ\Ä\½YÆSR £�¢{¬f£�§h­/¦þ§p¯Å£Q¦h¦ ·�ÝfÝi¹ ß ¿\·BÁ]½YÆTAm¿�Á]å Θ U ·Bº´ÆJÆ´½2³�º´½

∆θ = sup
A∈AΘ

∣

∣

∣

∣

∫

A

fn−m,θ − µm(A)

∣

∣

∣

∣

,

Amå´½Y¸f½ µm(A) = (1/m)
∑n

i=n−m+1 1[Xi∈A]
¿\Ý Á]å´½S½YÞnÂ'¿\¸f¿ ß ·BÄ'Þn½<·�Ý Ô ¸i½k·�ÝiÝf¹ ß ¿R·BÁf½<Æ5Am¿ÅÁ]åÁ]å'½cÝ]·�ÞWÂ´Ä�½ Xn−m+1, . . . , Xn

´ » å'½<º Áfå´½ Ì^¥M¨�¥MÌ^Î�Ì ©�¥\¦p¢é£�¨ù§ ³«³ ¦p¢{¥MÌW£�¢ ³ fn ¿\ÝSÆ´½�³´º´½<Æ·�ÝS·�º�âÀÆ´½Yº´Ýf¿ÅÁ5âÀ½YÝiÁf¿\Þn·BÁ]½àÝf½<Ä�½ ß Á]½YÆ ·BÞn¹�º´¾^Áfå´½ ß ·�º'Æ´¿\Æ�·QÁ]½<Ý fn−m,θ Am¿ÅÁ]å
∆θ < inf

θ∗∈Θ
∆θ∗ +

1

n
.

� ¹BÁ]½`Á]å´·BÁ�Áfå´½ 1/n Á]½Y¸fÞ�¿�Ý�·BÆ´Æ´½<ÆjÁ]¹S½<º´Ý Ô ¸f½sÁ]å´½s½�ê'¿�ÝiÁ]½Yº ß ½q¹�ã'Ý Ô ß åþ·SÆ´½Yº´Ýf¿ÅÁ5âá½YÝiÁ]¿�Þ�·QÁ]½�´  ß<ß ¹�¸fÆ´¿�º´¾«Á]¹n��½9÷+¸i¹Pâ-½c·�º´Æ Õ Ô ¾�¹-Ýf¿�:V?W< Ø Û å�·�Â+Á]½<¸�±YX Ø Amå´½<º'½`÷-½<¸ fn−m,θ ¿�ºbÁf½<¾-¸f·BÁ]½YÝðÁ]¹¹-º´½ Ø Á]å´½áÝi½<Ä�½ ß Áf½<Æ fn Ý]·QÁ]¿\Ý�³�½<ÝðÁ]å´½[ãy¹�Ä\Ä�¹ZAð¿\º'¾^¿�º´½
� Ô ·�Ä�¿�ÁUâ\[

E

{∫

|fn−f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fn−m,θ−f |
}

+8E

{

√

log 2SAΘ
(m)

m

}

+
3

n
.
Q ±µ´À² U

ý ½Y¸f½ Ø SAΘ
(m) ¿\Ý�Á]å'½^] £pÍe¨�¥p;�1 $ Ê ³ ¬�î�­Q¨ ³ ¨�;P¥\¦j¦hÊ'£�¢�¢ ³ ¬�§h­ ³M_ §p¥ ³ ¨�¢ ¹�ã`Á]å´½ ß ÄR·�ÝiÝ[¹�ãsÝf½pÁ]Ý

AΘ

Q ñ ·�Â'º´¿Wö"·�º'Æ Û å´½<¸6÷-¹-º´½Yºwö�¿�Ý�:#±Z�Z< U�Ø Æ´½2³�º´½YÆaÃbâ
SAΘ

(m) = max
x1,..., xm∈Rd

Û ·�¸fÆ {{x1, . . . , xm} ∩ A : A ∈ AΘ

}

.

» å´¿�Ý¼¾�½<º´½Y¸]·�Ä�Þn½pÁ]å´¹�Æ'¹-Ä\¹-¾Bâ[Â´¸f¹à÷+¿�Æ´½YÝ ·�ºþ· Ô Áf¹-Þn·BÁ]¿ ß Â´¸f¹ ß ½<Æ Ô ¸f½�Á]¹ ß ¹-º´ÝiÁf¸ Ô ß Á`·kÆ'½<º´Ýi¿�ÁUâ½<Ý�Á]¿�Þ�·BÁf½ fn Amå´¹�Ýf½ L1
½<¸i¸f¹-¸�¿\Ý Q ·�Ä\ÞW¹-Ý�Á U ·BÝ¼ÝfÞn·�Ä\Äb·�Ý�Á]å�·QÁ ¹Bã�Á]å'½qÃ�½YÝiÁ ½<ÝiÁf¿\Þn·BÁ]½�·�ÞW¹-º´¾Á]å'½ fn,θ Ø θ ∈ Θ ´�¶ ½�½YÞnÂ'å�·�Ýf¿lþ<½«Á]å�·BÁ�¿\º'½
� Ô ·�Ä�¿�ÁUâ Q ±�´�² U ¿\Ýjº´¹-º�·BÝiâ�ÞnÂ+Á]¹�Áf¿ ß Ø Á]å�·BÁ�¿�Ý ØÁ]å'½àÃe¹ Ô º´Æ"¿\Ýp÷Q·�Ä\¿�Ænãy¹-¸q·�Ä�Ä n ´ » å'½[¸i½<ÝiÁO¹�ã�Á]å´½à·�º�·BÄ�â�Ýf¿�Ýq¿�Ý�Á]å'½<ºÀÂ Ô ¸i½<ÄÅâ ß ¹-ÞþÃ´¿�º�·BÁf¹-¸f¿\·BÄ·�º´ÆJÞW½<¸i½<ÄÅâ ß ¹�º´Ýf¿�ÝiÁ]Ým¿\ºÿ¹�Ã'Áh·�¿�º´¿\º'¾ Ô Â'Âe½<¸SÃe¹ Ô º´Æ´Ýmãy¹�¸OÁ]å´½Á÷B·BÄ Ô ½[¹�ã

SAΘ
(m) ´  ß å´·�Ä\Ä�½<º´¾-¿�º´¾�� Ô ½YÝiÁ]¿�¹-º ¿\Ý`Amå´½YÁfå´½<¸«Á]å´½ ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄ L1

Ýi½<Ä�½ ß Áf¿\¹-º|Â'¸f¹ ß ½YÆ Ô ¸i½�¹�ã��½9÷+¸i¹Pâ-½�·�º´Æ Õ Ô ¾-¹-Ýi¿a:V?W< ß ·�º Ãe½W½2ê�Á]½Yº´Æ´½YÆ Áf¹ Lp º´¹�¸fÞWÝ Q 1 < p ≤ ∞ U ¹-¸[Á]¹JÞn¹�¸f½¾-½Yº´½<¸f·�Ä φ ¯ Æ´¿�÷�½<¸f¾�½<º ß ½<Ý Ø Ý Ô ß å«·�Ý Ò Ô Ä\Ä�Ã�· ß ö ¯5Õ ½<¿�Ã´Ä�½Y¸�¿\º'ãy¹�¸fÞn·BÁf¿�¹�º�¹-¸ ý ½<Ä�Ä\¿�º´¾-½Y¸�Æ´¿�ÝiÁh·Bº ß ½y´  ß<ß ¹�¸fÆ´¿�º´¾þÁ]¹cÁ]å´½[· Ô Áfå´¹-¸iÝcb'½2ê+Âe½Y¸f¿\½Yº ß ½ Ø Á]å´½à½2ê�Á]½Yº´Ýf¿�¹-ºÀÁ]¹ Lp ß ¸f¿�Áf½<¸i¿R·�Ýf½Y½<ÞWÝOãy½8·�Ýi¿\Ã´Ä�½ Ø·BÁðÁ]å´½jÂ'¸f¿ ß ½á¹�ã¼Ýi¹-Þn½àÁ]½ ß å´º´¿ ß ·BÄ�¸i½
� Ô ¿\¸i½<ÞW½<º�Á]ÝS½�ê�Á]½Yº´Æ´¿\º'¾ ö ß å´½�dfeFb6Ý�¿�Æ´½YºbÁ]¿ÅÁ5âg:u±ihW<�´ � ºÁ]å'½j¹BÁ]å´½Y¸må�·�º'Æ Ø Á]å´½áÆ'¿�÷-½Y¸f¾-½Yº ß ½ ß ·�Ýf½áÂ´¸f½YÝf½<º�Á]Ýk·«ÞW¹-¸f½àÆ´½<Ä�¿ ß ·BÁ]½àÂ´¸f¹-Ã'Ä\½<Þ.´ ý ½Y¸f½ Ø ¹-º'½º´½Y½<Æ´ÝðÁ]¹ ß ·B¸f½pã Ô Ä\ÄÅâ�·�ÝfÝi½<ÝfÝðÁ]å´½[Æ'¿�÷-½<¸i¾-½<º ß ½áÃe½pÁjA�½<½<ºÿÁjA�¹«Þn½<·�Ý Ô ¸f½YÝS·�Ýð·^Ý Ô Â´¸f½YÞ Ô Þ ¹�ãã Ô º ß Á]¿�¹-º�·�Ä�Ýs¹à÷-½<¸q·�Ý Ô ¿ÅÁh·�Ã'Ä\½ ß ÄR·�ÝiÝ�¹�ã)ã Ô º ß Á]¿�¹-º´Ý
´D� Ô ·�Äe¸f½<Â'¸f½<Ýi½<º�Áh·BÁf¿\¹-º'Ýq¹�ã�Æ´¿Y÷-½<¸f¾�½<º ß ½<ÝÝfå'¹ Ô Ä\ÆÿÂ´¸f¹à÷�¿\Æ´½á·«¾-¹�¹�ÆÿÝiÁ]·�¸iÁf¿\º´¾^Âe¹-¿\º�Á Ø Ýf½<½áãy¹�¸ð½2ê'·�ÞWÂ´Ä\½ Ò ½
þY¿\¹ Ô :#±µ±�<Â´
í X



îsïlð ��ñ�HÔãbò`ó1H:â�á�ôæó�õ:ósò�ÝIH�Ý�õ�ö
Ý7ßàÝ7áFH:â�ãBä
�������k� l� �4j �"\/7*j,+mn.n&6$�8+*poq �8��+*jrs/7$�m32t.'&
Ç ºzÁ]å´¿�Ý[Â�·B¸]·�¾-¸f·�Â´å Ø Aq½uAm¿�Ä\Ä�Ãe½ ß ¹�º ß ½Y¸fº´½YÆvAm¿�Á]å Á]å´½^Ýf½<Ä�½ ß Á]¿�¹-ºÜ¹�ãq·ÀÆ'½<º´Ýi¿�ÁUâ g ·�º´ÆÚ·Â´·�¸iÁf¿�Á]¿�¹-º P ¿\ºJÁfå´½�ÞW¹�Æ´¿l³�½YÆ�å'¿\ÝiÁf¹-¾-¸f·�Þ ½<Ý�Á]¿\Þn·BÁf½ Ø Ô Ýf¿\º'¾nÁfå´½�¾-½Yº´½<¸f·�Ä ß ¹-ÞþÃ´¿\º´·BÁ]¹-¸i¿\·�ÄÁf¹�¹-Ä\ÝàÂ´¸i½<Ýf½YºbÁf½<Æ ·�Ãe¹à÷-½�´ Õ ½pÁ Ô Ý-³�¸iÝiÁjÆ´½YÝ ß ¸i¿\Ãe½^Á]å´½«Þn·BÁ]å´½YÞn·BÁ]¿ ß ·�Ä�Þn¹�Æ´½YÄÂ´}¶%½«Ä�½YÁ GÃe½c·W¾�¿�÷-½<º ß ÄR·�ÝiÝk¹�ã ß ·�º´Æ´¿�Æ�·BÁf½j¸f½Yãy½Y¸f½Yº ß ½cÆ´½Yº´Ýf¿ÅÁ]¿�½<ÝS¹-º

R
d Ø ·�º'Æ�Aq½�Æ´½Yº´¹�Áf½cÃ�â νg Á]å´½Â'¸f¹-Ã�·BÃ´¿\Ä�¿ÅÁUâ[ÞW½8·�Ý Ô ¸f½q·BÝfÝf¹ ß ¿R·BÁf½<Æ
Am¿ÅÁ]åc½<· ß å g ∈ G ´ Û ¹�º´Ýf¿�Æ´½<¸ P ·mã{·�Þn¿�ÄÅâà¹�ã ß ·�º´Æ'¿\Æ�·BÁf½Â´·�¸iÁf¿�Á]¿�¹-º'Ý�¹�ã

R
d Ý Ô ß å�Á]å�·QÁÀ½8· ß å P ∈ P å´·�Ýÿ·BÁ"Þn¹�ÝiÁ r ß ½<Ä�Ä\Ý Q r ≥ 2 Ø Âe¹�ÝfÝf¿�Ã´Ä�âã Ô º ß Áf¿\¹-ºÿ¹�ã n Ø ·�º´ÆÿÁ]¹WÃe½áÞ�·�Æ'½áÂ´¸i½ ß ¿�Ýf½jÄ\·BÁ]½Y¸ð¹-º U ´ » ¹n½<· ß å�Æ'½<º´Ýi¿�ÁUâ g ∈ G ·�º´ÆJ½8· ß åÂ´·�¸iÁf¿�Á]¿�¹-º P = {A1, . . . , A`} ∈ P Ý Ô ß åzÁ]å�·QÁ νg(Ai) = 1/` Ø i = 1, . . . , ` Ø ·�ÝiÝf¿\¾�ºaÁ]å´½ß ¹-¸f¸i½<ÝiÂe¹-º´Æ´¿�º´¾JÞn¹�Æ´¿u³�½YÆÜå´¿\Ý�Á]¹-¾-¸f·�Þ fn,θ

Æ´½2³�º´½YÆ ·�Ýá¿�º Q ±µ´u± UpØ Am¿�Áfå θ = (g, P ) ´�¶ ½Ô Ýf½áÁfå´½áÞn¿�º´¿�Þ Ô Þ Æ´¿�ÝiÁ]·�º ß ½á½YÝiÁf¿\Þn·BÁ]½�Á]¹«Ýf½<Ä�½ ß Á θ ãy¸f¹-Þ
Θ =

{

(g, P ) : g ∈ G, P = {A1, . . . , A`} ∈ P , ` ≤ r, νg(Ai) = 1/`
}

,
Q ±µ´ � U

Áfå´½ Ýi½YÁa¹Bã^·�Ä\ÄàÂe¹-ÝfÝi¿\Ã´Ä�½ÚÂ�·B¿\¸fÝÿ¹�ãþ¸i½Yãy½Y¸f½Yº ß ½%Æ´½Yº´Ýf¿ÅÁ]¿�½<Ý�·�º´ÆòÂ�·�¸�Á]¿ÅÁ]¿�¹-º´Ý�´ �k½<º´¹BÁ]½ Ãbâ
fn
Á]å´½À¸i½<Ý Ô Ä�Áf¿\º´¾ ÞW¿\º´¿�Þ Ô Þ�Æ´¿\Ý�Áh·�º ß ½À½YÝiÁf¿\Þn·BÁ]½y´ � ¹YA Ø Á]¹Ü·�Â´Â´ÄÅâ Q ±µ´À² UpØ Aq½Àº´½Y½<ÆôÁf¹¹�Ã'Áh·�¿�º Ô Â´Âe½<¸sÃe¹ Ô º´Æ´Ýsãy¹�¸DÁ]å'½ m ÁfånÝiå�·BÁfÁf½<¸ ß ¹�½�w ß ¿�½<º�Á SAΘ

(m) ¹BãùÁfå´½ 6 ·QÁ]¸]· ß ¹-Ý ß Ä\·�ÝfÝ·BÝfÝf¹ ß ¿R·BÁf½<Æ�Am¿�Á]å Θ ´ » å´½�ãy¹-Ä�Ä\¹YAm¿�º´¾«Áfå´½<¹�¸f½<Þ ¿\Ý�·£ö�½pâ ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄ�¸f½YÝ Ô ÄÅÁkÁ]¹ZAq·�¸fÆ´ÝÁfå´¿\ÝðÆ´¿�¸f½ ß Á]¿�¹-ºJ´D��½Yº´¹�Á]½áÃbâ
SD(j) Áfå´½ j Á]åJÝiå�·BÁfÁf½<¸ ß ¹�½Bw ß ¿\½YºbÁS¹�ã�Á]å´½ ß Ä\·�ÝfÝð¹�ã¼Ýi½YÁ]Ý

D =
{

{

(x, z) ∈ R
d × R

∗
+ : αzg(x) − g′(x) > 0

}

: α ∈ R
∗
+, (g, g

′) ∈ G2
}

,

·Bº´Æ Ø Am¿�Á]åa·nÝfÄ�¿\¾�åbÁk·�Ã Ô Ýf½c¹�ã º´¹�Áh·QÁ]¿\¹�º Ø Æ´½Yº´¹�Áf½cÃbâ SP(j) Á]å´½ j Á]åaÝfå´·BÁfÁ]½Y¸ ß ¹�½�w ß ¿\½<º�Á¹Bã�Á]å'½ ß ÄR·BÝfÝm¹�ã�Ýf½pÁ]ÝxAmå´¿ ß å�·�¸i½ ß ½<Ä\Ä�Ýð¹�ã¼·�ºbâ"Â�·�¸iÁf¿�Á]¿�¹�ºÀ¿\º P ´
y
z Ý�ã�õ:Ý7ò îsïlðJï�î Ë É AΘ

¥\¦j¢MÊ ³ R £-¢{¬i£�§h­/¦^§p¯Å£Q¦h¦�© ³ ·`¨ ³ ©�®<± Q ±�´ � U ú`¢yÊ ³ ¨
SAΘ

(m) ≤ SD(m)
[

SP

(

m(n−m)
)]4r

.

$ ­Q¨'¦ ³ ì<Î ³ ¨�¢{¯°±

E

{∫

|fn − f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fn−m,θ − f |
}

+ 8

√

log 2 + log SD(m) + 4r log SP

(

m(n−m)
)

m
+

3

n
.
Q ±µ´Vh U

ö ¿\º ß ½S¿\ºWÞn¹�ÝiÁ ß ·BÝf½<Ý�¹�ã)¿�ºbÁf½<¸f½YÝiÁ Ø Ãe¹ Ô º´Æ´Ýsãy¹�¸ SD(m) ·�º´Æ SP

(

m(n−m)
) ·�¸i½SÂe¹-Ä�â�º´¹ ¯ÞW¿R·BÄ�¿�º m ·�º´Æ n Q Æ´½YÁ]·�¿\Ä�½<Æ�½2ê'·�ÞWÂ´Ä�½<Ýà·B¸f½�Â´¸f½YÝf½<º�Á]½YÆÜ¿\º ö ½ ß Áf¿\¹-º � UpØ ¹�º´½ ß ·Bº ß å´¹�¹�Ýf½

m ·Bº´Æ r ·BÝqã Ô º ß Á]¿\¹�º´Ýq¹�ã n Ý Ô ß åÀÁ]å´·BÁqÁ]å´½�Áf½<¸iÞnÝq¹-º�Á]å´½à¸i¿\¾-å�Áqå�·�º´Æ"Ýf¿\Æ'½à¹�ã Q ±µ´Vh U ·B¸f½Ã´·�ÄR·�º ß ½YÆJ´�ê�¹�¸f½áÂ´¸f½ ß ¿�Ýf½YÄ�â\[
í ±



��ó�õ:ósò�ÝIH�Ý�õ�Þ�Ý�ßàÝ7áFH:âàãbä�â�äKJUã�åæâML+Ý7åONçâ�ö�HÔãBè�õ:ósò P-ö�H:â�ò�ó7H�Ý7ö
{ ã�õ�ãBß�ß�ó�õZ| î�ïlðJï�î � ¦h¦pÎ�Ì ³ ¢MÊ'£�¢¼¢yÊ ³ ¦hÊ'£�¢{¢ ³ ¬[§h­ ³M_ §p¥ ³ ¨�¢y¦

SD(m)
£�¨e©

SP

(

m(n−m)
)

£�¬ ³ Í�­Q¯°±Q¨ù­QÌ^¥{£�¯ù¥M¨z¢MÊ ³ ¥M¬�£�¬�È�Î+Ì ³ ¨�¢M¦
� Ñ Ê ³ ¨ ¢MÊ ³ §hÊ�­Q¥¤§ ³ ¦
m =

n

log n

£
nd r = na, a > 0,

¯ ³ £�©n¢5­

E

{∫

|fn − f |
}

≤ 3 inf
θ∈Θ

E

{∫

|fn−m,θ − f |
}

+
� ( log n

n(1−a)/2

)

.

» å´½a¹-Â'Áf¿\Þn·�Ä L1
½<¸i¸f¹-¸n¹BãàÁ]å´½ Ô º´¿�÷Q·�¸f¿\·BÁ]½ÿÞn¹�Æ´¿u³�½<Æ å'¿\ÝiÁf¹-¾-¸f·�Þ ¿\Ý¸öbº´¹ZAmº Á]¹%¾-¹ÚÁ]¹

þ<½Y¸f¹ Ø Ô º´Æ'½<¸cÝ�Áh·�º´Æ´·�¸fÆ%ÝfÞW¹�¹�Á]å´º'½<ÝfÝc·�ÝfÝ Ô ÞnÂ+Á]¿\¹�º´Ý Ø ·BÁ�Áfå´½n¸]·BÁf½ n−1/3 Ø Â´¸i¹G÷�¿�Æ´½<Æ r ∼
n1/3 ´ » å´½<¸i½Yãy¹-¸i½ Ø Áfå´½JÃe¹ Ô º´Æ÷·BÃe¹G÷-½�½YÝfÝi½<ºbÁf¿R·BÄ\Ä�â Ý]·8â+ÝWÁ]å´·BÁWãy¹-¸«Âe¹-ÄÅâ+º'¹-Þn¿\·�ÄqÝfå´·BÁfÁf½<¸ß ¹�½Bw ß ¿\½YºbÁfÝ

SD(m) ·Bº´Æ SP

(

m(n − m)
) ·�º'Æ a = 1/3 Ø A�½"å�·�÷-½"·�Ýiâ�ÞWÂ'Á]¹�Áf¿ ß ·�Ä\Ä�âÚ·Âe½<¸�ãy¹-¸fÞn·�º ß ½àÁfå�·BÁð¿\ÝO¾ Ô ·�¸f·�º�Á]½<½YÆÿÁf¹«Ãe½ Ø Ô ÂÀÁ]¹«·^Ä�¹-¾�·�¸i¿ÅÁ]å'ÞÏÁ]½Y¸fÞ Ø Am¿�Áfå´¿\ºÀ·þã{· ß Á]¹-¸O¹�ãÁ]å'¸f½<½W¹�ã�Á]å'½W¹-Â'Áf¿\Þn·�Ä¼Âe½<¸�ãy¹-¸fÞn·�º ß ½�´ ¶ ¹ Ô ¾-å´Ä�â Ø Á]å´½«Ä\¹-¾-·�¸f¿ÅÁfå´Þ Á]½Y¸fÞ�·BÂ´Âe½8·�¸iÝ�·�ÝáÁfå´½Â´¸i¿ ß ½àÁ]¹«Ãe½áÂ�·�¿\ÆÀãy¹�¸ Ô Ýf¿�º´¾ Ô º´¸f½YÝiÁ]¸i¿ ß Á]½<Æ ß ÄR·BÝfÝf½YÝS¹�ã�¸f½pãy½<¸f½Yº ß ½jÆ´½Yº´Ýf¿ÅÁ]¿\½YÝ
´

Ç º^¹-¸iÆ´½<¸�Áf¹ Ô Ýf½ » å´½Y¹-¸f½YÞ ±µ´�²7´l± Ø A�½Oå�·à÷-½qÁf¹àÞ�·¾ö�½qÝ Ô ¸i½qÁ]å�·BÁ infθ∈Θ E
∫

|fn−m,θ−f | ¿\Ýº´¹�Á�Þ Ô ß åcÄ\·�¸f¾-½Y¸�Á]å�·Bº infθ∈Θ E
∫

|fn,θ−f | Ø Á]å´·BÁ�¿\Ý Ø å´¹-Ä\Æ'¿\º´¾m¹ Ô Á m ¹-Ã´Ýf½Y¸A÷B·QÁ]¿�¹-º´Ý�Æ´¹�½YÝº´¹�Á ß · Ô Ýf½kÞ Ô ß åWÁ]¸i¹ Ô Ã´Ä�½�´+¶ å´½<¸i½8·�Ý�Áfå´¿\Ýs¸i½<Ý Ô Ä�Á�å´¹-Ä�Æ´Ý`ãy¹-¸sÂ´·�¸]·�ÞW½pÁ]½<¸`Ýf½<Ä�½ ß Á]¿\¹�ºnÃbâ«Áfå´½ß ¹�Þ^Ã'¿\º�·QÁ]¹-¸i¿\·�Ä ÞW½YÁfå´¹�ÆÚãy¹-¸jÞW¹-ÝiÁ ß Ä\·�ÝfÝi¿ ß ·�Ä`º´¹�º´Â�·�¸f·�Þn½pÁ]¸i¿ ß Æ'½<º´Ýi¿�ÁUâÚ½<Ý�Á]¿\Þn·BÁf½<Ý Q Ý Ô ß å·�Ýqå´¿\Ý�Á]¹-¾-¸f·�ÞWÝ Ø ö�½<¸iº´½<Äù½<ÝiÁf¿\Þn·BÁ]½YÝq¹-¸;AO·�÷-½<Ä�½YÁð½YÝiÁf¿\Þn·BÁ]½YÝ Ø Ýf½Y½á��½`÷�¸i¹Pâ-½á·�º´Æ Õ Ô ¾�¹-Ýf¿�:@?=< ØÛ å�·�Â+Á]½<¸-±YX UpØ Áfå´¿\º´¾�ÝOÁ Ô ¸fºÿ¹ Ô ÁðÁ]¹^Ãe½áÞW¹-¸i½ ß ¹-ÞWÂ´Ä\¿ ß ·BÁ]½YÆ"ãy¹-¸qÁfå´½[Þn¹�Æ´¿u³�½<Æ"å´¿\Ý�Á]¹-¾-¸f·�Þ½<Ý�Á]¿�Þ�·BÁf½ Ô º'Æ´½<¸mÝiÁ Ô Æ'âµ´ � Ô ¸ð¸f½YÝ Ô ÄÅÁS¿\Ým·BÝðãy¹-Ä\Ä�¹YAmÝ
´
y�z Ý�ã�õ�Ý7ò îsïlð�ïlð & ³ ¨ù­Q¢ ³ ®<±

µ
¢yÊ ³ §h­QÌ^Ì�­Q¨Ú©�¥\¦p¢{¬�¥{®<Î+¢{¥¤­Q¨ ­5Éj¢yÊ ³

Xi
ë ¦húO£�¨e©n¦pÎ/Í�Í�­/¦ ³¢MÊ'£-¢j¢MÊ ³ ¬ ³ ³ "-¥\¦p¢M¦�£JÍ�­/¦p¥M¢{¥Mî ³ ¬ ³ £�¯O¨�Î+ÌW® ³ ¬

α
¦pÎ�§hÊô¢yÊ'£�¢ ∀θ ∈ Θ

(

θ = (g, P ), P =
{A1, . . . , A`}

)

α ≤ µ(Ai) , i = 1, . . . , `.
Q ±µ´}� UÑ Ê ³ ¨'ú�É8­Q¬j£�¯M¯

m ≤ n/2
ú'~ ³ Ê'£�î ³

E

{∫

|fn − f |
}

≤

3

(

1 +
2m

n−m
+ 8

√

m

n
+

√
8mr

(n−m)
√
nα(1 − α)

)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+ 8

√

log 2 + log SD(m) + 4r log SP

(

m(n−m)
)

m
+

3

n
.

í ²



îsï�� P+��ósò`ô©ßàÝ�ö
{ ã�õ:ãBß�ßàó�õY| îsïlðJïpð � ¦h¦pÎ+Ì ³ ¢MÊ'£�¢ ¢yÊ ³ §h­Q¨e©�¥M¢{¥¤­Q¨'¦á­5É Ñ Ê ³ ­Q¬ ³ Ì��n���7���n£�¬ ³ ¦<£�¢�¥\¦à· ³ ©QúD£�¨e©¢MÊ'£�¢[¢MÊ ³ ¦hÊ'£�¢{¢ ³ ¬J§h­ ³M_ §p¥ ³ ¨�¢y¦

SD(m)
£�¨e©

SP

(

m(n − m)
) £�¬ ³ Í�­Q¯°±B¨ù­QÌ^¥{£�¯`¥M¨|¢yÊ ³ ¥M¬£�¬�È�Î�Ì ³ ¨�¢y¦
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m =
n

log n

£
nd r = na, 0 < a ≤ 1/2,

¯ ³ £�©n¢U­
E

{∫

|fn − f |
}

≤ 3

(

1 +
� ( 1√

log n

)

)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+
� ( log n

n(1−a)/2

)

.

¶ ¹ Ô ¾�å´Ä�âàÝfÂe½8·¾ö�¿�º´¾ Ø ß ¹-º´Æ´¿ÅÁ]¿\¹�º Q ±µ´}� U Þn½<·�º´Ý�Á]å´·BÁ�Áfå´½sÝf½YÁ�¹�ã ß ·�º´Æ´¿�Æ�·BÁf½s¸f½pãy½<¸i½<º ß ½qÆ´½Yº´Ýf¿ ¯Áf¿\½YÝ G ¿�Ýsº´¹BÁsÁ]¹�¹áã{·�¸`ãy¸i¹-Þ�Á]å´½mÁh·�¸i¾-½YÁ f ´ Ç Á�¿�Ýs¿�ºnÂ�·B¸iÁ]¿ ß Ô ÄR·�¸DÝf·BÁ]¿�Ý?³�½YÆDAmå´½Yº G ¿\Ý
³´º´¿�Áf½¹�¸�Amå´½Yº G ¿�ÝcÁfå´½ ß ÄR·�ÝiÝþ¹�ã Ö · Ô ÝfÝi¿R·�º Æ´½<º'Ýf¿�Áf¿\½YÝ`Am¿ÅÁ]å�Ãe¹ Ô º´Æ´½YÆ|ÞW½8·�º�·�º´ÆÜ÷B·�¸f¿\·�º ß ½Â´·�¸]·�ÞW½YÁf½<¸iÝ Ø ·�º´Æ νg ¿ µ ãy¹-¸m·�Ä�Ä g ∈ G ´ Õ ½pÁ Ô Ýmº´¹ZA Æ´¿\Ý ß Ô ÝiÝSÝf¹-ÞW½á½�ê'·�ÞWÂ´Ä\½YÝ
´
¢�£�� �K���
� 	T�����
Ç º Á]å´¿�Ý Ýi½ ß Á]¿\¹�º Ø A�½�Â´¸f¹à÷�¿\Æ´½È÷Q·�¸f¿�¹ Ô Ý Ô Ýf½pã Ô ÄþÃe¹ Ô º'Æ´Ý ãy¹-¸�Á]å´½ Ýfå´·BÁfÁf½<¸ ß ¹�½�w ß ¿\½<º�Á]Ý
SP

(

m(n − m)
) ·�º´Æ

SD(m) ´ÿ¶ ½%³´¸fÝiÁ"¸i½ ß ·BÄ\ÄmÁ]å´·BÁnÁ]å´½)] £pÍe¨�¥p;�1 $ Ê ³ ¬pî�­Q¨ ³ ¨�;Q¥\¦�©�¥Ø1Ì ³ ¨'¦p¥¤­Q¨
V
Q ñ ·�Â´º´¿�öÀ·�º´Æ Û å´½<¸6÷-¹-º´½<º´ö�¿\Ý�:#±Z�=< U ¹�ãD· ß Ä\·�ÝfÝ H ¹�ã¼Ýf½pÁ]Ýk¿\ÝmÆ'½�³�º´½YÆz·BÝmÁ]å´½Ä\·�¸f¾�½<ÝiÁð¿\º�Á]½<¾�½<¸ p Ý Ô ß åJÁ]å´·BÁ

SH(p) = 2p.Ç ã
SH(p) = 2p ãy¹�¸^·�Ä�Ä p Ø Áfå´½<º�Aq½ÀÝ]·8â%Áfå�·BÁ V = ∞ ´   ß ÄR·BÝfÝf¿ ß ·�Ä ß ¹�º´Ýf½�� Ô ½<º ß ½J¹�ãö · Ô ½<¸�b1ÝOÄ\½YÞnÞn·D:u± � <ùÝfå´¹YAmÝOÁ]å�·QÁð¿Åã H å�·BÝ ñ ·�Â´º´¿�ö ¯ Û å´½Y¸A÷-¹-º´½Yºwöb¿\ÝðÆ´¿�Þn½Yº´Ýf¿�¹-º V <∞ ØÁfå´½<º

SH(j) ≤ (j + 1)V .
Q ±µ´Ãë U

Õ ½pÁ Ô Ý	³�¸iÝiÁ«Æ'½<¸f¿Y÷-½ SP(j) ãy¹-¸cÝf½`÷-½Y¸]·�Ä ß Ä\·�ÝfÝi½<Ý^¹�ãmÂ�·�¸iÁf¿�Áf¿\¹�º´Ý P µ ¸f½ ß ·�Ä\ÄsÁ]å´·BÁ SP(j)ÞW½8·Bº´Ý�Á]å´½ j ÁfåcÝiå�·BÁfÁf½<¸ ß ¹�½�w ß ¿�½<º�Á¼¹�ã'Á]å´½ ß ÄR·BÝfÝ�¹Bã´Ýf½YÁfÝ�Amå´¿ ß åþ·�¸f½ ß ½<Ä\Ä�Ý�¹Bã�·BºbâáÂ�·�¸�Á]¿�Áf¿\¹�º¿�º P ´ü¶ ½-³�¸fÝ�Á ß ¹-º´Ýi¿\Æ´½Y¸ðÁ]å´½ Ô º´¿�÷B·B¸f¿\·BÁ]½ ß ·BÝf½ d = 1 ´
�����x��� �S,!*j��.32t*j.0/7 �&6$�8!*jo+ �8��+*jrI/7$'m321.;&6r
  ÝJ· Ýf¿�ÞnÂ'Ä\½aÃ Ô ÁJ¿�ÞWÂ�¹�¸iÁh·BºbÁ�½2ê'·�ÞWÂ´Ä\½ Ø ß ¹-º´Ýi¿\Æ´½Y¸ d = 1 Ø ·Bº´Æ Ä\½pÁ P Ãe½zÁfå´½ ß Ä\·�ÝfÝß ¹-ºbÁ]·�¿�º´¿\º´¾W·�Ä�Ä�Â�·�¸�Á]¿�Áf¿\¹�º´Ým¹Bã¼Á]å´½j¸f½8·BÄ�Ä�¿\º'½á¿\º�Á]¹n·BÁkÞW¹-Ý�Á r ¿\ºbÁf½<¸6÷B·�Ä�Ý
´O��½<º´¹BÁ]¿\º'¾nÃbâ GÁfå´½SÆ´¿\Ý�Á]¸f¿�Ã Ô Á]¿�¹-º^ã Ô º ß Áf¿\¹-ºn·�ÝfÝi¹ ß ¿\·BÁ]½YÆDAm¿ÅÁ]å�·Bºbâ«¸f½pãy½<¸i½<º ß ½�Æ´½<º'Ýf¿�ÁUâ g Ø Á]å´½S¿\º�Á]½<¸6÷B·�Ä�Ý Aiãy¹�¸ P = {A1, . . . , A`} ∈ P ·B¸f½áÆ'½�³�º´½YÆ ·�ÝOãy¹-Ä\Ä�¹YAmÝc[

Ai =
(

G−1
(i− 1

`

)

, G−1
( i

`

)]

, i = 1, . . . , `− 1 ,

A` =
(

G−1
(

1 − 1

`

)

, G−1(1)
)

,

í��
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Amå´½Y¸f½ G−1 Æ´½<º'¹�Á]½YÝ¼Á]å´½�� Ô ·�ºbÁf¿\Ä�½sã Ô º ß Á]¿�¹-ºcÆ´½2³�º´½YÆ«¹�º [0, 1] Ã�â G−1(u) = inf{x ∈ R :
G(x) ≥ u} ´�¶ ¿ÅÁ]å´¿�ºaÁfå´¿\Ýkãy¸f·�ÞW½�Aq¹-¸Aö Ø SP(j) ¿\Ýà·BÁàÞW¹-ÝiÁ�Áfå´½ j Á]åzÝiå�·BÁfÁf½<¸ ß ¹�½Bw ß ¿�½<ºbÁ¹�ã¼Á]å´½ ß ÄR·�ÝiÝk¹�ã`·BÄ\Ä�¿\º�Á]½Y¸A÷B·�Ä�Ý Ø Amå´¿ ß å ½�� Ô ·�Ä\Ý j(j + 1)/2 + 1 ´ � ¹�Á]½jÁfå�·BÁ ä ½<¸iÄ\¿�º´½YÁk·�º´Æä ¸ Ô º´½<Ä�:VhW< Ø :@�=<¼ÝiÁ Ô Æ'âz· Ô º´¿Y÷B·�¸i¿R·BÁf½ ß ¸f¹-ÝiÝ ¯ ÷Q·�Ä\¿�Æ�·BÁf¿\¹�º ¯ Ã�·�Ýi½<Æ ÞW½YÁfå´¹�Æ Á]¹"Ýf½<Ä�½ ß Á ` Q Ã Ô Áº´¹�Á g ·�º´Æ ` Ýf¿�Þ Ô Ä�Áh·Bº´½Y¹ Ô ÝfÄÅâ U ´
Õ ½YÁ Ô Ýqº'¹ZA÷ãy¹ ß Ô Ýq·BÁiÁ]½<º�Á]¿�¹-ºn¹-ºWÁ]å´½kÝiå�·BÁiÁ]½<¸ ß ¹�½�w ß ¿�½<º�Á SD(m) ãy¹-¸`ÁjA�¹ Ô Ýi½Yã Ô Ä ß ÄR·BÝfÝf½YÝ¹�ã Ô º´¿Y÷B·�¸f¿\·BÁ]½à¸i½Yãy½<¸i½<º ß ½�Æ'½<º´Ýi¿�Á]¿�½<Ý G ´ ¶ ½ ß ·BÄ\ÄùÁ]å´·BÁ

D =
{

{

(x, z) ∈ R
d × R

∗
+ : αzg(x) − g′(x) > 0

}

: α ∈ R
∗
+, (g, g

′) ∈ G2
}

.

P+��ôüãBäæÝ7ä\H:â�ó�ßD�Íó�ò�â�ß�| ï   ã{·�Þn¿�ÄÅâ G ¹�ãáÆ´½Yº´Ýf¿ÅÁ]¿\½YÝ�¹-º R
¿\Ý ß ·�Ä�Ä\½YÆ÷·�º ³ "YÍ�­Q¨ ³ ¨�¢�¥{£�¯ÉY£�Ì^¥M¯°± ¿Åã�½8· ß åJÆ´½<º´Ýi¿�ÁUâÀ¿\º G Þn·/â�Ãe½�Am¸i¿�ÁfÁf½<ºÿ¿\ºÀÁfå´½[ãy¹-¸fÞ

gξ(x) = cγ(ξ)β(x)e
Pk

i=1 πi(ξ)ψi(x) ,
Q ±µ´ G U

Amå´½Y¸f½ ξ Ãe½YÄ\¹-º´¾�Ý�Á]¹ÀÝi¹-ÞW½þÂ�·�¸f·�Þn½pÁ]½Y¸àÝi½YÁ Ξ Ø ψ1, . . . , ψk : R → R Ø β : R → [0,∞) Ø
γ > 0, π1, . . . , πk : Ξ → R

·�¸i½�³�ê'½YÆÚã Ô º ß Á]¿�¹-º´Ý Ø ·�º´Æ c ¿\Ýá·ÀÂe¹-Ýi¿�Á]¿Y÷-½^º'¹-¸fÞn·�Ä\¿uþ8·QÁ]¿�¹�ºß ¹�º´ÝiÁ]·�ºbÁ
´�Ù©ê'·�ÞWÂ´Ä�½<Ýk¹�ãD½�ê+Âe¹-º´½<º�Á]¿\·�Ä�ã{·�ÞW¿\ÄÅ¿�½<Ým¿\º ß Ä Ô Æ´½ ß ÄR·BÝfÝf½YÝ�¹�ã Ö · Ô ÝfÝi¿R·�º Ø ¾�·�ÞWÞn· ØÃe½YÁ]· Ø ¶ ·/â�Ä\½Y¿\¾-å Ø ·�º´ÆÜêa·�ê�Aq½YÄ\Ä�Æ´½Yº´Ýf¿ÅÁ]¿\½YÝ
´ � ¹BÁ]½�Á]å�·QÁ�ãy¹-¸ α > 0 Ø αzgξ(x) > gξ′(x)
¿Åã·�º´ÆJ¹�º´Ä�â�¿�ã

log z +
k
∑

i=1

(

πi(ξ) − πi(ξ
′)
)

ψi(x) + log
αγ(ξ)

γ(ξ′)
> 0 .

Q ±µ´ í U
ä â ·�Þ�·BÂ´Â´¿\º'¾nÁ]å�·BÁàÞn·�ö�½<Ýà½<· ß åz¹�ã`Áfå´½cã Ô º ß Á]¿�¹-º´Ýà¹Bã x ·Bº´Æ z ·�º´½�Aä÷B·�¸i¿R·BÃ´Ä\½ Ø ¿�Á�¿\Ý½8·BÝiâ Á]¹ÿÝi½<½^Á]å�·BÁá¿�º´½
� Ô ·BÄ\¿ÅÁ5â Q ±µ´ í U ¿�Ý�° Ô Ý�Á�·Àå´¹-ÞW¹-¾�½<º´½Y¹ Ô Ý[Ä\¿\º'½8·�¸�¿\º'½
� Ô ·�Ä�¿�ÁUâ a1λ1 +
. . . + ak+2λk+2 > 0 Ø Am¿ÅÁ]åJÁ]å´½ ß ¹�½Bw ß ¿\½YºbÁfÝ ai Æ´½<Âe½Yº´Æ´¿�º´¾ Ô Âe¹�ºaÁfå´½cÂ´·�¿\¸ (ξ, ξ′) ¹�º´Ä�â�´» å´½ ñ ·�Â'º´¿Wö ¯ Û å'½<¸A÷�¹-º´½<º´ö�¿�ÝkÆ'¿\ÞW½<º´Ýi¿\¹-º"ãy¹-¸m· ß ¹-Ä�Ä\½ ß Áf¿\¹-ºÀ¹Bã¼Ä\¿�º´½8·�¸Oå´·�Ä�ãyÝiÂ�· ß ½YÝS¿�º R

k+2¿\Ý º´¹�Á`ÞW¹-¸f½qÁ]å�·Bº k+2
Q �k½`÷�¸f¹/â-½�·Bº´Æ Õ Ô ¾-¹�Ýf¿�:@?=< Ø Û ¹-¸f¹�Ä\ÄR·B¸iâ
h�´À² U ´   Ýs· ß ¹�º´Ýf½�� Ô ½<º ß ½ ØÃbâ Q ±µ´Ãë UpØ

SD(m) ≤ (m+ 1)k+2 .

Þ�Ý7õ�âàÝ7ö�Ý7ö�H:â�ò�ó1H�Ý7ö ï Õ ½pÁ ψ1, . . . , ψk
Ãe½Ó³�ê+½<Æ"º´¹-º'º´½<¾�·QÁ]¿�÷-½SÃ�·�Ýi¿\Ýsã Ô º ß Áf¿\¹-º´Ý`ãy¸f¹�Þ

R
dÁ]¹

R
Ý Ô ß å�Áfå�·BÁ ∫ ψi = ti

ãy¹-¸ 1 ≤ i ≤ k ´ü¶ ½jÆ´½2³�º´½áÁ]å´½ ß Ä\·�ÝiÝ G ·BÝmÁfå´½ ß ¹-Ä�Ä\½ ß Á]¿�¹-ºÀ¹Bã·�Ä�Ä)Ä�¿\º´½<·�¸ ß ¹-ÞþÃ´¿�º�·BÁ]¿�¹�º´Ý
gξ(x) =

k
∑

i=1

aiψi(x)

Am¿�Áfå ß ¹�½�w ß ¿�½<º�Á ξ = (a1, . . . , ak)
Ý]·QÁ]¿\Ý�ãMâ�¿\º´¾ ∑k

i=1 aiti = 1 ´ Û Ä\½<·�¸fÄÅâ Ø ãy¹�¸ α > 0 Ø
αzgξ(x) > gξ′(x)

¿Åã¼·�º´ÆJ¹�º´Ä�â"¿Åã
k
∑

i=1

αaizψi(x) −
k
∑

i=1

a′iψi(x) > 0 .

í h



îsï�� P+��ósò`ô©ßàÝ�ö

ê�·�öb¿\º´¾"·�¾�·�¿�ºa½<· ß åz¹�ãDÁ]å'½cã Ô º ß Áf¿\¹-º´Ý ψi(x) ·�º´Æ zψi(x) ·�º´½BAä÷Q·�¸f¿\·�Ã´Ä\½ Ø Aq½^·B¸f½cÄ\½YÆÁf¹a·�å´¹�Þn¹�¾-½<º´½Y¹ Ô ÝjÄ\¿\º'½8·�¸[¿\º´½�� Ô ·�Ä\¿ÅÁ5â b1λ1 + . . . + b2kλ2k > 0 Ø Am¿ÅÁ]å ß ¹�½Bw ß ¿\½YºbÁfÝ biÆ'½<Âe½<º'Æ´¿\º´¾ Ô Âe¹-ºÿÁfå´½áÂ�·�¿\¸ (ξ, ξ′) ¹-º´ÄÅâµ´ » å'½<¸f½pãy¹-¸f½
SD(m) ≤ (m+ 1)2k .

�����x�k� ���!4k/1*p��.32t*j.0/7 �&6$�8+*poq �8��!*jrs/7$�m32t.'&6r
» å'½«·�¿\Þ ¹�ã`Áfå´¿\Ý�Â�·�¸f·�¾-¸]·BÂ´åz¿�Ý�Áf¹ÀÝ�Á Ô Æ'â Þ Ô Ä�Á]¿Y÷Q·�¸f¿�·BÁ]½jÞn¹�Æ´¿u³�½<Æ å'¿\ÝiÁf¹-¾-¸f·�ÞWÝ�Æ´½2³�º´½YÆ
÷�¿\·«·«Þ Ô ÄÅÁ]¿�º´¹-¸iÞn·BÄ�¸f½Yãy½Y¸f½Yº ß ½jÆ´½<º'Ýf¿�ÁUâµ´ » å´¿�ÝmÄ\½<·�Æ´Ý Ô ÝðÁ]¹ ß ¹-º´Ýi¿\Æ´½Y¸ðÁ]å´½ ß ÄR·�ÝiÝ

G =
{

gm,Σ(x) =
1

(2π)d/2
√

det(Σ)
e−

1
2
(x−m)T Σ−1(x−m)

}

,

Amå'½<¸f½ m ¿\ÝD·�º«·�¸iÃ´¿�Áf¸]·�¸iâj½<Ä�½<ÞW½<º�ÁD¹�ã Rd ·�º´Æ Σ ¿\ÝD·àÝiâ�ÞWÞn½pÁ]¸i¿ ß Âe¹-Ýf¿ÅÁ]¿Y÷-½OÆ´½2³�º´¿�Áf½ d×dÞn·BÁf¸f¿uêb´ é ¹-¸S·n¾�¿�÷-½Yºa¸i½Yãy½Y¸f½<º ß ½cÆ´½<º'Ýf¿�ÁUâ gm,Σ ∈ G ·�º´Æa·W¾-¿�÷-½Yº�¿\ºbÁf½<¾-½Y¸ ` ≥ 2 Ø A�½�Ä\½YÁÁfå´½áÂ�·�¸�Á]¿�Áf¿\¹�º P Ãe½�·BÝðãy¹-Ä\Ä�¹YAmÝ
´
• ö ½YÁ ` = `1 . . . `d Ø Am¿ÅÁ]å `1, . . . , `d Âe¹-Ýf¿ÅÁ]¿�÷-½�¿�ºbÁ]½Y¾-½<¸iÝ Ø ·�º'Æ�Ä�½YÁ hj = 1/`j

ãy¹-¸
j = 1, . . . , d E

• é ¹-¸ j = 1, . . . , d ·Bº´Æ ij = 1, . . . , `j−1 Ø ß ¹-ÞWÂ Ô Áf½�Á]å´½9� Ô ·�º�Á]¿\Ä�½<Ý�¹�ã�¹-¸fÆ´½Y¸ ijhj ¹Bã· Ô º'¿�÷B·�¸i¿R·QÁ]½áÝiÁh·Bº´Æ�·�¸iÆ º'¹-¸fÞn·�Ä N (0, 1) E�Æ´½Yº´¹�Áf½cÃbâ qj,ij Áfå´½<Ýi½Å� Ô ·�ºbÁf¿\Ä�½<Ý Ø Am¿�ÁfåÁ]å´½ ß ¹-ºÀ÷-½YºbÁf¿\¹-º qj,0 = −∞ ·Bº´Æ qj,`j = +∞ E
• Û ¹-º´Ýi¿\Æ´½Y¸áÁ]å´½W¾-¸i¿\ÆÜÆ´½�³�º'½<Æ%ÃbâzÁ]å'½n·�Ãe¹G÷-½«ã{·�ÞW¿\Ä�â {qj,ij} E�Á]å´¿�Ýj¾�¸f¿\ÆÜÄ\½<·�Æ´Ý[Á]¹�·Â�·�¸iÁf¿�Áf¿\¹�ºÀ¹�ã

R
d ¿\º�Á]¹ ` å�â�Âe½<¸f¸i½ ß Áh·�º´¾�Ä\½YÝ Ø Ý]·8â Ãi1,...,id Ø 1 ≤ j ≤ d, 1 ≤ ij ≤ `j

E
• é ¿uê Tm,Σ Á]å´½j·=wnº'½áÁf¸]·�º´Ý�ãy¹-¸fÞn·BÁf¿\¹�º

Tm,Σ(x) = Σ1/2x+m,

·�º´Æ Ä\½pÁ {Ai1,...,id} Ãe½«Á]å´½W¿\Þn·�¾�½ ¯ Â�·�¸�Á]¿�Á]¿Å¹-ºÜ¹�ã {Ãi1,...,id} Ã�â Tm,Σ Q Ýi½<½ é ¿�¾ Ô ¸i½±µ´À²þÁfå�·BÁmÆ´½<Â´¿ ß ÁfÝk·^Ã´¿�÷Q·�¸f¿\·BÁ]½à½�ê'·�ÞWÂ´Ä\½ U ´
é ¿\º�·�Ä�Ä�ânÁh·¾ö�½

P =
{

Ai1,...,id
}

1≤j≤d
1≤ij≤`j

.

�k½<º´¹�Áf½jÃbâ νm,Σ Áfå´½áÂ´¸f¹-Ã´·�Ã´¿�Ä\¿ÅÁUâ�ÞW½8·BÝ Ô ¸i½�·BÝfÝf¹ ß ¿R·BÁf½<ÆTAm¿�ÁfåÿÁfå´½j¸i½Yãy½Y¸f½Yº ß ½ gm,Σ ´ Ç ÁS¿\Ý½<·�Ýf¿�Ä�â�Ýf½Y½<ºJÁ]å�·BÁ Ø ãy¹-¸m·�ºbâ ß ½YÄ\Ä Ai1,...,id ¹�ã�Áfå´½áÂ�·�¸�Á]¿ÅÁ]¿�¹-º P Ø
νm,Σ(Ai1,...,id) = 1/` .

í �
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Ã1,1 Ã1,2 Ã1,3

Ã2,1 Ã2,2 Ã2,3

Ã3,1 Ã3,2 Ã3,3

Tm,Σ

A1,1
A1,2

A1,3

A2,1

A2,2

A2,3

A3,1

A3,2

A3,3

é ¿\¾ Ô ¸f½	±µ´�²�[ û����I�Z�-�M I��¡+�Z¢�£  1�
 F���D¤=�F��¢�£ ¢�£  1�5£}� R
2 ¥

� ¹BÁ]½�å´¹ZA�½`÷-½Y¸¼Á]å�·BÁ�Á]å´½�Æ´½ ß ¹-ÞWÂe¹-Ýf¿ÅÁ]¿\¹�º ` = `1 . . . `d
¿\Ý�º´¹�Á¼º´½ ß ½YÝfÝ]·�¸i¿\Ä�â Ô º´¿p� Ô ½y´ » å Ô Ý Ø¾-¿Y÷-½<º gm,Σ ∈ G ·�º´Æ ` ≥ 2 Ø Aq½cå�·�÷-½ ° Ô ÝiÁ ß ¹�º´ÝiÁf¸ Ô ß Á]½<Æz·nÂ�·B¸iÁ]¿ÅÁ]¿�¹-ºÿ¹�ã R

d ¿\º�Á]¹ ` Ýf½YÁfÝ¹�ã νm,Σ ¯ ÞW½8·BÝ Ô ¸f½ 1/` ´ Û Ä\½8·B¸fÄÅâ Ø ½8· ß åaÝf½pÁ�¿\º�·�ºbâÿÝ Ô ß åaÂ�·�¸�Á]¿�Áf¿\¹�ºÿ¿\ÝS·�º�¿\ºbÁf½<¸iÝf½ ß Á]¿�¹-º�¹�ã·BÁmÞn¹�ÝiÁ 2d åbâ�Âe½Y¸fÂ´Ä\·�º´½<Ý Q ¿�Áð¿\Ým·^Âe¹-Ä�âbÁ]¹�Âe½¦Am¿ÅÁ]åJ·BÁmÞn¹-Ý�Á 2d ã{· ß ½YÝ U ´ » å´½Y¸f½pãy¹-¸f½
SP(j) ≤ (j + 1)2d(d+1)

Q Ýi½<½áãy¹-¸ð½�ê'·�ÞWÂ´Ä\½á��½9÷+¸i¹Pâ-½ Ø Ö â-×-¸?³�·�º´Æ Õ Ô ¾-¹�Ýf¿�: í < U ´
Õ ½YÁ Ô ÝSº´¹ZA ß ¹-º'Ýf¿\Æ'½<¸mÁ]å´½jÝiå�·BÁfÁf½<¸ ß ¹�½Bw ß ¿\½YºbÁ SD(m) ´ ý ½Y¸f½ Ø G ¿�ÝðÁ]å´½ ß Ä\·�ÝfÝS¹Bã Þ Ô Ä�Áf¿ ¯º´¹-¸iÞ�·BÄ`Æ´½<º'Ýf¿�Áf¿\½YÝ Ø å'½<º ß ½"¿�Á�¿\Ý�·�Þ Ô Ä�Á]¿Y÷Q·�¸f¿�·BÁf½W½�ê+Â�¹�º´½<º�Á]¿\·�Äsã{·�ÞW¿�ÄÅâ�´�ê�¹-¸i½�Â´¸i½ ß ¿�Ýf½YÄ�â ØÝf½pÁfÁf¿\º´¾ ξ = (m,Σ) Ø ½8· ß å gξ ¿\º G Þn·/â"Ãe½¦Am¸i¿�ÁfÁf½<ºÿ¿\ºÀÁ]å'½áãy¹�¸fÞ

gξ(x) = cγ(ξ)β(x)e
Pk

i=1 πi(ξ)ψi(x) ,

Am¿�Áfå Á]å´½^º´¹BÁh·BÁf¿\¹-º ¹�ã Q ±�´ G U µ ° Ô ÝiÁá¸f½YÂ´ÄR· ß ½ R
Að¿�Á]å

R
d µ ·�º´Æ�Am¿ÅÁ]å k = d(d + 3)/2 ´¶ ½ ß ¹-º ß Ä Ô Æ'½áÁfå�·BÁ

SD(m) ≤ (m+ 1)d(d+3)/2+2.� ¹BÁ]½SÁfå�·BÁ�Áfå´½kÃe¹ Ô º'Æ´Ýq¹-ºnÁfå´½kÝfå�·BÁiÁ]½Y¸ ß ¹�½�w ß ¿\½<º�Á]Ýq¿\ºWÁfå´½k½2ê'·�ÞWÂ´Ä�½<Ý�Â'¸f½<Ýi½<º�Á]½<Æÿ·�Ãe¹à÷-½·�¸i½"Âe¹-Ä�â�º´¹�Þn¿\·�Ä`¿\º%Áfå´½<¿�¸þ·�¸f¾ Ô Þn½YºbÁfÝ Ø Ýf¹ Áfå�·BÁ Û ¹-¸f¹-Ä�ÄR·B¸iâ�±µ´�²7´l±À·�º´Æ Û ¹�¸f¹-Ä�ÄR·�¸�â ±µ´À²�´À²·�Â´Â'Ä�â�´ � º´½ ß ·�ºz·�¸f¾ Ô ½�Á]å�·QÁ�Á]å´½cÃe¹ Ô º´Æ r = na ¿�Ý�Ýi¹-Þn½BAmå�·BÁà¸f½YÝiÁf¸f¿ ß Á]¿Y÷-½�´ ý ¹ZA�½`÷-½Y¸ Ø½2ê�Áf½<º´Ýi¿�÷-½�Ýf¿�Þ Ô ÄR·QÁ]¿Å¹-º´Ý Q Ýi½<½ ä ½Y¸fÄ\¿�º´½pÁ�·�º´Æ ä ¿R· Ô : � < U ¸i½`÷-½<·�Ä�Á]å�·QÁsÁ]å'½kº Ô ÞþÃe½<¸s¹�ã ß ½<Ä�Ä\Ý `Ýfå'¹ Ô Ä\ÆÀÃe½�÷-½Y¸iâ"ÝfÞn·�Ä�Ä\Am¿ÅÁ]åÀ¸f½YÝfÂe½ ß ÁmÁ]¹ n ´ » å'½<¸f½pãy¹-¸f½ Ø ¿�ºÀÂ´¸f· ß Áf¿ ß ½ Ø Á]å´½[Ãe¹ Ô º´Æ r = naÆ´¹�½YÝáº´¹�Ááå�·�¸iÞ Á]¹�¹ÀÞ Ô ß å�´«ê�¹-¸f½Y¹G÷-½Y¸ Ø ¿�Á[¿�Ý ß ¹�º´Ýf¿�ÝiÁ]½YºbÁ�Am¿ÅÁ]åzÁfå´½«¸i½<Ý Ô Ä�ÁfÝá¹�ã ä ·B¸f¸f¹�º ØÖ â-×-¸?³ ·�º'Æ�÷B·Bº%Æ´½Y¸þê�½ Ô Ä\½YºK:À²Z< Ø Amå'¹aÂ´¸i¹G÷-½YÆ%Áfå�·BÁc· Ô º´¿�÷B·B¸f¿\·BÁ]½ Ò Ô Ä\Ä\Ã´· ß ö ¯UÕ ½<¿\Ã'Ä�½<¸ ¯Ã�·�Ýi½<Æ ß å´¹-¿ ß ½á¹Bã ` ¿\Ýð¹Bã¼¹-¸iÆ´½<¸ n1/3 ´
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Ç º«Áfå´¿\ÝDÝi½ ß Á]¿�¹-º Ø A�½S¿�Ä\Ä Ô ÝiÁ]¸f·BÁ]½�Á]å´½ðÁfå´½<¹�¸iâ`Am¿ÅÁ]å Ô º´¿Y÷B·�¸i¿R·BÁf½OÝf¿�Þ Ô ÄR·QÁ]¿Å¹-ºþ¸f½<Ý Ô Ä�ÁfÝ`½<º'Ä\¿\¾�åbÁ ¯½Yº´¿\º'¾þÁfå´½à½�w ß ¿\½<º ß â"¹�ã�Á]å´½ ß ¹-ÞþÃ´¿\º´·BÁ]¹-¸i¿\·BÄeÞW½pÁ]å´¹�ÆJ´ » å´½[Æ´½Yº´Ýf¿ÅÁ5ânÁf¹þÃe½[½YÝiÁf¿\Þn·BÁ]½YÆ Ø ·ä ½YÁh· (2, 2) Ø ¿\ÝðÝfå'¹ZAmº�¿\º é ¿\¾ Ô ¸f½	±µ´ � ´
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Ö ¿�÷-½<ºJ·«¸f½pãy½<¸i½<º ß ½ g ¿�ºÀÁ]å´½ ß ¹�Ä\Ä\½ ß Áf¿\¹-º G ·�º'Æa·BºJ¿\ºbÁf½<¾�½<¸ ` Ø Á]å´½j·�ÝfÝi¹ ß ¿\·BÁ]½YÆ�Â´·�¸iÁf¿�Á]¿�¹-º¿\Ý ß ¹-º'ÝiÁ]¸ Ô ß Áf½<ÆÍ÷�¿R·WÁ]å´½Å� Ô ·�ºbÁf¿\Ä\½YÝ�¹BãDÁ]å´½þÆ'½<º´Ýi¿�ÁUâ g Ø ·�Ý�½2ê+Â´Ä\·�¿\º´½YÆ ¿\º ü ·�¸]·B¾-¸]·�Â'å � ´u±µ´» å Ô Ý Ø ¿\º Á]å´¿�Ý ß ¹-º�Á]½�ê+Á Ø Á]å´½^Þn½pÁ]å´¹�Æ�Am¿\Ä�Ä · Ô Á]¹-Þn·BÁ]¿ ß ·�Ä�Ä�â�Ýf½<Ä�½ ß Á�·ÿÂ´·�¸]·�ÞW½pÁ]½<¸ θ ãy¸f¹�ÞÁ]å'½jÝi½YÁ

Θ =
{

(g, `) : g ∈ G, 2 ≤ ` ≤ r
}

.

» å´½j¸i½<Ý Ô Ä�Áf¿\º´¾^Þn¿�º´¿�Þ Ô Þ Æ´¿�ÝiÁ]·�º ß ½á½YÝiÁf¿\Þn·BÁ]½à¿\ÝðÆ´½Yº´¹�Á]½YÆ fn ´
¶ ½Ü·�Ä�Ýf¹ Ýiå´½<Æ Ä�¿\¾-å�Á�¹-º÷Áfå´½z·�Æ´÷B·BºbÁh·B¾-½<Ý"¹�ãjÝi½<Ä�½ ß Áf¿\º´¾ Ãe¹�Á]å÷Áfå´½ Â�·�¸�Á]¿�Áf¿\¹�º÷·�º´Æ÷Áfå´½¸f½pãy½<¸i½<º ß ½cÆ´½Yº´Ýf¿ÅÁ5âÿ¿\º ß ¹-ºbÁf¸]·�Ý�ÁSÁ]¹WÁfå´½ ß ·�Ýi½¸Amå´½<¸i½�¹-º´Ä�â�Á]å´½jÂ�·�¸�Á]¿ÅÁ]¿�¹-ºÿ¿�ÝSÝi½<Ä\½ ß Áf½<ÆJ´ » ¹Á]å'¿\Ý�·�¿�Þ Ø ãy¹�¸s½8· ß å ·æ" ³ © ¸i½Yãy½Y¸f½<º ß ½�Æ´½<º'Ýf¿�ÁUâ g ∈ G Ø Aq½k¸ Ô ºWÁ]å´½ ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄ´Þn½pÁ]å´¹�ÆÁ]¹JÝi½<Ä�½ ß ÁjÁfå´½WÝi¹-Ä\½^º Ô ÞþÃe½<¸á¹�ã ß ½<Ä\Ä�Ý ` ãy¸f¹-Þ Á]å´½«Ýf½YÁ Θg = {` : 2 ≤ ` ≤ r} Ø ·�º´Æ¹Aq½Æ´½Yº´¹�Á]½áÃbâ fn,g Á]å´½á½<Ä�½ ß Á]½<ÆJ½<Ý�Á]¿\Þn·BÁf½�´
» ¹à·�ÝfÝi½<ÝfÝ¼Áfå´½�� Ô ·�Ä\¿ÅÁUâ[¹�ã´Áfå´½�Ýf½<Ä�½ ß Á]½<Æþ½YÝiÁf¿\Þn·BÁ]½YÝ Ø Aq½ ß ¹-ÞWÂ�·�¸i½sÁfå´½ L1

Âe½<¸�ãy¹-¸fÞn·�º ß ½<Ý�¹�ãÁ]å'½O½<Ä�½ ß Áf½<Æ fn ·Bº´Æ fn,g Am¿�ÁfåcÁ]å´½OÃe½YÝiÁD½<Ý�Á]¿\Þn·BÁf½<Ý fn,θ?
·�º'Æ fn,θ?

g

¿\º�Á]å´½ ß ¹-¸f¸i½<ÝfÂe¹�º´Æ´¿�º´¾ß Ä\·�ÝfÝi½<Ý Ø Á]å�·QÁS¿�Ý
θ? ∈ argmin

θ∈Θ

{∫

|fn,θ − f |
}

,

·�º´Æ Ø ãy¹-¸m·	³�ê+½<Æ g Ø
θ?g ∈ argmin

θ∈Θg

{∫

|fn,θ − f |
}

.

» ·�Ã´Ä�½0±µ´u±þ·�º´Æ » ·�Ã'Ä\½�±µ´�²WÝ Ô ÞnÞn·�¸i¿pþ<½áÁfå´½c¸f½YÝ Ô ÄÅÁ]Ý
´ é ¹-¸k½<· ß åz¹�ã Á]å´½c¸i½Yãy½Y¸f½<º ß ½YÝ g Ø Aq½Æ´¿�ÝfÂ´Ä\·/âz¿�º » ·�Ã´Ä�½.±µ´l±«Á]å´½ L1
½<¸i¸f¹-¸j¹�ã fn,g ·�º´Æ fn,θ?

g
Ø ·Bº´ÆºAq½nÂ'¸f½<Ýi½<º�Áþ¿\º » ·BÃ´Ä\½.±µ´À²Á]å'½þ½<¸i¸f¹-¸k¹�ãDÁ]å'½þ½YÝiÁ]¿�Þ�·QÁ]½<Ý fn ·�º´Æ fn,θ?

´ ¶%½þ·�Ä\Ýi¹�Ýfå´¹YA Áfå´½cº Ô ÞþÃe½<¸ ˆ̀
n
¹�ã`Ýf½YÄ\½ ß Á]½YÆß Ä\·�ÝfÝi½<Ý�´   Ä�Ä)¸f½YÝ Ô ÄÅÁ]ÝS·�¸i½j·�÷-½<¸]·B¾-½<ÆJ¹G÷-½Y¸ 50 ¸i½<Âe½pÁ]¿�Áf¿\¹-º'Ý
´

» å´½ L1
½Y¸f¸i¹-¸m¸]·BÁf¿\¹-ÝOÝf½<Ä�½ ß Á]½<Æg»^¹-Â'Á]¿�Þn·�Äùº´½9÷-½<¸k½�ê ß ½Y½<Æ 2.26 Ø ·�º´Æ�·�Ä�Ä)¹�ã�Á]å'½<Ýf½j¸f½YÝ Ô ÄÅÁ]Ý½<º'Ä\¿\¾�åbÁ]½Yº Áfå´½^¾-¹�¹�ÆzÂe½Y¸iãy¹-¸iÞ�·Bº ß ½YÝ[¹�ã`Á]å'½ ß ¹�Þ^Ã'¿\º�·BÁf¹-¸f¿�·�Ä�ÞW½YÁfå´¹�Æz¿\º ¾-½<º´½Y¸]·BÄÂ´ » å´½pâ·�Ä�Ýf¹ ß Ä�½8·�¸iÄ�â^Ýfå´¹YA Áfå´½à·BÆ´÷B·�º�Áh·�¾�½<Ýq¹Bã�Ýf½<Ä�½ ß Á]¿�º´¾cÃe¹�Áfå�Áfå´½�Â´·�¸iÁf¿�Á]¿�¹-ºn·Bº´Æ�Áfå´½k¸f½Yãy½Y¸f½Yº ß ½Æ´½Yº´Ýf¿ÅÁ5âÿ¿\º ß ¹-ºbÁf¸]·�Ý�ÁkÁf¹nÁfå´½ ß ·�Ýf½¸Amå´½Y¸f½c¹-º'Ä�â"Á]å´½�Â´·�¸iÁf¿�Á]¿�¹�ºJ¿�ÝSÝf½YÄ\½ ß Á]½YÆJ´   Ý�·WÞn·BÁiÁ]½<¸¹�ãSã{· ß Á Ø Á]å´½ L1

Âe½Y¸iãy¹-¸iÞ�·Bº ß ½YÝ«¹�ã fn ¹G÷-½Y¸^Áfå´½ fn,g b6ÝW·B¸f½ÀÝf¿�¾-º´¿u³ ß ·�º�Á]ÄÅâ Ãe½YÁfÁf½<¸^ãy¹�¸ 5¸f½pãy½<¸i½<º ß ½�ÞW¹�Æ´½YÄ\Ýþ¹ Ô Á«¹�ã 9 Ø ·�º´Æô¸f¹ Ô ¾-å´Ä�â%Ýi¿\ÞW¿\Ä�·�¸�ãy¹-¸ 2 ´ 9 º´Ý Ô ¸fÂ´¸i¿\Ýf¿�º´¾-ÄÅâ Ø Á]å'½ÿÃe½<Ý�ÁÂe½<¸�ãy¹-¸fÞn·�º ß ½<Ýs¹Bã fn,g ·�¸f½m¹-Ã'Á]·�¿�º´½<Æ«ãy¹-¸ Á]å´½SÆ'½<º´Ýi¿�Á]¿�½<Ý g3

Q Á]¸i¿R·�º'¾-Ä�½ U ·�º´Æ g4

Q Á]¸ Ô º ß ·QÁ]½<ÆÖ · Ô ÝfÝi¿R·�º N (0.5, 1) U�Ø Amå´¿ ß å^¸f½YÝf½YÞþÃ´Ä\½�Áfå´½qÞn¹-Ý�Á�Á]å´½qÆ´½<º'Ýf¿�ÁUâ ä ½YÁ]· (2, 2) ´ Ç º^Â'¸]· ß Á]¿ ß ½ ØAmå´½YºÜ¹�º´½cå�·�Ý�º'¹"¹-¸Sãy½�A ·�Â'¸f¿\¹�¸f¿�¿\º'ãy¹�¸fÞn·BÁf¿�¹�º�¹-º�Á]å´½�Áh·B¸f¾-½pÁ�Æ´½<º´Ýi¿�ÁUâ Ø Áfå´½cÝf½YÄ\½ ß Á]¿�¹-º·�Â´Â'¸f¹�· ß åJÂ´¸i½<Ýf½YºbÁf½<Æa¿\ºÀÁfå´½áÂ´¸i½<Ýf½YºbÁkÂ�·�Âe½Y¸m¿\ÝðÂ´¸f½pãy½<¸f·�Ã´Ä�½�´
í�í
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n = 200,m = 50, r = 16 n = 1000,m = 150, r = 30

g
∫

|fn,g − f |
∫

|fn,θ?
g
− f | ˆ̀

n

∫

|fn,g − f |
∫

|fn,θ?
g
− f | ˆ̀

n

g1
X�´À²FXµë�X X�´u±Z� � ë ?�´Ãë í X�´u±:²FX�� X�´@X�?I� í ± G ´�²WX

g2
X�´ � ²��Wh X�´À²F?µë�± ±:²7´½?n² X�´À² � G ? X�´À²µ²µ² í ²=h�´�²=h

g3
X�´u±�ë G�G X�´u±µ±YX � G ´À² í X�´u±YXFh � X�´@Xµë�?�� ±Y��´l±�²

g4
X�´u± G ë G X�´u±YX � ë í ´À² í X�´u±µ±µ±i? X�´@X í h�? ±ch�´½X í

g5
X�´Vh � ² G X�´VhIX�X�X ±ih�´�² í X�´ ��� � í X�´ � ± G ë ²=h�´ G ²

g6
X�´À² � hIX X�´u± í ?�± ±YX�´ í h X�´u±ih�±i? X�´u±µ±ih�± ± í ´½X í

g7
X�´ í ²Wh�± X�´ í ± � � ±Z�7´ÀëFh X�´Ãë G ±ch X�´Ãëµë �F� ²W?�´@hFh

g8
X�´À²µ²Wh�± X�´u± G h � ?�´@XFh X�´u±ih�²=h X�´u±µ±ihFh ± G ´½XWh

g9
X�´À² � ?�? X�´u± G ² í ±YX�´½?n² X�´u± � G X X�´u±YX í ? ±i?�´l±�²
» ·�Ã´Ä�½5±µ´u±�[³²  1¡
°�£½�=�Z¢j I�¾£¿�I´À¡ ­ ¢·ÁZ  ± � ­ �®ÂI´ ¢j���M I��¢·Á ­ � ­ ´ ­cµ ¢�£  1�u F� P ¥

n = 200,m = 50, r = 16 n = 1000,m = 150, r = 30
∫

|fn − f |
∫

|fn,θ? − f | ˆ̀
n

∫

|fn − f |
∫

|fn,θ? − f | ˆ̀
nX�´�²�²WhI? X�´@X�?�?�� í ´�² í X�´u±ihnë�? X�´½X�ë�?Fh ±�ë�´ � ²

» ·BÃ´Ä\½�±µ´À²7[³²  7¡
°�£}�=�Y¢j s��£¿�I´À¡ ­ ¢·ÁZ  ± � ­ �®ÂI´ ¢j���M s��¢·Á ­ � ­ ´ ­cµ ¢�£¶ 7�u F�Ã¢·Á ­ ¤=��£}� (g, P ) ¥

¢�£�Ä Å §+¨4¨¸ÆF�
����Ç���� Èg21$�$�ÉÊ$'É����+ �$32t �& �������-�
¶ ½9° Ô ÝiÁSå´·à÷-½[Á]¹«Â´¸f¹à÷-½áÁfå�·BÁ

SAΘ
(m) ≤ SD(m)

[

SP

(

m(n−m)
)]4r

,

·Bº´ÆÿÁ]å´½áÝi½ ß ¹�º´Æ�Â�·�¸iÁm¹�ã�Á]å´½[Á]å'½<¹-¸i½<ÞËAm¿\Ä�ÄùÆ´¿�¸f½ ß Á]ÄÅâ�ãy¹-Ä�Ä\¹YA ãy¸f¹�Þ ¿\º´½�� Ô ·�Ä\¿ÅÁ5â Q ±µ´�² U ´
Õ ½pÁ y1, . . . , ym

Ãe½ m Æ´¿\Ý�Á]¿\º ß Á�÷-½ ß Á]¹-¸iÝa¿\º
R
d. é ¹-¸ÿ½8· ß å θ = (g, P ) ∈ Θ Ø P =

{A1, . . . , A`} Ø ß ¹�º´Ýf¿�Æ´½<¸kÁ]å'½ m × r Þn·BÁ]¸f¿#ê zθ Ý Ô ß å Á]å�·QÁ�Áfå´½c½<Ä�½<ÞW½<ºbÁ�¿�ºa¿�Á]Ý t Á]åa¸f¹ZA·Bº´Æ j Á]å ß ¹-Ä Ô ÞWºÀ¿\Ý

z
(t,j)
θ =







1[yt∈Aj ]

∑n−m
i=1 1[Xi∈Aj ]

ãy¹-¸ t ≤ m, j ≤ ` ,

0 ¹�Áfå´½<¸-Am¿\Ýf½ .
Û Ä�½8·�¸iÄ�â Ø

1[yt∈Aj ]1[Xi∈Aj ] = 1 ¿Åã¼·�º'Æ�¹�º´Ä�â�¿�ã (yt, Xi) ∈ Aj × Aj .

í ?
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ö ¿�º ß ½�Á]å'½<¸f½þ·�¸f½ m(n −m) Æ'¿�d�½<¸f½YºbÁ�Â�·�¿\¸iÝ (yt, Xi) Ø Á]å´½cº Ô ÞþÃe½Y¸�¹�ã`Æ´¿Ìdù½Y¸f½YºbÁu÷Q·�Ä Ô ½YÝÁ]å'½ j Áfå ß ¹-Ä Ô ÞWº (z

(1,j)
θ , . . . , z

(m,j)
θ ) ¹�ã`Á]å´½^Þn·BÁ]¸i¿uê zθ ß ·�ºzÁh·�öB½W·BÝqAq½Æ÷Q·�¸iâ θ ∈ Θ ¿\Ý·BÁáÞn¹�ÝiÁ[Á]å'½WÝiå�·BÁiÁ]½<¸ ß ¹�½Bw ß ¿\½YºbÁ

SC

(

m(n −m)
) ¹�ãsÁ]å´½ ß Ä\·�ÝfÝá¹BãqÝi½YÁ]Ý C ¹�ãsÁ]å´½^ãy¹-¸iÞ

A×A Ø Amå´½<¸i½ A ¿�ÝO·�º�â�Ýi½YÁð¿�ºÀ·�º�â�Âe¹-ÝiÝf¿\Ã'Ä\½�Â�·B¸iÁ]¿ÅÁ]¿�¹-ºn¿\º P ´ » å´¿�ÝOÝiå�·BÁfÁf½<¸ ß ¹�½�w ß ¿�½<º�Á¿\Ý ß Ä\½<·�¸fÄÅâWÃ�¹ Ô º´Æ´½YÆÿÃbânÁfå´½àÝÊ� Ô ·�¸i½[¹�ã�Á]å´½àÝfå´·BÁfÁf½<¸ ß ¹�½Bw ß ¿\½YºbÁ
SP

(

m(n−m)
) ´ ý ½<º ß ½

Á]å'½ j Áfå ß ¹-Ä Ô ÞWºÿ¹�ã�Á]å´½áÞn·BÁ]¸i¿uê zθ ß ·�ºÿÁh·�ö�½j·BÁmÞW¹-ÝiÁ [SP

(

m(n−m)
)]2 ÷Q·�Ä Ô ½YÝ
´ äqÔ ÁÝf¿�º ß ½[Áfå´½áÞ�·BÁf¸f¿#ê zθ å�·�Ý r ß ¹-Ä Ô Þnº´Ý Ø ¿ÅÁ ß ·�ºÿÁh·�ö�½j·BÁmÞW¹-ÝiÁ

[

SP

(

m(n−m)
)]2r

÷B·�Ä Ô ½YÝ
´ » å Ô Ýk¿ÅãÃAq½áÝf½pÁ
W =

{

(zθ, zθ′) : (θ, θ′) ∈ Θ2
}

,

Aq½áå�·à÷-½ Û ·�¸fÆ W ≤
[

SP

(

m(n−m)
)]4r

.

é ¹-¸	³�ê+½<Æ (w,w′) ∈ W Ø Ä\½pÁ U(w,w′)
Æ'½<º´¹�Áf½ÿÁ]å´½ ß ¹�Ä\Ä\½ ß Áf¿\¹�º�¹�ãà·�Ä�Ä (θ, θ′) Ý Ô ß å Áfå�·BÁ

(zθ, zθ′) = (w,w′) ´ é ¹�¸ (θ, θ′) ∈ U(w,w′)

(

θ = (g, P ) Ø θ′ = (g′, P ′) Ø P = {A1, . . . , A`} Ø
P ′ = {A′

1, . . . , A
′
`′}
) ·�º´Æ t ≤ m Ø Aq½áå�·�÷-½
yt ∈ Aθ,θ′ =

{

x : fn−m,θ(x) > fn−m,θ′(x)
}

¿�ã�·�º´ÆJ¹-º'Ä�â"¿Åã
∑`

j=1 z
(t,j)
θ + 1

(n−m)h+ 1
g(yt) >

∑`′

j=1 z
(t,j)
θ′ + 1

(n−m)h′ + 1
g′(yt) ,

Amå´½Y¸f½ h = 1/` ·Bº´Æ h′ = 1/`′ ´9¶ ¿ÅÁ]å´¿�ºÿÁ]å´½jÝf½pÁ U(w,w′) Ø z(t,j)
θ
·�º´Æ z(t,j)

θ′
·B¸f½�³�ê+½<Æ�ãy¹-¸·�Ä�Ä t ·�º'Æ j ´ » å´½Y¸f½Yãy¹�¸f½ Ø Am¿�Á]åÀÁ]å'½jº'¹�Áh·BÁf¿\¹�º

zt =

∑`
j=1 z

(t,j)
θ + 1

∑`′

j=1 z
(t,j)
θ′ + 1

ãy¹-¸ 1 ≤ t ≤ m,

Aq½á¹-Ã'Áh·B¿\º"Á]å�·BÁ yt ∈ Aθ,θ′
¿Åã¼·�º'ÆJ¹-º´Ä�â�¿�ã

(n−m)h′ + 1

(n−m)h+ 1
zt g(yt) − g′(yt) > 0 .

Ç Ámãy¹-Ä�Ä�¹ZAmÝqÁ]å´·BÁ
Û ·�¸fÆ {{1[y1∈Aθ,θ′ ]

, . . . ,1[ym∈Aθ,θ′ ]
} : (θ, θ′) ∈ U(w,w′)

}

≤ Û ·B¸fÆ {{1[αz1g(y1)−g′(y1)>0], . . . ,1[αzmg(ym)−g′(ym)>0]} : α ∈ R
∗
+, (g, g

′) ∈ G2
}

≤ SD(m) .

?FX



îsï�¼ �}õ:ãJã>� ö
üDÔ ÁiÁ]¿�º´¾W·�Ä\ÄùÂ´¿�½ ß ½<ÝmÁf¹-¾-½pÁ]å´½Y¸ Ø A�½j¹-Ã'Á]·�¿\º

Û ·�¸iÆ {{y1, . . . , ym} ∩ Aθ,θ′ : (θ, θ′) ∈ Θ2}
}

≤ SD(m)
Û ·�¸iÆ W

≤ SD(m)
[

SP

(

m(n−m)
)]4r

.

» å'½jÂ´¸f¹�¹Bã¼¹�ã » å´½Y¹-¸f½YÞX±µ´À²�´l±á¿�Ý*³�º´¿\Ýiå´½<Æ�´
¥

����Ç��k� Èg21$�$�ÉÊ$'É����+ �$32t �& ���������
» å'½áÂ´¸f¹�¹�ã�¹�ã » å´½Y¹-¸f½YÞP±µ´À²�´�²c¿\Ýð· ß ¹-º´Ýi½
� Ô ½<º ß ½j¹�ã » å´½Y¹-¸f½YÞP±µ´À²�´l±á·�º´ÆÀÁ]å'½[ãy¹�Ä\Ä�¹ZAm¿�º'¾Ä�½<ÞWÞ�·�´
� Ý7ò�ò�ó îsï�¼�ï�î & ³ ¨ù­Q¢ ³ ®<±

µ
¢MÊ ³ §h­BÌ^Ì�­Q¨ ©�¥\¦p¢�¬�¥{®<Î�¢�¥¤­Q¨ó­5É"¢MÊ ³

Xi
ë ¦húþ£�¨e© ¦pÎPÍ�Í�­/¦ ³¢MÊ'£�¢�¢yÊ ³ ¬ ³z³ "-¥\¦p¢M¦a£JÍ�­/¦p¥M¢{¥Mî ³ ¬ ³ £�¯ð¨�Î�ÌW® ³ ¬

α
¦pÎ�§hÊ|¢MÊ'£�¢ ∀θ ∈ Θ

(

θ = (P, g), P =
{A1, . . . , A`}

)

α ≤ µ(Ai) , i = 1, . . . , `.Ë ¨�¢�¬]­<©�Î�§ ³
Jn,θ =

∫

|fn,θ − f | .
Ë É
m
¥\¦c£jÍ�­/¦p¥M¢{¥Mî ³ ¥M¨�¢ ³ È ³ ¬à¦pÎ�§hÊJ¢MÊ'£�¢

2m ≤ n
ús¢MÊ ³ ¨

infθ∈Θ E
{

Jn−m,θ
}

infθ∈Θ E
{

Jn,θ
} ≤ 1 +

2m

n−m
+ 8

√

m

n
+

√
8mr

(n−m)
√
nα(1 − α)

.

��õ:ãJã>�*ã>� � Ý�ò�ò�ó î�ï�¼Jï�î � ¹�Á]½ ³�¸fÝ�ÁOÁfå�·BÁqÁ]å'½àÞW¹�Æ´¿l³�½YÆ�å´¿\Ý�Á]¹-¾-¸f·�ÞÏ¿�Ý ¨ù­Q¢ ·Bºÿ·�Æ'Æ´¿ ¯Áf¿�÷-½�½<ÝiÁf¿\Þn·BÁ]½�¿�º�Á]å´½cÝf½<º'Ýf½^¹�ãs��½9÷�¸f¹/â-½W·Bº´Æ Õ Ô ¾-¹-Ýf¿³:V?W<¼Ýi¹"Áfå�·BÁkÁ]å´½Y¿\¸ » å´½<¹�¸f½<Þ ±YX�´�²Æ'¹�½<ÝSº'¹�Ák·BÂ´Â´Ä�â�´ � ½9÷-½<¸iÁfå´½<Ä�½<ÝiÝaAq½ ß ·�ºJÝiÁh·B¸iÁxAð¿�Á]åÀÁ]å´½á¿�º´½
� Ô ·BÄ\¿�ÁUânÁfå�·BÁðÁ]å´½pâÀÂ´¸f¹à÷-½F[

inf
θ∈Θ

E{Jn−m,θ} ≤ inf
θ∈Θ

E{Jn,θ}
(

1 + 2 sup
θ∈Θ

E
{ ∫

|fn−m,θ − fn,θ| Æ x}
E
{ ∫

|fn,θ − Efn,θ| Æ x}
)

.

é ¿uê x ·Bº´Æ θ = (g, P ) ãy¹-¸ðº'¹ZA ·�º´ÆÿÆ´½2³�º´½ Kθ(x,Xi) = 1[Xi∈A(x)]
´ ¶ ½ ß ·�Ä�ÄùÁfå�·BÁ A(x)Æ'½<º´¹�Áf½<ÝàÁ]å'½ ß ½<Ä�Ä¼¹�ãDÁ]å´½þÂ�·�¸�Á]¿ÅÁ]¿�¹-º P Q Amå´¿ ß åzå�·�Ý ` ß ½YÄ\Ä�Ý U ¿�ºgAmå'¿ ß å x ã{·�Ä�Ä\Ý�´ � Ã'Ýf½<¸6÷-½Áfå�·BÁ

fn,θ(x) =
1

nh+ 1

(

1 +
n
∑

i=1

Kθ(x,Xi)
)

g(x) ,

Amå'½<¸f½ h = 1/` ´ Ç ºbÁf¸f¹�Æ Ô ß ½
Yi = Kθ(x,Xi) − E

{

Kθ(x,Xi)
}

,

·Bº´ÆÿÆ'½<º´¹BÁ]½àÁ]å'½[Â�·B¸iÁ]¿\·�ÄeÝ Ô ÞWÝO¹�ã Yi b6ÝðÃ�â Sj = Y1 + . . .+ Yj
´ � Ã´Ýi½<¸A÷-½àÁ]å´½�ãy¹-Ä\Ä�¹YAm¿�º´¾t[

?�±
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(nh+ 1)|fn−m,θ(x) − fn,θ(x)|

=

∣

∣

∣

∣

nh+ 1

(n−m)h+ 1

(

1 +
n−m
∑

i=1

Kθ(x,Xi)
)

−
(

1 +
n
∑

i=1

Kθ(x,Xi)
)

∣

∣

∣

∣

g(x)

=

∣

∣

∣

∣

mh

(n−m)h+ 1

(

1 +
n−m
∑

i=1

Kθ(x,Xi)
)

−
n
∑

i=n−m+1

Kθ(x,Xi)

∣

∣

∣

∣

g(x)

=

∣

∣

∣

∣

mh

(n−m)h+ 1
(Y1 + . . .+ Yn−m) − (Yn−m+1 + . . .+ Yn)

+
m

(n−m)h+ 1

(

h− E
{

Kθ(x,X1)
}

)

∣

∣

∣

∣

g(x) ,

Ýf¹«Áfå�·BÁ
E
{

(nh+ 1)|fn−m,θ(x) − fn,θ(x)|
}

≤
[

m

n−m
E
{

|Sn−m|
}

+ E
{

|Sm|
}

+
m

(n−m)h+ 1

∣

∣h− E
{

Kθ(x,X1)
}∣

∣

]

g(x) .

  Ä�Ýf¹ Ø
(nh+ 1)|fn,θ(x) − Efn,θ(x)| = |Sn| g(x) ,Amå´¿ ß åJ¿�ÞnÂ´Ä�¿Å½<Ý

E
{

(nh+ 1)|fn,θ(x) − Efn,θ(x)|
}

= E
{

|Sn|
}

g(x) .

Ç ã 2m ≤ n Ø ·zÝ�Á]¸]·B¿\¾-å�Áfãy¹-¸-AO·�¸fÆ ß ¹�º´Ýf½�� Ô ½<º ß ½�¹Bã Õ ½<ÞWÞn·�±YX�´l±ÿ·�º´Æ Õ ½YÞnÞn·�±YX�´ � ¿�º��½9÷+¸i¹Pâ-½c·Bº´Æ Õ Ô ¾-¹-Ýi¿ Q ²WX�X�± U Ä\½<·�Æ´ÝOÁ]¹
E
{

|fn−m,θ − fn,θ|
}

E
{

|fn,θ − Efn,θ|
} ≤ m

n−m
+ 4

√

m

n
+

m

(n−m)h+ 1

√
8
∣

∣h− E
{

Kθ(x,X1)
}∣

∣

√
nE
{

|Y1|
} .Q ±µ´½? UÕ ½YÁ p(x) Ý�Áh·�º´Æÿãy¹-¸ µ(A(x)

) ´ Û Ä\½<·�¸iÄ�â Ø
{

E
{

Kθ(x,X1)
}

= p(x)
E
{

|Y1|
}

= 2p(x)
(

1 − p(x)
)

.ä âÿ·BÝfÝ Ô ÞWÂ'Áf¿\¹-º Ø ·�º´Æ Ô Ýi¿\º´¾^Á]å'½áã{· ß ÁðÁ]å�·BÁ ` ≥ 2 Ø Aq½j¹�Ã'Áh·�¿�º Ø ÝiÁ]¿�Ä\Ä�å´¹-Ä\Æ'¿\º´¾ x ³�ê+½<Æ Ø
α ≤ p(x) ≤ 1 − α .

� ¹BÁ]½[Áfå�·BÁ 0 < α ≤ 1/2 ´ ä â Q ±�´½? U
E
{

|fn−m,θ − fn,θ|
}

E
{

|fn,θ − Efn,θ|
} ≤ m

n−m
+ 4

√

m

n
+

m

(n−m)h+ 1

√
8 |h− p(x)|

2
√
n p(x)

(

1 − p(x)
) .

?µ²



îsï�¼ �}õ:ãJã>� ö

êJ¹-¸f½Y¹G÷-½Y¸
1

p(x)
(

1 − p(x)
) ≤ 1

α(1 − α)
.

� ºÿÁfå´½á¹�Á]å'½<¸må�·Bº´Æ Ø
|h− p(x)| ≤ max

(

1,
p(x)

h

)

h ≤ rh .

üDÔ ÁiÁ]¿�º´¾W·�Ä\ÄùÂ´¿�½ ß ½<ÝmÁf¹-¾-½pÁ]å´½Y¸ Ø A�½j¹-Ã'Á]·�¿\º
m

(n−m)h+ 1

√
8 |h− p(x)|

2
√
n p(x)

(

1 − p(x)
) ≤ mh

(n−m)h+ 1

√
2 r√

nα(1 − α)

≤
√

2mr

(n−m)
√
nα(1 − α)

.

» å'¿\Ým¿�ÞnÂ´Ä�¿Å½<ÝqÁ]å�·QÁmãy¹�¸m·�ºbâ0³�ê+½<Æ θ
E

{∫

|fn−m,θ − fn,θ| Æ x
}

≤
(

m

n−m
+ 4

√

m

n
+

√
2mr

(n−m)
√
nα(1 − α)

)

E

{∫

|fn,θ − Efn,θ| Æ x
}

.

» å'¿\Ý ß ¹-ÞnÂ'Ä\½pÁ]½<ÝOÁ]å´½áÂ´¸i¹�¹�ã�¹�ã�Áfå´½áÄ\½YÞnÞn·�´
¥

? �
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:u±�<   ´ ¶ ´ ä ·�¸i¸f¹-ºJ´ » å'½ ß ¹-º}÷-½<¸i¾-½<º ß ½�¿\ºW¿\º+ãy¹-¸fÞn·BÁf¿�¹�º«¹�ãùÂ´¸f¹-Ã´·�Ã´¿\Ä�¿ÅÁUâþÆ´½Yº´Ýi¿�ÁUâW½YÝiÁf¿\Þn· ¯Á]¹-¸iÝ
´ Ç º ª�¬]­/§ ³h³ ©�¥M¨�ÈQ¦k­5ÉO¢yÊ ³sË ¨�¢ ³ ¬�¨e£�¢�¥¤­Q¨e£�¯�¡�±QÌ�Í�­/¦p¥MÎ+ÌÏ­5É ËhÐ`Ð`Ð ­Q¨ Ë ¨8É8­Q¬�ÌW£�¢�¥¤­Q¨Ñ Ê ³ ­Q¬p± Ø�Ò ¹�Ã�½W[ Ó ·�Â´·�º Ø Ó�Ô º´½4±Y? ¯ ²Wh�±Y? íµí ´
:À²Z<   ´ ¶ ´ ä ·�¸f¸i¹-º Ø´Õ ´ Ö â�×-¸�³ Ø ·�º´ÆÿÙ¡´ Û ´´÷Q·�ºÿÆ'½<¸mê�½ Ô Ä�½<ºJ´ �k¿\ÝiÁf¸f¿�Ã Ô Á]¿�¹-º�½<Ý�Á]¿�Þ�·BÁf¿\¹�ºß ¹-º'Ýf¿\Ý�Á]½YºbÁ�¿\ºàÁ]¹�Á]·�Ä¾÷B·�¸f¿\·BÁ]¿�¹-º[·�º´Æá¿\ºàÁjA�¹mÁUâ+Âe½YÝ�¹�ã+¿\º+ãy¹-¸fÞn·BÁf¿�¹�º[Æ'¿�÷-½Y¸f¾-½Yº ß ½y´ ËhÐ`Ð`ÐÑ ¬i£�¨'¦<£�§p¢�¥¤­Q¨'¦c­Q¨ Ë ¨8É8­Q¬�ÌW£�¢�¥¤­Q¨ Ñ Ê ³ ­Q¬p± Ø �µí [l±ih � G µ ±chs�Wh Ø ±i?�?n²�´
: � <   ´ ä ½<¸iÄ\¿\º'½YÁ�·�º´Æ Ö ´ ä ¿R· Ô ´ Ç Á]½Y¸]·BÁf½<ÆjÞn¹�Æ'¿l³�½YÆáå´¿�ÝiÁ]¹�¾-¸]·�ÞWÝ�·�Ý�Æ+â+º´·�Þn¿ ß ·BÄ-Ýiâ�ÝiÁf½<ÞWÝ
´æ ­QÎ+¬�¨e£�¯¼­5É�çj­Q¨�Í'£-¬i£�Ì ³ ¢{¬p¥¤§à¡�¢¤£�¢�¥\¦p¢{¥¤§h¦ Ø ±Ôë1[ ��í � µ hIX�± Ø ²FX�XFh�´
:VhW<   ´ ä ½Y¸fÄ\¿�º´½YÁ ·Bº´Æ Ù¡´ ä ¸ Ô º´½YÄÂ´ Û å´¹-¿#ê ¹-Â'Á]¿�Þn·�ÄþÆ Ô º'¹-ÞþÃ´¸f½|Æ´½ ß Ä\·�ÝfÝf½YÝ Â�¹ Ô ¸Ä�b6½<Ý�Á]¿\Þn·BÁf½ Ô ¸þÆ´½ ä ·�¸i¸f¹-ºôÆ´½ÿÄR·zÆ'½<º´Ýi¿�Á�ey´ $ ­QÌ�Íe¢ ³ ¦ øm³ ¨e©�Î�¦�© ³ ¯fë � §f£�©�ïpÌ^¥ ³ © ³ ¦¡)§p¥ ³ ¨ù§ ³ ¦j© ³ ªO£�¬�¥\¦ Ø ��� ±�[ G ± �/µ G ±�ë Ø ²FX�X�X�´
:½�Z<   ´ ä ½<¸fÄ�¿\º´½pÁÚ·�º'Æ�Ù¡´ ä ¸ Ô º´½<Ä�´ Û ¸f¹-ÝiÝ ¯ ÷Q·�Ä\¿�Æ�·BÁf½<ÆèÆ´½<º'Ýf¿�ÁUâ�½<Ý�Á]¿\Þn·BÁf½<ÝzÃ�·�Ýf½YÆ�¹-ºÒ Ô Ä\Ä�Ã�· ß ö ¯5Õ ½<¿�Ã´Ä�½Y¸S¿�º'ãy¹-¸iÞ�·QÁ]¿Å¹-ºJ´ æ ­QÎ�¬�¨e£�¯D­5Éáçj­Q¨�Í´£�¬i£�Ì ³ ¢{¬p¥¤§á¡�¢é£�¢{¥\¦p¢�¥¤§h¦ Ø ±�ë1[VhI? �/µ��± � Ø ²FX�XFh�´
:Ãë=<   ´ ä ½Y¸fÄ\¿�º´½pÁ Ø�Õ ´ Ö â�×-¸�³ Ø ·�º´ÆaÙ¡´ Û ´¶÷B·�ºaÆ'½<¸àê�½ Ô Ä�½<ºJ´   Ý�â+ÞWÂ'Áf¹�Á]¿ ß º´¹-¸iÞ�·BÄ\¿�Á5â"¹Bã¸f½YÄR·BÁf¿�÷-½ð½<ºbÁf¸f¹-Â�â«¿\ºWÞ Ô Ä�Áf¿Y÷B·�¸i¿\·BÁf½ðÆ´½Yº´Ýf¿ÅÁ5â«½YÝiÁ]¿�Þ�·QÁ]¿�¹-ºJ´ ª�Î´®<¯°¥¤§f£�¢{¥¤­Q¨'¦à© ³ ¯fë Ë ¨'¦p¢{¥M¢�Î�¢© ³ ¡�¢¤£�¢{¥\¦p¢�¥{ì<Î ³ © ³ ¯fë�í�¨�¥Mî ³ ¬]¦p¥M¢5ï�© ³ ªO£�¬p¥\¦ Ø h�±F[ �/µ ² G Ø ±Y?F? G ´
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:#±YXW< Õ ´ Ö â�×-¸?³ Ø�é ´ Õ ¿\½YÝf½ Ø Ç ´ ñ ·:°iÆ�· Ø ·�º´ÆÚÙ¡´ Û ´Ò÷B·�ºÜÆ´½Y¸jê�½ Ô Ä�½<ºJ´c��¿\ÝiÁf¸f¿�Ã Ô Á]¿�¹-º ½YÝiÁf¿ ¯Þ�·QÁ]½<Ý ß ¹�º´Ýf¿�ÝiÁ]½YºbÁS¿\º χ2 ¯ Æ´¿Y÷-½<¸i¾-½<º ß ½�´ ¡�¢¤£�¢�¥\¦p¢{¥¤§h¦ Ø � ²7[ � ± µ � G Ø ±Y?�? í ´
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:#±�ëW< 6 ´ Ö ´ 6 ·BÁf¸]· ß ¹-Ý
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��f+ö�H�õ:ósáFH
Ô�¤�Õ�Ö��!× jpj ×=Ö�¤�mn� j Õ�ÖBØf× r ¤BØbmR¤ q x\×��:m�xSÕ h {bo q k1×ç{�×yo�~ q o h m�xb�Z× q ~+Ù7×�o2�xf× jJr ×�x\ÖBÕ�¤?zT×WÖW¤BÕ h mR¤®×WÖ ��z�knmno�z\Õ|x v ¤BØf×Å�bm�x r �¸Õ r ¤BØ��¸Õ�¤BØ0¤BØ\× jpq �:mR¤BÕ q xm�x r�Úµq o
¤BØf×DÖ�m h { j × r mR¤�m.mR¤
Øbm�x r �-� i o�Õ|xt¤®×yo�×WÖW¤
Õ|xA¤BØfÕ�Ö�{bmn{�×yo�Õ�Ö¸Õ|x¤BØf× r mR¤�m����bmIÖB× r Ö®× j ×��L¤BÕ q x q ~Jm}knmnocÕpmn� j ×���m�x r �¸Õ r ¤BØ0�¸Õ­¤BØ%Õ|x�m�x�mn{�{bo q �{�ocÕpmR¤®×}{bmno
m h ×�¤®×�oiÕ � × r � j mIÖ®Ö q ~æ~ i xb�L¤BÕ q xfÖ��;ÛK×}{boc×=ÖB×yxt¤ m�xçm i ¤ q�h mR¤BÕp�ÖB× j ×��L¤BÕ q x�{�o q �=× rJi oc×qÕ|x\Ö�{ÜÕpo�× r ��ze¤BØf×�� q�h �%Õ|xbmR¤ q oiÕpm j ¤ qsq�j Ö r ×�k7× jpq {�× rÕ|x0�u×:k�o q z7×�m�x r«Ýæibv7q Ö�ÕJ��ÞFßn�Í�;Ô�¤³Õ�Ö;ÖBØ q ��xÑ¤BØBmR¤Ì¤BØf×+×���{�×��L¤®× r

L1
×�o
o q oq ~%¤BØ\×�� q o�oc×=Ö�{ q x r Õ|x v Ö®× j ×y�L¤®× r ×WÖW¤BÕ h mR¤®×�Õ�Ö i {ª¤ q m v Õlk7×�x\� q xfÖW¤�m�xt¤h�i�j ¤BÕl{ j × q ~*¤BØ\×���×WÖW¤�{ q Ö®ÖBÕp� j ×à×yo�o q o�{ j|i Ö�m�x=m rbr Õ�¤BÕlk7×·¤®×�o h �¸Ø%Õp�cØ¤®×�x r Ö�¤ q.� ×yo q%i x r ×yo h Õ jpr mIÖ®Ö i�h {r¤BÕ q x\Ö:�

�5£
¢ ¤B¥�¦�§©¨4ª�«.¬�¦®­�¨}¥
  ÝfÝ Ô Þn½¦A�½j·�¸f½[¾-¿Y÷-½<ºJ·�º ¥��\¥��M©n� Ýf·�ÞWÂ´Ä\½ X1, . . . , Xn

Æ´¸]·iAmºÿãy¸f¹�Þ ·�º Ô º´ö�º'¹ZAmº�Â´¸i¹-Ã ¯·BÃ´¿\Ä�¿ÅÁUâ�Æ´½<º'Ýf¿�ÁUâ f ¹-º R
d ´ � º´½a¹BãàÁ]å´½�Þn¹-Ý�Á�Âe¹-Â Ô ÄR·B¸W½<ÝiÁf¿\Þn·BÁ]½YÝn¹�ã f ¿\ÝWÁfå´½ ·æ" ³ ©®h£�¨e©F~D¥{©�¢MÊ0; ³ ¬p¨ ³ ¯ ³ ¦p¢{¥MÌW£�¢ ³ Æ´½2³�º´½YÆaÃbâ

fn(x) =
1

nhd

n
∑

i=1

K
(x−Xi

h

)

, x ∈ R
d ,

Q ²�´u± U
Amå'½<¸f½ K : R

d → R
¿\ÝÀ·Üö�½Y¸fº´½YÄqAm¿�Á]å ∫ K = 1 ·�º'Æ h > 0 ¿\Ý�Áfå´½zÃ�·�º´Æ7Am¿\Æ'ÁfåQ ¹-¸[ÝiÞn¹�¹BÁ]å´¿�º´¾ÀÂ�·B¸]·�ÞW½YÁf½<¸ U�Ø Ýi½<½ ¶ ¹-Ýi½<ºbÃ´ÄR·BÁiÁ5:#±�ë=<D¹-¸ ü ·�¸?þ<½Yºá:#±Z�Z<Â´ » å´½^Á]½Y¸fÞW¿\º´¹�Ä�¹-¾Bâ
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í ó�õ�âàó�f+ß�Ýàî.Ý�õyä®Ý7ß³ï�Ý7äæöÔâMH®|ðP-ö�H:â�ò�ó7H�Ý7ö
·æ" ³ ©�®h£�¨e©F~`¥{©�¢MÊ ÞW½8·�º´Ý�Á]å�·QÁ¼Á]å´½OÂ´·�¸]·�ÞW½YÁf½<¸ h ¿�Ý¼å´½YÄ\Æ ß ¹-º'ÝiÁh·BºbÁ`· ß ¸f¹-ÝiÝ x ·�º'ÆþÁ]å´½ Xi

b6ÝQ Ã Ô Á`¿�Á ß ·�º«Æ´½<Âe½Yº´Æn¹-º n U ´+¶ å´¿\Ä�½qÁ]å'½m½YÝiÁ]¿�Þ�·QÁ]½ Q ²�´l± U Âe½Y¸iãy¹-¸iÞnÝ�Aq½YÄ\Ä'ãy¹�¸DÞW¹-Ý�Á`¸i½<¾ Ô ÄR·�¸Æ´½Yº´Ýf¿ÅÁ]¿\½YÝ Ø ¿�Á]Ý ß ·BÂ�·�Ã´¿�Ä\¿ÅÁ]¿Å½<Ý[·�¸f½½öbº´¹YAmº Áf¹JÆ´½ ß ¸f½<·�Ýf½5Amå´½Yº%½YÝiÁ]¿�Þn·BÁ]¿�º´¾ÀÞW¹-¸f½ ß ¹-ÞnÂ'Ä\½2êã Ô º ß Á]¿�¹-º´ÝjÝ Ô ß å ·�ÝjÞ Ô ÄÅÁ]¿�Þ«¹�Æ�·�Ä¼Æ´½Yº´Ýf¿ÅÁ]¿\½YÝ Q ö ·B¿\º ·�º'Æ ö ß ¹�ÁiÁÊ:u± í < U ´Àê�¹�¸f½<¹à÷-½<¸ Ø ·�ÝáÁfå´½Æ´¿�Þn½Yº´Ýf¿�¹-º�·�Ä�¿�Á5ân¿�º ß ¸i½8·�Ýi½<Ý Ø Á]å´½áÝi¹ ¯ ß ·�Ä\Ä�½<Æ ß Ô ¸iÝf½j¹�ã�Æ´¿�Þn½Yº´Ýf¿�¹-º�·�Ä�¿�Á5â�·Wd�½ ß Á]ÝðÁ]å´½�� Ô ·�Ä�¿�ÁUâ¹�ã�Á]å'½`½<Ý�Á]¿�Þ�·BÁf¿\¹�ºJ´�� Ô ½DÁ]¹ðÁfå´½`ÝfÂ´·�¸fÝi½<º´½YÝfÝ�¹�ã+Æ�·BÁ]·ð¿\º[å´¿\¾-å'½<¸�Æ'¿\ÞW½<º´Ýi¿\¹-º'Ý Ø Þ Ô Ä�Á]¿Y÷B·B¸f¿\·QÁ]½º´½Y¿\¾-åbÃe¹-¸få´¹�¹�Æ'Ý`·�¸f½ð¹�ãMÁf½<º«½<ÞWÂ'ÁUâ Ø Â�·�¸iÁf¿ ß Ô ÄR·�¸iÄÅâ�¿�º^Á]å'½ðÁh·B¿\Ä�Ý ¹BãeÁ]å´½ðÆ´½<º´Ýi¿�ÁUâµ´ » å´½Y¸f½pãy¹-¸f½ ØÄR·B¸f¾-½Y¸j·Bº´Æ ÄR·�¸i¾-½<¸[Ã�·�º'Æ1Am¿\Æ'Áfå´Ý�·�¸f½Wº'½ ß ½<ÝfÝ]·B¸iâ ¿�ºÜÁ]å´½«Áh·B¿\Ä�Ý
´ ý ¹ZAq½9÷-½<¸ Ø Á]å´¿�Ý�·�Ä�Ýf¹Jå´·�Ý·�Æ´÷-½Y¸fÝi½J½�d�½ ß ÁW¹�ãk¹à÷-½<¸iÝfÞW¹�¹�Á]å'¿\º´¾ Áfå´½ÀÞ�·�¿�º%ãy½8·BÁ Ô ¸f½YÝ Q Ý Ô ß å ·BÝ«Ã Ô ÞnÂ'ÝW·Bº´ÆôÞn¹�Æ'½<Ý ØÝf½Y½ ö ·�¿\ºà:#± G < U ´ » å´½YÝf½àÆ´¸f·YAmÃ�· ß öbÝ ß ·�º"Ãe½k¹G÷-½Y¸ ß ¹�Þn½ Ø Á]¹cÝi¹-ÞW½k½2ê�Á]½YºbÁ Ø Ãbâ½÷B·�¸�â+¿�º´¾�Áfå´½Ã�·�º'Æ1Am¿\Æ'Áfå«¿�º^¹�¸fÆ´½Y¸ Áf¹[Ãe½YÁiÁ]½<¸ ß ·�Â'Á Ô ¸f½OÁfå´½ðÄ�¹ ß ·BÄ+Ãe½<å�·�÷�¿\¹-¸ ¹Bã�Á]å´½ Ô º´Æ´½Y¸fÄ�â�¿�º´¾[Æ´½Yº´Ýf¿ÅÁ5â�´
é ¹-¸ðÁ]å�·QÁkÂ Ô ¸iÂe¹-Ýf½ Ø ÁpAq¹nÃ´¿\¾«ã{·�ÞW¿�Ä�¿�½YÝm¹�ã îQ£�¬p¥{£�®<¯ ³ Q ®h£�¨e©F~D¥{©�¢yÊ U ; ³ ¬�¨ ³ ¯ ³ ¦p¢{¥MÌW£�¢ ³ ¦ å�·à÷-½Ãe½<½Yº ß ¹-º'Ýf¿\Æ'½<¸f½YÆ�¿\ºÀÁfå´½áÄ\¿ÅÁ]½<¸f·BÁ Ô ¸f½�´
» å´½$÷B·�¸i¿R·BÃ´Ä\½�½<Ý�Á]¿\Þn·BÁf½<Ýà¹Bã`Á]å´½Å³�¸fÝ�Á[ã{·�ÞW¿�ÄÅâJå�·�÷-½«·"Ã�·Bº´Æ1Am¿\Æ+Á]ågAmå´¿ ß åÜ¿�Ý[·BÄ\Ä\¹YAq½YÆaÁ]¹
÷B·�¸�â�Am¿ÅÁ]å�Á]å´½cÄ�¹ ß ·BÁf¿\¹�º x ´ Ç Á]Ý�ÞW½<ÞþÃe½Y¸fÝ�·�¸f½�¹�ãMÁ]½Yº ¸i½Yãy½Y¸f¸f½YÆ Áf¹À·�Ý ®h£�¯M¯\­/­Q¨ ³ ¦p¢�¥MÌW£�¢ ³ ¦·�º´ÆÿÁ]·�ö�½[Á]å´½[ãy¹-¸iÞ

fn(x) =
1

nh(x)

n
∑

i=1

K
(x−Xi

h(x)

)

.

ö+Ô ß å ½<Ý�Á]¿\Þn·BÁf½<Ý[Ä\½8·BÆÜÁf¹JÝ Ô Ã'ÝiÁh·BºbÁ]¿\·�ÄD¾�·B¿\º´Ý[¹à÷-½<¸[Á]å´½�³�ê+½<Æ Ã�·�º´Æ1Am¿�Æ'Á]åÚ¿�ºÚå´¿�¾-å´½Y¸áÆ´¿ ¯ÞW½<º´Ýi¿\¹-º�·BÄmÝiÂ�· ß ½<Ý"·�º´Æ Ø Á]¹ Ýf¹�Þn½J½�ê+Áf½<º�Á Ø ß ¿�¸ ß Ô Þ�÷-½<º�ÁnÁfå´½ ß Ô ¸fÝf½�¹�ãàÆ´¿\ÞW½<º´Ýi¿\¹-º´·�Ä�¿ÅÁUâQ » ½Y¸f¸f½YÄ\Ä�·�º´Æ ö ß ¹�ÁfÁ
:Ã²FX=< U ´» å´½àÝf½ ß ¹-º´ÆÀã{·BÞn¿�ÄÅâ«¹Bã'÷Q·�¸f¿\·�Ã´Ä�½!ö�½<¸iº´½<Äù½<Ý�Á]¿\Þn·BÁf½<Ý;AO·BÝO¹-¸f¿�¾-¿�º�·�ÄÅÄÅâ ß ¹-º´Ýf¿�Æ´½<¸i½<ÆÀÃbâ ä ¸f½Y¿ ¯Þn·�º Ø ê�½Y¿\Ýi½<Ä'·�º´Æ ü`Ô ¸ ß ½YÄ\Ä%: G < Ø Amå´¹àÝ Ô ¾-¾�½<ÝiÁf½<ÆÆ÷Q·�¸iâ�¿\º'¾�Á]å´½qÃ�·�º'Æ1Am¿\Æ'Áfå«·QÁ ½<· ß å^Ýf·�ÞWÂ´Ä\½Âe¹-¿�ºbÁ Ø Ä\½<·�Æ´¿�º´¾þÁ]¹^Á]å´½áÝf¹ ¯ ß ·�Ä\Ä�½<Æ ¦<£�Ì�Íe¯ ³ Í�­Q¥M¨�¢ ³ ¦p¢�¥MÌW£�¢ ³ ¦

fn(x) =
1

n

n
∑

i=1

1

h(Xi)
K
(x−Xi

h(Xi)

)

.
Q ²�´À² U

  º ·�Â´Âe½<·�Ä\¿�º´¾ôÂ´¸f¹�Âe½<¸iÁUâ ¹�ãcÁfå´½%·BÃe¹G÷-½Ú½<ÝiÁf¿\Þn·BÁ]½z¿\ÝÀÁ]å�·BÁ�·|¾-¹�¹�Æ ß å'¹-¿ ß ½Ú¹�ã h(Xi)·�Ä�Ä\¹YAmÝ«Áf¹%¸f½YÆ Ô ß ½aÁ]å'½aÃ´¿\·�Ý�´   Ý�· Þn·BÁfÁf½<¸W¹�ã�ã{· ß Á Ø   Ã´¸]·BÞnÝi¹-º#:#±c<kÝiå´¹ZAmÝnÁ]å´·BÁnÁfå´½Ã´¿\·�Ý ¯ ¸]·BÁf½ Ô Ý Ô ·�Ä\ÄÅâ ¸i½<Ýf½Y¸A÷-½YÆ%ãy¹-¸�³�ê+½YÆÈö�½Y¸fº´½YÄs½YÝiÁf¿\Þn·BÁ]½YÝ Ô Ýi¿\º´¾ÿº´½<¾-·BÁ]¿Y÷-½^ãy¹ Ô ¸�Á]åÚ¹-¸iÆ´½<¸
ö�½<¸iº´½<Ä�Ým¿\Ýð· ß Á Ô ·�Ä\ÄÅâ�· ß å´¿\½9÷B·�Ã´Ä�½[Ãbâ"½<Ý�Á]¿�Þ�·QÁ]½<ÝO¹�ã�Á]å´½àãy¹-¸fÞ Q ²7´�² U ´ é ¹-¸ð· ß ¹�ÞnÂ´Ä�½YÁf½á·Bº´Æß ¹�ÞnÂ´¸i½<å´½Yº´Ýf¿Y÷-½�Æ´½<Ý ß ¸i¿\Â'Áf¿\¹-º ¹�ã?÷Q·�¸f¿\·�Ã´Ä�½¸ö�½Y¸fº´½YÄq½YÝiÁf¿\Þn·BÁ]½YÝc·Bº´Æ Á]å´½Y¿\¸jÂ´¸f¹�Âe½<¸iÁf¿\½YÝ Ø Aq½¸f½pãy½<¸qÁ]å´½à¸f½<·�Æ´½Y¸OÁ]¹ Ó ¹-º´½YÝ�:u±:²Z<%Amå'¹W·�Ä�Ýf¹þÆ´¿�Ý ß Ô ÝfÝf½YÝk·�÷B·�¸i¿R·�Ã´Ä�½kÃ�·�º´Æ1Am¿�Æ'Á]åÀÆ´½YÂe½<º´Æ'¿\º´¾¹-ºJÃe¹BÁ]åÿÁ]å'½áÄ\¹ ß ·QÁ]¿\¹�ºÿ·�º'ÆÿÁ]å´½áÝ]·BÞnÂ´Ä�½[Âe¹-¿�ºbÁfÝ
´
» ¹W½�ê+Â´Ä\¹�¿�ÁOÁfå´½j·BÆ´÷B·�º�Áh·�¾�½<Ým¹Wdù½Y¸f½<ÆÿÃbâ±÷B·�¸i¿R·�Ã'Ä\½uö�½<¸iº´½<Ä�½<Ý�Á]¿�Þ�·BÁf½<Ý Ø ¹-º´½[å�·BÝðÁf¹«Æ´½YÝf¿\¾�º·ÿ¾�¹�¹�ÆÚÆ�·QÁh· ¯ Æ´½<Âe½Yº´Æ´½YºbÁ¸AO·8âz¹�ãqÆ´½pÁ]½Y¸fÞW¿\º´¿�º´¾"Á]å'½WÃ´·�º´Æ1Am¿�Æ'Á]åÜã Ô º ß Á]¿�¹-ºJ´   Ý�·BºÚ¿\Þ ¯Âe¹-¸�Áh·�º�Á Q Ã Ô Ásº´½<¾-·BÁ]¿Y÷-½ U ¸f½YÝ Ô ÄÅÁ`Á]¹ZAq·�¸fÆ'Ý`Á]å´¿�Ý`Æ´¿\¸i½ ß Á]¿\¹�º Ø ��½`÷�¸i¹Pâ-½�·�º´Æ Õ Ô ¾-¹-Ýf¿�:V?W<�Ýfå´¹YAÁ]å´·BÁà¿�Á�¿�Ý�¿\ÞWÂe¹-ÝiÝf¿\Ã'Ä\½áÁ]¹0³´º´ÆÜ·�º ¹-Â'Áf¿\Þn·�Ä�AO·8âa¹�ã`Ýi½<Ä\½ ß Áf¿\º´¾�Áfå´½þÝiÞn¹�¹�Áfå´¿\º'¾nã Ô º ß Á]¿�¹-º

? í



ðJïlð ��ñ�HÔãbò`ó1H:â�á�ôæó�õ:ósò�ÝIH�Ý�õ�ö
Ý7ßàÝ7áFH:â�ãBä

¿ÅãùÁfå´¿\ÝsÄ\·BÁfÁf½<¸`¿\Ý�·BÄ\Ä\¹YAq½YÆWÁf¹�Æ´½<Âe½Yº´ÆÀ¹�ºnÁ]å'½kÄ\¹ ß ·BÁ]¿�¹-º x ¹-º'Ä�â�´`ê�¹-¸i½kÂ´¸f½ ß ¿�Ýf½YÄ�â Ø ß ¹�º´Ýf¿�Æ´½<¸Áfå´½ ß Ä\·�ÝfÝm¹Bã Ô º'¿�÷B·B¸f¿R·QÁ]½u÷B·�¸i¿R·�Ã´Ä�½à½<Ý�Á]¿\Þn·BÁf½<Ý
fn,h(x)(x) =

1

n

n
∑

i=1

1

h(x)
K
(x−Xi

h(x)

)

,

Amå'½<¸f½ÀÁ]å´½ÿÃ´·�º´Æ1Am¿�Æ'Á]å h(x) ¿�Ý«·�Ä\Ä�¹YAq½<Æ Á]¹ÜÃe½J·�º�â�ÞW½8·BÝ Ô ¸f·�Ã´Ä\½�ã Ô º ß Á]¿\¹�º h : R →
(0,∞) ¹Bã x ´ » å´½Yº ·^Æ�·BÁ]· ¯ Ã�·BÝf½<ÆË÷B·�¸f¿\·�Ã´Ä�½�ö�½<¸iº´½<Ä�½<Ý�Á]¿�Þ�·QÁ]½[å�·BÝðÁ]å´½[ãy¹-¸iÞ

fn,H(x)(x) =
1

n

n
∑

i=1

1

H(x)
K
(x−Xi

H(x)

)

,

Amå'½<¸f½À¿�Ác¿\Ý Ô º´Æ´½Y¸fÝiÁf¹�¹�ÆôÁfå�·BÁ H(x) = H(x;X1, . . . , Xn)
´ Ç Æ´½8·BÄ\Ä�â Ø ¹�º´½�A�¹ Ô Ä�Æ�Ä\¿�ö�½Áf¹ ³�º´Æ H(x) Ýf¹zÁ]å´·BÁþÁ]å´½À½�ê+Âe½ ß Áf½<Æ ½<¸i¸f¹-¸ E{

∫

|fn,H(x)(x) − f(x)| Æ x} ¿\Ý ß Ä\¹-Ýi½"Á]¹Áfå´½�¿�Æ´½<·�Äo÷Q·�Ä Ô ½ infh:R→(0,∞) E{
∫

|fn,h(x)(x) − f(x)| Æ x} ãy¹�¸n·�Ä�ÄðÆ´½Yº´Ýf¿ÅÁ]¿�½<Ý
´ 9 º'ãy¹-¸ ¯Á Ô º�·BÁf½<ÄÅâ Ø ��½`÷�¸f¹/â-½Ü·�º´Æ Õ Ô ¾-¹�Ýf¿�:V?W<�Â´¸i¹G÷-½�Á]å�·BÁ�¿�ã K ¿\Ý�·%Ý�â+ÞWÞW½YÁ]¸i¿ ß º'¹-º´º´½Y¾�·BÁ]¿Y÷-½Ý?� Ô ·�¸f½ ¯ ¿�ºbÁ]½Y¾-¸]·BÃ´Ä\½ÁöB½<¸fº'½<Ä�Am¿�Áfå ß ¹-ÞWÂ�· ß ÁmÝ Ô Â´Âe¹-¸�Á Ø Á]å´½Yº
inf

H:Rn+1→(0,∞)
sup
f∈FB

E
{ ∫

|fn,H(x)(x) − f(x)| Æ x}
infh:R→(0,∞) E{

∫

|fn,h(x)(x) − f(x)| Æ x} ≥ Cn
1
10 ,

Amå'½<¸f½ FB
Æ´½<º´¹BÁ]½<ÝðÁ]å´½ ß Ä\·�ÝfÝð¹�ã�º´¹�º´Æ´½ ß ¸f½<·�Ýf¿�º´¾ Ø ß ¹-ºÀ÷-½�ê ¯ Ýfå´·�Âe½<ÆaÆ´½Yº´Ýf¿ÅÁ]¿�½<Ý f ¹-º [0, 1]Am¿ÅÁ]å sup(0,1) f(x) ≤ B ·�º´Æ C ¿\Ýþ· Âe¹-Ýi¿�Á]¿Y÷-½ Ô º´¿Y÷-½<¸iÝ]·�Ä ß ¹�º´ÝiÁ]·�ºbÁ
´ » å´¿�Ýþ¿\º´½�� Ô ·�Ä\¿ÅÁ5âÝiå´¹ZAmÝ[Á]å´·BÁá½9÷-½<º¹Am¿�Á]å Á]å´½Æöbº´¹YAmÄ\½<Æ'¾-½^Áfå�·BÁ f ∈ FB Ø ¹-º´½ ß ·Bº´º´¹�Áá½Bw ß ¿\½YºbÁfÄ�â Æ'½<Ýf¿�¾-º·�÷Q·�¸f¿\·�Ã´Ä\½ÿÃ�·�º´Æ7Am¿\Æ'ÁfåJ´ Ç º÷¹�Áfå´½<¸5Aq¹-¸iÆ´ÝnÁ]å´¿�Ý ß Ä\·�ÝfÝn¹�ã�÷B·B¸f¿R·BÃ´Ä\½ÿÃ�·�º´Æ1Am¿�Æ'Á]åÉö�½<¸iº´½<Ä½YÝiÁf¿\Þn·BÁ]½YÝm¿�ÝOÁ]¹�¹«ÄR·B¸f¾-½�Á]¹«Ãe½á¹-Â'Á]¿�Þn¿uþ<½<Æ�´

» å Ô Ý Ø ¹-º'½àÝfå´¹ Ô Ä\Æ ß ¹-º'ÝiÁ]¸f·�¿\º�Á]å'½ ß Ä\·�ÝfÝq¹�ã�Âe¹�ÝfÝf¿�Ã´Ä\½�Ã´·�º´Æ1Am¿�Æ'Á]å"ã Ô º ß Áf¿\¹-º´Ý�ãy¸i¹-ÞnAmå´¿ ß åÝi½<Ä�½ ß Áf¿\¹-ºÜ¿\Ý[Þn·�Æ´½y´ » å´¿\Ýá¿�Ý[Â´¸f½ ß ¿�Ýf½<ÄÅâ Áfå´½«Â´¸f¹�Ã´Ä\½YÞ Á]å�·BÁ¦Aq½W·�Æ´Æ´¸i½<ÝiÝ�¿�ºzÁ]å´½«Â´¸i½<Ýi½<ºbÁÂ´·�Âe½<¸ Ø Ô Ýf¿�º´¾a·ÿ¾-½<º'½<¸]·BÄ`Þ Ô Ä�Áf¿�÷Q·�¸f¿�·BÁf½^Æ�·BÁ]· ¯ Ã´·�Ýf½YÆ ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄ ÞW½pÁ]å´¹�Æ´¹�Ä\¹-¾�âaÂ´¸f½ ¯Ýi½<º�Á]½<Æ�¿\º ��½9÷�¸f¹/â-½ÿ·�º´Æ Õ Ô ¾-¹�Ýf¿+:#±YX=<Â´ ê�¹-¸f½�Â´¸i½ ß ¿\Ýf½YÄ�â Ø Aq½ÊAm¿�Ä\Ä`Ýiå´¹ZA å´¹YAÏÁf¹ Ýi½<Ä�½ ß ÁÁfå´½kÝfÞW¹�¹�Áfå´¿\º´¾[ã Ô º ß Á]¿\¹�ºDAð¿�Á]å'¿\ºn·�º"·�Â'Â´¸f¹-Â'¸f¿R·QÁ]½ ß Ä\·�ÝfÝsÝf¹�Á]å´·BÁsÁ]å´½k½�ê+Âe½ ß Áf½<Æ L1
½Y¸f¸f¹�¸¹BãsÁfå´½ ß ¹-¸f¸i½<ÝiÂe¹-º´Æ´¿�º´¾ÿÝi½<Ä\½ ß Áf½<ÆÚ½YÝiÁ]¿�Þn·BÁ]½c¿\Ý Ô ÂzÁ]¹ÿ·"¾�¿�÷-½<º ß ¹-º´ÝiÁ]·�ºbÁ[Þ Ô Ä�Á]¿�Â'Ä�½�¹�ã`Á]å´½Ãe½YÝiÁqÂe¹-ÝiÝf¿\Ã'Ä\½S½Y¸f¸f¹�¸sÂ´Ä Ô Ýq·Bº"·BÆ´Æ´¿�Áf¿�÷-½ðÁf½<¸iÞñAmå'¿ ß ånÁ]½Yº´Æ´ÝsÁ]¹}þY½<¸i¹ Ô º´Æ´½Y¸�Þn¿�Ä�ÆW·�ÝfÝ Ô ÞnÂ ¯Áf¿\¹-º'Ý
´ » å´½ðÂ´·�Âe½<¸ ¿�Ý¼¹-¸f¾�·Bº´¿pþY½<Æ^·�Ý�ãy¹-Ä\Ä�¹YAmÝ
´ Ç º ö ½ ß Áf¿\¹-º5² Ø A�½ðÂ´¸i½<Ýf½YºbÁDÁfå´½OÞ Ô Ä�Áf¿Y÷B·�¸i¿\·BÁf½Ýi½<Ä�½ ß Áf¿\¹-º%Â´¸i¹ ß ½YÆ Ô ¸f½y´%¶ ½nÁ]å´½Yº�ÝfÂe½ ß ¿ÅãMâÚÁ]å´½"·�Ä�¾-¹-¸i¿ÅÁ]å´Þ Á]¹�Á]å'½�Ã�·�º´Æ1Am¿�Æ'Á]å%ã Ô º ß Áf¿\¹-ºÝi½<Ä�½ ß Áf¿\¹-º^Â'¸f¹-Ã´Ä�½<Þ ¿\º ö ½ ß Áf¿\¹-º � ´ Ù©ê'·�ÞWÂ´Ä\½YÝ`·B¸f½³Aq¹-¸2öB½<ÆW¹ Ô ÁD¿�º ö ½ ß Á]¿�¹-ºuh[ãy¹-¸¼Æ´¿�d�½<¸i½<º�ÁÞW¹�Æ´½YÄ\Ýð¹Bã�÷B·B¸f¿R·BÃ´Ä\½�ö�½Y¸fº´½YÄ�½<ÝiÁf¿\Þn·BÁ]½YÝ Ø ·�º'Æ ö ½ ß Á]¿\¹�ºà�^¿�ÝðÆ´½`÷-¹BÁ]½<ÆJÁf¹«Áfå´½áÂ´¸f¹�¹�ãyÝ�´

�5£�� � «�¦®¨�� �-¦®­
¬
	���§��
� �*¦��*§�������� ¬�¦®­�¨}¥
9 Ýf¿�º´¾^¿�Æ´½<·�Ýqãy¸i¹-Þ 6 ·BÁf¸]· ß ¹-Ý¦:Ã²µ²Z< Ø �k½`÷�¸f¹/â-½j·�º´Æ Õ Ô ¾�¹-Ýf¿�:u±YX=<ù½2ê+Â´Ä\¹�¸f½[·cº´½�AòÂ´·�¸]·�Æ'¿\¾-Þãy¹�¸�Áfå´½þÆ�·BÁ]· ¯ Ã�·BÝf½<Æz¹-¸à· Ô Á]¹-Þn·BÁ]¿ ß Ýi½<Ä\½ ß Áf¿\¹-º ¹�ã`Áfå´½cãy¸f½<½þÂ�·B¸]·�ÞW½YÁf½<¸fÝ�¹�ãsÆ´½Yº´Ýf¿ÅÁ5âa½YÝiÁf¿ ¯Þn·BÁf½<ÝD¿\º«¾-½Yº´½<¸f·�Ä�Ýf¹áÁ]å´·BÁ`Áfå´½m½2ê+Âe½ ß Á]½<Æ L1

½<¸i¸f¹-¸D¿\Ý0Am¿�Áfå´¿\º«·á¾�¿�÷-½<º ß ¹-º´Ý�Áh·�º�Á�Þ Ô Ä�Á]¿�Â'Ä�½
?�?



í ó�õ�âàó�f+ß�Ýàî.Ý�õyä®Ý7ß³ï�Ý7äæöÔâMH®|ðP-ö�H:â�ò�ó7H�Ý7ö

¹�ã`Áfå´½^Ãe½YÝiÁáÂe¹-ÝfÝi¿\Ã´Ä�½þ½Y¸f¸f¹�¸
´ » ¹ÿÝ Ô ÞWÞ�·�¸i¿pþY½c¿�º Á]å'½^Â´¸i½<Ýf½YºbÁ ß ¹-º�Á]½2ê�Á Ø ·BÝfÝ Ô Þn½`A�½«·�¸f½¾-¿Y÷-½<º�· ß ÄR·�ÝiÝm¹�ã¼Æ'½<º´Ýi¿�ÁUâÿ½YÝiÁf¿\Þn·BÁ]½YÝmÂ�·B¸]·�ÞW½YÁf½<¸f¿lþ<½YÆJÃ�â θ ∈ Θ Ý Ô ß åJÁ]å�·BÁ fn,θ Æ´½Yº´¹�Á]½YÝÁ]å'½jÆ´½<º'Ýf¿�ÁUâÿ½YÝiÁf¿\Þn·BÁ]½qAm¿ÅÁ]åJÂ�·�¸f·�ÞW½YÁ]½Y¸ θ ´qê�¹�¸f½<¹à÷-½<¸ Ø ·BÝfÝ Ô ÞW½áÁfå�·BÁS½<· ß å fn,θ Þn·/â"Ãe½Am¸f¿ÅÁfÁf½<ºJ¿�ºÀÁ]å´½[ãy¹-¸iÞ
fn,θ(x) =

1

n

n
∑

i=1

Kθ(x,Xi) ,

Amå´½Y¸f½ Kθ : R
d ×R

d → R
¿�Ýð·þÞW½8·�Ý Ô ¸]·BÃ´Ä\½kã Ô º ß Á]¿\¹�ºÀÝ Ô ß åÿÁfå�·BÁ

E{|Kθ(x,X)|} <∞ãy¹-¸�½8· ß å x ´ ö+Ô ß åÚ½YÝiÁf¿\Þn·BÁ]½YÝ[·B¸f½ ß ·BÄ\Ä�½<Æz·�Æ'Æ´¿�Áf¿�÷-½þ·Bº´ÆÜ¸i½<¾ Ô ÄR·�¸ Q ��½9÷+¸i¹Pâ-½W·Bº´Æ Õ Ô ¾-¹-Ýf¿:#±YXW< Ø Û å�·�Â'Áf½<¸ ±YX U ´ Ù©ê´·BÞnÂ'Ä\½<Ýs¹�ã�·�Æ´Æ´¿ÅÁ]¿�÷�½k·�º'Æ�¸f½<¾ Ô ÄR·B¸s½YÝiÁ]¿�Þ�·QÁ]½<Ýs¿�º ß Ä Ô Æ´½mÁfå´½!ö�½<¸iº´½<Ä Øå´¿�ÝiÁ]¹�¾-¸]·�Þ Ø Ýf½Y¸f¿�½<Ý«·Bº´ÆòAO·à÷-½YÄ\½pÁ«½YÝiÁ]¿�Þn·BÁ]½YÝ
´ � ¹ZA Ø Ä\½YÁ m < n Ãe½ÿ·Bº�¿\º�Á]½<¾�½<¸
Amå´¿ ß åÝfÂ'Ä\¿�ÁfÝOÁ]å'½jÆ´·BÁh· X1, . . . , Xn
¿\º�Á]¹

• ·^Ýf½pÁ X1, . . . , Xn−m
Ô Ýi½<ÆJãy¹-¸OÁ]å'½ ß ¹-º´Ý�Á]¸ Ô ß Á]¿�¹-ºJ¹�ã�Á]å´½áÆ'½<º´Ýi¿�ÁUâÀ½<ÝiÁf¿\Þn·BÁ]½YÝcE

• ·$÷B·�Ä�¿\Æ�·QÁ]¿�¹�ºÀÝf½pÁ Xn−m+1, . . . , Xn
´

Ç ºbÁf¸f¹�Æ Ô ß ½áÁfå´½ ß ÄR·BÝfÝm¹�ã�¸]·�º'Æ´¹-Þ Ýf½pÁ]Ý
AΘ =

{

{

x : fn−m,θ(x) > fn−m,θ′(x)
}

: (θ, θ′) ∈ Θ2
}

Q AΘ
¿�ÝðÁfå´½áÝf¹ ¯ ß ·BÄ\Ä\½YÆSR £�¢{¬f£�§h­/¦þ§p¯Å£Q¦h¦ ·�ÝfÝi¹ ß ¿\·BÁ]½YÆTAm¿�Á]å Θ U ·Bº´ÆJÆ´½2³�º´½

∆θ = sup
A∈AΘ

∣

∣

∣

∣

∫

A

fn−m,θ − µm(A)

∣

∣

∣

∣

,

Amå´½Y¸f½ µm(A) = (1/m)
∑n

i=n−m+1 1[Xi∈A]
¿\Ý Á]å´½S½YÞnÂ'¿\¸f¿ ß ·BÄ'Þn½<·�Ý Ô ¸i½k·�ÝiÝf¹ ß ¿R·BÁf½<Æ5Am¿ÅÁ]åÁ]å'½«Ý Ô Ã´Ý]·BÞnÂ´Ä�½ Xn−m+1, . . . , Xn

´ » å´½<ºÜÁ]å´½ Ì^¥M¨�¥MÌ^Î�Ìõ©�¥\¦p¢¤£�¨ù§ ³�³ ¦p¢{¥MÌW£�¢ ³ fn ¿\ÝàÆ´½ ¯³�º´½YÆa·�ÝS·�º�âÀÆ´½Yº´Ýf¿ÅÁ5âÀ½YÝiÁf¿\Þn·BÁ]½àÝf½<Ä�½ ß Á]½<Æa·BÞn¹-º'¾^Áfå´¹-Ýf½ fn−m,θ Am¿�Áfå
∆θ < inf

θ∗∈Θ
∆θ∗ +

1

n
.

� ¹BÁ]½`Á]å´·BÁ�Áfå´½ 1/n Á]½Y¸fÞ�¿�Ý�·BÆ´Æ´½<ÆjÁ]¹S½<º´Ý Ô ¸f½sÁ]å´½s½�ê'¿�ÝiÁ]½Yº ß ½q¹�ã'Ý Ô ß åþ·SÆ´½Yº´Ýf¿ÅÁ5âá½YÝiÁ]¿�Þ�·QÁ]½�´  ß<ß ¹�¸fÆ´¿�º´¾cÁf¹^��½9÷�¸f¹Pâ-½[·�º´Æ Õ Ô ¾-¹-Ýi¿�:#±YXW< Ø Û å�·�Â'Áf½<¸�±YX Ø Amå'½<º´½9÷-½<¸ fn−m,θ ¿�Ý�¿\ºbÁf½<¾-¸f·�Ã´Ä�½Q ·Bº´Æáº´¹�Á�º´½ ß ½<ÝiÝ]·�¸f¿�Ä�âàº'¹-º´º´½Y¾�·BÁ]¿Y÷-½ U�Ø Áfå´½DÝf½YÄ\½ ß Á]½YÆ fn Ýf·BÁ]¿�Ý?³�½YÝ�Áfå´½ ãy¹-Ä\Ä�¹YAm¿�º´¾O¿�º´½
� Ô ·BÄ\¿�ÁUâ Ø÷B·�Ä�¿\Æ"ãy¹-¸m·BÄ\Ä n ·�º´Æ m ≤ n/2 [

E

{∫

|fn − f |
}

≤ 5

(

1 +
2m

n−m
+ 8

√

m

n

)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+ 8E

{

√

log 2SAΘ
(m)

m

}

+
5

nQ ²�´ � U
±YX�X



ðJï�� ÞJÝ7ßàÝ�áFH�â�ä®è!ó¹ó�ó�õ�âàó�f+ß�Ý�ô�Ý�õyä®Ý7ß9Ý7ö�H:â�ò�ó1HÔÝ
Q ãy¹-¸`Áfå´½kÝ]·�ö�½�¹Bã ß ÄR·�¸i¿�ÁUâ Ø A�½�Æ´¸i¹-ÂnÁfå´½�õ8Æ x ö º´¹�Áh·QÁ]¿�¹-ºCAmå´½<º"º´¹ ß ¹-º'ã Ô Ýf¿\¹�º�¿\ÝsÂe¹�ÝfÝf¿�Ã´Ä\½ U ´ý ½<¸i½ Ø SAΘ

(m) ¿�Ý�Á]å´½^] £pÍe¨�¥p;�1 $ Ê ³ ¬pî�­Q¨ ³ ¨�;Q¥\¦j¦hÊ'£�¢{¢ ³ ¬n§h­ ³M_ §p¥ ³ ¨�¢ ¹BãsÁfå´½ ß Ä\·�ÝfÝà¹�ã�Ýi½YÁ]Ý
AΘ

Q ñ ·�Â´º´¿�ö"·�º´Æ Û å´½Y¸A÷-¹-º'½<ºwöb¿\Ý
:À²�±�< UpØ Æ´½�³�º'½<ÆaÃ�â
SAΘ

(m) = max
x1,..., xm∈Rd

Û ·�¸iÆ {{x1, . . . , xm} ∩ A : A ∈ AΘ

}

.

» å'¿\Ý�¾-½Yº´½<¸f·�Ä�Þn½pÁ]å´¹�Æ'¹-Ä\¹�¾�â[Â´¸i¹G÷�¿\Æ'½<Ý Ô Ý�Am¿ÅÁ]åc·�ºþ· Ô Áf¹-Þn·BÁ]¿ ß Â´¸i¹ ß ½YÆ Ô ¸f½�Áf¹ ß ¹�º´ÝiÁf¸ Ô ß ÁD·Æ'½<º´Ýi¿�ÁUâj½YÝiÁf¿\Þn·BÁ]½ fn Amå´¹�Ýf½ L1
½<¸f¸i¹-¸�¿�Ý Q ·�Ä\ÞW¹-Ý�Á U ·BÝ�ÝiÞ�·BÄ\Ä�·�Ý�Áfå�·BÁ�¹Bã'Á]å´½sÃe½YÝiÁ¼½<Ý�Á]¿�Þ�·BÁf½·BÞn¹-º'¾SÁ]å´½ fn,θ Ø θ ∈ Θ ´æ¶ ½q½<ÞWÂ´å�·�Ýi¿pþY½�Áfå�·BÁ¼¿�º´½
� Ô ·BÄ\¿�ÁUâ Q ²7´ � U ¿\Ý�º´¹-º�·�Ý�â�ÞnÂ'Áf¹�Á]¿ ß Ø Á]å´·BÁ¿�Ý Ø Á]å´½qÃe¹ Ô º´Æ^¿\ÝC÷B·�Ä�¿\Æ�ãy¹-¸¼·�Ä\Ä n ´ » å´½O¸f½<Ý�ÁD¹�ã�Á]å´½O·�º�·�ÄÅâ�Ýf¿\Ý ß ¹-º'Ýf¿\Ý�Á]Ý ¿\ºc¹-Ã'Á]·�¿\º'¿\º´¾ Ô Â´Âe½Y¸Ãe¹ Ô º´Æ´Ýmãy¹�¸OÁ]å´½Á÷B·BÄ Ô ½[¹�ã

SAΘ
(m) ´

�5£�� ª5���B� ¬�¦®­
¥«÷ � ø¦�-§©­��¸ùT���ûú
�*§'¥«�����x�J¦®­�� ��¦��
Ç º�Á]å´¿�ÝkÝf½ ß Á]¿�¹-º Ø Aq½
Am¿�Ä\Ä�Ãe½ ß ¹-º ß ½<¸iº´½<ÆgAm¿�Áfå�Á]å´½cÝi½<Ä�½ ß Áf¿\¹-ºa¹Bãs·nÃ�·Bº´Æ1Am¿�Æ'Á]åaã Ô º ß Áf¿\¹-º¿�ºÜÁ]å'½½÷B·�¸i¿R·�Ã´Ä�½Æö�½<¸iº´½<Ä`½<ÝiÁf¿\Þn·BÁ]½ Ø Ô Ýf¿�º´¾ÿÁ]å´½W¾-½Yº´½Y¸]·�Ä ß ¹-ÞþÃ´¿\º´·BÁ]¹-¸i¿\·�Ä�Á]¹�¹-Ä�ÝáÂ´¸i½<Ýi½<ºbÁf½<Æ·BÃe¹G÷-½y´ ê�¹-¸i½<¹à÷-½<¸ Ø Á]¹|¿�ÞnÂ´¸i¹G÷-½zÂe½Y¸iãy¹-¸iÞ�·�º ß ½Ü¹à÷-½<¸J¹�¸fÆ´¿�º�·�¸iâûö�½Y¸fº´½YÄj½YÝiÁf¿\Þn·BÁ]½YÝÀãy¹-¸Æ'½<º´Ýi¿�Á]¿�½<ÝDAm¿�ÁfåÉ÷B·B¸iâ�¿\º´¾ Ãe½Yå�·�÷+¿�¹-¸�¿�º÷Æ´¿Ìdù½Y¸f½YºbÁ"¸i½<¾-¿�¹-º´Ý�¹Bã[Á]å´½aÝfÂ�· ß ½ Ø A�½ Ýfå�·�Ä�Ä Ô Ýf½Æ'¿�d�½<¸f½YºbÁàÂ�·B¸]·�ÞW½YÁf½<¸i¿pþ<½YÆ ÝiÞn¹�¹�Áfå´¿\º'¾nã Ô º ß Á]¿�¹-º´Ý�¿�º Æ´¿Ìdù½Y¸f½YºbÁà¸f½Y¾-¿�¹-º´Ý�¹Bã

R
d ´ é ¹-¸SÁ]å�·QÁÂ Ô ¸fÂe¹-Ýi½ Ø Ä�½YÁ P1

Q ¬ ³ ¦UÍ�� P2 U Ãe½ÿ· ß Ä\·�ÝfÝ^¹�ãSÂ�·�¸iÁf¿�Áf¿\¹�º´Ýc¹�ã R
d Ý Ô ß åôÁ]å�·QÁ«½8· ß å P1 =

{B1
1 , . . . , B

1
r1
} ∈ P1

Q ¬ ³ ¦UÍ��
P2 = {B2

1 , . . . , B
2
r2
} ∈ P2 U å´·�Ýc·QÁ�ÞW¹-Ý�Á r1 Q ¬ ³ ¦UÍ�� r2 Uß ½<Ä�Ä\Ý
´¼�k½<º´¹�Áf½OÃbâ J Áfå´½OÝi½YÁ {1, . . . , r1}×{1, . . . , r2} ·�º´ÆþÃbâ λ = (λj1j2 : (j1, j2) ∈ J)·^¾-½<º'½<¸f¿ ß ÷-½ ß Áf¹-¸S¹�ã

R
r1r2p ´

» ¹ ¾-¹%Ý�Á]¸]·B¿\¾-å�ÁnÁf¹%Áfå´½aÂe¹-¿\º�Á Ø Aq½�Am¿\Ä�ÄS·�ÝfÝ Ô Þn½�Áfå�·BÁnÁ]å´½¿÷Q·�¸f¿\·�Ã´Ä\½JÃ´·�º´Æ1Am¿�Æ'Á]å÷¿�Ý�·Â´·�¸]·�ÞW½YÁf½<¸i¿pþ<½YÆÿÞn½<·�Ý Ô ¸]·�Ã´Ä�½àã Ô º ß Á]¿�¹-º h : R
d × R

d × R
r1r2p → (0,∞) ¹�ã�Áfå´½[ãy¹-¸fÞ

h(x,Xi, θ) =
∑

(j1,j2)∈J

φ(x,Xi, λj1j2)1B1
j1
×B2

j2
(x,Xi) ,

Amå'½<¸f½^Áfå´½^Â�·�¸]·BÞn½pÁ]½<¸ θ = (P1, P2, λ) ·�º'Æ Ø ãy¹-¸�³�ê+½<Æ x ·�º´Æ Xi Ø ½8· ß åÚÞn·�Â λj1j2 7→
φ(x,Xi, λj1j2)

¿\ÝO·cÂe¹-Ä�â�º´¹-ÞW¿\·�Ä�ã Ô º ß Á]¿\¹�ºÀ¹à÷-½<¸
R
p
Q Áfå´½àÞn¹�º´¹-ÞW¿\·�ÄÅÝq·�¸f½ ß ¹-ÞþÃ´¿�º�·BÁf¿\¹�º´Ý¹Bã Á]å´½ ß ¹-ÞnÂe¹�º´½<º�Á]Ý λj1j2 U ¹�ãDÆ'½<¾-¸i½<½cº´¹�ÞW¹-¸i½áÁ]å�·�º ` ´ » ¹"½<· ß å Â�·�¸�Á]¿�Áf¿\¹�º (P1, P2) ∈

P1 ×P2
·�º´Æ"Â�·�¸f·�Þn½pÁ]½Y¸p÷-½ ß Áf¹-¸ λ = (λj1j2 : (j1, j2) ∈ J) A�½àÞ�·8âWº´¹ZAó·�ÝfÝi¹ ß ¿R·QÁ]½kÁ]å'½ß ¹-¸f¸i½<ÝiÂe¹-º´Æ´¿�º´¾�÷B·�¸i¿R·�Ã´Ä�½þÃ�·�º'Æ1Am¿\Æ'ÁfåÚ½<ÝiÁf¿\Þn·BÁf½ fn,θ(x) Æ´½2³�º´½YÆºAm¿�Áfå θ = (P1, P2, λ) ´Ç ºJ¹�Áfå´½<¸�Aq¹-¸fÆ'Ý Ø ãy¹-¸ x ∈ R

d Ø
fn,θ(x) =

1

n

n
∑

i=1

∑

(j1,j2)∈J

1[φ(x,Xi,λj1j2
)>0]

φ(x,Xi, λj1j2)
K
( x−Xi

φ(x,Xi, λj1j2)

)

1B1
j1
×B2

j2
(x,Xi) ,

Q ²7´@h U
Am¿ÅÁ]å^Á]å´½ Ô Ý Ô ·BÄ ß ¹-ºÀ÷-½YºbÁ]¿�¹-º 0×∞ = 0 ´ � Ã'Ýf½<¸6÷-½SÁ]å´·BÁ fn,θ ¿\ÝDº´¹�Ás·áÃe¹-º�·-³�Æ'½SÆ´½Yº´Ýf¿ÅÁ5âÝi¿\º ß ½�¿ÅÁ Ô Ý Ô ·�Ä\ÄÅâ"ã{·�¿�Ä�ÝðÁf¹n¿�ºbÁ]½Y¾-¸]·QÁ]½[Á]¹W¹-º´½�´ � ¹�Áf½�·�Ä\Ýi¹«Á]å�·BÁxAq½�¸i½
� Ô ¿\¸i½áÁ]å´½áã Ô º ß Áf¿\¹�º´Ý

±YX�±
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φ Á]¹nÃe½�Âe¹-Ä�â�º´¹�Þn¿\·�Ä)¿�ºJÁ]å´½Y¿\¸SÂ´·�¸]·�ÞW½YÁf½<¸iÝ λj1j2 ­Q¨�¯°± ´ » å´¿�Ý�·�Ä�Ä\¹YAmÝ Ô ÝSÁ]¹nÆ´½8·BÄ�Am¿�Á]åa·ÄR·B¸f¾-½ ß å´¹-¿ ß ½á¹�ã�Ã�·�º´Æ7Am¿\Æ'ÁfåJÞn¹�Æ´½YÄ\Ý Ø Ýf½Y½áÁ]å´½á½�ê'·�ÞnÂ'Ä\½<Ýð¿\º ö ½ ß Áf¿\¹-ºç²�´@h�´
� ¹YA Ø Aq½ ß ·�º Ô Ýf½«Á]å´½ ß ¹�Þ^Ã'¿\º�·BÁf¹-¸f¿�·�Ä¼ÞW½pÁ]å´¹�ÆÚÆ´½YÝ ß ¸f¿�Ã�½YÆ%¿�º ö ½ ß Á]¿\¹�º�²�´�²�Á]¹JÝi½<Ä\½ ß Á θãy¸f¹�Þ Á]å´½áÝf½pÁ

Θ =
{

(P1, P2, λ) : P1 ∈ P1, P2 ∈ P2, λ ∈ R
r1r2p

}

,

·�º´ÆvAq½WÄ\½YÁ fn Ãe½WÁfå´½n¸i½<Ý Ô Ä�Áf¿\º´¾JÞW¿\º'¿\Þ Ô Þ Æ´¿\Ý�Áh·�º ß ½W½<ÝiÁf¿\Þn·BÁf½�´ » ¹a·�Â´Â'Ä�â Q ²�´ � U�Ø Aq½ÞW½<¸f½YÄ�âzº´½<½YÆ Áf¹a¹-Ã+Áh·�¿�º Ô Â´Âe½Y¸cÃe¹ Ô º´Æ´Ý�ãy¹-¸áÁ]å'½ m Á]å%Ýiå�·BÁiÁ]½<¸ ß ¹�½�w ß ¿�½<º�Á SAΘ
(m) ¹BãÁ]å'½ 6 ·BÁ]¸]· ß ¹-Ý ß Ä\·�ÝfÝS·BÝfÝf¹ ß ¿R·BÁf½<ÆTAm¿ÅÁ]å Θ ´ü¶ ¿ÅÁ]åJ·«ÝiÄ\¿�¾-åbÁm·BÃ Ô Ýf½á¹�ã¼º'¹�Áh·BÁf¿\¹-º�Aq½áÆ´½Yº´¹�Á]½Ãbâ

SP(j) Áfå´½ j Á]åÿÝiå�·BÁfÁf½<¸ ß ¹�½�w ß ¿\½YºbÁS¹�ã�Áfå´½ ß ÄR·BÝfÝð¹�ã�Ýi½YÁ]Ý B1 ×B2 Ø Amå´½<¸i½ B1
Q ¬ ³ ¦UÍ��

B2 U ¿�Ýà·�ºbâ ß ½<Ä�Ä�¹�ã�·BºbâaÂ´·�¸iÁ]¿ÅÁ]¿�¹-º�¿\º P1

Q ¬ ³ ¦UÍ�� P2) Ø ·�º´Æ Ø ãy¹-¸�Ýf¿�ÞnÂ'Ä\¿ ß ¿ÅÁUâ Ø A�½«·�ÝiÝ Ô ÞW½Á]å´·BÁ K(x) = c1[||x||≤1] Ø Amå´½Y¸f½ c ¿\Ým·�º�·BÂ´Â´¸f¹�Â´¸f¿\·BÁ]½àº´¹-¸iÞ�·�Ä�¿lþY¿�º´¾cã{· ß Áf¹-¸
´
��õ�ã�ôüãBöÔâMH�âàãBä ðJï��Jï�î Ë É AΘ

¥\¦j¢MÊ ³ R £�¢�¬i£�§h­/¦^§p¯Å£Q¦h¦�© ³ ·`¨ ³ ©�®<±
Θ =

{

(P1, P2, λ) : P1 ∈ P1, P2 ∈ P2, λ ∈ R
r1r2p

}

,

¢MÊ ³ ¨
SAΘ

(m) ≤21+(2+4p)r1r2 `4r1r2p
[

(m(n−m) + 1)(2(n−m) − 1)(m+ 1
)]2r1r2p

× SP

(

m(n−m)
)2r1r2 .

� ¹BÁ]½�Áfå�·BÁqÁ]å´½[·�Ãe¹à÷-½ Ô Â´Âe½<¸OÃ�¹ Ô º´ÆÀ¿\Ýqº´¹-ºÀ¸f·�º´Æ´¹�Þç´ » å'½[Â´¸f¹�¹Bã�¹Bã ü ¸f¹-Âe¹�Ýf¿�Áf¿\¹-º�²�´ � ´u±¸f½YÄ\¿�½<Ý�¹-º�·aÄ�½<ÞWÞ�·ÿ¹�ã ä ·�¸iÁfÄ\½YÁiÁ Ø êa·B¿\¹-¸i¹G÷ Ø ·�º´Æôê�½Y¿\¸�: � <�´ » å´¿\ÝcÄ\½YÞnÞn·ÿÃe¹ Ô º´Æ´ÝcÁfå´½º Ô Þ^Ãe½Y¸D¹Bã�Æ'¿\ÝiÁf¿\º ß ÁDÝi¿\¾-º$÷�½ ß Áf¹-¸fÝ Á]å�·BÁ ß ·�º«Ãe½ð¾-½Yº´½<¸f·BÁ]½YÆ Ô Ýi¿\º´¾[Âe¹-ÄÅâ�º´¹-ÞW¿R·BÄbã Ô º ß Á]¿\¹�º´Ý
´ý ¹YAq½9÷-½<¸ Ø A�½�½<ÞWÂ´å�·�Ýi¿pþ<½áÁfå�·BÁk¹�Áfå´½<¸mÁUâ�Âe½<Ý�¹Bã¼ã Ô º ß Áf¿\¹-º´·�Ä�Æ´½<Âe½Yº´Æ´½Yº ß ¿\½YÝ[·�¸i½áãy½8·�Ýi¿\Ã´Ä�½�´
é ¹-¸W½�ê'·�ÞWÂ´Ä\½ Ø » å´½Y¹-¸i½<Þ í ´l±ih Ø Â´·�¾-½!±:²Wh ¿�º   º�Á]å´¹�ºbâ ·�º´Æ ä ·�¸iÁfÄ\½YÁiÁ�:À²Z<kÂ'¸f¹G÷�¿�Æ´½<Ý�·Âe¹-¸�Á]Þn·�ºbÁf½8· Ô ¸f½YÝ Ô ÄÅÁáãy¹�¸[ÞW¹-¸f½þ¾-½Yº´½<¸f·�Ä ã Ô º ß Áf¿\¹-º ß ÄR·BÝfÝf½YÝá¿\º Á]½<¸iÞnÝ[¹�ãsÁfå´½«º Ô ÞþÃe½<¸[¹�ã·�¸i¿�Á]å'Þn½pÁ]¿ ß ¹�Âe½<¸]·QÁ]¿\¹�º´Ý�¸f½�� Ô ¿\¸f½YÆcãy¹-¸ ß ¹�ÞnÂ Ô Á]¿\º'¾kÁfå´½�ã Ô º ß Á]¿\¹�º´Ý
´ Û ¹-ÞþÃ´¿\º'¿\º´¾mÁ]å´½q¸i½<Ý Ô Ä�Á¹�ã ü ¸f¹�Âe¹-Ýf¿ÅÁ]¿\¹�º%²�´ � ´u±¸Am¿�Áfå Q ²7´ � U Ä\½<·�Æ´ÝmÁf¹WÁ]å´½áãy¹-Ä\Ä�¹YAm¿�º´¾«Âe½<¸�ãy¹-¸fÞn·�º ß ½jÃe¹ Ô º´ÆJãy¹-¸mÁfå´½ÞW¿\º´¿�Þ Ô Þ Æ´¿\Ý�Áh·�º ß ½á½<Ý�Á]¿\Þn·BÁf½<Ý fn ´
y�z Ý�ã�õ�Ý7ò ðJï���ï�î ²�³ ¢ AΘ

® ³ ¢yÊ ³ R £�¢{¬f£�§h­/¦þ§p¯Å£Q¦h¦�© ³ ·`¨ ³ ©"®<±
Θ =

{

(P1, P2, λ) : P1 ∈ P1, P2 ∈ P2, λ ∈ R
r1r2p

}

.

� ¦h¦pÎ+Ì ³ ¢MÊ'£�¢eÉ8­Q¬ ³ î ³ ¬p±
(a, λ) ∈ R

d × R
p

∫

1

φ(x, a, λ)
K
( x− a

φ(x, a, λ)

) Æ x <∞ .

±YXn²



ðJï�� ÞJÝ7ßàÝ�áFH�â�ä®è!ó¹ó�ó�õ�âàó�f+ß�Ý�ô�Ý�õyä®Ý7ß9Ý7ö�H:â�ò�ó1HÔÝ
Ñ Ê ³ ¨'ú´É8­Q¬

m ≤ n/2
ú'~ ³ Ê'£�î ³

E

{∫

|fn − f |
}

≤ 5

(

1 +
2m

n−m
+ 8

√

m

n

)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+ 8

[

(

1 + (2 + 4p)r1r2
)

log 2 + 4r1r2p log `+ 2r1r2 log SP

(

m(n−m)
)

m

+
2r1r2p log

[

(m(n−m) + 1)(2(n−m) − 1)(m+ 1)
]

m

]1/2

+
5

n
.

» å'½<¹-¸i½<Þ ²�´ � ´l±á¾-½<º'½<¸]·BÄ\¿pþY½<ÝðÁf¹WÞn¹�¸f½ ß ¹-ÞWÂ´Ä�½2êÀÃ�·�º´Æ7Am¿\Æ'Áfå´Ýk·«¸f½YÝ Ô ÄÅÁS¹�ã ��½9÷+¸i¹Pâ-½ ØùÕ Ô ¯¾�¹-Ýf¿ Ø ·Bº´Æ 9 Æ´¿\º´·
:u±�±c< Ø Amå´¹�Â�·�¸�Á]¿ÅÁ]¿\¹�º[Á]å´½�Ýf·�ÞWÂ´Ä\½s·�º'Æ Ô Ýi½O·SÆ´¿Ìdù½Y¸f½<º�Áæ³�ê+½<ÆþÃ�·Bº´Æ1Am¿�Æ'Á]å¿�º ½8· ß å ß ½<Ä�Äs¹�ãqÁ]å´½nÂ�·B¸iÁ]¿ÅÁ]¿�¹-ºJ´ » å´½ ß ¹-ÞnÂ'Ä\½2ê+¿ÅÁ5âz¹�ãqÁ]å´½ ß Ä\·�ÝfÝj¹�ãðÂe¹-ÝiÝf¿�Ã´Ä\½WÂ�·�¸�Á]¿ÅÁ]¿\¹�º´Ý·BÞn¹-º'¾«Amå´¿ ß åvA�½WÝf½YÄ\½ ß Á�·�Â´Âe½<·�¸fÝá¿\ºzÁfå´½«Ãe¹ Ô º´Æ'Ý
´ Õ ·�¸i¾-½<¸àã{·�ÞW¿\ÄÅ¿�½YÝà¹�ãqÂ�·B¸iÁ]¿ÅÁ]¿�¹-º´Ýà¹Bã ¯ãy½Y¸jÃe½pÁfÁ]½Y¸�ü�½2ê+¿�Ã´¿\Ä�¿ÅÁ5â Ø Ã Ô Á�¿ÅÁá¿\ÝáÞW¹-¸f½^Æ´¿�w ß Ô Ä�Á[Á]¹JÝi½<Ä\½ ß ÁjÁfå´½WÃe½<Ý�Áþ·�ÞW¹-º´¾ÀÁfå´½<Þ.´ » ¹Þn·�ö�½�Áfå´½[·�Ãe¹G÷-½�Á]å´½Y¹-¸f½YÞ Ô Ýi½Yã Ô Ä Ø Áfå´½ ß ÄR·BÝfÝf½YÝð¹�ã�Â�·B¸iÁ]¿ÅÁ]¿�¹-º´Ý Pk (k = 1, 2) å�·à÷-½àÁf¹^Ãe½¸i½<Ý�Á]¸f¿ ß Áf½<ÆJ¿\ºÿÝ Ô ß åa·`AO·/â"Áfå�·BÁ
log SP

(

m(n−m)
)

m
→ 0 ·�Ý n→ ∞ .

¶ ½ ß ·�Ä\Ä�Á]å�·QÁ
SP(m) ≤ SP1(m)SP2(m) Ø Amå´½Y¸f½ SPk

(m) ÝiÁ]·�º´Æ´Ý[ãy¹-¸àÁ]å'½ m ÁfåÚÝfå�·QÁfÁ]½Y¸ß ¹�½�w ß ¿�½<º�Áþ¹�ãqÁ]å´½ ß Ä\·�ÝiÝ�¹�ãðÝi½YÁ]Ý
Amå´¿ ß å ·�¸i½ ß ½YÄ\Ä�Ýj¹�ãm·�º�âÚÂ�·B¸iÁ]¿ÅÁ]¿�¹-ºÚ¿�º Pk (k = 1, 2) ´  Ý"· Ýf¿�ÞnÂ´Ä�½JÃ Ô Á"¿�ÞnÂe¹�¸iÁh·BºbÁW½2ê'·�ÞWÂ´Ä�½ Ø ß ¹�º´Ýf¿�Æ´½<¸ d = 1 Ø ·�º´Æ÷Ä�½YÁ Pk Ãe½�Á]å´½ ß ÄR·BÝfÝß ¹-ºbÁ]·�¿�º´¿\º´¾j·�Ä�Ä´Â�·�¸iÁf¿�Áf¿\¹�º´ÝD¹�ãùÁ]å'½k¸i½8·�Ä�Ä\¿\º'½m¿�ºbÁf¹�·BÁsÞn¹�ÝiÁ rk ¿\ºbÁf½<¸6÷B·�Ä�Ý
´ » å´½Yº SPk
(m) ¿�Ý° Ô ÝiÁSÁ]å´½ m Áfå�Ýfå�·BÁiÁ]½Y¸ ß ¹�½�w ß ¿�½<º�Á�¹�ã¼Áfå´½ ß ÄR·�ÝiÝS¹�ãD·�Ä�Ä�¿�ºbÁf½<¸A÷Q·�Ä\Ý Ø Amå'¿ ß åa½�� Ô ·�Ä\Ý m(m +

1)/2 + 1 ´zê�¹-¸i½"¾�½<º´½Y¸]·�Ä�Ä�â Ø ¿�ã Pk Ý�Áh·�º´Æ'Ýcãy¹-¸jÁ]å´½ ß Ä\·�ÝfÝc¹�ãmÂ´·�¸iÁf¿�Á]¿�¹�º´Ý�¹Bã R
d ¿\º�Á]¹ ·BÁÞW¹-Ý�Á rk ¸f½ ß Áh·Bº´¾-Ä\½YÝ Ø Á]å'½<º Á]å´½cÝfå�·QÁfÁ]½Y¸ ß ¹�½Bw ß ¿\½YºbÁ SPk

(m) ¿\Ý!öbº´¹ZAmº Á]¹"Ãe½þÃe¹ Ô º´Æ´½YÆÃ�â (m + 1)2d ´ � ã ß ¹ Ô ¸fÝi½ Ø ¹�Á]å´½Y¸cÞ Ô Ä�Á]¿Y÷Q·�¸f¿�·BÁf½W½2ê'·�ÞWÂ´Ä\½YÝ Ø Ý Ô ß åô·�Ý�Á]¸f½Y½"¹-¸ ñ ¹-¸f¹�º´¹-¿Â´·�¸iÁf¿�Á]¿�¹-º'Ý Ø ·B¸f½�ãy½8·�Ýi¿\Ã´Ä�½ Q Ýf½<½^��½`÷�¸i¹Pâ-½ Ø Ö â-×-¸?³ Ø ·�º´Æ Õ Ô ¾�¹-Ýf¿³: í < Ø Û å�·�Â+Á]½<¸	± � U ´ Ç ºÜ·�Ä\ÄÁfå´¹-Ýi½jÝiÁ]·�º´Æ�·B¸fÆJ½2ê'·�ÞWÂ´Ä�½<Ý Ø
log SPk

(

m(n−m)
)

=
�

(log n) .

» å'½<¸f½pãy¹-¸f½ Ø ö�½<½YÂ´¿�º´¾ rk Ø p ·�º´Æ ` ³�ê+½YÆ Ø ·�º´Æ ß ¹�º´Ýf¿�Æ´½<¸i¿\º´¾�ãy¹-¸À½2ê'·�ÞWÂ´Ä\½ Á]å'½ ß å´¹-¿ ß ½
m = n/ log n Ø Aq½á¹-Ã'Á]·�¿\º

E

{∫

|fn − f |
}

≤ 5

(

1 +
� ( 1√

log n

)

)

inf
θ∈Θ

E

{∫

|fn,θ − f |
}

+
� ( log n√

n

)

.

ö ¿\º ß ½W¿�ºÚÞW¹-Ý�Á ß ·�Ýf½YÝ�¹�ãq¿�ºbÁf½<¸f½YÝiÁ Ø Á]å´½«¹-Â'Áf¿\Þn·�Ä L1
½<¸i¸f¹-¸[Áf½<º´Æ'ÝjÁf¹.þ<½Y¸f¹�Þ Ô ß åÚÝfÄ�¹ZAq½Y¸Áfå�·�º 1/

√
n Ø Áfå´¿\Ý`¿�º´½
� Ô ·BÄ\¿ÅÁ5âcÞn½<·�º´Ý`Áfå�·BÁ Ø ·�Ýiâ�ÞWÂ'Á]¹�Áf¿ ß ·�Ä\Ä�â Ø Áfå´½S½Y¸f¸f¹-¸`¹�ã�Á]å'½SÞn¿�º´¿�Þ Ô ÞÆ'¿\ÝiÁ]·�º ß ½z½YÝiÁf¿\Þn·BÁ]½aÝ�Áh·8â�Ý«Am¿ÅÁ]å´¿�º�· ß ¹-º´Ý�Áh·�º�ÁÀã{· ß Á]¹-¸�Þ Ô ÄÅÁ]¿�Â´Ä�½J¹�ãáÁfå´½zÃe½YÝiÁÿÂe¹-ÝiÝf¿�Ã´Ä\½

±YX �
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½<¸i¸f¹-¸�´ � ¹BÁ]½a·�Ä\Ýi¹ Áfå�·BÁ rk Ø p ·�º´Æ ` ·�¸f½a·BÄ\Ä\¹YAq½YÆ|Á]¹ Áf½<º´Æ Á]¹ ¿\º�³�º'¿�ÁUâ�Am¿�Áfå n Ø Ã Ô ÁÝfå'¹ Ô Ä\ÆÀº´¹�Áð¿�º ß ¸i½8·�Ýi½[Ýf¹^ã{·BÝiÁOÁ]å�·QÁðÁfå´½[Ýi½ ß ¹-º´ÆÿÁ]½Y¸fÞ ¿\º"Áfå´½ Ô Â'Âe½<¸ðÃe¹ Ô º´Æÿ¿�º » å´½<¹�¸f½<Þ
²�´ � ´u±�Ý�Áh·�¸�Á]ÝkÆ'¹-ÞW¿\º�·BÁf¿�º´¾�´
¶%½�Am¿\Ä�Ä)º´¹�ÁkÃe½ ß ¹-º ß ½<¸iº´½<ÆàAm¿ÅÁ]åJÁfå´½�· ß Á Ô ·�Ä�Æ´½pÁh·B¿\Ä\Ýð¹�ã¼Áfå´½ÞW¿\º´¿�Þ«¿lþ8·QÁ]¿�¹�º ·�Ä\¾�¹-¸f¿ÅÁfå´Þ.´�¶ ½^¸i½8·�Ä�¿pþY½cå´¹ZA�½`÷-½Y¸[Á]å�·BÁàÞn¹-¸i½�A�¹-¸2ö�¿\Ýàº'½<½YÆ´½<ÆÜÁ]¹ÀÞn·�ö�½Á]å'½jÂ'¸f½<Ýi½<º�Á�ÞW½YÁfå´¹�Æ ß ¹-ÞWÂ Ô Á]·BÁ]¿�¹-º�·�Ä�Ä�âWãy½8·�Ýi¿\Ã´Ä�½�´
� ã ß ¹ Ô ¸iÝf½ Ø Þn¹-Ý�Áeö�½Y¸fº´½YÄ�ã Ô º ß Á]¿�¹-º´Ý Ô Ýf½YÆÀ¿\ºnÂ´¸]· ß Áf¿ ß ½�·�¸i½kº´¹�Áqº�·�¿Y÷-½!ö�½<¸iº´½<Ä�Ý
´ ý ¹ZA�½`÷-½Y¸ ØÞW¹-ÝiÁEö�½Y¸fº´½YÄ\Ý ß ·�ºJÃe½¦Aq½<Ä�Ä�·�Â'Â´¸f¹Ôê+¿\Þn·BÁ]½YÆÿÃ�â ¶ ¿�½<Þn·�º´ºËö�½<¸iº´½<Ä�ÝS¹�ã�Á]å´½[ãy¹-¸iÞ

K(x) =
k
∑

i=1

αi1Ai
(x) ,

k < ∞ ·�º´Æ α1, . . . , αk ∈ R
´ » å Ô Ý Ø ·BÁmÁ]å´½�Â'¸f¿ ß ½j¹�ã ÝfÄ�¿\¾�åbÁ]ÄÅâÊA�¹-¸fÝf½ ß ¹-º´ÝiÁ]·�º�Á]Ýk¿\ºÿÁ]å´½Ãe¹ Ô º'Æ´Ý Ø Á]å'½W¸f½YÝ Ô ÄÅÁ]ÝjÂ'¸f½<Ýi½<º�Á]½<Æ%¿\ºÜÁfå´½WÂ´¸i½<Ýi½<ºbÁ�Â�·�Âe½<¸ ß ·�º Ãe½W½<·�Ýf¿�Ä�âz·�Æ´·�Â'Á]½YÆÚÁ]¹�·�Ä�Ä¿\ÞWÂe¹-¸�Áh·�º�Áuö�½<¸iº´½<Ä�Ý
´ é ¹�¸[· ß ¹�ÞnÂ´Ä�½YÁf½þÂ´¸i½<Ýi½<ºbÁ]·BÁ]¿�¹-º Ø Aq½^¸f½pãy½<¸àÁfå´½^¸i½8·�Æ´½Y¸àÁ]¹ÿ��½9÷�¸f¹Pâ-½·�º´Æ Õ Ô ¾�¹-Ýf¿�:#±YX=< Ø Û å�·�Â+Á]½<¸�±µ±µ´

¶ ½ ß Ä\¹-Ýi½WÁ]å´¿�Ý�Ýf½ ß Áf¿\¹-º%ÃbâÚ½2ê+å´¿�Ã´¿�Áf¿\º´¾�· ß ¹-Ä\Ä�½ ß Á]¿�¹-ºÚ¹�ãðÆ´½Yº´Ýf¿ÅÁ]¿�½<Ýjãy¹-¸�Amå´¿ ß å Á]å´½n½<¸i¸f¹-¸ß ¹�ÞnÞW¿�Áf½<Æ�Ã�â�Áfå´½þÝi½<Ä�½ ß Á]½<ÆÌ÷B·B¸f¿R·BÃ´Ä\½]ö�½<¸iº´½<Ä¼Æ´½Yº´Ýf¿ÅÁ5â�½YÝiÁ]¿�Þ�·QÁ]½�¿\ÝkÄ�½<ÝfÝkÁ]å´·�ºaÁ]å´½ Ô Ý Ô ·�Ä
ö�½<¸iº´½<Ä¼¸f·BÁ]½ � (n−2/5) ´ ¶ ½cÝiÁ]·�¸iÁ!Am¿�Áfåz·n¸f½<Ý Ô Ä�Á�¹�ã`��½`÷�¸f¹/â-½«·�º´Æ Õ Ô ¾-¹-Ýf¿;:@?=< Q Õ ½YÞnÞn·± U ´ » å'½<Ýf½�· Ô Á]å'¹-¸fÝ Ô Ýf½j¿�Æ´½8·�Ýð¹�ã ö ·�¿�ºJ·�º´Æ ö ß ¹�ÁfÁ
:#±Y?=<�Áf¹WÂ'¸f¹G÷-½[Á]å´·BÁ

sup
f∈FB

E

{∫

|fn,h(x) − f |
}

≤
√

4B

n
,

Amå´½Y¸f½ FB
¿�ÝjÁ]å'½ ß Ä\·�ÝfÝ�¹�ãðº'¹-º Æ´½ ß ¸i½8·�Ýi¿\º´¾ Ø ß ¹�ºÀ÷-½2ê ¯ Ýfå�·�Âe½YÆôÆ´½<º'Ýf¿�Áf¿\½YÝc¹�º [0, 1] Am¿�Á]å

sup[0,1] f(x) ≤ B Ø ·�º´Æ fn,h(x) ¿�Ý Á]å´½?÷B·�¸i¿R·�Ã´Ä�½?ö�½<¸iº´½<Ä�Æ´½<º´Ýi¿�ÁUâ^½<Ý�Á]¿\Þn·BÁf½ ß ¹-¸f¸i½<ÝfÂe¹�º´Æ´¿�º´¾Á]¹^Á]å´½Á÷Q·�¸f¿\·�Ã´Ä�½àÃ�·�º´Æ1Am¿�Æ'Á]å
h(x) = sup

{

z > 0 : f ∗Kz(x) = f(x)
}

.
Q ²�´½� U

ý ½Y¸f½
K = 1[− 1

2
, 1
2
]
·Bº´Æ Kz(x) =

1

z
K
(x

z

)

.

Õ ½YÁ Ô Ý�Â�·�¸�Á]¿ ß Ô Ä\·�¸f¿lþY½ÿãy¹-¸fÞ Ô Ä\· Q ²�´½� U Á]¹ Á]å´½�Á]¹/â ¯ ß Ä\·�ÝfÝn¹�ã[Ä\¿\º'½8·�¸WÆ'½<º´Ýi¿�Á]¿�½<Ý�¹�º [0, 1] ØÆ´½2³�º´½<Æ�Ãbâ
F =

{

f(x) = ax+ 1 − a

2
: 0 ≤ a ≤ 2

}

.

¶ ¹-¸2öb¿�º´¾c¹ Ô Áq½�ê'Â'¸f½<ÝiÝf¿\¹-º Q ²�´½� U�Ø ¹�º´½�¹-Ã+Áh·�¿�º´ÝsÁfå�·BÁ h(x) ã{·�Ä\Ä�Ýs¿�ºbÁf¹�Áfå´½�¾-½Yº´½Y¸]·�Ä ß ÄR·BÝfÝq¹BãÃ�·�º'Æ1Am¿\Æ'Áfåÿã Ô º ß Á]¿\¹�º´Ým¹�ã�Á]å'½áãy¹�¸fÞ
h(x, θ) =

3
∑

j=1

φ(x, λj)1Bj
(x) ,

±YXFh



ðJï¨§ P+��ósò`ô©ßàÝ�ö

Amå'½<¸f½ Ø ãy¹-¸ j = 1, 2, 3 ·�º'Æ λj = (λ1
j , λ

2
j , λ

3
j) ∈ R

3 Ø
φ(x, λj) =

1

λ1
jx+ 1 − λ1

j/2
+ λ2

jx+ λ3
j ,

·Bº´Æ P = {B1, B2, B3} Ãe½YÄ\¹-º'¾-ÝkÁ]¹ P Ø Á]å'½ ß ÄR·�ÝiÝà¹Bã`Â�·�¸�Á]¿�Áf¿\¹�º´ÝS¹�ã [0, 1] ¿�ºbÁf¹"·BÁàÞW¹-Ý�ÁÁfå´¸f½Y½j¿�ºbÁf½<¸A÷Q·�Ä\Ä�Ý
´
9 Ýf¿�º´¾^Áfå´½áº´¹BÁh·BÁf¿\¹-º λ =

(

λkj : 1 ≤ j, k ≤ 3
) ãy¹-¸ð·^¾-½<º'½<¸f¿ ß ÷-½ ß Á]¹-¸m¹Bã

R
6 Ø Aq½ ß ·�ºÿ¸ Ô ºÁfå´½ ß ¹�Þ^Ã'¿\º�·BÁf¹-¸f¿�·�Ä�Þn½pÁ]å´¹�ÆÀÁ]¹«Ýf½YÄ\½ ß Á θ ãy¸f¹�Þ Á]å´½áÝf½pÁ

Θ =
{

(P, λ) : P ∈ P , λ ∈ R
6
}

.

� ¹�Á]½nÁfå�·BÁ�Á]å´½ ß Ä\·�ÝfÝc¹�ã ß ¹-º´Ýi¿\Æ´½Y¸f½YÆôÃ´·�º´Æ1Am¿�Æ'Á]å%ã Ô º ß Á]¿�¹-º´Ýc¿�Ýcº'¹�ÁþÂe¹-ÄÅâ+º'¹-ÞW¿R·BÄ`¿�º ¿ÅÁ]ÝÂ´·�¸]·�ÞW½YÁf½<¸iÝ
´ � ½`÷-½Y¸iÁ]å'½<Ä�½<ÝfÝþ¹ Ô ¸�¸i½<Ý Ô Ä�ÁfÝþ·�¸i½nÝiÁ]¿�Ä\ÄP÷B·BÄ\¿\ÆÚ¿\ºÚÁ]å´¿�Ý�½�ê�Á]½<º'Æ´½<Æ ãy¸]·�ÞW½�A�¹-¸2öQ Ýf½Y½0° Ô Ý�ÁÿÃe½pãy¹-¸f½ » å´½Y¹-¸f½YÞ ²7´ � ´u± U ´ ¶ ¿ÅÁ]å Á]å´½ ß å'¹-¿ ß ½ m = n/ log n Ø Á]å´½ Ýf½YÄ\½ ß Á]½YÆÞW¿\º'¿�Þ Ô Þ Æ´¿�ÝiÁh·Bº ß ½á½YÝiÁ]¿�Þ�·QÁ]½ fn Áfå´½<ºJÝ]·BÁf¿\Ý�³�½<ÝðÁ]å´½á¿�º´½
� Ô ·�Ä�¿�ÁUâ
sup
f∈F

E

{∫

|fn − f |
}

=
� ( log n√

n

)

,

·^Þ Ô ß åÿã{·�ÝiÁf½<¸m¸f·BÁ]½àÁ]å�·BºÿÁ]å´½ Ô Ý Ô ·�Ä�¸]·BÁf½ � (n−2/5) ´

�5£p© �K���
� 	T�����
P!��ósò�ô+ß�Ý î ä ¿R· Ô ·Bº´Æ%��½`÷�¸f¹/â-½g:VhW<sÝiÁ Ô Æ'âÜÁ]å'½ L1

Þn¿�º´¿�Þn·:êz¸f¿�Ý2ö ¹G÷-½Y¸jÁ]å'½nÞ Ô Ä�Áf¿ ¯÷Q·�¸f¿\·BÁ]½ ß ÄR·�ÝiÝ�¹�ãDÃe¹ Ô º´Æ´½YÆzÃ´Ä\¹ ß öÿÆ´½ ß ¸f½8·BÝf¿\º'¾ÀÆ´½Yº´Ýf¿ÅÁ]¿�½<Ý
´�Ù'ê�Á]½Yº´Æ´¿�º´¾"ãy¹�¸fÞW½<¸k¸i½<Ý Ô Ä�ÁfÝà¹Bãä ¿\¸f¾Fe¹:½�Z< Ø :ìëW< Ø Áfå´½<Ýi½a· Ô Á]å´¹�¸fÝ«Ýfå´¹YA^³´¸fÝiÁ«Á]å�·BÁW·ÜÝ Ô ¿ÅÁh·�Ã'Ä\½©÷B·B¸f¿\·�Ã´Ä\½©ö�½<¸iº´½<Äm½<Ý�Á]¿�Þ�·BÁf½
Am¿ÅÁ]åJÄ\¿�º´½8·B¸?÷B·B¸iâ�¿\º´¾WÃ�·Bº´Æ1Am¿\Æ+Á]åa· ß å´¿�½`÷-½YÝSÁ]å´½j¹�Â'Á]¿�Þ�·�ÄùÞW¿\º'¿�Þn·�ê"¸f·BÁ]½y´ ö ½ ß ¹-º´Æ Ø Áfå´½Yâ½�ê+å´¿\Ã´¿ÅÁqÃbâWÁfå´½�Â´¸f½YÝf½<º�Á ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄ�ÞW½YÁfå´¹�ÆÀ·�Æ�·BÁ]· ¯ Æ´½YÂe½<º´Æ'½<ºbÁðÃ´·�º´Æ1Am¿�Æ'Á]å"¹�ã)Á]å´½ãy¹�¸fÞ

h(x) =

q
∑

i=0

aix
i ,

·Bº´ÆÿÂ´¸i¹G÷-½àÁfå�·BÁOÁ]å'½ ß ¹�¸f¸f½YÝfÂe¹-º´Æ'¿\º´¾$÷B·�¸i¿R·�Ã´Ä�½uö�½Y¸fº´½YÄ�½<Ý�Á]¿�Þ�·BÁf½ Ô º´¿�ãy¹�¸fÞWÄÅân·�Æ�·BÂ'Á]Ýð¹à÷-½<¸Áfå´½ ß Ä\·�ÝfÝq¹�ã�Ãe¹ Ô º´Æ´½YÆÿÃ´Ä\¹ ß öWÆ´½ ß ¸f½<·�Ýf¿�º´¾^Æ´½<º´Ýi¿�Áf¿\½<Ý�´ Û Ä\½<·�¸fÄÅâ Ø Áfå´¿\ÝqÞW¹�Æ´½<Äeã{·BÄ\Ä�Ý�¿\º�Á]¹�Á]å´½¾�½<º´½Y¸]·�Ä�Æ´½2³�º´¿ÅÁ]¿�¹-º Q ²�´@h U [�° Ô Ý�Á ß å´¹�¹�Ýf½ P = R
d ·�º'Æ λ = (a0, . . . , aq) ∈ R

q+1 ´
P!��ósò�ô+ß�Ý ð �k½<º´¹�Áf½ÿÃbâ Vd Áfå´½©÷-¹-Ä Ô ÞW½"¹BãSÁ]å´½ Ô º'¿�Á^ÝfÂ'å´½<¸i½J¿�º R

d ·Bº´ÆôÄ\½pÁ k Ã�½·JÂe¹-Ýf¿ÅÁ]¿Y÷-½W¸f½8·BÄsº Ô Þ^Ãe½Y¸
´ » ½<¸i¸f½YÄ\Ä�·�º'Æ ö ß ¹�ÁiÁ�:À²WXW<sÝfå´¹YA�Á]å�·BÁjÁ]å'½nãy¹-Ä�Ä�¹ZAm¿�º'¾�÷B·B¸f¿R·BÃ´Ä\½Ã´·�º´Æ1Am¿�Æ'Á]å
h(x, k) =

( k

nVdf(x)

)1/d Q ²�´Ãë U
±YXI�
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¿\Ýc·�Ý�â+ÞWÂ'Áf¹�Á]¿ ß ·�Ä�ÄÅâÜ½�� Ô ¿�÷Q·�Ä\½YºbÁcÁf¹aÁ]å'½ k ¯ º´½8·B¸f½<Ý�Á^º'½<¿�¾-å�Ãe¹-¸�Ã�·�º'Æ1Am¿\Æ+Á]å Â´¸f½YÝf½<º�Á]½YÆ|Ã�âÕ ¹�ãMÁ]Ýi¾�·-·�¸iÆ´½<ºó·Bº´Æþý Ô ½<Ýf½Yº�Ãe½Y¸f¸iâ�:#± � < Q öbº´¹ZAmº Áf¹ôÂe½<¸�ãy¹-¸fÞ A�½<Ä\Äà·�ÝÀÆ´¿\ÞW½<º´Ýi¿\¹-º´·�Ä�¿ÅÁUâ¿\º ß ¸f½<·�Ýf½YÝ U ´ » å´½«Â´¸i¹-Ã´Ä�½<Þ ¿\Ý�Á]å´½^Ýf½YÄ\½ ß Á]¿�¹-ºÜ¹�ã k ´ ö ¿\º ß ½ f ¿\Ý Ô ºwöbº´¹YAmº Ø ¿�Áàå�·�Ý[Áf¹ÿÃe½¸f½YÂ´ÄR· ß ½<ÆôÃ�âô· Â´¿\Ä�¹�Áþ½YÝiÁ]¿�Þ�·QÁ]½ ß ¹-ÞWÂ Ô Á]½YÆôãy¸i¹-Þ ·�ºô¿\º'Æ´½<Âe½Yº´Æ´½<º�ÁWÝ]·�ÞWÂ´Ä\½y´ � º'½ ß ·�ºß å´¹�¹-Ýf½ Ø ãy¹-¸á½2ê'·�ÞWÂ´Ä�½ Ø ·�³�ê+½<ÆÈö�½Y¸fº´½YÄs½<Ý�Á]¿\Þn·BÁf½ f̂ Æ´½YÝf¿\¾�º´½<ÆvAm¿�Áfå%· Ö · Ô ÝfÝi¿R·�º�ö�½Y¸fº´½YÄ·�º´Æ · Q ³�ê+½<Æ U Ã´·�º´Æ1Am¿�Æ'Á]å Ýf½YÄ\½ ß Á]½YÆ Ãbâ|·ÚÆ�·QÁh· ¯ Æ´¸f¿Y÷-½<º|Þn½pÁ]å´¹�Æ Q ü ·�¸Aöô·�º´Æ÷êa·�¸i¸f¹-º:#±ihF< U ´ » å'½a¸i½<Ý Ô Ä�Áf¿\º´¾Ú½<Ý�Á]¿�Þ�·BÁf½ÿ¿\Ý«¹�ã�Á]å´½J¾-½<º'½<¸]·BÄmãy¹-¸iÞ Q ²�´Vh U [5° Ô Ý�ÁnÁ]·�ö�½ P = R
d Ø

λ = k1/d ·�º'Æ
φ(x, λ) =

λ
(

nVdf̂(x)
)1/d

.

P+��ó�ò�ô©ßàÝ �   Ã'¸]·�ÞWÝf¹-ºá:#±c<sÝ Ô ¾�¾-½<Ý�Á]Ý Ô Ýi¿\º´¾a·�÷B·�¸i¿R·�Ã'Ä\½«Ã�·Bº´Æ1Am¿\Æ+Á]å%¿�ºÀ÷-½Y¸fÝf½YÄ�âÜÂ´¸f¹ ¯Âe¹-¸�Á]¿\¹�º�·�Ä�Á]¹^Á]å´½áÝ?� Ô ·�¸f½j¸i¹�¹�Ám¹�ã�Áfå´½áÆ´½<º'Ýf¿�ÁUâÿ·BÁ Xi Ø ¥�� ³ � Ø h(Xi) = αf(Xi)
−1/2 ´ » å´¿�Ý·�Æ�·BÂ'Á]¿Y÷-½ ß å´¹�¿ ß ½ÿÂe½<¸�ãy¹-¸fÞWÝuAq½YÄ\ÄOãy¹-¸«ÝiÞ�·BÄ\ÄOÝf·�ÞWÂ´Ä\½ÀÝf¿lþ<½�·Bº´Æ ¸f½YÆ Ô ß ½<ÝWÁ]å´½JÂe¹-¿�ºbÁpAm¿\Ýi½Ã´¿\·�Ý
´*¶ ½�Þ�·8âÿÝ�Á]¿\Ä�Ä�¸i½<Â´Ä\· ß ½ f Ã�â�·nÂ´¿�Ä\¹�Ám½YÝiÁ]¿�Þ�·QÁ]½ ß ¹-ÞWÂ Ô Á]½YÆ�ãy¸f¹-Þ ·Bºa¿\º'Æ´½<Âe½Yº´Æ´½<º�ÁÝ]·BÞnÂ´Ä�½�¹�ã�Ýf¿lþ<½ q ´ é ¹�¸OÝf¿�ÞWÂ´Ä\¿ ß ¿ÅÁUâ Ø ·�ÝfÝ Ô ÞW½àÁ]å�·QÁ f ¿\Ýð·þÆ'½<º´Ýi¿�ÁUâ"¹-º [0, 1] ·�º'Æ Ø ¿�ºÀÂ´Ä\· ß ½¹�ã f Ø Â´Ä Ô ¾�Á]å´½þå´¿�ÝiÁ]¹�¾-¸]·BÞ ½YÝiÁ]¿�Þn·BÁ]½ f̂ ·�º ß å´¹�¸f½<ÆÜ·BÁ 0

Ô Ýi¿\º´¾À·BÁàÞW¹-ÝiÁ r ß ½<Ä\Ä�Ý�Æ´½2³�º´½<ÆÃbâ"Áfå´½áÃ´¿\º«Am¿�Æ'Á]åË÷-½ ß Á]¹-¸ h̃ = (h̃1, . . . , h̃r) Ø ¥�� ³ � Ø
f̂(x) =

r
∑

j=1

µ̃q(Bj)

h̃j
1Bj

(x) ,

Amå´½Y¸f½ Bj = (
∑j−1

k=1 h̃k,
∑j

k=1 h̃k]
ãy¹-¸ j = 1, . . . , r Ø ·�º´Æ µ̃q Æ'½<º´¹�Áf½<ÝþÁfå´½"½<ÞWÂ´¿�¸f¿ ß ·�ÄÞW½8·�Ý Ô ¸f½ ß ¹-ÞWÂ Ô Áf½<Æ�ãy¸i¹-Þ Áfå´½�¿\º'Æ´½<Âe½Yº´Æ´½<º�ÁàÝ]·BÞnÂ´Ä�½�´ ý ½<¸i½ Ø Aq½¸Am¿\Ýiå�Á]¹nÝf½YÄ\½ ß Á α ·Bº´Æ

h̃ Am¿�Áfå|Á]å´½ ß ¹-ÞþÃ´¿�º�·BÁ]¹�¸f¿\·BÄOÞn½pÁ]å´¹�Æ�´ Ç º Áfå´¿\Ý ß ¹-º�Á]½2ê�Á Ø Á]å´½�½YÝiÁf¿\Þn·BÁ]½ÿÝ Ô ¾-¾-½<Ý�Á]½YÆ�Ã�â  Ã'¸]·�ÞWÝf¹-ºv:#±c<�¸i½8·�Æ'Ý
fn,θ(x) =

n
∑

i=1

r
∑

j=1

√

µ̃q(Bj)

α
√

h̃j

K

(

√

µ̃q(Bj)(x−Xi)

α
√

h̃j

)

1Bj
(Xi) ,

Q ²�´ G U

Amå´½Y¸f½ θ = (α, λ1, . . . , λr) Ø ·Bº´Æ λj =
√

h̃j
´ � ¹�Á]½jÁ]å´·BÁkÁ]å'½�÷-½ ß Á]¹�¸ h̃ ½<º�Á]¿�¸f½<ÄÅâÿÆ´½pÁ]½<¸ ¯ÞW¿\º´½YÝmÁ]å'½�Â�·�¸�Á]¿�Áf¿\¹�º (B1, . . . , Br)

´mÙ`· ß å ½YÝiÁf¿\Þn·BÁ]½ Q ²�´ G U ¿\Ýk·WÞW½<ÞþÃe½<¸m¹�ã¼Á]å´½jã{·BÞn¿�ÄÅâQ ²7´@h U ´
P+��ó�ò�ô©ßàÝ § Ó ¹-º´½YÝq:u±:²Z<�Â´¸i¹-Âe¹-Ýf½YÝqÁf¹cÞn¹�Æ'¿�ãMâ   Ã'¸]·�ÞWÝf¹-º%b1Ý�½<Ý�Á]¿\Þn·BÁf½SÃbâ ß ¹-º´Ýi¿\Æ´½Y¸f¿�º´¾
α ·�ÝD·kã Ô º ß Á]¿\¹�º^¹Bã�Áfå´½O½<Ý�Á]¿\Þn·BÁf¿\¹�ºcÂe¹-¿�ºbÁÔ´ Ò ½Y½<Â´¿�º´¾�Á]å´½OÝ]·BÞn½qº´¹�Á]·BÁ]¿�¹-ºþ·�Ý ¿�º^Ù©ê´·BÞnÂ´Ä�½� Ø Am¿�Á]å α = α(x, µ) Âe¹�Ä�â�º´¹-ÞW¿R·BÄ´¿�º µ Ø Á]å'½ ß ¹-¸f¸i½<ÝfÂe¹�º´Æ´¿\º'¾c½YÝiÁ]¿�Þ�·QÁ]½<Ý`Þ�·8â^Ãe½aAm¸f¿ÅÁfÁf½<º·�Ý

fn,θ(x) =
n
∑

i=1

r
∑

j=1

√

µ̃q(Bj)

α(x, µ)
√

h̃j

K

(

√

µ̃q(Bj)(x−Xi)

α(x, µ)
√

h̃j

)

1Bj
(Xi) ,

±YXµë



ðJï�¼ �}õ:ãJã>� ö

Am¿ÅÁ]å θ = (µ, λ1, . . . , λr)
´ » å'½W½YÝiÁf¿\Þn·BÁ]½þ¹Bã Ó ¹-º´½YÝáÝiÁ]¿�Ä\Ä�ã{·�Ä�Ä\Ý�¿�ºzÁfå´½^¾-½<º'½<¸]·BÄ ß ÄR·�ÝiÝ[¹�ã

÷Q·�¸f¿\·�Ã´Ä�½àÃ�·�º´Æ1Am¿�Æ'Á]åJÞW¹�Æ´½YÄ\Ý Q ²�´Vh U ´
�5£�Ä Å §+¨4¨¸ÆF�
» å'½�Â'¸f¹�¹�ã�¹Bã ü ¸f¹-Âe¹-Ýi¿�Á]¿�¹-º ²�´ � ´l±«Am¿\Ä\ÄqÝ�Á]¸f¹-º'¾-Ä�â ¸i½<Ä�â ¹-ºôÁ]å'½ÿãy¹-Ä�Ä\¹YAm¿�º´¾ Ä\½<ÞWÞn·�´�¶%½Þn·�ö�½ Ô Ýf½á¹�ã�Áfå´½[ã Ô º ß Á]¿\¹�ºJÝi¾-º (.) Æ'½�³�º´½YÆaÃ�â

Ýf¾-º (x) =

{

1 ¿Åã x ≥ 0
0 ¿Åã x < 0 .

� Ý7ò�ò�ó ðJï�¼�ï�îòÿ��������	��
��
���	�����������
���	��������
����	
	�! #"$"$%�& ¡�ÎPÍ�Í�­/¦ ³ ¢MÊ'£�¢ f1(.),
. . . , fm(.)

£�¬ ³ ·æ" ³ ©�Í�­Q¯°±Q¨ù­QÌ^¥{£�¯3¦[­5Éà© ³ È�¬ ³h³ £�¢ Ì�­/¦p¢
`
¥M¨
p
îQ£�¬�¥{£�®<¯ ³ ¦
� Ñ Ê ³ ¨ÿ¢MÊ ³ ¨�Î+Ì�1® ³ ¬c­5É�©�¥\¦p¢{¥M¨ù§p¢D¦p¥ÅÈ�¨ î ³ §p¢5­Q¬]¦

( Ýi¾-º (f1(a)
)

, . . . , Ýf¾�º (fm(a)
)

)

¢MÊ'£�¢m§f£�¨Ü® ³ È ³ ¨ ³ ¬i£-¢ ³ ©"®<±WîQ£�¬�±B¥M¨�È
a ∈ R

p ¥\¦c£�¢sÌ�­/¦p¢
2(2`)p(m+ 1)p .

��õ:ãJã>��ã>�}��õ�ã�ôüãBöÔâMH�âàãBä ðJï��Jï�î ¶ ½«¿�ºbÁ]¸i¹�Æ Ô ß ½^Áfå´½«º´¹�Á]·BÁ]¿�¹-º x1, . . . , xn−m
ãy¹�¸àÁ]å´½Ýf·�ÞWÂ´Ä\½àãy¸f¹�Þ

R
d(n−m) Ô Ýf½<Æa¿�ºÿÁfå´½jÆ´½2³�º´¿�Áf¿\¹-ºÿ¹�ã fn−m,θ ´ Ç ÁS¿\ÝmÆ'½YÁ]½Y¸fÞW¿\º'¿\ÝiÁf¿ ß ·�º´ÆÿÁ]å´½Ãe¹ Ô º´Æ´ÝmÃe½YÄ\¹ZA Am¿�Ä\Ä�å´¹-Ä�Æ Ô º´¿�ãy¹�¸fÞWÄÅân¹à÷-½<¸m·�Ä\Ä�Ý Ô ß åJÝ]·�ÞWÂ´Ä�½<Ý
´ » ¹ ß ¹-ÞnÂ Ô Á]½àÁfå´½áÝiå�·BÁiÁ]½<¸ß ¹�½�w ß ¿�½<º�Á Ø Aq½CAm¿\Ä�Ä Ô Ýi½ y1, . . . , ym

·BÝáÁ]å´½WÝf·�ÞWÂ´Ä\½þãy¸f¹-Þ
R
dm Á]¹JÃe½W½<ÞWÂ´Ä\¹/â-½<Æ�´4¶%½Ý�Áh·�¸�Áj·�Ýá¿�º Õ ½<ÞWÞn· ±:²�´ � Ø Â�·B¾-½�±�² � ¹�ãq��½9÷�¸f¹/â-½�·�º'Æ Õ Ô ¾-¹-Ýi¿x:#±YX=<�´ é ¹-¸à½8· ß å θ ∈ Θ Øß ¹-º´Ýi¿\Æ´½Y¸ðÁ]å´½ m× (n−m) × r1 × r2

·�¸f¸f·/â zθ Am¿�Áfå ß Ô ¸f¸i½<º�Ák½<Ä�½<ÞW½<º�Á
z

(t,i,j1,j2)
θ = 1[φ(yt,xi,λj1j2

)>0]1S

(

yt − xi
φ(yt, xi, λj1j2)

)

1B1
j1
×B2

j2
(yt, xi) ,

t ≤ m, i ≤ n−m, j1 ≤ r1, j2 ≤ r2 Ø ·�º´Æ S = {x : ||x|| ≤ 1} ´�¶ ½�Ýiå�·�Ä�Ä�³´¸fÝiÁkÃe¹ Ô º'ÆÁfå´½�º Ô ÞþÃe½<¸k¹BãDÆ´¿Ìd�½<¸f½YºbÁ7÷B·�Ä Ô ½<ÝmÁ]å´½c·B¸f¸]·8â zθ ß ·Bº�Áh·�ö�½c·�Ý θ ¸f·�º´¾-½YÝSÁ]å´¸i¹ Ô ¾-å Θ ´ é ¿#êÁf½<ÞWÂe¹-¸]·B¸f¿\Ä�â j1 = J1
·Bº´Æ j2 = J2 Ø ·�º´Æ ß ¹-º'Ýf¿\Æ'½<¸`Á]å´½SÝ Ô Ã´Þ�·QÁ]¸f¿#ê u(J1,J2)

θ
Am¿ÅÁ]å ß Ô ¸f¸i½<º�Á

½YÄ\½YÞn½YºbÁ z(t,i,J1,J2)
θ

´ ö ¿\º ß ½kÁfå´½<¸i½[·B¸f½ m(n−m) Æ'¿�d�½<¸f½YºbÁqÂ�·�¿�¸fÝ (yt, xi) Ø Á]å´½�Ã´¿ÅÁp÷-½ ß Áf¹-¸
(1B1

J1
×B2

J2
(yt, xi) : t ≤ m, i ≤ n−m)

ß ·�ºWÁh·�ö�½k·QÁ�ÞW¹-ÝiÁ
SP

(

m(n−m)
) ÷B·�Ä Ô ½<Ý�·BÝ θ ¸]·�º'¾-½<Ý`Á]å'¸f¹ Ô ¾�å Θ ´ Û ¹-º'Ýf½
� Ô ½<º�Á]ÄÅâ Ø Á]å´½º Ô ÞþÃe½<¸�¹�ã�Æ´¿Ìdù½Y¸f½YºbÁp÷B·�Ä Ô ½<ÝsÁ]å´½kÞ�·BÁf¸f¿#ê u(J1,J2)

θ
ß ·�º�Á]·�ö�½�¿�Ý�Ãe¹ Ô º´Æ'½<ÆÀÃ�âWÁ]å'½�Â´¸i¹�Æ Ô ß Á¹Bã

SP

(

m(n−m)
) ·�º'ÆÿÁ]å´½áº Ô ÞþÃ�½Y¸m¹�ãC÷B·�Ä Ô ½<ÝðÁfå´½áÃ´¿�Á?÷-½ ß Á]¹-¸

(1[φ(yt,xi,λJ1J2
)>0]1[φ(yt,xi,λJ1J2

)≥||yt−xi||] : t ≤ m, i ≤ n−m)

±YX G
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ß ·BºJÁ]·�ö�½j·�Ý λJ1J2

¸ Ô º´ÝðÁ]å´¸i¹ Ô ¾-å
R
p ´ ö ¿�º ß ½

1[φ(yt,xi,λJ1J2
)>0]1[φ(yt,xi,λJ1J2

)≥||yt−xi||]

½
� Ô ·BÄ\Ý
{

1 − 1[−φ(yt,xi,λJ1J2
)≥0]

¿Åã yt = xi
1[φ(yt,xi,λJ1J2

)−||yt−xi||≥0]
¹BÁ]å´½Y¸�Am¿�Ýf½ ,

Aq½ ß ¹-º ß Ä Ô Æ´½áÁfå�·BÁ
Û ·�¸fÆ {u(J1,J2)

θ : θ ∈ Θ}
≤ Û ·�¸fÆ {(1[R1(λJ1J2

)≥0], . . . ,1[Rm(n−m)(λJ1J2
)≥0]

)

: λJ1J2 ∈ R
p
}

SP

(

m(n−m)
)

,

Amå´½Y¸f½áÁ]å´½ m(n−m) ã Ô º ß Á]¿�¹-º´Ý Rk
b1ÝS·�¸i½áÆ´½2³�º´½<Æ�Ãbâ

Rk(λJ1J2) =







−φ(yt, xi, λJ1J2)
¿�ã yt = xi

φ(yt, xi, λJ1J2) − ||yt − xi|| ¹�Á]å'½<¸�Am¿�Ýf½ .ö ¿�º ß ½þÁfå´½ Rk
b1Ýá·�¸f½þÂe¹-Ä�â�º´¹�Þn¿\·�ÄÅÝ�¹G÷-½Y¸

R
p ¹�ã�Æ´½Y¾-¸f½Y½«º´¹ÀÞn¹-¸i½cÁ]å´·�º ` Ø�Õ ½<ÞWÞn·�²�´½��´u±Ýfå'¹ZAmÝmÁ]å�·QÁ u(J1,J2)

θ
ß ·�ºÿÁ]·�ö�½j·BÁmÞn¹-Ý�Á

2(2`)p (m(n−m) + 1)p SP

(

m(n−m)
)

÷B·�Ä Ô ½YÝ
´ Ç ã�ãy¹-Ä�Ä\¹YAmÝqÁ]å�·QÁmÁ]å'½j·�¸f¸f·/â zθ ß ·�ºÿÁ]·�ö�½j·BÁmÞn¹-Ý�Á
[

2(2`)p (m(n−m) + 1)p SP

(

m(n−m)
)

]r1r2
,

·�º´Æ Ø Ýf¿�Þn¿�Ä\·B¸fÄ�â Ø Á]å�·BÁ
Û ·�¸iÆ {(zθ, zθ′) : (θ, θ′) ∈ Θ2

}

≤
[

2(2`)p (m(n−m) + 1)p SP

(

m(n−m)
)

]2r1r2
.

¶ ¸f¿ÅÁ]½nº´¹YA W =
{

(w,w′) : (w,w′) = (zθ, zθ′)
ãy¹-¸ðÝf¹-ÞW½ (θ, θ′) ∈ Θ2

} ´ é ¹-¸�³�ê+½<Æ
(w,w′) ∈ W Ø Ä\½pÁ U(w,w′)

Æ´½<º'¹�Á]½�Áfå´½ ß ¹-Ä�Ä\½ ß Á]¿�¹-º ¹BãS·�Ä�Ä (θ, θ′) Ý Ô ß å�Á]å´·BÁ (zθ, zθ′) =
(w,w′) ´ é ¹�¸ (θ, θ′) ∈ U(w,w′) Ø A�½�Am¿\Ä�Ä Ô Ýi½áÁ]å´½[ãy¹-Ä�Ä�¹ZAm¿�º´¾þº´¹�Á]·BÁ]¿�¹-ºÜ[

θ = (P1, P2, λ) ·�º´Æ θ′ = (P ′
1, P

′
2, λ

′) ,

Am¿�Áfå
P1 = {B1

1 , . . . , B
1
r1
}, P2 = {B2

1 , . . . , B
2
r2
}, λ = (λj1j2 : (j1, j2) ∈ J)

·�º´Æ
P ′

1 = {B′1
1 , . . . , B

′1
r1
}, P ′

2 = {B′2
1 , . . . , B

′2
r2
}, λ′ = (λ′j1j2 : (j1, j2) ∈ J).

±YX í
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é ¹�¸ð½`÷-½Y¸iâ t ≤ m Ø ß ¹-º´Ýi¿\Æ´½Y¸ðÁ]å´½áÝi½YÁ]Ý
It =

{

(i, j1, j2) : z
(t,i,j1,j2)
θ 6= 0, i ≤ n−m, j1 ≤ r1, j2 ≤ r2

}

·Bº´Æ
I ′t =

{

(i, j1, j2) : z
(t,i,j1,j2)
θ′ 6= 0, i ≤ n−m, j1 ≤ r1, j2 ≤ r2

}

.� Ã´Ýi½<¸6÷-½jÁ]å´·BÁ yt Ãe½<Ä�¹-º´¾-ÝOÁ]¹
Aθ,θ′ =

{

x : fn−m,θ(x) > fn−m,θ′(x)
}

¿Åã¼·�º'ÆJ¹-º´Ä�â�¿�ã
∑

(i,j1,j2)∈It

1

φ(yt, xi, λj1j2)
z

(t,i,j1,j2)
θ >

∑

(i,j1,j2)∈I′t

1

φ(yt, xi, λ′j1j2)
z

(t,i,j1,j2)
θ′ .

¶ ¿ÅÁ]å´¿�º^Áfå´½mÝf½pÁ U(w,w′) Ø Á]å´½o÷B·�Ä Ô ½YÝ z(t,i,j1,j2)
θ

·�º'Æ z(t,i,j1,j2)
θ′

·B¸f½¡³�ê+½YÆnãy¹-¸`·BÄ\Ä t, i, j1 ·�º´Æ
j2
´ » å´½Y¸f½pãy¹-¸f½ Ø Ýf¿\º ß ½[Á]å'½ xi b6Ýk·Bº´Æ yt b6ÝS·�¸f½-³�ê'½YÆ Ø

∑

(i,j1,j2)∈It

1

φ(yt, xi, λj1j2)
z

(t,i,j1,j2)
θ

Þn·/â�Ãe½¦Am¸f¿�ÁiÁ]½YºJ¿\ºÀÁfå´½[ãy¹-¸fÞ
Pt(λ)

Qt(λ)
,

Amå'½<¸f½áÁ]å´½áã Ô º ß Á]¿�¹-º´Ý λ 7→ Pt(λ)
Q ¬ ³ ¦UÍ��

λ 7→ Qt(λ) U ·B¸f½áÂe¹-Ä�â�º´¹-ÞW¿\·�ÄÅÝð¹à÷-½<¸ R
r1r2p ¹BãÆ'½<¾-¸i½<½jº´¹«Þn¹�¸f½àÁfå�·�º (n−m− 1)`

Q ¬ ³ ¦éÍJ�
(n−m)` U ´ ö ¿�Þn¿�Ä�·�¸iÄÅâ Ø Á]å'½�� Ô ·BºbÁ]¿ÅÁUâ

∑

(i,j1,j2)∈I′t

1

φ(yt, xi, λ′j1j2)
z

(t,i,j1,j2)
θ′

Þn·/â�Ãe½¦Am¸f¿�ÁiÁ]½YºJ¿\ºÀÁfå´½[ãy¹-¸fÞ
P ′
t (λ

′)

Q′
t(λ

′)
,

Amå'½<¸f½ P ′
t

Q ¬ ³ ¦UÍ��
Q′
t U ·�¸i½DÂe¹-Ä�â�º´¹-ÞW¿\·�ÄÅÝ)¹à÷-½<¸ Rr1r2p ¹Bã'Æ'½<¾-¸i½<½`º´¹mÞn¹-¸i½ Áfå�·�º (n−m−1)`Q ¬ ³ ¦UÍ��

(n−m)` U ´ ö ½pÁSº´¹ZA λ̃ = (λ, λ′) ∈ R
2r1r2p ·�º´Æ Ø ãy¹-¸ t = 1, . . . ,m Ø Æ´½2³�º´½

Rt(λ̃) = Pt(λ)Q′
t(λ

′) − P ′
t (λ

′)Qt(λ) .
� Ã´Ýi½<¸6÷-½JÁfå�·BÁ«½<· ß å Rt

¿\Ý«·zÂe¹-ÄÅâ�º´¹-ÞW¿R·BÄsã Ô º ß Á]¿�¹-ºô¹G÷-½Y¸
R

2r1r2p ¹�ãkÆ´½<¾�¸f½<½ÿº´¹ÜÞn¹�¸f½Áfå�·�º (2(n−m) − 1)` ´ » å´½<¸i½Yãy¹-¸i½ Ø ·BÂ´Â´Ä�â�¿�º´¾W·B¾�·�¿�º Õ ½YÞnÞn·5²�´½��´l±¦Aq½á¹-Ã'Á]·�¿\ºÛ ·�¸iÆ {{1[y1∈Aθ,θ′ ]
, . . . ,1[ym∈Aθ,θ′ ]

} : (θ, θ′) ∈ U 2
(w,w′)

}

≤ Û ·�¸fÆ {{1[R1(λ̃)>0], . . . ,1[Rm(λ̃)>0]} : λ̃ ∈ R
2r1r2p

}

≤ 2(2`)2r1r2p
(

(2(n−m) − 1)(m+ 1)
)2r1r2p .

±YX�?
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üDÔ ÁfÁf¿\º´¾W·�Ä�ÄùÂ´¿\½ ß ½YÝmÁ]¹�¾-½YÁfå´½<¸ Ø Aq½j¹�Ã'Áh·B¿\º

SAΘ
(m) ≤ 2(2`)2r1r2p

(

(2(n−m) − 1)(m+ 1)
)2r1r2p Û ·B¸fÆ W

≤ 21+(2+4p)r1r2 `4r1r2p
[

(m(n−m) + 1)(2(n−m) − 1)(m+ 1)
]2r1r2p

× SP(m(n−m))2r1r2 .

¥

±µ±YX
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£¤mNq¥m � t�mMfy��ncpRn ´
Z\[a]!fLmMn¦q�j�] A �e]�m#`on�[am ÷ ] A psqota]lncno]lw pRgx^�be`¦q¥mMtHq	ta] A wa] ÷ ]lfsbe^agx]ltHqrn�pRt§d�bMqr[}qo[a]¨qr[$]lbe`¦�mMtaw.^$`rmMk�qrpRkh]¤b#j	j�{at$khqrpsbet�mMf�klfRmMnoncp ³ klm#qrpsbet~mMtaw.`c]lfRm#qr]hw.fs]�mM`ctapRt$v_^a`obed$fR]hg�n ´ª© beta^amM`rm ¯gx]hqr`cpRk.qo]lk¥[ataps«�{$]ln�[�m ÷ ]ud�]h]ltA^a`ob ÷ ]lwA{ano]�j�{af¢j�be`�mMtamMfs� þ pRtav�nc{ak¥[Aj�{atak�qrpRbMt�mMf\w�m#qrm$�mMtaw3qr[a]9fspsqo]l`rmNqr{a`o]~pRn¬vM`ob A pstav�m#q�m|j�mMncqx^�mMkh] [u� mMncqopR]M��­�{ ° m�mMt$w®Z\pRd$no[aps`rmMtap :u± G <no]�q�be{$q¨qr[a]�ve]lt$]l`rm#f�pRw$]�m§b#j é {$takhqopRbetamMf�£¯pRnckl`opsg�pst�m#tIq � tamMfs��ncpRn Q qo[a]lnc]¤mM{�qr[abe`cn!g�mM�M]{anc]xbMj�mK`cbe{ave[at$]lnon§^�]ltamMfsq��|mM^a^a`cbHmMk¥[�qob9`o]hve{afRmM`op þ m#qopsbMtC�
mMtaw�qr[a]���psfRfs{$ncqr`om#qr]_qo[a]lps`gx]hqr[$b�w A pyqr[K] ê mMg�^$fR]ln\pstKno^�]h]lk¥[u`o]hklbMvetapsqopRbet.mMtawK[�mMtaw A `opsqcqr]ltKk�[amM`rm#khqr]h`¢`o]hklbevMtap ¯qrpsbet U E�° {afR�UmM`otap
mMt$wu±�bMnota]h` :#±Y?=< ncqo{aw$�K`om#qr]hn�b#j�klbet ÷ ]l`cve]ltakh]_b#j k ¯ t$]�mM`c]lncq�ta]hpRve[Id�be``o]hve`o]hnoncpRbet�]hncqrpsg�mNqr]ln¡pst�ve]hta]l`omMf�no^amMkl]hn E�� mMfRf��	±�benc��pyqoq}mMtaw�±ª`c]lnot$]lfRf :#±�ë=< ]hg�^afsbU�|mj�{atak�qrpsbet�mMfew�m#q¥m ¯ mMt�m#fs�Iqrpsk�g�]�qr[ab�w¡j�be`	wapsg�]htanopsbet¡`o]hwa{akhqopRbMt}d�mMnc]lw_bet}±�`cpRtakhpR^�m#f�²�bMg ¯^�beta]htIq � t�m#fs��nopsn¬mMt$w³^�]h`cj�be`cg ý {�mMw$`rm#qopRk.£zpRnokh`opsg�pst�mMtHq � t�mMfy��ncpRn bet�qr[$]K`c]lwa{$kl]lwno^amMkl]#��nob�wab�´zmMgxnrm��3m#taw¶µ�pRf ÷ ]l`cg�m#t :À²=hF< � :Ã²��Z<�E é ]h`o`rm#q��3mMtaw3·¤pR]h{ :#±Z�Z< ]lncqopRg�m#qr]tabet$^�mM`rm#g�]�qr`opsk�m#fRf��}qr[$]�^�ben¦qr]h`opRbM`�^$`obed�m#dapRfspyq��_bMjCm#t�pstakhbeg�pstav¤kl{a` ÷ ]zpst�m¡vMp ÷ ]htxklfLm#nonl�
A [a]h`o]�m#n_´¢benoncp¨m#taw�·¤psfRfRm :À²yëW< pRt ÷ ]hncqopRvHm#qo] qr[a]¬{anc]xbMj\µ�{a^a^�be`¦q§·�]hkhqobe`}¸umMk¥[apRt$]ln§pstqr[$]§khbetIqo] ê qzb#j é {atak�qrpsbet�mMfC£¤m#q¥m � t�m#fs��nopsn ´
� fyqr[abM{ave[Qn¦q¥mMt$w�mM`ow|^am#qoqo]l`otQ`o]lkhbevetapyqrpsbet-qr]hk¥[atapR«I{a]hn¡mM^a^�]�m#`¯qrb~d�]_j�]lmMnopsdafR]#��qr[a] pst ¯qr`cpRtancpRkupst ³ t$psqr] ¯ wapsgx]htanopsbet�m#f�n¦qr`o{$khqr{$`o]|bMj¡qo[a]|bMdano]h` ÷ mNqrpRbMtan~g�mM�M]hn~fR]�m#`otapstav�no{ d ]l`j�`obMg¹qo[a]ukh{a`onc]Qb#j�wapRgx]htanopsbet�mMfsp�qº� Q no]h] � da`omM[�mMg9�\­!pLmM{AmMt$w»²�m#wa`o] :u±�< j�be`�m�wa] ¯q¥m#pRfs]lw�wapRnckl{ancnopRbMtC��] ê mMgx^afs]ln_mMt$w�khbe{atHqr]h`o] ê mMgx^afs]ln U ´9¼ t�^a`rm#khqrpskl]#��d�]hj�bM`o]�mM^a^afy��pstavmMtH�.fs]�m#`otapstav qo]lk¥[ataps«�{$]¡qob¬g�b�w$]lfP`o]�m#fCw�m#q¥m���mO^a`o]hfRpsg�pyt�mM`¦��wapsg�]htanopsbet.`c]lwa{$khqrpsbetKbe`
gxb�wa]lf�no]hfR]hkhqrpsbetxncqr]h^�`o] ÷ ]�mMfsn!kh`o{akhpLmMfaj�be`¨mM^$^a`obe^$`opLmNqr]¢ncg�b�b#qr[apstav§mMtaw�klps`okh{ag ÷ ]ltHqrpRbMtbMj�qo[a]¡w$pRgx]ltancpRbetamMfspyq���] d ]hkhq ´�� n¢mOg�m#qoqo]l`�bMj�j�m#khq�� ³ fsqo]l`opstav pRn\mO^�be^a{afRmM`�wapsg�]htanopsbet`o]hwa{ak�qrpRbMt�gx]hqo[ab�w�pRtxnopRvMt�mMf�^a`ob�kh]lncnopRt$v mMtaw�qo[apRn�pRn�qo[a]zkh]ltHqr`rmMf�mM^a^a`cbHmMk¥[ A ]zqrmM�M]zpstqr[$pRn\^�mM^�]h` ´
´¢be{ave[afy�e� ³ fsqo]l`opstav\`c]lwa{akh]ln	qr[a]ªpRt ³ t$psqr]�w$pRgx]ltancpRbet�b#j�qo[a]�bed$no]l` ÷ m#qopRbetan
dI�¤klbetancpRwa]h`opstavbetafy�-qr[$] ³ `oncq d khb�] w klps]ltHqrn¡bMj¨qo[a]Ow�m#q¥m~] ê ^�m#tawa]lw�bMt�mMt�mM^$^a`obe^$`opLmNqr] damMnopsn ´ Z\[apsnmM^a^$`obHmMk¥[ A mMn�j�befRfsb A ]lw§dI� ° pR`odH�§mMt$w¬µ�pR`ob ÷ pRk¥[ :y½ í < �H²�begxbet : í < �M­�]lfs[�{agx]l{a`h� � ]l^amMt�mmMtaw ° `cpR]hveg�m#t : � < � � mMfRf���±�benc�IpsqoqzmMtaw-±�`c]lncta]lfsf :�½�ë=< ��be` � g�m#qoba� � tIqobetapRmMwapsn�m#tawu£¯]
é ]lpsn :¿¾Z< ��m#g�bet$v�b#qr[a]h`onlÀ�Á¡p ÷ ]ltum�khbefRfs]lk�qrpsbet9b#j�j�{at$khqrpsbetan A ] A pRnc[-qrb�klfRmMnoncpsj��e��­�pRmM{C�­�{at$]�m³mMtaw�Â�]lve�UmMg�^ :¿hF< ^a`cbe^�beno]Qqrb3{anc]�Ãa`oncq9Ä�be{a`ops]l`�Ãafsqr]h`opstav�bet»]lmMk¥[ÅncpRvMt�mMfÆ�mMtaw�qr[$]lt�^�]h`cj�be`cg

k Ç t$]�mM`c]lncq_ta]hpRve[Id�be`}khfLmMncnopyÃ�k�mNqrpRbMt�pst R
d ÀKZ\[a]hno].mM{$qo[abe`on}n¦qr{aw$�Ã�tapyqr]OnrmMgx^afR]OmMtaw�mMnc��gx^$qrb#qrpRkO^a`cbe^�]l`¦qrps]ln¡bMj�m.w�m#q¥m Ç wa`cp ÷ ]ht�^a`cb�kl]hwa{a`o]¬qr[am#q§no]hfR]hkhqonnopsg {afsqrmMta]hbe{ancfs��d�b#qr[Kqo[a]¡wapRgx]ltancpRbet

d
mMtawKqr[a]¡bM^$qrpsg�mMf�tI{ag d�]l`¢b#j�ta]hpRve[Id�be`on

k
À

Z\[a]~m#pRg5bMj�qr[a]�^a`c]lnc]ltIq ^amM^�]l`}pRn¡qobu]�È�qr]lt$w�qo[a]�w�m#q¥m Ç d�mMnc]lw�Ãafsqr]h`opstav-mM^a^a`cbHmMk¥[�bMj­�pRmM{C�U­�{ata]lm�mMtaw�Â�]lvM�NmMgx^ :VhW< qrb A m ÷ ]hfR]�q�d�m#no]ln�mMtaw�qrb\g�bM`o]�ve]hta]l`omMfewapRnckl`opsg�pyt�m#qrpybet`o{$fR]lnhÀ!É¤{a`\g�b#qrp ÷ m#qrpsbMt.psn�q A b#j�befRwPÀ
½e½ËÊ
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• Ä�pR`cncql�¨mMnO^�bMpRtIqo]lw�be{$qOj�bM`O]�È$mMg�^$fR]~pRt � g�m#qoba� � tHqrbetapRmMwapsnOmMt$w®£z]9Ä�]lpsn :Ö¾=< �
A m ÷ ]hfR]�qOdamMno]hnOb d ]h`_nobMg�]�nopRvMtapsÃ�klmMtHq mMw ÷ mMtIqrmMve]hn b ÷ ]h` b#qr[a]h`_d�mMnc]lnlÀ ¼ tawa]h]lwC�
A m ÷ ]hfR]�qrn}k�mMt�d�]�{anc]lw�no{$klkl]hnoncj�{afRfy��j�be`§khbegx^a`o]hnonopsbet�bMj\m-ncqob�k¥[�mMncqopRk�^$`ob�kl]hnonl�pRtKqr[$]}nc]ltanc]}qr[�mNq�qr[$]}nomMg�^$fR]¡^am#qr[an�k�m#tud�]}mMklkh{a`rmNqr]lfy�K`c]lklbMtancqo`o{ak�qr]lwuj�`cbegim
j�`rmMk�qrpsbet_bMjaqr[a]!j�{afsf�no]�qªb#j A m ÷ ]lfR]�q�klb�] w khpR]ltHqrnhÀªÄ�{a`cqo[a]l`h�Mqr[$] A m ÷ ]lfs]hq�wa]hklbegx^�b ÇnopsqopRbMt�bMj	qo[a]¤nrmMgx^afs]¯^�mNqr[an�pRn�m_fRb�klmMf�bMta]M�$nob qo[�m#q�psjCqr[a]¤pst$j�be`og�m#qopsbMt�`c]lfs] ÷ mMtHqqrb�qr[$]_klfRmMnoncpsÃ�klm#qrpsbet-^$`obedafs]lgipRnzkhbetHq¥mMpsta]lwupRtum�^�mM`¦qrpRkh{afLm#`¢^�mM`cq Q be`z^�m#`cqrn U b#jqr[a]�nrmMgx^afR]\j�{atak�qrpsbetanl��m#n¨q���^$pRk�m#fRfy�Opyq¨pRnh�Iqr[$pRn¨pRt�j�be`og�m#qopsbMt A psfRfad�]zk�mM`c`ops]lw�dI�xm
÷ ]l`¦��nog�mMfsf�t�{ag d�]l`!bMj A m ÷ ]lfs]hq�khb�] w klps]ltIqonlÀ!¸-bM`o]lb ÷ ]l`h��qr[a]¤mMdapsfRp�qº�ObMj A m ÷ ]hfR]�qrnqrbOg�b�w$]lf�qr[$]�nopRvMt�mMfPm#q\wap d ]l`c]ltHq¢fs] ÷ ]lfsn�bMj�`c]lnobMfR{$qopRbet~gx]�mMt$n�qr[am#q A ]¡[am ÷ ]¤qr[a]be^$qrpsbet.bMj�nc]lfs]lkhqopRtavOj�`obMg×qr[a]¡^�mNqr[an¢pRt9mO`rmMt$ve]¡bMj�d�mMt$w A pRw$qo[anlÀ

• µ�]lkhbetawC� A ]-no]l]h�3j�be`xve]lt$]l`rm#fz^�]h`cj�be`cg�m#takl]9d�be{ataw$n~mMtawAklbMtanopsncqr]htakh�®`c]lno{$fsqrn
A [a]lt�{ancpRtav Q Ã�t$psqr] Ç wapsgx]ltancpRbMt�mMf�mM^a^a`cbËÈ�psg�m#qopsbet$n¤b#j U qo[a]OnrmMgx^afs] w�m#qrm.pstQqr[a]no]lfs]lk�qrpsbet9bMjªm¬wapsnokh`opRgxpst�m#qopsbMtK`c{afR]§m#taw » bM`¢psqrn\^�mM`rm#g�]�qr]l`cnlÀ!Z\[apsnzmM`¦qrpRkhfR]¤b d ]h`ond�bMqr[Km ^a`rmMk�qrpsk�mMf�gx]hqr[$b�wabefRbMvM��mMtawKvM]lta]h`rmMfP^�]l`cj�bM`og�mMtakh]�`c]lnc{afsqon�j�be`\m#fRf�qo[abenc]
A [ab}mM`o] A pRfsfRpytav¯qrb¡{ano] A m ÷ ]hfR]�q�Ã�fsqo]l`opstav¡mMn�m¡wapsg�]htanopsbetO`o]hwa{ak�qrpRbMtxncqo]l^�d�]�j�be`o]] d ]lk�qrp ÷ ]¡klfRmMnoncpsÃ�klm#qrpsbetCÀ

Z\[$`obe{avM[abe{$qªqr[$]¢g�mMtI{anokh`opR^�q�� A ] A psfRf$mMw$be^$qªqo[a]\^�bepRtHqªbMj ÷ ps] A b#jPmM{$qobeg�m#qrpsk�^�mNqoqr]h`ot`c]lkhbevetapyqrpRbMt-wa]hnokh`opRd�]hwC��qob~m�fLmM`cve]§]�È�qo]ltHq��PpRtu£¯] ÷ `cbU�e] :�½U¾Z< À ¼ tuqo[apRn�no]�qr{a^C��beta]}{ano]hnm9qr]ln¦qOnc]l«I{a]lt$kl].qrbuno]lfs]lk�q qo[a]~d�]hncqO`c{afR]xj�`obMgØm-`opRk¥[�klfLm#non_bMj¢w$pRnokh`opsg�pstam#qrpybet�`c{afR]hn
w$]hÃ�ta]hwxpst_qr]h`ogxn�bMj�m¯qo`rmMpstapstav¯nc]l«I{a]htakl]MÀ�Ä�be`�qr[$]\khfLm#`opsq��§b#j�qo[a]�^�mM^�]l`h�ImMfsf�pRgx^�be`cqrmMtHq
khbetakh]l^$qon§mMtaw|psta]l«I{�m#fRpsqops]lnz`o]hvHmM`cwapRt$v�qr[apsn¯klfLm#nonopyÃ�k�mNqrpRbMtQ^amM`rmMw$pRvegÙmM`c] no{$g�g�mM`opsÚl]hw
pst|qo[a]¬ta]�È�q}^�m#`rmMve`omM^a[CÀ ¼ t�µ�]hkhqrpsbet ¾ � A ]¬be{$qofRpRt$]_qr[$]¬gx]hqr[$b�w�m#taw�n¦q¥m#qo]¬psqon¤Ã�t$psqr]nomMgx^afR]§^�]l`¦j�be`og�mMtakh]_mMtawQkhbetancpRncqo]ltak��eÀ�µ�]hkhqrpsbetQÛ�b d ]h`on¯ncbegx]}]�È�^�]l`cpRgx]ltHq¥mMf�`o]hno{afyqrnd�b#qr[-bet-`c]�mMf Ç fspyj�]¡mMtaw-ncpRg {afRm#qo]lwKw�m#qrm$À ¼ t-^a`omMkhqopRkh]M��wa{$]§qrb¬qr[$]}fspRg¬pyqo]lwK^a`o]hklpsnopRbMt-b#jqo[a]zg�]lmMno{$`opRt$v}pRt$ncqr`c{ag�]htIqonl��psq¨pRn¨klfs]�mM`cfs�OpRgx^�bencnopRd$fR]�qrb}bedano]h` ÷ ]zqr[a]�j�{at$khqrpsbet�mMf�w�m#q¥mkhbetIqopRtI{abe{ancfs�MÀ ¼ t-b#qr[a]h` A bM`owanl��qr[$]§^a`obMdafR]hgÜbMj�klfRmMnoncpsÃ�klm#qrpsbet.j�be`¯ÝlÞMß¯à�áRâoã~ãHÞMäåÞ¡pRn¢b#j
]�È�qr`o]hg�]¡pRtHqr]h`o]ln¦q�pRtK^$`rmMk�qrpsk�mMfCpsnonc{a]lnhÀ¨Z\[apRn\^a`obed$fR]lg A psfRfPd�]¡wapsnokh{anono]hwupRt-µ�]lkhqopRbMtuæ�À

���-���k� çá�a/7$'&6.3/7*j"éè+.3/s/7 Ü2t,�2t �"f$'m�,!*p/7*j$�,
Z\[$pRn�nc]lkhqopRbMtOvep ÷ ]hnªm¤d$`opR]�j�]�È�^�bencpsqrpsbetOmMtaw no]hqonª{a^ qr]h`ogxpRtabMfRbMvM�¡bMj�mM{$qobeg�mNqrpsk!^�mNqoqr]h`ot`c]lkhbevetapyqrpRbMtCÀªÄ�be`\m¬wa]�q¥mMpsfR]hwKpRtHqr`ob�w${akhqopRbetP��qr[a]¡`o]lmMwa]h`¢pRn\`o]�j�]l`c`o]lw9qob�£z] ÷ `obË�e] :�½U¾=< À
Z�b9gxb�wa]lf�qo[a]xmM{$qrbMg�mNqrpsk fR]lmM`ot$pRtav.^$`obedafs]lg9� A ]xpRtHqr`ob�w${akl]¬mK^a`cbed�mMd$pRfspsncqopsk no]�qoqrpstavaÀ£z]ltabMqo]�dH� F ncbeg�]QmMdancqo`rmMk�q � pRfsd�]h`cq�no^�m#kl]M�¯mMtaw��M]l]h^épRt¶g�pstawAqo[�m#q~qo[a]|k¥[abepskl]
F = L2([0, 1])

Q qr[�m#q.psnl�¢qo[a]|no^�m#kl]�b#j_mMfsfzno«I{�m#`o]�pstIqr]hve`rm#dafR]-j�{$takhqopRbetan~bet
[0, 1] UA psfRfCd�]}mxfs]�m#wapRtav¬]�È$mMg�^$fR]�qr[a`cbe{ave[$be{$q¢qr[a]§^�m#^�]h`lÀ�Z\[a]§w�m#q¥m¬klbMtanopsncqzbMj�mxnc]l«I{a]lt$kl]b#j

n + m
p�ÀÖp�ÀÖwCÀ F × {0, 1} Ç ÷ mMfR{a]hw�`omMtawabMg ÷ mM`opRmMdafs]ln (X1, Y1), . . . , (Xn+m, Yn+m)

À

½e½ G
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Z\[a]
Xi
b n~m#`o]9qr[a]3îMï�ÝËâ�ð�ñNÞMä�òÆîNó$Ý���mMtaw®qr[a] Y ′

i s
mM`c]-qo[a]�áyÞHï�â�á¿Ý † À © bMqr]9qr[�mNq A ]QmM` ÇqrpyÃ�klpRmMfsf��®nc^afRpyq�qr[$]|w�m#qrm�pstIqob�q A b�pRtawa]h^�]ltaw$]ltHq9no]l«I{a]htakl]lnl�¤bet$]|bMj§fR]htavMqo[ n

�¯m#taw
beta].bMj�fR]htavMqr[

m [ÊA ]KklmMfRf¨qr[a] n no]h«�{$]ltakl]Kqr[a]|ä�ðcÞMò�ó�ò�ó È ÝËâoôlõ�â�óPö¥â���mMt$w3qo[a] m no] Ç«I{a]lt$kl]-qr[a]�ä�â¥Ý�ä�ò�ó È Ý�ârôlõ�â�óPö¥â�À � wapRnckl`cpRgxpst�m#qopsbMt³`c{afR]KpRnxm Q g�]lmMno{$`rmMdafs] U j�{atak�qrpsbet
g : F × (F ×{0, 1})n+m → {0, 1} À ¼ q¨khfLmMncnopyÃ�]ln¨m¡ta] A bed$no]l` ÷ m#qopRbet x ∈ F mMn�klbegxpRtav
j�`obMg1klfLm#non

g (x, (X1, Y1), . . . , (Xn+m, Yn+m))
À-Â�] A psfRf A `cpsqr] g(x) j�bM`}qo[a]�nrmM�M]~b#jklbMt ÷ ]htapR]htakl]#À

Z\[a]§^$`obed�m#dapRfspyq���bMj�]l`c`obe`\bMj�m¬vep ÷ ]lt9`c{afR] g pRn

Ln+m(g) = P
{

g(X) 6= Y |(X1, Y1), . . . , (Xn+m, Yn+m)
}

,

A [a]h`o] (X,Y )
pRn\pRtaw$]l^�]htawa]ltHq¯b#j�qr[a]¡w�m#q¥mOno]l«I{a]htakl] mMt$w-psn¢wapsncqo`opRd${$qr]hw-mMn

(X1, Y1)
À

� fyqr[abM{ave[ A ] A be{afRw9fspR�M] Ln+m(g)
qobxd�]§ncg�m#fRf�� A ]§�Itab A Q no]h]}]MÀ÷vaÀ�£¯] ÷ `obU�e]#�CÁ¤�eøe`¦ÃmMtaw.ù
{avMbenop :�½ Û < ��Z\[a]hbe`o]hg ¾ À ½ ��^�m#ve] ½YX U qo[�m#q Ln+m(g)

k�mMtat$bMq�d�]¤ncg�m#fRfs]l`ªqr[�mMt�qr[a]
­�m��e]ln�^a`cbed�mMdapsfRp�qº��bMj�]l`o`cbe`

L∗ = inf
s:F→{0,1}

P{s(X) 6= Y }.

¼ tKqo[a]¡fs]�m#`otapstav ^a`ob�kh]lnonh� A ]§mMpsg�mNq¢klbMtancqo`o{ak�qrpRt$vx`c{afR]hn A psqo[K^a`obMd�mMdapsfRpyq���b#j�]l`c`obe`¢m#nklfsbeno]�mMn§^�benoncpRdafs]¬qrb
L∗ À.Z�buw$b-qo[apRnh� A ]�]hg�^afsbU�Qqo[a]�fs]�m#`otapstav9nc]l«I{a]lt$kl]�qrb-wa]hnopRvMtm-khfLmMncn}bMj\w�m#qrm Ç w$]l^�]lt$wa]ltHq wapRnckl`opsg�pstam#qrpybet�`c{afR]hn_mMtaw A ]�{$no]�qr[$]�qo]lncqopRtav-no]h«�{$]ltakl]mMn¯mMtQpsgx^�mM`cqopRm#f�úc{awave]}pRt9qr[a]_nc]lfs]lkhqopRbMtQ^$`ob�kl]hnonhÀ¡¸9be`o]}^a`o]hklpRnc]lfy�e� A ]_wa]htabMqo] dH�

Dnm Q ^�benoncpRdafy�9pRt�Ã�tapsqo] U klbMfRfR]hkhqopRbMt-bMj�j�{atakhqopRbet$n g : F × (F × {0, 1})n → {0, 1} ��j�`cbegA [apsk�[|m�^�mM`cqopRkh{afLmM`\j�{atak�qrpsbet ĝ psnzno]lfs]lk�qr]lw|dH�-g�pstapsgxpyÚlpstav¬qr[$]9â�ß¤à�ò�ð�òÆöoÞMá	ð�òRÝ¥û§damMno]hw{a^�betKqo[a]�qr]ln¦qrpstavxnc]l«I{a]htakl] [

L̂n,m(ĝ) =
1

m

n+m
∑

i=n+1

1[ĝ(Xi)6=Yi] = min
g∈Dn

1

m

n+m
∑

i=n+1

1[g(Xi) 6=Yi].

� q¢qr[$pRn\^�bepRtHq��$bedano]h` ÷ ]¡qr[�mNq�pst.qr[a]�j�be`cg {afLmNqrpybetKm#d�b ÷ ]#��j�bM` x ∈ F �

g(x) = g
(

x, (X1, Y1), . . . , (Xn, Yn)
)

mMtaw
ĝ(x) = ĝ

(

x, (X1, Y1), . . . , (Xn+m, Yn+m)
)

,
pÆÀ÷]MÀy�Pqr[a] wapRnckl`opsg�pstam#qrbM`on

g
qr[a]hg�nc]lf ÷ ]hn§m#`o]OdamMno]hw�{a^�bet|qo[a] qr`omMpRt$pRtav�no]h«I{a]ltakl]xbet$fs�M�

A [a]h`o]�m#n¯qr[$]_k¥[abMno]ltQklfRmMnoncpsÃ�]h` ĝ wa]h^�]htawan¤bMt-qr[a]Kâ�ó�ä�ò�ð¥â ãHÞMäåÞ�ÝËâ�ä��Pm#n�qr[a]}`o]hncq¯bMj�qo[a]w�m#qrm¬psn\{ano]hw-j�bM`\no]lfs]lk�qrpstav¬qo[a]¡klfRmMnoncpsÃ�]h`onlÀ
† ü�ý\þÆÿ�������þ�����	�

��������þ�������þBÆ�������þ�þ��¦ýhþ��ÃÆhý\þ�Æ����¿ý�����	�������������������þ��ÀÆ�ý! #"Cÿ�����������Æ�ý��������¿��$��%�%���÷þ&	'��ý��þ�ÿ��¥þ�þÆÿ��(���Öý�����	�$���Æ����%�¦�)�*�%�������+	�����$Ëþ������,������ý-	*Æ�.HþÆÿ����'�*�¿ý/.0�,�¥þ������,�BÆ�.I�*Æ�����1��¦ý����2�*��$��ÂÆ����%�¦�'�, 

½e½+3
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µ�pRtakh]M��klbetaw$psqrpsbet�mMfyfy��qobxqr[a]¡qr`omMpRt$pRtav¬nc]l«I{a]htakl]M�

L̂n,m(g)
psnzmMt-{atIdapLm#no]hwu]ln¦qrpRg�m#qo]¡bMj

Ln(g)
� A ]§]�È�^�]lk�q¯qo[�m#q Ln+m(ĝ)

psn¢klfsbeno]�qrb
infg∈Dn

Ln(g)
À!Z\[apsn�pRn\k�mM^$qo{a`o]hwupstKqr[a]

j�bMfRfsb A pRt$v}pRta]h«I{�mMfRpyqº� Q no]l]�£¯] ÷ `cbU�e]#��Á��eøM`cÃKmMtaw.ù
{avebencp :�½ Û < �$ù
]lgxg�m 3 À ¾ �$^amMve] ½U¾MÊ U [
Ln+m(ĝ) − inf

g∈Dn

Ln(g) ≤ 2 sup
g∈Dn

∣

∣

∣L̂n,m(g) − Ln(g)
∣

∣

∣ .
Q ½ À ½ U

Z\[I{anl�a{a^a^�]h`\d�be{$tawan�j�be`
supg∈Dn

|L̂n,m(g)−Ln(g)|
^a`cb ÷ pRwa]¯{an A psqo[.{a^$^�]l`\d�bM{atawanj�bM`¯qo[a] no{ad�bM^$qrpsg�mMfspyq��KbMj

ĝ A psqr[$pRt Dn
À�Â»[a]ht�qo[a] klfRmMnon¤bMj�`o{afs]ln

Dn
pRnzÃ�tapyqr] A psqo[Q `rmMt$wabeg U klmM`owapst�mMfspyq��¬d�be{$tawa]lw.dH� Nn

��{a^a^�]l`�d�be{ataw$n�k�mMt~d�]¯bed$qrmMpsta]lw ÷ pLm_m}wapR`c]lk�qm#^a^afRpsk�mNqrpsbet~bMj � b�] d wapstav b n¢pRt$]l«I{�mMfspsq�� [

En

{

sup
g∈Dn

∣

∣

∣L̂n,m(g) − Ln(g)
∣

∣

∣

}

≤
√

log(2Nn)

2m
+

1
√

8m log(2Nn)
,

Q ½ À ¾ U
A [$]l`o]Qqr[a]QtabMqrm#qrpsbet

En
gx]�m#tan�qr[a]Q]�È�^�]lk�q¥m#qopRbet�klbet$wapsqopRbet�m#f�bet¶qr[a]uqr`omMpRtapstav�nc] Ç«I{a]htakl].bMj\fR]lt$vMqr[

n
ÀQZ\[$].psta]h«�{amMfRpyqº��m#d�b ÷ ]~psn_{$no]lfs]lncn A [a]ht Nn = ∞ À ¼ q pRn}[a]h`o]qo[�m#q A ]¬k�m#t�mM^a^afy�uqr[$]¬pRta]h«�{amMfRpyqº�-bMj¨·¨mM^at$pR�QmMt$w�²�[a]l` ÷ beta]hta��psn :Ö¾F?=< be`�beta]¬b#j�pyqrngxb�wapyÃ�k�m#qopsbetanhÀ|Â�]~Ãa`oncqOta]l]hw³nobegx]~g�bM`o]�tabMq¥mNqrpRbMtCÀ�Ä�be`_Ã�È$]hw3qr`omMpRt$pRtavunc]l«I{a]lt$kl]

(x1, y1), . . . , (xn, yn)
��wa]htabMqo]§dH�

Cn
qr[a]¡khbefRfs]lk�qrpsbet.b#j�mMfsfCnc]hqon

Cn =
{

{x ∈ F : g(x) = 1} : g ∈ Dn

}

,

m#taw9wa]hÃata]¡qr[a]¡no[am#qoqo]l`¢klb�] w klpR]htIqzmMn
SCn

(m) = max
(x1,...,xm)∈Fm

²�mM`ow {{x1, . . . , xm} ∩ C : C ∈ Cn

}

.

Z\[$]lt

En

{

sup
g∈Dn

∣

∣

∣L̂n,m(g) − Ln(g)
∣

∣

∣

}

≤

√

8 log
(

4SCn
(2m)

)

m
+

1
√

(m/2) log
(

4SCn
(2m)

)

.
Q ½ ÀÖÛ U

Ä�bM`�g�be`c]�pRt$j�bM`og�m#qopsbMtOmMtaw¬pRgx^a`cb ÷ ]hg�]htIqrn�betOqr[a]hno]¢pRt$]l«I{�mMfspsqops]lnh� A ]¢`c]hj�]h`ªqo[a]\`o]lmMwa]l`qob¬qr[a]§gxbetabMve`rm#^a[KbMjª£z] ÷ `obË�e]M�PÁ��eøM`cÃumMtawuù
{avMbenop :y½ Û < ��mMt$w9qrb¬qo[a]§klbMg�^$`o]l[$]ltancp ÷ ]nc{a` ÷ ]���n¯bMj�­�be{$k�[a]h`obetP��­�bM{ano«I{a]�q¤mMt$w-ù
{avebencp : æ < � :ÖÊ=< À

798;: <>=�? @/ACBD=�EFA G(@/HCICJLKM=�EFA Æ�ENGOJ�P�QFBMBD=�RSJ�QTK�=�EUA
Z\[$]�qr[$]lbe`¦�¬bMj�V�m ÷ ]lfs]hqon![�m#n¨`o]hkl]htIqrfy�¬{ataw$]l`ovMbeta]zm¡`rmM^apswxw$] ÷ ]lfsbe^agx]ltHq�V¢pyqr[x]�È�khpsqopRtavpsg�^$fspsk�mNqrpsbMtanzj�be`¤t$beta^�m#`rmMgx]hqo`opRk_]hncqopRg�m#qrpsbetCÀ�Â�m ÷ ]lfR]�qrn¡mM`c] j�{atak�qrpsbetan¯qr[�m#q�klmMt�kl{$q

½e½+W



� Ó Ï ÔYXËÕ�Ñ Ï�êaë[Z_ë�ê�ì�ì Õ]\�Ô ê XUÕ�Ñ Ï ��Õ&X�^ � ê ó�í ë í_X ì
{a^�muncpRvetamMf¨pRtHqrb-wap5`�]l`c]ltHq_j�`o]h«I{a]lt$kh��khbeg�^�bMta]ltHqrnFV¢psqo[�m-`o]lncbefR{�qrpRbMt�g�m#qok�[apstav-psqon
noklmMfR]#ÀbaztafspR�M]¡qr[$]}qr`omMwapyqrpsbet�mMf
Ä�be{a`cpR]l`¢d�mMno]hnl��V�m ÷ ]lfs]hq¯d�mMno]hn¤bY`�]l`¯m�w$]lve`c]l]_bMjªfRb�klmMf ÇpRÚlm#qrpsbet_pRt nc^�mMkl]¢mMncV�]hfRf$mMn�j�`o]l«I{a]htakh�MÀªZ\[apRn�]ltamMdafR]hnªw$] ÷ ]hfRbe^agx]ltHqªbMj�nopsgx^afR]¨j�{atak�qrpsbet]ln¦qrpsg�m#qo]ln�qr[�m#q¢`o]lnc^�betaw-]�`�]lk�qrp ÷ ]hfs�~qobxwapRncklbetHqrpst�{apyqrps]ln\mMtaw9no^�mNqrpLm#fRfy� ÷ mM`c��pRt$vxwa]lvM`o]h]bMj
bencklpRfsfLmNqrpybetan�pRt~m}ncpRvet�m#fÆ�I] ÷ ]ltdV¢[a]lt~qo[a]¯bed$no]l` ÷ m#qopRbetan�mM`o]zklbMtIq¥m#g�pst�m#qr]hw�dI��t$bepRnc]MÀZ\[a]�d�b�be�In¨bMjC£¤m#{ad�]lk¥[aps]lnfe ½e½�g ��¸-]��e]l`fe ¾�½�g ��¸um#fRfLmNq/e ¾�h�g m#taw~²�bM[a]ltie%j g vep ÷ ]¢wa]�q¥mMpsfR]lw]�È�^�bencpsqopRbetan\bMj�qr[a]¡g�m#qr[$]lg�m#qrpsklmMfCm#no^�]lk�qrn�bMj(V�m ÷ ]hfR]�qrnlÀ
� n¢j�be`¢tab�V¡��qrb�m ÷ bepsw-{$no]lfs]lncnzqo]lk¥[atapsk�mMf	tab#q¥m#qopRbetC�kV�]9V¢psfRfCno{$^a^�beno]§qr[�m#q¢qr[a]¡j�]lm#qr{a`c]no^amMkl] F psn¡]h«�{amMfªqobKqr[$] � pRfsd�]l`cq�no^amMkl] L2([0, 1])

��mMtawlV�]mV¢pRfsf�ncbegx]hqrpsgx]ln�`c]hj�]h`¡qob
qr[$]}bedanc]l` ÷ m#qrpsbetan Xi

mMn õ qr[a]¡kl{a` ÷ ]ln ö À/n�È�qo]ltancpRbet-qrbxg�be`c]¡ve]lta]h`rmMf � pRfRd�]h`cq¢no^�mMkh]ln¯psn`obM{$qrpsta]Om#taw�psn¤fs]hj�q¯qob~qr[a] `o]lmMwa]l`hÀ§Â�]O`c]lklmMfRf�qr[�mNq
L2([0, 1])

psn�m#^a^a`ob�È�pRg�m#qr]hwQdI�Qm
ßOõ�á ä�ò�ðrâ¥ÝËîNá õ�ä�òÆîNó�ÞMó�ÞMápoUÝ�òRÝ��$pÆÀ÷]MÀy��m¬fRmMwawa]h`\bMj�khfRbenc]lw9no{$dano^�m#kl]ln

V0 ⊂ V1 ⊂ . . . ⊂ L2

(

[0, 1]
)

V¢[abenc]�{at$pRbet§pRn	wa]ltanc]�pRt
L2([0, 1])

�MmMtaw9V¢[a]h`o]�]lmMk¥[
Vj
psn�nc^�mMtat$]lw dH�

2j
bM`cqr[$betabe`cg�mMf

noklmMfRpstav}j�{atak�qrpRbMtan
φj,k, k = 0, . . . , 2j − 1

�$no{$k�[.qo[�m#q�no{a^$^
(φj,k) ⊂ [k2−j, (k+ 1)2−j]

À
� qz]�mMk¥[u`c]lncbefR{$qopRbetKfR] ÷ ]lf j ≥ 0

��qo[a]§be`cqo[abetabe`cg�m#fCklbegx^afs]lgx]ltHq
Wj

d�]hqqV�]l]ht
Vj
m#taw

Vj+1

psn¡vM]lta]h`rm#qo]lw�dI�
2j
bM`cqr[$betabe`cg�m#f(V�m ÷ ]hfR]�qrn ψj,k, k = 0, . . . , 2j − 1

ÀxZ\[I{anl��qo[a]
j�mMgxpRf��

⋃

j≥0

{ψj,k}k=0,...,2j−1

klbMg�^afs]hqo]lw9dI� {φ0,0}
j�be`cg�n¢mMt-be`¦qr[abMtabe`og�mMfPd�mMnopsn¢bMj

L2([0, 1])
À � nzmxkhbetanc]l«I{a]ltakl]M�mMtH�.bedanc]l` ÷ m#qrpsbet X pRt

L2([0, 1])
`c]�mMwan

X(t) =
∞
∑

j=0

2j−1
∑

k=0

ζj,kψj,k(t) + ηφ0,0(t), t ∈ [0, 1], r ½ Àtsvu
V¢[a]h`o]

ζj,k =

∫ 1

0

X(t)ψj,k(t)
w
t
mMtaw

η =

∫ 1

0

X(t)φ0,0(t)
w
t,

mMtaw.qr[$]¡klbMtanopsncqr]htakh� r ½ À�s_u�psn\{ataw$]l`on¦qrb�b�w9pRt L2([0, 1])
À�Â�]¡mM`o]�tab+V `o]lmMw$��qrb¬pstIqr`cb Çwa{akh]\be{a`�klfLm#nonopyÃ�k�mNqrpRbMtOm#fRvebM`opyqo[ag<mMt$wOwapRnckl{ancn�pyqrn�khbetanopsncqo]ltak��O^a`cbe^�]l`¦qrps]lnlÀwa�nopstav¤qo[a]

tabMqrm#qrpsbet_bMj�±�mM`omMve`rm#^a[ ½ À ½ À ¾ ��V�]�no{a^$^�beno]�qr[�mNq�qr[a]�w�mNq¥m¯klbet$nopRn¦qªbMj�m¯no]l«I{a]htakl]¢bMj n+
m
pÆÀ÷pÆÀ÷wCÀ

L2([0, 1])×{0, 1} Ç ÷ mMfs{a]hw§`rm#tawabeg bedanc]l` ÷ m#qrpsbetan (X1, Y1), . . . , (Xn+m, Yn+m)
À

Á�p ÷ ]lt m¯g {afsqops`o]hnobefs{$qopsbet_m#t�mMfs��ncpRn�bMj L2([0, 1])
mMn�]�È�^afspRkhpsqr]hw mMd�b ÷ ]#�e]�mMk¥[Obedanc]l` ÷ m#qrpsbet

Xi

pRn\]�È�^a`o]hnono]lwQmMn�m¬nc]l`cpR]ln¢]�È�^�m#tanopsbet

Xi(t) =
∞
∑

j=0

2j−1
∑

k=0

ζ ij,kψj,k(t) + ηiφ0,0(t), t ∈ [0, 1]. r ½ À¿æxu

½U¾Yh
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Ä�bM`�qr[a]\nrm#�M]¢bMj�klbe[a]h`o]htakl]#��pyqwV¢psfRf�d�]\klbMt ÷ ]htapR]htIq�qob¡`c]lpRt$wa]�È qo[a]\no]l«I{a]htakl] {φ0,0, ψ0,0,
ψ1,0, ψ1,1, ψ2,0, ψ2,1, ψ2,2, ψ3,0, ...}

pRtHqrb {ψ1, ψ2, ...}
À�Â»pyqr[�qr[apsn nok¥[a]hg�]#�¨]�È�^a`o]hnonopRbMt

r ½ À¿æxu�g�m��~d�]¡`o]�V¢`opyqoqr]ht-mMn

Xi(t) =
∞
∑

j=1

Xijψj(t), t ∈ [0, 1], r ½ À Ê u
V¢pyqr[.qr[a]¡`omMtawabMgÜkhb�]�{xklps]ltHqrn

Xij =

∫ 1

0

Xi(t)ψj(t)
w
t.

£z]ltabMqo]KdI�
Xi = (Xi1, Xi2, . . .)

qo[a].no]h«�{$]ltakl]9bMj�klb�]�{�khpR]htIqonxmMnoncb�klpLmNqr]lw|V¢psqr[
Xi
À

´¢]lklmMfRf	qr[am#q¯qr[$] � psfRd�]l`¦q¯no^amMkl] L2([0, 1])
psn¯pRncbeg�bM`o^a[apsk¡qrb

`2 =
{

x = (x1, x2, . . .) :
∑∞

j=1 x
2
j < ∞

} À.²�bet$no]l«I{a]ltHqrfs�M���Itab�V¢pstav
Xi

pRn�qr[a]xnomMg�]xmMn§�Itab�V¢pstav
Xi

À ¼ t�be{$`«I{a]hncq¡bMj�w$pRgx]ltancpRbet-`o]lw${akhqopRbetC��V!] Ãa`oncq¯Ã$ÈQpst r ½ À æYuzm�g�mNÈ�pRg {ag r fLmM`cve]+u¢`c]lncbefR{�qrpRbMtfs] ÷ ]hf J r J ≥ 0
��^�bMnonopsdafs��j�{atakhqopRbetKbMj

n
u�ncb¬qr[�mNq

Xi(t) ≈
J−1
∑

j=0

2j−1
∑

k=0

ζ ij,kψj,k(t) + ηiφ0,0(t), t ∈ [0, 1]

bM`¢]h«I{ap ÷ mMfR]htIqrfy�e�a{$nopRt$v r ½ À Ê u��

Xi(t) ≈
2J
∑

j=1

Xijψj(t), t ∈ [0, 1].

� q\qo[apRn�^�bepstIql�#V�]�klbe{afsw.qo`c��qrbO{ano]�qo[a]lnc]�Ã�tapyqr] Ç wapRgx]htanopsbet�m#fPm#^a^a`ob�È�pRg�m#qrpsbMtan�bMj	qr[a]bMdano]h` ÷ m#qopRbMtanl�zmMtaw�fR]�q~qo[a]|wam#q¥m�no]lfs]lk�qKbe^$qopRg�mMfsf��³bet$]|b#j¡qr[a] 22J − 1
t$bet Ç ]hg�^�qº�nc{adad�m#no]ln¬bMj {ψ1, . . . , ψ2J} À�­¨��wabepstavQnoba�}V!]~V!be{afsw3d�]~j�m#kl]hw�V¢pyqr[3mMt�{ata`c]�mMncbet Çm#dafR]xb ÷ ]l`rm#fRf¨mMfsvebe`cpyqr[ag¬psk¬khbegx^afR]�È$pyq��e��m#taw�qr[a]h`o]hj�bM`o]�k�m#qrmMncqo`obe^a[$pRkxno{adanc]l«I{a]ltIqO^�]l` Çj�bM`og�mMtakl]�d�be{$tawanlÀ�Z\[I{anl�IpstObM`owa]h`�qob�`o]hwa{akh]\qr[a]�b ÷ ]h`rmMfsf�klbegx^afs]�È�psq��}b#j�qr[a]�^a`obMdafR]hg-�V!]§no{$veve]hncq�qo[a]�j�befRfsb+V¢pstavO^$`ob�kl]hwa{a`c]MÀ

� Õ�Ð ì X �\j�bM`~]lmMk¥[ d = 1, . . . , 2J
�/V�]�mMncno{agx]Qqob�d�]|vMp ÷ ]lt�d�]�j�be`o]h[�mMtawém r ^�benoncpRdafy�pst$Ã�tapyqr]�u¡klbMfRfs]lkhqopRbMt

D
(d)
n
bMj¢`c{afR]hn

g(d) : R
d × (Rd × {0, 1})n → {0, 1} V!be`o�IpstavQpst

R
d mMt$w¶{ancpRtav�qr[a] n d Ç w$pRgx]ltancpRbetamMf�qo`rmMpstapRt$v�w�m#qrm�mMn�pRt$^a{$q�À�Â�]�V¢pRfsf¢wa]htabMqo]udI�

S
C

(d)
n

(m)
qr[a]¯klbe`c`o]lnc^�betawapstavOnc[�m#qoqo]l`�khb�]�{xkhpR]ltHqrn r no]h]¡±�mM`omMve`omM^a[ ½ À ½ À ¾ u!m#tawC�#V¢pyqr[.mncfRpsve[Iq¤m#da{ano] bMj�tabMq¥mNqrpRbMtC��dI�

S
(J)
Cn

(m)
qo[a] no[�mNqoqr]h`¤klb�]�{�khpR]htIq�klbe`c`o]lnc^�betawapstav~qrb�qr[$]

khbefRfs]lk�qrpsbet ∪2J

d=1D
(d)
n
bMj�mMfsfC`c{afR]hn¢]hgOd�]hwawa]hw-pRt

R
2J À!É¤d$no]l` ÷ ]§qo[�m#q

S
(J)
Cn

(m) ≤
2J
∑

d=1

S
C

(d)
n

(m). r ½ À�jYu

½U¾�½



� Ó Ï ÔYXËÕ�Ñ Ï�êaë[Z_ë�ê�ì�ì Õ]\�Ô ê XUÕ�Ñ Ï ��Õ&X�^ � ê ó�í ë í_X ì
� í�ÔeÑ Ï Ò ��V!]�fs]hqCqr[$] n qr`rm#pRtapstav�w�m#q¥m�`o]hbe`ow$]l`Cqr[a]�Ã�`cncq 2J

d�mMncpRnCj�{$takhqopRbetan {ψ1, . . . , ψ2J}pRtHqrb {
ψj1 , . . . , ψj2J

} ÷ pLm qr[$]§nck¥[a]lgx]

n
∑

i=1

X2
ij1

≥
n
∑

i=1

X2
ij2

≥ . . . ≥
n
∑

i=1

X2
ij

2J
. r ½ À 3 u

¼ t9bMqr[a]h`'V�bM`owanh��V�]�úc{ancq�fs]hq\qr[$]�qr`rmMpstapstavOnomMgx^afR]¤wa]lkhpRwa]¡dI�.pyqrnc]lfsjMV¢[apRk¥[9d�mMncpRn�j�{atak Çqrpsbetan\klmM`o`¦�~qr[a]¡gxben¦q¢nopRvMtapsÃ�klmMtHq¢pRt�j�be`og�m#qopsbMtCÀ
Â�]¬ÃatapRnc[�qr[a]¬^a`cb�kl]lw${a`o]xdI��m X�^�Õ�ÐNÒ no]hfR]lk�qrpsbet�ncqr]h^��§^apsk��-qr[$]|â&�¤â¥ö�ä�ò�ñMâ¯wapsg�]htanopsbet
d ≤ 2J

mMt$wumOklfLm#nonopyÃ�klm#qrpsbetK`c{afR]
g(d) pRt

D
(d)
n
dH�KmM^a^a`cbËÈ�pRg�m#qopstavO]lmMk�[

Xi

dH�
X

(d)
i =

(Xij1 , . . . , Xijd)
À

Z\[a]�w$pRgx]ltancpRbet
d
mMt$wéqr[a]�klfRmMnoncpsÃ�]h`

g(d) mM`o]�ncpRg {afyq¥m#ta]lbe{$nofs�Ano]hfR]hkhqr]hw {anopstav³qo[a]w�m#qrm Ç nc^afRpyqoqopst$vKw$] ÷ pRkh]xwa]lnckl`opsd�]lw�pst�±�m#`rmMve`omM^a[ ½ À ½ À ¾ À�±ª`c]lklpsno]hfs�M��V�]xk¥[ab�benc]�d�b#qr[ dmMtaw
g(d) bM^$qrpsg�m#fsfy��dI�.gxpRt$pRg¬psÚhpstav qo[a]¡]lgx^aps`opRklmMf�^a`obedamMdapRfspyq���b#j�]l`c`obe`\d�mMnc]lw-betKqo[a]pRt$wa]l^�]htawa]ltHq ÷ mMfspRw�mNqrpsbMt.no]�q��aqr[�m#q¢pRn

(

d̂, ĝ(d̂)
)

∈ argmin
d=1,...,2J ,g∈D

(d)
n

[

1

m

n+m
∑

i=n+1

1
[g(d)(X

(d)
i )6=Yi]

]

. r ½ À W u

© b#qr]�qr[�m#q�qo[a]\nc]lkhbetawxncqo]l^¬bMj�be{a`ªmMfsvebe`cpyqr[ag psn�nobMg�]�V¢[�m#qª`o]hfLm#qo]lw qrb�V�m ÷ ]hfR]hqªno[a`cpRta� ÇmMve]#�
qo[�m#q¡pRnh�
kl]l`¦q¥mMpst�V�m ÷ ]lfR]�q§klb�]�{xklpR]htIqon}mM`o]O`o]hwa{akh]lw�qrbKÚl]h`ob$ÀOÂ�m ÷ ]lfR]�q§nc[a`opsta�NmMvM]mMtaw³qo[a`o]hno[abefswapRt$v�g�]�qr[ab�w$nxklbetan¦qrpyqr{$qo]-m�^�b�V!]l`cj�{$f/V�m���qrb�klmM`o`¦�3be{$qxnopsvet�mMf¢m#t�mMf Ç��nopsnl��]hno^�]lkhpLm#fRfs�lV¢[a]ht3qo[a]~{atawa]h`ofy��pstavQ^a`ob�kh]lncn¬[�m#nOnc^�mM`cno]dV�m ÷ ]lfs]hqO`o]h^a`o]hno]ltHq¥m#qopRbMtCÀZ\[a]��Km#`o]¤klbMg�^a{�q¥m#qopRbet�m#fsfy�Oj�mMncq¢mMt$w9mM{�qrbeg�m#qopRklmMfsf���mMw�m#^$q�qrb no^�m#qopLmMf�mMtaw~j�`o]l«I{a]htakh�
pRt$[abegxbeve]hta]lpyqrps]hn�bMj!qr[a]xnopsvet�m#fÆÀ � `o] ÷ pR]�V7bMj!qr[a]�mMw ÷ mMtIqrmMve]hn}b#j�V�m ÷ ]hfR]hq}nc[a`opsta�NmMvM]mM^a^�]lmM`on�pRt~£¯betabM[aba���Mbe[atan¦qrbeta]#� ° ]h`o�H�HmMk¥[�mM`cpLmMt.mMtaw.±ªpRklmM`ow�e ½ s g À ¼ t.bM{a`!j�{at$khqrpsbet�mMfklfRmMnoncpsÃ�klm#qrpsbet³khbetIqo]�È�q���qr[a]-^$`o]l^$`ob�kl]hnoncpRtav�ncqr]h^ r ½ À 3 u¬mMfsfRb+V¢nOqrb�no[$`opRt$� È áRîMï¥ÞMá�ápoKmMfsffR]lmM`ot$pRtav§w�m#qrm$À�Z\[apsn!^�bepRtHq!pRn¨kl`c{aklpRmMfÆ��mMn!pstawap ÷ pswa{�mMf�nc[a`opsta�NmMvM]lnLV!be{afsw�fR]lmMw�qob_wap�`P]h` Ç]ltHq�nopRvMtapsÃ�klmMtHq¢d�mMnc]ln¢j�be`\]lmMk¥[9j�{atak�qrpsbetKpRt.qo[a]¡fR]lmM`otapstavOno]�q�À

� ^amM`cq¨j�`obeg d�]hpRtav<klbet$kl]l^�qr{�mMfsfs�¬ncpRgx^afR]#�Hqr[$pRn¨g�]�qr[ab�w�fR]lmMwan�qrb}qo[a]zklfRmMnoncpsÃ�]h`
ĝ(x) =

ĝ(d̂)(x(d̂))
V¢psqo[-mO^a`obMd�mMdapsfRpyq���bMj�gxpRncklfRmMnoncpsÃ�klm#qrpsbMt

Ln+m(ĝ) = P
{

ĝ(X) 6= Y | (X1, Y1), . . . , (Xn+m, Yn+m)
}

,

V¢[a]h`o]M�zj�be`.m�ve]lta]h`opsk
X
�
X

(d) = (Xj1 , . . . ,Xjd)
wa]htabMqo]ln.qr[a]QÃa`oncq

d
khb�]�{xklps]ltHqrn

`o]hbe`ow$]l`o]hw ÷ pLm�qr[a]�nck�[a]hgx] r ½ À 3 u�À�Z\[a]�no]lfs]lk�qr]lw�`c{afR] ĝ nrm#qopRn¦Ã�]ln�qr[a]¢j�befsfRb+V¢pstav�be^$qopRg�mMfpRt$]l«I{�mMfspsq��e�#V¢[$beno]§^a`cb�bMj�psn\klfs]�mM`�j�`cbeg r ½ À ½ u�m#taw r ½ ÀÖÛ_u*�
½U¾e¾
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E
{

Ln+m(ĝ)
}

− L∗ ≤ L∗
2J − L∗ + E

{

inf
d=1,...,2J ,g(d)∈D

(d)
n

Ln(g
(d))
}

− L∗
2J

+ 2E







√

8 log
(

4S
(J)
Cn

(2m)
)

m
+

1
√

(m/2) log
(

4S
(J)
Cn

(2m)
)







.

�§â�ðrâ
L∗

2J = inf
s:R2J →{0,1}

P{s(X(2J )) 6= Y }
Ý�äÆÞMó�ãNÝ}��îNð¡ä]��âT�zÞYoHâ¥Ý�à�ð¥îMï¥ÞHïlò�á ò�ä�o.î��_â�ð�ð¥îNðT�c��â�óQä&��â}��âoÞeä�õ�ð¥â¤Ý�à$Þ�ö�â�òRÝ

R
2J �

Â�]xg�mË� ÷ pR]�V qo[a]¬Ã�`on¦q§qr]h`og9�
L∗

2J − L∗ ��bet�qo[a]x`opsve[Hq§b#j�qo[a]xpsta]l«I{�mMfspsq��|m#n}mMt�mM^ Ç^$`obËÈ�psg�mNqrpsbet_qo]l`cg��}qr[$]¢^$`opRkh]�qrb�^�mË�}j�be`�{anopstav§m¤Ãatapsqo] Ç w$pRgx]lt$nopRbMt�mMf�mM^a^$`obËÈ�psg�m#qopsbetPÀZ\[$pRn\qo]l`og�klbet ÷ ]l`ovM]ln¢qrbxÚh]l`cb�dH�Kù
]lgxg�m ½ À ¾ À ½ d�]lfRb+V¡À
� í!6|6 ê³Ì�Í54
Í�Ì�� âT�$ÞMñMâ

L∗
2J − L∗ → 0

ÞNÝ
J → ∞.

� ÐUÑCÑ y Ä�`cbeg�£¯] ÷ `cbU�e]#��Á��eøM`cÃ-m#taw9ù	{$vebenopwe ½ Û g r Z\[a]lbM`o]hg ¾ À ¾ �a^amMve] ½ËÊ u��#V�]�[�m ÷ ]#�j�bM`\] ÷ ]l`¦� J ≥ 1
�

L∗
2J − L∗ ≤ 2E

∣

∣E{Y |X(2J )} − E{Y |X}
∣

∣.

© bMqr]§qr[�m#q MJ = E{Y |X(2J )} = E{Y |X1, . . . , X2J} psn¯m�{atapyj�be`ogxfy�.d�be{ataw$]lw|g�m#` ÇqopRtavemMfR]TV¢psqr[u`o]hno^�]hkhq�qob�qo[a]_t�m#qr{$`rmMf	Ã�fsqo`rm#qopRbMt
σ(X1, . . . , X2J )

À¤­!�9qr[$] g�mM`¦qrpstavHmMfy]
khbet ÷ ]l`ovM]ltakh]�qr[a]hbe`o]hg r khjºÀ�±�befRfRmM`ow~e ¾e¾�g ��²�be`obefsfLm#`c� ¾ j��H^�mMve] ½ æ ½ u��epsq�j�befsfRb+V¢n�qo[�m#q MJkhbet ÷ ]l`ovM]ln�pst L1

qrbxm fRpsgxpyq
M∞

�kV¢[$pRk¥[9]h«I{�mMfsn
E{Y |X} r khjºÀ�±�befRfRmM`ow�e ¾e¾�g �aZ\[a]lbM`o]lgÛ Ê �a^�mMve] ½ æ�svu�ÀªZ\[a]¡klfLm#pRg bMj�qo[a]¡fR]lgxg�m}j�befRfsb+V¢nlÀ

¥

Z\[$]}no]lkhbetaw-qr]l`cg-�
E{inf

d=1,...,2J ,g(d)∈D
(d)
n
Ln(g

(d))} − L∗
2J

��k�mMt-d�]}[amMtawafs]lw-dH�9n¦q¥mMt ÇwamM`ow�`c]lno{$fsqrn¨bMt�klfRmMnonopyÃ�klm#qrpsbetCÀ�ù
]hq!{an�Ã�`on¦q!`o]lklmMfsf�qo[a]�wa]hÃatapsqopRbet¬bMj
m~ö¥îNó$Ý�òRÝ�äºâ�ó�äa`o{afs]Y�
mx`o{afs]

g
pRn�klbet$nopRn¦qr]htIqzj�be`zm�khfLmMncnzbMj�wapRn¦qr`opsda{$qopRbMtan D pyj

E{Ln(g)} → L∗ mMn n → ∞j�bM`¢mMfRfPwapsncqr`cpRda{�qrpRbMtan
(X,Y ) ∈ D À

Z Ñ�ÐUÑ ë�ë�ê Ð+� Ì�Í54CÍ�Ì�� â�ä D ï�â§Þ.ö�áyÞNÝ¥Ý_î��§ãMòRÝ�ä�ð�ò�ïlõ�ä�òÆîNó$Ý �/� îNðc����âoã
J ≥ 0   ÞNÝ¥Ý�õ�ß�â¤ä&�$ÞMä��â§öoÞMóOà�òÆö¥ûL��ðrîNßiâoÞ�ö¡�

D
(2J )
n   n ≥ 1   îNóPâ g(2J )

n
Ý�õ�ö¡�~ä]�$ÞMäªä]��âzÝËâoôlõ�â�óPö¥â

(g
(2J )
n )n≥1

òRÝ
ö¥îNó$Ý�òRÝ�ä�â�ó�ä���îNð D ��¢ �

lim
n→∞

m = ∞,
ÞMó�ã   ��îNð_âoÞ�ö¡� J   lim

n→∞
E

{

log S
(J)
Cn

(2m)

m

}

= 0,

½U¾ Û
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ä]��â�ó|ä]��â}ÞMõ�ä�îNßxÞMä�òÆö¡ð�õ�áRâ

ĝ
ã�â&��óPâoãxò�ó�¥�¦ �]§�¨ òRÝOö¥îNó$Ý�òRÝ�ä�â�ó�ä©��îNð D ò�óQä&��â¤ÝËâ�ó$ÝËâ
lim
J→∞

lim
n→∞

E
{

Ln+m(ĝ)
}

= L∗.

� ÐNÑCÑ y Z\[a]§^$`ob�bMj�{ano]hnzZ\[$]lbe`c]lg ½ À ¾ À ½ ��ù
]lgxg�m ½ À ¾ À ½ ��m#tawKqr[a]¡{a^$^�]l`�d�bM{ataw

E

{

inf
d=1,...,2J ,g(d)∈D

(d)
n

Ln(g
(d))

}

− L∗
2J ≤ E

{

Ln(g
(2J )
n )

}

− L∗
2J .

¥

Z\[apsn�khbetanopsncqo]ltak��~`o]hno{afyq�pRn�t$]�V mMt$w.psn�]lnc^�]lklpRmMfsfs� ÷ m#fR{�mMd$fR]znopstakh]¯j�]�VÅmM^a^$`obËÈ�psg�m#qopsbet`o]hno{afyqrn¤[am ÷ ] d�]l]ht�]lncqrmMdafspRno[$]lwQj�bM`zj�{atak�qrpRbMt�mMf�klfLm#nonopyÃ�k�mNqrpsbetCÀ�²�be`obMfRfRmM`c� ½ À ¾ À ½ no[ab+V¢n
qr[am#q¯m�khbetancpRncqo]ltHq¯`o{afs]§pRn�nc]lfs]lkhqo]lwQpyjº��j�bM`�]�m#k�[-Ã$È�]lw

J ≥ 0
��qo[a]}no]h«I{a]ltakl] bMj

D
(2J )
n ª nklbMtIq¥m#pRtan�m¤khbetancpRncqo]ltHq�`o{$fR]#�e] ÷ ]htxpyj�V�]�wab�tabMq��Itab�V«V¢[$pRk¥[Oj�{$takhqopRbet$n�j�`obeg

D
(2J )
n

fR]lmMw
qrb\klbet$nopRn¦qr]htakh�MÀ ¼ j#V!]¨mM`c]ªbetafy�¯klbet$kl]h`ota]hwFV¢pyqr[�klbet$nopRn¦qr]htakh�M�e²�be`obefsfLm#`c� ½ À ¾ À ½ `o]lmMnonc{a`o]hn{an\qr[�mNq�t$bMqr[apstav¬psn\fRben¦q�mMn\fRbetav¬mMn'V!]¡qrmM�M]

m
gO{$k�[KfLmM`cve]l`�qr[amMt

log E{S
C

(J)
n

(2m)} ÀÉ¯j�qr]htC�¨qo[apRn `o]lw${akl]hnxqob�m ÷ ]h`c�|V�]�m#��khbetawapyqrpsbet�bet�qr[a].nopRÚh] m bMj�qo[a].qr]hncqopRtav�no]�q�À
© b#qr]¯mMfRncb}qo[�m#q�pyq!pRn!{$no{�mMfsfs�¬^�bMnonopsdafR]¢qrb}Ã�taw~{$^a^�]l`�d�be{at$wan�bMt�qo[a]¯`omMtawabeg ÷ mM`opRmMdafs]
S

C
(J)
n

(2m)
qo[�m#q�wa]l^�]htawxbet

n
�
m
mMtaw

J
�Hd${$qªtabMq�bet qr[a]\mMk�qr{�m#f ÷ m#fR{a]hnªb#j�qr[$]\`omMtawabMg

÷ mM`cpLm#dafR]hn (X1, Y1), . . . , (Xn, Yn)
À ¼ tuqr[apsnzk�mMnc]M�Pqo[a]_d�be{atawQpRnzwapsncqr`cpRda{�qrpRbMt Ç j�`c]l]M��m#tawqr[$]�^a`cbedafR]hg×psn�^a{$`o]lfy��klbMgOd$pRt�mNqrbe`opsmMf���khbe{atHq

S
C

(J)
n

(2m)
À}n�È$mMgx^afs]ln\mM`o]fV!be`o�M]hw9be{�q

d�]lfsb�V¡À
¬®­2¯�­�¬ °d±/²�³ è�´�µD¶
� Õ Ï í ê Ð�Ò�Õ ì ÔeÐNÕ�6�Õ Ï	ê XUÕ�Ñ Ï Ä�be`�Ã$È�]hw

d ≥ 1
�akhbetancpRwa]h`¢mMfRf�`c{afR]hn�qo[�m#q\no^afspsq

R
d pst~q�V!bdI� ÷ pR`¦qr{a]KbMj¯m�[�mMfsjz^afRmMta]#��mMt$wAmMncnopsvet³klfRmMnon 1

qrb�beta]K[�mMfsjznc^�mMkh]M��mMtaw³klfLm#non
0
qrb

qr[$]xbMqr[$]l`lÀ ¼ t�bMqr[a]h`NV!be`owanh� x pRn¡khfLmMncnopyÃ�]lw�pRt�beta]xb#j�qo[a]¬qqV�b-khfLmMncno]hn_mMkhklbe`cwapRt$vKqrbV¢[a]�qr[a]h`
a0 +

d
∑

i=1

aix
(i)

pRn¬^�benopyqrp ÷ ]Kbe`xta]hvHm#qop ÷ ]#��V¢[a]h`o] x(1), . . . , x(d) wa]htabMqr]9qo[a]-klbMg�^�bMta]ltHqrn�bMj x ∈ R
d À²�[ab�benc]xbet$]¬[�mMfyj!nc^�mMkh]�mMtaw�wa]lkhpRwa]Oqo[�m#q¡^�bepstIqon�bet|qr[a]¬d�be`cwa]l`�d�]lfsbetav.qobKqo[apRn¤[�mMfsj

no^amMkl]#À�­�]hk�m#{ano].qr[a]�qr`rmMpstapstavuno]l«I{a]htakl]9pRn tab#q¬] ÷ ]lt³{anc]lw³pRt�qr[a].wa]�Ã�tapyqrpsbet�b#j�qo[a]klbMfRfR]hkhqopRbetP�
S

C
(d)
n

(2m)
wab�]hnzbetafy�.wa]l^�]htawQbMt

d
mMtaw

m
À � khklbe`cwapRtav¬qrb~²�b ÷ ]l`Ue W�g ��beta][�mMn

S
C

(d)
n

(2m) ≤ 2
(

(2m)d + 1
)

,mMtawKqo[�{anh��{$nopRt$v r ½ À�jYu��

S
(J)
Cn

(2m) ≤ 2
2J
∑

d=1

(

(2m)d + 1
)

= 2J+1 + 4m
(2m)2J − 1

2m− 1

½U¾ s
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� ]l`c]~qr[a].mMfRvMbe`opyqo[ag1{anc]lnOqo[a]~qo`rmMpstapRt$vuno]l«I{a]htakl]Kqob|no]lfs]lk�qOqr[$].be^$qopRg�mMf¨w$pRgx]ltancpRbet
d̂
bet$fs�¸��qr[a]9klb�]�{xkhpR]htIqrn�mM`o]-mMwNúc{$ncqr]hw�úc{ancq�dH�³gxpRt$pRg¬psÚhpstav|qr[$]-]l`c`obe`xkhbegxg�pyqoqo]lw

bMtuqr[a]}qo]lncqopRtav�nrm#g�^afs]MÀ�Z\[a] `o]hno{afyqrpRt$v�wapsnokl`cpRgxpst�m#qobe`¢^apsk��Inzqr[a]_d�]hncq
d̂ Ç wapsg�]htanopsbet�mMfnc]l^�m#`rm#qopRtav¬[H��^�]h`o^afRmMta]¡d�mMno]hw-{a^�betKqr[$]¡qo]ln¦qrpRt$vxnomMgx^afR]#À

k ¹¡ºSº ÐNÓ ë í ì ¼ t�qr[a] k Ç ta]�mM`c]ln¦q¬t$]lpRvM[�d�be`_`c{afR] r k Ç ©¯© u���mug�mUúcbe`cpyqº� ÷ bMqr]~wa]hklpsnopsbetpsn¯g�mMw$] b ÷ ]l`¯qr[$]OfRmMd�]lfsn¯d�m#no]lw�{$^�bet|qo[a] k ta]lmM`o]hncq¡ta]hpRve[Id�be`on¯bMj x pRtuqr[$] qo`rmMpstapRt$vnc]hqlÀ Z\[apsn�^a`cb�kl]hwa{a`o]upRn�m#g�bet$v�qr[a]ugxben¦q�^�be^a{$fLmM`xtabet$^�mM`rm#g�]�qr`opsk9gx]hqr[$b�wan�{$no]lw
pst~ncqrm#qrpsncqrpsk�mMf�^�mNqoqr]h`ot.`c]lklbMvetapyqrpRbMt»V\psqr[~b ÷ ]h` Wxhxh `o]hno]�m#`ok¥[-m#`cqrpsklfs]ln!^a{adafspRno[$]lw.bMt~qr[a]gx]hqo[ab�w¬ncpRtakh] ½+Wx3�½ m#fRbet$]Y¼�£¤mMnrm#`rm#qo[I�~e ½+h�g [�m#n�^a`cb ÷ pRwa]hw�m¤klbegx^a`o]h[a]htanop ÷ ]�khbefRfs]lk�qrpRbMtb#j�mM`cbe{ataw ½ s h �M]h�.^�mM^�]l`cnlÀ
¼ j

D
(d)
n
klbetHq¥m#pRtanOmMfsf ©z© Ç `c{afR]hn r m#fRf ÷ mMfR{a]hnObMj k u}pRt�wapRgx]ltancpRbet d �ªqo[a]ltC��{atafspR�M]�qr[a]khbefRfs]lk�qrpsbet�bMj¢qr[$].^a`c] ÷ pRbM{anO]�Èam#g�^afs]M�

D
(d)
n
pstakl`c]�mMnc]ln½V¢psqo[

n
�¨m#taw3pyq wa]h^�]ltawan ÷ ]l`¦�g {ak¥[9bet.qr[a]�qo`rmMpstapRtav no]�q�À � qr`cp ÷ pLm#fPd�be{$taw-pst.qr[apsn\k�mMnc]§pRn

S
C

(d)
n

(2m) ≤ n

d�]hk�mM{$no]§qo[a]l`c]}m#`o]¡bet$fs�
n
g�]hgOd�]h`on\pRt

D
(d)
n
À!²�bet$no]l«I{a]ltHqrfy�e�

S
(J)
Cn

(2m) ≤ 2Jn.

µIqrbeta]¸e ¾ j g ^a`cb ÷ ]hw®qr[a]9ncqo`ops��pstav�`c]lnc{afsq¬qr[�mNq k Ç ©¯© klfRmMnoncpsÃ�]h`on�mM`c]9{atap ÷ ]l`cnrmMfsfs��klbMt ÇncpRn¦qr]ltHq9pyj
X ∈ R

d �¯^a`cb ÷ pswa]lw k → ∞ mMtaw
k/n → 0

À7Z\[a]h`o]hj�bM`o]M�bV�]�no]h]�qo[�m#q
bM{a`�n¦qr`rmNqr]lv#�|fs]�m#wan¤qrbKm.klbMtanopsncqr]htIq¡`o{afs]½V¢[$]lta] ÷ ]l` J/m → 0

mMt$w
log n/m → 0

mMn
n → ∞ À�Z\[I{anl��V!]KklmMt3qrmM�M]

m
]h«�{amMf�qob�m|ncg�m#fRf¨j�`rm#khqopRbet�bMj

n
V¢pyqr[abe{�q¬fsb�benopstav

khbetancpRncqo]ltak��eÀ_²�betancpRn¦qr]ltHq¡khfLmMncnopsÃa]l`on¯k�mMt�mMfsnob~d�] bed�q¥mMpsta]lwQdI�ub#qr[a]h`¤fRb�klmMf�m ÷ ]l`omMvepstavgx]hqo[ab�wan}mMn§fsbetav9mMn F = R
d ��no]h]�]#ÀÖv$À.£¯] ÷ `obU�e]#��Á¤�eøe`¦Ã�mMtaw�ù
{avebencp[e ½ Û g À.É¤t�qr[a]b#qr[a]h`¤[�mMt$wC�Pqr[$] ncqobe`c�upsn¯`rm#wapRklmMfRf��9w$p5`�]l`o]htIq¤pRtuve]lta]h`rmMf�no^�mMkh]ln F À � da`rm#[�mMg9�C­�pRmM{m#taw�²�mMwa`o]Ce ½�g ^a`c]lnc]ltIq§klbM{atIqo]l`o]�È$mMg�^$fR]hn¡pRtaw$pRklm#qrpstav�qo[�m#q¤qr[a]Ogxb ÷ pRt$vdV¢pstawab+V `c{afR]

r £¯] ÷ `cbU�e]M��Á¤�eøe`cÃ3mMtaw3ù
{avebencp�e ½ Û g �!²�[amM^$qr]h` ½+h u}psn t$bMqOkhbetanopsncqo]ltIq j�be`_ve]lt$]l`rm#f F �m#taw¶qo[a]h�¶m#`ove{a]-qr[am#q~`o]hncqr`cpRk�qrpRbMtan�bMt¶qr[$]Qno^�m#kl] F r pRt®qr]l`cg�n�bMj¡gx]hqo`opsk-klb ÷ ]l`opstavtI{ag d�]l`cn¡u§m#taw�bet�qo[a]�`o]hve`o]hnoncpRbet�j�{atakhqopRbet
η(x) = E{Y |X = x} k�mMt$tabMq}d�]�vep ÷ ]ht{$^CÀª­!�OmMw�m#^$qrpstav¤qr[a]¢mM`ovM{ag�]htIqonªpRt � da`omM[�mMg9�H­�pLmM{¬m#taw�²�m#wa`o]9e ½-g �Ipyqªk�m#txd�]¢nc[ab�V¢tqo[�m#q¯qr[a]

k Ç ©¯© khfLmMncnopsÃa]l`¯pRn¯khbetancpRncqo]ltHq��C^a`ob ÷ pRwa]hw η pRn¯khbetIqopRtI{abe{an¤bMtQqr[$] no]l^amM`rmMd$fR]� pRfsd�]l`cq\nc^�mMkl] L2([0, 1])
�
k → ∞ mMtaw

k/n→ 0
À

¾ Õ Ï�ê Ð+�¿XËÐUí�í Ô ë�ê�ì�ì Õ&\�íIÐ ì ²�fLmMncnopyÃ�k�m#qopRbetAqo`o]h]ln.^�mM`cqopsqrpsbMt
R
d pRtHqrb�`o]lvMpRbetanh��bMj�qo]lt[H��^�]l`o`c]lk�q¥mMtavMfR]ln¡^�mM`rm#fRfs]lf�qrb.qo[a]xmUÈ$]hnlÀ � gxbetav~qr[$]lno]#�	qr[a]Og�bMncq¡psgx^�be`cq¥m#tIq�m#`o] qr[a]d$pRt�mM`¦��khfLmMncnopsÃak�m#qopRbet�qo`o]h]lnl��nopRt$kl]Kqr[$]h�3[�m ÷ ]Oúc{an¦qxqqV�b�k¥[apRfswa`o]ht³^�]l`xtab�w$]-mMtawAmM`c]qo[�{anz]�m#nopR]hncqzqrb�g�mMtapR^${afLmNqr]¡mMtawu{a^�w�mNqr]MÀz¸umMtH�9ncqr`om#qr]hvepR]hnz[�m ÷ ]_d�]h]ltQ^a`cbe^�beno]hwuj�be`

½U¾ æ
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klbMtancqo`o{ak�qrpRt$vQqr[$]~dapst�mM`c��wa]lkhpRncpRbet�qr`o]h] r pstÀV¢[apsk¥[�]�mMk¥[�pRtHqr]l`ct�mMf¨tab�wa]~khbe`o`c]lnc^�betawanqrb�m�kl{$ql��mMtawA]�mMk¥[¶qo]l`cg�pst�mMf¢t$b�wa]uklbe`c`o]hno^�betaw$n~qob�m�no]�q.pst®qr[$]u^�mM`cqopsqopRbMt©u�ÀéÄ�bM`
]�È$mMgx^afs]ln¨mMtawxfRpsncqªbMjP`c]hj�]h`o]lt$kl]lnh�#V�]�`c]hj�]h`�qo[a]�`c]�mMw$]l`�qob}£¯] ÷ `cbU�e]#��Á¤�eøe`¦Ã�mMtaw�ù	{$vebenope ½ Û g ��²�[amM^$qr]h` ¾Yh À
¼ j�V!]�khbetancpRwa]h`�j�be`	]�È$mMgx^afR]!m#fRfHd$pRt�mM`¦��qo`o]h]ln�pRt9V¢[$pRk¥[_]�mMk¥[_pRtHqr]h`ot�mMfHtab�wa]!khbe`o`c]lnc^�betawanqrbxm¬nc^afRpyq\^�]l`o^�]htawapskl{afRmM`\qobxbMta]¡bMj�qr[a]§mNÈ�]hnl��qr[$]lt

S
C

(d)
n

(2m) ≤
(

1 + d(n+ 2m)
)k
,

V¢[a]h`o]
k
pRn.qr[$]�g�mNÈ�pRg {$g t�{$gOd�]h`9bMj khbetanc]lkh{$qrp ÷ ]�be`¦qr[abevMbet�mMf¤kl{$qon r be`KpstIqr]h`ot�m#ftab�wa]hn¡u�À¨Z\[a]h`o]hj�bM`o]M�

S
(J)
Cn

(2m) ≤
2J
∑

d=1

(

1 + d(n+ 2m)
)k ≤ 2J

(

1 + 2J(n+ 2m)
)k
.

798,Á ÂOÃCÃCP�=-J�QTKM=-EUACB
¼ t�qr[apsn!no]lk�qrpsbetC�!V�]¤^a`cbe^�benc]¯qob psfRfs{$ncqr`om#qr]¢qo[a]¯^�]l`¦j�be`og�mMtakh]¯bMjCqr[a]bV�m ÷ ]lfs]hq�khfLmMncnopsÃak�m Çqrpsbet9mMfRvMbe`opyqo[ag×^a`c]lno]htIqo]lwQpstuµ�]hkhqopRbet ½ À ¾ À¨Z\[a]§g�]�qr[ab�w9[�m#n�d�]l]ht-qr]hncqr]hwSV¢psqo[Kqr[a`c]l]klbMfRfR]hkhqopRbet$n¤bMj�`c{afR]hn

D
(d)
n
^�]h`cj�be`cg�pstav.pst|qr[a]OÃ�tapyqr] Ç wapsgx]ltancpRbetamMf�no^�mMkh] R

d ÀOÂ�]mV¢pRfsf{anc]¡qr[a]�j�befsfsb�V¢pstavOmMkh`obetH��g�n��
• Â Ç�Ä £ � V¢[a]ht

D
(d)
n

klbMtanopsncqrnxb#jzqr[a] Ä {�mMwa`om#qrpskK£¯pRnckl`cpRgxpRtamMtIq � t�mMfy��nopRnO`o{afs]^�]h`cj�be`cg�]hw9pstKwapRgx]ltancpRbMt
d
À

• Â Ç ©¯© V¢[a]lt
D

(d)
n
khbetancpRncqon�b#j�mMfsf

d Ç wapsg�]htanopsbet�m#f�ta]�mM`c]ln¦q Ç t$]lpRvM[�d�be`\klfRmMnonopyÃ�]h`onlÀ

• Â Ç Z¿V¢[a]lt
D

(d)
n

khbetIqrmMpRt$n¬dapst�mM`¦��qr`o]h]lnxpst
R
d pRt)V¢[apsk¥[®]lmMk¥[®pRtHqr]h`ot�mMf�tab�wa]

khbe`o`c]lno^�bMtawan¢qrbxm¬no^$fRpsq\^�]h`o^�]lt$wapRkh{afLm#`\qrb¬beta]¡b#j�qo[a]§mNÈ�]lnhÀ
¼ t�m#wawapsqopRbMtC�
bM{a`�j�{at$khqrpsbet�mMf�khfLm#nonopyÃ�k�mNqrpRbMt�gx]hqo[ab�wabefsbevM�upsn¡khbegx^�mM`o]hwlV¢psqo[�qqV�b-mMf Çqr]h`ot�mNqrp ÷ ]¡mM^a^a`cbHmMk¥[a]hn-�

• Ä Ç ©¯© `o]hj�]h`on�qrb_qr[a]�Ä�be{a`cpR]h`!Ã�fyqr]h`opstav mM^a^a`cbHmMk¥[.klbeg dapsta]hwdV¢pyqr[�qr[a] k Ç ©¯© `o{$fR]n¦qr{awaps]lw�pRt�­�pRmM{C�	­�{ata]lm-mMtaw�Â�]hve�NmMgx^zets g À ¼ t�qo[apRn�gx]hqr[$b�wC�
qr[a] k Ç ©¯© wapRn Çkh`opsg�pst�m#qopsbMt|`o{afs]OpRn�^�]l`cj�bM`ogx]lw�bet�qo[a]OÃ�`on¦q
d
khb�]�{xklps]ltIqon}b#j�m9Ä�be{$`opR]h`�nc]l`ops]ln

]�È�^�mMtancpRbetéb#j}]�mMk¥[ékh{a` ÷ ]#À Z\[a]�]�`�]lk�qrp ÷ ]�wapRgx]ltancpRbMt d
mMtaw�qo[a]�tI{ag d�]l`.bMj

ta]hpRvM[�d�be`cn
k
mM`c]~no]hfR]hkhqr]hw3dI��gxpRtapsg¬psÚhpstav-qo[a]~]lgx^apR`cpRklmMf�^a`obedamMdapRfspyq���b#j�]l`c`obe`

d�m#no]hw9bet.qr[$]¤qr]ln¦qrpstav¬nc]l«I{a]htakl]}^$fR{an\mMt9m#wawapsqop ÷ ]¯^�]lt�m#fsq���qo]l`cg λd/
√
m
V¢[apRk¥[

m ÷ bepRw$nªb ÷ ]l`cÃ$qoqrpstavaÀ�Â�]\k¥[ab�beno]�qr[a]\^�]lt�m#fsq��_qo]l`cg7mMnªno{avMve]ln¦qr]hw�dI�_qr[$]�m#{$qr[abM`onl�
t�m#g�]hfs�

λd = 0
j�be`

d ≤ n
mMtaw

λd = ∞ j�be`
d > n

À

½U¾MÊ
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• ¸u±�ù�µ$´A`o]hj�]h`on�qrb¤qr[a]�¸-{afyqrp ÷ mM`opRmNqr]�±�m#`cqrpRmMf$ù
]�mMn¦q�µ�«�{amM`o]¢´�]hve`o]hnonopsbetOj�be`�j�{atak ÇqrpRbMt�mMfeklfLm#nonopyÃ�k�mNqrpRbMtCÀ	Z\[apRn�mM^a^a`cbHmMk¥[_psn�ncqo{awaps]lw_pst}wa]�q¥mMpsfHpRt_±ª`c]lw�m¯mMt$wOµ$mM^�bM`cq¥me ¾ Û g À�Z\[$]§tI{ag d�]l`\bMj�±�ù�µ.khbegx^�beta]htIqrn¢psn\nc]lfR]hkhqo]lw-dH�.gxpRtapsg¬psÚhpstav_qr[a]�]lgx^apR` ÇpRklmMfC^a`cbed�mMd$pRfRp�qº��bMj�]l`c`obe`\d�mMno]hw-betKqo[a]�qr]hncqrpstav¬no]l«I{a]htakl]MÀ

¬®­�Ç/­,¬ È�èFµDµDÉ�ÊOËkµDÉ
Ì®Í®ÎfÏ2Ð#Ï�Ì®Î
Â�]�Ã�`cncq qr]hncqr]hw�qr[a]~gx]hqo[ab�w�pRt�muno^�]h]lk¥[³`o]lkhbevet$psqrpsbet�^a`cbedafs]lg9ÀuÂ�].n¦qr{aw���mu^�mM`¦q
b#j!Z ¼ ¸ ¼ Z7wam#q¥mMdamMno]½V¢[apRk¥[lV�mMn¡pRt ÷ ]ln¦qrpRvem#qr]hw�pRt � m#ncqrps]M�	­�{UúomKmMtaw�Z\pRdanc[apR`omMtap�e ½ j g ÀZ\[$]Kw�m#qrm�m#`o].fsbev Ç ^�]l`opsbIwabeve`omMg¬n_khbe`o`c]lno^�bMtawapRt$v|qrb|`o]hklbe`cwapRtav|^a[$beta]lgx]hn¬bMjzÛ ¾ g�nw${a`rm#qopRbetPÀ�Â�]_mM`c]}klbMtakl]h`ota]hw�V¢psqo[-qo[a]}wapRnckl`cpRgxpst�m#qopsbMt9bMj�Ã ÷ ]_nc^�]l]hk�[Qj�`omMg�]hn�klbe`c`o] Çnc^�betawapstav-qob-Ã ÷ ]�^$[abeta]hg�]hn}qr`omMtanokh`opsd�]lw�mMn§j�befsfRb+V¢n-�TÑºnc[#Ò�mMn}pRt�Ñ�no[a]*Ò r 3 j ¾ psqo]lgxn¡u��Ñ�waklf0Ò¯mMn�pRtÓÑºw�m#`o�xÒ r jeæYj_pyqr]hg�n;u��_Ñºpy�_Ò¤m#n�qo[a] ÷ b�V�]hfCpRtÓÑºno[$]�Ò r ½e½ËÊ Û_pyqr]hg�n;u��_Ñ¦mMm�Ò¯mMn�qr[a]÷ b+V�]hf�pRtiÑºwamM`o�xÒ r ÊxW æ~psqo]lgxn¡u¯mMtaw�Ñ¦m h ÒOmMn�qr[$]¬Ã�`cncq ÷ b�V!]lf�pst�Ñ2V�m#qo]l`�Ò r ½+hH¾M¾ psqo]lgxn¡u�ÀZ\[$] w�mNq¥mMd�m#no]_pRnzm�g {afyqrpsnc^�]lmM�M]h`zw�m#qrmMd�mMnc]MÀfn�mMk�[Qno^�]lmM�M]h`�psnz`o]hklbe`cwa]lw|m#q¤m ½�Ê � � ÚnomMgx^afRpstav_`rmNqr]�mMtawdV�]�`o]hqrmMpRt~betafy��qo[a]¤Ã�`cncq ¾ æ Ê j�`c]l«I{a]lt$klpR]hn r no]h]§Ä�pRve{a`c] ½ À ½ u�À�Z\[�{anqo[a]�w�m#qrm§khbetancpRncqon!b#j�sIæ hxW no]h`ops]ln¨bMjPfR]lt$vMqr[ ¾ æ Ê V¢psqr[x�Itab+V¢t�klfLm#non®V!be`ow�gx]lg d�]l`cno[aps^CÀ

0 1
0

30
aa

0 1
0

30
ao

0 1
0

20
dcl

0 1
0

30
iy

0 1
0

20
sh

Ä�pRvM{a`o] ½ À ½ �}ÔzÕ,Ö_×FØ_Ù ÚNÛ�ÜcÝ~Ù ÛxÞ�ß�ØYÚ�à�á Û#âxÛxÞkàãÖv×bÕ�äkÛkå�Ú½á%åUÚ�Ö�æ�ç½æ�ÙèÖ�Õ�Õ-é
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Â�]�wa]lkhpRwa]hwKqobO`o]hqrmMpRt
250

bedano]h` ÷ mNqrpRbMtan�j�be`!qr`rmMpstapstav mMtaw 250
bed$no]l` ÷ m#qopRbet$n�j�be`�qo]lncq ÇpRt$vaÀ~Z\[a]�]l`o`cbe`§`rm#qo] r&ê�ë u�bMj�qr[a]x]lfR]hkhqo]lw�`o{afs] ĝ j�be`§khfLmMncnopsj���pstav9ta]�VBbMdano]h` ÷ mNqrpRbMtanpRn-{ata�Itab+V¢tC�_da{$qQpsq-k�mMt d�]�]ln¦qrpsg�m#qo]lw klbMtanopsncqr]htIqofs�Å{ancpRtavAqo[a]�`c]ln¦q|bMjOqo[a]�w�mNq¥m

(X501, Y501), . . . , (X4509, Y4509)
� ÷ pRm qr[a]�j�be`cg {afLm

ê�ë =
1

4009

4509
∑

i=501

1[ĝ(Xi)6=Yi].

Z�mMdafs] ½ À ½ w$pRno^$fLm���nPqr[a]ª]hncqrpsg�mNqr]lw�]h`o`cbe`
`om#qr]hn
j�bM`Cqo[a]ªwap5`�]h`o]ltHq	gx]hqo[ab�wanCqrbMve]hqo[a]l`�V¢pyqr[qr[$]�no]hfR]lk�qr]hw�wapsg�]htanopsbetan r tI{ag d�]l`�bMjC±�ù�µ¬klbegx^�beta]htIqon�j�be`!¸u±�ù�µ$´bu�À � fRfa`c]lno{$fsqrn¨mM`o]m ÷ ]h`rm#ve]lw9b ÷ ]h` 50
`omMtawabeg�^�m#`cqrpyqrpsbetan�b#j�qr[$]¡w�m#q¥m�À

¸9]hqr[$b�w êfë d̂Â Ç�Ä £ � h À ½�h s ¾ j�ÀÖÛ hÂ Ç ©¯© h À ½�hxWeÊ ½+W À¿æ ¾Â Ç Z h À ½Ë¾ æMÛ W À ½+h
Ä Ç ©z© h À ½Ë¾ jxj s 3 À%j Ê¸u±�ù�µ$´ h À hYWxh s æ�À WeÊ

Z�mMd$fR] ½ À ½ �[ì!Õ�í¡á%×�Ö+í�Ú�âîÚ�à�àãÛ_à®à]Ö+í�Ú�Õ/Övå�âÓÕ�Ú�Ù Ú�æ*í�Ú�âdâ#á�×bÚ�å�Õ¡áèÛkå�Õ�é

Z�mMdafs] ½ À ½ nc[ab�V¢n�qr[�m#q�qo[a]¨qo[a`o]h]�gx]hqo[ab�wan�{anopstav[V�m ÷ ]lfs]hqrn�^�]l`¦j�be`ogïV!]lfRfIbMt}qr[$]!w�m#qrmzm#q
[�mMt$wCÀªZ\[$]¯gx]�qr[ab�w~¸u±�ù�µ$´�no]l]hgxn�m¡`o]�m#fRfs� khbegx^�]hqrpyqrp ÷ ]¢^a`cb�kl]lw${a`o]zpRtx`o]hvHmM`cwan�V¢pyqr[qr[$]9b#qr[a]h`onl��mMtaw3qo[a]K`o]lnc{afsqon¬bMjzqo[a]9Ä�be{a`ops]l` Ç d�mMnc]lw³mMfsvebe`cpyqr[agØmM`o].ncqrpsfRf�m#klkh]l^$qrmMdafR]#À
� b+V�] ÷ ]l`l�aqr[a]�^�]h`cj�be`cg�m#takl]¤bMj�qo[a]�fLmNqoqr]h`�gx]hqo[ab�wan\klmMtKklbet$nopRw$]l`rm#dafs��wa]�qr]h`opRbM`rm#qo]¯j�be`qrpsg�]�ðNj�`o]h«I{a]ltakhpR]hn¢psta[abegxbeve]hta]lbM{an\nopRvMt�mMfsnl�amMn¢psfRfs{an¦qr`rmNqr]hwKpst.qr[a]¡ta]�È�qz^�mM`omMve`rm#^a[CÀ
¬®­�Ç/­�¯ ç ¶#³ñ²®´�´m¶!Ï�³�òb´�²wÐ#Ï�Ì®Î>¶_Ð#òfó[ô
Â�]§^a`cbe^�benc]¡qrb¬pRt ÷ ]lncqopRvHmNqr]¤qr[$]§^�]h`cj�be`cg�mMt$kl]¡b#j�be{a`\g�]�qr[ab�wKpRt.qr[a]�j�befsfRb+V¢pstav nopRg { ÇfLmNqr]lw nokl]ht�mM`cpRbaÀ�Ä�be`�]�mMk¥[

i = 1, . . . , n
�xV!]¢ve]hta]l`om#qr]\^amMpR`cn

(Xi(t), Yi)
÷ pLm¯qo[a]\nok¥[a]lgx]��

Xi(t) =
1

50

(

sin(F 1
i πt)fµi,σi

(t) + sin(F 2
i πt)f1−µi,σi

(t)
)

+ εi,

V¢[a]h`o]
• fµ,σ

ncqrmMtawan¢j�bM`�qr[a]¡tabM`og�mMfCw$]ltancpsq��dV¢psqo[9gx]�mMt
µ
mMtaw ÷ m#`opLm#takl] σ2 õ

• F 1
i

mMtaw
F 2
i

mM`c]¡{atapyj�be`og×`rm#tawabeg ÷ mM`cpLmMd$fR]hn\bet [50, 150] õ
½U¾Y3
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• µi
pRn\`rmMt$wabegxfs��{$tapsj�be`cg×bet

[0.1, 0.4] õ
• σi

psn\`rmMtaw$begxfs��{$tapsj�be`cg�bMt
[0, 0.005] õ

• Z\[a]
εi ª n}mM`o]¬g {$qr{�m#fRfy�upRtawa]h^�]ltaw$]ltIq_t$be`og�mMf�`rmMtaw$beg ÷ mM`opRmMdafs]lnTV¢pyqr[�g�]lmMt 0mMtaw9n¦q¥mMtawamM`ow9wa] ÷ pRm#qrpsbet 0.5

À
Z\[$]§fLmMd�]hf

Yi
mMncnob�khpLm#qo]lwKqrb

Xi

pRn�qo[a]lt9wa]hÃata]lwC��j�be`
i = 1, . . . , n

��dH�

Yi =

{

0
psj
µi ≤ 0.25

1
bMqr[$]l`,V¢psno]#À

Ä�pRve{a`c] ½ À ¾ wapsno^afRmË��n§nop�È�q���^apRklmMf�`o]lmMfRpsÚ�m#qopsbMtan¡bMj�qr[a] Xi ª nlÀ.Â�]�no]h]�qr[�mNq_]lmMk¥[�kh{a` ÷ ]
Xi(t)

�
t ∈ [0, 1]

�\pRn�khbegx^�bMno]hw�b#j�qqV�b�w$p5`�]l`o]htIq�da{$q�nc��g�gx]hqo`opsk-ncpRvetamMfRnh�\mMtaw®qr[a]
^$`obedafs]lgipsn¢qr[�{$nzqob�wa]�qr]hkhq¤psj�qr[a]§qqV�b�ncpRvet�m#fRn�mM`o]§klfsbeno] r fLm#d�]lf h u¢bM`z]htabe{avM[QwapsncqrmMtIqr fLmMd�]hf ½ u�À

� fRf�qo[a]-m#fRvebe`cpyqr[$gxnUV�]l`c]9qo]ln¦qr]lw®b ÷ ]h`xnrm#g�^afs]lnObMj¯nopsÚl] 50
j�be`¬fs]�m#`otapstav�m#taw

50
j�be`

qo]ln¦qrpRt$vaÀ®Z\[$]-]l`c`obe`¬`rmNqr]ln r�ê�ë uUV�]h`o]9]lncqopRg�m#qr]hw³bet³pRtawa]h^�]ltaw$]ltIq�nrmMgx^afs]ln¬bMj¯nopsÚl]
500

À�Ä�pRve{$`o] ½ À¿Û�m#tawQÄ�pRvM{a`o] ½ À�s�wapRnc^afLm��.qr[$]_d�b�È$^$fRbMqonzbMj�qo[a]_]hncqopRg�m#qr]hwu]h`o`obM`z`rmNqr]lnm#taw�w$pRgx]ltancpRbet$n¤j�be`
50
`c]l^afspRklm#qrpsbetan¤bMj!qo[a]¬wap5`�]l`c]ltIq¡g�]�qr[ab�wan¡{at$wa]l`§n¦qr{aw$�MÀ�Z�mMdafs]

½ À ¾ no{agxg�mM`opsÚl]hn�qr[a]¡`c]lnc{afsqonlÀ
¸-]�qr[ab�w ê�ë d̂Â Ç�Ä £ � h À hx3 s W 3 À ½ËÊÂ Ç ©z© h À ½U¾ æMæ ¾ Û$À We¾Â Ç Z h À ½U¾ jMæ ¾�h À�s 3
Ä Ç ©¯© h ÀÖÛYs W Û jMæ�À 3Y3¸u±�ù�µ$´ h Àtsxs ½ Û Û$À Êx3

Z�mMdafR] ½ À ¾ �/ì#Õ�í;á�×fÖ�í�Ú-âîÚ�à�àöÛvà®à]Ö+í�Ú-Õ/Ö_å�âÓÕ�Ú�Ù Ú-æ�í�Ú-â~â#á%×fÚ�å�Õ¡áèÛ#å�Õ-é

Z�mMd$fR] ½ À ¾ ]htafRpsve[Iqo]ltan_qr[$]Kveb�b�w�`o]lnc{afsqonxm#k�[$pR] ÷ ]hw³dI��qr[a]dV�m ÷ ]lfs]hqxkhfLm#nonopyÃ�k�mNqrpRbMt3mMf ÇvMbe`opyqr[agxnlÀ Â�]|t$bMqr]Qpst�^amM`cqopRkl{$fLmM`¬qr[a]Q]�È�kh]lfRfs]ltHq.^�]l`cj�bM`og�mMtakl]ubMj¡Â Ç�Ä £ � V¢[apsk�[
m#k�[aps] ÷ ]hnl�¢pst¶m ÷ ]l`omMve]#�\qo[a]ud�]hncq~`rmNqr]lnhÀéZ\[a]u`rm#qo[a]l`�^�b�be`x`o]lnc{afsqon�bed�q¥mMpsta]lw®dI�3qr[a]gx]hqo[ab�w�Ä Ç ©¯© m#`o]�tab#q no{$`o^a`cpRnopstavaÀu£¯{$]�qrb-qr[a]�^�]lt�m#fsq���qo]l`cg r λd = 0

j�bM`
d ≤ nm#taw

λd = ∞ j�bM`
d > n

u��aqr[apsn¢^a`ob�kh]lwa{$`o]}`c]hq¥m#pRtan¢bMtafs��qr[a]�Ã�`on¦q
n
khb�]�{xklps]ltIqonzbMj�qo[a]

Ä�bM{a`ops]l`¨]�È�^�mMtancpRbetPÀªZ\[apRn!g�mNÈ�pRg�mMfat�{$g d�]h`!bMj
khb�]�{xklps]ltHqrn�pRn¨wa]�Ã�tapsqo]lfy�¬qob�b_fsb�V¶[a]l`c]
ncpRtakh]�j�`o]h«�{$]ltakhpR]hnzbMj�qr[$]�q�V�b¬nopRvMt�mMfRn�klmMtKq���^$pRk�m#fRfs��mM^$^a`obHm#k�[

150 � Ú#À�Z\[a]§^$`obedafs]lg

½U¾YW
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0 1
−4

0

4

0 1
−4

0

4

0 1
−40

0

40

0 1
−4

0

4

0 1
−2

0

2

0 1
−10

0

10

Ä�psve{a`o] ½ À ¾ �}÷øá ùFí�ú_Øxáèæ-Ö_ÙkàãÚ�Ö_Ù�á û-Ö+í;áèÛkå�ÕLÛYÜMÕ*á%×Fü_Ù Ö�í�Ú-âÓæ�ü_à5ý�Ú-Õ�þ/á í¡çÿÙèÖ��xÚ�Ù 1 � Ù Ú�Ü]í���Ö_å�â»ÙèÖ��YÚ�Ù 0
� à�áèÞkç+í���é
bMj�qr[a]OklmMfRpsda`rmNqrpsbMtQbMj�qr[$]O^�]ht�mMfyqº�-qo]l`og pRn¤wapsnokh{anono]hw�pst|wa]hqrmMpRf�pRt�­�pRmM{C�C­�{ata]lm9m#taw
Â�]lve�UmMgx^¸ets g mMtawKZ�{afs]�m#{¸e ¾Y3�g À
Ä�pst�mMfsfy�M�eÄ�pRvM{a`o] ½ À�s�ncqo`obet$vefs�}no{a^a^�bM`cqrnªqo[a]\pRw$]�m¯qr[�mNq�be{$`wV�m ÷ ]lfs]hq¨mM^$^a`obHm#k�[xmMfsfRb+V¢n�qrbklbMtanopswa]l`omMdafs��`c]lwa{$kl]¤qr[a]¤w$pRgx]ltancpRbetPÀªÄ�be`!]�È$mMgx^afR]#��qo[a]¯q���^$pRk�m#fPw$pRgx]ltancpRbetan!no]hfR]hkhqr]hw
dI�xqr[a]�mMfsvebe`cpyqr[$g Â Ç ©¯© mM`o]¤mM`cbe{ataw 20

�#V¢[a]l`c]�mMn�qo[a]l`c]¡m#`o]¤b ÷ ]l` 70
j�be`!qr[$]�Ä�be{a`ops]l`

^a`cb�kl]lw${a`o]#À

½ Û h
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W−QDA W−NN W−T F−NN MPLSR

0.1

0.2

0.3

0.4

0.5

Ä�pRve{a`c] ½ À¿Ûk����Û-ù!Ø_Ù ÛYí�Õ9ÛYÜ/í¡ç�ÚdÚ-Õ�í;á�×fÖ�í�Ú-â Ú�à�àãÛ_àTàãÖ�í�Ú�ÕUÜ&Û_à 50
àãÚ�Ø_Ùtá æ�Ö�í;áèÛ#å�Õ½Û�Ü/í¡ç�Ú»í�Ú-Õ�í�Ú�â×bÚ�í¡ç�Û#âxÕ�é

W−QDA W−NN W−T F−NN
0

25

50

75

100

Ä�pRve{a`c] ½ Àts�����Û-ù!Ø_Ù ÛYí�ÕÓÛYÜTí¡ç�ÚiÕ,Ú�Ù Ú-æ�í�Ú�â«â#á�×fÚ�å�Õ¡áèÛkå�ÕîÜ&Û_à
50

àãÚ�Ø_Ùtá æ�Ö�í;áèÛ#å�Õ»ÛYÜTí¡ç�ÚSí�Ú-Õ�í�Ú�â×bÚ�í¡ç�Û#âxÕ�é
½ Û ½
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798
	 �îQF? ÃCP�@/H HCQNK�Q J�P�QFBMBD=�RSJ�QNKM=�EUA
¼ t�mMfsf$qr[a]�^a`c] ÷ pRbM{an¨no]hkhqopRbetanh�vV�]�pRgx^afspskhpyqrf��Om#nono{$g�]hw�qo[�m#q¨]�m#k�[�^a`ob�kh]lncn Xi

V�mMn¨klbeg Ç^afs]hqr]hfs�~bMdano]h` ÷ ]hwQb ÷ ]l`\qr[$]§pstIqo]l` ÷ mMf [0, 1] À ¼ t-bMqo[a]l`'V!be`owanh��mMfsfPfR]�m#`otapstavOkl{a` ÷ ]ln[V!]l`o]#�pRt�nobegx]�no]htano]#�cÑ�^�]l`¦j�]lk�qrfs�_Òx�Itab�V¢tPÀ ¼ t�^a`omMk�qrpRkh]M��[ab+V�] ÷ ]h`l�ªpyq}pRn}khfR]lmM`ofy��pRgx^�bencnopRd$fR]qrb�bMdano]h` ÷ ]_qo[a]_kh{a` ÷ ]hn¤klbetHqrpRtI{abe{$nofs�M��mMtawu]�mMk¥[Q^a`ob�kh]lncn¤pRn�bedano]h` ÷ ]hw�bMtafs�9m#q¯m9��ó�ò�äºât�{$gOd�]h`¢bMj¨ÝlÞMß¯à�á ò�ó
��à�îNò�ó�ä�Ý�À�­�mMnc]lw-betKqo[a]lnc]}wapsnokh`o]hqo]§bed$no]l` ÷ m#qopRbetanh��mMt9]ln¦qrpRg�m#qo]�be`mKn¦q¥m#qopRn¦qrpRk psn�j�bM`ogx]lw|j�be`�{$no]xpst|qr[a]¬khfLmMncnopsÃak�m#qopRbet|^a`cbedafs]lg5m#q¡[�m#tawCÀÓa�no{�mMfsfs�M�Cq�V!b
�IpRtaw$n¡bMj¨nrmMgx^afspRtav�nok¥[a]hg�]hn}mM`c]Oklbet$nopRw$]l`o]hw��xã�â�ä�â�ð�ßOò�ó�òRÝ�ä�òÆö¯mMtaw3ðcÞMó�ã�îNßOÀ ¼ t�wa]hqo]l` ÇgxpRtapsncqopskxnomMg�^$fRpstava�	qr[a]�nomMgx^afRpstav9^�bepRtHqrn_mM`c]�k¥[abeno]ht3mMklkhbe`owapstav-qrbQm-wa]hqo]l`ogxpRt$pRncqopRk
`o{$fR]M�ªnc{ak¥[®mMn ^�]l`cpRb�wapsk�nrm#g�^afspRt$vaÀ ¼ t�`rmMt$wabegØnomMgx^afRpstava��qr[$].nrm#g�^afspstavu^�bepstIqrn mM`o]
k¥[abeno]htQmMklkhbe`ow$pRtav¬qob�m¬`rm#tawabegxpRÚh]lwK`o{afs]M��no{$k�[Qm#nz±�bepsnonobMt-nrmMgx^afspRtav$À ¼ q�pRn¢tab#qr]�V!be` Çqr[H�¬qr[�mNq�pRgx^�]l`¦j�]lk�qrpRbMtan�pRt�wa]hqo]l`cg�pstapRn¦qrpsk¢nrmMgx^afspRtav¡nok¥[a]hg�]hn r ]#ÀÖv$Àª^�]h`opRb�w$pRk¢nrmMgx^afRpstavV¢psqo[ úcpyqoqo]l`¡u!g�mË�~fs]�m#wKqobx`omMtawabMgÜnomMg�^$fRpstavaÀ
Z\[a]_^a`cbedafR]hg b#j�j�{atakhqopRbetamMf	ncq¥mNqrpRn¦qrpskln¢j�be`¡ÝlÞMß¯à�áRâoã.ãHÞMäåÞ}psn�qo[�{an¯b#jª]�È�qr`c]lgx]_pRtHqr]l`c]ln¦q
pRt�^$`rmMk�qrpsk�mMf�psnonc{a]lnhÀ � n�m§gxb�wa]ln¦q�ncqo]l^�qob�V�mM`owan¨qo[apRn¨waps`o]hkhqrpsbetC�_V!]bV¢psfRf�d�]zklbet$kl]h`ota]hwpRtuqr[apsn¤no]hkhqopRbet�V¢psqo[Qqr[a] klbet$nopRn¦qr]lt$kh�|b#j�qr[a]½V�m ÷ ]hfR]�q Ç damMno]hw�khfLmMncnopsÃak�m#qopRbetQmM^a^a`cbHmMk¥[klbMgOd$pRta]hw~V¢pyqr[~qr[a]

k Ç ta]�mM`c]ln¦q�ta]hpRve[Id�be`�`o{$fR]¯j�be`�wa]hqo]l`cg�pstapRn¦qrpsk¯nrmMgx^afs]lw.kl{a` ÷ ]lnhÀ¨Â�]`o]lmMfRpsÚl]_[ab+V�] ÷ ]h`�qr[�m#q�gxbe`o]FV�be`o�-pRn¤ta]h]lwa]hw�qobK{at$wa]l`cncq¥m#taw�qr[a]O^a[$]ltabegx]htabet�pRt�mMfsfve]hta]l`omMfRpyqº�MÀ ¼ t»^amM`cqopRkl{$fLmM`h�'V!]�V¢psfRfzt$bMqKmMwawa`c]lnon~qr[a]|psg�^�be`¦q¥mMtHq�pRncno{a]|bMj}m�nopsvet�mMfbedanc]l` ÷ m#qrpsbet9^�]h`cqr{$`od�]lw-dH�KmMt-mMw$wapsqop ÷ ]�`omMtawabMgÜt$bepRnc]MÀ
¼ t§be{$`
nrmMgx^afspRtav�gxb�wa]hfÆ��qr[$]�w�m#qrm\klbet$nopRn¦q�b#j n+m

`rmMt$wabeg bed$no]l` ÷ m#qopRbet$n (Z1, Y1), . . . ,
(Zn+m, Yn+m)

�cV¢[a]h`o]~]�mMk¥[�bMdano]h` ÷ mNqrpRbMt�mMf¨{atapyq r kl{$` ÷ ]�u}pRn}tab+V×m ÷ ]lkhqobe` b#j ` gx]�m Çno{$`o]lgx]ltHqrn
Zi = (Z1

i , . . . , Z
`
i )
mMfsbetav9]l«I{apswapsncq¥mMtHq}nrm#g�^afspRt$v9^�bMpRtIqon

t1, . . . , t`
À.Z\[am#q

pRnh�$j�be`\] ÷ ]h`c� i = 1, . . . , n
�
Zp
i = Xi(tp), p = 1, . . . , `.

´¢]lk�m#fRfPqo[�m#q¢]�mMk¥[
Xi

V�mMn�]�È�^�mMtawa]hwubet-m½V�m ÷ ]lfs]hq�d�mMncpRn ÷ pRm r ½ À Ê u�mMn

Xi(t) =
∞
∑

j=1

Xijψj(t), t ∈ [0, 1].

¼ tuqo[a]}nrmMgx^afRpstavOj�`rmMgx]�V�bM`o����qr[a]}klb�]�{xklpR]htIqon Xij

m#`o]}{ata�Itab+V¢tC�CmMtaw-qo[a]h�-mM`o]}khbet Çnopsncqo]ltIqofs�~]ln¦qrpsg�m#qo]lwKdH�

X̄ij =
1

`

∑̀

p=1

Zp
i ψj(tp),

V¢[apsk�[K��pR]hfRwan�qr[$]�j�befRfsb+V¢pstavO]hncqopRg�m#qr]hn¢b#j�qo[a]
Xi ª n��

X̄i(t) =
∞
∑

j=1

X̄ijψj(t), t ∈ [0, 1].

½ Û ¾



Ì�Í�� � ê 6 Æ ë í�Ò¶Ò ê X ê Ô ë�ê�ì�ì Õ]\�Ô ê XUÕ�Ñ Ï
�M{$ncqzmMn¢pRt-µ�]lkhqopRbet ½ À ¾ �kV�]¡Ã�È9m¬g�mNÈ�pRg {ag `o]hnobefs{$qrpsbet.fR] ÷ ]lf J �anob¬qr[am#q

X̄i(t) ≈
2J
∑

j=1

X̄ijψj(t), t ∈ [0, 1]. r ½ À ½+h u

Â�]zwa]htabMqo]¯dH�
X̄i = (X̄i1, X̄i2, . . .)

qr[a]znc]l«I{a]htakl]¤bMjCklb�]�{xkhpR]ltHqrn�m#nonob�khpLmNqr]lwîV¢pyqr[
X̄i

À
Â»pyqr[~qo[apRn�tabMq¥mNqrpRbMtC��qr[$]�V�m ÷ ]lfR]�q Ç d�mMno]hw9wapsgx]ltancpRbet~`c]lwa{$khqrpsbet.ncqr`om#qr]hvM�~^$`o]lnc]ltHqr]lw9pRtµ�]lkhqopRbet ½ À ¾ pRn�mM^$^afRps]lw.qrb¬qo[a]�ÑºnomMg�^$fR]hw#Ò�wam#q¥m

X̄i

pRt$ncqr]lmMw9bMj�qo[a]�Ñ�^�]l`cj�]hkhq�Ò§bMta]ln
Xi

Àa�nopstav¬qo[a]
k Ç ©¯© `o{afs]¤j�be`\klfRmMnoncpsÃ�klm#qrpsbetC��qo[a]¡ncqr`om#qr]hvM�.`c]�mMwan�mMn\j�befsfsb�V¢n��

• ù
]hqOqo[a]
n
qo`rmMpstapstavuw�m#q¥mQ`c]lbe`cwa]l` qo[a]

2J
d�mMncpRn_j�{atakhqopRbet$n {ψ1, . . . , ψ2J} pRtIqob

{

ψj̄1 , . . . , ψj̄2J

} ÷ pLm qo[a]¡nok¥[a]lgx]

n
∑

i=1

X̄2
ij̄1

≥
n
∑

i=1

X̄2
ij̄2

≥ . . . ≥
n
∑

i=1

X̄2
ij̄

2J
. r ½ À ½e½ u

• Ä�be`
d = 1, . . . , 2J

��mM^$^a`ob�È�pRg�m#qr]¤]lmMk�[
X̄i

dI�~qo[a]¡no{ag ∑d
p=1 X̄ij̄pψj̄p

À

• ±�]l`¦j�be`og ta]�mM`c]ln¦q9ta]lpsve[�d�bM`.khfLm#nonopyÃ�k�mNqrpRbMt�{$nopRt$v�qr[$]|Ãatapsqo] Ç w$pRgx]ltancpRbMt�mMf�w�m#qrm
X̄

(d)
i = (X̄ij̄1 , . . . , X̄ij̄d)

�
i = 1, . . . , n

À
Z\[$]OwapRgx]htanopsbet

d
mMtawQqo[a] t�{ag d�]h`¤bMj�ta]lpsve[�d�bM`on

k
mM`o]_nopRg {afyq¥m#ta]lbM{anofy�9nc]lfR]hkhqo]lw�dI�

wam#q¥m Ç no^afspsqcqrpytavOmMtaw9]lgx^aps`opsk�mMf�`opsno��gxpRtapsgxpyÚ�mNqrpsbMtCÀ�±�`c]lkhpRnc]lfs�M��no]�q

D̄n =
{

(X̄1, Y1), . . . , (X̄n, Yn)
}

m#tawuwa]lt$bMqr]}dI�
g

(d)
n,k(x, D̄n)

qo[a]
k Ç ©z© `c{afR]§^�]h`cj�be`cg�]hwubet9qr[a]§Ã�`cncq

d
V�m ÷ ]lfs]hq¯klb�]�{ ÇkhpR]htIqrn\be`cwa]l`c]lw ÷ pRm r ½ À ½e½ u�ÀªZ\[a]�`o{afs] g(d)

n,k(x, D̄n)
psn�wa]hÃ�t$]lwum#n�j�befRfsb+V¢nlÀ�Z\[a]�qo`rmMpstapRt$v

wam#q¥m¬mM`o]¤Ã�`on¦q�`o]lbM`owa]h`o]lw
(

X̄
(d)
(1)(x), Y(1)(x)

)

, . . . ,
(

X̄
(d)
(n)(x), Y(n)(x)

)

m#klklbM`owapstav�qrb¡pRtakh`o]lmMnopstav9nª{akhfRpRw$]�mMt¬wapsncq¥mMt$kl]hn ‖X̄(d)
i −x‖ bMj�qr[a] X̄

(d)
i ª n�qob x ∈ R

d À ¼ tb#qr[a]h`�V�be`cwanl�
X̄

(d)
(i) (x)

pRn!qr[a]
i Ç qr[~ta]�m#`o]ln¦q¢ta]lpsve[Id�be`�bMj x mMg�bMtavencq X̄

(d)
j , j = 1, . . . , n

À
¼ j!wapRn¦q¥mMt$kl]OqopR]hn�b�khkl{$`l��m.qopR] Ç da`c]�mM�Ipstav.ncqo`rm#qo]lvM�Qg {ancq¡d�]¬w$]hÃ�ta]hwCÀxÄ�be`¤]�È$mMgx^afR]#�
pRtklmMno] bMj ‖X̄(d)

i − x‖ = ‖X̄(d)
j − x‖ � X̄(d)

i

g�mË�9d�]Ow$]lkhfLmM`c]lw|klfsbeno]h`¯qob
x
psj
i < j

�Cp�ÀÖ]#Às�
qopR] Ç da`c]�mM�IpRt$v¬psn\wabeta]¡dH�.pRtawapskl]hnlÀªZ\[a] k Ç ©¯© klfRmMnoncpsÃ�klm#qopRbet.`o{$fR]�pRn�Ãat�mMfRfy��wa]�Ã�ta]lwumMn

g
(d)
n,k

(

x, D̄n) =

{

0
psj ∑k

i=1 1{Y(i)(x)=0} ≥
∑k

i=1 1{Y(i)(x)=1}

1
bMqo[a]l`�V¢pRno]#À r ½ À ½Ë¾ u

½ ÛeÛ



£ Ó Ï ÔYXËÕ�Ñ Ï�êaë[Z_ë�ê�ì�ì Õ]\�Ô ê XUÕ�Ñ Ï ��Õ&X�^ � ê_¤ í ë í_X ì
Z\[a]§j�`o]h]}^�m#`rmMgx]hqo]l`on

d
m#taw

k
mM`c]§be^$qrpsg�m#fsf��~no]hfR]lk�qr]hwQdH�9gxpRtapsg¬psÚhpstavOqr[$]}]lgx^aps`opsk�mMf

^a`cbed�mMdapsfRpyq���bMj�]l`o`cbe`¢damMno]hw-betKqo[a]¡pRtawa]h^�]ltaw$]ltIq ÷ mMfRpsw�m#qopsbet.nc]hql��qo[�m#q¢pRn

(d̃, k̃) ∈ argmin
d=1,...,2J ,k=1,...,n

[

1

m

n+m
∑

i=n+1

1
[g

(d)
n,k

(X̄
(d)
i ,D̄n)6=Yi]

]

. r ½ À ½ Ûxu

£¯]htabMqrpstav_dH�
X̄
qr[$]zqo`o{at$k�m#qo]lw~wa]hklbegx^�bencpsqrpsbet r ½ À ½+h uªbMj	m§ve]lt$]l`opsk X m#taw�dI�

X̄
(d) =

(X̄j̄1 , . . . , X̄j̄d)
qr[$]�Ãa`oncq

d
khb�]�{xklps]ltIqon_`o]lbM`owa]h`o]lw ÷ pRm r ½ À ½e½ u���qr[apsn}gx]hqo[ab�w�fs]�mMw$n§qrbqr[$]§khfLmMncnopyÃ�]l`

g̃(x̄) = g
(d̃)

n,k̃
(x̄(d̃), D̄n)

V¢psqr[9mO^a`obedamMdapRfspyq���b#j�gxpRncklfLm#nonopyÃ�k�mNqrpsbMt

L̄n+m(g̃) =P
{

g̃(X̄) 6= Y |D̄n+m

}

.

� n�j�be`�tab+V¡�Hqob¡fspRvM[Iqr]ht_qr[a]\tabMqrm#qrpsbetC��V�]\wa]ltab#qr]\dI� ḡ(d)
n,k(.)

qr[a]
k Ç ©¯© klfRmMnonopyÃ�]h` r ½ À ½Ë¾ u^�]l`¦j�be`ogxpRt$v bet.qo[a]�nrm#g�^afs]¤wam#q¥m D̄n

�amMtawKdI�
g

(d)
n,k(.)

qo[a]
k Ç ©z© klfLm#nonopyÃ�]h`\^�]h`cj�be`cg�pstavbetKqo[a]fÑ�qo`o{a]*Ò�w�m#qrm¬nc]hq

Dn =
{

(X1, Y1), . . . , (Xn, Yn)
}

.

Ä�be`PÃ$È�]lw
d ≤ 2J

mMtaw
k ≤ n

�Uqo[a]�^a`cbed�mMdapsfRp�qº�zbMj�]l`c`obe`
bMj
ḡ

(d)
n,k

mMtaw
g

(d)
n,k

m#`o]ª`o]lnc^�]lk�qrp ÷ ]hfs�vep ÷ ]lt9dH�
L̄n
(

ḡ
(d)
n,k

)

= P
{

ḡ
(d)
n,k(X̄) 6= Y |D̄n

}

mMtaw
Ln
(

g
(d)
n,k

)

= P
{

g
(d)
n,k(X) 6= Y |Dn

}

.

Z\[a]¯j�befsfRb+V¢pstav}fs]lgxg�m¡]ln¦q¥mMdafspRnc[a]ln!qr[�m#q!qr[a]hno]¤qqV�b ]l`c`obe`!qo]l`cg�n�mM`c]¯klfRbMno]bV¢[a]ht
`
��qo[a]

t�{$gOd�]h`zb#jªnomMgx^afRpstav¬^�bepRtHqrnh��qo]ltawan�qrb�pRt�Ã�tapsq��MÀ\´¢]lk�m#fRf
qo[�m#ql��vep ÷ ]ltumxve]lt$]l`opsk X �©V�]wa]htabMqr]xdI�
X

(d) = (Xj1 , . . . ,Xjd)
qo[a]¬Ã�`on¦qNÑåqr`c{a]�Ò

d
klb�]�{�khpR]htIqon_`c]lbe`cwa]l`c]lw ÷ pRm.qr[a]nok¥[a]hg�] r ½ À 3 u�À

� í#6À6 ê³Ì�Í��	Í�Ì�� õUàHà�îËÝËâ}ä]�aÞMä
��îNð¬âoÞ�ö¡� d = 1, . . . , 2J   ä&��â_ðcÞMó�ã�îNß ñNÞMð�ò�ÞHïláRâ
X

(d) òRÝÞHï�ÝËîNá õ�äºâ�ápoxö¥îNó�ä�ò�ó�õ�îNõHÝf�ªò�ä]��ðrâ¥Ý�à�â¥ö�ä�ä�î_ä&��â � âlï�â¥Ý��Mõ�âzß�âoÞNÝ�õ�ðrâ¡îNó
R
d ��� ��â�ó   m$À÷nlÀ   ��îNðÞMá�á

d ≤ 2J
ÞMó�ã~ÞMá�á

k ≤ n   ��â��$ÞMñMâ
lim
`→∞

L̄n(ḡ
(d)
n,k) = Ln(g

(d)
n,k). r ½ À ½ s_u

� îNó$ÝËâoôlõ�â�ó�ä�ápo  
lim
`→∞

E

{

inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)
}

= E

{

inf
d=1,...,2J ,k=1,...,n

Ln(g
(d)
n,k)
}

. r ½ À ½ æYu

½ ÛYs
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L̄n
(

ḡ
(d)
n,k

)

= P
{

ḡ
(d)
n,k(X̄) 6= Y |D̄n

}

= P
{

ḡ
(d)
n,k(X̄) 6= Y |Dn

}

. r ½ À ½ËÊ u
© b�V¡�Uwa]lt$bMqr]ªdI� S̄J r ð¥â¥Ý�à � SJ u�qo[a] ÷ ]lk�qrbe` {j̄1, . . . , j̄2J} r ð¥â¥Ý�à � qo[a] ÷ ]lk�qrbe` {j1, . . . , j2J} ukhbe`o`c]lnc^�betawapstav�qrb¤qo[a]\w�m#qrm Ç d�m#no]hw¬klb�]�{�khpR]htIq�`o]hbe`owa]h`opstav r ½ À ½M½ u r ðrâ¥Ý�à � r ½ À 3 u,u�À�£¯]hÃ�t$]

δ = min
1≤j<j′≤2J

∣

∣

∣

∣

n
∑

i=1

X2
ij −

n
∑

i=1

X2
ij′

∣

∣

∣

∣

,

m#taw�bedano]h` ÷ ]#��nopstakl]
X

(2J ) pRn_mMdancbefs{$qr]hfs��khbetIqopRtI{abe{anFV\psqr[�`o]hno^�]lk�qOqobuqr[$].ù
]hd�]hnovM{a]gx]�m#no{a`c]M�aqr[am#q
δ > 0

Þ � Ý � ¸-bM`o]lb ÷ ]l`h��V�]¡[�m ÷ ]
{

S̄J 6= SJ
}

=
{

∃(k, k′), 1 ≤ k < k′ ≤ 2J :
n
∑

i=1

X̄2
ijk
<

n
∑

i=1

X̄2
ijk′

}

. r ½ À ½ jxu
Â�]�Ã�`on¦q�^a`ob�kh]l]hw-qobxnc[ab�V qo[�m#q��	Þ � Ý��

S̄J = SJ r ½ À ½�3 u
j�bM`¢mMfRf

`
fLm#`ove]¤]ltabM{ave[CÀ�Z�b¬qr[apsn¢mMpRg9��tabMqr]¤qr[�m#q\qr[$]§khbetawapyqrpsbet

k < k′
pRgx^afsps]hn

n
∑

i=1

X2
ijk

≥
n
∑

i=1

X2
ijk′

+ δ.

²�bMtano]h«�{$]ltIqrfy�e��{ancpRtav¬pRta]h«I{�mMfRpyq�� r ½ À ½ jxu��kV�]§bMd$q¥mMpst
{

S̄J 6= SJ
}

⊆
⋃

1≤k<k′≤2J

{

n
∑

i=1

(X̄2
ijk′

−X2
ijk′

) −
n
∑

i=1

(X̄2
ijk

−X2
ijk

) > δ
}

.

µ�pRtakh]M��j�bM`z] ÷ ]l`c� i = 1, . . . , n
mMt$w

j = 1, . . . , 2J
�

lim
`→∞

X̄ij = Xij
�©V�]_khbetaklfs{awa]§qr[�mNq

r ½ À ½+3 u�[abMfRwanh��mMn¢wa]lncpR`c]lwCÀ
Z�b.Ã�t$pRno[Qqr[a]O^$`ob�bMj¨bMj¨]l«I{�m#fRpsq�� r ½ À ½ svu��PÃ$È d ≤ 2J

�
k ≤ n

�
mMtaw�`c]lbe`cwa]l`¯qr[a]FÑåqr`o{$]�Ò
qo`rmMpstapRt$vOw�mNq¥mOno]�q Dn

(

X
(d)
i1

(X(d)), Yi1(X
(d))
)

, . . . ,
(

X
(d)
in

(X(d)), Yin(X(d))
)

m#klklbM`owapstav�qob�qr[$]9pstakl`c]�mMncpRtav nª{akhfRpRw$]�mMt3wapRn¦q¥mMtakh]ln ‖X̄(d)
i − X

(d)‖ bMjzqr[$] X̄
(d)
i ª n¬qob

X
(d) ∈ R

d ��mMtaw9nc]hq

γ = min
1≤j<j′≤n

{∣

∣

∣‖X(d) − X
(d)
j ‖ − ‖X(d) − X

(d)
j′ ‖
∣

∣

∣

}

.

½ ÛHæ



£ Ó Ï ÔYXËÕ�Ñ Ï�êaë[Z_ë�ê�ì�ì Õ]\�Ô ê XUÕ�Ñ Ï ��Õ&X�^ � ê_¤ í ë í_X ì

¼ t ÷ bM��pstav¯qo[a]�mMdancbefR{�qr]!klbMtIqrpst�{apyqº�¡b#j
X

(d) ��V�]�no]h]�qr[am#q γ > 0
Þ � Ý � ²�fs]�m#`ofs�M�Nj�be`

j ′ > j
�

qr[$]§psta]l«I{�m#fRpyqº�
‖X(d) − X

(d)
ij
‖ + γ ≤ ‖X(d) − X

(d)
ij′
‖

[abefswanlÀ © b�VÅqr[a]�j�befsfsb�V¢pstav k¥[�mMpRtKbMj�pRt$]l«I{�mMfspsqrpy]ln�pRn ÷ m#fRpRw
�
∣

∣P
{

ḡ
(d)
n,k(X̄) 6= Y |D̄n

}

− P
{

g
(d)
n,k(X) 6= Y |Dn

}∣

∣

≤ P
{

ḡ
(d)
n,k(X̄) 6= g

(d)
n,k(X)|Dn

}

(
dI�.]h«I{�mMfspsq�� r ½ À ½ËÊ u )

≤ P
{

ḡ
(d)
n,k(X̄) 6= g

(d)
n,k(X), S̄J = SJ |Dn

}

+ P
{

S̄J 6= SJ |Dn

}

≤
∑

1≤j<j′≤n

P
{

‖X̄(d) − X̄
(d)
ij′
‖ < ‖X̄(d) − X̄

(d)
ij
‖ |Dn

}

+ P
{

S̄J 6= SJ |Dn

}

(
dI�~qo[a]¡{atapsbetKd�be{ataw

)

≤
∑

1≤j<j′≤n

P

{

(

‖X̄(d) − X̄
(d)
ij
‖ − ‖X(d) − X

(d)
ij
‖
)

−
(

‖X̄(d) − X̄
(d)
ij′
‖ − ‖X(d) − X

(d)
ij′
‖
)

> γ|Dn

}

(
dI�.w$]hÃ�t$psqrpsbetKb#j

γ
mMtaw9dH� r ½ À ½�3 u!j�be`¢mMfsf ` fLmM`cve]�]htabe{avM[ ).

Z\[a]}klbetakhfR{ancpRbet9j�bMfRfsb�V¢n\j�`cbegÜqo[a]§j�mMkhq�qr[am#q
lim
`→∞

X̄ij = Xij
À\Z\[$]_no]hklbetawQn¦q¥m#qo]lgx]ltHq

bMj	qr[$]�fR]hg�g�m}psn\m klbMtano]h«�{$]ltakl]§bMj�ù
]ld�]hnove{a] ª n¢wabegxpRt�mNqr]lw~khbet ÷ ]h`ovM]ltakh]¡qr[a]hbe`o]hg9À ¥
Z\[a]hbe`o]hg ½ À�saÀ ½ d�]hfRb+V×n¦q¥m#qo]ln qr[$].klbMtanopsncqr]htakh��bMj¢qr[$].`o{$fR]

g̃
no]hfR]lk�qr]hw³pst r ½ À ½ Ûxu¡j�be`m�fLmM`cve]KklfRmMnon�b#j�wapsncqo`opRd${$qrpsbetanhÀ ¼ j�V!]QmM`c]Oúc{an¦qîV�be`c`ops]lwAmMd�be{$qxqr[$]-klbetancpRn¦qr]lt$kh�®bMjqr[$]½V�m ÷ ]lfs]hq Ç d�mMnc]lw�ta]�m#`o]ln¦q¡ta]lpsve[�d�be`¯klfRmMnoncpsÃ�klm#qrpsbetu`o{afs]M�Pqo[apRnzqr[$]lbe`c]lg>`c]�mMncno{a`c]ln¡{an

qr[am#q¯tabMqo[apRt$v�pRnzfsben¦q¤m#n¯fsbetav�m#nzqo[a]_kh{a` ÷ ]hn�mM`o]}gx]�m#no{a`c]lw|m#qzg�bM`o]}mMtawug�bM`o]§wa]htano]nrm#g�^afspRt$vO^�bepstIqonlÀ
� ^	íIÑ�ÐNí!6 Ì�Í���Í�Ì�� õËàHà�îËÝËâOä&�$ÞMäM��îNð�âoÞ�ö¡�

d = 1, . . . , 2J   ä]��â¬ðcÞMó�ã�îNß>ñNÞMð�ò�ÞHïláRâ
X

(d)òRÝ_ÞHï�ÝËîNá õ�ä�â�ápo.ö�îNó�ä�ò�ó�õ�îNõIÝN�ªò�ä&�Kðrâ¥Ý�à�â¥ö�ä¨ä�îxä&��â � âlï�â¥Ý��Mõ�â¡ß�âoÞ#Ý�õ�ðrâ îNó
R
d   ÞMó�ã�ä]�aÞMä

lim
n→∞

m = ∞ and lim
n→∞

log n

m
= 0. r ½ À ½+W u

� ��â�óQä]��â_ÞMõ�äºîNßxÞMä�òÆö§ð�õ�áRâ
g̃
ã�â&��óPâoãxò�ó r ½ À ½ Û_u�òRÝOö¥îNó$Ý�òRÝ�ä�â�ó�ä¨ò�óQä]��â�ÝËâ�ó$ÝËâ

lim
J→∞

lim
n→∞

lim
`→∞

E
{

L̄n+m(g̃)
}

= L∗.

½ Û Ê
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E
{

L̄n+m(g̃)
}

− L∗ = E

[

L̄n+m(g̃) − inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)

]

r ½ À ¾�h u

+ E

[

inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)

]

− L∗. r ½ À ¾�½ u
Ä�`cbeg�pRta]h«I{�mMfspsq�� r ½ À ½ u\mMt$w r ½ À ¾ u���V�]}m#fR`o]lmMw$�~�Itab+V¢t-qo[�m#q r ½ À ¾Yh u�pRn\d�be{at$wa]lwumMd�b ÷ ]dH�

√

2 log(2 ∗ 2Jn)

m
+

1
√

2m log(2 ∗ 2Jn)
.

Z\[$]l`o]�j�be`o]#��{ancpRtavxù
]lgxg�m ½ ÀtsaÀ ½ m#taw9klbMtawapsqopRbet$n r ½ À ½+W u���V!]§khbetaklfs{awa]�qr[am#q

lim
J→∞

lim
n→∞

lim
`→∞

E

[

L̄n+m(g̃) − inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)

]

= 0.

ù
]�q¢{an¢tab+VÅqo{a`ot.qrb qr[a]¡mMtamMfs��nopsn�bMj�qo[a]¤qr]h`og r ½ À ¾�½ u�À�Ä�`obeg�ù
]hg�g�m ½ À�s$À ½ �#V�]��Itab�Vqo[�m#q

lim
`→∞

E

{

inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)
}

= E

{

inf
d=1,...,2J ,k=1,...,n

Ln(g
(d)
n,k)
}

.

µIqrbeta]ie ¾ j g ^a`cb ÷ ]hw�qr[�m#q§qr[a]h`o]�]�È�pRn¦qrn m9no{apyq¥mMd$fR]xnc]l«I{a]htakl] (kn)
V¢psqo[

kn → ∞ mMtaw
kn/n → 0

mMn
n → ∞ nc{ak¥[�qr[am#q

E{Ln(g(2J )
n,kn

)} → L∗
2J

mMn
n → ∞ À Z\[a]h`o]hj�bM`o]M�DV�]

[am ÷ ]

lim
n→∞

lim
`→∞

(

E

[

inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)
]

− L∗
2J

)

= lim
n→∞

(

E

[

inf
d=1,...,2J ,k=1,...,n

Ln(g
(d)
n,k)
]

− L∗
2J

)

≤ lim
n→∞

(

E
{

Ln(g
(2J )
n,kn

)
}

− L∗
2J

)

= 0

(
dH�9µ�qrbet$] ª n¢qr[a]hbe`c]lg ).

¼ t ÷ be�IpRtavxù	]hg�g�m ½ À ¾ À ½ �kV�]¡Ãat�mMfRfy��bed�q¥mMpst

lim
J→∞

lim
n→∞

lim
`→∞

(

E

[

inf
d=1,...,2J ,k=1,...,n

L̄n(ḡ
(d)
n,k)
]

− L∗

)

= 0.

Z\[$pRn¢khbetaklfs{awa]hn¢qr[a]¡^$`ob�bMj�bMj�Z\[$]lbe`c]lg ½ À�saÀ ½ À
¥

½ Û_j





� � 8 2��������-0?/1:��

e ½�g ²¯À � da`omM[�mMg9��ÁOÀ�­�pRmM{C�amMtaw-­¯À�²�mMwa`c]MÀ!É¤tKqr[$]¡�M]l`ot$]lf	`o{$fR]¤j�be`�j�{$takhqopRbetKkhfLmMncnop ÇÃ�k�mNqrpRbMtCÀ! zó�ó�ÞMá¿Ý î��¡ä]��â ¢ ó$Ý�ä�ò�ä�õ�ä�âOî�� � äÆÞMä�òRÝ�ä�òÆöoÞMá#"|ÞMä&��â�ßxÞMä�òÆö¥Ý�� ¾YhYh æ�À ¼ t-^$`o]lncnlÀ
e ¾�g a}À � g�m#qoba� � À � tIqrbMtapLm#wapRnh��m#taw ¼ À�£z]¤Ä�]lpRnhÀ	£¯psg�]htanopsbet�`o]hwa{ak�qrpRbMt~pstxj�{atakhqopRbetamMf`o]hve`o]hnonopsbet)V¢psqo[3mM^a^afspRklm#qrpsbMtanlÀ � îNß¯à�õ�äåÞMä�òÆîNó�ÞMá � äÆÞMä�òRÝ�ä�òÆö¥ÝKÞMó�ã%$}ÞMäåÞ� zó�ÞMápoUÝ�òRÝ��

¾Yhxh æ�À ¼ t9^a`c]lncnlÀ
eÖÛ g ±�À © ÀM­�]lfs[�{agx]l{$`l�_�aÀÖ±�À � ]h^�mMt�m��Im#taw¬£_À%�$À ° `ops]lveg�mMtCÀ#n�psve]ht$j�mMkl]hn ÷ nlÀ#Ã�no[$]l`cj�m#kl]hn-�´�]hklbevMtapsqopRbetA{anopstav�klfLm#non.nc^�]lkhpsÃ�k|fRpRt$]�mM`�^a`obNúc]lk�qrpsbetCÀ ¢'&(&(&)� ðcÞMó$ÝlÞ�ö�ä�òÆîNó$Ý�îNó*�ÞMä�ä�â�ð�ó+ zó�ÞMápoËÝ�òRÝ_ÞMó�ã,"|Þ�ö¡��ò�óPâ ¢ ó�ä�â�á�á ò-��â�óPö¥â�� ½+W ��j ½M½ �kj ¾�h � ½+WxW j�À
ets g Á¬ÀH­�pLm#{C��Ä!ÀI­�{ata]lm$��mMt$w~¸�À � ÀHÂ�]hve�NmMgx^CÀCÄ�{at$khqrpsbet�mMfakhfLmMncnopsÃak�m#qopRbet¬pst � pRfsd�]h`cqno^�m#kl]lnhÀ ¢'&(&!&.� ðoÞMó$ÝlÞ�ö�ä�òÆîNó$Ý_îNó ¢ ó���îNð�ßxÞMä�òÆîNó � ��â¥î#ð*oN��æ ½ � ¾�½�Ê Û�� ¾�½ j ¾ � ¾YhYh æ�À
e¿æ g µ�ÀC­�bM{ak¥[a]l`cbetC��É ÀP­�be{$no«I{a]hql�	mMtaw�ÁOÀPù
{avebencpÆÀ/ �ãMñNÞMóPö¥âoã � â¥ö�ä�õ�ð¥â¥Ý ò�ó0"�Þ�ö¡��ò�óPâ� âoÞeð�ó�ò�ó
�M��k¥[�m#^$qr]h` ¼ tHqr`ob�wa{$khqrpsbet�qrb_ncqrm#qrpsncqrpsk�m#f�fR]�m#`otapstav§qr[$]lbe`¦�e�$^amMve]hn ½ËÊYW � ¾Yh j�Àµ�^a`cpRtave]h`l� � ]lpRw$]lfRd�]h`ova� ¾Yhxh saÀ
e Ê�g µ�ÀU­�be{$k�[a]h`obetP�HÉ ÀË­�be{anc«�{$]hq��em#taw ÁOÀËù	{$vebencpÆÀeZ\[$]lbe`¦�¡bMj$klfRmMnoncpsÃ�klm#qrpsbet�� � no{$` ÷ ]��bMj�nobegx]¡`c]lkh]ltIq¯m#w ÷ mMt$kl]lnhÀ & �  ¢ "213*!ðrîMï�ÞHïlò�á ò�ä�o�ÞMó�ã � äÆÞMä�òRÝ�ä�òÆö¥Ý�� ¾Yhxh æ�À ¼ t9^a`o]hnonhÀ
e%j g§� À�²�bM[a]ltCÀ�4¯õ�ß�â�ð�òÆöoÞMá3 ¯ó�ÞMápoËÝ�òRÝ.î�� � ÞMñMâ�áRâ�ä5"�â�ä]��îlãNÝ�ÀdnªfRnc] ÷ pR]h`l� � g�n¦qr]l`cw�mMg9�

¾Yhxh Û�À
e 3�g ±�À�²�begxbetCÀ ¼ tawa]h^�]ltawa]ltHq klbegx^�beta]htIq_mMt�m#fs��nopsnl��m9t$]�VBkhbetakh]l^$q'6 � ò-�Mó�ÞMá7*!ðrî98

ö¥â¥Ý¥Ý�ò�ó
�M�aÛ Ê � ¾Y3 j+��Û ½ sa� ½+WxW saÀ
e W�g Z�À ¸�À�²�b ÷ ]h`lÀ¬Á�]lbMg�]�qr`opsk�mMf�mMtaw�ncqrm#qrpsncqrpsk�m#f�^$`obe^�]h`cqrps]ln�bMj¨nc��ncqo]lgxn§b#j!fRpsta]�m#`¯pRt Ç]l«I{�mMfspsqopR]hn9V¢pyqr[�mM^a^$fRpRklm#qopRbMtan§pst�^�m#qcqr]l`ct�`o]hklbevMtapsqopRbetCÀ ¢:&(&!&;� ðoÞMó$ÝlÞ�ö�ä�òÆîNó$Ý.îNó

& áRâ¥ö�ä�ðrîNó�òÆö � îNß¯à�õ�ä�â�ðrÝ���n¨² ½ s��ÖÛ ¾MÊ ��ÛeÛYs$� ½+WMÊ æ�À
e ½+h�g ­¯À · À�£¤mMnomM`rm#qo[I�MÀ<4}âoÞMðrâ¥Ý�ä=4§â�ò-���$ï�îNð»¥>4?4 ¨ 4§îNð�ß_Ý@1A4B4C*�ÞMä�ä�â�ð�ó � áyÞNÝ¥Ý�ò ��örÞMä�òÆîNó

� â¥ö¡��ó�ò�ôlõ�â¥Ý�À ¼ n�n®n�²�beg�^${$qr]h`zµ�b�khpR]hq��K±ª`c]lnonh��ù	bMn � fRmMg�p�qrbMnl� ½+WYW$½ À
½ Û W



¾ Î ¾m� ÎEDGF ë D �IHKJ
e ½e½-g§¼ À�£¤mM{ad�]hk¥[apR]hnlÀ � â�ó � â¥ö�ä�õ�ðrâ¥Ý§îNó � ÞMñMâ�áRâ�ä�Ý�À	µ�b�klps]hq��¬j�bM` ¼ tawa{an¦qr`opRmMf�mMtaw � ^a^afspR]hw¸-m#qr[a]hg�mNqrpRkhnl��±ª[apsfLmMw$]lfR^$[apRm$� ½+WxWe¾ À
e ½U¾�g ùªÀ�£¯] ÷ `cbU�e]#À � {$qobeg�m#qrpsk¬^�mNqoqr]h`ot�`o]hklbMvetapsqopRbet
� � ncqr{$w$��b#j�qo[a]�^a`cbed�mMdapsfRpyq��QbMj

]h`o`cbe`lÀ ¢'&(&(&L� ðcÞMó$ÝlÞ�ö�ä�òÆîNó$Ý|îNóM*�ÞMä�ä�â�ð�óN ¯ó�ÞMápoËÝ�òRÝQÞMó�ãO"|Þ�ö¡��ò�óPâ ¢ óaäºâ�á�á ò-��â�óPö¥â��
½�h � æ#Û h �$æ�sHÛ$� ½+Wx3x3 À

e ½ Û g ùªÀ¨£¯] ÷ `cbU�e]#��ùªÀ!Á��eøe`¦Ã
��mMtaw�ÁOÀ¨ù
{avebMnopÆÀP Q*!ð¥îMï¥ÞHïlò�á òRÝ�ä�òÆö � ��â¥îNð*o3î��G*�ÞMä�äºâ�ð�óR¢â¥ö¥î��Mó�ò�ä�òÆîNó�Àªµ�^a`opstave]h` Ç ·�]l`ofRmMva� © ]�V ÇTS bM`o��� ½�WxWeÊ À
e ½ s g £}À¿ùªÀ�£¯betabM[aba� ¼ À ¸�Àw�Mbe[$tancqrbMta]M�¨ÁOÀ ° ]l`o�H�Hm#k�[�m#`opLm#tC�ªmMtaw�£_À�±ªpRklmM`owCÀ9Â�m ÷ ]hfR]�qnc[a`opsta�NmMvM]Y� � nc��g�^�qrbe^apRm�6�Â»psqr[¡wapsnokl{$nonopsbet}mMtaw}m¢`c]l^afy��dH��qo[a]¨mM{$qr[$be`onhÀVU�îNõ�ð�ó�ÞMáî���ä&��âAR�î�oMÞMá � äÆÞMä�òRÝ�ä�òÆöoÞMá � îUö�òÆâ�ä�o � â�ð�òÆâ¥Ý��¢��æxj!� æ�sIæ+�$æ Ê sa� ¾YhxhH¾ À
e ½ æ g Ä!ÀMÄ�]l`c`rm#q��_m#taw¬±�ÀN·¤ps]l{CÀ$Z\[a]�j�{atak�qrpsbet�mMf�tabMta^�mM`omMgx]hqr`cpRk¨g�b�wa]hf$m#taw¬m#^a^afRpsk�mNqrpsbetqobxnc^�]lkhqo`obegx]�qr`opsk¡w�mNq¥m$À � îNß¯à�õ�äåÞMä�òÆîNó�ÞMá � äåÞMä�òRÝ�ä�òÆö¥Ý�� ½ j#�¿æ�sIæ��$æ Ê sa� ¾YhYhH¾ À
e ½ËÊ�g ±�À � m#fRf���£_À¿µ�ÀP±�bMno�Ipsqcq���mMt$wQ­¯À�±ª`o]hnota]hfRf�À � j�{atak�qrpRbMt�mMf	wam#q¥m Ç mMt�m#fs�Iqrpsk¡mM^a^a`cbHmMk¥[qobxncpRvetamMfCwapsnokh`opRgxpst�m#qopsbMtCÀ � â¥ö¡��óPîNß�â�ä�ð�òÆö¥Ý��#sHÛk� ½ � W � ¾YhYh$½ À
e ½ j g Z�À � mMncqopR]M� � À$­�{Uúom$�$mMtaw.´¡À�Z\psdano[$pR`rm#tapÆÀ	±�]lt�mMfspRÚh]lw~w$pRnokh`opsg�pstamMtIq!mMt�mMfy��nopRnhÀ � ��â zó�ó�ÞMá¿Ý î�� � äÆÞMä�òRÝ�ä�òÆö¥Ý�� ¾ Ûk�%jMÛ�� ½�hH¾ � ½�WxW æ�À
e ½+3�g ¸�À ° pR`odH��m#taw.ùªÀ$µ�pR`cb ÷ psk�[CÀ � ^a^afspRk�mNqrpsbetxbMjCqr[a] ° mM`c[�{ata]ht Ç ù	b�] ÷ ]¤^a`cb�kl]hwa{a`o]zj�be`qo[a]�k¥[�mM`omMkhqo]l`opsÚ�mNqrpRbMt_bMj�[�{ag�mMt_j�mMkh]lnhÀ ¢'&(&(&W� ðoÞMó$ÝlÞ�ö�ä�òÆîNó$Ý�îNó�*�ÞMä�ä�â�ð�ó, zó�ÞMápoUÝ�òRÝ

ÞMó�ã,"|Þ�ö¡��ò�óPâ ¢ ó�ä�â�á�á ò-��â�óPö¥â�� ½U¾ � ½+h Û�� ½+hx3 � ½+WxWYh À
e ½+W�g µ�À¿´¡À ° {$fR�Nm#`otap�mMtawAµ�À%n\À�±�bencta]l`hÀ3´zm#qo]lnObMjzklbet ÷ ]l`cve]lt$kl]-bMjzta]lmM`o]hncqxta]lpsve[Id�be`]hncqopRg�m#qrpsbet³{atawa]h`.m#`odapyqr`rmM`¦�3nrm#g�^$fRpRt$vaÀ ¢'&(&(&L� ðcÞMó$ÝlÞ�ö�ä�òÆîNó$Ý|îNó ¢ ó���îNð�ßxÞMä�òÆîNó

� ��â¥îNð*oN��s ½ � ½+hH¾�3 � ½+h Û W � ½+WYW æ�À
e ¾Yh�g µ�À�¸umMfsfLm#qlÀX � ÞMñMâ�áRâ�ä � îNõ�ð¤î�� � ò-�Mó�ÞMáY*!ðrîËö¥â¥Ý¥Ý�ò�ó
�MÀ � klmMwa]hg�psk¢±ª`o]lncnl�$µ$mMt�£¯ps]lveb$�

½�WxWxW À ¾ taw9]hwapsqopRbetPÀ
e ¾�½-g S Àa¸-]h�e]h`lÀ � ÞMñMâ�áRâ�ä¨ÞMó�ãKZ�à�â�ðoÞMä�îNðrÝ�À�²�mMg da`opswave]fa�tap ÷ ]h`oncpsq���±ª`o]hnonl��²�mMg da`cpRwavM]M�½�WxWH¾ À
e ¾e¾�g £}À¿­¯À�±�befsfLmM`cwCÀ( \[CÝËâ�ðV] Ý_^�õ�ò�ã�â}ä�î`"�ârÞNÝ�õ�ðrâ � ��â¥îNð¥â�ä�òÆöA*!ðrîMï¥ÞHïlò�á ò�ä�oNÀ¨²�mMg da`opswave]a�tap ÷ ]h`oncpsq��K±ª`c]lnonh�P²�m#gOd$`opRw$ve]M� ¾Yhxhe¾ À
e ¾ Û g ²¯À�±ª`o]lwam�m#taw³ÁOÀ�µ$m#^�bM`cq¥m�À|´balve`c]lncnopRbMt3±�ù�µ�nc{a` {at�^$`ob�kl]hnonc{an¬ncqob�k�[amMncqopR«I{a]MÀR¢â�ñËõ�â_ã�â � äåÞMä�òRÝ�ä�ò�ôlõ�âc �àHà�á ò�ôlõed¥â���æ h r ¾ u�� ¾YhYhH¾ À
e ¾ s g �$À¿É À�´zm#g�nomË�AmMtaw»­¯À Â À¢µ�pRf ÷ ]h`og�mMtCÀ � õ�óPö�ä�òÆîNó�ÞMá5$§ÞMäåÞf ¯ó�ÞMápoËÝ�òRÝ�À?µ�^a`cpRtave]h` Ç·ª]l`ofRmMva� © ]�V S be`o��� ½+WYW j�À

½ s h



¾ Î ¾m� ÎgDGF ë D �IH+J
e ¾ æ g �$À É ÀI´�mMgxnrmË�Om#taw�­zÀ÷Â À�µ�pRf ÷ ]l`cg�m#tCÀ# �àHà�á òÆâoã � õ�óPö�ä�òÆîNó�ÞMáY$}ÞMäåÞ< zó�ÞMápoUÝ�òRÝ � "�â�ä&�
8îlãNÝ}ÞMó�ã � ÞNÝËâ � ä�õ$ãMòÆâ¥Ý�À¨µ�^a`cpRtave]h` Ç ·�]l`cfLmMva� © ]�V S be`o��� ¾�hxhH¾ À
e ¾MÊ�g Ä�ÀM´�bMnonopamMt$w © À#·¤psfRfRm�À$Ä�{atakhqopRbetamMf�w�mNq¥m�m#t�mMfy��ncpRn(V¢pyqr[Onc{a^a^�be`¦q ÷ ]hkhqobe`ªg�mMk¥[apRta]#À

¼ t2*�ðrîËö¥â¥âoãMò�ó
�NÝ_î��? � "+$5 � îNó���â�ðrâ�óPö¥â<hji�ilkM��­!`o]ln¦q���Ä�`rmMt$kl]M� ¾Yhxh æ�À
e ¾ j g ²¯À��$ÀCµ�qrbMta]MÀ¡²�betancpRn¦qr]ltHq�tabeta^amM`rmMgx]�qr`opsk}`o]hve`o]hnoncpRbetCÀ � ��â< zó�ó�ÞMá¿Ý�î�� � äåÞMä�òRÝ�ä�òÆö¥Ý��æ#�¿æ W æ+� Ê sIæ�� ½+W jxj�À
e ¾Y3�g ²¯À!Z�{afs]�m#{CÀ � d�áRâ¥ö�ä�òÆîNóéã�âMm�ÞMð�ò�ÞHïláRâ¥Ý¬à�îNõ�ð-áyÞO$¡òRÝËö�ð�ò�ßOò�ó�ÞMä�òÆîNóÅâ�ón^�ðoÞMó�ã�âK$¡òo8

ß�â�ó$Ý�òÆîNó9â�ä � áyÞNÝ¥Ý�ò ��öoÞMä�òÆîNó.ã�â5$ îNó�ó#d¥â¥Ý � îNóPö�ä�òÆîNó�óPâ�á�áRâ¥Ý�À�±�[a£»qr[$]lnopsnl�!a�tap ÷ ]h`onopyqº�±�mM`opsnqp ¼ Ç É�`cnrm��e� ¾YhYh æ�À
e ¾YW�g · À © Àl·¨mM^ataps�¤mMtaw � À S m$ÀN²�[$]l` ÷ bMta]lta�IpRnhÀ�É¤t¡qo[a]�{atapyj�be`ogÅkhbet ÷ ]h`ove]htakl]!b#j$`c]lfRm#qrp ÷ ]j�`o]h«�{$]ltakhpR]hn.bMj�] ÷ ]ltHqrn�qrb�qo[a]lps`�^a`obMd�mMdapsfRpyqops]hnlÀ � ��â¥îNð*o³î��r*!ðrîMï¥ÞHïlò�á ò�ä�o�ÞMó�ã�ò�ä�Ý �àHà�á òÆöoÞMä�òÆîNó$Ý�� ½ËÊ � ¾MÊ s�� ¾Y3xh � ½+W j ½ À

½ s ½





s ��tvu³2 6vw ����t 4yx / 4N� w / 4NuOx���@B4 w

£¯mMtan�kh]9qo`rm ÷ mMpsf\wa]Kqo[Vzlnc]M�¨tabM{an�m ÷ betan�mM^a^�bM`cq:aK{ata]9klbetHqr`opsda{$qopRbet3nc{a^a^af{algx]ltHq¥mMps`o]m#{�È�qr[Vzhg�]hn¬w$]Kf ª mM^a^$`o]ltHqrpsnonrm#ve].n¦q¥m#qopRn¦qrpR«I{a]~]hq¬wa].f ª ]ln¦qrpsg�m#qopsbMt�tabet3^�m#`rmMg�ahqo`opR«I{a]#À© be{an¢tabe{an¢nobegxg�]hn¢pstIq�al`o]hnon�ahn¯mM{�È9^$`obe^a`cp|a�q:aln\qo[Valbe`cpR«I{a]hn�wa]ln�w$p5`}al`o]htIqo]ln�g�ahqo[ab�wa]lna�qr{aw$p|al]hnl��qobe{$q¢]lt-]hnonomË�HmMtHq���fRbe`cno«I{a]¡k ª a�q¥mMpyq�^�bencnopsdafR]#��w ª psfRfs{an¦qr`o]h`\fs]l{a`cn¢^�]l`¦j�be`og�mMtakh]ln~ f ª mMpswa]¤wa]�úc]l{�ÈKwa]¡wabMtatVal]hnz`�al]hfRfR]hn\be{9nopsg {af|ah]lnhÀ
£¯mMtanzfLmO^a`o]hg�p{zl`c]§^amM`cqrps]¡wa{9qr`rm ÷ mMpsfÆ�$tabe{an�tabe{an�nobegxgx]ln�m#qoqrmMk¥[Valn ~ g�betHqr`c]l`¢f ª pRtHq:a Ç`��hq�w ª mM^a^$`�al[$]ltawa]h`zfR]hn¢[apRn¦qrbevM`rmMgxgx]hn\gxb�wapsÃValn\klbMg�gx]�wa]hn�nc��ncq�zlgx]lnzw$��t�m#g�ps«�{$]ln ~]hno^�m#kl]zw ª ahqrm#qrn¨w$]�wapsg�]htanopsbet¬pst$Ã�taps]M�Mqobe{$q¨]ht�nobe{afspRvMt�mMtIqªfs]l{a`cn¨d�bMtata]ln¨^�]l`¦j�be`og�mMtakh]ln^�bM{a`¯]hncqrpsg�]h`zwa]hn¤wa]htanopyq:aln¤khbegx^afR]�È�]lnlÀ�£¤mMtan¯fR]}k�m#n¯gO{$fsqrp ÷ mM`op{a#��t$be{an¤m ÷ bMtan¤]htano{$psqr]khfLmMps`o]hg�]htIqªgxpRnª]ht_a ÷ pRw$]ltakh]zfR]\`��efs]\wVahqo]l`cg�pst�mMtHqCúcbM{Va¢^�mM`�wa]hn!^amM`cqopsqrpsbet$nªkhbetancqo`o{apyqr]hn~ ^�mM`¦qrps`�wa{¬t�{�m#ve]\wa]hn�wabMtatVal]hn�`o]lfRm#qrp ÷ ]lgx]ltHq ~ fLm¯«�{amMfRpyq:a�wa]\f ª ]hncqrpsg�mNqrpsbMtCÀ#ù	m�khbeg dap ÇtamMpRncbetxwa]¢kl]ln¨wa]l{�È_a�qr{aw$]ln!wa] ÷ `rmMpyq¨t�m#qo{a`o]hfRfR]hg�]htIqªklbet$wa{apR`c]M�Hw�mMt$n¨{at�m ÷ ]ltaps`�^a`ob�k¥[a]#�~ fRm§v�ahtVal`omMfRpsnrm#qopRbMtxwa]¯kh]ln�nc��ncq�zlgx]ln�w$��t�mMgxpR«I{a]hn!j�bet$khqrpsbetata]hfRn!mM{�wabMg�m#pRta]¢g {afsqop ÷ m Ç`cp|a#À ¼ fP�.mO]ltK]�`�]hq\j�be`cq ~ ^�m#`ops]l`�«I{a]¡fLm_g�psno]�mM{K^�bMpRtIq�w ª {$ta]¡^a`ob�k�alwa{$`o]¡wa]¡n�alfs]lkhqopRbMtw ª [apsncqobeve`rm#g�gx]hn¯g�b�w$psÃ�ahn¤pyq:al`�aln¤w�mMtan�fs] klmMwa`o] gO{$fsqrp ÷ mM`op-a_^�]h`ogx]hqcqr`rm#psq¤w ª mMg�alfspRbM`o]h`ncpRvet$psÃ�klm#qrp ÷ ]lgx]ltHq.fR]hnK^$`obe^a`cp|a�q:ahnKwa]�kl]h`cqrmMpRtan.]ln¦qrpsg�m#qo]l{a`cn.wa]�fLm�wa]htanopyq:a#À ¼ f¤n ª mMvepyqtja�mMtagxbepstan�w ª {$t�^a`obed$f|zlgx]OwVahfRpRklm#q¡wabMtIq§f ª ahqo{awa]Oqr[jalbe`cpR«I{a]x`c]ln¦qr] ~ j�mMpR`c]O]hq§«I{ap�wa] Ç÷ `omMpsq¤^�bMno]l`¤d�bet|tabeg da`c] wa] ^a`cbedaf{zlgx]ln¯tabe{ ÷ ]lmM{�È|w�mMt$n�nom.gxpRnc]_]lt|^afLm#kl] ]�`�]lkhqop ÷ ]#À

£¯mMtan�fs]�^a`o]hg�ps]l`�k�[amM^apyqr`o]�wa]¡fLm wa]h{�È�p|zlgx]¡^�m#`cqrps]M�$tabe{an�m ÷ bMtanzm#w�mM^$q�a¡fR]hn¢g�ahqo[ab�wa]lnkhbeg dapst�m#qrbMps`o]hn.wja ÷ ]lfsbe^a^Xah]ln-^amM`9£z] ÷ `obË�e]�]hq-ù
{avMbenop ~ fRm�n�alfR]hkhqopRbet»wa]hn9wap�`#ah`o]ltHqrn^amM`rmMg�zhqo`o]hnxwa]ln�[apsncqobeve`rm#g�g¬]ln¬gxb�wapyÃ�alnhÀ�ù	]hn�`�ahno{afyq¥m#qonxbed$qo]lt�{$n�wamMtan�kh]-k¥[�mM^apyqr`o]
bMtIq9gxbetIqo`�a|«�{$]M�¢be{$qo`o]�fR]|k�[$bepyÈ�wa]�fLm�^amM`cqopsqrpsbMt»]�q-kh]lfs{ap�wa{ÅtabMgOd$`o]�wa]�klfRmMnonc]ln
tjalkl]hnonrm#pR`o]hn¡^�bM{a`¤khbetancqo`o{aps`o] fs]ln¯[apsncqrbMve`rmMgxgx]hnzg�b�wapyÃ�alnh��{at|k¥[abep�Èu^�]l`cqopRta]htIq¤w ª {ata]w$]ltancpsq:a¢wa]¢`�a�j�al`o]htakh]zno]�`�a ÷ zhfR]¢kl`c{aklpRmMf�^�bM{a`�bed$qo]ltaps`ªwa]¢d�betata]hn!^$`obe^a`cp|a�q:ahn ~ wapsncq¥mMt$kl]ÃatapR]#À�£¤m#tan�fs]�no]hklbet$w.k¥[�mM^apyqr`c]zt$be{an�m ÷ bet$n�{$qopRfspsn�a¢fs]ln¨qo]lk¥[ataps«I{a]ln�klbeg d$pRt�m#qobeps`o]hn¨m#Ã�tw$]�wVa ÷ ]hfRbe^$^�]h`¢{$ta]�g_a�qr[ab�wa]¤be`cpRvepst�m#fs]z^�]l`ogx]hqcq¥mMtHq\wa]�n�ahfR]hkhqrpsbetata]h`\fs]¤^�m#`rmMg�zhqo`o]¤wa]fspRncnrmMve] r j�bMtakhqopRbetat$]lfãu¢w ª ]hncqrpsg�m#qr]h{a`on ~ tabË�HmM{ ÷ mM`opRmMdafs]lnhÀP²�]hqcqr] g�a�qr[ab�wa]}^�]l`ogx]hql��]ht^amM`cqopRkl{$fRps]l`h��wa] k¥[abepsnops`zwa] g�mMtap{zl`c]}be^$qopRg�mMfs]§fs]_^�m#`rmMg�zhqo`o]}wa] fRpsnonomMve]}wa]_fLm�^afs{a^�m#`cq
w$]ln�]hncqrpsg�mNqr]l{$`on ~ tabË�HmM{ ÷ mM`cpLmMd$fR]ln�^a`obM^�ben�ahn�w�mMtan¢fLm fRpyqoq:ah`rmNqr{a`o]#À

½ sHÛ



Z Ñ Ï Ô ë Ó ì Õ�Ñ Ï í_X Æ íIÐ ì Æ í�ÔYXËÕ ¤ í ì
µ ª mMvepsnonrm#tIq�wa]¨fRm\`o]hk�[a]h`ok¥[a]!j�{�qr{a`o]#�UwamMtan�{at}^$`o]lgxpR]h`Cqr]lgx^anh�UpRfet$be{an�no]hg dafR]�psg�^�bM`cq¥m#tIqwa]�n ª m#qcq¥mMk¥[a]h` ~ wVa ÷ ]hfRbM^a^�]l`¨wa]ln�m#fRvebM`opyqo[agx]lnª^�]h`ogx]hqcq¥mMtHq!fRm¡gxpsno]¢]ht�b�]l{ ÷ `o]�]�`�]lkhqop ÷ ]no{$`�g�mMk¥[apsta]ln�wa]hn�g�ahqo[ab�wa]ln�khbeg dapRtam#qrbeps`c]lnhÀ#²�]�qo`rm ÷ mMpRf�mBahq�a�mMgxbe`ok�a!w�mMtan�fs]!^a`o]hg�ps]l`k¥[�mM^apyqr`o]_w$]ln¤wa]l{�ÈQ^a`c]lgxp|zh`o]ln¯^�m#`cqrps]lnh� ~ f ª mMpRw$]}w ª mMfRvMbe`opyqo[agx]ln�nobe{ ÷ ]htIq�qo`�zhn¤klb��$qo]l{�È]lt�qr]hg�^$n§wa]xk�mMfskl{$fÆ�C«I{ ª psf�w$bepsq��hqo`o]x^�bencnopRd$fR]¬w ª mMg_ahfRpsbe`c]l`hÀ
£¤m#tan}{at�nc]lklbMtaw�qo]lgx^anl�pRfªnc]l`omMpsq/alvHm#fR]hg�]htIq§pRtHq:ah`o]lncnrmMtHq_w ª ahqo]ltawa`c]�fR]hn¡qr]hk�[at$pR«I{a]ln_khbeg dapst�m#qrbMps`o]hn§mM{�k�m#n}wa]wabet$tVal]hn\wjal^�]htaw�mMtHqr]lnlÀaù
]ln�pRtjalvHmMfspyq:ahn¨]�È�^�bet$]ltIqopR]hfRfs]ln!^�be{a`!fR]hn�^a`cb�kl]hnono{$n\]lgx^apR`cpR«I{a]hn
bed$qo]ltI{a]ln�^�m#`�´�psb}]lt ¾YhYhH¾ w$] ÷ `rm#pR]ltHq�khbetan¦qrpsqo{a]l`!{at~d�bet�^�bepRtHq!wa]¯wVah^�mM`cq�^�be{a`!kl]�qoqr]tabe{ ÷ ]lfRfs]�^a`obMdaf|ahg�mNqrps«I{a]MÀ
ù	mxwa]h`otap{zl`o]§^�mM`¦qrps]§w$]}fRmOqr[Vzhno]_m¬Ã�t�mMfs]lgx]ltHqzgxpRn\]lt�a ÷ pRwa]htakl]}f ª pRtHq:al`��hq�«I{a]}^�bM{ ÷ mMpyqmM^a^�bM`cqr]h`zfR]lnzbMtawa]hfR]hqcqr]hn¤mM{u^a`obMdaf|zhg�]§wa]}fLmxkhfLmMncnopsÃak�m#qopRbetKj�betak�qrpRbMtata]lfsfR]#À�²�]hqcqr]_^�mM` Çqrps]�n ª mMk¥[Vz ÷ ]K^�m#` fLm-wValgxbetan¦qr`om#qrpsbet�w ª {at3`�alnc{afsqrm#q wa].khbet ÷ ]l`ovM]ltakh]9^�be{$` wa]lnO`�zlvefs]lnk�m#fRkl{$f|ah]ln ~ ^�mM`¦qrpR`�wa] khbe{a`cd�]ln�w$pRnokh`�a�qrpsn�al]hnlÀ ¼ f�n ª mMvepyq¯w ª {$t|`�ahno{afyq¥m#q¯«�{$p�tabe{$n¤no]lg d$fR]^�]l`¦qrpsta]ltHq�w�mMt$n�fRm}gx]lnc{a`o]¯b��P��]ht.^$`rm#qopR«I{a]M��fs]ln�pstawap ÷ pRwa{an¨nobMtIq�qobe{Núcbe{a`cn�wa]hn ÷ ]h`onopsbetanwapsnokl`�ahqopRn�ah]ln_wa]�^a[jaltabeg�zlt$]ln_klbetHqrpst�{anhÀ ¼ f¨t ª ]lt�wa]hg�]h{a`o]�^�mMn}gxbepRt$n§«I{a]�fRmKq:�Mk�[$] ~mMkhklbegx^afspR`�w�mMtan�kl]¤w$beg�m#pRta]�]ln¦q\]htaklbe`c]¤pRgxgx]lt$no]MÀ�£¤m#tan�f ª m ÷ ]ltaps`l��t$be{an�^$`obe^�benc]l`cpRbetanw ª ahqo]ltawa`c]~kl]hqcqr]~mM^a^a`cb�k�[$] ~ wa]hn bedanc]l` ÷ m#qrpsbetan_d$`o{apyq:al]hn_]hq_g�]hno{a`�al]ln ]ht�w$]ln ^�bMpRtIqonwap�`#ah`o]ltHqrnhÀ�±�mM`§mMpsfRfy]l{a`cnl�PqrbM{Núcbe{a`cn§wamMtan§kl]xkhbetIqo]�È�qr]#��pRf�nc]l`omMpsq§pstIq�al`c]lnonomMtIq}w ª bed�qr]lt$pR`wa]hn ÷ psqr]hnonc]ln�w$]zkhbet ÷ ]h`ove]htakh]MÀknªt�]�`P]�q��Ikl]hn!wa]l`ctap|zh`o]hn�mM^a^�bM`cqr]h`rmMps]ltHq¨wa]�f ª pRt$j�bM`og�mNqrpybetno{$`§fR]Otabeg da`c]¬wa]¬^�bepRtHqrn�wa]xwapsnokh`�ahqopRnom#qrpsbetiÑ�be^$qrpsg�mMfpÒ_wa]¬fLm.khbe{a`od�]x]ht�j�betak�qrpsbet�wa]
fLm9qrmMpRfsfs]xwa]~f ª ahk�[amMtIqopRfsfsbetCÀ�a�t�qr]hf�`�alno{$fsq¥mNq ^�be{a`o`omMpyq}qr`obM{ ÷ ]l` w$]~tabeg da`c]l{anc]ln¬mM^$^afRp Çk�mNqrpRbMtanl��tab#q¥mMgxg�]htIq}w�m#tan fs]�wabeg�mMpRt$]xwa]ln ^$fLmMtan}w ª ]�È�^Xah`opR]htakl]hnlÀ}n�t�]�`�]hql��w�mMtan_fLm^a`om#qrps«�{$]M�	fs]ln¡g�]hno{a`c]ln}betHq}ncbe{ ÷ ]htIq_{at�klb��$qlÀ ¼ f�]ln¦q_wabMtakxpRgx^�be`cqrmMtIq�^�be{a`§fs]¬^a`rmNqrp Çklps]ltxwa]�klbMtat�m��sqr`o]\fR]¢t$beg da`o]¢gxpstapsg {ag?w$]�g�]hno{a`c]ln¨tValkh]lnonomMpR`c]ln�m#Ã�txwa]�vHmM`omMtIqopR`�{ata]
d�betat$]§^�]h`cj�be`og�mMt$kl]¡w$]§fRmOg�ahqo[ab�wa]¡{�qrpRfspsn�ah]MÀ
±�be{a`�Ã�t$pR`l� ~ fLm�fs{agxp{zl`o]�wa]!^a`o]hg�p{zl`c]ln�]�È�^}ah`ops]ltakh]lnl�MtabM{an�^�]htanobet$n�«I{a]�fR]hn�ÞMá���îNð�ò�ä&��ß�â¥Ý
]hq§ß�d�ä&��îlã�â¥ÝI��óPî�oMÞMõ r µ�·¡¸���wa{�mMf
klfs{ancqo]l`cpRtav$���M]h`ota]hf�±¨² � ÀyÀyÀ�u¢mMw�mM^�q:aln�mM{-klmMn�wa]¡fLmklfRmMnoncpsÃ�klm#qrpsbetxwa]zklbe{$`od�]ln�wa] ÷ `rmMps]ltHq�j�bM{a`otaps`¨{$t~]htano]hg dafR]zw ª be{�qrpRfsn¨^$`obegx]hqcqr]l{$`on!^�be{a`fR]�w$beg�m#pRta]¤w$]§f ª ]hncqrpsg�m#qrpybet~j�bMtakhqopRbet$ta]lfsfR]#À

½ sxs


