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Introduction

1.1 Présentation de la thése

L’apprentissage statistique désigne un vaste ensemble de méthodes et d’algo-
rithmes permettant, dans un sens général, d’extraire 'information pertinente de
données ou d’apprendre des comportements a partir d’exemples. Les applications
de ce paradigme sont trés nombreuses, allant de la recherche d’informations dans
de grands ensembles de données (fouille de textes ou d’images) a la biologie (re-
construction des réseaux génétiques, puces ADN, etc). L’apprentissage statistique
est aujourd’hui confronté & des données dont la nature est de plus en plus com-
pleze (courbes, images, etc) et qui prennent des valeurs dans des espaces dont
la dimension est toujours plus élevée. Les méthodes statistiques traditionnelles
doivent alors étre adaptées pour permettre de traiter ces données d’un genre
nouveau. Dans cet esprit, 'objectif de la thése consiste & étudier et approfondir
des techniques d’estimation de la densité et de classification dans des espaces de
dimension élevée. Nous avons choisi de structurer notre travail en trois parties.

La premiére partie, intitulée compléments sur les histogrammes modifiés,
est composée de deux chapitres consacrés a 1I’étude d’une famille d’estimateurs
non paramétriques de la densité, les histogrammes modifiés, connus pour posséder
de bonnes propriétés de convergence au sens des critéres de la théorie de I'infor-
mation. Cette partie s’inscrit dans la continuité des travaux de thése de Brunel
[9] et Biau [7]. Dans le premier chapitre, les histogrammes modifiés sont envisagés
comme des systémes dynamiques & espace d’états de dimension infinie. Le second
chapitre est consacré a I’étude de ces estimateurs pour des dimensions supérieures
a un.

La deuxiéme partie de la thése, intitulée méthodes combinatoires en esti-
mation de la densité, se divise en deux chapitres. Nous nous intéressons dans
cette partie aux performances a distance finie d’estimateurs de la densité sélec-
tionnés a l'intérieur d’une famille d’estimateurs candidats dont le cardinal n’est
pas nécessairement fini. Dans le premier chapitre, nous étudions les performances
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Introduction

de ces méthodes dans le cadre de la sélection des différents paramétres des his-
togrammes modifiés. Nous poursuivons, dans le second chapitre, par la sélection
d’estimateurs a noyau dont le paramétre de lissage s’adapte localement au point
d’estimation et aux données.

La troisiéme et derniére partie, plus appliquée et indépendante des précédentes,
présente une méthode permettant de classer des observations fonctionnelles a
partir d’'une décomposition des données dans des bases d’ondelettes.

1.2 Compléments sur les histogrammes modifiés

La reconstruction d’une courbe ou d’une surface a partir d’observations qui n’ap-
portent qu’une information partielle est un théme de la statistique moderne sous-
jacent & de nombreux problémes pratiques. Dans cette premiére partie, nous étu-
dions le probléme de I’estimation d’une densité de probabilité. Placons-nous sur
I'espace mesurable (R? B(RY)) et rappelons quune variable aléatoire X & va-
leurs dans R? admet f comme densité si, pour tout borélien A de R? on a
[ f(z)dz = P(X € A). Ainsi, une densité de probabilité permet de calculer les
probabilités d’ensembles pour des variables aléatoires continues. La représenta-
tion graphique de la fonction f permet également de visualiser la distribution de
la variable aléatoire X.

Cependant, dans de nombreuses applications, la densité f est inconnue et on ne
dispose que d’un n-échantillon i.i.d. Xy,..., X, issu d’une variable aléatoire X
admettant f comme densité. Le probléme du statisticien consiste alors a utiliser
cet échantillon pour construire un estimateur f, qui soit le plus “proche” pos-
sible de la densité f. Cette notion de proximité n’est pas absolue et requiert la
spécification d’un critére d’erreur. Deux types de critéres peuvent alors étre envi-
sagés : mesure d’erreur globale ou mesure d’erreur ponctuelle. Dans ce travail de
thése, nous nous placerons dans le cadre d’applications nécessitant 1’estimation de
toute la courbe représentative de f (plutét qu'une valeur en un point particulier)
et nous ne considérerons donc que des critéres globaux.

Parmi les mesures d’erreurs globales les plus utilisées, citons les normes L,

(i) s1p<n

sup |f — g| sip=o0.

Hf_ fn||P =

En particulier, la décomposition classique du carré de ’erreur Ly moyenne en un
terme de biais et de variance lui confére une interprétabilité statistique et permet



1.2 Compléments sur les histogrammes modifiés

des calculs “relativement” aisés. L’erreur L; est également un des critéres privi-
légiés des statisticiens, et ceci pour au moins quatre raisons. D’abord, ce critére
est calculable sans aucune hypothése supplémentaire sur les densités (alors que
les densités doivent étre de carré intégrable pour lerreur L,). Ensuite, le critére
L posséde une signification claire en termes de probabilités grace a I’égalité dite

de Scheffé [19]
[ s (11)

le membre de droite étant égal a deux fois la distance en variation totale entre
les mesures associées a f et f,. On déduit donc de I’égalité (1.1) que la distance
en variation totale tend vers 0 selon un mode stochastique lorsque la distance L
entre f et f, tend vers 0 selon le méme mode. En outre, si nous savons par exemple
que f |f— fn| < 0.06, alors les différences entre les probabilités d’ensembles seront
au plus de 0.03. Le théoréme de Scheffé entraine également que la distance L, reste
invariante par transformation bijective de 1'espace RY. Cette propriété peut étre
simplement exploitée en univarié, lorsque ’on désire visualiser sur 1’écran 1’erreur
L, commise dans la queue de distribution entre une densité & support infini et
son estimateur. Il suffit alors de transformer la partie de la queue de distribution
intéressante d’une facon continue et monotone en un intervalle borné. Alors que
les formes des densités changent, la distance L; reste invariante. Enfin, I’erreur
L, commise entre f et f, peut étre aisément visualisée : elle correspond & 'aire
comprise entre les courbes représentatives des deux fonctions. Pour toutes ces
raisons, la recherche d’estimateurs possédant de bonnes propriétés pour le critére
L est un des thémes privilégiés des statisticiens. Nous utiliserons principalement
ce critére dans ce travail de thése.

[1r=snl=2 sw

BeB(RY)

Cela étant, dans certains domaines de la statistique tels que la compression de
données, les réseaux de télécommunications, les problémes de classification ou en-
core les réseaux de neurones (voir Berlinet, Vajda et van der Meulen [6]), la conver-
gence définie par la norme L; peut se révéler insuffisante. On lui préfére alors la
convergence définie par des pseudo-distances comme par exemple 1’entropie re-
lative (ou information de Kullback-Leibler ou I-divergence). Etant donné deux
densités f et f,, 'entropie relative de f par rapport a f,, notée D(f, f,), est
définie par

/flogfi si f << fn
D(f, fn) = "

+o0 sinon.

L’inégalité de Pinsker (voir par exemple Kullback [14])
If = fullt < 2D(f, fa)

9



Introduction

implique que ’entropie relative induit une topologie plus forte sur ’espace des
densités de probabilité que la topologie associée a la norme L. Cette remarque
motive la mise au point d’'un estimateur non paramétrique de la densité f conver-
geant en entropie relative (resp. en entropie relative moyenne), c’est-a-dire tel que
D(f, f») tende vers 0 presque strement (resp. ED(f, f,) tende vers 0). Remar-
quons que ceci peut soulever quelques difficultés puisque, par exemple, dans le
cas de l'estimateur histogramme usuel f,, la quantité D(f, f,) peut étre infinie
avec une probabilité non nulle!

Barron, Gyorfi et van der Meulen [4] ont construit une famille d’estimateurs
convergeant en entropie relative et en entropie relative moyenne. La seule condi-
tion requise sur la densité f est I’existence d’une densité g telle que D(f,g) < oo.
Soulignons au passage que cette derniére condition implique ’absolue continuité
de f par rapport & g. Parmi les estimateurs présentés par Barron, Gyorfi et van
der Meulen [4], I’histogramme modifié (initialement proposé par Barron [3]) est
défini a partir de n observations X1, ..., X,, indépendantes et distribuées suivant
la loi de f de la maniére suivante :

e Soit g une densité connue (dite densité de référence) associée a la loi de
probabilité v, (dite mesure de référence);

e Soit ¢ un entier tel que 1 < £ et soit h = 1/¢;
e Considérons une partition de R?, P = {A,..., As} telle que v,(A;) = h,
1=1,...,0;

e Alors, en notant a,, = 1/(nh+ 1), on définit ’histogramme modifié f, par :

tn (A(2)) i, (A(z)) + 1
wx)=1(1-a,)————= n = , 1.2
fula) = [(1 = ) | gla) = PR ga) . (12)

ou u, désigne la mesure empirique associée a I’échantillon Xq,..., X, et

Alx) = A; siz € A,
La premiére expression de f,, nous présente cet estimateur comme un mélange
entre un estimateur de type histogramme et la densité de référence, d’oti le nom
d’histogramme modifié. La seconde écriture nous montre que cet estimateur est
en fait construit comme une déformation par morceaux de la densité de référence
g. Sur chaque cellule A; de la partition, le coefficient multiplicateur de g(z) vaut

nh+ 1 nvg(A;) +1°

Ainsi, sur les classes oil la mesure empirique est supérieure a la mesure de réfé-
rence, on corrige la densité g en la “déformant vers le haut” ; & 'inverse, lorsque
la mesure empirique est inférieure & la mesure de référence, on déforme g vers le
bas (voir Figure 1.1).

10



1.2 Compléments sur les histogrammes modifiés

0.45

0.4r

0.3F

015

0.1F

F1G. 1.1 - Histogramme modifié (trait continu) d’une densité gaussienne A (0,1)
(pointillés), la densité de référence est une densité de Gumbel (tirets), n = 100,
0 =238.

Lorsque le nombre de classes ¢ et 1’échantillon sont fixés, cet estimateur peut
étre vu comme une fonctionnelle admettant en entrée la densité de référence g et
fournissant en sortie une nouvelle densité de probabilité (estimateur de f) que I'on
peut noter B,g. Puisque B;g est une densité de probabilité, nous pouvons alors
la considérer comme densité de référence de I’histogramme modifié : cela conduit
a un nouvel estimateur de f, noté B?g, qui peut & son tour devenir densité de
référence de ’histogramme modifié et ainsi de suite... Ce processus itératif amene
naturellement a considérer le systeme dynamique B, a espace d’états de dimension
infinie, défini de la fagon suivante :

B, : D—D

oll D représente ’ensemble des densités de probabilité sur R?. Berlinet et Biau
[5] ont étudié ce systéme dynamique en dimension un. Ces auteurs, sous certaines
hypothéses, ont montré la stationnarité des trajectoires de densités {B)g},>0
aprés un nombre fini d’itérations. Dans ce cas, la famille d’estimateurs {B}g :
p > 0} est de cardinal fini. Dans le premier chapitre de cette premiére partie,
nous étudierons différentes méthodes permettant de sélectionner un estimateur a

11



Introduction

I'intérieur de cette famille. Ces méthodes seront ensuite appliquées pour tenter
d’améliorer les performances d’estimateurs a noyau de la densité.

La construction de I’histogramme modifié repose sur une partition dont les élé-
ments sont de méme mesure de référence. Dans le cas réel, le choix d’une partition
basée sur les quantiles de la densité de référence s’impose de facon naturelle. Plus
précisément, étant donné un entier positif ¢ (nombre de classes), la partition
P={A,..., Ay} est définie par

{A1, As, . A = {] — oo, al,Jans gal, - Jge—r, o0l }

ou, pour i = 1,...,¢ — 1, ¢; désigne le quantile d’ordre ih de la densité g. Cepen-
dant, le concept de quantile univarié étant fortement lié & la relation d’ordre de
R, le passage au domaine multivarié n’est pas immédiat. Par conséquent, pour
des dimensions plus grandes que un, il faut s’attacher a mettre en évidence une
partition dont les classes soient de mesure de référence identique. Dans le se-
cond chapitre de cette partie, nous présentons différentes méthodes permettant
de construire de telles partitions. Nous étudions la convergence en entropie re-
lative et en entropie relative moyenne des histogrammes modifiés associés a ces
partitions.

1.3 Méthodes combinatoires en estimation de la
densité

Les estimateurs non paramétriques de la densité dépendent en général d’un ou
plusieurs paramétres dont le choix se révéle crucial, aussi bien pour la précision
locale que pour la précision globale de ’estimateur. Par exemple dans le cas de
Pestimateur a noyau f,, , (le noyau K est fixé et h désigne la fenétre), il est facile
de voir que la loi de densité f,; converge vers la mesure empirique lorsque h
tends vers 0 alors que f,; tend uniformément vers la fonction nulle lorsque A
tend vers 'infini...

Les parameétres inconnus des estimateurs non paramétriques de la densité sont
souvent sélectionnés en minimisant les termes dominants dans le développement
asymptotique du critére d’erreur considéré. Bien que ces approches soient per-
formantes dans de nombreuses situations, elles présentent au moins deux incon-
vénients. D’abord, le calcul de ces développements asymptotiques nécessite en
général des hypothéses sur la régularité de la densité a estimer. Ceci peut étre
frustrant dans la mesure ol ces hypothéses sont difficiles a vérifier dans la réalité !
Ensuite, ces procédures sont de nature asymptotique, ce qui signifie qu’elles ne
sont, théoriquement, valables que lorsque n est infini...

12



1.3 Méthodes combinatoires en estimation de la densité

Dans un ouvrage récent, Devroye et Lugosi [13] explorent de nouvelle méthodes
permettant de sélectionner automatiquement les paramétres d’estimateurs de la
densité. Plus précisément, étant donné F = {fp,0 € ©} une famille de densités
candidates paramétrée par O, les méthodes développées par Devroye et Lugosi
permettent de sélectionner automatiquement un estimateur f,, dans F tel que :

ef [15.- s} <spee{ [1n- s} + o, (1.4

Dit autrement, ’erreur L; moyenne de 'estimateur sélectionné ne dépasse pas
trois fois la plus petite erreur possible, plus un terme résiduel D,, qu’il va falloir
s’attacher a contréler. Ce terme D,, dépend de la richesse combinatoire de la classe
F et peut étre contrélé via un détour par la théorie de Vapnik et Chervonenkis
[21] sur la convergence uniforme de la mesure empirique.

On peut voir le premier terme du membre de droite de I'inégalité (1.4) comme
une erreur d’approrimation : I’erreur commise par le “meilleur” estimateur présent
dans la classe. Le second terme peut étre associé & une erreur d’estimation :
I’erreur commise par ’estimateur sélectionné par rapport au meilleur estimateur
présent dans la classe (voir Figure 1.2). Ces deux termes varient en général en
sens inverse : plus la famille F est riche et plus le terme d’approximation risque de
diminuer. En contrepartie, il sera plus difficile de trouver le “meilleur” estimateur
dans F, et vice-versa.

Lorsque les densités candidates dépendent des données (c’est par exemple le cas
lorsque I’on cherche & sélectionner la fenétre de I'estimateur & noyau ou le pas
de I'histogramme), la famille de densités candidates s’écrit F = {f, 0,0 € ©} et
'inégalité (1.4) devient

E{/|fn—f|} 33(1+Cn)ggg)E{/|fn,e—f!}+Dn

ou le terme C,, est en général “petit”, typiquement de l'ordre de 1//n.

L’algorithme de sélection d’un tel estimateur f,, est basé sur la minimisation d’un
critére empirique du genre

sup ‘ / fo —un(A)‘ (1.5)
AcAl JA
oll i, désigne la mesure empirique associée a I’échantillon X3, ..., X, et A repré-

sente une classe d’ensembles judicieusement choisie. Remarquons d’emblée que
si A désigne la tribu borélienne de R? alors la quantité (1.5) & optimiser est
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Introduction

CLASSE A f
{fs,0 € O}

F1G. 1.2 — Schéma illustrant I'inégalité (1.4), E. E. représente I'erreur d’estimation,
E. A. celle d'approximation, 0* est le paramétre associé au “meilleur” estimateur dans
classe.

constamment égale & 1. A I'inverse, si la classe d’ensemble A est trop petite, alors
la proximité entre | 4 Joet i) 4 f ne va pas forcément impliquer que fj soit “proche”
de f.

Devroye et Lugosi [13], en s’inspirant des travaux de Yatracos [22|, ont montré
dans leur ouvrage qu’il suffit de considérer la classe d’ensembles (appelée classe
de Yatracos)

A={{z: fo(x) > fu(2)}: (0,0") € ©2}.

Dans la majorité des cas, bien que complexe d’un point de vue combinatoire,
cette classe reste assez facile & manipuler. Si on considére par exemple le cas ou
F représente I’ensemble de toutes les densités gaussiennes univariées,

1 2 2
—(x—m)*/20° .
—e :meR, 0> 0} ,
oV 2w

F={fmole) =

il est facile de voir que la classe de Yatracos associée a F est composée d’intervalles
fermés et d’unions de deux demi-intervalles (voir Figure 1.3).
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1.3 Méthodes combinatoires en estimation de la densité

|
|

F1G. 1.3 — Deux ensembles de la classe de Yatracos (fléches) associés aux densités
f1 (lois N(0,1), trait plein) et fo (loi N(0.5,1.5), tirets) : {z : fi(z) > fo(2)}
(gauche), {z : fo(x) > fi(x)} (droite).

Dans le premier chapitre de cette deuxiéme partie, nous étudions cette mé-
thode dans le cadre de la sélection de la partition P et de la densité de référence
g des histogrammes modifiés. L’originalité du travail réside dans le fait qu’a notre
connaissance, aucune méthode permettant de sélectionner le paramétre fonction-
nel g n’a encore été proposée.

Parmi les nombreux estimateurs non paramétriques de la densité, 'estimateur a
noyau (Parzen [15], Rosenblatt [16]) est probablement le plus utilisé. Rappelons
que cet estimateur est défini par :

fn,h(x):#zlf(@h ) v eRY, (1.6)

oit le noyau K : R — R vérifie J K =1et h>0 estla fenétre (ou parametre de
lissage). Cet estimateur est flexible, dans la mesure ou il laisse a l'utilisateur une
grande liberté non seulement dans le choix du noyau K, mais encore dans le choix
du réel h. Lorsqu’on se limite aux noyaux K positifs, les vitesses de convergence
varient peu en fonction de K et les critéres essentiels du choix du noyau sont alors
la simplicité et la vitesse de calcul d’'une part, la régularité de la courbe a obtenir
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d’autre part. En revanche, le choix du parameétre h se révéle crucial, aussi bien
pour la précision locale que globale de I'estimateur.

L’estimateur (1.6) est connu pour posséder de bonnes propriétés lorsque la den-
sité f est suffisamment réguliére. Cependant, ses performances s’amoindrissent
en présence de cibles plus complexes (comme par exemple des densités multimo-
dales, voir Sain et Scott [18|). En outre, la dimension de I’espace des observations
peut passablement affecter la qualité de I’estimation (Sain [17]). Cet ensemble
de défauts peut étre corrigé, dans une certaine mesure, en permettant au para-
métre h de s’adapter localement au point d’estimation et aux données. On obtient
alors une nouvelle famille d’estimateurs, appelés estimateurs a noyau variables,
et définis de maniére générale par

1< 1 T — X,
fan(@) =2 ; h(x,Xi)K<h($,Xi))’ @ €R%, (.7

ot h : R? x RY — (0,00) est une fonction mesurable. De nombreux auteurs se
sont intéressés aux propriétés de tels estimateurs. Abramson [2] a montré que
pour un bon choix de h(z, X;), le terme de biais de erreur L, peut atteindre
des vitesses de convergence habituellement réservées a des estimateurs & noyau
(fixes) utilisant des noyaux négatifs d’ordre 4. Terrell et Scott [20] ont également
montré que de tels estimateurs permettent d’améliorer de maniére significative les
performances des estimateurs a noyau (fixes) en grande dimension. Dans le cas
univarié, pour certaines familles de densités, Devroye et Lugosi [12] ont obtenu,
pour des estimateurs du type (1.7), des vitesses de convergence pour le critére
L, plus rapides que les vitesses habituelles des estimateurs a noyau. Considérons
par exemple le modeéle-jouet f(x) = 2x sur [0, 1]. En s’appuyant sur les résultats
de Devroye et Lugosi [12] (Lemme 1), on peut montrer que pour le choix

1

ho(z) = %1{%1/2} +2(1 = 2)1(zs1/2y

B [ Vuse 11} < a (18)

Sur la Figure 1.4, nous comparons les performances de I'estimateur f, 5,(,) avec
celles du meilleur estimateur a noyau fixe f,, »«, c’est-a-dire

on a

h* e argmin/ | fon — f-
h

>0
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1.4 Classification de courbes

0.3 4

01 |

0 I I I I
100 1000 2000 3000 4000 5000

FI1G. 1.4 — Erreurs L, commises par |'estimateur f,, () (trait plein) et par |'estima-
teur f,,n+ (tirets) pour les tailles d’échantillon n = 100,...,5000. En pointillés, la
borne /8/n de I'équation (1.8). Les résultats sont moyennés sur 150 répétitions.

Nous voyons clairement que les erreurs [; commises par I’estimateur a noyau
variable sont inférieures a celles de I'estimateur & noyau fixe. Par exemple, pour
des tailles d’échantillon proches de 1000, faire varier la fenétre permet de réduire
Perreur L, de 75% environ.

Dans le second chapitre de cette partie, nous nous intéressons a la sélection
d’un estimateur a noyau a fenétre variable. Plus précisément, a partir des mé-
thodes combinatoires décrites plus haut, nous montrerons comment sélectionner
une fenétre variable de maniére a ce que 'erreur L; moyenne commise par 1’es-
timateur sélectionné ne dépasse pas la plus petite erreur possible, & un facteur
constant prés, plus un terme résiduel qui tend vers zéro sous de faibles conditions.

1.4 Classification de courbes

Dans de nombreux domaines de la statistique contemporaine, les individus pren-
nent la forme de courbes (ou surfaces) aléatoires. Ces courbes peuvent, par exem-
ple, représenter la température en un point du globe, le cours d’une action en
bourse, le tracé d’un électrocardiogramme ou encore la consommation d’électri-
cité d’une grande ville... Les appareils de mesure ne captant que la valeur de la
courbe a certains instants, les données disponibles ne sont en fait que des ver-
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sions discrétisées de la courbe. Toutefois, le statisticien a intérét a prendre en
compte le caractére continu de ces observations. Il devient dés lors pertinent de
ne plus considérer ces individus comme des vecteurs de grande dimension, mais
plutot de les appréhender comme des “fonctions”, ¢’est-a-dire comme des objets
uniques évoluant dans des espaces de dimension infinie. Il faut alors adapter les
méthodes statistiques classiques a ces nouveaux individus. On regroupe sous le
vocable général de statistique fonctionnelle 'ensemble des techniques statistiques
permettant de traiter efficacement ces données d’un genre nouveau.

Dans le contexte de la classification fonctionnelle supervisée, un label (c’est-a-
dire une variable qualitative admettant plusieurs modalités) est associé a chaque
individu, et on cherche a prédire le label inconnu d’une nouvelle observation.
Pour ce faire, nous disposons d’un échantillon (X,Y7),...,(X,,Y,) de variables
aléatoires indépendantes et identiquement distribuées, ou X; est une fonction
aléatoire a valeurs dans un espace fonctionnel F, et Y; est une variable aléatoire
a valeurs dans {0,1}. L’objectif est de construire, a 'aide de cet échantillon
d’apprentissage, une régle de classification

gn : F —{0,1}

qui, & une nouvelle fonction X indépendante des X;, associe le label 0 ou 1. On
parle alors, avec un léger abus de langage, de classification de courbes.

Une telle procédure de classification trouve de nombreuses applications dans I’in-
dustrie, ot les courbes peuvent, par exemple, représenter un méme phénomeéne
au cours du temps : évolution de la température, du pH ou encore de 'intensité
d’un signal sonore.

La performance d’une régle g, est mesurée par sa probabilité d’erreur :
L(gn) = P(gu(X) # Y[(X1, Y1), ., (X, Y2)) -
Théoriquement, le probléme est résolu puisque la régle de Bayes

g*(x):{ 0 siPY =0X=2)>PY =1|X =21)

1 sinon
est optimale, au sens ou :

L*=P(g"(X)#Y)= inf P(g(X)#Y)

9:7—{0,1}

(voir Devroye, Gyorfi et Lugosi [11], page 10). Bien entendu, la régle de Bayes
dépend de la distribution (inconnue) de (X,Y’) et ne peut donc étre calculée a
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1.4 Classification de courbes

partir des données. On cherchera donc a construire une régle g,, dont la probabilité
d’erreur L(g,) soit aussi proche que possible de la probabilité d’erreur optimale
L*. De maniére plus précise, on dira que la régle g, est convergente lorsque

lim EL(g,) = L*. (1.9)

n—oo
A ce jour, de nombreuses méthodes de classification ont été étudiées, testées
et comparées pour des observations évoluant en dimension finie (voir Devroye,
Gyorfi et Lugosi [11]). Bien que ces techniques puissent, sous certaines hypothéses,
s’étendre au domaine fonctionnel, elles se retrouvent en général confrontées au
fleau de la dimension (voir par exemple Abraham, Biau et Cadre [1] pour une
discussion détaillée concernant la régle du noyau en dimension infinie). Afin de
pallier cette difficulté, il est crucial d’effectuer une étape préliminaire de réduction
de la dimension ou de sélection de modéle.

En estimation fonctionnelle, les méthodes de projection sont souvent employées
pour réduire la dimension ou pour débruiter un signal. Ces techniques consistent
a réduire la dimension infinie des observations en ne considérant que certains
coefficients des données décomposées dans une base appropriée. Dans un travail
récent, Biau, Bunea et Wegkamp [8] se sont appuyés sur de telles méthodes pour
classer des courbes. L’approche proposée par ces auteurs consiste a appliquer
la régle des plus proches voisins sur les d premiers coefficients de Fourier des
observations fonctionnelles.

Il est bien connu que la transformée de Fourier permet une bonne analyse fré-
quentielle d’un signal. La transformée en ondelettes (voir par exemple Cohen [10])
présente, en outre, I’avantage d’effectuer une analyse en temps en plus de I’ana-
lyse en fréquence. Par exemple, la Figure 1.5 représente un signal constitué de
deux sinusoides de fréquence 10 et 50 Hz (penser a deux notes de musique). La
transformée de Fourier permet de retrouver ces deux fréquences, mais ne nous
informe pas sur la localisation temporelle du changement de régime du signal. En
revanche, ce changement est parfaitement visible lorsque ’on décompose le signal
dans une base d’ondelettes. Nous voyons en effet sur la Figure 1.6, que les pre-
miers niveaux de résolution (correspondant aux fréquences faibles) possédent des
coefficients forts dans la premiére “moitié¢” de la courbe, tandis que pour les der-
niers niveaux de résolution (fréquences élevées), les coefficients forts se trouvent
dans la deuxiéme moitié de la courbe.

Il nous semble dés lors opportun de tenter d’utiliser des bases d’ondelettes en clas-
sification fonctionnelle, dans I’espoir d’obtenir de bons résultats lorsque 'informa-
tion permettant de discriminer est localisée dans une partie de la fonction (ce qui
est souvent le cas en pratique). Dans ce cas, seul un petit nombre de coefficients
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d’ondelettes sera nécessaire pour résumer cette information alors qu’elle sera ré-
pandue sur ’ensemble des coefficients de Fourier. Dans le dernier chapitre de
cette thése, nous généralisons la procédure de classification de Biau, Bunea et
Wegkamp [8] & des bases d’ondelettes ainsi qu’a des classes de régles plus géné-
rales que les plus proches voisins. Nous établissons les propriétés asymptotiques
et a distance finie de la méthode envisagée et nous illustrons les performances de
cette approche sur des jeux de données réelles et simulées.
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F1G. 1.5 — Gauche : sinus a 10Hz suivi d'un sinus a 50Hz. Droite : sa transformée de
Fourier pour les fréquences positives.
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F1G. 1.6 — Transformée du signal de la Figure 1.5 dans une base d’ondelettes.
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Chapitre 1

Sélection d’Histogrammes Modifiés
Itérés

Résumé

Les histogrammes modifiés sont des estimateurs de la densité
connus pour posséder de bonnes propriétés de convergence au
sens des critéres de la théorie de 1'information. Ces estimateurs
sont construits a partir d’une densité de référence g. Dans ce
travail, nous envisageons les histogrammes modifiés comme des
systémes dynamiques fonctionnels qui, & une densité g donnée,
associent une trajectoire d’estimateurs {B”g},>. Berlinet et Biau
[3] ont montré, sous certaines hypothéses, que cette trajectoire
devient presque sirement stationnaire. La famille d’estimateurs
{BPg,p > 0} est alors de cardinal fini. Nous présentons deux mé-
thodes permettant de sélectionner automatiquement un estima-
teur a l’intérieur de cette famille. Ces deux procédures sont en-
suite utilisées pour tenter d’améliorer les performances d’estima-
teurs a noyau de la densité.

1.1 Introduction

Placons-nous sur I’espace mesurable (R, B), ou B représente la tribu borélienne
de R, et désignons par f et g deux densités de probabilité définies par rapport a
la mesure de Lebesgue. On rappelle que la distance L; et la distance de Kullback-
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Leibler (ou entropie relative) entre f et g sont respectivement définies par :

/flogi si f<yg
IU—yM=i/V—m et D(fg)= g

00 sinon .

Il est bien connu (voir par exemple Kullback [11]) que ces deux distances sont
liées par l'inégalité dite de Pinsker :

I1f —glli <2D(f,9).

Cette relation implique que la distance de Kullback-Leibler induit une topologie
plus forte sur I’espace des densités de probabilité que celle associée a la distance
L.

Dans de nombreux domaines de la statistique (voir Berlinet, Vajda et van der
Meulen [6] pour des exemples) la convergence L; peut se révéler insuffisante et
on lui préfére alors la convergence définie par la distance de Kullback-Leibler.
Cependant, trouver des estimateurs de la densité convergeant au sens de I’entropie
relative peut soulever quelques difficultés. Remarquons, par exemple, que dans le
cas de 'estimateur histogramme usuel fn, la quantité D(f, fn) peut étre infinie
avec une probabilité non nulle.

Afin de pallier cette difficulté, Barron, Gyorfi et van der Meulen [2] ont mon-
tré qu’il était possible de construire un estimateur f, de f convergeant presque
siirement en entropie relative et en entropie relative moyenne. Cet estimateur,
initialement proposé par Barron [1], est appelé histogramme modifié. 1l est dé-
fini & partir de n-échantillon i.i.d. Xy,..., X, d’'une variable aléatoire X de R
possédant f (inconnue) comme densité commune de la maniére suivante :

e Soit g une densité connue (dite densité de référence) associée a la loi de
probabilité v, (dite mesure de référence).

e Soit ¢ un entier tel que 1 < £ et soit h = 1/¢.

e Considérons une partition de R, P = {4;,..., Ay} telle que v,(A4;) = h,
i=1,... 4.

e Alors, en notant a,, = 1/(nh+ 1), on définit I’histogramme modifié f,, par :

np, (A(z)) + 1

o) = [0 = a8 o ]y = 1A

h

g(z), (1.1)

ol i, désigne la mesure empirique associée a ’échantillon Xi,... X, et
Alx) = A;siz € A,
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F1G. 1.1 — Histogramme modifié (trait continu) d’une densité gaussienne A (0,1)
(pointillés). La densité de référence est une densité de Gumbel (tirets), n = 100,
(=38.

La premiére expression de f, nous présente cet estimateur comme un mélange
entre un estimateur de type histogramme et la densité de référence, d’oti le nom
d’histogramme modifié. La seconde écriture nous montre que cet estimateur est
en fait construit comme une déformation par morceaux de la densité de référence
g. Sur chaque cellule A; de la partition, le coefficient multiplicateur de g(x) vaut

nh+1  ny(4)+1°

Ainsi, sur les classes oul la mesure empirique est supérieure a la mesure de réfé-
rence, on corrige la densité g en la “déformant vers le haut”; & I'inverse lorsque
la mesure empirique est inférieure & la mesure de référence, on déforme g vers le
bas (voir Figure 1.1).

Lorsque le nombre de classes ¢ et I’échantillon sont fixés, 1’ estimateur (1.1) peut
étre vu comme une fonctionnelle admettant en entrée la densité de référence g et
fournissant en sortie une nouvelle densité de probabilité (estimateur de f) que I'on
peut noter B,g. Puisque B,g est une densité de probabilité, nous pouvons alors
la considérer comme densité de référence de I’histogramme modifié : cela conduit
a un nouvel estimateur de f, noté BZg, qui peut & son tour devenir densité de
référence de I’histogramme modifié et ainsi de suite... Ce processus itératif nous
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ameéne a considérer le systeme dynamique By défini de la fagon suivante :

B, : D—D
g By, (1.2)

ou D, 'espace d’états, représente ’ensemble des densités de probabilité sur R.

On dira qu’'une densité g de D est stationnaire pour By si elle vérifie I’équation
Byg = g. Une trajectoire {B}g},>0 contenant une telle densité est dite station-
naire. Dans ce cas, le systéme n’évolue plus aprés un nombre fini d’itérations.
Le systéme dynamique (1.2) a été étudié par Berlinet et Biau [3] qui ont montré
la stationnarité de la trajectoire {B}¢g},>0 sous certaines hypothéses. Par consé-
quent, sous ces mémes hypothéses, la famille d’estimateurs

[Blg:p> 0} (1.3)

est de cardinal fini. Dans ce travail, nous prolongeons les idées de Berlinet et Biau
[3] en étudiant deux méthodes (une pour le critére L, 'autre pour le critére de
Kullback-Leibler) permettant de sélectionner automatiquement un estimateur a
I'intérieur de la famille (1.3).

La suite de ce chapitre se divise en trois parties. Dans la premiére partie (Sec-
tion 2) nous rappelons les principaux résultats obtenus par Berlinet et Biau [3]
relatifs au systéme dynamique (1.2). Puis, dans une deuxiéme partie (Section 3),
nous présentons les deux procédures de sélection. Enfin, dans la derniére partie,
nous utilisons les méthodes présentées précédemment pour tenter d’améliorer les
performances d’un estimateur a noyau de la densité (Section 4).

1.2 Etude du systéme dynamique

Dans cette partie, nous rappelons les principaux résultats relatifs au systéme
dynamique (1.2). Pour plus de détails et pour les preuves de ces résultats, nous
renvoyons le lecteur a Berlinet et Biau [3].

Nous commencons par une remarque élémentaire : une densité g est stationnaire
pour By si et seulement si p1,,(A;) = h pour i = 1,..., . Ceci ne peut se produire
que si ¢ (le nombre de classes) est un diviseur de n (le nombre d’observations),
ce que nous supposerons dans la suite. Pour tout p € N, on note :
e ¢/.¢5, ..., q) | les quantiles d’ordre ih (i = 1,...,¢ — 1) de la densité B}y
et on désigne par {A}, ..., A} la partition associée, i.e.,

{A11)> Ap} { &Y Q1 Q17qg]a--'7]Q§71aoo[};
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p

o of, ..., a) les coefficients associés a la partition {Af,..., AV}, i.e.,

W(AY) + 1
op = (A7) +

. i=1,....0.
Y S R

) o 1 < :
Avec ces notations, les densités B§+ et B) sont liées par la relation :

-1
p+1 D P
B, g = E :O‘z‘+11}q§’,q§’+1}Bzga

=0

ou 1, désigne la fonction indicatrice de I’ensemble A. Par conséquent, ’étude
de la trajectoire {B}g},>0 se réduit a 'étude des suites {(q},...,q 1) }p>0 et
{(af,...,;a] |)}p>o. Effectuons, lorsque ¢ > 3, les hypothéses suivantes :

HYPOTHESES (HL;, i = 2,...,{ — 1) : pour p assez grand,

P> X,
q > (in1)

ou X,..., X, désigne le vecteur des statistiques d’ordre des observations
Xi, ..., X,

Berlinet et Biau [3] ont alors démontré le théoréme suivant :

Théoréme 1.2.1 Supposons que ¢ divise n et que 'hypothése (H) = (HLs) +
.+ (HL;—y) soit vérifiée dés que ¢ > 3. Alors chaque suite {¢} }p>0 (1 =1,...,0—
1) devient presque sirement stationnaire aprés un nombre fini d’itérations.

On en déduit facilement le corollaire suivant :

Corollaire 1.2.1 Sous les hypothéses du Théoreme 1.2.1 :

— Chaque suite {al},>0 (i = 1,...,0) atteint la valeur 1 aprés un nombre fini
d’itérations.

~ La suite de densités {B]g},>0 est presque sirement stationnaire.

Parmi les nombreuses simulations que nous avons effectuées, nous n’avons jamais
rencontré une situation ou la convergence n’ait pas lieu, ce qui laisse sous-entendre
que la condition (H) est vérifiée pour une grande famille de densités g. Ainsi,
lorsque le nombre de classes ¢ divise le nombre d’observations n, les suites de
quantiles {¢"},>0 et de coefficients {a},>o deviennent stationnaires aprés un
nombre fini d’itération (voir Figure 1.2). Le systéme dynamique B, engendre
alors naturellement une famille d’estimateurs {B}g : p > 0} de cardinal fini que
I’on notera F,.
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F1G. 1.2 — Evolution des quantiles (gauche) et des coefficients (droite) obtenus avec
une densité initiale g de Gumbel. La densité a estimer est une gaussienne N(0, 1),
n =100, £ =5, n/l = 20.

Bien que le choix de la densité de référence n’affecte le comportement asympto-
tique de I’histogramme modifié qu’au travers des constantes (voir par exemple
Berlinet et Brunel [4]), ce choix se révéle, en revanche, crucial a distance finie.
Sur I'exemple de la Figure 1.4 nous voyons que les erreurs L, commises par les
premiers itérés sont trés élevées (proches de 2) en comparaison aux derniers itérés
(proches de 0.5). On peut alors se poser le probléme du choix d’un estimateur &
I’intérieur de cette famille. Une premiére idée consiste & choisir comme estimateur
de f la densité stationnaire de cette famille. Comme nous le montre la Figure 1.3,
ce choix est en effet particuliérement efficace lorsque la densité de référence est
“éloignée” de la densité a estimer. En revanche, toujours sur ce méme exemple,
I’erreur L; minimale n’est pas commise par la densité stationnaire mais par le
cinquiéme itéré (voir Figure 1.4).

Dans ce chapitre, nous nous posons alors le probléme de sélectionner dans la
famille finie {B}g,p > 0}, un estimateur particulier B}°g tel que

pOEargmin{HBﬁ’g—le} ou pOEargmin{D(f,Bfg)}.
p=>0 p=>0
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F1G. 1.3 — Comparaison du premier itéré (points-tirets) avec I'estimateur stationnaire
(trait plein) d'une densité gaussienne A/ (8,1) (pointillés). La densité de référence est
une densité de Gumbel (tirets), n = 100, ¢ = 5, n/¢ = 20.
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F1G. 1.4 — Erreurs L; commises par les 15 premiers itérés de la Figure 1.3.
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Le probléme auquel nous sommes confrontés est qu’en pratique la densité f est
inconnue. Par conséquent nous ne sommes pas 4 méme de calculer les erreurs
|1Byg — fll1 et D(f, Bjg), et nous devons donc définir une stratégie permettant
de choisir automatiquement un estimateur dans la famille {B}g : p > 0} a partir
de I’échantillon Xy,..., X,,.

1.3 Les procédures de sélection

Nous présentons dans cette section deux méthodes (une pour le critére L; et
lautre pour le critére de Kullback-Leibler) permettant de sélectionner automa-
tiquement un estimateur de la densité dans une famille d’estimateurs candidats.
Le modéle mathématique se présente de la maniére suivante. Soit g une den-
sité de référence fixée. Nous n’effectuons aucune hypothése sur cette densité. En
outre, ce peut étre un estimateur de la densité cible f dépendant des observations
Xi,...,X,. Pour chaque entier ¢ et p, on note f, ¢ le p-iéme histogramme modifié
itéré (défini par (1.1) et (1.2)) construit a partir de ¢ classes, § = (¢,p). Etant
donné I’ensemble

0= {(E,p),ﬁ divise n et p > 0}, (1.4)

nous proposons maintenant deux procédures permettant de sélectionner un esti-
mateur particulier dans la famille (finie) Fo = {f,.0.0 € O}.

1.3.1 Critére L,

La méthode que nous utilisons ici est basée sur les outils combinatoires développés
par Devroye et Lugosi [10]. Nous la présentons d’abord dans un contexte général
avant de 'appliquer & notre probléme. Soit Fg = {f,, ¢} une famille d’estimateurs
de la densité pouvant dépendre des n données Xi,..., X, et paramétrée par
0 € O. Soit m < n un entier qui partage I’échantillon en deux sous-échantillons.
On introduit la classe de variables aléatoires

Ao = {{x oo (@) > famo (1)} 1 (0,0) € @2}

(appelée classe de Yatracos associée a O en référence aux travaux de Yatracos
[17]), et on définit

(fn m9 = Ssup /fn m,0 — ,um( )’,
AeAg
ou i, désigne la mesure empirique associée a 1’échantillon X,, _,,.1,..., X,.
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L’estimateur de la distance minimum f, est alors défini comme n’importe quel
estimateur f,_,, ¢ vérifiant

. 1
A(fr-mo) < jnf Afoomow) +

le terme 1/n visant simplement a assurer l’existence d’une telle densiteé.

Rappelons a ce stade que la distance en variation totale pour deux mesures de
probabilité p; et uo est définie par

T(ps p2) = %lélé ‘Ml(B) - N2(B)| )

ou B représente la tribu borélienne de R. Il est facile de voir que T'(pq, p2) < 1.
Lorsque p; posséde une densité et po = pu, (la mesure empirique), on a méme
T(p1, itn) = 1! En particulier, toute tentative de sélectionner une densité f,_, ¢
en minimisant un critére du genre

sup | [ fucona = inlB)

BeB

est sans espoir, puisque la quantité & optimiser est alors constamment égale a
1. Bien entendu, cela ne se produit plus lorsque ’on remplace le supremum sur
B par le supremum sur une classe plus petite, comme par exemple la classe de
Yatracos. L’estimateur de la distance minimum est donc construit en minimisant
un critére empirique plus petit que la variation totale.

Devroye et Lugosi [10] ont montré que I’estimateur de la distance minimum f,
vérifie I'inégalité oracle suivante :

[18a= 13308 [Ufuma— £+ 4807+ 2. (15

Le terme infyeg [ |fn_m,0 — f| représente la plus petite erreur qui puisse étre com-
mise lorsque 'on approche f par un élément de Fg. Evidemment, la valeur de
ce terme d’erreur optimale, qui dépend de la cible f, nous est inconnue. Heuris-
tiquement, I'inégalité (1.5) signifie donc que I’erreur commise par 'estimateur f,
ne dépasse pas trois fois ’erreur minimum sur la classe plus un terme résiduel,
A(f), qu’il va falloir s’attacher a controler. Ce controle peut étre effectué via un
détour par la théorie de Vapnik et Chervonenkis [16] sur la convergence uniforme
de la mesure empirique.

Rappelons que le coefficient de pulvérisation S 4, (m) d'un ensemble de m points
par la classe d’ensembles Ag est défini par

Sio(m) = max RCard{{xl,...,xm}ﬂA tA€As}.

L1, TmE
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Dit autrement, le coefficient de pulvérisation n’est autre que le nombre maximum
de sous-ensembles de m points pouvant étre obtenus a ’aide de recouvrements
par des ensembles de Ag. Des arguments de nature combinatoire (voir Vapnik et
Chervonenkis [16]) montrent que

E{A(f)} < QE{ W}

Cette majoration, combinée avec 'inégalité (1.5), nous conduit a I'inégalité sui-
vante

Bf [16- 1} <3jure] [1fine- 1} +sm{y/ B2 L2

qui est centrale dans les travaux de Devroye et Lugosi [10]. On remarquera que ce
résultat est non-asymptotique (nul besoin d’un passage a la limite pour avoir de
I'information) et qu’il ne nécessite aucune hypothése de régularité sur la densité
cible f. Il nous semble que ces faits sont suffisamment rares pour mériter d’étre
soulignés. La seule difficulté, qui réside dans le calcul de S 4, (m), est désormais
de nature combinatoire.

Cette procédure de sélection sera & nouveau utilisée (et rappelée de maniére plus
bréve) dans la deuxiéme partie de cette thése. En particulier, nous nous atta-
cherons a borner le coefficient de pulvérisation S 4,(m) pour différentes familles
d’estimateurs Fg. Dans le contexte qui est le notre, nous rappelons que f,_,,¢
désigne le p-iéme histogramme modifié itéré construit a partir de ¢ classes et des
n — m premiéres données. Afin que la famille Fo = {f,_m9 : 0 € O} soit finie,
nous cherchons a sélectionner # dans I’ensemble

@:{9:(€,p):Edivisen—metpz()}.

Nous rappelons que P, désigne le cardinal de la famille d’estimateurs itérés

construit & partir de ¢ classes. Ainsi, en notant P, ,, = , Jhax P, on a
’ £:¢ divise n—m

Card{Fo} = > P <Puu(n—m).

£:4 divise n—m

Il est également facile de voir que lorsque la famille d’estimateurs Fg est finie, on
a

Sae(m) < Card{ Ao} < Card{Fo}(Card{Fe} —1) < P2, (n—m)>.
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On déduit alors de (1.6) I'inégalité suivante pour l'estimateur de la distance mi-
nimum

+8E{\/10g2 + 2log (Pn,m(n - m)) } + 3 _
n

m

Dans de nombreux modéles (voir par exemple les chapitres 1 et 2 de la deuxiéme
partie), il est possible d’obtenir des bornes pour la variable aléatoire S4,(m)
dépendant seulement de n et m, pas de I’échantillon. En revanche, dans le cadre
de travail que nous nous sommes fixés, il semble plus difficile de controler la
variable aléatoire P, ,, indépendamment des données.

1.3.2 Critére de Kullback-Leibler

Nous utilisons ici le critére de validation croisée au sens de l'information de
Kullback-Leibler pour sélectionner 6 dans

@:{Gz(é,p):ﬁdivisenetpEO}.

Nous rappelons que la distance de Kullback-Leibler entre la densité a estimer f
et 'estimateur f,, o s’écrit

D(S.fua) = [ f1ogf ~ [ F1081s

- E{ log f(X)} - E{ log fus(X)| X1, ... ,Xn} .

La premiére quantité est ’opposée de I’entropie de f que nous supposons finie.
Bien entendu, elle ne dépend pas de 6 et n’intervient pas dans la minimisation
de l'erreur. Quant au second terme, qui dépend de le densité f inconnue, il peut
étre approché par :

1 ¢ ,
——» log f; o(X;
n ; og fn,e( )
ou f; , désigne l'estimateur f, o amputé de la i-éme observation, i.e.,
; npt (A(z)) + 1 ; 1
L) = T S g(a) avee i (A@) = = D Lgea

J#

Le critére de validation croisée consiste alors & choisir # dans © qui minimise
1 n
—= > log fp(X). (1.7)
i=1
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Remarquons que ce critére peut étre aussi interprété comme 'estimateur de va-
lidation croisée du maximum de vraisemblance. En effet, choisir # dans © qui
minimise (1.7) équivaut a choisir § qui maximise

H f’:L,o(X'L> )

qui apparait comme un estimateur de la vraisemblance.

La méthode de validation croisée au sens de l'information de Kullback-Leibler
révéle un certain nombre de faiblesses pour les estimateurs non paramétriques
classiques tels que les histogrammes ou les estimateurs & noyau (Brunel [8]). Les
résultats relatifs & ces estimateurs nécessitent des hypothéses précises sur la den-
sité & estimer (notamment sur le comportement des queues de distribution de f).
En revanche, de récents travaux de Berlinet et Brunel [4] ont mis en évidence I'in-
térét de cette méthode dans le contexte des histogrammes modifiés. Ces auteurs
ont, en particulier, montré que ce critére de validation croisée est asymptotique-
ment optimal pour sélectionner le nombre de classes ¢ de ces estimateurs.

1.4 Application : “améliorer” un estimateur & noy-
au

Dans cette partie, nous appliquons les méthodes de sélection présentées précé-
demment au probléme suivant. Soit un n-échantillon i.i.d. Xy,..., X, issu d’une
variable aléatoire X admettant f comme densité commune. Etant donné K une
fonction réelle, positive et d’intégrale 1 sur R et h un entier strictement positif,
on définit I'estimateur g, associé au noyau K et a la fenétre (ou paramétre de

lissage) h par
1 — r— X;
= ()
(1) nhX; -

Nous proposons, dans cette section, d’utiliser cet estimateur comme densité ini-
tiale du systéme dynamique (1.2). Pour chaque entier ¢ et p, on notera f,q le
p-iéme histogramme modifié construit a partir de ¢ classes (6 = (¢,p)). Nous
adaptons, dans un premier temps, les deux procédures de sélection présentées
dans la section précédente pour choisir un estimateur f, ¢ particulier. Puis, dans
un second temps, nous comparons les performances de ’estimateur sélectionné a
celles de I'estimateur a noyau.

L’estimateur a noyau g, est flexible, dans la mesure ou il laisse & 'utilisateur une
grande latitude non seulement dans le choix du noyau K, mais encore dans le
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choix du paramétre réel h. Lorsqu’on se limite aux noyaux K positifs, les vitesses
de convergence varient peu en fonction de K et les critéres essentiels du choix du
noyau sont alors la régularité de la courbe & obtenir d’une part, la simplicité et
la vitesse de calcul d’autre part. C’est pour cette derniére raison que, dans cette
étude, nous nous limiterons & un noyau gaussien.

En revanche, le choix du paramétre de lissage h se révéle crucial aussi bien pour la
précision locale que globale de I’estimateur g,,. A ce jour, de nombreuses méthodes
de sélection automatique ont été proposées, testées et comparées (voir par exemple
Marron [12], Berlinet et Devroye [5]). Nous reprenons ici deux de ces méthodes
que nous résumons briévement dans le paragraphe suivant.

1.4.1 Les estimateurs a noyau considérés

Plug-in Ly : si h — 0 et nh — oo lorsque n — oo, alors sous des hypothéses
standard concernant la régularité de la densité f, la fenétre qui minimise I’erreur
quadratique intégrée moyenne est de la forme :

= e ([ f) e (1)

(voir Bosq et Lecoutre [7] et Tsybakov [15]). Outre sa nature asymptotique, la
largeur de la fenétre optimale dépend de la densité cible f au travers du paramétre
| f"* et ne peut donc étre utilisée telle quelle dans les calculs. Une fagon classique
de remédier & ce dernier probléme consiste a remplacer la quantité [ f”? par un
estimateur approprié. Cette approche conduit & un ensemble de méthodes que
I’on a coutume de regrouper sous le vocable général de méthodes plug-in, et qui
ont fait I’'objet d’une recherche active (voir par exemple Deheuvels [9], Nadaraya
[13] ou encore Sheater et Jones [14]). L’approche plug-in que nous utilisons ici
est celle décrite par Bosq et Lecoutre [7] (Chapitre 6) qui suggérent de choisir la
valeur de [ "% associée a la densité normale

1 ( 91:2)
exp [ — —
o2 P 202/
2

ol 07 sera estimé par la variance empirique S? = £ 37" (X; — X)?, avec X =
1\ . - R o
> i1 X;. Pour ce choix, lorsque K est le noyau gaussien, la fenétre (1.8) s’écrit
alors

Sh,

Py = 1059772

On notera gy, 'estimateur a noyau associé a cette fenétre. Bien entendu, méme
si n est suffisamment grand, rien d’un point de vue théorique ne nous assure de
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bonnes performances de I'estimateur associé a la fenétre (1.8) pour les critéres
Ly et de Kullback-Leibler. Cependant, les méthodes plug-in Lo étant souvent
utilisées, il n’est pas incohérent d’étudier leurs performances pour des critéres
autres que le critére L.

La méthode du double noyau : dans la méthode du double noyau (Berlinet
et Devroye [5]), on considére deux noyaux différents K et L dont les fonctions
caractéristiques associées ne coincident sur aucun voisinage ouvert de l'origine. Le
noyau K sera le noyau gaussien et on notera g!, 'estimateur associé a ce noyau
et a la fenétre h. Comme suggéré par Berlinet et Devroye [5], nous considérons
comme second noyau le noyau polynomial L défini par

# si|x] <1/2
Lz)=¢ 221 si1/2< |2/ <1
0 sil < |z

et nous désignons par g, I'estimateur associé a ce nouveau noyau L et a la fenétre
h. Le paramétre de lissage hg, est sélectionné en minimisant la distance L, entre
gl et g2, (voir Figure 1.5), c’est-a-dire

= argmm / gnn — 9onl -

Berlinet et Devroye [5] ont étudié les propriétés de I'estimateur sélectionné, en
montrant notamment que le résultat de convergence suivant est vérifié :

i B{ [ lgh, - 11} =0.

1.4.2 Les densités tests
Afin d’illustrer les performances des méthodes de sélection présentées, nous uti-
lisons 9 densités tests :

D1. La densité uniforme Uy sur [0,1];

D2. La densité gaussienne N(0,1);

D3. La densité f(x) = 1/(2y/x) sur [0, 1];

D4. La densité d’un mélange de deux lois uniformes 0.5U}g 1) + 0.5N (1, 1);

D5. La densité d’un mélange de deux lois gaussiennes 3N (—20, 1) + 2N(0,1);

D6. La densité d’un mélange de trois lois uniformes 0.5U)q 1 + 0.25Up 0.1 +
0.25U[0.971} ;
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{Qih}

{Q?Lh}

2
g nhdn

Fi1G. 1.5 — Deux familles d'estimateurs de la densité dans |I'ensemble de toutes les
densités. Le paramétre de lissage sélectionné minimise la distance L, entre g}, et g2,.

D7. La densité de S(X + 0.1) ou S est la variable aléatoire signe qui vaut 1
avec probabilité 0.5 ou -1 avec probabilité 0.5 et X a pour densité f(x) =
4(1 — 2'3) sur [0, 1].

D8. La densité d’'un mélange de six lois gaussiennes
32 31 32 32 17 16 8 41 8
a5 e e G
4 53 4 2 59 2 1 62 1
Ve eV Gre) eV G s)

D9. La densité d’'un autre mélange de six lois gaussiennes

1 1 1
5./\/’(0, 1)+ EN(—L 0.1) + 1—ON(—0.5, 0.1)
1 1 1

+1—0N(O, 0.1) + 1—ON(O5, 0.1) + 1—0N(1, 0.1).

Ces neuf densités sont représentées sur la Figure 1.6. Afin de rendre ’étude la plus
pertinente possible, nous avons choisi des densités présentant différents aspects.
Ainsi, nous remarquons que :

e les densités D2, D5, D8 et D9 sont lisses ;
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F1G. 1.6 — Les 9 densités tests.

e la densité D3 posséde un pic “infini” & I'origine ;
e les densités D4, D6 et D7 possédent des discontinuités;

e les densités D5, D6, D7, D8 et D9 sont multimodales.

Pour chaque densité, nous avons simulé 50 échantillons et nous avons appliqués
les deux procédures de sélection décrites précédemment.

Dans le cas de la méthode combinatoire (critére L), les échantillons sont de taille
n = 500. Nous considérons les 300 premiéres observations pour construire les
estimateurs et les 200 derniéres pour sélectionner les paramétres, c’est-a-dire que
m = 200. Nous utilisons les estimateurs a noyau g, = gnn,, €t gn = gnn,, comme
densité de référence des histogrammes modifiés. On notera f,,_,, ¢ le p-iéme itéré
construit a partir de ¢ classes, § = (¢, p).
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On utilise la méthode combinatoire présentée en Section 1.3.1, pour sélectionner
un estimateur dans la famille

{fa-ime. 0 € O}

avec

©={0=(p),le{510,15} et p > 0}. (1.9)

On désignera par f,, estimateur sélectionné (estimateur de la distance minimum)
et par Li(f,) l'erreur L; commise par cet estimateur. Nous avons représenté dans
le Tableau 1.1 :

e les erreurs L; moyennes commises par les estimateurs a noyau gy, (colonne
2) et gnn,, (colonne 5);

e les erreurs L; moyennes commises par les estimateurs de la distance minimum
lorsque la densité initiale est 'estimateur & noyau gnp,, (colonne 3) et lorsque
la densité initiale est I’estimateur & noyau g, (colonne 6);

e les écarts relatifs E.R. entre les erreurs L; des estimateurs & noyau et des

histogrammes modifiés, i.e.,

Ll(gn) — Ll(fn)
Ll(gn>
Pour la méthode de validation croisée (critére de Kullback-Leibler) présentée en

Section 1.3.2, les échantillons sont de tailles n = 150. On notera f:’ ’estimateur
sélectionné a l'intérieur de la famille

{fnp,0 €6}

ou O désigne 'espace des paramétres (1.9). On notera également K L(f<") l'erreur
au sens de la distance de Kullback-Leibler commise par l'estimateur f°”. Les
résultats sont présentés dans le Tableau 1.2.

ER. =

Nous observons tout d’abord que les performances des estimateurs & noyau varient
suivant la densité & estimer. Ces estimateurs se comportent en effet trés bien
pour les densités uniformes et gaussiennes (D1 et D2). Ils sont en revanche moins
performants pour les cibles plus complexes (D3, D5, D6 et D8 par exemple) Les
résultats de ces simulations mettent également en relief le probléme bien connu
du choix de la fenétre. En effet, la performance de la procédure de sélection de
la fenétre de I'estimateur & noyau varie en fonction de la densité a estimer : la
méthode plug-in donne de meilleurs résultats pour les densités D2, D7 et D9
tandis que la méthode du double noyau est plus performante pour les modéles
D5, D6 et D8. Ces disparités peuvent étre corrigées, dans une certaine mesure,
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f Ll(gn,hm) Ll(fn) E.R. Ll(gn,hdn) Ll(fn) ER.

D1 0.1799 | 0.2057 | -0.1434 0.2120 | 0.2172 | -0.0245
D2 0.0747 | 0.0868 | -0.1620 0.1717 | 0.1482 | 0.1369
D3 0.3651 | 0.2956 | 0.1904 0.3381 0.2884 | 0.1470
D4 0.2226 | 0.2052 | 0.0782 0.2222 | 0.1986 | 0.1062
D5 1.2047 | 0.3538 | 0.7063 0.4625 | 0.3164 | 0.3159
D6 0.7508 | 0.3064 | 0.5919 0.3605 | 0.3182 | 0.1173
D7 | 0.3136 | 0.2783 | 0.1126 0.3980 | 0.2550 | 0.3593
D8 0.5465 | 0.3671 | 0.3283 0.2757 | 0.2732 | 0.0098
D9 0.3393 | 0.2755 | 0.1880 0.4601 0.2660 | 0.4219

TAB. 1.1 — La méthode combinatoire pour la sélection de 6.

[l KL(gnn,) | KL(f) | ER. ) KL(gnn,,) | KLY | ER.

D1 0.1125 0.1218 | -0.0827 0.1163 0.1844 | -0.5856
D2 0.0187 0.0273 | -0.4599 0.0613 0.0491 0.1990
D3 0.3600 0.1851 0.4858 0.3789 0.1803 0.5241
D4 0.0762 0.0813 | -0.0669 0.0921 0.0815 0.1151
D5 1.3177 0.1382 0.8951 0.3827 0.1066 0.7215
D6 0.5582 0.1683 0.6985 0.2289 0.1514 0.3386
D7 0.2033 0.1275 0.3728 0.4190 0.1494 0.6434
D8 0.3231 0.2132 0.3401 0.1585 0.1600 | -0.0095
D9 0.0936 0.0976 | -0.0427 0.1684 0.1017 0.3961

TAB. 1.2 — Le critére de validation croisée pour la sélection de 6.

s iz 2

les erreurs (L, ou de Kullback-Leibler) commises par les histogrammes modifiés
sélectionnés ne différent guére suivant la procédure de sélection du paramétre
de lissage de ’estimateur & noyau. De plus, a ’exception des modéles D1 et D2
(pour lesquels 'estimateur a noyau se comporte trés bien), les performances des
histogrammes modifiés sélectionnés sont meilleures que celles des estimateurs a
noyau. Cette amélioration devient méme trés significative pour les modéles D5,
D6, D7, D8 et D9 (voir Figure 1.7 et Figure 1.8). D’une certaine maniére, ces
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1.4 Application : “améliorer” un estimateur & noyau

remarques nous aménent a considérer les histogrammes modifiés comme un outil
potentiel permettant d’améliorer, ou tout au moins de corriger dans certaines
situations, les performances des estimateurs & noyau.
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0.8 T

0.7 4

0.6 b

051 b

0.31 b

F1G. 1.7 — Boxplots (pour les 50 répétitions) des erreur L; commises par les histo-
grammes modifiés sélectionnés par la méthode combinatoire (A) et les estimateurs a
noyau gn.x,; (B) pour le modéle D6.

0.6 bl

T

0.4 bl

0.2

FIG. 1.8 — Densité D5 (pointillés), estimateur & noyau g, (tirets), histogramme
modifié sélectionné par la méthode combinatoire (trait plein).
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Chapter 2

Effective Construction of Modified
Histograms in Higher Dimensions®

Abstract

Density estimation raises delicate problems in higher dimensions
especially when strong convergence is required and data marginals
can be highly correlated. Modified histograms have been intro-
duced to circumvent the problem of low bin counts when con-
vergence is considered in the sense of information divergence.
These estimates are defined from some reference probability den-
sity and an associated partition which is defined in the univariate
case from the quantiles of the reference density. Therefore, in
the multivariate case, the definition of the partition causes an
additional problem related to the lack of total order. In this pa-
per, we present a method for constructing modified multivariate
histograms such that the corresponding partition is well adapted
to the observed data. The approach is based on a data-driven
coordinate system selected by cross-validation. We discuss the
performance of our estimate with the help of a finite sample sim-
ulation study.

2.1 Introduction

We consider the problem of estimating an unknown probability density f defined
on R? based on independent, identically distributed observations X, ..., X, from
f. Here the quality of estimation will be evaluated by a nonnegative divergence

* Article écrit en collaboration avec Alain Berlinet et publié dans le livre Statistical Modeling
and Analysis for Complex Data Problems, ed P. Duchesne et B. Rémillard.
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Effective Construction of Modified Histograms

F(f, fn). Of interest are estimators f,, consistent in the sense

lim F(f, f,) =0a.s. or lim EF(f f,) =0

n—oo n—oo

where E denotes the expectation with respect to the random vector (X3,..., X,,)
figuring in the estimate f,,. The two most important divergences in mathematical
statistics and information theory are the total variation V' and the information
divergence D. They are defined by

1 1
V(o) =5 [1£ = 9l= 317 = gl

/flogi if f<g
D(f,g) = g

00 otherwise,

where < denotes absolute continuity. It is well known (cf. Csizar [13], Kemper-
man [20], and Kullback |22|) that for all densities f and g, V(f,g) and D(f,g)
are linked by the following inequality, called Pinsker inequality:

2V3(f,9) < D(f.9),

which entails that the information divergence is topologically stronger than the
total variation.

In numerous application fields of statistics (data compression, telecommunica-
tion networks, classification, pattern recognition or neural networks...), the con-
sistency defined by total variation may prove inadequate. This is the case when
precise estimation of tail probabilities or convergence of integrals of various func-
tionals are required (see Berlinet, Vajda and van der Meulen [7] for discussion).
Another concern with convergence in total variation is that, given any sequence
of density estimates, the rate of convergence of the expected L, error can be
arbitrary slow (Devroye [15]). Therefore stronger topologies such as information
divergence are often preferred.

Classical nonparametric density estimates such as kernel estimates and histograms
are not universally consistent in information divergence (see Hall [19]). The mod-
ified histograms introduced by Barron [2] and Barron, Gyé6rfi and van der Meulen
[3] circumvent this problem. They are defined as follows.

Suppose that we observe independent R%valued random variables Xi,..., X,
with common unknown density f.
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2.1 Introduction

e Denote by g a known density on R? and by v, the associated probability
measure;

e Define a sequence of integers {(,},>1 such that 1 < ¢, < n and let h, =
1/0y;

e Introduce a sequence of partitions P, = {A,1, A2, ..., Ans, }, n > 1, such
that V9<An7i) = hna 1= 1, Ce 7£n;

e Finally consider, for a,, = 1/(nh,, + 1) the following estimator f,,

fin (An(z)) e (An(z)) +1

fn<x> = (1 - an) h,, an g(:)?) = nh, + 1

glx). (2.1)

where p, stands for the empirical measure associated with the sample
Xi,..., X, and A, (x) stands for A4, ; if v € A, ;.

The estimate (2.1) is a mixture of a histogram-type density estimate and the
known density g. It can also be regarded as a piecewise transformation of g itself,
which is thus often called in this context the reference density.

Under the conditions

D(f,g) < oo, nlirilohn:()and nlirgonhn:oo,
almost sure consistency in information divergence and consistency in expected
information divergence have been proved by Barron, Gyérfi and van der Meulen
[3]. For further results on modified histograms we refer the reader to Berlinet
and Brunel [5], Berlinet, Gyorfi and van der Meulen [6], Berlinet and Biau [4]
and Gyorfi, Liese, Vajda and van der Meulen [18].

When d = 1, the quantiles of the reference density are used to partition R.
Formally, denoting by G the distribution function associated with the probability
density g (g is defined on (a;b), a and b may be infinite), we set

Ani = (G-l(i;),a—l%)}, i=1,... 0,

where the interval (.,.] is understood as open on the left and closed on the right
only when its upper bound is finite and where G~! is the quantile function defined
by

G la)=inf{z:G(z)>u} f0<a<l
Gl a)=a if =0 (2.2)
G la)=b ifa=1.
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Effective Construction of Modified Histograms

Thus, univariate modified histograms result from the comparison of the quantiles
of g with the empirical quantiles. Under mild conditions the choice of g does
not affect dramatically the asymptotics. Practically, however, g should not be
“too far” from f, so that the comparison between the empirical measure and the
reference density over the partition makes sense.

For d > 2, the choice of such a partition is much more delicate because the lack
of total order does not allow to define multivariate quantiles having the same
properties as univariate ones. The aim of this paper is to propose a method for
constructing multivariate modified histograms. In Section 2, we give two algo-
rithms to construct this estimate. The first one uses rectangles to partition R?
(as for the standard multivariate regular histogram estimate). However, the per-
formance of this estimate becomes poor in the presence of high correlation among
components of the data vector. This leads us to a more effective method which
results from a transformation of these rectangles. We use the data-driven coordi-
nate system introduced by Chaudhuri and Sengupta [12]. In Section 3, we select
this coordinate system by cross-validation and we end with some simulations
showing the very good performance of the second estimate.

2.2 Construction of the estimator

Not any sequence of partitions of R? has good properties to build consistent esti-
mates. The following concept, introduced by Csizar [14] has a great importance
in the definition of suitable partitions.

Definition 2.2.1 A sequence of partitions {P,} of R? is said to be v-appro-
zimating for a given probability measure v if, for every measurable set A and for
every € > 0, there is for all n sufficiently large a set A, equal to a union of sets
in {Pn} such that

v(A, A A) <e,

where A, A A denotes the symmetric difference of A, and A.

As proved by Barron, Gyo6rfi and van der Meulen [3] this notion is basic in the
proof of consistency of modified histograms.

The partition of a univariate modified histogram is computed from the quantiles
of the reference density. Several authors have proposed extensions of quantiles to
multidimensional spaces. Chaudhuri [11] proposed the notion of geometric quan-
tile which generalizes the spatial median studied earlier (see Brown [8|, Kermper-
man [21]). Chakraborty |10] transformed these geometric quantiles in order to
obtain affine equivariant multivariate quantiles. Liu, Parelius and Singh [23]
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2.2 Construction of the estimator

proposed to define affine equivariant multivariate quantiles using depth analysis.
They generalized half-space depth quantiles introduced by Tuckey [25].

Given a measure v, using quantile contour plots of Chakraborty [10] or center
outward quantiles surfaces of Liu, Parelius and Singh [23], one can construct
a sequence of partitions P, = {A4,1,..., 4,4, } such that v(A,;) = h, (i =
1,...,4,). These sequences are nested in the sense that for all n there exists a
sequence
Bn,l C Bmg C...C Bmgn
such that
i—1
Vi=1,... .y, Ani=Bni—|JBn;. (2.3)

=1

Figure 2.1: Half-space depth center-outward quantile surface of order 0.25, 0.5 and
0.75 for the uniform distribution on the square [0, 1]2.

Such a sequence of partitions is not v-approximating for any measure v. For
example, let v be the uniform distribution on the square [0,1]> and consider
a sequence of partitions built from halfspace depth quantiles (see Liu, Parelius
and Singh [23]). Formally, for i = 1,...,¢,, B,; is a half-space depth center-
outward quantile surface of order i/¢,, and A, ; is defined by (2.3) (see Figure
2.1). Consider the horizontal line which passes through the center of the square
(dashed line in Figure 2.1). This line splits the square into two rectangles. If A
denotes one of these rectangles, it is easily seen that for all sets A, equal to a
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Effective Construction of Modified Histograms

union of sets in P, we have
v(A, 0 A)=0.5,
which entails that P,, is not v-approximating.

Other authors have defined quantiles in multidimensional spaces (see Brown and
Hettmansperger [9], Eddy [16] and [17]), but as far as we know none permits the
construction of modified histograms for any reference density. This leads us to
restrict our attention to a certain class of reference densities.

2.2.1 Regular modified histograms

The standard regular (unmodified) histogram is defined by a partition of R¢ into
rectangular cells of widths hq, ..., hg. The goal of this paragraph is the adaptation
of this partition to modified histograms. In this regard we only consider reference
densities g such that

g(x1,...,xq) = g1(z1) ... ga(za), (2.4)

where g1, ..., gq are univariate densities. For j = 1,...,d, we denote by G the
distribution function associated with the probability density g; and by G;l the
quantile function as in (2.2).

Given i.i.d. observations X7, ..., X, from a density f on R? and given a reference
density g such as (2.4), modified multivariate histograms are built as follows:

o Set { = (... 0y with (y,... ¢, positive integers and let h; = 1/¢; for j =
1,....d;

e Forj=1,...,dandi; = 1,...,¢;—1, compute univariate quantiles of order
ijh; of gj. Denote by g;;, these quantiles, i.e.,

1/
Gii; = Gy (i5h;)
with the convention ¢;o = —o0 and g;,, = o0;

o Consider the grid defined by the above family {g;, }; this grid leads to a
partition of R? into ¢ hyperrectangles (see Figure 2.2), say

d
217 2 H QJz]flaqu] ; (25)
7=1
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2.2 Construction of the estimator

e For each of these cells, compute the empirical measure:

e The reqular modified multivariate histogram density estimate f, is defined
by:
npn (A(z)) + 1
= 2.
fule) = T g (2.6

where h = hy ... hg and A(x) stands for A;, _,;, if v € A,y i,

Ay Ay A3z | Agg
Q2,2
Apy Agy A3y | Agp
42,1
Aqy Agy Agp | Agy
qi,1 q1,2 3

Figure 2.2: Example of partition in R? : ¢; =4, (, = 3.

Denote by v, the probability measure associated with the reference density g. It
is easily seen that, for any set A;, .,

vg(Aiy,.ig) =N

Consistency in information divergence and expected information divergence is
established in our next theorem.

Theorem 2.2.1 Let f,, be the reqular modified histogram defined in (2.6). As-
sume that D(f, g) < oo.
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(i) If h; = hj, (j = 1,...,d) and lim max h;, = 0 then the sequence of

n—oo 1<5<d
partition
{Pn} = {Ani.iabi<j<d
1<ij<tjn

defined in (2.5) is vy-approzimating.

(i) Moreover assume that lim nh, = oo (hy, = hiy ... hay), then

n—oo

lim D(f, f,) =0 a.s and lingoED(f, fn)=0.

n—oo n—

Proof We first prove (7). Let S denote the support of v and S its complement
in R%. With a slight abuse of notation, we denote

{P}={An1,..., Ans, }-

For j=1,...,d,let a; = inf{x € R: g;(x) # 0} and b; = sup{z € R : g;(x) # 0}
(a; and b; may be infinite). Let S; (resp. 5;) be the projection of S (resp. S)
on (aj,b;). S; is the union of k; distinct intervals of length 7;(i) (1 = 1,...,k;).

For x = (x1,...,74) € S, let p;(x;) denote the number of intervals of S; before
x; and consider for j =1,...,d
pj(z;)
ry —ay— Y 70
i=1
and
T: S — R?

(x1,...,xq) — (Th(x1),. .., Tu(xy)) .

The application 7" allows to remove the hyperrectangles R of R such that v,(R) =
0. Fix a measurable set A. If A, is equal to a union of sets in P, then

vy(A, A A) = yg(T(An) AT(A)),
where

vy o T(S) ~[0,1]
A =y (T7H(A).
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2.2 Construction of the estimator

Therefore, it suffices to prove that the partition
{Pg;} = {T(An,1)7 SR 7T(An,fn)}

is ygT—approximating. Note that T'(A,,) (¢ = 1,...,¢,) are hyperrectangles of
R¢ such that ugT(T(An,i)) = hiy...h4n. Denoting by T;(A, ;) the projection of
T(A,;) over the j-th component of R? it is easily seen that the length of T}(A, ;)
tends to zero as lim, . h;, = 0. For each ball B centered at some point z(, we
deduce that

lim max diam(7T'(A4,,)) =0,

n—00 {i:T(Ap,.;)NB£D}
where diam(E) = sup, ,cpd(z,y) and d(z,y) denotes the distance in R%. Tt
follows from Csiszar (1973, p. 168) that the partition {P] } is v, -approximating.
Combining (i) with Theorem 2 in Barron, Gyérfi and van der Meulen [3] gives
(71). [ |

2.2.2 Influence of correlation

Through an example, we study the influence of the shape of the data vector on
the performance of the density estimate defined in (2.6). Table 2.1 gives the total
variation V'(f, f,) and the information divergence D(f, f,,) between binormals
and their standard modified histogram estimates. Simulated binormals have 0
mean, unit standard deviation and varying correlation (from 0 to 0.95), the size
of the samples is n = 250. To construct the estimate, we choose ¢, = /5, = 5 and
the reference density ¢ is a product of Gumbel densities:

9(z,y) = exp ( — - exp(—:l:)) exXp ( - Y- exp(—y)) : (2.7)

[ p ] 0 Jo25] 05 [0.75]0.95]
V(f,f,) 0197019 [0.21 [ 0.22 ] 0.34
D(f, f.) | 0.32]0.33]0.35[0.43 | 0.74

Table 2.1: Total variation and information divergence according to the correlation.

Results are clearly better in the presence of weak correlation. One can explain it
as follows. On Figure 2.3, we have represented a sample of size n = 250 simulated
from a binormal with 0 mean and identity variance matrix (LEFT) and the image
of this sample by the affine transformation (RIGHT):

T(z) =%z 4a
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2

L L L L L L L L L L )
-2 -1 o 1 2 -3 —2 -1 o 1 2

Figure 2.3: See text in Subsection 2.2.2.

1 0.95 —1
Z:<0.95 1 )anda:(o).

Note that the transformed sample can be seen as a sample simulated from a
binormal A (a,Y). We represent on these graphics the partition used to construct
regular modified histograms with a reference density of Gumbel (see (2.7)) and
(1 = ¢y = 5. For the transformed sample, only few classes possesses observations,
the partition is not well adapted to the data cloud. Therefore the comparison
between the empirical measure and the reference density over the partition does
not make much sense.

where

To correct this, we now propose to construct data dependent modified histograms
for which keeping the parameters g and ¢; (j =1, ..., d) fixed, the corresponding
partition is equivariant under affine transformation of data vectors. Our method
is inspired by the affine equivariant quantile contour plots defined by Chakraborty
[10].

2.2.3 Data-driven modified histograms

Statistical practice suggests that histograms based on data-dependent partitions
will provide better performance than those based on a fixed sequence of partitions.
Theoretical evidence for this superiority was put forward by Stone [24].

In this paragraph, we construct a modified histogram based on a data-dependent
partition equivariant under affine transformation of the data vector (for fixed ¢
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2.2 Construction of the estimator

and ¢;, 7 =1,...,d). The approach is based on a “data-driven coordinate system”
introduced by Chaudhuri and Sengupta [12].

Formally, fix ng such that ny > d+1 and consider ny+n data points X1, ..., X, 1n
i.i.d. from a density f on RY. Split the data into a set X1, ..., X, used for choos-

ing the “data-driven coordinate system” and a set X, 11, ..., X, +n used for con-
structing the density estimate. To lighten the notation we will write X7,..., X*
for Xoo41, -+, Xngn-

e Set ¢ = (y...0y with ¢y,...,{; positive integers, and let h; = 1/¢; for
j=1,....,d;

o Let o = {ko,ki1,...,kq} denote a subset of {1,2,...,n9} of size (d + 1).
Consider the points Xy, ..., X, which will form a “data-driven coordinate
system”, where X}, will determine the origin and the lines joining that origin
to the remaining d data points X, ,..., X}, will form various coordinate
axis. Consider the d x d matrix

d

X(a) = {Xkl _Xkoa"‘JXkd —Xko}.

If f is absolutely continuous on R¢, X («) is an invertible matrix with prob-
ability one for any choice of o (see Chaudhuri and Sengupta [12]). Next,
transform all the observations in terms of the new coordinate system as

Xi:{X(oz)}_lXi, ’izl,...,no,
Xr={X()}'XF, i=1,...,n.
e Let ¢ be a density on R? such that

g(1,...,xq) = q1(x1) ... Gaza) , (2.8)

where §1(x1), ..., ga(xq) are univariate densities. Define p = (py,...,pq) the
coordinatewise median associated with the density g, 7.e.,

pi=G;1(05), j=1,....d,

and let X([no s2)) be the empirical coordinatewise median from the sample
Xl, ce ,Xno, i.e.,

. o) " (d)
Xnos2) = Kmosany -+ X(fnoy2) -

where | ] stands for the integer part and X ((f)) X ((fl 2)) denotes the order

statistics of the j-th components of the data vector X, ... ,Xno. Consider
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Effective Construction of Modified Histograms

the vector 05 = p—X([no/z]) and let X* be the image of X* by the translation
of vector 0%, i.e.,
X =X40, i=1,...,n.

As for the regular modified histograms presented above, for j = 1,....,d
and 7; = 1,...,{; — 1, denote ¢;;, the quantile of order i;h; of g;. These
quantiles lead to a partition of R? into ¢ hyperrectangles say

d
11, o || QJl] 17QJ,’LJ .
Jj=1

Let p, (resp. fin,) be the empirical measure associated with the sample
Xt,..., X; (vesp. X7,...,X});

Figure 2.4: Transformation of a partition in R2.

e Express the Ai17,,,7id’s in terms of the original coordinate system, i.e.,
Ay oig = X(@) (A iy — V%) -

flz-l,m’i , is the image of the hyperrectangle A;, ,, by an affine transforma-
tion therefore A, ;, is an hyperparallelogram (see Figure 2.4). Moreover,
it is easily seen that

Mn(Ail,...,id) = ﬂn(Az‘l,...,id) ;
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2.2 Construction of the estimator

e Finally, fix

0o (2) ! X @) o), (2.9)

B |det (X (a)
then the data-driven modified histogram density estimate is defined by
ny, (A(z)) + 1
nh+1
where h = hy ... hg and A(x) stands for A;,

falz) =

9a(), (2.10)

i if € Ail,...,id'

Lemma 2.2.1 The estimate f,(x) defined in (2.10) is a modified histogram in
the sense of (2.1).

Proof It suffices to prove the following assertions:

® g, is a density (we will denote by v, the measure associated with this
density);

o forj=1,....,dand i; =1,...,my, vy (A; i) =h.
These assertions are direct consequences of the change of variables theorem. W

Remark 2.2.1 One can use other translations, however our choice of b5 seems
to be well adapted to our estimate. Indeed, modified histograms result from the
comparison between the reference density and the empirical measure. Thus, our
translation is chosen so that the image of X1, ... ,Xno has the same median as
the density g. This translation can be seen as a “bias correction”. We choose the
median because of its robustness.

From now on, given random variables 1i,...,T,,1,, we write 17,..., T for
Trot1s - -+ Tngn and g, (A; T7, ..., T) for the empirical measure associated with
17, ..., Tr. Moreover, with a slight abuse of notation, we will denote by {A4;, .}
the partition

{Ai,.iati<i<d -
1<i;<4;
We now prove the equivariance of the partition under arbitrary affine transfor-
mations of data vectors.

Theorem 2.2.2 The partition {A;, .} is equivariant under arbitrary affine
transformations of data vectors. We can formulate it as follows.

Let the d-dimensional vectors Xy, ..., X, +n be transformed into Zy, ..., Zy 4n
with Z; = MX; + ¢ where M is a d X d nonsingular matriz and c is a vec-
tor in R Suppose that we use the same density § and the same integers l;
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Effective Construction of Modified Histograms

(7 =1,...,d) to construct the data-driven modified histogram from X1, ..., Xpy4n
and Zy, ..., Zngsn- If {Aiy. i} (resp. {Bi..i,}) denotes the partition com-
puted from the sample Xy, ..., Xy 1n (resp. Z1, ..., Zngin), then for all integers
i1, ..,0q such that 1 <i; </{; and 1 < j < d we have

(7’) B’h ..... id:MAil i+ cC.
(it) pin(Aiyoiy X5r o X0E) = pin(Byyi1 25, 27) .

Proof Let o = {ko,k1,...,kq} be asubset of {1,... ,ng} of size d+ 1. Consider
X(Oé) = {Xk1 — Xko,. . 7Xkd _Xko}

and
Z(Oé) = {Zkl — Zko,- . .,de — Zko}

so that we have Z(a) = M X («).
Note that for i = 1,...,ng

Z; =Z(a)"' Z,
=X(a) X, + (MX(a)) e

1

=X, + (MX(a)) c.
Therefore Zj, /o) = Xino/2) + (M X ()" 'c and b = b% — (MX(O‘))AC-

As we use the same density § and the same integers ¢; (j = 1,...,d), the par-
titions computed for transformed observations will be the same for the samples
X1,y Xngtn and Zy, ..., Zpy1n. We denote {A4;, ;,} this partition.

.....

---------------

all integers 1, ...,%4 such that 1 <i; </; and 1 < j < d, it follows that

B;

which gives (7).

Since X} = X(a) ' X} 4+ b% and ZF = Z(a) ' ZF +b% (i = 1,...,n), it easily
follows that B
Vi=1,...,n, X' =27



2.2 Construction of the estimator

Therefore

fn(Aiy iy X5 X)) = (A ZE 2

11 5eeeyld)

and (ii) is proved. |

Note that (: i ) implies that we only have to compute the empirical measure of the
rectangles A;, ;, associated with the transformed observations, a much simpler

device than the empirical measure of the hyperparallelogram A, ;..

It is worth pointing out that the actual reference density (in the sense of (2.1))
is g, which implies that the reference density depends on the data. However,
in practice we can have some a priori idea on the density to estimate. In that
case, we could be interested in constructing modified histogram for a particular
reference density g. It is possible to use this algorithm provided that g may be

written in the form .

g(z) = mﬁ(

where x = (x1,...,24), M is an invertible matrix d x d, a is a vector of R? and
g is a product of univariate densities, i.e.,

M 'z +a) (2.11)

g(x) = gi(x1) ... ga(xq) -

In this situation we no longer split the data (all the observations are used to
construct the modified histogram) and we only have to replace X («) by M and b%
by a. Note that multinormal densities g, ; are in the form of (2.11). Nevertheless
Theorem 2.2.2 does not hold for such modified histograms.

Summarizing, we have found a partition equivariant under arbitrary affine trans-
formation. Consistency in information divergence of the corresponding estimate
is a straightforward consequence of the next lemma (whom proof is straightfor-
ward).

Lemma 2.2.2 Information divergence is invariant under invertible transforma-
tion of the data sample.

Corollary 2.2.1 Let f, be the data-driven modified histogram defined in (2.10).
Assume that D(f, g,) < 0o a.s. Moreover, assume that for i =1,...,d, h; = h;,,
(therefore h = h,,),

lim max h;, =0 and lim nh, = oo,
n—oo 1<i<d n—00

then
lim D(f, f,) =0a.s. and lim E™D(f f,) =0 a.s.

n—oo n—oo

where E™) denotes the conditional expectation given the X;’s for which 1 <i <
ng.
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Effective Construction of Modified Histograms

Proof Fix Xi,...,X,, such that D(f,ga) < oo. Let f (resp. f,) be the target
density f (resp. the density estimate f,,) in the transformed coordinate system,
i€,

fla) = |det(X(a))|f(X(a)(z —b%))

fn(l’) = |det(X(a)) ‘fn(X(oz)(x — b;”()) )
f. is the regular modified histogram density estimate of f (see page 54) using g
as reference density. From Theorem 2.2.1, it follows that

lim D(f, f,) =0 a.s.

n—oo

lim E™)D(f, f,) =0.

n—oo

The conclusion follows from Lemma 2.2.2. [ |

2.3 Selection of «

The performance of the data-driven modified histogram clearly depends upon the
choice of ¢; (j = 1,...,d), § and o. Here we will restrict our attention to the
choice of . Recent univariate results obtained by Berlinet and Brunel [5] show
that the Kullback-Leibler cross-validation technique works well for selecting ¢
from the data. We extend this procedure to the selection of «.

Let X1,...,X,,+n beii.d. observations from a density f and let S,,, denote the
collection of all subsets of size d + 1 of {1,...,n0}. Fix ¢; (j = 1,...,d) and
g (such as (2.8)). For a € S,,, let us denote by f¢ the data-driven modified
multivariate histogram defined in (2.10).

Expanding the actual information divergence error yields

D(f, 1) = / flogf - / f log 12 (2.12)

The second integral could be written as E[log f*(X)]|, where the expectation is
taken with respect to the evaluating point and not over the sample. The cross-
validation device consists in removing one data point among X7, ..., X and using
the remaining (n— 1) points to construct an estimator of E(log f(X)). This step
is repeated for each X* (i = 1,...,n). Let f*' be the modified histogram density
estimate defined after deleting the i-th observation, ¢.e.,

npd (A(z); X5,..., X5) + 1

(@) = nh+1

9o ()
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2.3 Selection of «

where g, is defined by (2.9) and

pn (Alz); X7, X5

rEA()}
J#i

With this notation, an estimate of E[log f*(X)] is given by
1 - a,t *
i

and since the first integral in (2.12) does not depend on «, we deduce a cross-
validation criterion for the choice of a:

choose & € S,,, which minimizes CV () = —— Z log f*'(X}) .

For fixed o, we have proved that the partition is affine equivariant. The next
theorem states that this property still holds when « is selected by cross-validation.

Theorem 2.3.1 The choice of o by cross-validation is invariant under arbitrary
affine transformations of data vectors. We can formulate it as follows.

Let the d-dimensional vectors Xy, ..., X, +n be transformed into Z,, ..., Zy 4n
with Z; = M X, +c where M is a d x d nonsingular matriz and c is a vector in RY.
Suppose that we use the same density g and the same integers {; (j =1,...,d)
to construct the data-driven modified histograms fy  (with X1, ..., Xn,1n) and
g (with Zy, ..., Znyin). Then

IS : 1 ¢ :
& minimizes — — E log {7 (X7) < & minimizes — — g log fi,(ZF).
n ’ n ’

Proof We will denote by {A4;, .} (resp. {B, ., }) the partition associated

with the modified histogram constructed from the sample X7, ..., X, 1, (resp.
21y ey Zingin)-
We have
m n,un B(ZF); 75, . .. Z*) +1
— 1 (ZF) = log N4
z og f z s (20)
where .
o(Z}) = ———3(Z(a) ' ZF +13) .
g ( 2) |d6t(Z(CY))|g( (Oé) 7 + Z)
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Effective Construction of Modified Histograms

Theorem 2.2.2 and its proof give

Moreover, it is easily seen that pf, (B(Z}); Z5, ..., Z}) = pé (A(X7?); XT, ..., X)),
Putting all pieces together, we obtain

1 . ol * 1 - a,t *
—= 3 log [ (Z) = == 3 log [ (X7) + log(| det(M)))
i=1 =1

Since M does not depend on «, the proof is complete. [ |

2.4 Simulations

In this paragraph we are presenting some finite sample simulation results on the
efficiency of the data-driven modified histogram f2 defined by (2.10) compared
with the regular modified histogram f,, defined by (2.6). We use two data sets.

We first simulated 50 samples of size ng+n (ng+n = 150, 300, 550) from bivari-
ate normal populations with zero means, unit standard deviations and varying
correlation coefficients p = 0, 0.25, 0.5, 0.75 and 0.95. For each sample, we have
computed modified histograms f,, and f@ (« is selected by cross-validation). We
choose

g(z,y) = exp (— x — exp(—x)) exp ( — y — exp(—y))

ng = 50

51:£2:4f0rn:100

1 =¥y =5 for n = 250

by =¥y =6 for n = 500.

We display in Table 2.2 the average of D(f, f,) and D(f, f) and the gain Ga in
information divergence

_ D(fafn)_D(faf’r?)
D(f, fn) '

For the second data set, points are generated from multivariate symmetric Laplace
distributions (see Anderson [1]|) with density

Ga

2 ty—1 v/2 /Yt —1
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2.4 Simulations

I n | » | D(f.f.) | DU fH) | Ga |

100 0 0.36 0.23 0.36
250 0.32 0.15 0.53
200 0.29 0.11 0.62
100 | 0.25 0.36 0.24 0.33
250 0.32 0.15 0.53
200 0.30 0.11 0.63
100 | 0.5 0.39 0.23 0.41
250 0.35 0.15 0.57
200 0.31 0.11 0.65
100 | 0.75 0.50 0.23 0.54
250 0.41 0.15 0.63
200 0.36 0.10 0.72
100 | 0.95 0.85 0.24 0.72
250 0.73 0.14 0.81
200 0.64 0.11 0.83

Table 2.2: Regular modified histograms versus data-driven modified histograms.

where v = (2 — d)/2, ¥ is a d X d non-negative definite symmetric matrix and
K,(u) is the modified Bessel function of the third kind given by

2

1 v [
Kv(u):§<g) / t_”_lexp<—t—Z—t>dt,u>O.
0

We set several dimensions d = 2,4, 8, 10 and several sample sizes ng+n. For each
(d,no + n), we simulated 50 samples from a symmetric Laplace distribution with

1 p .op

=7 " p=0:0.5;0.95 .
. ‘. ‘. p
p ... p 1

The density g is a multivariate standard normal distribution and we choose ¢; = 3
(j = 1,...,d). For d =2 and 4 we again take ny = 50 to select o by cross-
validation.

However, for higher dimensions the optimization problem is very heavy and takes
too much time to reach an adequate solution. Thus, for d = 8 and 10, we propose
the following alternative. We choose the transformation matrix X («) in such a
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Effective Construction of Modified Histograms

way that the image of Xi,...,X,, has the same variance-covariance matrix as
the density g (identity in our example). In other words, we replace X («) with
31/2 where 3 is an affine equivariant estimate of the variance-covariance matrix
of the distribution (computed from Xi,..., X,,). The rest of the construction
does not change. Note that the corresponding estimate no longer depends on «
but on 3. In this regard it will be denoted by f* and for the sake of clarity
the associated reference density g, and vector b% will be denoted by g5 and b%
Consistency Corollary 2.2.1 is still true for fni. We take ny = 1000 for d = 8 and
10. D(f, fn) and D(f, f%) are computed from Monte-Carlo method. The results
are displayed in Table 2.3.

2.5 Concluding Remarks

1. Our examples demonstrate rather strikingly that f is on the whole better
than f,. The difference increases with the correlation and the dimension.
Moreover, keeping n and d fixed, D(f, f&) is stable whatever the correlation.
It is worth pointing out that the partition is well adapted to the data cloud
even with high correlation (see Figure 2.5).

2. In contrast with the first data set, performances of f and f, are similar
when p = 0 for the second set. It is probably due to the fact that the
symmetric Laplace distribution and the standard gaussian distribution have
the same median. Therefore the translation vector is close to zero and the
reference density and the density to estimate are close enough without the
translation. On the other hand, for the first data set, the two distributions
do not have the same coordinatewise median. The translation can be seen
as a “bias corrector” between the two densities.

3. For the second data set, the partition is not equivariant by affine transfor-
mation of the data sample when d = 8 or d = 10. All the same, the estimate
is performant and the computation is quick even in large dimension. We
emphasize that the transformation-retransformation procedure just allows
to select a reference density which is not “too far” from the density to esti-
mate. In other words our choice of the transformation matrix is motivated
by the fact that the reference density should be as close as possible to the
density f to estimate. Since f is unknown in practice, we select the affine
transformation such that the image of X3, ..., X,,, and the random variable
with density g have

e the same variance-covariance matrix (with the help of the linear trans-
formation X 71/2);
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2.5 Concluding Remarks

D(f, f)
d;n p D(f, fn) or Ga
D(f, 1)
2;250 0 0.12 0.12 0
0.5 0.18 0.13 0.28
0.95 0.73 0.12 0.84
4;1000 0 0.34 0.36 -0.06
0.5 0.55 0.37 0.33
0.95 2.32 0.37 0.84
8;10000 0 0.90 0.90 0
0.5 1.58 0.93 0.41
0.95 6.10 0.93 0.85
10;500000 | O 1.08 1.12 -0.04
0.5 1.90 1.14 0.40
0.95 7.52 1.12 0.85

Table 2.3: Regular modified histograms versus data-driven modified histograms.

. .
—4 -2 [e] 2

Figure 2.5: Partition of data-driven modified histogram. Simulated samples are the
same as in Figure 2.3. g is a product of Gumbel densities and ¢, = /5 = 5.
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Effective Construction of Modified Histograms

e the same median (with the translation b%).

Note that when f is elliptically symmetric, similar conditions on the choice
of the transformation matrix are discussed by Chakraborty [10] in the
asymptotic study of the affine equivariant multivariate quantiles.
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Chapter 1

Parameter Selection in Modified
Histogram Estimates®

Abstract

A multivariate modified histogram density estimate depending on
a reference density g and a partition P has recently been proved
to have good consistency properties according to several informa-
tion theoretic criteria. Given an i.i.d. sample, we show how to
select automatically both ¢ and P so that the expected L, error
of the corresponding selected estimate is within a given constant
multiple of the best possible error plus an additive term which
tends to zero under mild assumptions. Our method is inspired
by the combinatorial tools developed in Devroye and Lugosi [9]
and it includes a wide range of reference density and partition
models. Results of simulations are presented.

1.1 Introduction

General ¢-divergences (Liese and Vajda [12]) are widely used in many fields of
statistics (data compression, telecommunication networks, classification, pattern
recognition, neural networks...), particularly in decision processes based on den-
sity estimates and functionals of them. Many authors have put forward their
attractive properties as criteria of accuracy. However, considering convergence of
estimates of a density in the sense of ¢-divergences causes some trouble. With
standard histograms the situation is even hopeless as empty cells, occurring with
high probability, make most of divergences infinite. The modified histograms in-

*Article écrit en collaboration avec Alain Berlinet et Gérard Biau, et publié¢ dans la revue
Statistics.
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Parameter Selection in Modified Histogram Estimates

troduced by Barron [1] and Barron, Gyorfi and van der Meulen [2]| circumvent
this problem. They are defined as follows.

Suppose that we observe independent R¢%valued random variables X;,..., X,
with common unknown density f.

e Denote by g a known density on R? and by v, the associated probability
measure;

e Define a sequence of integers {¢, },>1 such that 2 < /¢, and let h,, = 1/(,;

e Introduce a sequence of partitions P = {A,1, ..., Ay, } such that v,(A,;) =
hy fori=1,... 0,

e Finally consider, for a,, = 1/(nh, + 1), the following density estimate f,:

Mo (An (m))
hn

Ny (An(:z:)) +1
N nh, + 1

fulw) = (1 = an) + ) gle) gx), (L1)
where p,, stands for the empirical measure associated with the sample
Xi,oo, X, e, pin(A) = (1/n) D77 | 1ix,ea), and A, (z) equals A,; if z €
A

The estimate (1.1) is a mixture of a histogram-type density estimate and the
known density g. It can also be regarded as a piecewise transformation of g itself:
roughly speaking, this modified histogram results from the comparison of the
quantiles of g — the reference density — with the empirical quantiles (see Figure
1.1 for an example).

For further results on modified histograms, we refer the reader to Barron, Gyorfi
and van der Meulen [2] who prove consistency in the sense of information diver-
gence, Berlinet, Gyorfi and van der Meulen [6] who prove a central limit theorem
for Kullback-Leibler divergence, Gyorfi, Liese, Vajda and van der Meulen [10],
and Berlinet, Vajda and van der Meulen [7] who extend the information diver-
gence consistency properties respectively to the y2-divergence and to more general
¢-divergences.

Once the observations are given two parameters have to be chosen to build the
modified histogram, namely a reference density g and a partition P. Recent
univariate results obtained by Berlinet and Brunel (see [4], [5]) show that the
Kullback-Leibler cross-validation technique works well to select the partition from
the data and that it is asymptotically optimal. As far as we know, no work has
been devoted so far to select ¢ and P simultaneously. This article proposes to
fill this gap, using a general multivariate data-based combinatorial methodology
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1.2 Automatic parameter selection

Figure 1.1: Modified histogram estimate (continuous line) of n = 100 Gaussian
(dotted line) data (¢, = 8). The reference density is Gumbel (dashed line).

presented in Devroye and Lugosi [9]. More precisely, we will show how to select
both g and P — within given classes — so that the expected L, error of the
corresponding selected estimate is up to a given constant multiple of the best
possible error plus an additive term which tends to zero under mild assumptions.
The paper is organized as follows. In Section 2, we present the multivariate
selection procedure and give the main results. Examples are worked out in Section
3 and simulations are presented in Section 4. Proofs are gathered in Section 5.

1.2 Automatic parameter selection

1.2.1 The combinatorial method

Using ideas from Yatracos [16], Devroye and Lugosi [9] explore a new paradigm for
the data-based or automatic selection of the free parameters of density estimates
in general so that the expected L, error is within a given constant multiple of the
best possible error. To summarize in the present context, assume we are given
a class of density estimates parameterized by 6 € © such that f, s denotes the
density estimate with parameter . Let m < n be an integer which splits the
data Xi,..., X, into

e aset Xq,...,X,_,, used for the construction of the density estimate;
e a validation set X, ,,11,...,X,-

79



Parameter Selection in Modified Histogram Estimates

Introduce the class of random sets
Ao = {{x D fnemo () > foome(2)} 2 (0,0) € @2}

(Ae is the so-called Yatracos class associated with ©) and define

Ay = sup / fn—mﬂ - Nm(A)‘ )
AcAg A
where i, (A) = (1/m)>>" .1 1x,e4) is the empirical measure associated with
the sample X,,_,,11,...,X,. Then the minimum distance estimate f, is defined

as any density estimate selected among the candidates f,_,, ¢ with

1
Ag < inf Ay + —.
C) n

Note that the 1/n term is added to ensure the existence of such a density estimate.
According to Devroye and Lugosi [9], Chapter 10, whenever f,_,, ¢ integrates to
one, the selected f, satisfies the following inequality:

Bf [1-11} <3jntB{ [1fime=1}rsp{y/ B2l 2

Here, S4,(m) is the Vapnik-Chervonenkis shatter coefficient of the class of sets
Ag (Vapnik and Chervonenkis [15]), defined by

Sae(m)= max Card{{z1,...,2z,}NA: A€ Ao}

1,...,tmE R

This general methodology provides an automatic procedure to construct a density
estimate f,, whose L; error is (almost) as small as that of the best estimate among
the f,0, 0 € ©. We emphasize that inequality (1.2) is nonasymptotic, that is,
the bound is valid for all n. The rest of the analysis is then purely combinatorial
and merely consists in obtaining upper bounds for the value of S 4, (m).

A challenging question is whether the combinatorial L; selection procedure of
Devroye and Lugosi [9] can be extended to L, norms (1 < p < 0o) or to more
general ¢-divergences, such as Kullback-Leibler information or Hellinger distance.
According to the authors’ experience, the extension to L, criteria seems feasible,
at the price of some technical requirements extending Scheffé’s identity [14]. On
the other hand, the divergence case presents a more delicate problem. Here, one
needs to carefully assess the divergence between two measures as a supremum of
functionals over a suitable class of functions. Dual representations of divergences
should provide a good starting point, see for example Keziou [11].
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1.2 Automatic parameter selection

1.2.2 Selecting a modified histogram

In this paragraph, we will be concerned with the selection of a density ¢ and a
partition P in the modified histogram estimate, using the general combinatorial
tools presented above. Let us first describe the mathematical model. We let G
be a given class of candidate reference densities on R?, and we denote by v, the
probability measure associated with each g € G. Consider P a family of candidate
partitions of R? such that each P € P has at most 7 cells (r > 2, possibly
function of n, and to be made precise later on). To each density g € G and each
partition P = {A;,..., Ay} € P such that v,(A4;) =1/¢,i=1,...,(, assign the
corresponding modified histogram f, ¢ defined as in (1.1), with 6 = (g, P). We
use the minimum distance estimate to select 6 from

O={(g,P): g€ G P={A,..., A} eP, (<r v(A)=1/t}, (13)

the set of all possible pairs of reference densities and partitions. Denote by
fn the resulting minimum distance estimate. Now, to apply (1.2), we need to
obtain upper bounds for the mth shatter coefficient S 4, (m) of the Yatracos class
associated with ©. The following theorem is a key combinatorial result towards
this direction. Denote by Sp(j) the jth shatter coefficient of the class of sets

D= {{(m,z) e R x RY - azg(z) — ¢'(x) > 0} caeRY,(g,4) € 92},

and, with a slight abuse of notation, denote by Sp(j) the jth shatter coefficient
of the class of sets which are cells of any partition in P.

Theorem 1.2.1 If Ag is the Yatracos class defined by (1.3), then

4r

S, (m) < Sp(m) [Sp(m(n —m))]

Consequently

B{ [1t - 11} <3jpt B [ 1o 11}

8\/1og2 + log Sp(m) + 4rlog Sp(m(n — m))

+ % (1.4)

m

Since in most cases of interest, bounds for Sp(m) and Sp(m(n —m)) are polyno-
mial in m and n (detailed examples are presented in Section 3), one can choose
m and r as functions of n such that the terms on the right hand side of (1.4) are
balanced. More precisely:
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Corollary 1.2.1 Assume that the shatter coefficients Sp(m) and Sp(m(n—m))
are polynomial in their arguments. Then the choices

n

m = and r=n% a>0,

logn

{/|fn f|}<31nfE{/‘fn me_f’}—i—()( li)gann).

The optimal L; error of the univariate modified histogram is known to go to
zero, under standard smoothness assumptions, at the rate n=/2 provided r ~
n'/3. Therefore, the bound above essentially says that for polynomial shatter
coefficients Sp(m) and Sp(m(n — m)) and a = 1/3, we have asymptotically a
performance that is guaranteed to be, up to a logarithm term, within a factor of
three of the optimal performance. Roughly, the logarithm term appears as the
price to be paid for using unrestricted classes of reference densities.

lead to

In order to use Theorem 1.2.1, we have to make sure that infoce E [ | frmo— f] is
not much larger than infocg E [ | f,, o— f], that is, holding out m observations does
not cause much trouble. Whereas this result holds for parameter selection by the
combinatorial method for most classical nonparametric density estimates (such
as histograms, kernel estimates or wavelet estimates, see Devroye and Lugosi [9],
Chapter 10), things turn out to be more complicated for the modified histogram
estimate under study. Our result is as follows.

Theorem 1.2.2 Denote by p the common distribution of the X;’s, and suppose
that there exists a positive real number o such that V6 € © (9 = (g9, P),P =

{Al,...,A@})
a < p(A;), i=1,...,0 (1.5)

Then, for all m < n/2, we have

E{/Ifn—fl}S
S(an—mm*S\/%*(n—mﬁﬁmru—a )5?5’3{/“"“”}

8\/10g2 + log Sp(m) + 4rlog Sp(m(n — m)) N 3

m n’
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Corollary 1.2.2 Assume that the conditions of Theorem 1.2.2 are satisfied, and
that the shatter coefficients Sp(m) and Sp(m(n —m)) are polynomial in their
arguments. Then the choices

n

m = and r=n 0<a<1/2,

logn

lead to

101y =300 () ) g f 1o 1) + 07

Roughly speaking, condition (1.5) means that the set of candidate reference densi-
ties G is not too far from the target f. It is in particular satisfied when G is finite
or when G is the class of Gaussian densities with bounded mean and variance
parameters, and v, < p for all g € G. Let us now discuss some examples.

1.3 Examples

In this section, we provide various useful bounds for the shatter coefficients
Sp(m(n — m)) and Sp(m). We first recall that the Vapnik-Chervonenkis di-
mension V' (Vapnik and Chervonenkis [15]) of a class H of sets is defined as the
largest integer p such that

Sw(p) = 2".
If Sy (p) = 2P for all p, then we say that V' = oco. A classical consequence of
Sauer’s lemma [13] shows that if H has Vapnik-Chervonenkis dimension V' < oo,
then
Sn(i) <G +1)". (1.6)
Let us first derive Sp(j) for several classes of partitions P — recall that Sp(j)

means the jth shatter coefficient of the class of sets which are cells of any partition
in P. We first consider the univariate case d = 1.

1.3.1 Univariate modified histograms

As a simple but important example, consider d = 1, and let P be the class
containing all partitions of the real line into at most r intervals. Denoting by G
the distribution function associated with any reference density g, the intervals A;
for P ={A,,..., A} € P are defined as follows:

A = (G—l(izl),G*(%)}, i=1,... .01,
" (D)
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where G~! denotes the quantile function defined on [0,1] by G™!(u) = inf{z € R :
G(z) > u}. Within this framework, Sp(j) is at most the jth shatter coefficient
of the class of all intervals, which equals j(j + 1)/2 + 1. Note that Berlinet and
Brunel [4], [5] study a univariate cross-validation-based method to select ¢ (but
not g and ¢ simultaneously).

Let us now focus attention on the shatter coefficient Sp(m) for two useful classes
of univariate reference densities G. Recall that

D= {{(x,z) € R x R* : azg(z) — ¢'(z) > 0} :aeRY,(9,9) € QQ}.

Exponential family. A family G of densities on R is called an exponential
family if each density in G may be written in the form

ge(x) = cy(€)B(x)eXi= T Ovil) (1.7)
where ¢ belongs to some parameter set =, ¢1,...,¢0; : R - R, §: R — [0, 00),
v > 0,7,...,7m : = — R are fixed functions, and c is a positive normalization

constant. Examples of exponential families include classes of Gaussian, gamma,
beta, Rayleigh, and Maxwell densities. Note that for @ > 0, azge(x) > ge(2) if
and only if

ay(§)
v(€')

By a mapping that makes each of the functions of x and z a new variable, it is
easy to see that inequality (1.8) is just a homogeneous linear inequality a;A\; +
...+ agi2Apo > 0, with the coefficients a; depending upon the pair (§,¢’) only.
The Vapnik-Chervonenkis dimension for a collection of linear halfspaces in R¥*2
is not more than k+2 (Devroye and Lugosi [9], Corollary 4.2). As a consequence,
by (L6),

log z + Z (mi(&) — () i(x) + log > 0. (1.8)

Sp(m) < (m +1)F2,

Series estimates. Let 1/, ..., be fixed nonnegative basis functions from R?
to R such that f ; = t; for 1 <1 < k. We define the class G as the collection of
all linear combinations

ge(w) = Z a;;(x)

with coefficient ¢ = (ay,...,a) satisfying Zle a;t; = 1. Clearly, for a« > 0,
azge(r) > ge(x) if and only if

k

k
Z aa;zp;(x) — Z hi(x) > 0.

=1
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1.3 Examples

Making again each of the functions v;(x) and z1;(x) a new variable, we are led
to a homogeneous linear inequality b1 A\; + ... 4+ bogAor > 0, with coefficients b;
depending upon the pair (¢,¢’) only. Therefore

1.3.2 Multivariate modified histograms

The aim of this paragraph is to study multivariate modified histograms defined
via a multinormal reference density. This leads us to consider the class

1 1 Ts—1
g:{ o(x) = o~ 3 @-m)Ts <$_m)}7
9n2() = oS T

where m is an arbitrary element of R? and ¥ is a symmetric positive definite d x d
matrix. For a given reference density g,,, € G and a given integer ¢ > 2, we let
the partition P be as follows.

o Set ¢ = {y...0y, with ¢4,...,¢; positive integers, and let h; = 1/¢; for
j=1,...,d;

e Forj=1,...,dand i; = 1,...,¢;—1, compute the quantiles of order i;h; of
a univariate standard normal N(0,1); denote by ¢;,, these quantiles, with
the convention ¢jo = —oo and ¢;,, = +00;

e Consider the grid defined by the above family {g;;, }; this grid leads to a

partition of R? into ¢ hyperrectangles, say A; 1<j<d,1<i; </l
g 1 J J

seenstd?

e Iix T}, ». the affine transformation
Tm,E(x) = 21/237 +m,

and let {A; ;,} be the image-partition of {/Ll,_,_,id} by T.n s (see Figure
1.2 that depicts a bivariate example).

Finally take
P={Ai. i J1<j<d -

1<i;<¢;

Denote by v, ; the probability measure associated with the reference g, »;. It is
easily seen that, for any cell A, ; of the partition P,

Ums(Ai,..q0) = 1/L.
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Az Az
Asy Az
Aig Ap o

Figure 1.2: Transformation of a partition in R2.

Note however that the decomposition £ = /; ... {; is not necessarily unique. Thus,
given g, € G and ¢ > 2, we have just constructed a partition of R? into £ sets
of v, x-measure 1/¢. Clearly, each set in any such partition is an intersection of
at most 2d hyperplanes (it is a polytope with at most 2d faces). Therefore

Sp(j) < (5 + 1)24HD

(see for example Devroye, Gyorfi and Lugosi [8]).

Let us now consider the shatter coefficient Sp(m). Here, G is the class of multi-
normal densities, hence it is a multivariate exponential family. More precisely,
setting £ = (m, X), each g¢ in G may be written in the form

ge(z) = r(€)(x)ein mOND,

with the notation of (1.7) — just replace R with R? — and with k¥ = d(d + 3)/2.
We conclude that
Sp(m) < (m + 1)d(d+3)/2+2‘

Note that the bounds on the shatter coefficients in the examples presented above
are polynomial in their arguments, so that Corollary 1.2.1 and Corollary 1.2.2
apply. One can argue that the bound r = n® is somewhat restrictive. However,
extensive simulations (see Berlinet and Biau [3]) reveal that the number of cells ¢
should be very small with respect to n. Therefore, in practice, the bound r = n®
does not harm too much. Moreover, it is consistent with the results of Barron,
Gyorfi and van der Meulen |2]|, who proved that a univariate Kullback-Leibler-

based choice of ¢ is of order n'/3.
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1.4 Simulations

1.4 Simulations

In this section, we illustrate the theory with univariate simulation results enlight-
ening the efficiency of the combinatorial method. The density to be estimated, a
Beta (2,2), is shown in Figure 1.3.

0 1

Figure 1.3: Density Beta (2,2) to be estimated.

We consider a class G of references including 9 densities, presented in Figure 1.4.

25

0 9 1 0 % 1 0 %

Figure 1.4: Collection of reference densities.
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Given a reference g in the collection G and an integer ¢, the associated partition
is constructed via the quantiles of the density g, as explained in Paragraph 3.1.
Thus, in this context, the method will automatically select a parameter 6 from
the set

@:{(g,f):gegﬂgﬁgr}.
The resulting minimum distance estimate is denoted f,,.

We also shed light on the advantages of selecting both the partition and the
reference density in contrast to the case where only the partition is selected. To
this aim, for each fized reference density g € G, we run the combinatorial method
to select the sole number of cells ¢ from the set O, = {¢ : 2 < ¢ < r}, and we
denote by f, , the elected estimate.

To assess the quality of the selected estimates, we compare the L, performances of
the elected f,, and f,, ; with the best estimates f,, y» and fmg; in the corresponding

classes, that is
0* argmin{/|fn,9 - f|}7
0co

05 € argmin{/|fn,9 - f|} :
6eo,

Table 1.1 and Table 1.2 summarize the results. For each of the references g, we
display in Table 1.1 the L, error of f, , and fnﬂ;, and we present in Table 1.2

and, for a fixed g,

the error of the estimates f,, and f,¢-. We also show the number én of selected
classes. All results are averaged over 50 repetitions.

The L, error ratios selected / optimal never exceed 2.26, and all of these results
enlighten the good performances of the combinatorial method in general. They
also clearly show the advantages of selecting both the partition and the reference
density in contrast to the case where only the partition is selected. As a matter
of fact, the L, performances of f, over the f,,’s are significantly better for 5
reference models out of 9, and roughly similar for 2. Unsurprisingly, the best
performances of f, , are obtained for the densities g5 (triangle) and g4 (truncated
Gaussian N (0.5, 1)), which resemble the most the density Beta (2,2). In practice,
when one has no or few a priori information on the target density, the selection
approach presented in the present paper is preferable.
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L n = 200,m = 50,7 = 16 | n=1000,m=150,r =30 |
L9 | S g = A [ S ngs = AL o | [ Fng = SV [ S gy =S| & |
91| 0.2060 0.1536 9.68 0.1205 0.0958 [ 17.20
g | 0.3254 0.2961 | 12.92 | 0.2379 0.2228 [ 24.24
gs | 0.1677 0.1103 7.28 0.1043 0.0695 | 15.12
gs | 0.1767 0.1036 8.28 0.1119 0.0849 | 14.08
gs | 0.4327 0.4000 | 14.28 | 0.3358 0.3176 | 24.72
gs | 0.2340 0.1891 | 10.84 | 0.1419 0.1141 | 18.08
gr | 0.8241 0.8135 | 15.64 | 0.6714 0.6633 | 29.44
gs | 0.2241 0.1743 9.04 0.1424 0.1144 [ 17.04
g0 | 0.2399 0.1728 [10.92 | 0.1370 0.1089 | 19.12

Table 1.1: Combinatorial method results for the selection of P.

| n=200,m=50,r=16 | n=1000,m = 150,r = 30
S = AU S Vo = AU o | S0 = S Vo = S1] b |
| 02249 | 0.0995 |828] 0.1469 | 0.0694 |16.32 |

Table 1.2: Combinatorial method results for the selection of the pair (g, P).

1.5 Proofs

1.5.1 Proof of Theorem 1.2.1

We just have to prove that

S0 (m) < Sp(m) [Sp(m(n —m))]",

and the second part of the theorem will directly follow from inequality (1.2).

Let 41,...,%n be m distinct vectors in R For each §# = (g, P) € O, P =
{A,..., A}, consider the m x r matrix zp such that the element in its tth row
and jth column is

) 1[yz€Aﬂ Z?;lm ]‘[XiEAj] fOI‘ t S m, j S E,
2y " =

0 otherwise .

Clearly,
lyea)lix,ea) =1 if and only if (y,, X;) € A; x A;.
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Since there are m(n — m) different pairs (y;, X;), the number of different values
the jth column (zé,l’j), - ,zém’j)) of the matrix zy can take as we vary 0 € O is
at most the shatter coefficient S¢ (m(n — m)) of the class of sets C of the form
A x A, where A is any set in any possible partition in P. This shatter coefficient

is clearly bounded by the square of the shatter coefficient Sp (m(n — m)) Hence

the jth column of the matrix z can take at most [Sp(m(n — m))]2 values. But
since the matrix zy has r columns, it can take at most

[S'p (m(n — m))}zr
values. Thus if we set
W= {(z0.20) : (6,0') € ©2},

we have
4r

Card W < [Sp(m(n —m))]

For fixed (w,w’) € W, let U,y denote the collection of all (6,60) such that
(29, 20r) = (w,w"). For (0,0") € Uy, (0 =(g,P),0=(¢,P),P={A1,..., A},
P ={A},...,A,}) and t < m, we have

Y € Agor = {2 faemo(x) > fome(2)}

if and only if

)L S SRV ST it S
(n—m)h+1gyt (n—m)h’—l—lgyt’

where h = 1/¢ and b/ = 1/¢'. Within the set Uy ), z(gt’j) and zgf’j) are fixed for

all t and j. Therefore, with the notation
¢ tj

> i1 z(g D4
0 (b

Zj:l Zé’ D41

2 = for1 <t<m,

we obtain that y, € Ay if and only if

(n—m)h' +1

—mh+1 2 9(y) —g' () > 0.
It follows that

Card{{l[yleAe’e,], e 1[ym6A979/]} : («9, 9,) € U(mw/)}
< Card{{1[a21g(y1)—g’(y1)>0]» Sy 1[azmg(ym)—g/(ym)>0]} ra € RY, (9,9') € gz}
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Putting all pieces together, we obtain

Card{{y1,...,ym} N Aoy : (6,0') € ©*}} < Sp(m)Card W
< Sp(m)[Sp(m(n — m))rr :

The proof of Theorem 1.2.1 is finished. |

1.5.2 Proof of Theorem 1.2.2

The proof of Theorem 1.2.2 is a consequence of Theorem 1.2.1 and the following
lemma.

Lemma 1.5.1 Denote by p the common distribution of the X;’s, and suppose
that there exists a positive real number o such that VO € © (9 = (Pg),P =

{Al,...,Ag})
a < u(4;), i=1,...,4.

Introduce

Jn,0:/|fn,0—f|-

If m is a positive integer such that 2m < n, then

infpeco E{ Jn_m
2oeo Unomo} y _2m +8 /24 v8mr .
infgeo E{J,0} n—m n (n—m)yna(l—a)
Proof of Lemma 1.5.1 Note first that the modified histogram is not an addi-

tive estimate in the sense of Devroye and Lugosi [9] so that their Theorem 10.2
does not apply. Nevertheless we can start with the inequality that they prove:

E n—m,0 — Jn d
inf E{J,_me} < inf E{J, 4} (1 + 2sup { I | fazmo — frol x}) |
IS 0cO

vco E{ [ |fno — Efuol d}

Fix x and 0 = (g, P) for now and define Ky(z, X;) = 1x,ca(z)- Recall that A(z)
denotes the cell of the partition P (which has ¢ cells) in which z falls. Observe
that

Trolz) = nh+1

(143 Ko, X0)) ().
i=1
where h = 1//. Introduce
)/i — K@(x7X2> - E{KQ(‘/E)XZ)} )

and denote the partial sums of Y;’s by S; =Y; +... +Y). Observe the following:
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(nh+ )| fr—mo(x) — fro(x)]
— (nh—+h1+1 <1 + Z Ky(x ) (1 + Z Kg(x,X,-)> ’ g(x)

i=1 =1

_ <—h+1<1+:zlf(9 ) S Kolr, X)

i=n—m-+1

g9(z)

mh
- m(}/l‘i’...—i-ynfm)—<Yn,m+1+“_+Yn>

m

+(n—m)h+1

(h - B{Ko(w, X1)}) ‘ 9(z).
so that

E{(nh + 1)|fooma(z) — fro(@)]} < [

o E{ISwnl} + {5}

n —
m

Tt B X | g

Also,
(nh+ 1) fuo(z) = Efnp(x)] = [Su] g(2) ,

which implies
E{(nh+1)|fne(x) = Efne(z)|} = E{|S.|} g(z)

If 2m < n, a straightforward consequence of Lemma 10.1 and Lemma 10.3 in
Devroye and Lugosi (2001) leads to

B{fums S} o m_fm m VS| B{Ke X))
E{|fus ~ Efual} 7 +4¢:#% —m)h + 1 VRE{Y[}

Let p(z) stand for ;1(A(z)). Clearly,

{ E{Ky(z,X1)} = p(x)
E{|Y1]} = 2p(z) (1 — p(z)) .

By assumption, and using the fact that ¢ > 2, we obtain, still holding x fixed,

(1.9)

a<plx)<l-a.
Note that 0 < a < 1/2. By (1.9)

E{|fu- me—fno\} m m m V8 1|h — p(z)|
B{|foy — Efosl} 7 +4¢;9X —m)h+1 2/np(x)(1— p(x)
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Moreover

1 1
< .
p(a) (L —p(z)) ~ a(l-a)
On the other hand,

|h — p(x)] < max <1,}$) h<rh.

Putting all pieces together, we obtain

m V8 |h — p(z)| < mh V2r
(n—=m)h+1 2y/np(z)(1 —p(z)) ~(n—m)h+1na(l - a)
< V2mr
“(n=m)yna(l—a)’

This implies that for any fixed ¢

E{ / ’fnfm,a - fn,@’ dx}

< (n Tm +4\/§+ (n—mg/jﬁmr(l _a)) E{/Vn,&—Efn,eI d:v}.

This completes the proof of the lemma.
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Chapter 2

Optimal L Bandwidth Selection for
Variable Kernel Density Estimates™

Abstract

It is well established that one can improve performance of ker-
nel density estimates by varying the bandwidth with the location
and/or the sample data at hand. Our interest in this paper is in
the data-based selection of a variable bandwidth within an appro-
priate parameterized class of functions. We present an automatic
selection procedure inspired by the combinatorial tools developed
in Devroye and Lugosi [10]. It is shown that the expected L; error
of the corresponding selected estimate is up to a given constant
multiple of the best possible error plus an additive term which
tends to zero under mild assumptions.

2.1 Introduction

Assume we are given an i.7.d. sample X, ..., X,, drawn from an unknown prob-
ability density f on R?. One of the most popular estimates of f is the fired
bandwidth kernel estimate defined by

fn(x):#;z((xh ) reRY, (2.1)

where K : R? — R is a kernel with [ K = 1 and h > 0 is the bandwidth
(or smoothing parameter), see Rosenblatt [16] or Parzen [15|. The terminology

*Article écrit en collaboration avec Alain Berlinet et Gérard Biau, et publié¢ dans la revue
Statistics and Probability Letters.
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fized bandwidth means that the parameter h is held constant across x and the X;’s
(but it can depend on n). While the estimate (2.1) performs well for most regular
densities, its capabilities are known to decrease when estimating more complex
functions such as multimodal densities (Sain and Scott [18]|). Moreover, as the
dimensionality increases, the so-called curse of dimensionality affects the quality
of the estimation. Due to the sparseness of data in higher dimensions, multivariate
neighborhoods are often empty, particularly in the tails of the density. Therefore,
larger and larger bandwidths are necessary in the tails. However, this also has
adverse effect of oversmoothing the main features (such as bumps and modes,
see Sain [17]). These drawbacks can be overcome, to some extent, by varying the
bandwidth in order to better capture the local behavior of the underlying density.
For that purpose, two big families of variable (bandwidth) kernel estimates have
been considered in the literature.

The variable estimates of the first family have a bandwidth which is allowed to
vary with the location x. Its members are often referred to as balloon estimates

and take the form .
Jalw) = nh(z) 21K< h(x) ) '

1=

Such estimates lead to substantial gains over the fixed bandwidth in higher di-
mensional spaces and, to some extent, circumvent the curse of dimensionality
(Terrell and Scott [20]).

The second family of variable kernel estimates was originally considered by Brei-
man, Meisel and Purcell [7], who suggested varying the bandwidth at each sample
point, leading to the so-called sample point estimates

I« 1 r—X;
o) =5 ; h(Xi)K< h(X.) )- (22

An appealing property of the above estimate is that a good choice of h(X;)
allows to reduce the bias. As a matter of fact, Abramson [1] shows that the
bias-rate usually reserved for fixed kernel estimates using negative fourth order
kernels is actually achievable by estimates of the form (2.2). For a complete and
comprehensive description of variable kernel estimates and their properties, we
refer the reader to Jones [12] who also discusses a variable bandwidth depending
on both the location and the sample points.

To exploit the advantages offered by variable kernel estimates, one has to design
a good data-dependent way of determining the bandwidth function. As an im-
portant (but negative) result towards this direction, Devroye and Lugosi [9] show
that it is impossible to find an optimal way of selecting the smoothing function
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if this latter is allowed to depend on the location z only. More precisely, consider
the class of univariate variable estimates

o) =53 0K ()

where the bandwidth h(z) is allowed to be any measurable function A : R —
(0,00) of z. Then a data-based variable kernel estimate has the form

o) =23 7t ()

where it is understood that H(z) = H(x; Xy,...,X,). Ideally, one would like
to find H(z) so that the expected error E{ [ |f, nw (z) — f(x)|dz} is close to
the ideal value infj.g(0.00) E{ | fun) (%) — f(z)|dz} for all densities. Unfor-
tunately, Devroye and Lugosi [9] prove that if K is a symmetric nonnegative
square-integrable kernel with compact support, then

inf sup E{ f |fn,H(x)($) - f($)| dl’} > On :

HRMH1(0,00) fery IfhR—(0,00) E{f |fn,h(m) (z) — f(x)|dz} —
where Fp denotes the class of nondecreasing, convex-shaped densities f on [0, 1]
with sup ) f(r) < B and C is a positive universal constant. This inequality
shows that even with the knowledge that f € Fp, one cannot efficiently design
a variable bandwidth. In other words this class of variable bandwidth kernel
estimates is too large to be optimized.

sl~

Thus, one should constrain the class of possible bandwidth functions from which
selection is made. This is precisely the problem that we address in the present
paper, using a general multivariate data-based combinatorial methodology pre-
sented in Devroye and Lugosi [10]. More precisely, we will show how to select
the smoothing function within an appropriate class so that the expected L, error
of the corresponding selected estimate is up to a given constant multiple of the
best possible error plus an additive term which tends to zero under mild assump-
tions. The paper is organized as follows. In Section 2, we present the multivariate
selection procedure. We then specify the algorithm to the bandwidth function
selection problem in Section 3. Examples are worked out in Section 4 for different
models of variable kernel estimates, and Section 5 is devoted to the proofs.

2.2 Automatic parameter selection

Using ideas from Yatracos [22], Devroye and Lugosi [10] explore a new paradigm
for the data-based or automatic selection of the free parameters of density esti-
mates in general so that the expected L, error is within a given constant multiple
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of the best possible error. To summarize in the present context, assume we are
given a class of density estimates parameterized by 6 € © such that f, ¢ denotes
the density estimate with parameter §. Moreover, assume that each f, 9 may be
written in the form

Fuoe) = = 37 Kol X,
i=1

where Kj : R? x R? — R is a measurable function such that E{|Ky(z, X)|} < oo
for each x. Such estimates are called additive and regular (Devroye and Lugosi
[10], Chapter 10). Examples of additive and regular estimates include the kernel,
histogram, series and wavelet estimates. Now, let m < n be an integer which
splits the data X4,...,X,, into

e aset Xq,...,X,_,, used for the construction of the density estimates;
e a validation set X, _,,11,..., Xp-

Introduce the class of random sets
Ae = {{35 D fnemo () > fromer (1)} (0,0)) € @2}

(Agp is the so-called Yatracos class associated with ©) and define

Ay = sup / fr—mo — ,um(A)‘ ,
AcAg A
where i, (A) = (1/m) >, .1 1x,eq) is the empirical measure associated with
the subsample X,,_,,11,...,X,. Then the minimum distance estimate f, is de-

fined as any density estimate selected among those f,_,, s with
) 1
Ag < Inf Ags + —.
0*cO n
Note that the 1/n term is added to ensure the existence of such a density estimate.
According to Devroye and Lugosi [10], Chapter 10, whenever f,_,, ¢ is integrable

(and not necessarily nonnegative), the selected f,, satisfies the following inequality,
valid for all n and m < n/2:

Bf [1n -} <s(ie 2 s need [1g.-n)
_|_8E{ M}+§
n

" (2.3)
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(for the sake of clarity, we drop the “dz” notation when no confusion is possible).
Here, S, (m) is the Vapnik-Chervonenkis shatter coefficient of the class of sets
Ao (Vapnik and Chervonenkis [21]), defined by

Sae(m) = max Card{{z1,...,z,}NA: A€ As}.
T1yeeey Ty
This general methodology provides us with an automatic procedure to construct a
density estimate f,, whose L; error is (almost) as small as that of the best estimate
among the f, 9, 6 € ©. We emphasize that inequality (2.3) is nonasymptotic, that
is, the bound is valid for all n. The rest of the analysis consists in obtaining upper
bounds for the value of S 4, (m).

2.3 Selecting a variable kernel estimate

In this section, we will be concerned with the selection of a bandwidth function
in the variable kernel estimate, using the general combinatorial tools presented
above. Moreover, to improve performance over ordinary kernel estimates for
densities with varying behavior in different regions of the space, we shall use
different parameterized smoothing functions in different regions of R?. For that
purpose, let P; (resp. P,) be a class of partitions of R? such that each P, =
{Bf,....B}} € P (resp. P, ={B3,...,B.} € P,) has at most r; (resp. r3)
cells. Denote by J the set {1,...,r1}x{1,...,ro}and by A = (\;,;, : (j1,72) € J)
a generic vector of R™"2P,

To go straight to the point, we will assume that the variable bandwidth is a
parameterized measurable function A : R? x RY x R"1"2P — (0, 00) of the form

h(x,X“8) - Z (b(x?Xh)\jljZ)lB}lXB?Q (xJXZ) )

(J1,42)€J

where the parameter § = (P, %, \) and, for fixed  and X;, each map Aj,;, —
o(x, X;, Aj,j,) is a polynomial function over R? (the monomials are combinations
of the components \j,;,) of degree no more than ¢. To each partition (P, P») €
P1 x P, and parameter vector A = (\;,j, : (j1,J2) € J) we may now associate the
corresponding variable bandwidth estimate f, o(z) defined with 6 = (Py, P, \).
In other words, for x € R¢,

Lig(@,X:,75,55)>0] r—X;
fn9 »\j12 K( )1 1 2 «T,Xi , 2.4
Z Jl]z2€J d) L Xl’>‘11J2> ¢($7Xz‘,>\j1j2) B]1><BJ2( ) ( )

with the usual convention 0 x oo = 0. Observe that f, ¢ is not a bona fide density
since it usually fails to integrate to one. Note also that we require the functions
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¢ to be polynomial in their parameters A; ;, only. This allows us to deal with a
large choice of bandwidth models, see the examples in Section 2.4.

Now, we can use the combinatorial method described in Section 2.2 to select 6
from the set

©= {(PhPQ;A) PeP,Pe ,PQ,AG]RT”?Z’}?

and we let f, be the resulting minimum distance estimate. To apply (2.3), we
merely need to obtain upper bounds for the mth shatter coefficient S4,(m) of
the Yatracos class associated with ©. With a slight abuse of notation we denote
by Sp(j) the jth shatter coefficient of the class of sets B! x B? where B! (resp.
B?) is any cell of any partition in P; (resp. P,), and, for simplicity, we assume
that K (x) = cly;)<1), where ¢ is an appropriate normalizing factor.

Proposition 2.3.1 If Ag is the Yatracos class defined by
O ={(P,P,,\): P € Py, P, € Py, A € R}
then

SA@ (m) §21+(2+4p)r1r2 £4r1r2p [(m(n o m) + 1)(2(n . m) - 1)<m 4 1)]2T17‘2p

2r172

x Sp(m(n —m))

Note that the above upper bound is non random. The proof of Proposition 2.3.1
relies on a lemma of Bartlett, Maiorov, and Meir [3]. This lemma bounds the
number of distinct sign vectors that can be generated using polynomial functions.
However, we emphasize that other types of functional dependencies are feasible.
For example, Theorem 8.14, page 124 in Anthony and Bartlett [2] provides a
portmanteau result for more general function classes in terms of the number of
arithmetic operations required for computing the functions. Combining the result
of Proposition 2.3.1 with (2.3) leads to the following performance bound for the
minimum distance estimates f,,.

Theorem 2.3.1 Let Ag be the Yatracos class defined by
O = {(PDPZ,A) : P1 € P]_,PQ c ’PQ’A c ermp} _

Assume that for every (a,\) € R? x RP

/ ¢(x,1a, ) K<¢(g;;%a)\>) dz < oc.
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Then, for m < n/2, we have

Bf [1r.-s}<s(ie 2 ws ) wenf [15,- 0}

g [ (1 +(2+ 4p)r1r2) log 2 + 4ryroplog £ + 2rirylog Sp (m(n — m))
m

riraplog [(m(n —m n—m)—1)(m 1/2
. 2raraplog [(m( )+;)(2( ) — 1)( +1>]] +%

Theorem 2.3.1 generalizes to more complex bandwidths a result of Devroye, Lu-
gosi, and Udina [11], who partition the sample and use a different fixed bandwidth
in each cell of the partition. The complexity of the class of possible partitions
among which we select appears in the bounds. Larger families of partitions of-
fer better flexibility, but it is more difficult to select the best among them. To
make the above theorem useful, the classes of partitions Py (k = 1,2) have to be
restricted in such a way that

log Sp (m(n —m))

m

—0 asn—o0.

Recall that Sp(m) < Sp,(m)Sp,(m), where Sp, (m) stands for the mth shatter
coefficient of the class of sets which are cells of any partition in P (k = 1,2).
As a simple but important example, consider d = 1, and let P, be the class
containing all partitions of the real line into at most 7 intervals. Then Sp, (m) is
just the mth shatter coefficient of the class of all intervals, which equals m(m +
1)/2 + 1. More generally, if P, stands for the class of partitions of R? into at
most 7y rectangles, then the shatter coefficient Sp,(m) is known to be bounded
by (m + 1)2?. Of course, other multivariate examples, such as tree or Voronoi
partitions, are feasible (see Devroye, Gyorfi, and Lugosi [8], Chapter 13). In all
those standard examples,

log Sp, (m(n —m)) = O(logn).

Therefore, keeping 7, p and ¢ fixed, and considering for example the choice
m = n/logn, we obtain

o <o) e [y o ()

Since in most cases of interest, the optimal L; error tends to zero much slower
than 1/4/n, this inequality means that, asymptotically, the error of the minimum
distance estimate stays within a constant factor multiple of the best possible
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error. Note also that r;, p and ¢ are allowed to tend to infinity with n, but
should not increase so fast that the second term in the upper bound in Theorem
2.3.1 starts dominating. We will not be concerned with the actual details of the
minimization algorithm. We realize however that more work is needed to make
the present method computationally feasible.

Of course, most kernel functions used in practice are not naive kernels. However,
most kernels can be well approximated by Riemann kernels of the form

K(Q?) = Z a;ly, (x) )

k < oo and ay,...,ar € R. Thus, at the price of slightly worse constants in the
bounds, the results presented in the present paper can be easily adapted to all
important kernels. For a complete presentation, we refer the reader to Devroye
and Lugosi [10], Chapter 11.

We close this section by exhibiting a collection of densities for which the error
commited by the selected variable kernel density estimate is less than the usual
kernel rate O(n~2/%). We start with a result of Devroye and Lugosi [9] (Lemma
1). These authors use ideas of Sain and Scott [19] to prove that

4B
sup E{/|fn,h<x> —f|} <22
feFB n

where Fp is the class of non decreasing, convex-shaped densities on [0, 1] with
supyo,1) f () < B, and f, j(s) is the variable kernel density estimate corresponding
to the variable bandwidth

h(z) =sup{z>0: fxK.(z) = f(z)}. (2.5)
Here 1 .
K=1_,y and K.()=- K(;) .

Let us particularize formula (2.5) to the toy-class of linear densities on [0, 1],
defined by

a
f:{f(:t):aaj+1—§:0§a§2}.

Working out expression (2.5), one obtains that h(z) falls into the general class of

bandwidth functions of the form

3

h(l’, 9) = Z ¢($7 Aj)]‘Bj (:L‘) )

J=1



2.4 Examples

where, for j = 1,2,3 and \; = (A}, A3 \3) € R?,

7779777

(b(x? )‘j) =

+ X2+ 23
1 1 )

and P = {By, By, B3} belongs to P, the class of partitions of [0, 1] into at most
three intervalls.

Using the notation )\ = ()\f :1 < j,k < 3) for a generic vector of R%, we can run
the combinatorial method to select 8 from the set

©={(P,A):PeP,IeR’}.

Note that the class of considered bandwidth functions is not polynomial in its
parameters. Nevertheless our results are still valid in this extended framework
(see just before Theorem 2.3.1). With the choice m = n/logn, the selected
minimum distance estimate f, then satisfies the inequality

e [ np o)

a much faster rate than the usual rate O(n=%/°).

2.4 Examples

Example 1 Biau and Devroye [4] study the L; minimax risk over the multi-
variate class of bounded block decreasing densities. Extending former results of
Birgé [5], [6], these authors show first that a suitable variable kernel estimate
with linear varying bandwidth achieves the optimal minimax rate. Second, they
exhibit by the present combinatorial method a data-dependent bandwidth of the

form
q

h(z) = Z a;x"
i=0
and prove that the corresponding variable kernel estimate uniformly adapts over
the class of bounded block decreasing densities. Clearly, this model falls into the
general definition (2.4): just choose P = R? and \ = (ay, ..., a,) € R7L.

Example 2 Denote by Vj; the volume of the unit sphere in R? and let k be
a positive real number. Terrell and Scott [20] show that the following variable
bandwidth

Bz, k) = (%ﬂm))” ’ (2.6)
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is asymptotically equivalent to the k-nearest neighbor bandwidth presented by
Loftsgaarden and Quesenberry [13] (known to perform well as dimensionality
increases). The problem is the selection of k. Since f is unknown, it has to be
replaced by a pilot estimate computed from an independent sample. One can
choose, for example, a fixed kernel estimate f designed with a Gaussian kernel
and a (fixed) bandwidth selected by a data-driven method (Park and Marron
[14]). The resulting estimate is of the general form (2.4): just take P = R,
A = kY4 and \

Z, A) = — 73 -
AL
Example 3 Abramson [1] suggests using a variable bandwidth inversely pro-
portional to the square root of the density at X;, i.e., h(X;) = af(X;)~/2. This
adaptive choice performs well for small sample size and reduces the pointwise
bias. We may still replace f by a pilot estimate computed from an independent
sample of size ¢. For simplicity, assume that f is a density on [0, 1] and, in place
of f, plug the histogram estimate f anchored at 0 using at most r cells defined
by the bin width vector h = (hy,...,h,), i.e.,

ED B CEEWEE

where B; = (330_1 by, 330_, by for j = 1,....7, and fi, denotes the empirical
measure computed from the independent sample. Here, we wish to select o and
h with the combinatorial method. In this context, the estimate suggested by
Abramson [1] reads

faolz 2;2; Va“ \q/; (V <I_Xi))13j(Xi), (2.7)

where 6 = (a, A\1,...,\), and \; = \/i:l/j. Note that the vector & entirely deter-

mines the partition (B, ..., B,). Each estimate (2.7) is a member of the family
(2.4).

(6% hj

Example 4 Jones [12] proposes to modify Abramson’s estimate by considering
« as a function of the estimation point. Keeping the same notation as in Example
3, with @ = «(z, ) polynomial in p, the corresponding estimates may be written

" » q TEAES SN
" ;;aw,u)ﬁ ( ot )y )

106




2.5 Proofs

with 0 = (i, A\,..., ;). The estimate of Jones still falls in the general class of
variable bandwidth models (2.4).

2.5 Proofs

The proof of Proposition 2.3.1 will strongly rely on the following lemma. We
make use of the function sgn(.) defined by

1 if 2>0
Sgn(¥) =9 ir <0,

Lemma 2.5.1 (BARTLETT, MAIOROV, AND MEIRE, 1998) Suppose that f1(.),
.oy fm(.) are fized polynomials of degree at most £ in p variables. Then the num-
ber of distinct sign vectors

<sgn(f1(a)), . ,sgn(fm(a)))
that can be generated by varying a € RP is at most

2(20)P(m + 1)P .

Proof of Proposition 2.3.1 We introduce the notation z1,...,x,_,, for the
sample from R "™ ysed in the definition of frn—m.- It is deterministic and the
bounds below will hold uniformly over all such samples. To compute the shatter
coefficient, we will use v1,...,¥ym as the sample from R% to be employed. We
start as in Lemma 12.3, page 123 of Devroye and Lugosi [10]. For each 6 € ©,
consider the m x (n —m) X 11 X ro array zg with current element

(tvimjl 7j2)
6

Y — 4
= 1[¢(yt755i7/\j1j2)>0]15 <¢( ) 1B]11 ><B]2.2 (yt7 xl) ’

Yty Tis >‘j1j2)
t<m,i<n—m,j1 <ry, jo <71y and S = {x:||z|| <1}. We shall first bound
the number of different values the array zy can take as # ranges through ©. Fix

temporarily j; = J; and j5 = Jo, and consider the submatrix ué‘h"b) with current

element zét’i’Jl’Jz) . Since there are m(n —m) different pairs (y;, z;), the bit vector

<1B}1x332 (ytaxi) t<m,i<n-— m)

can take at most Sp (m(n — m)) values as 6 ranges through ©. Consequently, the

number of different values the matrix ué‘h’h) can take is bounded by the product

of Sp(m(n —m)) and the number of values the bit vector
(Lotyeseids, )0 Lotweis ) 2llue—aill] * £ < M1 < n—m)
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can take as \j, j, runs through RP. Since

1[¢(yt7$i7>\11J2)>0} 1[¢(yt,$i,>\J1 Jo) 2 lye—z:l|]

equals
{ 1—- 1[*¢(yt,xi,>\J1J2)20] if Y = X5
1[¢(ytaﬂﬁi,)\J1J2)—\\yt—xinO] otherwise,

we conclude that
Card{ué‘h’h) 10 €0}

= Card{(l[m(xw)zob e Ny (s 1)201) Ay € Rp} Sp(m(n—m)),
where the m(n — m) functions Ry’s are defined by

_¢(yt7xi7AJ1J2> if Yt = X
Re(Ann) =
&(Yes Tis Apgy) — ||lye — @i]| otherwise.

Since the Ry’s are polynomials over R” of degree no more than ¢, Lemma 2.5.1

shows that ué‘h"b) can take at most

2(20)” (m(n — m) + 1) Sp(m(n — m))

values. If follows that the array zy can take at most

T17r2

[2<ze)p (m(n —m) + 1) Sp(m(n — m))] ,

and, similarly, that

:| 2riro

Card{(z9, z) : (6,0') € ©?} < {2(2@? (m(n — m) + 17 Sp(m(n — m))

Write now W = {(w,w') : (w,w’) = (zp, z¢) for some (6,6') € ©%}. For fixed
(w,w') € W, let Uy, denote the collection of all (#,60") such that (29, zp) =
(w,w"). For (0,0") € Ugy,u), we will use the following notation:

0= (P,P,)\) and 6 = (P/,P,,)\),
with
P ={B{,....B.}, Bo={B},.... B2}, A= (\jjp : (ji,J2) € J)
and

P ={B},....,B'}, Py={B?...,B*}, X = (N, : (1, 52) € J).

2
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For every ¢t < m, consider the sets
L= {(i,j1.g2) 279 £ 0,0 <n—myjy <11y jo < 72}

and
1= {(i, g1, a) 2" £ 0,6 <m—m, i <1, o <o)

Observe that y; belongs to
AG,G’ = {l’ : fn—mﬂ(m) > fn—m,@’(x>}
if and only if

(t,3,31,52) (t,3,51,52)
z > Z f .
Z (b yt7 o Z (b Z/t;

Z; ZT;
(4:41,42) €1t v mz) (i,j1,52) €I} v Juz)

Within the set Uy, the values zé(, Bi132) and th 91:92) are fixed for all ¢, i, 71 and
j2. Therefore, since the x;’s and y,’s are fixed,

Z 1 Sfpidvie)
¢(yt, Ty, )‘j1j2)

(4,31,32) €Lt

may be written in the form
Pi(A)

Qi(A)

where the functions A — P,()) (resp. A — Q.())) are polynomials over R™"2? of
degree no more than (n —m — 1)¢ (resp. (n —m){). Similarly, the quantity

(t7i7j17j2)
Zgr
Z ¢ Yt, )

xX;
(4,91,32) €1} v JU?

may be written in the form

P{X)

Qi)
where P/ (resp. (Q}) are polynomials over R™"?? of degree no more than (n—m—1)¢
(resp. (n —m)f). Set now A = (\,\) € R*"1™P and, for t = 1,...,m, define

Ri(d) = RQA)Q(X) — FI(A)Qi(A).

Observe that each R, is a polynomial function over R*"1"2? of degree no more
than (2(n —m) — 1){. Therefore, applying again Lemma 2.5.1 we obtain

Card{{1y,ea, 0 Lymeay o1} : (6,6') € Up, 0}
< Card{{1jg, G5yo0 -+ L, ays0} 1 A € RS
< 2(201727 ((2(n — m) — 1)(m + 1))
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Putting all pieces together, we obtain

S 4 (m) < 2(20)2772((2(n — m) — 1)(m + 1)) Card W
< 21+(2+4p)r17"2 €4r1r2p [(m(n . m) + 1)(2(n . m) . 1)<m i 1):|27‘17‘2p

x Sp(m(n —m))?.
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Chapter 1

Functional Classification with
Wavelets™

1.1

Abstract

Let X be a random variable taking values in a Hilbert space and
let Y be a random label with values in {0,1}. Given a collection
of classification rules and a learning sample of independent copies
of the pair (X,Y), we show how to select optimally a classifier and
derive its consistency properties. As a general strategy, we first
expand the learning sample data on a wavelet basis and reduce
the overall infinite dimension to a finite one via a suitable data-
dependent thresholding. Then, a finite-dimensional classification
rule is performed on the non-zero coefficients. Both the dimen-
sion and the classifier are automatically selected by data-splitting
and empirical risk minimization. Applications of this technique to
a signal discrimination problem involving speech recordings and
simulated data are presented. Finally, it is shown that the con-
sistency of the method is preserved by using a suitable sampling
scheme.

Introduction

1.1.1 Functional classification

The problem of classification (or pattern recognition or discrimination) is about
guessing or predicting the unknown class of an observation. An observation is
usually a collection of numerical measurements represented by a d-dimensional

* Article écrit en collaboration avec Alain Berlinet et Gérard Biau, et soumis & la revue IEEE

Transactions on Information Theory.
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vector. However, in many real-life problems, input data are in fact (sampled)
functions rather than standard high dimensional vectors, and this casts the clas-
sification problem into the class of Functional Data Analysis.

The last few years have witnessed important new developments in both the theory
and practice of functional classification and related learning problems. Nonpara-
metric techniques have been proved useful for analyzing such functional data,
and the literature is growing at a fast pace: Hastie, Buja and Tibshirani [17]
set out the general idea of Functional Discriminant Analysis (these authors make
use of a roughness penalty approach to regularization, and they illustrate their
method with examples in speech recognition and handwritten character recogni-
tion); Kulkarni and Posner [19] study rates of convergence of k-nearest neighbor
regression estimates in general spaces; Hall, Poskitt and Presnell [16] employ a
functional data-analytic method for dimension reduction based on Principal Com-
ponent Analysis and perform Quadratic Discriminant Analysis on the reduced
space, so do Ramsay and Silverman [24], |25|; Ferraty and Vieu [15] estimate
nonparametrically the posterior probability of an incoming curve in a given class,
whereas Rossi and Villa |26] investigate the use of Support Vector Machines in
the context of Functional Data Analysis.

Although standard pattern recognition techniques appear to be feasible, the in-
trinsic infinite-dimensional structure of the observations makes learning suffer
from the curse of dimensionality (see Abraham, Biau and Cadre [1]| for a de-
tailed discussion, examples and counterexamples). In practice, before applying
any learning technique to model real data, a preliminary dimension reduction or
model selection step reveals crucial for appropriate smoothing and circumvention
of the dimensionality effect. As a matter of fact, filtering is a popular dimension
reduction method in signal processing and this is the central approach we take in
this paper.

Roughly, filtering reduces the infinite dimension of the observations by considering
only the first d coefficients of the data expanded on an appropriate basis. This
approach was followed by Kirby and Sirovich [18], Comon [8|, Belhumeur, Hepana
and Kriegman [3], Hall, Poskitt and Presnell [16], or Amato, Antoniadis and De
Feis 2], among others. Given a collection of functions we wish to classify, Biau,
Bunea and Wegkamp [4| propose to use first Fourier filtering on each signal,
and then perform k-nearest neighbor classification in R%. These authors study
finite sample and asymptotic properties of a data-driven procedure that selects
simultaneously both the dimension d and the optimal number of neighbors &.

The aim of the present paper is to extend the data-based filtering approach of
Biau, Bunea and Wegkamp [4] to wavelet bases and to more general discrimination
rules. Our motivation is twofold.
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1.1 Introduction

e First, as pointed out for example in Amato, Antoniadis and De Feis |2,
wavelet bases offer some significant advantages over other bases. Indeed,
wavelets can be used successfully for compression of a stochastic process,
in the sense that the sample paths can be accurately reconstructed from a
fraction of the full set of wavelet coefficients. Further, the wavelet decompo-
sition of the sample paths is a local one, so that if the information relevant
to the classification problem is contained in a particular part (or parts) of
the sample functions, as typically it is, this information will be carried by a
very small number of wavelet coefficients. Moreover, the ability of wavelets
to model the signal at different levels of resolution means that we have the
option of selecting from the paths in a range of bandwidths.

e Second, we seek for general performance bounds and consistency results
when using (finite-dimensional approximations of) the sample data in the
selection of a discrimination rule and/or its parameters. This article offers
both a practical methodology and general performance results for all those
who are willing to use wavelet filtering as a dimension reduction step before
effective classification.

Throughout the manuscript, we will adopt the point of view of automatic pattern
recognition described, to a large extent, in Devroye [12]. In this setup, one uses
a test sequence to select the best rule from a rich class of discrimination rules
defined in terms of a training sequence. For the clarity of the paper, all important
concepts and inequalities regarding this classification paradigm are summarized
in the next paragraph. In Section 2, we outline the method and state its finite
sample performance and consistency. Section 3 offers some experimental results
both on real-life and simulated data. In practice, due to the limited precision of
the measuring instruments, it is clearly impossible to observe the functional data
continuously. In other words, the problem of classification for sampled data is of
extreme interest in practical issues. This problem will be discussed in Section 5.

1.1.2 Automatic pattern recognition

This section gives a brief exposition and sets up terminology of automatic pattern
recognition. For a detailed introduction, the reader is referred to Devroye [12].

To model the automatic learning problem, we introduce a probabilistic setting.
Denote by F some abstract Hilbert space, and keep in mind that the choice
F = L»([0,1]) (that is, the space of all square integrable functions on |0, 1])
will be a leading example throughout the paper. The data consist of a sequence
of n+m iid. F x {0, 1}-valued random variables (X1,Y71),..., (Xontm, Yoim)-
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The X,’s are the observations, and the Y/s are the labels’. Note that we ar-
tificially split the data into two independent sequences, one of length n, and
one of length m: we call the n sequence the training sequence, and the m se-
quence the testing sequence. A discrimination rule is a (measurable) function
g: Fx(Fx{0,1})"*™ — {0,1}. It classifies a new observation x € F as coming
from class g (z, (X1,Y1), ..., (Xosm, Ynem)). We will write g(x) for the sake of
convenience.

The probability of error of a given rule g is

Ln+m(g) = P{g(X) # Y‘(Xla Yl)? R (X”‘i'm’ Y”+m)}’

where (X,Y) is independent of the data sequence and is distributed as (X7, Y)).
Although we would like L,,,,,(g) to be small, we know (see e.g. Devroye, Gyorfi
and Lugosi [13], Theorem 2.1, page 10) that L, .,,(g) cannot be smaller than the
Bayes probability of error

L= s:fgl{fo,u P{s(X) #Y}.

In the learning process, we aim at constructing rules with probability of error as
close as possible to L*. To do this, we employ the learning sequence to design
a class of data-dependent discrimination rules and we use the testing sequence
as an impartial judge in the selection process. More precisely, we denote by D,,
a (possibly infinite) collection of functions g : F x (F x {0,1})" — {0, 1}, from
which a particular function ¢ is selected by minimizing the empirical risk based
upon the testing sequence:

R ) 1 n+m ' 1 n—+m
Lnm(9) = - > Ly = min -~ > Ly
i=n+1 i=n+1

At this point, observe that in the formulation above, for x € F,

9(z) = g(z, (X1, Y1),..., (X, Y2))

and
g(l‘) = g('ra (X17}/1)7 R} (Xn+m7 Yn—i—m));

i.e., the discriminators g themselves are based upon the training sequence only,
whereas the chosen classifier § depends on the entire data set, as the rest of the
data is used for selecting the classifiers.

In this study we restrict our attention to binary classification. The reason is simplicity and
that the binary problem already captures many of the main features of more general problems.
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1.2 Dimension reduction for classification

Since, conditionally to the training sequence, f/nm(g) is an unbiased estimate of
L,(g), we expect that L,,,(g) is close to inf,ep, L,(g). This is captured in the
following inequality (see Devroye, Gyorfi and Lugosi [13|, Lemma 8.2, page 126):

A

Ln—&-?ﬂ(.@) — inf Ln(g) <2 sup Ln,m(g) - Ln{Q) . (1'1)

geD, geD.,

Thus, upper bounds for sup,p, | Lm(9) — Ln(g)| provide us with upper bounds
for the suboptimality of g within D,,. When the class of rules D,, is finite with
(random) cardinality bounded by N,,, upper bounds can be obtained via a direct
application of Hoeffding’s inequality:

- log(2N,,) 1
E, { sup |Lnm(g) — Ly, ‘ < n , 1.2
{gern ml9) = Lulg) } 2m /8mlog(2N,) (12)

where the notation E, means the expectation conditional on the training se-
quence of length n. The inequality above is useless when N,, = oco. It is here
that we can apply the inequality of Vapnik and Chervonenkis [29] or one of its
modifications. We first need some more notation. For fixed training sequence
(x1,%1)s - - (T, yn), denote by C,, the collection of all sets

Cn:{{xe]::g(x):l}:gEDn},
and define the shatter coefficient as

Sc,(m) = max _ Card {{z1,...,2,}NC:C € C,}.

8log (4S¢, (2m 1

< \/ g( c. )) ‘ (1.3)
m \/(m/2)log (45c, (2m))

For more information and improvements on these inequalities, we refer the reader

to the monograph of Devroye, Gyorfi and Lugosi [13], and to the comprehensive

surveys of Boucheron, Bousquet and Lugosi [5], [6].

1.2 Dimension reduction for classification

The theory of wavelets has recently undergone a rapid development with exciting
implications for nonparametric estimation. Wavelets are functions that can cut
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up a signal into different frequency components with a resolution matching its
scale. Unlike the traditional Fourier bases, wavelet bases offer a degree of local-
ization in space as well as frequency. This enables development of simple function
estimates that respond effectively to discontinuities and spatially varying degree
of oscillations in a signal, even when the observations are contaminated by noise.
The books of Daubechies [11]|, Meyer [21], Mallat [20] and Cohen [7] give detailed
expositions of the mathematical aspects of wavelets.

As for now, to avoid useless technical notation, we will suppose that the feature
space F is equal to the Hilbert space Ly([0,1]), and we will sometimes refer to
the observations X; as “the curves”. Extension to more general Hilbert spaces is
routine and is left to the reader. We recall that Ly([0,1]) is approximated by a
multiresolution analysis, i.e., a ladder of closed subspaces

Vo CViC...C Ly([0,1])

whose union is dense in Ly ([0, 1]), and where each V; is spanned by 2’ orthonormal
scaling functions ¢, k =0,...,27 — 1, such that supp(¢; ;) C [k277, (k+ 1)277].
At each resolution level j > 0, the orthonormal complement W; between V; and
V11 is generated by 2/ orthonormal wavelets ¢,k = 0,...,27 — 1. Thus, the
family

U{¢j7k}k:0,“.,2fél

Jj=0
completed by {¢o} forms an orthonormal basis of Ls(]0, 1]). As a consequence,
any observation X in Ly([0,1]) reads

oo 21—-1

X(t) = Z Z Cikin(t) +ngoo(t), tel0,1], (1.4)

Jj=0 k=0

where ) .
G = / X(O)yu(t)dt and 7= / X()oo(t)dt,
0 0

and the consistency (1.4) is understood in Ly(]0, 1]). We are now ready to intro-
duce our classification algorithm and discuss its consistency properties. Using the
notation of Paragraph 1.1.2, we suppose that the data consist of a sequence of n+
mii.d. Ls([0,1])x{0,1}-valued random observations (X1, Y1), ..., (Xnim, Yoim)-
Given a multiresolution analysis of L1 ([0, 1]) as explicited above, each observation
X, is expressed as a series expansion

oo 21—-1

Xi(t) =) > Crtbsan(t) +0'doolt), te[0,1]. (1.5)

j=0 k=0
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1.2 Dimension reduction for classification

For the sake of coherence, it will be convenient to reindex the sequence {¢o0, ¢0,0,

¢1707 @171, @Z’ZO? ¢271, @ZJ%Q, Qﬂgyg, } into {7#17 1/]2, } With this scheme, expression
(1.5) may be rewritten as

Xi(t) = ZXijwj(t), t€[0,1], (1.6)
j=1
with the random coefficients

X, = / X1 dt

Denote by X; = (X1, Xi2,...) the sequence of coefficients associated with Xj.
Recall that the Hilbert space Lo([0,1]) is isomorphic to f, = {x = (1, 22,...) :
Z;il xf < oo}. Consequently, knowing X; is the same as knowing X,. In our
quest of dimension reduction, we first fix in (1.5) a maximum (large) resolution
level J (J > 0, possibly function of n) so that

J—127-1

Xi(t) = > Y i) +midao(t), € [0,1]

j=0 k=0

—_

or equivalently, using (1.6),

At this point, we could try to use these finite-dimensional approximations of the
observations, and let the data select optimally one of the 22" _ 1 non-empty
subbases of {1,...,1%,s}. By doing so, we would be faced with an unreason-
able overall algorithmic complexity, and therefore catastrophic subsequent per-
formance bounds. Thus, in order to reduce the overall complexity of the problem,
we suggest the following procedure.

First, for each d = 1,...,27, we assume to be given beforehand a (possibly
infinite) collection D'” of rules g@ : R? x (R x {0,1})® — {0,1} working in
R? and using the n d-dimensional training data as input. We will denote by
Scw@ (m) the corresponding shatter coefficients (see Paragraph 1.1.2) and, with a

slight abuse of notation, by Sg 3 (m) the shatter coefficient corresponding to the
collection UZ., DY of all rules embedded in R2". Observe that

2J
S (m) <3 Sy (m), (1.7)
d=1
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Second, we let the n training data reorder the first 27 basis functions {1, ...,y }
into {¢,,...,1;,, } via the scheme

znjxfjlzznjxg2z...zixszj. (1.8)
=1 =1 =1

In other words, we just let the training sample decide by itself which basis func-
tions carry the most significant information.

We finish the procedure by a third selection step: pick the effective dimension
d <27 and a classification rule ¢(? in D%d) by approximating each X; by ng) =
(Xijl, .« e 7Xijd)'

The dimension d and the classifier ¢¥ are simultaneously selected using the
data-splitting device described in Paragraph 1.1.2. Precisely, we choose both d
and ¢¥ optimally by minimizing the empirical probability of error based on the
independent validation set, that is

n+m
. s 1
(d,g ) €  argmin [— E ]_[g<d)(xl(d))#)/i}] . (1.9)

d=1,....27 ,geD!V i=n+1

Note that the second step of our algorithm is somewhat related to wavelet shrink-
age, that is, certain wavelet coefficients are reduced to zero. Wavelet shrinkage
and thresholding methods constitute a powerful way to carry out signal anal-
ysis, especially when the underlying process has sparse wavelet representation.
They are computationally fast and automatically adapt to spatial and frequency
inhomogeneities of the signal. A review of the advantages of wavelet shrinkage
appears in Donoho, Johnstone, Kerkyacharian and Picard [14]. In our functional
classification context, the preprocessing step (1.8) allows to shrink globally all
learning data. This point is crucial, as individual shrinkages would lead to differ-
ent significant bases for each function in the learning set.

Apart from being conceptually simple, this method leads to the classifier §(x) =
3D (x) with a probability of misclassification

Lner(g) = P{.g(X) # Y | (X17 Yi)? ] (XH+WL7 Yn+m)}7
where, for a generic X, X = (X,,,...,X;,) denotes the first d coefficients

reordered via the scheme (1.8). The selected rule g satisfies the following optimal
inequality, whose proof is clear from (1.1) and (1.3):
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1.2 Dimension reduction for classification

Theorem 1.2.1

E{Lner(g)} - L < L;] - L + E{ d iJnf;ol) D@ Ln(g(d))} - ;J
=1,..., 2 sg S n
L oR \/810g (4Sg2(2m)) N 1
m \/(m/2) log (48({;2(2777,))
Here
Ly = inf  P{s(X®)) £y}
s:RQ‘]—>{O,1}

stands for the Bayes probability of error when the feature space is R?,

We may view the first term, L}, — L*, on the right of the inequality as an ap-
proximation term — the price to pay for using a finite-dimensional approximation.
This term converges to zero by Lemma 1.2.1 below.

Lemma 1.2.1 We have
50 —L*—0 asJ— oo.

Proof From Devroye, Gyorfi and Lugosi [13] (Theorem 2.2, page 16), we have,
for every J > 1,

5, — L* < 2E|E{Y|X®)} - E{Y|X}|.

Note that M; = E{Y|X®?")} = E{Y|X},..., X,s} is a uniformly bounded mar-
tingale with respect to the natural filtration o(X7, ..., X,s). By the martingale
convergence theorem (cf. Pollard [22], Corollary 27, page 151), it follows that M
converges in L, to a limit M., which equals E{Y|X} (cf. Pollard [22], Theorem
36, page 154). The claim of the lemma follows. [ |

The second term, E{inf _ , /D@ L,(g"")} — L},, can be handled by stan-

.....

dard results on classification. Let us first recall the definition of a consistent rule:
a rule g is consistent for a class of distributions D if E{L,(g)} — L* as n — oo
for all distributions (X,Y’) € D.

Corollary 1.2.1 Let D be a class of distributions. For fizred J > 0, assume that

) (27) (27)

we can pick from each Dgl ,n>1, one gy, ' such that the sequence (gr, ' )n>1 1S

consistent for D. If

n—oo

| o [logS¢) (2m)
lim m =00, and, for each J, lim E<X ————~5 =0,
n—0o0 m
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then the automatic rule § defined in (1.9) is consistent for D in the sense

lim lim E{L, ()} = L".

J—00 n—00

Proof The proof uses Theorem 1.2.1, Lemma 1.2.1, and the upper bound

E{ inf Ln(g(d))} — Ly <E{L.(¢%)} — L},
d=1

""»2ng<d) GDS’Ld)

This consistency result is new and is especially valuable since few approximation
results have been established for functional classification. Corollary 1.2.1 shows

that a consistent rule is selected if, for each fixed J > 0, the sequence of D%ZJ)’S

contains a consistent rule, even if we do not know which functions from DT(ZQJ) lead
to consistency. If we are only concerned with consistency, Corollary 1.2.1 reassures
us that nothing is lost as long as we take m much larger than log E{S ) (2m)}.
Often, this reduces to a very weak condition on the size m of the testing set.
Note also that it is usually possible to find upper bounds on the random variable
SCSLJ) (2m) that depend on n, m and J, but not on the actual values of the random
variables (X1,Y1),...,(X,,Y,). In this case, the bound is distribution-free, and
the problem is purely combinatorial: count SC%J) (2m). Examples are worked out
below.

1.2.1 Examples

Linear discrimination For fixed d > 1, consider all rules that split R? in two
by virtue of a half plane, and assign class 1 to one half space, and class 0 to
the other. In other words, x is classified in one of the two classes according to

whether )
ao+ Y az?
i—1

is positive or negative, where (!, ... 2(¥ denote the components of x € R
Choose one half space and decide that points on the border belong to this half
space. Because the training sequence is not even used in the definition of the
collection, SC%@(Zm) does only depend on d and m. According to Cover 9], one
has

and thus, using (1.7),

2 (2m)?’ —1
st (om) < 2 om) +1) =27+ g —
&.(2m) < ;((m)+) +Am= L
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1.2 Dimension reduction for classification

Here the algorithm uses the training sequence to select the optimal dimension
d only — the coefficients are adjusted just by minimizing the error committed
on the testing sample. The resulting discriminator picks the best d-dimensional
separating hyperplane based upon the testing sample.

k-NN rules In the k-nearest neighbor rule (k-NN), a majority vote decision
is made over the labels based upon the k nearest neighbors of z in the training
set. This procedure is among the most popular nonparametric methods used
in statistical pattern recognition with over 900 research articles published on the
method since 1981 alone! Dasarathy [10] has provided a comprehensive collection
of around 140 key papers.

1f D" contains all NN-rules (all values of k) in dimension d, then, unlike the

collection of the previous example, D'? increases with n, and it depends very
much on the training set. A trivial bound in this case is

chd) (2m) <n

because there are only 7 members in DY, Consequently,
Sy (2m) < 27n.

Stone [27] proved the striking result that A-NN classifiers are universally con-
sistent if X € R? provided ¥ — oo and k/n — 0. Therefore, we see that
our strategy leads to a consistent rule whenever J/m — 0 and logn/m — 0 as
n — oo. Thus, we can take m equal to a small fraction of n without loosing
consistency. Consistent classifiers can also be obtained by other local averaging
methods as long as F = R?, see e.g. Devroye, Gyorfi and Lugosi [13]. On the
other hand, the story is radically different in general spaces F. Abraham, Biau
and Cadre [1] present counterexamples indicating that the moving window rule
(Devroye, Gyorfi and Lugosi [13], Chapter 10) is not consistent for general F,
and they argue that restrictions on the space F (in terms of metric covering
numbers) and on the regression function n(x) = E{Y'|X = x} cannot be given
up. By adapting the arguments in Abraham, Biau and Cadre [1], it can be shown
that the k-NN classifier is consistent, provided 7 is continuous on the separable
Hilbert space Ly([0,1]), & — oo and k/n — 0.

Binary tree classifiers Classification trees partition R¢ into regions, often
hyperrectangles parallel to the axes. Among these, the most important are the
binary classification trees, since they have just two children per node and are
thus easiest to manipulate and update. Many strategies have been proposed for
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constructing the binary decision tree (in which each internal node corresponds
to a cut, and each terminal node corresponds to a set in the partition). For
examples and list of references, we refer the reader to Devroye, Gyorfi and Lugosi
[13], Chapter 20.

If we consider for example all binary trees in which each internal node corresponds
to a split perpendicular to one of the axes, then

Sew(2m) < (1+d(n +2m))",

where k is the maximum number of consecutive orthogonal cuts (or internal
nodes). Therefore,

2]
s em) <3 (1 +d(n+2m))" <27 (1427 (n + 2m))".
d=1

1.3 Applications

In this section, we propose to illustrate the performance of the wavelet classifica-
tion algorithm presented in Section 1.2. The method has been tested with three
collections of rules D%d) performing in the finite-dimensional space R?. We will
use the following acronyms:

e W-QDA when DY consists of the Quadratic Discriminant Analysis rule
performed in dimension d.

e W-NN when D consists of all d-dimensional nearest-neighbor classifiers.

e W-T when D,(zd) contains binary trees in R? in which each internal node
corresponds to a split perpendicular to one of the axes.

In addition, our functional classification methodology is compared with two al-
ternative approaches:

e F-NN refers to the Fourier filtering approach combined with the k-NN rule
studied in Biau, Bunea and Wegkamp [4]. In this method, the k-NN dis-
crimination rule is performed on the first d coefficients of a Fourier series
expansion of each curve. The effective dimension d and the number of
neighbors k are selected by minimizing the empirical probability of error
based on the testing sequence plus an additive penalty term A,/ /m which
avoids overfitting. We choose the penalty term as suggested by the authors,
namely \; = 0 for d < n and \; = oo for d > n.
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e MPLSR refers to the Multivariate Partial Least Square Regression for func-
tional classification. This approach is studied in detail in Preda and Saporta
[23]. The number of PLS components is selected by minimizing the empir-
ical probability of error based on the testing sequence.

1.3.1 Speech recognition

We first tested the method in a speech recognition problem. We study a part
of TIMIT database which was investigated in Hastie, Buja and Tibshirani [17].
The data are log-periodograms corresponding to recording phonemes of 32 ms
duration. We are concerned with the discrimination of five speech frames corre-
sponding to five phonemes transcribed as follows: “sh” as in “she” (872 items),
“dcl” as in “dark” (757 items), “iy” as the vowel in “she” (1163 items), “aa” as the
vowel in “dark” (695 items) and “a0” as the first vowel in “water” (1022 items).
The database is a multispeaker database. Each speaker is recorded at a 16 kHz
sampling rate and we retain only the first 256 frequencies (see Figure 1.1). Thus
the data consists of 4509 series of length 256 with known class word membership.

dcl iy

Figure 1.1: A sample of 5 log-periodograms, one in each class.
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We decided to retain 250 observations for training and 250 observations for test-
ing. The error rate (ER) of the elected rule g for classifying new observations
is unknown, but it can be estimated consistently using the rest of the data
(X501, Ys01), - - -5 (Xas00, Yas0o), via the formula

4509

1
R=—— 1io0x,)2v)-
4009 ' [9(X:)#Yi]
=501
Table 1.1 displays the estimated error rates for the different methods together with
the selected dimensions (number of PLS components for MPLSR). All results are
averaged over 50 random partitions of the data.

| Method | ER | d |
W-QDA [ 0.1042 [ 7.30
W-NN [ 0.1096 | 19.52
W-T | 0.1253 | 9.10
F-NN [ 0.1277 | 48.76
MPLSR | 0.0904 | 5.96

Table 1.1: Estimated error rates and selected dimensions.

Table 1.1 shows that the three methods using wavelets perform well on the data at
hand. The method MPLSR seems a really competitive procedure in regards with
the others, and the results of the Fourier-based algorithm are still acceptable.
However, the performance of the latter methods can considerably deteriorate for
time/frequencies inhomogeneous signals, as illustrated in the next paragraph.

1.3.2 A small simulation study

We propose to investigate the performance of our method in the following simu-
lated scenario. For each i = 1,...,n, we generate pairs (X;(¢),Y;) via the scheme:

1
X;(t) = = ( Sin(F' ) fu, 00 (t) + sin(Fi27rt)f1_m7(,i(t)> + &,
where
e f,. stands for the normal density with mean p and variance o

e ['! and F? are uniform random variables on [50, 150];
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e (i; is randomly uniform on [0.1,0.4];
e 0; is randomly uniform on [0, 0.005];

e The g;’s are mutually independent normal random variables with mean 0
and standard deviation 0.5.

The label Y; associated to X; is then defined, for ¢ = 1,...,n, by

v — 0 if pu; <0.25
‘1 1 otherwise.

Figure 1.2 displays six typical realizations of the X;’s. We see that each curve
X;(t), t € [0,1], is composed of two different but symmetric signals, and the
problem is thus to detect if the two signals are close (label 0) or enough distant
(label 1).

All the algorithms were tested over samples of size 50 for learning and 50 for
testing. The error rates (ER) were estimated on independent samples of size
500. Figure 1.3 and Figure 1.4 display the boxplots of the estimated error rates
and dimensions for 50 replications of the different methods under study. Table
1.2 summarizes the results.

~

Method ER d
W-QDA || 0.0849 | 8.16
W-NN 0.1255 | 23.92
W-T 0.1275 | 20.48
F-NN 0.3493 | 75.88
MPLSR || 0.4413 | 3.68

Table 1.2: Estimated error rates and selected dimensions.

Table 1.2 enlightens the good results achieved by the wavelet classification al-
gorithms. We note in particular the excellent performance of W-QDA which
achieves, in average, the best rates. The rather poor results obtained by the
method F-NN are not surprising. Due to the penalty term (A\; = 0 for d < n
and \; = oo for d > n), this procedure retains only the first n coefficients of the
Fourier expansion. This maximal number of coefficients is definitely too low here
since frequencies of the two signals can typically approach 150 Hz. The problem
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Figure 1.2: Six typical realizations of simulated curves with label 1 (left) and label 0
(right).

of the calibration of the penalty term is discussed in detail in Biau, Bunea and
Wegkamp [4] and Tuleau [28|.

Finally, Figure 1.4 strongly supports the idea that our wavelet approach allows to
considerably reduce the dimension. For example, the typical dimensions selected
by the algorithm W-NN are around 20, whereas there are over 70 for the Fourier
procedure.
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Figure 1.3: Boxplots of the estimated error rates for 50 replications of the tested
methods.
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50 1

251 b

W-QDA W-NN W-T F-NN

Figure 1.4: Boxplots of the selected dimensions for 50 replications of the tested
methods.
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1.4 Sampled data classification

In all the previous sections, we implicitly assumed that each process X; was com-
pletely observed over the interval [0, 1]. In other words, all learning curves were,
in some sense, “perfectly” known. In practice, however, it is clearly impossible
to observe the curves continuously, and each process is observed only at a finite
number of sampling points. Based on these discrete observations, an estimate or
a statistic is formed for use in the classification problem at hand. Usually, two
kinds of sampling schemes are considered: deterministic and random. In deter-
ministic sampling, the sampling points are chosen according to a deterministic
rule, such as periodic sampling. In random sampling, the sampling points are
chosen according to a randomized rule, such as Poisson sampling. It is notewor-
thy that imperfections in deterministic sampling schemes (e.g. periodic sampling
with jitter) may lead to random sampling.

The problem of functional statistics for sampled data is thus of extreme interest
in practical issues. As a modest step towards this direction, we will be concerned
in this section with the consistency of the wavelet-based classification approach
combined with the k-nearest neighbor rule for deterministic sampled curves. We
realize however that more work is needed to understand the phenomenon in all
generality. In particular, we will not address the important issue of a signal
observation perturbed by an additive random noise.

In our sampling model, the data consist of n+m random observations (Z1,Y}), .. .,
(Zym, Ynim), where each observational unit (curve) is now a vector of ¢ mea-
surements Z; = (Z},...,Z!) along equidistant sampling points ¢,,...,t,. That
is, for every 1 = 1,...,n,

Zf:XZ(tp)7 p:]_,,g

Recall that each X; was expanded on a wavelet basis via (1.6) as
Xi(t) =Y Xyy(t), te[0,1].
j=1

In the sampling framework, the coefficients X;; are unknown, and they are con-
sistently estimated by

¢
- 1
Xij =7 D ZP;(ty),
p=1
which yields the following estimates of the X;’s:

Xi(t) = i)‘(ijwj(t), t€10,1].
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Just as in Section 1.2, we fix a maximum resolution level J, so that
2J
j=1

We denote by X, = (Xﬂ, Xia, .. .) the sequence of coefficients associated with X;.
With this notation, the wavelet-based dimension reduction strategy presented in
Section 1.2 is applied to the “sampled” data X; instead of the “perfect” ones X;.
Using the k-NN rule for classification, the strategy reads as follows:

e Let the n training data reorder the 27 basis functions {1, ...,y } into
{%17 . ,w32J} via the scheme

n

i)?fh = i)?fm 2.2 ZX%W (L1.11)
=1 =1

=1

e Ford=1,...,27, approximate each X; by the sum Zzzl Xﬁpqﬁ;p.

e Perform nearest neighbor classification using the finite-dimensional data

X(d) :(X‘ ?led)’zzl’7n

i 1j17

The dimension d and the number of neighbors k are simultaneously selected by
data-splitting and empirical risk minimization. Precisely, set

an = {(X1,Y1)7 R (XmYn)}

and denote by gff,)c(x, D,,) the k-NN rule performed on the first d wavelet coeffi-

cients ordered via (1.11). The rule gff,l(x, D,,) is defined as follows. The training

data are first reordered
o (d o (d
(X (@), Yy @), (X (@), Vi ()

according to increasing Euclidean distances ||X\” — z|| of the X\¥’s to 2 € R?. In
other words, XE?)) (x) is the i-th nearest neighbor of x amongst }_(g.d),j =1,...,n.
If distance ties occur, a tie-breaking strategy must be defined. For example, in
case of ||)_(§d) — x| = ||)_(§-d) —z||, )_(Ed) may be declared closer to z if i < j, i.e.,
tie-breaking is done by indices. The k-NN classification rule is finally defined as

. k k
@ (2 D) = 0 i Dt Ly @=0p = 2ic Ly @)= 1.12
gn,k(x’ n) { 1 otherwise. 12
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The free parameters d and k are optimally selected by minimizing the empirical
probability of error based on the independent validation set, that is

n+m
(@hye agmin A0 DL Ly & b, (1.13)
7777 ) yeees Tl 1=n-+1

Denotlng by X the truncated decomposition (1.10) of a generic X and by X4 =
(Xj,,...,X;,) the first d coefficients reordered via (1.11), this method leads to

the classifier §(X) = g;d%(i(J), D,,) with a probability of misclassification

En—l-m P{g 7é Y|Dn+m}

As for now, to lighten the notation, we denote by gn k( ) the k-NN classifier (1.12)

performing on the sample data D,,, and by gn k( ) the k-NN classifier performing
on the “true” data set

D, = {(X1,11), ..., (X, Ya)}.

For fixed d < 27 and k < n, the probability of error of gq(j,)C and gﬁf,)c are respectively
given by

La(3\)) = P{a\h(X) # Y|D,}
and
La(g) = P{g)(X) £ Y|D,}.

The following lemma establishes that these two error terms are close when ¢, the
number of sampling points, tends to infinity. Recall that, given a generic X, we
denote by X = (X;,,...,X;,) the first “true” d coefficients reordered via the
scheme (1.8).

Lemma 1.4.1 Suppose that for each d = 1,...,27, the random variable X4 is
absolutely continuous with respect to the Lebesque measure on R%. Then, a.s., for
all d <27 and all k < n, we have

Jim L, (9 = Lu(gl). (1.14)

Consequently,
I E{ f L) } E{ inf  L,(¢ } 1.15
zggo d=1,..., 2151k 1., (g”k) d=1,..., 2151,k=1 ..... n (g”k) ( )

134



1.4 Sampled data classification

Proof Observe first that
L. (3%) = P{g)(X) # Y|D,}
—P{g X) #Y|D,}. (1.16)

Now, denote by S (resp. Sj) the vector {1, ..., jos} (resp. the vector {ji, ..., jos})
corresponding to the data-based coefficient reordering (1.11) (resp. (1.8)). Define

Z Z ij’

and observe, since X s absolutely continuous with respect to the Lebesgue
measure, that 6 > 0 a.s. Moreover, we have

= min

)
1<j<j' <27

{S;#8; = {3k, k), 1 <k<k <2: Z W<Z 2ot (1.17)

We first proceed to show that, a.s,
S;=29; (1.18)

for all ¢ large enough. To this aim, note that the condition k£ < k" implies

Z z]k>z Zj/

Consequently, using inequality (1.17), we obtain

{8s# 5.} ¢ U {Z ik XZQM Z ik m > 5}

1<k<k’<2d  i=1 =1

3

Since, for every i = 1,...,nand j = 1,...,27, Zlim X;; = Xij;, we conclude that
(1.18) holds, as desired.

To finish the proof of equality (1.14), fix d < 27, k < n, and reorder the “true”
training data set D,,

(X(XD), v, (XD)), ..., (XPXD),y, (XD))

11 y 11 in ) T ln

according to the increasing Euclidean distances H}_{Z(d) — X@|| of the ng)’s to
X(@ ¢ R and set

. d d
7= min_{)Ix - X)) — x@ - x|},

1<j<j'<n
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Invoking the absolute continuity of X(?, we see that v > 0 a.s. Clearly, for j' > j,
the inequality

IX@ — X + 4 < XD - X

holds. Now the following chain of inequalities is valid:

[P{5.4(%) # Y1} = P{g,(X) # YIDa}|
< P{g\")(X) # g\ (X)|D,.}
(by equahty (1. 16))
< Z P{HX —>‘<§‘?H < |9~ XP|| D} + P{S; # S,|D.}
1<j<j'<n ’

(by the union bound)
< X P{(HX‘“” - XN - 1x@ - X))
1<j<j'<n
= (IXD = X~ XD ~ X V) > 4|D, |
(by definition of ~ and by (1.18) for all ¢ large enough).

The conclusion follows from the fact that Ehm X” = X;. The second statement

of the lemma is a consequence of Lebesgue’s dominated convergence theorem. W

Theorem 1.4.1 below states the consistency of the rule g selected in (1.13) for
a large class of distributions. If we are just worried about the consistency of
the wavelet-based nearest neighbor classification rule, this theorem reassures us
that nothing is lost as long as the curves are measured at more and more dense
sampling points.

Theorem 1.4.1 Suppose that for each d = 1,...,2”7, the random variable X@
is absolutely continuous with respect to the Lebesque measure on R?, and that

logn

lim m=00 and lim
n—oo n—oo 1M

=0. (1.19)
Then the automatic rule § defined in (1.13) is consistent in the sense

lim lim lim E{Ln+m )} = L.

J—00 n—00 £—00
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1.4 Sampled data classification

Proof Consider the following decomposition:
E{L.im(@)} — L = E|Lym(3) — inf  L.(5\) (1.20)
n+m\ g n+m\gd n gn,kz
+ E{ inf En(gg‘f;)] —L*. (1.21)
From inequality (1.1) and (1.2), we already known that (1.20) is bounded above
by
2log(2 *2/n) 1

+ .
m V/2mlog(2 x 27n)

Therefore, using Lemma 1.4.1 and conditions (1.19), we conclude that

lim lim lim E[En+m(§) - inf Zn(g(ff,)c)} = 0.

J—00 n—00 £—00

Let us now turn to the analysis of the term (1.21). From Lemma 1.4.1, we know
that

I E{ Ll }:E{ E Lol }
im s in (gnk) dl in (gnk,)

{—0o0 =1,...,27 k=1,..., =1,...,.27 k=1,...,

Stone [27| proved that there exists a suitable sequence (k) with k, — oo and

k,/n — 0 as n — oo such that E{Ln(gff;)l)} — L}, as n — oo. Therefore, we
have

lim Iim (E| P )] - L3
nLIEOELIg;< d=1 QI?I@ 1 (gn,k) 2J

..........

[ERRS! Ay

(by Stone’s theorem).

Invoking Lemma 1.2.1, we finally obtain

J—00 n—00 f—00 d=1,...,27 k=1

.....

lim lim lim <E[ inf L (gfld,)c)] L*) = 0.

This concludes the proof of Theorem 1.4.1. |
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Conclusion et perspectives

Dans ce travail de thése, nous avons apporté une contribution supplémentaire
aux thémes de l'apprentissage statistique et de l’estimation non paramétrique.
Nous nous sommes intéressés aux propriétés théoriques des différentes méthodes
étudiées, tout en essayant, lorsque c’était possible, d’illustrer leurs performances
a 'aide de jeux de données réelles ou simulées.

Dans la premiére partie du travail, nous nous sommes attachés a montrer 1’inté-
rét d’appréhender les histogrammes modifiés comme des systémes dynamiques a
espace d’états de dimension infinie, tout en soulignant leurs bonnes performances
pour estimer des densités complexes. Dans le cas multivarié, nous avons ensuite
clairement mis en évidence le role déterminant joué par des partitions construites
a partir du nuage des données relativement a la qualité de I’estimation. La combi-
naison de ces deux études devrait naturellement conduire, dans un avenir proche,
a la généralisation de ces systémes dynamiques fonctionnels au domaine multiva-
rié. Il y a en effet fort & parier que la mise au point d’une procédure de sélection
d’histogrammes modifiés itérés dans le cadre multivarié permettrait d’améliorer
significativement les propriétés de certains estimateurs de la densité. Il s’agit
néanmoins d’un probléme délicat dont ’étude théorique reste a faire et qui de-
vrait poser bon nombre de problémes nouveaux dans sa mise en place effective.

Dans le premier chapitre de la deuxiéme partie, nous avons adapté les méthodes
combinatoires développées par Devroye et Lugosi a la sélection des différents
paramétres des histogrammes modifiés. Les résultats obtenus dans ce chapitre
ont montré que, outre le choix de la partition et celui du nombre de classes
nécessaires pour construire les histogrammes modifiés, un choix pertinent d’une
densité de référence se réveéle crucial pour obtenir de bonnes propriétés a distance
finie. Dans le second chapitre nous avons utilisé les techniques combinatoires afin
de développer une méthode originale permettant de sélectionner le paramétre de
lissage (fonctionnel) d’estimateurs & noyau variables. Cette méthode permet, en
particulier, de choisir de maniére optimale le paramétre de lissage de la plupart
des estimateurs a noyau variables proposés dans la littérature.
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Conclusion et perspectives

S’agissant de la recherche future, dans un premier temps, il nous semble important
de s’attacher & développer des algorithmes permettant la mise en oeuvre effective
sur machines des méthodes combinatoires. Ce travail a été amorcé dans le premier
chapitre des deux premiéres parties, a 1’aide d’algorithmes souvent trés cotiteux
en temps de calcul, qu’il doit étre possible d’améliorer. Dans un second temps,
il serait également intéressant d’étendre les techniques combinatoires au cas de
données dépendantes. Les inégalités exponentielles pour les processus empiriques
obtenues par Rio en 2002 devraient constituer un bon point de départ pour cette
nouvelle problématique.

La derniére partie de la thése a finalement mis en évidence I'intérét que pouvait
apporter les ondelettes au probléme de la classification fonctionnelle. Cette par-
tie s’achéve par la démonstration d’un résultat de convergence pour des régles
calculées a partir de courbes discrétisées. Il s’agit d’un résultat qui nous semble
pertinent dans la mesure o1, en pratique, les individus sont toujours des versions
discrétisées de phénoménes continus. Il n’en demeure pas moins que la tache a
accomplir dans ce domaine est encore immense. Dans 1’avenir, nous proposerions
d’étendre cette approche a des observations bruitées et mesurées en des points
différents. Par ailleurs, toujours dans ce contexte, il serait intéressant d’obtenir
des vitesses de convergence. En effet, ces derniéres apporteraient de I'information
sur le nombre de points de discrétisation “optimal” de la courbe en fonction de
la taille de I’échantillon. Un tel résultat pourrait trouver de nombreuses appli-
cations, notamment dans le domaine des plans d’expériences. En effet, dans la
pratique, les mesures ont souvent un cott. Il est donc important pour le prati-
cien de connaitre le nombre minimum de mesures nécessaires afin de garantir une
bonne performance de la méthode utilisée.

Pour finir, & la lumiére de premiéres expériences, nous pensons que les algorithmes
et méthodes a noyau (SVM, dual clustering, kernel PCA...) adaptés au cas de la
classification de courbes devraient fournir un ensemble d’outils prometteurs pour
le domaine de I'estimation fonctionnelle.
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