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Résumé :L’objet de cette thèse est l’étude d’un phénomène de concentration pour
une série de problèmes non linéaires issus de la géométrie : l’existence d’hypersurfaces
plongées dans une variété Riemannienne dont lar-courbure moyenne est constante.
(La r-courbure moyenne d’une hypersurface est la rième fonction symétrique de la
courbure principale de l’hyersurface). Nous donnons dans cette thèse quelques résul-
tats d’existence de telles hypersurfaces. En outre, les exemples que nous construisons
mettent en évidence un phénomène de concentration le long de sous variétés, phéno-
mène associé à un phénomène de résonance qui rend l’analyse de ces objets particu-
lièrement délicate et que l’on rencontre dans l’étude de nombreux autres problèmes
non-linéaires, équation de Schrödinger non linéaire, problème de perturbations singu-
lière, système de réaction-diffusion,· · ·

Dans la première partie on montre qu’étant donné une variété RiemannienneM
et p un point critique non-dégénéré de fonction courbure scalaire, il existe une fa-
mille d’hypersurfaces àr-courbure moyenne constante qui se concentrent enp lorsque
leursr-courbure moyenne tend vers l’infini. Les éléments de cette famille constituent
un feuilletage d’un voisinage dep. Ce résultat tend à toute lesr-courbure moyenne
un résultat obtenu par Rugang Ye pour le cas de la 1-courbure moyenne (la courbure
moyenne).

Dans la deuxième partie, étant donné une variété RiemannienneM de dimension
m+1 et une sous variétéK de dimensionk inférieure ou égale am+1−r, on constuit
une famille d’hypersurfaces àr-courbure moyenne constante qui se concentrent enp
lorsque leursr-courbure moyenne tend vers l’infini. Cette fois-ci les éléments de cette
famille constituent un feuilletage d’un voisinage tubulaire deK. Ce résultat généralise
un résultat précédent de Rafe Mazzeo et Frank Pacard lorsque la sous variétéK est
une géodésique. La démonstration de ce résultat utilise une idée introduite par A. Mal-
chiodi et M. Montenegro.

Dans la troisième partie, étant donné une variété RiemannienneM et une géo-
désique compacteK, on montre sous des hypothèses géométriques qu’il existe une
famille d’hypersurfaces à courbure moyenne constante de "type Delaunay" qui se
concentre surK lorque leur courbure moyenne tend vers l’infini. Les hypersurfaces
construite ne sont pas proche d’un voisinage tubulaire deK mais oscillent comme
une surface de Delaunay. De plus, contrairement aux précédent résultat de Mazzeo et
Pacard aucun phénomène de résonance n’apparaît.
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Abstract : In this Thesis, we study concentration phenomena for geometrical non-
linear elliptic equations : the existence of constantr-curvature hypersurfaces in Rie-
mannian manifolds. ( The r-mean curvature of a hypersurfave is defined to be the r-th
elementary symmetric function of the principal curvature of the hypersurface). We
give in this thesis some results of existence of such a submanifolds. Moreover, the
examples which we build highlight a concentration phenomena along submanifolds,
phenomena associated with a resonance phenomena which returns the analysis of these
objects particularly delicate and which one meets in the study of many other nonlinear
problems : nonlinear Schrödinger equations, singularly perturbed problems, reaction-
diffusion systems,· · · .

In the first part, given a Riemannian manifoldM andp a non-degenerate critical
point of the scalair curvature function, we prove the existence of a family of constant
r-mean curvature hypersurfaces which concentrate atp as their r-mean curvature tends
to infinity. The elements of this family constitute the leaves of a foliation of a neigbo-
rhood of the pointp.

In the second part, given a Riemannian manifoldM of dimensionm+1 and a non-
degenerate minimal submanifoldK of dimension less thanm + 1 − r, we construct
a family of constant r-mean curvature hypersurfaces which concentrate atK as their
r-mean curvature tends to infinity. This time the closure of the elements of this family
constitute the leaves of a lamination of tubular neigborhood ofK. This result extends
a previous result of Rafe Mazzeo and Frank Pacard which holds for geodesics. The
proof of this result uses ideas from a paper by A. Malchiodi and M. Montenegro.

In the third part, given a Riemannian manifoldM and a compact geodesicK, we
construcu under some geometrical assumptions a family of "Dalaunay type" constant
mean curvature hypersurfaces which concentrate along the geodesicK as their mean
curvature tends to infinity. This time the hypersurfaces constructed are not close to a
geodesic tubular neighborhood ofK but rather oscillate as Delaunay surfaces do.
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0.1 Introduction

L’objet de cette thèse est l’étude d’un phénomène de concentration pour une série
de problèmes non linéaires issus de la géométrie : l’existence d’hypersurfaces plongées
dans une variété Riemannienne dont lar-courbure moyenne est constante.

Etant donnée une hypersurfaceΣm plongée dans une variété Riemannienne
(Mm+1, g), la r-courbure moyenne est définie comme étant égale à

σr =
∑

i1<...<ir

κi1 . . . κir

où lesκi sont les courbures principales de l’hypersurfaceΣm. Dans le cas particulier
où la variété(Mm+1, g) = (Rm+1, geucl) est l’espace euclidien,σ1 correspond (à une
constante multiplicative près) à la courbure moyenne de l’hypersurface et nous sub-
stituerons fréquemment "courbure moyenne" à "1-courbure moyenne",σ2 correspond,
toujours à une constante multiplicative près, à la courbure scalaire de l’hypersurface et
σm correspond à la courbure de Gauss-Kronecker.

Les hypersurfaces dont lar-courbure moyenne est constante constituent une classe
importante d’objets dans les variétés Riemanniennes même si très peu d’exemples sont
connus [36]. Nous donnons dans cette thèse quelques résultats d’existence de telles
hypersurfaces. En outre, les exemples que nous construisons mettent en évidence un
phénomène de concentration le long de sous variétés, phénomène associé à un phé-
nomène de résonance qui rend l’analyse de ces objets particulièrement délicate et que
l’on rencontre dans l’étude de nombreux autres problèmes non-linéaires.

0.1.1 Familles d’hypersurfaces se concentrant en un point

L’existence de familles d’hypersurfaces à courbure moyenne constante se concen-
trant en un point a été étudiée par R. Ye [42]. Pour toutp point critique non dégénéré de
la courbure scalaireR sur(Mm+1, g), R. Ye démontre l’existence d’une famille d’hy-
persurfaces plongées, à courbure moyenne constante, qui se concentrent enp lorsque
la courbure moyenne tend vers l’infini.

Dans le premier chapitre de cette thèse, nous avons généralisé ce résultat à toutes
lesr-courbures moyennes. Comme dans [42], l’idée est de perturber les sphères géodé-
siquesS̄ρ(p) de rayonρ petit, centrées au pointp. Un simple calcul montre quēSρ(p)
est proche d’une hypersurface àr-courbure moyenne constante lorsqueρ tend vers0
au sens où

σr(S̄ρ(p)) = Cr
m ρ−r + O(ρ−r+2).
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Ainsi, il semble raisonnable de perturberS̄ρ(p) en une hypersurface dont lar-
courbure moyenne est constante égale àCr

m ρ−r, pour ρ assez petit. Le résultat ci-
dessous montre qu’une telle construction est possible sip est un point critique non
dégénéré de la courbure scalaireR sur(Mm+1, g) :

Theorem 0.1.1 Fixonsr ∈ {1, . . . , m} etp un point critique non-dégénéré de la cour-
bure scalaireR sur (Mm+1, g). Alors, il existeρ0 > 0 tel que, pour toutρ ∈ (0, ρ0), la
sphère géodésiquēSρ(p) peut être perturbée en une hypersurfaceSρ dont lar-courbure
moyenne est constante égale àσr = Cr

m ρ−r. En outre, les hypersurfacesSρ forment
un feuilletage d’un voisinage dep.

Ce résultat généralise, pour toutr = 1, . . . , m, le résultat obtenu par R. Ye pourr = 1.
Précisons que la démonstration de R. Ye utilise de manière essentielle le fait que l’on
s’intéresse à la courbure moyenne d’hypersurfaces (i.e. àσ1) et qu’elle ne semble pas
pouvoir s’adapter aux autres courbures. Notre démonstration est basée sur un dévelop-
pement limité de lar-courbure moyenne d’une sphère géodésique perturbée suivant la
normale. Plus précisément, étant donnée une fonctionw définie surSm et un pointq
proche dep, on considère la sphère géodésique perturbéeSρ(q, w) qui est paramétrée
par

x ∈ Sm −→ ExpM
q (ρ (1 − w(x)) Θ(x))

où Θ(x) =
∑

j xjEj et E1, . . . , Em+1 est une base orthonormée deTq M . Nous obte-
nons un développement de lar-courbure moyenne en puissances deρ et en puissances
de la fonctionw et de ses dérivées

ρr σr(Sρ(q, w)) = Cr
m + Cr−1

m−1

(
(∆Sm + m) w − 1

3
Ricq(Θ, Θ) ρ2

− 1
4
∇ΘRicq(Θ, Θ) ρ3

)
+ O(ρ4) + ρ2 Lq(w) + Qq(w)

où Ricq désigne le tenseur de Ricci sur(Mm+1, g) calculé enq. L’opérateurLq est
un opérateur différentiel du second ordre dont les coefficients sont bornées indépen-
damment deρ et deq. L’opérateurQq est un opérateur différentiel du second ordre
non linéaire dont le développement de Taylor en puissances dew et de ses dérivées ne
contient pas de terme constant ni de terme linéaire et a ses coefficients de Taylor qui
sont bornées indépendamment deρ et deq.

La principale difficulté à surmonter pour résoudre l’équation

ρr σr(Sρ(q, w)) = Cr
m (1)

est l’existence d’un noyau de dimension(m+1) pour l’opérateur∆Sm +m. L’idée est
de projeter l’équation (1) d’une part sur l’orthogonal de ce noyau et d’autre part sur ce
noyau. Nous obtenons ainsi un système couplant une équation aux dérivées partielles
elliptique non linéaire avec une équation algébrique. La résolution de l’équations aux
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dérivées partielles est basée sur l’utilisation d’un théorème de point fixe pour les appli-
cations contractantes et ne pose aucune difficulté particulière. Cette première équation
étant résolue, il reste à résoudre une équation algébrique de la forme

∇Rq = Fρ(q), (2)

où Fρ est une application non linéaire définie surMm+1 et à valeurs dansTM . De
plus, on montre qu’indépendamment du choix deq, Fρ est majorée par une constante
(indépendante deρ) fois ρ2. Le gradient de la courbure scalaire de(Mm+1, g) apparaît
lors de la projection du terme∇Θ Ric(Θ, Θ) sur le noyau de∆Sm + m. Une condition
suffisante permettant la résolution de l’équation (2) pour toute petite valeur deρ est
quep soit point critique non-dégénéré de la courbure scalaireR.

La méthode de construction permet d’avoir de nombreuses informations quant aux
hypersurfaces construites. En particulier, ces hypersurfaces sont des graphes normaux
sur S̄ρ(q) pour une fonction majorée par une constante foisρ2. De plus, on obtient le
développement limité du volume deSρ

Volm(Sρ) = ρm Volm(Sm)

(
1 − 1

2(m + 1)
Rp ρ2 + O(ρ4)

)
,

ainsi que le développement limité du volume du domaineBρ deMm+1 contenu dans
Sρ et contenant le pointp

Volm+1(Bρ) =
1

m + 1
ρm+1 Volm(Sm)

(
1 − m + 2

2m(m + 3)
Rp ρ2 + O(ρ4)

)
,

Remarquons que les premiers termes de ces développements limitées ne dépendent pas
der. Dans le cas oùr = 1, ces deux développements limités permettent de trouver un
développement limité du profil isopérimétrique en puissances deρ (c.f [35])

La construction d’une famille à un paramètre d’hypersurfaces àr-courbure moyenne
constante qui tend vers+∞ est à rapprocher à des nombreux résultats de concentra-
tion qui ont été mis en évidence ces dernières années dans l’étude des perturbations
singulières d’équations semi-linéaires [3], [23], [25], . . .

0.1.2 Familles d’hypersurfaces se concentrant le long d’une sous
variété

Dans le deuxième chapitre de cette thèse, nous nous sommes intéressés à l’exis-
tence de familles d’hypersurfaces àr-courbure moyenne constante qui se concentrerent
sur une sous variétéKk de(Mm+1, g), aveck ∈ {1, . . . , m}.
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SoitKk une sous variété de dimensionk compacte dansMm+1, on note

T̄ρ(K) := {q ∈ Mm+1 : distg(q, K) = ρ};

le tube géodésique de rayonρ autour deKk. Pour toutρ assez petit,̄Tρ(K) est une
hypersurface régulière et un simple calcul montre que

ρr σr(T̄ρ(K)) = Cr
m−k + O(1). (3)

Comme dans l’analyse précédente, il semble assez naturel d’essayer de perturber cette
hypersurface afin de construire une hypersurfaces dont lar-courbure moyenne est
constante, du moins lorsqueρ est assez petit. Une simple observation montre que dans
le développement limité précédent le terme suivant du développement dépend du vec-
teur courbure moyenne de la sous variétéKk. En particulier, siKk est une sous variété
minimale, on obtient alors

ρr σr(T̄ρ(K)) = Cr
m−k + O(ρ). (4)

Dans le cas oùr = 1 et oùKk est une géodésique non dégénérée (k = 1) R.
Mazzeo et F. Pacard [28] ont démontré le :

Theorem 0.1.2 [28] Soit K une géodésique fermée non dégénérée. Il existek0 ∈ N

et deux suitesρ′
k < ρ′′

k définies pourk ≥ k0 et qui tendent vers0, telles que, siρ ∈
Ik := (ρ′

k, ρ
′′
k), le tube géodésiquēTρ(K) peut être perturbé en une hypersurface dont

la courbure moyenne est constante égale àσ1 = m−1
ρ

.

De plus, ils obtiennent une estimation des paramètresρ′
k etρ′′

k

ρ′
k =

√
m−1Λ

2 π (k+1)
+ O(k−9/4),

ρ′′
k =

√
m−1Λ
2 π k

+ O(k−9/4),
(5)

oùΛ est la longueur de la géodésiqueK.

Remarquons que leur méthode ne permet pas d’obtenir ce résultat de perturbation
pour toutes les valeurs (petites) du paramètreρ, mais simplement pourρ appartenant
à une suite d’intervalles non vides. Ceci est dû à un phénomène de résonance qui ap-
paraît de manière naturelle dans ce problème pour les grandes valeurs de la courbure
moyenne (i.e. pour les petites valeurs deρ). La difficulté principale dans la démonstra-
tion vient de l’existence de valeurs deρ pour lesquelles l’opérateur de Jacobi associé
au tube géodésiquēTρ(K) n’est pas inversible. La construction s’appuie alors sur une
étude précise du spectre de cet opérateur de Jacobi lorsque le paramètreρ tend vers0.

Dans la deuxième partie de cette thèse, nous avons généralisé ce résultat à toutes
les r-courbures ce qui n’introduit pas vraiment de difficulté supplémentaire et nous
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avons aussi considéré le cas où l’ensemble de concentration est une sous variété de
dimensionk ∈ {1, . . . , m} ce qui cette fois-ci introduit des difficultés supplémentaires
majeures.

Dans le cas de la courbure moyenne (i.e. deσ1), notre principal résultat est le :

Theorem 0.1.3 Étant donnéeKk une sous variété minimale non dégénérée de
(Mm+1, g) avec1 ≤ k ≤ m−1, il existeI ⊂ (0, +∞), réunion dénombrable disjointe
d’intervalles ouverts non vides, tels que pour toutρ ∈ I, le tube géodésiquēTρ(K) peut
être perturbé en une hypersurface à courbure moyenne constanteTρ avecσ1 = m−k

ρ
.

De plus, pour toutq ≥ 2 il existe une constantecq > 0 telle que

|H1 ((0, ρ) ∩ I) − ρ| ≤ cq ρq,

oùH1 dénote la mesure de Lebesgue unidimensionnelle.

Remarquons que cette fois, nous ne disposons que de très peu d’informations sur
l’ensemble dans lequel nous pouvons choisir le paramètreρ, si ce n’est que cet en-
semble est en quelque sorte de plus en plus dense dans(0, ρ) quandρ tend vers0. La
démonstration de ce résultat permet d’améliorer le résultat de R. Mazzeo et F. Pacard
au sens où l’on peut montrer que

ρ′
k =

√
m−k Λ

2 π (k+1)
+ O(k−q),

ρ′′
k =

√
m−k Λ
2 π k

+ O(k−q),
(6)

pour toutq > 2.

La condition de non-dégénéresence deK est simplement une condition d’inversi-
bilité de l’opérateur de Jacobi associé àK (i.e. l’opérateur courbure moyenne linéarisé
enK). Pour décrire le comportement des hypersurfacesTρ obtenues dans ce résultat
quandρ tend vers0, on peut s’intéresser à la densité de volume associée àTρ pour
laquelle on a :

ρk−m Hm
xTρ ⇀ ωm−k Hk

xK, (7)

lorsqueρ tend vers0 oùHl désigne la mesure de Hausdorffl-dimensionnelle .

La démonstration de ce résultat est basée sur le calcul de la courbure moyenne
d’un tube géodésique perturbéTρ(K,w, Φ) qui est décrit par

(p, x) ∈ SNK −→ Expp (ρ (1 − w(p, x)) Θ(x) − Φ(p)) (8)

où w est une fonction définie surSNK, le fibré normal en sphères surK, et Φ est
une section deNK, le fibré normal surK. En fait, Φ permet de décrire localement
toutes les sous variétés proches deK (rôle joué par le pointq proche du pointp dans la
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démonstration de R. Ye). Quant à la fonctionw, elle permet essentiellement de décrire
les hypersurfaces proches du tube géodésique de rayonρ centré sur la sous variété
proche deK.

Le développement limité de la courbure moyenne de l’hypersurface paramétrée
par (8) en puissances deρ, w et deΦ est donné par

σ1(Sρ(K, w, Φ)) =
m − k

ρ
− B(Θ, Θ) ρ + O(ρ2)

+
(
ρ ∆K + 1

ρ
(∆Sm−k + m − k)

)
w + g(JK Φ, Θ)

+ ρL(w, Φ) + 1
ρ
Q(w, Φ)

où B est une forme quadratique surNK et JK est l’opérateur de Jacobi associé àK
qui apparaît dans la variation seconde du volume [15]

JK := −∆N
K − BK + RN

où ∆N
K est le Laplacien surNK, BK est un potentiel calculé à partir de la deuxième

forme fondamentale deK etRN est une contraction du tenseur de courbure associé à la
connexion surNK. Cet opérateur est un opérateur elliptique que nous avons supposé
être inversible (hypothèse de non dégénérescence deK).

La résolution de l’équationσ1 = m−k
ρ

se traduit par la recherche d’une fonctionw
et d’un champ de vecteursΦ solutions de

(
ρ ∆K + 1

ρ
(∆Sm−k + m − k)

)
w + g(JK Φ, Θ)

= B(Θ, Θ) ρ −O(ρ2) − ρL(w, Φ) − 1
ρ
Q(w, Φ).

(9)

On décompose toute fonctionv définie surSNK en

v = ρ w + g(Φ, Θ)

où, pour toutp ∈ K
w(p, ·) ⊥ Ker(∆Sm−k + m − k)

etΦ est une section deNK. Cette décomposition revient à considérer, pour toutp ∈ K,
la décomposition dew(p, ·) sur les fonctions propres de∆Sm−k comme cela avait déjà
été fait dans le §1. On considère alors l’opérateur

Lρ (ρw + g(Φ, Θ)) =

(
ρ ∆K +

1

ρ
(∆Sm−k + m − k)

)
w + g(JK Φ, Θ).
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Le spectre de cet opérateur est la réunion d’une part de l’ensemble des

Λij := λi +
1

ρ2
(µj − m + k),

oùλi sont les valeurs propres de∆K etµj sont les valeurs propres de∆Sm−k et d’autre
part de l’ensemble des valeurs propres de l’opérateur de JacobiJK (qui sont non nulles
car la sous variétéK est supposée non dégénérée).

Remarquons que

Λi0 := λi −
1

ρ2
(m − k) = 0 si ρ =

√
m − k

λi

. (10)

En particulierLρ n’est pas inversible pour ces valeurs deρ. C’est là l’origine du phéno-
mène de résonance dont nous avons déjà parlé et qui nous empêchera d’entreprendre
la résolution de (9) pour toutes les (petites) valeurs deρ. Dans le cas où

ρ /∈
{√

m − k

λi

: i ≥ 1

}
, (11)

on peut tout de même évaluer la distance entre0 et le spectre deLρ, ce qui permet
d’obtenir une estimation sur la norme de(Lρ)

−1 (disons en tant qu’opérateur deL2

dansL2). Malheureusement, dès quek ≥ 2, des calculs formels montrent que la
perturbationρ L qui apparaît dans (9) n’est pas assez petite pour pouvoir considérer
Lρ + ρL comme une perturbation deLρ. De plus, toujours quandk ≥ 2, le terme
d’erreurB(Θ, Θ) ρ − O(ρ2) est bien trop grand et la résolution de (9) semble alors
compromise.

Afin de contourner cette difficulté, nous avons utilisé une stratégie mise au point
dans un contexte différent par A. Malchiodi and M. Montenegro [26].

Dans un premier temps, nous "améliorons la solution approchée" de notre pro-
blème en utilisant un schéma itératif. Supposons que (11) soit vérifiée, nous pouvons
alors définir par récurrence(wi, Φi), i ≥ 0, comme étant la solution de

ρ ∆Kwi+1 + 1
ρ
(∆Sm−k + m − k) wi+1 + g(JK Φi+1, Θ)

= B(Θ, Θ) ρ −O(ρ2) − ρL(wi, Φi) − 1
ρ
Q(wi, Φi) − ρ ∆Kwi

avec par exemplew0 = 0, Φ0 = 0. Malheureusement, comme nous l’avons mentionné
ci-dessus, des calculs formels montrent que la norme de l’inverse de l’opérateur qui ap-
paraît à gauche est trop grande pour assurer des estimations raisonnables sur le couple
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(wi, Φi). L’idée est alors de remplacer le schéma ci-dessus par

1
ρ
(∆Sm−k + m − k) wi+1 + g(JK Φi+1, Θ)

= B(Θ, Θ) ρ −O(ρ2) − ρ L(wi, Φi) − 1
ρ
Q(wi, Φi) − ρ ∆Kwi.

(12)

L’avantage de ce schéma itératif réside dans le fait que l’on peut construire un "inverse
à droite" borné pour l’opérateur qui apparaît à gauche au sens suivant : Étant donnée
une fonctionρ z + g(Ψ, Θ) définie surSNK où z(p, ·) estL2(Sm−k)-orthogonal à
Ker(∆Sm−k + m− k) et oùΨ est une section deNK, nous commençons par résoudre

JK Φ = Ψ

en utilisant la non dégénérescence de l’opérateurJK . Ensuite, nous résolvons

1

ρ
(∆Sm−k + m − k) w(p, ·) = z(p, ·)

pour chaquep ∈ K (Nous considéronsp comme un paramètre). Nous obtenons ainsi
un opérateur

ρ z + g(Ψ, Θ) ∈ L2(SNK) −→ ρw + g(Φ, Θ) ∈ L2(SNK)

dont la norme est bornée indépendamment deρ et qui est un inverse à droite pour
l’opérateur

L̃ρ(ρw + g(Φ, Θ)) :=
1

ρ
(∆Sm−k + m − k) w + g(JK Φ, Θ)

qui apparaît à gauche de (12). Malheureusement, cet "inverse à droite" ne permet pas
de "gagner" de régularité suivantK car l’opérateur̃Lρ est clairement non elliptique.
En particulier nous ne pouvons pas utiliser cet "inverse à droite" afin de résoudre (9)
en utilisant un argument de point fixe.

Toutefois, nous pouvons utiliser cet "inverse à droite" dans le schéma itératif un
nombre fini de fois étant donné que l’erreurB(Θ, Θ) ρ−O(ρ2) qui apparaît dans (11),
est une fonctionC∞. On obtient alors les estimations

wi = O(ρ2) et Φi = O(ρ2)

et la courbure moyenne deTρ(K,wi, Φi) est alors donnée par

σ1(Tρ(K, wi, Φi)) =
m − k

ρ
+ O(ρ2+i)

en fonction dei ≥ 1.
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Il reste maintenant à déterminerw = wi + w̃ et Φ = Φi + Φ̃ de telle sorte que
σ1(Tρ(K, w, Φ)) = m−k

ρ
. Autrement dit, nous devons résoudre une équation non li-

néaire de la forme
(
ρ ∆K + 1

ρ
(∆Sm−k + m − k)

)
w̃ + g(JK Φ̃, Θ) + ρLi(w̃, Φ̃)

= O(ρ2+i) − 1
ρ
Qi(w̃, Φ̃)

La résolution de cette équation par un argument de point fixe pour les applications
contractantes ne pose aucun problème si nous pouvons démontrer que, pour certaines
valeurs deρ, l’inverse de l’opérateur qui apparaît dans le membre de gauche a une
norme bornée par une puissance (indépendante dei) de1/ρ. Pour ce faire nous avons
estimé la distance entre0 et le spectre de l’opérateur auto adjoint

Lρ,i ṽ := (ρ ∆K+
1

ρ
(∆Sm−k+m−k)) w̃+g(JK Φ̃, Θ)+ρLi(w̃, Φ̃), ṽ = ρ w̃+g(Φ̃, Θ),

en utilisant la formule de Weyl pour estimer le nombre de valeurs propres deJK qui
sont plus petites queλ

#{j ∈ N : λj ≤ λ} ∼ λ− k
2

nous obtenons une estimation de l’indice (nombre de valeurs propres négatives) de
l’opérateurLρ,i

IndexLρ,i ∼ c ρ−k (13)

Ensuite, nous obtenons une minoration de la dérivée par rapport àρ des petites valeurs
propres deLρ,i

ρ ∂ρσ ≥ 2 (m − k) − c ρ, (14)

Cette estimation est basée sur un résultat de localisation des fonctions propres asso-
ciées aux petites valeurs propres deLρ,i qui stipule que, siLρ,i ṽ = −λ ṽ etλ est petite,
alorsṽ est essentiellement une fonction définie surK.

L’estimation (14) nous permet de montrer que pourρ assez petit, les petites valeurs
propres sont des fonctions croissantes deρ, ce qui montre que l’indice deLρ,i est une
fonction monotone décroissante deρ. Nous utilisons alors (13) pour montrer que, étant
donnét ≥ 2, les intervalles[r1, r2] ⊂ (ρ, 2ρ) tels que

r2 − r1 ≥ ρk+t

et pour lesquelsLr,i n’a pas de noyau pour toutr ∈ (r1, r2) recouvre(ρ, 2ρ) à l’excep-
tion d’un ensemble de mesure majorée par une constante foisρt.

En utilisant ce dernier fait ainsi que (14), nous obtenons alors une minoration de
la distance entre0 et le spectre deLρ,i, puis une estimation uniforme pour la norme

(Lρ,i)
−1 : L2(SNK) −→ L2(SNK)
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par une constante foisρk+t lorsquer ∈ (r1 +ρk+t+1, r2−ρk+t+1). Cette estimation qui
ne dépend pas dei (si ρ est choisi assez petit) est précisement l’estimation recherchée
qui permet de résoudre (9) en utilisant un argument de point fixe pour les applications
contractantes.

La généralisation de ce résultat aux autres courbures est l’objet de la section §2.8
du chapitre 2 de cette thèse. Le résultat principal de cette partie est le :

Theorem 0.1.4 On suppose que1 ≤ r < m − k et queKk est une sous variété
minimale non dégénérée. Alors, il existeI ⊂ (0, +∞), réunion dénombrable d’inter-
valles non vides disjoints, tel que pour toutρ ∈ I, le tube géodésiquēTρ(K) peut être
perturbé en une hypersurfaceTρ dont la r-courbure moyenne est constante égale à
σr = Cr

n−k ρ−r.

La démonstration est essentiellement la même que dans le cas oùr = 1, néanmoins un
nouveau phénomène de perte d’ellipticité apparaît ici quandr ≥ m− k. En effet, cette
fois ci, l’opérateurLρ est remplacé par

Lρ(ρw+g(Φ, Θ)) ṽ := Cr−1
m−k

(
ρ ∆K +

m − k − r

m − k − 1
(∆Sm−k + m − k)

)
w+g(JK Φ, Θ)

La conditionr < m − k permet précisément de garantir l’ellipticité de cet opérateur.

0.1.3 Autres problèmes non-linéaires présentant le même phéno-
mène de résonnance

Nous décrivons brièvement des résultats récents pour lesquels un phénomène de
résonance associé à un phénomène de concentration a été mis en évidence.

Par exemple, A. Malchiodi [22] a étudié l’existence des solutions périodiques de
l’équation

ẍ +
1

ε2
V (x) = 0, x ∈ R

n (15)

pour ε > 0, ici V : R
n → R est une fonction régulière dont l’ensemble des points

critiques est une hypersurfaceM ⊂ R
n. Il a distingué deux cas suivant la nature du

potentiel V : lorsqueV est de type répulsif par rapport àM , i.e.

V ′′(x) (nx, nx) < 0 ∀x ∈ M, 0 6= nx ⊥ TxM

il a démontré que toute géodésique fermée non dégénéréex0 : S1 → M est limite,
quandε > 0 tend vers0, d’une famille à un paramètreuε de solutions de l’équation
(15). En particulier, il n’y a aucune restriction sur le paramètreε. Dans le cas attractif

V ′′(x) (nx, nx) > 0 ∀x ∈ M , 0 6= nx ⊥ TxM
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la situation est radicalement différente étant donnée l’existence d’un phénomène de ré-
sonance et, sous des hypothèses techniques, A. Malchiodi a démontré l’existence d’une
suite(εk)k qui tend vers0 et une suite de solutions de l’équation (15) qui converge vers
x0 quandk tend vers+∞.

De même, J. Shatah et C. Zeng [38] ont considéré l’équation

Dtṗ + Πp (w′(p)) = 0 surM, (16)

où M est une sous variété de dimensionk plongée dansRm+1, Πp est la projection
orthogonale deTpR

m+1 surTpM etDt est la dérivée covariante surM dans la direction
de ṗ. Le problème est de démontrer que les solutions périodiques de l’équation (16)
sont des limites d’une suite de solutions périodiques de l’équation pénalisée :

ẍ + w′(x) +
1

ε2
G′(x) = 0 (17)

où cette fois cix est une courbe deRm+1 et où le potentiel de pénalisationG =
dist(·,M)2 au voisinage deM . J. Shatah et C. Zeng [38] ont montré qu’étant donnée
p0 une solution périodique non dégénérée de l’équation (16), il existe une suite(εk)k

qui tend vers0 et une suite de solutions périodiquesxk de l’équation (17) avecε = εk

qui converge versp0. Comme dans [22], l’existence des solutions ne peut pas être
prouvée pour toutε > 0 et ceci est expliqué par la présence d’un phénomène de
résonance correspondant à des valeurs deε pour lesquelles l’opérateur (17) linéarisé
enp0 admet un noyau non trivial. En effet, si on recherche formellement les solutions
de (17) comme perturbations des solutions de (16), i.e. des solutions de la forme

x = p0 + yt + yn

où p0 est solution de l’équation (16),yn et yt désignent des perturbations normales et
tangentes àM , l’opérateur linéarisé associé à (17), projeté sur le fibré normal s’écrit

L(yn) = ÿn + A(yn) +
1

ε2
yn

et les modes résonnants correspondent aux valeurs deε vérifiant

1

ε2
= λj

où lesλj sont les valeurs propres de l’opérateuryn 7−→ ÿn + A(yn).

Dans le domaine des perturbations singulières d’équations aux dérivées partielles
semi linéaires, A. Malchiodi et M. Montenegro [25] ont démontré un résultat de concen-
tration pour les équations de la forme :

−ε2 ∆u + u = up p ≥ 2 (18)

25



où la fonctionu est définie dans un domaine borné régulierΩ deR
n et vérifie∂νu = 0

sur le bord deΩ. Ils démontrent, pour une suiteεn → 0, l’existence d’une solution
positive qui se concentre le long de∂Ω [25], [26] ou bien le long d’une géodésique
non dégénérée de∂Ω [23]. Comme dans les résultats précédents, la construction n’est
possible que pour une suiteεn qui tend vers0 et pas pour toutε assez petit, ceci est
une fois de plus dû à la présence d’un phénomène de résonance.

Dans [7], M. Del Pino, M. Kowalczyk et J. Wei ont étudié l’existence de solutions
pour l’équation de Schrödinger non linéaire :

−i ε
∂ψ

∂t
= ε2 ∆ψ − Q(y) ψ + ψ |ψ|p (19)

dansR
2, où p > 1. Si l’on rechercheψ sous la formeψ(t, y) = exp (−i λ t/ε) u(y),

alorsu est solution de l’équation semi linéaire

ε2 ∆u − (Q(y) + λ) u + up = 0, u > 0, (20)

M. Del Pino, M. Kowalczyk et J. Wei ont démontré qu’étant donné une courbeΓ
stationnaire, non dégénérée relativement à la fonctionnelle

Γ −→
∫

Γ

V
p+1
p−1

− 1
2 dγ

et si Q + λ est une fonction uniformément positive, alors pour toutc > 0, il existe
ε0 > 0 et λ∗ > 0 telles que, pour toutε < ε0 vérifiant |ε2 j2 − λ∗| ≥ cε, ∀ j ∈ N,
l’équation (20) admet une solution positiveuε qui se concentre le long deΓ. Ce résultat
généralise un résultat partiel qui avait été obtenu par A. Ambrosetti, A. Malchiodi et
W.M. Ni [2] dans le cas des potentielsV ne dépendant que de la distance à l’origine.

0.1.4 Hypersurfaces de "type Delaunay" dans quelques variétés
Riemanniennes

Dans le chapitre 3, on s’intéresse à l’existence d’hypersurfaces de type Delaunay
dans quelques variétés Riemanniennes. Commençons par définir, pour toutm ≥ 2 le
paramètre

τm :=
1

m
(m − 1)

m−1
m

Il existe, dansRm+1, une famille à un paramètreSτ,ρ, avecρ > 0 et τ ∈ (0, τm],
d’hypersurfaces à courbure moyenne constante qui sont de révolution autour de l’axe
xm+1. Ces hypersurfaces généralisent en toute dimensionm ≥ 2 les surfaces de De-
launay [12]. On peut paramétrer ces hypersurfaces par

X(s, Θ) := ρ ( τ eσ(s) Θ, κ(s)),
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où (s, Θ) ∈ R × Sm−1. Lorsqueτ ∈ (0, τm), la fonctionσ est une solution non
constante de

(∂sσ)2 + τ 2(eσ + e(1−m)σ)2 = 1,

qui vérifieσ(0) < 0 et∂sσ(0) = 0 alors que la fonctionκ est définie par

∂sκ = τ 2eσ (eσ + e(1−m)σ),

avecκ(0) = 0. Lorsqueτ = τm les hypersurfaces correspondantes sont en fait des
cylindres droitsSm−1(m−1

m
ρ) × R, alors que, quandτ tend vers0, ces hypersurfaces

convergent vers une suite de sphères de rayonρ qui sont tangentes et centrées sur l’axe
xm+1. Ces hypersurfaces sont invariantes par rapport à un groupe discret de transla-
tions tτ em+1 Z le long de l’axexm+1 où tτ > 0 est la plus petite période verticale de
l’hypersurface.

On vérifie qu’il existe une fonction régulièreτ −→ c(τ) telle que

ρ1−m Hm
xSτ,ρ ⇀ c(τ)H1

xK, (21)

De plusc(τ) tend vers1
2
|Sm| quandτ tend vers0 et c(τm) = (m−1

m
)m−1 |Sm−1|.

L’objet de ce dernier chapitre est de démontrer l’existence d’hypersurfaces qui,
quand leur courbure moyenne tend vers+∞, se concentrent le long d’une géodésique
mais pour lesquelles (21) reste valable. Ces hypersurfaces généralisent dans les varié-
tés riemannienne les surfaces de Delaunay. Dans des cas particulier, les sphères, l’es-
pace hyperbolique, ... l’existence de ces hypersurfaces était déjà connue par d’autres
méthodes.

On suppose queK est une géodésique compacte de(Mm+1, g). On définie un
système de coordonnées dans un voisinage tubulaire deK pour lequel on suppose que
les coefficients de la métrique ne dépendent pas du point surK. C’est, par exemple, le
cas lorsqu’on considère les métriques de la formeg = A(x′) dx0 + gx′ surMm+1 =
S1 × Nm. On noteℓ la longueur deK. On suppose que la géodésiqueK estτ -non
dégénérée, c’est à dire que l’on suppose que l’opérateur

JτΦ := ∇2
E0

Φ + ατ R(Φ, X0) X0

défini sur le fibré normal àK est inversible. IciX0 est le vecteur unitaire tangent àK
et ατ ∈ R est une constante définie dans le §3 du Chapitre 3. Sous ces hypothèses,
nous avons obtenu le :

Theorem 0.1.5 On suppose queK est τ -non dégénérée. Il existe un ensemble fini
T ⊂ (0, τm) (T = ∅ lorsquem = 2) tel que, pour toutτ ∈ (0, τm)−T , il existeiτ ∈ N

tel que, pour touti ∈ N, i ≥ iτ , si nous définissonsρi > 0 par

i tτ ρi = ℓ
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alors, il existe une hypersurfaceΣτ,i dont la courbure moyenne est constante égale à
σ = 1

ρi
et telle que

ρ1−m
i Hm

x Στ,i ⇀ c(τ)H1
xK,

quandi tend vers+∞.

La constanteατ est une fonction continue enτ qui converge vers1 quandτ tend vers
τm et l’opérateur

Jτm
Φ := ∇2

E0
Φ + R(Φ, X0) X0

est n’est autre que l’opérateur de Jacobi associé àK. En particulier, toute géodésique
non dégénérée (au sens usuel) estτ -non dégénérée pourτ proche deτm.

Comme dans §3, nous considéronsΦ une section deNK etw une fonction définie
surSNK. Pourϕ etκ solutions de

(∂sϕ)2 + (ϕ2 + τm ϕ2−m)2 = ϕ2,

et
∂sκ = ϕ2 (1 + τm ϕ−m),

avecϕ(0) < τ , ∂sϕ(0) = 0 etκ(0) = 0, nous définissons (pour toutρ > 0 assez petit)
l’hypersurface de Delaunay perturbée :

G(s, x′) = ExpM
γ(ρ κ(s)) ( ρ (ϕ(s) − w(s, x′)) Θ(x′) − Φ(ρ κ(s)) )

et nous souhaitons déterminerw et Φ de telle sorte que sa courbure moyenne soit
constante. Cette fois ci, aucun phénomène de résonance n’apparaît. Néanmoins, une
difficulté supplémentaire surgit. En effet, l’opérateur de Jacobi associé à une hyper-
surface de Delaunay admet deux champs de Jacobi qui sont invariant par rotation. Un
premier champ de Jacobi est associé à la famille à 1-paramètre d’hypersurfaces à cour-
bure moyenne constante obtenue en translatant l’hypersurface de Delaunay le long de
son axe. Ce champ de Jacobi est périodique et une fois transporté dans notre contexte
Riemannien, il induit une valeur propre proche de0 pour l’opérateur linéarisé autour
de la solution approchée. C’est pour pouvoir s’affranchir de cette difficulté que nous
avons supposé que les coefficients de la métrique ne dépendaient pas du point surK.
Un second champ de Jacobi est associé à la famille à 1-paramètre d’hypersurfaces
à courbure moyenne constante obtenue en modifiant le paramètre de Delaunayτ , il
est obtenu en écrivant pourη assez petit l’hypersurface de DelaunaySη+τ comme un
graphe normal surSτ pour une fonctionwη et en différentiantwη par rapport àη en
η = 0 (c.f [12] pour plus de détails). Il est démontré dans [12] que ce champ de Jacobi
n’est en général pas périodique (i.e. ne peut être périodique que quandn ≥ 3 et pour
au plus un nombre fini de valeurs deτ ).

Ce résultat montre qu’il n’existe pas de résultat de quantification de l’énergie (la
densité de volume) pour les hypersurfaces à courbure moyenne constante.
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Ce résultat est à comparer aux résultats de quantification qui ont été obtenus pour
d’autres problèmes non linéaire comme les applications harmoniques en dimension
n ≥ 3 [17], les équations de Yang-Mills en dimensionn ≥ 5 [34].

29





Chapitre 1

Constant r-curvature hypersurfaces in
riemannian manifolds

Abstract In [42], Rugang Ye proved the existence of family of constant mean curva-
ture hypersurfaces in anm + 1-dimensional Riemannian manifold(Mm+1, g), which
concentrate at a pointp0 (which is required to be a nondegenerate critical point of
the scalar curvature), moreover he proved that this family constitute a foliation of a
neighborhood ofp0. In this chapter we extend this result to the other curvatures (the
r-th mean curvature for1 ≤ r ≤ m) and we give the expansion of them-dimensional
volume of the leaves of this foliation as well as them + 1-dimensional volume of the
sets enclosed by each leaf.

1.1 Introduction

Let S be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(Mm+1, g). The shape operatorAS is the symmetric endomorphism of
the tangent bundle ofS associated with the second fundamental form ofS, bS, by

bS(X, Y ) = gS(AS X,Y ), ∀X,Y ∈ TS; here gS = g|TS .

The eigenvaluesκi of the shape operatorAS are the principal curvatures of the hy-
persurfaceS. Ther-curvature ofS is define to be ther-th symmetric function of the
principal curvatures ofS, i.e.

σr(S) :=
∑

i1<...<ir

κi1 . . . κir .
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Hence, whenr = 1, σ1 is equal tom times the mean curvature ofS. When(Mm+1, g) =

(Rm+1, geucl) is the Euclidean space,σ2 is equal tom(m−1)
2

times the scalar curvature
of S andσm is equal to the Gauss-Kronecker curvature ofS. In this chapter we are in-
terested in the existence of hypersurfaces inMm+1 whoser-curvature is constant. Hy-
persurfaces with constant mean curvature, constant scalar curvature or constant Gauss-
Kronecker curvature in Euclidean space or space forms constitute an important class
of submanifolds. In Riemannian manifolds very few examples of constantr-curvature
hypersurfaces are known, except whenr = 1.

R. Ye [42], [43] has proved the existence of a local foliation by constant mean
curvature hypersurfaces which concentrate at a point (which is required to be a non-
degenerate critical point of the scalar curvature function). We extend the result and
methods of [42] to handle the caser = 2, . . . , m. No extra curvature hypotheses are
required. In particular, we prove the existence of foliations of a neighborhood of any
nondegenerate critical point of the scalar curvature of(Mm+1, g) by constant Gauss-
Kronecker or constant scalar curvature hypersurfaces. As in [42] the idea is to perturb
S̄ρ(p), a geodesic sphere with small radiusρ > 0 centered at a pointp. A simple com-
putation will show that̄Sρ(p) is close to being a constant r-curvature hypersurface asρ
tends to0 and in fact

σr(S̄ρ(p)) = Cr
m ρ−r + O(ρ−r+2),

In this note, we show that it is possible to perturbS̄ρ(p) for every small radius provided
p is close to a nondegenerate critical point of the scalar curvature ofM . The analysis
follows exactly the analysis performed in [42]. In fact, independently of the value ofr,
the linearizedr-curvature operator about the unit Euclidean sphere is always a multiple
of ∆Sm + m, the linearized mean curvature operator about the unit Euclidean sphere.
This implies that, as in [42], to perform the perturbation of a small geodesic sphere, one
has to overcome the problem of the existence of(m+1)-dimensional kernel of∆Sm +
m, kernel which is related to the invariance ofr-curvature with respect to the action of
isometries (in the case of the unit sphere, this kernel is only generated by translations).
This is where, as in [42] we use the fact that we are close to a nondegenerate critical
point of the scalar curvature of the ambient manifold.

Even if there is no additional difficulty to treat the general caser = 2, . . . , m, the
analysis of [42] is specific to treat the case of mean curvature and, unfortunately, can’t
be used to treat the general case. The main technical result of this note is a precise
expansion of geometric operators (first and second fundamental forms) for perturbed
geodesic sphere (see Proposition2.2.1, Proposition 2.3.1 and Proposition 2.3.3). We
believe that these expansions are of independent interest and can be used in many other
construction [24]. Our main result is :
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Theorem 1.1.1 Suppose thatp0 is a nondegenerate critical point of the scalar curva-
tureR of M . Then there existsρ0 > 0, such that for allρ ∈ (0, ρ0), the geodesic sphere
S̄ρ(p0) may be perturbed to a constantr-curvature hypersurfaceSρ with σr = Cr

m ρ−r.
Moreover theser-curvature hypersurfaces constitute a local foliation of a neighbo-
rhood ofp0.

The existence of the hypersurfaces is not so difficult and can be obtained rather easily.
The fact that they constitute a local foliation requires more work. The leavesSρ are
small perturbation of geodesic spheres in the sense thatSρ is a normal graph over
S̄ρ(p0) for some functionw̄ρ which is bounded by a constant timesρ2.

The hypersurfaceSρ is a small perturbation of̄Sρ(p0) in the sense that it is the
normal graph of some function (withL∞ norm bounded by a constant timesρ2) over
a geodesic sphere obtained centered at a point at distance bounded by a constant times
ρ2 of p0.

1.2 Expansion of the metric in geodesic normal coordi-
nates

We now introduce geodesic normal coordinates in a neighborhood of a pointp ∈
M . We choose an orthonormal basisEi, i = 1, . . . ,m + 1, of TpM .

Consider, in a neighborhood ofp in M , normal geodesic coordinates

F (x) := expM
p (xi Ei), x := (x1, . . . , xm+1),

whereexpM is the exponential map onM and summation over repeated indices is
understood. This yields the coordinate vector fieldsXi := F∗(∂xi

). As usual, the Fermi
coordinates above are defined so that the metric coefficients

gij = g(Xi, Xj)

equalδij atp. We now compute higher terms in the Taylor expansions of the functions
gij. The metric coefficients atq := F (x) are given in terms of geometric data atp :=
F (0) and|x| := (x2

1 + . . . + x2
m+1)

1/2.

Notation The symbolO(|x|r) indicates an analytic function such that it and its par-
tial derivatives of any order, with respect to the vector fieldsxj Xi, are bounded by a
constant times|x|r in some fixed neighborhood of0.

We now give the well known expansion for the metric in normal coordinates [39],
[16], [46], but we briefly recall the proof in the Appendix for completeness.
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Proposition 1.2.1 At the pointq = F (x), the following expansions hold

gij = δij +
1

3
g(R(Ek, Ei) Eℓ, Ej) xk xℓ+

1

6
g(∇Ek

R(Eℓ, Ei)Es, Ej) xk xℓ xs+O(|x|4)
(1.1)

where all curvature terms are evaluated atp.

1.3 Geometry of spheres

We derive expansions asρ tends to0 for the metric, second fundamental form and
mean curvature of the spherēSρ(p) and their perturbations.

Fix ρ > 0. We use a local parametrizationz → Θ(z) of Sm ⊂ TpM . Now define
the map

G(z) := F
(
ρ (1 − w(z)) Θ(z)

)
,

and denote its image bySρ(p, w), so in particularSρ(p, 0) = S̄ρ(p). Because of the
definition of these hypersurfaces using the exponential map, various vector fields we
shall use may be regarded either as fields alongSρ(p, w) or as vectors ofTpM . To help
allay this confusion, we write

Θ := Θj Ej Θi := ∂ziΘj Ej.

These are all vectors in the tangent spaceTpM . On the other hand, the vectors

Υ := Θj Xj Υi := ∂ziΘj Xj

lie in the tangent spaceTqM , whereq = F (z). For brevity, we also write

wj := ∂zjw, wij := ∂zi ∂zjw.

In terms of all this notation, the tangent space toSρ(w) at any point is spanned by
the vectors

Zj = G∗(∂zj) = ρ ((1 − w) Υj − wj Υ), j = 1, . . . ,m. (1.2)

1.3.1 Notation for error terms

The formulas for the various geometric quantities ofSρ(p, w) are potentially very
complicated, and so it is important to condense notation as much as possible. Fortuna-
tely, we do not need to know the full structure of all of these quantities. Because it is so
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fundamental, we have isolated the notational conventions we shall use in this separate
subsection.

Any expression of the formLj(w) denotes a linear combination of the functionsw
together with its derivatives with respect to the vector fieldsΘi up to orderj. The co-
efficients are assumed to be smooth functions onSm which are bounded by a constant
independent ofρ ∈ (0, 1) andp ∈ M , in C∞ topology.

Similarly, any expression of the formQj(w) denotes a nonlinear operator in the
functionsw together with its derivatives with respect to the vector fieldsΘi up to order
j. Again, the coefficients of the Taylor expansion of the corresponding differential
operator are smooth functions onSm which are bounded by a constant independent of
ρ ∈ (0, 1) andp ∈ M in the C∞ topology. In additionQj vanishes quadratically at
w = 0.

Finally, any term of the formLj
⋉Qk will denote any finite sum of the product of

a linear operatorsLj with nonlinear operatorsQk.

We also agree that any term denotedO(ρd) is a smooth function onSm which is
bounded by a constant (independent ofp) timesρd in theC∞ topology.

1.3.2 The first fundamental form

The next step is the computation of the coefficients of the first fundamental form
of Sρ(p, w). We setq := G(z) andp := G(0). We obtain directly from (3.2.4) that

g(Xi, Xj) = δij + 1
3
g(R(Θ, Ei) Θ, Ej) ρ2 (1 − w)2

+ 1
6
g(∇ΘR(Θ, Ei) Θ, Ej) ρ3 (1 − w)3

+ O(ρ4) + ρ4 L0(w) + ρ4 Q0(w).

(1.3)

where all the curvature terms are evaluated atp. Observe that we have

g(Υ, Υ) ≡ 1 g(Υ, Υj) ≡ 0

Using these expansions it is easy to obtain the expansion of the first fundamental form
of Sρ(p, w).
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Proposition 1.3.1 We have

ρ−2 (1 − w)−2 g(Zi, Zj) = g(Θi, Θj) + 1
3
g(R(Θ, Θi) Θ, Θj) ρ2 (1 − w)2

+ 1
6
g(∇ΘR(Θ, Θi) Θ, Θj) ρ3 (1 − w)3 + (1 − w)−2 wi wj

+ O(ρ4) + ρ4L0(w) + ρ4 Q0(w).
(1.4)

where all curvature terms are evaluated atp.

1.3.3 The normal vector field

Our next task is to understand the dependence onw of the unit normalN to Sρ(w).
Define the vector field

Ñ := −Υ + Aj Zj,

and choose the coefficientsAj so that thatÑ is orthogonal to all of theZi. This leads
to a linear system forAj.

∑

j

Aj g(Zj, Zi) = −ρwi

Observe that
g(Ñ , Ñ) = 1 + ρ

∑

j

Aj wj

The unit normal vector fieldN aboutSρ(p, w) is defined to be

N :=
Ñ

g(Ñ , Ñ)1/2
(1.5)

1.3.4 The second fundamental form

We now compute the second fundamental form. To simplify the computations be-
low, we henceforth assume that, at the pointΘ(z) ∈ Sm,

g(Θi, Θj) = δij and ∇Θi
Θj = 0, i, j = 1, . . . , m (1.6)

(where∇ is the connection onTSm−1).
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Proposition 1.3.2 The following expansions hold

−g(∇Zi
N, Zj) = ρ (1 − w) δij + ρwij + 2

3
g(R(Θ, Θi) Θ, Θj) ρ3 (1 − w)3

+ 5
12

g(∇ΘR(Θ, Θi) Θ, Θj) ρ4 (1 − w)4

− 1
3

(g(R(∇w, Θi) Θ, Θj) + g(R(Θ, Θi)∇w, Θj)) ρ3

+ O(ρ5) + ρ4 L1(w) + ρ Q1(w) + ρ L2(w) ⋉ Q1(w)
(1.7)

where as usual, all curvature terms are computed at the pointp.

Proof : We will first obtain the expansion ofg(∇Zi
Ñ , Zj). To this aim, we compute

−g(∇Zi
Ñ , Zj) = g(∇Zi

Υ, Zj) −
∑

k g(∇Zi
(Ak Zk), Zj)

= 1
1−w

g(∇Zi
((1 − w) Υ), Zj) + 1

1−w
wi g(Υ, Zj)

− ∑
k g(∇Zi

(Ak Zk), Zj)

= 1
1−w

g(∇Zi
((1 − w) Υ), Zj) − ρ

1−w
wi wj

− ∑
k g(∇Zi

(Ak Zk), Zj)

Now, recall that ∑

k

Ak g(Zk, Zj) = −ρwj

Hence ∑

k

g(∇Zi
(Ak Zk), Zj) = −ρwij −

∑

k

Ak g(Zk,∇Zi
Zj)

Using the fact that

2 g(Zk,∇Zi
Zj) = Zi g(Zk, Zj) + Zj g(Zk, Zi) − Zk g(Zi, Zj)

we conclude that

∑

k

g(∇Zi
(Ak Zk), Zj) = −ρwij−

1

2

∑

k

Ak (Zi g(Zk, Zj) + Zjg(Zk, Zi) − Zk g(Zi, Zj))

To analyze the term∇Zi
((1−w) Υ), let us revert for the moment and regardw as func-

tions of the coordinatesz and also considerρ as a variable instead of just a parameter.
Thus we consider

F̃ (ρ, z) = F
(
ρ(1 − w(z))Θ(z)

)
.
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The coordinate vector fieldsZj are still equal toF̃∗(∂zj
), but now we also have

Z0 := (1−w) Υ = F̃∗(∂ρ), which is the identity we wish to use below. Now, we write

g(∇Zi
((1 − w) Υ), Zj) + g(∇Zj

((1 − w) Υ), Zi) = g(∇Zi
Z0, Zj) + g(∇Zj

Z0, Zi)

= Z0 g(Zi, Zj)

Collecting the above we have obtained to formula

−g(∇Zi
Ñ , Zj) = 1

2(1−w)
Z0 g(Zi, Zj) − 1

1−w
ρ wi wj + ρwij

+ 1
2

∑
k Ak (Zi g(Zk, Zj) + Zj g(Zk, Zi) − Zk g(Zi, Zj))

We will now expand the first and last term in this expression.

If the coordinatesy are chosen so thatg(Θi, Θj) = δij at the point where we will
compute the shape form, we have, using the result of Proposition2.3.1,

1
2(1−w)

Z0 g(Zi, Zj) = ρ (1 − w) δij + 2
3
g(R(Θ, Θi) Θ, Θj) ρ3 (1 − w)3

+ 5
12

g(∇ΘR(Θ, Θi) Θ, Θj) ρ4 (1 − w)4 + 1
1−w

ρwi wj

+ O(ρ5) + ρ5 L0(w) + ρ5 Q0(w).

Using the same Proposition together with the fact that the coordinatesy are chosen so
that∇̄Θi

Θj = 0 at the point where we will compute the shape form, we also have

Zi g(Zk, Zj) + Zj g(Zk, Zi) − Zk g(Zi, Zj) =

2
3

(g(R(Θk, Θi) Θj, Θ) + g(R(Θk, Θi) Θj, Θ)) ρ4

+O(ρ5) + ρ2 L1(w) + ρ2 Q1(w) + ρ2 L2(w) ⋉ L1(w)

If the coordinatesy are chosen so thatg(Θi, Θj) = δij at the point where we will
compute the shape form, we have the expansion

Ak = − wk

ρ(1 − w)2
+ ρL1(w) + ρQ1(w)

collecting the above estimates, we conclude that

−g(∇Zi
Ñ , Zj) = ρ (1 − w) δij + ρwij + 2

3
g(R(Θ, Θi) Θ, Θj) ρ3 (1 − w)3

+ 5
12

g(∇ΘR(Θ, Θi) Θ, Θj) ρ4 (1 − w)4

− 1
3

(g(R(Θk, Θi) Θ, Θj) + g(R(Θ, Θi) Θk, Θj)) ρ3 wk

+ O(ρ5) + ρ4 L1(w) + ρQ1(w) + ρL2(w) ⋉ Q1(w)

It remains to observe that

g(Ñ , Ñ)−1/2 = 1 + Q1(w)

This finishes the proof of the estimate. �
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1.3.5 The shape operator of perturbed surfaces

Collecting the estimates of the last subsection we obtain the expansion of the shape
operator of the hypersurfaceSρ(p, w). In the coordinate system defined in the previous
sections, we get

Proposition 1.3.3 Under the previous hypothesis, the shape operator of the hypersur-
faceSρ(p, w) is given by

ρAij(w) = (1 + w) δij + wij + 1
3
g(R(Θ, Θi) Θ, Θj) ρ2 + 1

4
g(∇ΘR(Θ, Θi) Θ, Θj) ρ3

− 1
3

[ g(R(Θ, Θi) Θ, Θj) w + (g(R(Θk, Θi) Θ, Θj) + g(R(Θ, Θi) Θk, Θj)) wk

+g(R(Θ, Θi), Θ, Θk) wkj] ρ2

+ O(ρ4) + ρ3 L2(w) + Q1(w) + L2(w) ⋉ L0(w) + L2(w) ⋉ Q1(w).
(1.8)

where all curvature terms are computed at the pointp.

1.4 Ther-curvature of the perturbed sphere

Given any symmetric matrixA, and anyr = 0, . . . , m, we define

σr(A) :=
∑

i1<...<ir

λi1 . . . λir .

whereλ1, . . . , λm are the eigenvalues ofA. Ther-th Newton transform ofA is defined
by

Tr(A) := σr(A) I − σr−1(A) A + · · · + (−1)r Ar.

with Tm(A) = 0. Now suppose thatA = A(t) depends smoothly on a parametert, it
is proved in [33] that

d

dt
σr(A) = Tr

(
Tr−1(A)

d

dt
A

)
(1.9)

From this computation, it follows at once that, given anym×m symmetric matrixH,

σr(I + H) = Cr
m + Cr−1

m−1 Tr(H) + O(|H|2)
Using this together with the previous expansion of the shape operator, it is not hard to
check that ther-curvature of the hypersurfaceSρ(p, w) can be expanded as

ρr σr(Sρ(p, w)) = Cr
m + Cr−1

m−1

[
(∆Sm + m) w − 1

3
Ric(Θ, Θ) ρ2 − 1

4
∇ΘRic(Θ, Θ) ρ3

+ 1
3

(Ric(Θ, Θ) + 2 Ric(∇·, Θ) − g(R(Θ,∇·)Θ,∇·)) w ρ2

+ O(ρ4) + ρ3 L2(w) + Q1(w) + L2(w) ⋉ L0(w) + L2(w) ⋉ Q1(w)]
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where as usual, all curvature terms are computed atp. Here we have defined

Ric(∇·, Θ) := Ric(ei, Θ) ei

and
g(R(Θ,∇·), Θ,∇·) := g(R(Θ, ei), Θ, ej) ei ej

if e1, . . . , em is an orthonormal frame field ofTq̄S
m satisfying∇̄ei

ej = 0 at the point
q̄ ∈ Sm where these expressions are computed. It will be convenient to set

L :=
1

3
(Ric(Θ, Θ) + 2 Ric(∇, Θ) − g(R(Θ,∇), Θ,∇))

Now observe that a similar expansion is valid in Euclidean space and in this case
the expansion ofρ−r σr(p, w) does not depend onρ (nor onp). This means that the
nonlinear operator

Q2 := Q1 + L2
⋉ L0 + L2

⋉ Q1

can be decomposed into its value in Euclidean space and a similar operator all of whose
coefficients are bounded byρ. This fact can also be recovered by going through all the
above expansions. Therefore, we can write

Q2 = Q2
e + ρQ2

r

whereQ2
e is the corresponding nonlinear operator when the metric is Euclidean and

hence it does not depend onρ ; while ρQ2
r denotes the discrepancy induced by the

curvature of the metricg onM . BothQ2
e andQ2

r satisfy the usual properties.

1.5 Existence of foliations by constantr-curvature hy-
persurfaces

Assume that we are givenp0 ∈ M , a nondegenerate critical point of the scalar
curvatureR onM . We would like to find a small functionw ∈ C2,α(Sm) and a pointp
close top0 such that

σr(Sρ(p, w)) = Cr
m ρ−r

In view of the previous expansion, this amount to solve the nonlinear equation

(∆Sm + m) w =
1

3
Ric(Θ, Θ) ρ2 +

1

4
∇ΘRic(Θ, Θ) ρ3 −O(ρ4)

− ρ2 Lw − ρ3 L2(w) − Q2(w)

(1.10)
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We denote byΠ andΠ⊥ theL2-orthogonal projections ofL2(Sm) onto Ker(∆Sm +
m) and Ker(∆Sm + m)⊥, respectively. Recall that the kernel of∆Sm + m is spanned
by ϕi, for i = 1, . . . , m + 1, the restriction to the unit sphere ofxi, the coordinates
functions inR

m+1.

First fixed point argument From now on, we assume that the functionw ∈
C2,α(Sm) is L2-orthogonal to Ker(∆Sm + m) and we project the equation (1.10) over
Ker(∆Sm + m)⊥. We obtain

(∆Sm + m) w = Π⊥ [
1
3

Ric(Θ, Θ) ρ2 + 1
4
∇ΘRic(Θ, Θ) ρ3 −O(ρ4)

−ρ2 Lw − ρ3 L2(w) − Q2(w)]

We definew0 ∈ Ker(∆Sm + m)⊥ to be the unique solution of

(∆Sm + m) w0 =
1

3
Ric(Θ, Θ) (1.11)

sinceΠ⊥ (Ric(Θ, Θ)) = Ric(Θ, Θ). Similarly, we definew1 ∈ Ker(∆Sm + m)⊥ to be
the unique solution of

(∆Sm + m) w1 =
1

4
Π⊥ [∇ΘRic(Θ, Θ)]

It is easy to rephrase the solvability of the nonlinear equation (1.10) as a fixed point
problem since the operator∆Sm +m is invertible from the space ofC2,α(Sm) functions
which areL2-orthogonal to Ker(∆Sm +m) into the space ofC0,α(Sm) functions which
areL2-orthogonal to Ker(∆Sm + m). We writew := ρ2 w0 + ρ3 w1 + ρ4 v, so that it
remains to solve an equation which can be written for short as

(∆Sm + m) v = −O(1) − ρ−2 Lw − ρ−1 L2(w) − ρ−4 Q2(w)

Applying a standard fixed point theorem for contraction mappings, it is easy to check
that there exists a constantκ > 0, which is independent of the choice of the point
p ∈ M , such that there exists a unique fixed point in ball of radiusκ in C2,α(Sm),
providedρ is chosen small enough, sayρ ∈ (0, ρ0). We denote byvp this solution and
define

wp := ρ2 w0 + ρ3 w1 + ρ4 vp.

It is easy to check that, reducing the value ofρ0 if this is necessary,

‖wp − wp′‖C2,α(Sm) ≤ c ρ2 dist(p, p′), (1.12)

for some constantc which does not depend onρ ∈ (0, ρ0) nor onp or p′. In addition,
the mapping

(ρ, p) ∈ (0, ρ0) × M −→ wp ∈ C2,α(Sm)
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is smooth and
‖Dpwp‖C2,α(Sm) + ρ ‖∂ρwp‖C2,α(Sm) ≤ c ρ2

for some constantc which does not depend onρ ∈ (0, ρ0) nor onp.

Second fixed point argumentIt now remains to project the equation (1.10) where
w has been replaced bywp, over Ker(∆Sm + m). To this aim, we recall the nice and
key observation from [42].

The problem is to compute theL2-projection of the quantityg(∇ΘR(Θ, Θi) Θ, Θj)
over the kernel of the operator∆Sm + m. This amounts to compute, for anyn =
1, . . . ,m + 1, the quantity

Bn :=
∑

i,j,k,ℓ

g(∇Ej
R(Ei, Ek)Ei, Eℓ)

∫

Sm

xj xk xℓ xn

Now to evaluate this quantity, simply use the fact that the integral vanishes unless all
indices are all equal or constitute two pairs of equal indices. Using this, together with
the symmetries of the curvature tensor which imply thatR(E, E) = 0, we obtain

Bn = g(∇En
R(Ei, En)Ei, En)

(∫
Sm x4

1 − 3
∫

Sm x2
1 x2

2

)

+ g(∇En
R(Ei, Ej)Ei + 2∇Ej

R(Ei, En)Ei, Ej)
∫

Sm x2
1 x2

2

Now, use second Bianchi identity

g(∇En
R(Ei, Ej)Ei, Ej) = 2 g(∇Ej

R(Ei, En)Ei, Ej)

together with the fact that
∫

Sm

x4
1 = 3

∫

Sm

x2
1 x2

2 =
3

(n + 3)

∫

Sm

x2
1

To conclude that

Π (g(∇ΘR(Θ, Θi) Θ, Θj)) = − 1

m + 3
g(∇R, xi Ei)

whereR denotes the scalar curvature function, computed atp.

Therefore, the projection of the equation (1.10) over Ker(∆Sm + m) yields

g(∇R, xi Ei) = Vp

where we have defined

Vp := 4 (m + 3) Π
[
ρ−3 O(ρ4) + ρ−1 Lwp + L2(wp) + ρ−3 Q2(wp)

]
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Now, using the fact thatp0 is a nondegenerate critical point of the scalar curvature, we
conclude easily (applying for example a topological degree argument) that there exists
p close top0 satisfying (1.12) providedρ is close enough to0. This gives the existence
of constantr-curvature leaves for allρ small enough, unfortunately it follows from
(2.10) that the pointp is at most at distance a constant timesρ from p0 and this is not
enough to show that the constantr-curvature leaves form a foliation of a neighborhood
of p0.

To improve this estimate, many observations are due. First, observe that we can
decomposeO(ρ4) into the sum of two functions, one of which is homogeneous of
degree4 (in the coordinate functionsxi) and the other one which is bounded by a
constant timesρ5. TheL2-projection of the homogeneous function of degree4 is equal
to 0 since this homogeneous function is invariant under the change of coordinatesΘ
into−Θ. Hence we conclude that

|Π (O(ρ4))| ≤ c ρ5

Similarly, observe thatw0 and henceLw0 are invariant under the changeΘ into −Θ
and hence theL2 projection ofLw0 over Ker(∆Sm + m) again identically equal to0.
Therefore, we conclude that

|Π (Lwp)| ≤ c ρ3

Finally, we use the observation at the end of §4. Since the nonlinear operatorQ2
e

preserves functions which are invariant under the action of−I, we conclude that
Π(Q2

e(ρ
2 w0)) = 0 and hence

|Π(Q2(wp))| ≤ c ρ5

These precise estimates imply that,

|Vp| ≤ c ρ2

for some constant which does not depend onp nor onρ. With slightly more work, we
get using similar arguments that

|Π (Vp − Vp′) | ≤ c ρ2 dist(p, p′) (1.13)

Now, for all ρ small enough, we can find a solution of (1.10) using a fixed point ar-
gument for contraction mapping, in the geodesic ball of radius2 ρ2 centered at any
nondegenerate critical point ofR. Moreover, the solutionpρ depends smoothly onρ
and

|∂ρpρ| ≤ c ρ

This later fact, together with (1.13) shows that the solutions constitute a local foliation.
This completes the proof of the main result.
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Having derived such precise estimates, we can compute the expansion of them-
dimensional volume of the leaves of the foliation as well as the(m + 1)-dimensional
volume enclosed by each leaf.

Proposition 1.5.1 For all ρ small enough the following expansions hold for them-
dimensional volume ofSρ

Volm(Sρ) = ρm Volm(Sm)

(
1 − 1

2(m + 1)
R ρ2 + O(ρ4)

)

and the(m + 1)-dimensional volume of the setBρ enclosed bySρ and containing the
pointp0

Volm+1(Bρ) =
1

m + 1
ρm+1 Volm(Sm)

(
1 − m + 2

2m(m + 3)
R ρ2 + O(ρ4)

)

where the scalar curvature is computed atp0, a nondegenerate critical point ofR.

Proof : Integrating (1.11) overSm we find

m

∫

Sm

w0 =
1

3

∫

Sm

Ric(Θ, Θ)

Now, plugging the expansion ofwp into the expression of the first fundamental form
given in Proposition 2.3.1, we find the expansion ofh the induced metric onSρ

ρ−2 hij = (1 − 2ρ2w0 − 2ρ3w1)δij +
1

3
g(R(Θ, Θi) Θ, Θj) ρ2

+
1

6
g(∇ΘR(Θ, Θi) Θ, Θj) ρ3 + O(ρ4)

(1.14)

This implies that

ρ−m
√
|h| = 1−mρ2 w0 −mρ3 w1 −

1

6
Ric(Θ, Θ) ρ2 − 1

12
∇ΘRic(Θ, Θ) ρ3 +O(ρ4)

The first estimate follows from integrating this expansion using the fact that the integral
of w1 and the integral∇ΘRic(Θ, Θ) overSm vanish together with the fact that

∫

Sm

Ric(Θ, Θ) =
1

m + 1
Volm(Sm)R.

Next, we consider polar geodesic normal coordinates(r, Θ) centered atpρ. In these
coordinates the metricg expanded as

r−2 gij = δij +
1

3
g(R(Θ, Θi) Θ, Θj) r2 +

1

6
g(∇ΘR(Θ, Θi) Θ, Θj) r3 +O(r4). (1.15)
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then, the volume form can be expanded as

r−m
√

|g| = 1 − 1

6
Ric(Θ, Θ) r2 − 1

12
∇ΘRic(Θ, Θ) r3 + O(r4).

Integration over the setr ≤ ρ (1 − wp) give

Volm+1(Bρ) =

∫ ∫

r≤ρ (1−wp)

rm

(
1 − 1

6
Ric(Θ, Θ) r2 − 1

12
∇ΘRic(Θ, Θ) r3 + O(r4)

)

=
1

m + 1
ρm+1

∫

Sm

( 1 − (m + 1)ρ2 w0 ) + O(ρm+5)

− 1

6

1

m + 3
ρm+3

∫

Sm

( 1 − (m + 3)ρ2 w0 ) Ric(Θ, Θ)

=
1

m + 1
ρm+1 Volm(Sm) − ρm+3

∫

Sm

w0 −
1

6

ρm+3

m + 3

∫

Sm

Ric(Θ, Θ)

+ O(ρm+5)

=
1

m + 1
ρm+1 Volm(Sm) − (

1

3m
+

1

6

1

m + 3
)ρm+3

∫

Sm

Ric(Θ, Θ)

+ O(ρm+5)

=
1

m + 1
ρm+1 Volm(Sm)

(
1 − m + 2

2m(m + 3)
R ρ2 + O(ρ4)

)

This gives the second estimate. �

1.6 Appendix : proof of Proposition 2.2.1

The curves → expM
p (sE) is a geodesic. Therefore, ifX is the unit tangent vector

to the curve we have∇XX = 0. Hence we also have(∇X)nX = 0 for all n ≥ 1. In
particular, we have, atp,

(∇E)nE = 0

for all E ∈ TpM and for alln ≥ 1.

Observe thatXa are coordinate vector fields hence

∇Xa
Xb = ∇Xb

Xa
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TakingE = Ea + εEb and looking for the coefficient ofε in ∇EE = 0, we get

∇Ea
Eb = 0

Looking at the coefficient ofε in ∇2
EE = 0, we get

2∇2
Ea

Eb + ∇Eb
∇Ea

Ea = 0 (1.16)

Finally, looking at the coefficient ofε in ∇3
EE = 0, we get

2∇3
Ea

Eb + (∇Eb
∇Ea

+ ∇Ea
∇Eb

)∇Ea
Ea = 0 (1.17)

Recall that, by definition

∇X ∇Y := R(X, Y ) + ∇Y ∇X + ∇[X,Y ]

Hence, ifX andY are coordinate vector fields we simply have

∇X ∇Y X := R(X,Y )X + ∇Y ∇X X, (1.18)

We also have

∇Y ∇X ∇Y X := ∇Y R(X, Y )X + R(∇Y X,Y )X + R(X,∇Y Y )X

+ R(X,Y )∇Y X + ∇2
Y ∇XX + ∇Y ∇[X,Y ]X

(1.19)

Now use (1.16) and (1.18) to obtain

3∇2
Ea

Eb = R(Ea, Eb) Ea, (1.20)

Similarly, use (1.17) and (1.19) to obtain

2∇3
Ea

Eb + R(Eb, Ea)∇Ea
Ea + 2∇Ea

∇Eb
∇Ea

Ea = 0 (1.21)

Since∇Ea
Eb = 0, we get

2∇3
Ea

Eb + 2∇Ea
∇Eb

∇Ea
Ea = 0

Using this, we conclude that

2∇3
Ea

Eb = −2∇Ea
∇Eb

∇Ea
Ea = −2∇Ea

(R(Eb, Ea) Ea + ∇Ea
∇Ea

Eb)

= −2∇Ea
(R(Eb, Ea) Ea) − 2∇3

Ea
Eb

Hence
2∇3

Ea
Eb = −∇Ea

R(Eb, Ea) Ea (1.22)
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Now, we have
Xc gab = g(∇Xc

Xa, Xb) + g(Xa,∇Xc
Xb),

and we getXc gab|p = 0. This yields the first order Taylor expansion

gab = δab + O(|x|2),

To compute the second order terms, it suffices to computeX2
c gab atp and polarize. We

compute

X2
c gab = g(∇2

Xc
Xa, Xb) + g(Xa,∇2

Xc
Xb) + 2 g(∇Xc

Xa,∇Xc
Xb)

Using (1.21) we get

X2
c gab

∣∣
p

=
2

3
g(R(Ec, Ea) Ec, Eb).

The formula for the second order Taylor coefficient forgab now follows at once.

Similarly, we compute

X3
c gab

∣∣
p

= g(∇3
Xc

Xa, Xb)+3g(∇2
Xc

Xa,∇Xc
Xb)+3g(∇Xc

Xa,∇2
Xc

Xb)+g(Xa,∇3
Xc

Xb)

and using (1.22) this gives

X3
c gab

∣∣
p

= g(∇Ec
R(Ea, Ec) Eb, Ec).

the formula for the second order Taylor expansion forgab holds at once. �
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Chapitre 2

Constant r-curvature hypersurfaces
condensing along a submanifold

Abstract We are interested in families of constantr-curvature hypersurfaces, withr-
curvature varying from one member of the family to another, which ‘condense’ to a
submanifoldKk ⊂ Mm+1 of codimension greater than1. Two cases have been studied
previously : R. Ye proved the existence of a local foliation by constant mean curvature
hypersurfaces whenK is a point (which is required to be a nondegenerate critical point
of the scalar curvature function) ; in [28], R. Mazzeo and F. Pacard proved the existence
of a lamination whenK is a nondegenerate geodesic. In this chapter we extend this last
result to handle the general case, whenK is an arbitrary nondegenerate minimal sub-
manifold. In particular, this proves the existence of constantr-curvature hypersurfaces
with nontrivial topology in any Riemannian manifold. This new approach is inspired
by some recent work of A. Malchiodi and M. Montenegro in the contex of semilinear
elliptic partial differential equations.

2.1 Introduction

Let S be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(Mm+1, g). The shape operatorAS is the symmetric endomorphism of
the tangent bundle ofS associated with the second fundamental form ofS, bS, by

bS(X, Y ) = gS(AS X,Y ), ∀X,Y ∈ TS; here gS = g|TS .

The eigenvaluesκi of the shape formAS are the principal curvatures of the hyper-
surfaceS. We define ther-curvature ofS to be ther-th symmetric function of the
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principal curvatures ofS, i.e.

σr(S) :=
∑

i1<...<ir

κi1 . . . κir

Observe that whenr = 1, σ1(S) is equal tom timesH (the mean curvature ofS) and
when(Mm+1, g) is the Euclidean space(Rm+1, geucl), σ2(Σ) is equal tom(m−1)

2
times

the scalar curvature ofS andσm is equal to the Gauss-Kronecker curvature ofS.

In this chapter we are interested in families of constantr-curvature hypersurfaces,
with r-curvature varying from one member of the family to another, which ‘condense’
to a submanifoldKk ⊂ Mm+1 of codimension greater than1. Under fairly reasonable
geometric assumptions [28], the existence of such a family implies thatK is minimal.
Two cases have been studied previously : Ye [42], [43] proved the existence of a lo-
cal foliation by constant mean curvature hypersurfaces whenK is a point (which is
required to be a nondegenerate critical point of the scalar curvature function) ; more
recently, the second and third authors [28] proved existence of a closed lamination by
constant mean curvature hypersurfaces in a neighborhood ofK, whenK is a nondege-
nerate geodesic. In this chapter we extend the result and methods of [28] to handle the
general case, whenK is an arbitrary nondegenerate minimal submanifold. No extra
curvature hypotheses are required. In particular, this proves the existence of constant
r-curvature hypersurfaces with nontrivial topology in any Riemannian manifold.

Let us describe our result in more detail. LetKk be a closed (possibly immersed)
submanifold inMm+1, 1 ≤ k ≤ m− 1, and define the geodesic tube of radiusρ about
K by

S̄ρ := {q ∈ Mm+1 : distg(q,K) = ρ}.
This is a smooth (immersed) hypersurface providedρ is smaller than the radius of
curvature ofK, and we henceforth always tacitly assume that this is the case. The
r-curvature of this tube satisfies

σr(Sρ(K)) = Cr
n−1 ρ−r + O(ρ−r) as ρ ց 0, (2.1)

wheren = m + 1 − k and hence it is plausible that we might be able to perturb this
tube to a constantr-curvature hypersurface withσr ≡ Cr

n−1 ρ−r. This is not quite true
since ther-curvature ofS̄ρ is not sufficiently close to being constant, but whenK is
minimal there is a better estimate

σr(Sρ(K)) = Cr
n−1 ρ−r + O(ρ1−r) as ρ ց 0,

Even in this case, there are other more subtle obstructions to carrying out this procedure
at certain radiiρ related to eigenvalues of the linearized mean curvature operator onS̄ρ,
which in turn are related to a genuine bifurcation phenomenon, at least whenk = 1,
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[28]. Thus we do not obtain existence of the constantr-curvature perturbation for every
small radius.

In the case of the mean curvature (i.e ofH), our main result is :

Theorem 2.1.1 Suppose thatKk is a nondegenerate closed minimal submanifold1 ≤
k ≤ m−1. Then there existsI ⊂ (0, +∞), countable union of disjoint nonempty open
intervals, such that for allρ ∈ I, the geodesic tubēSρ may be perturbed to a constant
mean curvature hypersurfaceSρ with H = n−1

m
ρ−1. Moreover, for anyq ≥ 2 there

exists acq > 0 such that

|H1((0, ρ) ∩ I) − ρ| ≤ cq ρq,

whereH1 denotes the1-dimensional Hausdorff measure.

The nondegeneracy condition onK is simply that the linearized mean curvature
operator, also called the Jacobi operator, is invertible ; this restriction is quite mild and
holds generically [45]. As noted above, this result was already known whenk = 0, 1,
but the casek > 1 requires a more complicated analysis. This new approach is inspired
by some recent work of Malchiodi and Montenegro in a somewhat different context
[26], [23]. Let is also mention the related work of Shatah and Zeng on the existence of
periodic solutions for some penalized Hamiltonian system [38].

The hypersurfaceSρ is a small perturbation of̄Sρ in the sense that it is the nor-
mal graph of some function (withL∞ norm bounded by a constant timesρ3) over a
submanifold obtained by ‘translating’K by a section of its normal bundle (withL∞

norm bounded by a constant timesρ2) ; we refer to §3.1 for the precise formulation of
the construction ofSρ. WhenK is embedded, then so are the hypersurfacesSρ for ρ
sufficiently small. In addition, the closure of the union of the hypersurfaces in each of
the families{Sρ}ρ∈Ii

constitutes a local lamination of some annular neighborhood of
K.

That the construction fails for certain values ofρ is related to a bifurcation pheno-
menon. Whenk = 1 the families of surfaces which bifurcate off are (perturbations of)
Delaunay unduloids [19] ; however, whenk ≥ 2, this bifurcation is only known to exist
in special cases, and the geometry of the surfaces in the putative bifurcating branches
is less clear. In any case, such bifurcations are inherent to the problem and occur also
in [25] and in many other situations. Furthermore, the index of the hypersurfacesSρ,
ρ ∈ I, tends to+∞ asρ → 0.

One way to describe the behavior ofSρ asρ tends to0 is to consider the associated
area and curvature densities ofSρ asρ tends to0 ; these quantities, properly rescaled,
are extremely close to the corresponding quantities forS̄ρ, which in turn satisfy

ρk−m Hm
x S̄ρ ⇀ ωm−k Hk

x K, (2.2)
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and, for allq ≥ 1,

ρk−m+q |AS̄ρ
|q Hm

x S̄ρ ⇀ (m − k)q/2 ωm−k Hk
x K, (2.3)

asρ ց 0. Here|AS|2 := Tr((AS)t AS) is the norm squared of the shape operator. From
the explicit estimates in the construction ofSρ one can deduce that (2.2) and (2.3) also
hold whenS̄ρ is replaced bySρ.

One can ask whether (2.2) and (2.3) hold for any family of constant mean curvature
hypersurfaces which condense alongK. It turns out that this is not the case : families
of constant mean curvature hypersurfaces condensing along a nondegenerate geodesic
which do not satisfy (2.2) are constructed in [19]. In another direction, it is plausible
that one should be able to construct families of constant mean curvature hypersurfaces
which condense along lower dimensional sets which are still minimal in an appropriate
sense, but with singularities, for example a Steiner tree with geodesic edges. A simple
example of this is whenSρ is obtained by homothetically rescaling a fixed Delaunay
trinoid in R

3. The limit then is a union of three rays meeting at a common vertex,
each ray having an associated density coming from the limiting Delaunay necksize on
that end ; each ray is minimal, of course, and, for the construction to hold the entire
configuration has to be ‘balanced’ in the sense that the weighted sum of the vectors
along the rays vanishes.

Keeping these various phenomena in mind, it is an interesting problem to prove
whether our main result has a suitable converse, or if it is possible to characterize the
possible condensation sets of such families of constant mean curvature hypersurfaces.
Let us mention the following results by Rosenberg in this direction :

Theorem 2.1.2 [36] There exists a constantH0 > 0 only depending on the geometry
of (M, g) such that, ifS is an embedded constant mean curvature hypersurface with
mean curvature greater thanH0 thenS is homologically trivial. Moreover, the distance
from any pointp in the mean convex part ofM − S andS is bounded byc/H, where
c > 0 only depends on the geometry of(M, g).

In the next section we calculate the asymptotic expansion of the metric onM in Fermi
coordinates aroundK ; this is applied in the (quite technical) §3 to derive the expan-
sions of various geometric quantities for the tubesS̄ρ and their perturbations. This is
used in §4 to obtain the expression for the mean curvature of the perturbed tubes, which
gives us the equation which must be solved. An iteration scheme is introduced in §5
which allows us to find a preliminary perturbation for which the error term is much
better, and estimates for the gaps in the spectrum of the linearization are obtained in
§6 ; finally, the existence of the constant mean curvature hypersurfacesSρ is obtained
in §7.
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2.2 Expansion of the metric in Fermi coordinates near
K

2.2.1 Fermi coordinates

We now introduce Fermi coordinates in a neighborhood ofK. For a givenp ∈ K,
there is a natural splitting

TpM = TpK ⊕ NpK.

Choose orthonormal basesEa, a = n + 1, . . . , m + 1, for TpK, andEi, i = 1, . . . , n,
of NpK.

Notation : We shall always use the convention that indicesa, b, c, d, . . . ∈ {n +
1, . . . , m+1}, indicesi, j, k, ℓ, . . . ∈ {1, . . . , n} and indicesα, β, γ, . . . ∈ {1, . . . ,m+
1}.

Consider, in a neighborhood ofp in K, normal geodesic coordinates

f(y) := expK
p (ya Ea), y := (yn+1, . . . , ym+1),

whereexpK is the exponential map onK and summation over repeated indices is
understood. This yields the coordinate vector fieldsXa := f∗(∂ya). For anyE ∈ TpK,
the curve

s −→ γE(s) := expK
p (sE),

is a geodesic inK, so that
∇Xa

Xb|p ∈ NpK.

We define the numbersΓi
ab by

∇Xa
Xb|p = Γi

ab Ei.

Now extend theEi along eachγE(s) so that they are parallel with respect to the
induced connection on the normal bundleNK. This yields an orthonormal frame field
Xi for NK in a neighborhood ofp in K which satisfies

∇Xa
Xi|p ∈ TpK,

and hence defines coefficientsΓb
ai by

∇Xa
Xi|p = Γb

ai Eb.
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A coordinate system in a neighborhood ofp in M is now defined by

F (x, y) := expM
f(y)(x

i Xi), (x, y) := (x1, . . . , xn, yn+1, . . . , ym+1),

with corresponding coordinate vector fields

Xi := F∗(∂xi) and Xa := F∗(∂ya).

By construction,Xα |p = Eα.

2.2.2 Taylor expansion of the metric

As usual, the Fermi coordinates above are defined so that the metric coefficients

gαβ = g(Xα, Xβ),

equalδαβ at p ; furthermore,g(Xb, Xi) = 0 in some neighborhood ofp in K. This
implies that

Xa g(Xb, Xi) = g(∇Xa
Xb, Xi) + g(Xb,∇Xa

Xi) = 0,

onK, which yields the identity

Γi
ab + Γb

ai = 0. (2.4)

atp.

Denote byΓb
a : NpK −→ R the linear form

Γb
a(·) := g(∇Ea

Eb, ·) = −g(∇Ea
·, Eb). (2.5)

We now compute higher terms in the Taylor expansions of the functionsgαβ. The
metric coefficients atq := F (x, 0) are given in terms of geometric data atp := F (0, 0)
and|x| = distg(p, q).

Notation The symbolO(|x|r) indicates a function such that it and its partial derivatives
of any order, with respect to the vector fieldsXa andxi Xj, are bounded byc |x|r in
some fixed neighborhood of0.

We begin with the expansion of the covariant derivative :

Lemma 2.2.1 At the point ofq = F (x, 0), the following expansions hold

∇Xi
Xj = O(|x|)Xγ,

∇Xa
Xb = Γb

a(Ei) Xi + O(|x|)Xγ,

∇Xa
Xi = ∇Xi

Xa = −Γb
a(Ei) Xb + O(|x|)γ Xγ,

(2.6)
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Proof : Observe that, because we are using coordinate vector fields,∇Xα
Xβ = ∇Xβ

Xα

for anyα, β. We also have∇Xi
Xj |p = 0 since anyX ∈ NpK is tangent to the geode-

sic s −→ expM
p (sX), and hence

∇Xi+Xj
(Xi + Xj)

∣∣
p

= 0.

Therefore
(∇Xi

Xj + ∇Xj
Xi)

∣∣
p

= 0,

and this completes the proof of the first estimate.

We have by construction

∇Xa
Xb = Γi

ab Xi + O(|x|) Xγ ,

and
∇Xa

Xi = ∇Xi
Xa = Γb

ai Xb + O(|x|) Xγ .

The next two estimates follow from the definition ofΓb
a and (2.4). �

We now give the expansion of the metric coefficients. The expansion of thegij,
i, j = 1, . . . , n, agrees with the well known expansion for the metric in normal coordi-
nates [39], [16], [46], but we briefly recall the proof here for completeness.

Proposition 2.2.1 At the pointq = F (x, 0), the following expansions hold

gij = δij + 1
3
g(R(Ek, Ei) Eℓ, Ej) xk xℓ + O(|x|3),

gai = O(|x|2),
gab = δab − 2 Γb

a(Ei) xi +
[
g(R(Ek, Ea) Eℓ, Eb) + Γc

a(Ek) Γb
c(Eℓ)

]
xk xℓ + O(|x|3),

(2.7)
where summation over repeated indices is understood.

Proof : By construction,gαβ = δαβ atp, and so

gαβ = δαβ + O(|x|).

Now, from
Xi gαβ = g(∇Xi

Xα, Xβ) + g(Xα,∇Xi
Xβ),

and Lemma 2.2.1, we get

Xi gaj|p = 0, Xi gjk|p = 0 and Xi gab|p = Γb
ai + Γa

ib = 2Γb
ai.

This yields the first order Taylor expansion

gaj = O(|x|2), gij = δij + O(|x|2) and gab = δab + 2 Γb
ai x

i + O(|x|2).
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To compute the second order terms, it suffices to computeXk Xk gαβ at p and
polarize (i.e. replaceXk by Xi + Xj, etc.). We compute

Xk Xk gαβ = g(∇2
Xk

Xα, Xβ) + g(Xα,∇2
Xk

Xβ) + 2 g(∇Xk
Xα,∇Xk

Xβ). (2.8)

To proceed, first observe that

∇XX|p′ = ∇2
XX

∣∣
p′

= 0,

at p′ ∈ K, for anyX ∈ Np′K. Indeed, for allp′ ∈ K, X ∈ Np′K is tangent to the
geodesics −→ expM

p′ (sX), and so∇XX = ∇2
XX = 0 at the pointp′.

In particular, takingX = Xk + εXj, we obtain

0 = ∇Xk+εXj
∇Xk+εXj

(Xk + εXj) |p,

equating the coefficient ofε to 0 gives∇Xj
∇Xk

Xk |p = −2∇Xk
∇Xk

Xj |p, and hence

3∇2
Xk

Xj

∣∣
p

= R(Ek, Ej) Ek,

So finally, using (2.8) together with the result of Lemma 2.2.1, we get

Xk Xk gij|p =
2

3
g(R(Ek, Ei) Ek, Ej).

The formula for the second order Taylor coefficient forgij now follows at once.

Recall that, sinceXγ are coordinate vector fields, we have from (2.8)

∇2
Xk

Xγ = ∇Xk
∇Xγ

Xk = ∇Xγ
∇Xk

Xk + R(Xk, Xγ) Xk.

Using (2.8), this yields

Xk Xk gab = 2 g(R(Xk, Xa)Xk, Xb) + 2 g(∇Xk
Xa,∇Xk

Xb)

+ g(∇Xa
∇Xk

Xk, Xb) + g(Xa,∇Xb
∇Xk

Xk)

Using the result of Lemma 2.2.1 together with the fact that∇XX = 0 at p′ ∈ K for
anyX ∈ Np′K, we conclude that

Xk Xk gab|p = 2 g(R(Ek, Ea)Ek, Eb) + 2 Γc
ak Γc

bk

and using the definition ofΓb
a given in (2.5) this gives the formula for the second order

Taylor expansion forgab. �

Later on, we will need an expansion of some covariant derivatives which is more
accurate than the one given in Lemma2.2.1. These are given in the :
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Lemma 2.2.2 At the pointq = F (x, 0), the following expansion holds

∇Xa
Xb = Γb

a(Ej) Xj − g(R(Ei, Ea) Ej, Eb) xi Xj

+ 1
2

(
g(R(Ea, Eb) Ei, Ej) − Γc

a(Ei) Γb
c(Ej) − Γc

a(Ej) Γb
c(Ei)

)
xi Xj

+ O(|x|)c Xc + O(|x|2)j Xj,
(2.9)

where summation over repeated indices is understood.

Proof : We compute

Xi g(∇Xa
Xb, Xj) = g(∇Xi

∇Xa
Xb, Xj) + g(∇Xa

Xb,∇Xi
Xj)

= g(R(Xi, Xa) Xb, Xj) + g(∇Xa
∇Xb

Xi, Xj) + g(∇Xa
Xb,∇Xi

Xj).

Observe that, by construction, we have arranged in such a way that

∇Xa+εXb
Xi = (Γc

ai + ε Γc
bi) Xc,

along the geodesics −→ expK
p (s(Ea + εEb)). Hence, along this geodesic

∇2
Xa+εXb

Xi = ((Xa + εXb)(Γ
c
ai + ε Γc

bi)) Xc + (Γc
ai + ε Γc

bi)∇Xa+ε Xb
Xc. (2.10)

Evaluating this at the pointp and looking for the coefficient ofε , we obtain

(∇Xa
∇Xb

Xi + ∇Xb
∇Xa

Xi)|p − (Γc
ai ∇Xb

Xc + Γc
bi ∇Xa

Xc)|p ∈ TpK.

Hence we get

g(∇Xa
∇Xb

Xi, Xj)|p + g(∇Xb
∇Xa

Xi, Xj)|p = Γc
ai g(∇Xb

Xc, Xj)|p
+ Γc

bi g(∇Xa
Xc, Xj)|p

= Γc
ai Γ

j
bc + Γc

bi Γ
j
ac

Finally, we use the fact that

g(∇Xb
∇Xa

Xi, Xj) = g(R(Xb, Xa) Xi, Xj) + g(∇Xa
∇Xb

Xi, Xj)

to conclude that, at the pointp

2 g(∇Xa
∇Xb

Xi, Xj)|p = g(R(Ea, Eb) Ei, Ej) + Γc
ai Γ

j
bc + Γc

bi Γ
j
ac

Collecting these estimates together with the fact that∇Xi
Xj|p = 0 we conclude that

2 Xi g(∇Xa
Xb, Xj)|p = −2g(R(Ei, Ea) Ej, Eb)+g(R(Ea, Eb) Ei, Ej)+Γc

ai Γ
j
bc+Γc

bi Γ
j
ac.

This, together with the fact thatgij = δij + O(|x|)2, easily implies (2.9). �
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2.3 Geometry of tubes

We derive expansions asρ tends to0 for the metric, second fundamental form and
mean curvature of the tubes̄Sρ and their perturbations. This is an extension of the
computation in [28].

2.3.1 Perturbed tubes

We now describe a suitable class of deformations of the geodesic tubesS̄ρ, depen-
ding on a sectionΦ of NK and a scalar functionw on the spherical normal bundle
SNK.

Fix ρ > 0. It will be convenient to introduce the scaled variableȳ = y/ρ ; we also
use a local parametrizationz → Θ(z) of Sn−1. Now define the map

G(z, ȳ) := F
(
ρ (1 + w(z, ȳ)) Θ(z) + Φ(ρ ȳ), ρ ȳ

)
,

and denote its image bySρ(w, Φ), so in particular

Sρ(0, 0) = S̄ρ.

Notation : Because of the definition of these hypersurfaces using the exponential map,
various vector fields we shall use may be regarded either as fields alongK or along
Sρ(w, Φ). To help allay this confusion, we write

Φ := Φj Ej, Φa := ∂ya Φj Ej, Φab := ∂ya∂yb Φj Ej,

Θ := Θj Ej, Θi := ∂ziΘj Ej.

These are all vectors in the tangent spaceTpM at the fixed pointp ∈ K. On the other
hand, the vectors

Ψ := Φj Xj, Ψa := ∂ya Φj Xj,

Υ := Θj Xj, Υi := ∂ziΘj Xj,

lie in the tangent spaceTqM , q = F (z, y).

For brevity, we also write

wj := ∂zjw, wā := ∂ȳaw, wij := ∂zi ∂zjw, wāb̄ := ∂ȳa ∂ȳbw, wāj := ∂ȳa ∂zjw.

In terms of all this notation, the tangent space toSρ(w, Φ) at any point is spanned
by the vectors

Zj = G∗(∂zj) = ρ ((1 + w) Υj + wj Υ), j = 1, . . . , n − 1,

Zā = G∗(∂ȳa) = ρ (Xa + wā Υ + Ψa), a = n + 1, . . . , m + 1.
(2.11)
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2.3.2 Notation for error terms

The formulas for the various geometric quantities ofSρ(w, Φ) are potentially very
complicated, and so it is important to condense notation as much as possible. Fortuna-
tely, we do not need to know the full structure of all of these quantities. Because it is so
fundamental, we have isolated the notational conventions we shall use in this separate
subsection.

Any expression of the formL(w, Φ) denotes a linear combination of the functions
w together with its derivatives with respect to the vector fieldsρXa andXi up to order
2, andΦj together with their derivatives with respect to the vector fieldsXa up to order
2. The coefficients are assumed to be smooth functions onSNK which are bounded
by a constant independent ofρ in theC∞ topology (i.e. derivatives taken with respect
to Xa andXi).

Similarly, an expression of the formQ(w, Φ) denotes a nonlinear operator in the
functionsw together with its derivatives with respect to the vector fieldsρXa andXi

up to order2, andΦj together with their derivatives with respect to the vector fields
Xa up to order2. Again, the coefficients of the Taylor expansion of the corresponding
differential operator are smooth functions onSNK which are bounded by a constant
independent ofρ in theC∞ topology, andQ which vanishes quadratically at(w, Φ) =
(0, 0).

In order to keep notations as simple as possible in the technical proofs, we will use
the condensed notationsL andQ instead ofL(w, Φ) andQ(w, Φ).

Finally, any term denotedO(ρd) is a smooth function onSNK which is bounded
by a constant by a constant timesρd in theC∞ topology.

2.3.3 The first fundamental form

The next step is the computation of the coefficients of the first fundamental form
of Sρ(w, Φ). We set

q := G(z, 0) = F (ρ(1 + w(z, 0)) Θ(z) + Φ(0), 0)
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andp := G(0, 0). We obtain directly from (3.2.4) that

g(Xa, Xb) = δab − 2 ρ Γb
a(Θ) + O(ρ2) − 2 Γb

a (Φ) + ρ L(w, Φ) + Q(w, Φ),

g(Xi, Xj) = δij + ρ2

3
g(R(Θ, Ei) Θ, Ej) + O(ρ3),

+ ρ
3
(g(R(Θ, Ei) Φ, Ej) + g(R(Φ, Ei) Θ, Ej)) + ρ2 L(w, Φ) + Q(w, Φ)

g(Xi, Xa) = O(ρ2) + ρ L(w, Φ) + Q(w, Φ).
(2.12)

We now explain a simple argument which will be frequently used throughout the
chapter. Using the previous expansions, we compute

g(Υ, Υj) = g(Θ, Θj) + ρ2

3
g(R(Θ, Θ) Θ, Θj) + O(ρ3)

+ ρ
3
(g(R(Θ, Θ) Φ, Θj) + g(R(Φ, Θ) Θ, Θj)) + ρ2 L(w, Φ) + Q(w, Φ).

However, whenw = 0 andΦ = 0, g(Υ, Υj) = 0 sinceΥ is normal andΥj is tangent to
Sρ(0, 0) then, so that the sum of the first three terms on the right, which is independent
of w andΦ, must also vanish. This, together with the fact thatR(Θ, Θ) = 0 implies
that

g(Υ, Υj) =
ρ

3
g(R(Φ, Θ) Θ, Θj) + ρ2 L(w, Φ) + Q(w, Φ) (2.13)

Using similar arguments, we have

g(Υ, Υ) = g(Θ, Θ) + ρ2

3
g(R(Θ, Θ) Θ, Θj) + O(ρ3)

+ ρ
3
(g(R(Θ, Θ) Φ, Θ) + g(R(Φ, Θ) Θ, Θ)) + ρ2 L(w, Φ) + Q(w, Φ).

This, together with the fact thatg(Υ, Υ) = 1 whenw = 0 andΦ = 0, yields

g(Υ, Υ) = 1 + ρ2 L(w, Φ) + Q(w, Φ). (2.14)

Using these expansions is is easy to obtain the expansion of the first fundamental
form of Sρ(w, Φ).

Proposition 2.3.1 We have

ρ−2 g(Zā, Zb̄) = δab − 2 ρ Γb
a(Θ) + O(ρ2) − 2 Γb

a(Φ) + ρL(w, Φ) + Q(w, Φ),

ρ−2 g(Zā, Zj) = O(ρ2) + L(w, Φ) + Q(w, Φ),

ρ−2 g(Zi, Zj) = g(Θi, Θj) + ρ2

3
g(R(Θ, Θi) Θ, Θj) + O(ρ3) + 2 g(Θi, Θj) w,

+ ρ
3
(g(R(Θ, Θi)Φ, Θj) + g(R(Θ, Θj)Φ, Θi)) + ρ2L(w, Φ) + Q(w, Φ),

(2.15)
where summation over repeated indices is understood.
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2.3.4 The normal vector field

Our next task is to understand the dependence on(w, Φ) of the unit normalN to
Sρ(w, Φ). Define the normal (not unitary) vector field

Ñ := −Υ +
1

ρ
(αj Zj + βa Zā),

where the coefficientsαj andβa are chosen so that̃N is orthogonal to all of theZb̄ and
Zi. The unit normal vector fieldSρ(w, Φ) is defined by

N :=
Ñ

|Ñ |
.

We have the following :

Proposition 2.3.2 With the above notations, the coefficientsαj are solutions of the
system

g(Θi, Θj) αj = wi+
ρ

3
g(R(Φ, Θ) Θ, Θi)+ρ2 L(w, Φ)+Q(w, Φ), i = 1, . . . , n−1,

where summation overj is understood, and the expansion of the coefficientsβa is given
by

βa = wā + g(Φa, Θ) + ρL(w, Φ) + Q(w, Φ).

Finally
|Ñ |−1 = 1 + ρ2 L(w, Φ) + Q(w, Φ).

Proof : We look for coefficientsαj andβa so that thatÑ is orthogonal to all of theZb̄

andZi. This leads to a linear system forαj andβa.

We have the following expansions

g(Υ, Zā) = ρwā + ρ g(Φa, Θ) + ρ2 L + ρQ,

g(Υ, Zj) = ρwj + ρ2

3
g(R(Φ, Θ) Θ, Θj) + ρ3 L + ρQ.

(2.16)

These follow from (2.12), (2.13) and (2.14), together with the fact thatg(Υ, Zā) = 0
andg(Υ, Zj) = 0 whenw = 0 andΦ = 0.

Using Proposition 2.3.1, we get with little work the expansions for bothβa and the
systemαj satisfy. Collecting these, the estimate for the norm ofÑ follows at once.�
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2.3.5 The second fundamental form

We now compute the second fundamental form. To simplify the computations be-
low, we henceforth assume that, at the pointΘ(z) ∈ Sn−1,

g(Θi, Θj) = δij, and ∇Θi
Θj = 0, , i, j = 1, . . . , n − 1, (2.17)

(where∇ is the connection onTSn−1).

Proposition 2.3.3 The following expansions hold

ρ−2 g(N,∇Zā
Zā) = −Γa

a(Θ) + ρ g(R(Θ, Ea) Θ, Ea) + ρ Γc
a(Θ) Γa

c(Θ) + O(ρ2)

− 1
ρ
wāā − g(Φaa, Θ) + g(R(Φ, Ea) Θ, Ea) + Γc

a(Θ) Γa
c(Φ) + wj Γa

a(Θj)

+ ρL(w, Φ) + 1
ρ
Q(w, Φ),

ρ−2 g(N,∇Zj
Zj) = 1

ρ
+ 2

3
ρ g(R(Θ, Θj) Θ, Θj) + O(ρ2)

− 1
ρ
wjj + 1

ρ
w + 2

3
g(R(Φ, Θj) Θ, Θj)

+ ρL(w, Φ) + 1
ρ

Q(w, Φ),

ρ−2 g(N,∇Zā
Zb̄) = −Γb

a(Θ) − 1
ρ
wāb̄ + O(ρ) + L(w, Φ) + 1

ρ
Q(w, Φ), a 6= b,

ρ−2 g(N,∇Zā
Zj) = O(ρ) + 1

ρ
L(w, Φ) + 1

ρ
Q(w, Φ),

ρ−2 g(N,∇Zi
Zj) = O(ρ) + 1

ρ
L(w, Φ) + 1

ρ
Q(w, Φ), i 6= j,

(2.18)
where summation over repeated indices is understood.

Proof : Some preliminary computations are needed. First note that by Lemma2.2.1,
we have

∇Xa
Xb = Γb

a(Ei) Xi + (O(ρ) + L + Q)γ Xγ,

∇Xi
Xj = (O(ρ) + L + Q)γ Xγ,

∇Xa
Xi = −Γb

a(Ei) Xb + (O(ρ) + L + Q)γ Xγ.

(2.19)

In particular, this, together with the expression ofZā, implies that

∇Zā
Xb = ρ Γb

a(Ei) Xi + (O(ρ2) + ρL + ρQ)γ Xγ,

∇Zā
Xi = −ρ Γb

a(Ei) Xb + (O(ρ2) + ρL + ρQ)γ Xγ .
(2.20)
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We will also need the following expansion which follows from the result of Lemma 2.2.2

∇Xa
Xb = +Γb

a(Ej) Xj − g(R(ρ Θ + Φ, Ea) Ej, Eb) Xj

+ 1
2

(
g(R(Ea, Eb) ρ Θ + Φ, Ej) − Γc

a(ρ Θ + Φ) Γb
c(Ej) − Γb

c(ρ Θ + Φ) Γc
a(Ej)

)
Xj

+ (O(ρ) + L + Q) Xc + (O(ρ2) + ρL + Q) Xj.
(2.21)

Finally, we will need the expansions

g(Υ, Xa) = ρL + Q, and g(Υ, Υj) = ρL + Q, (2.22)

whose proof can be obtained as in §3.2, starting from the estimates (2.12) and using
the fact thatg(Υ, Xa) = g(Υ, Υj) = 0 whenw = 0 andΦ = 0.

Observe that it is enough to get these expansions whenN is replaced bỹN and then
multiply the expansion by the expansion of|Ñ |−1 which is given in Proposition2.3.2.

First estimate : We estimateg(Ñ ,∇Zā
Zb̄) whena = b since the corresponding es-

timate, whena 6= b is not as important and follows from the same proof. We must
expand

ρ−2 g(Ñ ,∇Zā
Zā) = ρ−1

(
g(Ñ ,∇Zā

Xa) + g(Ñ ,∇Zā
(wā Υ)) + g(Ñ ,∇Zā

Ψa)
)

.

The proof is this estimate is broken into three steps :

Step 1 :From Proposition2.3.2, we get

g(Ñ , Υ) = −g(Υ, Υ) +
1

ρ
(αj g(Zj, Υ) + βa g(Za, Υ)) = −1 + ρ2 L + Q.

SubstitutingÑ = −Υ + (Ñ + Υ) gives

g(Ñ ,∇Zā
Υ) = −1

2
∂ȳag(Υ, Υ) + g(Ñ + Υ,∇Zā

Υ).

But it follows from (2.14) that

∂ȳa g(Υ, Υ) = ρ3 L + ρQ,

and (2.20) together with the expression ofÑ implies that

g(Ñ + Υ,∇Zā
Υ) = ρL + ρQ.

63



Collecting these estimates we get

g(Ñ ,∇Zā
Υ) = ρ L + Q.

Hence we conclude that

g(Ñ ,∇Zā
(wā Υ)) = wāā g(Ñ , Υ) + wā g(Ñ ,∇Zā

Υ) = −wāā + Q.

Step 2 :Next,

g(Ñ ,∇Zā
Ψa) = ρ g(Ñ , Ψaa) + Φj

a g(Ñ ,∇Zā
Xj).

From (2.20), we have
Φj

a g(Ñ ,∇Zā
Xj) = ρ2 L + ρQ.

Also, using the decomposition of̃N and (2.12), we have

g(Ñ , Ψaa) = −g(Υ, Ψaa) + g(Ñ + Υ, Ψaa) = −g(Θ, Φaa) + ρ2 L + Q.

Collecting these gives

g(Ñ ,∇Zā
Ψa) = −ρ g(Φaa, Θ) + ρ2 L + ρQ.

Step 3 :ExpandingZā gives

g(Ñ ,∇Zā
Xa) = ρ (g(Ñ ,∇Xa

Xa) + wā g(Ñ ,∇ΥXa) + Φj
a g(Ñ ,∇Xj

Xb)). (2.23)

With the help of (2.19) and (2.22), we evaluate

g(Ñ ,∇ΥXa) = O(ρ) + L + Q,

g(Ñ ,∇Xj
Xa) = O(ρ) + L + Q,

g(Ñ + Υ,∇Xa
Xa) = αj Γa

a (Θj) + ρL + Q,

and plugging these into (2.23) already gives

g(Ñ ,∇Zā
Xa) = −ρ g(Υ,∇Xa

Xa) + ραj Γa
a(Θj) + ρ2 L + ρQ.

Using (2.21) we get the expansion

∇Xa
Xa = Γa

a(Ej) Xj − g(R(ρΘ + Φ, Ea) Ej, Ea) Xj − Γc
a(ρ Θ + Φ) Γa

c(Ej) Xj

+ (O(ρ) + L + Q)c Xc + (O(ρ2) + ρL + Q)j Xj.
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Finally, using (2.12) again together with the fact thatαj = wj + ρL, we conclude that

g(Ñ ,∇Zā
Xa) = −ρ Γa

a(Θ) + ρ2 g(R(Θ, Ea) Θ, Ea) + O(ρ3)

+ ρ g(R(Φ, Ea) Θ, Ea) + ρ Γc
a(ρ Θ + Φ) Γa

c(Θ) + ρwj Γa
a (Θj)

+ ρ2 L + ρ Q,

which, together with the results of Step 1 and Step 2, completes the proof of the first
estimate.

Second estimate :We estimateg(Ñ ,∇Zi
Zj) when i = j since, just as before, the

corresponding estimate, wheni 6= j is not as important and follows similarly. This
part is taken directly from [28]. Recall that

Ñ = −Υ +
1

ρ
(αj Zj + βa Za),

Now write

g(Ñ ,∇Zj
Zj) = −g(∇Zj

Ñ , Zj)

= g(∇Zj
Υ, Zj) − 1

ρ
g(∇Zj

(αi Zi), Zj)

− 1
ρ
βa g(Za,∇Zj

Zj) + 1
ρ
∂zj g(βa Za, Zj)

Step 1 : We compute

g(Za,∇Zj
Zj) = ∂yj g(Zā, Zj) − g(Zj,∇Zj

Zā) = ∂yj g(Zā, Zj) −
1

2
∂ȳa g(Zj, Zj),

and by (2.15), we can estimate

g(Za,∇Zj
Zj) = O(ρ4) + ρ2 L + ρ2 Q.

Hence we already obtain

1

ρ
βa g(Zā,∇Zj

Zj) = ρ3 L + ρQ.

Step 2 : Next, using the expansion given in Proposition 2.3.2 together with (2.15), we
find that

1

ρ
∂zj

g(βa Zā, Zj) = ρ3 L + ρQ.

Step 3 : We now estimate
C := 2 g(∇Zj

Υ, Zj).
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It is convenient to define

C ′ :=
2

1 + w
g(∇Zj

(1 + w) Υ, Zj),

It follows from (2.16) that
C = C ′ + ρQ,

hence it is enough to focuss on the estimate ofC ′. To analyze this term, let us revert for
the moment and regardw andΦ as functions of the coordinates(z, ȳ) and also consider
ρ as a variable instead of just a parameter. Thus we consider

F̃ (ρ, z, ȳ) = F
(
ρ(1 + w(z, ȳ))Υ(z) + Φ(t ȳ), t ȳ

)
.

The coordinate vector fieldsZj are still equal toF̃∗(∂zj
), but now we also have(1 +

w)Υ = F̃∗(∂ρ), which is the identity we wish to use below. Now, from (2.15), we write

C ′ =
1

1 + w
g(∇∇(1+w)Υ

Zj, Zj) =
1

1 + w
∂ρg(Zj, Zj).

Therefore, it follows from (2.15) in Proposition 2.3.1 that

C = 1
1+w

∂ρ [ρ2 g(Θj, Θj) + 1
3
ρ4 g(R(Θ, Θj) Θ, Θj) + O(ρ5)

+ 2 ρ2 g(Θj, Θj) w + 2
3
ρ3 g(R(Θ, Θj) Φ, Θj) + ρ4 L + ρ2 Q] + ρQ

= 1
1+w

[2 ρ g(Θj, Θj) + 4
3
ρ3 g(R(Θ, Θj) Θ, Θj) + O(ρ4)

+ 4 ρ g(Θj, Θj) w + 2 ρ2 g(R(Θ, Θj) Φ, Θj) + ρ3 L + ρQ]

= 2 ρ g(Θj, Θj) + 4
3
ρ3 g(R(Θ, Θj) Θ, Θj) + O(ρ4)

+ 2 w g(Θj, Θj) ρ + 2 ρ2 g(R(Θ, Θj) Φ, Θj) + ρ3 L + ρQ.

Step 4 : Finally, we must compute

D := g(∇Zj
(αi Zi), Zj)

= g(Zi, Zj) ∂zjαi + αi g(∇Zi
Zj, Zj)

= g(Zi, Zj) ∂zjαi + 1
2
αi ∂zi g(Zj, Zj)

Observe that (2.17) implies
∂zjg(Θi, Θj′) = 0

at the pointp. Using this together with (2.15) and the expression for theαi given in
Proposition2.3.2, we get

αi ∂zi g(Zj, Zj) = ρ4 L + ρ2 Q.
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It follows from (2.15) and the definition ofαi again that

g(Zi, Zj) ∂zjαi = ρ2 g(Θi, Θj) ∂zjαi + ρ4 L + ρ2 Q.

Therefore, it remains to estimateg(Θi, Θj) ∂zjαi. By definition, we have

g(Θi, Θj) αi = wj +
ρ

3
g(R(Φ, Θ) Θ, Θj) + ρ2 L + Q.

Differentiating with respect tozj we get
(
g(Θi, Θj) ∂zjαi + αi ∂zjg(Θi, Θj)

)
= wjj +

ρ

3
∂zjg(R(Φ, Θ) Θ, Θj) + ρ2 L + Q.

(2.24)
Again, it follows from (2.17) that∂zjg(Θi, Θj) = 0. Moreover this also implies that,

∇Θj
Θ = Θj, and ∇Θj

Θj = aj Θ,

for someaj ∈ R. Therefore, we have

g(R(Φ, Θ)∇Θj
Θ, Θj) = g(R(Φ, Θ) Θj, Θj) = 0,

and
g(R(Φ, Θ) Θ,∇Θj

Θj) = aj g(R(Φ, Θ) Θ, Θ) = 0.

Inserting these information into (2.24) yields

g(Θi, Θj) ∂zjαi = wjj + ρ
3
g(R(Φ, Θj) Θ, Θj) + ρ2 L + Q.

Collecting these estimates, we conclude that

D = ρ2 wjj +
ρ3

3
g(R(Φ, Θj) Θ, Θj) + ρ4 L + ρ2 Q,

and with the estimates of the previous steps, this finishes the proof of the estimate.

Third estimate : Decompose
1

ρ
g(Ñ ,∇Zā

Zj) = g(Ñ , Υj) wā+g(Ñ , Υ) wāj+(1+w) g(Ñ ,∇Zā
Υj)+wj g(Ñ ,∇Zā

Υ).

As above we use the expression ofÑ given in Proposition2.3.2 to estimate

g(Ñ , Υj) = −g(Υ, Υj) + g(Ñ + Υ, Υj) = L + Q.

Similarly
g(Ñ , Υ) = −1 + L + Q.

But now, by (2.20), we have

g(Ñ ,∇Zā
Υj) = O(ρ2) + ρL + ρQ,

and, as already shown in the first step of the proof of the first estimate

g(Ñ ,∇Zā
Υ) = ρL + Q,

and the proof of the estimate follows directly. �
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2.4 The mean curvature of perturbed tubes

Collecting the estimates of the last subsection we obtain the expansion of the mean
curvature of the hypersurfaceSρ(w, Φ). In the coordinate system defined in the pre-
vious sections, we get

ρm H(w, Φ) = n − 1 − ρ Γa
a(Θ)

+
(
g(R(Θ, Ea) Θ, Ea) + 1

3
g(R(Θ, Ei) Θ, Ei) − Γc

a(Θ) Γa
c(Θ)

)
ρ2 + O(ρ3)

− (wāā + ∆Sn−1w + (n − 1) w) − 2 ρ Γb
a(Θ) wāb̄ + ρ Γa

a(Θj) wj

− ρ g(Φaa, Θ) + ρ g(R(Ea, Φ) Ea, Θ) − ρ Γc
a(Φ) Γa

c(Θ) + ρ2 L(w, Φ) + Q(w, Φ),
(2.25)

where summation over repeated indices is understood. We can simplify this rather
complicated expression as follows. First, note that

K minimal ⇐⇒ Γa
a = 0,

where summation overa is understood. Next, define

Lρ := −
(
ρ2 ∆K + ∆Sn−1 + (n − 1)

)
, (2.26)

as an operator on the spherical normal bundleSNK with the expression (2.49) in
any local coordinates. Also, the Jacobi (linearized mean curvature) operator, forK is
defined by

J := −∆N + RN − BN , (2.27)

cf. [15]. To explain the terms here, recall that the Levi-Civita connection forg induces
not only the Levi-Civita connection onK, but also a connection∇N on the normal
bundleNK. The first term here is simply the rough Laplacian for this connection, i.e.

∆N := (∇N)∗∇N = ∇N
Ea

∇N
Ea

−∇N
(∇EaEa)T .

in the coordinates we have chosen. The second term is the contraction (in normal di-
rections) of the curvature operator for this connection :

RN := (R(Ea, ·) Ea)
N ,

whereEa is (any) orthonormal frame forTK. Finally, the second fundamental form

B : TpK × TpK −→ NpK, B(X, Y ) := (∇XY )N , X, Y ∈ TpK,

defines a symmetric operator
BN := Bt · B;
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in terms of the coefficientsΓb
a := B(Ea, Eb),

g(BN X, Y ) = Γb
a(X) Γa

b (Y ).

where summation over repeated indices is understood. We also use the Ricci tensor

Ric(X,Y ) = g(R(X, Eγ) Eγ, Y ), X, Y ∈ TpM.

Finally, we introduce the operator

g(·, B) ◦ ∇2
K = g(·, B(Ea, Eb)) (∇Ea

∇Eb
−∇(∇EaEb)T )

in the coordinates we have chosen and the quadratic form

Ω (·, ·) := −2

3
g(RN ·, ·) +

1

3
Ric(·, ·) + g(BN ·, ·)

acting onNpK. In terms of all of these notations, we have the

Proposition 2.4.1 LetK be a minimal submanifold. Then the mean curvature ofTρ(w, Φ)
can be expanded as

ρm H(w, Φ) = (n − 1) − Ω(Θ, Θ) ρ2 + O(ρ3)

+ Lρ w + ρ g(J Φ, Θ) − 2 ρ3 g(Θ, B) ◦ ∇2
Kw

+ ρ2 L(w, Φ) + Q(w, Φ).

(2.28)

The equationρm H = n − 1 can now be written as

Lρ w + ρ g(J Φ, Θ) = Ω(Θ, Θ) ρ2 + O(ρ3) + 2 ρ3 g(Θ, B) ◦ ∇2
K w + ρ2 L(w, Φ) + Q(w, Φ).

(2.29)

2.4.1 Decomposition of functions onSNK

Before proceeding, we now state more clearly our notation for functions onSNK.

Let (ϕj, λj) be the eigendata of∆Sn−1 , with eigenfunctions orthonormal and coun-
ted with multiplicity. These individual eigenfunctions do not make sense on all of
SNK, but their span is a well-defined subspaceS ⊂ L2(SNK) ; thusv ∈ S if its
restriction to each fibre ofSNK lies in the span of{ϕ1, . . . , ϕn}. We denote byΠ and
Π⊥ theL2 orthogonal projections ofL2(SNK) ontoS andS⊥, respectively.

69



Now, given any functionv ∈ L2(SNK), we write

Π v = g(Φ, Θ), Π⊥v = ρw,

so that
v = ρw + g(Φ, Θ),

hereΦ is a section of the normal bundleNK, and the somewhat elaborate notation in
the second summand here reflects the fact that any element ofS can be written (locally)
as the inner product of a section ofNK and the vectorΘ, whose components are the
linear coordinate functions on eachSn−1. We shall often identify this summand with
Φ, and thus, in the following,w andΦ will always represent the components ofv in
S⊥ andS, respectively.

Later on we shall further decompose

w = w0 + w1, (2.30)

wherew0 is a function onK and the integral ofw1 over each fibre ofSNK vanishes.

Note that the operator
J : v −→ g(J Φ, Θ),

defined forv = g(Φ, Θ), preservesS and is invertible sinceK is a nondegerate mini-
mal submanifold.

2.5 Improvement of the approximate solution

The first important step in solving (2.29) is to use an iteration scheme to find a
sequence of approximate solutions(w(i), Φ(i)) for which the estimates for the error
term are increasingly small. Namely

ρmH(w(i), Φ(i)) = n − 1 + O(ρi+3),

for all i ≥ 1.

Letting (w(0), Φ(0)) = (0, 0), we define the sequence(w(i+1), Φ(i+1)) ∈ S⊥ ⊕ S
inductively as the unique solution to

L0 w(i+1) + ρ g(J Φ(i+1), Θ) = Ω(Θ, Θ) ρ2 + O(ρ3) − ρ2 ∆Kw(i) + 2 ρ3 g(Θ, B) ◦ ∇2
Kw(i)

+ ρ2 L(w(i), Φ(i)) + Q(w(i), Φ(i)).
(2.31)
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here
L0 := − (∆Sn−1 + (n − 1)) .

Observe, and this is the key point, that the operator∆K acting on functions has been
moved to the right hand side and hence, the operator on the left hand side is not elliptic
anymore. This equation becomes simpler when divided into itsS⊥ andS components.
Thus using thatL0 annihilatesS and

Ω(Θ, Θ) ∈ S⊥,

since it is quadratic inΘ, (2.31) can be rewritten as the two separate equations :

L0 w(i+1) = Π⊥ (
Ω(Θ, Θ)ρ2 + O(ρ3) − ρ2 ∆Kw(i) + 2 ρ3 g(Θ, B) ◦ ∇2

Kw(i)

+ ρ2 L(w(i), Φ(i)) + Q(w(i), Φ(i))
)
,

(2.32)
and

g(J Φ(i+1), Θ) = Π
(
O(ρ2) + 2ρ2 g(Θ, B) ◦ ∇2

Kw(i)

+ ρL(w(i), Φ(i)) + ρ−1 Q(w(i), Φ(i))
)
,

sinceΠ (∆Kw) = 0 for all w ∈ S.

That there is a unique solution now follows directly from the invertibility of the
operatorsJ onS andL0 onS⊥, so the only issue is to obtain estimates.

Lemma 2.5.1 For this sequence(w(i), Φ(i)), we have the estimates

w(i) = O(ρ2), Φ(i) = O(ρ2),

w(i+1) − w(i) = O(ρi+3), Φ(i+1) − Φ(i) = O(ρi+2),

for all i ≥ 1.

Proof : The estimates for(w(1), Φ(1)) are immediate, and the result fori > 1 is proved
by a standard induction using the general structure of the operatorsL andQ. �

As already mentioned, the operator in the right hand side of (2.32) is not elliptic
sinceL0 acts on functions defined onSNK andL0 does not involve any derivatives
with respect toya. Nevertheless, since we are working with functions inS, the equation

L0 w = f,

can always be solved for anyf ∈ S (we have in mind that this equation is solved
on each fiber ofNK with the base point as a parameter), but without any gain of
regularity in theya variables and in fact there is a "loss" of two derivatives in theya
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variables at each iteration. At first glance, it would have been more natural to work
with the operatorLρ, which is elliptic, and solve the equation

Lρ w = f,

but the operatorLρ has the disadvantage to have a nontrivial kernel inS each timen−1
ρ2

belongs to the spectrum of−∆K . This implies that the corresponding iteration scheme,
using the operatorLρ instead ofL0 does not work for any value ofρ. In addition, even
if n−1

ρ2 is chosen not to belong to the spectrum of−∆K , the norm of the inverse ofLρ

will blow up asρ tends to0 and hence the estimates forwi andΦi will not be as good
as the one stated in Lemma2.5.1.

To conclude, the use of the iteration scheme (2.31) allows one to improve the
approximate solution to any finite order. Observe that the errorΩ(Θ, Θ) ρ2 + O(ρ3)
in (2.31) is smooth in theya variables and hence loosing finitely regularity in these
variables is not a real issue.

Finally, replacing(w, Φ) by (w(i) + w, Φ(i) + Φ) in (2.29), the equation we must
solve becomes

1
ρ
Lρ w + g(J Φ, Θ) − 2 ρ2 g(Θ, B) ◦ ∇2

Kw + ρLi(w, Φ) = Oi(ρ
i+2) + 1

ρ
Qi(w, Φ).

(2.33)
This is of course simply the expansion of the equation

mH(w(i) + w, Φ(i) + Φ) =
n − 1

ρ
.

The linear and nonlinear operatorsLi andQi appearing in this equation are different
from the ones before, but enjoy similar properties, uniformly ini. The indicesi are
here to remind the reader that these quantities depend oni.

2.6 Estimating the spectrum of the linearized opera-
tors

We now examine the mapping properties of the linear operator

(w, Φ) 7−→ 1

ρ
Lρ w + g(J Φ, Θ) − 2 ρ2 g(Θ, B) ◦ ∇2

K w + ρLi(w, Φ) (2.34)

which appears in (2.33). This is not precisely the usual Jacobi operator (applied to the
function ρw + g(Φ, Θ)), because we are parametrizing this hypersurface as a graph
overSρ(w

(i), Φ(i)) using the vector field−Υ rather than the unit normal.
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To understand the difference between (2.34) and the Jacobi operator, recall that if
N is the unit normal to a hypersurfaceΣ andÑ is any other transverse vector field,
then hypersurfaces which areC2 close toΣ can be parameterized as either

Σ ∋ q 7→ expM
q (vN) or Σ ∋ q 7→ expM

q (ṽÑ).

The corresponding linearized mean curvature operatorsLΣ,N andLΣ,Ñ are related by

LΣ,Ñ ṽ = LΣ,N(g(N, Ñ) ṽ) + m (ÑT HΣ) ṽ,

hereÑT is the orthogonal projection of̃N onto TΣ. SinceLΣ,N is self-adjoint with
respect to the usual inner product, we conclude thatLΣ,Ñ is self-adjoint with respect
to the inner product

〈v, v′〉 :=

∫

Σ

v v′ g(N, Ñ) dvolΣ.

Now suppose thatΣ = Sρ(w
(i), Φ(i)) and Ñ = −Υ. From Lemma2.5.1 and

Proposition2.3.2 we have

g(N,−Υ) = 1 + O(ρ4).

Furthermore, from Proposition 2.3.1 and Lemma 2.5.1, and the fact thatK is minimal,
the volume forms of the tubesSρ(w

(i), Φ(i)) andSNK are related by

dvolSρ(w(i),Φ(i)) = ρ(n−1)/2 (1 + O(ρ2)) dvolSNK .

We definecρ,i > 0 by

g(N,−Υ) dvolSρ(w(i),Φ(i)) = ρ(n−1)/2 cρ,i dvolSNK . (2.35)

and the operator

Lρ,i v := cρ,i

(
1

ρ
Lρ w + g(J Φ, Θ) − 2 ρ2 g(Θ, B) ◦ ∇2

Kw + ρLi(w, Φ)

)
,

where we have decomposed as usualv = ρw + g(Φ, Θ). Thanks to (2.35), we can
write

Lρ,i v =
1

ρ
Lρ w + g(J Φ, Θ) − 2 ρ2 g(Θ, B) ◦ ∇2

Kw + ρ L̄i(w, Φ), (2.36)

whereL̄i enjoys properties similar to the one enjoyed byLi.

Finally, multiplying (2.33) bycρ,i gives one further equivalent form of this equa-
tion,

Lρ,i v = Oi(ρ
2+i) +

1

ρ
Q̄i

(
1

ρ
Π⊥v, Πv

)
, (2.37)
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where the nonlinear operator on the right has the same properties as before.

Associated toLρ,i is the symmetric bilinear form form

Cρ,i(v, v′) :=

∫

SNK

v Lρ,i v
′ dvolSNK ,

and its associated quadratic formQρ,i(v) := Cρ,i(v, v).

We shall study these forms as perturbations of the model forms

C0(v, v′) := −
∫

SNK

w′ (ρ2 ∆Kw + ∆Sn−1w + (n − 1) w) dvolSNK

+
ωn−1

n

∫

K

g(JΦ, Φ′) dvolK ,

and associated quadratic formQ0(v) := C0(v, v), whereωn−1 = |Sn−1| is the volume
of Sn−1. Observe that

∫

SNK

g(Φ, Θ)2dvolSNK =
ωn−1

n

∫

K

|Φ|2 dvolK .

To make precise the sense in whichQ0 andQρ,i are close, define the weighted
norm

‖v‖2
H1

ρ
:=

∫

SNK

(ρ2 |∇Kw|2+|∇Sn−1w|2+|w|2) dvolSNK +

∫

K

(|∇KΦ|2+|Φ|2) dvolK ,

and also

‖v‖2
L2

ρ
:=

∫

SNK

|w|2 dvolSNK +

∫

K

|Φ|2 dvolK .

Using (2.35) and the properties ofL̄i, we have the important :

Proposition 2.6.1 There exists a constantc > 0 (independent ofi) such that

|Cρ,i(v, v′) − C0(v, v′)| ≤ c ρ ‖v‖H1
ρ
‖v′‖H1

ρ
. (2.38)

Proof : This estimate arises from the fact that,−2 ρ g(Θ, B)◦∇2
Kw+L̄i(w, Φ) certainly

involves terms of the formw, ρ ∂yaw, ρ ∂ya∂ybw, ∂zjw, ∂zj∂zj′w and alsoΦj, ∂yaΦj and
∂ya∂yb Φj. Hence, after integration by parts,

∫

SNK

(−2 ρ g(Θ, B) ◦ ∇2
Kw + L̄i(w, Φ)) (ρw′ + g(Φ′, Θ)) dvolSNK ,

can be bounded by a constant times‖v‖H1
ρ
‖v′‖H1

ρ
. �
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2.6.1 Estimates for eigenfunctions with small eigenvalues

We prove that eigenfunctions ofLρ,i corresponding to small eigenvalues are loca-
lized in the sense that they are essentially functions defined onK.

Lemma 2.6.1 Letσ be an eigenvalue ofLρ,i andv = ρ w + g(Φ, Θ) a corresponding
eigenfunction. There exist constantsc, c0 > 0 such that if|σ| ≤ c0, then

‖v − ρ w0‖2
H1

ρ
≤ c ρ ‖v‖2

H1
ρ
,

for all ρ ∈ (0, 1), wherew = w0 + w1 is the decomposition from (2.30).

Proof : For anyv′ = ρw′ + g(Φ′, Θ), we have

Cρ,i(v, v′) = σ

∫

SNK

(ρ2w w′ + g(Φ, Θ)g(Φ′, Θ)) dvolSNK

= σ

∫

SNK

ρ2w w′ dvolSNK + σ
ωn−1

n

∫

K

g(Φ, Φ′) dvolK .

In addition, (2.38) gives
∣∣∣∣
∫

SNK

(ρ2 ∇Kw∇Kw′ + ∇Sn−1w∇Sn−1w′ − (n − 1 + σ ρ2) w w′) dvolSNK

−ωn−1

n

∫

K

(g(JΦ, Φ′) − σ g(Φ, Φ′)) dvolK

∣∣∣∣ ≤ c ρ ‖v‖H1
ρ
‖v′‖H1

ρ
.

(2.39)

Step 1 : Takew′ = 0 andΦ′ = Φ+ (resp.Φ′ = Φ−) in (2.39), whereΦ+ (resp.Φ−)
is theL2 projection ofΦ over the space of eigenfunctions ofJ associated to positive
(resp. negative) eigenvalues. This yields

∣∣∣∣
∫

K

(g(JΦ, Φ±) − σ g(Φ, Φ+)) dvolK

∣∣∣∣ ≤ c ρ ‖v‖H1
ρ
‖g(Φ±, Θ)‖H1

ρ
.

SinceJ is invertible, there existsc1 > 0 such that

2 c1 ‖g(Φ±, Θ)‖2
H1

ρ
≤

∣∣∣∣
∫

K

g(JΦ, Φ±) dvolK

∣∣∣∣ ,

hence
(2 c1 − |σ|) ‖g(Φ±, Θ)‖2

H1
ρ
≤ c ρ ‖v‖2

H1
ρ
.

Assumingc1 ≥ |σ|, we conclude that

‖g(Φ±, Θ)‖2
H1

ρ
≤ c ρ ‖v‖2

H1
ρ
.
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Step 2 : Now use (2.39) withΦ′ = 0 andw′ = w1 to get
∣∣∣∣
∫

SNK

(ρ2 |∇Kw1|2 + |∇Sn−1w1|2 − (n − 1 − σ ρ2) |w1|2) dvolSNK

∣∣∣∣ ≤ c ρ ‖v‖H1
ρ
‖ρw1‖H1

ρ
.

However, since

Π w1 = 0 and
∫

Sn−1

w1 dvolSn−1 = 0,

we have ∫

Sn−1

|∇Sn−1w1|2 dvolSn−1 ≥ 2 n

∫

Sn−1

|w1|2 dvolSn−1 ,

hence
∣∣∣∣
∫

SNK

(ρ2 |∇Kw1|2 +
1

2
|∇Sn−1w1|2 + (1 − |σ| ρ2) |w1|2) dvolSNK

∣∣∣∣ ≤ c ρ ‖v‖H1
ρ
‖ρw1‖H1

ρ
.

This implies that
‖ρw1‖2

H1
ρ
≤ c ρ ‖v‖2

H1
ρ
,

for all ρ ∈ (0, 1), provided|σ| ≤ 1/2. This completes the proof ifc0 = min(c1, 1/2),
sincev − ρw0 = ρ w1 + g(Φ, Θ). �

2.6.2 Variation of small eigenvalues with respect toρ

We shall need to obtain some information about the spectral gaps ofLρ,i whenρ
is small, and to do this, it is necessary to understand the rate of variation of the small
eigenvalues of this operator.

Lemma 2.6.2 There exist constantsc0, c > 0 such that, ifσ is an eigenvalue ofLρ,i

with |σ| < c0, then
ρ ∂ρσ ≥ 2 (n − 1) − c ρ,

providedρ is small enough.

Proof : There is a well-known formula for the variation of a simple eigenvalue

∂ρσ =

∫

SNK

v (∂ρLρ,i) v dvolSNK ,

whereLρ,iv = σ v, is normalized by‖v‖L2 = 1. Here, by definition,

‖v‖2
L2 :=

∫

SNK

v2 dvolSNK .
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Complications arise in the presence of multiplicities, but a result of Kato [14] shows
that if one considers the derivative of the eigenvalue as a multi-valued function, then
an analogue of this same formula holds for self adjoint operators :

∂ρσ ∈
{∫

SNK

v (∂ρLρ,i) v dvolSNK : Lρ,iv = σ v, ‖v‖L2 = 1

}
.

Hence we must provide bounds for the set on the right. We do this by comparing to the
model case and using the bounds for eigenfunctions obtained in the last subsection.

Assume thatLρ,iv = σ v, but rather than normalizing the functionv by ‖v‖L2 = 1,
assume instead that‖v‖L2

ρ
= 1. In order to compute∂ρLρ,i, recall that

w = ρ−1 Π⊥v and that g(JΦ, Θ) = Π v,

so we can write

Lρ,i v = −∆K (Π⊥ v)+
1

ρ2
L0 (Π⊥ v)+Π v−2 ρ g(Θ, B)◦∇2

K (Π⊥ v)+ρ L̄i(ρ
−1 Π⊥v, Π v).

SinceΠ andΠ⊥ are independent ofρ, we have

∂ρLρ,iv = − 2

ρ3
L0 (Π⊥v) − 2 g(Θ, B) ◦ ∇2

K (Π⊥ v) + L̃i(ρ
−1 Π⊥v, Πv),

where the operator̃Li varies from line to line but satisfies the usual assumptions. This
now gives
∣∣∣∣
∫

SNK

v (∂ρLρ,i) v dvolSNK − 2

ρ

∫

SNK

(|∇Sn−1w|2 − (n − 1) |w|2) dvolSNK

∣∣∣∣ ≤ c ‖v‖2
H1

ρ
.

(2.40)

Now, if v is an eigenfunction ofLρ,i, we have

Qρ,i(v) = σ ‖v‖2
L2 = σ

∫

SNK

ρ2 |w|2 dvolSNK + σ
ωn−1

n

∫

K

|Φ|2 dvolK ,

and hence by (2.38),
∣∣∣∣
∫

SNK

(ρ2 |∇Kw|2 + |∇Sn−1w|2 − (n − 1 + σ ρ2) |w|2) dvolSNK

− ωn−1

n

∫

K

(g(JΦ, Φ) + σ g(Φ, Φ)) dvolK

∣∣∣∣ ≤ c ρ ‖v‖2
H1

ρ
,

(2.41)

By Lemma 2.6.1, if we assume that|σ| ≤ c0 and if, as usual we decomposev =
ρw + g(Φ, Θ), we get

∫

SNK

|∇Sn−1w|2 dvolSNK +

∫

K

(|∇KΦ|2 + |Φ|2) dvolK ≤ c ρ ‖v‖2
H1

ρ
, (2.42)
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(observe that∇Sn−1w = ∇Sn−1w1 if w is decomposed asw = w0 + w1 as usual) and
inserting this in (2.41) gives

∣∣∣∣
∫

SNK

(ρ2 |∇Kw|2 − (n − 1 + σ) |w|2) dvolSNK

∣∣∣∣ ≤ c ρ ‖v‖2
H1

ρ
. (2.43)

Adding these last two estimates now implies that

‖v‖2
H1

ρ
≤ c ρ ‖v‖2

H1
ρ

+ c

∫

SNK

|w|2 dvolSNK ;

Thus, whenρ is small enough,

‖v‖2
H1

ρ
≤ c

∫

SNK

w2 dvolSNK ≤ c ‖v‖2
L2

ρ
≤ c,

if we normalizev by ‖v‖L2
ρ

= 1. From (2.42) again
∫

SNK

|∇Sn−1w|2 dvolSNK +

∫

K

(|∇KΦ|2 + |Φ|2) dvolK ≤ c ρ.

Inserting this into (2.40), and using again that‖v‖L2
ρ

= 1, we get
∣∣∣∣
∫

SNK

v (∂ρLρ,i) v dvolSNK − 2

ρ
(n − 1)

∣∣∣∣ ≤ c (2.44)

for all eigenfunctionv such thatLρ,iv = σ v which is normalized by‖v‖L2
ρ

= 1.

This already implies that∂ρσ > 0 for ρ small enough. But observing that we
always have||v||L2 ≤ ‖v‖L2

ρ
, we conclude that

inf
Lρv=σ v

‖v‖
L2=1

∫

SNK

v (∂ρLρ) v dvolSNK ≥ inf
Lρv=σ v

‖v‖
L2

ρ
=1

∫

SNK

v (∂ρLρ) v dvolSNK ,

and (2.44) implies that

∂ρσ ≥ 2

ρ
(n − 1) − c.

This completes the proof of the result. �

2.6.3 The spectral gap at0 of Lρ,i

We can now prove a quantitative statement about the clustering of the spectrum
at 0 of Lρ,i asρ ց 0. The ultimate goal is to estimate the norm of the inverse of this
operator, but by self-adjointness, this is equivalent to an estimate on the size of the
spectral gap at0.
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Lemma 2.6.3 Fix anyq ≥ 2. Then there exists a sequence of disjoint nonempty open
intervalsIℓ = (ρ−

ℓ , ρ+
ℓ ), ρ±

ℓ → 0 and a constantcq > 0 such that whenρ ∈ Iq := ∪ℓIℓ,
the operatorLρ,i is invertible and

(Lρ,i)
−1 : L2(SNK) −→ L2(SNK),

has norm bounded bycq ρ−k−q+1, uniformly inρ ∈ I. Furthermore,Iq := ∪ℓIℓ satisfies
∣∣H1((0, ρ) ∩ Iq) − ρ

∣∣ ≤ c ρq, ρ ց 0.

Proof : An estimate for the size of the spectral gap at0 is related to the spectral flow
of Lρ,i, and so it suffices to find an asymptotic estimate for the number of negative
eigenvalues ofLρ,i. Define the two quadratic forms

Q±(v) := Q0(v) ± γ ρ ‖v‖2
H1

ρ
.

From (2.38), ifγ > 0 is sufficiently large, then

Q− ≤ Qρ,i ≤ Q+,

and this will give a two-sided bound for the index ofQρ,i, i.e. the dimension of the
largest space whereQρ,i is negative.

Given any functionw defined onSNK, we write

D±
0 (w) := (1 ± γ ρ)

∫

K

ρ2 |∇Kw|2 dvolSNK − (n − 1 ∓ γ ρ)

∫

K

|w|2 dvolK ,

D±
1 (w) := (1±γ ρ)

∫

SNK

(ρ2 |∇Kw|2+|∇Sn−1w|2) dvolSNK−(n−1∓γ ρ)

∫

SNK

|w|2 dvolK ,

and finally, we define

D±(Φ) := −(1 ± γ ρ)

∫

K

g(J Φ, Φ) dvolK .

With these definitions in mind, we have

Q±(v) = ωn−1 D±
0 (w0) + D±

1 (w1) +
ωn−1

n
D±(Φ),

if we decomposev = ρw + g(Φ, Θ) and further decomposew = w0 + w1 as usual.
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If 1 − γ ρ > 0, then the index ofD± is equal to the index of the minimal subma-
nifold K, and hence does not depend onρ. Next, if 2 n (1 − γ ρ) − (n − 1 + γ ρ) > 0,
then the index ofD±

1 equals0 since we have
∫

Sn−1

|∇Sn−1w1|2 dvolSn−1 ≥ 2 n

∫

Sn−1

|w1|2 dvolSn−1 .

So it remains only to study the index ofD±
0 . We denote by

µ0 < µ1 ≤ . . . ≤ µj ≤ . . .

the eigenvalues of−∆K which are counted with multiplicity. Weyl’s asymptotic for-
mula states that

#{j ∈ N : µj ≤ µ} ∼ cK µ
k
2 .

wherecK > 0 only depends on the dimension and the volume ofK. Now, the index of
D±

0 is equal to the largestj ∈ N such that

(1 ± γ ρ) ρ2 µj < (n − 1 ∓ c ρ).

Using Weyl’s asymptotic formula, we conclude that

IndD±
0 ∼ cK

(
n − 1

ρ2

) k
2

,

and hence we have proved that the indexQρ,i is asymptotic toc ρ−k, wherec only
depends onK andm.

Let ρℓ ց 0 be the decreasing sequence corresponding to the values at which the
index ofQρ,i changes, counted according to the dimension of the nullspace ofLρℓ,i,
i.e.

ρℓ−1 < ρℓ = . . . = ρℓ′ < ρℓ′+1,

if dim Ker Lρℓ,i = ℓ′ − ℓ + 1. This is well-defined since, by Lemma2.6.2 the small
eigenvalues ofLρ,ℓ are monotone increasing forρ small enough and hence, the function

ρ −→ IndQρ,i,

is monotone decreasing forρ small.

The asymptotic estimates for IndQ2ρ,i and IndQρ,i imply that

rρ := #{ℓ : ρℓ ∈ (ρ, 2ρ)} ∼ c ρ−k.
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Lettingλρ denote the sum of lengths of intervals(ρℓ+1, ρℓ) for which

ρℓ+1 ∈ (ρ, 2ρ) and (ρℓ − ρℓ+1) ≤ ρk+q,

then we haveλρ ≤ c ρq. From this we conclude that̃λρ, the sum of lengths of all
intervals(ρℓ+1, ρℓ) where

ρℓ+1 < ρ and (ρℓ − ρℓ+1) ≤ ρk+q,

is also bounded byc ρq, where the constantc > 0 depends onq.

We set

Ĩq :=
⋃

ℓ∈Jq

(ρℓ+1, ρℓ), where ℓ ∈ Jq ⇔ ρℓ − ρℓ+1 > ρk+q
ℓ .

Then by the above, we have
∣∣∣H1((0, ρ) ∩ Ĩq) − ρ

∣∣∣ ≤ cq ρq.

Finally, consider for anyℓ ∈ Jq andρ ∈ (ρℓ+1, ρℓ). We denote by

σ−(ρ) < 0 < σ+(ρ)

the eigenvalues ofLρ,i which are closest to0. By construction,

lim
ρցρℓ+1

σ+(ρ) = lim
ρրρℓ

σ−(ρ) = 0.

By Lemma 2.6.2,

σ−(ρ) ≤ 2 (n − 1) log (ρ/ρℓ) + c (ρℓ − ρ),

σ+(ρ) ≥ 2 (n − 1) log (ρ/ρℓ+1) − c (ρ − ρℓ+1),
(2.45)

for all ρ ∈ (ρℓ+1, ρℓ). Hence by the monotonicity of small eigenvalues,

σ−(ρ) ≤ σ−(ρℓ − ρk+q
ℓ /4) < 0 < σ+(ρℓ+1 + ρk+q

ℓ /4) ≤ σ+(ρ),

if
ρ ∈ Iq :=

⋃

ℓ

(ρℓ+1 + ρk+q
ℓ /4, ρℓ − ρk+q

ℓ /4),

and, using (2.45) we conclude that the infimum of the absolute value of the eigenvalues
of Lρ,i is bounded from below by a constant (only depending onK and m) times
ρk+q−1

ℓ , providedρℓ is small enough. Moreover, as above we have
∣∣H1((0, ρ) ∩ Iq) − ρ

∣∣ ≤ cq ρq.

The result then follows at once. �
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2.7 Existence of constant mean curvature hypersurfaces

We now use the results of the previous sections in order to solve the equation (2.37)
which reduces to find a fixed point

v = (Lρ,i)
−1

(
Oi(ρ

2+i) +
1

ρ
Q̄i

(
1

ρ
Π⊥v, Πv

))
.

We start with the following elementary observation

Lemma 2.7.1 There exists a constantc > 0 such that

ρ2+α ‖v‖C2,α(SNK) ≤ c ρ2 ‖Lρ,i v‖C0,α(SNK) + c ρ− k
2 ‖v‖L2(SNK)

Proof : This is a simple application of (rescaled) standard elliptic estimates. We set
f := Lρ,i v and, as in §3.1, we use local normal coordinatesȳ = y/ρ to parameterize a
ball of radius2 ρR in K, for some fixed small constantR > 0, and local coordinates
z to parameterizeSn−1. Define the functions

v̄(z, ȳ) := v(z, ρ ȳ) and f̄(z, ȳ) := ρ2 f(z, ρ ȳ)

It is easy to check thatf := Lρ,i v translates intōLρ,iv̄ = f̄ , whereL̄ρ,i is a second order
elliptic operator whose coefficients are bounded uniformly asρ tends to0. Moreover,
the principal part of̄Lρ,i is the Laplace operator onSNK. Standard elliptic estimates
yield

‖v̄‖C̄2,α(BR×Sn−1) ≤ c ‖f̄‖C̄0,α(BR×Sn−1) + c

(∫

Sn−1

(∫

B2R

|v̄|2 dȳ

)
dvolSn−1

)1/2

where, to evaluate the Hölder norms inC̄p,α one takes derivatives with respect toȳ and
z. Going back to the functionsv andf we have

ρ2+α ‖v‖C2,α(BρR×Sn−1) ≤ c ‖v̄‖C̄2,α(BR×Sn−1), ‖f̄‖C̄0,α(BR×Sn−1) ≤ c ρ2 ‖f‖C0,α(BρR×Sn−1)

and

(∫

Sn−1

(∫

B2R

|v̄|2 dȳ

)
dvolSn−1

)1/2

≤ c ρ− k
2

(∫

Sn−1

(∫

B2ρR

|v|2 dy

)
dvolSn−1

)1/2

the result then follows at once. �

We fix q ≥ 2 andα ∈ (0, 1) and define

D :=
3

2
k + q + α + 1, and i = 3 k + 2q + 4 > 2D + 1.
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Collecting the result of Lemma 2.6.3 and the result of the previous Lemma, we conclude
that, if ρ ∈ Iq, then

‖v‖C2,α(SNK) ≤ c ρ−D ‖Lρ,i v‖C0,α(SNK), (2.46)

where the constantc > 0 does not depend onρ (but depends oni, hence onq).

We define the nonlinear mapping

Nρ(v) := (Lρ,i)
−1

(
Oi(ρ

2+i) +
1

ρ
Q̄i

(
1

ρ
Π⊥v, Πv

))
.

It follows from (2.46) that we have

‖Nρ(0)‖C2,α ≤ cq

2
ρ2+i−D

for some constantcq > 0 depending onq but independent ofρ ∈ Iq.

Givenρ > 0, we set

Bρ := {v ∈ C2,α(SNK) : ‖v‖C2,α ≤ cq ρ2+i−D}.

Using the properties of the operatorQ̄i, it is easy to check that there existsρq > 0,
only depending onq, such that, for allρ ∈ (0, ρq) ∩ Iq,

‖Nρ(v)‖C2,α(SNK) ≤ c0 ρ2+i−D

and
‖Nρ(v) −Nρ(v

′)‖C2,α ≤ c ρi−1−2D ‖v − v′‖C2,α

for all v, v′ ∈ Bρ. In particular, the mappingNρ admits a (unique) fixed point

vρ = ρwρ + g(Φρ, Θ)

in Bρ. This yields the existence ofSρ(w
(i) + wρ, Φ

(i) + Φρ), a constant mean curvature
perturbation of the tubeSρ(w

(i), Φ(i)) for all ρ ∈ (0, ρq)∩Iq. The proof of the Theorem
is therefore complete with

I := ∪q≥2((0, ρq) ∩ Iq).

2.8 Existence of constantr-curvature hypersurfaces

In this section, we extend the result of theorem 2.1.1 to any1 ≤ r < n−1 = m−k.
We prove
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Theorem 2.8.1 Suppose that1 ≤ r < n−1 andKk is a nondegenerate closed minimal
submanifold1 ≤ k ≤ m − 1. Then there existsI ⊂ (0, +∞), countable union of
disjoint nonempty open intervals, such that for allρ ∈ I, the geodesic tubēSρ may be
perturbed to a constantr-curvature hypersurfaceSρ with σr = Cr

n−1 ρ−r. Moreover,
for anyq ≥ 2 there exists acq > 0 such that

|H1((0, ρ) ∩ I) − ρ| ≤ cq ρq,

whereH1 denotes the1-dimensional Hausdorff measure.

As noted above, this result extend the result of theorem 2.1.1 to anyr-curvature, for
1 ≤ r < n − 1. The prove is the same, but a new phenomena of lost of ellipticity
appear which explain the fact that we assume that1 ≤ r < n − 1.

2.8.1 The shape operator of the perturbed tubes

In this subsection, we use estimates given in Proposition 3.2.2 and proposition
2.3.3, we obtain the expansion of the shape operator of the hypersurfaceSρ(w, Φ). We
get

Proposition 2.8.1 Under the previous hypothesis, the shape operator is given by

ρAaa(w, Φ) = ρ2 g(R(Θ, Ea)Θ, Ea) − ρ2 Γc
a(Θ) Γa

c(Θ) + O(ρ3)

− waa − ρ g(Φaa + R(Φ, Ea)Ea , Θ) + ρ Γc
a(Φ) Γa

c(Θ)

− 2 ρ Γc
a(Θ) wac + ρ2 L(w, Φ) + Q(w, Φ)

ρ Aii(w, Φ) = 1 + 1
3
ρ2 g(R(Θ, Θi)Θ, Θi) − wii − w + O(ρ3)

+ ρ2 L(w, Φ) + Q(w, Φ)

ρ Aaj(w, Φ) = O(ρ2) + L(w, Φ) + Q(w, Φ)

ρAij(w, Φ) = O(ρ2) + L(w, Φ) + Q(w, Φ) i 6= j

ρAab(w, Φ) = −ρ Γb
a(Θ) − wac + O(ρ2) + L(w, Φ) + Q(w, Φ) a 6= b

(2.47)

where all curvature terms are computed at the pointp.

2.8.2 Ther-curvature of perturbed tubes

Given any symmetric matrixA, and anyr = 0, . . . , m, we define

σr(A) :=
∑

i1<...<ir

λi1 . . . λir
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whereλ1, . . . , λm are the eigenvalues ofA. Ther-th Newton transform ofA is defined
by

Tr(A) := σr(A) I − σr−1(A) A + · · · + (−1)r Ar

with Tm(A) = 0. Now suppose thatA = A(t) depends smoothly on a parametert, it
is proved in [33] that

d

dt
σr(A) = Tr

(
Tr−1(A)

d

dt
A

)
(2.48)

Assume that
ρA = Ĩ + H

whereH is anm × m symmetric matrix and

Ĩ =

(
In−1 0

0 0

)

wheren = m + 1 − k. We define the function

fr(t) := σr(Ĩ + tH)

so that
ρr σr(A) = fr(0) + f ′

r(0) + O(|H̃|2)
whereH̃ = Ĩ H. Observe thatfr(0) = Cr

n−1 if r ≤ n − 1 andfr(0) = 0 if r ≥ n.
Using this together with the previous expansions of the shape operator, it is not hard to
check that ther-curvature of the hypersurfaceSρ(w, Φ) can be expanded as

ρr σr(Sρ(w, Φ)) = Cr
n−1 + Cr−1

n−1 ρ2

(
1
3

n−r
n−1

g(R(Θ, Θi)Θ, Θi) + g(R(Θ, Ea)Θ, Ea)

)

− Cr−1
n−1 ρ2 Γc

a(Θ) Γa
c(Θ) + O(ρ3)

− Cr−1
n−1

(
ρ2 ∆Kw + n−r

n−1
(∆Sn−1w + (n − 1) w)

)
− 2 ρCr−1

n−1 Γc
a(Θ) wac

− ρCr−1
n−1 ( g(∆KΦ + R(Φ, Ea)Ea , Θ) − Γc

a(Φ) Γa
c(Θ))

+ ρ2 L(w, Φ) + Q(w, Φ).

The linear and nonlinear operators appearing on the above expression are different
from the ones before, but enjoy similar properties. We define

Lρ := −Cr−1
n−1

(
ρ2 ∆K +

n − r

n − 1
(∆Sn−1 + (n − 1))

)
, (2.49)

as an operator on the spherical normal bundleSNK with the expression (2.49) in any
local coordinates. Also, the Jacobi operator, forK is defined by

J := Cr−1
n−1

(
−∆N − BN + RN

)
, (2.50)
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where the operators∆N , BN andRN are defined in the section2.4. Introduce the
quadratic form

Ω (·, ·) := −Cr−1
n−1

(
(1 − 1

3

n − r

n − 1
) g(RN ·, ·) − 1

3

n − r

n − 1
Ric(·, ·) − g(BN ·, ·)

)

acting onNpK. In terms of all of this notation, we have the

Proposition 2.8.2 LetK be a minimal submanifold. Then ther-curvature ofSρ(w, Φ)
can be expanded as

ρr σr(Sρ(w, Φ)) = Cr
n−1 − Ω(Θ, Θ) ρ2 + O(ρ3)

+ Lρ w + ρ g(J Φ, Θ) − 2 Cr−1
n−1 ρ3 g(Θ, B) ◦ ∇2

Kw

+ ρ2 L(w, Φ) + Q(w, Φ).

(2.51)

The equationρr σr(Sρ(w, Φ)) = Cr
n−1 can now be written as

Lρ w + ρ g(J Φ, Θ) = Ω(Θ, Θ) ρ2 + O(ρ3) + 2Cr−1
n−1 ρ3 g(Θ, B) ◦ ∇2

Kw

+ ρ2 L(w, Φ) + Q(w, Φ).
(2.52)

The proof of Theorem 2.8.1 follows the corresponding proof whenr = 1. The
main observation is that the operatorLρ is elliptic precisely whenr < n−1. Moreover
Lemma2.6.2 relies on the fact that in (2.52) the linear operator acting onw is self
adjoint. This is the case since it is proven in [36] that the linearizedr-curvature operator
can be written as

Lr = div(Tr ∇.)

whereTr is ther-th Newton transform associated to the shape form of the hypersurface.
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Chapitre 3

Delaunay Type hypersurface in some
Riemannian manifold

3.1 Introduction

Let Σ be an oriented embedded (or possibly immersed) hypersurface in a Rieman-
nian manifold(Mm+1, g). The shape operatorAΣ is the symmetric endomorphism of
the tangent bundle ofΣ associated with the second fundamental form ofΣ, bΣ, by

bΣ(X, Y ) = gΣ(AΣ X,Y ), ∀X, Y ∈ TΣ; here gΣ = g|TΣ .

The eigenvaluesκi of the shape operatorAΣ are called the principal curvatures of the
hypersurfaceΣ and the mean curvature ofΣ is defined to be the average of the principal
curvatures ofΣ, i.e.

H(S) :=
1

m
(κ1 + . . . + κm).

In this chapter, we are interested in families of constant mean curvature hypersur-
faces, with mean curvature varying from one member of the family to another. This
study follows the work of R. Ye [42], [43] where the existence of a local foliations
by constant mean curvature hypersurfaces which concentrate at a critical point of the
scalar curvature function is proven, the work of F. Pacard and R. Mazzeo [28] where
the existence of constant mean curvature hypersurfaces which condensate over a clo-
sed geodesicK and also the work of R. Mazzeo, F. Pacard and the author where this
last result was extended to handle the case where condensation occurs along a mini-
mal submanifold [19]. In particular, these results prove the existence of constant mean
curvature hypersurfaces with nontrivial topology in any Riemannian manifold.
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Givenm ≥ 2 we set

τm :=
1

m
(m − 1)

m−1
m

In R
m+1, there exists a familySτ,ρ, for ρ > 0 andτ ∈ (0, τm], of constant mean cur-

vature hypersurfaces of revolution about thexm+1-axis, which generalize whenm 6= 2
the well known Delaunay surfaces [12]. These hypersurfaces can be parameterized by

X(s, Θ) := ρ ( τ eσ(s) Θ, κ(s)),

for (s, Θ) ∈ R × Sm−1. Whenτ ∈ (0, τm) the functionσ is a nonconstant solution of

(∂sσ)2 + τ 2(eσ + e(1−m)σ)2 = 1,

with σ(0) < 0 and∂sσ(0) = 0 and the functionκ is the given by

∂sκ = τ 2eσ (eσ + e(1−m)σ),

with κ(0) = 0. Whenτ = τm the corresponding hypersurfaces are cylindersSm−1(m−1
m

ρ)×
R, while asτ tends to0 these converge to spheres of radiusρ which are mutually tan-
gent and arranged along thexm+1-axis. These hypersurfaces are invariant under a dis-
creet one parameter group of translationstτ em+1 Z along thexm+1-axis, wheretτ > 0
is the least "vertical" period.

It is easy to check that there exists a smooth positive functionτ −→ c(τ) such that

ρ1−m Hm
xSτ,ρ ⇀ c(τ)H1

xK, (3.1)

Moreoverc(τ) tends to1
2
|Sm| asτ tends to0 andc(τm) = (m−1

m
)m−1 |Sm−1|.

In this chapter, we prove the existence of sequences of constant mean curvature
hypersurfaces which condensate, as their mean curvature tends to+∞, to a closed
geodesic in some Riemannian manifolds(Mm+1, g) and for which (3.1) holds. These
hypersurfaces generalize, in Riemannian manifolds, the well known family of Delau-
nay hypersurfaces in Euclidean space which are rotationally symmetric hypersurfaces
with constant mean curvature. They arise in a one parameter family which interpolate
between the cylinder and a string of spheres arranged along a common axis. Ana-
logues of Delaunay hypersurfaces are also known to exist in hyperbolic spaceH

m+1

and they basically share similar properties. Passing to appropriate compact quotients
of R

m+1 or of H
m+1, these Delaunay families produce examples of constant mean cur-

vature hypersurfaces which condensate along a closed geodesic in compact hyperblic
spaces. Delaunay hypersurfaces are also known to exist in standard spheresSn+1 and,
in some sense, our result generalizes these explicit examples and in many others where
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Delaunay hypersurfaces can be understood as branches of constant mean curvature hy-
persurfaces which bifurcate from the family of constant mean curvature hypersurfaces
Sm−1(r) × S1(

√
1 − r2) in Sm+1 asr tends to0 [13].

Let us describe our result in more detail. LetK be a geodesic in a compact Rie-
mannian manifold(Mm+1, g). We can define Fermi coordinates in some tubular neigh-
borhood ofK (see §2.1). We assume that, in these coordinates, the coefficients of the
metric do not depend on the the point onK (i.e. do not depend onx0). This is for
example the case when one considers a warped product metricg = A(x′) dx0 + gx′ on
Mm+1 = S1 × Nm.

The length ofK will be denoted byℓ. We assume that this geodesic isτ -nondegenerate,
i.e. that the operator

JτΦ := ∇2
E0

Φ + ατ R(Φ, X0) X0

is invertible whereX0 is the unit tangent vector field toK andατ ∈ R is defined in §3.
Our main result reads :

Theorem 3.1.1 Assume thatK is aτ -nondegenerate geodesic. We further assume that
in Fermi coordinates, the coefficients of the metric do not depend onx0. There exists a
finite setT ⊂ (0, τm) (T = ∅ whenm = 2) such that, for allτ ∈ (0, τm) − T , there
existsiτ ∈ N such that, for alli ∈ N, i ≥ iτ , if we defineρi > 0 by

i tτ ρi = ℓ

then there exists a constant mean curvature hypersurfaceΣτ,i with mean curvature
H = 1

ρi
and for which

ρ1−m
i Hm

x Στ,i ⇀ c(τ)H1
xK.

The definition of the constantατ is quite involved and we have not been able to
get a value in terms ofτ . However,ατ is a continuous function ofτ which converges
to 1 asτ tends toτm. In particular the operator

Jτm
Φ := ∇2

E0
Φ + R(Φ, X0) X0

is nothing but the Jacobi operator aboutK which appears in the second variation of
the length functional. In particular, any nondegenerate geodesic (in the usual sense) is
τ -nondegenerate forτ close toτm.

The case whereτ = τm was already treated in [28] where it was shown that the
corresponding result was valid for a carefully chosen sequence(ρi)i tending to0. In
addition it was proven that the corresponding hypersurfaces were leafs of a partial
foliations, which is not true anymore whenτ 6= τm.
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3.2 Expansion of the metric in Fermi coordinates near
K

3.2.1 Fermi coordinates

We now introduce Fermi coordinates in a neighborhood ofK. For a givenp ∈ K,
there is a natural splitting

TpM = TpK ⊕ NpK.

In a neighborhood ofp in K, we choose a normal frameE1 . . . Em of NK such
that∇E0Ei = 0 for all i = 1, . . . , m (this can be achieved locally by parallel transport
of a fixed orthonormal basis ofNpK). These determines a coordinate system

F : (x0, . . . , xm) 7−→ expM
γ(x0)(x

iEi)

whereexpM is the exponential map onM , γ is the arc length parametrization of the
geodesicK as in the Introduction and summation over repeated indices is understood.

The corresponding coordinate vector fields are denoted by

Xα = F∗(∂xα). α = 0 . . . , m.

Observe that, by constructionXα = Eα alongK.

Notation : We shall always use the convention that indicesi, j, k ∈ {1, . . . , m}
andα, β, γ, . . . ,∈ {0, . . . , m}. It will be convenient to adopt the notation

x = (x0, x1, . . . , xm) = (x0, x′)

wherex′ := (x1, . . . , xm).

3.2.2 Taylor expansion of the metric

The material of this section is an extension of the results of chapter 2 since in the
present analysis require more precise expansions.

Notation : In the following the symbolO(|x′|n) indicates a functionf such that
it and its partial derivatives of any order, with respect toX0 andxiXj are bounded by
c |x′|n in some fixed neighborhood ofK.
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We denote byq = F (x0, x′). Observe that, by construction, we have

gαβ = δαβ + O(|x′|)

The next two results are concerned with the expansions of the geometric data at the
point q = F (x0, x′) in terms of the geometric data atp = F (x0, 0). Their proof can be
found in [28].

Lemma 3.2.1 For α, β = 0, . . . ,m, we have at the pointq

∇Xα
Xβ = O(|x′|)Xγ (3.2)

In addition, we also have

∇Xα
X0 = g(R(Ek, E0)Eα, Eβ) xk Xβ + O(|x′|2) Xγ (3.3)

where summation over repeated indices is understood. Here the curvature tensorR is
computed atp.

Proof : The first estimate is already proven in chapter 2. The second estimate follows
from the following computation

Xk g(∇Xα
X0, Xβ) = g(∇Xk

∇X0Xα, Xβ) + g(∇Xα
X0,∇Xk

Xβ)

Hence

Xk g(∇Xα
X0, Xβ) = g(R(Xk, X0) Xα, Xβ)+g(∇X0 ∇Xk

Xα, Xβ)+g(∇Xα
X0,∇Xk

Xβ)

Computed alongK we get

Xk g(∇Xα
X0, Xβ) |K = g(R(Ek, E0) Eα, Eβ)

The result then follows from (3.2). �

We now give the expansion of the metric coefficients in the above defined coordi-
nates

Proposition 3.2.1 The expansions of the metric coefficients at the pointq are given
by :

gij = δij + 1
3
g(R(Ei, Ek)Ej, El) xkxl + O(|x′|3)

g00 = 1 + g(R(Ek, E0)El, E0)x
k xl + O(|x′|3)

g0j = 2
3
g(Ek, E0) El , Ej) xk xl + O(|x′|3)

(3.4)

where summation over repeated indices is understood. Here the curvature tensorR is
computed atp.
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Proof : The proof of the first two estimates is given in chapter 2. We therefore concen-
trate on the proof of the third estimate. We start with

X2
k g(X0, Xj) = g(∇Xk

∇X0Xk, Xj) + g(X0,∇Xk
∇Xj

Xk) + 2 g(∇Xk
X0,∇Xk

Xj)

Now it is shown in chapter 2 that, alongK

∇Xk
∇Xj

Xk |K =
1

3
R(Ek, Ej) Ek

Moreover
∇Xk

∇X0Xk = R(Xk, X0) Xk + ∇X0∇Xk
Xk

and hence, alongK, we have

∇Xk
∇X0Xk |K = R(Ek, E0) Ek

since∇Xk
Xk|K = 0. We conclude, using the fact that∇Xk

Xj |K = 0 that

X2
k g(X0, Xj) |K =

4

3
g(R(Ek, E0) Ek, Ej)

alongK. The result then follows at once. �

3.2.3 Geometry of Delaunay type hypersurfaces

We consider, inRm+1 the hypersurface parameterized by

D(s, Θ) = (ϕ(s) Θ, κ(s)),

whereτ ∈ (0, 1
m

(m − 1)
m−1

m ] and (s, Θ) ∈ R × Sm−1. The functionsϕ andκ are
solutions of

(∂sϕ)2 + (ϕ2 + τm ϕ2−m)2 = ϕ2,

and
∂sκ = ϕ2 (1 + τm ϕ−m),

with initial conditionsϕ(0) < τ , ∂sϕ(0) = 0 andκ(0) = 0. It is easy to check that the
hypersurface parameterized byD is a constant mean curvature hypersurface equal to
1. We refer to [12] for further details.

Let Φ be a section ofNK andw a scalar function on the spherical bundleSNK.
We fix ρ > 0. We define

G(s, x′) = expM
γ(ρ κ(s)) ( ρ (ϕ(s) − w(s, x′)) Θ(x′) + Φ(ρ κ(s)) )
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the image ofG, will be calledΣρ(w, Φ) and even though it depends onτ we shall not
make this dependence explicit in the notation.

Notation : Because of the definition of these hypersurfaces using the exponential
map, various vector fields we shall use may be regarded either as fields alongK or
alongΣρ(w, Φ). To distinguish them, we will write

Φ := Φj Ej Φ′ := ∂x0 Φj Ej Φ′′ := ∂2
x0 Φj Ej

Θ := xj Ej Θi := ∂yixj Ej.

where we use the local parametrizationy → x′(y) of a neighborhood of a point in
Sm−1 These are all vectors in the tangent spaceTpM atp = F (x0, 0) while the vectors

Ψ := Φj Xj Ψ′ := ∂x0 Φj Xj,

Υ := Θj Xj Υi := ∂yiΘj Xj

lie in the tangent spaceTqM , q = F (x0, x
′(y)).

For brevity, we will also writeG(s, y) instead ofG(s, x′(y)), w(s, y) instead of
w(s, x′(y)) and

ws := ∂sw wj := ∂yj
w wsj := ∂s∂yj

w wss := ∂2
sw

ϕs := ∂sϕ ϕss := ∂2
s ϕ κs := ∂sκ

In terms of all this notation, the tangent space ofΣρ(w, Φ) is spanned by the vector
fields :

Z0 = ρ (κs X0 + (ϕs − ws) Υ + κs Φ′) (3.5)

Zj = ρ ((ϕ − w ) Υj − wj Υ) . (3.6)

We will use two different types of Hölder spaces for functions onSNK and sec-
tions of NK : The ordinary Hölder spacesCm,α(SNK), Cm,α(K,NK) which are
based on differentiations with respect to the vector fields∂x0 and∂yj

. The modified
Hölder spacesCm,α

ρ (SNK), Cm,α
ρ (K, NK) which are based on differentiations with

respect to the vector fieldsρ ∂x0 and∂yj
. We assume that

Φ(x0) =
n∑

j=1

φj(x0) Xj ∈ C2,α(K, NK), and w ∈ C2,α
ρ (SNK).
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Definition 3.2.1 In the following,L(w, Φ) denotes a linear combination of the func-
tionsw together with its derivatives with respect toρX0 andXi up to order2, andΦj

together with its derivatives with respect toX0 up to order2 which satisfies

||L(w, Φ)||C0,α
ρ

≤ c
(
||w||C2,α

ρ (SNK) + ||Φ||C0,α(K,NK)

)
(3.7)

Similarly, an expression of the formQ(w, Φ) denotes a nonlinear operator in the func-

tionsw together with its derivatives with respect to the vector fieldsρ ∂x0 and∂yi
up to

order2, andΦj together with their derivatives with respect to the vector fields∂x0 up to
order2. Again, the coefficients of the Taylor expansion of the corresponding differential
operator are smooth onSNK, andQ which vanishes quadratically at(w, Φ) = (0, 0)
and which satisfies

‖Q(w2, Φ2) − Q(w1, Φ1)‖C0,α
ρ

≤ c sup
i=1,2

(
‖wi‖C2,α

ρ (SNK) + ‖Φi‖C2,α(K,NK)

)

×
(
‖w2 − w1‖C2,α

ρ (SNK) + ‖Φ2 − Φ1‖C2,α(K,NK)

)
(3.8)

Finally, any term denotedO(ρd) is a smooth function onSNK which is bounded
in C∞(SNK) by a constant timesρd.

Using the expansions of Lemma 3.2.1, we deduce that at the point of coordinate
(s, y) and in terms of the operatorsL andQ defined above, the metricg has the follo-
wing expansions

Lemma 3.2.2 At the pointq = G(s, x′(y)), we have

g00 = 1 + g(R(ρϕ Θ + Φ, E0) ρϕ Θ + Φ, E0) + O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ),

g0j =
2

3
g(R(ρϕ Θ + Φ, E0) ρϕ Θ + Φ, Ej) + O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ),

gij = δij +
1

3
g( R(ρϕ Θ + Φ, Ei) ρϕ Θ + Φ, Ej) + O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ).

Using these estimates we can provide the expansion of the first fundamental form, the
unit normal vectors field and the second fundamental form ofΣρ(w, Φ) in both powers
of ρ, w andΦ.

We start with the observations that :

g(Υ, Υ) = 1 + ρ2 L(w, Φ) + Q(w, Φ) g(Υ, Υj) = ρL(w, Φ) + Q(w, Φ)
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and
g(Υ, X0) = ρL(w, Φ) + Q(w, Φ)

These follow at once from Lemma 3.2.2 together with the fact thatg(Υ, Υ) = 1,
g(Υ, Υj) = g(Υ, X0) = 0 whenw ≡ 0 andΦ ≡ 0. Using this we get :

Proposition 3.2.2 The following expansions hold

ρ−2 g(Z0, Z0) = ϕ2 + ρ2 ϕ2 κ2
s g(R(Θ, E0)Θ, E0) − 2 ϕs ws + 2 ϕs κs g(Φ′, Θ)

+2 ρϕ κ2
s g(R(Θ, E0)Φ, E0) +

4

3
ρϕ κs ϕs g(R(Θ, E0)Φ, Θ)

+O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ)

ρ−2 g(Z0, Zj) = O(ρ2) + L(w, Φ) + Q(w, Φ)

ρ−2 g(Zi, Zj) = (ϕ − w)2 g(Θi, Θj) +
1

3
ϕ2 g(R(ρϕ Θ + Φ, Θi) ρϕ Θ + Φ, Θj)

+O(ρ3) + ρ2L(w, Φ) + Q(w, Φ)

where summation over repeated indices is understood.

Our next task is to understand the dependence on(w, Φ) of the unit normalN to
Σρ(w, Φ). We start by defining the normal vector field (not necessary unitary)

Ñ = ϕsX0 − κs Υ +
1

ρ
(α0 Z0 + βjZj)

where the coefficientα0 andβj are chosen so that̃N is orthogonal toZ0 andZj. The
unit normal vector field ofΣρ(w, Φ) is then defined by

N :=
Ñ

|Ñ |
.

We have the following

Proposition 3.2.3 Under the above notations, the coefficientα0 can be expanded as

α0 = 1
ϕ2

(
κ2

s g(Φ′, Θ) − κs ws − ρ2 ϕ2 κs ϕs g(R(Θ, E0)Θ, E0)

−2 ρϕ κs ϕs g(R(Θ, E0)Φ, E0) + 2
3
ρϕ (κ2

s − ϕ2
s) g(R(Θ, E0)Φ, Θ)

)

+O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ)
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and the coefficientsβj are solutions of the system :

1
ρ2

∑
i βi g(Zi, Zj) = −κs wj + 1

3
ρϕ2 κs g(R(Φ, Θ) Θ, Θj)

− 2
3
ϕϕs g(R(ρϕ Θ + Φ, E0) ρϕ Θ + Φ, Θj)

+ O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ).

where summation over repeated indices is understood. Moreover, we have

ϕ |Ñ |−1 = 1 − 1
2
ϕ2

s ρ2 g(R(Θ, E0), Θ, E0) − ϕ2
s ϕ−1 ρ g(R(Θ, E0)Φ, E0)

+ 2
3
ϕs κs, ϕ

−1 ρ g(R(Θ, E0)Φ Θ) + O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ)

Proof : In the definition ofÑ , the coefficientsα0 andβj have to be chosen so thatÑ is
orthogonal toZ0 andZj. This induces a linear system of equations forα0 and theβj.

Using the previous expansions, we easily get

1
ρ
g(κsΥ − ϕs X0, Z0) = κ2

s g(Φ′, Θ) − κs ws + 2
3
ρϕ (κ2

s − ϕ2
s) g(R(Θ, E0)Φ, Θ)

−κs ϕs g(R(ρϕ Θ + Φ, E0) ρϕ Θ + Φ, E0)

+O(ρ2) + ρL(w, Φ) + Q(w, Φ)

and

1
ρ
g(κsΥ − ϕs X0, Zj) = −κs wj + 1

3
ρϕ2 κs g(R(Φ, Θ) Θ, Θj)

− 2
3
ϕϕs g(R(ρϕ Θ + Φ, E0) ρϕ Θ + Φ, Θj)

+ O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ).

The expansions follows from the above computations and Proposition 3.2.2. �

We are now in a position to compute the coefficients of the second fundamental
form of Σρ(w, Φ). To simplify the computations, we assume from now on that, at the
pointΥ(y) ∈ Sm−1 where the computation will be performed, coordinates are chosen
so that

g(Θi , Θj) = δij, and ∇̄Θi
Θj = 0, i, j = 1, . . . , m − 1. (3.9)

where∇̄ denotes the connection onTSm−1.

Building on the previous expansions, we have the :
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Proposition 3.2.4 The following expansions hold

ρ−2g(N,∇Z0Z0) = 1
ρ

1
ϕ

[ϕs κss − κs ϕss] − 1
ρ

κs ϕs

ϕ2 ws + 1
ρ

κs

ϕ
wss + O(ρ2)

+ 1
ρ

κs

ϕ2 [κs ϕs − ϕκss] g(Θ, Φ′) − κ3
s

ϕ
g(Θ, Φ′′)

+ ρ 1
ϕ

[
1
2
ϕ3

s κss + κs ϕ3 + ϕκs ϕ2
s − 1

2
κs ϕss ϕ2

s

]
g(R(Θ, E0)Θ, E0)

+ 1
ϕ2 [ϕ3

s κss + κs ϕ3 + ϕκs ϕ2
s − κs ϕss ϕ2

s] g(R(Θ, E0)Φ, E0)

+ 2
3

1
ϕ2 [ϕs ϕssκ

2
s − ϕ2

s κs κss + ϕϕ3
s] g(R(Θ, E0)Φ, Θ)

+ ρL(w, Φ) + 1
ρ
Q(w, Φ).

ρ−2g(Ñ ,∇Z0Zi) = ρ−2g(N,∇Zi
Z0) = O(ρ) + 1

ρ
L(w, Φ) + 1

ρ
Q(w, Φ).

ρ−2g(Ñ ,∇Zj
Zj) = 1

ρ
κs − 1

ρ
κs

ϕ
w + 1

ρ
κs ϕs

ϕ2 ws + 1
ρ

κs

ϕ
wjj − 1

ρ
ϕs

ϕ2 κ2
s g(Θ, Φ′)

+ 1
2
ρϕ2

s κs g(R(Θ, E0)Θ, E0) + ϕ2
s

κs

ϕ
g(R(Θ, E0)Φ, E0)

+ 2
3

ϕ3
s

ϕ
g(R(Θ, E0)Φ, Θ) + 2

3
ρϕ2 κs g(R(Θ, Θj)Θ, Θj)

+ 2
3
ϕκs g(R(Θ, Θj)Φ, Θj) + 2

3
ρϕ2 ϕs g(R(Θj, E0)Θ, Θj)

+ 2
3
ϕϕs g(R(Θj, E0)Φ, Θj) + O(ρ2) + ρL(w, Φ) + 1

ρ
Q(w, Φ).

ρ−2 g(Ñ ,∇Zi
Zj) = O(ρ) + 1

ρ
L(w, Φ) + 1

ρ
Q(w, Φ), i 6= j.

where summation over repeated indices is understood.

Proof : Note first that by Lemma3.2.1, we can write

∇Xα
Xβ =

m−1∑

γ=0

(O(ρ) + L(w, Φ) + Q(w, Φ)) Xγ (3.10)

In particular, this together with the expression ofZ0 andZj, implies the rough estimate

∇Zα
Xβ =

∑

γ

(
O(ρ2) + ρL(w, Φ) + ρQ(w, Φ)

)
Xγ (3.11)

We will need a more precise estimate for∇Z0X0.

First estimate : We estimateg(Ñ ,∇Z0Z0). We must expand

ρ−2g(Ñ ,∇Z0Z0) = ρ−1 κssg(Ñ , X0) + ρ−1 κsg(Ñ ,∇Z0X0)

+ ρ−1 (ϕss − wss) g(Ñ , Υ) + ρ−1 (ϕs − ws ) g(Ñ ,∇Z0Υ)

+ ρ−1 κss g(Φ′, Ñ) + ρ−1 κs g(Ñ ,∇Z0Φ
′)
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The estimation is broken into4 steps :

Step 1From Proposition3.2.3, we have

g(Ñ , X0) = ϕs g(X0, X0) − κs g(Υ, X0) +
1

ρ
α0 g(Z0, X0) +

1

ρ
βj g(Zj, X0).

We need the following expansion which follows from the result of Lemma 3.2.2

g(Z0, X0) = ρ κs g(X0, X0) + ρ (ϕs − ws) g(X0, Υ) + ρ κs g(X0, Φ
′)

= ρ κs + ρ3 κs ϕ2 g(Θ, E0)Θ, E0) + 2 ρ2 κs ϕg(Θ, E0)Φ, E0)

+
2

3
ρ2 ϕs ϕg(Θ, E0)Φ, Θ) + O(ρ4) + ρ3 L(w, Φ) + ρQ(w, Φ)

we conclude that

1

ρ
α0 g(Z0, X0) =

1

ϕ2

[
κ3

s g(Θ, Φ′) − κ2
s ws − ρ2 ϕ2 ϕs κ2

s g(R(Θ, E0)Θ, E0) + O(ρ3)

− 2 ρϕ ϕs κ2
s g(R(Θ, E0) Φ, E0) +

2

3
ρϕ κs (κ2

s − ϕ2
s) g(R(Θ, E0)Φ, Θ)

]

+ ρ2 L(w, Φ) + Q(w, Φ)
(3.12)

A similar computation allows to show that

1

ρ
βj g(Zj, X0) = ρ2 L(w, Φ) + Q(w, Φ) (3.13)

Collecting the estimates (3.12) and (3.13) together with the result of Lemma 3.2.2, we
obtain

g(Ñ , X0) = ϕs −
κ2

s

ϕ2
ws +

κ3
s

ϕ2
g(Θ, Φ′) + O(ρ3)

+ ρ2 ϕ3
s g(R(Θ, E0)Θ, E0) + 2 ρ

ϕ3
s

ϕ
g(R(Θ, E0)Φ, E0)

− 4

3
ρ

κs ϕ2
s

ϕ
g(R(Θ, E0)Φ, Θ) + ρ2 L(w, Φ) + Q(w, Φ)

Step 2: We now compute

g(Ñ , Υ) = ϕs g(X0, Υ) − κs g(Υ, Υ) +
1

ρ
α0 g(Z0, Υ) +

1

ρ
βj g(Zj, Υ). (3.14)
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Using the expression ofZ0, we get

g(Z0, Υ) = ρ κs g(X0, Υ) + ρ (ϕs − ws) g(Υ, Υ) + ρ κs g(Φ′, Υ)

Collecting these together with the estimates of Lemma 3.2.2, we obtain

g(Z0, Υ) = ρϕs − ρws + ρ κs g(Θ, Φ′) + O(ρ4)

+
2

3
ρ2 ϕκs g(R(Θ, E0)Φ, Θ) + ρ3 L(w, Φ) + ρQ(w, Φ)

Hence we conclude using the expression ofα0 given in Proposition 3.2.3 that

1

ρ
α0 g(Z0, Υ) =

1

ϕ2
κ2

s ϕs g(Θ, Φ′) − 1

ϕ2
κs ϕs ws − ρ2 ϕ2

s κs g(R(Θ, E0)Θ, E0) + O(ρ3)

− 2 ρϕ2
s

κs

ϕ
g(R(Θ, E0)Φ, E0) +

2

3
ρ

κs

ϕ
(κ2

s − ϕ2
s) g(R(Θ, E0)Φ, Θ)

+ ρ2 L(w, Φ) + Q(w, Φ)

Similarly, we have

1

ρ
βj g(Zj, Υ) = ρ2 L(w, Φ) + Q(w, Φ)

Using Lemma 3.2.2 and (3.14), we get

g(Ñ , Υ) = −κs −
ϕs κs

ϕ2
ws +

κ2
s

ϕ2
ϕs g(Θ, Φ′) − ρ2 ϕ2

s κs g(R(Θ, E0)Θ, E0)

− 2 ρ
κs

ϕ
ϕ2

s g(R(Θ, E0)Φ, E0) +
4

3
ρ

ϕs

ϕ
κ2

s g(R(Θ, E0)Φ, Θ)

+ O(ρ3) + ρ2 L(w, Φ) + Q(w, Φ).

(3.15)

Step 3ExpandingZ0 gives

g(Ñ ,∇Z0X0) = ρ κs g(Ñ ,∇X0X0) + ρ (ϕs − ws) g(Ñ ,∇ΥX0)

+ ρ κs g(Ñ ,∇Φ′X0)

Using Lemma 3.2.1, we get

g(Ñ ,∇X0X0) = ρϕ κs g(R(Θ, E0)Θ, E0) + O(ρ3)

+ κs g(R(Θ, E0)Φ, E0) + ρ2 L(w, Φ) + Q(w, Φ),
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g(Ñ ,∇ΥX0) = ρϕϕs g(R(Θ, E0)Θ, E0) + O(ρ3)

+ ϕs g(R(Θ, E0)Φ, E0) + ρ2 L(w, Φ) + Q(w, Φ).

and

g(Ñ ,∇Φ′X0) = ρ2 L(w, Φ) + Q(w, Φ).

This gives

g(Ñ ,∇Z0X0) = ρ2 ϕ3 g(R(Θ, E0)Θ, E0) + O(ρ3)

+ ρϕ2 g(R(Θ, E0)Φ, E0) + ρ2 L(w, Φ) + Q(w, Φ).

A similar computation and (3.10) gives

g(Ñ ,∇Z0Υ) = ρ2 ϕϕs κs g(R(Θ, E0)Θ, E0) + O(ρ3)

+ ρϕs κs g(R(Θ, E0)Φ, E0) +
2

3
ρϕ2

s g(R(Θ, E0)Φ, Θ)

+ ρ2 L(w, Φ) + Q(w, Φ).

Step 4Now, we expand

g(Ñ , Φ′) = ϕs g(X0, Φ
′) − κs g(Υ, Φ′) +

1

ρ
α0 g(Z0, Φ

′) +
1

ρ
βj g(Zj, Φ

′)

using the expansions

g(X0, Φ
′) = ρ2 L(w, Φ) + Q(w, Φ)

and
g(Υ, Φ′) = g(Θ, Φ′) + ρ2 L(w, Φ) + Q(w, Φ)

we conclude using the expansions ofα0 andβj given in Proposition3.2.3

1

ρ
α0 g(Z0, Φ

′) = ρ2 L(w, Φ) + Q(w, Φ)

and
1

ρ
βj g(Zj, Φ

′) = ρ2 L(w, Φ) + Q(w, Φ)
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hence
g(Ñ , Φ′) = −κs g(Θ, Φ′) + ρ2 L(w, Φ) + Q(w, Φ)

Step 5: Finally

g(Ñ ,∇Z0Φ
′) = ρ κs g(Ñ , Φ′′) + ∂x0Φj g(Ñ ,∇Z0Xj)

where summation over repeated indices is understood. From (3.11) we have

∂x0Φj g(Ñ ,∇Z0Xj) = ρ2 L(w, Φ) + ρQ(w, Φ)

On the other hand

g(Ñ , Φ′′) = ϕs g(X0, Φ
′′) − κs g(Υ, Φ′′) +

1

ρ
α0 g(Z0, Φ

′′) +
1

ρ
βj g(Zj, Φ

′′)

Using lemma 3.2.2, we get

g(Ñ , Φ′′) = −κs g(Θ, Φ′′) + ρ2 L(w, Φ) + Q(w, Φ)

we hence conclude that

g(Ñ ,∇Z0Φ
′) = −ρ κ2

s g(Θ, Φ′′) + ρ2 L(w, Φ) + ρQ(w, Φ)

Collecting the expansions of the steps 1-5, we prove the first estimate.

Second estimate :Decompose

g(Ñ ,∇Z0Zj) = −ρws g(Ñ , Υj) + ρwjs g(Ñ , Υ) + ρ (ϕ − w) g(Ñ ,∇Z0Υj)

−ρwj g(N,∇Z0Υ).

The second estimate follows from the above computations.

Third estimate : Now, we estimateg(Ñ ,∇Zi
Zj). Observe that

g(Ñ ,∇Zi
Zj) = −1

2

(
g(∇Zi

Ñ , Zj) + g(∇Zj
Ñ , Zi)

)

g(Zj,∇Zi
Ñ) = ϕs g(Zj,∇Zi

X0) − κs g(Zj,∇Zi
Υ)

+
1

ρ
g(Zj,∇Zi

(α0 Z0)) +
1

ρ
g(Zj,∇Zi

(βk Zk))

The estimates is broken into4 steps.
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Step 1we set
Aij := g(∇Zj

X0, Zi) + g(∇Zi
X0, Zj)

We expand

∇Zi
X0 = ρ (ϕ − w)∇Υi

X0 − ρwi ∇ΥX0

We will need the following expansions which follows from the expansions of the
lemma 3.2.1

∇Xi
X0 = g(R(ρϕ Θ + Φ, E0)Ei, Ek) Xk +

(
O(ρ2) + ρL(w, Φ) + Q(w, Φ)

)
Xγ

In particular, we obtain the following expansions

ρwi ∇ΥX0 = (ρ2 L(w, Φ) + ρQ(w, Φ)) Xk + ρ2 Q(w, Φ) X0.

and

∇Υi
X0 = g(R(ρ ϕ Θ + Φ, E0)Θi, Ek) Xk +

(
O(ρ2) + ρL(w, Φ) + Q(w, Φ)

)
Xγ

Collecting these together, we deduce

∇Zi
X0 = ρ (ϕ − w) g(R(ρϕ Θ + Φ, E0)Θi, Ek) Xk

+
(
O(ρ3) + ρ2 L(w, Φ) + ρQ(w, Φ)

)
Xj.

(3.16)

We now compute

g(Xk, Zj) = ρ (ϕ − w) g(Xk, Υj) − ρ wj g(Xk, Υ).

Therefore, it follows from lemma 3.2.1 that

g(Xk, Zj) = ρ (ϕ − w) g(Ek, Θj) +
1

3
ρ3ϕ3 g(R(Θ, Θj)Θ, Ek)

+
1

3
ρ2 ϕ2 ( g(R(Θ, Θj)Φ, Ek) + g(R(Φ, Θj)Θ, Ek))

− ρwj g(Ek, Θj) + O(ρ4) + ρ3 L(w, Φ) + ρ2 Q(w, Φ).

which together with (3.16) gives

g(∇Zi
X0, Zj) = ρ3ϕ3 g(R(Θ, E0)Θi, Θj) + ρ2ϕ2 g(R(Φ, E0)Θi, Θj)

+ O(ρ4) + ρ3 L(w, Φ) + ρ2 Q(w, Φ).

In particular, we deduce using the fact thatg(R(., E0)Θi, Θj) = −g(R(., E0)Θj, Θi)

Aij = O(ρ4) + ρ3 L(w, Φ) + ρ2 Q(w, Φ)
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Step 2We now estimate

B̄ij :=
−κs

2
( g(Zi,∇Zj

Υ) + g(∇Zi
Υ, Zj) )

To this aim, we set
Bij = g(Zi,∇Zj

Υ)

so that
B̄ij =

−κs

2
(Bij + Bj i)

It is convenient to define

B′
ij =

1

ϕ − w
g

(
Zi,∇Zj

(ϕ − w) Υ
)

we have the expansion

B′
ij =

1

ϕ

(
1 +

w

ϕ
+ Q(w, Φ)

)
g(Zi,∇Zj

(ϕ − w)Υ)

Decompose

g(Zi,∇Zj
(ϕ − w)Υ) = (ϕ − w) g(Zi,∇Zj

Υ) − wi g(Zi, Υ)

On the other hands, we can easily see that

wi g(Zi, Υ) = ρQ(w, Φ)

We then conclude that
B′

ij = Bij + ρ Q(w, Φ)

hence it is enough to focuss on the estimate ofB′
ij. To analyze this term, let us revert

for the moment and regardw andΦ as functions of the coordinates(s, y) and also
considerρ as a variable instead of just a parameter. Thus we consider

F̃ (s, ρ, y) = F
(
s, ρ (ϕ − w(s, y)) Υ(y) + Φ(ρ κ(s))

)
.

The coordinate vector fieldsZj are still equal toF̃∗(∂yj
), but now we also have

F̃∗(∂ρ) = κ(s) X0 + (ϕ − w) Υ + κ(s)∂ρ Φ(ρ κ(s)).

which is the identity we wish to use below. Now, we write

B′
ij =

1

ϕ − w
g

(
Zi ,∇Zj

(F̃∗(∂ρ) − κ(s) X0 − κ(s)∂ρ Φ )
)

=
1

ϕ − w
g(Zi ,∇∂ρ

Zj) −
1

ϕ − w
g(Zi ,∇Zj

(κ(s) X0) )

− 1

ϕ − w
g(Zi ,∇Zj

(κ(s) ∂ρ Φ))
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Using the following expansion

g(∇Zj
X0 , Zi) = ρ3 L(w, Φ) + ρ2 Q(w, Φ)

We deduce that

g(Zi ,∇Zj
(κ(s) X0)) = ρ3 L(w, Φ) + ρQ(w, Φ)

On the other hand, it is easy to see that

g(Zi ,∇Zj
(κ(s) ∂ρ Φ)) = ρ3 L(w, Φ) + ρQ(w, Φ)

Therefore, we deduce that

B′
ij + B′

j i =
1

ϕ − w

(
g(Zi ,∇∂ρ

Zj) + g(Zj ,∇∂ρ
Zi)

)

+ ρ3 L(w, Φ) + ρ2 Q(w, Φ)

=
1

ϕ − w
∂ρ g(Zi , Zj) + ρ3 L(w, Φ) + ρ2 Q(w, Φ)

It follows from the expansions of proposition 3.2.2 and (3.9) that

B′
ij + B′

j i =
1

ϕ
( 1 +

w

ϕ
+ Q(w, Φ) )

[
2 ρ (ϕ − w)2 δij + O(ρ4) +

4

3
ρ3 ϕ4 g(R(Θ, Θi)Θ, Θj)

+ρ2 ϕ3 { g(R(Θ, Θi)Φ, Θj) + g(R(Θ, Θj)Φ, Θi) }
]
+ρ3 L(w, Φ) + ρ2 Q(w, Φ)

Step 3: Now, we estimate

Cij = g(∇Zi
(βk Zk), Zj) + g(∇Zj

(βk Zk), Zi )

clearly
Cij = ∂yi

βk g(Zj, Zk) + ∂yj
βk g(Zi, Zk) + βk ∂yk

g(Zi, Zj)
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It follows from the proposition 3.2.3 that

1

ρ2
∂i( βk g(Zj, Zk) ) = κs wij +

1

3
ρϕ2 κs [ g(R(Φ, Θi)Θ, Θj) + g(R(Φ, Θ)Θi, Θj) ]

−2

3
ρ2 ϕ3 ϕs [ g(R(Θi, E0)Θ, Θj) + g(R(Θ, E0)Θi, Θj) ]

−2

3
ρϕ2 ϕs [ g(R(Θi, E0)Φ, Θj) + g(R(Φ, E0)Θi, Θj) ]

+O(ρ3) + ρ2 L(w, Φ) + ρ2 Q(w, Φ)

Now, observe that

(∂i βk) g(Zj, Zk) = ∂i( βk g(Zj, Zk) ) − βk ∂i g(Zj, Zk)

On the other hand, using the expression ofβj given in proposition 3.2.3 together with
(3.9), we get

βk ∂yk
g(Zi, Zj) = ρ4 L(w, Φ) + ρ2 Q(w, Φ)

Collecting these, we conclude

1

ρ2
Cij = −2 κs wij +

1

3
ρϕ2 κs [ g(R(Φ, Θi)Θ, Θj) + g(R(Φ, Θ)Θi, Θj) ]

−2

3
ρ2 ϕ3 ϕs [ g(R(Θi, E0)Θ, Θj) + g(R(Θj, E0)Θ, Θi) ]

−2

3
ρϕ2 ϕs [ g(R(Θi, E0)Φ, Θj) + g(R(Θj, E0)Φ, Θi) ]

+O(ρ3) + ρ2 L(w, Φ) + ρ2 Q(w, Φ)

here we used the fact thatR(X, Y ) + R(Y,X) = 0

Step 4Finally we must compute

Dij = g(∇Zi
(α0 Z0), Zj ).

Clearly, we have

Dij = −g(∇Zi
Zj, α0 Z0) + ∂yi

g( Zj, α0 Z0).

Using lemma 3.2.1 and proposition 3.2.2, we can easily see that

g(∇Zi
Zj, α0 Z0) = ρ4 L(w, Φ) + ρ2 Q(w, Φ)
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and
(∂yi

α0) g(Z0, Zj) = ρ4 L(w, Φ) + ρ2 Q(w, Φ)

Now, we use the fact that̄∇Υi
Υj = 0 atp ∈ K andg(Θi, Θj) = δij we deduce

∂yi
g(Z0, Zj) = ρ2 ϕ ϕs δij + ρ2 L(w, Φ) + Q(w, Φ)

Collecting these, we obtain

Dij = −g(∇Zi
Zj, α0 Z0) + (∂yi

α0) g(Zj, Z0) + α0 ∂yi
g(Z0, Zj)

= −ρ2 ϕs

ϕ
κs δij ws + ρ2 ϕs

ϕ
κ2

s δij g(Θ, Φ′) + O(ρ5)

−ρ4 ϕϕ2
s κs δij g(R(Θ, E0)Θ, E0) − 2 ρ3 ϕ2

s κs δij g(R(Θ, E0)Φ, E0)

+
2

3
ρ3 ϕs (κ2

s − ϕ2
s) δij g(R(Θ, E0)Φ, Θ) + ρ3 L(w, Φ) + ρQ(w, Φ)

This together with the estimates of the previous steps give the desired expansions.�

3.2.4 The mean curvature of the perturbed Delaunay hypersur-
face

Collecting the estimates of the last subsection together with the fact that

ϕs κss − κs ϕss = mϕ3 − (m − 1) ϕκs

we obtain the expansion of the mean curvature of the hypersurfaceΣρ(w, Φ). In the
coordinate system defined in the previous sections, we get

ρm H(w, Φ) = m + 1
3
ρ2 κs g(R(Θ, Θi)Θ, Θi) + ρ2 aτ g( R(Θ, E0)Θ, E0) + O(ρ3)

+κs ϕ−3 (∂2
s + ∆Sm−1 + bτ ∂s + m − 1 ) w

−κ3
s ϕ−3 g (ρ Φ′′ + cτ Φ′ + ρ dτ R(Φ, E0) E0, Θ )

+2
3
ρ2 ϕs g(R(Θ, Θi)E0, Θi) + 2

3
ρ ϕs

ϕ
g(R(Φ, Θi) E0, Θi)

+ρ eτ g(R(Φ, Θ)E0, Θ) + ρ2 L(w, Φ) + Q(w, Φ)
(3.17)

Summation over repeated indices is understood. Here the functionsaτ , bτ , cτ , dτ , and
eτ are respectively given by

aτ :=
1

ϕ2

(m

2
ϕ2 ϕ2

s + 2 κs ϕ2 − mϕ2 κ2
s + (m − 2) κ3

s

)
,
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bτ :=
mϕs

κs

(
ϕ − τm ϕ1−m

)
,

cτ :=
ϕs

κ2
s

((m + 2) ϕ + 2 (1 − m) τm ϕ1−m),

dτ :=
1

κ3
s

(
(2m − 1) κ3

s − 2 mϕ2 κ2
s + 2 κs ϕ2

s + mϕ2
s ϕ2

)
,

and

eτ :=
2

3

ϕs

ϕ3

(
3 mϕ2 κs − mϕ2

s + 3 (1 − m) κ2
s

)

Observe that whenτ = τm := 1
m

(m − 1)
m−1

m (i.e, the hypersurface parameterized
by X is the cylinderSm−1(ρ m−1

m
) × R ), then

ϕ = ϕτm
≡ m − 1

m
, ϕs = (ϕτm

)s ≡ 0 κs = (κτm
)s ≡

m − 1

m

and we recover the expression of the mean curvature of the perturbed tubes which was
found in [28].

Remark 3.2.1 As already mentioned the operatorρ2 L + Q depends onΦ, Φ′ andΦ′′

(andw and its derivatives). However, first observe that this expression is affine inΦ′′,
that is it can be decomposed as

ρ2 L(w, . . . , Φ′′) + Q(w, . . . , Φ′′) = ρ2 L(w, . . . , Φ′) + Q(w, . . . , Φ′)

+
∑

j(O(ρ2) + L(w, . . . , Φ′) + Q(w, . . . , Φ′)) Φ′′
j

Now, closer inspection of the proof of Proposition 3.2.4 (precisely the analysis done in
Step 5 of the first estimate) shows that the exponents inρ in front of the terms involving
Φ′′ are slightly better than expected and in fact one has

ρ2 L(w, . . . , Φ′′) + Q(w, . . . , Φ′′) = ρ2 L(w, . . . , Φ′) + Q(w, . . . , Φ′)

+
∑

j(O(ρ3) + ρL(w, . . . , Φ′) + ρQ(w, . . . , Φ′)) Φ′′
j

3.3 Jacobi operators

In this section we study the mapping properties of the linear operators which ap-
pear in the expression of the mean curvature ofΣρ(w, Φ). The first one is an operator
defined on the spherical normal bundleSNK given by

Lτw := ∂2
s w + ∆Sm−1 w + bτ ∂s w + (m − 1) w (3.18)
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The second one is defined by

J Φ = Φ′′ +
1

ρ
cτ Φ′ + dτ R(Φ, E0) E0 (3.19)

We introduce the quadratic form

Ω(·, ·) := −
(

aτ −
1

3
κs

)
g(R(·, E0)·, E0) +

1

3
κs Ric(·, ·).

acting onNpK. Granted these notations, the equationρm H(w, Φ) = m can be written
in the more compact form :

κs Lτw − ρ κ3
s g(J Φ, Θ) = ϕ3 Ω(Θ, Θ) ρ2 − 2

3
ρ2 ϕs ϕ3 g(R(Θ, Θi)E0, Θi) + O(ρ3)

− ρ eτ ϕ3 g(R(Φ, Θ)E0, Θ) − 2
3
ρϕs ϕ2 g(R(Φ, Θi)Θi, E0)

+ ρ2 L(w, Φ) + Q(w, Φ)
(3.20)

In order to analyze the operatorLτ , we introduce the eigenfunction decomposition

w(s, θ) =
∑

j∈N
wj(s) ϕj(θ)

whereϕj are the eigenfunctions of−∆Sm−1, namely

−∆Sm−1 ϕj = λj ϕj

andλj are given by

0 = λ0 < λ1 = . . . = λm = m − 1 < λm+1 = 2m = . . .

w decomposes asw0 + ŵ + w̃, where

ŵ :=
m∑

j=1

wj ϕj and w̃ =
∑

j> m

wj ϕj

We denote byΠ0, Π̂ and Π̃ the projections on these three components respectively.
From now on, we assume that we are working with functionsw such thatΠ̂ w = 0.
We denote byL0 andL̃ the operators induced by the first and the third components. In
particular

L0 = ∂2
s + bτ ∂s + (m − 1)
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3.3.1 Mapping properties

In this subsection, we study the mapping properties ofJ and the components of
Lτ . We first study the operatorJ. Recall that

t = ρ κ(s)

Using this, observe that, by direct computation

(κ3
s ϕm−4)2 JΦ = κ3

s ϕm−4 d

dt

(
κ3

s ϕm−4 d

dt
Φ

)
+ (κ3

s ϕm−4)2 dτ R(Φ, E0) E0

We consider the change of variable

ζτ dξ =
1

κ3
s ϕm−4

dt

where the constantζτ is defined so that the integral of the right hand side over the
length ofK is equal toℓ. Hence

ζτ =
1

κ(πτ )

∫ πτ

0

1

κ2
s ϕm−4

ds

whereπτ is the least period ofϕ.

Using this change of variable we reduce the study ofJ to the study of the operator

J̃Φ =
d2Φ

dξ2
+ c̃τ R(Φ, E0) E0

where we have set
c̃τ := ζ2

τ (κ3
s ϕm−4)2 dτ

We defineατ to be the average of the functionc̃τ , namely

ατ =
1

κ(πτ )

∫ πτ

0

ζτ κ4
s ϕm−4 dτ ds

This is the constant which appears in the introduction. Recall that the geodesicK is
said to beτ -nondegenerate when the operator

Jτ :=
d2Φ

dξ2
+ ατ R(Φ, X0) X0

is invertible. We have the following
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Proposition 3.3.1 Assume thatJτ is τ -nondegenerate. Then, for allρ small enough,
the operator

J : C2,α(K, NK) −→ C0,α(K,NK)

is an isomorphism. Furthermore, we have

‖Φ‖C1(K,NK) + ρ1+α ‖Φ′′‖C0,α(K,NK) ≤ c ‖J Φ‖C0,α(K,NK)

Proof : To begin with, we study the operatorJ̃ and more precisely the equation

J̃ Φ = Ψ

Observe that we can write

c̃τ − ατ = ρ
dCτ

dξ

whereCτ is a bounded function.

We defineΦ0 to be the solution of

Jτ Φ0 = Ψ

and next we defineF1 to be the solution of

Jτ F1 = −CτR(Φ0, E0) E0

It should be clear that

‖Φ0‖C2(SNK) + ‖F1‖C2(SNK) ≤ c ‖Ψ‖C0(SNK)

We define the operator

G(Ψ) := Φ0 + ρ
dF1

dξ

We have
‖G(Ψ)‖C1(SNK) ≤ c ‖Ψ‖C0(SNK)

Moreover, direct computation shows that
∥∥∥J̃ ◦ G(Ψ) − Ψ

∥∥∥
C0(SNK)

≤ c ρ ‖Ψ‖C0(SNK)

HenceJ̃ ◦ G = I + R whereR : C0(SNK) −→ C0(SNK) is small. A simple pertur-
bation argument now shows that the operatorJ̃ is invertible and has a right inversẽG
such that ∥∥∥G̃(Ψ)

∥∥∥
C1(SNK)

≤ c ‖Ψ‖C0(SNK)
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SinceJ̃ ◦ G̃(Ψ) = Ψ we conclude that
∥∥∥G̃(Ψ)

∥∥∥
C2,α(SNK)

≤ c ‖Ψ‖C0,α(SNK)

Now, performing the change of variablet = t(ξ) back we conclude that the opera-
tor J is invertible. However, observe that one has

ξ = t + ρ fρ(
t

ρ
)

wheref is a smooth function bounded independently ofρ. And hence, when solving
the equationJ Φ = Ψ one can conclude that

‖Φ‖C1(SNK) ≤ c ‖Ψ‖C0(SNK)

(sincedξ
dt

is bounded independently ofρ) but one only has

ρ ‖Φ′′‖C1(SNK) ≤ c ‖Ψ‖C0(SNK)

(sinceρ d2ξ
dt2

is bounded independently ofρ) and similar estimate for the Hölder norm
of Φ′′. This completes the proof of the result. �

Remark 3.3.1 Let us observe that, in the special case where

Ψ = ϕs h(ϕ)

whereh is a smooth function then one get the estimate

‖Φ‖C1(K,NK) + ρ1+α ‖Φ′′‖C0,α(K,NK) ≤ c ρ

for the solutionΦ of J Φ = Ψ. This follows at once from the proof of the previous
Proposition together with the fact that

(κ3
s ϕm−4)2 h(ϕ) ϕs = ρ (κ3

s ϕm−4)3 ζτ κs h(ϕ)
dϕ

dξ

and hence

(κ3
s ϕm−4)2 h(ϕ) ϕs = ρ

dk(ϕ)

dξ

for some smooth bounded functionk.

Next, we study the mapping properties of the operatorL̃. We have the :
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Proposition 3.3.2 The operatorL̃ : Π̃ C2,α
ρ (SNK) −→ Π̃ C0,α

ρ (SNK) is an isomor-
phism with inverse uniformly bounded asρ → 0.

Proof : We show that the operator is injective. Indeed, ifw̃ =
∑

j> m

wj ϕj is a solution of

L̃w = 0, then for anyj ≥ m+1, wj is a solution of the ordinary differential equation

∂2
s wj + bτ ∂s wj + (m − 1 − λj) wj = 0 (3.21)

We set

Bτ (s) :=

∫ s

0

bτ

We have explicitly
eBτ = κ2

s τ−m ϕm−4

Observe thatBτ is periodic. Multiplying (3.21) byeBτ wj and integrating by parts, we
get

0 =

∫
(∂2

s wj) eBτ wj +

∫
bτ ∂s wj eBτ wj + (m − 1 − λj)

∫
eBτ w2

j

= −
∫

∂s wj ∂s (eBτ wj) +

∫
bτ ∂s wj eBτ wj + (m − 1 − λj)

∫
eBτ w2

j

= −
∫

eBτ |∂s wj|2 + (m − 1 − λj)

∫
eBτ w2

j

If j > m, we haveλj > m − 1, so all quantities in the right hand side of the last
equality are negative. In particular this implies that

∫
R eBτ w2

j = 0 and hencewj ≡
0 ∀ j ≥ m + 1 andw̃ ≡ 0. This already shows that the operator is an isomorphism.

It remains to show that its inverse is bounded uniformly asρ tends to0 (observe
that the operator depends onρ through the change of variabledt = ρ κs ds). To show
this we argue by contradiction and assume that the result is not true. There would exists
a sequenceρi tending to0 and a sequence of functionswi such that

‖wi‖L∞(SNK) = 1

and
lim

i→+∞
‖Lwi‖L∞(SNK) = 0

Using elliptic estimates and Ascoli-Arzela Theorem, we can extract some subsequence
which converges tow a nontrivial bounded solution ofLw = 0 in R × Sm−1. In
addition, the eigenvalue expansion ofw in the spherical variables does not include any
low eigenmode, namely

w =
∑

j>m

wj ϕj
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At this point, we can apply the above integration by part to show thatwj = 0, hence
w ≡ 0. A contradiction. This completes the proof of the result. �

Finally, we consider the operator

L0 : Π0 C2,α
ρ (SNK) −→ Π0 C0,α

ρ (SNK)

It will be convenient to define the conjugate operator

L0 := e
Bτ
2 L0 e−

Bτ
2

which is explicitly given

L0 = ∂2
s +

(
m − 1 − 1

4
b2
τ −

1

2
∂s bτ

)

using the expression ofbτ we obtain

L0 = ∂2
s −

(
m − 2

2

)2

+
m(m + 2)

4
ϕ2 +

m(3m − 2)

4
τ 2m ϕ2−2m

There exist two independent solutions ofL0 w = 0 which are denoted byw±
0 . One of

these solutions is periodic and corresponds to the Jacobi field associated to translation
of the Delaunay along its axis

w+
0 = ϕ

m−4
2 ϕs

The second (independent) solution of the homogeneous problemL0 w = 0 corresponds
to the Jacobi field associated to the change of Delaunay parameter. We refer to [13] for
further details. It is proven in [12] thatw−

0 is not periodic for all values ofτ ∈ (0, τm)
except whenτ belongs to some finite setT ⊂ (0, τm). Whenm = 2 it is shown in [13]
thatw−

0 is not periodic for all values ofτ and henceT = ∅ in this case. We shall from
now on assume thatw−

0 is not periodic, i.e.τ ∈ (0, τm) − T .

We define the function space

Hk,α
ρ (SNK) := {w ∈ Π0 Ck,α

ρ (SNK) : w(s) = w(−s) and w(s+πτ ) = w(s)}
where we recall thatπτ is the least period ofϕ. This space is endowed with the norm
of the spaceCk,α

ρ (SNK). Sincew+
0 is an odd function ofs, it does not belong to the

above space and hence the operator

L0 : H2,α
ρ (SNK) −→ H0,α

ρ (SNK)

is an isomorphism. Obviously we have

||w|| C2,α
ρ (SNK) ≤ c ||L0 w|| C0,α

ρ (SNK)

for a constantc > 0 independent ofρ.
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3.4 Existence of “Delaunay type” hypersurfaces

We now use the results of the previous sections to perturbΣ̄ρ(K). We will assume
from now on that, in Fermi coordinates, the coefficients of the metric do not depend
on x0. We further assume that the geodesicK is τ -nondegenerate and also thatτ ∈
(0, τm) − T .

We must find(w0, Φ, w̃) ∈ H2,α
ρ (SNK) ⊕ C2,α(K,NK) ⊕ Π̃ C2,α

ρ (SNK) such
that

ρm H(w, Φ) = m (3.22)

Let us denote by

f = ρ2 Ω(Θ, Θ) +
2

3
ρ2 ϕs g(R(Θ, Θi)E0, Θi) + O(ρ3)

the inhomogeneous term appearing in (3.17). We can decomposef into three compo-
nents,f0 + f̂ + f̃ according to the projections defined in §3. We define a section of the
normal bundleΨ so that

ρ g(Ψ, Θ) = f̂

The equation (3.22) is then equivalent to the coupled system




L0 w0 = f0 + ρL(w, Φ) + Q(w, Φ)

J Φ = Ψ + ρL(w, Φ) + 1
ρ
Q(w, Φ)

L̃SNKw̃ = f̃ + ρL(w, Φ) + Q(w, Φ)

(3.23)

Some observations are due. First, concerning the solution of

J Φ = Ψ

one has the estimate

‖Φ0‖C1(K,NK) + ρ1+α ‖Φ′′
0‖C0,α(K,NK) ≤ c ρ2

even though‖Ψ‖C0,α(K,NK) ≤ c ρ. The rational being thatΨ can be decomposed into
Ψ = Ψ1 + Ψ2 where‖Ψ2‖C0,α(K,NK) ≤ c ρ2 andΨ1 = ρ h(ϕ) ϕs χ whereχ is some
fixed section ofNK andh(ϕ) := ϕ3 κ−3

s . The result then follows from Remark3.3.1.

Granted the properties of the operator involved, this system can be solved easily
using a standard fixed point argument for contraction mapping in the space ofΞ :=
(w0, Φ, w̃) such that

‖w0‖H2,α
ρ (SNK) + ‖Φ|‖C1(K,NK) + ρ1+α ‖Φ′′‖C0,α(K,NK) + ‖w̃‖ Π̃Ck,α

ρ (SNK) ≤ c ρ2

115



provided the constantc > 0 is fixed large enough. There is no difficulty in applying
this fixed point and we shall omit the details. Observe nevertheless that in the right
hand side of the second equation, one has to use the special structure of the operator
ρL + 1

ρ
Q as described in Remark 3.2.1. This completes the proof of the result.
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