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Title: Green functions and the support of hypoelliptic diffusions

Abstract:

The first part contains a precise description of the singularity near the
diagonal of the Green function associated to a hypoelliptic operator. Our ap-
proach is probabilistic and relies on the stochastic Taylor expansion of paths
of the associated diffusion and on a priori estimates of the Green function.
Examples and applications to potential theory are given.

In the second part one extends the Stroock-Varadhan support theorem
for Holder norms. The central tool is an estimate of the probability that the
Brownian motion has a large Hélder norm conditionally on the fact that it
has a small uniform norm.

Key words: hypoelliptic operator - Green function - degenerate diffusion
- Taylor stochastic expansion - capacity - Holder norm - support theorem -
correlation inequality

1991 Mathematics Subject Classification: 60J60, 35H05, 60H10, 60J45,
60J65, 26A16, 46E15, 60G15






Table de matiéres

I Introduction générale ............. ... . . ittt
1. La fonction de Green hypoelliptique ........ ... ..
2. Le support d’une diffusion .......... ... . . i
Bibliographie . .........o
II Singularities of hypoelliptic Green functions ........................
1. Introduction ...........o i
. Taylor stochastic expansion ............ ..o iiiiiiiiiiiiiiiiiiieannn.
. Study of the tangent Process ..............ouiiiiiiniiiiniiaiennen.
. Study of the rescaled diffusion ........... ... ... L.
. Proof of the Theorem (1.10) ......coouiiiiiiiiii e
. Locally homogeneous norm associated to L ...................ooinin.
. Capacity of small compacts Sets ...... ..ot

. Applications: various sample path properties ...........................

© 00 N O Ut k= W N

CExamples .o
10. Influence of a drift on the behaviour of the Green function ............
11. Law of a functional of planar Brownian motion .......................
ADDENAIX .ttt
References . ...

IIT Holder norms and the support theorem for diffusions .............
Introduction . ... ... ... i
1. Conditional tails for oscillations of the Brownian motion ...............
2. Holder balls of different exponent are positively correlated ..............
3. Conditional tails for oscillations of stochastic integrals ................
4. Support theorem in Hoélder norm .......... ... ... ... oL,
ADPENdIX .
References .. ...






I Introduction générale

Résumé. On fait la présentation des deux parties indépendantes de cette
these, complétée d'un apergu bibliographique.
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1. La fonction de Green hypoelliptique ......... ... ... ... .. ... p- 13
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1. La fonction de Green hypoelliptique

Soit L un opérateur différentiel du second ordre a coefficients réels de
classe C, défini sur IRY, d > 3. L est dit hypoelliptique dans un ouvert
borné connexe régulier, €, si, toute distribution u dans {2 est une fonction
C*°, dans tout ouvert de €2 ou Lu est une fonction C°.

Soient Xg, X1,...,X,, des champs de vecteurs (opérateurs différentiels
homogenes de premier ordre) de classe C*°. Nous supposerons que 1'algebre
de Lie engendrée par les champs Xy, ..., X, est de rang plein en tout point:

(1.1) Vo € R?, dim Lie (X4, ..., X,,)(z) =d.

Cette hypothese assure que I'opérateur

(1.2) — %f: 2 1 X,

est hypoelliptique.

Les opérateurs de cette forme ont été introduits et étudiés par Hormander
[H] en 1967, sous I'hypothese que Xy, ..., X,,, avec leurs crochets de longueur
au plus r engendrent IR? en tout point. La condition (1.1) est connue comme
I’hypothese d’Hormander forte.

Nous noterons par G(x,y) la solution fondamentale de L sur Q. G est la
fonction de Green de L sur €, et, par 'hypothese (1.1), on sait que G est
C* hors de la diagonale.

La premiere partie de cette these contient une description précise de la
singularité de la fonction de Green, par une approche probabiliste.

Il y a tres peu de situations ou la fonction de Green hypoelliptique est
connue explicitement. Ainsi, en 1973 Folland [F], p. 375, (voir aussi Folland
et Stein [F-S], p. 440) indique l'expression exacte de G sur 'espace entier,
pour le cas du groupe d’Heisenberg Ha,,+1 (voir p. 66). En 1990 Greiner [Gr2],
p. 136, donne la formule de G dans un cas légerement modifié (voir p. 68).
Récemment, Beals, Gaveau et Greiner [B-Ga-Gr] ont fait un calcul dans une
situation plus générale. Dans tous ces cas, la longueur maximale des crochets
de champs de vecteurs utilisés pour engendrer 'espace est deux. On connait
un cas ou on utilise les crochets de longueur quatre: il s’agit d’un opérateur
sur IR® qui parait de I'’étude de la frontiere du complexe de Cauchy-Riemann.
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La fonction de Green a été trouvée en 1979 par Greiner [Grl], p. 1108.

Faute d’expression exacte de la fonction de Green, on peut se contenter
de connaitre le comportement asymptotique sur la diagonale, dont I'intérét
a été souligné, en 1986, par Jerison et Sanchez-Calle [J-Sal, p. 51.

Auparavant, Nagel, Stein et Wainger [N-S-W]|, p. 114, et Sénchez-Calle
[Sal], p. 143, ont obtenu des majorations de la fonction de Green et de ses
dérivées. Ils ont utilisé une notion fondamentale de distance, associée a L.
Leurs bornes n’impliquent pas la distance sous-riemannienne seule, mais aussi
le volume des boules construites avec cette distance:

p(x,y)2
vol (B, (z, p(z,y)))

Dans le cas auto-adjoint on obtient aussi des minorations de méme type (voir
Fefferman et Sédnchez-Calle [Fe-Sal, p. 248). Cela prouve qu’il s’agit du bon
ordre de grandeur (voir [J-Sa], p. 51).

De point de vue probabiliste , G est la densité de la mesure d’occupation
de la diffusion (z;) associée & L. Précisément, soit (B',..., B™) un mou-
vement brownien m-dimensionel. Alors, (z;) est la solution de I’équation
stochastique de Stratonovich

Gz, y)] <c

(1.3) dry = > X;(z;) 0 dB} + Xo(x)dt , 39 = =,

j=1
tuée au premier temps de sortie de Q, 7 = inf{t > 0 : 2, ¢ Q}. La loi
de x; a, sur €, une densité par rapport a la mesure de Lebesgue, p$*(z,y), le
noyau de la chaleur associé¢ a L. La fonction de Green (probabiliste) s’écrit
alors

(1.0 Glay) = [ oyt 2y €,
satisfaisant,
(15) E, [ @it = [ 1)Gla.y)dy.

quelque soit la fonction positive mesurable, f.
A Taide de cette interprétation probabiliste, Gaveau [Gal, p. 101, retrouve
en 1977 le résultat de Folland [F|. Par la formule de P. Lévy pour laire
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stochastique, on peut calculer la transformée de Fourier du noyau de la
chaleur. Par inversion de Fourier et en intégrant ensuite en t on déduit
I’expression de G.

Gaveau [Ga] donne aussi une formule de la transformée de Fourier du
noyau de la chaleur sur un groupe nilpotent libre de pas deux. On pourrait
essayer de trouver GG, mais déja pour le cas de Hy, 11, n > 2, le calcul devient
difficile.

Pour les cas de pas plus grand que deux, on devrait disposer des lois
d’intégrales stochastiques triples. Il n’y a pas de calcul de loi a notre con-
naissance.

En 1989, Chaleyat-Maurel et Le Gall [CM-LG] ont considéré la situa-
tion suivante: soient les champs de vecteurs X, X, sur IR?, tels que pour
tout x € Q, X;(z), Xo(z) et [X1, Xo](x) engendrent IR*. On décrit le com-
portement de G(x,y), lorsque ||y — || est petite. On prouve qu’il existe une
constante positive, ¢, telle que

(1.6) lim sup ‘G(x, y)d(x,y)> —c| =0.

€10 jly—zf<e

Ici, d(x,y) est une pseudo-distance localement équivalente & la distance sous-
riemannienne. D’abord, on obtient des estimations (locales) de la fonction de
Green qui font intervenir la pseudo-distance seule. Ensuite, 1'idée est de com-
parer la diffusion engendrée par X, X, a la diffusion invariante sur Hs, dont
on connait la fonction de Green (Folland [F] ou Gaveau [Gal).

La comparaison est faite en utilisant le développement de Taylor stochas-
tique. Cette idée a l'origine dans les travaux de Azencott [A] et de Ben Arous
[BA1]. La forme finale a été donnée par Castell [Cal, travail ou on apprend
comment développer explicitement les flots stochastiques.

Ces techniques, combinées avec d’autres méthodes ont été appliquées pour
I'étude du noyau de la chaleur par Ben Arous [BA2], Léandre [Le], lorsque
il n’y a pas de drift, et par Ben Arous et Léandre [BA-Le| pour le cas ou
XO 7é 0.

Dans la premiere partie de ce travail nous avons suivi et étendu la stratégie
donnée par Chaleyat-Maurel et Le Gall [CM-LG], au cas des champs de
vecteurs réguliers X1, ..., X,, sur R?, d > 3, satisfaisant I'hypothese (1.1).

Pour énoncer le résultat central nous allons introduire quelques notations.
Pour un multi-indice J = (j1,...,J,) € {1,...,m}?, de longueur |J| = p, on
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notera X7 = [X;,,[X},,...,[X;,_,, X;,].. ], le crochet de Lie des champs
Xj,,...,Xj,. Pour tout = € IRY, on considére

Cr(z) = Vect {X7 (), |J| <k}, k € IN*,

et le pas,
r(z) = inf{k : dim Cy(z) = d}.

Nous noterons par Q(x), la dimension graduée en x:

(1.7) Qz) =) k(dimCy(z) — dim Cy_1(x)) .
k=1

Nous allons supposer que la géométrie des crochets est localement con-
stante au voisinage de x, c’est a dire que pour tout £ € IN* et tout y dans
un voisinage A(z) de x, dim Cy(y) = dim Ci(z). Sur ce voisinage, 7(y) et
Q(y) sont constantes, r et (). Nous supposerons que Q > 4. Dans le cas
de Chaleyat-Maurel et Le Gall [CM-LG] la dimension graduée est quatre,
constante sur tout (2.

Nous allons introduire a présent une norme localement homogene. Pour
cela on utilise une "bonne” carte en x € {2 (voir aussi Ben Arous [BA2], p.
81). Soit B = {Ji,..., s}, une famille de multi-indices telle que {X7(z) :
J € B} est une base triangulaire. C’est a dire, pour tout k < r, {X7(x) :
J € B, |J| < k} engendre Ci(z). Il existe un voisinage W de 0, tel que,
I’application

u— g (u) = exp (Zl qu‘]f) (x)

définisse un difféomorphisme de W sur son image ¢, (). Il existe un voisi-
nage U de z tel que U C ¢, (W) N A(z). On note |J;| =1;, 7 =1,...,d.
Alors, y € U, y = p,(u), a la norme en x:

Q=

Q
2k

(18) = [ ( > u)

k=1 \Jj,l;=k

|yl est équivalente a la pseudo-distance d(x, y), utilisée par Chaleyat-Maurel
et Le Gall [CM-LG].
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Nous avons démontré (voir § I1.6) que Iestimation & priori de Nagel, Stein
et Wainger [N-S-W] s’écrit:

@)

(1.9) G(z,y)| < @2

Notre résultat central est le suivant: il existe une fonction reguliere ¢, >
0, qu’on va décrire plus bas, telle que

(1.10) lim sup |G(x,y) [y]? 72 = Da(0a(y))| =0,
€10 jlz—y|<e

ou la variable angulaire homogene, 6, (y), est définie par:

Uy

U
Wa"'?ﬁ) c Y =@a(u) € U\ {z}.

Dans le cas du groupe d’Heisenberg ou dans celui de Chaleyat-Maurel et
Le Gall [CM-LG], @, est une constante.
Par (1.11) on voit que, en général, la limite

(1.11) 0, (y) (

lim G(x,y) [y|?~?
n’existe pas; elle existe seulement d’une fagon radiale, a savoir, lorsque ¥y
s’approche de z tel que la variable angulaire 6, (y) a une limite. Il s’agit d'un
comportement différent par rapport a la situation elliptique, a celle du groupe
d’Heisenberg ou a celle étudiée par Chaleyat-Maurel et Le Gall [CM-LGJ.
Nous allons décrire le nouveau coefficient géométrique, ®,, en termes de
la densité d’occupation d’un processus qu’on appellera processus tangent.
Pour introduire ce processus nous allons rappeler encore quelques nota-
tions (voir aussi Castell [Ca], 227). Pour un multi-indice J, on note par B}
I'intégrale stochastique itérée de Stratonovich,

Bg:/ dBl'o...0dB}
0<t1<...<tp<t

et par ¢/, une combinaison linéaire explicite d’intégrales itérées,

(1)

J
¢ =2
TEUu‘|JW2 < |JW'_ 1 )

e(7)

Jor—1
B
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Ici, pour une permutation 7 € o,, d'ordre p, on a noté e(r) le nombre
d’erreurs dans l'ordre de 7(1),...,7(p), et J o T = (Jr(1)s - - - Jr(p))-

Puisque {X7(y) : J € B} est une base triangulaire pour y proche de z,
quelque soit le multi-indice L, il existe des fonctions C'*°, définies au voisinage
de z, (a%)jep, telles que

Xt =3 aix’.
JEB
Alors, le processus tangent est défini par:

(1.12) u® = ( > a?(m)cf) :
L,|L|=|J]| JeB
Ce processus est en général non-markovien. Comment peut-on alors étudier
sa densité d’occupation? Sa loi, a-t-elle une densité, par rapport a la mesure
de Lebesgue? Pour répondre a ces questions, nous démontrons qu’on peut
regarder ce processus, comme la projection de la diffusion invariante sur un
groupe de Lie nilpotent:

(1.13) W =7,(G).

Ici, (G;) est la diffusion invariante sur le groupe de Lie nilpotent N (m,r)
associé a g(m,r), 'algebre de Lie libre nilpotente de pas r a m générateurs
Y1, ..., Y, Précisément,

(1.14) dgtzzy}(gt)odBt]a Go = e,
j=1
ou e est ’élément unité du groupe. Cette diffusion a la fonction de Green,
GWN) | strictement positive.
En utilisant (1.13), on montre que la matrice de Malliavin de u?), t >0,
est non-dégénérée. Alors, sa loi admet une densité reguliere par rapport a la
mesure de Lebesgue, qt(z)(O, u). On note, pour u € R*\ {0},

(1.15) g 0,u) = [ 4 (0, wyt,
0

la densité d’occupation du processus (ugx)) On se sert de cette interprétation,
pour écrire cette fonction réguliere, comme lintégrale de G™Y) sur une fibre

de la projection 7,. On déduit que g(*) est strictement positive (voir § I1.3).
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La fonction ®, est définie par:

1
(1.16) 2.(0) = 9(0,6), 6 € R\ {0},
ott J, = |det(X71(z),..., XT¢(x))|.
On peut comparer notre résultat (1.10), au résultat de comportement du
noyau de la chaleur sur la diagonale:

co(x)

vi¥

Le coefficient ¢o(z) est la densité de la loi du processus tangent (ugx)), prise
au temps 1, ¢\”)(0,0) (voir Ben Arous [BA2], p. 97).
La démonstration de (1.10) repose sur le développement de Taylor stochas-
tique et sur les estimations a priori de la fonction de Green et de ses dérivées.
La diffusion associée a L, en temps petit, a la méme loi que la solution
(x5), € > 0, de I’équation

p?(x, ZE) ~

m
(1.17) drf = e X;(25) odB} , 25 =,

j=1
tuée au premier instant de sortie de €, 7. = 7/¢%. On ramene cette dif-
fusion dans la "bonne” échelle:

(1.18) o = (Tho")(af), t < 7.,
ou Ty, A > 0, est la dilatation sur IRY,
T)\(U) = ()\llul, ceey )\ldud) .

En utilisant le développement de Taylor stochastique on compare le pro-
cessus tangent et la diffusion (v (voir § I1.2). Si f est une fonction lip-
schitzienne bornée et T" > 0, alors, pour £ > 0 suffisamment petit, il existe

une constante ¢ > 0, telle que

T T
Ey <]I<T<TE>/0 f(vt(&x))dt) - Eo/o f(ugx))dt’ s cllflipTe:
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Par I'estimation a priori (1.9), on vérifie que G est localement intégrable.
On démontre ensuite que, si f est une fonction continue, bornée par 1, a
support dans une boule B(0, p), alors

i o (Taeny [ 0dt) =0
(voir § I1.4).

En utilisant encore l’estimation a priori dans le cadre nilpotent, ainsi
qu'un autre résultat d’intégrabilité, on déduit que le temps passé par (UEI))
dans la boule B(0, p) est fini. D’ot, si f est une fonction continue, bornée
par 1, a support dans B(0, p), alors,

lim E /Oo Feulydt =0,

TToo T
(voir p. 48).
De cette facon, on obtient le plus important pas de la démonstration:
(1.19) lim sup |G (0,u) — g@(0,u)] =0.
el0 yeH

Ici GE) est la fonction de Green de (v/™™) et H  IR%\ {0}. Pour cela,
on se sert aussi des estimations des dérivées de G,

c
| X, . X5, Gz, y)| < W , Y # x proches

(voir § I1.5).
Enfin, pour conclure, on voit que G et G sont liées par

GE (0, (Taow,') (1) = J.e9Gla.y),

et que
g®@ (07 T (u)) =924 (0, ).

On doit remarquer qu’en général il n’est pas facile de calculer ®,. Sa valeur
peut étre calculée dans certains cas, par exemple sur le groupe d’Heisenberg.

Nous avons donné des exemples, pour illustrer le résultat, par des calculs
explicites.
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Le premier exemple consiste a généraliser la situation considérée par
Chaleyat-Maurel et Le Gall [CM-LG] sur IR*"**. L’espace est engendré en
tout point par Xy,..., X5, et le seul crochet non-nul

(X1, Xo] = [Xop—1, Xoi] , k=1,...,n.

On calcule @, grace au résultat de Folland [F]. ®, a une forme simple, mais
elle est loin d’étre constante, ainsi qu’elle est dans le cas (trés particulier)
n=1.

On complique ensuite les relations entre crochets:

[X2k—1aX2k] = ak[Xl,Xg], Qg € ]R,*, k’ = 1, Lo, n.

En utilisant le ” cas modele” de Greiner [Gr2] a la place du cas d’Heisenberg on
trouve ®,. On pourrait écrire des formules similaires en utilisant les résultats
de Beals, Gaveau et Greiner [B-Ga-Gr].

Nous avons considéré ensuite un exemple qui vient de 1’analyse complexe
et ou le pas est plus grand que deux. Soit le champ de vecteurs holomorphe,

o . 0 .
J=—+ipP1?P— 2=x,+ixy, p€ N,
0z 81’3

On considere 'opérateur de type L}, (voir Greiner et Stein [Gr-S)):

L=22+27= %(X12+X22), Z = %Xl— %Xg.
I1 est facile a voir que pour p = 1 on obtient le cas d’Heisenberg. Pour p > 1
il n’y a pas de structure de groupe de Lie sur IR, par rapport & laquelle Z
soit invariant. Greiner [Grl] a étudié le cas p = 2.

Nous avons considéré p > 1 arbitraire. L’opérateur L est hypoelliptique
sur tout IR?. Hors de l'axe {z; = x5 = 0}, X1(2), Xo() et [X1, Xo](2)
engendrent IR® et on est dans la situation traitée par Chaleyat-Maurel et
Le Gall [CM-LG]. Pour des points sur I'axe on a besoin d’aller jusqu’aux
crochets de l'ordre 2p pour engendrer IR?. La dimension graduée dans un tel
point est 2p + 2. On constate que, autour de ces points, la géométrie des
crochets n’est pas localement constante, donc on ne peut pas appliquer le
résultat (1.10).

Pourtant, nous avons calculé la fonction de Green de péle (0,0, z3):
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1/(4pm)
VW3 +13)% + (ys — 73)?

(voir p. 70). Le calcul de G de pole arbitraire semble plus difficile.

Nous avons utilisé (1.20) pour étudier la loi d’une fonctionnelle d’un
mouvement brownien plan, (w;). Pour retrouver I'expression de la fonction
de Green sur Hj, Chaleyat-Maurel et Le Gall [CM-LG], p. 228, utilisent
une formule obtenue par Pitman et Yor [P-Y], p. 432, de la transformée de
Laplace jointe de (|w;|?, [§ |ws|?ds). Inversement, nous avons pensé que, en
partant de (1.20), on pourrait trouver la transformée de Laplace jointe de
(Jwe|?, [3 |ws|**~2ds). On obtient une relation qui la fait intervenir (voir §
I1.11). Une derniere inversion de Laplace semble plus délicate.

Enfin, nous avons considéré le cas de 'opérateur de Grushin sur R?,

(1.20) G((0,0,23), (Y1, 2, ¥3)) =

1
L= (@, +a302,),

qui est hypoelliptique sur I'axe {z; = 0}. Nous avons calculé la fonction de
Green de pole (0,0), en partant de la diffusion associée a L (voir p. 75). Le
résultat obtenu est de méme nature. Pourtant, dans ce cas, plusieurs de nos
hypotheses cessent d’étre vraies: d = 2, cas ou l'estimation a priori (1.9) n’est
plus valide, la géométrie des crochets n’est pas localement constante autour
des points de I'axe {x; = 0} et, enfin, la dimension graduée dans un tel point
est trois.

Une extension possible de cette étude serait de supposer Xy # 0. Si X
peut s’écrire

(1.21) oniijj“‘ij,k[Xjan];
=1 ok

ou les fonctions f;, fjr sont C°° au voisinage de z, alors le résultat sur
le comportement du noyau de la chaleur sur la diagonale reste valide (voir
Ben Arous et Léandre [BA-Le|, p. 378). De méme, I'estimation a priori reste
vraie (voir Nagel, Stein et Wainger [N-S-W], p. 107). Le résultat de Chaleyat-
Maurel et Le Gall [CM-LG] a été prouvé sous la méme hypothese. 11 est tres
plausible que le résultat (1.10) reste vrai en dimension d, sous I'hypothese
forte d’Hormander et avec le drift de la forme (1.21).

Par ailleurs, on sait que, pour le comportement du noyau de la chaleur sur
la diagonale en présence d’un drift, on peut avoir des phénomene surprenants.
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Il s’agit du cas ot Xo(x) ¢ Ca(x) ou méme dans des cas encore plus délicats
ou Xy(z) € Cy(x), mais ne peut s’écrire sous la forme (1.21) (voir Ben Arous
et Léandre [BA-Le]).

Nous avons donné un exemple ou la fonction de Green se comporte tres
différemment sur la diagonale. Dans le cas du groupe nilpotent A (m,r) on
suppose que le drift se trouve dans le centre de 'algebre de Lie. Alors,
lorsqu’on s’approche de la diagonale par la direction opposée au drift, la
fonction de Green reste bornée (voir § I1.10).

Le résultat de comportement de la fonction de Green sur la diagonale
s’applique a la théorie du potentiel et a I’étude de la trajectoire de la diffusion
associée. Ainsi, Sznitmann [Sz] en 1987, apres avoir étudié la fonction de
Green elliptique, analyse le volume de la saucisse de Wiener de petit rayon
associée au processus ().

Chaleyat-Maurel et Le Gall [CM-LG| menent le méme travail pour cer-
taines diffusions dégénérées. Ils obtiennent des résultats sur la capacité et
la probabilité d’atteinte des ensembles petits compacts, sur le volume de la
saucisse de Wiener, ainsi que certaines propriétés trajectorielles.

Nous avons décrit aussi des applications de (1.11). D’abord nous avons
étudié le comportement de la capacité des petits compacts, répondant ainsi a
I'affirmation de Chaleyat-Maurel et Le Gall [CM-LG], selon laquelle ”1’esti-
mation de la capacité semble plus délicate en dimension plus grande”.

Pour un A > 0 suffisamment grand, soit (xg’\)) la diffusion tuée au temps
¢ exponentiel indépendant, de parametre .

Soit un compact H C €. La A-capacité de H, c\(H), est la masse totale
de la mesure d’équilibre ,ug‘) de H, a savoir, de I'unique mesure supportée
par H, telle que

PATSY < 00) = Gapiy () = [ Gl )y (dy).

Ici,
T = inf{t > 0:2) € H}

Gi(z,y) = /0 e Mpy(z,y)dt

est la fonction de Green de (xg’\)). On peut démontrer qu’elle satisfait aussi

(1.10).

23



Pour énoncer le résultat, on introduit quelques notations. Si H est un
compact de IR? qui contient 0, alors sa dilatation naturelle est:

HE = (pa o T2)(H) .
On pose aussi u¥ = (¢,0T.)(u), pour u € IR%. On note, pour u # v € R4\ {0},

lim —‘ Uf\ug

im == = a(u,v) > 0, lim 0z () = B(u, v) #

Enfin, soient

Dy (B(u, v))

) = 2 ) = )

maxyeoy Jg Te(u, v)dv

Alors, le résultat sur la capacité s’écrit:

Cx (Hz)

£

6@(:2)—2

(1.22) hI(I)l = q.(H)

€
(voir § I1.7).

On pourrait étudier le méme probléme pour un compact dilaté d’une facon
arbitraire, (par exemple comme le fait Chaleyat-Maurel et Le Gall [CM-LG],
avec la dilatation usuelle de IR?) et pas avec la dilatation naturelle 7.

Comme il a été affirmé par Chaleyat-Maurel et Le Gall [CM-LG], p. 222,
des qu’on dispose du résultat sur la capacité des petits compacts, on peut
déduire d’autres propriétés trajectorielles. Les methodes générales utilisées
par Chaleyat-Maurel et Le Gall [CM-LG]| §7 — 8 s’appliquent (voir § I1.8).
Ainsi, on étend les résultats concernant la probabilité d’atteinte des petits
compacts et la saucisse de Wiener de petit rayon associée a (x¢).

Pour démontrer la non-existence des points doubles de la trajectoire il
suffit d’utiliser les estimations a priori (majoration et minoration) de la fonc-
tion de Green. Il est de méme, pour vérifier le test de Wiener.

2. Le support d’une diffusion
Dans cette partie, on considere que les coefficients des champs de vecteurs

X, dépendent aussi de t, X; = X;(t,x), j =0,...,m. L'opérateur sera noté
par L, et la loi de la diffusion (z;) par P,.
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Le support de la diffusion (z;) est le plus petit fermé de l'espace des
trajectoires, de probabilité 1. Ainsi donc, on suppose définie une topologie
sur cet espace.

En 1972, Stroock et Varadhan [S-V], p. 349, énoncent le théoréme de sup-
port pour la topologie uniforme || - ||o:

(2.1) suppy(Py) = B,(L7)" .

Ici, on a noté par ®, lapplication qui associe a h € L? = L*([0,1],R™)
la solution de I’équation

dyr = > X;(t, ye) bl dt + Xo(t,y,) dt, yo = .

J=1

Il y a déja beaucoup des travaux ou l’espace de trajectoires est muni
d’autres topologies, plus fortes que la topologie uniforme. Par exemple, dans
Ben Arous et Léandre [BA-Le|, Baldi et Roynette [B-R], Baldi, Ben Arous
et Kerkyacharian [B-BA-K] on considere la topologie holderienne. La norme
holderienne d’indice o, 0 < a < %, d’une fonction f € Cy([0,1]; R), définie
sur [0, 1], f(0) = 0, est:

[f(s) — f(t)]
(2.2) [flla = sup ————=r.
0<sp<1 |5 — 1
Dans la deuxieme partie de cette these, nous avons démontré que le
théoreme de support peut étre étendu pour la topologie a-holderienne:

(2.3) supp, (P,) = 3, (17", 0 < a < % |
Ce résultat a été obtenu indépendamment par Millet et Sanz-Solé [M-S] et
par Aida, Kusuoka et Stroock [A-K-S], en utilisant d’autres méthodes.

Nous avons suivi la stratégie de Stroock et Varadhan [S-V] (voir aussi
Ikeda et Watanabe [I-W], § VL.8). Une question naturelle est: quelle est la
probabilité que le mouvement brownien ait une grande norme a-holderienne,
conditionnellement au fait qu’il ait une petite norme uniforme (ou
B-holderienne, § < «)?

Nous avons commencé par répondre a cette question (pour d’autres ap-
plications voir Ben Arous et Ledoux [BA-L]).
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On traite d’abord le probléeme pour la norme de Ciesielski, équivalente a
la norme holderienne (voir Ciesielski [C], p. 218):

(2.4) ol = sup [m®2gn(@)], = € Co((0, 1 R)

On a noté par &,(x) la m-eme coordonnée de = par rapport a la base de
Schauder sur Cy([0, 1]; R):

et e (850) (5) (15

oun>0et k=1,...,2™
Soient R,r > 0, «, 5 €]0, %[ et w un mouvement brownien réel issu de 0.

On va noter a = % —o, b= % — B, v= (%’)ﬁ’ o(t) = \/%exp(_g) et

1 1 0 1
Aopg(r,R) = #(v) + ’ R & o(t)ta2dt .

v v

Alors, nous avons montré que

Ag p(r, R)
P(llw.ll, > R flw. ]l < r) < Setlrf).

Jo ©(t) dt
Le calcul est direct, en remarquant que g,, = &,,(w) est une suite de variables
aléatoires indépendantes gaussiennes centrées réduites (voir p. 95).
Pour écrire des estimations qui concernent la norme hoélderienne, nous
avons utilisé une inégalité de corrélation.
En 1972, Das Gupta et al. [DG-E-...] énoncent la conjecture suivante: si

C et (' sont deux convexes symétriques et si 4 est la mesure gaussienne sur
R¢, alors

(2.5) %(CH C") > 7a(C)va(C") .

On sait que cette inégalité est vraie en dimension d = 2 (voir Pitt [P]),
ainsi que pour d arbitraire mais avec C’ une bande symétrique (voir Scott
[Sc] et Sidak [Si]). Le cas général est toujours ouvert (voir aussi Ledoux [L],
p. 86).

En prenant pour un ensemble la bande {|gn| > Rmz~*}, on obtient

P(llw.lly > Rlllw[ls <7) < Aap(kr, R), k>0
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(voir p. 96).

Enfin, pour les normes holderiennes,
P(Jlw.]|o > R||wlg <r) < Applkr,KR), k, K > 0.

Nous avons raffiné ces estimations. Par exemple, il existe des constantes
positives, k, k', k", telles que

25 1
Pl > By <) <k (148 (E) T ) exp (= (B2)
|l 1B T) S o Xp T1_2a

(voir p. 98).
Si on prend dans l'inégalité précédente r = 1 et R suffisamment grand,
alors, il existe deux constantes positives ¢, ¢, telles que

Pl > B| ol < 1) < ¢ exp (e RF )

pour tout 0 < 0 < a < % On compare ceci a 'estimation gaussienne clas-
sique, pour R suffisamment grand,

P(|lw.|a > R) ~ e %

(voir § II1.2).
Ainsi, nous avons obtenu un cas particulier de I'inégalité de corrélation:

(2.6) P(Ba(R) [ Bs(1)) = P(Ba(R)),

pour R assez grand, ou par B,(p) on a noté la boule en norme a-hélderienne
{lw-lla < p}.

O. Zeitouni m’a fait remarquer qu’en utilisant encore une fois I'inégalité
de corrélation pour une bande, on peut démontrer que les paires des boules
(B, (R), By(r)) et (B, (R), Bs(r)) sont positivement corrélées (voir p. 100).

On pense que, en général, on devrait chercher une inégalité de corrélation
plus faible, avec une constante devant qui dépend de la géométrie.

Par la suite, on utilise 'application suivante de nos inégalités sur les
probabilités conditionnelles. Si 0 < (0 < a < %, alors quelque soit u €

0, (1 —2a)/(1—20)], il existe My, k1, ks > 0, telles que, pour tout M > My,

sup P o > MO*| aw.[ls < 6) < M5 exp(— kM)

0<5<1
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(voir p. 98).
On note par M2# la classe des processus tels que

(2.7) lim sup P(||Y.||o > Mdé"|||B.||g<9d)=0.
MTeo g<s<it

Par calcul stochastique élémentaire et en utilisant des inégalités simples
concernant les normes hoderiennes, on vérifie succesivement que, certains
processus sont dans M. Ainsi, I'aire stochastique et les intégrales stochas-
tiques suivantes £.4 = [; BL o dB! et [; f(xs)dE9 sont dans M0, o €]0, 5],
u € [0,1], avec f une fonction réguliere sur IR?. Ensuite, on prouve que
o f(zs) 0 dBi € M&° pour o € [0, 5[ et u € [0,1 — 2c] (voir § IIL.3).

De la on déduit que, pour tout € > 0,

(2.8) lgfglP (

/. Xi(s,2,) 0 dB*
0

> | |B.]lo < 5) —0
(voir p. 108).

Nous avons prouvé une version du lemme de Gronwall en norme holderienne
(voir p. 108). Alors on obtient que, pour tout € > 0,

(2.9) lin P = B(0)]la <= [ By < ) = 1.
Enfin, on applique la formule de Girsanov pour voir que, pour tout € > 0,
(2.10) P(||®,(10.) — @, (h.)|la <€) > 0.

Ceci prouve l'inclusion

= o &

1
(2.11) supp, (P;) 2 ®,(L?) ,0<a< 3"

L’inclusion inverse est simple. Elle est obtenue en utilisant I’approximation
polygonale du mouvement brownien (voir p. 110).

On peut obtenir l'estimation de P(||w.||o > R|||w.|[o < r) sans utiliser
I'inégalité de corrélation et le théoreme de Ciesielski, mais une inégalité de
concentration pour la mesure gaussienne (voir III. Appendix).
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II Singularities of hypoelliptic Green functions

Summary. This chapter is devoted to a precise description of the singu-
larity near the diagonal of the Green function associated to a hypoelliptic
operator using a probabilistic approach. Examples and some applications to
potential theory are given. The present part contains a work made in collab-
oration with G. Ben Arous.
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1. Introduction

Let X1,...,X,, be smooth vector fields on IR%, d > 3 such that the Lie
algebra generated by Xy, ..., X,, is of full rank at every point:

(1.1) Vo € R, dim Lie (X;,..., X,)(z) =d.

We are interested on the behaviour of the Green function G of the hy-
poelliptic operator

1 & s
(1.2) LZ?;XJ'
J:

on a smooth bounded domain Q of R%. G is smooth off the diagonal and
we give in this paper a precise description of its singularity near the diago-
nal.

From the work of Nagel, Stein and Wainger [N-S-W], it is known that
the Green function can be estimated in terms of the natural sub-Riemannian
distance p:

pz,y)?
vol(B,(z, p(x,y))

To state a more precise form of these upper bound, let us introduce some

(1.3) |G(z,y)| < c

notations. For a multi-index J = (j1,...,7,) € {1,...,m}?, we shall write
|J| = p, and
XJ - [Xjn [ij’ SRR [ij—vXj ] . H

will denote the Lie bracket of the vector fields X ,..., X . For any k € IN*
and any z € RY, we consider

Ci(z) = Span {X7(2), |J| < k}
and
(1.4) r(z) = inf{k : dim Cy(x) = d}.
By (1.1), r(x) is finite.

Let us denote by Q(z) the graded dimension at x:
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(1.5) Q(z) =) k(dim Cy(z) — dim Cy_1(x)) .
k=1

We shall assume that the geometry of the brackets is locally constant
near xz, that is, for every k € IN* and every y in a neighbourhood A(z) of
x, dim Ck(y) = dim Ck(z). Then, of course, r(y) and Q(y) are constant on
this neighbourhood. Since we want to exclude the trivial elliptic cases where
d=@Q =2and d=Q = 3, we assume @ > 4.

Following Ben Arous [BA2], we shall introduce a useful coordinate chart.
For a fixed z € Q we choose a family of multi-indices B = {Ji,..., Ja},
such that {X7(x) : J € B} is a triangular basis. That is, for every k < r,
{X7(x) : J € B,|J| <k} generates Cy(z). We shall denote the length
|J;| =1;, 5 =1,...,d. There exists a neighbourhood W of 0 such that the

mapping

(1.6) u— p(u) = exp (Z qu‘]j) ()

=1
defines a diffeomorphism of W on ¢, (). There exists a neighbourhood

U of z such that U C ¢, (W) N A(z).
For y € U, y = ¢.(u) we shall denote

(1.7) = |3 ( > u)

k=1 \Jj,l;=k

and we shall show that the estimate of Nagel, Stein and Wainger [N-S-W],
can be written as

C
(1.8) \G@wﬂéggmg.

We want to give a sharper description of the singularity of G(z,y) when
y — x. For this purpose we introduce the homogeneous angular variable, for

y e U\{z}, y = pu(u),

(19) 0, (y) = ( u ﬂ) |

@”‘y‘fg

Then our main result will be:
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(1.10) Theorem. There exists a smooth function ®, > 0 such that,

(1.11) lim sup |G(z,y) [y = 4(0.(y))| = 0.
€10 flo—y|l<e
Here and elsewhere || - || denotes the Euclidian norm on IR¢.

This new geometric coefficient ® will be described in §5 as the density
of the occupation measure for a process (u;), that we call tangent process.
This process, non-markovian in general, will be seen as a projection of a left
invariant diffusion process on a free nilpotent Lie group.

It must be noticed that, in general, computing ® is not easy. The value
of @ is computable in some examples (see §9), for instance on Heisenberg
groups.

Theorem (1.10) shows that, in general, the limit

lim G(r,y) [y 9

does not exist; it exists only "radially”, that is, if y approaches x in such
a way that the angular variable ,(y) tends to a limit. This is in contrast
with the elliptic situation, the Heisenberg group situation or the ”curved”
Heisenberg group situation studied by Chalyat-Maurel and Le Gall [CM-LG],
where @, is constant.

Our approach for the proof of the Theorem (1.10) is probabilistic. It relies
on results on stochastic Taylor expansion of paths of the diffusion generated
by L and on the a priori estimate given by Nagel, Stein and Wainger [N-S-
W]. We follow and extend the strategy given by Chalyat-Maurel and Le Gall
[CM-LG] in a simple context.

One must also notice that the behaviour of the heat kernel p{*(z,y) on the
diagonal has been studied using the same probabilistic tools in Ben Arous
[BA2]. The results can be compared with the Theorem (1.10):

(1.12) P, 2) ~ 2

\/%Q(r) !

where cq(x) is the density of the law of the tangent process (u;) taken at
time 1.
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The plan of the chapter is as follows: in §2 we introduce the stochastic
Taylor expansion and the tangent process, which we study in §3. In §4 — 6
we prove the Theorem (1.10) except for some technical lemmas postponed
to the Appendix. We then apply our results to some potential theoretical
problems in §7 — 8: estimates of the capacities of small sets, of the volume
of the Wiener sausage of small radius, double points. In §9 we give examples
where direct computations illustrate our general theorem and even two ex-
amples where the conclusion of the theorem is valid though our hypothesis
of locally constant geometry fail. Sections 10 and 11 contain, respectively, an
example of behaviour near the diagonal of the Green function in presence of
a drift, and the study of the law of a functional of planar Brownian motion
(independent work).

2. Taylor stochastic expansion

Let (B',..., B™) be a m-dimensional Brownian motion and consider (z;)
the solution of the Stratonovich equation

(2.1) dr, =Y Xj(x;) 0 dB} , x9 =,
j=1
killed at the first exit time from Q, 7 = inf{t > 0, z; ¢ Q}. It is known
that 7 < oo, P,-a.s., for every = € R%
By hypoellipticity, for every x € €, t > 0, the law of z; under P, has, on
), a density with respect to the Lebesgue measure, p$*(x,y). It is the heat
kernel associated to L on 2 and the Green function is

(2.2) G(z,y) = /0 Pz, y)dt, z,y € Q.

G is the density of occupation measure of (z;), that is, for every positive
measurable function f,

(23 B, [ fadt = [ fy)Gla.y)dy.
(2.4) Remark. We note that for the study of the singularity of G near the

diagonal it suffices to consider ) as a bounded neighbourhood of z, Q C U.
Indeed, if we denote by Gy the Green function of L on a neighbourhood V
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of x, then the singular behaviour near the diagonal of G and Gy is the same,
because L(G — Gy) = 0. From now on we shall assume that 2 C U.

We are interested in the study of the process in short time, (z.2;), € > 0.
For every x € (), it has the same law under P, as the solution of the equation

(2.5) doj =e> X;(xf) o dB} | 25 =z,

j=1
killed at the first exit time from Q, 7. = 7/&2.
Let us consider, for A > 0, the dilation defined on IR?,

(26) T)\(U) = ()\llul, ey )\ldud) .
For 0 < t < 7., we define the diffusion (vt(s’z)), starting from 0,
2.1 o) = (Ty o))

We shall introduce a new process, called tangent process. For a multi-
index J = (ji,...,7Jp), we denote by B; the Stratonovich iterated integral

(2.8) B/ = / dBl'o...odBl
0<t1 <..<tp<t

and by ¢/ the completely explicit linear combination of Stratonovich iter-
ated integrals

—1)e() L
(2.9) =3 ( ‘1}| — Bl ™.
TEO| | ‘J|2 < 6(7_) )

Here, for a permutation 7 € o, of order p, we denoted e(7) the number
of errors in ordering 7(1),...,7(p) and

JoT = (Jra),--Jrp)) -

Recall that {X7(y) : J € B} is a triangular basis for y close to x. So, for
any multi-index L, there exists smooth functions, defined on a neighbour-
hood of x, (a%);ep, such that

39



(2.10) Xt =3 atx’.
JeB

Definition. We shall call tangent proces, the process,

L,|L|=|J]

(2.11) u,@z( > aﬁ(m)ctL) :

(2.12) Proposition. Let fix T > 0. Then, for any bounded Lipschitz con-
tinuous function f on R? and for sufficiently small € > 0, there exists a
positive constant c, such that,

T o (ea) T @
213) |80 (Traes [ 1650) = B [ 10| < gy T

Here we denoted

|f(z) = f(y)]
IfILip = sup [f(z)] + sup =————.
Hp ™ e vty o=yl
To prove this result, we shall use the results of [BA1] or [Ca] on the
asymptotic expansion in small time of x; in terms of Lie brackets and iter-

ated Stratonovich integrals. According to the Theorem 4.1 [Cal, p. 234, for
t<T,

(2.14) x; = exp (Z "y cfXL) () + R, (e, ).

k=1 L,|L|=k

Here R,1(e,t) is bounded in probability. More precisely, there exists o, ¢ > 0
such that, for every R > ¢

(2.15) lim P ( sup ||Rr41(e,t)]| > R) < exp <_R_) '

elo \o<t<r cT
Proof of the Proposition (2.12). We can write

<

E, (1 U ™a) — B [ e ar
0 (T<Te) 0 f(Ut ) 0 0 f(ut )
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E, (1 Y e ™a) — B (1 U™ ar
o | 1<) 0 fv™) 0\ NT<m) 0 flug™) +

| fllLip TP(T > 7).

By the classical exponential inequality we know that, there exists two positive
constants ¢, ¢, such that

/

P(T>r.)< ce =T

We shall study only the first term.
Let us consider 1, the diffeomorphism

¢z((vL)\L\§r) = exp ( Z ULXL) (.CE)

L,|L|<r

and we denote

(2.16) Tg = inf{t > 0: (€Ml )nier ¢ 07 (D))

We can write,

T ca) T @
Ey <][(T<TE)/0 flo )dt) — Ey <]I(T<-rs)/0 fuy )) dt‘ <
Tl ) T @
Ey <][(T<Tg/\T5)/O f(u” )dt> — FEy <]I(T<78AT5)/O [y )) dt’ +

2| fllip T P(T = T5).

As in [Cal, p. 238, we have that, for sufficiently small ¢,

(2.17) P(T )< > exp( 2|L|T>

L,|L|<r

So, it remains to consider the first term:

T
‘ <][(T<T5/\Ts / f(vy ) — Ey <][(T<TEAT5)/O f(%@)) dt| <

HﬂmmTEb@@owq%ggJ@a -}
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Hence, to finish the proof of (2.13), it suffices to prove the following:

(2.18) Lemma. There exists a positive constant ¢, such that for any suffi-
ciently small ¢ > 0,

(2.19) E, <][(T<T5/\T§) sup ||vt(€’x) — ugx)H) <ce.
0<t<T
Proof. For J € B and t <T§, we denote

ug(e,t,x) = (05" o ) s (e ) ni<r) -
We have that, for J € B and ¢t <T§¢,
(as)kuJ(€7t7x)|E=0 =0, itk < ’J| :

Indeed, by the triangularity of the basis {X”(y) : J € B}, for y close to ,
we have, for J € B,
ab =0, if|L| < |J],

on a neighbourhood of z. So, for J € B,
000" 0 ) s/OvLl),_y = aj(x) = 0, i |L] < | J].

Moreover, by the last equality we also have that, for J € B and t < T§,

(aE)IJ‘uJ(&tv x)lszo = Z ag(x)(GS)lLl(g‘L‘ctL)\e:o )

Ly|LI=[J]

because the terms corresponding to L, with |L| > |J|, are zero having the
factor el*! (see also [BA2], pp. 93-94).

Hence, the Taylor expansion around ¢ = 0 of u,(e,t, ), for J € B and
t < T§, can be written,

UJ(g, t? x) - —(8€>|J‘UJ(57 t, x>|5:0 + €|J‘+1RJ,\J|+1(€7 t? x) )
or 1
Wuj(é,t, )= Y ctai(x)+eRyalet a).

L,|L|=|J]
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Here, for J € B and t < T§,

1 (1-8)
Rjjj(et,x) = /0 (@)‘JIHUJ@@ t, CE)T dg .
Using properties (P1), (P2) in [Ca], p. 238 (see also [A], p. 252), we see
that, for every J € B, there exists ay, c; > 0, such that, for any R > ¢; and
for € > 0 sufficiently small,

R/
(2.20) P ( sup |Ryyi(e,t, )| > R; T < Tg) < exp (— ) :
0<t<T csT

Indeed, By satisfies (2.20) and we get the same thing for u (e, ¢, x), using its
definition in terms of (e/¥lcf). Then we obtain (2.20).
By (2.14), we have, for t <T ATg,

<@omww—a“mﬂam:( 5 éﬁ@HfRum@%@)

L,|L|=]J] JeB

We note that, for any 0 < ¢ < 1 and any v € R?, |T1(u)| < Z|ul.
Therefore, by the Lipschitz property of ¢!, we can write, for t < TAT. ATg,

[ — ]| < o — (Ty 0 93 ") (a5 — ™ Ry (e, )1+

- £ r z 1 r
I(T1 0@ (a5 = e Ria(e,1) = ui” | S e e R (e, 1)+

le (Ryjs1+1(e,t, 7)) senl| -

Hence, for t <T AN 7. AT,
(e,x) _ (@)
(2.21) v u || < eRe ),
where, for t <T A 7. AT,
(2.22) R(e,t) = c||Rpsa (&, Ol + [(Rupsa(e, £ 2)) sesll -

Using (2.15) and (2.20) we prove the existence of positive constants o, ¢,
such that, for any R > ¢’ and for € > 0 sufficiently small,
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(2.23) P<sup R(e,t) > R; T<Tg/\T5> < exp <—R ) )

0<t<T T

Finally, by (2.21), we can write,

B (Torcrgy s ) = 1) < B (Werccvng sup Rlewn) =
0<t<T

0<t<T

e / P ( sup R(e,t)>R; T < TE/\T5> dR.
0 0<t<T
Now, (2.19) follows from this, using (2.23).
g.e.d. Lemma (2.18)
This also ends the proof of the Proposition (2.12).

3. Study of the tangent process

The process (u,ﬁ”ﬂ)) is not necessarily a diffusion process. However, we shall
prove that it is the image by a projection of a left invariant diffusion on a
nilpotent group.

We denote by g(m,r) the free r-nilpotent Lie algebra with m generators
Yi,..., Y. We shall identifie g(m,r) and the associated simple connected
nilpotent Lie group AN (m,r), which is nothing but g(m,r) with the multi-
plication given by the Campbell-Hausdorff formula. We denote, by a clear
abuse of notation, Y; the left invariant vector field on N (m, r) defined by the
generator Y; of g(m,r).

Let us consider (G;) the invariant diffusion on N (m,r). That is the so-
lution, starting from the unit element, e € N (m,r), of the Stratonovich
equation

(3.1) dG; = >"Yi(G)) odB], Gy =e.

j=1

(3.2) Proposition. There exists a unique linear projection, w,, such that

(3.3) ul™ = 71,(G) .
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Proof. According to the result of the Proposition 3.1 [Cal, p. 228,

9t=exp( ) chL) (e).

L,|L|I<r

Let {YX : K € A} be a Hall basis of g(m,r). Then, for every multi-index

Y

L

(3.4) vi= Y cgYF,
KeA,|K|=|L|

with universal constants c%. Let us denote, for K € A,

K _ L L
b= > ke
L,|L|=|K]|

and then, by a simple calculation, we get that

G = exp <Z btKYK> (e).
KeA

We note that, by the properties of vector fields, (3.4) it is also true with

X instead Y;. By the fact that {X”/(z): J € B} is a basis, we see that u®
can be written:

) ( 5 aff(m)bf)

KeA,[K|=|J] JeB
Put n =dimg(m,r) —d and A ={K;:i=1,...,d+ n}. There exists a

diffeomorphism between R*™, and N (m, ),
d+n
w — ¢ (w) = exp (Z inKi> (e).
i=1
Let us denote by p, : R™™ — IR? the projection

Mw):( > a;<x>wz-) i) w.

i K| =] Jj]

.....

Here we denoted a’(x) = agi(x), j=1,....d,i=1,...,d+n and M(z) is
the matrix with elements a(x) if |.J; = |K;| and zero otherwise.
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Hence, taking
(35) Ty = Pz © ¢e_l )

we obtain (3.3).
q.e.d.

(3.6) Corollary. For every t > 0, the law of u?) has a smooth density

with respect to the Lebesgue measure, qu)(O, u).

Proof. We show that the Malliavin covariance matrix of uix) is not degenerate
for every t > 0. It is known that the Malliavin covariance matrix of G; is not
degenerate for ¢t > 0. The same thing is true for b, = ¢, (G;). But, by (3.3),

u® = M(z) by,

and we conclude, noting that M (z) is a full rank matrix.
q.e.d.

Let us denote, for u € R*\ {0},

(37) 990, = [ a0,
0

the density of the occupation measure of the process (u?)) That is, for
every positive measurable function f,

(3.8) By [ fudt = [ g0, u)f(u)du.

(3.9) Proposition. ¢@(0,) is a strictly positive smooth function on IR*\
{0}

Proof. The fact that ¢® is smooth follows from (3.7). We show now that

g™ is a strictly positive function. We denote by G the Green function of
the diffusion (G;). Then, for every positive measurable function f,

= _ ()
B 1@ydt= [ G"e0)f(9)d,
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where dg denotes the Haar measure on N (m, ).

It is known that G™V) is a strictly positive function (see for instance [G],
p. 102). Using again (3.3), we shall write ¢® in terms of G®¥) as an integral
on a fiber of the projection map 7, and we shall conclude. We prove:

(3.10) 9@(0,u) = c/an G™)(6(0,0), bo(u — M(z)h, h)dh |

Here ¢ > 0 and M(z) is the block of the matrix M (z), having d lines in-
dexed by B and n columns indexed by A\ B. Indeed, we have

/IRd g(x)(O,u)f(u)du =F, /OOO f(uf’f))dt _

B[ (Fom)@dr= [ G™e.g)f om)la)dg =

(m,r)

¢ / G(N) (¢6(07 O)? ¢e(u7 h) (f © Wx)(¢8(u7 h)du dh )
RIxR™
where ¢ > 0 is the absolute value of the jacobian of ¢.. In the latter integral
we perform the change of variables v = w+ D(x)h. Since f was an arbitrary
function we get (3.10).
q.e.d.

We show now that the time spent by (ugr)) in a Euclidian ball is finite:
(3.11) Proposition. For every p > 0,
(3.12) Ey /0 0, (u®)dt < 00 .

Before proving this result we shall make a useful remark. We note that,

in this nilpotent context, the estimate of the Green function (1.8), can be
written:

c
(3-13> |G(N)(6>g)| < Wa g#e,

where the homogeneous norm of g = ¢.(w), w € R, is
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k=1 \i,|K;|=k

(3.14) 9l = z( > w?)

Here @y is the homogeneous dimension of N (m, ),

(3.15) Qn =) _ kdimVj,

k=1
with
Vi=Span{Y’:|J| =k}, k=1,... r.

Vi.’s form the natural graduation of the Lie algebra, g(m,r) =V & ... & V.

Proof of the Proposition (3.11). By (3.10), we can write

By [ oot = [ g0, u)f(u)du =

¢ / du [ G™(6,(0,0), bo(u — M(z)h, h)dh =
B(0,p) R"

GW) (0,0), (v, h)dv dh ,
C/Fcc(B(O,p)xIR”) (¢¢(0,0), de(v, h)dv

where we denoted F,(u, h) = (p.(u,h),h). So, by (3.13),

[e%S) " d
Eo / Wp(0,0) (uf™)dt < / e
0 || ?

m(9)lI<p |g]|
The right hand side of this last inequality is finite (see Lemma (A.7)).
g.e.d. Proposition (3.11)

(3.16) Corollary. For every p > 0, for every continuous function f on
IR?, bounded by 1, with support in B(0, p), and for every § > 0, there exists
T(0) > 0 such that,

3.17
(3.17) o

Fo /OO f(ugx))dt‘ <.

(3.18) Corollary. Fort > 0, we denote by ") the law of u\"). Then, for
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every p > 0 and for every § > 0, there exists T'(§) > 0 such that,

(3.19) sy (B(0,p) < 6.

Proof. We get the convergence of the integral [5° Po(uﬁr) € B(0,p))dt, us-
ing (3.12). Hence, lim; s (B(O p)) = 0.

q.e.d.
4. Study of the rescaled diffusion

We shall analyse now the diffusion (v{>"). We shall prove the following;

(4.1) Proposition. For every 0 < p < 1 and for every continuous func-
tion f on R?, bounded by 1, with support in B(0, p),

(4.2) 51(1)1% Ey <][(T<7's / f(vt(f’””))dt) 0.
Proof. Let G©**) be the Green function of ( ) For every positive measur-
able f,
(4.3) Eo / ) dt = / G (0, w) f (u)du
0 (Ty oz 1)(9)

We can write

Ey <1[(T<Ts)/T G )dt> = Ey (H(T«s)Evg,z)/O f(Ut(E’x))dt) =

Ey (1 Ts/ G (”),ufudu =
0( T Sy oeity@ (v 1)

dpss® / G (v, u) f(u)du .
/(T%w;l)(m () (T300:1)(@) (v, w)f(w)
(

Here jup ) denotes the measure having the density T, ) with respect to

the law of vgﬁ ) We shall estimate the integral of G,
It is a simple calculation to show that, for v,u € (T1 o ¢ 1)(),

(4.4) G (v,u) = J, 972G (", u?),

g1 e
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Here we denoted u* = (¢, o T.)(u), for x € Q, ¢ > 0 sufficiently small
and v € R? and J, = |[Jacp,| = |[det(X 71 (2),..., X7¢(x))|.
Therefore, by (1.8), we get

4.5 / G&n) v, u)du < / —
(45) B(0,) (v ) BOp)  |uz|S

for € > 0 sufficiently small and u € (T1 o v, 1)(Q).

(4.6) Lemma. For any v € R? and for ¢ > 0 sufficiently small, there
exists a constant ¢ > 0, such that

9 2duy,
47 / =M.
(4.7 B(0,p) |uZ %_2
Moreover,
Q- 2d
(4.8) L

ol Lo, ) uz|%2

uniformly in € > 0.

Proof. For the first part we write the integral as

_2/ dy”
€ 02
(920T=)(B0.0) Y| 2

(4.7) is a particular case of the following estimate: there exists a positive
constant ¢ such that, for ¢ > 0 sufficiently small

dy
4.9 sup/ < ce?,
(49) o< [y 22

z

with the supremum taken for z in a neighbourhood of x. We shall now prove
(4.9). Firstly, by the change of variables v = (T o ¢;')(y), we get that

/ dy = 082/ dv 052
wle<e |yl 72 ol [u]972 ’

as follows from the Lemma (A.1) of the Appendix. Here and elsewhere |ul|,
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denotes the homogeneous norm of v € R%:

k=1 \jl=k

To get (4.9) it suffices to note that the bound in Lemma (A.1) depends
only on the radius of the homogeneous ball (here equal to 1). Since {X7i(z) :
j=1,...,d}, is a triangular basis, for z close enough to x, we conclude by a
smooth change of coordinates.

In proving (4.8) we use some simple properties of the locally homogeneous
norm (see (6.9), (6.11)). There exists some constants ¢, ¢, ¢’ > 0, such that

g2 1 1
sup < sup

_ <
) —2 = Q-2 "
luli<e [u2lie ™ ™ <o (Lol — \u\h)Q (£v]l = ep7)

From this, (4.8) is easily obtained.
g.e.d. Lemma (4.6)

Now we can complete the proof of the Proposition (4.1). By (4.5) and
(4.7) we can write, for every R > 0,

(4.10) Ey (11<T<Tg> | f(vfa’z))c@ <
cpg ™ (B(0, R)) + sup G (v, u)du
l[o| >R/ B(0,p)

(with the convention that G(z,y) = 01if z or y ¢ Q).

We can make small the second term in (4.10) by choosing a large R, as
follows from (4.5) and (4.8). Hence, to finish the proof of (4.2), it suffices to
prove the following:

(4.11) Lemma. For every R > 0,

3 (577;) —
(4.12) m pr (B0, R)) =0.

Proof. Noting the result of the Corollary (3.18), the conclusion is obtained
as soon as we show that, for every R > 0,
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(4.13) lim o™ (B0, R)) = i’ (B0, R)) .

For this, we write
Eo (I 1 (e2)y) E 1 (2) <
0 \(1<r) B(O,R)(UT ) 0 B(O,R)(UT ) =

Ey (Tr<rnrs) [T (0F ™) = T r) (uf)]) + P(T > 7.) + 2 P(T > T§).

As in the proof of the Proposition (2.12), it suffices to study the first term.

But, the result of the Lemma (2.18) allows us to control this term, using the

fact that uj. does not charge the boundary of the ball, and (4.13) follows.
g.e.d. Lemma (4.11)

This also ends the proof of the Proposition (4.1).
5. Proof of the Theorem (1.10)

To prove the Theorem (1.10) we need the following important:
(5.1) Proposition. Let H be a compact subset of IR*\ {0}. Then
(5.2) lim sup |G (0, u) — ¢ (0,u)] = 0.

€l0 weH

Proof. We shall show that, for ¢ | 0,
(5.3) GE2(0,u)du — ¢ (0,u)du , vaguely
and then, that there exists gy > 0, such that {G&%)(0,-),e € (0,g0]} is a
relatively compact subset of the set of continuous functions on H.

For the proof of (5.3), we denote Lip,(IR?) the set of all bounded Lipschitz
continuous functions f on IR?, with support in B(0, p), such that || f ”Lip <1

By (4.3) and (3.8), for every f € Lipp(IRd),

<

(e,x) du — (@) p
/(Téo%lm)G (0, ) f(u)du /]Rdg (0, w) f(u)du

T T
Eo (11(%5) /0 f(Ut(g’x))dt>—Eo /0 f(uf”))dt‘Jr
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B (L [ 0ENe) |+ T P2 1)+ By [T )it <

Y

eTe+ |Bo (Vaery [ £Idt)|+ T e 7+ |By [~ ful)ar

as follows from (2.13) and from the classical exponential inequality. We can
make small the last term by choosing a large T, as in (3.17). To control the
second term we use (4.2). Doing so we get (5.3).

Now, we shall show that there exists €9 > 0, such that the functions
GE2)(0,-), e € (0,g0], are uniformly equicontinuous, provided they are re-
stricted to the compact set H.

We prove the existence of a constant ¢ > 0, such that, for every u € H,
and € € (0, &),

(5.4) IX7iGED(0,u)| <ec,j=1,...,d.
By (4.4), for u € (Tv o ;1) (), we have
XTiGED(0,u) = J, 972X TIG (2, u®) = J, 97 (XTIG) (2, u”) .

To obtain (5.4), we use another important estimate. It is similar to (1.8),
but on the derivatives of G (see §6):

(5.5) | X, . X5, Gz, y)| < ﬁ , Yy # x close enough .
Yz

Hence, for j =1,....,d,

Q-2+1; (v J; x ceQ b c
€ (X9G) (z,ul) < o = T
P ulp

which is bounded when u lies in a compact set, and (5.4) is verified.

Using the weak convergence in (5.3) and the relatively compactness of
{GE2)(0,-),e € (0,0]} on H, we can identifie the limit of G&*)(0,-). This
ends the proof of (5.2).

q.e.d.

Proof of the Theorem (1.10). We take
H={ueR:sup(juj|: j=1,...,d) =1}
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and

Nl’“

ey =sup(ly| :j=1,...,d),

with y € Q, y = p,(u). Clearly,
<TL os&?) (y) € <TL 090;1> (QNH.

For every 6 > 0 and for every y sufficiently close to x, there exists €(d) > 0,
such that ¢, < ¢(d) and, by (5.1),

‘G(”) (0, (TL 0 90;1> (y)> — g <0, <T¢ 0 90;1> (zﬁ)‘ <9,
We note that, ugi and T.(u{”) have the same law. Hence, by (3.8), we get
(5.6) g% (0. Ta(w) = 972 (0, ).

Then, using (4.4) and (5.6), for every 6 > 0 and for every y sufficiently
close to z, y = . (u),

(5.7)

€9 2G(x,y) — €929 (0,u)| <.

Moreover, we can replace here ¢, by |y|, because, there exists ¢ > 0 such
that,

(5.8) lyl. < ce, .

Finally, let us denote, for € IR?\ {0},

5.9 2.(0) = —9(0.6).

xT

where J, is as in (4.4). As a consequence of the Proposition (3.9), ®, is
a strictly positive smooth function on IR*\ {0}.
By (1.9), for y # x,

lylz

0.(y) = (TL o %Zl) (y)-
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So, we conclude that, for every > 0 and for every y sufficiently close to
x?

[y972G (@, y) — Ba(0a(y))| < 0,

that is, (1.11).

The proof of the Theorem (1.10) is complete, except for the proof of Lem-
mas (A.1) and (A.7) of the Appendix and of the estimates (1.8), (3.13) and
(5.5), which are simple consequences of [N-S-W] estimates, as we show in the
following section.

6. Locally homogeneous norm associated to L

In this section we shall study the locally homogeneous norm | - |, and we
shall then justify the estimates (1.8), (3.13) and (5.5). It suffices to prove the
following;:

(6.1) Proposition. There exists some positive constants ¢, ¢, such that,
for y # x close enough,

dylae

clyl | e
(6.2) |G(z,y)| < EACATIE X, ... X, Gz, y)| <

The estimates are then obtained using the simple calculation of the vol-
ume of a small homogeneous ball, B(z,¢) = {y : |y|. < e}:

(6.3) m(Bp(z,€)) = / dy = ce® dv =ce9.

lyle<e v[n<1

Here we performed the change of variables v = (T o p,')(y) and ¢ de-
notes a positive constant.

Proof of the Proposition (6.1). Noting the result of the Corollary in [N-S-

W], p. 117, it is enough to show that there exists a positive constant ¢, such
that, for y sufficiently close to x,

(6.4) p(z,y) < clyls.

Recall that p(x,y) is the distance introduced by [N-S-W], p. 107.
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But by the Theorem 3 in [N-S-W]|, p. 112, p is locally equivalent to the
pseudo-distance p3. So, there exists a positive constant ¢, such that, for y
sufficiently close to x,

(6.5) p(z,y) < cps(z,y).

Recall that,

pg(l’,y) = 1nf{6 >0 Elf S 03(5)7f(0) = 137f<1) = y} :

Here C5(5) = UpCs5(6, D), where, for each d-tuple D of multi-indices J, with
|J| <7, C3(d, D) denote the class of smooth curves f : [0,1] — IR, such that

@) =3 csX7(f(t)), with|cs| < 6”1, JeD.

JeD

We shall introduce a slight modification of the pseudo-distance p;. We
denote by C(d, B) the set of C'-functions f : [0,1] — IR%, such that

Q
= > ¢X(f(t), with XT: ( > c?) <69,
j k=1 \jl=k
Then we define,
dg(z,y) =inf{d >0:3f € C(,B), f(0) =z, f(1) =y} A 1.

But

D

k=1

so, C(9, B) C C3(9). It follows that, for y sufficiently close to z,

Q
r 2k
(Z c?) <69 = ¢l <oV, i=1,....d,
= k

]7lj:

(66) pg(l’,y) S dB(x7y> .

Moreover, by the definitions of |y|, and of dg(z,y), and by our assump-
tions on {2, it is a simple observation that, for x,y € €2,

(6.7) dp(@,y) = [yl -
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This ends the proof of (6.4).
q.e.d.

(6.8) Remark. Clearly, dg(x,y) is a pseudo-distance in the sense of [N-S-
W], p. 109. From this, by (6.7), we see that there exists a constant ¢y > 1,
such that, for every x,y, z € (),

(6.9) Yle < co (|2]a +[2]y) -

(6.10) Remark. We can check another simple property of | - |,. For every
x,y € Q, y = @, (u), there exists two positive constants, ¢/, ¢’, such that

(6.11) ¢ lull < Jyle < ¢ Jull7 -
7. Capacity of small compact sets

In this section we shall estimate the capacity (relative to the kernel G)
of small compact sets.

To apply the theory of Blumenthal and Getoor for Markov processes in
duality, we must consider the process (z;) killed at an independent exponen-
tial random time &, of parameter A > 0, which we denote by (xg’\)).

The Green function of (a:ﬁ’\)) is the A-potential of (x;):

(7.1) Ga(r,y) = [ e pfayt.

(7.2) Remark. The result of the Theorem (1.12) still holds with G replaced
by G. Indeed, we have

G, y) [y]972 = @.(6.(y))] <

Gi(z,y) } -2 -2
e g G, y) [y127] + |G, 9) Iyl (6:())]
The conclusion follows as soon as we show that,
lim sup M—l‘:O,
el0 |ly—a<e | G(,Y)
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which can be done as in [CM-LG], p. 241.
Therefore, for every n > 0 and for every y # x close enough,

- + (I)r(‘gm(y)> G xr n + (I)x(‘gm(y)>
per SOy sT e

(7.3)

Now, let us recall some definitions. By choosing A > 0 large enough, we
can apply the theory of [B-G]| to the process (x,g’\)). For a compact subset H
in €2, we denote

TV =inf{t >0:2) € H}.

Let ,uSL}\) the equilibrium measure of H, that is the unique finite measure sup-
ported by H such that, for every = € Q,

(7.4) PATSY < 00) = Goi(2) = [, () (dy).

The A-capacity of H will be denoted by c\(H), and is the total mass of

,ug}\) , or, equivalently

(7.5) ex(H) =sup{|p|:p € M(H),Gypp <1 on Q}.

Here M(H) is the set of all positive finite measures supported on H.

Let H be a compact subset of IR? containing 0. We shall describe the
capacity of a small compact set. The natural dilation of H is H? = (¢, o
T.)(H). We shall study the asymptotic behaviour of ¢, (HZ) as € — 0.

To write down the statement we need the following:

(7.6) Lemma. There exists

. "Um‘uz
7.7 lim —=—= = 0
(7.7) im —= a(u,v) >
and
(7.5) lm B (1) = 3(u,) 0,

for u # v € R\ {0}.

o8



Proof. We have to calculate |vZ|,z. Since {X7i(y) : j = 1,...,d} is a ba-
sis for y close to x, we have,

vi = exp(Ze)(x) = exp(We)(ug) , u = exp(Ye)(z),

By the Campbell-Hausdorff formula we get,

1
Z€:W€+Y€+_[W€7Y€]+---7

2
S0,
ws =elib;(u,v) + O, j=1,...,d, bj(u,v) #0.
Using (1.6), we get
(7.9) [VE e = € a(u,v) + O(e'?), 5 € (0,1).
with,

(7.10) a(u,v) = {i ( > bj(u,v)z) ] :

k=1 \jl,=k

This proves (7.7).
On the other hand, by (1.10) and the preceding calculation, we can write,

z ’UJ; bj(u’ U) + O<€)
) = (W)j—l d B <a(u’v>lj T O(Eé)>j=1 a e

xr
Ug =l..,c - 2 JT

Taking,

- bj(u, v)
(7.11) Blu,v) = <a(u>v)lj>j=1 ,,,,, d
we get (7.8).

q.e.d.
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We denote
m(H)

maxyecon Jp (U, v)dv

O, (6(u,v))
a(u, vya@-2 H) =

We can state now the main result of this section:

(7.12) ry(u,v) =

(7.13) Proposition. Let H be the closure of a bounded domain in IR®
containing 0, and x € ). Then
C) (Hz)

(7.14) lelw Q@) 2

=q.(H).

Proof. We consider v, the measure with the density Ty with respect to the
Lebesgue measure and v, the image measure of v through ¢, o 7.

A lower bound for ¢y (H?) is obtained as soon as we can obtain a uniform
bound on G,v¥. By the maximum principle of Bony [Bo], for hypoelliptic
operators, it suffices to bound G ¥ on H?.

Take u?f € HY. Then,

Gxuf(ug):AdGA(u “(dv) /GA )
Then, by (7.3) and (7.9),

1+ Pug (Oug (v7))
H ‘U§|§g_2

D, (0, (V-
dU:/ n+ us(eug(va)) dv

GrE(u) < i 920 lu, 0)22 + O[)

Using (7.5), for all u € H,

e (HY) > m(H)
@2 N+, (02 (vF)
IH a(u,v) Q 2+O(55)dv

Hence, by the continuity of ®,(f) and by (7.11), we get,

.. .o\ (HE
(7.15) hrgl%)nf 52)—2) > q.(H).

On the other hand,
vIG(E) = [ G uE(dn) = [ Gaeu)dv = [ Galuz oD,
R4 H
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so, again by (7.3) and (7.9),

=1+ P (O (V7)) —1 + Pug (fuz (v7)) J
- /H €2 2(a(u, 0)2 2+ 0(e%)

i) > |

H |U§|§g_2

We denote by ;Lj;}';, the equilibrium measure of H?. We can write,

A,z -n + (I)uz (euz (U:)) A,z T\, T z
T, € € < ) —
e /H £Q2(a(u, 1)@ 2 + 0(55))dv = /IRd pe g (dul)vZ Gy (u?)

[ @G () < vt = m(H).

Hence, for all u € H,

ox (H7) —1 + Pug (g (7))
@2 /H alu,v)Q2 + O(Eé)dv < m(H),

from which we get, by (7.11),

. A\ (H
(7.16) hrralls(:]up o= < q.(H).

8. Applications: various sample path properties

As was said in [CM-LG], p. 222, as soon as we dispose of the results on
the Green function and on the capacity of small compact sets, we can derive
some sample path properties. The general methods used in [CM-LG], §7 and
68, can be applied.

We note that, for certain properties we do not need the exact behaviour
of G, but only the estimates

c/
(8.1) W < G(z,y) <
¢, ¢ being positive constants. The right hand is (1.8) and the left hand can be
obtained in a similar way as (1.8), that is, using the estimate on the volume
of homogeneous small balls, (6.3) and the Theorem I (ii) in [Fe-Sa], p. 248
(or [J-Sa2], p. 51).

C
y|$2

with x # y close enough ,
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We shall emphasize only the differences with respect to the case consid-
ered by [CM-LG].

(a) Hitting probabilities of small compact sets.

For € > 0 sufficiently small, we denote,

Tye =inf{t >0:2, € H'}.

(8.2) Proposition. Forn > 1 integer, for xg,x1,. .., x, distinct points of )
and fort > 0,

. 1oy
(33) lim (W) Poy(Tyyos < ... < Tygon < 1) = gy (H) .. g, (H):

/ dsi ...ds, pg (o, x1)py o (T1,@2) .. (Tno1,2) -
0<s51<...<s5,<t

Moreover, there exists constants c,c,; > 0, independent of o, x1, ..., %y,
such that, whenever |v;|,,_, >ce, j=1,...,n
1 nP T <...<T < < 1
®4) (@) Pollun < Hzn S 1) < o 1W
Jj= VAR

For the proof we use the result on the capacity (7.11) and we repeat the
arguments in pp. 250-252, [CM-LG].

(b) Wiener sausage.

We shall analyse the asymptotic behaviour of the volume of the Wiener
sausage of small radius. For 0 <t < 7, let us denote

(8.5) Sux(0,8) = |J H™,

€
0<s<t

the "sausage” associated to (r;) and to H*, H C IR%, containing 0.
By a similar proof as in [CM-LG], pp. 253-257, we could obtain:

(8.6) Proposition. Let u(dx) = f(x)dx, where f is a bounded measur-
able function on Q2. Then, for every p > 1,0 < T < 7, xg € (),
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oo

(8.8) Remark. Recall that (G;) denote the invariant diffusion on N (m,7).
Let us denote, for e > 0, ¢t > 0,

. 1 ¢
8T) i | s [ n (S1:0.0) - [ S s

0<t<T

(8.9) SNO0,t) ={ge N(m,r): |g- G |v < e, for somes < t}.

If 11 denotes the Haar measure on the group, by the Theorem (4.9) in [G],
we get,

1
(8.10) gm p w(SYN(0,t)) =c, P, —as.

From this we obtain a similar result as (7.q) in [CM-LG], p. 258:

1
(8.11) lim —5— 4u(S¥(0,1)) = ¢, in probability .

elo ¢

Indeed, if §. denotes the image on A(m,r) of the dilation on the alge-
bra g(m,r) (see [BA2], p. 88), then (0.(Gs)) and (G.2s) have the same law.
By scaling and homogeneity properties we can show that (S (0,1)) and
eV p(8)Y(0, %)) have the same law.

(c) Double points.
We could prove the same result as the Theorem 8.2 in [CM-LG], p. 261:

(8.12) Proposition. For every x € (), with P, probability one, the pro-
cess {xs: 0 < s <7} does not have double points.

In proving this, we use the Hausdorff measure with respect to the homo-

geneous norm | - |, and the estimates for G, (8.1). The difference with respect
to [CM-LG] is that, instead (8.d), p. 262, we prove:

£ (i) e

S<ONT
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for every x € Q, § € (0,1), ¢ being a positive constant. For this, we use the
Taylor stochastic expansion and the fact that, for every multi-index .J, there
exists a constant ¢(J) > 0, such that, E(|B/|?) < c¢(J)t!”! (see [BA1], p. 34).

(d) Wiener and Poincaré tests.

The result which we formulate is similar to the classical Wiener test (see
[W], p. 130). For another form we refer to [Bi], p. 98.

Let us consider a constant a greather than the constant ¢y > 1, which
appears in the triangular inequality for the homogeneous norm | - |, (6.9).
For B a Borel set contained in U we denote

1 1

(8.13) B,={yeB:

(8.14) Proposition. The probability PI(TJ(BA) = 0) = 0 or 1 according as
the series Y, @@ =2 ¢, (B,,) converges or diverges.

We show that, for n > 1,
d oz”(Q_2)c)\(Bn) < Px(T](B,i) < 00) < ca(”ﬂ)(Q_mc)\(Bn),

using the estimates in (8.1). Then we conclude as in [G], pp. 108-110 (see
also [Lal).

This result could be applied to obtain the cone test of Poincaré. A homo-
geneous cone with vertex 0 is a Borel set C' with non-empty interior, which
is stable for the dilations 7}, and such that 0 € 9C.

(8.15) Corollary. Consider C' a homogeneous cone with vertex 0 and N
a neighbourhood of 0. If B is a Borel set such that ¢,(NNC) C B C U,

then P,(TSY = 0) = 1.

We note that Cpi1 = T1/4(Cr), n > 1, so, by a simple property of the
capacity (see [G] Proposition (4.7)), we get, cx(C,) = ca™™@=2 ¢ > 0. Then
we can conclude, using the Proposition (8.14), since ¢, ((NNC),) C B, and
(e (NNC)) =cex(NNC), ¢ >0, (see also the Corollary (5.4) [G]).
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9. Examples

In this section we shall describe some concrete examples, where we can
perform more calculations. Firstly, let us point out some simple cases.

We consider on IR? the vector fields X; = 0, +2290,,, Xo = Oy, —22104,.
Then [X;, Xo] = —40,, and the operator L = (X7 4+ X3) is hypoelliptic.
This case is called the Heisenberg case and in [F], p. 375 (see also [Ga], p.
101) was calculated the Green function on IR? with pole 0:

1/(4 1/(4
(9.1) GH(0,y) = /(47) = /é 72)2.
H
U R ML
In [CM-LG] a more general situation is treated. Consider two smooth vec-

tor fields X;, Xy on IR?, such that for every z € Q, X (), Xa(z), [ X1, Xo](z)
span IR®. Then the Green function satisfies:

(9.2) ‘G(x, y)d(x,y)* 2 — c‘ —0,asy — .

It is also shown that the pseudo-distance d(x,y) is equivalent to |y|,.
We firstly treat the following:

(a) Curved Heisenberg case.

For n > 1 integer, we take m = 2n and d = 2n + 1. Suppose that
X1, ..., X, are smooth vector fields on IR*"**, such that,

(9.3) [(Xop—1, Xog] = [X1, Xo] , k=1,...,n,

all other brackets being zero. Let us consider € a bounded domain in IR*" .
We shall suppose that, for every x € €, the vectors X;(z),..., Xo,(2),
(X1, X5)(x) span R* .

It is a particular case because we consider only two order brackets and a
single one is not zero. In this case r = 2 and ) = 2n+2. The basis is indexed
by B=1{1,2,...,2n,(1,2)}.

The diffusion associated to the vector fields, starting from a fixed point
T €€, is
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2n

. 1 st
(9.4) xy = exp (Z B! X; — 5 > /0 (B*dB?~! — B*~1dB*)[X, XQ]) (7)
k=1

J=1

HIR,(1),

as we can see by (2.14). We must compare (x;) to the left invariant dif-
fusion on the Heisenberg group, Ha, 1, with its usual structure on IR**™!,
The left invariant vector fields are defined by

Yop1 =0

T2k—1

— 29k Orgpyy > Yor = O,

T2k

+2x2k—16x2n+1ak: L...,n,

so, the invariant diffusion started from 0 is
2n ) 1 n t

(95) G, = exp (z BIY, - L3 [((Ban2t - Bantn, m) ).
j=1 k=170

In this case we do not need any projection, and (ugr)) is the diffusion

| &L gt
(9.6) (Bg, B =S / (BZdB2-1 Bg’f—lng’f)> .
k=179

Its Green fonction, ¢, is the invariant Green function on the Heisenberg
group. By the result of [F], p. 375, we get

1/ec, 217 (2
(97) g(x)(oay) = /C w oy Cn = A

[(Z?ll y?)2 + Y3 2

For y = %(yl, ce ,y2n+1), we denote

ﬂ-n—l—l

om n+1 ﬁ
(9.8) lyl. = (Z yf-) + [yanga [T
j=1
Then, applying the Theorem (1.10), we obtain
(9.9) lim sup |G(x,y) [y]2" — @.(0.(y))| = 0.
el0 jlz—y|<e

Here,
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Y1 Yon  Y2n+1
Y|z yla" [y)2

and
Ce/Cn
2
(Z2.8)" + 8,

(9.12) Remark. Noting the symmetry of the first 2n coordinates, we can
write a simpler form of (9.9). Put

7, Cp > 0.
2

(911) (Dx(tla"'at2n+l) =

|y2n+1] 1 (14t
(9.13) Iy) = 2n+ 2 U, (t) = R T
j=1 yj Cn (1 +1 )2
Then, by (9.9), we get
(9.14) lip sup G, ) [y = e W (0(y)| = 0.
€ y—z||<e
We also note that, for n = 1, ¥ = i is constant and we can compare

(9.14) with the result obtalned by [CM- LG] (9.2).

(9.15) Remark. In this particular case we could easily write the result on
the capacity of small compact sets.

Now, we shall study a slight extension of the last model. Let us replace
(9.3) by the following assumption:

(916) [XQk—l>X2k] = a,k[Xl,Xg], ap € IR*, k= 1, o, ny

all other hypothesis on the vector fields being the same.

The associated diffusion can be written as in (9.4), using the Taylor
stochastic expansion. It will be compared to the diffusion (a}) generated
by the following vector fields:

)/2k—1 = amgk_l +2 Q. Tk ax2n+1 ; )/2k = axgk -2 Ap Tog—1 ar2n+1 ) k= ]-7 sy T

that is,
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(9.17) (Bg,.. Bf”,——zak/ (B2 B! — p2k- ldB%))

The Green function associated to (@) was pointed out by [Gr2], p. 136:

A(s)d
(©.18) 390 =cn [ AL -
R (22:1 br(s)(Yzp—1 + yai) + i y2n+1)
where i = v/—1, ¢, = ("2—73 and
L dags
(9.19) A(s g — Zaks) be(s) = (ags) coth(4ays) .

(9.20) Remark. When (yl, cey Y1) = (0,...,0,y2n11), With yo,1 # 0, we
must integrate in (9.19) on R +iq, g > 0.

We can obtain the behaviour of the Green function G, associated to the
vector fields X, as in the first case. We use the same homogeneous norm,
given by (9.8), and we get the same relation as (9.9), with ®, replaced by:

A(s)ds
t2n+1) :Czcn/ " 9 ( ) 9 - 0
R (Zk:1 bi(s) (1351 + 13¢) +1 3t2n+1)

(9.22) Remark. We can simplify the result again, using the symmetry of the
pairs of coordinates. Denoting,

(9.21)  Dy(ty,...,

(9.23) IR
Jj= lyj
and
N (14 ") 7T A(s) ds
9.24 \Ift,...,tn,t:n/ Ay
(9.24) (t )=c R (X} be(s)t: +ist)

we get
025  lm swp G, y) [y = B9 (y), ..., 9" (1), 9(v))| = 0,
y—x||<e

where 9J(y) was given in (9.13).
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(9.26) Remark. We can find again the result of [CM-LG], for n = 1. Also, we
could formulate the result on the capacity.

(9.27) Remark. A more general situation can be obtained assuming that
m = 2n, d = 2n + p (p missing directions, p > 1, integer) and r = 2.
Using some recent results of [B-Ga-Gr] we could write similar results.

As was said, we shall describe a case when the condition that the geom-
etry of the brackets is locally constant fails:

(b) A case at step larger than two.
Let us consider on IR? the vector fields
(9.28) X, =0,, + 2p$2(a:f + x%)p_18x3 , Xo =0y, — 2p:)31(93% + x%)p_laxg ,

with p > 1, integer, and L = %(Xf + X2). The case p = 1 is the classi-
cal Heisenberg case Hz = N(2,2).

The operator L is nowhere elliptic, but is hypoelliptic. Indeed, for p > 1
and for z ¢ {x; = x5 = 0}, we have

(X1, Xo] = —8p (23 + 22)P10,, .

So, for p > 1 and for z ¢ {21 = z2 = 0}, X;(z), Xao(z) and [X;, X3](x) span
IR3. This situation was already treated. On the other hand we see that for the
points on the axis {z; = z2 = 0}, to span IR? we need to go up to the brackets
of order 2 p in this points. This time r(0,0,z3) = 2p and Q(0,0,x3) = 2 p+2.
Clearly, the geometry of the brackets is not locally constant around the point
(0, O, ZL’3) .

Operators like L occur in the study of the boundary of the Cauchy-
Riemann complex (see [Gr-S]). Precisely, let us consider the domain

D= {(2,2) € (?, Imz > |2|?}.

If p =1, D is the generalized upper half plane in €?. The vector field
0, — 2120, is the unique holomorphic vector field which is tangent to the
boundary bD of D. In the tangential coordinate system (see [Gr-S]: coor-
dinates p = Im2; — |z|%, 2,z and 23 = Rez;) this vector field takes the
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form

Z=0,+iz0,,.

Z is left-invariant with respect to the nilpotent group structure, the Heisen-
berg group, on IR? = bD.
In the case p > 1, we have

Z=0.+ipz' 120,

and there is no group structure on IR® with respect to which Z is left-
invariant.
We also note that Z = %Xl — 5 Xy and L is of the type —LJ,, precisely,

L=2Z7+227.

Recall that in the Heisenberg case, the Green function on IR? is known.
By left-invariance it suffices to know the Green function with pole (0,0, 0)
(see (9.1)).

In [Grl] the case p = 2 is considered and the expression of the Green
function on IR® with arbitrary pole is given.

Here we consider an arbitrary p. As was said, the case when the pole is
outside of the axis {z; = x2 = 0} was treated. It is plausible that the method
of [Grl] can give an exact formula for the Green function with arbitrary pole.
However, the calculation seems to be more delicate (see also [Gr-S], p. 157).
Nevertheless, we can give an exact formula for the Green function with pole
on the axis {x; = xo = 0}:

(9.29) Proposition. The Green function on IR?, associated to the vector
fields X1, Xo, with pole (0,0, z3), is
1/(4pm)

V@ + 137 + (y5 — 23)?
2

(9.30) G((0,0,23), (y1, 92, y3)) =

Proof. We denote w = y; + iys, 02 = |w|? + (y3 — 23)? and we must show

that the Green function is

G((0,z3), (w, ys)) = 4plm |

Clearly, this function is a C*°-function of (w, y3), as long as (w, y3) # (0, z3).
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We consider, for € > 0, the C*°-function on IR?,

1
Ge((oax?))a(w?y?))) = 4p7T<7 )

where 02 = (|w|? + €)% + (y3 — z3)°.
Then, G (0, 25), (1, 45)) — G((0, 23), (1, ys)), pointwise as ¢ | 0, as long
as (w,ys3) # (0,z3). In fact, we can show that

G((0,x3), (w,y3)) = hl%l G.((0,z3), (w,y3)) , as a distribution in IR? .

Indeed, we see that there exists a positive constant ¢, independent of €, such
that |Ge| < <. If we show that  is locally integrable, then, by the Lebesgue
dominated convergence theorem we get

G((0,23),-) — G((0,3),-), inD'(IR?), ase | 0.

We study the integrability at (w,y3) = (0,z3) and we may suppose that
x5 = 0. We shall estime 1 on the domain |w| < 1, |ys| < 1. We have,

L d
/ g log [1+ (1 + |w|*)Y2] — 4 p log |w|.

-1 O

The first term is clearly integrable on |w| < 1, as for the second,

1
/w|<l | log |w]||dv(w) = 27T/0 r logrdr < co.

After some calculations, we get

L( 1 )_p 62p|w\2p_2‘

dipro.) 21 o3

Hence, we have,
LG =0, aslongas (w,ys) # (0, x3)

and
LGE((O7x3>7 (wa y3)) - 07 as € l 07

uniformly on compact subsets of IR* which do not contain the point (0, z3).
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We show that

/IR3 LGe((O, 1'3), (w, yg))dv(w, y3) =1.

Indeed,
£62p|w‘2p 2/ dys _
2w R [(Jw]P + )2 + (y5 — 23)2)”
2 s [ du _p
2 [(Jw|?e + )2 42?7 (Jw]> + )2
and then,

p 621)/ [w]~2 dv(w) =2pe¥ /OO T hdr — /OO dt 1
s Rr? (|w|? + €2P)? 0o (r? 4 e%r)? 0o (t+ €%)?

Now we consider an arbitrary ¢ € C$°(IR?). Then, for any neighbourhood
U of (0,x3), we can write,

< G((0,a9),) Lo >= [ G((0,23), (w, ) L d(w, ya)dv(w, o) =
hfgl 5 Ge((07 l’g), ('lU, yS))L ¢(w7 y3)dv(w7 y3) =
0 Jr
lﬁlfg RS LGG((()?xg)? (w7y3))¢(w7y3)dv(wvy3) =

lim 6(0, ) [ LG(0,5), (. 95)) v, )+

lim | LGe((0,23), (w, y3))(d(w, y3) = $(0, x3))dv(w, y5) =

el0
¢(O $3) + hm RA\U L GG((Ov 113'3), (w7 y3))(¢(wv y3) - ¢(07 x3))dv(w7 y3)+
lim | LGe((0,3), (w, y3))(@(w, ys) — $(0, x3))dv(w, y5) =
¢(0,23) + 0+ sup |p(w,ys) — ¢(0,23)| - 1 = (0, 23).
(w,y3)eU
This proves the fact that G is the Green function of L on IR* with pole (0, x3).

q.e.d.
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(9.31) Remark. In the Heisenberg case, the Green function with arbitrary
pole is given by (9.30). For the case treated in [Grl], p = 2, the Green func-
tion with arbitrary pole has two terms, the first being the right hand of
(9.30). In the general case we should attempt to find p terms for the Green
function with arbitrary pole, the first being the right hand of (9.30).

The diffusion started from (0,0,0) € {x; = xo = 0}, generated by X, Xy
1s

t
(9.32) 2, = (35,33,4;9 i R§<P-1>d58) ,
0
where
1 t
(9.33) R = (B + (B2)?, S, = 5/ B2dB! — BldB?.
0

We denote, for y = ¢,0,0) (Y1, Y2, ¥3),

1

p+1 | 2p+2
(030 [ e
(9.35) Oo(y) = <££%> )

lwlo™ [ylo” |ylo
and
1 1

(9.36) Do(t1, ta, t3) =

AR
Then, by (9.30),

Do (05 (y), 05 (1), 65 (y
(0.y) = P05 0). 6w
lylo
(9.38) Remark. Using the symmetry of the first two coordinates, and de-
noting

(9.37)

+1

lys| 1 (1+t5)
Y3 ‘I’o()

(9.39) Doly) = (CENEk Tdpm (142

o= o
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we can write, by (9.30),

(9.40) G(0,y) = %%E,y)).

Finally, we shall consider the:

(c) Grushin case.

Let us consider on IR? the vector fields
(9.41) X1 =0y, , Xo =210,, .

Then [X;, X,] = 8,, and the operator L = $(X7 4+ X3) is hypoelliptic on the
axis {z1 = 0} and elliptic elsewhere.

We consider the point = = (0, 0), which lies on the axis {z; = 0}. Clearly,
r(0,0) =2, Q(0,0) = 3 and B = {1, (12)}.

The diffusion started from =z is

t BIB?
(9.42) 2 = (Bg, /0 B;ng) - (Bg, L St> ,

where, again
1 t
Si=3 / B2dB! — BB
0

The left invariant diffusion started from 0 on the Heisenberg group Hj is

Therefore,
(9.44) x = 7(Gy) , me(a, b, ¢) = (a, %b +c).

From this it is not difficult to see that the Green function of (z;) is

045 GO0l = [ 67 (00,0 nh - 255 an,

or, by (9.1)
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Y1, Y2)) —/ &
1, Y2 = .
AT IR+ )2+ (1 — )

2

(9.46) G((0,0), (

Let us denote

(9.47) (y1, )l = V[P + |va]2 -

If we take

Y1 Y2
948 9 ) = )
( ) o(y1,92) (\(yb?ﬁ)\o \(Z%?D)\%)
and
(949) tl7t2 47T»/ \/ t2+h2 _ %)2’
then

Dy (0 ,

(9.50) G((0,0), (g1, ) = 2olbolbn:2)).

(Y1, 92) |0
(9.51) Remark. Denoting,

(9:52) Jo(y1,92) = =5

and

(9.53) W 47T/ ¢1+vhi+|tl‘ > dh,
we get

(9.54) G((0,0), (31, ) = LolPolvr-12)).

[ (1, 92) [~

(9.55) Remark. In this case several of our hypothesis fail: d = 2, Q(z) =
the geometry of the brackets is not locally constant in z and the estimates
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of [N-S-W] are not proved. Nevertheless, the result obtained by a direct cal-
culation, (9.50) is quite close to the result of the Theorem (1.10).

10. Influence of a drift on the behaviour of the Green function

We give an example where the behaviour near the diagonal of the Green
function is quite different in presence of a drift.

We denote g(m,r) the free r-nilpotent Lie algebra with m generators
Y1,..., Y. Its natural graduation is g(m,r) = Vi & ... ® V,, where V}, =
Span{Y” : |J| =k}, k=1,...,r. Assume that 7 > 3 and take Y, € V, \ {0}.
The associated simple connected nilpotent Lie group is N(m,r), with the
multiplication given by the Campbell-Hausdorff formula.

The left invariants vector fields on N'(m,r) defined by Y; will be also
denoted by Y;, 7 =0,...,m. It is known that the operators

(10.1) L=23 Y L=L+Y,

j=1

are hypoelliptic. Their associated heat kernels will be denoted by pgN) and
S(N)

DPi
The Green function on N (m,r) associated to £, with pole the unit ele-
ment e € N'(m,r), is

(102) GV (e.g) = [ B (e g)dr.
0

(10.3) Proposition. There exists a positive constant k such that

(10.4) lim sup G (e, exp(—sYy)(e)) < k.
sl0
(10.5) Remark. We obtain that, when the drift is in the center of the Lie
algebra g(m,r), the Green function G (e, g) remains bounded when g ap-
proachs e against the drift vector field.
We can compare this with the result obtained by [BA-Le|, p. 177, for the
heat kernel:

(10.6) lim sup $1-3 logﬁEN)(e, e) <0,

t10
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that is an exponential decay on the diagonal.

Proof. To study G") we shall use the estimates for the heat kernel.
Since Yy € V,, it commutes with all Y}, 7 = 1,...,m. So, ¥, commutes
with £. Therefore, for ¢t > 0 and g € N'(m,r),

107) 5V (e.9) = o (exp(t¥)(e), 9) = ™ (e, exp(o)(e) " - g) |

also using the left invariance.
By the results of [J-Sal], p. 843, and [K-S2], p. 182, it is known that, for
any g € N(m,r),

M exp (—%)

(10.8) PN (e, g) < o te 01,
2

and

M’ exp _llg=el?
(10.9) i (e.9) < t(_ = ),te (1, 00).

2

Here M, M’ are positive constants, | - |y is the homogeneous norm on the
group, || -] is the Euclidian norm, @ 5 the homogeneous dimension of N (m, r)

and d + n = dim g(m, 7).
We know that, for any g € N'(m,r), with ||g — e|| bounded,

1
l9ln < cllg — el
(see (6.11)). So, (10.9) can be written

M’ exp (— (5 )
c"M't
(10.9') V(e g) < eI ,t€(1,00).
2

We shall put (10.8) and (10.9”) in (10.7). But firstly note, that

| exp(tYo)(e) ™" - gl = | exp(—tYp)(e) - gl -

Taking g = exp(—sYp)(e), s > 0, we get
|exp(tYp)(e) - exp(—sYo) (o) = | exp((—t — 5)Yo) ()|} = (t+8)7cF -
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The last equality is a direct calculation and we denoted c¢q = | exp(Yp)(€e)|n-
By this simple remark, using (10.2), (10.7), (10.8) and (10.9’) we get, for
g = exp(—sYp)(e), s > 0 small enough,

t+s c s
_ 1M9XP< (Mt) ) ooM’exp( chf\;,t )
(10.10) (e, 9) </ dt+/
5"
The first integral in (10.10) can be written as
2
M exp (_Mclg_2 (1+;L)r) v . exp ( 01(2)_2 (1+;L)r)
0 sz Ly sz —1Jo uz

where we denoted o =

Applying the Laplace method, we get an equivalent for the last integral,
for s | 0 (that is o T 00):

oo Q
/ UQTN_QeXp( o1+ )7 )d’uwk‘” o (T
0

So, there exists positive constants £, k”, such that

(10.11) / - )dt ~ KK whens | 0.
0

For the second integral in (10.10), by the Lebesgue dominated conver-
gence theorem, we see that

2T CQT
oo M exp ft+f 0o o~ Tt
(10.12) lim ( Mt ) M’/ €T,
1

d
510 J1 5" @&

the last integral being convergent.
Combining (10.10), (10.11) and (10.12), we get the conclusion.
q.e.d.

(10.13) Remark. We note that in this case the a priori estimates on the
Green function are not proved (see [N-S-W], p. 107), Y being in V. and r
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being larger than 2 (see also [Le]). So, we can not say that, estimating the
Green function on the diagonal is a small time behaviour problem as in the
case without drift.

We could use the natural sub-Riemannian distance py, instead |- |y. We
then apply the general result in [J-Sal], p. 849, or in [K-S1], p. 427. Also, we
must use (1.7) in [BA-Le], p. 178 together with (6.4) and (6.3).

The result of the Proposition (10.3) could give an idea of the pathologies
for the behaviour near the diagonal of the Green function, which could ap-
pear in presence of a drift.

11. Law of a functional of planar Brownian motion

In this section we use the result of the Proposition (9.29) to get a re-
sult involving the joint Laplace transform of some functionals of the planar
Brownian motion.

We consider (B}, B?) a two-dimensional Brownian motion and we denote
wy = B} +1i B Let p > 1 be an integer.

(11.1) Proposition. The joint Laplace transform of

(11.2) (il [t 7-25)

satisfies, for \, pu > 0,

(11.3) /OOO E0,0) exp (—A\wt|2 — ,u/ot |ws|4p_2ds> dt =

-1 /p _
2 v L v L (VB2 05
pJo cosh2t(2r)2=t A P AP 0

Here we used the Meijer G-function (see §9.3 in [G-Ry]'). If p=1 or p =2
the integrands in the right hand of (11.3) are, respectively,

2
) cosh 2t + \/g sinh 2t

!Gradshteyn, L.S., Ryzhik, I.M.: Table of integrals, series and products, New York
London: Academic Press, 1980
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and

VT 1 . < N ) orfc A
_ X —— |,
2 VAcosh 2t P V/2putanh 2 V2 tanh 2t

with erfc (x) = % [ e v dy.

Proof. We shall use the set-up and the notations in § 9(b). We denote

t
(11.4) i = Ap / R2r-1gs, |
0
where
1 t
(11.5) R = (B} + (B2)?, S, = 5/ B2dB! — BldB?.
0

So, by (9.32), the diffusion started from (0, 0), generated by X;, X, from
(9.28) is

(11‘6> Ty = (wt7 yt) .

The law of x; is invariant under rotations (w,y) — (e*?w,y). This implies
that

(11.7) G((0,0), (w,ys)) = G((0,0), (Jwl, ys)) -
If we denote
(11.8) A, = 4p? /Ot lw,|**~2ds
y; can be written as a one-dimensional Brownian motion W at time A;:
(11.9) yr =W (A).

Moreover, W is independent of the process (4;), so, of the process (Jw;|?).
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For any A > 0 and p € R\ {0}, we can write as in [CM-LG], p. 228:

— —Apt+ipy —
T 7r/1R+XlRe G((0,0), (7, y))dpdy

/ e NG ((0,0), (w,y))dwdy =
xR

E(O’O)/o e—A\wt\2+iuytdt:/0 E(Oyo)e—A‘wtp—‘ri/JW(At)dt:

o) 2
/0 E0,0) exp(—A|w|* — %At)dt,

as follows from the independence of W and |w|?.
On the other hand, by (9.30), after some calculations (see also [G-Ry],
3.518.3, 3.723.2), we have

PP cosh 2t

. 2 00
T—r[ e mdpy. = dt =
8 IR+><IR€ ey pr2 Jo  p?(cosh 2t)? + y?(sinh 2¢)2

2 00 00
— dt/ o exp(—p tanh 2t - pP)dp =
0

pm Jo COSh Qt
g /00 dt o0 o~ p—p tanh 2t~ppdp )
pJo cosh2t Jo
Therefore, we get
- t
(11.10) / E,0) exp (—)\‘th _ 2M2p2/ ‘w5‘4p—2d3) dt =
0 0
g /00 dt & oot tanh 2t~ppdp )
pJo cosh2t Jo

From this, the conclusion is obtained using formulas 2.2.1.1, 2.2.1.5, 2.2.1.22
in [P-B-M]?%.
q.e.d.

(11.11) Remark. For p =1, (11.10) is

0 t o0 2dt
E Ml = 24 [ s dt = .
/0 ©.0) exp( o . 0 [wi["ds 0 Acosh 2t + psinh 2t

2Prudnikov, Brychkov, Marichev: Integrals and series, vol. 4, Direct Laplace transforms,
New York Reading Paris Montreux Tokyo Melbourne: Gordon and Breach SciencePub-
lishers, 1992
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The joint Laplace transform of

t
(el [ 2 )

was obtained in [P-Y], p. 432 using other method. One could obtain the
joint Laplace transform of (11.2), for arbitrary p, using (11.3) and inverting
another Laplace transform in t:

00 t
/ e "' Eo,0) exp <—)\|wt\2 — 2,u2p2/ \ws|4p_2ds) dt,v >0,
0 0

This involves to consider the v-potential of (z;), G, ((0,0), (w, y3)) (see (7.1)),
although obtaining its expresion seem to be more delicate.

Appendix

We prove here the integral estimates which we used in the proof of the
Theorem (1.10).

We shall denote dy, = card{j : [; =k}, k=1,...,7. So, d =Y} _;dy and
Q = > 1_ kdi. We assume that r > 2, d; >2and dp, > 1, k=2,...,r.

(A.1) Lemma. There exists two positive constants cq, ¢y, such that, for ev-
ery S >0,

(A.2) 7= _du_s3

[ulp<S ‘u‘g—z

where ¢ = cy(27)!7"¢] ! except for r = 2, dy = 1 where ¢ = \/2(27)%.
Proof. In estimating Z we shall use the following simple observation. Let
us denote, forn > 1, p,qg > 0 and o > 0,
o pn—l
(A.3) Anpq(o) :/0 mdp‘
Clearly, A, ,, is increasing and we see that, there exists ¢; > 0, depend-

ing only on n, p, ¢, such that

(A.4) liTm Ay pg(t) <, provided pg —n > 0.
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Also, for S, R > 0, we have
()

S pn—l n—pq
A5 / P 4p= R\, i
( ) 0 (pq+R>p p Psq E

We shall denote, for k=1, ...,

(A.6)
du B

I</

- {u:\sk\<5’%,k:1 ..... r} Q %
(Sias)

/ du”/ du’

Usul<stb=2ert  Hisl<S} (4Q 4 R) S

Then

.....

Q
where du’ = [1;1,=1 duy, du” = TJ;, a<i,<r duj and Ry = 37, sy . By a simple

change of variables and by (A.5), we get
pdl —ldp

/ d’u/ (2 )dl—l /S
— — 47 =
{Is1|<S} (8? +R1)QQ 2 0 (pQ +R1)QQ

di-1 p e S
(271') 1= Rl Q Athl_zQ — | -
Q RlQ
Q2 — 2. The case r = 2, dy = 1 will be considered

We have @ - Q1Q_2 —dy =

separately.
For r =2 and dy > 1, by (A.4) we get
du" S% dg—ld
v c/ P P _ cS?,
0

N

2do—2

I< c/ 1
Qo—2
sal<s?y 5% o3

where ¢ = (2)%+d2—2
For r > 3, again by (A.4), we can write
du’

2-2 )

1< c/ du”/ e,
{\Sk|<5’c k=3,...r} {ls2|<S2} (82? + R2)

.....
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Q
where, this time du' = II;; —p duj, du” = II;3<, <, du; and Ry = 3} _3s/.

By a similar calculation:

d’u/ B 2 dy1 5‘% pdg—ldp B
S% Q Qo—2 _( ﬂ-) 0 Q M g
{ls2|<S2} (822 +R2) ) (pz +R2) 2
2dy—Qa+2 S%
20 dz—lR Q A - 22 )
( ) 2 d27Q2Q 27% Rg/Q
Since Q- Q2Q_2 —2dy = Q3 —2> 0, we get
< C/ \ RQ_QSQ;Qduu7
{|sk|<S*,k=3,...,r}
d1+d2—26%'
ditd2=202 " and for

where ¢ = (27)
For r = 3, ds = 1, we have T < ¢S5, with ¢ = 3(2m)

r=3,ds>1,
3 d3—ldp

7 < c/
1 Q3—2
{lssl<S3} §-%%
S3

with ¢ = 3(2m)drdatds=3c2
For r > 4 we repeat the reasoning and (A.2) is obtained in a finite number

of steps.
To finish the proof we must treat the case r = 2, dy = 1. We have
pdpdz

duidusdus
7< e = st T
{Is1l<S|s2l<82} /s 4 53 (0,5)x(0,52) v/ p* + 2
dod
79— (2m)2V2S.

do dz

S Ly
(0,52)%(0,52) \/02 + p2 o24+p2<28 \/o? + p?
q.e.d.

Before stating the second result of this section we introduce some no-

tations. Recall that n = dimg(m,r) —d = card A — card B. Put A\ B =
|Li|,i=1,...,nand ey = card{i : m; =k}, k=1,...,r.

{Lb .. .,Ln}, m; =
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So, n = Y%_er and Qn = Yr_, k(dg + ex). For a point (u,h) € R? x R"
we denote )
QQ_Q/ QN
|[(u, h)|y = Z(Z“ + h2)

k=1 \j,l;=Fk i,m;=k

(A.7) Lemma. For every S > 0, there exists a positive constant ¢, such that

/‘ du dh
{luln<S}xR™ |(u, h)| SN2

Proof. Let us denote, for k=1,...,r

(A.8)

<c

T

(A.9) th= > B, Qni=1 i(di+e).

i,m;=k i=k
Replacing in (A.2), d by d+n and |ul, by |(u, h)|y, we get the existence
of a constant ¢ > 0, such that for every U > 0,

du dh

2
— < cU??
S (u, W)

(A.10)

So, it suffices to prove that, for every S,T > 0, there exists a constant
¢ > 0, such that

du dh
snd<sTInl=TE hetr) (s (2 g2y S B

We see that, for S,7 > 0,b > 1 and for a > 2 and p > 2 or a = 1 and
p > 3, there exists a constant c; > 0, such that

(A.11) J =

<c

ga— ltb 1
(A.12) t/ ds/" dt <o
(s24+t2) =
Indeed, we have to study only the integral in ¢ and, clearly,
tb_l
Horis ~ a_g,astToo.
(52 + 1) tHe
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We proceed as in the proof of the Lemma (A.1):

du’ dh’

dul/ dh” /

Q -2
|s1|<S,|t1|>T { 7T

(s2+)F + Ry |

j - 1 1
/{|Sk|<SF 7|tk|ZTF 7k:2,~~"T}

/! ! " __
where du’ = Hﬂjzl duj, dh' = T1; =1 hi, du” = ngjgr du;,

dW'" = T1; 9<m. <, dh; and Ry = ZZZQ(Si—i—t%)%_fcv. Using again (A.5) and (A.4),
we get

di+er1—1
P dp
QN,1—2

(p9N + Ry) ©n

J <c <

du” db” /O -

1 1
{|sp|<S®,|tx|>T% k=2,...,r}

di+e1-Qn 1+2
001/ . . du"dh"R, N
{lsk|<S® |tx|>Tk k=2,...,r}
Here we used the fact that Qy - % —(di+e1) =Qn2—2 > 0, excepting
the case when r = 2, dy = 1 and e; = 0 which will be treated separately.
For r =2, dy > 1 and ey > 1, we can write

du// dh//
Qu 9n2-2 —
s3+t3)F o

j<ccl/

1 1
|s2|<S2,|t2|>T2 (

5‘% o) Sdg—lteg—l
cc ds dt < ccpey,
1/0 T3 (s2 + t2)72 (dptep)=2 12
by (A.12).

For r > 3 we repeat the reasoning;:

T <ce / du" dh'-

1 1
{‘Sk|<5E7‘tk|ZTE7k:37“'7T}
/ du’ dh’
: 1 1 ~2
|52]<S3 [ta] >T3 o 222
2 2\ =N N
(82 + t2) 1+ RQ

where du’' = HNJ:Q duj, dh' = T1; ;=0 i, du” = ij,gjgr du;,
A" = T1; 5em <r dh; and Ry = S5_y(s2 + £2) 3. Then, by (A.5) and (A.4),
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we get

pd2+62—1dp

o
j<ccl/ ) ) du"dh”/ Qm > <
S& >T% ,k=3,... 0
{|8k|< kv‘tklf k, ) 7T} ( +R2>

2(da+eg)—QN 2+2

du" dh" R, o ,

cd [
{|sx|<S% ,|tp|>T% ,k=3,...,r}

. )
since QTN-QNQ—fV—(dg%—eg) =Qns—2>0.

If r = 3, we have, by (A.12),

du// dh//
J <cc? / Gy Ty =
|33 <53, |t3|>Td( +12) e
) S% 00 Sd3 lte3 1 )
001/ ds [ , dt T < CCiC2
0 TS ($2 4 ¢2) 75—

For r > 4 we repeat the calculation and (A.11) is obtained in a finite number
of steps.
Finally we treat the case r =2, dy =1, e5 = 0:

dudh

= Qn— -
ml<slsl<sEIn=T (g2 |2y 4 (52) ) B

5% sh— ltel Ydsdtdz 1
LI s
32+t2 N T

This ends the proof of (A.8).
q.e.d.
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11T Holder norms and the support theorem for
diffusions

Summary. In this chapter we show that the Stroock-Varadhan support
theorem is valid in a-Holder norm. The central tool is an estimate of the
probability that the Brownian motion has a large Holder norm conditionally

on the fact that it has a small uniform norm. This part contains a work made
in collaboration with G. Ben Arous and M. Ledoux (see [BA-G-L]).
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Introduction

What is the probability that the Brownian motion oscillates rapidly con-
ditionally on the fact that it is small in uniform norm? More precisely, what is
the probability that the a-Holder norm of the Brownian motion is large con-
ditionally on the fact that its uniform norm (or more generally its S-Holder
norm with § < «) is small?

This is the kind of question that naturally appears if one wants to extend
the Stroock-Varadhan [S-V] characterization of the support of the law of
diffusion processes to sharper topologies than the one induced by the uniform
norm.

We deal with this question in §1 and show that those tails are much
smaller than the gaussian tails one would get without the conditioning. This
gives a family of examples where the conjecture (stated in Das Gupta et al.
[DG-E-...]) that two convex symmetric bodies are positively correlated (for
gaussian measures) is true.

Our proofs are based on the Ciesielski isomorphism [C] (see Baldi and
Roynette [B-R] for other applications of this theorem) and on the correlation
inequality. We give in appendix a proof which avoids these tools.

This enables us to control in §3 the probability that a Brownian stochastic
integral oscillates rapidly conditionally on the fact that the Brownian motion
is small in uniform norm. This is the tool to extend the Stroock-Varadhan
support theorem to a-Hoélder norms.

1. Conditional tails for oscillations of the Brownian motion

If z is a continuous real function on [0, 1], vanishing at zero, we define the
sequence (&, () )m>1 by the formula:

6nl) = Gnle) 2% (20 (520 ) o (1) 2 (B11)).

forn>0and k=1,...,2" Denote

(1.1) [zllo = sup |z,
0<t<1

(1.2) |2]la = sup [ = ] , a€lo,1],

0<sAt<1 [t — 5]
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(1.3) |lzllo = Sup M2 ()], a € [0,1].

It is now classical that, for a €]0,1[, the norms || - ||, and || - ||~ are
equivalent (see [C], p. 218):

(1.4) 201 lz|ll, < [|olla < 272 ko ll2]l} . @ €]0, 1],
where
Eo_ 2
T e D)
and
(1.5) 272 ||lzllo < [l=llo -

Let w be a liniar Brownian motion started from zero. We want to esti-
mate the probability that ||w.||, is large conditionally on the fact that ||w.||s
is small. We shall first tackle the same problem with the norms || - ||'.

(1.6) Theorem. Let (r,R) be a couple of real positive numbers, v =
1

f;b)m and denote

a

1 1 [ 1
(1.7) Aop(r,R) = 40 +—-R e o(t)ta"2dt,
v a v
5 1 1
e 2
where ¢(t) = Nors a=g-a, b—§—5. Then,
1
1.8 P(|lw], > R||w.|| <7) < ———Aap(r,R);
(18) (ol > Ry < 7) € gz B0 B
(1.9) P(llw.llq > Rl|lwllg <) < Aaglper, R)

where pg = 2'7Pif 3> 0 and py = 4;
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(1.10) P(flw-lla > R wlls <) < Aas(pr, 23k, R).
To prove the theorem we need the following:

_1
(1.11) Lemma. Let us denote ng = [(%) e } Then

(1.12) 3 /1: p(t)dt < Aws(r,R).

n>nop+1

Proof. By the classical bound:

[ etras < 2 = u) 1> 0,

and the fact that 1 is decreasing, we get:

> [ edrs X (k) =

n>no+1 n>no+1
U(Rmo+ 1))+ 30 w(BnY) Sv)+ [ w(Re)dt =
n>ng+2 1o
PO Lt [T pear

(% a R(’no—i—l)‘l
From this the conclusion follows.
q.e.d.

We make another essential observation. If C', C" are two symmetric con-
vex sets in IRY, a general conjecture stated in [DG-E-...] predicts that they
are positively correlated for the canonical Gaussian measure .4, that is,

(1.13) 74(C'N ") 2 7a(C) 7a(C) -

This is true for d = 2 (see [P]), and for arbitrary d provided C” is a symmetric
strip (see [Sc] or [Si]). The general case is still open.

Proof of the Theorem (1.6).
Proof of (1.8). We note that g, = &,(w) is a sequence of independent
identically distributed standard Gaussian random variables. Then,

P(llw-llo > R w5 <) = P(sup|n~*gal > R sup m™gm| <) =
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P(Unz1(|gal > B1®) O Nz (19| < rm")) _
P(Nim>1]gm| < rm?) =
ZnZl P((Rna < ‘gn‘ < Tnb) ﬂ mle,m#n( ‘gm| < ,r.mb)) _
Hmzl P( ‘gm‘ < Tmb)

[N

b S

5 P(Rn® < |gn| < rn®) 1 3 2 [fpe e\;% ds 1
5 . (Rna <T"I”Lb) — —_ 2 . (Rna <T"I”Lb) prmd
n>1 P( ‘gn‘ <rn ) n>1 2]‘8"”1; e\/;; ds
’I“nb
5 /R p(t) dt 1 S [ e)d
ne S > / (2 t)dt.
n>no+1 Ornb Sp(t) dt fO Sp(t) dt n>ng+1 7

Clearly rn® > r(ng + 1) > v so the last inequality is true. Then (1.8) is a
consequence of the Lemma (1.11).

Proof of (1.9). We can write again

P(llw.lo > R[|lw.llsg<r) = P(sup |n~tgn| > R |lw.[ls <7) =

P(Up>1(lgnl > Bn®) [lw-lls < 7) < > P(lgal > R [ lw.[lg < 7).

n>1

But for ||w.||sg < r, by (1.4) or (1.5) we get
lgn| < 2'7Prn® if 8>0

or )
|gn‘ <d4rnz if 3=0.

So, the preceding sum is taken over all integer n > 1 such that 21=Brpb >
1
Rn®, if 3 > 0, or 4rn2 > Rn®, if 3 =0, that is,

_1
n > 2 <E) T orn>2d <E)

T T

Q=

On the other hand, g, = £,(w) is a linear form on the Wiener space. By
the correlation inequality with one of sets a symmetric strip and by a simple
finite dimensional approximation (see also [S-Z], p. 654), we obtain

P(lgn| > Bn®, fw.llg <7) = P(lgn| > Bn®) P([lw.[[s <)
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or
P(lgn| > Bn®[|lw.]lg <) < P(lgn| > Rn®).

Therefore

P(lwll> Rl wls <7) € 55 Pllgal > Ba) = 3 [" otyr,

nzni+l1 n>ni+1

1 1

where n = {pm (%)m] By the Lemma (1.11) we get (1.9).

Proof of (1.10). It is a consequence of (1.4) or (1.5) and (1.9).
q.e.d.

We shall estimate A, (7, R):

(1.14) Lemma. With the notations of the Theorem (1.6), there exists a
polynomial function ¥, increasing on |0, oo[, such that

(1.15) Aus(r R) < @ (1 +%R‘év%‘2 v, (%)) .

Proof. We shall simply give an upper bound for [ ¢(t) ta=2dt. Noting
that ¢'(t) = —t p(t) and integrating by parts, we get

/Oo plt) e dt = — /Oo Pt ta 3 dt = p(v) va "+
(1 — 3) /OO o(t) ta 4 dt
a v ’

[T e a2dt < o) v,

which gives (1.14) with W, (z) = 1. If a < 3, similarly,

1
If(LZg,

/UOO p(t)tatdt = p(v) v 0 + (1 - 5) /:O UL

a
el 1
SO,lfg§a<§,

1

[T e 2 < plv)vi -t + (5 - 3) o(v) 3,
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which is exactly (1.14) with p = 1 in the following expression:

\pa(x)=1+(%—3) x2+...+<%—3> (2—5)...(%—2]9—1) ey

Repeating the same reasoning the result is easily obtained for any p and

any a such that ——— < a < —=—. U, has positive coefficients, it is therefore

2p+3 2p+1°

increasing on ]0, col.
q.e.d.
Combining this result with the Theorem (1.6) we obtain the following:

(1.16) Corollary. Let (R,r) be such that v > e > 0. Then,

L17) POl > Rl fwlly < r) < () 29 (1 4, <1) <ﬁ>ﬁ> ;

€ € re

1 1\ (RP\ 77
(118) P> Ry <) < 202 (1+QE (1) (5) ) ;

(119) P(Jlwfla > B] [y < r) < £Cs?)

“() ()

- _b_

Here qg = ps" ", cap = q3 (22k )77 and c(e) = . Note that if

o
Jo (1) dt

e — oo then ¢(e) — 2 and Uo(2) — 1.
We prove now a stronger result:

(1.20) Theorem. Let a, 3 be two real numbers such that 0 < 8 < o < %
There exists a positive number u, 3 = =22 such that, for every u € [0,uq 3],

1-23°
there exists My(«, 3, u) and positive constants k;(«, 3,u) , i = 1,2, such that,
for every M > M,

98



(1.21)  sup P([|w.]la > M&"||[w.]|s < 8) < ki M75 exp (-/@MZ‘Q?) .
0<6<1

Proof. First of all we take in the Corollary (1.16), R = Moé* and r = §.

So, for every ¢ €]0, 1],

1—2b _u(1—2b)—(1—2a)

P(flwfla > M8 | w.lls < 8) < cop M e 65

exp (—c’aﬂ M%(SQ?—T) :
b

It is clear that, when M > (C/L . u(1=2)-(1-2a) , b—a ) * the right hand side

.8 b—a a—ub

of the last inequality is an increasing function of 4, for § €]0, 1]. So,

sup P(||w.|lo > M6"[|w.|l5 < 8) < cap M7= exp (—c, y M7 ) |
0<6<1

namely the conclusion.
q.e.d.

2. Holder balls of different exponent are positively correlated

We show here that the conjecture on the correlation inequality is true for
Hélder balls. We denote B, (p) = { ||w.|la < p} and Bl (p) = {||w.||, < p}.

(2.1) Theorem. If R is sufficient large and if r is fixed, then B,(R) and
Bg(r) are positively correlated.

Proof. We proved in Corollary (1.16), for example when r = 1, that, for
large R,

(2.2) P(Bu(R)°| Bs(1)) < cogexp (—c;ﬂ Rla_—25> ,

for every 0 < < a < % We compare this estimate with the classical

gaussian estimate, for large R,
(2.3) P(||w.]|a > R) < exp (—c, R?)
(see [BA-Le] or [B-BA-K] for other consequences of this inequality).
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By large deviations principle we obtain in fact,
P(Ba(R)) ~ e,
provided R is sufficiently large. Therefore, by (2.2), for large R,
(2.4) P(Ba(R) | Bs(1)) = P(Ba(R)) .

So, in this particular case, the general conjecture is valid: the two symmetric
convex sets B, (R) and Bg(1) are positively correlated, for large R.
q.e.d.

(2.5) Remark. We see that, for any R,r > 0, the pairs of balls (B[, (R), B5(r))
and (B! (R), Bs(r)) are positively correlated. Indeed, by (1.3),

BL(R) = N1 (|gm] < Bm? ™) = M1 S,

S0, it is an intersection of independent symmetric strips. Then, with the same
argument as in the proof of (1.9), we get, for any convex symmetric C,

P(CNB.(R)) =P (CNNm>15m) >

P(CNNp>2Sn) P(S1) >...> P(C) [] P(Sn) =

m>1
P(C) P (Nm>15m) = P(C) P(B,(R)) .
Here we used the independence of S,,. The conclusion is obtained taking
C = Bj(r) or C = Bg(r).

3. Conditional tails for oscillations of stochastic integrals

We shall estimate the Holder norm of some stochastic integrals. Let
X;(t,x), j = 1,...,m, Xo(t,2) be smooth vector fields on IR*". Denote
(B!,...,B™) a m-dimensional Brownian motion. Let P, be the law of the
diffusion (z;), the solution of the Stratonovich equation

(3.1) dxy = ZXj(t,xt) odBJ + Xo(t,x) dt, kg = .

J=1
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Let us introduce the following class of stochastic processes:

(3.2) Definition. For a, § € [0, 5[ and u € [0, 1], we shall denote by M¢-?
the set of stochastic processes Y, such that

(3.3) lim sup P(|[Y.]|la > M6“|||B.|s<d)=0.

MToo g<s<1

Here and elsewhere ||B.||, = maxj<;<,, | B."||o. We collect our results in the
following;:

(3.4) Lemma. Let f : R — R be a smooth function and, for i,j €
{1,...,r}, denote

1t . S g t .
(3.5) w’ = [ (BidBi - BlaBl), & = | BiodB!.
0 0

Then,

(i)  BieMg? for0<B<a<ianduc [0,1%5].

(ii) n4 e M0, for ae [0, and u € [0,1].

(iii) e MO for ae (0,5 and u e [0,1].

(iv) o flas)dE € M0, for a € [0,3] and u € [0,1].

(v) Io flzs) odBi € M20, for a e [0, 5[ and u e 0,1 —2al.
Proof. Clearly, (i) is proved in the Theorem (1.20).

(ii) We proceed as in [S-V]. There exists a one dimensional Brownian
motion w, such that, when i # 7,

i = wla(t)), a(t) = 7 [ (B + (B)?)ds,

where w is independent of the process (B})? + (Bf )2 and so, independent of
| B.||lo- There exists a positive constant ¢, such that ||al|o, ||a||; are bounded
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by ¢||B.||o- Then we can write
P([n.7]lo > M&"|||B.[lo <) =

P(|Bllo < )" P([lw(a(-)lla > M5", [|B-flo <9)-
If z is a-Holder, z is f-Holder then z o Z is a8-Holder and

120 Zllag < [I2lla, 210 - 12115 -

Here and elsewhere || - ||,z denotes the Hélder norm on [0,7].
So,
[w(a()lla < [lwlla, o - lallT -

Therefore
P([lw(a(-)lla > Md", | B.flo <6) <

P(llwlla, cppyz I B-IG* > M&", [|B.llo < d).

A scaling in Holder norm shows that [|w]|, 2 and 7172* ||w]|,,1 have the
same law. Then we can write

P(|[n."]la > M&"||B.Jlo < d) <
P(|B.Jlo <)~ P(w-llac|B.llo** | B-I5* > M&", [|B.llo < ).
Finally,

g co M?
P(|nYla > Mé*[|[B.[lo <d) < P(|lw.llacd > Md*) < exp (‘m) ’

by the independence of w and || B.||o, and by the gaussian inequality (2.3).

(iii) We note another trivial inequality: if z, Z are a-Hélder then z Z is
a-Holder and
Iz 2lla < [2lla 1Zllo + llzllo I 2la -

In particular o
|BBla < 2||B.lls |B.].

But

P(|B-llol|B-lla > M&"[||B-llo <8) = P(|B-lla > M&" [ || B-llo < 3).
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The conclusion follows at once from (i), (ii) and
I€-7la < lln-lla + 5 1B "B la < lIn-lla + 1B-]lo | B-la

(iv) We apply Ito’s formula several times (using the usual convention that
repeated indices are summed):

[ F)ded = fen el — [ filen) Xi(e,) €8 dBi-
0 0

/(:(Lsf) (2s) €7 ds — /Ot fi(ze) Xi(@a) Bids = I + L+ Iy + 1.

Here L, is the generator of the diffusion (z;) and X} denotes the [ component
of X;. It is sufficient to verify (iv) for each I; , i = 1,2, 3,4. We readily see that

(a) 13,[46 M3,07

because B
[ 14| < cl[B.Jlo and [|L]] < cl|€.7]lo,

so, we consider only [; and I5.
Firstly,

b= 7@ &+ ([(Laf) ) ds) & + ([ fien) Xhw) €7 ant) € =

.[10 —‘l_ Ill —‘l_ 112 .

Again
(b) Lo, In € M7,
because B B
[ Z10lla = c[|& 7 las [H11lla < €7 ]]a-
Setting oy, = —f; X}, Ay = g—m we can write

Ty = —a(wy) B €7 (/B (o) ( )ds)t—
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t . t .
([ Bt arm(e) X @ dBy) &+ ( [ (ann)w) (X1 ds) & =
Doy + Thog + 123 + Lhoa -

There is no problem to see that

|izzlla < B €9l and [Tizalla < ¢ €9

and so,
(c) Loy, T1og € MO0,
There exists a one-dimensional Brownian motion w, such that
s = w(a(®) €, aft) = [ (g manea™ ) ) BSBY ds,
where a¥/ = Y™ | Xi X]. We obtain
P(| laslla > M&" || B.lo < 8) < P([|€.7]la > M25[||B.[lo < §)+

P(llwllo, cypz ¢ IB-I5 167 la > ME", I€.7la < MZ5]||B.llo < 4).

By (iii), we have to consider only the second term:

1 M
P(|Jw.]|la > ¢ M36"2) - P(|B.llo < 8)* < exp ( ¢ C)

5202-uw) + 52
This yields

(d) ]123 c Mg’o.

Then,
t 5
I :/ ay(xs) €7 dBY =
0

i) 60 B — [ o) (X0) () €9 BEaBY — [ (Luow) (2 €9 BE ds

t . t . t
[ anlwn) BEAY — [ ajlw,) Bids — [ €7 api(es) X (w,) 6 ds—
0 0 0
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t .
/ BfOék,l(ﬂcs)X]l-(xs)B;ds:J1+...+(]7'
0

Clearly,
(e) Lo +J,=0
and B
[J3lla < cIB-fol€-7llo s 5lla < cl|B-flo,
[ Tella < cllE o s 1 T7lla < cl|BIIF-
So,
(f) Jg,J5,J6,J7€Mg’O.

By the same reasoning,

= w(a(t) , a(t) = [ (€7 (ariawra)(w,) B BY ds,
so, it suffices to estimate
P(||ella > M8", [1€7]l0 < M35][|B.lly < 6) <
P([|w-lla ez iz ¢ €718 1BAIR > M6*, [|€7]lo < M25 ||| B.]ly < 6)

, M
< P(w.]la > ¢ M36*2) . P(||B.Jo < §)"" < exp (— ¢ C)

52(2—u) + 52
Again

() Jo € MO,

Finally we have to study the martingale part of J,, the bounded variation
being obviously controlled. We can write as above,

t ) . t .
| ene) BE BLdBl = w(a(t) , alt) = [ o (w,) (B Bi)*ds.
0 0
Obviously,

P(| | an(a) BE BBl > M3* | |B.Jlo < ) <
0
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ca M? ¢

P([w]la > e M§"2)- P(||B.]lo < d)" < X (~Fa=w + 52)-

So,
(h) Jie Moo,
Using formulas (a)-(h) we can conclude that [; f(z,)dé¥ € M0,

(v) We use the same idea, namely we shall apply Ito’s formula several
times. Firstly, denoting % = fi

f(e) dBE = f@) Bi+ [ dB [ (Luf)(w.) dut
| Iy

t X S .
/0 B’ /O fi(2) X (@) dB] = Sy + S + S .
But [[S1]la < ¢||B.||n and

.ot t
S, = Bi /0 (Lof)(zy) ds — /0 Bl (Lyf) () ds = Sa1 + Sas
where ||521Ha S C”B.”a and ||522Ha S C”B”O
Clearly,
S1, Sa1, So2 € Mi’o-

Then, with the same notation as in (iv),

ot . b , t
S3 = —BZ/O a;(zs) dB] +/0 B; oj(xs) dB? +/0 aj(zs)ds =

S31 + S32 + S33..
By (iv), it is clear that

t .
Sip = [ ayle,) dgd € MO ifi #

For v = j we get a term with the same form as Ss3, terms which are bounded
in Holder norm by a constant. To prove (v), it is sufficient to prove that

S31 € M0 Note that
. . . t . s
S = ~Bi Bl oj(w) = B | dBi [ (Luay)(w,) du—
0 0
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. t . s
BZ/O ng/O ozj,l(xu)X,i(xu) dB* = Sy + Sa19 + Sa13.
But [|S511]la < ¢||B.||o || B-||lo and

. . t R t .
Sa1s = B BJ /0 (Lya;)(w,) ds — B! /0 B (Lya;)(x,) ds = Syio1 + Syron

where [|Ss101[a < ¢[| B[l | B[lo and [|Ssi22]la < ¢[[B-[la [|B-[o-
Again
Ssi1 s Ssia1, Szi22 € M0

We denote fi(z) = —a; () X} (). Then,

oot oot iy
Sus = B{ B [ u(w.)dB: — B} | Blfu(w.)dB: — B | Bi(e.)ds =

Ss131 + S3132 + 5133 -

Arguing as for Ssy, Ss3 we see that Ssiz0 = — B! [i Bi(w,) d&2¥ | j # k and
Ss133 are in M9, We repeat with S35 the computations which we already
performed for Ss; and we see that (with clear notations)

a,0
531311 5 5313121 ) 5313122 5 5313133 € Mu .

Then Ssiz130 = BﬁBg Jsyi(wg) deX 1 # k, where v, = B (z) X" (z), so
Ss13132 satisfies (v) as above.
To control the Holder norm of Ssi3131 we can write

. t L t

S313131 = BZBt]Bf/O Yi(xs) dBi = BjBZBfw(a(t)) , a(t) = /0 712(555) ds,
where w is a one-dimensional Brownian motion. So,

P([|Ss1s131lla > M3" | |B.]jo < 8) < P(||B.la > M26"72 || B.p < §)+

u 1oyl
P([lwllaclIBlla I1B.l5 > M&*, | B.]la < M26""2[||B.llg < d) <
Ca M c)

+

P(”B'Ha>M§5U_5|||B.||0<5)—|—exp <_ 53 ﬁ

From this we see that S3j313; satisfies (v).
The proof of the lemma is complete.
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4. Support theorem in Holder norm

Now we are able to extend the support theorem of Stroock-Varadhan for
a-Holder topology. Let us denote by @&, the mapping which associates to
h € L? = L*(]0,1],IR™) the solution of the differential equation

(4.1) dyr = X;(t, yr) hidt + Xo(t,y) dt, yo = .

J=1

(4.2) Theorem. Let a € [0,3[. For the || - |la-topology, the support of
the probability P, coincide with the closure of ®,(L?), that is,

(4£” suppa(f}):::@z(Lz)a,

Proof. To begin with, we note that, for every ¢ > 0 and § = (;—n)%, u €
10,1 — 2af, n > 0 integer,

7
7

sup P(

0<n<l

/. Xi(s,2,) o dB”
0

> e 1B.]lo < 5) _

/. Xk (s, xs) 0 dBf
0

> 276" | ||B.ly < 5) <

/' Xi(s,2) 0 dB”
0

>2%HNBM<n).

Letting n T 0o, by (v) of the Lemma (3.4), we obtain, for every £ > 0,

(4.4) 1(%1 P (

/. Xi(s,2,) 0 dB”
0

> e 1B.llo <5) 0.
Then we prove that, for every ¢ > 0,

(45) lim Pl ,(0) < = 1B < ) =1,

using (4.4) and the following variant of Gronwall’s lemma:

(4.6) Lemma. For m and ! two functions, put
t t

2 :z+m(t)+/ l(zs)ds, 2 :z—i—/ I(25) ds.

0 0
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Suppose that |mll, < n, m(0) = 0 and that | is a Lipschitz continuous
function with constant L. Then

Iz = 2o < (1+ L)e"n.
Proof. By Gronwall’s lemma we can immediately write
Iz = Zllo < me”.

Then,
2= Zllae 0+l [ () = 1E) dulla,i <
L
max
0<p<q<t|p— Q‘a
L

max
0<p<qg<t|p—g|®

n—+

p ~
[ 2= 2l du| <
q

P
n g =2l fu = e = 2o u) du| <

t
77+L||z—:?:||o+L/0 12— 2o udu.

Gronwall’s lemma ends up the proof of the Lemma (4.6).
We apply this with z = ®,(B.), 2 = ®,(0), m(t) = [§ Xi(s,r,) 0odB* and
l(zs) = Xo(s,25). So, there exists a positive constant K, such that

|®2(B.) = ®:(0) la < K¢,

provided

/. Xi(s,2,) 0o dB*
0

<e.

«

Thus we obtain

P(llz. = @2(0)]la > e[ [|B-flo <) =

£
> =) 1B <)

3
— | |B. o).
> 1Bl <)

P (( 2. = B, (0)]la > ) N (H/O Xu(s,2,) 0 dBF

<p(

/' Xi(s,2) 0 dB”
0

Now (4.5) is a clear consequence of (4.4).
Finally, Girsanov’s formula gives, for any h € L? and € > 0,
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(4.7) lin P(|B.(B.) = ®(h) o < = | [B.= Al < 8) = 1
(as in [S-V], p. 353). But, (4.7) implies

(4.8) P(||®.(B.) — ®,(h.)||la <€) >0, for every € > 0.
and, consequently, we obtain the inclusion

(4.9) supp,, (Px) 2 @(L%)".

The converse inclusion is easily obtained using the polygonal approxima-
tion of the Brownian motion. For each n > 0 and ¢t > 0, we consider

A 2" +1 -

Let (z{™) be the solution of the equation (4.1) with B instead h¥. If we

denote P{™ the law of this solution, it is obvious that
2. e &, (L?) and P (D, (L2)")=1.

It suffices to show that P, is the weak limit of (P(™) or, that (P{™)
is relatively weakly compact with respect to || - ||o-topology. By classical
estimates, for every p > 0, there exists a positive constant c,, such that, for
every positive integer n and for every s,t € [0, 1],

Elay” — 2P < ¢)ft — s
(see for instance [Bi], p. 40). It is easy to see that

—1
sng (Hx.(")HZ’/’) <c,ifd < %

If we choose p large enough so that o < p2—_pl, and if o/ €]a, %[, it is then
clear that the set K(c) = {z:||2]lo < ¢} is compact in || - ||4-topology, and
that, for every € > 0, there exists a positive constant c., such that,

sup P (K(c.)) < €.
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So, (P(™) is tight.
The proof of the Theorem (4.2) is complete.

Appendix
We give now another proof of a variant of (1.10) (or (1.19)), when 8 = 0,
which does not require the use of Ciesielski’s theorem (that is (1.4) and (1.5)

nor the correlation inequality.

(A.1) Theorem. Let (r, R) be a couple of real positive numbers. For every

a’ < a and b > b, there exists a constant c, such that, if % > ¢, then

1-28
1 Re=s
(A.2) P(([lwlla >R) N ([lwllsg<r)) <exp (—5 tzﬁ) ,
7o
for0<f<a< %
Proof. Put

_<L)ﬁ

‘wt—w8|

Then, if |w|z < r,

su <R.
s<t,t—1?s>77 |t —s|e —

Thus we obtain
((lwlla>R) N (flwllsg<r))C

<< sup MzR)m(sup|wt\<r)> C
t

s<t<s+n ‘t _'5|a

sup 270 p) (X2 > R).
s<t<stn |t —s]® veD
Here v =(s,t), D ={v:s<t<s+n}and X = T Is a two-parameter
gaussian variable.
Now, we have

P((flwlla>R) 0 (Jlwllg <r)) <
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a (R — Ma)2
Plsupxe| = 1) < exp (-SSR0
where the last inequality is valid when R > M, (see [L-T], p. 57). Here

0 <Mq=E(sup|X]|) < E([w]la) < o0
veD

and
Xa=sup E((X7)*) =n'7".
veD
So, we get
P(([wlla>R) N (wllg<r)) <
R? 1| Rer
exp <_W> = eXp (—5 Tla—zg) ,320.

The restriction R > M, may be weakened as follows. Take o/ > « and

write
sup Wl N (g ezl e s ) o
s<t<s+n |1/L - 3|a s<t<s+n ‘t - 5|a
0y — | jwy = wi| R
sup W ws, > Rno‘_a' = sup d ws, > —
s<t<s+n ‘t - 3|a s<t<s+n ‘t - $|a r a2
Now, we need only
a/—ﬁ
Ro=5
7 > E(lwlle) = Mo,
T o—p
and the proof of the theorem is complete.
q.e.d.

Clearly, the Theorem (A.1) implies that
P((wlla > R) N([wllo <7)) _

P( ||w.||a>R|Hw.H0<r): P(||1U||Q<’l“) =

1 R= w2 1
exp _§L—_2 exXp §T_2 .

T«
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If r is small we need the condition o < i for an interesting estimate.
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