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❜❛s✐❝ ♦♣❡♥ s❡ts ♦❢ ❛ t♦♣♦❧♦❣②✳ ❚❤❡ ❧❛❜❡❧ str✉❝t✉r❡ ✐s t❤❡♥ ❛♥ ❛❜str❛❝t ✇❛② t♦ ❞❡s❝r✐❜❡

t❤❡ ❞✐☛❡r❡♥t ✇❛②s ♦♥❡ ❝❛♥ ❝♦✈❡r ❛ ❜❛s✐❝ ♦♣❡♥ ❜② ♦t❤❡r ❜❛s✐❝ ♦♣❡♥s✳ ●❡♥❡r❛❧ s✐♠✉❧❛✲

t✐♦♥s ✭✐✳❡✳ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✮ ❝♦rr❡s♣♦♥❞ ❡①❛❝t❧② t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

❚❤✐s ❡①t❡♥❞s t❤❡ ❈✉rr②✲❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠ ❜② ❧✐♥❦✐♥❣ ✈❡r② ❝♦♥❝r❡t❡ ♥♦t✐♦♥s t♦ ♠♦r❡

❛❜str❛❝t ♦♥❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿

� ❛♥ ✐♥t❡r❢❛❝❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✭❜❛s✐❝✮ t♦♣♦❧♦❣②❀

� ❛ ❝❧✐❡♥t ♣r♦❣r❛♠ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✭♣r♦♦❢ ♦❢ ❛✮ ❝♦✈❡r✐♥❣❀

� ❛ s❡r✈❡r ♣r♦❣r❛♠ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✭♣r♦♦❢ t❤❛t ❛ s✉❜s❡t ✐s ❛✮ ❝❧♦s❡❞ s❡t❀

� ❛ ❣❡♥❡r❛❧✐③❡❞ s✐♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳

❖♥❡ ❞r❛✇❜❛❝❦ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s t❤❛t t❤❡② r❡♣r❡s❡♥t✱ ✐♥ ❣❡♥❡r❛❧✱ ❭str✐❝t❧② ❜❛✲

s✐❝✧ t♦♣♦❧♦❣✐❡s✿3 st❛rt✐♥❣ ❢r♦♠ ❝♦♥❝r❡t❡ ♣r♦❣r❛♠♠✐♥❣ ✐♥t❡r❢❛❝❡s✱ ✇❡ ✉s✉❛❧❧② ♦❜t❛✐♥

♥♦♥✲❞✐str✐❜✉t✐✈❡ ❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡s ✭❜✐♥❛r② ❭✐♥t❡rs❡❝t✐♦♥✧ ♦❢ ♦♣❡♥ s❡ts ❞♦❡s♥✬t ❞✐s✲

tr✐❜✉t❡ ♦✈❡r ❛r❜✐tr❛r② ❭✉♥✐♦♥s✧ ♦❢ ♦♣❡♥ s❡ts✮✦ ■t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦ ❞♦ ❛ ❧✐tt❧❡ ♠♦r❡

✇♦r❦ ❛♥❞ ✐♥t❡r♣r❡t t❤❡ ❡①tr❛ ❝♦♥❞✐t✐♦♥ ②✐❡❧❞✐♥❣ ❞✐str✐❜✉t✐✈✐t②✿ t❤✐s ✐s ❧✐♥❦❡❞ ✇✐t❤ t❤❡

♥♦t✐♦♥ ♦❢ ❝♦♥❝✉rr❡♥t ❡①❡❝✉t✐♦♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ✐♥t✉✐t✐♦♥s ❛r❡ ♥♦t ❛s ❝❧❡❛r ❛s ✐♥

t❤❡ s✐♠♣❧❡✱ ♥♦♥✲❞✐str✐❜✉t✐✈❡ ❝❛s❡✳

❆ ♥✐❝❡ ❝❧❛ss ♦❢ ♥♦♥✲❞✐str✐❜✉t✐✈❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛r✐s❡s ♥❛t✉r❛❧❧②✿ ❜② ✇❡❛❦✲

❡♥✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❝❧❛ss ♦❢ ❢♦r♠❛❧ s♣❛❝❡s ❣✐✈✐♥❣ ♠♦❞❡❧s ❢♦r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s ✭❬✶✺❪

❛♥❞ ❬✷✹❪✮ ✐♥t♦ ❛ ❝❧❛ss ♦❢ ♣r❡t♦♣♦❧♦❣✐❡s ❣✐✈✐♥❣ ♠♦❞❡❧s ❢♦r ❭❧✐♥❡❛r✧ ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s✱

✇❡ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ❢♦r ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s✳ ❇♦t❤ ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s

❛♥❞ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❜✉t ✇❤✐❧❡ t❤❡

❢♦r♠❡r ❡♥❥♦② ❭❧♦❝❛❧✐③❛t✐♦♥✧ ✭❛ ♣r♦♣❡rt② ♠❛❦✐♥❣ t❤❡ ❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts ❞✐str✐❜✉t✐✈❡✮✱

t❤❡ ❧❛tt❡r ❞♦ ♥♦t✳

■♥t❡r❛❝t✐♦♥ s②st❡♠s ❤❛✈❡ ❛ ✈❡r② r✐❝❤ str✉❝t✉r❡✳ ❚❤❡② ❞❡✈❡❧♦♣❡❞ ♥❛t✉r❛❧❧② ✐♥ ❛

s❡❝♦♥❞✱ ✉♥s✉s♣❡❝t❡❞ ❞✐r❡❝t✐♦♥✿ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚♦ ♣✉t ✐t s✐♠♣❧②✱ ❧✐♥❡❛r ❧♦❣✐❝ ❝❛♥ ❜❡ s❡❡♥

❛s ❛ ❧♦❣✐❝ ♦❢ r❡s♦✉r❝❡s ✇❤❡r❡❛s ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐s ❛ ❧♦❣✐❝ ♦❢ tr✉t❤✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢

2 ✿ ❚❤✐s t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ ❢✉❧❧ ❛♥❞ ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ t❤❡
❝❛t❡❣♦r② ♦❢ ❜❛s✐❝ t♦♣♦❧♦❣✐❡s ✭♣r♦♣♦s✐t✐♦♥ ✹✳✷✳✽✮✳

3 ✿ ❇❛s✐❝ t♦♣♦❧♦❣✐❡s ❛r❡ ❛ ✇❡❛❦❡r ❢♦r♠ ♦❢ ❢♦r♠❛❧ s♣❛❝❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ✉s✉❛❧ ♣r❡❞✐❝❛t✐✈❡ ✈❡rs✐♦♥ ♦❢
❧♦❝❛❧❡s ♦r ❢r❛♠❡s✳



❆ ▼❛t❤❡♠❛t✐❝❛❧ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ✾

t❤✐s ✇♦r❦ s❤♦✇s ❤♦✇ t♦ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ ❣✐✈❡ ❛ ❞❡♥♦t❛t✐♦♥❛❧

s❡♠❛♥t✐❝s t♦ ❧✐♥❡❛r ❧♦❣✐❝✳ ❆ ❧♦t ♦❢ ✇♦r❦ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞♦♥❡ ✐♥ t❤✐s ❛r❡❛ ❛♥❞ t❤❡r❡

❛r❡ s❡✈❡r❛❧ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧s✱ ❜♦t❤ ❭st❛t✐❝✧ ✭❝♦❤❡r❡♥❝❡ s♣❛❝❡s ❛♥❞ r❡❧❛t❡❞✮ ❛♥❞

❭❞②♥❛♠✐❝✧ ✭❣❛♠❡s s❡♠❛♥t✐❝s✮✳ ❚❤❡ ✐♥t❡r❡st ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s t❤❛t t❤❡② ②✐❡❧❞

❛ s❡♠❛♥t✐❝s ✇✐t❤ t❤❡ t✇♦ ❛s♣❡❝ts✿

� ❞②♥❛♠✐❝ s✐♥❝❡ t❤❡ ♥♦t✐♦♥ ✐ts❡❧❢ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ t❤❡✐r ♠♦r♣❤✐s♠s ✐s

❞❡☞♥❡❞ ✉s✐♥❣ ❛♥ ✐♥t❡r❛❝t✐♦♥ ✐♥t✉✐t✐♦♥❀

� st❛t✐❝ s✐♥❝❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ♣r♦♦❢ ✐s ❥✉st ❛ s❡t ✭♦❢ st❛t❡s✮✳

❇♦t❤ ❛s♣❡❝t ❛r❡ r❡❧❛t❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ♣r♦♦❢ ✐s ❛ s❡t ♦❢

st❛t❡s s❛t✐s❢②✐♥❣ ❛ s❛❢❡t② ♣r♦♣❡rt②✿ ✐t ❜❡❤❛✈❡s ✇❡❧❧ ✇✳r✳t✳ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥t❡r❛❝t✐♦♥s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢r♦♠ ❛♥② st❛t❡ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤❡ ❆♥❣❡❧ ❤❛s ✭❛t ❧❡❛st✮ ♦♥❡

♠♦✈❡ s✳t✳ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉❡♠♦♥ ♠♦✈❡s ❣♦ ❜❛❝❦ ✐♥t♦ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤✐s ♠❡❛♥s

✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❆♥❣❡❧ ❝❛♥ ❛✈♦✐❞ ❞❡❛❞❧♦❝❦✱ ✇❡r❡ ✐♥t❡r❛❝t✐♦♥ t♦ st❛rt ✐♥ t❤❡

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ♣r♦♦❢✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ♦❜❥❡❝ts ❛t ❤❛♥❞s✱ ♣❛rt ■■ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❭✉♥♦rt❤♦❞♦①✧ ❣❛♠❡s

s❡♠❛♥t✐❝s ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✳ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ tr❛❞✐t✐♦♥❛❧ ❣❛♠❡s

❛♥❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s ②❡t t♦ ❜❡ ❞♦♥❡✱ ❜✉t ✇❡ ❝❛♥ ❣✐✈❡ s♦♠❡ ♦❢ t❤❡ ❞✐☛❡r❡♥❝❡s✳

❆ ♠♦st❧② ✐♥❛❝❝✉r❛t❡ s❧♦❣❛♥ ❢♦r ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛s ❛ ♠♦❞❡❧ ❢♦r ✭❧✐♥❡❛r✮ ❧♦❣✐❝

❝♦✉❧❞ ❜❡ s♦♠❡t❤✐♥❣ ❧✐❦❡ ❭❣❛♠❡s ✇✐t❤♦✉t ❡①♣❧✐❝✐t str❛t❡❣✐❡s✧✳ ■t ✐s q✉✐t❡ ❝❧❡❛r t❤❛t

✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♥♦t✐♦♥ ♦❢ ❣❛♠❡s✱ ❜✉t t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠

❞♦❡s♥✬t ❝♦♥t❛✐♥ ❛♥ ❡①♣❧✐❝✐t str❛t❡❣②✿ t❤❡② ❛r❡ ♦♥❧② r❡❧❛t✐♦♥s✦ ❆♥ ✐♠♣❧✐❝✐t ♥♦t✐♦♥

♦❢ str❛t❡❣✐❡s ✐s ♣r❡s❡♥t ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ s❛❢❡t② ♣r♦♣❡rt②✱ ❛♥❞ s✐♥❝❡ ♠♦r♣❤✐s♠s ❛r❡

s❛❢❡t② ♣r♦♣❡rt✐❡s ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡✱ ❛s ❛ s✐❞❡ ❡☛❡❝t✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝❡rt❛✐♥ str❛t❡❣✐❡s

✐♥tr✐♥s✐❝ ✐♥ ❛♥② ♠♦r♣❤✐s♠✳ ❚❤♦s❡ str❛t❡❣✐❡s ❤♦✇❡✈❡r ❤❛✈❡ ♥♦ r❡❛❧ ✐♥t❡r❡st s✐♥❝❡ t❤❡②

❛r❡ ♥♦t ♣❛rt ♦❢ t❤❡ ❞❛t❛ ❞❡☞♥✐♥❣ ♠♦r♣❤✐s♠s✳ ✭❉✐☛❡r❡♥t str❛t❡❣✐❡s ♠❛② ❜❡ ✉s❡❞ ❢♦r

t❤❡ s❛♠❡ s❛❢❡t② ♣r♦♣❡rt②✦✮4 ❚❤❡ r❡❛s♦♥ str❛t❡❣✐❡s ❛r❡ ♥♦t ✐♠♣♦rt❛♥t ❝♦♠❡s ❢r♦♠ t❤❡

❢❛❝t t❤❛t ♠♦✈❡s ❛r❡ ✐♥❞✐✈✐❞✉❛❧❧② ✉♥✐♠♣♦rt❛♥t✦ ❚❤❡✐r ♦♥❧② ❣♦❛❧ ✐s t♦ s❡r✈❡ ❛s ❧✐♥❦s

❜❡t✇❡❡♥ st❛t❡s✳ ❖♥❡ ❝❛♥ ❡✈❡♥ ❞❡✈✐s❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❝❛t❡❣♦r② ✇❤❡r❡ t❤❡ ♥♦t✐♦♥ ♦❢

♠♦✈❡s ❤❛s ❞✐s❛♣♣❡❛r❡❞✿ t❤✐s ✐s t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✇❛r❞

❞❛t❛✲r❡☞♥❡♠❡♥ts✳ ❆❧❧ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ❢❛✐t❤❢✉❧❧②

✐♥ t❡r♠s ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ●♦✐♥❣ ❢r♦♠ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ ✐ts ❛ss♦❝✐❛t❡❞

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐s ✈❡r② s✐♠✐❧❛r t♦ ❣♦✐♥❣ ❢r♦♠ ❛ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ t♦ ✐ts

❛ss♦❝✐❛t❡❞ ✉♥❧❛❜❡❧❡❞ ❣r❛♣❤ ✭❜✐♥❛r② r❡❧❛t✐♦♥✮✳ ❚❤❡ r❡❛s♦♥ ❢♦r ✉s✐♥❣ ♦♥❡ ❝❛t❡❣♦r② ♦r

t❤❡ ♦t❤❡r ✐s✱ ✐♥ ❛♥ ✐♠♣r❡❞✐❝❛t✐✈❡ s❡tt✐♥❣ ♠♦st❧② ❛ ♠❛tt❡r ♦❢ t❛st❡✳5

❚♦ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ ❣❛♠❡s✱ ♦♥❡

❝❛♥ s❛② t❤❛t s✐♠✉❧❛t✐♦♥s ❛r❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ♠♦r❡ ❝♦♥❝r❡t❡ ❛♥❞ ♠♦r❡ ❛❜str❛❝t t❤❛♥

tr❛❞✐t✐♦♥❛❧ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❣❛♠❡s ✭✇❤✐❝❤ ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ str❛t❡❣✐❡s✮✿

� t❤❡② ❛r❡ ♠♦r❡ ❝♦♥❝r❡t❡ ❜❡❝❛✉s❡ t❤❡② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✉s✉❛❧ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥

❜❡t✇❡❡♥ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s❀6

� t❤❡② ❛r❡ ♠♦r❡ ❛❜str❛❝t ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❛rt ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s ❛❜✲

4 ✿ ❲❡ t❤✉s ❛✈♦✐❞ t❤✐s ❭✉♥❢♦rt✉♥❛t❡✧ ❛s♣❡❝t ♦❢ tr❛❞✐t✐♦♥❛❧ ❣❛♠❡s s❡♠❛♥t✐❝s ✇❤❡r❡ ❛ ♣r♦♦❢ ✭✐✳❡✳ ❛
tr❡❡✮ ✐s ✐♥t❡r♣r❡t❡❞ ❜② ❛ str❛t❡❣② ✭✐✳❡✳ ❛♥♦t❤❡r tr❡❡✮✳

5 ✿ ■♥ ❛ ♣r❡❞✐❝❛t✐✈❡ s❡tt✐♥❣✱ ✇❡ ♦♥❧② ❤❛✈❡ ❛ ❢✉❧❧ ❛♥❞ ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦
♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ■t ✐s t❤❡♥ ❡❛s✐❡r t♦ ✇♦r❦ ✇✐t❤ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❛s ♠♦st ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s
❝❛♥♥♦t ❜❡ ❞❡☞♥❡❞ ♣r❡❞✐❝❛t✐✈❡❧② ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳

6 ✿ ■♥t❡r❛❝t✐♦♥ s②st❡♠s ❛r❡ t❤❡♠s❡❧✈❡s ✈❡r② ❛❞❡q✉❛t❡ t♦ ♠♦❞❡❧ ❭❝♦♥❝r❡t❡✧✱ ♥♦♥✲❧♦❣✐❝❛❧ s✐t✉❛t✐♦♥s✳



✶✵ ■♥tr♦❞✉❝t✐♦♥

str❛❝t❡❞ ❛✇❛②✿ ❡q✉❛❧✐t② ♦❢ s✐♠✉❧❛t✐♦♥s ✐s ❡q✉❛❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡❧❛t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❛❝❝♦✉♥ts ❢♦r t❤❡ r❡❧❛t✐✈❡ s✐♠♣❧✐❝✐t② ♦❢ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s✳ ■♥

s❡✈❡r❛❧ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ❣❛♠❡s s❡♠❛♥t✐❝s✱ t♦t❛❧ ♠♦r♣❤✐s♠s ✭❣✐✈❡♥ ❜② t♦t❛❧ str❛t❡❣✐❡s✮

❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✇❤✐❧❡ ❞❡☞♥✐♥❣ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢

str❛t❡❣✐❡s✱ t❤❡r❡ ❝♦✉❧❞ ❜❡ s♦♠❡ ❭✐♥☞♥✐t❡ ❝❤❛tt❡r✐♥❣✧ ✐♥ t❤❡ ♠✐❞❞❧❡ ❣❛♠❡✳ ❊✈❡♥ ✇❤❡♥

t❤✐s ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✭❜② ❝♦♥s✐❞❡r✐♥❣ ♣❛rt✐❛❧ str❛t❡❣✐❡s ❢♦r ❡①❛♠♣❧❡✮✱ ♣r♦✈✐♥❣ tr❛♥✲

s✐t✐✈✐t② ✐s✱ t❤♦✉❣❤ ♥♦t ❞✐✍❝✉❧t✱ ♥♦t ❡♥t✐r❡❧② tr✐✈✐❛❧✳ ❍❡r❡✱ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s

✭♣❧❛✐♥ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥✮ ✐s tr✐✈✐❛❧❧② ❛ss♦❝✐❛t✐✈❡✳

❋✐♥❛❧❧②✱ ♦♥❡ ♦❢ t❤❡ ♥✐❝❡ ❢❡❛t✉r❡s ❛❜♦✉t t❤✐s s❡♠❛♥t✐❝s ✐s t❤❛t ✐t ♣r♦❥❡❝ts ✐♥

t❤❡ s✐♠♣❧❡st ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✿ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✳ Pr♦❥❡❝t✐♥❣ ❛♥

✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❥✉st ♠❡❛♥s ❢♦r❣❡tt✐♥❣ t❤❡ ♠♦✈❡ str✉❝t✉r❡ ❛♥❞ ♦♥❧② ❦❡❡♣✐♥❣ t❤❡ s❡t

♦❢ st❛t❡s✳ ✭❆ s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ✐s s✐♠♣❧② s❡♥t t♦ ✐ts❡❧❢✿ ❛ r❡❧❛t✐♦♥✳✮

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝r✉❝✐❛❧ ❞✐☛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❭♣♦✐♥t✧ ✭♣♦t❡♥t✐❛❧

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s✮ ✐♥ t❤✐s ♠♦❞❡❧ ❛♥❞ ✐♥ ♦t❤❡r ♠♦❞❡❧s✳ ■♥ ♠♦st ❝❛s❡s✱ t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦✐♥ts ❢♦r♠s ❛ ❙❝♦tt ❞♦♠❛✐♥✿ t❤❡r❡ ✐s ❛ ♥♦t✐♦♥ ♦❢ ☞♥✐t❡ ❡❧❡♠❡♥t ❛♥❞

♦❢ ❞✐r❡❝t❡❞ ❧✐♠✐t✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦✐♥ts ✭s❛❢❡t② ♣r♦♣❡rt✐❡s✮ ❢♦r♠s ❛

❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡ ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② ♥♦t ❛❧❣❡❜r❛✐❝✳ ❚❤❡ t✇♦ ♠❛✐♥ ❢❛❝ts ❛r❡ t❤❡

❢♦❧❧♦✇✐♥❣✿

� ❛ s✉❜s❡t ♦❢ ❛ s❛❢❡t② ♣r♦♣❡rt② ♥❡❡❞ ♥♦t ❜❡ ❛ s❛❢❡t② ♣r♦♣❡rt②❀

� ❛ ✉♥✐♦♥ ♦❢ s❛❢❡t② ♣r♦♣❡rt✐❡s ✐s st✐❧❧ ❛ s❛❢❡t② ♣r♦♣❡rt②✳

❚❤❡ s✐t✉❛t✐♦♥ ✐s t❤✉s r❛❞✐❝❛❧❧② ❞✐☛❡r❡♥t ❢r♦♠ ♠♦st ✉s✉❛❧ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧s✳ ❚❤❡

☞rst ♣♦✐♥t ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t r❡❛❧❧② ❝♦♥s✐❞❡r ♣❛rt✐❛❧ ♦❜❥❡❝ts✿ t♦ ❜❡ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ ❛ ♣r♦♦❢ r❡q✉✐r❡s t❤❡ s✉❜s❡t ♦❢ st❛t❡s t♦ ❜❡ ❭❜✐❣ ❡♥♦✉❣❤✧✳ ✭❊✈❡♥ t❤♦✉❣❤ t❤❡r❡ ❛❧✇❛②s

✐s ❛ tr✐✈✐❛❧ s♠❛❧❧❡st s❛❢❡t② ♣r♦♣❡rt②✿ t❤❡ ❡♠♣t② s❡t✳✮ ■❢ ♦♥❡ ❝♦♠♣❛r❡s t❤✐s t♦ t❤❡

❝❧♦s❡st s✐t✉❛t✐♦♥✱ ❝♦❤❡r❡♥t s♣❛❝❡s✱ t❤❡ ❞✐☛❡r❡♥❝❡ ✐s ♦❜✈✐♦✉s✿ t❤❡r❡✱ ❛ s✉❜s❡t ♦❢ ❛ ❝❧✐q✉❡

✭❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤✮ ✐s ❛❧✇❛②s ❛ ❝❧✐q✉❡✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ♠❡❛♥s t❤❛t ✐t ✐s ❭s❡♠❛♥t✐❝❛❧❧②✧ s♦✉♥❞ t♦ ❛❞❞ ♣r♦♦❢s✿ ✐❢ [[π1]]

❛♥❞ [[π2]] ❛r❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ♣r♦♦❢s✱ t❤❡♥ [[π1]]∪ [[π2]] ✐s ❛❧s♦ ❛ ❭♣♦t❡♥t✐❛❧✧ ✐♥t❡r♣r❡✲

t❛t✐♦♥ ♦❢ ❛ ♣r♦♦❢✳ ❆ ♣♦ss✐❜❧❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤✐s ✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ π1 + π2✱

t❤❡ ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ s✉♠ ♦❢ π1 ❛♥❞ π2✳ ❚❤✐s ✐♥t✉✐t✐♦♥ ✐s ❡✈❡♥ ♠♦r❡ ❝♦♥✈✐♥❝✐♥❣

✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ λ✲t❡r♠s✱ ✇❤❡r❡ + r❡♣r❡s❡♥ts ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝

s✉♠ ♦❢ ♣r♦❣r❛♠s✳ ❚❤❡ r❡❛s♦♥ t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ ♠♦st ♦t❤❡r ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧s

✐s t❤❛t t❤❡② ❛r❡ ❜❛s❡❞ ♦♥ ❞❡t❡r♠✐♥✐st✐❝ ✐♥t✉✐t✐♦♥s ✭❡✈❡♥ ✇❤❡♥✱ ❧✐❦❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❙❝♦tt

❞♦♠❛✐♥s✱ ❢✉♥❝t✐♦♥s s✉❝❤ ❛s t❤❡ ♣❛r❛❧❧❡❧ ❜♦♦❧❡❛♥ ❭♦r✧ ❛r❡ ❛❝❝❡♣t❡❞✮✳ ❋♦r ❡①❛♠♣❧❡✱

str❛t❡❣✐❡s ✐♥ ♠❛✐♥str❡❛♠ ❣❛♠❡ s❡♠❛♥t✐❝s ❛r❡ ❞❡t❡r♠✐♥✐st✐❝✱ ✇❤✐❝❤ ♣r❡✈❡♥ts t❤❡ ✉♥✐♦♥

❢r♦♠ ❜❡✐♥❣ ✇❡❧❧✲❞❡☞♥❡❞❀ ✐♥ ♠♦r❡ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧s✱ ✇❡ ❝❛♥ ♦♥❧② ❛❞❞ ❝♦❤❡r❡♥t ♣❛rt✐❛❧

♦❜❥❡❝ts✿ t❤❡② ♥❡❡❞ t♦ ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❡①t❡♥s✐♦♥✳

■♥ t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ✇❡ ♦❜t❛✐♥✱ t✇♦ ♣♦✐♥ts ❛r❡ ✇♦rt❤ ♥♦t✐♥❣✿

� t❤❡ ❛❞❞✐t✐✈❡ ❝♦♥♥❡❝t✐✈❡s ⊕ ❛♥❞ ✫ ❛r❡ ✐❞❡♥t✐☞❡❞❀

� ✇❤❡♥ ❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ ❧♦❣✐❝❛❧ ❝♦♥st❛♥ts✱ t❤❡ ♠♦❞❡❧ ✐s tr✐✈✐❛❧✳

❚❤❡ ☞rst ♣♦✐♥t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ t❤❛t s❛❢❡t② ♣r♦♣❡rt✐❡s✱ ❛♥❞ t❤✉s

s✐♠✉❧❛t✐♦♥s✱ ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ✉♥✐♦♥s✿ ❛♥② ♠♦❞❡❧ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❭s✉♠✧ ♦♥ ♠♦r♣❤✐s♠s

❞♦❡s ✐❞❡♥t✐❢② t❤❡ ❛❞❞✐t✐✈❡s✳7 ❘❛t❤❡r t❤❛♥ tr②✐♥❣ t♦ ❝❤❛♥❣❡ t❤❡ s❡♠❛♥t✐❝s✱ ✇❡ tr② t♦

7 ✿ ❚❡❝❤♥✐❝❛❧❧②✿ ✐♥ ❛♥② ❝❛t❡❣♦r② ❡♥r✐❝❤❡❞ ♦✈❡r ❝♦♠♠✉t❛t✐✈❡ ♠♦♥♦✐❞s✱ t❤❡ ♣r♦❞✉❝t ❛♥❞ ❝♦♣r♦❞✉❝t
❝♦✐♥❝✐❞❡ ✭✐❢ t❤❡② ❡①✐st✮✳



❆ ▼❛t❤❡♠❛t✐❝❛❧ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ✶✶

☞♥❞ ❛ ❧♦❣✐❝ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s✳ ❖♥❡ s✉❝❤ ❧♦❣✐❝ ❡①✐sts✿ t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s

♦❢ ❚❤♦♠❛s ❊❤r❤❛r❞ ❛♥❞ ▲❛✉r❡♥t ❘✓❡❣♥✐❡r✳ ■t ❤❛s✱ ❜❡s✐❞❡s ❛ ♥♦t✐♦♥ ♦❢ s✉♠✱ ❛ ✈❡r②

r✐❝❤ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡✳ ❲❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ✐♥t❡r♣r❡t t❤✐s ❞✐☛❡r❡♥t✐❛❧ str✉❝t✉r❡

✐♥ ❛ ♥♦♥ tr✐✈✐❛❧ ✇❛② ✇✐t❤✐♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❚❤✐s ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ❣✐✈❡s

❛ ♠♦❞❡❧ ♦❢ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ❤❛✈✐♥❣ ✈❡r② ❞✐☛❡r❡♥t ✐♥t✉✐t✐♦♥s ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧

♠♦❞❡❧s✿ ❑⑧♦t❤❡ s♣❛❝❡s ❛♥❞ ☞♥✐t❡♥❡ss s♣❛❝❡s✱ ❜♦t❤ ❜❛s❡❞ ♦♥ ❛ ♥♦t✐♦♥ ♦❢ ❭☞♥✐t❛r②✧ s❡ts✳

❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s✱ ❢r♦♠ ❛ ❝❛t❡❣♦r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♥♦t ✈❡r② ✐♠♣♦rt❛♥t✳

❋r♦♠ ❛ ♠♦r❡ ❝♦♥❝r❡t❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ❤♦✇❡✈❡r✱ ✐t q✉❡st✐♦♥s t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥

s②st❡♠s✳ ❚♦ ❥✉st✐❢② t❤❡♠ ❛s ❛ ❣♦♦❞ ♠♦❞❡❧✱ ✇❡ ❡①t❡♥❞ t❤❡ s❡♠❛♥t✐❝s t♦ s❡❝♦♥❞ ♦r❞❡r

❧✐♥❡❛r ❧♦❣✐❝✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✇❡ ❢♦❧❧♦✇ ❝❧♦s❡❧② t❤❡ ♠♦❞❡❧ ❛♣♣❡❛r✐♥❣ ✐♥ ❬✸✽❪ ❛♥❞ t❤❡

✇♦r❦ ♦❢ ❆❧❡①❛♥❞r❛ ❇r✉❛ss❡ ❢r♦♠ ❬✶✽❪✳ ❲❡ ♦❜t❛✐♥ ✐♥ t❤✐s ✇❛② ❛ ❝❛♥♦♥✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ Π11 ❢♦r♠✉❧❛s✱ ✐✳❡✳ ♣r♦♣♦s✐t✐♦♥❛❧ ❧✐♥❡❛r ❧♦❣✐❝✳ ❖♥❝❡ t❤✐s ✐s ❞♦♥❡✱ ❣❡tt✐♥❣ ❢✉❧❧ s❡❝♦♥❞

♦r❞❡r ✐s✱ t❤♦✉❣❤ ❛ ❧✐tt❧❡ t❡❝❤♥✐❝❛❧✱ ♥❡✐t❤❡r ❞✐✍❝✉❧t ♥♦r ✈❡r② ❡①❝✐t✐♥❣✳ ❲❡ ❝❤❡❝❦ ♦♥ ✈❡r②

s✐♠♣❧❡ ❡①❛♠♣❧❡s t❤❛t t❤✐s ♠♦❞❡❧ ✐s ♥♦♥ tr✐✈✐❛❧ ❛♥❞ ❞♦❡s ❝♦rr❡s♣♦♥❞ t♦ ✇❤❛t ✇❡ ❤❛✈❡

✐♥ ♠✐♥❞✳ ■t s❤♦✇s t❤❛t ❛s ♦♣♣♦s❡❞ t♦ t❤❡ s✐♠♣❧❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✱ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s

♦r ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❤❛✈❡ ❛ r❡❛❧ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♣♦✇❡r✳ ❚❤❡ s✐t✉❛t✐♦♥ s❡❡♠s t♦

❜❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❝❛s❡ ♦❢ ❝♦❤❡r❡♥t s♣❛❝❡s✱ ❡①❝❡♣t t❤❛t ✇❡ ❤❛✈❡ ❛❞❞❡❞ ✉♥✐♦♥s ❛♥❞ ❛

❞✐☛❡r❡♥t✐❛❧ str✉❝t✉r❡✳

Content

❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✿ t❤❡ ☞rst ♦♥❡ ✐s ♠♦st❧② ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ str♦♥❣❧②

❝♦♥str✉❝t✐✈❡ s❡tt✐♥❣✱ ♥❛♠❡❧② ♣r❡❞✐❝❛t✐✈❡ ❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r②❀ t❤❡ s❡❝♦♥❞ ♦♥❡ ❧✐✈❡s

✐♥ ❛ tr❛❞✐t✐♦♥❛❧ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✳ ❚❤♦s❡ t✇♦ ♣❛rts ❝♦rr❡s♣♦♥❞✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t♦ t❤❡

✇♦r❦ ❞♦♥❡ r❡s♣❡❝t✐✈❡❧② ✐♥ ❈❤❛❧♠❡rs ✭●⑧♦t❡❜♦r❣✱ ❙✇❡❞❡♥✮ ❛♥❞ ✐♥ ▲✉♠✐♥② ✭▼❛rs❡✐❧❧❡✱

❋r❛♥❝❡✮✳ ❚❤❡② ❛r❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤❡ ❧♦❝❛❧ ✐♥t❡r❡sts✳ ❆ s✐♠♣❧❡ ✇❛② t♦ s✉♠♠❛✲

r✐③❡ t❤❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rts✱ ❜❡s✐❞❡s ❝♦♥str✉❝t✐✈✐t② r❡q✉✐r❡♠❡♥ts✱ ✐s t❤❡

❢♦❧❧♦✇✐♥❣✿

� ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❜♦t❤ ✇♦r❧❞s ❧✐❡s ❛ ❝❛t❡❣♦r② Int✳ ■ts ♦❜❥❡❝ts ❛r❡ ❣✐✈❡♥ ❜②

✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ ✐ts ♠♦r♣❤✐s♠s ❜② ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s❀

� ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ t♦♣♦❧♦❣② ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥ ♦✈❡r ❛

♠♦♥❛❞ ∗ ♦❢ ❭r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✧❀

� ✭❧✐♥❡❛r✮ ❧♦❣✐❝ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥ ♦✈❡r t❤❡ ✭❝♦✮♠♦♥❛❞ ! ♦❢

❭s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣✧✳

❯♥❢♦rt✉♥❛t❡❧②✱ ❛s ♦❢ t❤✐s ✇r✐t✐♥❣✱ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❤❛✈❡ ❛❧♠♦st ♥♦ r❡❧❛t✐♦♥ t♦

❡❛❝❤ ♦t❤❡r✱ s❛✈❡ ❢♦r t❤❡ ❝♦r❡ ❝❛t❡❣♦r② Int✳

❇r✐❡✌②✱ ❛❢t❡r s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s ❛❜♦✉t t②♣❡ t❤❡♦r② ✭❝❤❛♣t❡r ✶✮✱ t❤❡ ☞rst ♣❛rt

✐♥tr♦❞✉❝❡s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡❧❡✈❛♥❝❡✱ t❤❡ ♥♦t✐♦♥ ❝❛❧❧❡❞ ✐♥t❡r❛❝t✐♦♥

s②st❡♠s ❛♥❞ t❤❡✐r ❜❛s✐❝ str✉❝t✉r❡ ✭❝❤❛♣t❡r ✷ ❛♥❞ ✸✮✳ ❚❤❡ ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t ✐♥t❡r✲

❛❝t✐♦♥ s②st❡♠s ❛r❡ ❛❞❡q✉❛t❡ t♦ r❡♣r❡s❡♥t ❜♦t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦❣r❛♠♠✐♥❣ ✐♥t❡r❢❛❝❡s

✭s❡❝t✐♦♥ ✷✳✻✮ ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ✭✐♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞✮ ❜❛s✐❝ t♦♣♦❧♦❣② ✭❝❤❛♣t❡r ✹✮✳ ❇②

✐ts ✈❡r② ♥❛t✉r❡✱ t❤✐s ♣❛rt ❤❛s ❛ str♦♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♥t❡♥t✳ ❲❡ t❤✉s ❛✈♦✐❞ ❛s ♠✉❝❤

❛s ♣♦ss✐❜❧❡ t❤❡ ✉s❡ ♦❢ ♥♦♥✲❝♦♥str✉❝t✐✈❡ ♣r✐♥❝✐♣❧❡s✱ ❛♥❞ ❣♦ ❡✈❡♥ ❢✉rt❤❡r ❜② ✇♦r❦✐♥❣ ✐♥

❛ ♣r❡❞✐❝❛t✐✈❡ ❢r❛♠❡✇♦r❦✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ❞r♦♣s ❛❧❧ ❝♦♥str✉❝t✐✈✐t② r❡q✉✐r❡♠❡♥ts ❛♥❞ ✉s❡s t❤❡ ❛❜str❛❝t

str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ❣✐✈❡ ❛ ❭s②♥❝❤r♦♥♦✉s✧ ♠♦❞❡❧ ❢♦r ❢✉❧❧ ♣r♦♣♦s✐t✐♦♥❛❧



✶✷ ■♥tr♦❞✉❝t✐♦♥

❧✐♥❡❛r ❧♦❣✐❝ ✭❝❤❛♣t❡r ✻✮✳ ◆♦t ❛❧❧ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s ✉s❡❞✱ ❜✉t ✇❡

❝❛♥ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❞✐☛❡r❡♥t✐❛t✐♦♥ ♣r❡s❡♥t ✐♥

❊❤r❤❛r❞ ❛♥❞ ❘✓❡❣♥✐❡r✬s ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ✭s❡❝t✐♦♥ ✻✳✹✮✳

■❢ ♦♥❡ ✐s ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥t❡r❛❝t✐✈❡ ✐♥t✉✐t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ✐t

✐s ♣♦ss✐❜❧❡ t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥ t❤❡ ✈❡r② ❝♦♥❝✐s❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞

✐♥ ❝❤❛♣t❡r ✼ ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ❯s✐♥❣ t❤✐s ✈❡rs✐♦♥ ♦❢

t❤❡ ♠♦❞❡❧ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t✱ ✇❡ ☞♥❛❧❧② ✐♥t❡r♣r❡t ❢✉❧❧ s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝ ✐♥

❝❤❛♣t❡r ✽✳

Notes

❚❤✐s ✇♦r❦ ✐s✱ ❡①❝❡♣t ✇❤❡♥ ❡①♣❧✐❝✐t❧② st❛t❡❞✱ ♦r✐❣✐♥❛❧ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✈✐s♦✿

� ❝❤❛♣t❡rs ✶ ❛♥❞ ✺ ❛r❡ ♠♦st❧② st❛♥❞❛r❞ ✐♥tr♦❞✉❝t✐♦♥s✱ ❡①❝❡♣t ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥s

❛❜♦✉t ❡q✉❛❧✐t② ✐♥ s❡❝t✐♦♥s ✶✳✶✳✻ ❛♥❞ ✶✳✶✳✼ ✇❤✐❝❤ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡ ✐❞❡❛s ♣r❡s❡♥t

✐♥ P❡t❡r ❍❛♥❝♦❝❦✬s t❤❡s✐s ✭❬✹✷❪✮✳

� ▼♦st ♦❢ t❤❡ ❞❡☞♥✐t✐♦♥s ❛♣♣❡❛r✐♥❣ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❝❤❛♣t❡r ✷ ✇❡r❡ ❛❧r❡❛❞②

❞❡✈❡❧♦♣❡❞ ❜② P❡t❡r ❍❛♥❝♦❝❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r✳

� ❚❤❡ ❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇✐t❤ s✐♠✉❧❛t✐♦♥s ✭❝❤❛♣t❡r ✸✮ ❛♥❞

♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ✐s ♦r✐❣✐♥❛❧✳

✭❇✉t t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s ♠♦st❧② ❞✉❡ t♦ P❡t❡r ❍❛♥❝♦❝❦✳✮

� ❚❤❡ ❧✐♥❦ ✇✐t❤ ❜❛s✐❝ ✴ ❢♦r♠❛❧ t♦♣♦❧♦❣② ✐s ♦r✐❣✐♥❛❧ ❜✉t ❜❡♥❡☞t❡❞ ❢r♦♠ ♠❛♥② ❞✐s✲

❝✉ss✐♦♥ ✇✐t❤ ❚❤✐❡rr② ❈♦q✉❛♥❞ ❛♥❞ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✳

� ❋✐♥❛❧❧②✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♦❢ s❡❝t✐♦♥ ✼✳✶ t♦ s❡❝♦♥❞ ♦r❞❡r ✐s ✐♥s♣✐r❡❞ ❜②

t❤❡ ✇♦r❦ ♦❢ ❆❧❡①❛♥❞r❛ ❇r✉❛ss❡ ❛♥❞ ❚❤♦♠❛s ❊❤r❤❛r❞ ♦♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✳

P❛rts ♦❢ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠♦r❡ ❝♦♥❝✐s❡ ❢♦r♠✿

� s❡❝t✐♦♥s ✹✳✷ ❛♥❞ ✹✳✸ ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ❝♦♥str✉❝t✐✈❡

t♦♣♦❧♦❣② ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡❧❡✈❛♥t ♣❛rts ❢r♦♠ ❝❤❛♣t❡r ✷✮ ❛♣♣❡❛r❡❞ ✐♥ ❬✹✸❪❀

� s❡❝t✐♦♥ ✻✳✹ ❛❜♦✉t t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❬✺✺❪ ❛♥❞ ✐♥ ❬✺✹❪❀

� ❛♥❞ s❡❝t✐♦♥ ✼✳✶ ❛❜♦✉t t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✐s

t❤❡ s✉❜❥❡❝t ♦❢ ❬✺✸❪✳



1 Preliminaries

P❛rt ■ ♦❢ t❤✐s ✇♦r❦ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❝♦♥str✉❝t✐✈✐t② ✐♥ ♠✐♥❞✳ ▼♦t✐✈❛t✐♥❣ ❛♥❞ ✐♥✲

tr♦❞✉❝✐♥❣ t❤❡ ❣❡♥❡r❛❧ ❝♦♥❝❡♣ts ♦❢ ❝♦♥str✉❝t✐✈❡ ♠❛t❤❡♠❛t✐❝s ✇♦✉❧❞ t❛❦❡ ✉s t♦♦ ❢❛r ❛♥❞

✇❡ r❡❢❡r t♦ t❤❡ ❛❜✉♥❞❛♥t ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ s✉❜❥❡❝t ✭❬✻✶❪✱ ❬✽✸❪ ❛♥❞ ❬✽✹❪✱ ❛♥❞ ❬✶✼❪✮✳ ❚♦

❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ♠♦st ♦❢ ♣❛rt ■ ✐s ❞❡✈❡❧♦♣❡❞ ✇✐t❤✐♥ ❛ ❢r❛♠❡✇♦r❦ ♦❢ ❭♣r❡❞✐❝❛t✐✈❡ ❝♦♥✲

str✉❝t✐✈❡ t②♣❡ t❤❡♦r②✧✳ ❙✐♥❝❡ t❤❡ s❡❝♦♥❞ ♣❛rt ✇✐❧❧ ❛❜❛♥❞♦♥ t❤❡ ❣♦❛❧ ♦❢ ❝♦♥str✉❝t✐✈✐t②

✭❡①❝❡♣t ✐♥ s❡❝t✐♦♥ ✻✳✹✮✱ ✇❡ ✇✐❧❧ tr② t♦ ♠❛❦❡ t❤❡ ❢r❛♠❡✇♦r❦ ❛s tr❛♥s♣❛r❡♥t ❛s ♣♦ss✐❜❧❡✳

■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t ♦♥❧② t❤❡ ❛♠❜✐❡♥t ❧♦❣✐❝ ✐s ❝♦♥str✉❝t✐✈❡ ❛♥❞ t❤❛t ❡✈❡r②t❤✐♥❣ ❢r♦♠

t❤✐s ☞rst ♣❛rt ❛❧s♦ ❤♦❧❞s ❝♦♥str✉❝t✐✈❡❧②✳

1.1 Martin-Löf Type Theory

▼❛rt✐♥✲▲⑧♦❢ ❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r② ✭❬✻✷❪✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛♥ ❡①♣r❡ss✐✈❡ t②♣❡❞

λ✲❝❛❧❝✉❧✉s✳ ❚❤❡ ❝♦r❡ ❝♦♥s✐sts ♦❢ λ✲t❡r♠s ✇✐t❤ ❛ str✐❝t t②♣✐♥❣ ❞✐s❝✐♣❧✐♥❡ ✭❞❡♣❡♥❞❡♥t

❢✉♥❝t✐♦♥ t②♣❡s✮ ❡♥s✉r✐♥❣ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✉s✉❛❧ ❢✉♥❝t✐♦♥

t②♣❡s✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ ❛ ♥♦t✐♦♥ ♦❢ ❞❡♣❡♥❞❡♥t s✉♠ ❛♥❞ ❛ ♥♦t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡

❞❡☞♥✐t✐♦♥s✳ ❚❤✐s t❤❡♦r② ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❬✻✷❪ ❛♥❞ ❬✻✽❪✳ ❲❡ t❤❡♥ ❡①t❡♥❞ t❤✐s

✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❛♥❞ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠s ♦❢ ❣❡♥❡r❛❧ ❡q✉❛❧✐t②✳

❙✐♥❝❡ t❤❡② ✇✐❧❧ ❜❡ ❝❡♥tr❛❧ ✐♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛❧s♦ s❤♦✇ ❤♦✇ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♥❝❡♣ts

♦❢ s✉❜s❡ts ❛♥❞ ❜✐♥❛r② r❡❧❛t✐♦♥s✳

1.1.1 The Type Theory and its Associated Logic

❲❡ ❛ss✉♠❡ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ s✐♠♣❧② t②♣❡❞ λ✲❝❛❧❝✉❧✉s✳ ❋♦r ❛❧❧ t❤✐s ✇♦r❦✱ ✇❡

♦♥❧② ♥❡❡❞ t✇♦ ❦✐♥❞s ❢♦r t②♣❡s✿

� Set ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞❛t❛t②♣❡s✱ ❛❧s♦ ❝❛❧❧❡❞ s❡ts❀

� Type ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r♦♣❡r t②♣❡s✱ ❝♦♥t❛✐♥✐♥❣✱ ❛♠♦♥❣ ♦t❤❡rs✱ Set✳

❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✱ ✇❡ ♣r❡t❡♥❞ t❤❛t ❛♥② s❡t ✐s ❛❧s♦ ❛ ♣r♦♣❡r t②♣❡✿ Set ⊆ Type✳1

❲❡ ♠❛❦❡ ❛ t②♣♦❣r❛♣❤✐❝ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s❡ts ✭❝❛♣✐t❛❧ r♦♠❛♥ ❧❡tt❡rs ❧✐❦❡ S✮

❛♥❞ ♣r♦♣❡r t②♣❡s ✭❝❛❧❧✐❣r❛♣❤✐❝ ❝❛♣✐t❛❧ ❧❡tt❡rs✱ ❧✐❦❡ ❙✮✳ ❲❡ ✇r✐t❡ ♠❡♠❜❡rs❤✐♣ ✐♥ ❛ s❡t

✇✐t❤ t❤❡ ❭ǫ✧ s②♠❜♦❧✿ ❭s ǫ S✧ ✇❤✐❧❡ ♠❡♠❜❡rs❤✐♣ ✐♥ ❛ ♣r♦♣❡r t②♣❡ ✐s ✇r✐tt❡♥ ✇✐t❤ ❛

❝♦❧♦♥✿ ❭X ✿ ❆✧✳

1 ✿ ❚❤✐s ✐s ❤❛r♠❧❡ss ✐♥ ♣r❛❝t✐❝❡✳



✶✹ ✶ Pr❡❧✐♠✐♥❛r✐❡s

■♥t✉✐t✐✈❡❧② s♣❡❛❦✐♥❣✱ Set ❝♦♥s✐sts ♦❢ ❛❧❧ t❤❡ ❭❞❛t❛t②♣❡s✧✳ ■t ✐s ❝❧♦s❡❞ ✉♥❞❡r ♠♦st

✉s✉❛❧ s❡t✲❢♦r♠✐♥❣ ♦♣❡r❛t✐♦♥s✱ ✇✐t❤ t❤❡ ♥♦t❛❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ♣♦✇❡rs❡t ❝♦♥str✉❝✲

t✐♦♥ ✭s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t ♣r❡❞✐❝❛t✐✈✐t② ✐♥ s❡❝t✐♦♥ ✶✳✷✳✶✮✳ ❊❧❡♠❡♥ts ♦❢ Set ❛r❡

❝❛❧❧❡❞ . . . s❡ts✱ ❛♥❞ t❤❡② ❛r❡ ❭s♠❛❧❧✧✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ Type ❝♦♥s✐sts ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥s t♦♦ ❜✐❣ t♦ ❜❡ s❡ts✳ ❚❤❡ ♠♦st

tr✐✈✐❛❧ ❡①❛♠♣❧❡ ✐s Set ✐ts❡❧❢✿ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ❞❛t❛t②♣❡s ✐s ❝❡rt❛✐♥❧② ♥♦t ❛ ❞❛t❛t②♣❡✳

❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ Set t♦ Set ✐s ♥♦t ❛ s❡t✱ ❜✉t ✐s ❛♥ ❡❧❡♠❡♥t

♦❢ Type✳ ❊❧❡♠❡♥ts ♦❢ Type ❛r❡ ❝❛❧❧❡❞ ♣r♦♣❡r t②♣❡s ❛♥❞ ❛r❡ ✐♥t✉✐t✐✈❡❧② ❭❜✐❣✧✳ ❚❤❡

❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ s❡ts ❛♥❞ ♣r♦♣❡r t②♣❡s ✐s ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ t❤❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥

s❡ts ❛♥❞ ❝❧❛ss❡s ✐♥ ✈♦♥ ◆❡✉♠❛♥♥✴❇❡r♥❛②s✴●⑧♦❞❡❧ s❡t t❤❡♦r② ♦r ❜❡t✇❡❡♥ ❞✐☛❡r❡♥t ❧❡✈❡❧s

♦❢ ●r♦t❡♥❞✐❡❝❦ ✉♥✐✈❡rs❡s✳

# ❘❡♠❛r❦ ✶✿ t❤✐s t❡r♠✐♥♦❧♦❣② ❝❛♥ ❜❡ ✈❡r② ❝♦♥❢✉s✐♥❣ ❛t ☞rst✱ ❡s♣❡❝✐❛❧❧②
❢♦r ❝♦♠♣✉t❡r s❝✐❡♥t✐sts ✇❤♦ ❛r❡ ✉s❡❞ t♦ ✉s✐♥❣ t❤❡ ✇♦r❞ ❭t②♣❡✧ ❢♦r ✉s✉❛❧
❞❛t❛t②♣❡s ✭✐✳❡✳ s❡ts✮✳ ❲❡ ✉s❡ t❤❡ ❣❡♥❡r✐❝ t❡r♠ ❭t②♣❡✧ ✇❤❡♥ ✇❡ ❞♦ ♥♦t
r❡❛❧❧② ❝❛r❡ ❛❜♦✉t t❤❡ ❦✐♥❞ ♦❢ ♦❜❥❡❝ts✱ ❛♥❞ ✇❡ ♠❛② s♣❡❝✐❢② ✉s✐♥❣ t❤❡ ❛❞✲
❥❡❝t✐✈❡s ❭s♠❛❧❧✧ ✭❢♦r s❡ts✮ ♦r ❭❜✐❣✧ ✭❢♦r ♣r♦♣❡r t②♣❡s✮✳

§ ❉❡♣❡♥❞❡♥t Pr♦❞✉❝t✳ ❲❡ ❢♦❧❧♦✇ ❛ r❛t❤❡r ✐♥❢♦r♠❛❧ ♣r❡s❡♥t❛t✐♦♥✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ♦♥❡

♥❡❡❞s t♦ ❞❡☞♥❡ t②♣❡s✱ ❝♦♥t❡①ts✱ t②♣✐♥❣ ❥✉❞❣♠❡♥ts✱ ❡t❝✳ ❙♦♠❡ ❝❛r❡ ✐s ❞❡☞♥✐t❡❧② ♥❡❡❞❡❞✱

❜✉t t❤✐s ✐s ✐s ✐rr❡❧❡✈❛♥t ❢♦r ♦✉r ♣✉r♣♦s❡s✳

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t s❡t ❝♦♥str✉❝t♦r ✐s t❤❡ ❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥ t②♣❡✳ ■t ✐s ❝❛❧❧❡❞

❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t ❛♥❞ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

�
A ✿ Set x ǫ A ⊢ B(x) ✿ Set

(ΠxǫA) B(x) ✿ Set
❢♦r♠❛t✐♦♥❀

�
x ǫ A ⊢ f ǫ B(x)

(λxǫA).f ǫ (ΠxǫA) B(x)
✐♥tr♦❞✉❝t✐♦♥❀

� ❛♥❞
t ǫ (ΠxǫA) B(x) a ǫ A

t(a) ǫ B(a)
❡❧✐♠✐♥❛t✐♦♥✳

❚❤❡ r❡❞✉❝t✐♦♥ r✉❧❡ ❢♦r t❤❡ ❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t ✐s✿2

(
(λxǫA).f

)
a = f[a/x] ✳

❚❤✉s✱ ❛ t❡r♠ f ♦❢ t②♣❡ (ΠxǫA) B(x) ✐s ❛ ❢✉♥❝t✐♦♥ t❛❦✐♥❣ ❛♥② a ǫ A t♦ ❛♥ ❡❧❡♠❡♥t

♦❢ B(a)✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ✐♥❞❡①❡❞ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ✐♥ ❝❧❛ss✐❝❛❧ ♠❛t❤✲

❡♠❛t✐❝s✳ ❲❤❡♥ t❤❡ s❡t B(x) ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ x ǫ A✱ ✇❡ r❡❝♦✈❡r t❤❡ ✉s✉❛❧ ❢✉♥❝t✐♦♥

s♣❛❝❡ ✇❤✐❝❤ ✇❡ ❛❜❜r❡✈✐❛t❡ ❜② ❭A→ B✧✳ ❚♦ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❡♣❡♥❞❡♥t

♣r♦❞✉❝t ✐s ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥✿

(xǫA)→ B(x)

❛s ❛ s②♥♦♥②♠ ❢♦r (ΠxǫA) B(x)✳

❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ t②♣❡s✱ ✇✐t❤ t❤❡ s❛♠❡ r✉❧❡s

❛♥❞ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✳ ❲❡ ❛❧s♦ ❛❧❧♦✇ ♠✐①❡❞ ❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ A → ❇ ❜✉t

t❤❡♥ t❤❡ ❦✐♥❞ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t ✇✐❧❧ ❛❧✇❛②s ❜❡ Type✳

2 ✿ ❏✉st ❧✐❦❡ ✐♥ ✉s✉❛❧ λ✲❝❛❧❝✉❧✉s✱ ❭f[a/x]✧ ✐s t❤❡ t❡r♠ f ✇❤❡r❡ x ❤❛s ❜❡❡♥ s✉❜st✐t✉t❡❞ ❜② a✳ ❆s

❛❧✇❛②s✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ s✉r❡ t❤✐s ❞♦❡s♥✬t ❝❛♣t✉r❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ❜② ☞rst ❞♦✐♥❣ s♦♠❡ α✲❝♦♥✈❡rs✐♦♥✳



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✶✺

# ❘❡♠❛r❦ ✷✿ t❤❡ ❭♣✉r❡ t②♣❡ s②st❡♠ ♣❛rt✧ ❝♦rr❡s♣♦♥❞s t♦ ❤❛✈✐♥❣ t❤❡ t✇♦
s♦rts Set ✿ Type ❛♥❞ t❤❡ r✉❧❡s (Set,Set)✱ (Set,Type) ❛♥❞ (Type,Type)✱ ✐✳❡✳ ✐t
❝♦rr❡s♣♦♥❞s t♦ λPω✳ ✭❙❡❡ ❬✶✶❪✳✮
■♥ ♣❛rt✐❝✉❧❛r ❢♦r ❛♥② s❡t S✱ ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❢♦r♠ t❤❡ t②♣❡s S→ Set ✭✉s✐♥❣
t❤❡ r✉❧❡ (Set,Type)✮ ❛♥❞ (S→ Set) → Set ✭✉s✐♥❣ t❤❡ r✉❧❡ (Type,Type)✮✳

§ ❉❡♣❡♥❞❡♥t ❙✉♠✳ ❚❤❡r❡ ✐s ❛ s❡❝♦♥❞ s❡t ❝♦♥str✉❝t♦r✱ ❞✉❛❧ t♦ t❤❡ ❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t✿

t❤❡ ❞❡♣❡♥❞❡♥t s✉♠✳ ❏✉st ❧✐❦❡ t❤❡ ❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t ✐s ❛♥ ✐♥❞❡①❡❞ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t✱

t❤❡ ❞❡♣❡♥❞❡♥t s✉♠ ✐s ❛♥ ✐♥❞❡①❡❞ ❞✐s❥♦✐♥t s✉♠✳ ■t ♦❜❡②s t❤❡ r✉❧❡s✿

�
A ✿ Set x ǫ A ⊢ B(x) ✿ Set

(ΣxǫA) B(x) ✿ Set
❢♦r♠❛t✐♦♥

�
a ǫ A b ǫ B(a)

(a, b) ǫ (ΣxǫA) B(x)
✐♥tr♦❞✉❝t✐♦♥

�
p ǫ (ΣxǫA) B(x) f ǫ (xǫA)→

(
yǫB(x)

)
→ C

(
(x, y)

)

s♣❧✐t(p, f) ǫ C(p)
❡❧✐♠✐♥❛t✐♦♥

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝t✐♦♥ r✉❧❡✿

s♣❧✐t
(
(a, b), f

)
= f

(
(a, b)

)
✳

❚❤❡ ❡❧✐♠✐♥❛t✐♦♥ r✉❧❡ ♠❛② ❧♦♦❦ ✉♥♥❡❝❡ss❛r✐❧② ❝♦♠♣❧❡①✱ ❜✉t ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ✐t s✉✍❝❡s

t♦ ♥♦t❡ t❤❛t ♦♥❡ ❝❛♥ ❞❡☞♥❡ t❤❡ t✇♦ ♣r♦❥❡❝t✐♦♥s✿

�
p ǫ (ΣxǫA) B(x)

π1(p) ǫ A
☞rst ♣r♦❥❡❝t✐♦♥

�
p ǫ (ΣxǫA) B(x)

π2(p) ǫ B
(
π1(p)

) s❡❝♦♥❞ ♣r♦❥❡❝t✐♦♥

❛s π1(p) , s♣❧✐t
(
p, (λxy.x)

)
❛♥❞ π2(p) , s♣❧✐t

(
p, (λxy.y)

)
✳

◆♦t❡ t❤❛t ✇❤❡♥ B(x) ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ x ǫ A✱ t❤❡♥ t❤✐s ✐s ❥✉st ❛ ✉s✉❛❧ ❝❛rt❡s✐❛♥

♣r♦❞✉❝t✳3 ❲❡ t❤❡♥ ✇r✐t❡ A× B r❛t❤❡r t❤❛♥ (ΣxǫA) B✳

§ ❖t❤❡r ❈♦♥str✉❝t✐♦♥s✳ ❙✐♥❝❡ ✇❡ ♥❡❡❞ t♦ st❛rt ✇✐t❤ s♦♠❡t❤✐♥❣✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡

s✐♥❣❧❡t♦♥ s❡t {∗} ❛♥❞ t❤❡ ❡♠♣t② s❡t ∅ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s r✉❧❡s✳ ❚❤❡r❡ ✐s ❛❧s♦ ❛ ♥♦t✐♦♥

♦❢ ❞✐s❥♦✐♥t s✉♠ A+ B ✇✐t❤ r✉❧❡s

�
A ✿ Set B ✿ Set

A+ B ✿ Set
❢♦r♠❛t✐♦♥

�
a ǫ A

✐♥❧(a) ǫ A+ B
✐♥tr♦ ✭❧❡❢t✮ ❛♥❞

b ǫ B

✐♥r(b) ǫ A+ B
✐♥tr♦ ✭r✐❣❤t✮

�
x ǫ A+ B f ǫ (aǫA)→ C

(
✐♥❧(a)

)
g ǫ (bǫB)→ C

(
✐♥r(b)

)

case(x, f, g) ǫ C(i)
❡❧✐♠

✇✐t❤ r❡❞✉❝t✐♦♥ r✉❧❡✿

case
(
✐♥❧(a), f, g

)
= f(a) ❛♥❞ case

(
✐♥r(b), f, g

)
= g(b) ✳

❋♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ♣r♦❣r❛♠♠✐♥❣ ♣r❛❝t✐❝❡✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

case x ♦❢ ✐♥❧(a) ⇒ f(a)

✐♥r(b)⇒ g(b) ✳

3 ✿ ❨❡s✦ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥t s✉♠✦



✶✻ ✶ Pr❡❧✐♠✐♥❛r✐❡s

# ❘❡♠❛r❦ ✸✿ t❤❡ ❞✐s❥♦✐♥t s✉♠ ❝♦✉❧❞ ❜❡ ❞❡☞♥❡❞ ❛s ❛♥ ✐♥❞❡①❡❞ s✉♠ ♦✈❡r ❛
t✇♦ ❡❧❡♠❡♥ts s❡t✱ ❜✉t t❤✐s r❡q✉✐r❡s ... ❛ t✇♦ ❡❧❡♠❡♥t s❡t✳

❋♦❧❧♦✇✐♥❣ ❛♥♦t❤❡r ♣r♦❣r❛♠♠✐♥❣ ♣r❛❝t✐❝❡✱ ✇❡ ❛❧❧♦✇ t❤❡ ✉s❡ ♦❢ ❝♦♥str✉❝t♦rs✳

❚❤❡② ❛r❡ ✐♥tr♦❞✉❝❡❞ ✇✐t❤ t❤❡ ❭data✧ ❦❡②✇♦r❞✿ ❢♦r ❡①❛♠♣❧❡✱

data ❈♦♥s1
(
aǫA, bǫB(a)

)

❈♦♥s2(a1ǫA, a2ǫA, a3ǫA)

✐s ❛ ✈❡r❜♦s❡ ✇❛② t♦ ❞❡s❝r✐❜❡ t❤❡ s❡t ❭(ΣaǫA)B(a) + A×A×A✧✳ ◆♦t❡ t❤❛t t❤✐s ❛❧❧♦✇s

t♦ ❞❡☞♥❡ t❤❡ ❡♠♣t② s❡t ❛♥❞ t❤❡ s✐♥❣❧❡t♦♥ s❡ts ❛s✿

∅ , data ❛♥❞ {∗} , data ∗

✐✳❡✳ r❡s♣❡❝t✐✈❡❧② ❛s t❤❡ s❡t ✇✐t❤ ♥♦ ❝♦♥str✉❝t♦r ❛♥❞ t❤❡ s❡t ✇✐t❤ ❛ ✉♥✐q✉❡ ❝♦♥str✉❝t♦r✳

§ ❈✉rr②✲❍♦✇❛r❞ ■s♦♠♦r♣❤✐s♠✳ ❙♦ ❢❛r✱ Set ❝♦♥t❛✐♥s ∅✱ {∗} ❛♥❞ ✐s ❝❧♦s❡❞ ✉♥❞❡r Π✱ →✱

Σ✱ × ❛♥❞ +✳ ❚❤❡ ❈✉rr②✲❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠ s❤♦✇s ❤♦✇ t♦ tr❛♥s❧❛t❡ ❢♦r♠✉❧❛s ✐♥t♦

s❡ts ❛♥❞ ♣r♦♦❢s ✐♥t♦ t❡r♠s✱ ❛♥❞ ✈✐❝❡ ❛♥❞ ✈❡rs❛✿

type theory : ∅ {∗} Π Σ × + →

logic : ❋❛❧s❡ ❚r✉❡ ∀ ∃ ∧ ∨ ⇒

❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❡r♠s ❛♥❞ ♣r♦♦❢s ✐s ♠♦r❡ s✉❜t❧❡ ❛♥❞ r❡q✉✐r❡s s♦♠❡ ❦♥♦✇❧❡❞❣❡

❛❜♦✉t ✐♥t✉✐t✐♦♥✐st✐❝ ♥❛t✉r❛❧ ❞❡❞✉❝t✐♦♥✿ ❛ t❡r♠ ♦❢ t②♣❡ F ✇❤❡r❡ F ✐s ❛ ❧♦❣✐❝❛❧ ❢♦r♠✉❧❛

❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣r♦♦❢ ♦❢ t❤❡ ❢♦r♠✉❧❛ F✳ ✭■♥ t❤❡ ❇r♦✉✇❡r✲❍❡②t✐♥❣✲❑♦❧♠♦❣♦r♦✈ s❡♥s❡✳✮

▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ✐❞❡♥t✐☞❡s s❡ts ❛♥❞ ♣r♦♣♦s✐t✐♦♥s ✐♥ t❤❡ s❡♥s❡ t❤❛t ♣r♦✈✐♥❣

❛ ♣r♦♣♦s✐t✐♦♥ F ✐s ✐❞❡♥t✐☞❡❞ ✇✐t❤ ❣✐✈✐♥❣ ❛ t❡r♠ ♦❢ t②♣❡ F✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✱

✇❡ ♠❛② s✇✐t❝❤ ❢r♦♠ t❤❡ t②♣❡ t❤❡♦r❡t✐❝❛❧ ♥♦t❛t✐♦♥ t♦ t❤❡ ❧♦❣✐❝❛❧ ♥♦t❛t✐♦♥ tr❛♥s♣❛r❡♥t❧②✳

❲❡ ❡✈❡♥ ♠✐① t❤❡ s②♠❜♦❧s t♦ ♠❛❦❡ t❤✐♥❣s ♠♦r❡ r❡❛❞❛❜❧❡✳ ◆♦ ❝♦♥❢✉s✐♦♥ ❛r✐s❡s ❢r♦♠

t❤✐s ❜❡❝❛✉s❡ ✉♥t✐❧ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❛rt ■■✱ t❤❡ ❧♦❣✐❝❛❧ s②♠❜♦❧s ❛r❡ ❛❧✇❛②s ✐♥t❡r♣r❡t❡❞

❜② t❤❡✐r ✐♥t✉✐t✐♦♥✐st✐❝ ♣r❡❞✐❝❛t✐✈❡ ✈❡rs✐♦♥s ✭❡①❝❡♣t ✇❤❡♥ ❡①♣❧✐❝✐t❧② st❛t❡❞✮✳

1.1.2 Inductive Definitions

❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ ❭❤✐❣❤✲❧❡✈❡❧✧ t②♣❡ t❤❡♦r✐❡s ❧✐❦❡ ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ❧✐❡s ✐♥ t❤❡

♣♦ss✐❜✐❧✐t② t♦ ❤❛✈❡ ✉s❡r✲❢r✐❡♥❞❧② ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✳ ❆s ✇❡✬❧❧ ❜r✐❡✌② r❡❝❛❧❧ ✐♥ t❤❡

♥❡①t s❡❝t✐♦♥✱ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡ ❭❢♦r ❢r❡❡✧ ✐♥ ✐♠♣r❡❞✐❝❛t✐✈❡ t❤❡♦r✐❡s✱

❜✉t ✐♠♣r❡❞✐❝❛t✐✈✐t② ✐s t♦♦ ❜✐❣ ♦❢ ❛ ♣r✐③❡ t♦ ♣❛② ❛♥❞ ✇❡ tr② t♦ ❛✈♦✐❞ ✐t✳ ❲❡ t❤✉s

✐♥tr♦❞✉❝❡ ❛❞ ❤♦❝ ♣r✐♥❝✐♣❧❡s t♦ ❞❡❛❧ ✇✐t❤ t❤❡♠✳ ❲❡ ✇✐❧❧ ♥♦t ❣♦ ✐♥t♦ t❤❡ ❞❡t❛✐❧s ❛❜♦✉t

t❤❡ ❥✉st✐☞❝❛t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✿ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s s✉❜❥❡❝t ✐s ❝♦♠♣❧❡t❡

❡♥♦✉❣❤✳ ✭❚❤✐s ✐s tr❡❛t❡❞ ✐♥ ❬✹❪✳✮

❘❛t❤❡r t❤❛♥ ❣✐✈✐♥❣ t❤❡ ❢♦r♠❛❧ ❞❡☞♥✐t✐♦♥✱ ✇❡✬❧❧ ♦♥❧② ❧♦♦❦ ❛t ❛♥ ❡①❛♠♣❧❡✿ t❤❡

❝❛s❡ ♦❢ ❧✐sts ♦✈❡r ❛♥ ❛r❜✐tr❛r② s❡t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t❤❡ ❞❡☞♥✐t✐♦♥ ❛s ✇❡ ❝♦✉❧❞ ✇r✐t❡ ✐t

✐♥ ❛ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✿

List (A:Set) : Set

List A := data Nil | Cons(a:A,t:List A)



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✶✼

❙✐♥❝❡ ❭List A✧ ❛♣♣❡❛rs ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❭,✧✱ ✐t ♠❡❛♥s ✇❡ ❛r❡ ❛❝t✉❛❧❧②

s♦❧✈✐♥❣ ❛♥ ❡q✉❛t✐♦♥✿ ✐♥ ❛ ❧❡ss ✈❡r❜♦s❡ ✇❛②✱ X = {∗}+A×X✳ ❲❡ ✇r✐t❡ t❤✐s ❞❡☞♥✐t✐♦♥

❛s✿

▲✐st(A) ✿ Set

▲✐st(A) , (µX ✿ Set) data ◆✐❧

❈♦♥s(a ǫ A , t ǫ X)

✇❤❡r❡ t❤❡ ❜✐♥❞❡r ❭µ✧ ✐s ❤❡r❡ t♦ ♠❡❛♥ ❭✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥✧✳

❲❡ r❡str✐❝t ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ t♦ str✐❝t❧② ♣♦s✐t✐✈❡ ❢✉♥❝t♦rs✱ ✐✳❡✳ ✐♥ ❛♥ ✐♥❞✉❝t✐✈❡

❞❡☞♥✐t✐♦♥✱ t❤❡ ✈❛r✐❛❜❧❡ X ♠❛② ♥♦t ❛♣♣❡❛r ♦♥ t❤❡ ❧❡❢t ♦❢ ❛♥ ❛rr♦✇ t②♣❡✳4

❚❤❡ ✐♥❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✭♦r t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ❧❡❛st s♦❧✉t✐♦♥✮ ✐s

✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❞❡☞♥❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❧✐st t♦ ❜❡ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r ✇✐t❤✿

❧❡♥❣t❤(l) , case l ♦❢ ◆✐❧ ⇒ 0

❈♦♥s(a, t)⇒ 1+ ❧❡♥❣t❤(t) ✳

❲❡ ❛❧s♦ ✉s❡ ❭♣❛tt❡r♥ ♠❛t❝❤✐♥❣✧ ♥♦t❛t✐♦♥ ❛s ✐♥✿

❧❡♥❣t❤(◆✐❧) , 0

❧❡♥❣t❤
(
❈♦♥s(a, t)

)
, 1+ ❧❡♥❣t❤(t) ✳

❲❡ ✇✐❧❧ ❧❛t❡r ❡①t❡♥❞ t❤❡ s❝❤❡♠❛ ♦❢ ❞❡☞♥✐t✐♦♥ t♦ ❛❧❧♦✇ t❤❡ ❞❡☞♥✐t✐♦♥s ♦❢ ♦❜❥❡❝ts ♦❢

t②♣❡ S→ Set ❜② ❧❡❛st ☞①♣♦✐♥t✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬✼✵❪✳ ❲❡ ✇✐❧❧ ❞❡t❛✐❧ t❤❛t ✇❤❡♥ ♥❡❝❡ss❛r②✳

§ ❆❣❞❛✳ ❚❤✐s ♣❛rt ♦❢ t❤❡ t❤❡♦r② ✭✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❝❤❡♠❛ ❢♦r ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✮

❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ❭♣r♦❣r❛♠♠✐♥❣✧ ❡♥✈✐r♦♥♠❡♥t ✐♥ t❤❡ ❆❣❞❛ s②st❡♠ ✭❬✷✻❪✮✳

■♥s✐❞❡ t❤✐s s②st❡♠✱ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❧✐sts ✇♦✉❧❞ t❛❦❡ t❤❡ ❡①❛❝t ❢♦r♠✿
List (A::Set) :: Set

= data Nil

| Cons (a::A)(l::List A)

❛♥❞ ✭s✉♣♣♦s✐♥❣ A ✐s ❛ s❡t✱ ❛♥❞ t❤❛t ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛r❡ ❞❡☞♥❡❞✮ t❤❡ ❧❡♥❣t❤ ❢✉♥❝t✐♦♥

✇♦✉❧❞ ❜❡ ✇r✐tt❡♥ ❛s
length (l::List A) :: Nat

= case l of (Nil) -> 0

(Cons a t) -> 1+(length t)

❲r✐t✐♥❣ ❛ t❡r♠ ❛♥❞ ❝❤❡❝❦✐♥❣ t❤❛t ✐t ✐s ♦❢ t❤❡ ❝♦rr❡❝t t②♣❡ ✐♥ ❆❣❞❛ ✐s✱ ❜② t❤❡ ❈✉rr②✲

❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠✱ ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ ❛ ♣r♦♣♦s✐t✐♦♥ ✐♥ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝✳ ❙❡✈✲

❡r❛❧ ❧❡♠♠❛s ❛♥❞ ♣r♦♣♦s✐t✐♦♥s ❢r♦♠ t❤❡ ☞rst ♣❛rt ♦❢ t❤✐s ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❢♦r♠❛❧✐③❡❞ ✐♥

t❤✐s ✇❛②✿ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ❛r❡ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✷✳✻✳✽✳

1.1.3 Coinductive Definitions

❇② t❤❡ ❑♥❛st❡r✲❚❛rs❦✐ t❤❡♦r❡♠✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞①♣♦✐♥ts ♦❢ ❛ ♠♦♥♦t♦♥✐❝ ♦♣❡r❛t♦r

♦♥ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❢♦r♠s ✐ts❡❧❢ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ❧❡❛st

☞①♣♦✐♥t ❛♥❞ ❛ ❣r❡❛t❡st ☞①♣♦✐♥t✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛

❝♦♠♣✉t❛t✐♦♥❛❧ ✇❛② t♦ ✐♥tr♦❞✉❝❡ ❧❡❛st ☞①♣♦✐♥ts✱ ❛♥❞ t❤❡r❡ ♦✉❣❤t t♦ ❜❡ ❛ ❞✉❛❧ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ t♦ ✐♥tr♦❞✉❝❡ ❣r❡❛t❡st ☞①♣♦✐♥ts✿ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✳ ❲❡ ♣r❡s❡♥t

4 ✿ ❚❤✐s r❡str✐❝t✐♦♥ ✐s str♦♥❣❡r t❤❛♥ ✉s✉❛❧ ♣♦s✐t✐✈✐t② ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ ♠❛② ♦♥❧② ♦❝❝✉r ♣♦s✐t✐✈❡❧②✱
✐✳❡✳ ♦♥❧② ❛t t❤❡ ❧❡❢t ♦❢ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ❛rr♦✇s✳



✶✽ ✶ Pr❡❧✐♠✐♥❛r✐❡s

❜❡❧♦✇ ❛ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡q✉❛❧✐t②✱ ❝♦✐♥✲

❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❝❛♥ ❜❡ ❞❡☞♥❡❞ ✇✐t❤✐♥ ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r②✿ s❡❡ ❬✺✾❪✱ ❬✻✹❪ ♦r t❤❡

❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐✈✐t② ♣r❡❞✐❝❛t❡ ✐♥ ❬✷✸❪✳

❲❡ ☞rst tr❡❛t ❛♥ ❡①❛♠♣❧❡✱ ❛♥❞ ❜r✐❡✌② ❣✐✈❡ t❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡✳ ▲❡t✬s ❞❡✲

☞♥❡ str❡❛♠s ✭✐♥☞♥✐t❡ ❧✐sts✮ ♦✈❡r ❛♥ ❛r❜✐tr❛r② s❡t✳ ❙tr❡❛♠s ♦✈❡r A ❝❛♥♥♦t ❜❡ ❞❡☞♥❡❞

❛s (µX).A × X✱ s✐♥❝❡ t❤✐s ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❡♠♣t②✳ ❙tr❡❛♠s ✇✐❧❧ ❜❡ ❞❡☞♥❡❞ ❛s ❛

❣r❡❛t❡st ☞①♣♦✐♥t✿

❙tr❡❛♠(A) ✿ Set

❙tr❡❛♠(A) , (νX ǫ Set) data ❈♦♥s(a ǫ A , t ǫ X)

✐✳❡✳ ❛ str❡❛♠ ✐s s♦♠❡t❤✐♥❣ ♦❢ t❤❡ ❢♦r♠ ❭❈♦♥s(a, s)✧ ✇❤❡r❡ a ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ A ❛♥❞ s ✐s

❛ ♥❡✇ str❡❛♠✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❣❡t ❛s ♠❛♥② ❡❧❡♠❡♥ts ♦❢ A ❛s ✇❡ ✇❛♥t ❜② ❧♦♦❦✐♥❣ ❞❡❡♣❡r

❛♥❞ ❞❡❡♣❡r ✐♥s✐❞❡ s✳ ❚❤❡ r✉❧❡s ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ❞❡☞♥✐t✐♦♥ ❛r❡✿

�
A ✿ Set

❙tr❡❛♠(A) ✿ Set
❢♦r♠❛t✐♦♥

�
X ✿ Set C ✿ X→ A× X x ǫ X

❝♦✐t❡r(X,C, x) ǫ ❙tr❡❛♠(A)
✐♥tr♦❞✉❝t✐♦♥

�
s ǫ ❙tr❡❛♠(A)

❡❧✐♠(s) ǫ A× ❙tr❡❛♠(A)
❡❧✐♠✐♥❛t✐♦♥

✇✐t❤ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡✿

❡❧✐♠
(
❝♦✐t❡r(X,C, x)

)
= (a, t) ✇❤❡r❡ a , π1

(
C(x)

)

t , ❝♦✐t❡r
(
X,C, π2

(
C(x)

))
✳

❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ s✉♣♣♦s❡ F ✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♦♣❡r❛t♦r ❢r♦♠ Set t♦ Set✱

s♦ t❤❛t ✇❡ ❝❛♥ ✐♥ ♣❛rt✐❝✉❧❛r ❞❡☞♥❡ ❛♥ ❛❝t✐♦♥ ♦❢ F ♦♥ ❢✉♥❝t✐♦♥s✿5

F ✿ Set→ Set

X 7→ F(X) ❛♥❞ (f ǫ X→ Y) 7→
(
Ff ǫ F(X)→ F(Y)

)
✳

❲❡ ❝❛♥ t❤❡♥ ❞❡☞♥❡ νF ✇✐t❤ t❤❡ r✉❧❡s✿

�
νF ✿ Set

❢♦r♠❛t✐♦♥

�
X ✿ Set C ✿ X→ F(X) x ǫ X

❝♦✐t❡r(X,C, x) ǫ νF
✐♥tr♦❞✉❝t✐♦♥

�
s ǫ νF

❡❧✐♠(s) ǫ F(νF)
❡❧✐♠✐♥❛t✐♦♥

✇✐t❤ t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡✿

❡❧✐♠
(
❝♦✐t❡r(X,C, x)

)
= Ff

(
C(x)

)
✇❤❡r❡ f ǫ X→ νF

f(y) , ❝♦✐t❡r(X,C, y) ✳

▲❡t✬s ❥✉st ♠❡♥t✐♦♥ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ s♣❡❝✐☞❝❛t✐♦♥

♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠♦r♣❤✐s♠ ❢r♦♠ ❛ s♣❡❝✐☞❝ ❝♦❛❧❣❡❜r❛ ✭t❤❡ ♣❛✐r (X,C) ✐♥ ♦✉r ❡①❛♠♣❧❡✮

5 ✿ ✐✳❡✳ F ✐s ❛ ❝♦✈❛r✐❛♥t ❢✉♥❝t♦r



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✶✾

t♦ t❤❡ ✭✇❡❛❦❧②✮ ☞♥❛❧ ❝♦❛❧❣❡❜r❛ ❞❡☞♥❡❞ ❜② (νF, ❡❧✐♠)✳ ❲❡ ❤❛✈❡ ❝♦✐t❡r(X,C) ǫ X→ νF

❛♥❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡ ❜② t❤❡ r❡❞✉❝t✐♦♥ r✉❧❡✿

❡❧✐♠ · ❝♦✐t❡r(X,C) = F❝♦✐t❡r(X,C) · C ✳

❊q✉❛❧✐t② ♦❢ t❡r♠s ✐♥ ❛ ❝♦✐♥❞✉❝t✐✈❡ t②♣❡ ✐s ✉s✉❛❧❧② ✐❞❡♥t✐☞❡❞ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❜✐s✐♠✉✲

❧❛t✐♦♥✳ ❙✐♥❝❡ ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t❤✐s ❡q✉❛❧✐t②✱ ✇❡ s❦✐♣ t❤❡ ❛❝t✉❛❧ ❞❡☞♥✐t✐♦♥✳6

1.1.4 Predicates

❚❤❡ ❈✉rr②✲❍♦✇❛r❞ ✐s♦♠♦r♣❤✐s♠s s❤♦✇s t❤❛t t②♣❡ t❤❡♦r② ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ❧♦❣✐❝❛❧

❢r❛♠❡✇♦r❦✳ ❖♥❡ ❝❛♥ ❛❞❞ ❭s✐♠♣❧❡✧ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts ❧✐❦❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ❢✉♥❝✲

t✐♦♥s✱ ❡t❝✳ ❲❤❛t ❛❜♦✉t ♥♦t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ❞❛t❛t②♣❡s ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡❄ ❖♥❡ s✉❝❤

❡①❛♠♣❧❡ ✐s t❤❡ ♥♦t✐♦♥ ♦❢ s✉❜s❡t✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ r❡♣r❡s❡♥t ❭s✉❜s❡ts✧ ✐♥ ▼❛rt✐♥✲

▲⑧♦❢ t②♣❡ t❤❡♦r②✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ t♦♦❧❜♦① ❛❧❧♦✇✐♥❣ ♦♥❡ t♦ ♠❛♥✐♣✉❧❛t❡

s✉❜s❡ts ❛❧♠♦st tr❛♥s♣❛r❡♥t❧② ✇✐t❤♦✉t ❧❡❛✈✐♥❣ t❤❡ ❢r❛♠❡✇♦r❦ ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞✳ ❘❡❢❡r

t♦ ❬✽✵❪ ❢♦r t❤❡ ❞❡t❛✐❧s✳

❙❡t t❤❡♦r② ✉s✉❛❧❧② ✐❞❡♥t✐☞❡s ❛ s✉❜s❡t ✇✐t❤ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❲❡ ❞♦

t❤❡ s❛♠❡ ❤❡r❡✱ t❤♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❭❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✧ ✐s ❞✐☛❡r❡♥t✳ ■♥st❡❛❞ ♦❢

t❛❦✐♥❣ ✐ts ✈❛❧✉❡s ✐♥ {❚r✉❡,❋❛❧s❡}✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ✇✐❧❧ t❛❦❡ ✐ts ✈❛❧✉❡s ✐♥

t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥✿ ✐❢ U ⊆ S ❛♥❞ cU ✐s ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✱

� ❝❧❛ss✐❝❛❧✿ ❭cU(s)✧ ✐s t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ ❭s ǫ U❀

� ❝♦♥str✉❝t✐✈❡✿ ❭cU(s)✧ ✐s t❤❡ ♣r♦♣♦s✐t✐♦♥ ❭s ǫ U✧✳

▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ✐❞❡♥t✐☞❡s ❛ ♣r♦♣♦s✐t✐♦♥ ✇✐t❤ t❤❡ s❡t ♦❢ ✐ts ♣r♦♦❢s✿

� ▼❛rt✐♥✲▲⑧♦❢✿ ❭cU(s)✧ ✐s t❤❡ s❡t ✭♦❢ ♣r♦♦❢s t❤❛t✮ ❭s ǫ U✧✳

❚❤✉s✱ ✇❡ ❞❡☞♥❡✿

⊲ Definition 1.1.1: ❢♦r ❛♥② s❡t S✱ ❞❡☞♥❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡s ♦♥ S ❛s✿

P(S) , S→ Set ✳

❙✐♠✐❧❛r❧②✱ ✐❢ ❙ ✐s ❛ ♣r♦♣❡r t②♣❡✱ ❞❡☞♥❡ P(❙) , ❙→ Set✳

❲❡ ✇r✐t❡ t❤❡ ♣r❡❞✐❝❛t❡ ϕ ✿ P(S) ♠♦r❡ s❡❞✉❝t✐✈❡❧② ❛s {sǫS | ϕ(s)}✳

❚❤✐s ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❝♦♠♣r❡❤❡♥s✐♦♥ ❛①✐♦♠ s❝❤❡♠❡ ♦❢ ❩❋ s❡t t❤❡♦r②7 ✇❤✐❝❤

❣✉❛r❛♥t❡❡s t❤❛t s✉❝❤ ❛ {s ǫ S | ϕ(s)} ❞♦❡s ✐♥❞❡❡❞ ❢♦r♠ ❛ s❡t✳

# ❘❡♠❛r❦ ✹✿ ✐t ✐s t❡♠♣t✐♥❣ t♦ ❞❡☞♥❡ s✉❜s❡ts ♦❢ S ❛s S → {❚r✉❡,❋❛❧s❡}✱
❜✉t t❤✐s ✇♦✉❧❞ r❡str✐❝t t♦ ❝♦♠♣✉t❛❜❧❡ s✉❜s❡ts✿ ✇❡ ✇♦✉❧❞ t❤❡♥ ♥❡❡❞ t♦ ❞❡❛❧
✇✐t❤ ❭❛❧❣♦r✐t❤♠s✧ r❛t❤❡r t❤❛♥ ❢♦r♠✉❧❛s✳ ❆s ❛ ♥❛✐✈❡ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r
t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ s✉❜s❡t ♦❢ ❡✈❡♥ ♥❛t✉r❛❧ ♥✉♠❜❡rs✿

✲ E(n) , (∃k)n = 2k❀

✲ E(n) , case n ♦❢ 0 ⇒ ❚r✉❡
1 ⇒ ❋❛❧s❡
m+2 ⇒ E(m) ✳

❚❤❡ ☞rst ❞❡☞♥✐t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❜❡tt❡r ❛s ❢❛r ❛s ♠❛t❤❡♠❛t✐❝s ✐s ❝♦♥❝❡r♥❡❞✳

6 ✿ ❯s✐♥❣ t❤❡ ❜✐s✐♠✉❧❛t✐♦♥ ✐♥t✉✐t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡♥❝♦❞❡ ❝♦✐♥❞✉❝t✐✈❡ t②♣❡s ✇✐t❤✐♥ ♣r❡❞✐❝❛t✐✈❡
t❤❡♦r② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ✭s❡❡ ❬✺✾❪✮✱ ♦r str♦♥❣ ❢♦r♠s ♦❢ ✐♥t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t②
✭s❡❡ ❬✻✹❪✮✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ✐s t❤✉s ♣❡rt✐♥❡♥t ♦♥❧② ✇❤❡♥ r❡str✐❝t✐♥❣ t❤❡ ✉s❡ ♦❢
❡q✉❛❧✐t②✳✳✳

7 ✿ ∀x∃y (∀zzǫy⇔ (z ǫ x∧ ϕ(z))✱ ❢♦r ❛♥② ♣r♦♣♦s✐t✐♦♥ ϕ ✇✐t❤ ❛t ♠♦st ♦♥❡ ❢r❡❡ ✈❛r✐❛❜❧❡



✷✵ ✶ Pr❡❧✐♠✐♥❛r✐❡s

❚❤❡ t②♣❡ P(S) ✐s ✈❡r② ✇❡❧❧✲❜❡❤❛✈❡❞ ❛♥❞ ❛❧❧ t❤❡ ✉s✉❛❧ ✭s✐♠♣❧❡✮ ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡

❞❡☞♥❡❞ ✐♥ ❛ s②st❡♠❛t✐❝ ✇❛②✿

⊲ Definition 1.1.2: ❧❡t S ❜❡ ❛ s❡t✱ ❛♥❞ ❧❡t X✱ Y ❜❡ ♣r❡❞✐❝❛t❡s ♦♥ S❀ ❞❡☞♥❡✿

� s ε X ✐s ❛ s②♥♦♥②♠ ❢♦r X(s)❀

� X ⊆ Y ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r (ΠsǫS)X(s) → Y(s)✱ ♦r ✉s✐♥❣ t❤❡ ❧♦❣✐❝❛❧

♥♦t❛t✐♦♥✿ (∀sǫS) s ε X⇒ s ε Y❀

� X ≬ Y ✭r❡❛❞ ❭X ♦✈❡r❧❛♣s Y✧✮ ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r (ΣsǫS)X(s) × Y(s)✱

♦r ✉s✐♥❣ t❤❡ ❧♦❣✐❝❛❧ ♥♦t❛t✐♦♥✿ (∃sǫS) s ε X ∧ s ε Y❀

� ∅S ✿ P(S) , (λsǫS).∅ ✐✳❡✳ ♥♦ ❡❧❡♠❡♥t s ǫ S ❜❡❧♦♥❣s t♦ ∅S❀

� ❋✉❧❧S ✿ P(S) , (λsǫS).{∗} ✐✳❡✳ ❛♥② s ǫ S ❜❡❧♦♥❣s t♦ ❋✉❧❧S❀

� X ∪ Y , {sǫS | s ε X ∨ s ε Y}❀
� X ∩ Y , {sǫS | s ε X ∧ s ε Y}✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡☞♥❡ ✐♥❞❡①❡❞ ❡①tr❡♠❛✿ ✐❢ I ✿ Set ❛♥❞ ✐❢ Xi ✿ P(S) ❢♦r ❛❧❧ i ǫ I✱

�
⋂
iǫI Xi , {sǫS | (∀iǫI) s ε Xi}❀

�
⋃
iǫI Xi , {sǫS | (∃iǫI) s ε Xi}✳

❚❤❡ ♦♥❧② ♣♦✐♥t ❞❡s❡r✈✐♥❣ s♦♠❡ ❝♦♠♠❡♥t ✐s t❤❡ ♥❡✇ ❭≬✧ s②♠❜♦❧✳ ■t ❛❝ts ❛s ❛ ♣♦s✐t✐✈❡

❞✉❛❧ t♦ ✐♥❝❧✉s✐♦♥✿ ❥✉st ❧✐❦❡ ❭⊆✧ ❤✐❞❡s ❛ ✉♥✐✈❡rs❛❧ q✉❛♥t✐☞❡r✱ s♦ ❞♦❡s ❭≬✧ ❤✐❞❡ ❛♥

❡①✐st❡♥t✐❛❧ q✉❛♥t✐☞❡r✳ ❉❡s♣✐t❡ ✐ts s✐♠♣❧✐❝✐t②✱ ✐t s❡❡♠s t❤❛t ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥ ✇❛s t❤❡

☞rst t♦ str❡ss ✐ts ✐♠♣♦rt❛♥❝❡ ✐♥ ❝♦♥str✉❝t✐✈❡ ❢r❛♠❡✇♦r❦s ✭❬✽✵❪❄✮✳

❚❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ❤♦❧❞s ❛❧♠♦st tr✐✈✐❛❧❧②✿

◦ Lemma 1.1.3: ❢♦r ❛♥② t②♣❡ S✱ t❤❡ ♣r♦♣❡r t②♣❡ P(S) ✇✐t❤ ⊆✱ ∅S✱ ❋✉❧❧S✱⋃
❛♥❞

⋂
✐s ❛ ❝♦♠♣❧❡t❡8 ❍❡②t✐♥❣ ❛❧❣❡❜r❛✳

# ❘❡♠❛r❦ ✺✿ tr❛❞✐t✐♦♥❛❧❧②✱ ❛ ❝♦♠♣❧❡t❡ ❍❡②t✐♥❣ ❛❧❣❡❜r❛ ❍ ✐s ❛ ❝♦♠♣❧❡t❡
❧❛tt✐❝❡ s✳t✳ ❢♦r ❛♥② a✱ t❤❡ ♦♣❡r❛t✐♦♥ a ∧ ❤❛s ❛ r✐❣❤t ❛❞❥♦✐♥t a ⇒ ✳
■♠♣r❡❞✐❝❛t✐✈❡❧②✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣ t❤❛t ❍ ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡
s❛t✐s❢②✐♥❣ t❤❡ ❭✐♥☞♥✐t❡ ❞✐str✐❜✉t✐✈✐t② ❧❛✇✧✿ a∧

W

i bi =
W

i(a∧bi)✳ ■♥ ♦✉r
❝♦♥t❡①t✱ ✇❡ ❝❛♥♥♦t ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡✱ ❜✉t P(S) ✐s ❛ ❍❡②t✐♥❣ ❛❧❣❡❜r❛
❛❝❝♦r❞✐♥❣ t♦ ❜♦t❤ ❞❡☞♥✐t✐♦♥s✿ ♣✉t U⇒ V , λs.U(s) → V(s)✳

◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ t②♣♦❣r❛♣❤✐❝ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ♦❢ ❛ s❡t ✭❭s ǫ S✧✮ ❛♥❞

❡❧❡♠❡♥ts ♦❢ ❛ ♣r❡❞✐❝❛t❡ ✭❭s ε X✧✮✳ ❚❤♦s❡ t✇♦ ❛ss❡rt✐♦♥s ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡❧② ❞✐☛❡r❡♥t

♥❛t✉r❡✿ t❤❡ ☞rst ♦♥❡ ✐s ❛ ❥✉❞❣♠❡♥t ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ s❡t✳

1.1.5 Relations

❘❡❧❛t✐♦♥s ❛r❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ♣r❡❞✐❝❛t❡s✿ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ R ❜❡t✇❡❡♥ S1 ❛♥❞ S2 ✐s

❛ ♣r❡❞✐❝❛t❡ ♦♥ t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t S1 × S2✳ ❲❡ ✇r✐t❡ Rel(S1, S2) ❛s ❛ s②♥♦♥②♠

❢♦r P(S1× S2)✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✉s✐♥❣ ❭❝✉rr②☞❝❛t✐♦♥✧✱ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ S1 ❛♥❞ S2 ✐s ❛

❢✉♥❝t✐♦♥ ❢r♦♠ S1 t♦ ♣r❡❞✐❝❛t❡s ♦❢ S2✿

(S1 × S2)→ Set ≃ S1 → (S2 → Set) ≃ S1 → P(S2) ✳

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ R ✐s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ S1 ❛♥❞ S2✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ st❛t❡

t❤❛t s1 ǫ S1 ❛♥❞ s2 ǫ S2 ❛r❡ r❡❧❛t❡❞ t❤r♦✉❣❤ R✿

8 ✿ ✇❤❡r❡ ❜② ❭❝♦♠♣❧❡t❡✧✱ ✇❡ ♠❡❛♥s t❤❛t ❛❧❧ s❡t✲✐♥❞❡①❡❞ s✉♣r❡♠❛ ❡①✐st✳ ❙❡❡ s❡❝t✐♦♥ ✹✳✶ ❢♦r ♠♦r❡
❞❡t❛✐❧s✳



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✷✶

� (s1, s2) ε R❀

� s2 ε R(s1)❀

� R(s1, s2)✳

❲❡ ✇✐❧❧ ✉s✉❛❧❧② ♣r❡❢❡r t❤❡ ☞rst ♥♦t❛t✐♦♥✳

❚❤❡ str✉❝t✉r❡ ♦❢ ♣r❡❞✐❝❛t❡s ❧✐❢ts t♦ r❡❧❛t✐♦♥s✿ r❡❧❛t✐♦♥s ❛r❡ ♦r❞❡r❡❞ ❜② ✭♣♦✐♥t✲

✇✐s❡✮ ✐♥❝❧✉s✐♦♥ ❛♥❞ t❤❡② ❤❛✈❡ ❛ str✉❝t✉r❡ ♦❢ ❝♦♠♣❧❡t❡ ❍❡②t✐♥❣ ❛❧❣❡❜r❛✳ ❲❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♦♣❡r❛t✐♦♥s✿

� ❝♦♥✈❡rs❡❀
� ❝♦♠♣♦s✐t✐♦♥❀

� tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✳

❚❤♦s❡ ❞♦ ♥♦t ❞✐☛❡r ❢r♦♠ t❤❡ tr❛❞✐t✐♦♥❛❧ ❞❡☞♥✐t✐♦♥s✿

✶✮ ❝♦♥✈❡rs❡✿ ✐❢ R ✿ Rel(S1, S2)✱ ❞❡☞♥❡ R
∼ ✿ Rel(S2, S1) ❛s✿

(s2, s1) ε R
∼ , (s1, s2) ε R ❀

✷✮ ❝♦♠♣♦s✐t✐♦♥✿ ❢♦r R ✿ Rel(S1, S2) ❛♥❞ R
′ ✿ Rel(S2, S3)✱ ❞❡☞♥❡ R

′ · R ✿ Rel(S1, S3) ❛s✿

(s1, s3) ε R
′ · R , (∃s2ǫS2) (s1, s2) ε R ∧ (s2, s3) ε R

′

= R(s1) ≬ R
′∼(s3) ❀

✸✮ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✿ ❢♦r R ✿ Rel(S, S)✱ ❞❡☞♥❡ R+ ✿ Rel(S, S) ❛s R ∪ R · R ∪ R · R · R . . .

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✉s✐♥❣ ❛♥ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥✿

(s, s′) ε R+ , (µX ✿ Set)

data ▲❡❛❢(r) ✇❤❡r❡ r ǫ R(s, s′)

❈♦♥s(si, r, r
′) ✇❤❡r❡ si ǫ S

r ǫ R(s, si)

r′ ǫ R+(si, s
′) ✳

❲❡ ❤❛✈❡✿

◦ Lemma 1.1.4:

� ❝♦♠♣♦s✐t✐♦♥ ✐s ❛ss♦❝✐❛t✐✈❡❀ ✐ts ♥❡✉tr❛❧ ❡❧❡♠❡♥t ✐s t❤❡ ❡q✉❛❧✐t②❀

� ❝♦♥✈❡rs❡ ✐s ✐♥✈♦❧✉t✐✈❡ ❛♥❞ (R · R′)∼ = R′∼ · R∼✳

■❢ ♦♥❡s ❞❡☞♥❡s t❤❡ r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ R∗ t♦ ❜❡ Eq ∪ R+✱ ✇❡

♦❜t❛✐♥ ❛ ❑❧❡❡♥❡ ❛❧❣❡❜r❛
(
Rel(S, S),∪, ·, ∗

)
✳

1.1.6 Families and Equality

§ ❚❤❡ Pr♦❜❧❡♠ ♦❢ ❊q✉❛❧✐t②✳ ❚❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ ♦♥ S✿ EqS , {(s, s
′) ǫ S× S | s = s′}

✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡ ✐♥ ♠❛t❤❡♠❛t✐❝s✳ ❍♦✇❡✈❡r✱ t❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ✐♥ ✭♣r❡❞✲

✐❝❛t✐✈❡✮ t②♣❡ t❤❡♦r② ✐s ♥♦t ❝❧❡❛r ❛t ❛❧❧✳ ❘❡❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❡q✉❛❧✐t② ✐s ❡①t❡♥s✐♦♥❛❧✿

✇❡ ✐♥❤❡r✐t ✐t ❢r♦♠ s❡t t❤❡♦r② ❛♥❞ ✐ts ❭❡①t❡♥s✐♦♥❛❧✐t② ❛①✐♦♠✧✳9 ❍♦✇❡✈❡r✱ t②♣❡ t❤❡♦r②

✇✐t❤ ❡①t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ❤❛s ✉♥❞❡❝✐❞❛❜❧❡ t②♣❡ ❝❤❡❝❦✐♥❣✦ ❖♥❡ s♦❧✉t✐♦♥ ✐s t♦ ♠❛❦❡

t❤❡ ♣r♦♦❢ ♦❜❥❡❝ts ❢♦r ❡q✉❛❧✐t② ❡①♣❧✐❝✐t✳ ❋♦r t❤✐s r❡❛s♦♥✱ ▼❛rt✐♥✲▲⑧♦❢✬s ❡❛r❧② t❤❡♦r✐❡s

9 ✿ ❭∀x∀y (∀z zǫx⇔ zǫy) ⇒ x = y✧



✷✷ ✶ Pr❡❧✐♠✐♥❛r✐❡s

❤❛❞ ❛ ♥♦t✐♦♥ ♦❢ ❭✐♥t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t②✧✳ ❚❤✐s ❡q✉❛❧✐t② ❛❧❧♦✇s t♦ ❦❡❡♣ t②♣❡ ❝❤❡❝❦✐♥❣

❞❡❝✐❞❛❜❧❡✱ ❜✉t t❤❡ ♥♦t✐♦♥ ✐s ❛t t❤❡ ❧❡❛st ❛✇❦✇❛r❞✦

❚❤❡ ✐❞❡❛ t♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛t✐♦♥ r✉❧❡✿

�
S ✿ Set s ǫ S s′ ǫ S

Id(S, s, s′) ✿ Set

✇❤❡r❡ ❭s =S s
′✧ ✐s ❛ s②♥♦♥②♠ ❢♦r t❤❡ s❡t Id(S, s, s′)

� ✇✐t❤ ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡✿
S ✿ Set s ǫ S

r❡✌(s) ǫ Id(S, s, s)
✳

❲❡ r❡❢❡r t♦ ❬✻✽❪✱ ❬✺✵❪ ♦r ❬✹✽❪ ❢♦r t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r✉❧❡s✳

❖♥❡ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠ ✇✐t❤ ✐♥t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ❝♦♠❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

st❛t❡♠❡♥t✱ ❝❛❧❧❡❞ ❭✉♥✐q✉❡♥❡ss ♦❢ ✐❞❡♥t✐t② ♣r♦♦❢s✧✿

UIPA✿ (∀a1, a2 ǫ A)
(
∀p1, p2 ǫ IdA(a1, a2)

)
IdIdA(a1,a2)(p1, p2) ✳

❚❤✐s ♣r✐♥❝✐♣❧❡ ❛ss❡rts t❤❛t t✇♦ ♣r♦♦❢s t❤❛t a1 =A a2 ♠✉st ❜❡ ❡q✉❛❧✳ ❚❤✐s ✐s ❞❡r✐✈❛❜❧❡

✐♥ ❛ t②♣❡ t❤❡♦r② ❡♥r✐❝❤❡❞ ✇✐t❤ ❭♣❛tt❡r♥ ♠❛t❝❤✐♥❣✧ ❜✉t ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦r❡ t②♣❡

t❤❡♦r②✱ s❡❡ ❬✺✵❪✳

■♥ ♣r❛❝t✐❝❡✱ ♠❛♥② ✉s✉❛❧ ❞❛t❛t②♣❡s ❤❛✈❡ ❛♥ ✐♠♣❧✐❝✐t ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ✇❤✐❝❤ ✐s

❞❡☞♥❛❜❧❡ ✐❢ ♥❡❡❞s ❜❡✳ ❚❤✐s s✉❣❣❡st t❤❛t ♦♥❡ ❝♦✉❧❞ r❡❥❡❝t t❤❡ ❡q✉❛❧✐t② t②♣❡ ❛♥❞ ❞❡☞♥❡ ✐t

✇❤❡♥ ♥❡❝❡ss❛r②✳ ❍♦✇❡✈❡r✱ ✇❤❛t ♣r♦♣❡rt✐❡s s❤♦✉❧❞ ❛♥ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ s❛t✐s❢②❄ ❚❤❡r❡

❛r❡ t✇♦ ♠❛✐♥ ♣♦ss✐❜✐❧✐t✐❡s✿

� ✐t s❤♦✉❧❞ ❜❡ r❡✌❡①✐✈❡ ❛♥❞ s✉❜st✐t✉t✐✈❡✿ ✐❢ s = s′ ❛♥❞ P(s) t❤❡♥ P(s′)✱ ✐✳❡✳ t❤❡

❢♦❧❧♦✇✐♥❣ t②♣❡ ✐s ✐♥❤❛❜✐t❡❞✿ (∀s, s′) Id(s, s′)→ P(s)→ P(s′) ❢♦r ❛♥② P ✿ S→ Set✳

❚❤✐s ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❞❛t♦✐❞✿ s❡t ✇✐t❤ ❛ r❡✌❡①✐✈❡ ✴ s✉❜st✐t✉t✐✈❡ r❡❧❛t✐♦♥✳

� ✐t s❤♦✉❧❞ ❜❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✿ s❡ts ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥

❛r❡ ❝❛❧❧❡❞ s❡t♦✐❞s✳10 ❚❤✐s ❛❧❧♦✇s t♦ ❞❡☞♥❡ q✉♦t✐❡♥t s❡t♦✐❞s ❜✉t t❤❡ ♣r♦♦❢s ❜❡❝♦♠❡

✈❡r② ✈❡r❜♦s❡✿ ❛❧❧ t❤❡ ♦♣❡r❛t✐♦♥ ❞❡☞♥❡❞ ♦♥ ❛ s❡t♦✐❞ ♠✉st ❜❡ ❡①t❡♥s✐♦♥❛❧✱ t❤❛t ✐s✱

r❡s♣❡❝t t❤❡ ✐♥t❡r♥❛❧ ❡q✉✐✈❛❧❡♥❝❡✳

❚❤❡ ❡①tr❡♠❡ ♣♦s✐t✐♦♥ ✐s ♥♦t ✉s✐♥❣ ❡q✉❛❧✐t②✦ ❲❤✐❧❡ t❤✐s ♦❜❥❡❝t✐✈❡ ✐s ✐♥❢❡❛s✐❜❧❡ ✐♥ t❤❡

❧♦♥❣ r✉♥✱ ✐t ❛❧❧♦✇s t♦ ♥♦t✐❝❡ ❞❡t❛✐❧s t❤❛t ❛r❡ ♦t❤❡r✇✐s❡ ✐♥✈✐s✐❜❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡

❤❛♥❞✐❝❛♣ ✇❤❡♥ r❡❥❡❝t✐♥❣ ✐❞❡♥t✐t② ✐s t❤❛t ✇❡ ❝❛♥♥♦t t❛❧❦ ❛❜♦✉t s✐♥❣❧❡t♦♥ s✉❜s❡ts ❛♥②

♠♦r❡✿ ✐❢ s ǫ S✱ ✇❡ ❝❛♥♥♦t ❢♦r♠ t❤❡ ♣r❡❞✐❝❛t❡ {s} ❛s ✐t ✐s ❞❡☞♥❡❞ ❛s {s′ǫS | s′ =S s}✦

❚❤❡ ❛♣♣r♦❛❝❤ t❛❦❡♥ ❤❡r❡ ✐s ♠✐①❡❞✿ ✐♥ P❛rt ■✱ ✇❡ ✇✐❧❧ tr② t♦ ❛✈♦✐❞ ❡q✉❛❧✐t②

❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❛♥❞ ♠❛❦❡ ✐ts ✉s❡ ❡①♣❧✐❝✐t ✇❤❡♥ ♥❡❝❡ss❛r②✳ ❲❤❡♥ ♥❡❡❞❡❞✱ ✇❡

✐♥❢♦r♠❛❧❧② ✉s❡ ❛♥ ❡①t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ❜✉t ✐t s❡❡♠s t❤❛t ❡✈❡r②t❤✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡

✐♥ ✐♥t❡♥t✐♦♥❛❧ t②♣❡ t❤❡♦r②✳ ❙✐♥❝❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ❧✐✈❡s ✐♥ ❝❧❛ss✐❝❛❧

♠❛t❤❡♠❛t✐❝s✱ ✇❡ ✇✐❧❧ ❢♦r❣❡t ❛❜♦✉t t❤✐s ❛❢t❡r ♣❛❣❡ ✶✶✵✳

# ❘❡♠❛r❦ ✻✿ ✐♥ ✐♠♣r❡❞✐❝❛t✐✈❡ t②♣❡ t❤❡♦r②✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡q✉❛❧✐t② ✐s ♥♦t
s♦ ♣r♦❜❧❡♠❛t✐❝✳ ❯s✐♥❣ ✐♠♣r❡❞✐❝❛t✐✈❡ q✉❛♥t✐☞❝❛t✐♦♥ ♦♥❡ ❝❛♥ ❞❡☞♥❡ t❤❡
s♦✲❝❛❧❧❡❞ ❭▲❡✐❜♥✐③✧ ❡q✉❛❧✐t②

x =X y , (∀P ✿ X→ Set) P(x) ⇒ P(y) ✳

10 ✿ ❚❤♦s❡ ❛❧s♦ ❝♦rr❡s♣♦♥❞ t♦ ❇✐s❤♦♣✬s ♥♦t✐♦♥ ♦❢ s❡t✳



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✷✸

§ ❋❛♠✐❧✐❡s✳ ❊✈❡♥ ✐❢ ✇❡ r❡❢r❛✐♥ ❢r♦♠ ✉s✐♥❣ ❡q✉❛❧✐t②✱ ✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ ❞❡☞♥❡ t❤❡

❢❛♠✐❧② {(s, s) | s ǫ S}✱ ♦❜✈✐♦✉s❧② r❡♣r❡s❡♥t✐♥❣ ❡q✉❛❧✐t②✳ ❚❤✐s s✉❣❣❡st ❛♥ ❛❧t❡r♥❛t✐✈❡

✇❛② t♦ ❞❡☞♥❡ s✉❜s❡ts ♦❢ S✿

{f(i) | i ǫ I} ✇❤❡r❡ I ✿ Set

f ǫ I→ S

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛①✐♦♠ ♦❢ r❡♣❧❛❝❡♠❡♥t ❢r♦♠ ❩❋ s❡t t❤❡♦r②✳ ❲❡ ♣✉t✿

⊲ Definition 1.1.5: ❧❡t S ❜❡ ❛ s❡t✱ ❞❡☞♥❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❢❛♠✐❧✐❡s ♦✈❡r S ❛s✿

❋(S) , (ΣI✿Set) I→ S ✳

❙✐♠✐❧❛r❧②✱ ✐❢ ❙ ✐s ❛ ♣r♦♣❡r t②♣❡✱ ❞❡☞♥❡ ❋(❙) , (ΣI✿Set) I→ ❙✳ ❲❡ ✇r✐t❡ t❤❡

❢❛♠✐❧② (I, f) ❡✐t❤❡r ❛s {f(i) | iǫI} ♦r ❛s
(
f(i)
)
iǫI

✳

❏✉st ❧✐❦❡ ♣r❡❞✐❝❛t❡s✱ ❋(S) ✐s ❛❧✇❛②s ❛ ♣r♦♣❡r t②♣❡✳

❊q✉❛❧✐t② ♦❢ ❢❛♠✐❧✐❡s ✐s✱ ❢♦r ♦✉r ♣✉r♣♦s❡s✱ ❡q✉❛❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✉❜s❡ts✿

✇❡ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ❡❧❡♠❡♥ts✳

(I, f) ≈ (J, g) ⇔

{
(∃σ✿I→ J) f = g · σ

∧ (∃ρ✿J→ I)g = f · ρ ✳

✭❚❤✐s ♦❢ ❝♦✉rs❡ r❡q✉✐r❡s ❡q✉❛❧✐t② ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ s❡t✳✮

❆ s♦♠❡✇❤❛t ♠♦r❛❧ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❢❛♠✐❧✐❡s ❛♥❞ ♣r❡❞✐❝❛t❡s ✐s t❤❛t t❤❡ ❢♦r♠❡r ❛r❡

❭❝♦♥❝r❡t❡✧✿ t❤❡② ❣✐✈❡ ❛ ✇❛② t♦ ❣❡♥❡r❛t❡ t❤❡✐r ❡❧❡♠❡♥ts ✇❤✐❧❡ t❤❡ ❧❛tt❡r ❛r❡ ❭❛❜str❛❝t✧✿

t❤❡② ♦♥❧② ❣✐✈❡ ❛ ♣r♦♣❡rt② t♦ ❜❡ s❛t✐s☞❡❞✳ ■♥ st❛♥❞❛r❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣r❛❝t✐❝❡✱ t❤❡ t✇♦

♥♦t✐♦♥s ❝♦✐♥❝✐❞❡✿

� ❛ ♣r❡❞✐❝❛t❡ X = {s ǫ S | ϕ(s)} ✐s tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ ❢❛♠✐❧② {s | s ε X}❀

� ❝♦♥✈❡rs❡❧②✱ ❛ ❢❛♠✐❧② F = {f(i) | i ǫ I} ✐s t✉r♥❡❞ ✐♥t♦ {s ǫ S | (∃iǫI) s = f(i)}✳

❲r✐tt❡♥ ✐♥ t②♣❡ t❤❡♦r②✿

{s ǫ S | ϕ(s)} 7→ {π1(p) | p ǫ (ΣsǫS) ϕ(s)}

{f(i) | i ǫ I} 7→ {s ǫ S | (ΣiǫI) s =S f(i)} ✳

❙✐♥❝❡ t❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❢❛♠✐❧✐❡s t♦ s✉❜s❡t r❡q✉✐r❡s ❛ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ♦♥ S✱ t❤♦s❡

t✇♦ ♥♦t✐♦♥s ❜❡❝♦♠❡ ❞✐☛❡r❡♥t ✇❤❡♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ✐s q✉❡st✐♦♥❡❞✳ ▼♦r❡♦✈❡r✱

t❤✐s tr❛♥s❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣r❡❞✐❝❛t❡s ❛♥❞ ❢❛♠✐❧✐❡s ❞♦❡s♥✬t ✇♦r❦ ✐♥ ❡✐t❤❡r ❞✐r❡❝t✐♦♥ ✇❤❡♥

❝♦♥s✐❞❡r✐♥❣ ❭s✉❜s❡ts✧ ♦❢ ❛ ♣r♦♣❡r t②♣❡ ❆✿

� t♦ ❣♦ ❢r♦♠ ❛ ♣r❡❞✐❝❛t❡ t♦ ❛ ❢❛♠✐❧②✱ ✇❡ ♥❡❡❞ t♦ ✐♥❞❡① t❤❡ ❢❛♠✐❧② ❜② (ΣA✿❆)ϕ(A)✱

✇❤✐❝❤ ✐s ♥♦t ❛ s❡t❀

� t♦ ❣♦ ❢r♦♠ ❛ ❢❛♠✐❧② t♦ ❛ ♣r❡❞✐❝❛t❡✱ ✇❡ ♥❡❡❞ t♦ ❤❛✈❡ ❛ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t② ♦♥ ❆✱

✇❤✐❝❤ ✐s ✐♥ ❣❡♥❡r❛❧ ✐♠♣♦ss✐❜❧❡✳

❚❤❡ t✇♦ ♥♦t✐♦♥s ❛r❡ t❤✉s ❞❡☞♥✐t❡❧② ❞✐☛❡r❡♥t ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❭❜✐❣✧ t②♣❡s✳

❲❤❡♥ ❙ ✐s ❛ ♣r♦♣❡r t②♣❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❡q✉❛❧✐t②✱ ✐t ✐s s♦♠❡t✐♠❡s ♣♦ss✐❜❧❡

t♦ t✉r♥ ❛ ♣r❡❞✐❝❛t❡ {X | ϕ(X)} ♦❢ ❙ ✐♥t♦ ❛ ❢❛♠✐❧② (Yi)iǫI✿

{X | ϕ(X)} ≃ (Yi)iǫI , (∀X ✿ ❙)
(
ϕ(X)↔ (∃iǫI) X =❙ Yi

)
✳

✭s❡❡ ♦♥ ♣❛❣❡ ✷✼ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤✐s t②♣❡ ♦❢ q✉❛♥t✐☞❝❛t✐♦♥✮

❲❡ t❤❡♥ s❛② t❤❛t {X | ϕ(X)} ✐s ❛ s❡t✲✐♥❞❡①❡❞ ♣r❡❞✐❝❛t❡✳



✷✹ ✶ Pr❡❧✐♠✐♥❛r✐❡s

❆ t❡❝❤♥✐❝❛❧ ❞✐☛❡r❡♥❝❡ ✐s t❤❛t ❛s ❢✉♥❝t♦rs✱ t❤❡ ♦♣❡r❛t♦rs P( ) ❛♥❞ ❋( ) ❤❛✈❡

♦♣♣♦s✐t❡ ✈❛r✐❛♥❝❡✿

⊲ Definition 1.1.6: ❡①t❡♥❞ P( ) ❛♥❞ ❋( ) t♦ ❢✉♥❝t♦rs Set→ Type ♦r Type→ Type

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

(f ǫ X→ Y) 7→
(
Pf ✿ P(Y)→ P(X)

)
(
❋f ✿ ❋(X)→ ❋(Y)

)

✇✐t❤✿

Pf ✿ {yǫY | ϕ(y)} 7→
{
xǫX | ϕ

(
f(x)

)}

❋f ✿
(
g(i)

)
iǫI

7→
(
g · f(i)

)
iǫI

✳

❭P( )✧ ✐s t❤✉s ❝♦♥tr❛✈❛r✐❛♥t ✇❤✐❧❡ ❭❋( )✧ ✐s ❝♦✈❛r✐❛♥t✳

# ❘❡♠❛r❦ ✼✿ ❛ s❡❝♦♥❞ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ s✉❜s❡ts ❛♥❞ ❢❛♠✐❧✐❡s ❧✐❡s ✐♥ t❤❡
❢❛❝t t❤❛t ❢❛♠✐❧✐❡s ❛❧❧♦✇ t♦ t❛❧❦ ❛❜♦✉t ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ❡❧❡♠❡♥ts✿ s✐♥❝❡ ✇❡ ❞♦
♥♦t ❛s❦ t❤❡ ✐♥❞❡①✐♥❣ ❢✉♥❝t✐♦♥ t♦ ❜❡ ✐♥❥❡❝t✐✈❡ ✭t❤✐s ✇♦✉❧❞ r❡q✉✐r❡ ❡q✉❛❧✐t②✮✱
❡❧❡♠❡♥ts ♠❛② ❛♣♣❡❛r ♠❛♥② t✐♠❡s ✐♥ ❛ ❢❛♠✐❧②✳

❲✐t❤ ❡q✉❛❧✐t②✱ t❤❡ str✉❝t✉r❡ ♦❢ ❋(S) ✐s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ P(S)✿ ✇❡ ❤❛✈❡

❛ ✭❝♦♠♣❧❡t❡✮ ❍❡②t✐♥❣ ❛❧❣❡❜r❛ ✇❤♦s❡ ❛t♦♠s ❛r❡ ❣✐✈❡♥ ❜② s✐♥❣❧❡t♦♥s✳ ■❢ ✇❡ r❡♠♦✈❡

❡q✉❛❧✐t②✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ♠♦r❡ ❝♦❧♦r❢✉❧✿

� t❤❡ ❡♠♣t② ❢❛♠✐❧② ✐s ❞❡☞♥❡❞ ❛s t❤❡ ✉♥✐q✉❡ ❢❛♠✐❧② ✐♥❞❡①❡❞ ❜② t❤❡ ❡♠♣t② t②♣❡❀

� t❤❡ ❢✉❧❧ ❢❛♠✐❧② ❝❛♥ ♦♥❧② ❜❡ ❞❡☞♥❡❞ ♦♥ s❡ts✿ ❋✉❧❧S , {s | s ǫ S}❀
� t❤❡ ✉♥✐♦♥ ✐s ❞❡☞♥❡❞ ❛s {f(i) | i ǫ I}∪{g(j) | j ǫ J} , {case(k, f, g) | k ǫ I+ J}✳11

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥♥♦t s❛② t❤❛t ❛♥ ❡❧❡♠❡♥t ❜❡❧♦♥❣s t♦ ❛ ❢❛♠✐❧②✱ ❛s ✐t r❡q✉✐r❡s

❛♥ ❡q✉❛❧✐t②✿

s ❭ε✧
{
f(i) | iǫI

}
⇔ (∃iǫI) s = f(i) ✳

❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ♥❡✐t❤❡r ✐♥t❡rs❡❝t✐♦♥✱ ✐♥❝❧✉s✐♦♥ ♥♦r ♦✈❡r❧❛♣♣✐♥❣ ❝❛♥ ❜❡ ❞❡☞♥❡❞✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞❡☞♥❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❢❛♠✐❧② ✐♥ ❛ s✉❜s❡t ❛♥❞ ♦✈❡r❧❛♣♣✐♥❣ ❜❡t✇❡❡♥ ❛

❢❛♠✐❧② ❛♥❞ ❛ s✉❜s❡t✿

� {f(i) | iǫI} ⊆ {s | ϕ(s)} ✐☛ (∀iǫi)ϕ
(
f(i)
)
❀

� {f(i) | iǫI} ≬ {s | ϕ(s)} ✐☛ (∃iǫI) ϕ
(
f(i)
)
✳

❋✐♥❛❧❧②✱ t❤❡ s✐♥❣❧❡t♦♥ ❢❛♠✐❧② {s} ✐s tr✐✈✐❛❧❧② ❞❡☞♥❡❞ ❛s {s | iǫI} ❢♦r ❛♥② ♥♦♥ ❡♠♣t② I✳

1.1.7 Transition Systems

❊q✉✐♣♣❡❞ ✇✐t❤ t❤✐s ♥❡✇ ♥♦t✐♦♥ ♦❢ s✉❜s❡t✱ ✇❡ t❛❦❡ ❛ s❡❝♦♥❞ ❧♦♦❦ ❛t r❡❧❛t✐♦♥s✳ ❲❡ ❣❡t

t✇♦ ❞✐☛❡r❡♥t ♥♦t✐♦♥s✿

� ✐❢ ✇❡ t❛❦❡ R ✿ ❋(A× B)✱ ✇❡ ❣❡t t❤❡ ♥♦t✐♦♥ ♦❢ s♣❛♥✿ ❛ tr✐♣❧❡ (I, f, g) ✇✐t❤ I ✿ Set✱

f ǫ I→ A ❛♥❞ g ǫ I→ B❀

� ✐❢ ✇❡ t❛❦❡ R ✿ A → ❋(B)✱ ✇❡ ❣❡t ❛ ♥♦t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❛ tr❛♥s✐t✐♦♥ s②st❡♠✿ ❛

❢✉♥❝t✐♦♥ ❢r♦♠ A t♦ ❋(B)✳

❚❤♦s❡ t✇♦ ♥♦t✐♦♥s ❛r❡ ✐s♦♠♦r♣❤✐❝ ♦♥❧② ✇✐t❤ ❡q✉❛❧✐t②✳ ❊❛❝❤ ❤❛s s♦♠❡ ❛❞✈❛♥t❛❣❡s ❛♥❞

❞r❛✇❜❛❝❦s✿ ❢♦r ❡①❛♠♣❧❡✱ s♣❛♥s ❛r❡ ❭r❡✈❡rs✐❜❧❡✧ ✉s✐♥❣ ❛ ❝♦♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ✭❥✉st s✇❛♣✲

♣✐♥❣ t❤❡ t✇♦ ❭❧❡❣s✧✮ ❜✉t ❛r❡ ♥♦t ❝♦♠♣♦s❛❜❧❡ ✇❤✐❧❡ tr❛♥s✐t✐♦♥ s②st❡♠s ❛r❡ ❝♦♠♣♦s❛❜❧❡

11 ✿ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❢❛♠✐❧✐❡s✳



✶✳✶ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r② ✷✺

❜✉t ♥♦t r❡✈❡rs✐❜❧❡✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ s②st❡♠s✱ ❛s t❤❡② ❛r❡ ❛ s✐♠♣❧❡

✈❡rs✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ ❞❡☞♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❝❤❛♣t❡r ✷✳

▲❡t✬s ✉♥❢♦❧❞ t❤❡ ❞❡☞♥✐t✐♦♥✿ ✐❢ S1 ❛♥❞ S2 ❛r❡ s❡ts ❛♥❞ v ✿ S1 → ❋(S2)✱ ✇❡ ❤❛✈❡

t❤❛t v ♠❛♣s ❛♥② s1 ǫ S1 t♦✿

� ❛♥ ✐♥❞❡①✐♥❣ s❡t ✇❤✐❝❤ ✇❡ ❝❛❧❧ v.A(s1)❀

� t♦❣❡t❤❡r ✇✐t❤ ❛♥ ✐♥❞❡①✐♥❣ ❢✉♥❝t✐♦♥ v.ns1
ǫ v.A(s1)→ S2✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✇❡ ❤❛✈❡ ❛❜♦✉t s✉❝❤ ❛ str✉❝t✉r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

� S1 ❛♥❞ S2 ❛r❡ s❡ts ♦❢ st❛t❡s❀

� v.A(s1) ✐s t❤❡ s❡t ♦❢ ♦✉t❣♦✐♥❣ tr❛♥s✐t✐♦♥s ✭❧❛❜❡❧s✮ ❢r♦♠ st❛t❡ s1✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡

t❡r♠ ❭❛❝t✐♦♥s✧ t♦ ❞❡♥♦t❡ ❡❧❡♠❡♥ts ♦❢ v.A(s1)❀

� v.ns1
(a) ✐s t❤❡ st❛t❡ ✭✐♥ S2✮ r❡❛❝❤❡❞ ❛❢t❡r tr❛♥s✐t✐♦♥ a ❢r♦♠ s1✳ ❲❤❡♥ t❤❡ tr❛♥✲

s✐t✐♦♥ s②st❡♠ ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✇r✐t❡ ✐t s1[a]✳

❚❤✉s✱ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2 ✐s s♦♠❡ ❦✐♥❞ ♦❢ ❧❛❜❡❧❡❞ ❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡

❣r❛♣❤✱ ✇✐t❤ ❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ❣♦✐♥❣ ❢r♦♠ S1 t♦ S2✳ ❲❤❡♥ ✇❡ ✉s❡ t❤❡ s❛♠❡ s❡t ♦❢

st❛t❡s S ❛s t❤❡ ❞♦♠❛✐♥ ❛♥❞ t❤❡ ❝♦❞♦♠❛✐♥✱ ✇❡ ❣❡t s♦♠❡t❤✐♥❣ ✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦

t❤❡ ✉s✉❛❧ ♥♦t✐♦♥ ♦❢ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ s t♦ s[a] ✐s ✉s✉❛❧❧②

❞❡♥♦t❡❞ ❜② s
a
−→ s[a]✳

⊲ Definition 1.1.7: ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❢r♦♠ s❡t S1 t♦ s❡t S2 ✐s ❣✐✈❡♥ ❜②✿

� ❛ ❢✉♥❝t✐♦♥ A ✿ S1 → Set❀

� ❛♥❞ ❛ ❢✉♥❝t✐♦♥ n ǫ (sǫS1)→ A(s1)→ S2✳

❊q✉✐✈❛❧❡♥t❧②✱ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2 ✐s ❛ ❢✉♥❝t✐♦♥ v ✿ S1 → ❋(S2)✳

❆ tr❛♥s✐t✐♦♥ s②st❡♠ ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ✇❤❡♥ ✐ts ❞♦♠❛✐♥ ❛♥❞ ❝♦❞♦♠❛✐♥

❛r❡ t❤❡ s❛♠❡ s❡t✳

❚♦ ❛♥② tr❛♥s✐t✐♦♥ s②st❡♠ v✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ♠❡❛♥✐♥❣ t❤❛t s2
❛♥❞ s1 ❛r❡ r❡❧❛t❡❞ ✐☛ t❤❡r❡ ✐s ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ s1 t♦ s2✿

⊲ Definition 1.1.8: ❧❡t v = (A,n) ❜❡ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2✱ ❞❡☞♥❡ ❛

r❡❧❛t✐♦♥ v◦ ♦♥ S2 × S1 ❛s✿

(s2, s1) ε v
◦ ⇔

(
∃aǫA(s1)

)
s1[a] = s2 ✳

❚❤✐s ♦❜✈✐♦✉s❧② r❡q✉✐r❡s ❡q✉❛❧✐t② ♦♥ S2✳

§ ❖♣❡r❛t✐♦♥s ♦♥ ❚r❛♥s✐t✐♦♥ ❙②st❡♠s✳ ❲✐t❤♦✉t ❡q✉❛❧✐t②✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥

s②st❡♠s ❡♥❥♦②s ❞✐☛❡r❡♥t ♣r♦♣❡rt✐❡s t❤❛♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❧❛t✐♦♥s✳ ❚❤❡ t❤r❡❡ ♠❛✐♥

♣♦✐♥ts ❛r❡✿

� t❤❡r❡ ✐s ❛♥ ✐❞❡♥t✐t② skipS ✿ S→ ❋(S) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡q✉❛❧✐t②❀

� ✇❡ ❝❛♥ ❞❡☞♥❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ v ✿ S1 → ❋(S2) ❛♥❞ v′ ✿ S2 → ❋(S3)❀

� ✇❡ ❝❛♥ ❞❡☞♥❡ t❤❡ r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ v∗ ♦❢ v ✿ S→ ❋(S)✳

❚❤✉s✱ ❡✈❡♥ ✇✐t❤♦✉t ❡q✉❛❧✐t②✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ s②st❡♠s ✇✐❧❧ ❢♦r♠ ❛ ❝❛t❡❣♦r②✳

❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r r❡❛❧ r❡❧❛t✐♦♥s s✐♥❝❡ ✇❡ ♥❡❡❞ ❡q✉❛❧✐t② t♦ ❞❡☞♥❡ t❤❡ ✐❞❡♥t✐t✐❡s✳

❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s tr❛♥s✐t✐♦♥ s②st❡♠s ♦♥ ❛ s❡t ✇✐❧❧ ❢♦r♠ ❛ ❑❧❡❡♥❡

❛❧❣❡❜r❛ ✇❤✐❧❡ r❡❧❛t✐♦♥s ❞♦ ♥♦t ✭✇❡ ♥❡❡❞ ❡q✉❛❧✐t② t♦ ❞❡☞♥❡ t❤❡ r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡

❝❧♦s✉r❡✮✳

❚❤❡ ❝♦♥❝r❡t❡ ❞❡☞♥✐t✐♦♥s ❣♦ ❛s ❢♦❧❧♦✇✿
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✶✮ t❤❡ tr❛♥s✐t✐♦♥ s②st❡♠ skip ✿ S→ ❋(S)✿

skipS.A(s) , {∗}

skipS.n(s, ∗) , s ❀

✷✮ t❤❡ ❝♦♠♣♦s✐t✐♦♥ v ❀ v′ ♦❢ v = (A,n) ✿ S1 → ❋(S2) ❛♥❞ v
′ = (A′, n′) ✿ S2 → ❋(S3)✿

(v ❀ v′).A(s1) ,
(
ΣaǫA(s1)

)
A′
(
s1[a]

)

(v ❀ v′).n
(
s1, (a, a

′)
)
, (s1[a])[a′] ✳

❚❤✉s✱ ❛♥ ❛❝t✐♦♥ ✐♥ v ❀ v′ ✐s ❛ ♣❛✐r ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❛❝t✐♦♥s✿ t❤❡ ☞rst ♦♥❡ ✐♥ v

❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥ v′✳

✸✮ t❤❡ r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ v ✿ S→ ❋(S) ✐s ❞❡☞♥❡❞ ❛s v∗ = (A∗, n∗)✿

A∗ , (µX ✿ S→ Set) (λs ǫ S)

data ◆✐❧

❈♦♥s(a, a′) ✇❤❡r❡ a ǫ A(s)

a′ ǫ X(s[a])

❛♥❞

n∗(s,◆✐❧) , s

n∗
(
s, (a, a′)

)
, n∗(s[a], a′) ✳

❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ A∗ ✉s❡s ❛ s❝❤❡♠❛ ✇❤✐❝❤ ✐s s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ tr❛❞✐t✐♦♥❛❧

✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✿ ✇❡ ❞❡☞♥❡ ❛ ♣r❡❞✐❝❛t❡ ♦♥ S ✭❛ ❢✉♥❝t✐♦♥ ❢r♦♠ S t♦ Set✮ r❛t❤❡r

t❤❛♥ ❛ s❡t✳ ■♥ t❤❡ ❆❣❞❛ ❧❛♥❣✉❛❣❡✱ t❤✐s ❞❡☞♥✐t✐♦♥ ✇♦✉❧❞ ❜❡ s✐♠♣❧② ✇r✐tt❡♥ ❛s

Astar (s::S) :: Set

= data Nil

| Cons (a::A(s)) (a’::Astar(n(s,a)))

❛♥❞ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ n∗ ✇♦✉❧❞ ❜❡✿

nstar(s::S , a’::Astar(s)) :: S

= case a’ of

(Nil) -> s

(Cons a a’) -> nstar( n(s,a) , a’ )

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝♦♥✈❡rs❡ ♦❢ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ✐s ♥♦t ❞❡☞♥❛❜❧❡ ✇✐t❤♦✉t ❡q✉❛❧✲

✐t②✿ t❤✐s ♠❛❦❡s tr❛♥s✐t✐♦♥ s②st❡♠ ❛♥ ❛s②♠♠❡tr✐❝ str✉❝t✉r❡✱ ❛❞❡q✉❛t❡ t♦ ♠♦❞❡❧ ♥♦♥

r❡✈❡rs✐❜❧❡ ♣❤❡♥♦♠❡♥❛✳

1.2 Impredicativity

▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ✐s ❭♣r❡❞✐❝❛t✐✈❡✧✳ ❚❤✐s t❡r♠✐♥♦❧♦❣② ✇❤✐❝❤ ♦r✐❣✐♥❛t❡❞ ❢r♦♠

❘✉ss❡❧ ✇❛s s✉♣♣♦s❡❞ t♦ ♠❡❛♥ t❤❛t t❤❡r❡ ✇❡r❡ ♥♦ ❭✈✐❝✐♦✉s ❝✐r❝✉❧❛r✐t✐❡s✧✳ ❚❤❡ ♥♦✲

t✐♦♥ ✐s ❞✐✍❝✉❧t t♦ ❢♦r♠❛❧✐③❡✱ ❛♥❞ ❡♥❝♦♠♣❛ss❡s s❡✈❡r❛❧ ❝♦♥❝❡♣ts✳ ❇❡❧♦✇ ✐s ❛ t❡♥t❛t✐✈❡

❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❞ ♦❢ ♣r❡❞✐❝❛t✐✈✐t② ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞✳12

12 ✿ ❚❤❡r❡ ✐s ❛ s❡❝♦♥❞ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t✐✈✐t② r❡❧❛t❡❞ t♦ t❤❡ ♣r♦♦❢ t❤❡♦r❡t✐❝ str❡♥❣t❤ ♦❢ ❛ s②st❡♠✳ ❆
s②st❡♠ ✇❤♦s❡ str❡♥❣t❤ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♦r❞✐♥❛❧ Γ0 ✐s ❝❛❧❧❡❞ ❭✐♠♣r❡❞✐❝❛t✐✈❡✧ ✭s❡❡ ❬✸✹❪✮✳
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1.2.1 A Tentative Explanation of Predicativity

§ ❈♦♥str✉❝t✐✈❡ ❙❡t ❚❤❡♦r②✳ ❚❤❡ ♣❡r❢❡❝t ❡①❛♠♣❧❡ ♦❢ t❤❡♦r② ✇❤✐❝❤ ✐s ♣r❡❞✐❝❛t✐✈❡ ✐s

❝♦♥str✉❝t✐✈❡ s❡t t❤❡♦r② ✭❈❩❋✱ s❡❡ ❬✻❪✮ ✇❤✐❝❤ ♦r✐❣✐♥❛t❡❞ ❢r♦♠ t❤❡ ✇♦r❦ ♦❢ ❏♦❤♥ ▼②❤✐❧❧✳

❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ t❛❦❡ t❤❡ ❛①✐♦♠s ♦❢ ❩❋ s❡t t❤❡♦r② ❛♥❞✿

� ✇♦r❦ ✇✐t❤ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝❀

� r❡♠♦✈❡ t❤❡ ♣♦✇❡rs❡t ❛①✐♦♠✿ ❭∀x∃y∀z z ⊆ x↔ z ǫ y✧✳

❖♥❡ ♥❡❡❞s t♦ ♠♦❞✐❢② ♦t❤❡r ❛①✐♦♠s ✐♥ ♦r❞❡r t♦ ❣❡t ❛ s❡♥s✐❜❧❡ s②st❡♠✳ ❋♦r ❡①❛♠♣❧❡✱

❤❛✈✐♥❣ t❤❡ ❢✉❧❧ ❢♦✉♥❞❛t✐♦♥ ❛①✐♦♠ ❛❧❧♦✇s t♦ ❣❡t ❜♦t❤ t❤❡ ♣♦✇❡rs❡t ❛①✐♦♠ ❛♥❞ t❤❡

❡①❝❧✉❞❡❞ ♠✐❞❞❧❡✦

❚❤✐s ❣✐✈❡s ❛ ☞rst ❭❞❡☞♥✐t✐♦♥✧ ❢♦r ✐♠♣r❡❞✐❝❛t✐✈✐t②✿ ✐s ✐♠♣r❡❞✐❝❛t✐✈❡ ❛ ❞❡☞♥✐✲

t✐♦♥ ✇❤✐❝❤ ✉s❡s t❤❡ ♣♦✇❡rs❡t ❛①✐♦♠✳ ❊①❛♠♣❧❡s ♦❢ s✉❝❤ ❞❡☞♥✐t✐♦♥s ❛r❡ ❛♥② ❞❡☞♥✐t✐♦♥

✉s✐♥❣ q✉❛♥t✐☞❝❛t✐♦♥ ♦✈❡r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜s❡ts ♦❢ ❛ s❡t✳ ❍❡r❡ ✐s ❢♦r ❡①❛♠♣❧❡ ❛♥

✐♠♣r❡❞✐❝❛t✐✈❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ s❡t ♦❢ ✈❡❝t♦rs✿

t❤❡ ✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ s❡t V ♦❢ ✈❡❝t♦rs ✐s t❤❡ s♠❛❧❧❡st ✈❡❝t♦r

s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ V✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

〈V〉 ,
⋂
{W | W ✐s ❛ ✈❡❝t♦r s♣❛❝❡ , V ⊆W} ✳

❈♦♠♣❛r❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t✐✈❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❝♦♥❝❡♣t✿

t❤❡ ✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ❛ s❡t V ♦❢ ✈❡❝t♦rs ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❡❧❡♠❡♥ts ♦❢ V✳

❚❤❡ q✉❡st✐♦♥ ♦❢ ❭✇❤②✧ t❤❡ ♣♦✇❡rs❡t ❛①✐♦♠ s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞ ✐s ♠♦r❡ ❛ ♣❤✐❧♦s♦♣❤✐❝❛❧

q✉❡st✐♦♥ t❤❛♥ ❛ r❡❛❧ t❡❝❤♥✐❝❛❧ ♣r♦❜❧❡♠✳ ❆s P❡t❡r ❍❛♥❝♦❝❦ ♦♥❝❡ t♦❧❞ ♠❡✱

t♦ ♠❡✱ t❤❡ ♠❛✐♥ ❧❡ss♦♥ ♦❢ ❛❜♦✉t ✶✺✵ ②❡❛rs ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❧♦❣✐❝ ✐s

t❤❛t t❤❡ ✐❞❡❛ ♦❢ ❛ ♣♦✇❡rs❡t ✐s ✉♥❢❛t❤♦♠❛❜❧② ♠②st❡r✐♦✉s✳ ❲❡ ❝❛♥✬t

❡✈❡♥ s❛② ❛♥②t❤✐♥❣ r❡❛s♦♥❛❜❧❡ ❛❜♦✉t ✐ts ❝❛r❞✐♥❛❧✦ ✭❣❡♥❡r❛❧✐③❡❞ ❝♦♥✲

t✐♥✉✉♠ ❤②♣♦t❤❡s✐s✮✳ ❍♦✇ ♦♥ ❡❛rt❤ ❝❛♥ ♣❡♦♣❧❡ ❢❡❡❧ t❤❡② ❛r❡ ♦♥ s♦❧✐❞

❣r♦✉♥❞ ❤❡r❡❄❄

❖♥❡ ♣r♦❜❧❡♠ ✇❤❡♥ ✉s✐♥❣ s✉❝❤ ❛ s②st❡♠ ❛s ❛ ❢♦✉♥❞❛t✐♦♥ ❢♦r ♠❛t❤❡♠❛t✐❝s ✐s t❤❛t

✐ts ❧♦❣✐❝❛❧ str❡♥❣t❤ ✐s ✈❡r② ❧♦✇✿ ❈❩❋ ✐s ❜❡❧♦✇ s❡❝♦♥❞ ♦r❞❡r ❛r✐t❤♠❡t✐❝s✱ ✐✳❡✳ ❜❡❧♦✇

❛♥❛❧②s✐s✦ ❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ ❛♥② ♦t❤❡r ♣r❡❞✐❝❛t✐✈❡ s②st❡♠ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦

▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r②✳

§ P■✲✶ ◗✉❛♥t✐☞❝❛t✐♦♥✳ Pr❡❞✐❝❛t✐✈✐t② t❤✉s ❛♠♦✉♥ts t♦ r❡♠♦✈✐♥❣ q✉❛♥t✐☞❝❛t✐♦♥ ♦✈❡r

s✉❜s❡ts✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ❝❛s❡s ✇❤❡r❡ s✉❝❤ ❛ q✉❛♥t✐☞❝❛t✐♦♥ ❞♦❡s ♠❛❦❡ s❡♥s❡✱ ❡✈❡♥

✐♥ ❛ ♣r❡❞✐❝❛t✐✈❡ ❢r❛♠❡✇♦r❦✿ t❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ Π11 q✉❛♥t✐☞❝❛t✐♦♥✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s

⊢ (∀X✿Set)ϕ(X) ✐☛ X ✿ Set ⊢ ϕ(X) ✳

❚❤✉s✱ ✇❤✐❧❡ t❤❡ ❡①♣r❡ss✐♦♥ ❭(∀X✿Set)ϕ(X)✧ ✐s ♣r❡❞✐❝❛t✐✈❡❧② ♥♦t ❛ ♣r♦♣♦s✐t✐♦♥✱ t❤❡

❥✉❞❣♠❡♥t ❭X ✿ Set ⊢ ϕ(X)✧ st✐❧❧ ♠❛❦❡s s❡♥s❡✳ ❲❡ ✇✐❧❧ ❢r❡❡❧② ✉s❡ s✉❝❤ Π11 q✉❛♥t✐☞❝❛t✐♦♥✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥♥♦t ♥❡st s✉❝❤ q✉❛♥t✐☞❝❛t✐♦♥ ✇✐t❤ t❤❡ ♦t❤❡r ❝♦♥str✉❝t✐♦♥s✳ ■♥

♣❛rt✐❝✉❧❛r✱ s✉❝❤ ❛ ✉♥✐✈❡rs❛❧ q✉❛♥t✐☞❝❛t✐♦♥ s❤♦✉❧❞ ♥❡✈❡r ♦❝❝✉r ♥❡❣❛t✐✈❡❧② ✐♥ ❛ ❢♦r♠✉❧❛✳

❚❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ♦❢ ✇❤② Π11 ✐s ♣r❡❞✐❝❛t✐✈❡❧② ❛❝❝❡♣t❛❜❧❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✶❪✿ ✐t

✐s s❤♦✇♥ t❤❛t t❤❡ str❡♥❣t❤ ♦❢ Π11 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ str❡♥❣t❤ ♦❢ ✐t❡r❛t❡❞ ✐♥❞✉❝t✐✈❡

❞❡☞♥✐t✐♦♥s✳ ❆ r❡s✉❧t ✐♥s♣✐r❡❞ ❜② t❤✐s✱ ❜✉t ✐♥ ❛ s✐♠♣❧❡r ❝♦♥t❡①t✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪

✭s❡❡ ❛❧s♦ ❬✷✺❪✮✳



✷✽ ✶ Pr❡❧✐♠✐♥❛r✐❡s

§ ❚②♣❡ ❚❤❡♦r②✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t✐✈✐t② ❝❛♥ ❛❧s♦ ❣❡t ❛ ❭♣r❡❝✐s❡✧ ❞❡☞♥✐t✐♦♥ ✐♥ t❤❡

❢r❛♠❡✇♦r❦ ♦❢ t②♣❡ t❤❡♦r✐❡s✳ P✉r❡ t②♣❡ s②st❡♠s ✭❬✶✶❪✮ ❛r❡ t②♣❡ s②st❡♠s ❜❛s❡❞ ♦♥ t❤❡

♣✉r❡ λ✲❝❛❧❝✉❧✉s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠❛t✐♦♥ r✉❧❡s ❢♦r ❢✉♥❝t✐♦♥ t②♣❡✿

Γ ⊢ A ✿ s1 Γ, a ✿ A ⊢ B ✿ s2

Γ ⊢ (Πx✿A) B ✿ s3

✇❤❡r❡ (s1, s2, s3) ✐s ❛ tr✐♣❧❡ ♦❢ ❦✐♥❞s✳ ❆ s②st❡♠ ✐s ♣r❡❞✐❝❛t✐✈❡ ✐❢ ❢♦r ❛❧❧ s✉❝❤ r✉❧❡s✱ ✇❡

❤❛✈❡ s2 ✔ s3 ❛♥❞ s1 ✔ s3✳

❚❤❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ✐♠♣r❡❞✐❝❛t✐✈❡ s②st❡♠ ✐s ●✐r❛r❞ s②st❡♠✲F ✭❬✸✼❪✮ ♦r

❘❡②♥♦❧❞s ♣♦❧②♠♦r♣❤✐❝ λ✲❝❛❧❝✉❧✉s ✭❬✼✸❪✮✳ ■t ❤❛s ❛ s✐♥❣❧❡ r✉❧❡

Type ✿ ∗ α ✿ Type ⊢ τ ✿ Type

(Πα✿Type) τ ✿ Type

✇❤❡r❡ t❤❡ ♦r❞❡r ♦♥ ❦✐♥❞s ✐s ♦♥❧② Type < ∗✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ✈✐❡✇ ♦♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s t♦ s❛② t❤❛t ❛ s②st❡♠ ✐s ♣r❡❞✐❝❛t✐✈❡ ✐❢ ✐t

❤❛s ❛ ✇❡❧❧✲❢♦✉♥❞❡❞ ♥♦t✐♦♥ ♦❢ ❭s✉❜❢♦r♠✉❧❛✧✳ ■t ✐s s✐♠♣❧❡ t♦ ❞❡☞♥❡ s✉❜❢♦r♠✉❧❛s ❢♦r t❤❡

s✐♠♣❧② t②♣❡❞ λ✲❝❛❧❝✉❧✉s✱ ❜✉t t❤❡ ♥♦t✐♦♥ ✐s ♥♦t s♦ s✐♠♣❧❡ ❢♦r s②st❡♠✲F✳ ❚❤✐s ✐s ✇❤❛t

♠❛❞❡ t❤❡ ♣r♦♦❢ ♦❢ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥ s♦ ❞✐✍❝✉❧t ❛♥❞ r❡q✉✐r❡❞ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢

t❤❡ ♥♦t✐♦♥ ♦❢ ❭❝❛♥❞✐❞❛ts ❞❡ r✓❡❞✉❝✐❜✐❧✐t✓❡✧ ❜② ❏❡❛♥✲❨✈❡s ●✐r❛r❞✳

❚❤❡ ♣r♦❜❧❡♠ ✇✐t❤ s✉❝❤ ❛ ❞❡☞♥✐t✐♦♥ ✐s t❤❛t ✐t ✐s ❤✐❣❤❧② s②♥t❛❝t✐❝❛❧✿ t❤❡r❡ ✐s ♥♦

❣✉❛r❛♥t❡❡ ❛ ♣r✐♦r✐ t❤❛t ✇❡ ❝❛♥♥♦t ☞♥❞ ❛♥ ❡q✉✐✈❛❧❡♥t ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t②♣❡ s②st❡♠

s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛s ❢❛r ❛s s②st❡♠✲F ✐s ❝♦♥❝❡r♥❡❞✱ ✇❡ ❤❛✈❡ ❛

s❡♠❛♥t✐❝❛❧ ❝♦✉♥t❡r♣❛rt st❛t✐♥❣ t❤❛t s②st❡♠✲F ❤❛s ♥♦ ❭♥❛✐✈❡✧ ♠♦❞❡❧✿ ❬✼✹❪ s❤♦✇s t❤❛t

s②st❡♠✲F ❞♦❡s♥✬t ❤❛✈❡ ❛ s❡t t❤❡♦r❡t✐❝ ♠♦❞❡❧✳

# ❘❡♠❛r❦ ✽✿ t❤✐s ♣r♦❜❧❡♠ ✐s ❤♦✇❡✈❡r ❭❡❛s✐❧②✧ s♦❧✈❡❞ ❜② ✉s✐♥❣ s✉❜t❧❡r ♠♦❞✲
❡❧s ❤❛✈✐♥❣ ♥♦t✐♦♥s ♦❢ ❝♦♥t✐♥✉✐t② ♦r st❛❜✐❧✐t②✳ ❲❡ ✇✐❧❧ ✐♥ ❢❛❝t ❞❡✈❡❧♦♣ s✉❝❤
❛ ♠♦❞❡❧ ✭❢♦r s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝ ❛♥❞ t❤✉s ❢♦r s②st❡♠✲F ✐♥ ❝❤❛♣t❡r ✽✮
✇❤❡♥ t❤❡ q✉❡st✐♦♥ ♦❢ ♣r❡❞✐❝❛t✐✈✐t② ✇✐❧❧ ♥♦t ❜♦t❤❡r ✉s ❛♥②♠♦r❡✳✳✳

§ ❚❤❡ ❈❛s❡ ♦❢ ▼❛rt✐♥✲▲⑧♦❢ ❚②♣❡ ❚❤❡♦r②✳ ❚❤❡ t②♣❡ t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✶ ❝❛♥

❜❡ s❡❡♥ ❛s ❛ ♣r❡❞✐❝❛t✐✈❡ t❤❡♦r②✱ ❛s str♦♥❣ ❛s ✐t ❝❛♥ ❣❡t✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ ✭❬✻✵❪✮

t❤❛t t❤✐s t②♣❡ t❤❡♦r② ✭✇✐t❤ ✐♥t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t②✮ ❡♥r✐❝❤❡❞ ✇✐t❤ ❛ ♣♦✇❡rs❡t ❝♦♥str✉❝t♦r

❛❧❧♦✇s t♦ ❣❡t ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✳ ❙✐♥❝❡ ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ✇✐t❤ t❤❡ ❡①❝❧✉❞❡❞ ♠✐❞❞❧❡

✐s ❛s str♦♥❣ ❛s ❩❋❈ s❡t t❤❡♦r②✱ t❤✐s ✐s ✈❡r② ❜❛❞ ❢r♦♠ ❛ ❝♦♥str✉❝t✐✈❡ ♣♦✐♥t ♦❢ ✈✐❡✇✳✳✳

❍♦✇❡✈❡r✱ ❛s t❤✐s ✇♦r❦ ✇✐❧❧ s❤♦✇✱ ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r② ✐s st✐❧❧ ❛ ❞❡❝❡♥t ♠❛t❤❡♠❛t✐❝❛❧

❢r❛♠❡✇♦r❦✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t P❡t❡r ❆❝③❡❧ ❤❛s s❤♦✇♥ t❤❛t ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r②✱

❡♥r✐❝❤❡❞ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❭❣❡♥❡r❛❧✐③❡❞ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥✧ ✐s ❭❡q✉✐✈❛❧❡♥t✧ t♦ ❈❩❋✱

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❡①♣r❡ss✐✈✐t② ✭❬✺❪✮✳ ❲♦r❦✐♥❣ ✐♥ ♦♥❡ s②st❡♠ ♦r t❤❡

♦t❤❡r ✐s t❤✉s ❥✉st ❛ ♠❛tt❡r ♦❢ t❛st❡✳

§ ■♥❞✉❝t✐✈❡ ❉❡☞♥✐t✐♦♥s✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❭♣r❡❞✲

✐❝❛t✐✈❡✧ ❝♦✉♥t❡r♣❛rt t♦ t❤❡ ❑♥❛st❡r✲❚❛rs❦✐ t❤❡♦r❡♠✿



✶✳✷ ■♠♣r❡❞✐❝❛t✐✈✐t② ✷✾

❧❡t F ❜❡ ❛ ♠♦♥♦t♦♥✐❝ ♦♣❡r❛t♦r ♦♥ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✱ t❤❡♥ t❤❡ ❝♦❧❧❡❝✲

t✐♦♥ ♦❢ ☞①♣♦✐♥ts ♦❢ F ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ✇✐t❤ ❧❡❛st ❡❧❡♠❡♥t µF ❛♥❞

❣r❡❛t❡st ❡❧❡♠❡♥t νF✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿

µF =
∧
{V | F(V) ✔ V}

νF =
∨
{V | V ✔ F(V)} ✳

▲❡t✬s ❧♦♦❦ ❤♦✇ ✐t ❛♣♣❧✐❡s t♦ t❤❡ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❧✐sts ♦✈❡r A✿ t❤❡ ♦♣❡r❛t♦r ✐♥

q✉❡st✐♦♥ ✐s F ✿ Set→ Set ✇✐t❤ F(X) , {∗}+A×X✳ ❚❤❡ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ ✐♥tr♦❞✉❝❡s

❛♥ ❡❧❡♠❡♥t ▲✐st(A) ♦❢ Set s✉❝❤ t❤❛t✿

� ✇❡ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥ F
(
▲✐st(A)

)
→ ▲✐st(A)✱ ♥❛♠❡❧②✿

λx . case x ♦❢ ∗ ⇒ ◆✐❧

(a, l)⇒ ❈♦♥s(a, l) ✳

❚❤❛t ✐s✱ ▲✐st(A) ✐s ❛ ♣r❡✲☞①♣♦✐♥t❀

� t❤✐s ♣r❡✲☞①♣♦✐♥t ✐s s♠❛❧❧❡r t❤❛♥ ❛♥② ♦t❤❡r ♣r❡✲☞①♣♦✐♥t✿ ✐❢ g ǫ F(X)→ X✱ t❤❡♥ ✇❡

❤❛✈❡ ❛ ❢✉♥❝t✐♦♥ f ǫ ▲✐st(A)→ X✿

f(l) , case l ♦❢ ◆✐❧ ⇒ g(∗)

❈♦♥s(a, t)⇒ g
((
a, f(t)

))
✳

❚❤✉s✱ ▲✐st(A) ✐s ✐♥❞❡❡❞ ❛ ❧❡❛st ♣r❡✲☞①♣♦✐♥t✳ ❆ s✐♠✐❧❛r ❛♥❛❧②s✐s ♦❢ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐✲

t✐♦♥ ✐s ♣♦ss✐❜❧❡✳✳✳

# ❘❡♠❛r❦ ✾✿ t❤❡ t❡❝❤♥♦❧♦❣② ♦❢ ❝❛t❡❣♦r✐❡s ❛❧❧♦✇s t♦ ❜❡ ❛ ❧✐tt❧❡ ♠♦r❡ ♣r❡❝✐s❡✿
❛♥ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ ✐s ♥♦t ❥✉st ❛ ❧❡❛st ♣r❡✲☞①♣♦✐♥t✱ ❜✉t ✐t s❤♦✉❧❞ ❤❛✈❡
s♦♠❡ str✉❝t✉r❡✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② r❡q✉✐r✐♥❣ t❤❛t ❛♥ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥
✐s ❛♥ ✐♥✐t✐❛❧ ✭❂❧❡❛st✮ ❛❧❣❡❜r❛ ✭❂♣r❡✲☞①♣♦✐♥t✮ ♦❢ ❛ ❝♦✈❛r✐❛♥t ✭❂♠♦♥♦t♦♥✐❝✮
❢✉♥❝t♦r ✭❂♦♣❡r❛t♦r✮✳ ❉✉❛❧❧②✱ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ ❛r❡ t❡r♠✐♥❛❧ ❝♦❛❧❣❡✲
❜r❛s ❢♦r ❝♦✈❛r✐❛♥t ❢✉♥❝t♦rs✳

1.2.2 Impredicative Systems, Encodings

❖♥❡ ♦❢ t❤❡ ♥✐❝❡ ❢❡❛t✉r❡s ❛❜♦✉t ✐♠♣r❡❞✐❝❛t✐✈❡ s②st❡♠s ✐s t❤❡✐r ❡①♣r❡ss✐✈❡ ♣♦✇❡r✳ ■t ✐s

✇❡❧❧✲❦♥♦✇♥ t❤❛t s❡❝♦♥❞✲♦r❞❡r ✉♥✐✈❡rs❛❧ q✉❛♥t✐☞❝❛t✐♦♥ ❛♥❞ ✐♠♣❧✐❝❛t✐♦♥ ❛❧❧♦✇ t♦ ❞❡☞♥❡

❛❧❧ t❤❡ ✐♥t✉✐t✐♦♥✐st✐❝ ❝♦♥♥❡❝t✐✈❡s ✈✐❛ t❤❡ s♦✲❝❛❧❧❡❞ Pr❛✇✐t③ ❡♥❝♦❞✐♥❣✿

� ⊥ , (∀α) α❀

� F ∧G , (∀α) (F→ G→ α)→ α❀

� F ∨G , (∀α)
(
(F→ α)→ (G→ α)

)
→ α❀

� (∃β) F(β) , (∀α)
(
(∀β) (F(β)→ α)

)
→ α✳

❲❡ ❝❛♥ ✐♥ t❤❡ s❛♠❡ ✇❛② ❞❡☞♥❡ t❤❡ ♣r♦❞✉❝t ❭×✧ ❛♥❞ s✉♠ ❭+✧ ✐♥ s②st❡♠✲F✱ ♦r ✐♥

♦t❤❡r ✐♠♣r❡❞✐❝❛t✐✈❡ t②♣❡ t❤❡♦r✐❡s✳ ❲❤❛t ✐s ❡✈❡♥ ♠♦r❡ s✉r♣r✐s✐♥❣ ✐s t❤❡ ❢❛❝t t❤❛t ✇❡

❝❛♥ ❡♥❝♦❞❡ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✦ ▲❡t✬s ☞rst ❧♦♦❦ ❛t t❤❡ t②♣❡ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✿

N , (µX ✿ Set) data ③❡r♦

s✉❝❝(n ǫ X) ✳

■♥ s②st❡♠✲F✱ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡r ✐s ✭❭❈❤✉r❝❤ ♥✉♠❡r❛❧s✧✮✿

N , (∀α) α→ (α→ α)→ α ✳

❚❤❡ s❡❝♦♥❞ ❞❡☞♥✐t✐♦♥ ♠❛② ♥♦t ❜❡ ❛s ✐♥t✉✐t✐✈❡✱ ❜✉t ✐s s✉r❡❧② ✈❡r② ❡❧❡❣❛♥t✦



✸✵ ✶ Pr❡❧✐♠✐♥❛r✐❡s

❚❤❡ ❣❡♥❡r❛❧ r❡❝✐♣❡ t♦ tr❛♥s❧❛t❡ ❛♥ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ (µX) F ✐♥s✐❞❡ ❛♥ ✐♠♣r❡❞✲

✐❝❛t✐✈❡ t❤❡♦r② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ F ✐s ❛ ♠♦♥♦t♦♥✐❝ ❢✉♥❝t♦r ♦♥ X✱

(µX) F , (∀α)
(
F(α)→ α

)
→ α ✳

❚❤❡ ♣r♦❜❧❡♠ ❤♦✇❡✈❡r✱ ✐s t♦ s❡❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡❛♥✐♥❣ ♦❢ ♦t❤❡r ✐♠♣r❡❞✐❝❛t✐✈❡

q✉❛♥t✐☞❝❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❛t ✐s t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿

κ , (∀α)
(
(α→ α)→ α

)
→ α ❄

❚❤✐s ❝❡rt❛✐♥❧② ❞♦❡s♥✬t ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥ s✐♥❝❡ t❤❡ ❢✉♥❝t♦r F ✇♦✉❧❞

❜❡ F(X) = X→ X✱ ✇❤✐❝❤ ✐s ♥♦t ♠♦♥♦t♦♥✐❝✳

# ❘❡♠❛r❦ ✶✵✿ s✐♥❝❡ t❤❡ t②♣❡ κ ✐s Π1
1 ✱ ✇❡ ❤❛✈❡ ❛ s✐♠♣❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❡r♠s

✐♥❤❛❜✐t✐♥❣ ✐t✿ t❤❡② ❛r❡ ❦♥♦✇♥ ❛s ❭❑✐❡rst❡❛❞✧ λ✲t❡r♠s ❛♥❞ t❤❡✐r ♥♦r♠❛❧
❢♦r♠s ❛r❡✿

`

λF
´

F

„

(λx1ǫα) F
“

(λx2ǫα) F
`

(λx3ǫα) ... F(xi)...
´

”

«

✳

❙✐♠✐❧❛r❧②✱ ❜✉t ♥♦t ❛s ✇✐❞❡❧② ❦♥♦✇♥ ✐s t❤❡ ❢❛❝t t❤❛t ✇❡ ❝❛♥ ❡♥❝♦❞❡ ❝♦✐♥❞✉❝t✐✈❡

❞❡☞♥✐t✐♦♥s ✐♥ ❛ ❝♦♠♣❧❡t❡❧② ❞✉❛❧ ✇❛②✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ t②♣❡ ♦❢ str❡❛♠s ♦✈❡r ❛ s❡t A

✇♦✉❧❞ ❣✐✈❡✱ ✐♥ s②st❡♠✲F✿

❙tr❡❛♠(A) , (∃α) α× (α→ A× α) ✱

✇❤✐❝❤ ❣❡ts ❤♦♣❡❧❡ss❧② ✉♥r❡❛❞❛❜❧❡ ✐❢ ♦♥❡ ❡①♣❛♥❞s t❤❡ ❞❡☞♥✐t✐♦♥✳ ❏✉st ❢♦r ❢✉♥✱ ❤❛✈❡ ❛

❧♦♦❦ ❛t t❤❡ ✉♥❢♦❧❞❡❞ ❞❡☞♥✐t✐♦♥✿

(∀β)((∀α)(((∀γ)(α→ (α→ ((∀δ)(A→ α→ δ)→ δ))→ γ)→ γ)→ β))→ β ✳

❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✇❡ ♣✉t✿

νF , (∃α) α×
(
α→ F(α)

)
✳

1.3 Classical Logic

❊✈❡♥ ✐❢ ♣r❡❞✐❝❛t✐✈❡ t②♣❡ t❤❡♦r② ✇✐❧❧ ❜❡ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝❤♦✐❝❡ ❢♦r t❤❡ ☞rst ♣❛rt ♦❢

t❤✐s ✇♦r❦✱ ✐♠♣r❡❞✐❝❛t✐✈❡ s②st❡♠s ❧✐❦❡ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ❝♦♥str✉❝t✐♦♥ ❛r❡ st✐❧❧ ♣❡r❢❡❝t❧②

❭❝♦♥str✉❝t✐✈❡✧✳ ❍♦✇❡✈❡r✱ ❛❞❞✐♥❣ ♥❡✇ ♣r✐♥❝✐♣❧❡s ❡❛s✐❧② ❜r✐♥❣s t❤❡ ❢✉❧❧ ♣♦✇❡r ♦❢ ❝❧❛ss✐❝❛❧

❧♦❣✐❝✱ t❤✉s t❛❦✐♥❣ ✉s ❜❡②♦♥❞ ❛♥② ♦❜✈✐♦✉s ❝♦♥str✉❝t✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤❡ ♦♥❧② ♣❧❛❝❡

✇❤❡r❡ ✇❡ ✇✐❧❧ r❡❛❧❧② ♠❛❦❡ ✉s❡ ♦❢ s✉❝❤ ❛ ♣r✐♥❝✐♣❧❡ ✐♥ P❛rt ■ ✐s ✐♥ s❡❝t✐♦♥ ✸✳✺✳ ❚❤❡ t❤r❡❡

♠♦st ✉s✉❛❧ ✇❛②s ♦❢ ❣❡tt✐♥❣ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ❢r♦♠ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ❛r❡✿

� ❛❞❞ t❤❡ ❧❛✇ ♦❢ ❡①❝❧✉❞❡❞ ♠✐❞❞❧❡ A ∨ ¬A ❢♦r ❛❧❧ ❢♦r♠✉❧❛ A❀

� ❛❞❞ t❤❡ ❞♦✉❜❧❡ ♥❡❣❛t✐♦♥ ¬¬A→ A ❢♦r ❛❧❧ ❢♦r♠✉❧❛ A❀

� ❛❞❞ P✐❡r❝❡✬s ❧❛✇
(
(A→ B)→ A

)
→ A ❢♦r ❛❧❧ ❢♦r♠✉❧❛s A ❛♥❞ B✳

■t ✐s ❛ tr❛❞✐t✐♦♥❛❧ ❡①❡r❝✐s❡ t♦ s❤♦✇ t❤❛t t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝✳✳✳

❉✉❡ t♦ t❤❡ str✉❝t✉r❡ ♦❢ ♦✉r ♦❜❥❡❝ts✱ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐s ♠♦st ❛❞❡q✉❛t❡❧② ✐♥tr♦❞✉❝❡❞

✇✐t❤ ❛♥♦t❤❡r ♣r✐♥❝✐♣❧❡✿ t❤❡ ❝♦♥tr❛♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡✳ ■t ✇❛s ♥♦t❡❞ ❢r♦♠



✶✳✹ ◆♦t❛t✐♦♥s ❛♥❞ ❈♦♥✈❡♥t✐♦♥s ✸✶

t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣ ❜② P❡r ▼❛rt✐♥✲▲⑧♦❢ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♥ ♦❢

❝❤♦✐❝❡ ✐s ♣r♦✈❛❜❧❡ ✐♥ ❤✐s s②st❡♠✿13

AC✿ (∀xǫX)
(
∃yǫY(x)

)
ϕ(x, y)⇔

(
∃fǫ(xǫX)→ Y(x)

)
(∀xǫX) ϕ

(
x, f(x)

)
✳

❚❤❡ ❝❧❛ss✐❝❛❧ ❞✉❛❧ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ✐s t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ❞❡☞❡s

✭s♦ ✐t s❡❡♠s✮ ✐♥t✉✐t✐♦♥✿

CtrAC✿
(
∀fǫ(xǫX)→ Y(x)

)
(∃xǫX) ϕ

(
x, f(x)

)
⇔ (∃xǫX)

(
∀yǫY(x)

)
ϕ(x, y) ✳

❚❤❡ ❝♦♥tr❛♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ✐♠♣❧✐❡s P✐❡r❝❡✬s ❧❛✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿

t❛❦❡ t✇♦ s❡ts X ❛♥❞ Y✱ ❛♥❞ ❧❡t ϕ(x, y) ❜❡ t❤❡ s✐♥❣❧❡t♦♥ s❡t {∗}✳ ❲❡ ❝❛♥ s✐♠♣❧✐❢② ❛s

❢♦❧❧♦✇s✿

� (ΣxǫX)ϕ(x, y) s✐♠♣❧✐☞❡s ✐♥t♦ X❀

� (ΠfǫX→ Y)X s✐♠♣❧✐☞❡s ✐♥t♦ (X→ Y)→ X❀

� ❛♥❞ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡✱ (ΣxǫX)(Πy ǫ Y) ϕ(x, y) s✐♠♣❧✐☞❡s ✐♥t♦ X✳

■♥ t❤❡ ❡♥❞✱ CtrAC ❜❡❝♦♠❡s✿
(
(X→ Y)→ X

)
↔ X

✇❤✐❝❤ ✐s ❥✉st P✐❡r❝❡✬s ❧❛✇✦ ❚♦ ❞❡r✐✈❡ P✐❡r❝❡✬s ❧❛✇ ✐♥ ❛ ♠♦r❡ tr❛❞✐t✐♦♥❛❧ ❧♦❣✐❝❛❧ ❝♦♥t❡①t✱

✐❢A ❛♥❞ B ❛r❡ ❢♦r♠✉❧❛s✱ ❞❡☞♥❡ X , {xǫ{∗} | A} ❛♥❞ Y , {kǫ{∗} | B}✳ ❲✐♠ ❱❡❧❞♠❛♥

❛♣♣❛r❡♥t❧② st✉❞✐❡s s♦♠❡ ❝♦♥str✉❝t✐✈❡ r❡str✐❝t✐♦♥s ♦❢ CtrAC ✐♥ ❬✽✺❪✳

❲❤✐❧❡ ✇❡ ❛r❡ ♦♥ t❤✐s ♠❛tt❡r✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t P✐❡r❝❡✬s ❧❛✇ ❞♦❡s ❤❛✈❡ ❛

❝♦♥str✉❝t✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❭❝❛❧❧ ✇✐t❤ ❝✉rr❡♥t ❝♦♥t✐♥✉❛t✐♦♥✧ ♦♣❡r❛✲

t✐♦♥ ♣r❡s❡♥t ✐♥ t❤❡ ▲■❙P ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳ ❙✉❝❤ ✐♥t❡r♣r❡t❛t✐♦♥s ✇❡r❡ ☞rst st✉❞✲

✐❡❞ ❜② ●r✐✍♥ ✐♥ ❬✹✵❪✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❞♦❡s♥✬t ❧✐❢t t♦ str♦♥❣

❢r❛♠❡✇♦r❦s ❧✐❦❡ ▼❛rt✐♥✲▲⑧♦❢ t②♣❡ t❤❡♦r②✿ ✐t ✐s ✐♥❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡

✭❬✹✼❪ ♦r ❬✺✽❪✮✳ ❚❤❡ ❜❡st ✇❛② t♦ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐✈❡ ❛♥❛❧②s✐s ♦❢ ❭AC + ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✧

s❡❡♠s t♦ ✉s❡ ❛ ❣❛♠❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ❛ ❞♦✉❜❧❡ ♥❡❣❛t✐♦♥ tr❛♥s❧❛t✐♦♥ ♦❢ AC ✭❬✶✹❪✮✱ ♦r

t♦ ✉s❡ ❛ cc ♦♣❡r❛t♦r✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ♥❡✇ ♦♣❡r❛t♦r ❧✐❦❡ ❛ ❭❝❧♦❝❦✧ ✭❬✺✼❪✮✳

1.4 Notations and Conventions

❚♦ ☞♥✐s❤ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ❧❡t✬s tr② t♦ ❣✐✈❡ s♦♠❡ ♥♦t❛t✐♦♥✳ ❙✐♥❝❡ t②♣❡ t❤❡♦r② t❡♥❞s

t♦ ❜❡ ✈❡r② ✈❡r❜♦s❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❞❡❝✐❞❡ ♦♥ ✐♠♣❧✐❝✐t ❝♦♥✈❡♥t✐♦♥s t♦ s✐♠♣❧✐❢②

❡①♣r❡ss✐♦♥s ✇✐t❤♦✉t ❧♦♦s✐♥❣ ✐♥❢♦r♠❛t✐♦♥✳✳✳

� ❊❧❡♠❡♥ts ♦❢ Type ❛r❡ ❞❡♥♦t❡❞ ❜② ❝❛❧❧✐❣r❛♣❤✐❝ ❝❛♣✐t❛❧ ❧❡tt❡r ❧✐❦❡ ❆✳ ❖♥❡ ♥♦t❛❜❧❡

❡①❝❡♣t✐♦♥ ✐s t❤❡ ♣r♦♣❡r t②♣❡ ♦❢ ❛❧❧ s❡ts✱ ✇r✐tt❡♥ Set✳

� ❊❧❡♠❡♥ts ♦❢ ❛ ♣r♦♣❡r t②♣❡ ❆ ❛r❡ ✇r✐tt❡♥ ❛s ❝❛♣✐t❛❧✱ r♦♠❛♥ ❧❡tt❡rs✿ ❢♦r ❡①❛♠♣❧❡✱

✇❡ ❤❛✈❡ S ✿ Set✱ U ✿ P(S) ❛♥❞ R ✿ Rel(S, T)✳

� ❋♦r ❛❝t✉❛❧ s❡ts✱ ✇❡ tr② t♦ ❦❡❡♣ ❧❡tt❡rs ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧♣❤❛❜❡t t♦❣❡t❤❡r

✇✐t❤ S ✭s❡t ♦❢ st❛t❡s✮✳ ■♥ ♦r❞❡r t♦ ❣❡t ❡♥♦✉❣❤ ❞✐✈❡rs✐t②✱ ✇❡ ♣✉t ❞❡❝♦r❛t✐♦♥s ♦♥

t❤❡ ♥❛♠❡s✿ A4✱ S
′✱ ❡t❝✳ ✳

� ❋♦r ♣r❡❞✐❝❛t❡s✱ ✇❡ ✉s✉❛❧❧② ✉s❡ U✱ V ❛♥❞ W✳

13 ✿ ❚❤❡ ❢❛❝t t❤❛t AC ✐s ❝♦♥str✉❝t✐✈❡❧② ✈❛❧✐❞ ❤❛❞ ❜❡❡♥ ♥♦t❡❞ ❜❡❢♦r❡ ❜② ❍♦✇❛r❞ ❛♥❞ ❇✐s❤♦♣✳



✸✷ ✶ Pr❡❧✐♠✐♥❛r✐❡s

� ❋♦r r❡❧❛t✐♦♥s✱ ✇❡ ❛❧♠♦st ❡①❝❧✉s✐✈❡❧② ✉s❡ R✱ ✇✐t❤ ❞❡❝♦r❛t✐♦♥s✳

� ❊❧❡♠❡♥t ♦❢ ❛ s❡t ❛r❡ t❤❡♠s❡❧✈❡s ✇r✐tt❡♥ ✐♥ s♠❛❧❧✱ r♦♠❛♥ ❧❡tt❡rs✳ ❲❡ ❤❛✈❡ s ǫ S✱

u ǫ U(s) ❛♥❞ r ǫ R(s, t)✳ ❲❤❡♥ t❤❡ s❡ts ❤❛✈❡ ❞❡❝♦r❛t✐♦♥✱ ✇❡ tr② t♦ ❦❡❡♣ t❤❡♠ ♦♥

t❤❡ ♥❛♠❡s ♦❢ ❡❧❡♠❡♥ts✱ ❧✐❦❡ s2 ǫ S2✳

� ❱❛r✐❛❜❧❡ ♦❜❥❡❝ts ✭s❡ts ♦r t❤❡✐r ❡❧❡♠❡♥ts✮ ❛r❡ ✉s✉❛❧❧② ✇r✐tt❡♥ ✇✐t❤ ❧❡tt❡rs ❢r♦♠ t❤❡

❡♥❞ ♦❢ t❤❡ ❛❧♣❤❛❜❡t✿ x✱ y✱ . . . ♦r X✱ Y✱ . . .

❲❡ ❛♣♣❧② ✭✉♥✮❝✉rr✐☞❝❛t✐♦♥ ✭A→ B→ C ≃ A× B→ C✮ tr❛♥s♣❛r❡♥t❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✐❢ f ✐s ♦❢ t②♣❡ A1 → A2 → A3 → B✱ f(a1, a2, a3) ✐s ❛ ♥♦t❛t✐♦♥ ❢♦r t❤❡ r❡♣❡❛t❡❞

❛♣♣❧✐❝❛t✐♦♥ ((f a1) a2) a3✳ ❚❤✐s ✐s t♦ ❦❡❡♣ st❛♥❞❛r❞ ♠❛t❤❡♠❛t✐❝❛❧ ♥♦t❛t✐♦♥ r❛t❤❡r

t❤❛♥ t②♣❡ t❤❡♦r❡t✐❝ ♥♦t❛t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ❡❛s✐❧② ♣❛rs❡❞✳

❚❤❡ s②♠❜♦❧ , ✐s ✉s❡❞ ❢♦r ❞❡☞♥✐t✐♦♥s✿ ❭♥❛♠❡ , ❞❡☞♥✐t✐♦♥✧✳

❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥✱ ✐t ✇❛s♥✬t ♣♦ss✐❜❧❡ t♦ ❦❡❡♣ ❛ ❝♦♥s✐st❡♥t ♥♦t❛t✐♦♥ ❛❝r♦ss t❤❡

✇❤♦❧❡ t❤❡s✐s✳ ❙♦♠❡ ♦❢ t❤❡ ♥♦t❛t✐♦♥ ❜❡❝♦♠❡s ♦❜s♦❧❡t❡ ✐♥ ❛ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣ ❛♥❞ ✇❡ ✇✐❧❧

❝❤❛♥❣❡ s♦♠❡ ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ✇♦r❦✳ ❚❤♦s❡ ❝❤❛♥❣❡s ✇✐❧❧

❜❡ ❡①♣❧❛✐♥❡❞ ✇❤❡♥ ❛♣♣r♦♣r✐❛t❡ ✭♣❛❣❡ ✶✶✶✮✳
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and Applications





2 Interaction Systems

❚❤❡ ♦❜❥❡❝t ♦❢ st✉❞② ♦❢ t❤✐s t❤❡s✐s ✐s ❛ str✉❝t✉r❡ ❝❛❧❧❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✭P❡t❡r ❍❛♥✲

❝♦❝❦✬s t❡r♠✐♥♦❧♦❣②✮✳ ❇❡❝❛✉s❡ ♦❢ ✐ts ❭❣❡♥❡r✐❝✐t②✧✱ t❤✐s str✉❝t✉r❡ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞

✭✇✐t❤ ❞✐☛❡r❡♥t ❞❡❣r❡❡s ♦❢ ❣❡♥❡r❛❧✐t②✮ ❜② ♠❛♥② ❛✉t❤♦rs ✉♥❞❡r ❞✐☛❡r❡♥t ♥❛♠❡s ❛♥❞ ✇✐t❤

♠❛♥② ❞✐☛❡r❡♥t ♣✉r♣♦s❡s✳ ▲❡t✬s ♠❡♥t✐♦♥ s♦♠❡ ♦❢ t❤❡ ✐♥t❡r❡st✐♥❣ ✉s❡s ✇❡ ❤❛✈❡ s❡❡♥✿

� ❬✽✷❪✿ ❆❧❢r❡❞ ❚❛rs❦✐ s❡❡♠s t♦ ❤❛✈❡ ✉s❡❞ ❛ ☞♥✐t❛r② ✈❡rs✐♦♥ ❛s P♦st✲s②st❡♠s❀

� ❬✹✶❪✿ ❑r✐♣❦❡ ❧✐❦❡ s❡♠❛♥t✐❝s ❢♦r ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝❀

� ❬✹❪✿ ❛❜str❛❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s❀

� ❬✷✾❪✿ ❝♦♠♣❧❡t❡ ♠♦❞❡❧ ❢♦r ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝❀

� ❬✼✵❪✿ ❣r❛♠♠❛rs ✇✐t❤ ✐❞❡❛s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❧✐♥❣✉✐st✐❝❀

� ❬✻✽❪✿ ❥✉st✐☞❝❛t✐♦♥ ❢♦r ❢❛♠✐❧✐❡s ♦❢ ♠✉t✉❛❧❧② ❞❡♣❡♥❞❡♥t ✐♥❞✉❝t✐✈❡ t②♣❡s❀

� ❬✷✸❪ ❛♥❞ ❬✷✼❪✿ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞ ❢♦r♠❛❧ t♦♣♦❧♦❣✐❡s❀

� ❬✹✹❪✱ ❬✹✺❪ ❛♥❞ ❬✻✻❪✿ ❛❜str❛❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❭♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✧❀

� ❬✶✺❪ ❛♥❞ ❬✷✹❪ ❛s ❛ t♦♣♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s❀

� ❬✹✻❪ ❛♥❞ ❬✻✹❪ ❛s r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❭♣♦❧②♥♦♠✐❛❧ ✭s❡t✲❜❛s❡❞✮ ❢✉♥❝t♦rs✧✳

❚♦ ❛ ❧❡ss❡r ❡①t❡♥❞✱ ♦♥❡ ❝❛♥ ❛❧s♦ s❡❡ ❛♥② s♣❡❝✐❡ ♦❢ ❣❛♠❡s ✭❧✐❦❡ ✐♥ ❬✷✷❪✱ ❬✺✶❪ ♦r ❬✸❪✮ ❛s ❛

✈❛r✐❛♥t ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ tr✉❡ ✭✐✳❡✳ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛r❡

❛ ❦✐♥❞ ♦❢ t✇♦ ♣❧❛②❡rs ❣❛♠❡✮ ❜✉t t❤❡ ❞❡✈❡❧♦♣♠❡♥ts ❞✐☛❡r ✐♥ ♠❛♥② ✇❛②s✳

❖✉r ☞rst ♠♦t✐✈❛t✐♦♥ ✭❬✺✷❪✮ ❢♦r ❧♦♦❦✐♥❣ ❛t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♠❡ ❢r♦♠ P❡t❡r

❍❛♥❝♦❝❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r ✇❤♦ ✉s❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ♠♦❞❡❧ ✐♥t❡r❛❝t✐✈❡ ♣r♦✲

❣r❛♠s ✭❬✹✹❪✱ ❬✹✺❪ ❛♥❞ ❬✻✻❪✮✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛s ✇❡ ✉s❡ ✐t ✇❛s ❜r♦✉❣❤t

t♦ ✐ts ♣r❡s❡♥t ❢♦r♠ ❜② ❆♥t♦♥ ❙❡t③❡r ❛♥❞ P❡t❡r ❍❛♥❝♦❝❦✳

❚❤✐s ☞rst ❝❤❛♣t❡r ♣r❡s❡♥ts✱ ✐♥ ❛ ♥♦♥✲t❡❝❤♥✐❝❛❧ ✇❛②✱ t❤❡ ❜❛s✐❝ str✉❝t✉r❡ ♦❢ ✐♥t❡r✲

❛❝t✐♦♥ s②st❡♠s✱ t❤❡✐r ♠♦r♣❤✐s♠s ❛♥❞ s❡✈❡r❛❧ ♣r♦♣❡rt✐❡s t❤❡② ❡♥❥♦②✳

2.1 Basic Definitions and Examples

2.1.1 Interaction Systems

■♥t❡r❛❝t✐♦♥ s②st❡♠ ❜❡❛r ♠❛♥② s✐♠✐❧❛r✐t✐❡s ✇✐t❤ t❤❡ s✐♠♣❧❡ ♥♦t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ s②st❡♠

❞❡☞♥❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✶✳✼✱ ❜✉t t❤❡r❡ ♥♦✇ ❛r❡ t✇♦ ❦✐♥❞s ♦❢ tr❛♥s✐t✐♦♥s✿



✸✻ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

⊲ Definition 2.1.1: ❧❡t S1 ❛♥❞ S2 ❜❡ s❡ts❀ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2 ✐s

❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

� ❛ ❢✉♥❝t✐♦♥ A ✿ S1 → Set❀

� ❛ ❢✉♥❝t✐♦♥ D ✿ (s1ǫS1)→ A(s1)→ Set❀

� ❛ ❢✉♥❝t✐♦♥ n ǫ (s1ǫS1)→
(
aǫA(s1)

)
→ D(s1, a)→ S2✳

■❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ ✇❡ ♥❛♠❡ ✐ts ❝♦♠♣♦♥❡♥ts w.A✱ w.D ❛♥❞ w.n✳

❲❤❡♥ ♥♦ ❝♦♥❢✉s✐♦♥ ❛r✐s❡s✱ ✇❡ ❞r♦♣ t❤❡ ❭w.✧ ❛♥❞ s✐♠♣❧② ✇r✐t❡ A✱ D ❛♥❞ n✱

♣♦ss✐❜❧② ✇✐t❤ ❞❡❝♦r❛t✐♦♥s✳ ❲❤❡♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ❝❧❡❛r ❢r♦♠ t❤❡

❝♦♥t❡①t✱ ✇❡ ✇r✐t❡ s[a/d] ✐♥st❡❛❞ ♦❢ n(s, a, d) ✳

❆♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S t♦ S ✐s ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡

s❛② t❤❛t w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✳

❙✐♥❝❡ ♠♦st ♦❢ t❤✐s ✇♦r❦ ❞❡❛❧s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠s✱ ✇❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t

t❤❡ ❭❞♦♠❛✐♥✧ ❛♥❞ ❭❝♦❞♦♠❛✐♥✧ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❛r❡ ✐❞❡♥t✐❝❛❧✳

❆ ☞rst ✐♥t✉✐t✐♦♥ ❛❜♦✉t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s t❤❛t✿

� t❤❡ s❡t S ✐s ❛ s❡t ♦❢ st❛t❡s❀

� ✐❢ s ✐s ❛ st❛t❡✱ A(s) ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❛❝t✐♦♥s ❛✈❛✐❧❛❜❧❡ ✐♥ st❛t❡ s❀

� ✐❢ a ✐s ❛♥ ❛❝t✐♦♥ ✐♥ st❛t❡ s✱ t❤❡ s❡t D(s, a) ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ r❡❛❝t✐♦♥s t♦ a❀

� ☞♥❛❧❧②✱ ✐❢ d ✐s ❛ r❡❛❝t✐♦♥ t♦ ❛❝t✐♦♥ a✱ t❤❡ st❛t❡ s[a/d] ✐s t❤❡ ♥❡✇ st❛t❡ ❛❢t❡r t❤❡

❛❝t✐♦♥ a ❤❛❞ ❜❡❡♥ ❭♣❡r❢♦r♠❡❞✧ ❛♥❞ r❡❛❝t✐♦♥ d ❤❛s ❜❡❡♥ ❭r❡❝❡✐✈❡❞✧✳

▼♦r❡ s♣❡❝✐☞❝ ✐♥t❡r♣r❡t❛t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✷✳✶✳✷

■♥ ♣r❛❝t✐❝❡✱ ❥✉st ❧✐❦❡ ❢♦r tr❛♥s✐t✐♦♥ s②st❡♠s✱ ✇❡ ♠✐❣❤t ❧✐❦❡ t♦ ❤❛✈❡ ❛ ♥♦t✐♦♥ ♦❢

❭✐♥✐t✐❛❧ st❛t❡s✧✿ st❛t❡s ❢r♦♠ ✇❤✐❝❤ ✐♥t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ ✐♥✐t✐❛t❡❞✳

# ❘❡♠❛r❦ ✶✶✿ t❤❡ ♠❛✐♥ r❡❛s♦♥ ✇❡ ❞♦ ♥♦t ❜♦t❤❡r ✇✐t❤ ✐♥✐t✐❛❧ st❛t❡s ✐s s✐♠✲
♣❧✐❝✐t②✳ ❍❛✈✐♥❣ ✐♥✐t✐❛❧ st❛t❡s ♥❛t✉r❛❧❧② ❜r✐♥❣s ❢♦r✇❛r❞ t❤❡ ♣r♦❜❧❡♠ ♦❢
r❡❛❝❤❛❜✐❧✐t② ♦❢ st❛t❡s✿ ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦✉❣❤t t♦ ❜❡ ✐❞❡♥t✐☞❡❞
✇❤❡♥ t❤❡✐r ❭❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❝♦♥t❛✐♥✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡✧ ❝♦✐♥❝✐❞❡
✭✇❤❛t❡✈❡r t❤❛t r❡❛❧❧② ♠❡❛♥s✮✱ ✐✳❡✳ ✇❡ ❞♦ ♥♦t r❡❛❧❧② ❝❛r❡ ❛❜♦✉t ✉♥r❡❛❝❤✲
❛❜❧❡ st❛t❡s ✳ ❉❡❛❧✐♥❣ ✇✐t❤ s✐♠♣❧❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛❧❧♦✇s t♦ ❡✈❛❝✉❛t❡
t❤✐s ♣r♦❜❧❡♠✱ ❛t ❧❡❛st ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✳✳✳

❋♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ✭❄❄✮ t❡r♠✐♥♦❧♦❣② ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ ✇❡ ❝❛❧❧ t❤❡ ❡♥t✐t② ❝❤♦♦s✐♥❣

t❤❡ ❛❝t✐♦♥s t❤❡ ❆♥❣❡❧✱ ❤❡♥❝❡ t❤❡ A✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ t❤❡ ❆♥❣❡❧ ✇✐❧❧ ❜❡

❛ ❢❡♠❛❧❡ ❛♥❞ r❡❢❡rr❡❞ t♦ ❛s ❛ ❭s❤❡✧✳ ❚❤❡ ❡♥t✐t② r❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❝t✐♦♥s✱ ✐✳❡✳ t❤❡

❡♥t✐t② ❝❤♦♦s✐♥❣ t❤❡ r❡❛❝t✐♦♥s ✐s ❝❛❧❧❡❞ t❤❡ ❉❡♠♦♥✱ ❤❡♥❝❡ t❤❡ D✳ ❚❤❡ ❉❡♠♦♥ ✇✐❧❧ ❜❡ ❛

♠❛❧❡ ❛♥❞ r❡❢❡rr❡❞ t♦ ❛s ❛ ❭❤❡✧✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛✉❞✐❡♥❝❡✬s ❜❛❝❦❣r♦✉♥❞✱ t❤❡② ❝♦✉❧❞

❤❛✈❡ ❜❡❡♥ ♥❛♠❡❞ P❧❛②❡r ❛♥❞ ❖♣♣♦♥❡♥t✱ ❊❧♦✐s❡ ❛♥❞ ❆❜❡❧❛r❞✱ ❆❧✐❝❡ ❛♥❞ ❇♦❜✱ ▼❛st❡r

❛♥❞ ❙❧❛✈❡✱ ❈❧✐❡♥t ❛♥❞ ❙❡r✈❡r✱ ❙②st❡♠ ❛♥❞ ❊♥✈✐r♦♥♠❡♥t✱ ❛❧♣❤❛ ❛♥❞ ❜❡t❛✱ ❆rt❤✉r ❛♥❞

❇❡rt❛ ❡t❝✳

§ ❙tr✉❝t✉r❛❧ ■s♦♠♦r♣❤✐s♠✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ♥♦t✐♦♥ ♦❢ ❭str✉❝t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✧ ❢♦r

✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿ s❛② t❤❛t t✇♦ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛r❡ str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ ✐❢

t❤❡② ❛r❡ ✐s♦♠♦r♣❤✐❝ ❝♦♠♣♦♥❡♥t✲✇✐s❡✿

⊲ Definition 2.1.2: ✐❢ w ❛♥❞ w′ ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s r❡s♣❡❝t✐✈❡❧② ♦♥ S ❛♥❞

♦♥ S′✱ ✇❡ s❛② t❤❛t w ❛♥❞ w′ ❛r❡ str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ ✐❢ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣✿

� ❛♥ ✐s♦♠♦r♣❤✐s♠ σ ǫ S
∼→ S′❀

� ❢♦r ❡❛❝❤ s ǫ S✱ ❛♥ ✐s♦♠♦r♣❤✐s♠ αs ǫ A(s)
∼→ A′

(
σ(s)

)
❀



✷✳✶ ❇❛s✐❝ ❉❡☞♥✐t✐♦♥s ❛♥❞ ❊①❛♠♣❧❡s ✸✼

� ❢♦r ❡❛❝❤ a ǫ A(s)✱ ❛♥ ✐s♦♠♦r♣❤✐s♠ δs,a ǫ D(s, a)
∼→ D′

(
σ(s), αs(a)

)

s✉❝❤ t❤❛t

σ
(
n(s, a, d)

)
= n′

(
σ(s), αs(a), δs,a(d)

)
✳

❲❡ ✇r✐t❡ w ≈ w′ t♦ ♠❡❛♥ t❤❛t w ✐s str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ w′✳ ❚❤✐s

r❡❧❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳

❖❢ ❝♦✉rs❡✱ t❤✐s ❞❡☞♥✐t✐♦♥ r❡q✉✐r❡s ❡q✉❛❧✐t②✳

❚❤✐s ♥♦t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐s♠ ✐s t♦♦ ☞♥❡ ❢♦r ♠♦st ♣✉r♣♦s❡s ❛♥❞ s❡❝t✐♦♥ ✷✳✹ ✐s

❞❡✈♦t❡❞ t♦ ☞♥❞✐♥❣ ❛ ❭❣♦♦❞✧ ♥♦t✐♦♥ ♦❢ ✭✐s♦✮♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

❙❡❝t✐♦♥s ✷✳✻✳✷ ❛♥❞ ✸✳✸✳✶ ✇✐❧❧ ❧❛tt❡r ✐♥tr♦❞✉❝❡ ♦t❤❡r ♥♦t✐♦♥s ♦❢ ♠♦r♣❤✐s♠✱ ❛❞❡q✉❛t❡ ❢♦r

s♦♠❡ ♣❛rt✐❝✉❧❛r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

§ ❆♥ ❆❧t❡r♥❛t✐✈❡ ❱✐❡✇✳ ❏✉st ❧✐❦❡ tr❛♥s✐t✐♦♥ s②st❡♠s✱ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❤❛✈❡ ❛ ♠♦r❡

❝♦♥❝✐s❡✱ ❛❜str❛❝t ❞❡☞♥✐t✐♦♥ ✉s✐♥❣ ❢❛♠✐❧✐❡s✳ ❚❤✐s ❛❧❧♦✇s t♦ s❡❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛s

❛ ❤✐❣❤❡r✲♦r❞❡r ✈❛r✐❛t✐♦♥ ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s✳

◦ Lemma 2.1.3: ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2 ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛

❢✉♥❝t✐♦♥ w ✿ S1 → ❋2(S2)✳

■❢ ✇❡ r❡❝❛❧❧ t❤❛t tr❛♥s✐t✐♦♥ s②st❡♠s ❛r❡ ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r r❡❧❛t✐♦♥s✱ ✇❡

❝❛♥ s❡❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛s ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❢✉♥❝t✐♦♥s S1 → P2(S2)✳

❙✉❝❤ ❢✉♥❝t✐♦♥s ❛r❡ ❝❛❧❧❡❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛♥❞ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❞❡t❛✐❧s ✐♥

s❡❝t✐♦♥ ✷✳✺✳

2.1.2 Many Possible Interpretations

❉❡☞♥✐t✐♦♥ ✷✳✶✳✶ ✐s ✈❡r② ❣❡♥❡r❛❧✱ ❛♥❞ ♠❛♥② s✐t✉❛t✐♦♥s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞✱ ♦r ❛t ❧❡❛st

❛♣♣r♦①✐♠❛t❡❞ ❜② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❍❡r❡ ✐s ❛ ✭♥♦♥ ❡①❤❛✉st✐✈❡✮ ❧✐st✳

§ P❤②s✐❝❛❧ ✇♦r❧❞✳ ■♥ t❤❡ ♠♦st ♥❛✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥✱ S r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ♣❤②s✐❝❛❧

st❛t❡s ♦❢ ❛ s②st❡♠✳ ■t ❝♦✉❧❞ ❢♦r ❡①❛♠♣❧❡ ❝♦♥s✐st ♦❢ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❧✐❦❡ t❡♠♣❡r❛t✉r❡✱

♣r❡ss✉r❡ ❛♥❞ t❤❡ ❧✐❦❡✳ ❚❤❡ ❆♥❣❡❧ r❡♣r❡s❡♥ts ❛♥② ❡♥t✐t② ✇❤✐❝❤ ❝❛♥ tr② t♦ ✐♥✌✉❡♥❝❡ t❤❡

✇♦r❧❞ ❞❡s❝r✐❜❡❞ ❜② S✳ ❚❤❡ ❉❡♠♦♥ ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ❧❛✇s ♦❢ ♣❤②s✐❝s✳ ❚❤❡ ❢❛❝t t❤❛t

t❤❡✐r ♠✐❣❤t ❜❡ ♠❛♥② ♣♦ss✐❜❧❡ r❡❛❝t✐♦♥s ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ st❛t❡ ♠❛② ♥♦t

❞❡s❝r✐❜❡ ❡✈❡r②t❤✐♥❣ ✭✌✐♣♣✐♥❣ ❛ ❝♦✐♥ ✐s ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ✐❢ t❤❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡

❡♥✈✐r♦♥♠❡♥t ✐s ♥♦t ♣r❡❝✐s❡ ❡♥♦✉❣❤✮ ♦r ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ ❛ ❧❡✈❡❧ ♦❢ ❞❡t❛✐❧s s✉❝❤ t❤❛t

q✉❛♥t✉♠ ♣❤❡♥♦♠❡♥❛ ❞♦ ♦❝❝✉r✳

§ ●❛♠❡s✳ ❆ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t♦ s❡❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❛s ❛ ❣❛♠❡✳ ❋♦r

❡①❛♠♣❧❡✱ t❤❡ ❣❛♠❡ ♦❢ ❝❤❡ss ✐s ❡❛s✐❧② ❞❡s❝r✐❜❡❞ ❜② ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿ S ✇✐❧❧ ❜❡

t❤❡ s❡t ♦❢ ❝♦♥☞❣✉r❛t✐♦♥s ♦❢ t❤❡ ❜♦❛r❞✱ A(s) ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡s ❢♦r ❲❤✐t❡ ✐♥

st❛t❡ s✱ ❛♥❞ D(s, a) ✐s t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ♠♦✈❡s ❢♦r ❇❧❛❝❦ ❛❢t❡r ❲❤✐t❡✬s ♠♦✈❡ a✳ ❚❤❡

♥❡✇ st❛t❡ s[a/d] ✐s ❥✉st t❤❡ st❛t❡ ♦❢ t❤❡ ❜♦❛r❞ ♦❜t❛✐♥❡❞ ❢r♦♠ s ❛❢t❡r t❤❡ ♣❛✐r ♦❢ ♠♦✈❡s

❲❤✐t❡✲a✴❇❧❛❝❦✲d✳

❚❤✐s ❦✐♥❞ ♦❢ s②♠♠❡tr✐❝ ❣❛♠❡s ♠✐❣❤t ❤♦✇❡✈❡r ❜❡ ♠♦r❡ ❛❞❡q✉❛t❡❧② ❞❡s❝r✐❜❡❞

✉s✐♥❣ ❛ s②♠♠❡tr✐❝ ✈❛r✐❛♥t ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛❧❧❡❞ ❏❛♥✉s s②st❡♠✿



✸✽ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

⊲ Definition 2.1.4: ❛ ❏❛♥✉s s②st❡♠ ♦♥ st❛t❡s SA ❛♥❞ SD ✐s ❣✐✈❡♥ ❜②✿

� ❛ ❢✉♥❝t✐♦♥ A ✿ SA → Set❀

� ❛ ❢✉♥❝t✐♦♥ nA ǫ (sǫSA)→ A(s)→ SD❀

� ❛ ❢✉♥❝t✐♦♥ D ✿ SD → Set❀

� ❛ ❢✉♥❝t✐♦♥ nD ǫ (sǫSD)→ D(s)→ SA✳

❊q✉✐✈❛❧❡♥t❧②✱ ❛ ❏❛♥✉s s②st❡♠ ♦♥ SA ❛♥❞ SD ✐s ❣✐✈❡♥ ❜② ❛ ♣❛✐r ♦❢ ♦♣♣♦s✐t❡

tr❛♥s✐t✐♦♥ s②st❡♠s✿

vA ✿ SA → ❋(SD) ❛♥❞ vD ✿ SD → ❋(SA) ✳

❚❤❡ ✐❞❡❛ ✐s t❤❛t t❤❡ ❆♥❣❡❧ ❛♥❞ ❉❡♠♦♥ ❤❛✈❡ t❤❡✐r ♦✇♥✱ ❞✐s❥♦✐♥t s❡ts ♦❢ st❛t❡s ❛♥❞

t❤❛t t❤❡② ❛❧t❡r♥❛t❡ ♠♦✈❡s✳ ❚❤✐s ♥♦t✐♦♥ ✐s ❜❡✐♥❣ st✉❞✐❡❞ ❜② ▼❛r❦✉s ▼✐❝❤❡❧❜r✐♥❦s ✐♥

❙✇❛♥s❡❛❀ ✐t ✐s ❛❧s♦ ❛t t❤❡ ❤❡❛rt ♦❢ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✬s ✇♦r❦ ♦♥ ❭❜❛s✐❝ ♣❛✐rs✧ ✭❬✼✽❪✮✳

# ❘❡♠❛r❦ ✶✷✿ ♠❛♥② ❧♦❣✐❝✐❛♥s ✉s❡❞ t♦ ❣❛♠❡s s❡♠❛♥t✐❝s ❛r❡ t❛❦❡♥ ❛❜❛❝❦ ❜②
t❤❡ ❛s②♠♠❡tr✐❝ ♥❛t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ▼♦st ✇♦✉❧❞ ♣r❡❢❡r ✇♦r❦✐♥❣
✇✐t❤ t❤❡ ♠♦r❡ s②♠♠❡tr✐❝ ❏❛♥✉s s②st❡♠s✳ ❆♥t✐❝✐♣❛t✐♥❣ ♦♥ t❤❡ s❡❝♦♥❞ ♣❛rt
♦❢ t❤✐s t❤❡s✐s✱ ❧❡t✬s ❡①♣❧❛✐♥ ✇❤② t❤❡ ♥♦t✐♦♥ ♦❢ ❏❛♥✉s s②st❡♠ ✐s ✐♥❛❞❡q✉❛t❡
❢♦r ♦✉r ♣✉r♣♦s❡s✳ ❲❤✐❧❡ ✐t ✐s s✐♠♣❧❡ ❡♥♦✉❣❤ t♦ ❞❡☞♥❡ ❝♦♥♥❡❝t✐✈❡s ❧✐❦❡ ⊕
❛♥❞ ⊗ ♦♥ ❏❛♥✉s s②st❡♠s✱ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠ ✐s ♥♦t ❛s ♦❜✈✐♦✉s✳

❖♥❡ ❛r❣✉♠❡♥t ✐♥✈♦❦❡❞ ✐s t❤❛t ♥❡❣❛t✐♦♥ ✐s ✈❡r② ❡❛s② ✐♥ ❏❛♥✉s s②s✲
t❡♠✿ ❥✉st ❝❤❛♥❣❡ t❤❡ ❆♥❣❡❧ ❛♥❞ t❤❡ ❉❡♠♦♥✿

η = (SA,SD,A,D,nA,nD) 7→ η⊥ , (SD,SA,D,A,nD,nD) ✳

❍♦✇❡✈❡r✱ ✐t ✐s ❞✐✍❝✉❧t t♦ s❡❡ ❤♦✇ t❤❡ ❛❜♦✈❡ ♦♣❡r❛t✐♦♥ ❝♦✉❧❞ ❛❝❤✐❡✈❡ t❤❡
❣♦❛❧ ♦❢ ❝❤❛♥❣✐♥❣ ❛♥ ❆♥❣❡❧ str❛t❡❣② ✐♥t♦ ❛ ❉❡♠♦♥ str❛t❡❣②✿ ✐❢ ❛ str❛t❡❣② ❢♦r
t❤❡ ❆♥❣❡❧ ✐♥ η ✐s ♦❢ t❤❡ ❢♦r♠ (∃a1)(∀d1)(∃a2)(∀d2)...✱ t❤❡♥ ❛ str❛t❡❣②
❢♦r t❤❡ ❆♥❣❡❧ ✐♥ η⊥ ✇✐❧❧ ❜❡ ♦❢ t❤❡ ❢♦r♠ (∃d1)(∀a1)(∃d2)(∀a1)... ❚❤✐s
✐s ❛ str❛t❡❣② ❢♦r t❤❡ ❉❡♠♦♥ ✐♥ η ✐❢ ✇❡ ❛❧❧♦✇ t❤❡ ❉❡♠♦♥ t♦ st❛rt✳ ❚❤✐s ✐s
✐♥ ❡ss❡♥❝❡ t❤❡ r❡❛s♦♥ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❭❞✉♠♠② ♠♦✈❡s✧ ✐♥ ♥❡❣❛t✐♦♥ ✐♥
♠❛♥② ❣❛♠❡s s❡♠❛♥t✐❝s✳ ❚❤✐s ♠❛❦❡s r❡❛❧✐③✐♥❣ F⊥⊥ = F ♥♦t tr✐✈✐❛❧✳ ❖♥❡
✈❡r② ♥✐❝❡ ❢❡❛t✉r❡ ♦❢ ♦✉r ♥❡❣❛t✐♦♥ ♦♣❡r❛t♦r ✇✐❧❧ ❜❡ t❤❛t ✐t ❞♦❡s♥✬t ❝❤❛♥❣❡ t❤❡
s❡t ♦❢ st❛t❡✱ ✇❤✐❧❡ st✐❧❧ ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡ ❆♥❣❡❧ ❛♥❞ t❤❡ ❉❡♠♦♥ str❛t❡❣✐❡s✳

❋✐♥❛❧❧②✱ ❡✈❡♥ ✐❢ ❛❧❧ t❤♦s❡ ♣r♦❜❧❡♠s ❛r❡ s❡t ❛s✐❞❡✱ ♦♥❡ ❝❛♥♥♦t ✐❣♥♦r❡
t❤❡ ❢❛❝t t❤❛t✱ ✇✐t❤ t❤❡ s②♥❝❤r♦♥♦✉s ❞❡☞♥✐t✐♦♥ ♦❢ t❡♥s♦r✱ t❤✐s ♥❡❣❛t✐♦♥
✇♦✉❧❞ ♠❛❦❡ t❤❡ ❝❛t❡❣♦r② ❝♦♠♣❛❝t ❝❧♦s❡❞✱1 ✐✳❡✳ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡s ✇♦✉❧❞
❝♦❧❧❛♣s❡ ✐♥t♦ ❛ s✐♥❣❧❡ ❝♦♥♥❡❝t✐✈❡✳

❖♥❡ ❧❛st r❡❛s♦♥ ✇❤② t❤✐s str✉❝t✉r❡ ✐s ✐♥❛❞❡q✉❛t❡ ❢♦r ♦✉r ♣✉r♣♦s❡s ✐s t❤❛t ✐s ♥♦t ❛t ❛❧❧

♦❜✈✐♦✉s ❤♦✇ t♦ ❞❡☞♥❡ t❤❡ r❡✌❡①✐✈❡ ❝❧♦s✉r❡ ♦❢ ❛ ❏❛♥✉s s②st❡♠✳

§ ❑♥♦✇❧❡❞❣❡✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ s❡q✉❡❧ ✐s t♦

s❡❡ s ǫ S ❛s ❛ st❛t❡ ♦❢ ❦♥♦✇❧❡❞❣❡ t❤❡ ❆♥❣❡❧ ❤❛s ❛❜♦✉t t❤❡ ✇♦r❧❞✳ ❙❤❡ ❝❛♥ tr② t♦ ❡①t❡♥❞

❤❡r ❦♥♦✇❧❡❞❣❡ ❜② ❛s❦✐♥❣ q✉❡st✐♦♥s✳ ❘❡s♣♦♥s❡s ❝♦♠❡ ♦❢ ❝♦✉rs❡ ❢r♦♠ t❤❡ ❉❡♠♦♥✳ ❆

r❡s♣♦♥s❡ ✇✐❧❧ ♠❛❦❡ ❤❡r ❦♥♦✇❧❡❞❣❡ ✐♥❝r❡❛s❡✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ st❛t❡ ❭✐♥❝r❡❛s❡s✧ ✇✐t❤

t✐♠❡ ✇✐❧❧ ❜❡ q✉✐t❡ ✐♠♣♦rt❛♥t ✇❤❡♥ ✇❡ t❛❧❦ ❛❜♦✉t ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐♥

s❡❝t✐♦♥ ✹✳✸✳ ✭❙❡❡ ❛❧s♦ s❡❝t✐♦♥ ✹✳✹✳✶✳✮

§ ❘❡s♦✉r❝❡s✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❞❡✈✐s❡ ❛ ❭♥♦♥✲♠♦♥♦t♦♥✐❝✧ ✈❛r✐❛♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡r✲

❛❝t✐♦♥ s②st❡♠✿ S ❞♦❡s♥✬t r❡♣r❡s❡♥t ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ✇♦r❧❞ ❜✉t r❡s♦✉r❝❡s ❛t t❤❡

❞✐s♣♦s❛❧ ♦❢ t❤❡ ❆♥❣❡❧✳ ❙❤❡ ❝❛♥ ✉s❡ t❤♦s❡ r❡s♦✉r❝❡s t♦ ❝♦♥❞✉❝t ❡①♣❡r✐♠❡♥ts ✇❤✐❝❤

1 ✿ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡♠ t♦ ❝♦♥str✉❝t ❛ ♥♦♥✲tr✐✈✐❛❧ ⋆✲❛✉t♦♥♦♠♦✉s ❝❛t❡❣♦r② s❡❡ ❬✻✺❪✱ ❜✉t t❤❡
✐♥t✉✐t✐♦♥s ❛r❡ ❡♥t✐r❡❧② ❞✐☛❡r❡♥t✳



✷✳✷ ❈♦♠❜✐♥✐♥❣ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ✸✾

♠❛② ❤❛✈❡ ❞✐☛❡r❡♥t ♦✉t❝♦♠❡s✳ ❲❤❛t ✐s ♣r♦❞✉❝❡❞ ❜② t❤♦s❡ ❡①♣❡r✐♠❡♥ts ✐s ❛❞❞❡❞ t♦ t❤❡

❛✈❛✐❧❛❜❧❡ r❡s♦✉r❝❡s✱ ❜✉t ✇❤❛t ✇❛s ✉s❡❞ . . . ✐s ✉s❡❞✳ ❚❤✐s ✐s ✐♥ ❡ss❡♥❝❡ t❤❡ s✉❜❥❡❝t ♦❢

s❡❝t✐♦♥ ✹✳✹✳✷✳

§ P♦st ❙②st❡♠s✳ ❆♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐③❡❞ ❞✐s❝❤❛r❣❡✲❢r❡❡

❞❡❞✉❝t✐♦♥ s②st❡♠ ✭❛ P♦st s②st❡♠✮✿ ❣✐✈❡♥ ❛ ♣r♦♣♦s✐t✐♦♥ t♦ ♣r♦✈❡✱ t❤❡r❡ ❝❛♥ ❜❡ ♠❛♥②

❞✐☛❡r❡♥t ✐♥❢❡r❡♥❝❡ r✉❧❡s ♦♥❡ ❝❛♥ ❛♣♣❧② ✭❆♥❣❡❧✬s ❝❤♦✐❝❡✮✳ ❋♦r ♦♥❡ s✉❝❤ ✐♥❢❡r❡♥❝❡ r✉❧❡✱

t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣r❡♠✐s❡s ♦♥❡ ♥❡❡❞s t♦ ♣r♦✈❡ ✭❉❡♠♦♥✬s ❝❤♦✐❝❡✮✳❚❤✐s ✐s t❤❡ ♥♦t✐♦♥

✉s❡❞ ❜② P❡t❡r ❆❝③❡❧ ✉♥❞❡r t❤❡ ♥❛♠❡ r✉❧❡ s❡t t♦ ❞❡s❝r✐❜❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥❞✉❝t✐✈❡ ❞❡☞✲

♥✐t✐♦♥s ✭❬✹❪✮✿ t❤❡ ❆♥❣❡❧ ❝❤♦♦s❡s ❛ ♣❛rt✐❝✉❧❛r ❝♦♥str✉❝t♦r ❛♥❞ t❤❡ ❉❡♠♦♥ r❡s♣♦♥❞s ❜②

❝❤♦♦s✐♥❣ ♦♥❡ ❛r❣✉♠❡♥t ❢♦r t❤✐s ❝♦♥str✉❝t♦r✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ str❛t❡❣② ❢♦r t❤❡ ❆♥❣❡❧ ✐s

q✉✐t❡ ✐♠♣♦rt❛♥t s✐♥❝❡ ✐t ✐s ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦♦❢ ❛♥❞ t❡r♠✳✳✳

§ ●r❛♠♠❛rs✳ ❖♥❡ ♦t❤❡r ✐❞❡❛ ✐s t♦ ✉s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ♠♦❞❡❧ ❣r❛♠♠❛rs✿ ❛ st❛t❡

✐s ❛ ♥♦♥✲t❡r♠✐♥❛❧ t♦❦❡♥✱ ❛♥ ❛❝t✐♦♥ ❢♦r t❤❡ ❆♥❣❡❧ ✐s ❛ r✉❧❡ ✇✐t❤ t❤✐s t♦❦❡♥ ❛s t❤❡ ❧❡❢t

❤❛♥❞ s✐❞❡ ❛♥❞ ❛ r❡❛❝t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♥♦♥✲t❡r♠✐♥❛❧ t♦❦❡♥s ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ♦❢ t❤❡ r✉❧❡✳ ❚❤✐s ✇❛s t❤❡ ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ✐♥t❡r❛❝t✐♦♥

s②st❡♠s ❜② ❑❡♥t P❡t❡rss♦♥ ❛♥❞ ❉❛♥ ❙②♥❡❦ ✐♥ ❬✼✵❪✳ ❚❤❡② ❞❡☞♥❡❞ ❛ s❝❤❡♠❡ ❢♦r s♣❡❝✐❛❧

✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s r❡❧❛t✐✈❡ t♦ t❤❡ t②♣❡ s✐❣♥❛t✉r❡✿

A ✿ Set

B(a) ✿ Set ✇❤❡r❡ a ǫ A

C(a, b) ✿ Set ✇❤❡r❡ a ǫ A, b ǫ B(a)

d(a, b, c) ǫ A ✇❤❡r❡ a ǫ A, b ǫ B(a), c ǫ C(a, b)

✐✳❡✳ r❡❧❛t✐✈❡ t♦ ❛ ♣❛✐r (A,w) ♦❢ ❛ s❡t A ❛♥❞ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ A✳ ❚❤❡② ❝❛❧❧❡❞

t❤❡ r❡s✉❧t✐♥❣ ✐♥❞✉❝t✐✈❡ t②♣❡ ❭tr❡❡ s❡t✧✳

§ ■♥t❡r❢❛❝❡s✳ ❚❤✐s ✇✐❧❧ s♦♠❡❤♦✇ ❜❡ t❤❡ ♠❛✐♥ ❭❝♦♥❝r❡t❡✧ ❡①❛♠♣❧❡✿ ❞❡s❝r✐❜✐♥❣ t❤❡

s❡r✈✐❝❡s ♦☛❡r❡❞ ❜② ❛♥ ✐♥t❡r❢❛❝❡ ❢♦r ♣r♦❣r❛♠♠✐♥❣✳ ❙✐♥❝❡ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥t❡r❢❛❝❡s ✐♥

❞❡t❛✐❧s ✐♥ s❡❝t✐♦♥ ✷✳✻✱ ✇❡ ❞♦ ♥♦t ❣♦ ✐♥t♦ t❤❡ ❞❡t❛✐❧s ❢♦r t❤❡ ♠♦♠❡♥t✳

§ ❚♦♣♦❧♦❣✐❝❛❧ ❙♣❛❝❡✳ ❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s q✉✐t❡ ❞✐☛❡r❡♥t ✐♥ ♥❛t✉r❡✳ ❙✐♥❝❡ t❤✐s ✇✐❧❧

❜❡ t❤❡ s✉❜❥❡❝t ♦❢ s❡❝t✐♦♥ ✹✳✷✱ ✇❡ ♦♠✐t t❤❡ ❞❡t❛✐❧s ❛♥❞ s✐♠♣❧② s❛② t❤❛t ❛ st❛t❡ ❝❛♥ ❜❡

s❡❡♥ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ ❛ ❜❛s❡ ❢♦r ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❛♥❞ t❤❛t t❤❡ ❛❝t✐♦♥s ❛♥❞ r❡❛❝t✐♦♥s

❣✐✈❡ t❤❡ ♣♦ss✐❜❧❡ ✇❛②s t♦ ❝♦✈❡r ❛ ♣❛rt✐❝✉❧❛r ❜❛s✐❝ ♦♣❡♥ s❡t ❜② ♦t❤❡r ❜❛s✐❝ ♦♣❡♥ s❡ts✳

❍❡r❡ ✐s t❛❜❧❡ s✉♠♠❛r✐③✐♥❣ ❛❧❧ t❤✐s✿

s ǫ S a ǫ A(s) d ǫ D(s, a) n(s, a, d)

♣❤②s✐❝❛❧ st❛t❡ ❛❝t✐♦♥ r❡❛❝t✐♦♥ ♥❡①t st❛t❡

st❛t❡ ♦❢ ❜♦❛r❞ ♠♦✈❡ ❝♦✉♥t❡r✲♠♦✈❡ ♥❡①t st❛t❡

st❛t❡ ♦❢ ❦♥♦✇❧❡❞❣❡ q✉❡st✐♦♥ ❛♥s✇❡r ♥❡✇ ❦♥♦✇❧❡❞❣❡

r❡s♦✉r❝❡s ❡①♣❡r✐♠❡♥t ♦✉t❝♦♠❡ ♥❡✇ r❡s♦✉r❝❡s

♣r♦♣♦s✐t✐♦♥ ✐♥❢❡r❡♥❝❡ r✉❧❡ ♣r❡♠✐s❡ ♥❡✇ ♣r♦♣♦s✐t✐♦♥

✐♥❞✉❝t✐✈❡ t②♣❡ ❝♦♥str✉❝t♦r ❛r❣✉♠❡♥t t②♣❡ ♦❢ ❛r❣✉♠❡♥t

♥♦♥✲t❡r♠✐♥❛❧ ♣r♦❞✉❝t✐♦♥ r✉❧❡ ❘❍❙ t♦❦❡♥ ♥❡✇ t♦❦❡♥

st❛t❡ ❝♦♠♠❛♥❞ r❡s♣♦♥s❡ ♥❡✇ st❛t❡

❜❛s✐❝ ♦♣❡♥ ❝♦✈❡r✐♥❣ ✐♥❞❡① ❢♦r✳✳✳ ♥❡✇ ❜❛s✐❝ ♦♣❡♥
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2.2 Combining Interaction Systems

●✐✈❡♥ t✇♦ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ t❤❡r❡ ❛r❡ ♥❛t✉r❛❧ ✇❛②s t♦ ❝♦♠❜✐♥❡ t❤❡♥✳ ❲❡ ❣✐✈❡ t❤❡

♠♦st ♦❜✈✐♦✉s ♦♥❡s ❜❡❧♦✇✳

§ ❉✐s❥♦✐♥t ❙✉♠✳ ❆ ✈❡r② s✐♠♣❧❡ t❤✐♥❣ t♦ ❞♦ ✐s t♦ ♠❛❦❡ t❤❡ ❭❞✐s❥♦✐♥t ✉♥✐♦♥✧ ♦❢ t❤❡

✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❞✐s❥♦✐♥t s✉♠ ♦❢ t✇♦ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s✿

⊲ Definition 2.2.1: ❧❡t w1 ❛♥❞ w2 ❜❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦♥ S1 ❛♥❞ S2✳ ❉❡☞♥❡

t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w1 ⊕w2 ♦♥ S1 + S2 ❛s✿

(w1 ⊕w2).A(s) , case s ♦❢ ✐♥❧(s1) ⇒ A1(s1)

✐♥r(s2)⇒ A2(s2)

(w1 ⊕w2).D(s, a) , case s ♦❢ ✐♥❧(s1) ⇒ D1(s1, a)

✐♥r(s2)⇒ D2(s2, a)

(w1 ⊕w2).n(s, a, d) , case s ♦❢ ✐♥❧(s1) ⇒ s1[a/d]

✐♥r(s2)⇒ s2[a/d] ✳

❲❡ ❝❛❧❧ w1 ⊕w2 t❤❡ ❞✐s❥♦✐♥t s✉♠ ♦❢ w1 ❛♥❞ w2✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w1 ⊕w2 ✐s q✉✐t❡ ❜♦r✐♥❣✿ ✐♥t❡r❛❝t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❡✐t❤❡r ✐♥ w1
♦r ✐♥ w2✱ ❜✉t ❛❧✇❛②s ♦♥ t❤❡ s❛♠❡ s✐❞❡✦

§ ❙②♥❝❤r♦♥♦✉s ❚❡♥s♦r✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ s♣❡❝tr✉♠✱ ✇❡ ❝❛♥ ✐♠♣♦s❡ t❤❡ ❆♥❣❡❧

❛♥❞ t❤❡ ❉❡♠♦♥ t♦ ♣❧❛② ♦♥ ❜♦t❤ s✐❞❡s ❛❧❧ t❤❡ t✐♠❡✳ ❚❤✐s ✐s ❛ ❦✐♥❞ ♦❢ ❭❧♦❝❦✲st❡♣✧

s②♥❝❤r♦♥♦✉s ♣r♦❞✉❝t✱ s✐♠✐❧❛r t♦ t❤❡ ♦♣❡r❛t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ ♥❛♠❡ ❞❡☞♥❡❞ ✐♥ ❬✻✼❪ ❢♦r

❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s✳

⊲ Definition 2.2.2: s✉♣♣♦s❡ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦♥ S1 ❛♥❞ S2❀

❞❡☞♥❡ w1 ⊗w2 t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S1 × S2✿

(w1 ⊗w2).A
(
(s1, s2)

)
, A1(s1)×A2(s2)

(w1 ⊗w2).D
(
(s1, s2), (a1, a2)

)
, D1(s1, a1)×D2(s2, d2)

(w1 ⊗w2).n
(
(s1, s2), (a1, a2), (d1, d2)

)
,

(
s1[a1/d1], s2[a2/d2]

)
✳

❲❡ ❝❛❧❧ w1 ⊗w2 t❤❡ ❭s②♥❝❤r♦♥♦✉s t❡♥s♦r✧ ♦❢ w1 ❛♥❞ w2✳

❚❤✐s ✐s ✈❡r② r❡str✐❝t✐✈❡ s✐♥❝❡ ❛ ❢❛✐❧✉r❡ t♦ ♣❧❛② ♦♥ ♦♥❡ s✐❞❡ ②✐❡❧❞s ❛ ❢❛✐❧✉r❡ t♦ ♣❧❛②

✐♥ t❤❡ s②♥❝❤r♦♥♦✉s t❡♥s♦r✳ ❇❡❝❛✉s❡ ♦❢ ✐ts ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ✭s❡❡ s❡❝t✐♦♥ ✸✳✹✮✱ t❤✐s

♦♣❡r❛t✐♦♥ ✇✐❧❧ ❜❡ ❝❡♥tr❛❧ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ✇♦r❦ ✇❤❡r❡ ✐t ✇✐❧❧ ♠♦❞❡❧ t❤❡ t❡♥s♦r

♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳

§ ❆♥❣❡❧✐❝ ❛♥❞ ❉❡♠♦♥✐❝ ❚❡♥s♦rs✳ ❙♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ ❭✐♥t❡r❛❝t✐♦♥ ♦♥❧② ♦♥ ♦♥❡ s✐❞❡✧

❛♥❞ ❭✐♥t❡r❛❝t✐♦♥ ❛❧✇❛②s ♦♥ ❜♦t❤ s✐❞❡s✧ ❧✐❡ t✇♦ ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s✿

� ✐♥t❡r❛❝t✐♦♥ ♦♥ ♦♥❡ s✐❞❡ ❛t ❛ t✐♠❡✱ t❤❡ ❆♥❣❡❧ ❞❡❝✐❞❡s ✇❤✐❝❤❀

� ✐♥t❡r❛❝t✐♦♥ ♦♥ ♦♥❡ s✐❞❡ ❛t ❛ t✐♠❡✱ t❤❡ ❉❡♠♦♥ ❞❡❝✐❞❡s ✇❤✐❝❤✳

❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ✐♥t❡r❧❡❛✈❡ ✐♥t❡r❛❝t✐♦♥ ✐♥ w1 ❛♥❞ w2✳ ❙✉❝❤ ❛♥ ✐♥t❡r❛❝t✐♦♥ ✐s

❜✐❛s❡❞ ❡✐t❤❡r t♦✇❛r❞ t❤❡ ❆♥❣❡❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ t❛❧❦ ❛❜♦✉t t❤❡ ❆♥❣❡❧✐❝ t❡♥s♦r✱ ♦r

t♦✇❛r❞ t❤❡ ❉❡♠♦♥✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✇❡ t❛❧❦ ❛❜♦✉t t❤❡ ❉❡♠♦♥✐❝ t❡♥s♦r✳
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⊲ Definition 2.2.3: ✐❢ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦♥ S1 ❛♥❞ S2✱ ❞❡✲

☞♥❡ w0 ⊞ w2 ❛♥❞ w1 ⊠ w2 ♦♥ S1 × S2 ✇✐t❤ ❝♦♠♣♦♥❡♥ts ✭A⊞, D⊞, n⊞)

❛♥❞ (A⊠, D⊠, n⊠)✿

A⊞

(
(s1, s2)

)
, A1(s1) +A2(s2)

D⊞

(
(s1, s2), a)

)
, case a ♦❢ ✐♥❧(a1) ⇒ D1(s1, a1)

✐♥r(a2)⇒ D2(s2, a2)

n⊞

(
(s1, s2), a, d)

)
, case a ♦❢ ✐♥❧(a1) ⇒ (s1[a1/d], s2)

✐♥r(a2)⇒ (s1, s2[a2/d])

❛♥❞

A⊠

(
(s1, s2)

)
, A1(s1)×A2(s2)

D⊠

(
(s1, s2), (a1, a2)

)
, D1(s1, a1) +D2(s2, d2)

n⊠

(
(s1, s2), (a1, a2), d

)
, case d ♦❢ ✐♥❧(d1) ⇒ (s1[a1/d1], s2)

✐♥r(d2)⇒ (s1, s2[a2/d2]) ✳

❚❤❡ ☞rst ♦♥❡ ✐s ❝❛❧❧❡❞ t❤❡ ❆♥❣❡❧✐❝ t❡♥s♦r ♦❢ w1 ❛♥❞ w2 ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡

✐s ❝❛❧❧❡❞ t❤❡ ❉❡♠♦♥✐❝ t❡♥s♦r ♦❢ w1 ❛♥❞ w2✳

◆♦t❡ t❤❛t ✐♥ ❛ ⊠✱ t❤❡ ❆♥❣❡❧ ♥❡❡❞s ♥♦t ❜❡ ❝♦♥s✐st❡♥t ✐♥ ❤❡r ❝❤♦✐❝❡ ♦❢ ♠♦✈❡s✿ ✐❢ s❤❡

❝❤♦♦s❡s (a1, a2) ❛♥❞ t❤❡ ❉❡♠♦♥ r❡s♣♦♥❞s ✇✐t❤ d1✱ t❤❡♥ ❢♦r t❤❡ ♥❡①t ✐♥t❡r❛❝t✐♦♥✱ t❤❡

❆♥❣❡❧s ♠❛② ❝❤♦♦s❡ (a′1, a
′
2) ✇❤❡r❡ a′2 6= a2✳

❆❧❧ ♦❢ ⊕✱ ⊗✱ ⊞ ❛♥❞ ⊠ ❝❛♥ ❜❡ ❞❡☞♥❡❞ ❛s ✇❡❧❧ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s s②st❡♠s✳

§ ❖❜✈✐♦✉s Pr♦♣❡rt✐❡s✳ ❚❤♦s❡ ❢♦✉r ♦♣❡r❛t✐♦♥s ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ❛♥❞ ❛ss♦❝✐❛t✐✈❡ ✐♥ ❛

str♦♥❣ s❡♥s❡✿

◦ Lemma 2.2.4: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s w1✱ w2 ❛♥❞ w3✱ ✇❡ ❤❛✈❡✿

� w1 ♣ (w2 ♣w3) ✐s str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ (w1 ♣w2) ♣w3❀

� w1 ♣w2 ✐s str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ w2 ♣w1❀

✇❤❡r❡ ♣ ✐s ♦♥❡ ♦❢ ⊕✱ ⊗✱ ⊞ ♦r ⊠✳
▼♦r❡♦✈❡r✱ ⊗ ❞✐str✐❜✉t❡ ♦✈❡r ⊕✿ w⊗(w1⊕w2) ≈ (w⊗w1)⊕(w⊗w2)✳

❚❤❡② ❛❧❧ ❤❛✈❡ ❛ ♥❡✉tr❛❧ ❡❧❡♠❡♥t✿

⊲ Definition 2.2.5: ❞❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿

� null ✐s t❤❡ ✉♥✐q✉❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ t❤❡ ❡♠♣t② s❡t ♦❢ st❛t❡❀

� skip ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ {∗}✿

skip✿ A(∗) , {∗}

D(∗, ∗) , {∗}

n(∗, ∗, ∗) , ∗ ❀

� abort ❛♥❞ magic ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦♥ S , {∗}✿

abort✿ A(∗) , ∅ ❛♥❞ magic✿ A(∗) , {∗}

D(∗, ) , D(∗, ∗) , ∅

n(∗, , ) , n(∗, ∗, ) , ✳
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❚❤♦s❡ ❝♦♥st❛♥ts ❤❛✈❡ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ✐♥t❡r❛❝t✐♦♥✿

� null ✐s ♣r♦❜❛❜❧② t❤❡ ♠♦st ❜♦r✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿ t❤❡r❡ ❛r❡ ♥♦ st❛t❡✦

� abort ✐s str♦♥❣❧② ❭✇✐♥♥✐♥❣✧ ❢♦r t❤❡ ❉❡♠♦♥✿ t❤❡ ❆♥❣❡❧ ❝❛♥♥♦t ♠♦✈❡✱ ✐♥t❡r❛❝t✐♦♥

❞♦❡s♥✬t ❡✈❡♥ st❛rt✦

� magic ✐s str♦♥❣❧② ❭✇✐♥♥✐♥❣✧ ❢♦r t❤❡ ❆♥❣❡❧✿ t❤❡ ❉❡♠♦♥ ❝❛♥♥♦t ❛♥s✇❡r✦ ❚❤❡ s②st❡♠

st♦♣s ✭❭❤❛♥❣s✧✮ ❛❢t❡r t❤❡ ☞rst ❛❝t✐♦♥✳

� skip ✐s t❤❡ s❡❝♦♥❞ ♠♦st ❜♦r✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❛❢t❡r null✳ ■♥t❡r❛❝t✐♦♥ ❞♦❡s♥✬t

❜r✐♥❣ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✇❛② t♦ ✐♥t❡r❛❝t✳ ■t ✐s t❤❡ ♣❡r❢❡❝t

❡①❛♠♣❧❡ ♦❢ ❛ ❭st❛❜❧❡✧ s②st❡♠✳ ❚❤✐s s②st❡♠✱ ❛s s✐♠♣❧❡ ❛s ✐t ♠❛② s❡❡♠ ❡♥❥♦②s ❛

❤✐❣❤❧② ♥♦♥✲tr✐✈✐❛❧ ♣r♦♣❡rt②✿ s❡❡ s❡❝t✐♦♥ ✸✳✺✳

❚❤♦s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s s❛t✐s❢②✿

◦ Lemma 2.2.6: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w✱ ✇❡ ❤❛✈❡

� w⊕ null ≈ w❀

� w⊗ skip ≈ w❀

� w⊞ abort ≈ w❀

� w⊠magic ≈ w✳

2.3 Sequential Composition and Iteration

❚❤❡ r❡❛s♦♥ ✇❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞ ✐♥ ❤♦♠♦❣❡♥❡♦✉s ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s t❤❛t ✐♥✲

t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ ✐t❡r❛t❡❞✿ ❛❢t❡r ✐♥t❡r❛❝t✐♦♥ (a/d) ❢r♦♠ s✱ t❤❡ ❆♥❣❡❧ ❝❛♥ ❝❤♦s❡ ❛ ♥❡✇

❛❝t✐♦♥ ✐♥ A(s[a/d]) t♦ ✇❤✐❝❤ t❤❡ ❉❡♠♦♥ ❝❛♥ r❡s♣♦♥❞✱ ❡t❝✳ ❲❡ ♦♠✐t ♣❛r❡♥t❤❡s✐s ❛♥❞

✇r✐t❡ s[a1/d1][a2/d2] . . . [an/dn] ❢♦r t❤❡ st❛t❡ r❡❛❝❤❡❞ ❛❢t❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝✲

t✐♦♥ (a1/d1, . . . , an/dn)✳ ❙✉❝❤ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ ❛ tr❛❝❡✳

❚❤✐s s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤✐s ✐❞❡❛ ♦❢ ✐t❡r❛t✐♦♥ ❜② ❞❡☞♥✐♥❣✱ ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥

s②st❡♠ w ♦♥ S✱ ♥❡✇ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s w∗ ❛♥❞ w∞ ♦♥ S ❢♦r ✇❤✐❝❤ ❛❝t✐♦♥s ❛r❡

❭s❡q✉❡♥❝❡s✧ ♦❢ ❛❝t✐♦♥s ❛♥❞ r❡❛❝t✐♦♥s ❛r❡ ❭s❡q✉❡♥❝❡s✧ ♦❢ r❡❛❝t✐♦♥s✳

2.3.1 Sequential Composition

❚❤❡ ☞rst st❡♣ ✐s t♦ ❞❡☞♥❡ ❛ ♥♦t✐♦♥ ♦❢ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ w1 ❀w2 ❢♦r ✐♥t❡r❛❝t✐♦♥

s②st❡♠s✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠♣❧② t❤❛t ❛♥ ✐♥t❡r❛❝t✐♦♥ ♣❛✐r (❛❝t✐♦♥/r❡❛❝t✐♦♥) ✐♥ w1 ❀w2 ✇✐❧❧

❜❡ ❛ ♣❛✐r ♦❢ ✐♥t❡r❛❝t✐♦♥s (a1/d1, a2/d2) ✇❤❡r❡ a2/d2 ❢♦❧❧♦✇s a1/d1✿

⊲ Definition 2.3.1: s✉♣♣♦s❡ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s r❡s♣❡❝t✐✈❡❧②

❢r♦♠ S1 t♦ S2 ❛♥❞ ❢r♦♠ S2 t♦ S3❀ ❞❡☞♥❡ w1 ❀ w2 t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✲

t❡r❛❝t✐♦♥ s②st❡♠✱ ❢r♦♠ S1 t♦ S3✿

� (w1 ❀w2).A(s1) ,
(
Σa1ǫA1(s1)

) (
Πd1ǫD1(s1, a1)

)
A2(s1[a1/d1])❀

� (w1 ❀w2).D
(
s1, (a1, k)

)
,
(
Σd1ǫD1(s1, a1)

)
D2
(
s1[a1/d1], k(d1)

)
❀

� (w1 ❀w2).n
(
s1, (a1, k), (d1, d2)

)
, s1[a1/d1][k(d1)/d2]✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w1 ❀ w2 ✐s ❝❛❧❧❡❞ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ w1
❛♥❞ w2✳



✷✳✸ ❙❡q✉❡♥t✐❛❧ ❈♦♠♣♦s✐t✐♦♥ ❛♥❞ ■t❡r❛t✐♦♥ ✹✸

❚❤✐s ❞❡☞♥✐t✐♦♥ ❝❡rt❛✐♥❧② ❧♦♦❦s ❢r✐❣❤t❡♥✐♥❣ ❜✉t ✐s ✐♥ ❢❛❝t q✉✐t❡ ♥❛t✉r❛❧✿ r❡❝❛❧❧ t❤❛t Σ

❛♥❞ Π r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ ♣❛✐rs ❛♥❞ ❢✉♥❝t✐♦♥s✱

� ❛♥ ❛❝t✐♦♥ ❢r♦♠ st❛t❡ s1 ✐♥ w1 ❀w2 ✐s ❣✐✈❡♥ ❜②✿

✲ ❛♥ ❛❝t✐♦♥ a1 ✐♥ A1(s1)✱

✲ t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♥t✐♥✉❛t✐♦♥ k ♠❛♣♣✐♥❣ ❛♥② r❡❛❝t✐♦♥ d1 t♦ a1 t♦ ❛ ♥❡✇

❛❝t✐♦♥ a2 ❢r♦♠ st❛t❡ s1[a1/d1] ✭❛ ❭❝♦♥❞✐t✐♦♥❛❧✧ ❛❝t✐♦♥ ✐♥ w2✮❀

� ❛ r❡❛❝t✐♦♥ t♦ s✉❝❤ ❛ ♣❛✐r ✐s ❣✐✈❡♥ ❜②✿

✲ ❛ r❡❛❝t✐♦♥ d1 t♦ t❤❡ ☞rst ❛❝t✐♦♥ a1✱

✲ ❛♥❞ ❛ r❡❛❝t✐♦♥ d2 t♦ t❤❡ ❛❝t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ k(d1)✱

� t❤❡ r❡s✉❧t✐♥❣ st❛t❡ ✐s s✐♠♣❧② s1[a1/d1][k(d1)/d2]✳

❚❤✉s✱ ❛ s✐♥❣❧❡ ♠♦✈❡ ❢♦r t❤❡ ❆♥❣❡❧ ✐♥ w1 ❀ w2 ✐s ❛ str❛t❡❣② t♦ ♣❧❛② ♦♥❡ ♠♦✈❡ ✐♥ w1
❢♦❧❧♦✇❡❞ ❜② ♦♥❡ ♠♦✈❡ ✐♥ w2✳

❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ♥❛t✉r❛❧❧② ❛ss♦❝✐❛t✐✈❡ ❜✉t ❞❡☞♥✐t❡❧② ♥♦t ❝♦♠♠✉t❛t✐✈❡✳ ❋♦r ❛♥②

s❡t S✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ skipS ✇❤✐❝❤ ✐s ♥❡✉tr❛❧ ♦♥ ❜♦t❤ s✐❞❡s✿

skipS ❀w ≈ w ✇❤❡r❡ w ✿ S→ ❋2(S′)

w ❀ skipS ≈ w ✇❤❡r❡ w ✿ S′ → ❋2(S) ✱

✇❤❡r❡ skipS ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✿

skip ✿ A(s) , {∗}

D(s, ∗) , {∗}

n(s, ∗, ∗) , s ✳

❚❤✐s s♠❛❧❧ s❡❝t✐♦♥ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❜② s❛②✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ❛ ❝❛t❡❣♦r② ✇❤❡r❡ ♦❜❥❡❝ts

❛r❡ s❡ts ❛♥❞ ♠♦r♣❤✐s♠s ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

2.3.2 Factorization of Interaction Systems

❚❤❡ ✈❡r② ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s s❡q✉❡♥t✐❛❧✿ t❤❡ ❉❡♠♦♥✬s r❡❛❝t✐♦♥s ❢♦❧❧♦✇ t❤❡

❆♥❣❡❧✬s ❛❝t✐♦♥s✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❡❡ ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❛s t❤❡

s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s✐♠♣❧❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿ ♦♥❡ ❢♦r t❤❡ ❆♥❣❡❧ ❛♥❞ ♦♥❡

❢♦r t❤❡ ❉❡♠♦♥✳

§ ❆♥❣❡❧✐❝ ❛♥❞ ❉❡♠♦♥✐❝ ❯♣❞❛t❡s✳ ❋✐rst✱ ❧❡t✬s s❡❡ ❤♦✇ ✇❡ ❝❛♥ ❧✐❢t ❛ tr❛♥s✐t✐♦♥ s②st❡♠

t♦ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿

⊲ Definition 2.3.2: s✉♣♣♦s❡ v = (A,n) ✐s ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2❀

❞❡☞♥❡ t❤❡ ❆♥❣❡❧✐❝ ✉♣❞❛t❡ 〈v〉 ♦❢ v t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

❢r♦♠ S1 t♦ S2✿

〈v〉.A(s1) , A(s1)

〈v〉.D(s1, a1) , {∗}

〈v〉.n(s1, a1, ∗) , n(s1, a1) ✳

❉✉❛❧❧②✱ ❞❡☞♥❡ t❤❡ ❉❡♠♦♥✐❝ ✉♣❞❛t❡ [v] ♦❢ v t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥

s②st❡♠ ❢r♦♠ S1 t♦ S2✿

[v].A(s1) , {∗}

[v].D(s1, ∗) , A(s1)

[v].n(s1, ∗, a1) , n(s1, a1) ✳



✹✹ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

❆♥ ❭✉♣❞❛t❡✧ ♦❢ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ❛♠♦✉♥ts t♦ ❣✐✈✐♥❣ ❛ ♥❛♠❡ ✭❆♥❣❡❧ ♦r ❉❡♠♦♥✮ t♦

t❤❡ ♣❧❛②❡r ❝❤♦♦s✐♥❣ t❤❡ tr❛♥s✐t✐♦♥s✳

§ ❋❛❝t♦r✐③❛t✐♦♥✳ ❲❡ ❥✉st s❛✇ ❤♦✇ t♦ ❧✐❢t ❛ tr❛♥s✐t✐♦♥ s②st❡♠ t♦ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱

❛♥❞ ✇❡ s❛✇ t❤❛t t❤❡r❡ ✇❡r❡ t✇♦ ✇❛②s t♦ ❞♦ s♦✳ ❲❡ ♥♦✇ ❞♦ t❤❡ ❝♦♥✈❡rs❡ ❛♥❞ s❤♦✇

❤♦✇ t♦ ❞✐s♠❛♥t❧❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐♥t♦ t✇♦ tr❛♥s✐t✐♦♥ s②st❡♠s✳ ■❢ w = (A,D,n)

✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2✱ ❞❡☞♥❡✿

� ❛ tr❛♥s✐t✐♦♥ s②st❡♠ wA ❢r♦♠ S1 t♦ (Σs1ǫS1)A(s1)✿

wA.A(s1) , A(s1)

wA.n(s1, a1) , (s1, a1) ❀

� ❛♥❞ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ wD ❢r♦♠ (Σs1ǫS1)A(s1) t♦ S2✿

wD.A
(
(s1, a1)

)
, D(s1, a1)

wD.n
(
(s1, a1), d1

)
, n(s1, a1, d1) ✳

❚❤✐s ♦♣❡r❛t✐♦♥ ♦❢ ❭s✉r❣❡r②✧ ✐s s♦♠❡✇❤❛t r✐❣❤t ✐♥✈❡rs❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❧✐❢t✐♥❣ ♦♣❡r❛✲

t✐♦♥s✿

⋄ Proposition 2.3.3: ❢♦r ❛♥② ❤♦♠♦❣❡♥❡♦✉s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w✱

✇❡ ❤❛✈❡ w ≈ 〈wA〉 ❀ [wD]✳

proof: s✐♥❝❡ t❤❡ s❡t ♦❢ st❛t❡s ♦❢ w ❛♥❞ 〈wA〉 ❀ [wD] ❛r❡ t❤❡ s❛♠❡✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇

t❤❛t t❤❡ s❡ts ♦❢ ❛❝t✐♦♥s ❛♥❞ r❡❛❝t✐♦♥s ❛r❡ ✐s♦♠♦r♣❤✐❝✱ ✐♥ ❛ ✇❛② t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡

✇✐t❤ t❤❡ ♥❡①t st❛t❡ ❢✉♥❝t✐♦♥s✿ ❢♦r t❤❡ ❛❝t✐♦♥s✱

(〈wA〉 ❀ [wD]).A(s) =
(
Σaǫ〈wA〉.A(s)

)
(
dǫ〈wA〉.D(a)

)
→ [wD].A

(
wA.n(s, a, d)

)

=
(
ΣaǫA(s)

)
{∗} → {∗}

= A(s)×
(
{∗} → {∗}

)

≃ A(s)

❢♦r t❤❡ r❡❛❝t✐♦♥✱

(〈wA〉 ❀ [wD]).D(s, (a, k)) =
(
Σdǫ〈wA〉.D(s)

)

[wD].D
(
wA.n(s, a, d), k(d)

)

=
(
Σ ǫ{∗}

)
[wD].D

(
wA.n(s, a, ∗), k(∗)

)

= {∗} × [wD].D
(
(s, a), ∗

)

= {∗} ×D(s, a)

≃ D(s, a)

❛♥❞ t❤❡ ♥❡①t st❛t❡ ❢✉♥❝t✐♦♥s

(〈wa〉 ❀ [wD]).n
(
s, (a, k), (∗, d)

)
= [wD].n

(
〈wA〉.n(s, a, ∗), k(∗), d

)

= [wD].n
(
(s, a), ∗, d

)

= wD.n
(
(s, a), d

)

= n(s, a, d) ✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

�X
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2.3.3 Reflexive and Transitive Closure: Angelic Iteration

■❢ ✇❡ ❝❛♥ ❝♦♠♣♦s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✭✇❤❡♥ t❤❡ ❝♦❞♦♠❛✐♥ ♦❢ t❤❡ ☞rst ♦♥❡ ❝♦✐♥❝✐❞❡

✇✐t❤ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ s❡❝♦♥❞ ♦♥❡✮✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣♦s❡ ❛ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠

✇✐t❤ ✐ts❡❧❢✱ ♠❛♥② t✐♠❡s ✐♥ ❛ r♦✇ ✐❢ ♥❡❡❞❡❞✿ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❞♦✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢

✐♥t❡r❛❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ ✐t❡r❛t❡❞ ❝♦♠♣♦s✐t✐♦♥ w ❀ . . . ❀w s✉☛❡rs ❢r♦♠ ❛ ❜✐❣ ❞r❛✇❜❛❝❦✿

❛❧❧ tr❛❝❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ ❤❛✈❡ t❤❡ s❛♠❡ ❧❡♥❣t❤✳ ❚❤❡ ♥❡①t ❞❡☞♥✐t✐♦♥ ✐s ❛♥ ❛♥s✇❡r t♦

t❤✐s ♣r♦❜❧❡♠✿

⊲ Definition 2.3.4: ❧❡t w = (A,D,n) ❜❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S❀ ❞❡☞♥❡ t❤❡

r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ w✱ ✇r✐tt❡♥ w∗✱ ♦♥ S ❛s✿

A∗ , (µX ✿ S→ Set) (λs ǫ S)

data ❊①✐t

❈❛❧❧(a, k) ✇❤❡r❡ a ǫ A(s)

k ǫ
(
ΠdǫD(s, a)

)
X(s[a/d])

D∗(s,❊①✐t) , data ◆✐❧

D∗
(
s,❈❛❧❧(a, k)

)
, data ❈♦♥s(d, d′) ✇❤❡r❡ d ǫ D(s, a)

d′ ǫ D∗
(
s[a/d], k(d)

)

❛♥❞

n∗(s,❊①✐t,◆✐❧) , s

n∗
(
s,❈❛❧❧(a, k),❈♦♥s(d, d′)

)
, n∗

(
s[a/d], k(d), d′

)
✳

❚❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❆♥❣❡❧✐❝ ✐t❡r❛t✐♦♥ ♦❢ w✳

❆ s✐♥❣❧❡ ♠♦✈❡ ✐♥ w∗ ✐s t❤✉s ❛ str❛t❡❣② t♦ ♣❧❛② ✐♥ w✱ ✉♥t✐❧ t❤❡ ❆♥❣❡❧ ❞❡❝✐❞❡s s❤❡ ❞♦❡s♥✬t

✇❛♥t t♦ ❝♦♥t✐♥✉❡✳ ❆ r❡s♣♦♥s❡ t♦ s✉❝❤ ❛ str❛t❡❣② ✐s s✐♠♣❧② ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❝t✐♦♥s t♦

t❤❡ ❝♦♥s❡❝✉t✐✈❡ ♠♦✈❡s ❣✐✈❡♥ ❜② t❤❡ str❛t❡❣②✳

❍❡r❡ ✐s ❤♦✇ t❤❡s❡ ❞❡☞♥✐t✐♦♥s ✇♦✉❧❞ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❆❣❞❛ s②st❡♠✿

RTCA (s::S) :: Set

= data Exit | Call (a::A s) (k::(d::D s a) -> RTCA (n s a d))

RTCD (s::S) (a’:: RTCA s) :: Set

= case a’ of

(Exit) -> data Nil

(Call a k) -> data Cons (d::D s a) (d’::RTCD (n s a d) (k d))

RTCn (s::S) (a’:: RTCA s) (d’:: RTCD s a) :: S

= case a’ of

(Exit) -> s

(Call a k) -> RTCn (n s a d’.fst) (k d’.fst) d’.snd

✇❤❡r❡ ❭d’.fst✧ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ d’ ♦♥ t❤❡ ☞rst ❝♦♦r❞✐♥❛t❡✳

❚❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r❫♦❧❡ ✐♥ s❡❝t✐♦♥s ✷✳✺✳✺✱ ✷✳✻✳✷ ❛♥❞ ✹✳✷✳

2.3.4 Demonic Iteration

❆♥❣❡❧✐❝ ✐t❡r❛t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✇❡❧❧✲❢♦✉♥❞❡❞ ✐♥t❡r❛❝t✐♦♥ ✇❤❡r❡ t❤❡ ❆♥❣❡❧ ❞❡❝✐❞❡s

✇❤❡♥ t♦ st♦♣✳ ❚❤❡r❡ ✐s ❛ ❞✉❛❧ ♥♦t✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧❧② ✐♥☞♥✐t❡ ♣❧❛②s ❢♦r t❤❡ ❆♥❣❡❧✱ ✇❤❡r❡

t❡r♠✐♥❛t✐♦♥ ✐s ❞❡❝✐❞❡❞ ❜② t❤❡ ❉❡♠♦♥✳ ❚❤✐s ♥♦t✐♦♥ ♦❢ ❉❡♠♦♥✐❝ ✐t❡r❛t✐♦♥ ✉s❡s ❛ ❞❡☞✲

♥✐t✐♦♥ ❜② ❣r❡❛t❡st ☞①♣♦✐♥t ♦✈❡r S→ Set s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ❣❡♥❡r❛❧✐③❡❞ ✐♥❞✉❝t✐✈❡



✹✻ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

❞❡☞♥✐t✐♦♥✳ ❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❢✉❧❧ r✉❧❡s ❢♦r s✉❝❤ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❛s t❤❡②

❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬✹✻❪✳

§ ❭❙t❛t❡ ❉❡♣❡♥❞❡♥t✧ ❈♦✐♥❞✉❝t✐✈❡ ❉❡☞♥✐t✐♦♥s✳ ❯s✉❛❧ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ❛❧❧♦✇

t♦ ❞❡☞♥❡ ❣r❡❛t❡st ☞①♣♦✐♥ts ❢♦r ❢✉♥❝t♦rs Set → Set❀ ❭st❛t❡ ❞❡♣❡♥❞❡♥t✧ ❝♦✐♥❞✉❝t✐✈❡

❞❡☞♥✐t✐♦♥s ✇✐❧❧ ❛❧❧♦✇ t♦ ❞❡☞♥❡ ❣r❡❛t❡st ☞①♣♦✐♥ts ❢♦r ❛ r❡str✐❝t❡❞ ❝❧❛ss ♦❢ ❢✉♥❝t♦rs

❢r♦♠ (S→ Set) t♦ (S→ Set) ✭✐✳❡✳ ❢r♦♠ P(S) t♦ P(S)✮✳ ❋♦r ♣r❡❞✐❝❛t✐✈✐t② r❡❛s♦♥s✱ ✐t ✐s

♥♦t ♣♦ss✐❜❧❡ t♦ ❥✉st✐❢② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s✉❝❤ ❣r❡❛t❡st ☞①♣♦✐♥ts ❢♦r ❛r❜✐tr❛r② ❢✉♥❝✲

t♦rs✳ ■♥st❡❛❞✱ ✇❡ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ ❞❡☞♥❡ s♦ ❝❛❧❧❡❞ ❭s❡t✲❜❛s❡❞

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✧✳2 ❚❤❡ ✐♥t❡r❡st ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛s r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r

❡♥❞♦❢✉♥❝t♦rs ♦♥ P(S) ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✺✳

❋♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w = (A,D,n) ♦♥ S✱ ❞❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r

♦♥ s✉❜s❡ts✿

w◦ ✿ P(S)→ P(S)

U 7→
{
sǫS |

(
∃aǫA(s)

)(
∀dǫD(s, a)

)
s[a/d] ε U

}
❀

♦r✱ t♦ ✉s❡ t②♣❡ t❤❡♦r❡t✐❝ ♥♦t❛t✐♦♥✿

w◦ ✿ (S→ Set)→ (S→ Set)

w◦ , (λU✿S→ Set)(λsǫS)
(
ΣaǫA(s)

)(
ΠdǫD(s, a)

)
U(s[a/d]) ✳

■t ✐s q✉✐t❡ tr✐✈✐❛❧ t♦ ❝❤❡❝❦ t❤❛t w◦ ✐s ❛ ❢✉♥❝t♦r✳ ❋♦r♠❛❧❧②✱ t❤✐s ♠❡❛♥s t❤❛t w◦ ✐s ❛

♠♦♥♦t♦♥✐❝ ♦♣❡r❛t♦r ❢r♦♠ P(S) t♦ P(S)✳

■♥ ✇♦r❞s✱ s ε w◦(U) ♠❡❛♥s t❤❛t t❤❡ ❆♥❣❡❧ ❤❛s ❛ ❢♦♦❧♣r♦♦❢ ✇❛② t♦ r❡❛❝❤ U ✐♥

❡①❛❝t❧② ♦♥❡ ✐♥t❡r❛❝t✐♦♥ ✭♣r♦✈✐❞❡❞ t❤❡ ❉❡♠♦♥ ❞♦❡s r❡❛❝t t♦ ❤❡r ❛❝t✐♦♥✮✳ ❆♥ ❡❧❡♠❡♥t

♦❢ t❤❡ s❡t s ε w◦(U) ✐s s✐♠♣❧② ❛ ♣❛✐r (a, k) ✇❤❡r❡ a ✐s ❛♥ ❛❝t✐♦♥ ❛♥❞ k(d) ♣r♦✈✐❞❡s ❛

♣r♦♦❢ t❤❛t s[a/d] ε U ❢♦r ❛♥② r❡❛❝t✐♦♥ d✳

❲❡ ♥♦✇ ❞❡☞♥❡ νX.w
◦(X)✱ t❤❡ ❣r❡❛t❡st ☞①♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t♦r ❥✉st ❣✐✈❡♥✳ ❚❤❡

✐♥t✉✐t✐♦♥ ✐s t❤❛t s ε νX.w
◦(X) ✐❢✱ ❢r♦♠ st❛t❡ s✱ t❤❡r❡ ✐s ❛♥ ✐♥☞♥✐t❡ str❛t❡❣② ❝❤♦♦s✐♥❣

❛❝t✐♦♥s ❢♦r t❤❡ ❆♥❣❡❧✳

�
w = (A,D,n) ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S

νX.w
◦(X) ✿ S→ Set

❀

�
X ✿ S→ Set C ǫ (sǫS)→ X(s)→ w◦(X)(s) s ǫ S x ǫ X(s)

❝♦✐t❡r(X,C, s, x) ǫ νX.w
◦(X)(s)

❀

�
s ǫ S p ǫ νX.w

◦(X)(s)

❡❧✐♠(p, s) ǫ w◦(νX.w
◦(X))(s)

✳

❚❤❡ r❡❞✉❝t✐♦♥ r✉❧❡ ✐s✿

❡❧✐♠
(
❝♦✐t❡r(X,C, s, x)

)
=

(
a ,
(
λdǫD(s, a)

)
. ❝♦✐t❡r

(
X,C, s[a/d], g(d)

))

✇❤❡r❡ C(s, x) = (a, g) ✳

✭❲✐t❤ ❭C(s,x) = (a,g)✧ ❞❡♥♦t✐♥❣ ❛ ♣❛tt❡r♥ ♠❛t❝❤✐♥❣✿ C(s,x) ✐s ❛ ♣❛✐r✱ ❜❡❝❛✉s❡ ✐t ✐s ✐♥ ❛ s✐❣♠❛ t②♣❡✳✮

❚❤✉s✱ ✐❢ p ǫ νX.w
◦(X)✱ ❡❧✐♠(p) ✐s ♦❢ t❤❡ ❢♦r♠ (a, k)✱ ✇❤❡r❡ a ✐s ❛♥ ❛❝t✐♦♥ ✐♥ A(s) ❛♥❞ k

✐s ❛ ❝♦♥t✐♥✉❛t✐♦♥ s❡♥❞✐♥❣ ❛♥② d ǫ D(s, a) t♦ ❛ ♥❡✇ ✐♥☞♥✐t❡ str❛t❡❣② ❢r♦♠ st❛t❡ s[a/d]✳

2 ✿ ❚❤❡ s❛♠❡ r❡str✐❝t✐♦♥ ❛❧s♦ ❛♣♣❧✐❡s t♦ ❧❡❛st ☞①♣♦✐♥ts✳



✷✳✹ ❙✐♠✉❧❛t✐♦♥s ✹✼

§ ❉❡♠♦♥✐❝ ■t❡r❛t✐♦♥✳ ❲❡ ♥♦✇ ❤❛✈❡ ❛❧❧ t❤❡ t♦♦❧s t♦ ❞❡☞♥❡ ❉❡♠♦♥✐❝ ✐t❡r❛t✐♦♥✿

⊲ Definition 2.3.5: ❧❡t w = (A,D,n) ❜❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ ♦♥ S❀ ❞❡☞♥❡ ❛ ♥❡✇ ✐♥t❡r✲

❛❝t✐♦♥ s②st❡♠ w∞ = (A∞, D∞, n∞) ♦♥ S ✇✐t❤✿

A∞ , νX.w
◦(X) ✭s❡❡ ❛❜♦✈❡✮

D∞ ,
(
µX ✿ (sǫS)→ A∞(s)→ Set

) (
λs ǫ S) (λp ǫ A∞(s)

)

data ◆✐❧

❈♦♥s(d, d′) ✇❤❡r❡ (a, k) = ❡❧✐♠(p)

d ǫ D(s, a)

d′ ǫ X
(
s[a/d], k(d)

)

❛♥❞

n∞(s, p,◆✐❧) , s

n∞
(
s, p,❈♦♥s(d, d′)

)
, n∞

(
s[a/d], k(d), d′

)
✇❤❡r❡ (a, k) = ❡❧✐♠(p)

❚❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ❝❛❧❧❡❞ t❤❡ ❉❡♠♦♥✐❝ ✐t❡r❛t✐♦♥ ♦❢ w✳

❙♦✱ ✇❤❡♥ ❝❤♦♦s✐♥❣ ❛♥ ❛❝t✐♦♥ ✐♥ w∞✱ t❤❡ ❆♥❣❡❧ ♥❡❡❞s t♦ ❞❡❝✐❞❡ ♦♥ ❛ ♣♦t❡♥t✐❛❧❧② ✐♥☞♥✐t❡

str❛t❡❣② t♦ ♣❧❛② ✐♥ w ❛♥❞ t❤❡ ❉❡♠♦♥ r❡❛❝ts ❜② ❛ ☞♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❝♦✉♥t❡r ♠♦✈❡s✳

P❧❛②s ❛r❡ st✐❧❧ ☞♥✐t❡✱ ❜✉t t❤❡ ❆♥❣❡❧ ❞♦❡s♥✬t ❦♥♦✇ ✇❤❡♥ ✐♥t❡r❛❝t✐♦♥ ✇✐❧❧ st♦♣✳ ❚❤✐s ❦✐♥❞

♦❢ s✐t✉❛t✐♦♥ ✐s ✈❡r② ❝♦♠♠♦♥ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ s❡r✈❡r ♣r♦❣r❛♠s✳

❲❡ ✇✐❧❧ ❝♦♠❡ ❜❛❝❦ t♦ t❤✐s ❡①❛♠♣❧❡ ✐♥ s❡❝t✐♦♥ ✷✳✻✳✸✳ ❆❧s♦ ♥♦t❡ t❤❛t ❛ ❛♥ ❡❧❡♠❡♥t

♦❢ A∞(s) ✐s ❛ ❞❡❛❞❧♦❝❦ ❛✈♦✐❞✐♥❣ str❛t❡❣②✿ ♥♦ ♠❛tt❡r ✇❤❛t ❤❛♣♣❡♥s✱ ♣r♦✈✐❞❡❞ t❤❡

❉❡♠♦♥s r❡❛❝ts✱ t❤❡ ❆♥❣❡❧ ❛❧✇❛②s ❤❛s ❛ ♠♦✈❡ t♦ ♣❧❛②✳

2.4 Simulations

❲❡ ♥♦✇✱ ❛t ❧❛st✱ ❝♦♠❡ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❚❤✐s

♥♦t✐♦♥ ❣❡♥❡r❛❧✐③❡s t❤❡ ♥❛t✉r❛❧ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❜❡t✇❡❡♥ tr❛♥s✐t✐♦♥ s②st❡♠s ❛♥❞

✇❛s ☞rst ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❜② ❆♥t♦♥ ❙❡t③❡r ❛♥❞ P❡t❡r

❍❛♥❝♦❝❦✳ ■t ✇✐❧❧ ♦❢ ❝♦✉rs❡ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ str✉❝t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

❞❡☞♥❡❞ ♦♥ ♣❛❣❡ ✸✼✳

2.4.1 The Case of Transition Systems

❚❤❡ ✉s✉❛❧ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠s ❝❛♥ ❜❡

✇r✐tt❡♥ ❛s✿

✐❢ −→1 ❛♥❞ −→2 ❛r❡ ▲❚❙ ♦♥ s❡ts S1 ❛♥❞ S2✱ ✇✐t❤ ❧❛❜❡❧s ✐♥ L✱ ❛

r❡❧❛t✐♦♥ R ♦♥ S1 × S2 ✐s ❛ s✐♠✉❧❛t✐♦♥ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿





a ǫ L

s1
a
−→1 s

′
1

(s1, s2) ε R

⇒ s2
a
−→2 s

′
2 ❢♦r s♦♠❡ s′2 s✳t✳ (s′1, s

′
2) ε R ✳

■♥ ♦✉r ❝❛s❡✱ ✇❤❡r❡ t❤❡ s❡t ♦❢ ❧❛❜❡❧s ✐s ❧♦❝❛❧ t♦ ❡❛❝❤ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✭❛♥❞ ✐s ❡✈❡♥

❧♦❝❛❧ t♦ ❡❛❝❤ st❛t❡✮✱ ✇❡ ♠♦❞✐❢② t❤✐s ❞❡☞♥✐t✐♦♥ ✐♥t♦✿
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❧❡t v1 = (A1, n1) ❛♥❞ v2 = (A2, n2) ❜❡ tr❛♥s✐t✐♦♥ s②st❡♠s ♦♥ S1
❛♥❞ S2❀ ❛ r❡❧❛t✐♦♥ R ✿ Rel(S1, S2) ✐s ❝❛❧❧❡❞ ❛ s✐♠✉❧❛t✐♦♥ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❤♦❧❞s ❢♦r ❛❧❧ s1 ǫ S1 ❛♥❞ s2 ǫ S2✿

(s1, s2) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃a2 ǫ A2(s2)

)
(
s1[a1], s2[a2]

)
ε R ✳

❚❤✐s ❞❡☞♥✐t✐♦♥ s❤♦✇s t❤❛t ✇❡ ❛r❡ ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ❛❜♦✉t ❤♦✇ t❤❡ st❛t❡s ❛r❡ ❧✐♥❦❡❞

❛♥❞ ♥♦t s♦ ♠✉❝❤ ❛❜♦✉t t❤❡ ❛❝t✉❛❧ tr❛♥s✐t✐♦♥ ♥❛♠❡s ❜❡t✇❡❡♥ t❤❡♠✳

2.4.2 The General Case

■t ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡①t❡♥❞ t❤❡ ❛❜♦✈❡ ❞❡☞♥✐t✐♦♥ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡

♣r❡s❡♥❝❡ ♦❢ r❡❛❝t✐♦♥s✿

⊲ Definition 2.4.1: ❧❡t w1 = (A1, d1, n1) ❛♥❞ w2 = (A2, D2, n2) ❜❡ ✐♥t❡r❛❝t✐♦♥

s②st❡♠s ♦♥ S1 ❛♥❞ S2❀ ❛ r❡❧❛t✐♦♥ R ✿ Rel(S1, S2) ✐s ❛ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥

✭♦r s✐♠♣❧② ❛ s✐♠✉❧❛t✐♦♥✮ ❢r♦♠ w1 t♦ w2 ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

❢♦r ❛❧❧ s1 ǫ S1 ❛♥❞ s2 ǫ S2✱

(s1, s2) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃a2 ǫ A2(s2)

)
(
∀d2 ǫ D2(s2, a2)

)
(
∃d1 ǫ D1(s1, a1)

)
(
s1[a1/d1], s2[a2/d2]

)
ε R ✳

❚♦ ❜❡ r❡❛❧❧② ♣❡❞❛♥t✐❝✱ t❤❡ ❛❝t✉❛❧ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥s ❢r♦♠ w1
t♦ w2 ✐s ♦❢ t❤❡ ❢♦r♠✿

(
ΣR ✿ Rel(S1 × S2)

)

(∀s1ǫS1)(∀s2ǫS2) (s1, s2) ε R ⇒
(
∀a1ǫA1(s1)

)
(
∃a2ǫA2(s2)

)

. . .

✐✳❡✳ ❛ s✐♠✉❧❛t✐♦♥ ✐s ❛ ♣❛✐r (R, p) ✇❤❡r❡ p ✐s ❛ ♣r♦♦❢ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥✳

❚❤❡ ✐♥t❡♥❞❡❞ ♠❡❛♥✐♥❣ ✐s t❤❛t ✐❢ R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠w1 t♦w2 ❛♥❞ (s1, s2) ε R✱

t❤❡♥ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ s1 ✭✐♥ w1✮ ❢r♦♠ s2 ✭✐♥ w2✮✳ ❚❤❡r❡ ✐s ♦♥❡ s✉❜t❧❡t② ✐♥ t❤❡ ♦r❞❡r

♦❢ q✉❛♥t✐☞❡rs ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❣❡t ❛ ✌♦✇ ♦❢ ✐♥t❡r❛❝t✐♦♥ ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ✐♥t✉✐t✐♦♥ ♦❢

s✐♠✉❧❛t✐♦♥s✿ ❛ ❭❜❧❛❝❦✲❜♦①✧ ❛❧❧♦✇s t♦ s✐♠✉❧❛t❡ ❛ st❛t❡ s1 ǫ S1 ❜② ❛ st❛t❡ s2 ǫ S2 ✐❢✿

� ✇❤❡♥ ❣✐✈❡♥ ❛♥ ❛❝t✐♦♥ a1 ǫ A1(s1) ✭❛❝t✐♦♥ t♦ s✐♠✉❧❛t❡✮✱

� ✐t ❝❛♥ s❡♥❞ ❛ ❝♦♠♠❛♥❞ a2 ǫ A2(s2) t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭s✐♠✉❧❛t✐♥❣ ❝♦♠♠❛♥❞✮❀

� ❛♥❞ ♦♥❝❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t r❡s♣♦♥❞s t♦ a2 ✇✐t❤ s♦♠❡ d2 ǫ D2(s2, a2)✱

� ✐t ❝❛♥ tr❛♥s❧❛t❡ t❤✐s r❡❛❝t✐♦♥ t♦ ❛ r❡❛❝t✐♦♥ d1 ✐♥ D1(s1, a1)✳

2.4.3 The Category of Interfaces

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❞❡☞♥❡ t❤❡ ❭❝❛t❡❣♦r② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✧✳
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⊲ Definition 2.4.2: ❛♥ ✐♥t❡r❢❛❝❡ ✐s ❣✐✈❡♥ ❜② ❛ s❡t S t♦❣❡t❤❡r ✇✐t❤ ❛♥ ✐♥t❡r❛❝t✐♦♥

s②st❡♠ w ♦♥ S✳ ❲❡ ❝❛❧❧ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✐♥t❡r❢❛❝❡s Int✳ ❲❡ s♦♠❡t✐♠❡s ♦♠✐t

t❤❡ s❡t ♦❢ st❛t❡s S ❛♥❞ r❡❢❡r t♦ t❤❡ ✐♥t❡r❢❛❝❡ (S,w) ❛s w✳

❚❤✐s ♣r♦♣❡r t②♣❡✱ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❥✉st ❞❡☞♥❡❞ ❢♦r♠s ❛ ❝❛t❡❣♦r②✿

� t❤❡ ✭r❡❧❛t✐♦♥❛❧✮ ❝♦♠♣♦s✐t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥s ✐s ❛ s✐♠✉❧❛t✐♦♥s❀

� t❤❡ ✐❞❡♥t✐t② ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ❛♥② (S,w) t♦ ✐ts❡❧❢✳

❲❡ ✇✐❧❧ ♦♠✐t t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ✐❞❡♥t✐t② ✭✐❢ ❛✈❛✐❧❛❜❧❡✮ ✐s ❛❧✇❛②s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ❛♥

✐♥t❡r❢❛❝❡ t♦ ✐ts❡❧❢✿ t❤✐s ✐s ❥✉st t❤❡ ✉s✉❛❧ ❭❝♦♣②❝❛t✧ str❛t❡❣② ✇❤✐❝❤ ❝♦♣✐❡s ❛❝t✐♦♥s ❢r♦♠

❧❡❢t t♦ r✐❣❤t✱ ❛♥❞ r❡❛❝t✐♦♥s ❢r♦♠ r✐❣❤t t♦ ❧❡❢t✳

▲❡t✬s q✉✐❝❦❧② ❝❤❡❝❦ t❤❛t t❤❡ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ s✐♠✉❧❛t✐♦♥s ✐s ❛

s✐♠✉❧❛t✐♦♥✳ ▲❡t R ❜❡ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w2 ❛♥❞ R′ ❜❡ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w2
t♦ w3❀ s✉♣♣♦s❡ t❤❛t (s1, s3) ε R

′ · R✿

✶✮ ✇❡ ❦♥♦✇ t❤❛t (s1, s2) ε R ❛♥❞ (s2, s3) ε R
′ ❢♦r s♦♠❡ s2 ǫ S2❀

✷✮ s✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛♥ ❛❝t✐♦♥ a1 ǫ A1(s1) t♦ s✐♠✉❧❛t❡✿

❛✮ s✐♥❝❡ (s1, s2) ε R✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ a1 ❜② s♦♠❡ a2 ǫ A2(s2)✱

❜✮ s✐♥❝❡ (s2, s3) ε R
′✱ ✇❡ ❝❛♥ ♥♦✇ s✐♠✉❧❛t❡ a2 ❜② s♦♠❡ a3 ǫ A3(s3)✱

✸✮ ✇❡ ♣r♦❞✉❝❡ t❤❡ ❛❝t✐♦♥ a3 t♦ s✐♠✉❧❛t❡ a1❀

✹✮ s✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ r❡❛❝t✐♦♥ d3 ǫ D3(s3, a3) t♦ tr❛♥s❧❛t❡ ❜❛❝❦✿

❛✮ ❜❡❝❛✉s❡ a2 ✐s s✐♠✉❧❛t❡❞ ❜② a3 ✭✈✐❛ R′✮✱ ✇❡ ❝❛♥ tr❛♥s❧❛t❡ d3 ❜❛❝❦ ✐♥t♦ ❛

r❡❛❝t✐♦♥ d2 ✐♥ D2(s2, a2)✱

❜✮ s✐♠✐❧❛r❧②✱ s✐♥❝❡ a1 ✐s s✐♠✉❧❛t❡❞ ❜② a2✱ ✇❡ ❝❛♥ tr❛♥s❧❛t❡ d2 ❜❛❝❦ ✐♥t♦ ❛ r❡❛❝✲

t✐♦♥ d1 ✐♥ D1(s1, a1)✱

✺✮ ✇❡ ♣r♦❞✉❝❡ r❡❛❝t✐♦♥ d1❀

✻✮ ✇❡ ❤❛✈❡ ✐♥❞❡❡❞ t❤❛t (s1[a1/d1], s3[a3/d3]) ε R
′ · R ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛ ♠❡❞✐❛t✐♥❣

❡❧❡♠❡♥t✿ (s1[a1/d1], s2[a2/d2]) ε R ❛♥❞ (s2[a2/d2], s3[a3/d3]) ε R
′✳

❚❤✉s✿

◦ Lemma 2.4.3: t❤❡ ♣r♦♣❡r t②♣❡ Int ✇✐t❤ s✐♠✉❧❛t✐♦♥s ❢♦r♠s ❛ ❝❛t❡❣♦r②✳

❚❤✐s ❝❛t❡❣♦r② ✐♥❤❡r✐ts s♦♠❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s✐♠♣❧❡r ❝❛t❡❣♦r② ♦❢ s❡ts ❛♥❞

r❡❧❛t✐♦♥s✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ♦r❞❡r ❡♥r✐❝❤❡❞✳ ❚❤✐s s✐♠♣❧② ♠❡❛♥s t❤❛t ❡❛❝❤ ❝♦❧❧❡❝✲

t✐♦♥ Int(w1, w2) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♣❛rt✐❛❧ ♦r❞❡r ✭✐♥❝❧✉s✐♦♥✮ ❛♥❞ t❤❛t ❝♦♠♣♦s✐t✐♦♥ ✐s

♠♦♥♦t♦♥✐❝ ✐♥ ❜♦t❤ ✐ts ❛r❣✉♠❡♥ts✳ ❚❤✐s ✐s tr✐✈✐❛❧✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ♣r♦♣❡rt② ✇❤✐❝❤ ❞❡s❡r✈❡s s♦♠❡ ❝♦♠♠❡♥ts✿ s✐♠✉❧❛t✐♦♥s ❛r❡

❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✿ t❤❡ ✈❡r✐☞❝❛t✐♦♥ ✐s ❞✐r❡❝t✳ ❙✐♥❝❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❧❛t✐♦♥

❝♦♠♠✉t❡s ✇✐t❤ ✉♥✐♦♥s ♦♥ t❤❡ ❧❡❢t ❛♥❞ ♦♥ t❤❡ r✐❣❤t✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

⋄ Proposition 2.4.4: Int ✐s ❛ ❝❛t❡❣♦r② ❡♥r✐❝❤❡❞ ♦✈❡r ❝♦♠♣❧❡t❡ s✉♣✲

❧❛tt✐❝❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡♠♣t② r❡❧❛t✐♦♥ ✭t❤❡ ❡♠♣t② ✉♥✐♦♥✮ ✐s ❛❧✇❛②s ❛ s✐♠✉❧❛t✐♦♥✳ ✭■♥ t❤❡

❝♦♥❞✐t✐♦♥ ❢♦r s✐♠✉❧❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❛ ✈❛❝✉♦✉s ❧❡❢t ❤❛♥❞ s✐❞❡ ✐♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥✳✳✳✮ ■♥

♣r❛❝t✐❝❡✱ ♦♥❡ ✉s❡s ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ r❡q✉✐r❡s t❤❡ ✐♥✐t✐❛❧ st❛t❡s t♦ ❜❡

r❡❧❛t❡❞✿ t❤✐s ♣r❡✈❡♥ts t❤✐s ❜✉❣✱ ❜✉t ♠♦st ♦❢ ♣❛rt ■■ ✇✐❧❧ ♥♦t ✇♦r❦ ✐♥ t❤✐s ❝♦♥t❡①t✳
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2.5 Interaction Systems and Predicate Transformers

❲❡ ♥♦✇ ❧♦♦❦ ❛t t❤❡ ♣r❡❞✐❝❛t❡ ✭r❛t❤❡r t❤❛♥ ❢❛♠✐❧②✮ ✈❡rs✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿

❥✉st ❧✐❦❡ tr❛♥s✐t✐♦♥ s②st❡♠s ❛r❡ ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r r❡❧❛t✐♦♥s✱ ✐♥t❡r❛❝t✐♦♥ s②s✲

t❡♠s ❛r❡ ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ❲❡ r❡❝❛❧❧ s♦♠❡ ♦❢ t❤❡

tr❛❞✐t✐♦♥❛❧ t❤❡♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✭s❡❡ ❬✽❪✮ ❛♥❞ ❧✐♥❦ t❤❛t t♦ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥s✳

❆ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐s s✐♠♣❧② ❛♥ ♦♣❡r❛t♦r ♦♥ s✉❜s❡ts✿

⊲ Definition 2.5.1: ✐❢ S1 ❛♥❞ S2 ❛r❡ s❡ts✱ ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❢r♦♠ S1 t♦ S2
✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ P(S1) t♦ P(S2)✳ ❆ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐s ♠♦♥♦t♦♥✐❝ ✐❢

✐t ✐s ♠♦♥♦t♦♥✐❝ ✇✳r✳t✳ ✐♥❝❧✉s✐♦♥✳

■♥❝❧✉s✐♦♥ ❛♥❞ ❡q✉❛❧✐t② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✐s ❞❡☞♥❡❞ ♣♦✐♥t✇✐s❡✳ ✭■t ✐s

❛♥ ✐♥st❛♥❝❡ ♦❢ Π11 q✉❛♥t✐☞❝❛t✐♦♥✳✮

Pr❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞ t♦ ❜❡ ♠♦♥♦t♦♥✐❝ ✇✐t❤ r❡s♣❡❝t

t♦ ✐♥❝❧✉s✐♦♥✳

Pr❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❊✳ ❲✳ ❉✐❥❦str❛ ✭❬✷✽❪✮ ✐♥ ♦r❞❡r t♦ ❞❡✈❡❧♦♣

❛ ❝♦♠♣♦s✐t✐♦♥❛❧ s❡♠❛♥t✐❝s ❢♦r s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠s✳ ❊❛❝❤ ♣r♦❣r❛♠ ✇❛s ✐♥t❡r♣r❡t❡❞

❜② ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r t❛❦✐♥❣ ☞♥❛❧ st❛t❡s t♦ ✐♥✐t✐❛❧ st❛t❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥t❡r♣r❡t❛t✐♦♥s✿

� wp✲❝❛❧❝✉❧✉s✿ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❭s ε P(U)✧ ✐s✿ ❭✐❢ t❤❡ ♣r♦❣r❛♠ ✐s st❛rt❡❞ ✐♥ st❛t❡ s✱

t❤❡♥ ❡①❡❝✉t✐♦♥ ✇✐❧❧ t❡r♠✐♥❛t❡ ❛♥❞ t❤❡ ☞♥❛❧ st❛t❡ ✇✐❧❧ ❜❡ ✐♥ U✧✳ ❚❤✉s✱ P(U) ✐s t❤❡

s❡t ♦❢ ✐♥✐t✐❛❧ st❛t❡s ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ t❡r♠✐♥❛t✐♦♥ ✐♥ U✳ ❭wp✧ st❛♥❞s

❢♦r ❲❡❛❦❡st Pr❡❝♦♥❞✐t✐♦♥❀

� wlp✲❝❛❧❝✉❧✉s✿ ✇❡ ✇❡❛❦❡♥ t❤❡ ♠❡❛♥✐♥❣ ♦❢ s ε P(U) t♦ ❭✐❢ t❤❡ ♣r♦❣r❛♠ ✐s st❛rt❡❞ ✐♥

st❛t❡ s✱ ❛♥❞ ✐❢ ❡①❡❝✉t✐♦♥ t❡r♠✐♥❛t❡s✱ t❤❡♥ t❤❡ ☞♥❛❧ st❛t❡ ✇✐❧❧ ❜❡ ✐♥ U✧✳ ❚❤✉s✱ ✇❡

❞♦ ♥♦t ❣✉❛r❛♥t❡❡ t❡r♠✐♥❛t✐♦♥✳ ❭wlp✧ st❛♥❞s ❢♦r ❲❡❛❦❡st ▲✐❜❡r❛❧ Pr❡❝♦♥❞✐t✐♦♥✳

❚❤✐s ✐❞❡❛ ♦❢ ✉s✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs t♦ ♠♦❞❡❧ ♣r♦❣r❛♠s ✇❛s ❧❛t❡r ❡①t❡♥❞❡❞ ✐♥

♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ s♣❡❝✐☞❝❛t✐♦♥s ❛s ✇❡❧❧✿ ❛ s♣❡❝✐☞❝❛t✐♦♥ ✉s✉❛❧❧② t❛❦❡s t❤❡ ❢♦r♠✿

✐❢ ❡①❡❝✉t✐♦♥ ✐s st❛rt❡❞ ❢r♦♠ ❛ st❛t❡ s❛t✐s❢②✐♥❣ ψ✱ t❤❡♥ ❡①❡❝✉t✐♦♥

s❤♦✉❧❞ t❡r♠✐♥❛t❡✱ ❛♥❞ t❤❡ ☞♥❛❧ st❛t❡ s❤♦✉❧❞ s❛t✐s❢② ϕ✳

❏✉st ❧✐❦❡ ❛❜♦✈❡✱ ✇❡ ♠❛② ✇❡❛❦❡♥ s✉❝❤ ❛ s♣❡❝✐☞❝❛t✐♦♥ ❛♥❞ ♣r❡❢❡r ❝♦♥❞✐t✐♦♥❛❧ t❡r♠✐♥❛✲

t✐♦♥✳ ❙✉❝❤ ❛ s♣❡❝✐☞❝❛t✐♦♥ ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞ ✇✐t❤ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✿

P ✿ P(Sf)→ P(Si)

ϕ 7→ ❭❜✐❣❣❡st s✉❝❤ ψ✧ ✳

❖♥❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ❛❜♦✉t t❤✐s s❡♠❛♥t✐❝s ✐s t❤❛t ♣r♦❣r❛♠s ❛♥❞ s♣❡❝✐☞❝❛t✐♦♥s ❜❡❧♦♥❣

t♦ t❤❡ s❛♠❡ s❡♠❛♥t✐❝❛❧ ❞♦♠❛✐♥✿ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ❚❤❡ ☞❡❧❞ ♦❢ t❤❡ r❡☞♥❡♠❡♥t

❝❛❧❝✉❧✉s ✭❬✽❪✮ ✐s ❛ s②st❡♠❛t✐❝ ❡①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣r♦❣r❛♠s ❛♥❞ s♣❡❝✐✲

☞❝❛t✐♦♥s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ❖♥❡ ♦❢ ✐ts ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡s ✐s t❤❡ ❛❜✐❧✐t② t♦ st❛rt ✇✐t❤

❛ s♣❡❝✐☞❝❛t✐♦♥✱ ✐✳❡✳ ❛ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✱ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧❧② tr❛♥s❢♦r♠

✐t ✐♥t♦ ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r3 r❡♣r❡s❡♥t✐♥❣ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛♥ ❛❝t✉❛❧

♣r♦❣r❛♠✳ ❚❤✐s ♣r♦❣r❛♠ ❝❛♥ t❤❡♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✦

3 ✿ t②♣✐❝❛❧❧② ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❝♦♠♠✉t✐♥❣ ✇✐t❤ ❛r❜✐tr❛r② ✉♥✐♦♥s ❛♥❞ ❞✐r❡❝t❡❞ ✐♥t❡rs❡❝t✐♦♥s



✷✳✺ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✺✶

2.5.1 Representing Predicate Transformers by Interaction Systems

❆♥ ❡q✉✐✈❛❧❡♥t ✇❛② t♦ s❡❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✐s t❤r♦✉❣❤ t❤❡ ✐s♦♠♦r♣❤✐s♠✿4

P(S1)→ P(S2) = P(S1)→ (S2 → Set)

≃
(
P(S1)× S2

)
→ Set

≃
(
S2 × P(S1)

)
→ Set

≃ S2 →
(
P(S1)→ Set

)

= S2 → P2(S1)

✇❤✐❝❤ ♠❛❦❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❧♦♦❦ ♣r❡tt② ♠✉❝❤ ❧✐❦❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✭♠♦❞✉❧♦

t❤❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ P( ) ❛♥❞ ❋( )✮✳ ❖✉r ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

❢r♦♠ S1 t♦ S2 ✐s ❛ ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r

❢r♦♠ S2 t♦ S1✳ ❍♦✇❡✈❡r✱ t❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ ❛ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r ✐s s✉❜t❧❡r t❤❛♥ t❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠ ❛ tr❛♥s✐t✐♦♥ s②st❡♠ t♦ ❛ r❡❧❛t✐♦♥ s✐♥❝❡

✇❡ ❝❛♥♥♦t ❛♣♣❧② t❤❡ ♦♣❡r❛t✐♦♥ ◦ ❢r♦♠ ♣❛❣❡ ✷✺ ♦♥ ♣r♦♣❡r t②♣❡s✳ ■♥st❡❛❞✱ ✇❡ ✉s❡ t❤❡

❢♦❧❧♦✇✐♥❣✿

⊲ Definition 2.5.2: ■❢ w = (A,D,n) ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2✱

❞❡☞♥❡ t❤❡ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r w◦ ❢r♦♠ S2 t♦ S1 ✭♥♦t❡ t❤❡

s✇❛♣✮ ❛s✿

s ε w◦(U) ⇔
(
∃a ǫ A(s)

)(
∀d ǫ D(s, a)

)
s[a/d] ε U ✳

❉✉❛❧❧②✱ ❞❡☞♥❡ t❤❡ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r w• ❛s✿

s ε w•(U) ⇔
(
∀a ǫ A(s)

)(
∃d ǫ D(s, a)

)
s[a/d] ε U ✳

■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ✇❡ ♦♥❧② ❣❡t ✐♥ t❤✐s ✇❛② ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ■t

s❤♦✉❧❞ ❛❧s♦ ❜❡ ♥♦t❡❞ t❤❛t ❛s ♦♣♣♦s❡❞ t♦ t❤❡ tr❛♥s❧❛t✐♦♥ ❢r♦♠ tr❛♥s✐t✐♦♥ s②st❡♠s t♦

r❡❧❛t✐♦♥s✱ t❤✐s tr❛♥s❧❛t✐♦♥ ❞♦❡s♥✬t ✉s❡ ❡q✉❛❧✐t②✳

❚❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r w◦ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ r❡❛❝❤❛❜✐❧✐t② ♦❢ ❛ s✉❜s❡t

♦❢ st❛t❡s ❜② t❤❡ ❆♥❣❡❧✱ ✐♥ ❛ s✐♥❣❧❡ ✐♥t❡r❛❝t✐♦♥❀ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r w• ✐s ❝♦♥✲

❝❡r♥❡❞ ✇✐t❤ r❡❛❝❤❛❜✐❧✐t② ❢♦r t❤❡ ❉❡♠♦♥✳ ❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r w•

✐s ❞❡☞♥❛❜❧❡ ✐♥ t❡r♠s ♦❢ ◦✿

⊲ Definition 2.5.3: ✐❢ w = (A,D,n) ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2✱

❞❡☞♥❡ w⊥ = (A⊥, D⊥, n⊥)✱ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢r♦♠ S1 t♦ S2 ❛s✿

A⊥(s1) ,
(
a ǫ A(s1)

)
→ D(s1, a)

D⊥(s1, f) , A(s1)

n⊥(s1, f, a) , s1[a/f(a)] ✳

❚❤✉s✱ ❛♥ ❛❝t✐♦♥ ❢♦r t❤❡ ❆♥❣❡❧ ✐♥ w⊥ ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ r❡❛❝t✐♦♥ ❢♦r t❤❡ ❉❡♠♦♥ ✐♥ w✱ ❛♥❞

❛ r❡❛❝t✐♦♥ ❢♦r t❤❡ ❉❡♠♦♥ ✐♥ w⊥ ✐s ❛ ❛♥ ❛❝t✐♦♥ ❢♦r t❤❡ ❆♥❣❡❧ ✐♥ w✳ ❆♥ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t

✐s t❤❛t t❤❡ s❡t ♦❢ r❡❛❝t✐♦♥s D⊥(s1, f) ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❝t✐♦♥ f✳ ❚❤✐s ♦♣❡r❛t✐♦♥

✇✐❧❧ ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❞❡✈❡❧♦♣❡❞ ✐♥ P❛rt ■■✳ ❋♦r

t❤❡ ♠♦♠❡♥t✱ ✇❡ ♦♥❧② ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

◦ Lemma 2.5.4: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ w• = (w⊥)◦✳

4 ✿ ❚❤✐s ✇♦r❦s ❛❧s♦ ✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ ♥♦t✐♦♥ ♦❢ s✉❜s❡t✿ r❡♣❧❛❝❡ Set ❜② B , {❚r✉❡,❋❛❧s❡}✳
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proof: s✉♣♣♦s❡ U ✿ P(S2) ❛♥❞ s ǫ S1✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t s ε w•(U) ✐☛ s ε (w⊥)◦(U)✿

s ε w•(U) ⇔
(
∀a ǫ A(s)

)(
∃d ǫ D(s, a)

)
s[a/d] ε U

⇔ { AC✱ ♣❛❣❡ ✸✵ }

s ε w⊥◦(U) ⇔
(
∃f ǫ (aǫA(s))→ D(s, a)

)(
∀a ǫ A(s)

)
s[a/f(a)] ε U ✳

❚❤✐s ♣r♦♦❢ ❤❛s ❛ str♦♥❣ ❭❉✐❛❧❡❝t✐❝❛✧ ❢❡❡❧✐♥❣✿ ✐t s♦♠❡❤♦✇ s❤♦✇s t❤❛t ❢♦r♠✉❧❛s ♦❢

t❤❡ ❢♦r♠ (∃F)(∀f)ϕ(F, f) ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ♥❡❣❛t✐♦♥✳

�X

# ❘❡♠❛r❦ ✶✸✿ classically, ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❝♦♥✈❡rs❡✱ ✐✳❡✳ w◦ = (w⊥)•✱ ❜✉t
t❤✐s r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦♥tr❛♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ✭CtrAC✱
♣❛❣❡ ✸✵✮ ✇❤✐❝❤ ❞♦❡s♥✬t ❤♦❧❞ ❝♦♥str✉❝t✐✈❡❧②✳

❚❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ♦❢ t❤❡ ❢♦r♠ w◦ ❛♣♣❡❛rs ✐♥ P❡t❡r ❆❝③❡❧✬s ✇♦r❦ ✉♥❞❡r t❤❡ ♥❛♠❡

s❡t✲❜❛s❡❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✿ ❢r♦♠ ❬✻❪

❈❛❧❧ ❛ ♠♦♥♦t♦♥❡ ♦♣❡r❛t✐♦♥ f ✿ P(A) → P(A) s❡t✲❜❛s❡❞ ✐❢ t❤❡r❡ ✐s ❛

s✉❜s❡t ❇ ♦❢ P(A) s✉❝❤ t❤❛t ✇❤❡♥❡✈❡r a ε f(X)✱ ✇✐t❤ X ✿ P(A)✱ t❤❡♥

t❤❡r❡ ✐s Y ε ❇ s✉❝❤ t❤❛t Y ⊆ X ❛♥❞ a ε f(Y)✳ ❲❡ ❝❛❧❧ ❇ ❛ ❜❛s❡s❡t

❢♦r f✳

❚❤❡ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐♥ t❤✐s ❞❡☞♥✐t✐♦♥ ✐s t❤❛t ❇ ♥❡❡❞s t♦ ❜❡ ❛ s✉❜s❡t✱ ✐✳❡✳ ✐t ♥❡❡❞s t♦

❜❡ ✐♥❞❡①❡❞ ❜② ❛ s❡t✿ ✇❡ ❝❛♥♥♦t t❛❦❡ ❇ , P(A)✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ❢♦r ❛♥ ♦♣❡r❛t♦r

❢r♦♠ P(S) t♦ ✐ts❡❧❢✱ ❜❡✐♥❣ s❡t✲✐♥❞❡①❡❞ ❛♥❞ ❜❡✐♥❣ ♦❢ t❤❡ ❢♦r♠ w◦ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

� ✐❢ f ✐s s❡t ✐♥❞❡①❡❞✱ ❧❡t {Ub | b ǫ B} ❜❡ t❤❡ ❜❛s❡s❡t✱ ❞❡☞♥❡

✲ A(s) , {b ǫ B | s ε f(Ub)}
✲ D(s, b) = {s ǫ S | s ε Ub}

✲ n(s, b, s′) , s′❀
� ❢♦r w◦✱ ❞❡☞♥❡ t❤❡ ❜❛s❡s❡t t♦ ❜❡ {U(s, a) | s ǫ S, a ǫ A(s)} ✇❤❡r❡ t❤❡ U(s, a)✬s

❛r❡ ❞❡☞♥❡❞ ❛s U(s, a) , {s[a/d] | d ǫ D(s, a)}✳

❆❧❧ t❤❡ str✉❝t✉r❡ ♦❢ P(S) ❧✐❢ts ♣♦✐♥t✇✐s❡ t♦ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✱ s♦ t❤❛t t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❢r♦♠ S1 t♦ S2 ❢♦r♠s ❛ ❝♦♠♣❧❡t❡ ❍❡②t✐♥❣ ❛❧❣❡❜r❛✳

▼♦r❡♦✈❡r✱ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ ♦❜✈✐♦✉s❧② ❝❧♦s❡❞ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ t❤✐s

❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿

◦ Lemma 2.5.5: ❢♦r ❛❧❧ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s w1 ❢r♦♠ S1 t♦ S2 ❛♥❞ w2
❢r♦♠ S2 t♦ S3✱ ✇❡ ❤❛✈❡

(w1 ❀w2)
◦ = w◦

1 ·w
◦
2 ✳

proof: s✉♣♣♦s❡ s1 ǫ S1 ❛♥❞ U ✿ P(S3)✿

s1 ε (w1 ❀w2)
◦(U)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ◦ }
(
∃a ǫ (w1 ❀w2).A(s1)

)(
∀d ǫ (w1 ❀w2).D(s1, a)

)
(w1 ❀w2).n(s1, a, d) ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ❀ }(
∃a1ǫA1(s1)

)
(
∃kǫ

(
d1ǫD1(s1, a1)

)
→ A2(s1[a1/d1])

)(
∀d1ǫD1(s1, a1)

)
(
∀d2ǫA2

(
s2, k(d1)

))

s1[a1/d1][k(d1)/d2] ε U
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⇔ { ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ♦♥ ❭∃k∀d1✧ }(
∃a1ǫA1(s1)

)
(
∀d1ǫD1(s1, a1)

)(
∃a2ǫA2(s1[a1/d1])

)
(
∀d2ǫA2

(
s2, a2)

))
s1[a1/d1][a2/d2] ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ w◦

2 }
(
∃a1ǫA1(s1)

)(
∀d1ǫD1(s1, a1)

)
s1[a1/d1] ε w

◦
2(U)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ w◦

1 }

s1 ε w
◦
1

(
w◦
2(U)

)

�X

2.5.2 Angelic and Demonic Updates

❚❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s❡ ♦❢ ❝♦♠♣❧❡①✐t② ❜❡t✇❡❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥s ♦❢ ♠♦r♣❤✐s♠s ❜❡✲

t✇❡❡♥ s❡ts✿ S1 → S2✱ S1 → P(S2) ❛♥❞ P(S1) → P(S2)✳ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤♦s❡ ✐s

❡①♣❧❛✐♥❡❞ ✐♥ ❬✸✺❪✳ ❋♦r ✉s✱ t❤❡ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t ✇❡ ❝❛♥ ❧✐❢t ♦♣❡r❛t✐♦♥s ❢r♦♠ ♦♥❡

❧❡✈❡❧ t♦ t❤❡ ♥❡①t✳ ❋♦r ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ❞❡☞♥❡ ✭✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡q✉❛❧✐t②✮ ✐ts ❣r❛♣❤

r❡❧❛t✐♦♥ gr(f) ✿ Rel(S1, S2) ❛s {(s1, s2) | f(s1) = s2}✳ ▲✐❢t✐♥❣ ❛ r❡❧❛t✐♦♥ t♦ ❛ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r ❝❛♥ ❜❡ ❞♦♥❡ ✐s t✇♦ ❞✉❛❧ ✇❛②s✿

⊲ Definition 2.5.6: ❧❡t R ✿ Rel(S1, S2) ❜❡ ❛ r❡❧❛t✐♦♥ ❢r♦♠ S1 t♦ S2❀ ❞❡☞♥❡ t❤❡

❆♥❣❡❧✐❝ ✉♣❞❛t❡ 〈R〉 t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❢r♦♠ S2 t♦ S1
✭♥♦t❡ t❤❡ s✇❛♣✮✿

s1 ε 〈R〉(U) ⇔ (∃s2ǫS2) (s1, s2) ε R ∧ s2 ε U ✳

❲❡ ❞❡☞♥❡ t❤❡ ❞✐r❡❝t ✐♠❛❣❡ ❛❧♦♥❣ R t♦ ❜❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r 〈R∼〉 ❛♥❞

✇❡ ✉s✉❛❧❧② ✇r✐t❡ ✐t s✐♠♣❧② R✳ ❙✐♥❝❡ R(s1) ✐s ❡q✉❛❧ t♦ 〈R∼〉({s1})✱ t❤❡r❡ ✐s ♥♦

❞❛♥❣❡r ♦❢ ❝♦♥❢✉s✐♦♥✳

❉✉❛❧❧②✱ ❞❡☞♥❡ t❤❡ ❉❡♠♦♥✐❝ ✉♣❞❛t❡ [R] t♦ ❜❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r

❢r♦♠ S2 t♦ S1✿

s1 ε [R](U) ⇔ (∀s2ǫS2) (s1, s2) ε R⇒ s2 ε U ✳

❚❤❡ ❝❤♦✐❝❡ ♦❢ ♥♦t❛t✐♦♥ ✐s ♥♦t ✐♥♥♦❝❡♥t ✭r❡❢❡r t♦ ❞❡☞♥✐t✐♦♥s ✷✳✸✳✷ ❛♥❞ ✶✳✶✳✽ ❢♦r t❤❡

❛❝t✐♦♥s ♦❢ 〈 〉✱ [ ] ❛♥❞ ◦ ♦♥ tr❛♥s✐t✐♦♥ s②st❡♠s✮✿ ✇❡ ❤❛✈❡

◦ Lemma 2.5.7: ❢♦r ❛♥② tr❛♥s✐t✐♦♥ s②st❡♠ v ❢r♦♠ S1 t♦ S2✱

� 〈v◦〉 = 〈v〉◦❀

� ❛♥❞ [v◦] = [v]◦✳

proof: ❧❡t✬s ♦♥❧② s❤♦✇ t❤❡ ☞rst ♦♥❡✱ ❧❡t U ✿ P(S2) ❛♥❞ s1 ǫ S1✱

s1 ε 〈v
◦〉(U)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ 〈 〉 }

(∃s2ǫS2) (s1, s2) ε v
◦ ∧ s2 ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ v◦ }

(∃s2ǫS2)
(
∃aǫA(s1)

)
s1[a] = s2 ∧ s2 ε U

⇔ { ❧♦❣✐❝ }(
∃aǫA(s1)

)(
∀ ǫ{∗}

)
s1[a] ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ 〈v〉 }
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(
∃aǫ〈v〉.A(s1)

)(
∀dǫ〈v〉.D(s, a)

)
s1[a/d] ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ◦ }

s1 ε 〈v〉
◦(U)

�X

◆♦t❡ t❤❛t ✇❤✐❧❡ t❤❡ ❞❡☞♥✐t✐♦♥s ♦❢ 〈v◦〉 ❛♥❞ [v◦] ✉s❡ ❡q✉❛❧✐t②✱ t❤❡ ❞❡☞♥✐t✐♦♥s ♦r 〈v〉◦

❛♥❞ [v]◦ ❞♦♥✬t✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ♣r❡❢❡r❛❜❧❡✳

❚❤♦s❡ t✇♦ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝ts✿

⋄ Proposition 2.5.8: ❢♦r ❛♥② r❡❧❛t✐♦♥ R✱ ✇❡ ❤❛✈❡✿

� 〈R〉 ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✉♥✐♦♥s❀

� [R] ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s✳

▼♦r❡♦✈❡r✱ s✉♣♣♦s❡ F ✐s ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✿

� with equality, ✐❢ F ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✉♥✐♦♥s✱ t❤❡♥ ✐t

✐s ♦❢ t❤❡ ❢♦r♠ 〈R〉 ❢♦r s♦♠❡ r❡❧❛t✐♦♥ R❀

� impredicatively, ✐❢ F ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s✱

t❤❡♥ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ [R] ❢♦r s♦♠❡ r❡❧❛t✐♦♥ R✳

proof: t❤❡ ♣r♦♦❢s t❤❛t 〈R〉 ❛♥❞ [R] r❡s♣❡❝t✐✈❡❧② ❝♦♠♠✉t❡ ✇✐t❤ ✉♥✐♦♥s ❛♥❞ ✐♥t❡rs❡❝t✐♦♥s

❛r❡ tr✐✈✐❛❧✳

❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ s✉♣♣♦s❡ F ✿ P(S1)→ P(S2) ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✉♥✐♦♥s✳

❉❡☞♥❡ R ✿ Rel(S2, S1) ❛s

(s2, s1) ε R , s2 ε F
(
{s1}

)
✳

✭❲❡ ♥❡❡❞ ❡q✉❛❧✐t② t♦ ✉s❡ s✐♥❣❧❡t♦♥ s✉❜s❡ts✳✳✳✮

❚❤❛t F = 〈R〉 ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t U =
⋃{
{s1} | s1 ε U

}
✳

❙✉♣♣♦s❡ t❤❛t F ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s✳ ❉❡☞♥❡ R ✿ Rel(S2, S1) ❛s

(s2, s1) ε R ,
(
∀U ✿ P(S1)

)
s2 ε F(U)⇒ s1 ε U ✳

✭❚❤✐s ✐s ✐♠♣r❡❞✐❝❛t✐✈❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ q✉❛♥t✐☞❝❛t✐♦♥ ♦✈❡r P(S1)✳✮

▲❡t U ✿ P(S1) ❛♥❞ s2 ǫ S2✱

� s✉♣♣♦s❡ s2 ε F(U)✱ ❧❡t✬s s❤♦✇ t❤❛t s2 ε [R](U)✳ ❙✉♣♣♦s❡ t❤❛t (s2, s1) ε R✱ ✐✳❡✳

t❤❛t s2 ε F(V) ⇒ s1 ε V ❢♦r ❛❧❧ V ✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t s1 ε U✳ ❲❡ ❝❛♥

t❛❦❡ V , U✱ ❛♥❞ s✐♥❝❡ s2 ε F(U) ❜② ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t s1 ε U✳

� ❢♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ✐❢ s2 ε [R](U)✱ ❧❡t✬s s❤♦✇ t❤❛t s2 ε F(U)✳ ❲❡ ♦❜✈✐♦✉s❧②

❤❛✈❡ t❤❛t s2 ε
⋂
{F(V) | s2 ε F(V)}✱ ✇❤✐❝❤ ✐♠♣❧✐❡s✱ s✐♥❝❡ F ❝♦♠♠✉t❡s ✇✐t❤

✐♥t❡rs❡❝t✐♦♥s✱ t❤❛t s2 ε F
(⋂
{V | s2 ε F(V)}

)
✳

◆♦✇✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t
⋂
{V | s2 ε F(V)} ⊆ U✿ t❤✐s ✐s ❡①❛❝t❧② t❤❡

♠❡❛♥✐♥❣ ♦❢ s2 ε [R](U)✳ ❚❤✉s✱ ❜② ♠♦♥♦t♦♥✐❝✐t② ♦❢ F✱ ✇❡ ♦❜t❛✐♥ t❤❛t s2 ε F(U)✳

�X

2.5.3 Factorization of Monotonic Predicate Transformers

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✈❡rs✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷✳✸✳✸✿ ❛♥② ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ [R] ❢♦❧❧♦✇❡❞ ❜② ❛ 〈R′〉✳ ■♥

t❤✐s ❝❛s❡ ❤♦✇❡✈❡r✱ t❤❡ r❡s✉❧t ✐s ✐♠♣r❡❞✐❝❛t✐✈❡✳



✷✳✺ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✺✺

⋄ Proposition 2.5.9: (impredicative)

❢♦r ❛♥② ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r F ❢r♦♠ S1 t♦ S2✱ t❤❡r❡

✐s ❛ t②♣❡ ❩ ❛♥❞ t✇♦ r❡❧❛t✐♦♥s R ✿ Rel(❩, S1) ❛♥❞ R′ ✿ Rel(S2,❩)

s✉❝❤ t❤❛t F = 〈R′〉 · [R]✳

proof: ❞❡☞♥❡ t❤❡ t②♣❡ ❩ , P(S1) ❛♥❞ t❤❡ t✇♦ r❡❧❛t✐♦♥s

� (V, s1) ε R ✐☛ s1 ε V ❀

� ❛♥❞ (s2, V) ε R′ ✐☛ s2 ε F(V)✳

▲❡t U ✿ P(S1) ❛♥❞ s2 ǫ S2❀ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t s2 ε F(U) ✐☛ s2 ε 〈R
′〉 · [R](U)✿

s2 ε 〈R
′〉 · [R](U)

⇔

(∃V) (s2, V) ε R′ ∧ V ε [R](U)

⇔

(∃V) s2 ε F(V) ∧ (∀s1) (V, s1) ε R⇒ s1 ε U

⇔

(∃V) s2 ε F(V) ∧ (∀s1) s1 ε V ⇒ s1 ε U

⇔

(∃V) s2 ε F(V) ∧ V ⊆ U

⇔ { ❜② ♠♦♥♦t♦♥✐❝✐t② }

s2 ε F(U)✳

�X

◆♦t❡ t❤❛t t❤✐s ♣r♦♦❢ ✐s ✐♠♣r❡❞✐❝❛t✐✈❡ ❜❡❝❛✉s❡ ❩ ✐s ♥♦t ❛ s❡t ❜✉t ❛ ♣r♦♣❡r t②♣❡✳ ❚❤✐s

♣r♦♦❢ ✐s ❝♦♥str✉❝t✐✈❡ ❜✉t ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♥t❡♥t ✐s ♥❡①t t♦ ❡♠♣t②✳

2.5.4 Interior and Closure Operators

❘❡❝❛❧❧ t❤❛t✿

⊲ Definition 2.5.10: ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ♦♥ S ✐s ❛ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s✲

❢♦r♠❡r F ♦♥ S s✉❝❤ t❤❛t✿

� F ✐s ❝♦♥tr❛❝t✐✈❡✿ F(U) ⊆ U ❢♦r ❛♥② U ✿ P(S)❀

� F ⊆ F · F✳
❉✉❛❧❧②✱ ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✐s ❛ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r F s✉❝❤ t❤❛t✿

� F ✐s ❡①♣❛♥s✐✈❡✿ U ⊆ F(U) ❢♦r ❛♥② U ✿ P(S)❀

� F · F ⊆ F✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

◦ Lemma 2.5.11: ❢♦r ❛♥② r❡❧❛t✐♦♥ R ⊆ S1 × S2✿

� 〈R〉 ✐s ❧❡❢t ●❛❧♦✐s ❝♦♥♥❡❝t❡❞ t♦ [R∼]✿ 〈R〉(U) ⊆ V ⇔ U ⊆ [R∼](V)❀

� 〈R〉 · [R∼] ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ♦♥ S2❀

� [R∼] · 〈R〉 ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ♦♥ S1✳

❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ♣♦✐♥ts ❛r❡ ✐♠♣❧✐❡❞ ❜② t❤❡ ☞rst ♦♥❡✱ ✇❤✐❝❤ ✐s ✐♠♠❡❞✐❛t❡✳

❲❡ ❤❛✈❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ✐♥ t❤❡ s♣✐r✐t ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✾✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡

♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✾ ✐s ✇❡❧❧✲❦♥♦✇♥✱ t❤❡ ♥❡①t ❧❡♠♠❛ ❞♦❡s♥✬t ❛♣♣❡❛r ❛♥②✇❤❡r❡ ✐♥ t❤❡

r❡❢❡r❡♥❝❡ ❬✽❪✳

◦ Lemma 2.5.12: (impredicative) ❢♦r ❛♥② ✐♥t❡r✐♦r ♦♣❡r❛t♦r F ♦♥ S✱ t❤❡r❡ ✐s

❛ t②♣❡ ❩ ❛♥❞ ❛ r❡❧❛t✐♦♥ R ✿ Rel(❩, S) s✳t✳ F = 〈R〉 · [R∼]✳
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proof: ❞❡☞♥❡ ❩ t♦ ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞①♣♦✐♥ts ♦❢ F✳ ❚❤✐s ✐s ♣r❡❞✐❝❛t✐✈❡❧② ♥♦t ❛ s❡t✱

❜✉t ❛ ♣r♦♣❡r t②♣❡✿ ❩ , FixF ,
(
ΣV ✿ P(S)

)
V = F(V)✳ P✉t (V, s) ε R ✐☛ s ε V ✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭✐♠♣r❡❞✐❝❛t✐✈❡✮ ❢❛❝t✿ ✐❢ F ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r✱

t❤❡♥

F(U) =
⋃
{V ε FixF | V ⊆ U} ❢♦r ❛♥② U ✿ P(S) ✳ ✭✷✲✶✮

❚❤❡ ♣r♦♦❢ ✐s s✐♠♣❧❡✿

� F(U) ⊆
⋃
{V ε FixF | V ⊆ U}✿ ✇❡ ❦♥♦✇ t❤❛t F(U) ✐s ✐ts❡❧❢ ❛ ☞①♣♦✐♥t ♦❢ F

❜❡❝❛✉s❡ F ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t F(U) ❛♣♣❡❛rs ✐♥ t❤❡ ❘❍❙✱

✇❤✐❝❤ ②✐❡❧❞s t❤❡ ✐♥❝❧✉s✐♦♥✳

� F(U) ⊇
⋃
{V ε FixF | V ⊆ U}✿ s✉♣♣♦s❡ V ✐s ☞①♣♦✐♥t ♦❢ F s✉❝❤ t❤❛t V ⊆ U✳

❇② ♠♦♥♦t♦♥✐❝✐t②✱ ✇❡ ❤❛✈❡ t❤❛t F(V) ⊆ F(U)✱ ✐✳❡✳ t❤❛t V ⊆ F(U)✳

◆♦✇✱ ❢♦r t❤❡ ♠❛✐♥ ♣❛rt✱ s✉♣♣♦s❡ U ✿ P(S) ❛♥❞ s ǫ S✿

s ε 〈R〉 · [R∼](U)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ 〈 〉 }

(∃VǫFixF) (V, s) ε R ∧ V ε [R∼](U)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ [ ] }

(∃VǫFixF) (V, s) ε R ∧ (∀s′) (V, s′) ε R⇒ s′ ε U

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ R }

(∃VǫFixF) s ε V ∧ (∀s′) s′ ε V ⇒ s′ ε U

⇔

(∃VǫFixF) s ε V ∧ V ⊆ U

⇔

s ε
⋃
{VǫFixF | V ⊆ U}

⇔ { ❢❛❝t ✭✷✲✶✮ }

s ε F(U)✳

�X

# ❘❡♠❛r❦ ✶✹✿ ❛♣♣❛r❡♥t❧② ❤♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦ ❝♦♥str✉❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤✐s
t❤❡♦r❡♠ ❢♦r ❝❧♦s✉r❡ ♦♣❡r❛t♦rs✦ ❲❤❛t ✇❡ ❝❛♥ ❞♦ ✐s ❢❛❝t♦r✐③❡ ✭✐♠♣r❡❞✐❝❛✲
t✐✈❡❧②✮ ❛♥② ❝❧♦s✉r❡ ♦♣❡r❛t♦r ❛s ⌊R⌉ · ⌊R∼⌉✱ ✇❤❡r❡ ⌊R⌉ ✐s t❤❡ ❛♥t✐t♦♥✐❝
♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r

s2 ε ⌊R⌉(U) ⇔ (∀s1ǫS1) s1 ε U⇒ (s1,s2) ε R ✳

❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❧❡♠♠❛ ✷✳✺✳✶✷✳

❚❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ♥♦♥ tr✐✈✐❛❧ r❡s♦❧✉t✐♦♥ ❢♦r ❛♥ ✐♥t❡r✐♦r✴❝❧♦s✉r❡ ♦♣❡r❛✲
t♦r✳ ■♥ ❛ ❝❛t❡❣♦r✐❝❛❧ s❡tt✐♥❣✱ ❛ r❡s♦❧✉t✐♦♥ ✐s ❛ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❛ ✭❝♦✮♠♦♥❛❞
❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❛❞❥♦✐♥t ❢✉♥❝t♦rs✳ ❚❤❡r❡ ❛r❡ ❛❧✇❛②s t✇♦ tr✐✈✐❛❧
r❡s♦❧✉t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ ❑❧❡✐s❧✐ ❛♥❞ ♠♦♥❛❞ ❛❧❣❡❜r❛ ❝♦♥str✉❝t✐♦♥s✿ t❤❡②
❝♦rr❡s♣♦♥❞ t♦ ❢❛❝t♦r✐③✐♥❣ F ❛s ❭F · Id✧ ♦r ❛s ❭Id · F✧✳

2.5.5 Angelic and Demonic Iterations

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ❧❡ss tr✐✈✐❛❧ ♦♣❡r❛t✐♦♥s ♦❢ ✐t❡r❛t✐♦♥✳ ❲❡ ❦♥♦✇ ❜② ✐♠♣r❡❞✐❝❛t✐✈❡

r❡❛s♦♥✐♥❣ ✭❑♥❛st❡r✲❚❛rs❦✐ t❤❡♦r❡♠✮ t❤❛t ❛♥② ♠♦♥♦t♦♥✐❝ ♦♣❡r❛t♦r F ♦♥ P(S) ❤❛s ❛ ❧❡❛st

☞①♣♦✐♥t ❛♥❞ ❛ ❣r❡❛t❡st ☞①♣♦✐♥t✱ r❡s♣❡❝t✐✈❡❧② ❝❛❧❧❡❞ µF ❛♥❞ νF✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ♦♥❧②

✐♥ t✇♦ ❢♦r♠s ♦❢ ☞①♣♦✐♥ts ✇❤✐❝❤✱ ❛♥t✐❝✐♣❛t✐♥❣ ♦♥ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽✱ ✇❡ ❝❛❧❧ F∗ ❛♥❞ F∞✿

F∗(U) ,
(
µX ✿ P(S)

)
U ∪ F(X) ❀
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F∞(U) ,
(
νX ✿ P(S)

)
U ∩ F(X) ✳

❚❤❡② ♦❜❡② t❤❡ r✉❧❡s✿

�
F ✿ P(S)→ P(S) ♠♦♥♦t♦♥✐❝

F∗, F∞ ✿ P(S)→ P(S)
❢♦r♠❛t✐♦♥❀

�
U ∪ F · F∗(U) ⊆ F∗(U)

♣r❡✲☞①♣♦✐♥t✱ ❛♥❞
U ∪ F(X) ⊆ X

F∗(U) ⊆ X
❧❡❛st❀

�
F∞(U) ⊆ U ∩ F · F∞(U)

♣♦st✲☞①♣♦✐♥t✱ ❛♥❞
X ⊆ U ∩ F(X)

X ⊆ F∞(U)
❣r❡❛t❡st✳

❙✉❝❤ ☞①♣♦✐♥ts ❝❛♥♥♦t ❜❡ ♣r❡❞✐❝❛t✐✈❡❧② ❥✉st✐☞❡❞✳ ❆s ✇❡✬❧❧ s❡❡ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽✱

✐t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦ ❞❡☞♥❡ t❤❡♠ ✐♥❞✉❝t✐✈❡❧② ✐❢ ✇❡ r❡str✐❝t t♦ s❡t✲❜❛s❡❞ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs✳ ❚❤♦s❡ ♦♣❡r❛t♦rs ❡♥❥♦② ❛♥♦t❤❡r ☞①♣♦✐♥t ♣r♦♣❡rt②✿

◦ Lemma 2.5.13: ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r F✱ ✇❡ ❤❛✈❡✿

F∗ = (µP) . Id ∪ F · P

F∞ = (νP) . Id ∩ F · P ✳

proof: ❡❛s②✳

�X

▲❡t✬s ❧♦♦❦ ❛t s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ F∗ ❛♥❞ F∞✿

◦ Lemma 2.5.14: ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r F✱

� F∗ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r❀

� F∞ ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r✳

proof: ❧❡t✬s ❝❤❡❝❦ t❤❛t F∗ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✿

� F∗ ✐s ❝♦♥tr❛❝t✐✈❡✿ U ⊆ F∗(U)✳ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❭♣r❡✲☞①♣♦✐♥t✧

r✉❧❡✿ Id ∪ F · F∗ ⊆ F∗✳

� F∗ · F∗ ⊆ F∗✿ ❜② t❤❡ ❭♣r❡✲☞①♣♦✐♥t✧ r✉❧❡✱ ✇❡ ❤❛✈❡ F∗(U) ∪ F · F∗(U) ⊆ F∗(U)✳

❇② ❛♣♣❧②✐♥❣ t❤❡ ❭❧❡❛st✧ r✉❧❡ ❢♦r X , F∗(U)✱ ✇❡ ❣❡t F∗
(
F∗(U)

)
⊆ F∗(U)✳

❚❤❡ ♣r♦♦❢ t❤❛t F∞ ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ✐s ❝♦♠♣❧❡t❡❧② ❞✉❛❧✳✳✳

�X

❚❤♦s❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ ❛❧s♦ ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥s ♦❢ ✐♥✈❛r✐❛♥t ❛♥❞

s❛t✉r❛t❡❞ ♣r❡❞✐❝❛t❡s✿

⊲ Definition 2.5.15: ✐❢ F ✐s ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✱

� ❛♥ F✲✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ✐s ❛ ♣♦st✲☞①♣♦✐♥t ♦❢ F✱ ✐✳❡✳ ❛ ♣r❡❞✐❝❛t❡ U s✉❝❤

t❤❛t U ⊆ F(U)❀

� ❛♥ F✲s❛t✉r❛t❡❞ ♣r❡❞✐❝❛t❡ ✐s ❛ ♣r❡✲☞①♣♦✐♥t ♦❢ F✱ ✐✳❡✳ ❛ ♣r❡❞✐❝❛t❡ U s✉❝❤

t❤❛t F(U) ⊆ U✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ✇✐❧❧ ❜❡ ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ✐♥ t❤❡ s❡q✉❡❧✱ ✇❤❡r❡

✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡s ✭♦r✱ ❛s ✇❡ ❛❧s♦ ❝❛❧❧ t❤❡♠✱ ❭s❛❢❡t② ♣r♦♣❡rt✐❡s✧✮ ✇✐❧❧ ❜❡ ✐♥t❡r♣r❡t❛✲

t✐♦♥s ❢♦r ♣r♦♦❢s ❛♥❞ λ✲t❡r♠s✳ ✭❙❡❡ s❡❝t✐♦♥ ✼✳✶✱ ♣r♦♣♦s✐t✐♦♥ ✼✳✶✳✶✼✳✮ ❲❡ ❤❛✈❡✿

◦ Lemma 2.5.16: ✐❢ F ✐s ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✱ ❢♦r ❛♥② U ✿ P(S)✱

� F∗(U) ✐s t❤❡ ❧❡❛st F✲s❛t✉r❛t❡❞ s✉❜s❡t ❝♦♥t❛✐♥✐♥❣ U❀

� F∞(U) ✐s t❤❡ ❣r❡❛t❡st F✲✐♥✈❛r✐❛♥t ❝♦♥t❛✐♥❡❞ ✐♥ U✳
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proof: ❡❛s②✳

�X

❆s ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s s❤♦✇✱ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs F∗ ❛♥❞ F∞ ❡♥❥♦② ❞✉❛❧

♣r♦♣❡rt✐❡s✳ ❚❤✐s ❞✉❛❧✐t② ❝❛♥ ❜❡ ♠❛❞❡ ✈❡r② ♣r❡❝✐s❡ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✱

✇❤✐❝❤ ♦♥❧② ❤♦❧❞s ❝❧❛ss✐❝❛❧❧②✿

◦ Lemma 2.5.17: (classically) ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r F ♦♥ S✿

(∁ · F · ∁)∗ = ∁ · F∞ · ∁

(∁ · F · ∁)∞ = ∁ · F∗ · ∁ ✳ ✭✇❤❡r❡ ∁ r❡♣r❡s❡♥ts ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ✇✳r✳t✳ S✮

proof: ❡❛s② ✐❢ ♦♥❡ ❧♦♦❦s ❛t t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ F∗✴F∞ ✐♥ t❡r♠s ♦❢ ❧❡❛st✴❣r❡❛t❡st

♣r❡✲☞①♣♦✐♥t✴♣♦st✲☞①♣♦✐♥t✳

�X

❚❤✐s ✭❝❧❛ss✐❝❛❧✮ ♥♦t✐♦♥ ♦❢ ❞✉❛❧✐t② ✇✐❧❧ ❜❡ ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢

t❤✐s ✇♦r❦ ✭s❡❝t✐♦♥s ✼ ❛♥❞ ✽✮✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✿

⋄ Proposition 2.5.18: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w ♦♥ S✱ ✇❡ ❤❛✈❡✿

w∗◦ = w◦∗ ❀

w∞◦ = w◦∞ ✳

❆ ✈✐s✉❛❧ ✇❛② t♦ s❡❡ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣

∃a∗∀d∗ ⇔ ∃a1∀d1 ∃a2∀d2 . . . ∃an

∃a∞∀d∞ ⇔ ∃a1∀d1 ∃a2∀d2 . . . ∃an∀dn

✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡♠❛r❦ t❤❛t ❧❡♥❣t❤ ♦❢ ✐♥t❡r❛❝t✐♦♥ n ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ tr❛❝❡ ♦❢

✐♥t❡r❛❝t✐♦♥ (a1/d1, a2/d2, . . .)✳ ❚❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡s ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡❧② t♦ w∗◦

❛♥❞ w∞◦ ✇❤✐❧❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡s ❝♦rr❡s♣♦♥❞ t♦ w◦∗ ❛♥❞ w◦∞✳

proof:

K ❭w∗◦(U) ⊆ w◦∗(U)✧✿ s✉♣♣♦s❡ ✇❡ ❤❛✈❡ s ε w∗◦(U)✱ ✐✳❡✳ t❤❛t

(
∃a′ǫA∗(s)

)(
∀d′ǫD∗(s, a′)

)
s[a′/d′] ε U ✳ ✭✷✲✷✮

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ a′✿

� ✐❢ a′ = ❊①✐t✱ ✭✷✲✷✮ ❣✐✈❡s
(
∀d′ ǫ {◆✐❧}

)
s[❊①✐t/d′] ε U✱ ✐✳❡✳ s ε U✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t s ε w◦∗(U) ❜② t❤❡ ❭♣r❡✲☞①♣♦✐♥t✧ r✉❧❡❀

� ✐❢ a′ = ❈❛❧❧(a, k)✱ ✭✷✲✷✮ ❣✐✈❡s

(
∀dǫD(s, a)

)(
∀d′ǫD∗

(
s[a/d], k(d)

))
n∗
(
s[a/d][k(d)/d′]

)
ε U ✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛❧❧ d ǫ D(s, a)✱ s[a/d] ε w∗◦(U)✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲

❡s✐s✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ✇❤❡♥❡✈❡r d ǫ D(s, a)✱ ✇❡ ❤❛✈❡ s[a/d] ε w◦∗(U)✱ ✐✳❡✳

t❤❛t s ε w◦ ·w◦∗(U)✳ ❇② t❤❡ ❭♣r❡✲☞①♣♦✐♥t✧ r✉❧❡✱ t❤✐s ②✐❡❧❞s s ε w◦∗(U)✳
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K ❭w◦∗(U) ⊆ w∗◦(U)✧✿ ❜② ✉s✐♥❣ t❤❡ ❭❧❡❛st✧ r✉❧❡ ❢♦r X , w∗◦(U)✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦

s❤♦✇ U ∪w◦ ·w∗◦(U) ⊆ w∗◦(U)✳

� ❲❡ ❤❛✈❡ tr✐✈✐❛❧❧② t❤❛t U ⊆ w∗◦(U) ❜② t❛❦✐♥❣ t❤❡ ❊①✐t ❛❝t✐♦♥✿ ✐❢ s ε U✱

t❤❡♥
(
∀d′ǫD∗(s,❊①✐t)

)
s[❊①✐t/d′] ε U✳

� ❙✉♣♣♦s❡ ♥♦✇ t❤❛t s ε w◦ ·w∗◦(U)✱ ✐✳❡✳ t❤❛t t❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ a ǫ A(s) s✉❝❤

t❤❛t
(
∀dǫD(s, a)

)
s ε w∗◦(U)✳ ❇② ❞❡☞♥✐t✐♦♥ t❤✐s ♠❡❛♥s✿

(
∀dǫD(s, a)

) (
∃a′ǫA∗(s[a/d])

)
(
∀d′ǫD∗(s[a/d], a′)

)
n∗(s[a/d], a′, d′) ε U ✳

❯s✐♥❣ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ♦♥ ∀d∃a′✱ ✇❡ ❣❡t
(
∃k ǫ

(
dǫD(s, a)

)
→ A∗

(
s[a/d]

))

(
∀dǫD(s, a)

)(
∀d′ǫD∗

(
s[a/d], k(d)

))
n∗(s[a/d], k(d), d′) ε U ❀

✇❡ ❝❛♥ t❤✉s t❛❦❡ ❈❛❧❧(a, k) ǫ A∗(s) ❛♥❞ ✇❡ ❤❛✈❡
(
∀d′ ǫ D∗

(
s,❈❛❧❧(a, k)

))
n∗(s,❈❛❧❧(a, k), d′) ε U

✐✳❡✳ s ε w∗◦(U)✳

❚❤✐s ☞♥✐s❤❡s t❤❡ ♣r♦♦❢ t❤❛t w◦ ·w∗◦ ⊆ w∗◦✱ ❛♥❞ t❤✉s t❤❛t w◦∗ ⊆ w∗◦✳

K ❭w∞◦(U) ⊆ w◦∞(U)✧✿ ❜② ✉s✐♥❣ t❤❡ ❭❣r❡❛t❡st✧ r✉❧❡ ❞❡☞♥✐♥❣ F∞ ❢♦r X , w∞◦(U)✱

✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t w∞◦(U) ✐s ❛ ♣♦st✲☞①♣♦✐♥t ❢♦r U ∩ w◦( )✿ s✉♣♣♦s❡

t❤❛t s ε w∞◦(U)✱ ✐✳❡✳

(
∃a′ ǫ A∞(s)

)(
∀d′ ǫ D∞(s, a′)

)
n∞(s, a′, d′) ε U ✳ ✭✷✲✸✮

❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t s ε U ∩w◦ ·w∞◦(U)✿

� ❢♦r d′ , ◆✐❧✱ ✇❡ ❤❛✈❡ t❤❛t n∞(s, a′,◆✐❧) ε U✱ ✐✳❡✳ t❤❛t s ε U❀

� ✇❡ ❤❛✈❡ t❤❛t ❡❧✐♠(a′) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ w◦(A∞)(s)✱ ✐✳❡✳ ✐s ♦❢ t❤❡ ❢♦r♠ (a, k)

✇❤❡r❡ a ǫ A(s) ❛♥❞ k ǫ
(
dǫD(s, a)

)
→ A∞(s[a/d])✳

❲❡ ❝❧❛✐♠ t❤❛t (∀dǫD(s, a)) s[a/d] ε w∞◦(U)✳ ❋♦r ❛♥② d ǫ D(s, a)✱ t❛❦❡ t❤❡

❛❝t✐♦♥ k(d) ǫ A∞(s[a/d])✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t
(
∀d′′ǫD∞

(
s[a/d], k(d)

))
n∞(s[a/d], k(d), d′′) ε U ✳

▲❡t d′′ ǫ D∞
(
s[a/d], k(d)

)
✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❈♦♥s(d, d′′) ǫ D∞(s, a′) ❛♥❞ ❜②

❢♦r♠✉❧❛ ✭✷✲✸✮✱ ✇❡ ❦♥♦✇ t❤❛t n∞
(
s, a′,❈♦♥s(d, d′)

)
ε U✳

❙✐♥❝❡ n∞
(
s, a′,❈♦♥s(d, d′′)

)
= n∞(s[a/d], k(d), d′′)✱ ✇❡ ❣❡t t❤❡ r❡s✉❧t✳

❚❤✐s ☞♥✐s❤❡s t❤❡ ♣r♦♦❢ t❤❛t w∞◦(U) ✐s ❛ ♣♦st✲☞①♣♦✐♥t ❢♦r U∩w◦( )✱ ❛♥❞ t❤✉s t❤❡

♣r♦♦❢ t❤❛t w∞◦(U) ⊆ w◦∞(U)✳

K ❭w◦∞(U) ⊆ w∞◦(U)✧✿ s✉♣♣♦s❡ s ε w◦∞(U)✱ ✇❡ ♥❡❡❞ t♦ ☞♥❞ ❛♥ ❛❝t✐♦♥ a′ ǫ A∞(s)

s✉❝❤ t❤❛t

(
∀d′ ǫ D∞(s, a′)

)
n∞(s, a′, d′) ε U ✳ ✭✷✲✹✮

❇② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡ ❢♦r A∞✱ ✇❡ ♥❡❡❞ ❛ ❝♦❛❧❣❡❜r❛ (X,C) ✇❤❡r❡ X ✿ S → Set

❛♥❞ C ǫ (sǫS)→ X(s)→ w◦(X, s)✳



✻✵ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

❚❛❦❡ X , w◦∞(U)❀ ❜② t❤❡ ❭♣♦st✲☞①♣♦✐♥t✧ r✉❧❡ ❢♦r w◦∞✱ ✇❡ ❦♥♦✇ t❤❛t X ⊆ w◦(X)✿

t❤✐s ❞❡☞♥❡s C✳ ❚❤✐s ❛❧❧♦✇s t♦ ❝♦♥str✉❝t a′ , ❝♦✐t❡r(X,C, s, x) ✇❤❡r❡ x ✐s t❤❡ ♣r♦♦❢

t❤❛t s ε w◦∞(U)✳

■♥st❡❛❞ ♦❢ ♣r♦✈✐♥❣ ❞✐r❡❝t❧② ✭✷✲✹✮✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ s♦♠❡t❤✐♥❣ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧✿

❞❡☞♥❡ a′(s, x) , ❝♦✐t❡r(X,C, s, x) ǫ A∞(s)✳ ❲❡ ❝❧❛✐♠

(∀sǫS)
(
∀xǫX(s)

)(
∀d′ǫD∞

(
s, a′(s, x)

))
n∞(s, a′(s, x), d′) ε U ✳

❚❤✐s ✐♠♣❧✐❡s ✭✷✲✹✮ ❜② s♣❡❝✐❛❧✐③✐♥❣ s ❛♥❞ x ❛s ❛❜♦✈❡✳✳✳

▲❡t s ǫ S✱ x ǫ X(s) ✭✐✳❡✳ x ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ ❭s ε w◦∞(U)✧✮ ❛♥❞ d′ ǫ D∞(s, a′)✳ ❲❡

♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ d′✿

� ✐❢ d′ = ◆✐❧✱ t❤❡♥ n∞(s, a′(s, x), d′) ε U ❜❡❝♦♠❡s ❭s ε U✧✳ ❚❤✐s ❤♦❧❞s ❜❡✲

❝❛✉s❡ s ε w◦∞(U)✳

� ✐❢ d′ = ❈♦♥s(d, d′′) t❤❡♥✱ ❜② ❞❡☞♥✐t✐♦♥✱ n∞(s, a′(s, x), d′) ε U ✐s ❡q✉✐✈❛❧❡♥t

t♦ n∞(s[a/d], k(d), d′′) ε U ✇❤❡r❡ ❡❧✐♠
(
a′(s, x)

)
= (a, k)✳

❇✉t s✐♥❝❡ a′(s, x) = ❝♦✐t❡r(X,C, s, x)✱ t❤✐s ✐♠♣❧✐❡s✱ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ r✉❧❡✱

t❤❛t ❡❧✐♠
(
a′(s, x)

)
✐s ♦❢ t❤❡ ❢♦r♠

(
a , (λd) . ❝♦✐t❡r

(
X,C, s[a/d], g(d)

))

✇❤❡r❡ C(s, x) = (a, g)✳ ❚❤✐s ♠❡❛♥s t❤❛t a ✐s ❛ ✇✐t♥❡ss ❢♦r s ε w◦(U) ✭❜②

❞❡☞♥✐t✐♦♥ ♦❢ C✮✳

❙♦✱ ✇❡ ❤❛✈❡ t❤❛t k(d) ✐s ✐♥ ❢❛❝t ❝♦✐t❡r
(
X,C, s[a/d], g(d)

)
✱ ✐✳❡✳ a′

(
s[a/d], g(d)

)
✳

❲❡ ❝❛♥ t❤✉s ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t♦ ❝♦♥❝❧✉❞❡ t❤❛t

n∞
(
s[a/d], a′

(
s[a/d], g(d)

)
, d′′
)
ε U ✳

❚❤✐s ☞♥✐s❤❡s t❤❡ ♣r♦♦❢ t❤❛t w◦∞(U) ⊆ w∞◦(U) ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦✲

s✐t✐♦♥ ✷✳✺✳✶✽✳

�X

❆s ❛ ❝♦r♦❧❧❛r② t♦ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽ ❛♥❞ ❧❡♠♠❛ ✷✳✺✳✶✹✱ ✇❡ ❣❡t✿

◦ Lemma 2.5.19: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w✱ w∗◦ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r

❛♥❞ w∞◦ ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r✳

❚❤✐s ♣r♦♦❢ ✉s❡s ✐♠♣r❡❞✐❝❛t✐✈❡ r❡❛s♦♥✐♥❣ ✐♥ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ w◦∗ ❛♥❞ w◦∞✳ ■t ✐s

❤♦✇❡✈❡r ♥♦t ❞✐✍❝✉❧t t♦ s❤♦✇ ❞✐r❡❝t❧②✱ ✉s✐♥❣ ♦♥❧② ♣r❡❞✐❝❛t✐✈❡ r❡❛s♦♥✐♥❣✱ t❤❛t w∗

❛♥❞ w∞ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❝❧♦s✉r❡ ❛♥❞ ✐♥t❡r✐♦r ♦♣❡r❛t♦rs✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ✐♥ ❢❛❝t ❜❡

❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❞✐r❡❝t✐♦♥s ❭w◦∗ ⊆ w∗◦✧ ❛♥❞ ❭w∞◦ ⊆ w◦∞✧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢

♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽✳

2.5.6 An Equivalence of Categories

❍♦♠♦❣❡♥❡♦✉s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❤❛✈❡ t❤❡✐r ♦✇♥ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠✱ ❝❛❧❧❡❞ ❞❛t❛✲

r❡☞♥❡♠❡♥ts✿ ✭s❡❡ ❬✾❪✮

⊲ Definition 2.5.20: ✐❢ F1 ❛♥❞ F2 ❛r❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ S1 ❛♥❞ S2✱ ❛

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P ✿ P(S1) → P(S2) ✐s s❛✐❞ t♦ ❜❡ ❛ ❞❛t❛✲r❡☞♥❡♠❡♥t

❢r♦♠ F1 t♦ F2 ✐❢✿ P · F1 ⊆ F2 · P✳



✷✳✺ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✻✶

❆ ❞❛t❛✲r❡☞♥❡♠❡♥t ✐s s❛✐❞ t♦ ❜❡ ❛ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ✐❢ ✐t ❝♦♠♠✉t❡s ✇✐t❤

❛r❜✐tr❛r② ✉♥✐♦♥s❀ ✐t ✐s s❛✐❞ t♦ ❜❡ ❛ ❜❛❝❦✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ✐❢ ✐t ❝♦♠♠✉t❡s

✇✐t❤ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s✳

■t ✐s tr✐✈✐❛❧ t♦ s❤♦✇ t❤❛t ❤♦♠♦❣❡♥❡♦✉s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❞❛t❛✲r❡☞♥❡♠❡♥ts

❢♦r♠ ❛ ❝❛t❡❣♦r② ❛♥❞ t❤❛t ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✇❛r❞✴❜❛❝❦✇❛r❞ r❡☞♥❡♠❡♥ts

❢♦r♠ t✇♦ ❭s✉❜❝❛t❡❣♦r✐❡s✧✳5 ❇② ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✽✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞

❞❛t❛✲r❡☞♥❡♠❡♥ts ❛r❡ ✐♥ ❢❛❝t ❣✐✈❡♥ ❜② r❡❧❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ r❡❧❛t✐♦♥ R ✿ Rel(S1×S2)

✐s ❛ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ❢r♦♠ F1 t♦ F2 ✐☛ R · F1 ⊆ F2 · R✳
6

❲❤❛t ✐s r❛t❤❡r s✉r♣r✐s✐♥❣ ✐s t❤❛t t❤✐s ♥♦t✐♦♥ ♦❢ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ❝♦rr❡✲

s♣♦♥❞s ❡①❛❝t❧② t♦ t❤❡ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥✿

◦ Lemma 2.5.21: ❢♦r ❛❧❧ ✐♥t❡r❢❛❝❡s w1 ❛♥❞ w2✱ ❛ r❡❧❛t✐♦♥ R ✿ Rel(S1, S2) ✐s

❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠w1 t♦ w2 ✐☛ ✐t ✐s ❛ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ❢r♦♠w◦
1

t♦ w◦
2✳ ■♥ ♦t❤❡r ✇♦r❞s✱ R ✐s ❛ s✐♠✉❧❛t✐♦♥ ✐☛ R ·w◦

1 ⊆ w
◦
2 · R✳

❚❤❡ ❭⇐✧ ❞✐r❡❝t✐♦♥ ✉s❡s ❡q✉❛❧✐t②✳

proof:

K s✉♣♣♦s❡ ☞rst t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥❀ ❧❡t✬s s❤♦✇ t❤❛t R ·w◦
1 ⊆ w

◦
2 · R✳

s2 ε R ·w
◦
1(U)

⇒ { ❞❡☞♥✐t✐♦♥ ♦❢ 〈R∼〉✿ ❢♦r s♦♠❡ s1 }

(s1, s2) ε R ∧ s1 ε w
◦
1(U)

⇒ { ❞❡☞♥✐t✐♦♥ ♦❢ w◦

1 ✿ t❤❡r❡ ✐s ❛♥ a1 ǫ A1(s1) }

(s1, s2) ε R ∧
(
∀d1ǫD1(s1, a1)

)
s1[a1/d1] ε U

⇒ { s✐♥❝❡ R ✐s ❛ s✐♠✉❧❛t✐♦♥✱ t❤❡r❡ ✐s ❛♥ a2 ǫ A2(s2) s✐♠✉❧❛t✐♥❣ a1 }
{ ♠♦r❡♦✈❡r✱ ❢♦r ❛♥② d2 ✱ t❤❡r❡ ✐s ❛ d1 s✳t✳ (s1[a1/d1],s2[a2/d2]) ε R }

(
∃a2ǫA2(s2)

)(
∀d2ǫD2(s2, a2)

)
(
∃d1ǫD1(s1, a1)

)
(s1[a1/d1], s2[a2, d2]) ε R ∧ s1[a1/d1] ε U

⇒ { t❛❦❡ s′1 t♦ ❜❡ s1[a1/d1] }(
∃a2ǫA2(s2)

)(
∀d2ǫD2(s2, a2)

)
(∃s′1ǫS1) (s′1, s2[a2, d2]) ε R ∧ s

′
1 ε U

⇔ { ❞❡☞♥✐t✐♦♥ }

s2 ε w
◦
2 · R(U)

K ❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❧❡t R ·w◦
1 ⊆ w

◦
2 · R✱ (s1, s2) ε R ❛♥❞ a1 ǫ A1(s1)✱ ✇❡ ✇❛♥t

t♦ s❤♦✇ t❤❛t

(
∃a2ǫA2(s2)

)(
∀d2ǫD2(s2, a2)

)
(
∃d1ǫD1(s1, a1)

)
(s1[a1/d1], s2[a2/d2]) ε R ✳

❇② ❞❡☞♥✐t✐♦♥✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

s2 ε w
◦
2

(
⋃

d1ǫD1(s1,a1)

R(s1[a1/d1])

)
✳

5 ✿ Pr❡❝✐s❡❧②✱ t❤❡ ✐❞❡♥t✐t② ✐s ❛ ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✲
✇❛r❞ ✭❜❛❝❦✇❛r❞✮ ❞❛t❛✲r❡☞♥❡♠❡♥ts t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❞❛t❛✲r❡☞♥❡♠❡♥ts✳

6 ✿ ❘❡❝❛❧❧ t❤❛t ✇❡ ❛❧s♦ ✇r✐t❡ R ❢♦r t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r 〈R∼〉...
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❙✐♥❝❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r R ✭✇❤✐❝❤ ✐s ✐♥ ❢❛❝t 〈R∼〉✮ ❝♦♠♠✉t❡s ✇✐t❤ ✉♥✐♦♥s✱

t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

s2 ε w
◦
2 · R

(
⋃

d1ǫD1(s1,a1)

{s1[a1/d1]}

)
✳

❙✐♥❝❡ ❜② ❤②♣♦t❤❡s✐s R ·w1 ⊆ w2 · R✱ ✐t ✐s s✉✍❝✐❡♥t t♦ s❤♦✇

s2 ε R ·w
◦
1

(
⋃

d1ǫD1(s1,a1)

{s1[a1/d1]}

)
✳

❲❡ tr✐✈✐❛❧❧② ❤❛✈❡ t❤❛t s1 ε w
◦
1

(⋃
d1
{s1[a1/d1]}

)
✱ ❛♥❞ s✐♥❝❡ (s1, s2) ε R✱ ✇❡ ❝❛♥

❝♦♥❝❧✉❞❡✳

◆♦t✐❝❡ t❤❛t ✇❡ ♥❡❡❞ ❡q✉❛❧✐t② t♦ ❜❡ ❛❜❧❡ t♦ ❢♦r♠ t❤❡ s✐♥❣❧❡t♦♥ ♣r❡❞✐❝❛t❡s✳

�X

❆♥ ✐♠♣♦rt❛♥t ❝♦r♦❧❧❛r② t♦ t❤✐s ✐s t❤❛t

w◦
1 ⊆ w

◦
2 ⇔ Id ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w2 ✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❧❛tt✐❝❡ ♦❢ s❡t✲❜❛s❡❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✱ ✇❡

❛r❡ ❢✉❧❧② ♣r❡❞✐❝❛t✐✈❡✿ t❤❡ ♦r❞❡r ✐s ♥♦t ❣✐✈❡♥ ❜② ❛ Π11 ❢♦r♠✉❧❛✱ ❜✉t ❜② ❛ ♣r♦♣♦s✐t✐♦♥✳

❚❤❡ ♠♦r❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

⋄ Proposition 2.5.22: t❤❡ ♦♣❡r❛t✐♦♥ w 7→ w◦ ✐s ❛ ❢✉❧❧ ❛♥❞ ❢❛✐t❤❢✉❧

❢✉♥❝t♦r ❢r♦♠ Int t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤

❢♦r✇❛r❞✲❞❛t❛ r❡☞♥❡♠❡♥ts✳

❚❤❡ ❝❛t❡❣♦r② Int ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❭♣r❡❞✐❝❛t✐✈❡ ❝♦r❡✧ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✱

❛♥❞ ❛s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤✐s ❝❛t❡❣♦r② ✐s ❝❧♦s❡❞ ✉♥❞❡r ❛❧❧ t❤❡ r❡❧❡✈❛♥t

♦♣❡r❛t✐♦♥s ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳

Pr❡❞✐❝❛t✐✈❡❧② s♣❡❛❦✐♥❣✱ ♥♦t ❛❧❧ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ s❡t✲❜❛s❡❞✿ ❞❡☞♥❡ t❤❡

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P ✿ P(B)→ P(B) ✇✐t❤✿ ✭✇❤❡r❡ B = {❋❛❧s❡,❚r✉❡}✮

U 7→ U⋄⋄

✇❤❡r❡ b ε U⋄ ✐☛ (∀b′ǫU) b′ ✔ b ❛♥❞ ✔ ✐s t❤❡ st❛♥❞❛r❞ ❜♦♦❧❡❛♥ ♦r❞❡r✿ ❋❛❧s❡ ✔ ❚r✉❡✳ ■t

✐s s❤♦✇♥ ✐♥ ❬✷✼❪✭s❡❝t✐♦♥ ✹✳✻✮ t❤❛t t❤✐s ♦♣❡r❛t♦r ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ✐♥t❡r❛❝t✐♦♥

s②st❡♠✳

■♠♣r❡❞✐❝❛t✐✈❡❧② ❤♦✇❡✈❡r✱ ✐t ✐s q✉✐t❡ ❡❛s② t♦ ☞♥❞ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ r❡♣r❡✲

s❡♥t ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✿ ✐❢ F ✐s ❛ ✭♠♦♥♦t♦♥✐❝✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✱ ❞❡☞♥❡ wF
❛s ❢♦❧❧♦✇s✿

wF.A(s) ,
(
ΣU✿P(S)

)
s ε F(U)

wF.D
(
s, (U, )

)
, (Σs′ǫS) s′ ε U

wF.n
(
s, (U, ), (s′, )

)
, s′ ❀

♦r✱ ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ tr❛❞✐t✐♦♥❛❧ ♠❛t❤❡♠❛t✐❝ ♥♦t❛t✐♦♥s✿

wF.A(s) , {U ✿ P(S) | s ε F(U)}
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wF.D(s,U) , U

wF.n(s,U, s′) , s′ ✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t F = (wF)
◦✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② ♠❡❛♥s t❤❛t t❤❡ ❢✉❧❧ ❛♥❞ ❢❛✐t❤❢✉❧

❢✉♥❝t♦r w 7→ w◦ ✐s s✉r❥❡❝t✐✈❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❧❡❛✈❡ ✐t ❛s ❛♥ ❡①❡r❝✐s❡ t♦ ❝❤❡❝❦ t❤❛t ✇❡

❤❛✈❡ EqS ✿ w ≃ ww◦ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t✿

⋄ Proposition 2.5.23: (impredicative)

t❤❡ ❝❛t❡❣♦r✐❡s Int ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇✐t❤ s✐♠✉❧❛t✐♦♥s ❛♥❞

t❤❡ ❝❛t❡❣♦r② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✲

✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ▼♦r❡♦✈❡r✱ t❤✐s ❡q✉✐✈❛✲

❧❡♥❝❡ ✐s ❛ r❡tr❛❝t ❢r♦♠ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ♣r❡❞✐❝❛t❡ tr❛♥s✲

❢♦r♠❡rs✳7

2.6 A Model for Component based Programming

❲❡ ❣❛✈❡ s❡✈❡r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❢♦r ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐♥ s❡❝t✐♦♥ ✷✳✶✳✷✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛

✐s t❤❛t ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ❛ ❝♦♥tr❛❝t ❜❡t✇❡❡♥ t✇♦ ❡♥t✐t✐❡s ✭t❤❡ ❆♥❣❡❧ ❛♥❞ t❤❡

❉❡♠♦♥✮ ❞❡s❝r✐❜✐♥❣ ♣♦ss✐❜❧❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ✐s ❥✉st ✇❤❛t ♣r♦❣r❛♠♠✐♥❣ ✐s ❛❜♦✉t✳✳✳

2.6.1 Interfaces

■♥ ♦❜❥❡❝t ♦r✐❡♥t❡❞ ♣r♦❣r❛♠♠✐♥❣✱ ❛♥ ✐♥t❡r❢❛❝❡ ✐s ❣✐✈❡♥ ❜② ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ t②♣❡s ❢♦r ❞✐☛❡r✲

❡♥t ♠❡t❤♦❞s ❛♥ ♦❜❥❡❝t ✐s s✉♣♣♦s❡❞ t♦ ♣r♦✈✐❞❡✳ ❆s ❛ ❜❛s✐❝ ❡①❛♠♣❧❡✱ t❤❡ ♦❜❥❡❝t ❙t❛❝❦

❝♦♥s✐st✐♥❣ ♦❢ st❛❝❦s ♦❢ ❜♦♦❧❡❛♥s ✐s s♣❡❝✐☞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❢❛❝❡✿

♣♦♣ ǫ B

♣✉s❤ ǫ B→ ()

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛♥✐♥❣✿

� ②♦✉ ❝❛♥ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ❭♣♦♣✧ ✭♦♥ ❛ st❛❝❦✮ t♦ ♦❜t❛✐♥ ❛ ❜♦♦❧❡❛♥ ✭t②♣❡ B✮❀

� ②♦✉ ❝❛♥ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ❭♣✉s❤✧✱ ✇❤✐❝❤ ♥❡❡❞s ♦♥❡ ❛r❣✉♠❡♥t ♦❢ t②♣❡ ❜♦♦❧❡❛♥✱

✇❤✐❝❤ ✇✐❧❧ ❭❞♦ s♦♠❡t❤✐♥❣✧✳

❲❤❛t t❤♦s❡ ❝♦♠♠❛♥❞s ❛❝t✉❛❧❧② ❞♦ ✐s ♦♥❧② s♣❡❝✐☞❡❞ ✐♥ t❤❡ ❞♦❝✉♠❡♥t❛t✐♦♥ ❛♥❞ ✐s ♥♦t

❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✳

■♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ s❡r✈❡ ❛s ♠✉❝❤ ♠♦r❡ ❡①♣r❡ss✐✈❡ ✐♥t❡r❢❛❝❡s ✇❤✐❝❤ ❝♦♥t❛✐♥s

❛❧s♦ t❤❡ s♣❡❝✐☞❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♠❛♥❞s✳ ❋♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❙t❛❝❦✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ❛♥

✐♥t❡r❢❛❝❡ ❧✐❦❡✿

S , ▲✐st(B)

A(l) , case l ♦❢ ◆✐❧⇒ {♣✉s❤(b) | bǫB}

⇒ {♣✉s❤(b) | bǫB} ∪ {♣♦♣}

D
(
l,♣✉s❤(b)

)
, {❛❦♥}

D(l,♣♦♣) , {❛❦♥}

7 ✿ ❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ❛ r❡tr❛❝t ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❢✉♥❝t♦rs s❛t✐s❢② F 7→ (wF)◦ = Id ✇❤✐❧❡ ✇❡ ♦♥❧②

❤❛✈❡ w 7→ ww◦ ≃ Id✳



✻✹ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

n
(
l,♣✉s❤(b)

)
, ❈♦♥s(b, l)

n
(
❈♦♥s(b, l),♣♦♣

)
, l

✇✐t❤ t❤❡ ♠❡❛♥✐♥❣✿

� ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ ❙t❛❝❦ ❤❛s t❤❡ ♣♦ss✐❜❧❡ st❛t❡s ❞❡s❝r✐❜❡❞ ❜② ❧✐sts ♦❢ ❜♦♦❧❡❛♥s❀

� ✐❢ t❤❡ st❛t❡ ✐s ♥♦t ❡♠♣t②✱ ✇❡ ❝❛♥ ❡✐t❤❡r ❞♦ ❛ ♣♦♣ ♦r ❛ ♣✉s❤❀ ✐❢ t❤❡ st❛t❡ ✐s ❡♠♣t②✱

✇❡ ❝❛♥ ♦♥❧② ❞♦ ❛ ♣✉s❤❀

� ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❝❛♥ ♦♥❧② ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ❝♦♠♠❛♥❞❀

� ♣❡r❢♦r♠✐♥❣ ❛ ♣♦♣ r❡♠♦✈❡s t❤❡ ☞rst ❡❧❡♠❡♥t ♦❢ t❤❡ st❛t❡❀ ♣❡r❢♦r♠✐♥❣ ❛ ♣✉s❤ ♣✉ts

❛♥ ❡❧❡♠❡♥t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ st❛t❡✳

❚❤❡ ♦♥❧② t❤✐♥❣ t❤❛t ✐s st✐❧❧ ♠✐ss✐♥❣ ❢r♦♠ t❤✐s s♣❡❝✐☞❝❛t✐♦♥ ✐s t❤❡ ❢❛❝t t❤❛t ❛ ♣♦♣

❝♦♠♠❛♥❞ ✇✐❧❧ ❛❝t✉❛❧❧② ♣r♦❞✉❝❡ ❛ ❜♦♦❧❡❛♥ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ☞rst ❡❧❡♠❡♥t ♦❢ t❤❡

st❛t❡✳ ❉❡❛❧✐♥❣ ✇✐t❤ t❤❛t ✐s ♣♦ss✐❜❧❡ ✐♥ ❝♦♥❝r❡t❡ s❡tt✐♥❣✱ ❜✉t r❡q✉✐r❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥

♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇✐t❤ ❭s✐❞❡✲❡☛❡❝ts✧✱ ✇❤✐❝❤ ❧✐❡s ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✳

■♥ ❛ ✇❛②✱ t❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥❧② s♣❡❝✐☞❡s ❤♦✇ ❛ st❛❝❦ ❝❛♥ ❜❡ ❧❡❣❛❧❧② ✉s❡❞✳

■♥ ♦r❞❡r t♦ ❣❡t ❧❡ss tr✐✈✐❛❧ s♣❡❝✐☞❝❛t✐♦♥s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❞❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢

❡rr♦rs ❢r♦♠ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭t❤❡ ❉❡♠♦♥✮✿ t❤❡ s❡t D(s, a) ✇♦✉❧❞ t❤❡♥ ❜❡ s♦♠❡t❤✐♥❣

❧✐❦❡ {❛❦♥, ❡rr♦r}✳ ❆♥② t❡①t❜♦♦❦ ♦♥ ♣r♦❝❡ss ❝❛❧❝✉❧✉s ✇♦✉❧❞ ❝♦♥t❛✐♥ ♠❛♥② ❡①❛♠♣❧❡s

♦❢ ✈❡♥❞✐♥❣ ♠❛❝❤✐♥❡s ❛♥❞ ♦t❤❡r ❛✉t♦♠❛t❛ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❞❡q✉❛t❡❧② ❞❡s❝r✐❜❡❞ ✉s✐♥❣

✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ■♥ ♠♦st ❝❛s❡s✱ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ♥♦t ❭❞❡t❡r♠✐♥✐st✐❝✧ ✐♥ t❤❡

s❡♥s❡ t❤❛t t❤❡ s❡t ♦❢ r❡❛❝t✐♦♥s t♦ ❛ ❝♦♠♠❛♥❞ ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✳

❆ s♣❡❝✐☞❝❛t✐♦♥ ❛❧s♦ ❝♦♠❡s ✇✐t❤ ❛ s✉❜s❡t ♦❢ st❛t❡s✱ ❢r♦♠ ✇❤✐❝❤ ✐t ✐s s✉♣♣♦s❡❞

t♦ ✇♦r❦✳ ❚❤✐s ❥✉st✐☞❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

⊲ Definition 2.6.1: ❛♥ ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❢❛❝❡ ✐s ❣✐✈❡♥ ❜② ❛ s❡t ♦❢ st❛t❡s S✱ ❛♥ ✐♥t❡r✲

❛❝t✐♦♥ w ♦♥ S ❛♥❞ ❛ ♣r❡❞✐❝❛t❡ ■♥✐t ✿ P(S) ♦❢ ✐♥✐t✐❛❧ st❛t❡s✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♣r❡❞✐❝❛t❡ r❡♣r❡s❡♥ts st❛t❡s ❢r♦♠ ✇❤✐❝❤ t❤❡ ❆♥❣❡❧

♠❛② ❜❡ ❛s❦❡❞ t♦ st❛rt ✐♥t❡r❛❝t✐♦♥✳ ❋♦r ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❢❛❝❡ (w, ■♥✐t)✱ ✐♥t❡r❛❝t✐♦♥ ❣♦❡s

❛s ❢♦❧❧♦✇s✿

✵✮ t❤❡ ❉❡♠♦♥ st❛rts ❜② ❝❤♦♦s✐♥❣ ❛ st❛t❡ s0 ε ■♥✐t❀

✶✮ t❤❡ ❆♥❣❡❧ ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ a0 ǫ A0(s0)❀

✷✮ t❤❡ ❉❡♠♦♥ ❝❤♦♦s❡s ❛ r❡❛❝t✐♦♥ d0 ǫ D0(s0, a0)❀

✸✮ t❤❡ ❆♥❣❡❧ ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ a1 ǫ A(s0[a0/d0])❀

✲✮ . . .

2.6.2 Components: Refinements

❆ ♣r♦❣r❛♠♠❡r ✐s ❤✐r❡❞ t♦ ♣r♦❣r❛♠✿ ❤❡ ✐s ❣✐✈❡♥ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ❤❡ ✐s

s✉♣♣♦s❡❞ t♦ ✇r✐t❡✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❧✐❜r❛r✐❡s ❤❡ ✐s ❛❧❧♦✇❡❞ t♦ ✉s❡✳

■♥ ♦✉r ❝♦♥t❡①t✱ ❞❡s❝r✐♣t✐♦♥s ❛r❡ s✐♠♣❧② ✐♥t❡r❢❛❝❡s❀ ✇❡ ❝❛❧❧ t❤❡ ❢♦r♠❡r ❭❤✐❣❤✲❧❡✈❡❧✧

❛♥❞ t❤❡ ❧❛tt❡r ❭❧♦✇✲❧❡✈❡❧✧✳ ■♠♣❧❡♠❡♥t✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❤✐❣❤✲❧❡✈❡❧ ❝♦♠♠❛♥❞ ❛♠♦✉♥ts

t♦ ♣r♦❞✉❝✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦✇✲❧❡✈❡❧ ❝♦♠♠❛♥❞s ❛♥❞ s❤♦✇ t❤❛t t❤✐s s❡q✉❡♥❝❡ ❜❡❤❛✈❡s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❤✐❣❤✲❧❡✈❡❧ s♣❡❝✐☞❝❛t✐♦♥✳ ❚❤✐s ♣r♦❣r❛♠ ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♣♦♥❡♥t ❜❡t✇❡❡♥

t❤❡ ❤✐❣❤✲❧❡✈❡❧ ❛♥❞ t❤❡ ❧♦✇✲❧❡✈❡❧✳ ❚❤✐s ❥✉st✐☞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡☞♥✐t✐♦♥✿

⊲ Definition 2.6.2: ❧❡t (wh, ■♥✐th) ❛♥❞ (wl, ■♥✐tl) ❜❡ t✇♦ ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❢❛❝❡s❀ ❛

r❡☞♥❡♠❡♥t✱ ♦r ❛ ❝♦♠♣♦♥❡♥t ❢r♦♠ (wh, ■♥✐th) t♦ (wl, ■♥✐tl) ✐s ❛ s✐♠✉❧❛t✐♦♥ R

❢r♦♠ wh t♦ w∗
l s✳t✳ ■♥✐th ⊆ R(■♥✐tl)✳



✷✳✻ ❆ ▼♦❞❡❧ ❢♦r ❈♦♠♣♦♥❡♥t ❜❛s❡❞ Pr♦❣r❛♠♠✐♥❣ ✻✺

❲✐t❤ t❤✐s ❞❡☞♥✐t✐♦♥✱ ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❛❝t✐✈✐t② ♦❢ ♣r♦❣r❛♠♠✐♥❣ ✇✐t❤ t❤❡ ❛❝t ♦❢

♣r♦✈✐♥❣ t❤❛t ❛ ❝❛r❡❢✉❧❧② ❝r❛❢t❡❞ r❡❧❛t✐♦♥ ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ ❛ ❤✐❣❤✲❧❡✈❡❧ s♣❡❝✐☞❝❛t✐♦♥

✭✇❤✐❝❤ ✇❡ ✇❛♥t ✐♠♣❧❡♠❡♥t❡❞✮ t♦ ❛ ❧♦✇✲❧❡✈❡❧ s♣❡❝✐☞❝❛t✐♦♥ ✭✇❤✐❝❤ ✐s ❛❧r❡❛❞② ✐♠♣❧❡✲

♠❡♥t❡❞✮✳

■t ✐s tr✐✈✐❛❧ t♦ s❡❡ t❤❛t t❤❡ ✐❞❡♥t✐t② ♦♥ S ✭✐❢ ❛✈❛✐❧❛❜❧❡✮ ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠

❛♥② s♣❡❝✐☞❝❛t✐♦♥ t♦ ✐ts❡❧❢✳ ❆s ✇❡✬❧❧ s❡❡ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✶✱ ✇❡ ❝❛♥ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡

r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ r❡☞♥❡♠❡♥ts ✐s ❛ r❡☞♥❡♠❡♥t✿ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t

t❤❛t ∗ ✐s ❛ ♠♦♥❛❞ ✐♥ t❤❡ ❝❛t❡❣♦r② Int✳ ❋♦r ♥♦✇✱ ✇❡ ❝❛♥ s✐♠♣❧② r❡❧② ♦♥ t❤❡ ✐♥t✉✐t✐♦♥

✇❡ ❤❛✈❡ ❛❜♦✉t r❡☞♥❡♠❡♥t ❛♥❞ ❛ss❡rt✿

◦ Lemma 2.6.3: ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❢❛❝❡s ✇✐t❤ r❡☞♥❡♠❡♥ts ❢♦r♠ ❛ ❝❛t❡❣♦r②✳

❲❡ ✇✐❧❧ s❧✐❣❤t❧② r❡☞♥❡ t❤✐s ❝❛t❡❣♦r② ✐♥ s❡❝t✐♦♥ ✷✳✻✳✺ ❜② ❣✐✈✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❞❡☞♥✐t✐♦♥

♦❢ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ r❡☞♥❡♠❡♥ts✳

2.6.3 Clients and Servers

❲❡ s❛✇ t❤❛t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❭❝♦♥tr❛❝ts✧✱ ♦r ❭♣r♦t♦❝♦❧s✧ ❞❡s❝r✐❜✐♥❣

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❡♥t✐t✐❡s✳ ❚❤❡ t✇♦ ♠❛✐♥s ❦✐♥❞s ♦❢ ♣r♦❣r❛♠s ♦❜❡②✐♥❣ s✉❝❤

❝♦♥tr❛❝ts ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♥♦t✐♦♥s ♦❢ s❡r✈❡r ♣r♦❣r❛♠s ❛♥❞ ❝❧✐❡♥t ♣r♦❣r❛♠s✳

❇❡❢♦r❡ ❧♦♦❦✐♥❣ ❛t t❤❡ ❞❡t❛✐❧s✱ ❧❡t✬s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿ ❢♦r ❛♥②

✐♥t❡r❛❝t✐♦♥ s②st❡♠s w✱

� s ⊳w U ❢♦r s ε w∗◦(U)❀

� U ⊳w V ❢♦r U ⊆ w∗◦(V)❀

� s ⋉w U ❢♦r s ε w⊥∞◦(U)❀

� U ⋉w V ❢♦r U ≬w⊥∞◦(V)✳

❚❤❡ s②♠❜♦❧ ⊳ ✐s r❡❛❞ ❭❝♦✈❡r❡❞ ❜②✧ ❛♥❞ t❤❡ s②♠❜♦❧ ⋉ ✐s r❡❛❞ ❭r❡str✐❝t❡❞ ❜②✧✳ ❚❤❡

✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ❝♦✈❡r✐♥❣ ✐s t❤❛t s ⊳ U ♠❡❛♥s ❭♣r♦✈✐❞❡❞ t❤❡ ❉❡♠♦♥ r❡❛❝ts✱ t❤❡ ❆♥❣❡❧

❤❛s ❛ ✇❛② t♦ r❡❛❝❤ U ❢r♦♠ s✧✳ ❋♦r r❡str✐❝t✐♦♥✱ t❤❡ ✐♥t✉✐t✐♦♥ ✐s s❧✐❣❤t❧② s✉❜t❧❡r✿ ✇❡

❤❛✈❡

s ⋉ V

⇔ { ❜② ❞❡☞♥✐t✐♦♥ ♦❢ ⋉✱ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽ ❛♥❞ ❧❡♠♠❛ ✷✳✺✳✹ }

s ε w•∞(V)

⇒ { ❜② t❤❡ r✉❧❡ ❭♣♦st✲☞①♣♦✐♥t }

s ε V ∩w•(w•∞(V))

⇔

s ε V ❛♥❞ (∀aǫA(s))(∃dǫD(s, a)) s[a/d] ⋉ V

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ s ⋉ V ✐s t❤✉s ❭♥♦ ♠❛tt❡r ✇❤❛t t❤❡ ❆♥❣❡❧ ❞♦❡s✱ t❤❡ ❉❡♠♦♥ ❤❛s ❛ ✇❛②

t♦ r❡♠❛✐♥ ✐♥ V✧✳

§ ❙❡r✈❡r Pr♦❣r❛♠s✳ ❆ s❡r✈❡r ♣r♦❣r❛♠ ✐s s✐♠♣❧② ❛ ♣r♦❣r❛♠ ✇❤✐❝❤ ❭r✉♥s ❢♦r❡✈❡r✧✳

❚❤❡ ♣❡r❢❡❝t ❡①❛♠♣❧❡ ♦❢ s❡r✈❡r ✐s ❣✐✈❡♥ ❜② t❤❡ ❭❡♥✈✐r♦♥♠❡♥t✧ ✐♥ ✇❤✐❝❤ ✇❡ r✉♥ ♦t❤❡r

♣r♦❣r❛♠s✿ t❤❡ ❡♥✈✐r♦♥♠❡♥t s✐♠♣❧② ✇❛✐ts ❢♦r ❛ r❡q✉❡st✱ ❛♥❞ s❡♥❞s ❜❛❝❦ s♦♠❡ r❡s♣♦♥s❡✳

■♥ t❤❡ ❯♥✐① t❡r♠✐♥♦❧♦❣②✱ s✉❝❤ ♣r♦❣r❛♠s ❛r❡ ❝❛❧❧❡❞ ❭❞❛❡♠♦♥ ♣r♦❣r❛♠s✧✳ ❚❤❡ ❣♦❛❧ ♦❢

❛ s❡r✈❡r ♣r♦❣r❛♠ ✐s t♦ ♠❛❦❡ s✉r❡ s♦♠❡t❤✐♥❣ ❛❧✇❛②s ❤♦❧❞s✿ ✐t ✐s str♦♥❣❧② r❡❧❛t❡❞ t♦ t❤❡

♥♦t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡s✳

❆ s❡r✈❡r s♣❡❝✐☞❝❛t✐♦♥ ❢♦r t❤❡ ✐♥✐t✐❛❧✐③❡❞ ✐♥t❡r❢❛❝❡ (S,A,D,n, ■♥✐t) ✐s ❣✐✈❡♥ ❜②

❛♥ ✐♥✈❛r✐❛♥t ■♥✈ ✿ P(S) ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛✐♥t❛✐♥❡❞ ❜② t❤❡ ❉❡♠♦♥✳ ❚♦ ♠❛❦❡ s✉r❡ t❤❡

s❡r✈❡r ❝❛♥ ❜❡ st❛rt❡❞✱ ✇❡ ❛❧s♦ r❡q✉✐r❡ t❤❡ ✐♥✈❛r✐❛♥t t♦ ✐♥t❡rs❡❝t t❤❡ ✐♥✐t✐❛❧ ♣r❡❞✐❝❛t❡✳



✻✻ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

� ❚❤❛t ■♥✈ ✐s ❛ ❉❡♠♦♥ ✐♥✈❛r✐❛♥t ♠❡❛♥s t❤❛t ❢r♦♠ ■♥✈✱ t❤❡ ❉❡♠♦♥ ❝❛♥ ❛❧✇❛②s

r❡s♣♦♥❞ ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ r❡♠❛✐♥ ✐♥ ■♥✈✿

s ε ■♥✈ ⇒
(
∀a ǫ A(s)

)(
∃d ǫ D(s, a)

)
s[a/d] ε ■♥✈ ✭✷✲✺✮

✐✳❡✳ t❤❛t ■♥✈ ⊆ w•(■♥✈)❀

� t❤❛t ■♥✈ ✐♥t❡rs❡❝ts ■♥✐t ✐s s✐♠♣❧② ❛ ✇❛② t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❉❡♠♦♥ ✇✐❧❧ ❜❡ ❛❜❧❡

t♦ ❧❛✉♥❝❤ t❤❡ s❡r✈❡r ♣r♦❣r❛♠ ❢r♦♠ s♦♠❡ ✐♥✐t✐❛❧ st❛t❡✿

■♥✐t ≬ ■♥✈ ✳ ✭✷✲✻✮

❇② ❧❡♠♠❛ ✷✳✺✳✶✻ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✶✽✱ ✇❡ ❦♥♦✇ t❤❛t ✭✷✲✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣

t❤❛t ■♥✈ = w•∞(V) ❢♦r s♦♠❡ V ✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❞❡☞♥❡❞ ❡❛r❧✐❡r✱ ✇❡ t❤✉s ❤❛✈❡

t❤❛t ✭✷✲✺✮ ❛♥❞ ✭✷✲✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦

■♥✐t ⋉w V ✭✷✲✼✮

✇❤❡r❡ V ✐s ❛ ♣r❡❞✐❝❛t❡ ♦♥ S✳ ❆ s❡r✈❡r ♣r♦❣r❛♠ s❛t✐s❢②✐♥❣ s♣❡❝✐☞❝❛t✐♦♥ ✭✷✲✼✮ ✐s ♥♦t❤✐♥❣

♠♦r❡ t❤❛♥ ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ ♦❢ ✭✷✲✼✮✳

§ ❈❧✐❡♥t Pr♦❣r❛♠s✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❝❧✐❡♥t s❡r✈❡r ✐s ❞✉❛❧ t♦ t❤❛t ♦❢ s❡r✈❡r ♣r♦❣r❛♠✿ ❛

❝❧✐❡♥t ✐♥t❡r❛❝ts ✇✐t❤ ❛ s❡r✈❡r ❜② s❡♥❞✐♥❣ r❡q✉❡sts✱ ❛♥❞ ✇❛✐t✐♥❣ ❢♦r t❤❡ s❡r✈❡r✬s r❡s♣♦♥s❡✳

❆ ❝❧✐❡♥t ❤❛s s♦♠❡t❤✐♥❣ ✐♥ ♠✐♥❞✱ ❛ ❣♦❛❧ s❤❡ ✇❛♥ts t♦ ❛❝❤✐❡✈❡✳ ❚❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡

t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ ♣r❡❞✐❝❛t❡ ●♦❛❧ ♦♥ st❛t❡s ✇❤✐❝❤ t❤❡ ❝❧✐❡♥t ✇❛♥ts t♦ r❡❛❝❤✳ ❚❤✐s

♠❡❛♥s t❤❛t✱ ✇❤❛t❡✈❡r t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐s✱ s❤❡ ✇✐❧❧ ❤❛✈❡ ❛ ✇❛② t♦ ❝❤♦♦s❡

❛❝t✐♦♥s ✐♥ s✉❝❤ ❛ ✇❛② ❛s t♦ r❡❛❝❤ ●♦❛❧ ❛❢t❡r ❛ ☞♥✐t❡ ❛♠♦✉♥t ♦❢ ✐♥t❡r❛❝t✐♦♥✳ ❙✉❝❤ ❛

s❡r✈❡r ♣r♦❣r❛♠ ✐♥ ❡♥t✐r❡❧② ❞❡s❝r✐❜❡❞ ❜② ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ t❤❛t

■♥✐t ⊳w ●♦❛❧ ✳ ✭✷✲✽✮

❚❤❡ ❞✉❛❧✐t② ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ s❡r✈❡r ♣r♦❣r❛♠ ✐s ♦❜✈✐♦✉s✿ ✐♥ ✭✷✲✼✮✱ ✇❡ ❛r❡ ❞❡❛❧✐♥❣

✇✐t❤ ❛ ❉❡♠♦♥ ✐♥☞♥✐t❡ str❛t❡❣② ✇❤✐❧❡ ✐♥ ✭✷✲✽✮ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ✇❡❧❧✲❢♦✉♥❞❡❞

❆♥❣❡❧ str❛t❡❣②✳

2.6.4 The Execution Formula

❙✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ ❜♦t❤ ❛ ❝❧✐❡♥t ♣r♦❣r❛♠ ❛♥❞ ❛ s❡r✈❡r ♣r♦❣r❛♠ ♦♥ t❤❡ s❛♠❡ s♣❡❝✐✲

☞❝❛t✐♦♥ (w, ■♥✐t)✳ ■t ✐s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❛t t❤❡ r❡s✉❧t ♦❢ ❭❝♦♥♥❡❝t✐♥❣✧ t❤❡ ❝❧✐❡♥t t♦ t❤❡

s❡r✈❡r✳ ■❢ t❤❡ ❝❧✐❡♥t ✐s ❣✐✈❡♥ ❜② ❛ ♣r♦♦❢ t❤❛t si ⊳ ●♦❛❧ ❛♥❞ t❤❡ s❡r✈❡r ❜② ❛ ♣r♦♦❢

t❤❛t si ⋉ V ✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥❞✉❝t ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ♦❜t❛✐♥ ❛ ☞♥❛❧ st❛t❡ sf ǫ S s✳t✳

� t❤❡ ❝❧✐❡♥t ❤❛s r❡❛❝❤❡❞ ❤❡r ❣♦❛❧✱ ✐✳❡✳ sf ε ●♦❛❧❀

� t❤❡ s❡r✈❡r ❝❛♥ ❛❝❝❡♣t ♥❡✇ ❝♦♥♥❡❝t✐♦♥s ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ♠❛✐♥t❛✐♥ V ✱ ✐✳❡✳ sf ⋉ V ✳

❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ♣r♦♦❢ t❤❛t si ⊳w ●♦❛❧❀ ✐♥ ✭✇❡❛❦ ❤❡❛❞✮ ♥♦r♠❛❧ ❢♦r♠✱ t❤✐s

♣r♦♦❢ ❤❛s t❤❡ s❤❛♣❡ (p, g) ✇❤❡r❡

p ǫ A∗(si)

g ǫ
(
d′ǫD∗(si, p)

)
→ ●♦❛❧(si[p/d

′]) ✳

■♥ ♦t❤❡r ✇♦r❞s✱ t❤✐s ♣r♦♦❢ ✐s ❡✐t❤❡r ♦❢ t❤❡ ❢♦r♠ (❊①✐t, g) ✇❤❡r❡ g(◆✐❧) ǫ ●♦❛❧(si)✱

♦r
(
❈❛❧❧(a, f), g

)
✇❤❡r❡✿

a ǫ A(si)



✷✳✻ ❆ ▼♦❞❡❧ ❢♦r ❈♦♠♣♦♥❡♥t ❜❛s❡❞ Pr♦❣r❛♠♠✐♥❣ ✻✼

f ǫ
(
d ǫ D(si, a)

)
→ A∗(si[a/d])

g ǫ
(
(d, d′) ǫ D∗

(
si,❈❛❧❧(a, k)

))
→ ●♦❛❧

(
si[a/d][f(d)/d

′]
)
✳

❋♦r t❤❡ s❡r✈❡r ♣r♦❣r❛♠✱ ❛ ♣r♦♦❢ ♦❢ si ⋉w V ✐♥ ✭✇❡❛❦ ❤❡❛❞✮ ♥♦r♠❛❧ ❢♦r♠ ❧♦♦❦s ❧✐❦❡ (q, l)

✇❤❡r❡ q ǫ A⊥∞(si) ❛♥❞ l ǫ
(
a′ ǫ D⊥∞(si, q)

)
→ V(si[q/a

′])✳ ❆♣♣❧②✐♥❣ ❭❡❧✐♠✧ ♦♥ q

②✐❡❧❞s ❛ t✉♣❧❡ (r, k) ✇❤❡r❡✿

r ǫ A⊥(si) =
(
a ǫ A(si)

)
→ D(si, a)

k ǫ
(
a ǫ D⊥(si, r)

)
→ A⊥∞(si[r/a]) =

(
a ǫ A(si)

)
→ A⊥∞

(
si[a/r(a)]

)
✳

❲❡ ❝❛♥ ♥♦✇ ❞❡☞♥❡ t❤❡ ❢✉♥❝t✐♦♥ ❭❡①❡❝✧✳ ■♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✇❤❡r❡ ●♦❛❧, V ⊆ S✱ ✇❡

❤❛✈❡✿ ✭r❡❝❛❧❧ t❤❛t U≬ U′ ✐s ❞❡☞♥❡❞ ❛s (ΣsǫS) U(s)× U′(s) s♦ t❤❛t ❛♥ ❡❧❡♠❡♥t ♦❢ U≬ U′ ✐s ❛ tr✐♣❧❡✮

❡①❡❝
(
(s, P,Q) ǫ w∗(●♦❛❧) ≬w⊥∞(V)

)
ǫ ●♦❛❧ ≬w⊥∞(V)

✐✳❡✳ P ✐s ❛ ♣r♦♦❢ t❤❛t s ⊳ ●♦❛❧ ❛♥❞ Q ✐s ❛ ♣r♦♦❢ t❤❛t s ⋉ V ✳

❡①❡❝
(
s, (❊①✐t, g), (q, l)

)
,

(
s, g(◆✐❧), (q, l)

)

❡①❡❝
(
s,
(
❈❛❧❧(a, f), g

)
, (q, l)

)
, ❡①❡❝

(
s[a/d], (p′, g′), (q′, l′)

)

✇❤❡r❡ (r, k) = ❡❧✐♠(q)

d , r(a)

p′ , f(d)

g′ , λd′ . g
(
❈♦♥s(d, d′)

)

q′ , k(a)

l′ , λa′ . l
(
❈♦♥s(a, a′)

)

■♥ t❤❡ ❝❛s❡ ♦❢ s❡r✈❡rs ❛♥❞ ❝❧✐❡♥ts ❞❡s❝r✐❜❡❞ ❜② ✐♥t❡r❢❛❝❡s ❛s ❛❜♦✈❡✱ ✇❡ ❝❛♥

s✉♠♠❛r✐③❡ t❤✐s ❡①❡❝✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡✿

■♥✐t ⊳w ●♦❛❧ ■♥✐t ⋉w V

●♦❛❧ ⋉w V
❡①❡❝✉t✐♦♥ ✳

❆s ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷✱ t❤✐s r✉❧❡ ✐s ❡①❛❝t❧② ✇❤❛t ✐s ❦♥♦✇♥ ❛s t❤❡ ❭❝♦♠✲

♣❛t✐❜✐❧✐t② ❢♦r♠✉❧❛✧ r❡q✉✐r❡❞ t♦ ❤♦❧❞ ✐♥ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✬s ❜❛s✐❝ t♦♣♦❧♦❣✐❡s✳

❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ✐s ♠✐ss✐♥❣ ❢r♦♠ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧ ♦❢ ❝❧✐❡♥t✴s❡r✈❡r ✐♥t❡r✲

❛❝t✐♦♥✿ ✐t ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ t❤❛t t❤❡r❡ ♠❛② ❜❡ s❡✈❡r❛❧ ❝❧✐❡♥ts ❝♦♥♥❡❝t✐♥❣ t♦ ❛ s✐♥❣❧❡

s❡r✈❡r✳ ❚❤❡ s❡r✈❡r t❤❡♥ ♥❡❡❞s t♦ ❞❡❛❧ ✇✐t❤ s❡✈❡r❛❧ r❡q✉❡sts s✐♠✉❧t❛♥❡♦✉s❧②✳ ❇❡✐♥❣ ❛❜❧❡

t♦ s✐♠✉❧❛t❡ s✉❝❤ ❝♦♥❝✉rr❡♥t ✐♥t❡r❛❝t✐♦♥ ✐♥ ❛ s❡q✉❡♥t✐❛❧ ♠❛♥♥❡r ✐s ✐♠♣♦rt❛♥t✳ ❚❤✐s

✇✐❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ s❡❝t✐♦♥ ✹✳✸✳✷✳

2.6.5 Saturation of Refinements

❚❤❡ ✐♥t✉✐t✐♦♥ ✇❡ ❤❛✈❡ ❛❜♦✉t r❡☞♥❡♠❡♥ts ✐s t❤❛t ❛ ✭♣r♦♦❢ ♦❢ ❛✮ r❡☞♥❡♠❡♥t ✐s ❛ ♣r♦✲

❝❡ss s✐♠✉❧❛t✐♥❣ ❤✐❣❤✲❧❡✈❡❧ ❝♦♠♠❛♥❞s ❜② s❡q✉❡♥❝❡s ♦❢ ❧♦✇✲❧❡✈❡❧ ❝♦♠♠❛♥❞s✳ ❊①t❡♥✲

s✐♦♥❛❧ ❡q✉❛❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡❧❛t✐♦♥ ♣r❡❞✐❝❛t❡s ✐s ❝❡rt❛✐♥❧② t♦♦ ❝r✉❞❡ ❛ ♥♦t✐♦♥

❢♦r ✐❞❡♥t✐❢②✐♥❣ r❡☞♥❡♠❡♥ts✳ ❲❡ ❞❡✈❡❧♦♣ ❛ ♥♦t✐♦♥ ♦❢ ❭s❛t✉r❛t✐♦♥✧✱ ✇❤✐❝❤ ✇✐❧❧ t❛❦❡ ❛

r❡☞♥❡♠❡♥t ✐♥t♦ ❛ ❭❜✐❣❣❡st✧ r❡☞♥❡♠❡♥ts ❤❛✈✐♥❣ t❤❡ s❛♠❡ s✐♠✉❧❛t✐♥❣ ♣♦t❡♥t✐❛❧✳ ❚❤❡

✐❞❡❛ ✐s t♦ ✐❞❡♥t✐❢② t✇♦ r❡☞♥❡♠❡♥ts ✇❤❡♥ t❤❡② ❛r❡ ❡①t❡♥s✐♦♥❛❧❧② ❡q✉❛❧✱ ✉♣ t♦ ✐♥t❡r♥❛❧

✐♥t❡r❛❝t✐♦♥✳



✻✽ ✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

⊲ Definition 2.6.4: ✐❢ R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✱ ✇❡ ❝❛❧❧ s❛t✉r❛t✐♦♥ ♦❢ R

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

(sh, sl) ε R , sl ⊳wl
R(sh)

✐✳❡✳ R , w∗
l · R✳

❚❤✉s✱ sh ❛♥❞ sl ❛r❡ r❡❧❛t❡❞ ✈✐❛ t❤❡ s❛t✉r❛t✐♦♥ ♦❢ R ✐❢ t❤❡r❡ ✐s ❛ ❧♦✇✲❧❡✈❡❧ ❆♥❣❡❧ str❛t❡❣②

❣♦✐♥❣ ❢r♦♠ sl t♦ st❛t❡s ✇❤✐❝❤ ❛r❡ r❡❧❛t❡❞ t♦ sh ✈✐❛ R✳

◦ Lemma 2.6.5: ✐❢ R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✱ t❤❡♥ R ✐s ❛❧s♦ ❛

r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✳

proof (checked in Agda): ❜② ❧❡♠♠❛ ✸✳✸✳✹✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇✱ ❢♦r ❛♥② ah ǫ Ah(sh)✱ t❤❛t

R(sh) ⊳wl

⋃

dhǫDh(sh,ah)

R(sh[ah/dh]) ✳ ✭✷✲✾✮

❇② t❤✐s s❛♠❡ ❧❡♠♠❛ ✸✳✸✳✹✱ ❜❡❝❛✉s❡ R ✐s ❛ r❡☞♥❡♠❡♥t✱ ✇❡ ❦♥♦✇ t❤❛t

R(sh) ⊳wl

⋃

dhǫDh(sh,ah)

R(sh[ah/dh]) ✳

❙✐♥❝❡ w∗
l ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✭❧❡♠♠❛ ✷✳✺✳✶✾✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

w∗
l · R(sh) = R(sh) ⊳wl

⋃

dhǫDh(sh,ah)

R(sh[ah/dh]) ✳ ✭✷✲✶✵✮

❙✐♥❝❡ ✇❡ ❛❧✇❛②s ❤❛✈❡ R(sh[ah/dh]) ⊆ w∗
l · R(sh[ah/dh])✱ ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t

R(sh[ah/dh]) ⊳wl
w∗
l · R(sh[ah/dh]) = R(sh[ah/dh])

❛♥❞ t❤✉s
⋃

dhǫDh(sh,ah)

R(sh[ah/dh]) ⊳wl

⋃

dhǫDh(sh,ah)

R(sh[ah/dh]) ✭✷✲✶✶✮

❇② tr❛♥s✐t✐✈✐t② ❛♣♣❧✐❡❞ t♦ ✭✷✲✶✵✮ ❛♥❞ ✭✷✲✶✶✮✱ ✇❡ ♦❜t❛✐♥ ✭✷✲✾✮✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡

♣r♦♦❢✳

�X

❚❤✐s ♣r♦✈✐❞❡s ❛ ❜❡tt❡r ✇❛② t♦ ❝♦♠♣❛r❡ t✇♦ r❡☞♥❡♠❡♥ts✿ ❝♦♠♣❛r❡ t❤❡✐r s❛t✉r❛t✐♦♥✳

⊲ Definition 2.6.6: ✐❢ R1 ❛♥❞ R2 ❛r❡ t✇♦ r❡☞♥❡♠❡♥ts ❢r♦♠ wh t♦ wl✱ ✇❡ s❛②✿

� t❤❛t R2 ✐s str♦♥❣❡r t❤❛♥ R1 ✐❢ R1 ⊆ R2 ✱ ✇❡ ✇r✐t❡ R1 ⊑ R2❀

� t❤❛t R1 ❛♥❞ R2 ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ R1 ⊑ R2 ❛♥❞ R2 ⊑ R1✱ ✇❡ ✇r✐t❡ R1 ≈ R2✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s q✉✐t❡ ❡❛s②✿

◦ Lemma 2.6.7:

� ⊑ ✐s ❛ ♣r❡♦r❞❡r ♦♥ Ref(wh, wl)❀

� ≈ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ Ref(wh, wl)❀

� R 7→ R ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t✐♦♥❀

� R ✐s t❤❡ ❧❛r❣❡st r❡❧❛t✐♦♥ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ R✳

❋✐♥❛❧❧②✿

⋄ Proposition 2.6.8: (Ref,⊑) ✐s ❛♥ ♦r❞❡r ❡♥r✐❝❤❡❞ ❝❛t❡❣♦r②✳



✷✳✻ ❆ ▼♦❞❡❧ ❢♦r ❈♦♠♣♦♥❡♥t ❜❛s❡❞ Pr♦❣r❛♠♠✐♥❣ ✻✾

proof (checked in Agda): t❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ t❤✐♥❣ t♦ ❝❤❡❝❦ ✐s t❤❛t ❝♦♠♣♦s✐t✐♦♥ ✐s

♠♦♥♦t♦♥✐❝ ✇✳r✳t✳ ⊑ ♦♥ t❤❡ r✐❣❤t ❛♥❞ ♦♥ t❤❡ ❧❡❢t✳

▲❡t R1✱ R2 ❜❡ t✇♦ s✐♠✉❧❛t✐♦♥s ❢r♦♠ wh t♦ wm ❛♥❞ Q1✱ Q2 t✇♦ s✐♠✉❧❛t✐♦♥s

❢r♦♠ wm t♦ wl s✉❝❤ t❤❛t R1 ⊑ R2 ❛♥❞ Q1 ⊑ Q2✳ ❙✉♣♣♦s❡ ♠♦r❡♦✈❡r t❤❛t sh ǫ Sh❀

✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t Q1 · R1 (sh) ⊆ Q2 · R2 (sh)✿

❇❡❝❛✉s❡ R1 ⊑ R2✱ ✇❡ ❤❛✈❡

R1 (sh) ⊆ R2 (sh) ✳

❲❡ ❛❧s♦ ❝❧❛✐♠ t❤❛t

Q1 · R1 (sh) ⊳l Q2 · R2 (sh) ✳ ✭✷✲✶✷✮

▲❡t sl ε Q1 · R1 (sh)✱ ✐✳❡✳ (sm, sl) ε Q1 ❢♦r s♦♠❡ sm s✳t✳ (sh, sm) ε R1 ✳ ❲❡ ✇✐❧❧

s❤♦✇ t❤❛t sl ⊳l Q2 · R2 (sh)✿

� Q2(sm) ⊆ Q2 · R2 (sh) s✐♥❝❡ sm ε R1 (sh) ⊆ R2 (sh)❀

� sl ε w∗
l ·Q2(sm) ❜❡❝❛✉s❡ Q1 ⊑ Q2 ❛♥❞ sl ε Q1 (sm)❀ ✭s✐♥❝❡ sl ε Q1(sm)✮

� s♦ ❜② ♠♦♥♦t♦♥✐❝✐t②✱ sl ε w
∗
l ·Q2 · R2 (sh)✳

❋r♦♠ ✭✷✲✶✷✮✱ ✇❡ ❣❡t

w∗
l ·Q1 · R1 (sh) ⊆ w∗

l ·Q2 · R2 (sh) ✳ ✭✷✲✶✸✮

◆♦✇✱ ❢♦r ❛♥② s✐♠✉❧❛t✐♦♥ R ✿ Int(w,w′∗)✱ ✇❡ ❤❛✈❡ w′∗ · R ·w∗(U) = w′∗ · R(U)✿

� ❭⊆✧✿ ❜❡❝❛✉s❡ R ·w∗(U) ⊆ w′∗ · R(U) ❛♥❞ w′∗ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r❀

� ❭⊇✧✿ skip ⊆ w∗ ⇒ w′∗ · R ⊆ w′∗ · R ·w∗✳

❆♣♣❧②✐♥❣ t❤✐s r❡♠❛r❦ t♦ ✭✷✲✶✸✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

Q1 · R1 (sh) = w∗
l ·Q1 · R1(sh) ⊆ w∗

l ·Q2 · R2(sh) = Q2 · R2 (sh) ✳

�X

❚❤✐s ❛❧❧♦✇s t♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡☞♥✐t✐♦♥✿

⊲ Definition 2.6.9: r❡☞♥❡♠❡♥ts ♠♦❞✉❧♦ ≈ ❢♦r♠ ❛ s♦✉♥❞ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s

❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❲❡ ❝❛❧❧ t❤❡ r❡s✉❧t✐♥❣ ❝❛t❡❣♦r② Ref≈✳





3 Categorical Structure

3.1 A Few Words about Categories

§ ❯♥✐✈❡rs❛❧ ❈♦♥str✉❝t✐♦♥s ✐♥ ❛ Pr❡❞✐❝❛t✐✈❡ ❙❡tt✐♥❣✳ ❆s ✇❡✬❧❧ s❡❡ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛♥❞

❧❛t❡r ✐♥ s❡❝t✐♦♥ ✻✳✶✱ t❤✐s ❝❛t❡❣♦r② ❡♥❥♦②s ♠❛♥② ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s✳ ❍♦✇❡✈❡r✱ ✇❡

❤❛✈❡♥✬t s❛✐❞ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ✇❛② t♦ ❢♦r♠❛❧✐③❡ ❝❛t❡❣♦r✐❡s ✐♥ ♣r❡❞✐❝❛t✐✈❡ t②♣❡ t❤❡✲

♦r②✿ ❛ ❝❛t❡❣♦r② ❈ ✐s ♦❜✈✐♦✉s❧② ❣✐✈❡♥ ❜② ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ❛♥❞ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢

♦❜❥❡❝ts A ❛♥❞ B✱ ❛ ❝♦❧❧❡❝t✐♦♥ ❈(A,B) ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t②✳ ■♥ ♦✉r ❝❛s❡✱ ❡q✉❛❧✐t②

♦❢ s✐♠✉❧❛t✐♦♥s ✐s s✐♠♣❧② ❡①t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡❧❛t✐♦♥s✳ ❲❡ ❛❧s♦ ♥❡❡❞

❛ ♥♦t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ✐❞❡♥t✐t✐❡s ✇✐t❤ t❤❡ ♦❜✈✐♦✉s r❡q✉✐r❡♠❡♥ts✳

■♥ ♦r❞❡r t♦ ♠❛❦❡ s❡♥s❡ ♦❢ ✉♥✐✈❡rs❛❧ ❝♦♥str✉❝t✐♦♥s✱ ✇❤✐❝❤ ✉s❡ ❤❡❛✈✐❧② q✉❛♥t✐☞❝❛✲

t✐♦♥ ♦♥ ♠♦r♣❤✐s♠s✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♣❡❝✐☞❝ ❝♦♥str✉❝t✐♦♥s✱ ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡②

s❛t✐s❢② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt✐❡s ✭✇❤✐❝❤ ✐♥✈♦❧✈❡s ♦♥❧② Π11 q✉❛♥t✐☞❝❛t✐♦♥✮✳ ▲❡t✬s ❧♦♦❦ ❛t

t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ✐♥ ❈✿

� ✇❡ s❤♦✉❧❞ ❝♦♥str✉❝t t❤❡ ♦❜❥❡❝t A× B ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥s πAA,B ❛♥❞ πBA,B❀

� ✇❡ s❤♦✉❧❞ ❝♦♥str✉❝t t❤❡ ♣❛✐r✐♥❣ 〈f, g〉 ❢♦r ❛♥② ♣❛✐r ♦❢ ♠♦r♣❤✐s♠s❀

� t❤♦s❡ s❤♦✉❧❞ s❛t✐s❢②✿

(∀A,B,C)
(
∀f ✿ ❈(C,A)

)(
∀g ✿ ❈(C,B)

)

πAA,B · 〈f, g〉 = f ∧ πBA,B · 〈f, g〉 = g

∧
(
∀h ✿ ❈(C,A× B)

)
πAA,B · h = f ∧ πBA,B · h = g⇒ h = 〈f, g〉 ✳

❚❤✐s ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ Π11 q✉❛♥t✐☞❝❛t✐♦♥ ❛♥❞ ✐t ❞♦❡s ♠❛❦❡ s❡♥s❡ ✐♥ ❛ ♣r❡❞✐❝❛t✐✈❡

s❡tt✐♥❣✳

§ ❚❤❡ ❈❛t❡❣♦r② ♦❢ ❘❡❧❛t✐♦♥s✳ ❆t t❤❡ ❝♦r❡ ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐s t❤❡

❝❛t❡❣♦r② ♦❢ s❡ts ❛♥❞ r❡❧❛t✐♦♥s✿ ✐t ✐s ❞❡☞♥❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✿

⊲ Definition 3.1.1: t❤❡ ♦❜❥❡❝ts ♦❢ t❤❡ ❝❛t❡❣♦r② Rel ❛r❡ s❡ts ❛♥❞ ✐ts ♠♦r♣❤✐s♠s ❛r❡

r❡❧❛t✐♦♥s✳ ❚❤❡ ✐❞❡♥t✐t② ✐s t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ✐s ❞❡☞♥❡❞ ❛s

t❤❡ ✉s✉❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ r❡❧❛t✐♦♥s✳



✼✷ ✸ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡

❲❡ ❞♦ ♥♦t ♣r♦✈❡ ❛❧❧ t❤❡ r❡s✉❧ts ❛❜♦✉t Rel✿ t❤❡② ❜❡❧♦♥❣ t♦ t❤❡ ❢♦❧❦❧♦r❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

❚❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ❢❛✐t❤❢✉❧ ❭❢♦r❣❡t❢✉❧✧ ❢✉♥❝t♦r | | ❢r♦♠ Int t♦ Rel ❞❡☞♥❡❞ ❜②

w =
(
S, (A,D,n)

)
7→ |w| = S ✳

❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥ ❧✐❢t s♦♠❡ ✉♥✐✈❡rs❛❧✐t② r❡s✉❧ts ❢r♦♠ Rel t♦ Int✿ ✐❢ ✇❡ ❝❛♥ s❤♦✇

t❤❛t ❛ ✉♥✐✈❡rs❛❧ ❝♦♥str✉❝t✐♦♥ ❢r♦♠ Rel ✐s ❛❞♠✐ss✐❜❧❡ ✐♥ Int ✭✐✳❡✳ t❤❡ r❡❧❛t✐♦♥s ❛r❡ ✐♥

❢❛❝t s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✮✱ t❤❡♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s

✉♥✐✈❡rs❛❧ ✐♥ Int ❛s ✇❡❧❧✳

❙✐♥❝❡ ✇❡ ❞♦ ♥♦t r❡❛❧❧② ❛❝❝❡♣t t❤❡ ✐❞❡❛ ♦❢ ❛♥ ✐❞❡♥t✐t② ❢♦r ❛❧❧ s❡ts✱ t❤❡ str✉❝t✉r❡

♦❢ Rel ♠✐❣❤t ❜❡ ♠♦r❡ ❛❞❡q✉❛t❡❧② ❞❡s❝r✐❜❡❞ ❜② ❛ ✇❡❛❦❡r str✉❝t✉r❡✿

⊲ Definition 3.1.2: ❛ ♣r❡❝❛t❡❣♦r② ✐s ❣✐✈❡♥ ❜② ❛ ❝♦❧❧❡❝t✐♦♥ ✭t②♣❡✮ ♦❢ ♦❜❥❡❝ts ❈✱

t♦❣❡t❤❡r ✇✐t❤✱ ❢♦r ❡❛❝❤ ♣❛✐rA✱ B ♦❢ ♦❜❥❡❝ts✱ ❛ ❝♦❧❧❡❝t✐♦♥ ❈(A,B) ♦❢ ♠♦r♣❤✐s♠s

❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t②✳1 ❚❤❡ str✉❝t✉r❡ ❛❧s♦ ♥❡❡❞s ❛♥ ❛ss♦❝✐❛t✐✈❡

♥♦t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥✿

❝♦♠♣A,B,C ✿ ❈(A,B)→ ❈(B,C)→ ❈(A,C) ❢♦r ❛❧❧ ♦❜❥❡❝ts A B C✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢r❛♠❡✇♦r❦✱ ✇❡ ♠❛② ❞♦✇♥❣r❛❞❡ t❤❡ tr❛❞✐t✐♦♥❛❧ ❝❛t❡❣♦r② Rel t♦ ❛

♣r❡❝❛t❡❣♦r② ✐♥ ♦r❞❡r t♦ ♠❛❦❡ s❡♥s❡ ♦❢ ❝♦♥str✉❝t✐♦♥s ✇✐t❤♦✉t r❡❧②✐♥❣ ♦♥ ❛ ❣❡♥❡r❛❧

❡q✉❛❧✐t② t②♣❡✳

3.2 Some Easy Properties

3.2.1 Constants

§ ❚❤❡ ■♥✐t✐❛❧✴❚❡r♠✐♥❛❧ ❖❜❥❡❝t✳ null ✐s t❤❡ ♦♥❧② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡

❡♠♣t② s❡t ♦❢ st❛t❡s✳ ❙✐♥❝❡ Rel(∅, S) = P(∅) ≃ {∗}✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ s✐♠✉❧❛t✐♦♥

❢r♦♠ null t♦ ❛♥② ♦t❤❡r ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿ t❤❡ ❡♠♣t② r❡❧❛t✐♦♥✳ ❙✐♥❝❡✱ ❛s ✇❡ ❤❛✈❡

s❡❡♥ ♦♥ ♣❛❣❡ ✹✾✱ t❤❡ ❡♠♣t② r❡❧❛t✐♦♥ ✐s ❛❧✇❛②s ❛ s✐♠✉❧❛t✐♦♥❀ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r

❛♥② ✐♥t❡r❢❛❝❡ (S,w)✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ null t♦ (S,w)✳ ❚❤❡ s❛♠❡

❛r❣✉♠❡♥t ❛♣♣❧✐❡s t♦ s✐♠✉❧❛t✐♦♥s ❢r♦♠ (S,w) t♦ null✳

◦ Lemma 3.2.1: ✐♥ Int✱ t❤❡ ♦❜❥❡❝t null ✐s ❛ ③❡r♦ ♦❜❥❡❝t✿ ✐t ✐s ❜♦t❤ ✐♥✐t✐❛❧

❛♥❞ t❡r♠✐♥❛❧✳

❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❝♦♥❝❧✉❞❡ t❤❛t Int ✐s ♥♦t ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✿

• Corollary 3.2.2: Int ✐s ♥♦t ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✳

proof: ❢♦❧❦❧♦r❡✳

�X

1 ✿ ✐✳❡✳ t❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ ❡❛❝❤ ❈(A,B)✳



✸✳✷ ❙♦♠❡ ❊❛s② Pr♦♣❡rt✐❡s ✼✸

§ ❭abort✧ ❛♥❞ ❭magic✧✳ ❈♦♠♣✉t❛t✐♦♥❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ null ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❞♦❡s♥✬t

♠❛❦❡ s❡♥s❡✿ ✐ts s❡t ♦❢ st❛t❡s ✐s ❡♠♣t②✦ ❚❤❛t ✐t ✐s t❡r♠✐♥❛❧ ❛♥❞ ✐♥✐t✐❛❧ ✐s t❤✉s ✐rr❡❧❡✈❛♥t✳

❍♦✇❡✈❡r✱ t❤❡ ♦❜❥❡❝ts magic ❛♥❞ abort ❝❛♥ ❛❧♠♦st ♣❧❛② t❤❡ r❫♦❧❡ ♦❢ t❡r♠✐♥❛❧ ❛♥❞ ✐♥✐t✐❛❧✿

◦ Lemma 3.2.3: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w✱ ❛❧❧ r❡❧❛t✐♦♥s ❢r♦♠ {∗} t♦ S

❛r❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ abort t♦ w✳ ❉✉❛❧❧②✱ ❛❧❧ r❡❧❛t✐♦♥s ❢r♦♠ S t♦ {∗}

❛r❡ s✐♠✉❧❛t✐♦♥s ❢r♦♠ w t♦ magic✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ❢✉♥❝t♦r | | ✿ Int → Rel ❤❛s ❛ r✐❣❤t✲❛❞❥♦✐♥t ❛♥❞ ❛

❧❡❢t✲❛❞❥♦✐♥t abort( ) ⊢ | | ⊢ magic( )✳

proof: ❧❡t (S,w) ❜❡ ❛♥ ✐♥t❡r❢❛❝❡✱ ❛♥❞ ❧❡t R ❜❡ ❛ r❡❧❛t✐♦♥ ❢r♦♠ {∗} t♦ S✳ ■t ✐s tr✐✈✐❛❧ t♦

s❤♦✇ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ abort t♦ (S,w)✿ s✉♣♣♦s❡ (∗, s) ε R✱ ✇❡ ♥❡❡❞ t♦

s❤♦✇ t❤❛t

(
∀a ǫ abort.A(∗)

)
(∃ . . .)(∀ . . .)(∃ . . .) . . .

❙✐♥❝❡ abort.A(∗) ✐s t❤❡ ❡♠♣t② s❡t✱ t❤✐s ✐s ❛❧✇❛②s tr✉❡✦

❚❤❡ ❞✉❛❧ st❛t❡♠❡♥t ❢♦r magic ✐s s✐♠✐❧❛r✳

❋♦r t❤❡ ❛❞❥✉♥❝t✐♦♥✱ ❞❡☞♥❡ magic(S) ❛♥❞ abort(S)✱ t✇♦ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦♥ S ❛s✿

abort(S).A(x) , ∅ magic(S).A(x) , {∗}

. . . magic(S).D(x, ∗) , ∅

. . .

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ❜♦t❤ ❛r❡ ❢✉♥❝t♦rs ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Int
(
abort(S), w

)
≃ Rel(S, |w|) ❛♥❞ Int

(
w,magic(S)

)
≃ Rel(|w|, S) ✳

�X

§ ❭skip✧ ❛♥❞ ■♥✈❛r✐❛♥t Pr❡❞✐❝❛t❡s✳ ❚❤❡r❡ ✐s ♦♥❡ ♠♦r❡ ❝♦♥st❛♥t ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♦❢ ❣r❡❛t

✐♠♣♦rt❛♥❝❡ ✐♥ P❛rt ■■✿ skip✳ ■t ❡♥❥♦②s ❛ ✈❡r② str♦♥❣ ❝❛t❡❣♦r✐❝❛❧ ♣r♦♣❡rt② ✭s❡❡ s❡❝✲

t✐♦♥ ✸✳✺✮ ✇❤✐❝❤ ✉♥❢♦rt✉♥❛t❡❧② ♦♥❧② ❤♦❧❞s ❝❧❛ss✐❝❛❧❧②✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ✇✐❧❧ ♦♥❧②

♥♦t❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ skip ❛♥❞ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡s✳ ❘❡♠❛r❦ ☞rst t❤❛t ❛♥②

r❡❧❛t✐♦♥ ❢r♦♠ S t♦ {∗} ❝❛♥ ❜❡ ✐❞❡♥t✐☞❡❞ ✇✐t❤ ❛ ♣r❡❞✐❝❛t❡ ♦♥ S✱ s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛ ✐s ✇❡❧❧✲❢♦r♠❡❞✿

◦ Lemma 3.2.4: ❧❡t (S,w) ❜❡ ❛♥ ✐♥t❡r❢❛❝❡✱ ❛♥❞ U ✿ P(S)✱ ✇❡ ❤❛✈❡

� U ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ skip t♦ w ✐☛ U ⊆ w◦(U)❀

� U ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w t♦ skip ✐☛ U ⊆ w•(U)✳

3.2.2 Product and Coproduct

▲❡t✬s ♥♦✇ ❝♦♠❡ t♦ t❤❡ ☞rst ♦♣❡r❛t✐♦♥ ❞❡☞♥❡❞ ♦♥ ♣❛❣❡ ✹✵✿ t❤❡ s✉♠ ♦♣❡r❛t✐♦♥ ❭ ⊕ ✧

♦♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❭❞✐s❥♦✐♥t s✉♠✧ t✉r♥s ♦✉t t♦ ❜❡ ❡①❛❝t✿

◦ Lemma 3.2.5: ❭ ⊕ ✧ ✐s ❛ ❜✐❢✉♥❝t♦r ♦♥ Int✱ ✐t ✐s t❤❡ ❝♦♣r♦❞✉❝t✳



✼✹ ✸ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡

proof: s✐♥❝❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ✐s t❤❡ ❝♦♣r♦❞✉❝t ✐♥ t❤❡ ❝❛t❡❣♦r② Rel✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦

t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥s ♦♥ Rel ②✐❡❧❞ s✐♠✉❧❛t✐♦♥s ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ s✐♠✉❧❛t✐♦♥s✳

❋♦r t❤❡ ❭✐♥❥❡❝t✐♦♥s✧ ❢r♦♠ ❛♥② w1 ❛♥❞ w2 t♦ w1 ⊕w2✱ ❞❡☞♥❡✿

Rl ,
{(
s1, ✐♥❧(s

′
1)
)
| s1 =S1

s′1
}

Rr ,
{(
s2, ✐♥r(s

′
2)
)
| s2 =S2

s′2
}

✐✳❡✳ t❤♦s❡ s✐♠✉❧❛t✐♦♥s r❡q✉✐r❡ ❡q✉❛❧✐t②✳✳✳ ■t ✐s tr✐✈✐❛❧ t♦ ❝❤❡❝❦ t❤❛t t❤❡② ❛r❡ ✐♥❞❡❡❞

s✐♠✉❧❛t✐♦♥s ❢r♦♠ w1 t♦ w1 ⊕w2 ❛♥❞ ❢r♦♠ w2 t♦ w1 ⊕w2 r❡s♣❡❝t✐✈❡❧②✳

❋♦r ❭❝♦♣❛✐r✐♥❣✧✱ ✐❢ R1 ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w ❛♥❞ R2 ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w2
t♦ w✱ t❤❡ ❝♦♣❛✐r✐♥❣ [R1, R2] ✿ Rel(S1 + S2, S) ✐s ❞❡☞♥❡❞ ❛s✿

[R1, R2] ,
{(

✐♥❧(s1), s
)
| (s1, s) ε R1

}

∪
{(

✐♥r(s2), s
)
| (s2, s) ε R2

}

✇❤✐❝❤ ✐s tr✐✈✐❛❧❧② s❡❡♥ t♦ ❜❡ ❛ s✐♠✉❧❛t✐♦♥✳ ❚❤❛t w1 ⊕w2 ✇✐t❤ ❝♦♣❛✐r✐♥❣ s❛t✐s☞❡s

t❤❡ ❛♣♣r♦♣r✐❛t❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡② ❞♦ s♦ ✐♥ Rel✳✳✳

�X

❏✉st ❧✐❦❡ null ✐s ❜♦t❤ ✐♥✐t✐❛❧ ❛♥❞ t❡r♠✐♥❛❧✱ s♦ ✐s ⊕ ❜♦t❤ ❛ ❝♦♣r♦❞✉❝t ❛♥❞ ❛

♣r♦❞✉❝t✦ ❚❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣ s✐♥❝❡ t❤❡ s✐t✉❛t✐♦♥ ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ ❝❛t❡❣♦r② Rel✳

◦ Lemma 3.2.6: ❭ ⊕ ✧ ✐s t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦♥ Int✳

proof: t❤✐s ✐s ❡①❛❝t❧② t❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✿

� ♣r♦❥❡❝t✐♦♥s ❛r❡ t❤❡ ❝♦♥✈❡rs❡ ♦❢ ✐♥❥❡❝t✐♦♥s❀

� ♣❛✐r✐♥❣ ✐s t❤❡ ❝♦♥✈❡rs❡ ♦❢ ❝♦♣❛✐r✐♥❣✳

�X

❚❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❞✉❝t ❛♥❞ t❤❡ ❝♦♣r♦❞✉❝t ❛r❡ t❤❡ s❛♠❡ ❝♦✉❧❞ ❤❛✈❡ ❜❡❡♥

❞❡❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹✳✸✱ s✐♥❝❡ ❢♦r ❛♥② ❝❛t❡❣♦r② ❡♥r✐❝❤❡❞ ♦✈❡r ❝♦♠♠✉t❛t✐✈❡ ♠♦♥♦✐❞s✱2

☞♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ ☞♥✐t❡ ❝♦♣r♦❞✉❝ts ❝♦✐♥❝✐❞❡ ✭✐❢ t❤❡② ❡①✐st✮✳

3.3 Iteration

3.3.1 Angelic Iteration: a Monad

❚❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❆♥❣❡❧✐❝ ✐t❡r❛t✐♦♥ ✭♣❛❣❡ ✹✺✮ ❡♥❥♦②s ❛ str♦♥❣ ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt② ✐♥ t❤❡

❝❛t❡❣♦r② ♦❢ ✐♥t❡r❢❛❝❡s✿

⋄ Proposition 3.3.1: ✐♥ t❤❡ ❝❛t❡❣♦r② Int✱ ❭ ∗✧ ✐s ❛ ♠♦♥❛❞✳

❯s✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥✱ t❤✐s ✇✐❧❧ ❥✉st✐❢② t❤❡ ♥♦t✐♦♥ ♦❢ r❡☞♥❡♠❡♥t

❞❡☞♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✻✳

proof (checked in Agda): ✇❡ ♣♦st♣♦♥❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ❛❢t❡r t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✱

✇❤❡♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❞❡☞♥✐t✐♦♥ ♦❢ ♠♦♥❛❞ ❤❛s ❜❡❡♥ ❣✐✈❡♥✳

�X

2 ✿ ❙✉♣✲❧❛tt✐❝❡ ❡♥r✐❝❤♠❡♥t ❡♥t❛✐❧s ♠♦♥♦✐❞ ❡♥r✐❝❤♠❡♥t ✐♥ ❛♥ ♦❜✈✐♦✉s ✇❛②✿ ❛❞❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❜✐♥❛r②
s✉♣s✳✳✳



✸✳✸ ■t❡r❛t✐♦♥ ✼✺

§ ❆♥ ❆♣♣r♦♣r✐❛t❡ ❉❡☞♥✐t✐♦♥ ♦❢ ▼♦♥❛❞✳ ❆ ♠♦♥❛❞ ♦♥ ❛ ❝❛t❡❣♦r② ❈ ✐s ❛♥ ❡♥❞♦❢✉♥❝t♦rM

t♦❣❡t❤❡r ✇✐t❤ t✇♦ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s η ✿ → M( ) ❛♥❞ µ ✿ MM( ) → M( )

s❛t✐s❢②✐♥❣✱ ❢♦r ❛❧❧ ♦❜❥❡❝ts A✿

✶✮ µA · µM(A) = µA ·MµA❀

✷✮ µA · ηM(A) = µA ·MηA = IdM(A)✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛❦❡s ∗ ✐♥t♦ ❛ ♠♦♥❛❞ ♦♥ Int✿

ηw , EqS ❛♥❞ µw , EqS ✳

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s tr✐✈✐❛❧❧② ❤♦❧❞✱ s♦ t❤❛t t❤❡ ♦♥❧② ❞✐✍❝✉❧t② ✐s ♣r♦✈✐♥❣ t❤❛t t❤❡② ❛r❡

✐♥❞❡❡❞ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✳

❍♦✇❡✈❡r✱ s✐♥❝❡ ✇❡ ❛r❡ tr②✐♥❣ t♦ ❛✈♦✐❞ t❤❡ ✉s❡ ♦❢ ❡q✉❛❧✐t②✱ t❤✐s ❞❡☞♥✐t✐♦♥ ✐s

♥♦t ❡♥t✐r❡❧② ❛♣♣r♦♣r✐❛t❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡q✉❛❧✐t② ✐s ♥♦t ♥❡❡❞❡❞ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

s❡❝t✐♦♥ ✷✳✻✳ ❲❡ ✇✐❧❧ t❤✉s ✉s❡ ❛♥ ❛❧t❡r♥❛t❡ ❞❡☞♥✐t✐♦♥✿ r❡❝❛❧❧ t❤❛t ❛ ♠♦♥❛❞ ✐♥ ❭tr✐♣❧❡

❢♦r♠✧ ✐s ❣✐✈❡♥ ❜② ❛♥ ♦♣❡r❛t✐♦♥ M ♦♥ ♦❜❥❡❝ts✱ ✇✐t❤ ❛ ♠♦r♣❤✐s♠ ηA ✿ ❈
(
A,M(A)

)
❢♦r

❛♥② ♦❜❥❡❝t A ❛♥❞ ❢♦r ❛♥② ♠♦r♣❤✐s♠ f ✿ ❈
(
A,M(B)

)
✱ ❛ ♠♦r♣❤✐s♠ f♮ ✿ ❈

(
M(A),M(B)

)

s✉❝❤ t❤❛t✿

✶✮ f♮ · ηA = f ❢♦r ❛❧❧ f ✿ ❈
(
A,M(B)

)
❀

✷✮ η
♮
A = IdM(A) ❢♦r ❛❧❧ ♦❜❥❡❝t A❀

✸✮ (g♮ · f)♮ = g♮ · f♮ ❢♦r ❛❧❧ f ✿ ❈
(
A,M(B)

)
❛♥❞ g ✿ ❈

(
B,M(C)

)
✳

❲✐t❤ t❤✐s ❞❡☞♥✐t✐♦♥✱ ✇❡ ❝❛♥ r❡♠♦✈❡ ♦♥❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ❛♥❞ ✉s❡✿

ηw , EqS ❛♥❞ R♮ , R ✳

❲❡ ❝❛♥ ❞♦ ❛ ❧✐tt❧❡ ❜❡tt❡r ❛♥❞ ♣❛t❝❤ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❛ ♠♦♥❛❞ ✐♥ tr✐♣❧❡ ❢♦r♠ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❛❞✲❤♦❝ ✇❛②✿

⊲ Definition 3.3.2: ❛ ♣r❡♠♦♥❛❞ ♦♥ ❛ ♣r❡❝❛t❡❣♦r② ❈ ✐s ❣✐✈❡♥ ❜② ❛♥ ♦♣❡r❛t✐♦♥ M

♦♥ ♦❜❥❡❝ts ♦❢ ❈✱ t♦❣❡t❤❡r ✇✐t❤✿

� ❢♦r ❛♥② ♠♦r♣❤✐s♠ f ✿ ❈
(
A,M(B)

)
✱ ❛ ♠♦r♣❤✐s♠ f♮ ✿ ❈

(
M(A),M(B)

)
❀

� ❛♥❞ ❢♦r ❛♥② ♠♦r♣❤✐s♠ g ✿ ❈
(
M(A),M(B)

)
✱ ❛ ♠♦r♣❤✐s♠ g♮ ✿ ❈

(
A,M(B)

)

s❛t✐s❢②✐♥❣✿

✶✮ (f♮)♮ = f ❢♦r ❛❧❧ f ✿ ❈
(
A,M(B)

)
❀

✷✮ (g♮ · f)♮ = g♮ · f♮ ❢♦r ❛❧❧ f ✿ ❈
(
A,M(B)

)
❛♥❞ g ✿ ❈

(
B,M(C)

)
❀

✸✮ (g♮ · f)♮ = g♮ · f♮✳ ❢♦r ❛❧❧ f ✿ ❈
(
M(A),M(B)

)
❛♥❞ g ✿ ❈

(
B,M(C)

)
✳

❚❤✐s ❞❡☞♥✐t✐♦♥ ✐s ❥✉st✐☞❡❞ ❜②✿

◦ Lemma 3.3.3: ❢♦r ❛ r❡❛❧ ❝❛t❡❣♦r②✱ ❛ ♣r❡♠♦♥❛❞ M ✐s ❛ ♠♦♥❛❞ ✐☛ ✐t

s❛t✐s☞❡s
(
IdM(A)♮

)♮
= IdM(A) ❢♦r ❛❧❧ ♦❜❥❡❝ts A✳

proof: ❥✉st ♥♦t✐❝❡ t❤❛t ♦♥❡ ❝❛♥ ❣♦ ❢r♦♠ ❛ ♠♦♥❛❞ ✐♥ tr✐♣❧❡ ❢♦r♠ t♦ ❛ ♣r❡♠♦♥❛❞ ❜②

❞❡☞♥✐♥❣ f♮ , η · f ❛♥❞ ✈✐❝❡ ❛♥❞ ✈❡rs❛ ❜② ❞❡☞♥✐♥❣ ηA , (IdM(A))♮✳ ❚❤❡ r❡st ✐s

♦❜✈✐♦✉s✳

�X

❚❤❡ ✐♥t❡r❡st ♦❢ t❤✐s ♥♦t✐♦♥✱ ❛s ❢❛r ❛s ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✐s t❤❛t ✇❡ ❝❛♥ ♥♦✇ ❞❡☞♥❡ ❛❧❧

t❤❡ ❞❛t❛ ❢♦r t❤❡ ♣r❡♠♦♥❛❞✿ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ❝❛♥ t❛❦❡✿

R♮ , R ❛♥❞ R♮ , R

t♦ ♠❛❦❡ ∗ ✐♥t♦ ❛ ♣r❡♠♦♥❛❞✳ ❙✐♥❝❡ ✇❡ ❞♦ ❤❛✈❡
(
R♮

)♮
= R ❢♦r ❛❧❧ r❡❧❛t✐♦♥s R✱ ✇❡ ✇✐❧❧

❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r (Id♮)
♮ = Id ✇❤❡♥ ✇❡ ❛❧❧♦✇ ✐❞❡♥t✐t✐❡s✳



✼✻ ✸ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡

❚❤❡ ❝♦♥❝❡♣t ♦❢ ♣r❡♠♦♥❛❞ s❡❡♠s ❛♣♣r♦♣r✐❛t❡ ✐❢ ♦♥❡ ✇♦r❦s ✐♥ ❛ ♣r❡❝❛t❡❣♦r② ✭❞❡❢✲

✐♥✐t✐♦♥ ✸✳✶✳✷✮✳ ❖♥❡ ♣r♦❜❧❡♠ ✇✐t❤ t❤✐s ❝♦♥❝❡♣t ✐s t❤❛t ✇❤❡♥ t❤❡r❡ ❛r❡ ♥♦ ✐❞❡♥t✐t✐❡s✱ ✇❡

❝❛♥♥♦t ❞❡☞♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ M ♦♥ ♠♦r♣❤✐s♠s✦ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛ ♣r❡♠♦♥❛❞ M ✐s ♥♦t

♥❡❝❡ss❛r✐❧② ❢✉♥❝t♦r✐❛❧✳

§ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t✇♦ t❤✐♥❣s✿

� ✐❢ R ✿ Int(w1, w
∗
2)✱ t❤❡♥ R

♮ , R ✐t ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗
1 t♦ w∗

2❀

� ✐❢ R ✿ Int(w∗
1, w

∗
2)✱ t❤❡♥ R♮ , R ✐t ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w∗

2✳

❚❤✐s ❤❛s ❜❡❡♥ ❝❤❡❝❦❡❞ ✐♥ ❆❣❞❛✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐s q✉✐t❡ ❡❛s②✿ ✐t ❡✈❡♥ ❤♦❧❞s ✐❢ ✇❡ r❡♣❧❛❝❡ w∗
2 ❜② ❛♥ ❛r❜✐tr❛r② w✳

❙✉♣♣♦s❡ t❤❛t R ✐s s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗
1 t♦ w✱ ✐✳❡✳

(s1, s) ε R ⇒
(
∀a′1 ǫ A

∗
1(s1)

)(
∃a ǫ A(s)

)
(
∀d ǫ D(s, a)

)(
∃d′1 ǫ D

∗
1(s1, a

′
1)
)

(
s1[a

′
1/d

′
1], s[a/d]

)
ε R ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② a1 ǫ A(s1)✱ ✇❡ ❝❛♥ ❞❡☞♥❡ a′1 , ❈❛❧❧
(
a1, (λd1).❊①✐t

)
✱ t❤❡

str❛t❡❣② ✇❤✐❝❤ ♣❧❛②s a1 ❛♥❞ st♦♣s✳ ■♥ t❤✐s ❝❛s❡✱ D∗
1(s1, a

′
1) = D1(s1, a1) × {∗}✱

❛♥❞ n∗
1

(
s1, a

′
1, (d1, ∗)

)
= n1(s1, a1, d1)✱ s♦ t❤❛t ✇❡ ❣❡t

(s1, s) ε R ⇒
(
∀a1 ǫ A1(s1)

)(
∃a ǫ A(s)

)
(
∀d ǫ D(s, a)

)(
∃d1 ǫ D1(s1, a1)

)
(
s1[a1/d1], s[a/d]

)
ε R

✐✳❡✳ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w✳

❋♦r t❤❡ ♦t❤❡r ♣♦✐♥t✱ ✇❡ st❛rt ❜② ♣r♦✈✐♥❣ ❛ ✈❛r✐❛♥t ♦❢ ❧❡♠♠❛ ✷✳✺✳✷✶ ✇❤✐❝❤ ❞♦❡s♥✬t

✐♥✈♦❧✈❡ ❡q✉❛❧✐t②✿

◦ Lemma 3.3.4: ✐❢ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❢❛❝❡s✱ ❛ r❡❧❛t✐♦♥ R ❢r♦♠ S1 t♦ S2
✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w2 ✐☛✱ ❢♦r ❛❧❧ s1 ✐♥ S1 ❛♥❞ a1 ǫ A1(s1)✱

✇❡ ❤❛✈❡

R(s1) ⊆ w◦
2

(
⋃

d1ǫD1(s1,a1)

R
(
s1[a1/d1]

)
)

✳

proof (checked in Agda): t❤✐s ✐s ❛ s✐♠♣❧❡ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ❛❝t✉❛❧ ❞❡☞♥✐t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥✿

(∀s1)(∀s2) (s1, s2) ε R⇒ (∀a1)(∃a2)(∀d2)(∃d1)
(
s1[a1/d1], s2[a2/d2]

)
ε R

⇔ { ❧♦❣✐❝ }

(∀s1)(∀s2)(∀a1) s2 ε R(s1)⇒ (∃a2)(∀d2)(∃d1) s2[a2/d2] ε R(s1[a1/d1])

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ w◦

2 }

(∀s1)(∀a1)(∀s2) s2 ε R(s1)⇒ s2 ε w
◦
2

(⋃
d1
R(s1[a1/d1])

)

⇔

(∀s1)(∀a1) R(s1) ⊆ w
◦
2

(⋃
d1
R(s1[a1/d1])

)
✳

�X

■❢ ✇❡ ❛♣♣❧② t❤✐s ❧❡♠♠❛ t♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w∗
2 ✭✐✳❡✳ ❛ r❡☞♥❡♠❡♥t✮✱ ✇❡ ♦❜t❛✐♥✱

✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ♣❛❣❡ ✻✺✿ R ✐s ❛ r❡☞♥❡♠❡♥t ✐☛

R(s1) ⊳w2

⋃

d1ǫD1(s1,a1)

R
(
s1[a1/d1]

)

❢♦r ❛❧❧ s1 ǫ S1 ❛♥❞ a1 ǫ A1(s1)✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t✿



✸✳✸ ■t❡r❛t✐♦♥ ✼✼

◦ Lemma 3.3.5: s✉♣♣♦s❡ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w∗
2✱ t❤❡♥

R(s1) ⊳w2

⋃

d′
1
ǫD∗

1
(s1,a1)

R
(
s1[a

′
1/d

′
1]
)

❢♦r ❛❧❧ s1 ǫ S1 ❛♥❞ a′1 ǫ A
∗(s1)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ R ✐s ❛ s✐♠✉❧❛✲

t✐♦♥ ❢r♦♠ w1 t♦ w∗
2✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗

1 t♦ w∗
2 ✭❜②

❧❡♠♠❛ ✸✳✸✳✹✮✳

proof (checked in Agda): ❧❡t R ❜❡ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w
∗
2✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t s1 ǫ S1

❛♥❞ a′1 ǫ A
∗(s1)✳

▲❡t s2 ε R(s1)✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t s2 ⊳
⋃{

R
(
s1[a

′
1/d

′
1]
)
| d′1 ǫ D

∗
1(s1, a

′
1)

}
✳

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ a′1 ǫ A
∗(s1)✿

K ✐❢ a′1 = ❊①✐t✱ t❤❡ r❡s✉❧t ✐s tr✐✈✐❛❧✿ t❤❡ ❘❍❙ s✐♠♣❧✐☞❡s ✐♥t♦
⋃{

R(s1) | dǫ{∗}
}

✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ R(s1)✳ ❲❡ ❤❛✈❡ t❤❛t s2 ε R(s1) ❜② ❤②♣♦t❤❡s✐s✳

K ✐❢ a′1 = ❈❛❧❧(a1, k)✱ ❜② ❧❡♠♠❛ ✸✳✸✳✹✱ ✇❡ ❤❛✈❡

s2 ⊳w2

⋃

d1ǫD1(s1,a1)

R
(
s1[a1/d1]

)
✳ ✭✸✲✶✮

❋♦r ❛♥② d1 ǫ D(s1, a1)✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ s′1 , s1[a1/d1]
❛♥❞ k(d1) t♦ ❣❡t

R(s′1) ⊳w2

⋃

d′′
1
ǫD∗(s′

1
,k(d1))

R
(
s′1[k(d1)/d

′′
1]
)
✳

❚❤❡ ❘❍❙ ✐s ✐♥❝❧✉❞❡❞ ✐♥
⋃
d′

1

R
(
s1[a

′
1/d

′
1]
)
✱ s♦ t❤❛t ✇❡ ❣❡t✱ ❜② ♠♦♥♦t♦♥✐❝✐t②✿

R
(
s1[a1/d1]

)
⊳w2

⋃

d′
1
ǫD∗

1
(s1,a

′
1
)

R
(
s1[a

′
1/d

′
1]
)
✳

❙✐♥❝❡ t❤❡ ❛❜♦✈❡ ✐s tr✉❡ ❢♦r ❛♥② d1 ǫ D1(s1, a1)✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t
⋃

d1ǫD1(s1,a1)

R
(
s1[a1/d1]

)
⊳w2

⋃

d′
1
ǫD∗

1
(s1,a

′
1
)

R
(
s1[a

′
1/d

′
1]
)
✳

❇② tr❛♥s✐t✐✈✐t② ✇✐t❤ ✭✸✲✶✮✱ t❤✐s ☞♥✐s❤❡s t❤❡ ♣r♦♦❢ t❤❛t s2 ⊳
⋃
d′

1

R
(
s1[a

′
1/d

′
1]
)
✳

�X

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ ❜❛❝❦ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1
t♦ w∗

2 ✐☛ ✐t ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗
1 t♦ w

∗
2✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳

◦ Lemma 3.3.6: t❤❡ ♦♣❡r❛t✐♦♥ ❭ ∗✧ ✐s ❢✉♥❝t♦r✐❛❧✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝✲

t✐♦♥ ♦♥ s✐♠✉❧❛t✐♦♥s✿

R 7→ R∗ , R ✳

proof: ✐❢ ♦♥❡ ❛❝❝❡♣ts t❤❡ ✐❞❡♥t✐t② r❡❧❛t✐♦♥✱ t❤✐s ♠❛❦❡s Rel ✐♥t♦ ❛ ❝❛t❡❣♦r② r❛t❤❡r t❤❛♥

❛ ♣r❡❝❛t❡❣♦r②✱ ❛♥❞ ❛ ♣r❡♠♦♥❛❞M ✐s ❢✉♥❝t♦r✐❛❧ ❜② ♣✉tt✐♥❣M(f) ,
(
(IdM(B))♮ · f

)♮

❢♦r ❛♥② ♠♦r♣❤✐s♠ f ❢r♦♠ A t♦ B✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛ ❞✐r❡❝t ♣r♦♦❢ ♦❢ t❤✐s ❢❛❝t ❜② ♣r♦✈✐♥❣ t❤❛t ✐❢ R ✐s ❛

s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w2✱ t❤❡♥ R ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗
1 t♦ w∗

2✳

�X
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3.3.2 Refinements

❙✐♥❝❡ ∗ ✐s ❛ ♠♦♥❛❞✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐ts ❑❧❡✐s❧✐ ❝❛t❡❣♦r② Ref✿ ♦❜❥❡❝ts ❛r❡ ♦❜❥❡❝ts

✐♥ Int✱ ✐✳❡✳ ✐♥t❡r❢❛❝❡s❀ ❛♥❞ ❛ ♠♦r♣❤✐s♠ ❢r♦♠ w1 t♦ w2 ✐♥ Ref ✐s ❣✐✈❡♥ ❜② ❛ ♠♦r♣❤✐s♠

❢r♦♠ w1 t♦ w
∗
2 ✐♥ Int✱ ♦r ❛s ✇❡ ❝❛❧❧❡❞ t❤❡♠ ✐♥ s❡❝t✐♦♥ ✷✳✻✱ ❛ r❡☞♥❡♠❡♥t ❢r♦♠ w1 t♦ w2✳

❚❤❛t ✇❡ ❤❛✈❡ ❛ ♠♦♥❛❞ ❣✉❛r❛♥t❡❡s t❤❛t ❝♦♠♣♦s✐t✐♦♥ ✐s ✇❡❧❧ ❞❡☞♥❡❞✿ ✐♥ ❣❡♥❡r❛❧✱ t♦

❝♦♠♣♦s❡ f ❛♥❞ g ✐♥ ❛ ❑❧❡✐s❧✐ ❝❛t❡❣♦r②✱ t❛❦❡ f♮ · g ✭♦r µ ·Mf · g ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦♥❛❞✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤✐s ✐s ✈❡r② s✐♠♣❧❡ s✐♥❝❡ R♮ ✐s R✳ ❲❡ t❤✉s

❝♦♠♣♦s❡ r❡❧❛t✐♦♥s ❛s ✉s✉❛❧✳✳✳

◆♦t❡ t❤❛t t❤❡ ❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ❛s ✇❡❧❧ ❢♦r ♣r❡❝❛t❡❣♦r✐❡s✳

3.3.3 Demonic Iteration: a Comonad

❙✐♥❝❡ ❉❡♠♦♥✐❝ ✐t❡r❛t✐♦♥ ✐s ❞✉❛❧ t♦ ❆♥❣❡❧✐❝ ✐t❡r❛t✐♦♥✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t♦ ❤❛✈❡ t❤❡

❞✉❛❧ st❛t❡♠❡♥t t♦ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ❛♥❞ ❧❡♠♠❛ ✸✳✸✳✻✿

⋄ Proposition 3.3.7: ✐♥ t❤❡ ❝❛t❡❣♦r② Int✱ ❭ ∞✧ ✐s ❢✉♥❝t♦r✐❛❧❀ ✐t ✐s ❛

❝♦♠♦♥❛❞✳

proof: ✇❡ st❛rt ❜② ❝❤❡❝❦✐♥❣ t❤❛t ∞ ✐s ❢✉♥❝t♦r✐❛❧✿ ❧❡t R ❜❡ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1
t♦ w2✳

3 ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t R ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w∞

2 ✳

❙✉♣♣♦s❡ (s1, s2) ε R✱ ❧❡t a
′
1 ǫ A

∞(s1)✳ ❲❡ ✇✐❧❧ ☞rst ❞❡☞♥❡ ❛♥ ❛❝t✐♦♥ ✐♥ A∞
2 (s2)

s✐♠✉❧❛t✐♥❣ a′1✳ ❚♦ t❤✐s ❛✐♠✱ ❞❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❛❧❣❡❜r❛ ❢♦r w2✿

� ❢♦r ❛♥② s2 ǫ S2✱ ♣✉t X(s2) , (Σs1ǫS1)
(
ΣrǫR(s1, s2)

)
A∞
1 (s1)❀

� ❛♥❞ C ǫ (s2ǫS2) → X(s2) → w2(X, s2)✿ ✐❢ s2 ε X✱ ✇❡ ❤❛✈❡ (s1, s2) ε R ❢♦r

s♦♠❡ s1 ǫ S1 ❛♥❞ t❤❛t ✇❡ ♠♦r❡♦✈❡r ❤❛✈❡ ❛♥ ❛❝t✐♦♥ a′1 ǫ A
∞
1 (s1)✳ ■❢ ❡❧✐♠(a′1)

✐s ♦❢ t❤❡ ❢♦r♠ (a1, k1)✱ ✇❡ ❝❛♥ ☞♥❞ s♦♠❡ a2 ǫ A2(s2) s✐♠✉❧❛t✐♥❣ a1 ❜② R✱ ✐✳❡✳

(
∀d2 ǫ D2(s2, a2)

)(
∃d1 ǫ D1(s1, a1)

) (
s1[a1/d1], s2[a2/d2]

)
ε R ✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ d2 ǫ D2(s2, a2)✱ ✇❡ ❝❛♥ ☞♥❞ ❛ d1 ǫ D1(s1, a1)✳

❚❤✉s✱ k1(d1) ǫ A
∞
1 (s1[a1/d1]) ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ d2✱ ✇❡ ❤❛✈❡

t❤❛t s2[a2/d2] ε X✳ ❚❤✐s ❛❧❧♦✇s t♦ ❞❡☞♥❡ C✿ ♣✉t

C
(
s2, (s1, r, a

′
1)
)
,

(
a2, (λd2) .

(
s′1, r

′, k(d1)
))

✇❤❡r❡ a2 ✐s t❤❡ ❛❝t✐♦♥ s✐♠✉❧❛t✐♥❣ a1 ❛♥❞ ❢♦r ❛♥② r❡❛❝t✐♦♥ d2 ǫ D2(s2, a2)✱

✐❢ d1 ✐s t❤❡ r❡❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ d2 ❜② t❤❡ s✐♠✉❧❛t✐♦♥✱ s′1 ✐s t❤❡ ♥❡✇

st❛t❡ s1[a1/d1]✱ ❛♥❞ r
′ t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ♥❡✇ st❛t❡s s2[a2/d2] ❛♥❞ s

′
1 ❛r❡

r❡❧❛t❡❞✳

■♥ t❤✐s ❝♦❛❧❣❡❜r❛✱ ✇❡ ❤❛✈❡✿ ✭✇❡ ❛❜❜r❡✈✐❛t❡ ❝♦✐t❡r(X,C) ❜② ❝♦✐t❡r✮

❡❧✐♠
(
❝♦✐t❡r

(
s2, (s1, r, a

′
1)
))

=
(
a2, (λd2).❝♦✐t❡r

(
s2[a2/d2], (s

′
1, r

′, k(d1))
))

✇❤❡r❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ a2 s✐♠✉❧❛t❡s a1✳

3 ✿ ❚❤✐s ♣r♦♦❢ ✐s ♠❡❛♥t t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ♣r♦♦❢ s②st❡♠✱ ♥♦t s♦ ♠✉❝❤ ❢♦r r❡❛❞✐♥❣✦



✸✳✸ ■t❡r❛t✐♦♥ ✼✾

❋♦r ❛♥② s1✱ s2✱ r ❛♥❞ a
′
1 ❛s ❛❜♦✈❡✱ ✇❡ ❞❡☞♥❡ a′2 , ❝♦✐t❡r

(
X,C, s2, (s1, r, a

′
1)
)
✳ ❲❡

♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ❞♦❡s s✐♠✉❧❛t❡ a′1 ǫ A
∞
1 (s1)✿

(∀s1, s2)
(
∀r ǫ R(s1, s2)

)
(
∀a′1 ǫ A

∞
1 (s1)

)
(
∀d′2 ǫ D

∞
2

(
s2, ❝♦✐t❡r

(
s2, (s1, r, a

′
1)
)))(
∃d′1 ǫ D

∞
1 (s1, a

′
1)
)

(
s1[a

′
1/d

′
1], s2

[
❝♦✐t❡r

(
s2, (s1, r, a

′
1)
)
/d′2

])
ε R ✳ ✭✸✲✷✮

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ d′2✿

K ✐❢ d′2 = ◆✐❧✱ t❤❡♥ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✿ t❛❦❡ d′1 , ◆✐❧✳ ❲❡ ❤❛✈❡ t❤❛t s1[a
′
1/◆✐❧] = s1

❛♥❞ s2[❝♦✐t❡r(. . .)/◆✐❧] = s2 ❛♥❞ t❤❡ r❡s✉❧t ❤♦❧❞s ❜② ❤②♣♦t❤❡s✐s✳

K ✐❢ d′2 ✐s ♦❢ t❤❡ ❢♦r♠ ❈♦♥s(d2, d
′′
2)✿ ✇❡ ❤❛✈❡ ❜② ❞❡☞♥✐t✐♦♥ t❤❛t d2 ǫ A2(s2, a2) ❛♥❞

t❤❛t d′′2 ǫ A
∞
2

(
s2[a2/d2], k(d2)

)
✇❤❡r❡ k(d2) = ❝♦✐t❡r

(
s2[a2/d2], (s

′
1, r

′, k1(d1))
)

❛s ❛❜♦✈❡✿ a2 s✐♠✉❧❛t❡s a1✱ ❛♥❞ ✐❢ d1 ✐s t❤❡ ✐♠❛❣❡ ♦❢ d2 ❜② t❤❡ s✐♠✉❧❛t✐♦♥✱ s′1 ✐s ✐♥

❢❛❝t s1[a1/d1]✳

❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♣♣❧✐❡❞ t♦✿

� s′1 , s1[a1/d1]✱
� s′2 , s2[a2/d2]✱
� t❤❡ ♣r♦♦❢ r′ t❤❛t (s′1, s

′
2) ε R✱

� k1(d1)✱
� ❛♥❞ d′′2 ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ❛♥ ❡❧❡♠❡♥t ♦❢ D∞

2

(
s′2, ❝♦✐t❡r

(
s′2, (s

′
1, r

′, k1(d1))
))
❀

✇❡ ♦❜t❛✐♥ ❛ r❡❛❝t✐♦♥ d′′1 t♦ k1(d1) ✇❤✐❝❤ s❛t✐s☞❡s

(
s′1[k(d1)/d

′′
1], s

′
2[❝♦✐t❡r(. . .)/d

′′
2]
)
ε R ✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t t❛❦✐♥❣ d′1 , ❈♦♥s(d1, d
′′
1) ♠❛❦❡s ✭✸✲✷✮ tr✉❡✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w∞

2 ❛♥❞ t❤✉s t❤❛t ∞

✐s ❢✉♥❝t♦r✐❛❧✳

❲❡ ♥♦✇ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤✐s ❡♥❞♦❢✉♥❝t♦r ✐s ✐♥❞❡❡❞ ❛ ❝♦♠♦♥❛❞✳ ❲❡ ❞♦

♥♦t r❡♣❡❛t ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r ♠♦♥❛❞s ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ♦❢

✐❞❡♥t✐t✐❡s❀ ✇❡ ♦♥❧② ♥♦t❡ t❤❛t ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ ❢♦r ✉s t♦ s❤♦✇ t❤❛t ❛ r❡❧❛t✐♦♥ ✐s ❛

s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w2 ✐☛ ✐t ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞

1 t♦ w∞
2 ✳

K ❧❡t R ❜❡ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w∞

2 ❀ ❧❡t✬s s❤♦✇ t❤❛t R ✐s ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥

❢r♦♠ w∞
1 t♦ w2✿ ✐❢ (s1, s2) ε R ❛♥❞ a′1 ǫ A

∞(s1)✱ ✇❡ ♥❡❡❞ t♦ ☞♥❞ ❛♥ a2 ǫ A2(s2)

s✐♠✉❧❛t✐♥❣ a′1✳

❇② ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥ ☞♥❞ ❛♥ ❛❝t✐♦♥ a′2 ǫ A
∞
2 (s2) s✐♠✉❧❛t✐♥❣ a′1✳ ■❢ ❡❧✐♠(a′2) ✐s ♦❢

t❤❡ ❢♦r♠ (a2, k2)✱ t❛❦❡ t❤❡ ❛❝t✐♦♥ a2 t♦ s✐♠✉❧❛t❡ a′1✿ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t

(
∀d2 ǫ D2(s2, a2)

)(
∃d′1 ǫ A

∞
1 (s1, a

′
1)
)(
s1[a

′
1/d

′
1], s2[a2/d2]

)
ε R ✳

❋♦r d2 ǫ A2(s2, a2)✱ t❤❡ r❡❛❝t✐♦♥ ❈♦♥s(d2,◆✐❧) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ A∞
2 (s2, a

′
2) ❛♥❞ ✐t

t❤✉s ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝t✐♦♥ d′1 ǫ A
∞
1 (s1, a

′
1)✳ ❚❤✐s ♣❛rt✐❝✉❧❛r d

′
1 ❞♦❡s ✇♦r❦

❜❡❝❛✉s❡ s2[a
′
2/❈♦♥s(d2,◆✐❧)] = s2[a2/d2]✳

K ❢♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ s✉♣♣♦s❡ R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w2❀ ✇❡ ♥❡❡❞ t♦

s❤♦✇ t❤❛t ✐s ✐t ❛❧s♦ ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∞
1 t♦ w∞

2 ✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✈❡r②

s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❢✉♥❝t♦r✐❛❧✐t② ♦❢ ∞✳ ❲❡ ♦♥❧② s❦❡t❝❤ ✐t✿ ❣✐✈❡♥ (s1, s2) ε R



✽✵ ✸ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡

❛♥❞ ❛♥ ❛❝t✐♦♥ a′1 ǫ A
∞
1 (s1)✱ ✇❡ ❝♦♥str✉❝t t❤❡ ❝♦❛❧❣❡❜r❛ (X,C) ❛s ❛❜♦✈❡✳ ❚❤❡ ♦♥❧②

❞✐☛❡r❡♥❝❡ ✐s t❤❛t ✐♥ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ C✱ ✇❡ ❞♦ ♥♦t s✐♠✉❧❛t❡ t❤❡ ☞rst ❛❝t✐♦♥ ♦❢ a′1 ✐♥

♦r❞❡r t♦ ❣❡t ❛♥ ❛❝t✐♦♥ ✐♥ A2(s2)✱ ❜✉t ✉s❡ t❤❡ s✐♠✉❧❛t✐♦♥ t♦ s✐♠✉❧❛t❡ t❤❡ ✇❤♦❧❡ a′1✳

❚❤❡ r❡st ❝❛♥ ❜❡ ❝♦♣✐❡❞ ❛❧♠♦st ✇♦r❞ ❢♦r ✇♦r❞✳

�X

3.4 A Right-Adjoint for the Tensor

❲❡ ❛❧r❡❛❞② s❛✇ ✐♥ ❝♦r♦❧❧❛r② ✸✳✷✳✷ t❤❛t Int ✐s ♥♦t ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✿ ✇❡ ❝❛♥♥♦t ❤♦♣❡

t♦ ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♦❜❥❡❝t w2
w1 ✐♥ t❤❡ ✉s✉❛❧ ❝❛t❡❣♦r✐❝❛❧ s❡♥s❡✳ ❚❤❡ ❝❛t❡❣♦r② Int

❡♥❥♦②s ❤♦✇❡✈❡r ❛ ✇❡❛❦❡r ♣r♦♣❡rt② ✇❤✐❝❤ st✐❧❧ ❛❧❧♦✇s t♦ s♣❡❛❦ ❛❜♦✉t ❭t❤❡ ♦❜❥❡❝t ♦❢

s✐♠✉❧❛t✐♦♥s ❢r♦♠ w1 t♦ w2✧✿ ✐t ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞✳

⊲ Definition 3.4.1: ✐❢ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❢❛❝❡s✱ ❞❡☞♥❡ w1 ⊸ w2 t♦ ❜❡ t❤❡

✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S1 × S2 ✇✐t❤ ❝♦♠♣♦♥❡♥ts (A⊸, D⊸, n⊸)✿

A⊸

(
(s1, s2)

)
,

(
Σ f ǫ A1(s1)→ A2(s2)

)
(
Π a1 ǫ A1(s1)

)

D2
(
s2, f(a1)

)
→ D1(s1, a1)

D⊸

(
(s1, s2), (f,G)

)
,

(
Σ a1 ǫ A1(s1)

)
D2
(
s2, f(a1)

)

n⊸

(
(s1, s2), (f,G), (a1, d2)

)
,

(
s1
[
a1/Ga1

(d2)
]
, s2

[
f(a1)/d2

])
✳

❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ⊸ ♠❛② ❧♦♦❦ ✈❡r② ❝♦♠♣❧❡①✱ ❜✉t ✐s ❛ ♣♦st❡r✐♦r✐ r❛t❤❡r ♥❛t✉r❛❧✿

� ❆♥ ❛❝t✐♦♥ ✐♥ st❛t❡ (s1, s2) ✐s ❣✐✈❡♥ ❜②✿

✶✮ ❛ ❢✉♥❝t✐♦♥ f tr❛♥s❧❛t✐♥❣ ❛❝t✐♦♥s ❢r♦♠ s1 ✐♥t♦ ❛❝t✐♦♥s ❢r♦♠ s2❀

✷✮ ❢♦r ❛♥② a1✱ ❛ ❢✉♥❝t✐♦♥ Ga1
tr❛♥s❧❛t✐♥❣ r❡❛❝t✐♦♥s t♦ f(a1) ✐♥t♦ r❡❛❝t✐♦♥s t♦ a1✳

� ❆ r❡❛❝t✐♦♥ t♦ s✉❝❤ ❛ ❭tr❛♥s❧❛t✐♥❣ ♠❡❝❤❛♥✐s♠✧ ✐s ❣✐✈❡♥ ❜②✿

✶✮ ❛♥ ❛❝t✐♦♥ a1 ✐♥ A1(s1) ✭✇❤✐❝❤ ✇❡ ✇❛♥t t♦ s✐♠✉❧❛t❡✮❀

✷✮ ❛♥❞ ❛ r❡❛❝t✐♦♥ d2 ✐♥ D2(s2, f(a1)) ✭✇❤✐❝❤ ✇❡ ✇❛♥t t♦ tr❛♥s❧❛t❡ ❜❛❝❦✮✳

� ●✐✈❡♥ s✉❝❤ ❛ r❡❛❝t✐♦♥✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ a1 ❜② a2 ǫ A2(s2) ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ f

t♦ a1✱ ❛♥❞ tr❛♥s❧❛t❡ ❜❛❝❦ d2 ✐♥t♦ d1 ǫ D1(s1, a1) ❜② ❛♣♣❧②✐♥❣ Ga1
t♦ d2✳ ❚❤❡

♥❡①t st❛t❡ ✐s ❥✉st t❤❡ ♣❛✐r ♦❢ st❛t❡s s1[a1/d1] ❛♥❞ s2[a2/d2]✳

❚❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ✐♥❞❡❡❞ ❛♥ ♦❜❥❡❝t ♦❢ s✐♠✉❧❛t✐♦♥s ✐s ❥✉st✐☞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✿

⋄ Proposition 3.4.2: ❢♦r ❛♥② ✐♥t❡r❢❛❝❡ w✱ ❭w⊸ ✧ ✐s r✐❣❤t ❛❞❥♦✐♥t

t♦ ❭ ⊗w✧✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Int(w1, w2⊸ w3) ≃ Int(w1 ⊗w2, w3) ✳

proof: t♦ ❡♠♣❤❛s✐③❡ t❤❡ ♣❛rt ♦❢ t❤❡ ❢♦r♠✉❧❛ ❜❡✐♥❣ ♠❛♥✐♣✉❧❛t❡❞✱ ✇❡ ✉♥❞❡r❧✐♥❡ ✐t✳

❚❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 ⊗w2 t♦ w3 t❛❦❡s t❤❡ ❢♦r♠4

(s1, s2, s3) ε R ⇒
(
∀a1 ǫ A1(s1)

)(
∀a2 ǫ A2(s2)

)
(
∃a3 ǫ A3(s3)

)

4 ✿ ♠♦❞✉❧♦ ❛ss♦❝✐❛t✐✈✐t② (S1 × S2)× S3 ≃ S1 × (S2 × S3) ≃ S1 × S2 × S3 ✳✳✳



✸✳✹ ❆ ❘✐❣❤t✲❆❞❥♦✐♥t ❢♦r t❤❡ ❚❡♥s♦r ✽✶

(
∀d3 ǫ D3(s3, a3)

)
(
∃d1 ǫ D1(s1, a1)

)(
∃d2 ǫ D2(s2, a2)

)
(
s1[a1/d1], s2[a2/d2], s3[a3/d3]

)
ε R ✳

❯s✐♥❣ AC ♦♥ t❤❡ ∀a2∃a3✱ ✇❡ ♦❜t❛✐♥✿

(s1, s2, s3) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃f ǫ A2(s2)→ A3(s3)

)
(
∀a2 ǫ A2(s2)

)(
∀d3 ǫ D3(s3, f(a2))

)
(
∃d1 ǫ D1(s1, a1)

)(
∃d2 ǫ D2(s2, a2)

)
(
s1[a1/d1], s2[a2/d2], s3[f(a2)/d3]

)
ε R ✳

❇② ☞rst s✇❛♣♣✐♥❣ t❤❡ ❧❛st t✇♦ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐☞❡rs✱ ✇❡ ❝❛♥ ❛♣♣❧② AC ♦♥ ∀d3∃d2✿

(s1, s2, s3) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃f ǫ A2(s2)→ A3(s3)

)
(
∀a2 ǫ A2(s2)

)
(
∃g ǫ D3(s3, f(a2))→ D2(s2, a2)

)
(
∀d3 ǫ D3(s3, f(a2))

)
(
∃d1 ǫ D1(s1, d1)

)
(
s1[a1/d1], s2[a2/g(d3)], s3[f(a2)/d3]

)
ε R

❛♥❞ ❛♣♣❧②✐♥❣ AC ♦♥❡ ♠♦r❡ t✐♠❡ ♦♥ ∀a2∃g t♦ ♦❜t❛✐♥✿

(s1, s2, s3) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃f ǫ A2(s2)→ A3(s3)

)
(
∃G ǫ

(
a2ǫA2(s2)

)
→ D3

(
s3, f(a2)

)
→ D2(s2, a2)

)
(
∀a2 ǫ A2(s2)

)
(
∀d3 ǫ D3(s3, f(a2))

)
(
∃d1 ǫ D1(s1, d1)

)
(
s1[a1/d1], s2[a2/Ga2

(d3)], s3[f(a2)/d3]
)
ε R

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

(s1, s2, s3) ε R ⇒
(
∀a1 ǫ A1(s1)

)
(
∃(f,G) ǫ

(
ΣfǫA2(s2)→ A3(s3)

)
(
Πa2ǫA2(s2)

)
D3(s3, f(a2))→ D2(s2, a2)

)

(
∀(a2, d3) ǫ (Σa2ǫA2(s2)) D3(s3, f(a2))

)
(
∃d1 ǫ D1(s1, d1)

)
(
s1[a1/d1], s2[a2/Ga2

(d3)], s3[f(a2)/d3]
)
ε R ✳

❇② ❞❡☞♥✐t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w1 t♦ w2⊸ w3✳

◆❛t✉r❛❧✐t② ✐s tr✐✈✐❛❧ ❛s t❤❡ ✐s♦♠♦r♣❤✐s♠ ✐s ❣✐✈❡♥ ❜② S1× (S2×S3) ≃ (S1×S2)×S3
✭s❡t ✐s♦♠♦r♣❤✐s♠✮✳

�X



✽✷ ✸ ❈❛t❡❣♦r✐❝❛❧ ❙tr✉❝t✉r❡

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ skip ✐s ♥❡✉tr❛❧ ❢♦r t❤❡ t❡♥s♦r✱ ✇❡ ❤❛✈❡

Int(skip⊗w1, w2) ≃ Int(w1, w2) ≃ Int(skip, w1⊸ w2)

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ s❡❡ s✐♠✉❧❛t✐♦♥s ❢r♦♠ w1 t♦ w2 ❛s ❛♥ ✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ❢♦r t❤❡

❆♥❣❡❧ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w1⊸ w2✱ s❡❡ ❧❡♠♠❛ ✸✳✷✳✹✳

3.5 A Dualizing Object

❙♦♠❡ ❙▼❈❈ ❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ✐♥t❡r♥❛❧ ❞✉❛❧✐t②✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ♣❛rt✐❝✉❧❛r❧②

✇❡❧❧✲❜❡❤❛✈❡❞✿ ⋆✲❛✉t♦♥♦♠♦✉s ❝❛t❡❣♦r✐❡s ✭❬✶✸❪✮✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝❧♦s❡❞ str✉❝t✉r❡✱

t❤❡② r❡q✉✐r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t✿

⊲ Definition 3.5.1: ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ✐♥ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞ ❝❛t❡❣♦r② ❈

✐s ❛♥ ♦❜❥❡❝t ⊥ s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ♦❜❥❡❝t A✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ A

t♦ (A⊸ ⊥)⊸ ⊥ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❚❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

❈
(
A, (A⊸ ⊥)⊸ ⊥

)
≃ ❈

(
A⊗ (A⊸ ⊥),⊥

)

≃ ❈
(
(A⊸ ⊥)⊗A,⊥

)

≃ ❈
(
A⊸ ⊥, A⊸ ⊥

)
✳

❙♣❡❝✐❛❧✐③❡❞ t♦ ♦✉r ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t

R ✿ Int
(
w1, (w1⊸ w2)⊸ w2

)

R ,
{(
s1, (s

′
1, s2, s

′
2)
)
| s1 =S1

s′1 ∧ s2 =S2
s′2

}

✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ ❛♥② w1 t♦ (w1⊸ w2)⊸ w2✳ ✭❚❤✐s ✉s❡s ❡q✉❛❧✐t②✳✮

❚❤❡ ♥♦t✐♦♥ ♦❢ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ❤❛s ❛ ✈❡r② ❝❧❛ss✐❝❛❧ ❢❡❡❧✐♥❣ ✭❞♦✉❜❧❡ ♥❡❣❛t✐♦♥✮❀ ✐t

✐s t❤✉s ♥♦t ✈❡r② s✉r♣r✐s✐♥❣ ✭❄❄✮ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ♦♥❧② ❝❧❛ss✐❝❛❧❧②✿

⋄ Proposition 3.5.2: (classically) ✐♥ Int✱ t❤❡ ♦❜❥❡❝t skip ✐s ❞✉❛❧✐③✐♥❣✳

proof: t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ w t♦ (w⊸ skip)⊸ skip t❛❦❡s t❤❡ ❢♦r♠

ND ,
{(
s,
(
(s′, ∗), ∗

))
| s =S s

′
}

✳

❚❤✐s r❡❧❛t✐♦♥ ✐s ✐♥✈❡rt✐❜❧❡ ✐♥ Rel✱ ✇✐t❤ ✐♥✈❡rs❡✿ ✭✇❤❡r❡ DN st❛♥❞s ❢♦r ❭❉♦✉❜❧❡ ◆❡❣❛t✐♦♥✧✮

DN ,
{((

(s, ∗), ∗
)
, s′
)
| s =S s

′
}

✳

❚❤✉s✱ t♦ s❤♦✇ t❤❛t skip ✐s ❞✉❛❧✐③✐♥❣✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t DN ✐s ❛ s✐♠✉❧❛t✐♦♥

❢r♦♠ ❛♥② (w⊸ skip)⊸ skip t♦ w✳ ■t ✐s ❥✉st ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞❡☞♥✐t✐♦♥ ❢r♦♠

♣❛❣❡ ✽✵ t❤❛t w⊥ ✐s str✉❝t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ w⊸ skip✳ ❚❤✉s✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇

t❤❛t EqS ≃ DN ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w⊥⊥ t♦ w✳

❍❡r❡ ❛r❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ w⊥⊥✿

A⊥⊥(s) =
((
aǫA(s)

)
→ D(s, a)

)
→ A(s)

D⊥⊥(s, F) =
((
aǫA(s)

)
→ D(s, a)

)



✸✳✺ ❆ ❉✉❛❧✐③✐♥❣ ❖❜❥❡❝t ✽✸

n⊥⊥(s, F, g) = s
[
F(g)/g

(
F(g)

)]
✳

❚❤❛t EqS ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w⊥⊥ t♦ w t❛❦❡s t❤❡ ❢♦r♠✿

(∀s ǫ S)
(
∀F ǫ A⊥⊥(s)

)(
∃a ǫ A(s)

)
(
∀d ǫ D(s, a)

)(
∃g ǫ D⊥⊥(s, F)

)

s[a/d] =S s
[
F(g)/g

(
F(g)

)]
✳

❇② ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥tr❛♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ✭♣❛❣❡ ✸✶✮ ♦♥ ∃a∀d✱ t❤✐s ✐s

❡q✉✐✈❛❧❡♥t t♦

(∀s ǫ S)
(
∀F ǫ A⊥⊥(s)

)(
∀f ǫ

(
aǫA(s)

)
→ D(s, a)

)
(
∃a ǫ A(s)

)(
∃g ǫ D⊥⊥(s, F)

)

s[a/d] =S s
[
F(g)/g

(
F(g)

)]
✳

❲❡ ❝❛♥ s✇❛♣ q✉❛♥t✐☞❡rs ❛♥❞ ♦❜t❛✐♥✱ ❜② t❤❡ ❞❡☞♥✐t✐♦♥s ♦❢ A⊥✱ D⊥ ❛♥❞ A⊥⊥✱

(∀s ǫ S)
(
∀f ǫ A⊥(s)

)(
∀F ǫ A⊥(s)→ D⊥(s, )

)
(
∃g ǫ D⊥⊥(s, F)

)(
∃a ǫ D⊥(s, f)

)

s[a/f(a)] =S s
[
F(g)/g

(
F(g)

)]
✳

❲❡ ❝❛♥ ♥♦✇ ❛♣♣❧② t❤❡ ❝♦♥tr❛♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ♦♥ ∀F∃g t♦ ❣❡t t❤❡

❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥

(∀s ǫ S)
(
∀f ǫ A⊥(s)

)(
∃g ǫ D⊥⊥(s, F)

)
(
∀b ǫ D⊥(s, g)

)(
∃a ǫ D⊥(s, f)

)

s[a/f(a)] =S s[b/g(b)] ✳

❙✐♥❝❡ D⊥⊥ ✐s ❡q✉❛❧ t♦ A⊥✱ t❤✐s ✐s ♦❜✈✐♦✉s❧② tr✉❡✳

❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t Eq ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w⊥⊥ t♦ w ❛♥❞ t❤✉s

t❤❛t DN ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ (w⊸ skip)⊸ skip t♦ w✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢

t❤❛t skip ✐s ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ✐♥ Int✳

�X

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❤❛s ❛ ✈❡r② ❞✐st✉r❜✐♥❣ ❝♦r♦❧❧❛r②✿ ❝❛❧❧ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ s✐♠♣❧❡

✇❤❡♥ t❤❡ s❡ts ♦❢ r❡❛❝t✐♦♥s w.D(s, a) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ a ǫ w.A(s)❀

• Corollary 3.5.3: (classically) ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛

s✐♠♣❧❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳

proof: ❥✉st t❛❦❡ w′ , w⊥⊥✳

�X

❲❡ ✇✐❧❧ ❧❛tt❡r s❡❡ ♠♦r❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❞✉❛❧✐t② ✐♥ ❛ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✳ ❋♦r

♥♦✇✱ ✇❡ ❥✉st ♠❡♥t✐♦♥ t❤❛t✿

◦ Lemma 3.5.4: ❢♦r ❛❧❧ ✐♥t❡r❢❛❝❡s w1 ❛♥❞ w2✱ ✇❡ ❤❛✈❡

✶✮ ( ⊞ )⊥ ≈ ⊥ ⊠ ⊥ ✭str✉❝t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✮❀

✷✮ classically:( ⊠ )⊥ ≃ ⊥ ⊞ ⊥ ✭✐s♦♠♦r♣❤✐s♠✮✳





4 Interaction Systems and Topology

4.1 Constructive Sup-Lattices

■♥ ❬✻❪✱ P❡t❡r ❆❝③❡❧ ❣✐✈❡s ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝♦♥str✉❝t✐✈❡ s✉♣✲❧❛tt✐❝❡s ✐♥ ❈❩❋✳ ❲❡ r❡✈✐❡✇

t❤♦s❡ ♥♦t✐♦♥s ❛♥❞ s❤♦✇ ❤♦✇ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t②♣❡ t❤❡♦r❡t✐❝

r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❭s❡t✲♣r❡s❡♥t❡❞ s✉♣✲❧❛tt✐❝❡✧✳

Note: ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛ss✉♠❡ ❡q✉❛❧✐t② ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ t②♣❡ t❤❡♦r②✳

4.1.1 Classical Notions

❘❡❝❛❧❧ t❤❛t ❝❧❛ss✐❝❛❧❧②✿

⊲ Definition 4.1.1: ❛ ♣❛rt✐❛❧ ♦r❞❡r (S,✔) ✇✐t❤ ❜✐♥❛r② s✉♣r❡♠❛ s∨ s′ ❛♥❞ ❛ ❧❡❛st

❡❧❡♠❡♥t ✐s ❝❛❧❧❡❞ ❛ s✉♣✲❧❛tt✐❝❡✳ ■t ✐s ❝♦♠♣❧❡t❡ ✐❢ ✐t ❤❛s ❛r❜✐tr❛r② s✉♣r❡♠❛
∨
U

❢♦r ❛❧❧ U ✿ P(S)✳

❆ ♣❛rt✐❛❧ ♦r❞❡r (S,✔) ✐s ❛ ❧❛tt✐❝❡ ✐❢ ✐t ✐s ❜♦t❤ ❛ s✉♣✲❧❛tt✐❝❡ ❛♥❞ ❛♥ ✐♥❢✲❧❛tt✐❝❡✳

❆♥❞ ❛ s✐♠♣❧❡ ❧❡♠♠❛✿

◦ Lemma 4.1.2: ❧❡t S ❜❡ ❛ s❡t ❛♥❞ ✔ ❛ ♣❛rt✐❛❧ ♦r❞❡r ♦♥ S✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✮ (S,✔) ✐s ❛ ❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡❀

✷✮ (S,✔) ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡✳

proof: ❞❡☞♥❡
∧
U ,

∨
{s ǫ S | s ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ U}✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤✐s

✐s t❤❡ ✐♥☞♠✉♠ ♦♣❡r❛t✐♦♥✳ ❚❤❡ r❡st ✐s tr✐✈✐❛❧✳

�X

4.1.2 Constructive Sup-Lattices

Pr❡❞✐❝❛t✐✈❡❧②✱ t❤❡ ❛❜♦✈❡ ❞❡☞♥✐t✐♦♥ ✐s ♥♦t ❛❞❡q✉❛t❡✿ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♥s✐❞❡r ♣❛rt✐❛❧

♦r❞❡rs ❞❡☞♥❡❞ ♦♥ ❛ ♣r♦♣❡r t②♣❡ ❙✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ st❛t❡ t❤❛t ❛♥

❡❧❡♠❡♥t A ✐s t❤❡ ❧♦✇❡st ✉♣♣❡r ❜♦✉♥❞ ♦❢ ❛ ♣r❡❞✐❝❛t❡ ❯✿ t❤❡ ❡①♣r❡ss✐♦♥

(∀B✿❙) A ✔ B ⇔
(
(∀C✿❙) C ε ❯⇒ C ✔ B

)



✽✻ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

✐s ♥♦t ❛ s❡t ❜❡❝❛✉s❡ t❤❡ s❡❝♦♥❞ q✉❛♥t✐☞❝❛t✐♦♥ ♦✈❡r t❤❡ ❙ ❜r✐♥❣s ✉s ❜❡②♦♥❞ Π11 q✉❛♥✲

t✐☞❝❛t✐♦♥✳ ■t ✐s ❤♦✇❡✈❡r ❡❛s② t♦ s❛② t❤❛t A ✿ ❙ ✐s t❤❡ ❧✉❜ ♦❢ t❤❡ ❢❛♠✐❧② (Bi)iǫI
✭✇❤❡r❡ I ✿ Set✮✿

(∀C✿❙) A ✔ C ⇔
(
(∀iǫI) Bi ✔ C

)

✇❤✐❝❤ ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ Π11 q✉❛♥t✐☞❝❛t✐♦♥✳ ❲❡ t❤✉s ♣✉t✿

⊲ Definition 4.1.3: ❛ ♣❛rt✐❛❧ ♦r❞❡r (❙,✔) ✐s ❛ ❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡ ✐❢ ❢♦r ❛♥②

✭s❡t✲✐♥❞❡①❡❞✮ ❢❛♠✐❧② (Ai)iǫI✱ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t
∨
iǫIAi s✉❝❤ t❤❛t✿

B ✿ ❙ ⊢
∨

iǫI

Ai ✔ B ⇔
(
(∀iǫI) Ai ✔ B

)
✳

▲❡♠♠❛ ✹✳✶✳✷ ❞♦❡s♥✬t ❤♦❧❞ ❛♥②♠♦r❡ ❜❡❝❛✉s❡ t❤❡ ♣r❡❞✐❝❛t❡ {B | B ✐s ❛ ❧✉❜ ♦❢ ❯} ✐s

✉s✉❛❧❧② ♥♦t s❡t✲❜❛s❡❞✳

§ ❙❡t✲●❡♥❡r❛t❡❞ ❙✉♣✲▲❛tt✐❝❡s✳ ■♥ ♦r❞❡r t♦ ❣❡t ❛ ♣r❡❞✐❝❛t✐✈❡❧② ❢r✐❡♥❞❧✐❡r t❤❡♦r②✱ ✐t ✐s

tr❛❞✐t✐♦♥❛❧ t♦ r❡str✐❝t ♦♥❡✬s ❛tt❡♥t✐♦♥ t♦ s✉♣✲❧❛tt✐❝❡ ❤❛✈✐♥❣ ❛ s❡t✲✐♥❞❡①❡❞ ❭❜❛s✐s✧✿

⊲ Definition 4.1.4: ✭❛❞❛♣t❡❞ ❢r♦♠ ❬✻❪✮

❛ ♣❛rt✐❛❧ ♦r❞❡r (❙,✔) ✇✐t❤ s❡t✲✐♥❞❡①❡❞ ❧✉❜s ✐s s❡t✲❣❡♥❡r❛t❡❞ ✐❢ t❤❡r❡ ✐s ❛

s❡t✲✐♥❞❡①❡❞ ♣r❡❞✐❝❛t❡ G ⊆ ❙ s✳t✳

� ❢♦r ❛❧❧ A ✿ ❙ t❤❡ ♣r❡❞✐❝❛t❡ A↓G , {g ε G | g ✔ A} ✐s s❡t✲✐♥❞❡①❡❞❀
� ❢♦r ❛♥② A ✿ ❙✱ ✇❡ ❤❛✈❡

∨
A↓G = A✳

❲❡ ❝❛❧❧ {Gi | iǫI} ❛ ❣❡♥❡r❛t✐♥❣ ❢❛♠✐❧②✳

❚❤❡ ✐♥t❡r❡st ♦❢ t❤✐s ♥♦t✐♦♥ ✐s t❤❛t ❛♥② s❡t✲❣❡♥❡r❛t❡❞ s✉♣✲❧❛tt✐❝❡ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ✭♣r❡✮ ☞①♣♦✐♥ts ❢♦r ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ♦♥ P(G)✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡✲

☞♥❡ F(U) = {gεG | g ✔
∨
U}✳ ✭❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ❛s ❛ ♣r❡❞✐❝❛t❡ ♦✈❡r G✱ U

✐s s❡t✲✐♥❞❡①❡❞✳✮ ❚❤❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻❪✱ t❤❡♦r❡♠ ✻✳✸✳

❚②♣❡ t❤❡♦r❡t✐❝❛❧❧②✱ ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❣✐✈❡s r✐s❡ t♦ ❛ s❡t✲❣❡♥❡r❛t❡❞ s✉♣✲

❧❛tt✐❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ✐❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ ❞❡☞♥❡ t❤❡ ♣r♦♣❡r

t②♣❡

❖w , {U ✿ P(S) | w∗(U) ⊆ U}

❛♥❞ t❛❦❡ ✐♥❝❧✉s✐♦♥ ❛s ❛ ♣❛rt✐❛❧ ♦r❞❡r✳

§ ❙❡t✲Pr❡s❡♥t❡❞ ❙✉♣✲▲❛tt✐❝❡s✳ ❲❡ s❛✇✱ ♦♥ ♣❛❣❡ ✻✷✱ ❛♥ ❡①❛♠♣❧❡ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s✲

❢♦r♠❡r ✇❤✐❝❤ ❝♦✉❧❞♥✬t ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦

t❤❛t t❤✐s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r U 7→ U⋄⋄ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✱ s♦ t❤❛t ✐t ✐s ❡q✉❛❧ t♦

✐ts r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✳ ❚❤✐s s❤♦✇s t❤❛t ♥♦t ❡✈❡r② s❡t✲❣❡♥❡r❛t❡❞ s✉♣✲❧❛tt✐❝❡

❛r✐s❡s ❛s s♦♠❡ ❖w✳ ❚❤❡ ♥❡①t ♥♦t✐♦♥ ❣✐✈❡s ✇❤❛t ✐s ♠✐ss✐♥❣✿

⊲ Definition 4.1.5: ❛ ♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ s✉♣✲❧❛tt✐❝❡ (❙,✔) ✇✐t❤ ❣❡♥❡r❛t✐♥❣ s❡t G

✐s ❛ s❡t✲✐♥❞❡①❡❞ r❡❧❛t✐♦♥ ⊳ ❜❡t✇❡❡♥ G ❛♥❞ P(G) s✳t✳

g ✔
∨
U ⇔ (∃U′ ⊆ U) g ⊳ U′

❢♦r ❛♥② g ǫ G ❛♥❞ X ⊆ G✳

◆♦t✐❝❡ t❤❛t t❤❡ ❘❍❙ q✉❛♥t✐☞❝❛t✐♦♥ ❭∃Y✧ ✐s ♣r❡❞✐❝❛t✐✈❡ ❜❡❝❛✉s❡ ✇❡ q✉❛♥t✐❢② ♦✈❡r ❛

s❡t✲✐♥❞❡①❡❞ r❡❧❛t✐♦♥✳

■♥ ❬✻❪✱ P❡t❡r ❆❝③❡❧ ♣r♦✈❡s t❤❛t



✹✳✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣② ✽✼

⋄ Proposition 4.1.6: ❡✈❡r② s❡t✲❣❡♥❡r❛t❡❞ s✉♣✲❧❛tt✐❝❡ ❛r✐s❡s ❢r♦♠ ❛

❝❧♦s✉r❡ ♦♣❡r❛t♦r ♦♥ ❛ P(S) ❢♦r s♦♠❡ s❡t S✳

▼♦r❡♦✈❡r✱ t❤❡ s✉♣✲❧❛tt✐❝❡ ✐s s❡t ♣r❡s❡♥t❡❞ ✐☛ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❝❧♦s✉r❡ ♦♣❡r❛t♦r ✐s s❡t ❜❛s❡❞✳

❚❤❡ ☞rst ♣♦✐♥t ✐s ❥✉st t❤❡ r❡♠❛r❦ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t

s❤♦✇s t❤❛t ❛ s✉♣✲❧❛tt✐❝❡ ✐s s❡t✲♣r❡s❡♥t❡❞ ✐☛ ✐t ✐s ✐s♦♠♦r♣❤✐❝ t♦ s♦♠❡ ❖w ❢♦r s♦♠❡

✐♥t❡r❛❝t✐♦♥ s②st❡♠ w✳

▲❡t✬s ❝❤❡❝❦ t❤❡ ✐♥t❡r❡st✐♥❣ ❞✐r❡❝t✐♦♥✿

◦ Lemma 4.1.7: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w ✐♥ S✱ (❖w,⊆) ✐s ❛ s❡t✲

♣r❡s❡♥t❡❞ s✉♣✲❧❛tt✐❝❡✳

proof: ❢♦r ❛♥② ❢❛♠✐❧② {Ui | i ǫ I} ♦❢ ☞①♣♦✐♥ts ♦❢ w
∗✱ ❞❡☞♥❡

∨

iǫI

Ui , w∗

(
⋃

iǫI

Ui

)
✳

▲❡t✬s ❝❤❡❝❦ t❤❛t t❤✐s ❞❡☞♥❡s ❛ s✉♣✲❧❛tt✐❝❡ str✉❝t✉r❡ ❢♦r ❖w✿ s✉♣♣♦s❡ Ui ⊆ V ❢♦r

❛❧❧ i ǫ I✳ ❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t
∨
iUi ⊆ V ✿ ✇❡ tr✐✈✐❛❧❧② ❤❛✈❡ t❤❛t

⋃
iUi ⊆ V ✱

✇❤✐❝❤ ❜② ♠♦♥♦t♦♥✐❝✐t② ✐♠♣❧✐❡s t❤❛t w∗
(⋃

iUi
)
⊆ w∗(V)✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ V ✿ ❖w✱

✇❡ ❦♥♦✇ t❤❛t V = w∗(V)✱ s♦ t❤❛t ✇❡ ♦❜t❛✐♥
∨
iUi ⊆ V ✳

❚❤❡ s✉♣✲❧❛tt✐❝❡ ❖w ✐s s❡t✲❣❡♥❡r❛t❡❞ ❜② ✉s✐♥❣ {w∗{s} | s ǫ S} ❛s ❛ ❣❡♥❡r❛t✲

✐♥❣ ❢❛♠✐❧②✳ ■t ✐s s❡t✲♣r❡s❡♥t❡❞ ❜② ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥✿

◭w =






(
w∗(s),

⋃

dǫD∗(s,a′)

w∗(s[a′/d′])

)
s ǫ S, a′ ǫ A∗(s)






✇❤✐❝❤ s❛t✐s☞❡s t❤❡ ❝♦♥❞✐t✐♦♥✳ ❋♦r t❤❡ ☞rst ❞✐r❡❝t✐♦♥✱ ✇❡ ❤❛✈❡

(∃U ⊆ V) w∗(s)◭w U ⇒ w∗(s) ⊆ V

❜❡❝❛✉s❡ w∗(s)◭w U ✐♠♣❧✐❡s s ⊳w U✱ ✇❤✐❝❤ ✐♠♣❧✐❡s s ⊳w V ❛♥❞ t❤✉s w∗(s) ⊆ V

✭r❡❝❛❧❧ t❤❛t ❱ ✐s ♦♣❡♥✱ ✐✳❡✳ V = w∗(V)✮✳ ❋♦r t❤❡ s❡❝♦♥❞ ❞✐r❡❝t✐♦♥✱

w∗(s) ⊆ V ⇒ (∃U ⊆ V) w∗(s)◭w U ✱

✇❡ ❤❛✈❡ t❤❛t w∗(s) ⊆ V ✐♠♣❧✐❡s s ⊳w V ✱ ✇❤✐❝❤ ❡❛s✐❧② ✐♠♣❧✐❡s t❤❛t w∗(s) ◭w U
❢♦r s♦♠❡ U ⊆ V ✳

�X

4.1.3 Morphisms

❚❤❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ s✉♣✲❧❛tt✐❝❡s ✐s t❤❡ tr❛❞✐t✐♦♥❛❧ ♦♥❡✿ ♠♦r♣❤✐s♠s ❛r❡

♠❛♣s ❝♦♠♠✉t✐♥❣ ✇✐t❤ ❧✉❜s✳ ❘❛t❤❡r t❤❛♥ ❧♦♦❦✐♥❣ ❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ s❡t✲❣❡♥❡r❛t❡❞ ✴ s❡t✲♣r❡s❡♥t❡❞ s✉♣✲❧❛tt✐❝❡s✱ ✇❡ ♣♦st♣♦♥❡ t❤❡ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t ♠♦r✲

♣❤✐s♠s t♦ s❡❝t✐♦♥ ✹✳✷✳✷ ✇❤❡r❡ ✇❡ ❧♦♦❦ ❛t ❛ s♣❡❝✐☞❝ ❡①❛♠♣❧❡ ♦❢ s✉♣✲❧❛tt✐❝❡✿ ❝♦❧❧❡❝t✐♦♥

♦❢ ♦♣❡♥ s❡ts ✐♥ ❛ ❭❜❛s✐❝ t♦♣♦❧♦❣②✧✳ ❆♥❛❧②s✐s ♦❢ s✉♣✲❧❛tt✐❝❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ s❡t✲

❣❡♥❡r❛t❡❞ s✉♣✲❧❛tt✐❝❡s ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✸✻❪✳



✽✽ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

4.2 Interaction Systems and Topology

❚❤❡ ♠♦st ♣♦♣✉❧❛r s✉♣✲❧❛tt✐❝❡s ❛r❡ ♣r♦❜❛❜❧② t❤❡ s✉♣✲❧❛tt✐❝❡s ❛r✐s✐♥❣ ❛s ❝♦❧❧❡❝t✐♦♥s ♦❢

♦♣❡♥ s❡ts ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳ ▲❡t✬s st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ ❝♦♥str✉❝t✐✈❡

t♦♣♦❧♦❣②✳

4.2.1 Constructive Topology

❆❜str❛❝t t♦♣♦❧♦❣② ✐s ❛ ✈❡r② ❝❧❛ss✐❝❛❧ ❞♦♠❛✐♥✱ ❛♥❞ ❜♦t❤ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ ❡①❝❧✉❞❡❞

♠✐❞❞❧❡ ❛♥❞ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ❛r❡ ✉s❡❞ q✉✐t❡ ❤❡❛✈✐❧②✳ ■t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦

❞❡✈❡❧♦♣ ♥♦♥✲tr✐✈✐❛❧ ♣❛rts ♦❢ t♦♣♦❧♦❣② ✐♥ ❛ ❝♦♥str✉❝t✐✈❡ ❢r❛♠❡✇♦r❦✳

§ P♦✐♥t❢r❡❡ ❚♦♣♦❧♦❣②✳ ❚❤❡ ☞rst ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ♠❛♥② t♦♣♦❧♦❣✐❝❛❧ r❡s✉❧ts ❝❛♥ ❜❡

r❡♣❤r❛s❡❞ t♦ ♠❡♥t✐♦♥ ♦♣❡♥ s❡ts r❛t❤❡r t❤❛♥ ❛❝t✉❛❧ ♣♦✐♥ts✳ P♦✐♥t❢r❡❡ t♦♣♦❧♦❣② ✐s ❛

s②st❡♠❛t✐❝ ❛♥❛❧②s✐s ♦❢ t♦♣♦❧♦❣② ❛❧♦♥❣ t❤✐s ❧✐♥❡✳ ❲♦r❦✐♥❣ ❞✐r❡❝t❧② ✇✐t❤ ♦♣❡♥ s❡ts ❛❧✲

❧♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t♦ r❡♠♦✈❡ ♠❛♥② ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡✱ ❣✐✈✐♥❣ ❛ ♠♦r❡

❝♦♥str✉❝t✐✈❡ t❤❡♦r②✳ ❊①❛♠♣❧❡s ♦❢ t♦♣♦❧♦❣✐❝❛❧ t❤❡♦r❡♠s ❤❛✈✐♥❣ r❡❝❡✐✈❡❞ ❛ ❝♦♥str✉❝✲

t✐✈❡ tr❡❛t♠❡♥t ✐♥❝❧✉❞❡ ❚✐❦❤♦♥♦✈✱ ❍❛❤♥✲❇❛♥❛❝❤ ❛♥❞ ❍❡✐♥❡✲❇♦r❡❧ t❤❡♦r❡♠s✱ ❙t♦♥❡✬s

r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♦r ♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠s✳

P♦✐♥t❢r❡❡ t♦♣♦❧♦❣② ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ st✉❞② ♦❢ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢

❢r❛♠❡s ✭❝♦♠♣❧❡t❡ ❍❡②t✐♥❣ ❛❧❣❡❜r❛s✮✳ ❚❛❦✐♥❣ t❤❡ ❞✉❛❧ ✐s ❥✉st ❛ t❡❝❤♥✐❝❛❧ ❛rt✐❢❛❝t t♦

❣❡t ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❭t♦♣♦❧♦❣✐❝❛❧✧ ❞✐r❡❝t✐♦♥✿ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❢r♦♠ X1 t♦ X2 ✐s

❛ ❧✉❜✲♣r❡s❡r✈✐♥❣ ❢✉♥❝t✐♦♥ ❢r♦♠ ❖(X2) t♦ ❖(X1) ✇❤❡r❡ ❖(X) ✐s t❤❡ ❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts

♦❢ t❤❡ t♦♣♦❧♦❣② X✳ ❚❤✐s ❝❛t❡❣♦r② ✐s ❝❛❧❧❡❞ t❤❡ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧❡s✳ ❋✉rt❤❡r ♠♦t✐✈❛t✐♦♥

❢♦r ❭♣♦✐♥t❧❡ss✧ t♦♣♦❧♦❣② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✻❪✳

§ ❋♦r♠❛❧ ❚♦♣♦❧♦❣②✳ ❍♦✇❡✈❡r✱ t❤❡ t❤❡♦r② ♦❢ ❧♦❝❛❧❡s ✐s st✐❧❧ ✐♠♣r❡❞✐❝❛t✐✈❡✳ ❋♦r♠❛❧

t♦♣♦❧♦❣② ✐s t❤❡ st✉❞② ♦❢ ❧♦❝❛❧❡s ✐♥ ❛ ♣r❡❞✐❝❛t✐✈❡ s❡tt✐♥❣✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✱ ♦♥❡

❝♦♥s✐❞❡rs ❛ t♦♣♦❧♦❣② ❛s ❣✐✈❡♥ ❜② ❛ ❜❛s❡ ♦❢ ♦♣❡♥ s❡ts S✳ ❆♥② ❡❧❡♠❡♥t ♦❢ S ✐s ❛ ❜❛s✐❝

♦♣❡♥✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤✐s ❜❛s❡ ✐s ❣✐✈❡♥ ❛ ❝♦✈❡r✐♥❣ ♣r❡❞✐❝❛t❡✿ s ⊳ U ✭❢♦r s♦♠❡ s ǫ S

❛♥❞ U ✿ P(S)✮✳ ■t✬s ✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣ ✐s t❤❛t ❭t❤❡ ❜❛s✐❝ ♦♣❡♥ s ✐s ❝♦✈❡r❡❞ ❜② t❤❡ ❜❛s✐❝

♦♣❡♥s ✐♥ U✧✳ ❆s ✇❡ s❛✇ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❢♦r♠❛❧ t♦♣♦❧♦❣② ✐s t❤✉s t❤❡ st✉❞② ♦❢

❢r❛♠❡s ❛r✐s✐♥❣ ❢r♦♠ s❡t✲❣❡♥❡r❛t❡❞ s✉♣✲❧❛tt✐❝❡s✳

■♥ ♦r❞❡r ❢♦r t❤✐s r❡❧❛t✐♦♥ t♦ ❣❡♥❡r❛t❡ ❛ ❞✐str✐❜✉t✐✈❡ s✉♣✲❧❛tt✐❝❡✱ ✐t s❤♦✉❧❞ s❛t✐s☞❡s

✭❛♠♦♥❣ ♦t❤❡rs✮✿

s ⊳ U s ⊳ V

s ⊳ U ↓ V
❝♦♥✈❡r❣❡♥❝❡

✇❤❡r❡ U ↓ V ,
{
s ǫ S | (∃s′εU) s ⊳ {s′} ∧ (∃s′εV) s ⊳ {s′}

}
✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❡①♣r❡ss❡s t❤❛t ❢♦r ❛♥② ♣❛✐r ♦❢ ❝♦✈❡r✐♥❣s ♦❢ S✱ ✐t

✐s ♣♦ss✐❜❧❡ t♦ ☞♥❞ ❛ ❝♦✈❡r✐♥❣ r❡☞♥✐♥❣ ❜♦t❤ ♦❢ t❤❡♠✳ ❈❧❛ss✐❝❛❧❧②✱ ✇❡ ❥✉st t❛❦❡ t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ❜✐♥❛r② ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦✈❡r✐♥❣s✳

❚❤❡ ❧❛st ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❢♦r♠❛❧ t♦♣♦❧♦❣② ✐s t❤❡ ♣♦s✐t✐✈✐t② ♣r❡❞✐❝❛t❡ Pos✳ ❚❤❡

✐♥t✉✐t✐✈❡ ♠❡❛♥✐♥❣ ♦❢ Pos(s) ✐s ❭t❤❡ ❜❛s✐❝ ♦♣❡♥ s ✐s ♥♦t ❡♠♣t②✧✳ ■t s❤♦✉❧❞ ✐♥ ♣❛rt✐❝✉❧❛r

s❛t✐s❢②✿

s ⊳ U

s ⊳ U+
♣♦s✐t✐✈✐t②



✹✳✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣② ✽✾

✇❤❡r❡ U+ , {sεU | Pos(s)}✳ ❚❤✐s ❛ss❡rts t❤❛t ♦♥❧② ♣♦s✐t✐✈❡ ❜❛s✐❝ ♦♣❡♥s ❛r❡ ✐♠♣♦rt❛♥t✳

❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❢♦r♠❛❧ t♦♣♦❧♦❣② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼✻❪✳

❆♥ ✐♥t❡r❡st✐♥❣ ❝❧❛ss ♦❢ ❢♦r♠❛❧ t♦♣♦❧♦❣✐❡s ✐s t❤❡ ❝❧❛ss ♦❢ ❭✐♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞✧

❢♦r♠❛❧ t♦♣♦❧♦❣✐❡s✳ ❋♦r t❤♦s❡✱ t❤❡ r✉❧❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♣♦s✐t✐✈✐t② ❝❛♥ ❜❡ ✉♥❞❡r✲

st♦♦❞ ❛s ❭❣❡♥❡r❛t✐♥❣✧ r✉❧❡s r❛t❤❡r t❤❛♥ ❭❛❞♠✐ss✐❜❧❡ r✉❧❡s✧✳ ❚❤♦s❡ ❛r❡ st✉❞✐❡❞ ✐♥

❞❡t❛✐❧s ✐♥ ❬✷✼❪✱ ❛♥❞✱ ❛s ❝❛♥ ❜❡ ❡❛s✐❧② ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❝♦✐♥❝✐❞❡ ✇✐t❤

❢r❛♠❡s ❝♦♥str✉❝t❡❞ ❢r♦♠ s❡t✲♣r❡s❡♥t❡❞ s✉♣✲❧❛tt✐❝❡s✳

§ ❇❛s✐❝ ❚♦♣♦❧♦❣②✳ ■♥ ❬✼✾❪ ❛♥❞ ❬✸✻❪✱ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥ ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ str✉❝t✉r❡ ❢♦r

t♦♣♦❧♦❣②✳ ❚❤❡ ❞✐☛❡r❡♥❝❡s ✇✐t❤ t❤❡ tr❛❞✐t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❛r❡✿

� t❤❡ ✉♥❛r② ♣r❡❞✐❝❛t❡ Pos ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❜✐♥❛r② ♣r❡❞✐❝❛t❡✿ ⋉✱ ❞✉❛❧ t♦ ⊳❀
� t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❞r♦♣♣❡❞❀

� t❤❡ ♣♦s✐t✐✈✐t② ❛①✐♦♠ ✐s ❞r♦♣♣❡❞✳

❚❤❡ ✐❞❡❛ ✐s t♦ ♦❜t❛✐♥ ❛ ❝♦♥❝✐s❡✱ ❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝ ❝♦r❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❛t

✇✐❧❧ ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r②✳

❋♦r♠❛❧❧②✿

⊲ Definition 4.2.1: ❧❡t S ❜❡ ❛ s❡t✱ ❛ ❜❛s✐❝ t♦♣♦❧♦❣② ♦♥ S ✐s ❛ ♣❛✐r ♦❢ ♦♣❡r❛t♦rs ❆

❛♥❞ ❏ ♦♥ P(S) s✉❝❤ t❤❛t✿

� ❆ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r❀

� ❏ ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r❀

� ❆ ❛♥❞ ❏ ❛r❡ r❡❧❛t❡❞ ✈✐❛ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

❆(U) ≬ ❏(V)

U ≬ ❏(V)
❝♦♠♣❛t✐❜✐❧✐t② ✳

❚❤❡ ♥♦t❛t✐♦♥ s ⊳ U ✐s s②♥♦♥②♠ t♦ s ε ❆(U) ❛♥❞ s ⋉ V ✐s s②♥♦♥②♠ t♦ s ε ❏(V)✳

■t ❝❛♥ ❜❡ ❡♥❧✐❣❤t❡♥✐♥❣ t♦ ❧♦♦❦ ❛t t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❆ ❛♥❞ ❏ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛

tr❛❞✐t✐♦♥❛❧ ✭❝❧❛ss✐❝❛❧✮ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✿ ✐❢ S ✐s ❛ ❜❛s❡ ❢♦r ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✱ ❛♥❞ ✐❢ U

✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❛s✐❝ ♦♣❡♥s✱ ✇❡ ❤❛✈❡✿

� s ε ❆(U) ✐☛ s ⊆
⋃
U✱ ♦r s ✐s ❝♦✈❡r❡❞ ❜② U❀

� s ε ❏(U) ✐☛ ❢♦r s♦♠❡ x ǫ s✱ ❛❧❧ ❜❛s✐❝ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ x ❛r❡ ♠❡♠❜❡rs ♦❢ U✳

❋r♦♠ s✉❝❤ ❛ ❜❛s✐❝ t♦♣♦❧♦❣②✱ ✇❡ ❝❛♥ ❞❡☞♥❡ ❛ ❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts ✭♣r❡❞✐❝❛t❡s U

s✳t✳ ❆(U) ⊆ U✮ ❛♥❞ ❛ ❧❛tt✐❝❡ ♦❢ ❝❧♦s❡❞ s❡ts ✭s✉❜s❡ts V s✳t✳ V ⊆ ❏(V)✮✳1 ❚❤♦s❡ ❧❛tt✐❝❡s

❛r❡ s❡t✲❣❡♥❡r❛t❡❞✱ ❜✉t ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ ♥♦t s❡t✲♣r❡s❡♥t❡❞✳

§ ❇❛s✐❝ ❈♦♥t✐♥✉✐t②✳ ❚❤❡ ♠❛✐♥ t♦♣♦❧♦❣✐❝❛❧ ♥♦t✐♦♥ ✐s ♣r♦❜❛❜❧② t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥✳ ❍♦✇ ❝❛♥ ✇❡ ❡①♣r❡ss t❤❡ ❢❛❝t t❤❛t ❛ ❭❢✉♥❝t✐♦♥✧ ❢r♦♠ (S,❆, ❏) t♦ (S′,❆′, ❏′) ✐s

❝♦♥t✐♥✉♦✉s❄ ❈❧❛ss✐❝❛❧❧②✱ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ✭t❤❡

❛♥❣❡❧✐❝ ✉♣❞❛t❡ ♦❢ ✐ts ❣r❛♣❤✮ s❡♥❞s ♦♣❡♥s t♦ ♦♣❡♥s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ ❛r✐s❡s ❛s ❛ r❡❧❛t✐♦♥ R ❜❡t✇❡❡♥ ✭❜❛s✐❝✮ ♦♣❡♥s✿ t❤❡ ♠❡❛♥✐♥❣ ♦❢ (s, s′) ε R ✐s

❭t❤❡ ♦♣❡♥ s ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ s′✧✳ ❙✐♥❝❡ ✐♥ ❛ ❜❛s✐❝ t♦♣♦❧♦❣②✱ t❤❡

♥♦t✐♦♥s ♦❢ ❝❧♦s❡❞ ❛♥❞ ♦♣❡♥ s❡ts ❛r❡ ❭✐♥❞❡♣❡♥❞❡♥t✧✱ ✇❡ ❛❧s♦ ❛❞❞ ❛ ❞✉❛❧ ❝❧❛✉s❡ st❛t✐♥❣

t❤❛t t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ ❛ ❝❧♦s❡❞ s❡t ✐s ❛ ❝❧♦s❡❞ s❡t✿

1 ✿ ❚❤❡ ❢❛❝t t❤❛t ♦♣❡♥ s✉❜s❡ts ❛r❡ st❛❜❧❡ ✇✳r✳t✳ ❛ ❝❧♦s✉r❡ ♦♣❡r❛t✐♦♥ ❛♥❞ ❝❧♦s❡❞ s✉❜s❡ts ❛r❡ st❛❜❧❡
✇✳r✳t✳ ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ✐s ❥✉st✐☞❡❞ ✐♥ ❬✼✽❪✳



✾✵ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

⊲ Definition 4.2.2: ✭❬✸✻❪✮ ✐❢ (S1,❆1, ❏1) ❛♥❞ (S2,❆2, ❏2) ❛r❡ ❜❛s✐❝ t♦♣♦❧♦❣✐❡s✱ ❛

r❡❧❛t✐♦♥ R ⊆ S1 × S2 ✐s ❝♦♥t✐♥✉♦✉s ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✶✮ 〈R〉 ·❆2 ⊆ ❆1 · 〈R〉❀

✷✮ 〈R∼〉 · ❏1 ⊆ ❏2 · 〈R
∼〉✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❚❤❡ s❤❛♣❡ ♦❢ ❝♦♥❞✐t✐♦♥ ✷ ♠❛② ❧♦♦❦ str❛♥❣❡✱ ❜✉t t❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ❞❡☞♥✐t✐♦♥

♠❛❦❡s 〈R∼〉 s❡♥❞ ♦♣❡♥ s❡ts t♦ ♦♣❡♥ s❡ts ❛♥❞ [R∼] s❡♥❞ ❝❧♦s❡❞ s❡t t♦ ❝❧♦s❡❞ s❡ts✳2 ■♥

t❤❡ tr❛❞✐t✐♦♥❛❧ ❝❛s❡ ✇❤❡r❡ R ❝♦♠❡s ❢r♦♠ ❛ r❡❛❧ ❢✉♥❝t✐♦♥✱ t❤✐s ✐s ✐rr❡❧❡✈❛♥t ❛s ❜♦t❤ t❤❡

❆♥❣❡❧✐❝ ❛♥❞ ❉❡♠♦♥✐❝ ✉♣❞❛t❡s ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ r❡❧❛t✐♦♥ ❛r❡ ❡q✉❛❧✳

❖♥❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s ✇✐t❤ t❤✐s ❞❡☞♥✐t✐♦♥ ✐s t❤❛t ❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥s ❛r❡ r❡❧❛✲

t✐♦♥s ♦♥ ❜❛s❡s ❢♦r t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡s✳ ■t ✐s ♣♦ss✐❜❧❡ ❢♦r t✇♦ ✭❡①t❡♥s✐♦♥❛❧❧②✮ ❞✐☛❡r❡♥t

r❡❧❛t✐♦♥s t♦ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤✐s✱ ✇❡

♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ❡q✉❛❧✐t②✿

⊲ Definition 4.2.3: ✐❢ R ❛♥❞ T ❛r❡ t✇♦ ❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥s ❢r♦♠ (S1,❆1, ❏1)

t♦ (S2,❆2, ❏2)✱ t❤❡② ❛r❡ t♦♣♦❧♦❣✐❝❛❧❧② ❡q✉❛❧✱ ✐❢ ❆1 · 〈R〉(s2) = ❆1 · 〈T〉(s2) ❢♦r

❛❧❧ s2 ǫ S2✳ ❲❡ ✇r✐t❡ R ≈ T ✳

❚❤✐s ❢♦r♠s t❤❡ ❝❛t❡❣♦r② ♦❢ ❜❛s✐❝ t♦♣♦❧♦❣✐❡s ✇✐t❤ ❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥s ❜❡✲

t✇❡❡♥ t❤❡♠✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ BTop✳

❲❡ r❡❢❡r t♦ ❬✸✻❪ ❢♦r t❤❡ ♣r♦♦❢ t❤❛t t❤✐s ❢♦r♠s ❛ ❝❛t❡❣♦r②✳

4.2.2 Topology and Interaction

§ ❊①❡❝✉t✐♦♥ ❛♥❞ ❈♦♠♣❛t✐❜✐❧✐t②✳ ❲❡ ❦♥♦✇ ❢r♦♠ ❧❡♠♠❛ ✷✳✺✳✶✹ t❤❛t w∗◦ ❛♥❞ w⊥∞◦ ❛r❡

r❡s♣❡❝t✐✈❡❧② ❛ ❝❧♦s✉r❡ ❛♥❞ ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ♦♥ P(S)✳ ❲❡ ❛❧s♦ s❛✇ ✐♥ s❡❝t✐♦♥ ✷✳✻✳✹

t❤❛t t❤❡ r❡❧❛t✐♦♥s ⊳w ❛♥❞ ⋉w ❛r❡ ❧✐♥❦❡❞ ❜② t❤❡ ❭❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛✧✿

■♥✐t ⊳w ●♦❛❧ ■♥✐t ⋉w V

●♦❛❧ ⋉w V
❡①❡❝✉t✐♦♥ ✳

❚❤✐s ❡①♣r❡ss❡s t❤❡ s♦✉♥❞♥❡ss ♦❢ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ❝❧✐❡♥t ♣r♦❣r❛♠ ❛♥❞ ❛ s❡r✈❡r

♣r♦❣r❛♠✳ ❙♣❡❝✐❛❧✐③❡❞ ✇❤❡♥ ■♥✐t ✐s ❛ s✐♥❣❧❡t♦♥✱3 ✇❡ ♦❜t❛✐♥ t❤❡ ❡①❛❝t ❢♦r♠ ♦❢ ❙❛♠❜✐♥✬s

❝♦♠♣❛t✐❜✐❧✐t② r✉❧❡✿

s ⊳w ●♦❛❧ s ⋉w V

●♦❛❧ ⋉w V
✐✳❡✳

w∗◦(●♦❛❧) ≬w⊥∞◦(V)

●♦❛❧ ≬w⊥∞◦(V)
✳

■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ♣✉t✿

⊲ Definition 4.2.4: ✐❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ ❞❡☞♥❡✿

� ❆w ✿ P(S)→ P(S) ✇✐t❤ ❆w(U) , w∗◦(U)❀

� ❏w ✿ P(S)→ P(S) ✇✐t❤ ❏w(U) , w⊥∞◦(U) = w•∞(U)✳

❚❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s s❤♦✇ t❤❛t✿

◦ Lemma 4.2.5: ✐❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ t❤❡♥ (S,❆w, ❏w) ✐s

❛ ❜❛s✐❝ t♦♣♦❧♦❣②✳ ▼♦r❡♦✈❡r✱ t❤✐s ❜❛s✐❝ t♦♣♦❧♦❣② ✐s ❭s❡t✲♣r❡s❡♥t❡❞✧✱ ♦r

❭✭❝♦✮✐♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞✧✳

2 ✿ ❝♦♥❞✐t✐♦♥ ✷ ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ ❏1 · [R∼] ⊆ [R∼] · ❏2 ✉s✐♥❣ ❧❡♠♠❛ ✷✳✺✳✶✶✳

3 ✿ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t ❡q✉❛❧✐t② ✐s ♥♦t ♥❡❡❞❡❞ t♦ ❞❡☞♥❡ ❡①❡❝✉t✐♦♥ ✇❤❡♥ ■♥✐t ✐s ❛ s✐♥❣❧❡t♦♥✳
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§ ❈♦♥t✐♥✉✐t② ❛♥❞ ■♥t❡r❛❝t✐♦♥✳ ❙✐♥❝❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛r❡ ♥♦t❤✐♥❣ ❜✉t r❡♣r❡s❡♥t❛✲

t✐♦♥s ❢♦r ✭❝♦✮✐♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞ ❜❛s✐❝ t♦♣♦❧♦❣✐❡s✱ ✇❡ ♠❛② ❤♦♣❡ t❤❛t t❤❡ ♥♦t✐♦♥

♦❢ ❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥♦t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥✳ ❚❤✐s ✐s ✐♥❞❡❡❞ t❤❡

❝❛s❡✿ ❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥s ❛r❡ ❡①❛❝t❧② r❡☞♥❡♠❡♥ts ♠♦❞✉❧♦ s❛t✉r❛t✐♦♥ ✭s❡❝t✐♦♥s ✷✳✻✳✷

❛♥❞ ✷✳✻✳✺✮✳

◦ Lemma 4.2.6: ✐❢ wh ❛♥❞ wl ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ R ❛ r❡☞♥❡♠❡♥t

❢r♦♠ wh t♦ wl ✭✐✳❡✳ R ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ wh t♦ w∗
l ✮✱ t❤❡♥ ✇❡ ❤❛✈❡✿

〈R〉 · ❏l ⊆ ❏h · 〈R〉 ✳

proof: s✉♣♣♦s❡ V ⊆ Sl✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t 〈R〉·❏l(V) ⊆ ❏h ·〈R〉(V)✳ ❙✐♥❝❡ ❏h ·〈R〉(V)

✐s ❛ ❣r❡❛t❡st ☞①♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t♦r X 7→ 〈R〉(V) ∩w•(X)✱ ✐t ✐s s✉✍❝✐❡♥t t♦ s❤♦✇

t❤❛t 〈R〉 · ❏l(V) ✐s ❛ ♣♦st✲☞①♣♦✐♥t ❢♦r t❤✐s s❛♠❡ ♦♣❡r❛t♦r✿

� 〈R〉 · ❏l(V) ⊆ 〈R〉(V) ❜❡❝❛✉s❡ ❏l(V) ⊆ V ❀

� 〈R〉 ·❏l(V) ⊆ w•〈R〉 ·❏l(V)✿ s✉♣♣♦s❡ sh ε 〈R〉 ·❏l(V)✱ ❛♥❞ ❧❡t ah ǫ Ah(sh)✳ ❲❡

♥❡❡❞ t♦ ☞♥❞ ❛ dh ǫ Dh(sh, ah) s✳t✳ sh[ah/dh] ε V ✳ ❇❡❝❛✉s❡ sh ε 〈R〉 · ❏l(V)✱

✇❡ ❦♥♦✇ t❤❛t (sh, sl) ε R ❢♦r s♦♠❡ sl ⋉l V ✳ ❇② ❧❡♠♠❛ ✸✳✸✳✹✱ ✇❡ ❦♥♦✇

t❤❛t sl ⊳l
⋃
dh
R(sh[ah/dh]) ❛♥❞ ❜② ❝♦♠♣❛t✐❜✐❧✐t② ✭s✐♥❝❡ sl ⋉l V✮✱ ✇❡ ❝❛♥

☞♥❞ ❛ ❭☞♥❛❧✧ st❛t❡ s′l ε
⋃
dh
R(sh[ah/dh]) s✳t✳ s′l ⋉l V ✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥

♣❛rt✐❝✉❧❛r t❤❛t t❤❡r❡ ✐s ❛ r❡❛❝t✐♦♥ dh ǫ Dh(sh, ah) s✳t✳ s′l ε R(sh[ah/dh])✳

❲❡ t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t sh[ah/dh] ε 〈R〉 · ❏l(V)✳

�X

❚❤✐s ♣r♦♦❢ ✐s ♥♦t str✐❝t❧② s♣❡❛❦✐♥❣ ♣r❡❞✐❝❛t✐✈❡✱ ❛s ✐t ✉s❡s t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❏w ❛s w•∞✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❧❡♠♠❛ ✹✳✷✳✻ ❞✐r❡❝t❧② ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝♦❛❧❣❡❜r❛

❞❡☞♥✐♥❣ ❛♥ ❛❝t✐♦♥ ✐♥ A∞
h (sh) ❛♥❞ ♣r♦✈✐♥❣ t❤❛t ❡✈❡r②t❤✐♥❣ ✇♦r❦s✳ ❆❢t❡r ♣r♦♣♦s✐✲

t✐♦♥ ✷✳✺✳✶✽ ❛♥❞ ✸✳✸✳✼✱ t❤❡ r❡❛❞❡r ♣r♦❜❛❜❧② ❞♦❡s♥✬t ✇❛♥t t♦ r❡❛❞ s✉❝❤ ❛ ♣r♦♦❢✳

❲❡ t❤✉s ♦❜t❛✐♥✿

⋄ Proposition 4.2.7: ✐❢ wh ❛♥❞ wl ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ t❤❡♥ ❛

r❡❧❛t✐♦♥ R ⊆ Sh × Sl ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl ✐☛ ✐t ✐s ❛

❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥ ❢r♦♠ (Sl,❆l, ❏l) t♦ (Sh,❆h, ❏h)✳

▼♦r❡♦✈❡r✱ t♦♣♦❧♦❣✐❝❛❧ ❡q✉❛❧✐t② ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡q✉❛❧✐t② ♦❢ s❛t✉✲

r❛t✐♦♥s ❛s ❞❡☞♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✻✳✺✳

proof: ✇❡ ☞rst ♥❡❡❞ t♦ s❤♦✇ t❤❛t ✐❢ R ✐s ❛ r❡☞♥❡♠❡♥t✱ ✇❡ ❤❛✈❡ 〈R∼〉 · ❆h ⊆ ❆l · 〈R
∼〉

❛♥❞ 〈R〉 · ❏l ⊆ ❏h · 〈R〉✳ ❚❤❡ ☞rst ♣♦✐♥t ✐s ❣✐✈❡♥ ❜② ❧❡♠♠❛ ✸✳✸✳✺ ❛♥❞ t❤❡ s❡❝♦♥❞ ❜②

❧❡♠♠❛ ✹✳✷✳✻✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ✉s❡ ❧❡♠♠❛ ✷✳✺✳✷✶ ❛♥❞ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ r❡☞♥❡♠❡♥ts✳

❚❤❛t t♦♣♦❧♦❣✐❝❛❧ ❡q✉❛❧✐t② ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡①t❡♥s✐♦♥❛❧ ❡q✉❛❧✐t② ♦❢ s❛t✉r❛t✐♦♥s

❤♦❧❞s ❜② ❞❡☞♥✐t✐♦♥✳

�X

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ ❜②✿

⋄ Proposition 4.2.8: t❤❡ ♦♣❡r❛t✐♦♥ w 7→ (S,❆w, ❏w) ✐s ❛ ❢✉❧❧ ❛♥❞

❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ Ref♦♣≈ t♦ BTop✳
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4.2.3 More Basic Topologies

§ P♦s✐t✐✈✐t②✳ ❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❜❛s✐❝ t♦♣♦❧♦❣② ♣✉ts ✈❡r② ❧✐tt❧❡ ❝♦♥str❛✐♥t ♦♥ t❤❡ ♦♣❡r❛✲

t♦rs ❆ ❛♥❞ ❏✳ ❚❤❡ ♦♣❡r❛t♦rs ❆w ❛♥❞ ❏w ❤❛✈❡ ❛ ♠✉❝❤ str♦♥❣❡r r❡❧❛t✐♦♥s❤✐♣✿ t❤❡② ❛r❡

❞✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✳ Classically, ❜② ❧❡♠♠❛s ✷✳✺✳✶✼ ❛♥❞ ✷✳✺✳✶✽✱ ✇❡ ❤❛✈❡

❆w = ∁ · ❏w · ∁ ✳ ✭✹✲✶✮

❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ❝❧❛ss✐❝❛❧❧②✱ ❛♥② ❜❛s✐❝ t♦♣♦❧♦❣② ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ✐♥t❡r❛❝✲

t✐♦♥ s②st❡♠ ✇✐❧❧ s❛t✐s❢② t❤❡ ♣♦s✐t✐✈✐t② ❛①✐♦♠✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♣♦s✐t✐✈✐t② ♣r❡❞✐❝❛t❡ Pos

❢♦✉♥❞ ✐♥ ❢♦r♠❛❧ t♦♣♦❧♦❣✐❡s ❝❛♥ ❜❡ ❞❡☞♥❡❞ ❛s ❏(S)✳

◦ Lemma 4.2.9: (classically) ✐❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ t❤❡♥✱

❢♦r ❛♥② U ✿ P(S)✱ ✇❡ ❤❛✈❡ U ⊳w U ∩ ❏w(S)✱ ✐✳❡✳ U ⊳ U+ ❛♥❞ t❤❡

♣♦s✐t✐✈✐t② ❛①✐♦♠ ❤♦❧❞s✳

proof: ❞❡☞♥❡ U+ , U ∩ ❏w(S)✱ ❧❡t s ǫ S✱ ❧❡t✬s s❤♦✇ t❤❛t s ⊳w {s}+✿
� ✐❢ s ⊳w ∅✱ t❤❡♥ ✇❡ ❤❛✈❡ s ⊳w {s}+ ❜② ♠♦♥♦t♦♥✐❝✐t②❀

� ✐❢ ♥♦t✱ t❤❡♥ ✇❡ ❤❛✈❡ s ε ∁❆w(∅) = ❏w(S) ❜② t❤❡ r❡♠❛r❦ ✭✹✲✶✮✳ ❚❤✐s ♠❡❛♥s

t❤❛t s ε {s}+✱ ❛♥❞ s♦ s ⊳w {s}+✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② U ✿ P(S)✱ U ⊳w U+✳

�X

# ❘❡♠❛r❦ ✶✺✿ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❜❛s✐❝ t♦♣♦❧♦❣② ♦♥ S ✭❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st
♦♥❡ ❡❧❡♠❡♥t✮ ✇✐t❤ ❆(U) = U ❛♥❞ ❏(U) = ∅ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛t❡❞ ❢r♦♠
❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳ ◆♦ (S,❆w,❏w) ❝❛♥ ❜❡ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ t♦ t❤❡
♣♦s✐t✐✈✐t② ❛①✐♦♠✳

§ ❊①t❡♥❞✐♥❣ t❤❡ ❊①❡❝✉t✐♦♥ ❋♦r♠✉❧❛✳ ❲❡ ✇✐❧❧ ♥♦✇ s❡❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡

♠❛❝❤✐♥❡r② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ r❡☞♥❡♠❡♥ts ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ♠♦r❡ ❜❛s✐❝

t♦♣♦❧♦❣✐❡s✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠♣❧❡✿ ✉s❡ ❞✐☛❡r❡♥t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ❣❡♥❡r❛t❡ ❆ ❛♥❞ ❏✳

◦ Lemma 4.2.10: ❧❡t wh ❛♥❞ wl ❜❡ t✇♦ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ s✉♣♣♦s❡ R

✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✱ t❤❡♥ ✇❡ ❤❛✈❡✿

� 〈R〉 · ❏l · [R∼] ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ♦♥ Sh❀

� ❆h ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ 〈R〉 · ❏l · [R
∼]✳

■♥ ♦t❤❡r ✇♦r❞s✱
(
Sh,❆h, 〈R〉 · ❏l · [R

∼]
)
✐s ❛ ❜❛s✐❝ t♦♣♦❧♦❣②✳

proof: ❧❡t✬s ☞rst s❤♦✇ t❤❛t 〈R〉 · ❏l · [R
∼] ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r✿

� ✐t ✐s ❝♦♥tr❛❝t✐✈❡✿

〈R〉 · ❏l · [R
∼](U) ⊆ 〈R〉 · [R∼](U) ⊆ U

✇❤❡r❡ t❤❡ ☞rst ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❏l ❜❡✐♥❣ ❝♦♥tr❛❝t✐✈❡ ❛♥❞ t❤❡ s❡❝♦♥❞

❢r♦♠ t❤❡ ❢❛❝t t❤❛t 〈R〉 · [R∼] ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ✭❧❡♠♠❛ ✷✳✺✳✶✶✮✳

� ♠♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿

〈R〉 · ❏l · [R
∼] ⊆ 〈R〉 · ❏l · ❏l · [R

∼] ⊆ 〈R〉 · ❏l · [R
∼] · 〈R〉 · ❏l · [R

∼]

✇❤❡r❡ t❤❡ ☞rst ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❏l ❜❡✐♥❣ ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ❛♥❞ t❤❡

s❡❝♦♥❞ ❢r♦♠ [R∼] · 〈R〉 ❜❡✐♥❣ ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ✭❧❡♠♠❛ ✷✳✺✳✶✶✮✳



✹✳✷ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣② ✾✸

❚♦ s❤♦✇ t❤❛t t❤✐s ♦♣❡r❛t♦r ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❆h✱ s✉♣♣♦s❡ t❤❛t sh ⊳h U ❛♥❞

t❤❛t sh ε 〈R〉 · ❏l · [R
∼](V)✱ ✐✳❡✳ t❤❛t sl ⋉l [R∼](V) ❢♦r s♦♠❡ sl s✳t✳ (sh, sl) ε R✳ ❲❡

♥❡❡❞ t♦ s❤♦✇ t❤❛t U ≬ 〈R〉 · ❏l · [R∼](V)✳

❇② ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ t❤❛t sl ε R · ❆h(U)✱ s♦ t❤❛t✱ ❜❡❝❛✉s❡ R ✐s ❛ s✐♠✉❧❛t✐♦♥

❢r♦♠ w∗
h t♦ w∗

l ✱ sl ε ❆l · R(U) ✭❧❡♠♠❛ ✷✳✺✳✷✶✮✳ ❲❡ ❝❛♥ t❤❡♥ ✉s❡ ❝♦♠♣❛t✐❜✐❧✐t②

♦♥ sl ⋉l [R∼](V) ❛♥❞ sl ⊳l 〈R∼〉(U) t♦ ♦❜t❛✐♥ ❛ ❭☞♥❛❧✧ st❛t❡ s′l ε 〈R
∼〉(U)

❛♥❞ s′l ⋉l [R∼](V)✳ ❲❡ ❤❛✈❡ (s′h, s
′
l) ε R✱ ✇✐t❤ s

′
h ε U ❛♥❞ s′l ⋉l [R∼](V)✱ ✇❤✐❝❤

✐♠♣❧✐❡s✿

� s′h ε U❀
� s′h ε 〈R〉 · ❏l · [R

∼](V)✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

�X

❚❤❡ ✐♥t❡r❛❝t✐✈❡ r❡❛❞✐♥❣ ♦❢ t❤✐s ❧❡♠♠❛ ✐s s✐♠♣❧❡✿ ❛ ❜❛s✐❝ t♦♣♦❧♦❣② ✐s ❣✐✈❡♥ ❜②

❛ ✇❛② t♦ s♣❡❝✐❢② s❡r✈❡rs ✭✉s✐♥❣ ❏✮ ❛♥❞ ❛ ✇❛② t♦ s♣❡❝✐❢② ❝❧✐❡♥ts ✭✉s✐♥❣ ❆✮ ♦♥ t❤❡ s❛♠❡

s❡t ♦❢ st❛t❡s✳ ❈♦♠♣❛t✐❜✐❧✐t②✱ ♦r ❭❡①❡❝✉t✐♦♥✧ ✐s ❥✉st ❤❡r❡ t♦ ❡♥s✉r❡ t❤❛t s❡r✈❡rs ❛♥❞

♣r♦❣r❛♠s ❤❛✈❡ ❛ s♦✉♥❞ ✇❛② t♦ ❝♦♠♠✉♥✐❝❛t❡ ✭s❡❝t✐♦♥s ✷✳✻✳✸ ❛♥❞ ✷✳✻✳✹✮✳ ▲❡♠♠❛ ✹✳✷✳✶✵

❢♦r♠❛❧✐③❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✿ ✐❢ R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✱ t❤❡♥ ❛ ❝❧✐❡♥t

❢♦r wh ❛♥❞ ❛ s❡r✈❡r ❢♦r wl ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ❭✈✐❛✧ R✿ ❢♦r r❡❧❛t❡❞ st❛t❡s✱

✶✮ ❛ ❝❧✐❡♥t r❡q✉❡st ✐♥ wh ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ ✭s❡q✉❡♥❝❡ ♦❢✮ r❡q✉❡st✭s✮ ✐♥ wl❀

✷✮ t❤✐s r❡q✉❡st ✐♥ wl ❝❛♥ ❜❡ ❛♥s✇❡r❡❞ t♦ ❜② t❤❡ s❡r✈❡r✱ ✐♥ wl❀

✸✮ t❤✐s ✭s❡q✉❡♥❝❡ ♦❢✮ ❛♥s✇❡r✭s✮ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ❜❛❝❦ ✐♥ wh✳

❚❤❡ ❉❡♠♦♥ ❝❛♥ tr❛♥s❧❛t❡ t❤❡ ❝❧✐❡♥t✬s r❡q✉❡sts ❛♥❞ t❤❡ ❝❧✐❡♥t ❝❛♥ tr❛♥s❧❛t❡ t❤❡ ❉❡♠♦♥✬s

r❡s♣♦♥s❡s✿ t❤✐s ✐s ❛❧❧ t❤❛t ✐s ♥❡❝❡ss❛r② t♦ ❝♦♥❞✉❝t ✐♥t❡r❛❝t✐♦♥✳

❙✐♥❝❡ 〈R〉 · ❏ · [R∼] ✐s ❛♥ ✐♥t❡r✐♦r ♦♣❡r❛t♦r ✇❤❡♥❡✈❡r ❏ ✐s✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ❛s❦

✐❢ ✇❡ ❝❛♥ ✇❡❛❦❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ R ❜❡✐♥❣ ❛ r❡☞♥❡♠❡♥t✳ ❚❤❡ ❛♥s✇❡r ✐s ♥♦✱ ❛t ❧❡❛st

❝❧❛ss✐❝❛❧❧② s♣❡❛❦✐♥❣✿

◦ Lemma 4.2.11: (classically) ✐❢ wh ❛♥❞ wl ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❛♥❞

✐❢ R ✐s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Sh ❛♥❞ Sl s✳t✳ 〈R〉 · ❏l · [R
∼] ✐s ❝♦♠♣❛t✐❜❧❡

✇✐t❤ ❆h✱ t❤❡♥ R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✳

proof: s✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ ❆h ❛♥❞ 〈R〉 · ❏l · [R
∼]✿

(sh, sl) ε R sh ⊳h U sl ⋉l [R∼](V)

(∃s′h, s
′
l) (s′h, s

′
l) ε R ∧ s′h ε U ∧ s′l ⋉l [R∼](V)

✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl✱ ✐t ✐s s✉✍❝✐❡♥t t♦ ♣r♦✈❡

t❤❛t sh ⊳h U⇒ R(sh) ⊳l R(U) ✭❧❡♠♠❛ ✸✳✸✳✺✮✳ ❙✉♣♣♦s❡ sh ⊳h U ❛♥❞ (sh, sl) ε R❀

❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ sl ⊳l R(U) ❞♦❡s♥✬t ❤♦❧❞✳

¬sh ⊳l R(U)

⇔

sh ε ∁ ·❆l · R(U)

⇔ { ∁ · ❆l = ❏l · ∁ }

sh ⋉l ∁ · 〈R∼〉(U)

⇒ { ❝♦♠♣❛t✐❜✐❧✐t② ❛♣♣❧✐❡❞ t♦ (sh,sl) ε R✱ sh ⊳ U ❛♥❞ sh ⋉ ∁ · 〈R∼〉(U)✿ }
{ ❢♦r s♦♠❡ s′h ❛♥❞ s′l ✱ ✇❡ ❤❛✈❡ }

(s′h, s
′
l) ε R ❛♥❞ s′h ε U ❛♥❞ s′l ⋉l ∁ · 〈R

∼〉(U)

⇒
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(s′h, s
′
l) ε R ❛♥❞ s′h ε U ❛♥❞ s′l ε ∁ · 〈R

∼〉(U)

⇔

(s′h, s
′
l) ε R ❛♥❞ s′h ε U ❛♥❞ s′l 6ε 〈R

∼〉(U)

⇒

❝♦♥tr❛❞✐❝t✐♦♥✦

�X

4.3 Localization

❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦♣❡♥ s✉❜s❡ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❢♦r♠s ❛ s❡t✲

♣r❡s❡♥t❡❞ s✉♣✲❧❛tt✐❝❡ ✇✐t❤ ☞♥✐t❡ ❣❧❜s ✭❣✐✈❡♥ ❜② ✐♥t❡rs❡❝t✐♦♥✮✳ ❚❤❡ ❛❝t✉❛❧ ♥♦t✐♦♥ ♦❢

❢♦r♠❛❧ t♦♣♦❧♦❣② r❡q✉✐r❡s t❤✐s ❧❛tt✐❝❡ t♦ ❜❡ ❛ ❢r❛♠❡✳ ❲❤❛t ✐s ♠✐ss✐♥❣ ✐s ✐♥☞♥✐t❡ ❞✐s✲

tr✐❜✉t✐✈✐t②✿

∨

iǫI

(
V ∧Ui

)
= V ∧

(∨

iǫI

Ui

)
✳

■♥ ❬✷✼❪✱ t❤❡ ❛✉t❤♦rs ✐❞❡♥t✐❢② ❛ r❡str✐❝t✐♦♥ ♦♥ ❛①✐♦♠ s❡ts4 t♦ ❣❡♥❡r❛t❡ ❢♦r♠❛❧ ✭❞✐str✐❜✉✲

t✐✈❡✮ t♦♣♦❧♦❣✐❡s✳ ❙✐♥❝❡ t❤❡✐r ♥♦t✐♦♥ ♦❢ ✐♥❞✉❝t✐✈❡ ❣❡♥❡r❛t✐♦♥ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦ ♦✉r

r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✱ ✇❡ ❝❛♥ r❡✉s❡ t❤❡✐r ✇♦r❦✳

▲❡t (S,✔) ❜❡ ❛ ♣r❡♦r❞❡r❡❞ s❡t✱ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S ✐s ❧♦❝❛❧✐③❡❞

✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

s′ ✔ s , a ǫ A(s) ⇒ s′ ε w◦

(
⋃

dǫD(s,a)

{s[a/d]} ↓ {s′}
)

✇❤❡r❡ U ↓ V , U↓ ∩ V↓ ❛♥❞ U↓ , {s ǫ S | (∃s′ ε U) s ✔ s′}✳

❇② ♠♦♥♦t♦♥✐❝✐t②✱ t❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ r❡❧❛t✐♦♥ ✕ ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w

t♦ ✐ts❡❧❢✳

❖♥❡ r❡s✉❧t ❢r♦♠ ❬✷✼❪ ✐s t❤❛t ✐❢ (w,✔) ✐s ❧♦❝❛❧✐③❡❞ ❛♥❞ ✐❢ ✇❡ ❡①t❡♥❞ t❤❡ r✉❧❡s

❣❡♥❡r❛t✐♥❣ t❤❡ r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ w ✇✐t❤

s′ ε U s ✔ s′

s ⊳ U
✔✲❝♦♠♣❛t

✭✐✳❡✳ ✇❡ t❛❦❡ t❤❡ ❭❞♦✇♥ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✧ r❛t❤❡r t❤❛♥ t❤❡ r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡✮✱

t❤❡♥ t❤❡ r❡s✉❧t✐♥❣ s✉♣✲❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts ✇✐❧❧ ❜❡ ❞✐str✐❜✉t✐✈❡✳

❚❤❡ ♣r❡♦r❞❡r ✔ ❛✐♠s ❛t r❡♣r❡s❡♥t✐♥❣ ❛ ♣r✐♦r✐ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥❝❧✉s✐♦♥ ❜❡t✇❡❡♥

❜❛s✐❝ ♦♣❡♥s✿ s ✔ s′ ✐♥t✉✐t✐✈❡❧② ♠❡❛♥s ❭s ⊆ s′✧✳ ◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s ❛❞❞ s✉❝❤

❛ ♣r❡♦r❞❡r ❛ ♣♦st❡r✐♦r✐ ❜② ❝♦♥s✐❞❡r✐♥❣ s ✔ s′ ✐☛ s ⊳ {s′}✳ ❚❤✐s ♣r❡♦r❞❡r ✐s ❥✉st

t❤❡ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t② ✇❤✐❝❤ ❛♣♣❡❛rs ✐♠♣❧✐❝✐t❧② ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛①✐♦♠ ♦♥

♣❛❣❡ ✽✽✳

❲❡ ♥♦✇ ❡①♣❧♦r❡ t❤❡ ♠❡❛♥✐♥❣ ♦❢ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

❚❤❡ ❣♦❛❧ ✐s t♦ ✉♥❞❡rst❛♥❞ t❤✐s ♥♦t✐♦♥ t♦ ❣✐✈❡ ♠❡❛♥✐♥❣ t♦ t❤❡ ♥♦t✐♦♥s ♦❢ ♣♦✐♥t ❛♥❞

❝♦♥t✐♥✉♦✉s ♠❛♣s✳

4 ✿ ❛ ♥♦t✐♦♥ ❡q✉✐✈❛❧❡♥t t♦ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇❤❡♥ ❡q✉❛❧✐t② ✐s ♣r❡s❡♥t



✹✳✸ ▲♦❝❛❧✐③❛t✐♦♥ ✾✺

4.3.1 Localized Interaction Systems

§ ❙❡❧❢✲❙✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ☞rst st❡♣ ✐s t♦ ❛❞❞ ❛ ♥♦t✐♦♥ ♦❢ ♣r❡♦r❞❡r t♦ t❤❡ s❡t ♦❢ st❛t❡s✳

❚❤✐s ♦r❞❡r s❤♦✉❧❞ ❜❡ ✇❡❧❧✲❜❡❤❛✈❡❞ ✇✳r✳t✳ t♦ t❤❡ ♣❛r❡♥t ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳ ❚❤❡ ♠♦st

♥❛t✉r❛❧ t❤✐♥❣ ✐s t♦ ❛s❦ ✐t t♦ ❜❡ ❛ r❡☞♥❡♠❡♥t✿

⊲ Definition 4.3.1: ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ s❡❧❢✲s✐♠✉❧❛t✐♦♥ ♦♥ S ✐s ❣✐✈❡♥ ❜②

❛ ♣❛✐r (w,R) ✇❤❡r❡✿

� w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S❀

� R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ w t♦ ✐ts❡❧❢✳

❲❡ ❤❛✈❡✿

◦ Lemma 4.3.2: ✐❢ R ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ w t♦ ✐ts❡❧❢✱ t❤❡♥ s♦ ✐s t❤❡

r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ R✳

proof: t❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿ t❤❡ ✐❞❡♥t✐t② ✐s ❛ r❡☞♥❡♠❡♥t✱ r❡☞♥❡✲

♠❡♥ts ❝♦♠♣♦s❡✱ ❛♥❞ r❡☞♥❡♠❡♥ts ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✳

�X

❚❤✉s✱ ✇❡ ❝❛♥ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t t❤❡ s❡❧❢ s✐♠✉❧❛t✐♦♥ ✐s ❛ ♣r❡♦r❞❡r✱ ❛♥❞ ✇❡ ❝❛❧❧ ✐t ❭✕✧✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ s ✔ s′ ✐s t❤✉s ❭s r❡☞♥❡s s′✧✳ ❲❡ ✇r✐t❡ U↓ ❢♦r t❤❡ ❞♦✇♥✲❝❧♦s✉r❡ ♦❢ U✱

✐✳❡✳ U↓ , 〈✔〉(U)✳

◦ Lemma 4.3.3: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ s❡❧❢✲s✐♠✉❧❛t✐♦♥✱ ✇❡ ❤❛✈❡

s ⊳w U ⇒ {s}↓ ⊳w U
↓ ✳

proof: ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❧❡♠♠❛ ✷✳✺✳✷✶ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✕ ✐s ❛ r❡☞♥❡♠❡♥t ❢r♦♠ w

t♦ w ✐☛ ✕ ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ w∗ t♦ w∗✳

�X

# ❘❡♠❛r❦ ✶✻✿ ❢♦r ❛♥② ❣✐✈❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ t❤❡r❡ ✐s ❛ ✇❤♦❧❡ r❛♥❣❡
♦❢ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r t❤❡ s❡❧❢ s✐♠✉❧❛t✐♦♥✿ t❤❡ s✐♠♣❧❡st ♦♥❡ ✐s t❤❡ ❡♠♣t②
r❡❧❛t✐♦♥✱ ♦r ✐ts r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ✭t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥✮✳ ❙✐♥❝❡
r❡☞♥❡♠❡♥ts ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✱ ✇❡ ❛❧s♦ ❦♥♦✇ ✭✐♠♣r❡❞✐❝❛✲
t✐✈❡❧②✮ t❤❛t t❤❡r❡ ✐s ❛ ❧❛r❣❡st s❡❧❢✲r❡☞♥❡♠❡♥t ❢r♦♠ w t♦ ✐ts❡❧❢✳ ❚❤✐s ❜✐❣❣❡st
r❡☞♥❡♠❡♥t t✉r♥s ♦✉t t♦ ❤❛✈❡ ❛ ❝♦♥❝✐s❡ ❞❡s❝r✐♣t✐♦♥✿ ❞❡☞♥❡

Rw ,
`

❏w(S)× S
´

∪
`

S× ❆w(∅)
´

✳

❚❤✉s✱ (s1,s2) ε Rw ✐☛ t❤❡ ❆♥❣❡❧ ❝❛♥ ❛✈♦✐❞ ❞❡❛❞❧♦❝❦s ❢r♦♠ s1 ♦r t❤❡
❉❡♠♦♥ ❝❛♥ ❞❡❛❞❧♦❝❦ t❤❡ ❆♥❣❡❧ ❢r♦♠ s2 ✳ ■t ✐s q✉✐t❡ ❡❛s② t♦ ❝❤❡❝❦ t❤❛t
t❤✐s r❡❧❛t✐♦♥ ✐s ✐♥❞❡❡❞ ❛ r❡☞♥❡♠❡♥t✳ ✭❊✈❡♥ ✐❢ ✐t ✐s ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣ ♥♦t
❛ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥✳✮

§ ▲♦❝❛❧✐③❡❞ ❙❡❧❢✲❙✐♠✉❧❛t✐♦♥s✳ ❲❡ ♥♦✇ ❛❞❞ ❛ str♦♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ s❡❧❢✲s✐♠✉❧❛t✐♦♥s

✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts ❞✐str✐❜✉t✐✈❡✳ ❲❡ ♣♦st♣♦♥❡ t❤❡ ❞✐s❝✉ss✐♦♥

❛❜♦✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡❧❡✈❛♥❝❡ ♦❢ t❤✐s ♥♦t✐♦♥ t♦ s❡❝t✐♦♥ ✹✳✸✳✷✳ ❚❤❡ ❞❡☞♥✐t✐♦♥ ✇❡

✉s❡ ✐s ❛ s❧✐❣❤t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧✐③❛t✐♦♥ ❢♦✉♥❞ ✐♥ ❬✷✼❪✿



✾✻ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

⊲ Definition 4.3.4: ❧❡t (w,✕) ❜❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ s❡❧❢✲s✐♠✉❧❛t✐♦♥❀ ✇❡

s❛② t❤❛t (w,✕) ✐s ❧♦❝❛❧✐③❡❞ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

s1 ✔ s2 , a2 ǫ A(s2) ⇒ s1 ⊳w
⋃

d2ǫD(s2,a2)

{s2[a2/d2]} ↓ {s1} ✳

❚❤✐s ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♦r✐❣✐♥❛❧ ❞❡☞♥✐t✐♦♥ ❛♣♣❡❛r✐♥❣ ♦♥ ♣❛❣❡ ✾✹✿ t❤❡ ♣r❡♦r❞❡r ✕

♥❡❡❞s ♥♦t ❜❡ ❛ ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥✱ ❜✉t ♦♥❧② ❛ r❡☞♥❡♠❡♥t✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤✐s ♥♦t✐♦♥

❞♦❡s♥✬t ♥❡❡❞ t❤❡ ❡q✉❛❧✐t② r❡❧❛t✐♦♥ s✐♥❝❡ {s}↓ = {s′ | s′ ✔ s}✳

◦ Lemma 4.3.5: s✉♣♣♦s❡ (w,✕) ✐s ❧♦❝❛❧✐③❡❞✱ t❤❡♥ ✇❡ ❤❛✈❡✿

s1 ✔ s2 , a
′
2 ǫ A

∗(s2) ⇒ s1 ⊳w
⋃

d′
2
ǫD∗(s2,a

′
2
)

{s2[a
′
2/d

′
2]} ↓ {s1} ✳

❚❤✐s ✐s r❡♠✐♥✐s❝❡♥t ♦❢ ❧❡♠♠❛ ✸✳✸✳✺✱ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❛❧♠♦st ✐❞❡♥t✐❝❛❧✳

proof: ❧❡t s1 ✔ s2 ❛♥❞ a′2 ǫ A
∗(s2)❀ ✇❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ a′2✿

K ✐❢ a′2 = ❊①✐t✱ t❤❡♥ t❤❡ r❡s✉❧t ✐s tr✐✈✐❛❧✿ s1 ⊳ {s2} ↓ {s1} = {s1}
↓✳

K ✐❢ a′2 ✐s ♦❢ t❤❡ ❢♦r♠ ❈❛❧❧(a2, k2)✱ ❜② ❧♦❝❛❧✐③❛t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t

s1 ⊳
⋃

d2ǫD(s2,a2)

{s2[a2/d2]} ↓ {s1} ✳ ✭✹✲✷✮

▲❡t s′1 ε
⋃
d2
{s2[a2/d2]} ↓ {s1}✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r✱ s′1 ✔ s2[a2/d2] ❢♦r

s♦♠❡ d2 ǫ D(s2, a2)✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❢♦r s′1 ✔ s2[a2/d2]

❛♥❞ k2(d2) ǫ A
∗(s2[a2/d2]) t♦ ❣❡t

s′1 ⊳
⋃

d′
2
ǫD∗(s2[a2/d2],k2(d2))

{s2[a2/d2][k2(d2)/d
′
2]} ↓ {s′1} ✳ ✭✹✲✸✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t
⋃

d′
2
ǫD∗(s2[a2/d2],k2(d2))

{s2[a2/d2][k2(d2)/d
′
2]} ⊆

⋃

d′
2
ǫD∗(s2,a

′
2
))

{s2[a
′
2/d

′
2]}

❛♥❞ s✐♥❝❡ {s′1}
↓ ⊆ {s1}

↓✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❘❍❙ s✐❞❡ ♦❢ ✭✹✲✸✮ ✐s ✐♥❝❧✉❞❡❞

✐♥
⋃
d′

2
ǫD∗(s2,a

′
2
)){s2[a

′
2/d

′
2]} ↓ {s1}✳ ❇② ♠♦♥♦t♦♥✐❝✐t②✱ ❢r♦♠ ✭✹✲✸✮✱ ✇❡ ❣❡t

s′1 ⊳
⋃

d′
2
ǫD∗(s2,a

′
2
))

{s2[a
′
2/d

′
2]} ↓ {s1} ✳

❙✐♥❝❡ t❤✐s ✐s tr✉❡ ❢♦r ❛♥② s1 ε
⋃
d2
{s2[a2/d2]} ↓ {s1}✱ ✇❡ ☞♥❛❧❧② ❣❡t

⋃

d2ǫD(s2,a2)

{s2[a2/d2]} ↓ {s1} ⊳
⋃

d′
2
ǫD∗(s2,a

′
2
))

{s2[a
′
2/d

′
2]} ↓ {s1} ✳

❇② tr❛♥s✐t✐✈✐t② ✇✐t❤ ✭✹✲✷✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

s1 ⊳
⋃

d′
2
ǫD∗(s2,a

′
2
))

{s2[a
′
2/d

′
2]} ↓ {s1} ✳

�X

❚❤✐s ❛❧❧♦✇s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿



✹✳✸ ▲♦❝❛❧✐③❛t✐♦♥ ✾✼

◦ Lemma 4.3.6: ✐❢ (w,✕) ✐s ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ t❤❡♥ s ⊳w U
✐♠♣❧✐❡s s ⊳w U ↓ {s}✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ U ⊳w V t❤❡♥ U ⊳w U ↓ V ✳

proof: s✉♣♣♦s❡ s ⊳w U✱ ✐✳❡✳ t❤❡r❡ ✐s s♦♠❡ a′ ǫ A∗(s) s✳t✳ ✇❤❡♥❡✈❡r d′ ǫ D∗(s, a′)✱ ✇❡

❤❛✈❡ s[a′/d′] ε U ✳ ❇❡❝❛✉s❡ ✔ ✐s r❡✌❡①✐✈❡✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣r❡❝❡❞✐♥❣ ❧❡♠♠❛ ❛♥❞

❣❡t s ⊳w
⋃
d′{s[a′/d′]} ↓ {s}✳ ❇② ♠♦♥♦t♦♥✐❝✐t②✱ ✇❡ ♦❜t❛✐♥ s ⊳w U ↓ {s}✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ t❤❡ ☞rst ♦♥❡✳

�X

§ ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❉✐str✐❜✉t✐✈✐t②✳ ❲❡ ❝❛♥ ♥♦✇ ❝❤❡❝❦ t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ✐s s❛t✐s☞❡❞ ❢♦r

❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s ✇✐❧❧ ❜❡ t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ✐♠♣❧✐❡s

✐♥☞♥✐t❡ ❞✐str✐❜✉t✐✈✐t② ♦❢ t❤❡ ❜✐♥❛r② ∧ ♦✈❡r ❛r❜✐tr❛r②
∨

✭❧❡♠♠❛ ✹✳✸✳✾✮✳

◦ Lemma 4.3.7: ✐❢ (w,✕) ✐s ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ t❤❡♥

s ⊳w U , s ⊳w V ⇒ s ⊳w U ↓ V ✳

proof: ❜② ❛♣♣❧②✐♥❣ ❧❡♠♠❛ ✹✳✸✳✻✱ ✇❡ ❦♥♦✇ t❤❛t s ⊳w U ↓ {s}✳ ❇② ❧❡♠♠❛ ✹✳✸✳✸✱ ✇❡ ❛❧s♦

❦♥♦✇ t❤❛t {s}↓ ⊳w V↓✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t U ↓ {s} ⊳w V↓✳ ❇② t❤❡ s❡❝♦♥❞ ♣♦✐♥t

♦❢ ❧❡♠♠❛ ✹✳✸✳✻ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t U ↓ {s} ⊳w (U ↓ {s}) ↓ V↓ = U ↓ V ↓ {s}✳
❲❡ t❤✉s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡✿

s ⊳w U ↓ {s} ⊳w U ↓ V ↓ {s} ⊆ U ↓ V

✇❤✐❝❤ ❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡✳

�X

■♥ ♦r❞❡r t♦ ❣❡t ❛ ❞✐str✐❜✉t✐✈❡ ❧❛tt✐❝❡ ♦❢ ♦♣❡♥ s❡ts✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ s✉r❡ t❤❡ ♣r❡♦r❞❡r ✐s

❭❝♦♠♣❛t✐❜❧❡✧ ✇✐t❤ t❤❡ ❝♦✈❡r✐♥❣ ❜② ❛❞❞✐♥❣ t❤❡ ✔✲❝♦♠♣❛t r✉❧❡ ✭♣❛❣❡ ✾✹✮✳ ❊q✉✐✈❛❧❡♥t❧②✱

⊲ Definition 4.3.8: ✐❢ (w,✕) ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ s❡❧❢✲s✐♠✉❧❛t✐♦♥✱ ✇❡

✇r✐t❡ ❆w✔ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✿

U 7→ ❆w(U↓) ✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ❆w✔ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r✱5 s♦ t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r❡✲

☞①♣♦✐♥ts ❢♦r ❆w✔ ❢♦r♠s ❛ ❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡✱ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜② ❖w✔✳

◦ Lemma 4.3.9: ✐❢ (w,✕) ✐s ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ t❤❡♥ t❤❡ s✉♣✲

❧❛tt✐❝❡ ❖w✔ ✐s ❞✐str✐❜✉t✐✈❡✳

proof: t❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦

❆w✔(U) ∩❆w✔(V) = ❆w✔(U ↓ V) ✳

❚❤❡ ❛❝t✉❛❧ ♣r♦♦❢ ✐s ♥♦t ❞✐✍❝✉❧t ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼✾❪✳

�X

# ❘❡♠❛r❦ ✶✼✿ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ❖w ✐s ❛ ❍❡②t✐♥❣
❛❧❣❡❜r❛ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛♥② ♦♣❡♥ ♣r❡❞✐❝❛t❡ U✱ t❤❡ ♦♣❡r❛t✐♦♥ U∧
❤❛s ❛ r✐❣❤t ❛❞❥♦✐♥t U ⇒ ✿ ♣✉t U ⇒ V , λs.U(s) → V(s)✳ ❚❤✐s ✐s t❤❡
s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s ✐♥ P(S)✱ s♦ t❤❛t t❤❡ ♦♥❧② t❤✐♥❣ t♦ ❞♦ ✐s s❤♦✇ t❤❛t
t❤✐s ♣r❡❞✐❝❛t❡ ✐s ♦♣❡♥✳ ❚❤✐s ✉s❡s ❧♦❝❛❧✐③❛t✐♦♥✳

5 ✿ ❜❡❝❛✉s❡ ❆w✔ =❆w · 〈✔〉✱ ✇✐t❤ ❆w ❛♥❞ 〈✔〉 ❜♦t❤ ❝❧♦s✉r❡ ♦♣❡r❛t♦rs s✳t✳ 〈✔〉 · ❆w ⊆ ❆w · 〈✔〉✳



✾✽ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

4.3.2 Computational Interpretation

❲❡ ❛❧r❡❛❞② ❛r❣✉❡❞ ✐♥ s❡❝t✐♦♥s ✷✳✻ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ r❡☞♥❡♠❡♥t ❞♦❡s ❤❛✈❡ ❛ ♥❛t✉r❛❧

✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❝♦♠♣♦♥❡♥ts✱ ✐✳❡✳ ♣r♦❣r❛♠s ♣r♦✈✐❞✐♥❣ ❛♥ ✐♥t❡r❢❛❝❡ ✭❣✐✈❡♥ ❜② t❤❡✐r

❞♦♠❛✐♥✮ r❡❧②✐♥❣ ♦♥ ♦t❤❡r ✐♥t❡r❢❛❝❡s ✭❣✐✈❡♥ ❜② t❤❡ ❝♦❞♦♠❛✐♥✮✳ ▲♦❝❛❧✐③❛t✐♦♥ ❝❛♥ ❜❡

s❡❡♥ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡q✉✐r❡♠❡♥t ♦♥ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿ t❤❡ ❉❡♠♦♥ s❤♦✉❧❞ ❜❡

❛❜❧❡ t♦ ❛♥s✇❡r ❝♦♥❝✉rr❡♥t r❡q✉❡sts✳ ❚❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ s❡✈❡r❛❧ ❝❧✐❡♥ts ✭❆♥❣❡❧s✮

✇❛♥t t♦ ❝♦♥♥❡❝t t♦ ❛ s✐♥❣❧❡ s❡r✈❡r ✭❉❡♠♦♥✮ ✐s ✈❡r② ❝♦♠♠♦♥✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡

s❡r✈❡r ♠✉st ☞♥❞ ❛ ✇❛② t♦ ❛♥s✇❡r ❛❧❧ t❤❡ ❝❧✐❡♥ts ❝♦♥❝✉rr❡♥t❧②✱ ♦r ❛t ❧❡❛st s✐♠✉❧❛t❡ s✉❝❤

❛ ❝♦♥❝✉rr❡♥t ✐♥t❡r❛❝t✐♦♥ ✐♥ ❛ s❡q✉❡♥t✐❛❧ ✇❛②✳

§ ▲♦❝❛❧✐③❛t✐♦♥✳ ■❢ ✇❡ s♣❡❧❧ ♦✉t t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ❞❡t❛✐❧s✱ ✇❡ ❣❡t✿ ❛

♣r❡♦r❞❡r ❭✕✧ ✐s ❧♦❝❛❧✐③❡❞ ✐❢

s′ ✔ s ⇒
(
∀a ǫ A(s)

)
(
∃a′ ǫ A∗(s′)

)
✭✹✲✹✮(

∀d′ ǫ D∗(s′, a′)
)

(
∃d ǫ D(s, a)

)
✭✹✲✺✮

s′[a′/d′] ✔ s[a/d] ∧ s′[a′/d′] ✔ s′ ✳

❚❤❛t ❭✕✧ ✐s ❧♦❝❛❧✐③❡❞ ✐s t❤✉s ❛ str❡♥❣t❤❡♥✐♥❣ ♦❢ ❭✕✧ ❜❡✐♥❣ ❛ r❡☞♥❡♠❡♥t✳ ■t r❡q✉✐r❡s

t❤❛t ✐❢ s′ ✔ s✱ t❤❡♥ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ ❛♥② ❛❝t✐♦♥ ❢r♦♠ s ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❛❝t✐♦♥s ❢r♦♠ s′✱

❛♥❞ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ☞♥❛❧ s✐♠✉❧❛t✐♥❣ st❛t❡ ❣❡ts ☞♥❡r✳

■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤✐s ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❝♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥✿ ❧❡t (w,✕) ❜❡ ❧♦❝❛❧✐③❡❞✳ ❲❡ ❛❧❧♦✇ t❤❡ ❉❡♠♦♥ t♦ ❤❛✈❡ ❛♥ ✐♥t❡r♥❛❧✱

♦r ❤✐❞❞❡♥ st❛t❡✱ ❞✐☛❡r❡♥t ❢r♦♠ t❤❡ ❡①t❡r♥❛❧✱ ♦r ✈✐s✐❜❧❡ st❛t❡✳ ❚❤✐♥❦ ♦❢ t❤❡ ✐♥t❡r♥❛❧

st❛t❡ ❛s t❤❡ ❭r❡❛❧✧ st❛t❡ ♦❢ t❤❡ s②st❡♠✳ ■t ✐s ♥❛t✉r❛❧ t♦ r❡q✉✐r❡ t❤❛t t❤❡ ✐♥t❡r♥❛❧ st❛t❡

✐s ☞♥❡r t❤❛♥ t❤❡ ❡①t❡r♥❛❧ st❛t❡✱ s♦ t❤❛t t❤❡ ❉❡♠♦♥ ❝❛♥ ❝❛rr② ✐♥t❡r❛❝t✐♦♥ ❢r♦♠ t❤❡

✈✐s✐❜❧❡ st❛t❡ ✉s✐♥❣ t❤❡ ✐♥t❡r♥❛❧ st❛t❡ ♦❢ t❤❡ s②st❡♠✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ✐♥t❡r♥❛❧ st❛t❡ ✐s s′❀ s✉♣♣♦s❡ ❛❧s♦ t❤❛t s′ ⋉ V ✱ ✐✳❡✳ t❤❡

❉❡♠♦♥ ❝❛♥ ♠❛✐♥t❛✐♥ ❛♥ ✐♥✈❛r✐❛♥t ❢r♦♠ s′✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✈✐s✐❜❧❡ st❛t❡ ✐s s✱ ✐✳❡✳ ✇❡

❤❛✈❡ s′ ✔ s✳ ■♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡r✈❡r ❛♥❞ ❛ ❝❧✐❡♥t ✐♥ st❛t❡ s ❝❛♥ ❜❡ ❝♦♥❞✉❝t❡❞

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

� t❤❡ ✈✐s✐❜❧❡ st❛t❡✱ ❛s ✈✐❡✇❡❞ ❜② ❛ ❝❧✐❡♥t✱ ✐s s❀ t❤❡ s❡r✈❡r ✐s ✐♥t❡r♥❛❧❧② ✐♥ st❛t❡ s′✳

� ❛ ❝❧✐❡♥t ❝♦♥♥❡❝ts t♦ t❤❡ s❡r✈❡r ❛♥❞ s❡♥❞s ❛ r❡q✉❡st a ǫ A(s)❀

� t❤❡ ❉❡♠♦♥ ✭s❡r✈❡r✮ ♥❡❡❞s t♦ ❛♥s✇❡r t❤✐s r❡q✉❡st ❜② s♦♠❡ d ǫ D(s, a)✱ ❜✉t ❤❡

♥❡❡❞s t♦ ❝❛rr② ♦✉t ✐♥t❡r♥❛❧ ✐♥t❡r❛❝t✐♦♥✿

❛✮ ❤❡ ☞rst tr❛♥s❧❛t❡s t❤❡ r❡q✉❡st a ǫ A(s) ✐♥t♦ ❛ ✭❣❡♥❡r❛❧✮ r❡q✉❡st a′ ǫ A∗(s′)

❢r♦♠ ❤✐s ✐♥t❡r♥❛❧ st❛t❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✲✹✮❀

❜✮ ❜❡❝❛✉s❡ s′ ⋉w V ✱ t❤❡ ❉❡♠♦♥ ❝❛♥ ❛♥s✇❡r t❤✐s ✭❣❡♥❡r❛❧✮ r❡q✉❡st ❜② ❛ ✭❣❡♥❡r❛❧✮

r❡s♣♦♥s❡ d′ ǫ D∗(s′, a′)❀

❝✮ t❤❡ ❉❡♠♦♥ ❝❛♥ ♥♦✇ tr❛♥s❧❛t❡ ❜❛❝❦ t❤✐s ✭❣❡♥❡r❛❧✮ r❡q✉❡st ✐♥t♦ ❛ ✭s✐♥❣❧❡✮

r❡q✉❡st d ǫ D(s, a) ❛❝❝♦r❞✐♥❣ t♦ ✭✹✲✺✮❀

� t❤❡ ❝❧✐❡♥t r❡❝❡✐✈❡s r❡s♣♦♥s❡ d ǫ D(s, a)❀

� t❤❡ ✐♥t❡r♥❛❧ st❛t❡ ♦❢ t❤❡ ❉❡♠♦♥ ✐s ♥♦✇ s′[a′/d′] ❛♥❞ t❤❡ ✈✐s✐❜❧❡ st❛t❡ ✐s s[a/d]✱

✇❡ ❤❛✈❡ ❜♦t❤ s′[a′/d′] ✔ s[a/d] ✭❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥ ✐♥t❡r♥❛❧ ❛♥❞ ✈✐s✐❜❧❡ st❛t❡s✮

❛♥❞ s′[a′/d′] ✔ s′✳



✹✳✸ ▲♦❝❛❧✐③❛t✐♦♥ ✾✾

❚❤❡ ❧❛st ♣♦✐♥t s❤♦✇s t❤❛t ✐❢ t❤❡ ❝❧✐❡♥t ❤❛s ♠♦r❡ r❡q✉❡sts✱ s❤❡ ❝❛♥ ❛s❦ t❤❡♠ ✭❜❡✲

❝❛✉s❡ s′[a′/d′] ✔ s[a/d]✮✱ ❜✉t ✐t ❛❧s♦ s❤♦✇s t❤❛t t❤❡ ❉❡♠♦♥ ❝❛♥ ❛♥s✇❡r ❛♥♦t❤❡r

r❡q✉❡sts ❢r♦♠ ✈✐s✐❜❧❡ ✐♥✐t✐❛❧ st❛t❡ s ✭❜❡❝❛✉s❡ s′[a′/d′] ✔ s′ ✔ s✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢

t❤❡r❡ ♦r✐❣✐♥❛❧❧② ✇❛s ❛ s❡❝♦♥❞ ❝❧✐❡♥t ✇❛♥t✐♥❣ t♦ ❝♦♥♥❡❝t ✐♥ st❛t❡ s✱ t❤❡ s❡r✈❡r ❝❛♥ ♥♦✇

❛♥s✇❡r ❤❡r r❡q✉❡st✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❉❡♠♦♥ ❝❛♥ s✐♠✉❧❛t❡ ❝♦♥❝✉rr❡♥t ✐♥t❡r❛❝t✐♦♥

✐♥ ❛ s❡q✉❡♥t✐❛❧ ✇❛②✳

❲❡ ❝❛♥ s✉♠♠❛r✐③❡ t❤✐s ❜② ❛ ❭❣❡♥❡r❛❧✐③❡❞ ❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛✧✿

s1 ⊳ U1 . . . sn ⊳ Un s ✔ s1, . . . , sn s ⋉ V

(∃s′1, . . . , s
′
n, s

′) s′1 ε U1 . . . s
′
n ε Un s′ ✔ s′1, . . . , s

′
2 s′ ⋉ V

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ♠♦r❡ ❝♦♥❝✐s❡ ✇❛② ❛s✿

❆(U1) ↓ . . . ↓❆(Un) ≬ ❏(V)

U1 ↓ . . . ↓Un ≬ ❏(V)
✳

❚❤✐s ✐s ❛ r❛t❤❡r ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ s✐♠♣❧❡ ❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡✳

❖♥❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s✐♠♣❧❡ ❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♦♥❡

✐s t❤❛t t❤❡r❡ ✐s ♥♦ ❝❛♥♦♥✐❝❛❧ ✇❛② t♦ ♦❜t❛✐♥ t❤❡ ☞♥❛❧ st❛t❡ ❢♦r ✐♥t❡r❛❝t✐♦♥✳ ❉✐☛❡r❡♥t

str❛t❡❣✐❡s ❢♦r ✐♥t❡r❛❝t✐♦♥ ♠❛② ②✐❡❧❞ ❞✐☛❡r❡♥t tr❛❝❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❞✐☛❡r❡♥t ☞♥❛❧

st❛t❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s❡r✈❡r ♠❛② st❛rt ✐♥t❡r❛❝t✐♦♥ ♦♥ t❤❡ ❧❡❢t ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞

♦♥ t❤❡ r✐❣❤t✱ ♦r ✈✐❝❡ ❛♥❞ ✈❡rs❛❀ ❤❡ ♠❛② ❡✈❡♥ ✐♥t❡r❧❡❛✈❡ ♣✐❡❝❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ ♦♥ ❜♦t❤

s✐❞❡s✳ ✭❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✹✳✸✳✼✳✮

❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t❤✉s t❤❛t ✇✐t❤ ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②s✲

t❡♠✱ ❛ s❡r✈❡r ♣r♦❣r❛♠ ❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ ❛ ❭❛ ❝♦♥❝✉rr❡♥t ✈✐rt✉❛❧ s❡r✈❡r✧ ✇❤✐❝❤ ❝❛♥

s✐♠✉❧❛t❡ ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛❧❧❡❧ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ s❡✈❡r❛❧ ❝❧✐❡♥ts ✐♥ ❛ s❡q✉❡♥t✐❛❧ ✇❛②✳

§ P♦✐♥ts✳ ◆♦✇ t❤❛t ❧♦❝❛❧✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✱ ✐t ✐s

r❡❧❛t✐✈❡❧② ❡❛s② t♦ ✐♥t❡r♣r❡t t❤❡ ♥♦t✐♦♥ ♦❢ ❢♦r♠❛❧ ♣♦✐♥t ✐♥ t❡r♠s ♦❢ ✐♥t❡r❛❝t✐♦♥✳

⊲ Definition 4.3.10: ✭❬✼✾❪✮ ✐❢ (w,✕) ✐s ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ ❛ ❢♦r♠❛❧

♣♦✐♥t ✐♥ (w,✕) ✐s ❣✐✈❡♥ ❜② ❛ s✉❜s❡t α ✿ P(S) s✳t✳

� α ✐s ♥♦t ❡♠♣t②✿ S ≬ α❀
� α ✐s ❝❧♦s❡❞✿ α = ❏w(α) ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ α ⊆ ❏w(α)✮❀

� α ✐s ❝♦♥✈❡r❣❡♥t✿ ✐❢ s1 ε α ❛♥❞ s2 ε α t❤❡♥ s1 ↓ s2 ≬ α✳

■t ✐s ♦❜✈✐♦✉s t❤❛t ❛ s✉❜s❡t α ✐s ❝❧♦s❡❞ ✐☛ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ ❏(V) ❢♦r s♦♠❡ s✉❜s❡t V ⊆ S✳

❆s ✇❡ s❛✇ ✐♥ s❡❝t✐♦♥ ✷✳✻✳✸✱ ❛ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ s✉❜s❡t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s♣❡❝✐☞❝❛t✐♦♥

❢♦r ❛ s❡r✈❡r ♣r♦❣r❛♠ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ♣r❡❞✐❝❛t❡ ✐s tr✐✈✐❛❧ ✭❛❧✇❛②s tr✉❡✮✳ ❲❡

s❛✇ ❛❜♦✈❡ t❤❛t ✐♥ ❛ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ s✉❝❤ ❛ s❡r✈❡r ♣r♦❣r❛♠ ❝♦✉❧❞ ❜❡

❝❤❛♥❣❡❞ ✐♥t♦ ❛ ❭✈✐rt✉❛❧ ❝♦♥❝✉rr❡♥t s❡r✈❡r ♣r♦❣r❛♠✧✱ ✇❤❡r❡ ❜② ❝♦♥❝✉rr❡♥t✱ ✇❡ ♠❡❛♥s

t❤❛t t❤❡ s❡r✈❡r ❝❛♥ ❛♥s✇❡r r❡q✉❡sts t♦ s❡✈❡r❛❧ ❝❧✐❡♥ts ❛t t❤❡ s❛♠❡ t✐♠❡✱ ♣r♦✈✐❞❡❞ t❤❡

❝❧✐❡♥ts✬ st❛t❡s ❛r❡ ❭❝♦♠♣❛t✐❜❧❡✧ ✇✐t❤ t❤❡ s❡r✈❡r✬s st❛t❡ ✭s❡❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡①❡❝✉t✐♦♥

❢♦r♠✉❧❛✮✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ str❡♥❣t❤❡♥✐♥❣ ♦❢

t❤❛t✿ ✐t r❡q✉✐r❡s t❤❛t ❢♦r ❛♥② ☞♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥✐t✐❛❧✱ ✐♥❞❡♣❡♥❞❡♥t r❡q✉❡sts✱ t❤❡r❡ ✐s

❛ ❝♦♠♣❛t✐❜❧❡ s❡r✈❡r st❛t❡✳ ■t ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❝♦♥❞✉❝t ✐♥t❡r❛❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

✵✮ t❤❡ s❡r✈❡r s♣❡❝✐☞❝❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② S ⋉ V ❀

✶✮ t❤❡r❡ ❛r❡ ♠❛♥② ❝❧✐❡♥ts ✇❛✐t✐♥❣ t♦ ❝♦♥♥❡❝t t♦ t❤❡ s❡r✈❡r✱ t❤❡✐r s♣❡❝✐☞❝❛t✐♦♥s ❛r❡

❣✐✈❡♥ ❜② s1 ⊳ ●♦❛❧1, . . . , sn ⊳ ●♦❛❧n❀



✶✵✵ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

✷✮ ❜② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢♦r♠❛❧ ♣♦✐♥t✱ t❤❡ s❡r✈❡r ❝❛♥ ❝❤♦♦s❡ ❛ st❛t❡ s ε s1 ↓ . . . ↓ sn
s✳t✳ s ⋉ V ❀

✸✮ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡r✈❡r ❛♥❞ ❝❧✐❡♥ts ❣♦❡s ♦♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛❀

✳✳✳✮ ✇❤❡♥ t❤✐s ✐s ☞♥✐s❤❡❞ ✭♦r ❡✈❡♥ ❜❡❢♦r❡✮✱ ♥❡✇ ❝❧✐❡♥ts ♠❛② ❝♦♥♥❡❝t t♦ t❤❡ s❡r✈❡r✱ ❜✉t

t❤❡② ❤❛✈❡ t♦ r❡s♣❡❝t t❤❡ s❡r✈❡r✬s st❛t❡✿ ✇❤❡♥ t❤❡ s❡r✈❡r ✐s ✐♥ st❛t❡ s′✱ t❤❡ ❝❧✐❡♥t

s♣❡❝✐☞❝❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ s ⊳ ●♦❛❧ ✇✐t❤ s′ ✔ s✳

❚❤✉s✱ ❛ ❢♦r♠❛❧ ♣♦✐♥t ✐s ❣✐✈❡♥ ❜② ❛ s♣❡❝✐☞❝❛t✐♦♥ ❢♦r ❛ s❡r✈❡r ✇❤✐❝❤ ❝❛♥ r❡s♣♦♥❞ t♦ ❛♥②

☞♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥✐t✐❛❧ r❡q✉❡sts ❛♥❞ t❤❡♥ ❣♦ ♦♥ ❢♦r❡✈❡r ❛s ❛♥② ♦t❤❡r ♥♦r♠❛❧ s❡r✈❡r

♣r♦❣r❛♠✳

§ ❈♦♥t✐♥✉✐t②✳ ❲❡ ♥♦✇ ❛t ❧♦♦❦ ❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ♠❛♣ ❜❡t✇❡❡♥ ❢♦r♠❛❧ s♣❛❝❡s✳

❲❡ r❡❝❛❧❧ t❤❡ ❞❡☞♥✐t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✸✻❪✱ ❛♥❞ ❜r✐❡✌② ❣✐✈❡ ❛ ♣♦ss✐✲

❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s ♥♦t ❡♥t✐r❡❧②

❝❧❡❛r✱ ❛♥❞ ♠♦r❡ ✇♦r❦ ✐s ♣r♦❜❛❜❧② ♥❡❡❞❡❞ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ ❛ s❛t✐s❢❛❝t♦r② ❡①♣❧❛♥❛t✐♦♥✳

⊲ Definition 4.3.11: ✐❢ (wh,✕) ❛♥❞ (wl,✕) ❛r❡ ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❛

r❡☞♥❡♠❡♥t ❢r♦♠ wh t♦ wl ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ✐t ✐s ❜♦t❤✿

� ❝♦♥✈❡r❣❡♥t✿ R(s1) ↓ R(s2) ⊳l R(s1 ↓ s2) ❢♦r ❛❧❧ s1, s2 ǫ Sh❀

� ❛♥❞ t♦t❛❧✿ Sl ⊳l R(Sh)✳

❚❤✐s ✐s ❥✉st t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❢♦r♠❛❧ ❝♦♥t✐♥✉♦✉s ♠❛♣✱ ✇✐t❤ t❤❡ ❛rr♦✇s r❡✈❡rs❡❞✳

❏✉st ❧✐❦❡ ✐♥ t❤❡ ❝♦♥❝r❡t❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r

❢♦r♠❛❧ ♣♦✐♥ts✱ ❛ r❡☞♥❡♠❡♥t ✐s ❝♦♥✈❡r❣❡♥t ✐❢ ✐t ❝❛♥ r❡☞♥❡ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t st❛t❡s

❝♦♥❝✉rr❡♥t❧②✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐❢ ❛ ❧♦✇✲❧❡✈❡❧ st❛t❡ sl r❡☞♥❡s s1 ❛♥❞ s2✱ ✐t ❝❛♥ ❛❧s♦ r❡☞♥❡

✭♠♦❞✉❧♦ ❧♦✇✲❧❡✈❡❧ ✐♥t❡r❛❝t✐♦♥✮ ❛ st❛t❡ ☞♥❡r t❤❛♥ ❜♦t❤ s1 ❛♥❞ s2✳ ❯s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞

❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✱ t❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ s✐♠✉❧❛t❡ s1 ❛♥❞ s2
❝♦♥❝✉rr❡♥t❧②✳ ❚❤✐s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② ☞♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥❝✉rr❡♥t ✐♥❞❡♣❡♥❞❡♥t

st❛t❡s✳

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t♦t❛❧✐t② ✐s s✉❜t❧❡✳ ❖✉r ❝✉rr❡♥t ✉♥❞❡rst❛♥❞✐♥❣ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✐t ♠❡❛♥s t❤❛t ❢r♦♠ ❛♥② ❧♦✇✲❧❡✈❡❧ st❛t❡✱ t❤❡ ❆♥❣❡❧ ❝❛♥ ❛❧✇❛②s ❝♦♥❞✉❝t ❛ ☞♥✐t❡ ❧♦✇✲❧❡✈❡❧

✐♥t❡r❛❝t✐♦♥ t♦ r❡❛❝❤ ❭❛ ❤✐❣❤ ❧❡✈❡❧ st❛t❡✧✱ ♦r ✐♥ ♦t❤❡r ✇♦r❞s✱ r❡❛❝❤ ❛ ❧♦✇✲❧❡✈❡❧ st❛t❡

r❡☞♥✐♥❣ ❛ ❤✐❣❤✲❧❡✈❡❧ st❛t❡✳ ❲❤❛t ✐s s❧✐❣❤t❧② ❞✐st✉r❜✐♥❣ ✐s t❤❛t t❤✐s ♣r♦♣❡rt② ✇✐❧❧ ♥❡✈❡r

❜❡ ✉s❡❞ ✐❢ ✇❡ ❝♦♥❞✉❝t ✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡ ♥❛t✉r❛❧ ✇❛②✱ ✐✳❡✳ ✉s❡ t❤❡ r❡☞♥❡♠❡♥t ❛s ❛ ❜❧❛❝❦

❜♦① ❜❡t✇❡❡♥ ❤✐❣❤✲❧❡✈❡❧ ❛♥❞ ❧♦✇✲❧❡✈❡❧ ✭✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡①❡❝✉t✐♦♥ ❢♦r♠✉❧❛✮✳ ❚❤❡

❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s t❤❡ r❡☞♥❡♠❡♥t t♦ ❜❡ str♦♥❣ ❡♥♦✉❣❤ s♦ t❤❛t ✐♥ ❛♥② s✐t✉❛t✐♦♥✱ t❤❡

❧♦✇✲❧❡✈❡❧ ❆♥❣❡❧ ❝❛♥ ♣r❡✈❡♥t ✐♥☞♥✐t❡ ❧♦✇✲❧❡✈❡❧ ✐♥t❡r❛❝t✐♦♥✳ ■t s❡❡♠s t♦ ❜❡ r❡❧❛t❡❞ t♦

s♦♠❡ ❦✐♥❞ ♦❢ ♣r♦❞✉❝t✐✈✐t② ❝♦♥❞✐t✐♦♥✳

4.4 A non-Localized Example: Geometric Linear Logic

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇❤✐❝❤ ✐s ♥❛t✉r❛❧❧② ♥♦♥✲❧♦❝❛❧✐③❡❞✳ ❚❤❡

♣♦✐♥t ♦❢ ❞❡♣❛rt✉r❡ ✐s ❛♥ ❡❧❡❣❛♥t t♦♣♦❧♦❣✐❝❛❧ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ❢♦r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s✳

■❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ t❤❡♦r② ❜② ❛♥ ♦❜✈✐♦✉s ♥♦t✐♦♥ ♦❢ ❭❧✐♥❡❛r ❣❡♦♠❡tr✐❝

t❤❡♦r②✧✱ ✇❡ ♦❜t❛✐♥ ❛ ♥♦♥ ❧♦❝❛❧✐③❡❞ t♦♣♦❧♦❣✐❝❛❧ s❡♠❛♥t✐❝s✳



✹✳✹ ❆ ♥♦♥✲▲♦❝❛❧✐③❡❞ ❊①❛♠♣❧❡✿ ●❡♦♠❡tr✐❝ ▲✐♥❡❛r ▲♦❣✐❝ ✶✵✶

4.4.1 Geometric Logic

❚♦ st❛rt ✇✐t❤✱ ✇❡ r❡❝❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❬✶✺❪ ❛♥❞ ❬✷✹❪✱ ❛ss♦❝✐❛t✐♥❣ ❛ ❧♦❝❛❧✐③❡❞

✐♥t❡r❛❝t✐♦♥ s②st❡♠ t♦ ❛♥② ❣❡♦♠❡tr✐❝ t❤❡♦r②✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✇❡ ❝❛♥ ✐♥t❡r♣r❡t

✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ✐♥ ❛♥② t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳6 ❙✐♥❝❡ ❜❡✐♥❣ tr✉❡ ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ♠♦❞❡❧

✐s ❡q✉✐✈❛❧❡♥t t♦ ❜❡✐♥❣ ♣r♦✈❛❜❧❡✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❧♦❝❛❧✐③❡❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡❧❡♠❡♥t❛r② ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s s❡♠❛♥t✐❝✳ ❲❡

s❦✐♣ ❛❧❧ t❤❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ♦♥❧② s❤♦✇ ❤♦✇

t♦ ❝♦♥str✉❝t t❤❡ ♣❛rt✐❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳

§ ●❡♦♠❡tr✐❝ ❚❤❡♦r✐❡s✳ ❋✐① ❛ ☞rst ♦r❞❡r ❧❛♥❣✉❛❣❡ ▲✳ ❆s ✉s✉❛❧✱ t❡r♠s ❛r❡ ❝♦♥str✉❝t❡❞

❢r♦♠ ✈❛r✐❛❜❧❡s ✭x✱ x1✱ . . . ✮✱ ♣❛r❛♠❡t❡rs ✭❝♦♥st❛♥ts✱ a✱ a1✱ . . . ✮ ❛♥❞ ❢✉♥❝t✐♦♥ s②♠❜♦❧s✳

❋♦r♠✉❧❛s ❛r❡ ❜✉✐❧t ❛s ✉s✉❛❧✳

⊲ Definition 4.4.1: ❛ ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ✐s ❛ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❢♦r♠
(
(∃~x) A11 ∧ · · · ∧A

1
n1

)
∨ · · · ∨

(
(∃~x) Ak1 ∧ · · · ∧A

k
nk

)

✇❤❡r❡ ❛❧❧ t❤❡ Aji ❛r❡ ❛t♦♠✐❝ ❢♦r♠✉❧❛s✳

❆ ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s ❛ ✭♥♦t ♥❡❝❡ss❛r✐❧② ☞♥✐t❡✮ s❡t ♦❢ ✐♠♣❧✐❝❛t✐♦♥s ❜❡t✇❡❡♥

❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛s✳

❚❤❡ ❡♠♣t② ❞✐s❥✉♥❝t✐♦♥ ✐s ✇r✐tt❡♥ ⊥ ❛♥❞ t❤❡ ❡♠♣t② ❝♦♥❥✉♥❝t✐♦♥ ✐s ✇r✐tt❡♥ ⊤✳

◦ Lemma 4.4.2: ❢♦r ❡✈❡r② ❣❡♦♠❡tr✐❝ t❤❡♦r②✱ ✇❡ ❝❛♥ ☞♥❞ ❛♥ ❡q✉✐✈❛❧❡♥t

❣❡♦♠❡tr✐❝ t❤❡♦r② ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ✐♥t✉✐t✐♦♥✐st✐❝ ♣r♦✈❛❜✐❧✐t② ❝♦✐♥❝✐❞❡

❢♦r ❜♦t❤ t❤❡♦r✐❡s✮ ✇❤❡r❡ ❛❧❧ ❛①✐♦♠s ❤❛✈❡ t❤❡ ❢♦r♠✿

∧

l

Al →
∨

j

(∃~x)
∧

i

B
j
i

✇❤❡r❡ t❤❡ Ai✬s ❛♥❞ B
j
i✬s ❛r❡ ❛t♦♠✐❝✳

proof: ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❭❡①♣❛♥❞✧ ❛①✐♦♠s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

� F1 ∨ F2 → G ❣✐✈❡s {F1 → G , F2 → G}❀

� (∃~x) F → G ❣✐✈❡s
{
F[~t/~x]→ G | t ✐s ❛ t❡r♠

}
✳

�X

❆♥ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ♦❢ ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s ❣✐✈❡♥ ❜② ❛♥② ❝♦❧❧❡❝t✐♦♥ ♦❢ ❍♦r♥ ❝❧❛✉s❡s✱

✇❤❡r❡ ❛❧❧ ❛①✐♦♠s ❤❛✈❡ t❤❡ ❢♦r♠ A1 ∧ · · · ∧An → B ❛♥❞ t❤❡ ▲❍❙ ♦r t❤❡ ❘❍❙ ❝❛♥ ❜❡

❡♠♣t②✳

§ ❆ ●❡♥❡r✐❝ ❚♦♣♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❢♦r ●❡♦♠❡tr✐❝ ❚❤❡♦r✐❡s✳ ❚♦ ❛♥② ❣❡♦♠❡tr✐❝ t❤❡♦r② ❚✱

✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

� st❛t❡s ❛r❡ ❣✐✈❡♥ ❜② ☞♥✐t❡ s❡ts ♦❢ ❝❧♦s❡❞ ❛t♦♠✐❝ ❢♦r♠✉❧❛s ✭❝❛❧❧❡❞ ❢❛❝ts✮❀

� ✐❢ F ✐s s✉❝❤ ❛ s❡t✱ t❤❡♥ ❛♥ ❛❝t✐♦♥ ✐♥ t❤❛t st❛t❡✱ ❛❧s♦ ❝❛❧❧❡❞ ❛ q✉❡st✐♦♥✱ ✐s ❣✐✈❡♥ ❜②

❛ ❝❧♦s❡❞ ✐♥st❛♥❝❡ ♦❢ ❛♥ ❛①✐♦♠ ♦❢ ❚ ✇✐t❤ ❛❧❧ ✐ts ▲❍❙ ❢♦r♠✉❧❛s ✐♥ F ✭✐✳❡✳ ❛♥ ❛❝t✐♦♥

✐s ❛ ♣❛✐r (σ,❆① )✱ ✇❤❡r❡ σ ✐s ❛ ❝❧♦s❡❞ s✉❜st✐t✉t✐♦♥✮❀

6 ✿ ▼♦r❡ ❣❡♥❡r❛❧❧② ✐♥ ❛♥② ❍❡②t✐♥❣ ❛❧❣❡❜r❛✳



✶✵✷ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

� ❛ ❛♥s✇❡r t♦ s✉❝❤ ❛♥ ❛❝t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ ❛♥ ❛♥s✇❡r✱ ✐s ❣✐✈❡♥ ❜② ❛ ✈❡❝t♦r ~u ♦❢ t❡r♠s✱

t♦❣❡t❤❡r ✇✐t❤ ❛ ❘❍❙ ❞✐s❥✉♥❝t (∃~x)
∧
i B
j0
i ♦❢ ❆① ✭✇❤❡r❡ t❤❡ ❧❡♥❣t❤ ♦❢ ~u ❛♥❞ ~x

❤❛✈❡ t♦ ♠❛t❝❤✮❀

� t❤❡ ♥❡✇ st❛t❡ ✐s t❤❡♥ F ∪
{
B
j0
i [~u/~x] | i = 1, . . .

}
✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✿

� ❛ st❛t❡ ✐s ❛ st❛t❡ ♦❢ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ✇♦r❧❞✿ ✐t ❝♦♥t❛✐♥s t❤❡ ❢❛❝ts t❤❡ ❆♥❣❡❧

❦♥♦✇s t♦ ❜❡ tr✉❡❀

� ❛♥ ❛❝t✐♦♥ ✐s ❛ q✉❡st✐♦♥ t❤❡ ❆♥❣❡❧ ❝❛♥ ❛s❦✿ s✐♥❝❡ ✭❛♥ ✐♥st❛♥❝❡ ♦❢✮ t❤❡ ▲❍❙ ✐s tr✉❡✱

t❤❡♥ t❤❡ ❘❍❙ ✐s ❜♦✉♥❞ t♦ ❜❡ tr✉❡❀

� t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ♦♥❡ ✭✐♥st❛♥❝❡ ♦❢✮ ❛ ❘❍❙ ❞✐s❥✉♥❝t❀

� t❤❡ ♥❡✇ st❛t❡ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ♥❡✇ ❦♥♦✇❧❡❞❣❡ s❤❡ ❣♦t ❢r♦♠ t❤❡ ❛♥s✇❡r✳

◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❍♦r♥ ❝❧❛✉s❡s✱ t❤❡ ❘❍❙ ✐s tr✐✈✐❛❧ ✭s✐♥❣❧❡t♦♥✮❀ t❤❡ ✐♥t❡r❛❝t✐♦♥

s②st❡♠ ✐s t❤✉s ♦❢ t❤❡ ❢♦r♠ 〈v〉 ❢♦r ❛ tr❛♥s✐t✐♦♥ s②st❡♠ ν✳

❈♦♥s✐❞❡r t❤❡ ❛rt✐☞❝✐❛❧ ❡①❛♠♣❧❡ ✇❤❡r❡ ✇❡ ❤❛✈❡ ✭❛♠♦♥❣ ♦t❤❡rs✮ t❤❡ ❢♦❧❧♦✇✐♥❣

❛①✐♦♠✿ A∧ B→ (D∧ E)∨ F✳ ❋r♦♠ t❤❡ st❛t❡ {A,B,C}✱ t❤✐s ✐s ❛ ♣♦ss✐❜❧❡ q✉❡st✐♦♥✳ ■t

❝❛♥ r❡s✉❧t ✐♥ t✇♦ ❞✐☛❡r❡♥t ♥❡✇ st❛t❡s✿

� {A,B,C,D, E} ✐❢ t❤❡ ❛♥s✇❡r ✐s D ∧ E❀
� {A,B,C, F} ✐❢ t❤❡ ❛♥s✇❡r ✐s F✳

❲❡ ❝❛♥ ❞❡☞♥❡ ❛ ❭r❡☞♥❡♠❡♥t✧ ♦r❞❡r ♦♥ st❛t❡s ❜② ♣✉tt✐♥❣ F ✔ G ✐❢ G ⊆ F✳

❚❤✐s ♠❡❛♥s t❤❛t F ✐s ☞♥❡r t❤❛♥ G✱ ♦r t❤❛t F ❝♦♥t❛✐♥s ♠♦r❡ ❦♥♦✇❧❡❞❣❡ t❤❛t G✳ ■t ✐s

q✉✐t❡ ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ♦r❞❡r ✐s ❧♦❝❛❧✐③❡❞ ✭❞❡☞♥✐t✐♦♥ ✹✳✸✳✹✮ ❜❡❝❛✉s❡ t❤❡ ♥❡①t st❛t❡

❢✉♥❝t✐♦♥ ✐s ❛♥t✐t♦♥✐❝✳ ❚❤❡ ❧❛tt✐❝❡ ❖❚,⊆ ✇❡ ♦❜t❛✐♥ ❢r♦♠ t❤❡ r❡✌❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡

❝❧♦s✉r❡ ♦❢ t❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❣✐✈❡s r✐s❡ t♦ ❛ ❢♦r♠❛❧ t♦♣♦❧♦❣②✳

❚❤✐s t♦♣♦❧♦❣② ✐s ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✿

⋄ Proposition 4.4.3: ✐❢ ❚ ✐s ❛ ❣❡♦♠❡tr✐❝ t❤❡♦r② ❛♥❞ ✐❢ Γ ✐s ❛ ☞♥✐t❡

s❡t ♦❢ ❛t♦♠✐❝ ❢♦r♠✉❧❛s✱ t❤❡♥ ✇❡ ❤❛✈❡

Γ ⊢❚
∨

j

∧

i

(∃~x Bji)

✐☛

Γ ⊳❚,✔
⋃

~t ❝❧♦s❡❞

{ {
B
j
i[
~t/~x] | i = 1, . . .

}
| j = 1, . . .

}
✳

❚❤✐s ❣✐✈❡s ❛♥ ❡❧❡♠❡♥t❛r②✴♣r❡❞✐❝❛t✐✈❡ ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❢♦r ❣❡♦♠❡tr✐❝ ❧♦❣✐❝ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ✇❡ ❦♥♦✇ t❤❛t t❤❛t ❢♦r ❛♥② ❢♦r♠❛❧ t♦♣♦❧♦❣②✱ Γ ⊢❚ F ✐♠♣❧✐❡s Γ ⊳❚ F∗

✇❤❡r❡ F∗ ✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F✳ ✭❙♦✉♥❞♥❡ss ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✳✮ ❚❤❡ ✐♥t❡r❛❝t✐♦♥

s②st❡♠ ✇❡ ❤❛✈❡ ❥✉st ❞❡☞♥❡❞ s❤♦✇s ❝♦♠♣❧❡t❡♥❡ss✳

4.4.2 Linear Geometric Logic

❚❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s s②st❡♠ ✇❛s ❧♦❝❛❧✐③❡❞✳ ❚❤❡ ✐♥t✉✐t✐✈❡ r❡❛s♦♥

✇❛s t❤❛t st❛t❡s ✇❡r❡ st❛t❡s ♦❢ ❦♥♦✇❧❡❞❣❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st❛t❡ ❝♦✉❧❞ ♦♥❧② ❣❡t ☞♥❡r

❛s ♥❡✇ ❦♥♦✇❧❡❞❣❡ ✐s ❛❞❞❡❞ t♦ ✐t✳ ❖♥❡ ♦❢ t❤❡ ❣✉✐❞✐♥❣ ✐♥t✉✐t✐♦♥ ❛❜♦✉t ❧✐♥❡❛r ❧♦❣✐❝ ✭r❡❢❡r

t♦ s❡❝t✐♦♥ ✺✳✶ ❢♦r ❛ ♠♦r❡ t❤♦r♦✉❣❤ ✐♥tr♦❞✉❝t✐♦♥✮ ✐s t❤❛t ✐t ✐s ❛ ❧♦❣✐❝ ♦❢ r❡s♦✉r❝❡s r❛t❤❡r

t❤❛♥ ❛ ❧♦❣✐❝ ♦❢ tr✉t❤✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❛t t❤❡ ♣r❡✈✐♦✉s ❝♦♥str✉❝t✐♦♥ ✐♥ ❛ ❧✐♥❡❛r

s❡tt✐♥❣✳



✹✳✹ ❆ ♥♦♥✲▲♦❝❛❧✐③❡❞ ❊①❛♠♣❧❡✿ ●❡♦♠❡tr✐❝ ▲✐♥❡❛r ▲♦❣✐❝ ✶✵✸

§ ▲✐♥❡❛r ●❡♦♠❡tr✐❝ ❚❤❡♦r✐❡s✳ ❋✐① ❛ ☞rst ♦r❞❡r ❧❛♥❣✉❛❣❡ ❧❛♥❣✉❛❣❡ ▲✳

⊲ Definition 4.4.4: ❛ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ✐s ❛ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❢♦r♠✿
(
(∃~x) A11 ⊗ · · · ⊗A

1
n1

)
⊕ · · · ⊕

(
(∃~x) Ak1 ⊗ · · · ⊗A

k
nk

)

✇❤❡r❡ ❛❧❧ t❤❡ Aji✬s ❛r❡ ❛t♦♠✐❝✳

❆ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s ❛ ✭♥♦♥ ♥❡❝❡ss❛r✐❧② ☞♥✐t❡✮ s❡t ♦❢ ❧✐♥❡❛r ✐♠♣❧✐❝❛✲

t✐♦♥s ❜❡t✇❡❡♥ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛s✳

❲❡ ✇r✐t❡ 0 ❢♦r t❤❡ ❡♠♣t② ❞✐s❥✉♥❝t✐♦♥ ✭⊕✮ ❛♥❞ 1 ❢♦r t❤❡ ❡♠♣t② ❝♦♥❥✉♥❝t✐♦♥ ✭⊗✮✳

❏✉st ❧✐❦❡ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

◦ Lemma 4.4.5: ❛♥② ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❧✐♥❡❛r

❣❡♦♠❡tr✐❝ t❤❡♦r② ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ❛①✐♦♠s ❤❛✈❡ t❤❡ ❢♦r♠
⊗

l

Al ⊸
⊕

j

(∃~xj)
⊗

i

B
j
i ✳

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❧❡♠♠❛ ✹✳✹✳✷✳

§ Pr❡t♦♣♦❧♦❣✐❡s ❛♥❞ ■♥t✉✐t✐♦♥✐st✐❝ P❤❛s❡ ❙♣❛❝❡s✳ ■❢ ✇❡ ✇❛♥t t♦ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ ❧✐♥❡❛r ❧♦❣✐❝✱ ✇❡ ♥❡❡❞ t♦ ☞♥❞ ❛ ♥♦t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t♦♣♦❧♦❣✐❝❛❧

s❡♠❛♥t✐❝s✳ ❚❤✐s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❞♦♥❡ ✉♥❞❡r t✇♦ ❞✐☛❡r❡♥t ♥❛♠❡s✿ ♣r❡t♦♣♦❧♦❣✐❡s ✭❬✼✼❪✮

❛♥❞ ✐♥t✉✐t✐♦♥✐st✐❝ ♣❤❛s❡ s♣❛❝❡s ✭❬✻✾❪✮✳ ■♥ tr❛❞✐t✐♦♥❛❧ ♣❤❛s❡ s❡♠❛♥t✐❝s✱ ❛ ❢♦r♠✉❧❛ ✐s

✐♥t❡r♣r❡t❡❞ ❜② ❛ ❢❛❝t✱ t❤❛t ✐s✱ ❛ s✉❜s❡t ♦❢ ❛ ♠♦♥♦✐❞ ❡q✉❛❧ t♦ ✐ts ❜✐♦rt❤♦❣♦♥❛❧ ✭s❡❡ ❬✸✾❪✮✳

❙✐♥❝❡ ✐♥ t❤❡ ✐♥t✉✐t✐♦♥✐st✐❝ ✇♦r❧❞ ✇❡ ❝❛♥♥♦t r❡❧② ♦♥ t❤❡ ❜✐♦rt❤♦❣♦♥❛❧✱ ✇❡ r❡♣❧❛❝❡ ✐t ❜②

❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r s❛t✐s❢②✐♥❣ s♦♠❡ ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t♦ ❦❡❡♣ s♦♠❡

t♦♣♦❧♦❣✐❝❛❧ ✐♥t✉✐t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❞♦♣t ❙❛♠❜✐♥✬s t❡r♠✐♥♦❧♦❣②✳

⊲ Definition 4.4.6: ❛ ♣r❡t♦♣♦❧♦❣② ✐s ❣✐✈❡♥ ❜②

� ❛ ❝♦♠♠✉t❛t✐✈❡ ♠♦♥♦✐❞ (S, ·, 1)❀

� ❛ ❝❧♦s✉r❡ ♦♣❡r❛t♦r ♦♥ P(S) s❛t✐s❢②✐♥❣ ❆(U) ·❆(V) ⊆ ❆(U · V)✳7

❆♥ ♦♣❡♥ s❡t ✐♥ ❛ ♣r❡t♦♣♦❧♦❣② ✐s ❛ s✉❜s❡t U ♦❢ S s✳t✳ U = ❆(U)✳ ❲❡ ✇r✐t❡ ❖

❢♦r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦♣❡♥ s❡t ♦❢ ❛ ♣r❡t♦♣♦❧♦❣②✳

❏✉st ❧✐❦❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ s ⊳ U ❛s ❛ s②♥♦♥②♠ ❢♦r s ε ❆(U)✳ ❆

str✉❝t✉r❡ ❢♦r ❛ ❧❛♥❣✉❛❣❡ ▲ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣r❡t♦♣♦❧♦❣② (S, ·, 1,❆) ✐s ❣✐✈❡♥ ❜②✿

� ❛ s❡t D

� ✐❢ f ✐s ❛♥ n✲❛r② ❢✉♥❝t✐♦♥ s②♠❜♦❧✱ ❛ ❢✉♥❝t✐♦♥ f∗✿Dn → D❀

� ✐❢ A ✐s ❛♥ n✲❛r② r❡❧❛t✐♦♥ s②♠❜♦❧✱ ❛ ❢✉♥❝t✐♦♥ A∗✿Dn → ❖✳

❋♦r ❛ ✈❛❧✉❛t✐♦♥ ρ✱ t❡r♠s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ D✱ ❛♥❞ ✐❢ F ✐s ❛ ❢♦r♠✉❧❛✱ ✐ts

✐♥t❡r♣r❡t❛t✐♦♥ F∗ρ ✐s ❞❡☞♥❡❞ ❛s✿

� 1∗ρ , ❆({1}) ❛♥❞ 0∗ρ , ❆(∅)❀

� A(t1, . . . , tn)∗ρ , A
∗(t1

∗
ρ, . . . , tn

∗
ρ) ❢♦r ❛t♦♠✐❝ A❀

� (F1 ⊗ F2)
∗
ρ , ❆(F1

∗
ρ · F2

∗
ρ)❀

� (F1 ⊕ F2)
∗
ρ , ❆(F1

∗
ρ ∪ F2

∗
ρ)❀

� (F1⊸ F2)
∗
ρ ,

{
s | s · F1

∗
ρ ⊆ F2

∗
ρ

}
❀

� ❛♥❞
(
(∃x)F

)∗
ρ
, ❆

(⋃
t F

∗
ρ,x=t

)
✳ ✭◆♦t ♣❛rt ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❞❡☞♥✐t✐♦♥ ❢r♦♠ ❬✻✾❪✳✮

■t ✐s tr✐✈✐❛❧ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛ ✐s ❛❧✇❛②s ❛♥ ♦♣❡♥ s❡t✳

7 ✿ ❲❡ ❡①t❡♥❞ t❤❡ ♦♣❡r❛t✐♦♥ ❭·✧ ♦♥ s✉❜s❡ts ✐♥ t❤❡ tr❛❞✐t✐♦♥❛❧ ✇❛②✿ U · V = {s1 · s2 | s1ǫU,s2ǫV}✳



✶✵✹ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

§ ❙♦✉♥❞♥❡ss✳ ❙♦✉♥❞♥❡ss ✇✳r✳t✳ t❤✐s s❡♠❛♥t✐❝s st❛t❡s t❤❛t ✭s❡❡ ❬✼✼❪ ♦r ❬✻✾❪✮✿

F1, . . . , Fn ⊢ G ⇒ F1
∗
ρ · . . . · Fn

∗
ρ ⊆ G

∗
ρ

❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ ♦♥ ❛♥② str✉❝t✉r❡ ♦♥ ❛♥② ♣r❡t♦♣♦❧♦❣②✳

❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❞❡❞✉❝t✐♦♥ ✇✳r✳t✳ ❛ ❣✐✈❡♥ t❤❡♦r②✱ ✇❡ ♥❡❡❞ t♦ ♠♦❞✐❢② t❤✐s

s❧✐❣❤t❧②✿ ✐❢ ❚ ✐s ❛ t❤❡♦r②✱ ❛ ❚✲str✉❝t✉r❡ ✇✳r✳t✳ t♦ ❛ ♣r❡t♦♣♦❧♦❣② (S, ·, 1,❆) ✐s ❛ str✉❝t✉r❡

❢♦r t❤✐s ♣r❡t♦♣♦❧♦❣② s❛t✐s❢②✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ 1 ⊳ T∗ρ ❢♦r ❛❧❧ ❛①✐♦♠s T ♦❢ ❚

❛♥❞ ❛❧❧ ✈❛❧✉❛t✐♦♥s ρ✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞ s♦✉♥❞♥❡ss✿

F1, . . . , Fn ⊢❚ G ⇒ F1
∗
ρ · . . . · Fn

∗
ρ ⊆ G

∗
ρ

❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ♦♥ ❛♥② ❚✲str✉❝t✉r❡ ♦♥ ❛♥② ♣r❡t♦♣♦❧♦❣②✿

F1, . . . , Fn ⊢❚ G

⇔ { ❢♦r s♦♠❡ T1,...,Tm ♦❢ ☞♥✐t❡ ♠✉❧t✐♣❧✐❝✐t② ✐♥ ❚ }

T1, . . . , Tm , F1, . . . , Fn ⊢ G

⇒ { s♦✉♥❞♥❡ss }

T1
∗
ρ · . . . · Tm

∗
ρ · F1

∗
ρ · . . . · Fn

∗
ρ ⊆ G

∗
ρ ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ

⇒ { 1 ⊳ Ti
∗
ρ ✱ ✐✳❡✳ {1} ⊆ Ti

∗
ρ ❢♦r ❛❧❧ i = 1,...,m }

{1} · . . . · {1} · F1
∗
ρ · . . . · Fn

∗
ρ ⊆ G

∗
ρ ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ

⇔ { 1 ✐s ♥❡✉tr❛❧ ❢♦r ❭·✧ }

F1
∗
ρ · . . . · Fn

∗
ρ ⊆ G

∗
ρ ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ

§ ❈♦♠♣❧❡t❡♥❡ss✳ ■♥ ♦r❞❡r t♦ s❤♦✇ ❝♦♠♣❧❡t❡♥❡ss✱ ♦♥❡ ♥❡❡❞s t♦ ☞♥❞ ❛ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧▼

s❛t✐s❢②✐♥❣ ❭✐❢ Γ |= F t❤❡♥ Γ ⊢ F✧✳ ❲❡ ✇✐❧❧ ❝♦♥str✉❝t✱ ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② ✇❛②✱ ❛ ♣r❡✲

t♦♣♦❧♦❣② t♦❣❡t❤❡r ✇✐t❤ ❛ ❚✲str✉❝t✉r❡ s❛t✐s❢②✐♥❣ t❤✐s✳ ❖♥❡ ♥✐❝❡ ❢❡❛t✉r❡ ❛❜♦✉t t❤✐s

♣r❡t♦♣♦❧♦❣② ✐s t❤❛t ✐t ♠❛❦❡s ♥♦ ❞✐r❡❝t r❡❢❡r❡♥❝❡ t♦ ♣r♦✈❛❜✐❧✐t②✳ ■t ♦♥❧② ❞❡♣❡♥❞s ♦♥

t❤❡ s❡t ♦❢ ❛①✐♦♠s ♦❢ t❤❡ t❤❡♦r②✦

❙✉♣♣♦s❡ ❚ ✐s ❛ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r②❀ ✇❡ ❝♦♥str✉❝t ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

✐♥s♣✐r❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✿8

� ❛ st❛t❡ ✐s ❛ ☞♥✐t❡ ♠✉❧t✐s❡t9 ♦❢ ❝❧♦s❡❞ ❛t♦♠✐❝ ❢♦r♠✉❧❛s❀

� ❛♥ ❛❝t✐♦♥ ✐♥ st❛t❡ Γ ✐s ❛ ❝❧♦s❡❞ ✐♥st❛♥❝❡ ♦❢ ❛♥ ❛①✐♦♠ ❆① s✉❝❤ t❤❛t ✐ts ▲❍❙ ✐s

✐♥❝❧✉❞❡❞10 ✐♥ Γ ✭✐✳❡✳ ❛♥ ❛❝t✐♦♥ ✐s ❛ ♣❛✐r (σ,❆① ) ✇❤❡r❡ σ ✐s ❛ ❝❧♦s❡❞ s✉❜st✐t✉t✐♦♥

❢♦r ❢r❡❡ ✈❛r✐❛❜❧❡s✮❀

� ❛ r❡❛❝t✐♦♥ t♦ s✉❝❤ ❛♥ ❛❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❛ ✈❡❝t♦r ~u ♦❢ ❝❧♦s❡❞ t❡r♠s ❛♥❞ ❛ ❘❍❙

❞✐s❥✉♥❝t (∃~x)
⊗
i B
j0
i ♦❢ t❤❡ ❛①✐♦♠ ✭t❤❡ ❧❡♥❣t❤ ♦❢ ~u ❛♥❞ ~x ❤❛✈❡ t♦ ♠❛t❝❤✮❀

� t❤❡ ♥❡✇ st❛t❡ ✐s ❣✐✈❡♥ ❜② Γ ∪
{
B
j0
i [~u/~x] | i = 1, . . .

}
\

{
Al(~t) | l = 1, . . .

}
✳

❚❤❡ ❞✐☛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s t②♣✐❝❛❧ ♦❢ t❤❡ ✐♥t✉✐t✐♦♥s ♦❢

❧✐♥❡❛r ❧♦❣✐❝ ✭s❡❡ ❭▲❛❢♦♥t✬s ♠❡♥✉✧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♥♥❡❝t✐✈❡s✮✿

� ❛ st❛t❡ ✐s ❛ ☞♥✐t❡ s❡t ♦❢ r❡s♦✉r❝❡s t❤❡ ❆♥❣❡❧ ❤❛s ❛t ❤❡r ❞✐s♣♦s❛❧❀

� ❛♥ ❛❝t✐♦♥ ✐s ❛♥ ❡①♣❡r✐♠❡♥t s❤❡ ❝❛♥ ❝♦♥❞✉❝t✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ s❤❡ ♠✉st ❤❛✈❡ ❛❧❧

t❤❡ ♥❡❝❡ss❛r② r❡s♦✉r❝❡s ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t ✭t❤❡ ▲❍❙ ♦❢ t❤❡ ❛①✐♦♠✮❀

8 ✿ t❤❡ ❝❛s❡ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s ♠✉❝❤ s✐♠♣❧❡r ❛♥❞ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥t❡r❡st✐♥❣
✐❞❡❛s✳ ❚❤❡ r❡❛❞❡r ✐s ❡♥❝♦✉r❛❣❡❞ t♦ ❢♦r❣❡t ❛❜♦✉t q✉❛♥t✐☞❡rs✳✳✳

9 ✿ ❧✐st ♠♦❞✉❧♦ r❡✐♥❞❡①✐♥❣✱ ♦r ☞♥✐t❡ s❡t ✇✐t❤ ☞♥✐t❡ ♠✉❧t✐♣❧✐❝✐t✐❡s

10 ✿ ✇❤❡r❡ ✐♥❝❧✉s✐♦♥ t❛❦❡s ♠✉❧t✐♣❧✐❝✐t✐❡s ✐♥t♦ ❛❝❝♦✉♥ts✿ [1,1,2] ⊆ [1,1,1,2,3] ❜✉t [1,1,2] 6⊆ [1,2,3]✳



✹✳✹ ❆ ♥♦♥✲▲♦❝❛❧✐③❡❞ ❊①❛♠♣❧❡✿ ●❡♦♠❡tr✐❝ ▲✐♥❡❛r ▲♦❣✐❝ ✶✵✺

� ❛ r❡❛❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❛ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ✭❛ ❘❍❙ ❞✐s❥✉♥❝t✮❀

� t❤❡ ♥❡✇ st❛t❡ ✐s ❣✐✈❡♥ ❜② r❡♠♦✈✐♥❣ t❤❡ r❡s♦✉r❝❡s ✉s❡❞ t♦ ❝♦♥❞✉❝t t❤❡ ❡①♣❡r✐♠❡♥t

❛♥❞ ❛❞❞✐♥❣ t❤❡ r❡s✉❧ts ♣r♦❞✉❝❡❞ ❜② t❤❡ ❡①♣❡r✐♠❡♥t✳

❚❤✉s✱ ❛♥ ❛①✐♦♠ ♦❢ t❤❡ ❢♦r♠

A1 ⊗ · · · ⊗An →
(
B11 ⊗ · · · ⊗ B

1
n1

)
⊕ · · · ⊕

(
Bk1 ⊗ · · · ⊗ B

k
nk

)

✐s r❡❛❞ ❛s ❛♥ ❡①♣❡r✐♠❡♥t ✇❤✐❝❤ ✉s❡s r❡s♦✉r❝❡s Al✬s ❛♥❞ ♣r♦❞✉❝❡s t❤❡ Bj0i ✬s ❢♦r ♦♥❡

♣❛rt✐❝✉❧❛r j0✳

❊✈❡♥ ✐❢ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s ❛ s❡❧❢✲s✐♠✉❧❛t✐♦♥✱ ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱

✐t ✐s ♥♦t ❧♦❝❛❧✐③❡❞✳ ■t ✐s ✈❡r② ❡❛s② t♦ ☞♥❞ ❛ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r② ❢♦r ✇❤✐❝❤ r❡✈❡rs❡

✐♥❝❧✉s✐♦♥ ❞♦❡s ♥♦t s❛t✐s❢② ❧❡♠♠❛ ✹✳✸✳✻✳ ❚❛❦❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ t❤❡♦r② ❝♦♥s✐st✐♥❣ ♦❢

t❤❡ s✐♥❣❧❡ ❛①✐♦♠ A⊗A ⊸ A✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ✇❛♥t t♦ ♠♦❞❡❧ ♣r♦✈❛❜✐❧✐t② ✭❛s ✐♥

♣r♦♣♦s✐t✐♦♥ ✹✳✹✳✸✮✱ ✐t ❞♦❡s♥✬t ♠❛❦❡ s❡♥s❡ t♦ ❝❧♦s❡ s❡ts ♦❢ st❛t❡s ❞♦✇♥✇❛r❞ s✐♥❝❡ t❤✐s

❛♠♦✉♥ts t♦ ❛❧❧♦✇✐♥❣ ✇❡❛❦❡♥✐♥❣ ✭✐✳❡✳ t♦ ✉s❡ ❛✍♥❡ ❧♦❣✐❝ r❛t❤❡r t❤❛♥ ❧✐♥❡❛r ❧♦❣✐❝✮✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❛s② r❡s✉❧t✿

⊲ Definition 4.4.7: ✐❢ P ✐s ❛ ❝❧♦s❡❞ ❣❡♦♠❡tr✐❝ ❧✐♥❡❛r ❢♦r♠✉❧❛
⊕
j(∃~x)

⊗
A
j
i✱ ❞❡☞♥❡

t❤❡ s❡t ♦❢ st❛t❡s P̃ ❛s

P̃ ,
⋃

~t ❝❧♦s❡❞

{ [
B
j
i[
~t/~x]ρ

]
i=1,...

| j = 1, . . .
}

✇❤❡r❡ ρ ✐s ❛ ❝❧♦s❡❞ ✈❛❧✉❛t✐♦♥ ❢♦r t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ P✳

◦ Lemma 4.4.8: ✐❢ P ✐s ❛ ❝❧♦s❡❞ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ❛♥❞ ✐❢ Γ ✐s ❛

☞♥✐t❡ ♠✉❧t✐s❡t ♦❢ ❝❧♦s❡❞ ❛t♦♠✐❝ ❢♦r♠✉❧❛s✱ t❤❡♥ ✇❡ ❤❛✈❡

Γ ⊳❚ P̃ ⇒ Γ ⊢❚ P

✇❤❡r❡ ✇❡ ✇r✐t❡⊳❚ ❢♦r t❤❡ ❝♦✈❡r✐♥❣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛❜♦✈❡ ✐♥t❡r❛❝t✐♦♥

s②st❡♠✳

proof: s✐♠♣❧❡ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ♣r♦♦❢ t❤❛t Γ ⊳❚ P̃✳
�X

❲❡ ♥♦✇ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ ✐ts ❝♦✈❡r✐♥❣ ♦♣❡r❛t♦r

❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ ♣r❡t♦♣♦❧♦❣② ✇✐t❤ ❛ ❚✲str✉❝t✉r❡✳ ❚❤❡ ❜❡❣✐♥♥✐♥❣ ✐s

❡❛s②✿ ❞❡☞♥❡

� S ❞❡☞♥❡❞ ❛s ❛❜♦✈❡❀

� · ✐s t❤❡ s✉♠ ♦❢ ♠✉❧t✐s❡ts ❛♥❞ 1 ✐s t❤❡ ❡♠♣t② ♠✉❧t✐s❡t []❀

� Γ ε ❆(U) ✐s ❞❡☞♥❡❞ ❛s Γ ⊳ U✳
❲❡ ❤❛✈❡✿

◦ Lemma 4.4.9: (S, ·, 1,❆) ✐s ❛ ♣r❡t♦♣♦❧♦❣②✳

proof: t❤❡ ♦♥❧② t❤✐♥❣ t♦ ♣r♦✈❡ ✐s t❤❛t ❆(U) ·❆(V) ⊆ ❆(U · V)✳ ❚❤✐s ✐s ❞✐r❡❝t✳

�X



✶✵✻ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

❉❡☞♥✐♥❣ ❛ str✉❝t✉r❡ ❢♦r t❤✐s ♣r❡t♦♣♦❧♦❣② ✐s ❛❧s♦ ✈❡r② ❡❛s②✿ t❛❦❡ t❤❡ ❞♦♠❛✐♥D t♦ ❜❡ t❤❡

s❡t ♦❢ ❝❧♦s❡❞ t❡r♠s✱ ❛♥❞ ✐♥t❡r♣r❡t ❢✉♥❝t✐♦♥ s②♠❜♦❧s ❛s t❤❡♠s❡❧✈❡s✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ r❡❧❛t✐♦♥ s②♠❜♦❧s ✐s ❣✐✈❡♥ ❜②✿

A∗(t1, . . . , tn) , ❆
(
A(t1, . . . , tn)

)
✳

❚❤✐s ❞❡☞♥✐t✐♦♥ ❛❧❧♦✇s t♦ ♣r♦✈❡✿

◦ Lemma 4.4.10: t❤❡ s❡♠❛♥t✐❝s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤ ❛♥❞ t❤❡

s❡♠❛♥t✐❝s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛❜♦✈❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❝♦✐♥❝✐❞❡✿ ❢♦r ❛♥②

❛t♦♠✐❝ ❢♦r♠✉❧❛s A1, . . . , An ❛♥❞ ❝❧♦s❡❞ ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ F✱ ✇❡

❤❛✈❡✿

[A1, . . . , An] ⊳ F̃ ✐☛ [A1, . . . , An] ⊆ F∗

proof: ❊❛s②. . .

�X

❚❤❡ ❧❛st t❤✐♥❣s ✐s t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐♥t✉✐t✐♦♥✐st✐❝ ♣❤❛s❡ s♣❛❝❡ ✈❛❧✐❞❛t❡s t❤❡ ❛①✐♦♠s✿

◦ Lemma 4.4.11: ✐♥ t❤❡ str✉❝t✉r❡ ♦✈❡r (S▲, ·,❆) ❥✉st ❞❡☞♥❡❞✱ ❛❧❧ t❤❡

❛①✐♦♠s ♦❢ ❚ ❛r❡ ✈❛❧✐❞❛t❡❞✳

❲❤❡r❡ ❜② ✈❛❧✐❞❛t❡❞✱ ✇❡ ♠❡❛♥✿ F ✐s ✈❛❧✐❞❛t❡❞ ✐❢ 1 ⊳❚ F∗✳
proof: ✇❡ ♥❡❡❞ t♦ s❤♦✇ 1 ⊳❚ F∗✳ ❚❤✐s ✐s tr✉❡ ❛s s♦♦♥ ❛s 1 ε F∗✳ ❙✐♥❝❡ F ✐s ❛♥ ❛①✐♦♠

♦❢ ❚✱ ✐t ✐s ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡ ❢♦r♠ A1 ⊗ · · · ⊗An⊸
⊕
j(∃~xj)

⊗
i B
j
i ❛♥❞ t❤✉s

1 ε F∗i ⇔ 1 ·A∗
1 · . . . ·A

∗
n ⊆

(⊕

j

(∃~xj)
⊗

i

B
j
i

)∗

⇔ A∗
1 · . . . ·A

∗
n ⊆ ❆

(⋃

j,~t

❆
(
(B
j
1[
~t/~x])∗ · . . .

))

⇔ A∗
1 · . . . ·A

∗
n ⊆ ❆

(⋃

j,~t

(B
j
1[
~t/~x])∗ · . . .

)

⇔ A∗
1 · . . . ·A

∗
n ⊳❚

⋃

j,~t

(B
j
1[
~t/~x])∗ · . . .

✇❤✐❝❤ ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ tr✉❡ ❢r♦♠ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ⊳❚✳
�X

❲❡ ❝❛♥ ♥♦✇ ☞♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❛s ❢♦❧❧♦✇s✿ ✐❢ F ✐s ❛ ❣❡♦♠❡tr✐❝

❢♦r♠✉❧❛ ✇❤✐❝❤ ✐s tr✉❡ ✐♥ ❛❧❧ ♣r❡t♦♣♦❧♦❣✐❝❛❧ ❚✲str✉❝t✉r❡s✱ t❤❡♥ ✐t ✐s ✐♥ ♣❛rt✐❝✉❧❛r tr✉❡

❢♦r t❤❡ ♣r❡t♦♣♦❧♦❣② ❛ss♦❝✐❛t❡❞ t♦ ⊳❚✳ ❇② ❧❡♠♠❛ ✹✳✹✳✽ ✐t ✐s t❤✉s ♣r♦✈❛❜❧❡✳ ❚❤❡ r❡s✉❧t ✐s

✐♥ ❢❛❝t s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❛t✱ s✐♥❝❡ ✐t ❛❧❧♦✇s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ☞♥✐t❡ ♥✉♠❜❡r

♦❢ ✭❝❧♦s❡❞✮ ❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛s ❤②♣♦t❤❡s✐s✳

# ❘❡♠❛r❦ ✶✽✿ s✐♥❝❡ F ♥❡❡❞s ♥♦t ❜❡ ❝❧♦s❡❞✱ ✇❡ ♥❡❡❞ t♦ ☞rst r❡♣❧❛❝❡ F ❜②
❛ ❝❧♦s❡❞ ✐♥st❛♥❝❡ ✇❤❡r❡ ❛❧❧ ❢r❡❡ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② ❢r❡s❤
♣❛r❛♠❡t❡rs✳✳✳



✹✳✹ ❆ ♥♦♥✲▲♦❝❛❧✐③❡❞ ❊①❛♠♣❧❡✿ ●❡♦♠❡tr✐❝ ▲✐♥❡❛r ▲♦❣✐❝ ✶✵✼

§ ❈♦♠♣❧❡t❡♥❡ss✱ ♠♦r❡✳ ❆ t♦♣♦s t❤❡♦r❡t✐❝ r❡s✉❧t ✭❇❛rr✬s t❤❡♦r❡♠✮ ✐♠♣❧✐❡s t❤❛t ❤✐❣❤❡r

♦r❞❡r ❝❧❛ss✐❝❛❧ r❡❛s♦♥✐♥❣ ✇✐t❤ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ ☞rst ♦r❞❡r ✐♥t✉✐t✐♦♥✲

✐st✐❝ r❡❛s♦♥✐♥❣ ❢♦r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s ✭❬✶✷❪✱ ❛♥❞ ❬✽✻❪ ❢♦r ❛ s✐♠♣❧❡r r❡❛❞✐♥❣✮✳ ❆ s✐♠✐❧❛r

r❡s✉❧t ❤♦❧❞s ❢♦r ❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s✱ ♥❛♠❡❧②✱ ❤✐❣❤❡r ♦r❞❡r ❝❧❛ss✐❝❛❧ r❡❛s♦♥✐♥❣

❝♦✐♥❝✐❞❡s ✇✐t❤ ☞rst ♦r❞❡r ✐♥t✉✐t✐♦♥✐st✐❝ r❡❛s♦♥✐♥❣✳

⋄ Proposition 4.4.12: ✐❢ G ✐s ❛ ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ❛♥❞ Γ ❛ ☞♥✐t❡

♠✉❧t✐s❡t ♦❢ ❛t♦♠✐❝ ❢♦r♠✉❧❛s✱ t❤❡♥ ✇❡ ❤❛✈❡

Γ ⊢❚ G ⇒ γ ⊳❚ G̃

✇❤❡r❡ ⊢❚ ❞❡♥♦t❡s ❤✐❣❤❡r ♦r❞❡r ❝❧❛ss✐❝❛❧ ❞❡❞✉❝t✐♦♥✳

proof: t❛❦❡ ❛ ✭❝❧❛ss✐❝❛❧✮ ❝✉t ❢r❡❡ ♣r♦♦❢ ♦❢ t❤❡ s❡q✉❡♥t Γ ⊢❚ G✱ ✐✳❡✳ ❛ ❝✉t ❢r❡❡✲♣r♦♦❢ ♦❢

s♦♠❡ !T0, Γ ⊢ G✳

◆♦t❡ t❤❛t s✐♥❝❡ ❛❧❧ t❤❡ ❢♦r♠✉❧❛ ♦♥ t❤❡ ❘❍❙ ♦❢ t❤❡ s❡q✉❡♥t ❛r❡ ♣♦s✐t✐✈❡✱ t❤❡ ♥✉♠❜❡r

♦❢ ❢♦r♠✉❧❛ ♦♥ t❤❡ ❘❍❙ ♦❢ t❤❡ s❡q✉❡♥t ❝❛♥♥♦t ❞❡❝r❡❛s❡✳ ✭❙♦♠❡ ❘❍❙ ❢♦r♠✉❧❛ ♠❛②

❞❡❝♦♠♣♦s❡ ✐♥t♦ str✉❝t✉r❛❧❧② s✐♠♣❧❡r ❢♦r♠✉❧❛✱ ❜✉t t❤❡② ❝❛♥♥♦t ❞✐s❛♣♣❡❛r✳✮ ■♥

♣❛rt✐❝✉❧❛r✱ ✐❢ t❤❡ ❘❍❙ ❝♦♥t❛✐♥s ✷ ❛t♦♠✐❝ ❢♦r♠✉❧❛s✱ t❤❡♥ ✇❡ ❝❛♥♥♦t ❝❧♦s❡ ✐t✦ ❚❤✐s

♠❡❛♥s t❤❛t ❛❧❧ t❤❡ s❡q✉❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ❛r❡ ❛❝t✉❛❧❧② ✐♥t✉✐t✐♦♥✐st✐❝ s❡q✉❡♥ts✱ ❛♥❞

s♦ t❤❡ ♣r♦♦❢ ✐s ✐♥t✉✐t✐♦♥✐st✐❝✳

❚❤❛t t❤✐s s❡♠❛♥t✐❝s ✐s ❝♦♠♣❧❡t❡ ✇✳r✳t✳ ❤✐❣❤❡r ♦r❞❡r r❡❛s♦♥✐♥❣ ❢♦❧❧♦✇s ❢r♦♠

❝✉t ❡❧✐♠✐♥❛t✐♦♥ ❢♦r ❤✐❣❤❡r ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝✳

�X

§ ●♦✐♥❣ ❇❛❝❦ t♦ ❚r❛❞✐t✐♦♥❛❧ ●❡♦♠❡tr✐❝ ❚❤❡♦r✐❡s✳ ❲❤✐❧❡ ❣❡tt✐♥❣ t❤❡ r❡❛❧ ❡①♣♦♥❡♥t✐❛❧s

♦❢ ❧✐♥❡❛r ❧♦❣✐❝ s❡❡♠s ❞✐✍❝✉❧t✱11 ✇❡ ❝❛♥ st✐❧❧ ❡♥❝♦❞❡ ✇❡❛❦❡♥✐♥❣ ❛♥❞ ❝♦♥tr❛❝t✐♦♥ ♦♥

❛r❜✐tr❛r② ❢♦r♠✉❧❛s✳ ❚❤✐s ❛❧❧♦✇s t♦ ❣❡t ❝❧❛ss✐❝❛❧ ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s ❢r♦♠ ❧✐♥❡❛r ♦♥❡s

✈✐❛ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❡♥❝♦❞✐♥❣✳

❍❡r❡ ✐s ❤♦✇ ✇❡ ❝❛♥ ❛❧❧♦✇ ✇❡❛❦❡♥✐♥❣ ♦♥ ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❢♦r♠✉❧❛ F✿ ✇❡ st❛rt

❜② ❛❞❞✐♥❣ ❛ ♥❡✇ r❡❧❛t✐♦♥ s②♠❜♦❧ ωF✱ ✇❤♦s❡ ❛r✐t② ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❛r✐t② ♦❢ F❀ ✇❡

t❤❡♥ r❡♣❧❛❝❡ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ F ❜② ωF ❛♥❞ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✿

ωF ⊸ F

ωF ⊸ 1 ✳

❆❞❞✐♥❣ ❝♦♥tr❛❝t✐♦♥ ❢♦r F ✐s s✐♠✐❧❛r✿ ✇❡ ❛❞❞ ❛ s②♠❜♦❧ χF ❛♥❞ t❤❡ ❛①✐♦♠s

χF ⊸ F

χF ⊸ χF ⊗ χF ✳

❚❤✐s ❛❧❧♦✇s t♦ ❣❡t ❜❛❝❦ t❤❡ ✉s✉❛❧ ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❢♦r ❡❛❝❤

r❡❧❛t✐♦♥ s②♠❜♦❧ A✱ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠s✿

A ⊸ 1

A ⊸ A⊗A ✳

11 ✿ ❆s ❡①♣❡❝t❡❞✱ ♣r♦❜❧❡♠s ❝♦♠❡ ❢r♦♠ t❤❡ ♣r♦♠♦t✐♦♥ r✉❧❡✳



✶✵✽ ✹ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ❛♥❞ ❚♦♣♦❧♦❣②

■t ✐s q✉✐t❡ ❡❛s② t♦ s❡❡ t❤❛t ✐❢ ✇❡ tr❛♥s❧❛t❡ ❛ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛ F ♦♥ ▲ ✐♥t♦ ❛ ❧✐♥❡❛r

❢♦r♠✉❧❛ F̃ ♦♥ ▲ ❜② r❡♣❧❛❝✐♥❣ ∧✱ ∨✱ → ❛♥❞ ∃ r❡s♣❡❝t✐✈❡❧② ❜② ⊗✱ ⊕✱⊸ ❛♥❞ ∃✱ ✇❡ ❤❛✈❡

t❤❛t

Γ ⊢i,❚ F ✐☛ Γ̃ ⊢
i,e❚
F̃ ✳

❲❤❡r❡ ❞❡❞✉❝t✐♦♥ ♦♥ t❤❡ ❧❡❢t ✐s ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ❛♥❞ ❞❡❞✉❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t ✐s ✐♥t✉✐t✐♦♥✐st✐❝ ❧✐♥❡❛r ❧♦❣✐❝✳
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Linear Logic





5 Linear Logic and the Relational Model

❚❤✐s s❡❝♦♥❞ ♣❛rt ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳ ❲❡ ✇✐❧❧

❞❡☞♥❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ♦♥ t❤❡ ❝❛t❡❣♦r② Int t♦ ❡①t❡♥❞ ✐t t♦ ❛ ♠♦❞❡❧ ❢♦r ❢✉❧❧ ❧✐♥❡❛r

❧♦❣✐❝✳ ❲❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ s②♥t❛① ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥

♦❢ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧✳ ❲❡ t❤❡♥ ❜r✐❡✌② ❧♦♦❦ ❛t t❤❡ s✐♠♣❧❡ ❝❛t❡❣♦r② Rel ♦❢ s❡ts ❛♥❞

r❡❧❛t✐♦♥s✳

§ ✭◆❡✇✮ ◆♦t❛t✐♦♥✳ ❆❢t❡r s❡✈❡r❛❧ ✉♥s✉❝❝❡ss❢✉❧ ❛tt❡♠♣ts✱ ■ ❞❡❝✐❞❡❞ t♦ ❣✐✈❡ ✉♣ ❝♦♥s✐s✲

t❡♥❝② ♦❢ ♥♦t❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rts ♦❢ t❤✐s t❤❡s✐s✳ ❍❡r❡ ✐s ❛ ❧✐st ♦❢ t❤❡ ❞✐☛❡r❡♥❝❡s

✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♣❛rt✿

� ✇❡ r❡♠♦✈❡ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ s❡ts ❛♥❞ s✉❜s❡ts✱ ❛♥❞ ✉s❡ t❤❡ s②♠❜♦❧ ❭ǫ✧ ❢♦r

♠❡♠❜❡rs❤✐♣❀

� t❤❡ ♥♦t✐♦♥ ♦❢ ❭s✉❜s❡t✧ ✐s t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡❀

� s❡ts ❛r❡ ✉s✉❛❧❧② ✇r✐tt❡♥ ✇✐t❤ ❝❛♣✐t❛❧ ❧❡tt❡rs ❢r♦♠ t❤❡ ❡♥❞ ♦❢ t❤❡ ❛❧♣❤❛❜❡t ✭X✱

Y✱. . . ❛♥❞ S✮❀

� ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ s✉❜s❡ts ♦❢ st❛t❡s✱ ✇❡ ✉s❡ s♠❛❧❧ ❧❡tt❡rs ❢r♦♠ t❤❡ ❡♥❞ ♦❢ t❤❡

❛❧♣❤❛❜❡t✿ x ⊆ S✱. . .

� r❡❧❛t✐♦♥s ❛r❡ ❞❡♥♦t❡❞ ❜② s♠❛❧❧ ❧❡tt❡rs✿ r ⊆ S1 × S2✳

5.1 An Introduction to Linear Logic

▲✐♥❡❛r ❧♦❣✐❝ ✭❬✸✾❪✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r❡☞♥❡♠❡♥t ♦❢ tr❛❞✐t✐♦♥❛❧ ❧♦❣✐❝ ♦❜t❛✐♥❡❞ ❜② r❡str✐❝t✲

✐♥❣ t❤❡ ✉s❡ ♦❢ ❭str✉❝t✉r❛❧ r✉❧❡s✧ ✐♥ t❤❡ s❡q✉❡♥t ❝❛❧❝✉❧✉s✳ ❚❤♦s❡ str✉❝t✉r❛❧ r✉❧❡s ❛r❡

✐♠♣❧✐❝✐t ✐♥ ♠♦st ♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♣r♦♦❢ ❝❛❧❝✉❧✉s✿ t❤❡② ❞❡❛❧ ✇✐t❤ r❡♣❡t✐t✐♦♥s ❛♥❞

❡r❛s✐♥❣ ♦❢ ❢♦r♠✉❧❛s✳

5.1.1 Intuitionistic Linear Logic

■♥t✉✐t✐♦♥✐st✐❝ ❧✐♥❡❛r ❢♦r♠✉❧❛s ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♠♠❛r✿

F1, F2 ✿✿ = X | ⊥ | 1 | F1 ⊗ F2 | F1⊸ F2

| ⊤ | 0 | F1 ⊕ F2 | F1 ✫ F2

| !F1

✇❤❡r❡ X ❜❡❧♦♥❣s t♦ ❛ s❡t ❳ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳



✶✶✷ ✺ ▲✐♥❡❛r ▲♦❣✐❝ ❛♥❞ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❆♥ ✐♥t✉✐t✐♦♥✐st✐❝ s❡q✉❡♥t ✐s ♦❢ t❤❡ ❢♦r♠ Γ ⊢ F✱ ✇❤❡r❡ Γ ✐s ❛ ❧✐st ♦❢ ❢♦r♠✉❧❛s ❛♥❞ F ❛

❢♦r♠✉❧❛✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ❞❡❛❧✐♥❣ ✇✐t❤ ❝♦♠♠✉t❛t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝✱ ✇❡ ❛❧❧♦✇ s❤✉✎✐♥❣

t❤❡ ❧✐st tr❛♥s♣❛r❡♥t❧②✳ ❚❤❡ ❝❛❧❝✉❧✉s ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

♣❡r♠✉t❛t✐♦♥✿

�
Γ ✱ G2 ✱ G1 ✱ ∆ ⊢ F

Γ ✱ G1 ✱ G2 ✱ ∆ ⊢ F
t❤✐s r✉❧❡ ✐s ❛♣♣❧✐❡❞ tr❛♥s♣❛r❡♥t❧②✳

❆①✐♦♠ ❛♥❞ ❝✉t✿

� ❛①✐♦♠✿
X ⊢ X

❀

� ❝✉t✿
Γ ⊢ F1 ∆ ✱ F1 ⊢ F2

Γ ✱ ∆ ⊢ F2
✳

❆❞❞✐t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

� ❝♦♥st❛♥ts✿
Γ ⊢ ⊤

❛♥❞
Γ ✱ 0 ⊢ F

❀

� ❭♣❧✉s✧✿

✲ r✐❣❤t✿
Γ ⊢ F1

Γ ⊢ F1 ⊕ F2
❛♥❞

Γ ⊢ F2

Γ ⊢ F1 ⊕ F2
❀

✲ ❧❡❢t✿
Γ ✱ G1 ⊢ F Γ ✱ G2 ⊢ F

Γ ✱ G1 ⊕G2 ⊢ F
❀

� ❭✇✐t❤✧✿

✲ r✐❣❤t✿
Γ ⊢ F1 Γ ⊢ F2

Γ ⊢ F1 ✫ F2
❀

✲ ❧❡❢t✿
Γ ✱ G1 ⊢ F

Γ ✱ G1 ✫ G2 ⊢ F
❛♥❞

Γ ✱ G2 ⊢ F

Γ ✱ G1 ✫ G2 ⊢ F
✳

▼✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

� ❝♦♥st❛♥ts✿
⊢ 1

✱
Γ ⊢ F

Γ ✱ 1 ⊢ F
❀

❛♥❞
Γ ⊢

Γ ⊢ ⊥
✱

⊥ ⊢
❀ ✭✐♥ ♦t❤❡r ✇♦r❞s✱ ⊥ ✐s ❛ ♥♦t❛t✐♦♥ ❢♦r ❛♥ ❡♠♣t② ❘❍❙✮

� ❭t❡♥s♦r✧✿

✲ r✐❣❤t✿
Γ ⊢ F1 ∆ ⊢ F2

Γ ✱ ∆ ⊢ F1 ⊗ F2
❀

✲ ❧❡❢t✿
Γ ✱ G1 ✱ G2 ⊢ F

Γ ✱ G1 ⊗G2 ⊢ F
❀

� ❭❧✐♥❡❛r ❛rr♦✇✧✿

✲ r✐❣❤t✿
Γ ✱ F1 ⊢ F2

Γ ⊢ F1⊸ F2
❀

✲ ❧❡❢t✿
Γ1 ⊢ G1 Γ2 ✱ G2 ⊢ F

Γ1 ✱ Γ2 ✱ G1⊸ G2 ⊢ F
✳

❊①♣♦♥❡♥t✐❛❧s✿

� ✇❡❛❦❡♥✐♥❣✿
Γ ⊢ F

Γ ✱ !G ⊢ F
❀

� ❞❡r❡❧✐❝t✐♦♥✿
Γ ✱ G ⊢ F

Γ ✱ !G ⊢ F
❀



✺✳✶ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ▲✐♥❡❛r ▲♦❣✐❝ ✶✶✸

� ❝♦♥tr❛❝t✐♦♥✿
Γ ✱ !G ✱ !G ⊢ F

Γ ✱ !G ⊢ F
❀

� ♣r♦♠♦t✐♦♥✿
!Γ ⊢ F

!Γ ⊢ !F
✭✇❤❡r❡ !(G1,...,Gn) = !G1,..., !Gn✮✳

5.1.2 Classical Linear Logic

❖♥❡ ❝❛♥ ❣❡t t♦ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ❢r♦♠ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ❜② ❛❞❞✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❞♦✉❜❧❡

♥❡❣❛t✐♦♥✿ ¬¬F→ F✳ ❈❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❜② ❛❞❞✐♥❣ t❤❡

♣r✐♥❝✐♣❧❡ F⊥⊥ ⊸ F✳ ❏✉st ❧✐❦❡ tr❛❞✐t✐♦♥❛❧ ❧♦❣✐❝✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr✐❡s✱ t❤❡r❡ ❛r❡

♠❛♥② ❡q✉✐✈❛❧❡♥t ✇❛②s t♦ ♣r❡s❡♥t t❤❡ ❝❛❧❝✉❧✉s✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

� ♦♥❧② ❛t♦♠s ❝❛♥ ❜❡ ♥❡❣❛t❡❞❀ ❢✉❧❧ ♥❡❣❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❞❡ ▼♦r❣❛♥ ❧❛✇s❀

� ✇❡ ✉s❡ s✐♥❣❧❡ s✐❞❡❞ s❡q✉❡♥ts✳

❇❡s✐❞❡s t❤❛t✱ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❢♦r♠✉❧❛s ❛r❡ ♥♦t ✈❡r② ❞✐☛❡r❡♥t ❢r♦♠ ✐♥t✉✐t✐♦♥✐st✐❝ ♦♥❡s✿

F1, F2 ✿✿ = X | X⊥ | ⊥ | 1 | F1 ⊗ F2 | F1

✫

F2

| ⊤ | 0 | F1 ⊕ F2 | F1 ✫ F2

| !F1 | ?F1

✇❤❡r❡ X ❜❡❧♦♥❣s t♦ ❛ s❡t ❳ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ◆♦t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡❣❛t✐♦♥

♦♥ ❛t♦♠s✱ t❤❛t t❤❡ ❝♦♥♥❡❝t✐✈❡ ❭⊸✧ ✐s r❡♣❧❛❝❡❞ ❜② ❭

✫

✧ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♥❡✇

✉♥❛r② ❝♦♥♥❡❝t✐✈❡✿ ❭? ✧✳ ❆ s❡q✉❡♥t ✐s ♥♦✇ ♦❢ t❤❡ ❢♦r♠ ⊢ Γ ✇❤❡r❡ Γ ✐s ❛ ☞♥✐t❡ ❧✐st ♦❢

❢♦r♠✉❧❛s✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥t ❝❛❧❝✉❧✉s✿

❆①✐♦♠ ❛♥❞ ❝✉t✿

� ❛①✐♦♠✿
⊢ X⊥ ✱ X

❀

� ❝✉t✿
⊢ Γ ✱ F ⊢ F⊥ ✱ ∆

⊢ Γ ✱ ∆
✳

❆❞❞✐t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

� ❝♦♥st❛♥ts✿
⊢ Γ ✱ ⊤

❛♥❞ ✭♥♦ r✉❧❡ ❢♦r 0✮❀

� ❭♣❧✉s✧✿
⊢ Γ ✱ F1

⊢ Γ ✱ F1 ⊕ F2
❛♥❞

⊢ Γ ✱ F2

⊢ Γ ✱ F1 ⊕ F2
❀

� ❭✇✐t❤✧✿
⊢ Γ ✱ F1 ⊢ Γ ✱ F2

⊢ Γ ✱ F1 ✫ F2
✳

▼✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

� ❝♦♥st❛♥ts✿
⊢ 1

❛♥❞
⊢ Γ

⊢ Γ ✱ ⊥
❀

� ❭t❡♥s♦r✧✿
⊢ Γ ✱ F1 ⊢ ∆ ✱ F2

⊢ Γ ✱ ∆ ✱ F1 ⊗ F2
❀

� ❭♣❛r✧✿
⊢ Γ ✱ F1 ✱ F2

⊢ Γ ✱ F1

✫

F2
✳

❊①♣♦♥❡♥t✐❛❧s✿

� ✇❡❛❦❡♥✐♥❣✿
⊢ Γ

⊢ Γ ✱ ?F
❀



✶✶✹ ✺ ▲✐♥❡❛r ▲♦❣✐❝ ❛♥❞ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

� ❞❡r❡❧✐❝t✐♦♥✿
⊢ Γ ✱ F

⊢ Γ ✱ ?F
❀

� ❝♦♥tr❛❝t✐♦♥✿
⊢ Γ ✱ ?F ✱ ?F

⊢ Γ ✱ ?F
❀

� ♣r♦♠♦t✐♦♥✿
⊢ ?Γ ✱ F

⊢ ?Γ ✱ !F
✭✇❤❡r❡ ?(G1,...,Gn) = ?G1,...,?Gn✮✳

❲❡ ❞❡☞♥❡ t❤❡ ❧✐♥❡❛r ♥❡❣❛t✐♦♥ F⊥ ♦❢ ❛ ❢♦r♠✉❧❛ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡ ▼♦r❣❛♥ ❧❛✇s✿

� X⊥⊥ , X❀
� (F1 ⊕ F2)

⊥ , F⊥1 ✫ F⊥2 ❀

� (F1 ✫ F2)
⊥ , F⊥1 ⊕ F

⊥
2 ❀

� (F1 ⊗ F2)
⊥ , F⊥1

✫

F⊥2 ❀

� (F1

✫

F2)
⊥ , F⊥1 ⊗ F

⊥
2 ❀

� (!F)⊥ , ?(F⊥)❀

� (?F)⊥ , !(F⊥)✳

▼♦r❡♦✈❡r✱ t❤❡ ❢♦r♠✉❧❛ F1⊸ F2 ✐s ❞❡☞♥❡❞ ❛s F⊥1

✫

F2✳

❚❤✐s s②st❡♠✱ ❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ❡♥❥♦②s ❝✉t ❡❧✐♠✐♥❛t✐♦♥✿ t❤❡r❡ ✐s ❛ r❡✇r✐t✐♥❣ ♣r♦❝❡✲

❞✉r❡ tr❛♥s❢♦r♠✐♥❣ ❛♥② ♣r♦♦❢ ✐♥t♦ ❛ ♣r♦♦❢ ♦❢ t❤❡ s❛♠❡ s❡q✉❡♥t ✇❤✐❝❤ ❞♦❡s♥✬t ✉s❡ t❤❡

❝✉t r✉❧❡✳

5.2 Categorical Models of Linear Logic

❆ ♥❛✐✈❡ ❛♣♣r♦❛❝❤ t♦ ♠❛❦✐♥❣ ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐s s✐♠♣❧② t♦ t❛❦❡

❛ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② ✭♠♦❞❡❧✐♥❣ t❤❡ s✐♠♣❧② t②♣❡❞ λ✲❝❛❧❝✉❧✉s✱ ✐✳❡✳ ✐♥t✉✐t✐♦♥✐st✐❝

❧♦❣✐❝✮ ❛♥❞ r❡q✉✐r❡ ♥❡❣❛t✐♦♥ t♦ ❜❡ ✐♥✈♦❧✉t✐✈❡✿ ¬¬F ≃ F✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛ ❝❛t❡❣♦r② ✐s

tr✐✈✐❛❧✿ ✐t ✐s ❣✐✈❡♥ ❜② ❛ ♣❛rt✐❛❧ ♦r❞❡r✱ ✐✳❡✳ ❛ ❜♦♦❧❡❛♥ ❛❧❣❡❜r❛ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ s❤♦rt

♥♦t❡ ❬✼✺❪✮✳ ▲✐♥❡❛r ❧♦❣✐❝ ❜r✐♥❣s s♦♠❡ ❧✐❣❤t ♦♥ t❤✐s ❛♥❞ s❤♦✇s ❤♦✇ t♦ ❝♦♥str✉❝t s✉❜t❧❡r✱

♥♦♥✲tr✐✈✐❛❧ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ ✭✈✐❛ ❛♣♣r♦♣r✐❛t❡ ❡♥❝♦❞✐♥❣s✮ ❛s

❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧s ❢♦r ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ st❛rt ✇✐t❤ ❛ ❝❛t❡❣♦r② ✇✐t❤

❛ ✇❡❛❦❡r ❝❧♦s✉r❡ ♣r♦♣❡rt② t❤❛♥ ❝❛rt❡s✐❛♥ ❝❧♦s✉r❡ t♦ ✐♥t❡r♣r❡t ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♥❡❛r

❧♦❣✐❝ ✭▼▲▲✮ ❛♥❞ ✉s❡ ❛ ❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥ ♦✈❡r t❤❡ ❡①♣♦♥❡♥t✐❛❧s t♦ ♦❜t❛✐♥ ❛ ❝❛rt❡s✐❛♥

❝❧♦s❡❞ ❝❛t❡❣♦r②✳

5.2.1 Multiplicative Additive Linear Logic

❖✉r ☞rst ❛✐♠ ✐s t♦ ❣❡t ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r ❧✐♥❡❛r ❧♦❣✐❝ ✇✐t❤♦✉t ❡①♣♦♥❡♥t✐❛❧s✳

❙♣❡❧❧❡❞ ♦✉t ✐♥ ❞❡t❛✐❧s✱ ✇❡ ✇❛♥t ❛ ♥♦♥ tr✐✈✐❛❧ ❝❛t❡❣♦r② ❈ ✇❤❡r❡✿

� ❢♦r♠✉❧❛s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ♦❜❥❡❝ts❀

� ❛ ♣r♦♦❢ ♦❢ F1 ⊢ F2 ✐s ✐♥t❡r♣r❡t❡❞ ❜② ❛ ♠♦r♣❤✐s♠ ❢r♦♠ F1 t♦ F2✳

§ ▼✉❧t✐♣❧✐❝❛t✐✈❡ ❈♦♥♥❡❝t✐✈❡s✳ ❚❤❡ ❡❛s✐❡st ♣❛rt ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ❭♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐♥t✉✲

✐t✐♦♥✐st✐❝ ❧✐♥❡❛r ❧♦❣✐❝✧✿ ▼■▲▲✳ ❆ ♠♦❞❡❧ ❢♦r ▼■▲▲ ✐s s✐♠♣❧② ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧

❝❧♦s❡❞ ❝❛t❡❣♦r② (❈,⊗,⊸)✳ ❇② t❤❡ r✉❧❡ ❢♦r t❤❡ t❡♥s♦r ♦♥ t❤❡ ❧❡❢t✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡

s❡q✉❡♥ts G1 ✱ · · · ✱ Gn ⊢ F ❜② s❡q✉❡♥ts G1 ⊗ . . .⊗Gn ⊢ F✳ ❲✐t❤ t❤❛t ✐♥ ♠✐♥❞✱ ❛❧❧

t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥❞✉❝t✐✈❡❧②✿ ✇❡ ❥✉st r❡♣❧❛❝❡ t❤❡ s②♥t❛❝t✐❝❛❧ s②♠❜♦❧s ❜②

t❤❡✐r s❡♠❛♥t✐❝❛❧ ❝♦✉♥t❡r♣❛rt✳ ❋♦r ♣r♦♦❢s✱ ✇❡ ✉s❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠s ❛♥❞ t❤❡✐r

♦❜✈✐♦✉s ❝♦♠♣♦s✐t✐♦♥s✳



✺✳✷ ❈❛t❡❣♦r✐❝❛❧ ▼♦❞❡❧s ♦❢ ▲✐♥❡❛r ▲♦❣✐❝ ✶✶✺

❲❤❛t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ ✐s t❤❛t ✇❡ ❝❛♥ ✉s❡ ❛♥② ♦❜❥❡❝t C ♦❢ ❈ t♦ ✐♥t❡r♣r❡t ⊥✿

✇❡ ✐♥t❡r♣r❡t ❛♥ ❡♠♣t② ❧❡❢t✲❤❛♥❞ s✐❞❡ ❜② 1 ✭t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ❢♦r ⊗✮ ❛♥❞ ❛♥ ❡♠♣t②

r✐❣❤t✲❤❛♥❞ s✐❞❡ ❜② C✳ ❚❤❡♥✱ ❡✈❡r②t❤✐♥❣ ✇♦r❦s ❭♦✉t ♦❢ t❤❡ ❜♦①✧✳

§ ❆❞❞✐t✐✈❡ ❈♦♥♥❡❝t✐✈❡s✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ✐♥t❡r♣r❡t t❤❡ ❛❞❞✐t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✱ ♦♥❡ ♥❡❡❞s t❤❡

❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt② t❤❛t ❈ ❤❛s ☞♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ ❝♦♣r♦❞✉❝ts✳ ❋♦r ♦❜✈✐♦✉s r❡❛s♦♥s✱

✇❡ ✇r✐t❡ t❤❡ ♣r♦❞✉❝t ✫ ✭✇✐t❤ t❡r♠✐♥❛❧ ❡❧❡♠❡♥t ⊤✮ ❛♥❞ t❤❡ ❝♦♣r♦❞✉❝t ⊕ ✭✇✐t❤

✐♥✐t✐❛❧ ❡❧❡♠❡♥t 0✮✳ ❏✉st ❧✐❦❡ ❛❜♦✈❡✱ ❡✈❡r②t❤✐♥❣ ✇♦r❦s✿ ❭♦✉t ♦❢ t❤❡ ❜♦①✧✳

§ ❉✉❛❧✐③✐♥❣ ❖❜❥❡❝t✳ ●❡tt✐♥❣ ❛ ♠♦❞❡❧ ❢♦r ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ❧❡ss tr✐✈✐❛❧✳ ❚❤❡ ✐❞❡❛

✐s s✐♠♣❧❡ ✐♥ ✐ts❡❧❢✱ ❜✉t ❤❛s ♠❛♥② ❝♦♥s❡q✉❡♥❝❡s✿ ✇❡ ✇❛♥t ❛ s♣❡❝✐❛❧ ♦❜❥❡❝t ⊥ ✇❤✐❝❤ ✐s

❞✉❛❧✐③✐♥❣✳ ▲❡t✬s r❡❝❛❧❧ t❤❡ ❞❡☞♥✐t✐♦♥ ❢r♦♠ ♣❛❣❡ ✽✷

❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ✐♥ ❛♥ ❙▼❈❈ (❈,⊗,⊸) ✐s ❛♥ ♦❜❥❡❝t ⊥ s✉❝❤ t❤❛t✱ ❢♦r

❡✈❡r② ♦❜❥❡❝t A✱ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ A t♦ (A⊸ ⊥)⊸ ⊥ ✐s ❛♥

✐s♦♠♦r♣❤✐s♠✳

❲✐t❤ s✉❝❤ ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t ❝❧❛ss✐❝❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝

✭❛♥❞ ❛❞❞✐t✐✈❡ ✐❢ ✇❡ ❤❛✈❡ ☞♥✐t❡ ♣r♦❞✉❝ts ❛♥❞ ❝♦♣r♦❞✉❝ts✮✳ ❲❡ ❞❡☞♥❡ X⊥ , F ⊸ ⊥
❛♥❞ X

✫

Y , X⊥ ⊸ Y❀ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

✫

❞❡☞♥❡s ❛ ❝♦♠♠✉t❛t✐✈❡ t❡♥s♦r ♣r♦❞✉❝t

✇❤✐❝❤ ✐s ❞✉❛❧ t♦ ⊗✿

(X⊗ Y)⊥ = (X⊗ Y)⊸ ⊥

≃ X⊸ (Y ⊸ ⊥)

≃
(
(X⊸ ⊥)⊸ ⊥

)
⊸ (Y ⊸ ⊥)

= X⊥ ✫

Y⊥ ✳

❙❤♦✇✐♥❣ ❛❧❧ t❤❡ ♦t❤❡r ✐s♦♠♦r♣❤✐s♠s ✐♥ ❛ ♣✉r❡❧② ❝❛t❡❣♦r✐❝❛❧ s❡tt✐♥❣ ✐s ❛♥ ✭✉♥✮✐♥t❡r❡st✐♥❣

❡①❡r❝✐s❡ ✐♥ ❛❜str❛❝t ♥♦♥s❡♥s❡✳

5.2.2 Lafont’s Exponentials

❚❤❡ ❝❤❛❧❧❡♥❣❡ ❧✐❡s ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧s✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ❛❜str❛❝t

❞❡☞♥✐t✐♦♥✱ ❧❡t✬s ❧♦♦❦ ❛t s♦♠❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ✇❡ ✇❛♥t ❢♦r t❤❡ ♦❜❥❡❝ts !X✳

✶✮ ❢♦r ❛♥② ♠♦r♣❤✐s♠ f ✿ ❈(X, Y)✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♠♦r♣❤✐s♠ !f ✐♥ ❈(!X, !Y) ❜②

♣r♦♠♦t✐♦♥ ✴ ❞❡r❡❧✐❝t✐♦♥❀

✷✮ ❢♦r ❛♥② ♦❜❥❡❝t X✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥ ❈(!X, !X⊗ !X) ❜② ❝♦♥tr❛❝t✐♦♥ ✴

❛①✐♦♠❀

✸✮ ❢♦r ❛♥② ♦❜❥❡❝t X✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥ ❈(!X, 1) ❜② ✇❡❛❦❡♥✐♥❣❀

✹✮ ❢♦r ❛♥② ♦❜❥❡❝t X✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥ ❈(!X,X) ❜② ❞❡r❡❧✐❝t✐♦♥ ✴ ❛①✐♦♠❀

✺✮ ❢♦r ❛♥② ♦❜❥❡❝t X✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ♠♦r♣❤✐s♠ ✐♥ ❈(!X, !!X) ❜② ♣r♦♠♦t✐♦♥ ✴ ❛①✐♦♠✳

■t ✐s ♥♦t ❞✐✍❝✉❧t t♦ s❡❡ t❤❛t t❤♦s❡ s✐♠♣❧❡ r✉❧❡s ❛❧❧♦✇s t♦ ✐♥❢❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧

❞❡r❡❧✐❝t✐♦♥✱ ❝♦♥tr❛❝t✐♦♥ ❛♥❞ ✇❡❛❦❡♥✐♥❣ r✉❧❡s ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ❝♦♠♣♦s✐t✐♦♥s✳

❲❡ ❣❡♥❡r❛❧✐③❡ t❤♦s❡ ♦❜s❡r✈❛t✐♦♥s t♦ ❛ ❝❛t❡❣♦r✐❝❛❧ s❡tt✐♥❣ ❜② r❡q✉✐r✐♥❣✿

� ! ✐s ❛ ❢✉♥❝t♦r ✭♣♦✐♥t ✶✮❀

� ❛♥② !X ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ⊗✲❝♦♠♦♥♦✐❞ str✉❝t✉r❡ ✭♣♦✐♥ts ✷ ❛♥❞ ✸✮❀

� ! ✐s ❛ ❝♦♠♦♥❛❞ ✭♣♦✐♥ts ✹ ❛♥❞ ✺✮✳

■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ✇❡ ❝❛♥ ❞✉❛❧✐③❡ ❡✈❡r②t❤✐♥❣ ❢♦r ? ❛♥❞ ❛s❦ ✐t t♦ ❜❡ ❛ ♠♦♥❛❞ s❡♥❞✐♥❣

♦❜❥❡❝ts t♦

✫

✲♠♦♥♦✐❞s✳



✶✶✻ ✺ ▲✐♥❡❛r ▲♦❣✐❝ ❛♥❞ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❚❤✐s ♦♥❧② t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣✉r❡❧② ❛❧❣❡❜r❛✐❝ ♣r♦♣❡rt✐❡s ♦❢ ! ❛♥❞ ? ✳

❙✉r♣r✐s✐♥❣❧② ❡♥♦✉❣❤✱ t❤❡ ♦♥❧② r❡❛❧ ❧♦❣✐❝❛❧ ♣r♦♣❡rt② ♥❡❡❞❡❞ t♦ ❤❛✈❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧

❝♦♥str✉❝t✐♦♥ ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❧♦❣✐❝ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠ ✭♥❛t✉r❛❧ ✐♥ X ❛♥❞ Y✮✿

!(X ✫ Y) ≃ !X⊗ !Y ✳

❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✇✐❧❧ ✐♠♣❧② ❛♠♦♥❣ ♦t❤❡rs t❤❛t t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ♦✈❡r t❤❡ !

❝♦♠♦♥❛❞ ✐s ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✳ ❉❡☞♥✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧s ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t② r❡q✉✐r❡s

❛ ❧♦t ♦❢ ❜✉r❡❛✉❝r❛❝②✿ ♦♥❡ ♥❡❡❞s t♦ ♣❛② ❛tt❡♥t✐♦♥ t♦ s♠❛❧❧ ❛♥❞ s✉❜t❧❡ ❞❡t❛✐❧s✳ ❲❡ r❡❢❡r

t♦ t❤❡ s✉r✈❡② ♣❛♣❡r ❬✻✸❪ ❛♥❞ ❛❧❧ t❤❡ r❡❢❡r❡♥❝❡s ❣✐✈❡♥ t❤❡r❡✳

▲❛❢♦♥t✬s ❡①♣♦♥❡♥t✐❛❧s ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ !X t♦ ❜❡ t❤❡ ❢r❡❡ ⊗✲❝♦♠♦♥♦✐❞ ❛ss♦✲

❝✐❛t❡❞ t♦ X✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❛t ♠♦st ♦❢ t❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❤♦❧❞

❛✉t♦♠❛t✐❝❛❧❧②✳ ❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ✐s t❤❛t ✐t ♠✐❣❤t ♥❡✐t❤❡r ❜❡ ❡❛s② ♥♦r ❡✈❡♥ ♣♦ss✐❜❧❡ t♦

❝♦♥str✉❝t t❤✐s ❢r❡❡ ❡①♣♦♥❡♥t✐❛❧✳ ▼♦r❡ ❝♦♠♣❧❡① ❛①✐♦♠❛t✐③❛t✐♦♥s ❢♦r ❡①♣♦♥❡♥t✐❛❧s ❛r❡

♣♦ss✐❜❧❡✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ s♣❧✐t t❤❡ ❡①♣♦♥❡♥t✐❛❧ !X ✐♥t♦ t✇♦ ♣❛rts✿

✶✮ ✇❡ s❡♥❞ X t♦ ❛♥ ♦❜❥❡❝t E(X) ✐♥ t❤❡ ❝❛t❡❣♦r② CoMon(❈,⊗) ♦❢ ⊗✲❝♦♠♦♥♦✐❞s ♦♥ ❈❀

✷✮ ✇❡ t❤❡♥ s❡♥❞ E(X) ❜❛❝❦ ✐♥t♦ ❈ ❜② ❛♣♣❧②✐♥❣ ❛ ❢✉♥❝t♦r U ✿ CoMon(❈,⊗)→ ❈✳

❲❡ ❛s❦ t❤❛t U ❛♥❞ E ❛r❡ ❛❞❥♦✐♥t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t U · E ✐s ❛ ❝♦♠♦♥❛❞✳ ▲❛❢♦♥t✬s

❡①♣♦♥❡♥t✐❛❧s ❛r❡ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ U ✐s t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝t♦r ❢r♦♠ CoMon(❈,⊗)

t♦ ❈✳

5.3 The Relational Model

❆❢t❡r t❤✐s ❝r❛s❤ ❝♦✉rs❡ ♦♥ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧s ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✱ ❧❡t✬s ❣❡t ❜❛❝❦ t♦ ❛ ♠♦r❡

❭❝♦♥❝r❡t❡✧ s✐t✉❛t✐♦♥✿ ✇❡ r❡❝❛❧❧ t❤❡ s✐♠♣❧❡st ✭❄❄✮ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✱

t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✳

❚❤❡ ❝❛t❡❣♦r② Rel ♦❢ s❡ts ❛♥❞ r❡❧❛t✐♦♥s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ♦♥ ♣❛❣❡ ✼✶✳

❘❡❝❛❧❧ s♦♠❡ tr✐✈✐❛❧ r❡s✉❧ts✿

� ❞✐s❥♦✐♥t ✉♥✐♦♥ ❣✐✈❡s ❜♦t❤ ♣r♦❞✉❝t ❛♥❞ ❝♦♣r♦❞✉❝t✱ ∅ ✐s ❜♦t❤ ✐♥✐t✐❛❧ ❛♥❞ t❡r♠✐♥❛❧❀

� ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ✐s ❛ t❡♥s♦r ♣r♦❞✉❝t✱ ✇✐t❤ ♥❡✉tr❛❧ ♦❜❥❡❝t {∗}❀

� t❤❡ s✐♥❣❧❡t♦♥ s❡t {∗} ✐s ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t❀

� t❤❡ t❡♥s♦r ✭❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ s❡ts✮ ✐s s❡❧❢✲❛❞❥♦✐♥t✳

❈❤❡❝❦✐♥❣ t❤♦s❡ ♣r♦♣❡rt✐❡s ✐s q✉✐t❡ ❞✐r❡❝t ❛♥❞ ✇❡ ♦♠✐t t❤❡ ♣r♦♦❢s✳

5.3.1 Intuitionistic Multiplicative Additive Linear Logic

❆s t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦s s❤♦✇❡❞✱ t❤❡ ❝❛t❡❣♦r② Rel ❝❛♥ ❜❡ ♠❛❞❡ ✐♥t♦ ❛ ❞❡♥♦t❛t✐♦♥❛❧

♠♦❞❡❧ ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝✳ ❲❡ ✇✐❧❧ ♥♦t ❞❡t❛✐❧ t❤❡ ✐♥✲

t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ♣r♦♦❢s✱ s✐♥❝❡ ✐t ❝❛♥ ❡❛s✐❧② ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡❝t✐♦♥ ✭r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ♣r♦♦❢s✮✳ ▲❡t✬s ♦♥❧② ♠❡♥t✐♦♥ t❤❛t ❛ ♣r♦♦❢ π

♦❢ ❛ s❡q✉❡♥t G1 ✱ . . . ✱ Gn ⊢ F ✐s ✐♥t❡r♣r❡t❡❞ ❜② ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ |G1 ⊗ · · · ⊗ Gn|

❛♥❞ |F|✱ ✐✳❡✳ ❜❡t✇❡❡♥ |G1| × · · · × |Gn| ❛♥❞ |F| ✭✇❤❡r❡ |F| r❡♣r❡s❡♥t t❤❡ r❡❧❛t✐♦♥ ✐♥t❡r✲

♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ F✮✳



✺✳✸ ❚❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✶✼

5.3.2 Classical Multiplicative Additive Linear Logic

❙✐♥❝❡ t❤❡ ♦❜❥❡❝t {∗} ✐s ❞✉❛❧✐③✐♥❣ ✐♥ Rel✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝❛t❡❣♦r② ♦❢ s❡ts ❛♥❞

r❡❧❛t✐♦♥s t♦ ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r ❝❧❛ss✐❝❛❧ ▼❆▲▲✳ ❉❡❝✐❞❡ ☞rst ♦♥ ❛ ✈❛❧✉❛t✐♦♥ ρ

❢r♦♠ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s t♦ s❡ts ❛♥❞ ❞❡☞♥❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ |F| ♦❢ ❛ ❢♦r♠✉❧❛ F t♦

❜❡✱ ❛s ❡①♣❡❝t❡❞✿

|X| , ρ(X) ❛♥❞ |X⊥| , ρ(X)

|⊤| , ∅ ❛♥❞ |0| , ∅

|⊥| , {∗} ❛♥❞ |1| , {∗}

|F1 ⊕ F2| , |F1|+ |F2| ❛♥❞ |F1 ✫ F2| , |F1|+ |F2|

|F1

✫

F2| , |F1| × |F2| ❛♥❞ |F1 ⊗ F2| , |F1| × |F2|

❚❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❛ ❧✐tt❧❡ ❜♦r✐♥❣ s✐♥❝❡ ❢♦r ❛♥② ❢♦r♠✉❧❛ F✱ ✇❡ ❤❛✈❡ |F| = |F⊥|✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s ❝♦♠❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡

♦❢ Rel✱ ❜✉t ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ s♣❡❧❧ ✐t ♦✉t ✐♥ ❞❡t❛✐❧s✳ ❋♦r ❛♥② ♣r♦♦❢ π ♦❢ ❛ s❡✲

q✉❡♥t ⊢ G1 ✱ . . . ✱ Gn ✭❞❡♥♦t❡❞ ❜② ❭π ⊢ G1 ✱ . . . ✱ Gn✧✮✱ ❞❡☞♥❡ ✐ts ✐♥t❡r♣r❡t❛t✐♦♥ [[π]]✱

❛ s✉❜s❡t ♦❢ |G1| × . . .× |Gn|✱ ✐♥❞✉❝t✐✈❡❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✿

� ❆①✐♦♠ ❛♥❞ ❝✉t✿

✲ ❛①✐♦♠✿ ✐❢
π ⊢ X⊥ ✱ X

✱ t❤❡♥ [[π]] , Eqρ(X)❀

✲ ❝✉t✿ ✐❢
π1 ⊢ Γ ✱ F π2 ⊢ F

⊥ ✱ ∆

π ⊢ Γ ✱ ∆
✱

t❤❡♥ [[π]] ,
{
(γ, δ) |

(
∃a ǫ |F|

)
(γ, a) ǫ [[π1]] ∧ (a, δ) ǫ [[π2]]

}
= [[π2]] · [[π1]]✳

� ❆❞❞✐t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

✲ ❝♦♥st❛♥ts✿ ✐❢
π ⊢ Γ ✱ ⊤

✱ t❤❡♥ [[π]] = ∅❀

✲ ❭♣❧✉s✧✿ ✐❢
π1 ⊢ Γ ✱ F1

π ⊢ Γ ✱ F1 ⊕ F2
✱ t❤❡♥ [[π]] =

{(
γ, ✐♥❧(a)

)
| (γ, a) ǫ [[π1]]

}

❛♥❞ s✐♠✐❧❛r❧② ❢♦r
π2 ⊢ Γ ✱ F2

π ⊢ Γ ✱ F1 ⊕ F2
❀

✲ ❭✇✐t❤✧✿ ✐❢
π1 ⊢ Γ ✱ F1 π2 ⊢ Γ ✱ F2

π ⊢ Γ ✱ F1 ✫ F2

t❤❡♥ [[π]] ,
{(
γ, ✐♥❧(a1)

)
| (γ, a1) ǫ [[π1]]

}
∪

{(
γ, ✐♥r(a2)

)
| (γ, a2) ǫ [[π2]]

}
✳

� ▼✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥♥❡❝t✐✈❡s✿

✲ ❝♦♥st❛♥ts✿ ✐❢
π ⊢ 1

t❤❡♥ [[π]] , {∗}❀

❛♥❞ ✐❢
π1 ⊢ Γ

π ⊢ Γ ✱ ⊥
t❤❡♥ [[π]] , {(γ, ∗) | γ ǫ [[π1]]}❀

✲ ❭t❡♥s♦r✧✿ ✐❢
π1 ⊢ Γ ✱ F1 π2 ⊢ ∆ ✱ F2

π ⊢ Γ ✱ ∆ ✱ F1 ⊗ F2

t❤❡♥ [[π]] ,
{(
γ, δ, (a1, a2)

)
| (γ, a1) ǫ [[π1]] ∧ (δ, a2) ǫ [[π2]]

}
❀



✶✶✽ ✺ ▲✐♥❡❛r ▲♦❣✐❝ ❛♥❞ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

✲ ❭♣❛r✧✿ ✐❢
π1 ⊢ Γ ✱ F1 ✱ F2

π ⊢ Γ ✱ F1

✫

F2

t❤❡♥ [[π]] ,
{(
γ, (a1, a2)

)
| (γ, a1, a2) ǫ [[π1]]

}
✳

❚❤✉s✱ ❣✐✈❡♥ ❛ ✈❛❧✉❛t✐♦♥ ❢r♦♠ ❳ t♦ s❡ts✱ ✇❡ ✐♥t❡r♣r❡t ❛ ♣r♦♦❢ ♦❢ ⊢ Γ ❜② ❛ s✉❜s❡t ♦❢ |Γ |✳

5.3.3 Exponentials

■♥t❡r♣r❡t✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧s ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ❛♠♦✉♥ts t♦ ❧♦♦❦✐♥❣ ❢♦r t❤❡ ❢r❡❡

×✲♠♦♥♦✐❞ ✐♥ Rel✳ ■t ✐s ♥♦t t♦♦ ❞✐✍❝✉❧t t♦ s❡❡ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ☞♥✐t❡

♠✉❧t✐s❡ts✱ ✐✳❡✳ ☞♥✐t❡ t✉♣❧❡s ♠♦❞✉❧♦ r❡✐♥❞❡①✐♥❣✿

⊲ Definition 5.3.1: ❛ ☞♥✐t❡ ❢❛♠✐❧② ♦✈❡r S ✐s ❛ ❢❛♠✐❧② (si)iǫI ✇❤❡r❡ t❤❡ s❡t I ✐s

☞♥✐t❡✳ ❚✇♦ ☞♥✐t❡ ❢❛♠✐❧✐❡s (si)iǫI ❛♥❞ (tj)jǫJ ❛r❡ ❡q✉✐✈❛❧❡♥t ✉♣ t♦ r❡✐♥❞❡①✐♥❣

✐❢ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ σ ❢r♦♠ I t♦ J s❛t✐s❢②✐♥❣ si = tσi ❢♦r ❛❧❧ i ǫ I✳

❆ ☞♥✐t❡ ♠✉❧t✐s❡t ♦✈❡r S ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ☞♥✐t❡ ❧✐sts ♠♦❞✉❧♦ r❡✐♥✲

❞❡①✐♥❣✳ ❲❡ ✇r✐t❡ [si]iǫI ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❝♦♥t❛✐♥✐♥❣ (si)iǫI✳ ❚❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ☞♥✐t❡ ♠✉❧t✐s❡ts ♦✈❡r S ✐s ❞❡♥♦t❡❞ ❜② ▼f(S)✳

❙✉♠ ♦❢ ♠✉❧t✐s❡ts ✐s ❞❡☞♥❡❞ ❛s ❝♦♥❝❛t❡♥❛t✐♦♥ ✭s❡❡ ❢♦♦t♥♦t❡ ✶✶ ♦♥ ♣❛❣❡ ✷✹✮ ♦❢

t❤❡ ✉♥❞❡r❧②✐♥❣ ❢❛♠✐❧✐❡s❀ ✐t ✐s ✇r✐tt❡♥ +✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s r❛t❤❡r ❡❛s② t♦ ❝❤❡❝❦✿

◦ Lemma 5.3.2:

� ▼f( ) ✐s ❜♦t❤ ❛ ♠♦♥❛❞ ❛♥❞ ❛ ❝♦♠♦♥❛❞ ✐♥ Rel❀

� ❢♦r ❡✈❡r② s❡t S✱ ▼f(S) ✐s t❤❡ ❢r❡❡ ×✲♠♦♥♦✐❞ ♦✈❡r S❀

� ❢♦r ❡✈❡r② s❡t S✱ ▼f(S) ✐s t❤❡ ❢r❡❡ ×✲❝♦♠♦♥♦✐❞ ♦✈❡r S❀

� ✐♥ Rel✱ ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✭♥❛t✉r❛❧ ✐♥ X ❛♥❞ Y✮

▼f(X+ Y) ≃ ▼f(X)×▼f(Y) ✳

■♥t❡r♣r❡t✐♥❣ t❤❡ ❧♦❣✐❝❛❧ r✉❧❡s ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞✱ ❡✈❡r②t❤✐♥❣ ✐s ❜♦✉♥❞ ❜② t❤❡

❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡ ♦❢ Rel✱ ❛♥❞ ♥♦ ✐♠♣r♦✈✐s❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✿

� ✇❡❛❦❡♥✐♥❣✿ ✐❢
π1 ⊢ Γ

π ⊢ Γ ✱ ?F
t❤❡♥ [[π]] , {(γ, []) | γ ǫ [[π1]]}❀

� ❞❡r❡❧✐❝t✐♦♥✿ ✐❢
π1 ⊢ Γ ✱ F

π ⊢ Γ ✱ ?F
t❤❡♥ [[π]] , {(γ, [a]) | (γ, a) ǫ [[π1]]}❀

� ❝♦♥tr❛❝t✐♦♥✿ ✐❢
π1 ⊢ Γ ✱ ?F ✱ ?F

π ⊢ Γ ✱ ?F
t❤❡♥

[[π]] , {(γ, µ1 + µ2) | (γ, µ1, µ2) ǫ [[π1]]}❀

� ♣r♦♠♦t✐♦♥✿ ✐❢
π1 ⊢ ?G1 ✱ . . . ✱ ?Gn ✱ F

π ⊢ ?G1 ✱ . . . ✱ ?Gn ✱ !F
t❤❡♥

✇❡ ❞❡☞♥❡
(
µ1, . . . , µn, [a1, . . . , ak]

)
ǫ [[π]] ✐☛ ❡❛❝❤ µi ✐s ♦❢ t❤❡ ❢♦r♠ µi,1+. . .+µi,k❀

❛♥❞ ❡❛❝❤ (µ1,j, . . . , µn,j, aj) ǫ [[π1]]✳

❚❤❡ ❝❛s❡ ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ✈❡r② s✐♠✐❧❛r✱ ❡①❝❡♣t ❢♦r t❤❡ ❢❛❝t t❤❛t s❡q✉❡♥ts

❛r❡ t✇♦✲s✐❞❡❞✳



✺✳✸ ❚❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✶✾

5.3.4 Cut Elimination

❚❤✐s ♠♦❞❡❧ ❡♥❥♦②s t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt② t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s ✐s ✐♥✈❛r✐❛♥t

✉♥❞❡r ❝✉t✲❡❧✐♠✐♥❛t✐♦♥✿ ✐❢ π r❡❞✉❝❡s t♦ π′ ❜② ❝✉t✲❡❧✐♠✐♥❛t✐♦♥✱ t❤❡♥ [[π]] = [[π′]]✿

⋄ Proposition 5.3.3: s✉♣♣♦s❡ π ✐s ❛ ♣r♦♦❢ ♦❢ G1 ✱ . . . ✱ Gn ⊢ F✱

❛♥❞ s✉♣♣♦s❡ π′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ π ❜② ❛♣♣❧②✐♥❣ ♦♥❡ st❡♣ ♦❢ t❤❡

❝✉t✲❡❧✐♠✐♥❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✭s❡❡ ❬✸✾❪✮✱ t❤❡♥ [[π]] = [[π′]]✳

proof: t❤❡ ❞✐r❡❝t ♣r♦♦❢ ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❡❛s② ❛♥❞ q✉✐t❡ ❧♦♥❣❀ ❜✉t ✐t ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛t❡❣♦r② Rel ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✳

�X





6 A Refinement of the Relational Model

■♥ Rel✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝t ✐♥t❡r♣r❡t✐♥❣ ❛ ♣r♦♦❢ ✐s s✐♠♣❧② ❛ s❡t ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ ❛

s✉❜s❡t ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛✮❀ t❤✐s ✐s ♥♦t ✈❡r② ✐♥❢♦r♠❛t✐✈❡✳ ❚❤❡r❡ ❛r❡ t✇♦

❞❡❣❡♥❡r❛❝✐❡s✿ t❤❡ ❢❛❝t t❤❛t ✐♥t❡r♣r❡t❛t✐♦♥ ✐s st❛❜❧❡ ❜② ♥❡❣❛t✐♦♥ ✭|F| = |F⊥|✮ ❛♥❞ t❤❛t

❛♥② s✉❜s❡t ♦❢ |F| ✐s ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ♣r♦♦❢ ♦❢ F✳ ❲❡ ❛r❡ t❤✉s ❛s ❢❛r ❢r♦♠ ❝♦♠♣❧❡t❡♥❡ss

❛s ✇❡ ❝❛♥ ❜❡✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠♦❞❡❧s ❭❜❛s❡❞✧ ♦♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ❣✐✈❡

❡①tr❛ str✉❝t✉r❡ t♦ t❤❡ s❡ts ✐♥t❡r♣r❡t✐♥❣ ❢♦r♠✉❧❛s ❛♥❞ ❢♦r ✇❤✐❝❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢

♣r♦♦❢s ❣✐✈❡s s✉❜s❡ts s❛t✐s❢②✐♥❣ ✈❛r✐♦✉s ❤❡❛❧t❤✐♥❡ss ♣r♦♣❡rt✐❡s✳

❚❤❡ ✇❛② t♦ ♠❛❦❡ t❤✐s ✐♥t✉✐t✐♦♥ ♣r❡❝✐s❡ ✐s t♦ s❛② t❤❛t ❛ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ❈ ✐s

❛ r❡☞♥❡♠❡♥t ♦❢ Rel ✐❢ t❤❡r❡ ✐s ❛ ❢❛✐t❤❢✉❧ ❭❢♦r❣❡t❢✉❧✧ ❢✉♥❝t♦r | | ❢r♦♠ ❈ t♦ Rel ✇❤✐❝❤

❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ t❤❡ ❧✐♥❡❛r ❝♦♥str✉❝t✐♦♥s✱ ✐✳❡✳

� |F⊥| = |F|❀

� |F1 ✫ F2| = |F1|+ |F2|❀

� |F1

✫

F2| = |F1| × |F2|❀

� |!F| =▼f(|F|)✳

■❢ ✇❡ ❧♦♦❦ ♦♥❧② ❛t ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝ ✭▼❆▲▲✮✱ t❤❡ ✈❡r② ☞rst ♠♦❞❡❧

♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❝♦❤❡r❡♥t s♣❛❝❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r❡☞♥❡♠❡♥t ♦❢ Rel✿ ❢♦r♠✉❧❛s ❛r❡ ✐♥t❡r✲

♣r❡t❡❞ ❜② ❛❞❞✐♥❣ ❛ str✉❝t✉r❡ ♦❢ ❣r❛♣❤ t♦ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧✐♥❡❛r

♥❡❣❛t✐♦♥ ✐s ✐♥t❡r♣r❡t❡❞ ❜② t❛❦✐♥❣ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ t❤❡ ❣r❛♣❤✳ ❚❤✐s r❡♠♦✈❡s t❤❡ ☞rst

❞❡❣❡♥❡r❛❝②✳ ❚❤❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ Rel✲✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ▼❆▲▲ ♣r♦♦❢

❛❧✇❛②s ❣✐✈❡s ❛ ❝❧✐q✉❡✿ ❛ s✉❜s❡t ♦❢ ✈❡rt✐❝❡s ♣❛✐r✇✐s❡ ❝♦♥♥❡❝t❡❞ ✭❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤✮✳

# ❘❡♠❛r❦ ✶✾✿ t❤❡ ❡①♣♦♥❡♥t✐❛❧s ❢r♦♠ ❝♦❤❡r❡♥t s♣❛❝❡s ❛r❡ ♥♦t ❜✉✐❧t ♦♥ Rel✿
t❤❡ ✇❡❜ ✭s❡t ♦❢ ✈❡rt✐❝❡s✮ ♦❢ !G ✐s ♥♦t t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞♥✐t❡ ♠✉❧t✐s❡ts ♦✈❡r
t❤❡ ✇❡❜ ♦❢ G ❜✉t t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞♥✐t❡ ❝❧✐q✉❡s ♦❢ G✳ ❲❡ t❤✉s ♥❡❡❞ t❤❡
❣r❛♣❤ str✉❝t✉r❡ ♦❢ G t♦ ❝♦♥str✉❝t t❤❡ ✇❡❜ ♦❢ !G✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡☞♥❡ ❛
❭♥♦♥✲✉♥✐❢♦r♠✧ ✈❛r✐❛♥t ♦❢ ❝♦❤❡r❡♥t s♣❛❝❡s ✇❤✐❝❤ ✉s❡s Rel ❛s ❛ ❜❛s✐s✳ ❚❤✐s
✐s ✇❤❛t ✐s ❞♦♥❡ ✐♥ ❬✶✻❪✱ ❢♦r t❤❡ ♠♦❞❡❧ ♦❢ ❤②♣❡r❝♦❤❡r❡♥❝❡s✳

❆♥♦t❤❡r r❡☞♥❡♠❡♥t ♦❢ Rel ♦❢ ✐♥t❡r❡st ✐s ❣✐✈❡♥ ❜② ☞♥✐t❡♥❡ss s♣❛❝❡s ✭❬✸✶❪✮✳ ❚❤❡r❡✱ ❛♥

♦❜❥❡❝t ✐s ❛ s❡t X t♦❣❡t❤❡r ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❭☞♥✐t❡♥❡ss✧✿ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜s❡ts ♦❢ X

✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❭☞♥✐t❡✧✳ ❖♥❝❡ ❛❣❛✐♥✱ ❧✐♥❡❛r ♥❡❣❛t✐♦♥ ✐s ♥♦♥✲tr✐✈✐❛❧ ❛♥❞ ♣r♦♦❢s

❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ☞♥✐t❛r② s✉❜s❡ts✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t Int ✐s ✭♥♦t s✉r♣r✐s✐♥❣❧② ❛❢t❡r s❡❝t✐♦♥ ✸✳✹ ❛♥❞ ✸✳✺✮ ❛ ❝❛t❡❣♦r✐❝❛❧

♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❛♥❞ t❤❛t ✐t ✐s ❛ r❡☞♥❡♠❡♥t ♦❢ Rel✳



✶✷✷ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

6.1 Exponential

❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ t❤❛t Int ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞ ✭♣r♦♣♦s✐t✐♦♥ ✸✳✹✳✷✮ ❛♥❞

t❤❛t ✐t ❤❛s ♣r♦❞✉❝t ❛♥❞ ❝♦♣r♦❞✉❝t ✭❧❡♠♠❛s ✸✳✷✳✻ ❛♥❞ ✸✳✷✳✺✮✳ ❲❡ ❝❛♥ t❤✉s ✐♥t❡r♣r❡t

✐♥t✉✐t✐♦♥✐st✐❝ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛❞❞✐t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝ ✐♥ t❤❡ ❝❛t❡❣♦r② Int✳ ❲❡ ♥♦✇ t✉r♥ ♦✉r

❛tt❡♥t✐♦♥ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧✳

6.1.1 Multithreading

❚❤❡ ❝♦♥♥❡❝t✐✈❡ ! ✐s ❣✐✈❡♥✱ ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✱ ❜② t❛❦✐♥❣ ☞♥✐t❡ ♠✉❧t✐s❡ts✳ ❲❡

t❤✉s ♥❡❡❞ ❛♥ ♦♣❡r❛t✐♦♥ ♦♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ t❛❦✐♥❣ w ♦♥ S t♦ !w ♦♥ ▼f(S)✳ ❚❤❡

❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ♠✉❧t✐✲

t❤r❡❛❞✐♥❣✱ ✐✳❡✳ t❤❡ ✐❞❡❛ ♦❢ ❡①❡❝✉t✐♥❣ s❡✈❡r❛❧ ✐♥st❛♥❝❡s ♦❢ ❛ ♣r♦❣r❛♠ ✐♥ ♣❛r❛❧❧❡❧✳ ❙✐♥❝❡

✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ s②♥❝❤r♦♥♦✉s t❡♥s♦r✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ❣❡t ❛ ♥♦t✐♦♥ ♦❢

s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣✳

⊲ Definition 6.1.1: ✐❢ w = (A,D,n) ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ ❞❡☞♥❡ t❤❡

✐♥t❡r❛❝t✐♦♥ s②st❡♠ !w = (!A, !D, !n) ♦♥ ▼f(S) ❛s ❢♦❧❧♦✇s✿

!A(µ) ,
(
Σ(s1, . . . , sn) ǫ µ

)
A(s1)× · · · ×A(sn)

✐✳❡✳ ❛♥ ❛❝t✐♦♥ ✐♥ st❛t❡ µ = [s1, . . . , sn] ✭☞♥✐t❡ ♠✉❧t✐s❡t ♦❢ st❛t❡s✮ ✐s ❣✐✈❡♥ ❜②

❛♥ ♦r❞❡r✐♥❣ (sσ1, . . . , sσn) ♦❢ µ✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ♣❛r❛❧❧❡❧ ❛❝t✐♦♥ (a1, . . . , an)❀

!D
(
,
(
(s1, . . .), (a1, . . . , an)

))
, D(s1, a1)× · · · ×D(sn, an)

✐✳❡✳ ❛ r❡❛❝t✐♦♥ t♦ s✉❝❤ ❛♥ ❛❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❛ ♣❛r❛❧❧❡❧ r❡❛❝t✐♦♥ ❢♦r t❤❡ ai❀

!n
(
,
(
(s1, . . .), (a1, . . .)

)
, (d1, . . . , dn)

)
,

[
s1[a1/d1], . . . , sn[an/dn]

]

✐✳❡✳ t❤❡ ♥❡✇ st❛t❡ ✐s s✐♠♣❧② t❤❡ t✉♣❧❡ ♦❢ ♥❡✇ st❛t❡s✱ q✉♦t✐❡♥t❡❞ ❜② r❡♥❛♠✐♥❣✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ !w ✐s ❝❛❧❧❡❞ ❭♦❢ ❝♦✉rs❡ w✦✧✱ ❛♥❞ t❤❡ ♦♣❡r❛t✐♦♥ ✐s

❝❛❧❧❡❞ ✧s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣✧✳

❚❤✐s ♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t✇♦ st❡♣s ❜② ☞rst t❛❦✐♥❣ ✥▲(w) ❞❡☞♥❡❞ ♦♥ ▲✐st(S)

❛s ❢♦❧❧♦✇s✿

✥▲(w).A
(
(s1, . . . , sn)

)
, A(s1)× · · · ×A(sn)

✥▲(w).D
(
(s1, . . .), (a1, . . . , an)

)
, D(s1, a1)× · · · ×D(sn, an)

✥▲(w).
(
(s1, . . .), (a1, . . .), (d1, . . . , dn)

)
,

(
s1[a1/d1], . . . , sn[an/dn]

)

❛♥❞ t❤❡♥ ♥♦t✐❝✐♥❣ t❤❛t t❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ ♣❡r✲

♠✉t❛t✐♦♥s✿ ✐❢ σ ✐s ❛ ♣❡r♠✉t❛t✐♦♥ ✐♥ Sn✱ t❤❡♥ ✇❡ ❤❛✈❡✿

σ · ✥▲(w).n
(
(s1, . . . , sn), (a1, . . . , an), (d1, . . . , dn)

)

=

✥▲(w).n
(
σ · (s1, . . . , sn), σ · (a1, . . . , an), σ · (d1, . . . , dn)

)
✳

❚❤✐s ❛❧❧♦✇s t♦ s❡❡ ✥▲(w) ❛s ❛❝t✐♥❣ ♦♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❧✐sts✱ ♠♦❞✉❧♦ r❡✐♥❞❡①✐♥❣✳



✻✳✶ ❊①♣♦♥❡♥t✐❛❧ ✶✷✸

■t ✐s q✉✐t❡ ♦❜✈✐♦✉s t❤❛t ✥▲(w) ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠✉❧t✐t❤r❡❛❞❡❞ ✈❡rs✐♦♥ ♦❢ w✳

■t ✐s ❥✉st ❛♥ ❛r❜✐tr❛r② ❥✉①t❛♣♦s✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ✐♥st❛♥❝❡s ♦❢ w ✉s✐♥❣ t❤❡ s②♥❝❤r♦♥♦✉s

♣r♦❞✉❝t✿

✥▲(w) =
⊕

nǫN

wn⊗

✇❤❡r❡ wn⊗ ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r w⊗ · · · ⊗w✳ ❚❤❡ ❛❝t✉❛❧ !w ✐s ❛ ❧✐tt❧❡ s✉❜t❧❡r✳ ❋♦r

❛❡st❤❡t✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ♠❛② ✇r✐t❡ ✐t ❛s✿

!w =
⊕

nǫN

wn⊗

Sn

✇❤✐❝❤ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ ew ✭r❡❝❛❧❧ t❤❛t t❤❡ ♦r❞❡r ♦❢ Sn ✐s n✦✮✳

✭❚❤✐s ✐s q✉✐t❡ ✐♥❢♦r♠❛❧ ❜✉t ❝❛rr✐❡s t❤❡ ❛♣♣r♦♣r✐❛t❡ ✐♥t✉✐t✐♦♥✳✮

❚❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ❢✉♥❝t♦r✐❛❧ ✐s ❡❛s②✿

◦ Lemma 6.1.2: ❜♦t❤ ! ❛♥❞ ✥▲( ) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❡♥❞♦❢✉♥❝t♦rs✳

❘❡❝❛❧❧ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ ! ✐s ❞❡☞♥❡❞ ♦♥ ♠♦r♣❤✐s♠s ❛s✿
(
[s1, . . . , sn], [s′1, . . . , s

′
n]
)
ǫ !r ✐☛ (∃σǫSn) (∀i = 1, . . . , n) (si, s

′
σi) ǫ r ✳

◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ❜✐s✐♠✉❧❛t✐♦♥

✥▲(w)
σ−→
←−
p

!w ✭✻✲✶✮

✇❤❡r❡ σ ✐s t❤❡ ❭ǫ✧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛ t✉♣❧❡ ❛♥❞ ✐ts ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❛♥❞ p ✐ts ❝♦♥✈❡rs❡✳

❲❡ ❤❛✈❡ σ · p = Id✱ ♠❛❦✐♥❣ t❤✐s ❛ r❡tr❛❝t✳

6.1.2 Comonoid Structure

❊❛❝❤ !w ✐s ❝❛♥♦♥✐❝❛❧❧② ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝♦♠♠✉t❛t✐✈❡ ⊗✲❝♦♠♦♥♦✐❞ str✉❝t✉r❡✿

e ǫ Int(!w, 1) ❛♥❞ m ǫ Int(!w, !w⊗ !w)

e , {([], ∗)} m ,
{(
µ+ ν, (µ, ν)

)
| µ, ν ǫ▼f(S)

}
✳

❈❤❡❝❦✐♥❣ t❤❛t t❤♦s❡ r❡❧❛t✐♦♥s e ❛♥❞ m ❛r❡ ✐♥❞❡❡❞ s✐♠✉❧❛t✐♦♥s ✐s ❞✐r❡❝t✳ ❚❤❛t t❤❡②

s❛t✐s❢② t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡② ❞♦ s♦

✐♥ Rel✳ ❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ✐t ✐s ♥♦t t♦♦ ❞✐✍❝✉❧t t♦ s❤♦✇ t❤❛t !w ✐s t❤❡ ❢r❡❡✲❝♦♠♦♥♦✐❞

❢♦r ⊗✿

◦ Lemma 6.1.3: ✐❢ ✇❡ ✈✐❡✇ ! ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ Int t♦ CoMon(Int,⊗)✱

t❤❡♥ ! ✐s r✐❣❤t✲❛❞❥♦✐♥t t♦ t❤❡ ❢♦r❣❡t❢✉❧ ❭✉♥❞❡r❧②✐♥❣ ♦❜❥❡❝t✧ ❢✉♥❝t♦r

❢r♦♠ CoMon(Int,⊗) t♦ Int✳

proof: ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

CoMon(Int,⊗)(wc, !w) ≃ Int(wc, w) ✳

●♦✐♥❣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐s ❡❛s②✿

CoMon(Int,⊗)(wc, !w) → Int(wc, w)

r 7→ {(sc, s) | (sc, [s]) ǫ r} ✳

❈❤❡❝❦✐♥❣ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ✐s ✇❡❧❧✲❞❡☞♥❡❞ ✭✐t s❡♥❞s ❛ ❝♦♠♦♥♦✐❞ ♠♦r♣❤✐s♠ t♦ ❛

s✐♠✉❧❛t✐♦♥✮ ✐s ❞✐r❡❝t✳



✶✷✹ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s ♠♦r❡ ✐♥t❡r❡st✐♥❣✳ ▲❡twc ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❝♦♠♦♥♦✐❞✳

❚❤✐s ♠❡❛♥s ✇❡ ❛r❡ ❣✐✈❡♥ ec ǫ Int(wc, 1) ❛♥❞ mc ǫ Int(wc, wc ⊗ wc)✱ s❛t✐s❢②✐♥❣

❛❞❞✐t✐♦♥❛❧ ❝♦♠♠✉t❛t✐✈✐t② ❛♥❞ ❛ss♦❝✐❛t✐✈✐t② ❝♦♥❞✐t✐♦♥s✳

❙✉♣♣♦s❡ r ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ wc t♦ w✳ ❚❤✐s ✐s ❛ r❡❧❛t✐♦♥ ✇✐t❤ ♥♦ ❝♦♥❞✐t✐♦♥

❛❜♦✉t t❤❡ ❝♦♠♦♥♦✐❞ str✉❝t✉r❡ ♦❢ wc✳ ❲❡ ❝♦♥str✉❝t ❛ r❡❧❛t✐♦♥ ❢r♦♠ wc t♦ !w ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

� ✇❡ st❛rt ❜② ❡①t❡♥❞✐♥❣ ❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ mc t♦ mc ✿ Int
(
wc, ✥▲(wc)

)
❀

� ✇❡ t❤❡♥ ❝♦♠♣♦s❡ t❤❛t ✇✐t❤ ✥▲(r) ✿ Int
(
✥▲(wc), ✥▲(w)

)
❀

� ❛♥❞ ☞♥❛❧❧② ❝♦♠♣♦s❡ t❤❛t ✇✐t❤ σ ✿ Int
(
✥▲(w), !w

)
✱ s❡❡ ✭✻✲✶✮✳

❲❡ t❤❡♥ ❝❤❡❝❦ t❤❛t t❤✐s s✐♠✉❧❛t✐♦♥ r❡s♣❡❝ts t❤❡ ❝♦♠♦♥♦✐❞ str✉❝t✉r❡s ♦❢wc ❛♥❞ !w✳

❉❡☞♥❡ mc ⊆ Sc × ▲✐st(Sc) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✉s❡s✿
(
s, ()

)
ǫ mc ✐☛ s ǫ ec(

s, s′
)
ǫ mc ✐☛ s = s′(

s, (s1, . . . , sn)
)
ǫ mc ✐☛

(
s, (s1, s

′)
)
ǫ mc ∧

(
s′, (s2, . . . , sn)

)
ǫ mc

❢♦r s♦♠❡ s′ ǫ Sc ✳

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ec ❛♥❞ mc ❛r❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❤♦✇ ✭❜② ✐♥❞✉❝t✐♦♥✮

t❤❛t mc ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ wc t♦ ✥▲(wc)✳ ❲❡ ❤❛✈❡✿
(
sc, (sc,1, . . . , sc,n+m)

)
ǫ m

⇔

(∃s1c, s
2
c ǫ Sc)

(
sc, (s

1
c, s

2
c)
)
ǫ mc ∧

(
s1c, (sc,1, . . . , sc,n)

)
ǫ mc

∧
(
s2c, (sc,n+1, . . . , sc,n+m)

)
ǫ mc

✭✻✲✷✮

❜② tr❛♥s✐t✐✈✐t② ❛♥❞
(
sc, (sc,1, . . . , sc,i, sc,i+1, . . . , sc,n)

)
ǫ m

⇔(
sc, (sc,1, . . . , sc,i+1, sc,i, . . . , sc,n)

)
ǫ m

✭✻✲✸✮

❜② ❝♦♠♠✉t❛t✐✈✐t②✳ ✭❇♦t❤ ♣r♦♦❢s ❛r❡ ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥✳✮

❲❡ ❦♥♦✇ t❤❛t r̃ , σ · ✥▲(r) ·mc ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ wc t♦ !w✳ ❲❡ ♥❡❡❞

t♦ ❝❤❡❝❦ t❤❛t t❤✐s s✐♠✉❧❛t✐♦♥ r❡s♣❡❝ts t❤❡ ❝♦♠♦♥♦✐❞ str✉❝t✉r❡s ♦❢ wc ❛♥❞ !w✱ ✐✳❡✳

t❤❛t ❜♦t❤

wc
r̃

✲ !w wc
c
✲ wc ⊗wc

❛♥❞

1

e
❄

e
c ✲

!w

r̃
❄

m
✲ !w⊗ !w

r̃⊗ r̃
❄

❛r❡ ❝♦♠♠✉t❛t✐✈❡✳ ❚❤❡ ☞rst ❞✐❛❣r❛♠ ✐s ❡❛s✐❧② s❤♦✇♥ t♦ ❜❡ ❝♦♠♠✉t❛t✐✈❡✳ ❋♦r t❤❡

s❡❝♦♥❞ ♦♥❡✿ s✉♣♣♦s❡
(
sc, [s1, . . . , sn], [sn+1, . . . , sn+m]

)
ǫ m · r̃✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t

t♦ s❛②✐♥❣ t❤❛t t❤❡r❡ ❛r❡ sc,1, . . . , sc,n+m ✐♥ Sc s✳t✳

� (sc,i, si) ǫ r ❢♦r ❛❧❧ i = 1, . . . , n+m

� ❛♥❞
(
sc, (sc,1, . . . , sc,n+m)

)
ǫ m̃c✳

❚❤❛t
(
sc, [s1, . . . , sn], [sn+1, . . . , sn+m]

)
✐s ✐♥ r̃⊗r̃·c♠❡❛♥s t❤❛t t❤❡r❡ ❛r❡ s1c ❛♥❞ s2c

✐♥ Sc s✳t✳



✻✳✷ ■♥t✉✐t✐♦♥✐st✐❝ ▲✐♥❡❛r ▲♦❣✐❝ ✶✷✺

�
(
sc, (s

1
c, s

2
c)
)
ǫ mc

� ❛♥❞
(
s1c, [s1, . . . , sn]

)
ǫ r̃ ❛♥❞

(
s2c, [sn+1, . . . , sn+m]

)
ǫ r̃✱

✐✳❡✳ t❤❡r❡ ❛r❡ s1c ❛♥❞ s2c ✐♥ Sc✱ ❛♥❞ sc,1, . . . , sc,n, sc,n+1, . . . , sc,n+m ✐♥ Sc s✳t✳

�
(
sc, (s

1
c, s

2
c)
)
ǫ mc

�
(
s1c, (sc,1, . . . , sc,n)

)
ǫ mc

�
(
s2c, (sc,n+1, . . . , sc,n+m)

)
ǫ mc

� ❛♥❞ (si, sc,i) ǫ r ❢♦r ❛❧❧ i = 1, . . . , n+m✳

❇② ✉s✐♥❣ ✭✻✲✷✮ ❛♥❞ ✭✻✲✸✮✱ ✐t ✐s tr✐✈✐❛❧ t♦ s❤♦✇ t❤❛t t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♥ ❢❛❝t

❡q✉✐✈❛❧❡♥t✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ s❡❝♦♥❞ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✳

❙✐♥❝❡ t❤✐s ✐s t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❛s ✐♥ Rel✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❞❡❞✉❝❡ t❤❛t

t❤❡ ♦♣❡r❛t✐♦♥s ❥✉st ❞❡☞♥❡❞ ❛r❡ ✐♥✈❡rs❡ ♦❢ ❡❛❝❤ ♦t❤❡r✳

�X

6.1.3 A Comonad

❆ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❧❡♠♠❛ ✻✳✶✳✸ ✐s✿

◦ Lemma 6.1.4: t❤❡ ❢✉♥❝t♦r ❭! ✧ ✐s ❛ ❝♦♠♦♥❛❞ ♦♥ Int✳

▲❡t✬s ❧♦♦❦ ❛t t❤❡ ❛❝t✉❛❧ str✉❝t✉r❡ ♦❢ t❤✐s ❝♦♠♦♥❛❞✿

� t❤❡ ✉♥✐t ♦❢ t❤✐s ❝♦♠♦♥❛❞ ε ✿ ! → ✐s ❣✐✈❡♥ ❜②✿

εw =
{
([s], s) | s ǫ S

}

✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ ❜✐❥❡❝✲

t✐♦♥ CoMon(Int,⊗)(!w, !w)
∼→ Int(!w,w)❀

� ❛♥❞ t❤❡ ❝♦♠✉❧t✐♣❧✐❝❛t✐♦♥ δ ✿ ! → !! ✐s ❣✐✈❡♥ ❜②

δw =

{(∑

iǫI

µi, [µi]iǫI

)
|
(
∀i ǫ I

)
µi ǫ▼f(S)

}

✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ❛❧♦♥❣ t❤❡ ♥❛t✉r❛❧ ❜✐❥❡❝✲

t✐♦♥ Int(!w, !w)
∼→ CoMon(Int,⊗)(!w, !!w)✱ ❛♥❞ t❤❡♥ ❛❧♦♥❣ t❤❡ ❢♦r❣❡t❢✉❧ ❢✉♥❝✲

t♦r ❯ ✿ CoMon(Int,⊗)→ Int ✭✇❤♦s❡ ❛❝t✐♦♥ ♦♥ ♠♦r♣❤✐s♠ ✐s t❤❡ ✐❞❡♥t✐t②✮✳

❚❤❛t t❤♦s❡ ♦♣❡r❛t✐♦♥s s❛t✐s❢② t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♠♠✉t❛t✐✈✐t② ♣r♦♣❡rt✐❡s ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❢❛❝t t❤❛t t❤❡② ❞♦ s♦ ✐♥ Rel✳ ❚❤❛t εw ✐s ❛ s✐♠✉❧❛t✐♦♥ ✐♥ Int(!w,w) ✐s ♦❜✈✐♦✉s✱ ❛♥❞

t❤❛t δw ✐s ❛ s✐♠✉❧❛t✐♦♥ ✐♥ Int(!w, !!w) ✐s ♥♦t ❞✐✍❝✉❧t✳

▼♦r❡♦✈❡r✱ t❤✐s ♦♣❡r❛t✐♦♥ s❛t✐s☞❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✿

◦ Lemma 6.1.5: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s w1 ❛♥❞ w2✱ ✇❡ ❤❛✈❡ ❛ ♥❛t✲

✉r❛❧ ✐s♦♠♦r♣❤✐s♠ !(w1 ✫ w2) ≈ !w1 ⊗ !w2✳

proof: t❤❡ ❞✐r❡❝t ♣r♦♦❢ t❤❛t ❡q✉❛❧✐t② ✐s ❛ ❜✐s✐♠✉❧❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

�X



✶✷✻ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

6.2 Intuitionistic Linear Logic

6.2.1 Interpretation of Formulas

⊲ Definition 6.2.1: ❛ ✈❛❧✉❛t✐♦♥ ρ ✐s ❛ ♣❛✐r ♦❢ ♠❛♣s (|ρ|, ρ) ✇❤❡r❡ |ρ| ❛ss✐❣♥s t♦

❡✈❡r② ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡ X ❛ s❡t |ρ|(X) ❛♥❞ ρ ❛ss✐❣♥s t♦ ❛♥② ♣r♦♣♦s✐t✐♦♥❛❧

✈❛r✐❛❜❧❡ X ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ρ(X) ♦♥ t❤❡ s❡t |ρ|(X)✳

❋✐①✱ ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧✱ ❛ ✈❛❧✉❛t✐♦♥ ρ❀ t❤✐s ❛❧❧♦✇s t♦ ❞❡☞♥❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❧✐♥❡❛r

❢♦r♠✉❧❛s ❛s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

⊲ Definition 6.2.2: ❧❡t ϕ ❜❡ ❛ ❧✐♥❡❛r ❢♦r♠✉❧❛❀ ✇❡ ❞❡☞♥❡ ϕ∗✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥

♦❢ ϕ ❜② ✐♥❞✉❝t✐♦♥✿

0∗ , (∅, null) ❛♥❞ ⊤∗ , (∅, null)

1∗ , ({∗}, skip) ❛♥❞ ⊥∗ , ({∗}, skip)

X∗ ,
(
|ρ|(X), ρ(X)

)

(ϕ⊥)∗ , (ϕ∗)⊥

(ϕ1 ⊕ϕ2)
∗ , ϕ∗

1 ⊕ϕ
∗
2 ❛♥❞ (ϕ1 ✫ ϕ2)

∗ , ϕ∗
1 ✫ ϕ

∗
2

(ϕ1 ⊗ϕ2)
∗ , ϕ∗

1 ⊗ϕ
∗
2 ❛♥❞ (ϕ1⊸ ϕ2)

∗ , ϕ∗
1⊸ ϕ∗

2

(!ϕ)∗ , !(ϕ∗) ✳

❲❡ ✉s✉❛❧❧② ❞❡♥♦t❡ ϕ∗ ❜② (|ϕ|, ϕ)✱ ♦r ❡✈❡♥ ϕ✳ ❚❤❡ ❝♦♥t❡①t ✐s ❡♥♦✉❣❤ t♦

r❡♠♦✈❡ ♣♦ss✐❜❧❡ ❝♦♥❢✉s✐♦♥✳

❚❤✉s✱ ϕ∗ ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ϕ ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧

✭✇✐t❤ ✈❛❧✉❛t✐♦♥ |ρ|✮✳

6.2.2 Interpretation of Proofs

❚❤❡ r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ [[π]] ♦❢ ❛ ♣r♦♦❢ π ♦❢ ❛ s❡q✉❡♥t Γ ⊢ ϕ ✐s ❛ r❡❧❛t✐♦♥ ❜❡✲

t✇❡❡♥ |Γ | ❛♥❞ |ϕ|✳ ❲❤❛t ✐s s✉r♣r✐s✐♥❣✱ ✐s t❤❛t t❤✐s r❡❧❛t✐♦♥ s❛t✐s☞❡s ♠♦r❡ t❤❛♥ t❤❛t✿

❡✈❡♥ t❤♦✉❣❤ [[π]] ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐♥t❡r♣r❡t✐♥❣ t❤❡ ❛t♦♠s✱

✇❡ ❤❛✈❡✿

⋄ Proposition 6.2.3: ✐❢ π ✐s ❛♥ ✐♥t✉✐t✐♦♥✐st✐❝ ♣r♦♦❢ ♦❢ Γ ⊢ ϕ✱ t❤❡♥

t❤❡ r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ [[π]] ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠
⊗
Γ∗

t♦ ϕ∗✳

proof: ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡ ♦❢ Int✳

�X

▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❭❥✉st✧ t❤❡ r❡❧❛t✐♦♥❛❧ ♦♥❡✱ ✇❡ ❛❧s♦ ❤❛✈❡ ✭s❡❡

♣r♦♣♦s✐t✐♦♥ ✺✳✸✳✸✮✿

⋄ Proposition 6.2.4: t❤✐s ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r

❝✉t✲❡❧✐♠✐♥❛t✐♦♥✳



✻✳✸ ❈❧❛ss✐❝❛❧ ▲✐♥❡❛r ▲♦❣✐❝ ✶✷✼

6.3 Classical Linear Logic

❙✐♥❝❡ t❤❡ ❝❛t❡❣♦r② Int ✐s ⋆✲❛✉t♦♥♦♠♦✉s✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t ♣r♦♣♦s✐t✐♦♥ ✻✳✷✳✸

❡①t❡♥❞s t♦ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❝♦♥♥❡❝t✐✈❡

✫

✐s

❤♦✇❡✈❡r s❧✐❣❤t❧② s✉❜t❧❡r t❤❛♥ ⊗✳

6.3.1 The New Connectives

❈❧❛ss✐❝❛❧❧②✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥♥❡❝t✐✈❡⊸ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥♥❡❝t✐✈❡

✫

✳ ❚❤✐s ✐s

t❤❡ ❞❡ ▼♦r❣❛♥ ❞✉❛❧ ♦❢ t❤❡ t❡♥s♦r✿

⊲ Definition 6.3.1: ✐❢ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❞❡☞♥❡ w1

✫

w2 ❛s✿

w1

✫

w2 ,
(
w⊥
1 ⊗w

⊥
2

)⊥
✳

❲❡ ❝❛❧❧

✫

t❤❡ ❭♣❛r✧✱ ♦r t❤❡ s♣❧✐t s②♥❝❤r♦♥♦✉s t❡♥s♦r✳

❇❡❢♦r❡ ❣✐✈✐♥❣ s♦♠❡ ✐♥t✉✐t✐♦♥ ❛❜♦✉t t❤✐s ♥❡✇ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ ❧❡t✬s ❝❤❡❝❦ t❤❛t t❤❡

❝♦♥♥❡❝t✐✈❡⊸ ✐s r❡❞✉♥❞❛♥t ✐♥ ❛ ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✿

◦ Lemma 6.3.2: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s w1 ❛♥❞ w2✱ ✇❡ ❤❛✈❡

w1⊸ w2 ≃ (w1 ⊗w
⊥
2 )

⊥
≃ w⊥

1

✫

w2 ✳

proof: ✇❡✬❧❧ ♦♥❧② s❤♦✇ q✉✐❝❦❧② t❤❡ ☞rst ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡

❞❡☞♥✐t✐♦♥ ♦❢

✫

❛♥❞ ✐♥✈♦❧✉t✐✈✐t② ♦❢ ⊥✳

(w1 ⊗w
⊥
2 )

⊥
≈ (w1 ⊗w

⊥
2 )⊸ ⊥

≃ w1⊸ (w⊥
2 ⊸ ⊥)

≈ w1⊸ (w⊥⊥
2 )

≃ w1⊸ w2 ✳

�X

❯♥❢♦❧❞✐♥❣ ♥❛✐✈❡❧② t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢

✫

❣✐✈❡s ❛♥ ✉♥r❡❛❞❛❜❧❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿
( (

a1ǫA1(s1)
)
→ D1(s1, a1)

×
(
a2ǫA2(s2)

)
→ D2(s2, a2)

)
→ A1(s1)

A
(
(s1, s2)

)
= × ( (

a1ǫA1(s1)
)
→ D1(s1, a1)

×
(
a2ǫA2(s2)

)
→ D2(s2, a2)

)
→ A2(s2)

D
(
(s1, s2), (F1, F2)

)
=

(
a1ǫA1(s1)

)
→ D1(s1, a1)

×
(
a2ǫA2(s2)

)
→ D2(s2, a2)

❛♥❞

n
(
(s1, s2), (F1, F2), (f1, f2)

)
=

(
s1
[
F1(f1, f2)/f1 · F1(f1, f2)

]
,

s2
[
F2(f1, f2)/f2 · F2(f1, f2)

])
✳

■t ✐s ❤♦✇❡✈❡r ♣♦ss✐❜❧❡ t♦ ❣❡t ❛♥ ✐♥t✉✐t✐♦♥ ❛❜♦✉t t❤✐s ✐♥t❡r❛❝t✐♦♥ s②st❡♠✿ ❧❡t✬s t❛❦❡

t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡ ❉❡♠♦♥✳ ❆s ❞❡☞♥✐t✐♦♥ ✷✳✺✳✸ ❛♥❞ ❧❡♠♠❛ ✷✳✺✳✹ s❤♦✇✱ t❤✐s ✐s



✶✷✽ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❛❝❤✐❡✈❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❞✉❛❧ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳ ■♥ ♦✉r ❝❛s❡✱ s✐♥❝❡ ⊥⊥ ≃ Id✱ ✐t

❛♠♦✉♥ts t♦ ❧♦♦❦✐♥❣ ❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ (w1

✫

w2)
⊥ ≃ w⊥

1 ⊗w
⊥
2 ✿ ✇❡ ❤❛✈❡✱ ✐♥

s✐♠♣❧✐☞❡❞ ❢♦r♠

A
(
(s1, s2)

)
= (A1 → D1)× (A2 → D2)

D
(
(s1, s2), (f1, f2)

)
= A1 ×A2

n
(
(s1, s2), (f1, f2), (a1, a2)

)
=

(
s1[a1/f1(a1)] , s2[a2/f2(a2)]

)

✐✳❡✳ ❛ ❉❡♠♦♥✬s str❛t❡❣② ✐♥ w1

✫

w2✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❛♥ ❆♥❣❡❧ ♠♦✈❡ ✐♥ (w1

✫

w2)
⊥ ✐s

❣✐✈❡♥ ❜② ❛ ♣❛✐r ♦❢ str❛t❡❣✐❡s✿ ♦♥❡ ✐♥ w1 ❛♥❞ ♦♥❡ ✐♥ w2✳ ■❢ ✇❡ ❝♦♠♣❛r❡ t❤❛t ✇✐t❤ t❤❡

✉s✉❛❧ s②♥❝❤r♦♥♦✉s t❡♥s♦r✱ s❡❡♥ ❢r♦♠ t❤❡ ❉❡♠♦♥✬s ♣❡rs♣❡❝t✐✈❡ ✭(w1 ⊗w2)
⊥✮✿

A
(
(s1, s2)

)
= (A1 ×A2 → D1)× (A1 ×A2 → D2)

D
(
(s1, s2), (f1, f2)

)
= A1 ×A2

n
(
(s1, s2), (f1, f2), (a1, a2)

)
=

(
s1[a1/f1(a1, a2)] , s2[a2/f2(a1, a2)]

)

✇❡ s❡❡ t❤❛t ✐♥ t❤❡ ❧❛tt❡r✱ t❤❡ ❉❡♠♦♥✬s str❛t❡❣✐❡s t❛❦❡ ❛s ❛r❣✉♠❡♥ts t❤❡ t✇♦ ❛❝t✐♦♥s

✐♥ w1 ❛♥❞ w2✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐♥ ❛

✫

✱ t❤❡ ❉❡♠♦♥ ♥❡❡❞s t♦ ♠❛❦❡ ❤✐s ❝❤♦✐❝❡ ♦❢

r❡❛❝t✐♦♥ ✐♥ wi ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❛❝t✐♦♥ ♣❧❛②❡❞ ❜② t❤❡ ❆♥❣❡❧ ♦♥ wj ✭✇✐t❤ i 6= j✮✱

✇❤❡r❡❛s ✐♥ ❛ ⊗ ❤✐s ❝❤♦✐❝❡ ♦❢ r❡❛❝t✐♦♥ ♠❛② ❞❡♣❡♥❞ ♦♥ ❜♦t❤ ❛❝t✐♦♥s ♣❧❛②❡❞ ❜② t❤❡

❆♥❣❡❧✳

❇♦t❤ ❭⊗✧ ❛♥❞ ❭

✫

✧ ❛r❡ t❤✉s ♦♣❡r❛t✐♦♥s ♦❢ s②♥❝❤r♦♥♦✉s ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ ❞✐☛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♠ ✐s✿ ✇❡ ♣✉t t✇♦ ♣❛✐rs ❆♥❣❡❧✴❉❡♠♦♥ ✐♥ ♣❛r❛❧❧❡❧ ❛♥❞✱

� ✐♥ ❛ ⊗✱ t❤❡ ❆♥❣❡❧s s❤❛r❡ ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥❀ ❜♦t❤ ❉❡♠♦♥s r❡❝❡✐✈❡

t❤❡ ❛❝t✐♦♥s ❢r♦♠ t❤❡ t✇♦ ❆♥❣❡❧s ❛♥❞ ❝❛♥ ♠❛❦❡ t❤❡✐r ❝❤♦✐❝❡ ♦❢ r❡❛❝t✐♦♥ ❛❝❝♦r❞✐♥❣❧②❀

� ✐♥ ❛

✫

✱ ❡❛❝❤ ❆♥❣❡❧ ❤❛s ❤❡r ♦✇♥ ❝❤❛♥♥❡❧ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥❀ t❤❡ ❉❡♠♦♥s ♠✉st

r❡❛❝t ♦♥ t❤❡✐r ❝❤❛♥♥❡❧ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ♦t❤❡r ❝❤❛♥♥❡❧✳

■♥ ❜♦t❤ ❝❛s❡s✱ st❛t❡s ❛r❡ ✉♣❞❛t❡❞ s②♥❝❤r♦♥♦✉s❧②✳ ❆♥♦t❤❡r ♠❡t❛♣❤♦r ✐s t♦ t❤✐♥❦ t❤❛t

✐♥ ❛ ⊗✱ t❤❡r❡ ❛r❡ t✇♦ ♥♦♥✲❝♦♠♠✉♥✐❝❛t✐♥❣ ❆♥❣❡❧s ❛❣❛✐♥st ❛ s✐♥❣❧❡ ❉❡♠♦♥✱ ✇❤✐❧❡ ✐♥

t❤❡

✫

✱ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❆♥❣❡❧ ❛❣❛✐♥st t✇♦ ♥♦♥✲❝♦♠♠✉♥✐❝❛t✐♥❣ ❉❡♠♦♥s✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❞♦ ❡①❛❝t❧② t❤❡ s❛♠❡ t❤✐♥❣ ❢♦r s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣✿

⊲ Definition 6.3.3: ✐❢ w ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ S✱ ✇❡ ❞❡☞♥❡ ?w t♦ ❜❡✿

?w =
(
!(w⊥)

)⊥
✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ?w ✐s ❝❛❧❧❡❞ ❭✇❤② ♥♦t w❄✧✱ ❛♥❞ t❤❡ ♦♣❡r❛t✐♦♥ ✐s

❝❛❧❧❡❞ ❭s♣❧✐t s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣✧✳

■❢ !w ✐s ✈✐❡✇❡❞ ❛s✿

� s❡✈❡r❛❧ ❆♥❣❡❧s s❡♥❞ ❛❝t✐♦♥s ♦♥ ❛ ❝❤❛♥♥❡❧ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥❀

� ❛ s✐♥❣❧❡ ❉❡♠♦♥ r❡s♣♦♥❞s t♦ ❛❧❧ ♦❢ t❤❡♠❀

� ❛❧❧ t❤❡ st❛t❡s ❛r❡ ✉♣❞❛t❡❞❀

t❤❡♥ ?w ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s✿

� ❛ s✐♥❣❧❡ ❆♥❣❡❧ s❡♥❞s s❡✈❡r❛❧ ❛❝t✐♦♥s ♦♥ s❡♣❛r❛t❡ ❝❤❛♥♥❡❧s❀

� ♦♥ ❡❛❝❤ ❝❤❛♥♥❡❧✱ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❉❡♠♦♥ r❡s♣♦♥❞ t♦ ❤✐s ❛❝t✐♦♥❀

� ❛❧❧ t❤❡ st❛t❡s ❛r❡ ✉♣❞❛t❡❞✳



✻✳✸ ❈❧❛ss✐❝❛❧ ▲✐♥❡❛r ▲♦❣✐❝ ✶✷✾

6.3.2 The Model

❙✐♥❝❡ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ ✐s s②♠♠❡tr✐❝✱ ✇❡ ❝❛♥ ✉s❡ s✐♥❣❧❡ s✐❞❡❞ s❡q✉❡♥ts ⊢ G1 ✱ . . . ✱ Gn✳

❏✉st ❧✐❦❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s ✐s t❤❡ r❡❧❛t✐♦♥❛❧ ♦♥❡

✭s❡❝t✐♦♥ ✺✳✸✮✳ ❲❡ st❛rt ❜② ✐♥t❡r♣r❡t✐♥❣ ❢♦r♠✉❧❛s ✐♥ t❤❡ ♠♦st ♦❜✈✐♦✉s ✇❛②✿ s❡❡ ❞❡❢✲

✐♥✐t✐♦♥ ✻✳✷✳✷✱ ❜✉t ✉s❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥♥❡❝t✐✈❡

✫

r❛t❤❡r t❤❛♥ ⊸✳ ❙✐♥❝❡ ❛❧❧ t❤❡

❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠s ❞♦ ❤♦❧❞ ✐♥ t❤❡ ❝❛t❡❣♦r② Int✱ t❤❡ ♠♦❞❡❧ ✐s ♥♦t s❡♥s✐t✐✈❡ ♦♥ t❤❡

✇❛② ❢♦r♠✉❧❛s ❛r❡ ❝♦♥str✉❝t❡❞✿ ✉s✐♥❣ t✇♦ ♦r ♦♥❡ s✐❞❡❞ s❡q✉❡♥ts✱ ❤❛✈✐♥❣ ❧✐♥❡❛r ♥❡❣❛✲

t✐♦♥ ❛s ❛ ♣r✐♠✐t✐✈❡ ♦♣❡r❛t✐♦♥ ♦r ❛s ❛ ❞❡☞♥❡❞ ♦♥❡✱ ❡t❝✳ ❚❤❡ ❝❛t❡❣♦r✐❝❛❧ str✉❝t✉r❡ ♦❢ Int

❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❝♦rr❡❝t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

⋄ Proposition 6.3.4: ✐❢ π ✐s ❛ ❝❧❛ss✐❝❛❧ ♣r♦♦❢ ♦❢ ⊢ G1 ✱ . . . ✱ Gn
t❤❡♥ t❤❡ r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ [[π]] ✐s ❛♥ ✐♥✈❛r✐❛♥t ♣r♦♣❡rt②

❢♦r G∗
1

✫

· · ·

✫

G∗
n✿ ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ✇❡ ❤❛✈❡

[[π]] ⊆
(
G∗
1

✫

· · ·

✫

G∗
n

)◦
([[π]]) ✳

▼♦r❡♦✈❡r✱ t❤✐s ♠♦❞❡❧ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝✉t ❡❧✐♠✐♥❛t✐♦♥✳

6.3.3 Adding a Non-Commutative Connective

◆♦♥✲❝♦♠♠✉t❛t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ❛ r❡☞♥❡♠❡♥t ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✇❤❡r❡ ✇❡ ❛❧s♦ t❛❦❡ ✐♥t♦

❛❝❝♦✉♥t t❤❡ r❡✐♥❞❡①✐♥❣ ♦❢ ❢♦r♠✉❧❛s ✐♥ ❛ s❡q✉❡♥t✳ ❲❡ ❥✉st ♠❡♥t✐♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❛ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡✱ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡❧❢✲❞✉❛❧ ❝♦♥♥❡❝t✐✈❡✱ s✐♠✐❧❛r t♦ ❈❤r✐st✐❛♥ ❘❡t♦r✓❡✬s

❝♦♥♥❡❝t✐✈❡ ✭❬✼✶❪ ❛♥❞ ❬✼✷❪✮✳

❚❤✐s ❝♦♥♥❡❝t✐✈❡✱ ✇r✐tt❡♥ ❭◮✧✱ ❧✐❡s s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ ❭⊗✧ ❛♥❞ ❭

✫

✧✿

� ✐♥ ❭w1 ⊗w2✧✱ ❜♦t❤ ❉❡♠♦♥s s❡❡ t❤❡ t✇♦ ❆♥❣❡❧s✬ ❛❝t✐♦♥s❀

� ✐♥ ❭w1

✫

w2✧✱ ❡❛❝❤ ❉❡♠♦♥ s❡❡s ♦♥❡ ❆♥❣❡❧✬s ❛❝t✐♦♥❀

� ✐♥ ❭w1 ◮ w2✧✱ t❤❡ ❉❡♠♦♥ ❢r♦♠ w2 s❡❡s ❜♦t❤ ❛❝t✐♦♥s✱ ❜✉t t❤❡ ❉❡♠♦♥ ❢r♦♠ w1
♦♥❧② s❡❡s ♦♥❡ ❛❝t✐♦♥✳

❲❡ t❛❦❡ t❤❡ ❉❡♠♦♥✬s ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❧♦♦❦ ❛t ❛❝t✐♦♥s ✐♥ (w1⊗w2)
⊥ ❛♥❞ (w1

✫

w2)
⊥✱

✐✳❡✳ ❛t t❤❡ ❉❡♠♦♥✬s str❛t❡❣✐❡s ✐♥ w1 ⊗w2 ❛♥❞ w1

✫

w2✿

⊗⊥ ✿ (A1 ×A2)→ D1 × (A1 ×A2)→ D2

✫

⊥ ✿ A1 → D1 × A2 → D2 ✳

■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ♣✉t✿

◮⊥✿ (A1 → D1) × (A1 ×A2)→ D2

✐✳❡✳ t❤❡ ❉❡♠♦♥ ❢r♦♠ w2 ❝❛♥ ❝❤♦s❡ ❤✐s r❡❛❝t✐♦♥ ✇✐t❤ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❆♥❣❡❧✬s

❛❝t✐♦♥s ✐♥ w1 ❛♥❞ w2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❉❡♠♦♥ ❢r♦♠ w1 ♦♥❧② s❡❡s t❤❡ ❛❝t✐♦♥

❢r♦♠ t❤❡ ❆♥❣❡❧ ✐♥ w1✳

⊲ Definition 6.3.5: ✐❢ w1 ❛♥❞ w2 ❛r❡ ✐♥t❡r❢❛❝❡s✱ ❞❡☞♥❡ w1 ◮⊥ w2 ♦♥ S1 × S2 ❛s✿

(
(a1ǫA1(s1))→ D1(s1, a1)

)

A◮⊥

(
(s1, s2)

)
, ×(

a1ǫA1(s1)
)
→
(
a2ǫA2(s2)

)
→ D2(s2, a2)



✶✸✵ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❛♥❞

D◮⊥

(
(s1, s2), (f1, f2)

)
, A1(s1)×A2(s2)

❛♥❞

n◮⊥

(
(s1, s2), (f1, f2), (a1, a2)

)
,

(
s1[a1/f1(a1)], s2[a2/f2(a1, a2)]

)
✳

❚❤❡ ✐♥t❡r❢❛❝❡ w1 ◮ w2 ✐s ❞❡☞♥❡❞ ❛s (w1 ◮⊥ w2)
⊥✳

❲❡ ❤❛✈❡✿

◦ Lemma 6.3.6: t❤❡ ❝♦♥♥❡❝t✐✈❡ ◮ ✐s s❡❧❢✲❞✉❛❧✿

(w1 ◮ w2)
⊥ ≃ w⊥

1 ◮ w⊥
2 ✳

proof: t❤❡ ❝♦♠♣❧❡t❡ ❢♦r♠❛❧ ♣r♦♦❢ ✐s ♥♦t ✈❡r② ✐♥t❡r❡st✐♥❣ ❛♥❞ ✐♥✈♦❧✈❡s ❛ ❧♦t ♦❢ s❤✉✎✐♥❣

♦❢ q✉❛♥t✐☞❡rs ✉s✐♥❣ AC ❛♥❞ CtrAC✳ ❚♦ s❤♦✇ t❤❡ ✐s♦♠♦r♣❤✐s♠✱ ✐t s✉✍❝❡s t♦ s❤♦✇

t❤❛t✿

(s1, s2) ǫ (w1 ◮ w2)
⊥◦(r) ⇔

(
∀a1 ǫ A1(s1)

)
(
∃d1 ǫ D1(s1, a1)

)
(
∀a2 ǫ A2(s2)

)
(
∃d2 ǫ D2(s2, a2)

)

(s1[a1/d1], s2[a2/d2]) ǫ r

⇔ (s1, s2) ǫ (w⊥
1 ◮ w⊥

2 )◦(r)

❢♦r ❛❧❧ s1 ǫ S1✱ s2 ǫ S2 ❛♥❞ r ⊆ S1 × S2✳

�X

◆♦t❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r (w1 ◮ w2)
◦ ✐s r❡♠✐♥✐s❝❡♥t ♦❢ ❛ ❦✐♥❞ ♦❢ s❡q✉❡♥t✐❛❧

❝♦♠♣♦s✐t✐♦♥ ❭w1 ❢♦❧❧♦✇❡❞ ❜② w2✧✿

(s1, s2) ǫ (w1 ◮ w2)
◦(r) ⇔

(
∃a1 ǫ A1(s1)

)(
∀d1 ǫ D1(s1, a1)

)
(
∃a2 ǫ A2(s2)

)(
∀d2 ǫ D2(s2, a2)

)
(
s1[a1/d1], s2[a2/d2]

)
ε r ✳

6.4 Interpreting the Differential Lambda-calculus

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r ✐♥t❡r♣r❡t✐♥❣ t❤❡ s✐♠♣❧② t②♣❡❞ λ✲❝❛❧❝✉❧✉s✳ ❚❤✐s ✇✐❧❧ ❛❧s♦

❛❧❧♦✇ t♦ ☞♥❞ ❛ ♥❛t✉r❛❧ s❡♠❛♥t✐❝s ❝♦✉♥t❡r♣❛rt t♦ t❤❡ ❢❛❝t t❤❛t s✐♠✉❧❛t✐♦♥s ❛r❡ ❝❧♦s❡❞

✉♥❞❡r ✉♥✐♦♥s ❜② s❤♦✇✐♥❣ t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ✐♥t❡r♣r❡t t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ♦❢

❚❤♦♠❛s ❊❤r❤❛r❞ ❛♥❞ ▲❛✉r❡♥t ❘✓❡❣♥✐❡r ✭❬✸✷❪✮✳

6.4.1 Syntax

❲❡ st❛rt ❜② ❣✐✈✐♥❣ ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ s✐♠♣❧② t②♣❡❞ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s✳

❚❤❡ ❣r❛♠♠❛r ❣❡♥❡r❛t✐♥❣ ✭✉♥t②♣❡❞✮ t❡r♠s ✐s ❣✐✈❡♥ ❜②✿

t, u ✿✿ = x | (t)u | (λx).t

| 0 | t+ u | ❉ t · u ✳



✻✳✹ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❉✐☛❡r❡♥t✐❛❧ ▲❛♠❜❞❛✲❝❛❧❝✉❧✉s ✶✸✶

✇❤❡r❡ ✇❡ ✉s❡ ❑r✐✈✐♥❡✬s ❝♦♥✈❡♥t✐♦♥ ❛♥❞ ✇r✐t❡ ❭(t)u✧ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❡r♠ t t♦ u✳

❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ β r❡❞✉❝t✐♦♥ ✐s t❤❡ ✉s✉❛❧ ♦♥❡✿

(λx.t)u  β t[u/x]

✇❤❡r❡ t[u/x] ✐s ❡①t❡♥❞❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✿

x[u/x] , u

y[u/x] , y ✐❢ y 6= x

(t)v [u/x] , (t[u/x])v[u/x]

λx.t [u/x] , λx.t

λy.t [u/x] , λy . t[u/x] ✐❢ y 6= x

0[u/x] , 0

t1 + t2 [u/x] , t1[u/x] + t2[u/x]

❉ t · v [u/x] , ❉ t[u/x] · v[u/x] ✳

❚♦❣❡t❤❡r ✇✐t❤ t❤✐s r❡❞✉❝t✐♦♥✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❛ ♥♦t✐♦♥ ♦❢ ❞✐☛❡r❡♥t✐❛❧ r❡❞✉❝t✐♦♥✳ ❚❤❡

❞❡☞♥✐t✐♦♥ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t✉✐t✐♦♥✿ t❤❡ t❡r♠ ❉ t · u r❡♣r❡s❡♥ts t❤❡ t❡r♠ t

✇❤❡r❡ ❡①❛❝t❧② ♦♥❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ☞rst λ✲❜♦✉♥❞ ✈❛r✐❛❜❧❡ ❤❛s ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② u✳

❙✐♥❝❡ t❤❡r❡ ♠❛② ❜❡ ♠❛♥② ♦❝❝✉rr❡♥❝❡s ♦❢ t❤✐s ☞rst ✈❛r✐❛❜❧❡✱ ✇❡ t❛❦❡ t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡

♣♦ss✐❜❧❡ t❡r♠s r❡s✉❧t✐♥❣ ❢r♦♠ r❡♣❧❛❝✐♥❣ ❛ s✐♥❣❧❡ ♦❝❝✉rr❡♥❝❡✿

❉(λx.t) · u  ❉ λx .

(
∂t

∂x
· u

)

✇❤❡r❡ ∂t/∂x · u r❡♣r❡s❡♥t t❤❡ ❧✐♥❡❛r s✉❜st✐t✉t✐♦♥ ♦❢ x ❜② u ✐♥ t✿

∂x/∂x · u , u

∂y/∂x · u , 0 ✐❢ y 6= x

∂(t)v/∂x · u , (∂t/∂x · u)v+
(
❉ t · (∂v/∂x · u)

)
v

∂λx.t/∂x · u , λx.t

∂λy.t/∂x · u , λy.(∂t/∂x · u) ✐❢ y 6= x

∂0/∂x · u , 0

∂(t1 + t2)/∂x · u , ∂t1/∂x · u + ∂t2/∂x · u

∂(❉ t · v)/∂x · u , ❉(∂t/∂x · u) · v + ❉ t · (∂v/∂x · u) ✳

§ ❊q✉❛t✐♦♥s✳ ❉✐☛❡r❡♥t✐❛❧ λ✲t❡r♠s ❛r❡ t❤❡♥ q✉♦t✐❡♥t❡❞ ❜② ♠❛♥② ❡q✉❛t✐♦♥s✱ ❣✐✈✐♥❣ ❛ r❡❛❧

❭❞✐☛❡r❡♥t✐❛❧✧ ✌❛✈♦r t♦ t❤❡ t❤❡♦r②✳ ❉❡❛❧✐♥❣ ✇✐t❤ t❤♦s❡ q✉♦t✐❡♥t ✐♥ t❤❡ s②♥t❛① ✐ts❡❧❢

❝❛♥ ❜❡ ❝✉♠❜❡rs♦♠❡✱ ❜✉t s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ s❡♠❛♥t✐❝s✱ ✇❡ ❞♦ ♥♦t ❜♦t❤❡r ✇✐t❤

t❤❡ ❞❡t❛✐❧s✳ ❚❤❡ ☞rst ❡q✉❛t✐♦♥s ❞❡❛❧ ✇✐t❤ ❧✐♥❡❛r✐t② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ♣✉t✿

� 0 = (t)0 = λx.0 = ❉ 0 · t = ❉ t · 0❀

� (t1 + t2)u = (t1)u + (t2)u❀

� λx.(t1 + t2) = λx.t1 + λx.t2❀

� ❉(t1 + t2) · u = ❉ t1 · u + ❉ t2 · u❀

� ❉ t · (u1 + u2) = ❉ t · u1 + ❉ t · u2✳

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❡q✉❛t✐♦♥ ✐s ♣r♦❜❛❜❧② t❤❡ ❧❛st ♦♥❡✿

❉(❉ t · u) · v = ❉(❉ t · v) · u ✳



✶✸✷ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

§ ❚②♣✐♥❣✳ ❲❡ ❝❛♥ ❡①t❡♥❞ t❤❡ t②♣✐♥❣ ❞✐s❝✐♣❧✐♥❡ ❢♦r t❤❡ λ✲❝❛❧❝✉❧✉s t♦ t❤✐s ♥❡✇ ❝♦♥t❡①t

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣✐♥❣ r✉❧❡s✿

✶✮
Γ ⊢ x ✿ τ

✐❢ x ✿ τ ❛♣♣❡❛rs ✐♥ Γ❀

✷✮
Γ ⊢ t ✿ τ→ τ′ Γ ⊢ u ✿ τ

Γ ⊢ (t)u ✿ τ′
❀

✸✮
Γ, x ✿ τ ⊢ t ✿ τ′

Γ ⊢ λx.t ✿ τ→ τ′
❀

✹✮
Γ ⊢ 0 ✿ τ

❀

✺✮
Γ ⊢ t1 ✿ τ Γ ⊢ t2 ✿ τ

Γ ⊢ t1 + t2 ✿ τ
❀

✻✮
Γ ⊢ t ✿ τ→ τ′ Γ ⊢ u ✿ τ

Γ ⊢ ❉ t · u ✿ τ→ τ′
✳

❚❤❡ ♦♥❧② t②♣✐♥❣ r✉❧❡s ❞❡s❡r✈✐♥❣ s♦♠❡ ❝♦♠♠❡♥t ✐s r✉❧❡ ✻ ✿ ✐❢ t ✐s ♦❢ t②♣❡ τ → τ′✱

t❤❡♥ ❉ t · u ✐s st✐❧❧ ♦❢ t②♣❡ τ → τ′✳ ❚❤❡ r❡❛s♦♥ ✐s s✐♠♣❧② t❤❛t t❤❡r❡ ♠❛② st✐❧❧ ❜❡ ❢r❡❡

♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ☞rst ❛❜str❛❝t❡❞ ✈❛r✐❛❜❧❡ ✐♥ ❉ t · u✳ ❚❤✐s ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

❞✐☛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s ✐♥t✉✐t✐♦♥✱ ✇❤❡r❡ ✇❡ ❝❛♥ s❡❡ ❉t ❛s t❤❡ ❢✉♥❝t✐♦♥✭❛❧✮ ❣✐✈✐♥❣✱ ❢♦r ❡❛❝❤

♣♦✐♥t✱ t❤❡ ❜❡st ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t ❛r♦✉♥❞ ✐t✳ ■♥❢♦r♠❛❧❧② ✇❡ ❤❛✈❡✿

❉t ✿ τ→ (τ⊸ τ′)

✐✳❡✳ ❢♦r ❛♥② ♣♦✐♥t x✱ ❉t(x) ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♥❣ t ❛r♦✉♥❞ x✳ ❲❡ ❝❛♥

s✇❛♣ t❤❡ t✇♦ ❛r❣✉♠❡♥ts ❛♥❞ ♦❜t❛✐♥

❉̃t ✿ τ⊸ (τ→ τ′) ✳

❖✉r ❭❉ t · u✧ ❝❛♥ ❜❡ t❤♦✉❣❤ ♦❢ ❛s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❉̃t t♦ u✳

❚❤✐s ❝❛❧❝✉❧✉s ❡♥❥♦②s ♠❛♥② ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s✱ ❛♠♦♥❣ ✇❤✐❝❤ ✇❡ ☞♥❞ ❈❤✉r❝❤ ❘♦ss❡r

❛♥❞ str♦♥❣ ♥♦r♠❛❧✐③❛t✐♦♥✳ ❲❡ r❡❢❡r t♦ ❬✸✷❪ ❛♥❞ ❬✸✸❪✳

6.4.2 The Model

§ ❚❤❡ ❙✐♠♣❧② ❚②♣❡❞ λ✲❝❛❧❝✉❧✉s✳ ❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❡ st❛♥❞❛r❞ ✇❛② t♦ ❡♥❝♦❞❡ t❤❡

s✐♠♣❧② t②♣❡ λ✲❝❛❧❝✉❧✉s ✐♥t♦ ✐♥t✉✐t✐♦♥✐st✐❝ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ❧✐♥❡❛r ❧♦❣✐❝✿

� ❛♥ ❛t♦♠✐❝ t②♣❡ ι ✐s ✐♥t❡r♣r❡t❡❞ ❜② ❛♥ ❛t♦♠✐❝ ❧✐♥❡❛r ❢♦r♠✉❧❛ ι∗❀

� t❤❡ t②♣❡ τ→ τ′ ✐s ✐♥t❡r♣r❡t❡❞ ❜② !(τ∗)⊸ τ′∗❀

� ❛ ❝♦♥t❡①t x1 ✿ τ1, . . . , xn ✿ τn ✐s ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ ❝♦♥t❡①t x1 ✿ !τ∗1, . . . , xn ✿ !τ∗n✳

❚❤❡ t②♣✐♥❣ r✉❧❡s ❛r❡ tr❛♥s❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

�
Γ ⊢ x ✿ τ

✇❤❡r❡ x ✿ τ ❛♣♣❡❛rs ✐♥ Γ✱ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ s❡q✉❡♥❝❡ ♦❢

✇❡❛❦❡♥✐♥❣✭s✮✱ ❛ ❞❡r❡❧✐❝t✐♦♥ ❛♥❞ ❛♥ ❛①✐♦♠❀

�
Γ ⊢ t ✿ τ→ τ′ Γ ⊢ u ✿ τ

Γ ⊢ (t)u ✿ τ′
✐s r❡♣❧❛❝❡❞ ❜② ❛ ♠♦❞✉s✲♣♦♥❡♥s ❢♦❧❧♦✇❡❞ ❜②

❛ ❣❡♥❡r❛❧✐③❡❞ ❝♦♥tr❛❝t✐♦♥ ♦♥ t❤❡ ❝♦♥t❡①t❀



✻✳✹ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❉✐☛❡r❡♥t✐❛❧ ▲❛♠❜❞❛✲❝❛❧❝✉❧✉s ✶✸✸

� λ✲❛❜str❛❝t✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ✐♥st❛♥❝❡ ♦❢ t❤❡⊸✲r✐❣❤t r✉❧❡✳

❚♦ ✐♥t❡r♣r❡t t❤♦s❡ r✉❧❡s✱ ✇❡ st❛rt ❜② ☞①✐♥❣ ❛ ✈❛❧✉❛t✐♦♥ ρ ❣♦✐♥❣ ❢r♦♠ ❛t♦♠✐❝ t②♣❡s t♦

✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ ✐♥t❡r♣r❡t ❤✐❣❤❡r t②♣❡s ❛s✿

ι∗ , ρ(ι) ✐❢ ι ✐s ❛t♦♠✐❝

(τ→ τ′)∗ , !(τ∗)⊸ τ′∗ ✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡ts ♦❢ st❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t②♣❡s ❛r❡ ❣✐✈❡♥ ❜②✿

|ι| , |ρ(ι)| ✐❢ ι ✐s ❛t♦♠✐❝

|τ→ τ′| ,
(
▼f|τ|

)
× |τ′| ✳

❋♦r t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t②♣❡❞ t❡r♠s✱ ✇❡ ✇♦r❦ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ t②♣✐♥❣ ✐♥❢❡r❡♥❝❡✿

✐❢ x1 ✿ τ1, . . . , xn ✿ τn ⊢ t ✿ τ✱ t❤❡♥ [[t]] ✇✐❧❧ ❜❡ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ▼f|τ1| × · · ·×▼f|τn|

❛♥❞ |τ|✳ ❊q✉✐✈❛❧❡♥t❧②✱ [[t]] ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ ▼f|τ1| × · · · × ▼f|τn| t♦ P|τ|✳ ❲❡

s♦♠❡t✐♠❡s ✇r✐t❡ γ = (µ1, . . . , µn) ǫ▼f|τ1| × · · · ×▼f|τn| ❛s ❭x1 = µ1, . . . , xn = µn✧

❛♥❞ ✉s❡ γ(x) ❢♦r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♦r❞✐♥❛t❡✳

� ❢♦r t❤❡ ❛①✐♦♠
Γ ⊢ x ✿ τ

✇❤❡r❡ x ✿ τ ❛♣♣❡❛rs ✐♥ Γ✱

t❤❡♥ [[x]]γ ,

{
{s} ✐❢ γ(x) = [s] ❛♥❞ γ(y) = [] ✇❤❡♥❡✈❡r y 6= x

∅ ♦t❤❡r✇✐s❡ ❀

� ❢♦r ❛♥ ❛♣♣❧✐❝❛t✐♦♥
Γ ⊢ t ✿ τ→ τ′ Γ ⊢ u ✿ τ

Γ ⊢ (t)u ✿ τ′
✱

✇❡ ♣✉t s ǫ [[(t)u]]γ ✐☛ (µ, s) ǫ [[t]]γ0
❢♦r s♦♠❡ µ = [s1, . . . , sn] ǫ▼f|τ| s✳t✳

④ si ǫ [[u]]γi
❢♦r ❛❧❧ i = 1, . . . , n✱

④ ❛♥❞ γ = γ0 + γ1 + · · ·+ γn❀

� ❢♦r ❛♥ ❛❜str❛❝t✐♦♥
Γ, x ✿ τ ⊢ t ✿ τ′

Γ ⊢ λx.t ✿ τ→ τ′
✱

✇❡ ♣✉t (µ, s) ǫ [[λx.t]]γ ✐☛ s ǫ [[t]]γ,x=µ✳

❚✇♦ t❤✐♥❣s ❛r❡ ✇♦rt❤ ♥♦t✐❝✐♥❣✿ ☞rst ✇❡ ❞♦ ♥♦t ✉s❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ str✉❝t✉r❡

♦❢ t❤❡ ❛t♦♠s✱ ❜✉t ❥✉st t❤❡ s❡ts ♦❢ st❛t❡s ✭✇❡ ❛r❡ st✐❧❧ ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✮❀ s❡❝♦♥❞✱

t❤❡ ❞❡☞♥✐t✐♦♥ ✐s r❡❛❧❧② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❡r♠ r❛t❤❡r t❤❛♥ ♦♥ t❤❡

t②♣✐♥❣ ✐♥❢❡r❡♥❝❡✳ ❚❤❛t t❤❡ t❡r♠ ✐s t②♣❡❞ ✐s t❤✉s ♠♦st❧② ✐rr❡❧❡✈❛♥t✳ ❯s✐♥❣ ❛ ❝♦❧✐♠✐t

❝♦♥str✉❝t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛ r❡✌❡①✐✈❡ ♦❜❥❡❝t ✐♥ t❤❡ ❝❛t❡❣♦r② Int t♦ ❞❡✈✐s❡

❛ ♠♦❞❡❧ ❢♦r t❤❡ ✉♥t②♣❡❞ λ✲❝❛❧❝✉❧✉s ✐♥ t❤❡ s♣✐r✐t ♦❢ ❊♥❣❡❧❡r✬s ♠♦❞❡❧✳

❙✐♥❝❡ t❤✐s ✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t②♣✐♥❣ ❥✉❞❣✲

♠❡♥ts✱ ✇❡ ♦❜t❛✐♥✱ ❛s ❛ ❞✐r❡❝t ❝♦r♦❧❧❛r② t♦ ♣r♦♣♦s✐t✐♦♥ ✻✳✷✳✸✿

⋄ Proposition 6.4.1: s✉♣♣♦s❡ x1 ✿ τ1, . . . , xn ✿ τn ⊢ t ✿ τ ✐s ❛ ❝♦r✲

r❡❝t t②♣✐♥❣ ❥✉❞❣♠❡♥t✱ t❤❡♥✱ ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ ❢♦r t❤❡ ❛t♦♠✐❝

t②♣❡s✱ ✇❡ ❤❛✈❡ t❤❛t ǫ [[t]] ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ !τ∗1⊗· · ·⊗!τ∗n
t♦ τ∗✳

■♥ ♦t❤❡r ✇♦r❞s✱ s ǫ [[t]]γ ✐♠♣❧✐❡s t❤❛t s ✭✐♥ τ✮ s✐♠✉❧❛t❡s γ ✭✐♥ !τ∗1 ⊗ · · · ⊗ !τn✮✳ ❚❤❡

❞✐r❡❝t ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✺❪✳
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# ❘❡♠❛r❦ ✷✵✿ ♥♦t❡ t❤❛t s✐♥❝❡ t❤❡ t②♣❡❞ λ✲❝❛❧❝✉❧✉s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦
✐♥t✉✐t✐♦♥✐st✐❝ ▼❊▲▲✱ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❡♥t✐r❡❧② ❝♦♥str✉❝t✐✈❡✳
❍♦✇❡✈❡r✱ t❤✐s r❡s✉❧t ✐s ♥♦t ❛s s✉❝❤ ♣r❡❞✐❝❛t✐✈❡✿ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐s ♥♦t
❛ ♣r❡❞✐❝❛t✐✈❡ ♦♣❡r❛t✐♦♥ s✐♥❝❡ ✐t ✉s❡s ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❖♥❡ ✇❛② t♦
❣❡t ❛ ♣r❡❞✐❝❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤✐s r❡s✉❧t ✇♦✉❧❞ ❜❡ t♦ ❡♥r✐❝❤ t❤❡ ♥♦t✐♦♥
♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ✐♥t❡r♥❛❧ ❡q✉❛❧✐t② ♦♥ st❛t❡s✳ ❚❤✐s
✇♦✉❧❞ ❜❡ ❛ ♥♦t✐♦♥ ♦❢ ❭✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦♥ s❡t♦✐❞s✧✳

▼♦r❡♦✈❡r✱ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r β✲r❡❞✉❝t✐♦♥✿

⋄ Proposition 6.4.2: t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ λ✲t❡r♠s ✐s ✐♥✈❛r✐❛♥t ✉♥✲

❞❡r β✲r❡❞✉❝t✐♦♥✿

[[(λx.t)u]]γ = [[t[u/x]]]γ ✳

proof: ❉✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t Int ✐s ❛ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳

✭❙♦ t❤❛t t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ♦❢ ! ✐s ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✮✳
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§ ❚❤❡ ❉✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ ✭♣r♦♣♦s✐t✐♦♥ ✷✳✹✳✹✮ t❤❛t ❛ ✉♥✐♦♥ ♦❢ s✐♠✉❧❛✲

t✐♦♥s ✐s st✐❧❧ ❛ s✐♠✉❧❛t✐♦♥✱ ✐t ✐s t❡♠♣t✐♥❣ t♦ tr② t♦ ✐♥t❡r♣r❡t t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s

✇❤✐❝❤ ❝♦♠❡s ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ s✉♠ ♦❢ t❡r♠s✳ ❊✈❡r②t❤✐♥❣ ❞♦❡s ✇♦r❦s ✇✐t❤♦✉t ❛♥②

♣r♦❜❧❡♠✳ ❲❡ ❡①t❡♥❞ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❡r♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

� ❢♦r
Γ ⊢ 0 ✿ τ

✱ ✇❡ ♣✉t [[0]]γ , ∅❀

� ❢♦r
Γ ⊢ t1 ✿ τ Γ ⊢ t2 ✿ τ

Γ ⊢ t1 + t2 ✿ τ
✱ ✇❡ ✉s❡ [[t1 + t2]]γ , [[t1]]γ ∪ [[t2]]γ❀

� ❢♦r ❞✐☛❡r❡♥t✐❛t✐♦♥
Γ ⊢ t ✿ τ→ τ′ Γ ⊢ u ✿ τ

Γ ⊢ ❉ t · u ✿ τ→ τ′
✱

✇❡ ✉s❡ (µ, s′) ǫ [[❉ t·u]]γ ✐☛ (µ+[s], s′) ǫ [[t]]γ1
❢♦r s♦♠❡ s ǫ [[u]]γ2

s✳t✳ γ = γ1+γ2✳

❚❤❡ ☞rst t❤✐♥❣ t♦ ❝❤❡❝❦ ✐s t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞ ❛s ❢❛r ❛s t❤❡ ❡q✉❛✲

t✐♦♥s ❛r❡ ❝♦♥❝❡r♥❡❞✿

◦ Lemma 6.4.3: ✇❡ ❤❛✈❡✿

� [[(0)t]]γ = [[λx.0]]γ = [[❉ 0 · t]]γ = [[❉ t · 0]]γ = [[0]]γ = ∅❀

� [[(t1 + t2)u]]γ = [[(t1)u+ (t2)u]]γ = [[(t1)u]]γ ∪ [[(t2)u]]γ❀

� [[λx.(t1 + t2)]]γ = [[(λx.t1) + (λx.t2)]]γ = [[λx.t1]]γ ∪ [[λx.t2]]γ❀

� [[❉(t1+ t2) ·u]]γ = [[❉ t1 ·u+❉ t2 ·u]]γ = [[❉ t1 ·u]]γ∪ [[❉ t2 ·u]]γ❀

� [[❉ t ·(u1+u2)]]γ = [[❉ t ·u1+❉ t ·u2]]γ = [[❉ t ·u1]]γ∪ [[❉ t ·u2]]γ❀

� [[❉(❉ t · u) · v]]γ = [[❉(❉ t · v) · u]]γ✳

proof: t❤❡ ♣❛rt ❛❜♦✉t 0 ✐s q✉✐t❡ ❞✐r❡❝t✳ ❋♦r t❤❡ r❡st✿ ✭✐♥ ♦r❞❡r t♦ ❜❡ ❧❡ss ✈❡r❜♦s❡✱ ✇❡

♦♠✐t t❤❡ ❭❢♦r s♦♠❡ µ✧ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥✮

K [[(t1 + t2)u]]γ = [[(t1)u+ (t2)u]]γ✿

s ǫ [[(t1 + t2)u]]γ

⇔

(µ, s) ǫ [[t1 + t2]]γ0
❛♥❞ ❡✈❡r② µi ǫ [[u]]γi

✇✐t❤ γ = γ0 + γ1 + · · ·

⇔

(µ, s) ǫ [[t1]]γ0
♦r (µ, s) ǫ [[t2]]γ0

❛♥❞ ❡✈❡r② µi ǫ [[u]]γi
✇✐t❤ γ = γ0 + γ1 + · · ·
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⇔

s ǫ [[(t1)u]]γ ♦r s ǫ [[(t2)u]]γ
⇔

s ǫ [[(t1)u+ (t2)u]]γ

K [[λx.(t1 + t2)]]γ = [[(λx.t1) + (λx.t2)]]γ✿

(µ, s) ǫ [[λx.(t1 + t2)]]γ
⇔

s ǫ [[t1 + t2]]γ,x=µ

⇔

s ǫ [[t1]]γ,x=µ ♦r s ǫ [[t2]]γ,x=µ

⇔

(µ, s) ǫ [[λx.t1]]γ ♦r (µ, s) ǫ [[λx.t2]]γ
⇔

(µ, s) ǫ [[(λx.t2) + (λx.t2)]]γ

K [[❉(t1 + t2) · u]]γ = [[❉ t1 · u+ ❉ t2 · u]]γ✿

(µ, s) ǫ [[❉(t1 + t2) · u]]γ
⇔

(µ+ [s′], s) ǫ [[t1 + t2]]γ1
❛♥❞ s′ ǫ [[u]]γ2

✇✐t❤ γ = γ1 + γ2
⇔

(µ+ [s′], s) ǫ [[t1]]γ1
♦r (µ+ [s′], s) ǫ [[t2]]γ1

❛♥❞ s′ ǫ [[u]]γ2
✇✐t❤ γ = γ1 + γ2

⇔

(µ, s) ǫ [[❉ t1 · u]]γ ♦r (µ, s) ǫ [[❉ t2 · u]]γ
⇔

(µ, s) ǫ [[❉ t1 · u+ ❉ t2 · u]]γ

K [[❉ t · (u1 + u2)]]γ = [[❉ t · u1 + ❉ t · u2]]γ✿

(µ, s) ǫ [[❉ t · (u1 + u2)]]γ
⇔

(µ+ [s′], s) ǫ [[t]]γ1
❢♦r s♦♠❡ s′ ǫ [[u1 + u2]]γ2

✇✐t❤ γ = γ1 + γ2
⇔

(µ+ [s′], s) ǫ [[t]]γ1
❢♦r s♦♠❡ s′ ǫ [[u1]]γ2

♦r s′ ǫ [[u2]]γ2
✇✐t❤ γ = γ1 + γ2

⇔

(µ, s) ǫ [[❉ t · u1]]γ ♦r (µ, s) ǫ [[❉ t · u2]]γ
⇔

(µ, s) ǫ [[❉ t · u1 + ❉ t · u2]]γ

K [[❉(❉ t · u) · v]]γ = [[❉(❉ t · v) · u]]γ✿

❜② ❞❡☞♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ (µ, s′) ǫ [[❉(❉ t · u) · v]]γ ✐☛

t❤❡r❡ ✐s s1 ǫ [[v]]γ1
❛♥❞ s2 ǫ [[u]]γ2

s✳t✳ (µ+ [s1] + [s2], s
′) ǫ [[t]]γ0

✇✐t❤ γ = γ0 + γ1 + γ2
❇② ❝♦♠♠✉t❛t✐✈✐t② ♦❢ ❭+✧✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ (µ, s′) ǫ [[❉(❉ t · v) · u]]γ✳

�X

◆♦✇ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ t♦ ❜❡ ❝♦rr❡❝t✱ ✐t ✐s q✉✐t❡ ❡❛s② t♦ ❡①t❡♥❞

♣r♦♣♦s✐t✐♦♥ ✻✳✹✳✶✿
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⋄ Proposition 6.4.4: s✉♣♣♦s❡ x1 ✿ τ1, . . . , xn ✿ τn ⊢ t ✿ τ ✐s ❛

❝♦rr❡❝t t②♣✐♥❣ ❥✉❞❣♠❡♥t ✐♥ t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s✳ ❋♦r ❛♥②

✈❛❧✉❛t✐♦♥ ρ ❢♦r t❤❡ ❛t♦♠✐❝ t②♣❡s✱ ✇❡ ❤❛✈❡ t❤❛t ǫ [[t]] ✐s ❛

s✐♠✉❧❛t✐♦♥ ❢r♦♠ !τ∗1 ⊗ · · · ⊗ !τ∗n t♦ τ∗✳

proof: s✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ❛ ✉♥✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥s ✐s ❛ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❛t

t❤❡ ❡♠♣t② s❡t ✐s ❛❧✇❛②s ❛ s✐♠✉❧❛t✐♦♥✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t [[❉ t · u]] ✐s ❛

s✐♠✉❧❛t✐♦♥ ✇❤❡♥❡✈❡r [[t]] ❛♥❞ [[u]] ❛r❡✳

❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ (µ, s′) ǫ [[❉ t · u]]γ✱ ✐✳❡✳ (µ + [s], s′) ǫ [[t]]γ1
❢♦r s♦♠❡ s ǫ [[u]]γ2

✱

✇✐t❤ γ = γ1 + γ2✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t (µ, s′) ✭✐♥ τ → τ′✮ s✐♠✉❧❛t❡s γ ✭✐♥ !Γ✮✳

❙✐♥❝❡ γ = γ1+γ2✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ✇❡ ❝❛♥ s✐♠✉❧❛t❡ (γ1, γ2) ✭✐♥ !Γ ⊗ !Γ✮✳

❇② ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳✷✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❤♦✇✐♥❣ t❤❛t st❛t❡ s′ ✭✐♥ τ′✮ s✐♠✉❧❛t❡s

st❛t❡ (γ1, γ2, µ) ✭✐♥ !Γ ⊗ !Γ ⊗ !τ✮✳

▲❡t aγ1
ǫ !AΓ (γ1)✱ aγ2

ǫ !AΓ (γ2) ❛♥❞ aµ ǫ !Aτ(µ)✳ ❲❡ ♥❡❡❞ t♦ ☞♥❞ ❛♥ ❛❝t✐♦♥

✐♥ Aτ′(s
′) t♦ s✐♠✉❧❛t❡ (aγ1

, aγ2
, aµ)✿

✶✮ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t s ✭✐♥ τ✮ s✐♠✉❧❛t❡s γ2 ✭✐♥ !Γ✮✱ s♦ t❤❛t

✇❡ ❝❛♥ ☞♥❞ ❛♥ ❛❝t✐♦♥ a ǫ Aτ(s) s✐♠✉❧❛t✐♥❣ aγ2
❀

✷✮ ❜② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t s′ ✭✐♥ τ′✮ s✐♠✉❧❛t❡s (γ1, µ + [s]) ✭✐♥ !Γ ⊗ !τ✮✱ s♦

t❤❛t ✇❡ ❝❛♥ ☞♥❞ ❛♥ ❛❝t✐♦♥ a′ ǫ Aτ′(s
′) s✐♠✉❧❛t✐♥❣

(
aγ1

, (aµ, a)
)
✳

❙✐♥❝❡ a s✐♠✉❧❛t❡s aγ2
✱ ❜② ❝♦♠♣♦s✐t✐♦♥✱ a′ s✐♠✉❧❛t❡s

(
aγ1

, (aµ, aγ2
)
)
✳ ❇②

❛ss♦❝✐❛t✐✈✐t② ❛♥❞ ❝♦♠♠✉t❛t✐✈✐t②✱ ✐t t❤✉s s✐♠✉❧❛t❡s (aγ1
, aγ2

, aµ)✳

❚♦ tr❛♥s❧❛t❡ ❜❛❝❦ ❛ r❡❛❝t✐♦♥ d′ t♦ a′ ✐♥t♦ ❛ r❡❛❝t✐♦♥ (dγ1
, dγ2

, dµ)✱ ✇❡ ♣r♦❝❡❡❞

s✐♠✐❧❛r❧②✿

✷✮ ❜② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ tr❛♥s❧❛t❡ d′ ✐♥t♦ ❛ r❡❛❝t✐♦♥ (dγ1
, dµ, d) t♦

(
aγ1

, (aµ, a)
)
❀

✶✮ ❜② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝❛♥ ❛❧s♦ tr❛♥s❧❛t❡ t❤❡ r❡❛❝t✐♦♥ d ✭✐♥ Dτ(s, a)✮ ✐♥t♦ ❛ r❡❛❝✲

t✐♦♥ dγ2
✭✐♥ !DΓ (s, aγ2

)✮✳

❲❡ t❤✉s ♦❜t❛✐♥ r❡❛❝t✐♦♥s dγ1
✱ dγ2

❛♥❞ dµ ❛s ❞❡s✐r❡❞✳ ❚❤❛t t❤❡ r❡s✉❧t✐♥❣ ♥❡①t

st❛t❡s ❛r❡ st✐❧❧ r❡❧❛t❡❞ ✐s ♦❜✈✐♦✉s✳

�X

❆s ❜❡❢♦r❡✱ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r r❡❞✉❝t✐♦♥✿

⋄ Proposition 6.4.5: t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❞✐☛❡r❡♥t✐❛❧ λ✲t❡r♠s ✐s

✐♥✈❛r✐❛♥t ✉♥❞❡r β✲r❡❞✉❝t✐♦♥ ❛♥❞ ❞✐☛❡r❡♥t✐❛❧ r❡❞✉❝t✐♦♥✿

[[(λx.t)u]]γ = [[t[u/x]]]γ

[[❉(λx.t) · u]]γ = [[λx.(∂t/∂x) · u]]γ ✳

proof: t❤✐s ♦✉❣❤t t♦ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❝❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐❢✲

❢❡r❡♥t✐❛❧ λ ❝❛❧❝✉❧✉s✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡♥✬t ❞❡✈❡❧♦♣♣❡❞ s✉❝❤ ❛ ♥♦t✐♦♥ ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱

✇❡ ❝❤❡❝❦ ❞✐r❡❝t❧② t❤❡ r❡s✉❧t✿ s❡❡ s❡❝t✐♦♥ ✻✳✹✳✸✳1

�X

1 ✿ ❙♦♠❡ ✇♦r❦ ❛❜♦✉t ❛ ❣❡♥❡r❛❧ ♥♦t✐♦♥ ♦❢ ❭❞✐☛❡r❡♥t✐❛❧✧ ❝❛t❡❣♦r② ❤❛s ❜❡❡♥ ❞♦♥❡ ❜② ▼❛rt✐♥ ❍②❧❛♥❞✳



✻✳✹ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❉✐☛❡r❡♥t✐❛❧ ▲❛♠❜❞❛✲❝❛❧❝✉❧✉s ✶✸✼

6.4.3 Invariance under Reduction

❍❡r❡ ✐s✱ ❢♦r ♣♦st❡r✐t②✱ t❤❡ ❝♦♠♣❧❡t❡ ❞✐r❡❝t ♣r♦♦❢ t❤❛t t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r t❤❡

❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝✉t✲❡❧✐♠✐♥❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ♣❡r❢❡❝t ❡①❛♠♣❧❡

♦❢ ❭❢♦❧❦❧♦r✐❝✧ ♣r♦♦❢✿ ✐t ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❧♦♥❣✱ ❜♦r✐♥❣✱ ❡❛s②✱ ❡rr♦r ♣r♦♥❡✱ ❛♥❞ tr✉❡✦

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢②✱ ✇❡ ✉s❡ λ✲t❡r♠s s❛t✐s❢②✐♥❣ t❤❡ ❇❛r❡♥❞r❡❣t ❝♦♥❞✐t✐♦♥✿ ♥♦

❢r❡❡ ✈❛r✐❛❜❧❡ ✐s ❛❧s♦ ❜♦✉♥❞ ✐♥ ❛ t❡r♠✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ ✐❢ µ ✐s ❛ ♠✉❧t✐s❡t✱ µi ❞❡♥♦t❡s ❛♥

❡❧❡♠❡♥t ♦❢ µ ✇❤✐❧❡ µi ❞❡♥♦t❡s ❛ ❭s✉❜✲♠✉❧t✐s❡t✧ ♦❢ µ✳

◦ Lemma 6.4.6:

� ✐❢ x ✐s ♥♦t ❢r❡❡ ✐♥ t✱ t❤❡♥ γ(x) 6= [] ✐♠♣❧✐❡s [[t]]γ = ∅❀

� ✐❢ x ✐s ♥♦t ❢r❡❡ ✐♥ t✱ t❤❡♥ [[t]]γ = [[t]]γ,x=[]✳

proof: s✐♠♣❧❡ ✐♥❞✉❝t✐♦♥✳

�X

proof: (of proposition 6.4.5) ❥✉st ❧✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✻✳✹✳✸✱ ✇❡ ♦♠✐t t❤❡ ❭❢♦r

s♦♠❡ µ✧ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥✳

first part: [[(λx.t)u]]γ = [[t[u/x]]]γ

◆♦t✐❝❡ ☞rst t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

s ǫ [[(λx.t)u]]γ

⇔

(µ, s) ǫ [[λx.t]]γ0 ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + γ1 + · · ·

⇔

s ǫ [[t]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + γ1 + · · ·

K ✈❛r✐❛❜❧❡✿ ✐❢ t = x✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[(λx.x)u]]γ = [[u]]γ✳

s ǫ [[(λx.x)u]]γ

⇔

s ǫ [[x]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + γ1 + · · ·

⇔

γ0 = ([], . . . , []) ❛♥❞ µ = [s] ❛♥❞ µ1 = s ǫ [[u]]γ1 ❛♥❞ γ = [] + γ1

⇔

s ǫ [[u]]γ

K ✈❛r✐❛❜❧❡ ✭❜✐s✮✿ ✐❢ t = y✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[(λx.y)u]]γ = [[y]]γ✳

s ǫ [[(λx.y)u]]γ

⇔

s ǫ [[y]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + γ1 + · · ·

⇔

γ ✐s ❭(y = [s])✧ ❛♥❞ µ = [] ❛♥❞ s ǫ [[y]]γ,x=[]

⇔

s ǫ [[y]]γ

K ❛❜str❛❝t✐♦♥✿ ✐❢ t = λy.t✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[(λxy.t)u]]γ = [[λy.t[u/x]]]γ✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t [[t[u/x]]] = [[(λx.t)u]]✱

✇❡ t❤✉s ♥❡❡❞ t♦ s❤♦✇ [[(λxy.t)u]]γ = [[λy.(λx.t)u]]γ✳



✶✸✽ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

(ν, s) ǫ [[(λxy.t)u]]γ

⇔

(ν, s) ǫ [[λy.t]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + · · ·

⇔

s ǫ [[t]]γ0,x=µ,y=ν ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + · · ·

❙✐♠✐❧❛r❧②✿

(ν, s) ǫ [[λy.(λx.t)u]]γ

⇔

s ǫ [[(λx.t)u]]γ,y=ν

⇔

(µ, s) ǫ [[(λx.t)]]γ0,y=ν0 ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi,y=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·✳

⇔

s ǫ [[t]]γ0,y=ν0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi,y=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·✳ ✭✻✲✹✮

■❢ ν = []✱ ❡q✉❛❧✐t② ❤♦❧❞s✳

■❢ ♥♦t✱ s✐♥❝❡ y ✐s ♥♦t ❢r❡❡ ✐♥ u ✭❜② ❇❛r❡♥❞r❡❣t ❝♦♥❞✐t✐♦♥✮✱ ❜② ❧❡♠♠❛ ✻✳✹✳✻✱ ✇❡ ❤❛✈❡

νi = [] ❢♦r ❡✈❡r② i > 0 ✭s✐♥❝❡ µi ǫ [[u]]γi,y=νi
✮✳ ✭✻✲✹✮ s✐♠♣❧✐☞❡s ✐♥t♦✿

s ǫ [[t]]γ0,y=ν0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi,y=[] ✇✐t❤ γ = γ0 + · · ·✳

❲❡ t❤✉s ❤❛✈❡ ❡q✉❛❧✐t②✳

K ❛♣♣❧✐❝❛t✐♦♥✿ ✐❢ t = (t1)t2✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[(λx.(t1)t2)u]]γ = [[(t1[u/x])t2[u/x]]]γ✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t [[t1[u/x]]] = [[(λx.t1)u]]✱

✇❡ t❤✉s ♥❡❡❞ t♦ s❤♦✇ [[(λx.(t1)t2)u]]γ = [[(λx.t1)u((λx.t2)u)]]γ✳

s ǫ [[(λx.(t1)t2)u]]γ

⇔

s ǫ [[(t1)t2]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]µi
✇✐t❤ γ = γ0 + · · ·

⇔

(ν, s) ǫ [[t1]]γ0,0,x=µ0 ❛♥❞ ❡✈❡r② νj ǫ [[t2]]γ0,j,x=µj ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi

✇✐t❤ γ = γ0 + · · · ❛♥❞ γ0 = γ0,0 + γ0,1 + · · · ❛♥❞ µ = µ0 + · · ·

❙✐♠✐❧❛r❧②✿

s ǫ [[(λx.t1)u((λx.t2)u)]]γ

⇔

(ν, s) ǫ [[(λx.t1)u]]γ0 ❛♥❞ ❡✈❡r② νj ǫ [[(λx.t2)u]]γj ✇✐t❤ γ = γ0 + · · ·

⇔

(ν, s) ǫ [[(λx.t1)u]]γ0 ❛♥❞ ❡✈❡r② νj ǫ [[t2]]γj,0,x=µj ❛♥❞ ❡✈❡r② µji ǫ [[u]]γj,i

✇✐t❤ γ = γ0 + · · · ❛♥❞ ❡✈❡r② γj = γj,0 + · · ·

⇔

(ν, s) ǫ [[t1]]γ0,0,x=ρ ❛♥❞ ❡✈❡r② ρk ǫ [[u]]γ0,k ❛♥❞ ❡✈❡r② νj ǫ [[t2]]γj,0,x=µj

❛♥❞ ❡✈❡r② µji ǫ [[u]]γj,i

✇✐t❤ γ = γ0 + · · · ❛♥❞ γ0 = γ0,0 + · · · ❛♥❞ ❡✈❡r② γj = γj,0 + · · ·

■♥ t❤❡ ❧❛st ❧✐♥❡✱ ✐❢ ♦♥❡ r❡♣❧❛❝❡s ρ ❜② t❤❡ µ0✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ❡q✉❛❧✐t②✳

✭❚❤❡ ♦♥❧② ❞✐☛❡r❡♥❝❡ ✐s t❤❛t ✐♥ t❤❡ ☞rst ❝❛s❡✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ µ ❛r❡ ✐♥❞❡①❡❞ ❜② i✱

✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡② ❛r❡ ✐♥❞❡①❡❞ ❜② i, j✳✮



✻✳✹ ■♥t❡r♣r❡t✐♥❣ t❤❡ ❉✐☛❡r❡♥t✐❛❧ ▲❛♠❜❞❛✲❝❛❧❝✉❧✉s ✶✸✾

K ③❡r♦✿ ✐❢ t = 0✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t [[(λx.0)u]]γ = [[0[u/x]]]γ = [[0]]γ✳

❚❤✐s ❤♦❧❞s tr✐✈✐❛❧❧② ❜② ❧❡♠♠❛ ✻✳✹✳✸✳

K ■❢ t = t1 + t2 t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t [[(λx.t1 + t2)u]]γ = [[t1[u/x] + t2[u/x]]]γ✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t [[ti[u/x]]] = [[(λx.ti)u]]✱

✇❡ t❤✉s ♥❡❡❞ t♦ s❤♦✇ [[(λx.t1r+ t2)u]]γ = [[(λx.t1)u+ (λx.t2)u]]γ✳

❚❤✐s ❤♦❧❞s ❜② ❧❡♠♠❛ ✻✳✹✳✸✳

K ❞✐☛❡r❡♥t✐❛t✐♦♥✿ ✐❢ t = ❉ t1 · t2✱

t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t [[(λx.❉ t1 · t2)u]]γ = [[(❉ t1 · t2)[u/x]]]γ✱

✐✳❡✳ t❤❛t [[(λx.❉ t1 · t2)u]]γ = [[❉ t1[u/x] · t2[u/x]]]γ✳

❇② ✐♥❞✉❝t✐♦♥✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ [[(λx.❉ t1 · t2)u]]γ = [[❉(λx.t1)u · (λx.t2)u]]γ✳

(ν, s) ǫ [[(λx.❉ t1 · t2)u]]γ

⇔

(ν, s) ǫ [[❉ t1 · t2]]γ0,x=µ ❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0 + · · ·

⇔

(ν+ [s′], s) ǫ [[t1]]γ0,1,x=µ1 ❛♥❞ s′ ǫ [[t2]]γ0,2,x=µ2

❛♥❞ ❡✈❡r② µi ǫ [[u]]γi ✇✐t❤ γ = γ0,1 + γ0,2 + γ1 + · · ·

❙✐♠✐❧❛r❧②✿

(ν, s) ǫ [[❉(λx.t1)u · (λx.t2)u]]γ

⇔

(ν+ [s′], s) ǫ [[(λx.t2)u]]γ1 ✇✐t❤ s′ ǫ [[(λx.t2)u]]γ2 ❛♥❞ γ = γ1 + γ2

⇔

(ν+ [s′], s) ǫ [[t1]]γ1,0,x=µ1 ❛♥❞ ❡✈❡r② µ1i ǫ [[u]]γ1,i

❛♥❞ s′ ǫ [[t2]]γ2,0,x=µ2 ❛♥❞ ❡✈❡r② µ2j ǫ [[u]]γ2,j

✇✐t❤ γ = γ1,0 + · · ·+ γ2,0 + · · ·

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ✐♥❞❡❡❞ ❡q✉❛❧✐t②✳

second part: [[❉(λx.t) · u]]γ = [[λx.(∂t/∂x) · u]]γ✳

❋✐rst ♥♦t✐❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

(µ, s) ǫ [[❉(λx.t) · u]]γ

⇔

(µ+ [s′], s) ǫ [[λx.t]]γ1 ❢♦r s♦♠❡ s′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

s ǫ [[t]]γ1,x=µ+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

K ✈❛r✐❛❜❧❡✿ ✐❢ t = x✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.x) · u]]γ = [[λx.(∂x/∂x) · u]]γ✱

✐✳❡✳ t❤❛t [[❉(λx.x) · u]]γ = [[λx.u]]γ✳

(µ, s) ǫ [[❉(λx.x) · u]]γ

⇔

s ǫ [[x]]γ1,x=µ+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

γ1 = [] ❛♥❞ µ = [] ❛♥❞ s′ = s ❛♥❞ s ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

s ǫ [[u]]γ



✶✹✵ ✻ ❆ ❘❡☞♥❡♠❡♥t ♦❢ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✿

(µ, s) ǫ [[λx.u]]γ

⇔

s ǫ [[u]]γ,x=µ

⇔ { s✐♥❝❡ x ✐s ♥♦t ❢r❡❡ ✐♥ u ✭❜② ❇❛r❡♥❞r❡❣t ❝♦♥❞✐t✐♦♥✮ }

s ǫ [[u]]γ

K ✈❛r✐❛❜❧❡ ✭❜✐s✮✿ ✐❢ t = y✱ t❤❡♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.y) · u]]γ = [[λx.(∂y/∂x) · u]]γ✱

✐✳❡✳ t❤❛t [[❉(λx.y) · u]]γ = [[0]]γ✳

(ν, s) ǫ [[❉(λx.y) · u]]γ

⇔

s ǫ [[y]]γ1,x=ν+[s′] ❛♥❞ . . .

❇② ❧❡♠♠❛ ✻✳✹✳✻✱ t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✭❜❡❝❛✉s❡ x ✐s ♥♦t ❢r❡❡ ✐♥ y✮✳

❲❡ t❤✉s ❤❛✈❡ t❤❛t [[❉(λx.y) · u]]γ = ∅ = [[0]]γ✳

K ■❢ t = t1 + t2✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.t1 + t2) · u]]γ = [[λx.(∂t1 + t2/∂x) · u]]γ✱

✐✳❡✳ t❤❛t [[❉(λx.t1 + t2) · u]]γ = [[λx.(∂t1/∂x) · u+ (∂t2/∂x) · u]]γ✳

❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❦♥♦✇ t❤❛t [[λx.(∂ti/∂x) · u]] = [[❉(λx.ti) · u]]✳

❚❤✉s✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.t1 + t2) · u]]γ = [[❉(λx.t1) · u+ ❉(λx.t2) · u]]γ✳

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❧❡♠♠❛ ✻✳✹✳✸✳

K ■❢ t = 0✱ t❤✐s ✐s tr✐✈✐❛❧✳

K ❛❜str❛❝t✐♦♥✿ ✐❢ t ✐s ♦❢ t❤❡ ❢♦r♠ λy.t✱

✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t [[❉(λxy.t) · u]]γ = [[λx.(∂λy.t)/(∂x) · u]]γ✱

✐✳❡✳ t❤❛t [[❉(λxy.t) · u]]γ = [[λxy.(∂t/∂x) · u]]γ✳

(ν, µ, s) ǫ [[❉(λxy.t) · u]]γ

⇔

(µ, s) ǫ [[λy.t]]γ1,x=ν+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

s ǫ [[t]]γ1,x=ν+[s′],y=µ ❛♥❞ s′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

❙✐♠✐❧❛r❧②✿

(ν, µ, s) ǫ [[λxy.(∂t/∂x) · u]]γ

⇔

s ǫ [[(∂t/∂x) · u]]γ,x=ν,y=µ

⇔

(ν, s) ǫ [[λx.(∂t/∂x) · u]]γ,y=µ

⇔ { ❜② ✐♥❞✉❝t✐♦♥ }

(ν, s) ǫ [[❉(λx.t) · u]]γ,y=µ

⇔

(ν+[s′], s) ǫ [[λx.t]]γ1,y=µ1 ❛♥❞ s′ ǫ [[u]]γ2,y=µ2 ✇✐t❤ γ = γ1+γ2 ❛♥❞ µ = µ1+µ2

⇔ { s✐♥❝❡ y ✐s ♥♦t ❢r❡❡ ✐♥ u ✭❇❛r❡♥❞r❡❣t✬s ❝♦♥✈❡♥t✐♦♥✮✱ µ2 = [] }

(ν+ [s′], s) ǫ [[λx.t]]γ1,y=µ ❛♥❞ s′ ǫ [[u]]γ2,y=[] ✇✐t❤ γ = γ1 + γ2

⇔

s ǫ [[t]]γ1,y=µ,x=ν+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

s♦ t❤❛t ✇❡ ❤❛✈❡ ❡q✉❛❧✐t②✳
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K ❞✐☛❡r❡♥t✐❛t✐♦♥✿ ✐❢ t = ❉ t1 · t2✱

✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.❉ t1 · t2) · u]]γ = [[λx.(∂❉ t1 · t2/∂x) · u]]✱

✐✳❡✳ [[❉(λx.❉ t1 · t2) · u]]γ = [[λx.❉((∂t1/∂x) · u) · t2]]γ ∪ [[λx.❉ t1 · (∂t2/∂x) · u]]γ
(ν, µ, s) ǫ [[❉(λx.❉ t1 · t2) · u]]γ
⇔

(µ, s) ǫ [[❉ t1 · t2]]γ1,x=ν+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

(µ+ [s′′], s) ǫ [[t1]]γ1,1,x=ν1 ❛♥❞ s′′ ǫ [[t2]]γ1,2,x=ν2 ❛♥❞ s′ ǫ [[u]]γ2

✇✐t❤ γ = γ1,1 + γ1,2 + γ2 ❛♥❞ ν+ [s′] = ν1 + ν2 ✭✻✲✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✿

(ν, µ, s) ǫ [[λx.❉((∂t1/∂x) · u) · t2]]γ
⇔

(µ, s) ǫ [[❉((∂t1/∂x) · u) · t2]]γ,x=ν

⇔

(µ+ [s′′], s) ǫ [[(∂t1/∂x) · u]]γ1,x=ν1 ❛♥❞ s′′ ǫ [[t2]]γ2,x=ν2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔

(ν1, µ+ [s′′], s) ǫ [[λx.(∂t1/∂x) · u]]γ1 ❛♥❞ s′′ ǫ [[t2]]γ2,x=ν2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔ { ❜② ✐♥❞✉❝t✐♦♥ }

(ν1, µ+ [s′′], s) ǫ [[❉ λx.t1 · u]]γ1 ❛♥❞ s′′ ǫ [[t2]]γ2,x=ν2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔

(µ+ [s′′], s) ǫ [[t1]]γ1,1,x=ν1+[s′] ❛♥❞ s
′ ǫ [[u]]γ1,2 ❛♥❞ s′′ ǫ [[t2]]γ2,x=ν2

✇✐t❤ γ = γ1,1 + γ1,2 + γ2 ❛♥❞ ν = ν1 + ν2 ✭✻✲✻✮

❛♥❞

(ν, µ, s) ǫ [[λx.❉ t1 · (∂t2/∂x) · u]]γ
⇔

(µ, s) ǫ [[❉ t1 · (∂t2/∂x) · u]]γ,x=ν

⇔

(µ+ [s′′], s) ǫ [[t1]]γ1,x=ν1 ❛♥❞ s′′ ǫ [[(∂t2/∂x) · u]]γ2,x=ν2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔

(µ+ [s′′], s) ǫ [[t1]]γ1,x=ν1 ❛♥❞ (ν2, s′′) ǫ [[λx.(∂t2/∂x) · u]]γ2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔ { ❜② ✐♥❞✉❝t✐♦♥ }

(µ+ [s′′], s) ǫ [[t1]]γ1,x=ν1 ❛♥❞ (ν2, s′′) ǫ [[❉ λx.t2 · u]]γ2

✇✐t❤ γ = γ1 + γ2 ❛♥❞ ν = ν1 + ν2

⇔

(µ+ [s′′], s) ǫ [[t1]]γ1,x=ν1 ❛♥❞ s′′ ǫ [[t2]]γ2,1,x=ν2+[s′] ❛♥❞ s
′ ǫ [[u]]γ2,2

✇✐t❤ γ = γ1 + γ2,1 + γ2,2 ❛♥❞ ν = ν1 + ν2 ✭✻✲✼✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✭✻✲✻✮ ✐♠♣❧✐❡s ✭✻✲✺✮ ❛♥❞ t❤❛t ✭✻✲✼✮ ✐♠♣❧✐❡s ✭✻✲✺✮✳

❚♦ s❡❡ t❤❛t ✭✻✲✺✮ ✐♠♣❧✐❡s ✭✻✲✻✮ ♦r ✭✻✲✼✮✱ ♥♦t❡ t❤❛t s′ ✐s ❡✐t❤❡r ✐♥ ν1 ♦r ✐♥ ν2✳ ■♥

t❤❡ ☞rst ❝❛s❡✱ ✇❡ ❣❡t ✭✻✲✻✮ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❣❡t ✭✻✲✼✮✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❞✐☛❡r❡♥t✐❛t✐♦♥✳
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K ❛♣♣❧✐❝❛t✐♦♥✿ ✐❢ t = (t1)t2✱

✇❡ ♥❡❡❞ t♦ s❤♦✇ [[❉(λx.(t1)t2) · u]]γ = [[λx.(∂(t1)t2/∂x) · u]]✱

✐✳❡✳ [[❉(λx.(t1)t2) · u]]γ = [[λx . ((∂t1/∂x) · u)t2 + (❉ t1 · (∂t2/∂x) · u)t2]]γ✱

✐✳❡✳ [[❉(λx.(t1)t2) · u]]γ = [[λx.((∂t1/∂x) · u)t2]]γ ∪ [[λx.(❉ t1 · (∂t2/∂x) · u)t2]]γ✳

(ν, s) ǫ [[❉(λx.(t1)t2) · u]]γ
⇔

s ǫ [[(t1)t2]]γ1,x=ν+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ1 + γ2

⇔

(µ, s) ǫ [[t1]]γ1,0,x=ν0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γ1,i,x=νi ❛♥❞ s′ ǫ [[u]]γ2

✇✐t❤ γ = γ1,0 + · · ·+ γ1,i + γ2 ❛♥❞ ν+ [s′] = ν0 + · · · ✭✻✲✽✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✿

(ν, s) ǫ [[λx.((∂t1/∂x) · u)t2]]γ
⇔

(µ, s) ǫ [[(∂t1/∂x) · u]]γ0,x=ν0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·

⇔

(ν0, µ, s) ǫ [[λx.(∂t1/∂x) · u]]γ0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·

⇔ ✭❜② ✐♥❞✉❝t✐♦♥✮

(ν0, µ, s) ǫ [[❉ λx.t1 · u]]γ0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·

⇔

(ν0 + [s′], µ, s) ǫ [[λx.t1]]γ0,1 ❛♥❞ s′ ǫ [[u]]γ0,2 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1 + γ0,2 + · · · ❛♥❞ ν = ν0 + · · ·

⇔

(µ, s) ǫ [[t1]]γ0,1,x=ν0+[s′] ❛♥❞ s
′ ǫ [[u]]γ0,2 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1 + γ0,2 + · · · ❛♥❞ ν = ν0 + · · · ✭✻✲✾✮

❛♥❞

(ν, s) ǫ [[λx.(❉ t1 · (∂t2/∂x) · u)t2]]γ
⇔

s ǫ [[(❉ t1 · (∂t2/∂x) · u)t2]]γ,x=ν

⇔

(µ, s) ǫ [[❉ t1 · (∂t2/∂x) · u]]γ0,x=ν0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0 + · · · ❛♥❞ ν = ν0 + · · ·

⇔

(µ+ [s′′], s) ǫ [[t1]]γ0,1,x=ν0,1 ❛♥❞ s′′ ǫ [[(∂t2/∂x) · u]]γ0,2,x=ν0,2

❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1 + γ0,2 + · · ·+ γi ❛♥❞ ν = ν0,1 + ν0,2 + · · ·+ νi

⇔

(µ+ [s′′], s) ǫ [[t1]]γ0,1,x=ν0,1 ❛♥❞ (ν0,2, s′′) ǫ [[λx.(∂t2/∂x) · u]]γ0,2

❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1 + γ0,2 + · · ·+ γi ❛♥❞ ν = ν0,1 + ν0,2 + · · ·+ νi

⇔ { ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s }

(µ+ [s′′], s) ǫ [[t1]]γ0,1,x=ν0,1 ❛♥❞ (ν0,2, s′′) ǫ [[❉(λx.t2) · u]]γ0,2

❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi
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✇✐t❤ γ = γ0,1 + γ0,2 + · · ·+ γi ❛♥❞ ν = ν0,1 + ν0,2 + · · ·+ νi

⇔

(µ+ [s′′], s) ǫ [[t1]]γ0,1,x=ν0,1 ❛♥❞ (ν0,2 + [s′], s′′) ǫ [[λx.t2]]γ0,2,1 ❛♥❞ s′ ǫ [[u]]γ0,2,2

❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1+γ0,2+· · ·+γi ❛♥❞ ν = ν0,1+ν0,2+· · ·+νi ❛♥❞ γ0,2 = γ0,2,1+γ0,2,2

⇔

(µ+ [s′′], s) ǫ [[t1]]γ0,1,x=ν0,1 ❛♥❞ s′′ ǫ [[t2]]γ0,2,1,x=ν0,2+[s′] ❛♥❞ s
′ ǫ [[u]]γ0,2,2

❛♥❞ ❡✈❡r② µi ǫ [[t2]]γi,x=νi

✇✐t❤ γ = γ0,1 + γ0,2,1 + γ0,2,2 + · · ·+ γi ❛♥❞ ν = ν0,1 + ν0,2 + · · ·+ νi ✭✻✲✶✵✮

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ✭✻✲✾✮ ✐♠♣❧✐❡s ✭✻✲✽✮✳

■t ✐s ❛❧s♦ ❞✐r❡❝t t❤❛t ✭✻✲✶✵✮ ✐♠♣❧✐❡s ✭✻✲✽✮✳

❚♦ s❡❡ t❤❛t ✭✻✲✽✮ ✐♠♣❧✐❡s ✭✻✲✾✮ ♦r ✭✻✲✶✵✮✿ ✐♥ ✭✻✲✼✮✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r

� ☞rst ❝❛s❡✿ s′ ǫ ν0✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✭✻✲✽✮ ✐s ♦❢ t❤❡ ❢♦r♠

(µ, s) ǫ [[t1]]γ1,0,x=ν0+[s′] ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γ1,i,x=νi ❛♥❞ s′ ǫ [[u]]γ2

✇✐t❤ γ = γ1,0 + · · ·+ γ1,i + γ2 ❛♥❞ ν = ν0 + · · ·

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✻✲✾✮✳

� s❡❝♦♥❞ ❝❛s❡✿ t❤❡r❡ ✐s s♦♠❡ i0 s✉❝❤ t❤❛t s′ ǫ νi0 ✳

■❢ ✇❡ r❡♥❛♠❡ µi0 ✐♥t♦ s′′✱ ✭✻✲✽✮ ❤❛s t❤❡ ❢♦r♠✿

(µ+ [s′′], s) ǫ [[t1]]γ1,0,x=ν0 ❛♥❞ ❡✈❡r② µi ǫ [[t2]]γ1,i,x=νi

❛♥❞ s′′ ǫ [[t2]]γ′′,x=ν′′+[s′] ❛♥❞ s
′ ǫ [[u]]γ2 ✇✐t❤ γ = γ′′ + γ1,0 + · · ·+ γ1,i + γ2

❛♥❞ ν = ν′′ + ν0 + · · ·

✇❤✐❝❤ ❡❛s✐❧② ✐♠♣❧✐❡s ✭✻✲✶✵✮✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ s♦✱ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞

♣❛rt ♦❢ ♣r♦♣♦s✐t✐♦♥ ✻✳✹✳✺✳

�X
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❲❡ ❛r❣✉❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s❡❝t✐♦♥ ✷✳✺ t❤❛t ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ ❛♣♣r♦♣r✐✲

❛t❡ t♦ ♠♦❞❡❧ ❛❜str❛❝t s♣❡❝✐☞❝❛t✐♦♥s ❢♦r ♣r♦❣r❛♠s✳ ❲❡ ❛❧s♦ ❛r❣✉❡❞ ✐♥ s❡❝t✐♦♥s ✷✳✺✳✶

❛♥❞ ✷✳✺✳✻ t❤❛t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❝♦♥❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ♣r❡❞✲

✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ❧♦♦❦ ❛t t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r

❛s ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✳ ❲❡ ❦♥♦✇ ❜② ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✷✸ t❤❛t t❤❡

t✇♦ ❝❛t❡❣♦r✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ s♦ t❤❛t ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❞♦ ❢♦r♠ ❛ ❞❡♥♦t❛t✐♦♥❛❧

♠♦❞❡❧ ❢♦r ❢✉❧❧ ❧✐♥❡❛r ❧♦❣✐❝✳ ■t ✐s ❤♦✇❡✈❡r ✐♥t❡r❡st✐♥❣ t♦ ✉♥❢♦❧❞ t❤❡ ❞❡t❛✐❧s s✐♥❝❡ t❤❡

r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✐s ❜♦t❤ ❝♦♥❝✐s❡ ❛♥❞ ❡❧❡❣❛♥t✳

7.1 A Denotational Model

7.1.1 Multiplicative Additive Linear Logic

■t ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ ✉♥❢♦❧❞ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✷✸ ❛♥❞ t❤❡ ❧✐♥❡❛r ❧♦❣✐❝ ❝♦♥♥❡❝t✐✈❡s

t♦ ❛❝t ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs r❛t❤❡r t❤❛♥ ♦♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

§ ❚❤❡ ❝♦♥♥❡❝t✐✈❡s✳ ❇② t❤❡ ✐s♦♠♦r♣❤✐s♠ P(S1 + S2) ≃ P(S1)× P(S2)✱ ✇❡ ❝❛♥ ❞❡☞♥❡✿

⊲ Definition 7.1.1: ✐❢ P1 ❛♥❞ P2 ❛r❡ ✭♠♦♥♦t♦♥✐❝✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ S1
❛♥❞ S2✱ ❞❡☞♥❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P1 ⊕ P2 ♦♥ S1 + S2 ❛s✿

P1 ⊕ P2
(
(x1, x2)

)
,

(
P1(x1), P2(x2)

)
✳ ✭✇❤❡r❡ x1 ⊆ S1 ❛♥❞ x2 ⊆ S2✮

❇❡❝❛✉s❡ ♦❢ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ❧✐♥❡❛r ♥❡❣❛t✐♦♥✱ t❤❡ ❢❛❝t t❤❛t ⊕ ✐s s❡❧❢✲❞✉❛❧ ✇✐❧❧ ❜❡ ❛

tr✐✈✐❛❧✐t②✦

❚❤❡ ❝♦♥st❛♥ts ❛r❡ ✈❡r② s✐♠♣❧❡✿

⊲ Definition 7.1.2: ❞❡☞♥❡ t❤❡ ❝♦♥st❛♥ts 0 ❛♥❞ skip ❛s✿

0 ✿ P(∅)→ P(∅) ❛♥❞ skip ✿ P({∗})→ P({∗})

∅ 7→ ∅ x 7→ x

❲❡ ❛❧s♦ ✇r✐t❡ ⊥ ❢♦r t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r skip✳



✶✹✻ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

❚❤❡ t❡♥s♦r P1 ⊗ P2 ♦❢ t✇♦ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✐s ❛ ❧✐tt❧❡ ♠♦r❡ ❝♦♠♣❧❡① ❜✉t

✐s t❤❡ ♠♦st ❭♥❛t✉r❛❧✧ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r t♦ ❞❡☞♥❡ ♦♥ S1 × S2✳ ❚❤❡ ☞rst r❡♠❛r❦

✐s t❤❛t P1 ⊗ P2(x1×x2) ✐s ♠♦st ♥❛t✉r❛❧❧② ❞❡☞♥❡❞ ❛s P1(x1) × P2(x2)✳ ❲✐t❤ t❤❛t ✐♥

♠✐♥❞✱ ✇❡ ❞❡☞♥❡ P1 ⊗ P2 ❛s t❤❡ s♠❛❧❧❡st ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❭❣❡♥❡r❛t❡❞✧ ❜② t❤✐s✿

⊲ Definition 7.1.3: ✐❢ P1 ❛♥❞ P2 ❛r❡ ✭♠♦♥♦t♦♥✐❝✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ S1
❛♥❞ S2✱ ❞❡☞♥❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P1 ⊗ P2 ♦♥ S1 × S2 ❛s✿

P1 ⊗ P2(r) ,
⋃

x1×x2⊆r

P1(x1)× P2(x2) ✳ ✭✇❤❡r❡ r ⊆ S1 × S2✮

❚❤✐s ♦♣❡r❛t✐♦♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ r❡☞♥❡♠❡♥t ❝❛❧❝✉❧✉s t♦ ♠♦❞❡❧ ♣❛r✲

❛❧❧❡❧ ❡①❡❝✉t✐♦♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ♣✐❡❝❡s ♦❢ ♣r♦❣r❛♠s✱ s❡❡ ❬✶✵❪✳

❆s ♦♣♣♦s❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ✇❤❡r❡ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡

❧✐♥❡❛r ❛rr♦✇ ✐s q✉✐t❡ ❝♦♠♣❧❡①✱⊸ t❛❦❡s ❛ ✈❡r② s✐♠♣❧❡ ❢♦r♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs✱ ❡s♣❡❝✐❛❧❧② ✐❢ ♦♥❡ ❤❛s s♦♠❡ r❡❛❧✐③❛❜✐❧✐t② ✐♥t✉✐t✐♦♥ ❛❜♦✉t ✐t✿1

⊲ Definition 7.1.4: ✐❢ P1 ❛♥❞ P2 ❛r❡ ✭♠♦♥♦t♦♥✐❝✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ S1
❛♥❞ S2✱ ❞❡☞♥❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P1⊸ P2 ♦♥ S1 × S2 ❛s✿

(s1, s2) ǫ P1⊸ P2(r) ⇔ (∀x1 ⊆ S1) s1 ǫ P1(x1)⇒ s2 ǫ P2
(
r(x1)

)
✳

✭✇❤❡r❡ r ⊆ S1 × S2✮

❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❞❡☞♥✐t✐♦♥ ✐s ♣r♦❜❛❜❧② ❧✐♥❡❛r ♥❡❣❛t✐♦♥ P⊥✱ ✇❤✐❝❤ ❝❛♥ ❜❡

❞❡☞♥❡❞ ❛s t❤❡ ✐♠♣❧✐❝❛t✐♦♥ P ⊸ ⊥✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs✱ t❤❡ ❞❡☞♥✐t✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐☞❡❞ ✐♥t♦✿

⊲ Definition 7.1.5: ✐❢ P ✐s ❛ ✭♠♦♥♦t♦♥✐❝✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✱ ❞❡☞♥❡ P⊥

t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✿

P⊥(x) , ∁ · P · ∁(x) ✳ ✭✇❤❡r❡ ∁ ❞❡♥♦t❡s ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ S✮

§ ▲✐♥❦ ✇✐t❤ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ❧❡♠♠❛✿

◦ Lemma 7.1.6: t❤❡ ♦♣❡r❛t✐♦♥s ❞❡☞♥❡❞ ❛❜♦✈❡ ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs

❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♣❡r❛t✐♦♥s ✇✐t❤ s❛♠❡ ♥❛♠❡ ♦♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✿

0◦ = 0

skip◦ = skip

(w1 ⊕w2)
◦ = w◦

1 ⊕w
◦
2

(w1 ⊗w2)
◦ = w◦

1 ⊗w
◦
2

(w⊥)◦ = (w◦)⊥

proof: ❧❡t✬s ♦♥❧② ❝❤❡❝❦ t❤❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥ts✿ t❡♥s♦r ❛♥❞ ♥❡❣❛t✐♦♥✳

K t❡♥s♦r✱ ⊆ ❞✐r❡❝t✐♦♥✿

(s1, s2) ǫ (w1 ⊗w2)
◦(r)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ◦ }

∃a ǫ (w1 ⊗w2).A
(
(s1, s2)

)
∀d ǫ (w1 ⊗w2).D

(
(s1, s2), a

)

1 ✿ ◆♦t❡ t❤❛t ❧✐❦❡ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ⊗✱ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ ⊸ ✐s ✐♠♣r❡❞✐❝❛t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✉s❡s
q✉❛♥t✐☞❝❛t✐♦♥ ♦♥ s✉❜s❡ts✳



✼✳✶ ❆ ❉❡♥♦t❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✹✼

(w1 ⊗w2).n
(
(s1, s2), a, d

)
ǫ r

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ⊗ ♦♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s }(
∃a1 ǫ A1(s1)

)(
∃a2 ǫ A2(s2)

)(
∀d1 ǫ D1(s1, a1)

)(
∀d2 ǫ D2(s2, a2)

)
(
s1[a1/d1], s2[a2/d2]

)
ǫ r

⇔(
∃a1 ǫ A1(s1)

)(
∃a2 ǫ A2(s2)

)
{
s1[a1/d1] | d1 ǫ D1(s1, a1)

}
×

{
s2[a2/d2] | d2 ǫ D2(s2, a2)

}
⊆ r

⇒ { ❞❡☞♥✐t✐♦♥ ♦❢ ⊗ ♦♥ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✱ }
{ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t s1 ǫ w◦

1

`

{s1[a1/d1] | d1 ǫ D1(s1,a1)}
´

}

(s1, s2) ǫ w
◦
1 ⊗w

◦
2(r)

K t❡♥s♦r✱ ⊇ ❞✐r❡❝t✐♦♥✿

(s1, s2) ǫ w
◦
1 ⊗w

◦
2(r)

⇒ { ❞❡☞♥✐t✐♦♥✿ ❢♦r s♦♠❡ x1 × x2 ⊆ r }

s1 ǫ w
◦
1(x1) ❛♥❞ s2 ǫ w

◦
2(x2)

⇔(
∃a1 ǫ A1(s1)

)(
∀d1 ǫ D1(s1, a1)

)
s1[a1/d1] ǫ x1

❛♥❞
(
∃a2 ǫ A2(s2)

)(
∀d2 ǫ D2(s2, a2)

)
s2[a2/d2] ǫ x2

⇒ { ❜❡❝❛✉s❡ x1 × x2 ⊆ r }(
∃a1 ǫ A1(s1)

)(
∃a2 ǫ A2(s2)

)(
∀d1 ǫ D1(s1, a1)

)(
∀d2 ǫ D2(s2, a2)

)
(
s1[a1/d1], s2[a2/d2]

)
ǫ r

⇔

(s1, s2) ǫ (w1 ⊗w2)
◦(r)

K ♥❡❣❛t✐♦♥✿ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✭❧❡♠♠❛ ✷✳✺✳✹✮ t❤❛t w⊥◦ = w•✳ ❲❡ t❤✉s ♥❡❡❞ t♦

s❤♦✇ t❤❛t w• = ∁ ·w◦ · ∁

s ǫ ∁ ·w◦ · ∁(x)

⇔

¬
(
∃a ǫ A(s)

)(
∀d ǫ D(s, a)

)
s[a/d] ǫ ∁x

⇔(
∀a ǫ A(s)

)(
∃d ǫ D(s, a)

)
¬s[a/d] ǫ ∁x

⇔(
∀a ǫ A(s)

)(
∃d ǫ D(s, a)

)
s[a/d] ǫ x

⇔

s ǫ w•(x)

�X

❲❡ ❝❛♥ ❛❧s♦ ❝❤❡❝❦ t❤❛t t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❛rr♦✇ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❭r❡❛❧✧

❧✐♥❡❛r ❛rr♦✇✿

◦ Lemma 7.1.7: ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs P1 ❛♥❞ P2✱ ✇❡ ❤❛✈❡

P1⊸ P2 = (P1 ⊗ P
⊥
2 )

⊥
✳

❋r♦♠ t❤✐s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

(w1⊸ w2)
◦ = w◦

1⊸ w◦
2 ✳



✶✹✽ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

proof:

(s1, s2) ǫ P1⊸ P2(r)

⇔

(∀x1 ⊆ S1) s1 ǫ P1(x1)⇒ s2 ǫ P2
(
r(x1)

)

⇔ { ❧♦❣✐❝ }

(∀x1 ⊆ S1) s1 /ǫ P1(x1) ∨ s2 ǫ P2
(
r(x1)

)

⇔ { ❧♦❣✐❝✿ ⇒ ❞✐r❡❝t✐♦♥✿ ♠♦♥♦t♦♥✐❝✐t② ♦❢ P2 ❀ }
{ ⇐ ❞✐r❡❝t✐♦♥✿ s♣❡❝✐❛❧✐③✐♥❣ ❢♦r x2 , r(x1) }

(∀x1 ⊆ S1, x2 ⊆ S2)
(
r(x1) ⊆ x2

)
⇒ s1 /ǫ P1(x1) ∨ s2 ǫ P2(x2)

⇔ { ♣✉t y , ∁x2 ✱ ❡q✉✐✈❛❧❡♥❝❡ r(x1) ⊆ ∁x2 ✐☛ x1 × x2 ⊆ ∁r }

(∀x1 ⊆ S1, y ⊆ S2)
(
x1 × y ⊆ ∁r

)
⇒ s1 /ǫ P1(x1) ∨ s2 ǫ P2(∁y)

⇔ { ❧♦❣✐❝ }

¬(∃x1 ⊆ S1, y ⊆ S2)
(
x1 × y ⊆ ∁r

)
∧ s1 ǫ P1(x1) ∧ s2 /ǫ P2(∁y)

⇔

¬(∃x1 ⊆ S1, y ⊆ S2)
(
x1 × y ⊆ ∁r

)
∧ s1 ǫ P1(x1) ∧ s2 ǫ P

⊥
2 (y)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ⊗ ❛♥❞ ⊥ }

(s1, s2) ǫ (P1 ⊗ P
⊥
2 )

⊥
(r)

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts

� ❢♦r ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ✇❡ ❤❛✈❡ w1⊸ w2 ≃ (w1 ⊗w
⊥
2 )

⊥
✭❧❡♠♠❛ ✻✳✸✳✷✮❀

� IdS ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ w t♦ w′ ✐☛ w◦ = w′◦ ✭❧❡♠♠❛ ✷✳✺✳✷✶✮✳

�X

§ ❙❛❢❡t② Pr♦♣❡rt✐❡s✱ ⋆✲❆✉t♦♥♦♠②✳ ❊✈❡♥ t❤♦✉❣❤ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❛t❡❣♦r② ♦❢

✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇✐t❤ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛♥❞ ❢♦r✲

✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥ts ✐s s❧✐❣❤t❧② s✐♠♣❧❡r✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ ♠❛♥②

✐s♦♠♦r♣❤✐s♠s ✭❜✐s✐♠✐❧❛r✐t② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✮ ❜② ♣❧❛✐♥ ✭❡①t❡♥s✐♦♥❛❧✮ ❡q✉❛❧✐t②✳ ❋♦r

❡①❛♠♣❧❡✱ t❤❛t ♥❡❣❛t✐♦♥ ✐s ✐♥✈♦❧✉t✐✈❡ ✐s t♦t❛❧❧② tr✐✈✐❛❧✳ ▲❡t✬s ☞rst ❣✐✈❡ ❛♥♦t❤❡r ❝❤❛r❛❝✲

t❡r✐③❛t✐♦♥ ♦❢ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥ts ✭❞❡☞♥✐t✐♦♥ ✷✳✺✳✷✵ ♦♥ ♣❛❣❡ ✻✵✮✳

⊲ Definition 7.1.8: ✐❢ P ✐s ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✱ ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r P

✐s ❛ s✉❜s❡t x ⊆ S s❛t✐s❢②✐♥❣ x ⊆ P(x)✳ ❲❡ ✇r✐t❡ ❙(P) ❢♦r t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢

s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r P✳

❚❤✉s✱ ❭s❛❢❡t② ♣r♦♣❡rt②✧ ✐s ❥✉st ❛ s②♥♦♥②♠ ❢♦r ❭✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡✧ ✭❞❡☞♥✐t✐♦♥ ✷✳✺✳✶✺✮✳

■❢ ✇❡ ❤❛✈❡ t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐s ❛♥ ❛❜str❛❝t s♣❡❝✐☞❝❛t✐♦♥

✭♣❛❣❡ ✺✵✮✱ t❤❡♥ ❛ s❛❢❡t② ♣r♦♣❡rt② ✐s ❛ s❡t ♦❢ st❛t❡s x ⊆ S ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

❢♦r ❛♥② ♣r♦❣r❛♠ s❛t✐s❢②✐♥❣ t❤❡ s♣❡❝✐☞❝❛t✐♦♥✱

✐❢ ❡①❡❝✉t✐♦♥ ✐s st❛rt❡❞ ❢r♦♠ ❛ st❛t❡ ✐♥ x✱ t❤❡♥ ❡①❡❝✉t✐♦♥ ✇✐❧❧ t❡r♠✐✲

♥❛t❡✱ ❛♥❞ t❤❡ ☞♥❛❧ st❛t❡ ✇✐❧❧ ❛❧s♦ ❜❡ ✐♥ x✳

❲❡ ❤❛✈❡✿

◦ Lemma 7.1.9: ❛ r❡❧❛t✐♦♥ r ⊆ S1 × S2 ✐s ❛ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t

❢r♦♠ P1 t♦ P2 ✐☛ r ǫ ❙(P1⊸ P2)✳

proof: s✉♣♣♦s❡ ☞rst t❤❛t r ✐s ❛ ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r P1⊸ P2✿

s2 ǫ r · P1(x)

⇒ { ❢♦r s♦♠❡ s1 ✱ }

(s1, s2) ǫ r ∧ s1 ǫ P1(x)



✼✳✶ ❆ ❉❡♥♦t❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✹✾

⇒ { r ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r P1 ⊸ P2 }

(s1, s2) ǫ P1⊸ P2(r) ∧ s1 ǫ P1(x)

⇔

(∀x) s1 ǫ P1(x)⇒ s2 ǫ P2
(
r(x)

)
∧ s1 ǫ P1(x)

⇒

s2 ǫ P2
(
r(x)

)

✇❤✐❝❤ s❤♦✇s t❤❛t r · P1 ⊆ P2 · r✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ r · P1 ⊆ P2 · r✱ ❛♥❞ ❧❡t (s1, s2) ǫ r✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇

t❤❛t (s1, s2) ǫ P1⊸ P2(r)✳ ■❢ s1 ǫ P1(x)✱ ✇❡ ❤❛✈❡ a2 ǫ r · P1(x)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❜②

❤②♣♦t❤❡s✐s t❤❛t s2 ǫ P
(
r(x)

)
✳

�X

❙✐♥❝❡ ✇❡ ❦♥♦✇ ❜② ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✷✸ t❤❛t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇✐t❤ s✐♠✉❧❛t✐♦♥s

❛♥❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇✐t❤ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥ts ❛r❡ ✇❡❛❦❧② ❡q✉✐✈❛❧❡♥t ❝❛t✲

❡❣♦r✐❡s✱ ♥♦ ❝♦♥❢✉s✐♦♥ r❡❛❧❧② ❛r✐s❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡☞♥✐t✐♦♥✿

⊲ Definition 7.1.10: ❛♥ ✐♥t❡r❢❛❝❡ ✐s ❛ ♣❛✐r (S, P) ✇❤❡r❡ S ✐s ❛ s❡t ❛♥❞ P ❛ ♠♦♥♦✲

t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❢❛❝❡s ✇✐t❤ ❢♦r✇❛r❞

❞❛t❛✲r❡☞♥❡♠❡♥ts ✐s ❝❛❧❧❡❞ Int✳✳

▼♦r❡♦✈❡r✿

◦ Lemma 7.1.11: t❤❡ ♦♣❡r❛t✐♦♥s ⊕✱ ⊗ ❛♥❞ ⊥ ❞❡☞♥❡❞ ❡❛r❧✐❡r ❝❛♥ ❜❡ ❧✐❢t❡❞

t♦ ❢✉♥❝t♦rs ♦♥ Int✳

proof: ❡❛s②✳ ▲❡t✬s ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ♦❢ ♥❡❣❛t✐♦♥✿ ☞rst ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

∁ · [r] = 〈r〉 · ∁ ❛♥❞ ∁ · 〈r〉 = [r] · ∁ ✳

❙♦ t❤❛t ✇❡ ❝❛♥ ❞❡☞♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ ⊥ ♦♥ ♠♦r♣❤✐s♠s ❛s r⊥ , r∼✿
〈r∼〉 · P1 ⊆ P2 · 〈r

∼〉

⇒

∁ · P2 · 〈r∼〉 · ∁ ⊆ ∁ · 〈r∼〉 · P1 · ∁
⇔

∁ · P2 · ∁ · [r∼] ⊆ [r∼] · ∁ · P1 · ∁
⇔

P⊥2 · [r
∼] ⊆ [r∼] · P⊥1
⇒

〈r〉 · P⊥2 · [r
∼] · 〈r〉 ⊆ 〈r〉 · [r∼] · P⊥1 · 〈r〉

⇒ { ❜② ❧❡♠♠❛ ✷✳✺✳✶✶✱ [r∼] · 〈r〉 ⊇ Id ❛♥❞ 〈r〉 · [r∼] ⊆ Id }

〈r〉 · P⊥2 ⊆ P
⊥
1 · 〈r〉

⇔

r∼ ✐s ❛ ❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ❢r♦♠ P⊥2 t♦ P⊥1 ✳

�X

❏✉st ❧✐❦❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ t❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❢❛❝❡s ✐s ❛

♠♦❞❡❧ ♦❢ ▼❆▲▲✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♥❡✇ ❝♦♥t❡①t✱ t❤❡ r❡s✉❧t ✐s ♠✉❝❤ s✐♠♣❧❡r t♦ ♣r♦✈❡✿

⋄ Proposition 7.1.12: t❤❡ ❝♦♥str✉❝t✐♦♥s ❥✉st ❞❡☞♥❡❞ ♠❛❦❡ Int ✐♥t♦

❛ ⋆✲❛✉t♦♥♦♠♦✉s ❝❛t❡❣♦r②✳



✶✺✵ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

proof: ❧❡t✬s st❛rt ✇✐t❤ t❤❡ ❢❛❝t t❤❛t⊸ ✐s r✐❣❤t✲❛❞❥♦✐♥t t♦ ⊗✿

r ǫ Int(P1 ⊗ P2, P3)

⇔ { ❧❡♠♠❛ ✼✳✶✳✾ }

r ǫ ❙
(
(P1 ⊗ P2)⊸ P3

)

⇔ { P ⊸ Q = (P⊗ Q⊥)⊥ ✭❧❡♠♠❛ ✼✳✶✳✼✮ }

r ǫ ❙
((

(P1 ⊗ P2)⊗ P
⊥
3

)⊥)

⇔ { ❛ss♦❝✐❛t✐✈✐t② ♦❢ ⊗ }

r ǫ ❙
((
P1 ⊗ (P2 ⊗ P

⊥
3 )
)⊥)

⇔ { P ⊸ Q = (P⊗ Q⊥)⊥ ❛♥❞ P⊥⊥ = P }

r ǫ ❙
(
P1⊸ (P2⊸ P3)

)

⇔ { ❧❡♠♠❛ ✼✳✶✳✾ }

r ǫ Int(P1, P2⊸ P3)

❚❤❛t ⊥ , skip ✐s ❛ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ✐s ❡❛s②✿ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ P t♦ P⊥⊥

✐s t❤❡ ✐❞❡♥t✐t②✱ ✇❤✐❝❤ ✐s tr✐✈✐❛❧❧② ❛♥ ✐s♦♠♦r♣❤✐s♠✦

❲❡ ❞♦ ♥♦t ❜♦t❤❡r ✇✐t❤ t❤❡ ♦t❤❡r ❜✉r❡❛✉❝r❛t✐❝ ❝♦♥❞✐t✐♦♥s ❞❡☞♥✐♥❣ ❛ ⋆✲❛✉t♦♥♦♠②✳

❚❤❡② ❛r❡ tr✐✈✐❛❧❧② tr✉❡✳

�X

7.1.2 Exponentials

❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ! ✐s ❛ ❧✐tt❧❡ s✉❜t❧❡r✿ ✐♥t✉✐t✐✈❡❧②✱ !P s❤♦✉❧❞ ❜❡ ❛ ❦✐♥❞

❛ ❛r❜✐tr❛r② n✲❛r② t❡♥s♦r Id⊕P⊕ (P⊗P)⊕ (P⊗P⊗P)⊕· · ·✱ q✉♦t✐❡♥t❡❞ ❜② ❭s❤✉✎✐♥❣✧✳

❏✉st ❧✐❦❡ ▼f(S) ✐s
⋃
n S

n ♠♦❞✉❧♦ r❡♥❛♠✐♥❣ ✭❞❡☞♥✐t✐♦♥ ✺✳✸✳✶✮✱ s♦ ✐s !P t❤❡ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r
⊕
n P

n⊗ ♠♦❞✉❧♦ r❡♥❛♠✐♥❣✳ ❉❡☞♥❡ t❤❡ ❭❝♦♠♠✉t❛t✐✈❡ ♣r♦❞✉❝t✧ ⊗
⋂
iǫI xi

♦❢ ❛ ☞♥✐t❡ ♥✉♠❜❡r ♦❢ s✉❜s❡ts ♦❢ S✿

⊲ Definition 7.1.13: ✐❢ (xi)iǫI ✐s ❛ ☞♥✐t❡ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ S✱ ✇❡ ❞❡☞♥❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠✉❧t✐s❡ts✿

[si]iǫI ǫ
⊗⋂

jǫJ

xj ⇔ (∃σ ✿ I ∼→ J) (∀i ǫ I) si ǫ xσi ✳

❚❤✐s ✐s ❥✉st t❤❡ ✉s✉❛❧ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♠♦❞✉❧♦ r❡✐♥❞❡①✐♥❣✳ ❲✐t❤ t❤✐s ❞❡☞♥✐t✐♦♥✱ ✇❡

❝❛♥ ❞❡☞♥❡ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r !P✿

⊲ Definition 7.1.14: ✐❢ P ✐s ❛ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ S✱ ❞❡☞♥❡ !P t♦

❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ ▼f(S)✿

[s1, . . . , sn] ǫ !P(U)

⇔

(∃x1, . . . , xn ⊆ S) s✳t✳

( ⊗⋂

1✔i✔n

xi

)
⊆ U ∧ (∀1 ✔ i ✔ n) si ǫ P(xi) ✳

❉✉❛❧❧②✱ ❞❡☞♥❡ ?P ,
(
!(P⊥)

)⊥
✳

❲❡ ❤❛✈❡✿

◦ Lemma 7.1.15: ❢♦r ❛♥② ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w ♦♥ S✱

(!w)◦ = !(w◦) ✳



✼✳✶ ❆ ❉❡♥♦t❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✺✶

proof: t❤❡ ❞✐r❡❝t ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

�X

❆s ❛ ❝♦r♦❧❧❛r② t♦ t❤✐s✱ ❧❡♠♠❛ ✻✳✶✳✹ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✷✸✱ ✇❡ ♦❜t❛✐♥✿

◦ Lemma 7.1.16:

� ! ✐s ❛ ❝♦♠♦♥❛❞ ♦♥ Int❀

� !P ✐s t❤❡ ❢r❡❡ ⊗✲❝♦♠♦♥♦✐❞ ♦♥ P❀

� ? ✐s ❛ ♠♦♥❛❞ ♦♥ Int❀

� ?P ✐s t❤❡ ❢r❡❡

✫

✲♠♦♥♦✐❞ ♦♥ P❀

� !(P1 ✫ P2) ≃ !P1 ⊗ !P2✳

7.1.3 The Model

❲❡ ❝❛♥ ♥♦✇ ❞❡t❛✐❧ t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ✇❡ ♦❜t❛✐♥✿ st❛rt ✇✐t❤ ❛ ✈❛❧✉❛t✐♦♥ ♦❢ ❛t♦♠✐❝

❢♦r♠✉❧❛s ❛s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛♥❞ ✉s❡ t❤❡ r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s

❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✸✳

⋄ Proposition 7.1.17: ✐❢ π ✐s ❛ ♣r♦♦❢ ♦❢ t❤❡ s❡q✉❡♥t ⊢ G1 ✱ . . . ✱ Gn✱

t❤❡♥ [[π]] ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ G∗
1

✫

. . .

✫

G∗
n✳

❏✉st ❧✐❦❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ [[π]] ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❝t✉❛❧

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ✇❡ ✉s❡ ❢♦r t❤❡ ❛t♦♠s✱ ❜✉t ❥✉st ♦♥ t❤❡✐r s❡t ♦❢ st❛t❡s✳ ❚❤✐s

r❡♠❛r❦ ✇✐❧❧ ❜❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝ ❞❡✈❡❧♦♣❡❞ ✐♥

❝❤❛♣t❡r ✽✳

proof: t❤✐s ✐s ✐♥ ❡ss❡♥❝❡ ❝♦♥t❛✐♥❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✼✳✶✳✶✷ ❛♥❞ ❧❡♠♠❛ ✼✳✶✳✶✻✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ❤❡r❡ ✐s ❛ ❞✐r❡❝t ♣r♦♦❢ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡

t❡♥s♦r r✉❧❡ ✐s ❢✉♥❝t♦r✐❛❧✳ ▼♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ r❡❛❞ ✐♥ ❬✺✸❪✳

■❢ π ✐s
π1 ⊢ Γ ✱ F1 π2 ⊢ ∆ ✱ F2

⊢ Γ ✱ ∆ ✱ F1 ⊗ F2

t❤❡♥ [[π]] =
{(
γ, δ, (s1, s2)

)
| (γ, s1) ǫ [[π1]] ∧ (δ, s2) ǫ [[π2]]

}
✳

❙✉♣♣♦s❡ t❤❛t [[π1]] ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ Γ

✫

F1 ❛♥❞ t❤❛t [[π2]] ✐s ❛ s❛❢❡t② ♣r♦♣❡rt②

✐♥ ∆

✫

F2✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t [[π]] ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ Γ

✫

∆

✫

(F1 ⊗ F2)✳
(
γ, δ, (s1, s2)

)
ǫ [[π]]

⇒

(γ, s1) ǫ [[π1]] ❛♥❞ (δ, s2) ǫ [[π2]]

⇒ { [[π1]] ❛♥❞ [[π2]] ❛r❡ s❛❢❡t② ♣r♦♣❡rt✐❡s ✐♥ Γ,F1 ❛♥❞ ∆,F2 }

(γ, s1) ǫ Γ, F1([[π1]]) ❛♥❞ (δ, [[π2]]) ǫ ∆, F2([[π2]])✳

❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡
(
γ, δ, (s1, s2)

)
/ǫ Γ, ∆, F1 ⊗ F2([[π]])

⇒(
γ, δ, (s1, s2)

)
ǫ Γ⊥ ⊗ ∆⊥ ⊗ (F1 ⊗ F2)

⊥(∁[[π]])

⇒ { ❢♦r s♦♠❡ u× v× r ⊆ ∁[[π]]✿ }

γ ǫ Γ⊥(u) ∧ δ ǫ ∆⊥(v) ∧ (s1, s2) ǫ (F1 ⊗ F2)
⊥(r)︸ ︷︷ ︸

⇒

. . . ∧
(
(∀x× y ⊆ ∁r) s1 ǫ F⊥1 (∁x) ∨ s2 ǫ F⊥2 (∁y)

)
✳



✶✺✷ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

■♥ ♣❛rt✐❝✉❧❛r✱ ❞❡☞♥❡ x = 〈π∼1 〉u ❛♥❞ y = 〈π∼2 〉v✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t x×y ⊆ ∁r✱
s♦ t❤❛t ✇❡ ❤❛✈❡ s1 ǫ F

⊥
1 (∁x) ♦r s2 ǫ F

⊥
2 (∁y)✳

❙✉♣♣♦s❡ s1 ǫ F
⊥
1 (∁x)✿ ✇❡ ❤❛✈❡ γ ǫ Γ⊥(u) ❛♥❞ u × ∁x ⊆ ∁[[π1]] ✭❡❛s② ❧❡♠♠❛✮✱

s♦ ❜② ❞❡☞♥✐t✐♦♥✱ (γ, s1) ǫ Γ
⊥ ⊗ F⊥1 (∁[[π1]])✱ ✐✳❡✳ (γ, s1) /ǫ Γ, F1([[π1]])✦ ❚❤✐s ✐s ❛

❝♦♥tr❛❞✐❝t✐♦♥✳

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢r♦♠ s2 ǫ F
⊥
2 (∁y)✳

❚❤✐s ☞♥✐s❤❡s t❤❡ ♣r♦♦❢ t❤❛t [[π]] ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r Γ, ∆, F1 ⊗ F2✳

❲❡ ❝❛♥ ♠❛❦❡ ❛ s✐♠♣❧❡r ❜✉t ♠♦r❡ ❛❜str❛❝t ♣r♦♦❢ ❜② ♥♦t✐♥❣ t❤❛t ✐❢ ri ✿ Γ
⊥ ⊸ Fi✱

t❤❡♥ r1 ⊗ r2 ✿ Γ1 ⊗ Γ2⊸ F1 ⊗ F2 = Γ1

✫

Γ2

✫

(F1 ⊗ F2)✳

�X

7.1.4 The Problem of Constants

❚❤✐s ♠♦❞❡❧✱ t♦❣❡t❤❡r ✇✐t❤ ✐ts ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✈❛r✐❛♥t✱ s✉☛❡rs ❢r♦♠ ❛ s♠❛❧❧ ❞❡❣❡♥✲

❡r❛❝②✿ ✐❢ t❤❡ ❛t♦♠s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② tr✐✈✐❛❧ ♦❜❥❡❝ts✱ t❤❡♥ ❛❧❧ t❤❡ ❢♦r♠✉❧❛s ✇✐❧❧ ❜❡

tr✐✈✐❛❧✳ ❚❤✐s ✐s ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♦♥❧② ❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛r❡ t❤❡ ❝♦♥st❛♥ts✿

✇❡ ♦❜t❛✐♥ ❛ s✉❜❝❛t❡❣♦r② ♦❢ Int ✐s♦♠♦r♣❤✐❝ t♦ ✐ts r❡❧❛t✐♦♥❛❧ ❝♦✉♥t❡r♣❛rt✳

◦ Lemma 7.1.18: ✐❢ F ✐s ❛ ❧✐♥❡❛r ❢♦r♠✉❧❛ ✇✐t❤♦✉t ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱

t❤❡♥ ✐ts ✐♥t❡r♣r❡t❛t✐♦♥ F ✿ P(|F|)→ P(|F|) ✐s t❤❡ ✐❞❡♥t✐t②✳

proof: s✐♠♣❧❡ ✐♥❞✉❝t✐♦♥✳

�X

❙✐♠✐❧❛r❧②✱ ✇❤❡♥ ❛❞❞✐♥❣ ❛t♦♠s✱ ♦♥❡ ♥❡❡❞s t♦ ❜❡ ❝❛r❡❢✉❧ ♥♦t t♦ ❝❤♦s❡ ❛ t♦♦ s✐♠♣❧❡

✈❛❧✉❛t✐♦♥✿

◦ Lemma 7.1.19: s✉♣♣♦s❡ ❡❛❝❤ ❛t♦♠ ✐s ✐♥t❡r♣r❡t❡❞ ❜② ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ t❤❡

❢♦r♠ (Si, 〈gr(gi)〉) ✇❤❡r❡ gi ✿ Si
∼→ Si✱ t❤❡♥ ❢♦r ❛♥② ❧✐♥❡❛r ❢♦r♠✉❧❛ F✱

✇❡ ❤❛✈❡✿

� t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F ✐s ♦❢ t❤❡ ❢♦r♠ 〈gr(f)〉 ✇❤❡r❡ f ✿ |F| ∼→ |F|❀

� t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F ✐s ❡q✉❛❧ t♦ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F⊥✳

proof: s✐♠♣❧❡ ✐♥❞✉❝t✐♦♥✳

�X

❆ s✐♠✐❧❛r ♣❤❡♥♦♠❡♥♦♥ ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ❛t♦♠s ❛r❡ ♦❢ t❤❡ ❢♦r♠ 〈r〉 ❢♦r ❛ ❢✉♥❝t✐♦♥❛❧

r❡❧❛t✐♦♥ r✳ ✭■♥ t❤✐s ❝❛s❡✱ 〈r〉⊥ = [r] = 〈r〉✳✮

# ❘❡♠❛r❦ ✷✶✿ ♥♦t❡ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠♦❞❡❧ ✐s ❞❡❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝❛s❡
♦❢ ❧❡♠♠❛ ✼✳✶✳✶✾ ✭F = F⊥✮✱ ✐t ❝❛♥ st✐❧❧ ❜❡ ♦❢ ✐♥t❡r❡st✿ ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥
✐♥t❡r♣r❡t ❛♥ ❛t♦♠ ❜②✿

P ✿ P(B) → P(B)

P , gr(¬) ✳

❲❡ ❤❛✈❡ t❤❛t x , {(❚r✉❡,❋❛❧s❡),(❋❛❧s❡,❚r✉❡)} ǫ ❙(P ⊗ P)✳ ❚❤✐s s❤♦✇s
t❤❛t ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ P1 ⊗ P2 ♥❡❡❞s ♥♦t ❝♦♥t❛✐♥ ❛ ♣r♦❞✉❝t ♦❢ s❛❢❡t②
♣r♦♣❡rt✐❡s ✐♥ P1 ❛♥❞ P2 ✳



✼✳✶ ❆ ❉❡♥♦t❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✺✸

7.1.5 Specification Structures

■♥ ❬✷❪✱ t❤❡ ❛✉t❤♦rs ❞❡☞♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡✱ ❛ ❝❛t❡❣♦r✐❝❛❧ ♥♦t✐♦♥

❜r✐♥❣✐♥❣ ❍♦❛r❡ ❧♦❣✐❝ t♦ t❤❡ r❡❛❧♠ ♦❢ ❝❛t❡❣♦r✐❡s✳ ❘❡❝❛❧❧ t❤❡ ❞❡☞♥✐t✐♦♥✿

⊲ Definition 7.1.20: ✐❢ ❈ ✐s ❛ ❝❛t❡❣♦r②✱ ❛ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡ ♦♥ ❈ ✐s ❣✐✈❡♥ ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛t❛✿

� ❢♦r ❡❛❝❤ ♦❜❥❡❝t A ♦❢ ❈✱ ❛ ❝♦❧❧❡❝t✐♦♥ P(A) ♦❢ ❭♣r♦♣❡rt✐❡s ♦✈❡r A✧❀

� ❢♦r ❛♥② ♣❛✐r (A,B) ♦❢ ♦❜❥❡❝ts ♦❢ ❈✱ ❛ r❡❧❛t✐♦♥ SA,B ⊆ PA×❈(A,B)×PB✳

❲❡ ✇r✐t❡ ϕ{f}ψ ❢♦r (ϕ, f,ψ) ǫ SA,B ❛♥❞ r❡q✉✐r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

ϕ{IdA}ϕ

ϕ{f}ψ ❛♥❞ ψ{g}θ ⇒ ϕ{g · f}θ

❢♦r ❛❧❧ ♦❜❥❡❝ts A✱ B ❛♥❞ C✱ ♠♦r♣❤✐s♠s f ǫ ❈(A,B) ❛♥❞ g ǫ ❈(B,C) ❛♥❞

♣r♦♣❡rt✐❡s ϕ ǫ PA✱ ψ ǫ PB ❛♥❞ θ ǫ PC✳

❆ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡ ♦♥ ❈ ❢♦r♠s ❛ ❝❛t❡❣♦r② ❈S ❜② t❛❦✐♥❣✿

� ❢♦r ♦❜❥❡❝ts✱ ♣❛✐rs (A,ϕ) ✇❤❡r❡ ϕ ǫ PA❀

� ❛♥❞ ❢♦r ♠♦r♣❤✐s♠s ❢r♦♠ (A,ϕ) t♦ (B,ψ)✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s f

✐♥ ❈(A,B) s✳t✳ ϕ{f}ψ✳

◦ Lemma 7.1.21: t❤❡r❡ ✐s ❛ ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r ❢r♦♠ ❛♥② s♣❡❝✐☞❝❛t✐♦♥ str✉❝✲

t✉r❡ ❈S t♦ ❈✿

(A,ϕ) 7→ A

f 7→ f ✳

❈♦♥✈❡rs❡❧②✱ ❢♦r ❛♥② ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r F ✿ ❉→ ❈✱ t❤❡r❡ ✐s ❛ s♣❡❝✐☞❝❛t✐♦♥

str✉❝t✉r❡ ❈S ❡q✉✐✈❛❧❡♥t t♦❉ s✳t✳ F ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛✐t❤❢✉❧ ❢✉♥❝t♦r

❞❡☞♥❡❞ ❛❜♦✈❡✳

proof: ❡❛s②✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣♦✐♥t✱ ❞❡☞♥❡ t❤❡ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡ ❈S ❜② t❛❦✐♥❣✿

� PA , {ϕǫ❉ | F(ϕ) = A}❀

� ❛♥❞ ϕ{f}ψ ✐☛
(
∃α ǫ ❉(ϕ,ψ)

)
Fα = f✳

�X

❚❤❡ ♥♦t✐♦♥ ♦❢ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s♦♠❡ ♦❢

t❤❡ str✉❝t✉r❡ ♦❢ ❈✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❈ ✐s ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ✇❡ ❝❛♥ r❡q✉✐r❡ ❈S t♦

❤❛✈❡ ❛ ❝♦♠♣❛t✐❜❧❡ str✉❝t✉r❡✳ ✭❙❡❡ ❬✷❪✳✮

◦ Lemma 7.1.22: t❤❡ ❝❛t❡❣♦r② Int ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❧✐♥❡❛r str✉❝t✉r❡ ♦❢ t❤❡ ❝❛t❡❣♦r② Rel✿

� ✐❢ A ✐s ❛ s❡t✱ PA ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ A❀

� ✐❢ r ✐s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ A ❛♥❞ B✱ P{r}Q ✐☛ r · P ⊆ Q · r✳

❚❤✉s✱ t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥✲

t✐❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② s❦❡t❝❤❡❞ ✐♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♦❢ ❬✷❪✳ ❍♦✇❡✈❡r✱ ✐t ✇♦✉❧❞ ❜❡

✉♥❢❛✐r t♦ r❡❞✉❝❡ Int t♦ t❤❛t✿ ❞❡☞♥✐♥❣ ❛ ❝♦♥❝r❡t❡ s♣❡❝✐☞❝❛t✐♦♥ str✉❝t✉r❡ ♦♥ Rel ✇❤✐❝❤

✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❧✐♥❡❛r str✉❝t✉r❡ ✐s ♥♦t ❛ tr✐✈✐❛❧ ❡①❡r❝✐s❡✳ ▼♦r❡♦✈❡r t❤❡ ❝❛t❡✲

❣♦r② Int ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ❝♦♥❝r❡t❡✱ ✇❡❧❧✲❦♥♦✇♥

✐♥❣r❡❞✐❡♥ts✳



✶✺✹ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

❲❤✐❧❡ ✇❡ ❛r❡ ♠❡♥t✐♦♥✐♥❣ ❬✷❪✱ ✐t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡ t✇♦ ❛♣✲

♣r♦❛❝❤❡s t♦ ♦❜t❛✐♥ ❭❞❡❛❞❧♦❝❦ ❢r❡❡♥❡ss✧ ✭s❡❡ ❝❤❛♣t❡r ✻ ✐♥ t❤✐s t❤❡s✐s ❛♥❞ s❡❝t✐♦♥ ✺

✐♥ ❬✷❪✮✳ ■♥ ❡ss❡♥❝❡✱ ❛ ♠♦r♣❤✐s♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❬✷❪ ✐s ❛ ♣r♦❝❡ss ✇✐t❤ ❛ ❣✉❛r❛♥t❡❡ t❤❛t

✐t ✇✐❧❧ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❛❧❧ ♣♦ss✐❜❧❡ ✭♦r ✐♥t❡r❡st✐♥❣✮ ♣r♦❝❡ss❡s✳ ❚❤❡ ❣✉❛r❛♥t❡❡ ✐s

♥❡❝❡ss❛r② ❜❡❝❛✉s❡ ✐♥ t❤❡✐r ❝♦♥t❡①t✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❞❡❛❞❧♦❝❦ ❢r❡❡ ♣r♦❝❡ss❡s ✐s ♥♦t

♥❡❝❡ss❛r✐❧② ❞❡❛❞❧♦❝❦ ❢r❡❡✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ♣r♦❜❧❡♠ ✐s ✐rr❡❧❡✈❛♥t s✐♥❝❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥

♦❢ ❆♥❣❡❧✲❞❡❛❞❧♦❝❦ ❢r❡❡ ♣r♦❝❡ss❡s ✐s ❆♥❣❡❧✲❞❡❛❞❧♦❝❦ ❢r❡❡✳2 ❆ ♠♦r❡ t❤♦r♦✉❣❤ ✐♥✈❡s✲

t✐❣❛t✐♦♥ ❛❜♦✉t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡❣♦r② Int ❛♥❞ t❤❡ ✇♦r❦ ♦❢ ❬✷❪ ✇♦✉❧❞

♣r♦❜❛❜❧② ❜❡ ✐♥t❡r❡st✐♥❣ ❜✉t ✐s ②❡t t♦ ❜❡ ❞♦♥❡✳

7.1.6 Injectivity of the Commutative Product

❚❤✐s s♠❛❧❧ s❡❝t✐♦♥ ✐s ✐rr❡❧❡✈❛♥t t♦ t❤❡ ♣✉r♣♦s❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ♦r ❧✐♥❡❛r ❧♦❣✐❝✳

❚❤❡ ✐❞❡❛ ✐s s✐♠♣❧❡✿ t❤❡ ✉s✉❛❧ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t
∏
iAi ❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✈✐❛❧

✐♥❥❡❝t✐✈✐t② ♣r♦♣❡rt②✿ ✐❢ A1 × · · · × An = B1 × · · · × Bn 6= ∅✱ t❤❡♥ Ai = Bi ❢♦r

❛❧❧ i✬s✳ ❖♥❡ ❝❛♥ s❛② t❤❛t
∏

✿ ▲✐st · P(S) → P · ▲✐st(S) ✐s ❭❛❧♠♦st ✐♥❥❡❝t✐✈❡✧✳ ❚❤❡

♦♣❡r❛t✐♦♥ ⊗
⋂

✿ ▼f · P(S) → P ·▼f(S) ✉s❡❞ ✐♥ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝❛♥

❜❡ s❡❡♥ ❛s ❛ ❝♦♠♠✉t❛t✐✈❡ ✈❡rs✐♦♥ ♦❢ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t✱ ❛♥❞ ✐t ❞♦❡s ❡♥❥♦② t❤❡ s❛♠❡

✐♥❥❡❝t✐✈✐t② ♣r♦♣❡rt②✳3

◦ Lemma 7.1.23: ✐❢ (Ai)iǫI ❛♥❞ (Bi)iǫI ❛r❡ t✇♦ ☞♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ♥♦♥✲

❡♠♣t② s✉❜s❡ts ♦❢ S✱ ❛♥❞ ✐❢ ⊗
⋂
iAi = ⊗

⋂
i Bi t❤❡♥ (Ai)iǫI ❛♥❞ (Bi)iǫI

❛r❡ ❡q✉✐✈❛❧❡♥t ✉♣ t♦ r❡✐♥❞❡①✐♥❣✳ ✭❚❤❡ ♠✉❧t✐s❡ts [Ai]iǫI ❛♥❞ [Bi]iǫI
❛r❡ ❡q✉❛❧✳✮

❚❤❡ ♣r♦♦❢ ❣♦❡s ❛s ❢♦❧❧♦✇s✿ s✉♣♣♦s❡ ⊗
⋂
iAi = ⊗

⋂
j Bj = P✱

� (Ai)i ❛♥❞ (Bj)j ❤❛✈❡ ♦♥❡ s❡t ✐♥ ❝♦♠♠♦♥✿ Ai0 ǫ (Ai)i ❛♥❞ Ai0 = Bj0 ǫ (Bj)j❀

� ✇❡ ❞❡☞♥❡ ❛♥ ♦♣❡r❛t✐♦♥ ♦❢ ❞✐✈✐s✐♦♥ s✉❝❤ t❤❛t
(
⊗
⋂
iAi

)
/Ai0 = ⊗

⋂
i6=i0

Ai❀

� t❤✐s ✐♠♣❧✐❡s t❤❛t ⊗
⋂
i6=i0

Ai = P/Ai0 = P/Bj0 = ⊗
⋂
j 6=j0

Bj❀

� ❛ tr✐✈✐❛❧ ✐♥❞✉❝t✐♦♥ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

K ❲❡ ☞rst ❤❛✈❡✿
⊗⋂

i

Ai ⊆
⊗⋂

j

Bj ⇒ (∀j)(∃i) Ai ⊆ Bj ✳ ✭✼✲✶✮

❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t (∃j)(∀i) ¬(Ai ⊆ Bj)✳ ▲❡t j0 ❜❡ s✉❝❤ ❛ j✳ ❲❡ ❤❛✈❡

t❤❛t (∀i)(∃ai ǫ Ai) ai /ǫ Bj0 ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t [ai]i ǫ ⊗
⋂
iAi✱ ❜✉t [ai]i ❝❛♥♥♦t ❜❡

✐♥ ⊗
⋂
j Bj✦ ❈♦♥tr❛❞✐❝t✐♦♥✳

❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t✿
⊗⋂

i

Ai =
⊗⋂

j

Bj ⇒ (∃i, j) Ai = Bj ✳

❇② ✭✼✲✶✮✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ✐♥☞♥✐t❡ ❝❤❛✐♥ Ai1 ⊇ Bj1 ⊇ . . . ⊇ Ain ⊇ Bjn . . . ❙✐♥❝❡

t❤❡r❡ ✐s ♦♥❧② ❛ ☞♥✐t❡ ♥✉♠❜❡r ♦❢ Ai✬s ❛♥❞ Bj✬s✱ t❤❡r❡ ♠✉st ❜❡ ❛ ❝②❝❧❡✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t s♦♠❡ Ain = Bjn ✳

2 ✿ ❚❤✐s ❣✐✈❡s ②❡t ❛♥♦t❤❡r ❛r❣✉♠❡♥t ❢♦r ❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡ ♣r♦❣r❛♠ ❢r♦♠ ✐ts ❡♥✈✐r♦♥♠❡♥t✳
3 ✿ ❋♦r t❤❡ ❝❛t❡❣♦r② ✐♥❝❧✐♥❡❞ r❡❛❞❡r✱ t❤✐s ❭❝♦♠♠✉t❛t✐✈❡ ♣r♦❞✉❝t✧ ✐s t❤❡ ✉s✉❛❧ ❞✐str✐❜✉t✐✈✐t② ❧❛✇ ❢r♦♠

t❤❡ ♠♦♥❛❞ ▼f t♦ t❤❡ ♠♦♥❛❞ Pf ✐♥ t❤❡ ❝❛t❡❣♦r② Set✱ ❥✉st ❧✐❦❡
∏

✐s t❤❡ ❞✐str✐❜✉t✐✈✐t② ❧❛✇ ❜❡t✇❡❡♥

t❤❡ ♠♦♥❛❞s ▲✐st ❛♥❞ P✳



✼✳✶ ❆ ❉❡♥♦t❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✺✺

K ❲❡ ❝❛♥ ♥♦✇ ❞❡☞♥❡ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❞✐✈✐s✐♦♥✱ ❛♥❞ ♣r♦✈❡ ✐ts ♣r♦♣❡rt②✿

⊲ Definition 7.1.24: ❢♦r ❛♥② E ⊆▼f(S)✱ ❞❡☞♥❡✿

✶✮ ❢♦r a ǫ S✿ E/a = {µ | µ+ [a] ǫ E}❀

✷✮ ❢♦r A ⊆ S✿ E/A =
⋂
aǫA E/a✳

■t s❛t✐s☞❡s

◦ Lemma 7.1.25: ❢♦r ❛♥② A0✱ . . . ✱AN ♥♦♥✲❡♠♣t② s✉❜s❡ts ♦❢ S✱ ✇❡ ❤❛✈❡✿
(

⊗⋂

0✔i✔N

Ai

)
/ A0 =

⊗⋂

1✔i✔N

Ai ✳

proof: t❤❡ ⊇ ✐♥❝❧✉s✐♦♥ ✐s ✐♠♠❡❞✐❛t❡✳ ▲❡t✬s s❤♦✇ t❤❡ ❝♦♥✈❡rs❡ ✐♥❝❧✉s✐♦♥✳

▲❡t [a1, . . . , aN] ǫ
(
⊗
⋂
0✔i✔N

)
/A0✳ ❲❡ ♣r♦✈❡ t❤❛t [ai]i ǫ ⊗

⋂
1✔i✔NAi ❜② ❝♦♥tr❛✲

❞✐❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t [ai]i /ǫ ⊗
⋂
1✔i✔NAi✳

▲❡t a ǫ A0✱ ✇❡ ❤❛✈❡ [a, a1, . . . , aN] ǫ ⊗
⋂
0✔i✔NAi✳ ❙✐♥❝❡ [ai]i /ǫ ⊗

⋂
1✔i✔N✱ ♦♥❡ ♦❢

t❤❡ ai ♠✉st ❜❡ ✐♥ A0✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ a1 ǫ A0✱ a ǫ A1
❛♥❞ ai ǫ Ai ❢♦r ❛❧❧ i ✕ 2✳

❙✐♥❝❡ a1 ǫ A0✱ ✇❡ ❤❛✈❡ [a1, a1, a2, . . . , aN] ǫ ⊗
⋂
0✔i✔NAi✱ ✐✳❡✳ aσi ǫ Ai ❢♦r s♦♠❡

❜✐❥❡❝t✐♦♥ σ ✿ {0, . . . ,N} → {0, . . . ,N}✳ ✭❲❡ ♣✉t a0 , a1✳✮

❉❡☞♥❡ (ki) ❜② ✐♥❞✉❝t✐♦♥ ❛s ❢♦❧❧♦✇s✿

� k0 = σ(0)❀

� ki+1 = σ(ki)✳

▲❡t K = ♠✐♥ {i | ki = 0 ♦r ki = 1}✳ ■t ✐s ♥♦t ❞✐✍❝✉❧t t♦ s❤♦✇ t❤❛t s✉❝❤ ❛ K ❡①✐sts✳

P✉t ♥♦✇ I = {k0, . . . , kK}✳

◆♦✇✱ r❡❛rr❛♥❣❡ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

{0,...,N}︷ ︸︸ ︷
A0 A1 . . . Al . . . Al′ . . . AN
aσ0 aσ1 . . . a1 . . . a1 . . . aσN︸ ︷︷ ︸

{1,1,...,N}

✐♥t♦

{0}∪I={0,k0,...,kK}︷ ︸︸ ︷
A0 Ak0

. . . AkK④1
AkK

ak0
ak1

. . . akK
a1︸ ︷︷ ︸

{1}∪I={1,k0,...,kK}

{1,...,N}\I=I︷ ︸︸ ︷
. . . Al . . .

. . . a1 . . .︸ ︷︷ ︸
{1,...,N}\I=I

❋r♦♠ t❤✐s ✭r✐❣❤t ❤❛♥❞ ♣❛rt✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t [ai]iǫI ǫ
⊗
⋂
iǫI
Bi✳ ❇② ❤②♣♦t❤❡s✐s✱

✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t [ai]iǫI ǫ ⊗
⋂
iǫIAi ✭❜❡❝❛✉s❡ 1 /ǫ I✮✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t [ai]1✔i✔N ǫ ⊗
⋂
1✔i✔NAi✦ ❈♦♥tr❛❞✐❝t✐♦♥✳

�X

K ❚❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✼✳✶✳✷✸ ✐s ♥♦✇ ✐♠♠❡❞✐❛t❡✿ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ N✳

� N = 0✿ tr✐✈✐❛❧❀

� N > 0✿ s✉♣♣♦s❡ ⊗
⋂
Ai = ⊗

⋂
Bi✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t [Ai]i✔N ❛♥❞ [Bi]i✔N ❛r❡ ✐♥ ❢❛❝t

♦❢ t❤❡ ❢♦r♠ [C] + [Ai]i<N ❛♥❞ [C] + [Bi]i<N✳

❆♣♣❧② ❧❡♠♠❛ ✼✳✶✳✷✺ t♦ ❣❡t ⊗
⋂
i<NAi = ⊗

⋂
i<N Bi✱ ❛♥❞ t❤❡♥ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤✲

❡s✐s t♦ ❣❡t [Ai]i<N = [Bi]i<N✳



✶✺✻ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

❋r♦♠ t❤✐s✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♥❝❧✉❞❡ t❤❛t [C] + [Ai]i<N = [C] + [Bi]i<N✳

❚♦ ☞♥✐s❤ ♦♥ t❤✐s ♦♣❡r❛t✐♦♥ ♦❢ ❝♦♠♠✉t❛t✐✈❡ ♣r♦❞✉❝t✱ ❧❡t✬s ♠❡♥t✐♦♥ t❤❛t ✐♥❝❧✉s✐♦♥

♦❢ ♣r♦❞✉❝ts ❞♦❡s ♥♦t ❡♥❥♦② ❛ t❤❡ s❛♠❡ ♣r♦♣❡rt②✿ ⊗
⋂
iAi ⊆ ⊗

⋂
i Bi ❞♦❡s ♥♦t ✐♠♣❧②

t❤❛t [Ai]i ⊆ [Bi]i ✭♣♦✐♥t✇✐s❡✮✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ✇r✐t❡ t❤❡ ❜✐♥❛r② ❝♦♠♠✉t❛t✐✈❡

♣r♦❞✉❝t ✇✐t❤ ❛ ∗✱ ✇❡ ❤❛✈❡ (A ∩ B) ∗ (A ∪ B) ⊆ A ∗ B✦

7.2 A Nice Restriction: Finitary Predicate Transformers

❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ ❛ s❡t S ✐s ❤✉❣❡✳4 ■t ✐s t❤✉s

♥❛t✉r❛❧ t♦ s❡❡ ✐❢ ✇❡ ❝❛♥ ☞♥❞ s✉❜❝❛t❡❣♦r✐❡s ♦❢ Int ✇❤✐❝❤ ❛r❡ st✐❧❧ ♠♦❞❡❧s ♦❢ ❢✉❧❧ ❧✐♥❡❛r

❧♦❣✐❝✳

❚❤❡ ☞rst ✐❞❡❛ ✐s t♦ r❡q✉✐r❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs t♦ ❝♦♠♠✉t❡ ✇✐t❤ ❛r❜✐tr❛r②

✉♥✐♦♥s✳ ❇② ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✽✱ ✇❡ ❦♥♦✇ t❤❛t t❤✐s ❛♠♦✉♥ts t♦ ❝♦♥s✐❞❡r✐♥❣ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs ♦❢ t❤❡ ❢♦r♠ 〈r〉 ❢♦r s♦♠❡ r❡❧❛t✐♦♥ r✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✇❡ ❛❧s♦

✇❛♥t 〈r〉⊥ = [r] t♦ ❜❡ ♦❢ t❤✐s ❢♦r♠✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t r ✐s ❢✉♥❝t✐♦♥❛❧✱ ❛♥❞ ❥✉st ❧✐❦❡

❧❡♠♠❛ ✼✳✶✳✶✾✱ ✇❡ ♦❜t❛✐♥ ❛ ❞❡❣❡♥❡r❛t❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F ✐s ❡q✉❛❧ t♦

t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ F⊥✳

❆ ❧❡ss ❞❡♠❛♥❞✐♥❣ ♣r♦♣❡rt② ✐s t♦ ❛s❦ ❢♦r t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs t♦ s❛t✐s❢②✿

� P(∅) = ∅❀

� P(S) = S✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥s r❡s♣❡❝t t❤✐s ♣r♦♣❡rt②✳ ■t ✐s ❤♦✇❡✈❡r

♥♦t ❡♥t✐r❡❧② s❛t✐s❢❛❝t♦r② ❢♦r t❤❡ s✐♠♣❧❡ r❡❛s♦♥ t❤❛t t❤❡ ❢✉❧❧ s❡t ♦❢ st❛t❡s ✐s ❛❧✇❛②s ❛

s❛❢❡t② ♣r♦♣❡rt②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢♦r♠✉❧❛ P⊸ P ❤❛s ❛t ❧❡❛st t✇♦ ♥♦♥✲❡♠♣t② s❛❢❡t②

♣r♦♣❡rt✐❡s ❛s s♦♦♥ ❛s t❤❡ s❡t ♦❢ st❛t❡s ❤❛s ❝❛r❞✐♥❛❧✐t② t✇♦✳

❆ ♠♦r❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ✐s t♦ r❡q✉✐r❡ t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡

❜♦t❤ ❙❝♦tt ❝♦♥t✐♥✉♦✉s ❛♥❞ ❭❝♦❝♦♥t✐♥✉♦✉s✧✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ♥♦t✐♦♥ ❝♦rr❡s♣♦♥❞s

❡①❛❝t❧② t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ☞♥✐t❛r② ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳

⊲ Definition 7.2.1: ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ w = (A,D,n) ♦♥ S ✐s ☞♥✐t❛r② ✐❢ A(s)

❛♥❞ D(s, a) ❛r❡ ☞♥✐t❡ ❢♦r ❛❧❧ s ǫ S ❛♥❞ a ǫ A(s)✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t✿

⋄ Proposition 7.2.2: ❢♦r ❛♥② ♠♦♥♦t♦♥✐❝ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r P

♦♥ S✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✮ P ❝♦♠♠✉t❡s ✇✐t❤ ❞✐r❡❝t❡❞ ✐♥t❡rs❡❝t✐♦♥s ❛♥❞ ✉♥✐♦♥s❀5

✷✮ P ✐s ♦❢ t❤❡ ❢♦r♠ w◦ ❢♦r ❛ ☞♥✐t❛r② w❀

✸✮ P ✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ❈❛♥t♦r t♦♣♦❧♦❣② ♦♥ P(S)✳

4 ✿ ❚❤❡ s✐t✉❛t✐♦♥ ✐s ❡✈❡♥ ✇♦rs❡ ❢♦r ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ s✐♥❝❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s
♦✈❡r ❛ s❡t S ❢♦r♠s ❛ ♣r♦♣❡r ❝❧❛ss✦

5 ✿ ✇❤❡r❡ ❛ ❞✐r❡❝t❡❞ ✐♥t❡rs❡❝t✐♦♥ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ ❭❝♦❞✐r❡❝t❡❞✧ s❡t U✿ ✇❤❡♥❡✈❡r x,y ǫ U✱
t❤❡r❡ ✐s ❛ z ǫ U s✳t✳ z ⊆ x ❛♥❞ z ⊆ y✳



✼✳✷ ❆ ◆✐❝❡ ❘❡str✐❝t✐♦♥✿ ❋✐♥✐t❛r② Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✺✼

❘❡♠❛r❦ t❤❛t ♠♦♥♦t♦♥✐❝✐t② ✐s♥✬t ✐♠♣❧✐❡❞ ❜② ❈❛♥t♦r ❝♦♥t✐♥✉✐t②✿ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ✐s

❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✱ ❜✉t ❤❛r❞❧② ❡✈❡r ♠♦♥♦t♦♥✐❝✦

proof:

K ✇❡ st❛rt ✇✐t❤ ✷⇒ ✶✿ s✉♣♣♦s❡ w ✐s ❛ ☞♥✐t❛r② ✐♥t❡r❛❝t✐♦♥ s②st❡♠✳ ❙❝♦tt ❝♦♥t✐♥✉✐t②

✐s ❡q✉✐✈❛❧❡♥t t♦ s ǫ P(x) ⇒ s ǫ P(x0) ❢♦r s♦♠❡ ☞♥✐t❡ x0 ⊆ x✳ ❙✉♣♣♦s❡ s ǫ w
◦(x)✱

✐✳❡✳ ✇❡ ❤❛✈❡ s♦♠❡ a ǫ A(s) s✳t✳ s[a/d] ǫ x ❢♦r ❛❧❧ d ǫ D(s, a)✳ ❚❤✉s✱ ✇❡ ❤❛✈❡

t❤❛t {s[a/d] | d ǫ D(s, a)} ✐s ☞♥✐t❡✱ ✐♥❝❧✉❞❡❞ ✐♥ x ❛♥❞ ✐ts ✐♠❛❣❡ ❝♦♥t❛✐♥s s✳ ❚❤✐s

s❤♦✇s t❤❛t w◦ ✐s ❙❝♦tt ❝♦♥t✐♥✉♦✉s✳ ❋♦r ❝♦❝♦♥t✐♥✉✐t②✱ ✐t s✉✍❝❡s t♦ ♥♦t❡ t❤❛t P ✐s

❝♦❝♦♥t✐♥✉♦✉s ✐☛ P⊥ ✐s ❝♦♥t✐♥✉♦✉s✳

K ❲❡ ♥♦✇ s❤♦✇ t❤❛t ✷⇒ ✸✱ ✐✳❡✳ t❤❛t w◦ ✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s ❛s s♦♦♥ ❛s w ✐s ☞♥✐t❛r②✳

❇❡❢♦r❡ t❤❛t✱ ❧❡t✬s ❣✐✈❡ s♦♠❡ ♥♦t❛t✐♦♥✿ t❤❡ ❈❛♥t♦r t♦♣♦❧♦❣② ♦♥ P(S) ✐s ❣✐✈❡♥ ❜②

t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣② ✇❤❡♥ s❡❡✐♥❣ P(S) ❛s t❤❡ ♣r♦❞✉❝t ♦❢ S ❝♦♣✐❡s ♦❢ t❤❡ ❞✐s❝r❡t❡

t♦♣♦❧♦❣② ♦♥ B✳ ❆ ❜❛s✐s ❢♦r t❤✐s t♦♣♦❧♦❣② ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❛❧❧ t❤❡Ox,y✬s✱

✇❤❡r❡ x ❛♥❞ y ❛r❡ ❞✐s❥♦✐♥t ☞♥✐t❡ s❡ts✱ ❛♥❞✿

Ox,y ,
{
u | x ⊆ u ❛♥❞ y ∩ u = ∅

}
✳

❆♥ ♦♣❡♥ s❡t ✐s s✐♠♣❧② ❛♥ ❛r❜✐tr❛r② ✉♥✐♦♥ ♦❢ s✉❝❤ ❜❛s✐❝ ♦♣❡♥s✳6 ◆♦t❡ t❤❛t ❛ ♣r❡❜❛s❡

✐s ❣✐✈❡♥ ❜② t❤❡ s✐♠♣❧❡r ❝♦❧❧❡❝t✐♦♥
{
O∅,{s}, O{s},∅ | s ǫ S

}
✳

❙✉♣♣♦s❡ t❤❛t w ✐s ☞♥✐t❛r②✱ ❧❡t✬s s❤♦✇ t❤❛t w◦ ✭✇r✐tt❡♥ w ❢r♦♠ ♥♦✇ ♦♥✮ ✐s

❝♦♥t✐♥✉♦✉s✱ ✐✳❡✳ t❤❛t w④1 ♠❛♣s ♦♣❡♥ s❡t t♦ ♦♣❡♥ s❡ts✱ ♦r s✐♥❝❡ w④1 ❝♦♠♠✉t❡s ✇✐t❤

❛r❜✐tr❛r② ✉♥✐♦♥s✱ t❤❛t w④1 ♠❛♣s ❜❛s✐❝ ♦♣❡♥s t♦ ♦♣❡♥s✿ ❧❡t Ox,y ❜❡ ❛ ❜❛s✐❝ ♦♣❡♥✿

u ǫ w④1(Ox,y)

⇔

w(u) ǫ Ox,y

⇔

x ⊆ w(u) ❛♥❞ y ∩w(u) = ∅

⇔

(∀s ǫ x)
(
∃as ǫ A(s)

)(
∀d ǫ D(s, as)

)
s[as/d] ǫ u ❛♥❞

(∀s ǫ y)
(
∀a ǫ A(s)

)(
∃da ǫ D(s, a)

)
s[a/da] /ǫ u

⇒ { ❞❡☞♥❡ x′ = {s[as/d] | s ǫ x,d ǫ D(s,as)} }
{ ❛♥❞ y′ = {s[a/da] | s ǫ y,a ǫ A(s)}❀ }
{ ❜♦t❤ x′ ❛♥❞ y′ ❛r❡ ☞♥✐t❡ ❜❡❝❛✉s❡ x ❛♥❞ y ❛r❡ ☞♥✐t❡ ❛♥❞ w ✐s ☞♥✐t❛r② }

x′ ⊆ u ❛♥❞ y′ ∩ u = ∅

⇔

u ǫ Ox′,y′ ✳

❉❡☞♥❡ ♥♦✇ t❤❡ ♦♣❡♥ s❡t Ux,y ❛s✿

Ux,y ,
⋃

as✿(sǫu)→A(s)

ds✿(sǫy,aǫA(s))→D(s,a)

Ox′,y′

✇❤❡r❡ x′ ❛♥❞ y′ ❛r❡ ❞❡☞♥❡❞ ❛s ❛❜♦✈❡✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t u ǫ w④1(Ox,y)

✐☛ u ǫ Ux,y✱ ✇❤✐❝❤ s❤♦✇s t❤❛t w◦ ✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✳

6 ✿ ❚❤✐s t♦♣♦❧♦❣② ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ▲❛✇s♦♥ t♦♣♦❧♦❣② ♦♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥ P(S)✳



✶✺✽ ✼ ❆♥ ❆❜str❛❝t ❱❡rs✐♦♥✿ Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs

K ❚❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥ ✭✸⇒ ✷✮ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❈❛♥t♦r t♦♣♦❧♦❣② ♦♥ P(S)

✐s ❝♦♠♣❛❝t ✭❜② ❚✐❦❤♦♥♦✈ t❤❡♦r❡♠✮✿ s✉♣♣♦s❡ P ✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ s✉♣✲

♣♦s❡ s ǫ S✳ ❲❡ ✇❛♥t t♦ ☞♥❞ ❛ ☞♥✐t❡ s❡t A(s) ❛♥❞ ❛ ❢❛♠✐❧②
(
D(s, a)

)
aǫA(s)

♦❢ ☞♥✐t❡

s❡ts s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥

s ǫ P(U) ⇔
(
∃a ǫ A(s)

)
D(s, a) ⊆ U ✳

❖♥❝❡ t❤✐s ✐s ❞♦♥❡✱ ✇❡ ❝❛♥ ❞❡☞♥❡ ❛♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❜②

♣✉tt✐♥❣✿

AP(s) , A(s)

DP(s, a) , D(s, a)

nP(s, a, s
′) , s′ ✳

❙✐♥❝❡ P ✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❦♥♦✇ t❤❛t P④1
(
O{s},∅

)
❛♥❞ P④1

(
O∅,{s}

)
❛r❡ ♦♣❡♥

s❡ts✳ ❲❡ ❝❛♥ ✇r✐t❡ t❤❡♠ ❛s ❛ ✉♥✐♦♥ ♦❢ ✭♣♦ss✐❜❧② ✐♥☞♥✐t❡❧② ♠❛♥②✮ ❜❛s✐❝ ♦♣❡♥s✿

P④1
(
O{s},∅

)
=

⋃
❯ ❛♥❞ P④1

(
O∅,{s}

)
=

⋃
❯′ ✳

❙✐♥❝❡ ✇❡ ❤❛✈❡✱ ❢♦r ❛♥② s✉❜s❡t u

u ǫ P④1
(
O{s},∅

)
⇔ s ǫ P(u)

u ǫ P④1
(
O∅,{s}

)
⇔ s /ǫ P(u) ✱

✇❡ ❤❛✈❡ t❤❛t ❯∪❯′ ✐s ❛ ❝♦✈❡r✐♥❣ ♦❢ P(S)✳ ❇② ❝♦♠♣❛❝t♥❡ss✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❛ ☞♥✐t❡

❝♦✈❡r✐♥❣ ❢r♦♠ ✐t✿ ✇❡ ✇r✐t❡

�
(
Oxi,yi

)
iǫI

❢♦r t❤❡ s✉❜❝♦✈❡r✐♥❣ ♦❢ ❯❀

� ❛♥❞
(
Ox′

j
,y′

j

)
jǫJ

❢♦r t❤❡ s✉❜❝♦✈❡r✐♥❣ ♦❢ ❯′✳

❲❡ ❤❛✈❡✿

s ǫ P(u) ⇔ (∃i ǫ I) u ǫ Oxi,yi

⇔ (∃i ǫ I) xi ⊆ u ∧ u ∩ yi = ∅

✇❤✐❝❤ s❤♦✇s ✇❡ ❝❛♥ t❛❦❡ A(s) , I ❛♥❞ D(s, i) , xi✳

K ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t ✶⇒ ✸✱ ✐✳❡✳ t❤❛t P ✐s ❙❝♦tt ❝♦♥t✐♥✉♦✉s ❛♥❞ ❙❝♦tt ❝♦❝♦♥t✐♥✉♦✉s

✐♠♣❧✐❡s t❤❛t P ✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✿ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ ❛ ❜❛s✐❝

♦♣❡♥ ✐s ❛♥ ♦♣❡♥ s❡t✿ ❧❡t Ox,y ❜❡ ❛ ❜❛s✐❝ ♦♣❡♥✿

u ǫ P④1(Ox,y)

⇔

x ⊆ P(u) ❛♥❞ y ∩ P(u) = ∅

⇔

(∀s ǫ x) s ǫ P(u) ❛♥❞ (∀s ǫ y) s /ǫ P(u)

⇔ { ❜② ❙❝♦tt ✭❝♦✮❝♦♥t✐♥✉✐t②✱ ✇❤❡r❡ ❛❧❧ xs ❛♥❞ ys ❛r❡ ☞♥✐t❡ }

(∀s ǫ x)(∃xs ⊆ u) s ǫ P(xs) ❛♥❞ (∀s ǫ y)(∃ys ⊆ ∁u) s /ǫ P(ys)

⇒ { ❞❡☞♥❡ x′ ,
S

sǫx xs ❛♥❞ y′ ,
S

sǫy ys ✿ ❜♦t❤ x′ ❛♥❞ y′ ❛r❡ ☞♥✐t❡ }

x′ ⊆ u ❛♥❞ y′ ∩ u = ∅

⇔

u ǫ Ox′,y′ ✳



✼✳✷ ❆ ◆✐❝❡ ❘❡str✐❝t✐♦♥✿ ❋✐♥✐t❛r② Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✺✾

◆♦✇✱ ❞❡☞♥❡ t❤❡ ♦♣❡♥ s❡t Ux,y ❛s✿

Ux,y ,
⋃

(xs)sǫx

(ys)sǫy

Ox′,y′

✇❤❡r❡ x′ ❛♥❞ y′ ❛r❡ ❞❡☞♥❡❞ ❛s ❛❜♦✈❡✱ ❛♥❞ ✇❡ q✉❛♥t✐❢② ♦✈❡r ❢❛♠✐❧✐❡s (xs)sǫx
❛♥❞ (ys)sǫy ♦❢ ☞♥✐t❡ s❡ts s❛t✐s❢②✐♥❣✿

(∀s ǫ x) xs ⊆ u ∧ s ǫ P(xs) ❛♥❞ (∀s ǫ y) ys ⊆ ∁u ∧ s /ǫ P(ys) ✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t u ǫ P④1(Ox,y) ✐☛ u ǫ Ux,y✱ t❤✉s s❤♦✇✐♥❣ t❤❛t P

✐s ❈❛♥t♦r ❝♦♥t✐♥✉♦✉s✳

�X

❚❤✐s ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ Int ✐s ✐♥t❡r❡st✐♥❣ ✐♥ ✐ts❡❧❢✱ ❜✉t ✉♥❢♦rt✉♥❛t❡❧② ✐t ✐s ♥♦t

❝❧♦s❡❞ ✉♥❞❡r t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ s❡❝♦♥❞✲♦r❞❡r q✉❛♥t✐☞❝❛t✐♦♥ ✭s❡❡ ❝❤❛♣t❡r ✽✮✳





8 Second Order

❆s ✇❡ ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ♦♥ ♣❛❣❡ ✶✺✷ ✭❧❡♠♠❛ ✼✳✶✳✶✽✮✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r

❢♦r♠✉❧❛ ✭❛s ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ♦r ❛s ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✮ ✐s tr✐✈✐❛❧ ✐❢ t❤❡ ♦♥❧②

❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛r❡ ❝♦♥st❛♥ts✳ ❚♦ ❛♥s✇❡r t❤✐s ♣r♦❜❧❡♠✱ ♦♥❡ ♥❡❡❞s t♦ st❛rt ✇✐t❤ ♣r♦♣♦✲

s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ❙✐♥❝❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ♠♦❞❡❧ ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤♦s❡ ✈❛r✐❛❜❧❡s✱

✐t ✐s t❡♠♣t✐♥❣ t♦ ✐♥t❡r♣r❡t Π11 ❧♦❣✐❝ ❛♥❞ s❡❡ ✐❢ t❤✐s ✐♥tr♦❞✉❝❡s ♥♦♥✲tr✐✈✐❛❧ ♦❜❥❡❝ts✳ ❖♥❝❡

t❤✐s ✐s ❞♦♥❡ ✭s❡❝t✐♦♥ ✽✳✶✮✱ ✇❡ ❡①t❡♥❞ t❤❡ t❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s s✐♠♣❧❡ ❝❛s❡ t♦

❢✉❧❧ s❡❝♦♥❞ ♦r❞❡r q✉❛♥t✐☞❝❛t✐♦♥ ✐♥ s❡❝t✐♦♥s ✽✳✸ ❛♥❞ ✽✳✹✳ ❇♦t❤ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Π11
❛♥❞ ❢✉❧❧ s❡❝♦♥❞ ♦r❞❡r ❢♦❧❧♦✇ ❝❧♦s❡❧② t❤❡ t❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✽❪ ❛♥❞ ❬✶✾❪✳

Restriction: ✐♥ ❛❧❧ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t t❤❡ s❡t ♦❢ st❛t❡s ❛r❡ ❝♦✉♥t❛❜❧❡

✭♣♦ss✐❜❧② ☞♥✐t❡✮✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✇✐t❤♦✉t t❤✐s ❤②♣♦t❤❡s✐s✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡

❝♦r♦❧❧❛r② ✽✳✸✳✷✹✳ ▼♦st ♦❢ t❤❡ ♦t❤❡r r❡s✉❧t ❞♦ ❤♦❧❞ ❢♦r ✉♥r❡str✐❝t❡❞ ✐♥t❡r❢❛❝❡s✳

8.1 PI-1 Logic

Π11 ❧♦❣✐❝ ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ ❭♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✧✿ ✇❡ st❛rt ✇✐t❤ ♣r♦♣♦s✐t✐♦♥❛❧ ❭✈❛r✐❛❜❧❡s✧

✭✇❤✐❝❤ ❛r❡ ♥♦t ✈❛r✐❛❜❧❡ ✐♥ ❛♥② s❡♥s❡✮ ❛♥❞ ❧♦♦❦ ❛t t❤❡ r❡s✉❧t✐♥❣ s②st❡♠✳ ❚❤✐s ❝❛♥ ❜❡

s❡❡♥ ❛s t❤❡ r❡str✐❝t✐♦♥ ♦❢ s❡❝♦♥❞ ♦r❞❡r ❧♦❣✐❝ t♦ ❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠ (∀~X)ϕ(~X)✳

8.1.1 Idea

❙✐♥❝❡ t❤❡ Π11 ❢♦r♠✉❧❛ ϕ(~X) r❡❛❧❧② ♠❡❛♥s (∀~X)ϕ(~X)✱ ✇❡ s♦♠❡❤♦✇ ✇❛♥t t♦ ❢♦r♠ t❤❡

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❭(∀~P)ϕ(~P)✧✳ ❙✐♥❝❡ ✇❡ ❝❡rt❛✐♥❧② ❞♦♥✬t ✇❛♥t t♦ q✉❛♥t✐❢② ♦✈❡r ❛❧❧

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦✈❡r ❛❧❧ s❡ts ✭t❤✐s ✐s ❛ ♣r♦♣❡r ❝❧❛ss✮✱ ✇❡ st❛rt ❜② ❞❡❝✐❞✐♥❣ ♦♥ ❛

❝♦✉♥t❛❜❧② ✐♥☞♥✐t❡ s❡t I t♦ s❡r✈❡ ❛s t❤❡ ❣❡♥❡r✐❝ s❡t ♦❢ st❛t❡s✳ ❲❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥②

str✉❝t✉r❡ ♦♥ I✳

❖♥❡ ❞✐☛❡r❡♥❝❡ ✇✐t❤ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ✭♦r ✇✐t❤ t❤❡ ❝♦❤❡r❡♥t s♣❛❝❡s ♠♦❞❡❧

♦❢ ❬✸✽❪✮ ✐s t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ I ✐s ✐♠♣♦rt❛♥t✿ ✐t r❡♣r❡s❡♥ts t❤❡ ♠❛①✐♠❛❧ ❝❛r❞✐♥❛❧✐t②

♦❢ ♦✉r ♦❜❥❡❝ts ✐♥ t❤❡ ♠♦❞❡❧✳ ■t ✐s s❡♥s✐❜❧❡✱ ❢♦r ♣r❛❣♠❛t✐❝ r❡❛s♦♥s✱ t♦ r❡str✐❝t t♦

❝♦✉♥t❛❜❧❡ ✐♥t❡r❢❛❝❡s✱ ❜✉t ✐❢ ♦♥❡ ✇❛♥t❡❞ t♦ ♠♦❞❡❧ ❝♦♥t✐♥✉♦✉s st❛t❡s✱ t❤❡♥ t❤❡ s❡t I

s❤♦✉❧❞ ❜❡ t❛❦❡♥ ♦❢ ❜✐❣❣❡r ❝❛r❞✐♥❛❧✐t②✳ ✭❙❡❡ ❛❧s♦ r❡♠❛r❦ ✷✾ ♦♥ ♣❛❣❡ ✶✼✾✳✮

■♥t❡r♣r❡t✐♥❣ t❤❡ ❢♦r♠✉❧❛ (∀~X)ϕ(~X) ✐s ❞♦♥❡ ✐♥ t✇♦ st❡♣s✳ ❙✉♣♣♦s❡ ❢♦r ❡①❛♠♣❧❡



✶✻✷ ✽ ❙❡❝♦♥❞ ❖r❞❡r

t❤❛t ϕ ✐s t❤❡ ❢♦r♠✉❧❛ X⊸ X✳ ❲❡ st❛rt ❜② ❢♦r♠✐♥❣ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r

r 7→
⋂

P✿P(I)→P(I)

P⊸ P(r)

❢r♦♠ I× I t♦ I× I✳ ❚❛❦✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ♠❛✐♥ ✐♥t✉✐t✐♦♥ s✐♥❝❡

❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r t❤✐s ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✇✐❧❧ ❜❡ ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r ❛❧❧ t❤❡

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦❢ t❤❡ ❢♦r♠ P⊸ P✳

❚❤❡ s❡❝♦♥❞ ✐❞❡❛✱ ✐s t♦ ❭s✐♠♣❧✐❢②✧ t❤❡ ❛❜♦✈❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❜② q✉♦t✐❡♥t✲

✐♥❣ t❤❡ s❡t ♦❢ st❛t❡s ❜② r❡♥❛♠✐♥❣✿ s✐♥❝❡ I ❞♦❡s♥✬t ❝❛rr② ❛♥② str✉❝t✉r❡✱ ❛♥② ♣❡r♠✉✲

t❛t✐♦♥ ♦❢ I ✇♦✉❧❞ ❞♦ ❛s ✇❡❧❧✳ ❋♦r t❤❡ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ X ⊸ X✱ t❤❡ q✉♦t✐❡♥t❡❞

s❡t ♦❢ st❛t❡s ✇✐❧❧ ❝♦♥t❛✐♥ ♦♥❧② t✇♦ ❡❧❡♠❡♥ts✱ r❡♣r❡s❡♥t✐♥❣ r❡s♣❡❝t✐✈❡❧② {(i, i) | i ǫ I}

❛♥❞ {(i, j) | i 6= j}✳

Notation: ✐♥ ♦r❞❡r t♦ ♠♦❞❡❧ t❤❡ ❞✐☛❡r❡♥t ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ ✇❡ ✉s❡ t✉♣❧❡s ♦❢ s❡ts

❛♥❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ❲❡ ✉s❡ t❤❡ ✈❡❝t♦r ♥♦t❛t✐♦♥ t♦ ❞❡♥♦t❡ ❛ t✉♣❧❡✿ ~X ✐s ❛ t✉♣❧❡

♦❢ s❡ts ♦❢ t❤❡ ❢♦r♠ (X1, . . . , Xn) ❡t❝✳ ❊✈❡r②t❤✐♥❣ ✐s ❧✐❢t❡❞ ♣♦✐♥t✇✐s❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

♥♦t❛t✐♦♥ ~f ✿ ~X→ ~Y ✐s ❥✉st ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r f1 ✿ X1 → Y1✱ . . . ✱ fn ✿ Xn → Yn✳

8.1.2 State Spaces, Permutations

❚❤❡ s❡t ♦❢ ♦❢ st❛t❡s |ϕ| ♦❢ ❛ Π11 ❢♦r♠✉❧❛ϕ ✐s s✐♠♣❧② ❣✐✈❡♥ ❜② ✐ts r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥

✭s❡❡ s❡❝t✐♦♥ ✺✳✸✮ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ❛t♦♠s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② t❤❡ s❡t I✿

� |0| = ∅ ❛♥❞ |1| = {∗}❀
� |Xi| = I❀

� |ϕ⊥| = |ϕ|❀

� |ϕ1 ⊕ϕ2| = |ϕ1|+ |ϕ2|❀
� |ϕ1 ⊗ϕ2| = |ϕ1| × |ϕ2|❀
� |!ϕ| =▼f(|ϕ|)✳

■❢ ❛❧❧ t❤❡ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ♦❢ ϕ ❛r❡ ✐♥ (X1, . . . , Xn)✱ t❤❡♥ t❤❡ ♣r♦❞✉❝t SnI
♦❢ n ❝♦♣✐❡s ♦❢ t❤❡ ❣r♦✉♣ SI ♦❢ ☞♥✐t❡ ♣❡r♠✉t❛t✐♦♥s1 ♦❢ I ❛❝ts ♦♥ |ϕ|✳ ❙✉♣♣♦s❡ ~σ ǫ SnI ✱

✇❡ ❞❡☞♥❡ t❤❡ ❛❝t✐♦♥ [~σ]ϕ ✿ |ϕ| → |ϕ|

� ✐❢ ϕ ✐s t❤❡ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡ Xi✱ t❤❡♥ [~σ]Xi
(s) = σi(s)❀

� ✐❢ ϕ ✐s ψ⊥✱ t❤❡♥ [~σ]ϕ = [~σ]ψ❀

� ✐❢ ϕ ✐s ψ1 ⊕ψ2✱ t❤❡♥ [~σ]ϕ
(
✐♥❧(a1)

)
= ✐♥❧

(
[~σ]ψ1

(a1)
)

❛♥❞ [~σ]ϕ
(
✐♥r(a2)

)
= ✐♥r

(
[~σ]ψ2

(a2)
)
❀

� ✐❢ ϕ ✐s ψ1 ⊗ψ2✱ t❤❡♥ [~σ]ϕ
(
(a1, a2)

)
=
(
[~σ]ψ1

(a1), [~σ]ψ2
(a2)

)
❀

� ✐❢ ϕ ✐s !ψ✱ t❤❡♥ [~σ]ϕ
(
[a1, . . . , ak]

)
=
[
[~σ]ψ(a1), . . . , [~σ]ψ(ak)

]
✳

❚✇♦ ❡❧❡♠❡♥ts a ❛♥❞ b ♦❢ |ϕ| ❛r❡ ❡q✉✐✈❛❧❡♥t ✉♣ t♦ r❡♥❛♠✐♥❣ ✐❢ t❤❡r❡ ✐s ❛ ☞♥✐t❡ ♣❡r✲

♠✉t❛t✐♦♥ ~σ ✿ Sn
I s✉❝❤ t❤❛t [~σ]ϕ(a) = b✳ ❚❤✐s ✐s tr✐✈✐❛❧❧② ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✱

❛♥❞ ✇❡ ✇r✐t❡ a ≈ϕ b✱ ♦r s✐♠♣❧② a ≈ b ✐❢ ϕ ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✳ ◆♦t❡ t❤❛t t❤❡

❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❛♥ ❡❧❡♠❡♥t a ǫ |ϕ| ✐s s✐♠♣❧② t❤❡ ♦r❜✐t ♦❢ t❤✐s ❡❧❡♠❡♥t ✉♥❞❡r t❤❡

❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ Sn
I ✳

# ❘❡♠❛r❦ ✷✷✿ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❛❝t✐♦♥ ♠❛❦❡s ✐t ❝❧❡❛r t❤❛t t❤❡
r❡str✐❝t✐♦♥ t♦ ☞♥✐t❡ ♣❡r♠✉t❛t✐♦♥s ✐s ♥♦t r❡❛❧❧② ❛ r❡str✐❝t✐♦♥✿ s✐♥❝❡ ❛♥ ❡❧✲
❡♠❡♥t ♦❢ |ϕ| ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ☞♥✐t❡ tr❡❡ ✇✐t❤ ❧❡❛❢s ✐♥ I✱ ✐❢ [~σ]ϕ(a) = b

❢♦r ❛♥ ❛r❜✐tr❛r② ♣❡r♠✉t❛t✐♦♥✱ t❤❡♥ ✇❡ ❝❛♥ ☞♥❞ ❛ ☞♥✐t❡ ♣❡r♠✉t❛t✐♦♥ ~σ′ ✐♥
Sn

I s✉❝❤ t❤❛t [~σ′]ϕ(a) = b✳

1 ✿ ❛ ♣❡r♠✉t❛t✐♦♥ ✐s ☞♥✐t❡ ✐❢ ✐t ♦♥❧② ❝❤❛♥❣❡s ❛ ☞♥✐t❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts
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8.1.3 The Model

❲❡ ❝❛♥ ♥♦✇ ❞❡☞♥❡ ❢♦r♠❛❧❧② t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛✳

⊲ Definition 8.1.1: ❛ ✈❛❧✉❛t✐♦♥ ❢♦r ❛ ❢♦r♠✉❧❛ ϕ ✐s ❛ ♠❛♣ ρ ❢r♦♠ t❤❡ ♣r♦♣♦s✐t✐♦♥❛❧

✈❛r✐❛❜❧❡s ♦❢ ϕ t♦ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ I✳ ❲❡ ✇r✐t❡ ϕρ ❢♦r t❤❡ ♦❜✈✐♦✉s

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ |ϕ| ❞❡☞♥❡❞ ❜② ✐♥t❡r♣r❡t✐♥❣ ❛♥② ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐✲

❛❜❧❡ X ❜② ρ(X)✳

❚❤✐s ❞❡☞♥✐t✐♦♥ ❛❧❧♦✇s t♦ ❣✐✈❡ ❛ ♣r❡❧✐♠✐♥❛r② ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ϕ✿

⊲ Definition 8.1.2: ❧❡t ϕ ❜❡ ❛ ❧✐♥❡❛r ❢♦r♠✉❧❛ ✇✐t❤ ❛t♦♠s✳ ❉❡☞♥❡ ϕ̃✱ ❛ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r ♦♥ |ϕ| ❛s✿

ϕ̃(x) ,
⋂

ρ

ϕρ(x) ✇❤❡r❡ ρ r✉♥s ♦✈❡r ❛❧❧ ✈❛❧✉❛t✐♦♥s ♦❢ ϕ ✳

❚❤✐s ❤✉❣❡ ✐♥t❡rs❡❝t✐♦♥ ✭♦✈❡r ❛ s❡t ♦❢ ❝❛r❞✐♥❛❧✐t② ℵ2✦✮ ❤❛s t❤❡ t❡♥❞❡♥❝② t♦ r❡♠♦✈❡

❛♥② ❧♦❝❛❧ ❛s♣❡r✐t②✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ϕ̃ ✐s ✈❡r② ✇❡❧❧✲❜❡❤❛✈❡❞✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡

◦ Lemma 8.1.3: t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ϕ̃ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ≈ϕ✳

❈♦♠♣❛t✐❜✐❧✐t② s✐♠♣❧② ♠❡❛♥s t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r s❡♥❞s ≈✲❝❧♦s❡❞ s✉❜s❡ts

t♦ ≈✲❝❧♦s❡❞ s✉❜s❡ts✳

proof: t❤✐s r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✈✐❛❧ ❢❛❝t✿ ✐❢ ρ ✐s ❛ ✈❛❧✉❛t✐♦♥ ❛♥❞ ~σ ❛♥❞ ~τ ❛r❡

♣❡r♠✉t❛t✐♦♥s✱ t❤❡♥ t❤❡ ✈❛❧✉❛t✐♦♥ ~σ·ρ·~τ✱ ❞❡☞♥❡❞ ❛s (~σ·ρ·~τ)(Xi)(x) = σi·ρ(Xi)·τi(x)

s❛t✐s☞❡s ϕ~σ·ρ~τ = [~σ] ·ϕρ · [~τ]✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ✐♥❞✉❝t✐♦♥✳✳✳

# ❘❡♠❛r❦ ✷✸✿ t♦ ❜❡ ♣r❡❝✐s❡✱ [~σ] ✐s ♥♦t ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✱ ❜✉t ♦♥❧② ❛
❢✉♥❝t✐♦♥✳ ❲❡ ❝❛♥ ❧✐❢t ✐❢ t♦ ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❜② t❛❦✐♥❣ t❤❡ ✉♣❞❛t❡
♦❢ t❤❡ ❝♦♥✈❡rs❡ ♦❢ ✐ts ❣r❛♣❤✳

▲❡t x ⊆ |ϕ| ❜❡ ≈✲❝❧♦s❡❞✱ s✉♣♣♦s❡ a ǫ ϕ̃(x) ❛♥❞ a ≈ b✱ ✐✳❡✳ a = [~σ](b) ❢♦r s♦♠❡

♣❡r♠✉t❛t✐♦♥ ~σ✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t b ǫ ϕ̃(x)✿

a ǫ ϕ̃(x)

⇔ { ❞❡☞♥✐t✐♦♥ }

a ǫ
⋂
ρϕρ(x)

⇒ { ❢♦r ❛♥② ✈❛❧✉❛t✐♦♥ ρ✱ ~σ · ρ · ~σ④1 ✐s ❛❧s♦ ❛ ✈❛❧✉❛t✐♦♥ }

a ǫ
⋂
ρϕ~σ·ρ·~σ④1(x)

⇔ { ❢❛❝t ❛❜♦✈❡ }

a ǫ
⋂
ρ[~σ] ·ϕρ · [~σ

④1](x)

⇔ { [~σ] ❝♦♠♠✉t❡s ✇✐t❤ ✐♥t❡rs❡❝t✐♦♥s ❛♥❞ [~σ④1](x) = x ✭❜❡❝❛✉s❡ x ✐s ≈✲❝❧♦s❡❞✮ }

a ǫ [~σ]
⋂
ρϕρ(x)

⇔ { ❜❡❝❛✉s❡ a = [~σ](b) }

b ǫ
⋂
ρϕρ(x)

⇔ { ❞❡☞♥✐t✐♦♥ }

b ǫ ϕ̃(x)✳

�X

❚❤✐s ❧❡♠♠❛ ♠❛❦❡s ✐t s♦✉♥❞ t♦ ❞❡☞♥❡ t❤❡ ☞♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ ❢♦r♠✉❧❛ ϕ ❛s✿
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⊲ Definition 8.1.4: ✐❢ ϕ ✐s ❛ ❧✐♥❡❛r ❢♦r♠✉❧❛ ✇✐t❤ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s✱ ❧❡t |ϕ|≈
❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ≈✲❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ |ϕ|❀ ❞❡☞♥❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ [[ϕ]]

♦❢ ϕ t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ♦♥ |ϕ|≈✿

[[ϕ]](x) ,
(
ϕ̃
(⋃

x
))

≈
✳

# ❘❡♠❛r❦ ✷✸✿ t❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ P(|ϕ|≈) ❛♥❞ ≈✲❝❧♦s❡❞
s✉❜s❡ts ♦❢ |ϕ|✿ x 7→ x≈ ,

{

{a}≈ | a ǫ U
}

❛♥❞ U 7→
S

U✳ ❚❤❡ ❞❡☞♥✐t✐♦♥
♦❢ [[ϕ]] ✐s ❥✉st t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ eϕ ✇✐t❤ t❤♦s❡ ❜✐❥❡❝t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ ❞✐r❡❝t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✼✳✶✳✶✼✳

⋄ Proposition 8.1.5: ❧❡t π ❜❡ ❛ ♣r♦♦❢ ♦❢ ⊢ G1 ✱ . . . ✱ Gn✱ t❤❡♥ |π|

✐s ❛ ≈✲❝❧♦s❡❞ s✉❜s❡t ♦❢ |Gn| × . . . × |Gn|✱ ❛♥❞ ♠♦r❡♦✈❡r✱ |π|≈
✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r [[G1

✫

. . .

✫

Gn]]✳

proof: t❤❡ ❢❛❝t t❤❛t |π| ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ ϕ̃ ✐s ❡①❛❝t❧② ♣r♦♣♦s✐t✐♦♥ ✼✳✶✳✶✼✳

❚❤❡ ♦♥❧② t❤✐♥❣ t♦ ♣r♦✈❡ ✐s t❤❛t |π| ✐s ≈✲❝❧♦s❡❞✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ✐♥❞✉❝t✐♦♥✳ ▲❡t✬s

♦♥❧② ❧♦♦❦ ❜r✐❡✌② ❛t t❤❡ ❝❛s❡ ♦❢ ♣r♦♠♦t✐♦♥✿

π1 ⊢ ?G1 ✱ . . . ✱ ?Gn ✱ F

π ⊢ ?G1 ✱ . . . ✱ ?Gn ✱ !F
✳

▲❡t
(
µ1, . . . , µn, [a1, . . . , ak]

)
ǫ |π|✳ ❇② ❞❡☞♥✐t✐♦♥ ✭♣❛❣❡ ✶✶✽✮✱ ✇❡ ❝❛♥ ♣❛rt✐t✐♦♥

❡❛❝❤ µi ✐♥t♦ µi,1 + . . .+ µi,k ❛♥❞ ❢♦r ❡❛❝❤ j✱ ✇❡ ❤❛✈❡ (µ1,j, . . . , µn,j, aj) ǫ |π1|✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t
(
ν1, . . . , νn, [b1, . . . , bn]

)
≈
(
µ1, . . . , µn, [a1, . . . , ak]

)
✳ ❇② ❞❡☞✲

♥✐t✐♦♥ ♦❢≈✱ t❤✐s ♠❡❛♥s t❤❛t µi ≈ νi ❢♦r ❡❛❝❤ i✱ ❛♥❞ t❤❛t [a1, . . . , ak] ≈ [b1, . . . , bk]✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ aj ≈ bj ❢♦r ❛❧❧ j✳

❋♦r ❛❧❧ i✱ ✇❡ ❤❛✈❡ µi ≈ νi ❛♥❞ ✇❡ ❤❛✈❡ ❛ ♣❛rt✐t✐♦♥ µi = µi,1 + . . . + µi,k✱ ✇❡ ❝❛♥

❭tr❛♥s❢❡r✧ t❤✐s ♣❛rt✐t✐♦♥ ♦♥t♦ νi ❛❧♦♥❣ ≈✿ νi = νi,1 + . . .+ νi,k ✇✐t❤ µi,j ≈ νi,j✳

❚❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ❤❛✈❡ (µ1,j, . . . , µn,j, aj) ≈ (ν1,j, . . . , νn,j, bj) ❢♦r ❛❧❧ j✳ ❇② ✐♥✲

❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t (ν1,j, . . . , νn,j, bj) ǫ |π1|✳ ❇② ❞❡☞♥✐t✐♦♥

♦❢ π✱ ✇❡ ♦❜t❛✐♥ ☞♥❛❧❧② (ν1, . . . , νn, [b1, . . . , bk]) ǫ |π|✳

❚❤❡ ♦t❤❡r ❝❛s❡s ❛r❡ ♠✉❝❤ s✐♠♣❧❡r✳✳✳

�X

# ❘❡♠❛r❦ ✷✹✿ ❛s ❢❛r ❛s ♦♥❧② Π1
1 ✐s ❝♦♥❝❡r♥❡❞✱ ✇❡ ❝♦✉❧❞ ✉s❡ eϕ ❛s t❤❡ ✐♥✲

t❡r♣r❡t❛t✐♦♥ ♦❢ ϕ ❜✉t ❛s ✇❡✬❧❧ s❡❡ ✐♥ t❤❡ s❡q✉❡❧✱ ✐❢ ✇❡ r❡❛❧❧② ✇❛♥t t♦
✐♥t❡r♣r❡t (∀~X)ϕ(~X)✱ ✇❡ ♥❡❡❞ t❤✐s ♦♣❡r❛t✐♦♥ ♦❢ q✉♦t✐❡♥t✳ ❆s t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡s ✇✐❧❧ s❤♦✇✱ t❤✐s ✐s ❛❧s♦ r❡❧❡✈❛♥t ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✱ s✐♥❝❡ ✐t s✐♠♣❧✐☞❡s ❣r❡❛t❧② t❤❡ ☞♥❛❧ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐♥t❡r♣r❡t✲
✐♥❣ t❤❡ ❢♦r♠✉❧❛✳
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8.1.4 Examples

❲✐t❤ t❤❡ ♠❛❝❤✐♥❡r② ✐♥ ♣❧❛❝❡✱ ✇❡ ❝❛♥ ❧♦♦❦ ❛t ❛ ❝♦✉♣❧❡ ♦❢ ❡①❛♠♣❧❡s ❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡

r❡s✉❧t✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ♥♦t tr✐✈✐❛❧✳

◆♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡s✿

� (a, b) /ǫ P⊸ Q(r) ✐☛ a ǫ P(x) ❜✉t b /ǫ Q
(
r(x)

)
❢♦r s♦♠❡ s✉❜s❡t x❀

�
(
[a1, . . . , an], a

)
/ǫ !P ⊸ Q(R) ✐☛ ❛❧❧ ai ǫ P(xi) ❜✉t a /ǫ Q

(
R(⊗
⋂
i xi)

)
❢♦r s♦♠❡

s✉❜s❡ts xi✳

❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ s❛❢❡t② ♣r♦♣❡rt✐❡s ♦❢ [[ϕ]]✱ ✇❡ ❛r❡ ♠♦st❧② ✐♥t❡r❡st❡❞

❜② t❤❡ ❛❝t✐♦♥ ♦❢ ϕ̃ ♦♥ ≈✲❝❧♦s❡❞ s✉❜s❡ts ♦❢ |ϕ|✳ ❲❡ ✇✐❧❧ tr❛♥s♣❛r❡♥t❧② s✇✐t❝❤ ❜❡t✇❡❡♥

s❡❡✐♥❣ ❛♥ ❡❧❡♠❡♥t e ǫ |ϕ|≈ ❛s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ❛♥❞ ❛s ❛ ✭≈✲❝❧♦s❡❞✮ s✉❜s❡t ♦❢ |ϕ|✳

❋✐♥❛❧❧②✱ s✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❝❧♦s❡❞ s✉❜s❡ts✱ ✇❤❡♥ e /ǫ U ✭✐♥ |ϕ|≈✮ ✇❡ ♠❛② ❛ss✉♠❡

t❤❛t e ∩
⋃
U = ∅ ✭✐♥ |ϕ|✮✳

§ ❚❤❡ ❊♠♣t② ❚②♣❡✳ ▲❡t✬s st❛rt ✇✐t❤ t❤❡ ♠♦st s✐♠♣❧❡ ❡①❛♠♣❧❡✿ ϕ , (∀X)X✳ ❚❤❡

st❛t❡ s♣❛❝❡ |ϕ| ✐s s✐♠♣❧② I✱ ❛♥❞ ❛♥② ❡❧❡♠❡♥t ✐s ❡q✉✐✈❛❧❡♥t t♦ ✐ts❡❧❢✦ ❲❡ t❤✉s ♦❜t❛✐♥

t❤❛t |ϕ|≈ ✐s ❥✉st {∗}✳ ❙✐♥❝❡ ϕ̃(x) = ∅✱ ✇❡ ❤❛✈❡✿

[[ϕ]] ✿ P({∗}) → P({∗})

x 7→ ∅ ✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ r❡✐♥✈❡♥t❡❞ t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

✐♥t❡r❛❝t✐♦♥ s②st❡♠ abort ✭♣❛❣❡ ✹✶✮✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡ ❭❡♠♣t②✧

t②♣❡ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ s❛❢❡t② ♣r♦♣❡rt② ❜❡s✐❞❡s ∅✳

§ ❚❤❡ ❙✐♥❣❧❡t♦♥ ❚②♣❡✳ ❆♥♦t❤❡r ❡❛s② ❡①❛♠♣❧❡ ✐s t❤❡ ✉♥✐t t②♣❡ ϕ , (∀X)X⊸ X✳ ❲❡

❡①♣❡❝t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ [[ϕ]] t♦ ❤❛✈❡ ❛ s✐♥❣❧❡ ♥♦♥✲❡♠♣t② s❛❢❡t② ♣r♦♣❡rt②✱ ❝♦rr❡s♣♦♥❞✲

✐♥❣ t♦ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❛①✐♦♠✳ ❚❤❡ s❡t ♦❢ st❛t❡s |ϕ| ✐s ❡q✉❛❧ t♦ I × I✱ ❛♥❞ ✐t

✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t (i, j) ≈ (i′, j′) ✐☛ i = i′ ∧ j = j′ ♦r i 6= i′ ∧ j 6= j′✳ ❲❡ ♦❜t❛✐♥ ❛ t✇♦

❡❧❡♠❡♥ts s❡t |ϕ|≈ = {e, d}✿

� e , {(i, i) | i ǫ I}✱ ✇✐t❤ e st❛♥❞✐♥❣ ❢♦r ❭❡q✉❛❧✧❀

� d , {(i, j) | i, j ǫ I , i 6= j}✱ ✇✐t❤ d st❛♥❞✐♥❣ ❢♦r ❭❞✐☛❡r❡♥t✧

▲❡t✬s ☞rst s❤♦✇ t❤❛t ϕ̃(|ϕ|) ⊆ e✱ ✐✳❡✳ t❤❛t [[ϕ]]({e, d}) ⊆ {e}✳ ❙✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥

t❤❛t (i, j) ǫ ϕ̃(|ϕ|) ❢♦r s♦♠❡ i 6= j✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♠✉st ❤❛✈❡ (i, j) ǫ Q ⊸ Q(|ϕ|)

✇❤❡r❡ Q ✐s ❝♦♥st❛♥t❧② ❡q✉❛❧ t♦ {i}✳ ❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ i ǫ Q(∅)

❜✉t j /ǫ Q
(
|ϕ|(∅)

)
= Q(∅) = {i}✳2

❲❡ ♥♦✇ s❤♦✇ t❤❛t r  e ✐♠♣❧✐❡s t❤❛t ϕ̃(r) = ∅✿ s✉♣♣♦s❡ (i, i) /ǫ r ❛♥❞ ❧❡t (j, j) ǫ ϕ̃(r)

✭✇❡ ❦♥♦✇ t❤❛t ❛♥ ❡❧❡♠❡♥t ♦❢ ϕ̃(r) ✐s ♥❡❝❡ss❛r✐❧② ♦❢ t❤✐s ❢♦r♠ ❜② t❤❡ ♣r❡❝❡❞✐♥❣ r❡♠❛r❦✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ (j, j) ǫ Q⊸ Q(r)✱ ✇❤❡r❡ Q ✐s ❞❡☞♥❡❞ ❛s

Q(x) ,

{
{j} ✐❢ i ǫ x

∅ ♦t❤❡r✇✐s❡ ✳

❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ j ǫ Q({i}) ❜✉t j /ǫ Q
(
r({i})

)
= ∅ s✐♥❝❡ i /ǫ r({i})✳

❲❡ ❛❧s♦ ❦♥♦✇ ❜② ❧❡♠♠❛ ✼✳✶✳✾ t❤❛t e ⊆ Q⊸ Q(e) ❢♦r ❛♥② Q✳ ❚❤✐s ❣✐✈❡s✿

ϕ̃(r) =

{
e ✐❢ e ⊆ r

∅ ♦t❤❡r✇✐s❡

2 ✿ ❘❡❝❛❧❧ t❤❛t |ϕ| ❜❡✐♥❣ ❛ r❡❧❛t✐♦♥✱ ✐t s❡♥❞s ❛ s✉❜s❡t x t♦ ✐ts ❞✐r❡❝t ✐♠❛❣❡ 〈|ϕ|∼〉(x)✳



✶✻✻ ✽ ❙❡❝♦♥❞ ❖r❞❡r

✇❤✐❝❤ ❛❧❧♦✇s t♦ ❣❡t t❤❡ ☞♥❛❧ [[ϕ]]✿

[[ϕ]] ✿ P({e, d}) → P({e, d})

x 7→

{
{e} ✐❢ e ǫ x

∅ ♦t❤❡r✇✐s❡ ✳

❚❤❡ ♦♥❧② ♥♦♥✲❡♠♣t② s❛❢❡t② ♣r♦♣❡rt② ❢♦r [[ϕ]] ✐s t❤✉s {e}✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❛ s❡♥s✐❜❧❡

✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ ✉♥✐t t②♣❡✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐s ♥♦t

tr✐✈✐❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐s ✐s ♥♦t t❤❡ ✐❞❡♥t✐t②✱ ♥♦r t❤❡ ✭✉♣❞❛t❡ ♦❢ t❤❡✮ ❣r❛♣❤ ♦❢ ❛

❢✉♥❝t✐♦♥ ✭r❡❢❡r t♦ ❧❡♠♠❛s ✼✳✶✳✶✽ ❛♥❞ ✼✳✶✳✶✾✮✳

§ ▲✐♥❡❛r ❇♦♦❧❡❛♥s✳ ▲❡t✬s ♥♦✇ ❧♦♦❦ ❛t t②♣❡s ✇✐t❤ ♠♦r❡ t❤❛♥ ❛ s✐♥❣❧❡ ✐♥❤❛❜✐t❛♥t✳ ❚❤❡

s✐♠♣❧❡st s✉❝❤ t②♣❡ ✐s t❤❡ t②♣❡ ♦❢ ❜♦♦❧❡❛♥s✱ ✇❤✐❝❤ ✇❡ ❡①♣❡❝t t♦ ❤❛✈❡ t❤r❡❡ ✐♥❤❛❜✐t❛♥ts✿

tr✉❡✱ ❢❛❧s❡✱ ❛♥❞ t❤❡✐r ✉♥✐♦♥✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ ❝♦❞❡ t❤❡ ❜♦♦❧❡❛♥s ✐♥s✐❞❡ s❡❝♦♥❞

♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝✳ ❲❡✬❧❧ st❛rt ✇✐t❤ ϕ , (∀X) (1 ✫ X)⊸ (1 ✫ X)⊸ X✳ ❚❤✐s ✐s s✐♠✐❧❛r

t♦ t❤❡ ❜♦♦❧❡❛♥s ❢r♦♠ s②st❡♠✲F✱ ❡①❝❡♣t t❤❛t ✇❡ ❞♦ ♥♦t ✉s❡ t❤❡ ❢✉❧❧ ✐♥t✉✐t✐♦♥✐st✐❝ ❛rr♦✇

✭❝♦♥tr❛❝t✐♦♥ ✐s ♥♦t ♥❡❡❞❡❞✮✳

❚❤❡ s❡t |ϕ| ✐s ❡q✉❛❧ t♦ ({∗}+ I)× ({∗}+ I)× I ❛♥❞ ✐ts q✉♦t✐❡♥t ❜② r❡♥❛♠✐♥❣ ✐s✿

|ϕ|≈ =






(∗, ∗, 1),

(∗, 1, 1), (1, ∗, 1),

(∗, 1, 2), (1, ∗, 2),

(1, 1, 1),

(1, 2, 1), (2, 1, 1),

(1, 1, 2),

(1, 2, 3)






✭✇❤❡r❡ ❢♦r ❡①❛♠♣❧❡✱ (1,∗,2) ✐s t❤❡ ♦r❜✐t ♦❢
`

✐♥r(i), ✐♥❧(∗),j
´

✇✐t❤ i 6= j✮

❚❤✐s s❡t ✐s ☞♥✐t❡✱ ❜✉t ♥♦t tr✐✈✐❛❧ ❛♥②♠♦r❡ ✭✶✵ ❡❧❡♠❡♥ts✮✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇✐❧❧ ❣♦ ❛s ❢♦❧❧♦✇s✿

ϕ̃(|ϕ|) ⊆ (∗, 1, 1) ∪ (1, ∗, 1) ∪ (1, 1, 1) ✭✽✲✶✮

ϕ̃ · ϕ̃(|ϕ|) ⊆ (∗, 1, 1) ∪ (1, ∗, 1) ✳ ✭✽✲✷✮

❚❤✐s ✇✐❧❧ s❤♦✇ t❤❛t ❛❧❧ s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r [[ϕ]] ❛r❡ s✉❜s❡ts ♦❢ {(∗, 1, 1), (1, ∗, 1)}

❛♥❞ s✐♥❝❡ ❜♦t❤ (∗, 1, 1) ǫ [[ϕ]]({(∗, 1, 1)}) ❛♥❞ (1, ∗, 1) ǫ [[ϕ]]({(1, ∗, 1)}) ✭t❤❡② ❛r❡ t❤❡

✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❝❛♥♦♥✐❝❛❧ ♣r♦♦❢s ♦❢ ϕ✮✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

Pr♦♦❢ ♦❢ ✭✽✲✶✮✿ ❧❡t (a, b, i) ǫ ϕ̃(|ϕ|)✱ ✇❡ ☞rst s❤♦✇ t❤❛t a ❛♥❞ b ❛r❡ ♦❢ t❤❡ ❢♦r♠ ✐♥❧(∗)

♦r ✐♥r(i)✳ ❙✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t a ✐s ♦❢ t❤❡ ❢♦r♠ ✐♥r(j) ✇✐t❤ i 6= j✳ ❉❡✲

☞♥❡ Q(x) , {j} ∪ x✳ ❇② ❤②♣♦t❤❡s✐s ✱ ✇❡ ❦♥♦✇ t❤❛t

(a, b, i) ǫ (1 ✫ Q)⊸ (1 ✫ Q)⊸ Q(|ϕ|)

✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✿

� a ǫ 1 ✫ Q(∅)

� ❛♥❞ b ǫ 1 ✫ Q({∗}+ I)

� ❜✉t i /ǫ Q
(
|ϕ|(∅, {∗}+ I)

)
= Q(∅) = {j}✳3

a ✐s t❤✉s ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡ ❢♦r♠ ✐♥❧(∗) ♦r ✐♥r(i) ❛♥❞ s✐♠✐❧❛r❧② ❢♦r b✳

3 ✿ |ϕ| ✐s ❛ t❡r♥❛r② r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ {∗}+I✱ {∗}+I ❛♥❞ I❀ ❛s t❤❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r 〈|ϕ|∼〉✱ ✐t ❤❛s
t②♣❡ P

`

{∗}+I
´

× P
`

{∗}+I
´

→ P(I)✳
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❙✉♣♣♦s❡ ♥♦✇ t❤❛t a = b = ✐♥❧(∗)✱ t❤❡♥ ✇❡ ❝❛♥ t❛❦❡ Q(x) ❝♦♥st❛♥t❧② ❡q✉❛❧ t♦ ∅✳ ■t ✐s

✐♠♣♦ss✐❜❧❡ t❤❛t (a, b, i) ǫ ϕ̃(|ϕ|) s✐♥❝❡ a = b ǫ 1 ✫ Q(∅) ❜✉t i /ǫ Q
(
|ϕ|(∅, ∅)

)
= ∅✳

# ❘❡♠❛r❦ ✷✺✿ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤✐s ✐♥❝❧✉s✐♦♥ ✐s ✐♥ ❢❛❝t ❛♥ ❡q✉❛❧✐t②✳
❚♦ s❤♦✇ t❤❛t (1,1,1) ⊆ eϕ(|ϕ|)✱ s✉♣♣♦s❡ t❤❛t i ǫ Q(x) ❛♥❞ i ǫ Q(y)✳

✲ ■❢ ♦♥❡ ♦❢ x ♦r y ✐s ❡♠♣t②✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t i ǫ Q(∅) ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t i ǫ Q

`

|ϕ|(x,y)
´

❀
✲ ✐❢ ♥♦t✱ ✇❡ ❤❛✈❡ t❤❛t x ⊆ |ϕ|(x,y)✿ ✐❢ j ǫ x✱ t❤❡♥ t❤❡r❡ ✐s s♦♠❡ j′

✐♥ y ✭s✐♥❝❡ y 6= ∅✮ ❛♥❞ ✇❡ ❤❛✈❡ t❤❛t (j,j′) ǫ |ϕ|✳ ❲❡ t❤✉s ❤❛✈❡
t❤❛t i ǫ Q

`

|ϕ|(x,y)
´

❜② ♠♦♥♦t♦♥✐❝✐t②✳
❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t eϕ(|ϕ|) = (∗,1,1)∪ (1,∗,1)∪ (1,1,1)✳

Pr♦♦❢ ♦❢ ✭✽✲✷✮✿ ❜② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇ t❤❛t (1, 1, 1) ✐s ♥♦t ❛♥

❡❧❡♠❡♥t ♦❢ ϕ̃
(
(∗, 1, 1) ∪ (1, ∗, 1) ∪ (1, 1, 1)

)
✳

❙✉♣♣♦s❡ ✐t ✐s ♥♦t t❤❡ ❝❛s❡✱ ✐✳❡✳ s✉♣♣♦s❡ t❤❛t
(
✐♥r(i), ✐♥r(i), i

)
ǫ ϕ̃ · ϕ̃(|ϕ|)✳ ❚❤✐s

♠❡❛♥s t❤❛t
(
✐♥r(i), ✐♥r(i), i

)
ǫ (1 ✫ Q) ⊸ (1 ✫ Q) ⊸ Q

(
ϕ̃(|ϕ|)

)
❢♦r ❛❧❧ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs Q ♦♥ I✳ ▲❡t j 6= j′ ❜❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ I✱ ❛♥❞ ❞❡☞♥❡

Q(x) ,

{
{i} ✐❢ j ǫ x ♦r j′ ǫ x

∅ ♦t❤❡r✇✐s❡ ✳

❲❡ ❤❛✈❡ t❤❛t ✐♥r(i) ǫ (1 ✫ Q)
(
{✐♥r(j)}

)
❛♥❞ ✐♥r(i) ǫ (1 ✫ Q)

(
{✐♥r(j′)}

)
✱ ❜✉t

s✐♥❝❡
(
(∗, 1, 1) ∪ (1, ∗, 1) ∪ (1, 1, 1)

)(
✐♥r(j), ✐♥r(j′)

)
= ∅✱4 ✇❡ ❤❛✈❡ i /ǫ Q

(
ϕ̃(|ϕ|)

)
✳ ❲❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t (✐♥r(i), ✐♥r(i), i) /ǫ ϕ̃ · ϕ̃(|ϕ|) ❛♥❞ ♦❜t❛✐♥

ϕ̃ · ϕ̃(|ϕ) ⊆ (∗, 1, 1) ∪ (1, ∗, 1) ✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t ❚r✉❡ , {(1, ∗, 1)} ❛♥❞ ❋❛❧s❡ , {(∗, 1, 1)} ❛r❡ ❜♦t❤ s❛❢❡t② ♣r♦♣❡rt✐❡s

❢♦r [[ϕ]]✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♦♥❧② ♥♦♥✲❡♠♣t② s❛❢❡t② ♣r♦♣❡rt✐❡s ❛r❡✿

✶✮ ❚r✉❡❀

✷✮ ❋❛❧s❡❀

✸✮ ❛♥❞ ❚r✉❡ ∪ ❋❛❧s❡✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❞♦ ❛ ❧✐tt❧❡ ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥ t♦ ❣✐✈❡ t❤❡ ❡①❛❝t ♣r❡❞✐❝❛t❡ tr❛♥s✲

❢♦r♠❡r [[ϕ]]✿ ✐t ✐s t❤❡ ✭s♠❛❧❧❡st✮ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❣❡♥❡r❛t❡❞ ❜②

[[ϕ]](x) =






{(1, 1, 1)} ✐❢ {(1, 1, 1), (1, 2, 1), (2, 1, 1)} ⊆ x

{(1, ∗, 1)} ✐❢ (1, ∗, 1) ǫ x

{(∗, 1, 1)} ✐❢ (∗, 1, 1) ǫ x

✳

§ ❇♦♦❧❡❛♥s✳ ❚❤❡ ❭r❡❛❧✧ ❜♦♦❧❡❛♥s ❢r♦♠ s②st❡♠✲F ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡①✿ t❤❡② ❛r❡

❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ ϕ , (∀X) !X ⊸ !X ⊸ X✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❛t t❤❡ ♦♥❧②

s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r [[ϕ]] ❛r❡ st✐❧❧ ❣✐✈❡♥ ❜② ❚r✉❡ , {([1], [], 1)} ❛♥❞ ❋❛❧s❡ , {([], [1], 1)}
✭❛♥❞ t❤❡✐r ✉♥✐♦♥✮✳ ❚♦ s❤♦✇ t❤❛t✱ ✇❡ ♣r♦❝❡❡❞ ❛s ❛❜♦✈❡✳ ❲❡ s❤♦✇✿

ϕ̃(|ϕ|) ⊆
⋃{

(1n, 1m, 1) | n+m > 0
}

ϕ̃
(⋃{

(1n, 1m, 1) | n+m > 0
})

⊆ ([1], [], 1) ∪ ([], [1], 1) ✳

✭✇❤❡r❡ 1n = [1,...,1] ♦❢ ❧❡♥❣t❤ n✮

❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❍♦✇❡✈❡r✱ ❣✐✈✐♥❣ ❛♥

❡①♣❧✐❝✐t ❞❡☞♥✐t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r [[ϕ]] ✐s q✉✐t❡ ❞✐✍❝✉❧t ❛♥❞ ✐♥✈♦❧✈❡s

❝♦♠❜✐♥❛t♦r✐❝s ♦♥ ♠✉❧t✐s❡ts✳

4 ✿ ❤❡r❡ ❛❣❛✐♥✱ (∗,1,1)∪ (1,∗,1)∪ (1,1,1) ⊆ ({∗}+I)× ({∗}+I)× I✱ ✐✳❡✳ ✐t ✐s ❛ t❡r♥❛r② r❡❧❛t✐♦♥❀ ❛s ❛

♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✱ ✐t ❤❛s t②♣❡ P
`

{∗}+I
´

× P
`

{∗}+I
´

→ P(I)✳



✶✻✽ ✽ ❙❡❝♦♥❞ ❖r❞❡r

§ ❭❙✇❛♣✧ ❇♦♦❧❡❛♥s✳ ❚❤❡r❡ ✐s ❛ s❡❝♦♥❞ ❧✐♥❡❛r ❢♦r♠✉❧❛ ❢♦r ❜♦♦❧❡❛♥s ✇❤✐❝❤ ❤❛s t❤❡

❛❞✈❛♥t❛❣❡ ♦❢ ✐♥✈♦❧✈✐♥❣ ♦♥❧②⊗ ❛♥❞⊸✿ ϕ , (∀X) (X⊗X)⊸ (X⊗X)✳ ❚❤❡ t✇♦ ❝❛♥♦♥✐❝❛❧

♣r♦♦❢s ❛r❡ ❡✐t❤❡r t❤❡ ✐❞❡♥t✐t② ♦r t❤❡ ❭s✇❛♣✧✱ ✇❤✐❝❤✱ ✐❢ ✇❡ ❞✐☛❡r❡♥t✐❛t❡ t❤❡ ♦❝❝✉rr❡♥❝❡s

♦❢ X ❧✐♥❦❡❞ ❜② ❛①✐♦♠s✱ ✐s t❤❡ ♣r♦♦❢ ❝♦♠✐♥❣ ❢r♦♠ (∀X) (X1 ⊗ X2)⊸ (X2 ⊗ X1)✳

❚❤❡ s❡t |ϕ| ✐s (I × I) × (I × I)✱ ❛♥❞ |ϕ|≈ ✐s s❧✐❣❤t❧② ❜✐❣❣❡r t❤❛♥ ❢♦r t❤❡ ❧✐♥❡❛r

❜♦♦❧❡❛♥s ✭✶✺ ❡❧❡♠❡♥ts✮✳ ❲❡ ✇r✐t❡ (ij, kl) ✐♥st❡❛❞ ♦❢
(
(i, j), (k, l)

)
✿

|ϕ|≈ =






(00, 00),

(00, 01), (00, 10), (01, 00), (10, 00),

(00, 12), (01, 02), (10, 20), (01, 20), (10, 02), (12, 00),

(00, 11), (01, 01), (01, 10),

(01, 23)






❖♥❝❡ ❛❣❛✐♥✱ t❤❡r❡ ❛r❡ ♦♥❧② t❤r❡❡ ♥♦♥✲❡♠♣t② s❛❢❡t② ♣r♦♣❡rt✐❡s✿

✶✮ ❚r✉❡ , {(00, 00), (01, 01)}❀
✷✮ ❋❛❧s❡ , {(00, 00), (01, 10)}❀
✸✮ t❤❡✐r ✉♥✐♦♥✳

❚♦ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❜✐❣❣❡r s❛❢❡t② ♣r♦♣❡rt✐❡s✱ ✐t s✉✍❝❡s t♦ s❤♦✇ t❤❛t

ϕ̃(|ϕ|) ⊆ (00, 00) ∪ (01, 01) ∪ (01, 10) ✳

▲❡t✬s ☞rst s❤♦✇ t❤❛t ϕ̃(|ϕ|) ⊆ (00, 00)∪(01, 01)∪(01, 10)∪(01, 00)∪(10, 00)✿ s✉♣♣♦s❡

t❤❛t t❤❡r❡ ✐s s♦♠❡ ♦t❤❡r (ij, kl) ǫ ϕ̃(|ϕ|)✳ ❚❤✐s ♠❡❛♥s ❡①❛❝t❧② t❤❛t {k, l} 6⊆ {i, j}✳

❉❡☞♥❡ Q t♦ ❜❡ ❝♦♥st❛♥t❧② ❡q✉❛❧ t♦ {i, j}✳ ❲❡ ❤❛✈❡ tr✐✈✐❛❧❧② t❤❛t (i, j) ǫ Q ⊗ Q(∅)✱

❜✉t ✇❡ ❝❛♥♥♦t ❤❛✈❡ (k, l) ǫ Q ⊗ Q
(
|ϕ|(∅)

)
✳ ■t ✐s t❤✉s ✐♠♣♦ss✐❜❧❡ ❢♦r (ij, kl) t♦ ❜❡

✐♥ ϕ̃(|ϕ|)✳

❚♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❧❛st t✇♦ ❡❧❡♠❡♥ts (ij, ii) ❛♥❞ (ji, ii)✱ ❞❡☞♥❡ Q(x) , x ∪ {j}✳ ❲❡

❞♦ ❤❛✈❡ i ǫ Q({i}) ❛♥❞ j ǫ Q(∅) s♦ t❤❛t (i, j) ǫ Q ⊗ Q(∅)✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t

❤❛✈❡ (i, i) ǫ Q⊗Q
(
|ϕ|(∅)

)
✳

❲❡ ♥♦✇ ♥❡❡❞ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❛r❡ ♥♦ s♠❛❧❧❡r s❛❢❡t② ♣r♦♣❡rt✐❡s t❤❛♥ ❚r✉❡✱

❋❛❧s❡ ❛♥❞ ❚r✉❡∪❋❛❧s❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❧❡t✬s s❤♦✇ t❤❛t {(00, 00)} ✐s ♥♦t ❛ s❛❢❡t② ♣r♦♣❡rt②

❢♦r [[ϕ]]✿ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t (ii, ii) /ǫ (Q ⊗ Q) ⊸ (Q ⊗ Q)
(
{(00, 00)}

)
✳ ❈❤♦♦s❡ t✇♦

❡❧❡♠❡♥ts j 6= j′ ✐♥ I✱ ❛♥❞ ❞❡☞♥❡ Q ❛s✿

Q(x) ,

{
{i} j ǫ x ♦r j′ ǫ x

∅ ♦t❤❡r✇✐s❡ ✳

❲❡ ❤❛✈❡ (i, i) ǫ Q ⊗ Q({(j, j′)})✱ ❜✉t s✐♥❝❡ (00, 00)
(
{(j, j′)}

)
= ∅✱ ✐t ✐s ♥♦t t❤❡ ❝❛s❡

t❤❛t (i, i) ǫ Q⊗Q
(
(00, 00)

(
{(j, j′)}

))
✳

❚♦ s❤♦✇ t❤❛t (ij, ij) /ǫ [[ϕ]]
(
{(01, 01)}

)
✱ ♦r t❤❛t (ij, ji) /ǫ [[ϕ]]

(
{(01, 10)}

)
✱ ✉s❡

Q(x) ,

{
{i, j} ✐❢ k ǫ x

∅ ♦t❤❡r✇✐s❡

❢♦r s♦♠❡ ❛r❜✐tr❛r② k ǫ I✳ ❲❡ ❤❛✈❡ (i, j) ǫ Q⊗Q
(
{(k, k)}

)
❜✉t (01, 01)

(
{(k, k)}

)
= ∅✳

❚❤❡ s❛♠❡ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r Q ❛❧s♦ s❤♦✇s t❤❛t {(01, 01), (01, 10)} ✐s ♥♦t ❛ s❛❢❡t②

♣r♦♣❡rt②✳

# ❘❡♠❛r❦ ✷✻✿ ✉♥❢♦rt✉♥❛t❡❧②✱ t❤❡r❡ ❛r❡ ♥♦t ♠❛♥② ❡❛s② ❡①❛♠♣❧❡s✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧s✱ ♥❛t✉r❛❧ ♥✉♠❜❡rs ✭❣✐✈❡♥ ❜②
t❤❡ ❢♦r♠✉❧❛ ϕ , (∀X)X ⊸ !(X ⊸ X) ⊸ X✮ t✉r♥ ♦✉t t♦ ❜❡ ♠✉❝❤ ♠♦r❡
❞✐✍❝✉❧t ❛♥❞ r❡q✉✐r❡s ♥♦♥✲tr✐✈✐❛❧ ❝♦♠❜✐♥❛t♦r✐❝s ♦♥ ♠✉❧t✐s❡ts✳



✽✳✷ ❙❡❝♦♥❞ ❖r❞❡r ✐♥ t❤❡ ❘❡❧❛t✐♦♥❛❧ ▼♦❞❡❧ ✶✻✾

8.2 Second Order in the Relational Model

❇❡❢♦r❡ ❞✐✈✐♥❣ ✐♥t♦ t❤❡ ❢✉❧❧ ❝♦♥str✉❝t✐♦♥✱ ❧❡t✬s r❡✈✐❡✇ ❜r✐❡✌② s❡❝♦♥❞ ♦r❞❡r ✐♥ t❤❡ r❡❧❛✲

t✐♦♥❛❧ ♠♦❞❡❧✳ ❚❤❡ ❞❡t❛✐❧s ✇❡ ♦♠✐t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✽❪✱ ❬✶✾❪ ♦r ❬✷✵❪✳

8.2.1 Injections

❉❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿ ✐❢ f ✐s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ X t♦ Y✱

� f+ , 〈gr(f)∼〉✱ ✐✳❡✳ f+ ✿ P(X)→ P(Y) ❛♥❞ f+(x) , {f(a) | a ǫ x}❀

� f④ , 〈gr(f)〉✱ ✐✳❡✳ f④ ✿ P(Y)→ P(X) ❛♥❞ f④(y) , {a | f(a) ǫ y}✳

❲❡ ❤❛✈❡✿

◦ Lemma 8.2.1: ✐❢ f ✐s ❛♥ ✐♥❥❡❝t✐♦♥ X →֒ Y✱ t❤❡♥

� f④ · f+ = IdP(X)❀

� f+ · f④ ⊆ IdP(Y)✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧②✱ f+ · f④(y) = f+(X) ∩ y✳

❖♥❡ ❧❛st t❤✐♥❣ ❛❜♦✉t ✐♥❥❡❝t✐♦♥s✿

⊲ Definition 8.2.2: ❛♥ ✐♥❥❡❝t✐♦♥ ι✿X →֒ Y s❛t✐s❢②✐♥❣ ι(a) = a ❢♦r ❛❧❧ a ǫ X ✐s

❝❛❧❧❡❞ ❛♥ ✐♥❝❧✉s✐♦♥✳ ❲❡ ✇r✐t❡ X ⊆ Y✳

8.2.2 Stable Functors

▲❡t Inj ❞❡♥♦t❡ t❤❡ ❝❛t❡❣♦r② ♦❢ s❡ts ❛♥❞ ✐♥❥❡❝t✐♦♥s✳

⊲ Definition 8.2.3: ❛ ❢✉♥❝t♦r F ❢r♦♠ Inj t♦ Inj ✐s st❛❜❧❡ ✐❢✿

✶✮ F s❡♥❞s ✐♥❝❧✉s✐♦♥s t♦ ✐♥❝❧✉s✐♦♥s❀

✷✮ F ❝♦♠♠✉t❡s ✇✐t❤ ☞♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s❀

✸✮ F ❝♦♠♠✉t❡s ✇✐t❤ ❞✐r❡❝t❡❞ ✉♥✐♦♥s✳

# ❘❡♠❛r❦ ✷✼✿ t❤❡ ❝❛t❡❣♦r✐❝❛❧ ❞❡☞♥✐t✐♦♥ ♦❢ st❛❜❧❡ ❢✉♥❝t♦r ✇♦✉❧❞ r❡❛❞ ❭❝♦♠✲
♠✉t❡s ✇✐t❤ ♣✉❧❧❜❛❝❦s ❛♥❞ ❞✐r❡❝t❡❞ ❧✐♠✐ts✧✳ ❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ s❡ts✱
✐t ✐s ♥❛t✉r❛❧ t♦ r❡q✉✐r❡ t❤❛t t❤❡ ❢✉♥❝t♦r ♣r❡s❡r✈❡s ✐♥❝❧✉s✐♦♥s✳ ❲❤❡♥ ❛ ❢✉♥❝✲
t♦r ♣r❡s❡r✈❡s ✐♥❝❧✉s✐♦♥s✱ ♣♦✐♥ts ✷ ❛♥❞ ✸ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❛t❡❣♦r✐❝❛❧
❞❡☞♥✐t✐♦♥✳

❚❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ st❛❜❧❡ ❢✉♥❝t♦r ✐s ❡①t❡♥❞❡❞ t♦ ❢✉♥❝t♦rs ♦❢ ❛r❜✐tr❛r② ❛r✐t②✳ ❲❡ ❝❛♥

t❛❧❦ ❛❜♦✉t ❛ st❛❜❧❡ ❢✉♥❝t♦r ❢r♦♠ Injn t♦ Inj✳ ❋♦r s✉❝❤ ❛ ❢✉♥❝t♦r F✱ ✇❡ ✇r✐t❡ F~X
(~f)✱ ♦r

s✐♠♣❧② F(~f) ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ F ♦♥ t❤❡ ✭♣♦✐♥t✇✐s❡✮ ✐♥❥❡❝t✐♦♥ ~f ✿ ~X →֒ ~Y✳

❙t❛❜❧❡ ❢✉♥❝t♦rs ❡♥❥♦② ❛ ✈❡r② ♥✐❝❡ ♣r♦♣❡rt②✿

◦ Lemma 8.2.4: ❧❡t F ❜❡ ❛ st❛❜❧❡ ❢✉♥❝t♦r ❢r♦♠ Injn t♦ Inj✱ ✐❢ a ǫ F(~X)✱

t❤❡♥ t❤❡r❡ ✐s ❛ ☞♥✐t❡ ~X0 ⊆ ~X s✉❝❤ t❤❛t a ǫ F(~X0)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s

❛ s♠❛❧❧❡st s✉❝❤ ~X0✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ a ❛♥❞ F ✭❛♥❞ ♥♦t ♦♥ X✮✳

❲❡ ✇r✐t❡ |a|F ❢♦r t❤✐s ✉♥✐q✉❡ ♠✐♥✐♠❛❧ s❡t ❛♥❞ ✇❡ ❝❛❧❧ ✐t t❤❡ s✉♣♣♦rt

♦❢ a✳

proof: s❡❡ ❬✶✾❪ ♦r ❬✶✽❪ ❢♦r t❤❡ ❡❛s② ♣r♦♦❢✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛♥② s❡t ✐s t❤❡

❞✐r❡❝t❡❞ ✉♥✐♦♥ ♦❢ ✐ts ☞♥✐t❡ s✉❜s❡ts ❛♥❞ t❤❛t st❛❜❧❡ ❢✉♥❝t♦r ♣r❡s❡r✈❡ ❞✐r❡❝t❡❞ ✉♥✐♦♥

❛♥❞ ❜✐♥❛r② ✐♥t❡rs❡❝t✐♦♥s✱ ❛♥❞ s❡♥❞ ✐♥❝❧✉s✐♦♥s t♦ ✐♥❝❧✉s✐♦♥s✳

�X

❲❡ ❤❛✈❡✿
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◦ Lemma 8.2.5: ❧❡t F ❜❡ ❛ ❢✉♥❝t♦r ❢r♦♠ Injn t♦ Inj ♣r❡s❡r✈✐♥❣ ✐♥❝❧✉s✐♦♥s

❛♥❞ ❧❡t f, g ✿ ~X →֒ ~Y❀ ✐❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ f ❛♥❞ g ❝♦✐♥❝✐❞❡ ♦♥ x ⊆ X✱

t❤❡♥ t❤❡ r❡str✐❝t✐♦♥ ♦❢ F(f) ❛♥❞ F(g) ❝♦✐♥❝✐❞❡ ♦♥ F(x)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ F ✐s st❛❜❧❡✱ a ǫ F(~X) ❛♥❞ ✐❢ ~f ❛♥❞ ~g ❛r❡ ✐♥❥❡❝t✐♦♥s

❢r♦♠ ~X t♦ ~Y ✇❤✐❝❤ ❝♦✐♥❝✐❞❡ ♦♥ |a|F✱ t❤❡♥ F(~f)(a) = F(~g)(a)✳

proof: t❤❛t~f ❛♥❞ ~g ❝♦✐♥❝✐❞❡ ♦♥ x ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② s❛②✐♥❣ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠

❝♦♠♠✉t❡s✿ ✭ι ❞❡♥♦t❡s ❛♥ ✐♥❝❧✉s✐♦♥✮

~x ⊂
ι

✲ ~X

~X

ι
❄

∩

⊂

~f
✲ ~Y

~g
❄

∩

❚❤✐s ✐♠♣❧✐❡s ✭❜❡❝❛✉s❡ F ✐s ❛ ❢✉♥❝t♦r ♣r❡s❡r✈✐♥❣ ✐♥❝❧✉s✐♦♥s✮ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛✲

❣r❛♠s ❝♦♠♠✉t❡s✿

F
(
~x) ⊂

ι
✲ F(~X)

F(~X)

ι
❄

∩

⊂
F(~f)

✲ F(~Y)

F(~g)
❄

∩

✐✳❡✳ F(~f) ❛♥❞ F(~g) ❝♦✐♥❝✐❞❡ ♦♥ F
(
|a|F

)
✳

❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐s ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ☞rst ♣♦✐♥t✳
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8.2.3 Trace of a Stable Functor

■❢ F ✐s ❛ st❛❜❧❡ ❢✉♥❝t♦r ♦❢ ❛r✐t② n + 1✱ ✐ts tr❛❝❡ ✇✐❧❧ ❜❡ ❛ ❢✉♥❝t♦r ♦❢ ❛r✐t② n✳ ❚❤❡ ✐❞❡❛

✐s t♦ ✉s❡ t❤❡ ♦♣❡r❛t✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✿ ✇❡ q✉♦t✐❡♥t ❜② t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡

❣r♦✉♣ SI✳

⊲ Definition 8.2.6: ✐❢ F ✐s ❛ st❛❜❧❡ ❢✉♥❝t♦r ♦❢ ❛r✐t② n + 1❀ ❞❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣

n✲❛r② ❢✉♥❝t♦r ❚ F✱ ❝❛❧❧❡❞ t❤❡ tr❛❝❡ ♦❢ F✿

� ❛❝t✐♦♥ ♦♥ ♦❜❥❡❝ts✿

(❚ F)(X1, . . . , Xn) , F(X1, . . . , Xn, I)≈F

✇❤❡r❡ a ≈F b ✐☛ a = F~X,I
(~Id, σ)(b) ❢♦r s♦♠❡ ☞♥✐t❡ ❜✐❥❡❝t✐♦♥ σ ✿ SI❀

� ❛❝t✐♦♥ ♦♥ ♠♦r♣❤✐s♠s✿ s✉♣♣♦s❡ ~f ✿ ~X→ ~Y✱ ❞❡☞♥❡

(❚ F)~X
(~f) ✿ (❚ F)(~X) → (❚ F)(~Y)

{a}≈ 7→
{
F~X,I

(~f, σ)(a) | σ ✿ SI

}
✳

■t ✐s tr✐✈✐❛❧ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❞❡☞♥✐t✐♦♥ ✐s s♦✉♥❞✳

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

◦ Lemma 8.2.7: ❙✉♣♣♦s❡ F ✐s ❛ st❛❜❧❡ ❢✉♥❝t♦r ♦❢ ❛r✐t② n + 1❀ s✉♣♣♦s❡

♠♦r❡♦✈❡r t❤❛t a ǫ F(X1, . . . , Xn, Y) ✇❤❡r❡ Y ✐s ❛♥ ✐♥☞♥✐t❡ s❡t✳ ■❢ f ✐s

❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ Y t♦ Y✱ t❤❡♥ ✇❡ ❤❛✈❡ a ≈F F~X,Y
(~Id, f)(a)✳



✽✳✸ ❖♣❡♥ ❋♦r♠✉❧❛s ❛s Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✼✶

proof: ✇❡ ♦♥❧② ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ✇❤❡♥ F ✐s ♦❢ ❛r✐t② 1✱ t❤❡ ♦t❤❡r ❝❛s❡s ❛r❡ s✐♠✐❧❛r✳ ❇②

❧❡♠♠❛ ✽✳✷✳✹✱ ✇❡ ❤❛✈❡ a ǫ F(|a|F) ✇❤❡r❡ |a|F ⊆f Y ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ f t♦ |a|F ✐s

❛♥ ✐♥❥❡❝t✐♦♥ ✇✐t❤ ☞♥✐t❡ s✉♣♣♦rt✱ s♦ t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ ✐t t♦ ❛ ❜✐❥❡❝t✐♦♥ g✿Y ∼→ Y✳

❲❡ ❝❛♥ ❡✈❡♥ ❡♥s✉r❡ t❤❛t t❤✐s ❜✐❥❡❝t✐♦♥ ✐s ❛ ☞♥✐t❡ ♣❡r♠✉t❛t✐♦♥✳

❙✐♥❝❡ f ❛♥❞ g ❝♦✐♥❝✐❞❡ ♦♥ |a|F✱ ✇❡ ❝❛♥ ❛♣♣❧② ❧❡♠♠❛ ✽✳✷✳✺ ❛♥❞ ❣❡t F(f)(a) = F(g)(a)✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t a ≈F F(g)(a)✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

�X

8.3 Open Formulas as Predicate Transformers

❲❡ ❝❛♥ ♥♦✇ ❧✐❢t t❤❡ ♥♦t✐♦♥s ♦❢ st❛❜❧❡ ❢✉♥❝t♦r ❛♥❞ tr❛❝❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs✳

8.3.1 Rigid Embeddings

❚❤❡ ☞rst q✉❡st✐♦♥ t♦ ❛♥s✇❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❤❛t ✐s ❛♥ ❭✐♥❥❡❝t✐♦♥✧ ❜❡t✇❡❡♥ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡rs❄ ❚❤❡ ❛♥s✇❡r ✐s ❣✐✈❡♥ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ r✐❣✐❞ ❡♠❜❡❞❞✐♥❣✿

⊲ Definition 8.3.1: ✐❢ (X, P) ❛♥❞ (Y,Q) ❛r❡ ✐♥t❡r❢❛❝❡s✱ ❛ r✐❣✐❞ ❡♠❜❡❞❞✐♥❣ ❢r♦♠ P

t♦ Q ✐s ❛♥ ✐♥❥❡❝t✐♦♥ f ✿ X →֒ Y s❛t✐s❢②✐♥❣ P · f④ = f④ ·Q✳

❲❡ ✇r✐t❡ f ✿ (X, P) →֒ (Y,Q)✱ ♦r s✐♠♣❧② f ✿ P →֒ Q✳ ■❢ f ✐s ❛♥ ✐♥❝❧✉s✐♦♥✱ ✇❡

✇r✐t❡ (X, P) ≺ (Y,Q) ❛♥❞ s❛② t❤❛t P ✐s ❛ s✉❜♦❜❥❡❝t ♦❢ Q✳

❆s ❧❡♠♠❛ ✽✳✸✳✼ ✇✐❧❧ s❤♦✇✱ ❛ r✐❣✐❞ ❡♠❜❡❞❞✐♥❣ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❡♠❜❡❞❞✐♥❣✳ ❙✐♥❝❡

✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ r✐❣✐❞ ❡♠❜❡❞❞✐♥❣s✱ ✇❡ ♦♠✐t t❤❡ ❛❞❥❡❝t✐✈❡ ❭r✐❣✐❞✧✳

❆ s✉❜♦❜❥❡❝t ♦❢ (X, P) ✐s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✉❜s❡t X0 ♦❢ X✿

◦ Lemma 8.3.2: ✇❡ ❤❛✈❡✱ (X0, P0) ≺ (X, P) ✐☛ P(x) ∩ X0 ⊆ P(x ∩ X0) ❢♦r

❛❧❧ x ⊆ X✳

proof: ❧❡t ι ✿ (X0, P0) ≺ (X, P) ❜❡ ❛♥ ❡♠❜❡❞❞✐♥❣✱

(∀x ⊆ X) P0 · ι
④(x) = ι④ · P(x)

⇔ { ι④(x) = X0 ∩ x }

(∀x ⊆ X) P0(X0 ∩ x) = X0 ∩ P(x)

⇒ { ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r x∩ X0 ✱ P0(X0 ∩ x) = X0 ∩ P(X0 ∩ x) }

(∀x ⊆ X) X0 ∩ P(X0 ∩ x) = X0 ∩ P(x)

⇔

(∀x ⊆ X) X0 ∩ P(x) ⊆ P(X0 ∩ x)

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✿ ❢♦r ❛♥② ❡♠❜❡❞❞✐♥❣ (X0, P0) ≺ (X, P)✱ t❤❡ ♣r❡❞✐❝❛t❡

tr❛♥s❢♦r♠❡r P0 ✐s ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡ ❢♦r♠ P0(x0) = X0 ∩ P(x0)✳ ❚❤✐s ❛❧❧♦✇s t♦

✇r✐t❡ X0 ≺ (X, P) ✇✐t❤♦✉t ❢❡❛r ♦❢ ❝♦♥❢✉s✐♦♥✳
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❆s ♦♣♣♦s❡❞ t♦ t❤❡ tr❛❞✐t✐♦♥❛❧ ❝❛s❡ ♦❢ ❝♦❤❡r❡♥t s♣❛❝❡s✱ ✐t ✐s ♥♦t t❤❡ ❝❛s❡ t❤❛t ❛♥②

s✉❜s❡t ♦❢ (X, P) ❝❛♥ ❜❡ ♠❛❞❡ ✐♥t♦ ❛ s✉❜♦❜❥❡❝t ♦❢ (X, P)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ ✐♥t❡r❢❛❝❡

♥❡❡❞s ♥♦t ❜❡ t❤❡ ❧✐♠✐t ♦❢ ✐ts ☞♥✐t❡ s✉❜♦❜❥❡❝ts✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ✐♥☞♥✐t❡ ✐♥t❡r❢❛❝❡

✇✐t❤ ♥♦ ♣r♦♣❡r s✉❜♦❜❥❡❝t✿

P ✿ P(N) → P(N)
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x 7→

{
N ✐❢ x = N

∅ ♦t❤❡r✇✐s❡ ✳

# ❘❡♠❛r❦ ✷✽✿ ✉♥❢♦rt✉♥❛t❡❧②✱ t❤❡r❡ ✐s ♥♦✇ ❡❛s② ✇❛② ♦✉t ♦❢ t❤✐s✿
✲ ✇❡ ❝❛♥♥♦t r❡q✉✐r❡ t❤❛t ❛❧❧ ☞♥✐t❡ s✉❜s❡ts t♦ ❜❡ s✉❜♦❜❥❡❝t ✭s❡❡ r❡✲
♠❛r❦ ✷✾ ♦♥ ♣❛❣❡ ✶✼✾✮ ❛s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❝❤ ✐♥t❡r❢❛❝❡s ✐s ♥♦t
❝❧♦s❡❞ ❜② ❞✉❛❧ ✭s❡❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✮❀

✲ ✐❢ ✇❡ r❡q✉✐r❡ ❛❧❧ s✉❜s❡ts t♦ ❜❡ s✉❜♦❜❥❡❝ts✱ ✇❡ ♦❜t❛✐♥ s♦♠❡t❤✐♥❣ q✉✐t❡
❞❡❣❡♥❡r❛t❡ ✇❤❡r❡ x⊆ P(X) ⇒ x⊆ P(x)✱ ✐✳❡✳ ❙(P) = P(P(X))✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥② s✉♣❡rs❡t Y ♦❢ X ❝❛♥ ❜❡ ♠❛❞❡ ✐♥t♦ ❛ s✉♣❡r♦❜❥❡❝t ♦❢ (X, P)✿

❥✉st ❞❡☞♥❡ Q(y) , P(y ∩ X)✳

⊲ Definition 8.3.3: t❤❡ ❝❛t❡❣♦r② Emb ❤❛s ❝♦✉♥t❛❜❧❡ ✐♥t❡r❢❛❝❡s ❛s ♦❜❥❡❝ts ❛♥❞

r✐❣✐❞ ❡♠❜❡❞❞✐♥❣s ❛s ♠♦r♣❤✐s♠s✳

❚❤✐s ❝❛t❡❣♦r② ❡♥❥♦②s ♠❛♥② ❝❧♦s✉r❡ ♣r♦♣❡rt✐❡s✱ s✐♠✐❧❛r t♦ Inj✳ ❋♦r ❡①❛♠♣❧❡✿

◦ Lemma 8.3.4:

� ❛♥② ❡♠❜❡❞❞✐♥❣ ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ❛s ❛♥ ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇❡❞ ❜② ❛♥

✐s♦♠♦r♣❤✐s♠❀

� Emb ❤❛s ❛❧❧ ☞❧t❡r❡❞ ❧✐♠✐ts ❛♥❞ ♣✉❧❧❜❛❝❦s✳

❙✐♥❝❡ t❤♦s❡ ♣r♦♣❡rt✐❡s ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ✐♥ t❤❡ s❡q✉❡❧✱ t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳ ❲❡ ♦♥❧②

♠❡♥t✐♦♥ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✉s❡❞ ✐♥ Inj ❛♥❞ t❤❛t ♦♥❡ ❥✉st

♥❡❡❞s t♦ ❝❤❡❝❦ t❤❛t t❤❡② ♣r❡s❡r✈❡ ❡♠❜❡❞❞✐♥❣s ❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡s✳

• Corollary 8.3.5: ❚❤❡ ❝❧❛ss ♦❢ ✐♥t❡r❢❛❝❡s s❛t✐s☞❡s✿

� t❤❡ r❡❧❛t✐♦♥ ❭≺✧ ✐s ❛ ♣❛rt✐❛❧ ♦r❞❡r❀

� ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r ☞♥✐t❡ ❣❧❜s ✭✐♥t❡rs❡❝t✐♦♥✮❀

� ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r ❞✐r❡❝t❡❞ ❧✉❜s ✭✉♥✐♦♥✮❀

� ✐t ✐s ❝❧♦s❡❞ ✉♥❞❡r ❭❜♦✉♥❞❡❞✧ ❧♦✇❡st ✉♣♣❡r ❜♦✉♥❞s✿ ✐❢ X0 ≺ (X, P)

❛♥❞ X1 ≺ (X, P)✱ t❤❡♥ X0 ∪ X1 ≺ (X, P)✳

❲❤❛t ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ✐s t❤❛t ❡♠❜❡❞❞✐♥❣s ✐♥t❡r❛❝t ✇❡❧❧ ✇✐t❤ t❤❡ ❧♦❣✐❝❛❧ ❝♦♥♥❡❝t✐✈❡s✿

◦ Lemma 8.3.6: ✐❢ f1 ✿ (X1, P1) →֒ (Y1, Q1) ❛♥❞ f2 ✿ (X2, P2) →֒ (Y2, Q2)✱

✇❡ ❤❛✈❡✿

� f1 ✿ P⊥1 →֒ Q⊥
1 ✭❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ X0 ≺ (X,P) ✐☛ X0 ≺ (X,P⊥)✮❀

� f1 ⊕ f2 ✿ P1 ⊕ P2 →֒ Q1 ⊕Q2❀

� f1 ⊗ f2 ✿ P1 ⊗ P2 →֒ Q1 ⊗Q2❀

� !f1 ✿ !P1 →֒ !Q1❀

proof: ❧❡t✬s ♦♥❧② ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ♥❡❣❛t✐♦♥✿ ✇r✐t❡ ∁ ❢♦r ❝♦♠♣❧❡♠❡♥t❛t✐♦♥✱

f ✿ (X, P) →֒ (Y,Q)

⇔ { ❞❡☞♥✐t✐♦♥ }

P · f④ = f④ ·Q

⇔

∁ · P · f④ · ∁ = ∁ · f④ ·Q · ∁
⇔ { f④ ❝♦♠♠✉t❡s ✇✐t❤ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ }

∁ · P · ∁ · f④ = f④ · ∁ ·Q · ∁
⇔



✽✳✸ ❖♣❡♥ ❋♦r♠✉❧❛s ❛s Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✼✸

P⊥ · f④ = f④ ·Q⊥

⇔ { ❞❡☞♥✐t✐♦♥ }

f ✿ (X, P)⊥ →֒ (Y,Q)⊥

❚❤❡ ♦t❤❡r ❝❛s❡s ❛r❡ ✐♥ ♥♦ ✇❛② ♠♦r❡ ❞✐✍❝✉❧t✳

�X

❚❤❡ ❝❡♥tr❛❧ ❢❛❝t ✐s t❤❛t ❧✐♥❡❛r ♥❡❣❛t✐♦♥ ✐s ❝♦✈❛r✐❛♥t✳ ✭❲❡ ❛r❡ ♥♦t ✭②❡t✮ ❞❡☞♥✐♥❣ ❛

❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧✿ ❛♥ ❡♠❜❡❞❞✐♥❣ ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛ ♣r♦♦❢✳✮

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡✿

◦ Lemma 8.3.7: ✐❢ f ✿ P →֒ Q✱ t❤❡♥✿

� gr(f) ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ P t♦ Q❀

� gr(f)∼ ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ Q t♦ P✱ ✐t ✐s ❧❡❢t ✐♥✈❡rs❡ t♦ gr(f)❀

� x ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r P ✐☛ f+(x) ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r Q❀

� ✐❢ y ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r Q✱ t❤❡♥ f④(y) ✐s ❛ s❛❢❡t② ♣r♦♣❡rt②

❢♦r P✳

proof: t❤❡ ♦♥❧② ♥♦♥ tr✐✈✐❛❧ ♣❛rt ✐s ❝❤❡❝❦✐♥❣ t❤❡ s❡❝♦♥❞ ♣♦✐♥t✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t

t❤❛t 〈gr(f)∼〉 = [gr(f)∼] ❛♥❞ t❤❛t r ✐s ❛ s✐♠✉❧❛t✐♦♥ ❢r♦♠ P t♦ Q ✐☛ P · [r∼] ⊆ [r∼] ·Q✳

✭❚❤✐s ♣♦✐♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ●❛❧♦✐s ❝♦♥♥❡❝t✐♦♥ 〈r〉 ⊢ [r∼] ✭❧❡♠♠❛ ✷✳✺✳✶✶✮✳✮

�X

8.3.2 Parametric Interfaces

❲❡ ♥♦✇ ❤❛✈❡ t❤❡ t❡❝❤♥♦❧♦❣② ♥❡❡❞❡❞ t♦ ❞❡☞♥❡ ❭♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✧✳ ❚❤♦s❡ ❛r❡

♠❡❛♥t t♦ r❡♣r❡s❡♥t ❢♦r♠✉❧❛s ✇✐t❤ ❢r❡❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✐❞❡❛ ✐s✱ ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ♠♦❞❡❧

♦❢ s②st❡♠✲F ♣r❡s❡♥t❡❞ ✐♥ ❬✸✽❪✱ t❤❛t ❛ ❢♦r♠✉❧❛ ✇✐t❤ ❢r❡❡ ✈❛r✐❛❜❧❡ X ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛

st❛❜❧❡ ❢✉♥❝t♦r ❢r♦♠ Emb t♦ Emb✳ ❲❡ ♠♦r❡♦✈❡r r❡q✉✐r❡ t❤✐s ❢✉♥❝t♦r t♦ ❜❡ s♣❧✐t ✐♥ t✇♦

♣❛rts✿

� ♦♥❡ ♣❛rt ❛❝t✐♥❣ ♦♥ t❤❡ s❡ts ✭♦❢ st❛t❡s✮✱ ✐✳❡✳ t❤❡ r❡❧❛t✐♦♥❛❧ ♣❛rt❀

� ♦♥❡ ♣❛rt ❛❝t✐♥❣ ♦♥ ✐♥t❡r❢❛❝❡s ♦♥ t❤♦s❡ s❡ts✳

❋♦r♠❛❧❧②✱ t❤✐s ❣✐✈❡s✿

⊲ Definition 8.3.8: ❛♥ n✲❛r② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ ✐s ❛ ♣❛✐r (|F|, F)✱ ✇❤❡r❡✿

✶✮ |F| ✐s ❛ st❛❜❧❡ ❢✉♥❝t♦r ❢r♦♠ Injn t♦ Inj❀

✷✮ ✐❢ ~P ✐s ❛♥ ✐♥t❡r❢❛❝❡ ♦♥ ~X✱ t❤❡♥ F(~P) ✐s ❛♥ ✐♥t❡r❢❛❝❡ ♦♥ F(~X)❀

✸✮ ✐❢ ~f ✿ (~X,~P) →֒ (~Y, ~Q)✱ t❤❡♥ |F|(~f) ✿
(
|F|(~X), F(~P)

)
→֒
(
|F|(~Y), F(~Q)

)
✳

✭✇❤❡r❡ ❛❧❧ t❤❡ ✈❡❝t♦rs ❤❛✈❡ ❧❡♥❣t❤ n✮

|F| ✐s ❝❛❧❧❡❞ t❤❡ r❡❧❛t✐♦♥❛❧ ♣❛rt ♦❢ (|F|, F)❀ ✇❡ ✉s✉❛❧❧② ♦♠✐t ✐t✳

❆♥② s✉❝❤ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ tr✐✈✐❛❧❧② ✐♥❞✉❝❡s ❛ ❢✉♥❝t♦r ❢r♦♠ Embn t♦ Emb✳ ▼♦r❡✲

♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❡❛s②✮ ♣r♦♣❡rt②✿

◦ Lemma 8.3.9: ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ Embn t♦ Emb✱ ❛♥ n✲❛r② ♣❛r❛♠❡tr✐❝

✐♥t❡r❢❛❝❡ ❝♦♠♠✉t❡s ✇✐t❤ ♣✉❧❧❜❛❝❦s ❛♥❞ ❞✐r❡❝t❡❞ ❧✐♠✐ts✳

◆♦t❡ ❤♦✇❡✈❡r t❤❛t ✐t ✐s ✈❡r② ✉♥❧✐❦❡❧② t❤❛t ❛♥② st❛❜❧❡ ❢✉♥❝t♦r ❢r♦♠ Embn t♦ Emb ❝❛♥

❜❡ s♣❧✐t ✐♥t♦ ❛ r❡❧❛t✐♦♥❛❧ ♣❛rt ❛♥❞ ❛ s♣❡❝✐☞❝❛t✐♦♥ ♣❛rt✳



✶✼✹ ✽ ❙❡❝♦♥❞ ❖r❞❡r

❲❡ ❝❛♥ ♥♦✇ ❧✐❢t ❛❧❧ t❤❡ ❧♦❣✐❝❛❧ ❝♦♥str✉❝t✐♦♥s ♦♥ ✐♥t❡r❢❛❝❡s✿

⊲ Definition 8.3.10: ✐❢ F ❛♥❞ G ❛r❡ n✲❛r② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✱ ❞❡☞♥❡ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✿

F⊥(~P) , F(~P)⊥

F⊕G(~P) , F(~P)⊕G(~P)

F⊗G(~P) , F(~P)⊗G(~P)

(!F)(~P) , !
(
F(~P)

)
✳

✭t❤❡ r❡❧❛t✐♦♥❛❧ ♣❛rt ✐s ❞❡☞♥❡❞ ♣♦✐♥t✇✐s❡ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✮

❚❤❛t t❤♦s❡ ♦♣❡r❛t✐♦♥s ②✐❡❧❞ ♣❛r❛♠❡tr✐❝ s♣❡❝✐☞❝❛t✐♦♥s ❢♦❧❧♦✇s ❢r♦♠ ❧❡♠♠❛ ✽✳✸✳✻✳

8.3.3 Parametric Safety properties (Objects of Variable Type)

❚❤❡ ❛✐♠ ✐s ♥♦✇ t♦ r❡♣r❡s❡♥t ❭♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt✐❡s✧✱ ✐✳❡✳ ✐❢ F ✐s ❛ ♣❛r❛♠❡tr✐❝

✐♥t❡r❢❛❝❡✱ t❤❡♥ ❛ ❭s❛❢❡t② ♣r♦♣❡rt②✧ ❢♦r ✐t s❤♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ❛ ❢❛♠✐❧② ♦❢ s❛❢❡t② ♣r♦♣❡r✲

t✐❡s ❢♦r ❛❧❧ t❤❡ F(P)✳ ❲❡ ☞rst ✐♥tr♦❞✉❝❡ t❤❡ ♠♦r❡ ✐♥t✉✐t✐✈❡ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡

t②♣❡ F ❛♥❞ t❤❡♥ s❤♦✇ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s✐♠♣❧✐❢② t❤✐s t♦ ♦❜t❛✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢

t②♣❡ F✱ s❧✐❣❤t❧② ❧❡ss ✐♥t✉✐t✐✈❡ ❜✉t ❡❛s✐❡r t♦ ♠❛♥✐♣✉❧❛t❡✳

§ ❖❜❥❡❝ts ♦❢ ❱❛r✐❛❜❧❡ ❚②♣❡✳ ❆ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F s❤♦✉❧❞ ❜❡ ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r

❛❧❧ t❤❡ ✐♥t❡r❢❛❝❡s F(~P)✳ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ t❤✐s ✐s ♥♦t q✉✐t❡ ❡♥♦✉❣❤✱ ❛♥❞ ✇❡ ♥❡❡❞

t♦ r❡q✉✐r❡ t❤❛t s✉❝❤ ❛ s❛❢❡t② ♣r♦♣❡rt② ❜❡❤❛✈❡s ✇❡❧❧ ✇✳r✳t✳ ❡♠❜❡❞❞✐♥❣s✿

⊲ Definition 8.3.11: ❧❡t F ❜❡ ❛♥ n✲❛r② ✐♥t❡r❢❛❝❡❀ ❛♥ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ F✱ ♦r

❛ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F ✐s ❣✐✈❡♥ ❜② ❛ ❢❛♠✐❧②
(
t~X
)

~X
✐♥❞❡①❡❞ ❜②

❝♦✉♥t❛❜❧❡ ✭♣♦ss✐❜❧② ☞♥✐t❡✮ s❡ts s✉❝❤ t❤❛t✿

✶✮ t~X ⊆ |F|(
~X)❀

✷✮ t~X = |F|(~f)④(t~Y) ✇❤❡♥❡✈❡r
~f ✿ ~X →֒ ~Y❀ ✭st❛❜✐❧✐t②✮

✸✮ ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ~P ♦♥ ~X✱ t~X ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F(~P)✳

❲❡ ✇r✐t❡ t ✿✿ F t♦ ♠❡❛♥ t❤❛t t ✐s ❛ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F✳

❆ ✭❜♦r✐♥❣✮ ❡①❛♠♣❧❡ ♦❢ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt② ✐s t❤❡ ❝♦♥st❛♥t❧② ❡♠♣t② ❢❛♠✐❧②✿

t❤✐s ✐s ❛ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r ❡✈❡r② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡✳

❈♦♥s✐❞❡r✐♥❣ ❢❛♠✐❧✐❡s ✐♥❞❡①❡❞ ❜② ❛❧❧ ❝♦✉♥t❛❜❧❡ s❡ts ♠❛② s❡❡♠ ❛ ❧✐tt❧❡ ❡①tr❡♠❡✳

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ❛ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt② ✐s ✐♥ ❢❛❝t ❞❡t❡r♠✐♥❡❞ ❜② ✐ts

✈❛❧✉❡ ♦♥ ☞♥✐t❡ s❡ts5 ❛♥❞ s❡❝t✐♦♥ ✽✳✸✳✹ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❡✈❡♥ r❡str✐❝t t♦ t❤❡ s✐♥❣❧❡

✈❛❧✉❡ ♦♥ t❤❡ s❡t I✳

◦ Lemma 8.3.12: ✐❢ t ✿✿ F✱ t❤❡♥ a ǫ t~X ✐☛ a ǫ t|a|F ∩ |F|(~X)✳ ❲❡ t❤✉s ❤❛✈❡

t~X =
{
a ǫ |F|(~X) | a ǫ t|a|F

}
✳

proof: t❤✐s ✐s ❛♥ ❡❛s② ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ ❞❡☞♥✐t✐♦♥ ✽✳✸✳✶✶✳

�X

▼♦r❡♦✈❡r✱ s✐♥❝❡ |F|(f)④ ❝♦♠♠✉t❡s ✇✐t❤ ✉♥✐♦♥s✱ t❤❡ ❧❛tt✐❝❡ str✉❝t✉r❡ ♦❢ s❛❢❡t②

♣r♦♣❡rt✐❡s ❢♦r ❛ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ❧✐❢ts ♣♦✐♥t✇✐s❡ t♦ n✲❛r② ✐♥t❡r❢❛❝❡s✿

5 ✿ ❲❡ ❤❛✈❡♥✬t ❣❛✐♥❡❞ ♠✉❝❤✱ s✐♥❝❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞♥✐t❡ s❡ts ✐s st✐❧❧ ❛ ♣r♦♣❡r ❝❧❛ss✦



✽✳✸ ❖♣❡♥ ❋♦r♠✉❧❛s ❛s Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✼✺

◦ Lemma 8.3.13: t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r ❛

❣✐✈❡♥ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ ❢♦r♠s ❛ ❝♦♠♣❧❡t❡ s✉♣✲❧❛tt✐❝❡✳

§ ▼♦♥♦t♦♥✐❝ ❖❜❥❡❝ts ❛♥❞ ❈♦♠♣♦s✐t✐♦♥✳ ❖♥❡ ♣r♦❜❧❡♠ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♦❜❥❡❝ts ♦❢

✈❛r✐❛❜❧❡ t②♣❡ ✐s t❤❛t t❤❡② ❛r❡ ♥♦t ❝❧♦s❡❞ ✉♥❞❡r ❝♦♠♣♦s✐t✐♦♥✿ ✐❢ ✇❡ ❢♦❧❧♦✇ s❡❝t✐♦♥ ✼✳✶✱

❛ ♠♦r♣❤✐s♠ ❢r♦♠ F t♦ G ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F ⊸ G✳ ❍♦✇❡✈❡r✱ ✐❢ t ✿✿ F ⊸ G

❛♥❞ t′ ✿✿ G ⊸ H✱ t❤❡♥ t❤❡ ♣♦✐♥t✇✐s❡ ❝♦♠♣♦s✐t✐♦♥ t′ · t ♥❡❡❞s ♥♦t ❜❡ ❛♥ ♦❜❥❡❝t ♦❢

✈❛r✐❛❜❧❡ t②♣❡ F ⊸ H✳ ■♥ ♦r❞❡r t♦ ❝♦♣❡ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✇❡❛❦❡r

♥♦t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t✿

⊲ Definition 8.3.14: ❧❡t F ❜❡ ❛♥ n✲❛r② ✐♥t❡r❢❛❝❡❀ ❛ ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡

t②♣❡ F ✐s ❣✐✈❡♥ ❜② ❛ ❢❛♠✐❧②
(
t~X
)

~X
✐♥❞❡①❡❞ ❜② ❝♦✉♥t❛❜❧❡ ✭♣♦ss✐❜❧② ☞♥✐t❡✮ s❡ts

s✉❝❤ t❤❛t✿

✶✮ t~X ⊆ |F|(
~X)❀

✷✮ t~X ⊆ |F|(
~f)④(t~Y) ✇❤❡♥❡✈❡r

~f ✿ ~X →֒ ~Y❀ ✭✇❡❛❦ st❛❜✐❧✐t②✮

✸✮ ❢♦r ❛♥② s♣❡❝✐☞❝❛t✐♦♥ ~P ♦♥ ~X✱ t~X ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r F(~P)✳

❚❤❡ ♦♥❧② ❞✐☛❡r❡♥❝❡ ✇✐t❤ ❞❡☞♥✐t✐♦♥ ✽✳✸✳✶✶ ✐s t❤❛t ✇❡ r❡❧❛①❡❞ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ t♦

❛♥ ✐♥❝❧✉s✐♦♥✱ r❛t❤❡r t❤❛♥ ❛♥ ❡q✉❛❧✐t②✳ ❊✈❡r② ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛

r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ ✈✐❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧♦s✉r❡ ♦♣❡r❛t✐♦♥✿

◦ Lemma 8.3.15: ✐❢ t ✐s ❛ ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t ♦❢ t②♣❡ F❀ ❞❡☞♥❡ t̂ ❛s✿

t̂~X ,
⋃

~X⊆~Y

t~Y ∩ |F|(
~X) ✳

❲❡ ❤❛✈❡ t̂ ✿✿ F✳

▼♦r❡♦✈❡r✱ ̂ ✐s ❛ ❝❧♦s✉r❡ ♦♣❡r❛t✐♦♥✿ t̂ ✐s t❤❡ s♠❛❧❧❡st ♦❜❥❡❝t ♦❢ ✈❛r✐✲

❛❜❧❡ F ❝♦♥t❛✐♥✐♥❣ t✳6

proof: t❤❡ ♦♥❧② ♥♦♥✲tr✐✈✐❛❧ ♣❛rt ✐s s❤♦✇✐♥❣ t❤❛t (̂t)~X
✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ❢♦r ❛♥② F(~P)✳

❙✐♥❝❡ s❛❢❡t② ♣r♦♣❡rt✐❡s ❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ❛r❜✐tr❛r② ✉♥✐♦♥s✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇

t❤❛t t~Y ∩ |F|(
~X) ✐s s✉❝❤ ❛ ✉♥✐✈❡rs❛❧ s❛❢❡t② ♣r♦♣❡rt② ✇❤❡♥❡✈❡r ~X ⊆ ~Y✳

▲❡t ~X ⊆ ~Y✱ ❛♥❞ s✉♣♣♦s❡ ~P ✐s ❛ s♣❡❝✐☞❝❛t✐♦♥ ♦♥ ~X✳ ❲❡ ❝❛♥ ❭❡①t❡♥❞✧ ~P t♦ ❛

s♣❡❝✐☞❝❛t✐♦♥ ~Q ♦♥ ~Y s♦ t❤❛t (~X,~P) ≺ (~Y, ~Q)✿ ❞❡☞♥❡ ~Q(~y) , ~P(~y∩~X)✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t
(
|F|(~X), F(~P)

)
≺
(
|F|(~Y), F(~Q)

)
✳ ❇② ❧❡♠♠❛ ✽✳✸✳✷✱ ✇❡ ❦♥♦✇ t❤❛t

|F|(~X) ∩ F(~Q)(t~Y) ⊆ F(~Q)(|F|(~X) ∩ t~Y) ✳ ✭✽✲✸✮

❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣✉t❡✿

t~Y ∩ |F|(
~X)

⊆ { t~Y
✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ F(~Q) }

F(~Q)(t~Y) ∩ |F|(
~X)

⊆ { r❡♠❛r❦ ✭✽✲✸✮ ❛❜♦✈❡ }

F(~Q)
(
t~Y ∩ |F|(

~X)
)

⊆ {
`

|F|(~X),F(~P)
´

≺
`

|F|(~Y),F(~Q)
´

✱ s♦ ✇❡ ❤❛✈❡ F(~P)
`

|F|(~X)∩ ~y
´

= F(~Q)(~y)∩ |F|(~X) }

F(~P)
(
t~Y ∩ |F|(

~X)
)

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

�X

6 ✿ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ✉♥✐♦♥ ✐♥❞❡①❡❞ ❜② ❛ ♣r♦♣❡r ❝❧❛ss✦



✶✼✻ ✽ ❙❡❝♦♥❞ ❖r❞❡r

◦ Lemma 8.3.16: ✐❢ t ❛♥❞ t′ ❛r❡ ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝ts ♦❢ t②♣❡ F ⊸ G

❛♥❞ G⊸ H✱ t❤❡♥ t❤❡ ✭♣♦✐♥t✇✐s❡✮ ❝♦♠♣♦s✐t✐♦♥ (t′ · t)~X
, (t′)~X

· (t)~X

✐s ❛ ♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t ♦❢ t②♣❡ F⊸ H✳

❍♦✇❡✈❡r✱ t❤❡ ✭♣♦✐♥t✇✐s❡✮ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡s

♥❡❡❞s ♥♦t ②✐❡❧❞ ❛♥ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡✱ ❜✉t ♦♥❧② ❛ ♠♦♥♦t♦♥✐❝

♦❜❥❡❝t✳

proof: s✐♠♣❧❡ ✐❢ ♦♥❡ ❦❡❡♣s ✐♥ ♠✐♥❞ ❧❡♠♠❛ ✼✳✶✳✾✳

�X

❙✐♥❝❡ t❤❡ ♣♦✐♥t✇✐s❡ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ✈❛r✐❛❜❧❡ ♦❜❥❡❝ts ✐s ♦♥❧② ❛

♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t✱ ✇❡ ♥❡❡❞ t♦ ❞❡☞♥❡ ❝♦♠♣♦s✐t✐♦♥ ❛s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ r❡❧❛t✐♦♥❛❧

❝♦♠♣♦s✐t✐♦♥✿

⊲ Definition 8.3.17: ✐❢ F✱ G ❛♥❞ H ❛r❡ n✲❛r② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s ❛♥❞ ✐❢ t ❛♥❞ t′

❛r❡ r❡s♣❡❝t✐✈❡❧② ♦❜❥❡❝ts ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ F ⊸ G ❛♥❞ G ⊸ H✱ ❞❡☞♥❡ t❤❡

❝♦♠♣♦s✐t✐♦♥ t′ · t ❛s t❤❡ ❢❛♠✐❧② (t′ · t)~X
, t̂′~X · t~X✳

✭✇❤❡r❡ ❝♦♠♣♦s✐t✐♦♥ ♦♥ t❤❡ r✐❣❤t ✐s ♣❧❛✐♥ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥✮

❲❡ ❤❛✈❡✿

◦ Lemma 8.3.18: ✐❢ t ✿✿ F ⊸ G ❛♥❞ t′ ✿✿ G ⊸ H✱ t❤❡♥ t′ · t ✿✿ F ⊸ H❀

♠♦r❡♦✈❡r✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ☞♥✐t❡ ❡①t❡♥s✐♦♥s ♦❢ ~X t♦ ❝♦♠♣✉t❡

t❤❡ ✈❛❧✉❡ (t′ · t)~X
✿

(t′ · t)~X
=

⋃

~Y ☞♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ ~X

t′~Y · t~Y ∩ |F⊸ H|(~X)

✇❤❡r❡ Y ✐s ❛ ☞♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ X ✐❢ X ⊆ Y ❛♥❞ Y \ X ✐s ☞♥✐t❡✳7

proof: ❙❡❡ ❬✶✽❪ ♦r ❬✶✾❪

�X

❆♥ ✐♠♣♦rt❛♥t ❝♦r♦❧❧❛r② ✐s

• Corollary 8.3.19: ✐❢ ~X ✐s ✭♣♦✐♥t✇✐s❡✮ ✐♥☞♥✐t❡✱ t❤❡♥ (t′ · t)~X
= t′~X

· t~X✳

✭✇❤❡r❡ ❝♦♠♣♦s✐t✐♦♥ ♦♥ t❤❡ r✐❣❤t ✐s ♣❧❛✐♥ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥✮

proof: ❧❡t ~Y0 ❜❡ ❛ ☞♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ ~X s✳t✳ (a, c) ǫ t′~Y0

·t~Y0
✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t (a, c)

✐s ❛❧r❡❛❞② ✐♥ t′~X · t~X✳

(a, c) ǫ t′~Y0

· t~Y0

⇔(
∃b ǫ |G|(~Y0)

)
(a, b) ǫ t~Y0

∧ (b, c) ǫ t′~Y0

⇒ { ❧❡t ~f ✿ ~Y0 →֒ ~X s✳t✳ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ~f t♦ |a|F ∪ |c|H ✐s t❤❡ ✐❞❡♥t✐t②✳ }
{ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ |a|F ∪ |c|G ✐s ☞♥✐t❡ ❛♥❞ ~X ✐s ✐♥☞♥✐t❡✳ }(

∃b ǫ |G|(~Y0)
)

(a, b) ǫ |F⊸ G|(~f)④(t~Y0
) ∧ (b, c) ǫ |G⊸ H|(~f)④(t′~Y0

)

⇔(
∃b ǫ |G|(~Y0)

) (
|F|(~f)(a), |G|(~f)(b)

)
ǫ t~X ∧

(
|G|(~f)(b), |H|(~f)(c)

)
ǫ t′~X

⇔ { ❜② ❧❡♠♠❛ ✽✳✷✳✺✱ |F|(~f)(a) = a ❛♥❞ |H|(~f)(c) = c }(
∃b ǫ |G|(~Y0)

) (
a, |G|(~f)(b)

)
ǫ t~X ∧

(
|G|(~f)(b), c

)
ǫ t′~X

7 ✿ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ☞♥✐t❡ ❡①t❡♥s✐♦♥s ♦❢ X st✐❧❧ ❢♦r♠s ❛ ♣r♦♣❡r ❝❧❛ss✦



✽✳✸ ❖♣❡♥ ❋♦r♠✉❧❛s ❛s Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✼✼

⇒ { ♣✉t b′ , |G|(~f)(b)❀ ✇❡ ❤❛✈❡ b′ ǫ |G|(~X) }(
∃b′ ǫ |G|(~X)

)
(a, b′) ǫ t~X ∧ (b′, c) ǫ t′~X

⇔

(a, c) ǫ t′~X
· t~X

�X

8.3.4 “Universality”

❲❡ ❝❛♥ ♥♦✇ ❡①♣❧❛✐♥ ✐♥ ✇❤❛t s❡♥s❡ t❤❡ ✐♥☞♥✐t❡ s❡t I ✐s ❭✉♥✐✈❡rs❛❧✧✳

◦ Lemma 8.3.20: ✐❢ t ✿✿ F✱ t❤❡♥ (t~X) ✐s ❡♥t✐r❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ✈❛❧✉❡

♦♥ ~I ✭❝♦✉♥t❛❜❧② ✐♥☞♥✐t❡ s❡t✮✳

proof: ❜② ❧❡♠♠❛ ✽✳✸✳✶✷✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✈❛❧✉❡ ♦❢ t~X ❢♦r ☞♥✐t❡ ~X✬s✳ ■❢ ~X ✐s

☞♥✐t❡✱ t❤❡♥ ✇❡ ❝❛♥ ☞♥❞ ❛ ♣♦✐♥t✇✐s❡ ✐♥❥❡❝t✐♦♥ ~f ✿ ~X→~I✳ ❇② t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱

✇❡ ❣❡t t~X = |F|(~f)④(t~I)✳

�X

❲❡ ❝❛♥ t❤✉s r❡♣❧❛❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❭♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡✧ ❜② t❤❡ s✐♠♣❧❡r ♥♦t✐♦♥✿

⊲ Definition 8.3.21: ✐❢ F ✐s ❛ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n✱ ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F

✐s ❛ s❡t t ⊆ |F|(~I) s❛t✐s❢②✐♥❣✿

✶✮ ✐❢ ~f ✿~I →֒~I✱ t❤❡♥ |F|(~f)④(t) = t❀ ✭st❛❜✐❧✐t②✮

✷✮ ❢♦r ❛♥② s♣❡❝✐☞❝❛t✐♦♥ ~P ♦♥ ~I✱ t❤❡♥ t ✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ F(~P)✳

◆♦t❡ ✐♥ t❤✐s ❞❡☞♥✐t✐♦♥ t❤❛t t❤❡ ~f ❢r♦♠ t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❛♥ ✐♥❥❡❝t✐♦♥✱ ❛♥❞ ♥♦t

❛♥ ✐s♦♠♦r♣❤✐s♠✿ r❡q✉✐r✐♥❣ t t♦ ❜❡ ♦♥❧② ❝❧♦s❡❞ ❜② ♣❡r♠✉t❛t✐♦♥ ✭✐✳❡✳ ❜✐❥❡❝t✐♦♥s✮ ✐s ♥♦t

❡♥♦✉❣❤✳

❚❤✐s ❞❡☞♥✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡✳ ❲❡ tr✐✈✲

✐❛❧❧② ❤❛✈❡ t❤❛t ✐❢ (t~X) ✐s ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F✱ t❤❡♥ t~I ✐s ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F✳ ❋♦r t❤❡

❝♦♥✈❡rs❡✱ ✐❢ t ✐s ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F✱ ❞❡☞♥❡ t❤❡ ❢❛♠✐❧② (t~X) ❛s ❢♦❧❧♦✇s✿

t~X ,
⋃

~f✿~X→֒~I

|F|(~f)④(t) ✳ ✭✽✲✹✮

❚❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♠♣♦s❡s s✉❝❤ s②♠♠❡tr✐❡s t❤❛t ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡ ✉♥✐♦♥ ❛❜♦✈❡

❜② ❛♥ ✐♥t❡rs❡❝t✐♦♥✦

◦ Lemma 8.3.22:

✶✮ ✐❢ f, g ✿ X →֒ I✱ t❤❡♥ t❤❡r❡ ✐s h ✿ I →֒ I s✳t✳ f = h · g ♦r g = h · f❀

✷✮ ✐❢ ~f,~g ✿~I →֒~I✱ t❤❡♥ t❤❡r❡ ❛r❡ ~h~f
, ~h~g ✿~I →֒~I s✳t✳ ~h~f

·~f = ~h~g · ~g❀

✸✮ ✐❢ t~X ✐s ❞❡☞♥❡❞ ❛s ✭✽✲✹✮✱ t❤❡♥ ✇❡ ❤❛✈❡✿ t~X =
⋂

~f✿~X→֒~I
|F|(~f)④(t)✳

proof: ❢♦r t❤❡ ☞rst ♣♦✐♥t✱ s✉♣♣♦s❡ t❤❛t ∁f+(X) ❛♥❞ ∁g+(X) ❛r❡ ✐♥☞♥✐t❡✿ ✇❡ ❝❛♥ t❤❡♥

❞❡☞♥❡ h
(
f(x)

)
, g(x) ❛♥❞ s✐♥❝❡ t❤❡r❡ ✐s ♥❡❝❡ss❛r✐❧② ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ ∁f+(X)

t♦ ∁g+(X) ✭❜❡❝❛✉s❡ t❤❡ ❧❛tt❡r ✐s ✐♥☞♥✐t❡✮✱ ✇❡ ❝❛♥ ❝♦♠♣❧❡t❡ h ✉s✐♥❣ s✉❝❤ ❛♥ ✐♥❥❡❝✲

t✐♦♥✳ ❲❡ ❤❛✈❡ tr✐✈✐❛❧❧② t❤❛t h ✿ I →֒ I ❛♥❞ h · f = g✳

■❢ ♦♥❡ ♦❢ ∁f+(X) ❛♥❞ ∁g+(X) ✐s ☞♥✐t❡✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡✐r ❝❛r❞✐♥❛❧✐t✐❡s✳ ❙✉♣✲

♣♦s❡ ★
(
∁f+(X)

)
✔ ★

(
∁g+(X)

)
✱ ✇❡ t❤❡♥ ❞❡☞♥❡ h

(
f(x)

)
, g(x)✱ ❛♥❞ ✇❡ ❝♦♠♣❧❡t❡

t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ h ❜② ❛♥ ✐♥❥❡❝t✐♦♥ ❢r♦♠ ∁f+(X) t♦ ∁g+(X)✳

■❢ ★
(
∁g+(X)

)
✔ ★

(
∁f+(X)

)
✱ ♣r♦❝❡❡❞ s②♠♠❡tr✐❝❛❧❧②✳



✶✼✽ ✽ ❙❡❝♦♥❞ ❖r❞❡r

❋♦r t❤❡ s❡❝♦♥❞ ♣♦✐♥t✱ ❧❡t✬s ❧♦♦❦ ❛t ❛♥ ❡①❛♠♣❧❡✳ ❙✉♣♣♦s❡ n = 2 ❛♥❞ (f1, f2) ✿ ~X →֒~I❀

s✉♣♣♦s❡ t❤❛t ❜② t❤❡ ☞rst ♣♦✐♥t✱ ✇❡ ❤❛✈❡ h1 · f1 = g1 ❛♥❞ h2 · g2 = f2✳ ❲❡ ❝❛♥

t❛❦❡ ~h~f
, (h1, Id) ❛♥❞ ~h~g , (Id, h2)✳ ■t ✐s ❡❛s② t♦ ❡①t❡♥❞ t♦ ❛r❜✐tr❛r② n✳

❋♦r t❤❡ ❧❛st ♣♦✐♥t✱ ❧❡t a ǫ t~X✱ ✐✳❡✳ a ǫ |F|(
~f)④(y) ❢♦r s♦♠❡ ~f ✿ ~X →֒~I✳ ▲❡t ~g ✿ ~X →֒~I✳

❲❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❛r❡ ~h~f
, ~h~g ✿~I →֒~I s✳t✳ ~h~f

·~f = ~h~g · ~g✱ s♦ t❤❛t ✇❡ ❤❛✈❡✿

|F|(~f)④(t) = |F|(~f)④ · |F|(~h~f
)④(t) { ❜❡❝❛✉s❡ ~h~f

✿ ~I →֒ ~I }

= |F|(~h~f
·~f)④(t) { ❜② ❢✉♥❝t♦r✐❛❧✐t② }

= |F|(~h~g · ~g)
④(t) { ❜② t❤❡ s❡❝♦♥❞ ♣♦✐♥t }

= |F|(~g)④ · |F|(~h~g)
④(t) { ❜② ❢✉♥❝t♦r✐❛❧✐t② }

= |F|(~g)④(t) { ❜❡❝❛✉s❡ ~h~g ✿ ~I →֒ ~I } ✳

❚❤✐s s❤♦✇s t❤❛t a ǫ |F|(~g)④(t)✱ ❛♥❞ t❤✉s t❤❛t a ǫ
⋂

~g✿~I→֒~I
|F|(~g)④(t)✳

�X

❲❡ ❝❛♥ ♥♦✇ s❤♦✇✿

◦ Lemma 8.3.23: ✐❢ (t~X) ✐s ❞❡☞♥❡❞ ❛s ✭✽✲✹✮✱ t❤❡♥ (t~X) ✐s ❛♥ ♦❜❥❡❝t ♦❢

✈❛r✐❛❜❧❡ t②♣❡ F✳

proof: ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s✿

K t~X ⊆ |F|(
~X)✿ tr✐✈✐❛❧

K ✐❢ ~f ✿ ~X →֒ ~Y✱ t❤❡♥ t~X = |F|(~f)④t~Y ✿

� ❭⊇ ❞✐r❡❝t✐♦♥✧✿

|F|(~f)④(t~Y) = |F|(~f)④
⋃

~g✿~Y →֒~I

|F|(~g)④(t)

=
⋃

~g✿~Y →֒~I

|F|(~f)④ · |F|(~g)④(t)

=
⋃

~g✿~Y →֒~I

|F|(~g ·~f)④(t)

⊆
⋃

~h✿~X→֒~I

|F|(~h)④(t)

= t~X

� ❭⊆ ❞✐r❡❝t✐♦♥✧✿ ✇❡ ✉s❡ ❧❡♠♠❛ ✽✳✸✳✷✷ ♣♦✐♥t ✸

|F|(~f)④(t~Y) = |F|(~f)④
⋂

~g✿~Y →֒~I

|F|(~g)④(t)

=
⋂

~g✿~Y →֒~I

|F|(~f)④ · |F|(~g)④(t)

=
⋂

~g✿~Y →֒~I

|F|(~g ·~f)④(t)

⊇
⋂

~h✿~X→֒~I

|F|(~h)④(t)

= t~X



✽✳✸ ❖♣❡♥ ❋♦r♠✉❧❛s ❛s Pr❡❞✐❝❛t❡ ❚r❛♥s❢♦r♠❡rs ✶✼✾

K ✐❢ ~P ✐s ❛ s♣❡❝✐☞❝❛t✐♦♥ ♦♥ ~X✱ t❤❡♥ t~X ⊆ F(
~P)(t~X)✿

a ǫ t~X
⇔ { ❞❡☞♥✐t✐♦♥ }

a ǫ
⋃

~f✿~X→֒~I
|F|(~f)④(t)

⇒ { ❝❧❛✐♠✿ |F|(~f)④(t) ⊆ F(~P)
`

|F|(~f)④(t)
´

✱ s❡❡ ❜❡❧♦✇ }

a ǫ
⋃

~f✿~X→֒~I
F(~P)

(
|F|(~f)④(t)

)

⇒ { ❢♦r ❛♥② ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r Q✱
S

Q⊆ Q
S

}

a ǫ F(~P)
(⋃

~f✿~X→֒~I
|F|(~f)④(t)

)

⇔ { ❞❡☞♥✐t✐♦♥ }

a ǫ F(~P)(t~X)

❈❧❛✐♠✿ |F|(~f)④(t) ⊆ F(~P)
(
|F|(~f)④(t)

)
❢♦r ❛♥② ~f ✿ ~X →֒~I✳

❉❡☞♥❡ ~P~f
= ~f+ ·~P ·~f④✳ ■t ✐s tr✐✈✐❛❧ t♦ ❝❤❡❝❦ t❤❛t ~f ✿ (~X,~P) →֒ (~I,~P~f

)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t |F|(~f) ✿ F(~P) →֒ F(~P~f
)✳ ❇② ❞❡☞♥✐t✐♦♥✱ ✐t ♠❡❛♥s t❤❛t F(~P)·|F|(~f)④ = |F|(~f)④·F(~P~f

)✳

❙✐♥❝❡ ~P~f
✐s ❛ s♣❡❝✐☞❝❛t✐♦♥ ♦♥ ~I✱ ✇❡ ❦♥♦✇ t❤❛t t ⊆ F(~P~f

)(t)✳ ❇② ♠♦♥♦t♦♥✐❝✐t②

♦❢ |F|(~f)④✱ t❤✐s ✐♠♣❧✐❡s |F|(~f)④(t) ⊆ |F|(~f)④ · F(~P~f
)(t)✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t②✱ ✇❡

❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t |F|(~f)④(t) ⊆ F(~P) · |F|(~f)④(t)✳

�X

• Corollary 8.3.24: t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ F ❛♥❞ t❤❡

❝♦❧❧❡❝t✐♦♥ ♦❢ ♦❜❥❡❝ts ♦❢ t②♣❡ F ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥✳

❙✐♥❝❡ ❧❡♠♠❛ ✽✳✸✳✶✾ ❡♥s✉r❡s t❤❛t ♣❧❛✐♥ ❝♦♠♣♦s✐t✐♦♥ ❢♦r ♦❜❥❡❝ts ♦❢ t②♣❡s F ⊸ G

❛♥❞ G⊸ H ✐s ✇❡❧❧✲❞❡☞♥❡❞✱ ✇❡ ♥♦✇ r❡♣❧❛❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ F ❜②

t❤❡ ✭s✐♠♣❧❡r✮ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ t②♣❡ F✳ ❲❡ ♥♦✇ ✇r✐t❡ t ✿✿ F ❢♦r t❤❡ ❧❛tt❡r✳

# ❘❡♠❛r❦ ✷✾✿ ✐♥ t❤❡ ♣✉r❡❧② r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✱ ✐♥st❡❛❞ ♦❢ ✭✽✲✹✮✱ ♦♥❡ r❡❝♦✈❡rs
t❤❡ ✇❤♦❧❡ (t~X

) ❢r♦♠ t~I ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

t~X
,

{

a ǫ |F|(~X) | (∃~f ✿ |a|F →֒ ~I) |F|(~f)(a) ǫ t
}

✇❤✐❝❤ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✇♦r❦✐♥❣ ❢♦r s❡t ♦❢ ❛r❜✐tr❛r② ❝❛r❞✐♥❛❧✐t②✳

❚❤❡ r❡❛s♦♥ ✇❡ ❝❛♥♥♦t ✉s❡ t❤✐s ❞❡☞♥✐t✐♦♥ ✐s t❤❛t ✐t s❡❡♠s ✐♠♣♦ss✐❜❧❡ t♦
♣r♦✈❡ t❤❛t t~X

✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ ❛❧❧ t❤❡ F(~P) ❢♦r ~P ❛ s♣❡❝✐☞❝❛t✐♦♥ ♦♥ ~X

✇❤❡♥ ~X ✐s ♥♦t ❝♦✉♥t❛❜❧❡✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t |a|F

♥❡❡❞s ♥♦t ❜❡ ❛ s✉❜♦❜❥❡❝t ♦❢ (~X,~P)✳ ❲❡ ❝❛♥ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠ ✇❤❡♥
~X ✐s ❝♦✉♥t❛❜❧❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❝❦✿ ✐❢ ~f ✿ |a|F →֒ ~I✱ t❤❡♥ ✇❡ ❝❛♥ ☞♥❞
s♦♠❡ ~g ✿ ~X →֒ ~I ❡①t❡♥❞✐♥❣ f✱ ❛♥❞ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✽✳✸✳✷✸✳

❲❡ ❤❛✈❡ ☞♥❛❧❧② ❢♦✉♥❞ ❛ ♥♦t✐♦♥ ♦❢ ♦❜❥❡❝t ♦❢ t②♣❡ F ✇❤✐❝❤ ❞♦❡s♥✬t ✐♥✈♦❧✈❡ ♣r♦♣❡r

❝❧❛ss❡s✳ ❲❤❛t ✐s ❛❧♠♦st ♠❛❣✐❝❛❧ ✐s t❤❛t t❤✐s ❛❧❧♦✇s t♦ r❡❝♦✈❡r ❛♥ ♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡

t②♣❡ ✐♥❞❡①❡❞ ❜② ❛❧❧ ❝♦✉♥t❛❜❧❡ s❡ts✦

8.3.5 The Categories of n-ary Parametric Interfaces

❏✉st ❧✐❦❡ Int ❢♦r♠s ❛ ❝❛t❡❣♦r②✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ n✲❛r② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s PInt(n) ❝❛♥

❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ str✉❝t✉r❡ ♦❢ ❝❛t❡❣♦r②✿

⊲ Definition 8.3.25: ❢♦r ❛♥② ♥❛t✉r❛❧ ♥✉♠❜❡r n✱ t❤❡ ❝❛t❡❣♦r② PInt(n) ✐s ❞❡☞♥❡❞

❛s ❢♦❧❧♦✇s✿

� ♦❜❥❡❝ts ❛r❡ n✲❛r② ♣❛r❛♠❡tr✐❝ ❝♦✉♥t❛❜❧❡ ✐♥t❡r❢❛❝❡s❀

� ❛ ♠♦r♣❤✐s♠ ❢r♦♠ F t♦ G ✐s ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F⊸ G❀



✶✽✵ ✽ ❙❡❝♦♥❞ ❖r❞❡r

� ✐❢ t ✿✿ F⊸ G ❛♥❞ t′ ✿✿ G⊸ H✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ t′ · t ✿✿ F⊸ H ✐s ❣✐✈❡♥

❜② t❤❡ r❡❧❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t′ ❛♥❞ t✳

❇② ❝♦♥✈❡♥t✐♦♥✱ ✐❢ F ✐s ♦❢ ❛r✐t② 0✱ ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ F ✐s s✐♠♣❧② ❛ s❛❢❡t② ♣r♦♣❡rt②

❢♦r F✳

❚❤✐s ✐s ✐♥❞❡❡❞ ❛ ❝❛t❡❣♦r② ✭❜② ❧❡♠♠❛ ✽✳✸✳✶✾ ❛♥❞ t❤❡ ❢❛❝t t❤❛t Id|F|(~I) ✿✿ F ⊸ F✮✳

▼♦r❡♦✈❡r✱ ❥✉st ❧✐❦❡ ✐♥ s❡❝t✐♦♥ ✷✳✺✱ ✇❡ ❣❡t✿

⋄ Proposition 8.3.26: ❢♦r ❛❧❧ n✱ PInt(n) ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ❢r♦♠

❞❡☞♥✐t✐♦♥ ✽✳✸✳✶✵ ❢♦r♠s ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r ❢✉❧❧ ❧✐♥❡❛r

❧♦❣✐❝✳

❈❤❡❝❦✐♥❣ ❢♦r♠❛❧❧② ❡✈❡r②t❤✐♥❣ ✐s ❛ ❧❡♥❣t❤② ❛♥❞ ❜♦r✐♥❣ ❥♦❜✿ ✐t ❛♠♦✉♥ts t♦ ❧✐❢t ❛❧❧ ♦❢

s❡❝t✐♦♥ ✼✳✶ ♣♦✐♥t✇✐s❡✳

8.4 Second Order Quantification

◆♦✇ t❤❛t ✇❡ ❝❛♥ ♠♦❞❡❧ ❢♦r♠✉❧❛s ✇✐t❤ ❢r❡❡ ♣r♦♣♦s✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✭r❡♣r❡s❡♥t❡❞ ❜②

♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✮✱ t❤❡ ❣♦❛❧ ✐s t♦ ❣✐✈❡ t❤❡ s❡♠❛♥t✐❝❛❧ ♦♣❡r❛t✐♦♥ ♠♦❞❡❧✐♥❣ q✉❛♥t✐☞✲

❝❛t✐♦♥✳ ❋♦r t❤❛t✱ ✇❡ ✉s❡ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❭tr❛❝❡✧ ❞❡☞♥❡❞ ♦♥ ♣❛❣❡ ✶✼✵ ❢♦r t❤❡ r❡❧❛t✐♦♥❛❧

♠♦❞❡❧✳ ❲❡ ❡①t❡♥❞ ✐t t♦ ❞❡❛❧ ✇✐t❤ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✇❡ ❞✐❞

✐♥ s❡❝t✐♦♥ ✽✳✶ ❜② t❛❦✐♥❣ ❛ ❤✉❣❡ ✐♥t❡rs❡❝t✐♦♥ ♦✈❡r ❛❧❧ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ♦♥ I✳

8.4.1 Trace of a Parametric Interface

❚❤❡ ❞❡☞♥✐t✐♦♥ ✐s ❥✉st t❤❡ s❛♠❡ ❛s ❞❡☞♥✐t✐♦♥ ✽✳✶✳✷✱ r❡❧❛t✐✈✐③❡❞ t♦ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✿

⊲ Definition 8.4.1: ❧❡t F ❜❡ ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n + 1❀ ❞❡☞♥❡ ❚̃ F✱ t❤❡ ♣r❡✲tr❛❝❡

♦❢ F t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n✿

| ❚̃ F|(X1, . . . , Xn) , |F|(X1, . . . , Xn, I)

❚̃ F~X
(P1, . . . , Pn) ,

⋂

Q s♣❡❝✐☞❝❛t✐♦♥ ♦♥ I

F~X,I
(P1, . . . , Pn, Q) ✳

❉❡☞♥❡ t❤❡ tr❛❝❡ ♦❢ F t♦ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n✱ ♦♥ t❤❡ s❡t ❚ |F|

✭t❤❡ r❡❧❛t✐♦♥❛❧ tr❛❝❡ ♦❢ |F|✱ s❡❡ ♣❛❣❡ ✶✼✵✮✿

❚ F~X
(~P)(U) ,

(
❚̃ F~X

(~P)
(⋃

U
))

≈
✳

❚❤❛t t❤✐s ❞❡☞♥✐t✐♦♥ ✐s s♦✉♥❞ ❢♦❧❧♦✇s ❢r♦♠✿

◦ Lemma 8.4.2: ✐❢ F ✐s ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n+ 1✱

✶✮ ❚̃ F ✐s ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n❀

✷✮ t❤❡ ❣r♦✉♣ SI ♦❢ ☞♥✐t❡ ♣❡r♠✉t❛t✐♦♥s ❛❝ts ♦♥ | ❚̃ F|(~X) = |F|(~X, I)

✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❞❡☞♥✐t✐♦♥✿ [σ](a) = |F|~X,I(Id
n, σ)(a)❀

✸✮ ✐❢ U ⊆ | ❚̃ F|(~X) ✐s ≈✲❝❧♦s❡❞✱ t❤❡♥ s♦ ✐s ❚̃ F~X
(~P)(U)✳

❚❤❡ ♣r♦♦❢ ♦❢ ♣♦✐♥t ✸ ✐s ❝♦♠♣❧❡t❡❧② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✽✳✶✳✸✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿



✽✳✹ ❙❡❝♦♥❞ ❖r❞❡r ◗✉❛♥t✐☞❝❛t✐♦♥ ✶✽✶

◦ Lemma 8.4.3: t❤❡ ♦♣❡r❛t✐♦♥ ❚ ✐s ❛ ❢✉♥❝t♦r ❢r♦♠ PInt(n+1) t♦ PInt(n)✳

❚❤❡ ❛❝t✐♦♥ ♦❢ ❚ ♦♥ ♠♦r♣❤✐s♠s ✭❡♠❜❡❞❞✐♥❣s✮ ✐s ❞❡☞♥❡❞ ❛s t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐♦♥❛❧

tr❛❝❡ ♦♥ ✉♥❞❡r❧②✐♥❣ ✐♥❥❡❝t✐♦♥s ✭♣❛❣❡ ✶✼✵✮✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ✭✇❤❡r❡ st❛❜✐❧✐t② ✐s ♣♦✐♥t ✶ ✐♥ ❞❡☞♥✐t✐♦♥ ✽✳✸✳✷✶✮

◦ Lemma 8.4.4: ✐❢ t ⊆ |F|(~I, I)✱ t❤❡♥ t ✐s st❛❜❧❡ ✇✳r✳t F ✐☛ t≈ ✐s st❛❜❧❡

✇✳r✳t✳ ❚ F✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t ✿✿ F ✐☛ t≈ ✿✿ ❚ F✳

8.4.2 An Appropriate Adjunction

❋♦❧❧♦✇✐♥❣ ▲❛✇✈❡r❡ ✐♥s✐❣❤t✱ ✇❡ ❥✉st✐❢② t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❚ ❛s ❛ s♦✉♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢

✉♥✐✈❡rs❛❧ q✉❛♥t✐☞❝❛t✐♦♥ ❜② s❤♦✇✐♥❣ ❛♥ ❛❞❥✉♥❝t✐♦♥ ❜❡t✇❡❡♥ ❚ ✿ PInt(n+1) → PInt(n)

❛♥❞ ❯ ✿ PInt(n) → PInt(n+1)✱ t❤❡ ❭✉s❡❧❡ss ✈❛r✐❛❜❧❡ ❢✉♥❝t♦r✧✳ ■t ✐s ❞❡☞♥❡❞ ❜②✿

|❯(F)|(X1, . . . , Xn, Xn+1) , |F|(X1, . . . , Xn)

❯(F)(P1, . . . , Pn, Pn+1) , F(P1, . . . , Pn) ✳

❚❤✐s ❛❞❥✉♥❝t✐♦♥ ✐s t❤❡ s❡♠❛♥t✐❝❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❧♦❣✐❝❛❧ r✉❧❡ ❞❡☞♥✐♥❣ ✉♥✐✈❡rs❛❧

q✉❛♥t✐☞❝❛t✐♦♥✿ Γ ⊢ (∀X) F(X) ✐☛ Γ ⊢ F(X) ✇❤❡r❡ X ✐s ♥♦t ❢r❡❡ ✐♥ Γ ✳ ❚❤❡ ❢✉♥❝t♦r ❯

♠❛❦❡s s✉r❡ t❤❛t ✇❡ ✉s❡ ❛ ❢r❡s❤ ✈❛r✐❛❜❧❡✳ ❈❤❡❝❦✐♥❣ t❤❛t t❤✐s ✐s ❛♥ ❛❞❥✉♥❝t✐♦♥ ❛♠♦✉♥ts

t♦ ❝❤❡❝❦✐♥❣ t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ❢r♦♠ ❯G t♦ F ✐s ♥❛t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ❢r♦♠ G t♦ ❚ F✳

§ ❋r♦♠ PInt(n+1)(❯G, F) t♦ PInt(n)(G,❚ F)✳ ❙✉♣♣♦s❡ t ✐s ❛ ♠♦r♣❤✐s♠ ❢r♦♠ ❯G t♦ F✱

✐✳❡✳ t❤❛t t ✿✿ ❯G⊸ F✳ ❚❤❡ ♦❜✈✐♦✉s ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ♠♦r♣❤✐s♠ Λt ✿✿ F⊸ ❚ F ✐s✿

Λt ,
{(
b, {a}≈

)
| (b, a) ǫ t

}
✳

■♥ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ s②st❡♠✲F✱ Λt ✐s ❛ t②♣❡ ❛❜str❛❝t✐♦♥✳

◦ Lemma 8.4.5: ✐❢ t ✿✿ ❯G⊸ F t❤❡♥ Λt ✿✿ G⊸ ❚ F✳

proof: ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t Λt ✐s st❛❜❧❡ ❛♥❞ t❤❛t (Λt)~X
✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥

❛♥② (G⊸ ❚ F)(~P) ❢♦r s♣❡❝✐☞❝❛t✐♦♥s ~P ♦♥ ~X✳

K ❙t❛❜✐❧✐t②✿ ❧❡t ~f ✿ ~X →֒~I

(b, {a}≈) ǫ |G⊸ ❚ F|(~f)④Λt

⇔(
|G|(~f)(b), |❚ F|(~f)({a}≈)

)
ǫ Λt

⇔(
|G|(~f)(b),

{
|F|(~f, f)(a) | f ǫ SI

} )
ǫ Λt

⇔(
|G|(~f)(b), {|F|(~f, Id)(a)}≈

)
ǫ Λt

⇔(
|G|(~f)(b), |F|(~f, Id)(a)

)
ǫ t

⇔(
|❯G|(~f, Id)(b), |F|(~f, Id)(a)

)
ǫ t

⇔

(b, a) ǫ |❯G⊸ F|(~f, Id)④(t)

⇔ { t ✐s st❛❜❧❡ ❢♦r ❯G ⊸ F }

(b, a) ǫ t
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⇔

(b, {a}≈) ǫ ∆t

K Λt ✐s ❛ ✉♥✐✈❡rs❛❧ s❛❢❡t② ♣r♦♣❡rt②✿

(b, {a}≈) ǫ Λt

⇔

(b, a) ǫ t

⇒ { t ✐s ❛♥ ♦❜❥❡❝t ♦❢ t②♣❡ ❯G ⊸ F }

(∀~P,Q) (b, a) ǫ (❯G⊸ F)(~P,Q)(t)

⇔

(∀~P,Q) (b, a) ǫ
(
G(~P)⊸ F(~P,Q)

)
(t)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ⊸ }

(∀~P,Q) (∀y) b ǫ G(~P)(y)⇒ a ǫ F(~P,Q)(〈t〉y)

⇔

(∀~P) (∀y) b ǫ G(~P)(y)⇒ (∀P) a ǫ F(~P,Q)(〈t〉y)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ♣r❡✲tr❛❝❡ }

(∀~P) (∀y) b ǫ G(~P)(y)⇒ a ǫ (❚̃ F)(~P)(〈t〉y)

⇒ { ❝❧❛✐♠ ✭s❡❡ ❜❡❧♦✇✮✿ 〈t〉y⊆
S

〈Λt〉y }

(∀~P) (∀y) b ǫ G(~P)(y)⇒ a ǫ (❚̃ F)(~P)(
⋃
〈Λt〉y)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ❚✱ ❛♥❞ ❜❡❝❛✉s❡
S

〈Λt〉y ✐s ≈✲s❛t✉r❛t❡❞ }

(∀~P) (∀y) b ǫ G(~P)(y)⇒ {a}≈ ǫ (❚ F)(~P)(〈Λt〉y)

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ ⊸ }

(∀~P) (b, {a}≈) ǫ
(
G⊸ (❚ F)

)
(~P)(Λt)

♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✿ 〈t〉y ⊆
⋃
〈Λt〉y ❢♦r ❛♥② y✿

a ǫ 〈t〉y

⇔

(∃b ǫ y) (b, a) ǫ t

⇒

(∃b ǫ y) (b, {a}≈) ǫ Λt

⇒ { ❢♦r α = {a}≈ }

(∃b ǫ y) (∃α) (b, α) ǫ Λt ∧ a ǫ α

⇔

(∃α ǫ 〈Λt〉y) a ǫ α

⇔

a ǫ
⋃
〈Λt〉y

�X

§ ❋r♦♠ PInt(n)(G,❚ F) t♦ PInt(n+1)(❯G, F)✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❥✉st ❞♦ . . . t❤❡ ♦♣♣♦s✐t❡✿

✐❢ t ✿✿ G⊸ ❚ F✱ ❞❡☞♥❡✿

Et ,
{
(b, a) |

(
b, {a}≈

)
ǫ t

}
✳

❲❡ ❤❛✈❡ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t✱ ♥❛♠❡❧②✿

◦ Lemma 8.4.6: ✐❢ t ✿✿ G⊸ ❚ F t❤❡♥ Et ✿✿ ❯G⊸ F✳
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proof: s✉♣♣♦s❡ t❤❛t t ✿✿ G⊸ ❚ F✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t Et ✿✿ ❯G⊸ F✿ ✐✳❡✳ ✱ t❤❛t Et

✐s st❛❜❧❡ ❛♥❞ ✐s ❛ ✉♥✐✈❡rs❛❧ s❛❢❡t② ♣r♦♣❡rt②✳

K ❙t❛❜✐❧✐t②✿ ❧❡t ~f, f ❛♥❞ ~g, g ❜❡ ✐♥❥❡❝t✐♦♥s ~I →֒~I✿

(b, a) ǫ |❯G⊸ F|(~f, f)④(Et)

⇔(
|❯G|(~f, f)(b), |F|(~f, f)(a)

)
ǫ Et

⇔(
|G|(~f)(b), {|F|(~f, f)(a)}≈

)
ǫ t

⇔(
|G|(~f)(b),

{
|F|(~f, g · f)(a) | g ✿ SI

} )
ǫ t

⇔ { s✐♥❝❡ g · f ✐s ❛♥ ✐♥❥❡❝t✐♦♥✱ ✇❡ ❝❛♥ ❛♣♣❧② ❧❡♠♠❛ ✽✳✷✳✼❀ }
{ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❭⇐✧ ❞✐r❡❝t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✽✳✷✳✼ }(

|G|(~f)(b),
{
|F|(~f, g)(a) | g ✿ SI

} )
ǫ t

⇔(
|G|(~f)(b), |❚ F|(~f)({a}≈)

)
ǫ t

⇔

(b, {a}≈) ǫ |G⊸ ❚ F|(~f)④t

⇔ { t ✐s st❛❜❧❡ ❢♦r G ⊸ ❚ F }

(b, {a}≈) ǫ t

⇔

(b, a) ǫ Et

K Et ✐s ❛ ✉♥✐✈❡rs❛❧ s❛❢❡t② ♣r♦♣❡rt②✿ ❧❡t ~P,Q ❜❡ s♣❡❝✐☞❝❛t✐♦♥s ♦♥ ~I✳

❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ t❤❛t Et ⊆ G(~P) ⊸ F(~P,Q)(Et)✿ s✉♣♣♦s❡ (b, a) ǫ Et ❛♥❞

❧❡t b ǫ G(~P)(~y)✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t a ǫ F(~P,Q)(〈Et〉~y)✿

(b, a) ǫ Et

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ Et }

(b, {a}≈) ǫ t

⇒ { s✐♥❝❡ t ⊆ G(~P) ⊸ ❚ F(~P)(t) ❛♥❞ b ǫ G(~P)(~y)✱ ❜② ❞❡☞♥✐t✐♦♥ ♦❢ ⊸✿ }

{a}≈ ǫ ❚ F(~P)(〈t〉~y)

⇒ { ✐♥ ♣❛rt✐❝✉❧❛r ✭❞❡☞♥✐t✐♦♥ ♦❢ ❚ F✮ }

a ǫ F(~P,Q)(
⋃
〈t〉~y)

⇒ { ❝❧❛✐♠ ✭s❡❡ ❜❡❧♦✇✮✿
S

〈t〉~y⊆ 〈Et〉~y }

a ǫ F(~P,Q)(〈Et〉~y)

Pr♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✿
⋃
〈t〉~y ⊆ 〈Et〉~y ❢♦r ❛♥② ~y✿

a ǫ
⋃
〈t〉~y

⇔

(∃a′) a ≈ a′ ∧ {a′}≈ ǫ 〈t〉~y

⇔

(∃a′) (∃b ǫ ~y) a ≈ a′ ∧ (b, {a′}≈) ǫ t

⇔ { {a}≈ = {a′}≈ s✐♥❝❡ a≈ a′ }

(∃b ǫ ~y) (b, {a}≈) ǫ t

⇔

b ǫ 〈Et〉~y

�X

❈❤❡❝❦✐♥❣ t❤❛t t❤❡ ♦♣❡r❛t✐♦♥s Λ ❛♥❞ E ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r ✐s ❡❛s②✳ ❚❤❡

✐s♦♠♦r♣❤✐s♠ ✐s tr✐✈✐❛❧❧② ♥❛t✉r❛❧✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❝♦♥❝❧✉❞❡✿
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⋄ Proposition 8.4.7: ❢♦r ❛♥② n✱ t❤❡ ❢✉♥❝t♦r ❯ ✿ PInt(n) → PInt(n+1)

✐s ❧❡❢t✲❛❞❥♦✐♥t t♦ t❤❡ ❢✉♥❝t♦r ❚ ✿ PInt(n+1) → PInt(n)✳

8.4.3 Substitution

Pr♦♣♦s✐t✐♦♥ ✽✳✹✳✼ ❥✉st✐☞❡s✱ ❝❛t❡❣♦r✐❝❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ r✉❧❡ ❢♦r t❤❡ ✉♥✐✲

✈❡rs❛❧ q✉❛♥t✐☞❡r✿

Γ ⊢ F(Y)

Γ ⊢ (∀X) F(X)
✐❢ Y ✐s ♥♦t ❢r❡❡ ✐♥ Γ ✳

❚❤❡ ❞✉❛❧ r✉❧❡ ❢♦r t❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐☞❡r ✉s❡s t❤❡ ♥♦t✐♦♥ ♦❢ s✉❜st✐t✉t✐♦♥✿

Γ ⊢ F[G/X]

Γ ⊢ (∃X) F(X)
✇❤❡r❡ G ✐s ❛ ❢♦r♠✉❧❛ ✳

❘❛t❤❡r t❤❛♥ ❞♦✐♥❣ t❤✐s ❭✉♥❛r②✧ s✉❜st✐t✉t✐♦♥✱ ✇❡ ❞❡☞♥❡ ❛♥ ♦♣❡r❛t✐♦♥ r❡♣r❡s❡♥t✐♥❣ t❤❡

♣❛r❛❧❧❡❧ s✉❜st✐t✉t✐♦♥ F[G1/X1, . . . , Gn/Xn]✿

⊲ Definition 8.4.8: s✉♣♣♦s❡ ~G ✐s ❛ ❭♣❛r❛♠❡tr✐❝ s✉❜st✐t✉t✐♦♥✧ ❢r♦♠ Embn t♦ Embk

✭✐✳❡✳ ~G ✐s ♦❢ t❤❡ ❢♦r♠ (G1, . . . , Gn) ✇❤❡r❡ ❡❛❝❤ Gi ✐s ❛ k✲❛r② ✐♥t❡r❢❛❝❡✮❀

❞❡☞♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥ ♦❢ s✉❜st✐t✉t✐♦♥ t❛❦✐♥❣ ❛♥ n✲❛r② ✐♥t❡r❢❛❝❡ F

❛♥❞ r❡t✉r♥✐♥❣ ❛ k✲❛r② ✐♥t❡r❢❛❝❡ F~G/
✿

� ❛❝t✐♦♥ ♦♥ ♦❜❥❡❝ts✿

|F~G/
|(X1, . . . , Xn) , |F|

(
|~G|(X1, . . . , Xn)

)

F~G/
(P1, . . . , Pn) , F

(
~G(P1, . . . , Pn)

)

✐✳❡✳ F~G/
✐s ❥✉st t❤❡ ❝♦♠♣♦s✐t✐♦♥ F · ~G❀

� ❛❝t✐♦♥ ♦♥ ♠♦r♣❤✐s♠s✿ ✐❢ t ✿✿ F⊸ H✱ t❤❡♥ t~G/
= t~G(Ik)

✱ ✐✳❡✳

t~G/
,

⋃

~f✿|~G|(Ik)→֒~I

|F⊸ H|(~f)④(t) ✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ♦♣❡r❛t✐♦♥ ✐s ♥♦t ❢✉♥❝t♦r✐❛❧ ❜✉t ♦♥❧② ❛ ❧❛①✲❢✉♥❝t♦r✐❛❧✿

◦ Lemma 8.4.9: ❢♦r ❛♥② s✉❜st✐t✉t✐♦♥ ~G ❛♥❞ ♠♦r♣❤✐s♠s t ✿✿ F1 ⊸ F2
❛♥❞ t′ ✿✿ F2⊸ F3✱ ✇❡ ❤❛✈❡✿

� t′~G/ · t~G/
⊆ (t′ · t)~G/

❀

� ✐❢ |G|(Ik) ✐s ✐♥☞♥✐t❡✱8 ❡q✉❛❧✐t② ❤♦❧❞s✳

proof: ✐❢ ✇❡ ✉♥❢♦❧❞ t❤❡ ❞❡☞♥✐t✐♦♥ ♦❢ t~G/
✭✉s✐♥❣ ♣♦✐♥t ✸ ♦❢ ❧❡♠♠❛ ✽✳✸✳✷✷✮✱ ✇❡ ❣❡t✿

� (a, c) ǫ s~G/
· t~G/

✐☛

(
∃b ǫ |F2|

(
|~G|(Ik)

))
{

(∀~f✿|~G|(Ik) →֒~I)
(
|F1|(~f)(a), |F2|(~f)(b)

)
ǫ s

(∀~g✿|~G|(Ik) →֒~I)
(
|F2|(~g)(b), |F3|(~g)(c)

)
ǫ t

8 ✿ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s ❛ t✉♣❧❡ ♦❢ ✐♥☞♥✐t❡ s❡ts
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� (a, c) ǫ (s · t)~G/
✐☛

(∀~f✿|~G|(Ik) →֒ I)
(
∃b ǫ |F2|(~I)

)
{(
|F1|(~f)(a), b

)
ǫ s

(
b, |F3|(~f)(c)

)
ǫ t ✳

❈❤❡❝❦✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s ❡❛s②✳

❋♦r t❤❡ s❡❝♦♥❞ ♣♦✐♥t✱ ❧❡t (a, c) ǫ (s · t)~G/
❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❧❡t ~h ✿ |~G|(Ik) ∼→ ~I

✭t❤✐s ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ |~G|(Ik) ✐s ✐♥☞♥✐t❡✮✱ ✇❡ ❦♥♦✇ t❤❛t

(
∃b ǫ |F2|(~I)

)
{(
|F1|(~h)(a), b

)
ǫ s

(
b, |F3|(~h)(c)

)
ǫ t ✳

▲❡t b′ , |F2|(h)④(b) ✭t❤✐s ✐s ✇❡❧❧ ❞❡☞♥❡❞ ❜❡❝❛✉s❡ |F2|(~h) ✐s ❛ ❜✐❥❡❝t✐♦♥✮❀ ✐t s✉✍❝❡s

t♦ s❤♦✇ ✭❜② ❞❡☞♥✐t✐♦♥ ♦❢ s~G/
· t~G/

✮ t❤❛t

{
(∃~f✿|~G|(Ik) →֒~I)

(
|F1|(~f)(a), |F2|(~f)(b

′)
)
ǫ s

(∃~g✿|~G|(Ik) →֒~I)
(
|F2|(~g)(b

′), |F3|(~g)(c)
)
ǫ t ✳

❚❛❦❡ f , h ❛♥❞ g , h. . .
�X

# ❘❡♠❛r❦ ✸✵✿ ✐❢ |G|(Ik) ❝♦♥t❛✐♥s ❛ ☞♥✐t❡ s❡t✱ t❤❡♥ ❡q✉❛❧✐t② ♥❡❡❞s ♥♦t ❤♦❧❞
❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ str✐❝t✳ ❯s❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ F✱ G ❛♥❞ H ✐♥ PInt(1) ✱
✇✐t❤ t ✿✿ F ⊸ G✱ s ✿✿ G ⊸ H ❛♥❞ K ✿ Emb → Emb ✇❤❡r❡✿

✲ |F|(X) = |H|(X) = {∗}❀ F(P) = H(P) = Id❀

✲ |G|(X) = X❀ G(P) = IdP(X) ❀

✲ K(X,P) = (∅, Id)❀

✲ t = {(∗,i) | i ǫ I}❀

✲ s = {(i,∗) | i ǫ I}✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t ❛♥❞ s ❛r❡ ♦❜❥❡❝ts ♦❢ t②♣❡ F ⊸ G ❛♥❞ G ⊸ H

❛♥❞ t❤❛t s~G/
· t~G/

= ∅ ✇❤❡r❡❛s (s · t)~G/
= {(∗,∗)}✳

◆♦t✐❝❡ t❤❛t ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❢♦r♠✉❧❛s✱ ✐❢ t❤❡ s✉❜st✐✲

t✉t✐♦♥ ✐s ♣♦✐♥t✇✐s❡ ♦♣❡♥ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ❡❛❝❤ Gi ✐s ❛♥ ♦♣❡♥ ❢♦r♠✉❧❛✮ ♦r ❝♦♥t❛✐♥s

❡①♣♦♥❡♥t✐❛❧s✱ ~G(Ik) ✐s ✐♥☞♥✐t❡✱ ❛♥❞ ❡q✉❛❧✐t② t❤✉s ❤♦❧❞s✳

§ ❈♦♠♣r❡❤❡♥s✐♦♥✳ ❙✉♣♣♦s❡ F ✐s ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n+ 1✱

⊲ Definition 8.4.10: ❞❡☞♥❡ εF , E
(
Id|❚ F|(~I)

)
❀ ✇❡ ❤❛✈❡ εF ✿✿ ❯❚ F⊸ F✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② k✲❛r② ✐♥t❡r❢❛❝❡ G ✇❡ ❝❛♥ ❛♣♣❧② s✉❜st✐t✉t✐♦♥ ♦♥ t❤✐s ❛♥❞ ♦❜t❛✐♥

❛ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ ♦❢ ❛r✐t② n+ k✿

εFIdn,G/ ✿✿ (❯❚ F⊸ F)Idn,G/ = (❯k ❚ F)⊸ (FIdn,G/) ✳

❚❤✐s ✐s t❤❡ s❡♠❛♥t✐❝s ❝♦✉♥t❡r♣❛rt ♦❢ (∀X) F(X) ⊢ F[G/X]✱ t❤❡ s♦✲❝❛❧❧❡❞ ❭❝♦♠♣r❡❤❡♥s✐♦♥

❛①✐♦♠✧✳

◦ Lemma 8.4.11: ❢♦r ❛♥② π ✿✿ ❯ Γ ⊸ F✱ ✇❡ ❤❛✈❡ (εFIdn,G/) ·Λπ = πIdn,G/✳



✶✽✻ ✽ ❙❡❝♦♥❞ ❖r❞❡r

proof: ✇❡ ❥✉st s❤♦✇ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✿

(γ, a) ǫ εFIdn,G ·Λπ

⇔

(∃b) (γ, {b}≈) ǫ Λπ ∧ ({b}≈, a) ǫ εFIdn,G

⇔ { ✇❤❡r❡ (~f,g) ✿ In × |G|(Ik) →֒ In+1 }

(∃b) (γ, {b}≈) ǫ Λπ ∧
(
∀(~f, g)

) (
❯❚ |F|(~f, g)({b}≈), |F|(~f, g)(a)

)
ǫ εF

⇒ { ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ~f t❤❡ ✐❞❡♥t✐t② }

(∃b) (γ, {b}≈) ǫ Λπ ∧
(
∀g✿|G|(Ik) →֒ I

) (
{b}≈, |F|(Id

n, g)(a)
)
ǫ εF

⇔ { ❞❡☞♥✐t✐♦♥ ♦❢ εF }

(∃b) (γ, {b}≈) ǫ Λπ ∧
(
∀g✿|G|(Ik) →֒ I

)
{b}≈ = {|F|(Idn, g)(a)}≈

⇒(
∀g✿|G|(Ik) →֒ I

) (
γ, {|F|(Idn, g)(a)}≈

)
ǫ Λπ

⇔(
∀g✿|G|(Ik) →֒ I

) (
γ, |F|(Idn, g)(a)

)
ǫ π

⇒ { t❛❦❡ ❛♥② g ✿ |G|(Ik) →֒ I }(
|❯ Γ |(Idn, g)(γ), |F|(Idn, g)(a)

)
ǫ π

⇒(
∃(~f, g) ✿~I× |G|(Ik) →֒~I× I

) (
|❯ Γ |(~f, g)(γ), |F|(~f, g)(a)

)
ǫ π

⇔

(γ, a) ǫ πIdn,G

❚❤❡ ❝♦♥✈❡rs❡ ✐♥❝❧✉s✐♦♥ ✐s s✐♠✐❧❛r✳

�X

§ ❊q✉❛t✐♦♥s ❢♦r ❙✉❜st✐t✉t✐♦♥✳ ❲❡ ❝❛♥ ♥♦✇ ❝❤❡❝❦ t❤❛t s✉❜st✐t✉t✐♦♥ ❞♦❡s ❜❡❤❛✈❡ ❛s

❡①♣❡❝t❡❞✿

✶✮ (❚ F)~G/
= ❚(F~G,Id/

)✿ t❤✐s ♠❡❛♥s t❤❛t ❚ ❜✐♥❞s t❤❡ ❧❛st ✈❛r✐❛❜❧❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✭✐t

✐s ✉♥❝❤❛♥❣❡❞ ❜② s✉❜st✐t✉t✐♦♥✮❀

✷✮ (Λt)~G/
= Λ(t~G,Id/

) t❤✐s ✐s s✐♠✐❧❛r✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠♦r♣❤✐s♠s ✭♣r♦♦❢s✮❀

✸✮ (Et)~G,Id/
= E(t~G/

)✿ t❤❡ ♦♣❡r❛t✐♦♥ E ❛❝ts ❧✐❦❡ t❤❡ ✐❞❡♥t✐t② s✉❜st✐t✉t✐♦♥

proof: ❧❡t✬s ❝❤❡❝❦ t❤❡ ❧❛st ❡q✉❛❧✐t②✿ ❧❡t t ✿✿ F⊸ ❚G✳ ❚❤❛t t❤❡ t②♣✐♥❣ ✐s ❝♦rr❡❝t ❢♦❧❧♦✇s

❞✐r❡❝t❧② ❢r♦♠ ♣♦✐♥t ✶✳

(b, a) ǫ (εt)~G,Id/

⇔(
∀(~f, g)✿~G(~I)× I →֒~I× I

)
|❯ F⊸ G|(~f, g)(b, a) ǫ εt

⇔ { ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r g t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✿ }(
∀(~f)✿~G(~I) →֒~I

) (
|F|(~f)(b), |G|(~f, Id)(a)

)
ǫ εt

⇔(
∀(~f)✿~G(~I) →֒~I

) (
|F|(~f)(b), {|G|(~f, Id)(a)}≈

)
ǫ t

⇔(
∀(~f)✿~G(~I) →֒~I

) (
|F|(~f)(b), |❚G|(~f){a}≈

)
ǫ t

⇔(
∀(~f)✿~G(~I) →֒~I

)
|F⊸ ❚G|(b, {a}≈) ǫ t

⇔

(b, {a}≈) ǫ t~G/

⇔

(b, a) ǫ E(t~G/
)

�X
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❚♦ ❜❡ ❝♦♠♣❧❡t❡✱ ♦♥❡ ❛❧s♦ ♥❡❡❞s t♦ ❝❤❡❝❦ t❤❛t s✉❜st✐t✉t✐♦♥ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ❧♦❣✐❝❛❧

❝♦♥♥❡❝t✐✈❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡✿

(F⊗H)~G/
= F~G/

⊗H~G/

(t⊗ t′)~G/
= t~G/

⊗ t′~G/

✭✇❤❡r❡ t ✿✿ F ⊸ G ❛♥❞ t′ ✿✿ F′ ⊸ G′ ❛♥❞ t⊗ t′ ✿✿ F⊗ F′ ⊸ G⊗ G′✮✳

8.4.4 Subinvariance by Cut-Elimination

■♥t❡r♣r❡t✐♥❣ s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝ ✐s r❛t❤❡r ❡❛s② ♥♦✇✿ ❥✉st ❧✐❢t ❛❧❧ t❤❡ ❧♦❣✐❝❛❧

❝♦♥♥❡❝t✐✈❡s t♦ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✳ ❚❤❡ ♦♥❧② ♠✐❧❞ ❞✐✍❝✉❧t② ✐s ❣❡tt✐♥❣ t❤❡ ❤❛♥❞❧✐♥❣

♦❢ ❢r❡❡ ✈❛r✐❛❜❧❡s r✐❣❤t✳ ▲❡t ~X ❜❡ ❛ ✭☞♥✐t❡✮ ❧✐st ♦❢ n ✉♥✐q✉❡ ✈❛r✐❛❜❧❡s ♥❛♠❡s ❛♥❞

s✉♣♣♦s❡ F ✐s ❛ s❡❝♦♥❞ ♦r❞❡r ❧✐♥❡❛r ❢♦r♠✉❧❛✱ ✇✐t❤ ❛❧❧ ✐ts ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ ~X✳ ❲❡ ❝❛♥

✐♥t❡r♣r❡t t❤❡ ❢♦r♠✉❧❛ F ❜② ❛♥ n✲❛r② ✐♥t❡r❢❛❝❡ [[F]]
~X ✿ Embn → Emb ✐♥❞✉❝t✐✈❡❧②✿

� ❢♦r ☞rst ♦r❞❡r ❝♦♥str✉❝t✐♦♥s✱ ✉s❡ ❞❡☞♥✐t✐♦♥ ✽✳✸✳✶✵❀

� ✐❢ F ✐s ♦❢ t❤❡ ❢♦r♠ (∀X)G ❢♦r ❛ ♥❡✇ ✈❛r✐❛❜❧❡ ♥❛♠❡ X✱ ♣✉t [[F]]
~X , ❚[[G]]

~X,X❀

� ❢♦r ❛♥ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐☞❡r✱ ✉s❡ (∃X) F =
(
(∀X) F⊥

)⊥
✳

❖❢ ❝♦✉rs❡✱ t❤❡ ✐♥t❡r❡st✐♥❣ ♣❛rt ✐s ✐♥t❡r♣r❡t✐♥❣ ♣r♦♦❢s✿ ❢♦r ☞rst ♦r❞❡r r✉❧❡s✱ ❢♦❧❧♦✇

s❡❝t✐♦♥ ✼✳✶✳ ❚❤✐s ♦♥❧② ❧❡❛✈❡s t❤❡ t✇♦ r✉❧❡s

⊢ Γ ✱ F

⊢ Γ ✱ (∀X) F
✇❤❡r❡ X ✐s ♥♦t ❢r❡❡ ✐♥ Γ

⊢ Γ ✱ F[G/X]

⊢ Γ ✱ (∃X) F
✇❤❡r❡ G ✐s ❛ ❢♦r♠✉❧❛.

❋♦r t❤❡ ☞rst r✉❧❡✱ ✇❡ ✉s❡ t❤❡ Λ ♦♣❡r❛t✐♦♥ ✭♣❛❣❡ ✶✽✶✮✿

� ✐❢ t❤❡ ♣r♦♦❢ ✐s
π′ ⊢ Γ ✱ F

π ⊢ Γ ✱ (∀X) X
✱ ✉s❡ [[π]] , Λ[[π′]]

❈♦rr❡❝t♥❡ss ✐s ❢❛✐r❧② str❛✐❣❤t❢♦r✇❛r❞✳

■♥t❡r♣r❡t✐♥❣ t❤❡ ❡①✐st❡♥t✐❛❧ r✉❧❡ ✐s s❧✐❣❤t❧② tr✐❝❦✐❡r✱ ❜✉t t❤❡r❡ ✐s ♥♦ r♦♦♠ ❢♦r

✐♠♣r♦✈✐s❛t✐♦♥✿

� ✐❢ t❤❡ ♣r♦♦❢ ✐s
π′ ⊢ Γ ✱ F[G/X]

π ⊢ Γ ✱ (∃X) F
❛♥❞ ❛❧❧ t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ G ♥♦t ✐♥ ~X

❛♣♣❡❛r ✐♥ ~Y✱ ♦❢ ❧❡♥❣t❤ k✱ ✇❡ ❤❛✈❡✿

✲ [[Γ, (∃X) F]]
~X = [[Γ ]]

~X

✫(
❚[[F⊥]]

~X,X
)⊥

❀

✲ [[Γ, F[G/X]]]
~X,~Y = ❯

k[[Γ ]]
~X

✫

[[F]]
~X,X

Idn,G/✳

✭◆♦t❡ t❤❛t ✇❡ ♥❡❡❞ t♦ ❭♣❛❞✧ t❤❡ ❝♦♥t❡①t ✇✐t❤ s♦♠❡ ❯✬s t♦ ❣❡t ❛♥ ✐♥t❡r❢❛❝❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❛r✐t②✳✮

❲❡ ❤❛✈❡✿

εF
⊥

Idn,G/ ✿✿ ❯
k
❚(F⊥)⊸ (F⊥Idn,G/)

⇔ { t❤❡ ❛❝t✐♦♥ ♦❢ ⊥ ♦♥ ♠♦r♣❤✐s♠ ✐s ❥✉st t❤❡ ❝♦♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ♦♥ r❡❧❛t✐♦♥s✿ r 7→ r∼ }(
εF

⊥

Idn,G/

)∼
✿✿ (FIdn,G)⊸ ❯

k
❚(F⊥)

⊥

⇔(
εF

⊥

Idn,G/

)∼
✿✿ [[F[G/X]]]

~X,~Y ⊸ ❯
k[[(∃X) F]]

~X✳

❲❡ ❝❛♥ ❝♦♠♣♦s❡ t❤❛t ✇✐t❤ [[π′]] ❛♥❞ ♦❜t❛✐♥

(
εF

⊥

Idn,G/

)∼
· [[π′]] ✿✿ ❯

k[[Γ, (∃X) F]]
~X



✶✽✽ ✽ ❙❡❝♦♥❞ ❖r❞❡r

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
(
εF

⊥

Idn,G/

)∼
· [[π′]] ✿✿ [[Γ, (∃X) F]]

~X✳

❲❡ ❞❡☞♥❡ [[π]] t♦ ❜❡ ♣r❡❝✐s❡❧② t❤✐s ♦❜❥❡❝t✳ ❚❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥ s❤♦✇❡❞ ❝♦rr❡❝t✲

♥❡ss ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✳

§ ❋❛✐❧✉r❡ ♦❢ ❈✉t✲❊❧✐♠✐♥❛t✐♦♥✳ ❲❡ t❤✉s ♦❜t❛✐♥ ❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ s❡❝♦♥❞ ♦r❞❡r

❧✐♥❡❛r ❧♦❣✐❝✿ ❢♦r♠✉❧❛s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡s✱ ❛♥❞ ♣r♦♦❢s ❛r❡ ✐♥t❡r✲

♣r❡t❡❞ ❜② ♦❜❥❡❝ts ♦❢ ✭✈❛r✐❛❜❧❡✮ t②♣❡✱ ✐✳❡✳ ❭♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt✐❡s✧✳ ❲❡ ❤❛✈❡

s❤♦✇♥ ✭❢♦r ❛ s✉❜t❤❡♦r② ♦❢ ☞rst ♦r❞❡r ❧✐♥❡❛r ❧♦❣✐❝✱ ♥❛♠❡❧② s✐♠♣❧② t②♣❡❞ λ✲❝❛❧❝✉❧✉s✮

t❤❛t t❤❡ ☞rst ♦r❞❡r ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❝✉t ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ✐t ✐s ❡❛s② t♦

❡①t❡♥❞ t❤❛t t♦ ❛♥② PInt(n)✳ ❍♦✇❡✈❡r✱ ✐♥✈❛r✐❛♥❝❡ ♠❛② ❢❛✐❧ ✇❤❡♥ ❡❧✐♠✐♥❛t✐♥❣ s❡❝♦♥❞

♦r❞❡r ❝✉t✿

π ⊢ Γ ✱ F

⊢ Γ ✱ (∀X) F

π′ ⊢ F⊥[G/X] ✱ ∆

⊢ (∃X) F⊥ ✱ ∆

⊢ Γ ✱ ∆

r❡❞✉❝❡s t♦

π[G/X] ⊢ Γ ✱ F[G/X] π′ ⊢ F⊥[G/X] ✱ ∆

⊢ Γ ✱ ∆

✭✇❤❡r❡ π[G/X] ✐s t❤❡ ♦❜✈✐♦✉s ♣r♦♦❢ ✇❤❡r❡ X ❛s ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② G✮

❚❤❡ r❡s♣❡❝t✐✈❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ t❤♦s❡ ♣r♦♦❢s ❛r❡

� π1 , [[π′]] · (εF
⊥

Idn,G/)
∼ ·Λ[[π]]❀

� ❛♥❞ π2 , [[π′]] · [[π[G/X]]]✳

❇② ❧❡♠♠❛ ✽✳✹✳✶✶✱ ✇❡ ❤❛✈❡ t❤❛t π1 = [[π′]] · [[π]]Idn,G/❀ ❛♥❞ ❜② ❧❡♠♠❛ ✽✳✹✳✾✱ ✇❡ ❝❛♥

❡❛s✐❧② s❤♦✇ ✭❜② ✐♥❞✉❝t✐♦♥✮ t❤❛t [[π[G/X]]] ⊆ [[π]]Idn,G/✳ ❲❡ t❤✉s ♦❜t❛✐♥✿

π2 = [[π′]] · [[π[G/X]]] ⊆ [[π′]] · [[π]]Idn,G/ = π1 ✳

❲❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❛t t❤✐s ✐♥❝❧✉s✐♦♥ ✐s ❛♥ ❡q✉❛❧✐t②✳ ■t ♠❡❛♥s t❤❛t ✐t ✐s ❛ ♣r✐♦r✐ ♣♦s✲

s✐❜❧❡ ❢♦r t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♣r♦♦❢s t♦ ❞❡❝r❡❛s❡ ❞✉r✐♥❣ ❝✉t ❡❧✐♠✐♥❛t✐♦♥✳ ❚❤❡ ♣r♦❜❧❡♠

✐s ♥♦t t♦♦ s❡r✐♦✉s ❜❡❝❛✉s❡ ❡q✉❛❧✐t② ✇✐❧❧ ❤♦❧❞ ❛s s♦♦♥ ❛s t❤❡ ❢♦r♠✉❧❛ G ✐s ❭✐♥☞♥✐t❡✧

✭❢♦r ❡①❛♠♣❧❡ ✇❤❡♥ ✐t ❝♦♥t❛✐♥s ❢r❡❡ ✈❛r✐❛❜❧❡s ♦r ❡①♣♦♥❡♥t✐❛❧s✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ♦♥❡

✐♥t❡r♣r❡ts s②st❡♠✲F ✐♥ t❤✐s ✇❛②✱ t❤❡ ♦♥❧② ❭☞♥✐t❡✧ ❢♦r♠✉❧❛ ✐s t❤❡ ❡♠♣t② t②♣❡ (∀α)α✳ ■t

✐s ♥♦t ❦♥♦✇♥ ❛t t❤❡ ♠♦♠❡♥t ✐❢ ♦❜❥❡❝ts ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ ❝♦♠✐♥❣ ❢r♦♠ r❡❛❧ ♣r♦♦❢s ♠❛②

❛❝t✉❛❧❧② ❞❡❝r❡❛s❡ ❞✉r✐♥❣ ❝✉t ❡❧✐♠✐♥❛t✐♦♥✳9

9 ✿ ◆♦t❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✐♥t❡r❢❛❝❡s✿ ✐t ✐s ❛ q✉❡st✐♦♥ ♦♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧✳



Conclusion

❚❤✐s ✇♦r❦ ✇❛s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠✱ ❛ ❣r❛♣❤ ❧✐❦❡

str✉❝t✉r❡ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ s✐❣♥❡❞ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ st❛t❡s✳ ❚❤♦s❡ tr❛♥s✐t✐♦♥s ❛r❡

❛❧t❡r♥❛t✐♥❣ ❜❡t✇❡❡♥ ❭❆♥❣❡❧✧ ❛♥❞ ❭❉❡♠♦♥✧ tr❛♥s✐t✐♦♥s❀ t❤❡ ❧❛tt❡r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

❢♦r♠❡r✳ ❚❤❡ ♣♦✐♥t ♦❢ ❞❡♣❛rt✉r❡ ✇❛s ❝♦♥str✉❝t✐✈❡ t♦♣♦❧♦❣②✱ s✐♥❝❡ t❤✐s str✉❝t✉r❡ ❛❞❡✲

q✉❛t❡❧② ❞❡s❝r✐❜❡s ❛ ❢♦r♠❛❧ s♣❛❝❡ ✐♥ t②♣❡ t❤❡♦r②✱ ♦r ✐♥ ❝♦♥str✉❝t✐✈❡ ♣r❡❞✐❝❛t✐✈❡ ♠❛t❤✲

❡♠❛t✐❝s✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ r❡♠❛✐♥❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡❧❡✈❛♥❝❡ ♦❢

✐♥t❡r❛❝t✐♦♥ s②st❡♠s t♦ ❞❡s❝r✐❜❡ ♣r♦❣r❛♠♠✐♥❣ ✐♥t❡r❢❛❝❡s ❛♥❞ ♣r♦❣r❛♠s ❢✉❧☞❧❧✐♥❣ t❤♦s❡

✐♥t❡r❢❛❝❡s✳ ■♥ t❤✐s r❡s♣❡❝t✱ ♠♦st ♦❢ t❤❡ ❡❛r❧② ✐♥t✉✐t✐♦♥s ❛❜♦✉t ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥

❜❡ ❛ttr✐❜✉t❡❞ t♦ P❡t❡r ❍❛♥❝♦❝❦✳

Pr✐♦r t♦ t❤❛t✱ t❤❡ ❛❜str❛❝t str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✇❛s st✉❞✐❡❞ ✐♥ ❝❤❛♣✲

t❡rs ✷ ❛♥❞ ✸✱ ❛♥❞ t❤✐s ✇❛s ♣✉t ✐♥t♦ ❛♣♣❧✐❝❛t✐♦♥ t♦ s❤♦✇ t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ ✐♥t❡r❛❝t✐♦♥

s②st❡♠s ❢♦r♠s ❛ ♥♦♥ tr✐✈✐❛❧ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✭❝❤❛♣t❡r ✻✮✳ ❙♦♠❡ ♦❢

t❤❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②

❜② s❤♦✇✐♥❣ t❤❛t t❤❡② ❛❧s♦ ♠♦❞❡❧ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❞✐☛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ❞✐☛❡r❡♥t✐❛❧

λ✲❝❛❧❝✉❧✉s ✭s❡❝t✐♦♥ ✻✳✹✮✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♥t❡♥t ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

✐s ♥♦t ♥❡❡❞❡❞✱ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ s✐♠♣❧✐☞❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ♥♦t✐♦♥

♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ❚❤✐s ✐s ✇❤❛t ✐s ❞♦♥❡

✐♥ ❝❤❛♣t❡r ✼ ❛♥❞ t❤❡ r❡s✉❧t ✐s ❛ ❝♦♥❝✐s❡ ❛♥❞ ❡❧❡❣❛♥t ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❢✉❧❧ ♣r♦♣♦✲

s✐t✐♦♥❛❧ ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤✐s ♠♦❞❡❧ ✐s t❤❡♥ ❡①t❡♥❞❡❞ t♦ s❡❝♦♥❞ ♦r❞❡r ✉s✐♥❣ tr❛❞✐t✐♦♥❛❧

t❡❝❤♥♦❧♦❣②✿ t❤✐s ✐s t❤❡ ❝♦♥t❡♥t ♦❢ ❝❤❛♣t❡r ✽✳

Future Work

▼❛♥② t❤✐♥❣s r❡♠❛✐♥ t♦ ❜❡ ❞♦♥❡✱ r❛♥❣✐♥❣ ❢r♦♠ ✈❡r② ❝♦♥❝r❡t❡ t♦ ✈❡r② ❛❜str❛❝t✳ ❖♥❡ ❧♦♥❣

t❡r♠ ❣♦❛❧ ✐s t♦ r❡❝♦♥❝✐❧❡ t❤❡ ☞rst ♣❛rt ✭ ∗ ♠♦♥❛❞ ❛♥❞ ∞ ❝♦♠♦♥❛❞✮ ✇✐t❤ t❤❡ s❡❝♦♥❞

♣❛rt ✭? ♠♦♥❛❞ ❛♥❞ ! ❝♦♠♦♥❛❞✮✱ ❢♦r ✇❤✐❝❤ ♥♦ ❝♦♠♠♦♥ ❣r♦✉♥❞ ❤❛s ❜❡❡♥ ❢♦✉♥❞✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❛s s✉r♣r✐s✐♥❣ ❛s ✐t ♠❛② s❡❡♠✱ t❤❡ ♥♦t✐♦♥ ♦❢ s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ✐s ♥♦t

✉s❡❞ ❛♥②✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt✦

❋r♦♠ ❛♥ ❛❜str❛❝t ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s

♦r ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❝♦✉❧❞ ❜❡ ❡♥❧✐❣❤t❡♥✐♥❣✳ ❚✇♦ ❞✐r❡❝t✐♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

� ❝♦♥s✐❞❡r t❤❛t S ❤❛s s♦♠❡ str✉❝t✉r❡ ✭♦r❞❡r✱ ❣r♦✉♣ ♦r ❡✈❡♥ s♠❛❧❧ ❝❛t❡❣♦r②✮✳ ❋♦r

❡①❛♠♣❧❡✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✐❢ t❤❡r❡ ✐s ❛ ♥♦t✐♦♥ ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s

❛❧❧♦✇✐♥❣ t♦ r❡♣r❡s❡♥t ❢✉♥❝t♦rs ❢r♦♠ Ŝ t♦ ✐ts❡❧❢✳ ✭❲❤❡r❡ Ŝ ✐s t❤❡ ❝❛t❡❣♦r② ♦❢

♣r❡s❤❡❛✈❡s ♦✈❡r ❛ s♠❛❧❧ ❝❛t❡❣♦r②✳✮

� ❝♦♥s✐❞❡r S t♦ ❜❡ ❛♥ ♦❜❥❡❝t ✐♥ ❛ ❧♦❝❛❧❧② ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r②✱ ♦r ♠♦r❡ ❣❡♥✲



✶✾✵ ❈♦♥❝❧✉s✐♦♥

❡r❛❧❧② ❛ ❝❛t❡❣♦r② ✇✐t❤ ❢❛♠✐❧✐❡s ✭❬✸✵❪✮✳ ❙✉❝❤ ❛ ❝❛t❡❣♦r② ❤❛s ❛s ✐♥t❡r♥❛❧ ❧❛♥❣✉❛❣❡

❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r② ✭❬✽✶❪ ❛♥❞ ❬✹✾❪✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

❜❡❝♦♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

✲ ❛♥ ♦❜❥❡❝t S ✐♥ ❈❀

✲ ❛♥ ♦❜❥❡❝t A ✐♥ ❈/S❀

✲ ❛♥ ♦❜❥❡❝t D ✐♥ ❈/ΣSA❀

✲ ❛ ♠♦r♣❤✐s♠ n ✐♥ ❈
(
ΣSΣAD , S

)
✳1

❲❤❡♥ ❈ ✐s Set✱ ✇❡ r❡❝♦✈❡r t❤❡ ♥♦t✐♦♥ st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ♠♦r✲

♣❤✐s♠ ✇♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② ❛ s♣❛♥ ✭r❡❧❛t✐♦♥✮ ✇✐t❤ s♦♠❡ ♠♦r♣❤✐s♠s ❣✐✈✐♥❣ t❤❡

tr❛♥s❧❛t✐♦♥s ❢r♦♠ A1 t♦ A2 ❛♥❞ ❢r♦♠ D2 t♦ D1✳ ❙✐♥❝❡ t❤❡ ✐♥t✉✐t✐♦♥✐st✐❝ ♣❛rt ♦❢

t❤❡ ❝❛t❡❣♦r② Int ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r②✱ ✐t ♣r♦❜❛❜❧② ❧✐❢ts t♦ t❤❡

❝♦♥t❡①t ♦❢ ❝❛t❡❣♦r② ✇✐t❤ ❢❛♠✐❧✐❡s✳

❚❤✐s ♣♦✐♥t ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✇♦r❦ ♦♥ ❝♦♥t❛✐♥❡rs ❞♦♥❡ ✐♥ ◆♦tt✐♥❣❤❛♠

✭s❡❡ ❬✶❪✮✱ ❜✉t t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❧✐♥❡❛r str✉❝t✉r❡ ♦❢ ❭❞❡♣❡♥❞❡♥t ❝♦♥t❛✐♥✲

❡rs✧✱ ❛❦❛ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳

❙✉❝❤ ❡①t❡♥s✐♦♥s ❝♦✉❧❞ ✐♥ ♣❛rt✐❝✉❧❛r s❤❡❞ s♦♠❡ ❧✐❣❤t ♦♥ ♣r♦♣♦s✐t✐♦♥ ✷✳✺✳✷✸ ✭❡q✉✐✈❛❧❡♥❝❡

❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✮✱ ✇❤✐❝❤ ✐s ❤✐❣❤❧② s✉r♣r✐s✐♥❣✳

■t ✐s ♥♦t ❡①♣❡❝t❡❞ t❤❛t s✉❝❤ ❛ t❤✐♥❣ ✇✐❧❧ ❤♦❧❞ ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①ts ❧✐❦❡ t❤❡ ♦♥❡

❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❆♥♦t❤❡r ❞✐r❡❝t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t Int ✐s ❡♥r✐❝❤❡❞ ♦✈❡r ❝♦♠♣❧❡t❡

s✉♣✲❧❛tt✐❝❡s t♦ ❣✐✈❡ ♠♦❞❡❧s ❢♦r t❤❡ ✉♥t②♣❡❞ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s✳ ❚❤❡r❡✱ ♦♥❡ ✇❛♥ts

t♦ ✐♥t❡r♣r❡t ❛r❜✐tr❛r② ❚❛②❧♦r ❡①♣❛♥s✐♦♥s✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ t♦ ✐♥ t❤❡ ☞♥✐t❡♥❡ss s♣❛❝❡

♠♦❞❡❧✳ ❚❤❡ ❞❡s❝✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❢♦r ✉♥t②♣❡❞ λ✲❝❛❧❝✉❧✉s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✺✹❪✳

❖♥ t❤❡ ♣✉r❡❧② ❧♦❣✐❝❛❧ s✐❞❡✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✐❢ ✇❡ ❝❛♥ ❤❛✈❡ ❛ ❭✇❡❛❦✧

❝♦♠♣❧❡t❡♥❡ss r❡s✉❧t ❢♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❧✐♥❡❛r ❧♦❣✐❝✿ s♦♠❡t❤✐♥❣ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❭✐❢ x

✐s ❛ s❛❢❡t② ♣r♦♣❡rt② ✐♥ F ❢♦r ❛❧❧ ✈❛❧✉❛t✐♦♥✱ t❤❡♥ x ✐s ❛ ✉♥✐♦♥ ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ♣r♦♦❢s

♦❢ F✧✳

❚r②✐♥❣ t♦ s❡❡ ✐❢ ✇❡ ❝❛♥ ♠❛❦❡ ♣r❡❝✐s❡ t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❭s②♥❝❤r♦♥②✧ ✉s❡❞ ✐♥ t❤❡

♠✉❧t✐♣❧✐❝❛t✐✈❡✴❡①♣♦♥❡♥t✐❛❧ ❝♦♥♥❡❝t✐✈❡s✳ ❈♦✉❧❞ ♣r♦❝❡ss ❛❧❣❡❜r❛ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ s②st❡♠

❧❡❛r♥ ❢r♦♠ ❡❛❝❤ ♦t❤❡r❄

❋r♦♠ ❛ ♣✉r❡❧② ❝♦♥❝r❡t❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ tr②✐♥❣ t♦ ✉s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✭♦r ❛

✈❛r✐❛♥t✮ t♦ ❞❡s❝r✐❜❡ s♦♠❡ ❝♦♥❝r❡t❡ ✐♥t❡r❢❛❝❡ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❞♦♥❡✳ ❆♥♦t❤❡r ❧♦♥❣ t❡r♠

❣♦❛❧ ✇♦✉❧❞ ❜❡ t♦ s❡❡ ✐❢ t❤❡ t❡❝❤♥♦❧♦❣② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤❡❧♣

❞❡✈❡❧♦♣✐♥❣ ♣r♦❣r❛♠s s❛t✐s❢②✐♥❣ ✈❛r✐♦✉s s♣❡❝✐☞❝❛t✐♦♥✳

❡t❝✳

❡t❝✳

❡t❝✳

1 ✿ ❘❡❝❛❧❧ t❤❛t ✐t ✐s ❝✉st♦♠❛r②✱ ❢♦r ❛♥ ♦❜❥❡❝t B ♦❢ ❈/A✱ t♦ ✇r✐t❡ ΣAB ❢♦r t❤❡ ❝♦❞♦♠❛✐♥ ♦❢ B✳
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♥❡t❤ ❑✉♥❡♥✱ ❨✐❛♥♥✐s ◆✐❦♦❧❛s ▼♦s❝❤♦✈❛❦✐s ❛♥❞ ❆♥♥❡ ❙❥❡r♣ ❚r♦❡❧str❛✱ ❙t✉❞✐❡s

✐♥ ▲♦❣✐❝ ❛♥❞ t❤❡ ❋♦✉♥❞❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✾✵✳

✷✽[✺] P❡t❡r ❆❝③❡❧✳ ❚❤❡ t②♣❡ t❤❡♦r❡t✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❝♦♥str✉❝t✐✈❡ s❡t t❤❡♦r②✿

✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s✳ ■♥ ▲♦❣✐❝✱ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ♣❤✐❧♦s♦♣❤② ♦❢ s❝✐❡♥❝❡✱ ❱■■

✭❙❛❧③❜✉r❣✱ ✶✾✽✸✮✱ ✈♦❧✉♠❡ ✶✶✹ ♦❢ ❙t✉❞✐❡s ✐♥ ▲♦❣✐❝ ❛♥❞ ❋♦✉♥❞❛t✐♦♥ ♦❢ ▼❛t❤❡✲

♠❛t✐❝s✱ ♣❛❣❡s ✶✼④✹✾✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✽✻✳

✷✼✱ ✺✷✱ ✽✺[✻] P❡t❡r ❆❝③❡❧ ❛♥❞ ▼✐❝❤❛❡❧ ❘❛t❤❥❡♥✳ ◆♦t❡s ♦♥ ❝♦♥str✉❝t✐✈❡ s❡t t❤❡♦r②✱ ✷✵✵✶✳

❘❡♣♦rt ✹✵✱ ♣r❡♣r✐♥t ❢r♦♠ t❤❡ ▼✐tt❛❣✲▲❡✎❡r ✐♥st✐t✉t❡✱ ❙t♦❝❦❤♦❧♠✳

✷✼[✼] ❚❤♦rst❡♥ ❆❧t❡♥❦✐r❝❤ ❛♥❞ ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❆ ☞♥✐t❛r② s✉❜s②st❡♠ ♦❢ t❤❡ ♣♦❧②✲

♠♦r♣❤✐❝ λ✲❝❛❧❝✉❧✉s✳ ■♥ ❚②♣❡❞ ▲❛♠❜❞❛ ❈❛❧❝✉❧✐ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ❚▲❈❆ ✷✵✵✶✱

♥✉♠❜❡r ✷✵✹✹ ✐♥ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✷✷④✷✽✱ ✷✵✵✶✳

✺✵✱ ✺✺[✽] ❘❛❧♣❤✲❏♦❤❛♥ ❇❛❝❦ ❛♥❞ ❏♦❛❦✐♠ ✈♦♥ ❲r✐❣❤t✳ ❘❡☞♥❡♠❡♥t ❝❛❧❝✉❧✉s✱ ❆ s②st❡♠✲

❛t✐❝ ✐♥tr♦❞✉❝t✐♦♥✳ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱

◆❡✇ ❨♦r❦✱ ✶✾✾✽✳

✻✵[✾] ❘❛❧♣❤✲❏♦❤❛♥ ❇❛❝❦ ❛♥❞ ❏♦❛❦✐♠ ✈♦♥ ❲r✐❣❤t✳ ❊♥❝♦❞✐♥❣✱ ❞❡❝♦❞✐♥❣ ❛♥❞ ❞❛t❛ r❡✲

☞♥❡♠❡♥t✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✷✸✻✱ ❚✉r❦✉ ❈❡♥t❡r ❢♦r ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❋❡❜r✉✲

❛r② ✶✾✾✾✳

✶✹✻[✶✵] ❘❛❧♣❤✲❏♦❤❛♥ ❇❛❝❦ ❛♥❞ ❏♦❛❦✐♠ ✈♦♥ ❲r✐❣❤t✳ Pr♦❞✉❝t ✐♥ t❤❡ r❡☞♥❡♠❡♥t ❝❛❧✲

❝✉❧✉s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✷✸✺✱ ❚✉r❦✉ ❈❡♥t❡r ❢♦r ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❋❡❜r✉❛r②

✶✾✾✾✳



✶✾✷ ❇✐❜❧✐♦❣r❛♣❤②

✶✺✱ ✷✽[✶✶] ❍❡♥❦ P✐❡t❡r ❇❛r❡♥❞r❡❣t✳ ▲❛♠❜❞❛ ❝❛❧❝✉❧✐ ✇✐t❤ t②♣❡s✳ ■♥ ❍❛♥❞❜♦♦❦ ♦❢ ❧♦❣✐❝

✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ ❱♦❧✳ ✷✱ ❖①❢♦r❞ ❙❝✐❡♥❝❡ P✉❜❧✐s❤✐♥❣✱ ♣❛❣❡s ✶✶✼④✸✵✾✳ ❖①❢♦r❞

❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✷✳

✶✵✼[✶✷] ▼✐❝❤❛❡❧ ❇❛rr✳ ❚♦♣♦s❡s ✇✐t❤♦✉t ♣♦✐♥ts✳ ❏♦✉r♥❛❧ ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ❆❧❣❡✲

❜r❛✱ ✺✿✷✻✺④✷✽✵✱ ✶✾✼✹✳

✽✷[✶✸] ▼✐❝❤❛❡❧ ❇❛rr✳ ∗✲❛✉t♦♥♦♠♦✉s ❝❛t❡❣♦r✐❡s✱ ✈♦❧✉♠❡ ✼✺✷ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥

▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✶✾✼✾✳ ❲✐t❤ ❛♥ ❛♣♣❡♥❞✐① ❜② P♦ ❍s✐❛♥❣

❈❤✉✳

✸✶[✶✹] ❙t❡❢❛♥♦ ❇❡r❛r❞✐✱ ▼❛r❝ ❇❡③❡♠✱ ❛♥❞ ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❖♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

❝♦♥t❡♥t ♦❢ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝✱ ✻✸✭✷✮✿✻✵✵④✻✷✷✱

✶✾✾✽✳

✽✱ ✸✺✱ ✶✵✶[✶✺] ▼❛r❝ ❇❡③❡♠ ❛♥❞ ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ◆❡✇♠❛♥✬s ❧❡♠♠❛⑤❛ ❝❛s❡ st✉❞② ✐♥ ♣r♦♦❢

❛✉t♦♠❛t✐♦♥ ❛♥❞ ❣❡♦♠❡tr✐❝ ❧♦❣✐❝✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❆ss♦❝✐❛t✐♦♥ ❢♦r

❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❊❆❚❈❙✱ ✭✼✾✮✿✽✻④✶✵✵✱ ✷✵✵✸✳

✶✷✶[✶✻] P✐❡rr❡ ❇♦✉❞❡s✳ ◆♦♥✲✉♥✐❢♦r♠ ❤②♣❡r❝♦❤❡r❡♥❝❡s✳ ■♥ ❘✐❝❦ ❇❧✉t❡ ❛♥❞ P❡✲

t❡r ❙❡❧✐♥❣❡r✱ ❡❞✐t♦rs✱ ❊❧❡❝tr♦♥✐❝ ◆♦t❡s ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✈♦❧✲

✉♠❡ ✻✾✳ ❊❧s❡✈✐❡r✱ ✷✵✵✸✳

✶✸[✶✼] ❉♦✉❣❧❛s ❇r✐❞❣❡s ❛♥❞ ❋r❡❞ ❘✐❝❤♠❛♥✳ ❱❛r✐❡t✐❡s ♦❢ ❝♦♥str✉❝t✐✈❡ ♠❛t❤❡♠❛t✐❝s✱

✈♦❧✉♠❡ ✾✼ ♦❢ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✐❡s✳ ❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✽✼✳

✶✶✱ ✶✻✶✱ ✶✻✾✱ ✶✼✻[✶✽] ❆❧❡①❛♥❞r❛ ❇r✉❛ss❡✲❇❛❝✳ ▲♦❣✐q✉❡ ❧✐♥✓❡❛✐r❡ ✐♥❞❡①✓❡❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡✳ ❚❤✒❡s❡

❞❡ ❞♦❝t♦r❛t✱ ❯♥✐✈❡rs✐t✓❡ ❆✐①✲▼❛rs❡✐❧❧❡ ■■✱ ❯✳❋✳❘ ❞❡ s❝✐❡♥❝❡s✱ ✷✵✵✶✳

✶✻✶✱ ✶✻✾✱ ✶✼✻[✶✾] ❆❧❡①❛♥❞r❛ ❇r✉❛ss❡✲❇❛❝✳ ❖♥ ♣❤❛s❡ s❡♠❛♥t✐❝s ❛♥❞ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✿ t❤❡

s❡❝♦♥❞ ♦r❞❡r✳ ❯♥♣✉❜❧✐s❤❡❞✱ ✷✵✵✷✳

✶✻✾[✷✵] ❆❧❡①❛♥❞r❛ ❇r✉❛ss❡✲❇❛❝ ❛♥❞ ❚❤♦♠❛s ❊❤r❤❛r❞✳ ❙❡❝♦♥❞ ♦r❞❡r r❡❧❛t✐♦♥❛❧ ✐♥t❡r✲

♣r❡t❛t✐♦♥✱ ✷✵✵✹✳ ❯♥♣✉❜❧✐s❤❡❞ ♥♦t❡✳

✷✼[✷✶] ❲✐❧❢r✐❡❞ ❇✉❝❤❤♦❧③ ❛♥❞ ❑✉rt ❙❝❤⑧✉tt❡✳ Pr♦♦❢ t❤❡♦r② ♦❢ ✐♠♣r❡❞✐❝❛t✐✈❡ s✉❜✲

s②st❡♠s ♦❢ ❛♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✷ ♦❢ ❙t✉❞✐❡s ✐♥ Pr♦♦❢ ❚❤❡♦r②✳ ▼♦♥♦❣r❛♣❤s✳

❇✐❜❧✐♦♣♦❧✐s✱ ◆❛♣❧❡s✱ ✶✾✽✽✳

✸✺[✷✷] ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❆ s❡♠❛♥t✐❝s ♦❢ ❡✈✐❞❡♥❝❡ ❢♦r ❝❧❛ss✐❝❛❧ ❛r✐t❤♠❡t✐❝✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝✱ ✻✵✭✶✮✿✸✷✺④✸✸✼✱ ✶✾✾✺✳

✶✽✱ ✸✺[✷✸] ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❋♦r♠❛❧ t♦♣♦❧♦❣② ✇✐t❤ ♣♦s❡ts✱ ✶✾✾✻✳ ❯♥♣✉❜❧✐s❤❡❞ ♥♦t❡✳

✽✱ ✸✺✱ ✶✵✶[✷✹] ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❆ ❝♦♠♣❧❡t❡♥❡ss ♣r♦♦❢ ❢♦r ❣❡♦♠❡tr✐❝ ❧♦❣✐❝✱ ✷✵✵✸✳ ❯♥♣✉❜✲

❧✐s❤❡❞ ♥♦t❡✳

✷✼[✷✺] ❚❤✐❡rr② ❈♦q✉❛♥❞✳ ❈♦♠♣❧❡t❡♥❡ss t❤❡♦r❡♠s ❛♥❞ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s✳ ■♥ P❛✇❡❧

❯r③②❝③②♥✱ ❡❞✐t♦r✱ ❚▲❈❆✱ ✈♦❧✉♠❡ ✸✹✻✶ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱

♣❛❣❡s ✶④✾✳ ❙♣r✐♥❣❡r✱ ✷✵✵✺✳

✶✼[✷✻] ❚❤✐❡rr② ❈♦q✉❛♥❞ ❛♥❞ ❈❛t❛r✐♥❛ ❈♦q✉❛♥❞✳ ❚❤❡ ❆❣❞❛ ♣r♦♦❢ ❛ss✐st❛♥t✳

http://www.cs.chalmers.se/∼catarina/agda/✱ ✷✵✵✵✳



❆ ▼❛t❤❡♠❛t✐❝❛❧ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ✶✾✸

✸✺✱ ✻✷✱ ✽✾✱ ✾✹✱ ✾✺[✷✼] ❚❤✐❡rr② ❈♦q✉❛♥❞✱ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✱ ❏❛♥ ▼❛❣♥✉s ❙♠✐t❤✱ ❛♥❞ ❙✐❧✈✐♦ ❱❛❧❡♥t✐♥✐✳

■♥❞✉❝t✐✈❡❧② ❣❡♥❡r❛t❡❞ ❢♦r♠❛❧ t♦♣♦❧♦❣✐❡s✳ ❆♥♥❛❧s ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝✱

✶✷✹✭✶✲✸✮✿✼✶④✶✵✻✱ ✷✵✵✸✳

✺✵[✷✽] ❊❞s❣❡r ❲②❜❡ ❉✐❥❦str❛✳ ❆ ❞✐s❝✐♣❧✐♥❡ ♦❢ ♣r♦❣r❛♠♠✐♥❣✳ Pr❡♥t✐❝❡✲❍❛❧❧ ■♥❝✳✱

❊♥❣❧❡✇♦♦❞ ❈❧✐☛s✱ ◆❡✇ ❏❡rs❡②✱ ✶✾✼✻✳ ❲✐t❤ ❛ ❢♦r❡✇♦r❞ ❜② ❈❤❛r❧❡s ❆♥t❤♦♥②

❘✐❝❤❛r❞ ❍♦❛r❡✱ Pr❡♥t✐❝❡✲❍❛❧❧ ❙❡r✐❡s ✐♥ ❆✉t♦♠❛t✐❝ ❈♦♠♣✉t❛t✐♦♥✳

✸✺[✷✾] ❆❧❜❡rt ●r✐❣♦r❡✈✐❝❤ ❉r✓❛❣❛❧✐♥✳ ❆ ❝♦♠♣❧❡t❡♥❡ss t❤❡♦r❡♠ ❢♦r ✐♥t✉✐t✐♦♥✐st✐❝ ♣r❡❞✲

✐❝❛t❡ ❧♦❣✐❝✳ ❆♥ ✐♥t✉✐t✐♦♥✐st✐❝ ♣r♦♦❢✳ P✉❜❧✐❝❛t✐♦♥❡s ▼❛t❤❡♠❛t✐❝❛❡ ❉❡❜r❡❝❡♥✱

✸✹✭✶✲✷✮✿✶④✶✾✱ ✶✾✽✼✳

✶✾✵[✸✵] P❡t❡r ❉②❜❥❡r✳ ■♥t❡r♥❛❧ t②♣❡ t❤❡♦r②✳ ■♥ ❚❨P❊❙ ✬✾✺✿ ❙❡❧❡❝t❡❞ ♣❛♣❡rs ❢r♦♠

t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ❚②♣❡s ❢♦r Pr♦♦❢s ❛♥❞ Pr♦❣r❛♠s✱ ♣❛❣❡s ✶✷✵④✶✸✹✱

▲♦♥❞♦♥✱ ❯❑✱ ✶✾✾✻✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

✶✷✶[✸✶] ❚❤♦♠❛s ❊❤r❤❛r❞✳ ❋✐♥✐t❡♥❡ss s♣❛❝❡s✳ ❚♦ ❛♣♣❡❛r ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙tr✉❝t✉r❡s

✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✷✵✵✹✳

✶✸✵✱ ✶✸✷[✸✷] ❚❤♦♠❛s ❊❤r❤❛r❞ ❛♥❞ ▲❛✉r❡♥t ❘✓❡❣♥✐❡r✳ ❚❤❡ ❞✐☛❡r❡♥t✐❛❧ ❧❛♠❜❞❛ ❝❛❧❝✉❧✉s✳

❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✵✾✭✶✮✿✶④✹✶✱ ✷✵✵✸✳

✶✸✷[✸✸] ❚❤♦♠❛s ❊❤r❤❛r❞ ❛♥❞ ▲❛✉r❡♥t ❘✓❡❣♥✐❡r✳ ❯♥✐❢♦r♠✐t② ❛♥❞ t❤❡ t❛②❧♦r ❡①♣❛♥s✐♦♥

♦❢ ♦r❞✐♥❛r② ❧❛♠❜❞❛✲t❡r♠s✳ ❙✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✱ ✷✵✵✹✳

✷✻[✸✹] ❙♦❧♦♠♦♥ ❋❡❢❡r♠❛♥✳ ❙②st❡♠s ♦❢ ♣r❡❞✐❝❛t✐✈❡ ❛♥❛❧②s✐s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❙②♠✲

❜♦❧✐❝ ▲♦❣✐❝✱ ✷✾✿✶④✸✵✱ ✶✾✻✹✳

✺✸[✸✺] P❛✉❧ ●❛r❞✐♥❡r✱ ❈❧❛r❡ ▼❛rt✐♥✱ ❛♥❞ ❖❡❣❡ ❉❡ ▼♦♦r✳ ❆♥ ❛❧❣❡❜r❛✐❝ ❝♦♥str✉❝t✐♦♥

♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳ ■♥ ❈❤❛r❧❡s ❈❛rr♦❧❧ ▼♦r❣❛♥ ❛♥❞ ❏✐♠ ❈✳ P✳ ❲♦♦❞✲

❝♦❝❦✱ ❡❞✐t♦rs✱ ▼❛t❤❡♠❛t✐❝s ♦❢ Pr♦❣r❛♠ ❈♦♥str✉❝t✐♦♥✱ ✈♦❧✉♠❡ ✻✻✾ ♦❢ ▲❡❝t✉r❡

◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✵✵④✶✷✶✱ ✶✾✾✸✳

✽✼✱ ✽✾✱ ✶✵✵[✸✻] ❙②❧✈✐❛ ●❡❜❡❧❧❛t♦ ❛♥❞ ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✳ P♦✐♥t❢r❡❡ ❝♦♥t✐♥✉t✐t② ❛♥❞ ❝♦♥✈❡r✲

❣❡♥❝❡ ✭t❤❡ ❇❛s✐❝ P✐❝t✉r❡✱ ■❱✮✱ ✷✵✵✷✳ ❉r❛❢t✳

✷✽[✸✼] ❏❡❛♥ ❨✈❡s ●✐r❛r❞✳ ■♥t❡r♣r✓❡t❛t✐♦♥ ❢♦♥❝t✐♦♥❡❧❧❡ ❡t ✓❡❧✐♠✐♥❛t✐♦♥ ❞❡s ❝♦✉♣✉r❡s

❞❛♥s ❧✬❛r✐t❤♠✓❡t✐q✉❡ ❞✬♦r❞r❡ s✉♣✓❡r✐❡✉r✳ ❚❤✒❡s❡ ❞❡ ❞♦❝t♦r❛t✱ ❯♥✐✈❡rs✐t✓❡ P❛r✐s

❱■■✱ ✶✾✼✷✳

✶✶✱ ✶✻✶✱ ✶✼✸[✸✽] ❏❡❛♥✲❨✈❡s ●✐r❛r❞✳ ❚❤❡ s②st❡♠ F ♦❢ ✈❛r✐❛❜❧❡ t②♣❡s✱ ☞❢t❡❡♥ ②❡❛rs ❧❛t❡r✳ ❚❤❡✲

♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✹✺✭✷✮✿✶✺✾④✶✾✷✱ ✶✾✽✻✳

✶✵✸✱ ✶✶✶✱ ✶✶✾[✸✾] ❏❡❛♥✲❨✈❡s ●✐r❛r❞✳ ▲✐♥❡❛r ❧♦❣✐❝✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✺✵✭✶✮✱ ✶✾✽✼✳

✸✶[✹✵] ❚✐♠♦t❤② ●✳ ●r✐✍♥✳ ❚❤❡ ❢♦r♠✉❧❛❡✲❛s✲t②♣❡s ♥♦t✐♦♥ ♦❢ ❝♦♥tr♦❧✳ ■♥ ❈♦♥❢❡r✲

❡♥❝❡ ❘❡❝♦r❞ ✶✼t❤ ❆♥♥✉❛❧ ❆❈▼ ❙②♠♣♦s✐✉♠ ♦♥ Pr✐♥❝✐♣❧❡s ♦❢ Pr♦❣r❛♠♠✐♥❣

▲❛♥❣✉❛❣❡s✱ P❖P▲✬✾✵✱ ❙❛♥ ❋r❛♥❝✐s❝♦✱ ❈❆✱ ❯❙❆✱ ✶✼④✶✾ ❏❛♥ ✶✾✾✵✱ ♣❛❣❡s ✹✼④✺✼✳

❆❈▼ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✵✳

✸✺[✹✶] ❆♥❞r③❡❥ ●r③❡❣♦r❝③②❦✳ ❆ ♣❤✐❧♦s♦♣❤✐❝❛❧❧② ♣❧❛✉s✐❜❧❡ ❢♦r♠❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥✲

t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝✳ ■♥❞❛❣❛t✐♦♥❡s ▼❛t❤❡♠❛t✐❝❛❡✱ ❑♦♥✐♥❦❧✐❥❦❡ ◆❡❞❡r❧❛♥❞s❡ ❆❦❛✲

❞❛❞❡♠✐❡ ✈❛♥ ❲❡t❡♥s❝❤❛♣♣❡♥✱ Pr♦❝❡❡❞✐♥❣s ❙❡r✐❡s ❆ ✻✼✱ ✷✻✿✺✾✻④✻✵✶✱ ✶✾✻✹✳

✼[✹✷] P❡t❡r ❍❛♥❝♦❝❦✳ ❖r❞✐♥❛❧s ❛♥❞ ✐♥t❡r❛❝t✐✈❡ ♣r♦❣r❛♠s✳ P❤❉✱ ▲❛❜♦r❛t♦r② ❢♦r

❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❊❞✐♥❜✉r❣❤✱ ✷✵✵✵✳



✶✾✹ ❇✐❜❧✐♦❣r❛♣❤②

✶✷[✹✸] P❡t❡r ❍❛♥❝♦❝❦ ❛♥❞ P✐❡rr❡ ❍②✈❡r♥❛t✳ Pr♦❣r❛♠♠✐♥❣ ✐♥t❡r❢❛❝❡s ❛♥❞ ❜❛s✐❝ t♦♣♦❧✲

♦❣②✳ ❆♥♥❛❧s ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝✱ ✶✸✼✭✶✮✿✶✽✾④✷✸✾✱ ✷✵✵✻✳

✸✺[✹✹] P❡t❡r ❍❛♥❝♦❝❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r✳ ■♥t❡r❛❝t✐✈❡ ♣r♦❣r❛♠s ✐♥ ❞❡♣❡♥❞❡♥t t②♣❡

t❤❡♦r②✳ ■♥ ❈♦♠♣✉t❡r s❝✐❡♥❝❡ ❧♦❣✐❝ ✭❋✐s❝❤❜❛❝❤❛✉✱ ✷✵✵✵✮✱ ✈♦❧✉♠❡ ✶✽✻✷ ♦❢ ▲❡❝✲

t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✸✶✼④✸✸✶✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✵✳

✸✺[✹✺] P❡t❡r ❍❛♥❝♦❝❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r✳ ❙♣❡❝✐❢②✐♥❣ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ❞❡♣❡♥❞❡♥t

t②♣❡s✳ ■♥ ❲♦r❦s❤♦♣ ♦♥ s✉❜t②♣✐♥❣ ❛♥❞ ❞❡♣❡♥❞❡♥t t②♣❡s ✐♥ ♣r♦❣r❛♠♠✐♥❣✱

P♦rt✉❣❛❧✱ ❏✉❧② ✼t❤ ✷✵✵✵✱ ✷✵✵✵✳

✸✺✱ ✹✻[✹✻] P❡t❡r ❍❛♥❝♦❝❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r✳ ●✉❛r❞❡❞ ✐♥❞✉❝t✐♦♥ ❛♥❞ ✇❡❛❦❧② ☞♥❛❧ ❝♦❛❧✲

❣❡❜r❛s ✐♥ ❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r②✳ ✶✻ ♣♣✳ ❚♦ ❛♣♣❡❛r ✐♥ ♣r♦❝❡❡❞✐♥❣s ♦❢ t❤❡

✇♦r❦s❤♦♣ ❭❋r♦♠ ❙❡ts ❛♥❞ ❚②♣❡s t♦ ❚♦♣♦❧♦❣② ❛♥❞ ❆♥❛❧②s✐s✳ ❚♦✇❛r❞s Pr❛❝✲

t✐❝❛❜❧❡ ❋♦✉♥❞❛t✐♦♥s ❢♦r ❈♦♥str✉❝t✐✈❡ ▼❛t❤❡♠❛t✐❝s✧✱ ✶✷✲✶✻ ▼❛② ✷✵✵✸✱ ❱❡♥✐❝❡

■♥t❡r♥❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ✭❱■❯✮✱ ❙❛♥ ❙❡r✈♦❧♦✱ ❱❡♥✐❝❡✱ ■t❛❧②✳✱ ✷✵✵✹✳

✸✶[✹✼] ❍✉❣♦ ❍❡r❜❡❧✐♥✳ ❙tr♦♥❣ s✉♠s ✰ ❝❛❧❧❝❝ ✐♠♣❧✐❡s ♣r♦♦❢✲✐rr❡❧❡✈❛♥❝❡✱ ✷✵✵✷✳ Pr♦♦❢

✐♥ ❈♦q✱ ✉♥♣✉❜❧✐s❤❡❞✳

✷✷[✹✽] ▼❛rt✐♥ ❍♦❢♠❛♥♥✳ ❊①t❡♥s✐♦♥❛❧ ❝♦♥❝❡♣ts ✐♥ ✐♥t❡♥s✐♦♥❛❧ t②♣❡ t❤❡♦r②✳ P❤❉

t❤❡s✐s✱ ▲❛❜♦r❛t♦r② ❢♦r ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❊❞✐♥❜✉r❣❤✱ ✶✾✾✺✳

❛✈❛✐❧❛❜❧❡ ❛s ❛ r❡s❡❛r❝❤ r❡♣♦rt ❊❈❙✲▲❋❈❙✲✾✺✲✸✷✼✳

✶✾✵[✹✾] ▼❛rt✐♥ ❍♦❢♠❛♥♥✳ ❖♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t②♣❡ t❤❡♦r② ✐♥ ❧♦❝❛❧❧② ❝❛rt❡s✐❛♥

❝❧♦s❡❞ ❝❛t❡❣♦r✐❡s✳ ■♥ ❈❙▲ ✬✾✹✿ ❙❡❧❡❝t❡❞ P❛♣❡rs ❢r♦♠ t❤❡ ✽t❤ ■♥t❡r♥❛t✐♦♥❛❧

❲♦r❦s❤♦♣ ♦♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ▲♦❣✐❝✱ ♣❛❣❡s ✹✷✼④✹✹✶✱ ▲♦♥❞♦♥✱ ❯❑✱ ✶✾✾✺✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣✳

✷✷[✺✵] ▼❛rt✐♥ ❍♦❢♠❛♥♥ ❛♥❞ ❚❤♦♠❛s ❙tr❡✐❝❤❡r✳ ❚❤❡ ❣r♦✉♣♦✐❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t②♣❡

t❤❡♦r②✳ ■♥ ❚✇❡♥t②✲☞✈❡ ②❡❛rs ♦❢ ❝♦♥str✉❝t✐✈❡ t②♣❡ t❤❡♦r② ✭❱❡♥✐❝❡✱ ✶✾✾✺✮✱ ✈♦❧✲

✉♠❡ ✸✻ ♦❢ ❖①❢♦r❞ ▲♦❣✐❝ ●✉✐❞❡s✱ ♣❛❣❡s ✽✸④✶✶✶✳ ❖①❢♦r❞ ❯♥✐✈✳ Pr❡ss✱ ◆❡✇ ❨♦r❦✱

✶✾✾✽✳

✸✺[✺✶] ❏♦❤♥ ▼❛rt✐♥ ❊❧❧✐♦tt ❍②❧❛♥❞ ❛♥❞ ▲✉❦❡ ❈❤✐❤✲❍❛♦ ❖♥❣✳ ❖♥ ❢✉❧❧ ❛❜str❛❝t✐♦♥

❢♦r P❈❋✿ ■✱ ■■ ❛♥❞ ■■■✳ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ✶✻✸✭✷✮✿✷✽✺④✹✵✽✱ ✷✵✵✵✳

❘❡s✉❧t ❢r♦♠ ✶✾✾✸✳

✸✺[✺✷] P✐❡rr❡ ❍②✈❡r♥❛t✳ ■♥t❡r❛❝t✐✈❡ ♣r♦❣r❛♠s ✐♥ ♣✉r❡ ✭♠❛rt✐♥✲▲⑧♦❢✮ t②♣❡ t❤❡♦r②✱

✷✵✵✶✳ ▼❛st❡r✬s t❤❡s✐s✱ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ ❚❤✐❡rr② ❈♦q✉❛♥❞✳

✶✷✱ ✶✺✶[✺✸] P✐❡rr❡ ❍②✈❡r♥❛t✳ Pr❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛♥❞ ❧✐♥❡❛r ❧♦❣✐❝✿ ②❡t ❛♥♦t❤❡r ❞❡♥♦✲

t❛t✐♦♥❛❧ ♠♦❞❡❧✳ ■♥ ❏❡r③② ▼❛r❝✐♥❦♦✇s❦✐ ❛♥❞ ❆♥❞r③❡❥ ❚❛r❧❡❝❦✐✱ ❡❞✐t♦rs✱ ✶✽t❤

■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ❈❙▲ ✷✵✵✹✱ ✈♦❧✉♠❡ ✸✷✶✵ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✱ ♣❛❣❡s ✶✶✺④✶✷✾✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❙❡♣t❡♠❜❡r ✷✵✵✹✳

✶✷✱ ✶✾✵[✺✹] P✐❡rr❡ ❍②✈❡r♥❛t✳ ■♥t❡r❛❝t✐♦♥ s②st❡♠s ❛♥❞ ❧✐♥❡❛r ❧♦❣✐❝ ⑤ ❃❆ ❞✐☛❡r❡♥t ❣❛♠❡s

s❡♠❛♥t✐❝s❄ s✉❜♠✐tt❡❞ t♦ ❆♥♥❛❧s ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝✱ ✷✵✵✺✳

✶✷✱ ✶✸✸[✺✺] P✐❡rr❡ ❍②✈❡r♥❛t✳ ❙②♥❝❤r♦♥♦✉s ❣❛♠❡s✱ s✐♠✉❧❛t✐♦♥s ❛♥❞ λ✲❝❛❧❝✉❧✉s✳ ■♥ ❉❛♥ ❘✳

●❤✐❝❛ ❛♥❞ ●✉② ▼❝❈✉s❦❡r✱ ❡❞✐t♦rs✱ ●❛♠❡s ❢♦r ▲♦❣✐❝ ❛♥❞ Pr♦❣r❛♠♠✐♥❣ ▲❛♥✲

❣✉❛❣❡s✱ ●❛▲♦P ✭❊❚❆P❙ ✷✵✵✺✮✱ ♣❛❣❡s ✶④✶✺✱ ❆♣r✐❧ ✷✵✵✺✳

✽✽[✺✻] P❡t❡r ❚✳ ❏♦❤♥st♦♥❡✳ ❚❤❡ ♣♦✐♥t ♦❢ ♣♦✐♥t❧❡ss t♦♣♦❧♦❣②✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡ ❆♠❡r✲

✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✽✭✶✮✿✹✶④✺✸✱ ✶✾✽✸✳



❆ ▼❛t❤❡♠❛t✐❝❛❧ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s ✶✾✺

✸✶[✺✼] ❏❡❛♥✲▲♦✉✐s ❑r✐✈✐♥❡✳ ❉❡♣❡♥❞❡♥t ❝❤♦✐❝❡✱ ❵q✉♦t❡✬ ❛♥❞ t❤❡ ❝❧♦❝❦✳ ❚❤❡♦r❡t✐❝❛❧

❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✵✽✭✶✲✸✮✿✷✺✾④✷✼✻✱ ✷✵✵✸✳

✸✶[✺✽] P❛✉❧ ❇❧❛✐♥ ▲❡✈②✳ ▼❛rt✐♥✲▲⑧♦❢ ❝❧❛s❤❡s ✇✐t❤ ●r✐✍♥✱ ✷✵✵✸✳ ❯♥♣✉❜❧✐s❤❡❞ ♥♦t❡✳

✶✽[✺✾] ■♥❣r✐❞ ▲✐♥❞str⑧♦♠✳ ❆ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥♦♥✲✇❡❧❧✲❢♦✉♥❞❡❞ s❡ts ✇✐t❤✐♥ ▼❛rt✐♥✲

▲⑧♦❢✬s t②♣❡ t❤❡♦r②✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❙②♠❜♦❧✐❝ ▲♦❣✐❝✱ ✺✹✭✶✮✿✺✼④✻✹✱ ✶✾✽✾✳

✷✽[✻✵] ▼❛r✐❛ ❊♠✐❧✐❛ ▼❛✐❡tt✐ ❛♥❞ ❙✐❧✈✐♦ ❱❛❧❡♥t✐♥✐✳ ❈❛♥ ②♦✉ ❛❞❞ ♣♦✇❡r✲s❡ts t♦

▼❛rt✐♥✲▲⑧♦❢✬s ✐♥t✉✐t✐♦♥✐st✐❝ s❡t t❤❡♦r②❄ ▼▲◗✳ ▼❛t❤❡♠❛t✐❝❛❧ ▲♦❣✐❝ ◗✉❛rt❡r❧②✱

✹✺✭✹✮✿✺✷✶④✺✸✷✱ ✶✾✾✾✳

✶✸[✻✶] P❡r ▼❛rt✐♥✲▲⑧♦❢✳ ◆♦t❡s ♦♥ ❝♦♥str✉❝t✐✈❡ ♠❛t❤❡♠❛t✐❝s✳ ❆❧♠q✈✐st ✫ ❲✐❦s❡❧❧✱

❙t♦❝❦❤♦❧♠✱ ✶✾✼✵✳

✶✸[✻✷] P❡r ▼❛rt✐♥✲▲⑧♦❢✳ ■♥t✉✐t✐♦♥✐st✐❝ t②♣❡ t❤❡♦r②✳ ❇✐❜❧✐♦♣♦❧✐s✱ ◆❛♣❧❡s✱ ✶✾✽✹✳

◆♦t❡s ❜② ●✐♦✈❛♥♥✐ ❙❛♠❜✐♥✳

✶✶✻[✻✸] P❛✉❧ ❆♥❞r✓❡ ▼❡❧❧✐✒❡s✳ ❈❛t❡❣♦r✐❝❛❧ ♠♦❞❡❧s ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ r❡✈✐s✐t❡❞✱ ✷✵✵✷✳ ❚♦

❛♣♣❡❛r ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱✳

✶✽✱ ✶✾✱ ✸✺[✻✹] ▼❛r❦✉s ▼✐❝❤❡❧❜r✐♥❦✳ ■♥t❡r❢❛❝❡s ❛s ❢✉♥❝t♦rs✱ ♣r♦❣r❛♠s ❛s ❝♦❛❧❣❡❜r❛s ✲ ❛ ☞♥❛❧

❝♦❛❧❣❡❜r❛ t❤❡♦r❡♠ ✐♥ ✐♥t❡♥s✐♦♥❛❧ t②♣❡ t❤❡♦r②✳ ✉♥♣✉❜❧✐s❤❡❞✱ ❛✈❛✐❧❛❜❧❡ ❢r♦♠

http://www.cs.swan.ac.uk/∼csmichel/✱ ✷✵✵✺✳

✸✽[✻✺] ▼❛r❦✉s ▼✐❝❤❡❧❜r✐♥❦✳ ■♥t❡r❢❛❝❡s ❛s ❣❛♠❡s✱ ♣r♦❣r❛♠s ❛s str❛t❡❣✐❡s✳

✉♥♣✉❜❧✐s❤❡❞✱ ❛✈❛✐❧❛❜❧❡ ❢r♦♠ http://www.cs.swan.ac.uk/∼csmichel/✱ ✷✵✵✺✳

✸✺[✻✻] ▼❛r❦✉s ▼✐❝❤❡❧❜r✐♥❦ ❛♥❞ ❆♥t♦♥ ❙❡t③❡r✳ ❙t❛t❡✲❞❡♣❡♥❞❡♥t ■❖✲♠♦♥❛❞s ✐♥ t②♣❡

t❤❡♦r②✳ ❙✉❜♠✐tt❡❞✱ ✷✵✵✹✳

✹✵[✻✼] ❘♦❜✐♥ ▼✐❧♥❡r✳ ❈❛❧❝✉❧✐ ❢♦r s②♥❝❤r♦♥② ❛♥❞ ❛s②♥❝❤r♦♥②✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r

❙❝✐❡♥❝❡✱ ✷✺✭✸✮✿✷✻✼④✸✶✵✱ ✶✾✽✸✳

✶✸✱ ✷✷✱ ✸✺[✻✽] ❇❡♥❣t ◆♦r❞str⑧♦♠✱ ❑❡♥t P❡t❡rss♦♥✱ ❛♥❞ ❏❛♥ ▼❛❣♥✉s ❙♠✐t❤✳ Pr♦❣r❛♠♠✐♥❣

✐♥ ▼❛rt✐♥✲▲⑧♦❢✬s t②♣❡ t❤❡♦r②✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤❡ ❈❧❛r❡♥❞♦♥ Pr❡ss ❖①❢♦r❞

❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✵✳

✶✵✸[✻✾] ▼✐ts✉❤✐r♦ ❖❦❛❞❛✳ ❆ ✉♥✐❢♦r♠ s❡♠❛♥t✐❝ ♣r♦♦❢ ❢♦r ❝✉t✲❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ ❝♦♠✲

♣❧❡t❡♥❡ss ♦❢ ✈❛r✐♦✉s ☞rst ❛♥❞ ❤✐❣❤❡r ♦r❞❡r ❧♦❣✐❝s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐✲

❡♥❝❡✱ ✷✽✶✭✶✲✷✮✿✹✼✶④✹✾✽✱ ✷✵✵✷✳ ❙❡❧❡❝t❡❞ ♣❛♣❡rs ✐♥ ❤♦♥♦✉r ♦❢ ▼❛✉r✐❝❡ ◆✐✈❛t✳

✶✼✱ ✸✺✱ ✸✾[✼✵] ❑❡♥t P❡t❡rss♦♥ ❛♥❞ ❉❛♥ ❙②♥❡❦✳ ❆ s❡t ❝♦♥str✉❝t♦r ❢♦r ✐♥❞✉❝t✐✈❡ s❡ts ✐♥

▼❛rt✐♥✲▲⑧♦❢✬s t②♣❡ t❤❡♦r②✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✾✽✾ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈❛t✲
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!P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
?P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
P⊥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

R∼ ✭❝♦♥✈❡rs❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
R1 ≈ R2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
R1 ⊑ R2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

[v] ✭❉❡♠♦♥✐❝ ✉♣❞❛t❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
〈v〉 ✭❆♥❣❡❧✐❝ ✉♣❞❛t❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
[R] ✭❉❡♠♦♥✐❝ ✉♣❞❛t❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
〈R〉 ✭❆♥❣❡❧✐❝ ✉♣❞❛t❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
N\

✭❝♦♠♠✉t❛t✐✈❡ ♣r♦❞✉❝t✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
≬ ✭♦✈❡r❧❛♣✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
⊳w ✭❝♦✈❡r✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
s ⊳ U ✭❝♦✈❡r✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
⋉w ✭r❡str✐❝t✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
s ⋉ V ✭r❡str✐❝t✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
e❚ F ✭♣r❡✲tr❛❝❡ ♦❢ F✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
❚(F) ✭tr❛❝❡ ♦❢ F✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
Et ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✸
Λt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷
F~G/

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺

εF ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✻
∂t/∂x · u ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

A
❆w ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
❆w✔ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
abort ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
❆♥❣❡❧✐❝ ✐t❡r❛t✐♦♥ ✭w∗✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
❆♥❣❡❧✐❝ t❡♥s♦r ✭w1 ⊞ w2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
❆♥❣❡❧✐❝ ✉♣❞❛t❡ ✭〈 〉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷✱ ✺✶

B
❜❛❝❦✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
❜❛s✐❝ t♦♣♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
BTop ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

C
❝❧♦s✉r❡ ♦♣❡r❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
❝♦♠♣❛t✐❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
❝♦♥t✐♥✉♦✉s r❡☞♥❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
❝♦♥t✐♥✉♦✉s r❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

D
❞❛t❛✲r❡☞♥❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
❉❡♠♦♥✐❝ ✐t❡r❛t✐♦♥ ✭w∞✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
❉❡♠♦♥✐❝ t❡♥s♦r ✭w1 ⊠ w2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
❉❡♠♦♥✐❝ ✉♣❞❛t❡ ✭[ ]✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷✱ ✺✷
❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
❞❡♣❡♥❞❡♥t s✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
❞✐☛❡r❡♥t✐❛❧ r❡❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
❞✐r❡❝t ✐♠❛❣❡ ❛❧♦♥❣ R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
❞✐s❥♦✐♥t s✉♠ ✭w1 ⊕ w2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

E
Emb ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

F
❋(S) ✭❢❛♠✐❧✐❡s ♦♥ S✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
❢❛♠✐❧✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
☞♥✐t❛r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻
☞♥✐t❡ ♠✉❧t✐s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
❢♦r♠❛❧ ♣♦✐♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
❢♦r✇❛r❞ ❞❛t❛✲r❡☞♥❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

G
❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
❣❡♦♠❡tr✐❝ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
gr(f) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

H
❤♦♠♦❣❡♥❡♦✉s ✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✳ ✳ ✳ ✳ ✸✹



✶✾✽ ■♥❞❡①

I
Inj ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
Int ✭✐♥t❡r❛❝t✐♦♥ s②st❡♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
Int ✭♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
✐♥t❡r❛❝t✐♦♥ s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✐♥t❡r❢❛❝❡ ✭✐♥t❡r❛❝t✐♦♥ s②st❡♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✐♥t❡r❢❛❝❡ ✭♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r✮ ✳ ✳ ✳ ✶✹✾
✐♥t❡r✐♦r ♦♣❡r❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
✐♥✈❛r✐❛♥t ♣r❡❞✐❝❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

J
❏w ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
❏❛♥✉s s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

L
❧✐♥❡❛r ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
❧✐♥❡❛r ❣❡♦♠❡tr✐❝ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
❧✐♥❡❛r s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
❧✐♥❡❛r s✉❜st✐t✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
❧♦❝❛❧✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
❧♦❝❛❧✐③❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

M
▼f(S) ✭☞♥✐t❡ ♠✉❧t✐s❡ts✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
magic ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
♠♦♥♦t♦♥✐❝ ♦❜❥❡❝t ♦❢ t②♣❡ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

N
null ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

O
❖w ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
❖w✔ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
♦❜❥❡❝t ♦❢ t②♣❡ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼
♦❜❥❡❝t ♦❢ ✈❛r✐❛❜❧❡ t②♣❡ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹
♦❢ ❝♦✉rs❡ w✦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

P
P(S) ✭♣r❡❞✐❝❛t❡s ♦♥ S✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
♣❛r ✭w1

✫

w2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
♣❛r❛♠❡tr✐❝ ✐♥t❡r❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹
♣❛r❛♠❡tr✐❝ s❛❢❡t② ♣r♦♣❡rt② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹
♣r❡✲tr❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
♣r❡❝❛t❡❣♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

♣r❡❞✐❝❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
♣r❡♠♦♥❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
♣r❡t♦♣♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

R
Ref≈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
r❡☞♥❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
r❡✌❡①✐✈❡ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ✭w∗✮ ✳ ✳ ✳ ✳ ✳ ✹✸
r❡♥❛♠✐♥❣ ✭≈✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
r✐❣✐❞ ❡♠❜❡❞❞✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

S
❙(P) ✭s❛❢❡t② ♣r♦♣❡rt✐❡s ❢♦r P✮ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽
s❛❢❡t② ♣r♦♣❡rt② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽
s❛t✉r❛t❡❞ ♣r❡❞✐❝❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
s❛t✉r❛t✐♦♥ ✭R✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
s❡q✉❡♥t✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ✭w1 ❀ w2✮ ✳ ✳ ✳ ✹✶
s❡t✲❜❛s❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
s❡t✲❣❡♥❡r❛t❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
s❡t✲✐♥❞❡①❡❞ ♣r❡❞✐❝❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
s✐♠✉❧❛t✐♦♥ r❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
skip ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
s♣❧✐t s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣ ✳ ✳ ✳ ✶✷✽
s♣❧✐t s②♥❝❤r♦♥♦✉s t❡♥s♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
st❛❜❧❡ ❢✉♥❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
str✉❝t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ✭≈✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
s✉❜♦❜❥❡❝t ✭≺✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶
s✉❜st✐t✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺
s✉♣♣♦rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵
s②♥❝❤r♦♥♦✉s ♠✉❧t✐t❤r❡❛❞✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
s②♥❝❤r♦♥♦✉s t❡♥s♦r ✭w1 ⊗ w2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

T
tr❛❝❡ ♦❢ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
tr❛♥s✐t✐♦♥ s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

V
✈❛❧✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

W
✇❤② ♥♦t w❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽





Résumé en français :

❈❡tt❡ t❤✒❡s❡✱ s✬✐♥t✓❡r❡ss❡ ❛✉① s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥✱ ✉♥❡ ♥♦t✐♦♥ ✈✐s❛♥t ✒❛ ♠♦❞✓❡❧✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s

❡♥tr❡ ✉♥ s②st✒❡♠❡ ✐♥❢♦r♠❛t✐q✉❡ ❡t s♦♥ ❡♥✈✐r♦♥♥❡♠❡♥t✳

▲❛ ♣r❡♠✐✒❡r❡ ♣❛rt✐❡ ❞✓❡✈❡❧♦♣♣❡✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤✓❡♦r✐❡ ❞❡s t②♣❡s ❞❡ ▼❛rt✐♥✲▲⑧♦❢✱ ❧❛ t❤✓❡♦r✐❡

❞❡ ❜❛s❡ ❞❡s s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❡t ❞❡s ❝♦♥str✉❝t✐♦♥s ✐♥❞✉❝t✐✈❡s ❡t ❝♦✲✐♥❞✉❝t✐✈❡s q✉✬✐❧s ♣❡r♠❡✲

tt❡♥t✳ ❖♥ tr♦✉✈❡ ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ✉♥❡ ✓❡t✉❞❡ ❞❡s ❧✐❡♥s ❡♥tr❡ s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❡t t♦♣♦❧♦❣✐❡s

❢♦r♠❡❧❧❡s ❡t ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ✭❡♥ t❡r♠❡ ❞❡ s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥✮ ❞✬✉♥ t❤✓❡♦r✒❡♠❡ ❞❡ ❝♦♠♣❧✓❡t✉❞❡

✈✐s✲✒❛✲✈✐s ❞✬✉♥❡ s✓❡♠❛♥t✐q✉❡ t♦♣♦❧♦❣✐q✉❡ ❞❡s t❤✓❡♦r✐❡s ❣✓❡♦♠✓❡tr✐q✉❡s ✭❧✐♥✓❡❛✐r❡s✮✳

❉❛♥s ❝❡tt❡ ✓❡t✉❞❡✱ ❧❛ ♥♦t✐♦♥ ❝♦♠♣❧✒❡t❡♠❡♥t st❛♥❞❛r❞ ❞❡ s✐♠✉❧❛t✐♦♥✱ ❥♦✉❡ ✉♥ r❫♦❧❡ ❢♦♥❞❛♠❡♥t❛❧

❝❛r ❡❧❧❡ ♣❡r♠❡t ❞❡ ❞✓❡☞♥✐r ❧❛ ♥♦t✐♦♥ ❞❡ ♠♦r♣❤✐s♠❡ ❡♥tr❡ s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥✳ ❈❡❝✐ ♣❡r♠❡t

❞✬✓❡t❛❜❧✐r ✉♥❡ ✓❡q✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❧❛ ❝❛t✓❡❣♦r✐❡ ❛✐♥s✐ ❞✓❡☞♥✐❡ ❡t ✉♥❡ ❛✉tr❡ ❝❛t✓❡❣♦r✐❡✱ ❜❡❛✉❝♦✉♣ ♣❧✉s

s✐♠♣❧❡ ✒❛ ❞✓❡❝r✐r❡✱ ❝❡❧❧❡ ❞❡s tr❛♥s❢♦r♠❛t❡✉rs ❞❡ ♣r✓❡❞✐❝❛ts✳

❊♥ tr❛❞✉✐s❛♥t ❞❛♥s ❝❡ ♥♦✉✈❡❛✉ ✈♦❝❛❜✉❧❛✐r❡ ❧❡s ❝♦♥str✉❝t✐♦♥s ♣r✓❡❝✓❡❞❡♥t❡s✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❡s

tr❛♥s❢♦r♠❛t❡✉rs ❞❡ ♣r✓❡❞✐❝❛ts ❢♦r♠❡♥t ✉♥ ♥♦✉✈❡❛✉ ♠♦❞✒❡❧❡ ❞❡ ❧❛ ❧♦❣✐q✉❡ ❧✐♥✓❡❛✐r❡✱ q✉✐ ❡st ❞✓❡❝r✐t

♣✉✐s ✓❡t❡♥❞✉ ❛✉ s❡❝♦♥❞ ♦r❞r❡✳

❊♥☞♥✱ ❧❡s ♣r♦♣r✐✓❡t✓❡s ♣❛rt✐❝✉❧✐✒❡r❡s ❞❡s s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ✴ tr❛♥s❢♦r♠❛t❡✉rs ❞❡ ♣r✓❡❞✐✲

❝❛ts s♦♥t ♠✐s❡s ✒❛ ♣r♦☞t ♣♦✉r ❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣r✓❡t❛t✐♦♥ ❞✉ λ✲❝❛❧❝✉❧ ❞✐☛✓❡r❡♥t✐❡❧✳ ❈❡❧❛ s✉♣♣♦s❡

❞✬✐♥tr♦❞✉✐r❡ ❞✉ ♥♦♥ ❞✓❡t❡r♠✐♥✐s♠❡✱ ❝❡ q✉❡ ❧❡s s②st✒❡♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❡t ❧❡s tr❛♥s❢♦r♠❛t❡✉rs ❞❡

♣r✓❡❞✐❝❛ts ♣❡r♠❡tt❡♥t ❞❡ ❢❛✐r❡✳

Mots-cls en franais : t❤♦r✐❡ ❞❡ ❧❛ ❞♠♦♥str❛t✐♦♥✱ ❧♦❣✐q✉❡ ❧✐♥❛✐r❡✱ s♠❛♥t✐q✉❡ ❞♥♦t❛t✐♦♥♥❡❧❧❡✱ t❤♦r✐❡

❞❡s t②♣❡s ❞♣❡♥❞❛♥ts✱ t♦♣♦❧♦❣✐❡ ❝♦♥str✉❝t✐✈❡✱ ✐♥t❡r❛❝t✐♦♥✱ s✐♠✉❧❛t✐♦♥✱ tr❛♥s❢♦r♠❛t❡✉rs ❞❡ ♣r❞✐✲

❝❛ts✱ s❡❝♦♥❞✲♦r❞r❡

Titre original en anglais : ❆ ▲♦❣✐❝❛❧ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ■♥t❡r❛❝t✐♦♥ ❙②st❡♠s

Résumé en anglais :

❚❤❡ t♦♣✐❝ ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ st✉❞② ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✱ ❛ ♥♦t✐♦♥ ♠♦❞❡❧✐♥❣ ✐♥t❡r❛❝t✐♦♥s

❜❡t✇❡❡♥ ❛ ♣r♦❣r❛♠ ❛♥❞ ✐ts ❡♥✈✐r♦♥♠❡♥t✳

❚❤❡ ☞rst ♣❛rt ❞❡✈❡❧♦♣s t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ t❤♦s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✐♥ ▼❛rt✐♥✲▲⑧♦❢ ❞❡✲

♣❡♥❞❡♥t t②♣❡ t❤❡♦r②✳ ■t ✐♥tr♦❞✉❝❡s s❡✈❡r❛❧ ✐♥❞✉❝t✐✈❡ ❛♥❞ ❝♦✐♥❞✉❝t✐✈❡ ❞❡☞♥✐t✐♦♥s ♦❢ ✐♥t❡r❡st ♦♥

t❤♦s❡ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ❲❡ st✉❞② ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ str♦♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s

❛♥❞ ❢♦r♠❛❧ t♦♣♦❧♦❣② ❛♥❞ ❣✐✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❜② ❢♦r♠✉❧❛t✐♥❣ ❛ ❝♦♠♣❧❡t❡♥❡ss t❤❡♦r❡♠ ✭✐♥ t❡r♠s

♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✮ ✇✐t❤ r❡s♣❡❝t t♦ ❛ t♦♣♦❧♦❣✐❝❛❧ s❡♠❛♥t✐❝s ❢♦r ✭❧✐♥❡❛r✮ ❣❡♦♠❡tr✐❝ t❤❡♦r✐❡s✳

■♥ ❛❧❧ t❤❡ t❤❡s✐s✱ ❛ ❝❡♥tr❛❧ ♥♦t✐♦♥ ✐s t❤❛t ♦❢ s✐♠✉❧❛t✐♦♥s✿ ✐t ❛❧❧♦✇s t♦ ❞❡☞♥❡ t❤❡ ♥♦t✐♦♥

♦❢ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s

❝❛t❡❣♦r② ❛♥❞ t❤❡ s✐♠♣❧❡r ❝❛t❡❣♦r② ♦❢ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳

❲❡ ❝❛♥ t❤❡♥ tr❛♥s❧❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥s ❢r♦♠ t❤❡ ☞rst ♣❛rt ✐♥ t❤✐s ♥❡✇ ❝♦♥t❡①t ❛♥❞ ♦❜t❛✐♥

❛ ♥❡✇ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ❢♦r ❧✐♥❡❛r ❧♦❣✐❝✳ ❚❤✐s ♠♦❞❡❧ ✐s t❤❡♥ ❡①t❡♥❞❡❞ t♦ s❡❝♦♥❞✲♦r❞❡r✳

❋✐♥❛❧❧②✱ s♣❡❝✐☞❝ ♣r♦♣❡rt✐❡s ♦❢ ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✴ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs ❛r❡ ✉s❡❞ t♦ ❣✐✈❡ ❛

♠♦❞❡❧ ♦❢ t❤❡ ❞✐☛❡r❡♥t✐❛❧ λ✲❝❛❧❝✉❧✉s✳ ❚❤✐s ♣r❡s✉♣♣♦s❡s t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♥♦♥✲❞❡t❡r♠✐♥✐s♠✱ ✇❤✐❝❤

✐s ❢✉❧❧② s✉♣♣♦rt❡❞ ❜② ✐♥t❡r❛❝t✐♦♥ s②st❡♠s ✴ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✳

Mots-clés en anglais : ♣r♦♦❢✲t❤❡♦r②✱ ❧✐♥❡❛r✲❧♦❣✐❝✱ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✱ ❞❡♣❡♥❞❡♥t t②♣❡ t❤❡♦r②✱

❝♦♥str✉❝t✐✈❡ t♦♣♦❧♦❣②✱ ✐♥t❡r❛❝t✐♦♥✱ s✐♠✉❧❛t✐♦♥✱ ♣r❡❞✐❝❛t❡ tr❛♥s❢♦r♠❡rs✱ s❡❝♦♥❞ ♦r❞❡r

Adresse du laboratoire : ■♥st✐t✉t ♠❛t❤✓❡♠❛t✐q✉❡ ❞❡ ▲✉♠✐♥② ⑤ ❯P❘ ✾✵✶✻✱ ❈◆❘❙ ⑤ ✶✻✸ ❛✈❡♥✉❡

❞❡ ▲✉♠✐♥②✱ ❈❛s❡ ✾✵✼ ⑤ ✶✸ ✷✽✽ ▼❛rs❡✐❧❧❡ ❈❡❞❡① ✾ ⑤ ❋r❛♥❝❡


