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Ç8«Aº�¤ÔªN¼Àº�¦�®j» «,Ê`¼À¥§¦�«À·,·¹º�£¹¥§Å§Å§¥Ä£!«Aº ¢s£¹¥§ÇÔ¤RºÔÅ «A¿N¼ �
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µ³Æ�¦v«AÇ-,,¼À¥Ä¢s£
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«A¸}¥Ä¼ÀÇ�Ç�£¹Å§ÅÄ£�ªN¼Àº�¦�Å�»½©¹¸}º�¤�£)¤�£,¢�·,¼ÀÇ�¤R¥§¸}¥Ä¼ÀÇ�¢�¥§Ç�¥§¸}¥ «AÅÄ£,¢M�­º�¥�¼ÀÇ­¸�ª�¦s©¹Ê
«AÅ§º�£,¢~Â�Å «"Ç8«A¥Ä¢s¢à«AÇ�·,£
¤�£~Å�»<D�Ç�¥§Ê`£¹¦s¢ �
± «)ª�¦s£¹®E¥Ä¡¹¦s£~®1£,¢}º�¦s£J¤�£J·,£,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢cÂ)º�Ç!Ç�¥§Ê`£#«AºO«Aº�¢v¢}¥ T «A¥§¿�ÅÄ£C�Ëº�£

∆T/Tcmb ∼
10−5 µ�«Aº5E ©,·v �£¹Å§ÅÄ£,¢!«À·#«Aº�¢à«AÅÄ£,¢#µ�«U©¹¸s©1¦s©#«AÅ§¥Ä¢s©,£Oª8«A¦�ÅÄ£O¢v«A¸s£¹Å§Å§¥§¸s£ � ')¯�²�£¹Ç È �
� Á % L�H�' �ZÊ`¼À¥§¦��oEZ� ÁC	Z�
²4Ç�¢}º�¥§¸s£
µ¾Å�»½£T¶B¼À¦}¸�¸s£,·v �Ç�¼ÀÅÄ¼À¨
¥��­º�£ �Ëº�¥³«�¢sº�¥§ÊË¥B«+ªN£¹¦}®E¥Ä¢~¤B»½©¹¸s£¹Ç�¤R¦s£"ª�£¹ºðÂ�ª�£¹º'ÅÄ£,¢�®1£,¢}º�¦s£,¢JÂ+¸s¼Àº�¸s£,¢
ÅÄ£,¢.©,·v �£¹Å§ÅÄ£,¢/«AÇ�¨
º�Å «A¥§¦s£,¢ �ZÊ`¼À¥§¦��oEV� ÁC	Z� � £,¢�¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢!¼ÀÇ­¸/·,¼ÀÇ5Y�¦}®1©
µ�¤�£ê®ê«AÇ�¥Ä¡¹¦s£ê¥§Ç�¤R¥Ä¢s·¹º�¸v«A¿�ÅÄ£
µ
ÅÄ£ê®1¼¾¤�¡¹ÅÄ£2¤�£OÅ «Ô·¹¦s¼À¥Ä¢s¢v«AÇ�·,£2¤�£,¢`)Ë¸}¦}º�·¹¸}º�¦s£,¢!ª8«A¦.¥§Ç�¢s¸v«A¿�¥§Å§¥§¸s©O¨
¦v«#ÊË¥§¸v«A¸}¥Ä¼ÀÇ�Ç�£¹Å§ÅÄ£U¤�«AÇ�¢.º�Ç D�Ç�¥§Ê`£¹¦s¢
£¹Ç £ZERª8«AÇ�¢}¥Ä¼ÀÇ % 	
� '?µB¥§Ç�¥§¸}¥Ä©,£êª8«A¦�¤�£,¢�ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�¨­«Aº�¢s¢s¥Ä£¹Ç�Ç�£,¢�£ZER¸}¦�B¹®1£¹®1£¹Ç­¸�¸s©¹ÇËº�£,¢/«Aª�ª8«A¦}º�£,¢
«Aª�¦s¡,¢*Å�» ¥§Ç ��«A¸}¥Ä¼ÀÇ8�

� ¥§Ç�¢}¥~ÅÄ£,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢ê¤�£'¸s£¹®EªN©¹¦v«A¸}º�¦s£j¼À¿�¢s£¹¦}Ê`©,£,¢ê«Aº ¢v£¹¥§Çî¤Rº � ' ¯�·,¼ÀÇ�¢}¸}¥§¸}º�£¹Ç­¸OÅ�» º�Ç ¤�£,¢
T ¼ÀÇ�¤�£¹®1£¹ÇË¸s¢J¤RºO®1¼¾¤�¡¹ÅÄ£"·,¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£"«À·¹¸}º�£¹Å�µ �Ëº�¥�¢#»½£,¢s¸cª�¦s¼À¨
¦s£,¢s¢s¥§Ê`£¹®1£¹Ç­¸*¤�©¹¨­«A¨`©"Â+Å «.·¹¦s¼À¥Ä¢s©,£"¤�£
®�º�Å§¸}¥§ª�ÅÄ£,¢~¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢´¥§Ç�¤�©¹ªN£¹Ç�¤�«AÇ­¸s£,¢ P/ÅÄ£,¢�®1£,¢}º�¦s£,¢�¤�£�¤�©,·#«AÅ «A¨`£*Ê`£¹¦s¢cÅÄ£J¦s¼Àº�¨`£�¤�£,¢c¢}º�ªN£¹¦}Ç�¼#Ê
«À£
¤R¥Ä¢}¸v«AÇ­¸s£,¢=µ�ÅÄ£,¢J·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ�¢�£ZER¥Ä¢}¸v«AÇ­¸�£¹Ç­¸}¦s£,¢*¨­«AÅ «]ER¥Ä£,¢JÅÄ¼À¥§ÇË¸v«A¥§Ç�£,¢#µ�ÅÄ£,¢MT ¼À¦�B¹¸s¢*±��¾®ê«AÇ �

α
«Aºj¢s£¹¥§Çj¤�£,¢
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Ç�¼Àº�¢1ª�Å «S,,¼ÀÇ�¢OÇ�¼À¸}¦s£U©¹¸}º�¤�£�� �"«AÇ�¢ê·,£j®1¼¾¤�¡¹ÅÄ£
µ4Å�»<D�Ç�¥§Ê`£¹¦s¢2£,¢}¸OÂm¨`©,¼À®1©¹¸}¦}¥Ä£jª�Å «AÇ�£6P-ª�º�¥Ä¢��­º�£U¢v«
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¤�£¹Ç�¢}¥§¸s©!¸s¼À¸v«AÅÄ£1·,¼À¦}¦s£,¢}ªN¼ÀÇ�¤ Â
Ωtot = 1.02 ± 0.02

µ³ �¼À®1¼À¨`¡¹Ç�£1£¹¸�¥Ä¢v¼À¸}¦s¼Àª�£1«Aº5E ¨
¦v«AÇ�¤�£,¢�©,·s �£¹Å§ÅÄ£,¢
«AÇ�¨
º�Å «A¥§¦s£,¢2�³¯J«A¥§¨
Ç�©1¤�«AÇ�¢�º�Ç T ¼ÀÇ�¤m¤�£!¦v«?�`¼ÀÇ�Ç�£¹®1£¹ÇË¸!ÂðÁ5� LÀÁ 	 @ £¹¸.¤�«AÇ�¢�º�Ç T ¼ÀÇ�¤m¤�£!Ç�£¹º�¸}¦}¥§Ç�¼
¢=µ
Å�»<D�Ç�¥§Ê`£¹¦s¢2£,¢}¸2¤�¼À®E¥§Ç�© Â�L �

%
ª8«A¦OÅ�»½²4Ç�£¹¦}¨
¥Ä£ &)¼À¥§¦s£
µ´ªN£¹º�¸ � B¹¸}¦s£ ©?�­º�¥§Ê
«AÅÄ£¹Ç­¸s£hÂmº�Ç�£ � ¼ÀÇ�¢}¸v«AÇ­¸s£

� ¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£��`± «"®ê«A¸}¥Ä¡¹¦s£A�Ëº³» ¥§Å�·,¼ÀÇ­¸}¥Ä£¹ÇË¸c¢s£~ª�¦s©,¢v£¹Ç­¸s£*£,¢s¢v£¹Ç­¸}¥Ä£¹Å§ÅÄ£¹®1£¹Ç­¸~¢s¼Àº�¢�Å «^T ¼À¦}®1£J¤�£C'h«A¸}¥Ä¡¹¦s£
&�¼À¥§¦s£hÆ�¦s¼À¥Ä¤�£ Â-Á"F

%
µ�¸v«AÇ�¤R¥Ä¢X�Ëº�£ Å « ®ê«A¸}¥Ä¡¹¦s£ ¿8«A¦(�`¼ÀÇ�¥��­º�£hÇ�£h·,¼ÀÇ�¢}¸}¥§¸}º�£F�Ëº�£VH

%
¤Rº ¸s¼À¸v«AÅ �

I º8«AÇ­¸EÂðÅ�»½©¹Ê`¼ÀÅ§º�¸}¥Ä¼ÀÇ�¤�£1Å�»<D�Ç�¥§Ê`£¹¦s¢#µ�ÅÄ£,¢�ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢/ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢/¨­«Aº�¢s¢}¥Ä£¹Ç�Ç�£,¢#µ�«À¤R¥ «A¿8«A¸}¥��­º�£,¢
£¹¸ �Ëº8«À¢}¥ � ¥§Ç­Ê
«A¦}¥ «AÇ­¸s£,¢/¤B»½©,·s �£¹Å§ÅÄ£O·¹¦s¼À¥Ä¢s¢s£¹Ç­¸.ª8«A¦�£T¶B¼ÀÇ�¤R¦s£¹®1£¹Ç­¸�¨
¦v«#ÊË¥§¸v«A¸}¥Ä¼ÀÇ�Ç�£¹Å�µ�Å§º�¸}¸v«AÇ­¸/·,¼ÀÇ­¸}¦s£êº�Ç�£
£ZE¾ª8«AÇ�¢s¥Ä¼ÀÇ'Â�º�Çê¸v«Aº5E2«Aº É ¼Àº�¦s¤B»  ­º�¥Nª�¦s¼¾·s �£"¤�£ 8 ∼ 70

�¾® ¢ −1 'UªN· −1 µ­ªN¼Àº�¦GT ¼À¦}®1£¹¦�ÅÄ£,¢��)¦v«AÇ�¤�£,¢)Ë¸}¦}º�·¹¸}º�¦s£,¢2� � £1®1¼Ë¤�¡¹ÅÄ£O£,¢}¸+º�Ç ¢}º�·,·,¡,¢�¥§Ç�¤�©¹Ç�¥ «A¿�ÅÄ£1ªN¼Àº�¦+Å « � ¼
¢}®1¼ÀÅÄ¼À¨
¥Ä£O£¹¸�·,£
µ³¿�¥Ä£¹Ç �­º³» ¥§Å´Å «A¥Ä¢v¢s£
·,£¹¦}¸v«A¥§Ç�£,¢C�­º�£,¢s¸}¥Ä¼ÀÇ�¢J£¹Ç'¢sº�¢}ª�£¹Ç�¢ � � «A¦J£ZER£¹®Eª�ÅÄ£
µR¥§Å�Ç�£�T ¼Àº�¦}Ç�¥§¸~ª8«A¦J¤B»½£ZE¾ª�Å§¥Ä·#«A¸}¥Ä¼ÀÇðÇ8«A¸}º�¦s£¹Å§ÅÄ£+«Aº T�«A¥§¸
�­º�£�ÅÄ£,¢�¤R¥ ¶B©¹¦s£¹Ç­¸s£,¢"·,¼ÀÇ­¸}¦}¥§¿�º�¸}¥Ä¼ÀÇ�¢+Â1Å «1¤�£¹Ç�¢}¥§¸s©�¸s¼À¸v«AÅÄ£.¤�£�Å�»<D�Ç�¥§Ê`£¹¦s¢"«A¥Ä£¹Ç­¸)¸s¼Àº�¸s£,¢)ÅÄ£�®`B¹®1£/¼À¦s¤R¦s£
¤�£'¨
¦v«AÇ�¤�£¹º�¦ê«Aº É ¼Àº�¦s¤B»  Ëº�¥ � '�º�£¹Ç�·,¼À¦s£
µ4¥§Å~Ç�£'¦s©¹ªN¼ÀÇ�¤îª8«À¢1«Aº5E �Ëº�£,¢}¸}¥Ä¼ÀÇ�¢E¤�£'Å�»½¼À¦}¥§¨
¥§Ç�£j£¹¸E¤�£'Å «
Ç8«A¸}º�¦s£+¤�£�Å�»½²4Ç�£¹¦}¨
¥Ä£)&�¼À¥§¦s£�£¹¸�¤�£"Å « ' «A¸}¥Ä¡¹¦s£�&�¼À¥§¦s£��

'�Ç�« «A¥§Ç�¢s¥c¿�¦}¥Ä¡¹Ê`£¹®1£¹ÇË¸E¦s©,¢}º�®1©2Å�»½©¹®1£¹¦}¨`£¹Ç�·,£2¤Rºî®1¼¾¤�¡¹ÅÄ£ 9;)Ë¸v«AÇ�¤�«A¦s¤6: ¤�£OÅ « � ¼
¢}®1¼ÀÅÄ¼À¨
¥Ä£
µ
·#«Aª8«A¿�ÅÄ£O¤�£O¤�©,·¹¦}¥§¦s£êÅ�» 8�¥Ä¢}¸s¼À¥§¦s£2¤B» º�Ç D�Ç�¥§Ê`£¹¦s¢/¤�£UÈ�F5� Lj®E¥§Å§Å§¥ «A¦s¤�¢.¤B» «AÇ�Ç�©,£,¢!£¹¸!¤�£1¦s£¹Ç�¤R¦s£2·,¼À®Eª�¸s£
¤B»½¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢O·,¼Àº�Ê¾¦v«AÇ­¸2¤�£,¢ê©,·s �£¹Å§ÅÄ£,¢'«AÇ�¨
º�Å «A¥§¦s£,¢'¤�£X�Ëº�£¹Å��­º�£,¢ê®1£¹¨­«Aª8«A¦s¢s£,·,¢2ÂmÅ�»½£¹Ç�¢s£¹®�¿�ÅÄ£ ¤Rº
·¹¥Ä£¹Å £¹¸�·,£
µ8«#Ê`£,·+¢s£¹º�ÅÄ£¹®1£¹ÇË¸^�Ëº�£¹Å��­º�£,¢*ª8«A¦v«A®1¡¹¸}¦s£,¢2�8±³£ � 'Ô¯ T ¼Àº�¦}Ç�¥§¸*ÅÄ£,¢*¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢*ªN£¹¦}®1£¹¸}¸v«AÇ­¸
¤�£�·,¼ÀÇË¸}¦v«A¥§Ç�¤R¦s£!Å «`�Ëº8«À¢}¥ � ¸s¼À¸v«AÅ§¥§¸s©!¤�£,¢�ª8«A¦v«A®1¡¹¸}¦s£,¢"¤Rº ®1¼Ë¤�¡¹ÅÄ£ P'·,£¹¦}¸v«A¥§Ç�£,¢�·,¼ÀÇ­¸}¦v«A¥§ÇË¸s£,¢"¥§®Eª�¼
¢v©,£,¢
¢s¼ÀºR¶N¦v«AÇ­¸!¤�£ê¤�©¹¨`©¹Ç�©¹¦s£,¢s·,£¹Ç�·,£,¢ �Z¸s£¹Å§ÅÄ£,¢/·,£¹Å§ÅÄ£ê¢}º�¦.ÅÄ£ê·,¼Àº�ª�ÅÄ£ê¤�£¹Ç�¢s¥§¸s©O¤B»½²4Ç�£¹¦}¨
¥Ä£ &)¼À¥§¦s£
µ ¤�£¹Ç�¢}¥§¸s©2¤�£
®ê«A¸}¥Ä¡¹¦s£
	Tµ�®ê«A¥Ä¢^�Ëº�¥�ª�£¹º�Ê`£¹ÇË¸ B¹¸}¦s£/ÅÄ£¹Ê`©,£,¢)ª8«A¦)Å «ê·,¼ÀÇ5T ¦s¼ÀÇ­¸v«A¸}¥Ä¼ÀÇ «#Ê`£,·.ÅÄ£,¢)¦s©,¢}º�Å§¸v«A¸s¢"¤B»½£ZERª�©¹¦}¥Ä£¹Ç�·,£,¢
¥§Ç�¤�©¹ª�£¹Ç�¤�«AÇË¸s£,¢2� � »½£,¢}¸!Å ÂÔº�Ç�£2ª�¦s£¹®E¥Ä¡¹¦s£'®1¼À¸}¥§ÊÀ«A¸}¥Ä¼ÀÇ P ®ê«A¥Ä¢!Ç�¼ÀÇîÅ «U¢s£¹º�ÅÄ£ �ZÊ`¼À¥§¦ �oEZ�§È�� Ã 	 P ªN¼Àº�¦
ÅÄ£,¢+£T¶B¼À¦}¸s¢+¤�£E¦s£,·s �£¹¦s·v �£O¤�©¹ª�ÅÄ¼ �`©,¢�¸v«AÇË¸+ªN¼Àº�¦�ª8«A¦}Ê`£¹Ç�¥§¦/Â2º�Ç�£E®1£,¢}º�¦s£ê¤�£Eª�Å§º�¢+£¹Ç ª�Å§º�¢ Y�Ç�£ê¤�£,¢
¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢�¤Rº � ' ¯ �Ëº�£�ªN¼Àº�¦*£¹ÇU£ZER¸}¦v«A¥§¦s£�¸s¼Àº�¸s£�Å�» ¥§Ç5T ¼À¦}®ê«A¸}¥Ä¼ÀÇÔ·,¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£��
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��«AÇ�¢~ÅÄ£"®1¼Ë¤�¡¹ÅÄ£ 9 )Ë¸v«AÇ�¤�«A¦s¤ :O¤�£"Å « � ¼
¢}®1¼ÀÅÄ¼À¨
¥Ä£
µ�¸s£¹Å8�Ëº³»½¼ÀÇ'Å�» «/¿�¦}¥Ä¡¹Ê`£¹®1£¹Ç­¸�ª�¦s©,¢v£¹Ç­¸s©
µ�Å�»<D�Ç�¥ �
Ê`£¹¦s¢2« º�Ç�£ 8�¥Ä¢}¸s¼À¥§¦s£��C)Ë¥�¢s¼ÀÇ ·,¼À®E®1£¹Ç�·,£¹®1£¹Ç­¸j£,¢s¸ê¥§Ç�·,¼ÀÇ�Ç­º³µ�Ê`¼À¥§¦s£Ô¥§Ç8«À·,·,£,¢s¢}¥§¿�ÅÄ£
µ�¢s¼ÀÇÑ©¹Ê`¼ÀÅ§º�¸}¥Ä¼ÀÇ
·,¼ÀÇ�¢}¥Ä¢}¸s£1£¹Çmº�Ç�£1ÅÄ¼ÀÇ�¨
º�£1£ZE¾ª8«AÇ�¢s¥Ä¼ÀÇ £¹Ç­¸}¦v«]\ÄÇ8«AÇË¸.º�Ç ¦s£ZT ¦s¼À¥Ä¤R¥Ä¢s¢s£¹®1£¹ÇË¸+ª�¦s¼À¨
¦s£,¢s¢}¥ T*¤�£E¢s¼ÀÇ ·,¼ÀÇ­¸s£¹Ç­º8�
� ¥§Ç�¢s¥�µ�¸}¦s¡,¢�ÅÄ¼À¥§Ç ¤�«AÇ�¢�ÅÄ£�ª8«À¢s¢s©
µ�Å�»<D�Ç�¥§Ê`£¹¦s¢)©¹¸v«A¥§¸�¿N£#«Aº�·,¼Àº�ªUª�Å§º�¢)·s 8«Aº�¤ £¹¸�¤�£¹Ç�¢s£;�­º³» «Aº É ¼Àº�¦s¤B»  ­º�¥ �
� ¤�£,¢c¤�©,·#«AÅ «A¨`£,¢�Ê`£¹¦s¢cÅÄ£*¦s¼Àº�¨`£)¤�£*Å�»½¼À¦s¤R¦s£)¤�£�È
È �
� µ`ÅÄ£�·,¼ÀÇ­¸s£¹ÇËº'¤�£�Å�»<D�Ç�¥§Ê`£¹¦s¢c·,¼ÀÇ�¢}¥Ä¢s¸s£�£¹Çêª�¦s¼À¸s¼ÀÇ�¢=µ
©¹ÅÄ£,·¹¸}¦s¼ÀÇ�¢~£¹¸�ª� �¼À¸s¼ÀÇ�¢�¥§Ç­¸s£¹¦v«A¨
¥Ä¢s¢à«AÇ­¸MT ¼À¦}¸s£¹®1£¹ÇË¸#µ¾«A¥§Ç�¢s¥ �Ëº³»½£¹ÇêÇ�£¹º�¸}¦}¥§Ç�¼
¢~£¹¸ 'h«A¸}¥Ä¡¹¦s£ &)¼À¥§¦s£�Æ�¦s¼À¥Ä¤�£ML!�
� ¦s¼À¸s¼ÀÇ�¢�£¹¸+©¹ÅÄ£,·¹¸}¦s¼ÀÇ�¢�¢s£E·,¼À®�¿�¥§Ç�£¹ÇË¸.¢v«AÇ�¢+·,£,¢v¢s£/ª�¼Àº�¦ T ¼À¦}®1£¹¦�Å�»  ��R¤R¦s¼À¨`¡¹Ç�£
µ³Å§º�¥ � ®`B¹®1£E¸}¦s¡,¢+¦v«Aª�¥ �
¤�£¹®1£¹Ç­¸/¥Ä¼ÀÇ�¥Ä¢s©1ª8«A¦.ÅÄ£,¢�ª� �¼À¸s¼ÀÇ�¢/£¹¸�¦s£,¤�¼ÀÇ�Ç8«AÇË¸!ª�¦s¼À¸s¼ÀÇ�¢.£¹¸/©¹ÅÄ£,·¹¸}¦s¼ÀÇ�¢2�+�+�<' «A¥Ä¢=µ Ê¾¥Ä£¹Ç­¸.Å�»½©¹ª�¼ �­º�£O¤Rº
¤�©,·,¼Àº�ª�Å «A¨`£U¤�£,¢Eª� �¼À¸s¼ÀÇ�¢=µ4¼�7 Å�»<D�Ç�¥§Ê`£¹¦s¢ê¢#»½£,¢}¸êÂh·,£'ªN¼À¥§Ç­¸1¦s£ZT ¦s¼À¥Ä¤R¥A�­º�£'ÅÄ£,¢1ª� �¼À¸s¼ÀÇ�¢1Ç³»½¼ÀÇ­¸êª�Å§º�¢
«À¢s¢s£10"¤B»½©¹Ç�£¹¦}¨
¥Ä£"ª�¼Àº�¦�®ê«A¥§Ç­¸s£¹Ç�¥§¦�·,£¹¸~©?�Ëº�¥§Å§¥§¿�¦s£�� � Å§º�¢~¦}¥Ä£¹Ç'Ç³»½£¹®EªiB,·v �£�¤�©,¢s¼À¦}®ê«A¥Ä¢~ª�¦s¼À¸s¼ÀÇ�¢J£¹¸~©¹ÅÄ£,· �
¸}¦s¼ÀÇ�¢J¤�£�¢v£�·,¼À®.¿�¥§Ç�£¹¦Jª�¼Àº�¦MT ¼À¦}®1£¹¦cÅ�» 8��¾¤R¦s¼À¨`¡¹Ç�£
µ��Ëº�£�ÅÄ£,¢cª� �¼À¸s¼ÀÇ�¢~Ç�£�ªN£¹º�Ê`£¹Ç­¸Jª�Å§º�¢�¥Ä¼ÀÇ�¥Ä¢s£¹¦2�5�"¡,¢
ÅÄ¼À¦s¢#µËÅÄ£�Å§¥§¿�¦s£)ª8«A¦s·,¼Àº�¦s¢~®1¼ �`£¹Ç'¤�£,¢�ª� �¼À¸s¼ÀÇ�¢~¸s£¹Ç�¤�«AÇË¸JÊ`£¹¦s¢~Å�» ¥§Ç5Y�Ç�¥�µËÅ�»<D�Ç�¥§Ê`£¹¦s¢J¤�£¹Ê¾¥Ä£¹Ç­¸~¸}¦v«AÇ�¢}ª8«A¦s£¹Ç­¸
«Aº5E ª� �¼À¸s¼ÀÇ�¢2� � £2¢s¼ÀÇ­¸E¤�¼ÀÇ�·2·,£,¢.ª� �¼À¸s¼ÀÇ�¢ �Ëº�¥~·,¼ÀÇ�¢}¸}¥§¸}º�£¹Ç­¸!ÅÄ£ � 'Ô¯ H ¥§ÅÄ¢!¼ÀÇ­¸!¥§ÇË¸s£¹¦v«A¨
¥Jª�¼Àº�¦/Å «
¤�£¹¦}Ç�¥Ä¡¹¦s£JT ¼À¥Ä¢*¥§ÅR�ð«UÈ�FRµ L 'Ô¥§Å§Å§¥ «A¦s¤�¢�¤B» «AÇ�Ç�©,£,¢#µ�¼ÀÇ­¸�¸}¦v«,Ê`£¹¦s¢s©.Å�»<D�Ç�¥§Ê`£¹¦s¢�ªN¼Àº�¦*Ç�¼Àº�¢"«A¦}¦}¥§Ê`£¹¦)«Aº É ¼Àº�¦ �
¤B»  ­º�¥�µ �­º8«À¢}¥§®1£¹ÇË¸*Ç�¼ÀÇ � ªN£¹¦}¸}º�¦}¿�©,¢#µ8¢}¥§®Eª�ÅÄ£¹®1£¹Ç­¸)¦s£ZTZ¦s¼À¥Ä¤R¥Ä¢�Â!Å�»½£ZE¾¸}¦�B¹®1£�¢s¼Àº�¢JÅ�»½£T¶B£¹¸*¤�£�Å�»½£ZE¾ª8«AÇ�¢s¥Ä¼ÀÇ
¤�£�Å�»<D�Ç�¥§Ê`£¹¦s¢2� � «A¦�«A¥§Å§ÅÄ£¹º�¦s¢#µN·,¼À®E®1£/·,£,¢�ª� �¼À¸s¼ÀÇ�¢)Ç�¼Àº�¢)ª8«A¦}Ê¾¥Ä£¹Ç�Ç�£¹Ç­¸�¤�£�¸s¼Àº�¸s£,¢)ÅÄ£,¢)¤R¥§¦s£,·¹¸}¥Ä¼ÀÇ�¢�¤Rº
·¹¥Ä£¹Å�µ «?�­«AÇË¸�ª8«A¦s·,¼Àº�¦}º Å «2®`B¹®1£1¤R¥Ä¢}¸v«AÇ�·,£1£¹¸.«2�­«AÇ­¸/©¹¸s©E¤R¥ ¶�º�¢s©,¢+ª�¼Àº�¦+Å «'¤�£¹¦}Ç�¥Ä¡¹¦s£`T ¼À¥Ä¢+«Aº ®`B¹®1£
®1¼À®1£¹Ç­¸#µ�¥§ÅÄ¢Eª�¦s¼#Ê¾¥Ä£¹Ç�Ç�£¹Ç­¸2¤�£'Å «m¢}º�¦hT�«À·,£'¥§Ç­¸s£¹¦}Ç�£j¤B» º�Ç�£j¢sª� �¡¹¦s£j¤�¼ÀÇ­¸1Ç�¼Àº�¢ê¢s¼À®E®1£,¢EÅÄ£ð·,£¹Ç­¸}¦s£/O
·,£¹¸}¸s£1¢}º�¦hT�«À·,£E£,¢}¸+«Aª�ª�£¹ÅÄ©,£ê¢}º�¦hT «À·,£E¤�£E¤�£¹¦}Ç�¥Ä¡¹¦s£ê¤R¥ ¶�º�¢}¥Ä¼ÀÇ8�R�)¼ÀÇ�·
µNÅÄ¼À¦s¢ �­º�£!Å�»½¼ÀÇm¦s©#«AÅ§¥Ä¢s£1º�Ç�£E·#«A¦}¸s£
¤Rº � ' ¯-¢sº�¦´ÅÄ£*·¹¥Ä£¹Å�µ`·
»½£,¢}¸�º�Ç�£JÊ`©¹¦}¥§¸v«A¿�ÅÄ£*ª� �¼À¸s¼À¨
¦v«Aª� �¥Ä£�¤�£*·,£¹¸}¸s£*¢}º�¦hT�«À·,£*¢}¥§¸}º�©,£�Â

z ∼ 1100
µR«AÅÄ¼À¦s¢

�­º�£"Å�»<D�Ç�¥§Ê`£¹¦s¢*Ç³» «#ÊÀ«A¥§¸��­º�£ F �
�1�
�
� «AÇ�¢2�
� «A¦~«A¥§Å§ÅÄ£¹º�¦s¢#µËª�º�¥Ä¢��Ëº�£�·,£,¢cª� �¼À¸s¼ÀÇ�¢~¼ÀÇ­¸�ª8«A¦}¸}¥Ä·¹¥§ª�©"Â�Å�»½©?�Ëº�¥§Å§¥§¿�¦s£�¸} �£¹¦}®E¥��­º�£"«Aº2¢v£¹¥§ÇO¤Rºêª�Å «À¢s®ê«

ª�¦}¥§®1¼À¦s¤R¥ «AÅ�µ�«,Ê
«AÇ­¸�Å «�¦s£,·,¼À®�¿�¥§Ç8«A¥Ä¢v¼ÀÇj¤�£,¢c«A¸s¼À®1£,¢#µË¥§ÅÄ¢�ªN¼
¢s¢s¡,¤�£¹ÇË¸�º�Ç'¢}ªN£,·¹¸}¦s£�¤�£�·,¼À¦}ª�¢cÇ�¼À¥§¦2� � £¹¸}¸s£
ª�¦s©,¤R¥Ä·¹¸}¥Ä¼ÀÇ³µ*®1¼À¸}¥§Ê`©,£mª8«A¦UÅÄ£,¢ð¸}¦v«,Ê
«Aº5Eq¤�£ ��«A®1¼2K ¢}º�¦ðÅ «îÇ­º�·¹ÅÄ©,¼
¢��ËÇË¸} �¡,¢s£ ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£
µ)«î©¹¸s©
·,¼ÀÇ5Y�¦}®1©,£"£¹ÇÔÈ �
�
� µËª8«A¦cÅÄ£,¢c¦s©,¢}º�Å§¸v«A¸s¢~¤�£*Å�» ¥§Ç�¢}¸}¦}º�®1£¹ÇË¸*Æ�E °�� )!£¹®.¿8«A¦��­º�©"¢}º�¦ � ')¯~² % Ã
� ' � � ¥§Ç�¢}¥�µ
ÅÄ£O¢sª�£,·¹¸}¦s£2¼À¿�¢s£¹¦}Ê`©'¤Rº T ¼ÀÇ�¤-¤R¥ ¶�º�¢!·,¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£'·,¼À¦}¦s£,¢}ª�¼ÀÇ�¤�ÂUº�Ç�£2ÅÄ¼À¥�¤�£ � Å «AÇ�·��-¸} �©,¼À¦}¥��Ëº�£
µ
«,Ê`£,·+¤�£,¢�¤�©¹ÊË¥ «A¸}¥Ä¼ÀÇ�¢A�Ëº�¥BÇ³»½£ZE�·,¡,¤�£¹Ç­¸*ª8«À¢

0.01%
¤�£"Å «/¿�¦}¥§Å§Å «AÇ�·,£/«Aºð®ê«]E¾¥§®.º�®X� '�Çð¦v«Aª�ª�£¹Å§ÅÄ£ �­º�£

Å «/ÅÄ¼À¥ ¤�£ � Å «AÇ�· �ð£,¢}¸*¤�¼ÀÇ�Ç�©,£+ª8«A¦JH
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º�¦s£ EZ� Á5�
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·,£¹¸}¸s£�¸s£¹®EªN©¹¦v«A¸}º�¦s£�£¹Çj·s 8«S�Ëº�£�ªN¼À¥§Ç­¸�¤RºÔ·¹¥Ä£¹Å8�­º³» «Aª�ª8«A¦v«A¥Ä¢s¢v£¹Ç­¸�ÅÄ£,¢*ª�¦s£¹®E¥Ä¡¹¦s£,¢*¥§Ç� �¼À®1¼À¨`©¹Ç�©¹¥§¸s©,¢"¤Rº
� 'Ô¯ �
NPO e LcQ>G_LNARQ =N: GXQ>A k(FXJTSlJMLNGH[C=NAVUj:�G_=NA @(: @XW =NAUFXJMLNGHdhGXe LNA?JM<lYr: YrAC@hL6Q><�Q>TUIU:�<(D>F JZY A2Q>ACe D\[(:MLN: @>e



' � � � ����� �
� � ����� ��� 	 �
	 �
��	 	 ��� ��
 
 ��
 � ��� ��� ��� � �

������� ��
�� � � ��A�= �I94
����J��F � ;E��� ��@&2NF AP97;#AL<>;E�H;'�
@ �EF��P
����E97�D��� @G�#
��+��AL@H
��D= ��� �C;E< �C���J�:� ;
���C�$�
� ��97;
F����N�%�+AL
 9����G�H� �CF!AL=N�+97
���� 
 �C�+;
��@!�#FC� �:� F��!97;
��=�A��C;
@G� � �B�>
��+<>= �+����
�FC���%���� ���
 ���� �
� �IA�= ;E@H�#
?A%AL;E�#
�@BA�ALF�A �C�+A <>�+A�FC���+A =��
� ��� @H� A 
���FC<>�+�E
	��

� � 1 � �N;
�?� ��F A���
��+�H�G@ 
�� ��� ,��
6 KE;
@G����
 �  $: ��� � �C;

�� �EF����G�+A�� �������IA �:� ��������FC�?A�����=����IAL�+�E
����#
���� @H� 97����
�@H
�F ��� ���>�G� <>�+A�FC�����
� "E"

σ �
�H�IA ���������IAP�:� ��������FC�?A ����� ;
F����

%
�C� �C@GK
�I��F��C��9�;
���N����9������$�C@ 
�FC���G�G��<>���#
M
��?�
97�+�+A

�C�%A�� ��@GAL
�@G� �EF����#
D=��
AD�C� ��� ��=��
@GA�A���FC�D��F 
��?�
9�� ��� �G�>9�;
FC� � � 
 �C��;E��@ �#FC��� �
" �5�

+!,!-.,"! / C$# 4P8 > 8DG?69@.6�K(0 G.8;K%#'&M4(# 2.8;6�K @.6)&�6J7 2'*54*0+&-, 4�6

± «.ª�¦s£¹®E¥Ä¡¹¦s£ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇj¤�£�¸s£¹®EªN©¹¦v«A¸}º�¦s£�«Aª�ª8«A¦v«A¥Ä¢s¢v«AÇË¸�Â+º�Ç2Ç�¥§Ê`£#«Aºð¤�£�Å�»½¼À¦s¤R¦s£"¤�£
∆T/T ∼

10−3 £,¢s¸�¤�£)¸ �¾ªN£�¤R¥§ªN¼ÀÅ «A¥§¦s£��cE?ÅN¢#» «A¨
¥§¸J¤B» º�Ç2£T¶B£¹¸C�"¼Àª�ª�ÅÄ£¹¦~¤54ð«Aº'®1¼Àº�Ê`£¹®1£¹Ç­¸*¤�£)Å «.� £¹¦}¦s£"¤�«AÇ�¢~ÅÄ£¦s©ZT ©¹¦s£¹ÇË¸}¥Ä£¹Å´¼�7hÅÄ£ � ' ¯ £,¢}¸"¥Ä¢s¼À¸}¦s¼Àª�£��N± «O®1£,¢}º�¦s£!¤�£!·,£!¤R¥§ªi.ÀÅÄ£
µB£T¶B£,·¹¸}º�©,£/ª�¼Àº�¦"Å «Oª�¦s£¹®E¥Ä¡¹¦s£�T ¼À¥Ä¢
ª8«A¦ � ')¯~² U[� ' ° �ZÊ`¼À¥§¦�ÅÄ£ �oEZ� ÁC	Tµ�«1©¹¸s©+¦s©,·,£¹®E®1£¹Ç­¸+«A®1©¹Å§¥Ä¼À¦s©,£�ª8«A¦�ÅÄ£+¢v«A¸s£¹Å§Å§¥§¸s£)$ ' �)� %GF>'MH8¢s¼ÀÇ
«A®Eª�Å§¥§¸}º�¤�£.«A¸}¸s£¹¥§ÇË¸

3.346 ± 0.017mK
µ�ª�¼Àº�¦�º�Ç�£+¼À¦}¥Ä£¹Ç­¸v«A¸}¥Ä¼ÀÇh¤�«AÇ�¢*ÅÄ£�¦s£¹ªN¡¹¦s£�¨­«AÅ «À·¹¸}¥��Ëº�£�¤�¼ÀÇ�Ç�©,£

ª8«A¦
(l, b) = (263.85o±0.1o, 48.25o±0.04o)

� � ª�¦s¡,¢4¢s¼Àº�¢}¸}¦v«À·¹¸}¥Ä¼ÀÇê¤�£~Å «�¸s£¹®EªN©¹¦v«A¸}º�¦s£J®1¼2�`£¹Ç�Ç�£�£¹¸
¤Rº�¤R¥§ª .ÀÅÄ£´¤�£,¢ ·#«A¦}¸s£,¢�¤Rº�·¹¥Ä£¹Å�µ=«Aª�ª8«A¦v«A¥Ä¢s¢s£¹ÇË¸�¤�£,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢�¤�£4¸s£¹®EªN©¹¦v«A¸}º�¦s£�¤�£/T «A¥§¿�ÅÄ£�«A®Eª�Å§¥§¸}º�¤�£
µ
¤�£"Å�»½¼À¦s¤R¦s£�¤�£

10−5 @ � � £,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢#µ-�Ëº³»½¼ÀÇj£,¢}¸*·#«Aª8«A¿�ÅÄ£+¤�£"¤�©,·,£¹ÅÄ£¹¦�«Aº É ¼Àº�¦s¤B»  ­º�¥�«Aºj¢v£¹¥§Çj¤�£,¢¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢#µ³¸}¦s¼Àº�Ê`£¹ÇË¸/ÅÄ£¹º�¦/¼À¦}¥§¨
¥§Ç�£2«Aº ¸s¼Àº�¸.¤�©¹¿�º�¸!¤�£1Å�»<D�Ç�¥§Ê`£¹¦s¢#µ³ª�º�¥Ä¢ �­º³»½£¹Å§ÅÄ£,¢!¢s¼ÀÇË¸�ÅÄ£,¢+¸}¦v«À·,£,¢
¤�£,¢JªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�¤�£"Å «!®1©¹¸}¦}¥��Ëº�£+¤�«AÇ�¢JÅ�»<D�Ç�¥§Ê`£¹¦s¢�«#ÊÀ«AÇË¸�ÅÄ£�¤�©,·,¼Àº�ª�Å «A¨`£��

(*)0;1, �!#%;��>�����&R2#%)0;1R!�T#f/?, #%�b).;
� Å§º�¢.ª�¦s©,·¹¥Ä¢s©¹®1£¹Ç­¸#µ�£¹Å§ÅÄ£,¢.¦s©,¢}º�Å§¸s£¹Ç­¸E¤�£êÅ «j·,¼À®�¿�¥§Ç8«A¥Ä¢v¼ÀÇî¤�£ê¸}¦s¼À¥Ä¢�®1©,·#«AÇ�¥Ä¢s®1£,¢.ª� 
�¾¢s¥��­º�£,¢#µ º�Ç

£T¶N£¹¸2¤�£j¸s£¹®EªN©¹¦v«A¸}º�¦s£U¥§ÇË¸}¦}¥§Ç�¢s¡?�Ëº�£
µ�Å�»½£T¶B£¹¸ �"¼Àª�ª�ÅÄ£¹¦2£¹¸OÅ�»½£T¶N£¹¸3)R«À·s �¢ � $ ¼ÀÅ T £���� ¼Àº�¸'¤B» «A¿�¼À¦s¤Bµ�ÅÄ£,¢
��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢ð¤�£j¸s£¹®EªN©¹¦v«A¸}º�¦s£m«AºÑ¢s£¹¥§Ç ¤�£UÅ « ®ê«A¸}¥Ä¡¹¦s£ Â Å «S�­º�£¹Å§ÅÄ£ÔÅÄ£,¢Oª� �¼À¸s¼ÀÇ�¢O©¹¸v«A¥Ä£¹ÇË¸'·,¼Àº�ª�ÅÄ©,¢
«,Ê
«AÇ­¸*ÅÄ£¹º�¦�¤�£¹¦}Ç�¥Ä¡¹¦s£�¤R¥ ¶Nº�¢}¥Ä¼ÀÇ³µ�·,¼ÀÇ­¸}¦}¥§¿�º�£¹ÇË¸"«Aº5E ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢�¤�£+¸s£¹®Eª�©¹¦v«A¸}º�¦s£+¼À¿�¢v£¹¦}ÊÀ«A¿�ÅÄ£,¢�¤�«AÇ�¢
ÅÄ£ � ' ¯ � ' «A¥Ä¢"·,£¹¸"£T¶N£¹¸�¤�£.¸s£¹®Eª�©¹¦v«A¸}º�¦s£!¥§ÇË¸}¦}¥§Ç�¢s¡?�­º�£
µN¢#» ¥§Å4£,¢}¸)ÅÄ£.ª�Å§º�¢)©¹Ê¾¥Ä¤�£¹Ç­¸#µNÇ³»½£,¢s¸�ª8«À¢)Å�»½£T¶B£¹¸
¤�¼À®E¥§Ç8«AÇ­¸2�N± «ê¸s£¹®Eª�©¹¦v«A¸}º�¦s£/¤�£,¢�ª� �¼À¸s¼ÀÇ�¢�¦s©,¢sº�Å§¸s£+ª�¦}¥§Ç�·¹¥§ª8«AÅÄ£¹®1£¹Ç­¸+¤�£�Å�»½©¹Ç�£¹¦}¨
¥Ä£;�Ëº³» ¥§ÅÄ¢)¼ÀÇ­¸)¨­«A¨
Ç�©
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¼Àº�ª�£¹¦s¤Rº�«Aº ¢v¼À¦}¸}¥§¦!¤�£,¢1®E¥§Ç�¥§®ê«m¼Àº�¤�£,¢E®ê«]E¾¥§®ê«h¤�£ð¤�£¹Ç�¢s¥§¸s©'¦s£,¢}ª�£,·¹¸}¥§Ê`£¹®1£¹ÇË¸2«Aºî®1¼À®1£¹Ç­¸2¤�£
ÅÄ£¹º�¦*¤�£¹¦}Ç�¥Ä¡¹¦s£�¤R¥ ¶�º�¢s¥Ä¼ÀÇ8� � »½£,¢}¸~Å�»½£T¶N£¹¸�)R«À·v �¢ � $ ¼ÀÅ T £ % 	 �>' �¾²´Ç5Y�Ç³µ8«Aºð¤�©,·,¼Àº�ª�Å «A¨`£
µ�ÅÄ£,¢~ª� �¼À¸s¼ÀÇ�¢*¢s¼ÀÇË¸
©¹¨­«AÅÄ£¹®1£¹Ç­¸4«�¶N£,·¹¸s©,¢ ª8«A¦³º�Ç�£T¶B£¹¸R�"¼Àª�ª�ÅÄ£¹¦2� � º�¥Ä¢ �­º�£4ÅÄ£,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢�¤Rº.·s 8«A®Eª.¤�£�¤�£¹Ç�¢}¥§¸s©4®1£¹¸}¸s£¹Ç­¸
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£ZE¾¸}¦v«A¥§¦s£ê¸s¼Àº�¸s£EÅ�» ¥§Ç5T ¼À¦}®ê«A¸}¥Ä¼ÀÇ-·,¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£1¤�£O·,£,¢+·s 8«A®Eª�¢.¨­«Aº�¢s¢}¥Ä£¹Ç�¢#µ³¥§Å�¢}º �1¸�¤B»½£¹Ç ·,¼ÀÇ�Ç8«]\Ä¸}¦s£
Å « T ¼ÀÇ�·¹¸}¥Ä¼ÀÇm¤�£.·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ ÂO¤�£¹º5EUªN¼À¥§Ç­¸s¢2� � ¼Àº�¦"·v 8«À·¹º�Çm¤�£,¢)·v 8«A®Eª�¢

X = {T,E,B} µB¼ÀÇÔªN£¹º�¸¤�©ZY�Ç�¥§¦*º�Ç�£ T ¼ÀÇ�·¹¸}¥Ä¼ÀÇU¤B» «Aº�¸s¼ � ·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ H

CX(θ) ≡< X(~̂n1)X(~̂n2) >

¼�7
θ
£,¢s¸+Å�» «AÇ�¨
ÅÄ£O¢sº�¦�ÅÄ£1·¹¥Ä£¹Å�¢s©¹ª8«A¦v«AÇ­¸!ÅÄ£,¢�¤�£¹º5E ªN¼À¥§Ç­¸s¢.¦s£¹ªN©¹¦s©,¢.¤�«AÇ�¢.ÅÄ£,¢�¤R¥§¦s£,·¹¸}¥Ä¼ÀÇ�¢

~̂n1
£¹¸
~̂n2

P
¼ÀÇî«

cos θ = ~̂n1 · ~̂n2
� � ¥§Ç�¢}¥�µ Å�» ¥Ä¢s¼À¸}¦s¼Àª�¥Ä£'¤�£,¢.·v 8«A®Eª�¢Ik T «A¥§¸I�Ëº�£1ÅÄ£¹º�¦;T ¼ÀÇ�·¹¸}¥Ä¼ÀÇî¤�£O·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ

Ç�£ê¤�©¹ªN£¹Ç�¤ �Ëº�£ê¤�£êÅ�»½©,·s �£¹Å§ÅÄ£'«AÇ�¨
º�Å «A¥§¦s£O·,¼ÀÇ�¢}¥Ä¤�©¹¦s©,£�� � £,¢/·,¼Àº�ª�ÅÄ£,¢.¤�£êª�¼À¥§ÇË¸s¢.¢s¼ÀÇË¸.®1¼ �`£¹Ç�Ç�©,¢!¢}º�¦
º�Ç2£¹Ç�¢v£¹®�¿�ÅÄ£�¤�£�¦s©#«AÅ§¥Ä¢v«A¸}¥Ä¼ÀÇ�¢J¤Rº2·¹¥Ä£¹Å �5�)¥Ä¢}ªN¼
¢v«AÇ­¸~¤B» º�Çð¢s£¹º�Å D�Ç�¥§Ê`£¹¦s¢#µ¾¼ÀÇ'º�¸}¥§Å§¥Ä¢s£�Å�»½£¹¦}¨`¼Ë¤R¥Ä·¹¥§¸s©"ªN¼Àº�¦
©¹ÊÀ«AÅ§º�£¹¦�·,£¹¸}¸s£/T ¼ÀÇ�·¹¸}¥Ä¼ÀÇ.¤�£´·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ8� � º�¸}¦s£¹®1£¹Ç­¸�¤R¥§¸#µ=¼ÀÇ�©¹Ê
«AÅ§º�£´Å «~®1¼ �`£¹Ç�Ç�£c¤B»½£¹Ç�¢v£¹®�¿�ÅÄ£�·,¼À®E®1£
º�Ç�£�®1¼ �`£¹Ç�Ç�£.¢sº�¦�¸s¼Àº�¢)ÅÄ£,¢�·,¼Àº�ª�ÅÄ£,¢"¤�£+ªN¼À¥§Ç­¸s¢=µ�¢s©¹ª8«A¦s©,¢)¤B» º�Ç ®`B¹®1£/«AÇ�¨
ÅÄ£
µi�­º³» ¥§Å�£,¢}¸�ªN¼
¢s¢}¥§¿�ÅÄ£.¤�£
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 ��
 � ��� ��� ��� � �

T ¼À¦}®1£¹¦*¢sº�¦JÅÄ£�·¹¥Ä£¹Å ���)£"Å «/®`B¹®1£"®ê«AÇ�¥Ä¡¹¦s£
µ8¼ÀÇðª�£¹º�¸*·#«AÅÄ·¹º�ÅÄ£¹¦*º�Ç�£^T ¼ÀÇ�·¹¸}¥Ä¼ÀÇU¤�£�·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇU·¹¦s¼À¥Ä¢v©,£
£¹Ç­¸}¦s£.¤�£¹º5E'¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢�¤R¥ ¶B©¹¦s£¹Ç­¸s£,¢

(X,X ′) ∈ {T,E,B} H

CXX′

(θ) ≡< X(~̂n1)X
′(~̂n2) >

' «A¥Ä¢c¤Rº T�«A¥§¸ �­º�£*ÅÄ£*®1¼¾¤�£*¯�¤�£JªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇ2£,¢s¸�¤�£Jª8«A¦}¥§¸s©*¥§®Eª8«A¥§¦s£
µ¾Â�Å�» ¥§ÇËÊ`£¹¦s¢s£�¤�£,¢c¤�£¹º5E1«Aº�¸}¦s£,¢=µ
¢s£,¢2·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ�¢j«,Ê`£,·h� £¹¸'²L¢#» «AÇ�Ç­º�ÅÄ£¹ÇË¸2�W)¾£¹º�ÅÄ£UÅ «FT ¼ÀÇ�·¹¸}¥Ä¼ÀÇ ¤�£ ·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇq·¹¦s¼À¥Ä¢s©,£ £¹Ç­¸}¦s£ Å «
¸s£¹®Eª�©¹¦v«A¸}º�¦s£.£¹¸JÅÄ£�®1¼¾¤�£�²�¤�£"ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇÔ£,¢}¸JÇ�¼ÀÇUÇ­º�Å§ÅÄ£��

� «A¦"«A¥§Å§ÅÄ£¹º�¦s¢#µ8ª�º�¥Ä¢��Ëº�£�ÅÄ£,¢�¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢)·,¼ÀÇ�¢}¥Ä¤�©¹¦s©,£,¢�¢v¼ÀÇ­¸�¤�£,¢�·s 8«A®Eª�¢"¢s·#«AÅ «A¥§¦s£,¢)¢}º�¦*Å «E¢sª� �¡¹¦s£
·,©¹ÅÄ£,¢}¸s£
µ�¼ÀÇ £¹Ç ¤�¼ÀÇ�Ç�£O 8«A¿�¥§¸}º�£¹Å§ÅÄ£¹®1£¹Ç­¸EÅÄ£,¢/¤�©¹Ê`£¹ÅÄ¼Àª�ªN£¹®1£¹Ç­¸s¢!®�º�Å§¸}¥§ª .ÀÅ «A¥§¦s£,¢2� � ¥§Ç�¢}¥�µ³ÅÄ£O·s 8«A®Eª�¤�£
¸s£¹®Eª�©¹¦v«A¸}º�¦s£.¢s£�¤�©¹Ê`£¹ÅÄ¼Àª�ªN£+£¹Çj 8«A¦}®1¼ÀÇ�¥��Ëº�£,¢�¢}ª� �©¹¦}¥��Ëº�£,¢*¢}º�¥§Ê
«AÇ­¸ H

∆T

T
(~̂n) =

∑

l,m

aT
lm Y m

l (~̂n)

¼�7jÅ�» «A®Eª�Å§¥§¸}º�¤�£�¤�£,¢*®1¼Ë¤�£,¢*£,¢s¸*¤�¼ÀÇ�Ç�©,£+ª8«A¦
aT

lm =

∫∫
∆T

T
(~̂n)Y m?

l (~̂n) d~̂n

I º8«AÇ­¸�Â~Å «~ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇ³µ=¼ÀÇ/¤�©¹Ê`£¹ÅÄ¼Àª�ª�£�¤B» «A¿�¼À¦s¤�ÅÄ£,¢R�Ëº8«AÇ­¸}¥§¸s©,¢
(Q±iU)

¢}º�¦³º�Ç�£�¿8«À¢s£�«À¤�«Aª�¸s©,£
µ
·,£¹Å§ÅÄ£+¤�£,¢J 8«A¦}®1¼ÀÇ�¥��Ëº�£,¢�¢}ª� �©¹¦}¥��Ëº�£,¢�¤�£�¢sª�¥§ÇÔÁ6H

(Q+ iU)(~̂n) =
∑

lm

a2,lm 2Y
m
l (~̂n)

(Q− iU)(~̂n) =
∑

lm

a−2,lm −2Y
m
l (~̂n)

�fEV�§È
	

¼�7ðÅ�»½£ZE¾ª�¦s£,¢v¢}¥Ä¼ÀÇU¤�£,¢*·,¼¾£��ê·¹¥Ä£¹Ç­¸s¢
a±2,lm

£,¢}¸*¤�¼ÀÇ�Ç�©,£+¤�«AÇ�¢-% � � ' ��²4Ç�¢}º�¥§¸s£
µ8¼ÀÇðª�£¹º�¸*®1¼ÀÇË¸}¦s£¹¦��Ëº³»½£¹Ç
T ¼À¦}®ê«AÇË¸4¤�£,¢�·,¼À®.¿�¥§Ç8«A¥Ä¢s¼ÀÇ�¢�Å§¥§Ç�©#«A¥§¦s£,¢4¤�£�·,£,¢�·,¼¾£��ê·¹¥Ä£¹Ç­¸s¢=µA¼ÀÇE¼À¿�¸}¥Ä£¹ÇË¸�ÅÄ£,¢�®1¼¾¤�£,¢�¤�£c¤�£¹º5E;�Ëº8«AÇ­¸}¥§¸s©,¢
¢s·#«AÅ «A¥§¦s£,¢�¤�£"ª8«A¦}¥§¸s©�¼Àª�ª�¼
¢s©,£ H

aE
lm = −(a2,lm + a−2,lm)/2

aB
lm = i(a2,lm − a−2,lm)/2.

�fEV� ÁC	
� £!¢s¼ÀÇ­¸"Å ÂOÅÄ£,¢"·,¼Ë£��ê·¹¥Ä£¹ÇË¸s¢+¤Rºm¤�©¹Ê`£¹ÅÄ¼Àª�ª�£¹®1£¹ÇË¸�£¹ÇÔ 8«A¦}®1¼ÀÇ�¥��Ëº�£,¢+¢}ª� �©¹¦}¥��Ëº�£,¢�¤�£,¢)®1¼Ë¤�£,¢"²%£¹¸�¯
¤�£�ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇjª�¦s©,·,©,¤�£¹®E®1£¹Ç­¸)¥§Ç­¸}¦s¼¾¤Rº�¥§¸s¢2�

�"¡,¢�ÅÄ¼À¦s¢#µË¤�«AÇ�¢�ÅÄ£)·#«À¤R¦s£"¤�£�¸s£¹ÅÄ¢~¤�©¹Ê`£¹ÅÄ¼Àª�ªN£¹®1£¹Ç­¸s¢J®.º�Å§¸}¥§ªi.ÀÅ «A¥§¦s£,¢=µËÅÄ£,¢ T ¼ÀÇ�·¹¸}¥Ä¼ÀÇ�¢J¤�£�·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇ
Â!¤�£¹º5Eðª�¼À¥§ÇË¸s¢�£¹Ç­¸}¦s£+ÅÄ£,¢*¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢

(X,X ′) ∈ {T,E,B} ¢s£"¦s©,©,·¹¦}¥§Ê`£¹Ç­¸�H

CXX′

(θ) =
∑

l

2l + 1

4π
CXX′

l Pl(cos θ)

¼�7mÅÄ£,¢
Pl(cos θ)

¢s¼ÀÇ­¸�ÅÄ£,¢+ª�¼ÀÅ+�¾Ç-.À®1£,¢+¤�£E±³£¹¨`£¹Ç�¤R¦s£1¤B»½¼À¦s¤R¦s£
l
£¹¸�ÅÄ£,¢

CXX′

l

¢s¼ÀÇË¸�ÅÄ£,¢+¢}ªN£,·¹¸}¦s£,¢+¤�£
ª�º�¥Ä¢s¢v«AÇ�·,£+¤�£,¢�¼À¿�¢s£¹¦}ÊÀ«A¿�ÅÄ£,¢

(X,X ′)
µ�¤�©ZY�Ç�¥Ä¢�ª8«A¦ H

〈aX
lma

X′∗
l′m′〉 = δll′δmm′CXX′

l

± Âh£¹Ç�·,¼À¦s£
µ4ª�º�¥Ä¢��Ëº�£'ÅÄ£,¢1¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢ {T,E,B} ¢s¼ÀÇË¸E¥Ä¢s¼À¸}¦s¼Àª�£,¢=µ�ÅÄ£¹º�¦1¢}ª�£,·¹¸}¦s£ð¤�£'ª�º�¥Ä¢v¢v«AÇ�·,£ðÇ�£
¤�©¹ª�£¹Ç�¤ �Ëº�£!¤Rºm®�º�Å§¸}¥§ª .ÀÅÄ£

l
µB¤�©¹ªN£¹Ç�¤�«AÇ­¸+¤�£!Å�»½©,·v �£¹Å§ÅÄ£ê«AÇ�¨
º�Å «A¥§¦s£

θ
·,¼ÀÇ�¢}¥Ä¤�©¹¦s©,£
µB¸s£¹Å/�Ëº�£

l ∝ 1/θ
�
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�"£êÅ «Ô®`B¹®1£2®ê«AÇ�¥Ä¡¹¦s£3�­º�£Oª�¦s©,·,©,¤�£¹®E®1£¹Ç­¸#µc¼ÀÇ-¤R¥Ä¢sª�¼
¢s£2¤�£6�­º8«A¸}¦s£'¢}ªN£,·¹¸}¦s£,¢!¤�£êª�º�¥Ä¢v¢v«AÇ�·,£2Ç�¼ÀÇ
Ç­º�ÅÄ¢~ªN¼Àº�¦~ÅÄ£ � ' ¯"µ­ÅÄ£,¢~¸}¦s¼À¥Ä¢J«Aº�¸s¼ � ¢}ªN£,·¹¸}¦s£,¢*¤�£,¢~·s 8«A®Eª�¢���µË²�£¹¸J¯ «Aº-�­º�£¹ÅB¢s£�¦v« É ¼Àº�¸s£)ÅÄ£"¢}ªN£,·¹¸}¦s£
¤�£�·,¼À¦}¦s©¹Å «A¸}¥Ä¼ÀÇð¤�£�Å «�¸s£¹®EªN©¹¦v«A¸}º�¦s£)«Aº2®1¼Ë¤�£�²î¤�£*ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇ8��'�Ç'©¹Ê
«AÅ§º�£�¢s£,¢�¢}ªN£,·¹¸}¦s£,¢#µËÂ+ª8«A¦}¸}¥§¦
¤�£,¢*¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢�¢}º�¦JÅ�»½£¹Ç�¢v£¹®�¿�ÅÄ£�¤RºÔ·¹¥Ä£¹Å�µ�¢}º�¥§Ê
«AÇ­¸JH

CTT
l =

1

2l + 1

∑

m

∣∣aT
lm

∣∣2

CEE
l =

1

2l + 1

∑

m

∣∣aE
lm

∣∣2

CBB
l =

1

2l + 1

∑

m

∣∣aB
lm

∣∣2

CTE
l =

1

2l + 1

∑

m

aT∗
lma

E
lm

�fEZ�GFC	

' B¹®1£+¤�«AÇ�¢JÅÄ£�·#«À¢*¤B»½¼À¿�¢s£¹¦}Ê
«A¸}¥Ä¼ÀÇ�¢*¥Ä¤�©#«AÅÄ£,¢CPO·
»½£,¢}¸ � Â � ¤R¥§¦s£�Ç�¼ÀÇj¿�¦}º�¥§¸s©,£,¢=µ�Ç�£�·,¼ÀÇ­¸s£¹Ç8«AÇË¸^�Ëº�£"ÅÄ£
¢}¥§¨
Ç8«AÅ � ' ¯ P'Å «!®1£,¢}º�¦s£/¤�£,¢�¢}ªN£,·¹¸}¦s£,¢�¤�£�ª�º�¥Ä¢s¢v«AÇ�·,£.¢s£¹¦v«1£¹ÇË¸v«À·s �©,£!¤B» º�Ç�£�¥§Ç�·,£¹¦}¸}¥§¸}º�¤�£
µN«Aª�ªN£¹ÅÄ©,£
ÊÀ«A¦}¥ «AÇ�·,£�·,¼
¢}®E¥��­º�£
µ �­º�¥³¢#»½©,·¹¦}¥§¸;H

∆Cl =

√
2

(2l + 1)fsky
Cl

¼�7�ÅÄ£ T «À·¹¸s£¹º�¦
(2l + 1)fsky/2

·,¼À®Eª�¸s£ðÅÄ£'Ç�¼À®�¿�¦s£U¤�£'®�º�Å§¸}¥§ª .ÀÅÄ£,¢1¥§Ç�¤�©¹ªN£¹Ç�¤�«AÇ­¸s¢2¢}º�¦EÅÄ£?�­º�£¹Å*£,¢s¸
¿8«À¢s©,£�Å «/®1£,¢}º�¦s£ P

fsky
¦s£¹ª�¦s©,¢s£¹ÇË¸v«AÇ­¸)Å «�TZ¦v«À·¹¸}¥Ä¼ÀÇÔ¤Rºj·¹¥Ä£¹Å ¼À¿�¢s£¹¦}Ê`©,£��

� ¥§Ç�¢}¥�µ³ÅÄ£,¢.¢}ª�£,·¹¸}¦s£,¢/¤�£1ª�º�¥Ä¢v¢v«AÇ�·,£1ªN£¹º�Ê`£¹Ç­¸IB¹¸}¦s£ê£,¢}¸}¥§®1©,¢/¢}º�¦.ÅÄ£,¢.·#«A¦}¸s£,¢/¤�£,¢�¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢!¤Rº
� 'Ô¯"µ�®ê«A¥Ä¢!¥§ÅÄ¢/ª�£¹º�Ê`£¹ÇË¸IB¹¸}¦s£'©¹¨­«AÅÄ£¹®1£¹ÇË¸ê·#«AÅÄ·¹º�ÅÄ©,¢!¸} �©,¼À¦}¥��­º�£¹®1£¹ÇË¸1¤�«AÇ�¢!ÅÄ£O·#«À¤R¦s£'¤B» º�Çî®1¼¾¤�¡¹ÅÄ£
·,¼
¢}®1¼ÀÅÄ¼À¨
¥��Ëº�£���²´Çî£T¶B£¹¸#µ�º�Ç�£`T ¼À¥Ä¢;Y�ER©,¢.ÅÄ£,¢/ª8«A¦v«A®1¡¹¸}¦s£,¢E·,¼
¢}®1¼ÀÅÄ¼À¨
¥��­º�£,¢=µ�¼ÀÇ-ªN£¹º�¸!·#«AÅÄ·¹º�ÅÄ£¹¦1ÂUÅ «
T ¼À¥Ä¢~ÅÄ£,¢*ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢)«,Ê
«AÇ­¸*ÅÄ£�¤�©,·,¼Àº�ª�Å «A¨`£
µ8ª�º�¥Ä¢��­º³»½£¹Å§ÅÄ£,¢�©¹Ê`¼ÀÅ§º�£¹Ç­¸�Å§¥§Ç�©#«A¥§¦s£¹®1£¹ÇË¸#µ8ª�º�¥Ä¢~ª�¦s¼Àª8«A¨`£¹¦
ÅÄ£,¢ ��º�·¹¸}º8«A¸}¥Ä¼ÀÇ�¢�«Aºm¢s£¹¥§Çm¤Rº � 'Ô¯y¤�£¹ª�º�¥Ä¢"Å «O¢sº�¦hT «À·,£!¤�£!¤�£¹¦}Ç�¥Ä¡¹¦s£E¤R¥ ¶�º�¢s¥Ä¼ÀÇ É º�¢��Ëº³» ÂOÇ�¼Àº�¢#µN¤�«AÇ�¢
Å�»<D�Ç�¥§Ê`£¹¦s¢/£¹Ç £ZERª8«AÇ�¢}¥Ä¼ÀÇ8�R�)¥§Ê`£¹¦s¢/·,¼Ë¤�£,¢�ª�º�¿�Å§¥Ä·,¢�¦s©#«AÅ§¥Ä¢v£¹Ç­¸!·,£1·#«AÅÄ·¹º�Å�% LÀÁ>'�%§È H$' �#)Ëº�¦�Å «3Y�¨
º�¦s£ EZ� Ã µ
Ç�¼Àº�¢*®1¼ÀÇË¸}¦s¼ÀÇ�¢�ÅÄ£,¢*¢sª�£,·¹¸}¦s£,¢�¤�£�ª�º�¥Ä¢s¢v«AÇ�·,£,¢�¤Rº � 'Ô¯"µ�·#«AÅÄ·¹º�ÅÄ©,¢�ª8«A¦ ��� 'Ô¯��"ªN¼Àº�¦*ÅÄ£"®1¼Ë¤�¡¹ÅÄ£.¤�£
9"·,¼ÀÇ�·,¼À¦s¤�«AÇ�·,£^:Ô¸s£¹Å/�Ëº³» ¥§Å�«'©¹¸s©E¤�©¹¨­«A¨`©!ª8«A¦�Å�»½©?�­º�¥§ªN£ $ ' �)� Â2ª8«A¦}¸}¥§¦+¤�£!Å «2·,¼À®�¿�¥§Ç8«A¥Ä¢s¼ÀÇ-¤�£,¢
¦s©,¢}º�Å§¸v«A¸s¢�¤�£�¤R¥§Ê`£¹¦s¢v£,¢�£ZERª�©¹¦}¥Ä£¹Ç�·,£,¢ � ' ¯%£¹¸*¤Rºj¨
¦v«AÇ�¤j¢v¼ÀÇ�¤�«A¨`£+¤�£���«AÅ «]ER¥Ä£,¢�ÁÀ¤�Æ � ° )i�

± « T ¼À¦}®1£�¤�£,¢~¢}ªN£,·¹¸}¦s£,¢~¤�£�ª�º�¥Ä¢v¢v«AÇ�·,£�¤�©¹ªN£¹Ç�¤NT ¼À¦}¸s£¹®1£¹ÇË¸*¤�£,¢�ª8«A¦v«A®1¡¹¸}¦s£,¢J·,¼
¢}®1¼ÀÅÄ¼À¨
¥��­º�£,¢ �¾²´Ç
£T¶N£¹¸#µ�ÅÄ£,¢!¢}ªN£,·¹¸}¦s£,¢/ª�£¹º�Ê`£¹ÇË¸!¢v£êÅ§¥§¦s£ P ¢}¥�¼ÀÇ-Ç�©¹¨
Å§¥§¨`£'ÅÄ£,¢E«AÇ�¥Ä¢s¼À¸}¦s¼Àª�¥Ä£,¢E¢s£,·,¼ÀÇ�¤�«A¥§¦s£,¢;P ·,¼À®E®1£'º�Ç
¦s©,¢}º�®1©j¤�£ðÅ�»½©¹¸v«A¸O¤�£ð¸s¼Àº�¸s£,¢1ÅÄ£,¢1©,·v �£¹Å§ÅÄ£,¢O¤�£jª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢2£ZE¾¥Ä¢s¸v«AÇ­¸OÂ Å «m¢sº�¦hT «À·,£j¤�£U¤�£¹¦}Ç�¥Ä¡¹¦s£
¤R¥ ¶�º�¢s¥Ä¼ÀÇ8� � ¥§Ç�¢}¥�µ¾ÅÄ£,¢J¢}ªN£,·¹¸}¦s£,¢J¢s¼ÀÇË¸*¢}¸}¦}º�·¹¸}º�¦s©,¢*£¹Çð¸}¦s¼À¥Ä¢~¥§Ç­¸s£¹¦}Ê
«AÅ§ÅÄ£,¢�¤B»½©,·v �£¹Å§ÅÄ£,¢�«AÇ�¨
º�Å «A¥§¦s£,¢#µ�·,¼À¦}¦s£,¢ �
ª�¼ÀÇ�¤�«AÇË¸�«Aº5EE¤R¥ ¶N©¹¦s£¹ÇË¸s¢´®1©,·#«AÇ�¥Ä¢}®1£,¢�ª� ��R¢}¥��Ëº�£,¢G�­º�¥�«�¶N£,·¹¸s£¹ÇË¸´ÅÄ£,¢4ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢�£¹Ç
T ¼ÀÇ�·¹¸}¥Ä¼ÀÇÔ¤�£"ÅÄ£¹º�¦J¸v«A¥§Å§ÅÄ£+«AÇ�¨
º�Å «A¥§¦s£��8²4Çj£T¶B£¹¸#µR¥§Å³£ZE¾¥Ä¢s¸s£�º�Ç�£+¦s£¹Å «A¸}¥Ä¼ÀÇU£¹Ç­¸}¦s£�®.º�¸}¥§ªi.ÀÅÄ£,¢�¤�£,¢*¢}ªN£,·¹¸}¦s£,¢
¤�£"ª�º�¥Ä¢s¢v«AÇ�·,£�£¹¸~¸v«A¥§Å§ÅÄ£,¢*¤�£,¢JªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢Jª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢#µ8¸s£¹Å§ÅÄ£ �­º³» Â.º�Çð®.º�Å§¸}¥§ªi.ÀÅÄ£+¤�¼ÀÇ�Ç�©�·,¼À¦}¦s£,¢ �
ª�¼ÀÇ�¤1º�ÇEª�£¹¸}¥§¸´¥§ÇË¸s£¹¦}ÊÀ«AÅ§ÅÄ£�¤B»½©,·s �£¹Å§ÅÄ£,¢�«AÇ�¨
º�Å «A¥§¦s£,¢c¤�£*·,£,¢´ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢2� � ¥§Ç�¢}¥�¤R¥Ä¢}¸}¥§Ç�¨
º�£ � ¸ � ¼ÀÇO¤�£¹º5E
©,·s �£¹Å§ÅÄ£,¢J·#«A¦v«À·¹¸s©¹¦}¥Ä¢}¸}¥��Ëº�£,¢*«Aº'¢s£¹¥§Ç2¤�£,¢~¢}ªN£,·¹¸}¦s£,¢�¤�£�ª�º�¥Ä¢v¢v«AÇ�·,£;H¾·,£¹Å§ÅÄ£)·,¼À¦}¦s£,¢}ª�¼ÀÇ�¤�«AÇË¸�Â+Å «�¸v«A¥§Å§ÅÄ£"¤�£
¤Rºh¦v«?�`¼ÀÇ ¤�£ 8�º�¿�¿�ÅÄ£!«Aºm®1¼À®1£¹ÇË¸+¤Rº ¤�©,·,¼Àº�ª�Å «A¨`£;PjÅÄ£,¢"ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢.¤�©¹ª8«À¢s¢v«AÇË¸
·,£¹¸}¸s£*¸v«A¥§Å§ÅÄ£�Ç�£�¢s¼ÀÇË¸´ª8«À¢�«�¶B£,·¹¸s©,£,¢´ª8«A¦�¤�£,¢´ª�¦s¼¾·,£,¢s¢}º�¢�ª� ��R¢}¥��­º�£,¢ �­º�¥�«Aº�¦v«A¥Ä£¹Ç­¸~·,¼À®E®1£¹Ç�·,©)«Aª�¦s¡,¢cÅÄ£
Y�Ç2¤�£�Å�» ¥§Ç ��«A¸}¥Ä¼ÀÇ³µR£¹ÇO¦v«A¥Ä¢v¼ÀÇ'¤Rº2ª�¦}¥§Ç�·¹¥§ªN£�¤�£)·#«Aº�¢v«AÅ§¥§¸s©
µ¾¸v«AÇ�¤R¥Ä¢Q�­º�£)·,£¹Å§ÅÄ£,¢~£¹Ç � ¤�£?,#Â.¤�£)·,£¹¸}¸s£�Å§¥§®E¥§¸s£
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¼ÀÇ­¸+¢}º�¿�¥4¤�£,¢�¼
¢s·¹¥§Å§Å «A¸}¥Ä¼ÀÇ�¢.«À·,¼Àº�¢}¸}¥��­º�£,¢�PU£¹¸�·,£¹Å§ÅÄ£E·,¼À¦}¦s£,¢}ªN¼ÀÇ�¤�«AÇ­¸�Â2Å�»½©¹ª8«A¥Ä¢s¢v£¹º�¦"¤�£/Å «'¢}º�¦hT�«À·,£!¤�£
¤�£¹¦}Ç�¥Ä¡¹¦s£ð¤R¥ ¶�º�¢s¥Ä¼ÀÇ P Å « ¤R¥ ¶Nº�¢}¥Ä¼ÀÇ�¤�£,¢!ª� �¼À¸s¼ÀÇ�¢Eª�£¹Ç�¤�«AÇË¸EÅ « ¤Rº�¦s©,£OÅÄ£'¤�©,·,¼Àº�ª�Å «A¨`£U«h«�¶³«A¥§¿�Å§¥~ÅÄ£,¢
ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢"ª�Å§º�¢�ªN£¹¸}¥§¸s£,¢^�Ëº�£�·,£¹¸}¸s£/©,·s �£¹Å§ÅÄ£ % LTF(' � � º�¢v¢}¥�µ�ÅÄ£,¢"¢}ªN£,·¹¸}¦s£,¢�¤�£.ª�º�¥Ä¢s¢v«AÇ�·,£
µ�¸}¦v«À·,©,¢"£¹Ç
l(l+ 1)Cl

�ZÊ`¼À¥§¦MY�¨
º�¦s£_EV� Ã 	TµËª�¦s©,¢s£¹Ç­¸s£¹ÇË¸*º�Ç2ª�Å «A¸s£#«AºðÂ.¿8«À¢�®�º�Å§¸}¥§ª .ÀÅÄ£,¢#µ¾º�Ç�£�T ¼À¦}®1£)ª�Å§º�¢~·,¼À®Eª�ÅÄ£ZE�£
£¹Ç­¸}¦s£

l = 200
£¹¸
l = 2000

µ´ª�º�¥Ä¢êº�Ç�£j·s Ëº�¸s£Ô¤�£'ª�º�¥Ä¢v¢v«AÇ�·,£Ô«Aº5Eîª�Å§º�¢1¨
¦v«AÇ�¤�¢ê®�º�Å§¸}¥§ª .ÀÅÄ£,¢2��²4Ç
ª8«A¦}¸}¥Ä·¹º�Å§¥Ä£¹¦#µ¾ÅÄ£�¢}ªN£,·¹¸}¦s£�¤�£�ª�º�¥Ä¢s¢v«AÇ�·,£)¤�£*Å «�¸s£¹®Eª�©¹¦v«A¸}º�¦s£)®1¼ÀÇË¸}¦s£�º�Ç�£)¢s©¹¦}¥Ä£�¤�£WT ¼À¦}¸s£,¢c¼
¢s·¹¥§Å§Å «A¸}¥Ä¼ÀÇ�¢=µ
«Aª�ª�£¹ÅÄ©,£,¢�ª�¥Ä·,¢�«À·,¼Àº�¢}¸}¥��Ëº�£,¢#µ�£¹ÇË¸}¦s£+·,£,¢*¤�£¹º5Ej©,·s �£¹Å§ÅÄ£,¢�·#«A¦v«À·¹¸s©¹¦}¥Ä¢}¸}¥��­º�£,¢ �

± «+ª�¦s©,¢s£¹Ç�·,£�¤�£�·,£,¢´ª�¥Ä·,¢~«À·,¼Àº�¢}¸}¥��­º�£,¢�«AºO¢s£¹¥§ÇO¤RºO¢}ªN£,·¹¸}¦s£�¤�£J¸s£¹®EªN©¹¦v«A¸}º�¦s£)£,¢}¸´º�Ç�£*ª�¦s©,¤R¥Ä·¹¸}¥Ä¼ÀÇ
T ¼ÀÇ�¤�«A®1£¹ÇË¸v«AÅÄ£.¤�£,¢�®1¼¾¤�¡¹ÅÄ£,¢*¥§Ç ��«A¸}¥Ä¼ÀÇ�Ç8«A¥§¦s£,¢2��E?ÅÄ¢�¸}¥§¦s£¹Ç­¸�ÅÄ£¹º�¦�¼À¦}¥§¨
¥§Ç�£�¤�£,¢�¼
¢s·¹¥§Å§Å «A¸}¥Ä¼ÀÇ�¢�«À·,¼Àº�¢}¸}¥��Ëº�£,¢
�­º�¥�¼ÀÇ­¸�«�¶N£,·¹¸s©�ÅÄ£,¢*ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢"£¹ÇË¸}¦s©,£,¢)¤�«AÇ�¢�Å�»  �¼À¦}¥+0#¼ÀÇ ¤Rº ¢s¼ÀÇÔ«#ÊÀ«AÇË¸�ÅÄ£.¤�©,·,¼Àº �
ª�Å «A¨`£���²4Ç�£T¶N£¹¸#µ�¤Rº�¦v«AÇ­¸1·,£¹¸}¸s£2ªN©¹¦}¥Ä¼Ë¤�£
µ�ÅÄ£,¢/ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢!ª�Å§º�¢/ªN£¹¸}¥§¸s£,¢ �­º�£OÅ�»  �¼À¦}¥+0#¼ÀÇ�¤Rº�¢s¼ÀÇ³µ
¼ÀÇ­¸�©¹¸s©/¢s¼Àº�®E¥Ä¢s£,¢)Ç�¼ÀÇ ¢v£¹º�ÅÄ£¹®1£¹Ç­¸�ÂêÅ�»½£T¶N¼ÀÇ�¤R¦s£¹®1£¹ÇË¸�¨
¦v«,Ê¾¥§¸v«A¸}¥Ä¼ÀÇ�Ç�£¹Å´®ê«A¥Ä¢�«Aº�¢s¢}¥�ÂêÅ «êª�¦s£,¢s¢}¥Ä¼ÀÇm¤�£
¦v«À¤R¥ «A¸}¥Ä¼ÀÇ8�8± «1·,¼À®Eª�©¹¸}¥§¸}¥Ä¼ÀÇU£¹ÇË¸}¦s£�·,£,¢*¤�£¹º5Ej£T¶B£¹¸s¢Jª�¦s¼¾¤Rº�¥§¸�«AÅ§¸s£¹¦}Ç8«A¸}¥§Ê`£¹®1£¹Ç­¸"¤�£,¢Jª� 8«À¢s£,¢�¤�£�·,¼À® �
ª�¦s£,¢s¢}¥Ä¼ÀÇð£¹¸*¤�£)¦s£,¤R¥§Å§º�¸}¥Ä¼ÀÇ8� � ¥§Ç�¢}¥Nª�£¹º�¸ � ¼ÀÇ'Ê`¼À¥§¦JÅÄ£,¢~ª�¥Ä·,¢*«Aºð¢s£¹¥§Çð¤Rºj¢}ªN£,·¹¸}¦s£)¤�£)ª�º�¥Ä¢s¢à«AÇ�·,£�·,¼À®E®1£
Å�»½£¹®Eª�¦s£¹¥§Ç­¸s£j¤�£,¢!ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢1¸s£¹Å§ÅÄ£,¢ �Ëº³»½£¹Å§ÅÄ£,¢E¼ÀÇ­¸1©¹¸s©F9 Y�¨`©,£,¢C:-«Aºî®1¼À®1£¹Ç­¸O¤Rºî¤�©,·,¼Àº�ª�Å «A¨`£
µ
«Aº'®E¥§Å§¥Ä£¹º'¤B» º�Ç�£"ª� 8«À¢v£)¤�£)·,¼À®Eª�¦s£,¢s¢}¥Ä¼ÀÇj¼Àºð¤�£)¤R¥§Å «A¸v«A¸}¥Ä¼ÀÇ8� � Å§º�¢~ª�¦s©,·¹¥Ä¢s©¹®1£¹ÇË¸#µ�¤�£,¢~ª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢
¨`£¹ÅÄ©,£,¢�¤�«AÇ�¢�º�ÇU£ZER¸}¦s£¹®�º�®6¤�£+·,¼À®Eª�¦s£,¢s¢s¥Ä¼ÀÇ³µ8¥§Å�¦s©,¢}º�Å§¸s£+ÅÄ£,¢�®ê«]E¾¥§®ê«ê¤�£,¢�ª�¥Ä·,¢)«AºÔ¢s£¹¥§Ç ¤RºÔ¢}ªN£,·¹¸}¦s£
¤�£2¸s£¹®Eª�©¹¦v«A¸}º�¦s£ð£¹¸E·,£'¤�£2ª8«A¦}¸/ÅÄ£,¢!¤�£¹º5Eî£T¶N£¹¸s¢E·,¼À®.¿�¥§Ç�©,¢#µ )R«À·s �¢ � $ ¼ÀÅ T £ð£¹¸!¥§Ç­¸}¦}¥§Ç�¢s¡?�Ëº�£�� � ¥§Ç�¢}¥�µ
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ÅÄ£1ª�¦s£¹®E¥Ä£¹¦/ª�¥Ä·2«À·,¼Àº�¢s¸}¥��­º�£
µ�¤�¼ÀÇ�·1ÅÄ£ê®ê«]E¾¥§®.º�® £,¢s¸.¢}¥§¸}º�©2«Aº�¸s¼Àº�¦/¤�£
l = 220

µ�·,¼À¦}¦s£,¢}ªN¼ÀÇ�¤î«Aº5E
ª�Å§º�¢1¨
¦v«AÇ�¤�£,¢Oª�£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢=µ�«2�­«AÇ­¸'£¹º�ÅÄ£ð¸s£¹®Eª�¢2¤B»½£T¶N£,·¹¸}º�£¹¦Oº�Ç �Ëº8«A¦}¸ê¤B»½¼
¢s·¹¥§Å§Å «A¸}¥Ä¼ÀÇ%«,Ê
«AÇ­¸2ÅÄ£
¤�©,·,¼Àº�ª�Å «A¨`£�� � º-·,¼ÀÇ­¸}¦v«A¥§¦s£
µ�ÅÄ£,¢/ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢ �­º�¥~¼ÀÇ­¸!Ê¾º ÅÄ£¹º�¦s¢!¼
¢s·¹¥§Å§Å «A¸}¥Ä¼ÀÇ�¢E¢}¸s¼Àª�ªN£¹¦/£¹ÇË¸}¦s£2ÅÄ£,¢
®ê«]E¾¥§®ê«'¤�£!·,¼À®Eª�¦s£,¢s¢s¥Ä¼ÀÇ £¹¸"¤�£!¤R¥§Å§º�¸}¥Ä¼ÀÇ³µ³«AÅÄ¼À¦s¢J�Ëº�£/Å «2¤R¥Ä¢}ª�£¹¦s¢s¥Ä¼ÀÇh¤�£/Ê¾¥§¸s£,¢s¢s£/£¹ÇmÅÄ£¹º�¦�¢s£¹¥§Çm©¹¸v«A¥§¸
®ê«]E¾¥§®ê«AÅÄ£
µNª�¦s¼¾¤Rº�¥Ä¢s£¹ÇË¸)ÅÄ£,¢"®E¥§Ç�¥§®ê«2¤Rºm¢}ªN£,·¹¸}¦s£!¤�£�¸s£¹®EªN©¹¦v«A¸}º�¦s£
µB·,£¹¸}¸s£�T ¼À¥Ä¢)Ê¾¥ «1Å�»½£T¶B£¹¸ �"¼Àª�ª�ÅÄ£¹¦2�
'�ÇÔª�¦s©,·¹¥Ä¢v£.£¹Ç�·,¼À¦s£I�Ëº³» º�Ç�£�¸s£¹Å§ÅÄ£/¢}¸}¦}º�·¹¸}º�¦s£!·,¼À �©¹¦s£¹Ç­¸s£1«Aºh¢s£¹¥§ÇÔ¤Rºh¢}ªN£,·¹¸}¦s£.¤�£.ª�º�¥Ä¢s¢v«AÇ�·,£.¥§Ç�¤R¥��Ëº�£
�­º�£/¸s¼Àº�¸s£,¢�ÅÄ£,¢"ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢�ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢.¤�£.®`B¹®1£E©,·v �£¹Å§ÅÄ£ê«AÇ�¨
º�Å «A¥§¦s£E¼
¢s·¹¥§Å§Å «A¥Ä£¹ÇË¸�£¹Çhª� 8«À¢s£;P
·,£,·¹¥ ·,¼ÀÇ�¢}¸}¥§¸}º�£�º�ÇUª�¼À¥§ÇË¸CT ¼À¦}¸*£¹Ç6T�«,Ê`£¹º�¦)¤�£"Å�» ¥§Ç ��«A¸}¥Ä¼ÀÇ8�

±³£ð¢}ªN£,·¹¸}¦s£ð¤�£'ª�º�¥Ä¢s¢v«AÇ�·,£ð¤Rºî®1¼¾¤�£ð² ¤�£'ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇ�ª�¦s©,¢s£¹Ç­¸s£U©¹¨­«AÅÄ£¹®1£¹Ç­¸êº�Ç�£ð¢s¸}¦}º�·¹¸}º�¦s£
£¹ÇÔª�¥Ä·,¢=µ8®ê«A¥Ä¢�¤�¼ÀÇË¸)ÅÄ£,¢�®ê«]ER¥§®ê«O¢v¼ÀÇ­¸�£¹Ç �Ëº8«À¤R¦v«A¸}º�¦s£!¤�£�ª� 8«À¢v£!«#Ê`£,·!·,£¹º5EÔ¤Rº ¢sª�£,·¹¸}¦s£,¢"¤�£.¸s£¹® �
ª�©¹¦v«A¸}º�¦s£�� � ¼Àº�¦OÅÄ£U·,¼À®Eª�¦s£¹Ç�¤R¦s£
µc¥§Å�¢}º �1¸ê¤�£U¢s£j¢s¼Àº�Ê`£¹Ç�¥§¦ �­º�£ðÅÄ£,¢ê®1¼Ë¤�£,¢N�­º8«À¤R¦}º�ªN¼ÀÅ «A¥§¦s£,¢'ÂhÅ «
¢}º�¦hT�«À·,£)¤�£�¤�£¹¦}Ç�¥Ä¡¹¦s£�¤R¥ ¶�º�¢}¥Ä¼ÀÇ³µR¦s£,¢sª�¼ÀÇ�¢v«A¿�ÅÄ£,¢J¤�£"Å «.ªN¼ÀÅ «A¦}¥Ä¢v«A¸}¥Ä¼ÀÇj¤Rº � ' ¯)µ�¢v¼ÀÇ­¸Jª�¦s¼¾¤Rº�¥§¸s¢~ª8«A¦JÅÄ£,¢
¨
¦v«À¤R¥Ä£¹Ç­¸s¢�¤�£"ÊË¥§¸s£,¢s¢v£"«Aºð¢s£¹¥§Çj¤�£,¢~ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢*ª�¦}¥§®1¼À¦s¤R¥ «AÅÄ£,¢ � � º�¢v¢}¥�µ¾ÅÄ£,¢~®ê«]E¾¥§®ê«E¤�£)ª�º�¥Ä¢s¢à«AÇ�·,£
¤Rº-¢sª�£,·¹¸}¦s£O¤Rº ®1¼¾¤�£O²�·,¼À¦}¦s£,¢}ªN¼ÀÇ�¤�£¹Ç­¸1«Aº5E ©,·v �£¹Å§ÅÄ£,¢!¤�£,¢.ªN£¹¦}¸}º�¦}¿8«A¸}¥Ä¼ÀÇ�¢1«Aº ¢v£¹¥§Ç-¤�£,¢��Ëº�£¹Å§ÅÄ£,¢/Å «
¤R¥Ä¢}ªN£¹¦s¢}¥Ä¼ÀÇ2¤�£�Ê¾¥§¸s£,¢s¢s£)£,¢}¸c®ê«]ER¥§®ê«AÅÄ£�� � ¼Àº�¦~ÅÄ£"¢}ªN£,·¹¸}¦s£�¤�£�¸s£¹®EªN©¹¦v«A¸}º�¦s£
µ�¼ÀÇ'«�ÊËº6�Ëº�£�·,£,¢~©,·s �£¹Å§ÅÄ£,¢
·,¼À¦}¦s£,¢}ªN¼ÀÇ�¤�«A¥Ä£¹Ç­¸)«Aº5Eð®E¥§Ç�¥§®ê«5�
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��� ����� �
� � ����� ��� 	 �
	 �
��	 	 ��� ��
 
 ��
 � ��� ��� ����� � 
m'

����� ��� 
	����� 
�� � � " �	��
 ���J����
�#%� "�
���� �

��«AÇ�¢Ô·,£ 9�ª8«AÇ�¼À¦v«A®ê« :�µ*ÅÄ¼À¥§Ç ¤B»<B¹¸}¦s£ £ZER 8«Aº�¢}¸}¥ T}µ*Ç�¼Àº�¢ ·s �¼À¥Ä¢}¥Ä¢s¢v¼ÀÇ�¢Ô¤�£ ®1£¹¸}¸}¦s£ £¹ÇyÅ§º�®E¥Ä¡¹¦s£
�­º�£¹Å��Ëº�£,¢�£ZE¾ªN©¹¦}¥Ä£¹Ç�·,£,¢~¤�©,¤R¥Ä©,£,¢~Â�Å «�®1£,¢sº�¦s£�¤�£,¢~¼À¿�¢s£¹¦}Ê
«A¿�ÅÄ£,¢c¤Rº � ' ¯)µ �Ëº�£*Ç�¼Àº�¢ É º�¨`£,¼ÀÇ�¢c¥§®EªN¼À¦ �
¸v«AÇ­¸s£,¢�ª�¼Àº�¦�Ç�¼À¸}¦s£Eª�¦s¼ÀªN¼
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φM
�' M
�� � 1 d ���� ��� �
���� θM , � ����6	 �� B�
���
 7 N 6����� ����`���D���:��1�%	%�,'�V���D���7������� �  ���1�%C���

6�1���%� 8� & �D$+����
 � 1(1����	1�%	%	,���
B���D�$7 � c �
XSC

7 �$7 ��% & ���D�=7 1�
	@��'�� �
	���
θb
�' `���_6	"���
���L

F/rMG #DIKL�J/P F�[ P4Q [4o P F�[�r�� l r0F IKL1J n LcIKL=LDP�I njF/r L1J@P�#DI [ J/P � P4L�J FHn l�P4QHl r0F S F ��/ r L=LVI GTF F IKL�J o IaN G Q/P [ J GTr L
N=P oqp IB#=PcN=P Q r J IKJ GTr L P4J oqp IKL� o PcN psrMn�� P4QHJ n Q/PjN nmF IKJ/P o�o�G J/P
	 r L`l�P n JRQ/P4l"S4Q/P4Q,J rMn JRl rMG L1J r � F P4Q � S!�
k)LiQ/P4l=Q/P4LVIKL�J o P F L r J IKJ GTr L F N=P o I"?R n Q/P;���|� 3 4
	 o P F>[�r1r Q/N r L=LDS�P F S [4o�G l=J G � n P F N n l rMG L�J/+�	1Q/P4l�S4Q/S
lVIKQ o IZl�
VI F P ψ FHn Q o P [ P4Q [4o PC�VI o I�D�Sfl rMn Q o IjN G Q/P [ J GTr L N=P l rMG L�J I� �P `

θ
	
φ
l�	 F�p S [ Q G Q r L�J &

θM = arccos (1 + tan θb tan θ cosψ)

φM = arctan
1 − tan θb

[
(sin θ)−1(tanφ)−1(sinψ) + (tan θ)−1(cosψ)

]

1 + tan θb [(sin θ)−1(tanφ)(sinψ) − (tan θ)−1(cosψ)]

` ����� ��l

T P N=S4J I G�o N=P [ P [ I oT[4n=o N=P,JHQ G  r L r�� S4JHQ G PfP F J�N r L=LDS
	VI � P [ N=P F L r J IKJ GTr L Fao S� ��4Q/P � P4L�J�N G A�S4Q/P4L�J/P F 	
NDIKL Ffo IiJ�
R� F PXN=P*-;��
?P � P4L n � o�7#"7� g rMnDFfF/r�� � P F N�� FfoTr Q F 	BP4L � P FHn Q/PXN p S4J I�� o�G Q o I [�r QHQ/P F l r L�/
NDIKL [ PYP4L�JHQ/P oqp S [ 
VIKL�J G�o�oTr L=LVI� �P N n F IKJ/P o�o�G J/P
	�l rMn Qjl"P n � n psr L o Pil=Q/S [4GTF P
	UP4J o I FHnD[�[ P F/F/GTr L N=P F
l rMG L1J F r � F P4Q � S FRFHn Q o P [4G P o < [0p P F J0/Z$�/�N G Q/PjNDIKL F L r JHQ/P [ I F 	\N=P F l G #=P oTF N=P FR[ IKQHJ/P F FHG�� n=o S�P F I n #"/
� n P oTF IKl=lVIKQHJ G P4L=LDP4L1J [ P F l rMG L�J F �R^�L [ 
 rMGTF/G J>N=P N=S�?DL G Q oqp S [ 
VIKL�J G�o�oTr L=LVI� �PZN=P o I � P FHn Q/P P4L¡( r L [ /
J GTr L N=P o IiQ/S F/rMo�n J GTr LdIKL� n=o I G Q/PXl=Q/S [ S�N=P � � P4L�JN?�#=S�PclVIKQ oqp n J G�o�GTF IKJ/P n Q�� b G L FHG 	 o P F S [ 
VIKL�J G�o�oTr L F
F P4Q r L�JjP F lVI [ S F I n � IB# G��<n�� N=P o I �XrMG J G S N=P o I J I G�o�o PON ndoTr ��P
	@IB?DL N=P F IKJ GTF (�I G Q/PiI n [ Q G J��4Q/P
N=PRg=D&� n=GTF J0/9$Q
VIKL=L r LV_��!� T p n J G�o�GTF IKJ/P n Q�l"P n JaI nDF/F/G"[ 
 rMGTFHG QaN=P#� FHn Q0/�S [ 
VIKL�J G�o�oTr L=LDP4Q�� P4LW?�#=IKL1J o P
L r�� �=Q/PON=P � P FHn Q/P F $il o�nDF N=P N=P n #mlVIKQ oTr ��P!��T P [ 
 rMG # N=P oqp S [ 
VIKL�J G�o�oTr L=LVI� �PYN=S4J/P4Q �jG LDPW$ o I

m���� = w|pBq L sG{�o�su��r���y�xzs��8w�quqNO��%O:8���xzs�vVo�vV{a= w=8/r�q9xz~�w|xzn	PF{�w|���Bo��G�]H6A�w|n�nBy�n�}�~to8~�q9x>v L q9o�x�n��Bx98���o 8��Bo�p!y|�BqVq9ot~�y�n�s��
vuq9�Bxzq9o��Bn�sux�6�n�w|{Qsup)wMv9x�wM{ otn�v��|~BA�rU� = ��n�o�~to�quv7w|xznBoUq9r�suy�{z�Bv9xzy�nKwMn76|��{�w|x>q9o�}�s9w|n�s p!o�quv9oU� = xzn�:@y|q18 w�v9xzy�nQ}��,p�wMquv9x>q8��o8s9w
M�oZq9sux�y|n;rt~BA)wMn�v9xz{z{zy�nBn�rto�}B{�w : q9r@8��Botn�~to8��= rt~BA)w|n�v9xz{z{zy�n�n�w 6|o0��y�x>v���vuq9o�wM� 8/y�xzn�sG{zoU��y����B{zoU�Bo8{�w0q9rtsuy|{z�Bv9xzy�n! "$#&% �
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( rMGTF>o I � IKL G �4Q/P N=P N GTF/[ Q/S4J GTF P4Q o P F�[ P4Q [4o P F P4J oqp S [ IKQHJ�IKL� n=o I G Q/PfP4L�JHQ/P N=P n #Ol�P4Q GTr N=P F N=Pfl rMG L1J I� �P
[�r L F S [4n J G � P F�� / r L [ P4QHLVIKL1J [ PON=P4QHL G P4Qjl rMG L�J 	 �;%������'& F P [�� IKQ� �PiN p IMNDIKl=J/P4Q o PW? [��=G P4QXN=POl rMG L�/
J I� �P*( rMn QHL G lVIKQ � ] �,� ] �=� ]�^M_%< NDIKL FZo P�� n P oeo P F IKL=LDP�I n # [�r L F S [4n J G ( FcF/r L�JjP F lVI [ S F N p n L IKL� o P
S�� n=G � I o IKL�JC$ o I �XrMG J G S<N nWoTr ��P o P l o�nDF S4JHQ rMG JRN=PN1=2�465���� ` F/rMG J - � � IKQ [#�jG Ldl <%$ oqp S [�� IKL�J G�o�oTr L�/
LVI� �P N=P � IKLDN=S � E rMn Q [ P�(qI G Q/P
	 r L G�� l r0F P¡$ oqp n J G�o�GTF IKJ/P n QcN=P [��DrMGTFHG Q n LDP Q/S F/rMo�n J GTr LdIKL� n=o I G Q/P
[�r QHQ/P F l r LDNDIKL�JW$ n L � n=o J G l o P N n l o�nDF ?DL oTr ��PiN=P'1=2!4�5���� ` F rMnDFco I'( r Q � POL × �mIKQ [#�jG Ldl �
b oTr Q F 	 FHn=G � IKL1J oqp S [�� IKL1J G�o�oTr L=LVI� �P ` � � P FHn Q/P F lVIKQ oTr ��P
	 2 ≤ m ≤ 2n

l�	 r LYLDPfQ/S [4n l"P4Q/P4Q IS� n p n L
l rMG L1J I� �PXJ rMnDF o P F � �*-KL l rMG L1J I� �P F N r L=LDS F lVIKQ � ] �,� ] �=� ] ^0_ ����n IKL1J<I n l=Q r![ P F/FHnDF N=PjN GTF [ Q/S4J G /
F IKJ GTr L N=P Ff[ P4Q [4o P F 	 G�oU[�r L FHGTF J/PS$iN=S [�rMn l�P4Q [ P n #"/ [4G P4L G L1J/P4Q � I o�o P F Q/S� n=o�G P4Q F N=PcJ I G�o�o P IKL� n=o I G Q/P
∆ψ ∼ [n× (5π/10800)] / [m× 2π sin θb]

	�Q/P4l�S4Q/S F P4L o P n Qel rMG L�J [ P4L�JHQ I o 	&lVIKQ n LDP?l � I F P�N GTF/[ Q/S	/
J GTF S�P F/n Q o P [ P4Q [4o P ` I � P [ o P F [�r L � P4L1J GTr L F N=P o I%?R n Q/PW��� � 3 4�l�	�J/P o�o PS� n P o P i )
	�� - G L�J/P4Q � I o�o P F/rMG J
FHG J n SK$ ψi = i× ∆ψ �

TBI N=P4QHL G �4Q/PiS4J IKl"PON=P o I [�� I��TLDPiN=P FHG��<n=o IKJ GTr L [�r L FHGTF J/P%$ P�#&JHQ I G Q/P o P F/G  0LVI o J/P � l r Q/P o N=P
1=2�465���� /7���8�$	\P4L [�r�� � G LVIKL1J o P F Q/S FHn=o J IKJ F N=P F N=P n # F/rMnDF / �Xr N n=o P F l=Q/S [ S�N=P4L�J F 	 o P F?[ IKQHJ/P F l=Q/S	/
r � F P4Q � S�P F N=P F lVIKQ I � �4JHQ/P F N=P�$1J r +�P F P4J o P F+G L&( r Q � IKJ GTr L F N=P l rMG L1J I� �PeN=P [�� I)� n P>S [�� IKL1J G�o�oTr L � ^�L
L r J/P"� n P
	Dl n=GTF � n P o P F
� D!l r J � � F P F � n P L rMnDF I ��r L F IMN r l=J/S�P F 	 G�� l o�G � n P4L�J;� n p $ [�� I)� n P<l"S4Q GTr N=P
N=P,l rMG L1J I� �P
	 o P � : � P� 0Q IKLDN [ P4Q [4o P P F J r � F P4Q � S FHn Q o P [4G P o 	1J rMn 1 rMn Q F S [�� IKL1J G�o�oTr L=LDSfN=P o I � : � P
� IKL G �4Q/P
	 o P FHG  0LVI o J/P � l r Q/P oDF P Q/S FHn�� P/$ o I,N r L=LDS�P�N p n L [ P4Q [4o P>lVIKQ � P n Q/P>N psr � F P4Q � IKJ GTr LP< [ P o�n=G /
[4G L p P F JUlVI F Q/P [�r l G S
/�23( rMGTF�� /eP4JHJ/P?N=P4QHL G �4Q/PaS4J IKl"P�P F JU� n I FHG /qJHQ IKL F lVIKQ/P4L�J/P�l rMn Q oqp n J G�o�GTF IKJ/P n Q 	 [ IKQ
o P F P n=o lVIKQ I � �4JHQ/P�� n=GDo�n=G\F/rMG J N=P � IKLDN=S
	�P F J oqp G N=P4L1J G ?\IKL�JaN p n L N=P F [�r QHLDP4J F N=P oqp G L F JHQ n�� P4L�J �����
` 3 � 3 /!o 	DlVIKQ,P�#&P � l o P�l � /eP4JHJ/P N r L=LDS�P F/n HXJal rMn Q3� n p �;%������'& ( rMn QHL GTF/F P o P FHG  0LVI o+GTF/FHn N n`rMn N=P F
� rMoTr�� �4JHQ/P F <,NDIKL F+o P [ I F N=P0E($ -L< oTr  �S F P4L F/r L F P G L � k)L<P�A�P4J 	 o P [�r N=PeI [�[ ��N=P I n J r�� IKJ G � n P � P4L�J
I n ? [��=G P4Q,N=P<N=P F/[ Q G l=J GTr L N=PN�3�8��	 oqp ��+ r `�� _ ��h���g���� _ h � ^�� � azl?IB?DL N p D o�G Q/P o P F,[ IKQ I [ J/S4Q GTF J G � n P F
G L F JHQ n�� P4L�J I o P F�� $ G�o P [�r QHLDP4J F S o P [ J GTr L=LDS I��=Q G J/P n L F P n=o � rMoTr�� �4JHQ/P
	 I oTr Q FRo P FHG  0LVI o ( rMn QHL G lVIKQ
�;% �����*&`P F J o P FHG�� l o P,Q/S FHn=o J IKJ>N p n LDP o P [ J n Q/PRN=P o I [ IKQHJ/P,N=P�J/P � l"S4Q IKJ n Q/P ��l=Q/S	/ r � F P4Q � S�P � 	Q� n P
oqpsr L`IZL r J/S Ĩ

	 F/n=G � IKL1J oqp S [�� IKL1J G�o�oTr L=LVI� �P r �=J/P4L n $ oqp S4J IKl�PRl=Q/S [ S�N=P4L�J/P�&

s(t) = Ĩ [θ(t), φ(t)]
` ��� � /�l

^�L L r J/PP� n P oqpsr L IOIMN r l=J/S n LDPZL rMn�� P o�o P � D1l r J � � F P FHG�� l o�G ? [ IKJHQ GT[ P�� n=G�[�r L F/GTF J/P�$ [�r L F/G N=S4Q/P4Q
J rMnDFRo P F N=S4J/P [ J/P n Q Ff[�r�� � PjS4J IKL�J FHG J n S F I nm[ P4L�JHQ/PjN n l o IKLL( r1[ I o�� b n JHQ/P � P4L1J N G J 	 oqp G�� I� �PjN n
l o IKL�( r1[ I oVF/n Q o P [4G P o P F J Q/S�N n=G J/P3$ n LXl rMG L�J 	1NDIKL FUo I N G Q/P [ J GTr LON=P oqp IB#=P r l=J G � n P � 0RP [ P4JHJ/P/(qI:9 r L
J rMnDF�o P F N=S4J/P [ J/P n Q F lVIKQHJ I� �P4L�J,P�#=I [ J/P � P4L1J o P � : � P l rMG L�J I� �P `

θ(t), φ(t)
l �

0 IKL FXo P [ I F N p n LDP lVI G Q/PWN=P'E($ - oTr  �S F NDIKL FXn L [�r QHLDP4J�< G�oTF F/r L�JOI oTr Q FXF P4L FHG � o P F $ N=P F
N G Q/P [ J GTr L F N=POl rMo IKQ GTF IKJ GTr L r QHJ �Dr  r LVI o P FXoqp n LDPilVIKQjQ IKl=l r QHJS$ oqp I n JHQ/P
	 o P FXFHG  0LVI n #dJ/P � l r Q/P oTF
F/r L�J�N=P o IP( r Q � P � -(o " &

sa(t) =
1

2

(
Ĩ [θ(t), φ(t)] + Q̃ [θ(t), φ(t)] cos 2αa(t) + Ũ [θ(t), φ(t)] sin 2αa(t)

)

sb(t) =
1

2

(
Ĩ [θ(t), φ(t)] − Q̃ [θ(t), φ(t)] cos 2αa(t) − Ũ [θ(t), φ(t)] sin 2αa(t)

)
` ��� � 5!l

r \ αa
P F J oqpsr Q G P4L�J IKJ GTr L`N n l rMo IKQ G�� �4JHQ/PRL r J/S I 	1P�#&l=Q G�� S�P NDIKL Feo P,Q/P4lF�4Q/P [��DrMGTF/G l rMn Q o I � P F/n Q/P

N=P F lVIKQ I � �4JHQ/P F N=P $1J r +�P F ` ��rMG Q o I*?R n Q/PP�M� � - 5!l � /eP4JRIKL� o P F PZN=S [�r�� l r0F P<P4L n LDP � I o P n Q�?�#=P
	
oqpsr Q G P4L�J IKJ GTr L N n l rMo IKQ G�� �4JHQ/P NDIKL F>o P,Q/S�( S4Q/P4L1J G P o N n l o IKL%( r![ I o 	&� n P o P [�r N=P � I o�G Q/P NDIKL F>oqp �Z+ r 	
P4J n L IKL� o P N=S4l�P4LDNDIKL�JjN n J/P � l F 	 [�r QHQ/P F l r LDNDIKL�J�$ oqpsr Q G P4L�J IKJ GTr L N n l o IKLY( r1[ I o lVIKQ Q IKl=l r QHJ
I n Q/P4lV�4Q/P?N=P Fe[�r!r Q/N r L=LDS�P F S [4o�G l=J G � n P F 	!NDIKL F o P�� n P o�F/r L�JeQ/P4l=Q/S F P4L1J/S F o P F lVIKQ I � �4JHQ/P F N=P $1J r +�P F
` ��rMG Q o IP?R n Q/PN��� � 3 -�l � ^�L IMN r l=J/P I oTr Q Fao IP(qI [ J r Q GTF IKJ GTr L N=P oqp P�#!l=Q/P F FHGTr L ` ��� � 5!l l=Q r l r0F S�P lVIKQ=- �
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?P � P4L n � o�7#" l rMn QaS [ Q G Q/P &

(
sa(t)

sb(t)

)
=

1

2

(
1 1 0
1 cos 2∆b sin 2∆b

)( 1 0 0
0 cos 2αa(t) sin 2αa(t)
0 − sin 2αa(t) cos 2αa(t)

)


Ĩ [θ(t), φ(t)]

Q̃ [θ(t), φ(t)]

Ũ [θ(t), φ(t)]




` ��� � 7�l
TBIOl=Q/P �jG �4Q/P � IKJHQ GT[ P G LDN G � n P o IW(�I:9 r LmN r L�J F/r L�J � P FHn Q/S F o P F lVIKQ I � �4JHQ/P F N=P�$1J r +�P F NDIKL F n L
Q/P4lF�4Q/P o�G SfI n l o IKL%( r1[ I o 	1J rMn QHLDS N=P�(�I:9 r L'$ [ P;� n P oqp IB#=P N=P F XLOS

[�r�� L [4G N=PfI � P [Roqpsr Q G P4L�J IKJ GTr L
N n l rMo IKQ G�� �4JHQ/P`N p G LDN GT[ P I 	Ul=Q GTF [�r�� � P Q/S�( S4Q/P4L [ P � T p IKL� o P ∆b

P F J oqpsr Q G P4L1J IKJ GTr L Q/P o IKJ G � P N n
F P [�r LDNml rMo IKQ G�� �4JHQ/P�< L r��jG LVI o P � P4L�J '�2 ◦ � �+IKLDN GTF � n P o I F P [�r LDN=P � IKJHQ GT[ POI F/FHn Q/P o IYQ r J IKJ GTr L
N=P F lVIKQ I � �4JHQ/P F N=P�$1J r +�P F 	BI n J rMn Q N=P oqp IB#=P r l=J G � n P
	�N n Q/P4lV�4Q/PjN=P oqp S [4o�G l=J G � n P � P4Q F o PcQ/P4lV�4Q/P
N n l o IKL%( r1[ I o ` ��rMG Q o I ?R n Q/PK��� � 3 -�l �

Spin axis

rotation
at 1 RPM

Planck
Spacecraft

αa

θe

φe

Y’los
X’los

N

Axe de rotation

b

a

Axe optique
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F�p I� G J?N p G L � P4Q F P4Q o I � IKJHQ GT[ P
A(t)

	VN r L=LDS�P S�
 � ` ��� � 7�l P4J?S4J/P4LDN n PN$ 
 n IKJHQ/P F/G  0LVI n # 	=J/P o�o P 
 n P &

A(t) =
1

2




1 1 0
1 cos 2∆b1 sin 2∆b1

1 cos 2∆a2
sin 2∆a2

1 cos 2∆b2 sin 2∆b2



(

1 0 0
0 cos 2αa1

(t) sin 2αa1
(t)

0 − sin 2αa1
(t) cos 2αa1

(t)

)

r \ αa1
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	 [�r L FHGTF J IKL1JN$ilVI F/F P4QfN=P F lVIKQ I � �4JHQ/P F N=P�$1J r +�P F
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2 , 3 �Q*�H 2)�4���	$�
 7 HQ*  �� � ���/�:7 9M* q * G ()�����	�/� 7)q *�� $&�=���/��� 7����� �� * �_*�> �	23���/7 ���4�H� ���+��g�f@�%��� � �!.0��f��#� � �
� ���+!�� � ��� � � � � � � ����� �"�����B�
� ��� �9����� ��� 7 H��OH 7�&����nC , + +�� F 7��	� *=+�$ , .�*

2 i43
q *�H ��������$ 7 &9*)G �/���):4�5 7�� * > >A*)G �/�������� 7 9M* q *	G (3�����	���/7 ��*)G �	��$%2������:7 H8*:� �������%$��	(3� 7 A8*:� ���/
9�/������7
9M* � ()������(�� 7�� *6A �/�&��:	��()�	$����%�#7 >A*�9 (����)�%:��:7 �!*  �� � �3�=���/��$�� 7 �Q* � ��

�:7 A8* ( ��$��	(:7 �_*�( ���� ���� 7 H8*�( (�>
�	����$ 7 9M*�> �3�=$&���?7l� * > �����	���/7�� * > �_*:> �	23���/7 (S* ���)�� ���$ 7�� * > 9N* ���J2)�	�/� 7l���� 9N*! ��� � �/��� * ���?7 #F� ���!�
'
#)���(��� �/� �/� *@�#" �:��� �"���Z* �-�/.0� � ��� 7J������� * �����4(3�=�/7 � i)7�i�j)j�$ *

2 ; 3 A8* G ����:4(����:7%� *&�!* G �����������=�/7 HQ* G ���)���������� 7 �)�� '� *�A � 
 :	$%�/7)( �8�<�!.0��f��#� � � � ���+* !�� � ��� � �-,D�
� �>��� !
� �:� ����� .:�'���

Ω0

� 7 H��OH 7�&����SC , +:+ 53F 7J�	� *?,/; $ ,.�J*
2 - 3�� */�!*�G �)�=���%�/�=�/7 ���
����� �	���Jg ��� !Z�!�9.:!�f�����gW� � .M�
� � �
�@�%��� �i� �8� � �10 ,D�
� �3254H� � ��� � !Z���:�
� '#�/�76 7 $�� H � >

� ()��U * ���/� * i65 . �	, ���3��$��	2 � (3��
9$�� �BP3()������$�()� * $m��� � ���&�'I � � �%�4�?���/����7�i)j)j3i87J� *?, j ,)*
2 $43 ��* �_*#G �/�	�����=�/7 (^*#< �)�%���/���?7 �!*#< $�������� * 7 �8* ������(3��$ 
 7 H8*#& ()23��� 7 (^* � $%
9()� 7�� * � * ( � �)��� 7 �B*�> �)2)��7

A8* �8* �J���/��2)��� 7 �!* � *	, ��� 
 �/�/7 � *98 (3�%�&�)� 
 7	� * �_*:8 ��$�2)��� 7	�)�� + ��()>@�)������()����79; ���
�
� �.<��
���>= ��� '6���������
�-���/� �6�B� ���@? ���	�����$� �(�lfX#�� � � �A2B==�C? #&6 ; � ���/� ����� �"�����>D)#@� ��� ���@���!���Gf �X�
�1�X����!�� ��� ��� � �/�H.)� �9� 7
H �E�J��7��J� �aCWi�j3j ; F 7��	� * , $ i ��*

2 5�3 HQ*�G �/�	( 8 �<���4 2'H �����	�/(3���+��()���&��:�()���'��$�()�>3 7 ? ��� �8� �(�!��D&� �)�mg �f� �/����� .0� �"���EF�� ��� g ����'�f?� � � � ����g#� � �����+�/���
�HG/�:�/� ��� � ���D� ���R� �(��� ����g � �4�H� ��� � ��� � ���B� � � � ���
'/g�� ��.0� !j�����	�����$� �(���"�H� 7 H �?����(3��������$&����� > �����=$&�/� 7 �:I
C i)j)j3i3F 7J�	� * , j , $ , i -�*

2J� 3 7K; ���
�H� !#�/� �
�/� �"��� �q�@�:��� ��� ���-��� �"��� �q�a� �:���H. � � ����� ��� � �9� �@!�� ,U.M� �RgK���%���/� ���'!�.M�H�F� �@�	�(� �"��� � fL? � �
� �:� �(�1� 7 HM�OH 7	�N���SC i�j3j - F 7��	� * $ �	, $ $ . i *

2 . 3 HQ* G ���	()$%� 7 >A* � �)
8��� 7 >A* � ���5�=��$ 7%� * >O� *?9 ()����
9()�4 7 �!*&� � �3(�� 7 &9*�( �) ��/� 7 �_* �J�/����$�� 7 ���� S� *�, ��$m>
B �	�/�	�5����I 7 *@�H� �mg�� �q�,� �8��# �%���&�('QP�R ; 4�* ��� .0� �"���Y�4f4�H� �/� 7-$%� 2 � � � , +=> ��(���7 � �����	():	����7 i3i;>?i65C�3�	�
i�j3j3i *

2 + 3 HQ*:G ���	()$%�`���� [� *8> �'o?()� 7 *1��� .0� �"��� � ���
� �mg �/�(��� ���B� �����$����� �R�
��� �����(��� �"�����1�%��� � � � �Gf�� � �/���+� �S� 7 � � �)(32)�/>
�	$&�/� * 7=&4�UT �KV#C , + + - F 7��	� * �	� - i , $�- i ;�*

2+, j�3 G�*�HQ*�G �/����()� 7+� * � *�� ���������?7 >A*+H8* q *AH  ��#7U� * � *�G (�� 
 7 &9*�(^*W� �)�	23�:7&� * q *�< $��� ���� 
 � 7 >A*%A8*
( ���4� 
 ()��U 7 G�* > �	$����	()�	�/7 (S*���* qK��� �����?7A���4 &9*
�_*+, ��()
9����()�?7 # �
�/.)� �����YX � �+�-����� fj:����@����� �
� ���
���(���H.0� �/� � ���9�-���j� �:� ���:�(� �$�H.0� �q�X� �:�j�!.0��f���� � � � � � !�� �/��� � 0 ,D�
�/�@��� � �ZGh� � .M�
� � �
�E���'[U���%�\G#�"�H� 7
H �E��7��1�!�TCWi�j)j ; F 7���� * 5 �%-�$ 5 +8,3*

2+,#, 3 9M* q *�G (3�����	���/7<q *]� $����4���=�/7 �Q*<H 23�����	$�
 7^� * q *%G ()�� ?7 H8*  �� � ���/�:7�� *�< $�P)(3�?7+�)�� G�*%( ��k���$ 7
�����,.)�%��� �"�����D�q��� �8�D�-���/� �6�B� ��� �0'�f?����!1�q�_4H�9��`/; � ���/� ����� �"�����E` 7������)�/�K�	��$��/���/�0qK�/PJ$�� * � 7�I��6C , + + $)F 7
�	� *:;�� $�-#;	*

2+, i43 ,R*E8 * G ���) ��=��� * ���� H8*�<8*&A ���%( * � 
 �87_( �(� �M�����+��g)f !#� ��� � �(�!� � ���9�@���O� �:�)a>b � �/��� ���Jg<��f4�H� �/� � ���* #F�%���!�
'%*�����! ; 4 � � ( 7+$%� �M� H � > > - j)j � �J$%I���� �B�	��()�����)� ���J
9�4(��=$��	
 ()�b�J���)�/� �B�JPJ$%��()��
!���������
� ()������()� �����=����
9� 7 , +:+�� 7���� *�- 5�$ $Ec#*

2+,/; 3 (S* G �����	�/�/7 &9*�( (�(� ���� ��7l���� �Q* , �	��( 
 7 �������H�9�(�����:���Jgd4
���-�/.0� �����$.0� �a# � �H�$.0� � ��� �"�����@�%��� � �����
�@���
�-���/� �6�B� ��� � ���('�g�� ��.0� !R# �6�%��� ���-��� �"��� 7 > � ����$������ qK��PJ$%� * � ���=���/����7:��ITC i)j)j , F 7J� * , +8,/; j ,)*

2+, - 3 ��* G �	��$%2������:7 A#* ( ��$��	(:7 &9*/(S*.�)e ��� 
 $ 7 �8*/( �)�� �(3�%�5�=$ 7 (S*�G �/�������	���%��$ 7 9N*� $������:7 �_*\ �)�%���9f/$&���	(�7 G�* A8*8 �)�� ����m�/7 (S* ( ���%��(3�	$ 7����4 � *�< $�P)()� 7 # :&?hg �%b : ; 4@D������U����� �	����� � � � ��� � �i[U��� �SG3fX�!�9����f�� �mg��M�
�����������@���!��� �"���O��� ! ��� �:�/�a��f4�H� �/� ��� ���@�-,D�
� ��� 7 H��OH 7�&�I=&aCWi�j3j , F 7J�	� *:; - $ $); $ .	*

'"�



��������� ���
	���� �	�
���
� 	�
 �����
��
��;������� >R\)^E_���� � �

2+, $43 HQ*)� �������%$��	(3� 7 >+*	9 (����)�%:4�87 A#* ( ()������(J� 
 7 (^*�H �=�� 	( * �?7 G�* 8 ���4 ��/�%� 7J���� &9*��)e ��� 
 $ 7 ? ��� � ��'�f,� ��� � � �
� .0� �"���?� �����8�6�%��� ��� � �9�Gf=� G/�8� � ��� �/�1��� 7 > ����� * qK�/P *:A 7 � �TC i�j3j)j�F 7J� *?, i ; j3j3i *

2+, 5�3 HQ*�A#* � �4�����%$��	()�/7 A#* � *�( ()������(�� 
 7 9N* P;�)� � �/��� * ���?7 HQ* �Q* � �)���/�J:���7 (S*�>A*
< ():���()�?7 (^*NHQ* � *
H ���� �( * �?7��)�� �!*)>A* �BU �?���'����$%(3�?7 R?���H�'���:�������!�6� f4� �	� �q�a� �4�H�@���a�@��� � ���B� � � � ���
'/g�� ��.0� ! !������ �]4+4\�
; � ��� � ���Jg � ��� ���>� � � �8�a��'�f 7 ( � q H � 7)&)& �7CWi�j)j�i)F 7���� *=+ + -�$�, j , j *

2+,.� 3 ,R*
>A* � ()����()����$&�87 ( �:� �&���"�/�1� � "@�j#@� ��g�������� � �q�c#F�%���!�
'������Sa 2 � � .:� � � �-' 6'* �N� H > �	:	��$����'��$%(3�
A $�PJ$���$�()�?7;o=�)�6i)j)j�$ *

2+,/. 3 HQ*?� (J()����� 7 4H��� �@g��(��� � ! �=��� �K� �.=@�6� � � �#,D�
�/�MD":V��� g#�R�/�
�6�+�,�H�9�H.�� �$.0� ��� ���H� � � ��� �"��� 7 > � ��� * q0�/P * A 7 � �
C i)j)j3i3F 7J� *?, j ; $ , j *

2+, + 3 9M* � ()������(�� 7%� *?A �/�&��:	��()�	$����%�#7%� * & �)�	�&���?7 �)�� G�* q0�/P)���J�?7 ;\�!� ��� �	��� !,�:���%��� ���'� � �/�<� ���\"�g�.0����� �"�����
� ����� �(���H.0� ����g�� �8�)�1� � '#�H�\���������'� � � �
� �q��� �8� � ���
�@���)�@��� � ���B� � � � ���
'/g�� ��.0� !>���#!������ �"��� 7 H��OH ��7
��& �
C , + + + F 7J�	� * $ �%+�$ $ ..-�*

2 i)j�3 (S*�� ���9f�7)� *�( ���������	�Sf/> � (3�9f
	)�%�\f�7 >A*9 $��/��P'�87��)�� �_*�� ��� e �?7 *@�/� �
�/� �"��� �q�a� ����� �Q[)��.M�
� �����j�$�8���
���
= � ? # 7 ( � q H ��7)& � � C i)j)j $3F 7J�	� * i + $�- j *

2 i , 3 �B*�A ����������7 �_*�, (�kl()�&�'�=��$ 7 HQ* 9 ���)�����5������$%�	$ 7 (S* G �����������/���%$ 7/���4 �8* ( �)�� �(3�%�5�=$ 7 �1. � �4!��@g�� � �U? ���	�����$� �(�lf
; � ��� � �4��� �"����� D [�� ��.0� !�� � �4��� !BF � �6���+�/����� � ���H���W����! ������� � 0 G/�8� � ���'� ���9� 7 H �?����(3�	�����=$&�/�)� � �/�=�������
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W:< #!=?> �A@ < �4BDCFEG>GCFHI>J>�< @ CLK�M F?NPORQ4S <T>�< N KUCFHPB ORVAS�@ < N >�W V H O BXBPHI= ORN I CFY OZ@Z@ < N >�<[EG< S BPH O EG= N>�<XY\C NIN <XE S�@Z@ <^] V_H-` @ < N Ya< NPS HI< N >�< N = NIVAOZ@Z@ CFB O =bE N >�< N EG< S BPH O EG= N Ya=bE4BPHI<AE2B Q4S < V < N >�<AHPE O <AH NK+= NDN4� >�<AE2B S EG<cY\C NDN < G E O <^]^d O E NPO ` V < N HIW NPS�@ BDCFB NeV =bE N B O B S <AE2B @ CfK�HI<AY O(� HI< O EG> ORV CFB O =bE VA@ C O HI<g>/h S EG<K�M FiNPORQ4S <\jgC Sik >�< @ml > S #!=?> �A@ <��4BDCFEG>GCFHI> �+] V_EnCFK�Ko< @Z@ <p= NIVAOZ@Z@ CFB O =bEX>�< N EG< S BPH O EG= Nq@ < I C O B Q4S h OZ@RNK S�ORNIN <AE4BrKUC NIN <AHs>/h S EtWABDCFBs>�< N Cvu)< S H lqS EtC S BPHI<cC SwV = S H N > S BI<AY�K N ]bxy<ABPBI<zK�HI=bK�H O WABIW N h O E2BI<AHPK�H � BI<KUCFH @ < I C O B Q4S < @ < N WABDCFB N K�HI=bK�HI< N >�< @ h O E4BI<AHDC V B O =bE I C OZ{�@ < N νe, νµ, ντ

OyEG< V =b|}E VAO >�<AE4B_KUC N Cvu)< V~@ < NWABDCFB N K�HI=bK�HI< N >�<�Y\C NDN < N ν1, ν2, ν3
O�] V_E�K+< S BXC @ =bH N <��?K�H O Ya<AH @ < N K�HI<AY O <AH N <AE�BI<AHPYa<�>/h S EG<V =bY {�O EUC ORN =bE @ZO EGW-C O HI<~>�< NqN < V =bEG> N `�>�< N =bHPBI< Q4S <��

να = Uαiνi
`
α ∈ (e, µ, τ)

`
i ∈ (1, 2, 3)

W;C�Y\CFBPH ORV < S E O BDC O HI< Uαi
< N B @ C�Y\CFBPH ORV <�>�<�YaW @ CFE��)<�>�< N EG< S BPH O EG= N `r>�W G E O <\KUCFH Q2S CFBPHI<\KUCFHDC kY � BPHI< NA� ] W&h�CFY�K @ZO B S >�<!>�<�K�HI= { C {�OZ@ZO BIWn>/h�= NIVAOZ@Z@ CFB O =bE�>/h S E�WABDCFB\>�< N C-u)< S H l�S E�C S BPHI< NIS H S EG<> ORN BDCFE V < L `:Ko= S H�>�< N EG< S BPH O EG= N >/h�WAEG<AHP� O < E `;< N B�K�HI=bK+=bHPB O =bE�EG< @Z@ < l exp[−i|∆m2

ij |L/2E]
`�= !

∆m2
ij

< N B @ Ca> OHM WAHI<AE V < Q2S Cb>iHDCFB ORQ4S <~>�< N Y\C NDN < N |m2
i −m2

j |
]�x�h�< N BgK+= S H Q4S = O;V < N > OHM WAHI<AE V < N >�<Y\C NIN <�K+< S u)<AE4B SABPHI<�<��iBPHDC O BI< N >�< N Ya< NIS HI< N > S BDC S ��>/h�= NIVAOZ@Z@ CFB O =bE N = O Bw>�< N EG< S BPH O EG= N W @ < V BPHI= kE ORQ2S < N <AEaK�HI=-u)<AEUCFE V <�> S �?= @ < OZ@ ` N = O Be>�< N EG< S BPH O EG= N Y S =bE ORQ4S < N ` V HIWvW N KUCFH @ < N HDC F =bE NyV = N Y ORQ4S < N>GCFE Ny@ h�CFBPYa= N K�M � HI<�BI<AHPHI< N BPHI<^` N = O By<AE V =bHI<�>�< N EG< S BPH O EG= NyORNINPSGN >�<gHIW-C V BI< S H N E SGVA@ W-C O HI< N ] W:< N CFEUC k@=F?N < N�V =bY {�O EGWv< N >�< N >�=bE�EGWv< N >�< N <��?KoWAH O <AE V < N�@ < N K @ZSGN HIW V <AE2BI< N >�=bE�EG<AE4B ,G�B- ,Z�-��-e�

∆m2
atm = ∆m2

32 = (2.4+0.5
−0.6) × 10−3 eV2(2σ)

∆m2
sun = ∆m2

21 = (8.0+0.7
−0.6) × 10−5 eV2(2σ) N D*D*D�]Z� O

xy< NeV =bE4BPHDC O E2BI< NcNPS H ∆m2
sun
N <AHI=bE2BcCFYaW @ZO =bHIWv< N KUCFH @ < N K�HI= V MUC O EG< N >�=bE�EGWv< N >�<_��CFY�W:d_��� � `<AB V < @Z@ < N\NIS H ∆m2

atm

KUCFH @ < N <��?KoWAH O <AE V < N�NPS H @ < N EG< S BPH O EG= N >�<�HIW-C V BI< S H-`zBI< @Z@ < N #[D��,V��?��= S
��� E <�� D �gYo> NH;=<'>ZLK[FYG< DJAF�FEI;k< NM; Xed EIDFA¡�g;

θ12 ¢ θ23

;k>
θ13 ¢ QHEG?B<�?BAH; Q¡£�DF<Z; δ ¢ C�DJLnDJCk> d LKYG<KDFA\> EG;aNH;��JL d NH; fMYG[FE D4>KYG[gANM; io¤ DF?M>K[FLKYG< d _b¥ ?¡¦	QBDJLnD X�§ >ZLK;=<:QHL d C d NH;=A\>K< ¢ [gA Q";k?H> DP¨2[g?M>K;kL ¢ Q"[F?HL:QBEG?H< NM;©� d A d LnDFEGYo> deª ?�DFA\> p EID$ABDJ>K?MLK;aNH;=<

AH;=?H>ZLKYGAB[F< ¢ NM;=?¡¦�Q¡£�DJ<Z;=< NH;lf YG[gEIDJ>KYG[gA�NM;aio¤ NM;e« DI¨ [FLnDJA�DM_
0 Q�D �F;�¬';=m NH?f­z® ¯z°R±I²�®e³G° Sµ´ °R¶y·�¸µ°º¹¡»Z°Z¼º¼�® »m±D½r¾;¹F»Z°Z¿ºÀ&Á ´ »Z½Â°º¹b±�ÃzÁ�»7Á}¸µ»m± ½sÄ-ÅvÆAÆ Ç�È�É�É\ÊAÊAÊUË7Ì Ê-Ì�Ë7ÆvÍIÅ¡ÍIÎAÏUË3Ì-Ð?Ë�ÑPÇ�ÉÅ-ÆPÒbÓ�É\Ô-Ì�Ò5ÕvÖ�×AØXÉÙ Q�D �F;�¬';=m NH?�Ú~® °º¹�ÛÂ¹�ÜPÁÝ¸µ»m±D½sÀeÁ ´ »Z½Â°º¹^±�Þo·�¸µ°Z¼º¼�® »Z°R±D¹pß)Á}® ½}¸Âà_Ä-Å-ÆAÆ Ç�È�ÉAÉDÊAÊ�ÊbáµâAÏ Òbã?Ë7ä â5ÌAÓiË7å-Í ævÉ
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������� d��)] � CFH�C OZ@Z@ < S H N ` @ h�<��iK+WAH O <AE V <����?������C�Ya< NPS HIW S EG<�> O � WAHI<AE V <�>�<XY\C NIN < NPS KoWAH O < S HI<C S �\>�< S �\K�HIW V Wv>�<AE2BI< N ` Q4S�O Ko= S HPHDC O B"!ABPHI<g<��iK @ZORQ2S Wv<_KUCFH @ h�<�� ORN BI<AE V <�>/h S EG< Q4S CFBPH O$# Ya<�%}CFY OZ@Z@ <�>�<EG< S BPH O EG= N�N BIWAH OZ@ < N ]&�&h�<��iK+WAH O <AE V <(' O E O$) =?=^� �+* >�<Au4HDC O B�K+<AHPYa<ABPBPHI<�>�< V =bE-,GHPYa<AH�= S >/h O E-,GHPYa<AH>�W�,GE O B O u)<AYa<AE2B V <gHIW NPS�@ BDCFB-]ixy<AKo<AEG>GCFE2B-` V < N <��?KoWAH O <AE V < N >�<qYa< NPS HI<�>�< N = NDVAOZ@Z@ CFB O =bE NyN =bE2B O E N <AE kNPOZ{�@ < N�l�@ h�W V MG< @Z@ <�C {GN = @ZS <\>�<�Y\C NDN <a>�< N EG< S BPH O EG= N ] � = S HtC VvV Wv>�<AH l�V <ABPBI<\W V MG< @Z@ <^`r>�< S �[B/.?Ko< N>/h�<��?KoWAH O <AE V < N~N =bE2B~>�WAu)< @ =bK�KoWv< N � @ h�WAB S >�<�>�< @ C�>�W NPO E2BIWA�^HDCFB O =bE > S BPH O B OZS Y <AB @ C�HI< V MG<AH V MG<�>�<>�W NPO E2BIWA�^HDCFB O =bE N >�= S�{�@ < k β N CFE N WAY ORNINPO =bEX>�<pEG< S BPH O EG= N ]
�;C_HDCb> O =)C V B O u O BIW β %}= S HPE O B S EtYa=0.)<AE NPO Y�K @ <y>�<zYa< NPS HI<AH @ CqY\C NIN <z> S EG< S BPH O EG=fW @ < V BPHI=bE ORQ2S <^]

� E�< � <AB-` NPOiV < @ZS�OºkÂVAO < N BrY\C NDNPO %�` OZ@ <AY�K+=bHPBI<�C S Y O E O Y S Y S EG<zKUCFHPB O <cWA�2C @ < l_N =bEtWAEG<AHP� O <�>�<eY\C NDN <
mνc

2 >�< @ h�WAEG<AHP� O < @ZOZ{ WAHIWv< @ =bH N >�< @ C�>�W NPO E2BIWA�^HDCFB O =bE β `/>�< N =bHPBI< Q2S < @ < N Ko< V BPHI<a<AETWAEG<AHP� O <�>�<@ h�W @ < V BPHI=bE[WAY ORN�N = O BgBPHI=bE Q4S W213u)= O H3,G� S HI<546464�]Z�87�]���<�KUCFHPB N C V =bE-,G� S HDCFB O =bE[M�.?>iHI=b�)WAEG=b|Ý>�<t<AB N C> S HIWv<X>�<�u O <nCb>GCFK�BIWv<^` @ <XEG=0.2C S >�<XBPH O B OZS Y N h�Cvu # HI< S E { =bE�WAYa<ABPBI< S H β Ko= S H @ h�WAB S >�<n>�< @ CVAO EGWAY\CFB ORQ2S <�>�< @ h�W @ < V BPHI=bE�WAY ORN >GCFE Ng@ CwHIW-C V B O =bE �
3H → 3He+ + e− + ν̄e .

d O E NPO ` @ < N <��iKoWAH O <AE V < NzQ4S�O CFEUC @ . N <AE2B V <ABPBI<qHIW-C V B O =bE�K+<AHPYa<ABPBI<AE4By>/h�C VvV Wv>�<AH�C S KUCFHDCFY # BPHI<�>�<Y\C NIN <p< � < V B O u)< mβ
`�>�W�,GE O KUCFH��

mβ =

[
∑

i

|Uei|2m2
i

]1/2

]
�:< N >�< S ��K @ZSGN HIW V <AE4BI< N <��iKoWAH O <AE V < N >�<&>�W NPO E4BIWA�^HDCFB O =bE�> S BPH O B OZS YX`0'�C O E�9�:�;^�=<2<AB&>;HI= O B N@? :�;BA=<Â`

%�= S HPE ORNDN <AE2B @ C�Ya< OZ@Z@ < S HI< @ZO Y O BI< NPS KoWAH O < S HI<~C V B S < @Z@ <^` Q4S�O < N Bq>�<a�
mβ < 2.2

<�C
(95%

x�]��&]
)xy< N HIW NPS�@ BDCFB N&N <AHI=bE2BzCFYaW @ZO =bHIW N KUCFH @ h�<��?KoWAH O <AE V <q�pdD> � 4µ�FE3: GH;I<Â`bK�HIWAu S <cKo= S H+;BJBJ ç ])dgK�H #vN BPHI= ORNCFE N >�<~Ya< NPS HI<^`o< @Z@ <tCFBPBI< O EG>iHDC S EG< N <AE NPOZ{�OZ@ZO BIW l\@ C\Y\C NIN <w< � < V B O u)<t> S EG< S BPH O EG= N >�< mβ < 0.2<�CK1

90%
x�]L�e]M7�] � E NPS�O BI<^` S EG<N%}= ORNgV =bY {�O EGWv<wC S �XHIW NIS�@ BDCFB N >�< N <��?KoWAH O <AE V < N >/h�= NDVAOZ@Z@ CFB O =bE N ` S EG<BI< @Z@ < N <AE NPOZ{�OZ@ZO BIW�K+<AHPYa<ABPBPHDC O Bp>/h O Y�Ko= N <AH S EG< @ZO Y O BI< NPS KoWAH O < S HI< NPS H @ C\Y\C NIN <w>�< N EG< S BPH O EG= N `oBI< @Q2S <��

mν < 0.35
<�C

(90 O x�]��&]
)

dru)< Vg@ < N <��iK+WAH O <AE V < N >�<_Ya< NPS HI<_>�<�>�W NPO E4BIWA�^HDCFB O =bE N >�= S�{�@ < k β `i>�< NyV =bE4BPHDC O E2BI< N K @ZSGNcN BPH ORV BI< N<AE V =bHI<tK+< S u)<AE4BP!ABPHI< O Y�K+= N Wv< N `+Y\C ORNpN < S�@ <AYa<AE2B NPO�@ < N EG< S BPH O EG= N�N h�Cvu # HI<AE2BP!ABPHI<�>�< N KUCFHPB ORVAS�@ < N>�<Q'!CIRP=bHDCFEUCi] � E < � <AB-`©>GCFE N�V <AHPBDC O E N EG=0.2C S � BI< @RNt@ <�Ya= @ . { > # EG< 100Mo
= SL@ <���WAEG=bE 136XeKUCFHq<��i<AY�K @ <^`�>�< S ��>�W NPO E4BIWA�^HDCFB O =bE N β K+< S u)<AE4B N <�K�HI=?> S�O HI< NPO Y S�@ BDCFEGWAYa<AE4B-]U�pCFE NqV < V C N `�>�< S �EG< S BPH O EG= N_N =bE2BgWAY ORN ]S'!C ORNgV <ABPBI<�HIW-C V B O =bEnKo< S B_C SGNINIO <�� ORN BI<AH N CFE N WAY ORNINIO =bEn>�<pEG< S BPH O EG= N 13u)= O H

,G� S HI<	464T4 ]�;�7 NPOeV < S � kÂVAOeN =bE4B @ < S H�K�HI=bK�HI<�CFE2B O KUCFHPB ORVAS�@ <^]sd O E NPO ` @ C�>�WABI< V B O =bE >/h S EG<aBI< @Z@ <a>�W NIO E kBIWA�^HDCFB O =bEU1
ββ0ν

7�>�WABI<AHPY O EG<AHDC O B @ C�EUCFB S HI<�>�< N EG< S BPH O EG= N <AE�BDCFE2B Q4S <wKUCFHPB ORVAS�@ < N Y\C NINPO u)< N >�<B/.?K+<N'�CIRP=bHDCFEUCQ:��i�V<Â]
WYX[Z �
\ ¬]\_^ `8a Þo·�¸µ°Z¼º¼�®D»Z°R± ¹ b+½}±3ÜPÁÝ¸µ» cG°º» à d+¯ ´ ¼ ·Ý°R± ¹b¿R»fe/®A¸Â²D°º¹0g ¾ihVh5® ½}®D» ´ · ÄÅ-Æ�Æ Ç�È�ÉAÉ�ÍIÇ8j�kvÌDÊ0jTl�ËmÊmjTl�Ë}Ð
j
k â�Ë}ÐPÅ5ÉAÍIÇ8j�kAÌ Ê8jTl¡ÉvãIâmnmj�oGË�pPÅvÆIÒbÓ
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{YX[Z �
\�¬]\_^F`Ia�Úp°º¹F°�|r±P±D·Â»7Á�½©À&Á ´ »Z½Â°º¹b±"d P h¡Á�½�° ¯qÁ�¹F»UÄ-Å-ÆAÆ Ç�È3ÉAÉDÊAÊAÊFátl¡ÍAÍIâ0j�Ë7ä â5ÌAÓiË7å-Í ævÉ
}/X[Z �
\�¬]\_^F`Ia�­e® ½µ¼ ·Ý½ ´ àFÁ3~F½Â°º»Z° ´ ¯LÀ&Á ´ »Z½Â°º¹b±"d P h¡Á�½�° ¯qÁ�¹F»UÄ-Å-ÆAÆ Ç�È3ÉAÉDÊAÊAÊFá ãPÎ�Ë7ä�� Î�ËznmjAÉ

∼
Î5Ì�Æ�k5ãPâ¡Évã�â0nmj�oUËRÅvÆIÒbÓ
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2 x 10-13   

 mν = 1 eV

a)
b)

mν = 0 eV

������� �!�!��"$#�%'&)(�*,+.-�/0*1*3254326*7/�8:9;*1<)*>=@? 43=A*7+B-�/0CD2E43FG9AH�=ACD/IH�<)*1=AJK<)4,H�9A2'-�438:/0J�-�9ACD2
β
<)LE-�/09M-09;L
FON

J:PRQSL6*�<6*�=T? *72
H�*3FVU
=;*K<)LWH�(�*,+.-0/�*:X:U�P f3CSC:FYH�L6/>=AJ3f3C:26*�<�? 432
*3/08D9A*ZF[J�\)9AFGJD=;*�<)*�=T? 43=A*7+.-0/�C:2]N
*32W/�C:L68D*:X:H�(�*,+.-0/�*K<)*Z=T? 47=;*,+.-0/�C:2^<6J�2�HR=A*�+7JDH_CD`a=T? JD2'-�9A26*3L)-0/�9A26CE43FG9AH_*7H�-b<)*ZF[JDH0H�*c2SL6=;=A*edS*32
U6=A*3L X�+3JDHb< ? L62�JD2:-09;2
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*DXb<)9kJ�8D/IJ�FGFG*�<)*v=AJw<)4,H�9A2'-�478D/IJ�-�9ACD2x<)CDL6U
=;*3y
β
J!QD*,+z47FG9AH0H�9ACD2{<)*

<)*7L)\|JD2:-09;2
*3L)-0/�9A26C:HG47=;*,+.-0/�C:269A}'L6*,H g s~<)/0CD9;-�*:X�*B\)*3FG(6=A*]<)*]+3CD2'-�/09;U
L)-�9ACD2wJ�L)\|<)47H�9;2'-0438D/IJ�y
-�9ACD2�H�<)CDL
U6=;*3y

β
H0J�2
H�47F59kH0H�9ACD2�<)*[26*7L)-�/09;2
C:HGNi+3*G<69AJD8D/IJ�FGFG*E*,H�-�(�*3/0FG9AHlH�9e=A*7H�26*7L)-�/09;2
C:H

H�CD2'-c<)*7Hb(�J�/�-�9k+BL6=A*7H>F[JDH0H�9AQD*,H1<)*��]J���C:/0JD2
J g

�;CqHI< V MG<AH V MG<y>�< V < N >�W NPO E2BIWA�^HDCFB O =bE N�N < %ÝC O B:KUCFH @ h�WAB S >�<z>�< @ C VAO EGWAY\CFB ORQ4S <e>�< N >�< S �pW @ < V BPHI=bE NWAY ORN � @ < %}C O B Q4S < V < S � kÂVAO K S�ORNIN <AE4B�= S EG=bE�<AY�Ko=bHPBI<AHpBI= S BI< @ h�WAEG<AHP� O < @ZOZ{ WAHIWv<�>GCFE Nf@ C�HIW-C V B O =bEE SGVA@ W-C O HI< NPO �^EG< @ <pB/.?Ko<p>�<p>�W NPO E2BIWA�^HDCFB O =bE Q2S�O:N h�< N BcK�HI=4> S�O BI<^] � CFH_C OZ@Z@ < S H N ` @ <fBDC S ��>�<�HIW-C V B O =bE
ββ0ν

>�WAK+<AEG>�>/h S E�KUCFHDCFY # BPHI<t>�<wY\C NIN <w< � < V B O %z>�< N EG< S BPH O EG= N ` Q4S�O�N h�<��?K�H O Ya<t<AE�%}=bE V B O =bE�>�<@ CwY\CFBPH ORV <~>�<fYaW @ CFE��)<�>�< @ CwY\CFE O$# HI< NPS�O u^CFE2BI<(:Z��<e�
〈mββ〉 =

∣∣∑

i

|Uei|2mνi
eiαi
∣∣

� S %}C O B&>�< @ Cf>�WAKo<AEG>GCFE V <q>GCFE Ne@ < N K�MUC N < N αi
>�<cu O = @ CFB O =bE\>�<gx � ` @ C N =bY�Ya< NPS H @ < N WABDCFB N >�<Y\C NIN < νi

K+< S BcKUCFHPB O < @Z@ <AYa<AE2B N h�CFE�E S�@ <AH-]Gd O E NIO ` @ <fKUCFHDCFY # BPHI< 〈mββ〉 V =bE4BPHDC O E2B @ h�W V MG< @Z@ <~C {GN = @ZS <>�<pY\C NIN <~>�< N EG< S BPH O EG= N Y\C ORN >/h S EG<pY\CFE O$# HI<~>�WAKo<AEG>GCFE2BI<w>�<pKUCFHDCFY # BPHI< N EG=bE k Ya< NPS HIW N >�< @ < S HY\CFBPH ORV <�>�<pYaW @ CFE��)<^]
� #vNt@ =bH N `�>GCFE N�V < V =bE2BI<��iBI<^` @ h�CFK�K+=bHPBa>�< @ C V = N Ya= @ =b� O <�= {GN <AHPu^CFB O =bE�EG< @Z@ <nC S � V =bE4BPHDC O E2BI< N
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NPS H @ h�W V MG< @Z@ <!C {GN = @ZS <�>�<nY\C NIN <X>�< N EG< S BPH O EG= N < N BaKUCFHPB ORVAS�@ZO$# HI<AYa<AE2B O E4BIWAHI< NIN CFE4B-`zK S�ORNDQ2S < @ < NHIW NPS�@ BDCFB NfORNINPSGN >/h�<��iK+WAH O <AE V < N HDCb> ORV C @ <AYa<AE4B O EG>�WAKo<AEG>GCFE2BI< N `/>�<wK�M�. NPORQ4S <t>�< N KUCFHPB ORVAS�@ < N = S >�<V = N Ya= @ =b� O <pu O <AE�EG<AE2B N < V =bY�K @ WABI<AH_<AB N h�<AE�H ORV M O H @ h S E @ h�C S BPHI<^]
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�:< N EG< S BPH O EG= N ,G� S HI<AE4BpKUCFHPY Os@ < N KUCFHPB ORVAS�@ < Nf@ < N K @ZSGN C { =bEG>GCFE4BI< N >�< @ h21gE O u)<AH N R SGN BI<tCFK�H #vN@ < N K�MG=bBI=bE N ]�d S >�W {�S Bf>�< @ h21_E O u)<AH N `UKo<AEG>GCFE2B @ h�WAKo= Q4S <~>�<�>�=bY O EUCFB O =bE�> S HDCm.)=bE�EG<AYa<AE4B-` @ < S HV =bE2BPH OZ{�S B O =bE lT@ CT>�<AE NPO BIW�BI=bBDC @ <�< N B V =bY�KUCFHDC {�@ < lTV < @Z@ <!>�< N K�MG=bBI=bE N 1
ρν ∼ 0.4ρr

7�]ed O E NPO `OZ@RNtO E43 S <AE2B @ CFHP�)<AYa<AE4B NPS H @ C!>-.4EUCFY ORQ4S <�>�< @ h21_E O u)<AH Nal!V <ABPBI<�WAK+= Q4S <^]�5 SGN BI<XCFK�H #vNt@ h�WA�2C @ZO BIWY\CFB O$# HI< k HDCm.)=bE�EG<AYa<AE4B-` @ < S HyH�6 @ <_< N By<AE V =bHI< NPS47\N CFY�Ya<AE4B�K�HIWA�^EUCFE2BcKo= S HyKo<AHPB S H { <AH @ < N K�HI= V < N�kNPSGN HI< N Ko=bE N C {�@ < N >�< N CFE ORN =bBPHI=bK O < N K�H O Ya=bHI> O C @ < N > S x ' ) ] � E NPS�O BI<^` @ C V HI= ORNIN CFE V <c>�< N©N BPH SGV B S HI< N< N BgWA�2C @ <AYa<AE4B�Ya=?> O ,UWv< la@ C %}= ORN KUCFH @ <P%�=bEG>n>�<�EG< S BPH O EG= N <ABqKUCFH @ < S H N Ko<AHPB S H { CFB O =bE N >�<~>�<AE kNPO BIW^]2d O E NPO `?>�<qKUCFH @ < S HzH�6 @ <_>GCFE Ny@ h21gE O u)<AH N K�H O Ya=bHI> O C @ `i=bE N h�CFBPBI<AEG>iHDC O B l~V < Q4S h OZ@RNe@ C ORNIN <AE2B S EG<<AY�K�HI< O E2BI<�WAu O >�<AE4BI<~>GCFE N�@ < N K+< V BPHI<p>�< N CFE ORN =bBPHI=bK O < N > S x ' ) <AB @ < N Ko< V BPHI<�>�< @ CtY\CFB O$# HI<^]
89898;:;<4:;< =/>@?A>CBEDGFIHJ?AKML�DONP?/QPNCF9QR>C?@S�K4LUT#KWV K4XYH >

>;= S Bf>/h�C { =bHI>/`GEG= SGN K�HIW N <AE2BI=bE NfQ2S < @RQ4S < N W @ WAYa<AE4B NfV =bE V <AHPEUCFE2B @ <�BPHDC O BI<AYa<AE2B N BDCFEG>GCFHI>!> SN < V BI< S Hg>�< N EG< S BPH O EG= N <AE V = N Ya= @ =b� O <%Z @ < S HqM ORN BI= O HI<fBPMG<AHPY ORQ4S <^` @ < S Hg>�<AE NPO BIW~>/h�WAEG<AHP� O <^]�pCFE Ne@ h21_E O u)<AH N K�H O Ya=bHI> O C @ ` l >�< N BI<AY�KoWAHDCFB S HI< N >�< @ h�=bHI>iHI<_>�< @ C�> O 95C O EG<�>�< '�</Cw` @ < N EG< S BPH O EG= NN =bE2B�<AE�W Q4S�OZ@ZOZ{ HI<�BPMG<AHPYa=4>-.?EUCFY ORQ2S <^`zY\C O E2BI<AE S u O C @ < N\O E4BI<AHDC V B O =bE N %}C OZ{�@ < N Cvu)< V!@ < N C S BPHI< N@ <AK�BI=bE N ]id O E NIO ` @ < N EG< S BPH O EG= N�NPS�{�ORNDN <AE2B N = O B�>�< NcV = @Z@ZORNPO =bE N W @ C N B ORQ4S < N ` N = O Bc>�< N CFE�E O M OZ@ CFB O =bE N > SB/.?K+<��
νx + ν̄x ↔ x+ + x−

CFE�E O M OZ@ CFB O =bE
νx + x+ ↔ νx + x+ > O �oSGNPO =bEnW @ C N B ORQ4S < 1 46464�]�;�7

=\[
x
CFK�KUCFHPB O <AE2B l[@ h S EG<!>�< N ��%ÝCFY OZ@Z@ < N\@ <AK�BI=bE ORQ4S < N (e, µ, τ)

] � S�ORN�l Ya< NIS HI< Q4S < @ h21_E O u)<AH NN h�WABI<AEG>/` @ h�W Q2S�OZ@ZOZ{ HI<�>�<Au O <AE2Bp>�<wK @ZSGN <AE�K @ZSGN > O]7\VAOZ@ < l Y\C O E2BI<AE O H-` @ <~BDC S ��>/h O E2BI<AHDC V B O =bE %ÝC OZ{�@ <>�<Au)<AEUCFE2B\> S Y !AYa<�=bHI>iHI<�>�<��^HDCFEG>�< S H Q4S < @ <�BDC S � >/h�<��?KUCFE NIO =bE:]��:=bH NIQ4S < @ < @ZOZ{ HI<�KUCFH V = S H NYa=0.)<AE >�< N EG< S BPH O EG= N >�WAKUC NIN < @ <\HDC0.)=bE >�<_^ S�{�{�@ <^` @ < N EG< S BPH O EG= N�N <�>�W V = S K @ <AE2Ba> S HI< N BI<�>�<@ h21gE O u)<AH N ]W1_EG<wWAubC @ZS CFB O =bE { C N Wv< NPS H @ < V H O B # HI< Γν = H
`�=\[

Γν = nν〈σνv〉
< N B @ <�BDC S �nYa=0.)<AE

>/h O E2BI<AHDC V B O =bE!>�< N EG< S BPH O EG= N <AB H =
√

(8πρr/3m2
P ) @ <fKUCFHDCFY # BPHI<�>�<+^ S�{�{�@ <^`�EG= SGN >�=bE�EG< S EG<BI<AY�K+WAHDCFB S HI<�>�<�>�W V = S K @ CF�)<�>�< N EG< S BPH O EG= N >�< @ h�=bHI>iHI<�> S '!<�Ct]`1_E V C @RVAS�@ K @ZSGN ,GE 13u)= O HwKUCFH<��i<AY�K @ < @ < N BPHDCvu^C S ��>�<!��]�aG=bHPEG<AE��)=�`qx�]z� O Y <ABb5G]"�?=bE�� :Z�VG[< 7�` V =bEG> S�O B l Tdec ∼ 2

'�</C�]dgK�H #vN_@ < S Hp>�W V = S K @ CF�)<^` @ < N EG< S BPH O EG= NfN <~K�HI=bKUCF�)<AE2B @ZOZ{ HI<AYa<AE4B-` V =bE N <AHPubCFE4B @ < S H N BDCFB ORN B ORQ2S <w>�<
aG<AHPY Oºk � O HDC V C VvQ2S�ORN < @ =bH N >�< @ C�K�MUC N <t>/h�W Q2S�OZ@ZOZ{ HI<^] � E�< � <AB-` @ < N EG< S BPH O EG= N EG< { WAEGW�, VAO <AE2B~K @ZSGN>/h�C SGVAS E�BPHDCFE N %}<AHPB�>/h�<AE4BPHI=bK O <^]��;=bH NIQ2S < @ C�BI<AY�KoWAHDCFB S HI<\>�< @ h21_E O u)<AH N >�<Au O <AE2Bw>�< @ h�=bHI>iHI<\>�< @ CY\C NIN <�>�< @ h�W @ < V BPHI=bE:`�W @ < V BPHI=bE N <ABwK+= NPO BPHI=bE NwN h�CFE�E O M OZ@ <AE4B�K�HI< NIQ2S <�<AE BI=bBDC @ZO BIW�<AELK�MG=bBI=bE N�crOZ@RNE:h�=bE2BqK @ZSGN C NDN <V9p>/h�WAEG<AHP� O <pK+= S H N h�CFE�E O M OZ@ <AH_<AE S EG<fKUC O HI<fEG< S BPH O EG= k CFE2B O EG< S BPH O EG=�]+��< V <3%ÝC O B-` @ CBI<AY�K+WAHDCFB S HI<�> S %}=bEG>\>�<gK�MG=bBI=bE N HI< N BI< @ WA� # HI<AYa<AE2BcK @ZSGN W @ <Au)Wv< Q4S < V < @Z@ <_> S %}=bEG>\>�<qEG< S BPH O EG= N `>�< N =bHPBI< Q4S < Tν = (4/11)

1

3Tγ
]2d�d O E NPO ` @ C�>�<AE NPO BIW�>/h�WAEG<AHP� O <aKUCFHN%ÝCFY OZ@Z@ <a>�<�EG< S BPH O EG= Ntl >�< S �

e ¥ X u § s r � ZOfgf�h £ h r Z x hji�f w r \lk x u i�f�m XEi s h x u inf ¢ r Z `I\ f s h x w f ago wtu h ª a=\v`8\ X £ i x i�f s-s�\ x u i agpV\ Z aF�no \ f x w_\]`)� a f�q Z k x \_aIu
11/4 r�s \ q Z k x \_aIu X u i p h \ f x `8a"u Z
X=XEi u x \ f x u�\ r \ fgi o ^Iu�\&`8\�`8\��
u�wts]`I\ r h ^B\tu x w Z p Znf x`t;u w x Z x si`2� £=w r h k h x w�`Ia X £ i x i�f
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WABDCFB N >�< N K O E:`GK+= S Hq>�< N BI<AY�KoWAHDCFB S HI< N <AE k >�<�� l > S '!<�Ct`�< N Bq>�=bE�EGWv<�KUCFH��
ρν =

7

8

π2

15

( 4

11

) 4

3

T 4
γ

d @ =bH N `qCvu)< V�V <AHPBDC O EG< N MH.?K+=bBPM #vN < NnNPO Y�K @ZO , V CFBPH ORV < N `g<ABn<AE NPS K�Ko= N CFE2B Q2S < @ < NXN < S�@ < N < N K #vV < NHI< @ CFB O u ORN BI< N_Q4S�O Ko< S K @ <AE2B @ h21gE O u)<AH N�N =bE4B @ <�K�MG=bBI=bE�<AB @ < N BPHI= ORN %}CFY OZ@Z@ < N >�<�EG< S BPH O EG= NfV =bE�E S < N `@ Ct>�<AE NPO BIW�>/h�WAEG<AHP� O <�>�< @ h21gE O u)<AH NgN = SGN %}=bHPYa<�>�<fHDCm.)=bE�EG<AYa<AE4Bf< N Bq>�=bE�EGWv<pKUCFH~�
ρr =

[
1 + 3

7

8

( 4

11

) 4

3
]
ργ

1 46464�]���7

xy<ABPBI<pHI< @ CFB O =bEnE:h�< N Bq<���C V BI< Q4S <p>GCFE N�@ C @ZO Y O BI<~>/h S En>�W V = S K @ CF�)< O E N BDCFE4BDCFEGW~>�< N EG< S BPH O EG= N ]
89898;:;<4:�� �,NCF HjNED H2KW?AL Q4>bV N@Q4>C?ALGH D�� Q
	��/?A>CF$XYH2> F'>/V2NED H �4H2L�D�>

� S < @Z@ < NqN <AHDC O <AE4B @ < N�V =bE N W Q4S <AE V < N >/h S EG<�C S �^Ya<AE2BDCFB O =bE!>�< @ C�>�<AE NIO BIWp> S HDC0.)=bE�EG<AYa<AE2B_KUCFHHDCFK�K+=bHPB ln@ Cn>�< NDV H O K�B O =bE N BDCFEG>GCFHI>LK�HIW V Wv>�<AE2BI<�
�� O >�<�BI< @Z@ < N�V =bE N W Q4S <AE V < N = {GN <AHPubCFB O =bE�EG< @Z@ < N<�� ORN BI<AE2B-`�< @Z@ < N K+= S HPHDC O <AE4B�EG= SGN K+<AHPYa<ABPBPHI<�>�<�BI< N BI<AH V <AHPBDC O EG< N K�HI=bK�H O WABIW N EG=bE kÂN BDCFEG>GCFHI> N >�< NEG< S BPH O EG= N ` V =bY�Ya< @ h�<�� ORN BI<AE V <�>/h S EG<	%}CFY OZ@Z@ <�>�<\EG< S BPH O EG= N�N BIWAH OZ@ < N ` S EG<�C N .?YaWABPH O <\EG< S BPH O EG= NPkCFE2B O EG< S BPH O EG= N `y= S >/h�C 7 EG<AH @ <XYa=4> #A@ <X>�< @ < S H\>�W V = S K @ CF�)<^] � CFH�<���<AY�K @ <^` @ < %ÝC O B Q2S < @ h�CFE�E OºkM OZ@ CFB O =bE e+e− NPS HPu O <AE�EG<�BPH #vN Ko< S >�<\BI<AY�K N CFK�H #vNt@ <�>�W V = S K @ CF�)<�>�< N EG< S BPH O EG= N C S BI=bH ORN < S E%}C OZ{�@ <tBPHDCFE N %�<AHPB�>/h�<AE4BPHI=bK O <\<AE @ < S HN%ÝCvu)< S Ha� @ < V CFEUC @ >�<�>�W NIO E2BIWA�^HDCFB O =bE e+e− → νν̄
E:h�< N BpKUC NBI=bBDC @ <AYa<AE2B NPS K�K�H O YaW^]rxy< VAO C�Ko= S H V =bE N W Q4S <AE V < N >�<�> ORN BI=bHI>iHI< @ WA� # HI<AYa<AE4B @ C�> ORN BPH OZ{�S B O =bEL>�<

aG<AHPY Oºk � O HDC V >�< N EG< S BPH O EG= N <ABq>/h�C S �^Ya<AE2BI<AH %}C OZ{�@ <AYa<AE4B @ <fHDCFK�K+=bHPB Tν/Tγ
]->;= SGNqV < N < � <AB N EG=bE kN BDCFEG>GCFHI> N�N =bE2B�MUC {�O B S < @Z@ <AYa<AE2B�KUCFHDCFYaWABPHIW N KUCFH S EG< N < S�@ < Q4S CFE2B O BIWL� @ <nEG=bY { HI<�< � < V B O %�>�<

%}CFY OZ@Z@ < N >�<pEG< S BPH O EG= N HI< @ CFB O u ORN BI< N `�EG=bBIW N ��� ]�� #vNq@ =bH N ` @ CtHI< @ CFB O =bE 1 464T4 ]���7z>�<Au O <AE2B~�
ρr =

[
1 +N ��� 7

8

( 4

11

) 4

3
]
ργ

1 46464�] G�7
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S EG< V =bE2BPH OZ{�S B O =bE�EG=bEaEGWA� @ZO �)<-C {�@ <^]?d O E NPO `^Ko= S He>�< N EG< S BPH O EG= N EG=bE k HI< @ CFB O u ORN BI< N ` @ <�KUCFHDCFY # BPHI<�>�<>�<AE NPO BIW Ων = ρν/ρ ����� �
< N B�K�HI=bKo=bHPB O =bE�EG< @slw@ C�>�<AE NPO BIW�E S YaWAH ORQ4S <�>�<pEG< S BPH O EG= N ]�4 @:N h�W V H O B~�

Ων =

∑
imνi

93.2eV
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< N B�>�< @ h�=bHI>iHI<!>�< @ C�u O BI< NIN <�>�< @ C @ZS Y O$# HI<�BDCFE4B Q2S h OZ@RN HI< N BI<AE4B>GCFE N�@ <fHIWA� O Ya<pHI< @ CFB O u ORN BI<fK S�ORN ` S EG<�%}= ORN EG=bE k HI< @ CFB O u ORN BI< N `G< @Z@ <fHI<AK�HIW N <AE4BI< @ Cwu O BI< NIN <fBPMG<AHPY ORQ4S <>�< N EG< S BPH O EG= N 1
vν ' Tν/ρν

7�]sd O E NPO ` @ < N EG< S BPH O EG= N =bE2BtBI<AEG>GCFE V < lnN h�W V MUCFK�Ko<AH @ZOZ{ HI<AYa<AE4Ba>�< N
3 SGV B S CFB O =bE N >�<t>�<AE NPO BIW�>�=bE4B @ C\BDC OZ@Z@ <�< N B�BI< @Z@ < Q4S < λ . λ ���

]o� #vNf@ =bH N `+BDCFE2B Q4S h OZ@RNpN =bE4BpHI< @ CFB Oºku ORN BI< N ` @ < S H @ =bE�� S < S He>�<�� ���-� �sWABDCFE4B&BPH #vN K�HI= V MG<�>�<cHDCm.)=bE�>�<�^ S�{�{�@ <^` @ < N EG< S BPH O EG= N EG<cK+< S u)<AE4BV =bE2BPH OZ{�S <AH l�@ C V HI= ORNIN CFE V <f>�< N 3 SGV B S CFB O =bE N >�<f>�<AE NPO BIW^`?K S�ORNIQ2S h OZ@RNcN h�W V MUCFK�K+<AE4Bq>�<�BI= S BI< N�V < @Z@ < N<AE2BPHIWv< N >GCFE Ng@ h MG=bH O 9-=bE:] � E�HI<AubCFE V MG<^` S EG<F%}= ORN EG=bE k HI< @ CFB O u ORN BI< N ` @ < N EG< S BPH O EG= N KUCFHPB ORVAO Ko<AE2B-`�KUCFH< � =bEG>iHI<AYa<AE4Bp�^HDCvu O BDCFB O =bE�EG< @ ` l\@ C V HI= ORNIN CFE V <w>�< N Ko<AHPB S H { CFB O =bE N >�<t>�<AE NPO BIW~Ko= S HfK+< S�Q4S h�< @Z@ < NN = O <AE2BeK @ZSGN �^HDCFEG>�< NeQ4S < @ < S H @ =bE�� S < S He>�<�� ���-� ��]B4 @RN©V =bE2B O E S <AE2B lfN h�W V MUCFK�Ko<AHe<AB&>�=bE Vql C � C OZ{�@ZO H@ < N K+<AHPB S H { CFB O =bE N >�=bE2B @ h�W V MG< @Z@ <�< N Bq<AE k >�<�� l >�< V <ABPBI< @ZO Y O BI<^]Gd O E NPO ` @ C NPO �^EUCFB S HI<p>�< N EG< S BPH O EG= NY\C NINPO % N < N B @ZO Wv<tC S Ya=bYa<AE2B�=\[ OZ@RN >�<Au O <AE�EG<AE4B�EG=bE k HI< @ CFB O u ORN BI< N ` Q4S�Or@ZS�Oºk Y !AYa<t>�WAKo<AEG>�>�< @ < S HY\C NIN <X�:K @ZSGN~S EG<a< N K #vV <a>�<\EG< S BPH O EG= N < N B�Y\C NINPO u)<a<AB�K @ZSGN~N C�BPHDCFE NPO B O =bE�EG=bE k HI< @ CFB O u ORN BI< NPS H ku O <AEG>iHDC~B�6bBz>GCFE Nz@ h M ORN BI= O HI<�>�< @ h21_E O u)<AH N ] � E�> ORN B O E�� S <fC @ =bH N K @ZSGNIO < S H NeO E4BI<AHPubC @Z@ < N >�<qY\C NDN < Q4S�OV =bEG> S�O HI=bE2B l >�< NqNPO �^EUCFB S HI< N > O � WAHI<AE4BI< N �
� %20\*r%49;,��F1�*r(U0�� � (�9��! r0#"%$

mν & 0.3
%�&

� = S H @ C ORNIN <AH S EG<t<AY�K�HI< O E2BI<a>GCFE Nf@ < N Ko< V BPHI<t>�<tK S�ORNIN CFE V <wK�H O Ya=bHI> O C @ > S x ' ) C S BPHI< Q4S <V < @Z@ <�HIW NPS�@ BDCFE2B�>�< @ C V =bE4BPH OZ{�S B O =bE Ων
C S�{�OZ@ CFE�WAEG<AHP�)WAB ORQ2S <f>�< @ h21gE O u)<AH N ` @ < N EG< S BPH O EG= N >�= O u)<AE2B
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!ABPHI< NPS47\N CFY�Ya<AE2B©Y\C NDNPO % N Ko= S H Q4S < @ < S H�BPHDCFE NPO B O =bEtEG=bE k HI< @ CFB O u ORN BI<qC O B @ZO < S C-ubCFE4B @ <z>�W V = S K @ CF�)<>�< N K�MG=bBI=bE N Z V h�< N B k�l¡k > O HI< Q2S h OZ@RN >�= O u)<AE4BgKo= NIN Wv>�<AH�>�< N Y\C NIN < N C S Ya= O E N >�< @ h�=bHI>iHI<p>�< @ CwBI<AY kK+WAHDCFB S HI<w>�< @ h21gE O u)<AH N C S >�W V = S K @ CF�)< T � ��� ∼ 0.3 eV
]U�pCFE NfV < V C N ` @ < N EG< S BPH O EG= NfV =bY�Ya<AE V <AE4Bl~V =bE4BPH OZ{�S <AH_C S�V =bE2BI<AE S Y\CFBIWAH O < @ >�< N Ko<AHPB S H { CFB O =bE N K @ZSGN �^HDCFEG>�< N�Q2S < @ < S H @ =bE�� S < S Hq>�< ������� �KUCFHPY OqV < @Z@ < N <AE2BPHIWv< N >GCFE Nt@ h MG=bH O 9-=bE:]exy< @ C N <\BPHDCb> S�O B-`&>GCFE Nt@ < N Ko< V BPHI<�>�<�K S�ORNIN CFE V <^`sKUCFH S E@ WA�)<AH_C VvV HI= ORNIN <AYa<AE4B_>�< N K ORVvN C V = SGN B ORQ4S < N C S ��Y S�@ B O KW6 @ < N�V =bHPHI< N Ko=bEG>GCFE2B N ]

� %20\*r%49;,��F1�*r(U0a1�*+,-% �����  s1��G1 �F%20 $
0.3
% &

< mν . 10−3 %�&
� Oq@ h�W V MG< @Z@ <n>�<�Y\C NIN <X>�< N EG< S BPH O EG= N < N B O E-%�WAH O < S HI< l 0.3

<�Ct` @ < S H NPO �^EUCFB S HI<�C S�N < O E�>�< NN Ko< V BPHI< N CFE�� S�@ C O HI< N > S x ' ) K�HI=5u O <AE4B S E ORQ4S <AYa<AE2B[>�< @ < S H V =bE4BPH OZ{�S B O =bE Ων
l @ C�>�<AE NIO BIW>/h�WAEG<AHP� O < V H O B ORQ4S <^]yd�>�<AE NIO BIWn>/h�WAEG<AHP� O <�BI=bBDC @ <Q,���Wv<^` V <ABPBI< V =bE2BPH OZ{�S B O =bE C � < V BI< N = O B @ C[�)Wv= kYaWABPH O <�>�< @ h21gE O u)<AH N ` N = O B @ <aYa=bYa<AE2Bt>�< @ h�WA�2C @ZO BIW�Y\CFB O$# HI< k HDCm.)=bE�EG<AYa<AE4B-` N = O B�<AE V =bHI< V < @ZS�O >�<@ h�WA�2C @ZO BIWyY\CFB O$# HI< k WAEG<AHP� O <cEG= O HI<^] � E�HI<Au^CFE V MG<^` @ <+%}C O B Q2S < @ < N EG< S BPH O EG= N KUC NDN <AE2B lqS EwHIWA� O Ya<zEG=bE kHI< @ CFB O u ORN BI<_> S HDCFE4B @ CN%�=bHPY\CFB O =bE�>�< N �^HDCFEG>�< NcN BPH SGV B S HI< N C S HDC~>�< N HIWAKo<AH VASGNINPO =bE N >GCFE Ny@ < N Ko< V BPHI<>�<�K S�ORNIN CFE V < @ZO EGW-C O HI<�>�< @ C�Y\CFB O$# HI<^] � E�< � <AB-` @ < N EG< S BPH O EG= N Y\C NINIO % Nt@ C ORNIN <AE2B S EG< NIO �^EUCFB S HI<V CFHDC V BIWAH ORN B ORQ4S <�>GCFE Ny@ < N K+< V BPHI<�>�< @ C�Y\CFB O$# HI<^` Q2S�OoV =bE NPORN BI<�<AE S E�C � C OZ{�@ZORNIN <AYa<AE2B�>�<_BI= S BI< Ny@ < NW V MG< @Z@ < N >�< N BPH SGV B S HI<p<AE k >�<�� l >�< @ h�W V MG< @Z@ <�>�< �������
� �
& ������ %'� � >�< N EG< S BPH O EG= N C S Ya=bYa<AE4Bg>�< @ < S HBPHDCFE NPO B O =bE!EG=bE k HI< @ CFB O u ORN BI< 1

λ ��� (t 	 � )
7�]+xy<ABPBI<wW V MG< @Z@ < V CFHDC V BIWAH ORN B ORQ4S <�< N BgMUC {�O B S < @Z@ <AYa<AE2B�>�=bE�EGWv<<AEXBI<AHPYa<�> S EG=bY { HI<~>/h�=bEG>�< V =bYa= {�OZ@ < ��
 :�;BJI< : � <e�

k 	 � = 0.026
( mν

1 eV

) 1

2
√

Ωmh2 Mpc−1 1 46464�]#"�7

�?< S�@ < Np@ < N K @ZSGN �^HDCFEG>�< N�N BPH SGV B S HI< N ` V < @Z@ < N >�=bE2B @ C�BDC OZ@Z@ <�>�WAKUC NDN C O B�>�WtR l�@ C @ =bE�� S < S H�>�< ������� �l�@ C\BPHDCFE NPO B O =bE!EG=bE k HI< @ CFB O u ORN BI<^`�EG< N =bE2B�KUC N C � < V BIWv< N KUCFH @ <6�������
� �
& ������ % � � >�< N EG< S BPH O EG= N ]�d SV =bE2BPHDC O HI<^` @ < NeN BPH SGV B S HI< N©@ < N K @ZSGN C � C OZ{�@ZO < N&N =bE2B V < @Z@ < NeQ2S�O C S RP= S HI>/h M S�O <AE V =bHI<^` N =bE4B©K @ZSGN Ko<AB O BI< NQ2S < @ C @ =bE�� S < S Ht>�<�� ����� ��] � E2BPHI< V < S ��>�< S ��<��iBPH6!AYa< N ` N h O E NIV H O u)<AE2B @ < NwN BPH SGV B S HI< N BI< @Z@ < NtQ4S <
k > k 	 � Q4S�O =bE2Bq<AE NPS�O BI<��^HDCFEG> O >�< N =bHPBI< Q2S < @ < N EG< S BPH O EG= N EG<_K S�ORNIN <AE2B�K @ZSGNcN h�<AE�W V MUCFK�K+<AH-]�d S,GEUC @ ` @ h O Y�KUC V B�>�< N EG< S BPH O EG= N Y\C NINPO % NpNPS H @ < N K+< V BPHI<�>�< @ C�Y\CFB O$# HI<\< N BpHIW NPS YaWa>GCFE N~@ C(,G� S HI<
46464�]��i]
� %20\*r%49;,��F1�*r(U0 � �
��% �F0 $

mν < 10−3 %�&
�:< N EG< S BPH O EG= N >�=bE2B @ CwY\C NIN <f< N B O E-%}WAH O < S HI<p= S >�< @ h�=bHI>iHI<p> S Y OZ@Z@ZO$# Ya<�>/h�W @ < V BPHI=bE k C&= @ B N =bE4B<AE V =bHI<�>GCFE N�@ <aHIWA� O Ya<\HI< @ CFB O u ORN BI<�C S RP= S HI>/h M S�O ]�d O E NPO ` OZ@RNwN h�W V MUCFK�Ko<AE2B�>�<aBI= S BI<\K+<AHPB S H { CFB O =bE<AE2BPHIWv<�>GCFE Nq@ <pHDC0.)=bE�>�<+^ S�{�{�@ <�BI= S Bg<AE V =bE4BPH OZ{�S CFE2Bf>�<pY\CFE O$# HI<�EGWA� @ZO �)<-C {�@ < lt@ C�>�<AE NPO BIW~>�< NK+<AHPB S H { CFB O =bE NfNPS Ko<AH k ^ S�{�{�@ <^]+xy<ABPBI<�Y\C NDN < V =bE N B O B S <�>�=bE V�@ C @ZO Y O BI< O E-%}WAH O < S HI<�>�< N W V MG< @Z@ < N >�<Y\C NIN <�>�<�EG< S BPH O EG= N C VvV < NINPOZ{�@ < Nfl�@ C V = N Ya= @ =b� O <^]oxy<AKo<AEG>GCFE2B-` @ < N <��?KoWAH O <AE V < N >�<~Ya< NPS HI<w>/h�= N�kVAOZ@Z@ CFB O =bE N >�<wEG< S BPH O EG= N CFBPYa= N K�MGWAH ORQ4S < N :�; � < O EG> ORQ2S <AE4B Q2S h�C S Ya= O E NfS EG<t< N K #vV <t>�<�EG< S BPH O EG= NK+= NDN6# >�< S EG<pY\C NIN < 1}C {GN = @ZS <87c>�< @ h�=bHI>iHI<�> SnV <AE4B O$# Ya<~>/h�W @ < V BPHI=bE k C&= @ B-]
d O E NPO `��^H�� V < lw@ C NIO �^EUCFB S HI< Q4S < @ < N EG< S BPH O EG= NgO Y�K�H O Ya<AE4BfC S ��Ko<AHPB S H { CFB O =bE N >�<�>�<AE NIO BIW�>�<KUCFHPB @ < S Hw< � <AB�>�< �
�����
� ��& �����- %'� � ` @ C V = N Ya= @ =b� O < N h�C-u # HI< S ELK S�ORNDN CFE2B�= S B OZ@ K+= S H V =bE2BPHDC O EG>iHI<@ h�W V MG< @Z@ <�C {GN = @ZS <a>�<�Y\C NDN <a>�< N EG< S BPH O EG= N <AE V =bY�K @ WAYa<AE2Bt>�< N <��iKoWAH O <AE V < N BPHDCb> O B O =bE�EG< @Z@ < N >�<
���

k ��� = 2π/λ ��� (t ��� ) ¢ i�� r � i�f wlp Z r a=\
λ � �

Z pV\lk&` Z p Znf x Z �
\&`I\ X u�wlk h s hji�f ª a=\ X[Z u r � Znf=Z r i � h \ `I\��5Á}® ¹¡· ¢ \ f k Z r k_a r ZOf x
r � hjf x wµ�
u Z r \�Ä

λ ��� =
R t ���
0

vν(t)/a(t)dt
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Log(k * Mpc)
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Jeans length at
matter-radiation equality

Jeans length nowHorizon scale

�������1�!�,��"��i%��ZJ�(6(�CD/�-Z*32'-0/�*l=A*7H�+BCD2'-0/0J:H�-0*7Hb<)*V<6*32
H�9M-04�*32�(
/�4,H�*72
+B*�<�? L626*��$J�FG9;=A=A*V<)*�26*7L)y
-�/09A26C:Hc<6*lFGJ:H�H�*

mν = 0.8
*	� *B-ZH0J�2�Hb26*3L6-�/09;26C'H1F[JDH0H�9
�$H h +3*B-�-�*lj
8:L6/0*�JG43-�4�+3/�4743*�(
J�/�� g

�lJ�(
=;9A268Du�J�-b(�C:L6/lm n�pqP
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K�MH. NPORQ4S <w>�< N EG< S BPH O EG= N ] � @ZSGN <AE V =bHI<^`/< @Z@ < N <AHDC V CFKUC {�@ <^`:Cvu)< Vw@ C��)WAEGWAHDCFB O =bET>/h�<��iK+WAH O <AE V < N % SikB S HI< N 13u)= O H @ < V MUCFK O BPHI< 464T4 ]���7�`i>�< V =bE2BPHDC O EG>iHI< @ CwM O WAHDCFH V M O <w>�<fY\C NIN <p>�< N EG< S BPH O EG= N ]
$ ���s1�� � � �¡'��r13%  r% ����0-0-%

�:< N Ya< NPS HI< N >�< N = NIVAOZ@Z@ CFB O =bE N >�<qEG< S BPH O EG= NyN = @ C O HI< N <AByCFBPYa= N K�MGWAH ORQ2S < N %}= S HPE ORNIN <AE2BzHI< N Ko< V B Oºku)<AYa<AE2B @ < N W V CFHPB N >�<_Y\C NIN <�<AE2BPHI< @ < N WABDCFB N K�HI=bK�HI< N >�< @ h O E4BI<AHDC V B O =bEQ%}C OZ{�@ < ν1
<AB
ν2
>/h S EG<�KUCFHPB-`<AB

ν2
<AB
ν3
]��&h�W V CFHPBq>�<_Y\C NIN <�<AE2BPHI< @ < N WABDCFB N ν1

<AB
ν3
E:h�WABDCFE4BcKUC NyV =bE4BPHDC O E2B-` OZ@ HI< N BI< S EG< O E V <AH kB O B S >�< NPS H @ C�M O WAHDCFH V M O <\>�<tY\C NIN <^] � ET< � <AB	13u)= O HN,G� S HI<	46464�] G�7�`�=bE[Ko< S B VA@ C NIN <AH @ < N EG< S BPH O EG= N>�<~>�< S � %ÝC �v=bE N > O � WAHI<AE2BI< N�NPS H S EG<�W V MG< @Z@ <w>�<pY\C NIN <�� N = O B_BI< @Z@ < Q4S < m(ν1) < m(ν2) < m(ν3)Z�=bE[CFK�Ko< @Z@ < V <ABPBI<�K+= NDNPOZ{�OZ@ZO BIW $ % 

�������
$�% � ���-�� ��� ��Z N = O B�BI< @Z@ < Q2S < m(ν3) < m(ν1) < m(ν2)

Z>GCFE N�S EG< $�% 

�������
$�% �5% �����
��� 
��A]

∆m 2
atm

∆m 2
sun

∆m 2
sun

∆m 2
atm

1

1

2

2

3

3

m m

NORMAL INVERTED

�������5�,�!��"	�i%�
 *,H[<)*3L6\ +B=kJDH0H�*7FG*32'-0H5(�C:H0H�9AU6=A*7HG<)*7HG2
*3L)-0/�9A26C:HGH�L6/[=T? 4,+Iu6*3=A=;*�<)*rF[JDH0H�* N
�
8:JDL
+Iu6*:X�=kJ^u
9;47/0JD/0+Iu69A*V2
CD/0FGJD=;* h���� P.X��W<)/0CD9;-�*:X�=kJWu69;47/0JD/0+Iu
9;*E9;2SQD*7/0H�43* h���� P g�� *B-�-�*5j
8:L6/�*
*7H�-c9kH�H�L6*l<)*[m o�n�p g

� E Q2S = O�V < @ C[Ya=?> O ,U<AHDC k B kÝOZ@f@ C NPO �^EUCFB S HI< V = N Ya= @ =b� ORQ4S <!>�< N EG< S BPH O EG= N Y\C NINPO % N 
 � S�ORNIQ4S <@ h�W V MG< @Z@ <�>�< �������
� �
& ������ % � � 1�< Q ]D46464�]#"�7�>�< N EG< S BPH O EG= N >�WAK+<AEG>�> S Ya=bYa<AE2B\>�< @ < S HaBPHDCFE NIO B O =bEEG=bE k HI< @ CFB O u ORN BI<X<AB�>�=bE V >�< @ < S H�Y\C NDN <^` @ C NPO �^EUCFB S HI<�� @ = { C @ <�> O � WAHI<AHDC NIS�O ubCFE4B @ CnHIWAKUCFHPB O B O =bE>�< @ CX>�<AE NIO BIWa>/h�WAEG<AHP� O <�>�< N EG< S BPH O EG= N <AE4BPHI< V MUC Q2S < %}CFY OZ@Z@ <^] � CFHw<��i<AY�K @ <^` V =bY�KUCFHI=bE N�@ < V C N=\[ S EG< N < S�@ < %}CFY OZ@Z@ <t>�<tEG< S BPH O EG= N Ko=bHPBI<wBI= S BI< @ C�Y\C NIN <^`+BDCFEG> ORN�Q4S < @ < N >�< S ��C S BPHI< N�N =bE4B�>�<Y\C NIN <yE S�@Z@ < (3m0, 0, 0)
<AB @ < V C N =\[a>�< S � %ÝCFY OZ@Z@ < N©N <yKUCFHPBDCF�)<AE2B @ C_Y\C NIN < ( 3

2m0,
3
2m0, 0)

]^�fCFE N�@ <K�HI<AY O <AH V C N ` @ <_EG< S BPH O EG= @ = S HI>�u^C NPS�{�O H N C~BPHDCFE NPO B O =bE�EG=bE k HI< @ CFB O u ORN BI<�K @ZSGN B�6bBy>�< N =bHPBI< Q2S < N =bEW V MG< @Z@ <�>�<+�������
� �
& ������ %'� � N <AHDC\K @ZSGN K+<AB O BI< Q4S <�>GCFE N�@ < N < V =bEG> V C N ]��f=bE V ` l >�<AE NPO BIW�>/h�WAEG<AHP� O <>�< N EG< S BPH O EG= N ,��iWv<^` @ h�C � C OZ{�@ZORNIN <AYa<AE2Bq>�< N Ko<AHPB S H { CFB O =bE N >�<_>�<AE NIO BIW V =bE V <AHPEG<AHDCt>�<�K @ZSGN Ko<AB O BI< NW V MG< @Z@ < N Ko= S H S E N < S�@ EG< S BPH O EG=�Y\C NINPO % Q2S <�K+= S Hp>�< S �/] � S CFE4B~C S � V C N K @ZSGN HIW-C @ZORN BI< N >�< N M O W kHDCFH V M O < N EG=bHPY\C @ <w<AB O E2u)<AH N <^` @ < S H NPO �^EUCFB S HI< N <pHDCFK�K�HI= V MG<t>GCvu^CFE2BDCF�)<t> S�NDV WAEUCFH O =\>�WA�)WAEGWAHIWt=\[@ < N BPHI= ORN %ÝCFY OZ@Z@ < N >�<�EG< S BPH O EG= NzN <�HI<AKUCFHPB ORNIN <AE2BeW Q4S�O BDC {�@ <AYa<AE2B @ CfY\C NIN < (m0,m0,m0)
c < @Z@ <�HI< N BI<V <AK+<AEG>GCFE4B_= {GN <AHPu^C {�@ <^]�xy< N < � <AB NqN =bE4BqHIW NPS YaW N >GCFE N�@ C ,G� S HI<P464T4 ]#"i]
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� @Z@ < N <AY {�@ <�BPH #vN K�HI=bYa<ABPBI< SGN <aKo= S H V =bE2BPHDC O EG>iHI< @ C�Y\C NIN <a>�< N EG< S BPH O EG= N ] � CFHw<��i<AY�K @ <^` �?=bE��<AB��fEG=-� :��-"=<sK�HIWAu)= O <AE2B Q4S < @ C V =bY {�O EUC ORN =bE[>�< N >�=bE�EGWv< N >�< (+*-,/.1032�<AB�>/h S E N =bEG>GCF�)<�BI=bYa= k�^HDCFK�M ORQ2S < NPS H�BI= S B @ < VAO < @sN <AHDC O B N <AE NIOZ{�@ < l >�< N Y\C NIN < N >�<pEG< S BPH O EG= N >�< @ h�=bHI>iHI<�>�< Ji]�JBA\<�Ct` @ C@ZO Y O BI< O E-%�WAH O < S HI<t>�<�Y\C NIN < O Y�K+= N Wv<�KUCFH @ < N <��iKoWAH O <AE V < N >/h�= NIVAOZ@Z@ CFB O =bE N CFBPYa= N K�MGWAH ORQ4S < N ]:xy<ABPBI<YaWABPMG=4>�<wBPH #vN HIW V <AY�Ya<AE4B�ubC @ZO >�Wv< Z @ < N K�HI<AY O$# HI< N >�WABI< V B O =bE N >�< VAORN C OZ@Z@ <AYa<AE2B~>��TC S �n�^HDCFEG>�< NN BPH SGV B S HI< N >GCFBI<AE2B�>�< ;BJBJBJ�ZfE:h�<AE�< N B Q2S h lgN < N:{ C @Z{�S B O <AYa<AE4B N <ABrEGW V < NINPO BI<AHDCg>�< N >�WAu)< @ =bK�Ko<AYa<AE2B N
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BI< V M�EG= @ =b� ORQ4S < N <AB_>�< N WAB S >�< N Ko= SGNIN Wv< N >�< NqN . N BIWAY\CFB ORQ4S < N C-ubCFE4B_>�< N h�C-u)WAHI<AH %�H SGV B S < SGN <^]
�:<�Ko=bBI<AE2B O < @ �^HDCvu O BDCFB O =bE�EG< @ >�< N �^HDCFEG>�< N�N BPH SGV B S HI< N Ko<AHPB S H { <�WA�2C @ <AYa<AE4B @ < N K�MG=bBI=bE N > S

%�=bEG>�> O �oSGN ] � {GN <AHPu^CFB O =bE�EG< @Z@ <AYa<AE2B-` V <ABc< � <ABq>�< @ <AE2B OZ@Z@ < N <gBPHDCb> S�O BqKUCFH�>�<fKo<AB O B N >�WAK @ C V <AYa<AE2B NC S�N < O E�> S Ya=bB O %~>�< NINPO EGW NPS H @ < VAO < @ KUCFH @ < N CFE ORN =bBPHI=bK O < N <AB @ C�Ko= @ CFH ORN CFB O =bE�> S x ' ) ]cxy< N>�WAK @ C V <AYa<AE2B N >�WAKo<AEG>�<AE2Bt> S Ko=bBI<AE2B O < @ �^HDCvu O BDCFB O =bE�EG< @yN = SGN�k RPC V <AE4B-` O E4BIWA�^HIW NIS H�BI= S BI< @ C @ZO �^EG<>�<�u ORN Wv<^]2�f<�K @ZSGN ` OZ@RN <AE��)<AEG>iHI<AE2B�>�<�EG= S u)< @Z@ < NyV =bHPHIW @ CFB O =bE NcN KoW VAO , Q2S < N C S\N < O E\>�< N = {GN <AHPu^C {�@ < N> S x ' ) ]id O E NPO ` V h�< N B�KUCFH @ h�WAB S >�<p>�< V < N�V =bHPHIW @ CFB O =bE NgQ4S < @ h�=bEX<��iBPHDC O B @ < N K+< V BPHI<p>�<�K S�ORNIN CFE V <> S Ko=bBI<AE2B O < @ >�< N �^HDCFEG>�< N�N BPH SGV B S HI< N 13u)= O H @ < V MUCFK O BPHI<�4YC V =bE N C V HIW l[V < NIS R�<AB
7�] � S�ORNIQ2S < @ CN = S H V < N < NPO B S < l @ C NPS H_%}C V <�>�<�>�<AHPE O$# HI<[> O �oSGNPO =bE 1
z ∼ 1000

7�` V <ABPBI<�YaWABPMG=?>�<�K+<AHPYa<ABX>�<N =bEG>�<AH @ < N �^HDCFEG>�< NwN BPH SGV B S HI< N >�<\BPH #vN MUC S B ��������$�% ��&}`sC @ =bH NwQ2S < @ < N W V MG< @Z@ < N >�<\K+<AHPB S H { CFB O =bE NQ2S�O K+=bHPBI<AE4B @ C NPO �^EUCFB S HI< @ CnK @ZSGN�VA@ C O HI<�>�< @ CnY\C NIN <�>�< N EG< S BPH O EG= N 1
k ∼ 10 l �0JBJFM

Mpc−1 7N <wBPHI= S ubC O <AE4B~<AE V =bHI<a>GCFE NpS E[HIWA� O Ya< @ZO EGW-C O HI<\>�< V HI= ORNIN CFE V <^]/d O E NPO ` @ <\x ' ) N h�C-u # HI< S ET= S B OZ@C S BI=bEG=bYa<�<AB N KoW VAO C @ <AYa<AE2BaCb>GCFK�BIW�K+= S H V =bE2BPHDC O EG>iHI< @ C�Y\C NDN <\>�< N EG< S BPH O EG= N � @ < N K+< V BPHI<�>�<@ C[Y\CFB O$# HI<�< N B�>/h�C { =bHI>�< N B O YaW l KUCFHPB O H�>�< N >�=bE�EGWv< N > S x ' ) `eK S�ORN�S EG<Q%}= ORN EG<ABPBI=8.)Wv< N >�<@ h�< � <ABc>�< @ <AE2B OZ@Z@ <^` V < @Z@ < N�kÂVAOoN =bE2ByHIW S B OZ@ZORN Wv< N K+= S H @ CpYa< NIS HI<_>�< NcN Ko< V BPHI< N K�H O Ya=bHI> O C S ��> S x ' ) ]
� CFH�<��i<AY�K @ <^`���CFK @ZO E��^MUCFBn<ABnC @ ]N:�;B;I<�K�HIWAu)= O <AE4B Q4S < (+*-,/. 0�2 N < S�@ C S HDC S EG< N <AE NPOZ{�OZ@ZO BIW[>�<
σ(
∑

ν mν) = 0.15
<�C NIS H @ C Y\C NIN <!>�< N EG< S BPH O EG= N `yBDCFEG> ORN�Q2S h S EG<�<��iK+WAH O <AE V <�> S B/.?K+<�>�<x ' ) � = @ C S HDC O B S EG< N <AE NIOZ{�OZ@ZO BIW NPS47\N CFE2BI<XK+= S H\CFBPBI< O EG>iHI< @ C @ZO Y O BI< O E-%�WAH O < S HI<�>�<�Y\C NIN <�>�< NEG< S BPH O EG= N √∆m2

atm

]
d O E NPO ` S EG<�BI< @Z@ <~YaWABPMG=4>�< N h�Cvu # HI<�>/h�C S BDCFE2B�K @ZSGN Ko<AH_%�=bHPY\CFE4BI< Q4S < @ < N = {GN <AHPubC {�@ < N >�<�Ko= @ C kH ORN CFB O =bE[> S x ' ) N =bE4BfYa< NPS HIWv< N Cvu)< V K @ZSGN >�<~K�HIW VAORNPO =bE:] � E�< � <AB-` NPOs@ h�< � <AB�>�< @ <AE2B OZ@Z@ < Q4S h O Y kK�H O Ya<AE2B @ < N �^HDCFEG>�< N&N BPH SGV B S HI< N&NPS H @ < N CFE ORN =bBPHI=bK O < N > S x ' ) HI< N BI< S Ea< � <AB %}C OZ{�@ <^`2<AEwHI<Au^CFE V MG<^`OZ@ <AEwu^Cg> O � WAHI<AY�Ya<AE2B©Ko= S H @ CgKo= @ CFH ORN CFB O =bE:] � = S H @ < V =bY�K�HI<AEG>iHI<^`^=bE�HDCFK�Ko< @Z@ < Q2S < @ h�=bEw> ORN B O E�� S <>�< S �X= {GN <AHPubC {�@ < N >�<pKo= @ CFH ORN CFB O =bE N < @ =bE @ < N K�HI=bK�H O WABIW N >�<�KUCFH O BIW�>�< N Ya=bB O % NgQ4S <p>�< NINPO EG< NIS H @ <VAO < @�@ Cp> O HI< V B O =bE\>�< @ C�Ko= @ CFH ORN CFB O =bE\<AE V MUC Q2S <�Ko= O E2B-] � E\CpC O E NPOGS E�Ya=?>�<cKUC O HI<q>�<cK+= @ CFH ORN CFB O =bE:`CFK�K+< @ WtYa=?>�< � <AB S E[Ya=?>�< O Y�KUC O H-` @ <wYa=4>�< ) ] �:< N Ko< V BPHI<t>�< V <�>�<AHPE O <AHpE:h�C�<AE V =bHI<FRICFY\C ORNWABIWg>�WABI< V BIW c4N =bE�CFY�K @ZO B S >�<_E:h�< N B&KUC NyV =bE2BPHDC O E2BI<_KUCFH @ <qYa=4> #A@ <�C V B S < @ >�< @ C V = N Ya= @ =b� O < ZtK S�ORN�kQ2S h�< @Z@ <~>�WAK+<AEG>X>�< @ h�W V MG< @Z@ <~>/h�WAEG<AHP� O < lw@ C ,GEn>�< @ h O E43�CFB O =bE@Z\Y\C ORN < @Z@ < N <fBPHI= S u)< {�O <AE�<AE k >�<�� l>�< @ h�CFY�K @ZO B S >�<f> S�N Ko< V BPHI<g> S Ya=4>�< � >�<gKo= @ CFH ORN CFB O =bE:]?d SGNINIO `)K S�ORNIQ4S < @ h S EG<�>�< NyV =bE N W Q2S <AE V < N>�< @ h�< � <ABa>�< @ <AE4B OZ@Z@ <X< N Ba>�<�K+<AHPB S H { <AH @ <�Ya=bB O %p>�< N > O HI< V B O =bE N >�<�K+= @ CFH ORN CFB O =bE NPS H @ < VAO < @ ` OZ@<AE HIW NIS�@ BI< S E %ÝC OZ{�@ <\YaW @ CFE��)<�>�< N Ya=4>�< N � <AB ) >�<�K+= @ CFH ORN CFB O =bE:]�� O `�>�<�Y !AYa< Q4S <�K+= S H @ CBI<AY�K+WAHDCFB S HI<t>�< N CFE ORN =bBPHI=bK O < N ` @ h�< � <AB_HI< N BI<P%}C OZ{�@ <�Ko= S H @ <�Ya=4>�< � `+<AE�HI<Au^CFE V MG<^` S EG< % S�O BI<w> SYa=4>�< � u)<AH N�@ <�Ya=?>�< ) �)WAE # HI< S EG< O Y�K+=bHPBDCFE4BI< V =bE4BPH OZ{�S B O =bE N < V =bEG>GC O HI<!C S Ya=4>�< ) ]yxy< NYa=4>�< NN) N < V =bEG>GC O HI< N `+HIW NPS�@ BDCFE4B~>�< @ C�K+<AHPB S H { CFB O =bET>�<tYa=?>�< � K�H O Ya=bHI> O C S �o` N =bE4B�> S Y !AYa<=bHI>iHI<_>�<g�^HDCFEG>�< S Hzu)= O HI<�>�WAKUC NIN <AE4B @ < N Ya=4>�< N ) K�H O Ya=bHI> O C S �/`2�)WAEGWAHIW N�l�@ C NPS H_%ÝC V <q>�<�>�<AHPE O$# HI<> O �+SGNIO =bE:]]C O C V < N Ya=?>�< NP) N < V =bEG>GC O HI< N `/>�<tEG= S u)< @Z@ < N�V =bHPHIW @ CFB O =bE N <�� ORN BI<AE4B�<AE2BPHI<tYa=?>�< � <ABYa=4>�< ) ` S E ORQ4S <AYa<AE2B\> S < Nal�@ h�< � <ABa>�< @ <AE4B OZ@Z@ <^]&d O E NPO ` @ h�WAB S >�<�>�<�BI< @Z@ < N�V =bHPHIW @ CFB O =bE N\N h�C-u # HI<S E = S B OZ@ K S�ORNDN CFE2B�>/h�<��iBPHDC V B O =bE�> S Ko=bBI<AE2B O < @ �^HDC-u O BDCFB O =bE�EG< @gN = SGN�k RPC V <AE4B�<ABwKUCFH @ml Y !AYa<^` S EBPHDC V < S Hg< 7\V C V <~>�< @ C NPO �^EUCFB S HI<�>�< @ CwY\C NIN <p>�< N EG< S BPH O EG= N ]
d SGNINPO ` lg@ h O E N BDCFH�>�<z��CFK @ZO E��^MUCFB©<AB©C @ ]Z`5EG= SGN Cb>�=bK�BI=bE N�@ <yx ' )�N < S�@4V =bY�Ya< @ C { =bHDCFBI= O HI<yKo= S HV =bE2BPHDC O EG>iHI< @ CgY\C NDN <c>�< N EG< S BPH O EG= N ]^��=bBPHI<�WAB S >�< N h O E NIV H O B&>GCFE N�S E\CFK�K�HI==%}=bEG> ORNIN <AYa<AE2Bz>�< @ < S H NBPHDCvu^C S �o]4�_=bBDCFY�Ya<AE4B-`i< @Z@ < N <q> ORN B O E�� S <gKUCFHzEG=bBPHI<g< � =bHPBeKo= S HyCb>�=bK�BI<AHz>�< N MH.?Ko=bBPM #vN < N HIW-C @ZORN BI< N>GCFE Np@ <tBPHDC O BI<AYa<AE2B�>�< N = {GN <AHPu^C {�@ < N > S x ' ) ] � CFH�C OZ@Z@ < S H N `:< @Z@ <�< N BfYa=bB O u)Wv<�KUCFH @ h�WAYa<AHP�)<AE V <>�<!EG=bY { HI<T>/h�<��iK+WAH O <AE V < N x ' ) `c>�=bE2B @ < N Ko<AH_%}=bHPY\CFE V < N K+<AHPYa<ABPBI<AE4Bn>/h�CFBPBI< O EG>iHI< @ < N Ko< V BPHI<>�< N Ya=4>�< N ) N < V =bEG>GC O HI< N Z V < N =bE2BpKUCFH�<���<AY�K @ <^` � 1�Cb�t`;x @ � C ��� l�V = S HPBpBI<AHPYa<^`/(6*7,/.1032l W V MGW-CFE V < .

"LCFE N `e= S�@ < V =bE V <AK�B '��Y) �-& % ��� + ���.-���>GCFE N�S E % S B S H�K @ZSGN�@ = O E2BDC O E:]��pCFE N�@ C
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KUCFHPB O < NPS�O u^CFE2BI<^`�EG= SGN >�W V H O HI=bE NX@ < N = S B OZ@RN Z V < N =bE2B V < S � >�< @ h�CFEUC @ . N <[>�< a ORN MG<AH Z�<AB @ < NMH.?K+=bBPM #vN < N K�M�. NPORQ4S < N Cb>�=bK�BIWv< N CI,GE�>/h�<��iBPHDC O HI< @ < N�V =bE2BPHDC O E4BI< NXQ2S < @ < N <��iKoWAH O <AE V < N�l u)<AE O HEG= SGN Ko<AHPYa<ABPBPHI=bE2Bf>/h O Y�K+= N <AH NIS H @ h�W V MG< @Z@ <�>�<fY\C NIN <p>�< N EG< S BPH O EG= N ]
��������� ���9�����+"���
W� )����(
�
	��� �

�pCFE NqV <ABPBI<�KUCFHPB O <^`GEG= SGN >�W V H O u)=bE Nq@ <�%}=bHPY\C @ZORN Ya<~EG= SGN K+<AHPYa<ABPBDCFE4B_>/h�WAu^C @ZS <AH @ C N <AE NIOZ{�OZ@ZO BIWl�@ C�Y\C NIN <�>�< N EG< S BPH O EG= N >�<�> O u)<AH N < N <��?KoWAH O <AE V < N % S B S HI< N ] � E[KUCFHPB ORVAS�@ZO <AH-`/EG= SGN >�WABDC OZ@Z@ =bE N~@ <V MG<AY O EG<AYa<AE4B Q2S�O EG= SGN C V =bEG> S�O Btu)<AH NwS EG<\Ya=?>�W @ZORN CFB O =bELHIW-C @ZORN BI<�> S K�HI= {�@$# Ya<^]�dgK�H #vN C-u)= O HK�HIW N <AE2BIW @ h�CFEUC @ . N <~>�<�a ORN MG<AH_CFK�K @ZORQ4S Wv<�C S �X= {GN <AHPu^C {�@ < N > S x ' ) `�EG= SGN >�W V H O u)=bE Nq@ CaY\CFE O$# HI<>�=bE2B�EG= SGN C-u)=bE N�O E2BIWA�^HIW @ h�< � <AB�>�< @ <AE4B OZ@Z@ <�>GCFE N_@ < %�=bHPY\C @ZORN Ya<^] � = S H V < @ Ci`�EG= SGN C-u)=bE N Cb>�=bK�BIW>�< N MH.?Ko=bBPM #vN < N�NPO Y�K @ZO , V CFBPH ORV < N�Q2S <wEG= SGN EG= SGN CFBPBDC V MG=bE N�l Ya=bB O u)<AH~<AB"R SGN B O ,U<AH-] � E-,GE:`:EG= SGNWAB S > O =bE N�@ C�K�H ORN <�<AE V =bY�K�BI<w>GCFE Ng@ <~Ya=4> #A@ <�>�< { H S�O B N K @ZSGN_V =bY�K @ <���< N `UBI< @RNg@ < N�V =bE2BPH OZ{�S B O =bE N>�< N WAY ORNINPO =bE N >/h�Cvu^CFE2B k K @ CFE:]
89898;:��W:;< 
bKYQ �CV H2LnNAD H KW? Q4>gL�Q4KW?P? ��>gL QWB��

��

�:< N W Q2S�O Ko< N BPHDCvu^C OZ@Z@ CFE2B NPS H @ < N <��iK+WAH O <AE V < N x ' ) HIW-C @ZORN <AE2B S EG<aK�HI<AY O$# HI<�WABDCFKo<\>�< V =bY kK�HI< NINPO =bE�>�<�>�=bE�EGWv< N `zEGW V < NDNPO BDCFE2B S EG< { =bE�EG< V =bE�EUC ORNIN CFE V <�>�< @ h O E N BPH S Ya<AE4B-` Q2S�OfV =bE NPORN BI< lK�HI=4> S�O HI<_>�< NeV CFHPBI< N > S\VAO < @+l KUCFHPB O Hz> S�NIO �^EUC @ BI<AY�Ko=bHI< @ > S >�WABI< V BI< S H-]?d O E NIO ` V < N =bE4B V < NeV CFHPBI< N>�<pBI<AY�KoWAHDCFB S HI<~<ABg>�<pKo= @ CFH ORN CFB O =bE!>�< N CFE ORN =bBPHI=bK O < N > S x ' ) Q4S�O:N =bE4BqY ORN < N_l > ORN K+= NIO B O =bEn>�<@ C V =bY�Y S EUC S BIW NIVAO <AE4B O , Q2S <^] � @Z@ < NzV =bE2B O <AE�EG<AE2BcBI= S BI< @ h O E-%�=bHPY\CFB O =bE V = N Ya= @ =b� ORQ4S <gYa< NPS HIWv<qKUCFH@ h O E N BPH S Ya<AE2B-`sC SGQ2S < @zN < NPS Ko<AHPK+= N <AE4B�> O u)<AH N�{ H S�O B N Z ORNINPSGN >�< N C @ �)=bH O BPM�Ya< N >�<tBPHDC O BI<AYa<AE2Bt>�<>�=bE�EGWv< N `©>�< @ h O E N BPH S Ya<AE2B�= S >�< V =bE4BDCFY O EUCFE2B N >/h�=bH O � O EG<�C N BPHI=bK�MH. NPORQ4S <^]©d O E NPO `s>GCFE Nt@ h MH.?Ko= kBPM #vN <�>/h S E�BPHDC O BI<AYa<AE4Bq=bK�B O Y\C @ >�< N >�=bE�EGWv< N `4>/h S EG< N = SGN BPHDC V B O =bE O >�W-C @ <f>�<_BI= S BcC-ubCFE4B k K @ CFE:`G=bEYa=4>�W @ZORN < S EG<p= {GN <AHPu^CFB O =bE�>GCFE N�@ Ct> O HI< V B O =bE ~̂n KUCFH��
y(~̂n) = B(~̂n) ∗ s(~̂n) + b(~̂n)

�:< NPO �^EUC @ s(~̂n)
< N B V =bE4u)= @ZS WgC Sw@ = { <c>�< @ h O E N BPH S Ya<AE2B B(~̂n)

` V h�< N B k�l¡k > O HI< l�N C %}=bE V B O =bE�>�<yHIWAK+=bE N <<AE�CFY�K @ZO B S >�<^] � E NPS K�K+= N < @ < @ = { < N .4YaWABPH ORQ4S <�C S BI= S Ha>�< @ C�> O HI< V B O =bE�>�<�Ko= O E2BDCF�)< ~̂n <AB�>�<%�=bHPYa<c�2C SGNDNPO <AE�EG<^]�4 @ < N B V CFHDC V BIWAH ORN W�KUCFH @ Cf>�=bE�EGWv<q>�< @ C @ CFHP�)< S H l Y Oºk MUC S BI< S Hz>�< @ C��2C SGNINIO <AE�EG<
θ �������

` V =bHPHI< N K+=bEG>GCFE4BrK�M�. NIORQ2S <AYa<AE4B lc@ h�CFE�� @ <y>/h O E VAO >�<AE V <y> S~NPO �^EUC @ Ko= S H @ < Q4S < @2@ h�< 7\V C VAO BIWy>�<>�WABI< V B O =bE�< N Br>�< S �N%}= ORN Ya= O EG>iHI< Q4S h�C S Y\C¡� O Y S YX] � CFH&C OZ@Z@ < S H N ` S E { H S�O B�>/h�=bH O � O EG< O E N BPH S Ya<AE2BDC @
b(~̂n) N < NPS Ko<AHPK+= N <�C S�NPO �^EUC @ ] � E NPS K�K+= N < V < { H S�O B {�@ CFE V ` ORN =bBPHI=bKo<a<AB�EG=bE V =bHPHIW @ W�C S�NPO �^EUC @ `>/h�CFY�K @ZO B S >�<~>�=bE�EGWv<~KUCFH��

b(~̂n) =
√

Ωpixσ
x
pix

1 46464�]�A�7
� E�C�EG=bBIW

Ωpix
@ h�CFE�� @ < N = @ZO >�<�KUCFH�W @ WAYa<AE4B�>�<tHIW N = @ZS B O =bELCFE�� S�@ C O HI<^] � E @ h�WAu^C @ZS < NPO Y�K @ <AYa<AE2BV =bY�Ya< Ωpix = θ2�������

] � S CFE2B l σx
pix

` V h�< N B @ C�>�WAu O CFB O =bE N BDCFEG>GCFHI>�> S[{ H S�O B�KUCFH~W @ WAYa<AE2Bw>�<HIW N = @ZS B O =bE @ =bH N >/h S EG<pYa< NPS HI<�>�< @ C Q4S CFE2B O BIW x ]�xy< { H S�O BgKUCFH��ÝK O �i< @ ��>�WAKo<AEG>X>�< @ C V =bE V <AK�B O =bE>�< @ h�<��?KoWAH O <AE V <wx ' )�V =bE NPO >�WAHIWv<^`�K S�ORNIQ4S h OZ@;N < V C @RVAS�@ <~<AE V =bY {�O EUCFE2Bf>�<fY\CFE O$# HI< Q4S Cb>iHDCFB ORQ4S <^`@ < Nf{ H S�O B N >�< V MUC VAS E >�< N < N >�WABI< V BI< S H N�O EG> O u O > S < @RN ] � = S H S ET>�WABI< V BI< S H-` @ < { H S�O B�>�<tK O ��< @ < N B>�W�,GE OpV =bY�Ya< @ <�HDCFK�K+=bHPB�>�< N C N <AE NPOZ{�OZ@ZO BIW NPS H @ C�HDC VAO EG<�> S BI<AY�K N >/h O E2BIWA�^HDCFB O =bE KUCFH�K O ��< @
13u)= O H @ h�<��?K�HI< NDNPO =bE 46464�]�Ai`y>�=bE�EGWv<TC S V MUCFK O BPHI< 4T4_7�]"�:< V C @RVAS�@ > S { H S�O BX>�<�K O ��< @ � @ = { C @ Ko= S HS EG< Q4S CFE2B O BIW�Ya< NPS HIWv<t>�=bE�EGWv< 13BI<AY�K+WAHDCFB S HI<t= S K+= @ CFH ORN CFB O =bES7qKo< S B N h�C-u)WAHI<AH S E!Ko= O E2Bf>�W @ZORV CFB-]
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� CFHa<���<AY�K @ <^` NPO =bE V =bE NPO > # HI< @ h O E N BPH S Ya<AE4B)(6*7,/.1032 k ^ a 4�`©=bE > ORN K+= N <�>�<�>�< S � Y\CFE O$# HI< N >�<Ya< NPS HI<AH @ CXBI<AY�K+WAHDCFB S HI<!� N = O BwCvu)< V�S E { = @ =bY # BPHI<^` N = O Bw<AE V =bY {�O EUCFE4B @ < N Ya< NPS HI< N >�< N >�< S �
� � ) 1E+ ��� �-��%����-& % �����3�
� ��% & % �����+��� �� !��& �
���@7wC S N < O E >/h S ELY !AYa< V =bHPEG<AB-]��pCFE N~@ <\K�HI<AY O <AH V C N `=bE�C�> O HI< V BI<AYa<AE2B σT

pix = σpix
`o=\[ @ h�=bE[EG=bBI< σpix

` @ C�Ya=0.)<AE�EG< Q4S Cb>iHDCFB ORQ4S <�>�< N HPY N > S�{ H S�O B>�< V MUC Q4S < { = @ =bY # BPHI<^] � E�HI<Au^CFE V MG<^`:>GCFE N�@ <t>�< S � O$# Ya< V C N ` @ < Nf{ H S�O B N >�< V MUC VAS ET>�< N � � ) N <Ya=0.)<AE�EG<AE4B�>�< N =bHPBI< Q2S < @ h�=bE�C��
σT

pix =
σpix√

21gEG<fYa< NIS HI<p>�< @ C~Ko= @ CFH ORN CFB O =bEXHI< Q4S�O <AHPBq>�< V =bY {�O EG<AH @ < N Ya< NPS HI< N�ORNINIS < N >/h S EG<fKUC O HI<�>�< � � ) �V =bY�Ya<fK�HIW V Wv>�<AY�Ya<AE2B-` @ C�HPY N > S�{ H S�O B�< N B�> O u ORN Wv<gKUCFH S E(%}C V BI< S H √2
]-'�C ORN K S�ORNIQ2S < @ h�C¡��<f>�<K+= @ CFH ORN CFB O =bE�> S � � ) E:h�< N B�KUC N %�=bH V WAYa<AE4B~C @ZO �^EGWtC-u)< Vt@ C\> O HI< V B O =bET>�<wKo= @ CFH ORN CFB O =bE[> S!NIO �^EUC @ `S EG< %�HDC V B O =bE N < S�@ <AYa<AE2Bq> S�NPO �^EUC @+O E VAO >�<AE2Bq< N ByYa< NPS HIWv<_KUCFH V MUC VAS E�>�< N � � ) ] � E�Ya=8.)<AE�EG< NPS HS EL<AE N <AY {�@ <�>�<�Ya< NPS HI< N ` S E � � ) E:h�C!C VvVm#vN�Q2S h ln@ CXYa= O B O W�> S NPO �^EUC @ K+= @ CFH ORN W O E VAO >�<AE2B-]D�;<{ H S�O Bg<AEX< N BgC S �^Ya<AE4BIW~>/h S E %ÝC V BI< S H √2

]�d O E NIO `�,GEUC @ <AYa<AE2B-`U=bEnC�� σP
pix = σpix

]�� #vN�@ =bH N `iKo= S H@ < N � � ) `G=bEXHI<ABPHI= S u)< @ CtHI< @ CFB O =bE {�O <AE V =bE�E S <^` σT
pix = σP

pix/
√

2
]

drubCFE4B;>�<�K�HI= V Wv>�<AH lc@ h�< N B O Y\CFB O =bE~>�< N KUCFHDCFY # BPHI< NsV = N Ya= @ =b� ORQ4S < N `-=bE~=bK # HI< S EG< V =bY�K�HI< NINIO =bE>�< N >�=bE�EGWv< N �e=bE�>�WAu)< @ =bK�K+< @ < NaV CFHPBI< N >�<�BI<AY�KoWAHDCFB S HI<n<ABa>�<XK+= @ CFH ORN CFB O =bE�<AE�MUCFHPYa=bE ORQ2S < NN K�MGWAH ORQ4S < N <AByMUCFHPYa=bE ORQ4S < NqN K�MGWAH ORQ4S < N >�< N K O E ;~Ko= S HcEG<�BPHDCvu^C OZ@Z@ <AH Q2S h�C-u)< Vf@ < N�V =4< 7\VAO <AE4B N >�<
aG= S H O <AH-]

∆T (~̂n) = Σlma
T
lmY

m
l (~̂n)

(Q+ iU)(~̂n) = ΣlmQ̃lm 2Y
m
l (~̂n)

(Q− iU)(~̂n) = ΣlmŨlm −2Y
m
l (~̂n)
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=\[ @ h�=bE[CtEG=bBIW Q̃lm
<AB
Ũlm
@ < N_V =?< 7\VAO <AE2B N >�< @ Ca>�W V =bY�Ko= NPO B O =bE!<AE!MUCFHPYa=bE ORQ4S < N >�< N K O E 2

<AB
−2
HI< N K+< V B O u)<AYa<AE4B-] � E V =bY {�O EG< @ < N (Q± iU)

Ko= S H %�=bHPYa<AHq>�< S � Q2S CFE4B O BIW NgNIV C @ C O HI< N ` @ <fYa=?>�<
� KUC O Hq<AB @ <fYa=?>�< )�O Y�KUC O H~�

E(~̂n) = Σlma
E
lmY

m
l (~̂n)

`�=\[
aE

lm = −Q̃lm + Ũlm

2

B(~̂n) = Σlma
B
lmY

m
l (~̂n)

`�=\[
aB

lm = i
Q̃lm − Ũlm

2
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� #vN�@ =bH N ` @ < N >�=bE�EGWv< N >GCFE N�@ h�< N KUC V <~>�<�aG= S H O <AH N <fHIWvW V H O u)<AE4Bw�
yP

lm = Bls
P
lm + bPlm,

=\[ �
� {T,E,B}

�;C	%�=bE V B O =bE Bl
< N B @ C\BPHDCFE N %�=bHPYaWv<�<AE!MUCFHPYa=bE ORQ4S < N�N K�MGWAH ORQ4S < N > S�@ = { <w�2C SGNINPO <AE:] 1gEG< { =bE�EG<CFK�K�HI=v� O Y\CFB O =bE!< N B"%�= S HPE O <pKUCFH @ h�<��iK�HI< NINPO =bE �

Bl ∼ exp[−l(l + 1)σ2
B/2]
`�=\[

σB = θ ������� /2
√

2ln2.
1 4T464 ]���7

a O EUC @ <AYa<AE2B-` OZ@ >�<Au O <AE4B NPO Y�K @ <�>�<�>�W V =bE4u)= @ZS <AH @ < N >�=bE�EGWv< N >�< @ h�< � <ABg>�< @ = { <^] � EX= { B O <AE2B��
aP

lm ≡ B−1
l yP

lm = sP
lm + nP

lm=\[ @ h�=bE C O E4BPHI=4> S�O B @ < N EG=bBDCFB O =bE N aP
lm

`rC-u)< V P = {T,E,B} `rK+= S H @ < NwV =4< 7\VAO <AE4B N >�< %}= S H O <AH>�< N >�=bE�EGWv< NaV =bHPH O �)Wv< N >�< @ h�< � <ABa> S @ = { <^`©<AB nP
lm ≡ B−1

l bPlm
` @ < NaV =4< 7\VAO <AE4B N >�<@aG= S H O <AH�>�< N
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< � <AB NzO E N BPH S Ya<AE4BDC S � 1 @ = { <�� { H S�O B {�@ CFE V 7�] � E-,GE:`?=bE�EG=bBI< Q4S < V <ABPBI<�WABDCFKo<g>�< V =bY�K�HI< NINPO =bE�>�<>�=bE�EGWv< N Ko< S B N < %}C O HI<q>�<qY\CFE O$# HI<_=bK�B O Y\C @ <^` V h�< N B k�l > O HI<^` N CFE N©O E2BPHI=?> S�O HI<�>�< {�O C ORN <AB N CFE N Ko<AHPBI<>/h O E-%�=bHPY\CFB O =bE V = N Ya= @ =b� ORQ4S < 13u)= O H&KUCFH&<���<AY�K @ <P:�� ç < 7�])� #vN�@ =bH N `)=bE�Ko< S B&< N B O Ya<AH @ < N KUCFHDCFY # BPHI< NV = N Ya= @ =b� ORQ4S < N > O HI< V BI<AYa<AE2B NPS H @ < NpV =4< 7\VAO <AE4B N >�<(aG= S H O <AHpK�HIW V <v>�<AY�Ya<AE2Bw>�W�,GE ORN ` N CFE N Ko<AHPBI<>�<qK�HIW VAORNPO =bE�E OUO E4BPHI=4> SGV B O =bE�>/h�<AHPHI< S H N ] � = S H V < @ Ci`2=bE�CFK�K @ZORQ2S < S EG<_CFEUC @ . N <q>�<	a ORN MG<AH-`4>�=bE2Bc=bE<��?K @ZORQ4S < @ <fYaW V CFE ORN Ya<�>GCFE N�@ CwKUCFHPB O < NIS�O ubCFE4BI<^]
89898;:��W:�� � ����?4H D H2KW?bQ4>@V2NMT#NADGF HjS�> Q4>��YH L��A>/F

$	�Z%20-,51�� �i,513(�*% r%�
 � � � �
�2,��¡%40
� = N =bE N >/h�C { =bHI> @ <�K�HI= {�@$# Ya<^`q<AE N h O E N K O HDCFE2B�>�< N EG=bBDCFB O =bE N Cb>�=bK�BIWv< N >GCFE N >r<A�^Y\CFH ? <ABC @ ]+: GG�V<Â] � E V =bE NIO > # HI< S E R�< S >�<�>�=bE�EGWv< N xi

C-u)< V i = {1, · · · , n} `:HDCFE��)Wv< N >GCFE N�S E u)< V BI< S H
~x
]�xy< N >�=bE�EGWv< N�N =bE2B�<AE2u ORN CF�)Wv< N�V =bY�Ya<p>�< N u^CFH O C {�@ < N C @ W-CFBI= O HI< N >�WAK+<AEG>GCFE4Bq>�<�KUCFHDCFY # BPHI< N θj

`
j = {1, · · · ,m} ` N < @ =bE S EG<p> ORN BPH OZ{�S B O =bEX>�<fK�HI= { C {�OZ@ZO BIW V =bE�E S < L(~x; ~θ)

]�� #vNc@ =bH N `i=bE V MG<AH V MG< lV =bE N BPH S�O HI< @ <�Ya< OZ@Z@ < S H�< N B O Y\CFBI< S H�K+= NDNPOZ{�@ <f>�< N KUCFHDCFY # BPHI< N_l KUCFHPB O H�>�< N >�=bE�EGWv< N ] � = S H V < @ Ci` @ <V H O B # HI< V =bE NPORN BI< l u)WAH O ,U<AH @ < N K�HI=bK�H O WABIW N_NPS�O ubCFE4BI< N �
Z OZ@ < N BwEG=bE kÝ{�O C ORN W[� V < Q2S�O�N < NPO �^E O ,U< Q2S < NPO =bELYa=8.)<AE�EG<^` NPS H S EG< O E-,GE O BIW�>�< RP< S � >�<>�=bE�EGWv< N ` @ < N KUCFHDCFY # BPHI< N < N B O YaW N `U=bE!BPHI= S u)< @ < N u?HDC ORN u^C @ < S H N >�< V < N KUCFHDCFY # BPHI< N ] � E @ <BPHDCb> S�O BqKUCFH�� < ~̂θ >= ~θ

`G=\[ @ < N θ̂i
N =bE2B @ < N KUCFHDCFY # BPHI< N < N B O YaW N <AB @ < N θi

@ < N u4HDC ORN ]
Z OZ@ >�=bE�EG< @ < N K @ZSGN Ko<AB O BI< N�{ CFHPHI< N >/h�<AHPHI< S HfK+= NINIOZ{�@ < N �LC S BPHI<AYa<AE2B�> O B-` @ < N <AHPHI< S H NpNPS H @ < NKUCFHDCFY # BPHI< N ` ∆θi =

√
< θ2

i > − < θi >2
` N =bE2BqY O E O Y\C @ < N ]

�:< N BPMG<v=bH # Ya< N >�<~xzHDCFYa<AH k � Cb=aEG= SGNqO EG> ORQ2S <AE4B Q2S < @ h�< N B O Y\CFBI< S HgHI< V MG<AH V MGW~< N B V < @ZS�O > S  ����% �
 ��  � � ��� ��% ���� - � �������A`+>�=bE�EUCFE2B_>�< Nq{ CFHPHI< N >/h�<AHPHI< S H NPS H @ < N KUCFHDCFY # BPHI< N BI< @Z@ < N_Q2S <��

∆θi ≥
√

(F−1)ii=\[ @ h�=bE C O E4BPHI=4> S�O B @ CXY\CFBPH ORV < F `rCFK�Ko< @ Wv<  �7& ��% ��� ����� % ��$��
�A`;>/h�CFK�H #vNw@ < N BPHDCvu^C S ��>�< � ]:dw]
a ORN MG<AH 13u)= O HqKUCFHg<���<AY�K @ < :Z�0;=< 7�] � @Z@ <~< N Bq>�W�,GE O <�KUCFH��

Fij = − <
∂ lnL

∂θi∂θj
>
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=\[ @ C Q4S CFE2B O BIW L = − lnL
< N B_CFK�Ko< @ Wv< @ C %}=bE V B O =bE�>�<fu?HDC ORN <AY {�@ CFE V <^]+d O E NIO ` @ CtY\CFBPH ORV <~>�<

a ORN MG<AHq>�=bE�EG< S EG< O EG> ORV CFB O =bEn>�< @ C V = S H {�S HI<^`G>GCFE N�@ h�< N KUC V <p>�< N KUCFHDCFY # BPHI< N `G>�< @ C %}=bE V B O =bEn>�<u4HDC ORN <AY {�@ CFE V <�C S BI= S Hc>�< N =bE�Y\C¡� O Y S YX] � @Z@ < V =bE2B O <AE4B�BI= S BI< @ h O E-%}=bHPY\CFB O =bE NPS H @ < N KUCFHDCFY # BPHI< N> ORN Ko=bE OZ{�@ < N >GCFE N�@ < N >�=bE�EGWv< N ] � @Z@ <�>�=bE�EG< S EG< @ZO Y O BI<�>�< @ CTK�HIW VAORNIO =bE�>�< @ h�< N B O Y\CFB O =bE Q4S h OZ@< N B\Ko= NINPOZ{�@ <�>/h�CFBPBI< O EG>iHI<^] � @ZSGN�O E2B S�O B O u)<AYa<AE2B-`�< @Z@ < O EG> ORQ4S < @ C�jpHDCFK O > O BIW � C-u)< V!@ C Q2S < @Z@ < S E< N B O Y\CFBI< S Hqu^CtKo= S u)= O H V =bE2u)<AHP�)<AH�u)<AH N�@ < N u?HDC O < N ubC @ < S H N >�< N KUCFHDCFY # BPHI< N ]
$&%�' ��0  s%20�� � �b1 ��� � %20 ���G9;050513%4*s*;%40
��= SGN >�=bE�EG=bE Np@ h�<��iK�HI< NINPO =bET>�< @ C�Y\CFBPH ORV <a>�<(a ORN MG<AH-`/>GCFE Np@ < V C N~V = S HDCFE2B~=\[ @ < N >�=bE�EGWv< NNPS�O u)<AE2B S EG< @ = O >�<gK�HI= { C {�OZ@ZO BIWf�2C SGNINIO <AE�EG<^]?d O E NPO ` NPOU@ < N xi

N =bE2B�>�< N ubCFH O C {�@ < N �2C SGNDNPO <AE�EG< N ` @ < S H> ORN BPH OZ{�S B O =bE�>�<fK�HI= { C {�OZ@ZO BIW N h�W V H O B~�
L(~x; ~θ) =

1

(
√

2π)n
√

|C|
e−

1

2
~xtC−1~x
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=\[�x < N B @ C�Y\CFBPH ORV <X>�< V =5ubCFH O CFE V <�>�< N >�=bE�EGWv< N � C =< ~x~xt >
] � E Ko< S B�C @ =bH N�V C @RVAS�@ <AH @ CY\CFBPH ORV <�>�<�a ORN MG<AH l KUCFHPB O H_>�< N Ct>�W�,GE O B O =bE 1�< Q ]�46464�]Z�0J�7�] � En= { B O <AE2Bw�

Fij =
1

2
Trace[C−1∂C

∂θi
C−1 ∂C

∂θj
],

>GCFE N�@ < V C N =\[ @ < N ubCFH O C {�@ < N �2C SGNINPO <AE�EG< NqQ4S�O:V =bE N B O B S <AE2B @ < N >�=bE�EGWv< NgN =bE2Bg>�<fYa=8.)<AE�EG<�E S�@Z@ <��O ]�< < ~x >= 0
]I�rC_>�WAH O u^CFB O =bE�>�< V < V C @RVAS�@ < N B {�O <AE V =bE�E S < c =bE @ CgBPHI= S u)<AHDCi`F>�<zY\CFE O$# HI<c>�WABDC OZ@Z@ Wv<^`>GCFE N�@ h�CFHPB ORVA@ <~>�<N'L]�>r<A�^Y\CFH ? <AB�C @ ] : GG�V<:KUCFHg<���<AY�K @ <^]

89898;:��W:98 = NMT#NEDGFIHjS�> Q4>��YH L��A>/F�� KWBPF�V > �

��

� E > ORN K+= N <^`;> #vN�@ =bH N `r>/h S EG<aYa=?>�W @ZORN CFB O =bE >�< N >�=bE�EGWv< NwQ4S�O EG= SGN~O E2BIWAHI< NIN <AE4Bw<ABw>/h S E %}=bH kY\C @ZORN Ya<�>/h�<��iBPHDC V B O =bET>�< N KUCFHDCFY # BPHI< N~l KUCFHPB O Hf>�< N >�=bE�EGWv< N ]/d O E NPO ` OZ@ EG= SGNpNPS47 B�>/h�CFK�K @ZORQ4S <AHV < Q4S�O K�HIW Vm# >�<wKo= S HgHI<ABPHI= S u)<AH @ h�<��iK�HI< NINPO =bE�>�< @ CaY\CFBPH ORV <w>�<#a ORN MG<AH_> S x ' ) ]S>;= S Bp>/h�C { =bHI>/`=bE[<��?K @ZORVAO BI< @ < N > O u)<AH N < N~Q2S CFE4B O BIW NpO E2BI<AHPu)<AEUCFE4B�>GCFE Nf@ < V C @RVAS�@ ]:d O E NPO ` @ <�u)< V BI< S H�>�< N >�=bE�EGWv< N< N B ~x = (~aT , ~aE , ~aB)
`/=\[ @ < N ~aP ` P = {T, E, B} V =bE4B O <AE�EG<AE2B�BI= SGNp@ < N {aP

lm} ] � S CFE2B l\@ < S HY\CFBPH ORV <~>�< V =5ubCFH O CFE V < C =< ~a~at >
`�< @Z@ < N < V C @RVAS�@ <~<AE S B OZ@ZORN CFE2B @ < N K�HI=bK�H O WABIW N_N BDCFB ORN B ORQ2S < N > Sx ' ) C O E NPOrQ2S < V < @Z@ < N >�< N < � <AB N�O E N BPH S Ya<AE2BDC S �n>�W V = S�@ CFE4B�>�< N MH.?K+=bBPM #vN < N Cb>�=bK�BIWv< N 13�2C SGNINIO C kE O BIW � ORN =bBPHI=bK O <87�]/d O E NPO `/=bE�Ci`+K+= S H @ < N C S BI= kÂN Ko< V BPHI< N ` V h�< N B k�l¡k > O HI<^` @ < N BI<AHPYa< N�V =bHPHIW @ CFE2B S EG<= {GN <AHPu^C {�@ < l < @Z@ < k Y !AYa<\�

< aP
lma

P∗
l′m′ > =< sP

lms
P∗
l′m′ > + < nP

lmn
P∗
l′m′ > + < sP

lmn
P∗
l′m′ > + < nP

lms
P∗
l′m′ >

< aP
lma

P∗
l′m′ > = CP

l δll′δmm′ +NP
l δll′δmm′
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=\[ @ < N BI<AHPYa< NXQ4S�O�V =bHPH #A@ <AE2B NPO �^EUC @ <AB { H S�O B O E N BPH S Ya<AE2BDC @~N h�CFE�E S�@ <AE2B-`gK S�ORNIQ4S < @ < { H S�O BX< N BNPS K�Ko= N W O EG>�WAK+<AEG>GCFE4B�> STNPO �^EUC @ ] � CFH�C OZ@Z@ < S H N `/=bE�C�>�W�,GE O©@ < N�N K+< V BPHI< N > S[{ H S�O B-` N h�<��iK�H O Y\CFE2B>/h�CFK�H #vN 1�W Q ]�46464�]���7z<AB 1�W Q ]�4T464 ]�A�7�`4BI< @RNqQ4S <a�
NP

l ≡ θ2
fwhmσ

2
P exp

[
l(l + 1)

θ2
fwhm

8ln2

]

Cvu)< V σP
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B = 2σ2

T
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< aT
lma

E∗
l′m′ >= CX

l δll′δmm′

� E�< � <AB-`GBI= SGNg@ < N BI<AHPYa< N_O Y�K @ZORQ2S CFE4B @ < { H S�O B_> ORN KUCFHDC ORNDN <AE2B-`UK S�ORNIQ2S < @ < Nq{ H S�O B N�N =bE2B NPS K�K+= N W NO EG>�WAK+<AEG>GCFE4B N >/h S E�>�WABI< V BI< S H lw@ h�C S BPHI<^]
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

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l +NT
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l 0
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l +NE
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0 0 CB
l +NB

l


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Fij =

1

2

lmax∑

lmin

(2l + 1)fskyTrace[C
−1
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∂θi
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−1
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`b=\[

fsky
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√

4πfsky)
7�`iBDCFEG> ORN�Q4S < @ <�K @ZSGN �^HDCFEG>�>�WAK+<AEG>�>�< @ CwHIW N = @ZS B O =bEnCFE�� S�@ C O HI<p>�< N >�WABI< V BI< S H N 1�>�<Y !AYa<^`�=bE�WAubC @ZS < lmax ∼ π/θfwhm
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Fij =
∑

l

∑

P,Q

∂CP
l

∂θi
(Covl)

−1
PQ

∂CQ
l

∂θj
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(2l + 1)fsky
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l )2 (C̄X

l )2 C̄X
l C̄

T
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l C̄

E
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C̄X
l C̄

T
l C̄X

l C̄
E
l

1
2 [(C̄X

l )2 + C̄T
l C̄

E
l ] 0
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


=\[ @ < N�N K+< V BPHI< N C̄Y
l
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C =< ~a~at >< N B�> O CF�)=bEUC @ <�<AB�u^C S B
Clml′m′ = (CT

l +NT
l )δll′δmm′

]Pa O EUC @ <AYa<AE4B-` NPO =bE O E[R�< V BI< V <ABPBI<~>�<AHPE O$# HI<HI< @ CFB O =bEn>GCFE N 1�W Q ]Ux�]Z�VG�7�`UC @ =bH Ng@ CwY\CFBPH ORV <~>�<+a ORN MG<AHg>�<Au O <AE2B~�

Fij =
1

2

lmax∑

l=2

(2l + 1)fsky
∂CT

l

∂θi
(CT

l +NT
l )−2 ∂C

T
l

∂θj
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2

(
w2 + dt

)
− dx2

2e dw

w2 0 0 dw d2




89898;:��W:�� 8 ?EDGF'KYQWB/S�D H KW? Q4>gL N �/NP?ED�� �PV N ?AL

�;C N < V =bEG>�<_MH.?K+=bBPM #vN <_�)WAEGWAHDC @ <AYa<AE2BgCb>�=bK�BIWv<f>GCFE Ny@ < N WAB S >�< N >/h�<��iBPHDC V B O =bE�>�<qKUCFHDCFY # BPHI< N `<AB Q2S <�EG= SGN C-u)=bE N HI<AK�H ORN < R SGNIQ4S h l K�HIW N <AE2B-` V =bE V <AHPEG< @ < N Cvu^CFE2B k K @ CFE N > S x ' ) ] � E�< � <AB-` l@ h O E N BDCFH�>�< N C S BI< S H N K�HIW V Wv>�<AY�Ya<AE2B VAO BIW N `?EG= SGN Cvu)=bE N�NIS K�K+= N W_BI=bBDC @ <AYa<AE2BgEGWA� @ZO �)<-C {�@ < @ h�<AHPHI< S HO E2BPHI=?> S�O BI<!KUCFH @ < N Cvu^CFE2B k K @ CFE N >GCFE N�@ < N�N Ko< V BPHI< N >�<�K S�ORNIN CFE V <!> S x ' ) ] )yO <AE Q2S h OZ@ <�� ORN BI<>�< N YaWABPMG=?>�< N Ko<AH_%}=bHPY\CFE2BI< N >�< N WAKUCFHDCFB O =bE�>�< V =bY�Ko= N CFE2BI< N ` V <ABPBI<gMH.?K+=bBPM #vN <gK+= S HPHDC O B N h�C-u)WAHI<AH
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BPHI=bK�=bK�B O Y ORN BI<�<AB V <y>/h�C S BDCFE4B&K @ZSGN©Q4S < @ h�=bE V =bE NPO > # HI<�>�< N <��iK+WAH O <AE V < N x ' )Ll MUC S BI<cHIW N = @ZS B O =bECFE�� S�@ C O HI<f<AB %}=bHPBI< N <AE NPOZ{�OZ@ZO BIW^] � E�< � <AB-` @ < N K�HI= V < NINISGN >�< N = SGN BPHDC V B O =bE�>�< N Cvu^CFE2B k K @ CFE N K+< S u)<AE4B@ C ORNIN <AHg>�< N HIW NPO > SGN >�< V =bY�K+= N CFE4BI<�C N BPHI=bK�M�. NIORQ2S <wC SnN < O En>�< N >�=bE�EGWv< N x ' ) ] � @ZSGN <AE V =bHI<^`�=bEN h�CFBPBI<AEG> lwV < Q2S < V < N HIW NPO > SGN�N = O <AE4B�EG=bE k �2C SGNINPO <AE N `�>�< N =bHPBI< Q4S h OZ@RN K+<AHPB S H { <AE2B @ < N < N B O Y\CFB O =bE N>�< @ h�< � <ABp>�< @ <AE2B OZ@Z@ <�> S x ' ) ` { C N Wv< NpNIS H @ < N %}=bE V B O =bE N >�< V =bHPHIW @ CFB O =bE N�l�Q2S CFBPHI<tKo= O E2B N ] 1_EG<WAB S >�<�>�WABDC OZ@Z@ Wv<�>�< N <AHPHI< S H NwO E2BPHI=?> S�O BI< N KUCFHt>�<�BI< @RN HIW NPO > SGN C S ��K�HI=bK�H O WABIW NtN BDCFB ORN B ORQ4S < N EG=bE kBPH O u O C @ < N ` N h�C-u # HI<AHDC O BtBPH #vN�V =bY�K @ <���<(Z V h�< N B @ h�= { R�< V B O % lX@ =bE���BI<AHPYa<�> S BPHDCvu^C OZ@ K�HIW N <AE4BIW�>GCFE N@ < V MUCFK O BPHI< NPS H @ h�< N B O Y\CFB O =bE >�< @ h�< � <AB~>�< @ <AE2B OZ@Z@ <^];��=bBPHI< {�S B-` ORVAO `;< N B�C S BPHI<��/EG= SGN~V MG<AH V MG=bE Nl WAu^C @ZS <AH S EG< @ZO Y O BI< NIS K+WAH O < S HI<�>�< @ h�<AHPHI< S HgHIW NPS�@ BDCFE4B_>�< @ CtK�HIW N <AE V <�>�< N C-ubCFE4B k K @ CFE N >GCFE Ng@ < N>�=bE�EGWv< N x ' ) ] � = S H V < @ Ci`FEG= SGN Cb>�=bK�BI=bE Ns@ <zYa=4> #A@ <y>�WAu)< @ =bK�K+WyKUCFH ' ]=>;<A�^Y\CFH ? <AB©C @ ]�:�� �I<?Ko= S HBI<AE O H V =bY�K�BI<�>�< @ < S H V =bE2BPH OZ{�S B O =bE C S � N K+< V BPHI< N >�<wK S�ORNIN CFE V < V =bE NPO >�WAHIW N >GCFE N EG=bBPHI<aCFEUC @ . N <>�<�a ORN MG<AH-]��th�C { =bHI>/`�EG= SGN <��iK @ZORVAO BI=bE Nf@ C\YaWABPMG=4>�<wKo<AHPYa<ABPBDCFE2B~>/h O E VA@ZS HI< @ < N Cvu^CFE2B k K @ CFE N >GCFE N@ C�Y\CFBPH ORV <�>�<%a ORN MG<AHy<AB V <^`4<AE�EG= SGNy{ C N CFE2B NPS H @ < N BPHDC-ubC S ��>�<�'L] ) = 4q>�<AE�<ABcC @ ]S:�AI<Â`4K S�ORN EG= SGNK�HIW N <AE2BI=bE Ng{ H O$# u)<AYa<AE2B @ <fYa=4> #A@ <~>�<P' ]�>r<A�^Y\CFH ? <ABgC @ ]
�v*+,��¡(  �9;'),517(+*  s%20 � � �G*+,�� 
 � �G*;0  �G*r0 � %���(������ � 130 �T%  s%���130 �r% �

� E O E VA@ZS B @ < N Cvu^CFE2B k K @ CFE N >GCFE Nw@ <	%�=bHPY\C @ZORN Ya<�>�< a ORN MG<AH�<AE @ < N <AE4u ORN CF�)<-CFE2B V =bY�Ya< S EG<V =bY�K+= N CFE2BI<p>�< { H S�O B NIS K�K @ WAYa<AE2BDC O HI< Q4S�O u O <AE4B N < NPS Ko<AHPKo= N <AHcC S�NPO �^EUC @ ]i� #vNy@ =bH N ` @ < N >�=bE�EGWv< NQ2S < @ h�=bE V =bE NPO > # HI<wK+= S H�EG=bBPHI<t<��?BPHDC V B O =bE[>�<�KUCFHDCFY # BPHI< N ` V =bE2B O <AE�EG<AE2B @ < NPO �^EUC @ x ' ) K @ZSGN�@ <{ H S�O B O E N BPH S Ya<AE2BDC @ C SGQ4S < @+N h�CIRP= S BI<AE2B @ < N WAY ORNINPO =bE N C N BPHI=bK�MH. NPORQ4S < N ] � E NPS�O BI<^` @ < %}=bHPY\C @ZORN Ya<f>�<
a ORN MG<AHzK�HIW V Wv>�<AY�Ya<AE4Bg>�WAu)< @ =bK�KoW^` NPS K�Ko= N C O B S EG<gK�HI<AY O$# HI<pWABDCFKo<�>�< V =bY�K�HI< NINIO =bE�>�<�>�=bE�EGWv< N �@ < N�V CFHPBI< N�N =bE4B�>�WAu)< @ =bK�K+Wv< N <AE[MUCFHPYa=bE ORQ2S < N�N K�MGWAH ORQ4S < N ] � = S H V < @ Ci`/>�<tY !AYa< Q4S < @ h�=bE�Cvu^C O BNPS K�Ko= N W @ < { H S�O B O E N BPH S Ya<AE4BDC @4ORN =bBPHI=bK+<^`v=bE~WABI<AEG> @ h MH.?K+=bBPM #vN <z>/h ORN =bBPHI=bK O < N BDCFB ORN B ORQ2S <eC S ��Cvu^CFE2B kK @ CFE N ]H>r= S BI<�%�= ORN ` V <ABPBI<gMH.?K+=bBPM #vN <_< N B @ = O E�>/hL!ABPHI<gu)WAH O ,UWv<_KUCFH @ < N Cvu^CFE2B k K @ CFE N �2C @ C V B ORQ2S < N `4>�=bE4B@ h�WAY ORNINPO =bET< N B NIS HPBI= S B @ = V C @ZORN Wv<�>GCFE Np@ <tK @ CFET>�< @ C��2C @ C¡� O <^] � E V =bE2BI= S HPEG< V <ABPBI<�> O]7\VAS�@ BIW�<AEV = S KUCFE2B @ C59-=bEG<�> SnVAO < @ = VvVAS KoWv<fKUCFH @ <pK @ CFEX�2C @ C V B ORQ4S <\�GC O E NPO ` NPS H @ < N A-"

%
> SnVAO < @ HI< N BDCFE2B N `@ < N K�HI=bK�H O WABIW N�N BDCFB ORN B ORQ4S < N >�< N Cvu^CFE2B k K @ CFE N EG< N h�W @ = O �^EG<AE2BpKUC N BPHI=bKT>�< @ h ORN =bBPHI=bK O <^] �:<wYa=?> #A@ <>�< N >�=bE�EGWv< NgV =bE NIO >�WAHIWv< N >GCFE Nq@ < V CFEUC @ >�<F%3HIW Q4S <AE V <F%P`i>�<Au O <AE4B�C @ =bH N �

(
aP

lm

)
f

=
(
a

P (signal)
lm

)
f

+
(
a

P (bruit)
lm

)
f

+
(
a

P (ap)
lm

)
f

`�=\[
P = {T,E,B}.

� = S H S EG<a<��iK+WAH O <AE V < V =bY�Ko=bHPBDCFE2B#a V CFEUC S �[>�< %3HIW Q4S <AE V <^` @ <tu)< V BI< S H�>�<�>�=bE�EGWv< N ~a V =bE4B O <AE2B
3F ∗∑l(2l + 1) V =4< 7\VAO <AE4B N >�< aG= S H O <AHtBI< @cQ2S < ~a = (~aT

f1
· · ·~aT

fF
,~aE

f1
· · ·~aE

fF
,~aB

f1
· · ·~aB

fF
)
]��;CY\CFBPH ORV <T>�<[u^CFH O CFE V < kÂV =-u^CFH O CFE V < >�< N >�=bE�EGWv< N < ~a~at >

< N B {�@ = V�k > O CF�)=bEUC @ < � � `�>�< N =bHPBI< Q4S <@ h�=bE�K S�ORNDN < ORN = @ <AH S EG<wY\CFBPH ORV < 3F × 3F
Ko= S H V MUC Q2S <wY S�@ B O KW6 @ <^] �&h M�.4Ko=bBPM #vN <t>/h ORN =bBPHI=bK O <t>�< N>�=bE�EGWv< N EG= SGN C NDNPS HI< Q4S h S EG<!BI< @Z@ <nY\CFBPH ORV <!< N B O EG>�WAK+<AEG>GCFE4BI<[>�< N Y �e=bE @ CTEG=bBI<^` CPfP ′f ′

l

`=\[ � ` � h
� {T,E,B} ]sd ,GE[>/h�<��iK @ZORVAO BI<AH�K @ZSGN Cvu^CFE2B N =bE�<��iK�HI< NINPO =bE:`o=bE�%ÝC O B @ h MH.?K+=bBPM #vN < Q4S < @ < N> O � WAHI<AE4B N C-ubCFE4B k K @ CFE NgO E VA@ZSGN >GCFE Nq@ < N >�=bE�EGWv< N EG< N =bE4B V =bHPHIW @ W N E O Cvu)< Vp@ <wx ' ) E O <AE4BPHI<~< S �/]d O E NIO `4=bE�Ko< S BzHIWvW V H O HI< @ C�Y\CFBPH ORV <f>�< V =5ubCFH O CFE V <p>�< N >�=bE�EGWv< N�V =bY�Ya< S EG< N =bY�Ya<f>�<gY\CFBPH ORV < N

� ; « r�� \���o Z u � \ x Z r r fgi x \ f x ª a=\ ¢ X a h s ª a=\ r \_sD`8wlpV\ r i�XIX \lo \ f x s&s�aIu r Z ^ Z s�\"`8\
	 i aIu h \tuDs inf x u�w Z r h s�w_sDs�a8uDa f \
XEi u x h inf `Ia�k h \ r s�\_a r \lo \ f x ¢ i�f `I\0p0u ZOh x x \ f�h u�k i o X x \ `8\_s,k i u�u�w r Z x hjinf s \µ¦ h s x Znf x \_s+\ f x u�\�o a rLx h�X�� r \_s ` h B�wtu�\ f x s r
s \ X \ f ` ZOf x ¢ r Z�
linf \ `Ia�k h \ r k inf s h `IwYu�w_\ \_s x s�aA@ s Z o�o \ f x �Tu Znf `I\ XEi aIu ª a=\ `I\ x \ r�r \ts k i u�u�w r Z x hji�f sDs inh \ f x f w�� r hjm�
\ Z ^ r \ts r�� i a x \ q]i�h s ¢ i�fPX u�\ f `F\ f k i o X x \ r Z u�w_`Iagk x h inf `Ia fgi o ^8u�\ `8\,o a rLx h�X�� r \_s h f `Iw X \ f ` ZOf x s ` h s XEinfgh ^ r \_s \ f
o a rLx h�X r hMZnf x k_\ r a h2m k hHX[Z u r \ q Z k x \_a8u

fsky < 1 r
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>�< V =-u^CFH O CFE V < O EG>�WAKo<AEG>GCFE2BI< N `�BI< @Z@ < Q4S <��
Cl = C(CMB)

l + C(bruit)
l +

∑

ap

C(ap)
l

�pCFE NtV < Q4S�O K�HIW Vm# >�<^`s=bE�C�>�WtR l�V C @RVAS�@ W @ < N >�< S � K�HI<AY O <AH N BI<AHPYa< N >�< @ CXY\CFBPH ORV < Cl
] � E< � <AB-`+K S�ORNIQ4S < @ <ax ' ) Ya< NPS HIWtHI< N BI< O >�<AE2B ORQ4S <�>GCFE N BI= S B V CFEUC @ >�< %3HIW Q4S <AE V <^`o=bE�HI<ABPHI= S u)< @ CY\CFBPH ORV <�>�< V =5ubCFH O CFE V <�>�<fBDC OZ@Z@ < 3 × 3 NPS�O u^CFE2BI<a�

C
(CMB)
l =




CTT
l CTE

l 0
CTE

l CEE
l 0

0 0 CBB
l




� EtHI<Au^CFE V MG<^` @ <zE O u)<-C S >�< { H S�O B O E N BPH S Ya<AE4BDC @ >�WAK+<AEG>t>�< @ C %�HIW Q4S <AE V <z>/h�= {GN <AHPu^CFB O =bE:]^d O E NPO `=bE O E VA@ZS B S EG< V =bY�K+= N CFE4BI<X>�< { H S�O Ba>GCFE Nt@ C�Y\CFBPH ORV <�K�HIW V Wv>�<AE2BI<nCFK�H #vNtS EG< V = k Cb>�> O B O =bE�>�< N{ H S�O B N >�< V MUC Q2S < V CFEUC @ >�<�%3HIW Q4S <AE V <a�

NPP
l =


∑

f

1

NPP,f
l




−1

� E�HI<ABPHI= S u)<t>�< V <ABPBI< %ÝC �v=bE:` @ CaY\CFBPH ORV <t>�< V =-u^CFH O CFE V <�>�< N >�=bE�EGWv< N x ' ) MUC {�O B S < @Z@ <tBI< @Z@ <Q2S h�< @Z@ <�CFK�KUCFHDCA�RB�< Q ]&46464�]Z�0;i] � E O E4BPHI=4> S�O B @ < N C-ubCFE4B k K @ CFE N >�<aY\CFE O$# HI< NPO Y OZ@ C O HI<^`s<AE V C @RVAS�@ CFE2BS EG< V =bY�K+= N CFE4BI<�< � < V B O u)<^`FKo=bEG>�WAHIWv< NPS H @ < N %�HIW Q2S <AE V < N >/h�= {GN <AHPubCFB O =bE:]B>r= S B�>/h�C { =bHI>/`b=bEtHIWvW V H O B@ CwY\CFBPH ORV <~>�< V =5ubCFH O CFE V <�>�< N Cvu^CFE2B k K @ CFE N�N = SGN�S EG<�%}=bHPYa< {�@ = V�k > O CF�)=bEUC @ <\�
C(ap)

l =




N
TT
l N

TE
l 0

N
TE
l N

EE
l 0

0 0 N
BB
l


 1 46464�]Z� ç 7

=\[ @ < N
N

PP ′

l
N =bE4B�>�< N Y\CFBPH ORV < N F × F

] � E[EG=bBI< Q2S < @ h�=bETC NPS K�Ko= N W @ <tYa=4>�< ) >�<�Ko= @ CFH ORN C kB O =bEnEG=bE kÂV =bHPHIW @ W lt@ CtBI<AY�KoWAHDCFB S HI<~= S C S Ya=4>�< � ]�xy<ABPBI<~MH.?K+=bBPM #vN <~E:h�< N BqKUC N EGW V < NIN C O HI<AYa<AE2Bu)WAH O ,UWv<qKo= S H&BI= SGN&@ < N Cvu^CFE2B k K @ CFE N ] � CFHz<���<AY�K @ <^` @ <qK�MGWAEG=bY # EG<_>�<�HI=bBDCFB O =bE_aUCFHDCb>GC0. % 
 `)<AEaKo<AH kB S H { CFE2B @ < N > O HI< V B O =bE N >�<pK+= @ CFH ORN CFB O =bE:`GKo< S B O E2BPHI=?> S�O HI<~>�< N_V =bHPHIW @ CFB O =bE N <AE4BPHI< @ < N Ya=?>�< N � <AB
) ]bxy<AKo<AEG>GCFE2B-` @ < %ÝC O Bs>/h O �^EG=bHI<AH V < NsO E-%}=bHPY\CFB O =bE N©NPS K�K @ WAYa<AE2BDC O HI< N EG<eKo< S B Q2S h�C S �^Ya<AE4BI<AH©EG=bBPHI<WAubC @ZS CFB O =bE�>�< @ h�<AHPHI< S H NPS H @ h�< N B O Y\CFB O =bE�>�<qKUCFHDCFY # BPHI< NcQ4S h�<AE��)<AEG>iHI<AE2B @ < N C-ubCFE4B k K @ CFE N ] � S�ORNIQ4S <EG=bBPHI< {�S Bw< N B�>�< %�= S HPE O H S EG< @ZO Y O BI< NPS KoWAH O < S HI<�>�< V <ABPBI<�<AHPHI< S H-` @ < N MH.?K+=bBPM #vN < NwNPSGNIV <AK�B OZ{�@ < N>/h�<AE2BPHDC O EG<AH N C NPS HIWAubC @ZS CFB O =bE�EG<qKo= N <AE4BeKUC N >�<qK�HI= {�@$# Ya< N ]-4 @UNPS47 ByC @ =bH N >�< V C @RVAS�@ <AH @ C�Y\CFBPH ORV <>�< V =-u^CFH O CFE V < 3 × 3 l KUCFHPB O H_>�< C(ap)

l

KUCFH @ h�=bKoWAHDCFB O =bE��

N
(ap)
l =

(
AT (C(ap)

l )−1A
)−1

=




NT,ap
l NX,ap

l 0

NX,ap
l NE,ap

l 0

0 0 NB,ap
l




=\[ @ h�=bE�C O E2BPHI=?> S�O B @ C�Y\CFBPH ORV < 3F × 3
>�< N BPHDCFBIWA� O <w>�< { C @ Cm.2CF�)< A 1C��� ���  �-& �
% � 7 Q4S�O;N h�W V H O B-`NPO =bE�EG=bBI<

u
@ <fu)< V BI< S Hg>�<�> O Ya<AE NPO =bEMaL>�=bE4BgBI= S BI< Ng@ < NqV =bY�K+= N CFE2BI< N u^C @ <AE2B��a�

A =




u 0 0
0 u 0
0 0 u


 .

8 � s \ x \=B�\ x \_s x \µ¦ X r h ª a=w Z a%kÂ£ Z
X�h x u�\Ds�a h p ZOf x ` Znf s r \ X[Z u Z �
u ZTX £=\ k inf k_\Yu f[Znf x&r \_s Z p ZOf x m X r ZOf s r
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a O EUC @ <AYa<AE2B-`G=bEXC�= { BI<AE S >�< V <ABPBI<3%}C �v=bE:` @ < N�N Ko< V BPHI< N >�< N�V =bY�K+= N CFE4BI< N C N BPHI=bK�MH. NPORQ4S < N NY,ap
l

`=\[
Y = {T,E,B,X} ` V = k Cb>�> O B O =bE�EGW NzNPS H @ < N©V CFEUC S �t>�< %3HIW Q4S <AE V <^] � E NPSGN >�< @ h�< � <AB©>�< @ <AE2B OZ@Z@ <^`=bE�K+< S B©> #vN©@ =bH N�O E4BPHI=4> S�O HI< @ < N Cvu^CFE2B k K @ CFE N >GCFE N&@ h�CFEUC @ . N <�>�< a ORN MG<AH-]B�;C�Y\CFBPH ORV <g>�< V =5ubCFH O CFE V <>�< N >�=bE�EGWv< N ` O E VA@ZS CFE4BgBI= S BI< Ng@ < N WAY ORNINPO =bE N K�HIW V Wv>�<AY�Ya<AE4B V =bE NPO >�WAHIWv< N ` N h�W V H O B��

Cl =




CTl +NT
l +NT,ap

l CXl +NX,ap
l CTdl

CXl +NX,ap
l CEl +NE

l +NE,ap
l 0

CTdl 0 Cddl +Nmv,ap
l




� E�EG=bBI< Q2S < @ < N Ko< V BPHI<t> S Ya=?>�< ) E:h�CFK�KUCFHDC O B~KUC N <��?K @ZORVAO BI<AYa<AE4B~>GCFE NpV <ABPBI<�<��?K�HI< NDNPO =bE:`BI= S BI<�%�= ORN `�=bE HDCFK�K+< @Z@ < Q4S < @ < N�O E-%�=bHPY\CFB O =bE N >�< V =bHPHIW @ CFB O =bEJ<AE2BPHI< @ <!Ya=?>�< ) <AB @ < N C S BPHI< N= {GN <AHPu^C {�@ < N > S x ' ) N =bE2B V =bE2BI<AE S < N >GCFE Nt@ < N K+< V BPHI<�>�< @ h�CFE�� @ <�>�<�>�WAu O CFB O =bE:] � CFH\C OZ@Z@ < S H N `=bE�C�WA�2C @ <AYa<AE2B�BI<AE S�V =bY�K�BI<X>�< N C-ubCFE4B k K @ CFE N >GCFE N\@ <�K�HI= V < NINPSGN >/h�< N B O Y\CFB O =bE�>�< @ h�< � <AB\>�<@ <AE2B OZ@Z@ <^] � = S H V < @ Ci`&=bE�CIRP= S BI< @ <�BI<AHPYa<�>/h�Cvu^CFE2B k K @ CFE N NY,ap
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� = S H�,GE O H-`^EG= SGN C { =bHI>�=bE N©@ CfY ORN <�<AE � S u4HI<q>�< @ h�CFEUC @ . N <q>�<�a ORN MG<AH-`bBI< @Z@ < Q2S h�< @Z@ <q< N B&>�W V H O BI<>GCFE Ng@ CaKUCFHPB O <�K�HIW V Wv>�<AE4BI<^] 4 @;N h�CF� O B-` @ml <AE V =bHI<^`+>/h�WAu^C @ZS <AH @ < N_V =bE2BPHDC O E2BI< NfO Y�Ko= N Wv< N KUCFH @ C V = N�kYa= @ =b� O <q= {GN <AHPu^CFB O =bE�EG< @Z@ <^` l�S EG<�Y\C NIN <zBI=bBDC @ <g>�< N EG< S BPH O EG= N EG=bE�E S�@Z@ <^`)BI< @Z@ < Q2S < @ h O EG> ORQ4S <AE2B @ < NYa< NPS HI< N >/h�= NIVAOZ@Z@ CFB O =bE N ]?d @ C~> O � WAHI<AE V <_>�<qEG= N K�HIW V Wv>�<AE2B N BPHDCvu^C S �/` V <ABPBI< %}= ORN `2EG= SGN EG< V =bE NIO >�W kHI=bE N�Q2S h S E N < S�@ B/.?Ko<_>/h�<��iK+WAH O <AE V < N � @ < N % S B S HI< N <��iKoWAH O <AE V < N >�Wv> O Wv< N C S x ' ) ]4��= SGN WAu^C @ZS =bE N@ C Q2S C @ZO BIW�>�< @ h�< N B O Y\CFB O =bE > STN Ko< V BPHI<�>�<tK S�ORNIN CFE V <�>�< N �^HDCFEG>�< N~N BPH SGV B S HI< N~Q4S h OZ@ < N BpK+= NDNPOZ{�@ <>/h�= { BI<AE O H l KUCFHPB O H�>�<\BI< @Z@ < N <��iK+WAH O <AE V < N ] � EL< � <AB-` @ < N �^HDCFEG>�< NwN BPH SGV B S HI< N�V HIWv<AE4B S EL< � <ABw>�<@ <AE2B OZ@Z@ <f�^HDC-u O BDCFB O =bE�EG< @Z@ < NPS H @ < N K�MG=bBI=bE N > S x ' ) ` O EG> S�ORN CFE2Bq>�< N EG=bE k �2C SGNINIO CFE O BIW N C S�N < O E�>�< NV CFHPBI< N >�<�BI<AY�K+WAHDCFB S HI<p<AByK+= @ CFH ORN CFB O =bE 13u)= O H V MUCFK O BPHI< NPS�O u^CFE2B 4/CP7�]?�_= SGNcS B OZ@ZORN =bE Ny@ h�< N B O Y\CFBI< S H
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Q2S Cb>iHDCFB ORQ4S <g>�WAu)< @ =bK�KoWqKUCFH >p] � ? CFYa=bBI=�<AB � ]A^ S :�; �I<Â` { C N W NPS H @ < V C @RVAS�@ >�<"%}=bE V B O =bE N >�< V =bH kHIW @ CFB O =bE l�Q4S CFBPHI<�Ko= O E2B N C SnN < O En>�< N >�=bE�EGWv< N x ' ) `�Ko= S Hg<AEn<��iBPHDC O HI< S EG<pYa< NPS HI<�> SnN Ko< V BPHI<>�<pK S�ORNIN CFE V <�>�< @ h�CFE�� @ <�>�<�>�WAu O CFB O =bE Z V < @ZS�OºkÂVAO WABDCFE2B_> O HI< V BI<AYa<AE4B @ZO W~C S�N Ko< V BPHI<�> S Ko=bBI<AE2B O < @�^HDCvu O BDCFB O =bE�EG< @ >�< NgN BPH SGV B S HI<	13u)= O H V MUCFK O BPHI< 4YCN7�]
��=bBPHI<q< N B O Y\CFB O =bE�>�< @ CfY\C NIN <q>�< N EG< S BPH O EG= Nyl KUCFHPB O Hz> S x ' ) N < S�@ ` N < { C N < NIS H @ < N BPHDCvu^C S �>�<X��CFK @ZO E��^MUCFB�<AB�C @ ] :�;B;=<Â]&��= SGN HI<AK�HI<AEG=bE N�@ C�YaWABPMG=4>�< Q2S h OZ@RN Cb>�=bK�BI<AE2B\Ko= S HaBI<AE O H V =bY�K�BI<>�< @ h�< � <AB�>�< @ <AE4B OZ@Z@ <nC S�N < O E >�< @ C�Y\CFBPH ORV <X>�<ba ORN MG<AHa> S x ' ) `sBI= S Ba<AE @ h�CFYaW @ZO =bHDCFE2B-`z>GCFE NS E N = SGVAO >�<\BPHDC O BI<AH @ < N >�=bE�EGWv< N x ' ) >�<�Y\CFE O$# HI<�HIW-C @ZORN BI<^] >;= S Ba>/h�C { =bHI>/`sEG= SGN Ya=4>�W @ZORN =bE N@ < N >�=bE�EGWv< N�V =bE NPO >�WAHIWv< N <AE�EG= SGNc{ C N CFE4B NIS H @ < N�V CFHDC V BIWAH ORN B ORQ2S < N�O E N BPH S Ya<AE2BDC @ < N >/h�<��iK+WAH O <AE V < NHI<AK�HIW N <AE2BDCFB O u)< N >�< N % S B S HI< N �)WAEGWAHDCFB O =bE N >/h O E N BPH S Ya<AE2B N ]�xy< N =bE4B�>�< N <��?KoWAH O <AE V < N C V B S < @Z@ <AYa<AE2B<AE�=bKoWAHDCFB O =bE 13BI< @Z@ < � 1fCb�P7p= S <AE�K�MUC N <\>�<�BI< N B N 13BI< @ (+*-,/. 0�2 7 c >�< N K�HI==R�<AB N ,GEUCFE V W N <ABw<AEK�HIWAKUCFHDCFB O =bE�1 V =bY�Ya< ) 4Px ��� `?x @ � C ��� 7 c >�< N K�HI==RP<AB N <AE�K�MUC N <�>�<cHI< V MG<AH V MG<g<AB©>�WAu)< @ =bK�Ko<AYa<AE2B

1 ) � d�4��w`]�?d�' � d��F7 c = S >�< NpV =bE V <AK�B N >/h O E N BPH S Ya<AE2B N~l K @ZSGNp@ =bE���BI<AHPYa<^`oBI< @RNpV < S �TC V B S < @Z@ < kYa<AE2B�> ORNIVAS BIW N KUCFH @ Ct��dN�?d = SX@ h � �?d 1E'��Y) �-& % ��� + ���.-��67�] � = S H S EG< { H # u)<�K�HIW N <AE2BDCFB O =bE�<AB_>�< NHIW�%�WAHI<AE V < N\V =bE V <AHPEUCFE2B V < N <��iK+WAH O <AE V < N `©=bE N <�HI<AKo=bHPBI<AHDCTC S K�HI<AY O <AH V MUCFK O BPHI<^` /T4 ]�;i] � E NIS�O BI<^`EG= SGN_V =bE-%�HI=bE2BI=bE Nf@ CaYaWABPMG=4>�<w>�<~��CFK @ZO E��^MUCFBp<ABfC @ ]Z` la@ C�K�HIW N <AE V <w>�< V =bY�Ko= N CFE4BI< N C N BPHI=bK�MH. kNPORQ4S < N C S�N < O E�>�< N >�=bE�EGWv< N x ' ) ] � = S H V < @ Ci`eEG= SGNaO E2BPHI=?> S�ORN =bE N >GCFE Na@ h�CFEUC @ . N <X>�<Ma ORN MG<AH-`> O u)<AH N Cvu^CFE2B k K @ CFE N <AE�BI<AY�K+WAHDCFB S HI<p<ABcKo= @ CFH ORN CFB O =bE:` N = SGN %}=bHPYa<�>�< V =bY�Ko= N CFE4BI< N >�< { H S�O B NPS K kK @ WAYa<AE2BDC O HI< N ` V C @RVAS�@ Wv< N >/h�CFK�H #vN�@ <�Ya=4> #A@ <�>�< >;<A�^Y\CFH ? <ABaC @ ] :�� �I<Â] �;C!K�M OZ@ = N =bK�M O <XCb>�=bK�BIWv<^`@ = O E[>�<�BPHDC O BI<AH @ <wK�HI= {�@$# Ya<a<��GC V Bp>�< @ C\K�H ORN <w<AE V =bY�K�BI<�>�< N C-ubCFE4B k K @ CFE N >GCFE Nf@ C�Y\CFBPH ORV <�>�<
a ORN MG<AH-` V =bE NPORN BI< l <AE V Cb>iHI<AH @ h�<AHPHI< S H NPS H @ < N KUCFHDCFY # BPHI< NfQ2S < @ h�=bE V MG<AH V MG< l < N B O Ya<AH-`UKUCFH�>�< S �ubC @ < S H N ` @ h S EG<�BPHI=bK�=bK�B O Y ORN BI<^` @ h�C S BPHI<�K+< NINIO Y ORN BI<^]ixy< N u^C @ < S H N�N =bE2Bc= { BI<AE S < N <AE�Cb>�=bK�BDCFE4B�BI= S Hl BI= S Hf>�< S �XMH.?Ko=bBPM #vN < N <��?BPH6!AYa< N �U=bE V =bE NPO > # HI<w>/h S EG<wKUCFHPB S EG< N WAKUCFHDCFB O =bE�>�< V =bY�Ko= N CFE2BI< NO >�W-C @ <^` Q2S�O EG< @ C ORNIN <�C SGVAS E { H S�O B_HIW NIO > S < @ C S!N < O E�>�< @ C\Y\CFBPH ORV <t>�< a ORN MG<AH-` V =bEG> S�ORN CFE2B laS EG<N = SGN�k < N B O Y\CFB O =bET>�< @ h�<AHPHI< S H NPS H @ < N KUCFHDCFY # BPHI< N�c K S�ORN ` l�@ h�=bK�Ko= N W^`/=bE[HIW O B # HI< @ h�WAubC @ZS CFB O =bE >�< N<AHPHI< S H N <AE�EG< NIS K�K+= N CFE4B�C SGVAS E!EG<ABPBI=8.2CF�)<a>�< N Cvu^CFE2B k K @ CFE N ` V < Q4S�O©NPO �^E O ,U< V <ABPBI< %}= ORN `+>�< NPS H k< N B O Ya<AH&EG= N <AHPHI< S H N ])�f<AHPE O <AH&Ko= O E2B-`)EG= SGN BI< N BI=bE N&@ CfHI= {�SGN BI< NIN <q>�< N HIW NIS�@ BDCFB N = { BI<AE SGN ` l�@ h�CIRP= S B>�<�KUCFHDCFY # BPHI< Na@ZOZ{ HI< NaNIS K�K @ WAYa<AE2BDC O HI< N C S N < O E�> S Ya=4> #A@ < V = N Ya= @ =b� ORQ4S < V =bE NPO >�WAHIW^]yxy=bY�Ya<K�HIW V Wv>�<AY�Ya<AE2B-`rEG= SGN EG< V =bY�Ya<AE2BI=bE N�Q2S < { H O$# u)<AYa<AE4B~EG= N HIW NIS�@ BDCFB N ` O E2u O BDCFE2B @ < @ < V BI< S H l�N <HI<AK+=bHPBI<AH lw@ h�CFHPB ORVA@ <�HI< @ CFBDCFE2B_EG= N BPHDCvu^C S � :�;-"=<Â`=RP= O E2Bg>GCFE N�@ h�CFE�EG<���<�x�> S Y\CFE SGNIV H O K�B-]

� = S H V <ABPBI<�WAB S >�<^`sEG= SGN EG= SGN K @ C �v=bE N >GCFE Nw@ < V Cb>iHI<�>/h S ELYa=4> #A@ < V = N Ya= @ =b� ORQ4S <�>�<\BY.4Ko<
Λ
xy�F' 1 Q4S < @ h�=bE C EG=bY�YaW�WA�2C @ <AYa<AE2B Λ

'!�F' `zK+= S H�� % ����� �#���)��� �-& & �
�A`y<AE�HIW�%}WAHI<AE V < l@ C Ko<AB O BI< V =bE4BPH OZ{�S B O =bE >�< N EG< S BPH O EG= N[l�@ C�>�<AE NPO BIW BI=bBDC @ <87�` l �)Wv=bYaWABPH O <LK @ CFEG<^` V CFHDC V BIWAH ORN WKUCFH�M S�O B�KUCFHDCFY # BPHI< N�@ZOZ{ HI< N `©>�=bE2B @ < N u^C @ < S H N ,U> SGVAO < @Z@ < NaN =bE2B V MG= ORNPO < N >/h�CFK�H #vN�@ < N Ya< OZ@Z@ < S HI< N= {GN <AHPu^CFB O =bE N C V B S < @Z@ < N ]zd O E NIO `©EG=bBPHI<nu)< V BI< S H�>�<XKUCFHDCFY # BPHI< N�V =bE2B O <AE4B @ CT>�<AE NPO BIWn>�<nY\CFB O$# HI<
1Ýxy�F' � { CFH@.)=bE N �_EG< S BPH O EG= N 7�` @ Ct>�<AE NPO BIW~>�< { CFH@.)=bE N ` @ C V =bE N BDCFE4BI< V = N Ya= @ =b� ORQ4S <^` @ CwY\C NIN <pBI= kBDC @ <g>�< N EG< S BPH O EG= N 1�<AE\</CN7�` @ h�CFY�K @ZO B S >�<_> S�N K+< V BPHI<_>�<�K S�ORNIN CFE V <gK�H O Ya=bHI> O C @ >�< N K+<AHPB S H { CFB O =bE NNIV C @ C O HI< N ` @ C�K+<AE4BI<�>�< V < N K+< V BPHI<^` @ C�K�HI==%�=bEG>�< S Ha=bK�B ORQ4S < l�@ CnHIW O =bE ORN CFB O =bE�<AB @ C %�HDC V B O =bE�>�<{ CFH@.)=bE NgN = SGN %�=bHPYa<p>/h MGW @ZOZS YX`�>�=bE2B @ < N ubC @ < S H N ,U> SGVAO < @Z@ < N�N =bE4B��

(Ωmh
2,Ωbh

2,ΩΛ,Mν , log[10
10As], ns, τ, yHe) =

(0.143, 0.023, 0.70, 0.1, 3.23, 0.96, 0.11, 0.24)

1 46464�]�;BJ�7

� E�EG=bBI<^`©KUCFH\C OZ@Z@ < S H N ` Q2S < @ h�=bE N <�K @ C V <X>GCFE N�S E�Ya=?> #A@ <X>�WAKo= S HPu S >�<�Ya=?>�< N BI<AE N < S H N >�<K+<AHPB S�{ CFB O =bE:]
>;= S By>/h�C { =bHI>/`)EG= SGN BPHI= S u)=bE NeQ4S < @ Cf�)WAEGWAHDCFB O =bE l u)<AE O Hz>/h�<��iK+WAH O <AE V < N C SaN = @ `^BI< @Z@ < N � 1fCb�t`

) 4�x ��� `2x @ � C ��� = S5) � d34µ��`5K+<AHPYa<ABPBPHDC l�V = S HPB©BI<AHPYa<^`b>/h�CFYaW @ZO =bHI<AH @ < N Ya< OZ@Z@ < S HI< N&V =bE4BPHDC O E2BI< N
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C V B S < @Z@ < N_NIS H @ C�Y\C NIN <�>�< N EG< S BPH O EG= N ] � E�< � <AB-`U<AE V =bY {�O EUCFE2B @ < N >�=bE�EGWv< N >�<�>�< S ��>�< V < N <�� kK+WAH O <AE V < N >/h S EG<qY\CFE O$# HI< V =bY�K @ WAYa<AE2BDC O HI<^` @ h S EG<�CFK�K+=bHPBDCFE4B @ h O E-%}=bHPY\CFB O =bE�C S �a�^HDCFEG>�< N W V MG< @Z@ < NCFE�� S�@ C O HI< N <AB @ h�C S BPHI<�C S �XK @ZSGN Ko<AB O BI< N ` OZ@ < N BgKo= NINPOZ{�@ <�>�<~HI< V =bE N BPH S�O HI< @ < N Ko< V BPHI<�>�<�K S�ORNIN CFE V <>�< @ h�CFE�� @ <�>�<\>�WAu O CFB O =bE R SGNIQ4S h l >�< N Y S�@ B O KW6 @ < N >�< @ h�=bHI>iHI<�>�<(;BJBJ 13u)= O H ,G� S HI<(4 ]���<AB 4 ]Z�0J�C SV MUCFK O BPHI<N4@7�] � CFH V <ABPBI<_YaWABPMG=?>�<^` @ h�C NIN = VAO CFB O =bE�>�< N >�=bE�EGWv< N >�< ) 4�x ��� <AB � 1�Cb� = S >�< ) � d�4��<AB�x @ � C ��� `eK+<AHPYa<ABPBPHDC S EG<X>�WABI< V B O =bE l ;
σ
>/h S EG<�Y\C NDN <�BI=bBDC @ <X>�< N EG< S BPH O EG= N\O E-%�WAH O < S HI< l@ h�W @ < V BPHI=bE k C&= @ B-` N = O B 13K S�ORNIQ4S h�Cvu)< VTS EG<�BI< @Z@ <�Y\C NIN <!BI=bBDC @ <^` @ < N > O � WAHI<AE V < N >�<�HIWAKUCFHPB O B O =bEJ<AEY\C NIN <�>�< N BPHI= ORNyN Cvu)< S H N >�<_EG< S BPH O EG= N�N =bE2BcKo< S�NPO �^E O , V CFB O u)< N 7 S E�EG< S BPH O EG=t>�WA�)WAEGWAHIWp>�< @ h�=bHI>iHI<>�< Ji]���<�Ct] � E NPS�O BI<^`/<AE�C VvV =bHI>TC-u)< V ��CFK @ZO E��^MUCFB~<AB~C @ ]Z`oEG= SGN BPHI= S u)=bE N~Q4S < (6*7,/.1032 N < S�@ = {ikB O <AE2B S EG<g<AHPHI< S H l � σ >�< @ h�=bHI>iHI<�>�<�Ji]Z� "~<�C NPS H @ C N =bY�Ya<g>�< N Y\C NIN < N >�< N EG< S BPH O EG= N ]?d @ =bH NeQ4S <

�?d3' � d_�w` @ <�Y O E OºkÂN CFBI< @Z@ZO BI<�> S xy� � �+`rKo= NIN6# >�< S EG< N <AE NPOZ{�OZ@ZO BIW l Mν
V =bY�KUCFHDC {�@ < l�V < @Z@ <�>�<

(6*7,/.1032&` @ < S H�C NIN = VAO CFB O =bE!HIWv> S�O B @ h�<AHPHI< S H σ(Mν) l ∼ Ji]Z�t</Cw] � E[< � <AB-` V < N >�< S �!<��iK+WAH O <AE V < NN =bE2B V =bY�K @ WAYa<AE4BDC O HI< N <AEtBI<AHPYa<q>/h�<��iBPHDC V B O =bEa>�< N©@ <AE4B OZ@Z@ < N �^HDCvu O BDCFB O =bE�EG< @Z@ < N ` V CFH NPOi@ h�< N B O Y\CFBI< S HQ2S Cb>iHDCFB ORQ4S < @ <�K @ZSGN Ko<AH_%}=bHPY\CFE2B�Ko= S H (+*-,/.1032�< N B V < @ZS�O+{ C N Wv< NIS H @ < V C @RVAS�@ >�< NcV =bHPHIW @ CFB O =bE NglQ2S CFBPHI<~K+= O E4B N C S�N < O E!>�< N >�=bE�EGWv< N >�<�BI<AY�KoWAHDCFB S HI<^`+K+= S HN�?d3' � d_�w` @ CaYa< OZ@Z@ < S HI<w< N B O Y\CFB O =bE< N B~= { BI<AE S <\<AE V =bHPHIW @ CFE4B�Ya=?>�< N � <AB ) >�<�K+= @ CFH ORN CFB O =bE:];� #vNp@ =bH N `:<AE @ < N~V =bY {�O EUCFE4B-`r=bE HIW kVAS K # HI<t>�< S �!Ya< NPS HI< NfO EG>�WAK+<AEG>GCFE4BI< N <ABp>�< { =bE�EG< Q4S C @ZO BIW�> S[N K+< V BPHI<t>�< N �^HDCFEG>�< NpN BPH SGV B S HI< N
13u)= O H ,G� S HI<N46464�] ç 7�]id;u)< V >�<fBI< @Z@ < N K+<AH_%}=bHPY\CFE V < N `G=bE N <�K @ C V < lw@ C @ZO Y O BI<~>�<fK+= S u)= O H N =bEG>�<AH @ < NW V MG< @Z@ < N >�<�Y\C NIN < N Ko= S H @ < NIQ4S < @Z@ < N~@ < N > O � WAHI<AE4BI< N HIWAKUCFHPB O B O =bE N Y\C NINIORQ2S < N K+= NINIOZ{�@ < N >�< N BPHI= ORNEG< S BPH O EG= N >�<Au O <AE�EG<AE2B~> ORN B O E�� S C {�@ < N ] � E-,GE:` @ < V =bE V <AK�B~>/h�<��iK+WAH O <AE V < l�@ =bE���BI<AHPYa< Q4S < @ h�=bE�CV =bE NPO >�WAHIW^`)Ko= NIN6# >�< S E N < S�OZ@ >�<q>�WABI< V B O =bE l ;

σ
>�< @ h�=bHI>iHI<_>�< Ji]�J��f<�C >�< @ C�Y\C NDN <�>�< N EG< S BPH O EG= N `K+<AHPYa<ABPBDCFE4B�>�<t> ORNIV H O Y O EG<AH�<AE2BPHI<tM O WAHDCFH V M O <�EG=bHPY\C @ <�= S�O E2u)<AH N <^]/d O E NPO ` S EG<wBI< @Z@ <w<��iKoWAH O <AE V <^`>�<\BY.4Ko<24ÂE43�CFB O =bE � HI= { <^`;Ko<AHPYa<ABPBPHDC O B S EG<�>�WABI< V B O =bE Y\CFHP� O EUC @ < 1�<AE2BPHI<QA ç <AB �-"

%
>�<\E O u)<-C S>�< V =bE-,�CFE V <87g>�< @ C�Y\C NIN <�>�< N EG< S BPH O EG= N Y !AYa<w>GCFE N_@ < V C N_@ <�K @ZSGN >�W�%ÝCvu)=bHDC {�@ <^`o>/h S EG<~Y\C NDN <BI=bBDC @ <pY O E O Y\C @ <~>�<PJi]�J-"a<�Ct`�K+<AHPY ORN <�C SnN < O EX>�< @ CwM O WAHDCFH V M O <~EG=bHPY\C @ <^]
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\�Q}<JGKFHG8<?>ZU?F;@VSZ:_X�GK70@M>;DP:?LMLV:?hj:?Q�>yLe36:lkv:?>WC0:¡LV:?Q�>;@MLMLV:~Y�GKFRLaG�C0Uh��:lb�@V58Qq@MQPC�D0@M>Z:_Y�GKFRLV:¡Y*58>Z:?Q�>;@V:?L�\FHG=I�@M>HGK>;@V58Q0QP:?LxC�DEC0Uh��:=<?>Z:?D0FTS;D0F`LaG&LMD0hn@V�?FZ:W@VSZS;DP:RC0:�LaG_SZ58D0FZ<=:\r�£ 58D0FT<=:?LaG�[058Q¤@MQ�>;FZ5�C�D0@M>�Le3zGKQ0�\LV:C0:~C0Uh��:lb�@V58Q�C0Ul�PQ0@4<=58hnhj:_Le3 @MQ�>ZU?�\FHGKLV:iS;D0FWD0QP:&��U=5�C0U=S;@VN�DP:~C0:~LaG�<=58hnY*5\SHGKQ�>Z:n58F;>;XP58FHG8C�@aGKLV:jC0:Le3zG8<=<=U?LVU?FHGK>;@V58Q��\FHGJI�@M>HGK>;@V58Q0QP:?LMLV:qJ
~̂d =

2

c2

∫
g⊥dr

��LI�~r � �
m�:?>;>Z:^C0Uh��:lb�@V58Q C0:�LaG_LMD0hn@V�?FZ:^SH:�AeGK@M>�C0:�A�GR =58QEY0FZ58�\FZ:=SZSZ@MI�:yGKD�I�58@VSZ@MQ�GK��:^C�D C0Uh��:=<?>Z:?D0FJr�m�:lcY{:?QPCPGKQ�>J[�SZ@0LV:=StC�@VS;>HGKQP<=:=S�N�D0@�SZU?Y�GKFZ:?Q�>�LaG^SZ58D0FZ<=:�C�DiC0Uh��:=<?>Z:?D0F�:?>tLV:�C0Uh��:=<?>Z:?D0FgC0:�Le36587PSZ:?F;I\GK>Z:?D0FSZ58Q�>^S;D��iS�GKhnhj:?Q�>y�\FHGKQPC0:=SWY�GKF^FHGKY0Y*58F;>y]iLe36U?>Z:?QPC�DP:nSZY�GK>;@aGKLV:nC0:&LaGN¡J58QP:~C0Uh��U=<ZX0@VSHSHGKQ�>Z:\[ GKLV58FZS58Q�Y*:?D0>¡SZ:nY0LaG8<=:?F_CPGKQPSyLe3zGKY0Y0FZ5=b�@MhiGK>;@V58Q�@MLMLMDPS;>;FZU=:jY�GKFyLaG¤�P�\D0FZ:�LI�_r � rO2�G¤LMD0hn@V�?FZ:iSZ:jY0FZ58Y�GK��:SHGKQPS�Y*:?F;>;D0F;7�GK>;@V58Qn9dDPSZN�DO3zGKDEY0LaGKQ C�D�C0Uh��:=<?>Z:?D0FJ[0Y0D0@VST:=S;>�70F;DPSZN�DP:?hj:?Q�>RC0Uh��U=<ZX0@V:¡GKD�Q0@MI�:JGKD�C�DC0Uh��:=<?>Z:?D0FJ[*Y{58D0FW:?QPS;D0@M>Z:~SZ:&Y0FZ58Y�GK��:?F`9¨DPSHN�DO3z]iLe36587PSZ:?F;I\GK>Z:?D0FJrvmR36:=SZ>dc�]sc�C�@MFZ:nN�DO3658Q}SZ:&Y0LaG8<=:~CPGKQPS
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DLS DL

DS

Plan de la source Plan de la lentille Plan de l’observateur

~θI

1

��������������� �"!$#&%('*),+.-0/1/02�3�465&+8794�/0:
5;'=<>-1)?:A@(:*3�/1:*7>4;-1/0/0:*3�<B'=C>)?'�465;-ED>2�:=)?:=794F)?-07�#�:�3HG�IBC>-15�/1:
46: ( 46:�J�K

��QyFZ:?Y0FZ:?Q�GKQ�>�LV:=SOQP58>HGK>;@V58QPS�C0:�LaGg�P�\D0FZ:,L7�~r � 58Q¡5870>;@V:?Q�>xLe36:lb�Y0FZ:=SZS;@V58Q¡C0:�Le3zGKQ0�\LV:gC0:�C0Uh��:lb�@V58QqJ
~̂d =

DS

DLS
(~θI − ~θS)

��LI�~rz©��
£ 58D0F¡Le36587PSZ:?F;I\GK>Z:?D0FJ[OLe36:lkv:?>¡C0:nLV:?Q�>;@MLMLV:iSZ:n>;FHG8C�D0@M>¡Y�GKF¡D0Q}FZUJGKF;FHGKQ0��:?hj:?Q�>nC0:=S&587�9d:?>ZSySZD0FyLV:<?@V:?Ler*m�:&FZUJGKF;FHGKQ0��:?hj:?Q�>&:=S;>RC0U=<?F;@M>RY�GKFWLV:¡FZ:?LaGK>;@V58Q}:?Q�>;FZ:&LaGiY*5\S;@M>;@V58QqC0:&Le3 @MhiGK��:&LV:?Q�>;@MLMLVU=:nS;D0FRLV:<?@V:?Lx:?>T<=:?LMLV:yC0:^LaG~SH58D0FZ<=:wJ

~θI = ~θS +
DLS

DS

~̂d ≡ ~θS + ~d(~θI)
��LI�~r � �

m�:?>;>Z:TFZ:?LaGK>;@V58Q¤<=58QPS;>;@M>;DP: ��L ��
���x�g�eCsM�	a�` � `���g�e �	� `tN�DP:�Le3658Q¤<ZXP:?FZ<HXP:R]y@MQ�I�:?FZSZ:?F�Y*58D0FtFZ:=<=58QPS;>;F;D0@MFZ:�LaGSZ58D0FZ<=:4�WLe36587PSZ:?F;I\GK70LV:�QP58Q�ceLV:?Q�>;@MLMLVU=:�SZ58DPS;cM9;G8<=:?Q�>Z:\[8]�Y�GKF;>;@MF�C0:tLe3 @MhiGK��:t�^Le36587PSZ:?F;I\GK70LV:gLV:?Q�>;@MLMLVU=:\r
\�Q:lb�Y0LM@V<?@M>Z:TLe36U=N�D�GK>;@V58Q�C0:`LV:?Q�>;@MLMLV:�:?QiFZ:?LM@aGKQ�>tLe3zGKQ0�\LV:�C0:�C0Uh��:lb�@V58Q¤GKDnY{58>Z:?Q�>;@V:?L��\FHG=I�@M>HGK>;@V58Q0QP:?L
Ψ
>Z:?LN�DP:

~g~θ
= ~∇θΨ

[�5MN�Le3658Q¤G¡@MQ�>;FZ5�C�D0@M>�Le3658Y*U?FHGK>Z:?D0F`C�@BkvU?FZ:?Q�>;@V:?LOSZD0FtLV:=S`<=58hnY{5\S�GKQ�>Z:=S�58F;>;XP58FHG8C�@aGKLV:=SJr
\�Q hj58Q�>;FZ:qGKLV58FZS�N�DP: Le3zGKQ0�\LV:�C0:�C0Uh��:lb�@V58Q'SJ36:lb�Y0F;@Mhj:�:?Q¬A�58QP<?>;@V58Q C�D �\FHG8C�@V:?Q�>¤Cv3 D0Q <ZX�GKhnY]�©RV J�<=:?>;>Z:EA�58QP<?>;@V58QO[4N�D0@�C0U?Y*:?QPC¬C0:ELe3 @MQ�>ZU?�\FHGKLV:�LV:ELV58Q0��C0:ELaG�LM@M�\QP: C0:EI�@VSZU=:EC�D¬Y*58>Z:?Q�>;@V:?L�\FHG=I�@M>HGK>;@V58Q0QP:?L :=SZ>�GKY0Y{:?LVUAO�s
g7`���g�e�` � a�` � `���g�e �	� `

~̂d(~θ) =
2

c2

∫
~∇θΨdr = ~∇θ

[ 2

c2

∫
Ψdr

]

VW:�hju?hj:\[�CPGKQPSgLe36U=N�D�GK>;@V58Q�C0:�LV:?Q�>;@MLMLV:HLI�_r � [�58Qi@MQ�>;FZ5�C�D0@M>gLV:�Y*58>Z:?Q�>;@V:?L*C0:�LV:?Q�>;@MLMLV:RGsc�C�@Mhj:?QPS;@V58Q0QPU
Φ(~θ)

J
~θI = ~θS + ~∇Φ(~θ)

��LI�~r P��
2436U=N�D�GK>;@V58Q�C0:^£ 58@VSZSZ58Q�C�DEY*58>Z:?Q�>;@V:?L��\FHG=I�@M>HGK>;@V58Q0QP:?L � V�@MQ�>ZU?�\FZU=:&S;D0F�LaG_LM@M�\QP:yC0:WI�@VSZU=:^:lb�Y0LM@V<?@M>Z:<=:WY{58>Z:?Q�>;@V:?L�C0:^LV:?Q�>;@MLMLV:�J

~∇ · ~∇Φ(~θ) =
8πG

c2
DLSDL

DS
Σ ≡ 2

Σ

Σcrit

��L7�~rRQ��

Σ =
∫
ρdr

:=S;>gLaG^C0:?QPS;@M>ZURS;D0FdA�G8<?@VN�DP:T:?>
Σcrit

[�LaGwa|`���b�e�g��(b��|_if}x�r}eS
T��`0r _�e�g�eS
T��`?r0m�:?>;>Z:RC0:?F;Q0@V�?FZ::=S;>�C0Ul�PQ0@V:�<=58hnhj:`LaG�I8GKLV:?D0F�LM@Mhn@M>Z:�SZU?Y�GKFHGKQ�>�LV:=S�C0:?D�b&FZU?�\@Mhj:=S4C0:�Le36:lkv:?>�C0:�LV:?Q�>;@MLMLV:\r�2O58FZSZN�DP:�Le3658QC0U?Y�G8SZSZ:y<=:?>;>Z:yI8GKLV:?D0F�<JGKFHG8<?>ZU?F;@VSZ>;@VN�DP:&C�D S;��SZ>Z�?hj:i�¥SZ58D0FZ<=:\[0LV:?Q�>;@MLMLV:\[�587PSZ:?F;I\GK>Z:?D0F��l[�GKLV58FZS�Le36587PSH:?FdcI8GK>Z:?D0F�Y{58D0F;FHGnI�58@MF�Y0LMDPS;@V:?D0FZS�@MhiGK��:=S�C0:^LaGjSZ58D0FZ<=:\r�V^GKQPS�<=:¡<JG8STLe36U=N�D�GK>;@V58Q�C0:yLV:?Q�>;@MLMLV:yQO3zGjY0LMDPS
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C0:~SZ58LMD0>;@V58Q}D0Q0@VN�DP:~C0:~SZ58F;>Z:nN�DP:_LV:&Y0FZ5870LV�?hj:nC0:_LaG�FZ:=<=58QPS;>;F;DP<?>;@V58Q|C0:_LaG�SZ58D0FZ<=:~FZ:=N�D0@V:?F;>WD0QP:C0:=SZ<?F;@MY0>;@V58Q|Y0LMDPSy��U?QPU?FHGKLV:iC0:nLe36:lkv:?>yC0:nLV:?Q�>;@MLMLV:�N�DP:n<=:?LMLV:�G8C058Y0>ZU=: Jv<\36:=S;>yLV:F_�����e<u�`qa�` � `���g�e � � `
f}s�_hg�r�¢ Le3 @MQ�I�:?FZSZ:\[0>HGKQ�>TN�DP:WLaG~C0:?QPSZ@M>ZU^S;D0FdA�G8<?@VN�DP:RFZ:=S;>Z:^:?Q�c�C0:  J]nC0:^SHG&I\GKLV:?D0FT<?F;@M>;@VN�DP:\[PLaG&SH58D0FZ<=:��GKFZC0:^D0QP:ySZ:?D0LV:W@MhiGK��:�JP<\36:=S;>�LV: _����Reiu�`=a�` � `���g�e � � `Ef xRe�� � `?r
V^GKQPSWQP58>;FZ:nU?>;DPC0:nC0:&Le36:lkv:?>^C0:_LV:?Q�>;@MLMLV:jC�D j�lnm&[*58Q�SH:_SZ@M>;DP:&70@V:?Q�CPGKQPSWLV:_FZU?�\@Mhj:nC0:_LV:?Q�>;@MLMLV:A�GK@M70LV:\r�2xG&SZ58D0FZ<=:�Sf3 @VC0:?Q�>;@B��:^]yLaG¡S;D0FdAeG8<=:�C0:�C0:?F;Q0@V�?FZ:RC�@Bk*DPS;@V58Q���LV:�S;��S;>Z�?hj:�C0Uh��:=<?>Z:?D0F`<=58QPSZ>;@M>;DPUY�GKFjLV:=S~�\FHGKQPC0:=SiSZ>;F;DP<?>;D0FZ:=SiSZ:ES;@M>;DP:¤Y0F;@MQP<?@MY�GKLV:?hj:?Q�>¤]�C0:=SF_�`�aRbdc�e fhgibnC0: � ]}©��tGK@MQPS;@�LV:=Sj>;FZ�=S�\FHGKQPC0:=S�C�@VSZ>HGKQP<=:=SRN�D0@xSZU?Y�GKFZ:?Q�>RSH58D0FZ<=:\[�C0Uh��:=<?>Z:?D0FW:?>�587PSZ:?F;I\GK>Z:?D0FJ[���GKFHGKQ�>;@VSZSZ:?Q�>^C0:=S�GKQ0�\LV:=SWC0:C0Uh��:lb�@V58Q A�GK@M70LV:=S
	fr

«R58DPSgC�@VS;Y*5\SZ58QPSgC0�=StLV58FZS�Cv3 D0Q�<JG8C�FZ:�Y*58D0Ft@MQ�>Z:?F;Y0FZU?>Z:?F`Y0LMDPS`:?Q�C0U?>HGK@ML{LaG^hiGKQ0@V�?FZ:RC058Q�>�Le36:lkv:?>C0:^LV:?Q�>;@MLMLV:&GK�\@M>�S;D0F�LaGnSZ58D0FZ<=:\rwx58D0>¤Cv3zGK7{58FZCv[tD0QP: Y0FZ58Y0F;@VU?>ZU���U?QPU?FHGKLV:�C0:�Le36:lk*:?>�C0: LV:?Q�>;@MLMLV:�:=S;>�N�DP: LaG}70F;@MLMLaGKQP<=:qC0:�S;D0FdAeG8<=:C0:�LaG�SH58D0FZ<=:E:=S;>_<=58QPSH:?F;I�U=: J <\36:=SZ>dc�]sc�C�@MFZ:EN�DO3 D0Q U?LVU?hj:?Q�>�C0:�SZD0FdA�G8<=:¤C0:�Le3 @MhiGK��:EC0:�LaG�SH58D0FZ<=:QO3zGKY0Y�GKFHG��V>;FHG¤Y�G8SWY0LMDPSW70F;@MLMLaGKQ�>&C�D�AeGK@M>^C0:_Le36:lk*:?>^C0:_LV:?Q�>;@MLMLV:\[ON�DP:_LV:_hju?hj:nU?LVU?hj:?Q�>¡C0:~S;D0FdAeG8<=:C0:^LaGjSH58D0FZ<=:¡:?Q Le3zGK7PSZ:?QP<=:&C0:¡C0Uh��:=<?>Z:?D0FJr�¢�@MQPS;@e[�LaG~70F;@MLMLaGKQP<=:_C0:yS;D0FdAeG8<=:yC0:yLe3 @MhiGK��:¡LV:?Q�>;@MLMLVU=:_:=S;>FZ:?LM@VU=:¡]_LaG~70F;@MLMLaGKQP<=:&C0:^S;D0FdA�G8<=:^C0:yLaG~SZ58D0FZ<=:^Y�GKFTD0QP:WA�58QP<?>;@V58Q�C0:WFZUJGKF;FHGKQ0��:?hj:?Q�>vJ
BI(~θI)) = BS(g(~θI))m�58hnhj:WQP58DPS`Le3zG=I�58QPS�I�DO[�<=:?>;>Z:�A¥58QP<?>;@V58Q C0:WFZUJGKF;FHGKQ0��:?hj:?Q�>�QP58DPS�:=S;>�C058Q0QPU=:WY�GKF`Le36U=N�D�GK>;@V58Q�C0:LV:?Q�>;@MLMLV:��¥:=N�r�LI�_r � �HJ
g(~θI) = ~θI − ~d(~θI)��QPS;D0@M>Z:\[�D0QP:¡hiGKQ0@V�?FZ:_C0:_C0U=<?F;@MFZ:¡LV:=SRC0UlA¥58F;hiGK>;@V58QPSWS;D070@V:=S�Y�GKFRLaGjSZ58D0FZ<=:_<=58QPS;@VS;>Z:_]j<JGKLV<?D0LV:?FWLaG

uwx�g�_�eCrd`va L xRuAO � e 
,rdx�g�e�s$�iC�D S;��S;>Z�?hj:\[PC0Ul�PQ0@V:y<=58hnhj:^LV:���G8<=5870@V:?Q�C0:WLe36U=N�D�GK>;@V58Q�C0:^LV:?Q�>;@MLMLV:�J
Mij ≡

( ∂~θI

∂~θS

)
ij

= δij +
∂Φ(~θ)

∂θi∂θjmR36:=S;>TLe3 @MQ�I�:?FZSZ:yC0:y<=:?>;>Z:^hiGK>;F;@V<=:¡N�DP:WLe3658Q�:lb�Y0LM@V<?@M>Z:^X�GK70@M>;DP:?LMLV:?hj:?Q�>RSZ58DPSTLaG_A¥58F;hj: J
M−1 =

(
1 − κ− γQ −γU

−γU 1 − κ+ γQ

)

\�Q�G_@MQ�>;FZ5�C�D0@M>�LV:=ST<ZX�GKhnYPS
κ
:?>
γ
N�D0@OSJ3 @MQ�>Z:?F;Y0FZ�?>Z:?Q�>WC0:WLaG~hiGKQ0@V�?FZ:yS;D0@MI\GKQ�>Z:�J�'2O:¡<ZX�GKhnY�C0:�rBsM���R`h_S�|`���rd`

κ(~θ)
N�D�GKQ�>;@B��:yLaGnI8GKF;@aGK>;@V58QqC0:¡S;D0FdAeG8<=:yN�DP:^LaG~LV:?Q�>;@MLMLV:¡Y0FZ5�C�D0@M>S;D0FtLe3 @MhiGK��:�C0:�LaGySZ58D0FZ<=:\r�£�58D0F�LV:0j0l m&[\LV:�<ZX�GKhnY¤C0:�<=58Q�I�:?F;��:?QP<=:�QP58DPStA�:?FHG^Y�GKFHG��V>;FZ:�LV:=SGKQ0@VSZ58>;FZ58Y0@V:=S�C0:^>Z:?hnY*U?FHGK>;D0FZ:ySZ58@M>T�\FZ5\SZSZ@V:=STSZ58@M>`A�5�<JGKLM@VSZU=:=Sfr�m�:^<ZX�GKhnY�:=SZ>TC0Ul�PQ0@OY�GKF J

κ(~θ) =
Σ(~θ)

Σcrit¢�@MQPS;@e[ LaGq<=58Q�I�:?F;��:?QP<=:EA�58D0F;Q0@M>nD0Q¬<?F;@M>Z�?FZ:EC0:¤<JGKFHG8<?>ZU?F;@VSHGK>;@V58Q C�D�FZU?�\@Mhj: C0:�LV:?Q�>;@MLMLV: J�S;@
κ ≥ 1

[OLaG LMD0hn@V�?FZ:i@VSHS;DP:iC0:iLaG SZ58D0FZ<=:�SZ:?FHG S;D��iS�GKhnhj:?Q�>_A¥5�<JGKLM@VSZU=:nY*58D0F&N�DO3 @MLtY0D0@VSHSZ:iSZ:A�58F;hj:?F�C0:=S�@MhiGK��:=S�h¡D0LM>;@MY0LV:=Sfr�£�GKFTGK@MLMLV:?D0FZSJ[0G=I�:=<RLe36U=N�D�GK>;@V58Q�LI�~rRQ�[�58Q�FZ:?LM@V:�LaG&<=58Q�I�:?F;��:?QP<=:]_Le3zGKQ0�\LV:yC0:¡C0Uh��:lb�@V58Q J

κ(~θ) =
1

2
~∇ · ~∇Φ(~θ) =

1

2
~∇ · ~d ��LI�~r����

��������������� �"!#�$�&%$'(�)�*��+(��,$�-+(./%$�$%$��0�1 �$���&23��43��5768'(�:9;'<4=5
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Φ(n̂) = −2

∫ χ∗

0
dχΨ(χn̂, η0 − χ)

χ∗ − χ

χχ∗
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z

y

x

0

x

y
0’+

0’

φ
+

θ petit

θφ

θ

������� ����� n ��!(#&%('=),+ -0/1/02�3�465&+8794 /0:���+>363;+8<>:�@$:*3 #�CMCB5&@$CB7�7('=:�3 3'�(%�'=5;-0D92(:�3 8 /2� +��3�(5;C ( -1),+T4;-1C>7
�(/E+87(:>K 2 +87�3,/E+ /1-0)?- 4;: C�� /2� +B7(<B/0:

θ
:*3�4�� :=46-14 � /0:*3�� C>-1794;3�G����

θ
�
φ
J.@$: /0+ 3��(%30*56: � :=2(I>:=794

� 4;56:H5;:"� '=5;'*3 � @(+B7�3 /1:#�(/E+87�4;+87�<B:=794 8 /E+ 3��(%30*56:?+82 � C>-1794�C���/ � + ( :A@(:*3
z
/0+ 465&+�IB:*5;36:�� ��+85

G
sin θ ∼ θ

�
φ
J�K

wx58D0>WCv3zGK7*58FZCv[�58QqC058Q0QP:¡LV:=S�FZ:?LaGK>;@V58QPS�:?Q�>;FZ:_LV:=S�<=5�58FZC058Q0QPU=:=SRSZD0F�LaGjSZY0XP�?FZ:&:?>R<=:?LMLV:=S�S;D0F�LaGY{:?>;@M>Z:¤<JGKF;>Z:\r�V^GKQPS_LaG�LM@Mhn@M>Z:¤5MN�LaG�Y{58F;>;@V58Q C0:¤<?@V:?L�U?>;DPC�@VU=:�:=SZ>_S;D��iS�GKhnhj:?Q�>nY*:?>;@M>Z:\[ <\36:=SZ>dc�]scC�@MFZ:yCv3zGKQ0�\LV:¡SH58LM@VC0:^@MQ�A¥U?F;@V:?D0FR]~D0QP:^>;FZ:?Q�>HGK@MQP:_C0:^C0:?�\FZU=S�<JGKF;FZU=:=Sf[�58Q Y*:?D0>�LaGn<=58QPS;@VC0U?FZ:?FR<=58hnhj:Y0LaGKQP:\r�V_3zGKY0FZ�=S_LaG �P�\D0FZ:\[ D0Q.Y*58@MQ�>nCPGKQPS_LV:�<?@V:?L�FZ:?Y*U?FZU�Y�GKF_LV:�I�:=<?>Z:?D0F
~̂n
C0:�<=58hnY*5\SHGKQ�>Z:=Sn:?Q<=5�58FZC058Q0QPU=:=SWS;Y0XPU?F;@VN�DP:=S

(sin θ cosϕ, sin θ sinϕ, cos θ)
[�5MN

θ → 0
[�C0:?I�@V:?Q�>J[*CPGKQPSRLV:yY0LaGKQ � b*[ �P�l[

~̂n = (θ cosϕ, θ sinϕ)
r�VW�=S�LV58FZSJ[0LV:=SR587PSZ:?F;I8GK70LV:=SRC�D�m�oqpW[

X ∈ {T,E,B} [{SZ:yC0U?I�:?LV58Y0Y*:?Q�>^S;D0FLaG_7�G8SZ:yC0:��P58D0F;@V:?FRC0:^LaG_hiGKQ0@V�?FZ:¡SZD0@MI8GKQ�>Z:wJ
X(~̂n) =

∫
d~l2

(2π)2
X(~l)e−i~l·~̂n

2O:=S�<=5�:l�i<?@V:?Q�>ZS�C0:��P58D0F;@V:?F�SJ36U=<?F;@MI�:?Q�>vJ
X(~l) =

∫
d~nX(~̂n)ei

~l·~̂n ��L7�~r P �
V~3zGKD0>;FZ:qY�GKF;>J[g58Q'hj58Q�>;FZ:�:?Q'GKQ0QP:lb0:��¥¢&rz©��l[gLaG�FZ:?LaGK>;@V58Qª:?Q�>;FZ:�<=5�:l�i<?@V:?Q�>ZSEC0:��P58D0F;@V:?FE:?>X�GKF;hj58Q0@VN�DP:=S�S;Y0XPU?F;@VN�DP:=SJ[0>Z:?LMLV:yN�DO36:?LMLV:y:=S;>�D0>;@MLM@VSZU=:¡CPGKQPS�LV:=S�GKF;>;@V<?LV:=S�C0:v\ �8GKhj58>Z5j:?>$]�D J

X(~l) =

√
2π

l

l∑

m=−l

aX
lmi

meimΦl
��L7�~r �QY �

VW:y<=:?>;>Z:yFZ:?LaGK>;@V58QO[�QP58DPS�C0U=C�D0@VSZ58QPS�Le36:lb�Y0FZ:=SHS;@V58Q�C0:=S�SZY{:=<?>;FZ:=STC0:yY0D0@VSZSHGKQP<=:¡C0:=S�587PSZ:?F;I\GK70LV:=SC�D�m�oqp/CPGKQPS�Le3zGKY0Y0FZ5=b�@MhiGK>;@V58Q}Y0LaGKQP:¡:?Q�A¥58QP<?>;@V58Q�C0:=SRS;Y{:=<?>;FZ:=SRS;D0F�LV:¡<?@V:?L�:?>�<=:\[{:?Q�<JGKLV<?D0LaGKQ�>LaG_hj5J��:?Q0QP:_S;D0F�D0Q :?QPSZ:?h&70LV:¡C0:^FZUJGKLM@VSHGK>;@V58QPS�C�D�m�o�p J
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< X(~l1)X
∗(~l2) >= (2π)2CXX

l1
δ(~l1 −~l2)

¢�@MQPS;@e[�58QESZ:�7�G8SZ:RS;D0F`<=:?>;>Z:R:lb�Y0FZ:=SZS;@V58QEGKDPSZS;@{70@V:?Q¤Y{58D0F`S;@Mh&D0LV:?FTC0:=SgY*:?>;@M>Z:=S`<JGKF;>Z:=S`C0:^m�oqpN�DP: Y{58D0Fi:?Q :=S;>;@Mhj:?FiLV: SZY{:=<?>;FZ: C0: Y0D0@VSZSHGKQP<=:\rt�4Q :lkv:?>J[�D0QP:EFZUJGKLM@VSHGK>;@V58Q'C0:=Si<=5�:l�i<?@V:?Q�>ZS¤C0:
�P58D0F;@V:?F�C0:WLe36587PSH:?F;I8GK70LV:������¡w^[P��[0p��&Y{:?D0>Tu?>;FZ:y5870>Z:?Q�DP:¡C0:^LaG_hiGKQ0@V�?FZ:&S;D0@MI\GKQ�>Z:wJ

X(~k) =
√
CXX

l=k G(~k)
��LI�~r � � �

5MN ^ :=S;>WD0QP:~I8GKF;@aGK70LV:~��GKDPSHS;@V:?Q0QP:nC0:~I8GKF;@aGKQP<=:~D0Q0@M>ZU\rv¢�@MQPS;@e[v<=:?>;>Z:~hjU?>;XP5�C0:nC0U?I�:?LV58Y0Y{U=:iCPGKQPS� � � � [�<=58QPS;@VS;>Z:�]q>;@MFZ:?F�GKLVUJGK>Z58@MFZ:?hj:?Q�>�LV:=SnI\GKLV:?D0FZSiC0: ^ Y0D0@VSi]�LV:=SnY*58QPC0U?FZ:?FiY�GKFnLaG�FHG8<?@MQP:�C�DS;Y*:=<?>;FZ:yC0:^Y0D0@VSZSHGKQP<=:\r�£ GKFWGK@MLMLV:?D0FZSJ[0LV:=ST@MQ�A�58F;hiGK>;@V58QPS�SZD0FTLV:=ST<=58F;FZU?LaGK>;@V58QPSR:?Q�>;FZ:yLV:=S�587PSZ:?F;I\GK70LV:=SC0:t>Z:?hnY*U?FHGK>;D0FZ:`:?> C0:�hj5�C0:g��C0:gY{58LaGKF;@VS�GK>;@V58Q_Y*:?D0I�:?Q�>�u?>;FZ:g@MQ�>;FZ5�C�D0@M>Z:=S�Y�GKF�D0QP:thjU?>;XP5�C0:�7�G8SZU=:S;D0F�LV:^hju?hj:^Y0F;@MQP<?@MY*:^hiGK@VS�QPU=<=:=SHS;@M>HGKQ�>�LV:W>;@MFHGK��:¡GKLVUJGK>Z58@MFZ:¡C0:yC0:?D�b¤I\GKF;@aGK70LV:=ST��GKDPSZS;@V:?Q0QP:=S J
E(~k) =

CTE
k

CTT
k

√
CTT

k G1(~k) +

√
CEE

k − (CTE
k )2

CTT
k

G2(~k)

«�58DPS�C0U?hj58Q�>;FZ58QPS�<=:?>;>Z:^:lb�Y0FZ:=SZS;@V58QO[0CPGKQPS`LaG~SZD0@M>Z:^C�D <ZX�GKY0@M>;FZ:\[PCPGKQPS�LV:W<JG8C�FZ:^Y0LMDPS`��U?QPU?FHGKL�C0:=SS;@Mh¡D0LaGK>;@V58QPS^<=58Q�>;FHGK@MQ�>Z:=SJr � @MQ�GKLV:?hj:?Q�>J[v58Q�QP58>Z:_N�DP:&Le3658Qq��U?QP�?FZ:&LV:=SRY*:?>;@M>Z:=S�<JGKF;>Z:=SW<JGKF;FZU=:=SyGJI�:=<C0:=St<=58QPC�@M>;@V58QPS�GKD�bn7{58FZC0S�C0:�>���Y*:T>Z58FZ5RXeC0:~��LV:=S47*58FZC0StSZ58Q�>t@VC0:?Q�>;@B��U=S�C0:?D�b�]yC0:?D�bP�tGs�PQ�Cv36U?I�@M>Z:?FCv3 @MQ�>;FZ5�C�D0@MFZ: C0:=S~70@aGK@VS~LV58FZSjC0:=S~>;FHGKQPSdA�58F;hiGK>;@V58Q¬C0: �P58D0F;@V:?F
	�r[\�Q C058Q0QP: ]�LaG��P�\D0FZ:KL7�~r PP[ D0Q:lb�:?hnY0LV:¡C0:^S;@Mh¡D0LaGK>;@V58QqC0:WY{:?>;@M>Z:=S�<JGKF;>Z:=ST<JGKF;FZU=:=S�5870>Z:?Q�DP:¡:?Q S;D0@MI\GKQ�>TLaG_hjU?>;XP5�C0:yS;DPS;c�C0U=<?F;@M>Z:\r
L�Q�I�:?FZSZ:?hj:?Q�>J[0S;@�Le3658QEC�@VS;Y*5\SZ:�Cv3 D0QP:�Y*:?>;@M>Z:W<JGKF;>Z:W<JGKF;FZU=:\[�SH58Q�S;Y*:=<?>;FZ:RC0:�Y0D0@VSZS�GKQP<=:�Y*:?D0>`u?>;FZ::=S;>;@MhjU^I�@aG�J

C
l=‖~k‖

=

∫ kmax

kmin

d~k′X∗(~k′)X(~k′)
��LI�~r � ©��

5MNjLV:=S47*58F;QP:=S4Cv3 @MQ�>ZU?�\FHGK>;@V58Q¤SH58Q�>tC0U?>Z:?F;hn@MQPU=:=SgLe3 D0QP:\[�Y�GKF4LaG^>HGK@MLMLV:�C0:�LaG^<JGKF;>Z:�S;D0F4LV:T<?@V:?L��
kmin =

π/L
[�5MN¤2}:=SZ>gLaG&>HGK@MLMLV:^GKQ0�\D0LaGK@MFZ:f�`:?>�Le3zGKD0>;FZ:\[�Y�GKF`S�GyFZU=SZ58LMD0>;@V58Q|�

kmax = π/(2θFWHM)
Cv3zGKY0FZ�=SLV:`>;XPU=58FZ�?hj:�C0:T«���N�D0@VS;>��lr8��Q�:=S;>;@MhiGKQ�>�C0:`LaG^SZ58F;>Z:`LV:=S4S;Y*:=<?>;FZ:=S4C0:�Y0D0@VSHSHGKQP<=:�S;D0F �QY FZUJGKLM@VSHGK>;@V58QPSC0:�LaG¡>Z:?hnY*U?FHGK>;D0FZ:R:?>`C�D¤hj5�C0:R�|�~>Z:?LMLV:=S�LV:=S`<JGKF;>Z:=S`C0:�LaGy�P�\D0FZ:�L7�~r PP[�Y�GKF`:lb0:?hnY0LV:\[�58Q¤5870>;@V:?Q�>LV:=S�FZU=S;D0LM>HGK>ZS�Y0FZU=SZ:?Q�>ZU=SR]_LaG_�P�\D0FZ:�LI�_rRQ�r

VW�=S~LV58FZSJ[�58Q C�@VS;Y{5\SH:�Cv3 D0Q�A�58F;hiGKLM@VS;hj:ES;@MhnY0LV:E:?>nCv3 D0QP:�hjU?>;XP5�C0:¤FHGKY0@VC0:¤Y*:?F;hj:?>;>HGKQ�>�C0:=SGKLMLV:?FZSdceFZ:?>Z58D0FZSj:?Q�>;FZ:¤LaG�S;��Q�>;XP�=SH:�C0:¤<JGKF;>Z:=SnCv36587PSZ:?F;I\GK70LV:=SnC�D m�o�p	:?>~LV:?D0FnGKQ�GKLM��SZ:\r�£ 58D0FnLV:=SU?>HGKY{:=S�SZD0@MI8GKQ�>Z:=SJ[�@ML*QP58DPS�A�GKD0>�QP58DPS�A�58F;��:?F�D0QP:R@MQ�>;D0@M>;@V58Q�S;D0F`LaG_hiGKQ0@V�?FZ:^C058Q�>�Le36:lk*:?>TC0:RLV:?Q�>;@MLMLV:GK�\@M>�S;D0F�LV:&m�oqpW[PGs�PQ�C0:^Y*58D0I�58@MFTLV:^FZ:?Y0FZ5�C�D0@MFZ:¡GKD�SZ:?@MQ�C0:WQP5\S�S;@Mh&D0LaGK>;@V58QPSJ[0Y0D0@VS�<=58hnY0FZ:?QPC�FZ:<=58hnhj:?Q�>�Le36:=S;>;@Mhj:?FJr
~���������� 
 � � �0���K� �����}����� �w� ���$� �*�����
������������� �*�����������

��QqSJ3zGKY0Y0D0��GKQ�>WS;D0F�>Z58DPS�LV:=S�U?LVU?hj:?Q�>ZSRhn@VS�:?Q�Y0LaG8<=:&CPGKQPS�<=:¡N�D0@�Y0FZU=<=�=C0:\[�58Q�:lb�Y0LM@V<?@M>Z:&Y0LMDPS:?Q C0U?>HGK@MLRLaG�AeGR =58Q C058Q�>iLe36:lkv:?>�C0:�LV:?Q�>;@MLMLV:�Y{:?F;>;D0F;7*: LV:=S�587PSZ:?F;I\GK70LV:=S�C�DGj�lnm¡r-\�Q FHGKY0Y*:?LMLV:
���-43CQ,�6 ���74��$CQ�$07���$+(0 4�� ��������� �*'�������� �"!$#&%'�"($)+*-, .�*0/1*2!$31#�45($*-607 2H+(4�6����$��2;'<��� '(?>�B� �$07��6 � �$��2;'<%$� 6 ,$�$�#�B���$��23'(%$�

!#���3+(4�6 ���B6LK98#�>� ')%L'<6�� � !�� !�,$23'<6�� 0U1 �$��� 2;'<� 2H,B6 ��+ !����743�$� %$�B��� �:2�6 +7%$,L!#4�6 � �$07��68'
: 03� 4303� '(4�?>CQ�$07�8' � �*+(0@!��:2343����� '<03%$�
LQ?(68'<0;!#�

‖~k‖
K'; ���R�BFG�B�-��� %B+>CQ2�6 �B0;!/234����&� 4��A��� %L'<�*%B43� !#� �*'���68'(0�� J +(6 CQ,B� !#�<�3+(4�6 ���B6-��4�6R4�03�"2H+(6�� ��+(0�����CQ� � ,$�

!G1 �B��2;'(%B� ��CQ2��*���743��!���6 ,L'<�*�����B6 430�=R23'L5>'<?>�?> !���� +(4��@�E1 �$��2;'<%$�#L/23'<6�� � 6 !��D�*'/%L'<6�� �Q%B+>03���*!#,B6 ,$�>K@; �D2#6 +7%$�$����43�
J '(� � '(2323'<68'�: ��6 ��!��$�A����6 4�%B� 4�6 �$�"'<4���2H�B� � � �$�",$%8P3�B�*���$�"'<4 0��*5>�L'(4#��!��$� KH+<68!��"!�� �*' %L'<6�� �$������%$�$4#� S %B� 03����+(0 �"23'(�
�*!��B0 � ���743�B��!��$4#�#S L S�!#�$4��GK
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σ
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:=79465;:�Z :=4v��K
p 7?7(C84;:FD92(:�#&%�+>D>2�:�3'� :*#�465;: :*3�4 )H-0:=2
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hju?hj:�N�DP:TLe36U?hn@VSZSZ@V58QiQP58Q�ceLV:?Q�>;@MLMLVU=:WSZ58DPS;cM9;G8<=:?Q�>Z:�CPGKQPSgD0QP:�C�@MFZ:=<?>;@V58Q�I�58@VS;@MQP:\[�C0U=<JGKLVU=:RCv3 D0QiY*:?>;@M>GKQ0�\LV:\rv¢�@MQPSZ@e[�58Q�FHGKY0Y*:?LMLV:~LaGiFZ:?LaGK>;@V58Q�:?Q�>;FZ:_LV:=SWY�GKFHGKhj�?>;FZ:=SyC0:j¦�>Z5���:=S
X = {I,Q,U} LV:?Q�>;@MLMLVU=S:?>T<=:?D�bEY0F;@Mhj58FZC�@aGKD�b

X̃ = {Ĩ , Q̃, Ũ} J

X(~̂n) = X̃(~̂n+ ~∇Φ(~̂n))243zGKQ0�\LV:_C0:¡C0Uh��:lb�@V58QqU?>HGKQ�>�Y*:?>;@M>J[�58Q�FZUJGKLM@VSZ:yD0QqC0U?I�:?LV58Y0Y{:?hj:?Q�>WC0:_w�GJ��LV58FWS;D0@MI\GKQ�>�LV:y�\FHG8C�@V:?Q�>C�D Y*58>Z:?Q�>;@V:?LEJ
X(~̂n) = X̃(~̂n) + ~∇Φ(~̂n).~∇X̃(~̂n) +O((~∇Φ(~̂n))2)

V^GKQPS�Le36:=S;Y�G8<=:yC0:���58D0F;@V:?FJ[PLaG_FZ:?LaGK>;@V58Q�GKD Y0FZ:?hn@V:?F�58FZC�FZ:¡C0:?I�@V:?Q�> J
X(~k) ∼ X̃(~k) +

∫
~dn

2~∇Φ(~̂n).~∇X̃(~̂n)e(−i~k.~n)

2xG~>;FHGKQPSdA�58F;hjU=:yC0:���58D0F;@V:?F�C�D Y0FZ5�C�D0@M>�SZ<JGKLaGK@MFZ:ySZ:^<JGKLV<?D0LV:^A�G8<?@MLV:?hj:?Q�>WJ
∫

~dn
2~∇Φ(~̂n).~∇X̃(~̂n)e(i

~k.~n) = −
∫ ~dk1

2

(2π)2

∫ ~dk2
2

(2π)2
~k1.~k2Φ(~k1)X̃(~k2)

∫
~dn

2
e(−i(~k−~k1−~k2).~n)

��L7�~r ��� �
� @MQ�GKLV:?hj:?Q�>J[�:?Q A�GK@VSHGKQ�>�GKY0Y�GKFHG��V>;FZ:yLV:^C0:?LM>HGjC0:�VR@MFHG8<

δ(~k − ~k1 − ~k2)
[058Q�5870>;@V:?Q�>vJ

X(~k) ∼ X̃(~k) −
∫ ~dk1

2

(2π)2
~k1.(~k − ~k1)Φ(~k1)X̃(~k − ~k1)

��LI�~r � P��
\�Q GqFZ:?>;FZ58D0I�U\[4C0:E<=:?>;>Z:¤AeGR =58QO[�Le36:lb�Y0FZ:=SHS;@V58Q/� �QY �~C058Q0QPU=: CPGKQPSnLe3zGKF;>;@V<?LV:�C0:�mRr ]�@MFHGK>HG�:?>wO_r¦�:?L 9;G ���z© YK� r

£�GKF�GK@MLMLV:?D0FZSJ[4:?Q¬U?LM@Mhn@MQ�GKQ�>�Le3 @MQ�>ZU?�\FHGKLV:�S;D0F ~k1
<=:?>;>Z:¤A�58@VSjCPGKQPSnLe36:lb�Y0FZ:=SZS;@V58Q ��LI�_r ��� �l[4@MLT:=S;>U=N�D0@MI\GKLV:?Q�>�Cv36U=<?F;@MFZ:�J

X(~k) ∼ X̃(~k) −
∫ ~dk2

2

(2π)2
(~k − ~k2).~k2Φ(~k − ~k2)X̃(~k2)

¢�LV58FZSJ[�SZ@{58Q¤FZ:?hnY0LaG8<=:WLaG¡I8GKF;@aGK70LV:Rh¡DP:?>;>Z: ~k2
Y�GKF −~k2

[�58Q¤FZ:?>;FZ58D0I�:RLe36:lb�Y0FZ:=SZS;@V58Q�� P��gC058Q0QPU=:Y�GKF$S�r�]�D :?>Tw^r�\ �\GKhj58>Z5jCPGKQPS�Le3zGKF;>;@V<?LV:j�z©$Q � J
X(~k) ∼ X̃(~k) +

∫ ~dk2

2

(2π)2
(~k + ~k2).~k2Φ(~k + ~k2)X̃

∗(~k2)
��LI�~r � Q��

��QPS;D0@M>Z:\[*58Q�5870>;@V:?Q�>^Le36:lb�Y0FZ:=SZS;@V58Q�C�DqC0U?I�:?LV58Y0Y*:?hj:?Q�>&C0:=SR<HX�GKhnYPS^� :?>Rp/LV:?Q�>;@MLMLVU=SWY�GKFRD0QP:FZ58>HGK>;@V58Q�Cv3zGKQ0�\LV:
Φ~k

= Arctan(ky/kx)
C0:=ST<ZX�GKhnYPS�� :?>9O_r

Y (~k) ∼ Ỹ (~k) + δY (~k)
[P5MN

Y = {E,B}

δE(~k) =

∫ ~dk′
2

(2π)2
[
Ẽ∗(~k′) cos 2ϕ~k′~k

− B̃∗(~k′) sin 2ϕ~k′~k

]
~k′.(~k + ~k′)Φ(~k + ~k′)

δB(~k) =

∫ ~dk′
2

(2π)2
[
B̃∗(~k′) cos 2ϕ~k′~k

+ Ẽ∗(~k′) sin 2ϕ~k′~k

]
~k′.(~k + ~k′)Φ(~k + ~k′)

��L7�~r � ���
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µK.arcmin
K � -17�36-2�M#�� :�3 4 36:=2(/0:=)?:=794;� C>2(5 #�:�4 V � :�@/� : �1� '*56-0:=7�#=:�� C>3�4'@�� � m T CB/2�

D92(: /2� :�3 4;-1),+T4;:=2(5F- 4;'=5&+T46-,7 + �3� CB5646:�2(7 <>+B-17 @$: ��56'�#�-E3�-0CB7 IM5;+B-1)?:=794�36-1<>7(-+( #=+T4;-+7���+B5 5;+��3� C>5�4
8 / � :*3�46-0),+T4;:=2(5FD92�+>@$5&+T46-ED92(:BK

5MN�Le3658Q�GEC0Ul�PQ0@tLe3zGKQ0�\LV:�:?Q�>;FZ:iC0:?D�b}hj5�C0:=S�J
ϕ~k′~k

≡ ϕ~k′
− ϕ~k

rOCPGKQPS¡LV:iS;D0@M>Z:\[x58Q|S;D0Y0Y*5\SZ:N�DO3 @ML�QO3 ��GiY�G8SWCv3658QPC0:=S^�\FHGJI�@M>HGK>;@V58Q0QP:?LMLV:=S¡Y0F;@Mhj58FZC�@aGKLV:=SJ[vC0:~SZ58F;>Z:~N�DP:
B̃(~k) = 0

r*¢�@MQPS;@e[�Le36:lk*:?>C0:^LV:?Q�>;@MLMLV:&SZ:^>;FHG8C�D0@M>TY�GKF�D0QP:y<=58Q�I�58LMD0>;@V58Q�CPGKQPSTLe36:=SZY�G8<=:yC0:��P58D0F;@V:?FRC0:=S�587PSZ:?F;I\GK70LV:=S�C�Dqm�oqpG=I�:=<~LV:&Y{58>Z:?Q�>;@V:?L��\FHG=I�@M>HGK>;@V58Q0QP:?L4LV:?Q�>;@MLMLaGKQ�>Jrx¢�DPSZS;@e[{58QqS�GK@M>WC0U¨9Z]�S;@Mh¡D0LV:?F^CPGKQPSWLe3zGKY0Y0FZ5Jb�@MhiGK>;@V58QY0LaGKQP:�<ZX�G8<?D0QP:TC0:=S�N�D�GKQ�>;@M>ZU=SgGKY0Y�GKFHGK@VSZSHGKQ�>gCPGKQPS�LV:=S�:lb�Y0FZ:=SZSZ@V58QPS�<?@Bc�C0:=SZS;DPSJrRVW�=S�LV58FZSJ[8QP58DPS4G=I�58QPSD0QP:yhjU?>;XP5�C0:y>Z58D0>Z:^@MQPC�@VN�DPU=:yY*58D0F�@MQ�>;FZ5�C�D0@MFZ:¡Le36:lk*:?>RC0:^LV:?Q�>;@MLMLV:~GKD�SZ:?@MQqC0:^QP5\S�SZ@Mh¡D0LaGK>;@V58QPSWC0:<JGKF;>Z:=STY0LaGKQP:=SRC0:&m�oqpRr{m�:?Y{:?QPCPGKQ�>J[�QP58>;FZ:&587�9d:=<?>;@BA�QO36:=S;>TY�G8S�SZ:?D0LV:?hj:?Q�>RC0:¡S;@Mh&D0LV:?F�C0:=ST<JGKF;>Z:=SC0:¡m�o�p'LV:?Q�>;@MLMLVU=:=SJ[0hiGK@VS�70@V:?Q C0:^SZ:WY*58D0F;I�58@MFTCv3 D0Q�58D0>;@MLOC0:^S;@Mh&D0LaGK>;@V58Q�S;Y*U=<?@aGKLV:?hj:?Q�>RG8CPGKY0>ZU¡]Le36U?I8GKLMD�GK>;@V58QqC0:WLe36:=S;>;@MhiGK>Z:?D0F�C0:WLe36:lkv:?>�C0:^LV:?Q�>;@MLMLV:¡N�DP:WQP58DPS�GKD0FZ58QPS�<HXP58@VS;@er
������� �W8��9.0#/.qA���!>#-1�8:5����48 #���'������9.='��48:5 �!�9#

p�@V:?Q&N�DP:4Le36:lkv:?>�C0:tLV:?Q�>;@MLMLV:�hj5�C�@B��:tLV:=S�SZY{:=<?>;FZ:=S C0:4Y0D0@VSZS�GKQP<=:tC�D~m�oqpW[JLe36U=<JGKF;>�:?Q�>;FZ:�S;Y*:=<?>;FZ:=SLV:?Q�>;@MLMLVU=S�:?>�QP58Q�ceLV:?Q�>;@MLMLVU=S�FZ:=S;>Z:�>;FZ�=S�A�GK@M70LV:�9dDPSZN�DO3z]WC0:=S�h¡D0LM>;@MY��8LV:=S
&
� Q Y�Y ��I�58@MF��P�\D0FZ:9LI�~rz©��lr�VR�=SLV58FZSJ[�@MLvSJ36:=S;>`FHGKY0@VC0:?hj:?Q�>WG=I�U?FZUWY0LMDPS�Y0FZ58hj:?>;>Z:?D0FJ[PY{58D0FT:=S;>;@Mhj:?F�Le36:lkv:?>�C0:WLV:?Q�>;@MLMLV:\[PC0:^<=58QPSZ@VC0U?FZ:?FLV:=SWQP58Q�ce��GKDPSZS;@aGKQ0@M>ZU=Sy<JGKFHG8<?>ZU?F;@VSZ>;@VN�DP:=SyN�DP:~<=:?LMD0@Bc�<?@�@MQ�>;FZ5�C�D0@M>&GKD}SZ:?@MQ}C0:=S^<JGKF;>Z:=S^C0:im�o�pWr*£�GKF
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:lb�:?hnY0LV:\[���r�p�:?F;Q�GKFZC0:JGKDq�RQ � GRhj58Q�>;FZURN�DP:�<=:=S4:lk*:?>ZStQP58Q�ce��GKDPSZS;@V:?QPStY{58D0I\GK@V:?Q�>�u?>;FZ:TC0U?>Z:=<?>ZU=S4I�@aGLV:¡<JGKLV<?D0L C0:yLaG~A�58QP<?>;@V58Q�C0:¡<=58F;FZU?LaGK>;@V58Q}]jN�D�GK>;FZ:yY*58@MQ�>ZSRC0:=S�<JGKF;>Z:=SRC0:=SRGKQ0@VSH58>;FZ58Y0@V:=SJr�V^GKQPSRC0:=S>;FHG=I\GKD�b�Y0LMDPS�FZU=<=:?Q�>ZSf[�LaGyA�58F;hj:�C0:R<=:?>;>Z:�A¥58QP<?>;@V58Q¤C0:W<=58F;FZU?LaGK>;@V58Q�LaG¡Y0LMDPS�G8CPGKY0>ZU=:^]yLe36:=S;>;@MhiGK>;@V58QC0:�Le36:lk*:?>jC0:�LV:?Q�>;@MLMLV: GqU?>ZU¤@VC0:?Q�>;@B��U=:\r4��Q U=<?F;@MI8GKQ�>nLV:¤>;F;@VS;Y*:=<?>;FZ:���GKQ�GKLV58�\DP:�C0:�LaG�A�58QP<?>;@V58Q¬C0:<=58F;FZU?LaGK>;@V58Q.]¤N�D�GK>;FZ:~Y{58@MQ�>ZSyCPGKQPSWLe36:=S;Y�G8<=:jC0: �P58D0F;@V:?F��W<=58hnhj:jLV:nS;Y{:=<?>;FZ:~C0:~Y0D0@VSZS�GKQP<=:nCv3 D0QP:I8GKF;@aGK70LV:nN�D�G8C�FHGK>;@VN�DP:\[�S r:]�D �z©9P � GiY0FZ5�<=U=C0Uj]�D0QP:~U?>;DPC0:jS;��S;>ZU?hiGK>;@VN�DP:&I�@VSHGKQ�>¡]�C0U?>Z:?F;hn@MQP:?FLaG_A�58F;hj:yC0:y<=:?>;>Z:yC0:?F;Q0@V�?FZ:\[{N�D0@vhiGsb�@Mhn@VSZ:^LV:yFHGKY0Y{58F;>RS;@M�\Q�GKLxS;D0FT70F;D0@M>�C0:^LaG~FZ:=<=58QPS;>;F;DP<?>;@V58Q�C�DS;Y*:=<?>;FZ:�C�D�Y{58>Z:?Q�>;@V:?L�C0:iLV:?Q�>;@MLMLV:\r L�L�>;FZ58D0I�:�N�DP:iLaG�C�@MI�:?F;��:?QP<=:¤C�D.Y0FZ5�C�D0@M>nC0:iLaG >Z:?hnY{U?FHGK>;D0FZ:Y�GKFtLV:��\FHG8C�@V:?Q�>`C0:TLaG^>Z:?hnY*U?FHGK>;D0FZ:�FZU?Y{58QPC�]y<=:�<?F;@M>Z�?FZ:\rMO�Qi:=S;>;@MhiGK>Z:?D0F`C�DiY*58>Z:?Q�>;@V:?L*C0:TLV:?Q�>;@MLMLV:\[7�G8SZUyS;D0F�D0QP:^>Z:?LMLV:yI\GKF;@aGK70LV:¡N�D�G8C�FHGK>;@VN�DP:\[�:=S;>�S;>HGK>;@VSZ>;@VN�DP:?hj:?Q�>�58Y0>;@MhiGKLxY*58D0FTY*:?D�N�DP:^Le36:lk*:?>RC0:LV:?Q�>;@MLMLV: SZD0FnLaGqhiGK>;F;@V<=: C0:¤I8GKF;@aGKQP<=:lc�<=5fI8GKF;@aGKQP<=:qC�D m�oqp	FZ:=SZ>Z:�A�GK@M70LV:\rt¦�@T<=:?>;>Z: <=58QPC�@M>;@V58Q :=S;>I�U?F;@B��U=:E:?Q <=:�N�D0@`<=58QP<=:?F;QP:¤>Z:?hnY{U?FHGK>;D0FZ:E:?>~hj5�C0:�� C0:�Y*58LaGKF;@VSHGK>;@V58Q¬C�D m�o�pW[�:?LMLV:�QP:�Le36:=S;>Y0LMDPSJ[�:?QjFZ:?I\GKQP<ZXP:\[�Y{58D0FtLV:�hj5�C0:�p C0:�Y{58LaGKF;@VS�GK>;@V58QO[�N�D0@�7{U?QPUl��<?@V:�Cv3 D0QP:`A¥58F;>Z:�GKD0�\hj:?Q�>HGK>;@V58QEC0:Y0D0@VSZSHGKQP<=:_]nX�GKD0>ZS�h¡D0LM>;@MY��8LV:=SRC�DP:_]~Le36:lkv:?>�C0:yLV:?Q�>;@MLMLV:\rOm�:?LaGnhju?hj:¡N�D0@xLM@Mhn@M>Z:¡Le3658Y0>;@MhiGKLM@M>ZU~C0:=S:=S;>;@MhiGK>Z:?D0FZSTN�D�G8C�FHGK>;@VN�DP:=Sf[�A�G8<?@MLM@M>Z:W�\FHGKQPC0:?hj:?Q�>�Le36:lb�>;FHG8<?>;@V58Q�C0:RLe36:lk*:?>TC0:WLV:?Q�>;@MLMLV:wJ�LV58FZSZN�DP:RLe3658QFZ:=<=58QPS;>;F;D0@M>�LV:^S;Y*:=<?>;FZ:Wp�p GKD�b�Y*:?>;@M>Z:=S�U=<ZXP:?LMLV:=SRGKQ0�\D0LaGK@MFZ:=SJ[�LV:^S;@M�\Q�GKLv:=S;>�C058hn@MQPUWY�GKF�LV:=S`hj5�C0:=Sp SZ:=<=58QPCPGK@MFZ:=S_@VSZS;DPSyC0:iLe36:lk*:?>_C0:jLV:?Q�>;@MLMLV:\r�¢�@MQPS;@e[pS�rp]�DO[x:?Q|<=58LMLaGK7*58FHGK>;@V58Q¬G=I�:=<�w^r \ �\GKhj58>Z5�z©$Q � [OGEU?>Z:?QPC�D�SZ58Q�:=S;>;@MhiGK>Z:?D0F&N�D�G8C�FHGK>;@VN�DP:i58Y0>;@MhiGKL�GKD�b}587PSZ:?F;I\GK70LV:=SyY*58LaGKF;@VSZU=:=SJr�m�:?Y*:?QPCPGKQ�>J[D0Q�>Z:?L*:=S;>;@MhiGK>Z:?D0F�:=S;>�G��j@M��U�Cv3 D0QESZ:?D0@ML*:?Q�c�C0:  J]_C�DPN�DP:?L{Le36:lb�>;FHG8<?>;@V58Q¤C�D�Y*58>Z:?Q�>;@V:?LvC0:�LV:?Q�>;@MLMLV:WQP:Y{:?D0>�u?>;FZ:^GKhjU?LM@V58FZU=:Whju?hj:^:?QE<=58QPS;@VC0U?FHGKQ�>TC0:=S�:lb�Y*U?F;@V:?QP<=:=S�C0:�Y0LMDPS�:?Q¤Y0LMDPS`Y*:?FdA¥58F;hiGKQ�>Z:=SJr0£�GKF:lb�:?hnY0LV:\[v2tr��WQP5Jbq:?>��nr c¨¦{rv¦�58Q0�}�z© PK� >;FZ58D0I�:?Q�>&N�DP:&LV:=SWhj5�C0:=S^p/Y0F;@Mhj58FZC�@aGKD�b�:?>^SZ:=<=58QPCPGK@MFZ:=SQP:�Y*:?D0I�:?Q�>tY0LMDPSgu?>;FZ:TSZU?Y�GKFZU=SgCPGKQPS4LV:T<JG8C�FZ:TCv3 D0QP:�:=S;>;@MhiGK>;@V58QiN�D�G8C�FHGK>;@VN�DP:�C0:�Le36:lkv:?>tC0:�LV:?Q�>;@MLMLV:\[S;@{LV:�FHGKY0Y*58F;>`>Z:?QPSZ:?D0F�S;D0F`SZ<JGKLaGK@MFZ:W:=S;>g@MQ�A�U?F;@V:?D0FT]
rlim . 10−4 r�¢�DPSZS;@e[�Y�GKFHGKLMLV�?LV:?hj:?Q�>J[�mRrM]�@MFHGK>HG:?>KO&rT¦�:?L 9ZG � 58Q�> C0U?I�:?LV58Y0Y*U�D0Qª:=S;>;@MhiGK>Z:?D0F C0:�Le36:lkv:?>¤C0:qLV:?Q�>;@MLMLV:}7�G8SZU�S;D0F¤LV:qhiGsb�@Mh&D0h C0:I�FHGK@VSH:?h¡70LaGKQP<=:\[�N�D0@gY*:?F;hj:?>nCv36:lb�>;FHGK@MFZ:E]�LaG A�58@VS&LV:�<HX�GKhnY¬C0:�<=58Q�I�:?F;��:?QP<=: :?>_SH58Q�S;Y*:=<?>;FZ:¤C0:Y0D0@VSZSHGKQP<=:�:?>_<=:\[ C0:�hiGKQ0@V�?FZ:�@M>ZU?FHGK>;@MI�:\rtm�:?Y*:?QPCPGKQ�>J[ hju?hj:�Y*58D0F&D0QP:�:lb�Y*U?F;@V:?QP<=: �QY A�58@VS&Y0LMDPSSZ:?QPS;@M70LV:�N�DP: �������
	��4[ LV:���GK@MQ�C0:�Y0FZU=<?@VS;@V58Q�CPGKQPS_LaGEFZ:=<=58QPS;>;F;DP<?>;@V58Q¬C�D.Y{58>Z:?Q�>;@V:?L`C0:�LV:?Q�>;@MLMLV:\[N�DP:WLe36:=SZ>;@MhiGK>Z:?D0F�@M>ZU?FHGK>;@BA45Kk{FZ:yY�GKFTFHGKY0Y{58F;>R]_Le36:=S;>;@MhiGK>Z:?D0F�N�D�G8C�FHGK>;@VN�DP:\[�:=S;>ThiGKF;�\@MQ�GKLerP��QP<=58FZ:\[Y{58D0FtD0QP:�:lb�Y{U?F;@V:?QP<=:�C0:�>���Y{:Wm�o�p`£ 58L0�n<=58D0I�:?F;>;D0FZ:�<=58hnY0LV�?>Z:�C�D�<?@V:?Le[�FZU=SH58LMD0>;@V58Q�C0:�Le3658FZC�FZ:RC0:N�DP:?LVN�DP:=S�hn@MQ�D0>Z:=STCv3zGKFZ<W:?>�SZ:?QPS;@M70@MLM@M>ZU ∼ 1 µK.arcmin

�~Y0F;@VSZ:W<=58hnhj:W:lb�Y{U?F;@V:?QP<=:WC0:RFZUlA¥U?FZ:?QP<=:CPGKQPSyLe3zGKF;>;@V<?LV:�C0:w]�D�:?>=\ �8GKhj58>Z50[xLV:~70F;D0@M>&C0:nLe36:=S;>;@MhiGK>;@V58Q�:=S;>yC�@Mhn@MQ�DPU�Cv3 D0Q}AeG8<?>Z:?D0F¡C0:?D�b|]
l = 300

hiGK@VSy]
l = 1000

<=:?>;>Z:nC�@Mhn@MQ�D0>;@V58Q�QO36:=SZ>RY0LMDPSWN�DP:
.
�QY

%
��I�58@MFW�P�\D0FZ:=L7�~r����lr�L�L�A�GKD0>GK>;>Z:?QPC�FZ:`C0:?D�b¡��U?QPU?FHGK>;@V58QPS�Cv36:lb�Y*U?F;@V:?QP<=:=S�GKY0FZ�=S �������
	��¤Y*58D0F N�DP:tLe3zGKhjU?LM@V58FHGK>;@V58QiGKY0Y*58F;>ZU=:gY�GKFLV:=S&:=SZ>;@MhiGK>Z:?D0FZS_C0:i>���Y{:ihiGsb�@Mh&D0h C0:iI�FHGK@VSH:?h¡70LaGKQP<=:¤SZ58@M>¡FZU=:?LMLV:?hj:?Q�>nS;@M�\Q0@B��<JGK>;@MI�:�<=58hnY�GKFZU=:GKD�b Y{:?FdA�58F;hiGKQP<=:=SWN�DP:¡LV:=S�:=SZ>;@MhiGK>Z:?D0FZSRN�D�G8C�FHGK>;@VN�DP:=S�Y*:?F;hj:?>;>Z:?Q�>^Cv3zGK>;>Z:?@MQPC�FZ:\rOmR36:=S;>�Y*58D0FZN�DP58@QP58DPSEG8C058Y0>Z58QPS¤Le36:=S;>;@MhiGK>Z:?D0FEN�D�G8C�FHGK>;@VN�DP:�C0:	]�D':?>F\ �\GKhj58>Z50[�N�D0@WC0:�S;D0FZ<?FZ53�V>¤Y0FZU=SZ:?Q�>Z:qLV:=SG=I\GKQ�>HGK��:=SnCv36u?>;FZ:iA�G8<?@MLV:?hj:?Q�>~@MhnY0LVU?hj:?Q�>HGK70LV:E:?>_FZ:?LaGK>;@MI8GKhj:?Q�>_FHGKY0@VC0:\[ <=58hnY�GKFZUE]ELe36:=S;>;@MhiGK>Z:?D0F@M>ZU?FHGK>;@BA�Y0FZ58Y{5\SZUWY�GKF(]�@MFHGK>HGn:?>�¦�:?L 9ZG �*r

~���� ����� ���F���I�����
���������K�����t�B�}� Gv�
�B� �����������3�C���}�����
�M�

2436:=S;>;@MhiGK>Z:?D0F�N�D�G8C�FHGK>;@VN�DP:�:=S;>�7�G8SZU�SZD0F�LV:=S�<=58F;FZU?LaGK>;@V58QPSg:?Q�>;FZ:T587PSZ:?F;I\GK70LV:=S4C�D�m�o�p�:?>4:?Q�>;FZ:hj5�C0:=S�C0: �P58D0F;@V:?FTC�@BkvU?FZ:?Q�>ZS�@MQ�>;FZ5�C�D0@M>Z:=STY�GKF�Le36:lkv:?>�C0:RLV:?Q�>;@MLMLV:\r02O:RY*58@MQ�>�C0U?LM@V<JGK>�@V<?@*FZU=S;@VC0:WCPGKQPSLV:yAeGK@M>WN�DP:&LaG�<=58F;FZU?LaGK>;@V58Q�:?Q�>;FZ:nC0:?D�b�hj5�C0:=SRC0: �P58D0F;@V:?FyC0:=SW587PSZ:?F;I\GK70LV:=SWC�D}m�oqp�LV:?Q�>;@MLMLVU=:=SR�:lb�Y0F;@MhjU=:=S�SZ58DPS`LaG&A¥58F;hj:^C0:^C0U?I�:?LV58Y0Y*:?hj:?Q�>�LM@Mhn@M>ZUyGKDEY0FZ:?hn@V:?F�58FZC�FZ:^:?Q
Φ
[�:=N�r�LI�~r � Q&:?>$LI�~r � ��~SJ3zGKQ0Q�D0LV:\r���Q�:lkv:?>J[�LV:�Y{58>Z:?Q�>;@V:?L*Y0FZ5K9d:?>ZU

Φ(~k)
:=S;>gLMD0@Bcehju?hj:RD0QP:�I\GKF;@aGK70LV:RGKLVUJGK>Z58@MFZ:���GKDPSZS;@V:?Q0QP:
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α fα(~l1,~l2)

TT C̃TT
l1

(~L.~l1) + C̃TT
l2

(~L.~l2)

TE C̃TE
l1

cosϕ~l1~l2
(~L.~l1) + C̃TE

l2
(~L.~l2)

TB C̃TE
l1

sin 2ϕ~l1~l2
(~L.~l1)

EE [C̃EE
l1

(~L.~l1) + C̃EE
l2

(~L.~l2)] cos 2ϕ~l1~l2

EB [C̃EE
l1

(~L.~l1) − C̃BB
l2

(~L.~l2)] sin 2ϕ~l1~l2

BB [C̃BB
l1

(~L.~l1) + C̃BB
l2

(~L.~l2)] cos 2ϕ~l1~l2

����� � ������� � /0:*3;( / 4;56:�3 -03;3�2 3 @$:*3	7 C>7�#�4;-1C>7�3�@$: #�C>565;'=/E+T4;-1C>7 8 @$:*2��?� CB-0794;3 /0:=7946-0/1/0'=:�3

C0:^I\GKLV:?D0F�hj5J��:?Q0QP:yQ�D0LMLV:�J
< Φ(~k) > = 0

< Φ∗(~k1)Φ(~k2) > = (2π)2δ(~k1 − ~k2)C
ΦΦ
k1

��L7�~r � � �
VW58QP<\[vLaGE<=58F;FZU?LaGK>;@V58Q

< X1(~k1)X2(~k2) >
5MN

X1, X2 ∈ {T,E,B} [x<JGKLV<?D0LVU=:�GKD}Y0FZ:?hn@V:?F_58FZC�FZ::?Q
Φ
[v:=S;>^Q�D0LMLV:\[�]�hj58@MQPS¡N�DP:~Le3658Q}QP:j<=58QPS;@VC0�?FZ:nLaG�hj5f��:?Q0QP:iS;D0F^D0Q�:?QPSZ:?h&70LV:jC0:nFZUJGKLM@VSHGK>;@V58QC�Dqm�oqp >Z58D0>�:?QE��GKFZCPGKQ�>�LV:¡<ZX�GKhnY�C0:WLV:?Q�>;@MLMLV:^�0b0U\r�V^GKQPS�<=:^<JG8SJ[0LaG&A�58QP<?>;@V58Q�C0:y<=58F;FZU?LaGK>;@V58Q�]C0:?D�b�Y*58@MQ�>ZS�C0:?I�@V:?Q�>WJ

< X1(~k1)X2(~k2) >CMB =<
(
X̃1(~k1) + δX1(~k1)

)(
X̃2(~k2) + δX2(~k2)

)
>CMB

∼< X̃1(~k1)δX2(~k2) >CMB + < δX1(~k1)X̃2(~k2) >CMB
[P]~Le3658FZC�FZ: ���L7�~r �J­ �

5MN�Le3658Q�GjS;D0Y0Y*5\SZUyC0:=S�hj5�C0:=SRC0: ��58D0F;@V:?F�C�@BkvU?FZ:?Q�>ZSJ[�>Z:?LVS�N�DP: ~k1 6= −~k2
rP2x:¡<JGKLV<?D0L�<=58QPC�D0@M>]�J

< X1(~k1)X2(~k2) >CMB ∼ fα(~k1, ~k2)Φ(~L)
��LI�~r �QP �

5MN ~L = ~k1 + ~k2
rv2�G�A¥58QP<?>;@V58Q.C0:nY{58QPC0U?FHGK>;@V58Q

fα
[v5MN

α ∈ {TT, TE, TB,EE,EB,BB} [xN�D0@C0U?Y{:?QPC¤C0:=S�S;Y*:=<?>;FZ:=S�C0:RY0D0@VSZSHGKQP<=:RY0F;@Mhj58FZC�@aGKD�bEC�D m�oqpW[�:=S;>�:lb�Y0LM@V<?@M>ZU=:^CPGKQPS`LV:R>HGK70LV:JGKDFLI�_r �
¦�@�Le3658Q QP:�Y{:?D0>jC�@MFZ:=<?>Z:?hj:?Q�>iD0>;@MLM@VSZ:?FnLV:=S_A�58QP<?>;@V58QPSjC0:¤<=58F;FZU?LaGK>;@V58Q <=58hnhj:E:=SZ>;@MhiGK>Z:?D0FiC�DY{58>Z:?Q�>;@V:?L�C0:WLV:?Q�>;@MLMLV:\[�:?QEFZ:?I\GKQP<ZXP:\[�<=:?LMD0@Bc�<?@xY*:?D0>Tu?>;FZ:y:lb�>;FHGK@M>�:?QEA¥58F;hiGKQ�>TD0QP:^hj5f��:?Q0QP:yY*58QPC0UlcFZU=:�C0:iY0FZ5�C�D0@M>ZS~Cv36587PSZ:?F;I\GK70LV:=S_LV:?Q�>;@MLMLVU=:=SJr�VW�=S&LV58FZSJ[OLe36:=S;>;@MhiGK>Z:?D0FnN�D�G8C�FHGK>;@VN�DP:�Y0FZ:?QPC.LaGEA�58F;hj:��U?QPU?FHGKLV:¡S;D0@MI\GKQ�>Z:�J

dα(~L) =
Aα(L)

L

∫
d2~l1
(2π)2

∫
d2~l2
(2π)2

x(~l1)x
′(~l2)Fα(~l1,~l2)δ(~L−~l1 −~l2) ,

��LI�~rz© Y �
5MN�LV:=STA¥58QP<?>;@V58QPS

Aα
:?>
Fα

SZ58Q�>�FZ:=S;Y{:=<?>;@MI�:?hj:?Q�>J[�LaGnQP58F;hiGKLM@VSHGK>;@V58Qq:?>�LaG~Y*58QPC0U?FHGK>;@V58QqC0:^Le36:=SZ>;@BchiGK>Z:?D0F
dα
r*2xGiA¥58QP<?>;@V58Q}C0:&QP58F;hiGKLM@VSHGK>;@V58Q�:=S;>^C0U?>Z:?F;hn@MQPU=:~LV58FZSZN�DO3658Q�@MhnY{5\SZ:_N�DP:¡Le36:=S;>;@MhiGK>Z:?D0FSZ58@M>�QP58Q�ce70@aGK@VSZUNJ

< dα(~L) >CMB= d(~L) ≡ LΦ(~L) .��Q�C0U?I�:?LV58Y0Y�GKQ�>�LV:^<JGKLV<?D0Le[P58Q�>;FZ58D0I�:wJ
Aα(L) = L2

[∫
d2~l1
(2π)2

fα(~l1,~l2)Fα(~l1,~l2)

]−1

.
��LI�~rz© � �
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��QPS;D0@M>Z:\[�LaG¤A�58QP<?>;@V58Q�C0:jY*58QPC0U?FHGK>;@V58Q
Fα

Y*:?D0>&u?>;FZ:�<ZXP58@VS;@V:¤Gs�PQ.Cv3658Y0>;@Mhn@VSH:?F&Le36:=S;>;@MhiGK>Z:?D0FJr¢�@MQPSZ@e[�\ �\GKhj58>Z5E:?>H]�D}58Q�>^<JGKLV<?D0LVU~LV:¡�PLM>;FHGK��:nN�D0@ hn@MQ0@Mhn@VSZ:~LaGiI8GKF;@aGKQP<=:
< d∗α(L)dα(L) >

r�L�LVSC058Q0QP:?Q�>vJ
Fα(~l1,~l2) =

Ĉx′x′

l1
Ĉxx

l2
fα(~l1,~l2) − Ĉxx′

l1
Ĉxx′

l2
fα(~l2,~l1)

Ĉxx
l1
Ĉx′x′

l2
Ĉx′x′

l1
Ĉxx

l2
− (Ĉxx′

l1
Ĉxx′

l2
)2

,
��LI�~rz©\©��

5MNO[�Y0D0@VSZN�DP:WLV:RY*58>Z:?Q�>;@V:?LOC0:WLV:?Q�>;@MLMLV:^:=S;>�S;D0Y0Y{5\SHU�FZ:=<=58QPSZ>;F;D0@M>�]¡Y�GKF;>;@MFTC0:^<JGKF;>Z:=S�C0:ym�oqp 587PSH:?FdcI�U=:=SJ[PLV:=S�S;Y*:=<?>;FZ:=S�N�D0@�GKY0Y�GKFHGK@VSZSZ:?Q�>RCPGKQPS�Le36:lb�Y0FZ:=SHS;@V58Q�<?@Bc�C0:=SZS;DPSR<=58Q�>;@V:?Q0QP:?Q�>y]~LaG~A�58@VSTLV:ySZ@M�\Q�GKLY0F;@Mhj58FZC�@aGKLe[vLe36:lkv:?>WC0:_LV:?Q�>;@MLMLV:j:?>WD0QP:n<=58hnY{5\SHGKQ�>Z:nC0:_70F;D0@M>yCv3658F;@M�\@MQP:jG8S;>;FZ58Y0X���S;@VN�DP:n:?>R@MQPSZ>;F;D�chj:?Q�>HGKLV: J
Ĉl = C(~l) +N(~l)

r�¢ªLe3 @MQPSZ>HGKF`C0:=S�GKD0>Z:?D0FZSJ[�58Q¤QP:R<=58QPS;@VC0�?FZ:\[0CPGKQPS�D0Q�Y0FZ:?hn@V:?F`>Z:?hnYPSJ[N�DO3 D0Q�70F;D0@M>T70LaGKQP<^��GKDPSZS;@V:?QE@VSHS;D C0:^LaG~C0U?>Z:=<?>;@V58Q J

N(~l) = σ2
pixΩpixB(~l)

��LI�~rz© � �
5MN

σpix
:=S;>~LV:¤Q0@MI�:JGKD C0:¤70F;D0@M>jCPGKQPSnD0Q¬U?LVU?hj:?Q�>�C0:¤FZU=SZ58LMD0>;@V58Q¬Cv3zGKQ0�\LV: SH58LM@VC0:

Ωpix
:?> B(~l)

[Le36:lk*:?>�C�D LV587*: C�D C0U?>Z:=<?>Z:?D0F¤S;D0Y0Y*5\SZUE��GKDPSZSZ@V:?QOr�m�58QP<=:?Y0>;DP:?LMLV:?hj:?Q�>J[TLV:¤A�GK@M>�C0: >Z:?Q0@MF�<=58hnY0>Z:Cv3 D0QP:�<=58hnY{5\SHGKQ�>Z:}C0:�70F;D0@M>¤Y*:?F;hj:?>EC0:�AeG8<?@MLM@M>Z:?F¤LV:�<JGKLV<?D0L^C0:qLe3 @MQ�>ZU?�\FHGKLV:}N�D0@^GKY0Y�GKFHGK@M> CPGKQPSLe36:lb�Y0FZ:=SHS;@V58QEC0:�Le36:=SZ>;@MhiGK>Z:?D0F¡�¥:=N�r�LI�_rz© Y � ��:?QE:lk*:?>J[�SHGKQPS`Le3zGKY0Y*58F;>�C0:RY0D0@VSZSHGKQP<=:W:?Q0��:?QPC�FZUWY�GKF�LV:70F;D0@M>J[PLV:&C0U?QP58hn@MQ�GK>Z:?D0FRC0:¡LaG~A�58QP<?>;@V58Q�C0:^�PLM>;FHGK��:&C0:?I�@V:?QPC�FHGK@M>W:lb�>;FZu?hj:?hj:?Q�>RY{:?>;@M>WGKD�b¤�\FHGKQPC0Sh¡D0LM>;@MY��8LV:=SJr
«R58DPS�G=I�58QPS C058QP<�FZ:?>;FHG8<=U}LaG�C0U?hiGKFZ<ZXP:.C0: ]�D�:?>	\ �\GKhj58>Z5¬CPGKQPSELaG�<=58QPS;>;F;DP<?>;@V58Q Cv3 D0Q:=S;>;@MhiGK>Z:?D0F�N�D�G8C�FHGK>;@VN�DP:�58Y0>;@MhiGKL_�¥<\36:=SZ>dc�]sc�C�@MFZ:�@V<?@e[�QP58Q�ce70@aGK@VSHU�:?>iC0:EI\GKF;@aGKQP<=: hn@MQ0@MhiGKLV:f�lr-VW:Y0LMDPSJ[`58QªC�@VS;Y{5\SH:�:?Q Y0F;@MQP<?@MY*:qC0:�S;@Bb':=S;>;@MhiGK>Z:?D0FZSEC�@Bk*U?FZ:?Q�>ZSE<=58F;FZ:=S;Y*58QPCPGKQ�>ZS�GKD�b'S;@Bb¬AeGR =58QPSC0:i<=58h&70@MQP:?F&LV:=S&587PSZ:?F;I8GK70LV:=S_w^[O� 58D|p C0:?D�b|]EC0:?D�bvr m�:?Y*:?QPCPGKQ�>J[�LV:jQP58h&70FZ:�Cv36:=S;>;@MhiGK>Z:?D0FZSN�D�G8C�FHGK>;@VN�DP:=S^:lkv:=<?>;@MI�:?hj:?Q�>yD0>;@MLM@VSHGK70LV:=S^SH:¡FZU=C�D0@M>y]�<?@MQPN�[{Y0D0@VSZN�DP:¡Le3658Q�QPU?�\LM@M��:~LaG�<=58Q�>;F;@M70D0>;@V58QC0:=Sxhj5�C0:=S p}Y0F;@Mhj58FZC�@aGKD�b*r � @MQ�GKLV:?hj:?Q�>J[�]�D&:?> \ �8GKhj58>Z5R<JGKFHG8<?>ZU?F;@VSZ:?Q�>�LV:=SxY*:?FdA¥58F;hiGKQP<=:=S�C0:tLV:?D0F:=S;>;@MhiGK>Z:?D0FT:?QE<JGKLV<?D0LaGKQ�>TLV:RS;Y*:=<?>;FZ:WC0:�Y0D0@VSHSHGKQP<=:^C0:RLe36:?F;FZ:?D0F`SZD0F�LaG&FZ:=<=58QPS;>;F;DP<?>;@V58Q�C0:�Le36:lkv:?>TC0:LV:?Q�>;@MLMLV:\r�£�58D0FR<=:?LaG�[0@MLVST:lb�Y0LM@V<?@M>Z:?Q�>�LaG_I\GKF;@aGKQP<=:yC0:^Le36:=SZ>;@MhiGK>Z:?D0FT>Z:?LMLV:yN�DP:wJ

< d∗α(~L)dβ(~L′) > = (2π)2δ(~L− ~L′)[Cdd
L +Nαβ(L)] ,

��LI�_rz©9P��
5MN

Nαβ(L) = L−2Aα(L)Aβ(L)

∫
d2~l1
(2π)2

Fα(~l1,~l2)
(
Fβ(~l1,~l2)

×Cxαxβ

l1
C

x′

αx′

β

l2
+ Fβ(~l2,~l1)C

xαx′

β

l1
C

x′

αxβ

l2

)
.

��LI�~rz©$Q��
£ 58D0FTD0QP:W:lb�Y*U?F;@V:?QP<=:^C0:R>���Y{: � �����
	��t[0<\36:=S;>`LV:^<JG8S

α = TT
N�D0@v<=58QPS;>;@M>;DP:WLe36:=S;>;@MhiGK>Z:?D0F�C0:Le3zGKQ0�\LV:~C0:&C0Uh��:lb�@V58Q�LV:¡Y0LMDPSRY*:?FdA¥58F;hiGKQ�>J[�Y0D0@VSHN�DP:��������
	���A�58D0F;Q0@M>^C0:=S�<JGKF;>Z:=S^C0:&Y{58LaGKF;@VS�GK>;@V58Q>;FZ58Y&70F;D0@M>ZU=:=S�Y*58D0F D0QP:g:lb�>;FHG8<?>;@V58Qn:l�i<JG8<=:�C0:=S�AeGK@M70LV:=S�<=58F;FZU?LaGK>;@V58QPS�@MQPC�D0@M>Z:=S�Y�GKF :lkv:?> C0:gLV:?Q�>;@MLMLV:\r��Q�FZ:?I8GKQP<HXP:\[�Y*58D0F�LaGy��U?QPU?FHGK>;@V58QECv36:lb�Y{U?F;@V:?QP<=:=S�Y*5\S;>dc��������
	����n>Z:?LMLV:=S�LV:TY0FZ5K9;:?>�m�oqp`£�58L��nLV:=SC058Q0QPU=:=S^C0:_Y{58LaGKF;@VSHGK>;@V58Q|GKhjU?LM@V58FZ:?Q�>yQP:?>;>Z:?hj:?Q�>^LaG�FZ:=<=58QPS;>;F;DP<?>;@V58Q.C0:&Le36:lkv:?>^C0:_LV:?Q�>;@MLMLV:\rv¢�@MQPS;@e[CPGKQPSt<=:T<JG8Sf[\Le36:=S;>;@MhiGK>Z:?D0F

α =
�tp�Y{:?F;hj:?>4D0QP:�:lb�>;FHG8<?>;@V58Q�C�DiS;Y*:=<?>;FZ:TC0:TY0D0@VSHSHGKQP<=:TC�DjY*58>Z:?Q�>;@V:?LC0:^LV:?Q�>;@MLMLV:�9¨DPSZN�DO3zGKD�b¤h¡D0LM>;@MY��8LV:=S ∼ �QY�Y�Y ��I�58@MF��P�\D0FZ:WL7�~r � �lr

\�Q�QP58>Z:.N�DP:.Y{58D0F�C0:=S�:lb�Y*U?F;@V:?QP<=:=S}C058Q�>�LV:=SqY{:?FdA�58F;hiGKQP<=:=S}SZ:.S;@M>;DP:?Q�>}:?Q�>;FZ: <=:=S�C0:?D�b:lb�:?hnY0LV:=Sf[�@ML*:=S;>�Y{5\SHS;@M70LV:�Cv3zGKhjU?LM@V58FZ:?F�LaG&Y0FZU=<?@VS;@V58QEC0:�LaG&FZ:=<=58QPS;>;F;DP<?>;@V58Q C�D�Y*58>Z:?Q�>;@V:?LOC0:�LV:?Q�>;@MLMLV::?Q�<=58h¡70@MQ�GKQ�>�LV:=S�C�@Bk*U?FZ:?Q�>ZS�:=S;>;@MhiGK>Z:?D0FZS�C�@VS;Y{58Q0@M70LV:=SfrP¢�@MQPSZ@e[058Q¤A¥58F;hj:^LV:WQP58D0I�:?L :=S;>;@MhiGK>Z:?D0F J
dmv(~L) =

∑

α

wα(L)dα(~L) ,
��LI�_rz©H���
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dd

EB

ΘB

EE

ΘE

ΘΘ

EB
EE

ΘE

ΘΘ

ΘB

mv

mv

dd

10

10–7

10–7

10–6

10–5

10–8

10–9

100
L

1000

L
(L

+1
)C

L
/2

π
dd

L
(L

+1
)C

L
/2

π
dd

(a) Planck

(b) Reference

������� ������u � 	 :*3A3'� :*#�465;:*3A@$:��(2(-E3;36+B7�#�:.@$2 �(562�- 4A@(:*3by :*3�46-0)?+846:*2(5;3AD92�+B@$5&+T4;-0D92(:�3)� C>2(5
2(7(: : �1� '*56-0:=7�#=: D92�+B36-+@S-E@$'*+B/1:>K�� :*/1/0: @�#�-2���(5;-E3�: #�C>)?)H: 5;' 7 '*56:*7�#�:5� :*3�4 #=+B5;+>#�46'*56-E36'=:9� +85.2(7
7(-0IB:�+82 @$: �(5;2(- 4 @$:

σTpixθFWHM � (σPpix/
√

2)θFWHM �
� +85&#�)?-17 K

µ
� :�4�2(7(: 5;'*36CB/02$4;-1C>7

@$:
θFWHM �

� +85&#�)?-17 K 	 : 3�� :�#�4;56: @$: �(2(-E363;+87�#=: 7(CB46' = @(@9> :*3�4?#=:=/02(- @$: / � +87(<>/1: @$:
@$'"!�:��$-0CB7&�*4;+B7�@$-E3"D92(: /0+�#�CB2�5 � : 7(CB46'=:)= )AI<>�:*3�4"/0: 3�� :*#�4;56: @$: �(5;2(-14 @(: IT+85;-0+B7�#�: )H-07(-0),+8/0:��
5;'*362(/ 4&+8794 @$: /E+ #�C>)��(-07�+8-E36CB7?@$:*3ry :�3 4;-1),+846:=2�5;3*K � -07�36- �5� C>2(5 2(7(: : �1� '*56-0:=7�#=:�3�2
�,3;+8)?)?:=794
36:=7�36-���/1: � CB2(5�7 C>2(567�-15.@$:�3,#=+B5�4;:*3H%�+82(46: �(5;'*#=-036-1C>7 @$:�3?)?CM@(:*3O� :�4 m � /2� :�3 4;-1),+T4;:=2(5O� m
3 � +�I50=5;: /0:��(/02�3 :��.#=+>#�:�� CB2(5 56:�#�CB7 3 4;562(-05;: /0:F3�� :�#�4;56:F@(:�/0+
@$' !�: �$-1C>7 K � :=4�46:�(�<B2(5;: :*3�4 -E36362(:
@$: �	�,y 
SK
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5MNyLaG`A�58QP<?>;@V58Q¡C0:tY{58QPC0U?FHGK>;@V58Q
wα(L)

:=S;>x58Y0>;@Mhn@VSZU=:tY{58D0F�hn@MQ0@Mhn@VSZ:?FxLaG�I8GKF;@aGKQP<=:gC0:�Le36:=S;>;@MhiGK>Z:?D0FJr��LMLV:WSZ:W<JGKLV<?D0LV:^:?Q�@MQ�I�:?FZSHGKQ�>�LaG¡hiGK>;F;@V<=:
5× 5

C0:RI8GKF;@aGKQP<=:lc�<=5fI8GKF;@aGKQP<=:yC�D¤70F;D0@M>�C0:RLe36:=S;>;@MhiGK>;@V58QO[S;D0@MI\GKQ�> J
wα =

∑
β(N−1)αβ∑
βγ(N−1)βγ

.
��LI�~rz© � �

� @MQ�GKLV:?hj:?Q�>J[PLV:=S�Y0FZ58Y0F;@VU?>ZU=S�C�D 70F;D0@M>�C�DEQP58D0I�:?Lx:=S;>;@MhiGK>Z:?D0F�SH58Q�>�C0Ul�PQ0@V:=S�Y�GKF�J
〈d∗mv(

~L)dmv(~L
′)〉 = (2π)2δ(~L− ~L′)[Cdd

L +Nmv(L)],5MN
Nmv =

1∑
αβ(N−1)αβ

.

£ 58D0F^LaGiS;D0@M>Z:_C0:&QP58>;FZ:_U?>;DPC0:~C0:&Le36:=S;>;@MhiGK>;@V58Q}C0:_Le36:lk*:?>WC0:¡LV:?Q�>;@MLMLV:\[*QP58DPS^G8C058Y0>Z58QPSWLe36:lb�Y*UlcF;@V:?QP<=:yC0Ul�PQ0@V:^<=58hnhj:^FZUlA�U?FZ:?QP<=:^CPGKQPS$]�D :?>(\ �8GKhj58>Z50r0¢�@MQPS;@e[�QP58DPST<HXP58@VS;@VSZSZ58QPSTC0:W<JGKFHG8<?>ZU?F;@VSZ:?FLV:=SRY{:?FdA�58F;hiGKQP<=:=SWC0:¡Le36:=S;>;@MhiGK>Z:?D0F^N�D�G8C�FHGK>;@VN�DP:_LV:¡Y0LMDPS�Y0FZ58hj:?>;>Z:?D0Fi��I�58@MF��P�\D0FZ:=L7�~r � �l[�<\36:=SZ>dc�]scC�@MFZ:¤LV:¤<JG8Sj�4pWrtmR36:=S;>nC058QP<E<=:E<JG8S~Y�GKF;>;@V<?D0LM@V:?FiN�DP:�QP58DPSj@MhnY0LVU?hj:?Q�>Z58QPS��tY{58D0F~D0Q GKY0Y0FZ5KA�58Q�cC�@VSZSZ:?hj:?Q�>yC0:~QP58>;FZ:~Y0FZ5K9d:?>J[*C0U?7*58FZCPGKQ�>yLV:=S^587�9;:=<?>;@BA¥S^N�DP:_Le3658Q�SZ:~C058Q0QP:~@V<?@e[{LV:n<=5�C0:~C0U?I�:?LV58Y0Y*USJ3zG8CPGKY0>Z:_AeG8<?@MLV:?hj:?Q�>&]�LaG�<=58QPS;>;F;DP<?>;@V58Q|C0:=SyGKD0>;FZ:=Sy:=SZ>;@MhiGK>Z:?D0FZSJrv��Q}FZU=S;D0hjU\[v58Q�FZUlc�:lb�Y0LM@V<?@M>Z:nLaGA¥58F;hj:¡C0:WLe36:=S;>;@MhiGK>Z:?D0F��4p�GK@MQPSZ@ON�DP:^SZ:=STY0FZ58Y0F;@VU?>ZU=S�C0:^70F;D0@M> J
dEB(~L) = AEB(L)

L

∫
d2~l

(2π)2
E(~l)B(~l′)

C̃EE
l

ĈEE
l

ĈBB
l′

~L ·~l sin 2ϕll′
��L7�~rz© ­ �

¦�G~I\GKF;@aGKQP<=:ySJ36U=<?F;@M>�J
< d∗EB(~L)dEB(~L′) >= (2π)2δ(~L− ~L′)[Cdd

L +NEBEB(L)] ,5MN
NEBEB(L) = AEB(L) = L2

[∫
d2~l1
(2π)2

(C̃EE
l )2

ĈEE
l ĈBB

l′

(~L ·~l sin 2ϕll′)
2

]−1

.
��LI�~rz© P �

«R58DPS�C�@VS;Y*5\SZ58QPSRC0�=STLV58FZSJ[�Cv3 D0Q�58D0>;@ML�Cv36:=SZ>;@MhiGK>;@V58QqC0:¡Le36:lk*:?>RC0:yLV:?Q�>;@MLMLV:\[�7�G8SZU&S;D0F�LV:=S�<=58F;FZUlcLaGK>;@V58QPS�N�DP:^<=:?LMD0@Bc�<?@O@MQ�>;FZ5�C�D0@M>�:?Q�>;FZ:yhj5�C0:=ST� :?>Tp C�Dqm�oqp J

< E(~k1)B(~k2) >CMB ∼ C̃EE
k1

(~k1 + ~k2) · ~k1 sin(2ϕ~k1
~k2

)Φ(~k1 + ~k2)
��LI�~r ��Y �

¢T�PQ�C0:i>Z:=SZ>Z:?F_<=:?>~58D0>;@MLe[x@MLgQP58DPS&A�GKD0>_hiGK@MQ�>Z:?Q�GKQ�>jC0U?I�:?LV58Y0Y{:?F_D0QP:�<HX�G��VQP:¤C0:�S;@Mh&D0LaGK>;@V58QPSnC0:<JGKF;>Z:=S`C0:���:?>gpW[�GKD¤SZ:?@MQ�C0:=SZN�DP:?LMLV:=SgLV:=S�<=58F;FZU?LaGK>;@V58QPS`@MQ�>;FZ5�C�D0@M>Z:=S�SH58Q�>�Y�GKFdA�GK@M>Z:?hj:?Q�>`<=58Q0Q�DP:=S�:?>hiG��V>;F;@VSZU=:=SJr
~���� ���
� � �R�����������}���3�q�����t�|�<�B�t� ��� ����� � �|���}����� �t�t�*�

2436587�9;:=<?>;@BA�@V<?@4:=SZ>yC0:nSZ:~C058Q0QP:?F^D0QP:nhjU?>;XP5�C0:nC0:nSZ@Mh¡D0LaGK>;@V58Q|C0:n<JGKF;>Z:=SyC0:qj0l m LV:?Q�>;@MLMLVU=:=SCPGKQPS4LV:=SZN�DP:?LMLV:=SgLV:=St<=58F;FZU?LaGK>;@V58QPS`�4p SZ58Q�>tY�GKFdAeGK@M>Z:?hj:?Q�>�<=58Q�>;F �8LVU=:=SJr�£ 58D0F�U?>HGK70LM@MF�<=:?>;>Z:ThjU?>;XP5�C0:\[58Q|SZ:n�\D0@VC0:?FHG�CPGKQPSyD0Q|Y0FZ:?hn@V:?F&>Z:?hnYPSJ[xS;D0F¡LV:j<JG8S¡Y0LMDPS¡S;@MhnY0LV:�C0:=SyFZUJGKLM@VSHGK>;@V58QPS_<=58F;FZU?LVU=:=S_C0:=S<ZX�GKhnYPSg��GKDPSZS;@V:?QPS4w :?>4�Tr�£�D0@VSJ[�58Qj��U?QPU?FHGKLM@VSZ:?FHGy<=:?>;>Z:�U?>;DPC0:\[�Y*58D0F4Le3zG8CPGKY0>Z:?Fg]WQP58>;FZ:�Y0FZ5870LV�?hj:\[:?Q�SZ:WFZUlA�U?FHGKQ�>�GKD�b¤>;FHG=I\GKD�b C0: �t:?X�DPCPG�]�5Kk*hiGKQ :?>���FZ:}¡WZT@M7�G ���z© �l� �z©\© � r
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2xG�S;>HGK>;@VS;>;@VN�DP:_C0:=SR<HX�GKhnYPS^w :?>W�ªC058@M>R@MQP<=58F;Y{58FZ:?F � Y0FZ58Y0F;@VU?>ZU=S��*LV:=S�<HX�GKhnYPSyw :?>R� SZ58Q�>��GKDPSZS;@V:?QPSR:?>�@VSZ58>;FZ58Y*:=SRC0:¡S;Y*:=<?>;FZ:&<=58Q0Q�DqCv3 D0QP:&Y�GKF;>J[{Cv3zGKD0>;FZ:¡Y�GKF;>J[�@MLVS�SZ58Q�>R<=58F;FZU?LVU=SW:?Q�>;FZ:&:?D�bhj5�C0:=S�]~hj5�C0:=Sfr�m�:=<?@xSZ:W>;FHG8C�D0@M>TY�GKF J�
< T ∗(~k1)T (~k2) >= (2π)2CTT

k1
δ(~k1 − ~k2)�

< E∗(~k1)E(~k2) >= (2π)2CEE
k1

δ(~k1 − ~k2)�
< T ∗(~k1)E(~k2) >= (2π)2CTE

k1
δ(~k1 − ~k2)2436:lb�@VS;>Z:?QP<=:�C0:q<=58F;FZU?LaGK>;@V58QPS�<?FZ58@VSZU=:=SE:?Q�>;FZ:�w :?>E�	@MhnY*5\SZ:qD0Q >;@MFHGK��:�<=58Q89d58@MQ�> C0:�<=:=SEC0:?D�b<ZX�GKhnYPSJr�2xGnY0FZ587�GK70@MLM@M>ZU&Cv365870>Z:?Q0@MF�D0QP:yFZUJGKLM@VSHGK>;@V58Q�C0:yw/:?>�� C058Q0QPU=:&:=S;>TD0QP:^��GKDPSHS;@V:?Q0QP:yh&D0LBc>;@MI8GKF;@VU=:y>Z:?LMLV:yN�DP: J

P (T (~ki)E(~kj)) =
1

(
√

2π)2N
√

|C|
exp {−1

2
(T ∗(~ki)E

∗(~kj)) C−1

(
T (~ki)

E(~kj)

)
}

2xG~hiGK>;F;@V<=:
N ×N

QP58>ZU=: C :=SZ>�LaG_hiGK>;F;@V<=:¡C0:^<=58F;FZU?LaGK>;@V58QPSRC0:=ST<ZX�GKhnYPSRwª:?>�� J

C =




CTT
l=0 CTE

l=0 0 0 0 . . . 0
CTE

l=0 CEE
l=0 0 0 0 . . . 0

0 0 CTT
l=1 CTE

l=1 0 . . . 0
0 0 CTE

l=1 CEE
l=1 0 . . . 0

0 0 0 0

r r r
0 0rrr rrr rrr rrr

0 CTT
lmax

CTE
lmax

0 0 0 0 0 CTE
lmax

CEE
lmax




2xGnA¥58F;hj:¡70LV5�<yC�@aGK��58Q�GKLV:_C0:y<=:?>;>Z:¡hiGK>;F;@V<=:&S;@M�\Q0@B��:&N�DP:yLe3658Q�Y*:?D0>T>;@MFZ:?F�<HX�G8N�DP:&hj5�C0:y@MQPC0UlcY{:?QPCPGKhnhj:?Q�>4C0:=S GKD0>;FZ:=SfrK£ 58D0F�D0Q&hj5�C0:�C058Q0QPU ~k = ~k0
[fLaG�Y0FZ587�GK70@MLM@M>ZU`Cv365870>Z:?Q0@MF�D0QP:tFZUJGKLM@VS�GK>;@V58QC0:ywª:?>T� SH:?FHG�J

P (T (~k0)E(~k0)) =
1

(2π)
√

|C|
exp

{
− 1

2
(T ∗(~k0)E

∗(~k0))

(
CTT

k0
CTE

k0

CTE
k0

CEE
k0

)−1 (T (~k0)

E(~k0)

)}

C−1 =
1

|C|

(
CEE

k0
−CTE

k0

−CTE
k0

CTT
k0

) :?> |C| = CTT
k0
CEE

k0
− (CTE

k0
)2

£ 58D0F_G=I�58@MF¡D0QP:nFZUJGKLM@VSHGK>;@V58Q.C0:nw :?>&��Y*58D0Fy<=:nhj5�C0:\[v58Q|Y0FZ5�<=�=C0:j:?Q�C0:?D�b}>Z:?hnYPSJr \�Q�SZ:C058Q0QP:ECv3zGK7{58FZC¬D0QP:¤FZUJGKLM@VSHGK>;@V58Q¬C0:
T (~k0)

Y�GKFn>;@MFHGK��: GKLVUJGK>Z58@MFZ: Cv3 D0QP:¤I\GKF;@aGK70LV:¤��GKDPSZS;@V:?Q0QP:�C0:I8GKF;@aGKQP<=: � QP58>ZU=:
G(1) J

T (~k0) =
√
CTT

k0
G

(1)
k0
.

£�D0@VS~58Q.>;@MFZ:�D0QP:�FZUJGKLM@VSHGK>;@V58Q <=58Q89d58@MQ�>Z:¤C0: (T (~k0)

E(~k0)

) SZ58DPS&LaG�<=58Q�>;FHGK@MQ�>Z:EC0:�LaG I\GKLV:?D0FnC0:
T (~k0)

[
QP58>ZU=:

T0
[�>;FZ58D0I�U=:^<?@Bc�C0:=SZS;DPSJr�£�GKF�LV:�>;XPU=58FZ�?hj:^C0:Wp�G=��:=Sf[�58QEC0U?>Z:?F;hn@MQP:WLaG&Y0FZ587�GK70@MLM@M>ZU^C0:

E(~k0)SHG8<ZX�GKQ�>
T0

J

P (E(~k0)|T0) =
P (T (~k0)E(~k0))

P (T (~k0) = T0)
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2O:y<HX�GKhnY
T (~k0)

:=S;>���GKDPSZS;@V:?QO[PS�G~C�@VS;>;F;@M70D0>;@V58Q�C0:WY0FZ587�GK70@MLM@M>ZU&:=S;>TC058Q0QPU=:yY�GKF�J
P (T (~k0)) =

1
√

2π
√
CTT

k0

exp
{
− 1

2CTT
k0

|T (~k0)|2
}

� @MQ�GKLV:?hj:?Q�>J[�LV:^<JGKLV<?D0LxC0:^LaG~C�@VS;>;F;@M70D0>;@V58QqC0:WY0FZ587�GK70@MLM@M>ZU¡<=58Q�>;FHGK@MQ�>Z:_C0:
E(~k0)

C058Q0QP:wJ
P (E(~k0)|T (~k0)) =

1

√
2π

√
CEE

k0
− (CTE

k0
)2

CTT
k0

exp
{
− 1

2
(
CEE

k0
− (CTE

k0
)2

CTT
k0

)
∣∣E(~k0) −

CTE
k0

CTT
k0

T (~k0)
∣∣2
}

VRD�AeGK@M>_Cv3 @MhnY*5\SZ:?F&LaG I\GKLV:?D0F&C0:
T (~k0)

[x@MLgFZU=S;D0LM>Z:iD0Q�C0U=<JGKLaGK��:�C0:�LaG C�@VS;>;F;@M70D0>;@V58Q C0:jY0FZ5Kc7�GK70@MLM@M>ZUE<=58QPC�@M>;@V58Q0QP:?LMLV: C0:
(T (~k0)E(~k0))

[�N�D0@�C0:?I�@V:?Q�>_D0QP:¤��GKDPSHS;@V:?Q0QP:¤<=:?Q�>;FZU=: S;D0F_LV:¤<ZX�GKhnY
E(~k0)

J

E(~k0) =
CTE

k0

CTT
k0

T (~k0)

¢�DPSHS;@e[�LaGnC�@VS;>;F;@M70D0>;@V58QqC0:^Y0FZ587�GK70@MLM@M>ZU¡5870>Z:?Q�DP:yY*:?D0>�SZ:^I�58@MF�<=58hnhj:yLaG~Y0FZ587�GK70@MLM@M>ZU&Cv365870>Z:?Q0@MF�LaGI8GKF;@aGK70LV:&GKLVUJGK>Z58@MFZ:y��GKDPSZS;@V:?Q0QP:
Econd(~k0)

C0:^I\GKF;@aGKQP<=:
σcond

[�>Z:?LMLV:yN�DP: J
Econd(~k0) = E(~k0) −

CTE
k0

CTT
k0

T (~k0)
:?>
σcond = CEE

k0
−

(CTE
k0

)2

CTT
k0

VW:n<=:~<JGKLV<?D0Le[O58Q}C0U=C�D0@M>yD0QP:~hjU?>;XP5�C0:~Y*58D0F^>;@MFZ:?F¡GKLVUJGK>Z58@MFZ:?hj:?Q�>&LV:~<ZX�GKhnY
E(~k0)

G=I�:=<nLV:=SY0FZ58Y0F;@VU?>ZU=SgC0:�<=58F;FZU?LaGK>;@V58Q�FZ:=N�D0@VSZ:=SJ[�D0QP:`A¥58@VStLV:T<ZX�GKhnY
T (~k0)

FZUJGKLM@VSZU\rM\�Q�FZU=U=<?F;@M>
E(~k0)

<=58hnhj:WJ
E(~k0) = E(~k0) +Econd(~k0)£�D0@VSZN�DP:~Le3658Q�C�@VS;Y*5\SZ:~C0U¨9;]¤Cv3 D0QP:~FZUJGKLM@VSHGK>;@V58Q.C0:

T (~k0)
:?>yC058QP<nC0:

E(~k0)
[*>;@MFZ:?F¡GKLVUJGK>Z58@MFZ:?hj:?Q�>

E(~k0)
FZ:?I�@V:?Q�>t]�>;@MFZ:?F�D0QP:�I\GKLV:?D0F4C�D~<HX�GKhnY

Econd(~k0)
S;D0@MI\GKQ�>�LaGRS;>HGK>;@VSZ>;@VN�DP:�<JGKLV<?D0LVU=:�<?@Bc�C0:=SZSZDPS4J

E(~k0) =
CTE

k0

CTT
k0

√
CTT

k0
G

(1)
k0

+

√√√√CEE
k0

−
(CTE

k0
)2

CTT
k0

G
(2)
k0

«R58DPS&G=I�58QPS~C058QP<�:lb�Y0LM@V<?@M>ZUiD0QP:jhjU?>;XP5�C0:iY*58D0F¡5870>Z:?Q0@MF_D0QP:jFZUJGKLM@VSHGK>;@V58Q�C0:=S¡<HX�GKhnYPS_w	:?>� <=58Q�>Z:?Q�GKQ�>iLV:=Sn@MQ�A�58F;hiGK>;@V58QPSjC0:E<=58F;FZU?LaGK>;@V58Q <?FZ58@VSHU=: w��Trtm�:?>;>Z:¤hjU?>;XP5�C0: SZ:���U?QPU?FHGKLM@VSZ:�GKD�bFZUJGKLM@VSHGK>;@V58QPS�<=58QPC�@M>;@V58Q0QP:?LMLV:=SRCv3 D0Q QP58h&70FZ:¡N�DP:?LV<=58QPN�DP:yC0:¡<ZX�GKhnYPST��GKDPSHS;@V:?QPSJr
� � ����� ����� 	 �
��� � ������� ����� 	 �
��� � ��	��	� � � ���
����� ��� ��	���� ' ����������	�� ��#�	 	�� � ��	

V^GKQPS�LaG^SZ:=<?>;@V58QiY0FZU=<=U=C0:?Q�>Z:\[�58QiI�U?F;@B��:TN�DP:`LaG^hjU?>;XP5�C0:�D0>;@MLM@VSHU=:�Y{58D0F�>;@MFZ:?F�GKLVUJGK>Z58@MFZ:?hj:?Q�>�LV:=S<ZX�GKhnYPSy<=58F;FZ:?LVU=S¡w :?>^�ª:=S;>W70@V:?Q}D0Q}<JG8SWY�GKF;>;@V<?D0LM@V:?F¡C0:_LaG�hjU?>;XP5�C0:nC0:_FZUJGKLM@VSHGK>;@V58Q�<=58Q�>;FHGK@MQ�>Z:C0:�<HX�GKhnYPS~��GKDPSZS;@V:?QPS&>Z:?LMLV:�N�DO36:?LMLV:�:=S;>_C0U=<?F;@M>Z:�CPGKQPS=]�5Kk*hiGKQ�:?>vZ�@M7�G �{r�\�Q.FZU=S;D0hj:�@V<?@`<=:?>;>Z:hjU?>;XP5�C0:¡:?Q�:lb�Y0LM@V<?@M>HGKQ�>�LV:=S�QP58>HGK>;@V58QPSfr
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\�Q&<=58QPSZ@VC0�?FZ:tLV:g<ZX�GKhnY
f(~k)

<=58QPS;>;@M>;DPU�Cv3 D0Q&:?QPSZ:?h&70LV:`C0:t«�I8GKF;@aGK70LV:=S�GKLVUJGK>Z58@MFZ:=S���GKDPSZS;@V:?Q0QP:=SC0:�hj5J��:?Q0QP:¤Q�D0LMLV:¤:?>~C0:�I8GKF;@aGKQP<=:¤<=58Q0Q�DP:\rtm�:¤<HX�GKhnY���GKDPSHS;@V:?Q :=S;>_SH58D0hn@VS~]qo�<=58Q�>;FHGK@MQ�>Z:=SJ[QP58>ZU=:=S
Γi
[�C�D�>���Y*:

f(ki) = fi
[�5MN

i = {0, . . . ,M − 1} r�\�Q�<ZXP:?FZ<HXP:~]i5870>Z:?Q0@MF�D0QP:&FZUJGKLM@VSHGK>;@V58QC0:
f(~k)

N�D0@xFZ:=S;Y*:=<?>Z:y<=:=SR<=58Q�>;FHGK@MQ�>Z:=SJrp\�Q�GKY0Y0LM@VN�DP:&LV:^>;XPU=58FZ�?hj:_C0:¡p�G=��:=S�Y*58D0F�C0U?>Z:?F;hn@MQP:?FWLaGC�@VS;>;F;@M70D0>;@V58Q�C0:WY0FZ587�GK70@MLM@M>ZU&<=58QPC�@M>;@V58Q0QP:?LMLV:&C�D <HX�GKhnY
f(~k)

J

P (f(~k)|{Γi}) =
P (f(~k))

∣∣
Γ

P ({Γi})
V^GKQPS�Le36:lb�Y0FZ:=SZS;@V58Q�<?@Bc�C0:=SZS;DPSJ[

P (f(~k))
∣∣
Γ

:=S;>TLaGjC�@VS;>;F;@M70D0>;@V58QqC0:¡Y0FZ587�GK70@MLM@M>ZU&C�Dq<ZX�GKhnY
f(~k)CPGKQPS�LV:ySZ58DPS;c�:?QPSZ:?h¡70LV:y5MN�LV:=ST<=58Q�>;FHGK@MQ�>Z:=S {Γi}

SH58Q�>TFZUJGKLM@VSZU=:=Sfr
\�Q :lk*:=<?>;DP:^<=:^<JGKLV<?D0LO:?Q :lb�Y0LM@V<?@M>HGKQ�>�LV:=STC�@VS;>;F;@M70D0>;@V58QPSTC0:WY0FZ587�GK70@MLM@M>ZUyC0:

f(~k)
:?>TC0:=S {Γi}

SZ58DPSA¥58F;hj:tC0:���GKDPSZS;@V:?Q0QP:=Sxh¡D0LM>;@MI\GKF;@VU=:=SJrR\�Q¡>;FZ58D0I�:tN�DP:�LaG�C�@VS;>;F;@M70D0>;@V58Q_C0:�Y0FZ587�GK70@MLM@M>ZUg<=58QPC�@M>;@V58Q0QP:?LMLV::=S;>^D0QP:~��GKDPSZS;@V:?Q0QP:i<=:?Q�>;FZU=:iSZD0F^D0Q�<ZX�GKhnY|QP58>ZU
fΓ(~k)

�v<=:n<ZX�GKhnY�:=S;>^LaG�hj5J��:?Q0QP:�C�D�<ZX�GKhnY
f(~k)

S;D0FTD0Q :?QPSZ:?h&70LV:¡C0:WFZUJGKLM@VSHGK>;@V58QPS�N�D0@OFZ:=SZY{:=<?>Z:?Q�>TLV:=ST<=58Q�>;FHGK@MQ�>Z:=S {Γi}
J

fΓ(~k) ≡< f(~k) >Γ=

M−1∑

i=0

M−1∑

j=0

< f(~k)Γi >< ΓiΓj >
−1 fj

£�GKFgGK@MLMLV:?D0FZSJ[\LaGWC�@VS;>;F;@M70D0>;@V58Q�C0:`Y0FZ587�GK70@MLM@M>ZU�<=58QPC�@M>;@V58Q0QP:?LMLV:�C0U=<?F;@M>4LaGWS;>HGK>;@VS;>;@VN�DP:TCv3 D0Qj<ZX�GKhnYGKLVUJGK>Z58@MFZ:y��GKDPSZSZ@V:?Q
F ����� (~k)

GKY0Y{:?LVU^<HX�GKhnY�FZU=S;@VC�DP:?Ler L�LO:=S;>TC0Ul�PQ0@OY�GKFWJ
F ����� (~k) = f(~k) − fΓ(~k)¦�G~I\GKF;@aGKQP<=:y:=S;>TC058Q0QPU=:^Y�GKF J

σ2
����� = σ2 −

M−1∑

i=0

M−1∑

j=0

< f(~k)Γi >< ΓiΓj >
−1< f(~k)Γj >

5MN
σ2 =< |f(~k)|2 >

2O:�Y{58@MQ�>�<?LV:lAyFZU=S;@VC0: CPGKQPS�LV:¤AeGK@M>�N�DP: <=:�<HX�GKhnY FZU=SZ@VC�DP:?L�QP: C0U?Y*:?QPC¬Y�G8S�C0:=SjI\GKLV:?D0FZS
fi@MhnY{5\SHU=:=S�Y�GKF�LV:=S�<=58Q�>;FHGK@MQ�>Z:=S

Γi
rRV_3zGKY0FZ�=S4LaG�C0Ul�PQ0@M>;@V58Q�C0:

F ����� (~k)
[KLV:�<ZX�GKhnY

f(~k)
SJ36U=<?F;@M>4<=58hnhj:LaG�SZ58hnhj:�C0:�S�G�hj5J��:?Q0QP:�Cv36:?QPSZ:?h&70LV:qSH58DPSi<=58Q�>;FHGK@MQ�>Z:=SJ[`<\36:=S;>dc�]sc�C�@MFZ:qLV:�<HX�GKhnY
fΓ(~k)

:?>¤C�D<ZX�GKhnY�FZU=SZ@VC�DP:?LerpVW:n<=:?>;>Z:~A�GR =58QO[v58Q|G�D0QP:~hjU?>;XP5�C0:nY*58D0Fy5870>Z:?Q0@MFyD0QP:~FZUJGKLM@VSHGK>;@V58Q|<=58Q�>;FHGK@MQ�>Z:C�Dq<HX�GKhnY
f(~k)

JP@ML�S;D��j>�Cv36U?I\GKLMDP:?F
fΓ(~k)

:?>RC0:¡>;@MFZ:?F�D0QP:&FZUJGKLM@VSHGK>;@V58Q}C�D�<HX�GKhnY�FZU=S;@VC�DP:?Le[�D0QP:A¥58@VS�SHG_I8GKF;@aGKQP<=:¡<JGKLV<?D0LVU=:\r
���������
	��
���
��� � � ���
����� ��� � ��� 	 � ����� ��	�! � ��) � ����������� � 	

V^GKQPS¡<=:?>;>Z:iY�GKF;>;@V:\[x58Q�GKY0Y0LM@VN�DP:jLV:=S¡FZU=S;D0LM>HGK>ZS&Y0FZU=<=U=C0:?Q�>ZS~GKD|Y0FZ5870LV�?hj:�N�D0@4QP58DPS¡@MQ�>ZU?FZ:=SZSH:c�<=:?LMD0@�Cv365870>Z:?Q0@MF~C0:=S&FZUJGKLM@VSHGK>;@V58QPS~C0:=S&<HX�GKhnYPSn� :?>_p LV:?Q�>;@MLMLVU=SnN�D0@tI�U?F;@B��:?Q�>&LV:=S&Y0FZ58Y0F;@VU?>ZU=SnC0:<=58F;FZU?LaGK>;@V58QE<?FZ58@VSZU=:��4p :?Q�>;FZ:Rhj5�C0:=SgC�@Bk*U?FZ:?Q�>ZS�>Z:?LMLV:=S�N�DO36:?LMLV:=S�SZ58Q�>�:lb�Y0F;@MhjU=:=S`CPGKQPS4\ �8GKhj58>Z5_:?>
]�D J

< E(~l1)B(~l2) >CMB= fEB(~l1,~l2)Φ(~l1 +~l2)

V^GKQPS^<=:~<JG8SJ[*58Q�C058@M>W<=58QPSZ@VC0U?FZ:?FyD0Q}:?QPSZ:?h¡70LV:nC0:
2Npix

I\GKF;@aGK70LV:=SyGKLVUJGK>Z58@MFZ:=S^��GKDPSZSZ@V:?Q0QP:=S��
f(~k) = {E(~l)B(~l′)} r�m�58Q0Q�GK@VSZSHGKQ�>tLV:TS;Y*:=<?>;FZ:TC�Dj<HX�GKhnY���LV:?Q�>;@MLMLVU\[�58Qj<=58hnhj:?QP<=:�Y�GKFtSZ:�C058Q0QP:?F
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D0QP:�FZUJGKLM@VSHGK>;@V58QiC0:
E(~l)

Y�GKF4>;@MFHGK��:�GKLVUJGK>Z58@MFZ:�Cv3 D0QP:�I8GKF;@aGK70LV:T��GKDPSZS;@V:?Q0QP:TC0:�I\GKF;@aGKQP<=:�D0Q0@M>ZU�QP58>ZU=:
G(1) J

E(~l) =
√
CE

l G
(1)(~l) = E~l

��L7�~r � � �
m�:=ST«�Y0@Bb�I\GKLV:?D0FZS�>;@MFZU=:=STSZ58Q�>�QP5\ST<=58Q�>;FHGK@MQ�>Z:=S�S;D0F�LV:^<HX�GKhnY

f(~l)
r�\�Q�G_I�DECv3zGKY0FZ�=S9]R5Kk*hiGKQ :?>

ZT@M7�G �*[�N�DP:RLaG_C�@VS;>;F;@M70D0>;@V58Q C0:RY0FZ587�GK70@MLM@M>ZUy<=58QPC�@M>;@V58Q0QP:?LMLV:yC0:
f(~l)

[�Y*58D0F`QP58DPS
P (E(~l)B(~l′)|E~l

)
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f(~l)
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f(~l′) =

∫
d2~li

(2π)2

∫
d2~lj
(2π)2

< B(~l′)E∗(~li) >< E∗(~li)E(~lj) >
−1 E~lj

=

∫
d2~li

(2π)2
fEB(~li,−~l′)√

CE
li

Φ∗(~li −~l′)G(1)(~li)
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∫

d2~li
(2π)2

∫
d2~lj

(2π)2
< B(~l′)E∗(li) >< E(li)

∗E(lj) >
−1< B(~l′)∗E(lj) >

= CBB
l′ −

∫
d2~li

(2π)2
fEB(~li,−~l′)2Φ∗(~li −~l′)Φ(~li −~l′)

CEE
li ��L7�~r � � �

V~3zGKY0FZ�=S�LV:=S�FZU=S;D0LM>HGK>ZS�Y0FZU=<=U=C0:?Q�>ZSJ[*58Q�5870>;@V:?QPC�FHG�LaG~FZUJGKLM@VSHGK>;@V58Q�C�D�<HX�GKhnYqp LV:?Q�>;@MLMLVU&C0U=SZ@MFZU=::?Q�U=<?F;@MI\GKQ�>�N�DP:
f(~l′) = f(~l′) + F ����� (~l′)
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B(~l′) =

∫
d2~li

(2π)2
fEB(~li,−~l′)

q

CE
li

Φ∗(~L)G(1)(~li) +

√
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∫
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li
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δ(~k1 − ~k2)�
< B∗(~k1)B(~k2) >= (2π)2CBB

k1
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C̃EE

l

[
CEE

l
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CBB

l
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Cdd
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�lrK¢�Y�GKF;>;@MF�C0:�<=:�C0:?F;Q0@V:?FJ[58Q >;@MFZ:yD0QP:¡FZUJGKLM@VSHGK>;@V58Q�C0:=S�hj5�C0:=S�C0: �P58D0F;@V:?FRC�D�Y*58>Z:?Q�>;@V:?L C0:yLV:?Q�>;@MLMLV:\[{:?Q�S;D0@MI\GKQ�>�LaG~hjU?>;XP5�C0:C0U=<?F;@M>Z:yU=N{rO��L7�~r � � ��J
Φ(~L) =

√
Cdd

L

L2
G(~L)

\�Q�S;D0@M>TLe36U=N{r���LI�~r � ©���Y{58D0F�:lb�>;FHGK@MFZ:yC0:¡LaGn<JGKF;>Z:¡5870>Z:?Q�DP:\[PD0QP:¡Y0FZ:?hn@V�?FZ:¡:=S;>;@MhiGK>;@V58QqC�D�S;Y*:=<?>;FZ:C0:^LV:?Q�>;@MLMLV:\[
Ĉdd

L(init)

r
��QPS;D0@M>Z:\[�58QES;@Mh&D0LV:�D0QP:RSZU?F;@V:RC0:W<JGKF;>Z:=S�C0:R� :?>`p¬LV:?Q�>;@MLMLVU=:=Sf[�:?QESZ:�7�G8SHGKQ�>TSZD0FtLV:=S`U=N�D�GK>;@V58QPS��L7�~r � � �_:?>���LI�_r � P��lr42x:=Sj<=58Q�>;FHGK@MQ�>Z:=S�N�DP:¤Le3658Q¬@MQ�>;FZ5�C�D0@M>iCPGKQPSj<=: Y0FZ5�<=:=SZSZDPSJ[�SZ58Q�>i<JGKLV<?D0LVU=:=S�]
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Y�GKF;>;@MF�C0:^QP58>;FZ:¡FZUJGKLM@VSHGK>;@V58Q�C0:
Φ(~L)
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\�Q Y*:?D0>iGKLV58FZS~Y0FZ5�<=U=C0:?F�]�LaGqFZ:=<=58QPS;>;F;DP<?>;@V58Q C�D Y{58>Z:?Q�>;@V:?L�C0:¤LV:?Q�>;@MLMLV: SZD0F~<HX�G8N�DP:�<=58D0Y0LV:
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r[O�QP: :=S;>;@MhiGK>;@V58Q'C0: LaG}SZ58hnhj:

(Ĉdd
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Ĉdd
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N
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α = (p − 1)/2
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0.5 < α < 1.1
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� CB2(5;5;+B- 4 + �:��+85646:*7(-15 8 2(7(:?3�2:� :*5 �(2�/1/0:,#�5;'='=:#��+B5 /0:?IB:*7>4 @$:�3�'�46C>-1/0:*3 ),+B3;36-1I>:*3�/1C>5;3 @/� 2(7(:
! +B)�� '=: @$: 7 C>56),+846-0CB7
3�46:*/1/E+8-056:>K � :=4�4;: #*+85646: :�3 4 -E36362(: @(: � �':�
 ��:=/0/1: :*3�4 '=<>+B/1:*)?:=794�@$-E3�� C>7(-���/1:
362(5 � � �;9 G�<�=�=?>A@�B?B?C7D�=?E�F?>*GIHKJ�LNMOG3D1CPJ CQG3H1R7S1B?C >PR7T1B�C >PU?V�U�W�U�VXG!<�= YKZ9J

£�GKFnGK@MLMLV:?D0FZSf[x58Q�SJ3zGK>;>Z:?QPC�]�<=:iN�DP:iLV:iFHG=��58Q0QP:?hj:?Q�>jS;��QP<HX0FZ58>;FZ58Q SZ58@M>yA�58F;>Z:?hj:?Q�>~Y*58LaGKF;@VSZU\[G=I�:=<nD0Q.C0U?�\FZUjC0:nY*58LaGKF;@VSHGK>;@V58Q�Y*58D0I8GKQ�>&GK>;>Z:?@MQPC�FZ:
π = (3p + 3)/(3p + 7)

[O<\36:=SZ>dc�]sc�C�@MFZ: � Q
%
rm�:?Y{:?QPCPGKQ�>J[�LV:=StC0:?�\FZU=S`C0:TY*58LaGKF;@VSHGK>;@V58Q�C0U=C�D0@M>ZS`C0:=S�587PSZ:?F;I\GK>;@V58QPSgC0U?Y�G8SZSH:?Q�>�FHGKFZ:?hj:?Q�>�LV:=S�© Y

%
rm�:?LaGnSJ36:lb�Y0LM@VN�DP:yY�GKF�LV:WA�GK@M>TN�DP:^LV:=S`A¥FZU=N�DP:?QP<=:=S�Cv36587PSZ:?F;I\GK>;@V58Q�<ZXP58@VSZ@V:=S�Y*58D0F�hj:=S;D0FZ:?FTLe36U?hn@VSZSZ@V58QS;��QP<ZX0FZ58>;FZ58QiSZ58Q�>�@MQ�A¥U?F;@V:?D0FZ:=St58DjC0:gLe3658FZC�FZ:�C�Dw^0]9¡�J\]R<=:=S�A¥FZU=N�DP:?QP<=:=SJ[KLV:=S�Y0XPU?QP58hj�?QP:=StC0:`FZ58>HGsc>;@V58Q ��GKFHG8CPG=�n:?>4C0:`C0U?Y*58LaGKF;@VSHGK>;@V58QiSZ58Q�>�>;FZ�=S4:l�i<JG8<=:=SJr\2O58FZN�DP:�LV:�FHG=��58Q0QP:?hj:?Q�>gY*58LaGKF;@VSZU`>;FHG=I�:?FZSH:

[.\ K;'<����� J 6 ,��74��$03%$�$�����Q23P�,$03+(CQO$03�"6 ,BS ' K���+(6 2#� �*+(0 !�4�68'^]7+>0�03�$CQ�$07�-2;'<6"���QCQ�������$4 !#�$5 �*�B0 �"��_Q%L'(%B��� 6 ,$?>��CQ�
+(2�� ���743�$CQ�$07� ,B2;'(���-7
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D0Q&hn@MLM@V:?D_@V58Q0@VSZU�5MN&LV:g<ZX�GKhnY~hiGK�\QPU?>;@VN�DP:�:=SZ>�QP58Q�ceQ�D0Le[KSH58Q_GKQ0�\LV:`C0:4Y*58LaGKF;@VSHGK>;@V58Qn:=S;>OAeGK@M70LV:?hj:?Q�>C0U?I�@VU�Cv3 D0Q�GKQ0�\LV:`@MQ�I�:?FZSZ:?hj:?Q�>gY0FZ58Y*58F;>;@V58Q0QP:?L�GKDi<JGKF;FZU�C0:`LaGRA¥FZU=N�DP:?QP<=:\r�m�:?>;>Z:�Y{:?F;>;D0F;7�GK>;@V58QO[�GKY�cY{:?LVU=:`FZ58>HGK>;@V58Q���GKFHG8CPG=��[�QP:�hj5�C�@B��:�Y�GKF�Le3 @MQ�>Z:?QPS;@M>ZU�Y{58LaGKF;@VSHU=:
P =

√
Q2 + U2

hiGK@VS�D0Q0@VN�DP:?hj:?Q�>LV:=S�GKQ0�\LV:=S�C0:TY*58LaGKF;@VSHGK>;@V58QOr0m�:?LaG¡Gskv:=<?>Z:�LV:=SgS;Y*:=<?>;FZ:=SgC0:�Y0D0@VSZSHGKQP<=:�Y{58LaGKF;@VSZU=S
C

E(sync)
l etC

B(sync)
l:?Q�C0U?>;F;D0@VS�GKQ�>~LV:=S&<=58F;FZU?LaGK>;@V58QPSnSZY�GK>;@aGKLV:=SJrx¢�D�<=58Q�>;FHGK@MFZ:\[ LaG C0U?Y*58LaGKF;@VSHGK>;@V58Q C�@Mhn@MQ�DP:�Le3 @MQ�>Z:?QPS;@M>ZUY{58LaGKF;@VSHU=:\rO£ GKF_:lb�:?hnY0LV:\[�SJ3 @MLt:lb�@VS;>Z:nY0LMDPS;@V:?D0FZS&SZ58D0FZ<=:=Sy@MQPC0U?Y*:?QPCPGKQ�>Z:=S_C0:jS;��QP<ZX0FZ58>;FZ58Q�Y*58LaGKF;@VSZULV:nLV58Q0��C0:nLaG�LM@M�\QP:�C0:~I�@VSHU=:\[vLaG¤Y*58LaGKF;@VSHGK>;@V58Q�LM@MQPUJGK@MFZ:jFZU=SZD0LM>HGKQ�>Z:\[xSZD0Y{:?F;Y*5\S;@M>;@V58Q|Cv3zGKQ0�\LV:=S¡QP58Q�c<=58F;FZU?LVU=SJ[KY{:?D0>�SJ3zGKQ0Q�D0LV:?F�Y�GKF;>;@V:?LMLV:?hj:?Q�>Jr�m�:=S�C0:?D�b_Y0XPU?QP58hj�?QP:=S�<=58hnY0LM@VN�DP:?Q�>4Le3 @MQ�>Z:?F;Y*58LaGK>;@V58Q�GKD�bA�FZU=N�DP:?QP<=:=S¡C�D�m�o�p C0:=S&<JGKF;>Z:=S¡C�@VS;Y*58Q0@M70LV:=SJrO£�GKF_GK@MLMLV:?D0FZSJ[xLV:=Sy<JGKF;>Z:=S¡C0:jY{58LaGKF;@VSHGK>;@V58Q�C�D|S;��Q�c<ZX0FZ58>;FZ58Q D0>;@MLM@VSHGK70LV:=Sn<=58QP<=:?F;QP:?Q�>j>Z58D0>Z:=S~LV:�Y0LaGKQ���GKLaG8<?>;@VN�DP:}��I�58@MF~LV:��P�\D0FZ:qLI�~r � ©��lr 2x:=S_<JGKF;>Z:=S:lb�@VSZ>HGKQ�>Z:=Si]�Y0LMDPS~X�GKD0>Z:ELaGK>;@M>;DPC0:¤��GKLaG8<?>;@VN�DP:ESZ58Q�>jSH58DPSdc�U=<ZX�GKQ�>;@MLMLV58Q0QPU=:=SJrg¢�@MQPS;@e[ LaGqS;@Mh¡D0LaGK>;@V58QC�D�FHGJ��58Q0QP:?hj:?Q�>�SZ��QP<HX0FZ58>;FZ58QEY{58LaGKF;@VSZUR:=S;>�D0QP:WN�DP:=S;>;@V58Q¤C�@B�i<?@MLV:n��I�58@MF`LV:=Sg>;FHGJI8GKD�b¤C0:�^W@aGKFZC�@MQP5:?>RGKLer�� � �f� Y�GKF�:lb0:?hnY0LV:f�TN�D0@OFZ:=N�D0@V:?F;>�C0:&C0:?I�:?LV58Y0Y{:?FWC0:=SThj5�C0�?LV:=S�Y*58D0F�@MQ�>Z:?F;Y{58LV:?FRLV:=S�C058Q0QPU=:=S:lb�@VSZ>HGKQ�>Z:=S�]_LaG~A¥58@VS�:?QEA¥FZU=N�DP:?QP<=:y:?>T:?Q LaGK>;@M>;DPC0:\r

������� ��������� � � CB5646-0CB7 @(2 �(/0+B7 <>+B/0+>#�46-ED92(:,C � 3�:*56I>' 8 �$K ��� � ��� +85
/0: � +85 �B:�3
!M2(5;IB:���C�7
46%�: !$CB2$4;%(:=5;7���+B/0+>#�46-E#�� /0+B7(:BK19�:�<>+B2�#&%(: 8 @$5;CB-146: :�4�@$:�%�+B2$4 :*7 � +B3 �9/0:*3 #*+85646:*3 @$:��)�����
	 :=4 @$:�� C>/0+B56-E3;+T46-0CB7 /0-17�'*+8-05;:
@$' ( 7(-1:H#�C>)H)?:

P =
√
Q2 + U2

K � :�4�4;: (�<>2(5;: :*3�4F4;-15;'=:
@(:*3
465&+�IT+82�� @(: ��/1-0IB:*-15&+�@�� C>3�4;+
:�4�+8/ K � :�


��� m �#� �!$ $ "#��� &
��
 ��� )v2O:=S�Q�D�GK��:=SRC0:^��Gt¡¡Y*:?D C0:?QPSZ:=S�C0:yLaG~��GKLaGsb�@V:&SZ58Q�>�<ZX�GKD�kvU=S�:?>T@V58Q0@VSHU=SY�GKFtLV:�FHG=��58Q0QP:?hj:?Q�>4O(�ªC0:=SgU?>Z58@MLV:=SJr�2O:=S�U?LV:=<?>;FZ58QPSgU?hn@VSgY{:?FZC0:?Q�>�C0:�Le36U?QP:?F;�\@V:�CPGKQPSg<=:Thn@MLM@V:?D¤:?Q@MQ�>Z:?FHGK�\@VSZS�GKQ�>^G=I�:=<&LV:=S�GK>Z58hj:=ST@V58Q0@VSHU=SJr{m�:?>;>Z:¡@MQ�>Z:?FHG8<?>;@V58Q�SZ:WAeGK@M>TY�GKF�U?hn@VSZSZ@V58Q�p�FZ:?hjSZS;>;FHGKLMX�D0Q0���FHG=��58Q0QP:?hj:?Q�>_C0:~A¥FZ:?@MQ�GK��:f�lrpL�L�QO36:lb�@VSZ>Z:~Y�G8S¡C0:n<JGKF;>Z:jC0:n70FZ:?hjSZ>;FHGKX0LMD0Q0��587PSZ:?F;I�U=:jCPGKQPSyLV:nC05KchiGK@MQP:yFHG8C�@V5�<JGKFR]j<=:=STA�FZU=N�DP:?QP<=:=SJ[�<=:?>;>Z:¡U?hn@VSZS;@V58Qq:=S;>T>Z58D89;58D0FZS�SH58DPSdc�C058hn@MQ�GKQ�>Z:\r{��Q�FZ:?I\GKQP<ZXP:\[LV:yhn@MLM@V:?Dq@V58Q0@VSZU_<ZX�GKDPCq:=S;>�U?��GKLV:?hj:?Q�>RLV:¡LM@V:?DqCv3 D0QP:&@MhnY*58F;>HGKQ�>Z:_U?hn@VSZS;@V58Q ]
α

�PLV:=S�Y{58Y0D0LaGK>;@V58QPSCv3zGK>Z58hj:=S�Cv3 X���C�FZ58���?QP:_:lb0<?@M>ZU=S�SZ:¡C0U=SZ:lb�<?@M>Z:?Q�>�Y�GKF�>;FHGKQPS;@M>;@V58QPS
n = 3 → 2

r�¢�@MQPS;@e[P58Q D0>;@MLM@VSH:yLV:=S<JGKF;>Z:=S�C�Dq<?@V:?L ]
α
]nX�GKD0>Z:¡FZU=SZ58LMD0>;@V58Q���I�58@MFRLaG~�P�\D0FZ:vLI�_r ��� ��Y*58D0F�hj5�C0U?LM@VSZ:?FRLe36U?hn@VSZS;@V58QqpgFZ:?h~cSZS;>;FHGKX0LMD0Q0�Pr{��Q�:lk*:?>J[�Le36U?hn@VSZS;@V58Q ]

α
SJ3zGJI��?FZ:_D0Q�7*58Q�>;FHG8<=:?D0FWC�D�70FZ:?hjSZ>;FHGKX0LMD0Q0�P[vSHGKD�A4CPGKQPS�LV:=S

¡J58QP:=S�LV:=StY0LMDPS�F;@V<ZXP:=S`:?Q�Y{58DPSHS;@V�?FZ:�5MN�Le36:lb�>;@MQP<?>;@V58Q�Y�GKF�FZUlc�GK7PSZ58F;Y0>;@V58Q C�D�FHG=��58Q0QP:?hj:?Q�>T:=SZ>tA�58F;>Z:� � Q � r6£�GKFW<=:?>;>Z:&hjU?>;XP5�C0:\[{58Q}C0U?>Z:?F;hn@MQP:_LV:_S;Y{:=<?>;FZ:_Cv36U?hn@VSZS;@V58Q ZRG=��LV:?@M�\X�c8��:JGKQPS^C�Dqp�FZ:?hjSZSZ>;FHGKX�cLMD0Q0��� �K�
TA ∝ νβ [�5MNiLe3 @MQPC�@V<=:RS;Y*:=<?>;FHGKLV:�:?Qi>Z:?hnY*U?FHGK>;D0FZ:�I8GKD0> −2.15

]^X�GKD0>Z:=StA�FZU=N�DP:?QP<=:=SW��Y{58D0F
ν > 10

^�](¡s�lrP¢�D�b¤Y0LMDPST7�G8SHSZ:=S�A¥FZU=N�DP:?QP<=:=Sf[0LV:yhn@MLM@V:?DqC0:?I�:?Q�GKQ�>RY0FZ58�\FZ:=SZS;@MI�:?hj:?Q�>W58Y0>;@VN�DP:?hj:?Q�>
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U?Y�GK@VSJ[PLaGiFZUlc�GK7PSZ58F;Y0>;@V58Q}C�D�p�FZ:?hjSZSZ>;FHGKX0LMD0Q0��:?Q�>;FHG��VQP:&D0Q}GKY0LaGK>;@VSZSZ:?hj:?Q�>^C�D�S;Y*:=<?>;FZ:¡Cv36U?hn@VSZSZ@V58Q�
β ∼ −2

�lr�£�GKF�GK@MLMLV:?D0FZSf[�<=:�hjU=<JGKQ0@VS;hj:RCv36U?hn@VSZS;@V58QjQP:TY0FZU=SZ:?Q�>HGKQ�>gY�G8SgC0:TC�@MFZ:=<?>;@V58QPStY0F;@MI�@MLVU?�\@VU=:=SJ[58Q QP:^SJ3zGK>;>Z:?QPCEY�G8S�]n<=:^N�DP:WLV:yFHG=��58Q0QP:?hj:?Q�>RFZU=S;D0LM>HGKQ�>�SZ58@M>�Y*58LaGKF;@VSZU\r

����������������� � � +85646:H@$:A/2� '=)?-03;36-1C>7 �
α
@$:H/ � % �$@$56C><�0*7(: -0CB7(-E3�'?#&%�+B2�@ #�5;'='*:
:*7�#�C>)��(-07�+B7>4

/0:*3�@$C>7(7('*:*3�@$2�� -E3;#�CB7 3�-07!� @ � /H�(%�+ � +��3� :=5
G�� � �<� J$� @$2 
 -056<>-17�-0+ �":*#&%�!
� :*#�465&+8/,@ 	 -17(:
!M2(5;IB:�� G 
 ��!�!(J :�4�@$2 !$CB2$4;%(:=5;7 ��@ � /,�(% +H! � � !M2�56I>: � � 46/E+B3 G	! � � !(! � J � � � 
SK � :�4�4;: #=+85646:
:*3�4F@$-E3'� CB7�-��(/0: 362(5 /1: 36- 4;:��	�����
	���@$: /E+�� � ! �

� ��
 � 
'$ $���� �#��)���Q~S;DPS�C0:=SxQ�D�GK��:=S�C0:t��Gt¡�[KLV:ghn@MLM@V:?D~@MQ�>Z:?FZS;>Z:?LMLaGK@MFZ:�<=58Q�>;@V:?Q�>tGKDPSZS;@�C0:=S Y{58DPSZSZ@V�?FZ:=SSZ58DPSELaG.A�58F;hj:�C0:��\FHGK@MQPS hn@V<?FZ5\SH<=58Y0@VN�DP:=S�C0:}<=58hnY{5\S;@M>;@V58QO[�C0:qA¥58F;hj:|:?> C0:�>HGK@MLMLV:}I8GKF;@aGK70LV:=SfrmgX�GKD�k*U=:WY�GKF`LaG&LMD0hn@V�?FZ:WC0:=S�U?>Z58@MLV:=SJ[�LaG&Y{58DPSZSZ@V�?FZ:RU?hj:?>`D0Q¤FHG=��58Q0QP:?hj:?Q�>�>;XP:?F;hn@VN�DP:^N�D0@*C�@Bkv�?FZ:S;D0@MI\GKQ�>�LaGT>Z:?hnY*U?FHGK>;D0FZ:`:?>�LV:=S�<JGKFHG8<?>ZU?F;@VS;>;@VN�DP:=S�C0:=S �\FHGK@MQPS�N�D0@�LaG�<=58hnY*5\SZ:?Q�>JrK¢�@MQPS;@e[K58Q_C�@VSZ>;@MQ0�\DP:GKDyhj58@MQPSxC0:?D�b^Y*58Y0D0LaGK>;@V58QPS�C0:4�\FHGK@MQPS,J=LV:=SO>;FZ�=SOY*:?>;@M>ZSO�\FHGK@MQPSJ[JC0:gC�@aGKhj�?>;FZ:4@MQ�A�U?F;@V:?D0F�58D¡C0:4Le3658FZC�FZ:C0: �QY�Y�� [�<=58hnY*5\SZU=S`C0:��\FHGKY0X0@M>Z:=S�:?>`C0:RS;@MLM@V<JGK>Z:=S`:?>gLV:=S��\FZ5\Sg�\FHGK@MQPS�C0:�C�@aGKhj�?>;FZ:=S�S;D0Y*U?F;@V:?D0FZS`58DC0:�Le3658FZC�FZ:�Cv3 D0QP:�N�D0@MQ�¡fGK@MQP:�C0:�Q�GKQP58hj�?>;FZ:=SJr�m�:?>;>Z:�U?hn@VSZS;@V58QiC0:TLaGWY{58DPSHS;@V�?FZ:�]^U?>ZUT<JGKF;>Z58�\FHGKY0X0@VU=:S;D0F~>Z58D0>nLV:E<?@V:?L�Y�GKF~LV:ESHGK>Z:?LMLM@M>Z:KLIZ�¢W¦|:?>nLe3 @MQPS;>;F;D0hj:?Q�>�V�LIZ�p�� :?h&7�GKFZN�DPU�S;D0Fim4\Rp���[t]qC0:=SA�FZU=N�DP:?QP<=:=S_C0:iLe3658FZC�FZ:�C0: ��Y�Y�Y ^�](¡q��I�58@MF_LaG¤�P�\D0FZ:qL7�~r � P��lrx¢ <=:=S¡A�FZU=N�DP:?QP<=:=SJ[xLe36U?hn@VSZS;@V58Q�C0:=SQ�D�GK��:=STC0:WY*58DPSZS;@V�?FZ:WY*:?DEC0:?QPSZ:=SJ[�LV:=ST<?@MF;F;DPSJ[0:=SZ>�Y�GKF;>;@V<?D0LM@V�?FZ:?hj:?Q�>�I�@VS;@M70LV:\rP¦�<ZX0LV:?��:?Le[ ��@MQ ��7*:?@MQP:?F:?>0VWGJI�@V:=Si� � � � 58Q�>^@MQ�>Z:?F;Y*58LVUj<=:=SWC058Q0QPU=:=S¡GKD�b�A¥FZU=N�DP:?QP<=:=S^Cv36587PSZ:?F;I8GK>;@V58Q.C�D�m�oqpWr�L�LVS^SZ:_SZ58Q�>GKDPSZS;@P7�G8SHU=SgS;D0FtLV:=S4hj:=S;D0FZ:=S�C0:TLe3 @MQPS;>;F;D0hj:?Q�> ��L Z�¢^¦~C0:�m4\Rp`��Y{58D0F�<=58Q�>;FHGK@MQPC�FZ:�LV:=StY0FZ58Y0F;@VU?>ZU=SCv36U?hn@VSZS;@V58QnC0:gLaGTY*58DPSZS;@V�?FZ:\rK¢�@MQPSZ@e[J@MLVS�58Q�>�C0U?I�:?LV58Y0Y*UgD0Q_hj5�C0�?LV:gCv36U?hn@VSZSZ@V58Qn]�C0:?D�b&<=58hnY*5\SHGKQ�>Z:=SC0:�Y{58DPSZSZ@V�?FZ: J�Le3 D0QP:qo�<HX�GKDPC0:hoH[4C0:�>Z:?hnY{U?FHGK>;D0FZ: hj5J��:?Q0QP:
T1 ∼ 16 K

:?>~Cv3 @MQPC�@V<=:�S;Y{:=<?>;FHGKL
β1 = 2.7

:?>tLe3zGKD0>;FZ:�Y0LMDPS[o�A�FZ58@VC0:hoH[�>Z:?LMLV:�N�DP:
T2 ∼ 9K

[�Cv3 @MQPC�@V<=:�S;Y*:=<?>;FHGKL
β2 = 1.7

r�¢'Y�GKF;>;@MFgC0:=SC058Q0QPU=:=S^:?>RC�Dqhj5�C0�?LV:\[�D0QP:~<JGKF;>Z:_C0:_Le36U?hn@VSZS;@V58Qq>;XP:?F;hn@VN�DP:~C0:_LaGjY*58DPSZS;@V�?FZ:~GiY0Dqu?>;FZ:~S;@Mh&D0LVU=:GKD�biA¥FZU=N�DP:?QP<=:=S�m�oqp ��I�58@MF`�P�\D0FZ:�LI�_r � Q��lr�2xG&Y*58DPSZS;@V�?FZ:WSJ3zGJI��?FZ:WLe3zG=I\GKQ�>dceY0LaGKQ�C058hn@MQ�GKQ�>�CPGKQPS`LV:m�o�pªGKD�b�A�FZU=N�DP:?QP<=:=S ≥ 100
^0]9¡�r
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¦�@�LV:=S�587PSZ:?F;I8GK>;@V58QPS�C�Djm�oqp.SZ58Q�>�Y�GKF;>;@V:?LMLV:?hj:?Q�>4hiG8SZN�DPU=:=S�Y�GKF�LaGTLMD0hn@V�?FZ:�C0:gLaG(�458@V:�2�G8<?>ZU=:\[:?LMLV:=S¤SZ58Q�>¤U?��GKLV:?hj:?Q�>E<=58Q�>HGKhn@MQPU=:=S Y�GKF�Le36U?hn@VSZSZ@V58Q'C0:=S¤GKD0>;FZ:=S���GKLaGsb�@V:=S¤58DªGKhiG8S�C0:���GKLaGsb�@V:=SFZ:?QP<=58Q�>;FZU=SjSZD0F&LaG�LM@M�\QP:¤C0:�I�@VSZU=:\r L¨<?@e[xQP58DPSnU?>Z:?QPC058QPS~QP58>;FZ:�FZ:?I�DP:�C0:=SnGJI8GKQ�>dceY0LaGKQPSiGKD�b�C0:?D�bY0F;@MQP<?@MY�GKD�bEY0FZ5�<=:=SZSZDPSTCv36U?hn@VSZS;@V58Q :lb�>;FHGsce��GKLaG8<?>;@VN�DP:NJ�Le36:lk*:?>�¦0§q:?>�LV:=S�SZ58D0FZ<=:=S�:lb�>;FHGK��GKLaG8<?>;@VN�DP:=Sfr
2436:lkv:?>~¦0§ rO¢ LaG¤>;FHGJI�:?FZSZU=:iC0:nLe3�O�Q0@MI�:?FZSJ[�C0:nLaGES;D0FdAeG8<=:jC0:jC0:?F;Q0@V�?FZ:�C�@Bk{DPSZ@V58QE9¨DPSHN�DO3z]�QP58DPSJ[xLV:FHG=��58Q0QP:?hj:?Q�>&m�o�pª@MQ�>Z:?FHGK�\@M>�AeGK@M70LV:?hj:?Q�>yGJI�:=<¡LV:¡��Gt¡&<ZX�GKDPCqC0:=SWGKhiG8S�C0:¡��GKLaGsb�@V:=S�FZ:?QP<=58Q�>;FZU=SJr��Q :lk*:?>J[gLV:=S�587PSH:?F;I8GK>;@V58QPSEC0:=S¤GKhiG8S¤CPGKQPS�LV:�C058hiGK@MQP:�C0:=S ��58Q�>�FZU?I�U?LVUqLaG|Y0FZU=SZ:?QP<=:qCv3 D0QP:�\FHGKQPC0:&N�D�GKQ�>;@M>ZU~C0:¡��Gt¡&@V58Q0@VSZU¤� ∼ 15%

C0:¡LaGjhiG8SZSH:y>Z58>HGKLV:f��:?Q�LV:?D0FWSZ:?@MQO[�:?Q�>;FZ:¡LV:=S���GKLaGsb�@V:=SJ[{]D0QP:`>Z:?hnY{U?FHGK>;D0FZ:�C0:`Le3658FZC�FZ:TC�D ��:7�_r\¢�@MQPS;@e[8LV:=S�Y0XP58>Z58QPS`m�o�p.>;FHG=I�:?FZSHGKQ�>gD0QiGKhiG8StS;D070@VSZSZ:?Q�>4D0Q:lk*:?>�m�58hnY0>Z58Q�@MQ�I�:?FZSZ:RS;D0F4LV:=S�U?LV:=<?>;FZ58QPSgC�D���Gt¡�[�N�D0@�LV:?D0Fg<=�=C0:?Q�>gD0QP:�Y�GKF;>;@V:�C0:�LV:?D0FgU?QP:?F;�\@V:\r0m�:Y0FZ5�<=:=SHS;DPS�:=S;>�FZ:=S;Y*58QPSHGK70LV:^C0:^C�@MI�:?FZSZ:=S�Y*:?F;>;D0F;7�GK>;@V58QPS�CPGKQPSTLe36U?hn@VSZS;@V58Q�m�oqp'N�DP:WLe3658QEFZ:?�\FZ58D0Y*:SZ58DPS&LaG�C0U?QP58hn@MQ�GK>;@V58Q¬Cv36:lkv:?>j¦�D0Q���G8:?I�c¨§{:?Le36C05JI�@V<ZX �e¦0§ CPGKQPS_LaG�SZD0@M>Z:f�l[ C�D�QP58h1C0:=S&Y0FZ:?hn@V:?FZSGKD0>Z:?D0FZS�]~LV:=SRG=I�58@MFRC0U=<?F;@M>Z:=S&� �\­s� r�\�Q�C�@VS;>;@MQ0�\DP:yLV:=S�:lk*:?>ZS�¦0§}>;XP:?F;hn@VN�DP:\[�<?@MQPU?>;@VN�DP:¡:?>�Y*58LaGKF;@VSZU\[Cv3 @MQ�>Z:?QPS;@M>ZU&:?>TC0:yS;@M�\Q�GK>;D0FZ:ySZY{:=<?>;FHGKLV:yC�@BkvU?FZ:?Q�>Z:=Sfr
2436:lkv:?>n¦0§¬>;XP:?F;hn@VN�DP:�:=SZ>¡LV:�Y0LMDPS¡@MhnY*58F;>HGKQ�>nN�D�GKQ�>n] Le3zGKhnY0LM@M>;DPC0:¤C0:�Le36U?hn@VSZS;@V58Q�N�DO3 @ML�:?Q�c��:?QPC�FZ:4Y0D0@VSZN�DO36:?LMLV:t:=SZ>�<=58hnY�GKFHGK70LV:`]�<=:?LMLV:tC0:=S GKQ0@VSZ58>;FZ58Y0@V:=S Y0F;@MhiGK@MFZ:=S�C�Dnm�o�pWrsm�:?> :lk*:?>OFZU=SZD0LM>Z:
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C0:�Le3zGK�\@M>HGK>;@V58Qi>;XP:?F;hn@VN�DP:TC0:=SgU?LV:=<?>;FZ58QPStC�Dj��Gt¡T@MQ�>;FHGsc�GKhiG8SJ[�<=:?D�b�c�<?@PY*58D0I8GKQ�>gGK>;>Z:?@MQPC�FZ:�C0:=S4>Z:?h~cY{U?FHGK>;D0FZ:=S~S;D0Y*U?F;@V:?D0FZ:=Sj]ELaG�C�@ ¡fGK@MQP:¤C0: ��:����8rx2436U?hn@VSZSZ@V58Q GK@MQPSZ@�<?FZU=U=:¤C0U?Y*:?QPC.C0:�LaGEA¥FZU=N�DP:?QP<=:Cv36587PSZ:?F;I\GK>;@V58Q�:?>WC0:=S�Y0FZ58Y0F;@VU?>ZU=SWY0X���S;@VN�DP:=SRC0:=S^GKhiG8S�>;FHGJI�:?FZSZU=SJrOm�:?LMLV:=Sdc�<?@�SZ58Q�>^:?Q0�\LV587*U=:=SWCPGKQPSLaG}N�D�GKQ�>;@M>ZU�S�GKQPSdceD0Q0@M>ZU�GKY0Y*:?LVU Y�GKFHGKhj�?>;FZ:�C0:qm�58hnY0>Z58QO[tN�D0@�N�D�GKQ�>;@B��: LV:E>;FHGKQPS;A¥:?F;>iCv36U?QP:?F;�\@V::?Q�>;FZ:¡Y0XP58>Z58QPSRm�oqp':?>TU?LV:=<?>;FZ58QPS�C�D ��Gt¡�J
y =

∫
kBTe

mec2
neσTdl,

5MN
σT

<=58F;FZ:=S;Y*58QPCq]nLaGjSZ:=<?>;@V58Qq:l�i<JG8<=:&Cv3 @MQ�>Z:?FHG8<?>;@V58Q�C0:&w`XP58hjSZ58Q�:?>�Le3 @MQ�>ZU?�\FHGKLV:_SJ36:lkv:=<?>;DP:S;D0F~LaG�LM@M�\QP:EC0:�I�@VSZU=:\r4m�:?>n:lk*:?>~@MQ�>;FZ5�C�D0@M>jD0QP:¤C�@VS;>Z58F;>;@V58Q¬<JGKFHG8<?>ZU?F;@VSZ>;@VN�DP:ECPGKQPS~LV:ES;Y*:=<?>;FZ:¤C0:<=58F;YPSiQP58@MF¤C�D�m�o�p>JtD0QP: Y�GKF;>;@V:qC0:=S�Y0XP58>Z58QPS�C�D C058hiGK@MQP:	ZRG=��LV:?@M�\X�c8��:JGKQPSEC�D SZY{:=<?>;FZ:qC�Dm�o�p�7*U?QPUl��<?@V:jC�D�>;FHGKQPS;A¥:?F;>¡Cv36U?QP:?F;�\@V:�C0:nLaG�Y�GKF;>&C0:=S¡U?LV:=<?>;FZ58QPS&:?>^I�@V:?Q�>&Y{:?D0Y0LV:?FyLV:iC058hiGK@MQP:
S @V:?Q~C�D~S;Y{:=<?>;FZ:\rtL�L�:?Q_FZU=S;D0LM>Z:gD0QP:�C�@VSZ>Z58F;>;@V58Q_C�DnS;Y*:=<?>;FZ:tQPU?��GK>;@MI�:�GKD�b¡7�G8SHSZ:=SOA¥FZU=N�DP:?QP<=:=S�m�oqpW[Q�D0LMLV:¡]i© � � ^�](¡y:?>�Y{5\S;@M>;@MI�:&GKD�b�Y0LMDPS�X�GKD0>Z:=STA�FZU=N�DP:?QP<=:=SJr

2436:lkv:?>�¦0§j<?@MQPU?>;@VN�DP:�:=S;> C��_GKD¡hj58D0I�:?hj:?Q�>�Cv36:?QPSZ:?h¡70LV:`C0:=S U?LV:=<?>;FZ58QPS GKY0Y�GKF;>Z:?Q�GKQ�>tGKD�b&GKhiG8SGKQ0@MhjU=S�Cv3 D0QP:^I�@M>Z:=SZSZ:WY�GKF;>;@V<?D0LM@V�?FZ:_CPGKQPS�LV:^FZUlA�U?FZ:?Q�>;@V:?L C�Dqm�oqpRr�2xG~I�@M>Z:=SZSZ:WFHG8C�@aGKLV:j[0LV:yLV58Q0�iC0:LaG~LM@M�\QP:yC0:^I�@VSZU=:\[0Cv3 D0Q�GKhiG8S�:?Q0��:?QPC�FZ:yD0QP:&GKQ0@VSZ58>;FZ58Y0@V:¡S;D0Y0Y0LVU?hj:?Q�>HGK@MFZ:&C0:yLaG_>Z:?hnY{U?FHGK>;D0FZ:_C�Dm�o�p�Y�GKF�:lk*:?>,VR58Y0Y0LV:?FJr�¦�@�<=:?>t:lkv:?>g:=SZ>tC0:`AeGK@M70LV:�GKhnY0LM@M>;DPC0:TceD0Q�58FZC�FZ:�C0:��\FHGKQPC0:?D0F`:?QiC0:=SZSH58DPSC0: Le3zGKhnY0LM@M>;DPC0:�C0:�Le36:lk*:?>�>;XP:?F;hn@VN�DP:\[�@ML�QO36:?Q <=58QPS;>;@M>;DP:�Y�G8Sihj58@MQPS�D0QP:�SZ58D0FZ<=:�C0:�<=58Q�A�DPSZ@V58QQP58Q�ceQPU?�\LM@M��:JGK70LV:nCPGKQPSRLV:=SR587PSH:?F;I8GK>;@V58QPSym�oqpRr{��Q�:lk*:?>J[{<=:?>^:lk*:?>RQP:&Y{5\SZSH�=C0:yY�G8SWC0:&SZ@M�\Q�GK>;D0FZ:S;Y*:=<?>;FHGKLV:&N�D0@xLV:_C�@VS;>;@MQ0�\DP:_C�D}m�oqpW[�C0:_SZ58F;>Z:¡N�DP:¡LV:=SWGKQ0@VSZ58>;FZ58Y0@V:=SW<?FZU=U=:=SRY�GKF�D0QP:&Y*58Y0D0LaGK>;@V58QCv3zGKhiG8S¤SZ: <=58Q�A�58QPC0:?Q�> GKD�b GKQ0@VSZ58>;FZ58Y0@V:=S�Y0F;@MhiGK@MFZ:=SJr�£�@MFZ:�:?QP<=58FZ:\[gY0D0@VSZN�DP:�LV:=S�GKhiG8S�Y{:?D0I�:?Q�>u?>;FZ:¤LV:¤S;@V�?��:ECv3 D0Q¬:lk*:?>i¦0§ <?@MQPU?>;@VN�DP:EhiGK@VSjGKDPSZS;@�Cv3 D0Q¬:lkv:?>~C0:¤LV:?Q�>;@MLMLV:\[4<=:=SnC0:?D�b�:lkv:?>ZSnSZ58Q�><=58F;FZU?LVU=SJr�¢�@MQPS;@e[\LV:=S�QP58Q�ce��GKDPSHS;@aGKQ0@M>ZU=Sg<?FZU=U=:=StY�GKFt:lkv:?>g¦0§¤<?@MQPU?>;@VN�DP:�SZ58Q�>t@MQPC�@VSZ<=:?F;Q�GK70LV:=SgC0:�<=:?LMLV:=S:?Q0��:?QPC�FZU=:=SjY�GKFj:lkv:?>nC0:¤LV:?Q�>;@MLMLV:\[4<=:EN�D0@�A�GK@M>nC0:E<=:?>j:lkv:?>j¦0§ D0Q�AeG8<?>Z:?D0FjC0:�70@aGK@VSjSZU?F;@V:?D�b C0:Le36:=S;>;@MhiGK>;@V58Q C0:¤Le36:lkv:?>iC0:ELV:?Q�>;@MLMLV:\rt¢�h¡70LaGKFZC¬:?>�GKLerT�z© � 58Q�>�>;FZ58D0I�U N�DO36:?Q Y0FZU=SZ:?QP<=: Cv36:lkv:?>�¦0§<?@MQPU?>;@VN�DP:\[OLe36:=S;>;@MhiGK>Z:?D0F¡N�D�G8C�FHGK>;@VN�DP:nS;D0FZ:=SZ>;@MhiGK@M>¡Cv3 D0Q�A�G8<?>Z:?D0F&C0:?D�b�LV:nS;Y*:=<?>;FZ:nC0:~LV:?Q�>;@MLMLV:\rO2�GSZ58LMD0>;@V58Q N�DO3 @MLVS�:?Q�I�@VSHGK��:?Q�>�<=58QPSZ@VS;>Z:^]&C0U?>Z:=<?>Z:?F�LV:=S`Y0LMDPS`�\FZ5\STGKhiG8S`�\FH�8<=:yGKD�b�C058Q0QPU=:=STC0:RLe36:lkv:?>¦0§q>;XP:?F;hn@VN�DP:\[0Y0D0@VS�]n<=58D0Y*:?FTLV:=S�Y0@Bb0:?LVST<=58Q�>HGKhn@MQPU=S�Y�GKF�<=:=S�GKhiG8S�CPGKQPSTLV:=ST<JGKF;>Z:=S�m�oqpWr
��Q��PQO[0LaG&Y0FZU=SZ:?QP<=:¡C0:Whj5�C0:=S�N�D�G8C�F;D0Y �8LaGK@MFZ:=S�Cv3zGKQ0@VSZ58>;FZ58Y0@V:=S�GKDEQ0@MI�:JGKD C0:=S�GKhiG8S�:?Q0��:?QPC�FZ:D0Q�:lk*:?>&¦0§�Y{58LaGKF;@VSZU\r:L�L4SJ3zGK�\@M>ySZ58@M>yC0:=S¡N�D�G8C�F;D0Y��8LV:=S^@MQ�>;F;@MQPSH�=N�DP:=S&:lb�@VS;>HGKQ�>ZSyCPGKQPS^LV:�m�oqp C0:lcY0D0@VSTLaGiC0:?F;Q0@V�?FZ:&C�@Bk*DPS;@V58QO[PSZ58@M>RC0:=S�N�D�G8C�F;D0Y �8LV:=S�@MQPC�D0@M>ZS�Y�GKF�LV:^hj58D0I�:?hj:?Q�>WC0:yLe3zGKhiG8S�CPGKQPS�LV:FZUlA¥U?FZ:?Q�>;@V:?LxC�D�m�o�pWr�£�GKFT:lb�:?hnY0LV:\[�LV:=STGKhiG8STGKQ0@MhjU=STCv3 D0QP:WI�@M>Z:=SZSZ:�Y*5\SZSZU=CPGKQ�>�D0QP:W<=58hnY*5\SHGKQ�>Z:>;FHGKQPS;I�:?FZSZ:�Y�GKFtFHGKY0Y*58F;>�]^LaGyLM@M�\QP:�C0:�I�@VSZU=:�SZ:?FZ58Q�>gLV:TLM@V:?D�Cv3 D0QP:RU?hn@VSZS;@V58QiY{58LaGKF;@VSZU=:�LM@MQPUJGK@MFZ:?hj:?Q�>C0:WC�@MFZ:=<?>;@V58Q C0:�Y*58LaGKF;@VSHGK>;@V58QEY*:?F;Y{:?QPC�@V<?D0LaGK@MFZ:y]&LaG&<=58hnY{5\S�GKQ�>Z:W>;FHGKQPS;I�:?FZSZ:\r�m�:=S�:lkv:?>ZS�Y{58LaGKF;@VSHU=SSZ58Q�>n<=:?Y*:?QPCPGKQ�>iCv3zGKhnY0LM@M>;DPC0: >;FZ�=S_A�GK@M70LV:�c�C0:?D�b�58FZC�FZ:=SnC0:��\FHGKQPC0:?D0Fi:?Q C0:=SZSH58DPS_C0:�Le36:lkv:?>�¦0§<?@MQPU?>;@VN�DP:\r
£�LMDPS;@V:?D0FZS�GKD0>Z:?D0FZSn58Q�>jC0U?I�:?LV58Y0Y*U�C0:=S~hj5�C0�?LV:=SnSZ:?hn@Bc�GKQ�GKLM��>;@VN�DP:=Si:l�i<JG8<=:=S~Y{:?F;hj:?>;>HGKQ�>iC0:S;@Mh¡D0LV:?FjC0:�AeGR =58Q.FHGKY0@VC0:E:?>~FZUJGKLM@VS;>Z:¤C0:=S~<JGKF;>Z:=SnC0:�Le36:lk*:?>i¦0§ � �QYK� [��z©H� � r4m�:=S_hj5�C0�?LV:=SnSZ:�SZ58Q�>QP58D0F;F;@VS�C0:RLaG&<=58Q�A¥FZ58Q�>HGK>;@V58Q�Cv3 D0QP:�Y�GKF;>TGKD�b¤C058Q0QPU=:=S`@VSZS;DP:=S`C0:=S�587PSZ:?F;I\GK>Z58@MFZ:=S�C0:�FHGJ��58Q0QP:?hj:?Q�>

� ��>Z:?LVS4mgX�GKQPC�FHGW58D �Woqo c�«R:}T�>Z58Q��xD0>;@MLV:=S�Y*58D0F�<=58Q�>;FHGK@MQPC�FZ:�LV:=S Y0FZ58Y0F;@VU?>ZU=S�Y0X���S;@VN�DP:=S�C0:=S�GKhiG8S
��� +>4�6@!#�$�R� �$CQ2H,B68' � 4�6 �$�A,B�*�B%B��6 +>0����74��$�"!�,$23'(��� '<0 �"�*'/!#���L'(��03�D!#�
	
��� �G+>0 !�+(���A� �B03� 6"%$+>CQ2#� ��!#��%$+(6�6 �B%B� ��+>03�

6 �$�*' � �*5 ����� �$��!�'(03���*'-!��B��%B6 ��2�� ��+>0 !��:�E1 ��FG�B�@8�
 � P��B6 CQ���743�>K�; �$2H�$0;!�'(07��� %$�$��%$+(6�6 �$%�� �*+(03� ��03!�43�����$07� !��$� CQ+ !#� �;%L' � �*+(03�
!#4 ��2H�B%B��6 �/!#4 8�
 �743� 6 �$��� �B0 � �*'<6 ?>�BCQ�$07�Q��0;!�,B%$�$�*' K��*�B��2H+>4#6Q���$���B�#2H,B6 ���$0�%$�$� 8�
 L�5
�B03� 6LK \&��0���� �����$� �74��$��� 4��$�
2#6 +>2�6 ��,B� ,B�&!#�A�E1 ��FG�B��� P3�B6 CQ���743�-!��R0�+>43��CQ�$07� ��+>0�03+(03� %$+(03%$��6 03�$07���E1 �BFG�B�)03+(0�S 6 �$�*'<� ��5 ����� �>K



������������� �	�
�����������
�
���
	 ��� � � � ���
�����M��������� ��� �

ceY0FZ5K�PLVS�C0:¡C0:?QPS;@M>ZU\[P>Z:?hnY*U?FHGK>;D0FZ:&C0:=S�U?LV:=<?>;FZ58QPSJ[�:?>Z<\r�:?>�Cv3zGKD0>;FZ:yY�GKF;>J[{GKD�b S;@Mh¡D0LaGK>;@V58QPSW«�c�<=58F;YPSX���C�FZ5�C���Q�GKhn@VN�DP:=SJr

�������
������� � � !M-0)
2(/E+T4;-1C>7�3?3�:*)?-+@�+87�+B/ �94;-0D92(:�3 -E36362(:*3?@$: /E+ 4;%30*36: @(:�� K ��K � :*/1-07 � � ��
 K �
<>+B2�#&%(:5��#*+85646: @(: /2� :"* :=4,!�� 46%�:=5;)H-ED92(: G �3� � @(:=<B5;'*3���+B5 ����@$:*<B5;'*3
362(5?/0: #�-0:=/ J$� #*+85&+B#�46' @
5;-036'=: ��+B5,/1: ��+B5;+B)�0�465;: @$:
� CB)��$4;CB7 �

y ∼ 10−5 G �*CB7(:�3?56C>2(<B:�3;J � +B2 #�� 2(5.@$:�3.+8),+>3"�
/0:���+85&+8)�0=465;:

y
� :=2$4?+T4�4;:=-07�@$5;:.D92(:=/ED92(:*3

10−4 K � @(56C>- 4;:�� #*+85646:.@$:./2� : * :�4?!�� #�-07('�4;-0D92(:
G 
 @$:*<B5;'*3�� +85 
 @$:=<>56'�3;J � /1:�3 �*CB7(:�3 �(/0:=2$4;'=:�3 #=CB5;56:�3'� CB7 @$:=794 8 @$:*3 = � CB-0794;3 #&%�+82 @(3	>

∆T/Tcmb ∼ 5.10−5 4;+87 @$-03 D>2�: /1:�3 �=CB7�:*3 ��+82�7(:*3.36CB794.@$:�3B= � CB-07>4&3#7 56C>-0@�3	> @$: ) � )?:
+8)��(/0-1462�@$:.G

∆T/Tcmb ∼ −5.10−5 J
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�� $�){��Q¤S;DPSgC�D���Gt¡R<HX�GKDPCv[�C�@MI�:?FZSH:=SgSZ58D0FZ<=:=S`:lb�>;FHGK��GKLaG8<?>;@VN�DP:=SFHG=��58Q0QP:?Q�>RCPGKQPS�LV:¡C058hiGK@MQP:yC0:WA¥FZU=N�DP:?QP<=:=STCv36587PSH:?F;I8GK>;@V58QqC�D�m�o�pWr0¢ Le3 @MQPS;>HGKF�C0:^LaGv�458@V:y2�G8<lc>ZU=:\[OGKD}SZ:?@MQ}C0:=SyGKD0>;FZ:=SW��GKLaGsb�@V:=SJ[v58Q�>^LM@V:?D}U?hn@VSZS;@V58Q}S;��QP<ZX0FZ58>;FZ58Q|:?>^U?hn@VSZS;@V58Q�>;XP:?F;hn@VN�DP:nC0:~LaGY{58DPSHS;@V�?FZ:\r[V~3zGKD0>;FZ:=S�587�9;:?>ZSiG8S;>;FZ58Y0X���SZ@VN�DP:=Si�P�\D0FZ:?Q�>¤GKDPSZS;@�CPGKQPSiLV:=Si<JGKF;>Z:=SiC0:qm�o�pW[�>Z:?LVSiLV:=SN�D�G8S�GKFZS�58D�70LaGt¡fGKFZSJr�£�GKFT:lb�:?hnY0LV:\[�Y0LMDPS`C0:R© Y�Y SZ58D0FZ<=:=S�Y*58QP<?>;DP:?LMLV:=S�
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α = −0.1
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α ∼ 0
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£ 58D0F_S;@Mh&D0LV:?F¡LaG�C�@VS;>;F;@M70D0>;@V58Q�:?Q �PD�b|C0:=S¡SZ58D0FZ<=:=SJ[�C0:?D�b}hjU?>;XP5�C0:=S_SJ365Kk*FZ:?Q�>_] QP58DPS�J�SZ58@M>:lb�Y0LV58@M>Z:?F�LV:=S�<=5�C0:=STCv36U?I�58LMD0>;@V58Q�C0:=STSZ58D0FZ<=:=S�>Z:?LVST<=:?LMD0@OC0U?I�:?LV58Y0Y*U^Y�GKFTw�5Kk*58LaGK>;>;@x:?>�GKLerv� P�© � [0SZ58@M>D0>;@MLM@VSZ:?F`D0QP:RLV58@*:?hnY0@MF;@VN�DP:yGs9dDPS;>ZU=:WS;D0F`LV:=S�C058Q0QPU=:=S�C�@VS;Y{58Q0@M70LV:=Sf[�>Z:?LMLV:W<=:?LMLV:WC058Q0QPU=:WY�GKF �WQP5=bE:?>GKLer{�¥:=N{r�LI�~r � ���lr�2O:�Y0F;@MQP<?@MY{:���U?QPU?FHGKL*C0:=Sg<=5�C0:=SgCv36U?I�58LMD0>;@V58QE:=S;>�C0:�Y�GKF;>;@MF`C0:=SgY0FZ58Y0F;@VU?>ZU=S�Cv36U?hn@VS;cS;@V58Qn@MQ�>;F;@MQPSH�=N�DP:=SgC0:=S4SZ58D0FZ<=:=SJ[\C0:�LV:=S�C�@VSZ>;F;@M70DP:?F�GKDjSZ:?@MQjC0:=S��\FHGKQPC0:=SgS;>;F;DP<?>;D0FZ:=S�Y0D0@VS4C0:�<JGKLV<?D0LV:?FLe36U?I�58LMD0>;@V58QEC0:TLV:?D0FgU?hn@VSHS;@V58Q¡9dDPSZN�DO3z]�¡ � Y r|L�LVS�A�58D0F;Q0@VSZSZ:?Q�>�GK@MQPS;@*C0:=St<=58hnY0>HGK��:=S�C0:�SZ58D0FZ<=:=Sg>Z:?LVSN�DO3658Q�Y{58D0F;FHGK@M>R:?Q�587PSZ:?F;I�:?FJr���Q�:lkv:?>J[�<=:=S�<=5�C0:=S�58Q�>�C0U?hj58Q�>;FZU¡LV:?D0F�:l�i<JG8<?@M>ZU_:?Q FZ:?Y0FZ5�C�D0@VSHGKQ�>LV:=S�<=58hnY0>HGK��:=S�A�58D0F;Q0@VSTY�GKF�C�@MI�:?FZSH:=S�:lb�Y{U?F;@V:?QP<=:=Sfr{m�:?Y*:?QPCPGKQ�>J[�QP58DPS�LV:?D0FTY0FZUlA�U?FZ:?FZ58QPSRLV:^hj5�C0�?LV::?hnY0@MF;@VN�DP:&@VSZS;D�Cv3 D0QP:¡<=58h¡70@MQ�GK@VSH58Q�C0:=S�C058Q0QPU=:=SRLV:=STY0LMDPS�FZU=<=:?Q�>Z:=SJr{«�58DPS�FZUJG8CPGKY0>Z58QPSRLV:=S�<=5�C0:=SC0U?I�:?LV58Y0Y{U=S�Y�GKF �Pr6pWrPoq:?LM@MQ|� � © � JP<=:?D�b�c�<?@OFZUJGKLM@VSZ:?Q�>�D0Q >;@MFHGK��:&GKLVUJGK>Z58@MFZ:yY*58@VSZSZ58Q0@V:?Q�C0:^LaG~C�@VSZ>;F;@Bc70D0>;@V58Q�:?Q=�PD�bjC0:=S4SZ58D0FZ<=:=Sf[�]WY�GKF;>;@MFtC0:�LaG^LV58@�C0:T<=58hnY0>HGK��:�C0: �WQP5=bj:?>gGKLer��¥:=N{r�L7�~r � ���lr���QPSZD0@M>Z:\[LaG^Y*5\S;@M>;@V58Q¤S;D0FtLV:�<?@V:?L�C0:R<ZX�G8N�DP:�SZ58D0FZ<=:�:=S;>t>;@MFZU=:WGKLVUJGK>Z58@MFZ:?hj:?Q�>T:?Q�S;D0Y0Y*5\SHGKQ�>�D0QP:�C�@VS;>;F;@M70D0>;@V58QD0Q0@BA¥58F;hj:\r�\�Q�C�@VSZY{5\SZ:�GKLV58FZSgCv3 D0Q¤<JGK>HGKLV58�\DP:�C0:�SZ58D0FZ<=:=S`]^Y�GKF;>;@MFgC�DPN�DP:?L*58QiY*:?D0>g<=58QPS;>;F;D0@MFZ:�D0QP:<JGKF;>Z:^C�Dq�PD�b�@MQ�>ZU?�\FZU^C0:R>Z58D0>Z:=S`LV:=S�SZ58D0FZ<=:=SfrMVW�=S`LV58FZSJ[�D0QES;@MhnY0LV:�AeG8<?>Z:?D0FTC0:R<=58Q�I�:?FZS;@V58QEY*:?F;hj:?>Cv365870>Z:?Q0@MF�LaG�<JGKF;>Z:¡:?Q�>Z:?hnY{U?FHGK>;D0FZ:_>;XP:?F;hj5�C���Q�GKhn@VN�DP:_C0:=S�SZ58D0FZ<=:=S�FHG8C�@V50rvm�:^AeG8<?>Z:?D0F
	L	WSZ:¡<JGKLBc<?D0LV:�:?Q~Y�GKF;>HGKQ�>4C0:`LaG�FZ:?LaGK>;@V58QiGKY0Y0FZ5�<HXPU=:�:?Q�>;FZ:�>Z:?hnY*U?FHGK>;D0FZ:�:?>�C0:?QPS;@M>ZU�C0:,�PD�b_C0:=S4GKQ0@VSZ58>;FZ58Y0@V:=SC�D�m�o�p J
Scmb(ν) ∼ (∂Bcmb(ν)/∂Tcmb) δT

[P5MN
Bcmb(ν)

:=S;>�LV:^SZY{:=<?>;FZ:^C�D <=58F;YPS`QP58@MF�]
Tcmb

r£ GKF`GKQ�GKLV58�\@V:\[�58QiC0U=C�D0@M>gLaGRFZ:?LaGK>;@V58Q�:?Q�>;FZ:TLaG^C0:?QPS;@M>ZU�C0:��PD�bjCv3 D0Q�G=I\GKQ�>dceY0LaGKQ¤:?>4LV:=S��PDP<?>;D�GK>;@V58QPSC0:^>Z:?hnY*U?FHGK>;D0FZ:yN�DO3 @MLx@MQ�>;FZ5�C�D0@M>�CPGKQPSTLV:=ST<JGKF;>Z:_m�o�p J

δTap(ν) =

(
∂Bcmb(ν)

∂Tcmb

)−1

Sap(ν)

m�:WAeG8<?>Z:?D0FJ[PN�DO3658QEQP58>Z:
g(ν)

]~Le3 @MQPS;>HGKFTC0:yp`:?Q0QP:?>;>�:?>RGKLerM[0SJ36U=<?F;@M> J
g(ν) ≡

(
∂Bcmb(ν)

∂Tcmb

)−1

=

(
c2

2kBν2

)(
(ex − 1)2

x2ex

) ��L7�~r �\­ �
5MN LaG�I8GKF;@aGK70LV:¤b�I8GKD0>

hν/kBTcmb
r VR�=S~LV58FZSf[�58Q�Y*:?D0>jS;@Mh&D0LV:?FnLaG�<=58Q�>HGKhn@MQ�GK>;@V58Q Y�GKFnLe36U?hn@VS;cS;@V58Q}C0:=SWSZ58D0FZ<=:=SWFHG8C�@V5¤CPGKQPSWLV:=SR<JGKF;>Z:=S^C0:=SyGKQ0@VSH58>;FZ58Y0@V:=S^C0:&>Z:?hnY*U?FHGK>;D0FZ:\rv2O:=S^SZ58D0FZ<=:=S^C058Q�>^LV:

�PD�b�:lb0<=U=CPGK@M> � h �\��58Q�>^U?>ZU_Y0FZUJGKLaGK70LV:?hj:?Q�>¡SZ58DPSZ>;FHGK@M>Z:=S^C0:=SR<JGKF;>Z:=SyGKY0Y�GKFHGK@VSHSHGKQ�>^S;D0FWLaGj�P�\D0FZ:
���'J �A%L'<�*%B43��!�,B�8'<�*����,@!��A%$� J '(%�� �$4�6&���R��6 +>4�5
�A!3'<03� �E1 '<6�� ��%$��� !�� ���B?>CD'<6 	D�B�

 J ���8' � P3��+>4�� ���	�
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L7�~rz© � r0��Q��PQO[0Y0D0@VSHN�DP:WQP58DPS�GJI�58QPS�D0QEhj5�C0�?LV:yC0:^<=58hnY0>HGK��:yC0:^SZ58D0FZ<=:=SJ[�QP58DPSTY{58D0I�58QPST:=SZ>;@Mhj:?FLV:?D0F^<=58Q�>;F;@M70D0>;@V58Q.GKD}S;Y*:=<?>;FZ:~C0:&Y0D0@VSHSHGKQP<=:~C0:=SWGKQ0@VSH58>;FZ58Y0@V:=SyC�D|m�o�pWr{¢�@MQPS;@e[{D0QP:_Y*58Y0D0LaGK>;@V58QC0:jSZ58D0FZ<=:=S&FZU=S;@VC�DP:?LMLV:=S¡C�@VSZ>;F;@M70DPU=:=S&C0:jA�GR =58Q�Y*58@VSZSZ58Q0@V:?Q0QP:i@MQ�>;FZ5�C�D0@M>¡D0Q.>Z:?F;hj:iC0:n70F;D0@M>&70LaGKQP<:lk*:=<?>;@BAB	'�yGKD�S;Y*:=<?>;FZ:^C�Dqm�oqpW[0C058Q0QPU^Y�GKF J
CTps = g(ν)2

∫ Sc

0
S2 dN(> S)

dS
dS

��LI�~r ��P �
5MN
Sc
:=S;>xLV:gSZ:?D0@ML�C0:gC0U?>Z:=<?>;@V58Q_C0:=S SZ58D0FZ<=:=S :?Q&C0:  J]TC�DPN�DP:?L�@ML�QO36:=S;>xY0LMDPS�Y*5\SZS;@M70LV:tC0:tLV:=SxSZ58DPSZ>;FHGK@MFZ:C0:=ST<JGKF;>Z:=SJr

������� ����� � � � !M-1)A2(/E+T46-0CB7 @$:�3F+B7(-036C84;56C5�(-0:*3 @$:�46:*)�� '*5;+8462(5;: @$2
� � � +�IB:*# :*7 +�IT+B7>4�@2��/0+B7
2(7(:�5;'*+B/1-E36+846-0CB7.@$:�36CB2(5&#�:�3 � CB7�#�462(:*/1/0:*3 5&+B@$-0CA@(:�! 2��.:=71@�@$:�� 8 @(: � ) �	�>K � %�+BD92(: #=+85646:�@$:
��� @$:=<>56'�3 #=+85;5;'*3�362(5F/0:
#=-1:*/"#�C>7946-0:=794<�(5 0*3�@(:
�,)?-0/1/0-1C>7�3F@(:
3�C>2(5&#�:*3*K � ��� � � � G�#=+B5�4;:
@$:
<>+B2�#&%(:�J$�$/2� '*)H-E3;3�-0CB7 @$:*3 36CB2�5;#=:*3 :*3�4��(/02�3 IM-036- �(/1: D92&� 8 ���	� � � �.G	#=+B5�4;:�@(: @$56C>- 4;:�J

�(� ��� � � ��� ���
� � � � � �$# ��� � ��� ��� � � � � ��� 	 �
��� ���

VW�=S�LV58FZS�N�DP:TLe3658Q¤Y*5\SZSZ�=C0:�D0Q�<JGK>HGKLV58�\DP:^C0:RSZ58D0FZ<=:=SJ[�58Q�LV:?D0F�GK>;>;F;@M70DP:WD0Q¤C0:?�\FZU�C0:�Y{58LaGKF;@VS�Gsc>;@V58Q�S;D0FTLV:yhj5�C0�?LV:yC0:&<=:?LMD0@Ohj:=S;D0FZU¡] � r P�^�](¡�r0��Q�:lb�Y0LV58@M>HGKQ�>�LV:=SThj:=S;D0FZ:=S�C0:=STY�GKFHGKhj�?>;FZ:=SRC0:¦�>Z5���:=SWC�D�«(�y¦0¦{[�wxDP<=<?@�:?>^GKLer{58Q�>^C0U?>Z:?F;hn@MQPU~D0QP:¡LV58@�:?hnY0@MF;@VN�DP:_FZ:?Y0FZ5�C�D0@VSHGKQ�>WLaGiC�@VS;>;F;@M70D0>;@V58QC�D�C0:?�\FZUyC0:WY*58LaGKF;@VSHGK>;@V58Q�587PSZ:?F;I�U�J
P(Π1.4) =

a

2.7 + 0.025(Π1.4)3.7
+ b f (Π1.4)

��LI�~r P Y �
5MN LV:yC0:?�\FZU&C0:^Y{58LaGKF;@VS�GK>;@V58Q

Π1.4
:=S;>�C0Ul�PQ0@x<=58hnhj:

100
√
Q2 + U2/S

r�2O:yY0FZ:?hn@V:?F�>Z:?F;hj:¡C0:yLaGC0:?QPS;@M>ZU_C0:yY0FZ587�GK70@MLM@M>ZU~FZ:?Y0FZ5�C�D0@M>�LaGiC�@VS;>;F;@M70D0>;@V58Q}C0:
Π1.4

C0:=SWSZ58D0FZ<=:=SRC058Q�>
Π1.4 ≥ 1%

[P>HGKQPC�@VSN�DP:iLV:�C0:?D�b�@V�?hj:�C0U=<?F;@M>&LaGEA¥58F;>Z:�Y{58Y0D0LaGK>;@V58Q�C0:�SZ58D0FZ<=:=SyAeGK@M70LV:?hj:?Q�>~Y*58LaGKF;@VSZU=:=SJ[ :?Q.S;D0Y0Y*5\SHGKQ�>
� I M-0N��6 +>4�5
�B68' ,B?
'(���$CQ�B0 �)!�'(0��)�*' 6 , J ,B6 �$0�%$� � ��� � ��4303�-�*03!���%L' � �*+(0/2H+>4#6)�*�A%$'(��%$43��!��A%B�R� �B6 CQ�>K
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LV:?D0F�C0:?�\FZUyC0:WY*58LaGKF;@VSHGK>;@V58Q�C�@VSZ>;F;@M70DPUyC0:WhiGKQ0@V�?FZ:yD0Q0@BA�58F;hj:y:?Q�>;FZ: Y :?> Y r �
%
J

f (Π1.4) =

{
1

0.1

S;@
Π1.4 ≤ 0.1

0
S;@

Π1.4 > 0.1

��QPS;D0@M>Z:\[�LV:=S~<=5�:l�i<?@V:?Q�>ZSiGq:?>~7�SZ58Q�>jGs9dDPS;>ZU=S~Y{58D0F_FZ:?Y0FZ5�C�D0@MFZ:¤LaG�C�@VSZ>;F;@M70D0>;@V58Q¬C0:�SH58D0FZ<=:=S>Z:?LMLV:=S�N�DP:
0.1 < Π1.4 < 1%

J�G � Y rRQ � :?>T7 � Y rz©9PPr
\�Q D0>;@MLM@VSZ:^<=:?>;>Z:yY0FZ:=SZ<?F;@MY0>;@V58Q�Y*58D0F�>;@MFZ:?F�GKLVUJGK>Z58@MFZ:?hj:?Q�>RLV:yC0:?�\FZUyC0:WY*58LaGKF;@VSHGK>;@V58Q�C0:¡<ZX�G8N�DP:SZ58D0FZ<=:\r m�:?LaG SZ:~AeGK@M>yY�GKFyLaGEhjU?>;XP5�C0:j<?LaG8SZSZ@VN�DP:jN�D0@t<=58QPS;@VSZ>Z:i]E>;@MFZ:?FJ[OSZD0@MI8GKQ�>¡D0QP:jC�@VS;>;F;@M70D0>;@V58QD0Q0@BA¥58F;hj:\[*GKD0>HGKQ�>WC0:&I8GKLV:?D0FZSRN�DP:¡QPU=<=:=SZSHGK@MFZ:&C0:yLaG�C0:?QPS;@M>ZU¡C0:¡Y0FZ587�GK70@MLM@M>ZU&Y0D0@VSW]nFZU=<?D0Y*U?FZ:?FRLV:=SI8GKLV:?D0FZS�C0:

Π1.4
<=58F;FZ:=SZY{58QPCPGKQ�>Z:=SJr

�������H����� � � � 9�-E3 4;56- �(2$4;-1C>7 @(2 @$:*<B5;' @$: � C>/0+B56-E36+846-0CB7 @(:*3,36CB2(5&#�:�3A5&+B@(-1C 8 �BK � � � �BK �
<>+B2�#&%(:5��%(-E3 4;CB<>5;+B)H)?:.G 465&+8-14��(/0:=-07 J�@&� 2(7�3�C>2�3 @S'*#&% +87946-0/1/0CB7 @$:�� �	���,3�C>2(5&#�:*3F@$2 � 
 !(! 362(5
/0:*D92(:=/�+,'�4;'A+ � 2�3 4;' /0: �(5;:=)?-1:*5�4;:=5;)H:A@$: /E+,/1C>-"@$:��(5;C ��+ �(-1/0-146'.G 4;5;+B- 4 -1794;:=5;56C>)#��2 J @$CB7�7('=:
:*D K�� 
 K ���(K�� 7 465&+8-146� CB-07946-0/1/0'�� � 2�#*#�- :�4A+B/	K � � � 
 7 C>7>46(�<B2(5;:=5
/ � %(-E3 4;CB<B5&+8)?)?:,5;'*362(/ 4&+8794
@$:
/0:=2(5 3�-0)
2(/E+T4;-1C>7 @$:*3�@$:=<>56'�3 @$: � CB/E+85;-03;+T4;-1C>7 K � @$5;CB-146:5��7(C>2�3 )?CB79465;CB7 3 2(7(: 5;'*+B/1-E3;+T46-0CB7 @$:
/E+ @$-03�465;- �(2$46-0CB7,@$:�3

Π1.4
� CB2(5 /0: ) � )?: 7(C>)��(5;:�@$:�36CB2(5&#�:�3"�T36-1)A2(/1'�3 :=7?5;:"�(5;:=7 +8794 /0+�) � )?:

/0CB- @$:6�(5;C � + �(-0/1-146' G�#=CB2(5�� :
:=7�5;CB2�<B:�J�K � / � -17 3 4&+85�@$: �"2�#=#=-":=4 +B/	KH� 7�CB2�3���+85;IB:*7(CB7 3 �(-0:=7 8
5;:"�(5;C$@$2(-056: /0+,@(-03�465;-���2$46-0CB7 @$2�� 
 !(! K

\�Q GK7{58FZC0:^GKLV58FZS`LaG&C0:?F;Q0@V�?FZ:^U?>HGKY{:WC0:RQP58>;FZ:WS;@Mh¡D0LaGK>;@V58Q C0:WSZ58D0FZ<=:=S`Y*58LaGKF;@VSZU=:=SJ[�N�D0@*<=58QPSZ@VS;>Z:]�C0U?>Z:?F;hn@MQP:?FiD0Q|AeG8<?>Z:?D0FnCv3zG8<=<?FZ58@VSZSZ:?hj:?Q�>�S;Y{:=<?>;FHGKL�Y*:?F;hj:?>;>HGKQ�>iCv3 @MQ�A�U?FZ:?F~LV:=S_C0:?�\FZU=SnC0:�Y*58LaGscF;@VSHGK>;@V58Q¬]�X�GKD0>Z:=S_A�FZU=N�DP:?QP<=:=Sn]�Y�GKF;>;@MFnC0:
Π1.4

r�w�58D0>jCv3zGK7{58FZCv[�:?Q :lb�Y0LV58@M>HGKQ�>nLV:=S~C058Q0QPU=:=SjC0:<JGKLM@M70FHGK>;@V58Q�C�Dw�W2O¢��*�R2xp�¢¬�&<=58Q�>Z:?Q�GKQ�>gD0QP:�SZ58@Bb0GKQ�>HGK@MQP:TC0:TSZ58D0FZ<=:=St587PSZ:?F;I�U=:=StS;@Mh&D0LM>HGKQPU?hj:?Q�>CPGKQPS.Q¤<JGKQ�GKD�b�C0:&A¥FZU=N�DP:?QP<=:n:?Q�>;FZ: Q¤:?>?P � ^�]9¡�[*wxDP<=<?@t:?>yGKLerv58Q�>^I�U?F;@B��U~LaG¤<=58F;FZU?LaGK>;@V58Q|:?Q�>;FZ:LV:=S�Y{58LaGKF;@VSHGK>;@V58QPS�C0:=S�SH58D0FZ<=:=ST]y7�G8SZSH:R:?>�X�GKD0>Z:RA¥FZU=N�DP:?QP<=:\r�¢�@MQPS;@e[�58Q�Y*:?D0>�:lb�Y0F;@Mhj:?F�LV:RC0:?�\FZU^C0:Y{58LaGKF;@VS�GK>;@V58Q�Cv3 D0QP:ySZ58D0FZ<=:¡]_LaG~A�FZU=N�DP:?QP<=:
ν > 1.4

^�](¡y:?Q¤A¥58QP<?>;@V58Q�C0:
Π1.4

S;D0@MI\GKQ�>�J
Π(ν) = Π1.4ε(Π1.4, ν),
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5MNnLV:�A�G8<?>Z:?D0F
ε
:=SZ>�Le3zG8<=<?FZ58@VSZSZ:?hj:?Q�>gC0:`LaGRY{58LaGKF;@VSHGK>;@V58Q�:?Q�>;FZ: � r PW^�](¡T:?>�LaG�A�FZU=N�DP:?QP<=:

ν
r\��QPS;D0@M>Z:\[:?Q�<=58h¡70@MQ�GKQ�>¡LV:=S^C058Q0QPU=:=SyC�D�«(�^¦0¦�GJI�:=<n<=:?LMLV:=SyC0:~>;FZ58@VS^SZ58QPCPGK��:=S¡]�Y0LMDPSWX�GKD0>Z:nA�FZU=N�DP:?QP<=:&�<=:?LMD0@TC0:¤£�:JGKFZSZ58Q :?>=Z�:JG8C�XP:JG8C�� �QP\­\­ �~] PPr ­ ^�]9¡�[�<=:?LMD0@TC0:F\ ��DPCPGK@MFHG�:?>iGKLer`� �QP�P � �_587PSH:?F;I�UGKD�«R587{:?��GKhiGNZ�G8C�@V5K\�7PSZ:?F;I\GK>Z58F;�|�¥«(Z$\^��] �QY ^�]9¡_:?>R<=:?LMD0@�C0:¡«WGKF;>HGKLMLV5�:?>RGKLer�� �QP�P\­ ��]�© � �

^�](¡�[PwODP<=<?@ :?>�GKLerPC0U=C�D0@VSZ:?Q�>�LV:=STY0FZ58Y0F;@VU?>ZU=S�S;>HGK>;@VS;>;@VN�DP:=S�C�DEAeG8<?>Z:?D0F�Cv3zG8<=<?FZ58@VSZSH:?hj:?Q�>Jr{¢�@MQPS;@e[P@MLVShj5�C0U?LM@VSH:?Q�>�SHGyC�@VSZ>;F;@M70D0>;@V58Q¤C0:�Y0FZ587�GK70@MLM@M>ZUWY�GKFgD0QP:���GKDPSZS;@V:?Q0QP:RC058Q�>�@MLVS`C058Q0QP:?Q�>`LaG^hj5f��:?Q0QP:^:?>LaG_I8GKF;@aGKQP<=:NJ
< ε > = A(ν)exp(−3.2(Π1.4)

0.35) + 0.8

σε = B(ν)exp(−5(Π1.4)
0.3) + 0.5

��L7�~r P � �
5MN

A(ν) = 72 ln (0.75ν0.3 + 0.5)
:?>
B(ν)

I\GKD0> �QY�Y ] PPr ­ ^�]9¡^:?>�© �QY Y*58D0F
ν ≥ 10

^�](¡�r�«�58DPSS;D0@MI�58QPSj<=:?>;>Z:ELV58@TC0:�C�@VS;>;F;@M70D0>;@V58Q¬Y*58D0FiGK>;>;F;@M70DP:?FiD0QP:¤I\GKLV:?D0FiC�D�A�G8<?>Z:?D0FjCv3zG8<=<?FZ58@VSHSZ:?hj:?Q�>¤C0:Y{58LaGKF;@VS�GK>;@V58Q|]�LaG�A�FZU=N�DP:?QP<=:
ν
]�<HX�G8<?D0QP:jC0:=SySZ58D0FZ<=:=S^C0:~QP58>;FZ:n<JGK>HGKLV58�\DP:\r L�L�QP58DPSyS;D��j>¡GKLV58FZSCv36:lk*:=<?>;DP:?FgD0Qn>;@MFHGK��:�GKLVUJGK>Z58@MFZ:TD0Q0@BA�58F;hj:T:?Q�>;FZ: Y :?>g©

π
C0:=S�Y0X�G8SZ:=StC0:T<ZX�G8N�DP:TSZ58D0FZ<=:=StY{58LaGKF;@VSZU=:=SY{58D0F~FZU?D0Q0@MF~>Z58D0>Z:=SnLV:=S_@MQ�A�58F;hiGK>;@V58QPSnQPU=<=:=SZSHGK@MFZ:=Sj]�LaG�FZUJGKLM@VSHGK>;@V58Q¬C0:¤<JGKF;>Z:=SnC0:�SH58D0FZ<=:=S~FHG8C�@V5Y{58LaGKF;@VSHU=:=SJr

�������,����� � � � 	�� +B#*#�5;CB-E3636:=)?:*7>4.@$: /E+ � CB/E+85;-03;+T4;-1C>7 :*7>4;56: �>K � � � � :�4 ��� � � � 4;5;+>#�' :=7
7 CB7 #�46-0CB7 @(:

Π1.4
K � <>+B2�#&%(:�� /1: <>5;+��(%(: :*3�4.5;'*+8/0-E3�' ��+B5 �"2�#=#=-F:�4 +8/ K � � � 
 � 8 ��+B5�4;-15 @(:*3

@$C>7(7('=:�3
@$2 3�C>7�@(+B<B:.@$: ���92 @(+8-05;+ :=4H+B/	K � � @(56C>- 4;:�� ) � )H: <B5&+ �(%�:.),+8-E3���+>3�' 362(5H2(7(:
5;'*+8/0-E36+846-0CB7 36-0)
2(/0'=:�:=7 362(-1IT+B7>4 /E+#�(56:�36#=56-H�$4;-1C>7 @$:��"2�#=#=- :�4F+8/ K K�!M2(5 /0:*3 @(:=2�� <>5;+��(%(:�3"�M/0:*3
� CB-07>4&3A+>3636CB5646-E3 @$: /0:=2(5 ��+85;56:�3
@/� :=5;5;:=2(5H@$CB7(7�:=794A/E+ IT+8/0:=2�5
)?C��B:*7(7(: @$2 7�+B#�46:=2�5

ε
:�4,36+

@$-E3'� :=5&36-1C>7 K

! 	 ��� � �
��� � � ��# 	 � � � �
� � ��� ��#�� 	 	 ����� � ��� 	 	 ��# ��� ��	

��Q�FZ:?Y0FZ:?Q�GKQ�>¡LV:yA�58F;hiGKLM@VS;hj:~C0U?I�:?LV58Y0Y{U~Y*58D0FRLV:=S^587PSZ:?F;I8GK70LV:=SWC�D|m�oqpR[{QP58DPSWU?I\GKLMDP58QPSWLV:=SS;Y*:=<?>;FZ:=S`Y{58LaGKF;@VSZU=S�C0:=S�SH58D0FZ<=:=S�Y{58QP<?>;DP:?LMLV:=STFHG8C�@V50r�VWGKQPS`LV:^<JG8C�FZ:^C0:RLe3zGKY0Y0FZ5Jb�@MhiGK>;@V58Q�Y0LaGKQP:\[P58Q
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�����M��������� � � �

������� ����� ���"� !M-0)
2(/E+T4;-1C>7 @$:
/E+�� CB/E+85;-03;+T4;-1C>7 /0-07('*+B-15;:
P = (Q2 + U2)1/2

@$2
� � � :�4�@(:*3
36CB2(5&#�:�3 5;+>@$-1C K�� %�+>D>2�:�#=+85646:�@(: ��� @$:*<B5;'*3 #*+85;56'�3 3�2(5 /1:F#=-1:*/ #=CB7946-0:=794��(5 0*3 @(: ��)?-1/0/1-0CB7 3 @$:
36CB2(5&#�:�3F@$:�!�2�� :*71@S@(: � 8 @$: �H) �	�>KK9�:H) � )?:HD92(:�� C>2(5�/0+.46:=)�� '=5&+T4;2(56:5� /E+ #�CB794;56- �(2$4;-1C>7
@$: /2� '*)?-03;3�-0CB7 @$:�3 3�C>2(5;#=:*3 8 /E+�� CB/E+85;-E36+846-0CB7 :�3 4�7�:�4�4;:=)?:=794��(/02�3;7 C>5�4;: 8 ��� � � �.G�#*+85646: @$:
<>+B2�#&%(:�J D92&� 8 ����� � � �.G�#=+B5�4;: @$: @$5;CB-146:�J

<JGKLV<?D0LV:nLV:=Sy<=5�:l�i<?@V:?Q�>ZS&C0: �P58D0F;@V:?F
Q(~k)

:?>
U(~k)

C0:=S^Y�GKFHGKhj�?>;FZ:=S¡C0:i¦�>Z5���:=S
Q(~n)

:?>
U(~n)

:?>58Q�C058Q0QP:^LV:?D0FTFZ:?LaGK>;@V58QqG=I�:=<^LV:=S�<=5�:l�i<?@V:?Q�>ZS�C0:=S�hj5�C0:=ST� :?>�p'C0:WY*58LaGKF;@VSHGK>;@V58Q J
(
Q(~k)

U(~k)

)
=

(
cos(2ϕ~k) − sin(2ϕ~k)
sin(2ϕ~k

) cos(2ϕ~k
)

)(
E(~k)

B(~k)

)

5MN�Le3zGKQ0�\LV:
ϕ~k

:=S;>`<=:?LMD0@{A¥58F;hjU�Y�GKF`LV:=S�I�:=<?>Z:?D0FZS ~k :?> ~n rMVW:�<=:?>;>Z:�>;FHGKQPSdA�58F;hiGK>;@V58QO[058Q�C0U=C�D0@M>`D0QP:FZ:?LaGK>;@V58Q�:?Q�>;FZ:¡LV:=S�S;Y*:=<?>;FZ:=STC0:^Y0D0@VSZSHGKQP<=:^C0:^<HX�G8<?D0QP:¡C0:=ST587PSH:?F;I8GK70LV:=SWJ
CQ

k + CU
k = CE

k + CB
k

r£ GKF~GK@MLMLV:?D0FZSJ[xoq:=SHGE:?>_GKLer4� � �K� 58Q�>&I�U?F;@B��UiN�DP:nLV:=S¡SH58D0FZ<=:=SyY*58LaGKF;@VSZU=:=S¡<=58Q�>;F;@M70D�GK@V:?Q�>jGKD0>HGKQ�>~:?Qhj5J��:?Q0QP:EGKD�S;Y{:=<?>;FZ:�C0:�Y0D0@VSZSHGKQP<=:�C�D.hj5�C0:���N�DO3z]�<=:?LMD0@`C�D�hj5�C0:�p :?>n]
CQ

k

GKD0>HGKQ�>nN�DO3z]
CU

k

[�<=58hnhj: ¦�:¨9ZG ��Le3zG=I\GK@M>~SZ58D0Y3 =58Q0QPU¤:?Q �QP�P�� r�¢�@MQPS;@e[�58Q.Y*:?D0>~U=<?F;@MFZ:\[�]�Le3 @MQPS;>HGKF~C0:¤wODP<=<?@�:?>GKLerM[
CQ

k ' CU
k ' CE

k ' CB
k

rP��QPS;D0@M>Z:\[�>Z58D89d58D0FZSR:?Q�S;D0@MI\GKQ�>RwODP<=<?@�:?>�GKLerM[�58Q�:lb�Y0F;@Mhj:¡LV:¡S;Y*:=<?>;FZ:Y{58LaGKF;@VSHU¡C0:=S�SH58D0FZ<=:=S�:?Q A�58QP<?>;@V58Q�C0:yLV:?D0F�S;Y*:=<?>;FZ:¡:?Q >Z:?hnY*U?FHGK>;D0FZ:
CTps ≡ g(ν)2 < |Sν(~k)|2 > [C058Q0QPU ��L7�~r ��P �lr*£�58D0F&<=:?LaG�[v58QqY*:?D0>WY�GKFy:lb�:?hnY0LV:~D0>;@MLM@VSH:?FRLaG�FZ:?LaGK>;@V58Q

Q(~k) = pνSν(~k) cos(2α)��L7�~r ��� �lr�\�Q�5870>;@V:?Q�>WJ
CQ

k ≡ g(ν)2 < |Q(~k)|2 >= g(ν)2 < p2
ν |Sν |2 cos2(2ϕ) >=

1

2
< p2

ν > CTps

V^GKQPS¤LV:q<JG8C�FZ:}C�D hj5�C0�?LV:�D0>;@MLM@VSZU\[�LaG�hj5J��:?Q0QP:}N�D�G8C�FHGK>;@VN�DP:}C�D�C0:?�\FZU�C0:�Y*58LaGKF;@VSHGK>;@V58Q/].LaGA�FZU=N�DP:?QP<=:
ν
[
< p2

ν >
SH:^<JGKLV<?D0LV:¡GKQ�GKLM��>;@VN�DP:?hj:?Q�>RS;D0@MI\GKQ�> J

< p2
ν >= 10−4

∫ 100

0
P(Πν)Π2

νdΠν
��L7�~r P�©��

��Q D0>;@MLM@VS�GKQ�>¤LaG}FZ:?LaGK>;@V58Q
Πν = Π1.4ε(Π1.4, ν)

:?>iLV:?D0FEGs9¨DPS;>Z:?hj:?Q�>�C0:�LaG}I\GKLV:?D0Fihj5f��:?Q0QP:qC0:
ε(Π1.4, ν)

�¥:=N�r4LI�_r P � �l[�wxDP<=<?@¡:?>�GKLer�:lb�Y0F;@Mhj:?Q�>�LaG�C�@VSZ>;F;@M70D0>;@V58Q/C0:�Y0FZ587�GK70@MLM@M>ZU|C�D�C0:?�\FZU�C0:
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Y{58LaGKF;@VS�GK>;@V58Q�]WLaGRA¥FZU=N�DP:?QP<=:
ν
[ P(Πν)

[�:?QnA¥58QP<?>;@V58Q�C0:T<=:?LMLV:�] � r P ^�](¡�[ P(Π1.4)
[�Y0FZU=<=U=C0:?hnhj:?Q�>C0U?>Z:?F;hn@MQPU=:��¥:=N{r�L7�~r P Y ��J

P(Πν) =
P(Π1.4)

|ε(Π1.4, ν) − 1.12 [ε(Π1.4, ν) − 0.8] (Π1.4)0.35|£ GKFR:lb�:?hnY0LV:\[�@MLVST>;FZ58D0I�:?Q�>
< p2

ν >
1/2= 0.041

] ��Y ^�](¡¡:?>
< p2

ν >
1/2= 0.046

] �QY�Y ^�](¡�r�\�Q<ZXP58@VS;@M>_C0:jS;@Mh&D0LV:?FyD0QP:iSZU?F;@V:nC0:i<JGKF;>Z:=S¡C0:=SyY�GKFHGKhj�?>;FZ:=S_C0:�¦�>Z5���:=S&C0:=S¡SZ58D0FZ<=:=SyCPGKQPS&<=:=S¡C0:?D�b<JGKQ�GKD�b|C0:~A¥FZU=N�DP:?QP<=:\r�¢�@MQPS;@e[x58Q�Y{:?D0>_<=58hnY�GKFZ:?F¡LV:=S&S;Y{:=<?>;FZ:=S¡Y{58LaGKF;@VSHU=S¡:=S;>;@MhjU=S&S;D0FyLV:=S¡<JGKF;>Z:=SG=I�:=<y<=:?D�b <JGKLV<?D0LVU=S�SZ:?LV58QELaG~hjU?>;XP5�C0:yC0:^wODP<=<?@ :?>�GKLer

������������� � � � � 3�46-0),+T46-0CB7 @(:./0+ #=CB79465;- �(2$46-0CB7 5;'*36-0@(2(:=/0/1:.@(:*3
36CB2�5;#=:*3�5&+B@$-0C +82�� 3'� :*#�465;:*3
@$:)�(2(-E3;36+B7�#�:%� C>/0+B56-E36'*3*K 	 :*3 IT+8/0:=2(5&3 @$2 3�:*2(-0/ @(:�@('�46:�#�4;-1C>7

Sc
�$:*7 @$:�� 8 @$2�D92(:*/ /1:�3 3�C>2(5;#=:*3

7(:#� :*2(IB:*794��(/02�3 � 465;:A36CB2 3 4;5;+B- 4;:*3F@(:*3 #=+85646:�3"� 3�C>794�#�:*/1/0:*3�:*3�46-0)?'=:*3���+B5 
 -1:*/1IT+.:=4 +B/	K.� C>2(5
/0:
36+846:*/1/0- 4;: � ���


��� �

Sc = 200
) �	� 8 �	�?:=4 ���	� � � �>K !M2(5�/1:�3F@$:*2�� <B5&+ �(%(:�3"�$/0:*3<� C>-1794&3

G I>:=564;3 :�4 56C>2(<B:�3;J @$C>7(7(:*7>4 /0+ )HC��>:=7(7�:F@$:*3 3�� :�#�465;:*3 @$: � :=4 	6�>:�3 4;-1)?'*3 ��+B5 -07>4;:=5;IT+8/0/1:�3 @$:
)
2�/ 4;-,�.-B/0:*3 G /0:*3���+85;5;:*3 %�CB5;- �*CB794;+B/1:�3;J �B3�2�5 ��� 56'�+8/0-03;+T4;-1C>7�3 @$: #=+B5�4;:*3 -07�#=/12�+B794 ∼ 12

)?-1/0/0-1C>7�3
@$:F36CB2�5;#=:*3�� CB7�#�462(:*/1/0:*3*K 	 :�3 ��+B565;:*3�I>:=5646-E#=+8/0:*3 -07�@$-ED92(:=794 /E+ @$-E3'� :=5&36-1C>7?@(:*3 3�� :*#�4;56:�3=K 	�� '=IT+�@
/02�+T4;-1C>7H@$: #=:*3 3�� :�#�465;:*3�� +85 /0+ )?'�4;%(C$@$:�@$: �"2�#=#=-$:�4 +8/ KT:*3�4 56: �(5;'*36:=7946'*: ��+B5 /0+�@$5;CB-146: 7(C>-15;:BK
��C>2�3 465&+ ��C>7�3 '*<>+8/0:=)?:*7>4��>/0:*3 3'� :*#�465;:*3 @$2 � � � @$:�3 )?C$@$:�3�� G�CB5&+87(<>'�J :=4 � #�5;'=:<��+85 : * :�4
@$:?/0:=7946-0/1/0: G �(/0:=2 J #*+8/E#�2(/0'*3���+85 � ��� � K � <9+82�#&%(:5� /0:*3�#*+85646:*3 @$:?3�C>2(5&#�:*3 36CB794�36-0)
2(/0'=:�3 8
�	� � � � � � @$5;CB-146:5� ���	� � � �>K

¢�@MQPS;@e[gCPGKQPS�LaG��P�\D0FZ: L7�~rz©$Q�[g58Q hj58Q�>;FZ:\[gY*58D0F¤Le36:lb�Y*U?F;@V:?QP<=: �������
	��4[�LaG.<=58Q�>HGKhn@MQ�GK>;@V58QFZU=S;@VC�DP:?LMLV:nC0:=SySZ58D0FZ<=:=SWFHG8C�@V5¤Y*58LaGKF;@VSZU=:=S¡GKD�b�S;Y*:=<?>;FZ:=S^C0:~Y0D0@VSZSHGKQP<=:~C�D.m�o�pWr*£ 58D0F¡<=:?LaG�[v58Q|GS;D0Y0Y*5\SZU\[8:?QjSZ:�7�G8SHGKQ�>tSZD0F LV:=S4Y{:?FdA�58F;hiGKQP<=:=S4C0:�LaGRhjU?>;XP5�C0:�C0:�C0U?>Z:=<?>;@V58Q�C0:�SZ58D0FZ<=:=S4C0U?I�:?LV58Y0Y*U=:Y�GKF,�R@V:?LMI\G¡:?>�GKLer�� PU� � [�N�DP:TLV:=S`SZ58D0FZ<=:=S`C058Q�>`LV:9�PD�b�:lb0<=�=C0:R© Y�Y h �\�iSZ58Q�>�SZ58DPS;>;FHGK@M>Z:=S`C0:=Sg<JGKF;>Z:=SA¥58D0F;Q0@V:=SxY�GKF��������
	���] ��Y :?> �QY�Y ^0]9¡�r=£�GKF�:lb0:?hnY0LV:\[f58Q^>;FZ58D0I�:gN�DP:�LV:�Q0@MI�:JGKD&C0:4<=58Q�>HGKhn@MQ�GK>;@V58QC0:=S&SH58D0FZ<=:=S_] ��Y ^�](¡q�
Cps

l ∼ 3.10−6 µ
� � �¡�WFZ:=SZ>Z:j70@V:?Q�:?Q.C0:  JG C�D.Q0@MI�:JGKD�C0:i70F;D0@M>&70LaGKQP<@MQPS;>;F;D0hj:?Q�>HGKL_�

Nnoise
l ∼ 7.2.10−4 µ

� � �¡�lr4mR36:=S;>nCv3zGKD0>HGKQ�>jY0LMDPS~I�FHGK@�]�Y0LMDPS~X�GKD0>Z:�A¥FZU=N�DP:?QP<=:N�DP:�Le36U?hn@VSZSZ@V58Q¬C0:=SnSZ58D0FZ<=:=SnY*58LaGKF;@VSZU=:=SnCPGKQPSnLV:=Sn<JGKF;>Z:=Sim�oqp Sf3zGskvGK@M70LM@M>Jr�¢�@MQPS;@e[�58Q�Y{:?D0>jC0U¨9Z]:?Q <=58QP<?LMD0FZ:yN�DP:WLaG_Y0FZU=SZ:?QP<=:yC0:^SZ58D0FZ<=:=S�FHG8C�@V5jQP58Q�c�SZ58DPS;>;FHGK@M>Z:=STCPGKQPS�LV:=S�<JGKF;>Z:=STC0: �������
	��t[0QP:<=58QPS;>;@M>;DP:?FHG�Y�G8SxD0QP:tLM@Mhn@M>Z:tY*58D0FxLe36:lb�>;FHG8<?>;@V58QnC0:=SxS;Y*:=<?>;FZ:=S�C0:tY0D0@VSZSHGKQP<=:\rtVW:4Y0LMDPSJ[s58Q¡QP:tSf3zGK>;>Z:?QPCY�G8StQP58Q�Y0LMDPS�]¡<=:�N�DO36:?LMLV:=S�<=58Q�>;F;@M70DP:?Q�>TC0:�hiGKQ0@V�?FZ:�SZ@M�\Q0@B��<JGK>;@MI�:RGKD�bnA�58QP<?>;@V58QPS`C0:�<=58F;FZU?LaGK>;@V58Q ]
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N�D�GK>;FZ:�Y*58@MQ�>ZS�C�DEm�oqp J�:?LMLV:=SgQP:RC0:?I�FHGK@V:?Q�>�C058QP<�Y�G8StQ�D0@MFZ:^]^Le36:=S;>;@MhiGK>;@V58QEC0:TLe36:lkv:?>`C0:TLV:?Q�>;@MLMLV:\r��Q�FZ:?I8GKQP<HXP:\[�Y{58D0F_D0QP:¤:lb�Y*U?F;@V:?QP<=:�Y0LMDPSnSZ:?QPS;@M70LV:j�.G=I�:=<�LV:=S~<JGKFHG8<?>ZU?F;@VS;>;@VN�DP:=Sj@MQPS;>;F;D0hj:?Q�>HGKLV:=SC0:^Le36:lb�Y{U?F;@V:?QP<=:&C0:^FZUlA¥U?FZ:?QP<=:¡Y0FZU=<=U=C0:?hnhj:?Q�>^<=58QPS;@VC0U?FZU=:¡Y�GKF�:lb�:?hnY0LV:\[�Le36U?hn@VSZS;@V58Q�Y{58LaGKF;@VSZU=:¡C0:=SSZ58D0FZ<=:=SyFHG8C�@V5�Y{58D0F;FHGK@M>nG8<=<?FZ53�V>;FZ:jLe36:?F;FZ:?D0F~:?>yLV:i70@aGK@VS¡C0:jLe36:=SZ>;@MhiGK>Z:?D0F&N�D�G8C�FHGK>;@VN�DP:�C0:nLV:?Q�>;@MLMLV:\rmR36:=S;>TLa]_Le36587�9;:?>�C0:WLe36U?>;DPC0:¡C0U?I�:?LV58Y0Y*U=:yCPGKQPS�<=:^N�D0@OS;D0@M>Jr
~����+C��,C 
 � � �0��� ���K� ��� ����
h�������N� ���$�����t�B�}� Gv�
�}� �3�K���K����� � � �0���K� �����}����� �

2436587�9;:=<?>;@BA4C0:^<=:?>;>Z:WY�GKF;>;@V:^<=58QPS;@VS;>Z:y]~U?>;DPC�@V:?FTLV:=S�C0U?�\FHG8CPGK>;@V58QPSRC0:WLe36:=S;>;@MhiGK>;@V58Q�C0:WLe36:lkv:?>TC0:LV:?Q�>;@MLMLV:\[�@MQPC�D0@M>Z:=S4Y�GKF4LaGRY0FZU=SZ:?QP<=:�C0:TSZ58D0FZ<=:=S�FHG8C�@V5¡GKD�SZ:?@MQjC0:=S4<JGKF;>Z:=S4LV:?Q�>;@MLMLVU=:=SJr�£ 58D0Fg<=:?LaG�[�QP58DPSFZU=U?I8GKLMDP58QPSyLV:=SWY{:?FdA�58F;hiGKQP<=:=SyC0:~Le36:=S;>;@MhiGK>Z:?D0FyN�D�G8C�FHGK>;@VN�DP:i�4p C0:nw^rp\ �\GKhj58>Z5 :?>�S r�]�DO[vC0:LaG�hju?hj:~hiGKQ0@V�?FZ:jN�DP:&Y0FZU=<=U=C0:?hnhj:?Q�>¤� � LI�_rz©�r � ��hiGK@VS^:?Q}@MQP<=58F;Y*58FHGKQ�>&LV:_hj5�C0�?LV:nC0:=SySH58D0FZ<=:=SFHG8C�@V5jC0:yo�r0wODP<=<?@x:?>RGKLerM[0CPGKQPSTQP58>;FZ:y<HX�GK@MQP:¡C0:^S;@Mh&D0LaGK>;@V58Q�C0:y<JGKF;>Z:=SJr
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ν >
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σps(ν) =

[
∑

l

(
2l + 1

4π

)
1

(CTT
l +NTT

l )

]−1/2

5MN
NTT

l
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Cφφl = A

∫
k2dkPΨ(k)[∆φ

l (k)]
2 = YTL,�?>
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PΨ(k)

!('I�@��!T')RG!(-����)!2�"!2R
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< Ψ(~k)Ψ∗(~k′) >= (2π)3PΨ(k)δ(~k − ~k′)
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∆φ
l (k) =

∫
dτS(k, τ)jl(kτ)
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ds2 = a(τ)2
(
dη2 − (dχ2 + χ2d~θ)

)
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dη = −dχR9��1&�<�"!('UR&$&���)���9'Q')!0R&����R
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��1
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η − η0 = −χ ')����� η = η0 − χ
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ds2 = a(τ)2
(
(1 + 2Ψ)dη2 − (1 − 2Φ)(dχ2 + χ2d~θ)

)
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φ(n̂) = −2

∫ χ∗

0

dχΨ(χn̂, η0 − χ)
χ∗ − χ

χχ∗
= YTL �A>
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Ψ(~r, η) =

∫
d3~k

(
√

2π)3
Ψ(~k, η)ei

~k·~r

kn!2')R9!S-��)��!T�"!<R&1&�K'�')���
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< Ψ(~k, η)Ψ(~k′, η′) >=
2π2

k3
PΨ(k, η, η′)δ(~k − ~k′)
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Cφφl = 16π

∫
dk

k

∫ χ∗

0

dχ

∫ χ∗

0

dχ′PΨ(k, η0 − χ, η0 − χ′)jl(kχ)jl(kχ
′)
(χ ∗ −χ

χχ∗
)(χ ∗ −χ′

χ′χ∗
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jl(kχ)
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Pψ(k, η, η′) = PΨ(k)F (η)F (η′)
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Cφφl = 16π

∫
dk

k
PΨ(k)

[ ∫ χ∗

0

dχF (η0 − χ)jl(kχ)
(χ ∗ −χ

χχ∗
)]2
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η = τ

�

Cφφl = (8π)

∫
k2dk

PΨ(k)

k3

[ ∫ τ0−τ∗

τ0

−dτ2F (τ)
( τ − τ∗

(τ0 − τ∗)(τ0 − τ)

)
jl(k(τ0 − τ))

]2 = YTL 9J>
hb!.�)�)!mDE���K'4P��&��19'��������
'2�K��DE���)B#!�'I��1&$
�>���)V(!�Lu_U�yR9!(1"�#���,�)!�'I1
���\+ VS851
���������yR&��V(-.VS�"!4�5��!z851&!z�K��DE���
-��������
:Q')��1
��-4!�?��"!<�\+ !4FG!4�U�"!<��!(�5�)�,���,!T�"1Nhj�;^X�
!<�&V4RG!4�
��R
��'@�"1iBd�"�"! �z!.�Q851n+ !4�,��!2!S'r�`�"V47
�&�,!2R
�>� �

Sk(τ) = −2F (τ)
(

τ−τ∗
(τ0−τ∗)(τ0−τ)

)
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�� � �����E�����J� � �����! �"#�$�&%('��)����%�'4� 2�� %������J,��-"	� %0��"#, '���21%�'4�(	
�`��1
'��"V4��!4�,��R&RG���9'e�,!('�-(�>�K-.1&�K'��>oG��1"���,'�')���5��sU�,�U��!4�K���)�,����!4�5�)��!�'IRG!(-.�)��!('��"!�R&1&�K')'��>�9-.!b�&!('���o9'I!(�)���>o
��!S'

�"1Nhj�;^X')1&���,�#')R&$&%(�)!<!.�`-4!41"6z!46]�)�=�>����'��p+ 1&�&!2RG!.�)���)!T-(�>�)�)!<-4���)��V4!�L&_U��B#���5�)��!<8�1
!T-.!('��"!(1"6�851
���5�)���)V(''I���5����!4�,�,V4!('�R9�>� �
< X∗(~k)X ′(~k′) >≡ (2π)2δ(~k − ~k′)CXX

′

k , X,X ′ = {T,E,B} = YTL �A>
~U���
'<�K�i���,B#�/��!C�A@f�,��RG���)�)�,���A�"!*-.�,!4�uV4�)1
�"�,V4!C!S'r�0')1"¢*'��>B#B#!4�5�2R9!4�)���)!�Pe���fR9!(1"�T�K��-.���9'I�K�"V4��!4�<-.��B#Bd!R&�K�>�&!�LG~H�>�
'U-.!d-4��'(P
�,!('Q��o
')!4�����>o&�,!('U�"1fhj�;^HP

X ∈ {T,E,B} PG'I!��"V4��!4�,��R&RG!4�5�H')1&�U�,�Co9��')!0�"! �
��1&���,!4�'I1
�����>�5� �
X(~̂n) =

∫
d~l2

(2π)2
X(~l)e−i

~l·~̂n

kn!S'@-.�]!.¢*-4��!(���='@�"!��&��1&����!(�`'4+ V(-4�)�,��!(��� �

X(~l) =

∫
d~nX(~̂n)ei

~l·~̂n = YTL 
�>
~�+ ��1"�)��!mR9�>�)�(P�����RG!41&�d����1�qr��1&�='��"V(��!(����R&R9!(���,!('d��o
'I!(�)����o&��!S'

X(~̂n)
')1&�#�,�No
��')!��&!('�$
�>��B#���&�K851&!(''IR
$&V4���,851&!S' �

X(~̂n) =

∞∑

l=0

l∑

m=−l

aXlmY
m
l (~̂n) = YTL�� >

Y`�,�
')��Pj!4�[����qr!S-��=�>�5�m�\+ !46"R&�)!S')')�,��� = Y0L
�A>z�&���
' = YTL 
�>.Pb���X��o"����!(�5�m1&�&!NR&�)!(B#��%(�)!;��!4�K���������£!4�5�)��!;�,!('
-.�]!.¢*-4��!(���='m�&! �&��1&����!(�m�"!���+ ��o
')!4�����>o&�,!�� !.����!S'm-4�5!4¢*-.�,!4�5��'��"!�'����&V(-.��B#R9�5'I���)�,���£!(�X$
�>��B#���&�K851&!(''IR
$&V4���,851&!S' �

X(~l) =

∞∑

l′=0

l′∑

m′=−l′

aXl′m′

∫
d~nY m

′

l′ (~̂n)ei
~l·~̂n = YTL ��>

Z���1&�U�>�,��!(�@R&��19'`�����>�5�(P"�,�n�&��1
'�D��>19�mBC�����5�)!(�
�>�5�@��!4�,��!(�@�,�#o
��'I!2�"!S'@$
���)B#���
�,851&!S'@'IR&$
V4���,851&!S'@sd-4!4�,��!
�"!��&��1&����!(�(L
����������������� �!��"#�%$&�'"#()�*�&��+-,&��./.�01$�2 "#��+-,&��.3� �34&�5.���6&��7��*,�"#��� "
Z���1&���"V.��!4��B#���&!(�b�K�T��!4�K���������C!.6"�K'r�=�>�5�b!(�����)!U��!S'l$9�>��Bd���&�K8�1
!('l')R&$&V(�)�K851&!(' {Y ml (~̂n)} !4�j�K�To
��'I!U�"!('j���9�"!('R&�K�>�&!S' {ei~l·~̂n} P��&��1
'C�����,���9'0�,�5�)���]�&1&����!���!S'dDE���
-.�)�,���
'#�"!�^j!('�'I!(� {Jn(α)} LuM ��!.FO!.�(Pl��+ !.6"RG���&!(������!(���,!i'I!�"V4��!4�,��R&RG!<!4��DE���9-��)�,���9'@�"!T^j!('�'I!(�O')1&�,���>�5�`�,�d��!4�K�����������"!  5��-4��o&��gvYQ�&J�!(���

eixsinα =

m=∞∑

m=−∞

Jm(x)eimα = YTL 8�>

Z���1&�@�
��1
'(P"��+ �>��J�1
Bd!(�5�@�&!2��+ !.6"RG���&!(������!(���,!<!('I���

i~l · ~̂n = ilθ(cosφl cosφ+ sinφl sinφ) = ilθ cos(φl − φ) = ilθ sin(
π

2
+ φl − φ)

kn!2�"V(��!4�,��R
R9!(Bd!(�5�Q�"!<��+ !.6"RG���&!(������!(���,! = Y0L 8J>��"!4�]�,!4�5� �
ei
~l·~̂n =

m=∞∑

m=−∞

imJm(lθ)eim(φ−φl) = YTL,�(��>
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�U1
�����<�>1"6i$
���)B#���
�,851&!S'Q')R&$&V4���K8�1
!('(P9���;B#���5�)��!0851n+ !4�,��!S'U'(+ !46"R&�)�,B#!4�5�UV(J�����!(Bd!(�5�Q!4�N')V4���,!��"!d^b!S'rg
'I!(�`�&�>�9'#�,�f�,��B#���)!��"!('#J������
�&'dB01
�/����RG���,!(' = l → ∞ >�L Z���1
�#-4!4�K�&Pu���|R
���I�*�"!i�\+ !46"R&�)!S')')�,����!46&��-���!��&!('$
�>��B#���&�K851&!('�')R&$&V(�)�K851&!(' �

Y ml (θ, φ) =

√
(2l + 1)(l −m)!

4π(l +m)!
Pml (cosθ)eimφ = YTL,���?>

k��*DE���
-.�)�,���
Pml (cos θ)

!('I�H1
�&!0DE���
-����������"!dkn!(J�!4�9�"�)!�LOt"������-4���
')�,�&%4��!T�,�z���,B#�/��!C�>1"6�RG!.�)����'<���&J��,!('H�"!
-.!4�I�)!#DE���
-��������3�"!*kn!(J�!4�9�"�)!�Pp���f�)!4�)����1&��!�1
�&!CDE���9-��)�,���A�"!*^j!('�')!4�\L = k�!('2�"V4���>�,�K'T�"13-4���,-41&�l')!����)��1&��!(�5��&�>�9'���!S'�R&�)VS-.�K'@�"!2BC����$&V4BC�����,851&!S'@�"!��Q���)��� �`�5'I$9'r�=���]�SP"R
�>�@!46]!(B#R&��! >

lim
n→∞

n!

(n+m)!
Pmn (cos

x

n
) = (−1)mJm(x) = Y0L����A>

hb!4�K�#'I!<��V4V(-4�)���(P&����!(-
n ≡ l

!.�
x ≡ lθ

�

l!

(l +m)!
Pml (cos θ)

l → ∞
−→
θ → 0

(−1)mJm(lθ) = Y0L��>-�>

M �
')1&���)!�P&���i�"���
�&!<��+ !.6"R&��!('�'I�,����sd�,�����,B#�/��!T�"!('�J������
�&'jB01
�/����RG���,!('�!4�Q�"!('�RG!.���/�='@�>�&J���!S'@�"!('�$
���)B#��g�&�K8�1
!('@')R&$&V4���K8�1
!('�!4�i��!4RG���)������� = Y0L��>-�>��&���
' = Y0L����?>.L"Z���1&�`-.!(�,�
P"���i1"�����,�,')!<�,�#�,�,Bd���)!T')1&�,���>�5�)! �
lim
l→∞

l!lm

(l +m)!
= 1. = Y0L�� 9J>

hb!(-4�p�&��1
'`R9!(�)B#!.�`�p+ V(-4�)�,��! �

lim
l→∞

l!

(l +m)!
=

1

lm
P"!4�

lim
l→∞

√
(l −m)!

(l +m)!
=

1

lm

�����
����!(B#!4�5�(P&���m��o"�)�,!4�5�QsdR
���I�����@�"! = YTL,���?> �
Y ml (θ, φ)

l → ∞
−→
θ → 0

(−1)m
√

l

2π
Jm(lθ)eimφ = YTL,�S�A>

_U�����5�)���"�"1&���`��+ !.6"R&��!('�')����� = Y0L����A>��&���
'��,!T�"V4��!4�,��R&RG!4B#!4�5�`�"!<�\+ !46]RG���
!4�5�)�,!4�,��! = YTL,�(�J>lRG��1
�Q��������� �
ei
~l·~̂n ∼

√
2π
l

∑m=∞
m=−∞(−i)mY ml (θ, φ)e−imφl = YTL,��
�>

_U�z�0�)!4�)����1&��V`��+ !.6"R&��!('�')�����*�>R&R&���"-=$&V4!U�"!Q�\+ !46"R9���&!4�5�)�,!4�,�,!Q��!4�,��!H8�1�+ !(���,!U��R&R
�>�=���K�j�
�>�
'l��!S'j���I���,-4��!S'l�"!
_����>B#�>���`!.� �`1nP�s`1
�2D���-.�)!41
�

(−1)m
R&��%('(L(Ml�T!.FO!.�SPS�,!('��>1&�)!41
��'e���5����!(�"V47
�&�5��!S'�$9�>��Bd���&�K8�1
!('�')R&$&V(�)�K851&!('�"!T')���)�)!<8�1
!

(−1)mY ml → Y ml
L

����������������� �!��"#��� � ����� �����!��.36&��7 ��, "#� � " 6&��.�� ��. 01���5� � � .�0&$&2 " � +-,��
_U�C1"�)�,�,�,')!`�\+ !46]R
�)!S')')�����C�>R&R&���"-=$&V4!@�"!U��+ !.6"RG���&!(�5�)�,!4�,��!@��!4�,��!U8�1�+ !(���,!`!('I�b�"���&�&V(!Q�&�>�9'b_����>B#�>���2!.� �Q1 � � � �

ei
~l·~̂n =

√
2π

l

l∑

−l

imY ml (~̂n)e−imφl = YTL,� � >
Y���!(-<-.!4�I��!2�)!(�,�>�)�,���nP]�\+ !46]R
�)!S')')����� = YTL ��>��"!(�]��!(��� �

X(~l) =

√
2π

l

∞∑

l′=0

l′∑

m′=−l′

aXl′m′

l∑

m=−l

ime−imφl

∫
d~nY m

′

l′ (~̂n)Y ml (~̂n)
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k + ���5��V4J��=�>�,!<'I1&�@�,!('@���&J��,!('@')!2-4���,-41&��!<J�����-.!<s��K�#��!4�K���)�,�����p+ ���)�)$&��J����9�>�,�/��VH�"!S'�$
�>��B#���&�K851&!('�')R&$&V(�)�K851&!('(L
∫
d~nY m

′

l′ (~̂n)Y m∗
l (~̂n) = δll′δmm′

~U���
'��K�#�)!(�,�>�)�,��� = YTL ��>.P
-.!(�,�#�"���&�&!��

X(~l) =

√
2π

l

∞∑

l′=0

l′∑

m′=−l′

aXl′m′

l∑

m=−l

ime−imφl(−1)mδll′δ−mm′

�`��1
'i�������9'*��!.�)����1
��V�P��"!A-.!4�I�)!ABC�>�
��%(�)!�Pj�K�|�)!(�,�>�)�,���X!(�����)!A-.�]!4¢C-4��!(�5��'��"! �&��1
�)�,!4��!.�i$
�>��B#���&�K851&!(''IR
$&V4���,851&!S'�1"�)�,�,�,')V4!2�&���
'@�,!('@�>�)�)�K-.�,!('��"!�_�����Bd���)�d!.���Q1 �

X(~l) =
√

2π
l

∑l
m=−l a

X
lmi

meimφl = YTL,����>

� ��. .�0 � � ��"#��. 6�� 01,&��. .���� � �%6�,
	���
 6&����. ��� �'0&0&" ��� � ()�'� ����� 01�����&�
cH����-.!isN�K�f�)!(�,�>�)�,��� = YTL,���J>�P��&��1
'C-4���,-41&�����
'd��+ !.6"R&��!('�')�������"!('C')RG!(-����)!S'#�"!iR&1&�K')'��>�
-4!��&!('#��o9'I!(�)���>o
��!S'�"1�hj�;^��&���
'T�\+ ��R&R&����6"��BC���������AR&�,���&!*!(�3DE���
-.�)�,���y�"!S'0')R9!S-����)!S'0')1&�0�,!m-4��!(��LeZ���1&��-4!4�K�&Pe���y-4���,-41&�,!*�,�
B#����!4�
�&!2'I1&�@1
�m!(�
'I!(B0o&�,!T�"!<��V(�>�,�K')�>�)�,���
'��"1Nhj�;^ �

< X(~l1)X
∗(~l2) >=

2π√
l1l2

l1∑

m1=−l1

l2∑

m2=−l2

< aXl1m1
aX∗
l2m2

> im1(−i)m2ei(m1φl1
−m2φl2

)

kn!2')R9!S-��)��!T�"!<R&1&�K'�')���
-.!<!('I�Q�"V47
�&�p��!4��851&! �
< aXl1m1

aX∗
l2m2

>= CXXl1 δl1l2δm1m2

= YTL,��8�>
Y���!(-<-.!4�I��!T�"V.7
�
�/�������nP&�K����!4�K���������mR
�)VS-.V(�&!4�5�)!2�"!(�5�,!4�5� �

< X(~l1)X
∗(~l2) >=

2π

l1
CXXl1 δl1l2

l1∑

m1=−l1

eim1(φl1
−φl2

)

Y �,�d�,��B#���)!T�"!S'�J��=�>�
�&'jB�1&�/����RG���,!('(P"�K�d')��B#B#!<'4+ �,�&!4�5�)��7
!2�>1i�"V4��!4�,��R&RG!4B#!(���@!(��')V4����!<�p+ 1&�&!<DE���
-����������"!~Q�,�=��-U�)!(���,!T851&! �
lim
l1→∞

l1∑

m1=−l1

e−im1(φl2
−φl1

) = 2πδ(φl2 − φl1)
= YTL �>��>

Zu�>�`�>�,�,��!(1&��'(P"!4�i-.�]�����"���&�&V(!H-4�5�,�,�
�"���,851&!�P"�,�dDE���
-����������"!T~U�,����-H'(+ V(-.����� = �������@a2L
^j�=��-4!��j!4�,��� 8 8 8�>��
δ(~l1 −~l2) =

1

l1
δ(l1 − l2)δ(φl1 − φl2)

= YTL �"�?>
�`��1
'2�K�"!4�5���/7
���
'2�,!z')�5B�o9����!*�&! !<�)���&!(- ��!4�<!.�0�K��DE���9-��)�,���3�"!*~U�,����-C�>J��K'�')�����T')1&�T�,!CB#�]�&1&��!m�"! ~l LY`�,�
')��PO�&��1
'`RG��1&�����
'QD��>�,��!0�>R&R9�>�=���K�)��!T�,�m�"V.79�&�/������� = Y0L �&�?>Q�&�>�
'U�\+ !46]R
�)!S')')�����;�"1�')RG!(-����)!��"!�R
1&�,'�'��>�
-4!!4���>R
R&�)��6"�,BC���)�,���zR&�,���&!��

< X(~l1)X
∗(~l2) >= (2π)2CXXl1 δ(~l1 −~l2)
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_U��B#�"�"V(���K'I!��,!('#-.�]!.¢*-4��!(���='#�"! �&��1
�)�,!4�#�"!('dB#�"�"!('dM�!.�*^}�"!�R9���,���)�K'����)�,������o
')!4����VS'0�"!i�K�NBC��g�&�,%4��!d')1&�,�����5�)! �G�,�K'H')���5�2-.��BdRG��')V('H�"!S'UB#�"�"!S'
Ẽ
!.�
B̃
�"!#R9���,���)�K')�>�)�,��� ! $�5�
 ��$01 5
��'����"13hj�N^UPp�p+ 1&�&!

R9!(�I��1&��o
���������;�"!d-4!('U�"!41"6;-=$
��B#R
'`gv�&���)V4!
δE

!.�
δB

PO�"1&!���1;RG�>�)!(�5�)�,!4���"!0�,!4�5�)�,�,��!d!.�H!4�"7
��PG�p+ 1&�No
�)1&������9'r���)1&B#!(���=�>� = EN !.�
BN
>.L&M �i��V(')1&B#V �

E(~l) = Ẽ(~l) + δE(~l) +EN (~l)

B(~l) = δB(~l) +BN (~l)

= YTL ���A>
_U�T�&���)!(���U8�1
!l�\+ ���T�&V4J����,J�!b��!bB#�]�&!j^fR&����B#�����"�K�>�\L(k�!lB#�"�"!jMNR&����B#�����"�K�>�5�>�,�
')�5851&!b��!S'�-4��B#RG��'��>�5�)!S'

�"!fo&�)1
�/�i���9'r���)1&B#!(���=�>�<'I���5��')1&R&RG��')V('�J���1
')')�,!4�
'(L �U1
���5���>1&6 RG!4�)�)1
�)o
�>�)�,��� �"1&!('��>1&6X��!(�������,�,!('(Pb!(���,!(''4+ !.6"R&���,Bd!(�5��!4�0DE���
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< E(~l)B(~l′) >CMB =<
(
Ẽ(~l) + δE(~l) + EN (~l)

)(
δB(~l′) +BN (~l′)

)
>CMB

=< Ẽ(~l)δB(~l′) >CMB + < δE(~l)δB(~l′) >CMB

∼< Ẽ(~l)δB(~l′) >CMB

∼ fEB(~l,~l′)Φ(~l +~l′)

= YTL ��-�>
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���i�>1&�=� �
< δE(~l)δB(~l′) > ∼ 0

< δE(~l)δE(~l′) > ∼ (2π)2δ(~l +~l′)(CEEl − C̃EEl )

< δB(~l)δB(~l′) > ∼ (2π)2δ(~l +~l′)CBBl

= YTL � 9J>
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d̂EB(~L) =
AEB(L)

L

∫
d2~l1
(2π)2

E(~l1)B(~l2)
fEB(~l1,~l2)

ĈEEl1 ĈBBl2
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Ĉl = Cl +Nl
L
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< d̂∗EB(~L′)d̂EB(~L) >=
AEB(L)AEB(L′)

LL′

∫
d2~l1
(2π)2

∫
d2~l′1
(2π)2

< E(−~l1)B(−~l2)E(~l′1)B(~l′2) >
fEB(~l1,~l2)fEB(~l′1,

~l′2)

ĈEEl1 ĈBBl2 ĈEEl′
1

ĈBBl′
2

= YTL ���A>
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= Y0L ���A> ;&�&���
'��\+ ��1"�)��!�P"����-(�>�K-.1&�,!2'IV(R
�>��V4B#!4�5��R
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< E(−~l1)B(−~l2)E(~l′1)B(~l′2) > =

<
(
Ẽ(−~l1) + δE(−~l1) +EN (−~l1)

)(
δB(−~l2) +BN (−~l2)

)
(
Ẽ(~l′1) + δE(~l′1) +EN (~l′1)

)(
δB(~l′2) +BN (~l′2

)
>

= YTL � 
�>
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��BdR9'

EN
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<
M N = −~l1 >j^ N (−~l2

>jM N (~l′1
>j^ N (~l′2

>
>
!.�
<
M N (−~l1

>
δB(−~l2

>jM N (~l′1
>
δB(~l′2

>
>
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L
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< Ẽ(−~l1)BN (−~l2)Ẽ(~l′1)B

N (~l′2) >
!4�
< δE(−~l1)BN (−~l2)δE(~l′1)B

N (~l′2) >
L
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< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >
!('I�@�&���&g\�]1&�\L_U��-4���,-41&��!<����1"�H�p+ ��o9�����nP&��!S'`851
�����)!2-4�����)V(�,�>�)!41
��'j�,BdR
���K851
�>�5�Q�,!2o&��1&�/�U���
'I�)��1&B#!4�5�=�>�\L
~Q!(1"6��n+ !(�����)!

!41"6zDE���5�Q'I�,B#R&�,!4B#!4�5�`�,����!4����!(�&���<9C-=$
��BdR9'�J��>19')')��!(�
'(L]Ye��!S-H��!<��$&V4���)%(Bd!2�"!2W£�K- �OP"������o"����!(�5���
< EN (−~l1)BN (−~l2)EN (~l′1)B

N (~l′2) > = (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)NEE
l1 NBB

l2

< Ẽ(−~l1)BN (−~l2)Ẽ(~l′1)B
N (~l′2) > = (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)C̃EEl1 NBB

l2

= YTL � � >

kn!S'@�"!41&6m�>1"���)!S'j��B#R&�,�,851&!(�5�Q�"!('jDE���
-��������
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��BdR9'�M
!.�U^HLG~0+ �>R&��%('`��!S'`$]�]R9���)$&%S'I!S'`���"��R"�)V(!('@R9�>���Q1�!.�<_����>B#���)�*�&���
'`�K�C-.���
'r���)19-��)�,�����"!0��+ !('I�)�,BC���)!(1&� = -�DrL�)!(�,�>�)�,���
' = YTL � 9J> >�P&������1&�=� �

< EN (−~l1)δB(−~l2)EN (~l′1)δB(~l′2) > = (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)NEE
l1 CBBl2

< δE(−~l1)BN (−~l2)δE(~l′1)B
N (~l′2) > = (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)(CEEl1 − C̃EEl1 )NBB

l2

= YTL � ��>

~U!2�,�dB#�4B#!2BC�>�&�,%4��!�P"����-(�>�K-.1&�,!<�,�#R9�>�)�)�,!HJ5�>1
'�')��!(�&�&!<�"1�-.�,�
851&��%(B#!<-4�����)V(�,�>�)!(1&� �
< δE(−~l1)δB(−~l2)δE(~l′1)δB(~l′2) >= (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)(CEEl1 − C̃EEl1 )CBBl2

_U���)!(B#����851&!2851&!<�,!('@-.�,�
8m-.������V4�K���)!(1&�='lR&��V(-4V(�"!(�5��'@')!UD���-��������,')!4�5�(P"RG��1
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< EN (−~l1)BN (−~l2)EN (~l′1)B

N (~l′2) > + < Ẽ(−~l1)BN (−~l2)Ẽ(~l′1)B
N (~l′2) > +

< EN (−~l1)δB(−~l2)EN (~l′1)δB(~l′2) > + < δE(−~l1)BN (−~l2)δE(~l′1)B
N (~l′2) > +

< δE(−~l1)δB(−~l2)δE(~l′1)δB(~l′2) >= (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)
(
ĈEEl1 ĈBBl1 − C̃EEl1 CBBl1

)
= YTL � 8�>

kn!T�&!4���&��!(�@-.������V4�K���)!(1&�@s#8�19���)��!<R9�����5�='@-4��-=$
!H!(�zD����/�`�,!T-.���)��V4�K����!41&���"! 
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< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >=

∫
d2~l3
(2π)2

∫
d2~l′3
(2π)2

< Ẽ(−~l1)Ẽ(−~l3)Φ(~l3 −~l2)Ẽ(~l′1)Ẽ(−~l′3)Φ(~l′3 +~l′2) >

~l3 · (~l3 −~l2) sin 2φl2l3
~l′3 · (~l′3 +~l′2) sin 2φl′

2
l′
3

= YTL -���>
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< Ẽ(−~l1)Ẽ(−~l3)Φ(~l3 −~l2)Ẽ(~l′1)Ẽ(−~l′3)Φ(~l′3 +~l′2) > =

(2π)2δ(~l3 −~l2 +~l′3 +~l′2)C
ΦΦ
|l3−l2|

< Ẽ(−~l1)Ẽ(−~l3)Ẽ(~l′1)Ẽ(−~l′3) > =

(2π)2δ(~l3 −~l2 +~l′3 +~l′2)C
ΦΦ
|l3−l2|

(
(2π)4δ(~l1 +~l3)δ(~l

′
1 −~l′3)C̃EEl1 C̃EEl′

1

+

(2π)4δ(~l1 −~l′1)δ(~l3 +~l′3)C̃
EE
l1 C̃EEl3 +

(2π)4δ(~l1 +~l′3)δ(
~l3 −~l′1)C̃EEl1 C̃EEl′

1

)

= YTL -&�?>
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< δB(−~l2)δB(~l′2) >

L�Z���1&�d-4!4�K�&P����|�&V4J����,J�!
��!��"!41&6]�,%4B#!z�)!4��B#!m�"!��\+ !46]R
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' = YTL -&� >2RG��1&�d�,!m-4���,-41&���"!z�K�N-4��B#R9�5')���5�)!z-4���&�&!S-���V4!m�&1-.���)��V4�K����!41&�Qs 9zRG���,�5��'

< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >CO
LOM �
')1&���)!�Pp���N��qr��1"�)!(���z�>1N-4�����)V(�,�>�)!41
�Q1&�&!
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< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >UC

�)!(���,!T851&! �
< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >UC= (2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)C̃EEl1 CBBl2
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< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >CO=

(2π)2δ(−~l1 −~l2 +~l′1 +~l2)
(
C|l1+l2|C̃

EE
l1 C̃EEl′

1

~l1 · (~l1 +~l2) sin 2φl1l2
~l′1 · (~l′1 +~l′2) sin 2φl′

1
l′
2

+ C|l′
1
−l2|C̃

EE
l1 C̃EEl′

1

~l1 · (~l1 −~l′2) sin 2φl1l′2
~l′1 · (~l′1 −~l2) sin 2φl′

1
l2

)

= YTL -��A>
_U�i�)V(V(-4�)���Q-.!4�I�)!2!46"R&�)!S')')�,���i����!(-H�,!('�DE���
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'

fEB(~l,~l′) = C̃EEl
~l · (~l +~l′) sin 2φll′

!.�Q������qr��1&�)!<�,�
R
�>�)�)�,!<�&���&gv-4���&�&!S-���V4! �

< Ẽ(−~l1)δB(−~l2)Ẽ(~l′1)δB(~l′2) >=

(2π)2δ(−~l1 −~l2 +~l′1 +~l2)
(
CΦΦ

|l1+l2|
fEB(~l1,~l2)fEB(~l′1,

~l′2) + CΦΦ
|l′

1
−l2|

fEB(~l1,−~l′2)fEB(~l′1,−~l2)
)
+

(2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)C̃EEl1 CBBl2 = YTL - -�>
_U�A��o"����!(�5�T�,�����>���,���
-.!C�"!C�\+ !('I�)�,B#�>�)!(1&�T�"!C�,!4�5�)�,���,!('T!4�A�)!(R9���I�=�>�5�2��!S'2-4���,-41&�,'2�&!('T')�/6A-.���)��V4�K����!41&�='

�&���&g\�]1&�K' = !S89L = Y0L � 8�>b!.�`!S8GL = YTL - -�> >��&�>�9'���+ !.6"R&��!('�'I�,�����"!T�"V(R
�>�)� = YTL ����>��
<d̂∗EB(~L′)d̂EB(~L) >=

AEB(L)AEB(L′)

LL′

∫
d2~l1
(2π)2

∫
d2~l′1
(2π)2

fEB(~l1,~l2)fEB(~l′1,
~l′2)

ĈEEl1 ĈBBl2 ĈEEl′
1

ĈBBl′
2

(2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)
(
ĈEEl1 ĈBBl2 − C̃EEl1 CBBl2

)

+(2π)2δ(−~l1 −~l2 +~l′1 +~l2)
(
CΦΦ

|l1+l2|
fEB(~l1,~l2)fEB(~l′1,

~l′2) + CΦΦ
|l′

1
−l2|

fEB(~l1,−~l′2)fEB(~l′1,−~l2)
)

+(2π)4δ(~l1 −~l′1)δ(~l2 −~l′2)C̃EEl1 CBBl2 = YTL -�9J>
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!0s

CddL
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(ωb, ωm,ΩΛ,Mν , ln[1010As], ns, τ, yHe) = (0.023, 0.143, 0.70, 0.1, 3.2, 0.96, 0.11, 0.24)
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�(>D; 7�>@>RK�;A<N>0�EK64"�,�]�E4NY63>�[I_3$9=9=>R9��P9�I_2$?=>2�]�P9I�+�&�E>5`X35K64 T-25?;=<N>aI#�EK&�LI YNI ��3>�EYN>S9 25T
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Nmassive
ν

`+7B<
�EG/< GD2$Y&�P4!�(>]>O��Y63�� ;=2P-5`N5!2$? � 9 ;=<6>]?=>RI 3>�EK&�LK6M�9=JX>SG.�E>R93Z?A> 359A9FY6I�>S4 ;=2S�(> >@CN35Ge;��L7 I 359A9I�E>R9A9 ;eb ) K 3 1,. 9AGD>RK63Z?��L2 7@�L;=<
Mν > 0.1

>�� `�;A<N> I 359A9]25T�;=<N> ;=<&�E?A4KN>@YN;=?��LKN2m�E9 KN25; G@25I_J&�E>D;=>(�L7 K6>@M��,�EM��+�&�L>!M 9=26` 7�>!>DCQJ(>RGD; ;A<N>�4&��� >@?A>@K6G@>��(>D; 7�>@>RK 25Y6? 9)�LI_J&�,�2�6>R4 9=G@>@K635?)�E2
7@� ;A<

Nmassive
ν = 1
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Nmassive
ν = 2
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ν = 1
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