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Introduction

Les résultats présentés dans cette these concernent I'étude de la propagation d'ondes dans des géo-
métries de type trou noir. Le concept de trou noir fut pensé pour la premiére fois au XVIlléme siécle
dans le cadre de la mécanique newtonienne par Mitchell puis Laplace : intuitivement, il s’agit d'objets
célestes extrémement denses, exercant une attraction gravitationelle si forte sur les objets a leur surface,
gue méme la lumiére ne peut s’en échapper. De tels objets, lorsqu’ils sont vus de I'extérieur par des
observateurs lointains, apparaissent alors forcément “noirs”. Selon la théorie Newtonienne, I'existence
de trous noirs nécessitait néanmoins, une concentration de matiére exceptionnelle, jamais observée ni
méme imaginée, si bien que I'idée fut rapidement abandonnée. Il fallut attendre la découverte des lois
de la Relativité Générale par Einstein en 1915 et ses premiéres prédictions pour que cette idée reprenne
corps, mais dans un langage différent.

A la base des théories relativistelsy ia le constat suivant : la vitesse de la lumiére semble étre une
limite supérieure a toutes les vitesses observées par I'expérience. Einstein érigea cette observation en
postulat de sa nouvelle théorie. Les implications en sont profondes : les notions d’espace et de temps,
pensées ala maniére classique, sont en fait étroitement reliées et ne forment qu’une sellesgatité;
temps fondamentalement quadri-dimensionnel. La géométrie de cet espace-temps, c’est a dire la fagon
de mesurer les distances entre deux “événements” différents, est d’'un type nouveau par rapport a la
traditionelle géométrie euclidienne utilisée dans la mécanique classique de Newton : la géométrie qui
décrit un espace-temps relativiste est désormais lorentzienne.

Commencons par I'exemple le plus simple d’espace-temps relativiste : I'espace-temps plat ou espace-
temps de Minkowski. Le cadre de travail est alors une varndté 4 dimensions qui, dans un systéme de
coordonnées bien choisi, est égal a

M=R xRy, xRy, xRy,
et la géométrie de cet espace-temps est caractérisée par la métrique lorentzienne
n = dt* — dz? — da3 — dz3. (1)

La meétrique (1) a pour signatufe- — ——). En conséquence, tout vectélrde I'espace tangerffM
au pointp € M entre dans I'une des trois catégories suivantes :

— temporel sih(V, V) > 0,

— isotrope ou nul si(V, V) =0,

— spatial sip(V,V) < 0.
En chaque poinp € M, on appellecéne d’ondeou céne de lumiérdensemble des vecteurs isotropes
en ce point. Cette structure est la structure fondamentale de toute géométrie lorentzienne. Elle permet
de définir les trajectoires physiquement admissibles pour tout ce qui vit dans I'espace-temps. Si I'on
considere par exemple une particule et que I'on noteR — M sa trajectoire, aussi appelée ligne
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d’événements, alors le vecteiifs), tangent a cette trajectoire, doit étre temporel ou isotrope pour tout

s € R, c’est & dire que les vecteurs tangents doivent se trouver a l'intérieur des cdnes de lumiére en
chaque point de la trajectoire. Ceci est la traduction mathématique du fait gu’aucune vitesse observée ne
peut étre supérieure a celle de la lumiére.

Comment rendre compte des effets de la gravitation dans ce cadre relativiste ? L'idée d’Einstein fut
de considérer la force de gravitation non plus comme une force au sens commun, agissant sur les objets
massifs, mais comme une manifestation de la courbure de I'espace-temps. Plus précisément, I'espace-
temps de la théorie de la Relativité Générale est alors décrit comme un ¢adudple ou M est une
variété différentielle de dimension égale a 4atne métrique lorentzienne s, i.e. une forme bili-
néaire symétrique réelle de signatgre — ——).

La métriqueg définit toujours une structure de cone d’onde en chaque point de I'espace-temps mais
maintenant, ces cones peuvent étre déformés, plus ouverts, plus aigus, plus inclinés ou moins syme-
triques, selon les points ou I'on se trouve. Les objets physiques se déplacent sur les trajectoires dont
les vecteurs tangents se trouvent a l'intérieur des cones de lumiéres en chaque point de la trajectoire.
Plus généralement, les cones de lumiére déterminent la facon dont les ondes se propagent. Les directions
isotropes, c'est a dire les vecteurs isotropes, correspondent aux directions caractéristiques des équations
d’onde covariantes.

A l'origine de la courbure de I'espace-temps, il y a la distribution de matiere, ou de maniére équiva-
lente d’énergie, présente dans l'univers. Ce lien est traduit par les équations d’Einstein :

Gy = 811y, 2

ou G, représente le tenseur d’Einstein (formé a partir du tenseur de courbure, lui-méme formé a partir
de la métrique et de ses dérivees premieres et secondéy) est le tenseur énergie-impulsion. Le
membre de gauche décrit la géométrie de I'espace-temps, par exemple indique la forme des cones de
lumiere en chaque point, alors que le membre de droite décrit la distribution d’énergie dans l'univers. Les
équations (2) forment un systéme couplé d’équations aux dérivées partielles non linéaires et indiquent
gue la géométrie et la distribution d’énergie de I'espace-temps interagissent de maniére complexe.

A cause de leur non-linéarité, trouver une solution aux équations d’Einstein dans toute leur généralité
semble hors de portée, méme si I'on suppose I'univers vide de toute forme d’emnerdjg, = 0 dans
(2). Aussi, ce fut avec étonnement gu’Einstein recut et communiqua a la communauté scientifique, peu
aprés sa propre découverte des fondements de la Relativité Générale, la premiére solution exacte de ses
équations, distincte de I'espace-temps de Minkowski : une solution obtenue par K. Schwarzschild en
1916 et qui fournit maintenant le modéle le plus simple de trod.noir

La solution de Schwarzschild décrit un espace-temps a symétrie sphérique (situation idéalisée), so-
lution des équations d’Einstein dans le vide. En coordonnées de SchwarZschiltl ¢), cet espace-
temps est donné par

M=R XR:r XSg,Lp’

muni de la métrique lorentzienne

1
F(r)

g= F(r)clt2 — dr? — r?dw?, 3)

OUF(r)=1- % M est une constante éi> = df” + sin® 0dp? est la métrique usuelle sur la sphére
S?. La constantel/ peut étre interprétée comme la masse d’un astre, isolée dans I'univers et localisée

*Einstein, en retour & la lettre ot Schwarzschild lui anoncait sa solution, répondit & celui-ci : “I had not expected that the
exact solution to the problem could be formulated. Your analytical treatment of the problem appears to me splendid.”
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-

FiG. 1. Géodésiques isotropes radiales dans les coordonnées de Schwarzschild.

au pointr = 0 (la densité de masse est alors infinie en ce point). La métrique (3) décrit alors la courbure
de I'espace-temps générée par cette masse. Voici les principales propriétés de cette solution.

L'espace-temps est asymptotiquement glat,g — n quandr — +oo. Cela confirme notre in-
terprétation que la massd est isolée dans l'univers : loin de la source de gravitation, I'espace-temps
apparait plat. Plus important, la métrique (3) posséde deux singularités : le{point)} qui est une
véritable singularité de courbure, mais aussi la spkere 2M }, appelée horizon des événements, qui
est en fait une singularité de coordonnées. Cet horizon sépare I'espace-temps en deux régions connexes :

— L'extérieur du trou noifr > 2M}. C’est un domainetatique: le champ de vecteu§ est de

Killing (son flot est une isométrie), temporel et orthogonal a une famille d’hypersurfaces spatiales

(les hypersurfaces de niveau tje

— L'intérieur du trou noir{r < 2M}. Dans cette région, le champs de vectegglrdevient spatial

alors quea% est temporel. C’est une régialynamiqueou les objets sont entrainés sans résistance

possible vers la singularitg- = 0}.
Afin de mieux visualiser les résultats précédents, on représente les cdnes de lumiére dans un diagramme
espace-temps en deux dimensions (Figure 1). Ceci permet en outre de mieux comprendre la nature de la
singularité a I'horizon des événements.

On voit que lorsque: — 2M, les cbnes deviennent plus aigus (resp. plus obtus) a I'extérieur (resp.
a l'intérieur) de I'horizon. De plus, a I'extérieur du trou noir, les cénes futurs sont orientés dans le sens
dest croissants tandis qu’'a I'intérieur du trou noir, les cénes futurs sont orientés dans le serdédes
croissants : ce choix d’orientation temporelle est consistant avec une description de type trou noir de la
géomeétrie ; une orientation opposée de l'intérieur correspondrait a un trou blanc. Ainsi, tout ce qui se
trouve a l'intérieur du trou noir doit terminer son existence sur la singulérité 0}. Que se passe-t-il
a I'horizon des événements ? Pour le comprendre, examinons le comportement des rayons lumineux.
Puisque I'espace-temps est parfaitement sphérique, on regarde seulement les rayons lumineux radiaux
dont les trajectoires sont contenues dans le plan engendi@, parLeurs trajectoires sont legodé-
siques isotropes radialede I'espace-temps. Ces trajectoires sont les chemins les plus rapides pour aller
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vers I’horizon ou pour revenir depuis I'horizon. A I'extérieur du trou noir, les trajectoires des rayons lu-
mineux radiaux sortants (resp. rentrants) sont données par les courbes intégrales des champs de vecteurs

0 0

+
LA R
VE=g 2 F05

et sont représentées sur la Figure 1. En particulier, on voit que le long des courbes sortantes (resp.
rentrantes), la fonction tend verst-oo (resp.—oc) quandr — 2M. Pour interpréter ce phénomene, il

faut tout d'abord comprendre queorrespond a I'expérience du temps pour des observateurs statiques

a l'infini, c’est a dire des observateurs représentés par le champ de vggheiuqﬂi sont situés a l'infini

spatial. Le systéeme de coordonnées de Schwarzschild décrit donc I'espace-temps du point de vue de
ce type d'observateurs. Les trajectoires des géodésiques isotropes radiales montrent qu’il faut un temps
infini (mesuré par ces observateurs) pour que tout objet matériel ou sans masse, atteigne I'horizon ou en
revienne. Pour eux, I'univers visible a la forme

M =Ry x]2M, +00[x S},

et ils percoivent I'horizor{r = 2M } comme uneégion asymptotiquee I'espace-temps.

Comme on I'a déja dit, la singularité a I'horizon est une singularité de coordonnées. Finkelstein en
1958 proposa un nouveau systéme de coordonnées correspondant au point de vue d’observateurs plon-
geant dans le trou noir. L'idée est de remplacer la coordohpéeune coordonnégqui reste constante
le long des rayons lumineux radiaux sortants. Un trou noir de Schwarzschild est alors représenté par la
variéte

M =R, xRf x 57,

munie de la métrique lorentzienne
g = F(r)du® — 2dudr — r?dw?. 4

La métrique (4) possede toujours une singularitéen= 0} mais reste réguliére efr = 2M}. En

fait, {r = 2M} apparait comme une hypersurface réguliére isotrope. On a représenté sur la Figure 2 un
diagramme d’espace-temps avec la forme des cones d’onde en différents points de I'espace-temps ainsi
gue quelques trajectoires radiales de rayons lumineux.

A l'aide de ce diagramme, on voit que rien n'empéche de s’approcher de I'horizon et on retrouve le
fait qu’une fois a I'intérieur du trou noir, il n'est plus possible d’en ressortir.

Faut-il croire a tout ce que prédit la solution de Schwarzschild ? Grace a un résultat de Birkhoff, on
sait que toute solution des équations d’Einstein dans le vide, a symétrie sphérique, est donnée locale-
ment par la métrique (3). Ce résultat d'unicité permet entre autres d'utiliser cette solution pour décrire
I'extérieur d’étoiles que I'on suppose isolées et a symétrie sphérique. Afin d’éviter toute discussion sur
I'existence d’'un horizon des événements et ses conséquences, il suffit de supposer que le rayon de I'étoile
est supérieur a la vale@/ (ou M est la masse de I'étoile) : I'horizon est alors plongé a I'intérieur de
I'étoile ol I'espace-temps n'est plus décrit par la métrique de Schwarzschild (celle-ci est valable unique-
ment dans le vide).

Qu’advient-il pourtant lorsque I'étoile a épuisé tout son carburant et que les réactions nucléaires
s’estompent en son sein ? La pression interne n’est alors plus suffisante pour compenser la force de gra-
vitation qui tend a comprimer I'étoile. Les modeéles d’effondrement gravitationnel dus a Oppenheimer
et Snyder, puis a Wheeler et ses collaborateurs, ont clairement montré que le rayon d’'une étoile suffi-
samment massive, en train de s’effondrer, doit passer en dessous du rayon de I'horizon des événements :
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FiG. 2: Géodésiques isotropes radiales dans les coordonnées de Finkelstein.

I'effondrement engendre un trou riit.es trous noirs de Schwarzschild, ou tout du moins leur région
extérieure{r > 2M}, sont donc des modéles pertinents. La présence d'une singularité a l'intérieur

du trou noir pose néanmoins plus de problémes conceptuels. Les théorémes de singularité de Hawking
et Penrose ont pourtant montré que, dés qu’'un horizon des événements est créé, alors une singularité
de I'espace-temps doit se former a l'intérieur de I'horizon, ce qui renforce la validité de la solution de
Schwarzschild. Notons que les phénomeénes quantiques, de plus en plus importants au fur et a mesure que
I'on s’approche de la singularité, pourraient empécher la formation de celle-ci. En fait, une explication

de ce qui se passe pres de la singularité nécessiterait une théorie de la gravité quantique qui n’existe pas
encore.

Il existe d’autres types de trou noirs que les trous noirs de Schwarzschild. En 1963, Roy Patrick Kerr,
un mathématicien Néo-Zélandais, réussit a obtenir une solution exacte des équations d’Einstein dans le
vide qui décrit des objets en rotation (symétrie cylindrique). Cette solution, appelée trou noir de Kerr,
est particulierement importante puisque tous les astres observés sont en rotation. Dans le systeme de
coordonnées de Boyer-Lindquist, cette solutig, g) est donnée par

M:RtXRTXSg,gm

et

2M 4Mar sin® 0 ’ ’
g=(1- [)27”)0%2 + %Smdtmp —Par? — prae? - % sin® 0o, (5)

A
avec

p? =12+ a’cos® 0, A =7?+a® - 2Mr,
o’ = (7'2 + a2)p2 +2Mra®sin® 6 = (7’2 + a2)2 — Aa?sin? 6,

ou M est la masse du trou noir @ison moment angulaire par unité de masse. On observe tout d’abord
que lorsqu’on prend. = 0 dans (5), on retrouve la métrique (3). Les trous noirs de Kerr généralisent

2| existe toutefois deux états intermédiaires pour des étoiles moins massives : les naines blanches et les étoiles & neutrons
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donc les trous noirs de Schwarzschild. La métrique (5) est indépendagteCida traduit la symétrie
cylindrique de la solution. L'espace-temps est en fait en rotation par rapport a un axe passant par ses
pbles Nord et Sud (ceci se voit a travers le temgenon nul qui couple les variableset ). Enfin,
I'espace-temps est de nouveau asymptotiquement plat : la solution de Kerr modélise donc un objet de
masselM, en rotation et isolé dans I'univers.
La metrique (5) possede deux types de singularités : d'une part 'anneau0,0 = 7} qui est
une singularité de courbdret d’autre part, les lieux ol la fonctioh s’annule qui sont des horizons des
événements. Selon les valeurs respectived/det a, la fonctionA peut avoir 0, 1 ou 2 racines. Il existe
donc trois types d’espaces-temps de Kerr :
— Kerr lent lorsquda| < M. La fonction A possede alors deux racines= M + v M? — a?. |l
existe donc deux horizons.
— Kerr extrne lorsquda| = M. A posséde dans ce cas une racine dowpte M etil n’y aqu’un
seul horizon.
— Kerr rapide lorsquéu| > M. A n’a pas de racine réelle. La singularité de courbure est nue.
On s’intéresse maintenant seulement au cas lent, qui est considéré comme le modéle générique de trou
noir éternel en rotation (le cas extréme étant probablement instable). Les horizons séparent I'espace-
temps en trois composantes connexes appelées blocs de Boyer-Lindquist :

Bloc | : C’est I'extérieur du trou noifr > r, }. C'est le bloc qui correspond le mieux a notre expérience
usuelle de 'espace-temps. Les vecteflrs 2 et % sont spatiaux et pour >> 1, 2 est temporel.

Cependant, le bloc | contient une régiérappelée ergosphére dans laquelle< 0 et donc% y est
spatial.£ est la région toroidale entourant I'horizon :

E={(t.,r,0,0);ry <r <M+ M?—a?cos?6}.

Dans 'ergosphere, les effets de la rotation sont extrémes et le long de toute courbe non spatiale orientée
vers le futur, la quantitéy est strictement croissante. L'existenceSdeaduit le fait que le bloc I, comme

tout bloc de Boyer-lindquist, n’est pas stationnaire. Il n’existe pas de champ de vecteurs temporel globa-
lement défini dont le flot soit une isométrie (champ de Killing). Cependant, I'extérieur de I'ergosphére
est stationnaire et chaque point du bloc | admet un voisinage stationnaire.

Bloc Il : C’est la région comprise entre I'horizon extérieur et I'horizon intérigur < r < r; }. Le

8 a . y , . . ~
chgmp de vecteqr§f y est temporel eg, 30 _et 5, sont spgtlau_x. C’est une région dynamique ou les
objets sont entrainés sans résistance possible vers I’horizon interne.

Bloc Il : C’est la région se situant au-dela de I'horizon intefrexo < r < r—}. Ce bloc contient la
singularité de courburér = 0,6 = 7}, une autre ergosphere

& ={(t,r,0,0);M —V/M? —a?cos?0 <r <r_},

ainsi qu'une machine a remonter le temps (la seule régiog% @st temporel) qui permet de relier deux

points quelconques du bloc Il par une courbe temporelle future.
On représente les résultats précédents sur les figures 3 et 4 adaptées des figures présentes dans [47].
Examinons plus précisément le bloc I. La fonctiches coordonnées de Boyer-Lindquist correspond

de nouveau au temps propre d'observateurs positionnés a I'infini. Les géodésiques isotropes radiales

3|l faut remarquer ici que la sphére= 0 n’est pas réduite & un point. En fait, la sphére de rayatest réduite & un point
pour aucune valeur de ce qui explique pourquoi on peut étendre la variatdetout I'axe réel
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Axe de rotatiord = 0,0 =«

Horizon externe: = r

Singularité annulaire Horizon interner = r_

FIG. 3: Les blocs de Boyer-Lindquist et I'ergosphere d’un trou noir de Kerr.

Ergosphére

Horizon interner = r_

Horizon externe: = r4

FiG. 4: Le plan équatorial d’un trou noir de Kerr : les cdnes de lumiére indiquent la rotation de I'espace-
temps dans I'ergosphére
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dans Schwarzschild sont remplacées par les “géodésiques isotropes principales”, courbes intégrales des
champs de vecteurs
2 +a® 0 0 a 0
— .

A ot Or Ady
Ces trajectoires correspondent aux rayons lumineux émis ou regus en direction du trou noir par un ob-
servateur a I'infini. Le long de ces trajectoires, la foncticend verstoo lorsquer tend versr.. En
conséquence, comme pour les trous noirs de Schwarzschild, I'horizon eftetne } est pergu comme
une région asymptotique de I'espace-temps pour des observateurs fhihtamigers visible a alors la
forme

VE =

M =Ry x]|ry, —i—oo[ng,Lp.

L'existence d'une ergosphére dans le bloc | donne naissance a un phénomene nouveau et remar-
guable : la superradiance. A l'intérieur de I'ergosphére, les champs et les particules peuvent avoir une
énergie négative. Penrose a montré par une expérience de pensée simple qu'il est possible d'utiliser cette
propriété pour extraire une partie de I'énergie de rotation du trou noir : Une particule deesgiie dans
'ergosphére et se décompose en deux photons dont un a une énergie négative ; celui-ci traverse I'horizon
et l'autre ressort de I'ergosphére avec une énergie supérieure a celle de la particule initiale. Ceci est pos-
sible car I'ergosphere est située a I'extérieur de I'horizon externe et donc il est toujours possible de s’en
échapper. Le phénoméne analogue pour les champs de spin entier s’appelle la superradiance. Ce point
sera détaillé plus loin.

Les espaces-temps de Minkowski, Schwarzschild et Kerr que I'on a considéré jusqu’ici sont des solu-
tions exactes des équations d’Einstein dans le vide. Ce sont des exemples de géométrie ou seule la gravité
entre en jeu. Des phénoménes particulierement intéressants apparaissent lorsqu’on couple les effets de la
gravitation avec d’autres forces fondamentales de la physique. La découverte des trous noirs possédant
une charge électrique est I'exemple le plus simple d'un tel couplage. Ce sont des solutions exactes des
équations d’Einstein (2) couplées aux équations de Maxwell. En 1965, Neatahabtinrent de cette
maniére une généralisation de la métrique de Kerr. Cette solution est donnée par

M:RtXR,,-XSg,Lp,

et

2_oM 2a sin® 0(2Mr — Q? 2 2
%)dﬂ%— a5 (p2 "= Q) - %dﬁ—;ﬂ(w?— %sinQ 0dy®,  (6)

P’ =12 +a’cos’0, A=r’+a’>+Q*-2Mr, o°=(r*>+d®)p’+ (2Mr — Q?)a’sin’#,

ou M est la masse du trou noir,son moment angulaire par unité de mass@ st charge. De plus, le
vecteur potentiel, solution des équations de Maxwell, est égal a

an @
p
Ce type de solution est maintenant appelé trou noir de Kerr-Newman. Ce sont les trous noirs les plus

généraux que I'on puisse considérer. Leurs caractéristiques essentielles ne sont pas fondamentalement

dt — asin® 0dyp).
®

4l s’agit encore une fois d’une simple singularité de coordonnées. Des observateurs tombant dans le trou noir n’ont aucun
mal & franchir I'horizon.
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différentes de celles d’'un trou noir de Kerr. Lorsqu’on prenek 0 dans (6), on obtient une solution,
appelée trou noir de Reissner-Nordstrom, qui décrit un trou noir électriquement chargé et a symétrie
sphériquej.e.

M:Rt XR,;*_ XSaz,Lp,
et

1 2 .27 2
F(T)dr redw?, (7

g = F(r)dt* —

OUF(r)=1-2M1 4 9

Plus généralement, I'étude de I'existence et des propriétés des solutions des équations d’Einstein
(2) couplées a des équations de champs (Onde, Klein-Gordon, Maxwell, Dirac, perturbation gravitation-
nelle), notées génériquement

Ly(z,0,) =0, (8)
est un des problémes fondamentaux de la relativité générale. Dans ce systeme, la méttewéent
explicitement dans I'écriture de I'équation satisfaite par le champ. Celui-ci, en retour, apporte une contri-
bution non nulle au tenseur énergie-impulsion des équations d’Einstein. Face aux difficultés majeures du
systeme (2), (8), on fait I'hypothése d’approximation linéaire, c’est a dire que I'on néglige l'influence
du champy sur la métriquey. Cela revient a étudier le champ sur une variété Einsteinienne fixe. Malgré
cette approximation linéaire, on a espoir que ce type de résultats donne un bon apercu de la physique
des trous noirs et de leur interaction avec les autres champs de la physique. Plus particulierement, cette
approche permet d'étudier de maniéere rigoureuse certains aspects d'une théorie de la gravité quantique
(encore inexistante) en traitant de maniére classique le champ gravitationnel et de maniére quantique les
équations de champs. Ceci est a l'origine de la découverte fondamentale du rayonnement émis par les
trous noirs : I'effet Hawking.

Dans cette thése, on étudie successivement la propagation de champ%deu;phramps de Dirac)
dans I'espace-temps de Minkowski puis a I'extérieur de trous noirs de Reissner-Nordstrém et enfin Kerr-
Newman. Ce qui nous intéresse plus spécialement ici est I'étude de la diffusion (ou diffraction) des
champs de Dirac dans ces différentes géométries. Précisément, on veut comprendre comment des effets
relativistes extrémes (par exemple, I'existence d’horizons des événements) influent sur la propagation de
ces champs.

La théorie de la diffusion est I'’étude de la propagation de champs et de leur comportement asympto-
tique en temps. On s'intéresse uniquement a la partie du champ qui “diffuse”, c’est a dire a la partie du
champ qui ne reste pas confinée dans une région compacte mais plutdt, qui s'échappe vers les régions
asymptotiques de I'espace-temps (I'horizon et l'infini spatial pour des trous noirs). Dans les régions
asymptotiques, le champ vérifie souvent des équations plus simples. Le but d’'une théorie de la diffusion
est alors de caractériser ces équations simplifiées, en fonction des paramétres physiques du systeme (dans
notre cas, en fonction de la géométrie des trous noirs).

En espace-temps plat, le cadre mathématique général de la théorie de la diffusion est le suivant. On
suppose que I'équation de champ peut s’écrire sous la forme hamiltonienne

10 (t) = Hp(t), (9)

ol la fonctiony(¢) prend ses valeurs dans un espace de Hillgpar exempleH = IZ(R?, dx)) et H

est un opérateur autoadjoint sHr. Si I'on notee“! le propagateur associéf4, les solutions de (9)
sont données pap(t) = e " ¢ ol = 4)(0) est la condition initiale du probléme. On suppose de plus
gue l'opérateut peut s'écrire sous la forme

H = HO + V(iﬁ),
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ou H, est un opérateur autoadjoint sir appelé hamiltonien libre, 8 un opérateur de multiplication
sur?#. Le potentielV’ doit étre compris comme une perturbationiedont les effets sont négligeables
dans les régions asymptotiques de I'espace. Précisénegtifie une certaine décroissance a I'infini du
type |V (z)| < C{z)~*, u > 0. Intuitivement, on s’attend a ce que les solutions de (9) qui diffusent vers
les régions asymptotiques$z| — +oo}, puissent étre approchées asymptotiquement par des solutions
de I'équation libre

0o (t) = Hotho(2)- (10)
On cherche donc les solutioggt) de (9) pour lesquelles il existe une solutigyit) de (10) telle que

im [l (8) = go(®)l| = 0.
Si 'on écrit ces solutions en fonction de leur donnée initiake, iy (t) = ¢ ¢ etehy(t) = e Mg,
on a alors la relation suivante enipeet ¢
_ itH —itHo ;&

6= Jim, oo g
Ceci incite a introduire les opérateurs d'oride : qsoi — ¢ qui font le lien entre les données initiales
gboi et ¢. Montrer I'existence de ces opérateurs (sur un sous-espage liden choisi) est la premiére
guestion fondamentale de la théorie de la diffusion.

Les opérateurs d'onde ont une chance d’exister si on les définit pour les données ilzgftiqlﬂ's
diffusent vers linfini. De maniére générale, {t) = ¢ *4¢ est un champ qui satisfait I'équation
i0pp(t) = Aw(t) avec A un opérateur autoadjoint s@f, cette propriété est intimement liée au type
spectral auquel appartient la donnée initialé’lus précisément, pour qu'il y ait diffusion, celle-ci doit
appartenir &4.(A), le sous-espace spectrale H correspondant au spectre continu associé. &n
fait, on peut méme se restreindré{a.(A) le sous-espace spectral correspondant au spectre absolument
continu car dans la plupart des situations physiques, &4;,a(A) = 0. Inversement, si la donnée
initiale appartient &4,,(A) alors I'énergie de la solution dans une région compacte de I'espace ne tend
pas vers).

La théorie de la diffusion se résume alors dans les trois points suivants. On cherche tout d’abord a
montrer I'existence des opérateurs d’onde directs, définis précisément par les limites fortes :

W*=s— lim etfeHoge(fy). (11)
t—+oo
On note?; les images d&/*. Lorsque les opérateurs d’onde (11) existent, alors ils satisfont automati-
quement les propriétés suivantdd’* sont des isométries partielles vérifight*) ='W+ = H,.(Hy),
W*(W*)~! = #H. ainsi que les relations d’entrelacement

HW* = W*H,. (12)

En particulier, les parties absolument continues des opérateatdf, sont unitairement équivalentes et
donc les espacéi.. sont toujours inclus dari,.(H ). On aimerait montrer qQUE+ = H,.(H). On dit

°Rappelons que le spectre de tout opérateur autoadjpistir H peut se décomposer ef{A) = a,,(A4) U o.(A) et
0c(A) = 0ac(A)U0sing (A) OUopp(A), 0c(A), 0uc(A) etosing (A) représentent respectivement le spectre purement ponctuel,
le spectre continu, le spectre absolument continu et le spectre singulleGai entraine la décomposition suivante de I'espace
de Hilbert# :
H=Hpp(A) B Hce(A) et He(A) = Hac(A) S Hsing (A).
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gue les opérateurs d’'onde sont complets lorsque cette derniere propriété est satisfaite. Ce dernier point
est équivalent a montrer I'existence des opérateurs d’'onde inverses
W+ =s— lim etHoe=itl10c(f), (13)

t—+oo

Enfin, on dit que les opérateurs d’onde sont asymptotiquement complets si I'on montre aussi
Osing(H) = 0. (14)

Lorsque (11), (13) et (14) sont satisfaits alors on peut comparer toutes les solutiprs e ¢ de (9)
qui diffusent & l'infini (.e. ¢ € H,.(H)) avec des solutions plus simplgg(t) = ¢ 10 ¢ satisfaisant
(10).

La méthode standard pour prouver I'existence des opérateurs d’onde directs et inversegtsida
de Cook Celle-ci est basée sur I'observation suivante f sist une fonction réelle, a valeurs dans un
espace de Banach, différentiable, aL@im f(t) existe lorsque sa dérivée(t) appartient &' (dt). En

—00

conséquence, il suffit simplement de montrer que

%eitHe—itHolp _ eitH,iVe—itHolp c Ll(dt), (15)
%BitHoe_itH’l/J _ BitHO’L.VB_itH’I/J € Ll (dt), (16)

pour touty) dans un sous-espace denseHafin de prouver I'existence de (11), (13). En général, il est
facile de montrer (15) car I'opératellf, est simple et I'on a des formules explicites pour le manipuler.
Par exemple, des techniques de phase stationnaire peuvent s’appliquer. Ce n’est pas le cas pour (16).
Plusieurs méthodes ont été développées afin de pallier a cette dissymétrie du probléme : les méthodes a
trace (voir par exemple [69], Vol 3), les méthodes basées sur un principe d’absorption limite et la théorie
des opérateursl -smooth (voir [69], Vol 4 ou [78]) et enfin les méthodes complétement dépendantes du
temps (voir [21]) que I'on a adoptées dans cette these et qui sont décrites plus loin. Toutes ces méthodes
permettent de reformuler la question de I'existence d’opérateurs d’onde inverses sous une forme qui rend
la méthode de Cook applicable.

Le formalisme décrit ci-dessus fonctionne pour des poteriticdscourte portéd,e. si

\V(z)| < C(z)™", p> 1.

Dans ce cas, on peut comparer la dynamique physigti€ et la dynamique de comparaisen‘*o,
Au contraire, si le potentiel est a longue portée,si

V(z)] < Cz) ™", 0 <p <,

alors les limites fortes (11), (13) n’existent plus. Il faut alors modifier la dynamique de comparaison
e~ Ho en |ui ajoutant un terme de phase non local qui dépend du comportement asymptotique du poten-
tiel V. Le choix du terme de phase n’est pas unique et dépend du type de décroissance du potentiel
(voir par exemple [21] et [78]). Dans le cas de potentiel & longue portée de type Couloml ), on
peut utiliser une modification a la Dollard [26]. Cette approche sera décrite plus loin.

En espace-temps plat, les résultats de diffusion pour des équations de champs sont nombreux. On
se limite ici au cas d’'une équation de Dirac avec potentiels. Pour des potentiels scalaires et matriciels
a courte portée et singuliers, on peut citer les travaux de Boutet de Monvel-Berthier, Manda, Purice
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[11] et Georgescu, Mantoiu [37] qui utilisent un principe d’absorption limite et la théorie des opérateurs
H-smooth. Le cas de potentiels a longue portée de type Coulomb a été traité par Enss, Thaller [29] et
Muthuramalingam, Sinha [59] en utilisant les techniques dépendantes du temps développées par Enss
[27], [28]. Le cas de potentiels a longue portée plus généraux a été traité par Gatel, Yafaev [34] aussi par
un principe d’absorption limite.

On peut adapter le cadre mathématique général décrit ci-dessus pour étudier la théorie de la diffusion
d’équations de champs par des trous noirs du point de vue d’observateurs lointains. Comme on 'a déja
dit, I'extérieur d’un trou noir est alors la seule partie visible pour de tels observateurs. Pour tous les trous
noirs que I'on a cités, cette région extérieure est globalement hyperbolique : il existe une fonction temps
t globalement définie telle que les hypersurfaces de nivéaux {t = Cte} soient un feuilletage de
I'espace-temps par des hypersurfaces de Cauchy. En conséquence, on peut toujours écrire les équations
de champ sous forme d’une équation d’évolution par rapport a la variahbleune variété riemannienne
fixe (par exemple}X = X). Si cette équation d’évolution peut s’écrire sous la forme hamiltonienne
(9) alors on peut appliguer le formalisme précédent. Cela est toujours le cas si par exemple I'extérieur
du trou noir est statique ou stationnaire. Une différence importante toutefois est I'existence de deux
régions asymptotiques, I'horizon et l'infini spatial, aux propriétés géométriques trés différentes. Il faut
donc définir des opérateurs d’onde distincts, qui seront liés a la géométrie locale du trou noir, selon que
I'on considere la partie des champs qui se propage vers I'horizon ou vers l'infini.

Pour les géométries de Schwarzschild et de Reissner-Nordstrom, la théorie de la diffusion est main-
tenant bien comprise pour de nombreuses équations de champs. L'extérieur de ces trous noirs est une
région statique et entre donc dans le cadre précédent. De plus, la symétrie sphérique de ces espaces-
temps permet de simplifier considérablement I'analyse en se ramenant a une équation d’évolution a une
variable d’espace par une décomposition sur les harmoniques sphériques. Il est alors possible d'utili-
ser des méthodes de classe trace pour montrer I'existence et la complétude asymptotique des opérateurs
d’onde. Pour des trous noirs de Schwarzschild, les premiers travaux ont été menés par Dimock [22] (exis-
tence des opérateurs d’onde pour une équation d’onde) puis Dimock, Kay [23] (existence des opérateurs
d’onde modifiés pour des champs de Klein-Gordon). Ces travaux ont été poursuivis par Bachelot [3],
[4] (existence et complétude asymptotique des opérateurs d’onde pour des champs de Maxwell et pour
Klein-Gordon avec madification a l'infini) et par Nicolas [62] (existence et complétude asymptotique des
opérateurs d’'onde pour des champs de Dirac sans masse). Pour des trous noirs de Reissner-Nordstrém,
Jin [51] et Melnyk [54], [55] ont établis I'existence et la complétude asymptotique des opérateur d’onde
(modifiés a I'infini) pour des champs de Dirac massifs et chargés.

Obtenir une théorie de la diffusion dans des espaces-temps de type trou noir est le premier pas vers
une étude rigoureuse de phénomenes physiques comme I'effet Hawking ou I'étude des modes quasinor-
maux d’un trou noir. L'étude de I'effet Hawking, dans le cas de trous noirs éternels a symétrie sphérique,

a été initiée par Dimock , Kay [24], [25]. Dans le cas d’'une étoile en effondrement gravitationnel, I'exis-
tence de la radiation d’'Hawking a été montrée par Bachelot [5], [6], [7] et Melnyk [56], [57]. L'étude des
résonancésde trous noirs de Schwarzschild a été menée par Bachelot, Motet-Bachelot [8] (équation de
Regge-Wheeler) puis par Sa Barreto, Zworski [73] (équation des ondes).

L'étude de la théorie de la diffusion dans des trous noirs de Kerr ou de Kerr-Newman est bien plus
compliguée. Le probléme majeur provient de la non stationnarité de I'extérieur de ces trous noirs. Consi-
dérons, par exemple, 'équation des ondes dans Kerr.

Dgf =0,

®Les résonances sont les poles complexes de I'extension analytique de 'opérateur de dfffusiennotion reliée aux
modes quasinormaux
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1 1
Oy =912 > Qulgl>g™ 0y, 19l = |detg],
w,v
est I'opérateur des ondes donné par la métrique (5). L'énergie mesurée par un observateur lointain, qui
est conservée, s'écrit alors

A? A P2 — 2Mr o2
2 = 2 2 2
/E{|8tf| g l0f P+ 100 f P + 10,11 }—Adrdw.

.. 2_ , e s laea s , . TP L )z . .
Le coefﬁment’;2 S?nj\fg est négatif a l'intérieur de I'ergosphere et positif a I'extérieur. L'énergie conservée

n'est donc pas toujours positive. Ceci entraine notamment le phénomeéne de superradiance par lequel le
champ peut extraire de I'’énergie de I'ergosphére pour augmenter son énergie propre a I'extérieur de
I'ergosphére. Plus généralement, pour des équations de spin entier, il n’existe pas de quantité positive de
type énergie qui soit conservée au cours de I'évolution. En conséquence, I'équation qui décrit I'évolution
du champ, s’écrit toujours sous la forme hamiltonienne (9) mais I'opérdfentest plus autoadjoint.

Le formalisme détaillé plus haut n’est plus valable. Néanmoins, Hafner [44] a réussi a développer une
théorie de la diffusion pour des champs de Klein-Gordon dans Kerr en limitant son étude aux modes
non superradiants : ce sont des modes ayant des moments angulaires relativement faibles pour lesquels
il existe une énergie positive conservee et le formalisme précédent s’applique donc.

C’est un fait remarquable que ce phénomeéne de superradiance n’existe pas pour des champs de Di-
rac ou plus généralement pour des champs de spin non entier. Il existe toujours dans ce cas une quantité
positive qui est conservée au cours de I'évolution. L'équation qui régit cette évolution prend alors la
forme voulue (9). Une théorie de la diffusion compléete a ainsi été obtenue par Hafner, Nicolas [46] pour
des champs de Dirac sans masse dans Kerr. Les difficultés essentielles de ce travail proviennent de la
géométrie compliquée de I'espace-temps, notamment dans un voisinage de I'horizon, et de I'absence de
symétrie sphérique. Afin d’écrire I'équation de Dirac sous une forme convenable pour une étude de la dif-
fusion, c’est a dire une forme sans termes a longue portée artificiels a l'infini, il a fallu mieux comprendre
les effets de la rotation du trou noir. Ceci a conduit a introduire une nouvelle tétrade de Newman-Penrose,
adaptée a la rotation locale de I'espace-temps. L'absence de symétrie sphérique interdit quant a elle I'uti-
lisation de méthodes a trace et impose de recourir a des méthodes plus avancées, estimation de Mourre,
principe d’absorption limite et techniques de commutateurs, afin d’obtenir I'existence et la complétude
des opérateurs d’onde. Du fait de la géométrie complexe de I'horizon, I'obtention d’'une estimation de
Mourre se révele techniguement assez délicate.

D’autres types de résultats ont été obtenus concernant I'étude d’équations de champs dans les géo-
métries de Schwarzschild, de Reissner-Nordstrom, de Kerr ou de Kerr-Newman. Le probleme de Cauchy
pour des champs de Dirac dans ces espaces-temps fait I'objet d’une étude précise par Nicolas [65]. Fins-
ter, Kamran, Smoller et Yau, ont aussi étudié les propriétés de ces mémes champs a I'extérieur d’un trou
noir de Kerr-Newman dans la série de travaux [30], [31], [32]. lls montrent tout d’abord I'absence de
solutions périodiques en temps, puis ils obtiennent une formule trés explicite du propagateur associé a
'équation d’évolution grace a laquelle ils établissent une estimation sur la vitesse de décroissance en
temps dand.j... Nicolas [61], [64] examine I'existence de solutions pour une équation de Klein-Gordon
non linéaire pour des trous noirs a symétrie sphérique généraux et aussi Kerr. Enfin, Hafner [45] est
en train d'utiliser les résultats de [46] et [17] pour montrer rigoureusement I'existence d’une radiation
d’Hawking dans un trou noir de Kerr-Newman.

Les théories de la diffusion développées dans cette thése sont toutes obtenues par des méthodes com-
pletement du temps. Initialement développées afin d’étudier la théorie de la diffusion de systemes de




XViii Introduction

particules quantiques (I'équation qui décrit I'évolution d’un tel systéme est I'équation de Schrddinger),
ces méthodes se révelent particulierement adaptées a I'étude d’équations relativistes. Elles sont en effet
basées sur la structure fondamentale de la relativité : le cone de lumiére. Ces méthodes sont par ailleurs
extrémement intéressantes pour traiter de problémes a longue portée, notamment pour le choix de la
modification dans les opérateurs d’onde. Elles ont été initiées par Enss [27], [28] puis reprises par Sigal,
Soffer [71], [72], Graf [43], Dereniski [20] en vue de résoudre le probléme a N-corps en mécanique
quantique non relativiste. L'objet au coeur de ces méthodes est la dynamique play$iguafin d’ob-

tenir des informations sur cette dynamique, on s'intéresse en particulier au comportement asymptotique
d’observables physiques comme les opérateurs de position ou de vitesse. La premiere étape consiste a
obtenir des estimations de propagation faibles pour une solution. Celles-ci ont la forme suivante

[ e < e, 17)

ou B(t) est un opérateur autoadjoint dépendant du temps. Si I'on travaille par exemple en espace-temps
plat, on prend géneralememt(t) = V() avecV une fonction réguliére a support compact. En chan-
geant de place le support &fe on obtient une décroissance faible de I'énergie du champ dans différents
cbnes de I'espace-temps. On s’intéresse en particulier aux :
— estimations de vitesse maximal€es estimations signifient que I'énergie du champ tend Wers
lorsquet — oo dans le coné|z| > ¢}. On retrouve asymptotiquement le fait que le champ ne peut
se déplacer a une vitesse supérieure a la vitesse de la lumiére (égiesinotre convention).
— estimations de vitesse minimal€es estimations fournissent une version faible du principe de
Huygens. L'énergie du champ tend veérrsquet — oo dans un céné|z| < ct} ou la constante
¢ # 0 est interprétée comme une vitesse minimale de propagation.
— estimations de vitesse microlocalPans la partie de I'espace-temps ou I'énergie ne tend pas vers
0, on peut approcher asymptotiquement I'observable de positipar I'observablet) ou V est
'opérateur de vitesse classique.
Les méthodes pour obtenir des estimations du type (17) sont appelées méthodes de commutateur ou de la
dérivée de Heisenberg positive. Pour les estimations de vitesse minimale, le point crucial est I'existence
d’un opérateur conjugué au sens de la théorie de Mourre.
Une fois que I'on a obtenu ces estimations, on construit les opérateurs de vitesse asympfotique
Toujours en espace-temps plat, ceux-ci sont définis par les limites fortes suivantes
+ . itH T\ —itH
g(P*) =s— lim e™g(-)e™", (18)
ollg € C(R3) I'espace des fonctions régulieres qui tendent veasl'infini. L'intérét de ces opéra-
teurs est multiple. Tout d’abord, leurs spectres fournissent une information physiquement intéressante.
Ceux-ci correspondent aux valeurs et aux directions possibles de la vitesse du champ dans les régions
asymptotiques de I'espace-temps, percues par un observateur lointain. Un point trés important est le sui-
vant : les états qui ont pour vitesse asymptotiquie. les éléments) € H,v # 0 tels queP ) = 0
sont exactement les vecteurs propres de I'hamiltoflen d’autres termes, les solutions dont I'énergie
ne tend pas ver@ dans toute région compacte de I'espace ont aussi une vitesse asymptotique(egale a
Ceci permet de simplifier considérablement la preuve de I'existence des opérateurs d’onde inverses. En
effet, on peut remplacer dans la définition (13), la troncalye ) sur le spectre absolument continu de
H par une troncature sur les valeurs différente8 des spectres des opérateurs de vitesse asymptotique,
e.g.lkg\{o}(Pi) en espace-temps plat. Ceci combiné aux estimations de propagation permet d’utiliser
des arguments de type Cook pour prouver I'existence des opérateurs d’onde inverses.
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Lorsqu'on étudie la propagation de champs a I'extérieur de trous noirs, les opérateurs de vitesse
asymptotiques décrivent une vitesse radiale a une dimension. La projection sur leur spectre positif ou
négatif fournit un moyen trés simple de séparer la partie des champs qui diffuse vers I'horizon et celle
qui diffuse vers l'infini spatial. Ceci nous évite notamment d’introduire des fonctions de troncature arti-
ficielles dans la définition des opérateurs d’onde.

Enfin, on construit les opérateurs d’'onde modifiés. Comme les potentiels a longue portée sont de type
Coulomb, on peut utiliser les idées de Dollard [26] pour définir la modification. Le terme de phase est
génériquement noté*() ol X (¢) est un opérateur dépendant du temps qui doit commuter Hyec
Comment choisir cet opérateur ? Sil'on utilise la méthode de Cook, il faut alors montrer

%eitHe—itHoe—iX(t)¢ _ eitHi (V(IL‘) N X’ (t))e_itHO’gb € Ll(dt).
D’aprés les estimations de vitesse microlocale, on sait que I'on peut approcher asymptotiquement I'ob-
servable de position par I'observalslé. Comme) commute avedd,, I'idée est donc de définir la phase
X (t) de telle sorte qué’ (t) = V (¢V). On définit finalement 'opérateur de comparaison modifié par

Up (t) _ e—itHoT(e—i fg V(SV)dS),

ou T représente I'ordonnement temporel. Comme on I'a déja dit, le choix d'une modification n’est pas
unique. Il est donc intéressant de posséder un critére, faisant intervenir des quantités physiques bien dé-
finies, afin de valider le choix d’'une modification. Les relations d’entrelacement du type (12) fournissent
un exemple d’un tel critére : les opérateurs d’onde, lorsqu'’ils existent, doivent faire le lien entre les ob-
servables du systeme étudié et leurs équivalents asymptotiques. C’est le cas pour les opérateurs d’onde
modifiés définis ci-dessus. En effet, ils vérifient des relations d’entrelacement entre les opérateurs de
vitesse asymptotiquel* et les opérateurs de vitesse classigie i.e.

Pt =wHEY) (W)~
On décrit maintenant plus en détails le contenu de chaque chapitre.

Résumé des chapitres

Chapitre 1 : On établit une théorie de la diffusion pour des champs de Dirac massifs avec potentiels sca-
laires et matriciels a longue portée de type Coulomb. Une difficulté essentielle apparait lorsqu’on veut
définir les observables de la théorie, dont on veut étudier le comportement asymptotique. Notamment,
I'observable de position standasda la propriété désagréable de mélanger les énergies positives et né-
gatives des champs. Ceci implique que I'observable de vitesse standard associgeilie autour de
I'observable de vitesse classigWe: un phénoméne connu sous le nom de Zitterbewegung. Les opéra-
teurs de position et de vitesse standards ne constituent donc pas un bon choix d’observables physiques.
Pour remédier a cette difficulté, on utilise comme observable de position 'opérateur de Newton-Wigner
Znw QUi Ne mélange pas les énergies positives et négatives mais qui malheureusement complique le dé-
tail des calculs. On établit ensuite les estimations de propagation et on construit les opérateurs de vitesse
asymptotique. Pour obtenir les estimations de vitesse minimale, on introduit un nouvel opérateur conju-
gué au sens de la théorie de Mourre qui est particulierement bien adapté aux opérateurs de Dirac. Les
spectres des vitesses asymptotiques sont donnés exactement par la boule urité@iarsrmine en
prouvant I'existence et la complétude asymptotique des opérateurs d’onde modifiés a la Dollard.
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Chapitre 2 : On étudie la diffusion de champs de Dirac sans masse avec potentiel scalaire a longue
portée en espace-temps plat. En absence de masse, I’hamiltonien de Dirac librédséckitp, ou les

matricesl’ sont les matrices de Dirac gt= —iV. Les deux valeurs propres distinctef| de la matrice

I.p sont singuliéres ep = 0 et plus important, elles se confondent en ce point. Aussi, I'opérdfeur

n'a pas de gap dans son spectre et donc n’est pas inversible (ce point particulier était essentiel dans le
chapitre 1). En raison des difficultés liées a I'absence de masse, les méthodes usuelles ne fonctionnent pas
directement et I'étude de tels champs n’a jamais été traitée auparavant. On applique ici les méthodes pré-
cédentes en prenant soin de tronquer systématiqguement les basses énergies afin d’obtenir les estimations
de propagation et de construire les opérateurs de vitesse asymptotique. Les spectres de ces opérateurs
sont cette fois donnés par la sphére unité d&ns.e. les champs se propagent asymptotiquement a la
vitesse de la lumiére. Notons que le type de situation considérée dans cette partie se retrouve localement
lorsque I'on étudie la propagation de champs de Dirac massifs a I’horizon de trous noirs : la gravitation
extréme prés de I'horizon empéche alors de voir les effets dus a la masse.

Chapitre 3 : On développe ici une théorie de la diffusion pour des champs de Dirac chargés, massifs ou
non, a I'extérieur d’un trou noir de Reissner-Nordstrom. La symétrie sphérique du trou noir nous permet
de simplifier le probleme en travaillant sur chaque harmonique sphérique. Les méthodes précédentes
s’appliquent alors facilement. Afin d’étudier a la fois le cas massif et le cas sans masse (ce dernier cas
n'est pas traité dans [55]), on introduit un nouveau type d’opérateurs conjugués dans I'esprit de [37].
Ceux-ci permettent d’établir en outre les estimations de vitesse minimale sous une forme particuliere-
ment agréable et précise. On construit ensuite les opérateurs de vitesse asymptotigues spectres
fournissent une information importante sur la propagation des champs dans les deux régions asympto-
tiques. Dans le cas massif par exemple, on montrexgife ) = {—1}U[0,1] eto(P~) = [—1,0]U{1}.

Les champs se propagent donc asymptotiquement a la vitesse de la lumiére lorsqu’ils se dirigent vers le
trou noir alors que leur propagation est freinée par la masse a l'infini spatial. On termine enfin en prou-
vant I'existence et la complétude asymptotique des opérateurs d’onde classiques a I'horizon et modifiés
a la Dollard a I'infini. Laspect matriciel des potentiels a longue portée a I'infini pose probléme pour la
définition de la modification. En effet, les matrices qui entrent en jeu n’ont aucune raison de commuter
avec la partie libre de I'équation et donc ne peuvent entrer dans la modification a la Dollard. On propose
ici une nouvelle modification par rapport a [55] qui repose sur une réinterprétation d’un argument utilisé
par Thaller [75] lorsque la matrice en question anticommute avec la partie libre de I'équation.

Chapitre 4 : On établit une théorie de la diffusion pour des champs de Dirac chargés, massifs ou non,
a I'extérieur d'un trou noir de Kerr-Newman. Ce travail généralise dans deux directions les résultats
de [46] qui établissent une théorie de la diffusion pour une équation de Dirac sans masse a I'extérieur
d’un trou noir de Kerr : premiérement, on doit traiter ici de potentiels a longue portée dus a la masse
et a l'interaction entre la charge du champ et la charge du trou noir ; deuxiéemement, les méthodes que
I'on applique sont complétement dépendantes du temps, contrairement a [46] ou un principe d’absorp-
tion limite est utilisé. Dans un premier temps, on calcule I'équation a partir d’'une nouvelle tétrade de
Newman-Penrose (introduite dans [46]) qui suit la rotation locale de I'espace-temps. On obtient alors
une écriture de I'équation sans perturbation a longue portée artificielle a l'infini. On observe ensuite,
gue sur chaque mode angulaire, I'hamiltonien physique peut étre comparé avec un hamiltonien du type
considéré dans le chapitre 3. La différence entre ces deux hamiltoniens est a courte portée. L'étape sui-
vante consiste alors a prouver une théorie de la diffusion intermédiaire entre ces deux hamiltoniens puis a
utiliser les résultats du chapitre 3 pour construire les opérateurs de vitesse asymptotique et les opérateurs
d’onde complets (classiques a I'horizon et modifiés a la Dollard a l'infini). De maniére générale, lors-
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gu’on veut obtenir une théorie de la diffusion entre deux opérateurs dont la différence est a courte portée,
il suffit d’établir les estimations de vitesse minimale et donc, il suffit d’'obtenir un opérateur conjugué au
sens de la théorie de Mourre. L'absence de symétrie sphérique combinée a la géométrie au voisinage de
I'horizon rend toutefois techniquement plus complexe cette étape. On propose ici un nouvel opérateur
conjugué, relativement simple, inspiré de nos résultats précédents et de [46].

Chaque chapitre de cette these a donné lieu a une publication [14] et a des prépublications [15], [16],
[17]. Les chapitres peuvent étre lus indépendamment. Quelques techniques importantes sont rappelées
dans chacun d’eux. Enfin, ils comportent tous leur propre introduction.
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Chapitre |

Propagation estimates for Dirac operators
and application to scattering theory



2 Propagation estimates for Dirac operators and application to scattering theory

.1 Introduction

Time-dependent methods in scattering theory were introduced by Enss twenty five years ago in [27]
and [28]. They were originally developed to solve the N-body problem in nonrelativistic quantum me-
chanics. This was achieved thanks to subsequent improvements due, among others, to Sigal and Soffer
[71], Graf [43] and Dereniski [20] (in chronological order). A detailed and complete presentation of
these methods can be found in the book by Daséziand Gérard [21]. In the framework of relativistic
guantum mechanics, such techniques provide an intuitive description of scattering, based on the essential
structure of relativity : the light cone. In this work, we use such an approach to give a complete scattering
theory for massive Dirac operators with long-range potentials in flat spacetime.

Similar results have been obtained first by Enss and Thaller [29] and Mutharamaligam and Sinha [59]
using the Enss method and the RAGE theorem. Recently, Gatel and Yafaev [34] improved these results
for a large class of potentials by means of a stationary approach based on a limiting absorption principle
and radiation estimates for time-independent observables. The novelty in our proof is the systematic use
of time-dependent observables as proposed in [21]. In particular, this leads to propagation estimates for
the Dirac fields which, in turn, will greatly simplify the construction of wave operators. The Mourre
theory and commutator methods will be the basic tools in our study. Let us point out that these results
can be used to develop scattering theories in General Relativity. For instance, we have in mind the works
by Hafner and Nicolas [46], Melnyk [55] and Nicolas [62], on the scattering for Dirac fields on black
hole spacetimes. In the case of Kerr black holes, it has been shown in [46] that a Mourre theory and
time-dependent techniques are necessary.

We consider a massive Dirac hamiltonian denotedibgcting on the Hilbert space of physical states
H = [L?(R?®)]*. The hamiltonianH is the sum of the usual free Dirac operady = T.p + mI",

m > 0,p = —iV whereI'*,T' = (I'', I'2, ') are Dirac matrices and a potentid(z) of Coulombian

type at infinity which is the sum of a scalar and a matrix-valued multiplication operator. According to
the Heisenberg description of quantum mechanics, we shall focus our attention on the unitary evolution
e~ " and on the behaviour of (time-dependent) observables along this evolution ; that is to4ay, if
denotes a time-dependent function with values in selfadjoint operatot$ thien we are interested in
studying the behaviour of operators of the following type

Ay(t) = e At

Note that fory) € H such that the expectation valge, 4.(¢)v) is well-defined, this quantity corres-
ponds to the mean value of the results of many measurements which are all performed on systems iden-
tically prepared to be in the stafle Actually, our main objects of study will besymptotic observables
defined by

s— lim e'H A"

t—+oo

when the limit exists. It was the essential idea of Enss [27], [28] to describe the evolution of asymptotic
observables such as position and momentum and to use this information to obtain results in scattering
theory. More precisely, in the case of Dirac operators, Enss and Thaller [29] proved the vanishing of the
following limit

lim e“H(f(f) —f(V))e*“Hzp, Vo € HE(H), (.1.1)

t—=+o0 t

where#¢(H) denotes the continuous spectral subspac# @nd f € C,,(R?), the space of smooth
functions tending td® at infinity. Herez is the standard position operatoand) = pb()‘l is theclas-
sical velocity operatarThis result can be interpreted as follows : there exists a correlation between the
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localization of a scattering state at late times in a narrow cone (linearly increasing with)tand its
velocity, that is to say this result describes “propagation in phase space”. One consequence of this is that
“scattering states have been incoming in the remote past and will be outgoing in the far future, moving
away from the region of significant interactions” (quoted from [29]) which is already a weak version of
scattering.

More recently, many authors turned their attention to the construction of such observables and their
application to scattering. In particular, Sigal and Soffer [71], [72], Graf [43] and Deteznd Gérard
[21] improved the methods of Enss by using the methogasitive commutatorlso called method
of positive Heisenberg derivativdue mainly to Mourre in [58] and refined, among others, by Amrein,
Boutet-de-Monvel Berthier, Georgescu in [1]. A motivation of their work was related to one of the main
problems in scattering theory : how to define wave operators when the inter&tt®long-range (that
is to say when the potential falls off no faster thah ! when|z| tends to infinity). In such a case, the
classical wave operators

Qi —s— lim eitHefitHo 1aC(H0),
t—=o00

are no longer available. Instead it is necessary to replace the comparison dymagffiicey a more
complicated one, usually in the foren?s(:Y) where the functior has to be well chosen. Unfortunately,
this choice has no reason to be unique and thus it would be interesting to find some natural and uniquely
defined objects that, in turn, entail a natural and unambiguous definition of the wave operators.

One example of uniquely defined construction associated to the dynartfiésis the selfadjoint
operator calledsymptotic velocitgenoted byP* and defined by

P :=s—Cyx— lim eiterfitH, (1.1.2)
t—+oco t

The notion of strong=,-limit is explained at the beginning of Section 5. The asymptotic velocity admits
the other characterization in terms of the classical velocity opetator

im etye=ith (1.1.3)

Pti=s—Cyx—

and we see that (1.1.2) together with (1.1.3) imply (1.1.1). For instance, Dsteznd Gérard succeeded
in constructing wave operators of the foftit = et ¢=i5(tV) satisfying in particular the intertwining
relations

OFH)(QF)* = H1%(H),
QYO = PE

Let us emphasize that it is the essence of wave operators to make the link between the physical quantities
associated to the system (here the enelfjyand the asymptotic velocity?*) and simpler physical
quantities which allow us to make some computations (here the energy of the free $jsaeh the

classical velocity operatar).

Although it is not obligatory to introduce such an observable in the case of Dirac operators, the
asymptotic velocity turns out to be a relevant construction at least for two reasons. First it exists under
rather weak conditions. It can be shown (see [21], Section 4.10) that for certain 2-body hamiltonians for
which the asymptotic velocity exists, the wave operators fail to be complete. Thus, in this sense, it could
serve to defia a “ weak” notion of scattering theory. Secondly the asymptotic velocity can be used as a
very convenient tool to prove the existence and asymptotic completeness of wave operators. For instance,
an important feature aP* is

1oy (PF) = 172(H), (1.1.4)
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that is to say the states of zero asymptotic velocity coincide with the bound statesTdfis property
not only gives a first classification between the stateR imvhich is the initial purpose of scattering, but
will allow us to use the standard Cook method in the proof of asymptotic completeness.

Let us now briefly describe the content of each sections.

In Section 1.2, we give an abstract framework for massive Dirac Hamiltonians and analyse some
basic properties concerning their spectrum and problems of domain invariance. Next we study in details
the Zitterbewegung phenomenon for the free Dirac opetdarhich arises when one tries to define the
velocity operato). Recall that, in the case of Schrodinger operators, the velocity operator is defined as
the time derivative of the position operator and it turns out that it is independent of time. However, for
Dirac operators, the time derivative of the position operator is time-dependent and oscillates around a
mean value which is the classical velocity operatoiThis phenomenon will be the source of technical
problems in the derivation of weak propagation estimates in Section 4. To overcome these future diffi-
culties, we must introduce a new position observable, called the Newton-Wigner operator, whose time
derivative is exactiy .

Section 1.3 is devoted to a short overview of Mourre theory as presented in the initial work of Mourre
[58] but also revisited by Amrein, Boutet de Monvel Berthier, Georgescu in [2] and Georgescu and
Gérard in [36]. In particular we define a new locally conjugate operator for Dirac Hamiltonians which
turns out to be convenient for our purpose.

Section .4 establishes the weak propagation estimbasege andminimal velocity estimategive an
important information on the probability to find the particle in certain cones in spacetime at late times.
For instance, the minimal velocity estimates asserts that a particle having an energy strictly larger than
its massm has to escape from a narrow copg < ¢,t asymptotically in time. On the other hand,
microlocal velocity estimateare a slightly stronger version of (1.1.1) and indicate that we can approach
the position operato: by ¢V at late times. All these estimates rely entirely on positive commutator
methods and Mourre theory. In particular, we state a result ([39] and [49]) which shows how the minimal
velocity estimates are intimately related to the existence of a locally conjugate operator. At last we state
two results due to Cook and Kato which allow to make the link between weak propagation estimates and
the existence of asymptotic observables.

In Section 1.5, we prove that the asymptotic velocity defined by (I.1.2) exists and can also be
characterized by (1.1.3). Then we study its spectrum which, physically, corresponds to the asymptotic
propagation velocity of the fields and we prove that

o(PF) =B(0,1),

B(0,1) being the closed ball i of center0 and radiusl. Eventually, using only the minimal velocity
estimates, we also prove property (1.1.4).

Section 1.6 is devoted to the construction of wave operatBrsin our case where potentials of
coulombian types are considered, a Dollard modification is enough for the definition of these operators
when combined with an idea due to Thaller [29], that allows us to define properly this modification and
avoid problems caused by the matrix-valued potential. We will then make a crucial use of the asymptotic
velocity operatorP* and property (1.1.4) to transform the problem into a time-dependent one for which
Cook’s method can be applied. It could seem strange to introduce such a time dependence in the proof
but, in fact, one obtains an agreable way of proving the existence and asymptotic completeness of the
wave operators by handling only time-dependent quantities which are integrable along the evolution.

In Appendix I.A, we recall two well-known techniques used for the manipulation of functions of
selfadjoint operators : for integrable functions, the Fourier transform can be used, but in the case of
smooth and not necessarily integrable functions, the correct tool is the Helffer-Sjéstrand formula [48]. In
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each case, we state a commutator expansidi’,gf(4)] in terms of the multiple commutatorsf; (7')
for two selfadjoint operatorgl, T'. In particular, the required assumptions on the operatoasnd1” are
carefully detailed.

Eventually, in Appendix I.B, we establish weak propagation estimates for time-dependent Dirac Ha-
miltonians and we construct the associated asymptotic velocity used in Section 6 for the construction of
the wave operators.

[.2 Properties of Dirac operators

[.2.1 Abstract framework

In this paper, we shall denote @ the free massive Dirac Hamiltonian on flat spacetime acting on
H = [LQ(R3)]4 the Hilbert space of four component square integrable functions. Precisely, we consider
the differential operator

Hy =T.p+ml% =T'p; +Zpy + T3ps + mI°, pj = —10;,

m being the mass of the field. We shall assume that the maissstrictly positive.H, is a selfadjoint
operator onD(Hy) = [HI(IR{?’)]4 where H'(R?) denotes the usual Sobolev space of order one in
R3. HereT'* correspond to the Dirac matrices satisfying the anti-commutation relafibhg”} =

20M for everyu,v = 0,..,3 (6*” stands for the Kronecker symbol). We shall use the following usual
representation for the Dirac matrices.

0 k
o [ O 0 . [ 0 o
e (5 ) (e 9)

where the Pauli matrices’ are given by

o (10 L (01
"_(01’ 7=\ 1 0)
o (0 —i 5 (10

“=(P0) =)

The free Hamiltoniand, will be perturbed by some external field. Let us consider two functigns
andV; belonging to the space

SR = {f € CX(R)/ Vo € N, 192 f ()] < C(a) ™'l
where (z) denotes the multiplication operator By + |x|2)% acting on each component &f. The
perturbation will be given by the matrix-valued multiplication operafdr) = V{(z) + Vo (z)I'° acting
on H. The potentiall; (resp.V,I') is understood as aelectric potential(resp.scalar potentiali.e.
V,T'? corresponds to an x-dependent rest mass). We refer to [75], chapter 4, for a presentation of the
usual external fields for Dirac equation. Thus the interacting Dirac operator given by the gfraraf
v,
H = Hy + V(z), (1.2.1)

is a self-adjoint operator on the domdi H) = D(H,) by the Kato-Rellich theorem.
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It is well known (see [75], chapter 1) that the spectrunfphas the following structure
o0(Hy) = 04c(Hp) = (—o0, —m] U [+m, +00).

Moreover, the assumptions imposed on the interactioimply that the difference of the resolvents
(H—2)"'—(Hy—2)"' = —(H — 2)"'V(z)(Ho, — 2)~! is a compact operator iH. Therefore by the
Weyl theorem, the essential spectrumfbis the same as the essential spectrunifof

Uess(H) = Uess(HO) = (—OO, _m] U [+m’ +OO)'

However the operatall may have non-empty pure point spectrum. It will be crucial for the later analysis
that the operatofl be invertible. But assuming thét € o(H) , it is then possible to find a smooth
positive function e.gf € S(R?) the space of Schwartz functions such that the opetter f(z) be
invertible. Thus, up to a smooth function, we can always consideltifat (H). For more details we
refer to [10].

[.2.2 Domain invariance

In this section, we are interested in studying the invariance of the domg@in)'), n» € N under
the action of the unitary one-parameter grdup’’” },cr. As a consequence, we shall also obtain some
information on the invariance dp({x)"), n € N under the action of the resolve(® —z)~!, =z ¢ o(H)
and of any operatox(H) with x € C5°(R). We state now the main result.

Theorem 1.2.1 Let H be the Dirac operator (1.2.1). Let be the standard position observable. Then for
anyn € N,

e”"™D((x)") C D({(z)"), (1.2.2)
and there exists a constag}, such that
()™ e ap|| < C (1 + [8)" 1) |- (1.2.3)

Proof : We proceed by induction om. The result is trivial fom = 0 and givenn. > 0 assume that (1.2.2)
is satisfied forn — 1. The key of the proof is to approach)” by a bounded operatoX), for which
estimate (1.2.2) is true uniformly in. We define

_ (=)
X = T

Clearly we have
lim Xy = (2)"p, V¢ € D((z)"),
A—0
and this operator is bounded as well as its derivative
na(z)"?
Xy =—F—.
e (S YRk

Let us compute the Heisenberg derivativeXaf

d . .
%X/\(t) = eltHZ.[HaX/\]e_ltHa
= "Tifp, XyJe "1,
: ni(x)"
) P R (1.2.4)

(14 Az)™)?
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Integrating (1.2.4) betweet andt, we obtainviy € D((z)")

n%(w)"‘l

I¢]
—itH —isH
[Xae™" 5l < [ X0 +/0 Hrme 7#‘ ds,
i (z)"! —isH
SHXWM+nA MT:WEWf ¢M& (1.2.5)
|| )
< Il [ e e s, (12.6)
0
As D({x)") c D({z)" '), the induction hypothesis implies
. I¢]
| Xxe "y < | Xaol| + nCn—1||<96>"_17/f||/0 (14 |s))"'ds. (1.2.7)

The right-hand side of (1.2.7) is uniformly bounded dp asA — 0. Therefore, computing the last
integral, we obtain

[{z)"e "y 2"l + 7 Cot [ {2)™ I (1 + [E))",

<
< Cu(1+1)"[[¢) 4l (1.2.8)

which concludes the proof.

¢

Theorem 1.2.1 has the following corollary, essential to derive the weak propagation estimates in Section
4.

Corollary 1.2.1 Let H a self-adjoint operator satisfying the conclusions of Theorem 1.2.1z LetC
such thatim z # 0 andn € N. Then

(H — 2)7'D((z)") € D({x)"). (1.2.9)

Proof : It is an easy consequence of (1.2.2) and the resolvent formula

o0
(H—@*¢:n/ ey dt. Vip € H, (1.2.10)
0
wheree = sgn(I'm z) and the integral converges in norm. Ag™ is closed, we hav€y € D({x)"),
oo . -
z)"(H —2)7'pl = | / ' x)e™ e dt),
0
o
g(%M@WM/ (14 t)re=elma)t gy (1.2.11)
0
Let us denotd,, this last integral. An integration by part yields
1
I, = eImz(l +nl, 1). (1.2.12)
We deduce by induction from (1.2.12) that
(2)"

which is bounded fog fixed. This proves the corollary.

¢
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1.2.3 Zitterbewegung and velocity operator

In this section, we give a short presentation ofZlitterbewegunghenomenon which naturally arises
when one tries to define the “velocity” operator for the free Dirac operdtoFor more details, we refer
to [75].

The velocity operator is usually defined as the time derivative of the position operator. The most
natural choice is to consider the operator of multiplicationckacting on#. Then we define

$(t) — e’itHoxefitHo,
the time translated position operator. Formally we have

dx(t)

pn — eltHOZ'[HO,x]efltHo’

— (itHope—itHo _. L(t). (1.2.14)

According to classical relativistic kinematics, we would have expected to obtain pbgl i.e. the
classical velocity operator insteadbft). Let us analyse the time dependencé’ ().
dI(‘iit) — o[y, e,

"o o[ — Hy 'T'Hgle "o,

An explicit short calculation shows that— H, 'T'Hy = 2(T" — V). Thus
dx(t)
dt

whereF = I" — V. The operatot# is one aspect of the Zitterbewegung phenomenon. One of its main
features is that it anticommutes wifh

= 2iHyF(t), (1.2.15)

FHy = —H,F. (1.2.16)
We conclude from (1.2.16) that (t) = ¢**#o F and integrating (1.2.15) betweénandt, we see that
L(t) =V +e?hF

Thus we see that the standard velocity oscillates without damping around the classical velocity operator
V and this oscillation is called Zitterbewegung. Integrating again, we obtain

1 .
z(t) =z +pHy 't + THO(BMO —1)F.

All these formal results can be made rigorous and we have the following theorem (Thaller [75], thm 1.3,
p 20)

Theorem 1.2.2 The domainD(z) of the multiplication operator: is left invariant by the free evolution
D(x(t)) C D(x),

and on this domain, we have

1 .
z(t) =z +pHy 't + THO(eWIO —1)F. (1.2.17)
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The problem arising from the Dirac equation is that certain observables such as the position operator
x(t), mix positive and negative energies. To overcome this difficulty we can choose some other operators
to be the position observables of the theory. In particular we are interested in the sohMahtoh-
Wignerobservable. Let us first define the Foldy-Wouthuysen transformagign This transformation
diagonalizes the Dirac operaték in 7. DenotingF the Fourier transform of{ we have

(FHoF ') (k) = Tk + mT?, (1.2.18)

and for eacht € R?, the right-hand side of (1.2.18) is a Hermitianx 4 matrix which has the two
eigenvalueg —\(k), A(k)} whereX(k) = Vk? + m? and both eigenvalues have multiplicizy Let us
call P(k) the unitary matrix such that

ME) 0 0 0
P(k)(T.k +mI°)P(k)~! = 8 A(Ok) _Ao(k) 8 :
0 0 0 =Xk
where ( ) .
_(mAAE)L+TTE oLk
P(k) = N OIS R ay (k)1 + a_(k)T P (1.2.19)
and .
ai:ﬁ,/lim. (1.2.20)
We also have .
P = MEARDLZTTTE g o F (1.2.21)

— V2AR) (m o+ A(R)) k[

We define the Foldy-Wouthuysen transformatigny = P(p) = F~' P(k)F acting from# to . This
transformation is clearly unitary 6H and H, conjugated by can be written as

_ p? + m? 0

WhenceH is unitarily equivalent to a pair of square root of Klein-Gordon hamiltonians.
Now we turn to the definition of the Newton-Wigner operator denaigd We set

-1
Tnw = FW:EUFw.

This operator has the following properties (see [75])
e It leaves invariant positive and negative energy subspacé iaé. [, 1r+ (Hp)] = 0.
e OnD(z,y), the following equality holds

Lo (t) = eHog, e o = ¢+ V1, (1.2.22)

or equivalently
i[Hy, Tpw| = V. (1.2.23)
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It is worth pointing out that the Zitterbewegung does not appear in the formula (1.2.22). This important
feature of the Newton-Wigner operator will be helpful for the construction of the asymptotic velocity in
the next sections. However the results we need to prove involve the standard position operator and so, we
have to make the link betweenand z,,,. Unfortunately we have the following complicated formula,
see [75] .

r 1 1

where S denotes the spin angular momentum and is defined by —%F AT andX = /p? + m2.

The symboll’ A I' denotes the three matricgs, e; TFT" wheree is the totally antisymmetric tensor.
Observe that the spin angular momentfris bounded, everywhere defined and self-adjoint. Concisely,
we shall denote by’ the bounded operator i such thatz,,, = = + Z. As the expression of is
difficult to handle, the Newton-Wigner operator has not been used in previous works [11], [29] or [34]
on Dirac’s equation. However we shall need this operator for deriving the microlocal velocity estimates
in Section 4 especially the formula (1.2.23) will be of great help to us. Eventually the only information
on Z we shall need is given by the following lemma.

(1.2.24)

Tnw — T

Lemma |.2.1 The commutatofz, Z] between: and Z is a bounded operator if.

Proof : This result follows from the definition (1.2.24) d. According to this definition, we can view
the operatoZ as a matrix-valued function @f. Moreover we have

Z = (Zi'(p))ij, whereZ;; € S~1(R?), Vi, j =1,2,3.

Therefore using the Helffer-Sjostrand formula (1.A.29), we get foramny 1,2, 3

31 3
[(Ifm,Z] = W (%Z(Z)Z(H Rk)l)[xmapl](]:[ RkQ)dZ/\d?a
e =1 k=1 ko1
31 3

- (2_7:)3 /@ 0:2(2) Y _(T] Rr)idim (] Re.)dz A dz,

=1 k1=1 ko=l

whereRy, = (2, — pr)~'. Thus[z,,, Z] is bounded by (1.A.22).
¢

[.3 Locally conjugate operator

The main idea of Mourre theory is to find an operator, usually denoted, lwyhich increases along
the evolutione " in a suitable sense. If we denoti(t) = ¢'H Ae~"H | this means that the time
derivative of A(¢) must be essentially positive or equivalently, the commutator betd#®eand A has to
be essentially positive. Precisely, can we find an open intekxvafl R, a strictly positive constartand a
compact operatoK on?# such that

1A (H)i[H, A]1a(H) > €14 (H) 4+ 1a(H)K1a(H). (1.3.1)

In the case of the Schrodinger operator, the usual generator of diIBtian%{z.p + p.:l:} is a good
candidate for a conjugate operator. It turns out that the same operator also satisfies (1.3.5, iwlies
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Dirac operator previously defined, for a suitable open intefvah R. However, there exist many other
possible choices fod which may be more adapted to the Dirac equation and make the verification of
the assumptions easier. For instance, see [11], [37] and [50]. We shall use a locally conjugate operator
which is close to the choice made in [50].

Let us define the operator

1
Ay = §{m.p[—[o_l + Ho_lp.x}.

Concisely, we writedy = 5 {.V +V.z} and commuting: and, it is easy to see thaty = V.z + By
where By = %Ho‘lF.F is a bounded operator iH. It is defined and essentially self-adjoint @n(x)
(see [50], Lemma 3.1). This operator has the important property

i[Hy, Ag] = V2, (1.3.2)

where the commutator is computed on a suitable domain(gSgR?). Therefore the commutator bet-
weenA, and H) is positive which seems to indicate that it could be another good candidate for being the
operatorA. Unfortunately, the addition of a matrix-valued potentiato H, prevents us from proving
the Mourre estimate (1.3.1) fqiH, A4).

Actually, it is better to consider the following operator

A= %{w.pH_l + H_lp.x}, (.3.3)

which is also defined and essentially self-adjoint/ofx) (see below). It is easy to see that this operator
is related toA, by a bounded operator. Precisely, using the resolvent identity, we have

1 1
A=Ay — 5gc.pH—lV(gc)Ho—l — §H(;1V(x)H—1p.x = Ay + B,

and B is bounded. Thus the Heisenberg derivativeAofvill be essentially)? plus or minus some

compact terms. Indeed,
ilH, Al = [H,x.pH_l + H_lp.x},

1

2

The second term in the right-hand side of (1.3.4) is clearly compaé{ since.VV (z) belongs to

S~1(R3) and thus the standard compactness criterion applies.
To see that the first term in the right-hand side of (1.3.4) is essentially eq¥/&| tdserve that

4
2

_ %(r.pH*I +H D) = (2 VVE@H T+ BV (5)2).  (13.4)

TpH,' ~TpH ' =TpH,'V(z)H ' = L,
where the operatak is compact ir{ by the standard compactness criterion. Thus this term is equal to

L

2 (rv+vr) - 1(L +L7).

|
- (1“.1911*1 + H*lp.r) - ;

2
Now we writeI' = V + F and noting thak (V.F + F.V) = 0, we eventually obtain
1 1
ilH, A] =V - (L + L*) -3 (z.VV(w)H_I + H_IVV(x).x>, (1.3.5)

or conciselyi[H, A] = V? + K whereK is compact. We use this result to prove the following lemma
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Lemma 1.3.1 Let A be an open interval dR such thatA N [—m, +m] = (. Then there exists a strictly
positive constand depending o\ and a compact operatak such that (1.3.1) holds.

Proof : Let x € C§°(R) a function such thatupp x C (—oo, —m) U (+m,+o0c0) andy = 1 on A. Let
us compute the commutator
X(H)ilH, Alx(H) = x(H)V*x(H) + K,
= x(Ho)V’x(Ho) + K,

because((H) — x(Hy) is compact. But if we diagonalizH, via the Foldy-Wouthuysen transformation,
the first term can be written as

X(Ho)V?*x(Ho) = Ugmpx(TON®)Urw V?Upyx(FOXN D)) Urw,

2
= Uph TX\(P) 5T XA (p)) Urw-

p2+m2

Now provided the support of strictly avoids[—m, +m], there exists a strictly positive constansuch
thatx(A(p)) = 0 for p? < €. Hence we get

2 ~

SO 2 = Ui D) X)) Uk,

p2 +m2

Ui T (A (p))

; _ &
or, if we sete = P

X(Ho)V>x(Ho) > ex”(Hy),

which concludes the proof of the lemma.

¢

Even though the Mourre estimate (1.3.1) is the crucial property of the a locally conjugate operator,
some extra assumptions are needed to obtain a complete scattering theory. There exist several versions
in the litterature depending on the degree of refinement required by the problem. A very complete ac-
count of the theory can be found in [1]. We shall use for the definition of a locally conjugate operator a
certain notion of regularity between two self-adjoint operators introduced by Amrein, Boutet de Monvel-
Berthier, Georgescu [1]. Precisely,

Definition 1.3.1 For a selfadjoint operatord, we say that another selfadjoint operatéf belongs to
C*(A), k € N, if and only if

(ABG) Jz e C\o(H),s — e*A(H — 2)" e € CF(Ry; B(H)),
for the strong topology oB(#).

We give now the definition of a locally conjugate operatoand the main theorem we shall use.

Definition 1.3.2 Let H, A two self-adjoint operators of.. Let A C R an open interval. We shall say
that A is a locally conjugate operator d on A if it satisfies the following assumptions

(i) H € CHA).
(i) i[H, A] defined as a quadratic form ab(H) N D(A) extends to an element B{D(H), H).
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(i) [A,[A, H]] well defined as a quadratic form oR(H) N D(A) by (ii), extends to an element of
B(D(H),D(H)").

(iv) There exists a strictly positive constanand a compact operatok such that the Mourre estimate
(1.3.1) holds.

Theorem 1.3.1 Let H, A two selfadjoint operators ofi{. Assume tha# is a locally conjugate operator
of H on the intervalA. ThenH has no singular continuous spectrumAnand the number of eigenvalues
of H in A is finite (counting multiplicity).

The assumptions on the commutators are rather straightforward to check by a direct computation on a
suitable dense domain e gs°(R?). On the other hand, the first assumption is somewhat more subtle.
We have the following equivalent definitions f6t (A).

(ABG') 3z e C\o(H), |(H—2)""u, Au) — (Au, (H — z)" )| < C||u||?, Vu e D(A)ND(H).
(i) 3z € C\ o(H),(H — 2)~'D(A) C D(A),(H —2)~'D(A) C D(A),
(é4) |(Hu, Au) — (Au, Hu)| < C(|Hul® + [[ull®), Vu € D(H)N D(A).
Unfortunately, it is not easy to che¢kl — z) ' D(A) c D(A) in general without a better knowledge of
D(A). Therefore it is useful to consider another operaiotalled acomparison operatowhose domain

has to be well-known and that will allow to make the link betwé&mand A. We shall use the following
lemmata [38]

(ABG”)

Lemma 1.3.2 (Nelson) Let N > 1 a self-adjoint operator ofi{. Let A a symmetric operator ofi such
that D(N) C D(A). Assume that

(0)[[Aul| < C[|Null, Vu € D(N),

\ 1.3.6
(i4)|(Au, Nu) — (Nu, Au)| < C|N2u|?, Vu € D(N). (13.6)

ThenA is essentially self-adjoint o (V). Furthermore every core d¥ is also a core forA.

Lemma 1.3.3 (Gérard, Laba) Let H, Hy and N three self-adjoint operators o satisfyingN > 1,
D(H) = D(Hy) and (H — z)~'D(N) Cc D(N). Let A a symmetric operator of(N). Assume that
H, and A satisfy the assumptions of Lemma 1.3.2 and

\(Au, Hu) — (Hu, Au)| < O(|Hu|)? + |[ul?), Vu € D(N). (.3.7)

Then we have

e D(N)isdenseinD(A) N D(H) with the norm||Hul|| + ||Au|| + |lu|,

e the quadratic form[H, A] defined onD(A) N D(H) is the unique extension ¢fH, A] on D(N),

e HeCl(A).

We now prove the assumptions of Theorem 1.3.1 withthe Dirac operator and the operator defined
above. Let us defind = p? +22+1 = p?+(z)? as the comparison operator. This operator is essentially

selfadjoint on[CgO(R3)]4 by Theorem X.28 in [69], Vol 3. We also denote Byits closure which is a
selfadjoint operator oftf with domainD(N) = {u € H, Nu € H}. Moreover, it is easy to see that

2wl

lp*u®

INul? + [lull?,

<
<INl + Jlul,
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from which it follows that the domai® () is characterized by ([69], chapter X, problem 23)
D(N) = [H*(R*)]" n [D(z*)]".
Now, we check the assumptions of Nelson’s LemmaHprand A.

e D(N) C D(Hy), D(N) C D(A) are obvious.
e Foranyu € D(N), we have

|Houll® = (u,p%u) +m?ul?,
Cllull (1INl +llul),
C||Nu|®.

IN

IN

1 . .
lul = 53 ||(a7p 7 + B pja? )ul,
J
1 L L . ~
= 5> {IpsH " ull + | H patull + e py H ™ Jul }.
J
1 - .
< 33 {Cllotull + IGH — ip HTIH Yl },

J
< oY {i@ul +lul} < ClINul.
J

where we used the fact that 'p; andp; H ! are bounded of¥ for any;j = 1,2, 3.
e It remains to see that for anye C5°(R?),

|(u,i[Ho, Nlu)|

|(u, i[Ho, (z)*]u)],
|(u, 2T.zu)|,
Cllull {[|2]ull,
C|[(z)ull?,
C||Nzul|?.

ININ

IN

We also have
|(u, [A, N]u)| = %|(u, [z.pH '+ H 'pa,p® + 2 + 1u)].
A straightforward calculation leads to
[c.pH ', p? + 2% = 2ip? H ! —izpH ! (VV(x).p + p.VV(:JU)) H '+ 2iz.pH 'T.H 2
~2z.H ‘'z —22.H 'TH ' + 22 pH 'I.H 'TH L.
Whence

|(u, [z.pH *, p* + 2%]u)|

IN

c{Ikpyullllul + Iyl + lzul ull }
C|INZul.

IN

The same estimate is true for the tefm [H~'p.z, p> + z?]u). Thus the assumptions of Nelson’s
lemma are proved.
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Moreover, the assumptions of the Gérard - Laba Lemma are entirely fulfilled ihee:) ' D((z)?) C
D({x)?) by domain invariance properties of Section 2 and since the commutator befiveen A is
bounded ir{ by (1.3.5). Therefore, we have proved thidte C'(A) as well as the second assumption
of theorem 1.3.1.

The hypothesis on the double commutator can easily be checked and it turns out that it is a bounded
operator inH. Recall that

[AL[H, A = [4,V° - %(L rI) - %(z.VV(x)H_l FHVV () )]

As the operatorA is equal toV.xz + B whereV, B are bounded and a$H, A] is also bounded,
we actually just need show that the commutator betwe@handi[H, A] remains bounded. We de-
compose the problem. Firdt;.V,V?] = [z, V?].V is clearly bounded. According to the definition of
L =T.pH,'V(z)H™', we see after some commutations that both terms in the following commutator

[z.V,L] = 2. VL — Lz.V,

are bounded since.V () € L®(R3). The fact that the remaining term is bounded follows immediately
by the same procedure singgz.VV (z)) also belongs td> (R3).
We have thus proven the theorem

Theorem 1.3.2 Let H be the dirac operator defined above. Then the spectruil dfas no singular
continuous spectrum. Moreovey,.(H) = (—oo, —m)U(+m, +00) and in any compact interval contai-
ned in(—oo, —m) U (+m, +00), the number of eigenvalues is finite.

We deduce from this theorem ang,(H) = (—oo, —m] U [+m, +o0) thato,,(H) C [-m, +m)].

Before we turn to the minimal velocity estimates, we make the following remark. The assumptions
required in Theorem 1.3.1 actually imply that the operakbrbelongs to the clas6?(A). From [1]
(Theorem 6.3.1), we know that if we assume the invariand® (@ ) under the action of the unitary one-
parameter groug®4, then the conditions{ 1, A] and[A, [A, H]] bounded or#{ entail thatFil € C*(A).

But the condition on the invariance follows from the following Lemma quoted in [36]

Lemma 1.3.4 Let H, A two selfadjoint operators such th&l € C'(A) andi[H, A] € B(D(H),H)
thene®*AD(H) Cc D(H) forall s € R.

.4 Weak propagation estimates

The following weak propagation estimates dendi¢BE are the main ingredients for constructing
the asymptotic velocity. They take the general form

/loo HB(t)x(H)e*“HwHZ% < Clly|?, Vo€ H,

where B(t) is a time-dependent self-adjoint operator Hn These estimates give a very weak fall-off
with respect ta of the function under the integral. We are mainly interested imtagimalandminimal
velocity estimatesvhich, roughly speaking, assert that given a staia # with bounded energy, there
exist two constants,, andc,; such that the “particle” can neither escape faster thanor slower than
¢m- The last type of estimates calledicrolocal estimatesvill help us to give another definition for the
asymptotic velocity in terms of the classical velocity operator that will allow us to study its spectrum.
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For the proof of theNVPE, we shall use the following proposition given in [21], (p 384). We recall
thatD = % +i[H,.] is the Heisenberg derivative and satisfies

% eitHB(t)efitH} — M DB(t)e M

Proposition 1.4.1 Let ®(¢) be a family of self-adjoint operators belongingI@’cl (R, B(#H)) i.e. there
existsB(t) € L], (R, B(H)) such that
to

@(11) — (k) = | Bls)ds

(i) AssuméD®(t) € L}, (R*,B(#)). Then

loc
|®(t)e U < [|@(0)T|| +/ ID®(s)e | ds.
0

(i) Assume that(¢) is uniformly bounded and that there exigs > 0 and some operator valued
functionsB(t) and B;(t), i = 1,...,n such that

D&(t) > Cy B*(t)B(t) — zn: BI(t)Bi(t),
=1

with -
/ IBs(H)e= M pl2dt < Cl[I2, V€M, i=1,..m.
1

Then there exists a constafitsuch that
m .
[ IB@e R < o, v en. (14.1)
1

We stress the fact that the ideas of the proof are very simple, the essential step being to find an
observabled(t) calledpropagation observablsuch that its Heisenberg derivative is essentially positive.
Before we turn to the proof of the estimates, we briefly indicate how to make the link with the existence
of asymptotic observables i.e. with observables taking the form

s — lim e Hd(t)e
t—00

where®(t) is a self-adjoint operator valued function. For this we shall use the following lemma given in
[21] but which contains results initially due to Cook and Kato.

Lemma |.4.1 (Cook, Kato) Let ®(¢) be a uniformly bounded function with values in self-adjoint ope-
rators, belonging tdv'! (R, B(#)). LetD a dense subspace #f.

() (Cook) Assume thaty € D,
[ D it < o
1

then there exists . _
s — lim e @ (t)e (1.4.2)

t—o00
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(i) (Kato) Assume that
| (42, DB (E)ep1)| <Y |1Bos (8[| Brs (8) ¢
=1

with

IN

m .
/ |Bu(t)e= ™ p|2dt < Cllpl? e Hi=1,.m,
1

m .
/ |Bus(t)e |2t
1

then the limit (1.4.2) exists.

IN

Clyl?, ¢ eDi=1,.,n

I.4.1 Minimal velocity estimates

It has been well-known since Ruelle’s theorem [70] that the stateglonging to the continuous
subspacé{® of H tend to escape for large tinien a mean ergodic sense, that is to say

lim —/ dt/ e "MHy||2dz = 0,
T—oo T |z|<R

for any finite R. Nevertheless this decay is not sufficient to prove precise results of scattering theory.
We need more subtle estimates on how fast the states move away from the centre of the interaction.
The following minimal velocity estimates improve the previous result in a very weak sense but which
is enough for applications. These estimates ensure that the probability to find the “particle” in a narrow
cone|z| < 6t goes to zero wheh — oo for & small enough. The “particle” here simply refers to the
wave functiomy(t, x), i.e. the field. There is no second quantization involved. Exactly, we shall prove
the following proposition

Proposition 1.4.2 Let x € C§°(R) such thatsupp x N {—m, +m, 0p,(H)} = (. Then there exists a
constante(x) > 0 depending ory such that

00 T -
/ 10 Eme g % < s, v e . (1:4.3)
Furthermore, ]
z —i
s — tllgrn 1y, E()](T)X(H)e H— . (1.4.4)

Before we give the proof, we mention that these estimates first appeared in the paper [72] by Sigal and
Soffer and have been intensively used to organize the proofs of asymptotic completen&sbddy
problems in quantum mechanics. It appears that there exists a strong link between the notion of locally
conjugate operator and minimal velocity estimates as stated in the next proposition (our proof will follow
the result obtained by C. Gérard and F. Nier in [39])

Proposition 1.4.3 (Gérard, Nier) Let H, A two self-adjoint operators ofi{. Assume that foe > 0,
H € C'*¢(A), and the Mourre estimate

La(H)i[H, A1a(H) > o1 (H), (1.4.5)

holds on an open intervah. Then
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(i) Vg € C3°(R), Vx € C§°(R) such thatsupp g C (—o0, ¢p) andsupp x C A,

o A
/1 lohxce "L < o2, v en, (1.4.6)
and
s — lgc{lo g(f)x(H)eﬂ-tH =0. (1.4.7)

(i) Furthermore assume that there exists another self-adjoint opergtarhich satisfies

D(Ay) € D(4),
TA<CA, A 21,

[Aa AI]AI_I € B(H)a

then,Vx € C§°(R), supp x C A, there existg, small enough such that

(0.0) A _l
|G < omme | < clip, voen (1.4.8)
and )
s— lim 1p, EO)(TI)X(H)e_”H =0. (1.4.9)

Proof of Proposition 1.4.2 : We already know from the previous section that the Dirac operAtor
belongs to the clas€?(A). Sinceo(H) N (—m,+m) C o,,(H), we can assume thatuppy C
(=00, =m) U (+m, +0). Let A € (—oo, —m) U (+m, +00). We can find a closed intervélcontaining
A on which Mourre estimate (1.3.1) holds

17(H)i[H,A]17(H) > el7(H) + 1;(H)K17(H).

Since\ ¢ o,,(H), we have

s — |}i1g01[(H) =1y (H) =0.

Now, the fact that' is compact implies thak'1;(H) tends to0 in norm when|/| tends to0. Thus, if
we considet with A € I with || small enough, there existg a strictly positive constant such that

1/(H)ilH, AJL1(H) > ¢oL;(H).

Therefore, for any such thatupp x C I, minimal velocity estimates hold for the operatbaccording
to (i) of Proposition 1.4.3. Now we apply the second part of this proposition itk (z). We have to
check the following assumptions.

e D((z)) C D(A) has been seen in the previous section.
e Foralluin D(A), we have

(u, Au)] Z < (u, 2/p; H u)| + |(u,H71pjxju)|>. (1.4.10)

J

l\Dl'—‘
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But the first term in (1.4.10) can be estimated as follows

) B ] B 1
(27 H 1) | < |y py BT F0) |+ |(—
27])2 (g:] 2

< ¢ (IIa) Full? + |(—

cu, [(27)3, py H ™ u)),

zJ ) 3 )
)] ) (= py T AT
(@)t (ai)? (a7} ()

< Oy z7ul® + ul?) < Cll(z)7ul?.

H'u)]),

u.
w\w ~

We can prove the same estimate for the second term in (1.4.10) and we obtain
|(u, Au)| < C(u, (z)u).

e Eventually[A, (z)](x)~! is clearly bounded. Indeed it suffices to expand the commutator and use the
fact that[p, (x)] and[H~!, (z)] are bounded ifH.

To conclude the proof, observe that fotarge enough,‘lio%o)(‘—?) < 1[0,50)(@) therefore we can

replace(z) by |z| in the estimate. Thus proposition 1.4.2 is proved for anyith sufficiently small
support. Let us prove the general case. & any function in(§°(R) which satisfies the assumptions
of proposition 1.4.2. We can write, by a compactness argument,

N
X=X
7j=1

wherey; areCg°(R) functions with sufficiently small supports, such that

/100 Hl[o’ﬂﬂ(@) i(H _Zt%H <C|y|*, YpeH, j=1,..,N.

By the Schwarz inequality, we have
& € _; € . dt
7 (o atene s, 10, meng) &

< (e 55 1L s Erme o4

< Cllyl?.
Hence, .
| roa e | < sk, voen,
which concludes the proof of the Proposition.
&

1.4.2 Large velocity estimates

This estimate says that the charge of the field in the refgipi» ¢ tends to zero asbecomes large.
Recall that the light velocity is here taken to bé, so this means that the particle does not travel faster
than light. Precisely, we prove
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Proposition 1.4.4 Letl < 6, < 6;. Letx € C§°(R). There exists a constant such that

0 [ [toarEDxme S < o, vwen. (.4.11)
Given anyg € C*(R) with ¢’ € C§°(R) andsupp g C (1, +00), we have
. . |z] —itH _
(i7) s — t_l)lgloog(T)x(H)e =0. (1.4.12)

Remark 1.4.1 We stress the fact that the cut-off functigrcould be avoided in the previous proposition
without any change, that is to say that the constarttoes not depend on the supportaf || x|p-~ < 1.
Therefore, whatever the energy of a stdtdt cannot escape to infinity faster than the light velocity.

Proof : Letl < 6y < 6, < 6y and letf € C§°([0y,+o0)) such thatf = 1 on[#;,02] andf > 0. We

define .
= / f2(u)du

which is clearly bounded and continuousBnLet us define the propagation observable

o(t) = x(mr(2

X (H).

¢(t) is a self-adjoint operator valued function uniformly bounded.itwe compute the Heisenberg
derivative.

—Do(1) = 1) o) — sy, r ).
Now
i, r(2ly — i[r.p,F(@n
- _Z ' x”f 11“.%]?2(@).

Thus )

Dot = e {PEH L -2 b,
Now using the facts thdt.‘—;" < lyxq andf > 0, we have

(1) 2 18y~ DX(H) L, (D)),

As (0p — 1) > 0 by assumption, the assertion (i) follows from Proposition 1.4.1.
Let us prove (ii). It is enough to assume> 0 andg = 1 for z > Ry. Letg € C§°(R) chosen such
thatsupp g C (1,4+00) andg = 1 on supp ¢'. We define

¢(t) = x(H)g(=")x(H),
and . .
D) =~ () (5 St + . g (o)
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Usinggg = ¢ we get
—)x(H), (1.4.13)

x|

whereB(t) = —g'(‘—f‘)‘—f‘ + F-ﬁg,(T

(1.4.13), the existence of the limit

) is uniformly bounded with respect to Now with (1.4.11) and

s — lim " p(t)e "1, (1.4.14)

t—+o00
follows from Lemma 1.4.1. Assume first thathas a compact support contained in+oo) then (1.4.11)
implies that

X tH _itr, 2
0< [ @ eMome )T < Ol
Hence the limit in (1.4.14) must be zero. Finally, to prove the general case, let us copsidére (RR)

andg € C3°(R) such thatsupp gy C (fy, +o0) with 8y > 1, g; > 0, g; = 1 for |z| > Ry andg, = ¢°.
We define the propagation observables by

8(0) = xtmar(Dyx (),
and
5 (1) = x(H)gr (o) (H).

whereR is a positive real number. By the previous lemma, we know thafliny_, | o, e ¢pp(t)e "
exists. Let us compute the Heisenberg derivative.

1 |z ] 1 z o |7l

—Dor(t) = ZX(H)QQ(Rt)RtX(H)—EX(H)F-HQQ(Rt)X(H),
> 160 — )X(H)G () (H), (.4.15)

Forfy > 1andR > 1, we see thatf, — +) is strictly positive and thus-D¢(t) is a positive operator.
Now given somé, € R fixed, we can write

oo
s — lim ethQSR(t)efth — eltquSR(tO)efztoH + / GZSHDQSR(S)eilSHdS.

t—+oo to
From the positivity of-D¢r(t), we deduce
0<s— , li_rgl e pp(t)e ™ < g0 gy (tg)e M YR > 1. (1.4.16)
— 400

Now according to the definition afx(¢), observe that fot; fixed

s — lim (eitOHgbR(to)e*itOH) =0.

R——400
Hence we obtain from (1.4.16) that
— i — lim e gp(t)e ) = 0. 1.4.17
* Al (0 A e (e (427

We conclude observing thg{[(‘—f‘) - gl(%) has a compact support. Thus by the previous result (1.4.14),
we get
— 1 wH _ —itH __
s tilgrnooe [(t) — dr(t)]e =0.
Then if R tends to+oo, we prove (ii) by (1.4.17).
¢
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1.4.3 Microlocal velocity estimates

In this section, we shall prove the following proposition

Proposition 1.4.5 Let0 < ¢; < 0y and lety € C§°(R) such thatsupp x N {—m, +m, opp(H)} = 0.
Then

2
& <COp|?, Ve H. (1.4.18)

(id) 5 — LMy o0 119, 0, () (V — 2)x(H)e 7 = 0. (1.4.19)
Proof : Let 0 < 60y < 61 < 6y < 03. Given two real numbersg;,r, such that) < r; < ry, we
denote byC(ry, o) the anulusC(ry, ) = {z € R3 : r; < |z| < ry}. LetJ € C§°(R3) such that
suppJ C 0(0—20,203) andJ = 1 onC(6,6:). Let x € C§°(R) satisfying the above condition. We
choosefy andfz such that < €, wheree, is defined according to the minimal velocity estimates and
03 > 1.

We consider the following propagation observable

) S oo (EHO = $)xH)e )
\

x x2 T
o(1) = () { T o2 Gy,

which is uniformly bounded fot > 1. Indeed.J(£) % J(2) = J(2){2Zy + 2.Z 4 Z 2 4 Z2} j(z),
This term is uniformly bounded sincé and.J(7)§ are bounded. Furthermore,
r A _ x 1 _z .z T x
DZJE)=2JE{ZpH Y + H p. 2 (=
DT I(T) = 5 TeH + H PTG,
is also uniformly bounded singef ! andH ~'p are bounded. Let us compute its Heisenberg derivative.

J(

2

Di(t) = ) 0— )va {9 D) () + he,

RNt TR WILAN ()

1 T, . T
— X ()T LH, 2,17 () (),
2 .. T
()T ()il H, AT ().
Now we computé[H, 2, ] usingz,, = = + Z and (1.2.23).
i[Hv x%w] = i[Ho, x%w] + Z[V($)7 x%w]v

= (mnwV + Vinw ) + (V) Z}onw + 2V (), 7))

But the first term is equal t2A, plus a bounded operator #. And the second term is also a bounded
operator ir{ by Lemma 1.2.1 and the fact thitbelongs taS~!(R?). Furthermore, we have already seen
thati[H, A] = V?+ K and from the exact expressionf it is easy to show that(Z)K.J (%) € O(¢ ).
Thus, we obtain

Do) = (I~ DI T ) + e
x .’L'2 x
TN R R S L NT))
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Using thatdA = Ay + B andz,,, = = + Z again, we can replace the second terrr%j@{/H)J(ﬁ){’f—.2 —

t
240 4?2 }J(%)X(H)+O(t*2). Moreover, we have the following equali yfé —2%“}2} = (V-2)%4
Therefore the second term is equal to

—x(H)J(

2 T
t t

T X _
)V = 2)2I(D)x(H) +0().
Finally, if we introduceJ € C§°(R) such thatsuppJ C [%,263] andJ(|z|)VJ(z) = VJ(z), then
after some commutations the first term can be written as

1

|z]
t

(i 7B D + 00-2),

where B(t) is a uniformly bounded operator in Hence this term is integrable along the evolution by
Propositions 1.4.2 and 1.4.4. Eventually, we obtain

=
=z
=
|
<
|
18

I (3)x(H) + L' (d).

CommutingJ (%) and(V — £) and provided/?(%) — 1[91792}("") > 0, we get

T
T

o0 (5 = x(H) + L' (@),

~Dj(t) > :

X(H)(V -

We conclude the proof of (i) by Proposition 1.4.1.
To prove (ii), let us consider the following propagation observable

x .’L'Z
dolt) = x(H) I~ 220

t
F)x(H). In particular it is a positive operator for

and observe that it is equal $g(H)J (£)(V — £)?J(2)x(H
) by another observable denoté¢t) and given by

anyt. For technical reasons we shaII approaﬁ@(t

2 {‘r’f% —2 2 v LGy,

Itis easy to see that(t) = ¢ (t) +O(t '). Let us compute the Heisenberg derivatives(f). As shown
in the previous calculation, we obtain

x T

Do) = xmI)V - L2a ),
X () TCTH VT ()x(H),
+O(t72) + L (dt).

Buti[H, V?] = i[V (x),V?] and from the exact expression Wt = I%, this last term leads to

[V(2),V?] = [V(2),p°|Hy” + p*Hy *[Hf, V()| Hy 2,
= iVV(x).pHy? +ip.VV(z)Hy? — ip? Hy*VV (z).pHy ? — ip> Hy *p.VV (z) Hy 2.
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Therefore, after some commutations and sikdé(x) belongs taS 2(R?*), the second term in the Hei-
senberg derivative belongs @(#~2). Now applying Lemma 1.4.1, we have proved that the following
limit exists

s — lim " p(t)e "1, (1.4.20)

t——+o00

Clearly, we can replacé(t) by ¢y (t) in (1.4.20). But we also know by (i) that

0< [ty goltre )% <o,

Hence the limit (1.4.20) must vanish which concludes the proof.

&

1.5 Asymptotic velocity P*

I.5.1 Construction of P+

In this section, we shall focus our attention on the construction of the asymptotic velbaigfined
by
Pt :=s5—-Cyx— lim eitHEefitH.
t—+oo t

Here the convergence means that for @ng 7 and anyJ € C,(R?), the limit
e £ itH 70Uy —itH
J(P¥)y = t_l:glooe J( . ye ", (1.5.1)

exists. If (1.5.1) holds then the operatals are uniquely defined as vectors of (possibly non-densely
defined) commuting self-adjoint operatof3" are densely defined if, for somee Cs.(R?) such that
9(0) = 1 we haves — limp_, oo (s — limy, 1o € g(£)e ") = 1 (see [21], Appendix B.2). The
main tools will be Lemma 1.4.1 and thveeak propagation estimate®fined in the previous section. We
only treat the casé — +oc and we construcPt, the construction is identical faP~ with t — —o0.

Let us prove the theorem.
Theorem 1.5.1 Let H be the Dirac operator (1.2.1). Lef € Cy(R?). Then there exists the limit

s — tiifrnoo eitHJ(%)e_itH. (1.5.2)

Moreover, ifJ = 1 on a neighbourhood df, then

_ BT itH g\ —itH) _
s Rgrfm(s tllgrnooe J(Rt)e ) 1. (1.5.3)

If we defineP™ by (1.5.1) thenP™ is a vector of commuting self-adjoint operators #ndefined on a
dense subspace #f and P* commutes wittH .

Proof : First, consider the case wheteis an eigenvector off. Then, there exist# € R such that
Hvy = Ev. LetJ € Coo(R?). We have

eitHJ(%)e_itHzp = J(0)1) + i =F) {J(%) — J(0)}¢h.
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By Lebesgue’s Theorem, it is immediate thiai,_, ., e?*(Z—£) {J 7) — J(O)}q/z = 0. Therefore
lim et J(%)e*“H ¥ = J(0), (1.5.4)

and we conclude that limit (1.5.2) exists @{#? the pure point subspace &f.

Now, let us assume that € H¢ the continuous subspace &f. Our first task is to find a good
propagation observablé(t) in order to apply Lemma 1.4.1. Singg € H°, remark that by a density
argument, the existence of (1.5.2) is equivalent to the existence of

T itH x —itH
s = dim e (H)J(2)x(H)e ™™,

for any x € C§°(R) satisfyingsupp x N {—m, +m, app( )} = 0 and anyJ € C5°(R3) such that/
is constant on a neighbourhood @fLet us definep(t) (H {J - —)VJ(%)} (H). By
Proposition 1.4.5, it is enough to prove the existence of

s— lim e g(t)e
t——+00 ([5( )

Unfortunately, this propagation observable is not easy to work with. In order to avoid problems due to
the Zitterbewegung phenomenon and the matrix-valued potéatiil’®, we need to approach(t) by
another propagation observable which we denoté,lps) and define as follows

Balt) = XU { T () + (Vo — 222).9.0 () bx(1),

whereV, = %(pH*1 + H 'p) is a bounded selfadjoint operator @h Clearly we havé), = V + B
whereB is bounded orf{. The next lemma will enable us to make the link between the opertpys
and f(2z+) and as a consequence give an estimate@) — ¢4 (t)).

Lemmal.5.1 Letf € C§°(R?). Then

() £(3) - F(=-

)ye ot h).

Assume moreover that = 0 on a neighbourhood df and letg € S—*(R?) wherep > 0 is a real
number. Then

(i7) ( ) (%
(@) (V=Va)f

Then it follows thaty, (t) — ¢(t) € O(t~!) and thus it is enough to prove the existence of

w) e O(t™),
) € O(t™).

s— lim e ¢, (t)e (1.5.5)

t—+o0

Let us compute its Heisenberg derivative.

Djalt) = px(H)(Ve — ) V2I(72) (- T2 ()
FXCH)ITH, T(Z2) + (Vs

).V T () (H).
To compute the remaining commutator, we use the following lemma which we prove later

t
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Lemmal.5.2 Letf € C5°(R?) such thatf is constant on a neighbourhood @fThen

i, (7)) = %Vf(%TT”).v+0(t—2). (1.5.6)
Therefore, we get
Déalt) = Tx(H)Va~ Z22)v25(P20) v — 22 (1)
FX(H)IH, Vo]V I () (H)
+0(t7%).

Buti[H,V,]VJ(%e) = —L(VV (z)H * + he)VJ(%2e) € O(t~%) by Lemma 1.5.2 and the fact that
VV(z)VJ(%2) € O(t~2). Moreover, we can replace, by V as well as*z= by £ and we eventually
obtain (using Lemma 1.5.1)

Da(t) = px(H)(V = VIV = D)x() + 0(172).

Then by Proposition 1.4.5 and by Lemma 1.4.1, (1.5.5) exists.

The proof of (1.5.3) is a direct consequence of Proposition 1.4.4,(pgrtindeed, (1.5.3) is equivalent
tos—limp 1 <s—limtﬁioo eitHJ(%)e_”H> =0, for J € C°°(R?) such thatupp JNB(0,1) =
andV.J € C§°(R?).

The fact thatd commutes withP* follows from [H, f(2)] € O(¢t ).

¢
Proof : (of Lemma 1.5.1) The first assertion follows readily from the Fourier transform. Indeed
T T 1 A o ez
Iy nwy €5 _ 67 Ly
-1 = o [ RO e
1 — L - T ; Tnw
= - [ V@) [ ez o,
(2m)2t JR3 0
e o),

sinceZ is bounded ir.
By the definition of the Newton-Wigner observable, we have

Lnw _ x
o) (") = g@)Uly SV,
x T
= g(x)f(g)+9($)[UFW,f(;)]UFW- (1.5.7)
Clearly the first term in (1.5.7) belongs ©(¢*). Now recall thatU;, = P~'(p) with P~! given

by (1.2.21). Thus each component of the matrix-valued funcfioh is in S°(R?*) and we can use the
Helffer-Sjostrand formula (1.A.28) to estimate the commutator in the second term of (1.5.7). Hence

N krrz
P70, 51 = 3V E i (p ) + 0600, (1.5.8)
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sincead” (P~ (p)) bounded for any: € N. To see this, we use once again the Helffer-Sjostrand formula
and we have for anyn = 1,2,3

. 3 l 3
[P~ (p), zm] = % . 0-P~(2) (32 (T1 Bes) (=idm) ( T] Re) )=

=1 k=1 ko=l

whereR), = (2 —py) . Hence the first commutator is bounded. Noting f#t z,,] = Ri(—idy,) R,
the multiple commutators are also bounded by induction. Finally, if we dke p, then the assertion
(ii) follows immediately from (1.5.7) and (1.5.8).

Now, using (i), we can writ¢) — V,) f (£2=) as(V — V,) f (%) + O(t~'). Moreover,

V-V = GpH V@ +h) (),
= SPHT V@ Hy — SpH V() Hy [Ho, fCHG + e
e o),

sinceV (z)f(£) € O(t™") and[Hy, f(%)] = —iI.Vf(%) € O(t~") which concludes the proof of the
lemma.

¢

Proof : (of Lemma 1.5.2) Using the Fourier transform, we have the following formula (1.A.9).

1m0 = o [T [ (v v ), 2

Since the ternV + i[V (z), Z] is bounded, the integral converges in the nornHoiWe then commute
V + iV (z)Z with ¢~ and—i ZV () with e "1 =97 We obtain

1
(2m)2t Jrs

Tnw

VAf(&)( S iV (2)Z) —iZV (z)eS

ilH, F(Z)] = )ds

—~

1
v (5)/0 =S Y 43V (1) Z, P61 |ds de

+ 3
(2m)2t JRr3

- 1

1 — i(1—g)E. Tnw
——— | V[(©) / [l )85
(2m)2t Jre 0

Now we use the formula (I.A.1) to estimate these last commutators. We have
[V eisﬁ.“zw] _ E/ 6i(1—a)s§
? t 0

which clearly belongs t®)(£¢7!) since[V, z,,,,] is bounded iri{. We also have

(z)]e™E 71 ds dE.

Tnw ; Tnw
IV, )€ do,

~ 1
V(z)Z, eisﬁ'm"Tw] = %/ ei(1—0)8§-“’7w[v($)z’ xnw]eiasg.MdeU’
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where[V(2)Z, xnw| = [V(2)Z,z] + [V(2)Z, Z] = V(2)[Z,z] + [V (z)Z, Z] is bounded by Lemma
(1.2.1). Therefore, this term also belongs(¢¢t~!). We thus obtain

() = (— [ = Th©a) (v + v z)

(2m) 2t

i 1 Ty 2
zZV(m)((2w)gt/R3e VF(©)de) + Ot ),

1 Lnw [ LTnw
= VIV V(=

WV(2)Z - 2ZV (@) V(=) + O(t ).
Now using Lemma 1.5.1, it is easy to see thatz)V f(22=) € O(¢t~') which concludes the proof of
Lemmal.5.2.

¢

In order to analyse the spectrum Bf', we now give another characterization of the asymptotic
velocity. Precisely, we make the link betweBr and the standard velocity operatdr

Proposition 1.5.1 LetJ € C(R?). Then
1oy (PF) = 1P7(H), (1.5.9)

and consequently,
1gs\ (0} (PF) = 1°(H), (1.5.10)

wherel??(H) and1¢( H) denote respectively the projection onto the pure point subspabeawsfd onto
the continuous subspace &t Furthermore, we have

s— lim e J(V)e " 1 pa\ 10y (PF) = J(P*)1 gay 1oy (PF). (1.5.11)
Proof : The proof of (1.5.9) entirely relies on the minimal velocity estimates. We successively show that
110y (P1) > 17P(H) and1y) (PT) < 1PP(H). Letty € H such thatH = E+p andJ € Cyo(R?). We
already saw in (1.5.4) that

This shows thatP*¢ = 0 and provesl (P*) > 1PP(H). Conversely, let us consider a function
x € C§°(R) such thatsupp x N {—m, +m,o,,(H)} = 0. Let J € C§°(R?) such that/(0) = 1 and
supp J C B(0,¢€,) Wheree, > 0 is defined by the minimal velocity estimates.

Then Theorem 1.5.1 implies
x

s— lim e™y(H)J%(

S Ox(H)e M= P (H)J(PY),

> X*(H)1ypy(PT). (1.5.12)
But by Proposition 1.4.2, the strong limit in (1.5.12) vanishes. Thus we have proved that

1oy (PT) < H).

Y ()}

As the eigenvalues aff can only accumulate ii—m, +m}, we havel{_m,er’%(H)}(H) = 1PP(H)
and the result holds.



Asymptotic velocityP* 29

Now, let us prove (1.5.11). We only treat the cases +oo and characteriz&'. Using (1.5.10), by
a density argument, it is enough to show

s — lim eitH(J(V) - J(%))f(

X
t—+00 t

)x(H)e "M =0,

for any J, f € Cg°(R?) such thatf = 0 in a neighbourhood df andy € C5°(R) satisfyingsupp x N
{—m,+m,o,,(H)} = 0. By the Helffer-Sjostrand formula (1.A.32), we have

T

JW) = J(Z) = BiY = ) + Bafd),

whereB; bounded and3;(t) € O(t~1) since[V’, z;] bounded for any, k. Then we have to prove that
the following limit vanishes

s— lim ¢ B (V- %)f(%)X(H)e_”H.

t—+o0

But this follows from Proposition 1.4.5.

¢

1.5.2 Spectrum of P*

This section is devoted to the analysis of the spectrun?ofvhich corresponds to the physically
relevant information given by the asymptotic velocity. We have already seen that

1oy (P¥) = 17(H),

which means that the states of zero asymptotic velocity coincide with the bound stafebloiv we are
interested in thecattering statethat is to say the states #f = 1°(H)H and we would like to classify
them according to their asymptotic behaviours. We prove the proposition

Proposition 1.5.2 Let P* be the asymptotic velocity defined in Theorem 1.5.1. Then
o(P%) = B(0,1).

Proof : As usual, we only give the proof faP*. Let us first prove that
o(PT) c B(0,1).

Let& € R? \ B(0,1) and lety € Cg°(R?) such thaty = 1 in a neighbourhood of; and supp x N

B(0,1) = 0. We have to show that
x(P*) =0.

But by Proposition 1.5.1, we have

x(PT)=5— lim e y(V)e ",

t—+o0

Now it is easy to see that the spectrumois equal toB (0, 1). Hence,x(V) = 0 andx(P") = 0 which
concludes the first part of the proof. Let us prove the reverse inclusion.
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Letéy € B(0,1), & # 0and|&| = ry > 71 > rg > 0. Letg € C§°(B(&o, o)) such thay (&) # 0.
Here B (&, ro) denotes the ball centeredétwih radiusry. We want to show here tha{ P*) # 0. Let
J € C*(R) suchthat/ = 1 on(—oo,r],J = 0on[rs — 25, 4-00) andj = —J > 0.ClearlyJ and
g satisfy the following relations

. J(1€ = &ol)g(€) = g(&). (1.5.13)
7€ = &&= ol > r1g (1€ — &ol)- (1.5.14)
. 9(§)I€ — &ol < rog(§). (1.5.15)

We define the propagation observable

e go|) g2 (

Tnw
. €o

¢a(t):J( P

whereV, = 3 (pH~' + H~'p) and by Proposition I.5.1 and Lemma |.5.1, we have

G?(PT) =5 — lim e, (t)e ™, (1.5.16)

t—+o0

Let us compute its Heisenberg derivative.

Du(t) = %j(%ﬂ’—&\)w 6o = V) (| 75 - o)+ e
R A (CE) RO
+7 (|72 — o] JitH V)T (|22 — &) + 067,

Now we commute the different terms in the last expression using the following result we shall prove later

lg(Va), /(5

)] eo™). (15.17)

We obtain

$Zw—50‘>|mnw §Z| (60 = V)P Va)(I5)

Dou(t) = 7(77)}

)

+%9(Va)j< w% - fo‘>|xzw - 50|J( x% - fo‘)g(Va) + he
# (|52~ o] JilH, gV (|22~ &) + 067,

In the first two terms, we can repladg by V by Lemma 1.5.1 again. Then by (1.5.14) and (1.5.15), we
get

Djult) > (i~ ro)gV)(J5)

wﬂ_f

T fng(V)

t
+J( o| JilH. gVl (|72 — &) + 07,

Moreover we claim and prove later that

J( Jilt, gVl (

Tnw
; o

e g|) e 0. (15.18)
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This implies
D¢ (t) >

%(n —ro)g(V)(Jj)( L;“’ —&Dg(v) + R(1),

whereR(t) € L'(dt). Asg, J,j > 0 andr; — ry > 0, we get

Do (t) > R(1). (1.5.19)

We now conclude the proof. By (1.5.16) and (1.5.19), we have

) . too .
92(P+) _ eztoH¢(to)e—ztoH + / eltHng(t)e_ZtHdt,
to

. . +0o0

> oo g(gy)eo / |R()|dt. (1.5.20)
to

and allowingt to tend to infinity, we can make the integral in (1.5.20) as small as we want. We claim

that

im0 g (t)e0%|,

exists and is non-zero. Indeed first observe that using Lemma 1.5.1, we have

tOLiIEOO e ga(to)e "M = togfilm e p(tg)e "0,
whereg(t) = J( z— &)DgZ(V)J( £ — fOD. Then we have
e p(to)e~ || = ||eMotoPg(tg)e MotoP |,
= W
Thus,limg, 1 o ||e0 T ¢(tg)e 0 || = ||g%(V)|| # 0 and the result holds.

It remains to prove (1.5.17) and (1.5.18). First observe that we can rejldee) by f(7) in (1.5.17)
using Lemma 1.5.1. Now using the formula (I.A.2), we have

T 1 —~

1
- — i(1—5)Va f 15V,
oGS (D) = s [ Vo) [ (e e, (1521

and the commutator in the right-hand-side of (1.5.21) is equal to
1 1. Ty . T
= {pH LVA(H =iV (D H ! + hc},

which clearly belongs t@) (¢~ 1).
Let us show (1.5.18). SincgH, V,] is bounded and/, bounded, we can use the Helffer-Sjostrand

formula (1.A.29) to estimaté[H, ¢*(V,)]. If we denoteJ( Taw — £ D by Jg, (*2=) we obtain

Jep (R2VilH, g (Vo) gy (F22) =
3

. 3 l
ﬁ /@ 02 ; (J&J("’”’“LT“’)(]}"[1 Ri,) (9 () H™" + he) (kl:[l RkQ)Jgo(x%)dz A dz(1.5.22)
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whereR;, = (z; — V¥)~!. Next we commute the operatosg, (2 ) with Hfﬂ:l Ry, and ]_[22:[ Ry,
under the integral (1.5.22). Furthermore note that, sidtez,.,| and[[Rk, Tnw], Tnw] are bounded for
any k, the Helffer-Sjéstrand formula (1.A.31) gives

I I

LTnw 1 Lnw —

[eo (=), IT Bxl= 7 [Znw, 1T Ry [V Jg (=) + 0 %),
k=1 k=1

and
! T 1 T !
[H szvjéo(T)] = Zvjﬁo(T)[ona H Ry,] +0(t72)-
ko=1 ko=1

Now using thatlg, (22« )VV (z) andV Jg, (£2x).VV (z) belong toO (¢~ %) by Lemma 1.5.1, we conclude

that (1.5.22) also belongs 19(#~2) which ends the proof of the proposition.
&

.6 Wave operators

We turn now to the construction efave operatordor the massive Dirac operatdi in order to
describe precisely the asymptotic behaviour of the field whegoes to infinity. As is well known, the
presence of a long-range potentialx) prevents us from taking “*/o for the comparison dynamics.

In our caseV € S~—!(R?), we can use the ideas of Dollard and Velo [26] and define the following
comparison dynamics denoted By(t)

Up(t) = efitHOT(efi I (VI(SVHmHJIVZ(SV))dS), (1.6.1)

whereT denotes time ordering. In this definition of the Dollard modification, we add a phase (formally)
denotede “X(*) to ¢~ This phase must be chosen in such a way that the standard Cook method
applies (see Lemma 1.4.1). Thus it must satisfy two rules. First, it must commutesWith. Second,

the operatorH — Hy — X' (t) must be “short-range”. We see from this last assumption that a good
candidate forX would beX'(t) = V(x) but it does not fulfill the first assumption. As it is suggested by
the microlocal velocity estimates, we can approach (asymptotically) the position opelstéy which
commutes withe =0 and define

X'(t) = Vi(tV) + TV, (¢V).
Unfortunately, the matriXx® which appears in the potential also does not commute with® and
this is why we replaced it in the definition &f(¢) by the operatomH(;1 using ideas of Thaller [75].

Precisely, we use the following lemma

Lemma 1.6.1 Let Hy be the free Dirac operator. Let us dendie=T° — mH; ' and
t . -
E(t) = / esHoge=tsHogs,
0

ThenE(t) is a bounded operator uniformly in As a consequence, we hai,_, 1 || E(t)| = 0.
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Proof : First, remark thaty anticommutes with,. Therefore, we have
eisHOGefisHo — eiQSHOG, Vs € R,
and we obtain by integration the following explicit form fék(t)
BE(t) = (e —1)(2iH,) "' G.

Thus,E(t) is uniformly bounded, in operator norm, with respect.to

&

Then we defineX’ (t) = Vi (tV) + mH; 'Va(tV) which leads to the definition (1.6.1) of the Dollard
modification. The main result of this part is given by the theorem.

Theorem 1.6.1 The wave operators defined by

+ T itH
Q = s t~l>1:rtnoo " Uy(t), (1.6.2)
QF = s-— lim U (t)e™ "™ 1gs\ 1) (PF), (1.6.3)

exist in?{. Furthermore, we hav@*Q* = 14, Q*Q* = 1°(H), (QF)* = O andV and P* satisfy
the intertwining relation
(QF)V(OQH)* = PE, (1.6.4)

At last, we have
(QF)Ho(F)* = H1°(H). (1.6.5)

Note that in the definition of the wave operator (1.6.3), we make a crucial use of the characterization
(1.5.10) of the projection onto the continuous spectruni/ate.

1°(H) = 1gs\ o) (PF).

Proof : For the proof of this theorem, we shall follow the strategy used in [21] and appeal to some results
for time-dependent Dirac hamiltonians given in Appendix B. This fully time-dependent approach avoids
the use of dimiting absorption principleas well as a detailed study of the resolv¢ht — z) ' and

related estimates. Here, the central objects are time-dependent observables.5g¢lwasre.J has a
compact support, and propagation estimates obtained in Section 4. Let us now explain this strategy for
the proof of (1.6.2). First, remark that by a density argument it is enough to prove the existence of

s — lim " Uy (t)x(Ho)le(V), (1.6.6)
whereyx € C§°(R) such thatsupp x N {—m,+m,0,,(H)} = 0 and© denotes a compact subset of
R \ {0} such that the annulug/(“X) 1) is a subset oP (remember thaty(x) is defined by the
minimal velocity estimates, see Proposition 1.4.2). Now consider a functian G5°(R? \ {0}) such

that.J = 1 on a neighbourhood d@. Let us associate to any functighe S !(RR?) the time-dependent

function
X

falt.o) = ()T (),

defined fort > 1. Such a function obviously satisfies the properties
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e For anyy in a neighbourhood o®,
f(ty) = fi(t, ty) (1.6.7)

e Foranyt > 1fixed,z — f;(t,z) € C§°(R*) and there is a consta such that
supp fr(t,.) C B(0, Mt).
e The following estimates hold
|09 f1(t, )]
‘8tka(tax)‘

We introduce now some notations. We oaflective time-dependent potenttae potentiali; (¢, z) =
Vi,y(t,z) + Vo s(t,2)I'°. We denote byH,(t) the time-dependent hamiltonidi, + V(¢,z) and by
U;(t, s) the associated dynamics (see [21], Appendix B.3, Proposition B.3.6). We also derigtg(by
the following time-dependent Dollard modification

ct)y el va e N3, (1.6.8)

<
< oy R Yk eN (1.6.9)

)

Us J(t) — efitHoT(efi fg (\G,J(s,sV)erHalVZ,J(s,sV))ds)

We rewrite (1.6.6) as follows

s— lim e™Uy(t)x(Hy)le(V) =

t—+oo

s — lim_e"x(Ho)U; (t,0) Us(0,4)1e (VU (t,0) Us(0,£)Uos (£).

where we used the facts th&y(t)1e(V) = Uy, s(t)1e(V) = 1e(V)Us, s(t) by (1.6.7) and thatH,
commutes witil/y (¢). Now assume the existence of the limits

S — t—lg:noo UJ (03 t) UO,J(t)a
s = dim Us(0,6)1e(V)U (t,0) =: 1e(Vy),

s — lim ™ x(Hy)U;(t,0)10(VF),

t—+oo

then the limit (1.6.6) will exist by the chain rule. Moreover, the situation is completely symmetric for the
proof of (1.6.3). Indeed by a density argument it is enough to prove the existence of

s— lim U (t)e "H1g(P%)x(H), (1.6.10)

t—=+o0

for a compact subs@ defined as above. But using the characterization (1.5.11) of the asymptotic velocity
P*, we see that

s lim Ug(8)e ™ 1o(PE)y(H) = s — lim Ug(t)1e(V)e " 16(PF)x(H),
=5 — lim 1o(V)Ug, (1)U, (+0) Us (0, )10 (P)x(H),
where we used/ (t)16(V) = 16(V)Uj ,(t) by (1.6.7). Therefore if we prove the existence of the limits
s = lim U3, ()Us(%,0),

. . —itH +
s = lim U;(0,t)e”"" 1o (P=)x(H),
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then the limit (1.6.10) will exist by the chain rule.

If we summarize the previous discussion, we see that we can divide the proof of Theorem 1.6.1 into
three steps. First, for time-dependent Dirac operators of the following frtt) = Hy + V (¢, z), we
have to define the asymptotic velocmyt. This is done in Appendix B where we also obtain propaga-
tion estimates for time-dependent Hamiltonians (see Propositions 1.B.1 and 1.B.2). Next, we prove the
existence and asymptotic completeness of wave operators for such hamiltonians. Exactly, we prove the
lemma

Lemma l.6.2 The limits

S — t—l>i:r|:noo UJ(O,t)U()’J(t), (|.6.11)
s — 1t_l}izrtnoo Us.s()Us(2,0), (1.6.12)

exist.

For the last step of the proof, we have to make the link between time-dependent and time-independent
Hamiltonians. Precisely we show

Lemma |.6.3 There exist the limits

s— lim ™ x(Hy)U;(t,0)10(VT), (1.6.13)
s — lim Uy(0,t)e "H1g(P*)x(H). (1.6.14)
t—+oo

Proof (of Lemma 1.6.2) : Since the proofs are identical, we only treat the caseroo for (1.6.12). The

basic tool to prove Lemma 1.6.2 will be the Helffer-Sjostrand formula with several variables presented in
Appendix A and Cook’s method (Lemma 1.4.1). ltete D whereD is a dense subset &f that we shall
define precisely later. Let us compute the Heisenberg derivative of the expré§§i(dwj(t, 0)y. We

obtain

d
—Us ;()Us(t,0)9 = Ug ;(t)i

a Ho + Vi (t,1V) = Hy(£) U (8, 0},

= US,J(t)IL{ (VI,J(ta tV) - VI,J(ta :I?)) + FO (%,J(ta ﬂ}) - VVQ,J(L 17))
+(mHy " — ) Va (1, tV)}UJ(t, 0)¢),
= Il(t)—i-fz(t)-i-fg,(t).

Let us prove thatly(t) = Ug ;(t)i(V1s(t,1V) — Vis(t,x))U,s(t,0)¢ belongs toL'(dt). Since the
different commutators between the components ahd) are bounded i.e.

[z, V)] = iHy Yoy — ipHy 'T*Hy ' € B(H),
we can apply the Helffer-Sjostrand formula (1.A.33) and wijtg) as
I,(t) = U, () C1 (1) (& — W)U (8,004 + O(t7),
whereC; (t) is a bounded operator satisfyiiig () < C+~2. Now observe that if we prove

(z — tV)U;(t,0)(z)~" € O(t*), (1.6.15)
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with 0 < p < 1 thenIy(t) will belong to L' (dt). Here, we chos® = D({xz)). Unfortunately, for the
same technical reasons as in the proof of microlocal velocity estimates, it is not obvious to show (1.6.15)
in such a form. Actually, we shall prove

(Znw — tVa(£))Us(,0)(z) "L € O(t"),

with 0 < p < 1. Indeed, as: andz,,,, are equal up to a bounded operakywe can replace by z,,, in

the previous expression without any change. Moreover, we also have to approach the classical velocity
operatorV by V,(t) = 3(pH,'(t) + H,'(t)p). Note that fort large enough, the operatdf;(t) is

always invertible and since

1
V= V,(t) = EpH()_IVJ(t,x)Hjl(t) + hee O™, (1.6.16)

we can also replace by V, (t) in the previous expression. Finally, to prove (1.6.15), it is enough to show
that

L(t) := %%(UJ(O,t)(xnw — V(1)U (t, 0)($)_1> € L'((1,+o0), dt).
But we have
L) = U0 {iH (), 2~ Val6)] Vi) — 2 (00 } U5 0,0)(2) .

= tiuUJ(o, t){(v —Valt)) +i[Vi(t, z), Z] + it [H1(t), Va(t)] - t%(va(t))}UJ(t, 0)(x) L.

It remains to show that all the terms between brackets belor@(to') for ¢ > 1. It is obvious for
(V =V, (t)) and[V;(t, ), Z] sinceZ is bounded. Furthermore,

i[H (), Va(t)] = —% <VVJ(t,x)Hjl(t) + Hj(t)*lvvj(t,x)) € O(t™2), (1.6.17)

sinceVV;(t,z) € O(t~2) by (1.6.8). For the last term, we use the fact that

d

dt l(prl(t)atVJ(faﬂc)H}l(t) + H7 ' ()0Vy (t,2)Hy (t)p) € 07, (16.18)

Valt) = 5

sinced; Vs (t,z) € O(t2) by (1.6.9). This ends the proof fdj (¢). The proof forLy(t) is identical.
Now let us treat the ternf;(¢). Let us denote concise[gi(e—i Jo (Vu(s,sV)+mHglv2,J(s,sV))ds) by

e~ X)) To apply Cook’s Lemma, it is enough to show that

I, = ‘

/ e X (0B () eV, 5 (£, 8V)U, (£, 0)pdt

(, (1.6.19)

tends td) whens, u — oo. From the definition of#(¢), it is clear that it anticommutes witHy and with
V. Thus we can write="X() (0, E(t)) = (0,E(t))e "X where

e iX () T(e’i s (Vl,‘](S,*SV)mealvz,‘](S,*SV))dS).
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By an integration by part in (1.6.19), we obtain
I, < HE(u)e_i’\;(“)eiuHOVz,J(UaUV)UJ(UaO)q/’H
+"E(s)efiX(S)eiSHOVQ’J(S, SV)UJ(S, 0)¢H

+H /“ B(t)d, (e KOy, (2, 00)U, (1, Ow)dtH'

Using Va2, s(¢,tV) € O(t 1) and Lemma 1.6.1, the first two terms tendtass, u — oc. If we compute
the derivative in the last term, we find

o (e X OOV, 5 (1, 1)U, (£, 0)9) =
—i (Vi (t, —tV) — mH; Vo (t, —tV))e X OeitHovs, (1 1)U, (¢, 0))
e XDt o (9,1, (£, 1V) + VV Vi (£, V) Uy (, 0)3)
—ie X0V, (8, 8V) (Vi (8, 2) + Vo, (t,2)T0) U (¢, 0)4.
All these terms belong t0 (¢ 2) by (1.6.8) and (1.6.9). Sinc&(t) is bounded, the last integral also tends

to 0 which concludes the proof of the lemma.

¢

Proof (of Lemma 1.6.3) : Since the proofs are identical, we only treat the tase +oo. Let us
consider a functiory € C3°(0) such thaty = 1 on the annulug’(e(x), 1). It is enough to prove the
existence of (1.6.13) replacinty (V) by g(V; ). Let us define two other functions andg, belonging
to C§°(0©) such thaly; g = g andgag1 = g1. Then using Proposition |.B.3, we have

W) = s lim U000 (5)g(V)Us (2,0)

)92( ) W)U, (t,0).

. (I; x
= 5= lim U;(0,6)92(7)on (5

Now we introduce the operatdd () = gi (

I8

)+ (V — $).Vg1(%) and using Proposition 1.B.4, we have
H=s— I r z
gVf) = s = Tim Us(0,002(5)M (Hga(5)g(V)Us (2,0).
For technical reasons, we approach the operdd6t) by M, (t) = g1 (™5=) + (Vo — %5*).Vg1 (5=)

whereV, = (pH '+ H 'p) and also the operatg(V) by g(V,(t)) whereV,(t) defined as in Lemma
1.6.2. Using the Helffer-Sjostrand formula and (1.6.16), we have

g(V) = g(Va(t)) € O(tH). (1.6.20)

Hence, by the same arguments as in the proof of Proposition 1.4.5, we obtain
. T xr
g(Vy)=s— tilfrnoo UJ(Oat)92(;)Ma(t)92(¥)9(Va(t))UJ(t,0)-

Then we define the propagation observable

T T

$a(t) = x(H)g2(7) Ma(t)g2(+

t D)g(valt),
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and it is easy to see that '
(1.6.13) = s — lim Mg, (HU5(t,0).
—r+00

Let us compute the time derivative of this quantity. We obtain

© $alt) + iHPa(1) — idalt) Hy (1) =
) (V35 Mal0)g2(5) + ) gVa(0) (1.6.21)
X)), = )92, () g Dy (1) (16.22)
x(H)ao ()Mo D) (o) (1.6.23)
XCH) (iTHo, 92(3) 1 Ma ()92(3) + he)g(Va(t)) (1.6.24)
FX(H)g2 (5)i(HM (1) = Mu()Hs(0)g2(DgValt)  (16.25)
()92 (5) Ma ()92 ilH (1), g (Va 1)) (1.6.26)

Observing that[Hy, g2(7)] = %F.ng(%), the terms (1.6.21) and (1.6.24) can be written after commu-
tation operations and using (1.6.20) as

—x(H)n(

1 T
t t

€T _
)B()n(3)g(V) + O(™?),
whereB(t) is a uniformly bounded operator trandn € C5°(R?) such thatsuppn N C(ey(x),1) = 0

andsuppn N supp g = (). Thus these terms are integrable along the evolution using Propositions 1.4.2,
I.4.4 and 1.B.3.

Moreover, combining the Helffer-Sjostrand formula and using (1.6.17) and (1.6.18), the following
estimates hold

i[H(t), 9(Va(t))] € O(™2), (1.6.27)
L o(va(t)) € 001, (.6.28)

Therefore, the terms (1.6.23) and (1.6.26) belongX@2) and are integrable in norm.
Now note thal’; (¢, 2)g2(F) = V(2)g2(F). Hence we have the following equality

92(5)i(HMa(t) = Ma())Hy(9)92(3) = g2 (HH, Ma®lga(),

and using Lemma 1.5.2, the term (1.6.25) becomes

Xg2(D) Ve = 222921 (22 (D)g(Va(t)
FX(H)ga(DiTH, Val V1 (52 92(Dg(Va(t)) + O ).

Repeating the proof of Proposition 1.4.5, the sum of (1.6.22) and (1.6.25) is equal to

(D)W = D0 ()0 = Dga (D)g(Valt) +0()
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Eventually, using (1.6.20) once again, we obtain

a
dt

X

$alt) + iHba(t) — ida(HS 1) = Tx(H)g2(D)V = D)V2r (5

t
+L(dt) + O(t72).

)V = 2)ga(

T
t

)g(V)

Thus using Propositions 1.4.5 and 1.B.4, this term is integrable along the evolution and we conclude the
proof of (1.6.13) by Lemma 1.4.1.
The proof of (1.6.14) is essentially the same as the previous one. We omit it.

¢

Therefgre, we have constructed the Dollard-modified wave operéf@rand QF. The fact that
(QF)* = QF follows from [21], Lemma B.5.1. It remains to prove the intertwining relations (1.6.4)
and (1.6.5). Using Proposition 1.5.1, we see that

Pi 1R3\{0} (P:t) = S — t—lg:noo eitHVe_”H 1R3\{0} (P:t),
= s— lim_ MU () VUG (t)e™ " 1ga (o) (PF),
= QYO

which proves (1.6.4). Now (1.6.5) is equivalent to

s— lim e(H - Ho)e_itHl]R?»\{o}(Pi) = 0.

t—+oo

But using Theorem 1.5.1, it is enough to show that

s — lim eitHV(x)J(E)e*itH =0,
t—+o0 t
foranyJ € C§°(R? \ {0}). AsV € S™H(R?), V(z)J(%) € O(t~") and the result holds.
&

APPENDIX

[.A Functions of selfadjoint operators and applications

In this appendix we give some useful formulae to study functions of selfadjoint opeydtéysand
commutators of the following fori¥’, f(A)]. Here,A andT denote two (possibly vectors of) commuting
selfadjoint operators acting on a Hilbert spa¢eWe first consider the case of a functigne I} (R3) ;
in this case, the Fourier transform is enough to obtain the formulae. For smooth funttong® (R?)
which are not necessarily integrable, we shall need the Helffer-Sjéstrand formula presented Section I.A.2.

[.LA.1 Fourier transform

General setting: Let A a vector of commuting selfadjoint operators #hand let us denote by
W (¢) = {e~%4} the induced unitary representationifin . We need the function spagé-" (R?) =

{f € LY(R%)/ (1 + |£|2)%f(£) € L'(R?)} for N € N. Equivalently we haveF-N(R?) = {f €
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L'(R3)/ Vkf e LVRY), k = 1, .,N}. As a first case we consider a bounded operatan 4 and a
function f € WH1(R3). We now define the class! (A; H) of regular bounded operators with respect to
A by

CL(A;H) = {T € B(H)/ s —s eiSEATemisEA ¢ CI(RS;B(H))}.
Then we have the following equivalence (see [1], Proposition 5.2)
T € CHA;H) < [T, A] € B(H).

In particular, forT" a bounded operator belonging@(A; ), we can write
T, eigA] _ /1 i(ei(l—s)fATeis§A>d8,
o ds
= (i€) /0 1 e I=3)EA T, Ale5€4 s, (.A.2)

Now assume thaf € F-1(R3). Using the Fourier transform gf denoted by and (I.A.1), we have

T fA)] = —— [ FEilT, e,
(2m)2 JRrs

= (21)3 / V() / 1ei(l’s)fAi[T,A]eisgAdsdé’, (LA.2)
m)2 JR3 0

where the right-hand-sides in the two equalities of (I.A.2) make send®( &) sincef € L!(RR*) and
Vf € L'(R3) by hypothesis anfll’, A] bounded or#.

Now we consider the case of an unbounded operAtior 7. Let us introduce some definitions and
basic results. Lefd be another selfadjoint operator in a Hilbert spd&¢eAssume that the family of
unitary operatorW (¢)}¢cgs leaves invariant the domaiR (H) of H. We denote byg' this domain
and byG*, 0 < s < 1, the interpolation space betwegh = % andG! = D(H). We also denote by
G ¢ = (G*)* the dual Hilbert space @f*. We make the usual identificatidd* = # and thus we have

GGl H G G 0<t<s<l.

At last we denote by3(G*, G') the set of bounded operators betwe#nand G!. Then we have the
following result (see [10], Proposition 1).

Proposition I.A.1 Let H, T two selfadjoint operators of satisfyingT’ € B(G',G!). Let A a vector
of commuting selfadjoint operators @¢. Let—1 < t < s < 1. Assume tha#¢“G' c G' and[T, A] €
B(G*,G"). Then one has

1
AT, 4] = i¢ / I =9EAGT Ale?*$4 ds, (LA.3)
0

where the right-hand-side is well defined as a strong integraBo@, G') i.e. the integral is strongly
convergent. As a direct application, we have for ik 7' (R?)

i[T, f(A)] = (271)3 /R 3VAf(g) /0 1ei(H)ﬁAi[T, Ale?$4ds de. (I.A.4)
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Application (Commutator expansion) : Commutator expansions of two selfadjoint operatdrs! are
formulae which relate the commutatf#, f(A)] with the successive commutatord); (T') defined by
recurrence byid!y (T') = [T, A] and for anyk > 1, ad® (T) = [ad" 7! (T'), A].

Proposition I.A.2 Let H, T two selfadjoint operators of{ such thatl’ € B(G',G~'). Let A a vector
of commuting selfadjoint operators 6n. Let f € F-N+T1(R3). Assume that

(Hl) eigAgl C gl;
(H2) ad®(T) € B(H) foranyk < N + 1.

Then we have
Vlc

-~ VEf(4)
(7, f(A)] = Y ——adi(T) + Ry, (LA.5)
k=0
where||Ry|| < en(f)llady ' (T)]|. If we replace the operatod by £ we have the following useful
consequence of (1.A.5)

N kglA
Ay -

" o ad® (T) + Ot N1, (1.A.6)

[T, £ (

k=0
Proof : In formula (1.A.4), we commutéT’, A] with €*¢4 to obtain

—~

[T, (4)] = V(AT A+ —— VAQfé““ﬂWAwmﬂw%
(2m)2 JRre 0

Now we use formula (1.A.3) in this last integral. We repeat the procedutines to obtain (I.A.5).

¢

The assumption on the stability of the domdd{H) under the action of the unitary grou” is
not easy to prove in general. We already saw thdt/ifA] € B(D(H),#) then it suffices to show that
(H — z) " 'D(A) c D(A) for z ¢ o(H) (see Lemma 1.3.4). Actually, when the commutator between
[H, A] is bounded, we have the following equivalences

Lemma l.A.1 LetH, A two selfadjoint operators o#. Assume thai{ H, A] defined as a quadratic form
onD(H) N D(A) extends to a bounded operator h Then the following assertions are equivalent

(i

(i

(H —z)" " D(A)
e““D(H) c D(H)
C

C D(A),
D(m),

N

1
(A—2)"'D(H)
eisHD(A)

(131

)
)
)
(iv) D(A)
In particular, if H or A is bounded or#{ then the four assertions are automatically satisfied.

Proof : According to Lemma 1.3.4, we only need to prove that (ii) implies (iii) and (iv) implies (i). These
two implications follow from the same argument. Assume (ii) &HdA] bounded. Let) € D(H). We
have to show that H (A — z) !4|| < co. For we use the resolvent formula

m . .
H(A -2l =i / ¢ He " pdt, Imz > 0.
0
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Then we commuté? ande 4 under the integral and we use formula (I.A.3). We obtain
S . . o0 . 1 . .
HA-z2) =i / e A Hpdt + i / et (—it) / e U=IATH | Ale™ "ty dsdt.
0 0 0

Finally one has

|H(A - 2) ) < ||Hy| / e Tt 4 Ol / e~ tlat,
0 0

since[H, A] is bounded. Both integrals converge then the result holds.

&

We now give some examples needed in the previous secfibissthe massive Dirac operator defined
in section 2. In this case, the domaghof H is equal to H' (R*)]*.
Example 1Let T = H and A the locally conjugate operator defined in section 3. Then the assumptions
of Proposition I.A.1 are obviously satisfied sinée'G! c G! andi[H, A] € B(#). Then we have

1

i[H, f(A)] = ——
H. (] =

/ V() / 1 e/ 8 (V2 1 K)el*$4 s de, (LA.7)
R3 0

whereK is compact or{. The right hand side is a bounded operatofon

Example 2LetT = H and letA beV, = %(pH‘1 + H~'p) the approached classical velocity operator
defined in section 6. Clearly the commutaféf,V,] = %(VVH ' + H 'VV) is bounded. Then
e®Vagl  G'is satisfied by Lemma I.A.1 sind, is also bounded. Thus we have

—~

ilH, f(Vo)] = (21)§ V£(€) / lei(l_s)fV“%(VV(x)H_l+H‘1VV(x))ei5§V“dsd§. (.A.8)
m)2 JR3 0

The right hand side is a bounded operatoron

Example 3LetT = H and letA = z,,, the Newton-Wigner operator defined in Section 2. Again we
have to check that¢*»«G' c G'. First observe thdiH, z,,,] = V + [V, Z] is bounded or#{. Then it is
equivalent to show thatd — z) ! D(zp,) C D(2nw) by Lemma LLA.1. ButD(z,,,) = D(z) and the
result follows from the domain invariance property proved in Section 2. Finally we have

— L i .
i[H, f(@nw)] = /R VI /0 800 (V) -i[V (), Z])e"™E0 v dis d. (1LA.9)

(2r)3

The right hand side is a bounded operatoron

I.LA.2 Helffer-Sjostrand formula

In this appendix, we give a brief review of the Helffer-Sjostrand formula which first appeared in [48]
and which is useful to estimate functions of selfadjoint operaf@re$) for functions f which are not
integrable. We follow the presentation given by Davies in [18] and we state a version needed in Section
6.

First, consider a functiorfi belonging to the class of smooth real-functions

STP(R) = {f € C®R) : |f®)(z)| < Clx)~"7*, VE €N}, p>o0.
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We callalmost-analytic extensioof f and we denote it by the following function

f(z) = fla+iy) : {Zf

k

Y
} () (.A.10)

wheren is an integer larger thahandr € C3°(R) such thatr(z) = 1 for |z| < 1 and7(z) = 0 for
|z| > 2. This function satisfies the properties (see [18])

* fr=1, (LA.11)
o suppfC{z+iy: |yl < Clx)}, (LA.12)
. |0zf(2)] < Clz)=P~ 1 |y|", (.A.13)
o f(z) =5 [ 0:f(2)(z — x)"dz A dz. (LA.14)

Now, given a self-adjoint operatot in a Hilbert spacé{, we can define the operat@f A) as follows
F(A) = 2L / 0:f(2)(z — A)"Ydz A dz, (.A.15)
T Jc

where the integral converges in operator norriiby (I.A.13) and since > 0. Moreover, we stress the
fact that the operatof (A) does not depend of the choicesmof 1 andr (see Lemma 2.2.4 in [18]).

For the applications, we use this formula for time-dependent potentials of the following form. Let
J € C°(R\ {0}). Given a functionf € S~?(R), we denote byf(¢,z) the time-dependent function
defined by

ft,x) = f(z)J(5).
With respect to the variable, this function belongs t65°(K;) C S~*(R) whereK, denotes a compact

subset ofR such thatk; C [-Mt, Mt], for M large enough and independenttofrhus we can define
the almost-analytic extension @gfwith respect tar by

y)*
. Y
: {Zf } () (.A.16)
This function satisfies the following properties
. supp f C [—Mt, Mt]?, (LA.17)
. I&f( )| < Ct=r=i=ny (.A.18)
o f(t,z) =5 [ O=f(t,2)(z — )~ 'dz A dz. (LA.19)

We can define time-dependent functions of self-adjoint operat@s previously by
f(t, A) / dzf(t,2)(z — A) "z A dz. (1.A.20)

Now we are interested in extending this last formula to functip$ several variables. Let us consider
f belonging to the class of functions

SR = {f e C®(®®): |03 f(x)| < Cz) "7, Va e N}, p>0.
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We can define the Helffer-Sjostrand formula for this function with respect to the first variahle=If
(271, T2, 273), we have

flay + iyy, 72, 73) { Z o5 Zyl - }T(ﬂ).

a1=0 <$1>

Using (I.A.13), we see that the functions — f (x| + iy1, x2, x3) (resp.zs — f(z1 + iy1, z2, 23))
also belong to the clas$ #(R) uniformly with respect to the other variables. That is to say we have

1027 f (w1 + iy1, w2, 73)| < C(x)™F, Yoy €N, j =2,3,

and the constant’ does not depend on the variablgsy,, zo (resp.z1,y1, z3). Thus by induction we
define the complete almost-analytic extension

F1, 2. 23) = {Zaa Zy1 o (iy2)™ (iy:a)'a"’}T((yl V(2 (B

a<pB 042! as3. $1> <(II2> <£E3>

wherea = (a1, a2,03), B = (n1,n2,n3) andn; > 1, for all j = 1,2, 3. This function satisfies the
properties.

. supp f C{(w,y) € RO/ |y;| < Claj), j =1,2,3}, (1.A21)
. 10:F(2)] < C) =031y "2 ys |, (1:A.22)
o [(@) =@ Joo 0f (2)(21 — 21) " (22 — w2) T (23 — w3) "'z A dZ. (LA.23)

Here, we denoted = (z1, 22, 2z3) = (z1 + iy1, x2 + iy2, x3 + iy3). Moreover,0z stands fo10z0z 0z
anddz A dz for (dzy ANdz7) A (dze A dZ3) A (dz3 A dz3). The formulae (1.A.22) and (1.A.23) follow from
(ILA.13) and (1.A.14).
Eventually, if A denotes a vector of commuting self-adjoint operatorg.jrwe can defingf(A) as
follows
—1

) o O = A)T (2 = 42) (s — A9) Nz A 2. (.A.24)
s 3

f(A) =
Of course, we have a time dependent version of this last formula. Let us consider a fuhetigf? (R \
{0}). Define the time-dependent functigitt, z) = f(x).J() as previously. Thus the almost-analytic
extension

F(t 1, 2, 23) {Zaa zyl)‘“ (iy2)™ (iya)a‘*}T((m V(Y2 r (B2

1 012! 013! 171) (J?Q) <ZL‘3> ’

satisfies the properties

. supp f C [~ Mt, Mt)2, x [-Mt, M1)2, x [-Mt, Mt]?,, (I.A.25)
. 1021 (t, 2)] < Ct=r=37 10l |21 yo|22|y5], (1.A.26)
o f(t,z)= ﬁ Joo 02F (8, 2) (21 — 1) Hz2 — @2) (23 —x3) 'dz A dz. (LA.27)

Given A a vector of commuting selfadjoint operators Hnwe define

f(t,A) = Ozf(t,2)(z1 — A1) Mz — Ag) " H(zg — A3) Nz A dZ. (1.A.28)

Tt
(2m)3 Jes
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Before to give commutator expansion formula, let us make the following observation. The assumption
f € S=7(R?) with p > 0 is only needed to ensure the convergence of the integral in operator norm.
Actually, formulae (1.A.15), (1.A.20), (1.A.24), (1.A.28) hold if we assumpec R and the almost-analytic
extensions satisfy the same properties. Wheh0, the integrals converge for the strong convergence.

Application 1 (Commutator expansion): Let A a vector of commuting selfadjoint operators Arand
T selfadjoint onH{. Let f € SP(R?) with p € R. Assume that

(H3) A € CM(T).
(H4) ad®(T) € B(H), k=1,2.
Then we have

7.1 A) = s [ 0:F T R oz n

whereR; = (z; — A;) 1. The assumptiofH3) allows us to expand the commutator under the integral
and one obtains

3 [
T, f(A /8—f Z I Bu)IT, A HRk2 )dz/\d_ (1.A.29)

=1 ki=1 ko=l

Provided|[T', A;] bounded fori = 1,2, 3, the integral in (I.A.29) converges in operator norm fo 1
by (1.A.22). Now commutindT’, A;] with HiFZ Ry, and noting that

- 3 l 3
(2;) / (Z HRkl)(HRk2)>dZAd7=Vf(A).[T,A],

=1 ki=1 ko=l

we get

. 3 l 3
7, f(A4)] = VFAVT AL+ (555 /@ 0:f@ (X (T Be) |1 AL T B )de ndz.

=1 ki=1 ko=l

Sincead? (T') bounded or#, this last integral converges in norm of operator fox 2. Eventually we
have proven that for any € S*(R?) with p < 2,

[T, f(A)] = Vf(A).[T, A] + B, (1.A.30)

where B bounded or.
In many cases we have to deal with functions of time-dependent Hamiltonians of thg‘@éym
Therefore under the same hypotheseg doh, A, we have

17, F(5) = TVI DT, A] + 07, (.A31)

Application 2 : Given two vectors of selfadjoint operatassandT onH and a functionf belonging to
the spaces”(R?) , we would like to express the difference betwefdnl) and f(T') as the product of an
operatorC' and A — T'. We apply formula (1.A.24)

—i

FA) = ) = o5 [ 0sF ) (RERERY — RTRERY ) de na,
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whereR# = (z; — A;) ' andR! = (z; — Tj)~*. Using the resolvent identity' — R7 = RT(A4; —
Tj)R;-1 which makes sense df(# ), one obtains

3 l

. 3
P =51 = 5 [ ocFa (3 (T RE) —ﬂ)(kHlR,fz)>dz/\d§.
=1 o=

=1 Kk

Now we want to commutel; — 7; with HiQ:z R;} under the integral. Thus we have to assume that
A € CH(T). In this case, we get

FA) = f(T)=C.(A—T) + B, (.A.32)

where
3 !

0= ooy [ o (30 (TT ) (IT ),

=1 ki=1 ko=l

is a bounded operator g if p < 1 according to (I.A.22). Moreover if we suppoEg, 4;] bounded then

. 3 l 3
. .
B= /@ 0=1(=) (3 (TI BL) (A -1, T] BiL))d= ndz,
=1 k=1 k2=l

is bounded ifp < 2 by (1.A.22) sinced € C'(T) implies|T, R}'| = R[T, Aj]R;.

We end this application by giving a time-dependent version useful for Section 6. Given two self-
adjoint operatorst andT in a Hilbert spaceH{ and given two functiong € $(R?*) andJ € C§°(R?),
we want to express the difference between the functions of operéord) and f (¢, ¢T") as the product
of one operato’(t) and A — ¢T'. Moreover, we want to obtain good estimates’f) with respect ta
whent goes to infinity. Assume that € C'(T') and[A, T] bounded or#{ then using formula (1.A.32),
we get

F(t, A) = f(t,tT) = C(t).(A — tT) + B(2). (1.A.33)

From the exact expressions ©ft¢) and B(t), by (I.A.26) and (I.A.25), if we assume < 1, we obtain
the following estimates

C(t) e O(t" 1),
B(t) € O(t* Y.

[.B Time-dependent Dirac operator and asymptotic velocity

In this appendix, we study time-dependent Dirac operators of the form
H(t) = Hy + V(tax)a
whereV (t,z) = Vi (t, z) + Va(t,z)'"V is the sum of a scalar and a matrix-valued time-dependent poten-
tials. The main assumptions on the time decay ¢f, =) will be
0FV (t,z)] < Ct)y™'F keN (1.B.2)
09V (tz)| < C@) 1o Vo e N, (1.B.2)

For such Hamiltonians, it is possible to define an associated unitary dynamics (see [21], appendix B.3,
Proposition B.3.6) which we will denote y(¢, s) and which satisfies
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e The map(¢,s) — U(t, s) is strongly continuous with values in unitary operatorg{irsuch that
Ut,t)y=1, U(t,u)U(u,s) =U(t,s).

o Ifwe denoteB = (H2 + 1)2, we have
0sU(t,s)B~Y = Ul(t,s)iH(s)B !,
WB'U(t,s) = —iB 'H(t)U(t,s).

We wish to define the asymptotic velocity and to describe some of its properties. Let us first prove the
proposition

Proposition 1.B.1 Under the previous assumptions, the limit
_ — 1 _.p*
s — Cxo tkgloo U(0,t)VU(t,0) =: V=, (1.B.3)
exists.
Proof : By a density argument, it is enough to show that

lim U(0,t)g(V)U(t,0)1,

t—=+o0

exists for anyy € H and anyg € C5°(R?). As in Lemma 1.6.2, let us introduce the operator

Valt) = S0H () + (D) 'p).

Using (1.6.20), it is enough to show the existencéiof_, .., U(0,t)g(V,(t))U(t,0)+. But we have

d

SUO,090a0)U (100 = U0,0)( £ 9(Valt) + ilH @), gVa()]) U1, 00

By (1.6.27) and (1.6.28), this term is integrable in norm. Hence the result follows from Proposition 1.4.1.

&

As in the case of time-independent Hamiltonians, we can give an alternative definitrinoerms
of the position observable. Exactly, we prove the following proposition

Proposition 1.B.2 The asymptotic velocity* is characterized by
£_ . T L
VE:=s5—-Cx t—lgftnoo U(0,t) . U(t,0). (1.B.4)

The first step is to obtain propagation estimates for solutiofis0)«. The next proposition summarizes
the large and minimal velocity estimates in this case as obtained for time-independent hamiltonians.

Proposition 1.B.3 Suppose that, g € C5°(R3) and supp j N supp g = 0. Then

[ JiGamweow| G < i, v e n (.85

Furthermore, ifJ € C5°(R?) such that/ = 1 on a neighbourhood ofupp g, then

t—+oo

s— lim U(O,t)J(%)g(V)U(t,O):g(Vi). (1.B.6)
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Proof : Assume first that ¢ supp g. Since the intersection of the supportsjoéindg is empty, by a
covering argument we may assume that there exist$®, v # 0 such that
suppg C {z: (v,x) > 03}, (1.B.7)
suppj C {z: (v,z) < 01}, (1.B.8)
where0 < 6; < 6,. Let us choose a function € C(R) such that/’ € C§°(R), J'(z) = 0 when

z > 60, and )
J'((v,2)) > (), (1.B.9)

Now we define/(z) := J((v, z)) and the propagation observable

B(t) = 9(Val(t) T ()9 (Va(1)),

whereV,(t) = $(pH(t) ' + H(t) p). We compute its Heisenberg derivative using Lemma 1.5.2

Do) = (LoValt)I(HL)g(Va(t)) + he
(1), g(Va(O)T (g (Va(t)) + he

1 T z _
+290a®)(V = =) VI(Z2)g(Va(®) + O(7).
The first two terms are integrable in norm by (1.6.27) and (1.6.28). Moreover, we can replace the Newton-
Wigner variablez,,,, by x by Lemma 1.5.1 and alsg(V,(¢)) by ¢g(V) thanks to (1.6.20). Now we claim

that there exists a constaf strictly positive such that

1 C() T

SV = 2IVI(F)gv) > W) ()9 (V).

Indeed, observe that if we commute certain terms in this last expression, we obtain, using (1.B.7), (1.B.8),
(1.B.9) and the fact thatv, f(2)] € O(t™!)

SV = D9IE)em) = eV - DT, D)),
> (T, 5) ) o, Vg0 (T (G0, 1))
L) (G, D02 o, ) (T (0, D) 2g0) + (),

> (0~ 09 (D)g(v) +0(7)

The constant’j is strictly positive sincé, > 6;. Eventually we have

Do) > L) (D)gv) + 06,

Thus we can conclude the proof of (1.B.5) using Proposition 1.4.1.
If 0 € supp g then one can find € R* such that

suppj C{z: (v,z) > 02},
suppg C{zx: (v,x) < 01},
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where0 < 0; < 0. Now we make the same computations witlD¢(¢) to get the result.
To show (1.B.6), we consider a functioh € C*(R?) such thatVJ € Cg°(R?) and supp V.J N
supp g = (). We claim that the following limit exists and is equal(to

s — lim U(O,t)J(%)g(V)U(t, 0), (1.8.10)

which proves (1.B.6). Let us denotgt) = J(7)g(Va(t)). Then, using (1.6.27), (1.6.28) and (1.6.20), we
obtain

17 + O,

wherej, j € C§°(R?) such thatsupp j N supp § =
limit

(4, D(t)¢)| <

[ Q
= I8

andjV.J = V.J andgg = ¢. Thus the following

s — lim U(0,)$())U(¢,0), (.B.11)

exists by Lemma 1.4.1 and (1.B.5). This implies that the limit (1.B.10) exists by (I.6.20). Now, assume
thatJ € C§°(R?) andsupp J N supp g = (. Then we also know that

o T 2dt
[P Gemu o] F < oo v e
1
So in this case the limit (1.B.10) is zero. To conclude the proof, we need show that there is no propagation

for large 7. But this follows by the same limit procedure used in Proposition 1.4.4. We omit the details.

¢

We prove now the “microlocal velocity estimate”.

Proposition 1.B.4 Suppose thag, J € C;°(R?) and supp g N supp V.J = (). Then

/100 H(% - v)J(f)g(V)U(t, 0)¢H2% < 19|, Vo € H. (.B.12)
Moreover,
s — tgrgo(f - V)J(%)g(V)U(t,O) — 0. (1.8.13)

Proof : Let us define the following propagation observables

Bo(t) = 9V (5)(F = V)T (F)gV),
and , 4
ult) = gVal) () { e A0 2l sy, ),

where A(t) = %(:B.pH_l(t) + H_l(t)p.$> which is well-defined fort large enough. By the same

arguments as in Proposition 1.4.5 and using (1.6.20), we kigit¢ = ¢o(t) + O(t~!). The Heisenberg
derivative of¢,(t) equals

Déa(t) = Zg(V)(

|8

)(

|8

—VPI(D)gV) + O(E7).
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Thus (1.B.12) holds by Proposition 1.4.1. To show (1.B.13), first observe that it is equivalent to prove that
s — tlim U(0,t)po(t)U(t,0) = 0. (1.B.14)

But, by Lemma 1.4.1 and the previous computation of the Heisenberg derivatigé¢thfwe know that
the limit
S = tlim U(Oa t)¢a(t)U(t7 0)7

exists. Hence, sincg, (1) = ¢o(t)+ O(t~!), this proves the existence of the limit in (1.B.14). Moreover,
¢o(t) > 0 and thus
0 dt
0< [ W UOHBOUE0NT <,
1
by (1.B.12). Therefore the limit (1.B.14) is zero.
¢

We finally give the proof of Proposition 1.B.2. It is enough to show that for any, J € G°(R?)
such that/ = 1 on supp g,

s— Jim U0,0(£(3) = FV) I(F)gMU-0) =0.

But we already saw in Proposition 1.5.1 that

[ =10 =BG =V)+ 0™,

whereB is a bounded operator. Thus we conclude the proof using Proposition 1.B.4.

&
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1.1 Introduction

Since the last twenty years, the scattering theorynfiassiveDirac Hamiltonians with long-range
potentials has been precisely studied in [14], [29], [34], [59]. However, all the methods used in these
papers fail when we want to extend them to the casmadsles®irac Hamiltonians. In this work, we
use the same fully time-dependent approach, developed in [14], to establish a complete scattering theory
for such Hamiltonians with scalar long-range potentials. This can be understood as the study of the
asymptotic behaviour ahassless chargeirac fields. Let us point out that such situations also appear
when we consider, for instance, the propagation of massive Dirac fields in certain curved spacetimes such
as extreme Reissner-Nordstrom black holes. In this case, the particular geometry near the event horizon
tends to make the effect of the mass disappear and leads (locally) to a situation of the above type.

The analytical difficulties involved by the absence of mass are twofold. First, massless Dirac Hamil-
tonians have no gap in their spectrum and thus, are not invertible. Consequently, the methods used in
[14], [29] and [59] do not work directly. The second (related) difficulty is due to the singularityoét
the scalar symbol locally associated to massless Dirac Hamiltonians. This forces us to be particularly
cautious when we consider what happens for the low energies. Precisely, we shall need to systemati-
cally cut-off low energies in the course of the computations. It also prevents us from using the same
pseudodifferential techniques as in [34].

The time-dependent methods developed by Deskzand Gérard in [21] for Schrédinger operators
are well adapted to relativistic equations as showed in [14]. The foundation of these time-dependent
methods is the analysis of the asymptotic behaviour of physically relevant observables such as position
and velocity. They are based on weak propagation estimates. The basic tools to obtain such estimates are
commutator methods and Mourre’s theory. We call them “weak” since these estimates only guarantee
that the energy contained in certain cones of the spacetime tefdshent — oo but they provide no
information on the decay rate. Nevertheless, they give a natural and visual interpretation of the scattering
results we require and they suffice to construct Dollard-modified wave operators. Let us emphasize the
role played by theminimal velocity estimatelhose meaning is that the fields must escape at late times
from any fixed compact region with a small but strictly positive velocity : a weak form of the Huygens
principle. This will enable us to use standard Cook’s method in the construction of the wave operators.

Next, we use these weak propagation estimates to construct the asymptotic velocity opératats
study their spectra. There are several reasons which motivate these constructions. First, the dpectra of
give the admissible values of the speed as well as the direction of propagation of fields : an information
of physical significance. Besides, it allows us to classify physical states according to their asymptotic
behaviours, which can be viewed as a weak version of scattering. For instance, the states with zero
asymptotic velocity correspond to theund statesf our Dirac Hamiltonian whereas the states with non-
zero asymptotic velocity correspond to theattering state§.e. the states whose energy does not remain
trapped in a compact region of the spacetime). Such a classification allows to considerably simplify the
structure of the proof of existence and asymptotic completeness of wave operators. Eventually, they can
serve to choose, among many possibilities, a particular Dollard modification such that the associated
Dollard-modified wave operators satisfy natural interwining relations between the physical observables
corresponding to local velocities) and asymptotic velocities™ .

Let us briefly describe the contents of this paper. We first present some properties of massless Dirac
Hamiltonians with scalar long-range potential. In defining the observables of the theory such as position
and velocity, it turns out that there is some freedom in the choice of these observables. This is due
to the so-called Zitterbewegung phenomenon. A precise description of Zitterbewegung as well as the
definitions of the “good” observables of the theory (the Newton-Wigner opesgiofor the position
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and the classical velocity operatBrfor the velocity) are the objects of Section 11.2. In Section 11.3, we
present the basics of Mourre’s theory in an abstract setting. We introduce here a new locally conjugate
operator which proves useful for obtaining the minimal velocity estimate in an optimal form. Section
I1.4 is devoted to the proof of the weak propagation estimates. In particular, we show how the minimal
velocity estimate is related to the existence of a locally conjugate operator. In Section 1.5, we construct
the asymptotic velocity operatofd* and obtain a precise characterization of their spectra. Eventually,
we apply all the previous results to the proof of existence and asymptotic completeness of Dollard-
modified wave operators in Section I1.6. In Appendix I.A, we recall basic results on the Helffer-Sjostrand
formula, useful to manipulate functions of selfadjoint operators. Appendix II.B contains two abstract
propositions on the commutator methods used throughout this paper.

[I.2 Dirac’s equation

11.2.1  Analytic framework

Let us consider a massless Dirac operdior= H, + V acting on the Hilbert space of physical
statesi = L*(R?;C*). Here,Hy = T'.p, with p = —iV, denotes the free massless Dirac operator
andI’ = (I'!, I'2,I"®) are the Dirac matrices. Together with the maffixdefined below, thé&"s satisfy
the anticommutation relatio8T7 + IVT* = 24;; for anyi,j = 0,1,2,3. We shall use the following
representation for the Dirac matrices. Set

0 k
0 _ g 0 k 0 g
o= (5 ) (%)

where the Pauli matrices’ are given by

10 0 1 0 —i 10
0 _ 1 _ 2 _ 3 _
P=(o1) =) =) =0 b))

The long-range potentidl is assumed to be a scalar regular function with a certain decay at infinity. Let
us fixp > 0. We assume that

VeS PR ={feC®®R): |9°f(x)] < Cz) *71*, va e N*}.

Under this assumption, it follows by the Kato-Rellich Theorem #ias a selfadjoint operator oH and
its domainD (H) is equal to H' (R?)]*.

Let us denote™ ! the unitary evolution associated fb. For any initial dataj, € #, there exists
a unique solution)(t) € C°(Ry; H) satisfying

0yp(t) = Hep(t), 4(0) = vho. (I1.2.1)

This solution is given by (t) = e~ 4),. Sincee = is a unitary operator of{, the energy is conserved
along the evolution i.g|y(t)|| = ||40]|, for all t € R.
In this paper, we are interested in studying the asymptotic behaviour of solutions of (11.2.1). It is well
known that it critically depends on the spectral properties of the HamiltoHiah first important remark
is that
Oess(H) = 0ess(Ho) = R, (.2.2)
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by the standard Weyl Theorem. Note that, contrary to the massive case, the massless Dirac operator has
no gap in its spectrum and is not invertible. Invertibility was one of the essential features in [14] to obtain

a complete scattering theory. Despite this, we shall see that the methods used in [14] can be extended in
a natural way to the massless case. The spectrubhwill be further explored in Section 11.3 by means

of Mourre’s theory. We turn now to a brief overview of some important properties satisfied by massless
Dirac Hamiltonians.

[1.2.2 Domain invariance

Dirac Hamiltonians have the following interesting property : the donia{z}"), n € N, of the
selfadjoint operatofz)* = (1 + z2)2 on A is invariant under the action of the unitary evolution
{e~"H}, k. Furthermore, this implies that the domali(z)"), n € N, is also invariant under the
action of the resolvertH — z)!, z ¢ o(H). Precisely, we have (see [75])

Theorem 11.2.1 Let H be the Dirac operator defined above. Then for ang N,
e "™ D((z)") C D((z)"),
and there exists a consta}, such that
()™ e ap|| < Co (1 + [t])" () 4p]]-
Consequently, for any € C\ o(H), we have

(H = 2)"'D((2)") € D((z)").

[1.2.3 Velocity operator and Zitterbewegung

The velocity operato¥/ (¢) is usually defined as the time derivative of the position operator denoted
X (t) = e Xe~"H |n Dirac’s theory, the notions of position operator, and thus of velocity operator,
are not uniquely defined and each choice fbteads to different difficulties of interpretation, see [75],
Chapter 1. However, we can be guided by the principle of correspondence between classical and quantum
mechanics to choose the more adequate observables. In the case of massive Dirac fields, this principle
leads to defining thelassical velocity operatoy),, as

p

Vm:H—[T)n’

H" =T.p+mI°.

Although Hj is not invertible, this expression has a limit (in the strong sense) when 0. Indeed, we

can write),, as
p /5 .9
Vm:H[T)nkz(p)v )\(p) = p2+m2.
This last expression tends strongly to the classical velocity operator

P
27

p
V=Hy—= =(T.
0p2 (P)p

which is obviously a well defined bounded operator7n The observablg’ satisfies the following
properties (1) V commutes withHy, (2) HyV = VH, = p, (3) V can be viewed as a vector of matrix-
valued functions of the variableandV = V(p) belongs to the spadg (R} ; (M,(C))*) of bounded
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continuous functions oR’. Note thaf)’(p) do not belong to the spac®(R?; (M, (C))?) but only to the
spaceS”(R3 \ {0}; (M4(C))*). When viewed as a function of the variablgthe operatod is singular
at0. This is the origin of the problems encountered in this paper. In particular, we cannot use directly the
Helffer-Sjostrand formula or pseudodifferential calculus on the functigr.

Let us now make the link between the classical velocity operdtand the time derivative of a
position observable. First consider teandard position observable(t) = éfoge=tHo for the free
Dirac operatorH,. This is a vector of commuting selfadjoint operators®nBy Theorem 11.2.1, its
natural domain contain®(z). Let us compute its time derivative. We obtain

dx(t)
dt

eitHO’i[Ho, $]6_itH0,
etope=itho —. P(¢),

We callT'(¢) the standard velocity operatoassociated td4. If we compute its time derivative again,
we obtain

= 2iHye (T — V)e~ttHo, (1.2.3)

where we use@ = Hy). The operatofl” — V, which we denotd”, anticommutes with i.e. FHy =
—HyF. Hence, we havé’(t) := ettlo peitHo — ¢2itHo [ and if we integrate (11.2.3) betwedhandt,
we get

[(t) =V +*HoF.

Thus, the standard velocity operaifoft) oscillates without damping around the classical velocity ope-
rator) and this oscillation is called the Zitterbewegung phenomenon. For the proof of the weak propa-
gation estimates, we need to find a position observal{lg which satisfies

d
ZX(t)=V. (1.2.4)

It is clearly not the case for the standard position observabbecause of the Zitterbewegung. We
describe now another position observable called Newton-Wigner observable satisfying (11.2.4).

I1.2.4 The Newton-Wigner observable

First, we diagonalize the free Dirac operator using the Foldy-Wouthuysen transformation. Denoting
F the Fourier transform of{, we have

(FHoF~ ') (k) =Tk, (11.2.5)

and for eactk € R?, the right-hand side of (11.2.5) is a Hermitidrx 4 matrix which has two eigenvalues
{—1k|,|k|} and both have multiplicitp. Let us callU (k) the unitary matrix such that

U(k)T.E)U ()™ =Tk

Itis given by
U(k) = —(1 +I‘°I‘.—>, U* (k) = i(l —FOI‘.—). (1.2.6)
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We define the Foldy-Wouthuysen transformatign, = U(p) = F U (k).F acting from?{ to . This
transformation is clearly unitary g and H, conjugated by/ry can be written as

Urw HoUpyyy = TOp).
Now, the Newton-Wigner observahlg,, is defined by
Tow = UEI}VJ?UFW

Obviously, it is a vector of commuting selfadjoint operators?runitarily equivalent to the standard
position observable. Its domain is given BY,,,,) = UpyyD(z). Furthermore, it is straightforward to
check that the Newton-Wigner observable satisfies (11.2.4) or equivalently

i[Ho, Tnw] = V. (11.2.7)

We shall use the Newton-Wigner observable as an intermediate position operator in Section 1.4 to
prove the microlocal velocity estimate. Nevertheless, we prefer to state this estimate using the standard
position observable since it is easier to interpret. Thus, we have to make the link between these two
observables. Writing,,., = = + U,y [z, Upw|, we get

1

Tnw — T

ro ( 1
2ilp| p[?

where S denotes the spin angular momentum and is defined by —5’1“ A T'. The symboll’ AT
denotes the three matricgs, , ejkll“’fl“l wheree is the totally antisymmetric tensor. The spin angular
momentumsS' is bounded, e\}erywhere defined and selfadjoint. Note that, the opeéfatan also be
viewed as a vector of matrix-valued functions of the variableike V, Z = Z(p) belongs to the space
SR\ {0}; (M4(C))*) and is singular af.

However, we saw in [14] that the manipulation of the operaigr,,, andZ as well as functions
of these, is crucial for the proof of the propagation estimates. To avoid problems due to the singularity
at0, we need to cut-off the low energies. This is done as follows. Let a fungtier(;° (R?) such that
Inllee < 1,m(z) = 0for |z| < § andn(z) = 1 for |z| > e. We define the cut-off operatap = 7(p)
which is bounded of{. We denote)” = 1 — n, suppn® C B(0,¢) andn, = n°(p).

Now, we define thenodifiedNewton-Wigner observable

Xnw = TIpTnwp-

Lemma I.2.1 The operatorX,,, is essentially selfadjoint of(z).

Proof : We can writeX,,,, = z, + Z, wherez, = n,zn, andZ, = n,Zn,. First remark that the
operatorZ, = Z,(p) belongs to the spac#’ (R3; (M4(C))?) since the values of around0 have been
cut-off thanks ton,. Therefore,Z, is bounded or{. Using the Kato-Rellich Theorem, we only have to
prove that the operatar, is essentially selfadjoint o (z). Let us check the assumptions of the Nelson
Lemma (lemma I11.3.2 below) wittv = 22 + 1. Clearly, N is a selfadjoint operator of with domain
D(N) = D(z*) and N > 1. The operatorz, is symmetric and its domain contaid3(z) and thus
D(N). Indeed, for any, € D(z), we have

Tpu = ngacu + nplz, nplu. (1.2.8)



Mourre theory 57

Using the Fourier transform, the commutator
[z, np] =iVn(p) € B(H). (11.2.9)

is bounded orH sincen € S°(R?). It follows thatD(z,) containsD(z). Assume now that € D(N).
We deduce from (11.2.8) thatz,u|| < C||Nul|. It remains to check thadtu, [z,, N]u)| < C(u, Nu).
From (11.2.9), we get

[$p7 N] = [npa 172]337]17 + hC,
= —i(Vn(p).x +2.Vn(p))zn, + he.

Therefore, using (11.2.9) again, we obtafifu, [z,, N|u)| < C(||lzu|? + |Jul?) < C(u, Nu) which
concludes the proof of the lemma.

¢

We also introduce thmodifiedclassical velocity operator

Vp = mpV1p.

Viewed as a vector of matrix-valued functions jafthis operator belongs t& (R}; (M4(C))?). We
denoteV, =V, (p). Finally, from (11.2.7), we have the following relation betwegp,, andV,.

i[Ho, Xnw| = V. (11.2.10)

1.3 Mourre theory

[1.3.1 Abstract theory

Mourre’s theory [58] is a powerful tool for studying the spectrum of selfadjoint operators. Especially,
it provides criteria for a selfadjoint operatéf on H to have empty singular continuous spectrum : a
fundamental prerequisite in scattering theory.

The main idea is to introduce another selfadjoint operdtaralled locally conjugate operator féf,
which increases along the evolution. This means that the Heisenberg derivative of the apenaisirbe
essentially positive. Precisely, we look for an operatsuch that there exist a strictly positive constant
e and a compact operatdf which satisfy

1A (H)i[H, A]1a(H) > €14 (H) + 1o (H) K1 (H), (1.3.1)

on an open interval\ of R. In this case, we say thatl, A) satisfy a Mourre estimate ofA. Although

this last assumption is the key ingredient of Mourre’s theory, we need some extra technical hypotheses
to define properly what is a locally conjugate operator for a selfadjoint opekat@ve do not state here

the original version proposed by Mourre but a refined version inspired by Amrein, Boutet de Monvel-
Berthier, Georgescu [1]. We first introduce a notion of regularity between two selfadjoint opdiatdrs

given in [1].

Definition 11.3.1 For a selfadjoint operatord, we say that another selfadjoint operatéf belongs to
C*(A), k € N, ifand only if3z € C\ o(H),s — ¢*A(H — 2)"le ™4 € Ck(Ry; B(H)), for the
strong topology of3(H).
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Then one has the following definition

Definition 11.3.2 Let H, A two self-adjoint operators oft{. Let A C R an open interval. We shall say
that A is a locally conjugate operator fak on A if it satisfies the following assumptions

(i) H € C'(A).

(i) i[H, A] defined as a quadratic form ab(H) N D(A) extends to an element B{D(H), H).

(i) [A,[A, H]] well defined as a quadratic form oR(H) N D(A) by (ii) extends to an element of
B(D(H), D(H)").

(iv) There exists a strictly positive constarind a compact operatoK such that the Mourre estimate
(1.3.1) holds.

Let us make a few remarks about the conditions stated above. Firstly, there exist weaker versions depen-
ding on the properties of the Hamiltonian we consider. For instance, the assun{ptemd(ii) could be
replaced by (see [1])

() e*AD(H) C D(H).

(i) i[H, A] extends to an element &{(D(H), D(H)*).

Actually, the conditiongi) and(ii) we propose in the definition imply the conditioig and(ii)’ . Indeed
we have the following result due to Gérard, Georgescu [36]

Lemmall.3.1 Let H, A two self-adjoint operators such thaf € C'(A) andi[H, A] € B(D(H),H)
thene®AD(H) c D(H) forall s € R.

The assumptiord € C'(A) has the advantage of being easier to prove #ahD(H) c D(H),
thanks to general criteria, see below Nelson’s Lemma and an extended version due to Gérard, Laba [38].
Moreover, assumption§) to (iii) together with Lemma 11.3.1 imply thalf € C?(A), see Theorem
6.3.1, [1]. This point will be particularly useful to obtain the minimal velocity estimates in Section 4. At
last, we mention that, in the case of Hamiltonians having a spectral gap, the cofidjtion the double
commutator could be slightly weakened, see Theorem 7.3.5, [1]. However, contrary to the massive case,
massless Dirac Hamiltonians have no gap in their spectrum and this refinement is not available.

We now state the main result of this section, due to Mourre

Theorem 11.3.1 Let H, A two selfadjoint operators of.. Assume that is a locally conjugate operator
for H on an intervalA. ThenH has no singular continuous spectrumAn Moreover, the number of
eigenvalues off in A is finite (counting multiplicity).

A subtle aspect of Mourre’s theory is the manipulation of commutators of unbounded selfadjoint
operators. Such commutatd¥, A] are naturally defined as quadratic forms on the intersection of the
domainsD(H) N D(A) and one needs to be cautious when extending them. We have the following
equivalent properties for the class of operatctgA), [1].

(1) 3z € C\o(H), |(H — 2) tu, Au) — (Au, (H — z) " *u)| < C|jul|?>, Vu € D(A)N D(H).
@) (i) 3z € C\ o(H),(H — 2z) 'D(A) C D(A),(H —z) 'D(A) c D(A),
(i) |(Hu, Au) — (Au, Hu)| < C(|Hu|? + [Jul|?), Yu € D(H) N D(A).
In general, the domai(A) is not explicitely known and thus it is not easy to check the condition
(H — z) 'D(A) c D(A). To overcome this difficulty, it is useful to consider another operataralled

comparison operatowhose domain is well-known and that allows us to make the link betwfamd
A. Precisely, we shall use the following lemmata [38]
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Lemma 11.3.2 (Nelson) Let N > 1 a self-adjoint operator ofi{. Let A a symmetric operator o such
that D(N) C D(A). Assume that

())[[Au]| < C[|Null,  Vu € D(N),

(i1)|(Au, Nu) — (Nu, Au)| < CHN%UHQ, Vu € D(N). (1.3.2)

ThenA is essentially self-adjoint o (V). Furthermore every core faN is also a core forA.

Lemma 11.3.3 (Gérard, Laba) Let H, Hy and N three self-adjoint operators of satisfyingN > 1,
D(H) = D(Hy) and (H — 2) 'D(N) C D(N). Let A a symmetric operator o (N). Assume that
Hy and A satisfy the assumptions of Lemma 11.3.2 and

\(Au, Hu) — (Hu, Au)| < O(|Hu|)? + |[ul|?), Vu € D(N). (1.3.3)

Then we have

e D(N)isdenseinD(A) N D(H) with the norm||Hul|| + ||Au|| + |lu|,

e the quadratic form[H, A] defined onD(A) N D(H) is the unique extension gfH, A] on D(N),
e Hc Cl(A).

[1.3.2 Locally conjugate operator

Not only the existence of a locally conjugate operatordoprovides an important information on the
spectrumg(H) but it also enables to obtain the minimal velocity estimate in a simple way. As we shall
see in Section 1.4, it is preferable to use a locally conjugate operator whose domain cdhtajn®
derive this estimate more directly. Moreover, the constantthe Mourre estimate (11.3.1) is physically
relevant since it gives the upper bound of the minimal velocity with which the fields escape to infinity (see
Proposition 11.4.1 for the exact statement of this assertion). Intuitively, massless fields should propagate
with a speed equal to the light velocity (equalltm our convention). Therefore, we expect to obtain the
valuel for the constant in (11.3.1).

As suggested by the massive case [14], a good candidate for a locally conjugate operator seems to
be%(z.v + V.x). However, it is not easy to manipulate commutators involving this operator ¥inge
singular at) when viewed as a function @f Therefore, we prefer to consider the operator

1
A= §(x.vp +V,.x). (1.3.4)

Lemma I1.3.4 The operatorA is essentially selfadjoint ob(z).

Proof : We apply Nelson’s Lemma 11.3.2 wittV = (z). Letu € D(x). We can writedu = V),.zu +
[z, Vp]u and we have
[z, Vp] =iV.V,(p) € B(H), (11.3.5)

sinceV, € S°(R; (M4(C))?). Hence,D(z) is contained inD(A) and||Au|| < C||Nu]. It remains to
check that/(u, [A, N]u)| < C(u, Nu). We have[4, N] = 1(2.[V,, (z)] + hc). But using the Helffer-
Sjostrand formula, we have

. 3 l 3
Ve 0] = g3 /(C 2V, ( X (11 R (=i (1] Ri,))dz A dz.

=1 ki=1 ko=l
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where R, = (z — pi)~!. Therefore, the commutatdy),, (z)] is bounded by (Il.A.2) and we have
|(u, [A, N]u)| < Cllzu] lul < C(u, Nu).
&

Lemma I1.3.5 The massless Dirac operatdf belongs to the class' (A). Furthermore, the commuta-
tors [H, A] and [[H, A}, A] are bounded ori. In consequence] € C?(A).

Proof : We define the comparison operatdir = 7# + =2 + 1. It is well known that the domain of
N is equal toD(N) = H?(R*) N D(z?). Thus D(N) C D(z) C D(A). We know that| Au| <
C(l|lzul|| + [Jul]) < C||Nul|. It remains to see thatu, [4, N]u)| < C||N%u||. We have

1 1
[A,N] = 3 ([x,pz].vp + Vp.[m,p2]> t3 ((L‘.[Vp,(L‘Z] + [Vp,x2].ac>,
= ip.Vy —ix.VVy(p).z,
wherez.VV,(p).x = 3, ; :(9;V}) (p)x;. Therefore, we get
|(u, [A4, Nu)| < C(|lpull [[u]l + zul®) < C(u, Nu),

and(A, N) satisfies the assumptions of Nelson’s Lemma 11.3.2.

The fact that Hy, N) also satisfies Lemma 11.3.2 is immediate. MoreoYéf—z)"'D(N) c D(N)
by Theorem I1.2.1. To apply Lemma 11.3.3, it remains to check whetherH, Alu)| < C(||Hu| +
||lul|), for anyu € D(N). We have

i[H,Al = - (C.V, +V,.T) + % (z.[V, V] + [V, Vp).z).

N —

The first term is clearly bounded @d. Using the equality:.[V (z),)},] = [zV (z), V)] —iV.V,(p)V (2)
and (11.3.5), we rewrite the second term as

2V (), Vo] + %(V-Vn(P)V(w) +V(@)V.Vy(p)-

SinceV.V, (p)V () is bounded ori, we only have to prove th@¥’(z)z, 1}, is bounded. By the Helffer-
Sjostrand formula, we get

3

[xV(x),Vp]:_—i?) 2.9, () (Z HRkl )2V (), p] HR,Q )dz/\dz (1.3.6)
T C3

(2) =1 ki=1 ko=l

Since[z’V (z), ] = i0)(z7V (z)) € S~P(R?), this term is bounded. Therefore, we finally have
i[H, A] = 1(1“ Vo + V1) +ilzV(z), V] + %(V.Vn(p)V(x) + V(z)V.V,(p)) € B(H), (1.3.7)

andH € C(A).
It remains to check the assertion concerning the double commutator. A long but straighorward com-
putation using several times the Helffer-Sjostrand formula, the condifianS *(R?) with p > 0 and
(11.2.9), (11.3.5) shows that
[i[H, A], A] € B(H).
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Eventually, H € C?(A) by Lemma 11.3.1 and the discussion below it. This concludes the proof of
the Lemma.

&

Let us now check the Mourre estimate (11.3.1). k€ C5°(R) such thaty = 0 on a neighbourhood
of 0. First observe that

1 1
3OV + V1) = npVnp + 3 (FY +V.F)p,

whereF = T' — V. SinceV? = 1 andF anticommutes with), we have;(T'.V, + V,.I') = n? and we
can rewrite (11.3.7) as

iH,A] =} +i[zV (z), V] + %(V.Vn(p)V(x) +V(z)V.V,(p)). (1.3.8)

SinceV € S~*(R?) , the termb (V. V), (p)V (z)+V (z) V.V, (p)) is compact by the standard compactness
criterion. Similarly, using (11.3.6) and the fact thaf V (), p;] = i0;(z'V (z)) € S~P(R?), the term
[zV (x),V),] is also compact. Eventually we obtain

X(H)i[H,Alx(H) = x(H)n;x(H) + x(H)K x(H), (1.3.9)

with K a compact operator oH. Now, we can choose the functignsuch thaty(|z|)sf (z) = 0. In this
case, we have(Hy)n, = 0. Sincex(H) — x(Ho) is a compact operator o, we have

X(H)mx(H) = x(Ho)nzx(Ho) + K,

whereK is compact. We write? = 1 — (n?) and we finally obtain

X(H)n2x(H) = x(Ho)(1 — (n*)5)x(Ho) + K = x*(Ho) + K = x*(H) + K,

whereK denotes different compact operators&nFinally, for anyx € (5°(R) equal to0 on a neigh-
bourhood o), the Mourre estimate (11.3.1) holds with the constaetjual tol.
As a consequence of Theorem I1.3.1 angl (H) = R, we have proved

Theorem 11.3.2 The singular continuous spectru,,(H) of the Dirac operatorH is empty. Moreo-
ver, H can only have an eigenvalue of infinite multiplicityOat

1.4 Weak propagation estimates

In what follows, we shall use constantly the results given in appendix I.B. We defiri® by
% + i[H, .] the Heisenberg derivative which acts on time-dependent selfadjoint observafsles he
Heisenberg derivative satisfies

% eitHB(t)e—itH — eitHDB(t)e_itH.
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[1.4.1 Minimal velocity estimate

The minimal velocity estimate takes the following form

Proposition I1.4.1 For any constant €]0, 1] and for anyy € C§°(RR) such thaty = 0 on a neighbou-
rhood of0, we have

o x _i 2dt
KHm&m%umw“%H7sqwm Ve € H. (14.1)
Furthermore 2]
. Z —
s— lim 1[075}(T)X(H)e t — . (1.4.2)

In order to prove Proposition 11.4.1, we first recall an abstract proposition, given in [39], which shows
how the minimal velocity estimate is closely related to the existence of a locally conjugate opgrator
for H in the sense of Mourre theory.

Proposition 11.4.2 (Gérard, Nier) Let H, A two selfadjoint operators ofi{. Assume that foe > 0,
H € C'*¢(A), and assume that there exigts> 0 such that the Mourre estimate

1A(H)i[H, A]1a(H) > col4(H), (1.4.3)

holds on an open intervah. Then
(i) Vg € C*(R), Vx € C§°(R) such thatsuppg C (—00,¢p), g =1 0on(—o0,0) andsupp x C A,

/1 Hg(;)x(H)e*“%H? <Cllyl?, V¢ eH, (1.4.4)
and
s — tlgc{lo g(é)x(H)e_itH =0. (1.4.5)

(i) Furthermore, assume that there exists another selfadjoint opefator1 which satisfies
D(B) c D(A), +A< B, [A,B]B~! € B(H),

then,Vx € C§°(R), supp x C A and for anys €]0, ¢[, we have

o0 B » 2t
| toa-aCpxme i S < cslwip, vien, (146
and 3
s = lim 1[0760_5}(?)X(H)e_”H = 0. (1.4.7)

The first part of the proposition clearly indicates that the minimal velocity estimate holds in the spectral
representation of the locally conjugate operatorWe would like to obtain a more physical interpre-
tation of the estimate by replacing by the position observable. That is what the second part of the
Proposition allows us to do.
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Proof (of Proposition 11.4.1) : Let us apply Proposition 11.4.2. We already know from Lemma 11.3.5 that
H € C%*(A). Let A an open interval included iR \ {0} andd €]0, 1[. Then there exists a compact
operatorK such that the Mourre estimate

1 (HYi[H, AJLa(H) > 1a(H) + 1a(H) K15 (H),

holds. Since the only possible eigenvalue fbiis 0 and sinceA avoids this values — lim 1z (H) = 0
when |A| tends to0. Moreover, sincek is compact,K 14 (H) tends to0 in operator norm whemA|
tends ta). Therefore, folA| small enough, we have
. )
La(H)i[H, ALa(H) > (1 - 3)1a(H).
Hence, if we choosg € C5°(R) such thatsupp x C A, (11.4.4) holds withey = 1 — g Now, we apply

the second part of Proposition 11.4.2 with the operabor= (z), = (2 + u)% andp > 0. We must
check that
— D(B) C D(A). This follows fromD(B) = D(z) and the fact thaD(x) C D(A) (see Section
11.3).
— +A < B. Letu € D(B). We have

1
(A = |5 (u, @V + Vp2)u)l,
< (@) 2, ()22 Vpu)),
< (@) 7u, (@) e V() ru)| + |(u, (@) 2 e [(@)2, V)l (11.4.8)
Smce|| || < 1 and||V,| < 1, by Cauchy-Schwartz, the first term in (11.4.8) is bounded by

I{x )zu||2 = (u,(x)u). To estimate the commutator in the second term, we use the Helffer-
Sjostrand formula. We obtain

o= (52)'S [ oo 5 (3 (T 2

H Ry )dz/\dz

& =1 k=1

where Ry = (zx — pr) . We commute(x)‘% with the resolvents on its left and noting that
[Ry, (m)‘%] is bounded, we obtain

- .[(@é,vp]:(%)?’z d:Vj(z (f: H Z<‘r’;‘> HRk: )dzndz+ By,
j =1

k'=l

whereB; is bounded orH by (I1.A.2). Sinceé’;—f> is bounded for any = 1,2, 3, this last integral
converges in operator norm and is boundedohy (11.A.2). Eventually, we have

|(u, Au)| (u, {z)u) + C(u, u),

<
< (us (2)w),

foru>C+1.



64 Scattering theory for massless Dirac fields with long-range potentials

— [A, (x),)(x)," bounded orH. Indeed we have

_ 1 _
A4, (@l (@) = 5 (2.0 (@)l + Vs (o)) ) 2y (11.4.9)
But using the Helffer-Sjostrand formula, we get

2
zVy, ()] = (%)32 iz (i ﬁ
J =

Then if we commuter; with the product of resolvents on its right and sirigg R;] is bounded
foranyk = 1,2,3, we obtainz.[V),, (z),] = B1.x + B, whereB; and B, are bounded thanks to
estimate (11.A.2). In particular, (11.4.9) is bounded &h

Hence, we have established (11.4.6) with the operdtor (x),, supp x C A and anys €]0,1[. Now,

observe that g 5 () — 1y 5 (12) € L' (dt). Thus, (11.4.1) and (11.4.2) hold for any with sufficiently
small support. It remains to treat the general case. Note that by local compactness, we can write any
x € C§°(R), x = 0 on a neighbourhood df as a finite sum

N
X=X
=1

where they;’s have sufficiently small support and satisfy (11.4.1). By the Cauchy-Schwarz inequality,
we have

|7 (o aEhme o 10, a(Thne 1)
< (7 JroaaEacne L) ([ aoa-angne | 4)"

Therefore, we obtain

H Ry )dz/\dz

”k'z

| Jroa-awne |5 < ot

which concludes the proof of the proposition.

&

I1.4.2 Maximal velocity estimate

The maximal velocity estimate states in a weak sense that massless Dirac fields do not propagate
faster than the light velocity (equal fioin our convention). More precisely, we prove in the following
proposition that the energy containeddn= {|z| > t} tends td) whent — oc.

Proposition 11.4.3 Forany1 < ¢, < 65, we have
00 T -
[ [t oaEhe S <cmr, ven. (1.4.10)
Given anyg € C*®(R) withg' € C$°(R) andsupp g € (1,400), we have

s — lim g(@)e—iltH =0. (1.4.11)

t—+o00
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Proof : The proof is identical to the proof given in the massive case [14]. We omit it.

¢

11.4.3 Microlocal velocity estimate

Roughly speaking, the microlocal velocity estimate asserts that, in the region of the spacetime where
the energy does not decrease with time, we can approach the position obserbgtiee operatot)
in a weak sense. Although the strategy used to prove the microlocal velocity estimate remains identical
to the one given in [14], the low energy case requires caution since we want to use the Newton-Wigner
observabler,,, = = + Z whereZ is an unbounded operator of domdit{|p|~!). The idea is to use the
operatorsX,,,, instead ofz,,,,. We have

Proposition I1.4.4 Forany0 < 6; < 1 < 6, for anyx € C§°(R) such thaty = 0 on a neighbourhood
of 0, we have

o0 € € . 2dt
/ 10,00 Eh = DY < o, v e . (14.12)
Furthermore 2]
. x X —i
s = Jim g, 0,)(7)(V = 2)x(H)e HE — 0, (1.4.13)

In the proof of Proposition 11.4.4, we need several technical lemmata. The first one permits to make
the link between the operatorsand X;,,,. More precisely, it says that a cut-off functigit?) is almost
the same as a cut-off functiqf(%) up to a term that is small for large time.

Lemmall.4.1 Let f € C§°(R3) such thatf = 0 on a neighbourhood of. Letg € S #(R?) with

0 <pu<2.Then
X
g(x) f(—=

Let x € C5°(R) such thaty = 0 on a neighbourhood di. If we choose the functionin the definition
of X, such thatsupp n© N supp x = 0, we have

) € O(t™H). (11.4.14)

Xnw T
=) = (7))

x(H) (f( Ot~ min(he)y (11.4.15)

wherep is the decay rate of the potentil (see subsection 11.2.1).

Proof : Assume first tha® < p < 1. We rewrite (11.4.14) as followg/(z) f (222 ) = g(z)(f(Xnw) —
(%)) + g(z)f (). Clearly, it suffices to prove that

an
¢

9(@)(F(Z) = £(3) € O(™). (114.16)

Using the Helffer-Sjostrand formula, we have

T —1 ~ 5 ! ! xl 3 -
g(x)(f(X:’”) —f(5) = W/@ 0-1() (3 (11 Rﬁl)g(x)(xgw - 7)( [T Bi))dzndz,

=1 ki=1 ko=l
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k
whereRy = (2, — T) ! andRX"w = (2k, — X;%U)*l. Now, remark thatX,,,, — = = z(n7 — 1) +
[1p, z]mp. Using (11.2.9), we can wrlte more concisely,,, —z = xB; + B whereB;, By are bounded.

Therefore, we have

3 3

o) () =13 = s [ 0 (3 (T 7)ot (2 22) (T i)

=1 k=1 ko=l

It is immediate that the term involving? belongs toO(¢~!) by (I1.A.2). Let us estimate the remaining
term. We claim that

l C (zl)
1.4.17
lote) 5 B < it (14.17)
Indeed, we first writgy(x)% lRf = L sgn(z! )g(w)|xl|“(‘%)17“Rf. Now, since0 < p < 1, we use
that||(|‘” )1 "RY|| < Cu<le| andg(x)|='|* bounded or#, to prove that (11.4.17) holds. Hence, we

conclude the proof of (11.4.16) using (11.A.2).
We assume now thdt< p < 2 and we denotgy = i — 1. Clearly, we havé < uy < 1. We also
consider a functiorf, € C§°(R?) such thatf; = 0 on a neighbourhood d¢f andf f, = f. We have

an
t

XTL’U)

g@) f(—=) = g(@)f(
Xpw oo X

= glz)(x)f( 75) +9(@)@)(e) L F(EENA() = Lo+ Lo,

The first termL; obviously belongs t@ (¢ #) by (11.4.16) sinceg(x){z) € S~#°(R3). For the second
term Lo, we use the Helffer-Sjostrand formula (11.A.10) to get

o)) ()™, PR = S gla)(a)V

Note that we used the fact thir) !, X,,,,] and [[(z) !, X,u], Xnw| are bounded ori. Thus, we
deduce from (11.4.16) that, € O(t~*) which concludes the first part of the Lemma.
To prove the second part, we first rewrite (11.4.15) as

Xnw KXnw
t t

) 1), Xl 1 (TE2) + O(72)

an

XCH) (F(Z2) = £(5)) = x(Ho) (F(Z5) = £(5)) + (e(H) = x(Ho)) (£(

We show that the terni; belongs toO(¢~!) and that the ternd, belongs toO(¢~™in(12)), By the
Helffer-Sjostand formula, we have

)= F() =+ 1.

3 l

I = / 0:1(2) (Y ( H Rgl)(Xfw - ‘”7)( [T B))dz A dz.

=1 ki=1 ko=l

Since||Rf H < Cumll‘ and||RX"“’“" | < C\Iml £ the integral converges in norm by (11.A.2). Now

we commuteX(HO) with Hfﬂ:l Ry . Since for anyk = 1,2, 3, [x(Ho), Rf] = Rj[x(Ho), ”Tk]Rg and
[X(Hop), & ] € O(t~!) by the Helffer-Sjostrand formula, we have

—3 B 3 l Xl xl 3 .
L = W/(CS aéf(z)(Z( H Ril)X(H0)< ;“U p )( H Ré;“’))dz/\d?—i— O(t_l).

=1 k=1 ko=l
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Usingn, + n, = 1, we write

xt, ! ! z!
=2 = xtHo) (20 - 2) - (S, m5) + 2.

X(H0)<
But the assumptions on the supports;@indx imply thatx(Hy)n; = 0. Then, sinc&}, is bounded, we
conclude that
Xrlzw wl -1
- = t
w2 ) e 0@,

X(H0)<

by (11.2.9). Finally,I; € O(t™1).
It remains to study the tery. Using the Helffer-Sjostrand formula, we have

1 - 5 _ _
b= g [, 0ex)0cf ) w = 1)V (@) — )

3

(Z( 11 Rﬁl)(Xf“’ - %l)( 1T RkX;w))dw/\dw/\dz/\dz.

=1 k=1 ko=l

We would like to commutéw — Hy)~! with the terms on its right. Since for ay= 1,2, 3,

[(w — Ho)™", R§] = Ri(w — Ho) ™' [Ho, %k]w ~ Hy)"'R} € O(t7"),

l l -
= Ho) ™, 22— Ty =y Hg) V- D) — Hy) e 07,

we obtain

1 - P _
B = Gt [, daxw)0:F () w — 1)
3

l Xl (Ifl 3

-1 KXnw — 5 -1

(Z (11 Rﬁl)V(x)(% - 7)(10 — Ho) ' (T] RE ))dw Adw Adz Adz + O,
=1 k=1 ko=l

But, sinceV € S—*(R3), we already saw in the first part of the Lemma that this term belongg#)

by (11.4.17). HenceL, € O(t~ ™)) and the Lemma is proved.

¢

We prove now another technical lemma.

Lemmall.4.2 LetJ € CgO(R?’), J = 0 on a neighbourhood df. Then,

X’I’L’LU X’I’L’LU

i[H, J( .

1
)] =2 VI(=5)Vp + L'(dt).
Proof : We apply the commutator expansion (I1.A.9) given in the appendix. We have to ¢hdéke
CHXnw), 2) [H, Xnw] and[[H, X, X ] bounded or{. To prove the first point, we use Lemmata
11.3.2 and 11.3.3 with the comparison operafr= p* + 22 + 1. Recall thatD(N) = H?(R*) N D(z?).



68 Scattering theory for massless Dirac fields with long-range potentials

The operatorX,,,, is symmetric and its domain contaii$(N). Letu € D(N). We already saw that
| Xnwu| < C|l|z|u|| < C||Nul|. Moreover, as a quadratic form dn(N), we have

[Xnw, N] = np[xap2]77p + ([npaxz]fm?p + hc) + [Zp,xz],
= 2in,pnp — i((Vn(p).z + 2.Vn(p))zn, + he) — i(VZy(p).x + 2.V Z,(p)).

Since each component &, (p) andn(p) belong toSO(Rf;; C), using (11.2.9), we can estimate this com-
mutator as follows

1
|(u, [ X, NJu)| < C(Hplul llull + 1| |zlul® + | |z]ull u]]) < CINZul?,

and thus{ X,,,,, NV) satisfies Nelson’s Lemma I1.3.2H),, N) also satisfies this Lemma and by Theorem
11.2.1, we know tha{ H — z)~!D(N) C D(N). It remains to check the assumption on the commutator
[H, X ] As a quadratic form o®(N), we have

iH, Xo] = i[Ho, Xuw] +([V (), mplamy + he) + [V (2), Z,), (11.4.18)

By (11.2.10), the first term in (11.4.18) is equal 8,. Using [V (z), n,]z = [V (z)z,n,] — iV (2)Vn(p),
the second term in (11.4.18) can be written as

i([V(z), mplzny + he) = (i[V (x)z, nplnp + V() Vn(p)mp + he).

SinceV € S 7(R?) and using the Helffer-Sjéstrand formula, all these terms are bounded operators on
H. Finally, using the fact thak, (p) € S°(R3; (M4(C))?), the third term in (11.4.18) is also bounded by
the same argument. Thus we have

|(u, i[H, Xpw]u)| < Cllul®.

Now, straightforward computations using the Helffer-Sjostrand formula show that the double commuta-
tor [[H, X,w], Xnw] IS also bounded of.
Therefore, we can use the commutator expansion (lI.A.9) and we get

an

. 1 . _
i[H, Xpw] = ¥VJ( Yi[H, Xpw] + O(t72),
Tt

t )Z[V($)7an] + O(t_2).

1_ X
= VIV, +

Now, we claim that

an
VI

)A[V (), Xnw] € O(7), (11.4.19)

which entails Lemma 11.4.2. Using Lemma 11.4.1, it suffices to show thet:[V (), X,,.,] is bounded.
We have

(@)1i[V (2), Xnw] = () (i[V (@), mp]mp + V(2)Vi(p)np + he) + (2)1i[V (%), Z,].

SinceV € S=°(R3), the term(z)”V (x)Vn(p)n, is clearly bounded. Let us analyée)’i[V (z), Z,]. By
the Helffer-Sjostrand formula, we have

. 3 l 3
@iV (). 2] = @) s [ 02 (3 (T] R iavieN(T] Ru) ) n

3
(2 ) I=1 k1=1 ko=l
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If we commute(z)” with the resolvents on its right and sin¢ey’ 9,V (x) is bounded, we obtain

. 3 l
—1

3
(@)Pi[V (), Zp) = 53 azZ(z)(Z (T] =), B ) (=iav (@) (] Rk2))dz Ndz+ B,

3
(27T) C3 =1 ki=1 ko=l

whereB is bounded by (I1.A.2). Now, note théfz)’, Ry] = pRyz*(x)?~2Ry,. Therefore, if this term is
bounded, we have proved that’i[V (z), Z,] is bounded and in the other case, we commfite)? >
with the resolvent on its right. By induction, we finally prove tayi[V (x), Z,] is bounded.

By the same argument, the remaining teus[V (z)z, n,]n, is also bounded oi which concludes
the proof of the Lemma.

&

Eventually, we shall need the Lemma

Lemmall.4.3 Letf,g € Cg°(R3). Then,

an

) V€06, (), 9] € 0.

£ :

Proof : Using the Helffer-Sjdstrand, it suffices to show tha},,, V,| is bounded ori{. We have

(Xow, Vpl = [2p, Vol + [Zp, V),
= —ﬁpVVn(P)ﬁp + [Zpa Vp]a

which is bounded sinc®, (p) € S°(R3; (M4(C))?).
o

Proof (of Proposition 11.4.4) : For technical reasons, we need to introduce an approximation of the
generator of dilationst. We define

A== (XnwVp + Vp-Xnw)-

N | —

A is essentially selfadjoint o (x). Indeed, sinceX,,,, = z, + Z,, we haveA = A, + B whereB
is a symmetric bounded operator adgl = £ (2,.V, + V,.7,). Thus, if we prove thatl,, is essentially
selfadjoint on the domai®(z), so isA by the Kato-Rellich Theorem. Commutimgwith z, we rewrite
A, as follows

1
Ay, = i(x.nI%Vng + n%an,.x) + B,

= A1+B7

whereB is bounded by (I1.2.9). Again we only have to prove thats essentially selfadjoint oD (z).
This follows using the same proof as in Lemma 11.3.4.

Let0 < 0y < 01 <1< 0y < 03.LetJ € C5°(R3) such thatupp J C {6y < |z| < 63} andJ =1
on{f; < |z| < 6,}. Let us consider the propagation observable

an
¢

2
{Tme a7

) (),

¢(t) = x(H)J(
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which is a selfadjoint operator-valued function uniformly bounded with respectLiet us compute its
Heisenberg derivative

1 Xow o ( X2,
—Do(t) = —x(H)(DJ(=){5 : )X(H) + he
Xnw X2,
+oXHE)T (S )X(H)
an ng -A an
~X(H)J (=32 )ilH, =5 = 271 (<7)x(H).
From Lemma 11.4.2, we get
DJ(X"“’) = —%VJ(X:“’).(V,, - X;"”“’) + L' (dt). (11.4.20)
Now we claim and we shall prove later that
an . ng an o 2 an A an 1
J( p )ilH, - 1J( p ) = ZJ( p )?J( p ) + L' (dt), (11.4.21)
J(Xm”)i[H, A]J(X”“’) = 1J(X"“’)V,?J(Xm“)+L1(d1t). (1.4.22)

t t t t

Thus, using (11.4.20), (11.4.21) and (11.4.22), we obtain the following expressior-1ws(t)

2
~Dé(t) = —%x(H)VJ(%).(V - %){{Ew & 1) (H) + he
+%X(H)J(Xt ){Xg“’ - 2— +V; H) + L'(dt). (1.4.23)

Let us consider a functiofn € Cg°(R?) such thatupp j N {6, < |z| < 62} = B and;jV.J = V.J. Then,
using Lemma 11.4.3, the first term of (11.4.23) can be written as

an
¢

an

X(H)j(—2)B()j(—)x(H) + L'(dt),

where B(t) is operator-valued function uniformly boundedtinSince the support of is disjoint from

a neighbourhood of the unit sphe$é, this term is integrable along the evolution by Propositions 11.4.1
and 11.4.3.

For the second term in (11.4.23), note tl{ﬁé—w —24 + Y2} = (£ax — V)2 Thus we obtain

an
¢

t

an
¢

2 ) J( — V)2 (2R (H) + L (dt).

~Dg(t) =

By Lemma ll.4.1, one can replacg,,, by = in the equality above. Furthermore, one can also replace
by V thanks to the following result

va(%)X(H) = VJ(%)X(H) +O®t ). (11.4.24)

To prove (11.4.24), let us writd), J (£)x(H) = Vyx(Ho)J (%) + VplJ (%), x(Ho)] + VpJ (£)(x(H) —
x(Hp)). By the Helffer-Sjéstrand formula, one heg H) —x(Hp))J(F) € O(t=*) and[J (%), x(Ho)] €
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O(t'). Now recall that we chosgsuch that)(z) x(|z|) = 0. Hence, one hag(Hy)75; = 0. Now using
thatn, + n, = 1, we obtainV,x(Ho) = Vx(Ho) which proves (11.4.24). Finally, we have

~D4(1) = x(H)I(E)E - VPRI )x(H) + 1 (dh),

Thus, (11.4.12) holds by Proposition 11.B.1. It only remains to prove (11.4.21) and (11.4.22). We have

2
T, SN = ) (S, Xl +he) I,
= FICEIATCTE) £ I (S @), Xaw) 4 he) T

by (11.2.10). Moreover, the second term belonggxa'~—*) by (I1.4.19) which implies (11.4.21). Even-
tually, we have

gy, Ay oy = Ly Freyye Xy ) (1 a), X vy 4 k) 1)
+%J(X;”” ) (X:“’ ilV (@), Vy] + he) J(X:“’ ) (11.4.25)

The second term in (11.4.25) clearly belongs¢t ' #) by (11.4.19). Moreover, we have

an
t

J(Z) [V (), V] € Ot 17, (1.4.26)
by the same argument as for (11.4.19). Therefore, the third term in (11.4.18) also beloniy¢ to”).
Hence, (11.4.22) holds which concludes the proof of (11.4.12).

To prove (11.4.13), let us consider the following propagation observable

Bt) = X(H)J(D)V = )°T()x(H),
T (22 A T
= x(H)I({% =25 + v IO,

In particular, note thad(¢) is a positive operator for any Let us prove that

. —itH —itH ;)\ _ 1 A 75 —itH |2 _
Jim (74, (1)~ 4p) = Jim || (v = DI (GIx(H)eT o |” =0,
which proves (11.4.13). For technical reasons, we need to madifyslightly. Let us define the modified

propagation observable

an

Bm(t) = X(H)J( :

2
an){X"“’ A )x(H).

_9" 2
t t t +VP}J(

where the functiom in the definition ofX;,,, andV), satisfies the propertyupp n° N supp x = 0. By
Lemma I1.4.1, we have the following relation betwegh(t) and¢(t).

Pm(t) = ¢(t) + O(E").

Thus it is sufficient to show . _
lim (e "y, dp (t)e " yp) = 0.

t—00
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Let us compute the Heisenberg derivativepgf(t). As shown in the computation of the first part of the
proposition and using again Lemma 1l.4.1, we obtain

Dinlt) = x(H) I W - D)),
X)) V2T () (),
+LY(dt).

The term.J(Xsw )i[H, V2] J(Xae) = J(2mw)i[V (z),n2]J(222) belongs toL'(dt) by Lemma 11.4.1.
Thus

2 Xnw T

~Dépunlt) = SX(H)T (7)Y = )T (5)x(H) + L' (d).

Hence, by (11.4.12), we can apply Lemma I1.B.1 and the following limit exists

s— lim e, (t)e ", (11.4.27)

t—4o00

Clearly, we can replace,, (t) by ¢(t) in (11.4.27) without changing the limit. Now, we also know by
(1.4.12) that

0 [y pe Y < o

Hence the limit (11.4.27) vanishes which concludes the proof.

¢

1.5 Asymptotic velocity

In this section, we use the previous propagation estimates to construct the asymptotic velocity ope-
rators. We follow the exposition given in [21] with slight changes for Dirac operators already introduced
in [14]. We recall that the construction of the asymptotic velocity is valid under the weak assumption :
V € S7(R?) with p > 0. In the remaining of this paper, we will only give the proofs of the results for
t — +o0 since the proofs fot — —oco are identical.

I1.5.1 Existence of P*

The main theorem of this section is
Theorem 11.5.1 Let H be the massless Dirac operator. LBt Cy,(R?). Then, the limits

J(P*) :=s— lim eitHJ(%)e*“H, (11.5.1)

t—+oo

exist. The operator®+ defined by (11.5.1) are vectors of commuting selfadjoint operatorsatefined
on a dense subspace #f and P commute with/Z. Furthermore, the states having zero asymptotic
velocity are the bound states #f, i.e.

1{0y(P*) = 17P(H) or equivalently 1gs\ (o) (P*) = 1°(H) (1.5.2)
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wherel??(H) and1¢( H) denote respectively the projections onto the pure point and continuous spectral
subspaces aoff. We can also characterize the asymptotic velogtyin terms of the classical velocity
operatorV by

J(PE)1gs\ 10y (PF) = s — lim ™ J(£V)e ™ 15\ 1) (PF). (1.5.3)

t—=+o0
Proof : First considen/; € HPP +) # 0. Since the only possible eigenvalue fdris 0, we haveH ) = 0.
LetJ € Cw(R?). Then
. aH 70T\ itH,, . itHf 7%y _
Jim IS My = J0)9 + lim I~ 1(0)},
= J(0)y.

Therefore, the limit (11.5.1) exists oR?P. Now, assume that € H¢. LetJ € C§°(R?) andy € C5°(R)
such thatJ is constant on a neighbourhood @fand y = 0 on a neighbourhood di. By a density
argument and sincl(H), J(£)] € O(t™), the existence of (11.5.1) is equivalent to that of the limit

_ L itH z —itH
s t_l:glooe x(H)J( . Yx(H)e 7. (1.5.4)
Let us introduce the propagation observap(ée) = x(H){J (%) 2)}x(H). Clearly,¢(t)

is a selfadjoint operator-valued function unlformly bounded |By Proposmon 11.4.4, the existence of
(11.5.4) is equivalent to that of . '
s— lim " p(t)e "1, (11.5.5)

t——+o00

For technical reasons, we need to introduce the modified propagation observable

X

Bm(t) = XCH){T(T22) 4 (¥ = 222) 9.7 (222 by (),

where the functiom (in the definition of the Newton-Wigner observablg,, and the classical velocity
operatorV,) is chosen such thatupp 7° N supp x = 0. By Lemma 11.4.1 and the proof of Proposition
11.4.4, it is enough to prove the existence of

s— lim e ¢, (t)e "H, (11.5.6)

t—+o00

Let us compute the Heisenberg derivativeppf(t). Using Lemma I1.4.2, we obtain

Dén(t) = —%xm)((vp—X;“’»v?J(X:%.X;%x(H)
CETH, T(2) o (V= ). 772 (1),
- L ><<vp— >v2J(Xt )V = ) ()
o (EYV (), V) VT (20 )3 (H) + L (d). (115.7)

Now, the second term in (11.5.7) is integrable along the evolution by (I1.4.26). Whence we get

an
¢

) (v, -

D (6) = x(H) (% — 22), V2 D)) + L ()
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By Propositions 11.B.1 and I1.4.4, the limit (11.5.6) exists and hence so does (II.5.1).
In order to prove that the operataPs defined by (11.5.1) are vectors of selfadjoint operatorston
with dense domain, it suffices to show that

_ L o itH g %\ —itH) _
s Rl_l)r_iI_loo (s 1t_l}u(inooe J(Rt)e ) 1, (1.5.8)
for a givenJ € Cy (R?) with J(0) = 1 (see Proposition B.2.1 in [21]). The proof of (11.5.8) is identical
to that given in [14]. We omit it. Eventually, using the definition Bf and [H, 2] € O(t 1), itis
immediate thaf”* commute withH .

Now, we prove that the states of zero asymptotic velocity correspond to the (possible) bound states
of H. This result only requires the minimal velocity estimate. We already saw that, fap en§#?, we
have .

. itH 7T\ —itH
tllrinooe J( . Je "ap = J(0)9).
This entails thatP*+ = 0 and provesl (o, (P*) > 1PP(H). Let us prove the converse inequality. We
consider a functio/ € C5°(R?) such that/(0) = 1, J > 0 andsupp J C B(0,¢) with 0 < ¢ < 1 and
a functiony € C3°(R) such thaty = 0 on a neighbourhood @f. Then (11.5.1) implies
s— lim I H)ET = J(PR)C(H),

t—=+o0

> 1y (PT)x*(H).

Note that the left hand side is equaltdy Proposition 11.4.1. Therefore, we haﬂ@}(Pi) < 10y (H).
But the only possible eigenvalue éf is precisely0. Thus 1{0}(Pi) < 1PP(H) and we have proved
(1.5.2).

It remains to give another characterization /f in term of the classical velocity operatdt. By
definition of the asymptotic velocity’™ and by a density argument, we simply need to prove

— 1 itH _ T L —itH __
s tkinooe (J(V) J(t))f(t)X(H)e =0, (1.5.9)
whereJ, f € C$°(R?) such thatf = 0 on a neighbourhood d@fandy € C5°(R) satisfyingy = 0 on a
neighbourhood ofi. Now using the Helffer-Sjdstrand formula (11.A.11), we see that the left hand side of
(11.5.9) is equal to

. . x x .
s= lim ¢ (CV =)+ BE)) F(D)x(H)e™,
where( is a bounded ofi{ andB(t) € O(¢t ). Now, this limit vanishes thanks to Proposition I1.4.4.

¢

1.5.2  Spectrum of P*

This section is devoted to the study of the spectrun”of We recall that in the case of a massive
Dirac equation, the spectrum of the corresponding asymptotic vel&gitwas the unit closed ball i.e.
o(PE) = B(0,1). Intuitively, when the Dirac field is massive, the modulus of the asymptotic velocity
can take any value betwe@®nand1 and no space-like direction is preferred. Moreover, the states cor-
responding to the zero asymptotic velocity are the bound states of the massive Hamiltonian. We do not
expect such aresult in the case of a massless Dirac equation since there is no mass to slow the field down.

Actually, we have
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Theorem 11.5.2 Let P* be the asymptotic velocity defined in Theorem I1.5.15%Idenotes the unit
2-sphere, then

o(P ) {oju 52, ifapp(H)?é@a
5) =

o(P otherwise

Proof : Since we know thaf{0} corresponds to the bound states #f it is enough to show that
o(PF1gs\ 0 (P*)) = S?. Let us first prover(P*1gs\ (o) (P¥)) C S%. We shall use the characteri-

zation (11.5.3) of the asymptotic velocitf?* and the fact that

o(V) = 52 (11.5.10)

Let&, € R3 \ S2. Let xy € C§°(R3) chosen such thag(&) = 1 andsupp x N S% = . It suffices to
provex(P*) = 0 to prove the above inclusion, since in this cagdielongs to the resolvent set Bf.
But, from (11.5.3), one has

x(PE) =5 — lim e y(V)e "1,

t—+oo

This term is equal to by (11.5.10).

Let us prove the converse inclusiof P 1gs\ (o) (P*)) D S?. Let ¢ € S? and choose two real
numbersry, o such thatéy| =1 > r; > rg > 0. Letg € C§°(B(&o,10)) such thaty(§y) = 1. This
time we want to show thag(P") # 0. LetJ € C*°(R) such that/ = 1 on (—oo,r(], J = 0 on
[1 - 151 +o00) andj = —J > 0. Clearly.J andg satisfy the following relations

. J(1€ = &ol)g(€) = g(&)- (1.5.11)
7€ = &DIE = &ol > r15(1€ — &ol)- (1.5.12)
. g(&)€ — &l < rog(§). (1.5.13)

By Theorem 11.5.1 and (11.5.11), we have

07y o i 5[ a0 ([ )

t—+oo

Now let us consider a functiog € C§°(RR), x # 0, such thaty = 0 on a neighbourhood df. It suffices
to prove that for any such functiop we have

X(H)g*(PT)x(H) # 0.

£~ | )0 (

s— lim e p(t)e " £ 0. (11.5.14)

t—+oo

If we introduce the propagation observailg) = X(H)J( :

same to prove

z —50‘)X(H), it is the

For technical reasons, we introduce the modified propagation observable

I (t) = x(H)T (| =2 = 6o )20 T (| =5 = &) x),

where the functiom in the definition ofX,,, andV), is chosen such thatuppn® N supp x = 0. By
Lemma Il.4.1 and (11.4.24), we see that

$m(t) = ¢(t) + O(™"),
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whence it is enough to show that

s— lim e"H ¢, (t)e "H £0. (11.5.15)

t—=+o0

Let us compute the Heisenberg derivativepgf(t). Using Lemma I1.4.2, we obtain

Dint) = ()i (e — o) ?‘ o gy g (|2 g ) () + e

—EX(H)_](‘X 50‘) XW '50‘ vng(vp)JQ% —50‘)X(H)+hc(||.5.16)

t |22 — ¢
(1) (|72 — o) )ilv (@), 07 0017 (| 222 — o) ()
+ L (dt).

Now, the Helffer-Sjostrand formula together with (11.4.26) imply that the third term in (11.5.16) belongs
to L' (dt). Eventually we obtain

Don(t) = (i (|72 — o) 1722 — olg?(F2) (|21 — o) x(E) + e

+%x(H)j(\Xf“’ - ) ‘g - Z‘ (0 - vp)gQ(vp)J(\@ - &o| ) X(H)(#57)

+L(dt).
Then commuting certain terms in (11.5.17) and using (11.5.12), (11.5.13) and Lemma 11.4.3, we get
Xnw

Djn(t) > (1~ r0)g (V) (7)1 22 — Eol)g(Vy) + L' (d).

Therefore, ag; — ro > 0, one haD¢,, (1) > R(t) with R(t) € L'(dt).
We can conclude the proof of the proposition in the following way. Let us write

MEPPHXH) = 0 g (tg)e=o! + / D (1) dt,
0

> g (tg)e ol / \R(t)|dt.

to

Observe that the quant@{zo | R(t)||dt becomes as small as we want whgnends to infinity. Thus it
suffices to show that the limit

lim ‘,
to—00

exists and is nonzero to prove (I1.5.15). Equivalently, we prove that

eito H¢m (tO ) e—ito H

lim |[eio p(ty) *“OHH;AO (1.5.18)
to—00
We have
: it H —itgH — : ito€o.p —ito€o.p
i et ] = iy et ]

] ]

= Jim_[(Ho+ V(@ + ta&a)) (20" V)T CEx(Ho + V@ + too)) |

0
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sincex(Ho +V (z +to0))J (1) g% (V)T ()x(Ho + V ( + to&o)) goes strongly tov(Ho)g® (V)x(Ho)
which is a non-zero operator, (11.5.18) holds. Hendé?)¢?(P*+)x(H) # 0 which concludes the proof
of the inclusions (P 1gs\ (o) (PT)) D 2.

¢

1.6 Wave operators

This section is devoted to the construction of Dollard modified wave operators. We assume here that
V € S7°(R3) with p > % We shall see that the asymptotic velocity operaférenable to transform the
problem into a time-dependent problem. The great advantage is that we then manipulate quantities which
are directly integrable along the evolution. In particular, we will not need stationary phase estimates or
radiation estimates as used in [34].

[1.L6.1 Time-dependent version

The main objects of study in this subsection are time-dependent massless Dirac Hamiltonians of the
following type H(t) = Hy + V (t,z) whereV (¢, z) is a scalar time-dependent potential belonging to
Li (R;;B(H)). We aim at constructing time-dependent wave operators for this kind of Hamiltonians.

loc

Naturally, we need a certain decay of the potential we assume this decay only in the variable
Precisely, for a givep > 0,

02V (t,z)| < C{t)~"71, Va e N?, Vo € R3, (1.6.1)

We can define an associated unitary dynani¢s, s) for such time-dependent Hamiltonians (see [21],
appendix B.3, Proposition B.3.6, for a detailed presentation). In particular, this unitary dynamics satisfies

e The map(t,s) — U(t, s) is strongly continuous with values in unitary operatorsthand satisfies

Ut,t)y=1, U(t,u)U(u,s) =U(t,s).

o Ifwe denoteB = (H2 + 1)z, we have

O, U(t,s)B™Y = Ul(t,s)iH(s)B 1,
HB~'U(t,s) = —iB 'H(t)U(t,s).

We would like to prove the existence of the asymptotic velocity operators for the unitary dynamics
U(t,0). However, contrary to the massive case [14], this can be done only for high energies. Precisely,
we have

Proposition I1.6.1 Let x € C§°(R) such thaty = 0 on a neighbourhood df. Then, for any.J €
Co (R3), the limits
s— lim U(0,6)J (FV)x(Ho)U(t,0) =: Pry, (11.6.2)

exist.
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Proof : Let us choose a functiopsuch thatupp if N supp x = 0. We havey(V)x(Hop) = g(V,)x(Hp).
Thus, we can replace by V), in (11.6.2). We compute the time derivative of this expression. We obtain

iU(O,t)g(Vp)x(Ho)U(t,O)w = U(0,0)i[V (2, ), g(Vp)Ix(Ho)U(t,0)

dt
+U(0,t)g(Vp)i[V (t,z), x(Ho)]U(t,0)1. (1.6.3)

Using the Helffer-Sjostrand formula and (11.6.1), we have
iV (t,x), x(Ho)] = —21 / :%(2)(z — Hy)"'D.VV (t,2)(z — Hy) “'dz Adz € L'(dt). (1.6.4)
TJc

Similarly, sinceV, = V,(p) belongs taS°(R?; (M4(C))?), we have
[V (t,z),9(Vp)] € L*(dt). (11.6.5)

Hence, (11.6.3) is integrable along the evolution by (11.6.4) and (11.6.5) and the limit (11.6.2) exists using
Lemma ll.B.1.

¢

Beside these “asymptotic velocity” operators, we also need to establish weak propagation estimates
of the same type as in the time-independent case. First, we prove

Proposition 11.6.2 Suppose thaf,g € C5°(R3) and suppj N suppg = . Letx € C§°(R), x = 0 on
a neighbourhood of. Then

| |iammuon] G < e, v e w (16.6)

Furthermore, ifJ € C§°(R?) such that/ = 1 on a neighbourhood ofupp g, then

t—=+o0

s— lim U(O,t)J(%)g(V)X(HO)U(t,0):Pg,x. (1.6.7)

Proof : Since the intersection of the supportsjoénd g is empty, by a covering argument, we may
assume that there exisisc R?, v # 0 such that

suppg C {z: (v,x) > 03}, (11.6.8)
suppj C {z: (v,z) < 01}, (1.6.9)
where0 < 6; < 6,. Let us choose a function € C°(R) such that/’ € C§°(R), J'(z) = 0 when

z > 60, and
J((v,z)) > j2(x). (11.6.10)

Now we define/(z) := J((v, z)). We consider the propagation observable

B(t) = x(Ho)g(V) (2

)g(V)x(Ho).

If we choose the functiom in the definition of)}, and X,,,, such thatsupp n® N supp x = 0, then we

have
an

o(t) = x(Ho)g(Vp)J (——)9(Vp)x(Ho).
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We also call the “Heisenberg derivative” ¢ft) the following operatoD ¢(t) =4 ¢(t) +i[H(t), p(t)].
Then we get

>

Dg(t) = i[V(t,z),x(Ho)lg(Vp)J(—=)g(Vp)x(Ho) + he

)9(Vp)x(Ho) + he
)9(Vp)x(Ho) (1.6.11)

)lg(Vy)x(Ho).

(58
o~

Xn
t

+x(Ho)g(Vp)ilH(t), J(
Clearly, the first two terms in (11.6.11) are integrable in norm by (11.6.4) and (I1.6.5). Using the same

proof as in Lemma I1.4.2, we also have

an
t

i[H(t), ()] = %VJ(X:“’).V,, + L(dt). (1.6.12)

Eventually, we get

ot (T g(Vy )x(Ho) + L (d).

1
Dg(t) = ZX(HO)Q(Vp)VJ(
Using Lemma ll.4.1, we can replac%(%) by J($) in the above expression and we get

29 (Vo) x(Ho) + L (dt).

DY) = x(Ho)g V) VI (5).(V, — 5

Now, we claim that there exists a constéptstrictly positive such that
1 € € C 9, T
X(H)g(Vy)VI(3).(V = Dg(Vy)x(Ho) = < x(Ho)g(V)5* (D)9 (Vy)x(Ho).  (11:6.13)

To see this, we use that,, f(£)] € O(t™") to rewrite (11.6.13) as

X Ho)gV)VI(E).(Vy ~ D)a(Vp)x(Ho) = 2 x(Ho)g(V) T (v, 2w, Vy = D)g(Vy)x(Ho),
> x(Ho) (7', ) B V) 0, Vyda(Vy) (7 (o, 50))F x(Ho)
1 T

—x(Ho)g(Vy) (7 (0, 5) (0, D) (' (v,

Using (11.6.8), (11.6.9) and (11.6.10), we obtain
1 T z 1 9, T
;X(Ho)g(Vp)VJ(z).(Vp - ;)Q(Vp)X(Ho) > 2(92 —01)x(Ho)g(Vp)i (;)Q(Vp)X(HO)-
and the constanty = 0, — 6, is strictly positive. Eventually, we have
o, L
Dg(t) > —g(V)JQ(;)g(V) + L' (dt).

We conclude the proof of (11.6.6) using Proposition 11.B.1.
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We now prove (11.6.7). We assume without loss of generality ghat¢. Let us consider a function
J € C°°(R3) such thatVJ € C§°(R?) andsupp J N suppg; = ). We also introduce a function €
C*(R?) such thatsupp n® N supp x = 0. We haveg(V)x(Ho) = g(V,)x(Hp). Now, using Proposition
11.6.1, it is enough to prove that

8

s— lim U(0,8)J(5) g7 (Vo)x”(Ho)U(2,0) = 0.

t—+oo t

After some commutations, this is equivalent to proving that

s — lim U(0,8)¢(1)U(t,0) = 0, (11.6.14)

t—o00

where(t) = x(Ho)g1(Vp)J (F)91(Vp)x(Ho). We compute its Heisenberg derivative.

Do) = x(Hogr (V) VI = $)g1 (Vp)x(Ho)
IV (8,0, Xl (V)T (D) (Vo) (o) + he

FX(HOITV (1), 91 (V) T(5)91 (Vo)X (Ho) + he.

I8~y

Using (11.6.4), (11.6.5), we have

D(t) = Tx(Ho)ar ()i 5 BT (D)g1 (Vp)x(Ho) + (),

whereB(t) is uniformly bounded ang € C§°(R?) satisfiessupp j Nsupp g = () and;V.J = V.J. This
expression is integrable along the evolution by (11.6.6) and thus the limit in (11.6.14) exists by Lemma
1.B.1. Now, assume furthermore that the functidris compactly supported i.el € C5°(R?). Then,
sincesupp J N supp g = () by hypothesis, using (11.6.6) again, the limit in (11.6.14) is equad to

To conclude the proof, we need to show that (11.6.14) remains true for gehemat compactly sup-
ported. But this follows by the same limiting procedure used in [14]. We omit the details.

¢

Let us now give a time-dependent version of the microlocal velocity estimate for high energies.

Proposition 11.6.3 Suppose tha, J € C5°(R?) andsupp g N supp VJ = 0. Lety € C§°(R) such that
x = 0 on a neighbourhood df. Then

|G =vsemmv o] G <clv wen e
Moreover,
s — tgrgo(f - V)J(%)g(V)X(Ho)U(t, 0) = 0. (1.6.16)

Proof : Let us define the uniformly bounded propagation observable

T
t

b(t) = x(Ho)g(V)J( —V)2J(5)g(V)x(Ho).

|8

)(

|8
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We choose a function € C*°(R?) such thatsupp n° N supp x = 0 and we define

Bn(t) = X(Ho)g(V) T (FE2) (2 — 2K )0, x( ),
2
= (V)T (T o) Ko, (o)

Using Lemma 11.4.1 ang(Hp)g(V) = x(Ho)g(Vy), itis immediate that
bm(t) = $(t) + Ot~ ™)), (1.6.17)
Now, thanks to (11.6.4), (11.6.5) and (11.6.12), the Heisenberg derivativg,dt) is

XTL’LU

Din(t) = Dx(Hy)g(vy)s(my

= Zhmle) + L (), (11.6.18)

= V)2 J(3)g(V)x(Ho) + L'(d),

= 2600+ 1 (ao)

where, for the last equality, we use (11.6.17). Thus, (11.6.15) holds by Proposition 11.B.1.
In order to prove (l1.6.16), it is enough to show that

s— lim U(0,¢t)¢(t)U(t,0) = 0.
t—o00
First, observe that, from (11.6.18) and Lemma 11.B.1, the limit
s — lim U(Oat)¢m(t)U(ta O)a
t—o00
exists. Therefore, by (11.6.17), the limit
s — lim U(0,t)¢(t)U(t,0), (11.6.19)
t—00

also exists. Now, noting that(¢) > 0, we have

0< [ U0.0600(09) T <.

using (11.6.15) again. Therefore the limit (11.6.19) is zero which concludes the proof of the proposition.

&

We end this section with the proof of the existence and asymptotic completeness of the Dollard
modified wave operators with energy cut-off for time-dependent massless Dirac Hamiltonians. From now
on, we assume that the potentla(¢, ) satisfies (11.6.1) withp > % We define the Dollard modified
dynamics (see [26]) by

U()(t) _ e—itHoT<€—i fg V(s,sV)ds>’

whereT denotes time-ordering. The main theorem of this subsection is
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Theorem 11.6.1 Lety € C§°(R) such thaty = 0 on a neighbourhood df. Then the following limits

+_
Wy =s t_l}linoo U(0,t)x(Ho)Up(t), (11.6.20)
—, ‘ i
Wy =s-— tilft%o Uy (t)x(Hp)U(t,0), (1.6.21)

exist.

Proof : As the proofs are identical, we only prove (11.6.21). We want to use Cook’s method (Lemma
[1.B.1). Lety € D((x)). We compute

%(Ué‘(t)x(Ho)U(t,O)w) = Us(t)i(V (¢, tV)x(Ho) — x(Ho)V (t,2))U(t,0),
= Us)i(V(t,tV) = V(t,2))x(Ho)U(t,0) + L' (dt),

where we used (11.6.4) in the second equality. Now, we use the Helffer-Sjostrand formula (11.A.12) to
estimate this last quantity. We have

V(t,tV) - V(t,z) = C(t).(tV — z) + B(t),

with B(t), C(t) € O(t~*~1). Sincep > 1, it is enough to show that

N

(tV — z)x(Ho)U(¢,0)1 € O(t2), (11.6.22)

to prove (I11.6.21). By the usual argument, we choose a functioa C*(R?) such thatsuppn® N
supp x = () and thus, (11.6.22) is equivalent to proving

(tV, = X)X (Ho)U (£,0)¢h € O(£2). (1.6.23)

Sincey € D((z)) andp > L, itis enough to show that

|~

L(t) == (U(O,t) (V) — Xow) x(Ho)U(t,0) (z)*l) e L}(dt), (11.6.24)

4
dt

=

t.
in order to prove (11.6.23). Using (11.6.4) and (11.6.5), we have
L(t) = %U(O,t) (Vp —[H (t),an)]) X(Ho)U (¢, 0)(z)~" + L' (dt). (1.6.25)

By (11.6.1) and the same proof as in Lemma 11.4.2, we ha¥&(t), X,,,,] = V, + O(t~?). Therefore, we
finally obtain

L(t) € L'(dt),

which concludes the proof of (11.6.21) and the proof of the Theorem.

¢
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11.6.2 Dollard modified wave operators

Theorem 11.6.2 The Dollard modified wave operators defined by

+ T itH
Q" = s t—lg:noo " Uy(t), (11.6.26)
Qf = s-— Jim Uf (t)e " 1gs\ 10y (P7F), (1.6.27)

exist on?{. Furthermore, we hav@*QF = 14, QFOF = 1¢(H), (QF)* = QF and+V and P* satisfy
the intertwining relation
(QF)(EV)(QF)* = PF1gsy () (P), (11.6.28)

and
(QF)Hy(QF)* = H. (11.6.29)

Proof : We transform the time-independent problem into a time-dependent one to which we apply the
previous results. First consider a functipe C5°(R?) such thad ¢ supp g andS? C supp g. Therefore

we haveg(V) = 1y andg(P') = 1gs\jo3(P") by Theorem 11.5.2. Now, lef € C§°(R) such that

x = 0 on a neighbourhood df. Using 1o (P*) = 1P?(H) (Theorem 11.5.1) and a density argument,

the existence of the limits (11.6.26) and (11.6.27) is equivalent to that of the limits

T itH 2 3
s tkﬂoe Uo(t)g”(V)x°(Hy), (1.6.30)
s—tligrn U (e M g2 (PT)x3(H), (1.6.31)
—+o0

Let us introduce a functioo € C§°(R?) such that/ = 0 on a neighbourhood dof andJ = 1 on a
neighbourhood ofupp g, denoted®. We associate to the potentitl(z) the time-dependent potential
Vy(t, z) defined by

Vi(t,x) = V(e)J(2).

T
t

This potential satisfies the properties

e Foranyyin ©,
V(ty) = Vy(t, ty) (1.6.32)

e Foranyt > 1fixed,z — V;(t,z) € C§°(R?) and there is a constad such that
supp Vy(t,.) C B(0, Mt).
e The following estimates hold

‘8thJ(t7$)‘
‘O%VJ(tax)‘

C(t)y~"7* Vk €N, Vz € R, (11.6.33)

<
< o)yl va e N, vz € R, (1.6.34)

From (11.6.32), we call the potentiadf; (¢, z) effective time-dependent potential supp g. This property
allows us to make the link with the time-dependent results of the previous subsection.
We introduce the time-dependent massless Dirac Hamiltonian

H;(t) = Ho+ Vy(t, x),
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and we denoté; (¢, s) the unitary dynamics associatedig(t). Since the potentidl; (¢, x) satisfies the
property (11.6.1), the results of the previous subsection hold. In particular, to any furfctiofi, (R?),
we define the “asymptotic velocity” operators associateH t(), i.e. the following limit

Prx=s— lim Us(0,8)f(£V)x(Ho)U,(t,0),
exists. Eventually, we introduce the time-dependent Dollard dynamics
Uo.s(t) = efz'tHoT<€fif0t VJ(S,SV)dS>’

whereT" denotes time ordering.
Let us now begin the proof of (11.6.30) and (11.6.31). First, using the unitarit§/;¢t, s), we have

(T1.6.30) =5 = Tim_e™1U(£,0) Uy (0, )g (V) (Ho)Us (t,0) U (0, 6)x(Ho)Uo (£)g V),

sinceg(V) and x(H,) commute withUy(¢). But, observe thally(t)g(V) = Uy, s(t)g(V) by property
(11.6.32). Hence, we obtain

(I1.6.30) = s — lim ("U;(t,0)) (Us(0,8)g(V)x* (Ho)Us(£,0)) (Us(0,8)x(Ho)Uo,s (£)g(V))-

t—+o0

(11.6.35)

By Proposition 11.6.1 and Theorem I1.6.1, we already know that the limits

5 — tilgrnoo Ur(0,2)x(Ho)Uo,s(t),
_ L 2 - pt
s = lim U (0,09(V)x*(Ho)Us(1,0) = Py .,
exist. Therefore, by the chain rule, it is enough to prove the existence of the limit
T itH +

s t—lgnoo e U (¢, O)ngxz, (11.6.36)

in order to prove (11.6.30).
The proof of (11.6.31) is almost identical to that of (11.6.30). Indeed, using the characterization (11.5.3)
of the asymptotic velocity>", we have

g (POX(H) = 5= lim e™g(V)x(Ho)e " g(P*)x*(H)
o0
+s— lim " g(V)(x(H) — x(Hp))e " g(P*)x*(H).
t—4o00
The second term can be written as

s = dim_e"Tg(V)(x(H) = x(Ho))g(F)e " (H),

t—+400

and thus vanishes sin¢g(H) — x(Ho))g(7) € O(t~?). Therefore we obtain

(I1.6.31) =5 — lim (90V)Us,(0x(Ho)Us (1,0)) (U (0, 5)e™ " g(P*)x(H)),

t—4o00

where we used the fact thatV)Us (¢) = g(V)Uy ,(t) by (11.6.32). But we know that the limit

s = Mim Ug ;(£)x(Ho)Us (%, 0),
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exists by Theorem 11.6.1. Hence, using the chain rule, it suffices to prove the existence of the limit
s— lim U;(0,t)e™ " g(PT)x*(H), (1.6.37)

t—400

in order to prove (11.6.31).
Since the proofs of (11.6.36) and (11.6.37) are almost identical, we only show the latter. Let us intro-
duce two functiong, g2 € C§°(0) such thaty; g = g andgag1 = g1. By Theorem 11.5.1, we have

T —itH 14,2 e T —itH _(p+ +14,2
s = lim Us(0,8)e™ g(PT)x"(H) = s — lim U;(0,8)e™"g(PT)g1(PT)x"(H),
T

t)gl(

Let us define the uniformly bounded propagation observable

Dyg2(Z)x(H)e ™ . (11.6.38)

= s~ lim_U;(0,0)x(Ho)g(V)g2(3)gn (e,

#(t) = x(Ho)gV)ga(3) (91 (5) + V = 2).941(5) ) go(S)x(H).
By Proposition 11.4.4, we have
(I1.6.38) = s — lim U;(0, t)p(t)e H.

For technical reasons, we introduce the modified propagation observable

XTL’U)

Bn(t) = X(H)gW)a(5) (31 (F22) + (Vy = 222991 (F1) ) o (),
= 9(Vp)ga( DM (092 (F)x(H),

where the functiom in the definition ofX;,,, andV), is chosen such thaupp n°Nsupp x = 0. Obviously
ém(t) is also uniformly bounded in By Lemma 11.4.1 and (11.4.24), we havg, (t) = ¢(t) + O(t~*)
and therefore, it is enough to prove the existence of the limit

RT —itH
s t_l}lgloo Uj(0,t)pm(t)e , (1.6.39)

in order to prove (11.6.31). Let us compute the time derivative of the function in (11.6.39). We obtain

%UJ(O,t)QSm(t)e—itH =U;(0,t) (%cbm(t) + i (H () pm(t) — dm(t) H)>6—itH’

= —%U](O,t)X(HO)g(Vp) (Vgg(g)M(t)QZ(g) + hC)X(H)e*itH
_%UJ(O’t)X(HO)g(vp)g2(%)<(v” B X:w),v291(X?w)-X?w >92(§)X(H)e—itg
)

U (0, 4LH (6, x(Ho)g (Vy))g2 ()M (1)g2 (7 )x (H)e ™

i
U0, 1)x(Ho)g(Vy) (T-V 92 5)M (1)g2(5) + he) ()™

U5 (0. )x(Ho)g(Vo)ga ()i (H ()M (1) = M(0)H) g5 (
:L1+L2+L3+L4+L5.

)x(H)e ",

Since[H s (t), x(Ho)g(Vy)] = [V (t, ), x(Ho)lg (Vo) +x(Ho) [V (£, ), g(V},)], the termLs belongs
to L' (dt) by (11.6.4) and (11.6.5).
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The termsL;and L, can be written after some commutations as
-, L ., X .
U1 (0, 6)x(Ho)g(V)g(7)B(#)g()x(H)e " + L1 (dt),

whereB(t) is an operator-valued function uniformly bounded end the functiory € (§°(0) satisfies
the three conditions : 1Juppg N suppg = 0, 2) GV@(%) = Vgz(%), 3) suppg N S? = (. This last
condition is reasonable since, by definitionggf one hasVg, = 0 on a neighbourhood d$?. Hence,
the termsL; and L4 are integrable along the evolution by Propositions 11.4.1, 11.4.3 and 11.6.2.

Using Lemma 1l.4.2, we see that the tefmis equal to

Ly = %UJ(O,t)X(HO)g(Vp)92(;)<(VP_X?w)’VQQI(X:

ZT. . T

U (0, 0x(Ho)g (Vy)ga ()i (Va(t, 2) M (1) = MOV (@) ga(

But, sincesupp g, C ©, we haveV (z)g2(7) = Vi(t,z)g2(F) by (11.6.32). Thus, the second term in
(11.6.40) is equal to

U (0, )X(Ho)g(Vy)ga()ilVa (¢ ), M(D)lga (F)x(H)e .

X

“).V, )92 x(H)e

)x(H)e ™" (11.6.40)

Since we havéV;(t,z),V,] € L'(dt) by the same proof as (1.6.5) and sing§ (¢, z), f(%2x)] €
LY(dt) for any f € Cg°(R?), by the same proof as in Lemma I1.4.2, the tepnis integrable along the
evolution.

Eventually, if we put together these results, we obtain

d —itH __
%UJ(Oa t)¢m (t)@ -
x

%UJ(O,t)x(Ho)g(Vp)gz(;)<(Vp - X;“’), V291(XZ“’)-(Vp — 1) g ()X (H)eT M 4 L (dt).

By the usual argument, we can replakg, by z andV), by V in the equation above. We conclude that
the time derivativel U (0, t) ¢, (t)e =" belongs taL!(dt) by Propositions 11.4.4 and 11.6.3. Hence, the
limit (11.6.39) exists by Lemma 11.B.1.

Therefore, we have constructed the Dollard-modified wave operéfbrand QF. The fact that
QFOQF = 14, QFOF = 1¢(H), (QF)* = QF follows from Lemma B.5.1 in [21]. It remains to prove
the intertwining relations (11.6.28) and (11.6.29). Using (11.5.3), we see that

Pt =s— lim eMye ™ =5 lim U (t)VUg (t)e ™ = Qty(Qh),

t—+400 t—+400

Xnw T

which proves (11.6.28). Now, (11.6.29) is equivalent to
s— lim ™ (H — Hy)e " g(PT)=0.

t——+o00

But, using Theorem 11.5.1, we have to show that
x

e itH Ty —itH _
s 1t_l}l_rknooe V(:E)g(t)e 0.
SinceV € S 7(R?), V(z)g(%) € O(¢t *) and the result holds.

¢

APPENDIX
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[I.LA Helffer-Sjostrand formula

In this appendix, we give a brief review of the Helffer-Sjostrand formula introduced in [48]. Let us
consider a functiorf belonging to the function space
SR = {f € CF(RY): |07 ()| < Cx) "1 Va e N*}, p>0.

Let7 € C§°(R) satisfyingr(z) = 1 for |z| < 1 and7(z) = 0 for |z| > 2. We define the almost-analytic
extension off in the following way

(21,22, 23) { > orf zy1

a<p

al

(iy2)®* (iy3)*® Y1 Yo Y3
o ) Gy Gy

wherea = (a1, a2,a3), B = (n1,n2,n3) andn; > 1, for all j = 1,2, 3. This function satisfies the
properties.

. supp f C {(z,y) € B/ |y;| < Cly), j=1,2,3}, (I1.A.1)
. 0=F(2)] < C ) =P =31 [yy " [ya "2 ys|™, (1.A.2)
o f(x)= ﬁ Joo 02F(2) (21 — 1) (22 — 22) Hzg — 23) 'dz A dz. (1.LA.3)

Here, we have denoted = (z1,29,23) = (1 + iy1, T2 + iy2, x3 + iy3). Moreover,d; stands for
070505 anddz A dz for (dzy A dzy) A (dze A dZa) A (dzs A dz3). Eventually, if A denotes a vector of
commuting self-adjoint operators 66, we can defing (A) by

—1
(2m)?

f(A) = 0:f(2) (21 — A1) (22 — A2) 7 (25 — As) TNz A dz (.A.4)
Note that, since we assumgde S *(R?) with p > 0, the integral in (11.A.4) converges in operator
norm. Nevertheless, the formula (Il.A.4) remains true when we consider fungtianss—"(R?) with
p < 0. In this case, the integral only converges strongly.

We need a time dependent version of the Helffer-Sjostrand formula. Let us consider a fuhetion
Ci°(R? \ {0}). Define the time-dependent functightt, z) = f(z)J(%). The almost-analytic extension
is given by

al .
f(t, 21, 29, 23) { Z o f Zyl (iy2)

042! a3:

Q2

(iy3)* Y1 Y2 Y3
,}ﬂ@yﬂwyﬂ@y,

and satisfies the properties

. supp f C [—Mt, Mt)2 x [-Mt, Mt)2, x [-M¢t, Mt]?,, (I.A.5)
. |01 (t,2)] < Ct=P= 37 1olyy |21 ]ys |22 |ys 2, (I.A.6)
o f(t,w) = G Joo O=F (8, 2) (21 — 1) (22 — w2) ' (23 — w3) Nz A dZ. (ILA.7)
Given A a vector of commuting selfadjoint operators Hnwe define
FEA) = —= [ 0:f(t2) (21 — A1) (22 — As) 7 (23 — A3) " dz A dz. (.A.8)

(27)3 Jos
Application 1 (Commutator expansion): Let A a vector of commuting selfadjoint operators #h
andT a selfadjoint operator of{. Let f € S 7(R?) with p € R. We want a formula to express the
commutatoT, f(A)] in function of the commutatdfT’, A].

Assume that
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(H1) A € CY(T) if T is unbounded.
(H2) [T, A] and[[T, A], A] are bounded of{.

Then we have
[T, f(A)] = Vf(A).IT,A] + B, (I.A.9)

whereB is bounded or{ if p > —2. In many cases, we have to deal with functions of time-dependent
Hamiltonians of the fornjf(%). Therefore, under the same hypotheseg di, A, we have

[T,f(é)] = %Vf(é).[T, Al +0(t™2). (1.A.10)

Application 2 : Given two vectors of selfadjoint operatadsand7’ onH and a functionf belonging to
the spaces ”(R?) , we would like to express the difference betwedm) and f(T') as the product of
an operato3 and A — T'. Assume thatd € C'(T') and[T, A] is bounded or#, then

f(A) = f(T) = B1.(A=T) + By, (I.A.11)

whereB;, i = 1,2 are bounded ip > —1.
We end this application by giving a time-dependent version useful for Section I1.6. Given two self-
adjoint operatorst and7 in a Hilbert spacé{ and given two functiong € S *(R?) and.J € C5°(R?),
we want to express the difference between the functions of operétord) and f (¢, ¢T") as the product
of one operato3; (t) and A — +T'. Assume thatd € C'(T') and[A, T] bounded or then, we have

F(t, A) — F(t,tT) = C1(t).(A — tT) + Ba(2). (I.A.12)

whereB (t), Bo(t) € O(t P~ 1).

[I.B Propagation estimates

In this appendix, we give the fundamental criteria used throughout this paper to prove the weak
propagation estimates and the existence of asymptotic observables of sections I1.4, 1.5 and 11.6. We refer
to [21], appendix B, for a more detailed presentation.

Let U(t, s) be the unitary evolution generated by a time-dependent Hamiltdidigh Assume that
there exists a positive invertible opera@rsuch that’ (¢, s) be B-regularly generated (see [21], Appen-

dix B.3 for these definitions). For simplicity, we writé(t) = U (¢,0). Note thatlU (¢) satisfies

%U(t)zp = —iHOU(t)4, ¢ € D(BZ), U(0) = L.

Let A(t) a function with values in selfadjoint operators. We denbtd(¢) the Heisenberg derivative

associated withA (), i.e.
d
DA(t) = %A(t) +i[H(t), A(t)].
We say thatd(t) € W,o! (R, B(H)) if there existsB(t) € L}, (R, B(H)) such that, for any, t, € R,
to
A(ty) — A(te) = B(s)ds.

t1
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Proposition I1.B.1 Suppose thad(¢) is a family of selfadjoint operators satisfying the conditions :
a) &(t) € Wy, (RY, B(H)),

b) ||Bz®(t)B~2 || < C for almost all¢,

c¢) The time-dependent operatdt (¢), ®(¢)] originally defined as a quadratic form oBb( 5) extends
to an element of,! (R*, B(H)).

loc

(i) Assume thaD®(t) € L}, (R, B(H)). Then

12U @)l < 12(0)4]] +/0 ID®(s)U(s)¢ || ds.

(i) Assume that(¢) is uniformly bounded and that there exigs > 0 and some operator valued
functionsB(t) and B;(t), i = 1, ...,n such that

Da(t) > Co BB ~ 3 B (1B (1),
=1

with

/°°||Bi(t>U<t>¢||2dtscnwnz, VpEH, i=1,.n.
1

Then there exists a constafitsuch that
o0
[ 1B@U@IPd < clip, e e (1B.1)
1

Weak propagation estimates of the type of (11.B.1) allow to prove the existence of asymptotic observables.
Precisely, we have the following Lemma which summarizes previous results due to Cook and Kato

Lemma II.B.1 (Cook, Kato) Let®(t) be a uniformly bounded function with values in selfadjoint ope-
rators satisfying the conditions a), b), c) of Proposition II.B.1. Ded dense subspace #f.

(i) (Cook) Assume that faf € D, .,
/1 IDS()U (£)dt < oo,

then there exists
s — lim U*(t)®(t)U(t). (1.B.2)

t—00

(i) (Kato) Assume that
(b2, DD(t)1)| < D 1| Bai () 4boll| Bus (B)eb |,

i=1
with

/1 T BuU@I2d: < ClYI? ¢ EeD, i=1,..m,
/ IBuU@P|2d: < ClI2, $eD,i=1,..n,

1

then the limit (11.B.2) exists.
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1.1 Introduction

Scattering theory for field equations in black hole spacetimes has been a subject of intense research in
the course of the last twenty years. Complete results have been obtairgchiwarzschild black holes
which describe asymptotically flat spacetimes containing nothing but a static, spherically symmetric,
uncharged black hole, by Bachelot [3], [4], Dimock [22], Dimock and Kay [23] and Nicolas [62], for
Reissner-Nordstrém black holesslight generalization of Schwarzschild black holes, describing a static,
spherically symmetric, charged black hole, by Jin [51] and Melnyk [54], [55] and recently, for the more
general family oKerr black holesdescribing eternal, uncharged, rotating spacetimes, by Hafner [44] and
Hafner, Nicolas [46]. Such studies have been strongly motivated by the discovery of striking phenomena
in the 1960’s and 1970’s : the Hawking effect and superradiance. We refer to Bachelot [5], [6] and
Melnyk [56] for an application of scattering results to a detailed study of the Hawking effect.

In this paper, we establish a complete time-dependent scattering theory for charged, massive or not,
Dirac fields outside a Reissner-Nordstrom black hole. This work extends in three directions some analo-
gous results obtained in [54], [55]. Firstly, the method we adopt is based on intermediate results interes-
ting for their own sake : the construction of asymptotic velocity operators and the study of their spectra;
this is new in this context. Secondly, we give a new definition of the Dollard modified wave operators
thanks to a reinterpretation of a classical argument due to Thaller [75]. Finally, we obtain a complete
scattering theory for massless charged Dirac fields, a case not covered in [55].

A peculiarity of scattering theories in black hole spacetimes is that we have to deal with two asymp-
totic regions. Indeed, when studying the propagation of fields in the outer region of a black hole, the point
of view commonly adopted is that of an observer static at spacelike infinity. Such an observer perceives
the event horizon as an asymptotic region : this entails a description of the exterior of the Reissner-
Nordstrém black hole as a spherically symmetric spacetime with two asymptotic ends (the horizon and
infinity) with very different geometrical structureAfter a decomposition into spin-weighted spherical
harmonics, Dirac’s equation takes the form of a one-dimensional transport equation perturbed by scalar
and matrix-valued potentials. The scalar potential describes the interaction of the charges of the black
hole and that of the field whereas the matrix-valued potentials correspond to the effects of the mass of the
field and its angular momentum. The behaviour of the potentials reflects the geometry of the black hole.
At the horizon, the matrix-valued potentials are exponentially decreasing, and thus short-range, whereas
the scalar potential tends to a non-zero constant. At infinity, all potentials are long-range, of Coulombian
type.

Recall that the object of scattering theory is to prove that the energy does not remain trapped in
compact sets but rather, escapes towards the asymptotic regions where fields obey simpler equations.
These properties are encoded in the notion of wave operators (see [69], Vol 3, for an introduction to
the subject). To prove the existence and asymptotic completeness of (Dollard modified at infinity) wave
operators, we follow the formalism developed by Dérgli and Gérard [21] in the study of the n-
body problem in non-relativistic quantum mechanics and extended to Dirac’s equation in Minkowski
spacetime in our previous papers [14] and [15]. This formalism puts forward the study of the asymptotic
behaviour of physical observables such as position and velocity. Precisely, it consists in 1) the proofs of
several propagation estimates, 2) the construction of the asymptotic velocity operators and the analysis
of their spectra, 3) a natural definition of the modified wave operators, inherited from the results of the
first two steps, and the proof of their existence and asymptotic completeness.

This formalism provides at each step intermediate results that are both intuitive and physically re-
levant. The propagation estimates give weak informations on the decay of the density of probability of
presence of the fields in different cones of the spacetime. For instance, a particularly important estimate
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is the minimal velocity estimate whose meaning is the following : even though the Huygens principle

is not valid, the solution propagates locally faster than a small but positive velocity, in a weak sense.
Note here that this estimate is crucial since it allows to use Cook’s method for the construction of both
direct and inverse wave operators. Similarly, the asymptotic velocity operators are also physically rele-
vant constructions whose spectra correspond to the velocity of Dirac fields in the asymptotic regions as
perceived by an observer static at infinity. Moreover, these operators turn out to be a good tool to organise
the proof of existence and asymptotic completeness of wave operators. In this paper, we would like to
emphasize the fact that the propagation estimates and the asymptotic velocity operators are almost more
essential than the constructions of the wave operators themselves : they express in a natural and visual
way all the scattering information that we require.

Another important advantage of this method is that it helps us to choose the Dollard modification at
infinity. Recall first that the essence of wave operators is to make the link between the observables of the
theory and their asymptotic equivalents. An example is the classical intertwining relations between the
pair of operatorg H, Hy) corresponding to the full Hamiltonian and the “free” Hamiltonian. Now, let us
denote(+V, P*) the pair given by the classical velocity operators and the asymptotic velocity operators.
We can choose a modification, and thus define the modified wave operators, in such a way that they also
satisfy classical intertwining relations betwee and P*.

Eventually, in the context of black hole spacetimes, this approach turns out to be very convenient to
take into account the existence of two asymptotic regions. Without additional technical difficulties in the
proofs, the propagation estimates give naturally different informations according to which asymptotic
region we consider. They also allow to characterize differently the asymptotic velocity operators in these
regions. Another major advantage of this method appears in the construction of wave operators since
we can use the asymptotic velocity operators to separate the incoming and outgoing parts of a solution
without introducing arbitrary cut-off functions.

The main tools used throughout this paper aredbmmutator metho@dnd Mourre theorywhich
we briefly present in the course of the text. We also point out the strong link between the existence of
a conjugate operator in the sense of Mourre’s theory and the minimal velocity estimate. Such a link
suggests to define a new conjugate operator, inspired by [37], adapted to the geometry of the black hole
and particularly useful to obtain this estimate in an optimal form.

An important point in this paper is the extension of an argument, initially used by Thaller [75] to
deal with a mass potential, in the definition of a Dollard modification. Roughly speaking, we show that
when a potential can be written as the product of a scalar long-range function times an operator which
anticommutes with the free Hamiltonian, then this “apparently” long-range perturbation is artificial and
does not enter in the Dollard modification.

Let us now briefly describe the contents of this paper. The Reissner-Nordstrom black hole, Dirac’s
equation as well as a precise description of the point of view of an observer static at infinity are the
objects of section 111.2. Some fundamental properties of Dirac Hamiltonians on such a background are
given in section II1.3 : domain invariance, Zitterbewegung and absence of eigenvalues. Section Ill.4 is
devoted to a brief presentation of Mourre’s theory. In particular, we introduce there our new conjugate
operator. In section II.5, we present the commutator method and we establish the different propagation
estimates. In section 111.6, we construct the asymptotic velocity oper&toend analyse their spectra.
Finally, section 111.7 is devoted to the construction of the (Dollard-modified at infinity) wave operators.
At the horizon, we compare the full dynamics with a simple transport equation along the principal null
geodesic flow. At spacelike infinity, we compare the full dynamics with a dynamics corresponding to flat
spacetime Dirac radial dynamics plus a Dollard modification due to long-range potentials coming from
the mass and the charge of Dirac fields. This definition is new and avoids the comparison with a full
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flat spacetime Dirac dynamics as in [55]. Eventually, we use our previous results [14], [15] to give an
alternative definition of the wave operators at infinity in the same spirit as [55].

1.2 Reissner-Nordstrém black hole and Dirac equation

A Reissner-Nordstrom black hole is described in Schwarzschild coordinates by the four dimensional
smooth manifold
M =Ry xR} x 82,

equipped with the lorentzian metric

g = gu datds” = F(r)dt* — (F(?"))flolr2 — r2dw?, (n.2.1)
where )
oM Q
Fir)=1-"2 4%
r=1-2, &

anddw? = d#? + sin® §dy? is the euclidean metric on the sphefe The Reissner-Nordstrom metric is
astatic, spherically symmetrichargedexact solution of the Einstein equations

Gy = 81Ty,

Here,G ., denotes the Einstein tensdj,, is the energy-momentum tensor,

1 1
T = 7= (FupF = 29 Fpa F77),
where F),, is the electromagneti2-form, solution of Maxwell's equation§*F,, = 0, ViuFu =0
and given here in terms of a global electromagnetic vector potefitia: V(,A,), A, dz” = _%dt.

The quantitiesM and(@ are interpreted as the mass and charge of the Reissner-Nordstrom black hole.

The metric (I11.2.1) obviously has two types of singularities. Firstly, the pfint 0}. This is a true
singularity orcurvature singularity It means that certain scalars obtained by contracting the Riemann
tensor blow up whem — 0. Secondly, the spheres whose radii are the roots of the funétiohhe
number of these roots depends on the respective values of the corigtamd().

— If M? > @Q? thenF vanishes twice at the values = M + /M? — Q2. The spheregr = r,}

and{r = r_} are called thexteriorandinterior horizonsof the Reissner-Nordstrom black hole.

— If M? = Q? thenF has a unique double roaf = r_ = r, and the exterior and interior horizons

coincide. This spacetime is called extreme Reissner-Nordstrom black hole.

— If M? < Q? thenF has no root. In this case, we say that the curvature singulfrity 0} is a

naked singularity.
Despite appearances, both exterior and interior horizons (when they exist) are not true singularities in
the sense given forr = 0}. They are, in fact, due to the choice of the Schwarzschild coordinates. Using
appropriate coordinate systems, these horizons are understood as regular null hypersurfaces that can be
crossed one way but would require speeds greater than that of light to be crossed the other way. Hence
their name : event horizons.

In this paper, we only consider the cag® > Q2. Our purpose is to describe the scattering of linear
charged Dirac fields in the region of the Reissner-Nordstrom spacetime lying outside the black hole. We
denoteB; = R, x]r, +oo[x S? this region. The first step is to choose a way of describing the geometry
of the black hole. In other words, we have to choose an adequate system of coordinates convenient for
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the later analysis and physically relevant according to the information we want to obtain. In our case, we
shall be guided by the static structure of the exterior of a Reissner-Nordstrom black hole and its related
system of coordinates. Recall tHatis static ; that is to say, it possesses a globally defined, nonvanishing,
timelike, Killing vector field¢® whose integral curves are orthogonal to a given spacelike hyperstiface
Obviously, & and%y = {0} x]r_, +oo[xS? are the mentionned Killing vector field and hypersurface.
The Schwarzschild coordinates are the natural choice of coordinates since we use the Killing parameter
along the integral curves @f as time coordinate (as seen by the relatfor= %). In particular, the
coefficients of the metric do not depend oiwo important consequences are the following :
— Dirac’s equation can be viewed as an evolution equation with respect to the cootdinhaie is
due to the global hyperbolicity d#; (immediately given by the static structure/8). We refer to
[65] for a more detailed study of this point.
— The coefficients of the Dirac equation will not depend on the coordihéda easy consequence
of the time-independence of the coefficients of the metric).
Since time-dependent scattering theories rely heavily on the existence of a unitary propagator on a fixed
Hilbert space, the choice of Schwarzschild coordinates is almost compulsory.
There is, however, another important reason to choose this coordinate system. Indeed, it corresponds
to the natural notion of observers static at infinity. These observers are located far from the exterior
horizon and their velocity-vector is given by

1 0
U= EF (’f‘)a

The time coordinate describes their experience of time (ii&orresponds to their proper time, see [66]).
When describing the exterior of the black hole using Schwarzschild coordinates, we implicitely take the
point of view of such observers. Typically we can think of a telescope on earth aimed in the direction of
the black hole. This choice is natural with the idea of scattering experiments we have in mind.

Summarizing the previous discussion, we see that, for observers static at infinity, the Dirac equation
takes the form of an evolution equation with coefficients independehtd we need to impose boun-
dary conditions at the horizon ? The answer is no. Indeed, the exterior of the Reissner-Nordstrom black
hole is the only visible part of the spacetime for such observers. This stems from the fact that the horizon
appears to them as a singularity of the metric. To make this point clearer, we consider the incoming and
outgoing null radial geodesics i.e. the trajectories followed by light-rays aimed radially at the black hole
or at infinity. They are given by the integral curves of the vector fi§gds F(r)%. Let us introduce a
new radial coordinate,, called the Regge-Wheeler coordinate, which has the property of straightening
the null radial geodesics. It is given implicitely by the relation

N

dr

= F(r). 1.2.2
o =F0) (I1.2.2)
From (111.2.2), we obtain the explicit expression
7“_2|_ + 72 T — Ty
r« =1+ Mlog A(r) + log ( ) + Ro, (1.2.3)
2(ry —7r2) r—r_

whereA(r) = r2 —2Mr + Q* = (r — r,)(r — r_) and Ry is any constant of integration. Note that,
in the coordinate systeit, 7., w), the horizon{r = r, } is pushed away tr, = —oo} and the metric
takes the form

g = F(r)(dt* — dr?) — r’dw?. (11.2.4)
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Thus, the incoming and outgoing null radial geodesics are now generated by the vecttgf ﬂelgf-s
and take the simple form
yE(s) = (s,79 £ s,wp), s €R, (11.2.5)

where(rg, wg) are fixed. From (111.2.5), we conclude that the horizon is never reached by a light-ray, in a
finite timet. Hence, it corresponds to an asymptotic region of the spacetime and no boundary conditions
on the horizon is needed.

A nice way to compute the Dirac equation is for instance, to use the 2-spinor approach and the
Newman-Penrose formalism. We refer to [68] for a detailed presentation and [65] for an application to
the computation of a Dirac equation. We will not give the details here. From [55] or [65], the charged
Dirac equation or3; takes the following form

!

1 F 1

-1 0 _Q 11 L . 1 13 .
( PO +ilTe) 4 Fiyl(0,, + = )+ D+ ot )+ ——y ap)gb— ime. (111.2.6)

The matrlces;y“, i = 1,..,4 are the Dirac matrices and they satisfy the relations of anticommutation
{YH, 4"} = YHyY + 4¥yF = 29", wheren'” is the inverse of the Minkowski metric. A possible
representation in terms of Pauli matriegsis the following. Recall that

o (10 (10
"‘(01’ 7=\o -1 )"
o (01 s (0 —i
U_<10’ 7=\ o )

O_i 0 0'0 k_’L 0 O'k
Y= _0_0 0 ) Y= Ulc 0 :

The Hilbert space of finite energy associated to equation (I1.2J8)%€R,, x S2, r2Fz (r) dr*dw)]4.
As shown in [62], we can get rid of some long-range terms in (111.2.6) if we work with the density spinor
P = rFing. Therefore, the charged Dirac equation under Hamiltonian form is

and thus, we define

10 = Hap, (1n.2.7)
where the Hamiltoniat# is given by
1
H=1'Dp, -2, 0 Rl P13, 4+ mb ()0 + 49 (111.2.8)
r 2 rsinf r

Here, we denotefl! = v%¢!, T2 = 4042, '3 = 493 andI'® = 4°. The operatoiff acts on the Hilbert
spaced = L*(R x S?,dr.dw; C*). Finally, observe that the operator

cot 0
2 )

Hg> = —iT?(99 + 139,

sin 0

L
is the Dirac operator acting on the sphéfeTherefore, if we denote(r,) = Fzr(r) yom (1) = mF> (r)
andcy(ry) = @ the Dirac Hamiltonian takes the following simple form

H =T'D,. +a(r.)Hgs + by (1)1 + ¢4 (7). (11.2.9)

In what follows, the geometry of the Reissner-Nordstrém black hole, especially the existence of two
asymptotic regions having very distinct features, is encoded imtlecay properties of the potentials

in (111.2.9). Of course, this difference will appear in the lack of symmetry of our constructions between
r, — —oo andr, — +oo.
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[11.3 Abstract analytic framework and fundamental properties of Dirac
Hamiltonians

In this Section, we first diagonalize the Dirac operator on2{#sphere Hs-, using a decomposition
on spin-weighted spherical harmonics. This allows us to reducg-purdimensional evolution equation
(1n.2.7), (111.2.9) into al +1 dimensional one. We then define an analytic framework adapted to the study
of this simplified Dirac equation. In particular, we carefully define the classes of symbols to which the
potentials belong. We solve the Cauchy problem and we state some fundamental properties of such Dirac
Hamiltonians for later use : domain invariance properties, Zitterbewegung phenomenon and absence of
eigenvalues.

I11.3.1 Spin weighted harmonics

The operatorHg» has compact resolvent and hence can be diagonalized into an infinite sum of
matrix-valued multiplication operators. For this, we introduce a generalization of usual spherical har-
monics calledspin-weighted harmonic&Ve refer to I.M. Gel'’Fand and Z.Y. Sapiro [35] for a detailed
presentation.

For each spinorial weight: such tham € Z, for eachl — |m| € N andl — |n| € N, we define the
functionsW,,, by

WL (0,9) =e™ul (0) € L*(S?), (11.3.10)
with 2,1 ! 2 2
Upn du,,, n® —2mncosf +m
B 4 cot 6 4 [l(l+1) - e ] [— (11.3.11)
and
dutty, M —ncosf —z'[(l—l—n)(l%—n—l)]%ul =0, n>-I
0 g Umn = m,n—1 ’ ' (11.3.12)
sin 0, n=I[.
! - 0 _ EENEW _
sin 0, n=1I.

The functionsu!,,,, are normalized by

i 1
/0 lul  (6)|? sin0dh = o

and they satisfy the relations of induction

dul n —mcosf . 31
dgm T g Umn = —z[(l +m)(l Fm+ 1)] 2 U1 -
We setZ,,, = {(I,n),l —|m| € N,I — |n| € N}. The family {W.,,, (6, ‘P)}(z wer,, forms a Hilbert basis

of L2(S?). Thus, any function irl?(R,, x S?) can be decomposed into an infinite sum

w(re,0,0) = D wn(r)Wh,(0, ),
(l,n)ELm

whereu;,, (r.) € L*(R).
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Now, let us consider the Hilbert basis Bf(S?; C*) given by F!, =! {Wil 4 Wl Wi }
2 29

)m'

for any index(l,n) € I%. ThusH is decomposed into the infinite direct sum

H= P [LP®R.)'0F]= P Hu

(, n)€I1 (1, n)EI%

o

The relations satisfied by the spin-weighted harmonics imply that the Hamiltéhizan be decomposed

into
H= @ "
(ln)EI%
with
H™ := Hpy,, =T'D,. —a(r.)(l + )F2+b (ra)T0 + cq(r4). (111.3.14)

We denotey(r.) = —a(r.)(l + 3). We can identify the operator (111.3.14) acting &R, x S§%;C*)
with its restriction toL?(R,.. ; C*) which we still denotef/'”. Eventually, we have

H™ =T'Dy, 4 ay(r:)T? + by (1)1 + ¢4 (). (111.3.15)

According to the simple form of the matri¥ = diag(—1,1,1, —1), the Dirac equation restricted to any
spin-weighted harmonics can be viewed as a system of transport equations perturbed by three (possibly
matric-valued) potentials depending on the masshe charge; and the harmonick

[11.3.2 Symbol classes

We introduce here some classes of functions which measure-ttecay of the potentials on the
asymptotic regions. As a motivation, we first analyse the asymptotic behaviour of the fuR¢tion))
which enters in the definition of two potentials. Recall that

Flr) = AT(;“), where A(r) = (r — ) (r — r_).

From (111.2.3), it is easy to see that ~ r(r,) asr, — +oo. Therefore, the functiod’(r) is bounded at
spacelike infinity. On the other hand, takifdg = 0 in (111.2.3), we obtain the expression

r?

r—ry = (r—r_)} el (11.3.16)
r+ r—
2 2
asr, — —oo, the functlonr(r*) —r, ~ e?*+7+ is exponentially decreasing at the horizon. Sineer_
andri2 are bounded when. — —oo, the same holds fof\(r) and F(r).
This leads us to define the following symbol classes as subsé&S @, ). Letn > 0.

where the constant, = is called the surface gravity at the black hole horizon. Sirieg —

O((re)™ ), 1« —> +00,

e feT™"ifandonly if Vo € N, . f € { O(em-1), 7 — —o0.

To make the link with more usual symbol classes i.e. symbols having power-decay behaviour at the
infinities, and in order to be able to use standard pseudodifferential calculus later, we also introduce the
following sets.

O((r«)™™*), 1 — +o00,

m,n ; H Qv
efeT™"ifandonlyif Va €N, 07 f € { O((r)" Y, 7, —» —oco.
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If one or both of the indices:, n = +oo, we define (for instanc@™: *°)

O((r«)™ %), 1v — +o00,

o feT™ >ifandonlyif Va,n €N, & f € { O((r«)™"), re —> —oo0.

The other possibilities are straightforward. At last, we simply denot&byhe setr"™. We list some
properties of these spaces.

(i) T x TP C Tmrpnta,
(i4) Tmn x TP C Tmpnta,
(i) X : T™n —s TM=n Vo € N,

)
)

o L msn Tm=on= Vo ¢ N,

(iv >

Tmn — Tmax (myn)

—~

v
We recall from Appendix III.A the clas§™" of pseudodifferential symbols

of € ™" ifand only if f € C*°(R,, xRe) andVa, € N, 929 f € O((r)™ ()" ), r, — .
Obviously, ifn < 0, we have the inclusions

" cT™ > cT™ c §™0.

Let us set) = s in the definition of the above spaces. The potentials,,, ¢, satisfy the following
Proposition.

Proposition I11.3.1 The potentials:, b,,, ¢, belong to the following symbol classes
(1) acT b1,
(i1) bp € T% 1 by —meT 10 b, €T 21,
(i)  cq €T, ¢g—cp € T2 ¢, € T-272,
Proof : To prove these assertions, we need to make the link between the respective asymptotic behaviours

of functions f (r) and f (r(r.)). This is done in the following Lemma. Let us first introduce the class of
functions

O((r)y™ ), r — 400,

f(r) e II™ifand only if Yo € N, g/ f(r) € { O), 7 — 1.

Then, from [44], Lemme 9.7.1, we have

Lemma lll.3.1 (i) f(r) € ™ = f(r(r,)) € T™ and Ya € N*, 92 f(r(r,)) € T™ %2,
(Il) f(’f’*) e Tm", g(r) c r — f(’f’*)g(’f’(’l“*)) c Tm+kn
From (111.2.3), (111.3.16) and Lemma I11.3.1, it is immediate that

e AcT? 2

e VA€ Tl’*l,
° F% e TO-1,
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1
2

Recall thata(r,) = £2. Thus, sincet € II7!, Lemma I11.3.1 implies that € T—"~".

r
We also havé (r) = m\/ZM’;;QQ. Obviously, the functiori‘m",n%‘?2 € I1-3. Then, Lemma I11.3.1
implies thath,, € T->~".
AS by, (r) = mF2 (r), we haveb,, € T%~!. Moreover, it is straightforward to see thgf — m €
II-'. Hence, Lemma I11.3.1 implies thag, —m € T-10.

At last, we haver,(r) = —£42. Since¢ belongs toll~*, we conclude, € T~2~2 by Lemma
111.3.1.

Trivially, ¢, (r) = %< belongs tdI~'. Hencec, € T~

Eventually, we have,(r) — ¢y = —%(7’ —ry). Since% € I~ andr — r, € TH2, Lemma
l11.3.1 impliesc, — ¢y € T 2.

¢

[11.3.3 Global Cauchy problem

If we work on a fixed spin-weighted spherical harmonics, it is immediate by the Kato-Rellich Theo-
rem thatH'" is selfadjoint orf;,, and D(H™) ~ H'(R, C*). Therefore, we conclude théf is selfad-
joint onH and its domain is given by

DH)={p= D i twmeDH"), S [H"p|? < oo}.

(l,n)GI% (l,n)GI%

We associate to the selfadjoint operaférthe unitary evolutiore **# by the spectral theorem. Then,
Stone’s Theorem (see [69]) implies that, given afgy € #, there exists a unique solutiap(t) €
C(Ry; H) satisfying

i0pp(t) = Hy(t),
1.3.17
{ bO) =, (11-3.17)
and this solution is given by (t) = e *H 4. Moreover, the energy is conserved along the evolution
s (t) 13 = llollz, VYt € R (111.3.18)

[11.3.4 Domain invariance

In this Section, we describe a remarkable property of Dirac operators which is false in non-relativistic
quantum mechanics. Precisely, the doma&if(r.)"), n € N is stable under the actions of the unitary
evolution {e~*# 1, and the resolventd — z)~!, z ¢ o(H). This property will be used in Section
I11.4 to prove the existence of a locally conjugate operatorHorThe proof of the following result can
be found in [14].

Proposition 111.3.2 Let H be the Dirac operator (l11.2.9). Let, be the standard radial position obser-
vable. Thenr,) is selfadjoint or{ with its natural domainD ({r.)) = {¢ € H, (r.)¢ € H} and for
all n € N, we have

e "M D((r,)") € D((r)"), (111.3.19)

and for anyz ¢ o(H),
(H — 2)7'D((r,)") € D({r:)"). (111.3.20)
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[11.3.5 Definition of the velocity operator and Zitterbewegung

In this Section, we review the usual definitions of teocity operatorin the case of Dirac Ha-
miltonians. Naturally, this will lead us to present the so-calléterbewegungphenomenon. For more
details, we refer to [75]. In the remaining of this Section, we will work with the free Dirac operator
H* =T'D,, +mI?,

The velocity operator is usually defined as the time derivative of the position operator. Let us consider
the standard position operator

1y (t) = eHo" e 1"
If we derive this expression with respectitave obtain

dr(t)
dt

eitHg”Z-[H(r)n’ T*]e_itHgL,
eitHolo—itHo —. PL(4), (111.3.21)

I''(¢) is called thestandard velocity operator_et us assume that # 0. According to classical rela-

tivistic kinematics, we would have expected the operdjpr= D, (HJ*)~! to be the correct velocity
operator instead df'(¢). The operatoi,, is called theclassical velocity operatorLet us see what is

the relation between these two distinct definitions. For this purpose, we analyse the time dependence of
I''(t). We have

dri(t)

: m . g m
p7 ethO z[H{)",Fl]e itH ,

= MTiHP T - (HE) T H e e

An explicit computation shows that — (H;*) T HJ* = 2(T't —V,,). Hence, if we define the operator
F:=T! -V, we obtain
dri(t)
dt

where F'(t) = " Fe~"Hi" This operatorF’ has the important property that it anticommutes with
Hi" i.e.

= 2iH"F(t), (111.3.22)

FH}" = —HJ'F. (111.3.23)

Thus (111.3.23) implies thaf"(t) = 6" F'. Now, if we integrate (111.3.22) betwedhandt, we get
TL(t) =V, + 2 F. (111.3.24)

Therefore, the standard velocity operator oscillates without damping around the classical velocity ope-
rator and these oscillations are call@itterbewegung phenomendrarom (l11.3.23), it is immediate to
understand the origin of the Zitterbewegung. It is due to the fact that the standard position operator
mixes the negative and positive energy states.
Integrating (111.3.24) again, we obtain
1

’I“*(t) = T« + th + W(GZ”H? — 1)F
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Remark that, in the case of a massless Dirac Hamiltodi#rin our notations, these two notions of
velocity operators coincide. Indeed, sifidecommutes withi), (111.3.21) leads immediately to
dr(t)
dt

=T

Integrating once again, we obtain
ro(t) = ry + DLt
Hence, by analogy, we set
Vo =T
The fact that the standard and classical velocity operators do not coincidenienis problematic

for using commutator methods and for proving the microlocal velocity estimates in Section 111.5.3 below.
In particular, we will need to find a position operat@rsatisfying

i[H™, R] = V.

This suggests to change the standard observables of the theory. There are basically two possibilities
for the choice of a new position operator in Dirac theory. In [14], [15], we chose the Newton-Wigner
operator, see [75] for a definition. However, this choice led to technical problems due to the matrix-valued
nature of the Newton-Wigner observable. In this paper, we prefer to use the fact that the Zitterbewegung
phenomenon is due to the possibility for the operatdo mix negative and positive energies. Thus, we
could restrict the problem to these subspaces separately. Let us define

e = 1p- (Hg" )7 lp- (Ho") + Lp+ (Hg" )7 1+ (Hy'")-

Then we have
T+ (t) = 7% + Vint,

or equivalently

i[HY, 2] = Vi (11.3.25)
Notice that (111.3.25) can be rewritten in the following way
1g- (HY)i[H, re|1g- (HYY) = Vi 1r- (HJY), (111.3.26)
and
I+ (Hy")ilHG", ro]lg+ (Hg") = Vi 1r+ (HG"). (11.3.27)

Therefore, in practice, we will never really use the position operataut, instead, we will use (111.3.26)

and (111.3.27) which allows us to work with the standard position observabl&he great advantage

of (111.3.26) and (I11.3.27) is that we now only need to manipulate scalar differential operators instead
of matrix-valued differential operators. Indeed, observe first that the free Dirac opéfatoan be
decomposed into

HY" = An(Dy, ) 1g+ (HY') = A (D, )1z~ (Hy'), where A\, (D,,) = /D2 + m?2. (111.3.28)
Then, using the decomposition (111.3.28), (111.3.26) and (111.3.27) become respectively

’

1g- (Hgn)i[_km(Dr*)ar*]lR— (H(T)n) = _Am(Dr*)lR— (H(T)n)v (11.3.29)

and
L (HEilAm (Dr.), o)1 () = A, (D) 1 (H{). (111.3.30)

The passage from matrix-valued differential operators to scalar differential operators will enable us to
use standard results on pseudodifferential calculus stated in Appendix 111.A
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[11.3.6 Absence of eigenvalues

Contrary to the case of Dirac Hamiltonians in flat spacetime with electromagnetic potential, the
Dirac operator outside a Reissner-Nordstrom black hole has no eigenvalue. This is essentially due to the
exponential fall off of the potential at the horizon.

Proposition 111.3.3 The pure point spectrum @ is empty i.e.
opp(H) = 0.

Proof : It is sufficient to prove thatf — ¢ has no eigenvalue on any spin-weighted harmonics. As-
sume thatu € L?(R;C*) is a non-zero eigenvector di'™ — ¢, with eigenvalue\ € R. Clearly,

u € H'(R;C*). We definew(r,) = e~ "=u(r,). This function also belongs t&' (R; C*) and thus,
lim,, , o w(r.) = 0. Moreover,w(r,) satisfies the following equation

dw(ry)

o _ e—i)\Flr* (—iFI)V(T*)ei/\FIT*’w(T*),

whereV (r.) = a;(r«)T? 4 by (1) T0 + (cq(r4) — co). Integrating this expression betweenc andr,
we obtain

wirdl < [V fuls)lds.

Since [ |V (s)|ds < oo, we conclude by Gronwall's Lemma that= 0.

¢

[11.4  Mourre theory for Dirac Hamiltonians

l11.4.1 Abstract theory

Mourre theory [58] is a powerful tool for studying the spectral properties of a given selfadjoint
operatorH. Among other things, it gives some criteria to conclude to the absence of singular continuous
spectrum forH, a typically useful information for scattering theory. Roughly speaking, to establish a
Mourre theory, it suffices to find another selfadjoint operatavhich, among other technical properties,
satisfies theMlourre estimate there exist a strictly positive constanaind a compact operatdf on H
such that

E;(H)i[H,A|E;(H) > ¢ E;(H) + K, (111.4.1)

where F;(H) denotes the spectral projection dnassociated td?. In other words, the main point
is to find an operator which “increases” along the evolution. The other property requiretl ifoa
certain notion of regularity between the operatbiand the unitary evolutioa . We follow here the
presentation given in [1]. We begin by some definitions.

Definition 111.4.1 For a selfadjoint operatord, we say that another selfadjoint operatéf belongs to
C*(A), k € N, if and only if

(ABG) Jz e C\o(H),s — A (H — 2)"'e 4 € CF(Ry; B(H)),

for the strong topology oB(#).
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We define now the notion of locally conjugate operatoas follows.

Definition 111.4.2 Let H, A two self-adjoint operators ofi{. Let/ C R an open interval. We say thait

is a locally conjugate operator foi on I if (H, A) satisfy the following assumptions

(i) H € CHA).

(i) i[H, A] defined as a quadratic form ab(H) N D(A) extends to an element B{D(H), H).

(i) [A,[A, H]] well defined as a quadratic form aR(H) N D(A) by (ii), extends to an element of
B(D(H), D(H)").

(iv) There exists a strictly positive constanand a compact operatoK such that the Mourre estimate
(.4.1) holds.

If we find such an operator, we have the fundamental Theorem.

Theorem I11.4.1 Let H, A two selfadjoint operators of{. Assume thatl is a locally conjugate opera-
tor for H on the intervall. ThenH has no singular continuous spectrumiinFurthermore, the number
of eigenvalues off in I is finite and such eigenvalues have finite multiplicity.

One of the difficulties in Mourre theory consists in working with commutatfis A] between unboun-
ded selfadjoint operators. We have to be careful to define correctly such quantitie®$fi¢andD(A)
can be unknown or have an intersection which is not even derigeAmother subtle feature of the theory
is the description of the clags' (4). From [1],(ABG) is equivalent to the following assertions

(ABG’) 3z € C\ o(H), |((H — 2) tu, Au) — (Au, (H — 2) 'u)| < C|lu||?, Yu € D(A)ND(H).
(1) Iz € C\ o(H),(H — z) 'D(A) C D(A),(H —z) 'D(A) C D(A),

(i) |(Hu, Au) — (Au, Hu)| < C(|Hull> + [ul]®), Vu € D(H) N D(A).

Both conditions (i), (i) of ABG") are difficult to check when the domainsEfand A are not explicitely

known. One possibility to check in such a case the condifibre C'(A) consists in finding first a
common core fold and A. This procedure is described in [38]. Let us recall Nelson’s Lemma

(ABG”)

Lemma lll.4.1 (Nelson) Let N > 1 a self-adjoint operator or. Let A a symmetric operator oft
such thatD(N) C D(A). Assume that

(i) Au]| < O Nul, Yue D), (1.4.2)
(i3)|(Au, Nu) — (Nu, Au)| < C||N2u||?, VYu € D(N). "
ThenA is essentially self-adjoint o (V). Furthermore every core d¥ is also a core forA.

Then we have the following criterion [38]

Lemma lll.4.2 (Gérard, Laba) LetH, Hy and N three self-adjoint operators oH satisfyingN > 1,
D(H) = D(Hy) and (H — z) 'D(N) C D(N). Let A a symmetric operator o) (N). Assume that
Hj, and A satisfy the assumptions of Lemma lll.4.1 and

|(Au, Hu) — (Hu, Au)| < C(|Hu||® + ||u||*), Yu € D(N). (111.4.3)

Then we have
e D(N)isdenseinD(A) N D(H) with the norm||Hul|| + ||Au|| + |lu|,
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e the quadratic form[H, A] defined onD(A) N D(H) is the unique extension gfH, A] on D(N),
o Hc Cl(A).

The operatorN above is called @omparison operatorWhen the assumptions of Lemma 111.4.2 are
satisfied, it is enough to compute the commutaféf, A] as a quadratic form on the common core
D(N) or on any core ofV.

Remark 111.4.1 To prove the minimal velocity estimate in Section 111.5 , we will need to prove that
H € C?%(A). But, notice that the assumptions required in Theorem 111.4.1 actually implyHhaelongs
to this class. Indeed, from [1], Theorem 6.3.4, we know that, if we assume the stability property

e “AD(H) c D(H), (111.4.4)

then the conditiong[H, A] € B(D(H),H) together with[A, [A, H]] € B(D(H), D(H)*) imply that
H € C?(A). Now the proof of (111.4.4) follows directly from the following Lemma [36]

Lemma I11.4.3 (Georgescu, Gérard) Let H and A two self-adjoint operators such th& € C'(A)
andi[H, A] € B(D(H),H) thene®*4D(H) c D(H) forall s € R.

l11.4.2 Locally conjugate operator for H

In general, there exist many possibilities for the choice of a locally conjugate opetabot no
notion of “adapted conjugate operator” has been put forward yet. In the case of Dirac operators in flat
spacetime, at least four examples have been introduced, see [11], [14], [34], [37]. However, as quoted in
[37], a good choice off can allow to impose a minimum number of restrictions on the Hamiltohian
we consider and may serve to greatly simplify the proofs.

In our case, we shall be guided by the following two requirements :

— As showed in Proposition 111.5.2 below, the minimal velocity estimates are intimately related to
the existence of a conjugate operatrThus, the assumptions needed in this proposition should
be satisfied very directly. In particular, it is convenient to find an operatsuch that its domain
D(A) contains the domaiD(r,) of the position observable and satisfyifidu| < |[{r)ul.

If these points are satisfied then the strictly positive constaaritering in the Mourre estimate
(11.4.1) is of physical interest since it gives, in some sense, the exact minimal velocity with which
Dirac fields escape from the centre of the interaction. The operatoust be chosen such that
this constant be optimal.

— If possible, the conjugate operatdrmust be scalar in order to avoid the problems due to the non
commutativity of the Dirac matrices. This point is important if we want to work with the minimal
hypotheses on the regularity and decay at infinity of the poteritidisit also if we are interested
in higher order regularity properties of the boundary values of the resolvents.

The usual generator of dilatiords = %(r*.Dr* + D, .r,) used in [34] does not satisfy the first require-
ment since, obviously, its domain does not contifr, ). The conjugate operators used in [11] and [14]
were matrix-valued operators. Although they could be used in our case, because the assumptions needed
on the potential/ are not too strong, we prefer to follow the presentation given in [37] which presents
the advantage to cumulate the two requirements above. Furthermore, it allows us to treat massive and
massless Dirac fields in a unified setting. We shall also see that the choice of conjugate operator in [37]
is the exact scalar equivalent to the operator introduced in [14].

The conjugate operators constructed in [37] work for Hamiltonians of the following fafkm=
Ly+V =1(D,,) +V withl : R — M,4(C) a continuous function. The potentill is chosen such
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that(L +1i) ' — (Lo +14) ! is compact. Note already that this last assumption will not be satisfi¢d by
because of the presence of two distinct asymptotic regions. To solve this new technical difficulty, we will
need to use cut off functions to separate the two different ends. The opekater$(D,, ) arelocally
scalarin the sense given by Georgescu, Mantoiu in [37].

Definition 111.4.3 Let! : R — M,4(C) a continuous function with values in the set of hermitian
matrices of dimension. We say that the selfadjoint operatd§ = [(D,,) onH = L?(R; M4 (C)) is
scalar on an open real sdtif

Lo E1(Lo) = p(Dy, ) Er(Lo), (11.4.5)

where E;(Lg) is the spectral projection o associated to the operatd andy : R — R is some
Borel function.L, is called scalar at a point € R if A has an open neighbourhood on whighis
scalar. The largest open set on whigf is scalar is denoted b¥(Ly). We then say thaky is locally
scalar on=(Lg)

Let us first introduce some notations and basic results, given in [37], about this class of operators. Recall
that the spectrum of the selfadjoint operafgr= I(D,,) is given byU,cro(I(p)) whereo(I(p)) is the
spectrum of the operatdfp) acting onC*. For any subsef of R, we define

QI) ={peR|a((p) NI #0}.

Using the Fourier transform, we see tifak; (L) F* = FE;(I(D,,))F* is the operator of multiplica-
tion by the matrix-valued function — Ej(I(p)). Clearly, we have the following equivalence

p € Q) = Er(i(p)) #0. (111.4.6)

Note that the conditio2(7) = () corresponds to intervalg included in the resolvent set dj i.e.
I C R\ o(Lyp). Using (1l.4.6), we also obtain the fundamental relation

Ei(Lo) = Eq(r)(Dr.)Er(Lo) = Er(Lo)Eqr)(Dr.), (1.4.7)

which points out the connection between our matrix-valued operator and its scalar representation. It
follows from (I11.4.7) that the functior in (111.4.5) could be chosen arbitrarily i \ ©(I) whereas
its restriction to€2(I) is uniquely defined. We shall denote this restriction. We have the following
criterion for an operatofy to be locally scalar od. A functiony satisfying (111.4.5) exists if and only if
for eachp € Q(I), the matrixi(p) has exactly one eigenvalue InThis eigenvalue is jugt(p) = 1 (p).
Of course, whe)(I) = (), condition (111.4.5) is trivially satisfied for any function. Lemma 2.3 in [37]
gives a simple method of checking thet = I(D,,) is locaaly scalar on an open intend&akuch that
Q(I) # 0. We set
§(S) = min{|A = N|; A, N € a(9), X # N},

whereS denotes a hermitian matrix of dimensidn

Lemmalll.4.4 If

inf o(/ >0,
Janf (I(p))

then L, is locally scalar on/.
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Let us see how these results apply to the Dirac HamiltofamBecause of the spherical symmetry
of the equation, we only need to construct a conjugate operator on each spin-weighted harmonics. We
recall that
H =T'D,. 4+ a(r)? 4+ b(r,)T° 4 ¢(r,),

where we dropped the indices féf" and the potentials;, b,,,, ¢,. The potentials have very distinct be-
haviours at the horizon and at infinity. As a consequence, we are lead to decomfasitoga simplified
dynamics and a perturbation in two different ways. At spacelike infinity, we put

H=H"+W,

whereH* =T D, +mI? andVy(r.) = a(r«)T? + (b(r.) — m)T'° + ¢(r.). On the other hand, at the
horizon,
H = Hl + ‘/13

whereH, = I''D,., + co and Vi (r,) = a(r«)T? + b(r,)T° + (c(r.) — co). It is easy to see thdly €
T-19R) andV; € T%~>°(R). The operatord{]* and H; can be written a$;"(D,.) and hi(D;.,)
wherehy®, h; : R — My (C) are infinitely differentiable functions oR.

Let us prove thaf{", H; are locally scalar on suitable domains. The operafgrcan be decompo-
sed onto its positive and negative spectral subspaces by

HF" = An(Dr ) 1g+ (H") = A (Dr, ) 1 (HGY),

where+\,,(p) = ++/p? + m? are the eigenvalues of the operatgt(p). We denote2y(I) = {p €
R | o(h*(p)) NI # 0}. Obviously, for a giver?, we have)y (1) = X\,,}(I) U (=A,) (1) and remark
thatQ(I) = 0if I C (—m, +m). Whenm # 0, we haveig, [, 1-m](hg') > 2m > 0 sincer, (p) > m
and—\,(p) < —m for all p € R ThusH{" obviously satisfies Lemma Ill.4.4 &R\ [—m, +m]. Since
hy' is trivially scalar on(—m, +m), we get=(Hg*) = R. Whenm = 0, Lemma 11.4.4 is satisfied on
any closed interval not containing{0}. Thus we hav&(Hj) = R\ {0}.

According to the simple form of the Dirac mati% = diag(—1,1,1, —1), we easily see that, (p)
has two distinct eigenvaluestp + ¢ and thus,H; can be decomposed as follows.

Hy = v1(Dr,)1jeq oo (H1) + v2( Dy, ) oo o[ (H1),

wherev; (p) = |p| + co andvy(p) = —|p| + ¢o. Once againH; trivially satisfies Lemma 111.4.4 on any
closed interval not containing the valde}. Hence, we geE(H;) = R\ {co}. We denote2; (1) =
{p e R|a(hi(p)) NI #0}. Foragivenl C Z(H,;), we haveQ) (I) = vy ' (I) Uvy ' (I).

Let us return to the construction of a conjugate operator for a opefatehich is locally scalar on
=(Ly). For such a class of operators, there exists a quite natural way of defining a conjugate operator
A on suitable open real sefs However, the conditiod C =(Ly) is not sufficient. There exist certain
values\ € =(Ly), called threshold values, where a Mourre estimate does not hold. A definition of the
threshold set, denoted L), has been proposed in [37], Definition 2.5. We state here a characterization
of these values (see [37], Proposition 2.8).

Proposition 111.4.1 Assume thal,, is scalar on the open real sét Lety, be as in (111.4.5). Then a real
numberA € [ is not a threshold value dfy if and only if A has a compact neighbourhoot C I such
that the sefu; ' (J) = p~'(J) N Q(I) is compact andl (p) # 0 on it. In particular, if Q(I) = 0, this
condition is trivially satisfied for any\. € I. Note moreover that(Zy) N =(Ly) is a closed subset of
=(Ly).
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Let us apply this proposition téf}"*, H,. Choose an interval C Z(H[") such thatH]"E;(HJ") =
+A(Dy,)Er(H"). We can assume thé% (1) # (0. Let J be a compact set included Inlt is clear that
+,1(J) are also compact sinee),,! areC> on I. From the exact expression &f, (p), we obtain that
iA;n(p) = 0if and only if p = 0. Once again, we have to separate the massive and the massless cases.
If m # 0, since\,,(0) = m, we conclude that the threshold setif' is 7(Hg") = {—m, +m}. When
m = 0, the threshold set as defined previously is empty but we see that, in a certain sense, it coincides
with the set{0} whereH" is not scalar.

In the same way, the threshold set féris empty according to our definition but it formally coincides
with {co } the set wheréd; is not scalar.

Georgescu, Mantoiu gave a formal argument to justify their choice of conjugate operator for operators
Ly = I(D,,) which are locally scalar on a certain domain, [37], Section [2.2]. We reproduce it here. Let
us assume that an open intervdias been chosen such that (111.4.5) holds. Since the only relevant values
of u are the values taken on the $H{/), we assume thd®(7) # () and thatu has been extended into a
C*° function fromR to R and its restriction t§(7) is exactlyy; (this extension has no other aim than to
define properly the first derivative @f and use it in the next computation). Léte the compact subset
of I\ 7(L) defined in proposition I11.4.1. Then the s@t.J), equal toy, *(J) = p~(J) N Q(I),is a
compact subset 2(I). Therefore, using the continuity of the functipnand using Proposition 111.4.1
again, we have

Jin | (p)| > 0.

Let us denote; > 0 this minimum and thus,
| = €. (11.4.8)
Now, using (11.4.5) and (I11.4.7), we can write the left-hand-side of (lll.4.1) as

Ej(Lo)i[Lo, AlE;(Lo) = E;(Lo)iLoAE;(Lo) — E;(Lo)iALoE,(Lo),
= Ej(Lo)Eq(r)(Dy.)il(Dr.), AlEq(ry(Dr.)E1(Lo). (111.4.9)

Let us consider an operatdr = 2 { F(D,.)r, + r.F(D,.)} whereF is aC> function fromR to R we
shall define later. It is immediate that

ilu(Dy.), Al = F(D,.) (D). (11.4.10)
Now, (111.4.9) and (l11.4.10) give
Ey(Lo)i[Lo, A|E;(Lo) = E;(Lo)Ep,, () F (D, ) (Dy.)Ep,, (2J))E;(Lo).
Therefore, in order to obtain a Mourre estimate, it suffices to choose a furfctsuch that
F]Q(J)(DT*):U',\Q(J) (Dy.) = €>0.

In [37], Georgescu and Mantoiu chose a functirsuch thatr” € (g°(2(1)) and satisfyingFiq,y =
“EQ(J)' Therefore, from (111.4.8), they obtained

EL(J)i[L, AEL(]) > €5EL(J]).
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Intuitively, we would have expected to obtain in the Mourre estimate sincg corresponds to the
minimal value taken by the scalar velocity operatarNow observe that, if we consider a function

F € C§°(Q(I)) such thatF' = ﬁ on(J), we obtain

EJ(Lo)’i[Lo, A]E](L[)) Z EJE](L[)).

Let us apply this result in our case. We first introduce two cut-off functions in order to separate the
two asymptotic regions. Let_, j. € C*°(R) be two positive functions such that(r.) = 1 forr, <0
andj_(r,) = 0forr, > 1, j4(r.) = 1L forr, > 0andj(r,) = 0forr, < —1. We introduce the
operators

R_(r.) = i (r)re,  Ry(re) = ji(r*)r*.

Let us consider an open intervalincluded in one of the following intervalé—oo, —m), (—m, ),
(co, +m), or (+m, +00). Here, we assumed without loss of generality that (—m, +m). Note that,
on such an interval, both Hj* and H; are scalar and

HPBr(HE") = MDy.)Er(HJ), (I11.4.11)
HlE[(Hl) = I/(Dr*)E[(Hl). (|||412)

The function\ (resp.v) is equal to+)\,, or 0 (resp.v; or ), depending onl. Let J be a compact
included inI. Then, we define two function®, G in the following way.F' € (§° (€2 (1)) and satisfies

Fio) = 2P e 0,00, (111.4.13)
v (p)]
Remark that the se, () is never empty since there is no gap in the spectrurfjoénd (111.4.13) is
always well defined. Since this is not the case{(I), we introduce two different definitions fa¥.
If the setQy(I) = O (which occurs whed C (—m, +m)), then we defing? = 0. If Qq(I) # 0, then
G € C§°(2p(I)) and satisfies
X(p)
G(p) = o Yp € Qo(J). (11.4.14)

We introduce the operators

A_ = —(F(D,.)R_(r,) + B_(r.)F(D,.)),

and )
Ay = 5(G(DL)R4 (1) + Re () G(Dy)).-

We denoted = A + A.. Let us state some simple properties of the conjugate opedatObviously,
A is a symmetric operator o. Moreover, A can also be viewed as a pseudodifferential operator.
SinceR.(r.) € ¥ andF(D,,),G(D,.) € ¥% > we haved € ¥ by Theorem IIl.A.2. As
a consequence, according to Theorem IIl.A.1, the symmetric opedatewell defined onH»—> >
HYY = D(r,). If we apply Nelson’s Lemma I11.4.1 witth = (r.), we conclude thatl is essentially
selfadjoint onD(r,).

Let us prove thafl € C'(A). We have to check the assertions of Lemma 1I1.4.2. Let us define the
comparison operatav = DZ* + (r,)2. From [55], we know thatV is a selfajoint operator oi with
domain D(N) = H?(R) N D({r,)?). It is immediate to see that' D,, satisfies the assumptions of
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Lemma I1l.4.1. From [1], Proposition 7.6.3., the operatbalso satisfies these assumptions. Moreover,
we already saw in Proposition 111.3.2 that

(H — z)"'D(N) c D(N).
Thus, it remains to prove that
|(uyi[H, AJu)| < C(|Hull? + [|u]]?).

Actually, we shall prove that the commutaipF, A] belongs ta3(#) which, of course, implies this last
assertion. We have

i[H,A] = i[Hy, A_]+i[Vi,A_],

/

(F(Dy)R_(r.) + B (r) F(D,.))T" +i[Vi, A_].

DN | =

In order to analyse the teril;, A_], we use the standard results for pseudodifferential operators pre-
sented in Appendix lll.A. Leff € T""™. Then, we have

i) A = S(ilf(r), F(D,)|R_(r) + he),

1

2
= LU ), Pl = S (), P, )+ ).
First observe thaf (r,)j2 (r.) € T-°" C ¥, SinceF(D,,) € ¥’ >, we have

[f(ro)52 (re), F(Dy.)] € U" 17,
by Theorem Ill.A.2. Hence, we get

i[f ()52 (ri), F(Dy,)Jre € U™
Furthermore, the termy? (r..), F(D,..)] belongs tol >~ by Proposition 1Il.A.1. Thus, we also have
F(r)ilf2 (r.), F(Dy)]re € U207,

by Theorem I11.A.2.
Now, recall thata € T~ %, b € T% > andc — ¢y € T% . Therefore, applying the previous
results to the potentidh = a(r,)T'? + b(r.)T° + ¢(r.) — co, we obtain

Z[VvlaA*] = alf(r*a DT*)F2 + b’lf(r*a DT*)FO + C’IE(T*,DT*),

where all the symbols_,b_, c_ belong to the clas§ > °,
SinceR_(r,) € T~>° ¢ ¥, the operatod (F(D,.)R_(r.) + R_(r.)F(D,,)) is also a pseu-
dodifferential operator with symbol i&’>~>°. We denote it/ (r,, D, ). Hence, we obtain

i[H,A_] = d“ (v, D, )T + a¥(ry, D, )T? 4+ 0% (ry, D, )T + ¢ (1, Dy,), (11.4.15)

and this commutator is bounded &hby Theorem Ill.A.1.
By the same procedure, we also prove that

i[H, Ay] = d¥(re, Dy )T + 0¥ (ri, Dy )T? 4+ 04 (ry, Dy )T + ¥ (74, Dy, (11.4.16)
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where the symbols. , b, c; belong to the clas§ 5~ andd, € S%~°°. Thus this commutator is
also bounded oft{ by Theorem Ill.A.1.

Eventually, applying Lemma lI1.4.2, we conclude thate C'(A).

Let us prove that the double commutafpil, A], A] is bounded or{. As already mentioned, the
operatorA can be viewed as a pseudodifferential operator with symb8lir?. Thus, using (111.4.15)
, (111.4.16) and Theorem III.A.2, it is immediate to see that

[[HaA]aA] = Dw(’r*aDT*)Fl +Aw(T*7DT*)F2 + Bw(lr*’DT*)FO + Cw(lr*aDT*)a

whereD? € U~b=>andA%, BY,C" € w2~ Therefore[[H, A], A] is bounded ori by Theorem
lL.A.2.
It remains to prove the Mourre estimate. We begin by a compactness result.

Lemmalll.4.5 Lety € C§°(R). Then,

() J2(r)(x(H) - x(H)) is compact
(i) 2 (r.) (x(H) — x(H1)) is compact

Proof : As the proofs are identical, we only show (i). Using the Helffer-Sjostrand formula, we can write

x(H) — x(Hy" %/azx (z — H)™'Wy(r,)(z — H™) " dz A dz.

Since the integral converges in operator norm, we have
: m [ PN _ my— _
Ji(r*)(X(H) - x(Hg")) = o /(C@zx(Z)ﬁ(m)(z - H) IVO(T*)(Z — Hy'") 'dz A dz.
Using[52 (r.), (z — H) '] = (z — H) 4T (52) (r.)(z — H) ', we obtain

J3(r) (X(H) = x(HG")) =

5 [0 = ) G2 ()2 E)TVA ) 2 H) e

to- 3zx( )(z = H) '3 (r)Va(re) (= — H")"'dz Adz.

Let us recall the standard compactness criteriory; if € C,(R) and H is a selfadjoint operator oK
with domainD(H) = H'(R) then
f(r.)g(H) is compact (1.4.17)
Now, observe thatj2 ) € C§°(R) andj2Vy € -1 C Cw(R). Therefore, the termg2 ) (r.)(z —
H)~! and 2 (r.)Vo(rs)(z — Ho)~' are compact. Since both integrals converge in operator norm, the
Lemma is proved.

¢
Let us choose a functiog € C5°(J). We have

x(H)i[H, A_|x(H) = x(H)i[Hy, A_]x(H) + x(H)i[V1, Ay [x(H).
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We already saw thafV;, A_] is a pseudodifferential operator belonging to the cllas's*°. Therefore,
it is a compact operator by theorem I1I.A.3 and sq{d7)i[Vi, A_]x(H). Furthermore, we can write

x(H)i[H1, A Ix(H) = x(H1)i[H1, A ]x(H1)
_]x(Hy) + he (111.4.18)

and Theorem IIl.A.3, we also have
i[H,A_] = F(D,.)R_(r.)T' + K = R_(r,)F(D,.)T' + K,
whereK denotes a compact operator. Now, the second term in (111.4.18) can be written as

(X(H) — x(Hy))ilHy, A_]x(H1) =

’

+(x(H) = x(H1))(52) (r)roF(Dr,)x(H1) + K.

The first term is compact by Lemma I11.4.5 and sirg&) (r.)r. € C3°(R), the second term is com-
pact by (111.4.17). The other terms in (111.4.18) involving(H) — x(H,) are treated in the same way.
Therefore, we obtain

x(H)i[H1, A_]x(H) = x(H1)i[H1, A_]x(H1) + K,

where K is compact. We are almost in the situation described at the beginning of this part. Since
suppx C J, using (111.4.11), we have

X(HilHL, A () = x(H)ilv(D,.), A_Jx(H)),
= X(H)g (F(D, )ilAD,. ), r )% (r2) + he)x(Hy)  (11.4.19)

x(H) 5 (F(Dy )railADy), 72 r)] + he) x(Hh). (11.4.20)

According to Proposition 11I.A.1, the commutatfr(D,,), 72 (r.)] is a pseudodifferential operator in
the classt—>* sincer(D,,) € ¥%!. Then, the pseudodifferential operato(D,,)r.i[v(D;. ), j2 (r)]
belongs to the clasg >~ *° by Theorem Ill.A.2. We conclude that the term (I11.4.20) is compact by
theorem III.A.3.

At last, the term (111.4.19) is equal to

X(H) 3 (F(D ilv(Dy. ), 172 () + he)x(H) = X(H) g (F(Dy ) (D )72 () + he) x(F).
After certain commutations, we can rewrite this term as
XCHL) 3 (F(D )ilv(Dy.),r.Ji2 () + he)x(Hy) = 3 (r)x(H)F(Dr)v (D )x(HLj (1) + K.

whereK compact. Sinceupp x C J, we havex(Hi) = Eq 5 (Dr.)x(H1) = x(H1)Eqqys)(Dr.) by
(111.4.7). Then, from the definition (111.4.14) of’, there exists a strictly positive constantuch that

X(H1)F(Dy, v (Dy,)x(Hy) > e;x*(Hy).
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Therefore, we have
x(Hy)i[Hy, A |x(Hy) > egx(Hy)j% (ro)x(Hy) + K,

and using Lemma ll.4.5 once more, we obtain
X(Hy)ilHy, A_]x(H)) > esx(H)j2(r:)x(H) + K.
Putting together all the previous results, we get
X(H)ilH, A x(H) > esx(H)j> (r.)x(H) + K. (I1.4.21)

In a similar way, for any compact setincluded in(—oo, —m) or (+m, +o0), there exists a strictly
positive constant, such that

X(H)i[H, A4 ]x(H) > e;x(H)j3 (r)x(H) + K. (111.4.22)
Therefore, adding (111.4.21) and (111.4.22), we get
X(H)i[H, Alx(H) > min(e;, e;)x(H) (52 (r.) + j3 (r.))x(H) + K.

Since(j2 +j2) — 1 € C°(R), we havex(H) (5% + j2)x(H) = x*(H) + K whereK is compact on
‘H by the standard compactness criterion. Therefore, we obtain the Mourre estimate

x(H)i[H, Alx(H) > min(es, ,)x*(H) + K. (111.4.23)
WhenJ C (—m,+m), we havei[H, A;] = 0 sinceA; = 0 in this case. Whence
XH)ilH, AlX(H) > e;x(H);2 (r) x(H) + K.
Sincex(H)j2 (r«)x(H) = x(H)j2 (r.) (x(H) — x(H{")) is compact by Lemma [11.4.5, we have
X(H)(72)x(H) = x(H) (52 + j3)x(H) + K.
By the preceding argument, we obtain the Mourre estimate
x(H)i[H, A x(H) > e;x*(H) + K. (I1.4.24)

Remark I11.4.2 The constants; and et] are respectively equal to

= min |V (p)| =1,
€= min, v (p)]

and

! — . )\I — )\l d < 1

€= min Pu(p)l = An(ds) <1,
whered; = dist(€2(J),0). Let us denote by, the strictly positive constant which enters in the Mourre
estimate

X(H)i[H, Alx(H) > exx”(H) + K,

for a giveny € C§°(R) such thatsupp x N {—m, +m,c} = 0. Then
— Ifm # 0 andsupp x C (—m, +m) thene, = 1.
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— Ifm # 0andsupp x N (R\ (=m, +m)) # 0 theney, = ., (Ssuppy) < L.

— Ifm = 0 thene, = 1.

Using Theorem 111.4.1 and Proposition 111.3.3, we thus have proved

Theorem I11.4.2 The spectrum of the Dirac Hamiltoniakd is purely absolutely continuous, i.e.
o(H) =o04.,(H) =R

In particular, we retrieve the fact that the energy never remains trapped in a compact set as shown in [31],
[32]. In other words, the fields must either escape to infinity or dive into the horizon of the black hole.

1.5 Weak propagation estimates

In this Section, we prove various propagation estimates which will be the key ingredients to construct
and analyse the asymptotic velocity in Section I111.6. The main tool used to establish these estimates is
the method opositive commutatoMVe refer to [21] for a detailed presentation.

We denoteD = % + i[H,.] the Heisenberg derivative which acts on time-dependent selfadjoint
observables3(t) and satisfies the following property

d
dt

We shall use constantly the following fundamental criterion.

thB( ) —itH — eitHDB(t)efitH‘

Proposition 111.5.1 Let®(t) be a family of selfadjoint operators belongingi¢’! (R, B(#)) i.e. there
existsB(t) € L}, (R, B(H)) such that

B(ty) - B(tr) = [ B(s)ds.

t1

(i) Assume thaD®(t) € L} (R", B(H)). Then

18 (t)e )| < | BO)p] + / IDB(s)e |l ds.

(i) Assume that(¢) is uniformly bounded and that there exigls > 0 and some operator valued
functionsB(t) and B;(t), i = 1, ...,n such that

D®(t) > Cy B*(t) ZB*

with -
[ B i < O, Vo eH, i= Lo
1

Then there exists a constafitsuch that

[ B0 P < ol v e (115.1)
1
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Estimates taking the form of (I11.5.1) are callegeak propagation estimatesnce the only informa-
tion we have concerning the time-decayJdifB (t)e~*"'+)| is that this quantity belongs tb'(dt). In
particular, we cannot conclude thgB(t)e~ 4| € O(t=*) for any p > 0. Nevertheless, this weak
information is enough to prove the existenceasymptotic observableBy this, we mean the following :
if B(t) is a time-dependent uniformly bounded observable, the asymptotic observable rel&gd to
along the evolutior— " is given by the limit

s— lim e B(t)e ", (111.5.2)

t—+oo

We state here two criteria, due to Cook and Kato, to prove the existence of (111.5.2) in a slightly more
general form that we will need later. We refer to [21], Lemma B.4.2, for the proof of the following result.

Lemma ll1.5.1 (Cook, Kato) LetH;,Hs two Hilbert spaces andi; (resp.Hs) two selfadjoint opera-
tors on#; (resp.Hs). We denotd| ||; and|| |2 the norms ori{; and#,, respectively. Lep(t) : H; —
5 be a uniformly bounded function belonginglig! (R; B(#, Ha)). We suppose that

Ha(t) — ¢(t) H,

originally defined as a quadratic form a(H,) x D(H;) extends to an element bf .(R; B(H1, H2)).
We denote

d
Dyg(t) = aﬁb(t) + i(Hap(t) — () Hn).
LetD a dense subspace &f; .
(i) (Cook) Assume that fap € D,

m .
ﬂ|mﬂmf“wmmmm<m,

then there exists ' '
s — lim M2 (¢)e N, (11.5.3)

t—00

(i) (Kato) Assume that
| (42, Da®@()¢p1)] < Y (| Bai (82 |2/l Bui(t) b |11,
=1

with

IN

o0 .
/ 1Bai(t)e*op|3dt Clyll3, & €HMai=1,.,m,

1

[oe]
K|wmmﬂww%ts ClIZ, $eDyi=1,.n,

then the limit (111.5.3) exists.

[11.5.1 Large velocity estimates

In General Relativity, a signal cannot travel faster than the speed of light (equahtthe radial
direction with our choice of variables). Hence, although the solutions of the Dirac equation (111.2.7)
spread out in all the spacetime, we expect that they will not live, “in a certain sense”, in the region
{|r«] > t}. The following estimates give a rigorous meaning of this expectation.
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Proposition I11.5.2 Letl < 6; < 6. Lety € C§°(R). Then, we have

> Ty _i 2dt
/1 Hl[al,(m(' : Lyx(ae | = < Clgl?, v e H. (111.5.4)

Given anyg € C*°(R) with ¢’ € C§°(R) andsupp g C (1, +00), we have

. |74
y tilinoog( t

)x(H)e ™ = 0. (111.5.5)

Proof : Let1 < 6y < 0; < 6y and letf € C§°(]0p, +o0[) such thatf = 1 on[6;,6] andf > 0. We
define

r) = [ Oo 72 (w)du,

which is clearly bounded and continuous®nLet us choose the propagation observable

o(t) = x(m r=hm).

The selfadjoint operator-valued functidr{¢) is uniformly bounded irt. The computation of its Heisen-
berg derivative leads to

Ir|

~D¢(t) = x(H)DF(=-)x(H),
= e b - e D . e
Now, the assumptions required grand||I™ ;7=|| < 1 yield
~Do(1) > 1 (8 ~ Dx(H)L), ().

As (0 — 1) > 0, (111.5.4) follows from Proposition I11.5.1.
To prove (l11.5.5), it is enough to assurge> 0 andg(r.) = 1 for r, > Ry. We begin by considering
the case wherg € CS°(R)). Letg € C5°((1, +00)) chosen such tha@t= 1 on supp g . We define

|7 |

¢(t) = x(H)g(=)x(H).
Computing its Heisenberg derivative, we obtain
R RPN NN AN
Do(t) = —ox(H)g (7-) = x(H) + - x(H)I"g (= )|T*|X(H)-
Usinggg = ¢, we get
Do) = tx(mi( = na"xm) (1.5.7)

whereB(t) = —g'("}')@ + Flg'("t*‘)lj:—:‘ is uniformly bounded. Now, the existence of the limit

s— lim eHp(t)e ", (11.5.8)

t—+400
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follows from (111.5.7), (111.5.4) and Lemma I11.5.1. Moreover aspp g C (1, +oc), (111.5.4) implies that
the limitin (111.5.8) is zero.

Finally, we prove the general case. Let us assume that there @xst53° (R)) such thatupp g1 C
(1, +00), g = g?. We introduce the propagation observable

[r|

Tt )x(H),

or(t) = x(H)g(

whereR is a positive number. Let us compute its Heisenberg derivative. We obtain

Doelt) = pxEat(h T - goxtmat (G T,
> (00— o ().

Forf, > 1 andR > 1, we see thatf, — }—1%) is positive. Thus, under these conditions,
D¢r(t) <0. (11.5.9)

Now, if we fix tg € R, we have

oo
s — lim ethQSR(t)efth — eltquSR(tO)efztoH + / estDQSR(S)efstdS,

t—+o0 to
and we deduce from (111.5.9) and the positivity gthat

0<s— lim e pp(t)e ™ < eltolgp(ty)e 0 VR >1. (111.5.10)
t—+o00

But remark that by definition oz (¢), we have

— 1 ito H —ito H _
s Rgrfm(e dr(to)e ) =0.

Hence, we obtain from (111.5.10) that

s— lim (s— lim e™gp(t)e ) =0. (11.5.11)

R—+o0 t—+o0

At last, observe thag(%) — g(""t*‘) has compact support. Therefore, using (111.5.8), we have

T itH _ —itH _
s = dim_ e (g(t) = gr(t))e 0.

Then, if we letR to tend to+oo, (111.5.5) holds by (111.5.11).

¢

It is possible to be more precise concerning what happens at spacelike infinity. We can show that
the maximal velocity in estimate (l11.5.4) depends on the energy of the solution. We proved that, in
the general case, this velocity in the radial direction.iBut, if we consider states whose energy lies in
[—m, +m] then the maximal velocity is in fact zero. In other words, such states do not propagate towards
infinity but instead, fall into the black hole. Precisely, we have
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Proposition I11.5.3 Let0 < 6. Letx € C§°(R) such thatsupp x C [-m, +m]. Then, we have

> T it ||2 4t 2
o Cox e || T < i, v e (11:5.12)
Moreover, we have .
. * —itH _
s— lim_ 1[9,+m)(7)x(H)e tH—, (11.5.13)

Proof : Remark that, sincg(H{") = 0, it suffices to prove that

T m _
J(Z ) (x(H) = x(HG") € Ot 1), (11.5.14)
for a functionJ € C*°(R) such that/(r,) = 1 forr, > 6 andJ(r.) = 0 for r, < g But this follows
from the Helffer-Sjostrand formula and the fact thigt=) Vo (r.) € O(t™).

&

[11.5.2 Minimal velocity estimates

As mentioned in the Introduction, the minimal velocity estimates tend to replace the well known
Huygens principle. They have the following interpretation : at late times, the energy of a solution of
(11.2.7) located in a narrow con@ = {|r,| < ct} tends td) in a very weak sense. In other words, Dirac
fields must escape frodwhent tends to infinity and the constaathus corresponds to a lower bound
of its minimal velocity In our case, even though it is not necessary for the later constructions (asymptotic
velocity and wave operators), it would be interesting to distinguish the minimal velocity estimates at the
horizon and infinity since the exact values of these velocities have no reason to be the same in the two
asymptotic regions.

It is well known that this type of estimate is closely related to the existence of a conjugate operator
for H (see for instance [49]). We state here a Proposition, originally due to Sigal and Soffer in [72], with
a slight modification useful to separate the two asymptotic regions. Precisely, we have

Proposition 111.5.4 Let H, A, three selfadjoint operators oi. Assume that/ € C?(A.), and there
exist strictly positive constantsg. ; such that the Mourre estimates

Ei(H)i[H,AL|E[(H) > cy 1 Er(H)j3 (r.)Er(H), (111.5.15)

hold on an open interval. Here, the functiong. € C*°(R) are the positive functions defined in Section
l1l.4. Assume moreover thgl — 52 (r.)) A+ bounded or#{. Then,Vgr € C*(R), Vx € C§°(R) such
that suppg+ C (—o0,c+ 1), g+ = 1 on(—o0,0) andsupp x C I,

o0 A ) 2
/1 |12 (g (2 [ S < i, v e, (111.5.16)

and n
s — lim gz (ry)ge (=) (H)e ™7 = 0. (I1.5.17)
t—00 t

Gérard and Nier in [39] proved that it was possible to replace the operdtots/ physically more
meaningful operators such as the position operator.
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Lemma l11.5.2 (Gérard, Nier) Let A, be locally conjugate operators fdi on the intervall satisfying
(111.5.15). Assume that there exists another selfadjoint oper&tarhich satisfies
(i)  D(B) C D(Az),
(i1) +Ai+ < B, B>1,
(iii) [A+,B]B~! € B(H),

then for anycy < c+ 7, we have

B Ax

(= < o)t~ 2 exa)] € o). (11.5.18)

Consequentlyyy € C5°(R), supp x C I, we have

o B L |2dt
K 155 ) 10y (Sox(EYe | < i, v e (11.5.19)

and 5
s— Jim 1pe (r*)l[o,co)(7)x(}1)e—”ff = 0. (111.5.20)

Let us apply these results. We prove the following Proposition.

Proposition I11.5.5 Letyx € C§°(R) such thatsupp x C R\ {—m, +m, cp }. Then there exists a strictly
positive constant, such that for alld €]0, ¢, [, we have

> T it [|2 4t 2
[t Coxmne | < o, vy en (11.5.21)
Furthermore, . _
s = Jim_ 1(,1+576X,5)(7*)X(H)e*“f1 =0. (11.5.22)

Proof : We prove (111.5.21). Let/ be a closed interval included iR \ {—m,+m,@}. For such an
interval J, there exist conjugate operatots according to Section 111.4.1 and these operators satisfy the
following Mourre estimates

Ej(H)i[H,ALE;(H) > ex E;(H)j(r.)E;(H) + E;(H)KE;(H),

whereK is compact. Since,(H) = (), the operatoi; (H) K E;(H) tends to0 in norm if |.7| tends to
0. Therefore, if we let.J| tend to0, we can finde. ; > d; with 6; > 0 as small as we want such that

Ej(H)i[H,A+|E;(H) > (ex,7 — 6,)E;(H)j% (r.) Es(H).

Letd €]0, min(e_ s,ey s)[. We taked; = % Now, let us apply Lemma 111.5.2 with the operatBr =

(rdu = (r2 4 p2)2.
We already showed thd((r.),) = D(r.) C D(A+). To prove (ii), we estimate for any € D(r),

|(u, Au)|
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After a certain number of commutations and using standard results of Appendix Ill.A, we obtain
: 1 1. 1
|(uy A—w)| < (= (r) () 2, F(Dr )ra(re) ™= (re) (i) 2w)| + Cllul .

Since the functiong”, G entering in the definition oft satisfy||F |, < 1 and||G|l« < 1, we have in
particular||F(D,,)|| < 1. As||r«(r.)~'5_(r)| < 1, we get

1
(w, Au)| - < [[(re)2ul|® + Clull?,
< (u, (re) pu), (111.5.23)
for 1 large enough. Similarly, we have
|(u, Ayu)| < (u, (re) u). (111.5.24)

The assumption (iii) of Lemma I11.5.2 follows immediatly from theorem IIl.A.2. Therefore, by
Lemma I11.5.2, for anyy € C§°(R) such thatsupp x C J, we obtain

o0 ,r,* 72
/1 [t AT t>”)x( t%H < Cllpl?, Vi € H. (111.5.25)
Let us denote, = e, ;. Now, observe that forlarge enough, we have
(re) T\ 19 /t(ex—é) 12 L
Tp+(r)1ge — 1 (D = dry = ——— t73).
|| R""(r ) [0,ex 5)( t ) [0,ex 5))( n )H (P T 2t(6x _ (5) + O( )

Hence, we have

7 s 00,02 10005

T
t

x| < oy

Thus we can replacgg+ (1)1, EX_(;)( redu ) by 19, —5) (%) in (111.5.25) and we get

/ [1t0e Cotme [ < clpl?, v e . (1115.26)

Similarly, at the horizon, since_ ; = 1, we obtain

/Hl 1+60}(Tt)x( *“H¢H <Ollpl?, v e H. (111.5.27)

Therefore, (111.5.26) and (111.5.27) imply (111.5.21) for any with sufficiently small support. It only
remains to prove (111.5.21), (I11.5.22) for generglsuch thatsupp x N {—m, +m,®} = 0}. But such a
function can be written ag = Zj.vzl Xx; Wheresupp x; are small enough such that

| 1 se-aConatme mlE < o, vwen.  nsae)

is satisfied for any = 1,..., N. Then by the Cauchy-Schwarz inequality, we have

Ty

N i —t —3 dt
/1 (1(*”‘5’6*’5)(7)”([{)6 110 (x5 (H)e tHlﬁ)?

< (/100 |tcsas G "th/f“th) (/100 H1(—1+67ex—5>(%)Xj(H)e_it%HQ%)%
< Cllyl.
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Hence

l/ [ i Coxtme oS < N2CloP, vy e (1115.29)

which concludes the proof of the proposition.

¢

Having proved both maximal and minimal velocity estimates, we can provide a first picture of the
propagation of Dirac fields outside Reissner-Nordstrom black holes:,lbet]0, 1[. We define the do-
mainsC,, = {(t,r.) € R x R*; (1 —a)t < || < (1 +b)t}.

— If m # 0 andsupp x C (—m, +m), the energy is concentrated in the domgipfor anys €]0, 1[.

— If m # 0 andsupp xN(R\ (—m, +m)) # 0, the energy is concentrated in the don@gglucl »

foranyd €]0, 1[ and a fixed > 0 depending on the distance between the threshol{j—smt, +m}
and the energy of the field.

— If m = 0 then the energy is concentrated in the domf’gi(pu C s foranyo €]0, 1[.

[11.5.3 Microlocal velocity estimates

In both previous propagation estimates, we have no information on what happens in the @:edgions
andCf_E’d where the energy of the Dirac field is concentrated at late times. The microlocal velocity es-
timates state that, in these regions, we can approach the position opetatdine operatot). Here,V
denotes the classical velocity operator. As we saw in Section 111.3.5, it must be chosen according to the
asymptotic region we consider.

Microlocal velocity estimates at the horizon

At the horizon, the mass of the Dirac field is not perceived. Henceforth, the classical velocity obser-
vable will beV = T''. We prove the following estimates.

Proposition I11.5.6 Let0 < 6; < 6. Lety € C§°(R) such thatsupp x N {—m, ¢y, m} = 0. Then, we
have

o0 Ty Ty i
ﬁ |10, oY@t = T mﬂ( <ClgIP, Vo €A, (111.5.30)
and
. T T —i
s— lim 1[_(,2,_91}(7)(1“1 - 7)X(H)e H — . (11.5.31)

Proof : By Propositions 111.5.2 and I11.5.5, we can assume that 1 andf, > 1. LetJ € C§°(R™) such
thatJ =1ona nelghbourhood df-6,, —6,1]. Let R € C$°(R) such thatR = 0 on a neighbourhood of

0andR(r.) = * on supp J. We define the propagation observable

where
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Clearly, ¢(t) is an uniformly bounded selfadjoint operator-valued function. afet us compute its Hei-
senberg derivative. We obtain

Do) = x(H)O — 07 (C)M ()1 (C)x () + he
+%><(1T1’)J(rf)(F1 - %*)R”(%*)(Fl - %‘)J(%*)X(H) (111.5.32)

+X(H)J(%*){ia(r*)[1“2 Y+ ib(r, ) [0, T }J

Now, denote byJ a function inC$°(R™) such that/J = J andsupp.J C (—o0, —02) U (—61,0).
Then, the first term in the right-hand-side of (111.5.32) can be written as

where B(t) is uniformly bounded. By Propositions I11.5.2 and 111.5.5, this term is integrable along the
evolution since); < 1 andf, > 1.

Moreover, recall that, € T-5~> andb € 7%=, Then, sincesupp.J C R~ and.J = 0 on a
neighbourhood 06, we havea(r.).J (%), b(r«)J () € O(t~>°). Hence, the third term in (111.5.32) is
integrable in norm.

Finally, we can rewrite (111.5.32) as follows

D(1) = px(I(T' — )2 (R (T = T + 1 (),
But observe thaf?(Z=)R" (%) — 1| g, ,1(%) > 0. Thus,
D(1) > X ()T = )11, g (SN = () + L ).

We conclude the proof of (111.5.30) applying Proposition I11.5.1.
Let us now prove (I11.5.31). Let/ € C§°(R™) such that/ = 1 on [—6, —0;]. We define the
propagation observable

B(t) = x(H)J(Z) (L' = 22T (Z)x(H).
A straightforward computation leads to
DY) = ()T (T = TP ) + e

+2X(H)J(%*){z'a(7“*)[f‘2 Y + ib(r, ) [T, T }T*JT*) (H) (11.5.33)
+%¢(t).

As suppJ C (—o0, —05) U (—0;,0), the first term in (111.5.33) is integrable along the evolution thanks
to Propositions 111.5.2 and 111.5.5.

The second term in (111.5.33) is integrable in norm by the same argument as previously.

The term%¢(t) in (111.5.33) is also integrable along the evolution according to (111.5.30). Therefore,
using Lemma 111.5.1, the following limit

lim (e Hap, p(t)e™ ), (11.5.34)

t—+400
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exists. But, we also have
dt

/ Sy, B(t)e™" )7 < oo,
1

by (111.5.30) again. We conclude that the limit (111.5.34) is zero. Hence, (111.5.31) is proved.
&

Microlocal velocity estimates at spacelike infinity

At spacelike infinity, the mass of the Dirac field plays an important role. In this case, the classical
velocity observable is given by, = D, (HJ*)~! whenm # 0 andV, = I'' whenm = 0. The
microlocal velocity estimates take the following form.

Proposition I11.5.7 Let0 < 6; < 6. Letx € C§°(R) such thatsupp x N {—m,+m,cx} = (. Then,
we have

> Ty Ty i 2dt
| [tooaGmn = nme | S < o, voen (11.5.35)
and
. Ty T —
s — Jim 1[91792}(7)(% - 7)X(H)e w . (11.5.36)

In particular, for massless Dirac fields, we have to replageby 'l

Proof : It is enough to assume thét < e, andf, > 1 wheree, is defined by the minimal velocity
estimate. We can also assume thatp x is included on a closed interval R\ {—m, +m, ¢ }. For this
choice ofy, we have

H'"x(H") = £xn(Dp)x(HJ), (111.5.37)
VinX(HPY) = £X.(D,)x(H}), (11.5.38)

depending on the interval in whichupp x is located. The only relevant values &y (p) being in the
compact sef2(supp x) and sincesupp x avoids the thresholds values, we can assume Xhatas
been extended into @;° function onR. Finally, the proofs being identical, we only consider the case
Hi'x(HJ") = A (D, )x(H{"). We shall prove

/ 0 - ety < cppie, v e (11.5.39)

whereJ € C{°(R") and.J = 1 on |6y, 6s].

In order to avoid technical problems due to the matrix-valued opetatowe first show that we can
replaceV,, by its scalar version\, (D, ) in (111.5.39). Indeed, if we apply several times the following
results[V,,, J (%)) € O(t1), [\, (Dr.), J(5)] € O(t™") andJ (%) (x (H) — x(Hg") € O(t™") (the
last one follows immediately from the proof of Lemma I11.4.5), we have

T x T

[ 7y v = et = [ 1) (D) = Sy x| + 2 an),

by (111.5.38). Therefore (111.5.39) is equivalent to

|75 a0 = Sytme [ G < i, v e n (115.40)
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Let us defineM (t) = R(%) + (A, (Dr.) — )R (%), whereR € C§°(R) satisfiesR(r,) = % on

supp J, and the uniformly bounded propagation observable
T« T«

$(t) = X (T ()M (@)1 ().

We compute its Heisenberg derivative.

T ’ T« n, Ty T T
— R (ST I(ExH)  (15.42)
T

) (H).

Let us study the last term in (111.5.41). We can decompose the opefaiato the sumH" + Vy(r.).
The term involvingl, equals

o+ X(H)IH, T (5) M (1)

XV (r), J(F)M (0 (7

Ty 1 Tx

W(H) = x(H)T(2)ilVo (), X (D2 IR (5

Ty

I

Recall thatly € T%~'. Hence,V;(r,) is a pseudodifferential operator which belonggtd. As X, €
Cs°(R), we also have\,, (D,.) € ¥~ Thus, by Theorem Ill.A.2, we have

)x(H).

i[Vo(r), A (Dr.)] = Vo (r) A (D) + 7 (rs, Dy,

with 7 € T=27°°_ Now, sinceJ € C§°(R"), we haveJ(Z=)V'(r,) € O(t~2). Thus,
T x ’ " Tk T«
XH)J (Vo (1) A (Dr ) B (5) T (+

Moreover, it is immediate thaf(“=)r" (ry, D;.) € O(t™2) sincer” € ¥~%~>° This implies that

)x(H) € O(t™).

X(H)J(E)r" (s, Dy )R ()T (S)x(H) € Ot ).

Thereforex (H )i[Vo(rs), J ()M (t)J (5 )x(H) is integrable in norm along the evolution. It remains to

analyse the term involvingly”. We decompose it into

Ty

(il (5

T

= ))x(H) =

XCHEVLHE, T (2) M (0. x(H)

+(c(H) = X(HilHS", T ()M () () X (H)
N (x(H) - x(H) (11.5.42)
- N (x(H) = x(HE")):

+(x(H) — x(Hg"))ilHg", J () M(t)J (
We claim that the last three terms in (111.5.42) are integrable in norm. Indeed, we have

)M ()] (

FX(HGHE ()M (8T (

t t

T, M@ T ()] = ST (COMEIC) + he
1 T x ’ T x Ty T«
+5I () O (Dr) = )R (0N (),

c o).
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Moreover, we already saw that(H) — x(Hj"))J (%) € O(t ') and the same result is true wif{"=)
replaced by]’(%*). Hence, all terms involving/(H) — x(HZ) in (111.5.42) belong toO (¢ 2).
Eventually, since\,(D,.) € %> and J(%), R(%) € ¥, we conclude from (111.5.37) and

Theorem IlI.A.2 that

XCHEYLHE, T (Z) M (8)1(Z)x(HG") = x(HE il (D), (S0 M) T () (),
= DHE)T (XD )M (1) (T H) + he
FX )T (Dy) = SR CoN (D) T () + 0 72)
Putting all these results together, we obtain
Do) = px(H)T ()N (Dr) = )M 0T H) + e
NI (Dr) = SR (), (1) = )0 (1.5.43)
+L(dt).

The first term in (111.5.43) can be written ds¢(H)J(%)B(t)J(%)x(H) whereJ € C§°(R*) and
supp J C (0, €y )U(1, +00) andB(t) is a uniformly bounded operator 6. Then this term is integrable
along the evolution by Propositions 111.5.2 and I11.5.5.

Commuting certain terms in (111.5.43), we get

T

D(t) = x(H) A (Dr.) = ) (5

) (Dr.) = “)x(H) + L (@),

where we use®” = 1 on supp J. Then (111.5.40) holds by Proposition 111.5.1.
&

I11.6  Asymptotic velocity P*
We now turn our attention to the construction of the asymptotic velocity operRtodefined by

Pf=5—Cy— t_l}iinoo eitH%*efitH. (1.6.1)

The strong-C,— convergence means that for afiye C,(R), we have

J(P¥) =s— lim eitHJ(T—*)e_itH,
t—+oo t

and, in this case, the operatd?s are well defined (see [21], Proposition B.2.1). In dimension one, the

strong —C,,— convergence is equivalent to the usual strong resolvent convergence. The existence of

(11.6.1) will follow from the weak propagation estimates obtained in Section I11.5 and Lemma 111.5.1.

In the remaining of this paper, we only prove the resultstfes +oo since the proofs fot — —oo are

identical.
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I11.6.1 Existence of P*

The main Theorem of this Section is.
Theorem 111.6.1 LetJ € Cy(R). Then there exists the limit

s— lim eitHJ(%*)e—itH. (111.6.2)

t—=+o0

Moreover, ifJ(r,) = 1 on[—1, 1] then

T o itH g\ —itH) _
s— lim_ (s Jim (e ) 1. (11.6.3)
Let us define”* by (111.6.1). ThenP* is defined on a dense subspacéoénd is selfadjoint. Moreover,
P* commutes with .

Proof : Since all the operators in (I11.6.2) are spherically symmetric, we only establish the result on a
given spin-weighted harmonics. For simplicity, we drop all indices in the expressift dBy a density
argument, it is enough to prove the existence of

s — lim eitHx(H)J(T—*

—itH
Jlim “)x(H)e

whereJ, x € C§°(R) and such thatupp x is a closed interval oR \ {—m,®,+m}. Let us introduce
three functionsj_, jo,j; € C>*(R) satisfyingj% (r.) + jé(r.) + j2(r.) = 1 andjy(r,) = 1 on
T« > € — 0, jo(r«) = 1 on a neighbourhood df, j_(r,) = 1 onr, < —1 + J, wheree, denotes the
constant given in the minimal velocity estimates @nd]0, ¢ . Then, we can separate the problems at
the horizon and spatial infinity as follows

T itH T —itH __ 7 itH 5 o—itH
o= dim )T COME =l TG+ R+ L (e,
whereJ_, Jy, J, denote respectively? J, ;3 Jandj+J Sincesupp Jo C (—1446,€,) , itisimmediate

that . - .
s = im "y (H)Jo(—)x(H)e " =0,

t—4o00
by Proposition 111.5.5. It remains to prove that the limits

T itH Tx —itH
s t_l:glooe X(H)J_(t)x(H)e , (11.6.4)

T itH Tx —itH
s t_l}l_rglooe X(H)J+(t)x(H)e , (111.6.5)

exist. Let us first study what happens at the horizon. By Proposition 111.5.6, the existence of (111.6.4) is
equivalent to that of the limit

s = lim_ eitHX(H)(J,(%*) + (0 - %*)J',(%*))X(H)G’”H. (111.6.6)
We denotep_(t) = x(H)(J_ (%) + (I — Z=)J_ (%)) x(H). We compute its Heisenberg derivative
Dé (1) = Sx(E) =) (C)r = T ()

x(H)i{a(r)T2, T + b(r) [T, T} ( 7; x(H).
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The first term is integrable along the evolution by Proposition 111.5.6. The second term is integrable in
norm sincea(r,)J (%), b(r.)J (%) € O(t=>). Then the limit (111.6.6) exists by Lemma I1.5.1.
At spatial infinity, the situation is almost identical. Using Proposition 111.5.7, the existence of (111.6.15)

is equivalent to that of the limit

Ty Ty

s— lim eitHx(H)(JJr(T—*) + (Vm .

t—+o0 t B 7

) (50) x(H)e M.

But, as we already saw in the proof of Proposition I11.5.7, we can replace the velocity opgrdipits
scalar expressior-\, (D,.) on x(Hi*). Here, we assume tha, x(H5") = A, (D,.)x(H§"). Thus,
the existence of (111.6.5) is equivalent to that of the limit

s— lim eitHx(H)(J+(T7*)+()\;n(Dr*)__

t—+o0

))x(H)e "H. (11.6.7)
We denotep (t) = x(H) (J4 (%) + (A (Dy.) — TT*)J;("T*))X(H). In the same way as in the proof of
the microlocal velocity estimates at spatial infinity, we obtain for the Heisenberg derivative

i T« 170N A i T«

Dé. () = px(H) (N (Dp) —
+LY(dt).

Therefore, the limit (111.6.7) exists by Proposition 111.5.7 and Lemma 111.5.1.
The assertion (111.6.3) is equivalent to

T T itH g\ —itH) _
s Rgrfoo (8 tllinoo ¢ J(Rt)e ) 0,
for any functionJ € C*°(R) such thatupp J N [—1,+1] = 0 andJ € C$°(R). Thus, (111.6.3) follows
directly from the proofs of the second assertions in Propositions 111.5.6 and I11.5.7.
We conclude the proof of the Theorem by applying Proposition B.2.1. in [21]. The asymptotic velo-
city operators defined by (111.6.2) are selfadjoint Bihwith dense domain. Furthermore, they commute
with H.

&

Let us now give another expression for the asymptotic velocity opef&tim terms of the classical
velocity operators),, andI'!.

Proposition 111.6.1 Let P* defined in Theorem 111.6.1. Then

PE1gs (PE) = s—tgglweitH(ivm)e*“ﬂRi(Pi), (111.6.8)
Pt (PT) = s—tgglweitH(ﬂl)e—”ﬁR;(Pi), (111.6.9)
1oy (P%) = 1P2(H) =0. (111.6.10)

In particular, whenm = 0, we have

P* =5 — lim e (£Th)e
t—=to0
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Proof : Let us show (111.6.8). By a density argument, it suffices to prove

T x Ty

s = Jim ™ (f (Vi) = f(59))J()x(H)e ™ =0,

t——+o00
for f,x € C§°(R), J € C§°(R") andsupp x N {—m, co,+m} = (. Now, using the Helffer-Sjéstrand
formula (see for instance [14], Appendix A), we have

Ty

fVm) = () = BV = )+ 0 ),

whereB is bounded or#{. Hence, we only have to prove

T itH s
s t_l)lglooe B(Vp, t)J(

T

. )x(H)e 1 = 0.

But, this follows immediately from Proposition 111.5.7.

The proof of (111.6.9) is identical. We omit it.

It is an interesting fact that, in general, the states haviragymptotic velocity correspond to the
bound states off (see [14]). Since we already know tHi&t (H) = 0, it is enough to provel{o}(P+) <
1PP(H). Let us point out that this assertion relies only on the minimal velocity estimates.

Let us consider a functioy € Cj°(R) such thatsupp x N {—m, cy, +m,0p(H)} = 0. Let J €
Cg°(R) a positive function such that(0) = 1 andsupp J C (-1 4+ 6,¢, — §) wheree, > 0 is defined
by the minimal velocity estimates and<]0, ¢, |.

Then Theorem I11.6.1 implies

T

R B it H Ik
y tllfrnooe X(H)J( t

X(H)e ™ = X*(H)J(PF),
> x*(H)1gy(PT). (11.6.11)
By Proposition 111.5.5, the strong limit in (111.6.11) vanishes. Thus we have proved that

1y(PT) <1 (H).

{—m,co,+m}Uoy,(H)

This last operator is equal tbsince H has no eigenvalue. This concludes the proof of (111.6.10).

&

111.6.2 Spectrum of P*

The spectrum oP* is the physically relevant information offered by the asymptotic velocity opera-
tor. It corresponds to the admissible values (measured by an observer static at infinity) of the velocity of
propagation for Dirac fields in the asymptotic regions.

Theorem 111.6.2 Let P* be the asymptotic velocity defined in Theorem 111.6.1. Then,# 0, we have
o(PT)={-1}U]0,1], o(P7)=[-1,00U{1}. (11.6.12)
In the particular casen = 0, we have

o(P*) = {-1}U{1}. (111.6.13)
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Proof : We only prove (111.6.12) since the proof for (111.6.13) is identical. Let us first prove the inclusion

o(PT) c {1} U]0,1]. (11.6.14)
Letéy € R\ ({-1}U[0,1]). Letx € C§°(R) such thaty = 1 in a neighbourhood of, andsupp x N
({=1}u0,1]) = 0. We have to show that

x(PT) =0.

We separate the cases corresponding to the positive and negative values of the asymptotic velocity. We
have

X(PT) = x(P")(1g--(P") + 1g+(PT)),
X—(PF) + x+(PY),

wheresupp x— C R™ \ {—1} andsupp x4+ C (1,400). Now, using the characterizations (I11.6.8) and
(111.6.9) of the asymptotic velocity, we obtain

Y — o i itH 1y, —itH e JitH —itH
X(P")=s t_l}l_rglooe x—(T)e + s t_l:glooe X+ (Ve . (111.6.15)
Sinceo(I') = {~1,+1} ando(V,,) = [-1,1], both termsy_(I'!) and x. (V,,) vanish. Thus the

limit (11.6.15) is also zero and (I11.6.14) holdNote that, whenn = 0, we havely, = I''. Thus,
o(Vy) = {-1,+1} implies thato(P*) C {-1} U {+1}.

Let us prove the converse inclusion. We divide the proof in two steps : we consider either the event
horizon or spatial infinity since the techniques will differ slightly as for Propositions 111.5.6 and 111.5.7.
We first prove

a(P%) D (0,1]. (111.6.16)

Sinceo(P™) is closed, it will follow that{0} also belongs to the spectrum. Lgte (0,1] and&y =
ro > 11 > 19 > 0. Letg € C§°(R) positive such thag(&) # 0 andsuppg C (o — 70,&0 + 70). TO
prove (111.6.16), we have to show(P") # 0. Actually, it suffices to prove

X+ (H)g*(PF)x+(H) #0, (11.6.17)

for anyx+ € C$°(R*), x+ = 0 on a neighbourhood df. Since the proofs are the same, we only show
(11.6.17) for x ..

Let J € C*(R) such that/ = 1 on (—oo,r1], J = 0 0n [ry — 25" +o0) andj = —J > 0.
Clearly J andg satisfy the following relations

. J (1€ = &ol)g(&) = g(&). (111.6.18)
7(1€ = &DIE = &l = ri(I€ = &ol)- (11.6.19)
. 9()[§ = &ol < rog(§). (111.6.20)
We define the propagation observable
do(t) = x4 () (|5 = €0 ) 2 V)T (|5 = &) (D).
Using (111.6.8) and (111.6.18), we have
x4 (H)G>(PT)x (H) =5 — lim e g (t)e ", (11.6.21)

t—400
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As usual, we would like to replacg,, by a scalar differential operator. We proceed as follows. Since
supp x4+ C RT, we have

X+ (HP G Vm) = x4+ (HE) > (A (D)), (11.6.22)

where \,,,(p) = /p? +m? on Qy(supp x+) and has been extended intaC§°(R) function outside
Qo (supp x+ ). Therefore, if we define the propagation observable

#(t) = x+ ()7 (|5 = &) 9 va(Dr ) (

%* - 50‘>X+(H)7

then, using(x+ (H) — x+(Hg"))J
follows from (111.6.22) that

(|% = &) € o) andlx. (1), 5

&) e ou i

¢(t) = go(t) + O(t™").
Thus, we also have
x4 (H)g>(PT)x(H) =5 — lim e p(t)e M, (11.6.23)

t—400

Remark that the above argument remains true wires 0. In particular, (111.6.22) holds withy(p) =
|p| on Qo (supp x+). The fact thaty, = 0 on a neighbourhood df implies that0 ¢ (supp x+) and
thus,\p can be extended into@;°(R) function outside this set

Let us compute the Heisenberg derivativep¢f). We claim that

D¢ > R(t) whereR € L'(dt). (11.6.24)

Indeed, we have

P ) e T g (D))
- g

== ) g @I (|5 - o) )ty (ne.25)

s (B [Vor). T (|5 = 0] )9 vn(Dr )T (|5 = o) s ().

Do) = x (A

o= 6o ) (H) + he

xs (Hi [Hgn J(

From the proof of Proposition I11.5.7 and Theorem Ill.A.2, we have

X+(H)J<

T
iy

)ilVa(r),* N (De )T (

Tt—* - foDXJr(H) € O(t™).

Thus, the third term in (111.6.25) is integrable in norm.
Similarly, we already saw that the second term in (I11.6.25) can be written as

X (H)i M (D), 9

== &| ) (D)) (

T _
== &) [ () + 07,
Using Theorem I11.A.2, this term is equal to

o) X (D) O (D) (|12 = 6o Y () + e+ 1 )

1 ,
—;x+(H6”)J< -
T —50‘
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Putting all these results together, we obtain
_ 1 T Ty YN Ty
Do(t) = 1+ ()i (|5 = &0 )15 = €olg® A (Dr )T (|5 = o] ) (H) + e

—fo\)"?‘ b0 = N (D2 )" (Dr ) (| o] s (8 + e

1 | T
v, (H (_
+tx+( )i .

+ L (dt).

Commuting certain terms and using Theorem IIl.A.2, we have

D(1) = 1+ (g (D)7 (|

x|

)i (|5 = &) 15 = €olgvn(Dr))x (21)

DX+(H)

’

= g) Lis‘(km(Dr*) — &0)g* O (D)) )2 (|

t Ts
7

+ L' (dt).
Now, using (I11.6.19) and (111.6.20), we have

’

Do(t) 2 5 (r1 = ro)x+ (H)g (N (D2)) (75 (|5

~+ | =

)9 Dy ) () + L (d),
and sincer; — rg > 0, we get
D¢(t) > R(t) where R(t) € L'(dt).
Let us complete the proof. Using (111.6.23), for agyc R, we have
. . too .
P (H) = @ g(aa)e el 4 [T Dy (e ar
to

> eitoH([S(t ) —ttoH /+00
> o)e IR(1)|dt. (111.6.26)

to

SinceR(t) € L'(dt), if we choosel, large enough, we can make the integral on the right-hand-side of
(111.6.26) as small as we want. Now, we claim that

lim |[[e®o® p(tg)e= 0l |, (11.6.27)

t— 400
exists and is non-zero. Indeed, we have

eitoﬁoDr* ¢(t0)€*it0§0Dr* —

(5 Vit + 108 T2 0, (0 ) (D a1+ Vot + 1)
|74 |7

X (HY + Vo(ry + t060)) T () g% (=N (Dr)) T () x— (HE + Volry + to&o)).

to to
By (111.6.22), this tends strongly te (H")g* (Vi) x+ (HE") which is a non-zero operator. Finally, since

€407 gty )e 0% || = [[e"0%0P g(tg)e 0P|

)
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the limit (111.6.27) is non-zero and thug (P*) # 0.
Let us now prove that(P") D {—1}. Let, = —1 and we defing, J as previously. We introduce

the propagation observablgt) = J( L — fobgz(l“l),]( L — §0D. By (I11.6.9) and (111.6.18), it

follows that
+\ o itH —itH
g (PY)=s Jim e (t)e

Then it suffices to show thaD#(t) > R(t) with R(t) € L'(dt) and the result will hold by the same
argument. But we have
Ty T
\)|— — &olg* (T (|5

Do) = (|5

‘)+hc

—%j( = 50‘) _ _io‘ g~ Tg*(r")J - - 50‘) + he (111.6.28)
#7112 — )il r?, (0] + b, g2 (09) 7 (|2 - ).
Sincea € T~ andsupp J( Le — OD is strictly contained iR, we havea(r*)J( - OD €

O(t~°°). The same is true fd(r,).J ("7 - §0D. Therefore, the last term in (111.6.28) is integrable in
norm. We conclude using (111.6.19) and (l11.6.20) that

D¢(t) > R(t),

with R(t) € L!(dt). This completes the proof of the Theorem.
¢

.7 Wave operators

This Section is devoted to the construction of wave operators for the Dirac Hamiltéhiaie
introduce different wave operators according to which asymptotic region we consider. An interesting
application of the asymptotic velocity operator in this case, is the possibility to separate the two different
ends without introducing supplementary cut-off functions. More precigély;an serve to distinguish
between théncomingDirac fields (i.e. the part of the solution which goes towards the horizon) and
outgoingDirac fields (i.e. the part of the solution which goes towards spacelike infinity). We have the
natural decomposition

H="H:dHE,,

where’H}n = 1z (P*)H and Hout = 1p+ (PT)H are the incoming (resp. outgoing) solutions when
t — +oo. Therefore, if we consider — +oo, it suffices to construct the wave operators at the horizon
(resp. at infinity) only for the incoming statéﬁtl (resp. outgoing stateX.’ ,)) and similarly fort —
—0OQ.

[11.7.1 Wave operators at the event horizon

We decomposé] into H; + Vi (r,) whereV; is exponentially decreasing when— —oo. Since the
potentialV; is short-range at the horizon, the natural comparison opera#of'4s . If we consider only
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incoming Dirac fields, the standard Cook method can be applied to prove the existence and asymptotic
completeness of classical wave operators. We have

Theorem II1.7.1 The following limits exist

s— lim et o=ttty (4. (1.7.1)

—> 00

s — lim ettty (p%). (11.7.2)
—+o0

Moreover, ifQF; denotes the limit (111.7.1) thefi}; is a partial isometry and
(I11.7.2) = (%), (95)°QF = 1z (£, Q5(9%)" = 1z (PF). (11.7.3)
We also have the intertwining relations
PF1p- (PF) = QF (£ (QF)" (111.7.4)
Hlg- (P*) = Q5 H (Q5)" (11.7.5)

Proof : First note that=I'' are the asymptotic velocity operators for the Dirac Hamiltorfi&ni.e.

4+ =5—-Cy — lim eitle—*efitHl.
t—+o0
Since the existence of (111.7.1) immediately follows from Cook’s method and Huygens's principle, we
only prove (ll.7.2). Note however that the proof of (ll.7.2) applies without any change to the proof of
(11.7.1). This is another advantage of the present method that the proof of existence and the proof of
completeness of wave operators are identical.
Lety € C§°(R) such thasupp xN{—m, ¢y, +m} = 0. LetJ € C*°(R™), J = 0 on neighbourhood

of 0andJ = 1 on(—oo,—1 + §] with § €]0,1[. Sinces(P*) = {-1} U [0, 1], we havelg- (PT) =
J(PT). Then, by a density argument, the existence of (I1.7.2) is equivalent to that of the limit

s— lim e j(pT)y2(H). (111.7.6)

t—4o00

Let us define the propagation observable
T
B(t) = X(H1) T (=) x(H).
It follows from Theorem 111.6.1 and the usual res(it(H) — x(H,))J (%) € O(¢t ') that

(I11.7.6) = s — . lim e gp(t)e

—+00

Let us compute the generalized Heisenberg derivativg Of

Dag(t) = 0(0) +iHig(t) — i) H,

= () (- T

—ix(HL)J (7 )Vira)x(H).

T x(H) (1.7.7)
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Sincesupp J C (—1,0), the firsttermin (111.7.7) is integrable along the evolution by Proposition 111.5.5.
Moreover, sincd; € T%~>°, we haveJ(%=)Vi(r,) € O(t~>°). Hence, the second term in (11.7.7) is
integrable in norm. This implies the existence of (I11.7.6) by Lemma II1.5.1.

By Proposition B.5 in [21]9}1 is a partial isometry satisfying (111.7.3).

Let us prove (111.7.4). First note that

Q) = 1r- (PT)(QF)%, (111.7.8)
by (111.7.3). Using Proposition I11.6.1, we have
P (PY) = s—Cyp— lim Te™ 1, (P),
t—+o0

= s— lim e
t——+00

Thus, we deduce from (l11.7.1), (111.7.2) and (l11.7.8) that (111.7.4) holds.
Finally, we prove (l11.7.5). We have

the—thl Flethle—th 1R— (P+)

Hlz-(PY) = s — ,Jim e 1, (PT),
—+00
= s— lim et it pr pitth =ity o (p) (11.7.9)
—4o00
+5— tiigrnoo VY () e 1 (PT).

By (l1.7.1), (111.7.2) and (l11.7.8), the first term in (ll.7.9) is exactly the term in the right-hand-side of
(111.7.5). Moreover, observe thai- (P) = g(P") with g € C§°(R™) andg = 1 on a neighbourhood
of —1. Then, by Theorem 1l11.6.1, the second term in (l11.7.9) can be rewritten as follows

s— Lm eitHVI(T*)efitHlRi(PJr):8_ lim eitHVI(T*)g(%*

)efitH
t——+o00 t—4o00

and this term vanishes sin&&(r.)g(%) € O(t~*°). Hence, the limit is zero whehtends to+-oo. This
concludes the proof of the Theorem.

&

l11.7.2 Wave operators at spacelike infinity, |

The Dirac HamiltonianH can be decomposed infd® + Vi (r.) whereVy(r,) ~ C{r.)~! when
r« — +oo. Therefore, the potentidl) is long-range at spacelike infinity. It is well known, in this case,
that the dynamics—**#¢" cannot be used as the comparison operator and must be modified. There exist
several possibilities for this. We shall use the modification introduced by Dollard and Velo [26] which
has the double advantage of being very intuitive and adapted to matrix-valued equations.

The idea of Dollard modification is to add a phasé*(®) to the natural dynamics /6" in such
a way that this phase compensates the effect of the long-range pofgntedsume a moment that
H = H"+ f(r.) wheref is a scalar long-range potential. Then, the usual Dollard modification is given
in this case by

Up(t) = efitH(’,"T(efifot f(svm)ds>’
whereT denotes time-ordering. To prove the existence of the Dollard modified wave operator

5T t—1>i-ri-noo eitHUD (t)’
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it suffices to apply Cook’s method. We have to show

%(e”HUD(t)> = ¢ i(f(r,) — f(tVm))Up(t) € L' (dt).

But, intuitively, it follows from the microlocal velocity estimate, Proposition 111.5.7, that this will be true
since the operataot)),, approaches, whent — +o0o. We will use this strategy to construct the wave
operators at infinity.

Nevertheless, there is an important difference with our example. Indeed, the poigigitde sum
of scalar and matrix-valued long-range perturbations. How to add the matrix-valued terms which do not
commute withH;" in the Dollard modification ? Roughly speaking, we will see that we can Wjites
follows

Vo(re) = f(re) +g(re) M + h(r)N,

wheref, g, h are scalar long-range functions aifl NV two operators such thdt commutes with/4"
and N anticommutes withf/g*. We shall see in the proof of Theorem I11.7.3 that all these terms are not
true long-range perturbations. Because of its anticommutation property, thé teyd will not enter

in the definition of the modification. Consequently, we will define the Dollard modification by

Up(t) = efitHaﬂT(efi f(f(f(svm)Jrg(st)M)ds)‘

Note that the phase is well defined sinecommutes withiy* andV, .

Let us apply these arguments to our case. We first treat thercage 0. We define the operator
Gm = T% — m(HJ")~! introduced in [29]. A straightforward calculation shows that the oper@pr
anticommutes witlfj*. Now, we rewritel; as follows

Vo(ry) = ag(re)T? + bo(r) G =+ bo(r)m(HI) ™' 4 ¢o(r,).
Sincel? andG,,, anticommute withH*, they do not enter in the Dollard modification. Thus we define
Uan(t) _ efitHg"‘T(efi fg (bo(svm)m(Hgn)_lJrco(st))ds)‘
Similarly, whenm = 0, we define
Ug (t) _ e—itH8T<6—i fg co(svo)ds>’
where)V, = I''. Now the main Theorem of this Section is

Theorem I11.7.2 The following limits exist

s — lim_ "M UR (#) 1+ (£Vm). (111.7.10)
5 — tiiinoo(U{)”)*(t)e_itHlRJr(Pi). (111.7.112)

Moreover, ifQE denotes the limit (111.7.10) thef, is a partial isometry and
(I11.7.11) = (%)%, (92)°0% = 15+ (EVn), QO ()" = 15+ (PH). (I1.7.12)

We also have the intertwining relations
P11 (PE) = 05 (2V,) (0E)7, (11.7.13)
Hig+ (PF) = QE H" ()" (111.7.14)



136 Scattering of charged Dirac fields by a Reissner-Nordstrém black hole

For the proof of this theorem, we follow the presentation given in [21]. The first step is to obtain similar
results for time-dependent long-range potentials. The second step is to use the properties of the asymp-
totic velocity operato”* to make the link between time-dependent and time-independent potentials.

Let us study time-dependent Dirac operators of the form

H(t) = Hy' + V(t,ry),
whereV (t,r,) = Vi(t,r.) + Va(t,r.) T + V3(t,r,)T'2. We assume that

|8tV7(t,’f'*)|
|07 Vj(t, 7))

C{t)™2,Vj =1,2,3, (111.7.15)

<
< oyl vaeN, Vi =1,2,3. (111.7.16)

For such Hamiltonians, it is possible to define an associated unitary dynamics (see [21], appendix B.3,
Proposition B.3.6) which we will denote ly(¢, s) and which satisfies

e The map(t,s) — U(t, s) is strongly continuous with values in unitary operatorg{isuch that
Ut,t)y=1, U(t,u)U(u,s) =U(t,s).

e If we denoteB = ((HJ")? + 1)5, we have

O, U(t,s)B™Y = Ul(t,s)iH(s)B 1,
B 'U(t,s) = —iB 'H(t)U(t,s).

We want to define the asymptotic velocity for such time-dependent Hamiltonians and to describe some
of its properties. This has been done in [14], [15] for the case of three dimensional Dirac operators. Since
the proofs are identical, we only recall the main results.

Proposition II1.7.1 Foranyg € Cx(R) andx € C§°(R) such thaty = 0 on a neighbourhood df,
the limits

(I1.7.17)

s— lim_U(0,0)9(Va)x(H")U(t,0) = Prr .

exist. The operato@,%’gyx correspond to the asymptotic velocity operators for high energies associated
toU(t, s).

We also need propagation estimates for such time-dependent operators. The next proposition summarizes
the large and minimal velocity estimates in this case.

Proposition 11.7.2 Suppose thaf, g € C°(R) and suppj N suppg = 0. Letx € C§°(R) such that
x = 0 on a neighbourhood df. Then

L T m 2dt
| i a0 | 5 < ol v e (1.7.18)
Furthermore, ifJ € C3°(R) such that/ = 1 on a neighbourhood ofupp g, then

s— lim U(0,6)J(2)g(Vm)X(H)U (t,0) = P

t—00 t Mg

(I11.7.19)

Similarly, the microlocal velocity estimates hold.
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Proposition 111.7.3 Suppose tha, J € C5°(R) and supp g N supp J = (. Letx € C3°(R) such that
x = 0 on a neighbourhood df. Then

00 . . d

/1 (% - Vm)J(%)g(Vm)X(H[T)n)U(t,0)7;/)“2; < |I9ll*, Vo € H. (111.7.20)
Moreover,

o= aim (7 V)1V X (H)U (1,0) = 0. (11.7.21)

Remark 111.7.1 In the previous propositions, we need to introduce cut-off for the low energies since we
consider both massive and massless cases at the same time. Note however that, in the case of strictly
massive Dirac fields, we can remove the energy cut@") in Propositions 111.7.1, I11.7.2 and 111.7.3

and define the full asymptotic velocity (see [14]).

Let us define the Dollard comparison operator
U (t) = efitH(’)”T(efifOt(V(s,st)ds>,
whereV (s, sVy,) = Vi(s, sVi)+Va(s, sV )m(HF) ~L whenm # 0 andV (s, sVy) = Vi(s, sVp) When
m = 0. In the next theorem, we prove the existence and asymptotic completeness of the time-dependent

wave operators with energy cut-off.

Theorem 111.7.3 For anyx € C§°(R) such thaty = 0 on a neighbourhood df, the limits

s— lim_ U0, 4)x*(Hg ) U§'p (1), (11.7.22)
s— lim (UF) () x*(HMU(t,0), (11.7.23)
t—=+o0 ’

exist.

Proof : Since the proofs are identical, we only prove (111.7.23). We may assume without loss of generality
thatsupp x C (0,+00). By a density argument, it is enough to prove the existence of

s — lim (Ug'p)*(O)x*(Hg U (¢, 0){r.) .

t—+400

For technical reasons, we need to replg¢&ly) by x (H (t)). Using the Helffer-Sjostrand formula and
(11.7.16), we have

x(HI) — x(H(t)) € Ot 1). (111.7.24)

Hence, it suffices to prove the existence of

s — lim (U)"(t)x*(H (@)U (£,0)(rs) "

t—+o00
Let us compute the time derivative of this expression. We obtain

%(Ué’fp)*(t)XQ(H(t))U(t,0)(?“*)*11/} = (Usp)" (i (V (£, tVm) = V(t, 7)) x> (H (@)U (£, 0){r.) 19

) 0 (X HD)) U 0)r) 9.
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Using the Helffer-Sjostrand formula, (111.7.15) imply that

d

GXTe) = 5= [ 0~ HO) GV r)) (e = H©) 'dzndz € ()

and thus the second term is integrable in norm. Now we can write the time derivative as

i(US’fD)*(t)XQ(H(t))U(t,0)<7“*>*11/f =

dt

(UF) O (Vi t0m) =Vt 7)) + T (Valt, 1) = Va(t, 7)) + T2 (Va(t, V) = Va(t,1)
G Va(t, V) = D2Va(t, V) PP (HH)U(,0) () ™9 + O(7?),

= I (t) + L(t) + I3(t) + Iy(t) + I5(t) + O(t ).

(Recall thatl,, = T° — m(Hg")~! andGy := T). Let us prove thaf, (t) = (Ug",)*(4)i(Vi (£, tVi) —
Vi(t,r))x2(H(t))U(t,0){r,) 11 belongs taL!(dt). By the Helffer-Sjostrand formula ([14], Appendix
A), we have

Vi(t,tVm) — Vi(t,re) = C1(t)(re — V) + O(t2),

whereC (t) is a bounded operator satisfyiiig () < Ct=2. Therefore, we can rewritg (¢) as follows
Li(t) = (Ug'p)* (1) C1 () (s — V) x> (H()U (£,0)(r) "' 4p + L' (dlt).
Now, it suffices to show that
(e — V) X2 (HE))U(£,0)(ry) L € O(#*), 0 < p < 1, (111.7.25)

in order to provel;(t) € L'(dt). Using (I11.7.24) and the fact thdt(HJ"),r.] is bounded oriH,
(11.7.25) is equivalent to

X(HE")(re = th (D)X (HFU (1,0)(r) 1 € O(4), 0< p <1,
sinceV,, x(Hy") = \,,,(D,.)x(Hy"). Using once again (111.7.24), it is enough to show
X(H(8))(re —tA, (Dr)x(H®)U(£,0)(r,)~" € O(t*), 0 < p < 1. (111.7.26)

Sincel < u, (111.7.26) will follow from

L) = 2 (U0 D) — 1 (Dr D HO)U(1,0){r)™") € L1, 400), ).
(111.7.27)
But we have
L) = S UOXHO) (THE), 7.~ 30,(Dr.)] = X (D) ) X(HET (1, 0)6r) ™,
+$U(0,t)(%X(H(t))) (re — tA (D)) x(HE)U (¢,0)(r.) ! + he. (111.7.28)

Sinced y(H(t)) € O(t~?), the second term in (111.7.28) is integrable in norm. Now, we have

’

LH (1), 7. — X (Dr)] = d[HG 7] = [V (£,7.), Ay (D ):
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SinceV (t,r,) € ¥; " andX, (D,.) € ¥, it follows from Theorem IIl.A.2 thafV (¢, 7.), \.,,(D;.)]
belongs taD(¢=2). Therefore, this term also gives a contribution that is integrable in norm. It remains to
see that

!

LU, 0x(H@) (T 7] = X, (D) ) XHEU(0)(r) ™, (11.7.29)
is integrable. But, using (l1.7.24) and
X CHEYTHE . I (HEY) = XCHG)ilAn Dy ), 2 Jx(HEY) = XCHE) X (D2 ) X(HGY),

it is immediate that

!

(IT1.7.29) = ZU(0, OX(H () (3 (Dr.) = A (Dr)XHE)U (1, 0)4r) ™ + 017 74),

Since the first term vanishes, this term is also integrable in norm. Thus, we have provddtjhat
L'(dt). In the same manner, we can prove thdt) and/;(t) belong toL' (dt).
It remains to analyse the ternigt), I5(¢). We shall need the following lemma

Lemma lll.7.1 Letus denote

t > m > m t > m > m
E(t) = ( / SHE G 15 HE ds) Y2(HI), F(t) = ( / eI HE 2 —isH] ds) Y2(H).
0 0

ThenE(t), F(t) are bounded operators, uniformly inAs a consequence, we have

.1 o1
lim ~I|B()] =0, Jim S| F(2)] = 0.

t—00
Proof : SinceG,,, anticommutes wittJ*, we have
eSHY' o HE — ) o~ i2HE g e R
and .
E(t) = G ( /0 ei25H5nds> X2(HIM).

Sincex = 0 on a neighbourhood df, there exist$ > 0 such that

t .
IBO] < Cape [ e,
AeR 0
1 .
< C sup f(l—e_m/\),
ACR\[—6,6] | 26A
< Cs.

Thus, E(t) is uniformly bounded, in operator norm, with respect tdhe proof is identical for (¢)
sincel? anticommutes with".

¢
Now let us treat the term(¢). First, observe that using (I11.7.24) and (I11.7.16), we have

Li(t) = (U§'n)* (8) Grmx* (HE)Va(t, tVn)U (£,0)(re) "' + O(t™2).
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If we denote conciseIT(e*i I V(S’SVm)ds> by e i X(®*) we can rewritd, as

I4(t) = XD, E (1)) ™10 Vy (£, 1V, U (£, 0) (r,) "' p + O(t72).

Therefore, in order to apply Cook’s Lemma, it is enough to show that

Loju = H/u X (0, B(1) e Vo (b, tVi)U (£, 0) (i)~ (111.7.30)

tends to0 whens,u — oo. From the definition oftf(2), it is clear that it anticommutes with* and
with V,,,. Thus we can write**® (9,E(t)) = (9,E(t))e**® where

GiX () _ T<€i Ji (Vl(8,—3Vm)—m(H6”)*1V2(s,—st))ds)‘
By an integration by part in (I11.7.30), we obtain
Lu < | B@)e SO V(w0 w, 0)r) ™|
| B()e X O vy s, 59U (5, 0) () o

+H/ E(t)at(ei)?(ﬂe“Hé”VZ(t,tvm)U(t,0)(r*>*1¢)dtH.

Using Vs (t,tV,,) € O(t~1) and Lemma 11.7.1, the first two terms tendt@ass, v — oc. If we compute
the derivative in the last term, we find

dy (X0 ”HS”VZ(t tVim)U (t,0)(r) ") =
i(Vi(t, —tV) — m(HI) ™ Va(t, =tV )e ) MG Yy (£, 8V, U (£, 0) (r, )~ 1ep
+et X0 ”H’"(a Va(t, Vi) + Vi Va(t, V) U (£,0)(r,) "o
—ie X OV, (4 4V, V (8,7 U (8, 0) ()1,

)
(

All these terms belong tO@(¢~2) by (11.7.15) and (111.7.16). Sincé’(t) is bounded, the last integral also
tends to) whens, u — oo. We treat the ternd;(¢) in a similar way which concludes the proof of the
Theorem.

&

Proof (of Theorem I11.7.2) : So far, we have established complete scattering results concerning Dirac Ha-
miltonians with time-dependent long-range potentials. This concludes the first step of the proof of Theo-
rem Ill.7.2. For the last step, we have to make the link between time-dependent and time-independent
Hamiltonians. This is done in the following way. First, remark that by a density argument, the existence
of (111.7.10), (lll.7.11) are equivalent to that of the limits

s = i e MUR ()" (H")g* (V). (11.7.31)
s = Jim (Up) (#)e™" X" (H)g*(P"), (111.7.32)

wherey € C§{°(R) such thatsuppx N {—m,cy,+m} = 0, x = 0 on a neighbourhood di and
g € C§°(R") such thaty = 0 on a neighbourhood df andg = 1 on (g, 1) (e, is defined by the
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minimal velocity estimates). Now, consider a functiére C5°(R™) such that/ = 1 on a neighbourhood
of suppg and.J = 0 on a neighbourhood df. Let us associate to any functighe S-'(R) the time-

dependent function
T

falt,rs) = FG)T (),

defined fort > 1. Such a function obviously satisfies the properties
e For anyy in a neighbourhood ofupp g,

f(ty) = fs(t, ty) (11.7.33)
e Foranyt > 1fixed,r, — f;(t,r.) € C§°(R) and there is a constai such that
supp fr(t,.) C (0, Mt).
e The following estimates hold

‘a,?if‘](t,’l"*)‘
‘affJ(tax)‘

We introduce now some notations. We cefilective time-dependent potentibke potentiall (¢, r.) =
ao,s(t,7)T% + by s (t,7:)T° + ¢ s(t,7+). We denoteH,(t) the time-dependent HamiltoniaH® +
Vy(t,r.) andU,(t, s) the associated dynamics. We also derldte, (¢) the following time-dependent
Dollard modification ’

C{t)~'7% VYa €N, (11.7.34)

<
< Oy VR VkeN (11.7.35)

?

Up ;(t) = efitHng(efi IS (co,J(s,svm)+m(H5n)—1bO,J(s,svm))ds>

and
UY (1) = e M0 T(eﬂ' S co,J(s,svo)ds)

We rewrite (111.7.31) as follows
o itHyrm 40 rmy 2 _
s = im e"TUL(8)x" (Ho")g” (Vi)
s = dim_ ™ U;(t,0) Us(0,1)g(Vau)x®(HF YU (1,0) U (0, 05> (HE VU, 1 (g Vi),

where we used’;) (t)g (Vi) = Uy ;(£)9(Vin) = g(Vin)UR' ;(¢) by (111.7.33). Now assume the existence
of the limits

s— lim U;(0,8)x*(HMUD (1), (11.7.36)
t——+o00 ’
s — dim U;(0, t)g(Vin)x* (H§") U (£,0) =2 P o, (11.7.37)

s— lim MUy (t,0)PF

t— 400 mvgvx2 ?

(111.7.38)

then the limit (111.7.31) will exist by the chain rule. Similarly, using Proposition 111.6.1, we can rewrite
(1.7.32) as

s — lim (ng)*(t)e—itHXél(H)g?(P'i') —

t——+o00

5= lim_g(V)(UB.)" (O (HE)U; (2,0) U (0, )™ g(PF)2 ().
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Therefore, if we prove the existence of the limits

s = Jim (UP)" (#)x*(Hg")U (t,0), (111.7.39)
s = Jim_U;(0,0)e”"g(PT)x*(H), (111.7.40)
—+00

then the limit (111.7.32) will exist by the chain rule.

Now, observe that we already proved (111.7.36), (111.7.37) and (I11.7.39) in the previous results concer-
ning time-dependent Dirac Hamiltonians (see Proposition I11.7.1 and Theorem I11.7.3). Hence, it remains
to show

Lemma lll.7.2 The following limits exist

s = Jim_ ettt Us(t,00P) o (111.7.41)
s — Jim U;(0,t)e ™ g(PT)x*(H). (111.7.42)

Proof : Since the proofs are identical, we only show (II1.7.41). Moreover, since the other cases can be
treated similarly, we may assume thatpp x C (+m, +00). Let us define two functiong, and g-
belonging toCy° (supp J) such thaly,g = g, g2g1 = g1 andJg2 = g». Then using Propositions 111.7.2

and 111.7.3, we have

P 2:s—tlim Us(0,t)g2(

Ty r
m,g,X —+400 t

) Mo(£)g2( )9 (Van) X (HG) U (£, 0),
whereMy(t) = g1 (%) + (Vi — Z)g;(%). Let us define the propagation observable

T T«
po(t) = 92(T)Mo(t)gz(T)g(Vm)XQ(Hgl)a
then the existence of (111.7.41) is equivalent to that of the limit

s— lim e™ ¢o(t)Us(t,0).

t—4o00

To avoid technical problems, we must use a scalar versiagg(of. Let us define

Ty

B(t) = X(H)g2(“)M (£)g2 (5 )g (V) X (H (),

with M (t) = g1 (%) + (\(Dr.) — %)g1 (). Noting thaty (HJ") Vi = x(HJ")A,,,(D;.) and using
F()(x(H) — x(H§") € O™ ), [ e CR(RY), (111.7.43)
x(Hy(t)) = x(H") € O™, (111.7.44)

we have
¢(t) = go(t) + Ot ).

Therefore, it is enough to prove the existence of

s — lim e @(t)U,(t,0). (111.7.45)

t—+o0
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We compute the generalized Heisenberg derivativg(of. We obtain

Da(t) = — () (92(55) M 0)g2(55) + he) X (D)X (1) (11.7.46)
X)) (N (Dr) = ) (55) 7 0o g N (D)X (1) (1.7.47)
XM (09255 g (D)) (S (H (1) (1.7.49)
FXCITH g2() M (£)g2 ()9 (N (D) (H 1 (1)) (11.7.49)
Fix(H) (V(r)g2 ()M 092(F) = 92(5)M (092(S)Vi (7)) 9N (D2 )x(Hy (9) (117.50)
()2 (M (1) g2 ilVi (8. 7.), g (D1 )X (H (1)): (11.7.51)

We already saw thaa%x(HJ(t)) € O(t~2). Thus, the term (111.7.48) is integrable in norm. Similarly, by
standard pseudodifferential calculus, we know fatt, r.), g(\., (D,.))] € O(t~2). Hence, the term
(11.7.51) is also integrable in norm. Moreover, sinég = g2, we havegs (%) Vy(t,7.) = Vi, (t, 7).

Consequently, we can write the term (111.7.50) as
V(r)ga(S)M (£)ga() = g2(IM (g2 (Vi (t, 1)
= (Vault,r)Xu(D “>g2( ) = (SN (Dr Vi (t7) ) s (52),

t
= (IVan (070 X (D)o (55) + P\m(Dr*)a92(7*)]‘/}/2(ta7“*)>91(7

Hence, by Theorem I11.A.2, the term (111.7.50) belongsa(Jt—Q) and is integrable in norm.
The term (l11.7.46) can be written after some commutations as

Ty

)

1 Ty Ty '

X)) BON)g( (Dr)x(Hi (1) + O(72),

whereB(t) is a uniformly bounded operator inandrn € C5°(R*) such thatsuppn N (ey,1) = @ and
suppnNsupp g = (. Thus, the term (111.7.46) is integrable along the evolution using Propositions 111.5.2,
[11.5.5 and III.7.2.

Now, the term (111.7.49) is equal to

1 T« ’ T« 1, Ty ’ T« l
X(H)g2() (M (Dr) = )91 (SN (D) g2 g (D)X (H (1) + L (d).
Therefore, we obtain for the generalized Heisenberg derivative.

1 T« i T« 1, Ty i T« T« ’
Dog(t) = 2x(H)g2(5) (N (D) =) 91 () (N (Dr.) =) 92(5 )9 (N (D ) x (L (1) + L ().
The remaining term is integrable along the evolution by Propositions 111.5.7 and 111.7.3. We conclude
that the limit (111.7.32) exists using Lemma 111.5.1.

&

Therefore, we have constructed the Dollard-modified wave oper&torand Q. The fact that
(QT)* = Qt follows from [21], Lemma B.5.1. Eventually, the intertwining relations (l11.7.13) and
(111.7.14) are proved in the same way as in Theorem II1.7.1.

¢
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l11.7.3 Wave operators at spacelike infinity, Il

We finish this Section by an alternative definition of the Dollard-modified wave operators at infinity.
This second definition relies on the following observation : Reissner-Nordstrom spacetinzsy @i
totically flati.e. the metrigy tends to the Minkowski metrig = d# — dr? — r2dw? whenr, — +oo.
Therefore, we expect the behaviour of Dirac fields at infinity to be the same as in Minkowski spacetime.
Let us introduce the following Dirac Hamiltonian corresponding to Minkowski spacetime.

1 .
Hy =T'D, + ;Hsz + b (p)T0 + ¢4(p), Dy = —id,.

This is a selfadjoint operator acting 6, = LZ(Rp+ x 82, p*dp dw; C*). Indeed, using polar coordi-
nates, the Hamiltonia#, is unitarily equivalent to the Hamiltonian

Hoo =Top + b (J2)T° + ¢g(|2]),  p=—iV,

whereT' = (I'}, T2, T3) stands for the Dirac matrices. Now, it is immediate from the Kato-Rellich
Theorem thafl,, is selfadjoint onL?(R3; C*), see [75].
If we look at the region, — +oo and if we make the natural identificatign= r,, we formally
have
H=Hy + Voo('r*)a

where Vo (r,) = O(%) whenr, — +4o0. Therefore, the potential is short-range and“~= is the
natural comparison operator. Then, we will take advantage of our previous works [14], [15] to define
complete Dollard-modified wave operators @y, .

Since the Dirac operatdi acts or{ whereadH,, acts ot ., we first need to introduce an operator
of identification between these spaces. We proceed as followg,.Let C*°(R) a function satisfying
joo(rs) = 0forr, < 1 andj(r.) = 1 forr, > 1. We define the operatdr : H., — H which sends
any element) € H., to an element+ in # defined by

Tp(r.) = { Jolr ), e 20

where we made the identificatiopn= r.. We will also denot&€* : H — H ., the adjoint ofZ defined,
for anyy € H, by

T*(p) = joo(p)P(p)-

We denoteP: the asymptotic velocity operator relatedsig, constructed in [14] (massive case) and
in [15] (massless case). We recall thatH ) = 1gs\ (0} (P5;) where1¢(H,,) denotes the projection
onto the continuous subspacefy,.

Proposition I11.7.4 The following limits exist

s— lim T 150 ) (P5), (111.7.52)
s = lim_ et Tre=itH,  (PF), (11.7.53)

Proof : Since the proofs are identical, we only treat (111.7.53). We also work on a given spin-weighted
spherical harmonics. Let € C5°(R) such thatsupp x N {—m, ¢y, +m} = 0. Let J € C§°(R") such
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thatJ = 0 on a neighbourhood d@f and.J = 1 on a neighbourhood dé§,, 1]. By a density argument, it
suffices to prove the existence of the following limit.

s — lim etHeoTre M J(PT)y2(H).

t—+o00
Using Theorem 111.6.1, this is equivalent to the existence of

s— lim eitHOOI*J(T?*)XQ(H)e’itH. (111.7.54)

t—+o0

Let us note that, fot large enough, we hav& J () = j(r«)J(5) = J (). Thus,J (%) clearly can

be considered as an operator fréfrto ... Moreover, we have

) = J(

Indeed, using the Helffer-Sjéstrand formula, we get

T

X(HOO)J(T

T

S)x(H) € O(t™). (111.7.55)

(11.7.55) = % [C 9:%(2)(z — Hoo)_l(HooJ(%*) — J(2)H) (2 — H)"'dz A dz,

_ L[ _ R N
= 57 [ — ) (37 et =i
1

+ al(r*))J(%*)r?) (z — H) \dz A dz.

T

Since(—lj—f —ai(r))J (%) € O(t™2), the term under the integral is bounded(Dytm}l—ZP). Hence,
the integral converges in norm and (111.7.55) holds.

Let us define the propagation observaile) = x(H)J (5 )x(H). From (111.7.54) and (l11.7.55),
it is enough to prove the existence of the limit

s— lim eHoogp(t)e "1, (111.7.56)

t—+400
We compute its generalized Heisenberg derivative. We obtain

7T Tk

Doplt) = —5x(Ha) (2)7

1 1 Tx
S (Hoo) T (2
+tX( ) (t

x(H)

)T x(H)
I+ 3

T

~X(Ha) T (F)ilan(r.) + —2)x(H).

Therefore, we have

(D200 < ClT (el | T

1 . I+ 1
X o) 1T (i) + 2

*

)x(H)epll, (I1.7.57)

with J € Cg°(R*) chosen such that)' = J" andsupp J C (0,¢,) U (1, +o0). Propositions 111.5.2 and
[11.5.5 and Propositions 4.2 and 4.4 in [14] valid for the Dirac operaiQrin Minkowski spacetime,
imply that the first term in (I11.7.57) is integrable along the evolution. Moreover, sif€e)i(a;(r.) +

I+3

Tx

) € O(t2), the second term in (11.7.57) is also integrable along the evolution. We conclude that the
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limit (111.7.56) exists applying Lemma 11.5.1.
¢

We now finish the construction of the wave operators at spatial infinity introducing the Dollard mo-
dified dynamics forH,,. We decomposé/, as follows

Hoo = H + b00(|$|)ro + co(]Z]),

whereH? =T'D, + %Hsz + mI'Y corresponds to the free Dirac operator in flat spacetime.

We define
U (t) = e—itH£T<e—ifJ(boo(|vm|>m(H20>*1+coo<\vm|>>ds>,

UY () = e*itH&T(e*ifé coowo\))ds),

whereV,,, denotes the classical velocity operator dnhthe time ordering. In the case # 0, we have
Vi = p(HT) L. This operator has a limit when — 0. We denote it},. From [14], [15], we have

Proposition 111.7.5 The following limits exist

s— lim_ e U () 1ra\ (0} (£ V), (111.7.58)
s — tii:rtnoo(Ugl)*(t)e*“Hw Lra 0} (P3)- (111.7.59)

As a consequence of Propositions 111.7.4 and 111.7.5, we have

Corollary 111.7.1 The Dollard modified wave operators at spacelike infinity, defined by the limits

s— lim_ e"MTUR (4)1gs\ 0y (£Vim), (111.7.60)
5 — tiiinoo(U{)”)*(t)I*e_”HlR+(Pi), (111.7.61)
exist and are complete.
APPENDIX

[ll.LA  Pseudodifferential operators

In this Appendix, we give some elementary results concerning pseudodifferential operators that we
use throughout this paper. Let us consider the metric

da” , dg®
()i (€)?
We introduce the following class of symbols as subsets*ofR, x R¢).

a € S(F(E)" @) 7(1) — Yo, B EN, |0 a(z,£)| < Capf(£)(EF (@)

To any symbok € S(f()(¢)*(z)i",v(t)), we can associate its Weyl pseudodifferential operator. We
write

v(t) = with (z)? = 2? + 1% + 1.

a” € U(fR)EOM ) 2(1) <= aeS(fE (@) 7().
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For shortness, we will often write € S (resp.a® € U}™) instead ofa € S(f(£)(€)* ()7, (1))
(resp.a® € U (f(t)(€)*(z)7, v(t))). Moreover, whert = 0, we will write v instead ofy(0) anda €
Sk (resp.a® € ¥F™) instead ofu € s’g’m (resp.a® € \p’g’m).
The following results are the analogues of the ones given in the Appendix D.6-D.8 in [21].
We first state the Beal criterion. For any, k € R, let us introduce the function space

H™* = {u € D (R) | (z)/"(D)*u € LA(R)},

or equivalently,
m,k / m
H™" = {u € D (R) | (D)*(z){"u € L*(R)}.

We also will write H™* whent = 0. We have the fundamental Theorem

Theorem IlI.A.1 The following assertions are equivalent :
(i) A; is an operator onL?(RR) such thatad%adgAt is bounded fronHtm’a”“’ﬁ into Hf’o for any
a, 8 € Nand
||ad%ad§At||Hzn,—a,k'—B‘>H?,0 S Ca,ﬂf(t)

(i) A, is an operator onZ2(R) such thatud,ad’ A, is bounded frondz;™ ™~ ko tk=5 jntq pmo-ko
foranya, 5 € N and

||ad%ad§At’|Htmo+m—a,ko+k—ﬁ_>Htmwko < Ca,ﬁf(t)'

(i) A¢ = a’ (x, D) with the symbod; belonging toSf’m.

The composition and the commutator between two such pseudodifferential operators are well defined
and have nice properties. We first introduce the notion of principal symbol. Set

Spr (F (D) (@) (1)) = S /S~

Fora; € S, we denotes,, (a;) its canonic projection onts,, (f(t)(¢)* ()", v(t)). If A, € U™
andA; = a}’(z, D) then we define the principal symbol df by

opr(Ar) = opr(ay).
We have the fundamental result.
Theorem IILA.2 LetA;(t) € U™ i =1,2. Then
A1) Ao(t) € U (f1(8) fo(t) (@)™ T2 (€)M 2, 4(2)),

[AL(t), A2(8)] € U (f1(t) fo () ()™ T2 1 (e A(1)).
Moreover, we have
opr(A1(t)A2(t)) = opr (A1 (2))opr (A2(2)),

opr([A1(2), A2(8)]) = %{Upr(Al (1)), opr (A2(t)) },
where{., .} is the Poisson bracket.

We also need the following compactness criterion
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Theorem III.A.3 Leta € S~% € with d,e > 0. Then the operatod = a*(z, D) is compact or’.*(R).

We end this Appendix with a simple and useful Proposition.
Proposition IIlLA.1 Letj, F € C*(R) such thatj', F' € C5°(R). Then

[j(rs), F(Dr.)] € U727
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Chapitre IV

Scattering of charged Dirac fields by a
Kerr-Newman black hole
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IV.1 Introduction

This paper is concerned with the study of the scattering properties of charged massive Dirac fields
in the outer region of Kerr-Newman black holes. These spacetimes form a three parameter family of
axisymmetric exact solutions of the Einstein-Maxwell equations. They were discovered by Netehan
[60] in 1965, shortly after the discovery of the family of solutions corresponding to the uncharged case,
by R.P. Kerr [52] in 1963. They describe asymptotically flat spacetimes containing nothing but an eternal,
charged, rotating black hole and generalize the previously known spherically symmetric solutions : the
Schwarzschild (1916) and Reissner-Nordstrom (1918) black holes. Since all cosmological objects are in
rotation, Kerr-Newman (or Kerr) black holes are the most realistic models of the exterior of a black hole
we can study theoretically.

The object of scattering theory on black hole spacetimes is to analyse the influence of the curvature,
i.e. the influence of the black hole, on the propagation of fields (here Dirac fields) and more precisely,
to provide a detailed study of the asymptotic behavior in time of these fields. For instance, we prove
in this paper that the energy of Dirac fields does not remain trapped in compact sets of the exterior
region of a Kerr-Newman black hole but instead, scatters towards the asymptotic regions where fields
obey simpler equations. Note here that we have to deal with two asymptotic regions —the horizon and
spacelike infinity— withvery different geometrical structures peculiarity of scattering theory in black
hole spacetimes. In consequence, the simpler equations we are looking for will be different according to
the asymptotic region we consider and we will show how they are naturally related to the local geometry
of the spacetime. This program is achieved by introducing (Dollard-modified at infinity) wave operators
and proving their existence and asymptotic completeness (see [69], Vol 3, for a detailed presentation of
the scattering formalism).

The motivation for the analysis of such problems are manifold. First, it provides a deeper insight
into the physics of black holes as well as the theoretical study of the propagation of fields in curved
spacetimes. Second, it is the first step towards the study of quantum effects in general relativity such
as theHawking effect(see [5], [6], [7] and [56] for a detailed analysis in Schwarzschild and Reissner-
Nordstrém spacetimes). Another interesting subject is the study oéslo@ancesf the equation. These
can be understood as the (complex) frequencies which are the poles of the analytic continuation of the
scattering operator (note also that the notion of resonances is closely related to the quasinormal modes
of a black hole). We refer to [8] and [73] for such studies in Schwarzschild black holes. We also mention
some closely related works by Finster, Kamran, Smoller and Yau [30], [31] and [32] where, among other
results, the decay rates of Dirac fields in Kerr-Newman black hole geometries is studied and the work by
Nicolas [64] analysing the solutions of a non linear Klein-Gordon equation on a Kerr background.

Compared to earlier works treating analogous but simpler geometries such as Schwarzschild and
Reissner-Nordstrom black holes (see [3], [4], [16], [22], [23], [24], [25], [55], [62]) the analysis of the
scattering properties of Dirac fields outside a Kerr-Newman black hole is faced with one additional
fundamental difficulty : théack of spherical symmetryndeed, the Kerr-Newman solutions possess only
two commuting Killing vector fields given in the Boyer-Lindquist coordinate systeré} bygdd,,. Kerr-

Newman spacetimes therefore have cylindrical but not spherical spatial symmetry. This lack of symmetry
leads to several distinct problems.

— It prevents a straightforward decomposition into spin-weighted spherical harmonics, that reduces
the problem to the study of e+ 1 dimensional evolution system with potential. Thus, even in the
case of short-range potential, we cannot use the classical trace-class methods (see [69], Vol 3) to
construct the wave operators. In such a situation, the unique tool we have in our possession is the
Mourre theory (see [58] for the original paper and [1], [36] for later versions).
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— As already mentioned, the horizon and infinity have different geometrical structures. More preci-
sely, an observer static at infinity (the point of view we adopt) perceives the propagation of fields
outside the black hole as an evolution on a riemanniann manifold (exactly the cylindrical manifold
¥ = Rx S?) with oneasymptotically flat endorresponding to infinity and orexponentially large
endrepresenting the horizon. It is well known (see [19], [33] and [46]) that, in the absence of sphe-
rical symmetry, the exponentially large end is awkward for scattering theory, more particularly for
the choice of a conjugate operator in the framework of Mourre theory.

— The presence of rotation requires to have a good understanding of the geometry (better than what
is required in the Schwarzschild case for similar purposes) in order to express the Dirac equation
under a form that does not involve artificial long-range terms.

To solve these problems, we follow the ideas of Hafner [44] and Hafner and Nicolas [46]. In the
latter, the authors treated the case of massless Dirac fields outside a Kerr black hole. The difference
between [46] and the present work is the presence of long-range terms in the equation. In our case, these
long-range terms are contributions due to the mass of the field and due to the interaction between the
charge of the field and that of the black hole. To define properly the modification in the wave operators
involved by these long-range terms, we use the time-dependent theory summarized bsKieaadi
Gérard in [21] in the setting of non-relativistic quantum mechanics and already used for the study of
Dirac fields in Reissner-Nordstrom spacetime in [16]. This formalism provides an elegant construction
of the wave operators by a systematic use of natural and physically relevant observables such as the
asymptotic velocity operators. These operators allow to considerably simplify the proof of existence and
asymptotic completeness of the wave operators. Indeed, in order to deal with the analytical difficulties
entailed by the existence of two distinct asymptotic regions, it is convenient to have a natural means
of separating outgoing and incoming fields. This is precisely what the asymptotic velocity operators
allow us to do. Another interesting feature of this formalism is that it helps us to choose a modification
(in the definition of the wave operators) which is particularly convenientt. Precisely, we will define a
certain Dollard modification such that the modified wave operators satisfy classical intertwining relations
between the asymptotic velocity operators and their simpler analogues : the classical velocity operators.
Such intertwining relations are a basic claim in the definition of the wave operators.

Let us now explain the strategy of this paper. We first define an adapted null tetrad to write down
the Dirac equation (using the Newman-Penrose formalism) in a very convenient form. This null tetrad,
first introduced in [46], closely follows the local rotation of the spacetime and avoids the presence of
artificial long-range terms in the equation. Next, we compare the physical dynamics with a simpler dy-
namics corresponding to a Dirac equation outside a Reissner-Nordstrom black hole (this is possible on
each angular mode of a solution). The difference between these two dynamics is short-range. These
points are the objects of section 1V.2. Some fundamental properties of the generators of these dynamics
such as selfadjointness, domain invariance, resolvent estimates and absence of eigenvalues, are then des-
cribed in section IV.3. As a first approximation, we prove the existence and asymptotic completeness
of the classical wave operators between these two dynamics. The crucial step is given in section V.4
where we establish a Mourre theory for the physical Hamiltonian. The conjugate operator we propose
here is slightly different from the one used in [46] : it is particularly adapted to the Dirac equation. We
also prove in this section the relatednimal and maximal velocity estimategich allow us to use the
standard Cook’s method to obtain the intermediate wave operators. Note that our analysis differs here
(and in the following) from the analysis in [46] since no propagation estimate is established there and
a limiting absorption principle is systematically used in order to obtain similar results. In section IV.5,
we take advantage of these intermediate wave operators and of our previous work [16] concerning the
scattering theory of massive charged Dirac fields outside a Reissner-Nordstrom black hole, to construct
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the asymptotic velocity operators and study their spectra : the physically relevant information offered by
these operators. Note that the minimal and maximal velocity estimates together with the asymptotic ve-
locity operators, are almost more essential than the wave operators themselves : they provide in a natural
and visual way all the scattering information we require. We conclude this paper defining the complete
(Dollard-modified at infinity) wave operators using the corresponding results in [16] again.

Abstract index formalism : In this paper, we use the notations of [68]. The abstract index formalism is a
notational device for keeping track of the nature of the objects in the course of calculétimtiact in-
dicesare denoted by light face Latin letters, small for tensor indices and capital for spinor indices. They
do not imply any reference to a coordinate basis. All expressions and calculations involving them are
perfectly intrinsic. On the other handpncrete indiceslefining components in reference to a basis are
represented by bold face Latin letters. Concrete tensor indices, denoted by bold face small Latin letters,
take their values i{0, 1, 2, 3} while concrete spinor indices, denoted by bold face capital Latin letters,
take their values iq0, 1}.

Einstein summation convention: Throughout this paper, we adopt Einstein’s convention for the same
index appearing twice, once up, once down, in the same term. For abstract indices, this means contraction.
For concrete indices, the sum is taken over all the values of the index.

IV.2 Kerr-Newman black holes and Dirac’s equation

IV.2.1 The Kerr-Newman metric

In the Boyer-Lindquist coordinates, a Kerr-Newman black hole is described by a smooth four dimen-
sional manifoldM = R, x R, x Sg,w whose spacetime Lorentzian metyg, simply denotedy, and
electromagnetic vector potentid}, are given by

Q? —2Mr

)dt2 n 2asin? 0 (2Mr — Q?)
2

2

P o
dtde — ——dr® — p*df* — — sin® 0dy?, (IV.2.1)
A P

g= (1 +
with
P’ =12 +a’cos’0, A=r’+Q*-2Mr+ad® o°=(+d*)p’+ (2Mr — Q?)a’sin’#,

and

P, = —Q—;(dt — asin? 0dy), (IV.2.2)
p

where M, a, () denote respectively the mass, the angular momentum per unit mass and the charge of
the black hole. Wher) = 0, the electromagnetic vector potential vanishes and we recover the usual
Kerr metric. Whern = 0, the metric (IV.2.1) reduces to the Reissner-Nordstrém metric. If in addition

Q = 0, (IV.2.1) reduces to the Schwarzschild metric. Therefore all eternal isolated black hole solutions
are encompassed by spacetimes endowed with the metric (1V.2.1).

The metric (IV.2.1) has two types of singularities. First, the rimg= 0,6 = 7} which is a true
curvaturesingularity and second, the zeros of the functionThe number of these zeros depends on the
respective values of the constaiis a, Q.

— If Q® + a® < M? thenA has two roots. = M + /M2 — Q2 — a2 and the sphere§ = ry}

are calledevent horizons



Kerr-Newman black holes and Dirac’s equation 153

— If Q% + a? = M? thenA has a unique double roaf = M and the spherér = r,} is the unique

horizon. This case is callegktremeKerr-Newman spacetime.

— If Q% + a® > M? thenA has no root. The ring singularity is called a naked singularity.

The horizons, wher@ vanishes, are in fact coordinate singularities. Using appropriate coordinate sys-
tems, they are understood as regular null hypersurfaces that can be crossed one way but would require
speeds greater than that of light to be crossed the other way, hence their name : event horizons.

We shall here restrict attention to the ca& > a? + Q? which is usually considered as the ge-
neric description of an asymptotically flat universe containing simply a rotating charged black hole (the
extreme case is believed to be unstable). The two horizons separate the spacetime into three connected
components called Boyer-Lindquist blocks : block I, denoted lifzrés the exterior of the black hole
{r > ry};block Il, {r_ < r < ry}, is a dynamic region where inertial frames are dragged from the
outer horizon towards the inner horizon ; block {f, < r_}, is the part of the spacetime containing the
ring singularity.

In this study, we shall take the point of view of observers static at infinity. The perception of time of
such observers is well described by the time functiar the Boyer-Lindquist coordinates. Thus even
though the metric is singular at the horizon in this coordinate system, it is the natural choice for our
study. From the point of view of observers static at infinity, black hole spacetimes have the following
remarkable property : the light rays emitted towards the black hole take an infinite time to reach the
horizon{r = r; } and consequently, the horizon is perceived by them assgmptotic regionHence,
we only work on block | equipped with the metric (IV.2.1). We denBle= R; x X whereX is the
generic spacelike slic ., +oo[x.S2. Moreover, since the quantitigd ando? are positive on3;, we
denotep = \/p? ando = V/o2. Let us now briefly describe a few properties of block I.

Superradiance: If we look at the causal character of the vector fi%ldwe observe that there exists a
region of the spacetime, calledgospheresurrounding the horizon and given by

£ = {(t,r,e,ap);m_ <r<M++/M? —Qz—achSQO},

where the vecto% is spacelike. More generally, we cannot find a globally defined timelike Killing vec-

tor field on By, that is to say thaB; is notstationary This gives rise to the superradiance phenomenon.

For field equations of integral spin, such as the wave equation, Klein-Gordon or Maxwell, no positive
definite conserved energy exists : this allows fields to extract energy from the ergosphere. For field equa-
tions of half integral spin such as the Dirac equation, there exists a consBrvedm and therefore,

there is no superradiance.

Global hyperbolicity A function f € C'(B;) is atime functionif its gradient is everywhere timelike

(in particular, it does not vanish). This is clearly the case for the functmfrthe Boyer-Lindquist coor-
dinates since its gradieft“¢ is a smooth, non vanishing timelike vector field on block I. The foliation

¥ = {t} x X by the level hypersurfaces of the functiaris a foliation of 3; by Cauchy hypersurfaces.
Block | is therefore globally hyperbolic (see for example Geroch [42] or Wald [77]). In consequence, we
shall consider the Dirac equation as an evolution equatiagnwith initial data given on the spacelike
hypersurfaces,. Note that we need not impose some boundary conditions on the hdrizen r, }

since it is an asymptotic region of the spacetime.

Spin structure : In dimensiord, the global hyperbolicity of5; implies the existence of a spin structure
(see Geroch [40, 41]). We dendfe(or S* in the abstract index formalism) the spin bundle ofer
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andS (or S#) the same bundle with the conjugate complex structure. The dual busfches! S* will
be denoted respectively, andS 4. The complexified tangent bundle & is recovered as the tensor
product ofS ands, i.e.

TB®C=S®SorT*B; ® C=S"®S%,

and similarly )
T'BC=S"®S*orT,BrC=S,4®S4.

An abstract tensor indexis thus understood as an unprimed spinor indeand a primed spinor index
A’ clumped togethera = AA’. The spin bundlé is equipped with a canonical symplectic foen,
referred to as the Levi-Civita symbol. It is used to raise and lower spinor indices :

EABK,A = KB, EABHB = Iﬁ‘,A.
The complex conjugaterz = € 5, Simply denoted 4 5/, plays a similar role of. These symplectic
structures are compatible with the metric, more precisely

Jab = €EABEA'B' -

IV.2.2 Dirac’s equation in the Newman-Penrose formalism

We can represent the four components of the wave function which satisfies Dirac’s equation by two
spinors(¢?, XA') and then the charged massive Dirac equation takes the form ([68], p. 419)

{ (VA’ - iqq)A')¢A = KXA,

A IV.2.
(VA —iq®4 )xar = ppa, p = Nt (v.2.3)

wherem > 0 andq denote respectively the mass and the electric charge of the field. As mentioned
previously, an important property of the Dirac equation is that it possesses a quantity which is conserved
along the evolution. Precisely, the total charge outside the black hole given by

C(t) = /E (padar + xaxa )TV dvol, (IV.2.4)

is constant throughout time (see for example [65]). H&Fegdenotes the future oriented normal vector
field to X;, normalized so thdl,T* = 2 and dVol is the volume form induced @i by g. The charge
C(t) defines a norm fof¢?, ') on %;.

We use the Newman-Penrose formalism to express the equation (IV.2.3) as a system of partial diffe-
rential equations with respect to a coordinate basis. This formalism is based on the choice of a null tetrad,
i.e. a set of four vectors field$, n*, m®, m®, the first two being real and future oriented? being the
complex conjugated oh®, satisfying

I l* = ngn® = mem® = l;m®* = n,m" = 0, (IvV.2.5)

and the normalization condition
lon® =1, mgm® = —1. (1V.2.6)

The tetrad((®, n*, m®, m®) defines at each point a basis of the complexified tangent space to our mani-
fold. To any such tetrad, we can associate a unitary spin-fiate), defined uniquely up to an overall
sign factor by the requirements that

! ’ ’ ’
oo =1 Y = n®, oMY =me, A0 =m®, ot = 1. (IV.2.7)
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The principle of the Newman-Penrose formalism is to decompose the covariant derivative into di-
rectional covariant derivatives along the vectors of the tetrad plus connections terms. The directional
covariant derivatives are denoted

D =1°V,, D' =n'V,, § =m"V,, § =m"V,.

The connections terms can be organised into combinations involving only derivatives of frame vectors
along frame vectors, namely the twelve spin coefficients defined by (see [68])

k =m%Dl,, p=m*'l,, 6 =m%l,, T =m*D'l,,

€ = £(n®Dl, + m*Din,), a = $(n®s'l, +m?6'm,),

B = 1(n%l + m*0mg), v = 3(n®D'ly + m*D'in,),

T =—m*Dng, \=—m'ng, p=—m%ng, v=—m*D'n,.

(IV.2.8)

The main interest of this procedure is the freedom to choose the Newman-Penrose tetrad to be the closest

possible to the particular geometric structure of the spacetime. For example, the ¥eutdrs* should

be chosen such that they correspond to the “dynamic” (or scattering) directions, i.e. directions along

which light rays may escape towards infinity, while the vectafsandm® should be typically chosen

such that they generate rotations or more generally, such that they have spatially bounded integral curves.
We denotepy, ¢1, xo', x1- the components a4 andy 4 in the spin-framego”, .*) and (6", 7*")

associated to the null tetrad. Noting that the dual dyaddbri?) is given by(—:4,04), we have

pa = —PoLa + P104, XA = —Xorlar + X1/04".

We reexpress the charged massive Dirac equation as a system of partial differential equations acting on
these components. We obtain (see [68])

n#(0a — iq®a)do — m*(Ja — iq®a) 1 + (1 —7)¢o + (7 = B)1 = Toxu,
laa(aa —i10%a)g1 - ﬁ%f‘gaa —1®a)go + (@ = m)do + (e — p)¢r = —%nicof, (V.2.9)
n®(0a — iq®a)xo — m*(0a —iq®a)x1 + (1 — V)Xo + (T = B)xv = T5é1,

la(aa — iqq)a)XI’ — ma(aa — iqq)a)X[)’ —+ (5[ — 7_'(')X0/ + (E — 5)X1/ = —%¢0

The Dirac equation in Kerr geometry was calculated and separated for the first time by Teukolski
[74], Unruh [76] (these authors studied in fact neutrino fields) and Chandrasekhar [12] in the framework
of the Newman-Penrose formalism. The case of a charged Dirac equation in a Kerr-Newman geometry
has been treated by Page [67]. All these references make use of a tetrad introduced by Kinnersley [53].
This tetrad is naturally inherited from the Petrov type D structure (see for example [66], chap. 5). That is
to say that the two real null vectors are chosen along the principal null directions

y m+ad*>0 [ 0 a0
V'STA oo Taoy
Unfortunately, it has been shown in [46] that such a choice gives rise to artificial long-range terms in
the equation. These terms are due to the fact that the veictosse angularly accelerated : this entails
apparentong-range effects of the rotation at infinityn order to avoid these artificial long-range terms,
we use another tetrad introduced in [46] and chosen in such a way that the apparent effect of the rotation
be minimized.

In order to motivate the choice of this new tetrad, observe first that we can associate a preferred
timelike vector field to any Newman-Penrose tetrad. It suffices to consider the vector field given by the
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sum of the two real frame vectors 2.+ n®. Note that the norm of such a vector field must always
be /2 since(l, + n4)(I* + n®) = 2. The idea is to choos¥, n® such that their sum describ&sally
non-rotatingobservers. Such observers are described by the future-oriented normal vectBrthelue
hypersurface&; and normalized so th&t*T;, = 2. This vector field is given by

o |20%270  a(2Mr-Q?* 0
T _,/A—M(QJFT%). (IV.2.10)

Since there are many possible choiceslfon® satisfyingl* + n* = T, we single out a pair of null
vectors that are not accelerated in the angular directions, i.e. we chaosi“ in the plane spanned by
T® andd,.. Requiring, in addition, thdf be outgoing ana® incoming and the two vectors have similar
behavior at the horizon, we define

1 A 9 o2 10 a(2Mr—Q? 0 A9
la — _Ta — i _— —_— |V211
2 * 2p2 Or 2Ap? (at + o? 8(,0) * 2p2 Or’ ( )

1 [ A 0 o2 10 a(2Mr-Q?* 0 A 0
O LY — — ) = === IV.2.12
" 2 2p% Or 2Ap? <3t * o? 8(,0) 2p% Or ( )

The choice ofn® andm® is now imposed except for the freedom of a complex factor of modulus 1. We
obtain
1 0 p* i 0 _ 1 0 p* i 0
a _ < - o — - - —). v.2.1
m /22 (89 * Vo2 sinf 8(,0)’ m \V/2p? (89 Vo2 sinf 8(,0> ( 3

Remark IV.2.1 (Expression of the positive conserved quantity)A good test to determine if this new
Newman-Penrose tetrad is well chosen is to compute the exact expression of the charge current (1V.2.4).

From [46], we have
TAA' _ ( ngT® —m T >

—m T 1T
which is clearly equal to the identityd. Hence the conserved positive quantity simply becomes
Ct) = [ (9o +11F + bxw P+ b P)avol
t

We are now ready to give a more explicit form to Dirac’s equation (IV.2.9). Once the Newman-Penrose
tetrad is chosen, the first task is to compute the spin coefficients (IV.2.8). This can be easily done with
the help of Ricci rotation coefficients,) )., (see for instance Chandrasekhar [13]). For this definition,

let us denote the frame vectors by

la:e(l) ,na:e(Z),m 26(3) , M :6(4) .

The Ricci rotation coefficients are defined by

F 5 i g (IvV.2.14)
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and the expression of the spin coefficients in terms ofythg,) () is

K= 300 P =TY3)W@): €= %1(%2)(1)(1) 3@,
7= YameE) F=T2we)r 7= 30ene TIewe) (IV.2.15)
A=, T =m0 @ = 3emw Frewm);
v =Y2)@@) T =@, 8= 300006 T 1ewe)-

Note that the Ricci rotation coefficients involve only usual partial derivatives which makes the following
calculations easy. Using (IV.2.11), (1V.2.12), (IV.2.13) and the expressions for the associated 1-forms

o _ AP | p? Ap2 P
l,dz® = 5,2 ——dt — 2Adr N, d 5 dt + ﬁdr,
02 o?
Madz® = dasinf(2Mr — Q?) —df — isinfy| —dy,
2 2p?

the spin coefficients are given by

a?A sin @ cos 6

K = —,

2v/2p
3 2\ in?
5 - _@ \s/1£1p300\2/_< 2Mr — Q?) ~l—2,02(7"—M)> e \/Z(2M7\“/§p?03sm 9cos0’
- VA(2r(r? + a?) — (r — M)a?sin? 9)
po= - Vipo? :
1 /r—M \/_r \/K(Q’r‘(’l“2+a2) — (r — M)a®sin®0)
v = 2{( =, v ) (IV.2.16)
N i (QMT’—QQ)\/ZSiHQQCOSQ>
2v2 pio? ’
. 1 (aQSin0c039+ a2(r2+a2)(2MT—Q2)sin0cosﬂ>
2v2 p? p3o?
i raMsin® asinf@(2Mr — Q?)(2r(r? + a®) — (r — M)a®sin” 0)
+ﬁ< P pio? )
5 = 1 <00t9+a2sin000s0(7"2+a2)(2Mr—Q2)>
2/2 232
i (aMsing asinf@(2Mr — Q?)(2r(r? + a?) — (r — M)a?sin? 9)
+2\/§( 03 o 0302 )?
and
K=—-U, 0=\ pu=p, y=¢€¢ T=—-m, =—a. (IV.2.17)
In order to simplify the notations, we also introduce the functions
C = —iql"®, = —ign?®, = qQ\;(;_A:: ), D = —igm®®, = igm*®, = q?;g%ne. (IV.2.18)

To the tetrad (IV.2.11)-(1V.2.13), we associate a spin-franig ) satisfying (1V.2.7). In order to write
Dirac’s equation in the usual formalism involvidgx 4 Dirac matrices and use our previous paper [16],
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we consider the equation satisfied by the bi-spinioe !(¢g, ¢1, x17, — X0 ). We refer to [65] for this
point. Therefore, Dirac’s equation takes the form

Mo + My Ortp + MpOpp + My0ptp + Ctp + Pop = Mpp, (IV.2.19)
where
o VA 1 a(2Mr — Q?) P
M, = Id, M, = —T! My=—T2 M,= Id + 3,
T VoA T V2 NG Y VRApo V20 sinf
P P P P
=y T—p—-D 0 0
T—0B8+D —(p—1) 0 0 .M o
P= o - . M, =—i—TI",
0 0 —(r-% -(F-B-D) " V2
0 0 —(t =B+ D) (1 —7)
with
I'' =diag(—1,1,1,-1),
0 -1 0 0 0 —i 0 0 0 0 i 0
> | -1 0 00 5 i 0 0 0 o | 0 0 0 i
=10 o015V oo o iV =< 0 0o
0 0 1 0 0 0 —i 0 0 —i 00

TheI's are4 x 4-Dirac matrices and satisfy the anticommutation relatiBis® + I''T* = 2Id. An
explicit calculation of the coefficients in the terfhgives

o1 <7"—M+\/Zr>_ia3(2MT—Q2)\/Zsin290050
e NAS/V R 22pa? ’
a® sinf cos 0 _ cot 0 . qQra sinH)
2v/2p3 V20 V2po
_H_(aM sinf asin@(2Mr — Q?)(2r(r® + a?) — (r — M)a? sin? 0)(I 2.21)
2v/2p3 2v/2p302
We first write Dirac’s equation (IV.2.19) as an evolution system with respettialtiplying (1V.2.19)

by Mt‘l. Hence, noting that the terild can be written as the sum Mcoz—tg plus a remainder term, we
obtain

(IV.2.20)

T—pE£D = (

~ ~ t 0 . ~ - -
Outp + My + My (99 + 5= ) + Mp0p + Cp + Pip = Mo, (IV.2.22)
where
- N . — 02 2 B
i, = 21, i, = @FZ, M, = “(QMTQ g4 ’;‘./Z 3, M, = _ZL”\/KFO,
o o o o?sinf o
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with
l/r—M Ar a®(2Mr — Q*)Asin? @ cos
= —= - V.2.2
P 2 ( o * o p2> ‘ 2p?% o3 ’ ( 3
2V Asi Arasi
- (a 2312nt9cos€ n QQ\/_ZG smH) (IV.2.24)
p? o o
_(aM\/Z sinf  avVAsinf(2Mr — Q%) (2r(r? + a®) — (r — M)a? sin® 9))
e 2020 2p2 03 ’

IV.2.3 First simplifications of the equation

In the form (1V.2.22), we seem to face a standard evolution problem with boundary conditions on the
horizonr = r,.. But two facts indicate that we do not work with a “good” system of coordinates. We
already said that the horizon is an asymptotic region of the spacetime. Therefore, no boundary conditions
should be imposed on it. Moreover, ther) principal partg + Arla of equation (1V.2.22) presents a
default of strict hyperbolicity when — . This follows from the vanishing of the coefﬂmeﬁtwhen
r — r4. Therefore, we introduce a new radial coordinate which turns out to be useful for the study of
the scattering properties of the fields. We define the “Regge-Wheeler type” vatiébde [13] or more
recently [46]) by

dr., 1% +a?

= IV.2.25
dr A ( )

- Q* r—ry
re =17+ Mlog A + log + Ry, (IV.2.26)
2/ M? — a? — ()2 r—r_

whereR, is any constant of integration. The variallas chosen so that the principal null directions are

expressed as , ,
+ ro+a® (0 0 a 0
V== —x (a + o + m%> , (IV.2.27)

which implies that the principal null geodesics have radial spegédvith respect to this coordinate.
This property will entail the simplest expression of the asymptotic dynamics satisfied by the fields at
the horizon. Note that, in the coordinate systénn.,, 6, ¢), the horizon{r = r} is pushed away to
{7“* = —oo} which gives sense to the fact that this is an “asymptotic” region of the spacetime. The term
M,.d, becomes\,, d,, with M, = #Fl. SinceM,., remains invertible when, — —oo, the (,r)
part of the equation is now strictly hyperbolic.

Some long-range terms remain in the expressioR.dflultiplying the spinory by a well chosen
measure density, we can get rid of them. Note that dVol has the following expression in the coordinate

system(r., 6, ¢) JEs
op
dr*

r2

dvol = dw, dw = sin0dfd.

In order to work in a standard (i.e. not Welghte[d)space, we introduce the spinor density
VAop s
V= <r2 + a2) ¥.
The equation satisfied by is
cot 0

8, + M, 0, U + My (ag + )\If + M, 9,V + C¥ + P¥ = M, T, (IV.2.28)
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whereM,, = M,_, My = My, M, = M, M,,, = M,,, C = C'andP = P + A, + Ay with

= o () o ()
_ - 2 gin? 2.9 2
(Tt g s A
3 . )
A= 0(7}?:7;;) [89’(%>;] — (G2A2;1:39c039+a2 AQS;;UOCOSQ)FQ

Certain of these terms cancel with certain terms in (1V.2.23) and (IV.2.24). We obtain

0 0 -—pg
with
_ o (r= M)Aa?sin? 0 n rA2a®sin? 0 B Z_a3(2Mr — Q%> Asin%fcosd
p= 203 o3(r? + a?) 2p% o3 ’
a?A> sin @ cos 0 qQVArasing
pi = - 2 3 :t 2
o o
(aMy/Asin®  aVAsin(2Mr — Q?)(2r(r? + a®) — (r — M)a?sin? 9)
—i—z( - )
2020 202 o3

The matrix-valued potentidt is short-range at infinity, i.e. its fall-off wher — +oo is of the order of
(r«)~'7¢, € > 0. Thus, it will not give a contribution in the definition of the wave operators.

IV.2.4 Comparison with a spherically symmetric dynamics

Our goal in this section is to reexpress equation (1V.2.28) as a spherically symmetric equation plus
short-range terms. The reduction to a spherically symmetric setting is almost forced by the analytical
difficulties arising from the full equation.

The first step is to isolate the Dirac operator on the 2-sphere, defipteth (1V.2.28). We define

= s 0 i — 3 0 Jp + CO;G 5111109(9
Dsz_(o —s>’W'thS—Z<ag+%_,ia 0 . (IV.2.29)

sinf ~¥

We obtain the following Hamiltonian form for the Dirac equation (IV.2.28)

i0,U = DU, (IV.2.30)
with
A A 2 2
p= e’y Dr*+£DSz+A D +mp‘/—ro+w+v, (IV.2.31)
g ag g
where

2Mr — Q? A p?
Ap = e — Q) va (p_ B 1>F3’ V=—iP, Dy, =—i0,, Dy = —i0,.

o2 osinf
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An advantage of expression (IV.2.31) is that it involves only the operdtprsand D, which are
regular on the whole 2-sphere. The singularities appearingtif andﬁ% are thus understood as
coordinate singularities. Furthermore, the lack of spherical symmetry of the equation is measured by the
D, term and by th&-dependence of the coefficients. In order to simplify the later analysis, we now
replace these terms by spherically symmetric terms plus short-range potentials.

We use the cylindrical symmetry @f to treat the long-range termh, D, as a potential. We decom-
pose the elements @f on the basig’?,n € Z. We denoteH{ = ..z, Hn this decomposition and for

anyV¥ € #H, we have
U(r,,0,p) = Z U, (1, 0)e™?.

nez
Each componen¥,, satisfies the equation
10,0, = D",
where
D" = K (ry,0)0' Dy + a(r,, 0)Dg> + bre, )T + c(r,,0) + V, (IV.2.32)
and

2 2 £/ A/
h(r.,0) = V rra , a(re,0) = —Aa b(r,0) = e Aa
g g

o
o(r.,0) = na(2Mr — Q?) N qQr(r? _|_a2)’ V=v4 nvA (,0_2 e,

o2 o2 osinf " o

The termV” only involves the terms out of the diagonal coming framD,,. These terms are short-range
and thus} remains short-range. On the other hand, the diagonal pait/of, gives rise to a long-range
scalar contribution which appearsadfr., 6). Note that we conserved the full Dirac operaiit in the
expression ofl* since we aim to compare it with a spherically symmetric operator plus short-range
term.

The second step is to replace the functians, ¢ by functions which only depend on the radial
variable. Roughly speaking, this is done by approachiray/r2 + a2 ando by r2 + a%. Then, we
introduce the spherically symmetric Dirac operator (of Reissner-Nordstrom type, see [16])

Df =T Dy, + ag(r)Dg2 + bo(r: )T + co(rs),

where
VA mv A na(2Mr — Q?) qQr
a0(r:) = =g, bo(r) = —e= c(r) = + .
r? + a? Vr2 + a2 (12 4 a?)? r? 4 a?

Now, a straightforward computation shows that the oper@taran be written as

D" = hDh + V,

where
VA p? s mvVA s na(2Mr — Q%) qQr
— ~ _1 ]:\ oy = _ 2 2 ]:\0 2 2_
Vo VO—i_asimg(a )+ o (o ré+ad) +< (r2 + a?)o? + o? >(T +a”—o),
and
U1 0 0
—0 0 0

VO 0 Vo U1

0 V1 —

co =g
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; a®(2Mr — Q?)Asin? 6 cos
0o = )

202 o3
B aM+/Asing  avVAsind(2Mr — Q*)(2r(r? + a?) — (r — M)a®sin? 0)
= < 2020 2p?% o3 )
,qQ\/Zra sin @
+ZT.

We will show rigorously in the next section thitis short-range and therefore will not play a role in the
definition of the wave operators.

The operator$)* andD?, acting o™, will be the operators at the heart of our analysis. From now
on, we will assume that these operators act on the total Hilbert Sgaefollows : we make the parts
of D™ andDjj involving Dg= act on in a natural way whereas we still consider the part&foandDjj
involving the angular mode as a potential. To avoid confusion, we denéteand i, the extensions of
D™ andDfj to H for a givenn € N. It is important to keep in mind thai, (resp.H) only coincide with
D2 (resp.D™) on the particular mode™?.

The operatorH, is a spherically symmetric Dirac operator of Reissner-Nordstrom type (see [16])
whereasH remains an axisymmetric Dirac operator. The next sections are devoted to the study of the
basic properties offy and H such as selfadjointness, domain invariance, absence of eigenvalues and in
particular, we will turn our attention on finding a conjugate operator (in the sense of Mourre’s theory)
for both of them. This will provide important informations on their spectra and allow us to establish
the so-called minimal velocity estimates. As a consequence, $jniseshort-range, we will be able
in a first approximation, to compare asymptotically the dynamiéd!’ ande~*#o and construct the
classical wave operators between these by a standard Cook’s argument. The important point is that the
results proved forrd, and H will remain true forDfj andD™ simply by restriction to the angular mode
¢™™?. Since we can do that for any € N, we will then recombine these results to obtain a global result
involving the full dynamics: P,

IV.3 Abstract analytic framework and fundamentals properties of Dirac
Hamiltonians

IV.3.1 Symbol classes

We introduce in this section some classes of functions which measuredileay of the potentials
in the asymptotic regions. Let us first analyse the asymptotic behavior of the fudktigm.)) which
enters in the definition of the potentiaisandb,. Recall thatA(r) = (r —r4)(r —r_). From (IV.2.26),
it is immediate that, ~ r(r,) asr, — +oo and thus, the functior\(r) behaves as? at spacelike
infinity. On the other hand, when considering the horizon, we haye — 0 whenr — r.. More
precisely, we obtain from (IV.2.26) the expression

r? 4+ a? r2 +a?

Ty — T = log(r —ry) —
¥ ry —Tr— g( +) ry —Tr—

log(r —r_) + Ryp.

7"2_+a2
2 21
r++a

Denotingky = 2’"*’“ the surface gravity at the black hole horizon ane: we can express

r—ry andA as

r—ryp =Xl ) A = (e Ro) (g )OHT (IV.3.1)
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Sincer(r,) — ry asr, — —oo, the functionsr(r,) — v, andA(r,) are equivalent t@*"+™ when
r, — —oco and thus arexponentially decreasing at the horizon
This leads us to define the following symbol classes as subséfs@f). Letn > 0.

m—o
ofeS™ifandonlyif Va €N, B N, 9290 f € { 8&2’;}“) )7; T*_T_);OO’

o feS™ifandonlyif Va €N, € N* "L 9298 f € O((r.)™ ).

Te W

We denoteS™™ andS™ the same spaces for spherically symmetric functions i.ef forC*(R,, ). We
list some properties of these spaces.

(i)  Smn x §Pa C §mipnta  gmon o Gpa - gmAPntq (IV.3.2)
(i) 02 : 8™ — Moan ga . gmn __y gmoan yo g N, (IV.3.3)
(iid) 95 . gmn _y gmn Y3 ¢ N, (IV.3.4)

Let us set) = . in the definition of the above spaces. The potentigléy, ¢y satisfy the following
assumptions.

Proposition 1V.3.1 There exist two constants # 0, coc ande > 0 such that the potentialsy, by, co
satisfy

(i) .
1 —1—€e—2
w1 angd (a0 =E) " €0((r) ), .= oo, (V3.5)
ap(ry) — cre+’ € O(e(’”"'e)’"*), Ty — —00,
b€ S, by € ST and by — m € O((r,)™"), r, — +o0, (IV.3.6)
€S0 ¢y e S 32 and ¢y(ry) — cp € O(*+7), r, — —o0. (IV.3.7)

Proof : To prove these assertions, we need to make the link between the respective asymptotic behaviors
of functions f (r) and f (r(r.)). This is done in the following Lemma. Let us first introduce the class of
functions

((r)Y™ %), r — 400,

i : g 0
f(r,0) e I™ifand only if Vo, B €N, 070, f € { 0(1), 1 —> ry.

Then, from [44], Lemme 9.7.1, we have

Lemma IV.3.1 (i) f(r) € II™ = f(r(r.)) € S™ and Vo € N*, 02 f(r(r,)) € S™~%72,
(i) f(ry) € 8™, g(r) € TIF = f(ry)g(r(r,)) € STHkn,

From (1V.2.26), (IV.3.1) and Lemma IV.3.1, it is immediate that

Aes>? VAesh (IV.3.8)
Recall thatag(r,) = W‘/Za) Since> € IT"%, Lemma IV.3.1 and (IV.3.8) imply, € S~ 1.
—ky(r Rg) o 6# )
Letus sety; = “—— ++r2°+(2j r=) > Then using (IV.3.1), we have
+

a()('l"*) _ CI€I€+T‘* — f(T*)€R+T*,
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. e—~+(T—Ro)(r,r_)6751 . .
with f(r.) = e —c1 € O(r—ry)whenr, — —oo. Hence, (IV.3.1) impliegg(r.) —

cref+7 € O(el"++9) whenr, — —oco. Now we write

1 A 11 1

L A N R
The term—2— — 1 belongs toO((r.)~?) and the term- — - belongs toO((r.)~2*¢) for any e >
0 by (IV.2.25). Thereforeay(r.) — -~ € O((r,)~'7¢). Similarly, an explicit calculation shows that
ag(r:) + 75 € O((re) 7279).

Sinceﬁ e mt, bo'()r*)2 = % € 807*12by9Lemma IV.3.1 and (IV.3.8). Similarly, we
haveby(r,) = my/AU=MTFa)=A1) ginee I=M)(+a®)=Ar) ¢ 17-2 e obtainby(r,) € S~

(12+a2)3 (12+a2)®
by Lemma 1V.3.1 and (IV.3.8). Finally, it is straightforward to see that- m € O({r,) ') when
r« — +oo by (1V.2.25).

Sincec(r) = "“((3%25)322) + 49, € 71, Lemma IV.3.1 impliessy € S~ and¢, € §7272,
Let us sete, = "“iﬁ%ﬁ";‘)?” + %5, Then using (IV.2.26), we have — ;. € O(c*+'") and
7,24»;042 - T‘iﬁ € O(e?"+"). Thereforecy(r.) — c2 € O(e*F+7+).

&

We shall also need the following result

Lemma IV.3.2 The functionh and the potential; satisfy
W2 =1 <1, h—1€8™ 272 gheS 22 Viies >
In particular, V;, € S~2 is a short-range matrix-valued potential.

Proof : We have

h* —1 (r’ +a®)? - 0% Ad?sin?6
2 4_ 1= =
0<h 1§h2+1§h ! 02 02

Sinceo? > (r? + a?)? andA < r? 4 a? for r > r, we obtain

Similarly, we have

_1_h2—1_ ht—1 _ Ad’sin?f cg 22
C h+1  (h+1)(A2+1)  o2(h+1)(h2+1) ’

and
Vr2 + a2Aa?sin 6 cos c

20°:

Oph = S22,

Nt
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Now, let us study the terri. We deduce from its explicit expression thgtbelongs taS—2 1. Even-
tually, using that

2 ¢in2
P /7 42— 4o o 5-10.

— €
p—{—m
p? — (r? + a®) = —a’sin?§ € 8°0,
Ad?sin® ¢
o (P tad) = -0 e
o+ (r? +a?)

the remaining terms i belong toS—2~!. Thus the assumption dr§ holds.

¢

IV.3.2 Spin-weighted spherical harmonics

The operatorDg> has compact resolvent and hence can be diagonalized into an infinite sum of
matrix-valued multiplication operators. For this, we introduce a generalization of usual spherical har-
monics calledspin-weighted harmonicdVe refer to I.M. Gel'Fand and Z.Y. Sapiro [35] for a detailed
presentation.

For each spinorial weight: such tham € Z, for eachl — |m| € N andl — |n| € N, we define the
functionsW,,, by

Wi (0, 9) = €ul,, (0) € L*(S?), (1V.3.9)
with 2,1 [ 2 2
U, dug,, _n”=2mncosf+m7
a4 cot 9 [1(1 +1) ST }umn —0, (IV.3.10)
and
1
do sin @ mn 0, n=1I.
I , 1
dumn + m_‘ncosguinn — —Z[(l+n)(l+n—1)]2u,fn’n+1 :0, n<l, (IV312)
do sin 0 0, n=1.
The functionsut . are normalized by
/7r il ()] sin 0d0 = —
0 min 2'IT’
and they satisfy the relations of induction
dul n —mcos . 1
drgn T o ul, = —i[(l+m)( Fm+1)] Zuﬁnﬂ’n.
We setZ,, = {(l,n),l — |m| € N,l — |n| € N}. The family {W,,, (6, ‘P)}(z,n)ezm forms a Hilbert basis

of L2(S?). Thus, any function irl?(R,, x S?) can be decomposed into an infinite sum

U(’I“*, 07 ()0) = Z uln(r*)ernn(ga 90)7
(ly;n)ETm,
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whereuy, (r.) € L?(R).
Now, we consider the Hilbert basis &f(52; C*) given by F, = 'f{Wil W wh, W n}
27 2’ 2’ 2’
for any index(l,n) € Z.. The elementg”, diagonalize the Dirac operator ¢fi. Precisely, we have
2

1
Dg2 FL = —(I + §)F2Ffl. (IV.3.13)

IV.3.3 Selfadjointness ofH, and H

The operatotH is spherically symmetric and thus can be decomposed onto the spin-weighted sphe-
rical harmonicsF. For anyyy € H, we write

Hop= Y HPuFh= Y (DD +kag(r)l? + bo(ra)T° + co(r.))in(r.) By,

(Ln)ETy (l,n)ez%

N

5

where we used (1V.3.13) and denotéd= —(I + %). Hence, we identify the operatddy" with the
operato D,., + kag(rs)T? + by ()T + ¢y (r.) acting onHy,, = [L2(R,,)]*. From [16], we have

Lemma IV.3.3 Forany(l,n) € I%, the Dirac operatorsH(l)" are selfadjoint orf4;,, with domain
D(Hg") = [H'(R,.)]".

In consequence, the Dirac operaté, is selfadjoint or{ and its domainD (Hy) is given by

D(Ho) = {4 = 3 i v € D(HE), D IHG " < oo}

(l,n)EIl (l,n)EIl
2 2

Corollary 1V.3.1 The Dirac operatotH is selfadjoint or#{ and its domain is given bip(H) = D(H).

Proof : Let us write H as )
Hy + (h? = 1)Hy + V, (IV.3.14)

whereVy = h[Hy, h] + V. Using lemma 1V.3.2, we havig, € S~2 and for anyy € H,
|(H — Ho)ll < allHotp|| + bll9]],

with a < 1. This implies the result using the Kato-Rellich Theorem.

¢

IV.3.4 Compactness criteria and resolvent estimates

In this subsection, we collect some standard results useful for the later analysis, especially for Mour-
re’s theory. Let us first begin with compactness criteria. For this, we need a better description of the
domainsD(H,) = D(H). By the same argument as in [46], we know that

D(H) c [HL ()] (IV.3.15)

Then we have the standard compactness criterion
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Lemma IV.3.4 If f = fi;,g € C(R) thenf(r.)g(H) and f(r.)g(Hy) are compact ori.

As a consequence, we have

Corollary 1V.3.2 Lety € C§°(R). Then the operatog(H) — x(Hp) is compact.

Proof : Using the helffer-Sjostrand formula, we obtain
i . _ _ _
x(H) — x(Ho) = o /CazX(Z)(z — H)™Y(H — Hy)(z — Hy)"'dz A dZ.

The integral converges in operator norm siti¢e — H)~'(H — Hy)(z — Hy) 7Y < C 12 Hence, it

[Im z]2"

is enough to prove that the operator under the integral is compact. Using (IV.3.14), we have
(z— H)™"(H — Ho)(z — Ho)™" = (z = H)™"((h* = 1) Ho + Vo) (2 — Ho) ™",

where(h? — 1), Vy € S~2. Hence the result follows from Lemma IV.3.4.

&

We will also need the following resolvent estimates (see [46]). ForjaryD (Hy),

llao(re)Dg2p|| < C([[Howp|l + ll4])), (IV.3.16)
T Dyl < CUIHow || + [[91])- (IV.3.17)

The same estimates are true if we replakey H.

IV.3.5 Domain invariance

The domainsD(({r.)"), n € N, are stable under the action of the resolvent&igfH . Precisely, we
have

Proposition IV.3.2 Letn € N, z € C\ o(H) andx € C§°(R). Then
(H — 2)~'D((r,)") € D((r,)"), (1IV.3.18)
X(H)D((r«)") C D((r:«)"). (IV.3.19)
Moreover, (IV.3.18) and (IV.3.19) remain true if we replaéeby Hy.

Proof : We prove (IV.3.18) by induction. The result is obvious for= 0. Now let us suppose that
(H —2)"'D((r,)" 1) c D({r,)"!). By a basic criterion, it suffices to prove
eisriL -1

sup
s|<1

. (H — z)_luH < oo, Yué€ D({r)").
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Sinceu € D((r.)™), we have

isTlY H — -1 1— —isrlt
sup ¢ ( Z) ( ¢ )uH < 00.
ls|<1 s
Now, denotingH, = e**"* He "', we obtain
STY(H — 5) " lem T _ (H — )~ H—-H
€ ( Z) € ( Z) :(Hs—z)fl S(H—Z)fl.

S S

SinceH — Hy = snh?T'r? 1, (1V.3.18) follows from the induction hypothesis.
The proof of (IV.3.19) is an easy consequence of the Helffer-Sjostrand formula and (1V.3.18).

&

IV.3.6 Absence of eigenvalues fof,, D

In this section, we begin our study of the spectral propertiedyoff, . Let us first recall some no-
tations. Given a selfadjoint operatdr, we denoter(A) its spectrum. We also denotg.(A), oess(A),
opp(A), 04c(A) andogng(A) the discrete, essential, pure point, absolutely continuous and singular conti-
nuous spectra respectively.

Our first result concerns the absence of eigenvaluesifor

Proposition 1V.3.3 o,,(Hy) = 0.

Proof : Thanks to the spherical symmetry Hj, it is sufficient to prove thati, — ¢ has no eigenvalue
on any spin-weighted harmonics. Assume that I?(R;C*) is a non-zero eigenvector ¢f)" — c;
with eigenvalue\ € R. Clearly,u € H'(R;C*). We definew(r,) = e~ "=4(r,). This function also
belongs toH! (R; C*) and thus)im,., ,_ w(r,) = 0. Moreoveruw(r,) satisfies the following equation

dw(r*) — e—i)\Flr* (—’iFl)f(T*)ei)‘Flr*w(T*),
dr,
wheref(r,) = —(I + $)ao(r«)T? + bo(r«)T° + (co(r+) — c2). Integrating this expression betweeno

andr,, we obtain .
()| < / ()] [w(s)ds.

Sinceffj)o f(s)]ds < oo by Proposition IV.3.1, we conclude by Gronwall’s Lemma that 0.

&

If we want to apply the same technique in order to prove the absence of eigenvalllesvi@must
use the separability of the equations. This was the technique used in [30] where the class of solutions is
specified by means of matching conditions across the horizon. In fact, it is enough to impose the physical
requirement that solutions should have finite total charge (see [46]) to obtain this result. Precisely, we
show

Proposition 1V.3.4 There are no stationary finite charge Dirac fields outside a Kerr-Newman black hole,
i.e. they are no non-zero solutions

U = (¢a,xa) € C(Ry; L*((Z;dV0); S4 @ Sar)), (1V.3.20)
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of (1V.2.3) of the form '
U(t,r,0,9) = eNp(t, 7,0, ).

This is equivalent to the absence of pure point spectruridfare.
opp(D) = 0.

Proof : We use the separable form of Dirac’s equation obtained in [30]. First, we choose the symmetric
frame(I*,n% m®, m®)

1 ) o 0 1 0 o 0

la: 2 2\ A— I a _ 2 2 ——A— v
\/2,02A((T TG A Tagg) T ,/2p2A((T )5 A agg)

1 o 9 i 9 1 o 9 i 0

. gl D LA gl 0 i 0
Sy~ (iasind25 + 56+ 5ng 8(,0)’ " sz( SO T 96 T sing &p)’

to compute the equation. After the regular and time-dependent transforniation ' = ST where

=

S = Aidiag((r — ia cos 9)%, (r —iacos 0)%, (r + ia cos 9)%, (r+iacos)?), (Iv.3.21)
and using the ansatz
X _(r)Y_(0)
- Ciwt (kL X (r)Y,(0)
(t,r,0,p) = ¢ We ilkty)e | V)14 : IV.3.22
X_(r)Y;.()
the Dirac equation (IV.2.3) can be written as the decoupled system of ODEs :
VAD,  imr— X X4
( Limr — X JAD_ > ( Y > =0, (IV.3.23)
Ly —amcosf + A Yi\ 0
amcosf + A —L_ Y. ] 7
with
0 i 1 0  cotf k+1
LA 2 2 2 _ 9 ; 2)
D4 pm A(w(r +a)+(k+2)a+qQ7‘), Ly 80+ 5 F (awsin® + sin0)

We only need the ODEs concerning the radial unknowns$r) in the following. Using the radial va-
riabler,, we reexpress (1V.3.23) as

0 1K

-

r2 4+ a2

B, iK , VA
(8—7“* o2 aZ)X_ = +zmr)r2 +a2X+’

where K = w(r? + a?) + (k + %)a + ¢qQr is a real number. We can multipli.. by phase factors in
order to get rid of the terms involving<. We define

Uy = exp(/or* mds)X+ =: X4,
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U- = exp( - /07"* Wk_—i_cﬂ)ds)X =: X,

wheres — r(s) is the reciprocal function of — r,.. Now the pair(U,, U_) satisfy the differential

system
0 ( Uy > _ 0 (A — imr) s 82 ( Uy ) (IV.3.24)
or. \ U- (A +imr) VA (2 0 U-

r2+4a?

Note that the condition (1V.3.20) is equivalent (after the transformations (1V.3.21 and IV.3.22)) to

X, € LA(R,, ;dr,), or, Uy € L*(R,, ;dr,).

Since the factorg\ — imr)r‘/g (% and (A + z’mr)T,‘/Z /3% are bounded ofR, if the pair (U, ,U_)

2+a2 2+a2

belongs toL?(R,, ;dr,) and satisfies (IV.3.24) the(U;,U_) € H'(R,, ;dr,) and in consequence,
limy. 00 U (r,) = 0. Moreover,(\ — imr)—2, 52 and (X + imr) =2, 32 fall off exponentially fast

\ 7-2+a2 r2+a2
asr, — —oo and therefore, are integrable-ato. Hence, we can conclude the proof by the same argu-

ment as in Proposition 1V.3.3.

¢

IV.4 Mourre theory and minimal velocity estimate

IV.4.1 Abstract theory

We go on now with our inspection of the spectral propertiegffd. Mourre’s theory will be our
basic tool throughout this section. The principle of Mourre theory is to find a selfadjoint operator
‘H so that the paifH, A) satisfies the following assumptions (see [58]). Let R an open interval.

(M1) e~#AD(H) Cc D(H).
(M2) i[H, A] defined as a quadratic form dn(H) N D(A) extends to an element 8{D(H), H).

(M3) [A,[A, H]] well defined as a quadratic form dn(H) N D(A) by (i), extends to an element of
B(D(H),D(H)").
(M4) There exists a strictly positive constanand a compact operatéf such that

1, (H)i[H, A]1;(H) > pl,(H) + K. (IV.4.1)

The fundamental assumption here is the Mourre estimate (M4). Its meaning is that we must find an obser-
vable A which essentially increases along the evolutioti’. The other conditions are more technical

and turn out to be difficult to check directly in the case whérend H are unbounded selfadjoint opera-

tors having no explicitely known domains. We give below some useful criteria to verify them. If the pair
(H, A) satisfy these assumptions then we say thét aconjugate operatofor H on I. The existence

of a conjugate operator provides important informations on the spectruin Bfecisely, we have (see

for example [1])

Theorem IV.4.1 Let H, A two selfadjoint operators off{. Assume thatl is a conjugate operator for
H on the intervall. ThenH has no singular continuous spectrum inFurthermore, the number of
eigenvalues off in I is finite (counting multiplicity).
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We will discuss in section 1V.4.3 another important consequence of the existence of the conjugate opera-
tor : the minimal velocity estimate.

How can we choose a conjugate operator ? For Schrédinger or Dirac operators in flat spacetime, the
usual generator of dilations is a good choice. Let us mention however that in the particular case of Dirac
operators, there exist other choices (see [11], [14], [15], [16], [37]) which could be used. For the sphe-
rically symmetric operatoff, the situation is similar to that of Dirac operators in flat spacetime thanks
to the possibility of decomposing the problem into spin-weighted spherical harmonics. The existence of
conjugate operators fafly has been established first in [55] and more recently, in [16], (the conjugate
operator used in [16] is particurlarly adapted to Dirac operators). On the other hand, although we can
considerH as a short-range perturbation &, this perturbation is not spherically symmetric and thus,
we cannot use a decomposition into spin-weighted spherical harmonics. The full ofigsatoust be
conserved in the course of the calculations.

Recall that the evolution described I can be understood as an evolution on a Riemanniann ma-
nifold (given here byx = R.. x §2) having two different ends. At infinity, the metric dn tends to
the flat metric. Therefore, we can still use the generator of dilations there. At the horizon, this metric
is exponentially large and the choice of a conjugate operator turns out to be much more complicated.
Analogous situations have been studied before, first by Froese and Hislop [33] in the case of a second-
order-elliptic Hamiltonian, then by De Biévre, Hislop and Sigal [19] for the wave equation and more
recently, by Hafner and Nicolas [46] for a massless Dirac equation in a Kerr background. We follow here
the presentation given in [46]. Let us study a toy model of the situation at the black hole horizon and
consider the operator

H =T'D, 4+ e+ Dg., actingonR_ x §2.

Let us try to use the operatot = I''r, introduced in [15] as a conjugate operator #ér This very
simple operator is well adapted to the case of massless Dirac operator. We have

i[H, Al = 1+ 2r e Dg=T1.

The second term has no sign and is not controlledibyrhe origin of the problem comes from the fact
that the termr,e"+"= does not decay faster thaf+" whenr, — —oo. The same problem happens if
we use the generator of dilations instead4ofTherefore, the Mourre estimate has no chance to hold if
we proceed in this manner. Instead, we introduce the unitary transformation

[ = ¢~} Dr.InDgs|
and we try to find a conjugate operator for

. De-
H=U*HU =T'D,_ + e+ 52
D2 |
This is equivalent to the initial problem sin€gis unitary. Now, if we compute the commutator between
H and A, we obtain
. De-
i[H,A] =1+ 2r,e"" =21
D2 |

Since =52 is bounded, the term(H)r, e+ =<2 T'y(H) is now compact for any € C°(R). The-
|D52‘ |D52| 0

refore, we can us& AU* as conjugate operator for the toy Hamiltoni&n The conjugate operator for
the true HamiltoniarH we propose below, closely follows this procedure.
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Before we do this, let us give some precisions concerning the conditions (M1), (M2) and (M3) of
Mourre’s theory. One of the difficulties in Mourre theory consists in working with commutatarsA|
(see (M2)) between unbounded selfadjoint operators. We have to be careful to define correctly such
quantities sinceD(H) and D(A) can be unknown or have an intersection which is not even dense in
7. Similarly, the assumption (M1) is not easy to prove since the actiaff‘bimay also be unknown.
Therefore, it is useful to have different criterion. Let us first define the class of op€&f4tdy :

Definition IV.4.1 For a selfadjoint operatord, we say that another selfadjoint operatéf belongs to
C*(A), k € N, if and only if

(ABG) Jz e C\o(H),s — A (H — 2)"'e 4 € CF(Ry; B(H)),
for the strong topology oB(#).

It has been shown in [1] that we can replace the assumptions (M1) and (M2) by the unique assumption
H € C'(A) without changing the conclusions of Theorem I1V.4.1. Roughly speaking, this condition
allows that the following equality

[A, (= H)" '] = (z = H)"'[A, H](» — H) ™",
makes sense oH. From [1], H € C'(A) is equivalent to

(i) 3zeC\o(H),(H-2)"'D(A) c D(A),(H —%)"'D(A) C D(A),

(i) |(Hu, Au) = (Au, Hu)| < C(|Hul® + |lull®), Vu € D(H) N D(A),
which is close to both conditions (M1) and (M2). Nevertheless, they remain complicated to check when
the domains off and A are not explicitely known. One way to remedy this problem consists in finding

first a common core foFf and A. This procedure is described in [38]. We only recall the two results we
shall need.

Lemma IV.4.1 (Nelson) Let N > 1 a self-adjoint operator or{. Let A a symmetric operator ofi{
such thatD(N) C D(A). Assume that

[Aull < C[Nul|, Vu e D(N),

v.4.2
|(Au, Nu) — (Nu, Au)| < C||Nzul|?>, Vu € D(N). (V.4.2)

ThenA is essentially self-adjoint o (V). Furthermore every core d¥ is also a core forA.

Lemma IV.4.2 (Gérard, Laba) Let H, Hy and N three self-adjoint operators oH satisfyingN > 1,
D(H) = D(Hy) and (H — z)"'D(N) C D(N). Let A a symmetric operator o)(N). Assume that
Hy and A satisfy the assumptions of Lemma 1V.4.1 and

|(Au, Hu) — (Hu, Au)| < C(||Hu||? + ||ul|?), Yu € D(N). (IV.4.3)
Then we have
e D(N)isdenseinD(A) N D(H) with the norm||Hul|| + ||Au|| + |lu|,

e the quadratic form[H, A] defined onD(A) N D(H) is the unique extension gfH, A] on D(N),
e HeCl(A).
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The operatorN above is called @omparison operatorWhen the assumptions of Lemma 1V.4.2 are
satisfied, itis enough to compute the commutatél, A] as a quadratic form on the common ca@rén)

or on any core ofV. We finish this subsection by two observations. First, the condifior C'(A)
together with the condition (M2) imply the condition (M1) thanks to a result due to Gérard and Georgescu
[36]

Lemma 1V.4.3 (Georgescu, Gérard)Let H and A two self-adjoint operators such thdf € C'(A)
andi[H, A] € B(D(H),H) thene®*4D(H) c D(H) forall s € R.

Second, in order to prove the minimal velocity estimate below, we will need to provéftat?(A).

But this follows automatically from conditions (M1) to (M3) thanks to Theorem 6.3.4 in [1].

IV.4.2 Conjugate operators for Hy and H
Preliminaries

In order to separate the problems at the horizon and infinity, we define two cut-off fungtiahs
C*°(R) satisfying

1
Jj—(ry) =1, forr, < 2 Jj—(ry) =0, forr, > 1,
3
Ji(ry) =1, forr, > 2, ji(r) =0, forr, < 3

In this definition, the support gf. must contain(—oo, 0] whereas the support gf only has to contain
a neighbourhood of-oo. Now, for S > 1, we set

re + 5, In Dy |)

R_(r,,Dgz) = (ry + 57" 1n|1®52|)j3( <

We define the local conjugate operatats, A, by
1
A_=R_(r,De)l, A= 5 (Dr. B (rs) + Ry (1) Dy.).

At infinity, the conjugate operatad, is sort of generator of dilations whereas at the horizén,is a
combination of the conjugate operators used in [14], [15] and [46]. The true conjugate opkvatbioe

the sum or the difference betweedn and A, depending on the energy interval we consider. Precisely,
letx € C§°(IR) such thatsupp x is included in one of the intervals-oo, —m), (—m, +m), (+m, +00).
Then we define the conjugate operatron supp x by

A, = A_+ A, whensuppx C (+m,+00),
A, = A_— A, whensuppyx C (—oo0,—m),
A, = A_whensuppx C (—m,+m).

We will prove the assumptions (M1) to (M3) fet = A + A, . The other cases are analogous.

Let us first study the operatdt_(r.,Dg2 ). On each spin-weighted spherical harmonics, it reduces to
the operator of multiplicatiod_(r., k) onH,,,, wherek = —(I + 3) denotes the eigenvalue associated
to the given harmonics. Hencek € N*. We have
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LemmalV.4.4 Forall S > 1,

|R_(rs, k)| < C(ry), uniformly in k
|R@ (r+, k)| < C, uniformly ink i = 1,2.

As a consequence, the domains of the operaftrg-.,Dg2) and A_ contain D((r.)). Moreover, if
j1 € C*°(R) satisfiesj; (r,) = 1, forr, < 1andji(r.) = 0, forr, > 2, then

R@(T*,]D)sﬁ) = R@(T*,Dy)j?(%), i =0,1,2.

Proof : The operato®_(r, k) is a translation by ' In || of the operator of multiplicatiom, j2 (%).
Since—k € N*, we have
ro <o +r;'nlk|, Vk. (IV.4.4)

Therefore, orsupp j_ we have
Ty < T +I€_T_1 ln|l<:| < S,

and thus
e + &3 In|E|| < max(S,|r.]) < C(r.), Vk.

This proves the first assertion.
Now we have

e+ KL ln|k|> N (7“* + kit 1n|k|>(j2 y (r* + Kkt ln|k|>.

Rg)(r*’k):f( S S S

Sincesupp (j2)" is compact, the second assertion holds.
Finally, it is immediate from (IV.4.4) that

-1 -1
2y@ (Tt IRl o mey o vy (e F 0y Infk] .
(12)0 ()it (5) = (D) (), Wk i=0.12
This concludes the proof of the lemma.

&

We shall now prove the Mourre assumptions (M1) to (M3)(far, A). We first define the comparison
operator
N = D2 +ad(r.)D% + (r)?.

We recall from [46] thatD(N) = D(H?) N D({r.)?) = D(HZ) N D({r.)?). From this and Proposition
IV.3.2, we have for any € C\ o(H),

(H —2z)"'D(N) c D(N).
We also recall some useful estimates (immediate from the definitidf)oForu € D(N),
1 1 1
[1Drul| < CIN2ull,  [lao(re)Dgzul] < CIINZull,  |reul] < ClINZul. (IV.4.5)

Lemma IV.4.5 (AL, N) satisfy the hypotheses of Nelson’s Lemma IV.4.1 and Ahuare essentially
selfadjoint onD(N).
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Proof : By Lemma IV.4.4,D(A_) D D({r.)) D D(N) and for anyu € D(N), we have
[A—ul] < Cl[{rv)ull < C||Null.

Hence, it remains to show thit, i[ AL, N]u)| < C||N%u||2. But, using Lemma 1V.4.4 and (1V.4.5), we
have

1
|(u, [A_, Nu)| < 2|(Dy.u, RV (re, Dg2 )T )| < Clul|| Dyl < C|INZul?.

The proof forA, is identical to that given in [46]. We omit it.

¢

Lemma IV.4.6 The pair(H,, N) satisfies the hypotheses of Nelson’s Lemma IV.4.1.
Proof : Using (IV.4.5), we have for any € D(N)
[Houl| < [|Dr.u

[+ lao(r)Dg2ull + Cllul] < C|[Nul.
Moreover,
(o, [Ho, M) < 2( ), T ap(r)ao () D w)] -+ |, D) + (D, ag () Do w)|
H(Dr by (r)w)] + |(Dr. s o (r)u)]).
Now remark that there exists a constahsuch thata, (r.)| < C|ag(r)|. Hence we have
((w, [Ho, NJw)l - < € (Jlao(ra)Dsaul® + all lreull + 1Dy, ul (lao(r)Bsaul + [lu])),

C||NZul?.

IN

¢

Lemma IV.4.7 H € C*(A). Moreover, the commutatafH, A] belongs ta3(D(H),H). Consequently,
assumptions (M1) and (M2) of Mourre’s theory are satisfied.

Proof : Thanks to Lemmata IV.4.5 and 1V.4.6, it suffices to show titati[H, Ay ]u)| < C(||Hul|?> +
|lu||?) in order to apply Lemma IV.4.2. We only prove it far since the proof ford, is identical to
that given in [46]. We first calculatd Hy, A ]. We have

i[Ho, A_] = RY (r,, Dg) + 2iag(ry) R_(ry, Dg2 )Dg T + 2ibg (r,) R_ (7, Dg2 )TOT'.

Letu € D(N). By Lemma IV.4.4, we estimate the first term by
IR (., D2 Jull < Clull.
We can estimate the second term by
llao () R— (rs, Dg2 ) D2 Tul| <
ap(ry) — cre™™ o Ty,

| ) it (G)R- (74, Ds2)lllao(re)Ds2 (Ho + ) ||| (Ho + é)ul|
apg\Tx

e R (ry, D2 e+ Tty In B2 )%FIUH-
)
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Observe that|%j%(%)}2_ (r+,Dg2)]|| is bounded thanks to Proposition 1V.3.1 and Lemma

IV.4.4. Furthermore||aq(ry)Dgz (Ho + i)=Y and || R_(r,, Dg2 )¢+ = +53 1102 | are bounded by
(IV.3.16) and by definition of?_(r., Dg2 ). Hence, we get

llao (r+) R— (7, Dg2 ) Dg=Tul| < C (| Houll + [Jul)).
Finally, the last term is estimated as follows
1o (r) R (rv, Dg2 )TOT uf| < C!Ibo(m)ﬁ(%)&(m,Dsz)HIIUH < Cllull,
by Proposition IV.3.1 again.
We now estimaté[H, A_]. We have
i[H,A_] = hi[Ho, A_]h +i[V, A_].

Sinceh is bounded as an operator frobY H) into itself, the first term belongs t8(D(H), ) by the
previous estimate. Moreover, sintg € S~2(R), the remaining terni[V;, A ] is clearly bounded by
Lemma IV.4.4. This concludes the proof of the Lemma.

¢

Lemma IV.4.8 The double commutatdi[H, A], A] extends to a bounded operator8{D (H ), H).
Proof : We first estimatéi[H, A_], A_]. We have
[Z[Ha A*]a A*] = h[Z[H[)a A*]a A*]h + [IL[V()a A*]a A*]

The second term is clearly bounded singec S=2 and A _ is bounded fromD((r,.)) to H. Moreover,
the first term

[i[Hy, A_], A_] = 4iag(r.)R? (ry, Dg2 ) Dg2 + 4ibg(ry) R% (14, Dg2 )TP,

is bounded fromD(H) to H by the same argument as in the proof of Lemma IV.4.7.
Now we estimatei[H, A_], A]. We have

i[H,A],Ay] = (z’[h, AL|[Ho, A Jh + hc) + hli[Ho, A ], AL )b+ [i[Vo, A, Ay]. (IV.4.6)

Sinceilh, Ay] = —Ry(r.)(0r.h) € S~! by Lemma IV.3.2, the first term in (IV.4.6) is bounded from
D(H) to H by Lemma IV.4.7. From the exact expressioni{df, A_], the second term in (1V.4.6) is
written as

i[Ho, A_],Ay] = iRy(r.)R® (r.,Dg2) — 2(ao(r.) B (r., Dg2)) Y Ry (r,)Dga T (IV.4.7)

—2(bo(rs) R—(rs, Dg2)) Y Ry ()T,

Recall thatR"”) (re,Dg2) = RY (r, Dg2) 57 (%), Vi = 0,1,2. We can assume that the functign has
been chosen such thatpp j; N supp j+ = (. Hence, (IV.4.7) vanishes. Eventually, sifég, A | €
S~ 1, the last term in (1V.4.6) is also bounded frab{ H) to .

Similarly, [{[H, A+], A_] is bounded fromD(H) to H. The same result holds f¢i[H, A ], A4 ]
(see [46]).
¢
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The Mourre estimate for (H, A)

The strategy in this section is the following. We first establish Mourre estimates befiyeeal A
(resp.Hp and A,). The main difficulties arise with the part of the proof concerned wiith We shall
use here several technical results from [46]. Since they are instructive, short proofs will be sketched in
the course of the calculations. The rigorous results can be found in section 5.5 of [46]. Finally, we will
show that the remaining term involvind — H, is compact or¥.

Mourre estimate for (Hy, A—) : When working at the horizon of the black hole, it is convenient to
introduce the operator
H,=T'D, + ¢ Dg + cs,

which corresponds to the formal limit of the operafdy whenr, — —oo. Let us recall some basic
properties ofH, (see sections 3.2 and 5.5 in [46]). On each spin-weighted spherical harmonics, we
denote this operatdi’™ and D(H'") = {u € H;,, H™u € H,,} its natural domain. Then we have

Resolvent estimates Vu € D(H), max(|T' D, ul|, |ke®+ ™ T2u||) < C(||H™u|| + ||u//{IV.4.8)

Selfadjointness (H™, D(H!™)) is selfadjoint orfH,,, (1IV.4.9)
Domain: D(H!") c [HY(R)], (IV.4.10)
Compactness Vf, g € Coo(R), f(r.)g(H™)is compact (IV.4.11)
Spectrum H!™ has no eigenvaluge. o, (H!™) = (. (IV.4.12)

We also denotd (H,) = {u = > up,, wm € D(HD), S (|| Hu||? + ||lul|?) < oo} the domain off.
We have

Resolvent estimates Yu € D(H,), max(||TtD,, ul|, [|e"+"*Dg2ul|) < C(||Heul|| + ||ul|{lV.4.13)
Selfadjointness (He, D(H,)) is selfadjoint orfH. (IV.4.14)

Let us state three results which will be useful later.

LemmalV.4.9 Let x € C§°(R) andj € C*°(R) a cut-off function at the horizon, i.g. = 1 on a
neighbourhood of-oo andj = 0 on a neighbourhood ofco. Thenj(n.)(x(Hy) — x(H.)) is compact
on#H.

Proof : We use the Helffer-Sjostrand formula. We obtain
: { N _ _ _
) el Ho) = x(He)) = 3= [ 0:(2)ir.) e = o)™ (Ho = Ho)(z = Hl)™'dz A .

The integral converges in operator norm sifigér.)(z — Ho) '(Ho — H.)(z — He) || < C\Ir<71z>z\2'
Hence, it is enough to prove that the operator under the integral is compact. But

j(re)(z = Ho) ™' (Ho — He)(z — He) ™' = (2 = Ho)™"j(r.) (Ho — He) (2 — He) ™!

+i(z = Ho)™'j (r)T' (z — Ho) ™' (Ho — He)(z — He) ™",
Using thatj(r,)(Hy — He) = j(r*)((ao(r*) — c1e™)Dg2 + by (r:)T0 + (co(ry) — 02)), both terms
are compact by Proposition 1V.3.1 and the standard compactness criterion 1V.3.4.

¢
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Lemma IV.4.10 Let f, x € C(R). Then
f(re + £ In|k|)x(H) is compact ort,. (IV.4.15)
Moreover, for any\y € R ande > 0, there exist$ > 0 such that
I1f(re + 63 In (k)1 5 a0 (HE)| < €, uniformly ink. (IV.4.16)

Proof : For anyk, the functiong(r,) := f(r. + x3 ' In|k|) belongs toCs (R). Hence the compactness
of f(r. + k" In|k|)x(H!") follows from (IV.4.11).

In order to prove (IV.4.16), let us introduce the unitary operat8r= ¢+ nI*Dr.  Conjugating
the operator in (IV.4.16) b/, we have to show that far small enough

||f(7“*)1[,\0_5,)\0+5](FID,«* — 1" T? 4+ )| < e, uniformly in k. (IV.4.17)

Clearly, the operator in (IV.4.17) is independentfofind is compact by (1V.4.15). Hence the result
follows from (1V.4.12).

&

This lemma immediately yields the “smallness-result”

Corollary IV.4.1 Letf € Cx(R) and )y € R. Then for any > 0, there exist®$ > 0 such that
1f (re + 53" In D2 )1 —g p0-5] (He) || < €.

Having recalled these technical results, we turn now to the Mourre estimatgfot ).

LemmalV.4.11 Let Ay € R. Then there exist a functiop € Cj°(R) with supp x containing ), a
strictly positive constant and a compact operatok such that

x(Ho)ilHo, A-x(Ho) > px(Ho)i? (5)x(Ho) + K.
for S large enough.
Proof : Recall that
i[Hy, A_] = R (r,, Dg2) + 2iag(ry) R (ry, D2 )Dg2 I + 2ibg (1) R (7, D2 )OI

Let us choosey € C3°(R) such thatsupp x contains)y. We decompose (Hy)i[Hy, A_]x(Hp) into
four terms
x(Ho)i[Ho, A-|x(Ho) = I1 + I + I3 + L4,

where
T

I = x(Ho)ji (S)X(Ho)

o T . T*+Iﬁ}_lln|]D)SQ|
I = x(Ho)j 2(§>(ﬁ( ) — 1) x(Hy)

« 4 £l In|Dge « 4+ ;1 In|Dg: , Dy
I — {7’ Ii_i_ n| S2 |(]7) (T H+Sn| Sz|)+226(n+r*+ln\D52|)R Fl} (H[))

Dy |
_ K4-Tx

I = {22“0 o :16 R_ao(r*)DSzFl+2ib0(r*)R_F0F1}X(HO).
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The termlI, is compact or{. For instance, let us treat the first termZijnWe can write it as

= (T*C)ZO_(’TZI)eK-H* J%(%) (T*>> <<T*>_1R— (’f'*, Dyg-2 )F1> (aO (T*)D52 X(HO))'

—2i<X(H0)

Using Proposition 1V.3.1, the functidﬁ%ﬁ(%)(r*) vanishes at infinity and thus

is compact by Lemma IV.3.4. This implies the compactness of the full term gifice R_ (7, Dg2 )T'!
andag(r.)Dg2 x(Hy) are bounded by Lemma IV.4.4 and (1V.3.16). The other term is treated simi-
larly.
Thanks to Lemmata IV.4.4 and IV.4.9, the tefsincan be written as
i -1 -1 Dg2 1\ . T+
X(He)Jl(g){fS(T* + £ In|Dg2|) + gs(re + 5 In|Dg» |)wF }Jl(g)X(He) + K,
where K compact andfs, gs € C(R). By Corollary 1V.4.1, the part involving’s and gs tends to0
in operator norm wherupp x is small enough. Precisely, for all ande > 0, we can choosg with
supp x small enough such that

9, Tx
I3 > —EX(HO)J%(g)X(Ho) + K.

We now prove that the term is the sum of compact operator plus a term which tendsitooperator
norm whensS tends to infinity. We first introduce the bounded operator

. Tk Ty + /{71 IH|D52|

wheren € C*(R) andn? = 1 — 2. Using Lemma 1V.4.9, we have

I, = x(Ho)W?*x(Ho) = x(H)W’x(He) + K, K compact

We claim that
lim || x(H,)W?x(H,)| = 0. (IV.4.18)
S—00

To see this, we study the operatBr= x(H,)e "+ Dg> W2er+ D> x(H,). SinceW preserved) (H,)
([46], Lemma 5.17),B is well defined or{. Moreover, using (IV.4.13)B is in fact bounded. Now,
sinceW commutes withe"+"~ g, B can be written ag(H.)W e**+"~D%, W x(H.). But, note that on
suppmn, we have

e+ |Dg2 | > el s,

Hence,B > e**+°y(H,)W?x(H,) and sinceB is bounded, there exists a constahsuch that
x(H)W?x(H,) < Ce 2+5 5 0, S — o0,

which implies (1V.4.18). Finally, using thdt(H.), j1(%)] € O(S~') and the previous estimate, we
obtain : for anye > 0, we can findS, large enough such that for asy> S,

X(Ho)Wx(Ho) > —ex(Ho)j? (G)x(Ho) + K.



180 Scattering of charged Dirac fields by a Kerr-Newman black hole

This concludes the proof of the lemma.

¢

The mourre estimate for (Hy, A+) : The situation at infinity is more standard. The unique subtlety
comes from the choice of the conjugate operator since this choice depends on the energy interval we
consider. In particular, two threshold values appear for which we are not able to establish a Mourre
estimate. Precisely, we have

Lemma 1V.4.12 (@) For anyx € C§°(R) with suppx C (+m,+0o0), there existy > 0 and a
compact operator such that

%)X(Ho) + K. (IV.4.19)

(b) Foranyy € C3°(R) with supp x C (—o0, —m), (IV.4.19) is true if we replacel,; by — A, .

(c) For any x € C§°(R) with suppx C (—m,+m), thenj3 (%) x(H,) is compact or{ and
(IV.4.19) is valid for any > 0.

x(Ho)i[Ho, A{]x(Ho) > 1 x(Ho)j7 (

Proof : Let us show (a). Using (1V.3.17) and the fact tb:a(%)X(HO) is compact, we obtain

x(Ho)i[Ho, At]x(Ho) = (HO)J+(S)F Dm]+(5) x(Ho)
~X(Ho) R (r){ g (re)Ds2 + by (r )T + ey(r) fx(Ho) + K,

where K compact. We now makg, appear in the first term and using that the three operators

T

x(Ho)% () {reay(r) + ao(r.) } sz x(Ho),

X(Ho) { R (r)bo () + (bo(r.) = m) }Tx(Ho),
X(Ho){ B (r)ep () + co(r2) fx(Ho),

are compact by Proposition 1V.3.1 and Lemma 1V.3.4 (compactness criterion), we get

x(Ho)ilHo, A+|x(Ho) = x(Ho)j+ () Hoj ()X (Ho) = X(Ho)% (55)mI°x (Ho) + K.

S)
Finally, using again thagt;(%*)x(Ho) is compact and the fact thatpp x C (+m, +00), there exists a
strictly positive constant such that

X(Ho)ji- () Hojs (F)x(Ho) > (m + ) x(Ho)7% (55)x(Ho) + K.

while the second term is obviously estimated by

T

")x(Ho).

(HO)J+(S)mFO X(Ho) > —m x(Ho)j7 (

This entails (1V.4.19).

The proof of (b) is identical to the previous one with replaced by- A, .

In order to prove (c), we introduce the selfadjoint operdipr= I'' D, + %DSQ + mI'° acting on
Hoo = [LQ(R;; x S2: pdpdw)]*. H,, is exactly the free Dirac Hamiltonian in flat spacetime written in
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polar coordinates. Observe thé}, corresponds to the formal limit dffy whenr, — +oo. It is well
known that (see for instance [75])

o(Hp) = 0ac(Hp) = (—00, —m] U [+m, +00),
which implies
x(Hp) =0, (IV.4.20)

if suppx C (—m,+m). Using (IV.4.20), we can expresg(Hy) as the differencey(Hy) — x(Hp)

and we want to use the Helffer-Sjostrand formula and the standard compactness criterion to prove (c).
Since Hy and H,,, do not act on the same Hilbert space, we have to be cautious in this procedure. We
proceed as follows. Sindg, (%), x(Ho)] is compact, it is enough to prove that(z)x(Ho)j+ (%)

is compact. Remark that the cut-off functign(%) obviously plays the role of (bounded) identifying
operator betweef{ andH., (and conversely). Indeed, we have

$lr) — (P, o) — 04 (g

Hence, using these identifying operators and (IV.4.20), the following identity makes sefise on
j+(§)X(Ho)j+(§) = J+( S)( X(Ho) = x(Hm)) 7+ (

Now using the Helffer-Sjostrand formula, it suffices to show that

L= () ((z = Ho) " = (2 = Hin) )i (),

is compact or{. We introducej, € C™(R) satisfyingj, j. = j, andj, = 0 on(—oo,0]. Then we
have

L= j4()((z = Ho) ™G (

I: H — Heoo, 5 : Hoeo — H,
“Vep(ry), r+ > 0 and0 otherwise

T

)

Ty ~ Tk

S) —j+(§)(z — Hp) )i (

T

<)

= ()= Ho) M (Hojs () = G () H) (2 = Hm) 5 (),
= (e - ) - G () + 4 () a(r) - )

T

+J+(S)(bo(r*)— )F°+J+(S)00(T*)}(Z—Hm) j+(S)

ThusL is compact using Proposition 1V.3.1 and Lemma 1V.3.4. This concludes the proof of the lemma.

¢

Summarizing all the previous results, we have proved

Proposition IV.4.1 Let x € C§°(R) such thatsupp x is included in one of the intervals-oco, —m),
(—m, +m), (+m, +oo) and supp x small enough. Then fo¥ sufficiently large, there exigt > 0 and a
compact operatoi such that

x(Ho)i[Ho, A\]x(Ho) > px*(Ho) + K,

whereAd, = A_ + A, whensupp x C (+m,+o0), A, = A_ — A, whensupp x C (—oo, —m) and
A, = A_whensupp x C (—m,+m).
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The Mourre estimate for (H, A, ) : Let x € C§°(R) satisfying the assumptions of Proposition 1V.4.1.
We only treat the caseupp x C (+m,+o00) since the other cases are analogous. Hefice= A =
A_ + Ay . Using Lemma IV.4.7 and Corollary IV.3.2, we have

x(H)ilH, Alx(H) = x(Ho)i[H, A]x(Ho) + K,

whereK compact. We writdd = Hy + (h — 1)Ho + Ho(h — 1) + (h — 1)Ho(h — 1) + Vo = Ho + H;
and we show that

x(Ho)i[H1, A]x(Hy) is compact

For instance, we have
x(Ho)i[(h — 1)Ho, Alx(Ho) = x(Ho):[(h — 1), A]Hox(Ho) + x(Ho)(h — 1)i[Ho, A]x(Ho).

But,i[(h—1), A] = —R(r.)9,.h andh—1 belong toS~2 by Lemma 1V.3.2. Hence this term is compact.
The other terms involving. — 1 are treated similarly. Eventually, sindg € S™2, it is immediate that
[Vo, A] € S~! and thus, the last term(Hy)i[Vy, A]x(Hy) is also compact. Hence, we have proved

Proposition IV.4.2 Let x € C§°(R) such thatsupp x is included in one of the intervals-oco, —m),
(—m,+m), (+m, +o0) and supp x small enough. Then fo¥ sufficiently large, there exigt > 0 and a
compact operatolK such that

X(H)i[H, AIx(H) > ux*(H) + K,
whereA, defined as in Proposition IV.4.1.

The first application of Theorem 1V.4.1 concerns the spectrumfyolUsing Proposition 1V.3.3, we
have

Theorem IV.4.2 o(Hy) = 0ess(Hp) = 04c(Hp) = R.

Since(H — i) ! — (Hy — i)' is compact (see the proof of Corollary 1V.3.2), it follows from the
Weyl Theorem (see [69], Vol 1V) and Proposition 1V.4.2 that,(H) = R. Using this and Theorem
IV.4.1 again, we obtain

Theorem IV.4.3 The operatorH has no singular continuous spectruna,,(H) = () and the only
eigenvalues fod can be{—m,+m} (0,,(H) C {—m,+m}). If eitherm or —m is an eigenvalue, it
has infinite multiplicity.

IV.4.3 Propagation estimates

In this section, we establish the minimal and maximal velocity estimates. Similar estimates appeared
for the first time in [72]. They turned out useful for the study of time-dependent scattering problems (in
particular for the study of the n-body problem in quantum mechanics). We follow here the formalism
given by Dereziski and Gérard in [21] who placed these estimates at the centre of their work.
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Minimal velocity estimate

The meaning of the minimal velocity estimate is the following : the energy of the field must escape
from a narrow con€ = {""—t*‘ < ¢} at late times (in a classical picture, the constan¢presents the
minimal velocity of the fields). Such an estimate corresponds to a weak form bfujxgens principle
Precisely, we show

Proposition IV.4.3 Letx € C§°(R) such thatsupp x C R\ {—m,+m}. Then there exists a constant
€x > 0 such that

> |74 —itr || dt 2
oG [T < clwi?, v e (1V.4.21)
Furthermore, . , .
S—Egﬁgémimqﬂiwxuﬂeﬂﬁizo. (IV.4.22)

The same is true if we replace the operatdroy Hy.

Proof : We prove this proposition in two steps. We first establish an estimate very close to (IV.4.21)
involving the conjugate operatof, . This estimate is originally due to Sigal and Soffer [72]. We also
refer to [39], appendix A. We first choogec C5°(RR) with small enough support arfilarge such that

X(HYlH, A\ Jx(H) > px*(H) + K, K compact

Now using the compactness &f, we can shrink the support gf such that there existg € (0, )
satisfying
X(H)i[H, A Ix(H) > po x*(H). (IV.4.23)

SinceH € C?*(A,) (see the previous section), this implies that for gny (5°(R) satisfyingsupp g C
(=00, ip), Wwe have

+00 A » 2 dt
[ o oxme "5 < ol (V4.2
and N
_ Ok Ax —itH _
s tilgrnoog( " )x(H)e =0. (IV.4.25)

Now, we want to replace the operatéy by a more meaningful observable such as the position operator
|r«| In (IV.4.24) and (IV.4.25). This is done using a slight extension of a result due to Gérard and Nier
[39]. (The proof of the following lemma is analogous to that of [39]).

Lemma IV.4.13 Let A, H two selfadjoint operators ot and x € C5°(R) such thatd € C?(A) and
(IV.4.23) is satisfied. Lef € C°(R) such thatyxy = x. We denote4; the selfadjoint extension of the
closed symmetric operatoy(H)Ax(H) originally defined onD(A). Let B > 1 another selfadjoint
operator onH satisfying

()  D(B) C D(Ay),

(i1) A; <c¢B, (IV.4.26)

(i4i) [A1,B]B~' € B(H).

then there exists a small enough constastich that

[1Z <o > oyt € 06, (V.4.27)
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We apply this lemma witlB = (r..). We can assume without loss of generality thabp x is included

n (+m,+oo). ThusA, = A_ + A,. We defined; = x(H)A_x(H) + x(H)A,x(H). Thanks to
(IV.3.17) and Proposition 1V.3.2, the hypotheses in (1V.4.26) are clearly satisfied. Hence, for a small
enough constart, we get

e MO)X(H)H e O(t™Y). (IV.4.28)

Combining (1V.4.28) with (IV.4.24) and (1V.4.25), we obtain

o (rs) it 5
: Hl[o,f]( L x(H ¢H < Cli9ll7, (IV.4.29)
and
s = lim 1o (7«;> )x(H)e " = 0. (IV.4.30)

Eventually, sincelyy (2) — 10, (I) € L' (dt), (1v.4.29) and (1.4.30) imply (IV.4.21) and (IV.4.22)
foranyx € Cg°(R) with a small enough support included in one of the interyalso, —m), (—m, +m)
or (+m, +o00). Hence (IV.4.21) and (1V.4.22) foy € C§°(R) with supp x C R\ {—m, +m}.

&

Maximal velocity estimate

This section uses the commutator methods explained in appendix IV.A. The maximal velocity esti-
mate states, in a weak sense, that the field cannot travel faster than the speed of light (egqualuto
convention). Precisely, we have

Proposition IV.4.4 Letd €]0,1[ and f € C§°(R) such thatsupp f N [—1 — §,+1 + 6] = (. Then

+o0o
[ rEe S < omr, v en (IV.4.31)
Letg € C*°(R) such thaty = 0on[—-1 —§,+1 + 6] andg(r,.) = 1 for |r,| large. Then
_ Tsy —itH
s tilgrnoog( . “e =0. (IV.4.32)

Proof : We assume thatupp f C [1+0,+00). We defineF'(s) = [°_ f?(c)do andg(t) = F(%=). The
time-dependent observabiét) is a uniformly bounded functlon df\Nlth values in selfadjoint operators.
We compute its Heisenberg derivative

Do) = ) - z'[H B(0)],
= —f( ) - f( )b (r., O)T

From the proof of Lemma IV.3.2, we havé < 1 + rzaw Therefore, orsupp f, we can findl" large

enough such that for any > T, we havef?(Z)h? < (1 + 2)f%(Z). On the other hand, we have
f2(Z=)= > (1+6)f2(%). Hence, we obtain for > T

Do) > 374",
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We conclude the proof of (1V.4.31) applying Lemma IV.A.1. (The proofdapp f C (—oo,—1 — ] is
identical. It suffices to compu®¢(t) instead of—D¢(t)).
In order to prove (1V.4.32), we compute the Heisenberg derivativg"f). We get

r 1/ rer 1/ r
Dg(—=) = ——g (=)= =)W (r,,0)T".
9() = =39 ()5 + 79 ()R (rs, 0)
Sincesupp ¢ is compact and bounded, we have
Ty 1/ 7 Ty
Dg(—=) = =g (=)B(t)§(—=
9(=) = 79 ()BMI(),

where B(t) is a uniformly bounded operator argd € C*°(R) satisfiesgg = g and g(r.) = 0 on
[—1 — £.1 + 2]. Hence the existence of the limit

s— lim eitHg(T—*)e_itH, (IV.4.33)

t—+00 t

follows from Lemma IV.A.1 and (IV.4.31). Assume moreover thdias compact support. Then the limit
(IV.4.33) vanishes using (1V.4.31) again. The general caseg(has no compact support) is proved by a
standard limit procedure (see for example [14]). We omit the details.

&

We can be a little more precise on what happens for fields having enefgynin+m). Exactly,

Proposition IV.4.5 Letx € C5°(R) with supp x C (—m,+m) andj, € C*°(R) satisfyingj; =1 on
(0, +00) andj; = 0 on (—oo, %) for somej > 0. Then, there exists > 0 such that

T

73 (F)x(H) € O(t7). (IV.4.34)
As a consequence,
T 2 T o—itH 2
[ |EExme i S <, vwen (1v.4.35)
and .
_ * —itH _
s = Jim j3 (= )x(H)e 0. (IV.4.36)

Proof : We first decomposg (%) x(H) as
9 T .9 T
JE(IX(H) = J3(5) (x(H) = x(Ho)) + J+( “)x(Hp)
Using the Helffer-Sjostrand formula and Proposition IV.3.2, it is |mmediate that
T

72 () (H) = X(Ho)) € O(t™).
Furthermore, sinceupp x C (—m, +m), we prove that there exists> 0 such that
J+( ~)x(Hy) € O(t™°),
mimicking the proof of Lemma 1V.4.12, (c) and using Proposition 1V.3.2 once again.

&

Combining Propositions 1V.4.3 and 1V.4.5, we see that fields having not enough energy (i.e. energy
included in(—m, +m)) cannot escape at infinity but must fall into the black hole with probability/e
refer to [32] for another proof of this assertion.
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IV.5 Wave operators

IV.5.1 Intermediate wave operators (betweend and H,)

We begin with an easy application of the previous minimal velocity estimate : we prove that the
standard wave operators betwednand H exist and are complete. Precisely, we show

Theorem IV.5.1 The wave operators defined by the strong limits

0F = s— 1t_l}igcnoo gt g=itto (IV.5.1)
Ot = s— im ettHo it ye(pr). (IV.5.2)

exist on?{. Moreover,(QF)* = OF, (QF)*Q* = 154 and QF(Q*)* = 14,. Eventually, we have the
intertwining relations
H = QF Hy(QF)*.

Proof : Since the proofs are identical, we only prove (IV.5.2). Sing¢H) C {—m,+m} (see Theorem
IV.4.3), by a density argument, it is enough to show the existence of the limit
Y itHo —itH

= i (e,
for any xy € C§°(R) such thatsupp x N {—m,+m} = 0. We introduce two functiong,, j satisfying
jo+j =1, jo = 1 onaneighbourhood dfandsupp jo C (—¢y, €, ) wheree, is defined by the minimal
velocity estimate. Using Proposition 1V.4.3, we have

s = lim_e"jo(Z)x(H)e " =0,

t—=+o0

and thus, it suffices to prove the existence of the remaining limit

s — lim eitHOj(%*)X(H)e*itH. (IV.5.3)

t—+oo

In order to prove (IV.5.3), we apply Lemma IV.A.1. Let us compute the Heisenberg derivatje)of
J(5)x(H). We have

Do) =~ () "2 x(H) + i (Hoi () — i

T )H) x(H). (IV.5.4)

Using thatH = Hy + (h? — 1)Hy + Vp with V; € S~2, we rewrite (IV.5.4) as

T

Dj(")x(H) =

) (B ()x(H) = §(5)i(( = DHo+ Vo)x(H), (V55

o~ | =

whereB(t) is a uniformly bounded operator adj € C5°(R) satisfyxx = x, supp xN{—m, +m} =

0,75 = j andj = 0 on a neighbourhood df. Sinceh? — 1,V, € S2, the second term in (IV.5.5)
belongs toO(¢~2) and is integrable in norm. Using that(H) — x(Hp))j (%) € O(¢t~!) and Proposi-

tion 1V.4.3, the first term in (IV.5.5) is also integrable along the evolution in the sense of Lemma IV.A.1.

Thus, the limit (IV.5.3) exists which concludes the proof of the theorem.

¢
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Comments: SinceD and H coincide on the subspagé,, Theorem IV.5.1 implies that on any angular
mode, the dynamics generated [y can be compared (and replaced) at late times with the dynamics
generated bylj i.e. a dynamics generated by a Dirac operator outside a Reissner-Nordstrom black hole
type. For anyr € N, the limits

. . n o _; n . it — it
0F = s—thin " g itHg :s—thrin et e —itg (IV.5.6)
—» =00 —» =00
. PN _ir M . it — gt
Q5 = s— lim eHoe " — 5 lim €% ¢~ (IV.5.7)
" t—+o0 t—+o0 ’

exist. Note here that we need not add a projection onto the continuous spectral subsfaee gf*

in (IV.5.7) sinceD)” has no eigenvalue (Proposition 1V.3.4). The scattering for spherically symmetric
operators such aH, has been thoroughly studied in [55] and [16]. We now use the results of [16] to
construct the so-called asymptotic velocity operators and define the full (Dollard-modified at infinity)
wave operators associated to the dynarai¢®’.

IV.5.2 Asymptotic velocity operators

Let us first state a result of “existence”
Theorem IV.5.2 For anyg € C(R), the limits

Yoo it Ty —itD
g(P*):=s t—l:inooe g( . Je ", (IV.5.8)
exist onH. This defines”* as selfadjoint operators oi with dense domain. Moreover, the operators
P* commute withD.

Proof : It suffices to prove (1V.5.8) on each angular maetl¢. SinceD” = H™, we have

. L T __a 4T . TN N SN T AN SN b N
g(Péc) — s — lim ezt]D) g(_*)e it —s— Lim 6th e itH 6th (_*)e itH GZtHOB itH

vg )
t—+oo t t—+oo t

and using the chain rule, (1V.5.6) and (IV.5.7), we only have to prove the existence of

T itHY Ty _itHR
s t_l:rinooe 0g( . ye "o, (IV.5.9)
But this has been done in [16] using the spherical symmetriofLet us denoteg(POi,n) the limit
(IV.5.9). Hence we have

9(PF) = Qrg(Py,) ()" (IV.5.10)

We now propose another characterization of the asymptotic velocity opefatoeful for studying
their spectra. For this, we introduce the “classical velocity operaiyr’= D, HZ' where H,, =
I''D,, +mI'% whenm # 0 andV, = I'! whenm = 0 (we refer to [16] or [75] for the definition of these
operators). We have

Proposition IV.5.1 For anyg € C(R),
g(PH)1g4 (PF) =5 — im e g(£Vn)e P 1p, (PF), (IV.5.11)

g(PH)1p- (PF) = s — lim ePg(xI)e 1, (PF). (IV.5.12)

t—+oo
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Proof : We prove (IV.5.11). Again, it is enough to work on a given angular métfe Using (1V.5.10),
we have
9(Py) e+ (Pr) = Qg (Fo,) e+ () ()"

From [16], we know that

9(Po) 1+ (Byy) = s — lim ™ g(2V)e " M0 154 (F5).

t—+oo

Hence, by the chain rule, (IV.5.6) and (IV.5.7), this yields (IV.5.11).
The proof of (IV.5.12) is identical if we use (from [16])

9(Pon)le-(Pyy) = s — lim e g(&D)e ™ 15— (P57,

This characterization oP* allows us to study the physically relevant information given by the
asymptotic velocities : their spectra.

Theorem IV.5.3

o(Pt) = {-1}U]0,1], whenm # 0,
o(P~) = [-1,0]U{1}, whenm # 0, (IV.5.13)
o(P¥) = {-1}uU{+1}, whenm = 0.

Moreover, the states having zero asymptotic velocity are the bound stdies @f
17°(D) = 1y (P*) = 0. (IV.5.14)

Proof : From [16], the assertions in (IV.5.13) and (1V.5.14) are true littP* replaced byH?, Poﬂfn.
By the usual argument, this remains true fotP* .

&

Comments: At late times, Dirac fields emerge from or fall into the black hole horizon with radial
velocity equal tal whereas at spacelike infinity, this velocity can be smaller than 1 because of the mass
m (and is equal td if m = 0). We now make more precise these distinct behaviors in the asymptotic
regions by introducing the complete (Dollard-modified at infinity) wave operators. A useful application
of the asymptotic velocity operatoi3* is that they help us to separate outgoing and incoming Dirac
fields. Precisely, we define

HiE (D) = 1p- (P,
HE (D) = 1g+ (PH)H.

out

IV.5.3 Wave operators at the horizon

Let us introduce the selfadjoint operator acting?éon

a qQry
2 27 2 27
Ty +a L +a

Dy =T'D,, +



Wave operators 189

which is formally the limit of D whenr, — —oo. The dynamics generated fy; is a transport equation
in r, with a rotation around the axis of symmetry (note that the cong&éﬂg is the angular rotation
+

speed of the black hole horizon as perceived by an observer at infinity) plus a phase term due to the
interaction between the charge of the black hole and that of the field. We can construct the asymptotic
velocity operatorsPﬁ in a similar way as foi and it turns out that

+ 1
Pi = 40"
We also define the outgoing and incoming spaces by

M (D) = 1p- (£T)H,
HE (D) = 1+ (ETHH.

out

Since the difference betwe@nhandDy is short-range, the dynamies*”# is a good comparison dyna-
mics fore P, as showed by the following theorem

Theorem IV.5.4 The wave operators defined by the strong limits

Wg =s-, liin gDt (IV.5.15)
—+o0

Wit =s- Jim !l o= ith (IV.5.16)
—> 00

exist on#;, (Dy ), (resp. ;. (D)). Moreover, they satisiyWi)* = Wi, (Wi)*Wi = 1 (£I'),
Wi (Wif)* = 1z (P*) and the intertwining relations

Dlg (P%) = Wibg(Wi)*, (IV.5.17)

Pl (PY) = WEETH(WiE)*. (IV.5.18)

Proof : Let us prove (1V.5.15). It suffices to show that, on any angular m@de the limits

s— lim ™" e ™1, (£, (IV.5.19)

t—+oo

exist. Here we denot®}, =I'' D, + % Let us write
+

. ! L U . o n o __g no 4 n o __, .
s— lim ™ e i1y (2T =5 — lim 8" e Ho oitHo o ~it0 1, (1),
t—=to0 t—Fo00

From [16], we know that the limits

s— lim e"Hoe 1, (£, (IV.5.20)
t—=o00
exist. Hence the existence of (IV.5.19) follows from (IV.5.6), (IV.5.20) and the chain rule.

The proofs of the other assertions are analogous and use the corresponding results in [16]. We omit
them.

¢
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IV.5.4 Dollard-modified wave operators at infinity
At infinity, the operatotD tends formally to the operator
Dy = Hoo =T D, +mI'°.

This operator is an one dimensional Dirac operator in flat spacetime. Intuitively, we expected such a
comparison operator since a Kerr-Newman black hole is an asymptotically flat spacetime. Once again,
we can construct the asymptotic velocity operatBfsassociated t@,, and it turns out that

PE =4V,

whereV,, = D, D! whenm # 0 andV, = I'' whenm = 0. The outgoing and incoming spaces are
given by

HiE (Do) = 1g- (PE)H,
HE, (Do) = 1+ (PE)H.

However, the difference betwe&handl,, at infinity is not short-range. Indeed, we have

D = Do + by ()T + ¢4 (r4) + short-range terms

whereb,, (1) = by(ry) —m andey(ry) = Tgf; are potentials of Coulombian type. We thus need to

modify the comparison dynamies’®~ by a phase term. From [16], we introduce the Dollard modified
wave operators

Un(t) = efz'tDooT<€fif(f(bm(svm)mD;}+cq(svm))ds>’ m #0,
Uo(t) = e—it]D)ooT<6—if0t cq(svo)ds>’ m =0,
whereT denotes time ordering. Now, using (1V.5.6), (IV.5.7) and the results in [16], we have
Theorem IV.5.5 The wave operators defined by the strong limits
WE=s5— lim PUR(@),

t—+oo
W =5 lim (U) (e ™,

exist onHE (D), (resp. onHE (D). Moreover,(WE)* = WL, (WE)WE = 1p+(£V,,) and

out out

WE(WL)* = 1x+ (PT). Eventually, we have the intertwining relations
Dig+(P¥) = WiDxo (W),
P¥1ge (PF) = Wi(EVm)(WX)"
IV.5.5 Global Wave operators

We finish this paper by describing in a more synthetic manner the preceding scattering results. We
introduce the space of scattering data

/Hg:cat = /H?;z (]D)H) @ H(:)tut(DOO)a
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and the global wave operators

Wt HE — H,
(1, 9p2)  — Wigth + Wicyhn,
li/:t : ?{ ___9 ?{3Zat’
v (Wi, Wiw).
Using Theorems 1V.5.4 and IV.5.5, the operattrs are isometries and satisfy
WEWE =1+ , WEW* =1y,

scat

APPENDIX

IVA Commutator methods

Let H a selfadjoint operator oK. We denotdD = % +i[H,.] the Heisenberg derivative which acts
on time-dependent selfadjoint observahi#g) and satisfies the following property

% eitHB(t)e—itH — eitHDB(t)e_itH.

Propagation estimates are obtained using the fundamental criterion.
Proposition IV.A.1 Let®(¢) be a family of selfadjoint operators belongingwi’cl(R, B(H)) i.e. there
existsB(t) € L}, .(R,B(H)) such that

to

B(t)) — B(ts) = [ B(s)ds.

t1

(i) Assume thaD®(t) € L} (RT B(H)). Then

loc
[@(t)e "]l < [|2(0)|] +/0 ID®(s)e T y||ds.

(i) Assume that(t) is uniformly bounded and that there exigls > 0 and some operator valued
functionsB(t) and B;(t), i = 1,...,n such that

D®(t) > Co B*(t)B(t) — Xn:Bf(t)Bi(t),
=1

with

/ |Bi(t)e |2t < CllI2, Wb eH, i=1,.n.
1

Then there exists a constafitsuch that

[ B0 P < ol v e (IVA.1)
1
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Estimates taking the form of (IV.A.1) are callegeak propagation estimatesnce the only informa-
tion we have concerning the time-decayJdifB (t)e~*"'+)| is that this quantity belongs tb'(dt). In
particular, we cannot conclude thgB(t)e~ 4| € O(t=*) for any p > 0. Nevertheless, this weak
information is enough to prove the existenceasymptotic observableBy this, we mean the following :
if B(t) is a time-dependent uniformly bounded observable, the asymptotic observable rel&gd to
along the evolutior— " is given by the limit

s— lim e B(t)e ", (IV.A.2)

t—+oo

We state here two criteria, due to Cook and Kato, to prove the existence of (IV.A.2). We refer to [21],
Lemma B.4.2, for the proof of this result.

Lemma IV.A.1 (Cook, Kato) Let?H a Hilbert space and? a selfadjoint operator ofi{. Let¢(t) be an
uniformly bounded function belonging t/fzﬁ)cl (R; B(H)). We suppose that, ¢(t)], originally defined
as a quadratic form oD (H) extends to an element 6f (R; B(#)). LetD a dense subspace &f.

(i) (Cook) Assume that faf € D,
w .
/ D (t)e || dt < oo,
1

then there exists . '
s — lim e @ (r)e ", (IV.A.3)
t—00
(i) (Kato) Assume that
n
(b2, DR()¢p1)| <Y || Bai(t)al[| Bui(t)u |,

=1

with

/|wmmﬂww%ts ClYI%, % eHi=1,.n,
1

IN

m .
/|wmmﬂmw%t ClYI%, $eDi=1,.n,
1

then the limit (IV.A.3) exists.
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