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Regularity Properties and Asymptotics for the
Primitive Equations

Abstract

This thesis, containing four chapters, studies the existence, uniqueness and regularity
of the solutions for the Primitive Equations of the oceans and the atmosphere in dimen-
sions 2 and 3 (Chapters 1-3), and also the asymptotic behavior of the Primitive Equations
when the Rossby number goes to zero (Chapter 4).

In the first chapter we consider the Primitive Equations of the ocean in a two dimen-
sional space with periodic boundary conditions. The equations model a three dimensional
motion, in which all the functions depend only on the horizontal west-east and the vertical
directions. We prove the existence, globally in time, of a weak solution and the existence
and uniqueness of strong solutions. Moreover, we prove the existence of more regular
solutions, up to C* regularity.

In the second chapter a model similar to that considered in the first chapter is treated.
Working in a two dimensional space with periodical boundary conditions, we prove that,
for a forcing term which is analytical in time with values in a Gevrey space, the solutions of
the Primitive Equations starting with the initial data in a certain Sobolev space become,
for some positive time, elements of a certain Gevrey class. The result also implies that
the solutions are real analytic functions.

As a natural continuation of the work from the first two chapters, in the third chapter
we consider the Primitive Equations in a 3D domain and we study the Sobolev and Gevrey
regularity for the solutions. We obtain, as for the case of the 2D Primitive Equations,
the existence of weak solutions and of a unique regular solution, but in this case we have
the existence of strong solutions only locally in time. The result obtained on the Gevrey
regularity for the three dimensional case is similar to that concerning the 2D case.

The last chapter of the thesis is devoted to the study of the asymptotic behavior when
the Rossby number goes to zero, for the Primitive Equations in the form considered in the
first chapter. The aim of this work is to average, using the renormalization group method,
the oscillations of the exact solution when the Rossby number goes to zero, and to prove
that the averaged solution is a good approximation of the exact oscillating solution.

Keywords: Primitive Equations, energy estimates, high-order regularity, Gevrey regu-
larity, analyticity, renormalization group method, error estimate

AMS Classification (2000): 35B65, 35C20, 35Q35, 76D03, 76D50



Régularité et asymptotique pour les Equations
Primitives

Résumé

Ce mémoire composé de quatre chapitres, réunit un nombre de résultats sur I'existence,
I'unicité et la régularité des solutions pour les Equations Primitives des océans et de
I'atmosphere, en dimension deux et trois d’espace (Chapitres 1-3), ainsi qu'une étude sur
le comportement asymptotique des Equations Primitives quand le nombre de Rossby tend
vers zero (Chapitre 4).

Dans le premier chapitre, on considere les Equations Primitives de I’océan en dimension
deux d’espace, avec des conditions aux limites périodiques. Les equations modelisent un
mouvement tri-dimensionel, dans lequel toutes les fonctions dependent seulement de la
longitude (direction est-ouest) et de la variable verticale. On montre l'existence globale en
temps d’une solution faible pour les Equations Primitives, ainsi que I’existence et 1'unicité
d’une solution forte. De plus, on prouve 'existence d'une solution plus réguliere, jusqu’a
la régularité C*.

Dans le deuxieme chapitre on considere un modele semblable a celui du chapitre
précédent. On travaille aussi avec des conditions aux limites periodiques et on montre
que, pour une force analytique en temps a valeurs dans un espace du type de Gevrey, et
une donnée initiale dans un certain espace du type de Sobolev, les solutions des Equations
Primitives appartiennent, pour un certain intervalle de temps, a un espace de Gevrey. Le
résultat implique aussi que les solutions sont des fonctions réelles analytiques.

Le troisieme chapitre est une continuation naturelle des deux premiers chapitres. On
considere ici les Equations Primitives en dimension trois d’espace et on étudie la régularité
du type de Sobolev et de Gevrey pour les solutions. On obtient, comme pour le cas de la
dimension deux d’espace, I'existence d’une solution faible ainsi que I'existence et 1'unicité
d’une solution forte, mais dans ce cas on a seulement l'existence locale en temps de la
solution forte.

Le dernier chapitre de la these est dedié a I’étude du comportement asymptotique
des Equations Primitives, quand le nombre de Rossby tend vers zero. Les Equations
Primitives sont considérées sous la forme introduit au premier chapitre (écart par rapport
a une solution simple stratifiée). Le but de ce travail est de "moyenniser” la solution
exact tres oscillante quand le nombre de Rossby est petit, en utilisant une méthode de
renormalisation ; la solution renormalisée est construit est 1’on montre que la solution
approximative est une bonne approximation de la solution exacte.

Mots clé : Equations Primitives, estimation de ’energie, regularité d’ordre
supérieure, régularité du type de Gevrey, méthode de la renormalisation, es-
timation d’erreur

AMS Classification (2000) : 35B65, 35C20, 35Q35, 76D03, 76D50
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Introduction

This thesis presents a number of results concerning the Primitive Equations (PEs) of
the ocean and the atmosphere. The thesis comprises two parts: the first part (Chapters
1-3) contains a qualitative study of the Primitive Equations, that is a study regarding
the existence, uniqueness and regularity of solutions and the second part (Chapter 4) is
devoted to the asymptotic behavior of the Primitive Equations when a small parameter
(the Rossby number) tends to zero.

The Primitive Equations govern the motion of the ocean and of the atmosphere and
they are derived from the general conservation laws of physics using the Boussinesq and
hydrostatic approximations. They comprise: the conservation of horizontal momentum
equation, the hydrostatic equation, the continuity equation, the equation for the temper-
ature, the equation for the salinity and the equation of state. These equations read:

ov* ov* 1 0*v*
1 * . V* * * k * V * — * * * *
( a“) at* +<'U )'U +w 82* +f X v +,0ref p Moy ALV +y’uaz*27
OPh )
(1b) ﬁ = —Pran 9>
ou* oOv*  ow*
1 =0
Ul B T oy T =0
oT . LOT . 0*T
(1d) 8t*+(v ‘V)TJFU’%:MT hT+VTW7
oS . , 08 . 9%
(le) @ﬂL(’U 'V)Ser%:MsAhSJFVS@,

(1f) Pt = Pret |1 = Br(T — Trer) — Bs(S — Srer)] -
Here v* = (u*, v*) is the horizontal velocity, w* the vertical velocity, pf,, the (full) pressure,
pia the (full) density, T' the temperature and S the salinity. Asterisks denote dimensional
quantities and pref, Tief, Srer denote reference values respectively for the density, temper-
ature and salinity; ¢ is the gravitational acceleration and f the Coriolis parameter. A
simplification of this system is obtained if we assume that Srvyr = Bsvg and Brur = Bsps
so that (1d)—(1f) can be combined into an equation for p:
2) 9P o 9Pk 4ot 9P T+t 9Pran 9Pt ‘

ot* ox* oy* 0z* 0z*?
Details regarding the derivation of these equations can be found in the geophysical liter-
ature (see for example, [14], [15]).

_ * * * *
= py Appr + 7,
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The practical interest of these equations, since they are the starting points of dynamical
meteorology and climatology, determined many mathematicians to study them from the
mathematical and theoretical numerical analysis points of view. We here recall the first
rigorous work on existence and uniqueness of solutions by Lions, Temam and Wang (see,
for example, [10], [11] and also [18]).

In the first chapter of this thesis we consider the case when the density pf,, is of the
form

p;ull(x7y7 Z7t) = Pref + p(z) + p*(l',y, Z,t),

where p = p(z) is the stratification profile of the density. We introduce the Brunt—
Viisala frequency N*, which is supposed to be constant:

R
Pref Az

(N*)Q —

meaning that we consider a part of the ocean where the stratification profile is close to
be a linear function.
Then the evolution equation (2) for the density becomes:

op* op* op* D™ Pref , rnrevo 9*p*
3 * * * _ N* * — * * .
( ) at* + Uu ax* + v ay* + w 82* g ( ) w luﬂ hp + I/P 82*2

We non-dimensionalize these equations and we consider that all the functions are
independent on the y variable. The model obtained then reads:

@ ou ou 1 10p

(4a) at—i—u%—kw&—gv—kg%:%Au—i—&“
(4b) %—l—u%—l—w%—%éu:%Av%—Sﬂ,

(40 %::’

(4d) oo =0,

(4e) %—i—u%%—w%—]\;w:ypAp%—&,

where (S, S,,5,) is the forcing term, and the dimensionless parameters are the Rossby
number €, the Burger number N and the inverse Reynolds numbers v,, and v,. The details
regarding the derivation of this system are recalled in the Appendix of the first chapter.

In the first chapter, we consider system (4) with periodic boundary conditions and in
order to insure the well-posedness of the problem, we impose that u, v and p are even in z
and w and p are odd in z, a case relevant for studies in turbulence (see, e.g., [3]). We then
prove the existence, globally in time, of a weak solution corresponding to an initial data
in L? and the existence and uniqueness of a strong solution, when the same initial data,
is in H'. Moreover, we find the existence of more regular solutions, up to C* regularity.
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In the second chapter we consider a model related to (4), without stratification; that

is equation (4e) is replaced by:

(5) %—%u%—l—w%:ypAanSp.

In (5), the density p is the deviation of the full density from a reference value: p =
Pral — Pret- The model obtained in this way is supplemented with periodic boundary
conditions and we study the Gevrey regularity of the solution.

We prove that, considering a forcing term which is an analytical function in time with
values in some Gevrey space, the solutions of the Primitive Equations starting with initial
data in the Sobolev space H' immediately become and remain for some positive time,
elements of a certain Gevrey class. We prove that the unique solution of the PEs is the
restriction to the real time axis ¢ > 0 of a complex function analytic in the variable ¢ in
some neighborhood of the real axis.

This work was inspired by the article of Foias and Temam [9], where the authors proved
similar results regarding the Navier-Stokes equations. As in [9], the idea is to write the
PEs in their evolution form, to extend this equation to the complex time and then to
obtain appropriate a priori estimates. Since the form of the PEs is more complicated
than that of the Navier—Stokes equations, some additional technical difficulties appear.
The difficulties can be overcomed by splitting the initial evolution problem into a linear
problem and a remaining nonlinear problem and derive a priori estimates separately, first
for the linear problem and then for the nonlinear one.

The third chapter extends to dimension 3 the work of the first two chapters. We
consider the model from the second chapter, extended to a three dimensional domain and
we study the Sobolev and Gevrey regularity of the solutions. The technical tools used are
the same as in the previous chapters. Considering the classical differences between the 2D
and 3D Navier—Stokes equations, the results obtained are, as expected, weaker than the
results for the 2D case. We thus obtain the existence of a unique very regular solution,
but only locally in time.

In the last chapter of this thesis we study the small-Rossby number asymptotics for
the Primitive Equations. When the Rossby number goes to zero, the exact solutions
present fast oscillations which one would like to avoid dealing with by averaging. We are
working with the Primitive Equations in a two dimensional domain, as given by model
(4).

In order to average the exact solution, we use the so-called renormalization group
method, which was introduced by Schochet in [16] and reformulated in a form close
to the one we use here by Ziane [19]. Independently, the method was introduced in
a physical context by Chen, Goldenfeld and Oono [5] and used in the mathematical
context, for rotating fluids and geophysical flows by Chemin [4], Embid-Majda [6] and
Grenier [8]. A lot of mathematical literature regarding the applications of the renormalized
group method is available and we mention here the work of Gallagher, where asymptotic
expansions are deduced [7], and also of Babin-Mahalov-Nicolaenko [1], [2], and of Moise,
Temam, Ziane [12], [13]. For ODEs Temam and Wirosoetisno showed in [17] that the
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method can be applied to higher orders.
Here we apply the method to obtain a first order approximation. The idea from [19]
is to write system (4) as an abstract evolution problem of the form:

dU 1
- —L —

©) o T =FO),
U(O)ZU(),

where € > 0 is a small parameter and L is an antisymmetric operator (which explains
why the solutions display large oscillations for € small); here L corresponds to the Coriolis
force.

We then write (6) using the fast variable s = ¢/ and consider F(s,-) = eXF(e L5.).
We split F' into a time independent (resonant) part F,. and the remaining (nonresonant)
part F},, which depends on s. We also introduce the operator:

(7) Fop(s,U) = / F.(s',U) ds'.
0
We then search for an approximate solution of the form:
(8) U'(s) = e {U(s) + eFp(s, U(5))},

where U is the solution of the renormalized group equation:

aU -
. = F’V‘U7
) o~ < (0)

We first show that the renormalized group system keeps the properties of the original
system, namely energy conservation in the inviscid case (orthogonality for the nonlinear
term) and dissipation rate (coercivity) in the dissipative case. Using these properties we
prove the existence of weak or of very regular solutions for the system (9), depending on
the regularity of the initial data. We then prove the main result of the chapter, consisting
in showing that the renormalized solution is a good approximation of the exact oscillating
solution:

(10) T (s) = U(s)]z2 ~ Oe).

This chapter is ended by some appendices containing technical results as the deriva-
tion of the renormalized group system and two different ways of approximating small
denominators.
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Introduction

Cette these réunit un certain nombre de résultats relatifs aux Equations Primitives
de l'océan et de 'atmosphere. Elle est constituée de deux parties : la premiere partie
(Chapitres 1-3) présente une étude qualitative des Equations Primitives qui concerne
'existence, 'unicité ainsi que la régularité des solutions. La deuxieme partie (Chapitre
4) est dediée a I’étude du comportement asymptotique des Equations Primitives lorqu’un
petit parametre (le nombre de Rossby) tend vers zero.

Les Equations Primitives sont les équations qui modélisent le mouvement de 'océan
et de I'atmosphere, et elles sont obtenues a partir des lois fondamentales de la physique,
en utilisant les approximations de Boussinesq et hydrostatique. Ces lois comprennent :
I’équation de conservation du moment horizontal, I’équation hydrostatique, 1’équation
de conservation de la masse, I’équation de la température (conservation de ’énergie),
I’équation de la salinité et ’équation d’état. Les équations s’expriment comme suit :

ov* ov* 1 0*v*
1 * . V* * * k * V * — * * * *
( a“) at* +<'U )'U +w 82* +f X v +pref p Moy ALV +Vvaz*27
Ok, \
(1b) ﬁ = —Pran 9,
ou* oOv*  ow*
1 =0
(1c) Ox* * oy + oz* ’
oT P ,or . 9°T
(1d) 8t*+(v ‘V)TJFU’%:MT hT+VTW7
oS . o , 08 . 0%S
(le) 8t*+(v VIS +w %:MSAhSJFVSW,

(1f) p>fkull = Pref [1 - ﬁT(T - Tref) - ﬁS(S - Sref)} .

Ici v* = (u*,v*) représente la vitesse horizontale, w* est la vitesse verticale, pf, est la
pression totale, T' la température et .S la salinité. Les quantité avec astérisques respective-
ment correspondent a des valeurs dimensionnées et pref, Tref, Sief Teprésentent les valeurs
de référence (valeurs moyennes) pour la densité, la température et la salinité; g est la
constante universelle de gravitation et f est le parametre de Coriolis. Une simplification
de ce systeme est obtenue en supposant que Brvy = Bsvs et Brur = Bsps, et combinant
alors (1d)—(1f) on obtient I’équation suivante pour la densité :
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2 *
0 Prall
82*2 :

(2) % +ut 8;:2111 + v 350;;11 +w* a;;iﬂ _ Iu:; A;p?ull + I/;

Les détails concernant la facon d’obtenir ces équations se trouvent dans la littérature
géophysique (voir e.g., [14], [15]).

Les Equations Primitives sont le point de départ pour les sciences de I’atmosphere et
des océans et leur intérét pratique a amené nombre de mathématiciens a les étudier du
point de vue mathématique et du point de vue de I'analyse numérique. On rappelle ici le
travail fondateur de Lions, Temam et Wang sur l’existence et I'unicité de solution pour
les Equations Primitives (voir, par exemple, [10], [11] et P'article de synthese [18]).

Dans le premier chapitre de la these on considere le cas ou la densité pf est de la
forme

p;ﬂ](l‘,y,z,t) = Pref + ﬁ(Z) + p*(x,y,z,t),

ou p = p(z) est le profil de la stratification pour la densité. On introduit la fréquence de
Brunt—Viisala N*, qui est supposé constante :

(v = LE,
Pref dz

en fait cela signifie qu’on considere une partie de 'océan ou le profil de la stratification est
presque une fonction linéaire. Alors, I’équation de 1’évolution (2) pour la densité devient :

dp* dp* dp* P Pret | nran & p*
( ) 8t* +u 81,* +v ay* +w 82* g ( ) w ,up hp + VP 82*2

On écrit les équations sous leur forme adimensionnée et on considere toutes les fonc-
tions comme indépendentes de la variable y. Le modele ainsi obtenu est le suivant :

du  du  du 1 10p

(4a) 0t+u0x+wa_gv+g%:V”Au+Su’
(4b) %+u%+w%+éu:uvAv+Sv,

(1¢) %ng

(4d) a—Z+a—f:0,

(4e) %+u%—l—w%—]\;w:ypAp+Sp,

olt (Sy, Sy, S,) est la force extérieure et les parametres adimensionés sont le nombre de
Rossby e, ainsi que I'inverse des nombres de Reynolds v, et v,. Les détails concernant
I’obtention de ce systéeme sont rappelés dans I’Appendice du premier chapitre.

Dans le premier chapitre, on considere le systeme (4) avec des conditions aux limites
périodiques et pour garantir le caractere bien posé du probleme, on exige que u, v et p
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soient paires, et w et p soient impaires en z. On prouve 'existence globale en temps d'une
solution faible correspondant & une donnée initiale dans L?, ainsi que I'existence (pour
tout temps) et 'unicité de la solution forte quand la donnée initiale est dans H'. De plus,
on prouve l'existence de solutions tres réguliéres, jusqu’a la régularité C*°.

Dans le deuxieme chapitre on considére un modele semblable au (4) mais sans strati-
fication ; faisant N* = 0 dans (4e) on obtient :

(5) %—i—u%—i—w%:ypAp—i—Sp.

Dans (5), la densité p est la différence entre la densité totale et sa valeur de référence :
P = Pral — Pret- Le modele ainsi obtenu est completé par des conditions aux limites perio-
diques et on étudie la régularité du type de Gevrey pour la solution du systeme.

On montre que, en considérant comme force extérieure une fonction analytique en
temps avec des valeurs dans un espace de type Gevrey, les solutions des Equations Pri-
mitives correspondant a une donnée initiale dans I’espace de Sobolev H'! sont, dans un
certain intervalle de temps, éléments d’un espace de type Gevrey. On montre que la solu-
tion des Equations Primitives est la restriction a I'axe réel ¢ > 0 d'une fonction complexe
de la variable ¢, analytique dans un voisinage de I'axe réel.

Ce travail a été inspiré par un article de Foias et Temam [9], ol les auteurs ont prouvé
des résultats similaires sur les Equations de Navier—Stokes. Comme dans [9], I'idée consiste
a écrire les Equations Primitives comme une équation d’évolution, de prolonger cette
équation dans le temps complexe et d’obtenir des extimations a priori. Comme la forme
des Equations Primitives est plus compliquée que celle des Equations de Navier—Stokes,
quelques difficultés additionelles apparaissent. Les difficultés peuvent étre surmontées si
on décompose 'équation d’évolution initiale en une partie linéaire et la partie nonlinéaire
restante, et on obtient des estimations a priori séparément, premierement pour le probleme
linéaire, puis pour le probléme nonlinéaire.

Le troisieme chapitre est une extension, en dimension trois, du travail fait dans les
deux premiers chapitres. On considere le modele du deuxieme chapitre mais cette fois-ci
en dimension trois d’espace et on étudie la régularité de type Sobolev et Gevrey pour les
solutions. Les méthodes utilisées sont semblables a celles des chapitres précédents mais
des difficultés techniques nouvelles apparaissent. En comparant aux différences classiques
entre les Equations de Navier—Stokes en dimension deux d’espace et en dimension trois, les
résultats obtenus pour les Equations Primitives sont, comme prévu, plus faibles que leurs
équivalents en dimension deux. Ainsi, on obtient I'existence d’une solution tres réguliére,
mais seulement localement en temps.

Dans le dernier chapitre de la these, on étudie 'asymptotique au petit nombre de
Rossby pour les Equations Primitives. Quand le nombre de Rossby tend vers zero, la
solution exacte présente des oscillations qui peuvent étre "moyennées” par une méthode
convenable provenant de la théorie de la renormalisation. On travaille avec les Equations
Primitives en dimension deux d’espace, sous la forme (4) étudiée dans le premier chapitre.

La méthode de renormalisation utilisée est celle introduite par Schochet [16] et refor-
mulée dans un contexte mathématique par Ziane [19]. Indépendamment, la méthode a
e’té introduit, dans un contexte physique, par Chen, Goldenfeld et Oono, et utilisée dans
un contexte mathématique pour les fluides en rotation et pour les fluides géophysique,
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par Chemin [4], Embid-Majda [6] et Grenier [8]. Les applications de la méthode de renor-
malisation a fourni beaucoup de litterature mathématique et on mentionne ici le travail
de Gallagher [7] qui deduit des expansions asymptotiques, et aussi le travail de Babin-
Mahalov-Nicolaenko [1], [2], et de Moise, Temam, Ziane [12], [13]. Pour les equations
differentielles ordinaire, Temam et Wirosoetisno ont montré dans [17] que la méthode
peut étre appliquée aux ordres supérieurs.

On applique ici cette méthode de renormalisation pour obtenir une approximation
d’ordre un. L’idée de [19] est d’écrire le systeme (4) comme un probleme d’évolution
abstrait de la forme :

dU 1
- —L —

© o DL =F),
U(O)ZU(),

ou € > 0 est un parametre petit et L est un opérateur antisymétrique (qui provoque
les oscillations des solutions); L correspond a la force de Coriolis. On ecrit (6) dans la
variable rapide s = t/¢ et on introduit F(s,-) = el*F(e7L%.). On partage I en sa partie
F, indépendante du temps (la partie resonante) et la partie restante Fj,, dépendante du
temps s. Puis on considere 'opérateur :

(7) Fop(s,U) = /OS F.(s',U) ds'.

La solution approximative cherchée est de la forme :

(8) U'(s) = e {U(s) + eFp(s, U(5))},
ot U est la solution de I’équation renormalisée :

dU _

v _ eF.(U),
(9) ds

On montre d’abord que le systeme renormalisé garde les propriétés du systeme initial,
c’est a dire la conservation de I’énergie pour le cas sans viscosité (propriété d’orthogonalité
du terme nonlinéaire) et de dissipation (coercivité) en présence de viscosité. En utilisant
ces propriétés, on montre 'existence et 'unicité pour tout temps d'une solution faible ou
d’une solution tres réguliére pour le systeme (9); la régularité de la solution dépendant
bien sur de la régularité de la donnée initiale. Outre cette étude du systeme renormalisé
(7?), un autre résultat principal de ce chapitre est de montrer que la solution renormalisée
est une bonne approximation pour la solution exacte qui est oscillante :

(10) 0 (s) = U(s)]12 ~ Oe).

Ce chapitre se termine par des appendices contenant les résultats techniques utilisés,
tels que la dérivation du systeme renormalisé et deux manieres différentes de traiter les
petits dénominateurs qui apparaissent dans 1’étude.
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Chapitre 1

Existence and Regularity Results for
the Primitive Equations in Two
Space Dimensions

Resultats d’existence et régularité pour
les Equations Primitives en deux di-
mensions

Ce chapitre est constitué de 'article Existence and Regularity Results for the
Primitive Equations in Two Space Dimensions, ecrit en collaboration avec R. Temam
et D. Wirosoetisno, article paru en 2004 dans Communication on pure and applied analy-
sis, volume 3, numero 1, pages 115-131. Dans cet article on montre ’existence globalement
en temps d’une solution faible pour les Equations Primitives en dimension deux d’espace,
avec conditions aux limites periodiques, ainsi que I’existence et 1'unicité globalement en
temps d’une solution tres réguliere, jusqu’a la régularité C*°, si les données sont suffisament
régulieres.
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Existence and Regularity Results for the Primitive
Equations in Two Space Dimensions
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*Laboratoire d’Analyse Numérique, Université de Paris—Sud, Orsay, France
*The Institute of Mathematics of the Romanian Academy, Bucharest, Romania
“The Institute for Scientific Computing and Applied Mathematics,
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Abstract: Our aim in this article is to present some existence, uniqueness and regularity
results for the Primitive Equations of the ocean in space dimension two with periodic
boundary conditions. We prove the existence of weak solutions for the PEs, the existence
and uniqueness of strong solutions and the existence of more regular solutions, up to C*>
regularity.

1.1 Introduction

The objective of this article is to derive various results of existence and regularity of
solutions for the Primitive Equations of the ocean (PEs) in two space dimensions. These
results, besides their intrinsic interest, are needed in [9] which is another motivation of
this work.
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We consider the PEs in their nondimensional form (see Section 1.5) :

@ ou ou 1 10p

(1.1a) BT +u%+w$—gv+g%=l/vAu+Su,
(1.1b) %—l—u%—l—w%—%éu:%Av%—Sﬂ,

(1.1c) %: gp,

(1.1d) a_;L*a_Z; — 0,

(1.1e) %—i—u%—i—w%—]\;w:ypAp%—Sﬂ.

All the independent variables (t,z,z) and the dependent variables (u,v,w, p,p) are di-
mensionless, as are the forcing and source terms (S,, Sy, S,). Here (u, v, w) are the three
components of the velocity vector and, as usual, we denote by p and p the pressure and
density deviations, respectively, from prescribed background states. The (dimensionless)
parameters are the Rossby number ¢, the Burger number N, and the inverse (eddy)
Reynolds numbers v,, and v,.

Some motivations on the physical background and the derivation of these equations
are given in the Appendix (Section 1.5). The two spatial directions are Ox and 0z, corre-
sponding to the west—east and vertical directions in the so-called f-plane approximation
for geophysical flows (for details, see the Appendix); A = 9?/0z? + 92 /02>.

The article is organized as follows: We start in Section 4.3.2 by recalling the variational
formulation of problem (2.1) under suitable assumptions and we prove the existence of
weak solutions for the PEs. We continue in Section 1.3 by proving the existence and
uniqueness of strong solutions. Finally in Section 1.4 we prove the existence of more
regular solutions, up to C* regularity. We thought that it is useful to end the article with
an Appendix (Section 1.5) containing some physical explanations regarding the PEs and
the derivation of (2.1).

We mention here the similar works of Bresch, Kazhikhov and Lemoine [2] and of Ziane
[13], who consider different boundary conditions and do not consider the higher regularity
results needed in [9]; see also [11]. For the non-dimensional form of the PEs, we refer here
for example to [4], [8], and [12] but a substantial amount of literature is available on this
subject.

1.2 Existence of the Weak Solutions for the PEs
We work in a limited domain
(2.1) M = (0, Ly) x (—Ls/2, L3/2),

and, since this is needed in [9], we assume space periodicity with period M, that is, all
functions are taken to satisfy f(x + Ly, 2,t) = f(x, 2,t) = f(z,z + L3, t) when extended
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to R2. Moreover, we assume that the following symmetries hold:

u(z, z,t) = u(x, —2z,t), Su(z,z,t) = Sy(x, —2,1),

v(x, z,t) =v(x, —2,t), Sp(z,2,t) = v( 2, t),

o, 1) = —plz, —2,1), 5o 211) = ~S, (o, 2.1),
w(z, z,t) = —w(zx, —2,1t), p(z, 2, t) —p( ,—2,t).

(Here u, v and p are said to be even in z, and w and p odd in z.)

We note that these conditions are often used in numerical studies of rotating stratified
turbulence (see e.g., [1]).

Our aim is to solve the problem (2.1) with initial data

(2.2) u=uy, V=109, p=py att=0.

Hence the natural function spaces for this problem are as follows:

(2:3) V= {(u, v, p) € (Hpee(M))?,
u, v even in z, p odd in z, f Lo /QU(I, 2')dz’ = 0},
(2.4) H = closure of V in (L*(M))3.

er
These spaces are endowed with Hilbert scalar products; in H the scalar product is

Here the dot above Hg or L? denotes the functions with average in M equal to zero.

(2.5) (U, D)y = (u, @) 12 + (v, D)2 + 6(p, p)r2,

and in chl)er and V' the scalar product is (using the same notation when there is no

ambiguity):

(2.6) (U, 0)) = ((u, @) + ((v, D)) + £((p, ));
where we have written dM for dx dz, and
27 0.9 = [ (G50 + 550

The positive constant « is defined below. We have
(2.8) Ul < ol|U]|, VU € V.

where ¢y > 0 is a positive constant related to x and the Poincaré constant in H;er(M)
More generally, the ¢;, ¢, ¢/ will denote various positive constants. Inequality (1.9) implies
that |U]| = (U, U))"/? is indeed a norm on V.

We first show how we can express the diagnostic variables w and p in terms of the
prognostic variables u, v and p. For each U = (u, v, p) € V we can determine uniquely

w=w(U) from (2.1d),

(2.9) w(U) =w(zx, z,t) = — /Oz ug(x, 2’ 1) d2’
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since w(xz, 0) = 0, w being odd in z. Furthermore, writing that w(x,—L3/2,t) =
w(x, L3/2,t), we also have

Ls/2
(2.10) / ug(z, 2’ t)dz" = 0.

—Ls/2

As for the pressure, we obtain from (2.1c),

(2.11) plx, 2,t) = ps(x,t) — /OZ p(z, 2 t) d2’

where ps = p(z, 0, t) is the surface pressure. Thus, we can uniquely determine the pressure
p in terms of p up to ps.
It is appropriate to use Fourier series and we write, e.g., for u,

(2.12) u(a,zt) = Yy, (H)e R,
(kl,kg)EZ

where for notational conciseness we set k} = 27k, /Ly and k} = 2mwk;/L3. Since u is real
and even in z, we have u_g, _p, = U, gy, = Us, —ky, Where @ denotes the complex conjugate
of u. Regarding the pressure, we obtain from (2.1c):

p(x7 z, t) x O t / Z pkh Z(kllx"rk?’z )d

(k1,k3)

o E ik x E pk1,k3 ikl x ikhz
— p5k1€ v —‘k,/ e’ (@ 3% __ 1)
k1

(1, k3), k3#0 s
using the fact that p, o = 0, p being odd in z
1

pk17k3 zk’ Pki, ks i(kjx+kbz)
=2 (P + ik €

k30 (ki ks), ks£0 5

_ § k! x E pk17k3 zk’ac—i—kz
= p*kle 1% — k/,l ( 1 3 )
k1

(K1, k3), k3s#0

where we denoted by ps the surface pressure and p, = Zklez Dy kleik’ﬁ, which is the
average of p in the vertical direction, is defined by

Z Pk, k

p*kl p5k1 + ; 3'

ik
k30

Note that p is fully determined by p, up to one of the terms ps or p, which are connected
by the relation above.

We now obtain the variational formulation of problem (2.1). For that purpose we
consider a test function U = (i, #, p) € V and we multiply (2.1a), (2.1b) and (2.1e),
respectively by 4, 0 and k p, where the constant x (which was already introduced in (1.6)
and (2.4)) will be chosen later. We add the resulting equations and integrate over M. We
find:

~ - ~ 1
(2.13) %(U, 0)i + (U, U, 0) + a(U,0) + (U, 0) = (5,00, YO € V.
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Here we set

a(U,U) = v,((u, @) + v((v,9)) + K, ((p, 7).
e(U,U) = /M(uﬁ — vi) dM—l—/ (pi — kN?wp) dM,

M
~ ou? ou? ovt ot
b s = — d — — |0
(U, U*, ) /M<“ax +w(U) az>u M+/ (u(% +w(U) az>vd3\/[
op* apﬂ

We now choose k = 1/N? and this way we find e(U, U) = 0. Also it can be easily seen
that:

a:V xV — R is bilinear, continuous, coercive, a(U,U) > ¢, ||U|?,
e:V x V — R is bilinear, continuous, e(U,U) = 0,
b is trilinear, continuous from V' x V5 x V into R,

and from V x V x V5 into R,

(2.14)

where V5 is the closure of V' N (HZ2,(M))? in (H2,,(M))3. Furthermore,

per per

b(U,U,U*) = —b(U,U*, U),

(2.15) WU, U,U) =0,

when U, U, U € V with U or U? in V3. We also have the following;:

Lemma 1.2.1. There exists a constant ca > 0 such that, for allU € V, U e Vs and
UteV:
(U, U, 0)| < o UL U U2 T)

(2.16) . .
+ eo||U | UH VAU O[T )12,

Proof: We only estimate two typical terms; the other terms are estimated exactly in
the same way. Using the Holder, Sobolev and interpolation inequalities, we write:

‘/ u—u dM‘ < |u|pa Egﬁ

Jala

out
1/2 1/2
< cful)s lull 25| 12 FabiRE

a“ )
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(2.16) follows from these estimates and the analogous estimates for the other terms.

We now recall the result regarding the existence of weak solutions for the PEs of
the ocean; see [7]. In [7] the existence of the weak solutions is established in three
space dimensions with different boundary conditions, but the proof applies as well to two
dimensions with our boundary conditions.

Theorem 1.2.1. Given Uy € H and S € L*(R; H), there exists at least one solution
U of (2.13), U € L®(Ry; H) N L2(0,t,; V), Vt, > 0, with U(0) = Up.

The proof of this theorem is based on the a priori estimates given below, which gives,
as in 7], that U € L>(0, t,; H), Yt, > 0; however, as shown below, we have in fact,

UeL™Ry; H).

Taking U = U in equation (2.13), after some simple computations and using (2.14), we
obtain:

d d
@11 ZUR+alUP < AlSR,  TIUR+aalUl < dISE

where | S| is the norm of S in L>(Ry; H). Using the Gronwall inequality, we infer from
(2.17) that:

/

(2.18) U2 < [UO) et + (1 —emawty |12 V>0,
C1Cp

Hence .

lim sup |U ()3 <
t—oo C1Co

and any ball B(0, rj) in H with r{ > ry is an absorbing ball; that is, for all Uy, there

exists tg = to(|Up| ) depending increasingly on |Up|y (and depending also on ry, ||« and

other data), such that |U(t)|g < 1}, Vit > to(|Up|g). Furthermore, integrating equation

(2.17) from ¢ to t + r, with » > 0 arbitrarily chosen, we find:

S5 =175,

t+r
(2.19) / U@ 2t < Ky, for all ¢ > to(|Uols),
t

where K denotes a constant depending on the data but not on U,. As mentioned before,
(3.10) implies also that
Ue LOO(RJr; H)> ‘U(t)’H < maX(’U()'Ha TO)'

Remark 1.2.1. We notice that, in the inviscid case (v.
U =U in (2.13), we find, at least formally,

= v, = 0 with S = 0), taking

v

d 1

The physical meaning of (2.20) is that the sum of the kinetic energy (given by 3(|ul3. +
[v]32)) and the available potential energy (given by 2—]{,2| pl32) is conserved in time. This
is the physical justification of the introduction of the constant x = N =2 in (1.6).
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Remark 1.2.2. We note that the result deduced in (2.14) regarding the trilinear form b
is weaker than the equivalent one for the Navier-Stokes equations since here the vertical
velocity is a diagnostic variable which is deduced as an integral in the z variable of wu,.
Consequently, for the 2D Primitive Equations we can not prove the uniqueness of the
weak solution (result available for the 2D Navier-Stokes equations).

1.3 Existence and Uniqueness of Strong Solutions for
the PEs

The solutions given by Theorem 1.2.1 are usually called weak solutions. We are now
interested in strong solutions (and even more regular solutions in Section 1.4). We use
here the same terminology as in fluid mechanics (incompressible Navier—Stokes equations):
weak solutions are those in L>°(L?) and L?*(H'), strong solutions are those in L>*(H"') and
L?(H?*). We notice that we cannot obtain directly the global existence of strong solutions
for the PEs as, e.g., for the Navier—Stokes equations using a single a priori estimate
(obtained by replacing U by AU in (2.13)). Instead, to derive the necessary a priori
estimates we proceed by steps: we successively derive estimates in L>(L?) and L*(H*)
for u,, uy, v,, v, p, and p, (here the subscripts ¢, z, z denote differentiation). Notice
that the order in which we obtain these estimates cannot be changed in the calculations
below.
Firstly, using (2.11) we rewrite (2.1a) as:

du ou ou 1 10ps 1 [~
— — - — - ' t)dZ = v, A :
8t+u8x+w8z 5U+58x 5/0 pel@, 7, 1) Az = vy Au+ 5,

We differentiate (3.1) with respect to z and we find, with w, = —u,:
1 1

Utz + Uy + WUz, — gvz - gpx - Vvumxz - Vvuzzz - Su,z 9

(3.1)

where S, , = 0,5, = 05,/0z. After multiplying this equation by u, and integrating over
M, we find:

1d

——|uZ]%2 + Vv||qu2 + / U, Uy, AN+ / WULU,, AV
2 dt .

M
1

1
——/ VU, dM——/ Pzl dMZ/ Uy, » dAM.
€ Jm € Jm M

Integrating by parts and taking into account the periodicity and the conservation of mass
equation (2.1d) we obtain:

1d 1 1
(3.2) —|uz\§2+yv||uz\|2——/ vzusz——/ pmuZdM_/ 1S, » M.
€ Jm €Jm M

2dt

In all that follows K(¢), K'(¢), K" (¢), ..., denote constants depending on ¢ and other
data but not on Uy; we use the same symbol for different constants. We easily obtain the
following estimates:

1 1
2| [ e o = 2| [ v o] < m@o e
€l )m Elm 6
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1 1
2| [ et = 2| [ pues at] < Zpu i)
e M e M 6

M M 6

applied to (3.2), these give:

d
(3.3) aluzliz + v sl < K(e)([vlze + [pl72) + il Sul .

We apply Poincaré’s inequality (1.9) and we find:

(3.4 o covhuells < KE(0s + Iof3a) + 1S
Using Gronwall’s lemma, we infer from (3.4) that:
(3.5)
[z ()] < Juz(0) 267" + K (e)e™ ! /t(lv(t')ﬁz + |p(t)[72)e™" At + 3] Sl
0

< us(0) 726" + K'(£)(1 — e ") (Jul5 + |pl3) + el Sule
< [u=(0)[Z2e~"" + K () (J0]5 + lpl%) + Sl

where |v]oe = |0] oo, ; 22(0)), and similarly for p and S,,. We obtain an explicit bound for
the norm of u, in L>®(R,; H):

(3.6) [z ()72 < Ju=(0)[72 + K'(e) (Jul3, + Il2) + cal Sul-

For what follows, we recall here the uniform Gronwall lemma (see e.g., [10]):
If £, n and y are three positive locally integrable functions on (7, oo) such that 3’
is locally integrable on (t;, co) and which satisfy

y <&y +n,

(37) t+r t+r t+r
/ &(s)ds < ay, / n(s)ds < as, / y(s)ds <as, Vit>t,
t t t

where 7, aq, as, ag are positive constants, then
a
(3.8) y(t+7) < (73 + a2) e, >ty

The bound (3.6) depends on the initial data Up. In order to obtain a bound indepen-
dent of Uy we apply the uniform Gronwall lemma to the equation:

d
(3.9) E!uzliz < K(e)(Jv[7 + |pli2) + ¢11Sul7--
to obtain

(3.10) lu.(t)] < K'(g,r,1g), Vit>1,
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where t] = to(|Up|r2) + 7 and r > 0 is fixed. Integrating equation (3.20) from ¢ to ¢ + r
with > 0 as before, we also find:

t+r
(3.11) / lua(s)2ds < K"(e,m00),  Vit> £,
t

We now derive the same kind of estimates for u,: We differentiate (3.1) with respect
to x and we obtain

+ul + + + ! + ! +/0 (2')d?’
Uty U, U gg WUy Wely — — Uy —Ps.xx A4 z
(3.12) ! € P . P

— Vo Ugzy — Vyy Uzzx = Su,a:y
multiplying this equation by u, and integrating over M we find, using (2.1d):

1 1 1
d — |yl + / u? dM + / Wal Uy AN — — / Vplly AM — — / Ds, w oty AM
2dt M M € I € Jm

0
+/ (/ pm(z’)dz'> ude+I/vHuxH2:/ 1S M.
M z M

Based on the Holder, Sobolev and interpolation inequalities, we derive the following esti-
mates:

(3.13)

[ b < sl Sczrux\zl/w < sl |

[ vt @) < o 2 e s
M

1/2‘ 1/2” x”1/2

<y futg | a2 s sl

< 22 g2 e sl P s,

By the definition of V', and since py is independent of z, we find:

1 1 [r L3/2
_‘/ Ds, z Uz dM‘ - _‘/ pswx/ Uy dz dz| = 0.
el/m €lJo —Ls/2

We can also prove the following estimates:

1
g) /M _— dm\ < %uw + K (e)[v]2s,

‘/ /Pm dz)ude‘z ‘/ /px dz)umdj\/[‘

Elluacll2 + K"(e)|palz2

| /\
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‘/ Uy S, o dM‘ < ﬁHUzHZ + ol Sul-
iy 12

With these relations (3.13) implies:

d
(3.14) Eluzﬁz + V|l |* < € Jugliz + 1,
where we denoted
€ = &(t) = 2¢4|ugl32 + 26 us 72 |u.?,

and
n=n(t) =2K'(¢)|v]7> + 2K"(¢)|paliz + 2¢3|Sul2-

We easily conclude from (5.12) that
(3.15) u, € L0, to; L*)N L0, t,; HY), Vt,>0.

However, for later purposes, (3.15) is not sufficient, and we need estimates uniform in
time.

We will apply the uniform Gronwall lemma to (5.12) with ¢; = ¢} as in (3.10). Noting
that

t+r t+r
/ (t)dt' = / [2¢ 72 + 2¢5|us (¢') 72 |u. (') ]|*] dt’
t t

1 t+r t+r
(3.16) < 2, / fua ()22 At + 2o 2 / s ()]
t t
< aq, Vi>t,
t+r t+r
/ n(t')dt’ = / K ()02 + 2K"() pal2e + 2¢i0|Su[2] dF
(3.17) ! ! )
< K(e)+ 26'107“|Su|oo
= a9, Vi> tll,
t+r
(3.18) / ()2 At < as, V>4,
t
(3.8) then yields:
(3.19) ue®)F: < (L 4a) e, Vet 4
T
and thus
(3.20) sz € L¥(R,).

Note that in (3.16)—(3.18) we can use bounds on |u,| (and other similar terms) inde-
pendent of Uy, since t > to(|Up|z2) + 7. Integrating equation (3.14) from 0 to ¢} + r where
th = t,(|Uy|z2), we obtain a bound for u, in L?*(0, t; + r; H') which depends on ||Up]|.
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A bound independent of Uy is obtained if we work with ¢ > ¢} + r = t] = t{(|Up|2):
Integrating equation (5.12) from ¢ to t 4+ r with r as before, we find:

t+r
(3.21) / lua(s)|?ds < K(c),  Vt>t.
t

We perform similar computations for v,: We differentiate (2.1b) with respect to z,
multiply the resulting equation by v, and integrate over M. Using again the conservation
of mass relation, we arrive at:

1d

1
]vZ\L2+/ uzvxvsz—l—/ w,v? dM—l——/ uv, AM + v, ||v. ||?
th M M g Jm

(3.22)
:/ 0, Sy, » dM.
M

We notice the following estimate:

\/ uzvsvs AN < iy sl el o 2
M

4/3| 2/3

1%
< 2l 4 a2 P o [

Vy 2/3 4/3
< ol + ol 2 o Pl 11+ o).

We also see that
[ v ant] = | [ v ane] < e 2 o

2/3
< 20l 4 chaluta 2 |2

1 1
_‘/ ULV dM’ = _’/ UVzy dM‘ S ﬁHUZHQ—}_K(g”ul%?)
el )nm € 8

‘/MSU,ZUZ dM‘ = )/ Sz dM‘ "’||vz||2+cl5|5 2,

which gives:
d 2 2 2
(3.23) &Ivz!m + vy llvz||* < v+,
where we denoted
2/3 4/3
0 =n(t) = 26l us ¥ 0. |35 + 2K (2)[ul® + 2¢351S, [,

and
2/3 4/3 2/3
€ = £(t) = 26, |25 a2 |va| 157 + 26425 e | |22

From (3.23), using the estimates obtained before and applying the classical Gronwall
lemma we obtain bounds depending on the initial data for v, in L{<.(0, ty; L?) and L2 (0, ¢,; H'),
valid for any finite interval of time (0, t,).
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To obtain estimates valid for all time, we apply the uniform Gronwall lemma observing

that:
t+r t+r 1/3 t+r 2/3
| awrae <odpfupe ([ pwlar) ([ ) )
t t t
24 t+r
. 2l [ e ar
t
<ay, Vit>t,
t+r t+r 1/3 ttr 2/3
[nwrar <2l ([ juear) ([ k)
(3.25) ! ; !

+ 2K (&) |ul?r + 2¢)57|S,|%
<ay, Vt>tf,

t+r
(3.26) / o, () dt <az, Vt>t].
t
Then the uniform Gronwall lemma gives:
2 as a1 "
(3.27) 0. (t)[2, < (7 Fa) e, Vizt+r,

with ay, as, as as in (3.25), (3.24) and (3.26). Integrating equation (3.23) from ¢ to t + r
with 7 > 0 as above and t > t] 4+ r, we find:

t+r
(3.28) / |v.(s)||*ds < K(g), Vt>t]+r.
t

The same methods apply to v,, p, and p,, noticing that at each step we precisely use
the estimates from the previous steps, so the order can not be changed in this calculations.

With these estimates, the Galerkin method as used for the proof of Theorem 1.2.1
gives the existence of strong solutions:

Theorem 1.3.1. Given Uy € V and S € L*(Ry; H), there is a unique solution U of
equation (2.13) with U(0) = Uy such that

(3.29) U e L®Ry; V)N LX0, t,; (H*(M))3), Vt, > 0.

Proof: As we said, the existence of strong solutions follows from the previous estimates.
It remains to prove the uniqueness.

Assume U; and U, are two solutions of problem (2.13) satisfying (3.29), and let U =
Uy — Us. We write (2.13) for U; and U, with U= U; combining the resulting equations,
we find:

1d
(3.30) 5&’(]’%{ +a(U,U) + b(Uy,Up,U) — b(Uy, Uy, U) = 0.
Using (2.15b) we obtain:
1d
(3.31) U3 + e||U|1? + b(U, Uy, U) < 0.

2dt
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From Lemma (1.2.1) and using Young’s inequality we find that:

b(U, U, U) < & U2 |U || Ua]l + UL U2 Uely?
(332) < EHUHQ_'_ /|U|2 ||U 2 / U2 U. 2
=5 AU |Us]]” + ¢4 |U |7 | 2|v2~

Going back to (3.31) we find:
(3.33) ULy < OB TP + 06F,)
Since U, satisfies (3.29) the function
t — [|Us(t)||* + |Us(t)[3, is integrable,
and we can apply the Gronwall lemma which yields, since U;(0) = U,(0),
(3.34) U@)|% <0, Yitelot.
From (3.34) we conclude that U; = Us.

1.4 More Regular Solutions for the PEs

In this section we show how to obtain estimates on the higher order derivatives from
which one can derive the existence of solutions of the PEs in (H™(M))? for all m € N,
m > 2 (hence up to C* regularity). In all that follows we work with Uy in (H™ (M))3.

per
We set |Ul,, = (Z[a}:m |D°‘U|%2)1/2. We fix m > 2 and, proceeding by induction, we
assume that for all 0 <[ < m — 1, we have shown that

(4.1) U e L®Ry; (H(M)?) N L0, t,; (HHY(M))?), Vi, >0,
with
t+r
(4.2) / U7 dt <a, Vi>t4(Uy),
t

where ¢, is a constant depending on the data (and [) but not on Uy, and r > 0 is fixed
(the same as before). We then want to establish the same results for [ = m.
In equation (2.13) we take U = A™U(t) with m > 2 and t arbitrarily fixed, and we
obtain:
dU 1
(—, AmU) |, +alU.A"0) + (U, U, A™0) + =e(U, A™U)

(4.3) dt
= (S, A"™U)z.

Integrating by parts, using periodicity and the coercivity of a and the fact that e(U,U) =
0, we find:
1d

(4.4) 5 T

U]+ alUlngs < 10U, U, A™U)| + (S, A™U) ).



38 Existence and Regularity Results for PEs in 2D

We need to estimate the terms on the right hand side of (4.4). We first notice that

(4.5) (S, A™U) 2| < | S[poy + ﬁ’wmﬂ»
and it remains to estimate |b(U, U, A™U)|.
By the definition of b we have:

b(U, U, A™U) :/(uux+w(U)uz)AmudM+/ (uv, + w(U)v,) A™v dM
M

(4.6) M

+ H/ (upy +w(U)p,)A™p dM.
M

The computations are similar for all the terms, and, for simplicity, we shall only estimate
the first integral on the right hand side of (4.6).
We notice that b(U, U, A™U) is a sum of integrals of the type

U?DQMDMS dm, / D2‘“D2°‘3 dM,
where «; € N with a3 + a3 = m. By D; we denoted the differential operator 9/0x;.
Integrating by parts and using periodicity, the integrals take the form

a
4, Do (ust D (w De
(4.7) /M (u5) ) D dM, / ) wdM,

where D* = D' D5®. Using Leibniz’ formula, we see that the integrals are sums of
integrals of the form

(4.8) / DO‘ D“‘ am, / wdM,

and of integrals of the form

(4.9) / st 5=+ 2 pay, dM, / §Fw(U) gk o, dM,

with k = 1,...,m, where §* is some differential operator D with [a] = a; + a3 = k. For
each «, after integration by parts we see that the sum of the two integrals in (4.8) is zero
because of the mass conservation equation (2.1d). It remains to estimate the integrals of
type (4.9). We use here the Sobolev and interpolation inequalities. For the first term in
(4.9) we write:

/5k 5=k pay, dM)<|5ku| - 0u D%l
O ox
(4.10) k 11/2 k. (1/2] em— kau _pOul! o
< & |0%u| 5 |0%u| g1 |0 9| 12 E |D w2
< UL ORIV [0 k2l Ul

where k=1,...,m
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The second term from (4.9) is estimated as follows:

‘/ stu(tr) 6+ % pay, davt] < 165w (U)] 2|57 ’fa“ Dol
(4.11) < sk , mfk@ 12| g Oull o 11/2) me 11/2
< afd"w(U)]e:| 0" -] EH \D ul > [D%ul g

1/2 1/2 1/2
< Cg|U|k+1|U|rr{fk+1|U|n"{fk+2|U|1/2|U|rr{+17

where k =1,....,m
From (4.10) and (4.11) we obtain that:

b(U, U, A™U)| < csz U2 U U2 U ol Ul

(4.12) =
1/2 1/2 1/2
+ 33 NUlsrl UL e [U L [UIRIU
k=1

We now need to bound the terms on the right hand side of (4.12). The terms corre-
sponding to k = 2,...,m — 1 in the first sum do not contain |U|,,+1 and we leave them as
they are. For £k = 1 and k£ = m, we apply Young’s inequality and we obtain:

(4.13) UK UL URRIE < 5oty Ve + SIUR VRV,

For the terms in the second sum in (4.12) we distinguish between k = 1, k = m and
k=2,...m—1. The term corresponding to k£ = 1 is bounded by:

C1
(4.14) c3|U2|Ulm|Ulimt1 < m!Ulfrm + | UBIUL,.
For k = m we find:
@15) UKL URAUES < g U + GIURIVBIUE,

For the terms corresponding to k = 2, ..., m—1 we apply Young’s inequality in the following
way:

s Ul [U1Y2 ot [U2 L LU 012,

(4 16) m—k-+1 m k+2
. 4/3 2/3 2/3
U2 + U U U UV

R
- Q(m + 3)

Gathering all the estimates above we find:
\Ul2 +a|Ufhg < &+nlUL,,

where the expressions of £ and 7 are easily derived from (4.4), (4.13), (4.14), (4.15) and
(4.16). Using the Gronwall lemma and the induction hypotheses (4.1)-(4.2) we obtain
a bound for U in L>(0, t,; H™) and L*(0, t,; H™"1), for all fixed ¢, > 0, this bound
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depending also on |Upl,,,. We also see that, because of the induction hypotheses (4.1)—(4.2),
we can apply the uniform Gronwall lemma and we obtain U bounded in L>*(R,; H™)
with a bound independent of |Up|,, when ¢t > t,,(Up); we also obtain an analogue of (4.2).
The details regarding the way we apply the uniform Gronwall lemma and derive these
bounds are similar to the developments in Section 1.3.

In summary we have proven the following result:
Theorem 1.4.1. Given m € N, m > 1, Uy € V. (H?,(M))? and S € L®(R,; H N

per

(HH(M))?), equation (2.13) has a unique solution U such that

per

m

(4.17) U € L™Ry; (H,(M)*) N L0, to; (HI'(M)?), Vi, > 0.

per

Remark 1.4.1. Since NpsoH™.(M) = C2. (M), given Uy € (€2 (M))? and S € L®(R,:

per per per

(C22.(M))?), equation (2.13) has a unique solution U belonging to L>®(R.; (H™.(M))?)

per 3 per
for all m € N; that is, U is in L=(R; (C52,(M))?). Regularity (differentiability) in time

per
can be also derived if S is also C* in time. However the arguments above do not provide

the existence of an absorbing set in (CSZY(M))Q’

1.5 Appendix: Physical Background

The large-scale ocean equations considered in this article, also called the Primitive Equa-
tions (PEs), are derived from the general conservation laws of physics using the Boussinesq
and hydrostatic approximations. They comprise: the conservation of horizontal momen-
tum equation, the hydrostatic equation, the continuity equation, the equation for the
temperature (conservation of energy), the equation of diffusion for the salinity and the
equation of state (see, e.g., [7], [8] or [12]):

(5.1a) e + (v*- Vv +w e + fkx v+ prerp = uy Ajv —FV,UW,
Ipt, \
(5-1b) a;*u = —Pra1 9s
ou* ov* ow*
1 —
(5.1c) Ox* + oy + Oz* 0
aT . o LoOT . 0*T
(5.1d) o + (- V)T +w Fy _MTAhT—i_VTWa
oS . s , 0S . 0%S
(516) %‘F(’U -V )S+w %_MSAhS—i_VSW?
(51f) p;kull = Pref [1 - ﬁT(T - ﬂef) + ﬁS(S - Srefﬂ .

Here v* = (u*,v*) is the horizontal velocity, w* the vertical velocity, pf, the (full) pres-
sure, pf, the (full) density, 7' the temperature and S the salinity. Asterisks denote di-
mensional quantities, a notation which will be useful below when we non-dimensionalise.
The constants pref, Trer, Sref denote reference (average) values respectively for the density,
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temperature and salinity; g is the gravitational acceleration and f the Coriolis parameter.
The horizontal gradient and Laplacian operators are denoted by V* and Aj, respectively.

We recall that in the hydrostatic approximation of the Boussinesq equation, the con-
servation of the vertical momentum equation is replaced by the hydrostatic equation
corresponding to its leading terms (5.1b). We chose a linear equation of state (5.1f),
but this is not essential; appropriate nonlinear equations could be handled similarly; also
Pref, Lrer and S could be nonconstant with suitable changes in the following. Equa-
tions (5.1) correspond to the f-plane approximation of equations on the sphere, hence
f = constant = 22, 2 being the angular velocity of the Earth in its rotation around the
poles’ axes.

A simplification of this system can be obtained if we assume that Grvp = (Bsvs and
Brur = Bsps so that (5.1d)—(5.1f) can be combined into a single equation for p, namely:

It 9Pra It Iphan 0*p;

59 ull g ull ull 4 % ull e AFpE ull )

(52) ot~ " ow T oy T Tope T e TP T
We are interested in the case where the density pj , is of the form

(53) p;ull(x’ Y, %, t) :pref+ﬁ(z)+p*(x’ Y, =, t)?

where p = p(z) is a stratification profile of the density. Similarly, we write the pressure
as,

(54) p?ull(xv y7 Z? t) = pref —Fﬁ(Z) +p*(l', y7 Z? t)a

where Opyet/0z = —gprer and Op/0z* = —gp. With this, (5.1b) reduces to
op*

5.5 = —gp".

(5.5) 50 = 9P

We shall be interested in the physical regimes where |p| < |pwet| and |p*| < |pl,
the first inequality meaning that the density profile p does not depart too much from a
mean reference value p,s and the second one meaning that the horizontal and temporal
variations of the density surfaces are very small compared to the vertical stratification.
Furthermore, we consider a part of the ocean where p(z) is a linear function of z and
introduce the (constant) Brunt—Véisild frequency N*, defined by

g dp
5.6 N*)? = —— —.
( ) ( ) Pref dz
With this, the evolution equation for density (5.2) can be written as,
ap* ap* 8p* ap* Dref 9 a2p*
5'7 * * * _ e N* * — k% .
( ) at* +u @I'* +wv ay* +w az* g ( ) w IU’P N +VP 82*2

At this point, we have reduced the PEs to (5.1a), (5.5), (5.1¢), and (5.7), with the
dependent variables being (v*, w*, p*, p*). We now non-dimensionalise this set of equations
by means of the following typical scales: For length and velocity, we write

x* = Lz, y* = Ly, 2 =Hz,

uw* = Uu, v = Uv, w* = Wuw,
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where (x,y, z) and (u,v,w) are dimensionless variables. We also define the aspect ratio
(5.8) §:=HJL.

Since we are interested in the advective timescale, we write t* = T't with ¢ dimensionless,
where

(5.9) T =1L/,

and define the Rossby number as

(5.10) e=U/fL.

The (perturbation) pressure p* is non-dimensionalised by

(5.11) p* = (Upret/€) p,

and the (perturbation) density p* by

(5.12) p* = (Upet/egH) p,

where again p(z,y, z,t) and p(x,y, z,t) are dimensionless. We define the ”Burgers” num-
ber as

(5.13) N =N*H/fL.

Finally, we define the non-dimensional eddy viscosity coefficients (inverse Reynolds num-
bers) by

o = piy /UL, v, = ViL/UH?

pip = /UL, v, =vsLJUH?.

We shall choose p,, = v,, and p, = v, for the sake of simplicity.
With these, we can write the PEs in the completely non-dimensional form,

ou ou ou ou 1 10p

(5.14a) E—FU%—FUa—y—i‘w&—gv—i‘g%IVvA:;u—i‘Su,
(5.14b) %—%u%—l—v%—l—w%—l—éu—l—ég—z—z/vAgv—l—Sv,
(5.14c) % = gp, ;

(5.14d) % + a_Z + 8—15 =0,

(5.14e) % + u% + vg—'; + w% - N?Qw =v,A3p+5,.

Here the forcing and source terms Sy, S,, S, have been added to the right-hand sides for
mathematical generality.
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In this paper, we shall consider the case of two spatial dimensions by assuming that
all functions are independent of y, but we allow v to be non-zero. We intend to study
the three-dimensional case in a similar paper. The system (5.14) becomes now (2.1).
We notice easily that if u, v, p, w, p are solutions of (2.1) for S = (S,, Sy, S,), then
u, U, p, W, p are solutions of (2 1) for Sy, So. S where:

(z, z, t) :u( z, 1), o(x, z, t) =v(x, —2z, t),
w(z, z, t) = ( —z, 1), p(z, z, t) =p(x, —z, t),
plx, z, t) = — p(x, —z, t),

gu(x, z, t) =Su(x, —z, t), S’U(x, z, t) =S,(z, —2z, t),
Sy(x, z,t) = — Sy(z, —2, ).

p

Therefore if we assume that Sy, S, are even in z and S, is odd in z, then we can anticipate
the existence of a solution of (2.1) such that:

u, v, w, p, p are periodic in x and z with periods L; and Ls,

and
u, v and p are even in z; w and p are odd in z,

provided the initial conditions satisfy the same symmetry properties. Our aim is to solve
the problem (2.1) with the periodicity and symmetry properties above and with initial
data

U = U, V=", p=po at t = 0.

Hence the natural function spaces for this problem are as follows:

V ={(u, v, p) € (H:.(M))%, u, v even in z , p odd in 2, u, o) = 0},

per

H = closure of V in L*(M)?.

The motivations for considering periodic boundary conditions is that there are needed
in studies on homogeneous turbulence of the atmosphere and also for the study of the
renormalized equations considered in [9].
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Chapitre 2

Gevrey Class Regularity for the
Primitive Equations in Space
Dimension 2

Régularité de type (Gevrey pour les
Equations Primitives en deux dimen-
sions

Ce chapitre est constitué de 'article Gevrey Class Regularity for the Primitive
Equations in Space Dimension 2, article paru en 2004, dans le journal Asympotic
Analysis, volume 39, numero 1, pages 1-13. Ce travail a pour but de montrer que les
solutions des Equations Primitives en deux dimensions, avec conditions aux limites pe-
riodiques, appartiennent a un espace du type Gevrey, quand la force est une fonction
analytique en temps et les données initiales sont dans I’espace de Sobolev H!.
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Gevrey Class Regularity for the Primitive Equations in
Space Dimension 2

M. PETCU*

*Laboratoire d’Analyse Numérique, Université de Paris—Sud, Orsay, France
*The Institute of Mathematics of the Romanian Academy, Bucharest, Romania

Abstract: The aim of this article is to prove results of space and time regularity of
solutions for the Primitive Equations of the ocean in space dimension two with periodic
boundary conditions. It is shown that these solutions belong to a certain Gevrey class of
functions which is a subset of real analytic functions.

2.1 Introduction

In this article we consider the Primitive Equations for the ocean or for the atmosphere
in space dimension two with periodic boundary conditions (for details regarding the form
of the primitive equations see e.g. [8], [6] or [7]). The form of the equations used is in
this article is close to that considered in [9], so for more details regarding the existence of
the solutions for the primitive equations the reader is referred to [9]. In this article it is
proved that, considering a forcing term which is an analytical function in time with values
in some Gevrey space, the solutions of the Primitive Equations starting with initial data
in the Sobolev space H' become, for some positive time, elements of a certain Gevrey
class and the solutions are thus real analytic functions. One can show that the unique
solution is restriction to the real time axis ¢ > 0, of a complex function analytic in the
temporal variable t in some complex neighborhood of the real time axis.

This article was inspired by the article by Foias and Temam [5] who proved similar
results for the Navier-Stokes equations in space dimension two and three with periodical
boundary conditions (see also [3]). We also mention here the works of Ferrari and Titi [2]
who proved that the solutions of a certain class of nonlinear parabolic equations belong
to a certain Gevrey class; also that of Cao, Rammaha and Titi [1] who established the
Gevrey regularity for a certain class of analytic nonlinear parabolic equations on the
two-dimensional sphere.
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2.1.1 Preliminaries

We consider the PEs in their usual (dimensional) form:

(1.1a) %+u%+w%—fv+ig—x—vAu+Fu,
(1.1b) %+u%+ ?anu—yAv—l—Fv,

(110 P~ g,

(1.1d) %—l—g—f =0,

(1.1e) a—T+u8—T+w8—T = AT + Fr.

ot Ox 0z

Here (u, v, w) are the three components of the velocity vector and, as usual, we denote
respectively by p, p and T, the pressure, density and temperature deviations from a pre-
scribed main value corresponding to the natural stratification. The relationship between
pand T is p = —apyT. In general the temperature and the density are related by the
equation of state p = po(1 — a(T — Ty)) where py and Ty are the reference values for
the density and the temperature, but in our case we already subtracted the average val-
ues from the actual values. The constant g is the gravitational acceleration and f the
Coriolis parameter; v and p are the eddy diffusivity coefficients. This form of the PEs
corresponds to the ocean, although the salinity has been omitted which does not raise
any new mathematical difficulty; some minor changes, not done here, are necessary for
the atmosphere.
We consider the following domain:

(1.2) M = (0, Ly) x (—Ls/2, L3/2),

and we assume space periodicity with period M, that is, all functions are taken to satisfy
flx+ Ly, z,t) = f(x,2,t) = f(x,z + L3, t) when extended to R%. Moreover, we assume,
as in [9], that the following symmetries hold:

u(z, z,t) = u(x, —z,1), Fu(x,z,t) = F,(x,—2,1),
v(x, z,t) = v(x, —z,1), Fy(z,z,t) = F,(x,—z,1),
(1.3) T(x,z,t) = =T (x,—z,1), Fr(z,z,t) = —Fr(x,—2,1),
w(z, z,t) = —w(z ,—z,t), p(z, z,t) = p(z, —2z, ),

that is to say that we search for u, v, p even and w, T' odd; the motivations for considering
such solutions are described in [9]. Note that without the symmetry properties (1.7), space
periodicity is not consistent with the equations (2.1).

The natural function spaces for this problem are as follows:

(1.4) V= {(u, v, T) € (Hy, (M),

per

u, v even in z, T odd in z, f Jy /Qu(a:,z’) dz’ =0},

(1.5) H = closure of V in (L*(M))3.
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Here the dots above ngr or L? denote the functions with average in M equal to zero.
These spaces are endowed with Hilbert scalar products; in H the scalar product is

(1.6) (U, Uy = (u, )2 + (v, 0) g2 + 6(T, T) 2,

and in ngr and V' the scalar product is (using the same notation when there is no

ambiguity):

(1.7) (U, D))y = ((u, @) + ((v, 8)) + w((T, T));

here we have written dM for dz dz, and

" 0909 990
(1.8) (¢, @) :/ (%% + &&) dM.
The relations above define the norms | - |5 and || - ||y, The positive constant « is chosen

below. We have
(19) |U|H§CQ||U||V,VU€V,

where ¢y > 0 is a positive constant related to x and the Poincaré constant in H;QY(M).
The prognostic variables of the system are u, v and T and the diagnostic variables
are w and p. We can express the diagnostic variables w and p in terms of the prognostic

variables u, v, and T. For each U = (u,v,T) € V we can determine uniquely
(1.10) w=w(U) = —/ ug(z, 2’ ) d2’.
0

Note that w = 0 at z = 0 and L3/2 by the requirements on w (periodicity and anti-
symmetry); see more details in [9]. By (2.2), the fact that w = 0 at z = L3/2 gives the
constraint on wu:

Ls/2
(1.11) / u, dz = 0.

Ls/2

As for the pressure, it can be determined uniquely in terms of T" up to its value at z = 0,
Ps, namely,

p(z, z,t) = ps(x,t) + apo/ T(x, 2 t)dz.
0

Considering a test function U = (@, 9, p) in V, we multiply equation (2.1a) by @, (2.1b)
by © and (2.1e) by xkp. We obtain the variational formulation of the problem as:

0,0y + (U, 0) + 0(U, 0, 0) + e(U, )

(1.12) o

I
&
S
=

<

S

m
=~

and we supplement this equation with the initial condition U = U,.
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Here we set
a(U,U) = v((u, @) + v((v,9)) + sp((T, p)),
e(U,U) = f/M(ufJ—'ml) dM—ag/MTﬁ)dM,

~ ouf ouf o’ o’
ﬁ pu— —_— _— U 3
b(U, U U) /M<u 5 +w(U) 82>UdM+/M(u8m +w(U) 8z)v dM

op op*y

We notice that:

a(U,U) + (U, U) = v|lull* + vijv|* + sp| T* - 049/ Tw(U) dM,
M

and since

g | Tw(@) x| < agl 1oz (V)]s < cogl 7] fu]
we find that
(1.13) a(U,U) 4+ e(U,U) > vlul]* + v|v||* + spl| T))* — cag| T||||ul.

From equation (1.24) we see that for x large enough, more specifically for k > (g?a?c?)/(vu)
the bilinear, continuous form a + e is coercive on V', and

v [
(1.14) (U, U) +e(U,U) = Sllull* + vlol® + I = ellU-

We also mention that the form b is trilinear continuous from V' x V' x V, where V5 is
defined as the closure of V' in (ngr(M))3; for more details regarding the way we obtain
these results, see e.g. [9].

Equation (1.12) is equivalent to an evolution equation of the form:

dU
(1.15) 7 AU+ BU.U) + EU) = F,
U(0) = U,

in the space V3, which is the dual of V5. For more details regarding the derivation of the
variational and evolutional form for the Primitive Equations and also for the derivation
of the properties of the forms a and b the reader is referred to [9]. In that article existence
and uniqueness of solutions and regularity results in all Sobolev spaces H™ are derived for
the non-dimensionalised Primitive Equations for the ocean in periodic space dimension
two; though the equations are not absolutely identical to those considered here, one can,
with minimal changes, derive similar results for the equations considered here.

All the functions being periodic, they admit Fourier series expansions. Hence, for

instance, fOI' U we write
[7 (7 i (k! ok
§ : (kl,ks)el( 1 5Z)7

(K1, k3)€Z?
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where k; = 2mk;/L;. We also introduce the following notation:
Ol = Tuxl® + [ox|* + K[ Tl

Considering the Laplacian —A, we define the Gevrey class D(e”"?)") as the set of
functions U in H satisfying

(1.16) M| U] = AU < oo

kez?
The norm of the Hilbert space D(e™(=2)") is given by
(1.17) U | per-asy = |73 Uy, for U € D(e™2)7),
and the associated scalar product is
(1.18) (U, V) p(ert-ayy = (67(7A)SU, eT(*A)SV)H, for U,V € D(eT(’A)S).

Another Gevrey type space that we will use is D((—A)Y2e7(=2)*) which is a Hilbert space
when endowed with the inner product:

(U V) 1/2 (— A)s = (( A)1/2 7( A)S ( A)1/2€T(,A)SV)H

1.19
( ) = ((67( U,G V))V,

for U, V in D((—A)Y2e7=2)"); the norm of the space is given by

U1 aprzercary = |(=A) 2T ER UG = [ AU,
20 = Y WP

keZ?

2.2 A Priori Estimates for the Real Case

As we already mentioned in the introduction, our aim is to prove that the solutions of the
PEs are real functions analytic in time with values in Gevrey spaces and the restriction of
some complex analytic functions in time in the neighborhood of a real positive interval.
We start in this section by deriving some a priori estimates in the real case and then we
consider the complex case.

We begin with the following technical result:

Lemma 2.2.1. Let U, U* and U be given in D(Ae™ =2 for 7 > 0. Then the following
inequality holds:

1/2

|( T(— Al/zB(U Uﬁ) T(—=A)
|€T( A)l/ZAU|1/2|€ A)L/2

AU ) ‘<62‘€ A)1/2<_ )1/2U’1/2

2.1
21) (= A)V2UH2|em A2 AU 2| AP AT,
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Proof: We start by writing the trilinear form b in Fourier modes. For that purpose we
define, for each j € Z?, §; as j;/j4 when j} # 0 and as 0 when j, = 0. We obtain:

b(U, Uu, U) = Z ( — j3§l)ulu Uy + Z — j35l)ulvﬁvk
(2 2) j+l+E=0 jH+l+k=0
+ K Z - ]355 UZT pk
J+HI+E=0

We then compute:

(—A)L/2 (—A)L/2 ~ . . k! ~
(OB, UR), A ATy = > (g — o) K P upbay,

(2.3) jHI+k=0
+ Z L ARE 271K Ly VD), + K Z - jgél)]k’|262T|k/‘uﬂ”fﬁk.
k=0 jH+k=0

We now associate to each u the function % defined by:
(2.4) U= Z ;€7 where i; = ™7l |u,|,
and we also use similar notations for the other functions.

Using the notation above and the fact that |k| — |I| — |j| < 0 since j + 1+ k = 0, we
continue to bound the right-hand side of relation (2.3) and we obtain:

F(—A)1/2 F—AY/2 A T . T
(VT BOUH), e A g < e Y 1 IVIK Pl

(25) jH+1+k=0
o Y FNNE Pl 030k + se > TR |l T 5y,
J+I+k=0 JHI+k=0

where we also used the estimate |71 — 750, < ¢|j’||l'|. Here and in the sequel ¢ denotes a
constant which may be different at different places.

We estimate the first term from the right-hand side of (2.5), the rest of the estimates
being identical. For that purpose, we define the following functions:

_ Z ‘j/’ﬂjeijl'x, Z ‘] ’uﬁ ij’ x’ 9(1,) _ Z ’j/‘Qﬁjeijl’x,
JEZ? JEZ2 jEZ2
and we write:

Do G IR P 0 | = ﬁ/ﬂvtﬁ(fﬂ)%b(w)@(w) AM < cl¢]s[Y[r4|0] 2

Jj+I+k=0
1/2 1/2
< €l N2 el 1162
< C||6t(_A)1/2U||1/2|A€t(_A)1/2U’1/2||6t(_A)1/2Uﬁ||1/2|A€t(_A)1/2Uﬁ|1/2|A6t(_A)1/2[j|.

Using the same kind of arguments for the other terms we find the relation (3.8).
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Decomposition of the solution

We want to derive the Gevrey regularity of the problem:

96 U+ AU+ B(U,U)+ EU =F, inVj,,
(2.6) U(0) = Up.

In all that follows we assume that the forcing F' is an analytic function in time with
values in the Gevrey space D(e7("2)"?) for some o1 > 0. To obtain the desired a priori
estimates, we can suppose that the natural way would be to apply the operator et=A)?
to equation (2.10) and to take the scalar product with —Ae!=MY" iy H. But taking into
account the inequality (2.1), we see that, unlike in [5] for the Navier-Stokes equations, we
would obtain a weak estimate for the nonlinear term which would force us to work with
small initial data. In order to avoid imposing such a restriction, we split the solution U
into U = U* + U, where U* is the solution of the linear problem:

AU+
— AU + EU* = F.
(2.7) a AT ’

U*(0) = Uy,
and U is the solution of the nonlinear problem:

o - - = - ~ ;
28)  a AU+ BO0)+BOUY) + BUU)+ BU = =B(U",U"),

U(0) =0.

We will derive estimates and existence results for the linear problem (2.9) and then
for the nonlinear problem (2.8) which is equivalent to (1.15), taking (2.9) into account.
We start treating the linear problem:

The linear problem

We suppose that Uy is in D((—A)Y2) and F is a function analytic in time with values
in D(e ") for some o7 > 0. Setting ¢(t) = min(t,01), we apply the operator
P2 46 equation (2.9) and then take the scalar product with —AerOEN 2 i
H.

With the same x as in (1.24) we have:

1/2

(P2 A= 222 (LAY U%)

(2.9)
+ (etp(t)(—A)l/QE'U*7 ew(t)(—A)l/Q(_A)U*)H > 01|Ae‘p(t)(_A)1/2U*|§{.
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The relation above holds because:

(PR A7 0202 A)U*)H+ (P2 B epMEMY2 AV

_ (( A)1/2 o(t 1/2AU* )1/2(—A>1/2U*>H
4 ((—A)l/Qe‘P( )(-A WQEU* A2 A2
:a(ew(t)(—A)“?(_A)lﬂU* )1/2( A2

+ 6(eso(lt)(—A)l/2 (—A)1/2U*, REOICT (—A)l/QU*),

where we used that A and F commute with —A and the fact that for the x chosen before,
a + e is coercive. The commutativity of the operators A and E can be easily established
using, for example, the Fourier series expansions.

We also have:

(eW)(_A)l/Q(U*)’(t), pP(D(=2)1/2 (—AU*()m
d

A)L/2

= (&((_A)l/Qe‘P(t)(—A)lmU*)’ (_A)l/Qeso( U*)
— G )(—A)eP O (LAY 2Ry

- %% (—A)2ePWEAEU R, — (1) (AP (—A) 2R )
1d

> 5 (FA) ORI AT |0y
1d 1

ST A) 2O %|Ae“"“)(‘A>”2U*I% - C_1||e¢<t> V22,

The term containing the force F' is estimated using the Schwarz inequality:

(6@(t)(—A)1/2F o(t)(— I/QAU*) < le‘p(t) I/QF‘H|6¢ 1/2AU*|H

(2.10) 1 A2 1 _A)/2
< c_1|es0(t)( A) F|12H_|_Z|es0(t)( AEAU,.

Taking into account all the estimates above, we obtain:

d
—(—A) PO e | AR 2

dt
2
1/2F’H Cl,( A)1/2€go(t)(—A)1/2U*ﬁ{.

(2.11) 9
< _’€<P(t)
=

Applying the Gronwall lemma to (2.11), it follows that:

(212)  |(=A) 2PN 2 < (A2 [2et + sup | AR
0<s<t

F(s)3en,

which gives a bound of (—A)Y2e#OE2Y2 7% iy [20(0, ¢,: H) for all ¢, > 0. Returning to
(2.11) and integrating, we find a bound of Ae?OCAY* % in 12(0,t,; H) for all t, > 0.
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The nonlinear problem

We now need to study the Gevrey regularity for the following nonlinear problem:

o - - = 2 ; i
- — HAU+B(U,U)+ B(U,U*) + BU*U) + EU = —=B(U*,U"),

U(0) =0,

where U™ is the solution of the linear problem presented above.

As for the linear case, at a time ¢, we apply the operator e?MEAY2 46 each side of
equation (2.13) and then we take the scalar product in H of the resulting equation with
eW(t)(_A)l/Q(—A)U . The difference between this case and the linear case appears in the
terms containing the operator B and, to estimate these terms, we use Lemma 4.3.1. Note
that since the norm on H is equivalent to the usual norm on L2, in the right hand side
of (3.8) we can change the norm on L? with the norm on H, changing only the preceding
constant. Thus, we obtain:

% (— A)1/26w(t)(—A)1/2U|2 oy A=

(2.14) < FO)|(—A)2er OS2 4 (1)
+ep|(—A) 2= ”2U|H|Ae@<t AR

A2 7

Ult

where
F(t) =& + &) (—A) PO (1) | Ae? DD U (1)]3,
g(t) = 4| (—A) 2P (1) 3| Aer O U (13,
We rewrite (2.14) as
d

1/2 ~ _AVL/2 ~
o N T — - AP D
< J(OI(=2)PrOCN R 4 g(1).
Since U(0) = 0, we may assume that:
(2.16) ’(_A)1/2€<p(t)(*ﬂ)1/2(7|H < 2071, on some finite interval of time (0, ).
2

On that interval the following estimate holds:

d _ 1/2 ~ 1/2

217 o (—A)I/Qe‘o(“( A) U3 + 1|Aew(t) U|H
1/2

< FO(=A)2e?OESTTE + g (1),

Taking into account the a priori estimates obtained for U*, we find that f and ¢ are func-
tions locally integrable. So, we can apply the Gronwall lemma and deduce the following
estimate on (0, ):

(2.18) [(—A) 2PN, < /t 9(s) eXp(/t f(r)dr)ds
0 s
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Since f and g are locally integrable, we can define t* = t(F, Uy, 01) as the first time for
which:

t t*
(2.19) / g(s) exp(/ f(r)dr)ds = a
0 s 2¢9
Then, on the interval (0,¢*) we find:
(A 2erOEN T (1) < eo /2.

Hence, on (0,t*), with t* defined by (2.19), the solution U satisfies both (2.15) and (2.17).

2.3 Time Analyticity in Gevrey Spaces

As mentioned in the Introduction, the task of this article is to prove that the solutions of
the Primitive Equations are analytic in time with values in some Gevrey spaces. In fact
we show that the solution is the restriction to R, of a complex analytic function in the
temporal variable in a complex domain containing an interval (0,¢;). In order to derive
such a result, we use an already classical method (see e.g. [4] or [5]), the idea being to pass
from the Primitive Equations written in real time to an extended equation in the complex
time. To avoid too complicated notations and because there is no risk of confusion, for
the extended spaces and operators we use the same notations as in the real case. In this
way, equation (2.10) is rewritten as:

d
(3.1) d_[g] + AU + B(U,U) + EU = F,

where ¢ € C is the complex time.

In all what follows, ¢ = se?, where s > 0 and cos@ > 0 so that the real part of ¢ is
positive. As for the real case, we need to split the solution of the equation (3.1) into U*
and U, where U* is the solution of the linear equation:

v + AU* + EU* = F,
(3.2) ¢
U*(()) - Uo,

and U is the solution of the nonlinear problem:

dU ~ ~ nd * *x 17 T * *
3  ac TAUFBO.0)+BO.UY+BU0)+ EU = —BU".U"),
U(0) =0.

We start by deriving the a priori estimates for U*. For that purpose, we apply the
operator eP(scos (=) ¢ equation (3.2) and then take the scalar product in H with

e#(s C"S(”)(’A)W(—A)U*, multiply by e and take the real part.
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We notice that:
)1/2 dU*

Re 619(€<p(80059) Y Ae (s cos0)(— )1/2U*)H
3.4 1d s cos ! *
(3.4) — |ePlscos=M2 (_ AYI/207% 2,

2ds
— ¢'(scosf) cosf Re e”’(Aew (s cos 6)(

A)1/2

U* (_A)1/26<p(sc050)(—A)1/2U*>H

Using the same constant x as in (1.24), we find:

A)L/2

Re 619(64,0(30059 AU* e(p (scos 0)( 1/2AU*)
(3:5) + Re e (eP(scosO(=8)"2 e elscosd)(=0)2 A vy

> ¢y cos flefscosO(=2) 1/QAU*|12LI.
From all the computations above we conclude that:

1d 4
2ds
< cos H\eW(SCOSG)(*A)W(_A)1/2U*‘ lew (s cos 0)( I/QAU*|
+ |€so(scosO)(—A)1/2F|H|eso(scose)(_A UQAU*!H

1/2

e SCOSG)(_A)1/2(—A)1/2U*|§{ + ¢ cosf |€go(scos0)(—A) AU*EI

Restricting @ so that cos@ > /2/2 and making use of the Cauchy-Schwarz inequality, we
find:

d
d_‘elp(scose)(—A)l/Q(_A)I/QU*|2 + ¢ cos @ ’6<p (scosf)( I/QAU*|H
(3.6) 5
2cosf 1/2 1/2
< p(scosh)(—A) —A 1/2U* 2 p(scosh)(—A F
< 200 () P+ —2 e 5

We can now apply the Gronwall lemma to (3.6) and obtain:

e D=2 A0 <|(~A) 20y exp ()
(3.7) o
+ 2 A FI2 exp (c—s)
1
Since Uy € D((—A)Y2), we deduce from (3.7) a bound on U*(se?) in D(e#(scosO)(=A)2
(—A)Y2) for § such that v/2/2 < cos@ < 1 and for s < ¢, for all ¢ > 0.
Integrating equation (3.7), one can see that

(3.8) / |20 s DA AT* 2 ds' < C(s, F, Uy, 01), for all s > 0.
0

Having in mind these estimates, we start deriving estimates for the solution U of
equation (3.3).

The calculations for obtaining the a priori estimates are the same as for the lin-
ear case: we apply ePlscos)(=2)1/2 equation (3.3), take the scalar product in H with
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e?ls C"SQ)(_A)W(—A)U * and then multiply the resulting equation by e? and take the real
part. Using Lemma 4.3.1 in order to estimate the terms containing the B operator, we
find:

£|€go(scost9)(—A)l/2U|2 +¢ COS0|6@(sc059)(—A)1/2AU|§{

ds
5CoS A)1/2
(3.9 < [(s)[ertr NG 4 g(s)
+ 63’6@(SC089)(— )1/2<_ )1/2U’H‘6¢(50059)(—A)1/2AU|%’
where
1
f(S) = + 6’1’690(50059)( 1/2U*‘2 ’ (s cosf)( 1/2U*‘H7
C1
2
g(S) — £|€¢(30059)(7A)1/2F|%{.

1

We obtained the form of the functions f and g using the Cauchy-Schwarz inequality and
restricting 6 to v/2/2 < cosf < 1.
We can also write inequality (3.10) as

d scos 1/2~ \/i scosf)(—A)1/2 7
(3.10) g|eso( 0)(=4) |2 (017—03|e¢( DA A)VY20 | )

|€<p (scos)(

AU% < f(s)]erteosOEA2 01204 g(s),

Since U(0) = 0, we may assume that:

‘ep(SCOSG)(fA)l/Q(_A)1/2U|H < Cl\/?’
463

on some finite interval (0,%y) and, on this interval, U satisfies the inequality:

d

(9 s Osg 1/2 f © sc()se)( A)I/Q 2 (7 2

S COos 1/2
< f(S)\e“’( DEATULR + g(s).

Since f and g depend on the solution U* of the linear problem and we already obtained a
priori estimates on U*, we see that for all § € [—n/4,7/4], f and g are locally integrable
functions. Thus we can apply the Gronwall lemma to (3.11) and we find the following
estimate on (0, tp):

t t
(3.12) |e"(“°se)(‘A)l/2(—A)1/2(7|Hg/ g(s)exp(/ f(r)dr)ds
0 s

Since f and g are locally integrable functions, we can define t; = t(F, Uy, 01) as the time
for which we have:

(3.13) / exp/ F(r)dr)d ds = V2

403
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So on the interval (0,¢;) we find:

C1\/§

(3.14) | cos =212 (L VIR |,y < .
463
We define the region:
(3.15) DUy, Fyoy) = {¢ =se |0]| <7m/4,0 < s < t1(Up, Fyo1)},

and from the previous estimates we obtain a bound on U(¢) in D((—A)Y/2ee(scosO)(=A)1/2).

01\/5

C3

(3.16) |eP(scosO=)2 (_ AVI/27| < , for ¢ € D(Uy, F, o).

We can now state the main result of this article:

Theorem 2.3.1. Let Uy be given in D((—A)Y?) and let F be a function analytic in time
with values in D(e"l(*A)w) for some o1 > 0. Then there exists t, depending on the initial
data such that the function

t— (_A)1/26@(sc0s9)(—A)1/2U(t),
is analytic on (0,t1), where p(t) = min(t,o1) and t1 is defined by relation (5.13).

Proof: In order to prove the existence of an analytic solution, we use the Galerkin
approximation method based on the Fourier series, and the energy estimates obtained
above. For the solutions of the Galerkin approximation the a priori estimates which are
formally derived above hold rigorously and the bounds are independent of the order m
of the Galerkin approximation. With these estimates we can pass to the limit m — oo
using classical theorems concerning convergence of analytic functions. From here follows
Theorem 2.3.1.
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Chapitre 3

Sobolev and Gevrey regularity
results for the primitive equations in
three space dimensions

Régularité de type Sobolev et Gevrey
pour les Equations Primitives en trois
dimensions

Le but de ce chapitre, qui reproduit un travail en collaboration avec D. Wirosoetisno,
est de prouver en dimension d’espace trois des résultats analogues a ceux obtenus dans les
chapitres précédents. On montre ici l'existence et 1'unicité, localement en temps, d’une
solution tres réguliere, pour les Equations Primitives dans dimension trois, si les données
initiales sont assez régulieres. On etablit aussi la régularité de type Gevrey pour les
solutions des Equations Primitives.
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Sobolev and Gevrey regularity results for the primitive
equations in three space dimensions
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Abstract: The aim of this paper is to present a qualitative study of the Primitive
Equations in a three dimensional domain, with periodical boundary conditions. We start
by recalling some already existing results regarding the existence locally in time of weak
solutions and existence and uniqueness of strong solutions, and we prove the existence of
very regular solutions, up to C*-regularity. In the second part of the paper we prove that
the solution of the Primitive Equations belongs to a certain Gevrey class of functions.

3.1 Introduction

In this article we consider the Primitive Equations for the ocean or for the atmosphere in
3 space dimensions, with periodic boundary conditions. The general form of the equations
governing the movement of the oceans and atmosphere is derived from the basic conser-
vation laws, but the resulting equations are too difficult to handle. That is why, using
scale analysis methods and physical observations, the equations are usually approximated
by different models, having simpler forms (in principle), one of them being the Primitive
Equations (for more details on the form of the Primitive Equations and their derivation,
see e.g., [7], [8], [9]).

As we already mentioned, in this article we consider the 3D Primitive Equations with
space periodicity and start by recalling the known results of existence, uniqueness and
regularity of solutions, in the usual H' Sobolev space (see [7], [8], [15]). We then prove
a regularity result in higher order Sobolev spaces; for a similar result for the Primitive
Equations in space dimension 2, see [11]. We also study the Gevrey regularity for the
PEs; in fact, we show that considering a forcing term which is analytic in time with
values in some Gevrey space, the solutions of the PEs starting with initial data in the
Sobolev space H'! instantly become elements of a certain Gevrey class and remain there
for a certain interval of time. The study of the Gevrey regularity for the solutions was
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inspired by the article of Foias and Temam [4] who proved this type of results for the
Navier—Stokes equations in 2 and 3 space dimensions with periodic boundary conditions.
We also mention the works of Promislow [12], of Ferrari and Titi [3], who obtained Gevrey
regularity results for a certain class of nonlinear parabolic equations; also, Cao, Rammaha
and Titi [2] established the Gevrey regularity for a certain class of analytic nonlinear
parabolic equations on the sphere. The Gevrey regularity of the Primitive Equations in
2 space dimensions was proven in [10].
The Primitive Equations in their dimensional form read:

(1.1a) g—?—%ugz—i—vi{i—%wg;—fv%—%g—i:yAuvLFu,
(1.1b) %+u§;}1 +vaa;2 +waa;3 +fu+p_10§_;;:l/AU+F“’
(1.1c) giz—wm

(1.1d) §Z+§;+§Z=Q

(1.1e) a—T+uaT+vaT+waT:uAT+FT.

In the system above, (u, v, w) are the three components of the velocity vector and
p, p and T are respectively the perturbations of the pressure, of the density and of the
temperature from the reference (average) constant state pg, po, and Ty. The relation
between the temperature and the density is given by the equation of state, and we consider
here a version of this equation linearized around the reference state py and Ty,

(1.2) pran = po(1 = Br(T — Tp)),

so that for the perturbations p and 7"

(1.3) p = —PBrpoT.

The constant g is the gravitational acceleration and f the Coriolis parameter, v and p are
the eddy diffusivity coefficients, (F, F,) represent body forces per unit of mass and Fr
represents a heating source. In applications F,,, F, vanish for the ocean but we consider
here nonzero forces for mathematical generality. When required, we denote by F' the
vector (F,, Fy, Fr).

We work in a limited domain:

(1.4) M = (0,Ly) x (0, Ly) x (—L3/2, Ly/2),

and we assume space periodicity with period M, meaning that all functions are taken to
satisfy:

(1.5) f(xr, 22, 23,t) = f(x1 + L1, 29, 23,t) = f(21, 22 + Lo, w3, ) = f(21, 22,23 + L3, 1),

when extended to R3.
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All functions being periodic, they admit Fourier series, hence we can write:

(16) f($17x2, l’g, Z f (k) x1+k/x2+k/x3)

keR3

where, for notational conciseness, we set k; = 2nk;/L; for j =1,2,3.
Moreover, we assume as in [10], [11], that the following symmetries hold:

w(zy, re, x3,t) = u(xy, T, —3, 1), Fy(xq, 29, 23,t) = Fy (21, 29, —13,1),

v(xy, Te, T3, 1) = v(x1, T9, —T3,1), Fy(xq, 29, x3,t) = Fy(x1, 9, —x3,1),
(1.7)  T(xy,z9,23,t) = =T(21, 29, —x3,t),  Fr(ry,z9,23,t) = —Fp(x1, 2, —23,1),

w(x1, Ta, T3, 1) = —w(x1, T2, —T3,1), p(x1, 22, 73, 1) = p(21, T2, —T3,1);

in other words, u, v, p are even and w, T" odd in x3. These conditions are often used in
numerical studies of rotating stratified turbulence (see e.g. [1]). Note that without these
symmetry properties, space periodicity is not consistent with (1.1).

The following function spaces are used:

(1.8) V={U=(u,v,T)¢€ (Héer(M))g’, u, v even in z3, 7' odd in w3,
Ls/2
/L /Q(Ux1($17$2, T5) + Vg, (21, T2, %)) day = 0},
—L3
(1.9) H = closure of V in (L*(M))3.

Here the dots above ngr and L? denote the functions with zero average over M.
These spaces are endowed with the following scalar products: on H we consider the

scalar product

(1.10) (U, D)y = (u, @)z + (v, 0) g2 + K(T, T) 2,

and on V' the scalar product is

(1.11) (U, D))y = ((u, @) + (v, 9)) + w((T, T)),

where we have written
(1.12) ((®, B)) = / Vo - Vo dM.
M

The positive constant x will be chosen below. Since we assumed that all functions
have zero average, a generalized Poincaré inequality holds, meaning that we have:

(113) |U|H < C()HUHV, VU e V,

which guarantees that || - || is indeed a norm on V' equivalent to the usual H' norm.

In system (1.1), the unknown functions are regrouped in two sets: the prognostic
variables u, v and T for which an initial value problem will be defined, and the diagnostic
variables p, w and p which can be defined, at each instant of time, as functions of the
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prognostic variables, using the equations and the boundary conditions. The density p is
already expressed in terms of the temperature 7' by the equation of state (1.3). Given the
prognostic variable U = (u,v,T) € V, we can uniquely determine the vertical velocity w
from the conservation of mass equation as:

x3
(1.14) w(U) = w(xy, 9, x3,t) = —/ (Ugy + Uy das,
0

where we used w(zq,x2,0,t) = 0, since w is odd in x3. Using (1.1d), the fact that w is
periodic gives the constraint

L3/2
(1.15) / (tg, + Vg, ) dg = 0.
—L3/2

From equation (1.1c), the pressure can be determined uniquely in terms of 7', up to
its value p, at x3 = 0, namely,

T3
(1.16) p(x1, 22, 73,1) = ps(21,22,0,1) +ﬁT,00/ T(xy1, zq, 2%, 1) dak.
0

In fact, we fully determine the Fourier coefficients p;. of the pressure p for k3 # 0 but
not for k3 = 0. That means that the part of the pressure we can not determine is the
average of the pressure in the vertical direction:

1 Ls/2 10 /
(1.17) pe(@1,22) = L_/ p(1, 2, w3, ) dag = Z pr(t)e e hers),
3 J—L3/2 k, k3=0

We deduce below the relation between the average of the pressure in the vertical
direction and the surface pressure:

(1.18)

xs . ! ! ! .
p<x17 T, T3, t) _ p8<x1’ To, 0’ t) + ﬁTpO/ Z Tk(t>ez(klx1+k2m+k3x3) dil?g
0 %

T t . ! ! -1,/
= ps('xlu T2, t) + 5Tp0 Z ;]{E/ )€Z(k1x1+k2$2)(61k3$3 - ]')
k ks£0 9
Tk t i(k! o Iy Tk t ik -2

= > (Pckrke) — Brro %)6 (K thse2) 4 Brpg Y %6 :

(k1 ,k2) ks#0 3 koks#0 3

i(klz1+khT Ty, (t ik'-x

_ Z p*’(kl’]@)e(kl 14K T2) + Brpo Z %ek ’

(k1,k2) k, k3#0 3

where p, is the average of p in the vertical direction. Then:

T(t)

(1.19) DPx, (k1 k2) = Ds, (k1,k2) — BTPo0 Z
ki3 #0
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The variational formulation of the problem

In order to obtain the variational formulation of this problem, we consider a test func-
tion U’ = (v’,v",7°) € V, multiply (1.1a) by ", (1.1b) by v", and (1.1e) by xT°, and
integrate over M. Using the integration by parts and the space periodicity, we find that
system (1.1) is formally equivalent to the following problem:

To find U : [0, te] — V, such that,

(1.20) %(U, Uy + a(U,U°) +b(U,U,U°) 4 e(U,U") = (F,U")y, YU’ €V,
U(0) = Up.

In (1.20) we introduced the bilinear, continuous form a : V- x V — R as:

(1.21) a(U,U7) = v((u, ")) + v(0,0")) + mas(T, T%)),

the trilinear form b as:

!
b # b:/ ouw ow —_— d
(U, U, 1) M(uamu —|—vayu +wU)—=—u") dM

(1.22) —i—/M(u—v —i—v—yﬁvb—i—w(U)—

and the bilinear form e, e : V' x V' — R which is continuous:

(1.23) e(U,U") = f/M(u'Ub —vu’) dM — gfp /MTw(Ub) dM.

We note that

(1.24) a(U,U) +e(U,U) = v|jul]* + v|[o|* + sl T|* — 9687 /MTw(U) dM.
We then estimate:

(1.25) IgﬁT/MTw(U) AM| < 97| T2 |w(U)| 22 < egBr([full + IDIT;

here we used (1.14) and the Poincaré inequality. We find:

(126)  a(U.U)+e(U,U) 2 vl|ul* +v[oll* + sl T)1* = cgBrllull| T = cgBrvllIT].

From equation (1.26), we see that choosing k large enough, more specifically x >
2(cgPr)?/(vp), the bilinear continuous form a + e is coercive on V, and

v v K .
(121)  alU,U) +e(0,0) 2 Sull* + 2ol + “FITIP 2 U], o = min(e, )
In order to study the properties of the form b, we introduce the space V5, defined as:

(1.28) Vo = the closure of V N (H2,(M))® in (H2,,(M))>.

per per

We have the following result on b:
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Lemma 3.1.1. The form b is trilinear continuous from V x Vo x V into R and from
V xV xVyinto R, and

(1'29) |b(U7 Uﬁa Ub)| < C2||U|||Uti EQHUﬁHI/QHUbHVw VU7 Uﬁ ev, Ub € Vs

Furthermore,
U U U =0 YU eV, U €V,
and
LU, U, U = —b(U, U U°), YUU, U €V with U’ or U* € V,.

Proof: The proof is based on appropriate estimates for the terms of b(U, U*, U?); Holder,
Sobolev and interpolation inequalities are used. For more details on how this type of re-
sults is derived, see [7], [11] or [15].

We can now write (1.20) as an evolution equation in the Hilbert space Vi, which is
the dual space of V5. For that purpose we observe that we can associate the following
operators to the forms a, b and e above:

A linear continuous from V into V', defined by (AU, Ub) = a(U, Ub), YU, U’ €V,

B bilinear, continuous from V' x V into Vi, defined by
(B(U,U*), U") = b(U, U, U* YU,U eV, VU € Vi,

FE linear continuous from V into V', defined by (EU,U’) = e(U,U"), YU,U’ € V.

Then equation (1.20) is equivalent to the following operator evolution equation in V3

U

AU+ B(UU)+EU=F
(1.30) a TAUFBUU)+ !

U(0) = Up.

In the second section we present some existence, uniqueness and Sobolev regularity
results for the Primitive Equations, that is (1.20) or (1.30). We start by recalling the
existence of weak solutions (result already available thanks to [7]), the existence and
uniqueness of strong solutions (result already available, see [15]) and we conclude by
proving the existence of more regular solutions, up to C*> regularity. For these high
regularity results we use periodic boundary conditions; for a similar result in two space
dimensions, see [11].

In the third section we prove that the solutions of the Primitive Equations in space
dimension three are real functions analytic in time with values in some Gevrey space.

3.2 Sobolev regularity results

As we mentioned before, we start by recalling some results already available and then we
prove the existence of very regular solutions.
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Theorem 3.2.1. Given Uy € H and F € L>*(Ry; H), there exists at least one solution
U of problem (1.20) such that:
(2.1) Ue L>™Ry;H)NL*0,T;V), VT >0.

Proof: The proof of this theorem is based on the a priori estimates given below which,
by classical methods, lead to (2.1); we briefly recall these calculations needed below.

Taking U® = U(t) in equation (1.20), for an arbitrary fixed ¢ > 0, we obtain after some
basic computations:

d d c
(2.2) — U +allUl} <4IFE, —|URk+=UR < d|FI,
dt dt Co

where |F|y is the norm of F' in L*(R,; H). Using Gronwall inequality, from (2.2) we
find

_at e _et
(2.3) U7 < [U©O0)[Fe o + 2—1(1 —e «0)|F[Z.
Inequality (2.3) implies:
/
2.4 limsup |U(t)|%4 < a% F2 =72
H 00 0
t—00 C1

After these a priori estimates of U in L*(Ry; H), we integrate (2.3) and find:
t1
(2.5) / |U||2dt < K(Uy, Fit1), Yt >0,
0

where K (Uy, F,t1) denotes a constant depending on the initial data Uy and on the time
t1 > 0. These estimates are at the basis of the proof of existence in Theorem 3.2.1 (for
more details, see [7]).

We also note that for a forcing independent on ¢, F(t) = F € H, inequality (2.4)
implies that any ball B(0, 7)) in H, with 7, > 7 is an absorbing ball.

The existence and uniqueness of a strong solution is given by the following theorem
(see e.g., [5], [15]):

Theorem 3.2.2. Given Uy € V and F € L*(0,T; H), there exists t, > 0, t, = t.(||Uo]])
and a unique solution U = U(t) of (1.20) on (0,t,), such that:

U € C(0,t,; V)N L0, t,; (H2,(M))?).

per
Proof: The proof is based, as usual, on some a priori estimates for the solution U,

obtained by taking U’ = —AU in (1.20). First of all, let us note that the ”standard”
treatment of the bilinear term gives the estimate,

(2.6) (BU,U), AU)u| < ¢|lU[*|AU [,

The term |AU ]%2 is too strong to be dominated, meaning it cannot be majorized by
|AU|? on the left-hand side.

In order to overcome this difficulty, the idea is to use an anisotropic treatment for the
terms in b(U, U, U*) which contain w(U). This gives the following result, which is proved
in [15] (see also [5]):
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Lemma 3.2.1. The trilinear form b is continuous from Vo x Vo x H into R, and:
@7 BTV < e(UIITI O + 101101 1T 1T 110,
for allU, U in Vs and Ut in H.

We return to the proof of the theorem. Using Lemma 3.2.1, we can estimate the
trilinear term as:

(2.8) (B(U.U), AU)u| < cal|Ullv|AUT.

This estimate allows us to obtain some a priori estimates, but since the estimate is a
weak one (the term |AU|g has power 2), a direct estimate would force us to work with
small initial data. In order to avoid imposing such a restriction, we split the solution U
of equation (1.30) into U = U* 4 U, where U* is the solution of the linear problem (as in

[5], [15]):

dU~
AU+ EU* = F.
(2.9) a AU ’

U*(0) = U,

and U is the solution of the following nonlinear problem, in which U* is now known:

d~ _ ~ - - ~ ~
(2.10) d—[t] +AU + B(U,U) + B(U,U*) + B(U*,U) + EU = —=B(U*,U"),

U(0) = 0.

We start by deriving a priori estimates for U*. We take the scalar product of (2.9)
with —AU* in H and we find:

d C1 1
2.11 —||U™|1? AU* % < =AU, + —|F|?
(211) G0 + el AUy < GAU g + 5| PP
which leads to:
1
(2.12) sup [|U*(OIF < 5—1F[720.0.m) + 1Uoll7,
0<t<ty 2¢q
and
n VND: 1 2 1 2
(2.13) ; AU ()] dt < ?12|F|L2(0,t1;H) + C—1||U0||v-

Using the following a priori estimates and classical methods (e.g. Galerkin’s method),
we prove the existence of a solution of (2.10) on some interval (0,t,), where t, is also
determined below. Assuming that U* is known in L>(0,¢1; V) N L*(0,ty; H?) for all
t; > 0, we take the scalar product of (2.10) with AU in H and we use Lemma 3.2.1. We
have the following estimates:

7 * ] ] * 7 c 7 7 *
(2.14) (B(U,U"), AU)u| = [b(U, U, AU)| < §1|AU|§{+CIIU||2V(1+|IU I72),
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* 77 7 * T7 7 c 7 * * 7
(2.15)  [(B(U"U),AU)ul| = [b(U*, U, AU)| < §1|AU|§{+CIIU AT 7= U117

and
* TTX ] * TTX 7 ¢ ] * *
(2.16) ((B(U,U7), AU)u| = [b(U*, U, AU)| < §1|AU|§1 + [T U -
Taking into account all these estimates, (2.10) leads to the following estimate:
d - . . s
(2.17) FIUIY + (e1 = cal UI)IAU L < vV +n(?),
with

Y(t) = c(L+ U5z + U U1 52),
n(t) = cllU* [0

Using (2.12~) and (2.13), we see that the functions v and 7 are integrable on any interval
(0,t1). Since U(0) = 0, we may assume that:

(2.18) 1Tlv < 20—1, on some finite interval of time (0, ).
Cy
On that interval, we can write (2.17) as:
d, ~ Clynr ~
(2.19) Vo0 + 1ATT <A@ + o).

Applying the Gronwall lemma to (2.19), we deduce the following estimate on (0, ¢¢):

(2.20) T2 < /Otn(s> exp(/:”y(T) dr) ds.

Since the functions v and 7 are integrable on (0,7"), we can define ¢, = t,(F,Uy) as
the first time for which

(2.21) /Ot* n(s) exp (/:* ~(7) d7'> ds = (20—014)2.

Then, on the interval (0,t,) we find ||U||y < ¢1/2¢s. Hence, on (0,t,) the solution U
satisfies both (2.17) and (2.18).

We have then the necessary a priori estimates in order to deduce, using the Fourier—
Galerkin method, the existence of a solution U of (1.20) such that:

(2.22) U e L®0,t,; V)N L0, t,; (H2,(M))?).

per

The continuity of U from [0, t,] into V' is proved using an interpolation argument, see
e.g. [6] or [14].

The uniqueness of the solution is easily obtained by classical methods, meaning we
consider two solutions Uy, U, of (1.30) which satisfy (2.22) and estimate U = U; — U, in
the H norm, we find that the solutions coincide.

As we mentioned at the beginning of this section, we now prove the existence and
uniqueness of the regular solution of the Primitive Equations, up to C* regularity. We
have the following result:
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Theorem 3.2.3. Given m € N, m > 2, Uy € V. N (H™.(M))? and F € L>(0,T;H N

per

(H™H(M))?), there exists t,, = t,.(F,Uy) and a unique solution U of equation (1.30) on

per

0, t.] such that:

(2.23) U € C(0, to; (FI™(M))?) N L2(0, th; (HHL (V).

per per

Moreover, if Uy € V and F € L>*(0,T;H N (Hg;rl(M))i‘), then the solution U of
equation (1.30) belongs to C((0,t.]; H™ . (M))?).

per

Proof: The proof is based on a priori estimates on the higher order derivatives.

We set Ul = (z[a}:m|D°‘U|12q)1/2, where D® is the differential operator D* =
D"Ds?Ds?*) D; = 0/0z;; « is a multi-index, a = (a1, a9,a3), oy € N and [a] =
o1 4 ag + as. In equation (1.20) we take U = (—A)"U(t), with m > 2 and t arbi-
trarily fixed; we obtain:

d

o1y @G A WtalU.(=A)"0) +b(U.U. (~A)"U) + e(U, (~A)"V)

= (£, (=A)"U)n.
We also note that:
a(U, (=A)"U) + e(U, (=A)"U) = (a + €)((=2)"U, (=A)"2U) = e1|U(8)]741,

where we used the coercivity of a + e.
Integrating by parts and using the periodicity, we find:

(2.25) IU( ) + U541 < DU, U (=2)"U)| + [(F,(=A)"U)xl.

2dt

We need to estimate the terms on the right hand side of (2.25). The last term can be
easily estimated as:

Cq

. m < — U] .,.
(2:26) (P -A)"0)a] < Py + s U

In order to estimate the term b(U, U, (—A)™U), we note that the integrals we need to
consider are of the types:

/ u?DQO“DQO‘?DQO‘“ M, / v—D2O‘1D2a2D2°‘3udM
M

(2.27) 5
/ w(U)a—Dfa1D§a2D§a3u dM,
M z

where, as before, a; € N with [a] = a1 + ay + a3 = m. Integrating by parts and using
periodicity, the integrals become:

(2.28) /Do‘(ua “u dM, /Do‘ v— D%y dM, /Da(w(U)a—u)Do‘udM.
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Using Leibniz’ formula, we see that the integrals can be written as sums of integrals of
the form

(2.29) / Da—D"‘ am, / D‘“ am, / —D‘“ am,

and of integrals of the form

ou

ou
92 k m—k
(2.30) /M 5" ud E

D%udM, / Shpemk —
M Yy

D%udM, / 5kw(U)5m—’“@DaudM,
M 0z
where k = 1,...,m and 6" is some differential operator D* with [o] = k.

Note that for each «, after integration by parts, the sum of the integrals of type
(2.29) is zero because of the mass conservation equation (1.1d). It remains to estimate
the integrals of type (2.30). The first two integrals in (2.30) lead to the same kind of
estimates, so in fact we only need to estimate the first and last integrals, which we do
using Sobolev and interpolation inequalities. For the first integral, we write:

e OU i OU
|/M(5ku5 $OL D M| < [l 50

1/2 1/2
< cULPIURZNU iro] Ul

D2
(2.31) [Dfule

where k =1,....m
For the last integral we write, when k < m:

0
|/ SFw ()5 ka D udM| < | w(O)]z |55

1/2 1/2
< C|U|k‘+1|U‘m/—k’+l|U|m/—k:+2|U’m+17

(2.32) [D%ulze

and when k£ = m:

- m ou o
(233) | / 5" w(U) 5D dM| < 18" w(U) |2 |52 ol D*ulis < elULIULULL .
Gathering relations (2.31), (2.32) and (2.33), we find:
(U U, (=A)"U)| < 3 (Ul U HUIA UL
k=1

(2.34) o
1/2 1/2 3/2
Y ULl UL s [0 kol Ulgs + U | U LU
k=1

We now need to bound the terms from the right-hand side of (2.34):

For the case when m > 2, we notice that not all terms on the right hand side of (2.34)
contain |U|,,+1. From the first sum, only terms corresponding to £k = 1 and to k = m
contain |U|,,+1, and we estimate them as:

Ul U1/2U1/2Um<—
U1 U7 [U ||_2<m 3

4
UL|U RO, < ﬁw\mﬂ +S|URP U,

Ul + AlUNLIULIUL
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Terms from the second sum corresponding to k = 2,...,m — 1, are estimated as:

2 2
(2.35) e|Usa U152 d U1 gl Ul < 2(4)

while for the term for k = 1, as well as for the last term in (2.34), we have:

U2 +1+CS|U|k+1|U|m k1 |U k2,

(2.36) UL|UMAURS, < ﬁmmﬂ + U UL,

Gathering all the estimates above, we obtain the following differential inequality:

(2.37) \U|2 +ai|Uln <0+ lU,
where the expressions of the functions § = 6(t) and ¢ = (t) can be easily derived from
the estimates above. The functions 6 and ¢ are formed from sums involving the terms
|U |k, with & < m.

We also note that for m = 2 we obtain, using the Young inequality, the following
differential inequality:

(2.38) _|U|2 +alUR < d P+ dULUL + U UL + Ul .
Inequality (2.38) can be also written as:

d
— (L UR) < K(IF |2y, U 0,05 (1 + [U[3)2,

(2.39) -

and we obtain that there exists a time ¢,, < t, depending on F, |Up|s and on ¢, of
Theorem 3.2.2, such that:

(2.40) Ut)|, < K(Uy), Y0<t<t,.

Using the Gronwall lemma, we find that for each m > 2, we have a bound for U
in L0, t,,; H™.(M)) and L2(0 te; HTHH(M)), where t,, was defined above. From this

per per
result, the first part of the theorem easily follows.

For the second part of the theorem we notice that since Uy belongs to V', the solution
U of problem (1.30) belongs, according to Theorem 3.2.2, to L?(0,t,; H2,). This means

per

that U(t) € H> (M) almost everywhere on (0,t,), so there exists a t; arbitrarily small

per
such that U(t;) € H2,(M). Using now the first part of the theorem we obtain that the

per
solution U is such that:

U € C([ty, te); H2 (V) N L2 (ty, te; H, ().

per per
Using the same argument as before, we find a ¢y belonging to the interval [ti,t,.],
arbitrarily close to ¢y, such that U(ty) € H3_.(M). Applying the result deduced before, in

per
the first part of the theorem, we obtain that the solution U is such that:

U € C([ta, tui]; H2,.(M)) N L2(ta, t,; HE (V).

per per
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Recurrently we arrive at:

U € C[tmor, tu; HT (M) N L2 (tp_1, t; H™HHM)).

per per

where t,,_ is arbitrarily close to zero. From this relation, the result follows immediately:

U € C((0,t,]); H™.(M))

per

Remark 3.2.1. Note here that t,, is independent of m; in fact t,, = t(F, |Ug|2, t4) is the
time for which |U|y € L>(0,t4,). Then, for each m > 2, the functions # and ¢ from (2.37)
are locally integrable on (0, t,,) so, by the Gronwall lemma, we obtain a bound of |U ()|,
on the same interval (0, t,,).

As a consequence of the above remark, we also deduce the following result:

Remark 3.2.2. Given Uy € (C°(M))? and F' € L>®(0,t, (C*(M))?) , Theorem 3.2.3 gives
also the existence of a solution U continuous from (0, ¢,,) into ﬂmZOHgér(M) = CSEI(J\/[)

If F € C®M x [0,t]), estimates on the time derivatives of U can be also obtained as
e.g. in [13] for the case of Navier-Stokes equations, so that U is finally C* in space and

time on (0, t,4).

3.3 (Gevrey regularity results

As mentioned in the introduction, the aim of this paper is also to prove that the solutions
of the PEs are real functions analytic in time with values in a Gevrey space; in fact
we prove that the solutions are the restriction to a positive real interval of some complex
analytic function in time. We start this section by introducing some notations and defining
the Gevrey spaces we will consider.

We introduce the following notation:

[Uk]2 = |ur|® + [ve]* + £| Tk |

Considering the Laplacian A, we define the Gevrey class D(eT(_A)m), 7 > 0, as the
set of functions U in H satisfying

(3.1) M| Y IR = 17V UL < oo

keZ3

The norm of the Hilbert space D(e™2)"*) is given by

1/2

(3.2) Ul = (U] ooz, = 1™ ULy, for U € D),

and the associated scalar product is

(33) (UV)r = (U, V)D(eT(*A)l/Q) = (67(7A)1/2Ua 67(7A)1/2V)H, for U,V € D(eT(’A)l/Q).
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Another Gevrey space that we will use is D((—A)™2e7=2"*) ' > 1 integer, which is a
Hilbert space when endowed with the inner product:

(3.4) (U’ V)D((—A)W/Qef(—A)l/Q) = ((_A)m/QeT(_A)1/2U’ (_A)m/QeT(—A)lmv)H;
the norm of the space is given by
m T(—=A)L/2 m 27|k’
35) Ul apmmecars = (AP TUR = M) ) WP IO

keZ3

Estimate on b:

We start with the following estimate on b, following the idea of Foias and Temam for
the Navier-Stokes equations [4]:

Lemma 3.3.1. Let U, U? and U® be given in D((—A)32e" ) for + > 0. Then the
following inequality holds:

(=A)2B(U, U, (=A)*PU°),| < e AU | AUF? (=) 2UP 2| (= A)* UL

3.6
I N IR N e

Proof: We first write the trilinear form b in Fourier modes. In order to simplify the
writing, we define, for each j € Z3, §;,, as j//j43 when j5 # 0 and as 0 when j5 = 0, for
n = 1,2. With obvious notations, the trilinear form is then written as:

(3.7)
U UL U = Y iluy + Ly + lwy)ujug
jHl+k=0
+ Y iy + Loy + Bwp)ofop + > il + By + By TETR
JH+k=0 J+Hl+k=0

= using the fact that, by definition, w; = 0 for j3 = 0 (w is odd in x3)

= il = Sialh)ug + (I — 52l4)vy) (ufu, + vivg + KTFTY).
k=0

We then compute:
((_A)l/QB(Ua Uﬁ)a (_A)S/QUb)T

(38) = ST Al = 5l + (8 — 604 e WK il + v, + KTFTY),
JHI+k=0

We associate to each function u, a function % defined by:
. . .y . . . -/
(3.9) U= E ;€'Y where 1y = 7 uyl;
JEZ3

we also use similar notations for the other functions.
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Since all the terms are similar, we need only to estimate the first sum from (3.8),
denoted by I. We find:

(3.10) IE< D7 1K g o

k=0
where we used the estimate |l — &, 105 < (Ls/2m)|j'||l'|. Since j+k+1 = 0 <
J + K +1U =0, wefind [K'| —|I'| — |j'| <0 and we have:

1< Yo W0+ 15D IR Payi

j+k+1=0
(3.11) < 3 WP Pasaa + > 15 PIIK Pt
J+k+1=0 J+k+1=0
dM () dM
|M|/ @ (z ‘12 (z) +|M|/ ga(x ( )qz(x) )

where we wrote:

- S~ i(§hx+ghy+ihz - 12~ i(jlxtihyt+jhz

_§:|j|uje(1 2y +i32) () = |j|uj6(1 2y+i32)
JEZ3 jEZ3

gs(x) = ) |j'|PuyeVir e tiss),
JEZ3

(3.12)

and the definitions for qf and ¢} for i = 1,2, 3 are the similar ones.
Using the Holder and the imbedding inequalities, we find:
1] < la1| 20|68 sl a3] 22 + |go] 1314 | ool a5 o2
< clar | |61 271 |3 2 + claal 2| aslr? af | 31 2
< | AU AUH 2| (=A)PPUF | (=2)* 207,
+ | AU (=AU | AUF | (- A)P0°)

1/2

(3.13)

Analogue estimates for the other terms, yield Lemma 3.3.1.

A priori estimates for the real case

We first derive some a priori estimates in the real-time case and then we consider
the complex-time case. In all that follows we assume that the forcing term F' is analytic
in time with values in the Gevrey space D(e*(-2)"*(—A)Y/2) for some oy > 0, and
Uy € D(—A). Setting ¢(t) = min(¢, 01), we apply the operator e#?2"?A to equation
(1.30), then we take the scalar product in H with e?®2"2AQ.

Since a + e is coercive, we have:

(e@(t)(—A)l/zAAU, pP((=A I/QAU>H n (ecp( I/QAEU ot I/QAU)
= a(e%(t)(*A)lmAU7 P 1/2AU) n e(ew( _A) /2AU’ et 7A)1/2AU)
> Cl|€¢(t)(_A)1/2(_A)3/2U|§{.
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For the bilinear term, we apply Lemma 3.3.1 and find:

(3.14)

’(ewa

NYABU,U), eF O AU | < o AU (—A) U

o(t)
e
< Z\(—A)?’”U!i@ +cs| AU

For the term containing the time derivative of U, we have:

(eso(

> 5

Z

A)1/2 AU,( ), PO AL (t))H

A)L/2 A)L/2

AU), e AU),

()(ew(t)(—A)”Z(_A)B/?U, PR AUy

AU - ¢ ()Y (- A) R, A0S (- A) )
“AEAUPR, — |er®(-A)2 (—A)3/2U|H|e“"(t)(_A)l/2AU|H

20— I-A UL - ZIAUL,

The term containing the force F'is estimated as:

(3.15)

(ewa

1/2AF e(t)(—

A)L/2

AU)y < [(=A)2F o (=A)2Ul o

1 A)L/2 €1 3/27712
SC—1|(— ) F|¢(t Z|(_A)/U|<p(t)

Gathering all these estimates, we find:

(3.16)

We consider the function y(t) = 1+ |AU|?

we find, for any ¢; > 0:

(3.17)

cll (=AU < IAUW + AU ) + SI(=2) 2P

w(t)"

) . Since

(=22 R < (=2)'2F)Z,

ay(t) < g (t), 0<t<ty,

where ¢, is a constant depending on the norm of F in L>(0, t1; D((—A)Y2eo1 (=22,
We easily deduce that there exists a time ¢/, 0 <t/ <ty t. =t/ (F,Uy) = 3/8y*(0)cy,
such that y(t) < 2y(0) for all 0 < ¢t < ¢ (F,U). We then obtain the following a priori

estimate:

(3.18)

AU ()]
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A priori estimates for the complex case

In order to prove that the solution is analytic in time and coincides with the restriction
of a complex function in time to a real positive interval, we consider equation (1.30) with
a complex time ¢ € C, and U a complex function. We take the complexified spaces H
and V denoted Hc and V¢ !, so equation (1.30) is rewritten as:

AU
(3.19) ac HAU+ BUU) + B(U) = F,

U(0) = U,

where ¢ € C is the complex time.

We consider ¢ of the form ( = se' , where s > 0 and cosf > 0 so that the real part of
¢ is positive. We apply e#(sc0s0)(= A to equation (3.19) and take the scalar product
in He with e®(® cos)(=2)'"* AT, We then multiply the resulting equation by e and take
the real part. We find:

dU
p(scosf)(— Al/QA dg A p(scosh)(— A)I/QU)H

|€<p(s cos 6)(_A)1/2AU‘12LI

(e
C1d
(3.20) ~ 2ds
+ ¢/ (s cos f) cos @ Re e (Ae#lscos (=227 A eplscosO)(=A)!/2 U)u
1d

§d_|AU|2 s cos0) COS0|(_A)3/2U|90(5c059)|AU|<p(scos9)-
Since a + e is coercive for our choice of k, we also find:

Re ¥ (#lreosO)(=A)'? A g1, g2 ccs) =82 A1y
(321) + Re 619(6@(30089)(*A 1/2AEU, egp(scosO)(—A)l/2AU)H
> ¢ cos fle? N (AP = ¢ cos ] (—A)P2UJ,

scosf)*

For the forcing term, we write:

(3.22)
7 scos0)(— / s cos /
[Ree!?(e#lecos A EAR, 2 cs DEAEAT) | < (=) Fyscon) (= 2)Y2Ul (s coso)

1 1
/2F2
010059|( A) l

p(scosb) + (scos@)"

< %COS@K— 32U 2

For the bilinear term B we use Lemma 3.3.1 and the Young inequality:

Ree”(AB(U,U), AU ) piscosn)| < ol AU |< APRU

(scos& scosf)
SIAUTG

3.23
( ) < ECOSQK_ )3/2U|2 scosf) +

(scos@)-

(co s@)

IFor the scalar products and the norms we use the same notations as in the real case.
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Gathering all the estimates above, we find the following differential inequality:

1d 1
AU e + & cost](~ )72 (-2 2P,
(3 24) 2d ‘ (scos®) 2 p(scosf) = c1 cos b scosf)
' 0059 9
|AU’ (scos®) + |AU|@(SCOSO)

(C )
We restrict ¢ such that \/5/ 2 < cosf < 1 (in fact we can restrict § to any domain
such that cosf > ¢ > 0). Writing

y(s) =1+ |AU( )|2(sc056)
the differential inequality (3.24) becomes:
dy(s)
ds

(3.25) <c(F)yi(s), 0<s<t,

where ¢(F') is a constant depending as before on the forcing term F. Therefore, by similar
reasoning as for the real case, we find that there exists a time t,, 0 < ¢, < ty, ¢ =t/ (F, Uy)
such that:

(3.26) |9 AT (5e) 2, < 14 2|AU%, V0 < s < t(F,Up).
Considering the complex region
(3.27) DUy, F,o1) = {¢ =5, 0] < 7/4,0 < s <t (F,Up)},

estimate (3.26) gives us a bound for U(¢), when ¢ € D(U,y, F, 07).
We can now state the main result of this section:

Theorem 3.3.1. Let Uy be given in ngr(M) and let I’ be a given function analytic in

time with values in D(e” 2" (=A)/2) for some oy > 0. Then there exists t. > 0
depending on the data, including Uy, and a unique solution U of (1.30) on (0,t.) such
that the function

t— AePOEN 1),
is analytic from (0,t,) with values in H, where p(t) = min(t, o1) and t, was defined above.

Proof: The proof is based on the a priori estimates obtained above and the use of
the Galerkin—Fourier method; see e.g. [4]. The solutions of the Galerkin approximation
satisfy rigorously the estimates formally derived above, and the bounds are independent
of the order m of the Galerkin approximation. We can then pass to the limit m — oo,
using classical results on the convergence of analytic functions.

Remark 3.3.1. Taking into account the second part of Theorem 3.2.3, we see that the
result of Theorem 3.3.1 still holds true while starting with initial data Uy € V| since at ar-
bitrarily small time ¢ the solution U satisfies U(t) € H2,.(M) and U € C((0, t**] H2_(M)).

per per
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Chapitre 4

Renormalization Group Method
Applied to the Primitive Equations

La méthode de la renormalisation ap-
pliquée aux Equations Primitives

Ce chapitre est constitué de l'article Renormalization Group Method Applied
to the Primitive Equations, ecrit en collaboration avec R. Temam et D. Wirosoetisno,
article paru en 2005 dans le Journal of Differential Equations, volume 208, pages 215-257.
Dans cet article on étudie le comportement asymptotique des Equations Primitives en
dimension deux, quand le nombre de Rossby tend vers zero. Le modele considéré ici est le
modele deja apparu dans le premier chapitre. En utilisant une méthode de renormalisation
decrite dans le corps de I'article, on montre que 'on peut éliminer les oscillations de la
solution exacte et on obtient ainsi une bonne approximation pour la solution du systeme
original.
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Renormalization Group Method Applied to the
Primitive Equations
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*Laboratoire d’Analyse Numérique, Université de Paris—Sud, Orsay, France
*The Institute of Mathematics of the Romanian Academy, Bucharest, Romania
“The Institute for Scientific Computing and Applied Mathematics,
Indiana University, Bloomington, IN, USA

Abstract: In this article we study the limit, as the Rossby number € goes to zero, of the
Primitive Equations of the atmosphere and the ocean. From the mathematical viewpoint
we study the averaging of a penalisation problem displaying oscillations generated by an
antisymmetric operator and by the presence of two time scales.

4.1 Introduction

The study of the limit, as the Rossby number ¢ goes to zero, of the equations of the
atmosphere and the oceans is a major physical and computational problem to which
much effort has been devoted. In a more mathematical context, this problem is related
to the averaging of oscillations using renormalization and other averaging procedures.

In the mathematical literature, an important contribution is due to Schochet [18]
who tackled similar problems by studying an asymptotics in the fast time variable; such
problems have also been studied in the general framework of wave equations by Joly,
Rauch, Metivier [9], Grenier [8], and Gallagher [7]. For the equations of the atmosphere
and the ocean, mathematical work includes the following: Embid and Majda [6], Babin,
Mahalov, and Nicolaenko (see, e.g., [1], [3]) or Warn, Bokhove, Shepherd, and Vallis
[23]. Many more articles on the subject are available in the physics and mathematical
literature.

In the mathematical physics literature, a number of averaging problems and procedures
have been studied or proposed; see e.g., the article [10] by van Kampen on the elimination
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of fast variables, or the averaging procedure by Bogolyubov and Mitropolsky [4]. Our work
follows more closely the approach, based on renormalization theory, of Chen, Oono, and
Goldenfeld [5] revisited by Ziane [25]. Here we also extend to infinite dimension part of
the work by Temam and Wirosoetisno [22] valid in finite dimension.

As we said, the renormalization method that we use here was introduced in [5] and
[25]. It was then applied to different types of partial differential equations by Moise,
Temam, and Ziane (see [14], [15]); the method was also applied to ordinary differential
equations (see e.g., [13], [21], [25]).

This article is organized as follows: In the first part of Section 4.2 (Subsection 4.2.1), we
present the PEs and recall a few facts on their mathematical setting, some well-known,
and some borrowed from a companion paper [17]. In the second part of Section 4.2
(Subsection 4.2.2), we recall a few facts about renormalization following [5], [15], [25],
[21]. In Section 4.3 we study the properties of the renormalized system, starting with
the existence of weak solutions and ending the section with the existence of very regular
solutions. In Section 4.4 we show that we can approximate the exact solution of the
primitive equations by an asymptotic solution which exists for all times and we estimate
the difference between the exact and asymptotic solutions. We end the paper with three
appendices: in Section 4.5 we give the details of the derivation of the renormalized system,
in Section 4.6.1 we give a result of number theory needed in Section 4.4 to bound some
small denominators necessary for the error estimates, and in Section 4.6.2 we present an
alternate method for bounding the small denominators.

4.2 The Initial and Renormalized Problems

In Section 4.2.1 we recall the Primitive Equations in a form suitable for our study. In
Section 4.2.2 we recall a few facts about renormalization.

4.2.1 The PEs in Space Dimension Two

We work in the two-dimensional space and consider the domain

M = (0, L) x (—Ls/2, L3/2),

Oz being the west—east direction, and 0z being the vertical direction. All the quantities
depend only on x, z and t. We consider the PEs written in the nondimensional form
(2.1) below; a description of the derivation of these equations and a study concerning the
existence and regularity of their solutions is given in Petcu, Temam and Wirosoetisno
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[17]:

(2.1a) —tu—Fw— — v+ - =1, Au+ 5,

ov ov ov 1

2.1 — — —+—u=v,A

(2.1b) 8t+u8x+w8z+eu Vy B0 F S,
dp

2.1 — =-N

(2.1c) 5, P,
ou Ow

2.1 i

(2.1d) ox + 0z 0,

(2.1e) %—l—u@—kw%—ngu Ap+S,.

ot Ox 0z ¢ P

Here u, v, w are the non-dimensional components of the three dimensional velocity
vector, p is the pressure, p is the density and ¢ is the Rossby number. In the more
physical situation, the source terms S,, S,, and S, usually vanish; they are introduced
here for mathematical generality. Here v, and v, are the non-dimensional eddy viscosity
coefficients, N is the Burgers number, and we set A = §%/0x? + 0*/9z%. In the physical
problem, the total pressure is

Prall = Pref + D+ 7',

and the total density is
Prall = Pret + P+ 0

Here p,f is a hydrostatic pressure corresponding to the reference value of the density p,f,
p is the density stratification profile which is linear in z and p is the pressure in hydrostatic
equilibrium with it; p” and p’ are perturbations from these states. In (2.1) we do not work
with the total pressure and the total density but with the perturbations p’ and p’ where
the primes were dropped and p’ has been replaced by p'/N. See [17] for more details
regarding the derivation of this system.

We also assume that all the unknown functions are M-periodic. The prognostic vari-
ables of this system are u, v, p and the diagnostic variables are p, w; as we will see below,
p and w can, at each instant of time, be (essentially) determined in terms of the prognostic
variables.

We recall that an M-periodic function

u = Z u(khk3)€2ﬁi(k1m/L1+k3Z/L3)7
(K1, ks) €72
is in H7% (M), m > 0, if and only if

D (L k)™ i < oo,

keZ?

where we denoted by k the pair (ki, k3). We denote by H™ (M) the functions from

per

Hpe (M) with average zero on M. In order to simplify the writing we will also set ki =

27k;/L;. We easily notice that if (u,v, p,w,p) is a solution of (2.1) for S = (S, S, S,),
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u(x, z, t) = u(x, —z, t), p(z, z, t) = plx, —z, t),
(x, z, t) =v(z, —2, 1), Su(z, 2, t) = Sy(z, —2, 1),
w(zx, z, t) = —w(x, —z, t), Sy(x, z, t) = Sy(x, —z, t),
plx, z, t) = —p(x, —z, t), Sp(x, z,t) = —=8S,(z, —z, t)

Hence, assuming that S, and S, are even in z, and that S, is odd in z,

Su(z, z,t) = Sy(z, —2,1),
Sy(x, z,t) = Sy(z, —2,1),
Sp(xa Zat) = _Sp(xa _Zat)a

it is natural to look for a solution where u, v and p are even in z and p, w odd in z,

u(z, z,t) = u(x, —z,1), w(z, z,t) = —w(zx, —2,t),
U(l’,—Z,t), p(x,z,t) :p(l', _Zat)>

plx,z,t) = —p(z, —2,1).

v(x, z,t)

For more details regarding the motivation of this choice (symmetry and periodicity) we
refer the reader to [17].

In accordance with these requirements of symmetry and periodicity, we introduce the
following function spaces:

V ={(u, v, p) € (H' (M))> u, v even in z, p odd in z, Uky,0) = 0, Vi € Z},

per

H = the closure of V in (L*(M))3,
V, = the closure of V N (H2 (M))? in (H2,.(M))%.

per per

The condition uy, ) = 0, V &y, expresses the condition (2.3) appearing below.
We can express the diagnostic variables w and p in terms of the prognostic variables
u, v, and p. For each U = (u, v, p) € V we can determine uniquely

(2.2) w=wlU)=— /OZ u(x, 2’ t)dz2’.

Note that w = 0 at z = 0 and L3/2 by the requirements of w (periodicity and anti-
symmetry); see more details in [17]. By (2.2), the fact that w = 0 at z = L3/2 gives the
constraint on u

L3/2
(2.3) / u, dz = 0.

Ls/2

As for the pressure, it can be determined uniquely in terms of p up to ps, writing

p(z, 2z, t) = ps(z,t) — / p(x, 2’ t)dz.
0
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For U, U € V, we set

(2:4) (U, 0)) = ((w,@)) + ((v,0) + ((p, 7)), Ul = (U 0)"2.

where we have written dM for dx dz, and

(2.5) (000 = [ (Go5o+5050) an
By the Poincaré inequality,

(2.6) Ulrz < wo||U]l, VUEeV,

so that || - || is a Hilbert norm on V.

The space H is endowed with the usual scalar product of (L*(M))3.

Variational Formulation of the Problem
We introduce the following forms:

CL(U, lj) = VU<<U, ﬂ)) + Vv((”? @)) + VP((p7 ﬁ))y

e(U,U):/(—UfL+u17)dM+N/ pde—N/ wp dM,
M M M

~ out out ovt ot
# — ~ I Py
b(U, U*, ) /M(u —+w(U) az)udM—i—/M(uax +w(U) az)vdm
opt P\ -

The variational form of the problem is obtained by multiplying (2.1a), (2.1b), (2.1e),
by u, v and p respectively, integrating over M and adding the resulting equations. After
some easy calculations we arrive at this problem:

Gwen t, > 0 arbitrary, Uy € H and S = (S, Sy, S,) € L*(0, t,; H), we look for a
function U from (0, t,) into V' such that

(2.7) %(U, O)g + a(U,U) +b(U, U, U) + ée(U, U)=(S,0)g, VUEeV,
and
(2.8) U(0) = Up.

We also define the linear operators

(2.9) AV =V (AU, U)yy =a(U,U), YU UV,
(2.10) L:V =V (LUUyvy=eUU), YUUEV,

and the bilinear form

(211) B:V xVy— V' (BUU), Uy =0bUUU"), YUU €V, UEV,,
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where V' denotes the dual space of V'; it is shown in [17] that b is trilinear continuous
onVxVyxVand V xV x Vs, so that B is bilinear continuous from V' x V', into V'
and from V' x V into V7.

Then problem (2.7) with initial condition (2.8) is equivalent to the abstract evolution
equation:

dU 1 R

(2.12) E—l—AU—l—B(U,U)ngLUfS, in Vy,
U(0) = Uy.

Regarding the existence and uniqueness of solutions of (2.7) we recall from [17] the fol-
lowing result:

Theorem 4.2.1. Given Uy € H and S € L*(R,; H), there ezists at least one solution
U of equation (2.7) with initial condition (2.8) such that

(2.13) UeL®R,; H)NL*0, t,; V), for all t, > 0.
IfUy e V and S € L>*(Ry; H), there ezists a unique solution U of (2.7)-(2.8) such that
Ue L®Ry; V)N L0, t,; (H>,(M)3), Vt,>0.

per

Moreover, for allm € N, m > 2, if Uy € (H”,(M))? and S € L®(R_; (H™-'(M))?), then

per per

U e L®Ry; (H™.(M)?) N L0, t,; (H™F(M))3), V t, > 0.

per per

4.2.2 Asymptotics and Renormalization Group Method

The aim of this article is to present an application of the renormalization group method
(RG) to the 2D primitive equations described above. The RG method gives us an algo-
rithm for finding approximate (averaged) solutions for a general equation of the form:

U 1
(2.14) @ U =S,
U(O) - Uo,

where € > 0 is a small parameter and L is an antisymmetric operator, so that the solutions
of (2.14) display large oscillations for ¢ small. We assume that L is a diagonalizable,
antisymmetric linear operator (not necessarily bounded) and F is a nonlinear operator.
Two natural time scales (at least) are present in (2.14), the slow time ¢, and the fast time
s = t/e. To implement the RG method, we imagine a formal asymptotic expansion for
equation (2.14) written in the fast time variable:

dU . .
- L —

(2.15) as + LU = eF(U),
U(O) - Uo,

where we have set U(s) = U(es). In what follows we drop the checks and the formal
expansion is written:

(2.16) U=U+eU'+2U% +--- .
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We formally substitute (2.16) into (2.15) and we find:

dU°

(2.17) 4t LU =0,

(2.18) dd—U; + LU = F(UY),

(2.19) dd—lf + LU? =VyF(U° - U,
and so on.

The solution of (2.17) can be written
U'(s) = e 25U (0).

For equation (2.18) we apply the variation of constants formula and we obtain:
(2.20) Ul(s) = e_Ls/ el Fle 'Uy) ds'.
0

For U! we choose the initial data to be zero, but other choices may be appropriate (see
[21]).

We set F(s,-) = el*F(e71*.) and we split F' into two parts: the resonant part F(-)
corresponding to the time-independent part of F(s,-) and the remaining non-resonant
part F,(s,-). In our applications, F will be polynomial® in U and the definition of the
time-independent part of F' is not problematic. We thus have:

(2.21) F(s,U)=F.(U) + F,(s,U),
and we define the primitive of the non-resonant part by
(2.22) Fop(s,U) = / F.(s',U) ds'.
0
Substituting these relations in (2.20) we find:
(2.23) Ul(s) = e {sF,(Up) + Fop(s,Up)}.

The first order RG equation, as discussed in [21], is of the form:

dU _
(2.24) & B,

For the details, see e.g., [15], [18] and [21]. The first order approximate solution is defined
by

(2.25) Ul(s) — e LU (s) + eF,(s,U(s))},

'Here we call polynomial function a function of the form F(U) = Z?:o F;(U,---,U), where n is finite
arbitrary, and Fj is j-linear continuous on a suitable function space.



96 Renormalization Group Method for Primitive Equations

and it is shown, e.g., in [18], that U! — U is of order ¢ in an interval of time s of order
O(1/¢) and in an interval of time ¢ of order O(1).

The renormalized system (2.24)—(2.25) gives us an O(e) approximation to the exact
solution over a timescale t ~ O(1) without having to solve an oscillatory differential
equation. Because of the computational difficulties, in this article we only derive the first-
order approximate solution but we can apply the method to higher-order approximate
solutions as described in [21] in the context of ordinary differential equations.

In this article, the polynomial F is taken to be of the form:

FU)=5-AU) - BU,U),

where S is an external force, A is a linear coercive operator and B is a bilinear operator.
In Section 4.5, we explicitly construct the resonant parts of A and B. We will see that
the resonant parts of A and B have the same properties as the original operators; this
does not seem to happen at higher orders. In Section 4.6.1 and Section 4.6.2 we give two
different methods to handle the small denominators, one result being a typical number
theory result and the other is a more particular result, the method following [3].

4.3 Description of the Renormalized System

We start this section by writing the initial system (2.1) in Fourier modes and by intro-
ducing a change of variables to facilitate the computation of the renormalized equation
(Section 4.3.1). In the subsequent subsections we prove the existence of weak solutions
(Section 4.3.2), of strong solutions (Section 4.3.3) and of even more regular solutions for
the renormalized system (Section 4.3.4).

4.3.1 The Original Equations in Fourier Modes

We introduce the fast time s = t/e in the system (2.1). Abusing the notation, new
functions depending on z, z and s are denoted in the same way as before. We obtain the
following system:

Ou + &tu% + 5w@ — 8p = cv,Au+¢€S,,

s oz 0z 8x

v ov ov
+ecu—+cw— +u=cr,Av+¢eS,,

Os ox 0z
op

Uy +w, = 0,

p dp dp
— — — — Nw =¢er,A :
(9s+ u8x+€w6z w = ev,Ap+eS,

All the functions being periodic, they admit Fourier series expansions. Hence, for

instance, for u we write
_ § (k) c+khz
U/ f— u(khk?))e ( 1 3 )7

(K1, k3)€Z?
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where K} = 27k;/L;. Note here that, by periodicity of w, integration of the fourth
equation of (3.1) yields

L3/2
(3.2) / u, dz = 0.

Ls/2

In Fourier series, this is equivalent to the condition w, o) = 0 for all k; € Z, which appears
in the definition of the space V. The fact that w is odd in z implies that w, o) = 0, for
all k1. We use these properties in what follows.

We hereby assume that S, S,, S, are functions independent of time.

With primes denoting 0/0s, we can write the system (3.1) in Fourier modes as follows

up + € Z (il ujuy + ilywiw) — v + ikipr = —evy |k |Pug + €Sk,

jHi=k
/ -7/ -7/ _ 112
v, + € Z (tluu; + ilswivy) + up = —ev |k |“vp + €5 ks
jH=k
(3.3) ikipr = —Npy,

p+e Z (ilyupr + ilyw;p) — Nwy = —ev |k Ppp + €S, k-
=k

The zeroth order system

We now make explicit for our problem the solution of the linear zeroth order equation
(2.17), whose solution will be used later on in the variation of constants formulas and
in particular in the analogue of (2.20). With the same notation as before and with
U = (u,v, p), we have

u; — Vg + Zk?ipk = 0,

vy, + u, =0,
(3.4) ikipr = —Npi,

/{:iuk + ]{Zéwk = 0,

For k3 = 0, we have uy,, 0y = 0, w,,0) = 0 and pg, 0y = 0 from the definition of the
space V', so only the first two lines of system (3.4) are nontrivial:
(3.5) — v + ikipr = 0,
/ J—
v, = 0.

This gives us v(k,,0)(S) = V(,,0)(0) and (3.5) allows us to express py in terms of v.

For k3 # 0 we can express the k-component of the diagnostic variables in terms of the
prognostic variables:

(3.6) _—
. Pk = z'k:gpk’

(37) Wi = —5kuk,
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where for notational conciseness we have set

(3.8) 5= 1

= if k5 # 0, and 6, = 0 if k5 = 0.
3

Substituting (3.6) and (3.7) in (3.4) we find:

uﬁc — Vg _5kNpk == 0,
(3.9) vy, +ug, =0,

To solve this system we introduce the following change of unknowns suggested by the
diagonalization of system (3.9). We set:

1 N -

(310) ng = —kvk + k—kpk = (Uk7 pk) : (bka
where we denoted
(3.11) B = (146282,
and

- 1 &N
3.12 - (—, —)
(3.12) Pk 3
We also define the following vector:

wN 1

3.13 o= (= 2L —).
(349) = (-5

and we set my = (vg, px) - Yk. For notational conciseness we also set
(3.14) Mk =My, T = M@k

Note that ¢, = (1,0) and 7, = (0, 1) when ks = 0.
Conversely, given my and ng, the initial unknowns can be recovered using v, =
(mkank) -k and pp = (mkank) * Pk

In the new variables ug, ny, mg, the system (3.9) for k3 # 0 can now be written as:
u;c - ﬁknk = 07
(3.15) ny, + Brug = 0,
my, = 0,
and this system is easy to solve.

Weak formulation (in the new variables)

We denote by n and m the functions

n(z, 2, 8) = 3 mi()e TR (a2 8) = 37, mp(s) e FiEHRE)
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where here and elsewhere , means the summation over k = (kq, k3) € Z*\{0}.
We also consider S, and S,,, similarly defined by their Fourier series. Here we have set

Sm,k = (Sv,ky Sp,k) -7k, and Sn,k = (Sv,ka Sp,k) : Gz_gk

As we saw before, m, ¢y = 0. This motivates us to introduce the following spaces:

per

V = {(u,n,m) € (H.(M))? : gy 0) = 0, u, n are even in z, m is odd in 2},
H = the closure of V in (L3(M))®.

Notice that technically the space V is the same as V' but the components play different
roles.
We also introduce the space

(3.16) V', = the closure of V N (H2,(M))® in (H2,(M))®.

per per

We now define the linear operators A, L from V into the dual V' of V', and the bilinear
~ ~ ~ ~ /
operator B from V x V into V,. These operators are the expressions of A and B in the

new variables. With V' = (u,n,m), they are defined by their Fourier series components
Ay, By as follows,
AV _ Zk Ak<v)ei(kim+kéz)7
B(‘/’ Vb) _ Zk Bk(‘/, Vb)ei(k’lirkgz)’
LV =3, Li(V)eikiethss),
More explicitly, for A;, we have
|k [Pv

AVie = | K Pryni + (v, — v,) KNS/ Bi) (i ) - G for all %,

—

K Prymy + K21/ Be) (v, — vy,) (M, ) -

while for [~/k we have

L, =0 for ks =0,
. 0 —06k O
Lk = ﬁk 0 0 for k}3 75 0,
0O 0 0
and similarly for B,
0
B by _ sk 1, (a2h by 7 _
Br(V,V7) iy K (my + 1) - o for k3 =0,
0
N I SRUE AT
Be(V,V’) = 0327 (I = 130,y (7] +137) - o, for ks # 0.
i 52" (1 — 1305 )uy (] + 73} -
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Here and elsewhere in this paper Zk means that the sum is taken over j, [ in Z*\{0}, for
! +{“}; Ii;esulting system from this change of variables can be written in the form
(3.17) V' + LV =eG(V),
where S = (Su, Sn, Sm) and
G(V)=—AV — B(V,V) + &S.
We also define the bilinear forms a(V,V?) = (AV, Vb>‘~/"~, and é(V,V?) = (LV, Ve o
where V and V” belong to V.. We also introduce b(V, V?, V) = (B(V, V"), Vi o Where
V, V* belong to V and V° belongs to V. Writing explicitly the trilinear form b we find:
bV, V°, V) = ZZ (13 — 159; )ujulu,ﬁg
—l—ZZ (Il — 156, u; (M2 + 72 - (i 4 7h).
Here and elsewhere in this paper, > ° means that the sum is taken over j, I, k, for

j+l+k=0.
The variational formulation of the problem in the new variables now reads:

Given t, > 0 arbitrary, Vy € H and S = (Su, Sn, Sm) € L2(O,t*;I:I), we look for a
function V' from (0,t,) into V' such that

d - 1 -
(8.18) (V. V) g +a(V, V) +b(V,V, V") + eV, V)= (S, V"), VYV eV,
and

(3.19) V(0) = V.

The first order system

We write the full nonlinear system (3.3) in terms of the new variables.
For k3 # 0, the system (3.3) in the new variables reads:

k
W, — Burve = —eva |k Pux — ey (1 = 8 ujun + Sk,

N >
Ny + B, = —evy [K [Py, — |k’ (v, — V'u)g—(mk7 k) - On
k
(3.20) - zsz (1 — 150, )us(my + 1y - O + €Sn, k;
1 d
my, = —ev, [k *my — €|k'|2(Vp - Vv)a(mm”k) - Pk

zaz ) (my + 1) - Yk + €Sm, k-

For the case k3 = 0 we note that u;, = 0 and m; = 0 because of the definitions of the
spaces.
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Study of the new variational problem

We can see, after some elementary computations, that a is a bilinear and coercive form
on V, so it remains to prove the properties of b.

Lemma 4.3.1. The form b is trilinear continuous from V. x Vy x V to R and from
VXV xVytoR, and

(321) bV, V", V) =0, VV eV, VYV’ eV,

' bV, VP VE) = —b(V,VEV?) YV, V', VPeV, withV’ or Vi e V,.
Furthermore:
(3.22) BV, V°, VA < c|V]m [V IV IV VAL,

for allV, Vi in V and V* in V.

Proof: To prove the continuity of the bilinear form and (3.22), we estimate for example
the second term of b(V, V’, V), the estimates being similar for all the terms:

‘ Z J)ug (0 + 7i7) - (i, + i}
< Z 115 g (g |+ 13 ]) ([ | + )

< / mnens AM < |n1|r2|n2|La|n3| e

1/2 1/2 1/2 1/2
< clmlellmal s 1mal i 1ns) 1 s 1
< VI VPRIV LRIV VAT

here we wrote:

= Dbl = U]+ )
1= S+ )

J

It remains to prove the orthogonality property (3.21). For V° = V* we have:
23 DV, VIV =0 Y (1 — o usuied,
3.23
—i—zz U — 150, ), (m) + 7)) - (), + iy).

Interchanging k and [ and adding the resulting equations to (3.23), we find:
BV, Y V) = 5 DTl — (s + RS g

{ Cry / / / — —| - —|
5 D Wk — (K5 s (g + ) - (v, + 73
=0.
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We have used here the fact that

-/
%+%—%+%m=—ﬂ+ﬁ%=0
3

Remark 4.3.1. Because of the algebraic way we changed the variables and the conser-
vation of the properties for the linear and bilinear operators, we have exactly the same
result as Theorem 4.2.1 for the new system.

4.3.2 The Renormalized Equation. Existence of Weak Solutions

We turn now to the renormalized system [the analogue of (2.24) for (3.17)],

v - = L ~
(3.24) T +A.(V)+ B.(V,V)=5,.
The computation of flr, Br and Sr is given in Section 4.5. It is established there that
a,(V,V*) = (A, V, V¥, o is a bilinear continuous form in V satisfying

(3.25) i (V,V) > ||V,

and that b,(V, V1, V?) = (B,(V, V1), Vb)f,/ g is trilinear continuous on V x V, x V sat-
isfying

(3.26) b(V, V,V)=0.

The variational formulation of the renormalized problem (5.24)

Given t, > 0 arbitrary and ) o _
VoeH, S, € H,
we look for a function V' from (0, t,) into V', such that, for every test function V¥ € V,

(3.27) (%v, Vﬂ) +a,(V, Vi) +b.(V, V, V) = (S,, V¥,
with
(3.28) V(0) = V.

As usual, in order to solve this problem we need to obtain some a priori estimates.
For that purpose, for arbitrary fixed ¢t > 0, we set V¥ = V(t) in equation (3.27). Taking
into account the coercivity (3.25) and orthogonality (3.26) properties, we obtain

1d _ . . )
Sl VB + el VI < (S0, V)i < SIVIP + 1512
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This gives
d oo 7112 11& 2
(329) E’th + Cl||V|| S 2CI|S""|L2'
Applying Poincaré’s inequality (2.6) we find,
d _ _ s
(3.30) EW&Q + c1co| V|72 < 2d1|S0 7,

and, using the Gronwall lemma,

201

(3.31) |f/(t>’%2 < e—c1cotlv( )’LQ + ’S ‘L2< o —coc1t)'

This bounds V/(¢) for all ¢ by its initial data,

201

VO)lze < V)= + — IS 22

Eq. (3.31) also gives us a bound on V/(¢) independent of the initial data: Setting r2 :=
(2¢) /eoer)| S, |25, we obtain by classical Computatlons (see e.g., [20]) that any ball B(0,r()
with 7 > ¢ is an absorbing ball and that |V ()|2, < r{? for all ¢ > t,(|Vo|z2).

Using the previous estimates and the Galerkm method we can establish the existence
of weak solutions of (3.27) and (3.28) exactly as for the original problem (Theorem 4.2.1):

Theorem 4.3.1. Givent, >0, S, € H and Vy € H, the problem (3.27)-(3.28) has at
least one solution B _ _

Ve L™®(Ry; H)NL*0, t,; V).
4.3.3 Strong Solutions for the Renormalized Equation

We derive the appropriate a priori estimates. Setting V¥ = AV/(¢) in (3.27) with ¢ > 0
arbitrary, we find:

1d
(3.32) \|V|\2+c1\AV|L2 < |b.(V, V, AV)| + c4| S, \L2+ \AV|L2

Bounding the trilinear form on the r.h.s. using Lemma 4.5.1,

5,(V, V, AV)| < 26|V V2| V||| AV |22

L2 )
we get
1/2 3/2 5 C1 —
S SIVIP+ @l AV, < 20l VIIVIIATEE + IS, s + AV,
_ _ ~ C1 _
< AVIIIVIY+ &S, 7 + §|AV|%27
or

d - _ L 5
(3.33) &IIVH2 + AV 7 < 26|V [72([V][* 4 26515, 7..
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Existence follows from applying the classical Gronwall lemma, giving us a bound on V in
L>=(0,t,; HY).

A bound uniform in time is obtained in the following manner: We pick r > 0 arbitrary
and integrate (3.29) from t to ¢ +r with ¢ > 0,

t+r _ _ B
(3.34) cl/ V()2 dE < rey|S, s + [V (8)[2.
t

This and the fact that [V|2 is bounded in L>(R. ) allows us to apply the uniform Gronwall
lemma to (3.33) (as in [20]). Computations similar to those in [17] give us estimates
uniform in time and we have that |V|| is bounded in L>(R,).

Integrating (3.33) from 0 to ¢, we obtain a bound of V in L2(0, t,; V N (H2oe(M))?).
For later purposes, we note that integrating (3.33) from ¢ to t 4+ r gives us

t+r ~ B
(3.35) / AVE) 2 dt < k(r, S.), V> t(|Volge,r).
t

These a priori estimates give the following:

Theorem 4.3.2. Given S, € H and Vy € V, the problem (3.27) has a unique solution

(3.36) Ve LR V)N LA0, 4, V N (HE,(M))?), Vi, > 0.
Remark 4.3.2. (i) Uniqueness in Theorem 4.3.2 is proved in a classical way.

(ii) The proof Theorem 4.3.2 for the renormalized system (3.24)—(3.28) is simpler than
for the original system (2.7) due to the fact that the analogue of (3.33) for the latter is of
the form (see [17]):

d
(3.37) FIUIP +alAULL: < 4IAUT U] + &V

which does not lead immediately to the appropriate estimates in L>°(0,¢;; V). The differ-
ence between the r.h.s. of (3.34) and (3.37) arises because the renormalized system does
not contain problematic terms that are present in the original system.

4.3.4 More Regular Solutions for the Renormalized System

It is desirable to establish the existence of more regular solutions for the renormalized
equation. We do this by induction. For simplicity we take the forcing S independent of
time and S, Vo € (,,, Hper-
Suppose that for a fixed arbitrary m € N, m > 2, we have
Ve L™Ry; VN (Hp (),

per

(3.38) oo
/ V() dt' < Ko,
t

for all ¢t > tm_l(\_/o), where by K,, we denote as before a constant independent of the
initial condition.
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We seek to prove that
V c LOO(R—H V N ( per(M>>3)7

t+r
/ V() Pys At < Ko,
t

First we derive the a priori estimates: We set in (3.27)

‘71 _ ( Z |k/|2mv (K- x)

keZ?

with ¢t > 0 fixed, to get

(3.39) ]V|Hm + 1|V < |0n(V,V,A™V)| + [(S,, A™V) 2]

2 dt
We estimate |b,.(V,V, A™V)| which, using (5.28), reads

~  _ _ _ 1 c - -
b (V. V, (=A)"V) = —5 D KK P (= wng ) - o

7370, k3=0
=01
/L' C > . Z c > =
2 Z K[ (1) — 1368 )ugnimugy, - i — 3 Z Ik P gy - O
.7'3[3]'93750 j37#0,13=0
C — -
+5 Z [P (1 — 156;)umamd - i + 5 Z AARRTTTCRN
]3l5k3¢0 j37£0, 13=0
=Pk i =Pk
+3 Z |2 (15 = 156;) (i — ﬁjﬂz)mk@ V-
I3k3#0
J3B;°7=3m

The first term of (3.40) is bounded as:

— —

Z k| kP (g — wing )i ¢ - O

33750 k3=0
=01
C
< Y R (mllag] + (gl )
J3#0, k3=0
=01
c .
<dchy > (mllug] + gl el (5™ + 1) E
j37ﬁ07k3:0

=01
SCQ/ CI16]2C]3dM+C§/ 43 q4 g5 AM
M M

< d|qi|palge]2algsl L2 + ¢5lqs]12]qal Lalgs | L4

1/2 1/2
< a2 a2 aal s a2 )2 gsl 2 + €las| 2 |aal s

1/2 —11/2 \v-13/2
< AVLRIVIMAV V2,

1/2 1/2|q5|1L(22 1/2

[1qall sl
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where we wrote:

a = Nl e, = Y gl D, g = 3 gl e,

j€Z2 j€Z2 j€Z2
= [l e, gy =3 Jayle ).
JEZ? JEZ?

Estimating similarly the other terms, we finally obtain:

Lemma 4.3.2. There exists a constant c; > 0 depending only on Ly and L3 such that,
for all V in V N (H2™(M))3,

per
(3.41) b(V. V, A"V) < csl VIV 2V 2V e
Returning to (3.39) and using Young’s inequality, we find:

1d - . a1/ 1 Y ame
Sl Vi + Ve < ol VPNV ATV 2 4152, A™ V)]
C1 - ~ _ _ _
< LT Bss + 1Sl + IV el V|V
or

d - _ _ o
(3.42) Elvlém + 1|V Emr < 264 S Fmr 4 265V 221V 71|V -

Applying the classical Gronwall lemma to (3.42) we obtain estimates in L>(0,t,; H™) for
all t, > 0, with the bounds depending on the initial data.

Bounds uniform in time, V € L>®(R,; H™), can be obtained by using the induction
hypothesis and applying the Gronwall lemma to (3.42). The bound thus obtained is
independent of |Up|,, when ¢t > t,,(Up) but the bound of V in L>(0,t,,(Up); H™) depends
of course on |Up|pm,.

Applying classical methods (see, e.g., [11], [20]) to the above a priori estimates, we
find:

Theorem 4.3.3. For any m € N, m > 2, given Vo, € (H®.(M)* NV and S, €

per

(H™-Y(M))> NV, there exists a unique solution V of (3.27) in L>®(Ry; (H™.(M))3).

per per

4.4 First-Order Error Estimates

We introduce as in Section 4.2 the first-order approximate solution V'(s)

(4.1) Vi(s) = e *HV(s) + eGp(V, 5)].
Here V(s) is the solution of the renormalized equation,

% .

— =G, (V),
(4.2) ds  © V)

V(0) = V.
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Our aim in this section is to compare the approximate solution V1(s) to the exact solution
V (s), which satisfies

dv -
— + LV = %
(4.3) & G(V),
V(0) = V.
The notations we have used are as follows:
G(V):=—-AV —B(V,V)+ 8§,
G(s,V) == el*G(e V).

The resonant and non-resonant parts of G(s, V') are defined as in (2.21),
(4.4) G(s,V) =G (V) +Gn(s, V),

and the primitive Gy, (s, V') of G,(s, V) is defined as in (2.22).
Denoting the error by

(4.5) W(s) =V(s) = V(s) = e [V(s) + eGup(V(5), 5)] = V(s),

we find after straightforward computations that it satisfies:

(46) % + LW + cAW + eB(W, W) +eB(VY, W) 4+ eB(W, V') = 2R,
W(0) =0,
where
R. = —Ae*LG,(s, V) = Ble *LV, e LG, (5, V)
(4.7) — B(e L Gp(s, V), e LV) — eB(e L Gp(s, V), € *EGoy(s, V)
— e’SLV‘-/an(s, V) G.(V).

We take the scalar product of (4.6) with T in (L?(M))? and, using the coercivity and
orthogonality properties, we obtain,

1d ~
", a5 Wl el < SO0V W)+ 2R W
< elb(W, V1, W)| + ®col Rel 2| W |11
The first term on the r.h.s. is bounded using Lemma 4.3.1,

(4.9) bW, VEW)| < e|WE VIV W

L2 Hl H2 Hl 9

applying Young’s inequality to this and to |R.|p2|W g1, we find:

d
(4.10) Wi +eaiWhin < & | Refie + cc WLV i [V .
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It remains to estimate R. and V.
Estimates for R.
We start with
IR.| 2 < cle X Chp(V,8) 2 + |6 BV Gp(V, 8) - Go(V)| 2
(4.11) F[Ble Ve Gy (V. ))lie + | BlemGop(V, ).V 12
+e|Ble GV, 5), e FGap(V, 5))| 12

Note that since the eigenvalues of the matrix L are purely imaginary for all k € Z?2,
(4.12) e v < |V,

where here | - | denotes the usual Euclidean norm in R3.
By arguments similar to those used in the proof of Lemmas 4.3.1 and 4.3.2, one can
show that, for all p € N,

(4.13) 1BV, V) |ar < ca|V]goe2 |V gosz, VYV, VP € VN (HPE2(M))®.

per
Using this and (4.12) in (4.11), we have

|Re|12 < ¢|Gup(V,5) |2 + 264 |V | 12| Grop(V, 8) |2 + €4 |Grp(V, ) |72

4.14 = _
(4.14) +|VyGp(V,s) - Gr(V)| 2.

To continue we need to estimate |G, (s, V)|zz and |VyGop(s, V) - G (V)] .

Estimates for G, (V, s)
We recall from Section 4.5 that G,, = /Nln + Bn + S’n, with fln, En and Sn being defined in
(7?), (5.22), (5.24) and (5.25). To estimate

Ghp(s, V) :/ Gn(s, V) ds,
0

we shall need to bound terms of the forms:

esaﬁj -1
4.15 LU)=—7F
(4.15) 1) afB;
) es(alﬁj+a25l) -1 ﬁ ﬁ
4.16 I,(j,1) = , where 3; — 0,
( 2(5, 1) a1 3 + azf3 oh7
es(e1Bjtazfitasfr) _ 1

18 + aofl + sy

In these expressions, the as can take on the values of +¢ and the s are real and not less
than 1 [cf. (3.11)].

We now obtain bounds for the denominators in (4.16) and (4.17). It turns out that,
provided that the Burgers number N does not lie in a set of measure zero, a;3; + aa 3 +
asfBe # 0. Similarly, it can also be shown [cf. Sect. 4.6.2] that, when N lies outside a
small set, the denominators can be bounded from below.
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I1(7) is easily estimated:

5 1 2(1 — cos sf3;)
- <
af; B
To estimate I5(j,1), B; # [, we distinguish two cases:
(i) For a; = aw, we obtain |I5(j,1)| = 2/|58; + 6] < 1.

(ii) For oty = —avp, we need a bound for 2/|3; — §;|. We assume without loss of generality
that 8; > (3;; writing N’ = N?(L3/L;)* we find,

‘[ (] l)| _ 2 _ 2(ﬁj +/61) _ 2(ﬁj +ﬁl) B 2 ﬁ] +ﬁl l
2 6- -5 —ﬁf N Jjs)? — N Jla)? — N7 22 — 22933
< 5+ R < (VIF NG R + VT NP 268

< co(N)I512 112

To estimate I3(j, k,1) we also consider two cases:
(i) All a; have the same sign, which immediately leads to |I3] < 2/3.
(il) @y = ag = —ag, for which we compute

(4.18) L) = |

I -
Ll< 15 +ﬁl A

_ 2|(Bj + B+ Bi) (=B85 + B+ Be) (=B + B + Br)

|(B; + B+ Br)(Bj + Bi — B) (=085 + B+ Bi) (B — 61+ B
_ 1l
P

where
Jy=2(8; 4+ B+ Be) (=8 + B+ Bi) (=B + B + Br) jalsks,
Jo = 3j3lsks 4+ 2N (213ks 52 + 12 jaks + k2 k25513)
+ NZ(257 351515 ks + 253 3k k315 4 205 13kTk3 5 — jilsks — lijsks — kijsls).

Setting

o1 = 251515 ks + 25775 kTkS L + 2RRIRS g3 — 51 lsks — Kyjsks — Kigsls
09 = 2(]12l4k3]3 + Bl3jsks + kik3j3l3),
we need to estimate 1/|N'?ay + N'oy + o3]. For this we recall from [19]?:
For any 0 > 0 and for almost all v € R, there exists a constant K depending on v and

0 such that

(4.19) [v%q +op + 7| > K(v,0)(la + Ip| + |r))~ ), Vp,q.r € Z.

2Pointed out to us by Yann Bugeaud (personal communication).
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For the convenience of the reader, we provide in Section 4.6.1 an elementary proof of
a weaker result in which the power 2 + ¢ is replaced by 3 + §.

Choosing N’ such that (4.19) holds (almost all real numbers satisfy this property), we
estimate I3 as:

(4.20) 1I;] < LK (N, 8)(|o1| + |oa| + |o3]) 20 < K (N, 8)| 5[4 |1|12+40| | 12+4.

We note that this result implies that the denominator ay 53; + o3+ a3 in (4.17) is never
zero for almost all N’ € R.

We are now ready to estimate |Gy, (s, V)|z2: Taking into account (5.14) and (5.16),
we see that flnp(‘_/, s) only contains terms of type I; and we have:

1/2

[ Aup (5, V)2 < ¢ [0 (I (R K Pl ) (1 + [K')?]

(4.21) + " [0 () KT (Jaaw] + 1) (1 + [K]%)?]
< C|V’H4.

1/2

Next, we estimate B,,(s,V). From (5.22) and (5.24), the most problematic terms
(imposing the highest regularity on V) are those which, after integration, are of type Is.
We only estimate the typical term M o, (see Appendix for details on M 5 ,,), which we
bound using (4.20):

) a,k _ — o /
5 S )~ 158 X (V) Xy Ve 55555 ()
k

. —Q
J3l3#0

H2
) 3 3 _ B 1/2
< oV, ) S [SCHF 1SR 2 (g ) (al + [l (1 -+ (K
k

c(N',8) |gi|rrasas < e(N',0) |qu[zpraras < (N, 8) |[Vfpories,

where g == Y |7/ (|| + |n;])e'U1H57) and we have used |1} — I5(j1/55)] < [5'] |I].
We can now write

(422) |Bnp(‘_/7 S)‘HQ S C(N/,(S)“_/|12q27+85.

Finally, noting that, . ~
|Snp|H2 < |S|H27

we obtain the following estimate:

(423) ’an(S, V)’HQ < Cl(N/, 5)"7’[_]4 + CQ(N/, 5)“7’?{27+85 + Cg(N/, 5)’5’[{2 s
valid, as (4.19) tells us, for almost every N’ € R.

Estimates for |VyGop(s, V) - Go(V)] 12

We consider the bilinear form

B
Bup(s, V,VE) = | BR) (s, V, V) |,
B
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whose Fourier components are:
(1
For ks = 0, BY) (s, V,V#) =0, B, (5,V,V#) = 0, and
BD (5,7, V) = BLS Ly X (V)
np, k( ) 9 Z 1(]) Oéhj( )ml’yl'QSk
Jals#0

Zk;/ a,k ) _
+ T > 7 LG DaaXa, j(V) Xy (VA - G,

Jalz#0
a1Bj+a28;7#0

o,k ) _ - 1
5 BGRB8 Xaws (Tl ()
Jals#0
a1 B +azB;#0

1 a,k .
2SS LG R~ 156)0008 X, (V) X (V- 6 ( al)
Jals#0
7 a,k . _ - - 1
+ Z Z [2(37 k)lllctha%j(V)n?gbk ’ ¢l (—Oél) ’
al/@kljzgﬂjio
and
_ a,k . _ -
M?]f,np(sv v, Vﬁ) =5 Z Il(])lllXa17j(V)nlﬁ¢l “ Tk

l30

5 Z L= 10, 1 (5) Xy, 5 (V)mid -
J313¢0

7 ok . -
+ 2 3 RGO~ 16))05 X (V) Xaya (VG Fi

jalz#0
a18j+a2(;7#0

Since Gp(s, V) = App(s, V) + Bpy(s, V) + Sp, we have
ViGop(V, 8) -G (V) = VAV, 5) - G.(V) + VBV, s) - G.(V)
= App(G(V), 8) + Bop(V, Go(V), 8) + Bup(G(V), V, 5).

Using the same type of argument as before, we have the estimates:

[ Aup(Gr(V), )12 < el Go(V)] e,
|B ( ( )7 S)|L2 S K<N/76)|V|H27+85|G7~<V)|H27+86,
|Bup(Gr(V), V, )|p2 < K (N, 0) |V grzrs55| G (V) | gz
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We bound G, (V) = —A,(V) — B.(V, V) + S, using

’gr‘Hm < ’g‘Hm,
1B, (V, V)|m < c|V |3,
1A, (V) g < €|V pmee,

for all m € N. Finally, we find:

(4.24) Vi Grp(V, 8) - Gr(V)|2 < K(N', 8, |V | py2osss, | S| prarsss).

Putting the estimates we have just derived into (4.14), we have
(4.25) Relz < K(N',0, [V |gzosss, []igorsss)
Using Theorem 4.3.3, we can write this in terms of the initial conditions:
(4.26) |Relz2 < K(N', 6, |Volgzorss, |S]prassss).
FEstimates for W(s)
Note that V(s) = e[V (s) + eGyp(s, V(s))] has been bounded by (4.23),
(4.27) V()2 < K(N',6,|V|goress, |S|u2), Vs >0,
or, using Theorem 4.3.3 again,
(4.28) V(s) g2 < K(N', 6, [Volgarrss, |S|yesss), Vs> 0.

Putting this into (4.10), we have
d 2 2 2 2
(429) £|W|L2 +801’W|H1 S g K1+5H2|W|L2,

where x; and ks are constants depending on N’, 8, |V|y2e+ss and |S|pzs+ss. The desired
bound on W(s) follows from this using the classical Gronwall lemma:

4.30 W(s)|2, < 52—/11 e Vs >0.
L
K2

Taking 6 = 1/8 and collecting the results in this section, we have the following:

Theorem 4.4.1. For any Ly and L3, and for almost all Burgers numbers N € R, given
Vo€ (HX(M)PNV, and S € (H® . (M))? NV, the difference between the solution V' of

per per

the original system (3.20) and the approzimate solution V' given by (4.1) satisfies
(4.31) Vi) — V()% < 2'e™, V>0,

where k' and k" are constants depending on N, Ly, Ly, Vy and S.
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Remark 4.4.1. We can redo the above estimates, using the bounds on I3 given in Ap-
pendix 3 instead, to arrive at the following:

Theorem 4.4.2. Let y > 0, Ly and L3 be fivzed. Take Vo € (HIL (M) NV and

~ N per

S € (HM).(M))>NV. Then there exists a set ©%(L1, Ls) having a Lebesque measure
mes O% (L1, L3) < p such that, for all Burgers numbers N ¢ ©%(Ly, L3), the difference be-
tween the solution V' of the original system (3.20) and the approximate solution V1 given

by (4.1) satisfies,
(4.32) Vit) — V()% < e, Vi>0,

where k' and k" are constants depending on N, L1, Ly, p, Vo and S.

4.5 Appendix: Derivation of the renormalized equa-
tion

Following the algorithm briefly explained in Section 4.2.2, we start by solving the linear
system obtained from (3.20) by dropping all order-¢ terms (zeroth order approximation).
For k3 = 0 we find:

(51) u(kl,O) = 07 m(kl,O) = 07

and n(, ) = 0 which implies that n, 0)(s) = n,,0)(0).
For k3 # 0 we find, as we already saw, the system (3.15):

u;c - 6knk - 07
(5.2) nﬁe + ﬂkuk = O,

/_
my, = 0.

Setting Vi = (ug, ng, mg), this system of ordinary differential equations can be written as

) [0 =B 0
(5.3) Vi+ LV, =0 where Ly= 8 0 0
0 0O O

Its solution is Vj,(s) = e~*Lx 1} (0); with

N 1 a saf _
—siy 52 R, 0 1 —«a
e = ( 0 1) where R, = (a 1

and o = £, we have explicitly,
2 2% e Pk (ug (0) — ang(0))

(5.4) Vi(s) = 23" e P (uy (0) — ang(0))
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Denoting X, (V) := ux — ang, (5.4) reads
up(s) = 5257 € X 1 (Vo)
(5.5) n(s) = 23" ae*** X, 1 (Vp),
my(s) = my(0).
Here and throughout this paper, > “ always range over o = =i ; similarly for «;.

For the O(e) approximation, we need to separate the r.h.s. G(s,V) into its resonant
and non-resonant parts,

(5.6) G(s,V) = eLG(e™*LV) = G.(V) + Gn(s, V),
and then compute the primitive G, of G,,. As usual, we analyse separately the cases
k3:0andk:37é0.

The case k3 =0
In this case, the equations of motion (3.3) read

U = 0,
k - -
(57) n; = —81/1,’/{/‘27”% — €t Z k{uj(mﬁl + nl¢l) : (bk + e’fSn’k,
my = 0,

where the superscript & in Zk means that it is taken over j + [ = k with k fixed. Since
here the fast linear operator vanishes, L, ¢y = 0, we have

€Sik;§k = gk,
(5.8) {esteAe~sIny, = Ay = Ay,
{eBB(e™ MV, e V)b = Bi(e 7V, eIV,

The u and m components of By, vanish, so we only need to compute
(5.9)

SO — ~ .

B =i > K (midy + mdy) - o

k‘ (o7 — — o] .
= ik S [0+ 5 30" K Vodare ]G3 32" Xy (1) ].

The resonant part (i.e. the s-independent part) of this expression obtains when ay/3; +
as3 = 0, which only happens when o; = —a9 and 3; = ;; this gives us,

= (n) zk‘i o,k S o
BRVV) = T3 aX (V)X (V)G 6y
Jpls7d
(5.10) Lo
Zkl k S o
=5 (nuj — nju) gy - dr -
Jals#0

Bi=0
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The non-resonant part of B,(gn) is,

Zk 047 . — —
B, (3 V,V) = > Z " Yim Xa, ; (V) - dn
Jals#0

(5.11) Zk‘ ok o
+ I Z es(alﬂj+a26l)a2Xa1,j(V)Xa2,l(v)¢l . Qbk: .

Jals#0
a1 Bj+azB37£0

The case ks # 0
We begin with the linear operator Ay [cf. (3.20)],

’k/|2y'vuk’
(512) Aka = |k’,|2ank + (Vp — Vv)|k3/|2(N(5k/ﬂk)(mk, nk)_’ qbk s
& [Prpm, + K (v = v,) (1) Be) (e, ) -

which we split into its diagonal and off-diagonal parts,

AL Vi = v [K Vi,
0
As Vi = | 1K 2 (v, — v,) (N O/ Br) (e, ) -
K12 (v, — 1) (1/ Be) (e, 1) -

(5.13)

Since flLk is diagonal, it is completely resonant. To find the resonant part of Aggk, we
compute, using V = e**Vj,

- ISR 0 X ,
ePeaavi = (32,0 ) (WP, — ) Vo ) o) -
K2(0, — 1) (1/B) (ma ) - G
(5.14) o S KN/ B5) (i ) - ™
— Vp ; vV, Za |k,|2(N5k//Bk)(mk7nk) . ngesaﬁk
K2 (v, — v) (1/Be) (e, 1) - G

Continuing the computations for sl flgngk, we obtain:

VvV, —V, o N§ 1 N§ « sa sa
P 5 Z 1 a1‘k’|2_k[mk(0)ﬁ 25: Z 2a2Xa2k(%) 2,Bk] 18k

- 5 5
(G15) | 3w 20 k[mk(O)ﬁl ]2\[@:2 05 Xy 1 (Vo) 2B i |
, 1 NG N
(Vo — 1) |k \2@ [mk(o)ﬁ_ 25: Z aXo i (Vo)e ]
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where (5.5) has been used for the last equation. Using the fact that Y% X, ¢ (Vo) = 2ux(0)

and Y% aX, £ (Vo) = 2nk(0), we obtain from the last expression the resonant part of Ay:
V, = Uy

2

‘kl,Q(Nfsk/ﬂk)Quk

5.16 ATV =V, Vy, ,
(516) oV IR PN/ Be)

(Vp - V'u)|k/’2(]-/ﬁk>2mk

The nonresonant part of A, is the remaining part, depending explicitly on s.
Next, we treat the bilinear from B:

o ) 1y sap
GSLkBk(e_SL%,G_SL%): (22 60 kR—a ?

Mk
5.17 - 12) ,
10 (3

where we denoted by M{fg the u and n components of the resulting column and by M¥
the m component. We have

1 o ko 1
My = 537 e 3 = gy ()
7 a safe k., , R - - 1
+ 5 Z e Z (0 = B30;)us(muyy + mdn) - o, (_a> )

) - Bile Vo, e V)

(5.18)

or, using (5.5),
i ok s(a asBit+a 1
My = 3 e 0 10) X, 5(6)Xoa00) ()

. —Q1
Jals#0

i vk s(a a3 S 7 1
+ ZZ esBita2l) (11 115 )y Xy 5 (Vo)mu(0)7 - ¢k( )

J3l3#0 —0q
i ok s(a a3+ - e 1
+ g Z e (a1 Bk 4028+ 351)(l’1 — lg&j)a1a3XOé2,j<‘/0)Xa3,l(‘/o)¢k . ¢l (_a )
Jals#0 1
i .k s(a a2 3; > 7 1
+ 1 Z es(a1 Bt QBJ)Z/lquag,j(Vo)n(zl,o)(0)¢l - bk (_&1> _
13=0

The resonant part of this expression obtains when a4 + a2f3; = 0 (implying that aq =
—ay and f = (), or when oy 5y + a28; + a3 = 0. As shown in Section 4.4, the latter
scenario does not happen if the Burgers number N lies outside a set of measure zero.
Assuming the generic situation, the resonant part of Mlk 5 18
k /i a’k - . 1
My, , = 4 Z Iy = 1365)aX o ;(V)mudr - 7 ( )

—
Jals#0
Br=0;

7 o,k - - 1
4 haxa 0 ().
I3=0
Bo=B;

(5.19)
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After some elementary computations we obtain:

(5.20) Mf, = —5 Z S nimudi - 5 — = Z lnjmud - o,
J313¢0 13 0
Br=0; Br=8;
E N s vt LS nde - &
(5.:21) My, =5 DU = 165 ugmudy - 7, + 5 > Lugnigy - .
Jals#0 13=0
Br=>PB; Br=P;

Similarly, the nonresonant part of ]\/[1’“72 is
(5.22)
) a,k
Mlk,Z,n = %Z €S(a1ﬁk+a25]+a3ﬁz (l i 1/6 )Xag,j(v)Xa3,1<V) <_1 >

. aq
Jal3#0

i ok es(e a g = 1
+ Z Z (a1 Bk +azfj) (l — [’5 )041Xa2,j(V)mz¢k - (_al)

Jals#0

alﬂk+a2[3ﬁé0
a.k - - 1
4+ - Z e a1ﬂk+a2ﬁy+a3ﬁl)(l _ l y )051043Xa2 ](V)Xag,l(v)ﬁbk -y ( N )
— G
33137'50

7 ak s(a a20; 5 b !

13=0
o1 B +a2B;#0

We turn now to the m component of M,
k —
M =iy (1 — 136;)u; (mudi + mdy) - T

i ok a1sf8; 1/ -
5 e ™1 Xy, (Vo) (0)dr - i
I5=0
) k _ o
T3 > e il = 156,) Xy, (Vo) mu(0)7: - i
13137'50

42 Z ok es(eBiteafi) (gl _ 136;) o X, j(VO)XaQ,g(Vb)gz * Vrs
33l3750

where we have use (5.5) for the last equality. Its resonant part is,

i a,k -

Mg, = 4 Z (1) = 1305)aX o j (V) Xa,1(V) 1 -
j3l33§0
=Pl

(523) = = Z U’jnl nle)(gl : ’7167

J3l3 #0
Bi=0
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while its nonresonant part is,

i ak o186 N
My, =5, e Pl Xa ;(Ving, 0d - T

13=0
(5.24) oS I 16) X, (V)
' j3l3750
7 a,k . T
+ Z Z es(alﬁj+ Zﬁl)a2(l/1 —_ lé5]>Xa17j(V)Xa2,l(V)¢l . ryk
J3lz#0

a1+ 8,70

Finally, we compute

o S
_ 1 saf3 u,k
{e*Si )} = QZ R 0 Shk
0 1 S
m,k
LS e (5,0 + S0
— _%Z QSQBka(Su,k—'—aS’n,k) 5
Sm,k
whence we find:
0 1Y e (S + aSur)
(6:25)  Su=| O ) and Sue= | =33 e (S, +ash)
m,k 0

The renormalized system

We have now computed all the terms in the renormalized system,

v - - .
(5.26) o TAYV T B.(V,V) =S5,

written here in the slow time ¢. Explicitly, we have in Fourier modes for k = (ky,0):

duk
—*_0
dt ’
dmk —0
(5.27) a7
dn I x—F T 7
d—tk = —l/vk:’fn(kho) 3 Z k:’l(nluj - nj“l)@ Ok + Sp k-
Jals#0
B;i=Bi
For k3 # 0, we have
du v, N2 5 1 x—F 5 7
d—tk = — v |k [*uy, — P D) Z (h = I30;)nmus - o
k

3313750
ﬂk B]
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+3 PR AT
15=0
Be=>5;

dny, v, NQ(SZ 1
R k/2 - k/2
T =l = e

— 52 bumén - o,
13=0
Br=0;
dmk

dt

- _Vv|k/|2mk - (VP - V’u)|k,|2_mk

n

D) Z ) (g — ”jul)ﬁgl Vi + S, k-

]315730
Bi=B

Properties of the renormalized system

As mentioned in the Introduction, the renormalized linear operator A, and bilinear oper-
ator B, in (5.26) enjoy some properties of their original counterparts, as we now show:

a(V,V) = (AV, V)y

=VI,Z|/€’\2|WI2JrVuZ|/~f’I2luk|2

Z|k,/|2 k‘u |2

+%Z\ff’!2\mkl2+(vp )Z!k’\zﬁ !mk!2
k

k

|2 k| k’2

After some elementary computations we have

a,(V.V) = min(v,, v,)([ull® + [Inl]* + [Iml]*),

v Yp

thus proving the coercivity of a, in V.



120 Renormalization Group Method for Primitive Equations

We turn now to the trilinear form b,(V, V?, V) = (B,.(V, V?), V%o s

)

(5.28)  b(V, V", VH = Z K, (nju; — uing)nidy - on
13750 k3=0
'3 —=P1
- = Z 8, )ufnym; by - A
]515k37ﬁ0
Bi=Bk
7 c
-3 Z lnniul gy - ¢k+ Z I — 140, uymin’ oy - 7,
J37#0,13=0 J3l3k37’50
B =0k B5i=P%
7; C b—» — 7; C b b N —
T3 Z iy - or + 5 Z (I — 150,) (ujn] — upng)mi Ay - .
J3#0,13=0 jal3kz#0
i =0k Bi=B

Interchanging k£ with [ and using the elementary relation

Uy + Ky — (ky +15)(51/33) = —d1 + J3(41/35) =0 (since j + 1+ k = 0),
we now compute

. i c - o

b (V, V°, V) = — 5 > Lnjuy — upng)n)dy - G

J370,13=0
Bjiﬂk

-3 Z Uknjmﬁl ¢k
33l3k35’50
B =0k

i C b b — — /L C b b — N
-3 > bnjuinien - o+ 5 > (= by uyminiéy - i
370, 13=0 Jalsks#0
Bi=Bk B =Bk
7 c - -
+ = Z lugnyn]éy - O
J370,13=0
ﬁ]:ﬂk

+35 Z (1 = 150;) (njuy — njug)mi.d - i
]3l3k37é0
ﬁj=ﬁk
] 71 -
== 2 (B K B iy — w5 = 0

3l3k3¢0 3
ﬁj Bk

(5.29)

We have thus proved that the orthogonality of b(V, V¥, V) is preserved in the renormalized
system.

Lemma 4.5.1. There exists a constant c; > 0 such that for all V = (u, n, m), V=
(w’,n’,m?), VF = (vf, nf, m¥), with V, V¥ € V and V’ € V5, we have

16,(V, V2, VI < e[V |72 AV L V2V V2V e

(5.30)
+ VIV I AV VE 2,



4.6 Auxiliary Results 121

(5.31) b (V. V2, VA < el VIV V-

Proof:  We need to estimate each term of b,(V,V’ V). In order to facilitate the
computations we write:

_ E | pi(xg]+255) — o, | pi(Td]+255)
uy = |u]|6 ! ¥, U= |j ||u]|6 ! ¥,
=1, J3)€Z? J7=(j1,J3)€Z?

and similarly for n and m. We estimate |} —5(j1/7%)| taking into account the summation
conditions 3; = B, < |j1/j5] = |ki/kS|: When ji/j5 = ki /k}, we have from j+1+k =0
that |17 — 5(51/45)] = 0. When j1/j5 = —ki/k;, we write j; = —ski, j4 = skj, and
using j + [ + k = 0 again we have [I} — I5(j1/75)] = 2|kl < 2(|5'| + |I']). We also have
K, — k1 /75)] = 20| < 20571+ D).

We can now proceed and estimate |b,.(V, V°, V¥)|:

7 c b b 4 S o
3 > ky(njug — uing) ny, o) du- on
Js#0, k3=0

=01

C

<c Yo (ugllnflingl + [nglleg|Ing)(|5'] + 7))
j37£07k3:0
Bi=0

< c/ upnnt dM + c/ wngnt dM + c/ wynind, dM + c/ wynint dM
M M M M

< C\U2|L4(M)|”§’L4(M)|nb1\L2(M) + Clug|L4(M)|n2|L4(M)|n§|L2(M)

+ clnd) g [wr | Lo |nd | 2o + elud] i Ina Lo |7 2o -

Using the fact that [u|pao < cfulg2y in space dimension two, we find:

¢ ¢ b b Y
3 > ki(nluj—umj)n?kl,o) G- O

Js#0, k3=0
Bi=05
< VIIVAVIZ VLIV I VE 2 4 VIV IV Y2 AV 2 VE e

All the other terms can be estimated in the same manner, giving us (5.30). The proof of
(5.31) follows using the same type of argument.

4.6 Auxiliary Results

4.6.1 A Result in Number Theory

In this section we prove for interested readers a (weaker) analogue of the small denomi-
nator estimate (4.19) used in Section 4.4.
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Lemma 4.6.1. For any 6 > 3 and for almost every £ € (0, R), where R is an arbitrarily
natural number , there exists a constant v > 0 such that |p+qé +r&?| > y|p? +¢® +r2|70/2

for all (p,q,r) € Z3\{0}.

Proof: We need to show that the set
Q={¢€(0,R):Vy>03(p,qr) € Z*\{0} with |p+ g€ + r&’| < ~[p” + ¢* +r*|7°*}

has measure zero.
We first split Z3\{0} into Z; + Zo + Z3 + Z4, where

Zy ={(p,q,7) : 7€* + ¢€ + p = 0 has no solution in R},
Zy ={(p.q.r) : 7€ + g€ + p = 0 has a double root |¢,| < 2R},
Zs = {(p,q,7) : 7€* + g€ + p = 0 has two simple roots},

and Z4 covers the other cases which do not concern us. Noting that
Q=@ ar),
AR ZUNE

we fix v and (p, ¢,7), and compute the measure of the set
(6.1) Q. (p,q,7) = {£€(0,R) : |p+ q€ +r&?| < ~|p* + ¢ +r?| %)

We now consider Z;, Z, and Z3 in turn.
(p,q,7r) € Z1: mesQ,(p,q,7) =0 for v < 1/4, because
> — 4pr|

> 2 2 21—1
BT > ylp? +¢° + 17

. 2 o
min r&” +q€ +p| =

and |¢? — 4pr| > 1 in this case.
(p,q,7) € Zy: in this case |r| > 1 and ¢* — 4pr = 0, which implies pr > 0. We then
have,

(6.2) mes , (p, q,7) < V/7/Ir1p* + ¢+ 7207,

Since the root |&,| < 2R, ¢* < 8r? and (using 4pr = ¢?) also p* < 4r’R*. Therefore
VIrl = C(R)|p? + ¢ + r*|"/* and

(6.3) mes Q,(p, q,7) < /7 C(R) |p* + ¢* + r?|7COTI/1,
Since ¢ = 4pr, this is equivalent to (allowing us to sum over Z?\{0} in (6.6) below)
(6-4) mes ,(p,q,7) < 7 C(R) [p? + 2|+

(p,q,7) € Zy: as before, we assume that r > 1; the case r < —1 is similar, and
the “linear” case r = 0 is easy. We denote n = v|p? + ¢ + 72|72, A = ¢*> — 4pr,
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A_=q?>—4p(r —n) and A, = ¢* — 4p(r + n). Considering the neighborhood of a root,
and noting that A_ > 0 whenever v < 1/4, we have

VAL — A _ 8n < 8n <8y
2r VAL +VAD T VAT T

Regardless of where the roots lie, we thus have

mes {€ : [rE? + ¢€ +p| < n} <

(6.5) Q,(p,q,7) < 167]p* + ¢ + %2

Putting together the results of the three cases, we have

(6.6) mes 2, <1670, p* + ¢ + 777+ AO(R) X, |07 + 02700

p,q,r

where the first sum is taken over Z3\ {0} and the second over Z*\{0}. Both sums converge
when 0 > 3, giving us

(6.7) mes (2, < /7C(6, R),

valid for v < 1/4, whence it follows that mesQ = 0.

4.6.2 Another Estimate for Small Denominators

In this section, following an alternate approach due to Babin, Mahalov, and Nicolaenko
(see [3]), we present another way of estimating the three-wave resonances. In a sense the
method is an improvement of that used in Section 4.4 because we require less regularity
on the initial data. On the other hand, it is weaker because it is valid only for Burgers
numbers belonging to a certain quasi-resonant set.

Recall that B, = [1 4+ N2(k}/k5)?]"/2. As in Section 4.4, we need to estimate the term

es(a1Bitazfitasfe) _ 1

18 + aofl + as By

(6.8) Iy =

where oy 3 + o + a3fB; # 0, o, ag, ag =+iand j+ 1+ k=0.

The problem is nontrivial only when the «; are not of the same sign; with no loss of
generality, we suppose that a; = ap = —a. In estimating |3; + 5, — G| ™", we have two
cases:

Case 1. If |8, — 3| < B3;/2, then |B; + B, — Be| ™t < 2/8; < 2 and we are done.
Case 2. If |3, — S| > B;/2, some work is needed. We estimate

|I3] <

2
|8; + 81 — B
(6.9) _ 2((8; + B+ Be) (=B85 + B+ Br) (=5 + B; + )|
|(B; + B+ Br) (85 + B — Bi) (=8 + B+ Br) (85 — B + Br)|
=: 213.
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Denoting A = N? and x; = (k}/k})?, we have

j- (35 + By + Bi) (=55 + By + Br) (=5 + B + Br)]

(6.10) POV ’

where

(6.11) PN =Nk + X5+ X7 — 25 — 2x5x — 2xex1) — 2A(x + X0+ xe) — 3.

The discriminant of this quadratic polynomial is

(6.12) A=2[(x;—x)*+0u—xx)+ (xx —x;)°] > 0.

Since P(A) = 0 has no more than two solutions for each fixed (7,1), the set of Burgers
numbers N for which 3; + 3 — By = 0 is at most countable. We denote the solutions of
P(A) =0 by As(3,1).

We define the three-wave quasi-resonant set ©%5(L1, L3):

Given p > 0 and a sequence of positive numbers {{(; } with 3, §;) < 1, we define
the three-wave quasi-resonant set ©%5 (L1, L3) as:

(6.13) O4(L1,Ls) = | J {N: 2IN = N*(j.l, Ly, Ls)| < i}

(4:.)ez?

where N*(j,1, L1, L3) := v/A+(4,1, L1, L3). It is obvious that the Lebesque measure
mes ©5 (L1, L3) < p,

for all Ly and Ls.
For j, [, Ly and Lg given, the set {N : 2|N — N*(j,1, L1, L3)| < p&(j1)} can be defined
approximately by |P(A)| < 4. For § small, we have

dr, |7t .
5~ ‘—(0) IN0) — Ax(j, 1, Ly, Ls)]
do
(6.14) U
22Ni(j,l,L1,L3)’N_Ni(j7l7L17L3)|’$(o> ’
where
dA 1 1
(6.15) —(0)] = = :
dé ‘ VA V200G —xi)?+ Ou—xe)? + (ke — x5)?

or, using 37 — B7 = N*(x; — X&),
N? N?
< .
V2B = B+ (57— B + (B2 — 327 2V2

(6.16) %(0)’ -

Since 37 < max(1, N?)|k'|?, for N ¢ ©%(Ly, L3), we have, using (6.14) that:
1 / / /1\3
< oo I 1+ 15
|85 + B — Bl [P(A)]
(K + T+ 1)°

S O(N7 Llu L3)
HE(0)

(6.17)
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We now choose ;;): For any n > 0 we can take
(6.18) gy = ey’ |72,

where ¢(n) = (ZNGZQ |j’|*2*’7|l’|*2*77)71. Substituting this into (6.17), we obtain the
following bound:

1 (’kll ‘]/’ ’”)3 .
—— < C(N, Ly, L3, I'|2+n /2+77, N ¢ ©OF(Ly, Ls).
yﬁj ﬁl ﬁk’ = ( 1, &3 77) | | |j| 6—& 3( 1 3)

We can now conclude with the following result:

Lemma 4.6.2. Let n > 0 and p > 0; then for every Ly, Ly € R and N ¢ ©%(Ly, Ls) we
have B; + By — B # 0 for all j, 1, k with j +1+k =0, and

1
18 + 61 — Bl

k?l -/ l/ 3
(619) S maX<2’ C(N, Ll,Lg,n)<| |+ |1Tu| + | |) ’l/|2+77’j/|2+7]>‘
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