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Abstract. We study different models of polymers (discrete and continuous) in
the neighborhood of an interface between two solvents (oil-water). These models
give rise to a transition between a localized phase and a delocalized phase. We
prove first several convergence results of discrete models towards their associated
continuous counterparts. These convergence hold when the coupling tends to 0 (for
high temperatures) and concerns the free energy and the slope of the critical curve
at the origin. To that aim, we develop a method of coarse graining, introduced by
Bolthausen and den Hollander, which we generalize to the case of a copolymer under
the influence of a random pinning potential along the oil-water interface. We prove
also a pathwise result in the case of a copolymer, which is pulled up and away from
the interface. We show in particular that inside the localized phase, the polymer
comes back to the interface only a finite number of times. Finally, we study the case
of an hydrophobic homopolymer in the neighborhood of an oil-water interface, and
also under the influence of a random potential when touching the interface. Through
a method consisting of adapting the law of each excursion to its local random en-
vironment, we take into account the fact that the polymer can target the sites in
which it comes back to the interface. This allows us to improve in a quantitative
way the lower bound of the quenched critical curve.

Keywords: Polymers, localization-delocalization transition, pinning, random walk,

random media, coarse graining, wetting.

Résumé. Nous étudions différents modeles (discrets ou continus) de polyme-
res au voisinage d’une interface entre 2 solvants (huile-eau). Ces modeles donnent
tous lieu a une transition entre une phase localisée et une phase délocalisée. Nous
prouvons tout d’abord plusieurs résultats de convergence de modeles discrets vers

leurs modeles continus associés. Ces convergences ont lieu dans le cas d'un couplage



faible (haute température) et concernent ’énergie libre d’une part, et la pente de la
courbe critique a 'origine d’autre part. Pour cela, nous développons une méthode de
coarse graining introduite par Bolthausen et den Hollander que nous généralisons
au cas d’un copolymere soumis a un potentiel d’accrochage aléatoire le long de
I'interface huile-eau. Nous prouvons ensuite un résultat trajectoriel, dans le cas
d’un copolymere soumis, en 'une de ses extrémités, a une force qui le tire loin
de l'interface. Nous montrons, en particulier qu’a l'intérieur de la phase localisée,
le polymere ne touche l'interface qu’un nombre fini de fois. Enfin, nous étudions
le cas d’'un homopolymeére hydrophobe au voisinage d’'une interface (huile-eau) et
soumis également a un potentiel aléatoire lorsqu’il touche cette interface. Par une
méthode consistant a adapter la loi de chacune des excusions en dehors de l'interface
a son environnement aléatoire local, nous prenons en compte le fait que le polymere
peut viser les sites ou il vient toucher I'interface. Ceci permet d’améliorer de fagon
quantitative la borne inférieure de la courbe critique du modele quenched donnée
jusqu’alors par la courbe critique du modele a potentiel constant.

Mots clés: Polymeres, transition de localisation-délocalisation, accrochage, marche

aléatoire, milieu aléatoire, renormalisation, mouillage.
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Chapter 1

Introduction

1.1 Polymeres

Durant toute cette étude, nous considérons des modeles probabilistes suscepti-
bles de décrire le comportement de polymeres dans différents milieux aqueux, et
notamment au voisinage d’une interface solide-liquide ou liquide-liquide. Il convient
donc tout d’abord de nous remémorer ce qu’est un polymere, et de passer en re-
vue certains des domaines (industriels, médicaux) dans lesquels on les retrouve. Un
polymere est une longue chaine (macromolécule), formée d’une suite de molécules
élémentaires d'un ou plusieurs types appelées monomeres. On les trouve a I’état li-
quide (certains polymeres entrent dans la composition des shampooings), mais aussi
a l'état solide: certains sont élastiques (élastomeres), d’autres sont mous (adhésifs)
ou bien encore extremement durs (fibres de kevlar). Ces macromolécules peuvent
étre séparées en deux classes. Les homopolymeres d'une part, composés d'un seul
type de monomere, les hétéropolymeres d’autre part, qui eux admettent plusieurs
sortes de monomeres le long de leur chaine.

Les homopolymeres interviennent dans de nombreux champs industriels; 1’ali-
mentaire par exemple avec le sucre (cellulose, fructane) ou encore 'industrie automo-
bile (caoutchouc), le batiment (polypropyléne), etc... Il est surprenant de constater

que les propriétés mécaniques, physiques et chimiques de ces homopolymeres ne leur

11



12 INTRODUCTION

sont pas conférées uniquement par le monomere qui les constitue, mais aussi par
leur structure spatiale. Ainsi la cellulose et le dextrane, lorsqu’ils sont intégrés dans
des produits alimentaires, ont des propriétés différentes (concernant leur capacité
épaississante par exemple) alors qu'ils sont tous deux composés de D-glucose. Vien-
nent ensuite les hétéropolymeres, dont la chaine est constituée de plusieurs types de
monomeres. Les protéines en font partie, dont les constituants (acides aminés) sont
au nombre de vingt. Mais on les trouve, eux aussi dans 'industrie, ou par exemple,
le propyléne (mentionné avant) peut étre associé a de I’éthlyene au sein d’'un méme
polymere pour améliorer sa résistance a I'impact. Enfin, citons le cas de ’'A.D.N.,
dont les séquences de monomeres forment en réalité un code pour synthétiser des

protéines.

1.2 Problemes de localisation

Notons tout d’abord que nous envisageons dans cette étude des systemes a
I’équilibre. En effet, nous ne considérons pas la dynamique, I’évolution d’un polymere
que l'on place pres d’une interface, mais plutot la maniere dont il se positionne par
rapport a l'interface une fois 1’équilibre atteint. L’objectif est donc de déterminer
(a parametres fixés) si notre polymere a tendance a rester pres de U'interface et a la
traverser souvent (typiquement en une densité positive de sites), on parlera alors de
localisation, ou bien au contraire si il s’éloigne fortement de cette interface et dans
ce cas on dira qu’il est délocalisé. Notre objectif dans cette étude est d’envisager ces
questions de localisation d’un polymere sous ’angle de la mécanique statistique. En
effet, nous quantifions les interactions entre chaque monomere et son environnement
direct, qui peut étre 'interface elle méme ou 'un des solvants. De cette maniere,
nous voulons améliorer notre compréhension du comportement du polymere, c’est-
a-dire identifier (& parametres fixés) des sous-familles de trajectoires, empruntées

préférentiellement par le polymere.

Cette problématique a généré beaucoup de travaux ces dernieres années, tant
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dans les domaines de la chimie, de la physique, que des probabilités. Ceci s’explique
en partie par les progres tres rapides qui ont été réalisés récemment en ce qui concerne
la connaissance de la structure de la chaine d’A.D.N. et de la facon dont elle code
les protéines. En effet, les macromolécules qui la composent, appelées brins, sont
liées entre elle par des liaisons de type AT (adénosine-thymine) ou CG (cytosine-
guanine) d’intensités différentes. C’est cette structure particuliere qui permet de la
modéliser a 'aide, soit de deux marches aléatoires en interaction (cf [32]), soit, si
I’on ne considere que la position relative de I'une par rapport a ’autre,d’une marche
aléatoire en interaction avec une interface.

L’une des innovations les plus récentes dans le domaine de la biologie cellu-
laire, met en lumiere de fagon concrete, l'intérét d’étudier mathématiquement ces
phénomenes de localisation au voisinage d’une interface. En effet, il est possible a
présent de manipuler a 1’échelle microscopique les chaines de polymeres. Pour cela,
il est nécessaire de pouvoir appliquer de tres petites forces en certains points de
la chaine, ce qui est possible grace a des technologies de type pinces optiques (cf
[36]). De cette fagon, on peut éloigner les deux brins d’une portion d’A.D.N.; les
délocaliser I'un par rapport a 'autre. Ceci permet de détecter certaines séquences
d’acides aminés, en fonction de la force nécessaire a leur ouverture. Une méthode
de recherche des mutations, qui interviennent lors de la réplication de la chaine
d’A.D.N., en a été tirée (cf [2]). Le modele que nous étudions au chapitre 3 permet,

par exemple, de modéliser cette situation.

1.3 Modeles discrets

1.3.1 Milieu

A présent, décrivons plus précisément les modeles de polymeres auxquels nous

nous intéressons. Tout au long de cette étude, le milieu dans lequel le polymere
. _ ; , . L

sera plongé est constitué de deux phases, I'une aqueuse, ’autre huileuse, séparées

par une interface horizontale. Nous modélisons ceci dans le demi- plan droit de
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72, cest-a-dire {(x,y) € N x Z}. L’interface sera représentée par la demi- droite
{(z,y) € N x {0}}, la phase huileuse correspond a {(z,y) € N x (N —{0})}, tandis
que la phase aqueuse occupe la zone {(z,y) € N x —(N — {0})} (cf Fig. 0.1).
Notons aussi que, dans le premier chapitre, nous prenons en compte, soit l'ajout
de fines gouttelettes (microémulsions) d'un troisieme solvant le long d’une bande
{(z,y) e Nx {—K, .., K}}, soit I"épaisseur de l'interface, qui voit les deux solvants

se mélanger le long d’une bande d’épaisseur finie (cf Fig. 0.2).

Fig. 0.1: Fig. 0.2:

gouttelettes

huile

eau

1.3.2 Trajectoires

I1 nous faut choisir ensuite, les configurations (trajectoires) que le polymere peut
emprunter. Pour ce faire, nous décidons de travailler avec une chaine comportant
un nombre fixé de monomeres (N), quitte a laisser N tendre vers l'infini ensuite
pour approximer le comportement de grands polymeres. Il est naturel dans ce cas
de considérer I'’ensemble des trajectoires que peut emprunter une marche aléatoire.
Si le choix d’une marche aléatoire auto-évitante en dimension 3 parait étre le plus
réaliste, le plus adapté a la réalité physique, c’est un objet qui reste difficile a manier
dans les calculs. Nous lui préférerons donc une marche aléatoire dirigée en dimension

1 4+ 1, c’est-a-dire que chaque pas y est représenté par un vecteur de coordonées
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(1,41) ou (1,—1). Plus précisément, nous considérerons les trajectoires suivantes

{(i, Si)izo} avec S; = ;Xj

et (X;);>1 une suite de variables aléatoires indépendantes, indentiquement distribuées,
suivant une loi de Bernouilli de parametre 1/2; et prenant les valeurs —1 et +1. Il
nous faut a présent perturber leur mesure de probabilités pour approcher au mieux
le comportement du polymere dans le milieu physique que nous considérons. Pour ce
faire, nous devons prendre en compte les contraintes a la fois chimiques et mécaniques
auxquelles la macromolécule doit faire face. Nous associons donc a chaque trajectoire
un hamiltonien (noté Hy), et une nouvelle mesure de probabilités, appelée mesure

du polymere a taille N.

1.3.3 Hamiltonien
Désordre d’hydrophobicité.

Dans les deux premiers chapitres nous considérons un copolymere, doté de mono-
meres hydrophiles et hydrophobes. Chaque monomeére numéroté par ¢ € {1,.., N}, se
voit associer une variable aléatoire w; qui détermine son affinité pour I'un ou 'autre
des solvants. Ainsi, si w; > 0, le monomere ¢ préfere 'huile, tandis qu’il préfere 'eau
si w; < 0. Les variables (w;);>1, sont indépendantes, symériques et identiquement
distribuées, et 'on note A; le signe de la marche aléatoire apres ¢ pas. Un premier

terme intervient donc dans la construction de notre hamiltonien, il est donné par

N
A wil, (1.3.1)
=1

ou A est un réel stictement positif (c’est en réalité I'inverse de la température).
On remarque que ce terme favorise les trajectoires qui traversent l'interface a de
nombreuses reprises, de facon a placer un grand nombre de monomeres dans leur

solvant préféré.
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Accrochage sur l’interface.

Dans les chapitres 1 et 3, nous considérons aussi la situation dans laquelle les
monomeres interagissent directement avec l'interface, c’est-a-dire que le polymere
recoit un prix Vf si il atteint la hauteur j € {—K, .., K} apres i pas (S; = j). Pour
chaque j, (yf )Z.>1 est une suite de variables aléatoires indépendantes et identiquement

distribuées. La contribution de cette interaction a I’hamiltonien est donnée par

Mx

N
Z v 5=y, ot B> 0. (1.3.2)

j—K

Notons que dans le chapitre 3, on se restreint au cas ou les prix a l'origine sont de

moyenne 1 et K = 0, c’est-a-dire que l'interface est réduite a une ligne.

Désordre d’hydrophobicité biaisée.

Un autre phénomene, que nous prendrons en compte dans le premier chapitre
vient du fait que, dans le cas d'un copolymere, la loi des variables aléatoires w;
peut ne plus étre symétrique. Deux phénomenes physiques peuvent étre modélisés
ainsi. Le premier correspond au cas d'un copolymere comportant exactement deux
types de monomeres, I'un d’eux réagissant plus fortement que l'autre avec chaque
solvant. Dans ce cas, on choisit pour w; une loi de Bernouilli de parametre 1/2 et
de valeurs —1 et +1, et on introduit un parametre h € [0,1] que l'on ajoute & w;.

La contribution a I'hamiltonien (1.3.1) devient

N

A (w; + h)A,. (1.3.3)

i=1

Vient ensuite le cas d’un hétéropolymere dont la proportion de monomeres hy-
drophobes est plus grande que celle de monomeres hydrophiles. Dans ce cas P(w; +
h > 0) > 1/2. Ce terme h favorise les trajectoires qui mettent un nombre impor-
tant de monomeres dans l'huile (le demi plan y > 0), et pousse le polymere a se

délocaliser.
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Force.

Enfin dans le second chapitre nous considérons un autre facteur délocalisant, il
s’agit d’une force d’intensité I, qui s’applique a I'extrémité droite du polymere et

qui tire ce dernier vers le haut. Elle intervient dans ’hamiltonien sous la forme
FSy, (1.3.4)

ce qui correspond au travail que doit fournir cette force pour amener 'extrémité
de la chaine de l'interface a la hauteur Sy. Ceci favorise donc les trajectoires dont
Iextrémité est tres éloignée de l'interface dans le demi plan y > 0.

Suivant les contraintes physiques et chimiques que nous prenons en compte
pour batir un modele, nous utiliserons une ou plusieurs de ces quatre contributions
énergétiques. Elles nous permettent d’attribuer un hamiltonien (Hy(S)) a chaque
trajectoire de la marche aléatoire simple (notée S). Nous pouvons définir & présent

la mesure du polymere.

1.3.4 Mesures du polymere
Cas quenched (gelé)

Comme nous allons le voir maintenant, il y a deux fagons de prendre en compte
le désordre (w ou v dans notre cas) pour définir la mesure du polymere. Pour des
raisons que nous allons expliquer maintenant, ces deux approches sont véritablement
distinctes et menent, la plupart du temps a des résultats différents.

Le cas quenched consiste a considérer le modele pour une réalisation donnée du
désordre. Ceci signifie qu'une fois w ou v tirés suivant la loi de probabilités qui les
régit, ceux-ci sont considérés comme des parametres du systeme au méme titre que
A, B ou h. Ainsi pour chaque réalistion du désordre w ou =, et chaque famille de
parametres (A, h, 3), on note P]?,Ch la mesure du polymere a taille N et a désordre

fixé. Par densité de Radon Nikodym, nous posons

dP]C\lfCh (S) = exp(Hy(9))
dpP N Zn ’

(1.3.5)
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ol Zy est un facteur de renormalisation, également appelé fonction de partition du

systeme, et de valeur

ZN = E(exp(HN(S)))

Cas annealed (recuit)

Au contraire du cas quenched, dans le cas annealed, on ne définit plus la mesure
du polymere a désordre fixé. En effet, on integre sur le désordre toutes les quantités

ou w et 7 apparaissent. La mesure Py™ du polymere en taille N s’écrit donc

dPy™ o _ E(exp(Hn(5)))
) =57y (1.3.6)

Dans tout ce travail nous nous intéresserons principalement au cas quenched, cepen-
dant, le cas annealed sera parfois utilisé comme un outil pour déterminer des bornes
supérieures d’énergie libre et de courbes critiques (voir 1.6.2 et chapitre 4). L’idée
sous-jacente a cette technique vient du fait que, dans le cas quenched, les trajectoires
doivent en quelque sorte s’adapter au désordre pour optimiser leur hamiltonien, alors
que dans le cas annealed, on peut adapter conjointement la trajectoire et le désordre
pour augmenter la valeur de ’hamiltonien. C’est I'inégalité de Jensen qui traduit

ceci mathématiquement.

1.4 Modeles continus

L’étude de ces modeles dans le cas d'un couplage faible (température élevée)
nous conduit a envisager ce que l'on appellera par la suite des modeles continus,
c’est-a-dire construits a partir de trajectoires de mouvements browniens. En effet,
pour un polymere de taille N fixée, lorsque les différents parametres de couplages
(6, A\, h) tendent vers 0, I'hamiltonien de chaque trajectoire tend lui aussi vers 0. La
mesure du polymere converge donc en loi vers celle de la marche aléatoire simple a N
pas. Ceci implique que les grandes excursions loin de I'interface sont favorisées, et on
peut éspérer alors, par un changement d’échelle approprié, prouver la convergence

du modele discret vers un modele continu associé. Cette convergence aura lieu au
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sens de 'energie libre, et parfois aussi au sens de quantités telles que la pente de la

courbe critique de I'espace des phases, etc...

1.4.1 Milieu et trajectoires

Dans le cas d’un modele continu, on ne tient pas compte d’une éventuelle épaisseur
de P'interface. Celle-ci est représentée par la demi- droite {(z,y) € (0,00) x {0}},
tandis que les quarts de plan {(z,y) € (0,00)x(0,00)} et {(x,y) € (0,00)x(—00,0)}
correspondent respectivement a I’huile et a 1’eau.

Les configurations possibles du polymere sont alors données par les trajectoires

d’un mouvement brownien B, c’est-a-dire

{<5, BS)SZO}.

L’hamiltonien associé a taille ¢t est noté H;, et les différentes contributions qui le

forment sont détaillées dans le paragraphe suivant.

1.4.2 Hamiltonien et mesures du polymere

L’accrochage a 'origine ne sera plus défini sur une bande autour de l'interface,
comme c’est le cas dans le modele discret. En effet, le modele continu étant une
limite d’échelle du cas discret, I’épaisseur de l'interface disparait dans sa définition.
On va donc considérer le temps local L;, passé en 0 par le mouvement Brownien
B entre les instants 0 et ¢t. Et la contribution énergétique de cet accrochage sera
donnée par

8L, (1.4.1)

Pour prendre en compte les caractéristiques (hydro-phobie, -philie) de chaque
monomere, on définit un second mouvement brownien (R;)s>o indépendant de B.
Ce nouveau processus va jouer le role des variables w; dans le modele discret. Ainsi,
en position s, 'interaction entre le polymere et les solvants prend la forme A (dR; +

hds), ou Ag est le signe de B en position s, et h 'assymétrie de l'interaction des
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monomeres avec chaque solvant. Cette contribution énergétique s’écrira donc, pour

I'ensemble de la chalne

t
A / Ay(dR, + hds). (1.4.2)
0

Enfin, et comme dans le cas du modele discret, nous considérons au chapitre 2
une force qui tire le polymere a son extrémité droite vers le haut. Son intensité étant

notée F', elle donnera lieu dans 'hamiltonien a la contribution
FS,. (1.4.3)

Pour chaque trajectoire de B, la mesure quenched du polymere sera définie par

densité de Radon Nikodym vis & vis de la loi (P) de B. Pour un polymere de taille

t, elle sera notée ﬁthh et prendra la valeur

d]thCh (B) _ exp(Ht(B))
aP 7,

(1.4.4)

oll, comme dans le cas discret, Z; est la fonction de partition du systeme.
La mesure annealed est définie comme dans le cas discret en intégrant sur le

désordre, c’est-a-dire

dﬁtin“(s) _ E(exp(H(5))). (1.4.5)
dP E(Z)

1.5 Energie libre, courbe critique

L’énergie libre est une quantité tres étudiée par les physiciens, parce qu’elle per-
met souvent de caractériser I’état d’un systeme physique. Comme nous allons le voir
dans ce travail, ceci est particulierement vrai dans le cas des modeles de polymeres
que nous étudions. Plus précisément, elle nous donne un outil pour déterminer si le
polymere est localisé pres de 'interface ou pas. Dans les cas discrets, 1’énergie libre

notée ¢ apparait de la maniere suivante

N—oo

) 1
¢ = lim NlogZN. (1.5.1)

Nous traitons dans les chapitres 1 et 2 le probleme de I'existence de 1’énergie libre.

Cependant, nous remarquons que, dans chacun des modeéles présentés jusqu’ici, on
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peut extraire de I’ensemble des configurations, une sous-famille notée Dy (pour un
polymere de taille N), regroupant des trajectoires qui restent dans le demi-plan
positif et ont toutes le méme hamiltonien HY. Par exemple dans le cas du modele

de copolymere étudié au chapitre 1,

N K
Dy={S: S >KVie {K+1LN}}, et HR = N+ w,+8> 4.
=1

i=1
Ceci nous permet d’obtenir une borne inférieure sur ’énergie libre, en calculant sa

restriction a Dy, c¢’est-a-dire
1 D
o > ]\}13(1)0 N log E(exp(HN) Il{DN}) = Dgeloc- (1.5.2)

En général, le terme de droite de (1.5.2) se calcule facilement. Ainsi, pour le copolymere
mentionné avant, et puisque P({Dy}) se comporte comme ¢/v/N lorsque N tend

vers 'infini on obtient

D

. H .1
Peloc = ]\}1_120 g + ]&1_1}1100 N ].Og(P(DN))

=\h.

Le critere de localisation se formule a partir de cette remarque. Suivant le modele
considéré, les parametres changent, on note donc en toute généralité, X la famille
des parametres. On sépare alors ’espace des phases en une zone localisée £ et une

autre délocalisée D, définies de la maniere suivante

Xel si (I)>(I)deloc

XeD si &= q)deloc-

Ainsi, le polymere est délocalisé quand les trajectoires de Dy suffisent pour obtenir
toute I'énergie libre. En revanche, lorsque d’autres groupes de trajectoire sont néces-
saires (notamment des trajectoires qui visitent le demi-plan négatif) pour calculer
®, on dit que le modele est localisé. Cette distinction peut paraitre grossiere au
premier abord, mais nous verrons, aux chapitres 1 et 2 notamment, qu’elle est en

réalité tres profonde.
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Dans ces différents modeles, 1’espace des phases est inclus dans R? ou R? (suiv-
ant le nombre de parametres nécessaires pour définir I’hamiltonien). La courbe, ou
surface, séparant les zones localisée et délocalisée est appelée courbe (surface) cri-
tique. Dans le cas du modele de copolymere du chapitre 1, a 3 fixé, cette courbe
sera notée h?()), ot encore h.(3) dans le chapitre 3, lorsque seuls h et 3 sont en
jeu. L’existence et différentes propriétés de ces courbes sont étudiées en détail dans

ce travail.

L’utilisation de 1’énergie libre dans le modele continu est similaire. Les trajec-
toires délocalisées D, sont par exemple {B : By, > 0Vs € [1,t]}, et le critere de
localisation reste le méme. De plus, par les propriétés de scaling du mouvement
Brownien, la courbe critique du modele continu vérifie 7@5 (\) = )\Ef (1) pour tout

A > 0. Par la suite, on notera h?(1) = K? et K? = K...

1.6 Reésultats antérieurs

Ce type de modele de polymere fut introduit pour la premiere fois de fagon
rigoureuse par Garel, Huse, Leibler et Orland en 1989 (cf [15]). Depuis, de nom-
breux travaux ont été publiés sur le sujet, et l'intérét porté a ce domaine par les
probabilistes n’a cessé de croitre. Nous exposons ici les principaux résultats obtenus
jusqu’a présent, et nous les séparons en quatre grandes catégories pour faciliter
leur présentation. Nous considérons tout d’abord les travaux concernant les limites
d’échelle des polymeres, soit quand les parametres de couplage tendent vers 0 a des
vitesses adéquates, soit, a parametres fixés, en renormalisant la chaine par un fac-
teur de croissance adapté. Dans les deux cas, le modele limite, vers lequel le modele
discret converge, est construit a partir de processus continus du type mouvement
Brownien, méandre Brownien etc... Ensuite, nous nous intéresserons aux résultats
concernant les courbes critiques des différents modeles étudiés. Nous porterons une
attention particuliere aux travaux concernant les modeles de polymeres au voisinage

d’interfaces sélectives, et aux modeles d’accrochages. Dans un troisieme paragraphe,
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nous exposerons différents résultats relatifs aux trajectoires que le polymere em-
prunte préférentiellement, suivant qu’il est localisé ou pas. Enfin, dans un quatrieme
paragraphe nous parlerons de ’extension tres récente de ces modeles a des milieux

multi-interfaces.

1.6.1 Limite d’échelle

Bolthausen et den Hollander ont étudié en 1996 (cf [6]) deux modeles de copoly-
meres hydro-phile (-phobe) au voisinage d’'une interface huile-eau. Ils ont considéré
un modele discret d’une part, d’hamiltonien (1.3.3) avec des variables w; qui suivent
une loi de Bernouilli, et un modele continu d’autre part, d’hamiltonien (1.4.2). Par
une technique de renormalisation que nous développerons dans ce travail, ils ont
pu prouver une convergence du modele discret vers le modele continu lorsque les

parametres A et h tendent vers 0 a la meéme vitesse. Ils obtiennent ainsi

1 ~
lim — ®(aX,ah) = (A\,h) et lim @ = K..

a—0 @2 A—0

Rappelons que K. est la pente de la courbe critique continue dont ils montrent par
propriété de scaling du mouvement brownien que c’est une droite. Cette pente a
'origine ne dépend pas en réalité de la loi des variables aléatoires (w;);>1, pourvu
que celles-ci soient indépendantes, identiquement distribuées, symétriques, bornées
et de variance 1 (cf [18]).

La seconde famille de résultats concernant les limites d’échelle de polymeres, a
été obtenue par Isozaki et Yoshida d’une part (cf [19]), et par Giacomin Deuschel et
Zambotti d’autre part (cf [10]). Dans [10] les auteurs ont généralisé les résultats de
[19] & une marche aléatoire (S,,),>1 en dimension 141, dont les pas sont d’amplitude
continue, centrée, et de carré intégrable. Ils conditionnent cette marche a rester
positive, puis la perturbent en pondérant chaque trajectoire d’un facteur v, avec
e>0etly = ZZN:1 ll{s,—0y. Ils obtiennent ainsi une mesure de polymere en taille
N qu’il notent PY. En fonction de la valeur de ¢, la chaine se trouve localisée ou

délocalisée, et ceci donne lieu a une transition de phase en ¢ = .. Les auteurs ont
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alors considéré le polymere de taille N, renormalisé par un facteur proportionnel a

VN, et ont noté QY sa loi. Ils prouvent que, selon que ¢ est strictement inférieur, égal
. s . N N 1 . . , d

ou strictement supérieur a €., ().' converge en loi, respectivement vers un méandre

Brownien, un mouvement brownien réfléchi, ou vers 0 lorsque N tend vers co.

1.6.2 Courbe critique

Dans leur article de 1996, Bolthausen et Den Hollander prouvent (avec w; prenant
les valeurs 1 et —1 avec probabilité 1/2) I'existence et un certain nombre de pro-
priétés de la courbe critique h.(A) du modele (1.3.3). Ils montrent par exemple que
h. est croissante, continue et que sa pente a l'origine verifie K. > 0. Ils utilisent
également une variation du modele annealed, pour obtenir une borne supérieure de

h., notée h, et de valeur
h()\) = 1/(2)) log cosh(2)). (1.6.1)

Ceci donne en outre la majoration K. < 1. Il est a noter que si, comme nous
I’expliquons ensuite, la borne inférieure de K, a pu étre améliorée par la suite, ce n’est
pas le cas de la borne supérieure. En effet, Caravenna et Giacomin [7] ont montré
qu’un raffinement de cette stratégie annealed (appelé méthode de Morita [28]), con-
sistant a ajouter a I’hamiltonien un terme dépendant uniquement du désordre w
(par exemple la moyenne des {w;,i € {1,..,N}} ne peut pas améliorer la borne
(1.6.1).

Par la suite, Bodineau et Giacomin [3] ont démontré que la courbe critique
h(X) conjecturée par Cécile Monthus [27], est en réalité une borne inférieure de
he(N). Ils ont en effet, partitionné 1’axe des abscisses en blocs consécutifs de taille
[ < oo, et restreint le calcul de I’énergie libre aux trajectoires ne séjournant dans
le demi-plan {y < 0} que le long de blocs "atypiques”, au sens qu’ils vérifient
Y icbloe Wi < —cl (pour un ¢ > 0). Ils ont alors estimé, par un principe de grandes
déviations, la probabilité de ’événement { 22:1 w; < —cl }, pour comparer le gain

d’énergie qu’induit cette stratégie a la perte d’entropie que nécessitent ces rares
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visites dans le demi plan {y < 0}. Ceci leur a permis d’optimiser le choix de ¢,
et d’obtenir la borne inférieure h(A) = 3/(4\) log E(exp(4Aw,/3)). Dans le cas ou
P(wy = +1) = 1/2, un développement limité de h au voisinage de zéro donne
I'inégalité K, > 2/3, qui n’a pas été améliorée jusqu’a présent.

Cependant, dans un travail plus récent, Caravenna Giacomin et Gubinelli (cf [8])
ont mené une étude numérique de ce modele. Ils ont batti un test statistique qui
montre, avec un niveau d’erreur tres faible, que h. ne coincide pas avec h. D’autre
part, une estimation numérique semble situer la valeur de K. au dela de 0.8, soit

strictement au dessus de la meilleure borne inférieure acctuelle (2/3).

1.6.3 Résultats trajectoriels

Dans son article de 1993 [37], Sinai s’est intéressé au modele (1.3.3) dans sa
phase localisée, pour donner une traduction en terme de trajectoire de la condition
O > Pyel0c. Biskup et Den Hollander ont poursuivi cette étude en 1999 [5] et mis en
place un formalisme Gibbsien pour étudier les mesures limites possibles du polymere
en volume infini. Ils ont prouvé que, dans la phase localisée, le polymere touche
I'interface en une densité positive de sites, et que ses excursions hors de 'origine
sont exponentiellement tendues.

Les résultats trajectoriels concernant la phase délocalisée sont plus récents dans
la littérature. Le premier a été publié dans [5], et concerne l'intérieur de la phase
localisée du modele (1.3.3). Les auteurs ont montré que, la densité des pas réalisés
par le polymere sous un niveau arbitraire k est nulle. Plus précisément, ils ont obtenu

que P presque surement en w, pour tous k > 1

lim —Z PYY(S; > k) (1.6.2)

N—oo N

Giacomin et Tonninelli [18] ont également travaillé sur le sujet. Ils ont appliqué
au modele (1.3.3) certaines inégalités de concentration de la mesure pour controler

I'écart entre les logarithmes des fonctions de partition quenched (log Zy) et leur
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moyenne E(log Zy). Ils ont pu ainsi estimer certaines quantités du type
Pi(maxA>1), on A={i<N : suchthat A; = —1},

et prouver que, pour h > h.()), le nombre de sites que le polymere place dans le
demi-plan {y < 0} est borné indépendamment de N, et que ce nombre se comporte

au pire comme log(N) lorsque h € (he(\), h())).

1.6.4 Milieux multi-interfaces

Den Hollander et Wuttricht [9] ont travaillé en 2004 sur des modeles de copoly-
meres, plongés dans des milieux qui ne sont plus restreints a une seule interface.
Ainsi, ils ont étudié un modele de copolymere plongé dans un milieu en couches com-
posées alternativement d’huile et d’eau. Ces couches ont toutes la méme épaisseur,
et celle-ci croit avec la taille N du polymere, & une vitesse comprise entre log(N)
et log(log(NV)). Ils prouvent alors que ’énergie libre de ce modele est la méme que
celle du modele a une seule interface, puis, ils donnent, sous la mesure annealed du
polymere, une asymptotique de la vitesse a laquelle le polymere passe d'une couche
d’huile a une couche d’eau d’une part, et d’'une couche d’eau a une couche d’huile

d’autre part.

1.7 Résultats de la these

Les résultats de cette étude s’organisent autour de trois modeles de polymeres
distincts. Nous donnons ici une breve présentation de chacun d’entre eux et des
résultats obtenus les concernant.

Tout d’abord nous considérons un modele de copolymere au voisinage d’une
interface entre deux solvants, et en interaction directe avec une bande autour de
cette interface. L’hamiltonien considéré sera obtenu a l’aide de (1.3.3), et (1.3.2). Il

prend la forme suivante
N

K N
A (wi+ BN+ B Y A Ty (1.7.1)
j=—K i=1

i=1 -
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Comme nous 'avons vu auparavant, Bolthausen et Den Hollander se sont intéressés
a ce méme modele sans le terme d’accrochage a 'origine. Ils ont mis en lumiere une
convergence, en terme d’énergie libre et de pente de la courbe critique a 1’origine de
ce modele vers un modele continu associé. Notre premiere série de résultats généralise
cette convergence au cas ol le copolymere interagit directement avec l'interface, par
le biais d'un potentiel aléatoire, présent en chaque site de 'interface. Nous obtenons

ainsi un modele continu associé donné par 'hamiltonien

)\/Ot Ay(dR, + hds) +ﬁ( i ]E(y{))Lt, (1.7.2)

et la convergence a lieu lorsque (3, A et h tendent vers 0 a la méme vitesse, ¢’est-a-dire

sous la forme (af3,a\, ah) avec a — 0. On obtient alors

1 -
lim —®(af, a, ah) = (5, A\, h) et,

a—0 a,2

o PO s (o

}\IL%T:K? , avec X = ZkE(vf)
jer

Enfin, nous terminons le chapitre 1 en appliquant ces résultats a un modele d’homo-
polymere hydrophobe en interaction avec l'interface. Il s’agit en réalité du cas A =1
et w = 0, 'hamiltonien s’écrivant

K

N N
hY Ai+B DY A sy (1.7.3)
=1 j= i=1

-K
Nous constatons alors que le modele continu associé peut étre résolu explicitement.
On peut calculer, entre autres choses, sa courbe critique et son énergie libre. Ceci
nous donne le comportement limite précis de certaines quantités liées au modele
discret (allure de la courbe critique a l'origine, proportion de pas effectués dans le
demi-plan inférieur etc...) quand les parametres 3 et h tendent vers 0 a des vitesses
bien choisies.
Dans le second chapitre, nous étudions encore un copolymere (hydro-phile, -
phobe). Notons que contrairement au modele développé dans le premier chapitre,

aucun des deux types de monomere ne réagit plus vivement que l'autre avec les
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solvants. C’est pourquoi nous fixons h = 0. En revanche, le polymere est soumis a
une force verticale dirigée vers le haut (y > 0), et qui s’applique en son extrémité
droite. L’hamiltonien associé s’écrit a l'aide des contributions énergétiques (1.3.1)

et (1.3.4)

N
=1

On s’intéresse également ici a la convergence de 1’énergie libre du modele discret
lorsque le couplage devient faible. Un modele continu limite apparait alors, ayant

pour hamiltonien

t
§/A¢&+F&. (1.7.5)
0

Pour obtenir cette convergence, nous menons un calcul partiel des deux énergies
libres (discrete et continue), qui s’expriment en réalité comme le maximum de deux
fonctions, 'une de A, 'autre de F'. Pour cela, nous prenons en compte séparément le
comportement de la chaine avant son dernier retour a 'origine d'une part, et entre
ce dernier retour et son extrémité droite d’autre part. Ceci, nous permet de faire
apparaitre deux contributions distinctes a ’énergie libre, I'une fonction de A, 'autre
de F'. De cette facon , et en utilisant les résultats du premier chapitre, on obtient

lim O (aX, aF)
a—0 a2

= ®(\, F).
Dans la deuxieme partie de chapitre, nous prouvons un résultat trajectoriel fort, a
I'intérieur de la zone délocalisée de 'espace des phases. Effectivement, en utilisant
le calcul de I'énergie libre discrete évoqué précédemment, nous prouvons que dans
ces conditions, le polymere ne touche l'interface qu'un nombre fini de fois, avant de
se délocaliser définitivement dans I'huile.

Enfin, dans le troisieme chapitre, nous envisageons le cas d’'un homopolymere hy-
drophobe accroché le long d’une interface par des prix de type 1+s; ot ((;);>1est une

suite de variables aléatoires i.i.d., centrées, et de variance non nulle. L’hamiltonien

considéré est de la forme

N N

hZAi +52(1 + 5Gi) Tis,=03- (1.7.6)

=1 i=1
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L’objectif est de comparer la courbe critique h2(3) du modele non désordonné avec
celle hi(3) d'un cas ou les prix a lorigine sont vraiment aléatoires (s > 0). Dans un
article récent, Alexander et Sidoravicius ont prouvé, pour une large classe de marche
aléatoire, qu’introduire un accrochage aléatoire a 1’origine permet de localiser la
chaine strictement plus qu’avec un accrochage constant de méme moyenne. Dans
notre cas cela se traduit par h%(3) < h3(5) des lors que s > 0. Nous sommes allés
au dela de ce résultat dans ce chapitre, en mettant en place une nouvelle stratégie
qui permet de viser les sites en lesquels le polymere va revenir a l'origine. Ceci nous
permet d’exploiter le caractere aléatoire des prix a l'origine pour améliorer la borne
inférieure de h3(3).

Finalement en laissant h tendre vers l'infini et en gardant  proche de log(2),
on prouve un corollaire de ce résultat concernant le modele du wetting. En effet
dans le cas d'une marche aléatoire simple accrochée par un hamiltonien du type
ZiNzl(—u + 5¢;) N{g,—03, on prouve qu’il existe ¢ > 0 tel que pour s assez petit, et

pour tout v > —cs?, le polymere est localisé.

1.8 Techniques utilisées

1.8.1 Coarse graining

Plusieurs outils et techniques probabilistes nous ont permis de mener a bien ce
travail. Les théoremes 3 et 4 du premier chapitre ont été obtenus en mettant en
oeuvre une méthode de renormalisation, également appelée ”coarse graining”. Cet
outil avait été utilisé par Bolthausen et Den Hollander (cf. [6]), et nous le développons
ici, pour le généraliser a un modele de copolymere, accroché sur une bande de taille
finie autour de l'interface par des prix aléatoires. Notre objectif principal est de
prouver la convergence de l'énergie libre du modele discret vers celle du modele
continu associé, lorsque les parametres tendent vers 0 a des vitesses bien choisies.
Cependant, I'énergie libre est une quantité obtenue apres avoir laissé la taille du

polymere tendre vers l'infini. Le ”coarse graining” consiste alors a découper les N
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pas du polymere en blocs consécutifs (éventuellement tres grands) de taille A fixée.
Sur chacun de ces blocs nous modifions, étape par étape, ’hamiltonien initial pour
le transformer en celui du modele continu associé. Lorsque la taille du polymere
(N) tend vers I'infini, le nombre de ces blocs tend lui aussi vers I'infini. Mais, en
choisissant les différents parametres et A de fagon adéquate, nous pouvons, bloc par
bloc, c’est-a-dire a taille finie, approximer 1’énergie libre du modele continu par celle
du modele discret. Ensuite, quand N tend vers I'infini, nous utilisons des propriétés
d’ergodicité sur ces blocs (notamment par des techniques de martingales), pour
prouver que cette convergence obtenue bloc par bloc est également vraie en taille

infinie.

1.8.2 Stratégie de localisation en milieu désordonné

Dans le troisieme chapitre, nous développons une méthode de transformation
locale de la loi des retours en zéro d’une marche aléatoire. Cette méthode avait
été introduite elle aussi dans [6] pour trouver une borne inférieure de la courbe
critique du copolymere. Elle consistait a remplacer, dans la fonction de partition, la
marche aléatoire simple par une marche aléatoire dotée d’un drift la poussant vers
I'origine. L’objectif était de considérer une marche aléatoire dont le comportement
décrive mieux que la marche aléatoire simple, la facon dont le polymere revient a
I'origine lorsqu’il est dans une configuration localisée. Dans notre étude, nous allons
plus loin, en transformant la loi des retours a l’origine, excursion par excursion,
pour prendre en compte le caractere inhomogene du désordre. Ainsi, par densité de
Radon Nikodym, nous faisons en sorte que la loi de la taille de chaque excursion le

long de la chaine dépende du désordre environnant.

1.8.3 Couplage

Parallelement a ces deux premiers outils, nous avons également recours a des
techniques de couplage. En effet, pour obtenir le lemme 5 et plusieurs inégalités

du chapitre 3, nous comparons le nombre de retours en 0 de différentes marches
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aléatoires, définies sur un méme espace de probabilités. Ainsi dans la preuve du
lemme 5, apres avoir utilisé un résultat de couplage entre le nombre de retours a
I'origine d’une marche aléatoire simple et le temps local d’'un mouvement Brown-
ien, nous sommes amenés a prouver l'uniforme intégrabilité d’une suite de variables
aléatoires. Celles-ci s’expriment en réalité comme fonction du nombre de pas ef-
fectués par une marche dans une bande autour de l'origine. Pour ce faire, nous
construisons une marche aléatoire réfléchie a ’aide de différentes quantités discretes
et indépendantes (excursion de marches aléatoires en dehors de 1'origine, temps
d’atteinte d’un niveau fixé etc...). Ceci nous permet de borner ce nombre de pas
dans une bande par des quantités dont les lois sont bien connues, et qui nous per-

mettent de prouver cette intégrabilité uniforme.






Chapter 2

Copolymer Pinned at an Interface

In this chapter we consider a copolymer, composed by hydrophobic and hy-

drophilic monomers.

2.1 Introduction

2.1.1 Discrete model

We consider a polymer of N monomers, and an interface separating two solvents

(for example oil and water). This interface is given by the x axis.

e Configurations. The possible configurations of the polymer are given by the 2V
different trajectories of a simple random walk (S) of length N. Let {X,;}iz12..
be i.i.d. bernoulli trials satisfying P(X; = +1) = 1/2. Let Sy = 0 and S,, =
>or X for n > 1. Let A; =sign(S;) if S; #0, A; = A;_; otherwise.

e Pinning potential. We define a pinning potential in a layer of finite width
around the interface. For every j € {—K, —K+1,.., K—1, K}, we let {fyz-j}i:l o

be i.i.d. random variables, satisfying E( exp (ﬁ|’y{|)) < oo for every (3 > 0.

e Copolymer. Let A > 0, h > 0, and let {w;};—12 be ii.d. random variables,

independent of 7, bounded, and satisfying E(w;) = 0 and E(w?) = 1. These

33
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variables define a rate of hydrophobicity at each monomer. Indeed, the higher
w; is, the more hydrophobic monomer number ¢ is. We remark that the disor-

ders v and w are defined under the law P.

e Hamiltonian. For each trajectory of the random walk, we define the following

hamiltonian (see the example on Fig. 1)

N K N
HYTn(S) = AD (wi+ )N+ 58 D Y 4 Ts—yy. (2.1.1)
i=1 Jj=-K i=1
Fig. 1:
oil
F1 g
0
1=38
L e A
water

On this picture K =1, N = 14 and for the drawn trajectory, the
hamiltonian takes the value

6
HYGn ZA(—wawwwg) —4>\h+6( S %1+7§+78+%7)
=1

i€{1,3,5}

To avoid heavy notations, the hamiltonian will be denoted by Hy(S). Then, we
perturb the law of the random walk as follow

dPy" _exp (Hy(9))

F( ) = 7o (2.1.2)
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This new measure Py’” is called polymer measure of size N, and seems to favor two
particular subsets of trajectories. First, the trajectories that remain in the neighbor-
hood of the interface and enter in the layer of width 2K around it to gain positive
prices. These trajectories can also cross the interface often, to put as many monomers
as possible in their preferred solvent, i.e. the water if w; < 0, the oil otherwise. These
trajectories, called "localized”, are favored from the energetic point of view. In the
same time, the energy term h favors another class of trajectories called ” delocalized”.
These trajectories spend most of the time in the half upper plane and are much more
numerous than the ”localized ones”. Thus, an energy-entropy competition arises and
gives birth to a delocalization transition.

In the next section, we will see how the free energy of this system can be used

as a tool to decide if the polymer is localized or not.

2.1.2 Free energy (proposition 1)

We define the free energy of the discrete model with the help of Z".

Proposition 1 For (8, \, h) € (RT)3, there exists a real number, denoted by ®(3,\, h),

which satisfy P a.s. the following convergence,

. 1 w,
Jim - log Zy” = & (5, A, h).
This limit is called free energy of the model, and is constant P a.s.. It means that

its value does not depend on the realization of (w,~).

This proposition has been proved in different papers (see [17] for example) for some
quantities similar to Z". In our case, the difference comes from the fact that the
disorder is spread on a layer of finite width around the interface, but the proof
remains essentially the same and is left to the reader. We notice that the convergence
occurs also in L', and that ®(3, A, h) is continuous, convex in each variable, and non
decreasing in (3.

This free energy gives us a tool to decide, for every ([, A, h), if the system is
localized or not. To that aim, we denote by Dy the subset {S : S; > K Vi €
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{K +1,..,N}}, that is to say trajectories that leave the attracting layer as soon
as possible (at site K), and stay above the level K until N. These trajectories are
called utterly delocalized and satisfy A; = 1 for every i € {1,..., N}. Thus, if we

restrict the computation of the free energy ® to Dy we obtain

N K
R i
(3, A, h) > lim inf logE(exp (A > (with)+ ﬁZ%) ﬂ{DN})
i=1 i=1
N K i
> Mt liminf 22ty g 2z e e lee P DN
N—o0 N N—oo N N—oo N

(2.1.3)

The first inferior limit of (2.1.3) tends to 0 when N tends to oo because the law of
large number can be applied to (w;);>1, the second inferior limit tends to 0 because
it is a constant (3°% | ~#) divided by N and the last one tends to 0 because P(Dy) =
(1+0(1))e/v/N as N tends to co. Therefore, the system is said to be delocalized when
®(, A\, h) = Ah, because it suffices to consider the utterly delocalized trajectories to
obtain the whole free energy, whereas the system is localized when ®(3, A\, h) > Ah.
The (5, A\, h)-space is divided into a localized phase, denoted by £, and a delocalized
one denoted by D.

This separation between the localized and delocalized phases has an interpre-
tation in terms of trajectories of the polymer. This issue has been closely studied
recently and we refer to [37] or [18] to find precise estimations about it. We mention
here a result of [5] concerning the delocalized phase. It shows that the proportion of

steps done by the polymer under an arbitrary level L > 0 is equal to 0, namely

1
A}im NEX}W (#H{ie{l,.,N}:5;<L})=0, P-as. inw.

In the localized phase, the convexity of ® in 3 gives after a simple derivation that

the polymer comes back in the layer around the origin in a positive density of sites.



2.2. MOTIVATIONS AND OBJECTIVES 37

2.2 Motivations and objectives

2.2.1 A more realistic model of interface

Models of polymer pinned at an interface have attracted a lot of interest in the
last years (see [21], [1], [31]). One of the physical situations that can be modelled
by such systems is a polymer put in the neighborhood of an interface between two
solvents (see [6]). It gives opportunities to study the localization of the polymer with
respect to the interface. Nevertheless, these models do not take into account that
such an interface has a width, that is to say a small layer in which the two solvents
are more or less mixed together. The model that we develop in this chapter gives
a more realistic image of an interface. It allows us also to consider a case, in which

microemulsions of a third solvent are spread in a thin layer around the interface.

2.2.2 Continuous limit at weak coupling

One of the main issues of this chapter consists in proving the convergence (in a
sense that will be specified) of this discrete model toward a continuous one, when
the parameters (A, h and ) go to zero at a certain speed. Such a convergence has
been proved in [6], when there is no pinning term (i.e. 5 = 0). But, when § # 0,
we know that some zones, in the interacting layer around the origin, concentrate a
large number of high rewards and play a particular role from the localization point
of view. Indeed, the chain can target the sites where it goes back close to the origin
to get prices as high as possible. Consequently, some zones favor the localization of
the polymer more than others (see [31]). But, if this model converges to a continuous
one, does this continuous model still attract more the polymer in certain parts of the
interface? Do the prices that the chain gets when it comes back to the origin remain
random, or does the passage to very weak coupling lead to a complete averaging of
the disorder?

We answer this question in this chapter, by constructing a continuous model

which is in fact the limit of our discrete model. To perform this proof, we use an
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argument of coarse graining, previously introduced in [6]. We will show a conver-
gence, in terms of free energy, of the discrete model towards the continuous one, as

the parameters go to 0 at appropriate speeds.

This associated continuous model has a pinning term at the interface. It is given
by the local time in zero of a Brownian motion, weighted by the expectation of the
prices (2). Hence, we show that the randomness of the pinning term vanishes at

weak coupling.

2.3 Pinning term and critical curve

2.3.1 Random copolymer

In this section, we consider the case K = 0 and a constant disorder v = 1. We
want to insist on the fact that, for a fixed 3 € R, this model generates a critical curve
h2()), separating the localized and delocalized phases. In the case 3 = 0, this curve
has been studied by Bolthausen and Den Hollander in [6], and more recently, by
Giacomin and Bodineau. They have found some upper and lower bounds of h%(\)
and tried to compute its exact slope at the origin. As proved in [18], this slope,
denoted by K., has a certain universality because it takes the same value for many
types of i.i.d. disorders. In [3], it is proved that 2/3 < K. < 1, and a numerical study
seems to show that the exact value of K. is close to 0.8 (see [8]). However, another
important issue, that has not been investigated yet, consists in understanding the

influence of a constant (de)pinning term on the critical curve.

At this moment, we know that such a pinning term can transform any delocalized
configuration (with parameters (0, A\, h) € D) in a localized one ((5,\,h) € L), as
soon as (3 is large enough. Effectively, by restricting the expectation over S to the
subset of localized trajectories Voy = {S : Sy = 0, Vi € {1,...,N}} and by
noticing that (w; +h)A; > —(|w;|+ h) for every i € {1,...,2N}, we can bound from
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below the free energy as follow

2N
|
©(0. A, h) 2 liminf o log B ( exp (A > (wi+h)A; + 51\7) ﬂ{vm}>

i=1

LA Zi\f Wy .. 1
Z—)\h—i‘lljvnl_)lolif%—Fg+11NH1_)IOI<l)fﬁIOgP(‘/2N).

At this stage, we can apply the law of large numbers to (|w;|);>1. It implies that
liminfy_ o (=A/2N) Zfivl lw;] = —E(|wy]). Then, since 1 = E(w?) > E(Jw|) we
obtain

|
D(B, A\ h) > =A1+h)+ g + hNHigéf oN log P (Vo)

and the equality P (Vay) = (1/2)" implies ®(5, A, h) > —A(1+h)+ (/2 —1/21og 2.
Therefore, for 3 large enough the free energy is strictly larger than Ah.

In [3], Bodineau and Giacomin have enlightened a lower bound of hY(\), denoted
by h2(A) and equal to 3/(4A)log E(exp(4Aw,/3)). We can show that, if a configu-
ration of parameters (0, A, h) satisfies h < h_g()\), then (=0, A, h) remains localized
even if 3 becomes very large. This point arises directly from the computation of their
lower bound. Indeed, to build this curve, they consider some particular trajectories
that make long excursions in the half upper plane, and come back sometimes to the
interface to get the energy reward corresponding to untypical stretches of —1 of the
disorder. But for (A, h) between the lower bound of [3] and the real critical curve,
we do not know at this moment if a negative pinning term can delocalize a localized

situation.

2.3.2 Periodic copolymer

The model we have studied since the beginning of this chapter, can also be
defined for a periodic copolymer. Effectively, instead of considering the disorder w
as a sequence of i.i.d. random variables, we can choose a centered and T periodic
sequence of +1 and —1 (centered means that 3., w; = 0). As proved in [4], its
free energy is well defined, the localization condition remains the same, and it gives

birth to a continuous critical curve. One of the main interest of studying this model
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comes from the fact that it is expected to converge to the random model, when the

period T tends to co.

To understand which sense we give to this limit, we must define a few notations:

o Let {w;}i=12 . beasequence of i.i.d. Bernouilli trials of law P (w; = £1) = 1/2.
Then for every k € N — {0}, we note py(w) = Sy, w;/k and we consider the
mapping T, : {—1, 13N — {1 13810} defined by

(Th(w)i) ;> = (wi[ mod &] _pk(w)>i21'

In other words (Tx(w););5, is a k periodic sequence equal to w; — py(w) for
i € {1,..k}. We subtract p(w) to every term, to make sure that (Tj(w));>1 is

centered.

e Here again K = 0,y = 1 and, using the notation of (2.1.2), we note Y (3, \, h)
— limy oo E (4 log 2y 7).

e For fixed k£ > 1 and 3 > 0, we let h¥’(\) be the critical curve of the 2k

periodic copolymer, pinned by (.

Up to now, it has been proved in [17] that limy_., P (8, \, h) = ®(5, A, h) and
that limsup,,_.._ h*?(\) > h?()\). But, an interesting point comes from the fact that,
for every k and every couple (A, h) satisfying @7 (0, A, h) > Ah, we can find  large
enough, such that, ®7* (=5, A\, h) = Ah. It means that, contrary to what happens
for the random copolymer, a k periodic copolymer in a localized configuration can
always be delocalized by a large enough depinning term. Indeed, the contribution
to the hamiltonian of an excursion out of the origin is bounded from above by
Vi = Al Zigiﬂ w; + h| (with i,_; the beginning of the excursion number k and i,
its end). Thus, since the disorder w is T periodic and since Y, w; = 0 we have
immediately that Vi, < T+ Ah(ix —ig_1). Therefore, if we choose 8 > T, the quantity
Vi — (3 is bounded from above by Ah(iy —ix_1), and necessarily @7 (=5, A, h) = Ah.
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2.4 Continuous model (proposition 2)

In this section, we consider a polymer of length ¢t € R. The parameters A, h and

[ are still non negative.

e Configurations. In this continuous case, the configurations of the polymer will
be given by the set of trajectories of the Brownian motion (Bj) (- The law

of B will be denoted by ﬁ, and we note A, = sign (Bs).

e Pinning potential. The pinning potential of this model will be given by the
local time spent in 0 by B between 0 and ¢. It will be denoted by Lj.

e Copolymer. Independently of B, we let (RS)SZO be a standard Brownian motion
of law P. We consider dRs an elementary variation of R at position s. This
quantity gives the hydrophobicity of the polymer around the position s, and

plays the role of w; in the discrete model.

e Hamiltonian: for a fixed trajectory of R we can define, for every trajectory of

B, the following hamiltonian

AR (B) = A /0 A(s)(dRy + hds) + BLs. (2.4.1)

For simplicity, the hamiltonian will be denoted by I;TtR As in the discrete case, we

define a new probability law of the B.M. trajectories, called polymer measure

dP Z!

Now, we can define the free energy associated with this model.

Proposition 2 For every (A, h,3) € (R")3, there exists a real number, denoted by

<T>()\, h, 3), which satisfies P a.s. the following convergence,
. 1 7R Y
1thm glog Z,;' = ®(\ h, ).

This limit is called free energy of the model, and is constant P a.s..
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Remark 1 Asin the discrete case, this convergence occurs in ! and ® is continuous

and convex in each variable.

In [17], the proposition 2 has been proved in the case 5 = 0, that is to say without
pinning term at the interface. In the Annex A, we give a detailed proof of the case
B > 0. To that aim, we follow the scheme of the proof exposed in [17], and we modify

some steps to take into account the presence of the 3 term.

Remark 2 We can define, for the continuous model also, a subset of delocalized
trajectorics, i.e. Dy = {B : B, > 0V s € [1,t]}. The computation of ® restricted to
Dy gives a contribution of Ah. Thus, the conditions of localization and delocalization

of this continuous model are the same as in the discrete one.

It has been proved in [6] that, when 3 = 0, the critical curve h%()\) of the
continuous model is a straight line of slope K?. It is still true when we add a pinning
term. Indeed, the critical curve satisfies E?ﬁ()\) = AK?. Since ® is non decreasing in
B, K? is non decreasing in 3, and we give here a short proof of the convexity of K¥.
For that, we consider 3; and (3, such that K% and K’ are finite. Then, we note
a € [0, 1], and obtain

HYE = aﬁt’Rﬁl +(1- a)Ht’R

LaK2 4+ (1-a) K22 a1 +(1-a)B2 LK

We apply the Hélder’s inequality (with p = 1/a and ¢ = 1/(1 — «)), and we let t go

to oo, it gives

O(1,aK? + (1 — a)K2,af + (1 —a)fs) < a®(1, K2, ) + (1 — a)®(1, K%, 5,)

<aKP + (1 —-a)K".
Since ®(1,h, 8) > h (see remark 2), we have
O(1,aK? + (1 —a)K2, ab + (1 — a)Bs) = aK? + (1 — a)K,

which implies that
aKcﬂl + (1 _ &)Kcﬂz > Kgéﬁﬁr(l*a)ﬂz,
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and then the convexity is proved. As a consequence, K is continuous in 3 as long
as it is finite.
Finally we notice that the free energy of this model is also continuous convex

and non decreasing in each variable.

2.5 Limit of weak coupling

2.5.1 Theorem 3

We began above to explain that the continuous model can be seen as the limit
of the discrete model when A, 3 and h go to 0, that is to say in the limit of weak
coupling. As stated in the next theorem, the convergence occurs between the discrete

and continuous free energies.

Theorem 3 Let 3, A and h be non negative constants, and let 3 = ZJK:J( E(’y{)

We have the following convergence

lim e ®(af, aX,ah) = ® (B, A, h) . (2.5.1)

a—0 @2
Remark 3 This theorem will in fact be deduced from the next one but before, for
simplicity, we define the quantities U (8, A, h) = ®x (8, A, h) — Ak and W, (3, \, h) =
&Dt(ﬁ, A, h) — Ah. Then, it is easy to notice that Wy (3, \, h) converges P a.s. and in
L' to W(B, A, h) = ®(8, A, h) — Ak and similarly that W,(3, A, h) converges P a.s. and
in L! to {Ivl(ﬁ, A\ h) = &)(ﬁ, A, h) — Ah. Therefore, to decide whether the polymer is
localized or not, it suffices to compare ¥ or U to zero.
We associate with W, the hamiltonian

HwV—AZwﬁ—hA +5 Z Z% llis,—;) — AN

—-K =1

:_2/\2 w; + h)A, +>\sz+ﬁ Z Z%j Lisi=j
—K i=1

with A, = 1if A;, = —1 and A; = 0 otherwise. Moreover, P a.s. Zf\il w; = o(N)

when N tends to oco. Hence, the term )\Zij\il w; has no influence on the value of
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U(B,\, h), and we can delete it in the definition of H"”, namely

H}\”ﬂ_—QAZ (w; +h)A; + 3 Z Z% sy

—K =1

Similarly, \T/t(ﬁ, A, h) is associated with
t
HtR = —2>\/ I]-{Bs<0}(dRs + hdS) + 6Lg,
0

and ¥ and ¥ are convex and continuous in each of the three variables, non decreasing

in 3, non increasing in h.

We insist on the fact that, proving the Theorem 3 with ¢ and ® or U and VU is

absolutely equivalent. Now, we can introduce our next theorem.

2.5.2 Theorem 4 (and corollary 5)

We define a slightly modified hamiltonian. Let 3; and (3 be two non negative

numbers and

={j € {-K,..,K} such that E(v]) > 0},

I, ={j € {-K, .., K} such that E(v/) < 0}.

Then, if E(y]) # 0, we define

Hy" (Br, B2, A, 1) @ZZ% (s} wZZ% (s~} HZ w; + h)A
je€l =1 j€lz i=1
(2.5.2)
The associated free energy W([(i, 52, A, h) is defined as in proposition 1, and sat-
isfies W(B,\,h) = ¥(B, 5, h). Thus, in the following, we will use the notation
U(3y, B2, A, h), only if B # [o. Otherwise we will use U(3, A\, h). Finally, let ¥ =
i+ g, with 8y = 7. E(y!) and £y = dicl E(y]). Then, we can give the

theorem.

Theorem 4 If E(v)) # 0 for every j € {—K,..,K}, if 51 > 0, B2 > 0, and
(p1, po) € R? such that
p1 > 131 + BoXie > po
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and p >0, h >0, R >0, A\ > 0 such that (1 + p)h' < h, there exists ay > 0 such
that for every a < ag

1 ~ /
?\Ij (aﬁlaaﬂ%a)Uah) < (1 —|—p)\1/(lu1’)\7h) (253)

~ 1 /
\I[(MQa )\7h) S (1 + p) \Il(aﬁlaa52va/\7ah )

a2

This result allows us to prove the convergence of the slope in 0 of the discrete critical

curve towards the continuous one. We detail it in the next corollary.

Corollary 5 For every >0, and even if for some j € {—K,..,K} E(y)) =0, we

obtain the convergence

2.6 Proof of theorem 3 and corollary 5

In this section, we assume that the theorem 4 is satisfied. Its proof will be exposed

in the next section.

2.6.1 Proof of corollary 5

We prove this corollary by applying the theorem 4 with particular parameters.
We note p = 1/n, 1 = BE 4+ 1/n, h = (1 +2/n)K", h' = KM, 3 = 3, = 3, and

A = 1. For a small enough, the first inequality of theorem 4 gives
1 2 1 1\ ~ 1 1
—2\1f<aﬁ, a, a(1 + —>Kfz+"> < (1 n —>\I/(ﬁ2 F o, Kf”n). (2.6.1)
a n n n

By definition of Ké'), the right hand side of (2.6.1) is equal to zero. Therefore, we

have the inequality
af
lim inf he(a)

a—00 a

< (1 v z)Kf”%. (2.6.2)
n

Then, we let n go to oo and since K, is continuous in [, the inequality (2.6.2)

becomes lim inf, ., h%’(a)/a < KP*.
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It remains to prove the opposite inequality. To that aim, we apply the second
inequality of theorem 4 with the parameters p = 1/n, pus = X — 1/n, h = (1 +
2/n)KF2 b = KF B = 3, =3, and A = 1. For a small enough we obtain

[

~ 1 go-1 1 1+ 1/n pe-L 2
xp(gz—ﬁ,u(c —ﬁ) - <5a TFim (K n)) (2.6.3)

Since the left hand side of (2.6.3) is strictly positive, we obtain

hed(a) | KD -2
lim sup —= (a) > /n

PR a 1+1/n

(2.6.4)

Finally, since K is continuous in 0B, we let n go to oo and it completes the proof

of the corollary.

2.6.2 Proof of theorem 3

Now, we prove that theorem 3 is a consequence of theorem 4. This proof is divided
into 3 steps. In the first one, we show that theorem 3 is satisfied when A > 0, h > 0,
and every pinning price ’yl has a non zero average. In the second step, we prove that
the result can be extended to the case in which some 71 have a zero average. Finally,

in the last step, we will consider the case h = 0.

Step 1

First, we consider the case: A > 0, h > 0 and E(y]) # 0 for every j € {-K, .., K}.

We can apply the first inequality of Theorem 4 with the choices p = 1/n, b’ =

h/(1+1/n)* and By = By = B, m(v) = (1 + 1/v)E + B(1 — 1/v)%, (n and
v € N—{0}). It gives, for every integers n and v strictly positive, that

: 1 1\ = h
llril_s)élp aQ\I/ (aB,aX, ah) < <1 + ﬁ>\11 (ul (v), A, m) (2.6.5)

At this stage, we let successively n and v go to oo, and, by continuity of U in h and
3 we obtain limsup,_, 1/a2¥ (a3, aX, ah) < (B, A, h). The lower bound is proved
with the second inequality of theorem 4. Indeed, if we choose py = B(1 — 1/v)3; +
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B(1 4 1/v)%5 and keep the other notations, we obtain

~ 2
\If(ug,/\,h<1 + %) ) <(1+ %) liminf — U (a8, o\, ah) . (2.6.6)

a—0 CL2
We let n go to oo, and after, we let v go to oo. In that way, we can conclude that

lim, 0 1/a*¥ (af,a), ah) = \Tl(ﬁE, A, h) which implies the theorem 3.

Step 11

Now, we prove the theorem 3 when there exists j € {—K,.., K} such that
E(*y{) = 0. For that, we choose p > 0 and small enough, such that, E(fyf +pu) #0
for every j € {—K, .., K}. With these new variables we can use the previous case
with a new ¥, i.e. ¥, = ¥ + (2K + 1)u. Therefore, we can apply the theorem 3 and
since the free energy ®, associated with the new variables yg is larger than @, we

obtain

1 1 ~
lim sup ?q)(aﬁ, a\,ah) < (1113% @CI)M(aﬁ, aX,ah) = ®(B(E+ 2K + 1)p), A\, h).

a—0

As ® is continuous in 3, we let p go to 0 and write limsup, o 1/a?®(af,a), ah) <
&)(52, A, h). Now, it suffices to do the same thing with —p < 0, and we obtain the

other inequality, namely

1 ~ ~
liminf —®(af,al, ah) < lir% O(B(E— 2K+ 1)p), A\, h) = D(BE, A\, h).
n—

a—0 Cl2

We can say that liminf, .o 5®(af,a), ah) = ®(6%, ), h)

Step III

It remains to show the theorem 3 when h = 0. Since ¥ and ¥ are non increasing

in h, the theorem 3, with strictly positive parameters, implies

1 -
liminf =¥ (af,a),0) > V(83 A, 0).

a—0 a2
To prove the opposite inequality, we just notice that & is non decreasing in h.

Effectively

0P . )‘Zi]\;1 Ai N
o “’*”_NI%E(AIZA e e OS]
(2.6.7)
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the {w;}i=12, are symmetric and the random walk also. Thus, we can transform w;
in —w;, and (Ay,..,Ay) in (—Aq, .., —Ay), without changing (2.6.7). It gives

aP , YA N
O ls,. 213520E< D Py —Ay) =S5 exp —)\;—wiAiJrﬁ..

AtyAn
N N
= E<A1§N P(Aq, .., AN) # exp ()\;wi/\i + ﬁ)) = ?;}I; o)
This derivative is equal to 0 and ® is convex in h, hence, ¢ is non-decreasing in h.
Now, in (2.6.5), we let n and v go to oo and we add Ah on both sides. We obtain,
for h > 0
limsup 1/a*® (a3, a), ah) < ®(BT, \, h). (2.6.8)

a—0

Since ® is non-decreasing in h, the inequality (2.6.8) implies,

limsup 1/a*® (a3, a),0) < CT)(ﬁE, A h).

a—0

Then, we let h go to zero, and the proof of theorem 3 is completed.

2.7 Proof of theorem 4

We first prove a lemma which will be very useful in the proof of the theorem.

2.7.1 Technical Lemma

Lemma 6 For every K € N and every (f_g, f-k+1,--, [K) In (]RJF)QKJF1 the follow-

an convergence occurs:

(i £ £ ) o ( £7) ) oo

where 1 is the local time in 0 of a Brownian motion (By) -, between 0 and 1.

s>0

Proof of the lemma

First, we prove the following intermediate result. For every K € N

N K
Z (1) D Lsimiy =K e ( > fj) . (2.7.2)
j=—K i=1 =K

s
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For simplicity, we only prove that 1/v/N ( Zf\il 1s,~01, Zf\il 11{5’1.:1}) converges in
law to (19,19) as N tends to oo. The proof for 2K + 1 levels is exactly the same.
For this convergence in law, we use a result of [34], saying that we can build, on
the same probability space (2, A, P), a simple random walk (.5;),, and a Brownian

motion (B;);>o such that a.s. in w € Q

, 1
lim sup —

U(]a n)— L j7 n)
n—00 o1} V1 ) (

=0 (2.7.3)

with U(j,n) = >_1, lys,—;y and L(z,n) the local time in = of B between 0 and
n. The equation (2.7.3) implies that 1/y/n (U(0,n) — L(0,n)) and 1/y/n (U(1,n) —
L(1,n)) go a.s. to 0 as n tends to co. Therefore, the proof of (2.7.2) will be com-
pleted if we show that 1/v/n (L(0,n), L(1,n)) converges in law to (1(0,1),1(0,1)).
By the scaling property of the Brownian motion, we obtain that, for every n > 1,
1/4/n (L(0,n), L(1,n)) has the same law as (1(0,1),1(1/y/n,1)). Thus, since l;(z) is
a.s. continuous in 0, we obtain immediately the a.s. convergence of ({1(0),{1(1/y/n))
towards (11(0), [;(0)). This a.s. convergence implies the convergence in law and (2.7.2)
is proved.

Now, since the function exp(z) is continuous, (2.7.2) gives us the convergence in
law of Ky = exp (1/\/N Z]K:_K 3N ll{gi:j}> towards exp <<Z]K:_K fj> l?) as
N tends to oo. The uniform integrability of the family (Ky)y~, will therefore be
sufficient to complete the proof of lemma 6. To that aim we will use the following
construction.

Let (S!),>0 be a reflected simple random walk, and denote by ky the number
of return to the origin before time N and 7,7, ..., 7k, N — 71 — ... — Ty, the length
of the corresponding excursions out of the origin until time N. Independently, we
let (S?),>0 be a reflected S.R.W. starting at Sy = 0 and we denote by T} her first
passage time in K + 1. Next, for every ¢ > 1, we let (Vni)nzo be a reflected simple
random walk, independent of all the other ones, and satisfying Vj = K — 1. We
denote by 7; the first passage time in K + 1 of V}’. Finally, we define a sequence
(€;)i>1 of independent Bernoulli trials satisfying P(e; = £1) = 1/2.
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Now, we build a new process (see Fig 2), denoted by (H;),,, such that H; = S7
for every ¢ = 0,1,..,71. Thus, Hp, = K + 1, and we note Hp,;, = K + SilJrl for
every ¢ = 0,..,71 — 1, so that Hp 4,1 = K. At this stage, either ¢; = 1 and
Hrirpi = K+ Sl

ritip1 forevery t =0,.., 79 — 1 and Hpy 7 qr,m1 = K, or 6g = —1

and Hy, -4, = V) for every i = 0,..,m and Hrpy s+ = K + 1. We go on like this,
that is to say, after the j* excursion of H above K, if ¢; = 1, H describes above K
the next excursion of (S}),>0, otherwise H describes an excursion between 0 and K
until it reaches K + 1. At this moment, H describes above K the next excursion of

(S})>0 and so on...

Fig. 2:
g1 = 1 €2 = —1
3 = —|—1
T+ T) + 7+
I Hitm—1 +17'2 'l 71'24‘7%1
H’i = 512 HT1+T1+i =
: : K+ Si1+i+1
HT1+i =K+ Sz‘l-i-l HT1+T1+T2+i = V;l

We denote by k) the number of excursions between 0 and K done by H before
time IV, and by jn the number of steps that H does between 0 and K before N. It

comes easily that kL < ky, and that

ky kn

jNSkN+an+T1§kN+Z77j+T1~ (274)

j=1 j=1
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We note F = max{f g, f_k+1,---, fx}, and to prove the uniform integrability of
Ky, it suffices to show that Vy = exp (F in/ VN ) is bounded from above in L?
norm, independently of N. By definition ((;);>1,71 and ky are independent, and,

using the Jensen’s inequality we obtain

B(V2) = <exp (QFkN oF an 2FT1>>

(oo (12) (o0 (7)) o0 (25))

<FE (exp (5—%(10gE (exp (2Fm)) + 2F>)> E (exp (2FTy)). (2.7.5)

To complete our proof, it just remains to prove that for every b > 0 the sequence
<E (exp(bK ~N/VN )>) is bounded from above independently of N. To that aim,
N>0

we notice that Ky < Koy < N and write the obvious inequality

[V/x72]
E (exp(bKon /VN)) < Z PP (Ko € [kVEN, (k+1)V2N )

(2.7.6)
With [13] we can find an upper bound of P <K2N € [k:\/ 2N, (k+1)v2N D Indeed,
for every k < [ N/ 2} we obtain

P (Kox € [RVEN, (k+ 1)V2N|)
max( [(k+1)v2N] ,N)

< Z P (Sony =0)
=[]

— ) (1= %)
(1-5)...(1-LF) (2.7.7)

We know that the function log(1—xz)+x is decreasing on [0, 1). Hence, for every j in
{[kV2N],..,max ([(k + 1)V2N],N)}, we have, log (1 — j/N) —log (1 — j/2N) <
—j/2N. Therefore,

(S BUEL I (Z ﬁ:exp(_‘ﬂﬁi]—vn)gexp(_w;l)z)'

Moreover [(k: +1) } [k’\/ 2N] < V2N + 1 and there exists a constant ¢ > 0
such that, P (Sony = 0) < ¢/v/2N for every N > 1. That is why, the equation (2.7.7)
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becomes
P (KQN e [kvV2N, (k + 1)\/2N]> < 2cexp (—(k —1)2/2) .
This results allows us to rewrite (2.7.6) as

o 2
E (exp(ngN/\/N)> < Z 9peblh+1) o= 5 7
k=0

and the r.h.s. of this inequality is the sum of a convergent series. Therefore, the

proof of lemma 4 is completed.

2.7.2 Coarse graining

We define a relation (previously introduced in [6]), which is very useful to carry

out the proof.

Definition 7 let f;. s(a, h, p1, B2) and g1 5(a, h, b1, B2) be real-valued functions. The
relation f << g occurs if for every Bs > B, B2 > Ba, p > 0, and h > h' > 0 satis-
fying (1 4+ p)h" < h, there exists &y such that for 0 < § < & there exists £o(8) such

that for 0 < € < gq there exists ag(e,d) satisfying

lim sup ft,s,a(a, h, 51,62) - (1 + p)gt(1+p)2,s(l+p)2,6(1+p)2(a(]' + P), h/;53754) <0

t—o00

for 0<a<ay (2.7.8)

In this proof we consider some functions of the form

Foesa .1, 02) = B3 log B(exp(aHes(a b, 1, 52))) ).

and we denote

® Ftl,e,é(a’ hﬁﬁlﬁﬁQ) - a%qj[t/aﬂ(aﬁlvaﬁ%avah)

hd FZEﬁ(a? ha ﬁla ﬁ2> = E’t(ﬁlzl + 6222, 1, h)
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The proof of (2.5.3) will consist in showing that F! << F7 and F7 << F"! (denoted
by F!' ~ F7). To that aim, we will create the intermediate functions Fy, ..., Fg
associated with slight modifications of the hamiltonian to transform, step by step,
the discrete hamiltonian into the continuous one. As the relation ~ is transitive, we

will prove at every step that F'* ~ F*! to conclude finally that F!' ~ F7.

Scheme of the proof

To show that F? << Fi*! we notice that, by the Holder’s inequality, if H® =
H' + H" F'is bounded from above,

F{ . s(a,h,B3) < E (log E (exp(a(l 4+ p)H)))

1
t(1+ p)
+ WE (log E (exp(a(1+ p ")H'))).

Thus, if we choose
H' Htl(irp s(1+p)2,5(1+p)2(a(1 +p).h, Bs, Ba),
we obtain

Fti,s,(S(a’ h, B, 52)) - (1 + p)ﬂﬁim 2. e(140)2,0(14p)2 (CL(l + P)a hl; Bs, 54))

< ——E(logE (exp(a(l + p~HYH))).
< AT (log E (exp(a(1 4 p~")H'™)))
Then, it suffices to prove that limsup,_ ., 1/tlog EE (exp (a(1 + p~1)H'T))) <0

for a,e and 0 small enough.

STEP 1

The first hamiltonian that we consider in this proof is given by

t/a? t/a? t/a?
(a h, Br, B2) = —QZA (wit+ah)+ B ZZ’Y Lis;=j3+ Be ZZV Iis,=5
] Il =1 ] 12 =1

Let us define some notations to build the following hamiltonians (see Fig. 3).
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e 0p=0, =0 and i), =inf{n > owe/a®+6/a*: S, =0}

m = inf{k >1:4, >t/a*}

ir =1y for k<mand i, =t/d’

opr1 = inf{n >0:1ix € ](n—1)e/a® ne/a®]},
° jk = ](Uk—l + 1) 5/a270k E/CL2] N ]Ovt/a2]7 Sk+1 = Sign( Sik+1—1)

We give an example of this construction with the Fig.3.

Fig. 3:
e 1)< & <
a (Ul - ) P 01,2 Om—1,2 Om 2
\\ L /
P
DL T N LN N e N |
M M /V ~ AT W\'\
5 5
p) . 3 .
a Zl a Zm

Now, we define the first transformation of the Hamiltonian

m t/a?
Ht(,?,(s(@, h, b1, 32) = — 22%(2% +ah’7k|) + ﬁlZZVf Iis:=j)

k=1 icT, jeIp i=1

t/a?

+ 0> > A Mys—y,

jely i=1

we want to show that Fy} << F5. For that, we denote

t/a? m
HID = =23 ™ Aj(w; + ah) +228k<zwi+a(1+p)hll7ﬂ>

i=1 k=1 icTy

t/a? t/a?

+ (81 — B3) Z Z%] Ls,—j} + (B2 — Ba) Z Z v Iisi=5

jeIp i=1 jel, i=1

(2.7.9)
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and it remains to prove that

lim sup — log EE(exp(a(l 4 p~HYHD)) < 0. (2.7.10)
t—o0
We integrate over the disorder v and the second and third terms of the right hand
side of (2.7.9) becomes in (2.7.10)

t/a?
eXp(ZZIOgE (61— B3)a(l+p~ ')y )ﬂ{&:j})

jel i=1

t/a?
X exp (Z > logE((82 — Baa(l + p~')2) ﬂ{sij})‘

j€lz =1

(2.7.11)

Since ]E(exp(A|7{|)) < oo for every j € {—K,.., K} and A > 0, we can write a first
order development of logE( exp (Acw{ )) when a tends to 0. It gives

log E(exp (Aav])) = AaE(+]) + o(a). (2.7.12)

We assume in this proof that E(W{ ) # 0 for every j € {—K, .., K} (see the assump-
tions of theorem 4), so that {—K,.., K} = [, U I,. For every i € I, E(v{) > 0, and
1 — B3 < 0. Thus, by (2.7.12), we obtain, for a small enough, that

t/a?

> > ogE((Br — Bs)a(l+p~ ")) Tis=jy < 0. (2.7.13)

jeh =1

The sum over [, satisfies the same inequality for a small enough because G — 34 > 0
and E(%j) < 0 when j € I,. Therefore, we can delete (2.7.11) in (2.7.10), and it

remains to prove that

lim sup — log EE(exp(a(l +p ) HUD)) <0

t—o0
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with

t/a?
HID = — 23" Aj(w; + ah) +223k<2w2+a1+p)h|1k|>

i=1 k=1 i€l
/a2 fa?
H)__QtzzwZ A; — sg) — 2a(1 —|—ph tzz i — Sk)
k=1 7, k=1 eI}
My a2
—2a(h— (1+ p)h ZZA
k=1 eI,

Thus, we integrate over the disorder w which is independent of the random walk.
But, since E(w;) = 0 and E(exp(A|wi|)) < oo for every A > 0, a second order

expansion gives that for every ¢ € R there exists A > 0 such that for a small enough
log E (exp(caw; (A; — s1))) < Aa®|A; — si). (2.7.14)

Finally, we have to prove, for A > 0 and B > 0, that

My /a2 t/a
hmsup logE exp (Aa Z Z | s — Ay | —Ba2ZA> <0. (2.7.15)

t=0o0 k=1 icT, i=1

This is explicitly proved in [6] (page 1355), and completes the step 1 because the

proof of I, << F} is very similar and consists essentially in showing (2.7.15).

STEP 11

In this step we aim at transforming the disorder w into a sequence (w;);>1 of
independent random variables of law N ;. To that aim, we use a coupling method de-
veloped in [33] to redefine for every j € N\ {0} the variables (w;)ic{(j-1)e/a2+1,..je/a2}
and to define on the same probability space, some independent variables of law N 1,

denoted by (QI)Z»)ie{(j_l)g/azﬂpﬂje/az}, such that for every p > 2 and x > 0

je/a? ) (Ap)p - )
P Z w; —w;| > x| < o E (w]) . (2.7.16)

i=(j—1)e/a241
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These constructions are made independently on every blocs {(j—1)e/a?+1, .., je/a*}.

Thus, we can form the third hamiltonian as follow

t/a?
1 (b 0, ) = —zzsk<zwz+ahuu) S 1)

i€y, je i=1
t/a?

+02) > v L=y

Jj€lz 1=1

To prove that F? << F3, we need the H!! hamiltonian. It takes the value
H' = Hy25(0 b B, B2) = HiG) s 1o e (01 9), B 35, B). - (27.17)

As in step I we delete the pinning term (see (2.7.13))

t/a? t/a?
Br = Bs) D D A Tsmgy + (B = B) D) A Wysi=
jel i=1 j€Iy i=1

and it suffices to consider

_—2Zskz — W, —|—2a23k 1+ p)R) |1}

ZEIk
m ok (j+1)e/a? c
o3 B S w e aeam
k=1 Jj=ok—1+1 | i=je/a?+1 @

Now, we want to prove that limsup, . 1/tlog EE (exp (a(1 4+ p~')H'T))) < 0. By
independence of (w, ) on each blocs {(j — 1)e/a® + 1, .., je/a*}, it suffices to show
that for every C' > 0 and B > 0

e/a?
E(exp(C’a Zwi —w;| — BE) < 1 for €, and a small enough.. (2.7.18)
i=1
We prove this point as follow,
e/a? +oo . e/a?
E [ exp(Ca Zwi —aw;l | < Z exp <C’a(k +1 —) Zwl w;| > k:—
— — f Va
(2.7.19)

+ exp (CN/ae) .
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By using (2.7.16) and the fact that E(w}) < R* we obtain that for every j and
kE>1

je/a?

E w; — lbi

i=(j—1)e/a?+1

We consider (2.7.19) with N = 5, and we use (2.7.20) to obtain

ke ) _ (ARy/a)*

a - 6k:—1 a? ’

P (2.7.20)

e/a?

E w; — W;

i=1

E [ exp(Ca <exp(5Cv/ae)

4 SPAVE) f;ﬁg) io (exp (CVae) AR\/E)I“‘

g
k=

ot

(2.7.21)

Therefore, for e > 0 fixed, there exists K(e,a) > 0 that tends to zero when a tends

to zero, and satisfy

e/a?

E w; — lbi

=1

E | exp(Ca < (1+ K(g,a)) exp(5Cev/a).

This implies (2.7.18), and completes the step 2 because the proof of F? << F?

is exactly the same.

STEP III

In this step, we aim at making a link between the discrete and the continuous
model. For that, we take into account the number of return to the origin of the
R.W., and the local time of the Brownian motion. We define, independently of the

random walk, a sequence (l’f) of independent local times of Brownian motion

k>0
between 0 and 1. The law of this sequence is denoted by M. Then, we build the new

hamiltonian

3 — Bi5 + BE)VE &
Ht(ii),é(aahaﬁla/@2>: —228k<2w1+ah|]k|) —|—< 171 al 1> Zl’f

k=1

iely,
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To prove that Fy, << F3, we consider

HYD = —2a(h—(1+ p)h Zskllk|+ﬁlzz Z 7 s

k=1 jel; i=ip_1+1

+BQZ Z Z %‘j lys,—jy — (B122 +i321)\/52 lef
k=1

k=1 jEIQ =t _1+1

m ik m
DI NP IETTREL L o
k=1

=1 jel; t=ip_1+1

ik m
LYY Y Ay - RS
k=1

k=1 jelz i=ip_1+1

and we have to show that
lim sup — ; log EponE(exp(a(l+ p~HYHID)) < 0.
t—o00
With the Holder’s inequality (applied with p = ¢ = 2), it suffices to prove that for
x=1and 2

i

D

=1 j=I, i=ip_1+1

afBe (L+p 1) 7 Lysmjy — 2Bp12V 05, (1 + p—l)z’fﬂ <0.

NE

1
lim sup n log EpgpE {exp (2

t—oo

ol

We integrate over the disorder v and it remains to prove that for x = 1 and 2

lim sup long®M [GXP (Z Z Z

o0 k=1 j=I; i=ip_1+1
08 E (exp (208 (1-+ 7)) Lisimy ~ 200,2VBE1+570 )| <0
(2.7.23)

For simplicity, in the following we will use E instead of Epgp. We begin with the

proof of (2.7.23) in the case x = 1. To that aim, we recall (2.7.12), that gives

logE (exp (28 (1 +p 1) ~!)) = 2E(v])af (1 +p7t) + ola). (2.7.24)

If we choose 3” such that 8; < 3” < (3 and a small enough, we obtain for every

j € I the inequality log E (exp (2a8; (14 p7') ’yf)) < 2af" (14 p~ ") E(4]). Finally,
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since E (7{) > 0 for every j, we can replace (i )req1,...m} DY (7} )ke(1,.,m} (see notations

at the beginning of Step I), and it remains to prove that for B > A > 0

m iy
limsup%logE(eXp (Z <ZAaIE (’y{) Z lyg,—jy — BVs ¥, l’f))) < 0.

t=o0 k=1 \jeh =iV +1
(2.7.25)
For simplicity, we will use in the following the notation E('y{) = f(j), and con-

sequently ¥y = >, f(j). For every N, we build a new filtration, i.e., Fy =
o (Aw Uo(lf...,10)) with Ay = o0(Xy, ..., X)) and the random variable

o (S A0, F0) v € (i + Lty Sy =) - BVET) T 1)

My = N
pNE (exp (Aa Pjen i € {0, %5} Si =5} = BVo%, H))

where p is a constant > 1. We will precise the value of u later, so that My is a

positive surmartingale with respect to (Fiy)ys,- To that aim, we define
Pl = t{u € {ify_, + 1%} : Su =5},
and a new filtration
Gyo1=o0 (FN—l Uo <Xi}’\,_1+1a '--aXiil’\,71+(5+6)/a27l{V>> :

Then, we consider the quantity E (My|Fy_1), and, by independence of the ran-

dom walk excursions out of the origin we obtain

pE (eXp (Aa >ien f(G) P = BV X, Z{V> !FN—1>

e (e (A0, 70) 11 € 0.5} 5 71— B2 )
(2.7.26)

We define ty = inf{i > % _; + (0 +¢)/a® : S; = 0} and notice that tx > % (see
Fig 4 for an example in which #y > i%). Therefore, we can write P} < BiN + B;N

with

By =t{ve (% +1,..i% , + (6 +2)/a%} : S, = j}

By =t{ve{i_ + (0 +e)/a®+1,. tx}: S, = j}.



2.7. PROOF OF THEOREM 4 61

The quantity Bi  1s measurable with respect to Gy_; and Fiy_; C Gn_;. Therefore,
F N—l)
< E<exp (Aaz f(G) Bl y —BVsx, z{V)

Jjeh
X E(exp (AaZf(j) Bg,N> ‘G’N_l)

we write

C= E(exp <AaZf(j) P - B\/ggllfv)

Jjenh

jel
Fig. 4:
§/a*+e/a?
v in In
on_1€/a® — €/a* on_1€/a? on_1€/a® + 6/a?

If we denote by H the quantity E(exp (Aa Zjeh f() B;N) ‘GN,1>, the fact that
the local times (11, .., 1)) are independent of the random walk gives the equality H =
E(exp <Aa Zjeh f() B;N> ‘AZ’N71+(5+5)/(}2). The strong Markov property can be
applied here. Indeed, if (V;,)n>0 is a simple random walk with Vo = Sz 4 (51¢)/a2,
and if s = inf{n > 1:V,, = 0}, we can write
H= Ev<exp (AaZf(j)jj {ie{l,. s}:V; :j})>.
JEn

Thus, if we denote f = max;er, {f;}, we can bound H from above
H < Ey(exp (Aaft {i € {1,.,s} : V; € {-K, .., K}})). (2.7.27)

We want to find an upper bound of H independent of the starting point S;, | 1 (5+¢)/a2-
The r.h.s. of (2.7.27) is even with respect to the starting point, and we do not trans-

form it if we consider that V' is a reflected random walk. That is why it suffices
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to bound from above the quantities L(z,a) = E,(exp (Aaft {i € {1,.,s} : |V} €
{0,..,K}})) with z € N. Moreover, the Markov property implies that L(z,a) =
L(K,a) for every x > K, and L(z,a) < L(K,a) if x < K because the random walk

starting in K touches necessarily in x before reaching 0. So we can write an upper

bound of C

C< E<exp (AaZf(j) By —BVx, zf)

Jjenl

FN1> L(K,a),

and, by independence of the excursions of a random walk, B{} y 1s independent of
Fv_1. Hence,
E(exp (Aa Z f() B{IVN — BV§Y, liv>

FN—1>:
i=h

. , 0+e€ ol N
E(exp(Aajehf(j)ﬂ{zE{0,?}.SZ ]} BV4Y® ll>>,

and (2.7.26) becomes E (My|Fy_1) < Mn_1 L(K,a)/p. But L(K,a) tends to 1 as

a tends to 0 and becomes smaller than p for a small enough. That is why for a
small enough (My)n>o is a surmartingale. Since the stopping time n;/,2 is bounded
from above by t/a?, we can apply a stopping time theorem and say that £ (M,,) <
E (M) < 1. Then, to complete the proof of (2.7.25), it suffices to show that, for

J, €, a small enough the quantity Vi, ., defined in (2.7.28), is smaller than 1.

n = (o0 (40 10 s 0.5 =) - i) )
o (2.7.28)

To that aim, recall that the random walk and the local time /i are independent.

Therefore, we can write

Vsea = uE(exp <Aa2f(j)ﬁ{i € {0, %} IS j}))E(exp (—B\/ng li))

jeh

By lemma 4, we know that

lim Vi o = 1B (eXp(A\/(S——i-eEl z}) E <exp(—B\/521 zi) .
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Since ¥ is fixed, it enters in the constant A and B without changing the fact that
B > A. We denote, for every = in R, f(x) = E (exp(xli)). The law of [{ is known
(see [35]), and the derivative of f in 0 satisfies f'(0) = E (I}) > 0. Therefore, a
first order development of f gives f (AV§+¢€) =1+ f (0)AV3 + e+ o(\/3 + €) and
f (—B\/S) =1— f(0)BV5 + o(\/9). If we take € < 6%, we obtain

f (Am) f (-B\/S) <1+ f(0)Va (Am_ B) Fo(VD).  (2.7.29)

Since B > A, the right hand side of (2.7.29) is strictly smaller than 1 for ¢ small
enough . For such a 4, for ¢ < §% and for g > 1 but small enough we obtain
lim,_o Vseo < 1. As a consequence, for a small enough, V5., < 1. This completes
the proof of (2.7.25), and therefore, the proof of (2.7.23) for z = 1.

The proof of (2.7.23) for x = 2, is easier than the previous one. Indeed, E(%]) <0
for every j € I, and therefore, if we choose 3" such that 35 > 3" > i, the first

order development of (2.7.12) gives, for a small enough, that

logE (exp (2a82 (1 +p7) 7)) < 2a8” (1 + p~) E(+]).

By following the scheme of the previous proof (for x=1), we notice that it suffices to
replace {u € {i¥ ,+1,i¥}: S, =j} by {ue {i{ ,+1,i{ ,+d+¢c/a*}:S,=j}in
the definition of My. Moreover, there is no need to introduce p > 1 in the definition
of My, which is in this case a positive martingale. The rest of the proof is totally
similar to the case x = 1.

The proof of Fy << Fj is almost the same, we just exchange the role of (1, 32
and (33, B, in the definition of H!. Consequently, the role of A and —B in (2.7.25)

are also exchanged, and, as in the previous proof, the Lemma 1 implies the result.
STEP IV
We notice that the quantities m, oy, 09, ..0p, S1, S2, .., S, can also be defined for

a Brownian motion on the interval [0,¢]. Indeed, we denote o9 = 0,py = 0, and

recursively pgy1 = inf{s > ore + 6 : B; = 0} and oy the only integer satisfying
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Pri1 € ((0k+1—1)<—:, ak+1e}. Finally, we let m; = inf{k > 1: p; > t} and p,, = t. Now,
we want to transform the random walk that gives the possible trajectories of the
polymer into a Brownian motion. For that (as in [6]), we denote by @) the measure
of (My/q2, 01,09, ...0m, 51, 52, ..., Sp) associated with the random walk on [0, ¢/a?] and
by CNQ the measure of (my, 01,09, ..., 0m, S1, S2, .., Sm) associated with the Brownian

motion on [0, ].

As proved in [6] (page 1362) Q and Q are absolutely continuous and their Radon-

Nikodym derivative satisfies that there exists a constant K,.s > 0 such that for

every ¢ > 0
. m  dQ m
llII(l) limsupK,.5 =0 and (1—-K)" < a0 <1+ K)". (2.7.30)
€ a—0

We denote by R the law of the local times (11,12, ..., {7*), which are independent of the
random walk and consequently of Q). Moreover, |I.| = (0} — ox_1)¢/a?. Hence, the
equation (2.7.22) gives that Ht(i)’é(a, h, 3) depends only on (my/q2, 01,02, ...0m, 51, S2,

wySm) and (13,12, ..., ™). That is why, we can write

P?,Le,é(av h7 517 62) = ]'/t lOg ER@Q (exp (Ht(i?d(a7 h? ﬁ))) :

At this stage, we define F5 by replacing the random walk by a Brownian motion,

namely, by integrating over R ® @ instead of R ® ). We define

H5(a s Br, B2) = H{Z5(a, b i, B2) + log (dQ/dQ)

and

1
Fiesah. 1. 2) = 7 log Bogs (exp (Hi2y(a h. 1. 5)) )

— %log Ersq (eXp <Ht(25(a’ h’ﬁl’ﬁ2)>> '
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Therefore we aim at proving that F* << F° and we calculate H!7,

' = D (0, b, By, B2) — HY s ey (@(L+ p). B B, Ba)
= 2(h— (14 )Y selon — o )e
k=1
0 d
(B — B+ (B — m)&)%zzz? - ml g dg
k=1
2 ) — 1 dQ
“Z(h— (14 p)h —op1)e— ——log
< a( (1+p) );Sk(ak O)—1)€ o050 % aq

We do not detail the end of this step, because it is done in detail in [6] (page
1361 — 1362). To prove that F5 << F, we consider the density dQ/dQ in H'!, and
(2.7.30) can also be applied. It completes the step IV.

STEP V

Now, we integrate over R® @ That is why the term log (d@/dQ) does not appear
in H® any more. In this step, we aim at transforming the local times (I1,...,1¥, ..)
into the local times of the Brownian motion that determines @ We will denote by
L; the local time spent in zero by (Bjs)s>o between the times 0 and ¢.

But before, we define (R;)s>0 a Brownian motion, independent of B, and we shed

light on the fact that, for every k € {1,..,m},

~ D

a W; = Rype — Ry e and  a®|I}] = (op — 0_1)e. (2.7.31)
Then, we can rewrite the fifth hamiltonian as

Ht€5(a’ h 61762 = __Zsk oKE O’k 1€ +h(0k - Uk_1)€>

+ (i +6222)\/3§:1f. (2.7.32)

k=1
We define the sixth hamiltonian as follow,
2§ IR
Ht(?ﬁ(a’ h, By, B2) = " a Z Sk (Rﬂke — Ry, e+ h(o) — 0k71)€) + %Lt.

k=1
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At this stage, we notice that F® and F'® do not depend on a anymore. Hence, to
simplify the following steps, we transform a bit the general scheme of the proof.

Indeed, from now on, we will denote, for ¢ = 5,6 or 7,

sl 5o, 2) = 7108 B (exp(H) o1 51, 52) ) (2.7.33)
with H;&(g( h, By, B2) = aHj_ 5(h, 31, B2). Therefore, to prove that F* << F7 we use
HI = (0 18 = T s B0 B0, (2734

and we show that
limsup 1/tlog EE (exp((1 + p~ ") H')) < 0. (2.7.35)

t—o0
We want to prove that > << F°. By the scaling property of the Brownian motion,

it is not difficult to show that for i = 5 or 6

)

ﬁt(1+p)2 e(14p)2,6(1+p)2 ( 617 52) (1 + P)H;e,é«l + P)ha ﬂl? 62) (2-7-36)

That is why, by (2.7.34), we can write H'' = H, _ 5(h B, B2)—H, . 5((1+p)h Bs, Ba),
and, since (14 p)h" < h, we obtain

NE

HT =2 (h— (1+p)h,) Sk (Uk—Uk—1)€+6121\/gzllf
k=1

b
Il

1

— (B33 Z Ly, = Ly, + 6222\/52 llf — Bad Z Lpe = Ly
k=1 k=1 k=1
H" < V6%, Z I} — 353 Z Lyy = Ly,
k=1
+ 3331 (Lits — Lt) + f2Xe Zl — 43 Z Ly, = Ly, _,

with p% = p; for every j < m and p,, = inf{t > 0, 16+ 9 : B; = 0}. Finally, by the
Holder’s inequality, it suffices to prove, for B > A, that

1
hmsup—logE (exp (AZ\[lk BZL v — >> <0, (2.7.37)

t—o0
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and
1 m m
lim sup - log E (exp (A > Lyp—Ly —BY. \/Sl’f> ) <0, (2.7.38)
t—oo T k=1 k=1
and
1
lim sup n log E (exp (B (Liys — Lyt))) = 0. (2.7.39)
t—o00

We denote by C; the first return to the origin after time ¢. Proving (2.7.39) is

immediate because for every ¢ > 0 we can write

E(exp (B (Liys — Ly)) = /t E (exp (B (Ltss — Lu)) |Cy = u) dCy(u).

since C; is a stopping time with respect to the natural filtration of B, we can apply

the strong Markov property, and we obtain

E(exp (B (Lt+s — Lt)) ) = /H(S E( exp (B (Lit+s—u — Lu)) )dCt(U) < E(GXP (BLs) )
t (2.7.40)
This implies (2.7.39), and it remains to prove (2.7.37), and (2.7.38). We define a
new filtration, Fiy = o (cr ((BS)SSP}JV> Ue (i1, - Z{V)> We notice that (py)ys s &
sequence of increasing stoping times, and consequently, F'y is an increasing filtration.

We denote by My the quantity
ASY Aol =B Ly — L
exp Zk:l 1 Zk:l Py PY_,
- N
E <eXp <—BL5 + Aﬁl}))

My : (2.7.41)
which is a surmartingale My with respect to Fy. Indeed, L and (If);>; are inde-
pendent, (Ls)s>py, is independent of Fy (because By = 0) and Ly — Ly >
Ly +5 — Ly . Thus, since E(exp ( — B(Lyy 15 — Ly ))) = E (exp (—B(Ls))), we
obtain E (My1|Fyx) < My. Moreover, m; is a stoping time with respect to Fyy and
is bounded from above by t/§. Therefore, to prove (2.7.37), it suffices to show (as
in step III) that for B > A and § small enough, V = F (exp (A\/gli — BL5>> <1
Moreover, Ls and \/gl% have the same law and are independent. That is why we can
write V = F (exp <A\/5l%>> E (exp (—Bﬁl%)) , which is strictly smaller than 1
for 6 small enough (as proved in step III).
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We prove (2.7.38) in a very similar way. Effectively, since Ly — Ly, < Ly 454e—
Lyy., we prove that the inequality (2.7.37) is still satisfied when A and —B are
exchanged. Therefore, the proof of F° << F® is completed. To end this step, we
notice that (2.7.38) and (2.7.37) imply directly that F® << F5. Thus, the proof of

step V is completed.

STEP VI
Let py = 121 + [BoXs and ug = P3%1 + [42. This step is the last one, therefore,

the following hamiltonian is the one of the continuous model, namely,

t
taa(h B, B2) = / 1¢p, <oy (dRs + hds) + i1 Ly.
0

For simplicity, we define (¢5)scjo,4 by qbs = sy, for every s € (ox_1€, oxe]. In that way,
> ket Sk(Roy. — Ro ). + R0k — 0%1) = Jo ¢s(dR + hds). Moreover, the scaling

property of the Brownian motion gives, fori=6or7,

-7 (@) D (i)
Ht(1+p)2,s(1+p)2,5(1+p)2 (h,B) = Hta 6((1 + p) h, (1 +p)B1, (1 + p)B2).

Hence, to show that F® << F7, we must consider (as in step V) the difference

+7(6) +7(7) ’
H'" = H,_5(h, 81,3) =1/ (14 p) Hiyy e cipysaapyz (0 (14 p)Bs, (14 p)Ba),

which is equal to Hys(h, B, B2) — Heos((1+ p)h', (1 + p)Bs, (1 + p)Bs). Thus, we

can bound H'! from above as follow
t

HI = —2 / (62 — Lgp,-0) AR — 2 / hée — (1+ P Ly, cy) ds + (i — p13) Lo
0 0

t
H'T < —2/ (¢s — Iyp,<0) dRs — 2h/ — Iyp,<0y) ds + (u1 — p3)E Ly
0 0

We want to prove that

limsup 1/t log EE (exp((1+ pHH')) <0,

t—o00

and, after the integration over E, it remains to prove that for A > 0 and B > 0

t
limsup 1/tlogEE (exp (A/ |gb5 — ]1{BS<0}‘ds — BLt)> < 0.
0

t—o00
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But in fact, between p,_; and py, if we find an excursion of length larger than
d + €, it is necessarily the one which ends at py and gives the value of s (see figure
2). It means that, apart eventually from the very beginning of such an excursion
(between pi_1 and oy_1€), s and ¢ have the same value along the excursion. Finally,

we obtain
t
/ | 1B, <0y — ¢s|ds < Poyse + me,
0

where P, , 5. is the sum between u and v of the excursion lengths, which is smaller
than § + €. The term me allows us to take into account the previously mentioned
situation between p;_; and oj,_;¢.

With this upper bound, we can write H'! < APy, 5. + Ame — BL; with A > 0
and B > 0. Therefore, to complete the proof we must show that the inequality
limsup,_,, 1/tlog E(exp(1/(1 + p)H'')) < 0 occurs for 4, e small enough. Thus, by
applying the Holder’s inequality, it suffices to prove that, for two strictly positive

constants A and B, we have

1
lim sup n log E(exp(Aem — BL;)) <0, (2.7.42)
t—o00
and
1
lim sup n log E(exp(APy 5. — BL:)) < 0. (2.7.43)
t—o0

We begin with the proof of (2.7.42). To that aim, we recall that, for every k < m,
we have py > pr_1 + d. Therefore, we can write
Aem — BLy < Aem = BY Ly, 45— Ly, + B(Lizs — Ly).
k=1
With the equation (2.7.39), and the Hélder’s inequality we deduce that the term
B(L¢ys — L) does not change the result. That is why we only consider the quantity
1/tlog E (exp (Y4, Ae — B(ly, ,+5 — Lp,))), when ¢ tends to oo. As in (2.7.41), we

define the martingale

N
1

My = Vg™ exp (Z Ae — B(Ly,_,+5 — ka)> with V. 5 = E(exp(Ae — BLy)),
€,0 1

(2.7.44)
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and as m is a stopping time bounded from above by t/4. It suffices again to show
that, V.5 < 1, for §, e small enough. It is the case because, E(exp(—BL;)) < 1 for
every B > 0. Therefore, we take € small enough and it completes the proof.

Now, it remains to prove (2.7.43). But, we notice that Pyise =D 1y Pop_ i prdie
and that P, |, sc < 2(0 + ¢) (see fig 3). Therefore, we obtain the following upper
bound

m

APypse — BLy < 2A(0+e)m — BY Ly, ,45 — Ly, + B(Lips — Ly).
k=1

The term B(L;.5— L) is removed, as before (in (2.7.39)), and it remains to consider
1/tlog E (31~ A(e +0) — B(ly, ,+6 — Ly,)) when ¢ tends to co. To that aim, we

build again the martingale

1 N
My = B P <; Ale +0) — B(ly,_ 45 — Ly, )) (2.7.45)

with D5 = E(exp(A(d 4+ €) — BLs)). The term m is a stopping time, therefore, it
suffices to show, for d, ¢ small enough, that D, s < 1. To that aim, we choose ¢ < 9,
and it remains to consider the quantity E (exp (2A5 — BLs)). Moreover, L 2 VoL,
and if we note f(z) = E(exp(zLy)), we can use a first order development of f in 0. It
gives f(—BV6) = 1— f(0)BV3 +¢1(8)V6 with £/(0) > 0 and lim,_q &, (z) = 0. We
also know that, exp(240) = 1+2A0+¢€5(0)d with lim,_¢e9(x) = 0. Hence, for e < ¢
and ¢ small enough, we obtain E (exp (245 — BL;)) = exp(240) f(—BV4) < 1. The
proof of Fg << Fj is exactly the same and the Step VI is completed.

2.8 The homopolymer case (proposition 8)

In this part, we want to consider another model, more simple, and called the
h-model in the following. We look at a polymer, constituted only by hydrophobic
monomers. To that aim, we fix w; = 0 for every ¢ > 1 and XA = 1 in the hamiltonian

defined in (2.1.1). Therefore, the hamiltonian becomes

N K N
Y AitB Y, >l Lsi
i=1

j=—K i=1
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Apart from the fact that this model corresponds to a different physical situation
(homopolymer instead of copolymer), there are two principal reasons to study it.
First, this type of model with a pinning term at the interface in competition with
a repulsion effect (here given by h Y"1, A;) is often investigated in the literature
(see [20], or [11]). In the wetting model for instance, the repulsion is given by the
fact that the involved random walk is conditioned to stay positive. We will prove
in chapter 4 that this model can be seen as the limit of the h-model when h tends
to infinity. In that way, we will translate some results concerning the hA-model to
the wetting one. We show also in Chapter 4 that this h-model has a critical curve,
denoted by h.(3), that separates the (h, 3)-plane into a localized and a delocalized
phase. This curve is increasing, convex, h.(0) = 0 and for every h > h.(3) the couple
(h, 3) belongs to D, whereas (h, ) belongs to L if h < h.(3). The other particularity
of this system comes from the simplicity of its continuous limit. Indeed, applied to

this case, the Theorem 3 implies that the continuous hamiltonian is given by
t
h/ Agds + BXL,. (2.8.1)
0

Thus, the disorder disappears and we can compute some quantities related to this
limit. If we denote by 5(62, h) the continuous free energy, which is associated with

(2.8.1), we obtain the following proposition.

For simplicity, we state this proposition in the case > = 1.

Proposition 8 Let 3> 0 and h > 0, then

~ . h2 2

SOm=h i bz and GG = i k<
Moreover, the localization condition remains the same for the h-model, i.e. (3, h) € L
when ¢(3,h) > h or ¢(3, h) > h in the continuous case. Therefore, since h2?/(23%) +

(3%/2 > h when h < (3%, we obtain the whole continuous critical curve, namely, in

the case X = 1, ho(8) = 3% (see Fig 5).
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Fig. 5:

We come back to the general h-model, i.e. with a general ¥. We can also deduce
from the Theorem 3, the behavior of some quantities linked to the discrete model
as [ tends to zero. Indeed, we can compute the slope at the origin of the discrete

critical curve

i =2 =2 (2.8.2)

This limit is conform to the intuition, to the extend that a stronger pinning along
the interface enlarges the localized area, and consequently, increases the slope of the
critical curve at the origin. This result is also confirmed by the bounds of the critical

curve found in the Chapter 4 (in that particular case K is equal to 1, 7 satisfies
E(y1) =1 and h.(8) = (14 0o(8))3* as § tends to 0).

With the Proposition 8, we derive év)(h, B) with respect to # and we find the
asymptotic behavior of the price average that the polymer gains along the interface
in the localized area. Indeed, when h < 32, by convexity of ®y in 3, we can write

that, a.s. in w,

. . CLQh,w . B
clbl—r% ]\}1—1}100 EEN’(W ( Z Z%j ]1{51]}> - - @

j=—K i=1

The same derivation with respect to h gives an approximation, for a small, of the

time proportion that the polymer spends under the interface, i.e.

N 252

. . a’h,w I (N) _ 52 —h
i i 250 ( "o
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2.9 Computation of 5

We must compute limy_.oo ¢ (h, ) = h+limy_.o 1/tlog E (exp (—2hD~ (t)+8LY)).
To that aim, we will use the joint density of the random variables I'~(¢) and L?,

which is explicitly given in [23], i.e

btexp( 5 té’QT >

From now on, we will denote R; = F (exp (—2hI'~(t) + BLY)), and, applying (2.9.1)

and the new variables s = 7/t and v = b/+/t, we obtain

_[Cwexp (Bovt) [T exp (- 5i=)
Rt—/o — /Oexp( 2hst) EITRY dsdv. (2.9.2)

At this stage, we can delete the constant term 47, that does not change the limit,
and write fo of (2.9.2) as the sum of A;(t) = 1/ and Ay (¢ f1/2 Then, we

introduce the new variable u = s(1 — s) in A;(t) and Ay(t), and we obtain

Ay(t) = /i exp (h(v/1 —4u — 1)t — é’—z) 0y
' 0 us V1 —4u ’
Ag(t) = /OZ exp (= él _14_16;1# —5) g, (2.9.3)

It gives immediately the inequalities A1(t) < Ai(t) + As(t) < 2A;(t). Therefore,
instead of studying the convergence of 1/t log R(t), it suffices to consider 1/tlog S(t)
with S(t) = [ vexp(BvvE)A;(t)dv. We apply the Fubini Tonnelli theorem which
gives

1

S(t) = /0 ( \/%u)

Thus, for every u € [0,1/4], we change the variables of the second integral of (2.9.4).

N

/Oovex (61}\/% — ﬁ)dvdu exp(—ht) (2.9.4)
i p " p : 9.

To that aim, we denote r = v? /u. After that, we transform the variable u into z = 4u,
and we obtain

1 et TR e (B4 — 2)dr
S) = 4/0 V1—x

dx exp(—ht). (2.9.5)

S
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The constant factor 1/4 can be deleted and the laplace method allows us to find
the asymptotic behavior of Y (z fo exp (ﬁ\/ rat/2 — r/8) dr when x tends to co.
It gives Y () ~po0o cV/atexp (ﬂth/Q) with ¢ > 0 that depends on 3. Thus, by

considering (2.9.5), for every € > 0, we can write the following lower bound,

1 € hty/1 — o,
liminf — log S(t) + h > liminf — (log exp D du + log/ e‘§d7’)
t—o00 t—oo 0 /1 —u \/ﬂ 0

> hy/1 —e. (2.9.6)

Thus, since (2.9.6) is true for every £ > 0, we obtain

llm 1nf log S(t)+h>h. (2.9.7)

But we can also bound lim inf,_, § log S(t)+h as follow. By the asymptotic behavior

of Y (z), if we choose ¢ < c and t large enough we obtain

1 1
hmmf log S(t)+h > ligninf 7 log

so that, after simplifications,

Vexp(htv/1 —x + tﬂ;x)
vii—=z

With the formerly mentioned laplace method, we can find the asymptotic behavior

1 1
li{n inf n log S(t) +h > li{n inf 7 log/ dx. (2.9.8)

of the integral of the r.h.s. of (2.9.8).As t tends to oo, it behaves as dexp (t(% +
%2))/ v/t with d > 0. Therefore, we obtain

liminf Slog S(t) + h > 1 4+ & (2.9.9)
im inf - log Zopty 9.
Finally, (2.9.7) and (2.9.9) give
2 62
lim mf log S(t)+h> maX{ ,h}. (2.9.10)

t—o0 252
Now, we want to show that the r.h.s. of (2.9.9) is also an upper bound of the quantity
limsup,_, . 1/tlog S(t)+h. To that aim, we use the fact that lim sup,_, . 1/tlog S(t)+
h is equal to the maximum of limsup,_, . 1/tlog fos and limsup,_, 1/tlog f;. The

same kind of estimates allows us to perform the computation. Hence, we have

) 1 h2 62
}E&Elogs()+h maX<2ﬁ2 h).
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Finally, ¢(3,h) = h + lim;_,» 1/tlog S(t), and therefore,
. h2 2

g(h,ﬁ):h if h>ﬁ2 and ¢<h7ﬂ):2—52+? if hgﬁz,

2.10 Appendix

2.10.1 A: proof of proposition 2

2.10.2 Step I

First, we define some important notations. Let
t
Hay (0 by ) = A / Au(dRy + hdu) + B(L, — L),

and

Vs, t) = Ey (exp (Hoy(IX, b, 13)) Lprep,) -
In this first step, we aim at proving that P almost surely, as t tends to oo, the
quantity G(t) = 1/tloginf,ep o V,H(0,¢) converges toward a constant denoted by
®(\, h, 3). To that aim, we denote Sst(R) = log (infyepg V' (s,1)), and we show
that the four hypothesis of the Kingman’s super additive theorem (see [24]), are
satisfied by the process f;;(R). This process is defined P a.s. by

foa(R) = =22 (2.10.1)

For s > 0, we define the operator 6, by, 05(R)(.) = R(s +.) — R(s), and we stress
the fact that the convergence of fy,(R) implies immediately the same convergence

for G(t).
2.10.3 Hypothesis 1

POs(R)e .)=P(Re .) forevery s>0.

Effectively, the Kingman theorem gives a limit, which is ”a priori” a function of the

trajectories (Rs)s>0. But, in this case, R is invariant by 6 for every s > 0. It implies
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that the limit is measurable with respect to the o algebra N0 ((Rs)s>t). Hence,

by the Blumenthal 0 — 1 law, we obtain that the limit ® is P a.s. constant.

2.10.4 Hypothesis 2

Let s < t. We want to prove that

tfor(R) = sfos(R) + (t = 5) fou-s(0s(R)). (2.10.2)
We consider the quantity Sp;(R) and we restrict, for every = € [1,2], the quantity
V1(0,t) to the event {B,(s) € [1,2]}. Then, by applying the Markov property, we
obtain Sy :(R) > Sos(R) 4+ So+—s(0s(R)), which is equivalent to (2.10.2).

2.10.5 Hypothesis 3

We have to show that
SupIE(th(R)) < 00.

t>1
For that, we use the Jensen’s inequality as follow,

_ _ t
sup ]E(fovt(R)) < sup ! log E (]E(exp ()\/ AdR, + )\ht>> exp(ﬁLt)) i
t>1 t>1 t 0

E(exp (A /0 t ASdRS>> — exp(\2t/2)

because the process ( fot AudRu)

Moreover,

>0 1s a Brownian motion under P. Then, we can

write

_ A2 1
sup E(fou(R)) < Ah+ T+ sup —log Eo (exp(8Ly)) -
t>

t>1 1
Finally, since the density of L, with respect to the Lebesgue measure is given by

(see [23])
dPp,(b) = \/2/7t exp(—b*/2t) 1 (p~0ydb,
a short computation shows that, Ey (exp(8L;)) < Cexp(%t/2) with C' > 1. There-

fore, for every t > 1, we have
2

%log (Eo (exp(BLy))) < log(C) + %’

and the hypothesis 3 is satisfied.
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2.10.6 Hypothesis 4

It remains to prove that, for every T' > 0, the following inequality occurs

Gr =B sup_lt= LR ) < o0

0<s<t<T
t
/ A, dR,

< AT +log By ® E (exp ()\ sup

0<s<t<T

A first computation gives

Gr < E (E1 (exp ()\ sup

0<s<t<T

L ART + BLT>>>

/3 t AydR, ) + ﬁLT>

We use again the fact that, under I?P/’, the process L;>g = ( fot AudRu) is a Brownian
= >0

motion. Hence, P a.s., we can write that SUPe(04) (fos AudRu) = o(t), and therefore,

IE( sup_(t - s)fs,tua)) <7+ 2L og By (exp(AL)).

0<s<t<T
It remains to bound from above supy<, ;<7 —(t—5) fs,((R2). To that aim, we constrain

the brownian motion (B) to stay positive between 0 and ¢ — s, namely

(t - S)fs,t(R) > log inf FE, (exp (Hs,t()\y h, ﬁ)) ]l{Bfe[l,Q]} ﬂ{ng>0,vue[s,t]})

z€[1,2]

> MR, — R,) + inf log P (B > 0Vu € [s,t], andB} , € [1,2]).

z€(1,2)

(2.10.3)

The second term of the right hand side of (2.10.3) is easily bounded by below,

uniformly in 0 < s <t < T, by a negative constant —cy. Hence,

E ( sup —StS(QS(R))> < 2K( max}{\Rs]}) + cp < o0.

0<s<t<T s€(0,T

The proof of the first step is therefore completed.

2.10.7 Step II

We proved in the former step that lim,_.., 1/tloginf,ep o V' (t) = (N, h, B).
Now, we aim at showing that the same convergence occurs if we replace the quan-

tity inf,epr. Vi (¢) by Vi (¢). One of the two required inequalities is obvious, i.e.,
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liminf; .. 1/tlog V}'(t) > :IS()\, h,3). Therefore, it remains to prove the opposite
one, with lim sup instead of lim inf.

We denote 7, = inf{s > 0 : B? = 0}, and the density h, of 7, is given by (see
[23])

72
hy(u) = mexp <—%) 10y du. (2.10.4)

This implies that for every « € [1,2] and u > 0, ha(u) < 2h,(u). Then we can write

t
‘/21 (t):/EQ (exp (Ho’u()\, h, ﬁ)) |T2 = U,) EO (exp (Hu,t—u(/\a h, ﬁ)) H{Bgiue[LQ]})hz(U)du
0
+ By (eXp <H07t()‘7 h, ﬁ)) ﬂ{BfE[lQ]} 11{72>t}) .
Moreover, if 7 > w, then Hy, (A, h, 3) = AR, + Ahu. Thus, for every = € [1,2], we
obtain
t
Vi(t) < 2 / exp (AR, + M) By <eXp (Hysou(\ 1, 3)) n{Bg_ue[m]}) ho () du
0

+ exp(ARy + Aht) Py ({ B} € [1,2]} U{m > t}).

For every ¢ > 1, we can show that there exists two strictly positive constants C'; and
(5, such that, for every z in [1, 2]

&

X <P {Bfe,2]}U{mn >t}) <

lOlLO

:r.w| Q

Then, we can write

Vgl(t)ﬁmax{ gl} inf {Vx(t)},

z€(1,2]

and the proof of limy . 1/tlog Va(t) = ®(\, h, 8) is completed. This convergence

gives the convexity of &), as limit of convex functions.

2.10.8 Step III

In this step we want to show that lim,_. 1/¢log Vi (t) = ®(, h, 8). We begin
with the proof of limsup, . 1/tlogV{'(t) < ®(\, h, B). To that aim, we denote
ky = inf{t > 1 : B,(t) = 0}, and we notice that, for x = 0 or 2, the quantity



2.10. APPENDIX 79

1/tlog E, (exp (Ho1(A, h, 3))) vanishes when ¢ tends to oco. Indeed, for any fixed

trajectory of B, the random process ( fos AydR,)s>0 is a Brownian motion under P.

Then, by Jensen’s inequality,
_ 1
El 1 E, A AydRg + hd L
(1o (2 (e (x [ Autar. + has) + 511)) ) )
1
< log (Ex (E(exp ()\/ As(dRs + hds))) exp(ﬂLQ))
0

2
< % + Ah + log (E; (exp(BL1)) ) < oo.

Thus, the random variable log E, (exp (Ho1(A, h, 3))) is integrable, with respect to

P, and is consequently a.s. finite.

Now, if we apply the Holder’s inequality with 1/L 4+ 1/ = 1, we obtain

1 1
i log V) (t) SL_t log E (exp (Ho1 (LA, h, L3)))
1

T

t
log EO (exp (l/\/ AS(dRS + hdS) + lﬁ(Lt — L1>) ]1{30(,5)6[1,2]}) .
1

(2.10.5)

Then, the superior limit of 1/t1log V' (t) is smaller than the one of the second term

of the right hand side of (2.10.5). For simplicity, in the following, we denote

t
Di(t) = Ex <6Xp (l)\/ As(dRs + hdS) + lﬁ(Lt — Ll)) H{Bw(t)é[lﬂ}})
1

and we rewrite D' (¢) in dependence of the position of k, with respect to t. We recall
that B keeps a constant sign (i.e. A;) between 1 and k,. Therefore, we can write

DL(t) = AL(t) + CL(t) with
Co(t) = Ex(exp (lAAl(Rt — Ry +h(t - 1))) LB, (Hen.2y ﬂ{m>t}>>

and

Al(t) = /lt Ex<eXp (MAL(Ry — Ry + h(u—1)))

/ex:u>

X EO ( exp (Hu,t—u(l)\; h, lﬁ)) H{Bo(t—u)e[l,Z]}> dP,w (u) (2.10.6)
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Now, since P a.s., maxeco, | RBs| = o(t) when ¢ tends to co, we observe that the
term exp(AA;(R, — R;)) has no influence on the value of limsup, . 1/tlog AL(¢).
We notice also that, for z = 0 or 2, P,(B,(1) > 0|k, = u) > P,(B.(l) <
0|k, = u). Consequently, for x = 0 or 2, in Al(¢), we can take the restriction of
E,(exp(MA; (R, — Ri + h(u — 1)))|r, = u) to the event {B,(1) > 0}, without
changing the value of limsup, .. 1/tlog AL(¢).

At this stage we must prove the two following inequalities, i.e.

limsup 1/1tlog AL(t) < ®(IX, h, 18)/1 (2.10.7)
t—o0
and
limsup 1/1tlog CL(t) < ®(IA, h, 18) /1. (2.10.8)
t—o0

Thus, the equation (2.10.5) will give, for every [ > 1, limsup,_ . 1/tlog Vj (t) <
a)(l)\, h,13)/l. But, as mentioned in the previous step, EI;(l)\, h,1(3) is convex and con-
tinuous in . Then, we will let [ tend to 1, and the proof of limsup,_, ., 1/tlog Vi (t) <
®(\, h, B) will be completed.

For the first inequality (2.10.7), we compute the density I, (s) of P, with respect

to the Lebesgue’s measure. It gives, for s > 1,
21,(s)ds = / P, (1o € [s =1 —ds,s — 1+ ds])dPp,1)(v).
R

With the help of (2.10.4), we can compute these densities (I,(s)). Indeed, for s > 1,

=08

a o7 (s —1)2

u+$(s—1)

exp <—2<SS“_2 1)) du. (2.10.9)

Thus, we notice that there exists ¢; > 0, such that for every s > 1, ly(s) < 2¢1l5(s)
(for instance ¢; = exp(2)). We use this inequality in the expression of AL(t) (see

(2.10.6)). It implies that, A)(t) < ¢; AL(t). Then, we consider the equality

exp (l)\ /t As(dRs + hds) + 16(Ly — L1)> = exp(Ho.(IX, h, 15))
1

x exp (— Ho1(I\, h,13)),
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and we apply the Holder’s inequality (similarly to what we did in (2.10.5)). Thus,

for I’ > [, we obtain the inequality

lim sup 1/1t log D4(t) < limsup 1 /'t log Vi (t),

t—o00 t—o0

whose right hand side is equal to CTD(Z’A, h,'3)/U" (see step 2). This is true for every

I > 1 > 1. Consequently, if we let I’ go to [, it comes

1 ~
limsupﬁlogA(l)(t) < O(IN h,16)/1. (2.10.10)

t—o0

Now, it remains to prove the second inequality (2.10.8). But, we noticed in remark

2 that ®(\, h, B) > M. Clearly,
C(1) < exp (IN(Ay max{|Ru[} + ).
se€|0,t
therefore, since a.s. in R maxcjoq{|Rs|} = o(t), we obtain

limsup 1/ltlog CL(t) < Ah < ®(IX h,16)/1. (2.10.11)

t—o0

The proof of limsup,_,_ 1/tlog V() < ®(A, h, ) is completed.
Now, it remains to prove that liminf; .. 1/tlog Vy' () > ®(\, h, B). To that aim,
we use the Hélder’s inequality (as in (2.10.5)), to bound CE()\, h, 3) from above. For

[ > 1, we obtain
~ 1 .
(A h, B) = lim T log V;'(2

1 t
< lim sup 7 log Ey (exp(l/\/ As(dRs + hds) + IG(L; — Ll)) H{Bo(t)e[l,z}})
1

t—o00

(2.10.12)

Here again, we use the formula D}(t) = AL(t)+C%(t). Therefore, if we can prove that
the two quantities limsup, . 1/tlog AL(¢) and limsup, .. 1/tlog Ci(t) are smaller
than liminf, .., 1/tlog V! (t), it will imply for every [ > 1 that

~ 1
®(A, h, §) < lim inf - log VE(t).
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Thus, by considering (A/L, h, 3/1) instead of (A, h, 3), we will obtain the inequality
IO(N\/1,h, B/1) < liminf,_ 1/tlog Vi (t), and, by letting [ go to 1, we will complete
the proof.

We begin with the computation of liminf; .., 1/tlog V{(t), restricted to the sub-
set of trajectories {B : Ay = 1 for every s € [1,t] and By(t) € [1,2]}. We obtain,
as explained in remark 2, that liminf, .., 1/tlog V}(t) > Ahl. But, in (2.10.11), we
have seen that limsup,_ . 1 log C4(t) < IAh. Therefore,

lirtri sup % log CL(t) < IR < lim inf % log Vi(¢)

It remains to prove that limsup, . 1/tlog AL(t) < limsup, . 1/tlog A}(t).
Since Al(t) < V{(t), the proof of step 3 will be completed. To that aim, using
(2.10.9) we notice that there exists K > 0 such that, for every s > 1, l5(s) < Kly(s).
Therefore, we bound from above A,(t) by K A4(t), by replacing lo(s) in (2.10.6) by
Kly(s). We obtain finally, limsup, .. 1/tlog AY(t) < limsup, . 1/tlog A}(t) and
the proof is completed.

Thus, we have the convergence lim,_. 1/t log Vi (t) = (X, h, B).

2.10.9 Step IV

This last step is dedicated to the relaxation of the condition By(t) € [1,2]. If we

denote

K = Eq (exp (Hou(IX, b, 10)))

it appears obviously that liminf; .., 1/tlog K} > EIVD()\, h, 3). Therefore, it remains
to prove the opposite inequality with lim sup instead of liminf. To that aim, we let
K!(+or—) be the restriction of K! to the event {By(t) > 0} or {By(t) < 0}. It

comes

1 1 1
lim sup 7 log K} = max { lim sup 7 log K} (—), lim sup — log Ktl(+)}

t—oo t—oo t—o00 t
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Now, we can rewrite

Ktl(_) = /0 EO(eXp (HO,U()\7 hvﬁ)) |gt - ’LL)
x exp ( — ARy — Ro) — Ah(t — u)) Py (By,, < 0|gs—u = 0) dPy, ().

Moreover, P a.s., we have that SUPsepo, {|2s]} = o(t) when ¢ tends to oo. Therefore,
exp(—A(R; — Ry)) does not influence the value of limsup,_, . 1/tlog K} (—). Thus,
since Py(BY_, < 0|gi— = 0) = By(BY_, > 0]g;_, = 0), it comes

1
limsup - log K} (—) < limsup 1/tlog K (+).

tooo T t—o0
Hence, it suffices to prove that limsup,_ . 1/tlog K} (+) < ®(\, h, B). We do it in
three steps. The first and the last one are dedicated to subtract and re-add the
contribution of the Hamiltonian between ¢ — 1 and ¢. For that, we let [ > 1 and
L > 1, such that, 1/l 4+ 1/L = 1, and we obtain

1

1
zlog Kl (+) < Rlog Ey (exp (Ho1—1(IX\, h,15)) H{Bo(t)>0})

1 t
+— log E0<exp (L)\ / Ay(dR, + hds) + LB(L; — Lt_1)> n{Bo(t)>0}).
t—1

(2.10.13)

Then, we denote P, (L) = E(](exp (L)\ [t Au(dR, + hdu) + LA(L; — Lt_1)>>, and,
since every ¢t > 0 belongs to an interval of type [n,n + 1] with n € N, the Cauchy
Schwarz’s inequality gives

log P_14(L) < 1log ( sup Pn_cyn(QL)) + 1log ( sup Pn,n+c(2L))- (2.10.14)

2 cepy 2 cepy1

By using the fact that, on the one hand, there exists C' > 0 such that for every
n €N, IE(eXp (SUpce[o,u f:+§ AudRu)) < (', and that, on the other hand, for every
t>0, Eyg(exp(28(Li— Li-1))) < Eo(exp(26L,)), we obtain a constant Z > 0, which
satisfies

Vn € N, IE( sup PWHC(QL)) < Z.
¢elo.1]

Hence, by Markov’s inequality, and for € > 0, we obtain

~/1
Vn € N, IP’(— log ( sup Pn7n+¢(2L)) > 5) < Z exp(—en).
n ¢efo.1]
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Thus, with the help of the Borel Cantelli Lemma, we obtain, P almost surely, the
inequality limsup,,_,. 1/nlog (Supge[oﬂ Ppnic(2L)) < 0. We can prove the same
result with P,_¢,(2L) instead of P, ,+¢(2L). Consequently, with (2.10.14) we can
say that the second term of the right hand side of (2.10.13) vanishes as t tends to
0.

Now, let I = {By(t —1—u) >0, By(t—u) >0} and also I/ = {By(t —1—u) <
0, Bo(t —u) > 0}. We rewrite the first term of the right hand side of (2.10.13) in

dependence of g; 1. It gives

1
E log Fy ( exp (Ho,t—l (l)"hv lﬁ)) Il{Bo(t)>0}>
1

t—1
—os [ Eo((exp (Hou (A 1.19)) | 91 = u)
0
% [eAL(Rt_1fRu)Jr/\Lh(tflfu)P(] [
+ efAL(RtflfRu)f)\Lh(tflfu) P(II | I 0) dPgtfl(u)-
(2.10.15)

At this stage, we notice that

P(Bo(s) € [1,2], Bo(s = 1) > 0| gs-1 = 0)

Z P(BO(S> € [172]730(5 - 1) € [07 1] | gs—1 = 0)’

and we can use the explicit formulas of the three-dimensional Bessel process (see

[35]). It gives

1/4/s—1
P(By(s—1) €[0,1] | go-1 =0) = c/ b? exp(—b?/2)db,
0

which behaves like 1/5%2 when s tends to co. Therefore, there exists a constant
C > 0, such that

C

P(Bo(s) € [1,2], Bo(s—1) >0 | gs—1 =0) > vt

(2.10.16)

The same inequality as (2.10.16) is satisfied for By(s—1) < 0 instead of By(s—1) > 0.
In that way, we can write

T3/2

P(I| g—1—=0) <1< P(By(s) € [1,2], Bo(s —1) >0 ] gs_1 = 0)7.
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The same is true for I7 instead of I, and By(s — 1) < 0 instead of By(s — 1) > 0.
Therefore, we can bound from above the left hand side of (2.10.15) by

5

1
108 Eo (exp (Hoa 10, 1,18)) Loy ) < tlog (=) +

l l

where J takes the value

1 t—1
J = T log/ E0<exp (Hou(IN 1, 13)) ‘ Gi_1 = u)
0
X [eAL(RH‘R“)“Lh(t‘l‘“)P(Bo(s) €[1,2], Bo(s—1) >0 gomy = 0)
+ e MBI RIS p(Bi(s) € [1,2], Bo(s —1) <0 | gs—1 = 0)]

dP,

gt—1 (U)
Then, J = Eo(exp (H()t 1(I\, h, lﬁ)) 1By )ep, 2]}) and we obtain the inequality

1
lim sup — ; log K} < hmsupl log Eo(exp (Hgt 1(I\, h, lﬁ)) 1By )ep, 2]})

t—o0 t—o0

Now, it suffices to add the contribution of the hamiltonian between ¢t — 1 and t. To
that aim, (as in step 3), we use the Holder’s inequality with [’ > [, and the equality
between Hy,—1(IA, h,13) and Ho(I\, h,13)+H;—1 (I, h,13). Finally, we obtain that
for every I’ > 1, limsup,_, . (1/t)log K} < 5(Z’A,h,l’ﬂ)/l’. We let I’ go to 1 and, by
continuity of CTD(Z’A, h, ') in I', the proof is completed.






Chapter 3

Copolymer pulled by a force

3.1 Introduction

3.1.1 Discrete model

In this chapter, as in the former one, we consider an (hydrophilic-hydrophobic)
copolymer. The type of monomer number ¢ is given by the random variable w;
defined in section 1.1.1. But in this model, contrary to what happens in the former
one, the hydrophobic monomers do not interact stronger with both solvents than
the hydrophilic monomers (see h factor in 1.1.1). This time, we apply a vertical
force of intensity F' at the right extremity of the polymer. It is a way to pull the
polymer up and away from the interface in the half upper plane. Finally, the possible
configurations of the polymer are given, once again, by the trajectories of a simple
random walk.

Now for each trajectory of the random walk we define the following hamiltonian

N

=1

With this hamiltonian we perturb the law of the random walk as follow

APy g o (H}G:}(S))

dP Z}f]:;‘?

87



88 CHAPTER 3. COPOLYMER PULLED BY A FORCE

This new measure P;;,”} is called polymer measure of size N. In this model, the two
parts of the hamiltonian have opposite effects on the polymer. The force pulls the
chain up and away from the interface in the half upper plane, whereas, similarly
to what happens in the former model, the two types of monomers (given by the
w; variables) constrain the chain to remain close to the interface to put as many
monomers as possible in their preferred solvent. Thus, a competition between these

two possible behaviors arises.

Finally we denote also by iy the last hitting time of the origin before time N.

3.1.2 Physical motivation

One of the major reasons explaining the recent interest around the question of
polymer localization close to an interface is probably related to the huge progresses
that have been achieved concerning the structure of the DNA strand. Indeed, a
fruitful way to model the two strands of a DNA chain consists in studying either the
relative position of two interacting random walks (see [32], [29]), or a single random

walk interacting with a flat interface (see [30]).

Recently, a technological innovation called optical tweezer (see [36]) has allowed
the micromanipulation of polymer molecules. In particular, it can be applied to
denature the DNA chain (separating its two strands) by applying a very small force
in a certain point of the chain (see [12]). This gives important new possibilities to

manipulate locally a DNA strand, which is a crucial aim of the current research.

Similar models have been studied by physicists (see [29]), but we investigate very
precisely in this paragraph the case of an hydro(philic)-(phobic) copolymer in the
neighborhood of an oil-water interface and pulled by a force away from the interface
at one of its extremities. We give in particular precise conditions of delocalisation

with respect to the parameters (A and F).
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3.1.3 Free energy

For this model the free energy is defined as in the previous chapter, i.e.,

I OW Apinoo % log Z p.
Here, denoting the free energy by @ is an abuse of notation with respect to the first
chapter. Indeed, we must keep in mind that, what we call ®(A,0) in this chapter,
would have been written ®(0, A, 0) with the notations of the previous chapter.

The proof of [17] can not be directly adapted to this model because of the term
F'Sy, but this free energy will still be a good tool to decide, for fixed parameters
(A, F), if the polymer is localized or not. Therefore, we begin with a different proof
of its existence. To that aim we will distinguish what happens before and after iy
(the last hitting time of the origin). Indeed, we will take into account the fact that
the force influence depends only on the random walk behavior between iy and N.

This idea allows us to go further in the free energy computation than what we did

in the previous chapter. This implies the following theorem.

3.1.4 Theorem 9

Theorem 9 If A and F' are two non negative parameters, we obtain a.s. in w

OY(\, F') = max (@()\,O), %log <%>)

Since this free energy does not depend on w, from now on, it will be denoted by

®(\, F). The proof of this theorem is detailed in appendix A.

Remark 4 With theorem 9, we notice that the polymer is delocalized as soon as
the quantity 1/2log((cosh(2F) + 1)/2) becomes larger than ®(\,0). Indeed, in this
case, the localization effect (given by the term A SN w;A;) does not influence the
value of the free energy. Moreover, a partial differentiation of the free energy with

respect to F' gives that there exists p(F') > 0 such that a.s. in w
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We will go further in section 2.4 by showing that in this case, the polymer comes
back to the origin only a finite number of times. On the contrary, in the localized

area, the force F' does not give any contribution to the free energy.

Thus, the former remark gives directly the existence of a critical force, above
which the polymer is delocalized. This force will be denoted by F.(\). Moreover
®(A,0) and 1/2log((cosh(2F) +1)/2) are continuous and increasing, respectively in
A and F. This implies that the critical curve, described by F.(A), is continuous and

increasing in .

3.2 Continuous model

As we did in the second chapter we can define a continuous version of the present
model. The possible configurations of a polymer of length ¢ are given by the set of

trajectories of a Brownian motion (Bj) The law of B will be denoted by P, and

s€[0,t]"
we set A, = sign (BS). Independently of B, we define <R5)320 a standard Brownian
motion of law P. The polymer hydrophobicity around position s is given by dRj,
the elementary variation of R at position s. Finally, the force influence appears (as
in the discrete model) with the term F'B;.

Then, for a fixed trajectory of R we can define, for every trajectory of B, the

following hamiltonian
_ t
H\ p(B) = A/ A(s)dRs + FB;. (3.2.1)
0

For simplicity, the hamiltonian will be denoted by [Tfﬁ, and we define the polymer

measure

aBR P (718(B))

—~ ~ 9

dP Zt]ih

and the associated free energy

~ 1 -~
P\ F) = lim S log (ZtR()\, F)) .
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But for the continuous model also, the existence of the free energy is far from being
easy to obtain. Therefore, as in the discrete case, we are going to prove its existence
by using a partial computation of this free energy. It leads us to the following

theorem.

3.2.1 Theorem 10

Theorem 10 Let F' and X\ be two non negative parameters, then

~ ~ 2

O(A, F) = max (@()\, 0), 7) .
The computations of the discrete and continuous free energies allow us to state the
analogue of theorem 3 for this model. Effectively, the theorem 3 applied in the case
(8=0,\h=0), and an easy computation gives

1 = o1 14 cosh(2aF)\ F?
}LIL% $®(a/\,0) = ®(A\,0) and (lg% ﬁlog< 5 ) =

7 .
Therefore,

1
lim —®(a\ aF) = ®(\, F),

a—0 a2
which means that, in the limit of weak coupling, we have the convergence, in terms

of free energy, of the discrete model toward the continuous one.

3.3 The delocalized phase (proposition 11)

In this section we aim at understanding deeper the behavior of the polymer in the
delocalized phase. Indeed, the localized phase has been closely studied for different
models like copolymer at a selective interface and sharp results are available about
it (see [37], [5]). But on the contrary the delocalized phase is more complicated
to analyze. This is essentially because the copolymer does not come back to the
interface with a positive density of times. Therefore, the differentiation of the free
energy in h only tells us that the density of steps done by the polymer in the
half lower plane tends to 0 as N tends to oco. But we would like to go further

and show that after a finite number of steps the polymer never comes back to the
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interface. This is detailed in the following proposition, but for simplicity we set first

FN ={S:3k € {l,.., N} such that So, = 0}, and Zp = (1 + cosh(2F))/2.

Proposition 11 We consider a couple (A, F) inside the delocalized area, i.e. sat-
isfying ¢(X,0) < log(Zg)/2. Then, P a.s. in w, there exists p > 0 and D > 0

(depending on w), such that, for every N > 1 and l > 1 we have
PRE(EY) < Dexp (—p2l). (3.3.1)

Then, if we multiply the right hand term of (3.3.1) by [, we obtain the general term
of a convergent serie. Therefore, a.s. in w we can bound from above, independently
of N, the quantity E;"]{f/\ (TQN), with 7on = max{i € {0,..,2N} such that S; = 0}.
This really means that the polymer comes back only a finite number of times to the

interface.

3.4 Proof of theorem and proposition

3.4.1 Proof of theorem 10

In this proof we consider the quantity ZR(A, F'), and denote by g; the last hitting

time of zero by (B;)scp,g before time ¢. Then we can write

. t . u
ZtR()\, F) = / E (exp(FBt) exp ()\/ AgdRg + A\ (R; — Ru))
0

0

g = u) dP,,(u).

But (as proved in [35], chapter XII, p. 492), under the event {g; = u} the processes
(Bs)sepo,u] and (Bs)sefu,y are independent. This implies

ZE(\ F) = /{:E (exp (/\ /Ou ASdRS) g = u)

x E (exp (\\(R; — Ry) + FB,)

g = u> df’gt (u).

At this stage, we notice that |R,— R, | is bounded by 2 max{|R;|; s € [0,¢]} uniformly
in u € [0,t]. But a.s. in R, we have that max{|R;|;s € [0,¢]} = o(t) as ¢ tends to oo.
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Therefore, the term AA;(R; — R,) does not influence the existence and the value of

the limit and it suffices to prove
1 ~ F?
thm ; log Kt = Imax (I)()\, 0), 7 > (34.1)

with the quantities K; = fot H,\V'dP,,(u), H, = E(exp ()\ fou ASdRS)|gt = u) and
Vit = E(exp (FBt)|gt = u)

The proof of (3.4.1) will be performed in three steps. The first one is dedicated
to the convergence of 1/tlogV,? towards F?/2. In the second step, we show that
1/tlog H, tends to ®(\,0), and we complete the proof in a third step.

3.4.2 Step I

First, we notice that for every u < ¢, V* = V2 . That is why it suffices to
consider the quantity 1/tlogV,'. The measure of B; under the event {g; = 0}
is explicitely known (see [35], chapter XII, p. 493). It is defined with respect to
the Lebesgue measure by the Radon-Nikodym density: h(z) = |x|exp(—z?/2t)/2t.

Hence, we set v = 2/1/t, and an easy computation gives us

|| exp (Fx — “’—2> (E2t)
VtO:/ 2 dx—eXp 2 /|v+\/F\exp(——>dv
R

2t

Then we can bound the quantity AF = (1/2) [, v+ VEF|exp (— % )dv as follow
v v? P [v] v?
/0 5 eXP <—§>dv <A < /R?exp (_E>d +— / exp —g)dv (3.4.2)
Therefore, the term A" has no contribution to the limit of 1/¢log V,* when ¢ tends
to oo. We obtain

1
lim n log V= —

t—o00 2

(3.4.3)

3.4.3 Step II

From now on we let va“ ,’f be the law of a Brownian Bridge, starting in 0 and

arriving in b at time u. We consider the quantity H, = E(exp(A fou AgdRy)) g = u),
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and we notice that P(.|g, = u) = ﬁ;bo (see [35]), so that we can rewrite H, =
By (exp(X [y AdR,)).

To go further in this step, we must prove first the following result

1 - t—1 -
lim ; lOg E{i,(b) (exp <)\/ ASdRS) H{Bt1€[—1,1]}> = (I)()\, 0) (344)
0

t—o00

In the previous chapter we obtained

~ t ~
lim %logE (exp (/\/ ASdRS>) = ®()\,0), (3.4.5)
0

t—o0
but with the help of an adequate Holder inequality, we obtain (as we did in the step
4 of the proof of proposition 2) that the limit (3.4.5) remains the same when we
replace fot A dR, by fg_l A4dR,. Then, we notice that for every s € [0,t], we have

the inequality
P(By(s) € [-1,1]lgs = 0) > P(By(t) € [-1,1])|gs=0) =1 —e7.  (3.4.6)

Finally, by rewriting M, = E(exp()\ fot_l AsdRy) ﬂ{Btfle[—Ll]}) in dependence of
Ji—1, we obtain

t—1 u
M, = / E;‘.’b(? (exp <)\/ ASdRS>)
0 0

X E(exp ()\At_1_u(Rt_1 — Ru)) |Gt—1—0 = 0) dﬁgt—l(u)'

Thus, since max{|Rs|;s € [0,t]} = o(t) when t tends to oo, we do not need to
take into account the term exp (AAt,l,u(Rt,l — Ru)) Then, using (3.4.6), and since
1/tlog(1—exp(—1/2t)) tends to zero as t tends to oo, we obtain lim; ., 1/tlog M; =
®(),0). Now, we notice that

t—1
Ny = Ezfg(exp (/\/ Asts> ﬂ{Btfle[—Ll}}>
0
1 t—1 _
— / Ep(exp (A / AdR,) JdPLS By = u), (34.7)
-1 0
and a simple computation gives us

~i0 o t Pt
ARy By =) =\ [ 5r= eXp( 2(t—1)>

2

= Viexp ( - %) dP(B;_1 = u). (3.4.8)
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Therefore, for every u € [—1, 1], we have
e ' VtdP(B;y =u) <dPY(B;y =u) < VEdP(B,_ = u).

Consequently, replacing dP(B,_, = u) by dﬁgl’,?(Bt_l = u) in (3.4.7) does not change
the value of lim;_,, 1/tlog IV;. It is enough to complete the proof of (3.4.4).
Now, it remains to show the same convergence, without restricting the compu-

tation to the event {B,_; € [—1,1]|}. Then, rewriting N, with respect to g;_1 we
obtain

1 t—1 - u
Ny = n 10%/ Ezﬁ.’z?. (eXP (/ )\Asts) Jr—1 = U)
0 0

X Ezifg. (eXp <)‘At—1(Rt—1 - Ru)> g, yel-11]}

g1 = u) Py, (w).

We notice that

Elfjg' (exp </u /\ASdR5> Jgi—1 = U) = EZ;’IS (eXp (/u )\ASdRS>) = H,,
0 0

and, using the property max{|Rs|;s € [0,t]} = o(t), we get that IV; has the same

limit as
1 t—1 _ ~
V= L1og / Hy B (Biy € [=1,1]|ge 1 = u) Py, (u)

We proved in appendix B that independently of ¢ and u, there exists a constant
¢ > 0 satisfying

ﬁg’l? (Btfl € [—1, 1”91‘,71 = u) Z C.
Therefore, we have the following convergence
1 t—1 - -
Jim —log / Hy dB,, (1) = (), 0),
— 00 D

and since supy¢(o 4 [s| = o(t), we obtain easily

ot = u> dP,_,(u) = B(),0).
(3.4.9)

t—o0

1 t—1 ~0
lim 7 log/o HuEéjb. (exp ()\At_l(Rt_l — Ru)>
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But we have also

H, EY <exp <>\At_1(Rt_1 — Ru)>

Jt—1 = U> = Eég (GXP ()\ /Ot_/l\sts> Jt—1 = U) ;

then (3.4.9) can also be writen as
) 1 ~i0 t—1 -
lim +log E} ( exp (A AdR) ) =3(00).
—00 0

Finally, an adapted Holder inequality allows us to prove (3.4.9) with f(f instead of

fot*l, and the proof of step 2 is completed.

3.4.4 Step III

In this step, we mimic the step 2 of theorem 9. We begin with proving the first of
the two required inequalities, i.e., liminf,_. 1/tlog K (t) > max{®(},0), F2/2}. To
that aim, for every e > 0, we bound from below the term K(t) by [; H,V? ,dP, (u).

As proved in step 2, there exists sg such that for every s > sq the inequality

V9> exp((%2 — ¢)s) occurs. Then if we choose t > sy 4 € we can write

F? 1 c ~
10g/ H,V? P, (u) > (7 —5)(1—5)+¥log/ H,dP,,(u). (3.4.10)
0

At this stage we notice that dﬁgt(u)/du = 1/(m\/uy/t — u) and we can write

1 c ~ 1
Zlog/ H,dP,,(u ; / H, du > ——1og (et) log/ H,du.
0

Therefore, the term foa H,du does not depend on ¢ any more and consequently the

r.h.s. of (3.4.10) tends to (72 —¢)(1 —¢) as t tends to co. Then, we let € tend to

zero and we obtain

1 F?

htmlnf log K(t) > 5
Then, it remains to prove the same inequality with ®(X,0) instead of F2/2. To that
aim, we use the same method, i.e., we bound K, from below by [/ _ H, V0, dP, (u)
and we perform the same type of computation. I do not give the details here because

the proof is too similar to the one we just did.
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At this stage, we must show that liminf,_., 1/tlog K () < max{®(X,0), F2/2},
and this will complete the proof of theorem 9. To that aim we separate K(t) =
[5 H, V2 du in three parts. Thus, we set

vi . Vi _
_ / H VO, dB, (), As(t) = / H, V2., dB, (u),
0 Vit
t

A3(t> = \/_HU ‘/t(iu dﬁgt (U),
t—Vt

so that K(t) = A;(t) + Ag(t) + As(t). A well known formula gives

t—oo i€{1,2,3} t—o00

lim sup — logK( ) = max {hmsup ; log A;(t )}

We recall that (see (3.4.2)), V.0 = exp(F?t/2) Al with
P (1 - v_2 VIE (-2)
152[%)5]14 / dv + 5 /Rexp 5 dv. (3.4.11)
Therefore, we obtain

1
lim - log max AY =0,
t—oo u€[0,t]

and instead of A,(t) it suffices to consider A;(t) = [ H, exp (F2(t —u)/2) dP,,(u).
To begin, we consider the case i = 1 and we notice immediately that
1. 1 ve F?
; log A (t) < p log/ H,dP,,(u) + —
0
As proved in step 2, there exists M > 0 and tq > 0 such that for every t > t,

H, < exp(M u). Therefore, we obtain the following upper bound
M t—t F?

logA log/ H,dP, (ft o) 4 - (3.4.12)

and the r.h.s. of (3.4.12) tends to F?/2 as t tends to oo. It completes the case i = 1.

The case ¢ = 3 is very similar to the former one. We write first that

FQ t
\/_ log H,dP,,(u),
Zt t t—\/f

1 /
n log A3(t) <

and as proved in step 2, we have the convergence of 1/tlog H, towards &)()\,0).
Then, for every € > 0 there exists t; > 0 such that for every u > t, H, <
exp (u(ZIV)()\, 0) + 5)) Hence, for ¢ satisfying t — v/t > to, we obtain
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Therefore, for every £ > 0, we can write limsup,_., 1log A5(t) < ®(X,0) + ¢, and
this completes the proof of case i = 3.

It remains to conclude with the case i = 2. For simplicity we assume that F'?/2 >
®(),0), and the case ®(), 0) > F2/2 will not be detailed here because it is absolutely
similar to this one. Then, we know by step 2 that for every € > 0 satisfying CTD(/\, 0)+
e < F?/2, there exists ty large enough such that ¢t > ¢, implies H, < exp (u((T)(A, 0)+

e)). This gives

1, 1 =Vt ~ F2(t—u
n log A, (t) < n log /\/Z exp (u(®(A,0) +€)) exp <%)dPgt(u)
21 t—/t . 2
<— 4= log/ exp ((@()\, 0)+¢e— —)u) AP, (u). (3.4.13)
2 t Vi 2

But, since ®()\,0) +¢ — F2/2 < 0, the superior limit of the r.h.s. of (3.4.13) is equal
to F?/2. Tt completes the proof of theorem 10.

3.4.5 Proof of proposition 11

First we set a few notations,

o [N ={S:3ke{l .., N} such that Sy, = 0},

o Hoyp ={5:5,#0,Vie<12k >},

o PV ={S:8y,=0and S; #£0,Vie<2(k+1),2N >},

o Ht ={S:5>0Vie<1,2k>}, H, ={5:5<0,Vie<l,2k >}

Then, we consider the quantity

2N

1
PRA(EY) = o B((exp (= 203 wildi 4 PSon )L ).
2N, i=1
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and by using the position of the last return to origin and the Markov property, we
can write

N
wF wF
PQN)\F’Z § :P2N/\ Pk
k=l

N 2k
P, Z (exp ( — 2\ Z wiAz) 1{5%:0})
i=1

2N k=

xE(eXp(—Q)\Al(WQN — ng) + FSQ(N*k))l{HQ(N_k)}>-
(3.4.14)

We denote by Ry = E(exp(—ZAAl(WgN — Wor) + FSQ(N_k))l{HZ(N_k)}) and we can
take into account the fact that the last excursion can be either above or under the

interface. It gives

Rl]j = E(exp(FSQN_k)l{H;(Nim}) —|—E<8Xp( 2)\(W2N—W2k)—|—FS2 N—k )1{H2(N k>}>

Now, if we let Myy = max{| W; |, €< 1,2N >} we can bound RY from above as
RY < B((exp(FSun-m)lig,, ) + exp(dAMay).

Therefore, with (3.4.14) we obtain an upper bound of P;”A’,i (PN), ie., P;”A’,g (P) <
Vl,N + KZ,N with

2k
e g o (o (2 F e ) s e, )

2N)\ k=l i=1
(3.4.15)

and

exp(4A M. N 2k
Kin = pr — 2) Y E (exp (—mzwim) 1{5%0}) . (3.4.16)
2N\ k=l

=1

Thus, we consider the term V; y and as proved before

E(exp(FSQN)l{H;NJ = E(exp(FSzN)l{HQN}> + O(1)

= ZN"sinh(2F) + O(1). (3.4.17)
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But almost surely in w we know that

2N
. 1 .
z\}gréo N log E (exp (/\ 121 wiA@) 1{32N:0}) = ¢(A,0),

and if we set ¢ > 1 such that c¢@(\,0) < log(Zr)/2 we obtain a Ny > 0 such that for
every N > Ny

2N
E (exp <)\ZwiAi> 1{52N0}> <exp(c¢(A0) 2N). (3.4.18)
i=1

Moreover, Z;”]{,}:\ > E(exp(FSQN)l{H;N}> > sinh (2F) ZN ' +0 (1), so using (3.4.15),
(3.4.17) and (3.4.18) we can write for B > 0 large enough,

exp (¢ ¢ (A, 0) 2k) (Zy " 'sinh (2F) + O (1))
sinh (2F) Zp ' + O (1)

Mz

Vin <

k=l

< BZexp <( d (X, 0) — %log(ZF)) 2l<:)
< BZeXp <( ¢ (X, 0) — —log(ZF)) 2k> :

Thus, the right hand side tends to 0 as 1 tends to co and if we denote by u =
—c ¢ (N, 0)+log (ZF) /2 we obtain for B’ > 0 large enough,

Vin < B'exp (—u2l). (3.4.19)

Then, we consider the term Ky, and we aim at proving again that it tends to

0 as N tends to oco. That is to say for [ > Ny,

(4XM.
Kl,N = eXp — uwF 2N Z Xp 2]€) .
Z2N)\

Therefore, as above

exp (4AMay)
Ky < e ) 2k),
L = wav 1S.mh 2F)+0(1 Z P (¢ )

hence, for A > 0 large enough,
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But the law of large number implies that a.s. in w, May /2N N=pe, Now, we set

e > 0 such that: ¢ ¢ (A\,0) + € < log (Zr) /2 and for this €, there exists Ny such that,
for all N > Ny, Moy < 2Ne. Hence, for [ > max (Ny, Ny),

Koy < Aiexp ( (gzﬁ()\,O) be- %log (ZF)> 2k) | (3.4.20)

The right hand side of (3.4.20) tends to 0 as [ tends to oo and if we denote by
W =—¢(XN0)—e+log(ZF) /2 we obtain, for A’ large enough,

Ky < A'exp (—p/2k). (3.4.21)

Combining (3.4.18) and (3.4.21), we put p” = min{y, '} and for D large enough
we obtain

PE(FN) < Dexp (—u"21).

The proof of proposition 11 is therefore completed.

3.5 Copolymer under an asymmetric random walk

In this part we draw a link between this model (copolymer under the influence
of a force) and a model of copolymer defined under an asymmetric random walk.

We set € € [0,1] and we define and i.i.d. sequence of random variables (X;);>o as
follow

1—¢
2 )

P(X,=0)=¢ and P.(X;=-1)= 1;?

P.(X;=1)=

Now we build Pﬁf\”, a copolymer measure under the influence of the force F. By

Radon Nikodym density, we define this measure with respect to P. as
dP]f;’f\” exp </\ Z,]\Ll wiA; + FSN)
AP E. <exp ()\ Zi\il w; A; + FSN>> '

We define also p, ¢, 7, three non negative parameters and (X;);>0 an i.i.d. sequence

of asymmetric random variables given by

PaSy(Xl - 1) =D, Pasy(Xl = O) =q and Pasy(Xl = —1) = .
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Now we define Py ,, a copolymer measure, built by Radon Nikodym density with
respect to Py

APy, exp <)\ Ef\il wiAl-)
d Pasy (%)= Easy (exp ()\ Zf;l wiAi>> .

At this stage, we notice that with an adapted choice of € and F', this two systems

are equivalent. Namely, if p, ¢, r are fixed (and therefore satisfy p + ¢+ r = 1), we

can denote by

Uy=t{ic{l, ,N}y:Xi=1}, Up=t{ie{l,..,N}:X, =0},
and Us=#{i e{l,..,N}: X;,=—-1},

and if we choose

q 1 P
=2 c=g+2ymp F=log(Y),
T2y (T IV 5108 (;

we obtain the following equalities

pl—¢
2 Y

1—¢
g=cc and r=ce? 5

p=-ce

Hence, for every trajectory of the random walk we obtain

exp )\Zij\il w;\;
PYA(S) = Py3(8) = ( ~ ) prgr,

and consequently Pﬁf =Py,

3.6 Appendix

3.6.1 A: proof of theorem 9

We recall that the variables (w;);>1 are bounded (see the definition of w in the
chapter 2). In this proof, for simplicity, we will assume that they are bounded by 1.
First of all we use the Markov property to rewrite Zﬁqf\] in dependence of 7. We

obtain

N
Fw I
Z2N,>\ = Z Usi V22(N*i)’

1=0
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with the notations

2%
Uy =FE (eXP (AZ%‘ Aj) ﬂ{szi—0}>
=1

2(N—i)
and Vi ;) = E(QXP <)‘ Y Wi+ F 52<N—z'>) ﬂ{sjyéo,we{lzw—i)}})-

Jj=1

Chapter 1 gives us, a.s. in w, the convergence of 1/2N log Usx toward ®(A,0), and

in a first step we will show that, for every i € N

1 o1
lim —— log V3 = = log (

cosh(2F) + 1)
N—oo 2N 2 '

: (3.6.1)

With this two limits, and keeping in mind the convergence, when N tends to oo,
of the term 1/N log 3" exp(ai) exp(b(N — 7)) toward max(a, b), we will show in a

second step that a.s. in w

N
_ 1 ok 1 cosh(2F) + 1

This will complete the proof.

3.6.2 Step I

We prove (3.6.1) in the case i = 0, and the proof is exactly the same for the
other 7 € N. We denote by

pan(x) = P(Sj #0Vje{l,.,2N},and Son = x),

and we can write
2N
Vin = Z exp <)\ (Z wj> sign(x)) exp(2Fz)pan ().
xe€Z—{0} j=1

But the law of large number can be applied to (w;);>1. It implies 2]251 w; = o(2N).
That is why it suffices to obtain the limit of 1/2N log (erZ—{O} exp(2Fz)pan ().

Moreover, we notice that e1(N) = > _exp(2Fz)pan(x) is a bounded function.
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To go further in this computation, we consider (S}),>o the random walk satis-
fying S} = S5, /2 for every n > 0. Then for every z € N— {0}, the Markov property

and the reflection principle allow us to write

(P(Sy_y=2—1) = P(Sy_, = —z—1)). (3.6.3)

B~ =

pzN(x) =

By using (3.6.3), we can write

Z exp(QFx)pgN(x))

z€Z—{0}

_ZGXPQF:C P(S; =z —1)= P(Sy_, = —x — 1)) + e2(N).

z>1
But here again, if we denote by €3(NN) the sum over {z < 0} of the quantities
exp(2Fx)(P(Sy_; =2—1)—P(Syx_, = —x —1))/4, we notice that €, is a bounded

function. Finally we denote by € = &1 — €5 and we obtain

Z exp(2Fz)pay (z)= Z MP(S}’{,?1 =x—1)

4
xe€Z—{0} z€Z
ex 2F:c
—Z p( P(Sy_y=—x—1)+¢(N)
TEL
E(exp(?F(l—i—S}k\, 1))) E(exp(—QF(leS]*V_l)))

= 1 — = 1 +e(N).

Moreover, an easy computation gives us that E(exp(2FS%)) = (1/2 + cosh(2F)/2)",

and £(V) is a bounded function. Consequently, we obtain that

1 1 1 4 cosh(2F)
Jvlgnoo ﬁlog ( Z exp(QF:U)pgN(x)> =3 log (#)

z€Z—{0}

and the proof is completed.

3.6.3 Step II

For simplicity we set a = ®(),0) and b = 1log (1/2 + cosh(2F)/2). Then since

Up and V@&V are equal to 1, (3.6.1) gives us

1
lim inf N logz Usp, Vi s(N—k) > max(a,b). (3.6.4)

N—oo
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Thus, it remains to prove the opposite inequality. To obtain this result we divide

the sum in three parts, i.e.,

ZngVz Z UskVain—xy» As(N Z Uak Vit —y

[VN] N-[VN]
and the Lh.s. of (3.6.4) is equal to max;eq 2,33{limsup 1/2N log A;(N)}. Therefore,
for every i € {1,2,3}, we must prove that limsupy_,., 1/2N log A;(N) < max(a,b).
First, we consider the case i = 1. The case ¢« = 3, which is very similar to
i = 1 is let to the reader. We notice easily that for every k € {0,..,[v/N]}, Uy, <
exp(2Av/N) and |Z] ) ) Wjpor| < |Z Y w;j|+2V/N. Therefore, we recall that a.s.
in w, 2N j=1 w; = o(N) and since all the trajectories involved in the computation of

VA keep a constant sign between j = 1 and j = 2k, it suffices to show that

[VN]
li —1 S < b 3.6.5
1]1\?501? N og kz% 2(N—k) max(a, b) ( )

with Sy; = E(exp(Fng) ]1{51,7,50%6{172]-}}).

We proved in step 1 that 1/2N log Son tends to b as N tends to oo, and since
N — /N tends to co with N, we obtain that for every € > 0, there exists Ny such
that for every N > Ny and every k € {0, ..,[v/N]} we have

Sonv—r) < exp(2(N —k)b+e(N —k)). (3.6.6)

By using (3.6.6), we obtain easily that limsupy_,., 1/2N log chg] Son—ky <b+e.
Thus, we let ¢ — 0 and the case ¢ = 1 is completed.
In the same way we show that limsupy_ . 75 10g A3(N) < a. Then it remains

only the proof of the case i = 2. To that aim, we stress the fact that

Wy ) S2(N—k

But, for £ > v/ N we can bound from above the former summation over w as follow

2N
< Z wj| + Z w;j
j=1

2N

2.

Vitn—iy < exp <)\
j=2k+1

2N

2w

j=2k+1

max

ke{l ]N}
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By the law of large numbers we can say that for every € > 0, there exists Ny such
that for every k > /Ny we have ‘szle‘ < 2¢k. Then for every N > Ny and
k € {/N, N} we obtain ]Zj New;| < \Z] N wj| + 2eN. Therefore, if N > Ny we

can write
2N N—[VN]
Ay(N) < exp <>\ > w +2)\5N> > UniSonv—i) (3.6.7)
j=1 k=[V'N]

and consequently the proof of case 2 will be completed if we show

N—[VN]
lim sup — Z ngSQN r < max(a,b).
N—o0

’f [VN]

But (3.6.1) gives us that for every e > 0, there exists ko such that for every k > ky
we have Uy, < exp(2ak + ek) and Sop < exp(2bk + k). Then, if N > k2, for every
k€ {V/N,.,N — N} we obtain that k > kg and N — k > ko. Therefore, if we

assume that b > a, we have the inequality

N—[VN] N—[VN]
> UnS3in iy < exp(2bN) > exp(2(a—b)k)exp(2eN) < N exp(26N+2¢N).
k=[vV'N] k=[V'N]

As a consequence, we obtain limsupy_ ., 1/2N Zk VA ngV2 g < b+e, and we
let € tend to zero to obtain the result. Of course the case a > 0 is totaly similar to

this one. Hence, the proof of theorem 9 is completed.

3.64 B

We denote by V,,; = éf.b.(Bt_l € [-1,1]|gs—1 = u), and we notice (by scaling
property) that under P!, the process (((s +1)/Vt) Bayy s+1> =0 is a brownian
motion (see[35]). The function h(s) = st/(s + 1) is a bijection of [0,00) on [0,1).
Therefore, there exist a unique s; € [0,00) and a unique s, € [0,00) satisfying

h(s1) =t —1 and h(s,) = u. More precisely s; =t — 1 and s, = u/(t — u). With
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these tools we can write

~, (1
szﬁh(%gﬁé%EPViﬂ}B$;:Owdw€@mﬂ£%%#®

= ﬁbrow. motion <X51 € [_\/ZL, \/ﬂ | Xsu =0 and Vs € (Su, 81] X, 7£ O)

~ u
= Pbrow. motion (Xt—l € [_\/ia \/ﬂ | gi—1 = ) .

t—u

As mentionned before,we know that the density of Py, ,(.|gi—1 = u/(t — u)) is given

by the function

B ’x| eXp < - Q(t_]_xfﬁ)>
o2ft—1-)

t—u

Hence, we can compute V,,; as follow

Vit $€Xp<—w+iL)> t
Vit = 2/ L dr=1—exp| — - )
0 2( )

2(t—1—- 7 t—1-— 2%

u t—u

Moreover, u € [0,¢—1] implies 2(t—1— %) € [0,2(t—1)/t], and since 1 —exp(—1/z)

is deacreasing in x, we obtain for ¢t > 2 the inequality

t 1 —exp(—1)
2@—u)2 >

Vu,t >1- CXp (_






Chapter 4
Pinning

4.1 Introduction

4.1.1 The model

Let S = (Sy)n>0 be a simple symmetric random walk starting at 0, i.e., So =0,
Sp = i X;, where {X;};> are 1.i.d. random variables such that P(X; = £1) =
1/2. Let A; = sign(S;) if S; # 0, A; = A;_; otherwise. Let {(;};>1 be i.i.d. random
variables, non a.s. equal to 0, such that E(¢;) = 0 and E (e’\Kl') < oo for every
A > 0.

For h > 0, s > 0 and for every trajectory S of the random walk, we define the

hamiltonian v

N
ch\ffﬁ,h(s) :52“4‘3@) 15,0} "‘hZAi, (4.1.1)

i=1 i=1
and the probability measure Pf\}sﬂ L

APy exp (Hy'% ,(5))
—NBh gy — =
dP Z]\f,ﬂ,h

(4.1.2)

with the partition function

Z5m = Eexp (Hy55,(9))). (4.1.3)
The law Pﬁf%,h is called the polymer measure of size N. Under this measure, two

types of trajectories seem to be favoured: the localized trajectories that come back

109
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often to the origin to receive a positive pinning reward along the x axis, on the
other hand, the delocalized trajectories that spend almost all the time in the upper
half plane. The latter are favoured at the same time by the second term of the
hamiltonian and by the fact that they are much more numerous than the former.

Thus, a competition between these two possible behaviors arises.

4.1.2 Free energy

To decide, at fixed parameters, if the system is localized or not, we introduce the

free energy, denoted by W*(3, h), and defined by
s : 1 ¢,s
U8, h) = ]&Enoo i log Z3s -

This limit is non-random and occurs P almost surely in ¢ and LL*. The proof of this
convergence is similar to the one given in [17] or [6]. For this reason, we do not detail
it in this article.

The free energy can be bounded from below by computing its restriction to the
subset Dy defined by Dy = {S:S; >0V i€ {l,...,N}}. For each trajectory of
Dy, the hamiltonian is equal to AN, because the chain stays in the upper half plane
and never comes back to the interface. Moreover, P (Dy) ~ ¢/N'/? as N — oo.

Hence,

>h

- Y

— .. Jdog(P(D
VB, h) 2 h]\/HLloI}Jf N log E ("™ Tipyy) > h+ 11NIILIOI;f w

and so the free energy is larger than or equal to h. We will say that the polymer is
delocalized if W*(3,h) = h (because then the trajectories of Dy give us the whole
free energy) and delocalized if U*(3, h) > h.

This separation between the localized and delocalized regimes seems a bit crude.
Indeed, many trajectories that come back only a few times to the origin, and spend
almost all the time in the upper half plane, should also be called delocalized. Thus,
taking only into account the trajectories of Dy could be insufficient. However, the

convexity of the free energy ensures that throughout the localized phase the chain
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comes back to the interface in a positive density of sites. Another result helps
us to understand the localization phenomenon. This result is due to Sinai [37],
and we can adapt it to our pinning model to control the vertical displacement
of the chain in the localized area. To that aim, we transform the hamiltonian to
BN (1+ sy Lis,—0y +h S V., A;. Thus, the disorder is fixed in the neighbor-
hood of Sy, while the free energy is not modified. Then, for ¥*(3,h) > 0 and € > 0,
we can show that, P almost surely in ¢, there exists a finite constant C¢ > 0 such

that, for every L > 0 and N > 0,
Py (ISn] > L) < Cfexp (— (U°(B,h) —€) L).

This result cannot occur if we keep the original hamiltonian, because the disorder
is not fixed close to Sy. Therefore, P almost surely in (, we meet arbitrary long
stretches of negative rewards, which push Sy far away from the interface.

Some pathwise results have been proved in the delocalized area. In our case, we
can use the method developed in the last part of [5] to prove that P almost surely

in ¢, and for every K > 0,
lim B3, (i€ {l,...,N}:S;> K}/N) =1.
These results allow us to understand more deeply what localization and delocaliza-

tion mean.

4.1.3 Simplification of the model

We transform the hamiltonian to simplify the localization condition. To that

aim, we notice that

N N
U(6,h) — h = J\}l—{noo % log <E<exp (ﬁ Z(l +5G) Ng,—0y + hZ(Ai — 1))))
i=1 i=1

and we let ®*(3, h) be U*(3, h) —h. The delocalization condition becomes ®*(3, h) =
0 and the localization condition ®*(3, h) > 0. Finally, we set A; =1 if A; = —1 and
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A; = 01if A; = 1. Then the hamiltonian becomes

N

N
HJCV’,SB,h (5) = 52 (1+sG) Ngs;=0y — 2hZ A,

i=1 =1

¢,s
and we keep vasﬁ b= E(eHNﬁ,h). Thus, we obtain

S : 1 S
®*(8,h) = lim —log Z§y .

N—oo

The function ®* is convex and continuous in both variables, non-decreasing in 3 and

non-increasing in h.

4.2 Motivation and Preview

4.2.1 Physical motivation

Systems of random walk attracted by a potential at an interface are closely
studied at this moment (see [17]). One of the major issue in the subject consists in
understanding better the influence of a random potential compared to a constant one
(with the same expectation). Indeed, while it seems intuitively clear that a random
potential has a stronger power of attraction than a constant one, it is much less
obvious how to quantify this difference.

In this article, we consider a potential at the interface together with the fact that
the polymer prefers lying in the upper half plane than in the lower half plane. Such
a type of system has been studied numerically in [20] and describes, for instance,
a hydrophobic homopolymer at an interface between oil and water. Close to this
interface, some very small droplets of a third solvent (microemulsions) are placed.
These droplets have a strong capacity of attraction on the monomers composing our
chain. Thus, the pinning rewards that the chain can receive when it comes back to
the origin represent the attractive emulsions that the polymer touches close to the

interface.
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4.2.2 Preview

In this article, we investigate new strategies of localization for the polymer,
consisting in targeting the sites where it comes back to the interface. We find an
explicit lower bound on the critical curve that lies strictly above the non-random
one.

Our result covers, as a limit case when h tends to infinity, the wetting transition
model. Indeed, in the last ten years the wetting problem, i.e., the case of a polymer
interacting with an (impenetrable) interface, has attracted a lot of interest, because
it can be seen as a Polland-Sheraga model of the DNA strand (see [32], [16]). The
localization transition with a constant disorder occurs for the pinning reward log 2,
and several open questions are linked with the effect of a small random perturbation
added to the reward log2. Moreover, with the constant pinning reward log 2, the
simple random walk conditioned to stay positive has the same law as the reflected
random walk (see [19]). That is why, to study the wetting model around the pinning
reward log 2, it suffices to consider the pure pinning model, i.e., a reflected random
walk pinned at the origin by small random variables.

This pure pinning model has been closely studied. For example, in [21] a partic-
ular type of positive potential has been considered and a criterium has been given
to decide for every disorder realization whether it localizes the polymer or not. But
a very difficult question consists in estimating, for small s, the critical delocalization
average u.(s) of a pinning potential {—u + s(;};>1, where {(;};>1 are i.i.d., centered
and of variance 1 (i.e., Var(—u + s¢;) = s*). The annealed critical curve, denoted

by u,(s), is an upper bound of u.(s) and satisfies
uq(s) = log F (exp(s¢;)) = (14 0(1))s*/2  when s tends to 0.

Moreover, u,(s) is equal to s?/2 when ¢; follows an N(0,1) law.
In the last 20 years, there has been a lot of activity on this question, mostly from
the physics side, and it is now widely believed that u.(s) behaves as s%/2. But it is

still an open question whether u.(s) = s?/2 (see [14]) for s small or u.(s) < s*/2 for
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all s (see [11] or [22]).

However, on the mathematics side the only rigorous fact that has been proved
is in [1], where Alexander and Sidoravicius have studied a general class of random
walks pinned either by an interface between two solvents or by an impenetrable wall.
If we apply their results in our case, we obtain that the quenched quantity u.(s) is
strictly larger than the non-disordered one u.(0). In this paper, we develop a new
localization strategy, which allows us to go further, by giving a lower bound of u.(s)
which has the same scale as the annealed upper bound for s small (i.e. —cs? with

c>0).

4.3 Critical curve

In this article, we are particularly interested in the critical curve of the system,
namely, the curve that divides the (h,3)-plane into a localized and a delocalized
phase. Before defining this curve precisely, it is helpful to consider the non-disordered
case (s = 0), which is easier to understand and gives a good intuition of what

happens in the disordered case (s # 0).

4.3.1 Non-disordered case (proposition 12)

Above the critical curve the system is delocalized, and below localized. In ap-

pendix B, we compute the equation of this curve when s = 0. We obtain

R? : [0,log2) — R

B — B (8) = —% log (1 —4(1- e*ﬂ)z) . (4.3.1)

This curve is increasing, convex and tends to oo when ( tends to log2 from the
left. When (3 > log 2 the system is always localized. In fact, when h is chosen large,
the free energy is strictly positive. That is why this critical curve is only defined on

[0,log 2) (see Fig 1).
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Our first result concerns s # 0 and shows that the critical curve has a form that
is qualitatively similar to (4.3.1).
Proposition 12 For s > 0 and 8 > 0 the following properties are satisfied.
i) There exists hi(() € [0, +o0] such that
®*(B,h) >0 if h<hi(P),

O(B,h) =0 if h>h(H)

ii) The function B — h%(B) is conver and increasing.

iii) For s > 0 there exists By(s) € (0,00] such that hi(5) < +o00 when 3 < [y(s)
and hi(B) = o0 when > Fo(s).

iv) The non-disordered critical curve h2(3) is a lower bound for hi([3).

v) Bo(s) < Bo(0) = log2.

Remark 5 The case 3 = (y(s) remains open. More precisely, two different behav-
iors of the curve may occur. Either limg_ ;- he (B) = +o0, or there exists h{ < 0o
such that limﬁqﬁo—(s) he (8) = h§. In the latter case, by continuity of ®* in 3, we
obtain ®(5y(s), hs) = 0 and h. (Go(s)) = h§.

4.3.2 Annealed case

We obtain an upper bound of h%(f3), as usual, by computing the annealed free
energy. This is, by Jensen’s inequality, an upper bound on the quenched free energy.
The annealed system gives a critical curve (5 — h%™*(/3)), which is an upper bound
on the quenched critical curve. The annealed free energy is given by

N N
1
Popn (0, B) = lim —log EE <exp (ﬁ > (1 5G) Lsimoy =20 A)) .

i=1 =1
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We integrate over PP to obtain

N N
1
P, (0, B) = lim - log (exp <(ﬁ +1og E(e™)) Y Lys0y =20 ) Ai) )
=1 =1

= 0°(h, B+ log E(e”)). (4.3.2)

Finally, we denote by 3¢ the unique solution of 3 + logE(e%*%) = log2, and for
B € [0,5:,) we obtain h2™*(3) = h2 (5 + logE (¢”*1)) (see Fig 1).

Remark 6 We notice that h2™*(3) and h%(3) are both equal to 3*(1 + o(1)) when
[ tends to 0.

4.3.3 Disordered model (theorem 13)

Up to now, two types of localization strategy have been used to find lower bounds
on the quenched critical curve. The first one consists in computing the free energy
on a particular subset of trajectories, i.e., trajectories that come back often to the
interface ([3]). The other one consists in transforming (by using Radon-Nikodym
derivatives) the law of the excursions out of the origin. Bolthausen and den Hollander
have used this second method in [6], to constrain the chain to come back to the origin
in a positive density of sites. We go further here, because we make the chain choose,
at each excursion, a law adapted to the local disorder.

Proposition 12 tells that h%(8) = oo when s > 0 and 5 > log2. Therefore, the
critical curve is not defined after log2. For this reason, we will only consider the

case 3 < log?2.

Theorem 13 If Var((y) € (0,00), then there exist ¢y > 0, co > 0 such that, for

every s < c; and 3 € [0,1og2 — c25%3?),
1 2232 2
he(B) 2 —7 log <1 —4 <1 — e 7 h > ) =m*(0).

On Fig. 1 below, we draw the curves which we have mentioned up to now.
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h
0 p log 2
Fig. 1. ..., .. he™*(B)
— m*(3) possible location of hi(f)
............. h2(B)

Remark 7 In the proof of Theorem 13, we restrict to P(¢; > 0) = 1/2 and to
E (¢i e, >01) = 1. In this case, ¢; = 1 and ¢ = 1/(5 x 2'*). With other conditions
on P(¢; >0) and E (Cl ]1{C1>0})7 the constants ¢; and ¢y would have to be chosen

differently, but the strategy to obtain the lower bound still works.

4.4 Pure pinning and wetting model (corollary 14)

The pure pinning model is different from the previous one. The h—term is re-
moved, and the rewards at the interface take the form —u + s(; with v > 0. The
corresponding hamiltonian is

HJCVZ u—i—sQ ]1{5 =0}-

Mz

=1
The localization and delocalization conditions associated with the free energy remain
the same. We obtain a critical u denoted by u.(s), such that the system is localized

when u < u.(s) and delocalized when u > u.(s).
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For this model, the annealed model gives an upper bound on wu.(s), denoted
by u?*(s). If Var(¢;) = 1, then this annealed upper bound satisfies u%"(s) = (1 +
0(1))s?/2 when s — 0. A corollary of Theorem 13 gives a lower bound on u.(s),

which has the same scale (i.e., cs® as s — 0).

Corollary 14 If Var(¢;) € (0,00), then there exist cs,cqy > 0 such that, for every
S S C3,

Uc(s) > c458°.

Remark 8 The values of ¢3 and ¢4 depend on the law of (5. In the proof of Corollary
3, we will consider the conditions of Remark 7 concerning (;. In this case, c3 = log 2

and ¢, = 1/(5 x 219).

4.5 Proof of theorem and proposition

4.5.1 Proof of Proposition 12

The proof of parts i)-v) are given below.

i) For > 0and s >0, let J;3 = {h >0 : ®(B,h) = 0}. Let h3(5) be the
infimum of J§. Recall that ® is positive, continuous, and non-increasing in h. Hence,

Jj = [hi(B),+0o0) and i) is proved.

iii) The function ® is convex in 3, positive, and ®*(0,h) = 0 for every h >
0. Therefore, ® is non-decreasing in 3, and h3(3) is non-decreasing. If we define
Bo(s) = sup{B > 0 : J5 # 0}, then the annealed computation gives B(s) > 0.
Indeed, J;,, 5 C Jj because ®*(h, 8) < ®;,, (h, 3). Thus, By(s) > 35, > 0 and iii)

is proved.

iv) We want to show that h%(3) > h? (8) when s > 0. To that aim, we prove that
®*(3,h) > 0 when s >0, 3> 0and h < h? (3). For 3 and h fixed, (3, h) is convex
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in s, because it is the limit as N — oo of ®%,(5,h) = E(l/N log E((exp (va’fﬁyh))),
which is convex in s. Moreover, for every N > 0, ®%(3,h) can be differentiated

w.r.t. s. This gives

0235 h) _ 1o E (5 5701 Gi s oy exp (Hli;fﬁ,h)>
T )

But, when s = 0, the hamiltonian does not depend on the disorder (. Therefore, by

the Fubini-Tonelli Theorem and the fact that E(¢;) = 0, we can write

_ iE <5 SN E(G) Lys,—0) exp <va%h>) 0

s=0 N FE (exp (Hﬁ,oﬁh>>

Hence, the convergence of @y towards ® and their convexity allows us to write

0Py (8, h)
s

rzghtq) (ﬁ h)
0s

> lim a7'z'ght(1)(])\f (ﬁv h)
~ N—oo 0s

s=0 s=0

Thus, by convexity in s, we can assert that ®° (3, h) is non-decreasing in s. Hence,
s > 0 implies ®° (8,h) > ®°(B,h) > 0. That is why hs(3) > h2(8), and iv) is
satisfied.

v) This is a direct consequence of iv).

ii) We want to prove that h¥(/3) is convex, and therefore continuous on [0, Gy(s)).

To prove convexity, we let 0 < a < b and A € [0, 1]. Then, since

¢, ;s
HYG xat (1=a)b, Abs (@)t (1=\hs(b) = HN Aa, Ahi(a) +H N, (1=A)b, (1=A\)hs(b)

the Holder inequality gives

A
¢,s
108 B (o0 (28 ansions o)) < 5108 (o0 (250 1))
1-A s
+ N logE(eXp (Z]CV b, hs(b)>>

(4.5.1)
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Therefore, if N — oo, the r.h.s. of (4.5.1) tends to zero, because, by continuity of &
in h, ®(a,hi(a)) = (b, hi(b)) = 0. Hence,

®*(Aa+ (1= A)b, Ah2(a) + (1 — \)h(b)) =0,

and

he(a+ (1 — \)b) < Md(a) + (1 — NR(b).

This completes the proof of the first part of ii). To get the second part of ii), we
show that h$ () is increasing in 3. Indeed, since h$ (0) = 0 and hg (8) > h (8) > 0
for 5 > 0, the convexity of hf ((3) gives us the result.

4.5.2 Proof of theorem 13

In the following we consider h > 0, 8 <log2, P(¢; > 0) = 1/2, E (¢ Li¢,50p) = 1

and s < 1.

4.5.3 Step 1

Transformation of the excursion law.

Definition 15 From now on, we denote by i; the site of the j™ return to the origin.
Thus, io = 0 and i; = inf{i > i;_1 : S; = 0}. Let 7; be the length of the j excursion
away of the origin, i.e., T; = i; — ij_1. Also, let Iy be the number of returns to the

origin before time N .

By independence of the excursion signs, we can rewrite the partition function as

In In —9hT.
. E(exp (682%_) exp (01 ]| (1 —|—exp2( 2h j)>

J=1

y 1+exp(—22h(N—@'lN))>_ (452)

We want to transform the law of the excursions away of the origin to constrain the

chain to come back to zero in a positive density of sites. For that, we introduce Pf, B



4.5. PROOF OF THEOREM AND PROPOSITION 121

the law of a homogeneous positive recurrent Markov process. Its excursions law is

given by
1 —4h P(r=2
VneN0} PP, (r =o2n) = (1ESREANN 2 PT=20) g
| 2 H,)
(4.5.3)
with
- —4ht) +1 4 1 —a? 1 — ¢—4h2
Hg’h:;exp( 22)—1— eﬁamP(T:Qi):eﬁ(l—\/ « —l—;/ e oz)'
(4.5.4)

We notice that the term inside the expectation of (4.5.2) only depends on [y and on
the positions of the returns to the origin, i.e., ¢y, ...,4;,. Therefore, we can rewrite

Hy as an expectation under Pﬁ 5, because we know the Radon-Nikodym derivative

dP/dejh({il, ..., i1y }). Hence, Hy becomes

In In B —2h(N—3 .
H 1+e (N=ity) P(r >N —1i,)
Hy = E°, | ex s> G ] ol = N )
) a7h< P(ﬁ CJ) v ( 2 Pﬁh(TzN_ilN)

j=1 j=1

Next we aim at transforming the excursion law again, so that the chain comes back
more often in sites where the pinning reward is large. Indeed, we want the chain
to take into account its local environment. For that, we define Pﬁ ’,g’o“ the law of a
non-homogenous Markov process, that depends on the environment. Its excursion

law is defined as follow. Let

a1 < 3 anl ) such that pu; =1 — o a:h; )) >0,
P =2) (=P (= 2)
and let
Pfﬁ,m (r1=2)= Pﬁh (1=2)(14 ) bi¢y>0p
I
Pﬁ’,f’al (r=2r)= Pf’h (1 =2r)p, 7% forr > 2. (4.5.5)

Under the law of this process, if the chain comes back to the origin at time i, then

the law of the following excursion is Pf, ’,f””al. Thus, the chain checks whether the
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reward at time 7+ 2 is positive or negative. If (;1 o > 0, then the probability to come
back to zero at time 7 + 2 increases. Else it remains the same.

With this new process we can write

In Hﬁ 72h(N7ilN)
Hy = Eg:fcb’al (eXP < o ZQJ) U ( Qi > (é " %)

Xﬁ( Pl () ) P(r >N —iy)
/B)Ci'7 SO /67C'L SO
j=1 Pa,hj e (15) Pa,h v (1> N —1,)

In Iy
> Eg}CLal <exp (ﬁsz QJ) <H£,h>

Jj=1

We apply Jensen’s inequality to obtain

1 " (v 1 1
E <N10g HN) > gEPG (ZQ ) +log (th) EE’$ (N) + — log (5)
N

ﬁ
i >
+ ]EEBC"1 E log( ,a’h ) > +10g(P(7_
75)

(4.5.6)

At this stage, we can divide the lower bound of (4.5.6) in two parts. The first part
(called Ey(N)) is a positive energetic term, corresponding to the additional reward

that the chain can expect by coming back often in "high reward” sites, namely,

B(N) =2 EEE;E“(ZQJ)-

The second part (called E5(NN)) is a negative entropic term, because the measure

transformations we performed have an entropic cost, namely,

(1 1. /1
Ey(N) =log (Hih) EE’{™ (%) +log (5)

/B T.
E5<a1<210g< M“"( /) )) +%log(P(72N)).

+.,01
ah ' (Tj)
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4.5.4 Step 11
Energy term computation
Notice that

N N-2

Z G, = Z Gir2 Tys,—0y Nys,, =0}

j=1 i=0

N N-k
+ Z Cork Lgs,=0y Wys,20 viefst1,..srh—13} L{s,, =0} (4.5.7)
k=3 s=0

Let A= Z Vo Cira Lyg,=0p Lys;y,=0y and

.....

.....

ZEEﬂ W (Gt Lgsim0y Lysiz0 vie (ot nsrio1)) Lisiy im0}
k=3 s=0

E (ﬂ{<s+2>0}E5,’fJal (Lgs,—) Py (k) Cs+k)
k=3 s=0

+E (H{CsHSU}Eg:/Cz,m (H{Ss:O}) Pg,h (k> Cerk‘)
But Eg ,i’o‘l (11{5 70}) only depends on {3, (s,

., (s}, and the {¢;}i>1 are indepen-
dent and centered. For this reason, and since k > 3 we have IEEB S0 (B) =0

The contribution of part A in (4.5.7) is given by
EEggm Z E (Eﬁ e H{SFO}) Pf,h (2> (1 + 041) Git2 ﬂ{<1+2>0}>

- Z = (ngcz ' (]1{5 0}> P n (2) Gt H{Cz+2<0})

on (2)E (Cl ]1{41}>0) Eﬂcal (#{i €{0,...,N =2} :5;=0}).

Therefore, the contribution of this energy term is

BCOél B Lo
Ey(N) =fsa1 P2, (2) EE * (#{i € {0, .. 2}: S, =0})

e (4.5.8)
EE3 (In)

ZﬂsalPﬁh (2) N
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4.5.5 Step III

Computation of the entropic term.

Notice that the terms 1/N log(P(r > N)) and 1/N log(1/2) tend to 0 as N — oo,
independently of all the other parameters. Hence, if we denote by Ry the quantity
1/Nlog (P (1 > N))+ 1/Nlog(1/2), then we can write

S o (1
Ba(V) = 3+ low (HZ,)BELS™ (%) + R,

N N
with
X Pfh (75)
Sy =BEJ [ ) log | —= : (4.5.9)
A prireer oy
j=1 ah Tj
The definitions (4.5.3) and (4.5.5) of Pfﬁij’ﬁ"al and Pﬁh immediately give

In
Sy =—EE" (Z g, 250y (Lr=2) 10g (1 + ) + Ti7;0y log (1)) >

J=1

== E (Egjfi’al < H{Si:[)} ]]‘{Si+2:0}> ]1{(¢+2>0} log (1 + al))

X H{Cs+2>0} lOg (:ul) ) .

By the Markov property, we can write

Lic,om0p Eon™ (Lgsi—oy Lisiiomop) = Licios0y Eoy™ (Ls—oy) (L+ 1) Pl (2),

and we notice that Eg,gal (]1{52.:0}) is independent of ;1o and P ({40 > 0) = 1/2.

Hence,

P’ (2) o
sy =222 (140 )log (1 + @) BB (1y-a)

YL log (1)
_ >0 OB n) o k) BEIE™ (1),
k=3

2
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Finally, the entropic contribution is

@) P2

In-
E5(N) =log <H£’h> EE;L™ ( N 5 (L+an)log (1+ 1) EE] ;™ (M)

N

N

1 In—

-y %W P2, (k) EEZS™ (—]j\,’f) + Ry, (4.5.10)
k=3

and (4.5.8) and (4.5.10) give us a lower bound of formula (4.5.6) of the form

E(% log (HN)> > Ey(N) + Ea(N). (4.5.11)

4.5.6 Step IV

Estimation of Hg’h and choice of o and o;.

Next we want to evaluate H 5 , with the expression of (4.5.4), namely,

HP o (1 \/1—042—1—\/1—64"042)
a,h T - .

2

To compare log (Hfih) with the other terms of (4.5.11), we denote a? = 1 — ca?,

with ¢ > 0 and /cay < 1. In this way, we obtain

Hﬁh:eﬁ (1_ V1 —e4h N V1 —e4h — \/1—€4h(1—004%)—\/6041)
& 2 2

C€74h062
= V1—€_4h(1— 1+ﬁ—45)—\/5061
_ 8
=P (1Y ) 1+
2 2—1—e 4

Since /1 +x <14 /2 for x € (—1,400), and since 2 — v/1 — e~ > 1, we obtain

VI — o—4h ca2e—ih
1 (Hﬁ ) > ] Al1— ——— 1 1-— E L
og (H,, ) >log (e 5 + log Veoy N

As \/cay < 1, we can bound from above the term

2 —4h —4h
caje Veage 1 )
coy + —————— = e, [1 + V) < Veay (1 4+ —n ).
Vet e ' ( 21 — e4h) < Ve ( 2/ —¢ o
(4.5.12)
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To continue this computation, we need to choose precise values for a; and c. That

is why, recalling that (a? = 1 — ca?), we denote

ar =PBs/(5x2%)  e=pBs/ (3 x 24 (1 + ﬁ)) : (4.5.13)

Notice that log(1 —x) > —3xz/2 if x € [0,1/3], and since Bs < log(2) the r.h.s. of
(4.5.12) satisfies

1 1
1+ — ) < < —
\/5061(4-2 1—6—4h)_15><212_3

Hence log (H gh) becomes

log <H§}h> > log <eﬁ (1 — ﬂ)) — §ﬁ0z1 (1 + ;)

2 2 2y 1 — e~
V1 — e—4h 22
> log P yvi—e ™ — 6_8
2 5 x 213
Then, since log(1 + ay) < ay, we can rewrite (4.5.6) as
1 g 1 os
E v log (Hy) | > Bsai Py, (2) — §Pah (2) (14 1) g

1 —e4h 3?s? [
6 _y- - _ Bi¢ar [ PN
+ log (e (1 5 )) 5 % 913 E (Ea,h (N))

1 Iy
- prh F108 (“1)E (Efj;,%al (—%"”)) + Ry. (4.5.14)

4.5.7 Step V

Intermediate computations.

In the following steps, we need some inequalities on PP oy and H 5 . As Bs <log2, the
equations in (4.5.13) show that ay+/c € [0,1/4]. Therefore, a® = 1—ca? > 1-1/21 >
3/4, and we can bound from above and below the quantity H gﬁ (introduced in

(4.5.4))

8
> H > e Ve 1Y 3
® 2 2 8
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At this stage, we need to bound from above and below the quantity Pg , (2), which
has been defined in (4.5.3). With the previous inequalities, we have e /H 5’,1 > 1 and

Vv1—a? <1/4. Thus,

Pf,h(Z) =1- Zpg,h (2d) <1-— ZiamP(T = 2i)
=2 =2
1 2\ 7
1 (1-Vi—ar-L )<L (4.5.15)
2 2 8
and
Lol @ po 2) (4.5.16)
8 47 2 = T o
Finally, with (4.5.15) and (4.5.16), we notice that
1 1 PL(2
~<1-P° (2) and —< —2C <7 4.5.17
8 — a,h() 7_1—P£h(2)_ ( )

4.5.8 Step VI

Conclusion

In (4.5.14), we still have to calculate the term

= z
[e5] N—k
> e (e (5))
k=3
If N > Ny, then
N l [
> Pl (KE (Eﬁ’f;‘“ (M)) >PP({3,.... N} EEPS™ <M)
= ’ N ’ ' N
In Ny
>(1-p° 2)EE’6’C’al Ny Vo
jtil < a,h( ) a,h N N

l
— P ({No+1,...,00}) EED5™ (%) ,
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and equation (4.5.14) becomes

1 8 1 8 5282
E N log (Hy) | > fsan Py ), (2) - §Pa,h (2)(1+a1)ag — 5% 018

V] — —4h 1
+log (eﬁ (1 — %)) -(1-r2,@) %Wl)

8 pi11og (p11) Bcon [N

+ P h({Ng—l—l,,OO})iE E’h’l v

a, 9 a, N

No 1

N 2

With (4.5.13) and (4.5.16), we can now bound from below

5 Bs Bs s
Pronbon@ 2 F5 5 = 5o

Moreover, p; =1 — (ozle’h 2)/(1- Pf}h (2)) and —log(1l — z) > z for z € [0, 1).
Therefore, we obtain
1= Pfh (2) Oflpf,h (2) O‘%Pf,h (2)2

———mlo > — .

In (4.5.16) and (4.5.17) we had P/, (2) < 7/8 and P, (2) /(2(1- P2, (2))) < 7/2.

Therefore,

1- Pgh (2) Oélpf,h (2) B 7?0} > 041P§,h (2)

P e 1 >
o Mok =TT 2t = 2

2
- 4&1.

In that way, the inequality in (4.5.18) can be written as

1 3?52 1 Oflpf,h (2)
E <N10g(HN)) > o2 3 f,h (2)(1+ ) + — " 402
,/1 __ o—4h
+ log <eﬁ (1 v ))
2
pi1 log (p1)

+P§7h({N0+1,...,oo}) 5

Iy
E(ESp (=
(#25 (3))

N
+ WO‘“ log p1 + Ry (4.5.19)
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By (4.5.17) and (4.5.16), we know that Py ,(2) < 7/8and P, (2) /(1-P, (2)) < 7.

Thus, we have the inequalities

1 O‘IPfh (2) (3s?
—§P§h (2)(1+a1)ar + —5 - 4ai > —baj > v (4.5.20)
a P?, (2 7 1
1= P, (2) 5x 2 73

Since 1 < 1 and log (1 —x) > —3z/2 for x € [0,1/3], the second inequality of
(4.5.20) allows us to bound from below

P2 (2
§ ah() o >_2155 >_1
— Hhx29—

Then, (4.5.19) becomes
1 2.2 V1 — e—4h
E(Nlog(HN))Z[ b + log (eﬁ (1——e>>

5 x 213 2

[ N
(s (5) o

(4.5.21)

— P ({No+1,...,00})

As proved in Appendix A.1, Po’ih({No—l- 1,...,00}) tends to zero as Ny — o0,

independently of h > 0. Therefore, for Ny large enough and for all A > 0,

5 6252
Pa,h({NO‘f‘la---aOO}) < 5 it
If we denote ¢ (s) = %, then, for N > Ny and h > 0, (4.5.21) gives
1 V1 — e—4h
E (N log (HN)) > |q(s)+log (66 (1 - T@)) E (ES,CLO‘1 (%)) + RYP

(4.5.22)

with RJJXO = Ry — Ny/N. As proved in appendix A.2, for every N > 1 we have
E(Eg,ﬁal (In/N)) > E(Egh (In/N) ). If we denote by ho () the only solution of

log (€7 (1 — /1 — e %) /2)) = —q (s),

then, for every h < hg () and N > Ny, we have
[
E (Eih (—ﬁ)) + Ry,

q(s)+log (eﬂ (1 - #))

E (% log (HN)> >
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Consequently,

®*(B8,h) >

q(s) + log <eﬁ <1 - #))] x lim inf E (ngh (%)) :

Notice also that lim ianﬂooE(Eih (In/N)) > 0 (because a € (0,1)). Hence, for
every (3 in [0,log (2) — ¢s), ho(5) is a lower bound for k. (), namely,

1
he(B) = ho (8) = = log (1 =4 (1= e #71)").
This completes the proof of Theorem 13.
Remark 9 The precise value of c; = 1/ (5 x 2') could certainly be improved, by
using more complicated laws of return to the origin. For instance, some laws that
depend more deeply on the environment (by taking into account (9, (;y4, etc.).
However, the computations would be more complicated, and our aim here is not to

optimize the value of ¢y, ¢y but rather to expose a simple strategy that improves the

non-disordered lower bound of a term cs23? with ¢ > 0.

4.5.9 Proof of corollary 14

As shown just before in (4.5.22), there exists Ny € N\ {0} such that, for h > 0
and N > N,

E (% log & (exp <ﬁz Iig,—0y (sG+1) — QhZ AZ>)>

i=1 =1
l
E <E§:,§’O‘1 <WN)) + RY.

522 1— —4h
: [ (- 57))

Moreover, in appendix A.2, we prove the following inequalities:

E <Ef;,§’°‘1 (%)) >E <E§h <l§)> >E <E27OO (%)) > 0. (4.5.23)

Thus, for 3,s and N fixed, we let h — oo and obtain

5252 /31 0 lN N
> Z 0
[5X214+10g e 5 E Ea,oo N + Ry
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Since P ({S; > 0,Vie {1,...,N}}) = (1 +0(1)) D/NY? when N — oo (with D >

0), the lower bound becomes
N
E(=tog (exp (83 Mg (sG+1) | [{8>0,vie{1,... N}
N g p - {S;=0} i i Z YUy R

/6252 51 0 lN N,
2[5X214+10g o) E (B | 5 ) ) + BN

wit = — og i >0, Veel, ..., , so that it tends to 0 as
ith Ky° = R\ — 1/Nlog (P ({S; >0,¥Yiec{l,...,N hat it tends to 0

N — oo independently of all the other parameters. By [19], we can apply the fact
that, for an odd number of steps, the random walk conditioned to stay positive, and

pinned by log 2 along the x axis, becomes the reflected random walk. Indeed,

2N+1
Breirw eXp ((log2) Y Loy Lsio Vi€{0,2N+1}}>

PRWcond.to be>0 ‘/2N+l

The term % log Viy tends to 0 as N — oco. Hence, we denote 8 = log2 — u, and we

obtain

1 2N+1 IN+1
E <2N 1 log £ (exp <log(2) Z lis,—0y + Z 1gs,—01(—u + 65@)) ‘
=1 i=1
. 322 . oot N
{(Siz0Vi<aN+ ) ) 2\ eoom —u|B( Biw g7 ) ) Kok
and
1 2N+1
E log & Tig_n(— - >
(2N+ 7 log (exp (; (5,=03 ( u+ﬁs§,)>)> >
5232 £ ( 0 l2N+1 4 KNO " 1 logV

Let N — oo, and recall that 8 = log(2) — u. Then

| 1 S
]\}EI;OE (ﬁ log £ (exp (ZZI 1s,—0(—u +6SC2)>>) >

ﬁ232 . 0 lN
[5 x o Y J&EEOE“’OO N’

—Uu
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and, for u <log(2)/2 (i.e., > (log2)/2), we have

N
lim E (%logE (exp (; g0y (—u+ ﬁ%z‘)))) 2

log(2)%s? ) 0 In
[W T P \ )
By convexity, the free energy ®, defined by

N
O (u,v) = ]\}I_I)I;OE (% log & (exp (Z Iig,—op(—u + vQ)))) :

i=1

is not decreasing in v. Therefore,

log(2)?s? , 0 In
> R _
D (u,log(2)s) [ F ot U lim F ,

and, for s € [0,log 2],

4.6 Appendix

4.6.1 A.1

We have to prove that Pﬁh({No, ..., +00}) tends to 0 as Ny — oo independently
of h > 0. To that aim, we bound the quantity in (4.5.3) as follows:

1 4 exp (—4hn 2P (T =2n
Pgh (11 =2n) = ( 2( )> a? ( 3 ) exp ()
Ha,h
a®"P (1 = 2n)
- ;Of 1% P (1 = 2j)

The r.h.s. of this inequality does not depend on h, and is the general term of a

convergent series. Hence, we have uniform convergence in h.

4.6.2 A.2

We want to prove the inequalities of (4.5.23), i.e.,

(o (5) oot (5) 22 () o
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For that, we recall a coupling theorem (see [25] or [26]):

Theorem 16 p; and py are two probability measures on 2N \ {0}. If, for every
bounded and non-decreasing function f defined on 2N\ {0}, p1(f) < ua(f), then
we define on the same probability space (2, P) two random variables (Ty,Ts) of law
(1, o) such that, P almost surely, Ty < Ts.

Remark 10 We notice that, to satisfy the hypothesis of the theorem, it is enough
to show that there exists an integer ig such that, u;(2i) > us(2i) for every i > i

and 11(27) < pe(2i) for every i > ig + 1. We can prove this easily by writing

p2(f) —m(f) = Z(MQ(%) — p1(24)) f(2i) + Z (p2(2i) — p1(21)) f(2i).

As f is non-decreasing, f(2i) > f(2ig) for every i > ig + 1, and f(2i) < f(2ip) for
every i < ig. Moreover, since ps(2i) — p1(27) is positive when i > ig+ 1 and negative

otherwise, we have the inequality

p2(f) — i (f) = f(2io) Zm(%)—m(?i) + f(2io) Z p2(22) — p1 (21)

> —f(2do) (1 — p2)({2, - .-, 2i0})

+ [ (2i0) (p2 — 1) ({2060 + 1), , 00}).

Since (pg — p1) ({2(ip + 1),...,00}) = —(p2 — 1) ({2, ..., 2ip}), we obtain

p2(f) = pa(f) = —f(2d0) (1 — p2) ({2, -+, 2d0}) + f(2d0) (1 — p2) ({2, -, 240 }) > 0.

This is why we can use Theorem 16 in this situation.

We want to apply this remark to the following probability measures on 2N\ {0}:
PY... P, and PJ;"*', which is the law defined in (4.5.5) when (; > 0. For that,

a,00)

B /87+7a1 3 3
we compare P, and P}, which is easy because

Pf;,jval (r=2)= Pﬁh (t1=2)(1+0m)

PlP (1 =2r) = P2, (1 =2r)puy forr > 2.
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Since a; > 0 and p; < 1, we have the inequalities Pfj’,:“al (1=2)> P(f,h (1 =2) and
Pﬁ’;’al (t1=2r) < Pg’h (1 = 2r) for r > 2. Thus, Remark 10 tells us that we can

use Theorem 16 and define on a probability space (€2, P) a sequence of i.i.d. random

)

variables (T}, T7);-, such that
o Pﬁ’?al is the law of T} for every i > 1,
o szh the law of T? for every i > 1,
e P almost surely 7! < T? for every i > 1.

At this stage, for every fixed disorder (, we define by recurrence another process

)

3 2
=T it Crppoyrs 4220

1 .
= T’z if CT13+"'+T1'3—1+2 < 0.

With these notations, (T7?) i>1 1s the sequence of the excursion lengths of a random
walk under the law Pﬁ p and (7}3)1.21 the one of a random walk under the law
Pg’,f’al. By construction, T < T? for every ¢ > 1. Thus, for j = 2 or 3, we note
Py =max{s >1:T/ +---+TJ < N}, and we have immediately that (3, > I3 P

almost surely. Therefore, for every (, we have

gree (W) Z g, () 5 g () Z o, (M
ah N P\'N)="P\N ah \ '\ )7

and, by integration with respect to ¢, we obtain the Lh.s. of inequality (4.6.1).
To finish with these inequalities, we must show that the same argument allow us
to compare £ (Egh (%)) and E (Eg’oo (%)) Indeed, we want to prove that Remark

10 also occurs. Recall that

2

a® P (1 = 2n)
2HY

1 4 P(r=2
Pf,h (7 = 2n) = ( + exp ( hn)) o2 (1 n)

P(S,oo (7'1 = 2n) =
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If we note
I Pg,h (7—1 = 2”) 1 4h Hg,oo
n — PC(Y)’OO (7_1 _ 2n) - ( + €xXp (_ n)) Hg eXp(ﬁ)>

a,h

then we immediately notice that L, decreases with n, but we also have

P (m=2i)=) Pl (r=2i)=1
=1 =1

Hence, there exists necessarily an i in N\ {0} such that for i < i P(ﬁ p (11 =2i) >
P . (11 = 2i) whereas for i > iy Pfih (11 = 2i) < Py (11 = 2i). This completes the

proof.

4.6.3 B

First we recall a classical property, which tells us that we do not transform the
free energy if we force the last monomer of the chain to touch the x axis. This is
proved for a different case in [6], but the same technique can be applied to our

hamiltonian. Therefore, we can write

We note Zongn = E <exp (ﬁ Z?ivl lgs,—0y — 2h Zfivl Ai> ﬂ{52N=0}>, and we re-

mark that Zyy 55, can be rewritten as

N
, 2N A
ZaNBh = Z E (66]6_2h it B ]]'{ZQN:j} H{va:o})

N J

=2 2 1)

J=1 jeNn+ =1
=N



136 CHAPTER 4. PINNING

with Vi, = P (7 = 2l) (e7*" + 1) /2. We aim at computing the generating function
of Zon gn, called 6,(2). This gives

oo oo N J
On(2) =D Zowpnz™ = 32y e [ [V,
N=1

N=1 j=1 Ten®i  i=1
lll=N

:i <i 2 V}}J) _ i <i P(7'2: 21) (14 e 4h0) eﬁz21> '

Finally, since

we obtain . i (% = m))]

J=1

This series converges when e (2 —V1=22—1-— 226_4h) < 2, and if we denote by
R its convergence radius, then we have ®(3, h) = —log(R). That is why ®(5,h) > 0
if and only if R < 1. So, we can exclude that (h, 3) is on the critical curve if and only
i, for 2 =1, ¢ (2= VT= 2= V1= 26) = 2, ie, VI e = 2(1— ¢ ),

This gives us the critical curve equation

1o (9) = ilog (1 —4(1- 6—5)2) .
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