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T ^P¡B^ T �� �T(2!#'T:;+.(23.$ ^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T
T ^P¡B^P¡ ��VU�(2!#'@570):@xEpW ^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡YX
T ^P¡B^ZX �����%D#WlA.�G0SN (2!<!C5;AB(b57D<():;+=dA.�m0b5*'T:;!<!#:>W<():;+y�%DnA.�10SN \ExLAB!<3.!C57D<():;+�^M^G^m^m^G^m^G^m^M^G^ ¡-W

T ^ZX vn,.,.!#:L'#\��Mo>0):;`d570)�&�B$&aT'@57+.()cE3��m02(2+�a@57(2!#�mA.�G0b5V!<3.,.D<3.!#�h^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y[
T ^ZXB^ T ��5*D<\�aT:;!<()�mA�N�FI!]\Y(2+�� T �Y^�_>� ^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y`
T ^ZXB^P¡ ��NP57,.,.!#:L'#\��Ma%+��%!<o a%D<()cE3��MA.�M�1!<(kj&D<\�� T �>¡>� � ^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y`
T ^ZXB^ZX ��cE3.(2Q;570)�%+�'T�mA.�TWlD<\�aT:;!<()�TWnA�N�FI!]\Y(2+�� T �Y^�_>�f�%DZ�Z!<(kj&D<\�� T �>¡>� � ^G^m^m^G^m^G^m^M^G^ ¡>�
T ^ZXB^ W F +ED#a%o>!C570)�mA.�mHn()'T�&� T �Y[Y` ��^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�

T ^ W ��TWl02(2$/(2D#�TW�A�N 3.+��M57,.,.!#:L'#\��Go>0):;`d570)� ^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X>�
T ^ W�^ T JED<!<3�'%D<3.!#�G$/(2+�'T�*^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X>�
T ^ W�^P¡ 8957D#a%!<(b5739uVo>!C5;AB()�%+XD�A.�m,.!#:;,.!<()a%D#aTWh^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X>�
T ^ W�^ZX vn$&:;!ba@57o �MA.�1UdW#W<3.!#�TWYWC57+�Wl,.!#aqUdW#W<3.!#� ^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X T
T ^ W�^ W w6\d57!<o �%$&�%+XDZABxE+d57$/()cE3��G!C57,.()A.� ^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X T
T ^ W�^Z^ ~e(20b57+9^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X T

T ^Z^ 8-:LA.]%0)�TWlA.�1UdWCW<3.!C57D<():;+yA.�G$h57D#a%!<(b573Bg�\XxBAB!<3.!#aTW ^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X T
T ^Z^B^ T ��1$&:LA.]%0)�mA.�dc 57,.,.02(2+.o��%Dn570S^�� T �>��_>� ^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X T
T ^Z^B^P¡ ��1$&:LA.]%0)�mA.�m��3BR�!C57+�:&�%D�570S^� T �>�Y` � ^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X>¡
T ^Z^B^ZX ��1$&:LA.]%0)�mA.�"�Z!C57+.o �h� T �>�Y` �G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X>¡
T ^Z^B^ W ��1$&:LA.]%0)�mA.�fe13.!#:LA�5/�%Dn570S^��s¡>�>� T � ^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X-W
T ^Z^B^Z^ ��1$&:LA.]%0)�mA.�m��()�%!<!#:;+��s¡>�>�>¡ �e^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ XY^
T ^Z^B^Z[ ��1$&:LA.]%0)�mA.�G£{57!<(b5;Wn�%Dl8?5;W#W<(2\ �s¡>�>�>¡ � ^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ XY^

T ^Z[ ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ X�_
g hjikLN4A@-l-m�9<LnE:;o2BOGiMl-m�9M;p;G9<9!2FLNIq7:iM;pOGC5462BOGI*PrLsE:;t2BOGl�I�@-H�C ¤*u

¡B^ T vn,.,.!#:L'#\��M$M3.02D<()'T:;!<,�WZ�%Dl'T:;$/,.0)a%$&�%+XDC57!<(2D#aVQ :;023.$/()cE3����7W<3.!|Rs5;'%()cE3�� ^M^G^m^m^G^m^G^m^M^G^ W T
¡B^P¡ z1a%$h57!#'#\��"$M3.02D<()aT'#\��%020)� ^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ WX¡

¡B^P¡B^ T ��!#:;`.0)a%$h57D<()cE3�� ^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ WX¡
¡B^P¡B^P¡ ��'#\��%020)�M$/()'%!#:>W#'T:;,.()cE3�� ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ W!X
¡B^P¡B^ZX ��'#\��%020)�M$h5;'%!#:>W#'T:;,.()cE3�� ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ W!^
¡B^P¡B^ W z1a%$h57!#'#\���^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ W![

¡B^ZX ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ WM_
^
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XB^ T vn,.,.!#:L'#\��M0):E'@570)�1!#�%D#�%+E3�� ^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ^ T
XB^P¡ ��TWl$&:LA.]%0)�TWlA.� �@:;+��M'T:;\�aTW<(2Q � ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ^YX

XB^P¡B^ T F +ED<!#:EAB3�'%D<():;+-^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ^YX
XB^P¡B^P¡ z1aT'T:;$/,_:>W<(2D<():;+-A�57+�Wl0)�1!#�%,	]%!#�G+�:;!<$h570
� DC57+.o �%+XD�^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ^Y^
XB^P¡B^ZX zZ(k�	a%!#�%+ED#Wl$&:LA.]%0)�TWlA.� �@:;+��m'T:;\�aTW<(2Q �i^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ^Y^
XB^P¡B^ W ��TWn5@Q;57+EDC57o �TW�A.�TWY$&:LA.]%0)�TWnA.� �@:;+��M'T:;\�aTW<(2Q � ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ [Y[
XB^P¡B^Z^ ��TWY,.!<(2+�'%(2,d570)�TWZAB(kjh'%3.02D#aTWn�%DnWC:;023.D<():;+�Wn5;W#W#:L'%()aT�TW ^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ [�_

XB^ZX we:;+XDC5;'%D�3.+.(20b57D#a%!C570p�R�!#:;D<D#�%$&�%+XD ^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ [>�
XB^ZXB^ T we:;+�AB(2D<():;+-A.�MJE(2o>+�:;!<(2+.(O^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ [>�
XB^ZXB^P¡ �.!#:;D<D#�%$&�%+XD1A.�Mwe:;3.0):;$M` ^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _;�

XB^ W 8-:LA.]%0)�mA.� �@:;+��m'T:;\�aTW#(2Q �1R !#:;D<DC57+ED#��^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _ T
XB^ W�^ T vYAB\�aTW<():;+y�%Dl'T:;+EDC5;'%DlR�!#:;D<DC57+XD*^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _;¡
XB^ W�^P¡ �:;(�5;AB\�aTW<(2Q �h^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _;¡
XB^ W�^ZX ��57!C57$&]%D<!#�TWZ�%Dl(2+ED#�%!<,.!#a%DC57D<():;+9AB3�$&:LA.]%0)� ^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _RX
XB^ W�^ W ��+��%!<o>()�TWnA.�MA.aT'T:;\�aTW<():;+ ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ _R`

XB^Z^ ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ `>�

��� �w �,�� ��¡�� ¡��9� �����&(q  ���:��¡ �'.
� 1 ;G9ML 9MP 25C��'P�OGC H)iM@-OGIq7�O
��E�9MC����>I�@RLsE:;G462BOGI*P�� 7:9ME�� l-m�4 LNH:C � ¤

W�^ T 8-:;D<(2Q>57D<():;+�W ^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ `Y^
W�^P¡ w6\d57$/,�Wl$/()'%!#:>W#'T:;,.()cE3��TW�,_a%!<():LAB()cX3��TW ^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ `Y[
W�^ZX ��!#:;`.0)]%$&�m,	a%!<():LAB()cX3�� ^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ `�_

W�^ZXB^ T ��:>W#(2D<():;+-AB3�,.!#:;`.0)]%$&�m,	a%!<():LAB()cX3�� ^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ `�_
W�^ZXB^P¡ ��:;!<$M3.0b57D<():;+9Q>57!<(b57D<():;+.+��%020)�MW<,	aT'%(kUdcX3���^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ � T
W�^ZXB^ZX vn,.,.!#:@gL(2$h57D<():;+-Q;57!<(b57D<():;+.+��%020)� ^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ �-W

W�^ W ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ��_
�  @-4 Oo259kLN9kP 287�!�P�4 L O
��E�9j7:E H�@-I�J�;GKML 9<LnE�;t2BOGl�I�@-H:C u*u

^B^ T ��gBD#�%+�W<():;+-A.�10b5*$&a%D<\�:LA.�mKZ:;+Bp�JE$&:E:;D<\?we:;+XDC5;'%D�zZxL+d57$/()'TWn573y'@5;WY,	a%!<():LAB()cX3�� ^m^M^G^ T � T
^B^ T ^ T ��'%!<(2D<3.!#�"573OWC�%+�WlA.�TWY$&�TW<3.!#�TW ^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T � T
^B^ T ^P¡ F +ED#a%o>!C57D<():;+yD#�%$/,	:;!#�%020)� ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �>¡
^B^ T ^ZX F +ED#a%o>!C57D<():;+-A.�TWY+�:;+y02(2+�a@57!<(2D#aTW ^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �YX
^B^ T ^ W w6\d57+.o �%$&�%+XDZA.�GQ;57!<(b57`.0)�TWY^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �Y[

^B^P¡ Hn�%0b57D<():;+�W��%+XD<!#�G0)�TWnQ;57!<(b57`.0)�TWYo>0):;`d570)�TW��%Dl0):L'@570)�TWZ^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ��_
^B^P¡B^ T we:;+�A.�%+�WC57D<():;+-A.�TWlQ;57!<(b57`.0)�TWZ573Bg�'T:;+EDC5;'%D#W ^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ��_
^B^P¡B^P¡ we:;+�A.�%+�WC57D<():;+-A.�10b5/$h57D<!<()'T�mA.�TWY(2D#a%!C57D<():;+�W1573Bg�'T:;+EDC5;'%D#W9^G^M^G^m^m^G^m^G^m^M^G^ T �Y`

^B^ZX HnaTW#:;023.D<():;+9u*0SN�aT'#\��%020)�"AB3O'T:;+XDC5;'%D ^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �Y`
^B^ZXB^ T HnaTW#:;023.D<():;+OAB3y,.!#:;`.0)]%$&�MA.�G'T:;+XDC5;'%DnR !#:;D<DC57+ED ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �Y`
^B^ZXB^P¡ K1J.wez��%DZw U_8 ^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T �>�

^B^ W vn02o :;!<(2D<\.$&�"A.�G!#aTW#:;023.D<():;+ ^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT �
^B^ W�^ T ��!#:;`.0)]%$&�MW#DC57+�A�57!#A ^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT �
^B^ W�^P¡ ��!#:;`.0)]%$&�m,	a%!<():LAB()cX3�� ^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT �

^B^Z^ ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT X
p#"�p
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[B^ T ��!#aTW#�%+EDC57D<():;+9A.�TWY02(2`.!C57(2!<()�TW ^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT _

[B^ T ^ T �8��mwf�>� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT _
[B^ T ^P¡ �����F<wevZK1J ^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT _
[B^ T ^ZX 8 �B� � �
� ^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT `

[B^P¡ vn!#'C\.(2D#�T'%D<3.!#�M0):;o>()'%()�%020)� ^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT `
[B^P¡B^ T z1�TW#'%!<(2,.D<():;+ ^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT `
[B^P¡B^P¡ vn,.,.02()'@57D<():;+-�����F<wev�KGJ ^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ TYT �
[B^P¡B^ZX F +ED#�%!|Rs5;'T�M�����F<wev�KGJ.�78 �L� � �
� ^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡ T
[B^P¡B^ W F +ED#�%!|Rs5;'T�M�8?�Mwf�>� �7�����F<wev�KGJ ^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡ T

[B^ZX ��G0):;o>()'%()�%0��npS,	�%! ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡ T
[B^ZXB^ T ��:;+�'%D<():;+.+d5702(2D#aTW ^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡ T
[B^ZXB^P¡ ��+XD<!#aT�TWq�>JL:;!<D<()�TW�^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡>¡
[B^ZXB^ZX ��Q :;023.D<():;+OR�3.D<3.!#� ^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡YX

[B^ W ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡YX

����� ,n����� �+�6,=�'�	�� ,q�_¯°�  !�6,q�	��$ ��)�È !�� �( .���/
S � m�I*O � 9�2Fm�!�H�I 2Bm�K!C59MCD7�9�LNIq7:iM;pOGC5462BOGI*P 06g S

_L^ T we:;$/,_:;!<D#�%$&�%+ED#WZQ :;023.$/()cX3��TW ^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡>�
_L^ T ^ T U�(2!#'@570):@x ^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ¡>�
_L^ T ^P¡ �nxBAB!<3.!#�TW ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X T
_L^ T ^ZX U�(2!#'T:;+�� ^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X T
_L^ T ^ W ~e(20b57+yW<3.!Y0)�TWl'T:;$/,	:;!<D#�%$&�%+XD#W�Q :;023.$/()cX3��TW ^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X T

_L^P¡ we:;$/,_:;!<D#�%$&�%+ED#W1W<3.!|Rs5;'%()cE3��TW ^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X>¡
_L^P¡B^ T z1a%D#�%!<$/(2+d57D<():;+-A.�G0b5V!C57()A.�%3.!l(2+.(2D<(b570)�M(2+XD#�%!|RS5;'%(b570)��^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X>¡
_L^P¡B^P¡ z1a%D#�%!<$/(2+d57D<():;+-A.�G0b5*'T:;+ED<!C57(2+XD#�V'T:;\�aTW<(2Q �G$h5 gB(2$h570)� ^G^m^G^M^G^m^m^G^m^G^m^M^G^ T X�_
_L^P¡B^ZX ~e(20b57+yW<3.!Y0)�TWl'T:;$/,	:;!<D#�%$&�%+XD#WZW<3.!|RS5;'%()cX3��TW ^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T WX�

_L^ZX 8y()'%!#:>W#D<!<3�'%D<3.!#� ^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T W T
_L^ZXB^ T }�57(2020)�mA.�m0b5*'T�%02023.0)�MA.�1`d5;W#� ^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T W T
_L^ZXB^P¡ }�57(2020)�mA.�TWn(2+�'%023�W<():;+�WlA�N \ExLAB!<3.!#�V^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T WX¡

_L^ W 8957(2020b57o � ^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T WX¡
_L^ W�^ T �1aT:;$&a%D<!<()�mA.�TWY$h57(2020)�TW ^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T WX¡
_L^ W�^P¡ }�57(2020)�mA.�TWn$h57(2020)�TW�^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T WYW

_L^Z^ ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T W!`
� 	�OpLnE�;G462BOGI*P�C PqE�L i!@RO ��E�9!C��N;>=?i!lRm�9M;p;G9�L OGl�@-I�CBl�I�H�O
��E�9 0 � u

`B^ T z1�TW#'%!<(2,.D<():;+-A.�TWl�TWCWC57()WY+X3.$&a%!<()cE3��TW9^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ^ T
`B^P¡ U�(2!#'@570):@x�QL()�%!<o � ^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ^ T
`B^ZX U�(2!#'@570):@x�\ExLAB!<3.!#a ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ^>¡

`B^ZXB^ T wf5;WlA�N \XxBAB!<3.!#�TWYR�!C57o>(202()WC57+ED#WV�
R̂ 
 = 0.45 R̂ �� � ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T ^>¡

`B^ZXB^P¡ wf5;WlA�N \XxBAB!<3.!#�TWnAB3.!#'%()WCWC57+XD#W|psR�!C57o>(202()WC57+ED#W*�
R̂ 
 = 1.3 R̂ ��� � ^G^M^G^m^m^G^m^G^m^M^G^ T ^Y^

`B^ZXB^ZX we:;+�'%023�W<():;+ ^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [>�
`B^ W ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [ T
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u 1 lRm�9k;G;G9sLN4Al�@-I�C5l!I�H�O ��E�9 ��l�4 ;Gl!E:;tC87�9�CQ25@-E�lY2BE�@ 9 0 "�¤
�B^ T ��57!C57$&]%D<!#�TW1W<3.!|RS5;'%()cE3��TWm�B,d5;W#WC57o �mA.�10SN�aT'C\��%020)�m$/()'%!#:hu/0SN�aT'#\��%020)�m$h5;'%!#:h^m^m^G^m^G^m^M^G^ T [Y^
�B^P¡ �Z!C5;AB()�%+XDZA�N \XxBAB!#:;o ]%+��MA�57+�Wn0b5VoX57(2+���^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [Y^
�B^ZX ��:;!<D<():;+?A.�1oX57(2+��mA.�m'T:;$"`.3�W<D<(2`.0)�h^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [Y`

�B^ZXB^ T z1�TW#'%!<(2,.D<():;+yA.�TWl'@570)'%3.0)Wn+X3.$&a%!<()cE3��TWn,d57!C57$&a%D<!#aTW ^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [Y`
�B^ZXB^P¡ HnaTW<3.02DC57D#WnA.�TWl�TW#WC57()WY+E3.$&a%!<()cX3��TW�^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T [Y`

�B^ W �G57(2+��mA.�m'T:;$"`.3�W<D<(2`.0)�V^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T _ T
�B^ W�^ T z1�TW#'%!<(2,.D<():;+yA.�G0b5*W<(2$"3.0b57D<():;+y+E3.$&a%!<()cX3��m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T _ T
�B^ W�^P¡ HnaTW<3.02DC57D#W ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T _ T

�B^Z^ ~e(20b57+yAB3y'#\d57,.(2D<!#� ^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ T _R[
� OGJ:;pOGI��*@ 4AH�m:Ot9 0 ��0

��� , ����¡A"�¡�� .����
� � I*LN9kP�lM;t462BE�@-9 0 u �
� � OGl�@-I�CQ25@RE�l�2BE�@-9!C g
	�0

~1^ T T ^Z[�� ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�>¡
~1^P¡ XB^P¡�� ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�YX
~1^ZX W�^Z`�� ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�Y^
~1^ W �B^Z^�� ^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>��_
~1^Z^ ¡>�B^ _� ^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�Y`
~1^Z[ X>�B^P¡�� ^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡>�>�
~1^ _ X>�B^ _� ^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T �
~1^Z` WX�B^ZX�� ^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ TYT
~1^P� [>�B^Z^�� ^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T ¡

� 1 lRm�9k;G;G9sL OGl�@-I�C5l�I*H:O
��E�9 �'@ iMCBE�;t254 P 259MC���CD7:i �+I*@-L 462BOGI*P g 0 ¤
wZ^ T U�(2!#'@570):@x ^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T X
wZ^P¡

R̂ 
 = 0.45 R̂ ��� ^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T W
wZ^ZX

R̂ 
 = 1.3 R̂ ��� ^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡ T �
h � @ I ��;GC
7:E���@-4A7:OG9kP 2D7�= m�!�7:@ I���KMP�9 g�g �
1 1 lRm�9k;G;G9sLN4Al�@-I�C5l!I�H�O ��E�9 ��@ iMCBE:;o254625C g�g u

�n^ T ¯� ��� = 100ppm
^M^G^m^G^m^m^G^m^G^M^m^G^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^m^G^ ¡>¡>�

�n^P¡ ¯� ��� = 200ppm
^M^G^m^G^m^m^G^m^G^M^m^G^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^m^G^ ¡YX>¡

�n^ZX ¯� ��� = 300ppm
^M^G^m^G^m^m^G^m^G^M^m^G^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^m^G^ ¡YXY[

�n^ W ¯� ��� = 500ppm
^M^G^m^G^m^m^G^m^G^M^m^G^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^m^G^ ¡YX>�

�n^Z^ ¯� ��� = 700ppm
^M^G^m^G^m^m^G^m^G^M^m^G^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^m^G^ ¡-W!X

�n^Z[ ¯� ��� = 18242ppm
^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-W![

� � 4AH:H)9M;GC 9�28P�I 25462BOGI P�CD9kP��*@ 4 P�7:9!C
25@-4 P�C �>I�@RLN462BOGI*P�C g � S
�f^ T we:;+BU�o>3.!C57D<():;+�W1AB3OW<xLW#D#]%$&�G�%DYR�:;!<$"3.0b57D<():;+�W ^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-WM_
�f^P¡ w6(2+�a%$h57D<()cX3��*^G^m^G^M^G^m^m^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-W!`

�f^P¡B^ T z1a%,.0b5;'T�%$&�%+XD@=�QL(2D#�TW#W#�G�%DZ5;'T'Ta%0)a%!C57D<():;+ ^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-W!`
�f^P¡B^P¡ }��%+�W#�%3.!no>!C5;AB()�%+XD�A.�m0b5VD<!C57+�W|R�:;!<$h57D<():;+ ^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-W!`

p � p



��� � �E�����������L���
	������

�f^P¡B^ZX }��%+�W#�%3.!�A.�"wf573�'#\ExXp��Z!#�T�%+ ^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-WX�
�f^P¡B^ W }��%+�W#�%3.!�A.�TWlA.aqR�:;!<$h57D<():;+�W ^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡-WX�

�f^ZX }��%+�W#�%3.!ZA.�TWl'T:;+XD<!C57(2+ED#�TW ^G^m^G^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y^>�
�f^ZXB^ T we:;+XD<!C57(2+ED#�TW�A.�"wf573�'C\Xx�^m^M^G^m^G^m^G^m^m^G^M^G^m^G^m^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y^>�
�f^ZXB^P¡ we:;+XD<!C57(2+ED#�TW�A.�m��():;0b5 p+e1(2!#'#\.\�:7��A.�1,.!#�%$/()]%!#�"�TW<,_]T'T�Z^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y^>�
�f^ZXB^ZX we:;+XD<!C57(2+ED#�TW�A.�m��():;0b5 p+e1(2!#'#\.\�:7��A.�GW#�T'T:;+�A.�M�TW<,_]T'T� ^m^G^m^G^M^G^m^m^G^m^G^m^M^G^ ¡Y^ T
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1 − z
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− αz2
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1 − cos

(
2π

‖uT ‖
δT

)}] !TeB= (
z
uN

δN

)}
,

φ(0, 0) = 0 ,

limuN→∞ φ =
�
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RN
!#3
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δT
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uT = 0
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RN = −uN

δN
F (λ)

RT = −α
uT

δT
F (λ)





�5�
λ̇ ≥ 0

!#3
λ = λ ����� < 1 ,

RN = −uN

δN
F (λ ����� )

RT = −α
uT

δT
F (λ ����� )





�5�
λ̇ < 0

���
λ < λ ����� < 1 ,
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δN

)2

+

(‖uT ‖
δT

)2 �
F (λ) =
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R̂N (1 − λ)2

=>���(<
0 ≤ λ ≤ 1
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λ �����

!*�53�07��=(02����A/<4�+��'(!
�/�+0 !#�(<"'(!

λ
�+353!#�2�&3!/.

�v���(<
λ ����� ≥ 1
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uT = − �5�2A/��!

(u̇T )µ �	��
� |RN | .
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∫ δN

0 RNdδN
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R̂N
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u2/δN
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µ
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−‖ RT ‖
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‖ uT ‖
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�
|RN |
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uN = 0
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0
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φ(uT , uN ) = φN

+ φN
!TeB= (− uN

δcN

){[
1 − r +

uN

δcN

]
1 − q

r − 1
−
[
q +
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r − q

r − 1

)
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] !TeB= (−‖uT ‖2
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2
T

)}
,
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√
e

2
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. \���������!#3C�+0[.xP�
�g/g/g�S��2�:35<�E'B�(� �!#�:3"�

'(!;=(02���"� �(�Q)*���&34��)#3��(�(�207�+3$#<4�+0t!#3��(�Qn|<��353!#�1!#�&3�'(! ~���(0 ���;?F.�MF!��1�&'(@#0 !;�2��)#02�(3J�(��!;�!#����2?(�202�23$ 3V07�
�E�23!*��!�'(!����0202� )#�234�+35� ���F.
MF!C�1�&'(@#0 !C!*�3�'($.���(�F=N�+<;P ' � )+* �B.?
�i�SJm
S ���% �	�*%.+7���8� �9%(�� �"� ��6D� ���	� 
4����� �"�

RN + CNβ2uN ≥ 0 , uN ≥ 0 , (RN + CNβ2uN )uN = 0 .
P-�B.XiB.?
T<&S

�� �"%'%(�&�C�&�0% �3�HS �"+3� ���=^ ��6D� � �	� 
4����� ���

Rr
T = CT β2uT ,

‖RT + Rr
T ‖ ≤ µ �	��
� |RN + CNβ2uN | ,

‖RT + Rr
T ‖ < µ �	��
� |RN + CNβ2uN | ⇒ u̇T = 0 ,

‖RT + Rr
T ‖ = µ �	��
� |RN + CNβ2uN | ⇒ ∃λ ≥ 0

�
u̇T = −λ(RT + Rr

T ) .

P-�B.XiB.?
5m�S

��6 ���c+4%,� ��� ���e��G ���%(���#���,%(� �:G �	� 
4����� ���

β̇ = −
[
1

b
(ωh′(β) − (CNu2

N + CT ‖uT ‖2)β)−
] 1

p �5�
β ∈ [0, 1[ ,

β̇ ≤ −
[
1

b
(ωh′(β) − (CNu2

N + CT ‖uT ‖2)β)−
] 1

p �5�
β = 1 .

P-�B.XiB.?
?,�S

�/.
CN

!#3
CT

�4���:380 !*��<4�+� '(!#�(<���2�(�235�7�+0 !*�8����<5�V�+0 !U!#3�34�+�(A�!#�&3!K'(!_07�}02�7�+� �4���Z�2�&3!#<�nj��)#�7�+0 !��
ω

!*�53��(��!
$#��!#<5A/� !~'(!x<$Tnj$#<!#��)*!��

µ �	��
�
!*�53c0 !w)*�&!T�V)#� !#�&3v'(!xn|<��353!#�1!#�&3v'(!�~���(0 ���6?_�

b
!*�53c�(��)*�&!T�V)#� !#�&3v'(!��&� �4)*�/�5�23$��

0 ≤ p ≤ 1
�
h

!*�53d�(��!Jnj����)#35� ���}!#3
(x)− =

�V�¡e
(0,−x),∀x ∈ R

!*�3d07�8=N�+<535� !���$#A:�+35�2��!/.

¢ � i ¢
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−RN

R̂N

uN

δN

−‖ RT ‖
R̂N

‖ uT ‖
δT

u̇N → 0

u̇N 6= 0

1 +
µ |RN |

R̂N

µ
|RN |
R̂N

u̇T ↗

Pj��S1
0

−RN

R̂N
uN

δN

−‖ RT ‖
R̂N

‖ uT ‖
δT

u̇N → 0

u̇N 6= 0

1 +
µ � ����� |RN |

R̂N

µ ������� |RN |
R̂N

u̇T ↗

�	��
10

' � ) * �B.?
�i���\"!#07�+35� ���Q!#�:35<!;07�1)*���&35<4�+�2�:3!KPj��Su����<5�V�+0 !UP|? Su34�+�(A�!#�&35� !#020 !8�+=(=(02� 9&��$*!6��(<"0 !*��0 @#�E<!*��'(!C07�
�N���(<!C!#�Ynj����)#35� ���%'B�Q�4�+�(3"'(!6'($#=(07��)*!#�1!#�&31Pj��S~����<5�V�+0uP|? Su34�+�(A�!#�:3J'��+���"0 !��1�E'(@#0 !6'(!`\���������!#3��+0[.
P�
�g/g/g�ST.

MO'R*�B��! *)! MO'(��!D� �H!��8i�� �����

~!U�1�E'(@#0 !U!*�53��(��!_���+<5�7�+�&3!Y'B�`�1�&'(@#0 !K'(! \���������!#3V�+0[.uP�
�g/g/g�ST. �%����!#<5� !�Pji�;�;�;�S;�2��)#02�(3"�	3Q35<4����!#<�
�(��!�nj��<5�6�(07�+35� ���Y35D�!#<5�1�E'BOE�N�+��� 9:��!J�����K0 �E)��+0 !��B�(�K)*�&!T�V)#� !#�&3"'(!�n|<��353!#�1!#�&3����+<5�7�+?(0 !�!#�Unj����)#35� ���Y'B�
�(�2��!��+�Z'�W\!#��'(�����V�+A�!#�1!#�:3�'(!10[W �2�&3!#<�nj��)*!^!#36�(��A/<4��'B� !#�&3�'�W �2�&3!#���5�23$V'�WX��'BD�$*�5� ���Z=N�+<C�(��!�35D�$*��<5� !_'B�
=(<!#��� !#<�A/<4��'B� !#�&3�'�W\!#��'(�����V�+A�!#�1!#�&3�=(<��=
�/�$�=N�+<=��<!#�1����' P�
�g�1"m�ST.
MF!6)*�&!T�V)#� !#�&3�'(!�n�<��353!#�1!#�:3�'(! ~���(0 ���6?

µ �	��
�
��W\$*)#<5�236m

µ �	��
� = µ̄f(β) ,
P-�B.XiB.?
 �/S

�/.
f(β) : [0, 1] → [0, 1]

!*�53d�(��!Jnj����)#35� ���})*���&35�2�:��!6'($*)#<��� �4�4�+�:3!;'(!
β

.
MxW\$#����02�(35� ���Q'(!�0[W �2�:3!#����23$6'(!#�E� !#�:36m

β̇ = −
[
1

b
(ωh′(β) − (CNu2

N + CT ‖uT ‖2)β − k4β)−
] 1

p �5�
β ∈ [0, 1[ ,

β̇ ≤ −
[
1

b
(ωh′(β) − (CNu2

N + CT ‖uT ‖2)β − k4β)−
] 1

p �5�
β = 1 ,

P-�B.XiB.?
"1�S

�/.
k

!*�53d�(��!6)*�����534�+�:3!6��$#A:�+35�2��!VP�!#�
J

ST.
~!^�1�&'(@#0 !U'(!Vn|<��353!#�1!#�&38���+<5�7�+?(0 !K�%$#3$V�(35�202� �$^=N�+< ! )��+<5O Pji�;�;5
kS��*��!*)

f(β) = (1 − β)
�)\��������8!#3

�Q����!#<5� !VPji�;�;5
kSd����!*)
f(β) = (1 − β)

!#3=/C�+<5<4��OU!#3��+0[.�Pji�;�;$<&S"�*��!*)
f(β) = (1 − β2)

.

MO'R*�B��! *)! �4�Y�$��� � !P�NMO� � ���GQ �8i���� i �

~!6�1�&'(@#0 !���$#3$C=(<$*�!#�&3$��+��, 
/. mB. - 0F35<4�+�23!;'(!C07� �N���(<4�+35� ���%'(!C�V�+3$#<5�7�+��!#��� �2<)��+0 �kOYD:OB'B<5�(<$�����!*)
07�%0 ���u'(!_'($*)*��D�$*�� ���]'(!U�c��!#<5A:�/�+<' !#3����(3)D(�2���4��� P�
�g/g/i�S^P ' � )+*��B.Xg�ST.tMF!_A/<4��'B� !#�:31'(!_=(<��=(<5� $#3$K'B�
�V�+3$#<5�7�+�Q)*����=>�/�5�23!�!*�3�=(<5� ��!#�Y)*����=(3!6'��+�����(��!�0 ���c'(!*�d�1$#07�+�(A�!*�"=>���(<d0[W\$#��!#<5A/� !;'(!C'($*)*��D�$*�5� ����m

�
coh = f � � �coh + (1 − f � )

��
coh ,

P-�B.XiB.?
�g�S

¢ � 7 ¢



����� ��������� ��*�� � ��	��
� ����� ������ � � 	�� ��������� ����� � ����

����!*)
f �

n�<4��)#35� ��� ����02�(��� 9:��!�'�W D&OE'B<5�(<!*�"��� M
coh

$#��!#<5A/� !-'(!Q'($*)*��D�$*�5� ����'B���V�+3$#<5�7�+���4�+���_�2��)#02���5� ���
'�W D&OE'B<5�(<!*��P

f � = 0
Su!#3=� �coh

$#��!#<5A/� !6'(!�'($*)*��D�$*�5� ���Q'(!*�dD:OB'B<5�(<!*�;P
f � = 1

ST.
Mc�1)*���:35<4�+�2�:3!;����<5�V�+0 !��V�¡eB�2�V�+0 !��

R̂N
�(�kW\$*)#<5�236m

R̂N =

√
f � (R̂ �N )2 + (1 − f � )(R̂


N )2 ,

P-�B.XiB.Xi�;�S

�/.
R̂


N

!*�53_07�Z)*���:35<4�+�2�&3!-����<5�V�+0 !��V�¡eE�2�V�+0 !�'B� �V�+3$#<5�7�+���4�+���_�2��)#02���5� �����K'�W D:OB'B<5�(<!*�"�
R̂ �N

!*�53U07�
)*���&35<4�+�2�:3!;����<5�V�+0 !��V�¡eE�2�V�+0 !;'(!*�dD:OB'B<5�(<!*��.

MO'R*�B��! *)!��_�G� !P�N��� � �8i�� �(i��
~!"�1�&'(@#0 !�!*�53�'(!*�535�2��$�3�07�6'(!*�)#<5�2=(35� ���U'(!�07���N�4�5�(<4�+35� ���^'��+���~'(!*���V�+3$#<5�7�+�Be 3�A/<4��'B� !#�:3d'(!"=(<��=(<5� $#3$*�
PG��& ��SV'(!Y3 O&=
!%)*$#<4�+��� 9&��!h�¡�1$#34�+0[.d�v���(<^07� '(!*�)#<5�2=(35� ��� 35<5� 'B�2�1!#���5� ���(��!#020 !�'B� �1�E'(@#0 !Q)*��D�$*�5�In����(��!
)*���&35<4�+�2�:3!�!TH
!*)#35�2��!

R ���
!#3d�(�}'($#=(07��)*!#�1!#�:3J!TH
!*)#35�In

u ���
����:3"�2�:35<�E'B�(�23�;P6u�+�V��)D��^!#3
��<535�?�P�_
�g/g9,�SJm

R ��� =
√

R2
N + η−2‖RT ‖2 , u ��� =

√
u2

N + η2‖uT ‖2 ,
P-�B.XiB.Xi5
kS

�/.
η

!*�538�(�]=N�+<4�+�1@#35<!K9&�(�~=
!#<5�1!#31'(!_=>����'($#<!#<80 !*��!TH�!#3�8����<5�V�+�BeZ!#3834�+�(A�!#�:35� !#0 �QP|A�$#��$#<4�+0 !#�1!#�:3"�
η =

√
2
ST.

MF!*��)*���:35<4�+�2�&3!*��)*��D�$*��2��!*�"����<5�V�+0 !
RN

!#3�34�+�(A�!#�&35� !#020 !
RT

'($#<5�2��!#�&3�'�W �(�}=>��3!#�&35� !#0v'(!�3 O&=
!VP���!*!*'B0 ! ¢�V�+�_�_
�g�1 �/S��*��!*)�=
����'($#<4�+35� ���}=N�+<�07�;n�<4��)#35� ���Y����02�(��� 9&��!6'(!J�1$#34�+0�m

φ(x, u ��� ,(u ��� ) ����� ) =

f
� ���

(x)

f � ��� (x) + β � ��� [1 − f � ��� (x)]

!TeE=
(1)R̂

� ���
N δc

� ���
N

[
1 −

(
1 − u ���

δc
� ���
N

) !TeE= ( u ���

δc
� ���
N

)]

+
1 − f

� ���
(x)

1 − f � ��� (x) + β � ��� f � ��� (x)

!TeB=
(1)R̂ � ���

N δc �
�	�

N

[
1 −

(
1 − u ���

δc �
���

N

) !TeE= ( u ���

δc �
���

N

)]
,

P-�B.XiB.Xi/i�S

�/.
f
� ���

(x)
!*�53F07�un|<4��)#35� ���C����02�(��� 9&��!�'(!��1$#34�+06�

β
� ���

(≥ 1)
�
β �

���
(≥ 1)

����&3s'(!*�F=N�+<4�+�1@#35<!*�v'�WX��'BD�$*�5� �����"�
R̂N

!*�53~07�C�/�+0 !#�(<~�V�¡eE�2�V�+0 !J'(!
RN

�
δcN

0 !��4�+�(3u'(!�'($#=(07��)*!#�1!#�:3�)*��<5<!*�5=
����'��+�:3U3
R̂N

!#3
(u ��� ) �����

!*�53
07��=(02���"A/<4�+��'(!����+0 !#�(<��+353!#�2�:3!C=N�+<

u ���
.

MF!*�")*���:35<4�+�2�:3!*�J)*��D�$*�5�2��!*������:3�'(���(��$*!*��=N�+<Cm

RN =
∂φ

∂uN
=

(
R ���

u ���

)
uN , RT =

∂φ

∂uT
= η2

(
R ���

u ���

)
uT ,

P-�B.XiB.Xi���S

����!*)1m

R ��� =





f
� ���

(x)

f � ��� (x) + β � ��� [1 − f � ��� (x)]

!TeB=
(1)R̂

� ���
N

(
− u ���

δc
� ���
N

) !TeE= ( u ���

δc
� ���
N

)

+
1 − f

� ���
(x)

1 − f � ��� (x) + β � ��� f � ��� (x)

!TeB=
(1)R̂ � ���

N

(
− u ���

δc �
���

N

) !TeE= ( u ���

δc �
���

N

) �5�
u ��� = u

�����
���

!#3
u̇ ��� ≥ 0 ,

(
R
�����
���

δ ��������

)
u ���

�5�
u ��� < u

�����
���

���
u̇ ��� < 0 ,

�/.
R
�����
���

!*�3d07�����+0 !#�(<"'(!
R ���

0 ��<�9:��!
u ��� = u

�����
���

.
�b��0[WX�+?��!#��)*!Q'(!%)#� ���+�2020 !#�1!#�:3�P

uT = 0
!#3

RT = 0
S.�������

u ��� = uN
�

R ��� = RN
!#3

δcN = δNP ' � ) * �B.?
 ��ST.
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��* � *�� � ��� ����	�� � � ����� �� ����� � 	�� � � �

−R
� ���
N

R̂
� ���
N

− RN

R̂N

uN

δc
� ���
N

(u �����N , R �����
N )δcN

δcN

↗

Pj��S0

1

1

−RN

R̂N

− R � ���
N

R̂ � ���
N

uN

δc
� ���
N

(uN , RN )

δc �
���

N

δc
� ���
N

↗

P|? S0 1

1

' � ) *��B.?
 � � \"!#07�+35� ���]!#�:35<!^07�})*���&35<4�+�2�:3!U����<5�V�+0 !�Pj��SC'B�Z�1$#34�+0JP
R
� ���
N

�
R̂
� ���
N

S^P|? SC'(!V07�})*$#<4�+��� 9&��!
P
R � �	�

N

�
R̂
� ���
N

SY�+=(=(02� 9:��$*! �5�(<Y0 !*�Y0 @#�E<!*�}'(!�07� �N��5�(<!�!#� n�����)#35� ��� 'B� �4�+�(3}'(!�'($#=(07��)*!#�1!#�:3�����<5�V�+0
P
uN

�
δc
� ���
N

Sd'��+���d0 !��1�E'(@#0 !�'(! �/�2�}!#3"�+0[.cPji�;�;/i�Su0 ��<�9:��!
uT = 0

!#3
RT = 0

.

MO'R*�B��! *)!�� ��� � !P� �����5��K ���:� �8i������ �

~!8�1�E'(@#0 !835<4�+�23!1'(!807�_=(<��=N�+A:�+35� ��� '(! �N�4�5�(<!*��'��+���C'(!*���V�+3$#<5�7�+�Be�$#07���53��=(07���535� 9&��!*� 3_A/<4��'B� !#�&3;'(!
=(<��=(<5� $#3$*��PG��&��-ST.�-q0F!*�3d?N���$C�5�(<d0 !J�1�E'(@#0 !C'(!4S��Y!#3���!*!*'B0 !#�V�+�]P�
�g/g$<&SJm

φ(uN ,uT ) = φN

{
1 +

!TeB= (−uN

δN

)[(
1 +

uN

δN

)
(q − 1) −

(
1 +

uN

δN

)
q

!TeE= (−‖uT ‖2

δ2
T

)]}
,

P-�B.XiB.Xi$<&S

�/.
q

!*�53�0 !J<4�+35� �1!#�&35<!C0[W\$#��!#<5A/� !C'(!6'($*)*��D�$*�5� ���Y34�+�(A�!#�:35� !#020 !�!#3d����<5�V�+0 !/.
MF!%�1�E'(@#0 !Y35� !#�:3U)*����=(3!�'(!Y0[W D�$#3$#<��A�$#��$#�23$�'B���V�+3$#<5�7�+��!#�anj�+� �4�+�&3_'($#=
!#��'B<!%0 !*�1nj����)#35� �����^'(!%07�
=
�/�5�235� ���}P

φN (x), R̂N (x)
Sv���1'(!~07�J)*����=
�/�5�235� ���1'(!d)DN��9&��!d=(DN���!/./MF!u=N�+<4�+�1@#35<!

R̂N
$#34�+�:3�35<@*�x'B�I�V)#�20 !

3_'($#3!#<5���2��!#<6!#�-)DN��9&��!8=
���2�:3C'�W �(���V�+3$#<5�7�+� 3^A/<4��'B� !#�:3C'(!8=(<��=(<5� $#3$*�"� ���+�(AY!#3��J�$7��+�;�(<4�-Pji�;�;$<&S
!#�&�&� �4�+A�!#�&3"�(��!�<!#07�+35� ���%!#�:35<!

φN
!#3

R̂N
3!#020 !C9&��!1P ' � )+*,�B.?
T<&SJm

R̂N

(R̂N ) � ���
=

(
φN

(φN ) � ���

)α

,
P-�B.XiB.Xi"m�S

�/.
(φN ) � ���

!#3
(R̂N ) � ���

����:3J'($.���(� �J!#�%�(�%=>���2�&3�'(!;<$Tn�$#<!#��)*!�!#3
α ∈ R

'($.���(�23�07���/�+<5�7�+35� ����'(!
R̂N

!#�
nj����)#35� ���^'(!

φN
.��~� !#�^9&��!

α
=(�(� ��!�'($#=
!#��'B<!�'B�V)DN�+<5A�!#�1!#�&3"�5���+�(A;!#3��J�$7��+�;�(<4�^Pji�;�;$<&Sx)*�����5� '(@#<!#�:3

α
)*�����1!��(�K=N�+<4�+�1@#35<!C�V�+3$#<5�7�+�]P�'($#=>!#��'��+�&3�'(!�07�8)*����=
�/�5�235� ���}'B�J��&��-ST.

MF!*���1�E'(@#0 !*���5=
$*)#���N9:��!*���+�Be��V�+3$#<5�7�+�Be 3YA/<4��'B� !#�&31'(!^=(<��=(<5� $#3$*�8�2��=
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?, � �te(!#��=(0 !J�(�(�7�¡eE�7�+0F�20202���35<4�+�:3d0 !��4�+�(3�'(!J���02�(35� ���Y'�W �(�K�1�E'(@#0 !C��'(����)#� ��4�+�&3"'(!J3qOE=>!J��!*!*' ¢0 !#�V�+� P�
�g�1 �/ST.

wDN�+?
�&)4D�!1!#3C�+0[.xPji�;�;5
kSJ!#3 �%����!#<5� !%Pji�;�;�;�S�=(<��=>�/�!#�&3C=(02���5� !#�(<���1$#35D��E'(!*��=
���(<�$#02�2���2��!#<C0 !��4�+�(3C���
)*���&35<��0 !#<"07�����02�(35� ��� m

¢ <4�¡�1��!#<�0 !C�V�+�20207�+A�!8$#0 $#�1!#�&3�U���(� ��'��+����07��<$#A/� �����/.Q�4!C=(<�E'B�(�23"0 !��4�+�(3�'(!;���02�(35� ���F. G��+���J)*!
)������*0 !*�c34�+�2020 !*�v'(!w�V�+�2020 !*�s����&3sA�$#��$#<4�+0 !#�1!#�&3t35<@*�Fn[�+�2?(0 !*�s!#3s07�d�1$#35D��E'(!w'(!#�E� !#�:3v�:�(�1$#<5� 9&��!#�1!#�:3
)*��y(3!#���4!��
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¢ )*���&35<��0 !#<u0 �&)��+0 !#�1!#�&3w07�;���02�(35� ���%mE�+=(<@*�d�*�����2<u'($#3!*)#3$"0 !"���&!#��'_)*����)*!#<5��$"=N�+<~07�C'B� �4)*���:35�2�:�(�23$��
�(�^=(�20 ��34�+A�!"0 �E)��+0N=
!#�(3wn���<)*!#<w07�C���02�(35� ����3C�5�(�2�E<!�07�6)*���(<5?>!��2�:3!#<�n[��)#�7�+0 ![ZE0 !*�w$#34�+3�~'�W\$*9&�(�202�2?(<!*�
�2�&3!#<5�1$*'B�7�+�2<!*����?(3!#�&�����4���:3"�+�2���5�R�N)#35�Inj��!#3���!J35� !#�(��!#�&3"=(02����)*����=(3!C'B�Y)DN�+<5A�!#�1!#�&3�A/0 ��?N�+06�

¢ �(35�202� �4!#<F�(��!x35D�$*��<5� !w'B�C=(<!#��� !#<cA/<4��'B� !#�&3v'(!b07�����+<5�7�+?(0 !�'�W\!#��'(�����V�+A�!#�1!#�:3"P ∇β
'��+���c0 !b�1�E'(@#0 !

'(! �Q����!#<5� !VPji�;�;�;�S5S.�
¢ !TH�!*)#35��!#<U�(��!Q�1�&'($#02� �4�+35� ����'BOE�N�+��� 9&��!Zm~0[W\$#��!#<5A/� !-$#07���535� 9&��!��53�E)87�$*!-'��+���_07�Z�535<5��)#35�(<!-!*�53

35<4�+���5n���<5�1$*!C!#�Y$#��!#<5A/� !;)#�2��$#35� 9:��!��
¢ �(35�202� �4!#<��(��!U3!*)D(�(� 9&��!Y'(!U<$#A/�(07�+<5� �4�+35� ��� �E� �9&��!#���!_=>���(<�<!#34�+<'(!#<107�Q<!*�35�235�(35� ���a'�W\$#��!#<5A/� !�m

=
���(<�)*!#<534�+�2�����V�+3$#<5�7�+�BeR�(0[W\!TeB� �53!#��)*!C'�W �(��!6�&� �)*�/��23$J�2�:3!#<�n[��)#�7�+0 !C�FW\!*�53d=N����'($#�1���&35<$*!/.
����3�����69&��!�0 !*�6'(!#�Be�'(!#<5�(� @#<!*�;�1$#35D��&'(!*�6=>�/�4�@*'(!#�:3;�(��!49����535���N)��+35� ����=(D&OE�5� 9&��!}P��!#����2?(�202�23$ 3U07�U�E� ¢3!*��4!"'(!����0202� )#�234�+35� ���_�($#����02�(35� ���U<4�+=(� '(!kST.B�x�^0[WX�+?��!#��)*!�'�W �2�Bnj��<5�V�+35� �������5�(<��(��!�$#��!#�:35��!#020 !J�E� �)*�/�5�23$�'B�
=(<�E)*!*��5���~'(!��N���(<4�+35� ���_�:07�C�1�&'($#02� �4�+35� ���U'BOE�N�+��� 9:��!�!*�53�07�6�!#�(0 !236=
�/��$*'(!#<x�(�U�!#���x=(D&OE�� 9:��!/.Y~!#353!
�+=(=(<�E)D�!;!*�53d<!#3!#�:��!6=>���(<d07����(�23!/.

� 
� � 	�� � ��� � ��� � ��� � �t���������#�>	�� � ��� � � �

G��+���~�(�^�V�+3$#<5�7�+�UD�$#3$#<��A�@#��!J'(���:3u0 !*�~)*�����535�235�N�+�:3�u=
�/��@*'(!#�&3d'(!*�w)*�E!T�V)#� !#�:3�d'(!��s��� �4����K'B�IH
$#<!#�&3�"�
�20F=
!#�(3��+=(=N�+<4�:X 35<!;'B�})*���:34��)#3J!#3"'B�Kn�<��353!#�1!#�:34380[W �2�:3!#<�n[��)*!6'(!6)*!*�")*�����535�235�N�+�&3��P6~�����(�2�����_�)
�g � �/ST.
MxW\$#35��'(!��Y3C0[W\$*)D�!#020 !���� )#<�/�)*��=(� 9&��!��E)*������ �53!236$#35��'B� !#<~07�4�N��5�(<4�+35� ���U'�W �(��!"�V�+35<5� )*!�!#� � �2<)��+0 ��OV)*���&3! ¢�N�+�&3w'(!*�b�2��)#02���5� �����w'�W D:OB'B<5�(<!*��.B~!*�w'(!#�Be��V�+3$#<5�7�+�Be1=>�/��4@*'(!#�:3�'(!*�x)*�E!T�V)#� !#�:3�~'(!��v��� �����_'B�IH
$#<!#�&3��.
MF!d)*���&34��)#3b�(�(�207�+3$#<4�+0sP�)*����'B�235� ���V'(! � �2A/����<5�2�(� Sv!#3b0 !wn|<��353!#�1!#�&3�'(!=~���(0 ���6?V�4���:3x'(����)~=(<5� �b!#�1)*����=(3!
'��+���d07�1�5�(�23!�'(!�0[W\$#35��'(!/.

���!���#" � � % )�2 ' 2(� % )¤6 1 2 � % �Æ4n2 % 2
7 � 7 ��£0�?� � '(��*)�H����'(� �#�H� � ���8	_�C!
Mc�1)*����'B�235� ���%'(! � �2A/����<5�2�(�s!*�3d07�8)*����'B�235� ���}�(�(�207�+3$#<4�+0 !C�(35�202� �4$*!�=>���(<d�1�E'($#02� �!#<�0 !6)*���:34��)#3"=N�+<�n[�+�23�.

MF!6)*���:34��)#3"�(�(�207�+3$#<4�+0c=N�+<�nj�+�23"!*�3�!TeE=(<5�2�1$�=N�+<�P�)*����'B�235� ���%'�W �2��=
$#��$#35<4�+?(�202�23$kSCm

uN ≥ 0 ,
P-�B. �B.?
kS

!#3d=
!#�(3 �#35<!C'($*)*����=
�/�$C!#�Y'(!#�BeY�5�235�N�+35� �����6P ' � )+* �B.?
 �BPj��S5S�m

• �+?��!#��)*!�'(!6)*���:34��)#3���
uN > 0

!#3
RN = 0

�

• 0 !�)*���&34��)#3���02� !#�}�5�
uN = 0

!#3
RN ≥ 0

.

Mc�1)*����'B�235� ���%'(! � �2A/����<5�2�(�c=
!#�(3 �#35<!C$*)#<5�23!C�4�����d07�;n���<5�1!6'�W �(��!C)*����'B�235� ���%'(!�)*����=(0 $#�1!#�&34�+<5�23$_m

uN ≥ 0 , RN ≥ 0 , uNRN = 0 ,
P-�B. �B.Xi�S

9&�(��=>!#�(3��!J<$*$*)#<5�2<!C������d07�;nj��<5�1!C'�W �(��!C�4����� ¢ 'B�IH
$#<!#�&35� !#020 !Vm

−RN ∈ ∂IR+(uN ) ,
P-�B. �B. ��S

�/.
I

!*�53d07�;n�����)#35� ���}�2��'B� )��+35<5� )*!C3!#020 !C9&��!1m
K ∈ Rn, n ∈ N, IK(x) =

{
0

�5�
x ∈ K ,

+∞ �5�2�����
.

¢ �BÏ ¢



����� ��������� ��*�� � ��	��
� ����� ������ � � 	�� ��������� ����� � ����

G��+���d07����(�23!��B������������3!#<�����"9&��!
(uN , RN )

<!*�5=
!*)#3!J0 !�A/<4�+=(D�!C'(! � �2A/����<5�2�(�F=N�+<6m

(uN , RN ) ∈ &�\ ¢ � �2A/����<5�2�(�
.

P-�B. �B. <&S

7 � 7 ��£0�?% � '(��*�� ����' � �   ! � !)�$! � ����' � ��' � K ����!

Mc�6=(<5� �!�!#�_)*����=(3!�'��+����07�;)*����'B�235� ���U'(! � �2A/����<5�2�(�
'�W �(��!"<$���)#35� ���U����<5�V�+0 !
p

!#�_0[WX�+?��!#��)*!�'(!")*���:34��)#3
��W\$*)#<5�23�P ' � )+*��B.?
 �BP|? S5SCm

uN ≥ 0 , (RN − p) ≥ 0 , uN (RN − p) = 0 ,
P-�B. �B. m�S

9&�(�F�!J<$*$*)#<5�23"�������07��n���<5�1!�'�W �(��!6������ ¢ 'B�IH�$#<!#�:35� !#020 !_m

−(RN − p) ∈ ∂IR+(uN ) .
P-�B. �B.-,�S

;
uN

RN

Pj��S~)#07����5� 9&��!

;
uN

RN

p

P|? Sd����!*)�=(<!*��5� ���}����<5�V�+0 !

' � )+*,�B.?
 � ��~����'B�235� ���%'(! � �2A/����<5�2�(�

���!���  � 4�� '/' 6�� 6 %(' )Â6 � �!$��(�!���
MF!�n|<��353!#�1!#�&3�'(! ~���(0 ���6?Q!TeE=(<5�2�1!C0 !Jn|<��353!#�1!#�&3��!*)�!#�&35<!6'(!#�BeK���02� '(!*��.

MF!Yn|<��353!#�1!#�&3K'(!�~���(0 ���6?�!*�53_)��+<4��)#3$#<5� �$%=N�+<V�(� �4!#�(�20�'(!Kn�<��353!#�1!#�:3K'($#=
!#��'��+�:3U'(!Y07��<$���)#35� ���
����<5�V�+0 !/. G�!#�BeK�5�235�N�+35� �����"=>!#�(��!#�&3"�!J=(<�E'B�(�2<!VP ' � )+*,�B.?
"1�SJm

• �����KA/02� ��4!#�1!#�:3��� ‖RT ‖ < µ �	� 
� |RN | !#3
u̇T = 0

�

• A/02� ��4!#�1!#�:3"�5� ‖RT ‖ = µ � ��
� |RN | !#3 ∃λ ≥ 0
3!#0F9&��!

u̇T = −λRT
.

¢ % � ¢
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� ����� �� ����� � 	�� � � ����� ��� � � ����

G8W\�/.�m

‖RT ‖ ≤ µ �	��
� |RN |,
{
‖RT ‖ < µ � ��
� |RN | ⇒ u̇T = 0 ,

‖RT ‖ = µ � ��
� |RN | ⇒ ∃λ ≥ 0, u̇T = −λRT .

P-�B. �B.��/S

GJ!����#�1!�9:��!J=
���(<u07�8)*����'B�235� ���Y'(! � �2A/����<5�2�(�6�(0 !�n|<��353!#�1!#�&3"'(! ~���(0 ���6?}=>!#�(3d��W\$*)#<5�2<!�������u07�6nj��<5�1!
'�W �(��!��2��)#02���� ���}�������'B�IH�$#<!#�:35� !#020 !^m

RT ∈ ∂u̇T
(µ �	��
� |RN |‖u̇T ‖) .

P-�B. �B. 1�S

;
u̇T

RT

µ �	��
� RN

−µ �	� 
� RN

Pj��S &�<4�+=(D�!C'(! ~���(0 ���6?

p
µ

u̇T

;
RN

RT

P|? S�~����!C'(!`~���(0 ���;?

' � )+*��B.?
"1 � �(<��353!#�1!#�:3J'(! ~���(0 ���6?

��!#KL�Y�
	_��! 7�� i2�[� � � �"� ��� S ��+7� ���=^]P-�B. �B. 1�S �2G ���&% -�D�a+7�/�g� ��� �D��� ���*�'�!� �"+ �*�&�#� ��+  !���_-�� �*% ���g� �
� �" �� ��� �8%(�=L_6 ���� ' � )+*��3>�����L ^ R$R">

G��+���d07����(�23!��B������������3!#<�����"9&��!
(uT ,RT )

<!*�=>!*)#3!J0 !�A/<4�+=(D�!6'(!`~���(0 ���6?%=N�+<6m

(uT ,RT ) ∈ &�\ ¢ ~���(0 ���6?
.

P-�B. �B.Xg�S

� 
	� 
 	 ��� ��� ��� �s	 ��� �v	�� �
� ����� �#�
	 � � ��� � �

MF!x�1�&'(@#0 !x'(!	������!�)*��D�$*�5�2��!tn�<��3534�+�:3!�=(<$*�!#�:3$�� )#�:!*�53F�(�6�1�&'(@#0 !x)*���(=(07�+�&3v��'BD�$*�5� ���_�¡)*���:34��)#3s�(�(�207�+3$#<4�+0
!#36n|<��353!#�1!#�&3�.)- 0�<!#=
�/�!^�5�(<60 !*�;35<4�*�/�+�Be�'(! \��������6!#38�+0[.~P�
�g/g/g�S6!#3`\��������;!#3��%����!#<5� !�Pji�;�;5
kS�=
���(<
07�V=(<5� �!8!#�Q)*����=(3!�'(!;0[WX��'BD�$*�5� ���-'��+���J0 !;=(<��?(0 @#�1!�'(!;)*���&34��)#3Jn|<��3534�+�&3C!#3�0 !*��35<4�*�/�+�BeQ'(!��%� )D�!#0x!#3
� ��9&��!#3�P�
�g/g$<&Sx!#3$�%� )D�!#0 !#3~�+0[. P�
�g/g$<&St=
���(<�0[W\$*)#<5�235�(<!�'(!�07�J0 ���
��'BD�$*�5�2��!/.:Ms��35<4�+���5�235� ���_!#�:35<!J��'BD�$*�5� ���
!#3t)*���:34��)#3vn�<��3534�+�:3x!*�53s=(�20 ��3$*!w=N�+<v�(��!~���+<5�7�+?(0 !~'�W �2�:3!#����23$d'�WX��'BD�$*�5� ���

β
PG�(<!#�1����'R�Y
�g�1 �/ST.+MxWX��'BD�$*�5� ���

!*�53d� )#�s)*����=(<5� �!6�+�Y�!#����'�W �(��!C<$*�5� �534�+��)*! 3807�8�4$#=N�+<4�+35� ���Y35<4��'B�(� �4�+�:3�0 !�=(<�E)*!*��5����'(!J<5�(=(35�(<!/.
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��� � �#" � )�� ���S2�� % 6 ' *�� %('	� * '�
 4�� ' '� %('
MF!8�1�E'(@#0 !�'(! ������!�)*��D�$*�5�2��!�n�<��3534�+�:3!1��W �2���=(�2<!�'(!807�^0 ������'BD�$*�5�2��!�'(! \��������J!#36�+0[.tP�
�g/g/g�S�!#3�\��������
!#3��Q����!#<5� !VPji�;�;5
kST.�MF!J�1�E'(@#0 !C'(!4\���������!#3"�+0[.FP�
�g/g/g�S.�(?N���$��5�(<d�(��!�nj��<5�6�(07�+35� ���%35D�!#<5�1�&'BOE�N�+��� 9&��!��
)*���(=(0 !^�(��!V)*���&35<4�+�2�:3!Y��'BD�$*�5�2��! 3K'B� n|<��353!#�1!#�&3�'(!�~���(0 ���6?]!#3;'B�])*���:34��)#3��(�(�207�+3$#<4�+0[.t�s���(<8)*!#07�5�
�(��!8)*���:35<4�+�2�&3!1'(!�<$*�5� �534�+��)*! 3^07�V�4$#=N�+<4�+35� ���-����<5�V�+0 !�!#3�34�+�(A�!#�&3!��
����3$*!

Radh �>!*�53J�2�:35<�E'B�(�23!�'��+���
0 !J=(<��?(0 @#�1!;'(! � �2A/����<5�2�(� ¢ ~���(0 ���6? P-�B. �B.Xi�S ¢ P-�B. �B.��/SJm

{
(uN , RN + Radh

N ) ∈ &�\ ¢ � �2A/����<5�2�(�
,

(u̇T ,RT + Radh
T ) ∈ &�\ ¢ ~���(0 ���6?

.

P-�B. <�.?
kS

��� � �  ���$2 � )�� ���S2'l$6
Mc�Q0 ���"��'BD�$*��2��!U�(35�202� �$*!U� )#�d!*�53��(��!U���+<5�7�+�&3!K'(!U07�%0 ����'�W\!#��'(�����V�+A�!#�1!#�:3U�5�(<�nj��)#� 9&��!K'(! �}� )4D�!#0"!#3
� ��9&��!#3;P�
�g/g$<&Su!#3 �%� )D�!#0s!#3"�+0[.cP�
�g/g$<&SJm

Radh = K(β) · [u] ,
P-�B. <�.Xi�S

����!*)1m

K(β) = β

(
CNn ⊗ n + CT

uT ⊗ uT

‖uT ‖2

)
.

P-�B. <�. ��S

Mc�1���+<5�7�+?(0 !
β
�N)*����=(<5� �!;!#�:35<! ;�!#3`
��N'($*)#<5�23�0 !C'(!#A/<$;'�W\!#��'(�����V�+A�!#�1!#�:3C�5�(<�n[��)#� 9&��!Vm(=
���(<

β = 1
07�

������!C)*��D�$*��2��!6!*�53d=N�+<�n[�+�23!���=
���(<
0 < β < 1

07� ������!C)*��D�$*�5�2��!6!*�53�=N�+<535� !#020 !#�1!#�:3J!#��'(�����V�+A�$*!�!#3�=>���(<
β = 0

07� ������!�)*��D�$*�5�2��!6!*�53u<����=(��!/.�MxW\$#����02�(35� ���%'(!
β

=
!#<5�1!#3�07�;=(<5� �!�!#�Y)*����=(3!C'(!J0[WX��'(����)#� �4�!#�1!#�:3
'B�})*����=
��<53!#�1!#�:3��5�(<�n[��)#� 9:��!VP|0 !�)����

β = 0
)*��<5<!*�5=
����'K� )#��3��(��!4������!�3��34�+0 !#�1!#�&3=�N���(<$*!kST.

MxW\$#����02�(35� ���-'(!60[W �2�:3!#���5�23$8'�WX��'BD�$*�5� ���_� =(<!#�N�+�:3J!#�%)*����=(3!;0[W �2<5<$#��!#<�5�2?(�202�23$8'B�Q)*����=
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2
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∫ uT (t � )
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β(uT )CNuT duT − β(uT (t � ))CN
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τ∑
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dt2
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τ∑

e=1

∫

∂Ke
0

T([u#]) · (v∗)#dS −
τ∑
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ρ
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dt2
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∀(v∗)# ∈ U#,∀ ˙̄F∗ ∈ V .

J�h�NR~>NRL<�5M
\S��(�) �0Q>�!�*&��%$2�!t��A�*;5��� ����� �!%$((����	&:��� �!%D
>�!,C���*)F/1�"��� ���S)�%$��)H���.Zo%$� �A�P
�P
���>ur�",C�G��� �!%$(�)E;$��� ����� �!%$(������!�").�

�	��%$�;<���
u# ∈ U# ���

F̄ ∈ V
�����!)m,-���+�





τ∑
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dt2
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u# + (F̄− I) ·X

)
· (v∗)#dx
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τ∑

e=1

∫

∂Ke
0

T([u]) · v∗dS −
τ∑

e=1

∫

Ke
0

Π :
(
∇v∗ − ˙̄F∗

)
dx − |Ω0|Π̄ : ˙̄F∗ =

τ∑

e=1

∫

Ke
0

ρü · v∗dx
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ρü · v∗dx ∀v∗ ∈ U ,

τ∑

e=1

∫

Ke
0

Π : ˙̄F∗dx = |Ω0|Π̄ : ˙̄F∗ ∀ ˙̄F∗ ∈ V .
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�N{l~¢{-~ � �����U�1��� � �¢� �!�/���+�"���+�#���%�"� ���
�=/1�",-�G��� �!%$(�
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{
M(q#, t) · q̈# + N (q#, t) · ¨̄d = F (q#, q̇#, d̄, ˙̄d, t) + r ,

G(q#, q̇#, d̄, ˙̄d, t) = H(t) ,
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%%s
q# Q

q̇# ���
q̈# )�%$(C�*���") &:�"��� ��;<���A��(C�P�!�+
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Q ˙̄d

��� ¨̄d
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>�YU5���$
>�!��(C��
������� ����(�)[Zo%$� ����� �!%$(4���P)��")*
��� ��;<�"�")
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�v&G��������&&W%$� �x���������+&�)�Q
M(q#, t)

���
N (q#, t)

)�%$(-��
�")#����� � �!�"�")x
�v���$)�)��5Q
F (q#, q̇#, d̄, ˙̄d, t)

����&���")���(-����(C�x�!�")+Zo%$���"�")A��(-����� (��")#�����9uD����� (��")����
r

����&���")���(C���V�!�")��98^%$� ��)��$)�)�%-���!�")
���>u �������!)�%$(�)FNB���")������ �A�")

G(q#, q̇#, d̄, ˙̄d, t)
���

H(t)
����&���")���(-����(C�����") &W�"��� ��;<���A��(-�����f�A%�c<��((��v
�")

�"%$(-� ������(C���")I�+�!����%5)��"%$&�!,-���")E���H���+�"%$(-� ������(C���.���$����%5)��"%$&�!,C���P���+&W%5)��"�5N
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>��� �!%$(�)S�(���������������!�")FQ�
�")m
>�!)��"%$(-� ��(C������")n
>�d���G���+&f
�n;-�����")�)��n&W��� �!%D
>�!,-���*&W���;<��(-�
��&&G�����@T!� ���d���+�0/R�$�"�"���!������� �!%$(�Q`���¤)���(�)+
�x���f
��� ��;<�"�d
�x���f;D�����")�)���&G���+����&&W%$� �����b�����+&�)�Q�(�/1�") �+&G�$)

�9?�(�!�5NkOn��(�)m���+) ������5Q&:%$��m&����(�
>������(d�"%$�+&���.�"�")E�"%$(�
>��� �!%$(�)FQG�!�")m
��� ��;5��� �!%$(�)E)�����%$(-�E&� �!)��")E���V)���(�)

�")H�A�")�����")FN����P)�cD) ��t��A�*
>�_8^������(C� �!����)F/1�"��� ���P�

M (q#, t) · dq̇# + N (q#, t) · d ˙̄d = F (q#, q̇#, d̄, ˙̄d, t)dt + rdν ,
Jol>N��5NRL5�<M

G(q#, q̇#, d̄, ˙̄d, t)dt = H(t)dt ,
Jol>N��5NRL�2kM

%%s
dt

�")��A�(��r�A�") ����d
�v����2W�")�U5���5Q
rdν

����&���")���(-���d�0/ ���+&��!) �!%$(���%$�����!�dU<��(������"�d&G�����!�")��"%$(�
>��� �!%$(�)
�(���������������!�")n���

dν
�") �E�(��P�A�") ����.���"�����!�P&:%5) ��� ��;<�5NG �%$��n���G�$,-���.���!���A��(-�

dq̇# ���S���G�$,C���'���!���A��(C�
d ˙̄d

Q

«Q� � � «



� �������
	�����W¬�� � ��� 	�������	)������� �&�� �!� ��! ���"��� �*� �� ��! � 	���, �������
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��� ��;<�"�")x
�")��A�")�����")#
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q̇# ��� ˙̄d
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;<��� �_?G��(-�S
���(�)H�0/ ��(-����� ;$�����!�

[t1, t2] ∈]0, T ]
© �





∫ t2

t1

dq̇# = q̇#(t+2 ) − q̇#(t−1 ) ,
∫ t2

t1

d ˙̄d = ˙̄d(t+2 ) − ˙̄d(t−1 ) .
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 �%$��S&����)I
��
���������!)n�"%$(��"��� (G��(-�I�!�.�F�$
>���P����� ��������� �!,-���'&W��� �A��� ����(-�n
^/1�"��� �����.�!��)�cD) ��t��A��
>�_8:������(-� �!���
Jol>N��5NRL<M9Q(�%$��)E����(C;<%�c<%$(�)I���>ux� ���";5���>uxZ�%$(�
����A��(-�����>uv
�PeV%$���F����J[�F£<�@h�Q��F£5¦5¦<M9N

�N{l~¢{� �����>��� � �F� �]��� � ��� �w� � ���l� �
�=/ ��(-����U5����� �!%$(Y
��Jol>N��5NRL5�<MH���.Jol>N��5NRL�2kMm���E�0/ ��(-����U5����� �!%$(V���+&���!�������.
�

u# ���
d̄

) ��m�(v��(C����� ;5�����!�
]ti, ti+1]
�n�!%$(U5������

hi
)F/1�"��� �����





∫ ti+1

ti

M (q#, t) · dq̇# +

∫ ti+1

ti

N (q#, t) · d ˙̄d =

∫ ti+1

ti

F (q#, q̇#, d̄, ˙̄d, t)dt +

∫

]ti,ti+1]
rdν ,

∫ ti+1

ti

G(q#, q̇#, d̄, ˙̄d, t)dt =

∫ ti+1

ti

H(t)dt ,

q(ti+1) = q(ti) +

∫ ti+1

ti

q̇(τ)dτ ,

d̄(ti+1) = d̄(ti) +

∫ ti+1

ti

˙̄d(τ)dτ .
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�S(�) �&&W%5)��m,C���E�!�")s����� � �!�"�")`
^/ ��(���� � �!�")
M(q#, t)

���
N (q#, t)

;5��� �!��(C�`�!��(C�����A��(-�m�";<�"�
q# N<�=/ ��(C����U5��� «� �!%$(d&G���H�(V)��������������+&���!�������.�"%$(�
>����I3x�

∫ ti+1

ti

M(q#, t) · dq̇ +

∫ ti+1

ti

N(q#, t) · d ˙̄d

= M(q#
i+1, ti+1) · (q̇#(t+i+1) − q̇#(t−i )) + N(q#

i+1, ti+1) · ( ˙̄d(t+i+1) − ˙̄d(t−i )) .
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�S��A��� �!,C�����A��(-�FQ:�!�")I;$��� ����2�!�")I(��.&����((���(C�P,-��/ �(���;5���!����P3+�(p��(��������A��(C�P
%$((��5NWO*��(�)S���#) ������5Q:%$(
(�%$�������r�

q̇#(t+i+1) := q̇#(ti+1)
Q
q̇#(t−i ) := q̇#(ti)

Q ˙̄d(t+i+1) = ˙̄d(ti+1)
��� ˙̄d(t−i ) = ˙̄d(ti)

N
�	�*�A��� ��%-
�m
^/ ��(-����U5����� �!%$(�����%$�!) �!�5QC��(��$�"�"%$��
��";<�"�H���*� ���"%$� �!��J�eV%$���F����Qk�F£5¦5l<M9Q<�") �B�(��

θ « �A��� ��%D
�E�F;<�"�
θ ≥ 1/2
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∫ ti+1

ti

F (q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)F (q#
i , q̇#

i , d̄i,
˙̄di, ti) + θF (q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,
∫ ti+1

ti

G(q#, q̇#, d̄, ˙̄d, t)dt = hi{(1 − θ)G(q#
i , q̇#

i , d̄i,
˙̄di, ti) + θG(q#

i+1, q̇
#
i+1, d̄i+1,

˙̄di+1, ti+1)} ,
∫ ti+1

ti

H(t)dt = hi{(1 − θ)H(ti) + θH(ti+1)} ,

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} , Jol>N��5N	�<M
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%%sr�!�")E��(�
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i
���

i + 1
����&���")���(C����(C�I���") &:�"��� ��;<���A��(C�S�!�")m;5���!�����)m
�")H;5��� ����2�!�")S���>ux�����+&�)

ti
���

ti+1
N

�=/ ���+&��!)��!%$(v�A%Fc<��((��
hiri+1

�") �m�"%$(�)���� ;<�"���"%$�+�A�*;5��� ����2�!�*&� ��(�����&G���!���

∫

]ti,ti+1]
rdν = hiri+1 .

Jol>N��5N �5M

zB(v�� �����!)���(C�m���+(�%$����� �!%$(
F i := F (qi, q̇i, d̄i,

˙̄di, ti)
Q>�!�P)�����������(C��A��� �!,-����)�/1�"��� �����

M(q#
i+1, ti+1) · (q̇#

i+1 − q̇
#
i ) + N (q#

i+1, ti+1) · ( ˙̄di+1 − ˙̄di) = hi{(1 − θ)F i + θF i+1} + hiri+1 ,

Jol>N��5NR¦5�<M

hi{(1 − θ)Gi + θGi+1} = hi{(1 − θ)H i + θH i+1} ,
Jol>N��5NR¦�2kM

���

q
#
i+1 = q

#
i + hi{(1 − θ)q̇#

i + θq̇#
i+1} ,

Jol>N��5NR£5�<M

d̄i+1 = d̄i + hi{(1 − θ) ˙̄di + θ ˙̄di+1} .
Jol>N��5NR£�2kM
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#
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>�!��(C�S
�P����� ����(�)[Zo%$� ����� �!%$( ˙̄di+1

���m�0/ ���+&��!)��!%$(
hiri+1

N�	�")E
��&���$�"���A��(C��)
q

#
i+1

���n�����A%Fc<��((��A
>�YU5���$
>�!��(-��
������� ����(�)[Zo%$� ����� �!%$(
d̄i+1
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�����")P�"%$�+�A�+
�")n;5��� ����2�!�")
)��"�"%$(�
��������")�N
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�	�f���")�%$���� �!%$(�
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� �I���H��%$( « {S��&��)�%$(�Ns���")
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F(q̇#
i+1,

˙̄di+1, ri+1) := M(q#
i+1, ti+1) · (q̇#

i+1 − q̇
#
i )

+ N(q#
i+1, ti+1) · ( ˙̄di+1 − ˙̄di) − hi{(1 − θ)F i + θF i+1} − hiri+1 ,

G(q̇#
i+1,

˙̄di+1) := hi{(1 − θ)Gi + θGi+1} − hi{(1 − θ)H i + θH i+1} .

Jol>N��5N��Fg<M
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#
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QW����
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>�!��(C�P
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˙̄di+1

���H�0/ ���+&��!) �!%$(
hiri+1

)�%$(C�E)�%$���� �!%$(�)m
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{
F(q̇#

i+1,
˙̄di+1, ri+1) = 0 ,

G(q̇#
i+1,

˙̄di+1) = 0 .
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J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) ·





(q̇#
i+1)

k+1 − (q̇#
i+1)

k

˙̄dk+1
i+1 − ˙̄dk

i+1

rk+1
i+1 − rk

i+1





= −





F((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1)

G((q̇#
i+1)

k, ˙̄dk
i+1)





,
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%%s�Q<��(��$
%$&����(C�`�!�")B(�%$����� �!%$(�) F := F(q̇#, ˙̄d, r)
��� G := G(q̇#, ˙̄d, r)
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J((q̇#
i+1)

k, ˙̄dk
i+1, r

k
i+1) =





∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂F
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂F
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂F
∂r

∣∣∣∣
rk

i+1

∂G
∂q̇#

∣∣∣∣
(q̇#

i+1)
k

+
∂G
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,
∂G
∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

+
∂G
∂d̄

∂d̄

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

,
∂G
∂r

∣∣∣∣
rk

i+1





.
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∂q#

∂q̇#
= hi

��� ∂d̄

∂ ˙̄d
= hi ,
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F := F (q#, q̇#, d̄, ˙̄d, t)

���
G := G(q#, q̇#, d̄, ˙̄d, t)
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M(q#, t)
���m
�

N(q#, t)
�";<�"�

q# �





∂F
∂q̇#

∣∣∣∣
(q̇#

i+1)k

+
∂F
∂q#

∂q#

∂q̇#

∣∣∣∣
(q̇#

i+1)k

= M(q#
i+1, ti+1) − hiθ

∂F

∂q̇#
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∣∣∣∣ ˙̄dk
i+1

= N(q#
i+1, ti+1) − hiθ

∂F

∂ ˙̄d

∣∣∣∣ ˙̄dk
i+1

− h2
i θ

2 ∂F
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∣∣∣∣
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∂r
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∂d̄
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wk
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k
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i θ
2Kk

G

)−1
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˙̄d ˙̄d
=
(
hiθL

k
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i θ
2Dk

G

)−1
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∣∣∣∣
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,

Dk
F = − ∂F

∂d̄

∣∣∣∣
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Lk
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Kk
G = − ∂G

∂q#

∣∣∣∣
(q#

i+1)k

,

Ck
G = − ∂G

∂q̇#

∣∣∣∣
(q̇#

i+1)k

,

Dk
G = − ∂G

∂d̄

∣∣∣∣
d̄k
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,

Lk
G = − ∂G
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∣∣∣∣ ˙̄dk
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,
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(
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·
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+
(
wk

q# ˙̄d

)−1
·
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˙̄dk+1
i+1 − ˙̄dk
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)
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i+1 − rk
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#
i ) − N (q#
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i+1 − ˙̄di)

+hi{(1 − θ)F i + θF k
i+1} + hir

k
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(
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)−1
·
(
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(
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·
(
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˙̄d ˙̄d
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CT \ B '!7( 5?(@]�*'*%=+5'!^6?= N'*%('*);' B �! V) B %(HZ 5%6), �7( V� BS` ��%= N3.��D=+.-;'*8Z [Pa][m]−1

C <  5%=-> 5?(@A7POb��@,7K@, NcQ7( Nd#�0��eZ [Pa]
d̄ f  .35), 5?(@g�Q�X�Z 5%h7K?4H:@ B 7K'! 5%6)C7( i� B );@ B %=-kjl��@;� B );'!��%h7K'!->35@,+5);'!-,+] 5% .-;m B 3. 

E

e n %= 5@;H:'! _'*%6), 5@;%= N-;mo+.35'pJq^�?= [J ][kg]−1

E L ��7K?(�! V7PO rg��?(%(H [Pa]
E sqB 3. E
n cin n %= 5@;H:'! �35'*%=+5);'!^6?= [J ]
n ext n %= 5@;H:'! � 2to��@;),-A 2u0), 5@;%= .-iD=��@,-&7(+.3.��D=+.-;'!��% [J ]
n coh n %= 5@;H:'! �7( V7(+.3.��D= .-;'!��% [J ]
n ela n %= 5@;H:'! �+5� B -;);'!^�?= [J ]
n pla n %= 5@;H:'! _m(� B -;);'!^�?= [J ]
n pot n %= 5@;H:'! _m���), 5%�);'! 5�*�! N�Q+.3 B %('!^�?= [J ]
n tot n %= 5@;H:'! _),��) B �! [J ]
n vol n %= 5@;H:'! � 2u0), 5@;%= N8Z���*?(�v'!^6?= [J ]
E w�x <  5%=-, 5?(@A7( �F#@, . 5%KEzy B H:@ B %(HZ E
E {6| <  5%=-, 5?(@A7PO n ?(�! 5?(@kEz}&�*� B %=-;' E
f s @ B 35);'!��%I8Z���*?(�v'!^6?= E
f f  .35), 5?(@ijl��@,3. V'*%6), 5@;%= [N ]
F <  5%=-> 5?(@]H:@ B 7K'! 5%6)97( 9� B );@ B %=-kjl��@;� B );'!��% E
F f  .35), 5?(@ijl��@,3. .-]'*%�), 5@;%= .-A 5)A 2uK), 5@;%= .-]7K'!-,35@,+5);'!-,+. .-& 5%~ .-;m B 3. [N ]
G <�B ?Ku~7( 9@, .-;);'*);?();'!��%[7POb+5%= 5@;H:'! [J ][m]−2

G f  .35), 5?(@a�Q���Z 5%(%= �7( .-a3.��%6);@ B '*%�), .-v�v'!35@,�:-,3.��m('!^�?= .-v7K'!-,35@,+5);'!-,+.  5%~ .-;m B 3. 
[N ]

hi � %6), 5@;8 B �*�! N7( V), 5�vm=- ]ti, ti+1] [s]
H f  .35), 5?(@V3.��%6);@ B '*%�), v� B 35@,�:-,3.��m('!^�?= a'*�vm��:-,+. S7K'!-,35@,+5);'!-,+. a 5%� .-kEm B 3. 

[N ]

E]�0���hE
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I LMB );@;'!3. V'!7( 5%6);'*),+ E
I <  5%=-> 5?(@]'!7( 5%6);'*),+�7POb��@,7K@, Nc E

IK s ��%=35);'!��%I'*%=7K'!3 B );@;'!3. _7( 9� Ob 5%=-, 5���(�! K
E

J � %6),+5H:@ B �! _7( \ '!3. [J ][m]−2

J �6B 3.���('! 5%[7( .-iH:@ B 7K'! 5%6),-#7( 9� B );@ B %=-kjl��@;� B );'!��% E
y����! #" < B '*�*�! _7( 9� B '*�*�! [m]
K LMB );@;'!3. N7( 9@;'*H:'!7K'*),+N) B %(HZ 5%�), [N ][m]−1

k L ��7K?(�! V7( N3.���vm(@, .->-;'*�('*�*'*),+ND��07K@,�:-;) B );'!^�?= [Pa]

Ke �0��?=-]7(��� B '*%= �7( ¯̃Ω0
E

Kα sqB 35), 5?(@#7PO '*%6), 5%=-;'*),+�7( V3.��%6);@ B '*%�), � 5%~�Q�07( α $ α = � , �,� ��? �,�,� [Pa][m]
1
2

HY / �0 21435'! 5%6)#7POb+.35@,��?('!-,- B HZ [Pa]
m % '*�Q 5%=-;'!��%U7( V� Ob .-,m B 3. E
M LMB );@;'!3. N7( 9� B -,-, [kg].m2

M tg LMB );@;'!3. V) B %(HZ 5%6), [N ][m]−1

n f  .35), 5?(@]%=��@;� B ��?(%('*) B '*@, N-,��@;) B %6) E
N f  .35), 5?(@g%=��@;� B ��?(%('*) B '*@, A->��@;) B %6)Y7 B %=-Y� B 3.��%KJ=H:?(@ B );'!��%�'*%('*);' B �! E
N LMB );@;'!3. N7( 9� B -,-, N3.��%=3. 5%�);@,+. [kg].m2

Nnoeuds "#���_�(@, N7( N%=�� 5?=7(- E
Ndof

u

"#���_�(@, N7( _7( 5H:@,+.-A7( 9�*'*�o 5@;),+V@, 5� B );'pjT- B ?U7(+5m(� B 3. 5�Q 5%6),- E
Ndof

F̄

"#���_�(@, S7( N7( 5H:@,+.-#7( N�*'*�o 5@;),+N@, 5� B );'pjl- B ?UH:@ B 7K'! 5%�)#7( _� B );@ B %=-kEjl��@;� B );'!��%~� B 35@,�:-,3.��m('!^�?= 
E

p & @, .-,-,'!��%~'*%6), 5@;%= _m��:-;)kEz7(+.3.��D=+.-,'!��% [Pa]
P f  .35), 5?(@ijl��@,3. N 2uK), 5@;%= [N ]
P & ?('!-,- B %=3. V8�'*@;);?= 5�*�! [N ][m][s]2

q f  .35), 5?(@A7(+5m(� B 3. 5�Q 5%�)#7K'!-,35@,+5);'!->+N 5%~ .-;m B 3. [m]
q̇lib f  .35), 5?(@]80'*), .-,-, 9�*'*�(@, [m][s]−1

q# f  .35), 5?(@A7(+5m(� B 3. 5�Q 5%�)&mo+5@;'!�07K'!^6?= N7K'!->35@,+5);'!-,+V 5%U .-;m B 3. [m]
r f  .35), 5?(@]@,+ B 35);'!��%I%=��7 B �! N7K'!->35@,+5);'!-,+. N 5%~ .-;m B 3. [N ]
R f  .35), 5?(@]@,+ B 35);'!��%I�!��3 B �! N7K'!->35@,+5);'!-,+. N 5%~ .-;m B 3. [Pa]
RN / ��%�);@ B '*%6), S3.��D=+.-;'*8Z V%=��@;� B �! [Pa]
RT f  .35), 5?(@A3.��%�);@ B '*%6), S3.��D=+.-;'*8Z V) B %(HZ 5%�);'! 5�*�! [Pa]

R̂ f  .35), 5?(@A3.��%�);@ B '*%6), S3.��D=+.-;'*8Z V� B u [Pa]
s n %�);@,��m('! N� B -,-;'!^�?= [J ][kg]−1[K]−1

S
��?(@kj B 3. N7( #Jq-,-;?(@, [m]2

S <  5%=-> 5?(@A7( & '!��� B E('9'*@,3>D(D=� t�7( N-, .3.��%=7( V .-;m�).3. [Pa]
T h < @;' B %(H:?(� B );'!��% E
T <  5�vmo+5@ B );?(@, [K]
T f  .35), 5?(@ijl��@,3. [N ]
u f  .35), 5?(@A7(+5m(� B 3. 5�Q 5%�) [m]

uN
� B ?()A7( V7(+5m(� B 3. 5�Q 5%�)&%=��@;� B � [m]

uT f  .35), 5?(@A- B ?()A7( V7(+5m(� B 3. 5�Q 5%6)#) B %(HZ 5%6) [m]
v∗ f  .35), 5?(@]80'*), .-,-, 980'*@;);?= 5�*�! [m][s]−1

U̇ f  .35), 5?(@]80'*), .-,-, 9�!�03 B �! N7K'!-,35@,+5);'!-,+. _ 5%~ .-;m B 3. [m][s]−1

w � %68Z 5@,-, N7( 9� B � B );@;'!3. N7( .-i'*),+5@ B );'!��%=- [kg]
wela %  5%=-;'*),+N7POb+5%= 5@;H:'! _+5� B -;);'!^6?= [J ][m]−3

E]�0�+*�E
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α / ��%6) B 35)#3.��?(@ B %6) E
β fgB @;' B �(�! N7POb 5%=7(���v� B HZ 5�Q 5%6) E
β0

"&'*8Z B ?~7POb 5%=7(���v� B HZ 5�Q 5%6)V-;?(@kj B 35'!^6?= V'*%('*);' B � E
χ

"&�����(@, N7( N3.��%�) B 35),- E
δ f  .35), 5?(@A- B ?()]7( N7(+5m(� B 3. 5�Q 5%�)��S@;?(m();?(@, 

[m]

δc f  .35), 5?(@A- B ?()]7( _7(+5m(� B 3. 5�Q 5%6)93.��@;@, .-;m���%=7 B %�)��
R̂ [m]

ε <  5%=-, 5?(@&7( .-]7(+2jT��@;� B );'!��%=-&�*'*%=+ B @;'!-,+. .- E
γ n %= 5@;H:'! N-;?(@kj B 35'!^�?= N7( 9�*' B '!-,��% [J ][m]−2

µ L �07K?(�! V7( V35'!- B '*�*�! 5�Q 5%�) [Pa]
µ ������� / �0 21435'! 5%6)&7( #jT@,��);), 5�Q 5%6)#7( / ��?(�!���_� E
ν / �� 21435'! 5%�)&7( & ��'!-,-,��% E
Ω % ��� B '*%= V� B ),+5@;'! 5��3.��?(@ B %�) E
Ω̃0 % ��� B '*%= Vmo���*��HZ��% B � E
∂Ω s @,��%6);' )5@, �7( Ω

E
ω n %= 5@;H:'! N7( V@,+2jl+5@, 5%=3. N-;?(@kj B 35'!^�?= [J ][m]−2

Φ
}Am(m(�*'!3 B );'!��%�7( v� B 3.��%KJ=H:?(@ B );'!��%�7( Q@,+2jT+5@, 5%=3. Q-,?(@N� B 3.��%KJ=H:?KE@ B );'!��% B 35);?= 5�*�! 

E

Φ & ��), 5%�);'! 5� 7( Vd# 5�*�Q���*) ` [J ][kg]−1

Π <  5%=-, 5?(@&7( & '!��� B E('9'*@,3,D(D=� t 7( 9m(@, 5�v' )5@, _ .-;m�).3. [Pa]
ρ L[B ->-, #8Z���*?(�v'!^6?= [kg][m]−3

τ
"&�����(@, N7( V� B '*�*�! .- E

σ <  5%=-, 5?(@&3.��%6);@ B '*%6), S7( /CB ?=3,D�� [Pa]
σ0 / ��%6);@ B '*%�), _�*'*�v'*), _+5� B -;);'!^6?= [Pa]
σH / ��%6);@ B '*%�), �+.^�?('*8 B �! 5%6), B ?U-> 5%=-]7( VdA'*�*� [Pa]

E]�0���4E
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0 fgB �! 5?(@]'*%('*);' B �! E
c fgB �! 5?(@A35@;'*);'!^�?= E
i fgB �! 5?(@ B ?�), 5�vm=- ti

E
i + 1 fgB �! 5?(@ B ?�), 5�vm=- ti+1

E
'*�vm fgB �! 5?(@]'*�vmo�:-,+. E
� B u fgB �! 5?(@]� B uK'*� B �! E
N & B @;);'! _%=��@;� B �! E
T & B @;);'! _) B %(HZ 5%6), E
R fgB �! 5?(@��S@;?(m();?(@, E

�	��
� 	���� � 	
adh

}i7KD=+.-;'!��% E
α fgB �! 5?(@ B ?~3.��%6) B 35) α

E
k n uKm��:- B %�)A7PO '*),+5@ B );'!��%I7( V"# ��i),��%KE \ B m(D=->��% E
r & B @;);'! _@,+58Z 5@,-;'*�(�! E
3. 5@ / +5@ B �v'!^�?= E
d d&�07K@;?(@, .-]7( ` '*@,3.��%('*?(� E
� � %=35�*?=-;'!��%=- E
� %6) � %6), 5@kj B 3. V� B );@;'!3. �� '*%=35�*?=-;'!��% E
L LMB );@;'!3. E
�Q 5) L +5) B � E
& & ��@, .- E
T < @ B %=-;mo�:-,+. E
� @ � '*@,3 B �!��� E
� @,d � '*@,3 B �!����D��07K@;?(@,+ E
� @��

2
� '*@,3.��%= E

∗ f '*@;);?= 5�*�! E
# &  5@;'!�07K'!^�?= E
− & B @;);'! _%=+5H B );'*8Z E
ẋ % +5@;'*8Z+. N7( x

m B @]@ B m(mo��@;) B ?~), 5�vm=- E
ẍ % +5@;'*8Z+. N-, .3.��%=7( N7( x

m B @A@ B m(m���@;) B ?U), 5�vm=- E
x̄ fgB �! 5?(@]�Q���Z 5%(%= �7( x

E
‖.‖ "&��@;�Q V 5?=35�*'!7K'! 5%(%= E
��� � / ��%=3. 5%6);@ B );'!��% [ppm]
[.]

� B ?() E
〈.〉 L �X�Z 5%(%= E
∇

�&m� 5@ B ), 5?(@A% B �(� B E
∇s

F#@ B 7K'! 5%�)A-;�0�Q+5);@;'!-,+ E

E]�0����E
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/ � L / ��D= .-;'*8Z � ��%= L �07( 5� E
n 7 s n �! .35);@;'!35'*),+�7( s @ B %=3. E
d & & d&��mo��);D�).-, 97( .- &  5);'*), .- &  5@;);?(@;� B );'!��%=- E
� \ �0" � %6);'*);?()A7( \ B m(@,��), .35);'!��%I 5)]7( ����(@, 5),+N"&?=35�!+ B '*@, E
y L F / y B �o��@ B ),��'*@, N7( L +.3 B %('!^6?= _ 5)&F9+5%('! / '*80'*� E
y L F /��
	 y ��H:'!35'! 5� 7( L +.3 B %('!^�?= �F9+5@ B %�)]�! / ��%6) B 35) E
L ��� y��� LMB ), 5@;' B � yP'*�(@ B @;� E
L � / s L ��7 )5�! V7( � ��%= / ��D=+.-,'*8Z s @,��);) B %�), E
"V� / % "#��%I���Q����);D / ��%�) B 35) % �0% B �v'!3.- E

& n y � / }#"V� & � B ), 2jl��@;�Q n 8Z���*?();'*8Z 7( y � �(@ B '*@;'! .- 7( / ���vmo�:- B %6),- m���?(@� Ob}&% B �*�0-, V"&?(�Q+5@;'!^�?= N 5)&��) B );'!-;);'!^�?= 
E

& \ � LIn < \ } & \ �&m(@;'!+5),+.- L[n 3 B %('!^�?= .-A 5% < \ }A%=-,'*),��'*@, E
\ n & \ + B 35), 5?(@ � ngB ?U-,��?=- & @, .-,-;'!��% E
f9n \ f ���*?(�Q n �!+5�Q 5%�) B '*@, \  5m(@,+.-, 5%6) B );'pj E

/  5@;) B '*%= .-v%=��) B );'!��%=- -,��%6)v8Z���!��%�) B '*@, 5�Q 5%6)h@, .7(��%=7 B %6), .-4m���?(@Q3.��%=-, 5@;8Z 5@ 7( .-a%=��) B );'!��%=-Q35� B -,-;'!^�?= .- $ �! 3.��%�), 2u0), h%= Qm(@��5) B %�)vHZ+5%=+5@ B �! 5�Q 5%6)vm B - �~3.��%KjT?=-;'!��% � %VB %=-_�! h3 B -�3.��%�);@ B '*@, $ � B %=��) B );'!��% ?();'*�*'!-,+. h .-;)m(@,+.35'!-,+. _7 B %=-i�! V), 2uK), �
f  .35), 5?(@,-  5) ), 5%=-, 5?(@,-CRT7POb��@,7K@, ����XWP-,��%�)�7(+.-;'*H:%=+.-� 5%_H:@ B - � �&%N?();'*�*'!-, g� B %=��) B );'!��%a7PO n '*%=-;), 5'*%a3:Ob .-;)kE � Ez7K'*@, ��%~ 2tP .35);?= V� B -,���v�Q _-;?(@i�! .-i'*%=7K'!3. .-]@,+5mo+5),+.- �

E]�0� ��E
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y  .-A3,D=��'pu~7( .-A7K'ptP+5@, 5%6),-Am B @ B � )5);@, .-A7( V);'*@ B HZ .-&7( .-i�v'!35@,�:-;);@;?=35);?(@, .-#-,��%6)A7(+.35@;'*),-&7 B %=-i�! ��
	 ����
y  .-#3. 5�*�*?(�! .-97( _� B -> _-,��%�)&@, .35) B %(H:?(� B '*@, .-V7( S7K'*�Q 5%=-;'!��%�

88
u
20 µm2

� y  .-93. 5�*�*?(�! .-#->��%6)97(+.3.��?(m�+. .-9 5%
	 	 c 	 R���� u�� 	 uKc�W � B '*�*�! .-]);@;' B %(H:?(� B '*@, .-SR � B '*�*� B HZ _3 B @;@,+N7(+.3.��?(mo+N 5%~);@;' B %(H:�! .- $ 8Z��'*@���	 � c�W �
y  .-A'*%=35�*?=-;'!��%=-A7PO D��07K@;?(@, .-#-,��%�)]@, .35) B %(H:?(� B '*@, .-&7( N) B '*�*�! � �5c�u��

µm2
� y  .-]'*%=35�*?=-;'!��%=-Am� 5?(8Z 5%�)Amo 5@,3.���! 5@

-;?('*8 B %6) x
RT7K'*@, .35);'!��% 35'*@,3.��%Kjl+5@, 5%6);'! 5�*�! �7 B %=-S� B H B '*%= XWN� B '!-Sm B -�-,?('*8 B %�) y

RT7K'*@, .35);'!��% @ B 7K' B �! XW � /  5);), 3.��%=7K'*);'!��%  .-;)N���(), 5%6?= %6?(�Q+5@;'!^�?= 5�Q 5%6)a 5% '*�vmo�:- B %6)N?(%� .-;m B 3. Q7PO ?(%= v� B '*�*�! 4�v'*%('*�_?(� $ 3:Ob .-;)kE � Ez7K'*@, 
1µm $ -,?('*8 B %�) y

 5%�);@, #�! .-g'*%=35�*?=-;'!��%=- � } m B @;);'*@i7( 
� 	�� 7PO D��07K@,��H�)5%= $ 3. 5);), #3.��%=7K'*);'!��%�%= &m� 5?()Ym(�*?=- �5);@, @, 5�vm(�*'! N 5)A� B m� 5@,3.��� B );'!��%[-;?('*8 B %�) y
 .-,)]7(��%=3 B ?(),��@;'!-,+. �

"#��),��%=-�^�? O '*�C 2u0'!-;), 4?(%= 4@, 5� B );'!��%  5%6);@, h� B ), 5%= 5?(@a 5%�D6�K7K@,��H�)5%= �RT 5% ppm
WN 5)_� B j @ B 35);'!��% 8Z���*?(�v'!^6?= 7PO D��07K@;?(@, .-A%=��),+. 

f � 

� d �
=

1.66
u
106

91
f � R�� � 	 � �XW

& ��?(@Y3>D B ^6?= i) B ?KuQ7PO D��07K@,��H�)5%= $ 7( .- );'*@ B HZ .- B �!+ B ),��'*@, .-�� 7( i�v'!35@,�:-;);@;?=35);?(@, .- -,��%6)g 2tP .35);?=+.- � /  .- );'*@ B HZ .--,��%�)]mo+5@;'!��7K'!^�?= .- � �
%VB %=-]3>D B ^6?= �3 B - $ � O '*%('*);' B ), 5?(@A?();'*�*'!-,+ $ m� 5@;�Q 5);) B %�)A%=��) B �v�Q 5%6)#7( V@, 5mo+5@, 5@]�! 9);'*@ B HZ $  .-;)]m(@,+.35'!->+ �

��!#"%$�&('*)�+-,.+0/214365.'*+($87.'*19,.:.)<;*$=72">'=:2/2+@?A1B/.C(;*)�1B/�DB&(/2&('E" ;�'*)#C(+F+G/�)�/H?I14'*3J" ;*)#K9:.+L+G$�;M;*1B:4NO1B:H'*$=7.$�+G:P,H14QR"4!�&S" ;*1B)<'*+BTVUH)V:2/.+D4'E">/P,.+FKW:P">/9;*)<;*&-,.+-/214365H'*+G$=$�14/W;XD4&G/2&('*&($GY�!#+F$�ZH$�;*[G3%+05�1B:2C(!#+-+(;='*+G\9)#+(/9;X]%!#"^\4"4!�+G:H'L,.+-,H&G7P" '�;ST�_V+-$�ZH$�;*[G3%+-,.1B)<;@,.1B/.C
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� ��	 ������������� �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��% R � W

n Zr
tot = 0.222J

(Fxx)R = 22.5%

� ��� 	 / � � � \ +.-,?(�*) B %6), _-,?(@A� B -,);@;?=35);?(@, R MPa
Wi 5%UjT��%=35);'!��%[7( N� B 7(+2jl��@;� B );'!��% R � WCmo��?(@A�! � '*@,3 B �!�X�80'! 5@;HZ �
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������� � ����	�� ������� � � � � � �+� � ����� �	� ����
 ���� � � ��� ��������� ����������� � ��� � � �

� � �
R̂
�

= 0.45 R̂
���

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R(%)�
6.19 × 10−3 1.35�
6.37 × 10−3 1.36�
6.20 × 10−3 1.35� 	 6.20 × 10−3 1.34

L ���Z 5%(%= 6.24 × 10−3 1.35n 3 B @;)kE )z�0m� @, 5� B );'pjiR � W 1.39 0.69

� ��� 	 / � � �
R̂ � = 0.45 R̂ ��� $ f � = 1.6%

 @,+.-;?(�*) B %6), .-IR MPa
WN 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

4.53 × 10−3 1.12�
3.58 × 10−3 0.89�
3.79 × 10−3 1.14c
3.77 × 10−3 1.11�
5.13 × 10−3 1.26�
5.41 × 10−3 1.32� 	 4.09 × 10−3 1.22

L ���Z 5%(%= 4.33 × 10−3 1.15n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 16.5 12.1

� ��� 	 / ��� �
R̂ � = 0.45 R̂ ��� $ f � = 3.2%

 @,+.-;?(�*) B %6), .-IR MPa
WN 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �
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-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

3.24 × 10−3 0.85�
2.80 × 10−3 0.71�
2.84 × 10−3 0.81c
3.63 × 10−3 1.10�
3.85 × 10−3 1.14�
4.31 × 10−3 1.16� 	 3.29 × 10−3 0.94

L ���Z 5%(%= 3.42 × 10−3 0.96
n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 15.9 18.5

� ��� 	 / � c �
R̂ � = 0.45 R̂ ��� $ f � = 4.8%

 @,+.-;?(�*) B %6), .-IR MPa
WN 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

2.35 × 10−3 0.69c
2.24 × 10−3 0.64�
2.21 × 10−3 0.63� 	 3.25 × 10−3 0.65

L ���Z 5%(%= 2.26 × 10−3 0.65n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 2.82 4.03

� ��� 	 / � � �
R̂ � = 0.45 R̂ ��� $ f � = 9.5%

 @,+.-;?(�*) B %6), .-IR MPa
WN 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �
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 ���� � � ��� ��������� ����������� � ��� � � �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.68 × 10−3 0.56�
1.76 × 10−3 0.57c
1.80 × 10−3 0.61

L ���Z 5%(%= 1.75 × 10−3 0.58
n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 3.45 4.56

� ��� 	 / ��� � R̂ � = 0.45 R̂ ��� $ f � = 20.7%
P@,+.-;?(�*) B %�), .- R MPa

W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M
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a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.48 × 10−3 0.53c
1.49 × 10−3 0.53

L ���Z 5%(%= 1.49 × 10−3 0.53n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.43 0.00

� ��� 	 / � 	 �
R̂ � = 0.45 R̂ ��� $ f � = 30.2%

P@,+.-;?(�*) B %�), .- R MPa
W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �
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R̂ � = 0.45 R̂
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% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.33 × 10−3 0.51�
1.34 × 10−3 0.52c
1.35 × 10−3 0.52

L ���Z 5%(%= 1.34 × 10−3 0.52
n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.61 0.11

� ��� 	 / � � �
R̂ � = 0.45 R̂ ��� $ f � = 39.7%

P@,+.-;?(�*) B %�), .- R MPa
W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �
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% & ' (
& )# $*
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-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.15 × 10−3 0.49�
1.18 × 10−3 0.50

L ���Z 5%(%= 1.16 × 10−3 0.50n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 1.91 1.43

� ��� 	 / � � � R̂ � = 0.45 R̂ ��� $ f � = 49.3%
P@,+.-;?(�*) B %�), .- R MPa

W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �
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 ���� � � ��� ��������� ����������� � ��� � � �

! " # $
% & ' (
& )# $*
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+& $*
)
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P
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-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

0.98 × 10−3 0.46�
1.05 × 10−3 0.50�
1.05 × 10−3 0.49c
1.07 × 10−3 0.50

L ���Z 5%(%= 1.04 × 10−3 0.48n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 3.60 3.88

� ��� 	 / � � 	 � R̂ � = 0.45 R̂ ��� $ f � = 60.5%
 @,+.-,?(�*) B %6), .-QR MPa

W& 5%Ujl��%=35);'!��%�7( S� B 7(+2jl��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
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+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��% R � W

n Zr
tot = 8.4 × 10−4J

(Fxx)R = 0.27%

� ��� 	 / � �
� � R̂ � = 0.45 R̂ � � $ f � = 100%
 @,+.-;?(�*) B %6), ~-,?(@S� B -;);@;?=35);?(@, �R MPa

W� 5% jT��%=35);'!��% 7( �� B7(+2jl��@;� B );'!��% R � W �

E��o���E



��	 ��	
R̂ � = 1.3 R̂

���

� � �
R̂
�

= 1.3 R̂
���

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.25 × 10−2 2.15�
1.25 × 10−2 2.03

L ���Z 5%(%= 1.25 × 10−2 2.09n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.10 4.06

� ��� 	 / � �9� �
R̂ � = 1.3 R̂ ��� $ f � = 1.6%

�@,+.-;?(�*) B %6), .-~R MPa
W_ 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

1.05 × 10−2 1.88�
9.40 × 10−3 1.48�
9.42 × 10−3 1.49�
1.41 × 10−2 2.35

L ���Z 5%(%= 1.09 × 10−2 1.80n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 20.5 22.8

� ��� 	 / � � � �
R̂ � = 1.3 R̂ ��� $ f � = 3.2%

�@,+.-;?(�*) B %6), .-~R MPa
W_ 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

E��o�K��E



������� � ����	�� ������� � � � � � �+� � ����� �	� ����
 ���� � � ��� ��������� ����������� � ��� � � �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

8.67 × 10−3 1.41�
8.39 × 10−3 1.37�
8.56 × 10−3 1.40�
9.74 × 10−3 1.60

L ���Z 5%(%= 8.84 × 10−3 1.45n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 6.93 7.25

� ��� 	 / � �5c �
R̂ � = 1.3 R̂ ��� $ f � = 4.8%

�@,+.-;?(�*) B %6), .-~R MPa
W_ 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

8.76 × 10−3 1.20�
7.39 × 10−3 1.19

L ���Z 5%(%= 8.08 × 10−3 1.20n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 12.0 0.59

� ��� 	 / � �9� �
R̂ � = 1.3 R̂ ��� $ f � = 9.5%

�@,+.-;?(�*) B %6), .-~R MPa
W_ 5%�jl��%=35);'!��% 7( � B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

E�� � ��E



��	 ��	
R̂ � = 1.3 R̂

���

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

6.15 × 10−3 1.01�
6.11 × 10−3 0.99

L ���Z 5%(%= 6.13 × 10−3 1.00n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.44 1.41

� ��� 	 / � � � � R̂ � = 1.3 R̂ ��� $ f � = 20.7%
o@,+.-;?(�*) B %�), .-hR MPa

W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

5.78 × 10−3 0.90�
5.82 × 10−3 0.90

L ���Z 5%(%= 5.80 × 10−3 0.90n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.55 0.00

� ��� 	 / � �H	 �
R̂ � = 1.3 R̂ ��� $ f � = 30.2%

o@,+.-;?(�*) B %�), .-hR MPa
W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

E�� �P�QE



������� � ����	�� ������� � � � � � �+� � ����� �	� ����
 ���� � � ��� ��������� ����������� � ��� � � �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

5.46 × 10−3 0.84�
5.50 × 10−3 0.83

L ���Z 5%(%= 5.48 × 10−3 0.84n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.59 0.85

� ��� 	 / � �9� �
R̂ � = 1.3 R̂ ��� $ f � = 39.7%

o@,+.-;?(�*) B %�), .-hR MPa
W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

4.99 × 10−3 0.77�
5.17 × 10−3 0.79

L ���Z 5%(%= 5.08 × 10−3 0.79n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 2.49 1.81

� ��� 	 / � � � � R̂ � = 1.3 R̂ ��� $ f � = 49.3%
o@,+.-;?(�*) B %�), .-hR MPa

W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

E�� ���hE



��	 ��	
R̂ � = 1.3 R̂

���

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��%�R � W

� %('*);' B ), 5?(@ n tot(J) (Fxx)R
R � W�

4.94 × 10−3 0.74�
4.99 × 10−3 0.75

L ���Z 5%(%= 4.96 × 10−3 0.75n 3 B @;)kE )z�0m� @, 5� B );'pj]R � W 0.68 0.95

� ��� 	 / � � 	 � R̂ � = 1.3 R̂ ��� $ f � = 60.5%
o@,+.-;?(�*) B %�), .-hR MPa

W9 5% jT��%=35);'!��% 7( a� B 7(+2jT��@;� B );'!��% R � W $+5%= 5@;H:'! .-SR � WC 5)]7(+2jl��@;� B );'!��%=-��S@;?(m();?(@, hR � WYm���?(@A7K'ptP+5@, 5%6),-A);'*@ B HZ .- �

! " # $
% & ' (
& )# $*
% '#
& *$
+& $*
)
, M

P
a

-

% +2jl��@;� B );'!��% R � W

n Zr
tot = 6.62 × 10−3J

(Fxx)R = 0.76%

� ��� 	 / � � � �
R̂ � = 1.3 R̂ � � $ f � = 100%

�@,+.-;?(�*) B %�), I-;?(@ � B -;);@;?=35);?(@, R MPa
Wv 5% jT��%=35);'!��% 7( ~� B7(+2jl��@;� B );'!��% R � W �

E�� � 	�E
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� ����� � � �

� � ��� � � � � � � � � � 	 � � � � ��� � � � �	� � 	

/  5);), i}&%(%= 2uK �@, 5H:@,��?(mo C�! .- m(@,� J=�!-�7( CH:@ B 7K'! 5%6) $ 35� B -,->+.-�m B @�) B ?KuS�Q���Z 5%Q7PO D��07K@,��H�)5%= $ ?();'*�*'!-,+.-�7 B %=- �! .-3 B �!35?(�!- 7( C-;);@;?=35);?(@, NR / D B m('*);@, � W � y B �!��'K7(+.35@;'*8 B %6)g�! YH:@ B 7K'! 5%�)g7PO D6�K7K@,��H�)5%= ] .-;)�7(+2J=%('! Cm B @ � O n ^ � � � � � c �

� d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ ����	 	
� ��� 	 % � ��� ¯� d � = 100ppm

(7K'ptP+5@, 5%6),-AH:@ B 7K'! 5%6),-

E�� � �hE



���� ��� ��� 	�� � � � � � � � � � � � � � ����� ��� ��� � � � �	� ���

� d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ ����	 	
� ��� 	 % � ��� ¯� d � = 200ppm

(7K'ptP+5@, 5%6),-AH:@ B 7K'! 5%6),-

� d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ ����	 	
� ��� 	 % ��� � ¯� d � = 300ppm

(7K'ptP+5@, 5%6),-AH:@ B 7K'! 5%6),-

E�� � *�E



� d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ ����	 	
� ��� 	 % � c � ¯� d � = 500ppm

(7K'ptP+5@, 5%6),-AH:@ B 7K'! 5%6),-

� d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ ����	 	
� ��� 	 % � ��� ¯� d � = 700ppm

(7K'ptP+5@, 5%6),-AH:@ B 7K'! 5%6),-

E�� � �4E



���� ��� ��� 	�� � � � � � � � � � � � � � ����� ��� ��� � � � �	� ���

E�� � ��E



� ������� � �

� 
�� 	 ��� 	 � � 
 � � � 
 ��� ��� � 	 � � 	 � ��� ��� � �

� ��	
¯
�	��


= 100ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � ¯� d � = 100ppm $ m = 0.3
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� �q��E



��������� � � 	���������� � � � �����+� � � � � �	� � � 
 ���� � � ����� �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � ��� ¯� d � = 100ppm $ m = 0.5
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n ��� � ¯� d � = 100ppm $ m = 0.8
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	���E



� 	�� 	 ¯�����
= 100ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � c � ¯� d � = 100ppm $ m = 0.95
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), U-;?(@4� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � ¯� d � = 100ppm $ m = 0.98
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), U-;?(@4� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	 �QE



��������� � � 	���������� � � � �����+� � � � � �	� � � 
 ���� � � ����� �

� � �
¯
�	��


= 200ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n ��� � ¯� d � = 200ppm $ m = 0.3
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	 �hE



� 	 � 	 ¯�����
= 200ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � 	 � ¯� d � = 200ppm $ m = 0.5
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � ��� ¯� d � = 200ppm $ m = 0.8
9R B W & @,� J=�N7K? H:@ B 7K'! 5%6)~7PO D��07K@,��H�)5%= $ R � W \  .-;?(�*) B %6), M-;?(@h� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	
	�E



��������� � � 	���������� � � � �����+� � � � � �	� � � 
 ���� � � ����� �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � ¯� d � = 200ppm $ m = 0.87
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), U-;?(@4� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � 	 � ¯� d � = 200ppm $ m = 0.95
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	���E



� 	 � 	 ¯�����
= 200ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �
� � ¯� d � = 200ppm $ m = 0.98
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

E�� 	��hE



��������� � � 	���������� � � � �����+� � � � � �	� � � 
 ���� � � ����� �

� � �
¯
�	��


= 300ppm

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �9� � ¯� d � = 300ppm $ m = 0.3
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 300ppm $ m = 0.5
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �5c � ¯� d � = 300ppm $ m = 0.8
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �9� � ¯� d � = 300ppm $ m = 0.95
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 300ppm $ m = 0.98
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �H	 � ¯� d � = 500ppm $ m = 0.3
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � �9� � ¯� d � = 500ppm $ m = 0.5
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 500ppm $ m = 0.6
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � 	 � ¯� d � = 500ppm $ m = 0.8
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 500ppm $ m = 0.95
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � ��� � ¯� d � = 500ppm $ m = 0.98
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 700ppm $ m = 0.3
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � c � ¯� d � = 700ppm $ m = 0.5
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � ��� � ¯� d � = 700ppm $ m = 0.8
AR B W & @,� J=�&7K? H:@ B 7K'! 5%�) 7PO D��07K@,��H�)5%= $ R � W \  .-,?(�*) B %6), U-,?(@Q� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � � � � ¯� d � = 700ppm $ m = 0.95
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �

RT3XW

R B W � d � R
ppm

WY8K-i+5m B '!-,-, 5?(@ � ��	 	

R � W \ +.-;?(�*) B %6), 4R MPa
WY8K- % +2jl��@;� B );'!��%�R % W

� ��� 	 n � ��	 � ¯� d � = 700ppm $ m = 0.98
CR B W & @,� J=�i7K? H:@ B 7K'! 5%6)Q7PO D6�K7K@,��H�)5%= $ R � W \  .-;?(�*) B %�), �-;?(@a� B-;);@;?=35);?(@, _ 5)�RT3XW sqB 35' ).-A7( N@;?(m();?(@, �
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= 18242ppm

R � W

R B W \ +.-;?(�*) B %�), 4R MPa
W 8K- % +2jl��@;� B );'!��% R % W

� ��� 	 n � ��� � ¯� d � = 18242ppm
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y ��@,-&7PO ?(%= N7(+2jl��@;� B );'!��%I7PO ?(%U-,���*'!7( _ 5%~H:@ B %=7( .-]);@ B %=-kjl��@;� B );'!��%=- $ �! .-&3.��%KJ=H:?(@ B );'!��%=-&-,?=3.3. .-,-;'*8Z .-]-,��%�)7K'!-;);'*%=35), .-� 5) $ 3.��%6);@ B '*@, 5�Q 5%�) B ?Ku�);D=+.��@;'! .-_�*'*%=+ B '*@, .- R m B @_ 2u( 5�vm(�! Qd & & W $ '*� % Ob .-,)Nm(�*?=-N+.^�?('*8 B �! 5%�)�7( );@ B 8 B '*�*�! 5@_7 B %=-N� B 3.��%KJ=H:?(@ B );'!��%�7( a@,+2jl+5@, 5%=3. Q��? 7(+2jl��@;�Q+. � y B m(@,+.-, 5%�) B );'!��%�7( .-Vm(@;'*%=35'*m B �! .-_%=��);'!��%=--�O '*%=-,m('*@, N7( 9� B -;�0%6);D�).-, V 2tP .35);?=+. N7 B %=-&3. V7(��� B '*%= Nm B @ & ��%6);D=��)aR � �
� �ZW �
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y B 3.��%KJ=H:?(@ B );'!��%  .-,)S� Ob 5%=-> 5�_�(�! ~7( .-amo�:-;'*);'!��%=-v7( .-Sm���'*%�),-v� B ),+5@;'! 5�!-Q^�?(' 3.��%=-,);'*);?= 5%6)Q�! �-,���*'!7( �I?(%
'*%=-;) B %�) 7(��%(%=+ � "&��?=- 7K'!-;);'*%(H:?=��%=- 7( 5?Ku43.��%KJ=H:?(@ B );'!��%=-VR � ��� 	 s � �XW $ � B 3.��%KJ=H:?(@ B );'!��% �N� O '*%=-;) B %6) '*%('*);' B �! %=��),+. C0

�03.35?(m B %6)��! 7(��� B '*%= Ω0
 5) � B 3.��%KJ=H:?(@ B );'!��% �]� O '*%=-;) B %�) 3.��?(@ B %6) %=��),+. C �03.35?(m B %6) �! C7(��� B '*%= 

Ω
� y  .-N7(��� B '*%= .- Ω0

 5)
Ω
-,��%6)N7( .-N .-,m B 3. .-N��?(8Z 5@;),-N 5)V�o��@;%=+.-N7( Rm,m ∈ {2, 3} $ �IH Rm  .-;)V��?(%('

7PO ?(%= V� B -> V��@;);D=��@;%=��@;�Q+. �7K'*@, .35), {ei}i=1,2,3
�

y  V3>D=��'pu~7PO ?(%= V3.��%KJ=H:?(@ B );'!��%Umo��?(@i'!7( 5%6);'pJq 5@A�! .-]m���'*%�),-i� B ),+5@;'! 5�!-A7(+5), 5@;�v'*%= V� B jl��@;�_?(� B );'!��% B 7(��m(),+. �$&%= Njl��@;�_?(� B );'!��%�� B H:@ B %(H:'! 5%(%= $ 3.��?(@ B �v�Q 5%�) B 7(��m(),+. a 5%I�Q+.3 B %('!^�?= a7( .-9-,���*'!7( .- $ @, 5m(@,+.-, 5%6), a�! ��Q��?KE8Z 5�Q 5%�) 7K?h3.��@;m=-Y3.��%=-;'!7(+5@,+&7 B %=-g?(%= &3.��%KJ=H:?(@ B );'!��%�3.��%(%6?= � /  5);), ijl��@;�_?(� B );'!��%� .-;)g7K'*), A),��) B �! A�!��@,-,^�?= � B 3.��%KJ=H:?(@ B );'!��%~7( #@,+2jT+5@, 5%=3. 9 .-;) � B 3.��%KJ=H:?(@ B );'!��%~'*%('*);' B �! � $A%= &jl��@;�_?(� B );'!��%~ 5?(�!+5@;'! 5%(%= 9@, 5m(@,+.-, 5%�), 9�! .-mo��'*%6),-A� B ),+5@;'! 5�!-A7 B %=-i� B 3.��%KJ=H:?(@ B );'!��% B 35);?= 5�*�! �

y B jT��@;��?(� B );'!��%U� B H:@ B %(H:'! 5%(%= N),��) B �! _ .-;) B 7(��m(),+. _7 B %=-i�! _3 B 7K@, N7( 9� Ob+5);?=7( � y  .-AH:@ B %=7( 5?(@,-A-,��%�)]@, 5m(@,+2E-, 5%�),+. .-A7 B %=-i� B 3.��%KJ=H:?(@ B );'!��%U'*%('*);' B �! �
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� ��� 	 s � � � / ��%KJ=H:?(@ B );'!��%I'*%('*);' B �! N 5) B 35);?= 5�*�! N7PO ?(%U3.��@;m=-

+ ��� � � ,��?> �43 ��� 19@
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�0��'! 5%�)&?(%Im���'*%�)&� B ),+5@;'! 5� 7 B %=-A� B 3.��%KJ=H:?(@ B );'!��%�7( N@,+2jl+5@, 5%=3. N@, 5mo+5@,+Nm B @9- B mo�:-;'*);'!��% X
� }&?I3.��?(@,-#7( 

� Ob+58Z���*?();'!��% $ 3. imo��'*%6) m B -,-> �9?(%= imo�:-;'*);'!��% x
R � ��� 	 s � �XW � y B 3.��%KJ=H:?(@ B );'!��%h7(+2jl��@;�Q+. C  .-;)g 5%�);' )5@, 5�Q 5%6)7(+2J=%(' m B @A� O B m(m(�*'!3 B );'!��% Φ

7( 9� B � B %(' )5@, N-,?('*8 B %�), �

Φ : Ω0 × T −→ Ω

(X, t) 7−→ Φ(X, t) := x .
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Φ
! � � 
���� ����� � � �
� & � � ����� � � � � � � ��8 �
��	 � � � � 	 ��� 	 !

y O B m(m(�*'!3 B );'!��% Φ
mo 5@;�Q 5)i7( V7(+2J=%('*@i�! 97(+5m(� B 3. 5�Q 5%6) u

 5%6);@, V?(%�mo��'*%6)]7( #� B 3.��%KJ=H:?(@ B );'!��%~'*%('*);' B �! V 5)i�! � �5�Q Vmo��'*%6)&7 B %=-]� B 3.��%KJ=H:?(@ B );'!��%I3.��?(@ B %�), 

u(X, t) := Φ(X, t) − Φ(X, 0) = x−X .
R s � � � �ZW

y B 8�'*), .-,-> 9� B ),+5@;'! 5�*�! u̇(X, t)
 .-;)A7(+2J=%('! Vm B @ 

u̇(X, t) :=
dΦ(X, t)

dt
= Φ̇(X, t) ,

R s � � ��� W
 5)i� O B 3.3.+5�!+5@ B );'!��%[m B @j

ü(X, t) :=
d2Φ(X, t)

dt2
= Φ̈(X, t) .

R s � � � c�W
��� 0����
	�� � �� 	 �:9 � � 	 � ��	 �)(<; � � � � � � 	 	
� �<8 � � � �
	 & � � ��� ������� � � � 
 �*(���� 	 �
��� � 
� � � ����� ��� 	 
� �
� ( � � ���
� ���=;��� � � � � � � � � ��(<6 (
����� � � ! � � ��	�� &

u
	���� � � ; �

u(X, t)
!

�	��
���
 >?�/�#(*��@%1BAC12��D�$0��� �-D#�E���F�'12���#(*GH4C1I���3�2$04J�

y B );@ B %=-;jT��@;� B );'!��% D=���Q��H�)5%= �) B %(HZ 5%�), ~7( h� O B m(m(�*'!3 B );'!��% 7( �@,+2jl+5@, 5%=3. �-;?(@a� B 3.��%KJ=H:?(@ B );'!��% B 35);?= 5�*�! -�Ob+.35@;'*) 
E�� � ��E



� 	�� 	�� � ���+� ��� �	� ���

F :=
∂Φ

∂X
= ∇Φ = I + ∇u .
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Clin = Blin := I + ∇u + ∇uT .
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(C− I) =
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(
FTF− I

)
.
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(I−B) =
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I− F−TF−1
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= F−TE w�x F−1 .
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