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Introduction

Importance of tail dependence in risk management.
In insurance, the cost of a claim is the sum of

e the loss amount (paid to the insured), X3

e the allocated expenses (lawyers, expertise...), Xo

Consider the following excess-of-loss reinsurance treaty, with payoft

O, if 1 < d,
g(xl,iﬁg): xl—d

r1 —d+ xg,ifllf1>d.
X1

The pure premium is then E(g(X7, X32)).
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In life insurance, the payoft for a joint life insurance is

o

g(x1,T9) = kaC’kl(ajl > k and xo > k)
k=1

(capital is due as long as the spouses are both still alive) and the pure

premium is then E(g(7,,T)), where T, and T, denote the survival life

lengths, of the man at age x and his wife y.

In finance, the payoff of quanto derivatives is g(x1,x2) = x2(x1 — K) where
X5 is the exchange rate, and X; some overseas asset.
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Modeling dependence with copulas

Definition 1. A d-dimensional copula is a d-dimensional cumulative

distribution function restricted to [0,1]% with standard uniform margins,
d=2,3,....

Definition 2. Given Fy, ..., Fy some uniwvariate distribution functions, the
class of d-dimensional distribution functions F' with marginal distributions
Fi, ..., Fyq respectively, is called a Fréchet class, denoted F(F1y, ..., Fy).

Definition 3. IfU = (U, ...,U,,) has cdf C then the cdf of
1-U=(1-U,..,.1=U,) is also a copula, called survival copula of C, and
denoted C*.
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Copula (cumulative distribution function) Level curves of the copula

Figure 1: Copula, as a cumulative distribution function C'(u,v).
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Copula density Level curves of the copula

Figure 2: Density of a copula, c(u,v) = §*C(u,v)/0udv.
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Theorem 4. Let C be a d-dimensional copula and F1, ..., Fy be univariate

distribution functions. Then, for x = (x4, ...,xq4) € R?,

Fa1, . xn) = C(Fi (1), .., Fa(za)) (1)

defines a distribution function with marginal distribution functions
Fi, ..., Fy.Conversely, for a d-dimenstonal distribution function F with
marginal distributions F1, ..., Fy there is a copula C' satisfying Equation (1).
This copula is not necessarily unique, but it is iof Fy,..., Fq are continuous,
given by

C(ug,...,uq) = F(F; (u1), ..., F (x)), (2)

n

for any w = (u1,,...,uq) € [0,1]%, where Fy~, ..., F;~ denote the generalized
left continuous 1nverses of the F;’s, i.e.

F7 (t) =inf{x e R, F; (x) >t} forall0 <t < 1.

1
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Given, X with continuous marginals, the copula of X is the distribution of

U= (Up,....Us) = (Fi(X1), ..., Fs(Xq)).

Hence, it is the distribution of the ranks.
The survival copula of X is the distribution of 1 — U.

Hence,

IP)(X S ZU) = C(P(Xl S 5131), “e ,]P)(Xd S CIJd)),
IP)(X > CB) = C*(]P)(Xl > 331), e ,P(Xd > xd)),
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Scatterplot of (Xi,Yi)'s Joint density Level curves of the copula

Copula density Level curves of the copula

W/

Figure 3: Scatterplot and densities of (X,Y) and (U, V).
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In dimension 2, consider the following family of copulae

Definition 5. Let ¢ denote a convexr decreasing function (0, 1] — [0, 00| such
that (1) = 0. Define the inverse (or quasi-inverse if 1)(0) < oo) as

pHE)  for 0 <t <4(0)
0 for ¢¥(0) <t < o0.

b (t) =

Then
Clur,uz) =¥~ (Y(u1) +Y(uz2)),ur, us € [0,1],

15 a copula, called an Archimedean copula, with generator 1.
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In higher dimension, one should add more conditions. Function f is
d-completely monotonic if it is continuous and has derivatives which
alternate in sign, i.e. for all k = 0,1, ...,d, (—=1)*d* f(¢)/dt* > 0 for all ¢.

Definition 6. Assume further that 1" is d-completely monotonic, then

Cury ooy tty) =0 (P(ur) + ... +Y(ug)), ur, ..., un € [0,1],

1s a copula, called an Archimedean copula, with generator .
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Archimedean copulas can also be characterized through Kendall’s cdf, K,

K(t) = P(C(UL, ..., Ug) < t),t € [0,1].

where U = (Uy, ..., Uy) has cdf C. Note that K(t) =t — A(t) where
A(t) =(t) /' (t). And conversely 1 is
Yol

Y(u) = Y (ug) exp </u0 wdt) pour 0 < ug < 1,
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The frailty representation: if the X;’s are £(\;0) distributed, and that, given
© the X,’s are independent, then

P(X >x) =E(P(X > x|0))
K P(Xl > $1|@) P(Xd > led|@))

d(—logP(X1 > 1) — —logP(Xy4 > x4))
(o™ (F1(w1)),. ., (Fd(xd))),

= E(e~'®) is the Laplace transform of ©.

(
(
E(exp(—0© (logIP(Xl >1x1))) ... exp(—0 - (logP(Xy > 24))))
(—
(¢
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Copula density Archimedean generator Laplace Transform

<
o~
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—

Level curves of the copula Lambda function Kendall cdf

Figure 4: (Independent) Archimedean copula (C = C+,9(t) = —logt).




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

If © is Gamma distributed, one gets Clayton’s copula (Figure 5), with

parameter a € |0, 00) has generator

r % —1

87

(w5 ) =

if 0 < a < 0o, with the limiting case i (x;0) = —log(x), for any 0 < x < 1.

The associated copula is

Cluy, ..., ug; o) = (up® + ... +u;* — (d — 1))~/

if 0 < a < 0o, with the limiting case C(u;0) = C+(u), for any u € (0, 1]%.
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Copula density Archimedean generator Laplace Transform

<
o

00 02 04 06 08 10

Level curves of the copula Lambda function Kendall cdf

00 02 04 06 08 10

Figure 5: Clayton’s copula.
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If © is positive, stable, ¢(t) = exp(—t~1/%), one gets Gumbel’s copula

(Figure 6), with parameter o € [1,00) has generator

Y(z;a) = (—logx)”
if 1 < a < 0o, with the limiting case ¢ (x;0) = —log(x), for any 0 < x < 1.

The associated copula is

1 et 1) . (e % — 1]
C(ug, ..., uq; ) = ——log (1+ (e ) (€ )),

Qv e~ —1]

if 1 < a < oo, for any u € (0, 1]¢.
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Copula density Archimedean generator Laplace Transform

<
o

00 02 04 06 08 10

Level curves of the copula Lambda function Kendall cdf

00 02 04 06 08 10

Figure 6: Gumbel’s copula.




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

Frank’s copula (Figure 7), with parameter o € R has generator

—ar _ 1

&
) — _1

if a # 0, forany 0 <z < 1.

The associated copula is

C(ug, ..., ug; ) = exp (— [(—logu1)® + ... + (—log ud)o‘]l/a> :

if o # 0, with the limiting case C'(u;0) = C+(u), for any u € (0, 1]%.
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Copula density Archimedean generator Laplace Transform

<
o~

Level curves of the copula Lambda function Kendall cdf

7: Frank’s copula.
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Agenda of the talk

Presentation of conditional copulae,

Some limiting results, with applications in credit risk,

Conditional copulae of Archimedean copulae,

A multivariate version of Pickands-Balkema-de Haan’s theorem,
Quantifying tail dependence using conditional concordance measures,

Nonparametric estimation of copula densities,
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Conditional copulae

Let U = (Uy,...,U,) be a random vector with uniform margins, and

distribution funcion C'. Let C),. denote the copula of random vector
(Ul, ceny Un)lUl S T1y.e0s Ud S Td,

where r1,...,74 € (0,1].

If F},.(-) denotes the (marginal) distribution function of U; given

{Ul S T1y ey Uz S Tiyeeny Ud S Td} — {U S r}?

C(T17 vy Tg—15 Liy Tigp1y eeny Td)
C(T1, oy P15 T Tig 1 ooy Td)

Fz|r<xz) —

Y

and therefore, the conditional copula is

C(F{p, (u1), ooy Fj (ua))

CT(U) B C(?“l,...,Td)
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Invariance properties

Theorem 7. The application r — Cy is continuous (w.r.t. the || - || norm).

Definition 8. A copula is said to be invariant by truncature if C, = C for
all 7 € (0,1]%.

Theorem 9. The only absolutely continuous copulae by truncature are

Clayton’s copulae, including the limiting case of independence.

The comonotonic copula (o — o00) is also invariant by truncature.
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A weaker condition of invariance can be considered. Set

D = {(r(t),...,mat)),t >0},

where r; : [0,00) — (0, 1] with r;(¢) — 0 as t — oo, and r;(0) = 1.
Definition 10. A copula is said to be invariant by truncature under
direction D if Cppy = C for all t = 0.

Marshall & Olkin’s copula is invariant when D is the discontinuity curve,

C(u,v) = min{u' v, uv! ="},
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Marshall and Olkin's copula Level curves of the copula Marshall and Olkin's copula

Figure 8: Marshall and Olkin’s copula.
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Regular variation and limiting results
Definition 11. A real valued function r is reqularly varying with index

0 cRifr(tz)/r(t) — 2? ast — oo, and will be denoted r € Ryg.

Proposition 12. A copula Cy is limiting under direction D where the r;’s

are R_,, for some a; > 0, if and only if Cy is an invariant copula under
direction D = {(t=, ..., t7%) t > 0}.

Extension of Juri & Wiithrich (2004) for nonsymmetric copulas: more

general notion of regular variation in dimension 2.

de Haan, Omey & Resnick (1984): f : [0,00)? — [0, 00) is regularly varying

under direction (7, s) if there exists A\ such that

o Fre,s)

B g r,s) A forall ey €0,00)
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Proposition 13. Assume that r and s are R, and Rg respectively, with
a, 3 >0, and that f is regularly varying under direction (r,s). Then A

satisfies functional equation

ANt%x, tﬁy) — te)\(a:', Y),

for some 6 > 0, for any x,y,t > 0, and the general solution 1s

i

w0k (yx=P/)  ifx £ 0
Mz, y) =4 cy?/B ifr=0ety#0
0 of x=0 et y =0,

\

where ¢ is a positive constant, and K : [0, 00) — [0, 00).
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Let o, 3,0 be positive constant, and P, () cumulative distribution functions
on [0,1]. Consider repartition function H defined on [0, 1]* as

Q(t) if t € [0, 1]

H(z,y) = 2%h(yz=8/®), where h(t) =
) ( ) 2 t0/BpP(t=2/B) ift e (1,00)

Let I'p.g.«.3,60 the associated copula, defined as

Q~ ()P P(P~(u)Q ™ (v)=*/F), if P~ (u)’ < Q(v)*
P=(w)"*Q(P~ (u)~P/*Q—(v)), if P~ (u)’ > Q (v)*

FP,Q,O(,ﬁ,@(uy v) —

Theorem 14. [f survival distributions 1 — Fx and 1 — Fy are reqularly
varying with indices a, 3 > 0 respectively, so that C* 1is reqularly varying at
(0,0) under direction (1 — Fx(-),1— Fy(-)) then, there exists 0 >0, P and Q)
two cdfs on [0,1] such that the limiting copula is I'p,g.a.5.0-
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Applications in credit risk models

Default time defined using a cox process with intensity (As)s>o as

¢
T:inf{t>0,/ )\SdszZ},
0

where Z ~ £(1), see LANDO (1998). Equivalently, 7 = inf{¢t > 0,y < U}
where v, = fg’ Agds is called countdown process.

Then P(Tl S tl,TQ S tg‘goo) = C*<’71(t1),’)/2(t2)), where C' is the cdf of
(U1, Us).

For stress-scenarios, one needs conditional distributions such as
P(r1 <t1,70 < t2]|Goc AN{t1 < Tty <T1})

the associated copula is (Ci_~(1))™.
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There are many perspectives (and work in progress) to go further

e use this conditional copula in the pricing of joint life-insurance and

multiproduct reinsurance,

more theoretical results on (conditional) dependence orderings

(COLANGELO, SHAKED & SCARSINI (2005)),

investigate the link between the conditional copula and multivariate
survival analysis (BASSAN & SPI1ZZICHINO (2005)).
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Conditional dependence for Archimedean copulae

Proposition 15. The class of Archimedean copulae is stable by truncature.

More precisely, if U has cdf C', with generator ¢, U given {U < r}, for any
r € (0,1]%, will also have an Archimedean generator, with generator

Y (t) = Y(tc) — Y(c) where ¢ = C(ry,...,7rq).

Generators of conditional Archimedean copulae
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On sequences of Archimedean copulae

Extension of results du to GENEST & RIVEST (1986),

Proposition The five following statements are equivalent,

(i) lim C,(u,v) = C(u,v) for all (u,v) € [0,1]?,

n—oo

(11) nll_)Igown(ZC>/w;L< ) =(z) /¢’ (y) for all z € (0,1] and y € (0,1) such that

Y’ such that is continuous in v,

(1) lim A\, (x) = A(x) for all z € (0,1) such that A is continuous in =z,

n—oo

(iv) there exists positive constants k,, such that lim,, .. K, ¥, ()
all z € |0,1],

(v) lim K, (x) = K(x) for all x € (0,1) such that K is continuous in .

n—oo
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Proposition The four following statements are equivalent

(i) lim C,(u,v) = C"(u,v) = min(u,v) for all (u,v) € [0, 1]?,

n—oo

(11) lim A\, (x) =0 for all z € (0,1),

n—oo

(131) lim Y, (y)/p(x) =0forall 0 <z <y <1,

(i) lim K, (z) = x for all z € (0,1).

n—aoo

Note that one can get non Archimedean limits,

Sequence of generators and Kendall cdf’'s

[}
~—i

P
(=1

<
=3

=
[

~
(=1

=
=3
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Archimedean copulae in (lower) tails

Proposition 16. Let C be an Archimedean copula with generator 1, and

0<a<oo. IfC(-;a) denote Clayton’s copula with parameter c.
(i) limy o Cyu(,y) = C(z,y; ) for all (z,y) € [0, 1]%;
(ii) v € R_q-1.
(iii) v € R_,.
(iv) limy, _ouy'(u)/YP(u) = —a.
If a« =0 (tail independence),
(1) <= (1i)= (i1i) <= (),
and if a € (0,00] (tail dependence),

(i) = (ii) < (iii) < (iv).
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Proposition 17. There exists Archimedean copulae, with generators having
continuous derivatives, slowly varying such that the conditional copula does

not convergence to the independence.

Generator v integration of a function piecewise linear, with knots 1/2%,

If —' € R_1, then ¢ € I, (de Haan class), and not ¢ ¢ Ry.

This generator is slowly varying, with the limiting copula is not C+.
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Lower tails study, in higher dimension

Tail dependence in lower tails

Proposition 18. Let C' be an Archimedean copula with generator 1. If
Y € R_g with 0 € |[—00,0), if J is a nonempty set of {1,...,d} and if
0 <y; < oo forallj€J, then, for all (x1,...,24) € (0,00)%,

imP(Vi=1,...,d:U; <sx; | Vje J:Uj < sy;)

s—0
0 . _
Zje,]c L +Zjej{mln(xjayj)} ’
—0
2 jer Y

Note that the associated copula is Clayton’s.

—1/6
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Tail independence in lower tails
Lemma 19. Let C' denote an Archimedean copula with generator . If 1 is
slowly varying at 0, then C(s,...,s) = o(s), and therefore

log{#(s)}/log(s) — 0 as s — 0.
Lemma 20. If further

 D(logd)(dt) 1
M Dlog o)1) dn’

then s — C(s,...,s) is reqularly varying at 0, with index 1/7.

Proposition 21. Let C' denote an Archimedean copula with generator . If
¢ = —1/D(logy ) is regularly varying with index —oo < 17 < 1 and if

o(t) = o(t) ast — oo, then, for all nonempty subset J of {1,...,d} and for
all x € (0,00)% and (u;);ecs € (0,111,

P(VjeJ:Uj <sujz;VjieJo:Uy <o {a; o((s)} | VjeJ: U; < sxy)
— H u‘j‘”_T H exp (—\J\_T:Uj_1> , as s — Q.

jed jeJe
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Upper tails study, in high dimension

Modeling tail independence is difficult (LEDFORD & TAwWN (1997), or
DRAISMA, DREES, FERREIRA & DE HAAN (2004)).

Recall that (1) = 0, and therefore, using Taylor’s expansion yields
Y(l —s)=—sDY(1) +o(s) as s — 0.

And moreover, since v is convex, if ¢(1 — -) is regularly varying with index 6,
then necessarily 0 € [1,00). If if (—D)y(1) > 0, then 8 = 1 (but the converse

is not true).

Archimedean copula at 1
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Proposition 22. Let U be a random vector with cdf C, Archimedean with
generator . If s — (1 — s) is reqularly varying with index 6 € (1, 00| at 0,
then for all nonempty set J of {1,...,d}, for all (xy,...,24) € (0,00)¢ and
all (yj)jEJ = (O,OO)‘J‘,

P(VJZL,d(/}Zl—SQf]‘V]EJUjZl—Syj) (6)
ra(z1, ..., 24)
171 ((yj)jer)

as s — 0,

where z; = min(x;,y;) when j € J, and z; = x; when j € J¢, setting finally

) 1/6
(=)=t u? s11 <0 < oo,
re(uy, ... ug) = Z Z

Ic{1,....k}:|I|>1 i€l

| min(ug,...,uq) 510 = o0,

for all integer k and all (uy,...,u,) € (0,00)%. (Note that this copula is
mazx-stable: it is Gumbel’s copula (the logistic copula)).
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Proposition 23. Let 1 be a d-dimensional generator, such that 1) s d
times continuously differentiable, and U 1is a random vector with cdf C, the
Archimedean copula induced by 1. If (—D)%)=(0) < oo then (—D)w(1) > 0.

Let J be a nonempty set of {1,...,d} such that J¢ is nonempty. For all
v e (0,1]¢,

PVjedJ:U; >1—-svjx;;VjeJ:U; <wv; |Vijed:U; >1—sx,)

(=D (3 e e t(07))
DT (0) jl;[]vj as s | 0.

Note that the conditional copula of (U;);jc e given U; > 1 — sx; for all j € J
tends to an Archimedean copula, with generator

(=D)"lyp= ()"
w'J'('):(<—D>'le<0>) | "




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

Proposition 24. Let v be a d-dimensional generator, such that 1" s d
times continuously differentiable. Set f(s) =¥ (1 —s). If s~ 1f(s) — 0 as

s — 0 and if s — L(s) = s(d/ds){s™1 f(s)} is positive and slowly varying at
0, then function g(s) = sf'(s)/f(s) — 1 is also positive and slowly varying,
with g(s) — 0 as s — 0. If J is a set of {1,...,d} then, for all x € (0, 00)?
and (y;)jes € (0,00)71,

1,...,d:Ui21—sxiWje,]:Uj21—syj):Tszg;-'jt’jc)z)
VVNIS

as s | 0, where z; = min(z;,y,) for all j € J and z; = x; for j € J¢, and

> EDMC i) log (30, @)

Ic{1,....d}:|I|>1

. . d —(d—1)
(d—z)!/o /0 Zt dty - dtg.
1=1
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Multivariate extremes in R?

The standard approach in multivariate extremes is based on limiting

distribution of maximum componentwise.

In T1AGO DE OLIVERA (1958), GEOFFROY (1958), S1BUYA (1961) or
RESNICK (1987) is proposed an extension of Fisher-Tippett’s theorem, i.e. a

nondegenerate distribution for a standardized version of (X,,.,,, Y.n), the

maximum componentwise, as n — oo where (X1,Y7),...,(X,,Y,),.. is an iid

sample.

In the univariate case, Pickands-Balkema-de Haan’s theorem obtained

limiting (nondegenerate) distribution for X — u given X > u, when u — o0.
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Figure 9: Defining multivariate extremes.
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Pickands-Balkema-de Haan in R?

Two extensions will be considered,
(X,Y) given {X > Fx (p) and Y > Fy (p)} as p — 1,
a quantile approach, and a level approach,

(X,Y) given {X >zand Y > z} as z — oo.

Assume that X and Y are in the Fréchet domain of attraction, with
parameters a and 3, i.e. there exists a(-) and b(-) such that

|~ F
lim 1 — xWrralw) o px <usau)|X >u) = Ga (@),
U— 0O 1 — FX (u) U— 00

1 —Fy (v+yb(v))

Jim =By () UILII;OP(Y_U—FZ)(’U)‘Y>U) Gs(y),

im 1 —

1—(14+&x)""% ¢#£0

where G =
PO L epcr) €0,




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

Pickands-Balkema-de Haan in R? for quantiles
Theorem 25. Assume that the survival copula of (X,Y), C*, satisfies

. C*"(xu,u)
1
w0 C*(u,u)

= h(x) for all x > 0, (8)

for some continuous function h : Rt — R with h(z) >0 as x > 0. Then
h(0) =0, h(1) = 1, and there exists 0 € R such that

1
h(z) = 2%h (—) pour tout x > 0,

X
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Since the convergence is uniform, further

;E%SUP|P(X_QX (p) >z,Y —qy (p) >yl X >qx(p),Y >qv (p))
z,y

_ (1_|_x)—1/oz
—(14+y)" "h ((1—|—y)—1/5) | = 0.

The associate copula is the survival copula of Cy(z,y) = H(h™ (x),h (y)),
where H(z,y) = y’h(x/y) (cf JURI & WUTHRICH (2004)).
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Pickands-Balkema-de Haan in R? for levels

Theorem 26. Assume that the survival copula of (X,Y), C*, is reqularly
varying under direction (1 — Fx(-),1 — Fy (+)), such that there exists A
satisfying

I C*((1 = Fx(2))z, (1 — Fy(2))y)

im

z—oo  C*(1— Fx(2),1 — Fy(2))
From Proposition 13, there exists v > 0 and function h : [0,00) — [0, 00)
such that Xz, y) = 2V “h(yx=P/*) if £ # 0 and X(0,y) = cy?/P where c is a

positive constant. Further,

ZZA($,y).

lim P

z— 00

(X—z Y — 2

1 -1/«
>x,—>y|X>z,Y>z>:(1+y)Vh(( +z) )

a(z) b(z) (1+y)- Ve

Since the convergence is uniform, we get

lim sup|P(X —z>2,Y — 2| X > 2 Y > 2) = (1+y) " 7h

)
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There are many perspectives (and work in progress) to go further

e try to get a better understanding of the links between standard

multivariate extremes and the one based on conditional copulae,

e statistical inference for multivariate extremes (e.g. estimate function h),
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Concordance measures

Copula based dependence measure (scale free).

1,1
e Spearman’s rho is defined as p(X,Y) = 12/ / uvdC'(u,v) — 3,
0o Jo

1,1
e Kendall’'tau is defined as 7(X,Y) = 4/ / C(u,v)dC(u,v) — 1.
0 Jo

Conditional concordance measures

Definition 27. Given X and Y two random wvariables, define upper tail rank

correlations and Kendall’s tau in upper tails respectively as
p(u) = p((X,Y)|X > Fx (u) and Y > Fy (u)),u € [0,1),

7(u) =7(X, V)| X > Fx (u) and Y > Fy (u)),u € [0,1).
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On statistical inference for p(u) and 7(u)

Given a n-sample (X1,Y7),...(X,,Y,) consider natural estimates p(u) and
7(u) based on the pseudo sample (X1,Y7),...(Xn, Yn) such that

X; > Fg(u) and Y; > Fi (u).

Note that N is a random variable, B(m, ) where m = [(n + 1)(1 — )] and
T=C*(1—-u,1—u)/(1—mu).

Under the assumption of independence, given N, p(u) and 7(u) are
asymptotically normally distributed. Hence, as n — oo, the limiting
distributions of p(u) and 7(u) are mixture of Gaussian distributions.
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Case of independence, u=0.5, n=250 Case of independence, u=0.5, n=250

—0.2 0.0 0.2 . . —0.2 0.0 0.2
Estimation of upper Estimation of upper
tail conditional Spearman rho tail conditional Kendall tau

Case of independence, u=0.8, n=250 Case of independence, u=0.8, n=250

-0.2 0.0 0.2 . . -0.2 0.2
Estimation of upper Estimation of upper
tail conditional Spearman rho tail conditional Kendall tau

Figure 10: Distribution of p, (u) and 7, (u).
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Tail independence test, independent copula, n=10000

T T
0.4 0.6

Upper conditional Sperman rho

Tail independence test, Gaussian copula (0.2), n=10000

T T
0.4 0.6

Upper conditional Sperman rho

Tail independence test, Survival Clayton copula, n=10000

T T
0.4 0.6

Upper conditional Sperman rho

Tail independence test, Gaussian copula (0.7), n=10000

T T T
0.4 0.6 0.8

Upper conditional Sperman rho

Figure 11: Evolution of p,(u), n = 10, 000.
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Tail independence test, independent copula, n=10000 Tail independence test, Survival Clayton copula, n=10000

«©
o

<
S

Upper conditional Kendall tau Upper conditional Kendall tau

Tail independence test, Gaussian copula (0.2), n=10000 Tail independence test, Gaussian copula (0.7), n=1000

0.4 0.6

Upper conditional Kendall tau Upper conditional Kendall tau

Figure 12: Evolution 7,(u), n = 10, 000.
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There are perspectives to go further, since conditional correlations is a hot

topic
e use of this tool in copula selection,

e statistical properties of the estimated correlation in the non-independent

case.
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Estimation of a copula density, motivation

Example 28. consider the following dataset, were the X,;’s are loss amount

(paid to the insured) and the Y;’s are allocated expenses. Denote by R; and
S; the respective ranks of X; and Y;. Set U; = R;/n = FX(Xi) and
V; = Si/n = Fy (7).

Figure 18 shows the log-log scatterplot (log X;,logY;), and the associate
copula based scatterplot (U;, V;).

Figure 14 is simply an histogram of the (U;, V;), which is a nonparametric

estimation of the copula density.

Note that the histogram suggests strong dependence in upper tails (the

interesting part in an insurance/reinsurance context).
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Why nonparametrics, instead of parametrics ?

In parametric estimation, assume the the copula density cy belongs to some
given family C = {cy,0 € ©}. The tail behavior will crucially depend on the
tail behavior of the copulas in C

Example 29. Table below shows the probability that both X and Y exceed
high thresholds (X > Fx'(p) and Y > Fy, ' (p)), for standard copula families,

where parameter 0 is such that T = 0.5.

Clayton  Frank  Gaussian Gumbel Clayton™ | max/min

1.935%
0.510%
0.021%
0.000%

2.737%
0.784%
0.035%
0.000%

4.737%
1.991%
0.2733%
0.016%

4.826%
2.300%
0.442%
0.043%

5.668%
2.786%
0.551%
0.054%

2.9
5.4
25.8
261.8
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Basic notions on nonparametric estimation of densities

The basic idea to get an estimator of the density at some point x is to count
how many observation are in the neighborhood of = (e.g. in [x — h,z + h) for
some h > 0).

Therefore, consider the “moving histogram” or “naive estimator’ as suggested
by ROSENBLATT (1956),

o) = g K € o= ha ) = Flo) = 5K (255

1=1

when other definitions of the neighborhood of x are considered, where K is a
kernel function (e.g. K(w) =1I(lw| <1)/2).

If X is a positive random variable, and K is symmetric,

P

E(7(0,h)) = 5 (0) + O(h)
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Copula density estimation: the boundary problem

Let (U1, V1), ..., (Un, V) denote a sample with support [0, 1]%, and with
density c(u,v), which is assumed to be twice continuously differentiable on
(0,1)2.

If K denotes a symmetric kernel, with support [—1, 41|, then for all

(u,v) € [0,1] x [0, 1], in any corners (e.g. (0,0))

E(c(0,0,h)) = L c(u,v) — 1[01(0, 0) + ¢2(0,0)] /0 wK(w)dw - h 4+ o(h).

4 2

on the interior of the borders (e.g. v =0 and v € (0,1)),

E(c(0,v,h)) = % c(u,v) — [cl(O,v)]/O wK(w)dw - h+ o(h).

and in the interior ((u,v) € (0,1) x (0,1)),

E(e(u, v, b)) = c(u, v) + %[ L1 (1, 0) + e0(u, 0) /_ PR @) B+ ol1),
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Frank copula density

Figure 15: Theoretical density of Frank copula.
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Estimation of Frank copula

Figure 16: Estimation with standard Gaussian (independent) kernels.
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How to get a proper estimation on the border

Several techniques have been introduce to get a better estimation on the

border, in the univariate case
e boundary kernel (MULLER (1991))

e mirror image modification (DEHEUVELS & HOMINAL (1989), SCHUSTER
(1985))

e transformed kernel (DEVROYE & GYORFI (1981), WAND, MARRON &
RUPPERT (1991))

In the particular case of densities on [0, 1],

e Beta kernel (BROWN & CHEN (1999), CHEN (1999, 2000)),




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

Transformed kernel technique

Set (X;,Y;) = (GHU;),G™1(V;))’s, where G is a strictly increasing
distribution function, with a differentiable density, and consider a kernel

estimate of the density. Since density f is continuous, twice differentiable,

and bounded above, for all (z,y) € R?, consider

n 1 < — X —Y;
f(fﬁyy):WZK<x ; )K(yh )
1=1

Since f(x,y) = g(x)g(y)c|G(x), G(y)] can be inverted in

f(G (), G (v))
9(G=H(u))g(G—(v))’

one gets, substituting f in (9)

(u,v) € [0,1] x [0, 1],

c(u,v) =

1
~ nh-g(G=1(u)) - g(G=1(v)) “

c(u,v)
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Estimation of Frank copula
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Figure 17: Estimated density with Gaussian normalization.
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Estimation of Frank copula

1.4
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Figure 18: Estimated density with ¢ normalization, df = 5.
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Estimation of Frank copula

Figure 19: Estimated density with ¢ normalization, df = 3.
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Bivariate Beta kernels

The Beta-kernel based estimator of the copula density at point (u,v), is obtained

using product beta kernels, which yields

1 —u 1 —w

b b b

. 1
c(u,v):EZK Xi,%+1,—+1 K Y, 241, —% 41,
1=1

where K (-, a, 3) denotes the density of the Beta distribution with parameters «a

and 0,
I'a+ B)

K(#.05) = 5 o)

(1— x)ﬁ_lxa_lla:e[o,u-
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Beta (independent) bivariate kernel , x=0.0, y=0.0 Beta (independent) bivariate kernel , x=0.2, y=0.0

Beta (independent) bivariate kernel , x=0.5, y=0.0

Beta (independent) bivariate kernel , x=0.0, y=0.2 Beta (independent) bivariate kemel , x=0.2, y=0.2

Beta (independent) bivariate kernel , x=0.5, y=0.2
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Figure 20: K(-,xz/b+1,(1 —2)/b+1) x K(-,y/b+1,(1 —y)/b+1).
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Assume that the copula density c is twice differentiable on [0, 1] x [0, 1]. Let
(u,v) € [0,1] x [0,1]. The bias of ¢(u,v) is of order b, i.e.

E(c(u,v)) = c(u,v) + Q(u,v) - b+ o(b),

where the bias Q(u,v) is

(1 —=2u)cr(u,v) + (1 — 2v)ce(u,v) + % [u(1l —u)er1(u,v) + v(1 —v)ea,2(u,v)] .

The bias here is O(b) (everywhere) while it is O(h?) using standard kernels.
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Assume that the copula density c is twice differentiable on [0, 1] x [0, 1]. Let
(u,v) € [0,1] x [0,1]. The variance of ¢(u,v) is in corners, e.g. (0,0),

Var(@(0,0)) = ——[c(0,0) + o(n~Y)),

nb?
in the interior of borders, e.g. v =0 and v € (0,1)
1
2nb3/2/mu(1 — v)
and in the interior,(u,v) € (0,1) x (0,1)

1
dnbr/v(1 — v)u(l — u)

Var(c(0,v)) =

[¢(0,v) +o(n™ )],

Var(c(u,v)) = lc(u, v) + o(n_l)].
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Estimation of the copula density (Beta kernel, b=0.1) Estimation of the copula density (Beta kernel, b=0.1)

Figure 21: Estimated density of Frank copula, Beta kernels, b = 0.1
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Estimation of the copula density (Beta kernel, b=0.05) Estimation of the copula density (Beta kernel, b=0.05)

i

Figure 22: Estimated density of Frank copula, Beta kernels, b = 0.05
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Standard Gaussian kernel estimator, n=100 Standard Gaussian kernel estimator, n=1000 Standard Gaussian kernel estimator, n=10000
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Figure 23: Density estimation on the diagonal, standard kernel.
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Transformed kernel estimator (Gaussian), n=100 Transformed kemel estimator (Gaussian), n=1000 Transformed kemel estimator (Gaussian), n=10000
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Figure 24: Density estimation on the diagonal, transformed kernel.
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Beta kernel estimator, b=0.05, n=100 Beta kemel estimator, h=0.02, n=1000 Beta kernel estimator, b=0.005, n=10000
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Figure 25: Density estimation on the diagonal, Beta kernel.
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Copula density estimation

G1IBELS & MIELNICZUK (1990): given an i.i.d. sample, a natural estimate for the
normed density is obtained using the transformed sample

(Fx (X1), Fy (Y1), ..., (Fx (Xn), Fy (Y»)), where Fx and Fy are the empirical
distribution function of the marginal distribution. The copula density can be
constructed as some density estimate based on this sample (BEHNEN, HUSKOVA &
NEUHAUS (1985) investigated the kernel method).

The natural kernel type estimator ¢ of ¢ is

1 - U—F\X X@' U—F\yYL'
C(U,U)Z WZK h( >7 h( ) ,(’LL,U)E [071]

=1

“this estimator 1s not consistent in the points on the boundary of the unit square.”
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Copula density estimation and pseudo-observations
Example: when dealing with copulas, ranks U;, V; yield pseudo-observations.
(Ui, Vi) = H(Xi,Yi) = (Fx (Xi), Fy (V7))
(Ui, Vi) = Hu(Xi, Vi) = (Fx(X0), Py (Y2))
(see GENEST & RIVEST (1993)).

More formally, let X1, ..., X,, denote a series of observations of X (€ X)),

stationary and ergodic.
Let H: X — R? and set e; = H(X ;) (non-observable).
If H is estimated by H,, then &; = H,(X) are called pseudo-observations.

Let K, denote the empirical distribution function of those pseudo-observations,

Kn(t) = %ZH(@ < t) where t € R?.

1=1

Further, if K denotes the distribution function of e = H(X), then define the
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empirical process based on pseudo-observations,

As proved in GHOUDI & REMILLARD (1998, 2004), this empirical process converges
weakly.

Figure 7?7 shows scatterplots when margins are known (i.e. (Fx(X;), Fy (Yi))’s),
and when margins are estimated (i.e. (Fx(X;), Fy(Y:)’s). Note that the pseudo

sample is more “uniform”, in the sense of a lower discrepancy (as in Quasi Monte

Carlo techniques, see e.g. Niederreiter, H. (1992)).
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Scatterplot of observations (Xi,Yi) Scatterplot of pseudo—observations (Ui, Vi)
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Figure 26: 500 simulated observations (X;,Y;) and the associate pseudo-
sample (Fx (X;), Fy (Yi)).
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Impact of pseudo—observations (n=100)
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Figure 27: The impact of estimating from pseudo-observations.
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Estimation of Frank copula

I I I
0.2 0.4 0.6

Figure 28: n = 1000, b = 0.050 and no-censoring.
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Estimation of Frank copula

Figure 29: n = 1000, b = 0.050 and 1.7% censored data.
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Estimation of Frank copula

Figure 30: n = 1000, b = 0.050 and 7.8% censored data.
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Estimation of Frank copula

Figure 31: n = 1000, b = 0.050 and 24% censored data.




ARTHUR CHARPENTIER - PHD THESIS DEFENSE - DEPENDENCE STRUCTURES AND LIMITING RESULTS.

Beta kemnel estimator, b=0.01, n=1000, no censoring Beta kemel estimator, b=0.01, n=1000, 5% censoring Beta kernel estimator, h=0.01, n=1000, 25% censoring
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Figure 32: Estimation of the density on the diagonal.
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Stock sampling can be observe as the bias increases as u goes to 1, and as the

proportion of censored data increases.

Idea in EFRON & TIBSHIRANI (1993): bootstrap techniques can be used to
estimate the bias. Consider B bootstrap Samples drawn independently from the
original censored data, with replacement, i Y05y ,4=1,...,n and
b=1,..., B. The bias of the density estimator at point (u, v) can be estimated from

B
bias (u,v) ZE (u, v)*® — € (u,v)

where € (u)*" is the density obtained from the bth bootstrap sample.
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Standard Beta kernel estimator
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Figure 33: ¢(12/13,12/13) with 25% censored data.
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Transformed kernel estimator (Gaussian), n=1000 Beta kernel estimator, b=0.01, n=1000
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Figure 34: Censoring bias correction using bootstrap techniques.
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Beta kernel estimator, b=0.01, n=1000 Beta kernel estimator, b=0.005, n=1000
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Figure 35: Loss-ALAE dataset, compared with Gumbel copula.
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There are perspectives to go further,

e better knowledge of properties of the transformed kernel technique (impact of

heavy tails of the transformation ?)

e impact of the biais correction on some risk measure (e.g. exceeding

probabilities)
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Structure of the PhD thesis
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