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ϕ(r, z, t) = (t0 − t)1/3R1/2P1/2(cosΘ)
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ϕ(r, z, t) = A(t)r1/4P1/4(cos θ)
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∂

∂t

∫

Ω

r dr dz +

∫

∂Ω

r(vz − uz) dr −
∫

∂Ω

r(vr − ur) dz = 0,
�gu); �8�

∂

∂t

∫

Ω

vrr dr dz +

∫

∂Ω

rvr(vz − uz) dr −
∫

∂Ω

rvr(vr − ur) dz =
�gu);vu(�

∫

∂Ω

φr dz +

∫

Ω

φ dr dz +

∫

∂Ω

rSzr dr −
∫

∂Ω

rSrr dz −
∫

Ω

Sθθ dr dz,

∂

∂t

∫

Ω

vzr dr dz +

∫

∂Ω

rvz(vz − uz) dr −
∫

∂Ω

rvz(vr − ur) dz =
�gu); x �

u$!
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−
∫

∂Ω

φr dr +

∫

∂Ω

rSzz dr −
∫

∂Ω

rSzr dz.
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Ω
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u
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∂Ω
k
φ = p/ρ
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Srr = 2ν
∂vr
∂r

� u); � �

Sθθ = 2ν
vr
r

� u); !��

Szz = 2ν
∂vz
∂z

� u); �(�

Szr = Srz = ν(
∂vz
∂r

+
∂vr
∂z

).
� u);�t �
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Ω
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k
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k
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���
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; 	0� /[�-')�M(*���2�h������:�!�h#����

uy�



� ����� � 	 � ����	 � �!��� 	����/$�'������� 	�������� 	��
�!�+��� 	
�!� �����

ai,j
ci,j

vi,jr
Si,jθθϕi,j

vrv
i,j+1/2
r S

i,j+1/2
rr

ϕi,j+1/2 s
i,j+1/2
r

vrv
i,j−1/2
r S

i,j−1/2
rr

ϕi,j−1/2 s
i,j−1/2
r

vrv
i+1/2,j
z

S
i+1/2,j
rz

ϕi+1/2,j

s
i+1/2,j
z

vrv
i−1/2,j
z

S
i−1/2,j
rz

ϕi−1/2,j

s
i−1/2,j
z

A B

C

DE

r

z

����� � u);vu);:wO2 ��� � ���	� ' � 
���� 
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∂Ω

; �` ?�A��e)�-	�/*#:��k*#d% �+,'2 ?�!�:���hu);vu
(*�-NO������Bw
∂

∂t

∫

Ω

vrr dr dz +

∫

BC∪EA

rvrvz dr −
∫

AB∪DE

rv2r dz =
�gu*; # �

∫

AB∪DE

φr dz +

∫

CD

φr dz +

∫

Ω

φ dr dz +

∫

BC∪EA

rSzr dr +

∫

CD

rSzr dr −
∫

AB∪DE

rSrr dz −
∫

CD

rSrr dz −
∫

Ω

Sθθ dr dz.
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si,jr =

∫

AB∪DE

r dz

si,jz =

∫

BC∪EA

r dr

ai,j =

∫

Ω

dr dz

u0t
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ci,j =

∫

Ω

r dr dz

<\% ��+,'2 D��������u); #��% ��������A ?#:���J�x�!��'2�x5l���!	���()�.�!�-�!�-�!�.�6���w
∂

∂t

[

(cvr)
i,j
]

+ (szvrvz)
i+1/2,j − (szvrvz)

i−1/2,j +
� u); �(�

(srv
2
r)
i,j+1/2 − (srv

2
r)
i,j−1/2 =

(srφ)
i,j−1/2 − (srφ)

i,j+1/2 + (aφ)i,j +

∫

int

φr dz +

(szSzr)
i+1/2,j − (szSzr)

i−1/2,j +

∫

int

rSzr dr +

(srSrr)
i,j+1/2 − (srSrr)

i,j−1/2 −
∫

int

rSrr dz − (aSθθ)
i,j ,

��� ∫
int

()��!�:I��*��#&% �:�����-I��J ?#:�\#:��#:���*IK()'
	����J��� �'�(4% �:�����-�!57 ����^�����,�!��,'
(2 ?�2�
Ω
;D<@% �+,'2 ?i

�!�:���S/[��'*��#. �����	�/[�,�! ����!���6'*�:ND ����
z
��6�A��1)���-�,'2��()��	U ?�*�:3-���E ��2 ?#:��I�'*�
w

∂

∂t

[

(cvz)
i,j
]

+ (szv
2
z)
i+1/2,j − (szv

2
z)
i−1/2,j +

�gu); � % �

(srvrvz)
i,j+1/2 − (srvrvz)

i,j−1/2 =

(szφ)
i−1/2,j − (szφ)

i+1/2,j −
∫

int

φr dr +

(szSzz)
i+1/2,j − (szSzz)

i−1/2,j +

∫

int

rSzz dr +

(srSzr)
i,j+1/2 − (srSzr)

i,j−1/2 −
∫

int

rSzr dz.

<9��0/*���)()'*�����
v2r
k
v2z
k[�-�

vrvz
�!�����E� ?#.��'*#:��K����	�	���()��K	��Xm���*�*��K()���0NO�a������6���

�� �()�. ?#:��`���@#:���2I����!'2()�:�2 �#����)6D#:��@+,'2 ������a����
Srr

k
Szz

���
Srz

�6�����\�- �#:�-'*#:�-��>I��JV�����"E()���
()��][��!��2�����x_2�*�:��A(4% ���J()���K'*�c;

p@�� ?�,�H()���*�*��+,'*�Uw

∂

∂t

∫

Ω

r dr dz =

∫

∂Ω

ruz dr −
∫

∂Ω

rur dr

#: U�����2(*�a�������S(4% �:�2�-��	�/*������6�:1*�:#����!�E/[�')�H�-% ��-�!�:���K(*�a]y�-���-	�	��-�,�Bw
∫

∂Ω

rvz dr −
∫

∂Ω

rvr dr = 0

��e)/*������6�:���F+,'*�9�-% ��-�!���A�6��'2�^#: 
5l���!	���()�.�����!�-�!�.�!�-�E�!'*�:ND ����!��w

(szvz)
i+1/2,j − (szvz)

i−1/2,j +

∫

int

rvz dr +
� u); �$���

(srvr)
i,j+1/2 − (srvr)

i,j−1/2 −
∫

int

rvr dz = 0.

u #
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; �x;F�1�	�^���j;*<c���JC2 ?	�/S()�ENO���!���!�!��� ?'Z���-	�/2�

n+ 1
��6����1*�!�-�O'F�-�S()�')eZ�-�� �/[��Ew

��GH�R�JC2 ?	�/����,�!��!	��(*�: ������
v?
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	U ?�2��3�!��"r ����6'*���-�0#&% �:�2����	�/*�!���!�!�:1*��#:���!�
()�B#&% ������'*#��	������;[���-�6����������()�a�������S�*��-����6���!��#. �����!��#:')�!�:���S(4% '*�*�B��+�'� D�!�:���M()�
�`���.�!�!���9;c<9 S	U D���!�.���$ ����6�)�-��������J ?�,�B	U ?#\�-���2(*�a�������*�*�-��kc#: S	�����C*�)()�$')�!�:#:�:�!�-�
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vi,jr = (v?r )
i,j +

∆t

ci,j

[

(srφ)
i,j−1/2 − (srφ)

i,j+1/2 + (aφ)i,j
]

vi,jz = (v?z)
i,j +

∆t

ci,j

[

(szφ)
i−1/2,j − (szφ)

i+1/2,j
]
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vz(z)h = (z − zi−1/2)vi+1/2,jz − (z − zi+1/2)vi−1/2,jz ,
�gu*;	�\u��

vr(r)h = (r − rj−1/2)vi,j+1/2r − (r − rj+1/2)vi,j−1/2r .
�gu*;	�^x(�
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∫

inti,j

rvz dr =
�gu*;	�'� �

v
i+1/2,j
z

h

∫

inti,j

r(z − zi−1/2) dr −
v
i−1/2,j
z

h

∫

inti,j

r(z − zi+1/2) dr,
∫

inti,j

rvr dz =
�gu*;	� !��

v
i,j+1/2
r

h

∫

inti,j

r(r − rj−1/2) dz −
v
i,j−1/2
r

h

∫

inti,j

r(r − rj+1/2) dz.

p@�����-	�/*#: 
- ����
v
/2 ?�>�!���
�-e)/*�!���!�!�������-�
5l���2���!�:����()�

v?
�-�>�-��')����#:�.�! ����>#:��`���-#. D�!�:�����
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1

∆t

[

(s′zv
?
z)
i+1/2,j − (s′zv

?
z)
i−1/2,j+ (s′rv

?
r )
i,j+1/2 − (s′rv

?
r )
i,j−1/2

]

+
�gu*;	�^�(�

φi,j
[

si,jz

(

(s′z/c)
i+1/2,j + (s′z/c)

i−1/2,j
)

+ si,jr

(

(s′r/c)
i,j+1/2 + (s′r/c)

i,j−1/2
)]

+

uy�
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φi,j

2

[

(as′r/c)
i,j+1/2 − (as′r/c)

i,j−1/2
]

=

(szφ)
i+1,j(s′z/c)

i+1/2,j +

(szφ)
i−1,j(s′z/c)

i−1/2,j + φi,j+1(s′r/c)
i,j+1/2

(

si,j+1r − 1

2
ai,j+1/2

)

+

φi,j−1(s′r/c)
i,j−1/2

(

si,j−1r +
1

2
ai,j−1/2

)

,

��'
s′z
���
s′r
�!���,�A()��_��*�:��/2 ���w

(s′z)
i±1/2,j = si±1/2,jz +

1

h

∫

inti,j

r(z − zi∓1/2) dr,
� u); �\t��

(s′r)
i,j±1/2 = si,j±1/2r − 1

h

∫

inti,j

r(r − rj∓1/2) dz.
� u); � # �

�����!�!���+,'2 ?�!�:���F��6�A()��#. 
5l����	���w

αφi,j + βφi+1,j + γφi−1,j + ζφi,j+1 + ξφi,j−1 = ∇ · v? �gu); �'� �
���A/[�-'*�H()���2� ���!���E����!��#:'*�K�-�S')�!�:#:�:�� ?�,��'2�*��	��-�!C*�*()�E	�'*#�����I��!�:#�#:��;

� ���'��[��?�-fg[<�'&g�-���$!�#�i"[8� ���"`h� &(�'`4]']^`4]
<9�f�- ?#.��'2#K()���F()��][��!��2�����$_��*�����F�!'*�r#:��F�-�-#:#�'2#����r/*�!�*��C*���r()�h#. g�!'*�657 ����s#:�:1*�!�

�*��-����6���!�r#. s�-���*�� ?�.�!�� ?�2�-�Z()'��JC2 �	�/�()�FNO�a������6���
�6'2��(*����-�-#:#�'*#:��
�-eO�!�-���:�-'*����
 ?'
()��	U ����*�@(*�@� ?#.��'*#&; ¨ #?57 �')�b()�����`��eO���� �/���#:�-�y#:�\��C2 �	�/�()�@NO�a������6���-kv����')�9��E����!/[��v�J ?�,�
#����U������()�a�������2�� �')eg#��:	��a����U�!'*�U#: q�6'*�!57 ��-��k`���-#. D����N����� �')eg�-���,�!�J ?�:���!�����*����	U ?#:�r���
�� ��*I�����!�:�-#:#:��w

n ·T · n|S = σκ

t ·T · n|S = 0
�gu);vu % �

���
σ
�����A#:�B���)��z$���:�-�,�A(*�E�!��2�6�:���S()���6'*�!57 ��-��k

κ
#: U����'*�!12'*�!�E	��Dm��-�*�*��#:�)�- �#���()�B#: 
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n
�-�

t
#: F�*����	U ?#:�
����#. Z�J ?�*I��-������"r#. F�!'*�!57 �����k

T = −pI + S
#:�
���-�2�!�-'2�

()��A���������� ����,�!��;
<b B�����2()���!�:���$"�#. �#:��	����!�K()������������� ����,�!��@�*���!	U ?#:��@��6�\N���!��_2���k�/*'*�.��+�'2�A')���:#��.�6��

/[��'*�c#:�\�- ?#.��'2#�()���y���-��	���� ∫
φr dr

��� ∫
φr dz

()�>#&% ��e)/*������6�:���E()�
v?
;<@% ��eO���� �/[��#. D�!�:���

��6��()���2��57 ?���!�U�-�� ��������(h �N����#: M�����2(*�a�������q()�$�������!�J ?�:�������� ?�2I��-�,�!�:�-#:#��U�,'*#:#:��;9<9��
()���J ?�:#:�A()�B�����!�!���-e,���� �/[��#. D�������F�6�������-eO/2#��.+,'*���(2 ?�2� � x%�*k8x #��j;
�|`4]^#y��& �$�'&g�-���$`af([n]^!"�\op[8#0`lf(&qd$��`

<9��B	U ?�J+,'*�-'2���B�6���������-#:�:���������!�$�')ef/� ?�
()��B5l���2���!�:���2���!/*#:���2����-'*1*�.+�'2��;`���
��C2����e$�����A(*��������!�-	������#:�:��"
#. 
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k)#:�-'*��()��!�:N��-�E�6��������()�0�������-���,�!�:�,'*�E#��

#:���*I$(*��#. U�!'*�!57 ��-��;2<9 U�-��'*��1*'*����k)57 ?�.�� ?���H���,�!�-��N��-�2���0()��H()�-���:N��-��A�!��-���2()���A()�
r(s)�-�

z(s)
k9��6�� ?#:���J�E�-I� �#��	��-���������������O'*��;b<@%  ?12�����.���6�U��'2�!NO�:#��:I��*�U��6�� ?/*/2�!�Xe)��	����/2 ��

#. �5l���2�v�������
s
k[�-�!���:���! �������#���#:���*IZ(*��#: Z�6'2�657 ��-��k2�-�K()�-_2�*�:���-�s�JC2 �+,'*��/����:���

(ri, zi)/2 ���w

si =

i−1
∑

j=0

√

(rj+1 − rj)2 + (zj+1 − zj)2

<9��\5l���2�v�������2�x�!/*#��:�*���x�!�����^ �#:���J�\()�-�!��!	��:�*�-��x/[��'*�x#:��x�-��'*/2#����x()�0/[�����,���
(si, ri)

�-�
(si, zi)

k4����I��JV��-�
"r#. r�-���*�� ?�.�!�� ?�2�-�
()���()�-���:N��-��K/*���-	���3�!���K()�
r
�-�
z
�-�q��C2 ���'*�*�

()����(*�-')er��eO���!�	��������()��#: U�6'*�!57 ��-� �j�\5�;2�=�:I2;-u); x(�v;

dr
ds = 1 dz

ds = 0

dr
ds = 1 dz

ds = 0

������� u*; x2;�w � ����� +2����� ����� + ��% � �1( �(0��
������� 
����&+ � � � - % � '$�
r
�� '$�

z
� 
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x~t



����� %�#	
� � � ����� 	�� � �����
��� � �� "�#	 �/� �%$&	 '� 	�� � � � �&��� ��	��

�`��'*�h#:��� ?#.��'*#&k0#����s/2 ��� �	�3-�!����M/2C,m)�6�.+,'*��h()��#d% � �' �����h�-�!��')�!�:#��.�!��gw
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1000 kgm−3
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ν = 10−6m2 s−1

k
σ = 0.072 kg s−2
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t = 1.12ms

������� x*;vu);:w � � - % ��� ' � %�� + ����� '$� �	� +2/���� � 
�� � � '$�2% � �0( ��
 /����	�$# �$% � 4 � � �	� �$/2%�� �$� . � �0���
' �

0.96 s−1
� �	� + � �	���� # � � � # ���	� � � . �0����$% � ��� ����� '$�

4.80 s−1
� �	� +����	���� # � % � # ��� �

' � −4.80 s−1 4 %�% 
�/�% ���������  �� ( � � ��� ������� �*% � �0� - �"/�% � '$��% � �	� ��� ����
��$%3'$��% � � .�/����
�	�( �� �� � � �	� +2/���� � 
�� � � ����� ��� . ����� ���� ���

4.80 s−1
� ��� % ���  � ( �*% ���0� -$�"/2% � '$��% � �	� ���

' ���
��&% '$�2%�� � /�� �� �	� ����� � % !&����� ���� � � −4.80 s−1 4�� %�/ ��� � �����	��� +����	������ # � � � # ���	���� �$% 
 /2%�� �0���������$% + � �	���� ��0��$/�� � ��� �$/2%���'�� #��$# � /��0'�� ��'$� -$� �2% '$����  �� �
4.80 s−1

4

t = 1.24ms

������� x2; x2;�w �5'$�$# 	 � - 4O, 4��

t = 1.4ms

������� x2; ��;�w �5'$�$# 	 � - 4O, 4��

x%�
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t = 1.56ms

������� x*; !);:w �$' �&# 	 � - 4�, 4��

� � � � � m1h �sk �sf�j�f u���m�j�v �ahsk
����	�	��x�*��'2�=#d%  �N����2�bNO'
/*�!�����(*�-	�	��-����kX#&% ����C2�-#:#��^(*�x#����*I�'*�'*�=/[��'*�`#. �+,'*�-#:#:��#:��

��]y���J�@� ?/*�:#:#: �������`���\I��J �NO���� ����!��`�!���,�@�+,'*�:#��:1*����kD/[��'*�@()�A#d% � �'�/2'*�!��k?��6�\()�
2.7 mm

;
	0��/[�-'*��()���2�?k � . ���"/ ���YkO�!'*/*/[���!�-�\+,'*�A#: EI��� XNO���!�^��6�\�*�-I�#��:I��� ?1*#:�^/[��'2�@#:��@1*'*#:#����\()�
�� Xm�����/[�������^()�-N? ?�,�x���-�6�!�0#:���2I�'*�-'2�;,<c�K�6�'*#��2��	�1*���0�! ��2��()��	���2�6�:���$I���'*N���!�� ?���\#:�
/*C*��*��	�3-�*��kc(* ��2�K#:�U�- �()�!��()�U�-���6��������'2()��/� ?�J ?	������!�.+,'*��k[�����B()���2��#����*��	�1*�!�U()�
	0C*�*���6���!I��

Oh = ρν2/σR
; ~ ��')�!���9#����9	���!'*�!���9�-�ai� ?/*��3�9�!���,�b/*�!���6����!���9�-�B5l���2�v�������

()��#&% �:�,N�����!��()�A�-�^�*��	�1*����k��?% ��6�6i�"Dij(*�����x#:�^�J Xm�����()��#. K12'*#�#:�A�!'*�@#: E#����*I�'*�'*�@�- �/*��#:#:�?i
NO�:��+,'*�-'2�!��;
�0��	� ��*�:3-�!��"� ��!�!'*���-�x#. �����C2�-���-�2���E XN���K#��K57 ��a�H()�E�2�-I�#:�:I��-�^#. 
I��� XNO�a����kO���A/[��'*�

�6�:	�/*#:�a_2��`#&% ����'2()�^/2 ��� �	����!���.+�'2��k�'*�*�x5l���!	��x�:�*���!�. ?#:�^�!�:	��:#. ?�:�!�x/[��'*�=����')����`#:��`1*'*#:#����
 ^�-�!�@')����#:�:�!�-�\�-��	�	��@�-���2()���!�:�������*�����: �#����&�\5�;��=�:IGx2; � �v;-GH��	U ?�:#�#. ?I��

5122
 ^�����@')�!�:#:�:�!��k

�6'2�a����"�'2�*�����!'2(*�B�6'*��#. ��-���,N���!I��-�2�-�K()'M���)(*�E/[��'*�A����I��-�2�!��()�E/2�!��1*#�3	���-;

��[8f(`4!"��]�� `4]^!6��j4`~]
<\% �:�����-�����r/*�����2�-��/� ?#0(*�s�-���!�!�s����'2()�s�����r#. �/[�����6�:1*�:#:�a���s+,'c% �#�#:�s�?]y�!�s()�h�-���)_2�!i

	��-�H��'T(4% �:�)_2��	��-�H#:��H#����:�H(c% ����C*�#�#:��H/*���()���!���A/2 ��A#. ��!C2�-�����:��/[���!�-�,�!�:�-#:#���; 	0�M/[�-')�
�-I, ?#:�-	��-�,�k>	��-	��T�6�A#. q�����2()���!�:���R�:�*�a���: �#��M��6�$�!�:	�/2#���_2�-��k\����	�/� ?���-��#���������!'*#a�J D�J�
 �N����#����K	����6'*����K��e)/[�-����	������ �#����-;y<b ZNO�a������6�
�-�E#:��N���#:'*	���()��#. Z/*���-	��:3-����I���')�!�!�
()� �����E�-	��:�!��()�����-��	��:�*���!���s����	�/[���6���-	��-�,�0'*#a���-���:�-'*��k[�?% ��6�6i�"Di�()�:�!���!�=�-#:#��
�!�-�!��	�1[�
���F�% �ND �/����!��k�#. ?�.���! ����^(* ��2�x#&%  ?�!	����!/*C*3�!�0#:��^	���#:���'2#����x����/2 ?�!�!�.��'2#����x()�������-#:#��E��6�
��C� ?��I��-��;XGH�*�^I��� ��2()�-'2�=�:	�/[���6�J ?�,�!�^"K��eO���� ������x()'�����!'*#��� ?�>()���>�- �#:�-'*#:�`��6�>#: KNO���!����!�
()�B�����!�!��I���')�!�!�E��'9k)/*#:'2�A�6�:	�/*#:�-	��-�,�k*#. �NO���!����!��()' ���-�;

P)��#&% �������-I, ?�J()�>#: ANO�a������6��()'B/[�����,�=�!�>���!��'*ND ����b�!'*�b#d%  De)�\(*���6mO	������!�:�@���5l���2���!�:���
()'��!�-	�/2���j�\5�;,�=��I�;%x*;�t ��k?�����!�	� ���+,'*��(4%  ?1[���J(�+,'c%  ?/*��3�`'*�*�A/[�-���:�)()��(4% �������:#:#: ?�!�:���2�
()�U57 ?�:1*#��Z ?	�/*#:���!'2()��k9#. SN,��������6�U/2 ����!��1*��'2��+�'2�-	��-�,��(4% '*�*�$ND �#��'*���2�-I� ?�!�:N��U"S'*�2�
ND �#��'*�K/[���!�a���:N���()��#d% ���J()���
(*�

10m. s−1
;c<9 r�2 ?�.�!�� ?�2�-�
(*' �����������B()���2�
'*�f/*C*��*�?i

	�3-�*�ZNO����#����� �h/[��'*��'*�*�Z1*'*#:#:�Z(c% '*���J �m����f�-I, ?#�"
R/Rν = 2.88 105

kb�!�����
4mm/[��'*�^()�K#d% � �'ck,	U ?�.���-I, ?#:�-	��-�,��/[��'*�^()�0/2#�'2�x/[�����a����x1*'2#�#:����U����	�/2 ��!�0 �')eU/*C*��*�?i

	�3-�*�H(4% ��]y���2(*�!�-	������()�A#: �� �NO���!��;�<c���>�������:#:#: ?�!�:���2�>()�A#. EN,��������6�A XND ?�,�>#&% ��eO�!���-	�'*	

� %
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������� x*; �*;:w52 /�%3'�� � �"/2% � � % � � � ���	��� � ' /�. � ����� .�/������1( �� ��' ��. ��� ��#��� ���! � � 4 � 
����&# ��� �! � � "
# �$% � � �	��� # ��� � �	�����&% � � � � � 
�/�% � � % � 
�/ ��� ��� . /�%3' �&%�� ����� # � � � �	��� '$� 
�� �	
��� ��� �	��� ����� � ���
� ��� # � � � �	��� /�� /�% % ���0���$/ ��� . � ���	��� �. � ��� �"/2% � '$� � �2+"� ���" ��� /�� ���$4 �,( �� ��'$� . � � �2# � "
� ���! �� � � �� � # �$%3����.�/���� '$���� � . � ����������� '$� 0�/ ����� ��� ����' � � ��� �$% ����� � � � � � � 
�/�% � � % ���
.�/�� % � � � � ��� � 4

�-�����!���6/[���2(*�-���� �')eZ���2()���� ?/*�:#:#: �������x��1��6��!N����x#�������()�E#&% ��]y���2()���-	��-�,�;
PO�0#d% ��� ����	�/� ?���M���-�6���TNO���!����!�T"�#: �	��-	��T	���!'*���M/[��'*�$'*�2�T1*'*#:#:�s()�s�� Xm����

R/Rν = 8640
�7�=�:I2;�x2; # �vk[���h�-���2�6�� ?�!��+,'*��#: rNO�a������6��	� ?e)��	U ?#:�
��1)���-�O'*����6�E1*����

/*#:'2�ZI��J ?��()�T+�'2�s(* ��2�$#��h�- ��U/*����-�()����Z�-�F+�'2�T#:�M�!�J ?�:� (4% ���2()��r�- ?/2��#:#. ?�:�!���������
�*�-�6���-	��-�,�H ?�6���-�,'2��;
¨ #>������()�������2 D��'*�!�#@()�U/[�-�2�!�-�B+,'*��#. FND ��!�. D���:���h()'q�*��	�12�!�U()� 	0C*�*��!����I��
�:�)i

82'2�-�2�-��#. S�-�!�� D�!�:���f(c% ���2()��B�- �/*��#:#. ?�:�!���K/2 ?��#. F�!�-�!�J ����!�:���f()'q1[��'*���!�#��-�; ¨ #@�!�������U"
N���!��_2�-�`��'
�:�)_2��	��-�>#: KND ?#:�.()�a����()��`#:���.�`(4% ��JC*�#�#:��`/*���(*�a����`I��JV��-�x"0#. H��C*�-���!�:�x/[�?���-�)i
�����#�#:��; �=��'2�\����57 ?�:�!��k?#&% �-�!'2()�H/2 ?�J ?	������!�.+,'*�� E��������� �#��.�!�-���!'*�@'*�*�����!3��>#: ��!I��^I� ?	�	��
()�E�*��	�1*����^()� 	0C*�*���6���!I���w

10−6 < Oh < 10−2
;*<c�E�J �m����Z�-�����!���6/[���2(2 ?���^"

10−2
k

/[��'*�\(*�A#&% �� ?'ck��������-I� �#2"
1.4µm

k�ND ?#:�-'2�\������\5l���.�\�6'*/[��!�:�-'2�!�A"�#. E#:���2I�'*�'*�\�- �/*�:#�#:�?i
NO�.�!+,'*�'2�6��; 	0���%  ?�6���-�2(�(*���2�?k="S/2�!�	��:3-���UNO'*��kb"T���Z+,'*�$#:����!���6'*#��� ?����()�$#&% ���!'�()�
/2 ��� �	����!���.+�'2�U�!���:�-�,�
�-��C*��!�-�,���� XN���U#����B#:���:��(4% ��JC*�#�#:���/[��'*���!��'*�!�Z#: TI� ?	�	��Z()�
�*��	�1*�����()��	0C*�*��!����I��K�JC*���.�!����;

PO'*�E#: Z_2I�'2�!� x2; �r�6�����E�!�/*�!���6������-��0#: rNO�a������6���� ?���K()��	���2�6�:���f()' ������#�������+,'c% ��#
 ?�6���-�:����#. SC2 ?'*�!�-'2��()�$#��.+,'*�.()�Z"S#d% ���*_2�*�&k9/[��'*��()�-')ef�/2 ?�.���6�'*����()�$1[��'*�!���-#:���J��()��5Yi
5l��!����!��� �&�\5�;`�=��I�;"x*; �(��k9 ������6��+,'c% '*�*�Z(*�!���a���U���-/*����!�-�,�� D���:N��U()�Z#: M#:����(4% ��JC*�-#:#:�$�-�
(R/Rν)

−1/2
;

<c��/*�!�	���������������J D�E�:���!��!���!�� ?�,��+�'2��#&% ���h/[�-'*�E57 ?�:�����6'*�B�����!�!�U�!�-���:��()�U� ?#.��'*#.�
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������� x*; �*;:w � � � ������ ' � ��������% � '�� # �$% ���"/2% �&% !&/�% 
� �"/�% ' � � ��� /2% ' � �	� 0��� �	� � % � � � ��� ���
��2% � ' � # �$% ���"/�% � - � �	�$# �$% � 4 � ��� ' ����� �0� -$�"/2% � ' ��� � # � � ����� . � � �	��� � � -�% ��� + ���� � 
���� ���

 /���� ��� .�/2% '$�$% � ����� +����	������ '�� � � � /�% . / ��� �	���  � �� �	��� �*% �60��� � � . ���� �� � � �&# . �����$/2%�"
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� � � ����� 	�� � �����
��� � �� "�#	 �/� �%$&	 '� 	�� � � � �&��� ��	��

��6�B#:�U57 ?���
+�'2�U#. S#����@/[���!�-�,�!�:�-#:#��$�������!���6/[���v���-�U/[��'*�B#:��BI��J ?�2(*���� Xm����2�;4p@����]y����k
/[��'*�K#����0�� Xm����2�0()�
1*'*#:#:��K�!'*/[�-���:�-'*�J�H"

60 000
5l���.�0#: Z#:���*I�'*�-'*�K� ?/*�:#�#:�?ijNO�.�!+,'*�-'��6��k

���r���-	U ���+,'*�K+,'*�K#. �()�������!�K��
R−1/2 ��6�^'*�2�E1[���*�*�� ?/*/*���XeO�:	U D�������Z()���x����!'*#��� ?���;

p\����'*�!����k=/[��'*��#:���/[�����a�J���J �m����2���
R < 300Rν

�vk>#:�F�-��	�/[���!�!�	��-���U()�F#: hNO�ai
�!���!�!���c% ��6�B/2 ����-�� �������J(h �N����
#. F/*���(*�:���!�:���f/[���!�-�,�!�:�-#:#��Mwc#. F/[������$()�������!'*#a�J D�J�
�,'*	���!�.+,'*�����6�A/[���!�a���:N���; �=��'2�

R/Rν = 144
k�()' ���-�A��1)�!��,'S�*�B�!�B()���J ��JC*�B ?'2�-'*�*�

I���')�6��� �j�\5�;[�=�:I2;-x*; � % �v; 	0�S/[�')�0 ?�6�!���:1*'*�-�H�-������	�/[���!�!�	��-���0"�#d%  ����!�:���M()�B#. �N����6i
�!�.�����!��k)	 �	��E�6�4#��K�J �m����Z()�K#. 
1*'*#:#��E��6��()�-')eZ���J()�����()�EI��J ?�2()�'*���x ?')i�()����6'���()�E#: 
#����*I�'2�-'*�0� ?/*�:#�#:�?ijNO�:��+,'*�-'��6��;2<c���J �m����M()��#. $1*'*#:#���k���T��]y����k[�c% �����K/[�-')�!i �-�!���B/� ��H#: 
#����*I�'2�-'*�\#. B/*#:'2�x ?/*/*����/2�!�:�-�A/���'*�x�- ��� ��v�!��!�.�6��>#&% ���)8�'*�-�2�-�0(*�H#. BN,�.�������!���!��;�	0�$/[�-')�
�!��3�\1*�:�-�$�:	U ?I��:�*��\+,'*�H#. B()�.���6�:/2 ?�!�:���UNO�:��+,'*�-'2�!�H"B'*�*�H��JC*�#�#:�0���-�,�\5l���:�\/*#:'2�\/[�-�!���!�
+,'*�E#. �1*'*#:#:�� ��a�A'*�*���:�)82'*�-�����B�!'*��#: �I�#���12 ?#:���!�E(*'F/*C2�-�*��	�3�*��;

����� � x2;	�"%*;:w ) �0/=4 � � ��� 
�
�������� !�� '$� �	��������!�� 
�� � �!0� � .�/����
R/Rν = 144

4 � � +"����
 / ��� � �
�$/�� � �*% ��� �	� � # . /������2%���� ��� 
�*% � - / ��� ���,% � �� ' �����$
 � ��' � ��� �� 
��� ����" 
� � �� /�# 0�� 4

¨ #=�-eO�.�6�!��'*�*�
#. ?��I��BI� �	�	��
()�
�� Xm����2�A/[��'2�H#. �+�'2�-#:#������T��12�6��!N��B'*�h����	�/[���!�!��i
	��-�����6�:�*���s�!���*I�'*#:����k[()'s	��������H/2 ?�!�!�.��'2#��:�-��k�()�
#. $N,������!�!�
()' ���-� �

300 < R/Rν <
40 000

�v;O<b �/2 ��6�����H(*�H#: �����'*�!1[�H+,'*���2�0����	�/[���!����/2 ��\()�0�!���6'*#��� ?�����
576 < R/Rν <

1440
�x����������!/[���2($"
'*�*�E�!�I��:���Z/���'*�^#: �+,'*�-#:#��K#:� �����^���!��/$_2�F�*�E�*��'2�^ 
/2 ��x/[�-�!	��.�

()�B�- ?#.��'2#���^#. �NO�a������6�� �'r�2��N��� ?'S()'S#��.+,'*�.()��"�#&% ���)_��*�+�j�\5�;2�=�:I x*; �$���v;
�K ?���`�-���6���^�!�I��:���ckX#��^/*C*��*��	�3�*�x�*���!'*���@()���2�x/*#:'2�`#: K#����) �')�!��ij�!��	��:#: ������\/2�!�N,'2�
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t0 − t
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lr ∼ (t0 − t)α lz ∼ (t0 − t)β
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r

lr
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z − z0
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η
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t0 − t
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ϕ(r, z, t) ∼ (t0 − t)γ
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g = ϕ/(t0 − t)γ
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ζ
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η
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α
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γ
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∂ϕ

∂t
= −1

2
(∇ϕ)2 + ∂rh

r
√

(1 + (∂rh)2)
+

∂rrh

(1 + (∂rh)2)
3/2
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ϕ(r, z, t)

/� ?�
(t0 − t)γg(ζ, η)

k
r
/2 ?�

(t0 − t)αζ
���
h(r, t)

/2 ��
(t0 − t)βf(ζ)
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∂ϕ

∂t
= (t0 − t)γ−1 (−γg(ζ, η) + αζ∂ζg + βη∂ηg)

−1

2
(∇ϕ)2 = −1

2

(

(t0 − t)2(γ−α)(∂ζg)2 + (t0 − t)2(γ−β)(∂ηg)2
)

∂rh

r
√

(1 + (∂rh)2)
=

(t0 − t)β−2α
ζ(1 + (t0 − t)2(β−α)(f ′(ζ)2)1/2

∂rrh

(1 + (∂rh)2)
3/2

=
(t0 − t)β−2α

(1 + (t0 − t)2(β−α)(f ′(ζ)2)3/2
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α
k
β
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γ
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α =
2

3
β =

2

3
γ =

1

3
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∆g = 0
�(x2;	�"%(�

−2

3
f +

2

3
ζf ′ + f ′

∂g

∂ζ
=
∂g

∂η

��
η = f(ζ)

�(x*; � �8�

−1

3
g +

2

3
ζ
∂g

∂ζ
+

2

3
η
∂g

∂η
+

1

2
(∇g)2 − κ = 0

�-�
η = f(ζ)
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(∇g)2 =

(

∂g(ζ, η)

∂ζ

)2

+

(

∂g(ζ, η)

∂η

)2 �(x2;	�^x(�

κ =
f ′(ζ)

ζ
√

1 + f ′2(ζ)
+

f ′′(ζ)

(1 + f ′2(ζ))3/2
�(x2;	�'� �
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ζ = r1(t0 − t)−2/3
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f(ζ)

ζ
=
h(r1, t)

r1PO'*/*/[�,�6���2�E+,'*�
h(r1, t)
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f(ζ)/ζ
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ζ
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θ∞
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lim
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f(ζ) ∼∞ θ∞ ζ
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g
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g(R,Θ) = RδPδ(cosΘ)
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R
�����K#: Z()�.�6�� ?�����
()'s/[���:���E�������6�.()�-���� ?'s������!���
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Θ
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g(ζ, η) = (ζ2 + η2)δ/2Pδ

(

η

(ζ2 + η2)1/2

)
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g
�-�F5l���2�v���:���S()�

ζ
���
η
�!���,��w

∂g

∂ζ
= δζ(ζ2 + η2)δ/2−1Pδ − (ζ2 + η2)δ/2

ζη

(ζ2 + η2)3/2
P ′
δ

∂g

∂η
= δη(ζ2 + η2)δ/2−1Pδ + (ζ2 + η2)δ/2

(

1

(ζ2 + η2)1/2
− ζη

(ζ2 + η2)3/2

)

P ′
δ

P* ��JC2 ?���E+�'2�
η ∼ θ∞ζ
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∂g/∂ζ
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∂g/∂η
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ζδ−1
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γ
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2δ − 2 = −1 δ = −1
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f(ζ) = αζ
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3
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3
ζ
∂g

∂ζ
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2

3
η
∂g

∂η
= −1

3
g +
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3
R
∂g

∂R
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3
g +

2

3

1
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R1/2P1/2(cosΘ)

= 0
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δ = 2
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λ = 60 cm.
λ = 141 cm.
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.0/21436587:9;5�<>=?<@7�36AB3DC?3DEF/0/�GHC;/25;5;IJ3J<KEF=0L41M5NC?G>1PO89;3J<
(r, ϕ, z) Q <><>/?E61MISR�9;5TGH3-/[3JG>3E Q G>7>IJ<>14365 (O, x, y, z)

3F7
S
9;5U3V<>9;G65 Q EF3�C?3�GHI6W2/�LM9;7>14/25 Q 9?7>/�9;GDC?3�LYX Q[Z 3 Oz \ .0/21M7J]IJ^ Q L436AB3J5�7J]?9;5;3 Q 1N<>E614<H<_3`EF9;GHW01ML41M^�5;3`C?IJEFGH14W Q 587aEF3F7>7>3:<>9;G!5 Q EF3`C Q 5U<bL43E/;L Q 5 (0, x, z) \

r

r

s

s

O
O

x

x

y

zz

n

ϕ

M(r, ϕ, z) R2

Rs

cedgf%hji \Mk�\Mlnmno[p?q6r6p?q>sut�v p?wjsyxzp?q|{~}��HsBt2s�q>�F�[o[��p?���|o�wj�
� Q EF/�9;G�1;9;G>3yL4/?E Q L43�C?3uL Q <>9;G!5 Q EF3�3J<_7�IJ^ Q LM3�R�LYX /�/*/j/8<_IuC?3�L Q C?14W236GH^23J5UEF3�<>9;G�L Q<>9;G!5 Q EF3:C?3:L Q 5;/�G>A Q LM3B�|3 Z 7HI6G>14369UG>3:C Q 5U<aLM3yE Q <x/UG>I�<_36587z� l

κ = −∇s · n
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	������������	�����������������	��������! �"#�%$���'&(��	)�*�����)+�,����-�/.(0���"

/21�L�X /25�C;I�3U5;1M7 L43`^�G Q C?14365�7 <_9UGaL Q <>9;G!5 Q EF3:EF/�ASAB3 l
∇s = t

∂

∂s
+ eθ

1

r

∂

∂θ� Q 7 Q 5U^236587>3`367 L Q 5;/�G>A Q L43`<JX I�EFGH1MW23J5�7 l
t =

1√
r′2 + z′2

(

r′

z′

)

n =
1√

r′2 + z′2

(−z′
r′

) � i \4k �
4�5 Q C;/25UE`RBE Q LPEF9;L436GaLM3�/;GH/?C?9;1M7 <HE Q L Q 14GH3 l

κ(s) = −(t ∂
∂s

+ eθ
1

r

∂

∂θ
) · (nrer + nzez)

O89;1�<>3:<_14A�/;L4153U3:3J5 l
κ(s) = −(tr

∂nr
∂s

+ tz
∂nz
∂s

)− nr
r

� i \ � �
� 3H/;GH36AB1436G 7>3JG>AB3KEF/2GHGH3J<!/j/25UCBRyL Q EF/�9;G�1;9;GH3 C Q 5N< L43H/;L Q 5 (er, ez)

3F7e<JX 3 Z /UG>14AB33U5 Q LM3JAS3J5�7 l
1

R1
=
r′z′′ − r′′z′
r′2 + z′2

� i \ � �
� 3,<_3�EF/�5UCT7>3JG>AB3,E6/2GHG>3�<6/j/25UC'RVLYX 1M50W236Gz<_3#C;9�G Q =2/�5'C?3,L Q <!//6*36GH3�7 Q 5U^236587>3 Q 9/j/2145�7
M
3F7 Q = Q 5�7 <>/25�EF36587>GH3:<>9;GaL�X Q[Z 3:C?3y<_=0ABIF7HG>14387?14L�<6X IJE6G>1M793U5 Q L436AB3J5�7 l

1

R2
=

z′

r
√
r′2 + z′2

� i \ : �
� Q EF/29UG!1;9;GH3 Q LM^�I-1;GH14O89;3`C?3:L Q <_9;G!5 Q E63 Q 9F/N/�1M587 M <JX I�EFGH1�7 C;/25UE l

κ(s) =
r′z′′ − r′′z′
r′2 + z′2

+
z′

r
√
r′2 + z′2

� i \<; �
=%367_7H3�5g/�G>A�9UL Q 7>14/25�5�X I67 Q 587 W Q L Q 1ULM3bO89;3eLM/�GH<HO89;3 r 3J<_7 5;/�5u589;LY][14LO5 Q 9?7 L Q AB/?C?1>3U36G/j/29;G�7HG>/�9;W236G�L Q EF/�9;G!1U9;G>3#C;3#L Q <_9;G!5 Q E63 Q 9 Z /j/2145�7z<uC�X 145�7H36Gz<_3JEF7>14/25 Q W23JEDLYX Q[Z 3,C?3<_=0ABIF7HG>143 \/?�Q 5U<eE63`E Q <6]0L Q EF/29;G�1;9;GH30/;L Q 5;3`5;3K/j/8<_3K/ Q <eC;3K/;GH/�1;L:36AB38703J5,GH36W Q 5UE'6U32]1ML�5 Q 9?7�IJEFGH14G>3�9;5 C?IJW236L4/�/*/j3JAS3J5�7DL41MAB1M7>I z′(s) Q 9;7>/29UGDC?3 s = 0

/j/29;GD/�1?7H365;14GBL QW Q LM3J9;GaC?9V<>3JEF/�5UC#7>36GHAB3:C?3yEF/�9;G!1U9;G>3`<>9;GaLYX Q[Z 3`C;3:<>=0ASI67>GH1M3 l
z′(s¿ 1) = z′(0) + sz′′(0) + o(s2)

� i \ @ �� Q <>9;G!5 Q E63SGH365UEF/�5�7HG Q 5�7E/j36G�/j365UC;14E69;L Q 1MGH36AB3J5�7:L�X Q[Z 3DC?3D<>=0ABIF7>GH1432] z′(0) = 0
3F7

r′(0) = 1
7;/25 Q C?/�5UE l

lim
s→0

z′(s)

s
= z′′(0)

� i \BA �
? 3U/;LM9N<6] s ∼ r

3J5DC6IJG>/N]�EF3DO89;1 EF/�5UC?9;1M7J] Q /UG!3�<`<_14A�/;L4153NE Q 7H1M/�5U<6]�R�L Q EF/29;G�1;9;GH37>/27 Q LM3:C?3:L Q <_9;G!5 Q E63`<>9;GaLYX Q�Z 3`C?3y<>=8ABI67>GH1M3 l
κ(0) = 2z′′(0)

� i \ E �
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4�5
7>GH/29;W23�L Q A��6AB3�1PC?365�7H1M7>I Q W23JE,9;5 <_14^25;3 − /j/29;GBLYX Q 9?7>GH3�3 Z 7>GHI6AB1M7>I�C?3�L QE6/29;G�1j3KGH365UE6/2587>G Q 5�7aL�X Q[Z 3:C?3y<_=0ABIF7HG>143 (z′ = 0, r′ = −1) \
.01 L Q <_9;G!5 Q E63�3�<@7,C?IJE6G>1M7>3�]n5;/�5 /;L49U<$/ Q G (r(s), z(s))

] A Q 1P<U/ Q G z = h(r)
]%E63O89;1 3J<_7�LM3uE Q <A/N/�9;G LYX I67>9UC?3SC?3J<�<_/�LM9;7>14/25U< Q 9;7>/�� <>1MAB14L Q 1MGH3J<aC;3yLYX 3�� /25UC?GH36AB36587KC�X 9U5;3E Q W01M7>I2];L Q W Q GH1 Q 7>14/25#145�3U5U1�7HIJ<>1MA Q L43yC�X Q 1U<HEF1P<><>3`EF9UG>W014LM14^25;3:<6X 3 Z /;GH14AS3:<>/29U<eL Q 5g/2GHAS3 l

ds = dr
√

1 + h′2

3 Z /UG>3�<><>1M/�5VC?3�L Q O89;3JLML43y/�5M/j3J9?7KC;IJC?9;14GH3yL43J<KC?I6GH1MW2IJ3J<A/;GH36AB1:36GH3y3F7`<_3�EF/25NC?3�C?3 r 3655g/�5UE~7H1M/�5�C?3
s l

r′(s) =
1√

1 + h′2
r′′(s) = − h′h′′

1 + h′2O89;1`/N3JG>AB367_7>3J5�7:C?3�7HG>/�9;W236G�L43J<KC?I6GH14W2I63J<H/UG>3JAS1:36GH3�3F7:<_3�EF/25NC?3uC?3
z
365T5g/25UEF7>14/25 C?3

s l
z′(s) =

h′√
1 + h′2

z′′(s) =
h′′

1 + h′2
− h′2h′′

(1 + h′2)2
� 5VG>3JA�/UL Q��6Q 587aE63J<e3 Z /UG>3�<><>1M/�5U<eC Q 5U< EF36L4L43:C?3:L Q E6/29;G�1;9;GH32]?/25�/�1?7H14365�7 l

κ(r) =
h′′

(1 + h′2)3/2
+

h′

r
√
1 + h′2

� i \ 	 �
? 3 A��6AB3 O89;3A/j/�9;G L Q 5g/2GHA�9;L Q 7H1M/�5B^2IJ5;I6G Q L432]�/25U/j369?7%I�EFG>14GH3a9;5�C?IJW236L4/�/*/j3JAS3J5�7L414AS1M7>I Q 9?7H/29;G C?3 r = 0

/j/29UG LM3x/j/�1M587 <_3e<_1M7>9 Q 5�7 <>9;G LYX Q[Z 3bC?3e<_=0ABIF7HG>143%3F7 /25y7HG>/�9;W23 l
κ(0) = 2h′′(0)

� i \Mk�
 �
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.0/21436587K9U5;3B<_9UG65 Q EF3 S 365)5g3JG>A Q 5�7`9;5 W2/2L49;AB3 Ω 367`9;5h/j/2145�7
M

3 Z 7HI6GH1M3J9;G`R Ω
]C�X Q	�BZ 3 ze �-=\5 \�
 1M^ \��\4k � \ � 3�7'6;I6/�G!3JAS3,C?3 = Q 9UE'60=�<JX Q /*/;L41PO�9U3Z/j/29;GuL Q 5g/�5UE~7>14/�56;/�LM/�AB/2G�//6;3

β(z)/(z − ze)
];/21

β(z)
3J<_7aL43E/j/27>36587>1436L�E6/2A�/;L43 Z 3:C?3`LYX IJEF/�9;L436AB365�7 l

∫

S

β(z)

z − ze
dz = 0

� �K\4k �

ε
M

S

Sε

cedgf h �K\Mk�\Ml�� }D�����S� � sSt2s��_v � wN� ����q>}��MsBsFxz�e�z}[�M�6p?�M�zs��Uo[p?q ε→ 0 �
z − ze

3J<_7�IJ^ Q L R εeiθ /j/�9;G z ∈ Sε \ .092/*/j/�<>/25U< β EF/�5U<_7 Q 587K<_9UG Sε ]jLYX 1M587>I6^�G Q LM3/j3J9?7 Q L4/2Gz<e<6X IJE6G>14GH3 l
∫

Sε

β(z)

z − ze
dz =

∫

Sε

β(ze)
e−iθ

ε
iεeiθdθ = iαeβ(ze)

/21
αe
3J<_7 I6^ Q L?R π /j/29UG 9;5U3a<>9;G65 Q EF3bL41P<><>3 \ � 7 Q 5�7 C;/25;5;IaO89;3aE63F7>7>3a1M587>I6^�G Q LM3x/j/8<><!3JC?39;5U3%L414AS1M7>3eO89 Q 5UC ε 7>365UC�W23JGH< C6IJG>/N]JLYX 145�7HI6^2G Q L43%<>9;G S−Sε 365
/j/�<H<63�C?3 9;5;3bIJ^ Q L436AB3J5�7367aLYX /25 Q 1;14365 l

iαeβ(ze) +

∫

S−ze

β(z)

z − ze
dz = 0

� �K\ � �
/21�L�X 1M587>IJ^2G Q L43`C?/21M7 �F7>GH3E/;GH1P<_3 Q 9�<>365U< C?3`L Q W Q LM3J9;G^/UG>145UEF1:/ Q LM3:C?3 = Q 9UE�68= \
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.0/21436587 9;5;3�<_9UG65 Q EF3 S 365)5g3JG>A Q 5�7 9;5�W2/2L49;AB3 Ω 3F7 9U5U/j/2145�7
M
145�7HI6GH1M3J9;G%R

Ω \ � 3/j/27>36587>1436L�C?3J<eW01M7>3�<><>3J< Q 9r/j/�1M587 M <JX 3 Z /UG>14AB3K365r5g/25NE~7>14/25�C?3`L Q C?365U<>1�7HI:C?3:C;1�/���LM3�<
µ
<>9;GaL Q <>9;G65 Q EF3 l

ϕ(M) = − 1

4π

∫

S

µ
∂

∂n

(

1

λ

)

dS
�-= \4k �/21

λ
3J<_7aL Q C?1P<@7 Q 5UE63`36587>GH3`L43E/j/2145�7 M 3F7 9;5S/j/2145�7 C?3:L Q <_9;G!5 Q E63 \

n

ε

M

S

Sε

cedgf%h = \4k2\4l���}�� � �S� � sBt2s��_v � wU� � �2q>}[�4sBs~x~�e�z}[�M�6p?�M�Hs �;o�p?q ε→ 0 �
4�5F/N3J9?7 C?IJE6/2A�/j/�<>36GeLYX 145�7HI6^2G Q L43K365�L Q <>/2ABAB3`C;3J<e145�7HI6^�G Q LM3�<b<>9;GaL43J<aC?3J9 Z <_9UG �5 Q EF3J< S 367 Sε \ Sε 3J<_7 9;5;3�E Q L4/�7_7H3y<!//6;I6GH1PO�9U3yEF3J5�7>GHI63y365 M \ � Q W Q L4369UG C?3 ϕ 365V9;5/j/�1M587 C;3`L Q <_9UG65 Q EF3K3�<@7 Q L4/2Gz<bI6^ Q L43`R l

ϕ(M) = − 1

4π
lim
ε→0

(
∫

Sε

µ
∂

∂n

(

1

λ

)

dS +

∫

S−Sε

µ
∂

∂n

(

1

λ

)

dS

)

4�5F/j369?7 <>9*/*/j/8<_3JG
µ
E6/25U<_7 Q 5�7 <_9UG Sε \ .09;G EF367_7H3:<>9;G!5 Q EF3�] λ 3J<_7 E6/25U<_7 Q 5�7J]?IJ^ Q L�R ε ]367 < Q C?I6GH14W2I63:<_9;14W Q 5�7aL Q 5;/2GHA Q L43K3J<_7aIJ^ Q LM3`R l

∂

∂n

1

λ
= − 1

ε2
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ϕ
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� Q L41MAB1M7>3yC;3`L Q /;GH36AB1�3JG>3`1M587>IJ^2G Q L43KLM/�GH<HO89;3 ε 7>365NC,W23JGH<9C6IJG>/B3J<_7 C?/�5UEKI6^ Q L43`R l
lim
ε→0

∫

Sε

µ
∂

∂n

(

1

λ

)

dS = lim
ε→0
−µ(M)

ε2

∫

Sε

dS = −2πµ(M)

� Q L41MAB1M7>3DC;3SL Q C?369 Z 1:36AB3B1M587>IJ^2G Q L43u3J<_7`L Q W Q LM3J9;GK/;GH145UEF1:/ Q L432] Q 9T<_3J5U<`C?3�= Q 9UE'60=2]C?3:L�X 145�7>IJ^2G Q L43`<>9;GaLYX 3J5U<_3JA�1;LM3yC?3:L Q <>9;G!5 Q E6305g36GHABI63 S \ 
 145 Q L436AB36587J];/�5 Q�l
ϕ(M) =

1

2
µ(M)− 1

4π

∫

S−{M}

µ
∂

∂n

(

1

λ

)

dS
� = \ � �

kJ��
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?�Q 5U<:EF367_7H3 Q 5U5;3 Z 32]�5;/�9U<:C?I6GH1MW2/�5U<`C?3BA Q 5;1�3JG>3S3 Z /;LM1PEF1M7H3BLM3�<`5;/�= Q 9 Z C;3J<`145�7HI��^�G Q LM3�<uGH365UE6/25�7HG>IJ3J<SLM/�GH<DC?9 C?IJW236L4/�/*/j3JAB365�7#C?3�L Q ASI67 6;/;C?3VC�X 145�7>IJ^2G Q L43J<BC?3S5gG>/�5 �7H1�3JG>3�< \ =%3J<y5;/�= Q 9 Z <JX 3 Z /UG>14AB365�7�]�3J5�^�I6/�ASI67>GH1M3 Q[Z 1 � <>=0ASI67>GH14O89;3�]�<_/�9U<:L Q 5g/2GHAB3�C?35g/�5UE~7H1M/�5U<�C;3J<�145�7>IJ^2G Q L43J<�36L4LM1:/?7>1PO89;3J< EF/2A�/;L:3F7H3J<�C?3@/;GH36AB1�3JG>3 367 <_3�EF/�5UC?3 3J<!/[3JEF3 K(m)367
E(m) l
K(m) =

∫ π/2

0

dθ

(1−m cos2 θ)1/2
E(m) =

∫ π/2

0

(1−m cos2 θ)1/2dθ

� /29U< Q 9;GH/25U<bIJ^ Q LM3JAS3J5�7aGH3JEF/�9;GH<eRS9;5;3yC?3:L4369;Gz<^/;GH/�/;GH1MI67>I�<
	 � :�� l
K ′(m) =

1

2m

(

E(m)

1−m −K(m)

)

������ �������������� !�" #�%$'&)(%�+*",.-/,102(%,'-/3��+*�4
� X IJO89 Q 7>14/25#C?305gGH3JC�6;/�LMA /j/29;GbL430/j/27>3J5�7>1436L�C;3J<%W01M7>3�<><>3J<%3F7eL Q C?365U<>1M7>I`C?3KC;1�/���LM3�<<JX I�EFGH1�7 l

ϕ(M) = µ(M) +
1

4π

∫

s

(µ(M)− µ)r
∫

θ

∂

∂n

(

1

λ

)

dθ ds
� ?�\4k �

5 L�<JX Q ^21M7aC?/�5UE`C?3yE Q L4E69;L436GaL�X 1M587>IJ^2G Q L43 l
I1 =

∫ 2π

0

∂

∂n

(

1

λ

)

dθ

/21
λ(R,Z, r, θ, z) =

√

(r +R)2 − 2rR(1 + cos θ) + (z − Z)2 \ � X 145�7HI6^�G Q 5UCR/j369;7<JX 3 Z /;G>14AB36G C?3`L Q A Q 5;1:36GH3:<_9;14W Q 5�7>3 l
n · ∇

(

1

(r2 +R2 − 2rR cos θ + (z − Z)2)1/2
)

4�5�3�<@7 C?/25UE Q AB365;IyRBE Q LPEF9;L436GaLYX 145�7HI6^�G Q LM3 l
I1 =

∫ 2π

0

(

nr
∂

∂r
+ nz

∂

∂z

)

1

(r2 +R2 − 2rR cos θ + (z − Z)2)1/2 dθ

k��;k
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3 Z /;GH3J<H<_14/25�O89;1�<6X IJE6G>1M7J] Q /;G�3J<e<>14A�/ULM1>3NE Q 7>14/25U< l
I1 = −

∫ 2π

0

nr(r −R cos θ) + nz(z − Z)
(r2 +R2 − 2rR cos θ + (z − Z)2)3/2 dθ

� 5S/j/8< Q 5�7 l
A = (r +R)2 + (z − Z)2 � ?�\ � �
m = 4rR/A,

� ?u\ � �/25F/j3J9?7 365UE6/2GH3`<>1MA�/;L4153N36G E63F7>7>3:145�7>IJ^2G Q L43 l
I1 = − nr

A3/2

∫ 2π

0

(r +R)− 2R cos2(θ/2)

(1−m cos2(θ/2))3/2
dθ

−nz(z − Z)
A3/2

∫ 2π

0

1

(1−m cos2(θ/2))3/2
dθ

? 3J9 Z 7@=O/j3J<�C�X 145�7HI6^2G Q L43J<DC;/214W2365�7,C?/25UE �67>GH3 E Q LPEF9;L4I63�<B367$/j3J9;W236587,<6X 3 Z /;GH1MAB3JGD3655g/25UEF7>14/25 C;3
K(m)

367
K ′(m) \ � 3
/;G>3JAB1M3JG�E6/2GHG>3�<6/j/25UCVR�L Q C?369 Z 1:36AB3�145�7HI6^�G Q LM3�C;3L�X IJO89 Q 7>14/25F/;GHIJEFI�C?36587>3 l

∫ 2π

0

dθ

(1−m cos2(θ/2))3/2
=

∫ 2π

0

dθ

(1−m cos2(θ/2))1/2
+

m

∫ 2π

0

cos2(θ/2) dθ

(1−m cos2(θ/2))3/2

� 5y9;7>14LM1P< Q 5�7 L43%E'6 Q 5;^23JAS3J5�7 C?3 W Q GH1 Q 1;L43 ϕ = θ/2
3F7 3J5:GH36A Q GzO89 Q 587�O89;3nL Q C?3J9 Z 1�3JAB31M587>IJ^2G Q L43B3J<_7J] R�9U5q5 Q E~7H369;G�A�9;LM7>1:/;LM1PE Q 7>1�5�/UG!3J<J]�L Q C?IJG>14W2I63U/ Q GyG Q /*/j/2G>7yR m C?3�L Q/;GH36AB1�3JG>3�]?/25,7>GH/29UW23 l

∫ 2π

0

dθ

(1−m cos2(θ/2))3/2
= 2

∫ π

0

dϕ

(1−m cos2 ϕ)1/2
+

4m
∂

∂m

∫ π

0

dϕ

(1−m cos2 ϕ)1/2� 3�<E/ Q G_7H1M3�<`C;3DE�6 Q O�9U3B1M587>I6^�G Q LM3D<_9;G [0, π/2] 3F7�<>9;G [π/2, π] I67 Q 5�7y14C;365�7H14O89;3�<6]�/�5/j369?7 3U5 Q LM3JAS3J5�7e3 Z /;G>14AB36G%LYX 1M587>I6^�G Q LM3�C?9#AB3JA�1;G>3KC?3�^ Q 9UE�6;3 365$5g/�5UE~7H1M/�5#C?3 K(m)3F7 C?3
K ′(m) l

∫ 2π

0

dθ

(1−m cos2(θ/2))3/2
= 4(K(m) + 2mK ′(m))

� 5T9?7H1ML41P< Q 5�7:L Q /;G>/�/;GH1MI67>ISC;3 K(m)
3F7
E(m)

/;G>I�EF1P<_IJ3u3J5TC?I1;9?7yC?3DE63F7_7H3 Q 5;5;3 Z 32]/25F/j3J9?7 3U5 Q LM3JAS3J5�7 IJE6G>14GH3 l
∫ 2π

0

dθ

(1−m cos2(θ/2))3/2
=

4E(m)

1−m

kJ�8�
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L43�<>3JEF/�5UC,7@=O/j3�C�X 145�7>IJ^2G Q L43yR�E Q LPEF9ULM3JGa7>GH/29;W23�<_/�5�3 Z /;GH3J<H<_14/�5�C Q 5U< L43�E Q LPEF9;L9/;GHIJE6I��C?3J5�7 l
∫ 2π

0

cos2(θ/2)

(1−m cos2(θ/2))3/2
dθ = 8K ′(m) =

4

m

(

E(m)

1−m −K(m)

)


 145 Q L436AB36587J];LYX 1M587>IJ^2G Q L43 I1 /j3J9?7 <JX I�EFGH1MGH3`C?3:L Q 5 Q�� /25�<>9;1MW Q 587>3 l
I1 = −

4E(m)

A3/2(1−m)
(nr(r +R) + nz(z − Z)) +

8Rnr
mA3/2

(

E(m)

1−m −K(m)

)

� /�<>/25U<
h = (R− r)er + (Z − z)ez \ 4�5�/�1?7H1M3J5�7 l

I1 =
1

A1/2

(

4E(m)

A(1−m)
h · n + 2nr

E(m)−K(m)

r

)


 1M5 Q LM3JAB365�7�];L Q 5g/25UE~7H14/25 Kϕ
C;3`LYX I�O89 Q 7H1M/�5,145�7HI6^2G Q L43 ;;\Mk @ <JX IJEFGH1M7 l

Kϕ =
r

πA1/2

(

E(m)

A(1−m)
h · n + nr

E(m)−K(m)

2r

) � ?u\ : �
?KQ 5U<nL43 E Q C?GH3aC?3 5;/�7HG>3aIF7H9UC?3 589UASIJG>1PO89;32]2L43J< 145�7HI6^�G Q LM3�< 36L4LM1:/?7>1PO89;3J< K(m)

3F7
E(m)<>/2587 E Q L4E69;LMIJ3J<e^2G��2E63KRS9;5U3 Q /*/;GH/ Z 14A Q 7>14/25�C?3`L Q 5g/�G>AB3�	 k"� l

K(m) = (((ak2 + bk) ∗ k + ck) ∗ k + dk)

−(((ek2 + fk) ∗ k + gk) ∗ k + hk) ∗ log(k)

E(m) = ((ae ∗ k + be) ∗ k + ce) ∗ k + de

−(((ee ∗ k + fe) ∗ k + ge) ∗ k) ∗ log(k)
/21

k = 1−m 367
ak
]
bk
] \M\4\ ] ae ] be ] \4\4\ <_/�5�7 C?3�<aE6/25U<_7 Q 5�7>3�< \

������ � ,	� ��,'�2(�
 ����,' #����,'*
� 3`W23�E~7H369;G�/j/27>3J5�7>1436L�<JX IJEFGH1M7a<>/29N<�5g/�G>AB3`145�7HI6^2G Q L43 l

A(M) = − 1

4π

∫

s

(µ(M)− µ)r
∫

θ

n ∧∇s

(

1

λ

)

dθ ds
� ?�\<; �

� 3`^2G Q C;1M3J5�7e367 L Q 5;/�G>A Q LM3`<JX IJEFGH1MW�365�7aGH3J<!/j3JE~7H1MW23JAB365�7 l
∇ = er∂r +

eθ

r
∂θ + ez∂z

n = ernr + eznz

k��2�
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� 3J9;G�/;GH/?C?9;1M7aW23�E~7>/�G>1436L�<6X 3 Z /;GH14AS3:C?/�5UE`<>/29U<eL Q 5g/2GHAS3 l
n ∧∇ = eθ (tr∂r + tz∂z)− (trer + tzez)

∂θ
r/ 1�L Q 7 Q 5;^23J5�7>3:3J<_7 C?I 3U5;143:E6/2ABAB3 l

tr = nz tz = −nr

er
3F7

eθ
<6X 3 Z /;GH14AS3J5�7 C Q 5U<e9;5�GH3-/[36GH3`E Q G>7>IJ<>14365�EF/�ABAS3 l

er = x cos θ + y sin θ
eθ = −x sin θ + y cos θ

4�5'E�6;36GzE'6;3DL Q EF/�A�/j/�< Q 5�7H3D<>9;1MW Q 587 y
C?3

A
� Q /*/j36L4I63 Aθ / Q G Q 1;9N<yC?3�L Q 5;^ Q ^23�� 7/25
5�X Q C;/25UE,R E Q LPEF9;L436GBO89;3,L43J<�/ Q G>7>143J<SC?3�LYX 145�7HI6^�G Q LM3�<_9;14W Q 5�7 y

] <>/21M7SLYX 145�7HI6^�G Q LM3<_9U1MW Q 5�7H3 l
I2 =

∫ 2π

0

(

cos θ (tr∂r + tz∂z)− sin θ
tr
r
∂θ

)

1

λ
dθ

� 5�3 Z /UG>14A Q 5�7aL43J< C?I6GH14W2I63J<aC?3 λ <>9;1MW Q 5�7 r ] θ 3F7 z ];/25�/�1?7H1M3J5�7 l
I2 = −

∫ 2π

0

tr(r −R cos θ) cos θ + tz(z − Z) cos θ − tr
r (rR sin θ) sin θ

(r2 +R2 − 2rR cos θ + (z − Z)2)3/2 dθ

.0/21M7J];3J5�9?7H1ML41P< Q 5�7 L Q C;I�3U5;1M7>14/25VC?3 A ] m ] t 367 h l
I2 = −

1

A3/2

∫ 2π

0

− cos θh · t +Rtr(cos θ − 1)

(1−m cos2(θ/2))3/2
dθ

� 3:589;ABI6G Q 7H369;G C?3:LYX 145�7HI6^2G Q 5NCZ/j369;7 <6X IJE6G>14G>3 l
N = −h · t(2 cos2(θ/2)− 1) +Rtr(2 cos

2(θ/2)− 2)

4�5E/j369?7�A Q 1M587>365 Q 5�7 C?I�EF/2A�/j/�<>36G�L43J<�1M587>I6^�G Q LM3�< 365:9;5;3 <_/�ASAB3nC�X 145�7>IJ^2G Q L43J<�E6/25;509;3J< l
I2A

3/2 = −2(Rtr − h · t)
∫ 2π

0

cos2(θ/2)

(1−m cos2(θ/2))3/2
dθ

−(h · t− 2Rtr)

∫ 2π

0

dθ

(1−m cos2(θ/2))3/2� 3�<aC?369 Z 1M587>I6^�G Q LM3�<e<6X 3 Z /;GH14AS3J5�7aGH3J<!/j3JEF7>14W236AB36587J];365r5g/�5UE~7H1M/�5�C?3 K(m)
]
E(m) l

I ′ =
4

m

(

E(m)

1−m −K(m)

)

I ′′ =
4E(m)

1−m

kJ� :
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� X 145�7HI6^2G Q L43 I2 <6X IJE6G>1M7 C?/�5UE�] Q /;G�3J<e<>14A�/ULM1>3NE Q 7>14/25U< l
I2 =

1

A3/2

(

8Rtr
m

(K(m)− E(m) + h · t
(

8

m
(E(m)−K(m) +

4E(m)

1−m

))

� 5 9;7>14LM1P< Q 5�7DL43r5 Q 1M7�O�9U3 m = 4Rr/A
] /25
7>GH/29;W23�L�X 3 Z /;GH3J<H<>1M/�5
C?9 5;/�= Q 9 KA

C?3LYX 1M587>I6^�G Q LM3 ;?\4k�A�l
KA =

r

πA1/2

(

tr
2r

(K(m)− E(m)) + h · t
(

E(m)−K(m)

2rR
+

E(m)

A(1−m)

))

� ?u\ @ �

k��2;
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