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ẋ(t) = f(x(t), u(t))
� dZ�

R��r|�� C�ILK,C�TX�L|;C#N!CPK0M�RJIuE,F��J|_CPKdHJN!TV]pK,K,]_�D|;CZK U CZK�E�WDIrRJWLYJC�F,E0N!C L∞([0, T ],
m e m)

=uH.YJCPM
T > 0

yD¥ �Jk��#I¦yD¥!C
x(0) = x0
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ET : u 7→ x(T, x0, u)

=0R+�
x(t, x0, u)

CZK�EV|pH¢K,RJ|_W!E,]_RJI N!Cz� dZ��H@K,K,R!M�],�PC�£
u ∈ UC�E�U&H*F,EGH*IuE�N!C

x0
C�I

t = 0
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x(t, x0, u)
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E,F~H%��CPM�EGRJ]_F,C^TV]_ID]_T�]pKGH*I@E3WDILC^[\R@ILM�EG];R@I�|;]pKGKbCdH*ULU(C�|4��C8|_C5$~"76!< � CT (u) =
∫ T

0
f0(x, u)dt
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H*W�U(RJ]_I@E
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CZK�EBHJ|;R@FGK0N ��yLID]_CSM�R@T�TVC |pH��(R@F,IDC ]_I![8��FG]_C�WDFGC#N!CPK

M�R�9DEGK N!CPKE,F~H%��CPM�E,RJ]_FGCPKBFGC�|_]pH*I@E
x0
£
x1
CPI�EGC�TVULK

T
kBc�]�WDIaM�R@I@EGF��@|;C

u ∈ U CZK�E R@U!f
E,]_TrH*|3K,WDF

[0, T ]
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(ψ,ψ0) ∈ m e n × m eIDRJI�EGF,]_Y�]_HJ|�E,C�|��@WLC �
ψ.dET (u) = −ψ0dCT (u)

� C1UD|;W&KdN=� HJUDFG}PK^|;C?>	)/" $@$A" !�&Q+%4CBa'<D+"E3�4 3 ++&F>1"%$L<x)�5J'A0�" $¢�\YJRJ]_F ���*� �\�s|pH#EGFGH%��CPM�E,R@];FGC
x
M�R@F,FGCPK,U(RJILNDH*IuES£¦M�CVM�RJIuE,F��J|_C�TV];IL];TV]pK,HJI@E

u
CZK�EQ|pH�UDFGR%��CZM�EG];R@I�N=� WDIDCG&�D@<>),9A3r'%:,&�=

]>k CJk8WDILCQK,RJ|_W!EG];R@I�N!WtK,i�KbEG}�TVCIH H*TV]_|;E,RJIL];CPI �

ẋ =
∂H

∂p
(x, p, u), ṗ = −∂H

∂x
(x, p, u),

∂H

∂u
(x, p, u) = 0

R��
H(x, p, u) =< p, f(x, u) > +p0f0(x, u)

CPKbE1|_CJH HJT�]_|;E,R@ID];CPItNDWaKbi!KbE,}�TVC@=
p
CZK�E

WDIDC�[ R@ILM�EG];R@I{H*�LK,RJ|_WDTVC�IuEXM�RJIuE,]_IuWDC�KbWDF
[0, T ]

HJUDU(C�|4��CGK7&�$�<;&�4!)q'@+ML�"7"\$L<x=8C�E
p0 CPKbE

WDIDC�M�RJILKbEGHJI@EGCJk�� C�UD|;W&K#RJI�HD=l£qKGM�HJ|_HJ];FGC�UDFG}PK � (p(T ), p0) = (ψ,ψ0)
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p0 6= 0
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ẋ = f0(x)+uf1(x)
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• γ(t) = (t, 0, . . . , 0)
-
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xn ∼ AT .(x1 − T )2
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• γ(t) = (t, 0, . . . , 0)
-
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T 7→ AT

& *~<F$~"%$&<�" $&4�&�-@!D"7*/"p<�"EK7&U&�<	+@9�$�),"7" * *�'%$&<;&Z�
�u��:,&S*A& $�<M&�4!)

L2 ! (xn < 0)∩S(0, T )
- $~"%$�*~<�" <x4L9#+�& !D"7" $&<%*#+�& :_'I*�!�	�2�)�&�' *��

*�"<$A" 9/*/"q++&/* $~"%$&<>)��*:,&/*
L2 �4!�),"<$ 	�& * � 3V' " * !D'7* L∞ �4!(),"<$ 	�& * � +%4G$~"%$L<x)��%:,&

'%$�"%)/3r'%:s++&X)b9���9�)�&�$@$�&Z� % :R&/*�<�<n'%$101&�$L< "�:;'�+7" )�& $�<�" "%$ '%$�"%)/3r'%:,&Z�
� &/*X++&�4�D * & $�<;&�4!) * *�"%$&< *�9M!D'*)b9 *F!D'*)�:,& !()�&A3 "%&�) $��%$ &�++& >"*$L<x)�5J'A0�" $

xn = 0:,&X:;"%$ 0�++&
γ
�

�#HJILK^|;CM�H@K^`aH*F,E,]_IDC�E^R@I�H#WDI�]_IuY%HJF,]pH*IuE^N!WVM�RJIuEGHJM�E^U(RJWLF^|;CK,CPM�EGC�WDF
L2 � |_CM�RJIuEGH@M�E

CPKbECPI 1
6X

3 =!Y@RJ]_F ���J� �hk
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• RJF~N!FGC −1 � g = dx2 + dy2 �>M�HJKBUL|_H*E~��=

• RJF~N!FGC 0 � g = (1 + αy)2dx2 + (1 + βx+ γy)2dy2 k
�#HJILK�|;C¢MPHJK�N=� RJF~N!FGC

0
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α 6= 0
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�@W&HJN!F~H%EG]_�uWDCZK�=%EGRJW!E�NO� HJ�(RJF~N�K<� ]_|LIO� C�¥!]_KbE,C1ULHJK0N!CE,F~H%��CPM�EGRJ]_F,C1H*IDR@F,TrH*|_CBTV];ID]_TV]_KGH*IuE,C
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Ẽ
k�� W!E,FGC�TVC�IuE�ND]�E�];|	C�¥!]pK�EGC�WDI

3�4!: <�" !(::"%$G'*<;&�4!)X++&�23'A0J),'%$ 0+&
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ẋ = f(x, u)
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(x, p, u)
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H(x, p, p0, u) = max
v

H(x, p, p0, v)
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M�R!N!]_TVC�ILK,]_RJI ]_I![8��FG]_C�WDFGCaRJW ��guH*|_Ca£ w k �#I H¢EGFGRJ]pK�K,]�EGWLH%EG];R@ILKq�uWD] U(CPWDYJC�IuE Q�E,FGC
N!]_KbE,]_IDg@W���CZKBC�I¦W!E,]_|;]pKGH*I@E1|_CPKBE,F~H%��CPM�EGRJ]_F,CZKBH*IDR@F,TrHJ|;CZK�k

j^R@K,RJILK
Hi =< p, fi(x) >, i = 1, 2

k -1IDC�E,F~H%��CPM�E,RJ]_FGC�Kb]_IDgJWL|;]_}�FGC�N!R@]�E K,H*E,]pK�[ HJ];FGC �
H1 = H2 = {H1, H2} = 0

C�E�N!RJILM�CPKbESM�RJI@EGC�I�WDC�NDH*I&K1|�� C�ILK,C�TX�D|_C
M = {q ∈ m e 3 /

NDC�E
(f1, f2, [f1, f2]) = 0}H*UDU(CP|,� *�4!) ��'�$ &�++&IB�'*)�<�" $@&�<xkd�3CPKM�RJI@EGF��@|;CZKBKb]_IDg@WD|;]_C�F~KBNO� R@FGN!FGC � KGH%E,]pKb[\RJI@E �

u1{{H1, H2}, H1} + u2{{H1, H2}, H2} = 0
�#I¦N ��yLIL]�E |;CQ|;]_C�WtKb]_IDg@WD|;]_C�F

S = S1 ∩ S2
R+� �

Si = {q / N!C�E (f1, [f1, f2], [[f1, f2], fi])(q) = 0}
�#I¦N!]pK�EG];IDg@WDCSEGF,R@]_KM�H@K �

�@�



� /?7\� � c�R@]�E
x0 /∈ M

¡ H*|_RJF~K1]_|sILC�ULH@K,K,C�H*W&M�WDIDCXEGFGH%��CZM�E,R@];FGC�K,];IDg@WD|_];}PF,CXULHJF
x0
k

�#HJILK�M�C�M�H@K
∆
CZK�EB�

C∞ RJW
Cω �hfh]_K,RJTVR@F,UDALCd£ � CPF ω HZYJCZM ω = ydx+dz

k��SH*I&K�M�C�EbEGC
IDRJFGTrH*|_]_KGH%EG];R@I

dω = dy∧dx � �SH*FG�(RJW!¥L�^C�E ∂
∂z

CPKbE0|pHQND];FGCPM�E,]_RJIrMPH*F~HJM�E���FG]pK�E,]p�uWDCJk8o�C
M�HJKBCZK�E H*UDU(CP|,��|_CT$~' *X++& $G"*$L<n'�$�<>k
� /?7 ' � �>M�R!N!]_TVC�ILK,];R@I_d.�1c�RJ];E

x0 ∈ M\S k o�RJTVTVC x0 /∈ S
=
M
CZK�E WLIDCXK,WDF,[ HJM�C

|;]pKGKbCqH*WzYJR@]_K,]_ILH*g@CVN!C
x0
=�[\CPWD]_|;|_C�E���CqULH*FXNDCPKQE,F~H%��CPM�E,RJ]_FGCPKQK,]_IDgJWD|_]_}�FGCPKPk - IDCr[\R@F,TVC

IDRJFGTrH*|_CX�
C∞ R@W

Cω �dCZK�EBN!RJIDI���C ULHJF ∆ = � C�F ω =�R�� ω = dz− y2

2 dx
k8�#HJILK�M�C�E,E,C

IDRJFGTrH*|_]_KGH%EG];R@I�=3|_HaKbWDF,[ HJM�C�N!Cq`aH*F,E,]_IDC�E
M

CPKbEX|_CrUL|_HJI
y = 0

=sC�EX|_CPKQE,F~H%��CPM�EGRJ]_F,CZK
Kb]_IDgJWL|;]_}�FGCPKXKbR@I@EX|_CPK�M�R@WDFG�(CPKQ]_I@E���g@FGHJ|;CZK�N!W M~ALH*TVU ∂

∂x

NDH*ILK�M�CqUD|_HJI�k�o�C�M�H@K�CPKbE
H*UDU(CP|,�T$~' *X++& Ba'*)�<�" $@&�<>=DC�ECZK�ES��EGWLN!]4�QC�ItN ��E~H*]_|lCPI¦K,CPM�EG];R@I��Lk �Lk dJk
� /?7bS � � M�R!N!]_TVC�ILK,];R@I w �Sc�R@]�E

x0 ∈ M ∩ S ¡ RJI¢K,WDUDU(R@K,CV�uWDC
x0
CZK�EQWDI¢U(RJ]_I@E

F��PgJWD|_];CPF#N!C
M
k#� � H*ILHJ|;i!K,C�N!C � � w �^TVRJI@EGF,C��uWDC�NDHJILK#M�C�MPHJK1R@I�H�N!CPW!¥tF��ZN!WLM�EG];R@ILK

C∞ N!] � �PF,CPI@E,CZKB£XWDIDC#[\RJFGTVC#IDRJFGTrH*|_C#HJILH*|_iuE,]p�@WLC#N �PU(C�ILNDHJI@E	EGRJW!EGCPK	|;CZK	N!CPW!¥qN=� WDI
3V"Z+%4!:,&

m
k�o�CPKNDC�W!¥�M�H@KKbR@I@E|_CPK1KbWD]_Y%HJI@E~K �

d@k o	HJKAui�U(CPF,�(R@|;]p�uWDC � ∆ = � C�F ω H.YJCPM ω = dy + (xy + x2z +mx3z2)dz
kB�3H

KbWLFb[ H@M�CXN!C�`aH*F,E,]_IDC�E CPKbESH*|_RJF~K � y + 2xz + 3mx2z2 = 0
=&C�E#|;C��LRJESKb]_IDgJWL|;]_C�F

KbWLF
M
NDHJILKB|_CPK1M�R�R@FGN!R@IDI��PCPK

(x, z)
CPKbE �

ẋ = 2x+ (6m− 1)x2z − 2mx3z2

ż = −2z − 6mxz2

�#IqFGC�TrH*F~�uWDC#�uWDC
0
CPKbEBWDI¦M�RJ|�F��PK,RJILHJI@EPk^�3CSULH*F~H*TV}�EGF,C

m
CPKbEBWDIDC�RJ�LKbE,FGWLM�f

E,]_RJI¦£V|_H
C∞ fh|;]_I��PHJF,]pKGH%E,]_RJI�k

� k o	HJK�C�|_|;]_U!EG]_�uWDC � ∆ = � CPF ω HZYJCZM ω = dy+ (xy+ x3

3 + xz2 +mx3z2)dz
kd�3H

KbWLFb[ H@M�C�NDCX`�H*F,E,]_IDC�E#CPKbE � y + x2 + z2 + 3mx2z2 = 0
=�NDHJILK1|pHJ�uWDC�|_|_C�|;C��LR*E

Kb]_IDg@WD|;]_C�FCPKbE �

ẋ = 2z − 2

3
x3 + 6mx2z − 2mx3z2

ż = −2x− 6mxz2

�#HJILKBM�CSMPHJKP=
0
CZK�EBWDI�M�CPI@E,FGC#C�EB|;CSULH*F~H*TV}�E,FGC

m
CZK�EBC�ILM�RJFGC WDIDCSR@�LKbE,FGWLM�EG];R@I

£�|pH
C∞ fh|;]_I��ZH*FG]_KGH%EG];R@I�ks��� HJILH*|_i!KbC�N!C � � � �3TVRJI@EGF,CQ�uWDC�|pH�K,];ILgJWD|pH*FG]�E��SCPKbE C0 f�P�uWD]_Y%HJ|;CPI@E1£�WDI�[\R.iJCPFPk

o�CtM�H@K w CZK�EqH*UDU(CP|,� $~' *¦<n'%$ 0+&�$L<�"%&�:#ULHJFGM�C¦�uWDC
∆
CPKbErEGH*ILgJC�IuE,Ct£¢|pHzKbWDF,[ HJM�C¦N!C

`aH*F,E,]_IDC�E1C�I
0
k

�Jw
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 "!�� !# c�f K 5�-ML j 5 KuK /@h K �;Ugf Ugj D R61 F h 5 K
e1H*UDU(CP|;R@ILKB|;CZKN ��yLID];E,]_RJILK1K,WD]_Y%H*IuE,CPKP=D�uWD]�U(C�WDYJCPI@ESQ�EGF,C�E,FGRJWDY��PCPKBNDHJILK � wJw �x= � w �%�hk
� 4��]��!#�,!#�$��� ��� �.� � c�R@]�E

M
WDIDC�Y*H*FG],��E���H*ILH*|_iuE,]p�uWDCSF��PC�|_|;C�N!CQN!]_TVC�ILK,]_RJIqy&ID];C@k -1I

KbR@WLK�fhC�I&KbCPTX�D|;C
A
N!C
M
CPKbE�N!];E5*A& 3 " �b'%$�'%: 5%<�"0 �4�&�Kb]&C�E	KbCPWD|;CPTVC�I@E	K,]>=@U(R@WDFdE,RJWDE

x
N!C

M
=lR@I�U(C�W!ESEGF,R@WDYJC�FSWDI�Y@RJ]pKb]_ILH*g@C

U
N!C

x
NDHJILK

M
C�E

2pq
[\R@ILM�EG];R@ILKSHJILH*|_iuE,]p�uWDCPK

gij , hij
�
1 6 i 6 p

C�E
1 6 j 6 q

��EGC�|pK�uWDC

A ∩ U =

p⋃

i=1

{y ∈ U / gij(y) = 0
C�E
hij(y) > 0

U(RJWLF
j = 1 . . . q}

�#I�IDR*EGC�c��0` �
M
�B|_H�[ HJT�]_|_|;C�N!CZKK,C�TV]�fnH*I&H*|_i@EG]p�@WLCPKBN!C

M
k

`aHJ|;ALC�WDFGC�WLK,C�TVC�IuEX|�� ]_TrH*gJCqN=� WDI K,C�TV];fhHJILH*|_iuE,]p�uWDCrULH*FXWDILC�H*UDUD|_]pM�H%EG];R@I HJILH*|_iuf
E,]p�uWDC¦UDFGRJUDFGC�IO� CPKbErULH@K�I��ZM�CPKGKGH*]_F,CPT�CPI@ErKbCPTV]�fnH*ILHJ|;iuEG]_�uWDC@k j8H*F�M�RJILK��P�uWDCPI@E�M�C�E,E,C
M�H%E���g@RJFG];C�N!RJ];E Q�E,FGC ��|pH*FGgJ]_C �
� 4��]��!#�,!#�$�[� ��� � ' � - IVK,RJWLKbfhC�ILK,C�TX�D|_C

A
N!C
M
CPKbEdN!];E *�"%4 *��b'%$�'%:�5.<�"0 �4�& Kb]DC�E0KbCPWD|;C�f

T�CPI@E#Kb]x=DU(RJWDFBEGRJW!E
x
N!C

M
=DRJI�U(CPW!EE,FGRJWLYJC�FBWDI¦YJR@]_K,]_ILH*g@C

U
N!C

x
NDHJILK

M
C�E

2pM�RJWLUD|;CZK
(Φδ

i , A
δ
i )
�
1 6 i 6 p

C�E
δ = 1, 2

��=�R��
Aδ

i ∈ SEM(M δ
i )
U(R@WDF#N!CZK Y%H*FG]4��E��ZK

H*ILHJ|;iuEG]_�uWDCZK1F���CP|;|_CPK
M δ

i

=�C�ESR+�a|_CPKSHJUDUD|;]pM�H*E,]_RJI&K
Φδ

i : M δ
i → M

KbR@I@E�H*ILHJ|;iuEG]_�uWDCZK
C�E1UDFGRJUDFGCPKP=uE,CP|_K1�uWDC

A ∩ U =

p⋃

i=1

(Φ1
i (A

1
i )\Φ2

i (A
2
i ))

�#I�IDR*EGC�c -��S�
M
�B|_H�[ HJTV];|_|_CQN!CZKK,RJWLKbfnH*ILH*|_iuE,]p�uWDCPK	NDC

M
k

��HM�|pHJKGK,C8NDCPK3K,RJWLKbfnH*ILH*|_iuE,]p�uWDCPK�CPKbE�[\CPF,TU��CdU&H*F�WLID];R@I�=Z]_I@EGC�F~KbCZM�EG];R@I�=.M�RJTVUD|4��TVCPI!f
EGH*]_FGCJ=(];TrH*g@C�]_IuYJCPFGK,C�ULHJF WDIDC�HJUDUD|_]_MPH%E,]_RJI�H*ILHJ|;iuE,]p�uWDCJ=(];TrHJgJC�ULHJF WLIDC�HJUDUD|_]_MPH%EG];R@I
H*ILHJ|;iuEG]_�uWDC1C�E	UDFGRJUDFGCJk��dIq�DFGC�[�=u|pH�MPH%E���gJR@F,]_C1KbR@WLK�fnH*ILHJ|;iuEG]_�uWDCCPKbE�"��M3 " $�"E3r'%:4&V�\YJR@];F
� � v.�\��kd�#CQUD|_WLK|;CZKK,RJWLKbfhHJILH*|_iuE,]p�@WLCPK	K,RJIuE *�<>),'%<�" ��'*��:4&/*�k0e1H*ULU&CP|;R@ILKB|_HrN ��yLID];EG];R@I �
� 4��]��!#�,!#�$� �� �,� S � c�R@]�E

M
WDILCqY%HJF,]4��E���N!] � �PF,CPI@EG]_HJ�D|;C@k -1IDC *~<x),'%<M&�NDHJILK

M
CZK�E

WDIDC�KbR@WLKbfxY*H*F,]4��E��S|;RDM�H*|_C�TVCPI@EB[\C�FGT �PCQN!C
M
k

- IDC�ULH*F,EG]�EG];R@I�|;R!MPH*|_C�TVC�IuE#yLID]_C S N!C
M
CZK�EQH*ULU(C�|4��C�WDILC *~<x),'%<�" � $~'%<�" "%${N!C

MKb]lE,R@W!ES��|4��TVC�IuE
S
N!C S CZK�E1WDIDC�KbE,F~H%E,CSEGC�|_|;C��uWDC �

∀T ∈ S T ∩ �DF S 6= ∅ ⇒ T ⊂ �DF
S
C�E N!]_T

T <
N!]_T

S

�dIDyLI�=�WDIDC HJUDUD|_]_MPH%EG];R@I
f : M → N

CPI@E,FGC N!C�WD¥ Y*H*FG],��E��PKaCZK�E¢ND]�EGC *�"%4 *��
'%$('*: 5%<�"0 �4�&�Kb]3KbR@I�g@FGHJUDADCSCZK�E1WDItKbR@WLK�fnH*ILHJ|;iuE,]p�uWDCSNDC

M ×N
k

��H�UDFGRJUDFG]4��E���N!C��&HJK,C�N!CPK�[\R@ILM�EG];R@ILKVKbR@WLKbfhHJILH*|_i@EG]_�uWDCZK��@WL]B|;CZK�F,CPILN{WDE,]_|;CZK�CPI
E,A��PRJFG];CQN!WtM�R@I@E,F��J|_CSR@U!E,]_TrH*|lCZK�E1|_HrKbWD]_Y%HJI@EGCJ=!YJR@];F � �� �xk
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� � �<* �<7"!#�,!#�$� � ��� �.� � �l"7"%&�$L<
M

&�<
N

++&�4�D K.'*)/" 9�<h9 *a),9�&�: :,& *�'*$('%:�5%<�"0 �4�&/*¢+�&z+7" �
3U&�$�*/" "%$-�0$�"%& &�<

A
4!$ *�"%4 *�� &�$�*A& 3 ��:,&¢+�&

N
� 6	<n'%$&<V+J"*$L$�9�& *�++&/*�' !�!(::"8$~'*<�" "*$�*

*�"*4 *��b'%$('*: 5%<�"0 �4�& *
Φ : N →M

&�<
f : N → % � -	"%$¢+@90�0$�" < !

∀x ∈M ψ(x) = inf{f(y) / y ∈ Φ−1(x) ∩A}
� "

Φ/Ā

& *�<=!�),"�!�) &�-B'%:_"%) *
ψ

&/*�<�*�"%4 *��b'%$�'%: 5%<�"0 �4�&Z�
� & 3r'%)� �4�& d@k � kWd����#I U(CPW!E¦N ��y&ID];F�|_CPK�K,RJW&K�fnH*ILHJ|;iuE,]p�uWDCPK 0J:;"*�G'*4�D N!C�|_H{TrHJID];}PF,C
KbWD]_Y%HJI@EGCJ=�YJRJ]_F � � � �hk0�#I�IDR*EGC#m j

1
|_H�N!F,R@]�EGC#UDFGR*��CPM�EG];YJCSF��PC�|_|;C#TXWLID];CQN!C�KGH�K�EGF,W&M�E,WLF,C

H*ILHJ|;iuEG]_�uWDC1W&KbWDCP|;|_CJk8��CZK0CPK,ULHJM�CPKdm e n K,RJI@E�I&H%E,WLF,CP|;|_C�TVC�IuE�UD|_RJILg��PK�NDH*ILK0|_CPK�Y%H*FG]4��E��PK
H*ILHJ|;iuEG]_�uWDCZK�m j n

1

=0C�E�EGRJW!E�KbR@WLKbfxCPILKbCPTX�D|_C�NDC�m e n U(C�W!ECQ�E,FGC¦M�RJILK,]pN ��F���M�R@T�TVC�WDI
KbR@WLK�fhC�I&KbCPTX�D|;C�NDC�m j n

1

k
-1I¢K,RJWLKbfhC�ILK,C�TX�D|_C�NDC�m e n CPKbESWLI'* &A3 " �b'%$�'%: 5%<�"0 �4�& 0*:_"��~'%:	K,]^HJW�YJR@]_K,];I&H*gJC�N!C�EGRJW!E
U(RJ]_I@E NDCQm j n

1

]_|�CZK�E N���yLID]3ULHJFWLI¦IDRJT��DF,C�yLID]�N=� ��guH*|_]�E��PKC�E NO� ]_I���guH*|_]�E��PK1K,H*E,]pK�[ HJ]�EGCPK
ULH*F1N!CZK	[\R@ILM�E,]_R@ILKH*I&H*|_i@EG]_�uWDCZK�k
-1IVK,RJWLKbfhC�ILK,C�TX�D|_C	N!CBm e n CZK�E8WDI *�"*4 *��b'*$('*: 5%<�"0 �4�& 0*:;"*�G'*:�Kb]DM � CPKbE8|�� ]_TrH*gJCBN=� WDIVK,C�TV];f
H*ILHJ|;iuEG]_�uWDC�gJ|_RJ�&H*|�N!Cqm e n × m e m ULH*FX|pHtULF,R*��CPM�E,]_RJI{M�HJIDRJIL]_�uWDCqN!Cqm e n × m e m K,WDF
m e n k - IDC [\RJI&M�E,]_RJI�N!C#m e n NDHJILK0m e CPKbE	WDIDC ��"%$@$�<�" "%$P*�"%4 *��b'%$�'%: 5%<�"0 �4�&S0J:;"��~'%:,&�K,](K,RJI
gJF~H*UDADCSCZK�E1WDItKbR@WLKbfhHJILH*|_i@EG]_�uWDCSgJ|_RJ�LHJ|lN!CQm e n × m eQk

 "!�� ! Q � U9R +IHT/T3V1 5 j4/CH �_5�N B
o?� CZK�EBWLIDCSC�¥�EGC�ILK,]_RJI�N!C�|_H�M�H*E���g@RJFG];C#K,RJWLKbfnH*ILH*|_iuE,]p�uWDC ULH*FB|;CZK�[\RJILM�E,]_RJILK	|_RJg�C�EBC�¥!U�=
YJRJ]_F ���*� �h= � � � �xk o�C�EbEGC�M�H%E���g@RJFG];C¦� �PI���y&M�];C�N!CZK�TUQ�TVCZK�UDFGRJULF,]4��E��PK��uWDC�M�C�|_|_C�N!CPK
KbR@WLK�fnH*I&H*|_i@EG]_�uWDCZK�ks�dI¦ULH*F,EG]_M�WD|;]_C�F1M�C�EbE,C�MPH%E���gJR@F,]_C#CZK�E1R*fhT�]_ID]_TrH*|_CJk
� 4��]��!#�,!#�$���� �,�W` � -1ILC4��"*$ $�<�" "*$�:_"�0u'%)/" <
	 3 "%$G"�� &�D !D"*$ &�$L<�"%&�:\:,&�� C�ItH*�DF���g+��:;"�0�� &�D !l�
CPKbE�WDIDCVM�RJTVU(R@K���CXyLID]_CrN!C�[\RJILM�E,]_RJILK�K,RJW&K�fnH*ILHJ|;iuE,]p�uWDCPK gJ|_RJ�&H*|_CPKP=�NO� C�¥�U(R@IDC�IuE,]_C�|_|;CZK
C�E�N!Cq|_RJg@HJF,];E,ALT�CZK�kac�]

g1, . . . , gm
K,RJIuE�N!CPK�[\R@ILM�E,]_R@ILK�|_RJgJfxC�¥�U N!Cqm e n C�E�K,] f CZK�EWDIDC#[\RJILM�E,]_RJIq|_RJgJfxC�¥�UqN!CSm e m =!H*|_RJF~K0|_H�M�RJTVU(R@K���C f ◦ (g1, . . . , gm)

CPKbE	WLIDC [\R@ILM�EG];R@I
|;R@g*fhC�¥!U�N!C�m e n k-1I &�$�*A&A3#��:,&X:;"�0�� &�D !�CPKbE1N���yLID]3ULH*F1WDI¦IDRJTX�LF,CSyLIL]3N=� ��guH*|_]�E��PKBC�E N=� ];I��Pg@HJ|;];E��ZKK,H*Ebf
]_Kb[ H*];E,CZKBULHJFNDCPK	[\R@ILM�EG];R@ILKB|_RJgJfxC�¥!U�k

j^RJWDF |_CPK1�(CPK,RJ]_ILK1NDCXM�C�E,E,C�E,AD}ZKbCq� YJRJ]_F K,CPM�EG]_RJI¦�&k �&kWd.��=DR@ItM�RJILKbE,FGWD];E1CPI¦[\HJ];E WDIDC
*�"*4 *�� $�:;'7* * & E ++&X:;' $G'*<h9;0@"*)/"%&�:;"�0�� &�D/!¢£�|�� HJ]_N!C�N!CPKB[\RJILM�E,]_RJILK1KbWD]_Y%HJI@E,CZK �

h1(t) = t , h2(t) = ln
1

t
, h3(t) =

C − 1
t

�#HJILKrM�C�EbEGCtK,RJWLKbfnM�|pHJK,K,CJ=dR@I N �PYJC�|_RJUDU(C¦WDI HJ|_gJRJFG];E,ADTVC�g���I��PFGHJ|N=� ]_IuYJCPFGK,]_RJI N!C¦|pH
TVHJID]_}�FGC�K,WD]_Y%H*IuE,C@k

� �?�"/&�,!.�<�
hp K,]_gJID];yLC h× h× . . .× h

�
p
[\R@]_K~��k

h[p] K,]_gJID];yLC h R h R . . . R h � p [\RJ]pKG��k

�@�



� 4��]��!#�,!#�$� � ��� ��� � jsR@K,RJI&K �

E1 =

{
hp

1

∏

0<i1<i2<···<im

(
h

[ik]
2

)i′k
/ i′k ∈ Z

∗,m ∈ N, (p = 1
C�E
i′1 < 0)

RJW
(p > 2)

}

I =

{
hp

1

∏

0<i1<i2<···<im

(
h

[ik]
2

)i′k
/ (p > 1)

R@W
(p = 0

C�E
i1 = 1, i′1 6 −2)

}

E2 =

{
hp

1

∏

0<i1<i2<···<im

(
h

[ik]
2

)i′k C − 1
f / p ∈ Z, i′k ∈ Z, f ∈ I

}

E = E1 ∪ E2

�dI gJFGR@KP=B|;CZK�[\RJILM�E,]_RJILK�N!C E I � R@I@E��uWO� WDI K,C�WD|#CPTVUD];|_C�TVCPI@E¦N=� C�¥!U(RJIDCPI@EG];CP|;|_CJk
�#HJILKM�C�E,E,C�KbR@WLKbfhM�|_H@K,KbCSRJI¦H �
� 1 �$�<� !#� � -060�� �,� ' � � � d��\� � ��" "p<

F (X0, X1, . . . , Xn)
4!$P01&�)/3U&�++&4��"*$ $�<�" "*$ '*$('��

: 5%<�"0 �4�&P&�$
0
<;&�:  �4�& ! F ∼

0
X0
� ��"7" <

X(t) = F (t, f1(t), . . . , fn(t))
"��

fi ∈ E �� 	�&�) $ 	D"*$�* " " $ K &�) *A&�)
X(t)

- " �E&Z� &�D !()/"E3C&�)
t
&�$ ��"*$ $�<�" "*$ +�&

X
� ��" " <

r
:_'C!(: 4 *

0*),'*$(+�& !(4 " * *�'%$ $ &q++& 1
t

+J'%$�*�:,& *
fi
� ��"7" <

g1(t)
<M&�:. �4�& ! X(t) = g1(t) +

"
(tr+1)

� &�$1��'7" < ! g1 ∈ $ &�$�< (h1, E1) � � 3#:;"*) * !'@� ∃g2 ∈ $ &�$�< (h1, E1) / t(X) = g2(X) +
"
(Xr+1)

�
����� "0"%$C!D" *A& ! t(X) = g2(X) +Xr+1u(X)

-�'%:_"%) *
u(X) ∈ E !�&�4!<���<x)�& $G'%:4$�4!:_9

'7K7&�$�:,&X<
	L9G"%)�2A3C&�+�& *.��"%$@$�<�" "%$�*I"E35!(:#"%$A" <M&/*�'%$('*: 5%<�"0 �4�&Z�
o�C�E#H*|_gJR@F,];E,ADTVCQU(C�FGT�C�EP= ��E~H*I@ESN!RJILI��

X(t)
NDHJILK1|_H�KbR@WLKbfhM�|_H@K,KbC E =&NO� C�¥�ULF,]_TVC�F

t
M�R@TVT�CS[\RJILM�E,]_RJI¦N!C

X
NDHJILK	|pH�MPH%E���gJR@F,]_C |_RJgJfxC�¥!U�=uC�E1N!C�UD|;W&K	[\RJWDFGID];EBWLIDC �PM~ADC�|_|;C

UDF��ZM�]pKbCVN!C�[\R@ILM�EG];R@ILKPk�� � ]_N �PCJ=�U(RJWDF�]_IuYJCPFGK,C�F
X(t)

=�CPKbEQN=� ]_K,RJ|_C�F�WDIDCVULH*F,E,]_CVN!CVK,RJI
N ��YJCP|;R@UDU(C�TVC�IuEdHJK,i�TVU!E,RJE,]p�uWDC���WLKG�uWO� £SWLIVM�CPFbE~H*]_I�RJF~N!FGCS�>M�RJIuE,CPILH*IuEdN!R@ILM	C�I�ULHJFbEG]�f
M�WD|_];CPF	K,RJIT�Z�uWD];Y*H*|_C�IuE~��=!M�CSN �PYJC�|_RJUDU(C�TVCPI@E ��E~H*IuE�[ HJM�]_|_C#£X];I�YJC�F~KbCPF�NDHJILK0|pHXM�|_H@K,K,C E k�#I�UDF,RDM�}PN!C�C�ILK,WD];E,CV£qWDIDCt+J9 */" $10J4!:;'%)/" *�'%<�" "*$ N!C�|�� �P�uWLH*E,]_RJI �\FGC�ILN!WLC�U(R@KGK,];�D|_C�ULH*F
M�C�E,E,C�TU��E,ALR!N!CZ�#N!C�TrH*ID]_}�FGC�£�M�HJ|_M�WD|;CPF

u(X)
£�|�� H*]pN!C�N!WaEGA���R@F,}PTVC�N!CZK [\RJILM�E,]_RJILK

];TVUD|_]pM�];E,CPK1HJILH*|_iuE,]p�uWDCJ=!YJRJ]_FC�¥!C�TVUD|_C+d@k � kWd@k
� & 3r'%)� �4�& d@k � k � ���#I{Ha�(CPK,RJ]_I{N!C�M�H*|pM�WL|;CPFXWDI N �PYJC�|_RJUDU(CPT�CPI@E�H@Kbi�TVU!EGR*E,]p�uWDCqN!C
t(X)

£V|�� RJF~N!F,C
r + 1

k0�0ItC���C�EP=&ULHJFA�i�U&RJE,AD}ZKbC@=
t(X) ∼ X

=&N!R@ILM 1
tr ∼ 1

Xr

k�� ]_ILKb]x=
U(RJWDF�N �PYJC�|_RJUDU(CPFdC − 1

tr
'*$('%:�5%<�"0 �4�& 3C&�$L<�&�$

u
� NLH*ILK0|;C �DW!EBN=� HJUDUD|_]_�uWDCPF0|;C1E,A���RJFG}�TVC

N!CPK0[\R@ILM�EG];R@ILK�];TVUD|_]_M�]�EGCPKB£
u
��=�RJI�H��(CZKbR@];I��@WLC

u
K,RJ];E�TXWD|;E,]_UD|_]4�SULH*F�WLIDC#UDWD]pKGK,HJILM�C

HJKGKbC�� gJF~H*ILN!C#NDC
X
=!]>k CJk

t(X) = g2(X) +Xr+1u(X)
=!M�R@T�TVC#|_C#TVR@I@E,FGC#|�� C�¥!CPT�UL|;C

KbWD]_Y%HJI@EZk^�dI¦FGC�Y*H*ILM~ADCSWDItK,];TVUD|_C �Z�uWD];Y*H*|_C�IuE1KbW!�VE1U(RJWLF1N ��YJC�|_R@UDU(C�F|;I 1
t

k
� a�68- *]1#6\�� �,�#�� jsR@K,RJI&K

X(t) = t+
C − 1

t2
� dJk d � �

C�E0MGADCPFGM~ADR@ILK^£SC�¥!UDFG];TVC�F
t(X)

NLH*ILK^|pH�KbR@WLK�fnM�|pHJKGKbC�UDF��PMA�PN!C�IuE,C@k^c�CP|;R@I�|�� H*|_gJR@F,];E,ADTVC@=
RJI H

r = 2
=SN!R@ILM�R@I F,CPg@HJFGN!C�|;CzN �PYJC�|_RJUDU(C�TVCPI@EtN!C

X(t)
��WLK,�uWO� £ |�� RJF~N!FGC

3 �
X(t) = t+

R
(t3)

k�o�ADC�F~M~ADRJILKN!RJI&M
u(X)

KbR@WLKB|_H�[\R@F,TVC �
t(X) = X +X3u(X)

� �



�#I�IDRJE,C
An(.)

� F,CPK,U�k
An0(.)

��WLI�gJCPF,TVC�N!CS[\RJI&M�E,]_RJI¦HJILH*|_iuE,]p�@WLC#CPI
0
Y*H*|pH*I@E

1
C�I

0
�\FGCPK,U�k^Y*H*|pH*I@E

0
C�I

0
��k��#I¦HVHJ|;R@FGK �

1

t2
=

1

X2
− u+ uAn0(X

2u))

C�E1ULH*F1M�RJILK��P�uWDCPI@E �
C − 1

t2 =
C − 1

X2An(u,X2u)
�#I�YJRJ];EN!RJI&M#]pM�]l|�� ]_I@E��PF�Q�E1N=� H.YJRJ]_F �PM�F,];EBWDI¦N �PYJC�|_RJUDU(CPT�CPI@E1HJK,i�T�UDE,R*EG]_�uWDC�N!C

X(t)£r|�� RJF~N!FGC
r + 1 � |_C�E,CPF,TVC�CPItC�¥!U&R@IDC�IuE,]_C�|_|;C�KA� C�¥!UDFG]_T�CXHJ|;R@FGK1M�RJTVTVC�WDIDC�[\R@ILM�EG];R@I

H*ILHJ|;iuEG]_�uWDCdC�I
u
�\C�E^N=� H*W!EGF,CZKlE,CPF,TVCPK~��kseC�TVUD|pH��PH*IuE�NDHJILK�|�� �P�uWLH%EG];R@I�� d@kWd � ��];|uY�];CPI@E �

X = X +X3u+
C − 1

X2An(u,X2)

�3£#]_I@E,CPF,Y�]_C�IuE^|�� ��EGHJU(C�[\R@ILNDH*TVC�IuEGHJ|;CN!CQ+@9/*/" $ 0*4!:;'*)/" *�'%<�" "%$&=u�uWD]DM�R@ILK,]_KbE,C	]pM�]D£SN!]_Y�]_K,C�F
ULH*F

X3 �
0 = u+

C − 1

X2

X3
An(u,X2)

C�E N!RJI&M�N=� H*UDFG}PKB|;Cr<
	L9G"*)�2 3C&�++&/*.��"*$ $�<�" "*$�*I"E35!(::"%$ " <M& *�'%$�'%: 5%<�"0 �4�& �

u = An(X2,

C − 1

X2

X3
)

�1]_ILKb]x=!yLI&H*|_C�TVC�IuE �
t(X) = X +X3An(X2,

C − 1

X2

X3
)

��
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� � RJ�!��CPM�EG]�[1N!CrM�CrM~ALHJUD]�EGF,CrCPK�EXN!C�N!R@IDIDC�FXN!CPK�M�R@ILN!];E,]_RJILKQU(RJWDF��uWO� WDIDCVEGFGH%��CPM�E,R@];FGC
'%$("*)/3r'%:,&�N=� WDIqK,i!K�EG}�TVC H%�rIDC TVRJIDRJfxCPI@E,F���C

ẋ = X(x)+uY (x)
=�HZYJCZM |u| 6 η

=�K,RJ];E
"�!(<�"E3r'%:,&rU(RJWDF#WDI�UDFGRJ�D|_}�TVC�N!C�TV]_ID];TV]pK,H*E,]_RJI�NDRJIDI��@kQ�#I�H*ULUD|;]p�uWDCXCPILKbWL]�EGC�M�C�E,E,C
E,A��PRJFG];C�£�|�� ��EGWLN!CQNDCS|�� RJU!EG];TrHJ|;];E��QN=� WDIDCQHJIDRJFGTrH*|_CSN=� WDI¦K,i�KbE,}PTVC�KbR@WLKbfhe]_C�TrHJIDID]_C�I
N!CVF~H*ILg � � ẋ = vX(x) + uY (x)

k���CZK�F��ZKbWD|;EGH*EGKQN!C�M�CrM~ALH*UL]�EGF,CVg��PI���F~H*|_]pKbCPI@E�|;CZK
F��ZKbWD|;EGH*EGKN!C � dZv.�h=DC�E KA� ]_ILK,M�F,]_YJC�IuE1NDH*ILK|_H�EGA���R@F,]_CSg+��I��PFGHJ|;C�N!C � v.�h= � d � �hk

���
� � ���3��V�����0�����X�
o�RJILK,]_N���FGRJILK	WDItKbi!KbE,}PT�CQH*�rIDCQN!CQ|_H�[\RJFGT�C �

ẋ = X(x) + uY (x)
� � k dZ�

R��
x ∈ m e n = X C�E

Y
K,RJI@EBN!CPW!¥qMGA&H*TVULK	N!CSYJCPM�E,CPWDFGK�|_]_KGK,CPKP=uC�EB|;C�M�R@I@E,F��J|_C

u(t) ∈ m eY���FG]�yLC�|pHP$G"*$L<x),'7" $L<M& �
|u| 6 η

� � k � �
R��

η > 0
k¦�#IzM�RJILK,]pN!}�FGCV|;CrULF,R@�D|;}PTVCrN!CQ��RJ]_ILN!FGCrN!CPW!¥¢U(RJ]_I@E~K

x0
C�E
x1
C�I T�]_I!f

];TV]pK,HJI@E WDIaM�CPFbE~H*]_ItM�R�9DEPkB��CZKUDFGRJ�D|_}�TVCZK1N!C�TV];ID]_TV]_KGH%EG];R@It�uWDC�IDRJW&K1HJ|;|_RJILKCPIuY�]_Kbf
H*gJCPFKbR@I@E|_CPK1KbWL];Y*H*I@E~K �

d@ks��RJ]_ILN!FGC
x0
C�E
x1
C�I�EGC�TVULKTV]_ID]_TVHJ|>k

� ks��RJ]_ILN!FGC
x0
C�E
x1
CPIrE,CPTVULK

T
� yD¥ �S£�|�� H.Y%H*ILM�CZ�8C�I�TV]_ID]_T�]pKGH*I@E	WDI�M�R+9!E

C(u)
k

w ks��RJ]_ILN!FGC
x0
C�E
x1
C�ItTV]_ID]_T�]pKGH*I@E#WDI�M�R+9!E

C(T, u)
R+�¦|_CQEGC�TVULK1yLILHJ|

T
IO� CPKbE

ULHJK	yL¥ �@k
��]_C�I¦C�I@EGC�ILNDW¦|;CQUDFGC�TV];CPFUDF,R@�D|_}�TVC�CPKbEWDItM�H@K	U&H*F,E,]pM�WD|_];CPFNDW�EGF,R@]_K,]_}�TVCJk

�	]_C�I �@W � WDILC�E,A��PRJFG];C�g+��I��PFGHJ|;C�NDC�|�� RJU!EG];TrHJ|;];E���C�¥�]pKbE,C¦N ���b£ � YJRJ]_F � v%�h= � d � �\��=0|pH
T ��E,ADRDN!CQCPTVUD|;R%i���CQULHJF � dZv.�sHV|�� H.Y%H*IuEGHJgJC�N!C�FGC�UDF��PK,C�IuE,C�FC�¥�UL|;]pM�];E,CPTVC�I@E#|_HrN �PF,]_Y���C

�J�



KbCZM�RJI&N!C�]_IuE,FG];ILK,}P�uWDC	U&H*F^WDIt"�!D9�),'%<M&�4!) +7" � 9�)�&�$&<�"%&�:(N!R@I@E8|�� ��E,WLN!CNDW�K,U(CPM�E,FGC�U(CPW!E8CPI
[ H*];ESN!RJIDILC�F UD|_WLK#�uWO� WDIaF��ZKbWL|�E~H%E#N=� RJU!EG]_TVHJ|;];E�� � R@ItU(C�W!ESC�It[ H*];ESN �PM�F,]_FGC�HJK,i�TVU!E,RJf
E,]p�uWDC�TVC�IuEd|_C�(RJF~N�N!C|�� CPILKbCPTX�D|_C1HJM�M�CPKGKb]_�D|_CJ=*C�E�H*UDUD|_]p�uWDC�FdM�CBF��PK,WD|;EGH*E8C�IVg��PRJTU��EGF,]_C
KbR@WLK�fne]_C�TrH*ILID];CPIDIDCJ=!YJR@];F1KbCZM�E,]_RJI��Lk w k � k

o�R@ILKb]pN ��FGRJI&K
γ
=8WLIDCqE,F~H%�nCZM�EGRJ]_F,CqK,]_IDgJWD|_]_}�FGCqN!C�F���[8��FGC�ILM�C@=8N ��y&ID];C�K,WDF

[0, T ]
C�E

E,C�|_|_CS�uWDC
γ(0) = x0

k0c�]
γ
CPKbE	|_]_KGKbC#C�EB]_I%��CPM�E,]_YJCJ=!RJIqU(C�W!EK,WDUDU(RuKbC�FB�@W � CP|;|_C#CPKbEBH@K,K,R*f

M�]4��CQHJW¦M�RJIuE,F��J|_C
u = 0

kd�SH*I&K	EGRJW!E1|_CQM~ALH*UD];E,FGC�RJI�[ HJ]�E1|_CPKBA�i�U(R*E,AL}PK,CPKK,WD];Y*H*I@EGCPK �
�
H0
�
γ
CPKbE1];I%��CZM�E,]_YJCJ=&HJKGKbRDM�]4��CS£

u = 0
K,WDF

[0, T ]
k

�
H1
� ∀t ∈ [0, T ] K(t) =

� CPM�E {adkX.Y (γ(t)) / k ∈ m � } � UDF,CPT�]_C�FtM �@IDCzN!C
jsR@I@E,FGi@H*g@]_I |;C¦|;R@IDgzN!C

γ
��CPKbErN!CtM�RDN!];TVCPILKb]_RJI�dJ=0C�ErCPKbEVCPIDgJC�I&N!F���ULHJF�|_CPK

n− 1
UDFGC�TV]_C�F~K	YJCZM�E,CPWDF~K�=!]xk C@k �

K(t) =
� CZM�E {adkX.Y (γ(t)) / k = 0 . . . n− 2}

�
H2
� ∀t ∈ [0, T ] ad2Y.X(γ(t)) /∈ K(t)

k
�
H3
�¦c�]

n = 2
H*|_RJF~K � ∀t ∈ [0, T ] X(γ(t))

C�E
Y (γ(t))

KbR@I@E]_ILN ��U(CPILNDH*IuEGKPk
c�]

n > 3
H*|_RJF~K � ∀t ∈ [0, T ] X(γ(t)) /∈ � CZM�E {adkX.Y (γ(t)) / k =

0 . . . n− 3} k
c�RJWLK�M�CPK�A�iuU(RJE,AD}ZKbCZK�=

γ
CZK�Ea+�&G$G"*),'%$ 0�'%=0|;C�YJCPM�EGC�WDFVH@N.��RJ]_I@E

pγ
HJKGKbR!M�],��£

γ
CZK�E

WDID]p�@WLCQ£VKGM�HJ|_HJ];FGC#ULF,}PKP=!C�E1U(R@WDFBE,R@W!E
t ∈ [0, T ]

=
pγ(t)

CZK�E1RJF,E,ALRJgJR@ILH*|�£
K(t)

k
� 4��]��!#�,!#�$� ' �.� �.� � c�RJ];E

D =< pγ , X > . < pγ , ad
2Y.X >|γ

k

• c�] D > 0
=
γ
CPKbE1N!];E,C &�: ::" !(<�"  �4�&�k

• c�] D < 0
=
γ
CPKbE1N!];E,C 	!5�!�&�) �G"*:#"� �4�&�k

• c�] D = 0
=
γ
CPKbE1N!];E,C &�D $�&M!(<�" "%$&$ &�: :,&�k

� � HJUDFG}PKQ|pHtM�RJILN!];EG];R@I N!Cq�3C�gJCPILN!FGC�fbo�|;CP�LK,M~A �\YJR@];F � w � �\��=^|;CZK�EGF~H.��CZM�EGRJ]_F,CZK�C�|_|_];U!f
E,]p�uWDCPK�IDC¢U(C�WDY@C�I@EtULHJK Q�E,FGC�E,CPTVULK�fhTV];IL];TrH*|_CPKPk �d|_|_CPK�U(CPWDYJC�IuE¦ULH*F¦M�RJIuE,FGC Q�E,FGC
E,C�TVULKbfhTVH*¥!];TrH*|_CPKPkS� � ��E,WLNDC�N!CPK EGFGH%��CZM�E,R@]_F,CPK C�|_|;]_U!EG]_�uWDCZK#RJWaA�i�U(C�FG�(RJ|_]_�uWDCZK1CZK�E#EGR*f
EGH*|_C�TVCPI@E�Kb]_TV];|pH*]_FGCq� HJW�Kb]_gJILC�UDFG}PK~��k#� RJWLK ILRJWLK �(R@F,IDCPF,R@ILK1N!R@ILM�ULHJF |pHqKbWD];EGC�H*WD¥
E,F~H%��CPM�EGRJ]_F,CZK	Aui�U(C�FG�(RJ|_]_�uWDCZK	C�EC�¥DM�C�U!EG]_RJIDIDCP|;|_CPKPk

��� R@����C�E N!CQ�LHJK,CQ�uWO� ]_|l[ H*WDES��E,W&N!];CPF1U(RJWDFR@�!E,CPID]_F1N!CZKBF��PK,WD|;EGH*EGKN=�4" *�"*:,&A3U&�$L<BCZK�E
|_Ht+@9�)/"EK%9 &J* & $G"*$(++&J" $L<x)/" $�*A2� �4�&�NDC�|�� HJUDUD|_]_MPH%EG];R@I�CPI@E,F���C%¤%K,RJF,E,]_C#|_C�|_RJIDgrN!C

γ �
� 4��]��!#�,!#�$� ',�#�� ',� � R*EGRJILK

u
WDIqM�R@I@E,F��J|_C HJKGKbR!M�],� £

γ
k8�3H�+J9�)/"EK.9 & * & $G"*$(++& " $L<x)/" $ �

* 2� �4�&Q|_C�|_RJIDgrN!C
γ
CPKbE|pH�[\RJFGTVCQ�uWLHJN!F~H%EG]_�uWDCSF���CP|;|_C �

E′′
u(v) = pγ(T ).dET (u).(v, v)

R��
v ∈ � C�F dET (u)

k

� v



�dI�gJFGR@KP=JKb]&M�C�EbE,C1[ R@F,TVC1�uWLH@N!F~H%E,]p�uWDCBCZK�E�N ��y&ID];C1U(RuKb];E,]_YJC��\R@WVI��Pg@H*E,]_YJCZ��=@H*|_RJF~K
γCPKbEB:;"<$~'%:4& 3C&�$&< "4*�"*:;9�&�=@C�EdN!RJILM#:_"<$G'*:,&A3U&�$L<8"�!�<�"E3r'%:4&�kde �PM�];UDFGR!�uWDC�TVCPI@E8Kb]

γ
CPKbE^RJUDE,];f

TVHJ|;C@=!H*|_RJF~K
E′′

u

CZK�EBU(R@K,]�EG];YJC��\R@WqI���guH%EG];YJC.��=uYJR@];F � d � �hk0o�C�U(C�I&NDH*IuEBM�C#FGHJ]_K,RJILIDC�TVC�IuE
IDCqTVHJFGM~ADCq�uWDCqU&R@WDFX|_CPK�E,F~H%��CPM�EGRJ]_F,CZKQAui�U(CPF,�(RJ|_]p�uWDCPKP=�YJR@];F ���*w �hktj^RJWDF�|_CPK�E,F~H.��CZM�f
E,RJ]_FGCPKQC�¥DM�C�UDE,]_RJIDIDCP|;|_CPK�|pHaKb];E,W&H%E,]_RJI CPKbEXUL|;WLK�M�R@TVUD|;]p�uW���C@=sC�E�]_|d[ HJW!E�H*|_RJF~K ��E,WLN!]_C�F
|_H�N ��FG];Y+��C�KbCZM�R@ILN!CX]_I@E,FG]_ILKb}Z�uWDC�K,WDF#WLI�N!RJTrH*]_IDCXUL|;WLKSgJF~H*ILN �>H*UDU(CP|,�PC�HJUDUD|_]_MPH%EG];R@I
E,C�TVULK × CPI@EGF��PC.¤%K,RJF,E,]_C�NDH*ILK � d � �x=DR@U ��F~H%EGC�WDFBF��ZN!WD];E1NLH*ILK � dPv%� ��=DYJRJ]_FBUL|;WLK|_RJ]_I�k� � HJW!E,FGCzULHJFbEt]_|�[ HJW!EaUDF��PM�]pK,C�F¦|_C K,C�ILKtN!C :;"<$~'%:�k �SH*ILK � d � ��R+� WDIDCzE,A��PRJFG];C
g���I���F~H*|_C�N!C�|�� R@U!E,]_TrH*|_]�E���CPKbE�[ H*];E,CJ=	M�C�|pH�K,];g@ID];yLC�NDHJILK�WDI	K%"7" */" $('<0+&

L∞ +%4 $G"%$ �
<>)��*:,&¦++&�),90��9�)�&�$@$�&

u
k��#HJILK � dPv.�BR��{|;CZK�H*W!EGC�WDF~K ��E,WLND];CPI@E�|_CqUDFGRJ�D|_}�TVC�N!C�E,CPTVULK

RJU!EG];TrH*|1K,WDFrN!CPKrK,i�KbE,}PTVCPKVH%�rIDCZK�TVRJIDRJfxCPI@E,F���C *�'*$�*P$G"%$&<>),' " $L<M& *�4!)�:,& $~"%$&<>)��%:4&�=
M�C�|pHqK,];g@ID];yLC�NDH*I&K WDI'K%"7" */" $('A01&

C0 +�&V:_'�<x),'MLA& $�<n"7" )�&q+�&V),9���9�)�&�$ $ &�=lM�C��uWD]sCZK�ESWDIDC
IDR*EG];R@I¢N=� RJUDE,]_TVHJ|;];E��VUD|;W&KS[\R@FbEGCJkV�SH*ILK�|_CPK�N!C�W!¥�E,A���RJFG]_CPKP=lWDI <;&A35! *C$~"%$<L�4�0*4L9rCZK�E
WDI�EGC�TVULK

t1
U(R@WDF1|;CZ�@WLC�|�|pHVN���FG];Y��PCQK,CPM�R@ILN!C�]_I@EGFG];ILK,}P�uWDCQ|_CQ|_RJIDgrNDC

γ
HVWDIz$�"%5J'%4

$("%$�<x)/"EK<" '*:;�
� RJWLK8H*|_|_RJILK^N=� H*�(R@FGNJ��E,W&N!];CPF8|pH E,CPTVULK�fhRJUDE,]_TVHJ|;];E��K,WDF8NDC�W!¥�C�¥!C�TVUD|_CPK^F,CPUDF��PK,C�I!f

EGH%EG];[ K�KbWDF�|;CZK,�uWDCP|_K�|_CPKXAui�U(RJE,AD}ZKbCZK�UDF��ZM �ZN!C�IuE,CPK�KbR@I@E�K,H*E,]pK�[ HJ]�EGCPKP=s|�� WDI NDHJILK�|_CqMPHJK
Aui�U(C�FG�(RJ|_]_�uWDC@=�|�� HJW!E,FGCqNDH*ILK�|_CqMPHJKQC�¥DM�C�UDE,]_RJIDIDCP|>=8KbWDFX|_CPKG�uWDC�|pKQ|_CPKXRJU ��F~H%EGC�WDF~KQN!];[ f
[8��FGC�I@EG];CP|_KF,C�ULF��ZKbCPI@EGHJI@EB|pH�N �PF,]_Y���C�K,CPM�RJILNDCS];IuE,FG];I&Kb}Z�@WLC�K,RJI@EBEGF,}ZKBK,];TVUD|_CPKPk^�0ILKbWL]�EGC
IDRJWLK�C�IuY�]pK,HJgJCPF,RJILKS|_CqM�HJKQg��PI���F~H*|8U(R@WDF�|;C�UDFGRJ�D|_}�TVC�N!CrTV]_ID]_TV]_KGH%EG];R@I N!W¢EGC�TVULKP=
UDWD]pK1N=� WLI¦M�R�9!E �uWDC�|pM�R@IL�uWDCJk

����� � 
 ��� 
 ��
�� �¦��
�

Q ! Q !# � U K HXD B
5y32L /@j 1 F hJ5
o�RJILK,]_N���FGRJILK	|_CQK,i�KbE,}PTVC �
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G
CZK�E�WDIqCPK,ULHJM�C NDC#c!RJ�(RJ|_C�Y�k^`tWDID]�N!C |pHQIDR@F,TVC ||y||G = ||ÿ||L2
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+J'*$�* % � n × % � � � "Q+�&U!(: 4 *

A ∈ Mr1
(T )

-
r1 < r

-V'%:;"*) *
r1 > r0

&�< :,& *U*�<>),'*<;& *�+�&
Mr1

(T )
*�"*$L<#<h'*$101&�$&<;& *T&�$

A
"a:�+ 	�5�!�&�)�!�:_'*$ % 3 dE(u)+J'%$�* % � n - K%"7" ))�R0u���&� '@�

-

6

	

-

6
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dẼ(u)

m e n

m e

r1

M̃r0
(T )

U

M̃6r(T )

r

MPHJKKbR@WLK�fne]_C�TrH*ILID];CPI M�HJKH*�VILC

(A, r1)

Ã
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KbCZM�E,CPWDF
L∞

xn > 0

K,CPM�EGC�WDF
L2

xn < 0

1

2

�s]_gJWDFGC��Lk v �

H*IDR@F,TrH*|_C1N!C F���[8�PF,CPILM�C
γ
k8��CZK8EGFGH%��CZM�EGRJ]_F,CZK8TV];IL];TV]pK,HJI@E,CZK

γ2
��RJ]_gJI&H*I@E

0
HJW!¥VU(RJ]_I@EGK

N!C |pHXK,UDAD}�FGC#NDH*ILK�|;CSKbCZM�E,CPWDF
L2 KbR@I@E C0 �4!�)b" $ 	�&/*~- 3V' " * !D'7* C1 �4!�),"<$ 	�& *SN!C γ =uY@RJ]_FyLgLk8�Lk vDk

� a�68- *]1#6 � Y�*�! ����6 � 1#6 � /27�� /&� �,!#��6=��� o�CqM�H@KQK,RJW&K�fne]_C�TrH*IDID]_C�IzCPKbE ��E,WLN!]4�
N!CVTrH*ID]_}�FGC�UD|;WLK�Kbi!KbE���TrH*E,]p�uWDC�C�IzKbCZM�E,]_RJI¢�Lk �Lk dJkV�#I¢M�RJILK,]_ND}�F,C�|;CZKQN!C�W!¥�M~ALHJT�U&K
N!CQYJCPM�EGC�WDF~KN!C�m e 3 �

X =
∂

∂x
+
y2

2

∂

∂z
, Y =

∂

∂y
C�E�R@I¢TXWDID];EX|pH¦N!]pKbE,FG];�LW!E,]_RJIzC�IDg@C�ILNDF���CVU&H*F�M�CPK�N!C�WD¥¢M~ALH*TVULK�N!CrYJCZM�E,CPWDF~KQN=� WDIDC
T ��E,FG]_�uWDC�H*ILHJ|;iuEG]_�uWDC

g
N!CQ|_H�[\R@F,TVC �

g = adx2 + cdy2

HZYJCZM
a = (1+αy)2

C�E
c = (1+βx+γy)2

k8��C#M�R@I@E,F��J|_C1HJIDRJFGTrH*|LN!C F���[8��FGC�I&M�C1U&R@WDF
|;C�Kbi!KbE,}�TVCQK,RJWLKbfhe]_C�TrHJIDID]_C�I

ẋ = vX(x) + uY (x)
H.YJCPMS|_HVM�R@I@EGFGHJ];IuE,C

v2 + u2 6 1CPKbE
v = 1, u = 0

=DC�E M�RJFGF,CZKbU(RJILN�£ � x(t) = t, y(t) = z(t) = 0
k��#I¦H �

� 68-0- 6 ` � S � �,� 2R&/* 	�5�!D"*<
	�2/*A& *
(H0 − H3)

*�"%$L< *�'%<�" * ��'7" <M&/* */" &�<I*A&�4!:,&A3U&�$L<I*/"
α 6= 0

� ��'*$�* $�&C$~' *X:4&/* ��),'%$@$ 	�&/*
1
&�<

2 � K%"7" ) � 0@� �(�	�a'7K7&�$ x1 = x, xn = z � "%$&<:,&/*J$~"%$&<h'+$�<�* *�4 "EK%'%$L<�*�'7K7& $X:;'�+7" )�& $�<�" "%$ '%$�"%)/3r'%:4& !
• ��),'*$ $ 	�&

1 ! x > T, z = 1
2Tα2 (x− T )2 +

"
((x− T )2)

• ��),'*$ $ 	�&
2 ! x 6 T, z ∼ 1

6 (1 +
�
(T ))(x− T )3

� �
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AT =
1

2Tα2

� ��� � �^��������
���������	
 �^
 � ������
�
� �	� � � �	���s��
 ���	��� � � ��
�� ��������
����
 �
� ��� � � �Q�s��
 ���	� �L
 �r� �

� � ��E,W&N!CBCPKbEs[ HJ]�EGCKbWDF8|;CM�H@K^KbR@WLK�fne]_C�TrH*ILID];CPI�N!C`aH*F,E,]_IDC�EPks�SH*ILK^|_CBMPHJK^N!];E�0u9�$�9�),'*:
" $L<n9�0J),'���:,&�|pHVK,UDAD}�FGCQH*UDU&H*F,E,]_C�I@E1£�|pHP$G'*<h9;0u"%)/"%&�:;"�0�� &�D !(k
P ! P !# A 36+ K 5�f2RSU9RS1 /@f L h�PDU K *,U!3SR61 f 5>R
o�RJILK,]_N���FGRJILK#|_CrM�H@K�K,RJWLKbfhe1];CPTVHJIDID]_C�I¢N!Cr`aH*F,EG];IDC�E

(U,∆, g)
R��

U
CPKbEQWDI¢R@WDYJC�F,E

N!C�m e 3 M�RJIuE,C�I&H*I@E 0
=
∆ = � C�F ω = ω = dz − y2

2 dx
=DC�E

g = adx2 + cdy2 R+� a, c K,RJIuEN!CPKgJCPF,TVCPKN!CS[\R@ILM�EG];R@ILKHJILH*|_iuE,]p�uWDCPKBC�I
0
EGC�|pK�uWDC

a(0) = c(0) = 1
k

mn|SC�¥!]_KbE,C�WDIDCzKbCPWD|;C�|_];g@IDC¢H*IDR@F,TrH*|_C
L
]_KGKbWLC�N!C

0
M�R@F,FGCPK,U(RJILNDH*IuE�£{|�� H%¥!C

x
k

j^HJFGHJT ��E,F���CqULHJF�|pH�|_RJIDg@WDC�WDFZ=8C�|_|_C�K<� �ZM�FG]�E
L = (±t, 0, 0) k{�d|;|_C�CPKbEVT�]_ID]_TV]_KGH*IuE,CJ=YJRJ]_F � � �xk��#I�IDRJE,C �

G1 =
∂

∂x
+
y2

2

∂

∂z
, G2 =

∂

∂y
��C�FGC�U(}PF,C�RJF,E,ADR@IDRJFGTU�#CPKbE �

F1 =
G1√
a
, F2 =

G2√
c
, F3 =

∂

∂z

R��
F1, F2

C�ILgJC�ILNDF,CPI@E
∆
k

c!HJILK^IuWD]_FGC£#|pHSg��PI���F~H*|_]�E��	NDCBIDRJE,FGCBH*I&H*|_i!KbCJ=*RJI�U(C�W!E0K,WDUDU(R@K,C�F8�uWDC|_HSTU��EGF,]p�uWDC
g
ILC1N ��U(CPILN�ULH@K8NDC

z
¡ M�� CZK�Ed|_C1M�H@K^U(R@WDF8|pH#[\R@F,TVCIDRJFGTrH*|_C	g@FGH@N!W���CN=� RJF~N!F,C � �\YJRJ]_F

UD|;W&K8�LHJK~��kdo�CPM�]DM�RJFGF,CZKbU(RJILN�£S|pH�K,]�EGWLH%EG];R@I " *�" !D9�)/"E3V9�<x)/"0 �4�&�=u]xk CJks]_|DC�¥!]_KbE,CWDIrMGA&H*TVU
N!C�YJCPM�E,CPWDFGK

Z
]pN!CPI@E,];y��	]pM�]�£ ∂

∂z

E,F~H*ILK,YJC�F~KbCdC�I � £
D(0)

C�Es|pH1TU��E,FG]_�uWDC
g
IDC	N ��U(CPILN

ULHJK	N!C
z
k0�#IqIDR*EGC

gR
|_HXTU��E,FG]_�uWDCSe]_C�TrHJIDID]_C�IDIDCS]_ILN!WD];E,CSU&H*F

g
KbWDF	|_C#UL|_HJI

(x, y)M�RJI&Kb]pN ��F���M�R@TVT�CQ|�� CPK,ULHJM�C��uWDRJE,]_C�IuEm e 3/(∂/∂z).��CQK,i!K�EG}�TVCQK<� �ZM�FG]�E �
ẋ = u1 , ẏ = u2 , ż =

y2

2
u1

C�E1|;C H HJTV];|;E,R@ID];CPI¦H@K,K,R!M�]4��H*W!¥qg+��R!N��PK,]_�uWDCZK�IDR@F,TrHJ|;CZK	CPKbE �

Hn(q, p) =
1

2
(u2

1a+ u2
2c)

��CPK1M�RJIuE,F��J|_CPK	IDR@F,TrHJW!¥qK,RJIuE �
u1 =

1

a
(px + pzy

2/2) , u2 =
py

c
.
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dJk w k w ��=!K,RJ|_W!E,]_RJILKN!WtK,i�KbE,}PTVCQKbWD]_Y%HJI@E �

ẋ =
1

a
(px + pz y

2/2)

ẏ =
py

c

ż =
y2

2a
(px + pz y

2/2)

ṗx =
p2

ycx

2c2
+

(px + pz y
2/2)2

2a2
ax

ṗy =
p2

ycy

2c2
+

(px + pz y
2/2)2

2a2
ay − (px + pz y

2/2)

a
pzy

ṗz = 0

mnI@E,FGR!N!WL]_K,RJILK#|;CZKSM�R!RJF~N!RJIDI��PCPK NDC�jsR@]_ILM�H*F�� � Pi =< p, Fi(q) >, i = 1, 2, 3
k��#HJILK

|;CZKM�R!RJF~N!RJIDI���CPK
(q, P )

|_CPKC�¥�E,F���TrH*|_CPKBIDRJFGTrH*|_CPKBK,RJI@E KbR@|;WDE,]_RJILKN!CPK �P�uWLH*E,]_RJILK �

ẋ =
P1√
a
, ẏ =

P2√
c
, ż =

y2
2

P1√
a

Ṗ1 =
P2√
a
√
c
(yP3 −

ay

2
√
a
P1 +

cx
2
√
c
P2)

Ṗ2 = − P1√
a
√
c
(yP3 −

ay

2
√
a
P1 +

cx
2
√
c
P2)

Ṗ3 = 0

�dI¢ULH*F~H*TU��EGFGHJI@ESULH*F�|_H�|_RJIDg@WDC�WDF
Hn = 1

2 (P 2
1 + P 2

2 ) = 1
2

C�EQC�I�]_I@EGF,RDN!WD]pK,HJI@E�|;CZK
M�R�R@FGN!R@IDI��PCPK	M�iu|_]_ILN!FG]_�uWDCZK �

P1 = cos θ, P2 = sin θ, P3 = λ

RJI�RJ�DE,]_C�I@E1|_CPK �P�uWLH*E,]_RJILKKbWL];Y*H*I@EGCPK �

ẋ =
P1√
a
, ẏ =

P2√
c
, ż =

y2

2

P1√
a

θ̇ = − 1√
a
√
c
(λy − ay

2
√
a
P1 +

cx
2
√
c
P2)

�\�&k � �

�3CPK�Y%HJF,]pH*�D|_CPK
x, y, z

K,RJIuEVgJF~HJN!W��PCPK�C�I [\R@ILM�EG];R@I N!C�|pH�FG}�g@|;C¦N!C � d � � H.YJCPMq|_CPK
U(RJ]pNDKXKbWL];Y%HJI@E~K � |;CqU&R@]_NLKXN!C x, y CZK�E�WDI C�EX|_C�U(RJ]pNDKXN!C z CZK�E�EGF,R@]_KPk -1IDC�[\RJFGTVC
IDRJFGTrH*|_CSgJF~HJN!W���CSCPKbEP=DYJRJ]_F � �%� �

• RJF~N!FGC f d � g = dx2 + dy2 � MPHJKBUD|pH%E���k

• RJF~N!FGC � � g = adx2 + cdy2 H.YJCPM a = (1 + αy)2
C�E
c = (1 + βx+ γy)2

k
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C�E £�|�� R@FGN!FGC � |;CZKF�Z�@W&H%E,]_RJI&K�� �Lk � �	K<� �ZM�FG];YJCPI@E �

ẋ =
cos θ

1 + αy
, ẏ =

sin θ

1 + βx+ γy
, ż =

y2

2

cos θ

1 + αy

θ̇ =
1

(1 + αy)(1 + βx+ γy)
(−λy + α cos θ − β sin θ)

�dIt]_I@EGF,RDN!WD]pK,HJI@E1|_C�ULHJFGHJT ��E,F~H*gJC
(1 + αy)(1 + βx+ γy)dτ = dt

=&|;CZKS�P�uWLH%EG];R@ILK1K,C
UDF,R*��C�EbEGC�I@E NDHJILKB|_C�UL|_HJI

(y, θ)
CPI �

dy

dτ
= (1 + αy) sin θ,

dθ

dτ
= −λy + α cos θ − β sin θ

�\�&k �u�

C�E1|;C�K,i�KbE,}PTVC �P�uWD]_Y%H*WDE1£ �
d2θ

dτ2
+ λ sin θ + α2 sin θ cos θ − αβ sin2 θ +

√
λβ

dθ

dτ
cos θ = 0

�\�Lk � �

��'*$�* $�&�<><M& !�),"MLA&�$�<�" "%$L-8:;'�:#":0*$@&Q'*$("*)/3V'*:,&
L
* + " +�&�$L<�" � &	"

θ = kπ
���#I�HQ|_C F��ZKbWD|;E~H%E

KbWD]_Y%HJI@EZ=DM�[ � �.�hk
� 68-0- 6^` � ` �.� � % :R&�D+" *~<M&�4!$�"*4 K &�)�< V ⊂ U

$~"%$&<;&�$('*$L<
0
<;&�:  �4�& !

'@��� "
λ = 0

-V:,& * 0@9~"P+@9/*/"0 �4�&/*�$("%) 3V'*:,&/* $G"%)�)�& *�!D"%$�+J'*$L<M&/*¢+@'%$�*
V

*�"*$L< 3 " $ �
"E3 " *�'*$L<M&/*J&�<F&�$C!D'*)�<�"%$�4!:#"%&�)I*�'%$�* !L"7" $L< $~"%$<L�4�0*4L9Z�

����� "
λ 6= 0

-1:,&/*?!D"7" $&<%*T$~"%$<L~4�0J4L9 *r+�& *I0u9~"P+J9 */"0 �4�& *r$("*)/3V'*:,& *C$~"%)�)�& *�!D"%$�+J'*$L<M&/*
q(t) = (x(t), y(t), z(t))

-
θ0 = θ(0)

- *�"%$L<�*�"%: 4!<�" "%$�*X+�& !
∂x

∂λ

∂y

∂θ0
− ∂y

∂θ0

∂x

∂λ
= 0

&�<#:,& * !()�&A3 "%&�) * !D" " $L<�* $G"*$AL�4�0J4L9/* $G"*$L<M&�$&4 *r+@'%$�*
V

$~"%)�)�& *�!L"%$�+�&�$L<	" |λ| >

MV
"��

MV → +∞  �4L'*$(+r:4&�+ " '73C2�<x)�&�++&
V
<;&�$(+CK7&�) *

0
�

o�CP|_H�M�RJILN!WL]�EdCPIVULH*F,E,]pM�WD|_]_C�Fd£S|pH�N!CZK,M�F,]_U!EG];R@I�NO� WDI !()�&A3 "%&�)S* & $�<;&�4!) +�&#:;' *�! 	�2�)�&
+�& B�'%)�<�" $ &�<>k
� 4��]��!#�,!#�$� ` � ` �.� � ��CPK1g��PR!N �PK,]p�@WLCPKBIDRJFGTrH*|_CPKBC�E#K�EGF,]pM�EGCPK1M�RJFGF,CZKbU(RJILNLH*I@E1£

λ = 0[\RJFGT�CPI@E�|_C *A&�$�<;&�4!) � "%&A3r'%$L$ "%&�$¦N!C |pHXKbUDAL}�FGC KbR@WLKbfhe]_C�TrH*ILID];CPIDIDC N!C#`aHJFbEG];ILC�EPkdc�]
α 6= 0

=3C�|_|_CPKQK,RJI@E�EGRJW!EGCPKQKbE,FG]pM�EGCPK�C�E�[\R@F,TVCPI@EQ|�� �Z�uWLH%EGC�WDF�N!CV|pH¦KbUDAL}�FGC
S(0, r)

N!C
`aH*F,E,]_IDC�EX�

r
H@K,K,C��SU(C�E,];E~��k

� 68704=1./27,�,! ����687_�XV � ��1#6=� o�CPKU��|pHJKbE,]p�uWDCPKrKbR@I@Er|�� RJWDE,]_|g��PRJTU��EGF,]p�uWDC�U(RJWDF�M�RJT�f
UDF,CPILN!FGCQ|pHVILH*E,WDFGC�NDCPK1g��PR!N �ZKb]p�uWDCPKBILRJFGTVHJ|;CZKHJW¦YJR@]_K,];I&H*gJCQNDC

L
kBjsR@WDF

λ 6= 0
=LR@I

U(C�W!E�U&H*F~H*TU��EGF,C�FX|;CZKXg+��R!N �ZKb]p�uWDCPK�ULHJF
s = τ

√
λ
kzc!H*I&KXIuWD]_FGC�£a|pHag���I��PFGHJ|;];E���RJI

U(C�W!E K,WDUDU(RuKbCPF
λ > 0

C�E1|�� �Z�@W&H%E,]_RJIz�\�&k � �	KA� �PM�F,];EC�I¦ULH*F~H*TU��E,F~H*I@EBULHJF
s �

θ′′ + sin θ +
α2

λ
sin θ cos θ − αβ

λ
sin2 θ +

β√
λ
θ′ cos θ = 0
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λ
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H*]_|;|_C�WDF~Kd|_CPK�UDF,R*��CZM�EG];R@ILK0N!CZK0g+��R!N �ZKb]p�uWDCPK0NDH*I&K0|;C#UD|_HJI
(x, y)

KbR@I@E�UDFGR!M~ADCPK0NDCPK��P|_H@K�f
E,]p�uWDCPK�N=� �dWD|_C�FVC�EV|;R@FGKG�uWDC

θ(0) → ±π ]_|pK�UDF,CPIDIDC�IuE�|pHt[\R@F,TVC�F,CPUDF��ZKbCPI@E���C�KbWDF�|pHyLgJWDFGC��Lk d � k
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� � H*TVUD|_]�EGWLN!C�N!CQ|�� R@KGM�]_|_|_H*E,]_RJI�N!C

y
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λ
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=
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√
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P2(y) = σ

√
1 − P 2

1 (y)
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t ∈ [0, t1].
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y(T ) = 0

U(R@WDF
T = tN

RJI¦H �
• N

];TVULHJ];F

x(T ) = 2
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�#I�H�|pH�K,iuTU��E,FG];C � (x, y, z) 7−→ (−x, y,−z) C�E1N!R@ILMSRJI�U(CPW!E1K,WDUDU(RuKbCPF λ > 0.-1IDC0HJW!E,FGC8K,i�TU��E,FG]_C^CZK�E � (x, y, z, px, py, pz, α, γ) 7−→ (x,−y, z, px,−py, pz,−α,−γ).j^HJF1M�RJI&K �Z�@WLC�I@ER@I�U(C�W!E K,WDUDU(RuKbCPF�uWDC
α > 0.
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(x(t), y(t), z(t))
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y
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y = 0
�

�#I�CPKbE N!RJILMQH*TVC�I��Q£VN���yLID]_F �
� 4��]��!#�,!#�$�[` �W` � ',� c�R@]�E

(t, θ(0), λ) 7−→ (x(t), y(t), z(t))
WLIDCSg+��R!N �ZKb]p�uWDC#IDRJFGTrH*|_C

ULH*F~H*TU��EGF��PC�ULH*F |_Hr|_RJIDg@WDC�WDF N=� H*F~M*kc�]
y 6= 0

=&RJItU(C�W!ESN ��y&ID];F |_CPKEGC�TVULK
0 < t1 <

. . . < tN 6 T
M�RJFGF,CZKbU(RJILNLH*I@E£

y(ti) = 0
k��#I¦N���yLID];E1|�� HJUDUD|_]_MPH%EG];R@I �

Rn : (λ, θ(0)) 7−→ (x(tn), z(tn))
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R1
C�E
R2
kd� R*E,R@ILK

ci, di
|;CZK
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Ci, Di
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y = 0
UDFGC�I&N

|_HQ[\RJFGTVC
S :

dθ

ds
= α√

λ
cos θ

k0o�RJIuE,F~H*]_F,CPT�CPI@E�H*WqM�HJK0UD|_H*E�RJI�NDRJ];E	N!]_KbE,]_IDg@WDC�F�|;C#MPHJK

θ(0) ∈] − π, 0[
R��

σ =
Kb]_gJIDC

ẏ(0) = +1
N!W�M�H@K

θ(0) ∈]0, π[
R��

σ = −1.
�3RJF~K,�uWDC

σ = +1
=DRJI�W!EG];|_]pKbCQ|_CQK,i�TX�(RJ|_C �_k

�#I�N!RJ];E#CPKbE,]_TVC�F#|_CPK �DF~H*ILM~ADCZK
C1, D1, C

′
1D

′
1, C̄1, C̄

′
1, C2, D2

C�E
C̄2
k �3CPK F��PK,WD|�f

EGH%E~KK,RJIuE|_CPKK,WD]_Y%HJI@EGK �
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−π +π

θ

dθ
ds

0

Σ

K,CPM�EG];R@Ic1

d1

c̄1

R1

C1

C̄1

D1

M�H@KbC
σ = −1

−π +π

θ

dθ
ds

Σ

K,CPM�E,]_RJI

c′1d
′
1

c̄′1

R1

C ′
1D

′
1

C̄ ′
1

c′1

C ′
1

M�H@KbC
σ = +1
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α 6= 0
-�:,& * ��),'%$@$ 	�&/*

C̄1, C̄
′
1, C

′
1D

′
1

&�<
C̄2
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D2
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C1, D1, C2
C�E
D2

U&R@WDF
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gJF~H*�D|_C R+�q|_CPKM�R�C��rM�];CPI@E~K
a
C�E
c
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y
EGC�|_|;CZK�uWDC �

a = 1 + 2αy + · · ·
c = 1 + 2γy + · · ·

� � �<* �<7"!#�,!#�$�\` �W` ��� �xo�RJTVULHJFGHJ]_K,RJI�N!CZK^�DF~H*I&MGADCZK
C1, C2, D2

� � � ����� ��"7" <
X = x+r

2r&�<
Z = z

r3
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c2

c̄2

d2

~
R2

D2 C2
C̄2

�s]_gJWDFGC��Lk d�� � σ = ±1

• ��),'*$ $ 	�&
C1 ! Z = 1

6X
3 +

(
r2α2

64 + πr
32 (α+ γ)

)
X4 +

"
(X4)

• ��),'*$ $ 	�&
C2 ! Z = 1

24X
3 +

"
(X3)

• ��),'*$ $ 	�&
D2 ! Z = 1

6X
3 +

(
r2α2

64 − πr
32 (α+ γ)

)
X4 +

"
(X4)
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C2
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• " �

γ > −α -d:;'���),'*$ $ 	�& C1
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&/*�<B+J'*$�*Q:;'C*�!�	�2�)�&Z�
� & 3r'%)� �4�&��&k �&k � �d�0I

0
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gR =

adx2 + cdy2 CPKbE K = α(α+γ)+β2

4

k�c!]
β = 0

=^C�|_|_CqK,C�F��PN!WD];E�£ α(α+γ)
4

k�� R@ILMr|pH
Y%H*|_C�WLFM�FG];E,]p�uWDC

α+ γ = 0
CZK�E1F,CP|;]4��CQ£

K = 0
k
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X = x+r
2r

-
Z = z

r3
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D2
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C1 ! Z =
3#$

(X,XlnX,Xln2X,Xln3X, �
− 1

X

X3 ) = 1
6X

3 + · · ·"�� 3#$
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Z(X)
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r
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3V9�<x)/"0 �4�&Z�
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D2
�
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D1 ! Z =

3 $
(
√
−X,

√
−X ln(−X),

& − rα

2
√

2
√

−X ) = −8
r2α2X

2 + · · ·
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X(
√
Z)
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β 6= 0
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(Xε)
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Xε = λ1(ε)
∂

∂x′
+ λ2(ε)

∂

∂y′

r =
λ1(ε)

λ2(ε)
λ1λ2 < 0

r(0) = −1 r = −1 + α1(ε)
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y′ ∂

∂y′
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Z = z
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C�EQ£�|pHqF���gJWL|_HJF,];E���NDC�|_Hq[\RJILM�E,]_RJI�Y%HJ|;CPWDF�HJKGKbRDM�]4��C�£qWLI¢Kbi!KbE,}PT�CVH%�rIDCVH*I&H*|_iuE,]p�@WLC
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