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T µ >?�<� 8;��¿N "��>Ñ8;� ��:�� @  �D|>Ñ������>?=�:���>Ñ8;� ���! "��>Ñ8>�¶����¿£�98;��� @?@ ��D����£��8;:���Ã����£�����ñ�9����D|:³�%��� @  ±D|>Ñ������>?=�:���>Ñ8;�
 "��AB: @  ">?����D������C �¼É8;�³��Ã�8B��¿£>Q��:³���� "���! "�C �·Ñ��´ @¶µ 8;=³�C����Â; "����:���������������������Ã�8;¿£¿®��>Ñ��8;����8;�9�Bÿ!>?��������D|>Ñ�C "�}�
:��§��ÂÉ���}��:³� @ ��8;>?���C "AÉ�� ;������8;�³8;¿£>Q�}:³��ÂÉ����� @ �����C8;:���Ã����có � ��: @ � @ ���¢�C c¼É8;�³��Ã�8B��¿£>Q��:³��� @ ���¢� @ :³�����³����AÉ���
��>Q��:³�����C���C ">Ñ��������:³�CÃ�������>?= @ ����D µ �������£��:<�N�C "¿£¿®���}���9��:�D���Â�>Ñ������8;:����9����¿®���������U:��³�U>ÑD����}��>��!Ãc "��>Ñ8;�
D����¢��8;:���Ã����+ó\�± @ î³��:�����:³�C��¿®�����cÿ�Ã������C �¼É8;�³��Ã�8B��¿£>Q�}:³�����C8;�����C "������� @ ��p³: â  "�������³D|:t ":���8;:���D�� 1020

��° ������D�� @¶µ 8;��D|���£D µ :��³�U�! "����>ÑÃ�: @ �®�! "�qo�> @ 8;¿®ï������£Ãc "�����£�����! "����>Ñï�Ã @ �Bó£T7 t¿®����:����UD|:�������Ã������£ ": â
� @ :³��î! ":����������³����AB>Ñ�����³��Ã�������>?����D�8;�³Ã�:��³��AB�C "�³D�����:���¶ ;Ã���D���D�������Ã���>Ñ8;�ìó

T µ � â �9����>Ñ���³Ã�� � > � ���cÿ5��:�>�:���> @ >Ñ��� @  �����Ã�î���>Q�}:³�[D�� @  �¿®����:�����D�� @  @ :�¿£>Ñï����[D��yp³:³8;������Ã����³Ã��
8;=³������ÂÉ�£:��³�§Ã�8;:���:����§D³ "�³� @ �®������Ã������§ ":<� D�������:³�xD�� 5.1019 ��°Uÿ7 @ 8;���²�}:³� @¶µ � â �9����>Ñ���³Ã�� � f ����� ÿ
��:�>�:���> @ >Ñ���t:��Q�����C�c ":bD��KD�������Ã�����:����U�����! "����>Ñ�£ ": ��8 @ ��:��ñ:��³�KÃ������C ">?�³�KD��ko}> @ 8;¿®ï��������UÃc "�������cÿ �³�
Ã�8;�<�³��¿®�®�! ;�ñÃ��������N8;=³������ÂB "��>Ñ8;�ìó � �³�GD��N¿®����:������x���ñD µ ����:³D|>Ñ��� @ �����C �¼É8;�³�UÃ�8B��¿£>Q�}:³�����Ò:³�~�}: µ  ": â
� @ :³��î! ":����������³����AB>Ñ���cÿ @¶µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���cÿn��:�>ã������ ;Ã���:³� @?@ ��¿®�����������³�±D��xÃ�8;�³������:³Ã���>Ñ8;�
��� � ��AÉ������>?�³�Bÿi ;Ã�Ã�:�¿�: @ ��D�����D�8;���³������D�����:�>Ñ�a� @ :³��D���D���: â  "�³�a¿N ">?�������! "�}�có�T µ � â ������>Ñ���³Ã�� � :�AÉ���cÿ
��:�>�Ã�8;¿x=�>?�³� @  %����Ã�î���>Q�}:³�ND��£¿®����:����ND�� @  kp³:³8;������Ã����³Ã��t �ÂÉ��ÃNÃ�� @?@ �§D|:��������c ":GD��ND�������Ã�����:����ñ ":
��8 @ ÿ�������¿®�������C ND��xD�������Ã�������:��³�����������C ">?�³�UD µ ��ÂÉ���³��¿®��������D µ ���³����AB>Ñ�ñD�� @¶µ 8;��D|���ñD�� 1020 ��°��! "�� "�ìÿ
AB�±¸;Ã���´U�C U��:���¶ ;Ã���D���D�������Ã���>Ñ8;�±D µ ����Â�>?��8;��VBÀBÀBÀ¨o�¿ 2 ó

	  "�³��:��³��������¿£>Ñï����U�! "����>Ñ�Bÿv "����ï���:��±=������¢î�>Ñ����8;��>Q�}:³�Bÿi�³8;:³��D���Ã���>?ÂÉ8;�³� @  N��î³���³8;¿®���³8 @ 8;AB>Ñ�®D|:
�C �¼É8;���³��¿®���}�§Ã�8B��¿£>Q�}:³�K��� @?@ �y�}:³�§�³8;:³� @  [Ã�8;���! ">Ñ����8;�³�N ":;��8;:���D µ î�:�>¶ÿ����b�C "����� @?@  "��� @ ���£D�������>Ñ�����
������: @ �C "����� â �9����>?¿®���}�C ": â ó�T µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���¢8;=³�C����ÂÉ� @ �����C �¼É8;�³��Ã�8B��¿£>Q�}:³����D���¿N "��>Ñï����
>?�³D|>?����Ã����K�! "� @¶µ >?��������¿®��D|>r ">?���ÆD����ñAÉ����=����® "��¿®8B����î³����>Q��:³���+ÿãAB>?A� "�������~�}:³���£Ãc ;��Ãc ;D����£D��t�! "����>ÑÃ�: @ ���
������: @ �C "���ñD�� @¶µ >?�������C ;Ã���>Ñ8;� D������C �¼É8;�³�ñÃ�8B��¿£>Q��:³���xD³ "�³� @¶µ  "��¿®8B����î³ï����N�����������������Bó3Tk %��î�¼|��>Q�}:³�®D����
AB�C "�³D�����AÉ����=9���� "��¿®8B����î³����>Q�}:³����������>?�}����8}D|:�>?���Bÿ�����>?�³��>Ñ���C "������:�� @ ����D|>��NÃ�: @ �����������³Ã�8;�}�����������98;:��
¿®8}D�� @ >Ñ�C��� @ ��������8}Ã����C��:³�<D��������³D³ "����D�� @  ñ��î�¼|��>Q��:³��î! ;D|��8;��>Q��:³��´ñî! ":����x���³����AB>Ñ�Bó » 8;:³�<D���Ã���>?ÂÉ8;�³�
���³��:�>?��� @¶µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���cÿì ">?�³��>6�}:³� @ ����¿®����î³8}D�����:���> @ >Ñ����������8;:������C ">?����� @ ����D�8;���³�����
���%����8cÂÉ���! "�³Ã��ñD|:%�������c ":�D�����:���  ;Ã��� ">?�³��>��}:³��D|:ÆD�������Ã�����:���D��qp³:³8;������Ã����³Ã��Bó

	  "�³�¢:��³������Ã�8;�³D����! "����>Ñ�Bÿ��³8;:³�¢�����������}��8;�³� @ ���¢¿®����î³8�D����aD���Ãc @ Ã�: @ D�� @¶µ  ;Ã�Ã������C "�³Ã���D|:§�������c ":
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D��±��:���  ;Ã�����:�>�8;�}�Æ�����±D���ÂÉ� @ 8;���������Æ ": Ã�8;:����%D|: ���C �ÂB "> @ D�����î³ï��C�Bó�Tk QD���������¿£>?�! "��>Ñ8;�e������Ã�>Ñ���
D�� @¶µ  ;Ã�Ã������C "�³Ã��N������Ã���:³Ã�>r @ �U�98;:�� @¶µ ���C "= @ >Ñ������¿®���}��D|:'������Ã������£���[���³����AB>Ñ�£D������C c¼É8;�³��Ã�8B��¿£>Q�}:³���có
T µ ���NÃc ;Ã�>?����D���D�������Ã���>Ñ8;�%D��������³D³ "���<D�� @  ��! "��:�����D������C �¼É8;�³�aÃ�8B��¿£>Q�}:³���cÿ��³8;:³��¿®8;�}����8;�³�i��: µ > @ �����
�98B����>?= @ ��D���Ãc "�C ;Ã�������>Ñ����� @ ��:���Ã�8;¿£��8B��>?��>Ñ8;�KAB�±¸;Ã��� ": â D�8;���³�����<D|:t�������c ":ÆD�����:���  ;Ã��Bó<Tì��Ãc @ Ã�: @ D|:
���9��Ã�������D µ ���³����AB>Ñ�aD����7�C c¼É8;�³��Ã�8B��¿£>Q��:³��� ����� ���³��:�>?����D���Ã���>?�cÿ;���U� â � @ >ÑÃ�>?�C "�}� @ ���kD|>�
v������������� ¿®����î³8�D����
:���> @ >Ñ����������8;:���������>?¿®��� @¶µ ���³����AB>Ñ��D�������ÂÉ���³��¿®�������có

	  "�³�ã:��³�a����8;>Ñ��>Ñï�¿®���! "����>Ñ�Bÿ;�³8;:³�������������}��8;�³� @  �����8;= @ ��¿N "��>Q�}:³��D����� "��>Ñ��8;����8;��>Ñ����D����¢D|>?����Ã���>Ñ8;�³�
D µ  "����>?ÂÉ�����xD����x�C �¼É8;�³�UÃ�8B��¿£>Q�}:³���§� @¶µ ����:³D��ND����U "��>Ñ��8;����8;��>Ñ���ñ�9����¿®���ñD µ 8;=�������>?�ñD����x>?�<� 8;��¿N "��>Ñ8;�³�
������Ã�>Ñ��:³�����®��:�� @¶µ 8;��>?AB>?�³�%��� @ �t���C "�³����8;���®D����U�C �¼É8;�³�NÃ�8B��¿£>Q��:³���£D�����:�>Ñ� @ ��:����£�C8;:���Ã������º:³�±��: µ ´ @  
� �������Bó » 8;:³�U��������������8;�³�£:��³�K¿®����î³8�D��KD µ  "�! @ ¼��C����:³�t�³8;:³�® �ÂÉ8;�³�ND���ÂÉ� @ 8;���9���K��8;:��£������>?¿®��� @ ���
�! "�C "¿®ï���������D µ :��³�� "��>Ñ��8;����8;��>Ñ�k�VD|>?�n¤ @ ��������:! ;D|��:��£¤ @ �K�a��8;:³��?�� ;Ã��������xD³ "�³� @ ���<D�8;���³�����có  ��������¿®���
��î³8}D��������� "��� @ >Q�}:³���x ": â ������¿£>Ñï�������D�8;���³������D�� @¶µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���có

� �®AB:�>Ñ����D��a�9����������Ã���>?ÂÉ�<���¢D µ 8;:�ÂÉ������:����Bÿ��³8;:³�������������}��8;�³� @ ����������: @ �C "���¢D µ :��®¿®8�D�ï @ ����î³��8;��>Q�}:³�
����ï�����>?¿£� @ �xD³ "�³� @ �	�}:³� @7@  £��8;�C @ >?���xD|:�������Ã�������D������C �¼É8;�³��Ã�8B��¿£>Q�}:³����������� â � @ >Q�}:³���x´ @¶µ  ">ÑD��xD µ :��
����: @ � ¼}����D�����8;:���Ã��Bÿ�>?�;�Ò��Ã��C "�}� @ �����C �¼É8;�³�<Ã�8B��¿£>Q�}:³���< �ÂÉ��Ã�:��%������Ã���������� @ 8;>vD�����:�>Ñ���C "�³Ã���:���>Q�}:³�Bÿ
D�8;��� @  UÂB @ ��:��<�����<Ã�8;¿£�! "��>?= @ �ñ �ÂÉ��Ã�Ã�� @?@ ��¿®����:�������´ñ=! ;���������³����AB>Ñ�Bó
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	 ï�� @ �§D���=�:��£D|:b½BÀ;ï�¿®�K��>Ñï�Ã @ �Bÿ @ ������î}¼���>ÑÃ�>Ñ���³�£ cÂ; ">Ñ���}�ñ����¿N "�~�}:³�k��:³� @ ��:����x� @ ��Ã�����8B�CÃ�8;�9���U���
D���Ã�î! "��A� ">Ñ���}� @ ���}����¿®�����cÿ�Ã�8;�³���	�}:³���³Ã��xD�� @¶µ >Ñ8;��>Ñ�C "��>Ñ8;������8+ÂÉ8��}:³�����! "� @¶µ  ;Ã���>Ñ8;�±D µ :����C �¼É8;���³��¿®���}�
���³����AÉ����>Q��:³�Bó:T µ 8;��>?AB>?�³�t� â ���C ��¶�����������������tD��NÃ��®�C �¼É8;���³��¿®�������V:��xD���Ã�8;:�ÂÉ�������§�! "��°Uó � �����x��� ¾SU|¾c½|ÿ
��:�>�¿®����:��C �:��³�N>?�³D�����>r "= @ �K ":�AB¿®�����C "��>Ñ8;� D|:b�C ": â D µ >Ñ8;��>Ñ�C "��>Ñ8;�ID³ "�³� @¶µ  ">?�U cÂÉ��Ã @¶µ  @ ��>?��:³D��Bÿ @ 8;���
D µ :��³���C����>Ñ��D���¿®����:������a���§=! @?@ 8;�ìó  ���C �¼É8;���³��¿®���}�<>Ñ8;��>Ñ�C "�����V:��¢=! "����>Ñ��� ð �C c¼É8;�³��Ã�8B��¿£>Q��:³��� ð �! "�
��> @?@ >ñoB "�Æ���G¾SUB½BÁ|ÿ{�}:�>ì���C ">?�� @ 8;���<Ã�8;�}Â; ">?�³Ã�:±D�� @  ñ�! "��:������ @ ��Ã�����8;¿N "AB�³����>Q�}:³�xD���Ã������! "����>ÑÃ�: @ ���có

T µ ����:³D��<D����¢�C �¼É8;�³��Ã�8B��¿£>Q��:³���� �������:��®8;:���> @ >?�³D|>Ñ�������³�C "= @ �� ":§D���ÂÉ� @ 8;���9��¿®���}��D�� @  ���î}¼���>Q��:³�
D������! "����>ÑÃ�: @ ��������� 8;:�����>Ñ���C "�}�� ": â ��î}¼���>ÑÃ�>Ñ���³��:��]�¶ ">Ñ��Ã��c ": ð �! "��:���� @ ð D����! "����>ÑÃ�: @ �������³����AÉ����>Q�}:³���có
T µ  "����>�� � @ ��Ã�����8;�x�V:��ñ ">?�³��>�D���Ã�8;:�ÂÉ�����ñ�! "� � �³D�������8;�I���
¾SUZVB½|ÿD��:�>aD���Ã�8;:�Â���>?�ñ��> â  "�³�ñ� @ :³�x�C "��D @ �
¿�:³8;�ìó{T7���<��>Ñ8;�³�<ÃCî! "��AÉ�����V:�����������A� @ ��¿®���}��>ÑD����}��>��!�������G¾SU>X�[x�! "�  ó ¹ 8�
�� @?@ ó

� ����ï�� @  � ��Ã�8;�³D��yf�:³����������8;�³D|>r @ �Bÿ @ ���x������¿£>Ñ�����® ;Ã�Ã�� @ ���C "����:����£D��§�! "����>ÑÃ�: @ ���U���}����ï��������N���
������Â�>ÑÃ��Bÿ{� 8;:�����>Ñ���C "�}�� ": â ��î}¼���>ÑÃ�>Ñ���³��D������¶ ">Ñ��Ã��c ": â D��x�! "����>ÑÃ�: @ ���� �¼� "�}��D�����Ãc "�C ;Ã�������>Ñ����>Q�}:³����=�>Ñ���
¿£>Ñ��: â Ã�8;�}���~¤ @  "= @ ������:³�UÃ�� @?@ ����Ã�8;¿£��8B�C "��� @ �����C c¼É8;�³��Ã�8B��¿£>Q��:³����� �< ���! "� @  §��:�>?���K�\ó£���³�ñ�! "����>Ñ�
D�� @  �Ã�8;¿£¿�:��! ":����%��Ã�>Ñ���}��>�����:³�KÃ�8;�}��>?��:! [Ã��������³D³ "���®´Æ����:³D|>Ñ��� @ ���x�C �¼É8;�³�£Ã�8B��¿£>Q�}:³���cÿk ��³�ID µ ���
������Ã�>Ñ������D³ cÂ; "�}�C "AÉ� @ ��:����<Ãc "�C ;Ã�������>Ñ����>Q�}:³���cÿ @ ��:��<�! "��:��������<=�>Ñ���Æ���� @ ��:��<8;��>?AB>?�³�Bó

� ��¾SUZVZR|ÿ @ ����î}¼���>ÑÃ�>Ñ�����o�C "���c ">Ñ� ¹ >Ñ������� � :�AÉ����¿£>Ñ�<������Â�>ÑD����³Ã�� @¶µ � â >Ñ�������³Ã���D�����AB�C "�³D����<AÉ����=����
 "��¿®8B����î³����>Q�}:³���<���ÆD�������Ã��C "�������ÆÃ�8�� �³Ã�>ÑD����³Ã�� @¶µ  "����>?ÂÉ����D������! "����>ÑÃ�: @ ���<��:��<D�����D�������Ã�����:����������! ;Ã����
D��]�}:³� @ ��:³���tD|>ñ�+ ">?�³���KD���¿®ï��������K ": ��8 @ óETì���K� â �9����>Ñ���³Ã����tD��±D�������Ã���>Ñ8;�5D����t�C �¼É8;�³�KÃ�8B��¿£>Q�}:³���cÿ
´ @  ��V8;>Ñ�£ ": ��8 @ ��� ����:³D|>r "��� @ ���UAÉ����=9���N "��¿®8B����î³����>Q��:³���®���®D|>?����Ã�����¿®���}�§´ @¶µ  ">ÑD��%D��K=! @?@ 8;�³�®���
�C "��� @?@ >?�����cÿã���K��8;�}�ñ¿x: @ ��>?� @ >Ñ�����ND�����:�>Ñ� @ ���£ "���³�����NÁBÀ|ó  ���£8;=³������ÂB "��>Ñ8;�³�®8;�}�£�³8;�C "¿£¿®�����®¿£>Ñ�£���
��Â}>ÑD����³Ã�� @¶µ � â >Ñ�������³Ã��'D��±�! "����>ÑÃ�: @ ���ÆD�8;��� @¶µ ���³����AB>Ñ�GD����! ;����� @ ��� 1020 ��°Uÿ�D�8;��� @  bÃ�8;¿£�! "��>?=�> @ >?���
 �ÂÉ��Ã @  K������D|>ÑÃ���>Ñ8;�b���
¾SUBÁBÁ��  "���³8;�³Ã����§�! "� @ ������î}¼���>ÑÃ�>Ñ���³��f�����>Ñ�����ìÿDµ� "��������>?�Q����¶�:1��¿£>?�e��D µ :��³�
����D|:³Ã���>Ñ8;�£D|�C ;����>Q��:³��D|:²p³: â D����7�C c¼É8;�³��Ã�8B��¿£>Q�}:³���ã ": â ���³����AB>Ñ��� @ ���k� @ :³�ã� @ ��ÂÉ�����:�  ">?�ã���³Ã�8;��� @¶µ 8;=|�����
D µ ����:³D����� "������8>� 8;�³D|>Ñ���có

� @¶µ î³��:����� ;Ã���:³� @?@ �Bÿ @¶µ ����:³D���D|:K�C �¼É8;���³��¿®���}��Ã�8B��¿£>Q�}:³��D³ "�³���y �A @ 8;=! @ >?��������� @ 8;>?�%D µ ��������Ã @ 8B���Bÿ
@¶µ 8;=³������ÂB "��>Ñ8;� D|: Ã�8B��¿®8B�% cÂÉ��Ã @ �±� @ :³�KD���¿®�����C "AÉ�����%D|>�
v�����������K��8B����>?= @ ���s�o��î³8;��8;�³�cÿ��³��:�����>?�³8B�cÿ
�! "����>ÑÃ�: @ ���ãÃ�î! "��AÉ�����cÿ)AB�C �Â�>?��8;�����ì������¿®�������C �D���Ã�8;���! �·Ñ����� @ ���k¿®��Ãc "��>Ñ��¿®����´ @¶µ 8���:�Â}����D³ "�³� @¶µ ����>?ÂÉ�����
�98;:�������8�D|:�>?����Ã�����>?�}����>?AB:! "���������! "����>ÑÃ�: @ ���có
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������� ¾Bó?¾�� � ÃCî³��¿N %>?�³D|>Q�}:! "��� @ �£D�8;¿N ">?�³�§D µ  "��� @ >ÑÃc "��>Ñ8;�QD�����D|>�
v��������������¿®����î³8}D�����D��®D�������Ã���>Ñ8;�
D������C �¼É8;�³��Ã�8B��¿£>Q��:³���+ó{���Æ8;��D|����D���AB�C "�³D���:���D|:�p³: â ������>?�³D|>Q�}:³�������V8;�³Ã���>Ñ8;�±D�� @¶µ ���³����AB>Ñ�Bó
ø�ù! "�ü#�$�&%'�eü(û�(�)��eÿ��&*'�

F,+�©-+�F .q+�;0/54E?BADCE+�=ywE+xwEz19Z+�;�9\?�234

Tì����¿®����î³8�D������ â ������>?¿®�����C @ ���ñD���ÂÉ� @ 8;���9�����x�! "� @ ������î}¼���>ÑÃ�>Ñ���³�ñD�����:�>Ñ������ï���D µ :��Q��>Ñï�Ã @ �£��8;:��
����:³D|>Ñ��� @ ���C c¼É8;���³��¿®������Ã�8B��¿£>Q��:³���C8;����Ã�8;�³D|>?��>Ñ8;���³�����<�! "� @ ��� ¼�����D����! "����>ÑÃ�: @ �����}:³� @¶µ 8;�ÆÃ�î³����ÃCî³�
´xD�������Ã������cÿ³¿N ">Ñ�<��:�����8;:����! "� @  ñÂB @ ��:��aD|:�p³: â ´ @¶µ ���³����AB>Ñ��Ã�8;�³��>ÑD����������VÃ���ó��³AB:������Ò¾Bó?¾K�Ý�\ó ¹ 8;:���D����
���³����AB>Ñ����>?�<� ����>Ñ��:�������´�:��³�<Ã����}�C ">?�³��D�� � ��°Uÿ @ ��p³: â ��������:<�N�C "¿£¿®������� @ ��ÂÉ����8;:��E��: µ :��³��D�������Ã���>Ñ8;�
D|>?����Ã����§D����ñ�! "����>ÑÃ�: @ ���£��8;>?�ñ�98B�C��>?= @ �Bÿ @ �t����: @ ����8;= @ ï�¿®�t���C "�}�£D µ  @?@ ��� @ ���ñ8;=³������ÂÉ���® �ÂB "�����}: µ � @?@ ���
� µ >?�������C "AB>Ñ�������}�cÿ! ":%D�������:³�aD�� @¶µ  "��¿®8B����î³ï����#1{Tì����D�������Ã�����:�������8;�}�< @ 8;���a>?�³���C @?@ ����D³ "�³��D�����=! @?@ 8;�³�
 "��¿®8B����î³����>Q��:³���+ÿ³8;:���:��<D����<�y "��� @?@ >?�����có

¹ 8;:�� @ �������³����AB>Ñ������:��9����>Ñ��:�������´k�}:³� @ ��:³����Ã����}�C ">?�³����D�� � ��°ñÿ @  ��¶ ">?= @ �������UD|:�p³: â D������C c¼É8;�³�
Ã�8B��¿£>Q��:³���U�³��Ã����C��>?���t:��³�K>?¿£�98;���C "�}���Æ��:���¶ ;Ã��tD��KD�������Ã���>Ñ8;�ìÿ�Ã����}:�>������U����8;= @ ��¿N "��>Q��:³�%��8;:�� @ ���
� â ������>Ñ���³Ã����a��¿�=! "�~�}:³�����có<T7 �D�������Ã���>Ñ8;�%D|>?����Ã�����D�� @  ��! "����>ÑÃ�: @ ������>?¿N ">?����� µ ������ @ 8;���¢� @ :³����8B����>?= @ �Bó
T µ  "��¿®8B����î³ï����������������������Bÿ+D�8;�}� @  ��������C���³Ã���>?��������D|>Ñ�y ">?� @  <D�������Ã���>Ñ8;�ñD|>?����Ã����Bÿ)�����k @ 8;���ì:���> @ >Ñ������Ã�8;¿£¿®�
:��5AB>?A� "�}�����~�}:³�'Ãc @ 8;��>?¿®ï�������D³ "�³� @ �	��:³� @�@ �±�C �¼É8;�éÃ�8B��¿£>Q��:³�±����>?¿N ">?���'D|>Ñ����>?�9�[��8;� ���³����AB>Ñ�Bÿ����
Ã����c "���a:��³��¿x: @ ��>?��:³D���D����! "����>ÑÃ�: @ ��������Ã�8;�³D³ ">?�����+ó�Tk ���î}¼���>Q�}:³��D����¢AÉ����=����� "��¿®8B����î³����>Q��:³������� @ ��:��
D�������Ã���>Ñ8;�� �ÂÉ��Ã @¶µ � =³������Â; "��8;>?��� ¹ >Ñ������� � :�AÉ���<������8;����������������������D³ "�³� @ ���<ÃCî! "��>?����������:�>?ÂB "���có

Tì����D���: â ����>ÑÃ�>?�! @ ��������Ã�î���>Q�}:³����D��UD�������Ã���>Ñ8;�GD�����AÉ����=����� "��¿®8B����î³����>Q�}:³������8;�}� @¶µ ��Ã�î! "����> @?@ 8;�<�
�! "AÉ��D������! "����>ÑÃ�: @ ���� ":���8 @ ÿ|AB�±¸;Ã��x´ñ:����������c ":�D���D�������Ã�����:����������! "����>Ñ����:���:��³��AB�C "�³D�����:���¶ ;Ã��Bÿ³���
@  �¿®����:�����D�� @  @ :�¿£>Ñï�����D���p³:³8;�����CÃ����³Ã�����¿£>Ñ�C���! "��¿®8 @ ��Ã�: @ ���aD µ  >�c8;����� â Ã�>?���������! "� @ ���! ;���C "AÉ��D����
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�! "����>ÑÃ�: @ ��������Ã�8;�³D³ ">?�����có ¹  "��¿£> @ �����³8;¿�=�����:³�C����� â ������>Ñ���³Ã�����D|:�� ¼}���x�������c ":±D��ñ��:���¶ ;Ã��Bÿ @ �ñD�������Ã��
����:���D µ � f �����32 R54 ÿ<��:�>v�����a:��³��� â �����³��>Ñ8;�ÆD|:%D�������Ã�����:�� � oÉ���³8 2 [64 ÿ���8B����ï�D���:��³����:���¶ ;Ã�����
v��Ã���>?ÂÉ�
D��ND�������Ã���>Ñ8;� D µ ����Â�>?��8;� 100 o�¿ 2 ���£ %������¿£>Ñ�ñD µ ����:³D|>Ñ��� @ ���x�C �¼É8;�³�£Ã�8B��¿£>Q��:³���ñD�����:�>Ñ� 1016.5 ��°
�º:³�±��: µ  ": â � @ :³��î! ":����������³����AB>Ñ���có�T µ � â ������>Ñ���³Ã�� � > � ��� 2 ¾cÀ54 ÿ/�}:�>!����� @¶µ  "¿®� @ >Ñ8;�C "��>Ñ8;�KD���� @ ¼ µ � � ¼É� 2 U64 ÿ
 ®��A� @ ��¿®���}���9����¿£>Ñ�cÿ9���±¿®����:��C "��� @  @ :�¿£>Ñï����xD��¥p³:³8;������Ã����³Ã��U��¿£>Ñ���x�! "� @ ����AÉ����=����cÿiD µ ����:³D|>Ñ��� @ �
������Ã�������D������C �¼É8;�³��Ã�8B��¿£>Q�}:³����: @ ���C �� ���³����AÉ����>Q��:³���+ó�T µ � =³������Â; "��8;>?��� ¹ >Ñ������� � :�AÉ���a�����¢:��KD�������Ã�����:��
î�¼�=���>ÑD����}:�>�Ã�8;¿x=�>?�³�§Ã����xD���: â ����Ã�î���>Q�}:³���ñD��®¿®����:����Bÿk cÂÉ��ÃN:��³�§��:���  ;Ã��N��
���Ã���>?ÂÉ�tD�� 3000 o�¿ 2

�98;:��x��8;�G�������c ":bD��®��:���¶ ;Ã��N��>?��:³�§��� � ��AÉ������>?�³�Bó  �������N��:���¶ ;Ã��ND��NÃ�8 @?@ ��Ã���>Ñ8;�b���³8;��¿®�t���������b�����
�V�����³��Ã������C ">?���ñ��8;:���Ã�8;¿£�9���³����� @¶µ � â ���~��¿®�ñ�C "�������£D������C c¼É8;�³��Ã�8B��¿£>Q�}:³��� @ ����� @ :³�����³����AÉ����>Q�}:³����D��
@¶µ :���>?ÂÉ�����có

F,+�©-+M© *�+x=>�i+�;�9Z,\+-+�4�z�4E+{,\�3?�+
¹  "��¿£>���8;:������ @ ��� Ãc "�C ;Ã�������>Ñ����>Q�}:³����D���Ã���>?Â; "�}� @ ��� �C c¼É8;�³� Ã�8B��¿£>Q��:³���cÿ @  �� @ :³�7>?¿£����������>Ñ8;���! "�����������

Ã������C ">?�³��¿®����� @ ��:��¢������Ã����������®���³����AB>Ñ���;> @ � µ �������³D®��:���� @ :³�¢D���VB½�8;��D|�����¢D��aAB�C "�³D���:������¨p³: â �����! ;�
¿®8;>?�³��D��t¾c½tD���Ãc ;D��������[���³����AB>Ñ�#1 � 8;�'��ÂÉ8 @ :���>Ñ8;�'�9��:����������UD���Ã���>?���£Ã�8;¿£¿®�x:��³� @ 8;>�D��x��:�>Ñ���C "�³Ã��
�������~�}:³���! "��¶ ">?������� dN

dE ∝ E−α ÿ< �ÂÉ��Ã':�� >?�³D|>ÑÃ��'���9��Ã����C @ α ÂÉ8;>Ñ��>?� D�� 2.7 ó  ������������8;���! "�����
����AB: @  "��>?����D|:kp³: â ��:���:��³��A� "¿£¿®��D µ ���³����AB>Ñ�x ":³����>�Â; ;�����������a:��%��î³���³8;¿®ï��³��:���>Q��:³�����K��î}¼���>Q�}:³�Bÿ
��:�>a>?�}Â}>?���Æ´±Ã�8;�³��>ÑD�������� @  ±��î³���³8;¿®���³8 @ 8;AB>Ñ�ÆD|: �C c¼É8;���³��¿®�����tÃ�8B��¿£>Q��:³�%�C8;:³�x:��  ;���9��Ã��UA @ 8;=! @ ó
» 8;:³��ÂÉ������8;�³��D µ  "> @?@ ��:����xD³ "�³��Ã��������£��î³ï������}: µ :��³�N "������8}ÃCî³�®î³8 @ >Ñ����>Q�}:³�BÿìD³ "�³� @  ��}:³� @?@ � @ �����C c¼É8;�³�
Ã�8B��¿£>Q�}:³������8;�}����:����98B������������������8}D|:�>?���a´���8;:������ @ �������³����AB>Ñ���a�! "��:��t����: @ � ¼��9��D�����8;:���Ã��Bÿ}�����¢�³8;�
����: @ ��¿®�����xÃ�8;¿£�! "��>?= @ �t cÂÉ��Ã @ ����8;=³������ÂB "��>Ñ8;�³�cÿv¿N ">Ñ�ñ "���98;�����®��A� @ ��¿®���}��:�����Ã @  ">?�C "AÉ�N>?�������������C "�}�
��:�� @  ¨�}:³������>Ñ8;��D�� @¶µ 8;��>?AB>?�³��D����<�C �¼É8;�³��Ã�8B��¿£>Q��:³���có

Tì8;���~�}:³� @¶µ 8;�K8;=³�C����ÂÉ��D���� @ :³������ï�� @ ��������Ã����������K���³����AB>Ñ�Bÿ|> @?@ :³����������:�� @  ´�³AB:������Ò¾Bó ½\�\ÿ�� @ :³��>Ñ��:����
=���>Ñ��:�������D������������ñ��8;����Â�>Ñ��>?= @ ���ñ�³ÂÉ����� 3 − 5 1015 ��°Uÿi8�7 @  N�9���}��� @ 8;A� "��>?��î�¿£>Q�}:³�ñ�! ;������D�� ∼ 2.7

´ ∼ 3.0 ÿvÃ�8;¿£¿x:��³��¿®�����ñ "����� @?@ ��� @ � è�Ü�âeç�Ò98 ÂÉ����� 5 1017 ��°ñÿ�8�7 @  §�9���}���ñD���Â�>Ñ����� ∼ 3.3 ÿv "����� @ ���@ � Ð	ÜÝÕ~çZâeÔðè�Ü�âeç�Ò98 �������<�³� @  Õ�Ö<Ü;:SÙ�äMäQÜ ÿ�ÂÉ����� 3 1018 ��°Uÿ�8�7 @  §�9���}���£D|>?¿£>?��:³�N´§�³8;:�ÂÉ�c ":'ÂÉ������:��³�
Â; @ ��:�� ∼ 2.7 − 3.0 ó

Tì��������AB>Ñ8;�³���! "����>ÑÃ�: @ >Ñï�����¿®������>?�����������C�C "��������D|:�������Ã���������8;��� @ ������:�>?Â; "�}�������

<UÔ�ÕcÕcË�c}çkË�ß"äiÅoË>= T7���<�C �¼É8;�³��Ã�8B��¿£>Q�}:³����D µ ���³����AB>Ñ�ñÃ�8;¿£����>Ñ���x���������¥�}:³� @ �}:³����Ã����}�C ">?�³����D��²����°
���²�}:³� @ ��:³����f���° ��8;�}�ñD��§����ï�� @ 8;>?� @ ���x� @ :³�ñ�³8;¿�=�����: â ó · @ �ñÃ�8;�³D|>?��>Ñ8;���³����� @¶µ �	�}:�> @ >?=����tD|:b¿£> @ >Ñ��:
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������� ¾Bó ½?� � �9��Ã������U���'���³����AB>Ñ�£D������C �¼É8;�³��Ã�8B��¿£>Q�}:³���£��p³: â D|>�
v����������>Ñ� @ ���[¿ −2 ó¸� −1 ó¸��� −1 ó�f���° −1�����V8;�³Ã���>Ñ8;��D�� @¶µ ���³����AB>Ñ�Bó

>?������������� @?@  ">?���K ">?�³��>E�}:³� @  %�}:³Ã @ ��8B��¼�����î³ï����tD������ @ ��¿®���}��� @ ��AÉ�����ñD³ "�³� @¶µ :���>?ÂÉ�����có:T µ ����:³D��tD��®Ã��������
�! "����>Ñ�<D|:®������Ã�������������Ã����9���³D³ "�}�¢�����³D|:³�<D|>��NÃ�> @ �<�! "� @  ������������³Ã��<D|:®ÂÉ���}�¢��8 @  ">?���BÿÉD�8;�}� @ ����ÃCî! "¿£�³�
¿N "AB�³����>Q��:³���������98;:³���C����� @ ���<�! "����>ÑÃ�: @ ����>?�³��:<�N�y "¿£¿®���������³����AÉ����>Q�}:³���có � ��8;=³������ÂÉ��:��³������ï����³�������
¿®8}D|: @  "��>Ñ8;�tD|:�p³: â ��:���:��³�<��Ã�î³� @?@ ��D���¾B¾� "�³������Â�>?��8;�ìÿ�Ã�8;����������8;�³D³ "���� ":NÃ�¼|Ã @ �<D µ  ;Ã���>?Â}>?������8 @  ">?���Bó

@ çkË�ß"äiÅoË�Õ%ÅVç9ÞcË�ß�J¢c�` ÅoÔ³Åoß"Ë�ÕA=S� : â ���³����AB>Ñ��� @ ��AÉï�����¿®���}����:��9����>Ñ��:������+ÿ��Ò:³�~�}:³��ÂÉ����� 100 f���°Uÿ @ ���
����Ã���>Ñ8;�³�x���NÃc ;Ã����UD µ >?�}�����C ;Ã���>Ñ8;� D������C c¼É8;�³�ñÃ�8B��¿£>Q��:³���U �ÂÉ��Ã @ �®¿£> @ >Ñ��:  "¿�=�>r "�}�®��8;���ñ���³Ã�8;���§��:<�M�
�!�C "¿£¿®�����ñAB�C "�³D�������8;:��²�}:³� @ ��:��ñÃ�8;¿£�98B��>?��>Ñ8;�b���Q��8;>?�U �
���Ã������Bó:Tì���ñ����:³D������³�³���xD������C "����8;�����
D µ  "=98;�³D³ "�³Ã���D����®D|>�
��������}���N�³8+¼� ": â ��� @ ��:��®ÂB "��>r "��>Ñ8;�
 �ÂÉ��Ã @¶µ ���³����AB>Ñ�Æ������¿®�����������§D µ 8;=�������>?�tD����
>?�<�V8;��¿N "��>Ñ8;�³����:�� @  U����8;�! "A� "��>Ñ8;��D����<�C �¼É8;�³��Ã�8B��¿£>Q��:³����D³ "�³� @  UA� @  â >Ñ�Bó

T7 G����AB>Ñ8;� D|: ������Ã������±D³ "�³� @  GA� "¿£¿®� E ∼ 1013 − 1014 ��°������C ">?�%��A� @ ��¿®���}�Æ��:³Ã�������>?= @ �
D µ  "=���>?������D�����������:³Ã���:����������9��Ã�>����}:³�����ÉÃ���D�8;¿N ">?�³��D µ ���³����AB>Ñ��Ã�8;���������98;�³Dt���§��
v����´ @¶µ ���³����AB>Ñ��¿N â >��
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�C "���<� â �9����>?¿®���}�C ": â ��>�� @  U���C "��>Ñ����>Q�}:³�� ;Ã�Ã�:�¿x: @ ���<�Ò:³�~�}: µ ´ñ������������������� @ 8;>?��D µ ����������:<�N�C "�������98;:��
��>?������:��³��Ã�8;�³Ã @ :³��>Ñ8;�%D����³��>?��>?ÂÉ� 8 >?>�� @ ����>?�³Ã�������>?��:³D�������¼|������¿N "��>Q�}:³��� @ >Ñ������´ @¶µ ���C @ 8;���! "AÉ�����K���³����AB>Ñ�
D����<� â �9����>Ñ���³Ã������³����8;���<�! ;�����³Ã�8;������8;�C @ ��¿®������Ã�8;¿£����>Ñ�����có

T µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���<������¿®�������C £D���¿®����:������� �ÂÉ��Ã�������Ã�>Ñ��>Ñ8;�ÆÃ����������! "����>Ñ�a�º:³�±��: µ ´x�������
���������9��:§Ã�8;����:³��D|:§������Ã������BÿÉ���¢������¿®�������C �AB�±¸;Ã���´������¢D���: â ¿®����î³8}D�����D��<D�������Ã���>Ñ8;�s��p³:³8;������Ã����³Ã��
� ��ÃCî! "����> @?@ 8;���! "AÉ�� ":I��8 @ ��D��NÃ�8;¿£�������³D|��� @¶µ 8;��>?AB>?�³�KD|:QD����C ;Ã�Ã�8;��DI���}����� @ ���ñ� â �9����>Ñ���³Ã����ñ������Ã����
D����������có � >¢:��³�tÃ�8;:���:����tD|:Q� ¼}���kf�µn¶ÎD���Â; ">?�¨�������ND�������Ã������Bÿ @  Æ¿®����:����N������Ã�>Ñ�C�§D�� @  �� 8;��¿®�§D|:
������Ã������U�9����¿®�������C ">?��D µ 8;=�������>?�ñD��U������Ã�>Ñ��:³������>?�<� 8;��¿N "��>Ñ8;�³����:�� @  %D|>Ñ������>?=�:���>Ñ8;�GD������C8;:���Ã����x ">?�³��>
��:³����:�� @ ���<Ã�î! "¿£�³��¿N "AB�³����>Q��:³���³��:�>7 �
v��Ã�������� @  ñ����8;�! "A� "��>Ñ8;��D������! "����>ÑÃ�: @ ���có

F,+�©-+Mª µð2:7��i2:=>?�9\?�234
� =! ;���C�x���³����AB>Ñ��� �Ò:³�~��: µ ´k�}:³� @ ��:³����Ã����}�C ">?�³����D�� � ��°��\ÿ @ �����C �¼É8;�³��Ã�8B��¿£>Q�}:³������8;����Ã�8;¿£��8B�����

D µ ����Â�>?��8;� 1% D µ � @ ��Ã�����8;�³�+ÿvD�8;��� @¶µ  "=�8;�³D³ "�³Ã��ñD���Ã���8>·Ñ�� cÂÉ��Ã @¶µ ���³����AB>Ñ�UD|:��¶ ">?��D�� @ ��:���������Ã������ñ� @ :³�
�9���}��:ìÿ}����D�� 99% D����³8+¼� ": â ó ¹  "��¿£>vÃ������³8c¼� ": â ÿ @ ��������8;��8;�³�����������������������}�<����Â�>?��8;� 89% D|:N��8;�C @ ÿ
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@ ���x�³8+¼� ": â D µ î³� @ >?:�¿ 10% ��� @ ���ñ�³8c¼� ": â � @ :³� @ 8;:���D�� @ �N��8;:���Ã������£�������C "�}�có�T7 ]�o�C ;Ã���>Ñ8;� ��� @  "��>?ÂÉ�
D���Ã������ @ ��¿®������� @ 8;:���D���������´N����:�����ï�������¿�= @  "= @ �£´§Ã�� @?@ �x8;=³������ÂÉ���ñD³ "�³� @ �x��¼|����ï�¿®�x��8 @  ">?���Bÿ9 cÂÉ��Ã
Ã����9���³D³ "�}��:��³� @ ��AÉï������C8;:³��¶�����������������C "��>Ñ8;��D������ @ ��¿®������� � ��� � ������:��³�³� 8;��������:���¶�����������������C "��>Ñ8;�
D����<� @ ��¿®�������³Tv>¶ÿ{Pa������P�ÿ�����8cÂÉ���! "�}��D��������c ;Ã���>Ñ8;�³��D������! @?@  "��>Ñ8;�]�}:³����:�=�>Ñ�������}� @ �����³8+¼� ": â� ÿ »
��� � @ 8;���<D�� @ ��:��<����8;�! "A� "��>Ñ8;�ìó

T7 £D���������¿£>?�! "��>Ñ8;�'D�� @  U�! "��:����ñD����<�C c¼É8;�³��Ã�8B��¿£>Q��:³����´U� @ :³�<î! ":����x���³����AB>Ñ�������<:�������8;= @ ï�¿®�
 "��D|:Q�!���±��
����cÿ @ ���<¿®����:�������� µ ��
v��Ã���:³������D���¿N "��>Ñï����x>?�³D|>?����Ã����x������8;����D����9���³D³ "�}������D�����¿®8�D�ï @ ���
D�����>?¿�: @  "��>Ñ8;�tD�����AÉ����=9���� "��¿®8B����î³����>Q�}:³����:���> @ >Ñ�����có/T µ � â ������>Ñ���³Ã���¶ �������	�� f��C "�³D��Bÿ\�}:�>�¿®����:����
@  GÃ�8;¿£��8B��>?��>Ñ8;� D|:5�C c¼É8;���³��¿®�����ÆÃ�8B��¿£>Q�}:³�[��������� 1015 ��� 1017 ��°Uÿa����¿�= @ ��>?�³D|>Q��:³���K:��³�[ ":�A��
¿®�����C "��>Ñ8;��D�� @  ��o�C ;Ã���>Ñ8;�±D µ � @ ��¿®������� @ 8;:���D��� cÂÉ��Ã @¶µ ���³����AB>Ñ� 2 ¾SY�47����D|>Ñ����>?��AB:³������:��³����:³Ã�Ã����C��>Ñ8;��D��
ð AÉ���³8;: â ð �98;:�� @ ���xD|>�
v�����������ñ�³8+¼� ": â ó  ���ñ������: @ �C "���x�C8;���UÃ����9���³D³ "�}�U���³Ã�8;���§����8;�G����� @ >?¿£>?�! ">?�����
�98;:��aD���������¿£>?�³������> @¶µ ��ÂÉ8 @ :���>Ñ8;�ÆD�� @  ���8B��>?��>Ñ8;�K��� @  "��>?ÂÉ��D�����D|>�
��������}���aAÉ���³8;: â ÂB "��>Ñ����� Z 8;:K��� A ÿ
Ã��´��:�>7 ":��C ">?��D����<Ã�8;�³���	�}:³���³Ã����<����ï��<D|>�
v����������������:�� @¶µ >?���������������C "��>Ñ8;�[D���Ã���������������:³Ã���:����Bó

� � @ :³��î! ":��������³����AB>Ñ�Bÿ @¶µ � â �9����>Ñ���³Ã�� � > � ���� �����:³D|>Ñ� @  �Ã�8;¿£��8B��>?��>Ñ8;�ND���� �< ����������� 1017 ��� 1019

��°Uÿ����§Ã�8;¿£�! "�C "�}� @¶µ ��ÂÉ8 @ :���>Ñ8;�tD�� @  �����8>� 8;�³D���:���D|:§¿N â >?¿x:�¿ D���D���ÂÉ� @ 8;���9��¿®���}��D����¢AÉ����=����� cÂÉ��Ã
@ ���ã������D|>ÑÃ���>Ñ8;�³��D�������>?¿�: @  "��>Ñ8;�³�+óZTì����8;=³������ÂB "��>Ñ8;�³������¿�= @ ���}���¶ �ÂÉ8;��>Ñ������:��³�aÃ�8;¿£��8B��>?��>Ñ8;� @ ��AÉï���� 2 ¾SV54 ÿ
Ã����}:³�£Ã�8;�<�³��¿®� @¶µ � â �9����>Ñ���³Ã�� � f �����¶2 ¾�X~4���������:³D|>r "��� @  ð�V�C ;Ã���>Ñ8;��D��U¿�:³8;�³��¿®����:������®D³ "�³� @ ���
AÉ����=9���<D µ ���³����AB>Ñ�x��:�������>Ñ��:�����´ 1019 ��°Uó

F,+�©-+Q� ·¢?B=K9Z,/?��5C69Z?�234÷.u4E�3CEt�.£?�,\+

Tì���<�C c¼É8;�³��Ã�8B��¿£>Q�}:³�������C "�}������>?�³Ã�>?�! @ ��¿®���}��Ã�8;¿£��8B�����<D����! "����>ÑÃ�: @ ����ÃCî! "��AÉ�����cÿ³> @ �C8;����D���Â�>Ñ���
�! "� @ ���KÃCî! "¿£�³�%¿N "AB�³����>Q��:³���� ": Ã�8;:����%D�� @ ��:��K����8;�! "A� "��>Ñ8;�e���%D�8;�³Ã @ ��:��%D|>?����Ã���>Ñ8;�eD µ  "����>?ÂÉ���
¿®����:���������:�� � ���������³���98;>?�}�����! ;��ÂÉ����� @ ��:����<�C8;:���Ã����có 	  "�³�<Ã���Ãc ;�cÿ�����: @ ��� @ ��������8;����>Ñ��������´ñAB�C "�³D��
��Ã�î³� @?@ �UD�� @  §D|>Ñ������>?=�:���>Ñ8;�G "��AB: @  ">?���ñ����:�ÂÉ������ "���98;��������D�����>?�<�V8;��¿N "��>Ñ8;�³����:�� @  N����8;�! "A� "��>Ñ8;��D����
�! "����>ÑÃ�: @ ������� @  KD|>Ñ������>?=�:���>Ñ8;�G���! "��>r @ �®D�� @ ��:�����8;:���Ã����có 	 :��¶ ">?��D�� @  t�98B��>?��>Ñ8;�'�! "����>ÑÃ�: @ >Ñï����ND�� @  
� �������ñD³ "�³� @  kf� @  â >Ñ�Bÿi8;���9��:���� µ  "�������³D|���£´®8;=³������ÂÉ����:�� @ ��AÉ����� â Ã�ï������[D|>?����Ã���>Ñ8;�[D|:±Ã����������U8;:
D|:�� @  "��A� @  ;Ã���>Q�}:³�Bÿ78;:G���³Ã�8;���§D|:�î! @ 8�ÿì��:�>?ÂB "��� @ ����î�¼��98;��î³ï��C����Ã�8;�³Ã������! "��� @  %D|>Ñ������>?=�:���>Ñ8;�bD����
��8;:���Ã����có

 ���9���³D³ "�}�cÿ7´§����ï���î! ":����£���³����AB>Ñ� E & 1019 ��°ñÿ @ ����D���Â�>r "��>Ñ8;�³���98;:����C ">Ñ���}�¥�������U��:<�N�C "¿£¿®���}�
�  ">?= @ ������8;:��<������¿®����������D���ÂÉ8;>?� @  £Ã�8;������>?=�:���>Ñ8;�[D�����8;:���Ã�����>?�³D|>?Â�>ÑD|:³� @?@ ���cóeT µ ����:³D���D�� @  ®D|>Ñ������>?=�:<�
��>Ñ8;�b "��AB: @  ">?���K ": â �9����>?�����ñ��Ã�î³� @?@ ���ñ������¿®���ñD��N����Ã�î³����Ã�î³���®D����x��8;:���Ã������ ð  ;������8;�³8;¿£>Ñ�t�! "����>ÑÃ�: @ ���
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���°��� ¾Bó X�� 	 >?����Ã���>Ñ8;�³��D µ  "����>?ÂÉ���£D������C �¼É8;�³��Ã�8B��¿£>Q��:³����D µ ���³����AB>Ñ������:��9����>Ñ��:�������´ 4 1019 ��° �! "� @  Ã�8 @?@  "=98;�C "��>Ñ8;� � f �����¶2 ¾K[64 ó ¹  "��¿£> @ ������ÂÉ���³��¿®�������x�����������������������! "��D������9����>?����Ã�����Ã @ ����ÂÉ�������cÿ @ ���
Ãc "����������8;:�AÉ����>?�³D|>Q��:³���}��Ã���: â �}:�>ã�98B�C��ï�D������ E > 1020 ��°ñóuT7����AB�C "�³D���Ã�����Ã @ ����Ã�8 @ 8;������>?�³D|>Q��:³���}�@ ��������AB��8;:�����¿®��������D µ ��ÂÉ���³��¿®��������D³ "�³�<:��%�C �¼É8;�±D�� 2.5◦ ó

Ã�î! "��AÉ����� ð ���98;�����}��>Ñ� @?@ ���aD�� �< �cÿÉ���¢D���Ã�8;�����C ">?�³D|��� @  �Â; @ ��:�����D����¢ÃCî! "¿£�§¿N "AB�³����>Q�}:³���¢>?�}������A� @  ;Ã��
��>Q��:³���+ó 	 ��¿N "��>Ñï�����AÉ���³���C @ �Bÿ @ ����8;=³������ÂB "��>Ñ8;�³���C��¿�= @ ������Ã��������³D³ "����>?�³D|>Q��:³���q��:³� @  ND|>Ñ������>?=�:���>Ñ8;�
 "��AB: @  ">?����D���� �< �k�����kÃ�8;¿£�! "��>?= @ �� cÂÉ��Ã @¶µ >Ñ��8;����8;��>Ñ�Bÿ"���kÃ��v�º:³�~�}: µ  ": â � @ :³�7î! ":������ ���³����AB>Ñ���k¿®����:��������có

� : â ������>?��������ÃCî³� @?@ ���cÿ @¶µ � â ������>Ñ���³Ã�� � f �����  %�³8;�C "¿£¿®���}�U��:�= @ >Ñ�N���
¾SUZUZU 2 ¾K[64 @ ���x������: @ �C "���
D µ :��³������ÃCî³����Ã�î³�£D µ  ;Ã�Ã�:�¿x: @  "��>Ñ8;��D µ ��ÂÉ���³��¿®��������D³ "�³��:����C c¼É8;�'D�� 2.5◦ ÿi�98;:���D��������³����AB>Ñ������:��9���
��>Ñ��:������£´ 4 1019 ��°ñó(T7 ������������³Ã��KD µ :��I����>?� @ ���ñ���£D��tD���: â D�8;:�= @ �����U�! "��¿£>�X�[Æ��ÂÉ���³��¿®���}���£¼������
 "���³8;�³Ã����Bÿ7 �ÂÉ��Ã®:��³�£����8;=! "=�> @ >?���£����ï����¶ ">?= @ �®D µ 8;=�������>?��Ã��U������: @ �C "���! "��î! ;�C "��Dvó  ����������: @ �C "����8;���
�����®Ã��������³D³ "���ñ����¿£>Ñ�������}:³������>Ñ8;���! "�ñD����x "�! @ ¼|������: @ ������>Ñ��:��������VÃ�� 2 ½�4M�\ó�T7 %D|>?����Ã���>Ñ8;�ID|:�����>?� @ ���
������>?��:³������8;��î! ":���D³ "�³� @¶µ î³��¿£>Ñ����î³ï���� » 8;��D�Ã�� @ ���������VÃ��D�³AB:����N¾Bó X�����8;:�����������8;=³������ÂÉ�����! "� @ ����>?���
� :³D�D�� @¶µ � =³������ÂB "��8;>?��� ¹ >Ñ������� � :�AÉ���cÿi> @ �¶ ":³D|�C § "�������³D|��� @  §Ã�8;�³������:³Ã���>Ñ8;�'D|:±��>?��� » 8;��D���8;:���:��³�
��ÂÉ������:³� @?@ �xÃ�8;�<�³��¿N "��>Ñ8;��D���Ã������ â Ã�ï��có

T7 [��8B����>?= @ �%Ã�8;����� @  "��>Ñ8;�5��������� @ ���®D|>?����Ã���>Ñ8;�³�ND µ  "����>?ÂÉ����D���� �< �N��� @  [��8B��>?��>Ñ8;� D µ 8;=|�������§ ;��
����8;��î�¼|��>Q�}:³������:³Ã�������>?= @ ���<D µ ��������D����a��8;:���Ã����a��8;��������>Ñ� @?@ ���� ñ��A� @ ��¿®���}��������>?�������³��>?ÂÉ��¿®���}������:³D|>Ñ���Bó
���³������Â�:³��AÉ���³���C @ �[��� �����tD�8;���³���[D³ "�³� 2 ¾SU54 ó�T7 bD|>��NÃ�: @ ���[D���Ã�8;¿x=�>?�³��� @ ��� @ 8;���KD��±D�8;���³�����
D µ � â ������>Ñ���³Ã�������8B������D³ "�}�¢D�����Ãc "�C ;Ã�������>Ñ����>Q�}:³����D|>�
��������}�����q�V��ÃCî³� @?@ ��D µ ���³����AB>Ñ�BÿÉ�����C8 @ :���>Ñ8;�§ "��AB: @  ">?���Bÿ
Ãc "�����®D��®Ã�8;:�ÂÉ������:����§D|:GÃ�>Ñ� @ ó?ó?ó��� ;����8�Ã�>Ñ���®´ @  K����ï��´�  ">?= @ �®���C "��>Ñ��>Q��:³�£D|>Ñ���98;��>?= @ ���  ">?���}:³�£Ã��£AÉ�������
D µ  "�! @ ¼��C�t�����UÃ�8;¿£� @ � â �K���U�9��:��£��8;:<�®�£D��t�³8;¿�=�����: â =�>r ">Ñ�có · @  "���! "�C ">?���}: µ  ":³Ã�:��³�%Ã�8;����� @  "��>Ñ8;�
 "���³8;�³Ã����� �ÂÉ��Ã�D����®��8;:���Ã����N ;������8;��î}¼���>Q��:³���N� µ  ±��:î�������%Ã�8;�<�³��¿®������:��£:�� @ 8;�®D���D�8;���³�����£>Ñ����:
D µ :��³������: @ ��� â �9����>Ñ���³Ã��Bó

� � @ :³��AB�C "�³D�����ÃCî³� @?@ �Bÿ � f �����  ���A� @ ��¿®���}�<8;=³������ÂÉ� 2 ¾SR�49D³ "�³��:��³��A� "¿£¿®��D µ ���³����AB>Ñ��Ã����}�������
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������� ¾BóWY¨�   "����� @ >Ñ���C���Æ´ 20◦ ��� Ã�8�8;��D�8;���³�����N�	�}:! "��8;��>r @ ���®D�� @  [��>?AB��>��!Ãc "��>?Â�>?�����V� â ����>?¿®���Æ����³8;¿�=����®D�� σ ����8;:�� @ ������ÂÉ���³��¿®�������ñD µ � f �����¶2 ¾SR64¢D³ "�³� @  tA� "¿£¿®�ND µ ���³����AB>Ñ� 1017.9 ≤ E1018.3��°Uó1Tì��� @  "����� @ ��Ã����}������A� @  ;Ã���>Q�}:³��¼K��8;���<�����������C���������có

 ":���8;:��KD�� 1018 ��°Uÿ�:��5� â Ã�ï��%´¢X σ D³ "�³�t:��³�±D|>?����Ã���>Ñ8;� ����8}ÃCî³�[D|:5Ã����}������A� @  ;Ã���>Q�}:³�Bÿ� ;����8�Ã�>Ñ�
´':�� D����!Ã�>?�KD³ "�³� @  QD|>?����Ã���>Ñ8;� 8;����8B�����Bó  ���9���³D³ "�}�cÿ @¶µ >?���������������C "��>Ñ8;� D��±Ã���������: @ �C "�tD�8;>?���������
����:³D��������ñÃc "��Ã�8;¿£¿®��8;�Æ����:�� @ ��ÂÉ8;>?����:�� @  ��³AB:����N¾BóWY|ÿ @¶µ � â Ã�ï�����������>?��:³������=�8;��D|:�����D�� @  U����AB>Ñ8;�
D µ 8;=³������Â; "��>Ñ8;�ìÿ @ ´§8�7 @  §Ã�8;:�ÂÉ������:����£D|:[Ã�>Ñ� @ ����������ï��³�  ">?= @ �BónT7 §Ãc "�����UD µ � â Ã�ï������C "��� @ >Ñ���C���x��:���:��³�
��Ã�î³� @?@ �®D��®½BÀ ◦ ÿ @ �£Ã�����Ã @ �®Ã����}�����®��:�� @¶µ � â Ã�ï�� @ �U� @ :³��>?¿£��8;���C "��������Ã�8;:�Â����®D���������AB>Ñ8;�³�¥��:�>��³�£��8;�}�
�! ;�<8;=³������ÂÉ�����có

� :�>?���� ": â ������: @ �C "����D µ � f ����� ÿ @ ���aD�8;���³������D�� @¶µ � â ������>Ñ���³Ã�� � ��f ��� ��>?��:³����D³ "�³� @¶µ î³��¿£>Ñ����ï����
� :³D%8;���<���������c "�! @ ¼|������� 2 ½BÀ54 ÿ|����:��Æ� â Ã�ï��<´£½|ó ½ σ  ñ����������8;:�ÂÉ��D³ "�³�<:��³��D|>?����Ã���>Ñ8;�Æ����8}ÃCî³��� ´ 7◦ �
D|:�Ã����������xA� @  ;Ã���>Q��:³�Bÿ9 �ÂÉ��ÃñÃ����9���³D³ "�}��:��³�x���C "��>Ñ����>Q�}:³������ï��i�¶ ">?= @ �Bó�T7����>?��� � :³D�D�� @¶µ � =³������ÂB "��8;>?���
¹ >Ñ������� � :�AÉ���k �D��º��´��9����¿£>Ñ�kD��ã�����������7Ã����ì8;=³������ÂB "��>Ñ8;�³� 2 ½|¾{4ÉAB�±¸;Ã���´a�C �AB�C "�³D�����:���  ;Ã���D��¢D�������Ã���>Ñ8;�§�
 ":³Ã�:��³�� "��>Ñ��8;����8;��>Ñ��� µ �����<Ã�8;�<�³��¿®������8;:�� @¶µ >?�³���C "���có

ø�ù_¸ ¹�û£ÿ�º�ÿ�*�ü¼»'� ûy)j½&�&*'*²üj¾ ü#*��À¿��&��¾ ÿ�����ü

�± @ AB��� @ ���kD|>ñ�+ ">?�³��� D µ  "���³�����ãD µ ��
�8;����� Ã�8;�;��8;>?�����ãÃ�8;�³�C ;Ã�������´ @¶µ ����:³D���D����7�C c¼É8;�³� Ã�8B��¿£>Q��:³���cÿ)��:��
@ �a� @  "�®� â ������>?¿®�����C @ ������î³��8;��>Q��:³�Bÿ @  ��}:³������>Ñ8;�ND�� @ ��:���8;��>?AB>?�³��´���8;:������ @ �������³����AB>Ñ���¢����������8;:�ÂÉ�������Bó
¹�@ :³��>Ñ��:�����>ÑD������x ;�������£������Ã�>Ñ�����x��:�� @  K¿N "��>Ñï����ND�8;�}� @ �����! "����>ÑÃ�: @ ���x�9��:�ÂÉ���}�¥�������N ;Ã�Ã�� @ ���������ñD³ "�³�
@¶µ :���>?ÂÉ������8;����Ã����9���³D³ "�}�������� cÂ; "�³Ã������có

���tD�����¿®��Ãc "��>Ñ��¿®��� @ ���¢� @ :³�a���NÃc ;Ã�������� @ ���¢� @ :³�a����:³D|>Ñ���a����� @¶µ  ;Ã�Ã�� @ ���C "��>Ñ8;�ÆD|>�
9:³��>?ÂÉ���! "�a8;�³D��
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D��xÃCî³8}ÃBó � @?@ �£ @ >Ñ��:� ":±ÂÉ8;>Ñ��>?�! "AÉ�ñD�����8;�³D�����D��UÃ�î³8�Ã¨��:³�x����8}D|:�>Ñ�C�������³8;�C "¿£¿®����� @ ����� â � @ 8B��>Ñ8;�³�
D�����:��������³8cÂB xD³ "�³� @ ��¿£> @ >Ñ��:t>?������������� @?@  ">?���£� @  �¿N "��>Ñï�����¼®�����a�º�Ò��Ã�������´�D�����Â�>?�����������¢��:��9������8;��>Q�}:³���
���¢��������:���=9� @ ��¿£> @ >Ñ��:K "¿x=�>r "�����! "� @¶µ >?�}������¿®��D|>r ">?����D�����Ã�î! "¿£�³��¿N "AB�³����>Q��:³���+ÿ}����8�D|:�>Ñ�C "�}�aD�����D|>Ñ��
Ã�8;����>?�}:�>?������D�������¿£�����C "��:����BÿvD��ñD����³��>?���U����D��xÂ}>?�����C���x���}����� @ ��¿£> @ >Ñ��: ð ���� "¿®8;��� ð D|:[Ã�î³8�ÃU��� @ �
¿£> @ >Ñ��: ð ���� �ÂB @ ð ó ¹ >Ñ��AÉ������D³ "�³� @ ��Ã�î! "¿£��¿N "AB�³����>Q��:³�� ;Ã�Ã�8;¿£�! "AB�! "�}��Ã���������������:³Ã���:��������%¿®8;:�ÂÉ���
¿®�����´�V�����}: µ � @?@ ���aÃ�8;������>?=�:³���}��� @?@ ����¶¿���¿®����´�Ã��������Ñ�\ÿ�Ã������C ">?�³���a�! "����>ÑÃ�: @ �����! "��Â}>Ñ�����³���}��´����C cÂÉ���������
@  £D|>Ñ��Ã�8;�}��>?��:�>?���ñD µ  "¿®8;�������� �ÂB @ :��ÆAB�C "�³D��³8;¿�=�����D��´�V8;>Ñ�cÿ|A� "AB�! "�}��:����9��:�D µ ���³����AB>Ñ�ñ´£Ã�î! ��}:³�
Ã�¼�Ã @ �Bó  ������8�Ã�������:³� �98B�C��ï�D���:��³� @ >?¿£>?���a�! "��:���� @?@ ��Ãc "�ã� @ :³� @¶µ ���³����AB>Ñ��D����ã�! "����>ÑÃ�: @ ���¢ ":�AB¿®���}���BÿB� @ :³�
> @�@ ��:����¶ ":���D��£����¿£�³�x�98;:���A� "AB�³���x:����³8;:�ÂÉ�c ":Q��:���� @ ��¿®���}�ñD µ ���³����AB>Ñ�§����� @ :³��> @ ������D|>��NÃ�> @ �ND��
@ ����Ã�8;�<�³�³���� ":�ÂÉ8;>Ñ��>?�! "AÉ�xD�� @¶µ 8;�³D��xD���Ã�î³8�ÃBónT µ ���³����AB>Ñ��¿N â >?¿N @ �x "������>?�}���ñ�! "� @ ���<�! "����>ÑÃ�: @ ����D����
�9���³D§ @ 8;���¢D����¢Ãc "�C ;Ã�������>Ñ����>Q��:³����������Ã�>Ñ�����¢D�� @¶µ ����Â�>?��8;���³��¿®�����< ;������8;��î�¼|��>Q�}:³��Ã�8;�³��>ÑD������Bó����³�<����Â}:³�
D����C "> @?@ ����D�����¿®��Ãc "��>Ñ��¿®����D µ  ;Ã�Ã�� @ ���C "��>Ñ8;������:���������������8;:�ÂÉ���xD³ "�³� 2 X~4 ó

· @ �¶ ":��xÃ��������³D³ "���UA� "��D����U´ @¶µ ��������>?����: µ > @ �³�§��:<�®���! ;�ñD µ  ;Ã�Ã�� @ �������UD����ñ�! "����>ÑÃ�: @ ���ñ��8;:��²�������
:��³�<��8;:���Ã��<D��<�C �¼É8;�³��Ã�8B��¿£>Q��:³���+ó\T7 �� @ :��! "����D�������8;:���Ã�����Ã�8;����:³�����³������:�ÂÉ������ "����8;�������� ":§¿£>Ñ��: â
��: µ :��³��Ã�8;�}����>?=�:���>Ñ8;���³��A @ >?AÉ�c "= @ �� ":kp³: â 8;=³�C����ÂÉ�Bÿ�Ã µ �����a:��³��D����a�C ">Ñ��8;�³�a�98;:�� @ ���~�}:³� @?@ ��� @  ñ��8;:���Ã��
ÂÉ����>?�C "= @ ��D���Ã������C c¼É8;�³��Ã�8B��¿£>Q�}:³������ÃCî! "���9�����³Ã�8;���� ": â  ;������8;��î�¼|��>ÑÃ�>Ñ���³�có

· @ ����������8;=! "= @ �´�}: µ :��t� ¼}����D�����8;:���Ã����! "����>ÑÃ�: @ >Ñ���<D�8;¿£>?�³����8;:³� @ ���� ":��������a�! "���C x��:�>Ñ���C "�³Ã��Bÿ|���
����8}D|:�>Ñ�C� @¶µ ���������}��>Ñ� @ D������C c¼É8;�³��Ã�8B��¿£>Q��:³���� ;Ã�Ã�� @ ��������D³ "�³� @  ®A� @  â >Ñ�Bón�[ ">Ñ��´®����ï���î! ":����ñ���³����AB>Ñ�Bÿ
D������C8;:���Ã������ @ :³����:�>Ñ���C "�}������� â ���C "A� @  ;Ã���>Q�}:³����D µ :���� ¼}���x����ï���D|>�
v������������8;:����C ">Ñ���������������������§�Ò��:ìó
¹  "��¿£> @ ����Ãc "�³D|>ÑD³ "��� @ ����� @ :³�ñ������>Ñ��: â ÿì8;�G����:���Ã�>?����� @ �����³8+¼� ": â  ;Ã���>��V�xD��®A� @  â >Ñ���cÿk "=���>?�C "�}�ñ���
@ ��:��<Ã�8}��:���D���������8;:³�<�³8;>?���<��:��9����¿N ;����>��V�<8;:Æ���³Ã�8;��� @ ���<��:����C ":�����A� "¿£¿N |ó

» 8;:³�a¿®8;����������8;�³����A� @ ��¿®�������! "� @  U��:�>?���´��: µ > @ ����� Ø1ç>Ð±Ð�Ùvá�äQÜ ÿ{�}: µ :��%� ¼�����D�����8;:���Ã����! "����>ÑÃ�: @ >Ñ���
����8}D|:�>Ñ�C� @¶µ ������������>Ñ� @ D������C �¼É8;�³��Ã�8B��¿£>Q��:³����8;=³�C����ÂÉ������:�����8;:���� @  tA� "¿£¿®�®D µ ���³����AB>Ñ�Bó�T7������8;:���Ã����
�����C ">Ñ�����  @ 8;���ì�����������}�����kD³ "�³�7��8;:������ @ ���vA� @  â >Ñ���cÿ�>?�;����Ã��C "��� @ ���ì�! "����>ÑÃ�: @ ���7��:�>?Â; "�}�ì:���¿���¿®�¢���9��Ã������
��� @ 8;>7D�����:�>Ñ���C "�³Ã��Bó

T7 'D�������Ã���>Ñ8;�
D�� �< �®D µ ���³����AB>Ñ����:�������>Ñ��:����Æ´ 1020 ��° �C��¿�= @  "���k�������%>?�³Ã�8;¿£�! "��>?= @ �� cÂÉ��Ã @  
�����������³Ã��%D µ :��³�ÆÃ�8;:���:�����f¥µn¶£ÿ�D����£¿®8}D�ï @ ���®� @ :³� ð � â 8;��>Q�}:³��� ð �V:��������®����8;��8B�����U��8;:��®� â � @ >Q�}:³���
@ ����D�8;���³������� â �9����>?¿®���}�C @ ���N�v��� @ 8;�'Ã�����¿®8�D�ï @ ���cÿ @ �����C �¼É8;�³��Ã�8B��¿£>Q��:³���������C ">Ñ����� @ ��������8�D|:�>?����D��
D�����>?������AB�C "��>Ñ8;�bD��ñ�! "����>ÑÃ�: @ ��������ï���¿N ;����>?ÂÉ���cÿ�D�8;��� @¶µ � â >Ñ�������³Ã��U���������®´KD���¿®8;�}�������có � �'�! "� @ �N @ 8;���
D���¿®8}D�ï @ ��� ð � 8;� 	 8v
�� ð �! "�<8;���98B��>?��>Ñ8;�± ": â ¿®8�D�ï @ ���� ;������8;��î}¼���>Q�}:³���<D|>?��� ð Pa8;����8;¿ ��� ð ÿ|�! "��Ã��
��: µ  ":³Ã�:��³�� ;Ã�Ã�� @ ���C "��>Ñ8;�N� µ ������� @ :³���³��Ã����C�C ">?���a�98;:�������8�D|:�>?���<D������! "����>ÑÃ�: @ ���ì�º:³�±��: µ  ": â � @ :³��î! ":������
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���³����AB>Ñ�����|> @ � µ  "AB>?�� @ 8;����D µ :��³��Ãc ;��Ãc ;D���´£���³����AB>Ñ��D���Ã���8;>Ñ���C "�����Bó
Tì�����! "����>ÑÃ�: @ ��������8�D|:�>?������D³ "�³� @ ����¿®8�D�ï @ ��� � 8;� 	 8�
��[�C8;�������[¿N )�Ò8;��>?���£D�������î³8;��8;�³������D����

�³��:�����>?�³8B�N>Ñ����:³�®D�� @  'D�����>?�}����AB�C "��>Ñ8;� D����®��>Ñ8;�³�có6T7���®¿®����:������tD|:|� 8;�³D D|>�
9:³�NA� "¿£¿N �� â ���C "A� ��
@  ;Ã���>Q��:³�KD�� @¶µ � â ������>Ñ���³Ã�� � f ����� D³ "�³� @ �KD�8;¿N ">?�³�%D µ ���³����AB>Ñ�%Ã�8;¿£����>Ñ�£��������� @ �yf���° ��� @ � � ��°
¿®����������������D|>��NÃ�: @ ��� @  U� @ :��! "����D���Ã�����¿®8}D�ï @ ��� 2 ½B½64 ó 	 �q�V8;��������Ã�8;�����C ">?����������8;:����C ">Ñ�����q����������A� ��
@ ��¿®�����U>?¿£�98B�C�����x���b¿®����:��C "��� @  ��o�C ;Ã���>Ñ8;� D��§��î³8;��8;�³�UÃ�8;¿£�98B�C "�}� @ ���x�C c¼É8;�³�UÃ�8B��¿£>Q��:³���£´�����ï��
î! ":����ñ���³����AB>Ñ�Bÿv ">?�³��>��}: µ ���'����:³D|>r "��� @ ��:��� "��>Ñ��8;����8;��>Ñ�BÿvÃ�8;¿£�! "��>?= @ �£8;:±�³8;�' cÂÉ��ÃU:��³�UD|>Ñ������>?=�:���>Ñ8;�
D����<��8;:���Ã����<D³ "�³� @ ��î! @ 8£A� @  ;Ã���>Q��:³�Bó

ø�ù�Á "�ü#��ûy)j½&�p*��$¿��&�F¾ ÿ��	�²ü#�$)p�Â�	���¤�eÿ�»�ÿ~ü#*

Tì���ñ�C �¼É8;�³�®Ã�8B��¿£>Q��:³���U��8;�}�ñ�! "����8;:��có?ó?ó � Ã�����:����£D|:I��:�=���> @ �	�}:�> @ >?=����tD|:I¿£> @ >Ñ��:I>?������������� @?@  ">?���Bÿ
@ ��:��������������³Ã���D³ "�³���³8;���������}Â}>?��8;���³��¿®���}����:³8;��>ÑD|>Ñ���% xD�����Ã�8;�³���	�}:³���³Ã���������¿N "�~��:! "= @ ���+ó ¹  "��¿£> @ ���
�³8;¿�=�����:³����������8;����>Ñ���������  ;�CÃ�>?�! "��������D|:'�C c¼É8;���³��¿®�����UÃ�8B��¿£>Q��:³�Bÿ��³8;:³��ÂÉ������8;�³�� ":�Ã�8;:�����D��£Ã��������
=���ï�ÂÉ���! "�����}��î³ï����s��:³� @ ���§�C �¼É8;�³�%Ã�8B��¿£>Q�}:³���t�98;:����C ">Ñ���}�%=�>Ñ���
��8B�����t:��5������>Ñ��: â ����8;= @ ï�¿®�[ ": â
 ;������8;�! ":������x���-��:{�����ND µ � â � @ 8;�C "��>Ñ8;�I���! "��>r @ �N������: µ > @ ���98;:����C ">Ñ���}�U cÂÉ8;>?�ñ�����t´ @¶µ 8;��>?AB>?�³�tD�� @¶µ :��³�
D����U� @ :³�£>?¿£�98;���C "�}�����N� â ��>?�³Ã���>Ñ8;�³�ND�� @  ±Â�>Ñ����: µ  ±Ã�8;���}:³�Æ�³8;�����K� @  "�³ï����Bó6Tì��D���Ã @ ���³Ã�î³��¿®�����KD��
@  ��V8;:³D|��� @ 8;����D�����8;�C "AÉ�����98;:����C ">?�q�����������³Ã�8;��� @¶µ 8}��:�Â�����D������C �¼É8;�³��Ã�8B��¿£>Q�}:³���cÿ!D�8;�}� @¶µ ��ÂÉ���}��:³� @?@ �
>?�<p³:³���³Ã�����:�� @ ��Ã @ >?¿N "�<�����������������������<D|>Ñ��Ã�:������ñ´ @¶µ î³��:����� ;Ã���:³� @?@ �Bó
F,+Q�j+�F Ã'Ä��5t�23,\.n9Z?�234Ì=��5.n9Z?�.ut�+�+{9],\.1032:4E=];<2:=>7@?BADCE+�=
· @ �����<�C ">Ñ��8;���! "= @ �xD µ �����9�������q��:³� @  U� @ :��! "����D�����D����!�<����ÃCî���>Q��:³���q��:³���98B��� @¶µ � â � @ 8;�C "��>Ñ8;�[���! ��

��>r @ ��������8;������:���¿®8;��������:��£��8;:��có  �������³D³ "���cÿi:���8;=³���C ;Ã @ ��D����C "> @?@ �5Å���>Ñ�~�}:³��D�� @ >?¿£>?����� @  ®D|>Ñ���C "�³Ã��
D�����ÂÉ8+¼� "AÉ����>?����������>ÑD����C ": â D³ "�³��:����V:���:�������8}ÃCî³�%� @ �����C c¼É8;�³��Ã�8B��¿£>Q�}:³����1 � �'��
����cÿ�����>?ÂÉ����D�� @  
����8;����Ã���>Ñ8;���}:³� @ ��:��<8>
9��� @¶µ  "��¿®8B����î³ï����������������������Bÿ @ ���� ;������8;�! ":���������8;�}����8;:�¿£>Ñ��´ñ:��³��>?����>r ;D|>r "��>Ñ8;�
�9����¿N "�³���}����D����! "����>ÑÃ�: @ �������³����AÉ����>Q��:³���có

Tì�³p³: â ¿®8+¼É����D����C �¼É8;�³�<Ã�8B��¿£>Q�}:³����D³ "�³� @¶µ �����! ;Ã������C "�}�<D µ ����Â�>?��8;�Æ:��K����8;��8;���V8;:t:��K�³8+¼� ":e�
�! "�ñÃ����}��>?¿®ï������%Ãc "�����§���ñ�! "�ñ�C��Ã�8;�³D��Bÿ ���}Â}>?��8;� YBÀBÀBÀ�>Ñ8;�³�ñ���C �ÂÉ���������}�£ ">?�³��> @ �tÃ�8;���³�ñî�:�¿N ">?� �! "�
����Ã�8;�³D��Bÿ @  ">Ñ���C "�}�<��:�� @ ��:��<�! ;���y "AÉ��:��³�����C ">?�³����D�� @ >r ">Ñ��8;�³��Ã�î�>?¿£>Q�}:³���<=���>Ñ���������! "� @¶µ  "¿®8;��Ã���D µ :��³�
Æ�ÇÉÈ6Ê�È6ÇÌË�ÍYÎ ÇÉÏ&ÐdÑÉÒ�Ó
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AÉ����=9��D��Æ�! "����>ÑÃ�: @ ���K����Ã�8;�³D³ ">?�����K����¿x= @  "= @ �[´GÃ�� @?@ ���§Ã��������tD³ "�³� @¶µ  "��¿®8B����î³ï����Bó�T µ �	��:�>?ÂB @ �����%D��
D�8B���{Ô����{��:� ":KÃ�8;:�����D µ :��%ÂÉ8+¼� "AÉ�����! "��>r @ D µ :��� "�%������������>?¿®��´¨RBÀBÀñ¿ � Â9ÿ�ÂB @ ��:���´ñÃ�8;¿£�! "������´U½BÀ
¿ � Â]�}:�>ãÃ�8;���������98;�³D�´ @¶µ �	��:�>?ÂB @ ������D��UD�8B���ñ¿N â >?¿N @  ":���8;��>Ñ���ñ�98;:���:��'��¿£� @ 8c¼É�ND µ :��³�ñÃ����}���C @ �
��:³Ã @ �c ">?�����o�C "���c ">Ñ���Bó
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Î�ÏÑÐ�Ò�Ó�Ï�Ô�Ò�Õ�Ö<×ÑØeÙ�Ú�ÛÝÜ�Þ
õ3Ü´Ú�Ü�ÛÑÓ�Ü�Ô�Ü�è/Ü�ÛSá~Ü¨×ZÚ�Ó�ç>Ð�Ø�Ö<Ï�Û�Ùvê�Ò1Ü²Ô/ÏÑÐ�Ù�èZânÜ�äñ×�Õ~×�Ð�Õ~×\Ô�Ü²Ô�Ü5Ø<×�Û�Ú�ÙvÕ�Ò�äQÜÑÐ´ÐSÜÝÕ~ç�âeÔ/×�Ù�Û~ÜÑÐ�ØeÛÝçSÔ�Ò�Ù�Ú�ÜÑÐ´ä�ç�ÛÑÐ�Ô/Ü
äÝæ Ù�âeÚ�Ü�Û×/Õ	Ú�Ù�çZâ-Ô3æ Ò�â£Ü³Ø<×�Û�Ú�ÙvÕ�Ò�äQÜ´ØeÛ�Ù�Ó�×�ÙMÛÝÜ�×�:>ÜÝÕðäQÜÑÐ¨Ó�çZäñÏÝÕ	Ò�äQÜÑÐðÔ/Ü�äÝæ ×ZÚ�Ó�ç>Ð�Ø�Ö<à�Û~ÜSí�ö6Ü³ØeÛÝçSÕ±Ü�Ð±ÐÑÒ�ÐðÚ�ÛÝ×�â1Ð�ò
ï�ç�Û�Ó�Ü�ä~æ Ï�ânÜ�Ûvè�ÙvÜ³Ô3æ Ò�â£Ü�Ð	Ü�Ò�äQÜDØ1×�Û�Ú�ÙvÕ�Ò�äñÜqÕ~ç�ÐÑÓ¨Ù�ê	Ò1ÜqÜ�â�Ò�ânÜ³ê�Ò1×�â�Ú�Ù�Ú�Ï�Õ~ç�äñç>ÐÑÐ�×�äQÜqÔ/Ü:Ø<×ZÛ�Ú�ÙvÕ�Ò�äñÜÑÐ³Ô:æ Ï�â£Ü�Û�èZÙvÜÑÐ
Øeä Ò�Ð(ï�×�Ù�á�äQÜÑÐ´Ü	ÚEÔ/Ü�ÛÝ×�é\ç�â{â£Ü�Ó�Ü�â�Ú�íyõ�×�Ô�ÜÑÐ�Õ�Û�Ù�ØnÚ�Ù�çZâ�Ô/ÜÑÐ5ØeÛÝçÑØeÛ�ÙvÏ	Ú�ÏÑÐ´Ô�ÜÑÐiè�Ü�Û	á±ÜÑÐ²×ZÚ�Ó�ç>Ð�ØeÖ<Ï�Û�Ù�ê�Ò{ÜÑÐ´ânÏÝÕÑÜÑÐÑò
ÐÑÙ�Ú�Ü´ä~æ Ò<Ú�ÙMä Ù�Ð�×ZÚ�Ùvç�â�Ô�Ü´Ð�Ù�Ó¨Ò�ä�×\Ú�Ù�ç�â{Ðqâ{Ò�Ó�Ï�Û�Ù�ê�Ò{ÜÑÐÑå�Ô\ç�â�Ú6äñÜÑÐ�Û~ÏÑÐ�Ò�ä�Ú�×ZÚMÐ²Ô/Ï�Ø{Ü�âeÔ/Ü�âeÚ�Ô/Ü¥âeç�Ð´Õ~çZâ{âe×�Ù�Ð±Ð	×�âeÕ±ÜÑÐ
÷ ç�Ò²Øeä Ò�Ú�ã\ÚEÔ/Ü�ânçZÚ�ÛÝÜ²Ô/ÜvèZÛÝÏ�Ô3æ Ù�èZâeç�ÛÝ×�âeÕ±Üoø ù�Ô/ÜÑÐ�Ð	ÜÝÕSÚ�Ù�ç�â{Ð�Ü�úîÕ±×\Õ±ÜÑÐ²Ô3æ ÙMâ�Ú�Ü�ÛÝ×\Õ	Ú�Ùvç�â�ë�Ú�Û~àÑÐ�Ö�×�Ò<Ú�Ü¥Ï�ânÜ�Ûvè�ÙvÜ
Ô/ÜÑÐ�Ø1×�Û�Ú�ÙvÕ�Ò�äñÜ�Ð³ØnÛÑÙMÓ�×�Ù�Û~ÜÑÐSíLû�çZÒ/Ð�Ô/Ï�ü6â�Ù�ÛÝç�â1Ð�Ô/×�â1Ð¨ÕÑÜ�Õ�Ö�×�ØeÙMÚ�Û~Ü�äñÜ':>çSÕ~×/á�Ò�äñ×�Ù�Û~Ü�Ü�Ú�äQÜÑÐ²ânçZÚ�Ù�çZâ1Ð¨ÜÑÐÑÐ	Ü�â{ò
Ú�ÙvÜ�äMäQÜÑÐ¥Õ~ç�âeÕ±Ü�ÛÑâe×Zâ�Ú�ä�×´Ø�Ö/é>ÐÑÙvê�Ò{Ü¨Ô/ÜÑÐ�è/Ü�ÛSá~ÜÑÐ�×ZÚ�Ó�ç>Ð�ØeÖ<Ï�Û�Ù�ê�Ò{ÜÑÐSí
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T7 �D�������Ã���>Ñ8;�bD|>?����Ã����tD������C c¼É8;�³�UÃ�8B��¿£>Q��:³���x����>?¿N ">?�����ñD µ : @ ���C Æî! ":����t���³����AB>Ñ�§����������Ã�î���>Q�}:³���
¿®�����®>?�����c @ >Ñ�y "= @ ���ãD|:x�  ">?�®D�� @¶µ � â ���~��¿®���¶ ">?= @ �������KD|:xp³: â ´[Ã����£���³����AB>Ñ���+ÿ�> @ �  ":³D|�C ">?�®D���� @ 8+¼É���
:��³����:���¶ ;Ã��ñD���D�������Ã���>Ñ8;�[AB>?A� "�������~�}:³�ñD³ "�³� @¶µ �����! ;Ã��Bó?ó?óeT7 §����: @ �x��8 @ :���>Ñ8;����8;:�� @ ������î�¼|��>ÑÃ�>Ñ���³�������
D�8;�³Ã�D µ ����:³D|>Ñ��� @ ���¢�! "����>ÑÃ�: @ ���a����Ã�8;�³D³ ">?����������8�D|:�>?����� @ 8;����D�� @¶µ >?�}�����C ;Ã���>Ñ8;�ÆD�� @  ��! "����>ÑÃ�: @ ������>?¿N ">?���
 �ÂÉ��Ã @ ���< "��8;¿®���<D�� @¶µ  "��¿®8B����î³ï����������������������Bó  � @?@ ��� Ã�>���8;:³� @ ���~¤ @ ��D µ :��ÆÃc @ 8;��>?¿®ï�������D³ "�³� @ �	�}:³� @v@ ���
�! "����>ÑÃ�: @ ����ÂÉ8;���<D|>Ñ�C��>?�9���a��8;:���� @ ��:������³����AB>Ñ�Bó  �������³D³ "���cÿ!Ã�8;�����C ">?����¿®������ ": â Ãc @ 8;��>?¿®ï���������:���> @ >Ñ�����
Ã�8;:��C "¿£¿®���������N��î}¼���>Q��:³��D������! "����>ÑÃ�: @ ���cÿ @¶µ  "��¿®8B����î³ï������ µ �������! ;�¢:��§¿£> @ >Ñ��:t��>?¿£� @ �ñ��Ã�� @?@ ��� Ã�>9� µ �����
î³8;¿®8;AÉï��³����> D³ "�³� @¶µ �����! ;Ã�����>ãD³ "�³� @ ������¿£�³��1 	 ��� @ :³� @ �xÃ�î! "¿£�±AÉ��8;¿N "AB�³����>Q��:³�ñ�����������������ñÃ�8;¿¨�
� @ >Q��:³� @ ������8;= @ ï�¿®�ñD����! "����8;�Æ>?�<p³:³���³Ã��ñ��:�� @ ������î³8;��8;�³������>?¿N ">?������D µ : @ ���C Nî! ":��������³����AB>Ñ�ñ������:��
@ �����! "����>ÑÃ�: @ ����Ã�î! "��AÉ�����aD�� @  �AÉ����=9���98;:��¢D����� "��A @ ���E�c����>?��î! ": â >?¿£��8;���C "�����+ó · @ �����¢D�8;�³Ã�>?¿£�98;���C "�}�
D��§Ãc "�C ;Ã�������>Ñ�C���UÃ�8;������Ã�����¿®���}�®��8;:������ @ ���ñ����8;����>Ñ�������U��î�¼|��>Q��:³���UD�� @¶µ  "��¿®8B����î³ï����¢�o����������>Ñ8;�ìÿk����¿¨�
�9���C "��:����Bó?ó?ó��� ":<� D����C��:³��D|:[��>?���ñ� â ������>?¿®�����C @ ó  �������UÃ�8;���! ">Ñ���C "�³Ã��£������D µ  "> @?@ ��:�����Ã���:³Ã�>r @ �£D³ "�³� @  
¿®����î³8}D���D��<D�������Ã���>Ñ8;�N�! "�Ep³:³8;������Ã����³Ã��²�VÃ���óÉÃ�î! "��>?�����qV\�(�}:�>!������D���� @ :³�������³��>?= @ ��´�D����¢�! "�C "¿®ï��������
��� @ ���}:³� @ ���C ": â D µ  ;����8B�C8 @ D³ "�³� @¶µ  ">?�cÿ @ ���C ": â D µ î�:�¿£>ÑD|>?���ñ����ÃBó?ó?ó

	  "�³� @ ��Ãc ;D|����D�� @  <D����CÃ���>?����>Ñ8;�ñD|:UD���ÂÉ� @ 8;���9��¿®���}��D����7AÉ����=����cÿ @ ���! "�C "¿®ï������ @ ��� @ :³�k>?¿£�98;���C "�}�
����� @  §¿N ;���C��ÂÉ8 @ :�¿£>Q�}:³�ñD�� @¶µ  ">?�cónT7 k��:! "�}��>?���¨��:�>ãD���Ã���>?��>?����:�>?��>?ÂÉ��¿®����� @  ®ÂB "��>r "��>Ñ8;�'D�� @  N¿N ;�����
ÂÉ8 @ :�¿£>Q��:³�® cÂÉ��Ã @¶µ  @ ��>?��:³D��®����� @  §����8>� 8;�³D���:��x "��¿®8B����î³����>Q�}:³�£ÂÉ������>ÑÃc @ �Æ� Xv(h) =

∫∞

h natm(z)dz

8;: natm
����� @  ND����³��>?���UD�� @¶µ  ">?����� h @¶µ  @ ��>?��:³D��Bó  ���9���³D³ "�}�cÿ��98;:���:��³��AÉ����=��x>?�³Ã @ >?�³���Bÿ @¶µ ���! ">Ñ�C����:��

D���¿N "��>Ñï��������C �ÂÉ����������Â; "��>Ñ�� �ÂÉ��Ã @¶µ  "��A @ ���c����>?��î! @ θ �É��> @¶µ 8;�§�³��A @ >?AÉ� @  �Ã�8;:���=�:�����D�� @  � ������� Å ÿÉ8;�t @  ñ��� @  "��>Ñ8;����>?¿£� @ � X(h) = Xv(h)/cos(θ)
ó{T7 £����8>�V8;�³D���:��<ÂÉ������>ÑÃc @ �x "��¿®8B����î³����>Q��:³�xÃc @ Ã�: @ ���� ">?�³��>

������D µ ���}Â}>?��8;� ¾cÀBÀBÀNA³ó¸Ã�¿ −2  ":���>?ÂÉ�c ":'D�� @  ®¿®���cÿ9�����������±��:³�UÁ�� 8;>Ñ��� @ :³����8;:���:��[ "��A @ ���c����>?��î! @
D���RBÀ ◦ ó

 �ù! "kü »��-(�ü����¤ÿ'ÿðüj¾ ü#*��$»²ü#�Àº�ü(û�%kü#� )��F¾þ�&��ÿ�þ��(û£ÿ��	�²ü#�

Tì����D|>�
v������������� ¼��9����D��x�! "����>ÑÃ�: @ ����Ã�8;¿£�98B�C "�}��:��³��AÉ����=��x�C8;����Ã�8;¿£¿�:��³��¿®����������AB��8;:��9���������
����8;>Ñ���¶ "¿£> @?@ �����

∗ @  UÃ�8;¿£��8B�C "�����x� @ ��Ã�����8;¿N "AB�³����>Q��:³�t� @ ���<� @ ��Ã�����8;�³�Ñ«)��8B��>?��8;�³����� @ ������î³8;��8;�³�
∗ @  UÃ�8;¿£��8B�C "������¿�:³8;��>Q�}:³�N� @ ��� µ± ÿ���� @ ��:������³��:�����>?�³8B�� ;����8�Ã�>Ñ��� νµ ÿ νµ
Æ�æ~ßVÛ6ØLÜ�ÒYÎLÐdÈ6éVÑÉÒYÎ
	YÍYÈ5ÇÌË��5ÐdÛ�pÇÉÈ6çlÍ!Ø�ÇÉÒYÛ6Ø�ÎLã����

◦

à5Ñ£Ý Ò!Ø Ø�ÒYÛ�ØLÎ Û6Ø
X
Ü6Û6Ò#ã�áYÒ!Ë Ë�Ò-Ðdæ5æ�Ø�ß�6ÇÉÏ&Ð�Ë�Ç�ßdÈ�ÒYÎ�ËLÇÉÈ6çlÍ!Ø�ÇÉÒYÛ6Ø�Ògã����pê
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���°��� ½|ó?¾�� � �������������}�C "��>Ñ8;��D����<Ãc "�C ;Ã�������>Ñ����>Q��:³����AÉ��8;¿®������>Q��:³����D µ :��³��AÉ����=��� "��¿®8B����î³����>Q��:³�Bó

∗ @  tÃ�8;¿£�98B�C "�}���Uî! ;D|��8;��>Q��:³�%� @ ����D|>�
v������������î! ;D|��8;�³������8�D|:�>?����� π± ÿ π0 ÿK± ÿK0 ÿ�����ÃBó?ó��� ">?�³��>
��:³� @ ������:³Ã @ ��8;�³����� @ �����V�C "AB¿®�������<�}:³Ã @ �c ">?�����có

P�>Ñ���s�}:³�ñ��8;:;�Ò8;:����������������}������D³ "�³��:��³�UAÉ����=��Bÿ @ ��������8;��8;����>Ñ8;�³�� cÂÉ��Ã @ ���~��:³� @?@ �����C8;���������������������������
Ã����ã����8;>Ñ��Ã�8;¿£�98B�y "��������D��������³D�������� 8;������¿®������D�� @  ��! "��:�����D�� @  ��! "����>ÑÃ�: @ �<����>?¿N ">?���BÿÉD�����8;�£���³����AB>Ñ�
 ">?�³��>e�}:³����8;�K "��A @ ��D µ >?�³Ã�>ÑD����³Ã���D³ "�³� @¶µ  "��¿®8B����î³ï����Bó ¹  "�a� â ��¿£� @ �Bÿ�:��³��AÉ����=9��>?����>?��>Ñ�����! "��:��§��î³8>�
��8;�[8;:±:��'� @ ��Ã�����8;�'�³�UÃ�8;����>Ñ���³D|�C K���C "��>Q�}:³��¿®������ ":³Ã�:��³�£Ã�8;¿£��8B�C "�����Uî! ;D|��8;��>Q�}:³�U��> ¿�:³8;��>Q�}:³�Bó
 ��� ¼}����D��xAÉ����=9�ñ������ "���9� @?@ �ñAÉ����=���� @ ��Ã�����8;¿N "AB�³����>Q�}:³�®Ãc "� @ �xD���ÂÉ� @ 8;���9��¿®���}��D�� @  §Ãc ;��Ãc ;D��ñ�����
D�8;¿£>?�³�<�! "� @¶µ >?�}�����C ;Ã���>Ñ8;�t� @ ��Ã�����8;¿N "AB�³����>Q�}:³�Bó<Tì����AÉ����=9���¢>?��>?��>Ñ�����¢�! "�¢D�������:³Ã @ ��8;�³��8;:§D����¢�³8c¼� ": â
D�8;���³����� @ >Ñ��:I´�D�����AÉ����=����xD|>?�����ñî! ;D|��8;��>Q�}:³���có  � @?@ ���� Ã�>���8B����ï�D����}��:��³�tÃ�8;¿£�98B�y "�����t� @ ��Ã�����8;¿N ��
AB�³����>Q��:³���}:�>��C��D���ÂÉ� @ 8;�����±�! "�C @?@ ï @ ��¿®�����cÿ���¿£��8;���C "���Æ���}Â}>?��8;� UBÀ��_D�� @¶µ ���³����AB>Ñ�'D|: ����>?¿N ">?���Bó
T µ ��ÂÉ8 @ :���>Ñ8;��AÉ���³���C @ �xD µ :��³��Ãc ;��Ãc ;D���D����! "����>ÑÃ�: @ ����������D�8;�³Ã�D�8;¿£>?�³�����! "� @ ��D�������>?��D����C UÃ�8;¿£��8>�
�C "�����£� @ ��Ã�����8;¿N "AB�³����>Q�}:³�Bó · @ ������D�8;�³ÃU����D³ "AÉ8;AB>Q�}:³��¿®������>?�}�����������C "���xD µ ����:³D|>Ñ��� @ �£Ã�8;¿£�98;������¿®���}�
D µ :��³��AÉ����=9��� @ ��Ã�����8;¿N "AB�³����>Q�}:³�ñD³ "�³�<:��%������¿£>Ñ��������¿£�³�+ó

T7 ��! "��:���������8�Ã�î! ;����>Q�}:³��D���������8�Ã�������:³��D µ >?�}�����C ;Ã���>Ñ8;�N¿£>Ñ����������:N ���8;:���Ã�8;�³���	�}:³���³Ã��BÿÉ ":£AB�C "�³D
D����C "����8;>�D����ã��î�¼|��>ÑÃ�>Ñ���³�cÿZ�}:³��ÃCî! ���:³�aAÉ����=��a�����ã:���>Q��:³�a���ã�9��:��� cÂÉ8;>?��D�����Ãc "�C ;Ã�������>Ñ����>Q��:³���¢� @ 8;>?AB�³�����



d � Ï¢Ë�ÕNäiß)Ô³ç:` Ë�Õ£ä!Ë}ß)à¢Ë�Õ®Ô|ÞKJGÈ!ÕSa(b3c}ß"ÅML�NkË�Õ

Ú%Ë�ÕcÇ�ß"ÅMakÞ+Å~È9ç `5hQNkçkËÆä!Ë}ß)à¢Ë�=�È!à ÕcË�ß�j�Ô�à ÊoË�Õ�aDbnIìÕ+ÅML�NkË�Õ
S�TVU m!T�W!^�TVUN]�[�cIWYXv^	^	T�\5mNc~m!`tul`bU_iVU?qP[�cIW�e~id]�Wh`lWhT¨ulXk�id[�^	i�m!Wh`lTpe~T�ulX9k�TdWhfPT « ]����0k6cIWhT « �~wl�VgU_[6\5mRulTdU�U_cI`t}z{Xv\5m!U��
∗ ��� ���! �I]�s TVU�m#cI\0T�eIWh[6`�m!T�a5cI`�]�[�W!WhTVU_qP[�\0e9n�ubXpmhWYX{}³�TV]m![�`lWhT&a5c�s XvcIWYXv`tmgUhcI`tz�`�ubX	q0X�W_m!`l]�cIutT¤q0Wh`l^�Xv`lWhT�`l\~}]�`leIT�\5mhT&Uh`�T�ululT&\�s X;z;X�`�m#q0X6U#`l\6m!i�WYXvk6`°wISLs Xv��T&eIi��0\I`tmeI[�\0]'ubX�eI`tW!Td]�mh`l[�\�e�s X�WhW!`lz�i�T§e~T ubX�k�T�W!fPT§X�cKUh[�u�|ulTdU�q0X�W_m!`l]�cIulTdU	U_TV]�[6\0eIXv`lW!TdUpUhT'qIWh[6q0Xvk6TdX�\6m�e~T'��X{}
" [�\'k�ul[�f0X�utTd^	T�\5mj]�[�ulul`t^	i�T¤X�c~mh[6cIW#e~T¤u°s X{�~T6w

∗ �# %$'&� �(*) ��TVU�m'utT�q�[6`t\5m§e�s `l\5mhTdW!UhTd]�mh`l[�\>e~T�u°s X{�~TX;z6Td]�ulX�UhcIWh��X�]�T�m!T�W!WhTVU�m!WhT6w�� u�]�[�W!W!TdUhq�[6\0e~WYXv`tm'XvcqP[�`l\5m�e�s `t^	q0X6]m§Xvc�Uh[�uReIc�W!X;Z6[�\�]�[6Uh^	`la5cITNqIWh`t}^�X�`tW!T¤U�s `tu�\�s X;z{Xv`tm#q0X�U-`l\5mhTdW!X�k�`�w
∗ �# ,+')-&/.10 ��eIidUh`tk6\IT	u°s T�\0UhT�^�fIulT	eITdU¤q0X�W_m!`l]�cIulTdU¤UhT�}]�[�\0e0Xv`lWhTVU�UhT�qIW![�q0X�k�TVXv\5m�z6T�WYU�utT�Uh[�uLn'ubX§z�`�m!TdU!U_TeIT ulX�ulcI^	`t¦dWhT6w32�\�qIW!T�^	`l¦�W!T?XvqIqIW![;�~`t^�Xvmh`l[�\�|y[�\qPT�cIm�^�[~e~idut`bUhT�WyutT��²W![�\5m,e~T-k�T�W!fPT-]�[�^	^	Toc0\IT#U_cIWh}��X6]�T?q0ulX�\IT�|�]�T�qPT�\�eIXv\5md|outTVU�q0X�W_m!`l]�cIulTdU�UhcIfI`bUhU!Xv\5meITdU�e~`t¡Pc�U_`l[�\0U�^pcIutmh`lqIulTdU�ulT§ut[6\Ik�e~T§utTdcIW�mhWYX{³�TV]}
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? U,y�V��WV�bv��\]`as#bn\]^ �I`l\5mhT�W!z�Td\0Xv\5m-q�[6cIW#ulTdU#qI�0[vmh[6\0U#e~T�f0X6UhUhT�i�\ITdWhk6`tT « e~T¤u�s [�WYe~WhT¤e~c � T ©�w
? U�y;VC�
VCbYUW�T� ��U
Z�^_c_Z�j~�'��\I`aphVCX/Z�^_q�o�j��6�'��ghiIc#Z1p�� ��a5cI`�e~`l^�`l\�cIT�ulXAU_TV]mh`l[�\�T�¥�]�X�]�T�e~TVU9q0Wh[�}]�TVUhUhc0U9i�ulTd]m!Wh[6^�Xvk�\0i�mh`ba5cITdU�e0Xv\0U9ulX�^�Xvmh`l¦�W!T?q�[6cIW9ulTdU�qI�I[�mh[6\0U�[6c�i�ulTd]m!Wh[6\0U�e�s cIutmhWYX��0X�c~mhT�i�\ITdWhk6`tT6wS�TVU�]�[�\0Uhida5cITd\0]�TVU�e~`lWhTV]mhTVU�e~T�]�T�m�T�¡¢T�mFUh[�\5m�cI\�e~i�z6T�ul[�qIqPT�^	T�\5m�q0utc0U�m!X�W!e~`t�~T�mFqIutc�U��0c0]�mhc0X�\5m�e~TLubX-k�TdWhfPT�w
? U�y;VC�
VCb�c#V�s#X/z��-mno_\!��VCX �VulTdU�qI�I[vm![�\0U�e�s cIu�m!W!Xg�0XvcImhTLid\IT�W!k�`lT « E > 5.1019 T ©K�qPT�c0z�T�\5mF`t\5mhTdW!X�k�`lW�X;z�TV]ulT�]Y��Xv^	q�^�X�k�\Ii�mh`ba6c0Tgm!T�W!WhTVU�m!WhT�q�[6cIW#]�W!i�TdW-eITdU-q0X�`tW!TdU

e+e−
a5cI`�`l\I`tmh`lT�\5m#cI\IT¤qIW!i�}�k�TdWhfPTRX;z{Xv\5m-u°s T�\5m!WhidTeIX�\0U	u°s X{m!^	[6UhqI�I¦�W!T�wo�oTVU	q0XvWhmh`b]�c0utTVU�X;Z6Xv\5m�^�[6`t\�U�e�s i�\ITdWhk6`tT§a5cIT utT§qI�0[vmh[6\Aq0Wh`l^�Xv`lWhT6|,T�ulutTVU�U_cIf0`lU!U_Td\5m^	[�`l\0U�u°s T�¡¢T�mgS�xL�3T�mje~[�\0\IT�\5m-ut`lT�c§npc0\IT�k�T�W!fPTRidutTV]mhW![�^�X�k�\Ii�mh`ba6c0TRe~[6\6m#ulT�eIi�z�Tdut[6qIqPT�^	T�\5m-TdU_m-^	[6`t\0U�0c0]�mhc0X�\5mdw

¹ �����³8;�³��Ã�8;¿£¿®�U��8;>?����D��UD����! "����:��³�x�! "����>ÑÃ�: @ �U����>?¿N ">?���Bÿ���î³8;��8;�'8;:'� @ ��Ã�����8;�ìÿvD µ ���³����AB>Ñ� E0�9���³�����C "�}� @¶µ  "��¿®8B����î³ï����������������������Bó � :®=�8;:��¢D µ :��³� @ 8;��AB:³��:���D����C ;D|>r "��>Ñ8;�ìÿ�D���: â �! "����>ÑÃ�: @ ����D µ ���³����
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AB>Ñ� E0
« 2 ��8;���<Ã��������x��:��³���! ">?��� e+e− D³ "�³� @ ��Ãc ;�<8;: @ ������>?¿N ">?�������C ">?��:��%��î³8;��8;�����<:��Æ� @ ��Ã�����8;�

 ;Ã�Ã�8;¿£�! "AB�³��D µ :��t��î³8;��8;�K>Ñ����:tD|:t=�����¿®�������C "î @ :���A®D³ "�³� @¶µ  ":�������Ãc ;�có � :t=�8;:���D�� 2X0
ÿ @ ���³8;¿x=����

D����! "����>ÑÃ�: @ �����! ;�����U´�Xt���� ">?�³��> D��x��:�>?���Bó � :�=�8;:���D��������C "�����cÿ @  ®AÉ����=9�ñÃ�8;����>Ñ���}� 2n �! "����>ÑÃ�: @ ���
 �¼� "����ÃCî! ;Ã�:��³� @¶µ ���³����AB>Ñ� E = E0/2

n ó�T7 �AÉ����=���Ã���8>·Ñ�� ">?�³��>��Ò:³�~�}: µ  �Ã��³��:³� @ ����� @ ��Ã�����8;�³�� "������>?AB�³���}�
@¶µ ���³����AB>Ñ�ÆÃ���>?��>Q��:³� �

c
´±�! "����>?�ND�� @  ��}:³� @?@ �%> @ ÂÉ8;�����������Æ "���~�������t ": =98;:��®D µ :��³� @ 8;��AB:³��:��ND��%�C ��

D|>r "��>Ñ8;� ��� ¿®8c¼É�����³�BóET7�K¿N â >?¿x:�¿_D��%D���ÂÉ� @ 8;������¿®�����§D�� @  ±AÉ����=��%�����£D�8;�³ÃÆ "������>?���K "�������£:��
�³8;¿�=����£D µ ���C "����� nmax

��� @ ��:³� Ec = E0/2
nmax ó£T7 §����8>�V8;�³D���:���Ã�8;����������8;�³D³ "���� ":[¿N â >?¿�:�¿¡D��

D���ÂÉ� @ 8;���9��¿®���}��������D�8;�³ÃUD�8;���³���ñ�! "�U� Xmax = X0
ln(E0/Ec)
ln(2)

ÿ9��� @ ���³8;¿x=����U¿®8c¼É����D��x�! "����>ÑÃ�: @ ���
 ":%¿N â >?¿x:�¿ �! "� @¶µ � â ����������>Ñ8;� Nmax = E0/Ec

ó
 ��¿®8�D�ï @ �ñ�9����¿®����D�8;�³ÃUD��xD���A� "AÉ��� @ ���� ;������Ã���������>?�³Ã�>?�! ": â D|:'D���ÂÉ� @ 8;���9��¿®���}��D µ :��³�xAÉ����=��

� @ ��Ã�����8;¿N "AB�³����>Q��:³�Bó�Tì�%����8�Ã�������:³�§� µ ��
v��Ã���:³����� ����8;>Ñ�§��î! ;�����N��:³Ã�Ã�������>?ÂÉ������:��³�Æ��î! ;���ÆD���Ã���8;>Ñ��
�C "�³Ã��U8;: @ �����! "����>ÑÃ�: @ �������ñ¿�: @ ��>?� @ >Ñ���}��AB�±¸;Ã��®´ @¶µ  @ �������! "�³Ã��NÃ����c "��>Ñ8;��D��U�! ">?�����Ý�¶=�����¿®�������C @ î�:���A 8
:��x¿N â >?¿�:�¿ D���D���ÂÉ� @ 8;���9��¿®���}���������<�³�x:��³����î! ;����D µ � â ��>?�³Ã���>Ñ8;�®8;: @ ��� �! "����>ÑÃ�: @ ����D����98B�C�����ã��8;:����
@ ��:������³����AB>Ñ��D³ "�³� @¶µ  "��¿®8B����î³ï����BónT7 U����8>� 8;�³D���:��� ":�¿N â >?¿�:�¿ D���D���ÂÉ� @ 8;������¿®������Â; "��>Ñ� @ 8;A� "��>?��î<�
¿£>Q��:³��¿®���}�£ cÂÉ��Ã @¶µ ���³����AB>Ñ�K @ 8;�����}:³� @ �§�³8;¿�=����KD��§�! "����>ÑÃ�: @ ���® ":Q¿N â >?¿�:�¿¯ÂB "��>Ñ� @ >?�³�c ">?����¿®�����
 �ÂÉ��Ã � �

Xmax ∝ ln(E0/Ec)
� ½|ó?¾K�

Nmax ∝ E0
� ½|ó ½\�

 ���£�	��:! "��>Ñ8;�³�§� â ����>?¿®���}� @ �k�  ">?���}:³�t� @ :³� @  ±�! "����>ÑÃ�: @ �%����>?¿N ">?���� ±:��³�%���³����AB>Ñ��� @ ��ÂÉ���Bÿ�� @ :³� @ �
�³8;¿�=�����D µ ���C "�������³��Ã������y ">?�����<��8;:��������! "����>?� @¶µ ���³����AB>Ñ�����}����� @ �����! "����>ÑÃ�: @ ��������Ã�8;�³D³ ">?������������AB�C "�³Dvó

· @ �����a>?�}�����������C "����D����³8;��������:³��¿N @ AB�����C8;�Æ� â ���~��¿®����>?¿£� @ >ÑÃ�>?���Bÿ!Ã���¿®8}D�ï @ ��������¿®���<D���������D|>?���
:��³�%��ÂÉ8 @ :���>Ñ8;� D�� Nmax

��� Xmax
 cÂÉ��Ã @¶µ ���³����AB>Ñ�y��:�>������N ;�C�����K����8}ÃCî³�%D�� @  ����c @ >?���BóETì� @ ��Ã�����:��

�! ;����>Ñ8;���³�t�98;:����C �=�>Ñ��� ��:��U����8;:�ÂÉ���£D����x¿®8�D�ï @ ���® "�! @ ¼���>Q��:³���U� @ :³�UD����C "> @?@ ���£D³ "�³� @  @ >?�������C "��:����
2 ½ZU64 ó » �c "��¿®8;>?�³�+ÿ @  'D�����Ã���>?����>Ñ8;�î�³�³��D��%��8;:������ @ ���®����8;����>Ñ�������tD�� @  'AÉ����=��%����������� â ���~��¿®��¿®���}�
Ã�8;¿£� @ � â �������³��Ã����C��>?��� @¶µ :���> @ >Ñ�C "��>Ñ8;�±D�������8;AB�C "¿£¿®����D�����>?¿�: @  "��>Ñ8;�ìó

 �ù_¸ � ü(ûF%ðü#�÷þ')&»²ûF�&*�ÿ��	��ü#�

Tì8;���~�}:³� @  U�! "����>ÑÃ�: @ �x����>?¿N ">?���������<:����³8+¼� ":±8;:Æ:�����:³Ã @ ��8;�ìÿ @  £Ãc ;��Ãc ;D��xD���¿N "�������! "� @ ��=�>r ">Ñ�
D µ :��³�£>?�������C ;Ã���>Ñ8;���V8;�����® cÂÉ��Ã @ �£�³8c¼� ":QD µ :��Q "��8;¿®�£�����������}��D³ "�³� @¶µ  "��¿®8B����î³ï���� 2 VZV64 ó  ������� ð Ã�8 @ �
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@ >Ñ��>Ñ8;� ð � â ���~��¿®��¿®������Â�>Ñ8 @ �������NÃ�8;�³D|:�>?�x ":³����>�=�>Ñ���G´ @  ð�V�C "AB¿®�����C "��>Ñ8;�bD|:��³8c¼� ":GÃ�>?= @ ���}: µ ´KÃ�� @?@ �
D|:Q�³8+¼� ": >?�³Ã�>ÑD������có�Tì���²�V�C "AB¿®�������£�}:³Ã @ �c ">?�����UÂÉ8;���®Ã�8;�}��>?��:³���N´�>?�������C "AB>?�®���ñÂÉ8;���£Ã�8;�³����>?��:³��� @ �
Ã�8}��:���D�� @  tÃc ;��Ãc ;D��£î! ;D|��8;��>Q�}:³�BóuTì8;����D��£Ã��������U������¿£>Ñï����U>?�}�����C ;Ã���>Ñ8;�ìÿ7D�������>Ñ8;�³��� π± ÿ π0 ������D����
o; ;8;�³�³� K± ÿK0 � ��8;������A� @ ��¿®�����¢����8�D|:�>?���có\T7������>Ñ8;�³���³��:�������� π0  c¼� "����:��®����¿£�³��D���Â�>Ñ�a����ï���Ã�8;:����
����D�����>?����ï�AB�����������[D���: â ��î³8;��8;�³�cÿn��:�> ÂÉ8;���� @ 8;����>?��>?��>Ñ����:��³�x��8;:³��¶AÉ����=��x� @ ��Ã�����8;¿N "AB�³����>Q�}:³�BóuTì���
��>Ñ8;�³��Ã�î! "��AÉ�����}:! "����´t��: â ÂÉ8;����>?�������C "AB>?���C "�����}:³� @ ��:�� @ 8;��AB:³��:���D µ >?�}�����C ;Ã���>Ñ8;�G������� @ :³��Ã�8;:������
��:³� @ ��:�� @ 8;��AB:³��:���D���D�����>?������AB�C "��>Ñ8;���Bó\Tì��� π± D��aî! ":����<���³����AB>Ñ��>?�������C "AB>Ñ���C������ @ 8;���¢��������8}D|:�>Ñ�C�����
D µ  ":�����������>Ñ8;�³���³��:�������������ÃCî! "��AÉ���có � ÃCî! ���:³�ñ���C "�9�Bÿi����Â�>?��8;��:�����>Ñ������D�� @¶µ ���³����AB>Ñ�ñ������Ã���D����U ": â
π0 ��:�>� @ >?¿®���}������� @  [Ã�8;¿£��8B�C "������� @ ��Ã�����8;¿N "AB�³����>Q��:³�Bó � : ��8;�C @ ÿ¢����Â�>?��8;�8UBÀ�� D�� @¶µ ���³����AB>Ñ��D|:
����>?¿N ">?�������<��������8;:�ÂÉ����8;:³� @  �� 8;��¿®�<D µ � @ ��Ã�����8;�³������D�����î³8;��8;�³���98B���C��D³ "���¢:��³�����³����AB>Ñ��¿®8+¼É�����³��D��
@¶µ 8;��D|���£D µ :��³�®D|>ñ�+ ">?�³�®D����±��°UóuTì8;���~�}:³� @¶µ ���³����AB>Ñ�£¿®8c¼É�����³�§D���� π±  "������>?����:��³�£���³����AB>Ñ�®Ã���>?��>Q�}:³�
Eπc ' 9 f���°ñÿ @  @ 8;��AB:³��:���D µ >?�������C ;Ã���>Ñ8;�[��� @  @ 8;��AB:³��:���D���D�����>?������AB�C "��>Ñ8;�[D���Â}>Ñ�����³���}����A� @ ���x� @ ���
��>Ñ8;�³�UÃ�8;¿£¿®���³Ã������N @ 8;���£´��C�ND�����>?�}����AB�����®���Q¿x:³8;�³�£���x�³��:�����>?�³8B�cÿ� @ >?¿®���}�C "���N ">?�³��> @  �Ã�8;¿£��8>�
�C "�����x¿�:³8;��>Q�}:³�BóuTì����¿�:³8;�³�+ÿ9D|:��¶ ">?��D�� @  tD|> @  "�C "��>Ñ8;�±��� @  "��>?Â�>Ñ�����UD�� @ ��:�������¿£�³��D��xÂ}>Ñ�Bÿi����:�ÂÉ�����
�! "��Ã�8;:���>?��D���AB�C "�³D�����D|>Ñ���C "�³Ã����� cÂ; "�}��D�������D�����>?�}����AB���������%:���� @ ��Ã�����8;�����<:��%�³��:�����>?�³8�ó

Tì����oB ;8;�³�cÿ|D����! "��� @ ��:���AB�C "�³D���ÂB "��>Ñ������D���Ãc "�! ": â D���D�����>?�}����AB�C "��>Ñ8;����8B����>?= @ ���� @ >?¿®���������}��D��
@  U¿���¿®�´�¶ ���8;�]�}:³� @ ���<��>Ñ8;�³� @ ����D|>�
v��������������Ã�8;¿£�98B�y "��������D�� @  £AÉ����=������Æ����8�D|:�>Ñ�C "����D���� π± ÿ π0

 ">?�³��>��}:³��D����<¿�:³8;�³�+ó

©-+�ª-+BF � .FÄ6?�7îCE7 w6+|wEz1�3+�t�2��E�i+�78+�4:9�t�2346�:?v9\CEw5?�46.ut
Tì8;���~�}:³� @ ���k��>Ñ8;�³� Ã�î! "��AÉ���� "������>?AB�³����� @¶µ ���³����AB>Ñ��Ã���>?��>Q��:³� Eπc

ÿc> @ �7�C�¢D�����>?�}��ï�AB�����������7>?�}��������8;¿£�9���}�
 @ 8;��� @ �N����8}Ã����C��:³�xD��N¿�: @ ��>?� @ >ÑÃc "��>Ñ8;� D����x�! "����>ÑÃ�: @ ���có  ���9���³D³ "�}�cÿ @  �Ã�8;¿£�98B�y "�����K� @ ��Ã�����8;¿N "AB�³���
��>Q��:³�NÃ�8;����>?��:³�KD��®�C�®D���ÂÉ� @ 8;���9���ñ�C "������:³� @ ����� @ ��Ã�����8;�³�ñ8;���x:��³�N���³����AB>Ñ�N��:��9����>Ñ��:����t´ @¶µ ���³����AB>Ñ�
Ã���>?��>Q��:³� Ec

D����³��>Ñ�® ":��! "�C cÂ; "�}�có�Tì����������: @ �C "����D|:[¿®8�D�ï @ �U��>?¿£� @ >Ñ�����UD���Ã���>?Â; "�}� @ �UD���ÂÉ� @ 8;���9��¿®���}�
D µ :��³�¢AÉ����=��a� @ ��Ã�����8;¿N "AB�³����>Q��:³�a����:�ÂÉ������D�8;�³Ã�� µ  "��� @ >Q�}:³����D³ "�³� @ �aÃc ;� 8;: @ �¢����>?¿N ">?���a����� :��U�³8c¼� ":
8;:§:��t��:³Ã @ ��8;�'�����t��
v���cÿ @ ��¿N â >?¿�:�¿¥D���D���ÂÉ� @ 8;���9��¿®���}�<D µ :��³����� @?@ ��AÉ����=���Ã�8;���������98;�³D% ":t¿N â >��
¿�:�¿¥D���D���ÂÉ� @ 8;������¿®������D����C UÃ�8;¿£�98B�y "������� @ ��Ã�����8;¿N "AB�³����>Q�}:³�Bó � �%������¿£>Ñï����x "������8 â >?¿N "��>Ñ8;�ìÿ!:��
�³8c¼� ":�D��U¿N ;���C�U "��8;¿£>Q�}:³� � ����D µ ���³����AB>Ñ� E0

�9��:����������£Ã�8;�³��>ÑD������£Ã�8;¿£¿®�£���C "�}��Ã�8;¿£��8B���UD�� A
��:³Ã @ ��8;�³��>?�³D����9���³D³ "�}���có/���³��AÉ����=�������8�D|:�>?���<�! "��:��®�³8+¼� ":N����:��� @ 8;���E�������<¿®8}D�� @ >Ñ������Ã�8;¿£¿®��:��³�
� ÑtÐ¤ÑÉßVÈ6éVÛ6ÒYÛ6Ø�Ü0Ý ÇÉÈ{Ë�Ò!Ø_Ðdá!Ë�ÇÉßdÈ9ÒhË-Ñ�Ð¤Ñ�ßdÈ5édÛ5ÒYÛ�Ø-Ü�ÒRÜ�ÍYÎ ÇÉÈ{Ë�ÍYédØ_Ð�Ë�Ç�ßdÈ�á!ßdØ Ø�ÒYÎ æ~ßdÈ�Ü6Ò!ÈvË�ã¤Ñ�ÐpÜ�ÇÉÎ�Ë_ÐdÈ5á!ÒgÏ¤ßä{Ò!È5È5Ò#æ5Ð�Ø�áYßdÛ6Ø�Û6Òæ5Ð�Ø�Ñ�Ð�æ�Ð�Ø Ë�Ç�á!Û5ÑÉÒjÐ×VÐ�ÈvËLÜIÝ Ç�È{Ë�Ò!Ø_Ð�éVÇÌØLßVÛ�Ø�Ò!Î æ~ÒYá!Ë�ÇÉ×;ÒYÏ¤ÒYÈ{Ë�Ü�Ò#Î ÒjÜ6ÍYÎ ÇÉÈ{Ë�ÍYé�Ø�Ò!Øê
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��:��9������8B��>?��>Ñ8;�ÆD�� A AÉ����=9����D µ ���³����AB>Ñ� E0/A
��:�>Ñ�~�}:³� @ ���a��:³Ã @ ��8;�³����8;������:����98B�C���< �ÂÉ8;>?��D������98;>?�}���
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(
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���°��� ½|ó X�� � >?¿�: @  "��>Ñ8;�®D µ :��³�aAÉ����=���´ 1019 ��°5D µ  "������� 2 X�À64ì�)���U= @ ��:£���ã����8}ÃCî³��D|:£Ã�8���:�����8;���ã������������������������ @ �������C )�Ò��Ã���8;>?�����aD�����¿�:³8;�³�cÿ����N��8;:�AÉ� @ ��� e± �������§ÂÉ����� @ ������î³8;��8;�³�có�Tì�<����8>� @9@ 8;��AB>?��:³D|>?�! @������>?�³D|>Q�}:³��´UD|��8;>?���� ">?�³��>3�}:³� @  ñ����8>� 8;�³D���:���D|:%¿N â >?¿�:�¿ÎD���D���ÂÉ� @ 8;���9��¿®���}� Xmax
ó

 �ù�Á ³�ÿ�¾ ����)¤�eÿ��&*'�

Tì��������Ã��������ñD���ÂÉ� @ 8;���9��¿®���}�UD�� @¶µ >?�<�V8;��¿N "��>Q�}:³�N8;�}��������¿£>Ñ�x ": â ��î�¼|��>ÑÃ�>Ñ���³�ñD��£¿®8}D�� @ >Ñ�C���xD����
��î³���³8;¿®ï��³���aD��<� @ :³�����N� @ :³�¢Ã�8;¿£� @ � â ����AB�±¸;Ã���´ @  ���>?¿x: @  "��>Ñ8;�§�}:�¿®����>Q��:³�Bó  � @?@ ��Ã�>9�����¢>?�³Ã�8;�}��8;:���
�! "= @ �£��8;:�������:³D|>Ñ��������Ãc "�C ;Ã�������>Ñ�����x������Ã�>Ñ����¿®����� @ �£D���ÂÉ� @ 8;���9��¿®���}�ñD µ :��³�£AÉ����=��® "��¿®8B����î³����>Q�}:³�Bó
¹�@ :³��>Ñ��:����U����8;AB�C "¿£¿®���§D��t��>?¿�: @  "��>Ñ8;�³�®8;�}�®�����tD���ÂÉ� @ 8;�������®��� � µ  "����:�¼� "�}�N��:��£D����® @ AÉ8;��>?��î�¿®���
:���> @ >Ñ������������î}¼���>Q��:³�£D������! "����>ÑÃ�: @ ���cÿì��:�>?ÂB "��� @ ����=9����8;>?�³����� @ �£��>?ÂÉ�c ":GD��£�C ��®�³��¿®���}�x� â >?AÉ�����! "�
@ ����D|>�
v��������������� â ������>Ñ���³Ã����cóeT7��������8;AB�C "¿£¿®����D��ñ��>?¿x: @  "��>Ñ8;�³��D���AÉ����=����� "��¿®8B����î³����>Q��:³��� @ ����� @ :³�
:���> @ >Ñ�����<´ñÃ����Ò8;:�����8;�}� � · �����¨2 X³¾;4E� � · � ��î³8�
���� �ãâ �����³D���D � >?¿x: @  "��>Ñ8;�e�a��� ������ · ¶ � 2 X�½54E�  8B��
¿£>ÑÃ �  c¼ � >?¿x: @  "��>Ñ8;�³��� 8;��¶� ;��Ãc ;D��K�\ó  ��D�������>Ñ���������<Ã�8;�³��>ÑD�������Ã�8;¿£¿®��� @ :³���i "= @ �����<� @ :³�<D����C "> @?@ �
��:³� � · ����� ���U������:���> @ >Ñ�C�K ;Ã���:³� @?@ ��¿®���}�£�! "�x:��IAB�C "�³DQ�³8;¿�=����%D µ � â �9����>Ñ���³Ã����ñ��� @?@ ���¨�}:³� ������� ÿ
¶� ;��Ãc ;D���8;: � :�AÉ���có

Tì������>?�³Ã�>?����D�� @  U��>?¿x: @  "��>Ñ8;��Ã�8;�³��>Ñ������´U��:�>?Â������! ;��´ñ�! ;� @  ñ����8;�! "A� "��>Ñ8;��D����<�! "����>ÑÃ�: @ ����D³ "�³�
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QGSJET 01
QGSJET II
SIBYLL 2.1

Mielke et al.
Yodh et al.

Baltrusaitis et al.
Honda et al.
Aglietta et al.
Belov et al.

σ
inel(exp)

= 237 ± 2 σinel = 241
������� ½|óWY�� � ��Ã���>Ñ8;�b���NÃc ;Ã��N��8;�C @ �§D µ >?�������C ;Ã���>Ñ8;�I>?�³� @  ;����>Q�}:³�®����8;��8;�<�  ">?�ñ¿®����:������®�! "�ñD|>�
��������}�����
� â ������>Ñ���³Ã����²�VD µ  "������� 2 X�À54M��� þÉ������ 2 V>X~4 ÿ{� @ ¼ µ � � ¼É��� 2 VZY�4�ÿ 2 VZU54M�\ÿ � oÉ���³8 2 VBÁ64�ÿ ����� � ��� ¹ 2 V\[�4k���
D µ :��xÃc @ 8;��>?¿®ï�������î! ;D|��8;��>Q��:³��:���> @ >Ñ���¢�! "�:� · � T3¶ �B2 VZR64 ó�Tì���k������D|>ÑÃ���>Ñ8;�³� D����7¿®8}D�ï @ ��� D µ >?�������C ;Ã���>Ñ8;�î! ;D|��8;��>Q��:³��M´f ��þÉ��� ¾�����½® ">?�³��>3�}:³� � >?=�¼ @?@ ��8;�}�<�������������������������! "� @ ���<Ã�8;:���=������������C ">?�<� @ ��>?�����
�98;>?�}��> @?@ ���có

@¶µ  "��¿®8B����î³ï��������t>?�³Ã @ :! "�}����8;:������ @ ����>?�}�����C ;Ã���>Ñ8;�³��8;:KD�����>?������AB�C "��>Ñ8;�³�<�98B����>?= @ ���có�T µ  "��¿®8B����î³ï����������
� @?@ �£¿���¿®�N¿®8�D�� @ >Ñ�����£�! "�x:��³�®��� @  "��>Ñ8;�b��������� @ ����ÂB "��>r "= @ ��������������>Ñ8;�ìÿì����¿£�����C "��:����N���xD����³��>?���N���
�V8;�³Ã���>Ñ8;� D�� @¶µ  @ ��>?��:³D��Bó�T7���³8;¿x=����[D����! "����>ÑÃ�: @ ���Æ´G���C ">?�����%���C "���%Ã�8;�³��>ÑD����C "= @ �Bÿa:��  @ AÉ8;��>?��î�¿®�
D µ ��Ã�î! "����> @?@ 8;���! "AÉ�[�����t "��� @ >Q��:³�%��8;:��®����D|:�>?��� @ �%����¿£�³�ND��ÆÃc @ Ã�: @ � @ ���®�! "����>ÑÃ�: @ ���§�³�Æ��8;�}�®� @ :³�
��:�>?Â}>Ñ����>?�³D|>?Â�>ÑD|:³� @?@ ��¿®������D�ï�� @ 8;�����}:³� @ ��:������³����AB>Ñ�ñ�! ;�����C�x���[D�������8;:³��D µ :��'����:�> @ � â �Bó � ��: @ �ñ:��³�
�o�C ;Ã���>Ñ8;��D���Ã����<�! "����>ÑÃ�: @ ���������<Ã�8;�³�C����ÂÉ���� �ÂÉ��Ã�:��³������8;=! "=�> @ >?����D��������³D³ "����D�� @ ��:������³����AB>Ñ�Bó
Tì���U>?�������C ;Ã���>Ñ8;�³�§î! ;D|��8;��>Q��:³���t´�=! ;�����%���³����AB>Ñ���o��8;:��£:��³�%���³����AB>Ñ�%D³ "�³� @ �%Ã�����������D��K¿N ;�����K>?�<�
�V����>Ñ��:����%´���:³� @ �}:³���£D|>ñ�+ ">?�³���®D��yf���°´�ñ��8;�}�£��>?¿�: @ �����£�! "�®D����U¿®8�D�ï @ ���® )�Ò:³�������U��:�� @ ���£D�8;���³�����
� â ������>?¿®�����C @ ���a>Ñ����:³����D�� @  x��î�¼|��>Q��:³����:��� ;Ã�Ã�� @ ���C "����:����có<Tì������8;AB�C "¿£¿®���DT3�³¶ � 2 X/V�4����(T���Ã���:! ��
��>?��A²¶ � ��Ãc ;D��K�ã�����a ;Ã���:³� @?@ ��¿®����� @ ��� @ :³��:���> @ >Ñ���<��� @ �<� @ :³�����§ ;Ã�Ã�8;��DK �ÂÉ��Ã @ ���¢D�8;���³�����aD|>Ñ����8;��>?= @ ���có
¹ 8;:�� @ ���ã>?�}�����C ;Ã���>Ñ8;�³��î! ;D|��8;��>Q�}:³����´�î! ":����<���³����AB>Ñ�Bÿ @¶µ  "=³�����³Ã���D���D�8;���³������� â ������>?¿®�����C @ ����Ã�8;�³D|:�>?�
´�� â ���C "��8 @ ��� @ ���7����Ã���>Ñ8;�³� ���NÃc ;Ã����ã��:��7� @ :³��>Ñ��:���� 8;��D|����� D���AB�C "�³D���:����ã8;:ñ´< )�Ò:³������� @ ���7¿®8�D�ï @ ���7��8;:��
�����³D|����Ã�8;¿£������D�����D�8;���³�����<´�� @ :³��=! ;���������³����AB>Ñ�Bó ¹  "��¿£>vÃ�����¿®8}D�ï @ ���cÿ @ ��������8;>Ñ��� @ :³�aÃ�8;:��C "¿£¿®���}�
:���> @ >Ñ�����U��8;��� � >?=�¼ @?@ 2 XZX�4 ÿ-M´f ��þ ��� 2 X/Y64´��M�:! "�Ýo|f @ :³8;� � ����>?��A[¿®8}D�� @ 
�>?��î þ ���Ñ�x��� 	 ¹ � þ ��� 2 X�Á54
� 	 :! @v¹  "����8;�y��8�D�� @ 
�>?��î þ ���Ñ�\ó  ���a¿®8}D�ï @ ���a�����������}�������<D����³8;¿�=�����:³�C���<D|>�
��������³Ã��������a������ÂÉ8;>Ñ���}�
D����xAÉ����=����UD�8;��� @ �tD���ÂÉ� @ 8;���9��¿®���}�®�9��:��¨�������K�����³��>?= @ ��¿®���}�£¿®8}D|>��!�Bó ¹  "�®� â ��¿£� @ �Bÿ @ ���U����Ã���>Ñ8;�³�
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K inel σinel

���°��� ½|ó Á���°¢ "��>r "��>Ñ8;�ÆD�� Xmax
 cÂÉ��Ã @¶µ ���³����AB>Ñ��¿®����:��������! "�<D|>�
��������}�����<� â ������>Ñ���³Ã������VD µ  "������� 2 X�À54M�\ó

Tì����Ã�8;:���=����������������C����������� @ ����������D|>ÑÃ���>Ñ8;�³�ñD��ND|>�
��������}����¿®8�D�ï @ ���xD µ >?�}�����C ;Ã���>Ñ8;�Qî! ;D|��8;��>Q�}:³�§�98;:��
D���������>?¿N ">?�����<����8;��8;�³��8;:�� �����có

���NÃc ;Ã����xD µ >?�}�����C ;Ã���>Ñ8;�I>?�³� @  ;����>Q��:³�N����8;��8;�<�  ">?�ñÃc @ Ã�: @ �����x�! "� � >?=}¼ @?@ ��8;�}��� @ :³��AB�C "�³D������}:³�NÃ�� @?@ ���
8;=�������:³���< cÂÉ��Ã�M´f ��þÉ�,µ �|´�î! ":��������³����AB>Ñ���Ò¾cÀ 20 ��°�� @  xD|>�
��������³Ã�������:��� "������>?�³D|����½BÀ¶�#�VÃ����³AB:����
½|ó X��\ó£���'Ã�î! "��AÉ��¿®���}�xD�� @  §Â; @ ��:���D��UÃ��������£����Ã���>Ñ8;�'���NÃc ;Ã��U>?�<p³:³�£��:�� @¶µ  @ ��>?��:³D��£D�� @  t������¿£>Ñï����
>?�������C ;Ã���>Ñ8;�±���<�! "�<Ã�8;�³���	�}:³��������:�� @ � Xmax

��� @ ������������D|:�D���ÂÉ� @ 8;������¿®������D�� @  ñAÉ����=9�Bó

T7 ¥�³AB:�����½|ó XU¿®8;������� @ ����D|>�
v��������������������D|>ÑÃ���>Ñ8;�³��D�� Xmax
�! "� @ ���a¿®8}D�ï @ ���pM´f ��þ��,µ �oÂÉ������>Ñ8;�

¾%���N½\�U��� � >?=�¼ @?@ ÿ¢Ã�8;¿£�! "�������t ": â D�8;���³�����§� â ������>?¿®�����C @ ���+óETì���N������D|>ÑÃ���>Ñ8;�³�ND��AM´f ��þ��,µ ¾Æ���
D�� � >?=�¼ @?@ ��8;�}�N��>?AB��>��!Ãc "��>?ÂÉ��¿®���}�tD|>�
v�������������§�98;:�� @ ���N����8;��8;�³�§ ":<� D�������:³�®D���¾cÀ 17 ��°  @ 8;���ð��:³�
M´f ��þÉ�,µ ½�����¿�= @ ���������t���b ;Ã�Ã�8;��D  �ÂÉ��Ã � >?=�¼ @?@ ó(T7 Æ�³8;:�ÂÉ� @?@ �tÂÉ������>Ñ8;�ID���M´f ��þÉ�,µþ2 X�À54�����8�D|:�>?�
D����UAÉ����=9���§ �¼� "���§:�� Xmax

� @ :³�N� @ ��ÂÉ�ÆD µ :��³�KÂ}>?��AB�C ">?�³��D��KA³ó¸Ã�¿ −2 ��:³� @  ±ÂÉ������>Ñ8;� ������Ã���D����}���Bÿ
����>?Â}> @ ��AB>r "�}�ñD�8;�³ÃN:��³�§Ã�8;¿£��8B��>?��>Ñ8;�Q� @ :³� @ 8;:���D��BóDTì���x������: @ �C "���xD�� @¶µ � â ������>Ñ���³Ã���¶ �������	�� 2 X�[64
����¿�= @ ���}�a>?�³D|>Q��:³���i�}:³� @ ����¿®8�D�ï @ ���¤M´f ��þÉ�,µ ÿ 	 ¹ � þÉ�,µ ��� � >?=}¼ @?@ �����������}�������<D����aD|>�
v�������³Ã����i��:�>
��������D|:�>Ñ����������8;:�� @ ���ã�³8;:�ÂÉ� @?@ ����ÂÉ������>Ñ8;�³�+ÿ"���£�������C "����Ã�8;¿£�! "��>?= @ ���� cÂÉ��Ã @ ����D�8;���³������D³ "�³� @  �A� "¿£¿®�
D µ ���³����AB>Ñ� [5 1014eV , 5 1016eV

] ó�Tì������>?¿�: @  "��>Ñ8;�³�x��:�¿®����>Q�}:³������8;�}��:���> @ >Ñ���������! "� @ ������î�¼|��>ÑÃ�>Ñ���³�
�98;:���D���ÂÉ� @ 8;������� @ ���a¿®����î³8�D����<D�������Ã�8;�³������:³Ã���>Ñ8;�����<D µ >ÑD����}��>��!Ãc "��>Ñ8;�±D����aAÉ����=����có � :�>?Â; "�}� @ ���a¿®���
��î³8}D�����:���> @ >Ñ�������+ÿ @ ����������: @ �C "���a����:�ÂÉ�����i��������� @ :³�a8;:t¿®8;>?�³�a�����³��>?= @ ���a´�:��%Ã�î! "��AÉ��¿®���}��D���¿®8�D�ï @ �
D�����>?¿x: @  "��>Ñ8;�ìó · @ ������D�8;�³Ãñ� â ���~��¿®��¿®������>?¿£��8;���C "����D�������������������Ã�8;�����C ">?�³D|���£Ã�������>?¿�: @  "��>Ñ8;�³�����
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¿�: @ ��>?� @ >r "��� @ ���£8;=³������ÂB "��>Ñ8;�³�£� â ������>?¿®�����C @ ���§���U��� D���������¿£>?�! "�}�ND����£8;=³������ÂB "= @ ���£��î�¼|��>Q�}:³��� @ ���
� @ :³�<�����³��>?= @ ���� ": â ����8�Ã�������:³����î}¼���>Q�}:³����´U����:³D|>Ñ���có

	  "�³��Ã����������9�������9��Ã���>?ÂÉ�Bÿ @ ���(�V:���:����ã������: @ �C "����D|:�T
¸   ":���8;�}��D�8;�³Ã�D�����������8;¿x=9�����¢>?¿£�98;���C "�}�����
�98;:�� @  ���î}¼���>Q��:³�±D|: �C �¼É8;���³��¿®������Ã�8B��¿£>Q��:³�±���t�9����¿®��������8;�}�ÆD µ  "¿®� @ >Ñ8;�����%�³8;�����±Ã�8;���! ">Ñ�C�C "�³Ã��
D�����>?�������C ;Ã���>Ñ8;�³�ñî! ;D|��8;��>Q�}:³���x´Kî! ":����®���³����AB>Ñ�Bó  8;�³��Ã�>Ñ�������ñD���������8;= @ ï�¿®��� @ >Ñ���x´ @  k�i "=�> @ >?���§D����
��>?¿�: @  "��>Ñ8;�³�cÿ @  �Ã�8 @?@  "=98;�C "��>Ñ8;� � :�AÉ���¢ �D�8;�³Ã<Ã�8;�³�y ;Ã�����=9�c ":³Ã�8;:��§D µ ��
�8;�����¢´ @  �¿£>Ñ�C�����£� @  ;Ã��<D µ :��³�
����8}Ã���D|:����aD�������Ã�8;�³������:³Ã���>Ñ8;�®D���� AÉ����=9��� ����ï�� �9��:£D��������³D³ "������D����ã��>?¿x: @  "��>Ñ8;�³�có  ��������¿®����î³8�D��a�����
� â ��8B������D³ "�³� @ �¢Ã�î! "��>?�����¢Ã�8;�³�y ;Ã�����´ @  a����Ã�8;�³������:³Ã���>Ñ8;�UD|:�������Ã�������D µ ���³����AB>Ñ��D����v�C �¼É8;�³� Ã�8B��¿£>Q�}:³���có
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Ò�ÓIÞ¹Ó]ðußÕÒ�ÓIÞGñ/Ù�×�ß:Ö]ß�ø]ô�ô�ô|÷EÔ 2 Ñ�×nØIÙ*ð�ÜÝÛGê�êFæ!ð~ð_ßdêxß�ÒùÚ6Ù!Þ�ÜÝÛ=×�Ó]êxß�Ò:Ö1ßdêúÙ:é]ßnÞ/ä�ß:Ù!ÓwÒ/æ!ê;ûùß�Ü{üEýþÜ�Ñnêxß�Ò�×>ænÚ�ß�Ò
Ò�ÛÝÜÝÓ�Ñ�Ò�Ù!Ó6Ü�æ!ÓIÞ{Ö!ÓÕÞ�Ñ�ÒAß�Ù!Ó�Þ�ß>×�Ó�ß�ÛGê�êFß�ð�Ü±êúÙ�ê�Ó]Ô¥Û�ÿnÞ�ßùÖ]ß���Ó�æ!Þ�ßnÒ�×�ßnð_×�ßâÑnÔ¥ÛGÒ/ß�Ú6Ù!Þ�êFß�Ò�Ô¹æ!êxÑ�×�ÓIêxß�ÒùÖ1ß{Ö!Û=Ù��Eæ*Ü�ß
ß�ï�×�ÛÝÜ�Ñ>ß�Ò�Ú�Ù!Þ�êxßÊÚ�ÙCÒ�Ò/ÙAé1ßùÖ1ß�ÒÊÚ�Ù!ÞnÜÝÛ=×�ÓIêFßnÒ�Ö1ß�êúÙùé1ßnÞAä>ß����væ!Ó]Ò�Ö1Ñ�×/Þ�Û�Þ'æ*ð�Ò�êFßnÒÊÚ#Þ�Û�ð#×�Û Ú6Ù!êxß�Ò�×>Ù*Þ'Ù�×AÜ�ÑnÞ�ÛGÒnÜÝÛ=ë�Ó~ß�Ò
Ö!Ó|Ö1Ñ�Ü�ß�×AÜ�ßnÓ]ÞÕß�Ü�êúÙvÚ#Þ�æA×�Ñ>Ö!Ó]Þ>ß¹Ö]ßvÞ>ß�×>æ*ð�ÒnÜÝÞnÓ6×AÜÝÛÝæ!ð Ö1ß�Ò�ÑnåCÑnðußnÔÕßnð�Ü�Ò��
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C�D'EGF<H#IJDLK@MONGPQDLF@R%SLK<S'T�HVU�WLNXR#NZYGSL[GNGK\YGD�]�R#UGU�S�D�]�^`_�a�Y�R#U�]\b µ D�]>EcHVdeF@YGDfEcDLF<T�DLFBbgD'h ¼ ]>K<iLF<D
YGD�]fF/R ¼ HVU�]'T�H`]>h�dgj*N�D�]kY µ NGbeK>F/R2l)R#NGK<DmSLU�DLF>P`dgD`noC�D�]kYGHVUGU�S�D�]pRVT�TLNGh"NGbgS�D�]BIJN�]<j�N µ R#bgHVF<]']<DLh"[GbqR#dgDLU*K
deU�Y�dgj�N�DLFrb µ Dts�dg]>K<DLU�T�DAYGDuF/R ¼ HVU�]�T�H`]>h�dgj�N�D�]vEcHVNGw`R#U�K�R#K>K<DLdeU�Y�F<DxYGD�]rSLU�DLF>P`dgD�]vDts�K>F<yLhfD�]�azb µ DtszEcSLF>dgDLU�T�D
{;b ¼ µ ]o| ¼ DOR ¼ R#U�KvhfyLhfDOHV[�]/DLF>wQS}NGU'SLwQSLU�DLhfDLU*K�Y µ SLU�DLF>P`dgDOD�]>K>dehfS�D ´"~ n ½ × � _ 20 D���� ��^���n��rDLE�DLU�Y�R#U*K�a
bgD�U�HVhB[GF<D%YGD%F/R ¼ HVU�]pT�H`]>h�dgj*N�D�]'Y µ NGbeK>F/R�l)R#NGK<D!SLU�DLF>P`dgD%HV[�]<DLF>wQS�]'F<D�]>K/R#deK�[�D�R#N�T�HVNGE�K>F<HVE���R#de[GbgD
E�HVNGF7EcHVNGwQHVdeF4SLK>N�Y�dgDLFob µ HVF>deP`deU�DuDLK7bqRAU)R#K>NGF<D}Y�NkF/R ¼ HVUGU�DLhfDLU�K�T�H`]>h�dgj*N�D}Y�R#U�]�T�DLK>K<D}P�R#h�hfDuY µ SLU�DLFJ�
P`dgD`n�C�R�T�HVU�T�DLEGK>dgHVU!Y µ NGUmP`deP�R#U*K<D�]<j�N�DBYGSLK<D�TLK<DLNGF}��NGKuR#bgHVF<]}bqR#U�W�S�D`a�T�DLbeNGd���TLd�YGDLw`R#deK}NGK>debedg]<DLF}bgD�]OYGDLN�s
K<D�T<lGUGdgj*N�D�]BYGDkhfD�]>NGF<D�]\YGD�]-PQDLF>[cD�]\R#K>hfH`]>EGl�SLF>dgj*N�D�]\T�HVUGU�N�D�] ´ b µ SLEcH*j*N�D���bqR���N�HVF<D�]<T�DLU�T�D�DLK"bgD�]
F<S�]<D�R#N�s�YGD-YGSLK<D�TLK<DLNGF<]AYGD-]>NGFJ��RVT�D`n�C�D"EGF<H#IJDLK�MuNGPQDLFuD�]<KORVTLK>N�DLbebgDLhfDLU�KANGU�D-T�HVbebqR#[cHVF/R#K>dgHVU%deU*K<DLF>U)R��
K>dgHVU)R#bgD�F<SLNGUGdg]<]/R#U*K4EGbeN�]oYGD ~ _`_AEGl ¼ ]>dgTLdgDLU�]rDLK�deUGPQSLUGdgDLNGF<]rYGD�E)R#F>K�bgD�hfHVU�YGDOY�R#U�]�NGUkDt��HVF>K4T�HVUVI>HVdeU�K
E�HVNGF}YGSLK<DLF>h�deU�DLFObgDA��N�s�a�bqR\U)R#K>NGF<D"DLK�b µ HVF>deP`deU�D"YGD�]}F/R ¼ HVU�]uT�H`]<h�dgj�N�D�]OY µ NGbeK>F/R@l)R#NGK<D-SLU�DLF>P`dgD`n

�OUkYGD�]4HV[�I>D�TLK>d���]4EGF>deU�TLdeE)R#N�s'YGD�b µ�� [�]<DLF>w`R#K<HVdeF<D ¹ dgDLF>F<DuMONGPQDLF���j*N�D�b µ HVU'U�HVh�hfDLF/RBR#N�]<]<d ��¹ Mx�
D�]>KAYGD"hfD�]>NGF<DLF-R�wQD�TBEGF<S�TLdg]<dgHVU!bgD\]>EcD�TLK>F<DBY µ SLU�DLF>P`dgD�YGD�]�F/R ¼ HVU�]xT�H`]>h�dgj�N�D�]AYGD 1019 D���IJN�]<j*N µ R#N�s
SLU�DLF>P`dgD�]oDts�K>F<yLhfD�]�nzC�D�]rYGHVUGU�S�D�]rDts�EcSLF>dehfDLU�K/R#bgD�]rF<S�T�DLU�K<D�]v]<DLhB[GbgDLU�K�yLK>F<DODLU�YGS�]/RVT�T�HVF<YpR#N']>NVI>DLKoYGD
b µ Dtszdg]<K<DLU�T�DOY µ NGU�DAT�HVNGEGNGF<D ´ l)R#NGK<D�SLU�DLF>P`dgDAY�R#U�]rbgDA]>EcD�TLK>F<DB�z�udeF<D�]Aazj�NGd�NGK>debedg]<DObqRBK<D�T<lGUGdgj*N�D�YGD�bqR
��N�HVF<D�]<T�DLU�T�D`a�HV[�]<DLF>wQD@NGU�D@T/l�NGK<D�[GF>NGK/R#bgDfY�N!��N�sX� Y _��oR#bgHVF<]xj�N�D@Mu AMx¡zM¢a�j*NGd£NGK>debedg]<D@NGU¤F<S�]<D�R#N
YGDuYGSLK<D�TLK<DLNGF<]�R#N']/HVb�a*R�¥fF>hfD�HV[�]<DLF>wQDLFrYGD�]rSLwQSLU�DLhfDLU�K<]}R#N�YGDLb ´ YGD 1020 D����§¦���n�C µ���¹ M¨EcDLF>hfDLK>K>F/R
YGDOT�HVh�EGF<DLU�Y�F<D�b µ HVF>deP`deU�DAYGD�T�DOYGS�]/RVT�T�HVF<YpDLUpSLK/R#[Gbedg]<]/R#U*KrNGU�DOEGF<HzT�S�Y�NGF<DOY µ D�]>K>dehkR#K>dgHVU�YGDOb µ SLU�DLF>P`dgD
NGK>debedg]/R#U�K�R#N�hkR�szdehBNGh©bgD�]�deU���HVF>hkR#K>dgHVU�]uYGD�]uYGDLN�spK ¼ EcD�]}YGDxYGSLK<D�TLK<DLNGF<]�n

C�R�YGSLK<DLF>h�deU)R#K>dgHVU�Y�Nª]>EcD�TLK>F<D@Y µ SLU�DLF>P`dgD�YGD�]AF/R ¼ HVU�]-T�H`]>h�dgj*N�D�] ´ NGbeK>F/R�l)R#NGK<D�SLU�DLF>P`dgDBF<DLK>dgDLU*K
]<HVNGwQDLU�K'b µ R#K>K<DLU�K>dgHVU«YGD¬bqRªT�HVh�hBNGU)R#NGK<S%]<TLdgDLU*K>d�)j�N�D`aoT�DLE�DLU�Y�R#U*KkbgD¬EcHVK<DLU�K>dgDLbAYGD¬b µ�� [�]<DLF>w`R#K<HVdeF<D
¹ dgDLF>F<D"MONGPQDLFOD�]<K}[GdgDLUmEGbeN�]uwVRV]>K<D"DLKuEcDLF>hfDLK>K>F/RfY µ SLK>N�Y�dgDLF�K<HVNGK<D-NGU�D-Y�dewQDLF<]>deK<SBYGD"YGHVhkR#deU�D�]�YGD-bqR
EGl ¼ ]>dgj*N�D`a�YGDLEGNGdg]-bgD�]"deU�K<DLF/RVTLK>dgHVU�]B��HVU�Y�R#hfDLU*K/R#bgD�]BYGD�]"E)R#F>K>dgTLNGbgD�]}IJN�]<j*N µ R#N�sªEGF<H*T�D�]<]<N�]"RV]>K>F<HVEGl ¼ �
]>dgj*N�D�]�n
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C�D'EGF<H#IJDLK�MONGPQDLFf»mSLK<S�T�HVU�WLNZE�HVNGF�SLK>N�Y�dgDLF@bgD�]\F/R�¼QHVU�]�T�H`]>h�dgj*N�D�]@Y�½ NGbeK>F/Rml)R#NGK<DpSLU�DLF>P`dgD¬DLU
EGF<H�wQDLU)R#U�T�D}YGDrK<HVNGK<DvbqRA]>EGl�iLF<DvT�SLbgD�]>K<Dx�#bqRAT�HVU�]>K>F>N�TLK>dgHVUfY�Nf]<deK<Dr]<N�Y\DLU�MOF>PQDLU�K>deU�D}]/DLF/ROYGHVU�T�]<NGdew*dgD
E)R#FxT�DLbebgDfY�Nª]>deK<D@U�HVF<Yª]>deK>N�S@Y�R#U�]xbgDk�rHVbgHVF/RVYGHGn�C�½¾HV[�]/DLF>wVR#K>dgHVU�YGD�]xYGDLN�s!l�SLh�dg]>EGl�iLF<D�]-EcDLF>hfDLK>K>F/R
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Y�½¾SLK>N�Y�dgDLF}YGD�]rHV[�I>DLK<]�RV]>K>F<HVEGl�¼�]>dgj*N�D�]�T�HVh�EGbgiLK<DLhfDLU�K<]OY�d��cSLF<DLU*K<]�aGT�HVh�hfD�E)R#FvDtsGDLh�EGbgD�bgDAT�DLU�K>F<DxYGD
bqRx��HVdgDuC�RVTLK<S�DOwzdg]>de[GbgDOYGDLEGNGdg]4b�½ l�SLh�dg]>EGl�iLF<DA]>N�Y'HVNkb�½§R#hkRV]rYGDuP�R#bqR�s�dgD�]rYGD}��deF>PQHGa�[cD�R#N�T�HVNGE'h�dgDLN�s
w*dg]>de[GbgDuYGDLEGNGdg]4b�½ l�SLh�dg]>EGl�iLF<D�U�HVF<Y!��T�HVh�EGK<DuK<DLU*N�YGDubqRxbqR#K>deK>N�YGDuY�N�]>deK<DuMONGPQDLFo]<N�Y)�tn�C�R"T�HVNGwQDLF>K>NGF<D
K<HVK/R#bgD�Y�N"TLdgDLb�]<DLF/RuR#N�]<]>dQY�½ NGU-deU*K<SLF<yLK�hkR�I>DLNGF�E�HVNGF�b�½¾SLK>N�YGD4YGD�]�R#UGdg]<HVK>F<HVEGdgD�]�YGD�]�Y�deF<D�TLK>dgHVU�];Y�½§R#F>F>dewQS�D
YGD�]�F/R�¼QHVU�]OT�H`]>h�dgj�N�D�]�a)R#N�s�P`F/R#U�YGD�]OT�HVh�hfD"R#N�spE�DLK>deK<D�]OS�T<l�DLbebgD�]�n

�ol)RVTLNGU�YGD�]"]<deK<D�]-YGHVdeK-EcDLF>hfDLK>K>F<DfbqRpYGSLK<D�TLK>dgHVUÅY�½ NGUÅU�HVh"[GF<D']>N�¥k]/R#U�KBY�½¾SLwQiLU�DLhfDLU�K<]�»�NGbeK>F/R
l)R#NGK<D\SLU�DLF>P`dgD�Y�R#U�]�bqR'wzdeUGP`K/R#deU�D\Y�½§R#UGU�S�D�YGDB��HVU�TLK>dgHVUGU�DLhfDLU�K-deh�E)R#F>K>dgD�R#N¤EGF<H#I>DLK�n�C�RkK>F<i�]���R#de[GbgD
wVR#bgDLNGF�Y�NZ��N�sÆYGD�]@F/R�¼QHVU�]kT�H`]>h�dgj*N�D�]f»!T�D�]�SLU�DLF>P`dgD�]fDts�K>F<yLhfD�]�a7YGDpb�½¾HVF<Y�F<D¬Y�½ NGU�DpE)R#F>K>dgTLNGbgD¬E)R#F
Ç debgHVhfiLK>F<DrT�R#F>F<S4DLK�E)R#F;]>dgi�TLbgDr»

1020 D��\a�deh�E�H`]/D4YGHVU�T4YGDrT�HVU�]>K>F>NGdeF<DoNGU�D�deh�EcH`]/R#U�K<Dr]>NGFJ��RVT�D4Dt��D�TLK>dewQD
YGD�YGSLK<D�TLK>dgHVU�n�C�D�]"T�R#F/RVTLK<SLF>dg]>K>dgj�N�D�]\YGD�]-]>deK<D�]BHVÈ2]<HVU�Kp��HVÈ�]<DLF<HVU*K-E�HVNGF"bgD�]>deK<D�U�HVF<Y)��deU�]>K/R#bebgS�]"bgD�]
YGSLK<D�TLK<DLNGF<]4]<HVU*K4Y�dgTLK<S�D�]�E)R#F7bqRAEGl*¼z]<dgj�N�D�j*N�D�b�½¾HVU�wQDLNGK4SLK>N�Y�dgDLFrDLK7E)R#F�bgD�]�T�HVU�Y�deK>dgHVU�]�K<D�T/lGUGdgj�N�D�]rYGD
F<S�R#bedg]/R#K>dgHVUfY�N�EGF<H#IJDLK�n`É;HVNGF�b�½ deU�]>K/R#bebqR#K>dgHVU'Y�N�F<S�]<D�R#NfYGDvYGSLK<D�TLK<DLNGF<]4YGD�]>NGFJ��RVT�D`a#bgDvEGF<HV[GbgiLhfD�F<DLw*dgDLU*K
»�K>F<HVNGwQDLFANGU�DBSLK<DLU�Y�N�D@Y�½§R#N¤hfHVdeU�] ~ _`_`_ Ç h 2 a)]<deK>N�S�D\»kNGU�D\R#beK>deK>N�YGD\bqRkEGbeN�]AT�HVU�]>K/R#U�K<D\EcH`]<]>de[GbgD`a
T�HVh�EGF>dg]<DpDLU�K>F<D � _`_`_mDLK � Y _`_#h�a7R��UZYGDkEcHVNGwQHVdeF�HV[�]<DLF>wQDLF@bgDkhkR�s�deh"NGhÊYGDpYGSLwQDLbgHVEGE�DLhfDLU*KfYGD�]
PQDLF>[�D�]uR#K>hfH`]<EGl�SLF>dgj�N�D�]�n

C�R¤bqR#K>deK>N�YGD%Y�NË]>deK<D�YGHVdeKkyLK>F<D�T�HVh�EGF>dg]/D�DLU�K>F<D ~ZY DLKf��_¤YGDLP`F<S�]fEcHVNGFfEcDLF>hfDLK>K>F<D�NGU�D¬[cHVUGU�D
T�HVNGwQDLF>K>NGF<D"Y�N%TLdgDLb�a)DLKub�½¾DLU�]<HVbgDLdebebgDLhfDLU*K�YGHVdeK�yLK>F<D"]>N�¥k]/R#U*K}EcHVNGF�R#bedehfDLU�K<DLF�bgD�]uTLNGwQD�]OYGHVU�KObgDxE)R#U��
U�D�R#N�]<HVbqR#deF<D���HVNGF>UGdeK�bqR@]/DLNGbgDAF<D�]<]<HVNGF<T�DxSLU�DLF>PQSLK>dgj*N�D`n�MÌT�DLbqR\debc��R#NGKuR�IJHVNGK<DLF�bgD�]�T�HVU*K>F/R#deU�K<D�]ObedgS�D�]u»
b�½¾HV[�]<DLF>wVR#K>dgHVU!YGDxbqR\��N�HVF<D�]<T�DLU�T�D'�GNGU%TLdgDLb�K>F/R#U�]>E)R#F<DLU�KADLK}EcDLN�U�N)R#PQDLN�smT�HVU*K<DLU)R#U�K�E�DLNmY�½§RVSLF<H`]/HVbg]
DLU!]>N�]<E�DLU�]>dgHVU-Í�NGU�D@R#[�]<DLU�T�DBYGD\EcHVbebeNGK>dgHVU%beNGh�deU�DLN�]/Dp��bgHVdeUªYGD�]�wzdebebgD�]Î�}R#deU�]>d£j*N�½ NGU!K<DLh�E�]�bgDBEGbeN�]
]<D�T}DLKo]<K/R#[GbgD}EcH`]<]>de[GbgD`nQÉ£R#F>h�d�bgD�]4K>F<HVdg]o]<deK<D�]�F<SLEcHVU�Y�R#U�K�»-T�D�]4TLF>deK<iLF<D�]rY�R#U�]ob�½ l�SLh�dg]>EGl�iLF<DO]<N�Y�a`b�½¾DLU��
P�R#PQDLhfDLU�KAY�N�PQHVNGwQDLF>U�DLhfDLU�KADLKOYGD�]�EGl*¼z]<dgTLdgDLU�]�R#F>PQDLU*K>deU�]�R\��R#deK}EcDLU�T<l�DLFObqR�[)R#bqR#U�T�D"DLU���R�wQDLNGFOY�N
]>deK<D�YGD�Ï!R#bqR#F>P`Ð�DODLUfMuF>PQDLU*K>deU�D`n�C�Du]>deK<D�]>N�YfYGDvb�½ � [�]<DLF>w`R#K<HVdeF<DuÉ�dgDLF>F<D}MuNGPQDLF4¼\D�]>K�DLUfT�HVU�]<K>F>N�TLK>dgHVU
»\b�½ l�DLNGF<D"RVTLK>N�DLbebgD`a)DLK}YGDLwzF/R#deKOR#K>K<DLdeU�Y�F<D"]ÎR@]>NGFJ��RVT�D��U)R#bgD"YGD ~ _`_`_ Ç h 2 »\bqRB�UmYGDAb�½§R#UGU�S�DBÑ`_`_ [ n
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C�R!hkR�I>DLNGF<D'E)R#F>K>dgDmYGD�]�SLwQiLU�DLhfDLU�K<]kYGSLK<D�TLK<S�]fE)R#F\b�½ � [�]/DLF>wVR#K<HVdeF<D�É�dgDLF>F<D¬MuNGPQDLF�EGF<H�w*dgDLUGU�DLU*K
Y�N�]<DLNGb4F<S�]/D�R#NÅYGDk]<NGFJ��RVT�D`a�bgD�]BSLwQiLU�DLhfDLU�K<]@l*¼*[GF>dgYGD�]BF<DLEGF<S�]<DLU�K/R#U*K@NGU�D���F/RVTLK>dgHVUÅYGDfb�½¾HVF<Y�F<D'Y�½ NGU
Y�deÔ�dgiLhfDxY�N�U�HVhB[GF<DxK<HVK/R#b�n���½¾D�]>K}YGHVU�T�bgDAYGSLK<D�TLK<DLNGFuYGDA]>NGFJ��RVT�D���j*N�D�b�½¾HVU¬U�HVh�hfDLF/R�R#N�]<]>d�¡zÕÌEcHVNGF
¡*NGFJ��RVT�D�ÕADLK<D�TLK<HVFÎ�xj*NGd7w`R�E�DLF>hfDLK>K>F<DfY�½¾HV[GK<DLUGdeFBNGU�D�]>K/R#K>dg]>K>dgj*N�D�deh�EcHVF>K/R#U�K<DfP`F/ÖVT�D'»p]<HVU2SLU�HVF>hfD
]>NGFJ��RVT�DxYGD"T�HVbebgD�TLK>dgHVU�n
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C�Df¡zÕ×D�]<K�T�HVU�]>K>deK>N�S@Y�½ NGU¤F<S�]<D�R#NªYGD ��Ø _`_']<K/R#K>dgHVU�]AdeU�YGSLE�DLU�Y�R#U*K<D�]xF<SLE)R#F>K>dgD�]x]>NGF�NGU�D\]<NGFJ��RVT�D
Y�½¾DLU�wzdeF<HVU ~ _`_`_ Ç h 2 a�bqR\hkR#debebgD-SLbgSLhfDLU�K/R#deF<D\Y�N¬F<S�]<D�R#NmSLK/R#U*K}NGU�K>F>dqR#UGP`bgD-S�j*NGdebqR#K<SLF/R#b�YGD � a Y Ç hÙYGD
T�ÚVK<S`n�C�RBY�dg]>K/R#U�T�D�DLU�K>F<D�YGDLN�sk]>K/R#K>dgHVU�]�R-SLK<SOT<l�HVdg]>dgD�YGD}hkR#UGdgiLF<Dx»-T�DOj�N�½ NGU�DOPQDLF>[cD}deUGdeK>dgS�DOE)R#F4NGU�D
E)R#F>K>dgTLNGbgDuEGF>dehkR#deF<DAY�½¾SLU�DLF>P`dgDA]>NGEcSLF>dgDLNGF<DOHVNpSLP�R#bgDA» � |�D��ÌK<HVN�T<l�DxR#N'hfHVdeU�]oK>F<HVdg]vTLNGwQD�]�a*T�HVU�Y�deK>dgHVU
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T�HVbebgS�]}]>NGF}NGUml�NG[GbgHVK}K>F/R#U�]>E)R#F<DLU*K�a)bgDLNGFuEGl�HVK<H*T�R#K>l�HzYGD"HVF>dgDLU*K<S�D-wQDLF<]�bgDA��HVU�Y�YGDAbqR�TLNGwQD`n)C�R\�P`NGF<D
~ n � F<DLEGF<S�]<DLU�K<D"NGU�D-]>K/R#K>dgHVUmY�N¬F<S�]/D�R#NmYGD-]>NGFJ��RVT�DxDLK}]<D�]}Y�dewQDLF<]OSLbgSLhfDLU�K<]�n

C�D}]<deP`U)R#b�D�]>K4Dts�K>F/R#deK4YGDvb�½§R#U�H*YGDuDLK4YGDvbqRxYGDLF>UGdgiLF<DuY�¼zU�HzYGD�YGD}T<l)RVj*N�D}É�ÏÆaQT�DLK>K<D}YGDLF>UGdgiLF<DOSLK/R#U�K
R#h�EGbed�)S�D'Y�½ NGUÆ��RVTLK<DLNGF\DLU*w*deF<HVU ~ _!R��UÆY�½¾HV[GK<DLUGdeF@NGU�D'bqR#F>PQDkP�R#h�hfD�Y�¼*U)R#h�dgj*N�D`a£]�½¾SLK<DLU�Y�R#U�K�YGD

8JãÎé#ë�ë�ê*ãÎñ�ñ`ßJä:9Jë<;>=�ë�ñVã<â�ä ãoë�é#ê¾á�ß



¿�Àg¿2���%��Á*������& ` �m��&��#Â��GÃQ� 	�	

j�N�DLbgj*N�D�]�EGl�HVK<HzSLbgD�TLK>F<HVU�]�IJN�]<j�N�½§»ODLU�wzdeF<HVU � _ 5 n�C�D�]£]>deP`U)R#N�s\]<HVU�K7DLU�]>NGdeK<D4�beK>F<S�];EGNGdg];S�T/l)R#U�K>debebgHVUGU�S�]
]>NGF � _"[GdeK<]r»"NGU�Du��F<S�j*N�DLU�T�DOYGDO��_BÏ%�OÔuE)R#FrNGU�T�HVU*wQDLF>K>dg]<]<DLNGF}R#U)R#bgHVP`dgj*N�Dt��U�NGhfSLF>dgj*N�D`n � U�HV[GK>dgDLU*K
R#deU�]>d;]<NGFubgD�] Ø wQHVdgD�]��rR#U�H*YGD@?�Y�¼zU�HzYGD × ~ É4Ï%]Î�}NGU¤]>deP`U)R#b�U*NGhfSLF>dgj�N�D�T�HVh�EGF>dg]ADLU*K>F<D@_'DLK � _`Ñ ~
E)R#F�deU*K<DLF>wVR#bebgD%��[GdeU���YGDfÑ Y U�]�n�¡*d7bqR'wQHVdgD�DLU2]<HVF>K>dgD@YGD@bqR�Y�¼zU�H*YGD�D�]>Kx]/R#K>NGF<S�D`a�T`½¾D�]<Kx»pY�deF<D�j*N�½ NGU
[GdeU¬E�H`]<]/i�YGDAbqR@wVR#bgDLNGF � _`Ñ ~ a)bqR\wQHVdgD"R#U�HzYGDxD�]>K}NGK>debedg]<S�D`n

�uU¨TLF>deK<iLF<D�YGD2YGS�TLbgDLU�T<l�DLhfDLU*K¤YGD¤EGF<DLh�dgDLF%UGdewQD�R#N �4( � �pD�]>KmR#EGEGbedgj*N�S2U*NGhfSLF>dgj�N�DLhfDLU*K¤R#N�s
]>deP`U)R#N�s2E�HVNGF\YGSLK<D�TLK<DLFBbgD�]\]>deP`U)R#N�s2EGl*¼z]>dgj*N�D�]�n)(�HVNGK<D�]@T�D�]"��HVU�TLK>dgHVU�]\]<HVU�K�RV]<]>NGF<S�D�]BE)R#F"bqRmT�R#F>K<D
SLbgD�TLK>F<HVUGdgj�N�D�YGDO{�F<HVU�K�|7U�Y�nzC�D�]rhfD�]>NGF<D�]oYGDOK<DLh�E�]r]<HVU�Ko��HVNGF>UGdgD�]rE)R#FobqR"T�R#F>K<Dx AÉo¡kj�NGd�E�DLF>hfDLKrbqR
]>¼*U�T/lGF<HVUGdg]/R#K>dgHVUªK<DLh�EcHVF<DLbebgD�YGDBb�½§RVT�j*NGdg]>deK>dgHVU2DLKxY�NªK>F/R#U�]J��DLF>KxYGD\YGHVUGU�S�D�]�n�C�R�T�R#F>K<D@NGUGd�)S�D����BA}�
PQiLF<DubgD�]4��HVU�TLK>dgHVU�]rK<DLbebgD�]vj*N�DubgD�YGS�TLbgDLU�T<l�DLhfDLU*KuYGDO]/D�T�HVU�YkUGdewQD�R#N2�4(}ÑQ�ta*b�½¾SLK/R#bgHVUGU)R#PQDxYGDubqR"]>K/R#K>dgHVU
DLKxbgD�]-T�HVh�h"NGUGdgT�R#K>dgHVU�]@R�wQD�TkbgDk�rÕ}MA¡�n�C�RpT�R#F>K<Df�3A RV]/]>NGF<D�SLP�R#bgDLhfDLU�KBbgD�T�HVU�K>F<ÚVbgDkYGD�]-K<DLU�]>dgHVU�]
R#deU�]>d7j�N�D@bqR�]>NGF>wQDLdebebqR#U�T�DfYGD@bqR�K<DLh�EcSLF/R#K>NGF<DfYGD�]xY�d���SLF<DLU�K<]BT�HVh�E�H`]/R#U*K<]-YGD@b�½¾SLbgD�TLK>F<HVUGdgj*N�Dm��T�R#F>K<D
{GF<HVU�Ku|�U�Y�a)É�Ï!]�nenen��tn

�ol)RVj�N�Dk]>K/R#K>dgHVUÅYGDLw`R#U�K"yLK>F<DkdeU�YGSLE�DLU�Y�R#U*K<D'SLU�DLF>PQSLK>dgj*N�DLhfDLU�K�a;YGDLN�sªE)R#UGU�D�R#N�s�]<HVbqR#deF<D�]"T/l)R#FJ�
PQD�R#U�K�T<l)RVTLNGUfYGDLN�s\[)R#K>K<DLF>dgD�]�YGD � Ñ#� EcDLF>hfDLK>K<DLU�K4YGDo��HVNGF>UGdeF7bgD�] � _�C U�S�T�D�]<]/R#deF<D�]�»Ob�½¾SLbgD�TLK>F<HVUGdgj*N�D`n
C�RA]>K/R#K>dgHVUkT�HVh�hBNGUGdgj�N�DuE)R#F4HVU�YGD�]7l�DLF>K>Ô�dgDLUGU�D�]vR�wQD�T�bgDO�rÕuMA¡BP`F/ÖVT�Du»A]ÎR�EGF<HVEGF<DOR#U�K<DLUGU�DuDLKo»A]<HVU
F<S�T�DLEGK<DLNGFOF/RVY�dgH�R#deU�]>d�j*N�½§R#N�s�F<DLbqR#dg]}EGbqRVT�S�]�DLU%Y�d���SLF<DLU�K<]�DLU�Y�F<HVdeK<]�Y�NmF<S�]<D�R#N�n%DÞb�D�]>KAR#deU�]>d�EcH`]<]>de[GbgD
Y�½¾DLU�wQH�¼QDLFAYGD�]}deU�]<K>F>N�TLK>dgHVU�]OR#N�s�TLNGwQD�]uYGDLEGNGdg]ObgDB�rÕ}Mx¡�aGE)R#FuDtsGDLh�EGbgD-EcHVNGF}F<SLdeUGdeK>dqR#bedg]<DLFONGU�D-TLNGwQD
HVN¬deU�]>K/R#bebgDLF}NGU�U�HVNGwQDLb�R#bePQHVF>deK>lGhfDBYGD-YGS�TLbgDLU�T<l�DLhfDLU*K�n

û£üòû£üFE GH
JILK������ILM�ÿ��4ÿ%�N�O
JI>
��	��+�*���P��Q���ÿ%IL�R�4ÿS������TUIV��ÿ

C�½ NGUGdeK<SAYGDuhfD�]<NGF<DOY�Np]>deP`U)R#bcYGSLK<D�TLK<S�Y�R#U�]rbgD�]rTLNGwQD�]vY�N¬¡zÕ D�]>KobgD�]>deP`U)R#bcYGSLE�H`]/SuE)R#FrNGU'hBN�HVU
K>F/R�wQDLF<]/R#U*K\wQDLF>K>dgT�R#bgDLhfDLU*K�bqR�TLNGwQD�DLUÅ]<HVUÆT�DLU�K>F<D`n£C�Dkh"N�HVUXYGSLE�H`]/DfbqR¬hfyLhfD�j*N)R#U�K>deK<SpY�½¾SLU�DLF>P`dgD
Y�R#U�]xb�½¾D�R#N�YGD�bqRpTLNGwQD`a�EGF<HVEcHVF>K>dgHVUGU�DLbebgDLhfDLU�Kf»�bqR�bgHVUGP`N�DLNGF\YGDf]<HVUªE)R#F<T�HVNGF<]�a�T�D�TLd4EGF/R#K>dgj�N�DLhfDLU*K
deU�YGSLE�DLU�Y�R#h�hfDLU*KoYGD�]<HVUfSLU�DLF>P`dgD�deUGdeK>dqR#bgD`a�T�Drj*NGdGEcDLF>hfDLK�Y�½ NGK>debedg]<DLF4T�DvEGF<HzT�D�]<]>N�]7T�HVh�hfD�F<St��SLF<DLU�T�D`n
�rDLK>K<D-NGUGdeK<S\YGD"]>deP`U)R#b;D�]>K�R#EGEcDLbgS�D"�A|�Ï EcHVNGFu��DLF>K>dgT�R#b£|�j*NGdewVR#bgDLU*K�Ï%N�HVU%DLKOE�DLNGK�]<D-hfD�]>NGF<DLFADLU
T�HVNGF/R#U�K

IVEM
HVN�DLU¬T<l)R#F>PQDxT�HVbebgD�TLK<S�D

QVEM
��deU*K<SLP`F/R#bgDxY�N¬T�HVNGF/R#U�KÎ�rDLU¬]<HVF>K>dgDAY�N�É4ÏÅa�DLU¬SLU�DLF>P`dgD

��Ñ�n§ÑmÏ!D��ÙTLh
−1× � Ñ`_mTLh'�-HVNÆDLU�T�HVF<D�DLUÅNGUGdeK<S�]@SLbgD�TLK>F<HVUGdgj*N�D�]¬��T�R#U)R#N�sÅY�½¾MOÕ-���tn;C�D'F<ÚVbgD'YGD'bqR

EGF<H*T�S�Y�NGF<DOY�½¾SLK/R#bgHVUGU)R#PQDOD�]>KrYGD}YGSLK<DLF>h�deU�DLFrbqRxw`R#bgDLNGF4Y�½ NGUk�A|�Ï¹DLUkNGUGdeK<S�]rSLbgD�TLK>F<HVUGdgj�N�D�]vR�wQD�TuNGU�D
[�HVUGU�DAEGF<S�TLdg]>dgHVU�n

C�R¬hfSLK>l�HzYGDpRVYGHVEGK<S�DkE)R#FBbqR�T�HVbebqR#[cHVF/R#K>dgHVUÆMONGPQDLF'� Y Ø �oNGK>debedg]<DkbgDf��N�s2DLU cos2(θ) YGD�]Bh"N�HVU�]
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R#K>hfH`]>EGl�SLF>dgj*N�D�]xK>F/R�wQDLF<]/R#U*K"bgD�]-]<K/R#K>dgHVU�]AE�HVNGF-D�]>K>dehfDLF"bqRkw`R#bgDLNGF-Y�Nª�A|�ÏÅn�C4½ lGdg]>K<HVP`F/R#h�hfDkYGD@bqR
T<l)R#F>PQD�F<S�T�HVbeK<S�D¬DLUX]<HVF>K>dgD�Y�½ NGUZÉ4Ï DLUZF<SLE�HVU�]/D�R#N�sÆh"N�HVU�]fR#K>hfH`]>EGl�SLF>dgj*N�D�]�DLUZEGF<H�wQDLU)R#U�T�D�YGD
K<HVNGK<D�]xbgD�]xY�deF<D�TLK>dgHVU�]-EGF<S�]/DLU�K<D�NGU2EGdgTf»�NGU�D@w`R#bgDLNGF-YGD�T<l)R#F>PQD

Qpeak
VEM

F<DLbedgS�Df»pT�DLbebgD�Y�N2EGdgT�YGD@bqR
Y�dg]>K>F>de[GNGK>dgHVU¤DLU!T/l)R#F>PQDBYGD�]Oh"N�HVU�]�wQDLF>K>dgT�R#N�s

QVEM
n)C�D\]>EcD�TLK>F<D"YGD"T/l)R#F>PQD@YGD�]uhBN�HVU�]OwQDLF>K>dgT�R#N�s

D�]>KkHV[GK<DLU*N�]>NGF'NGU�DmTLNGwQDmK<D�]>KkS�j*NGdeE�S�D%YGDmYGDLN�s ]<TLdeU*K>debebqR#K<DLNGF<]�]<deK>N�S�]kYGD�E)R#F>K�DLK'Y�½§R#NGK>F<D!YGD�bqR
TLNGwQD`a�R��UªYGD�]<SLbgD�TLK>dgHVUGU�DLFxbgD�]AK>F/R�IJD�TLK<HVdeF<D�]-h"N�HVUGdgj*N�D�]-wQDLF>K>dgT�R#bgD�]f� Y ¦���n�C�R'F<DLbqR#K>dgHVUÅR#deU�]<d£HV[GK<DLU*N�D
D�]>K

Qpeak
VEM = 1.05 ×QVEM

n

Mu�UkYGD}hkR#deU*K<DLUGdeFrb�½¾Dt¥kT�RVTLdeK<S�YGDuYGSLK<D�TLK>dgHVUpY�NkF<S�]/D�R#N�a�deb)D�]<K4U�S�T�D�]<]/R#deF<DOYGD}hkR#deU*K<DLUGdeFrbgD�]o]<DLNGdebg]
YGDAYGS�TLbgDLU�T<l�DLhfDLU�K<]ObgHzT�R#N�s¤�4( � DLKX(}ÑQ�oY�R#U�]�T<l)RVj*N�Dx]>K/R#K>dgHVUm»\YGD�]vwVR#bgDLNGF<]�]>K/R#[GbgD�]�DLK�T�HVUGU*N�D�]�nGC�D
EGdgT"YGDBb�½ lGdg]>K<HVP`F/R#h�hfD@Y�N!T�HVNGF/R#U*KxYGD�]uhBN�HVU�]AR#K>hfH`]<EGl�SLF>dgj�N�D�]

Ipeak
VEM

D�]<KuNGK>debedg]<S\T�HVh�hfD\NGUGdeK<SBYGD
F<St��SLF<DLU�T�DkE�HVNGF"Gs�DLFBbgD�]B]/DLNGdebg]"YGD�]\YGS�TLbgDLU�T<l�DLhfDLU�K<]�n

Ipeak
VEM

D�]>KBSLP�R#bgDLhfDLU*K@F<DLbedgS'»
IVEM

E)R#F"NGU�D
F<DLbqR#K>dgHVUm]>deh�debqR#deF<D"»fT�DLbebgD-]>NGF�EcHVF>K/R#U�Ku]>NGF�bqRfT<l)R#F>PQD`n

C�RmEGF<H*T�S�Y�NGF<DpY�½¾SLK/R#bgHVUGU)R#PQDpYGD�]@]>K/R#K>dgHVU�]@D�]>KBYGHVU�T�bqR%]>NGdew`R#U�K<D!��bqRmEGF<DLh�dgiLF<DpSLK/R#E�D�T�HVU�]>dg]>K<D
»'Gs�DLF"bqRpwVR#bgDLNGFBYGD

Ipeak
VEM

» Y _¬T�R#U)R#N�s2MOÕ-�ôEGNGdg]B»�R�I¯N�]<K<DLF-bgD@P�R#deUÅYGD�]-É4Ï%]-YGDfhkR#UGdgiLF<D'»¬T�D
j�N�DfbgD�K/R#N�s�YGDfT�HVh�EGK/R#PQDpR#N���YGD�]<]>N�]"YGD � Y _�T�R#U)R#N�s�M�Õ-� ]<HVdeK"SLP�R#bv» � _`_��OÔQn��rD�]BwVR#bgDLNGF<]BHVU�K
SLK<S¬YGSLK<DLF>h�deU�S�D�]kP`F/ÖVT�D%»¤YGD�]�hfD�]>NGF<D�]fDt��D�TLK>N�S�D�]k]>NGF�NGU�DmTLNGwQDpK<D�]>KkYGHVU�KkbgDpP�R#deU YGD�]fÉ�Ï!]fD�]>K
T�HVUGU�N�n*C�RAF<SLEcHVU�]<D}YGD�]4É4Ï%]7EcHVNGw`R#U�KoSLwQHVbeN�DLFvR�wQD�TubqRAK<DLh�E�SLF/R#K>NGF<D`a�bqRAw`R#bgDLNGF4YGD

Ipeak
VEM

D�]>KoR�IJN�]>K<S�D
bgH*T�R#bgDLhfDLU*K�DLKAR#NGK<HVhkR#K>dgj�N�DLhfDLU*KxE�HVNGFOT<l)RVj*N�DBTLNGwQD\R��U!YGDBT�HVh�E�DLU�]<DLFONGU�D"SLwQDLU*K>N�DLbebgDBw`R#F>dqR#K>dgHVU
YGDxF<SLEcHVU�]<D��)»@K>deK>F<D-Y�½¾DtsGDLh�EGbgD`a�bqR�wVR#bgDLNGF}hfH�¼QDLUGU�DBYGD

Ipeak
VEM

]>NGF�bgDxF<S�]<D�R#NmD�]<KuYGDx� Ø ± �kT�R#U)R#N�s�a
T�Dxj�NGd�D�]>K�NGU�Dxw`R#bgDLNGF}E�DLN%SLbgHVdeP`U�S�D"YGD�] Y _�T�R#U)R#N�s¬deUGdeK>dqR#N�s�n��rDLK>K<DxEGF<HzT�S�Y�NGF<D-EcH`]<]<i�YGDAb�½§R�wVR#U*K/R#PQD
Y�½¾yLK>F<D}]>deh�EGbgD`aVF<HV[GN�]>K<D`a*R#deU�]>d)j*N�DvK>F<i�]7NGUGd���HVF>hfDu]>NGF7b�½¾DLU�]<DLh"[GbgDOY�N�F<S�]<D�R#N�nQC�R-YGSLK<DLF>h�deU)R#K>dgHVU'YGD�bqR
wVR#bgDLNGFrY�N

Qpeak
VEM

YGDuT/l)RVj�N�D�]>K/R#K>dgHVUpD�]>K4Dt��D�TLK>N�S�DOYGD}��RVW�HVU'F<SLP`NGbedgiLF<DOE)R#FobgD��rÕ}Mx¡�DLU'F<S�R#bedg]/R#U�KvNGU
R�I¯N�]<K<DLhfDLU�KxYGD"b�½ lGdg]<K<HVP`F/R#h�hfD�YGDBT/l)R#F>PQD�]>K<H*T Ç S"K<HVNGK<D�]AbgD�]�h�deU*NGK<D�]AE)R#FObqR�]>K/R#K>dgHVU�n�C�R'EGF<S�TLdg]>dgHVU
HV[GK<DLU�N�DBP`F/ÖVT�DB»kT�DLK>K<D-EGF<HzT�S�Y�NGF<D"Y�½¾SLK/R#bgHVUGU)R#PQD@D�]>KuYGD"b�½¾HVF<Y�F<D"YGD ~ZY EcHVNGFubgD�]}w`R#bgDLNGF<]�YGD

QVEMDLK
IVEM

n

C�D�]"R#NGK>F<D�]-E)R#F/R#hfiLK>F<D�]-U�S�T�D�]<]/R#deF<D�]"E�HVNGF-Dts�EGbgHVdeK<DLF-bgD�]>deP`U)R#b�]/HVU�K-bgD�]Aw`R#bgDLNGF<]-YGD�]xEGdgS�YGD�]>K/R#N�s
YGD�T<l)RVTLNGU�D'YGD�] Ø wQHVdgD�]"R#deU�]>d�j*N�D�bgD@P�R#deU2F<DLbqR#K>d��}DLU*K>F<D�bqR�wQHVdgDfY�¼zU�H*YGDfDLKxbqR¬wQHVdgDfR#U�H*YGDfj*NGd�D�]>K
YGSLK<DLF>h�deU�S"»fÑ Y EGF<i�]�n
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C�Df]>¼�]>K<iLhfD�YGDfYGS�TLbgDLU�T/l�DLhfDLU�K�Y�NÆ¡zÕ R¬SLK<SfT�HVU�WLN�E�HVNGF-EcDLF>hfDLK>K>F<DfbqRpYGSLK<D�TLK>dgHVUZYGD�]xF/R�¼QHVU�]
T�H`]>h�dgj�N�D�]kY�R#U�]fNGU�D¬P`F/R#U�YGDmP�R#h�hfD�Y�½¾SLU�DLF>P`dgDmDLKfEcHVNGFfK<HVNGKfbgD�]'R#UGP`bgD�]kY�½ deU�TLdgYGDLU�T�D�]�nv¡zHVUËF<ÚVbgD
D�]>KkYGD�]<SLbgD�TLK>dgHVUGU�DLF'bgD�]kSLwQSLU�DLhfDLU*K<]'EGl*¼z]<dgj�N�D�]'Y�NË[GF>NGdeK'YGDp��HVU�YËK<HVNGK'DLUËP�R#F<Y�R#U�K�NGU K/R#N�sËYGD
YGS�TLbgDLU�T<l�DLhfDLU�K¤RVT�T�DLEGK/R#[GbgD`n�C�D!EGF<H*T�D�]/]>N�]pYGD!YGS�TLbgDLU�T/l�DLhfDLU�KmD�]<K�lGdgSLF/R#F<T/lGdgj�N�DX�rdebADtszdg]<K<D!YGDLN�s
UGdewQD�R#N�smYGD"YGS�TLbgDLU�T<l�DLhfDLU*K'�4( � DLK3(}ÑQ��Y�deK<]ObgH*T�R#N�smT�R#FAYGS�TLbgDLU�T<l�S�]xR#N!]<DLdeU%YGDBT<l)RVj*N�DB]>K/R#K>dgHVU¤DLK
NGU'UGdewQD�R#N¬YGDAYGS�TLbgDLU�T<l�DLhfDLU*KuT�DLU�K>F/R#b'( ~ YGS�TLbgDLU�T<l�SAE)R#FrbgD-�rÕ}Mx¡kj*NGd�F<D�T<l�DLF<T<l�DAE)R#F>h�d�bgD�].(}ÑBYGD�]
T�HVU��P`NGF/R#K>dgHVU�]�PQS�HVhfSLK>F>dgj*N�D�]7E�H`]/]<S�Y�R#U�K£NGU�D�T�HVh�E)RVTLdeK<S�h�deUGdehBNGh�nQC�HVF<]7YGDvb�½§R#U)R#be¼�]<DvYGD�]7YGHVUGU�S�D�]�a
YGDLN�s\R#NGK>F<D�];UGdewQD�R#N�s\YGDrYGS�TLbgDLU�T<l�DLhfDLU�Ko]<HVU�K7Dts�dePQS�];R��U�YGDr]<SLbgD�TLK>dgHVUGU�DLF£bgD�];SLwQSLU�DLhfDLU*K<]7EGl�¼�]>dgj*N�D�]
�4(v�*�4DLK�Y�½§RV]<]<NGF<DLFvj*N�D�bqRBF<D�T�HVU�]>K>F>N�TLK>dgHVU�D�]>K�T�HVF>F<D�TLK<Df�4( Y �tn�C�DA]>¼z]<K<iLhfD�YGDAYGS�TLbgDLU�T/l�DLhfDLU�KOY�Nm¡zÕ
D�]>K}YGS�TLF>deKuYGD���RVW�HVUmYGSLK/R#debebgS�D"Y�R#U�]-� Y\[ ��n

,6-0/.1 ~ n§Ñ 2ba DLEGF<S�]<DLU*K/R#K>dgHVU%Y�½ NGU�DxEcHVF>K>dgHVUmYGDAF<S�]<D�R#N�EcH`]<]<S�Y�R#U*K}NGU�D-]>¼zhfSLK>F>dgDAl�Dts�R#PQHVU)R#bgD`n

M}�U¤YGD\EGF<S�TLdg]<DLFxbgD�]AT�HVU�wQDLU*K>dgHVU�]-NGK>debedg]<S�D�]AEcHVNGFxYGS�TLF>deF<DBbgD�]xT�HVU��P`NGF/R#K>dgHVU�]-PQS�HVhfSLK>F>dgj�N�D�]-j*N�D
��HVF>hfDLU*K}bgD�]�]>K/R#K>dgHVU�]�K<HVN�T/l�S�D�]�a�bqRB�P`NGF<D ~ n§Ñ@debebeN�]<K>F<DANGU�DAE�HVF>K>dgHVUmY�N¬F<S�]/D�R#N�YGDx]>NGFJ��RVT�DAEcH`]<]<S�Y�R#U*K
NGU�D}]>¼zhfSLK>F>dgD�l�DtsGR#PQHVU)R#bgD`nzÉ;HVNGF4bqRxTLNGwQD}T�DLU*K>F/R#bgD`a�bqRxEGF<DLh�dgiLF<DuT�HVNGF<HVUGU�D�D�]>K4YGSt�UGdgD�E)R#FobgD�EGF<DLh�dgDLF
l�DtsGR#PQHVU�D-��HVF>hfS"E)R#FubgD�] Ø ]>K/R#K>dgHVU�]ObgD�]}EGbeN�]OEGF<H*T/l�D�]�a�bqRkYGDLN�szdgiLhfD\T�HVNGF<HVUGU�DBDLU*K<HVNGF<D"bqRfEGF<DLh�dgiLF<D
DLKBR#deU�]>doYGD']>NGdeK<D`n�C�D�]BT�HVU��P`NGF/R#K>dgHVU�]@YGDk]<K/R#K>dgHVU�]B]<HVU*KBYGSt�UGdgD�]BE)R#F"bqR�U�HVK/R#K>dgHVU

iCj
HVÈ

i
D�]>KBbgD

U�HVh"[GF<D@YGD"]>K/R#K>dgHVU�]AY�R#U�]ObqRfT�HVNGF<HVUGU�D
j
DLKubgD�]�T�HVNGF<HVUGU�D�]AdeU���SLF>dgDLNGF<D�]�a)bqRk]>K/R#K>dgHVU!T�DLU*K>F/R#bgD\deU�TLbeN�D`n
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É;R#FBDts�DLh�EGbgD`a�bgD�]"T�HVU��P`NGF/R#K>dgHVU�]\ÑQ� �ed ~ �vÑ�T�HVF>F<D�]>E�HVU�YGDLU*K\»¬R#NªhfHVdeU�]BYGDLN�s¤]>K/R#K>dgHVU�]"wQHVdg]>deU�D�]
Y�R#U�]�bqR�EGF<DLh�dgiLF<DªT�HVNGF<HVUGU�DªDLKpNGU�D!K>F<HVdg]>dgiLhfDª]>K/R#K>dgHVU«EcHVNGwVR#U*K�]<D!]>deK>N�DLF\I¯N�]<j*N�½§»�bqRÅYGDLN�s�dgiLhfD
T�HVNGF<HVUGU�D`n

C�D�]}T�R#F/RVTLK<SLF>dg]<K>dgj�N�D�]�YGD�]}Y�d���SLF<DLU�K<]uYGS�TLbgDLU�T/l�DLhfDLU�K<]A]<HVU*K}bgD�]}]>NGdew`R#U�K<D�]B�

��� ` Á�Ã�õ��gf�Ã_h��gi2�gf�� ` � a �#��iÅ�����jf��ò������&lknmfÄ�o EcDLNGK�yLK>F<DBF<S�R#bedg]<SBE)R#F�YGDLN�s!T�HVU�Y�deK>dgHVU�]xY�d��cSt�
F<DLU�K<D�]\�GbgD-]>deP`U)R#b;YGD-T<l)RVTLNGU¤YGD�]}K>F<HVdg]�É�Ï!]uYGSLE)RV]<]/DxNGU%]<DLNGdeb�YGD � a [�Y �A|�Ï DLUmT�H_p�U�TLdgYGDLU�T�D\HVNmbgD
]>deP`U)R#b4Y�½§R#NÅhfHVdeU�]BYGDLN�s2É�Ï!]"YGSLE)RV]<]/D'_�a§Ñp�A|�Ï E�DLU�Y�R#U*KBEGbeN�]BYGD � Ñ¬T�R#U)R#N�s�n�ÕxR#U�]"bgDfEGF<DLh�dgDLF
T�RV]�a�bgDb( � D�]>K@SLK>dgj�N�DLK>K<S�ö
Ø1Þ>ß�Ò�Ø6æ!êúÖQa;Y�R#U�]\bgD�]<D�T�HVU�YZT�RV]fö ãâö EcHVNGFH(vdehfD � wQDLFq(vlGF<D�]>l�HVbgY�n£C�D
K/R#N�s2YGDfYGS�TLbgDLU�T<l�DLhfDLU*K@Y�Nr( � D�]>K-Y�½¾DLU�wzdeF<HVU � _`_¬�uÔQa�YGHVh�deU�S�E)R#F"bgDs(vlGF<D�]<l�HVbgY � ' � _`_¬�OÔ���bgD
( � (ÌR�¼�R#U*KuNGU�D���F<S�j�N�DLU�T�D"Y�½¾DLU�wzdeF<HVU � a Ø �OÔQn

MON UGdewQD�R#N«Y�Nt( � aobqR2]>K/R#K>dgHVU�U�D%T�HVU*K>F>de[GN�D%E)RV]p»¤��HVF>hfDLFkNGU«YGS�TLbgDLU�T<l�DLhfDLU*K�T�DLU�K>F/R#bAhkR#dg]
E�HVNGF>F/R\EGF<DLU�Y�F<D"E)R#F>KO»\NGUmSLwQSLU�DLhfDLU*KO]>d�NGUmYGS�TLbgDLU�T/l�DLhfDLU�K"( ~ D�]>Kv��HVF>hfS`n

,.-F/.1 ~ n ~ 2 |7s�DLh�EGbgDxY�½ NGU�]>deP`U)R#b�wQSLF>d��R#U*KubqR\T�HVU�Y�deK>dgHVUN(}Ñu(vlGF<D�]>l�HVbgYÅ��R#N¬hfHVdeU�] � [GdeUmR#N���YGD�]<]>N�]YGD � n [�Y �A|�Ï¤�rDLUml)R#NGK�a�DLKX(}Ñq( � (¨DLU�[)RV]B��R#N¬hfHVdeU�] � ~ [GdeU�]uR#N���YGD�]/]>N�]}YGD"_�n§Ñ\�A|�Ïª�tn
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��� ` Á*Ã�õ���f�Ã�h���i���f�� ` ������Ã���f ` f;�ò���*��&wknm�_>o D�]>K�F<S�R#bedg]<S¬]>d�bqRª]<K/R#K>dgHVUË]/R#K>dg]J��R#deKkR#N TLF>deK<iLF<D
( � ( ��Y�R#U�]fT�DpT�RV]�bgDx( � ( � (ÙD�]>K@EGF<HVh"N�R#NGK<HVhkR#K>dgj*N�DLhfDLU�K�DLU�(}Ñy( � (u�\HVNË]>dvbgD¬]>deP`U)R#b}YGD
T<l)RVTLNGUªYGD�]AK>F<HVdg]AÉ�Ï%]AYGSLE)RV]<]/D"NGUª]<DLNGdeb£YGD ~ a§Ñf�A|�Ï´DLUªT�H_p�U�TLdgYGDLU�T�D��+(}Ñb(vlGF<D�]<l�HVbgY)�tn�C�DBK/R#N�s
YGDxYGS�TLbgDLU�T<l�DLhfDLU�KxY�N*(}Ñ�D�]<K}Y�½¾DLU�wzdeF<HVU!Ñ`_@�OÔQa�YGHVh�deU�S-DLU�T�HVF<DxNGU�DA��HVdg]�E)R#F�bgDz(vlGF<D�]<l�HVbgY�n

��� ` Á�Ã�õ���f�Ã_h��gi2��f�� ` �B���#�������0{gi2�sf;�q������&SknmB¿Lo D�]>K£PQSLU�SLF<SvE)R#F£bgDrF<S�]<D�R#N�YGDv]>NGFJ��RVT�DvHVN�E)R#F£bqR
��N�HVF<D�]<T�DLU�T�D`n�C�D|( ~ E�DLNGK�yLK>F<D�w`R#bedgYGS}YGD}YGDLN�s\��RVW�HVU�]}�`bqR�EGF<DLh�dgiLF<DuD�]<K4R#EGE�DLbgS�D ~ ( � ( DLK4YGDLhkR#U�YGD
R#N�hfHVdeU�] ~ ]>K/R#K>dgHVU�]}R�¼�R#U�KuYGS�TLbgDLU�T/l�SxNGUj( � («DLUpT�H_p�U�TLdgYGDLU�T�D"Y�R#U�]vNGU�D�T�HVU��P`NGF/R#K>dgHVU%T�HVh�E)RVTLK<D
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SLwQSLU�DLhfDLU�K<]�E)R#F-I>HVNGF'DLK'E)R#FkK>F>dqR#UGP`bgD!S�j�NGdebqR#K<SLF/R#b
YGD ~ ]>K/R#K>dgHVU�]AHVE�SLF/R#K>dgHVUGU�DLbebgD�]�n�C�D@TLF>deK<iLF<D\Y�N ~ ( � ( D�]>K�K>F<i�]�Dt¥kT�RVT�D\EcHVNGFObgD�]�PQDLF>[cD�]O��R#de[GbgDLhfDLU*K
deU�TLbedeU�S�D�]@�

θ < 60◦
�xa)deb;]/SLbgD�TLK>dgHVUGU�DBDLU*w*deF<HVU2^`_ Y Y�½¾SLwQSLU�DLhfDLU�K<]xEGl*¼z]<dgj�N�D�]�n�C�D\YGDLN�szdgiLhfD\TLF>deK<iLF<D
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E�DLF>hfDLK>K<DLU*KrYGD�F<DLhfHVU*K<DLFv»-bqRAPQS�HVhfSLK>F>dgD�YGD�bqRxPQDLF>[cDuR#bgHVF<]rj�N�D�b�½ deU*K<DLU�]>deK<S�YGD�]4]>deP`U)R#N�s�F<DLU�]<DLdeP`U�DLU*K
]>NGFOb�½¾SLU�DLF>P`dgD�YGD\bqR'E)R#F>K>dgTLNGbgD@EGF>dehkR#deF<D`n�C�R'EGF<HzT�S�Y�NGF<D�YGDBF<D�T�HVU�]<K>F>N�TLK>dgHVU2YGD�]xSLwQSLU�DLhfDLU�K<]B¡zÕÒD�]>K
[GF>dgiLwQDLhfDLU�KvYGS�TLF>deK<DuTLd���YGD�]<]<HVN�]�a�DLbebgD}D�]>KoYGSLK/R#debebgS�DOY�R#U�]4bqRAE)R#F>K>dgDuT�HVU�]/RVTLF<S�D�»xb�½§R#U)R#be¼�]<D}YGD�]oYGHVUGU�S�D�]
YGDAb�½ � [�]<DLF>wVR#K<HVdeF<DBÉ7dgDLF>F<D-MONGPQDLF�n

¡*NGdewVR#U*KAb�½§R#UGP`bgD�Y�½ deU�TLdgYGDLU�T�D
θ
YGD\bqRfE)R#F>K>dgTLNGbgD@EGF>dehkR#deF<D`a�bgD�]AE)R#F>K>dgTLNGbgD�]x]<D�T�HVU�Y�R#deF<D�]AwQHVU*KAK<HVN��

T<l�DLFfbgD�]fYGSLK<D�TLK<DLNGF<]pR�wQD�TmYGD�]fYGS�T�R#bqR#PQD�]kK<DLh�EcHVF<DLbg]fY�d���SLF<DLU�K<]!�£bqRªYGSLK<D�TLK>dgHVU ]<DLF/RªEGF/R#K>dgj�N�DLhfDLU*K
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Ç h��

c cos θ
�OE�HVNGFBNGU�D�PQDLF>[�D'Y�½§R#UGP`bgDfÔ�SLUGdeK>l)R#b

θ
n�ÕxR#U�]"NGU�DfEGF<DLh�dgiLF<D�R#EGEGF<H�szdehkR#K>dgHVU�a;bgD@��F<HVU�K

YGD�PQDLF>[�DfE�DLNGK"yLK>F<D�RV]<]>deh�debgSk»¬NGU2EGbqR#UÅ]<DfEGF<HVE)R#PQD�R#U�K�»pbqRpwzdeK<D�]<]<DfYGD�bqR¬beNGh�dgiLF<D`a�bgD�]xK<DLh�E�]\YGD
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YGS�TLbgDLU�T<l�DLhfDLU*K�DLUGF<DLP`dg]>K>F<S�]uE)R#F}bgD�]}]>K/R#K>dgHVU�]OYGHVdewQDLU�K�Y�R#U�]}T�RV]}HV[cSLdeFO»\bqR\F<DLbqR#K>dgHVUÅ�

cti = cT0 − (uxi + vyi)
� ~ n � �

HVÈ
u = sin(θ) cos(φ)

DLK
v = sin(θ) sin(φ)

]<HVU*K�bgD�]�T�HzDt¥kTLdgDLU�K<]�Y�deF<D�TLK<DLNGF<]�Y�N"EGbqR#U"DLK
T0
D�]>K�bgD7K<DLh�E�]

Y�½§R#F>F>dewQS�D�Y�N�T�H*DLNGF7YGDrbqROPQDLF>[�D}R#N�]<HVb�nVC�ROEGF<S�TLdg]>dgHVUfYGDrbqROhfD�]>NGF<D�YGD�];K<DLh�E�]�YGDvYGS�TLbgDLU�T<l�DLhfDLU*KoYGD�]
]>K/R#K>dgHVU�]}PQHVNGwQDLF>U�DBbqR@EGF<S�TLdg]>dgHVU!YGDxbqR�F<D�T�HVU�]<K>F>N�TLK>dgHVU¤R#UGP`NGbqR#deF<D'��deb�D�]>KOYGHVU�T-U�S�T�D�]<]/R#deF<DBYGD-YGSt�UGdeF
T�HVF>F<D�TLK<DLhfDLU�KAT�DAK<DLh�E�]uYGDxYGSLE)R#F>K"� YZY ��n

C�R"E�H`]<deK>dgHVU�Y�NpT�H*DLNGFvD�]>KrD�]>K>dehfS�DAY�R#U�]oNGU�EGF<DLh�dgDLFrK<DLh�E�]�T�HVh�hfDOSLK/R#U*Kv]<deK>N�S�D�R#N�[)R#F>¼zT�DLU*K>F<D
YGD�]@]>K/R#K>dgHVU�]fYGHVU�K�bgD�]@T�HzHVF<YGHVUGU�S�D�]f]<HVU*KkR��cD�TLK<S�D�]�Y�½ NGUXEcHVdgYG]\EGF<HVE�HVF>K>dgHVUGU�DLbO»%bqR%F/RVTLdeU�D¬T�R#F>F<S�D
YGD-bgDLNGF�]>deP`U)R#b�hfD�]>NGF<S`n�MôE)R#F>K>deF�YGDBT�D�]}deU���HVF>hkR#K>dgHVU�]OPQS�HVhfSLK>F>dgj*N�D�]�a�bgD-EGF<H#�b�bqR#K<SLF/R#b�a�T`½¾D�]>KA»�Y�deF<D
bgDf]>deP`U)R#brDLU2��HVU�TLK>dgHVUÅYGDfbqRmY�dg]>K/R#U�T�D'»¬b�½§R�s�D'YGDfbqRpPQDLF>[cD`a�D�]>K@R�I¯N�]<K<Sf]>NGF"bgD�]BYGHVUGU�S�D�]�n�É�beN�]>dgDLNGF<]
��HVU�TLK>dgHVU�]BEcDLNGwQDLU�KByLK>F<DkNGK>debedg]<S�D�]BE�HVNGFBE)R#F/R#hfSLK>F>dg]<DLFBbgDfEGF<H#�b4bqR#K<SLF/R#bx��Tt��T/l)R#EGdeK>F<D']<NGF"bgD�]-PQDLF>[cD�]
R#K>hfH`]>EGl�SLF>dgj*N�D�]Î�ta�b�½¾D�]<]<DLU�K>dgDLb�SLK/R#U*K-YGDBY�dg]<E�H`]<DLFAY�½ NGUªD�]>K>dehkR#K<DLNGFxF<DLbedgS�»'b�½¾SLU�DLF>P`dgD\YGD\bqR'E)R#F>K>dgTLNGbgD
EGF>dehkR#deF<D`n�É£R#F>h�d*T�D�]���HVU�TLK>dgHVU�]�a�R#EGE�DLbgS�D�]�C�ÕA{pE�HVNGF�C�R#K<DLF/R#bzÕ�dg]>K>F>de[GNGK>dgHVUB{GNGU�TLK>dgHVU�a�NGU�D�Dts�EGF<D�]<]>dgHVU
YGS�TLF>dewVR#U*K}[GdgDLU�bgD�]}YGHVUGU�S�D�]O]<DxYGSt�UGdeKOYGDAbqR�hkR#UGdgiLF<D-]>NGdew`R#U�K<Df�

ln(S(r)) = ln(S1000) + βln
( r

1000m

)
+ γ

(
ln
( r

1000m

))2 � ~ n§ÑQ�

HVÈ
S(r)

F<DLEGF<S�]<DLU*K<D"bgDB]>deP`U)R#b�hfD�]>NGF<S\»�NGU�DBY�dg]>K/R#U�T�D
r
YGDxb�½§R�sGD`a)DLK

S1000
T�HVF>F<D�]>EcHVU�Y%R#N!]>deP`U)R#b;»

� _`_`_�h�ncC�D�]AE)R#F/R#hfiLK>F<D�] β a γ EcDLNGwQDLU�K-yLK>F<DfR�IJN�]>K<S�]xHVN¤bqR#dg]<]<S�]�GsGD�]�acDLU!��HVU�TLK>dgHVU2Y�NªU�HVhB[GF<DfYGD
]>K/R#K>dgHVU�]xY�R#U�]�b�½¾SLwQSLU�DLhfDLU�K�n�C�½§R�I¯N�]<K<DLhfDLU�K-YGD@T�DLK>K<D\��HVU�TLK>dgHVU2R#N�s¤YGHVUGU�S�D�]AE�DLF>hfDLKxY�½¾HV[GK<DLUGdeFxNGU�D
wVR#bgDLNGF}YGD

S1000
R#deU�]>d�j*N�DxbgD�]}T�HzHVF<YGHVUGU�S�D�]uY�NmT�HzDLNGF"�

xc
a
yc
�vDLU¬h�deUGdeh�dg]/R#U*Kub�½¾Dts�EGF<D�]<]>dgHVU��

χ2 =

Nstations∑

i=1

(
Sobs
i − Si(r)

σ2
S

)2 � ~ n ~ �

HVÈ
Sobs
i

D�]>KobgDO]<deP`U)R#b)hfD�]>NGF<S�Y�R#U�]rbqR-]>K/R#K>dgHVU
i
DLK
σ2
S

D�]>KrbqRxw`R#F>dqR#U�T�DuK>l�S�HVF>dgj*N�DAY�N']>deP`U)R#b7��Tt�4� YZY ���tn
C�D�]7U�HVNGwQDLbebgD�]4T�H*HVF<YGHVUGU�S�D�]oY�NfT�H*DLNGF�]<HVU*K7NGK>debedg]<S�D�]�T�HVh�hfD�w`R#bgDLNGF<]£deUGdeK>dqR#bgD�]�EcHVNGF7NGU�DvU�HVNGwQDLbebgD

deK<SLF/R#K>dgHVUmYGDxbqR\EGF<HzT�S�Y�NGF<D"YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU�n
�OU�DxD�]>K>dehkR#K>dgHVUmYGDAb�½¾SLU�DLF>P`dgD"YGDAbqR\PQDLF>[cDxD�]>Kv�U)R#bgDLhfDLU*K�HV[GK<DLU*N�D-DLU�NGK>debedg]/R#U*K}NGU�DAF<DLbqR#K>dgHVU%YGD

T�HVU�wQDLF<]>dgHVU!DLU�K>F<DxbgD"]>deP`U)R#b�» � _`_`_\hfiLK>F<D�] S1000
DLK}b�½¾SLU�DLF>P`dgD"YGS�Y�NGdeK<D�]OYGD�]}]>deh"NGbqR#K>dgHVU�]�n

C�R\�P`NGF<D ~ n ��debebeN�]>K>F<DxNGUmDtsGDLh�EGbgD-YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU¤Y�½¾SLwQSLU�DLhfDLU�KAR�wQD�T-bgDAF<S�]/D�R#NmYGDx]>NGFJ��RVT�D`n
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C�R�P`F/R#U�YGD-��HVF<T�DBY�NmEGF<H#I>DLKOMONGPQDLFOD�]>KubqRfT�HVU�]>K>F>N�TLK>dgHVU¤Y�½ NGU%YGSLK<D�TLK<DLNGF�l�¼z[GF>dgYGD`a�T�HVhB[GdeU)R#U�KAbqR
K<D�T<lGUGdgj*N�D"Y�½¾S�T<l)R#U*K>debebgHVUGU)R#PQD�R#Nm]<HVb�YGDxbqR\PQDLF>[cD"R�wQD�T-bqR�YGSLK<D�TLK>dgHVU!YGDxbqR@beNGh�dgiLF<D"YGD���N�HVF<D�]/T�DLU�T�D`n
C�HVF<]<j*N�D�bgD�]�E)R#F>K>dgTLNGbgD�];YGD4bqR�PQDLF>[cD�K>F/R�wQDLF<]<DLU�K£b�½§R#K>hfH`]>EGl�iLF<D`a#DLbebgD�]�DtsGTLdeK<DLU�K;bgD�]�hfHVbgS�TLNGbgD�];YGDoY�dqR#Ô�HVK<D
YGD-b�½§R#deFOj*NGd�F<DLK<HVNGF>U�DLU*K-»�bgDLNGFOSLK/R#KO��HVU�Y�R#hfDLU�K/R#b7DLU%SLhfDLK>K/R#U*KAYGD�]uEGl�HVK<HVU�]�n��rD-F/R�¼QHVUGU�DLhfDLU*K-D�]>K
SLh�dg]-YGD\��RVW�HVU�dg]<HVK>F<HVE�D`a�Y�R#U�]"bqR�P�R#h�hfDfYGD@��F<S�j�N�DLU�T�D�]"T�HVF>F<D�]>E�HVU�Y�R#U*K\R#N�s¤NGbeK>F/R�wzdgHVbgDLK<]"DLK-EcDLNGK
yLK>F<DxHV[�]<DLF>wQSxbgD�]}U*NGdeK<]u]/R#U�]vbeNGU�D`a�»@EGbeN�]>dgDLNGF<] Ç debgHVhfiLK>F<D�]uYGD-Y�dg]<K/R#U�T�D`n

C�RxYGSLK<DLF>h�deU)R#K>dgHVUpY�NkU�HVhB[GF<D}K<HVK/R#b�YGD}EGl�HVK<HVU�]oYGDv��N�HVF<D�]/T�DLU�T�DuSLh�dg]�K<HVNGKvR#NfbgHVUGPBY�NkE)RV]<]/R#PQD
YGD£bqRvPQDLF>[�D�E�DLF>hfDLK�Y�½¾D�]<K>dehfDLF�b�½¾SLU�DLF>P`dgD4YGD7bqRrE)R#F>K>dgTLNGbgD4EGF>dehkR#deF<D�deUGdeK>dqR#K>F>dgT�DoYGD7bqRrPQDLF>[�D`n#�rDLE�DLU�Y�R#U*K�a
E�HVNGFvF<S�R#bedg]<DLFvNGU�DAhfD�]>NGF<D�EGF<S�TLdg]<D`azdeb���R#NGK�T�HVUGU)RO�gK>F<DxbgD�]vY�d���SLF<DLU�K<]�[GF>NGdeK<]uYGDu��HVU�YpDLKvbgD�]r]/HVN�]>K>F/R#deF<D
T�HVF>F<D�TLK<DLhfDLU�K�n�C�D�]�EGF>deU�TLdeE)R#bgD�]rT�HVU�K>F>de[GNGK>dgHVU�]vE)R#F/RV]<deK<D�]oR#N']<deP`U)R#b)]<HVU�KobqRxbeNGh�dgiLF<DOY�NkTLdgDLb)U�HzTLK>NGF>U�D
DLK�bqR@beNGh�dgiLF<Dz(�T/l�DLF<DLU Ç H�wmSLh�dg]/DxE)R#F�bgD�]}E)R#F>K>dgTLNGbgD�]OT<l)R#F>PQS�D�]uYGD-bqR\PQDLF>[�D-Y�R#U�]}b�½§R#deF�n
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C�D�YGSLK<D�TLK<DLNGF�YGD}��N�HVF<D�]<T�DLU�T�D@� Y � ����j�N�Dub�½¾HVU'U�HVh�hfDLF/R@R#N�]<]<d�{£Õ�EcHVNGFr{;beN�HVF<D�]<T�DLU�T�DAÕADLK<D�TLK<HVFÎ�

YGD�b�½ � [�]<DLF>w`R#K<HVdeF<DrÉ7dgDLF>F<DoMONGPQDLF£D�]>K�T�HVU�]>K>deK>N�SrYGD4j*N)R#K>F<D�[)R#K>dehfDLU*K<]�R#[GF>deK/R#U�K7T<l)RVTLNGU@]>d�s-K<SLbgD�]<T�HVEcD�]�n
C�D�]p[)R#K>dehfDLU�K<]m]<HVU�K�]>deK>N�S�]�R#NGK<HVNGF¬Y�N�F<S�]<D�R#N�YGD¤]>NGFJ��RVT�DX��Tt�JnvT�R#F>K<DªY�N«F<S�]<D�R#N�Y�R#U�]¬b�½¾DLU�T�RVY�F<S
EGF<S�T�S�YGDLU�KÎ�ta�R��UmYGD-YGSLK<D�TLK<DLF}bgD�]�PQDLF>[cD�]}DLUmT�H_p�U�TLdgYGDLU�T�D\R�wQD�TBT�DLbeNGd���TLd�n

,.-F/.1 ~ n Y 2 É7l�HVK<HVP`F/R#EGlGdgDÅY�½ NGU�K<SLbgD�]/T�HVE�D2Y�N¨YGSLK<D�TLK<DLNGF%YGD¤��N�HVF<D�]<T�DLU�T�DË�}»ÆP�R#N�T/l�D2bgD¤h�deF<HVdeF]<DLP`hfDLU�K<SpYGD ~ a Y h × ~ a Y hÊDLKBbqR!T�R#hfSLF/R�a�»%Y�F<HVdeK<D'bgDpY�dqR#EGlGF/R#P`hfD¬DLK@b�½§R#UGU�D�R#NËYGD�T�HVF>F<D�TLK>dgHVU
HVEGK>dgj�N�D`n
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,.-F/.1 ~ n§¦ 2 ��HVh"[GF<D\YGD"EGl�HVK<HzSLbgD�TLK>F<HVU�]AF<D�WLN�]ADLU���HVU�TLK>dgHVUªYGD-bqRkEGF<H#��HVU�YGDLNGF-R#K>hfH`]>EGl�SLF>dgj*N�D\E�HVNGFNGU�D7PQDLF>[cD£deUGdeK>dgS�D�E)R#F�NGU-EGF<HVK<HVUBYGD � _ 19 D��XY�½§R#EGF<D�]4�:ð���n�C�½§R#UGP`bgD�Ô�SLUGdeK>l)R#bzD�]>K�YGD7�$ð ◦ DLK�bgD7T�HzDLNGF�YGD7bqRPQDLF>[�DuD�]>Ko]>deK>N�SO» � _ Ç h×Y�N�YGSLK<D�TLK<DLNGF�n*C�D�]oY�d��cSLF<DLU*K<D�]vT�HVU�K>F>de[GNGK>dgHVU�]�R#N']>deP`U)R#b�]<HVU�KoF<DLEGF<S�]<DLU�K<S�D�]A�
beNGh�dgiLF<Dz(�T/l�DLF<DLU Ç H�wmY�deF<D�TLK<D"HVNmY�d���N�]/S�DxDLK���N�HVF<D�]<T�DLU�T�D`n

C�D�]BE)R#F>K>dgTLNGbgD�]BT/l)R#F>PQS�D�]@YGDfbqR¬PQDLF>[cDfdeU�Y�NGdg]/DLU�K@Y�R#U�]"b�½§R#deFBNGU�DkSLh�dg]<]>dgHVUÆYGD���N�HVF<D�]<T�DLU�T�D'dg]<H#�
K>F<HVE�DfhkR#dg]BSLP�R#bgDLhfDLU*KBNGU2F/R�¼QHVUGU�DLhfDLU�Ks(�T<l�DLF<DLU Ç H�wÆT�HVbebedehfSkY�R#U�]"bqR�Y�deF<D�TLK>dgHVUÅYGDkEGF<HVE)R#P�R#K>dgHVU�n
�rD�F/R�¼QHVUGU�DLhfDLU�K�T�HVU�]>K>deK>N�D�E�HVNGFvbqRBhfD�]>NGF<DxYGD�bqR"��N�HVF<D�]<T�DLU�T�DANGUp[GF>NGdeK}YGDO��HVU�YpYGHVU�K�deb���R#NGKv]�½§R��ò�
��F/R#U�T/lGdeF"� Ø _���nGC�RB�P`NGF<D ~ n§¦\F<DLEGF<S�]/DLU�K<D-bgD�]�Y�d���SLF<DLU�K<D�]OT�HVU�K>F>de[GNGK>dgHVU�]AR#N�]>deP`U)R#b�DLU�]<HVF>K>dgDxY�½ NGUmÉ4Ï
DLU¬��HVU�TLK>dgHVU%YGDxbqRfEGF<H#��HVU�YGDLNGFAR#K>hfH`]>EGl�SLF>dgj�N�D`n�C�R@beNGh�dgiLF<D}(�T/l�DLF<DLU Ç H�wmEcDLNGKOyLK>F<D"Y�d���N�]<S�D"E)R#F}bgD�]
hfyLhfD�]7EGF<HzT�D�]<]>N�]7j*NGd)R��cD�TLK<DLU*K�bqRO��N�HVF<D�]<T�DLU�T�DB� a R�¼zbgDLdeP`lfDLK�ÏmdgD��;DLK�YGDLwzdgDLU�K4NGU�D�E)R#F>K7deh�E�HVF>K/R#U*K<D
Y�N�]>deP`U)R#b�EGF<i�]}Y�N%]<HVb4��E�HVNGFubgD�]�P`F/R#U�YGD�]}EGF<H#��HVU�YGDLNGF<]X7-�tn

É;HVNGFvYGD�]rPQDLF>[cD�]�HV[�]<DLF>wQS�D�]v]<HVN�]rNGU���R#de[GbgDAR#UGP`bgDADLU�K>F<DAb�½§R�sGDODLKrbgDAYGSLK<D�TLK<DLNGFx��deU���SLF>dgDLNGFu»\Ñ`_
◦
�ta

bqR'beNGh�dgiLF<Ds(�T/l�DLF<DLU Ç H�w2j*NGd7R#K>K<DLdeU*K"Y�deF<D�TLK<DLhfDLU�K"bgD@K<SLbgD�]<T�HVE�D@EcDLNGKAbqR#F>PQDLhfDLU�K"YGHVh�deU�DLFBDLUªdeU�K<DLU��
]>deK<SxbqR\��N�HVF<D�]/T�DLU�T�D`nc�rDxKÞ¼*EcD-Y�½¾SLwQSLU�DLhfDLU*K<]�T�HVU*K<DLU)R#U�KANGU�D-K>F<HVE���HVF>K<DBT�HVU�K/R#h�deU)R#K>dgHVU¤DLUmbeNGh�dgiLF<D
(�T/lGF<DLU Ç H�wmD�]>K�F<D¯I>DLK<SxYGDxb�½§R#U)R#be¼�]<D`n

�OU�D-��HVdg]ubgD�]�E)R#F/R#hfiLK>F<D�]
Xmax

a
Nmax

DLK
Xint

YGSLK<DLF>h�deU�S�]�a�b�½¾SLU�DLF>P`dgD@YGD"bqRkE)R#F>K>dgTLNGbgD@EGF>dehkR#deF<D
D�]>K}D�]>K>dehfS�DxE)R#F�b�½ deU*K<DLF>hfS�Y�dqR#deF<D@YGDAb�½ deU�K<SLP`F/R#bgD\Y�N¬EGF<H#�b�bgHVUGP`deK>N�Y�deU)R#bo�



¿�Àq	 ï ��ÃQ�>f������V&�Ã`������f�Û;�%õÞeÁ�f����#(���� W�v

Eem =
Ec

X0
×
∫
Ne(X) dX

� ~ n¤÷`�

HVN
Eem

D�]>KAb�½¾SLU�DLF>P`dgD�K<HVK/R#bgDfY�dg]<]>deEcS�D\E)R#FxbqR�T�HVh�E�H`]/R#U*K<DfSLbgD�TLK>F<HVhkR#P`U�SLK>dgj*N�DkYGD@bqR'PQDLF>[�D`a
Ec

D�]>K
b�½¾SLU�DLF>P`dgD"TLF>deK>dgj*N�D-YGD�]uSLbgD�TLK>F<HVU�]�DLK

X0
bqR@bgHVUGP`N�DLNGF�YGDxF/RVY�dqR#K>dgHVU%Y�R#U�]ub�½§R#deFB��Tt�o�ol)R#EGdeK>F<D\ ADLF>[cD�]Î�tn

C�½¾SLU�DLF>P`dgDªYGD!bqR2E)R#F>K>dgTLNGbgDª]�½¾HV[GK>dgDLU*K�YGHVU�T¤DLU«T�HVh�EGK/R#U*K�bgD%U�HVh"[GF<DªK<HVK/R#bxY�½¾SLbgD�TLK>F<HVU�]¬EGF<HzY�NGdeK<]�a
h"NGbeK>deEGbedgSxE)R#Fvb�½¾SLU�DLF>P`dgD"»BbqRVj*N�DLbebgDAdebg]r]/HVU�K�EGF<HzY�NGdeK<]

Ec
n�|£s�E�SLF>dehfDLU*K/R#bgDLhfDLU�K�a�bqRBK/R#debebgDxYGDObqR\PQDLF>[cD

Ne(X)
hfD�]>NGF<S�DuT�HVF>F<D�]<E�HVU�Y�R#NkU�HVh"[GF<D�YGD}E)R#F>K>dgTLNGbgD�]rT<l)R#F>PQS�D�]�»-bqRAEGF<H#��HVU�YGDLNGF

X
a*T�DLE�DLU�Y�R#U*KobgD�]

SLbgD�TLK>F<HVU�]�SLK/R#U*KA[�D�R#N�T�HVNGE!EGbeN�]uU�HVhB[GF<DLN�sca�b�½¾DLF>F<DLNGFxT�HVh�h�dg]<D\DLU¤RV]/]>deh�debqR#U�K�bgD
Ne(X)

hfD�]>NGF<S@R#N
w*F/R#d�D�]>K�K<HVK/R#bgDLhfDLU*KOU�SLP`bedePQD�R#[GbgD`n

�uU�D�T�HVF>F<D�TLK>dgHVUmYGD�ð\» � ð Y D�]>K}R�I>HVNGK<S�Dx»"b�½¾SLU�DLF>P`dgD`a�R��U¬YGD�EGF<DLU�Y�F<DxDLU¬T�HVh�EGK<D�bqR-��F/RVTLK>dgHVU�YGD
b�½¾SLU�DLF>P`dgD}DLh�E�HVF>K<S�D}E)R#F7bgD�]4R#NGK>F<D�]�T�HVh�EcH`]/R#U�K<D�]oYGD�bqR�PQDLF>[�D�]u�Vh"N�HVUGdgj*N�D`a`U�DLNGK>F>deU�H-DLK�l)RVY�F<HVUGdgj*N�D`n
�rDLK>K<DxT�HVF>F<D�TLK>dgHVUmD�]>Kv��R#de[GbgDLhfDLU�KuYGSLEcDLU�Y�R#U�K<D-Y�N¬hfHzYGiLbgDxYGDx]>dehBNGbqR#K>dgHVU%YGD�]vPQDLF>[cD�]�NGK>debedg]<SxDLKvK<HVNGK
E)R#F>K>dgTLNGbedgiLF<DLhfDLU�K-Y�NmhfHzYGiLbgD-l)RVY�F<HVUGdgj*N�D`a�b�½¾DLF>F<DLNGF�]>¼�]>K<SLhkR#K>dgj*N�D"]>NGFObqRfT�HVF>F<D�TLK>dgHVU¤DLU%SLU�DLF>P`dgD\D�]>K
D�]>K>dehfS�D"»@DLU�wzdeF<HVU ~eY � Ø ÑV��n
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ð#æ!ÞnÔ¶Ù*ê;ÛGÒ/ßnÞ�êFß{Ò�Ú�ß�×AÜÝÞ�ß�ßnðNÑnðußnÞÝé*Û=ßâÖ1ß�ÒtÑ�åCÑnð_ßnÔÕßnð#Ü�Ò�û�Ù�.,ð|Ö
á æ1ä�Ü�ß�ð~ÛGÞ�Ó]ð"� Ó*ï¹Ö1ß{Þ�Ù0/�æ!ð�Òt×>æCÒnÔ�Û=ë�Ó~ß�Òâßnð
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è1.,ðfÖ
á æ1ä�Ü�ßnð~Û�ÞtÓIðYêFæ*Ü ÖWá Ñnå!Ñnð_ßnÔÕßnð�Ü�Ò�Ù2/*Ù*ð�Ü�ÓIð_ß¥ä�æ!ð~ð_ß�ë�Ó�Ù!ê�Û�Ü�Ñ�Ö1ßâÞ>ß�×>æ!ð�Ò�ÜÝÞ�Ó�×/ÜÝÛ=æ!ð�û�Û�êWß�Ò�Ü,ð_Ñ�×�ß�Ò43

Ò�Ù!Û�Þ�ßaÖ
á Û�Ô�Ú6æCÒAßnÞÕÓIðl×�ÞnÛ�Ü�ÿ�Þ�ß|Ö1ßdÒ/Ñ�êFß�×AÜÝÛÝæ!ð Ö1ß�ÒaÑnåCÑnð_ß�Ô¹ß�ð�Ü�ÒdÒnÓAÚ1Ú#êFÑ�Ô¹ß�ð�Ü�Ù!Û�Þ�ßYà�êxßwö15Cûùë/Ó]ÛtÖ�æ!ÛÝÜ�6�ÜÝÞ>ß
ÛGÔ�Ú#êxÑnÔÕßnð�Ü�Ñ�Ö�Ù!ð�Òtêxß�×>Ù!êF×�Ó]ê�Ö1ßvê�á Ù�×>×�ß�Ú_Ü�Ù!ð#×�ß��
7âÙ*ð�Ò�êFÙ|é1Ù!Ô¥Ô¹ßYÖ
á Ñnð_ßnÞ=é!Û�ßNæ08îêúÙ:Ú#Þ�æ1ä�Ù1ä�ÛGê�Û�Ü�ÑNÖ1ßYÖ1Ñ�Ü�ß>×/ÜÝÛÝæ*ð ÖWá ÓIð Ñnå!Ñnð_ßnÔÕßnð�Ü¶ß�Ò�ÜvÛ�ðAñ/Ñ�Þ�Û�ßnÓIÞ�ßYì

ò�û�×�á ß�ÒnÜ¶ìîÖ!Û�Þ>ß¹Ú6æ!ÓIÞ
E . 3 9 ß�íuû�êúÙÈÒ�ÓIÞ�ñ�Ù�×�ßwß�õ�ß�×/ÜÝÛ�åCß5Ö1ßfÖ1Ñ�Ü�ß>×/ÜÝÛÝæ*ð Ú�ßnÓ6Ü�Ò/ßf×>Ù!êF×�ÓIêFß�Þ ì|Ú�Ù!ÞnÜÝÛ�ÞÖ1ß�Ò�ñ�æ!ð_×/ÜÝÛÝæ*ð�Ò�õ�ö§ç�ûTë�ÓIÛ�Ö�æ!ð�ð_ßnð�ÜTêFÙ�Ú_Þ'æ1ä>Ù1änÛ�ê;ÛÝÜ�Ñ�Ö1ßÕÖ]Ñ�×�êxßnð#×nØ6ß�Ô¹ß�ð�Ü{ÛGð#Ö*ÛGåAÛ=Ö!Ó~ßnê�êFßdÖ
á Ó]ð_ß¥ÒnÜ�Ù*ÜÝÛ=æ!ðîßnð

ñ�æ!ð_×/ÜÝÛÝæ*ð%Ö1ß�Ò/Ù�Ö*ÛhÒ�Ü�Ù!ð#×�ßùì�ê>á ÙAï]ß��~çTæ!ÓIÞ�êxß�Ò{ÑnðußnÞÝé*Û=ß�Ò�Ú#ê�Ó1Ò é!Þ�Ù!ð#Ö]ß�Ò{ë�Ó~ß ∼ 3 9 ß�íuûWêúÙâÒ�ÓIÞ�ñ�Ù�×�ßtß�õ�ß�×/ÜÝÛ�åCßÖ1ß�Ö1Ñ�Ü�ß�×/ÜÝÛ=æ!ðÈß�Ò�Ü§Ú#ÓIÞ>ßnÔÕßnð�ÜÊé1Ñ�æ!ÔÕÑ�ÜÝÞnÛÝë/Ó�ß��
õ3Ù:Ò�ÓIÞGñ/Ù�×�ß�ß�õ�ß�×/ÜÝÛ�åCß%Ö1ßÕÖ1Ñ�Ü�ß�×AÜÝÛÝæ!ðîÖ
á Ó]ðußÕ×>æ*ð:.Wé!ÓIÞ'Ù�ÜÝÛÝæ!ðîÖ�æ!ð�ð_Ñ>ßdÖ!ÓfÞ�Ñ�ÒAß�Ù!Ó%Ú~ßnÓIÜ�Ò/ßd×>Ù!êF×�ÓIêFßnÞ%ßnð

×>æ!Ô�Ú_Ü�Ù!ð�Ü_êxß ð#æ!ÔÕänÞ>ß�Ö1ßT×�ß�êGê�Ó]êxß�Ò Ø6ß�ï�ÙAé1æ!ð#Ù!êxß�ÒWÚ#Þ�ÑnÒ/ßnð�Ü�ßnÒ�Ö�Ù!ð~Ò,êFß Þ>Ñ�Ò/ß>Ù!Ó1û
ß�Ü3ßnð¶Ô¥ÓIê�ÜÝÛ Ú#ê�ÛÝÙ!ð#Ü_×�ß�ð#æ!ÔÕänÞ>ß
Ú6Ù!Þ�êFÙ�Ò�ÓIÞ�ñ�Ù�×�ßvß�õ�ß�×/ÜÝÛ�åCßâÖ
á ÓIð_ßù×�ß�êGê�Ó]êxß��yõâá Ù�×>×�ß�Ú_Ü�Ù!ð#×�ßv×�ÓIÔ¥Ó]êxÑ>ß{ÒnÓ]Þ�Ó]ðuß�Ú�ÑnÞnÛÝæEÖ1ßtÖ1ß,Ú#ÞnÛGÒ/ßùÖ1ßùÖ�æ*ð~ð_Ñ>ß�Ò
Ò/ß¥×>Ù!êF×�ÓIêFßdßnð Û�ð�Ü�Ñ=é!Þ�Ù!ð�Ü Ò�ÓIÞâêxß�Ü�ßnÔ�Ú�Òâê>á Ù�×>×�ß�ÚuÜ�Ù!ð#×�ß¹ÛGð~ÒnÜ�Ù!ð�Ü�Ù*ð_Ñ>ß¥Ö!ÓYÞ�Ñ�ÒAß�Ù!Ó]û�ß�ð�Ú#Þ�ß�ð#Ù!ð�Ü�ßnðÈ×>æ*Ô�ÚuÜ�ß
ê�á Ñnå�æ!ê�Ó6ÜÝÛÝæ!ðwÖ1ßâêFÙd×�æ!ð:.Wé!ÓIÞ�Ù*ÜÝÛÝæ*ð|é1Ñ�æ!ÔÕÑ�ÜÝÞnÛÝë/Ó�ß¶Ö*Ó<;=7 Ù!ÓY×>æ*Ó]Þ�Ò�Ö!Ó|Ü�ß�Ô�Ú#Ò��
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É;HVNGFuTLbqR#F>d�)DLF�b�½¾DtszEcH`]<SxDLK�deU*K>F<H*Y�NGdeF<DxbgD�]�Y�d���SLF<DLU�K<]OT�HVU�T�DLEGK<]�F<DLbqR#K>d���]u»Bb�½§RVT�T�DLEGK/R#U�T�D"Y�NpF<S�]<D�R#N
YGDx]>NGFJ��RVT�D-YGDAb�½ � [�]<DLF>w`R#K<HVdeF<D"É7dgDLF>F<D-MONGPQDLF�aGU�HVN�]�NGK>debedg]/DLF<HVU�]}bgD�]}YGSt�UGdeK>dgHVU�]�]>NGdew`R#U�K<D�]"�

? D1EGFIHKJMLONPNAQRNOLTSIUWV=NPXMNYX[ZTS\N]L^SIU`_ba Seff(E, θ, ϕ)
��DLUph 2 �u�*bqR\]>NGFJ��RVT�D�Dt�cD�TLK>dewQDxYGD�YGSLK<D�TLK>dgHVU

Y�N�F<S�]<D�R#N%¡zÕ YGS�]>deP`U�D-b�½ deU�K<SLP`F/R#bgD"YGD"]/R\]>NGFJ��RVT�D-E�HVU�YGSLF<S�DxE)R#F�bqR\EGF<HV[)R#[GdebedeK<SBYGDxYGSLK<D�TLK>dgHVUÅ�

Seff(E, θ, ϕ) =

∫ ∫
dxdyPE,θ,ϕ(x, y)

����n � �

HVÈ PE,θ,ϕ(x, y)
D�]>KobqR"EGF<HV[)R#[GdebedeK<SxYGDAYGSLK<D�TLK<DLFvNGU�SLwQSLU�DLhfDLU*KuY�½¾SLU�DLF>P`dgD

E
Y�R#U�]rbqRBY�deF<D�TLK>dgHVU

(θ, ϕ)
DLU�NGUkEcHVdeU�K}R#N']<HVb

(x, y)
Y�N�F<S�]<D�R#N�nT��HVN�]oE�F<S�TLdg]/DLF<HVU�]ob�½¾S�TLF>deK>NGF<DAYGDubqR-EGF<HV[)R#[GdebedeK<SAYGD

YGSLK<D�TLK>dgHVUmE)R#FubqR@]>NGdeK<DxbgHVF<]}YGDxbqR@YGSt�UGdeK>dgHVU!YGD�]�UGdewQD�R#N�s�YGD-YGS�TLbgDLU�T<l�DLhfDLU*K3(v�'DLKX(Xð�n
? cdLOL]N:e1S\J[a1L]N<UWa1f]S\Jba1S\J[agZON a(E)

��DLU'h 2 n¾]>FÎ�u��YGS�]>deP`U�DOb�½ deU�K<SLP`F/R#bgDxYGDObqRB]>NGFJ��RVT�DODt�cD�TLK>dewQDAYGD
YGSLK<D�TLK>dgHVU

Seff(E, θ, ϕ)
]>NGF�b�½§R#UGP`bgD-]/HVbedgYGD-T�HVNGwQDLF>K}E)R#F}bgDxYGSLK<D�TLK<DLNGF\�

a(E) =

∫ θmax

0
sin θ cos θ dθ

∫ 2π

0
dϕSeff(E, θ, ϕ)

����n§ÑQ�

HVÈ
θmax

D�]>Kvb�½§R#UGP`bgDAÔ�SLUGdeK>l)R#b�hkR�szdehkR#b�R#N�j*N�DLb�]�½¾Dt��D�TLK>N�DAbqRBF<D�T�HVU�]>K>F>N�TLK>dgHVU%YGD�]�SLwQSLU�DLhfDLU*K<]�n
C�DB��RVTLK<DLNGF

cos θ
EGF<H�wzdgDLU�K-Y�N%��R#deKAj*N�D"bgD\YGSLK<D�TLK<DLNGFxD�]>KOEGbqR#U�a�DLKAj�N�½ deb;EGF<S�]<DLU�K<D@NGU�D\]>NGFJ��RVT�D

S × cos θ
Y�R#U�]}bqR@E�HVF>K>dgHVU%Y�½§R#UGP`bgD-]<HVbedgYGD

dΩ
T�DLU*K>F<S�DBR#NGK<HVNGFuYGD

θ
n

? cdLOL]N:e1S\J[a1L]N A(E)
��DLU'h 2 n¾]>F�n¾]t����D�]<K4b�½ deU�K<SLP`F/R#bgDAYGDub�½§RVT�T�DLEGK/R#U�T�DOdeU�]<K/R#U�K/R#U�S�DA]>NGF4bgDuK<DLh�E�]�n
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R#NGP`hfDLU�K<D}R�wQD�T4bgD4K<DLh�E�]�a#DLK;YGHVU�T4b�½§RVT�T�DLEGK/R#U�T�D�YGHVdeK�yLK>F<DrT�R#bgTLNGbgS�DrDLU\]<HVh�hkR#U�K£bgD�];Y�d��cSLF<DLU*K<D�]
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? hjikNKlKem_[fOUnSIUn_[aoXpikEGagNjF:ZrqbUn_[asX[EtLTUnNTu EE(α, δ)
��DLU�h 2 n¾]Î�o�`YGS�]>deP`U�Dvb�½ deU*K<SLP`F/R#bgD}]>NGF£bgDvK<DLh�E�]
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(α, δ)
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EE(α, δ) =

∫

t
cos θ Seff [E, θ(α, δ, t), ϕ(α, δ, t)] dt

����n ~ �

HVÈfbqRAT�HVU*wQDLF<]>dgHVU'DLU*K>F<D}bgD�]�T�HzHVF<YGHVUGU�S�D�]�bgHzT�R#bgD�]O�
θ
a
ϕ
�£DLK�bgD�]�T�HzHVF<YGHVUGU�S�D�]4S�j*N)R#K<HVF>dqR#bgD�]O�

α
a
δ
�
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t
nzC�R\T�HVUGU)R#dg]<]/R#U�T�DAYGDOb�½¾DtszEcH`]>deK>dgHVU¬YGD

b�½ � É�M ]>NGF�K<HVNGK<D\bqR�]>EGl�iLF<D@D�]>KOU�S�T�D�]/]/R#deF<D\E�HVNGFAT�R#F/RVTLK<SLF>dg]<DLFxbqR�Y�dg]>K>F>de[GNGK>dgHVU2YGD�]AY�deF<D�TLK>dgHVU�]
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Y�½¾yLK>F<DxK<HVK/R#bgDLhfDLU�K�Dt¥kT�RVT�D"YGi�] ' 3

|�D��\n
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D�]>K�SLP�R#bgDLhfDLU�KpU�S�T�D�]<]/R#deF<DmE�HVNGF
hfD�]>NGF<DLFfNGU�DmR#UGdg]<HVK>F<HVEGdgD%YGD�b�½¾HVF<Y�F<D�Y�N E�HVNGFkT�DLU*K'Y�R#U�]kbqRªY�dg]>K>F>de[GNGK>dgHVU�R#UGP`NGbqR#deF<D`nrMu�U YGD¬U�D
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θ & 60◦
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E)RV]7bgD|(XðA]<HVdgDLU*K4]>¼�]>K<SLhkR#K>dgj�N�DLhfDLU*K�F<D�T�HVU�]>K>F>NGdeK<]rR�wQD�T�NGU�D}SLU�DLF>P`dgD}EGbeN�]�SLbgDLwQS�D"��T�R#F>F<S�]7F<HVNGPQD�]rR�wQD�T
bgD�]A�)i�T<l�D�]t�AdeU�Y�dgj*N�Dfj�N�DfbgDLNGF-F<D�T�HVU�]>K>F>N�TLK>dgHVUZDLU�SLU�DLF>P`dgDkD�]>KxhkR#NGw`R#dg]<D`n�C�R�Y�deF<D�TLK>dgHVUÆR#Ô�dehBNGK>l)R#bgD
hfH�¼QDLUGU�DoY�½§R#F>F>dewQS�D�YGD�]�SLwQSLU�DLhfDLU*K<]�Y�R#U�]�T/l)RVj�N�D�÷tEGd�s�DLb�÷£YGD � Ç h × � Ç hÌD�]>K�SLP�R#bgDLhfDLU*K�F<DLEGF<S�]<DLU*K<S�D
E)R#FONGU!K>F/R#deKAF<HVNGPQD@]<D"K<DLF>h�deU)R#U*K-]>NGF�bgD"EGd�sGDLb�nc�rDLK>K<D@Y�deF<D�TLK>dgHVUªhfH�¼QDLUGU�D@F<D�T�HVU�]>K>F>NGdeK<D@YGD�]OPQDLF>[cD�]
U�DfE)RV]<]ÎR#U�K\E)RV]"bgDZ(Xðm]/DLh"[GbgD�yLK>F<D']>¼�]>K<SLhkR#K>dgj*N�DLhfDLU�K�Y�deF>dePQS�D'bgDfbgHVUGP¤YGD�]B[cHVF<YG]\Y�N�F<S�]<D�R#N�n;|7U
R#EGEGbedgj�N)R#U*K�bgD6(Xð�a�T�D�];SLwQSLU�DLhfDLU�K<]7]/HVN���F/R#U*K;Y�½ NGU�DohkR#NGwVR#dg]/D�F<D�T�HVU�]>K>F>N�TLK>dgHVU�DLU\R#UGP`bgDrDLK£DLUBSLU�DLF>P`dgD
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]<HVU�KuSLbedeh�deU�S�]�a�T�HVh�hfDxbgDAhfHVU�K>F<D"bqR\�P`NGF<Dx��n:ðG��[��tn

�",	� °p5±9�@}1B9;5£µC?Ì³B5±Ó�@}1\9G?�:\@}1 °��#�

��ü���ü�ý þåQ��.���	
J����
M£¼�R#U�K}YGSt�UGdcbgD�]�R#bePQHVF>deK>lGhfD�]}YGDA]<SLbgD�TLK>dgHVU¬YGD�]�SLwQSLU�DLhfDLU�K<]}j*NGdc]<HVU�K�NGK>debedg]<S�]vY�R#U�]vbgDOEGF<H*T�D�]/]>N�]

Y�½§R#U)R#be¼z]<DpYGD�]�YGHVUGU�S�D�]�Y�NZF<S�]<D�R#NXYGDp]>NGFJ��RVT�D`a�debr��R#NGKf»mEGF<S�]/DLU�KfD�]>K>dehfDLF@bqR!]>NGFJ��RVT�D�Dt��D�TLK>dewQD¬YGD
YGSLK<D�TLK>dgHVU

Seff(E, θ, ϕ)
T�HVF>F<D�]>EcHVU�Y�R#U�Kx»�T�D�]uTLF>deK<iLF<D�]�n�ArdgDLU%j*N�D-T�DLbqR�U�D-]/HVdeK}E)RV]uSLwzdgYGDLU�Kx»@EGF>dgHVF>d�a

deb�D�]>KrE�H`]/]>de[GbgDuYGD�YGSLK<DLF>h�deU�DLFvbqR"]>NGFJ��RVT�D�Dt�cD�TLK>dewQD�YGDOYGSLK<D�TLK>dgHVU¬Y�N�¡zÕÌ»"E)R#F>K>deFrYGDObqR"T�HVUGU)R#dg]/]/R#U�T�D
YGD�]�EGF<HV[)R#[GdebedeK<S�]OYGDxYGS�TLbgDLU�T/l�DLhfDLU�KAdeU�Y�dewzdgY�N�DLbebgD�]uYGD�]}]>K/R#K>dgHVU�]�n
�OHVN�]�R�wQHVU�]�deU�K>F<HzY�NGdeK�bgDAT�HVU�T�DLEGKvYGDO��HVU�TLK>dgHVUAõ�ö§ç×��õ
Ù*Ü�ßnÞ�Ù!ê ö~Þ�ÛFéAé1ßnÞ�ç�Þ'æ1ä>Ù1änÛ�ê;ÛÝÜ�/��rY�R#U�]�T�D�[GNGK

EGF<S�TLdg]B�)»fNGU�D"SLU�DLF>P`dgD`a�NGU!R#UGP`bgDBDLKuNGUmKÞ¼*EcD"YGD-E)R#F>K>dgTLNGbgD"EGF>dehkR#deF<D"Gs�S�]�a�bqR@��HVU�TLK>dgHVU%Cg(�É«YGHVUGU�D
bqRpEGF<HV[)R#[GdebedeK<S'YGDkYGS�TLbgDLU�T<l�DLhfDLU�K�Y�½ NGU�D']>K/R#K>dgHVU��4(}Ñª��]<HVdeK"YGDfKÞ¼*EcDs(�HJ(xa�]<HVdeK"YGDfK�¼zE�Df]/DLNGdebò�xDLU
��HVU�TLK>dgHVUpYGDu]/R"Y�dg]>K/R#U�T�DA»-b�½§R�sGDuYGDObqRxPQDLF>[cD`n*C�D�]4��HVU�TLK>dgHVU�]rC�(�É�]vF/RV]/]<DLh"[GbgDLU*KrK<HVNGK<DOb�½ deU���HVF>hkR#K>dgHVU
NGK>debgDkR#NÅT�R#bgTLNGbrYGD�bqR¬]>NGFJ��RVT�DkDt��D�TLK>dewQDfYGDkYGSLK<D�TLK>dgHVUÆDLKBYGD�b�½§RVT�T�DLEGK/R#U�T�D`a�F<S�]>NGhkR#U*K\DLU2NGU�D']<DLNGbgD
]<SLF>dgDxYGDA��HVU�TLK>dgHVU�]�bgD�]�EGF<HVEGF>dgSLK<S�]�YGDxYGSLwQDLbgHVEGE�DLhfDLU*K�YGD�]�PQDLF>[cD�]uDLK�bqR\F<SLEcHVU�]<D-Y�N�YGSLK<D�TLK<DLNGF�n

C�DxT�R#bgTLNGb�YGDxT�D�]v��HVU�TLK>dgHVU�]}]�½¾Dt��D�TLK>N�DxDLU�]>deh"NGbqR#U*K}bgDxYGSLwQDLbgHVEGEcDLhfDLU�KOYGD�]}PQDLF>[�D�]�DLK�bqR\F<SLEcHVU�]<D
Y�N!YGSLK<D�TLK<DLNGFxT�HVF>F<D�]>EcHVU�Y�R#U�K<D`nG��HVN�]OwQDLF>F<HVU�]AE)R#F�bqR']>NGdeK<D\j�N�DBbgD�]AC�(�É4]AE�DLNGwQDLU*KAyLK>F<D@SLP�R#bgDLhfDLU*K
Ô¹ßnÒ�ÓIÞ�Ñ>ßnÒta�w`R#bedgY�R#U�K@R#deU�]>d7bqRphfSLK>l�HzYGDfDLKxEcDLF>hfDLK>K/R#U�KBYGDfK<D�]>K<DLFxbqR¬j*N)R#bedeK<SfYGD�]-]>dehBNGbqR#K>dgHVU�]�n�Õ@½ NGU
E�HVdeU*K�YGDowzN�DrEGF/R#K>dgj�N�D`atI�½§R#dG]>deh"NGbgSvbqROF<SLEcHVU�]<DvY�½ NGU�F<S�]<D�R#NfYGDvYGSLK<D�TLK<DLNGF<]7dgYGDLU�K>dgj*N�D�]o»�T�DLN�s\NGK>debedg]<S�]
E�HVNGFObgD@¡zÕ YGD"b�½ � É�MBa�YGHVU�KAbgD�]�]>K/R#K>dgHVU�]A]<HVU�KAY�dg]>EcH`]<S�D�]�a�Y�R#U�]ObgDBF<St��SLF<DLU�K>dgDLb7YGD"bqRkPQDLF>[cD`a�]>NGF�YGD�]
T�DLF<TLbgD�]}T�HVU�T�DLU�K>F>dgj*N�D�]uYGHVU*K}bgDAF/R�¼QHVU%R#NGP`hfDLU*K<D-E)R#F�E)RV]}YGDzð`_\hfiLK>F<D�]�nGC�DxF<S�]<D�R#NmR�R#deU�]>d�bqRB��HVF>hfD
Y�½ NGU�D'SLK<HVdebgD¬»%YGHVNGÔ�Dk[GF/R#U�T/l�D�]�a£E�DLF>hfDLK>K/R#U*K�Y�½¾S�T<l)R#U�K>debebgHVUGU�DLF'[�D�R#N�T�HVNGEZEGbeN�]B�U�DLhfDLU�K@bgD'EGF<H#�b
bqR#K<SLF/R#b£YGDBbqRkPQDLF>[�D��)K<HVN�]�bgD�]"ð`_'hfiLK>F<D�]�a)bqRkF<SLEcHVU�]<DBYGD � Ñ']>K/R#K>dgHVU�]f��Y�dg]>EcH`]<S�D�]uF<SLP`NGbedgiLF<DLhfDLU*K"DLU
R#Ô�deh"NGK>l���D�]<K}]>deh"NGbgS�D`n

É�HVNGF�NGU"DLU�]<DLhB[GbgD4YGD7w`R#bgDLNGF<]�YGD7b�½¾SLU�DLF>P`dgD
E
a�YGD7b�½§R#UGP`bgD4Ô�SLUGdeK>l)R#b

θ
a�DLK�E�HVNGF�NGU"K�¼zE�D�YGD�EGF>dehkR#deF<D

Y�d��cSLF<DLU*K
Z
��EGF<HVK<HVU¬HVNf��DLFÎ�ta�I�½§R#d�SLK>N�Y�dgSObqRxF<SLEcHVU�]<DuYGD�T�D}F<S�]/D�R#N!÷LDLUpSLK<HVdebgDQ÷Va�EcHVNGFoY�d�sfF<S�R#bedg]/R#K>dgHVU�]

Y�d��cSLF<DLU*K<D�]�YGD�PQDLF>[�D�]�]>deh"NGbgS�D�]¬R�wQD�T!�rHVF<]>d Ç R�a�NGK>debedg]/R#U*K'bgDmhfH*YGiLbgDml)RVY�F<HVUGdgj�N�Då�x -¡zùQ|�( � n4C�R
]>deh"NGbqR#K>dgHVUZY�NÆYGSLK<D�TLK<DLNGF@j*N�DxI�½§R#d4NGK>debedg]<S�D�D�]>KBT�DLbebgD�j*NGdrR�SLK<S'YGSLwQDLbgHVEGE�S�D¬»�b�½ìDÞÉ}�\a�YGHVU*KBbgDkU�HVh
YGD"[)R#EGK<yLhfD�D�]>Kf÷ 9 Ù!Ò4/];�Û�Ô 5 ÷Vnc�OU�D@YGD�]<TLF>deEGK>dgHVU2YGSLK/R#debebgS�D�Y�N%EGF>deU�TLdeEcD�DLK�NGU�D�T�R#F/RVTLK<SLF>dg]/R#K>dgHVU2YGD�]
8n�eã/ê�ë�ã/à�á;çJßÞâ�á�ãÎê§à#ßJï�ß¯à�á�â	9`�É9¯â�ß¯à#çJß�ÿrë�ãrë�ê§ï�ñ�ä�ê§çJê¾á	9�û�ü é�á�ê§ä�ê§ë�ã<á�ê�ìÎà��
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,.-F/.1���n ØB2 ��P�R#N�T<l�D\�QDtsGDLh�EGbgD�]oYGD���HVU�TLK>dgHVU�]rC�(�ÉÆT�HVF>F<D�]>EcHVU�Y�R#U�K�»-YGD�]4PQDLF>[�D�]4EGF<H*Y�NGdeK<D�]4E)R#FoYGD�]EGF<HVK<HVU�]uY�½§R#UGP`bgD"Ô�SLUGdeK>l)R#b
θ = 25◦

a�E�HVNGFuY�d���SLF<DLU�K<D�]�SLU�DLF>P`dgD�]�aGdeU�Y�dgT�S�D�]OE)R#F
log10(E)

a)HVÈ
E
D�]<KuDLU

|�D��@n��ÌY�F<HVdeK<Dk�zSLwQHVbeNGK>dgHVU%YGDAbqRB��HVU�TLK>dgHVU�Cg(�É Y�½ NGU¬EGF<HVK<HVU%»
E = 1018 D��ôEcHVNGF}Y�d��cSLF<DLU*K<]OR#UGP`bgD�]

Ô�SLUGdeK>l)R#N�scn)�uU�R�IJN�]>K<DLhfDLU�KuYGD"T<l)RVj*N�D���HVU�TLK>dgHVUmD�]<K�K>F/RVW�SxDLU¬E�HVdeU*K>debebgS�]�n�C�R�]<deh"NGbqR#K>dgHVUmYGD�]�PQDLF>[cD�]
R@SLK<S-Dt��D�TLK>N�S�D"R�wQD�TB�rHVF<]<d Ç R�a)R�wQD�T}�x -¡zùQ|�(¨EcHVNGF�hfH*YGiLbgDxl)RVY�F<HVUGdgj*N�D`n

F<S�]>NGbeK/R#K<]}Y�½¾|4RV]<¼G¡*deh©D�]<K}EGF<S�]<DLU�K<S�D"Y�R#U�]"� � ��n
C�R�EGF<HV[)R#[GdebedeK<S�YGD'YGS�TLbgDLU�T<l�DLhfDLU*Kk»¬NGU�DkY�dg]<K/R#U�T�D

r
YGDfb�½§R�sGDkYGDkbqR¬PQDLF>[cDk]�½¾HV[GK>dgDLU*K\YGHVU�T�DLU

T�R#bgTLNGbqR#U�K�bgD}F/R#EGE�HVF>K�Y�N�U�HVhB[GF<DuYGD�]>K/R#K>dgHVU�]4R�¼�R#U�KrYGS�TLbgDLU�T<l�S
NT2(r)

R#N�U�HVhB[GF<D}K<HVK/R#b)YGD�]<K/R#K>dgHVU�]
EGF<S�]<DLU�K<D�]@»�T�DLK>K<D'Y�dg]>K/R#U�T�D

Ntot(r)
a�j�NGdrY�R#U�]-U�HVK>F<D�T�HVU��P`NGF/R#K>dgHVUXYGDfF<S�]<D�R#NÅwVR#NGKBK<HVNVIJHVNGF<] � Ñ`_

� � _\PQDLF>[�D�] × � Ñ�]>K/R#K>dgHVU�]�E)R#FuT�DLF<TLbgD��x�

PE,θ,Z(r) =
NT2(r)

Ntot(r)

����n �*�

��ü���ü0E �uIL��IV� Q�
J�$����I>
��	�� ��ÿ%�P�<  �b�
C�RO�P`NGF<D���n Ø debebeN�]>K>F<Dvb�½¾SLwQHVbeNGK>dgHVU'YGD�]�Cg(�É�]rDtszdePQD�R#U*K�NGUfYGS�TLbgDLU�T<l�DLhfDLU*K|(}Ñ"(�HJ( R�wQD�T}b�½¾SLU�DLF>P`dgD

DLK7b�½§R#UGP`bgD�Ô�SLUGdeK>l)R#b�EcHVNGF�YGD�]7EGF<HVK<HVU�]�n*�rHVh�hfDOR#K>K<DLU�Y�N�aQbqR�EGF<HV[)R#[GdebedeK<SuYGD�YGS�TLbgDLU�T/l�DLhfDLU�KvD�]>K�SLP�R#bgD
» � EGF<HzT<l�D\YGDxb�½§R�sGD"YGD"bqR�PQDLF>[cD"DLKuK<DLU�YmwQDLF<]�_k»�P`F/R#U�YGD\Y�dg]>K/R#U�T�D`n)C�D"F/R�¼QHVU¤YGD-K>F/R#U�]>deK>dgHVU�a r1/2 aK<DLb�j*N�D

PE,θ,Z(r1/2) = 1/2
R#NGP`hfDLU*K<D-R�wQD�T�b�½¾SLU�DLF>P`dgD`a�EGNGdg]<j*N�DubqR"PQDLF>[cDOD�]>KrEGbeN�]�SLK<DLU�Y�N�Dx»-P`F/R#U�YGD

SLU�DLF>P`dgD`a*DLKrY�deh�deU�N�DAR�wQD�TOb�½§R#UGP`bgDuÔ�SLUGdeK>l)R#bcT�R#F4bqR-PQDLF>[�D�RAE)R#F<T�HVNGF>NpNGU�D}EGbeN�]oP`F/R#U�YGDuY�dg]>K/R#U�T�D�Y�R#U�]
b�½§R#K>hfH`]>EGl�iLF<D-DLKuD�]<K�E)R#FuT�HVU�]<S�j*N�DLU�K}EGbeN�]�R#K>K<SLU�N�S�D`n

DÞb4D�]>K"EcH`]<]>de[GbgDkYGDfE)R#F/R#hfSLK>F>dg]<DLF�T�D�]x��HVU�TLK>dgHVU�]@YGDfhkR#UGdgiLF<D'K>F<i�]-EGF<S�TLdg]<D`a;T�HVh�hfD'bgDfhfHVU�K>F<DLU*K
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bgD�]�R�IJN�]>K<DLhfDLU�K<]AK>F/RVT�S�]A]>NGFObqR��P`NGF<D\��n Ø n�C�RkEGF<HV[)R#[GdebedeK<S�YGD"YGS�TLbgDLU�T<l�DLhfDLU*K-EcDLNGK�]�½¾S�TLF>deF<D@]<HVN�]ObqR
��HVF>hfD��

PE,θ,Z(d) =

[
1 +

(
2 exp

[
−(r − r0)

2

λ2

])−9
]−1/9

si (r > r0)
����n:ðQ�

= 1 si (r < r0)
����n Ø �
����n¤÷`�

HVÈ�bgD�]\YGDLN�s2E)R#F/R#hfiLK>F<D�]Bbede[GF<D�]\]<HVU*KBbgD�]\Y�dg]>K/R#U�T�D�]
r0
DLK
λ
n�C4½¾SLwQHVbeNGK>dgHVUZYGD'T�D�]"E)R#F/R#hfiLK>F<D�]�R�wQD�T

b�½¾SLU�DLF>P`dgD'DLK\b�½§R#UGP`bgD'D�]<K"F<DLEGF<S�]<DLU*K<S�D¬]>NGF"bqR¬�P`NGF<D'��n¤÷zn�C�RmwVR#bgDLNGF@YGD
r0
a�j�NGdrdeU�Y�dgj*N�DkbqRmY�dg]>K/R#U�T�D

,6-0/.1c��n¤÷ 2¤£ wQHVbeNGK>dgHVUÆY�NªE)R#F/R#hfiLK>F<D r0 a�»�P�R#N�T<l�D`a�DLK-YGD λ a�»pY�F<HVdeK<D`a�R�wQD�T�bgD�T�H`]>deU�N�]"YGD@b�½§R#UGP`bgDÔ�SLUGdeK>l)R#b�aGE�HVNGFOYGD�]�PQDLF>[�D�]uYGDxEGF<HVK<HVUm]>dehBNGbgS�D�]}EcHVNGFuYGD�]}SLU�DLF>P`dgD�]OR#bebqR#U*KuYGD
1017.8 » 1018.6 D��@n

T�HVF>F<D�]>E�HVU�Y�R#U*KrR#NfYGSL[GNGK4YGDvbqR-T<l�NGK<DOYGDvbqRAEGF<HV[)R#[GdebedeK<S}DLU���YGD�]<]/HVN�]4YGD � a�R#NGP`hfDLU*K<DuT�HVh�hfD�b�½¾HVUk]�½ ¼
R#K>K<DLU�YpR�wQD�T�b�½¾SLU�DLF>P`dgD�DLKvY�deh�deU�N�D-R�wQD�T�b�½§R#UGP`bgDOÔ�SLUGdeK>l)R#b�nGC�R-w`R#bgDLNGF�YGD

λ
a*j*NGd�F<DLEGF<S�]/DLU�K<DAbqR"bqR#F>PQDLNGF

YGD}bqRxÔ�HVU�DOYGDuYGS�TLF<HVdg]<]ÎR#U�T�DOYGDubqRxEGF<HV[)R#[GdebedeK<S`aGR#NGP`hfDLU�K<DxR�wQD�TOb�½¾SLU�DLF>P`dgD�DLK4b�½§R#UGP`bgD`azT�HVU�]<S�j�N�DLU�T�D�YGD
b�½§R#NGP`hfDLU�K/R#K>dgHVU�YGDBbqRfK/R#debebgD@YGDBbqR'PQDLF>[�D@R�wQD�T

E
a�DLKxYGD"bqRkhfHVdeU�]���HVF>K<D\YGS�TLF<HVdg]<]/R#U�T�D@Y�N¤]>deP`U)R#b7DLU

��HVU�TLK>dgHVU"YGD4bqR�Y�dg]>K/R#U�T�D4»�b�½§R�s�D4E�HVNGF�bgD�]�PQDLF>[�D�]�R�¼�R#U�K;K>F/R�wQDLF<]/S�NGU�D�P`F/R#U�YGDoSLE)R#dg]<]<DLNGF�Y�½§R#K>hfH`]<EGl�iLF<D`n

�",�ñ 0¦¥ 9�º}9;:�?�¶ ³\5Ò³B¶�?�579�?�:\@u1
M E)R#F>K>deFrYGD�]7��HVU�TLK>dgHVU�]oCg(�É�]�a�U�HVN�]4Y�dg]>EcH`]<HVU�]�YGDuK<HVNGK<D�b�½ deU���HVF>hkR#K>dgHVU'U�S�T�D�]<]ÎR#deF<D}EcHVNGF4T�R#bgTLNGbgDLF

b�½§RVT�T�DLEGK/R#U�T�D"Y�N¬F<S�]<D�R#NmYGD"]>NGFJ��RVT�D`nGC�R@EGF<H*T�S�Y�NGF<D"D�]>K}YGHVU�TxbqR�]>NGdew`R#U�K<Dk��R��UmY�½ NGK>debedg]<DLFOR#N�h�dgDLN�s
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bqR-]>¼zhfSLK>F>dgD}l�Dts�R#PQHVU)R#bgD�Y�Np¡zÕ¨YGDub�½ � É�M\a�U�HVN�]rT�R#bgTLNGbgHVU�]ob�½¾Dt¥kT�RVTLdeK<S�YGDOYGSLK<D�TLK>dgHVU�DLKob�½§RVT�T�DLEGK/R#U�T�D
deU�]>K/R#U�K/R#U�S�DpY�½ NGU�D�T�DLbebeNGbgDkl�Dts�R#PQHVU)R#bgDpSLbgSLhfDLU�K/R#deF<Dª� � ]>K/R#K>dgHVUÆT�DLU*K>F/R#bgDpDLU�K<HVNGF<S�DpYGD Ø wQHVdg]>deU�D�]Î�ta
EGNGdg]uU�HVN�]�hBNGbeK>deEGbedgHVU�]xbgD"F<S�]<NGbeK/R#KOE)R#F�bgD"U�HVhB[GF<D�YGDBT�DLbebeNGbgD�]�EGF<S�]<DLU*K<D�]xY�R#U�]�bqRkT�HVU��P`NGF/R#K>dgHVU2Y�N
F<S�]<D�R#N�T�HVU�]>dgYGSLF<S�D`n`C�½§RVT�T�DLEGK/R#U�T�D�]>NGF£NGU�DrEcSLF>dgH*YGDvYGDrEGF>dg]<DrYGDrYGHVUGU�S�D�]7]/DrT�R#bgTLNGbgD�R#bgHVF<]7]>deh�EGbgDLhfDLU*K
DLU�T�HVh�EGK/R#U�KObgDxU�HVh"[GF<DBYGDxT�DLbebeNGbgD�]J��]<D�T�HVU�YGD�]ARVT�TLNGh"NGbgS�D�]OE�DLU�Y�R#U*K}bqR�Y�NGF<S�D-YGDA��HVU�TLK>dgHVUGU�DLhfDLU�K�n

��ü¨§£üÞý ©bIVK�����K3��ÿSK·�gÿ�ª ��IV���`
JQ���ÿS��Q�
`ÿ%�g
����� ��IV���N�+��ÿS��ÿ%K�K���K�ÿ~#�ÿ�«^ILM'<��IVK�ÿ
C�½¾Dt¥kT�RVTLdeK<S�YGD}YGSLK<D�TLK>dgHVUpY�½ NGU�D}T�DLbebeNGbgD}l�Dts�R#PQHVU)R#bgDOYGSLEcDLU�YfYGD�]oT�HVU�Y�deK>dgHVU�]oYGDOYGS�TLbgDLU�T<l�DLhfDLU�Kx�

E�HVNGF�E)RV]/]<DLFfbgD�TLF>deK<iLF<D�(v��a7NGU SLwQSLU�DLhfDLU�KpYGHVdeK'R�wQHVdeF�R#NËhfHVdeU�] ~ ]>K/R#K>dgHVU�]fU�HVU�R#bedeP`U�S�D�]'R�¼�R#U*K
YGS�TLbgDLU�T<l�SBNGU�(}Ñe(�HJ( ��bgD"EGF>deU�TLdeE�DBY�N%T�R#bgTLNGb;D�]>KubgDxhfyLhfD"E�HVNGFObqRfT�HVU��P`NGF/R#K>dgHVU!�

C1
(}ÑQ�tnb��HVN�]

T�HVUGU)R#dg]<]<HVU�]�YGS¯I<»!bqR%EGF<HV[)R#[GdebedeK<S�j�N�½ NGU�D¬TLNGwQD¬YGS�TLbgDLU�T/l�D¬NGU�(�HJ( DLUZ��HVU�TLK>dgHVUËYGD¬]/R!Y�dg]>K/R#U�T�D�»
b�½§R�s�D�YGD'bqR�PQDLF>[cD`a�P`F/ÖVT�DpR#N�s2��HVU�TLK>dgHVU�]@C�(�É;n7É�HVNGFfT/l)RVj�N�D'EcH`]>deK>dgHVUZE�H`]<]<de[GbgDkY�NZT��ANGF�a�debv]>N�¥fK
R#bgHVF<]-YGDfT�R#bgTLNGbgDLF-bqR�EGF<HV[)R#[GdebedeK<S'YGDfYGS�TLbgDLU�T<l�DLhfDLU*K\T�HVUVI>HVdeU�K<D'Y�½§R#N2hfHVdeU�] ~ ]<K/R#K>dgHVU�]-DLU2K>F>dqR#UGP`bgD
S�j�NGdebqR#K<SLF/R#b�a)T�HVh�EGK<D-K<DLU�N%YGDxbgDLNGF}Y�dg]>K/R#U�T�D"»@b�½§R�sGD`n

É;HVNGF4NGU�D}SLU�DLF>P`dgDODLK�NGU'R#UGP`bgDuY�½ deU�TLdgYGDLU�T�D�YGHVUGU�S�]�a`deb���R#NGK4T�HVh�hfDLU�T�DLFrE)R#F4T�R#bgTLNGbgDLFobqRxY�dg]>K/R#U�T�D
YGDvT<l)RVj*N�Dr]<K/R#K>dgHVUk»ub�½§R�sGDrYGDobqROPQDLF>[cD`a`DLK7DLU@YGS�Y�NGdeF<Dv]/ROEGF<HV[)R#[GdebedeK<SvdeU�Y�dewzdgY�N�DLbebgD}YGDvYGS�TLbgDLU�T<l�DLhfDLU*K
»fE)R#F>K>deF-YGD\bqR�Cg(�ÉÌT�HVF>F<D�]>EcHVU�Y�R#U�K<D`n�¡zHVdgDLU*K

Pi
DLK
Qi = 1 − Pi

bgD�]OEGF<HV[)R#[GdebedeK<S�]Bj�N�DBbqR�]>K/R#K>dgHVU
i

�
i
EGF<DLU)R#U�KObgD�]�wVR#bgDLNGF<]uYGD � »e÷`�rYGS�TLbgDLU�T<l�DBDLK�aGF<D�]>EcD�TLK>dewQDLhfDLU�K�a)U�D-YGS�TLbgDLU�T<l�D"E)RV]}YGD�(}Ñq(�HJ(xn)C�R

EGF<HV[)R#[GdebedeK<S"j*N�½§R#N�TLNGU�D-]>K/R#K>dgHVU�U�½§R#deKOYGS�TLbgDLU�T<l�S"]�½¾S�TLF>deK P(0) =
∏i=7
i=1Qi

n

,.-F/.1Q��n§¦ 2 �rHVU�wQDLU�K>dgHVU�]rPQS�HVhfSLK>F>dgj*N�D�]�NGK>debedg]<S�D�]4E�HVNGF7bgD�T�R#bgTLNGb�YGDvbqRAEGF<HV[)R#[GdebedeK<S}YGDX(v��aVbqRAEcH`]>deK>dgHVUY�N�T��ANGFuYGDxbqR\PQDLF>[cD-D�]>K�deU�Y�dgj*N�S�DxE)R#F}bqR@TLF<HVd�s�n
ÕAD!hfyLhfD`avbqRÆEGF<HV[)R#[GdebedeK<S2j�N�½ NGU�DªDLK¬]<DLNGbgDLhfDLU*K�NGU�Dª]>K/R#K>dgHVUÌR#deK�YGS�TLbgDLU�T/l�S2]�½¾S�TLF>deK P(1) =

P(0) ×∑i Pi/Qi
arDLK'bqR�EGF<HV[)R#[GdebedeK<S¤Y�½§R�wQHVdeFmÑÅ]>K/R#K>dgHVU�]x(�HJ(¹D�]>K'YGHVUGU�S�D!E)R#F P(2) = P(0) ×



ú�Àq	 �¢¡ ÃQ�GÃ��ò��Á!Û���Û�Á�����Ã`�����>f c�	

∑
j>i PiPj/QiQj

nG{;deU)R#bgDLhfDLU�K�a�bqR@EGF<HV[)R#[GdebedeK<SBE�HVNGFuj*N�½ NGU�DxPQDLF>[cDxK<HVh"[)R#U*K�DLUmNGU�E�HVdeU*KOYGD-T�HzHVFJ�
YGHVUGU�S�D�]O�

xc, yc
�;E)RV]/]<DvbgD�UGdewQD�R#N'YGD�YGS�TLbgDLU�T/l�DLhfDLU�K|(v�'� ~ (�HJ( DLUfK>F>dqR#UGP`bgDOS�j�NGdebqR#K<SLF/R#bò��D�]>K�YGHVUGU�S�D

E)R#F-�

PT4(xc, yc) = 1 −P(0)


1 +

∑

i

Pi
Qi

+
∑

j>i

PiPj
QiQj

+
∑

i,j,k align

PiPjPk
QiQjQk


 ����n§¦Q�

HVÈ¬bgD-YGDLF>UGdgDLF}K<DLF>hfD-T�HVh�EGK/R#[Gdebedg]<D"bgD�]}T�HVU��P`NGF/R#K>dgHVU�]�HVÈ ~ ]>K/R#K>dgHVU�]u]/HVU�KuR#bedeP`U�S�D�]B��Tt�£�P`NGF<Dx��n§¦Q�tn
�rDLK>K<D"EGF<HzT�S�Y�NGF<DBE�DLF>hfDLKAYGDBT�R#bgTLNGbgDLF�bqRkEGF<HV[)R#[GdebedeK<S\YGD\YGS�TLbgDLU�T<l�DLhfDLU*KxE�HVNGF�U�½ deh�EcHVF>K<DBj*N�DLbg]

E)R#F/R#hfiLK>F<D�]7YGDoPQDLF>[cDA��SLU�DLF>P`dgD`aQR#UGP`bgDrDLK£KÞ¼*EcDoYGDrEGF>dehkR#deF<D��tn`MXE)R#F>K>deF7YGDrT�DLK>K<DrEGF<HV[)R#[GdebedeK<S}Y�½¾HV[GK<DLUGdeF
NGUx(v��a�bqR@]<NGFJ��RVT�DxDt��D�TLK>dewQDxYGDxYGSLK<D�TLK>dgHVUmY�½ NGU�DxT�DLbebeNGbgD-SLbgSLhfDLU*K/R#deF<Dxl�DtsGR#PQHVU)R#bgD"]<DAT�R#bgTLNGbgD-T�HVh�hfD
b�½ deU�K<SLP`F/R#bgD"YGD"]/R@]>NGFJ��RVT�Dx]>NGF�bqR@F<SLP`dgHVU%R#NGK<HVF>dg]<S�D-E)R#F}bgD�(Xð�aGEcHVU�YGSLF<S�DxE)R#F}bqR\EGF<HV[)R#[GdebedeK<S"YGD�(v���

Seff =

∫

cellule
PT4(xc, yc)HT5(xc, yc) dS

����n§^Q�

HVÈ
HT5(xc, yc)

D�]>K}NGU�D"��HVU�TLK>dgHVU¤j*NGd�wVR#NGK � bgHVF<]/j�N�D"bgD"T��ANGFOYGDBbqR�PQDLF>[cD"]/D"]>deK>N�DBY�R#U�]uNGU�D"Ô�HVU�D
R#NGK<HVF>dg]<S�D}E)R#F�bgDuTLF>deK<iLF<DB(Xð�aQDLKr_-Y�R#U�]�bgDuT�RV]4T�HVU�K>F/R#deF<D@��Tt�>nV�P`NGF<D}��n � E�HVNGF�bgDu]<T<l�SLhkR"YGD}bqRx]>NGFJ��RVT�D
R#NGK<HVF>dg]<S�DxE)R#F}bgD�(XðQ�tn

,6-0/.1���n§^ 2 �×P�R#N�T/l�Dm��SLwQHVbeNGK>dgHVUÆYGD�bqR¬]>NGFJ��RVT�D�Dt��D�TLK>dewQDkYGDfYGSLK<D�TLK>dgHVUÆY�½ NGU�DfT�DLbebeNGbgDfl�Dts�R#PQHVU)R#bgD
��U�HVF>hkR#bedg]<S�D�» � �BDLUZ��HVU�TLK>dgHVUËYGDpb�½¾SLU�DLF>P`dgDpEcHVNGFfY�d��cSLF<DLU*K<]kR#UGP`bgDpÔ�SLUGdeK>l)R#N�s�a�Y�R#U�]@bgD¬T�RV]�Y�½ NGU�DPQDLF>[�D�deUGdeK>dgS�DOE)R#F4NGUkEGF<HVK<HVU�nT�«Y�F<HVdeK<D"�*T�HVh�E)R#F/R#dg]<HVUpYGD�bqR-]>NGFJ��RVT�D}Dt��D�TLK>dewQDOYGDuYGSLK<D�TLK>dgHVU�HV[GK<DLU*N�D
E�HVNGF}YGD�]�U�H�¼�R#N�smYGD���DLF}HVNmE�HVNGF}YGD�]�EGF<HVK<HVU�]�n

C�R'�P`NGF<D���n§^¬RQ�ADLKx[��tacEGF<S�]/DLU�K<D�bgD�]xF<S�]<NGbeK/R#K<]-Y�N2T�R#bgTLNGb4YGD@bqR¬]>NGFJ��RVT�D�Dt��D�TLK>dewQD�YGDfYGSLK<D�TLK>dgHVU
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Y�½ NGU�D"T�DLbebeNGbgD"l�DtsGR#PQHVU)R#bgDBDLU���HVU�TLK>dgHVU%YGDxb�½¾SLU�DLF>P`dgD`a�E�HVNGFOY�d��cSLF<DLU*K<]�R#UGP`bgD�]OÔ�SLUGdeK>l)R#N�smDLKuKÞ¼*EcD�]uYGD
EGF>dehkR#deF<D�]�nGC�R@]>NGFJ��RVT�DADt�cD�TLK>dewQDxYGDxYGSLK<D�TLK>dgHVU%]/R#K>NGF<D�wQDLF<] ~ |�D��ôE�HVNGF�YGD�]�EGF<HVK<HVU�]}E�DLNpdeU�TLbedeU�S�]}DLK
wQDLF<]x�m|�D��±E�HVNGF-bgD�]-PQDLF>[�D�]BY�½§R#UGP`bgD�Ô�SLUGdeK>l)R#b

θ = 0◦
HVN

θ = 60◦
n��rDLK>K<DfSLwQHVbeNGK>dgHVUÆYGD

Seff
R�wQD�T

b�½§R#UGP`bgD-EGF<H�w*dgDLU*K�YGD"bqRfT�HVh�EcSLK>deK>dgHVU%DLU�K>F<DBb�½§R#NGP`hfDLU�K/R#K>dgHVUªYGD"bqR�K/R#debebgD"YGD"b�½¾DLh�EGF<DLdeU�K<D\YGD-bqRfPQDLF>[�D
R#Nk]<HVb�R�wQD�T

θ
a`j*NGd�RAK<DLU�Y�R#U�T�D�»���R�wQHVF>dg]<DLF4bgDuYGS�TLbgDLU�T<l�DLhfDLU�K}Y�Nb(v��a*R�wQD�Tub�½§R#K>K<SLU�N)R#K>dgHVUpYGD�bqRxPQDLF>[cD

]>NGdeK<Dk»p]<HVU�EGbeN�]-P`F/R#U�YªE)R#F<T�HVNGF<]\Y�R#U�]-b�½§R#K>hfH`]>EGl�iLF<D`a�T�Dfj*NGd4Y�deh�deU�N�DkbgDf]>deP`U)R#b�hfD�]>NGF<SkY�R#U�]-bgD�]
]>K/R#K>dgHVU�]�n

�rHVh�hfD@HVU%EcDLNGKubgD\T�HVU�]>K/R#K<DLFx]>NGF�bqR��P`NGF<DB��n§^k[��ta)bqR']>NGFJ��RVT�DBDt��D�TLK>dewQD@YGDBYGSLK<D�TLK>dgHVU¤U�DBwVR#F>dgD
E)RV]@YGD'bqR%hfyLhfDphkR#UGdgiLF<D¬]>NGdew`R#U�K@bgD�K�¼zEcD�YGD�E)R#F>K>dgTLNGbgDpEGF>dehkR#deF<D`a£bgD�]@U�H�¼�R#N�sÆYGD'��DLFfR�¼�R#U�K�NGU�D
EGF<HV[)R#[GdebedeK<S�EGbeN�]kP`F/R#U�YGD�YGD�YGS�TLbgDLU�T<l�DLF�NGU (v��j*N�D¬bgD�]�EGF<HVK<HVU�]�n4C�Dp��R#deKfj*N�D¬bqRª]>NGFJ��RVT�D�YGD�YGSt�
K<D�TLK>dgHVU2YGSLE�DLU�YGDkY�½ NGU�D@l�¼zE�HVK>l�i�]<Dk]>NGFAbqRpT�HVh�E�H`]>deK>dgHVUÅY�NªF/R�¼QHVUGU�DLhfDLU�K@T�H`]>h�dgj*N�D@E�DLNGK-]/DLh"[GbgDLF
EGF<HV[GbgSLhkR#K>dgj�N�DB»"EGF<DLh�dgiLF<D-w*N�D`azhkR#dg]�U�HVN�]vwQDLF>F<HVU�]}j*N�DxT�DLK>K<DxT�R#F/RVTLK<SLF>dg]>K>dgj*N�DxEcDLNGKvyLK>F<DxDts�EGbgHVdeK<S�D
E�HVNGFvT�HVU�K>F/R#deU�Y�F<DAbqRBT�HVh�EcH`]>deK>dgHVU¬Y�R#U�]obqR"F<SLP`dgHVU¬HVÈ

Seff
U�½¾D�]>KoE)RV]v]/R#K>NGF<S�D`n�C�D�YGHVhkR#deU�DxY�½¾SLU�DLF>P`dgD

DLUXj�N�D�]>K>dgHVUX]<Dp]>deK>N�D¬DLU*K>F<D � DLK��¤|4D��@a£EGF<S�TLdg]<SLhfDLU�Kfbq»!HVÈXbqR!T�HVUGU)R#dg]<]/R#U�T�D¬YGDpbqR!T�HVh�EcH`]>deK>dgHVU
R#EGE�HVF>K<DLF/R#deKBNGU�D�deU���HVF>hkR#K>dgHVUÅ]>NGFxbqRpEcH`]>deK>dgHVU�YGDfbqRpK>F/R#U�]>deK>dgHVU�P�R#bqRVTLK>dgj*N�D�wQDLF<]BDtszK>F/R���P�R#bqRVTLK>dgj*N�D`n
�OHVN�]vEGF<S�]/DLU�K<DLF<HVU�]uY�R#U�]}bgD�T/l)R#EGdeK>F<Dd¬=¬@bgD�]vhfSLK>l�H*YGD�]}j*N�DAU�HVN�]uR�wQHVU�]}YGSLwQDLbgHVEGE�SAEcHVNGF}SLK>N�Y�dgDLF}bqR
U)R#K>NGF<D-YGD�]�F/R�¼QHVU�]uT�H`]>h�dgj*N�D�]uDLU*K>F<D � DLK��Q|�D��\n

Mu�UÅYGD�]�½§R���F/R#U�T/lGdeF\Y�NÆEGF<HV[GbgiLhfDpYGDfbqRmwVR#F>dqR#K>dgHVUZDLUÅSLU�DLF>P`dgDpYGDkbqRm]>NGFJ��RVT�DkDt��D�TLK>dewQD�YGD'YGSt�
K<D�TLK>dgHVU�a�R#deU�]>d�j*N�D!YGDmb�½ l*¼*EcHVK>l�i�]<D¤]>NGF�bqR�T�HVh�EcH`]>deK>dgHVU�ardebx]>N�¥fK�YGD!T�HVU�]>dgYGSLF<DLFpNGUGdgj*N�DLhfDLU�K¬bgD�]
SLwQSLU�DLhfDLU�K<]AR#N���YGD�]<]>N�]}YGD-b�½¾SLU�DLF>P`dgD-YGD-]/R#K>NGF/R#K>dgHVU�a�]/HVdeK

E > 3
|�D��\n

$@ÃQÃQ��Ü�����f�ÃQ�B�4f�������f�����f�Á���Ûog&<f��xÃQ�zõ�õ�&;õ��zh��$���G()��f���õ��® �ÅE)R#F>K>deF�YGD7b�½¾Dts�EGF<D�]<]>dgHVU"YGD£bqR�]<NGFJ��RVT�D
Dt�cD�TLK>dewQD"YGDxYGSLK<D�TLK>dgHVU

Seff(E, θ, ϕ)
a�b�½§RVT�T�DLEGK/R#U�T�D"deU�]>K/R#U�K/R#U�S�DBY�½ NGU�D-T�DLbebeNGbgDxl�Dts�R#PQHVU)R#bgD`aGhfD�]>NGF<S�D

DLU¬h 2 n¾]>F�neaG]�½¾HV[GK>dgDLU*KO]>deh�EGbgDLhfDLU*KODLU�deU*K<SLP`F/R#U�K Seff(E, θ, ϕ)
]>NGF�b�½§R#UGP`bgD-]/HVbedgYGDf�

a(E) =

∫

θ≤60◦
Seff(E, θ, ϕ) cos θ dΩ

����n � _Q�

HVÈmbgD-��RVTLK<DLNGF
cos θ

EGF<DLU�Y!DLU%T�HVh�EGK<DBbgDx��R#deKOj*N�D-bgD"YGSLK<D�TLK<DLNGFAEGF<S�]<DLU*K<D"NGU�DB]>NGFJ��RVT�D-EGF<H#I>DLK<S�D\R#N�s
PQDLF>[�D�]}deU�TLdgYGDLU�K<D�]�]<HVN�]�b�½§R#UGP`bgD

θ
n
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�rHVh�hfD\U�HVN�]Ab�½§R�wQHVU�]AhfDLU�K>dgHVUGU�SfEGF<S�T�S�YGDLh�hfDLU�K�a�b�½§RVT�T�DLEGK/R#U�T�D@deU�]>K/R#U*K/R#U�S�D�Y�½ NGU�D@T�HVU��P`NGF/R��
K>dgHVU2YGHVUGU�S�D�Y�NªF<S�]<D�R#N¤E�DLNGK-yLK>F<D�HV[GK<DLU*N�Df]>deh�EGbgDLhfDLU�KBDLUªh"NGbeK>deEGbedqR#U�KBb�½§RVT�T�DLEGK/R#U�T�D�deU�]>K/R#U*K/R#U�S�D
Y�½ NGU�D-T�DLbebeNGbgDxl�Dts�R#PQHVU)R#bgD-SLbgSLhfDLU�K/R#deF<DBE)R#F�bgDxU�HVh"[GF<DBYGDxT�DLbebeNGbgD�]}EGF<S�]<DLU*K<D�]uY�R#U�]�bqRfT�HVU��P`NGF/R#K>dgHVU
DLU2j�N�D�]>K>dgHVU�n��ol)RVj*N�D�]>K/R#K>dgHVUÅR�¼�R#U�K"]<d�s%wQHVdg]>deU�D�]"RVTLK>dewQD�]�a�T�HVh�hfDf]>NGFAbqR'�P`NGF<D���n � RQ�ta�T�HVU*K>F>de[GN�D
»fb�½§RVT�T�DLEGK/R#U�T�D@deU�]>K/R#U*K/R#U�S�D@E�HVNGF�NGU�D@T�DLbebeNGbgD@SLbgSLhfDLU�K/R#deF<D`a�R#bgHVF<]Aj�N�½ NGU�D@]>K/R#K>dgHVU2R�¼�R#U�K�ðkwQHVdg]>deU�D�]
T�HVh�EGK<DAE�HVNGF

2/3
YGDxT�DLK>K<Dxw`R#bgDLNGF�aGT�HVh�hfDxdebebeN�]>K>F<Sx]>NGF�bqRB�P`NGF<DA��n � [��tnGC�D�]}]>K/R#K>dgHVU�]uR�¼�R#U�KuhfHVdeU�]
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E�HVNGF4YGD�]4PQDLF>[�D�]o]>deh"NGbgS�D�]v»xEGbeN�]<dgDLNGF<]4SLU�DLF>P`dgD�]�a*E�HVNGFoYGD�]�EGF<HVK<HVU�]A��E�HVdeU*K<]4F<HVNGPQD�]Î�tn*C�D}F<S�]/D�R#NkSLK/R#deK
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T�HVh�EGK/R#PQDkYGD�]Bl�DtsGR#PQHVU�D�]BDLK"NGU�T�R#bgTLNGbvYGD
Seff

Dt��D�TLK>N�SkDLU2[)R#bqR�¼�R#U�K@K<HVNGK<DfbqRm]>NGFJ��RVT�DkY�N2F<S�]<D�R#N
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Y�N¬K<DLh�E�]uYGDxT�R#bgTLNGb�E�HVNGF�b�½¾D�]>K>dehkR#K>dgHVU!YGDAb�½§RVT�T�DLEGK/R#U�T�D`n
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Y�NmF<S�]<D�R#N¤YGD"]<NGFJ��RVT�D`n>D�b;D�]>KuEcH`]<]>de[GbgDBYGD-bqR'T�R#bgTLNGbgDLFONGU�D"��HVdg]}EcHVNGFOK<HVNGK<D\DLKuhfyLhfD\YGD"bqRfhfD�]>NGF<DLF
P`F/ÖVT�D¬R#N�sÆYGHVUGU�S�D�]@l�¼z[GF>dgYGD�]�HV[GK<DLU�N�D�]'R�wQD�TpbqRm��N�HVF<D�]<T�DLU�T�D`n7MON���YGD�]<]>N�]@YGD�bqR%]ÎR#K>NGF/R#K>dgHVU�a£E�HVNGF
E > 3

|�D��\a�bqR�]>NGFJ��RVT�DkYGD'YGSLK<D�TLK>dgHVUZE)R#FBTLNGwQDpR�¼�R#U�K�]>d�sªwQHVdg]>deU�D�]@RVTLK>dewQD�]@D�]>K"YGHVUGU�S�D�E)R#F
d2 ×

√
3/2 ≈ 1.95

Ç h 2 aGHVÈ d = 1.5
Ç h©D�]<K�bqR@Y�dg]>K/R#U�T�D-DLU�K>F<DBYGDLN�sp]<K/R#K>dgHVU�]�n�C�½§RVT�T�DLEGK/R#U�T�D"deU�]>K/R#U�K/R#U�S�D

T�HVF>F<D�]>EcHVU�Y�R#U�K<D`a�deU*K<SLP`F<S�D"]>NGF�bgD�]OR#UGP`bgD�]
θ < 60◦

aGD�]<K}YGHVU�T
acell ≈ 4.59

Ç h 2 ]>F�n

,.-F/.1���n �`�u2 ¡*l�SLhkR�F<S�]>NGhkR#U�K\bqRpEGF<HzT�S�Y�NGF<DkYGD'T�R#bgTLNGboYGDfb�½§RVT�T�DLEGK/R#U�T�D�Y�N2F<S�]<D�R#NÆYGDf]>NGFJ��RVT�DkYGDb�½ � É�M\n

{;deU)R#bgDLhfDLU�K�a`EcHVNGF�T�R#bgTLNGbgDLF7b�½§RVT�T�DLEGK/R#U�T�DuY�N@F<S�]<D�R#NkR#N���YGD�]/]>N�]7YGDvbqR�]/R#K>NGF/R#K>dgHVUk]>NGF£NGU�DvEcSLF>dgH*YGD
YGDAK<DLh�E�]}YGHVUGU�S�D`aGdeb�]>N�¥fKOYGDxT�HVh�EGK<DLF}bgDAU�HVh"[GF<DBYGDxT�DLbebeNGbgD�]}l�Dts�R#PQHVU)R#bgD�]uTLNGh"NGbgS�D�]O]>NGF�bqR@Y�NGF<S�D
YGD!hfD�]>NGF<DªDLK�YGD!h"NGbeK>deEGbedgDLFmbgD!F<S�]>NGbeK/R#K¬E)R#F

acell ≈ 4.59
Ç h 2 ]<F�n�C�RÆT�HVU��P`NGF/R#K>dgHVU Y�N«F<S�]<D�R#N

E�DLNGK@T<l)R#UGPQDLFfR�wQD�T'bgD'K<DLh�E�]\E�HVNGF@YGD'h"NGbeK>deEGbgD�]@F/R#dg]<HVU�]p��YGD'U�HVNGwQDLbebgD�]�]>K/R#K>dgHVU�]@]<HVU*K\YGSLEGbgH�¼QS�D�]
��RVT<l�iLwQDLhfDLU*K�Y�N%¡zÕôwQDLF<]��UmÑ`_`_�÷znenen���K<HVNGKuR#NmT�HVNGF<]}YGDxb�½§R#UGU�S�D`a)T�DLbebgD�]J��TLd�EcDLNGwQDLU�KuSLP�R#bgDLhfDLU*KOyLK>F<D
YGSt)TLdgDLU�K<D�]�YGD���RVW�HVUmE)RV]<]/R#PQiLF<DxDLKuYGHVdewQDLU*KOyLK>F<D-T�HVU�]>dgYGSLF<S�D�]OT�HVh�hfD"R#[�]<DLU*K<D�]uY�N�F<S�]<D�R#N�n



ú�À0[±°¬��&����*õ�õ����f�������*���G�G�£õ����kõ���Á��*�®²2õÞ��GÃ�ÃQ�$Ü�����f�Ã�� c�v

C�R��P`NGF<D¤��n �`� F<S�]>NGhfD¤bgD!EGF>deU�TLdeE�D¤Y�N�T�R#bgTLNGb-YGD!b�½§RVT�T�DLEGK/R#U�T�D2Y�NÌ¡zÕ ]>NGF�NGU�D¤EcSLF>dgH*YGD¤YGD
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Y�R#U�]ubgD�]u)T<lGdgDLFxYGD"]<NGF>wQDLdebebqR#U�T�D\Y�N!(}Ñ%�4(}Ñ��bgD�]A]>NGFubqR��P`NGF<D��ta)bqR'T�HVU��P`NGF/R#K>dgHVU¤PQS�HVhfSLK>F>dgj�N�D@Y�N
F<S�]<D�R#N%EcDLF>hfDLKAYGDBT�R#bgTLNGbgDLFAbgDBU�HVh"[GF<D

Ncell
YGD\T�DLbebeNGbgD�]�l�DtsGR#PQHVU)R#bgD�]-R#N!K<DLh�E�]

t
a�DLKOb�½§RVT�T�DLEGK/R#U�T�D

D�]>KudeU�TLF<SLhfDLU*K<S�D�YGD-bqRkwVR#bgDLNGF
Ncell × acell × ∆t

a�HVÈ
∆t

D�]>KOb�½ deU�K<DLF>w`R#bebgD�YGD-K<DLh�E�]�EcDLU�Y�R#U�KAbgD�j�N�DLb
bqR@T�HVU��P`NGF/R#K>dgHVU!Y�N¬F<S�]<D�R#NmU�½§R@E)RV]}T<l)R#UGPQS`n
�«K>deK>F<DOY�½¾DtsGDLh�EGbgD`a�R#N�T�HVNGF<]rYGDubqR-E�SLF>dgHzYGDAR#bebqR#U�KvY�N � er I<R#U�wzdgDLFvÑ`_`_#��R#N ~ IJNGdebebgDLKvÑ`_`_ Ø deU�TLbeN�]�a

bgD4F<S�]<D�R#N@YGDr]>NGFJ��RVT�DrYGDob�½ � [�]<DLF>wVR#K<HVdeF<DvÉ7dgDLF>F<DvMONGPQDLF£R�RVT�TLNGh"NGbgS ≈ 2.94 1010 T�DLbebeNGbgD�]�(Xð���]/D�T�HVU�YGD�]�a
]<HVdeK4NGU�D�RVT�T�DLEGK/R#U�T�DOK<HVK/R#bgD�YGD

1.35 1011 Ç h 2 ]>F4]�a*HVÈ 4280
Ç h 2 ]>FrR#U�a�E�HVNGFrYGD�]oSLwQSLU�DLhfDLU*K<]}R�¼�R#U*K

YGD�]vR#UGP`bgD�]
θ < 60◦

DLKvNGU�DASLU�DLF>P`dgDA]>NGE�SLF>dgDLNGF<Dx» ~ |4D��@nzÉ;HVNGF}T�HVh�E)R#F/R#dg]<HVU�a�b�½§RVT�T�DLEGK/R#U�T�DxHV[GK<DLU*N�D
E)R#Fob�½¾Dts�E�SLF>dgDLU�T�DAMu AMx¡zM¨DLUpY�d�s�R#U�]vYGDOYGHVUGU�S�D�]vD�]>KrNGU�E�DLN�EGbeN�]vYGD�YGDLN�sk��HVdg]rDLKrYGDLh�dcdeU���SLF>dgDLNGF<D
»@T�DLK>K<DxwVR#bgDLNGF�n

�",�³ ´µ@}6C{}5�ó·ó<5gB�@z¶�B�5£·[{rºz¶uó<5gBÙó<:<¶75gB�·wóOõ�º}9;9�5£µC?�º}1\9;5

C�HVF<]-YGD�b�½¾SLbqR#[cHVF/R#K>dgHVUÅYGD@bqR¬hfSLK>l�H*YGDfYGD�T�R#bgTLNGboYGD�b�½§RVT�T�DLEGK/R#U�T�D`a�EGbeN�]>dgDLNGF<]BHV[�]<DLF>w`R#[GbgD�]xEGl�¼*�
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T�DLF>K/R#deU�U�HVh"[GF<D'YGDfEGdg]>K<D�]BY�d��cSLF<DLU*K<D�]�a�EcDLF>hfDLK>K/R#U�K@YGD�w`R#bedgYGDLFBDLK-K<D�]<K<DLF-bgD�]-F<S�]>NGbeK/R#K<]BHV[GK<DLU�N�]@DLU
]>deh"NGbqR#K>dgHVU�a�I>DuEGF<S�]<DLU*K<DA[GF>dgiLwQDLhfDLU�K}Y�R#U�]vT�DLK>K<DA]<D�TLK>dgHVU�bgD�]rHV[�]/DLF>wVR#[GbgD�]�j*NGd�]/DLh"[GbgDLU�K�yLK>F<D�bgD�]rEGbeN�]
EGF<HVhfDLK>K<DLN�]<D�]�n
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bqR¬T�HVUGU)R#dg]<]/R#U�T�D'YGD�bqR¬EGF<HV[)R#[GdebedeK<S'deU�Y�dew*dgY�N�DLbebgD'YGDfYGS�TLbgDLU�T<l�DLhfDLU*KfY�½ NGU�Dk]>K/R#K>dgHVUÅDLU2��HVU�TLK>dgHVUÅYGD
]/R�Y�dg]>K/R#U�T�Dk»�b�½§R�sGD�Y�½ NGU�D�PQDLF>[�D�Y�½¾SLU�DLF>P`dgDkDLK"Y�½§R#UGP`bgDfYGHVUGU�S`a�YGD�T�R#bgTLNGbgDLF-bqRp]<NGFJ��RVT�D�Dt��D�TLK>dewQDfYGD
YGSLK<D�TLK>dgHVU\Y�N-F<S�]/D�R#NBYGD4]<NGFJ��RVT�D`n�C�D�]���HVU�TLK>dgHVU�]�Cg(�É¤]<HVU�K;HV[GK<DLU�N�D�]£DLU"]>dehBNGbqR#K>dgHVU�aVY�R#U�]�b�½ l�¼zEcHVK>l�i�]<D
Y�½ NGU�D\T�HVh�EcH`]>deK>dgHVUªbgSLPQiLF<D¬��EGF<HVK<HVU�]Î��HVN¤EGbeN�]AbgHVNGF<YGD¬��U�H�¼�R#N�sªYGDB��DLFÎ�tncC�½¾SLwQHVbeNGK>dgHVUÅR�wQD�T@b�½¾SLU�DLF>P`dgD
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r
a;NGU�D

]>K/R#K>dgHVU¬]>debgDLU�TLdgDLN�]<DAT�HVU�K>F>de[GN�D-E�HVNGF�_\Y�R#U�]vbqR-w`R#bgDLNGFvhfH�¼QDLUGU�D-YGD�bqRBC�(�Éu�
r
�taGDLKvNGU�DA]>K/R#K>dgHVU¬j�NGd�R

YGS�TLbgDLU�T<l�SxNGU*(}Ñ\EcHVNGF � nGÉ;R#FOT�DLK>K<DAhfSLK>l�H*YGDxHVU�T�HVU�]>K>F>NGdeKuNGU�DxC�(�É�DtszEcSLF>dehfDLU�K/R#bgD"R�wQD�TxK<HVN�]vbgD�]
SLwQSLU�DLhfDLU�K<]�Y�N%¡zÕ@n

�rDLEcDLU�Y�R#U�K�a�deb���R#NGK�yLK>F<D�EGF>N�YGDLU�KOY�R#U�]vbqRBT�HVh�E)R#F/R#dg]/HVUmR�wQD�TAbgD�]�]>dehBNGbqR#K>dgHVU�]}T�R#FvE�HVNGF�T�R#bgTLNGbgDLF
bqRxCg(�ÉÆ]<NGF�bgD�]4YGHVUGU�S�D�]�a�debG��R#NGKoj*N�D}T�D�]4SLwQSLU�DLhfDLU*K<]vR#dgDLU*KowQSLF>d�)SubgD�]4T�HVU�Y�deK>dgHVU�]rY�Nb( ~ �*�rD�]rCg(�É�]
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YGHVU�TBSLwzdgYGDLU�Kxj*N�D"K/R#U*Kxj�N�DBbqRfEGF<HV[)R#[GdebedeK<S@YGD\YGSLK<D�TLK>dgHVU�a�T`½¾D�]>KJ�Þ»���Y�deF<D\bqRfEGF<HV[)R#[GdebedeK<S@Y�½¾HV[GK<DLUGdeFxNGU
( ~ azU�½¾D�]>KvE)RV]odeU�YGSLEcDLU�Y�R#U�K<D"YGDOb�½¾SLU�DLF>P`dgD`a�bgD�]�Cg(�É�]�hfD�]<NGF<S�D�]�]>NGFvbgD�]rYGHVUGU�S�D�]�]/HVU�K}HV[GK<DLU�N�D�]OR�wQD�T
NGU�S�T/l)R#U�K>debebgHVU!YGDuPQDLF>[cD�]�Y�R#U�]vbgD�j�N�DLbcbgD�]o��N�TLK>N)R#K>dgHVU�]�EcH`]>deK>dewQD�]�R#N���YGD�]<]>N�]�Y�N¬]<DLNGdeb�deh�E�H`]/SOE)R#FvbgD
( ~ ]<HVU*Ku��R�wQHVF>dg]/S�D�]�n � U¤]�½§R#K>K<DLU�Y!YGHVU�T\»kT�DBj*N�D-bgD�]�Cg(�É�]AhfD�]>NGF<S�D�]AR�wQD�T\bgD\¡zÕ DLU���YGD�]<]<HVN�]�YGD"bqR
]/R#K>NGF/R#K>dgHVUm]�½¾SLK<DLU�YGDLU*KuEGbeN�]�bgHVdeU%DLUmY�dg]>K/R#U�T�D-j*N�DAbgD�]}Cg(�É�]O]<deh"NGbgS�D�]�n

C�Rk]<HVbeNGK>dgHVU%T�HVU�]>dg]<K<D"»�deh�EcH`]<DLF}bgDBTLF>deK<iLF<D�( ~ ]<NGF}bgD�]uCg(�É�]A]>deh"NGbgS�D�]�a�EcHVNGFOHV[GK<DLUGdeFOYGD�]�Cg(�É�]
T�HVU�Y�deK>dgHVUGU�DLbebgD�]�a}T�HVh�E)R#F/R#[GbgD�]m»ÆT�DLbebgD�]¬hfD�]<NGF<S�D�]�n}�rDLE�DLU�Y�R#U*K�a�debxD�]>Kpdeh�E�H`]<]<de[GbgD!Y�½§R#EGEGbedgj*N�DLF�bgD
TLF>deK<iLF<Dq( ~ Y�R#U�]xbqR�T�HVU��P`NGF/R#K>dgHVUÅYGD\F<S�]<D�R#N2DLU2SLK<HVdebgD�j*NGd7R�SLK<S@NGK>debedg]<S�D@EcHVNGFxT�R#bgTLNGbgDLFxbgD�]-Cg(�É�]�n
É�HVNGF"deh�EGbgSLhfDLU�K<DLF\bgDq( ~ a�deb£��R#NGKB]>deh"NGbgDLF-bgD�]-PQDLF>[�D�]-]<NGFxNGU2F<S�]<D�R#NªdgYGDLU�K>dgj*N�D'»pT�DLbeNGdoYGD�b�½ � É�M\n
C�DfEGF<HV[GbgiLhfD�D�]>KBR#bgHVF<]BEGNGF<DLhfDLU�K\K<D�T<lGUGdgj*N�D!��deb7��R#NGKB]>dehBNGbgDLF"NGUÅP`F/R#U�Y�U�HVhB[GF<D'YGD�PQDLF>[cD�]@R�wQD�T
Y�d��cSLF<DLU*K<D�]pE�H`]<deK>dgHVU�]�YGD!T��ANGF�avDLK�T�D!EcHVNGF�T/l)RVj�N�DªR#UGP`bgD¤DLKpSLU�DLF>P`dgD`a}R��U�Y�½¾HV[GK<DLUGdeF�YGD�]pCg(�É�]
T�R#bgTLNGbgS�D�]'R�wQD�Tm]>N�¥k]/R#h�hfDLU*K�Y�½¾SLwQSLU�DLhfDLU*K<]�E)R#FkdeU�K<DLF>w`R#bebgDmYGDmY�dg]>K/R#U�T�D`n4ù�½§R#dAR#bgHVF<]kHVF>dgDLU*K<S�hfHVU
SLK>N�YGDxwQDLF<]�NGU�D"R#NGK>F<D-hfSLK>l�H*YGD`aGNGK>debedg]ÎR#U�KubgD�]uSLwQSLU�DLhfDLU�K<]Ol�¼z[GF>dgYGD�]�n

É;HVNGF4hfD�]>NGF<DLF�bgD�]oC�(�É4]oDLU���YGD�]<]/HVN�]4YGD�bqRx]ÎR#K>NGF/R#K>dgHVU�a�T`½¾D�]>KJ�Þ»���Y�deF<D�I¯N�]>K<DLhfDLU*KoY�R#U�]4bqRAF<SLP`dgHVU'HVÈ
bgDOT�R#bgTLNGb�Y�½§RVT�T�DLEGK/R#U�T�D"D�]>KoU�S�T�D�]/]/R#deF<D`azdebcD�]<KoEcH`]<]>de[GbgDAY�½ NGK>debedg]<DLFvbgD�]�SLwQSLU�DLhfDLU�K<]}l�¼z[GF>dgYGD�]�a�hfD�]>NGF<S�]
E)R#FvbgDxYGSLK<D�TLK<DLNGF}YGD���N�HVF<D�]<T�DLU�T�DxDLK�bgD-¡zÕ\nGC�D�{£Õ D�]>K�T�R#E)R#[GbgDxY�½¾HV[�]<DLF>wQDLF�bgD�]vPQDLF>[cD�]u»BEGbeN�]v[)RV]<]<D
SLU�DLF>P`dgD�j*N�D¬bgD%¡zÕ@a�DLK�NGU�Dm]/DLNGbgD¬]>K/R#K>dgHVU�R#N ]/HVb�K<HVN�T<l�S�Dm]<N�¥fKfE�HVNGF'T�HVU�]>K>deK>N�DLFkNGU SLwQSLU�DLhfDLU*K
l�¼z[GF>dgYGD`no�OU«DLU�]<DLh"[GbgD!YGD%TLF>deK<iLF<D�]pYGD!j�N)R#bedeK<S!D�]>KpR#EGEGbedgj�N�S¤»ªb�½¾SLwQSLU�DLhfDLU*K�a}R��U�Y�½¾SLbedeh�deU�DLFpbgD�]
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,6-0/.1���n � Ñ 2 �rHVh�E)R#F/R#dg]<HVU\DLU�K>F<DobqR�Cg(�É%hfD�]<NGF<S�DoR�wQD�T4bgD�]�YGHVUGU�S�D�]�l�¼z[GF>dgYGD�];R�wQD�T�bgD�]�C�(�É�];]>dehBNGbgS�D�]E�HVNGFvYGD�]rEGF<HVK<HVU�]�DLKrYGD�]rU�H�¼�R#N�spYGDO��DLF�a*E�HVNGFrNGU�D�SLU�DLF>P`dgDxDLU���YGD�]<]<HVN�]vYGDubqR\]/R#K>NGF/R#K>dgHVU2�
E ∼ 1018D��-�tnM»×P�R#N�T<l�D¬��EcHVNGF�NGU2R#UGP`bgD@Ô�SLUGdeK>l)R#b�YGD

25◦
a�DLK"»�Y�F<HVdeK<DBEcHVNGF

θ ' 53◦
n�C�D�]A[)R#F>F<D�]-Y�½¾DLF>F<DLNGF

l�HVF>deÔ�HVU�K/R#bgD�]�T�HVF>F<D�]>E�HVU�YGDLU*K�»\NGU�DxdeU�T�DLF>K>deK>N�YGDBYGD�ð`_\h©]>NGF�bqR\EcH`]>deK>dgHVUmY�N�T��ANGF�n

YGS�TLbgDLU�T<l�DLhfDLU�K<]f��HVF>K>NGdeK<]@DLK@]�½§RV]<]>NGF<DLF@YGD'bqR�[cHVUGU�D�F<D�T�HVU�]>K>F>N�TLK>dgHVUËYGDkb�½¾SLwQSLU�DLhfDLU*K�n4�rD�]@TLF>deK<iLF<D�]
]<HVU�KuYGSLK/R#debebgS�]OY�R#U�]�bgDxT<l)R#EGdeK>F<Duð�a�R#deU�]>d�j*N�DxbgD�]}T�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]uY�NmbgHVK}YGD-YGHVUGU�S�D�]}l*¼*[GF>dgYGD�]�n

C�D�]}SLwQSLU�DLhfDLU*K<]ul*¼*[GF>dgYGD�]uU�Dx]<HVU�K}YGHVU�TxE)RV]u]<HVNGh�dg]uR#N�TLF>deK<iLF<Dz( ~ a�T�Dxj*NGd�EcDLF>hfDLK}YGD-T�R#bgTLNGbgDLF
YGD�]-C�(�É4]Õð#æ*ð ×>æ!ð_Ö!Û�ÜÝÛ=æ!ð~ðußnêGêxß�ÒLa�R�wQD�TkbqR�hfyLhfDfhfSLK>l�HzYGDfj�N�DfU�HVN�]"R�wQHVU�]\DtszEGbedgj*N�S�DkR#NGE)R#F/R�wVR#U*K�n
C�R%�P`NGF<D¬��n � Ñ!debebeN�]>K>F<DpbqR¤T�HVh�E)R#F/R#dg]<HVU�YGD�]fCg(�É�]fl*¼*[GF>dgYGD�]kR�wQD�T¬bgD�]fCg(�É�]k]<deh"NGbgS�D�]�a7EcHVNGF@NGU�D
SLU�DLF>P`dgD-wQHVdg]>deU�D-YGD � |�D��@n)C�R�EGF<DLh�dgiLF<D"T�HVU�]<K/R#K/R#K>dgHVU%j*NGd�E�DLNGKOyLK>F<Dx��R#deK<D-D�]>K�bgD-F<DLbqR#K>dewQDLhfDLU*KO[cHVU
RVT�T�HVF<Y\DLU*K>F<DvbgD�]£EGF<S�Y�dgTLK>dgHVU�]7K>l�S�HVF>dgj*N�D�]7DLK;bgD�]£YGHVUGU�S�D�]�n`C�ROCg(�Éªl*¼*[GF>dgYGD�]<DLhB[GbgD�T�DLE�DLU�Y�R#U*K�T<l*NGK<DLF
bgSLPQiLF<DLhfDLU�K"EGbeN�]AK<ÚVKBj�N�D\bgD�]-Cg(�É�]"]<deh"NGbgS�D�]�a�R#EGE)R#F<DLh�hfDLU*K\YGD\��RVW�HVUªEGF>dew*debgSLP`dgS�DfE�HVNGFxbgD�]AEcDLK>deK<]
R#UGP`bgD�]vÔ�SLUGdeK>l)R#N�scn)�rHVh�EGK<DxK<DLU*N�YGD�bqR\EGF<S�TLdg]>dgHVU�j�NGdcEcDLNGK�yLK>F<D�HV[GK<DLU*N�D"R�wQD�TAbqR@]<K/R#K>dg]>K>dgj�N�DAY�dg]>EcH#�
UGde[GbgD}RVTLK>N�DLbebgDLhfDLU�K�a*deb�D�]>K7deh�E�H`]/]>de[GbgD�Y�½¾SLK>N�Y�dgDLFoY�deF<D�TLK<DLhfDLU*K4bqRAT�HVh�EcH`]>deK>dgHVUkYGD�]7F/R�¼QHVU�]4T�H`]>h�dgj*N�D�]
R�wQD�T\T�DLK>K<D-hfSLK>l�HzYGD`a)bgD�]�Y�d��cSLF<DLU�T�D�]ADLU*K>F<DBCg(�É�]O��DLF�DLKuEGF<HVK<HVU¤SLK/R#U�K�K>F<HVEm��R#de[GbgD�]�T�HVh�E)R#F<S�D�]AR#N�s
deU�T�DLF>K>deK>N�YGD�]�n

ÕAD}��RVW�HVUpF>dePQHVNGF<DLN�]<D`a�b�½¾Dt¥kT�RVTLdeK<SxYGDAYGSLK<D�TLK>dgHVU�YGD�]vPQDLF>[�D�]�R�wQD�TAbgDA{£Õ¨U�½¾D�]<KrE)RV]v]>K>F>dgTLK<DLhfDLU*K}bqR
hfyLhfD-»"K<HVNGK<D�]}bgD�]�SLU�DLF>P`dgD�]}DLKvbgD�]}R#UGP`bgD�]�Ô�SLUGdeK>l)R#N�scnGC�D�]}TLF>deK<iLF<D�]}YGDA]<SLbgD�TLK>dgHVU�j*NGd�]<HVU�K}R#EGEGbedgj*N�S�]
R#N�s'SLwQSLU�DLhfDLU�K<]�l*¼*[GF>dgYGD�]}E�DLNGwQDLU*KvSLP�R#bgDLhfDLU*K}deU�K>F<HzY�NGdeF<DxYGD�]r[GdqR#dg]�]>NGFrbgD�T�R#bgTLNGb�YGD�bqR"EGF<HV[)R#[GdebedeK<S
YGD�YGS�TLbgDLU�T<l�DLhfDLU�K�Y�½ NGU�D}]<K/R#K>dgHVUkY�N�¡zÕ@n�DÞb�T�HVU�wzdgDLU�KoYGHVU�TuY�½¾yLK>F<D�EGF>N�YGDLU�Krj�N)R#U*Ko»Ab�½ deU�K<DLF>EGF<SLK/R#K>dgHVU
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YGD�]�F<S�]>NGbeK/R#K<]@��U�D\]/RVT/l)R#U�KxE)RV]Aj�N)R#U*K>d�)DLF-DtsGRVTLK<DLhfDLU*KxbgD�]ASLwQDLU�K>N�DLbg]x[GdqR#dg]A]>N�]<T�DLEGK>de[GbgD�]xY�½§R���D�TLK<DLF
bgD@bgHVK"YGDfYGHVUGU�S�D�]"l�¼z[GF>dgYGD�]���j*NGd�]<HVU�KBDLU�T�HVF<D'»pb�½¾SLK>N�YGDkR#NÅ]<DLdeU�YGD�]xP`F<HVNGEcD�]"]>EcS�TLdqR#bedg]>K<D�]-Y�NÅ{;Õ
Y�R#U�]�MuNGPQDLFÎ�ta;U�HVN�]�T�HVU�]>dgYGSLF<HVU�]�YGHVU�T¬T�DLK>K<DpSLK>N�YGD¬T�HVh�hfDpNGUZK<D�]>K\EGF<SLbedeh�deU)R#deF<D¬EcDLF>hfDLK>K/R#U�KkYGD
wQSLF>d�)DLFkbgD�]'F<S�]>NGbeK/R#K<]�YGD�]']>dehBNGbqR#K>dgHVU�]¬»ªNGU�YGDLP`F<S%YGD�EGF<S�TLdg]>dgHVU«j*N�½ debO]<DLF/R2E�H`]<]<de[GbgD�Y�½§R#hfSLbedgHVF<DLF
NGbeK<SLF>dgDLNGF<DLhfDLU�K�n

�rHVh�hfD�U�HVN�]7bgDvwQDLF>F<HVU�]rR#NfT<l)R#EGdeK>F<D�ð�aQbgHVF<]<j�N�Dvb�½¾HVUfD�]<K>dehfDvb�½¾SLU�DLF>P`dgDuYGD�]£PQDLF>[cD�]4»�E)R#F>K>deF4Y�½ NGU�D
F<DLbqR#K>dgHVU�YGS�Y�NGdeK<D�YGD�]4]<deh"NGbqR#K>dgHVU�]�a�HVU'HV[GK>dgDLU*KoNGU�DuwVR#bgDLNGFoEGbeN�]oSLbgDLwQS�D`azYGD}b�½¾HVF<Y�F<D�YGD

20%
azj�N�DuT�DLbebgD

YGHVUGU�S�D\E)R#F�bqRf��N�HVF<D�]<T�DLU�T�D`n�¡*d£b�½¾HVU¤EGF<DLU�Y¤T�HVh�hfDBF<St��SLF<DLU�T�D\b�½¾S�T<l�DLbebgD�Y�½¾SLU�DLF>P`dgD�YGD�]A]>dehBNGbqR#K>dgHVU�]�a
bqR�Cg(�É l�¼z[GF>dgYGDpD�]>KBYGHVU�TpT�R#bgTLNGbgS�DpR�wQD�TpYGD�]\PQDLF>[�D�]\Y�½¾SLU�DLF>P`dgD¬DLUÆhfH�¼QDLUGU�D

20%
EGbeN�]@SLbgDLwQS�D`a£DLK

YGDLw*F/R#deKOYGHVU�TxyLK>F<DxbgSLPQiLF<DLhfDLU�K ø EGbeN�]uSLK<DLU�Y�N�D�]uj*N�DAbgD�]}Cg(�É�]�]>deh"NGbgS�D�]�n

,.-F/.1���n � ~ 2 �rHVh�E)R#F/R#dg]/HVUBDLU�K>F<DobqR�Cg(�É!hfD�]>NGF<S�DoR�wQD�T�bgD�]�YGHVUGU�S�D�]�l�¼z[GF>dgYGD�]£R�wQD�T�bgD�]�C�(�É4]�]>dehBNGbgS�D�]E�HVNGFAYGD�]AEGF<HVK<HVU�]xDLKxYGD�]�U�H�¼�R#N�sªYGD-��DLF�a�E�HVNGF�NGU�D@SLU�DLF>P`dgD@wQHVdg]>deU�D@YGDBbqR']/R#K>NGF/R#K>dgHVU �
E ∼ 1018.6D��-�tn��ÌP�R#N�T/l�Dk��EcHVNGF}NGUmR#UGP`bgDxÔ�SLUGdeK>l)R#b;YGD

25◦
aGDLKO»@Y�F<HVdeK<DxEcHVNGF

θ ' 53◦
n

C�Dp��R#deKkj*N�D�]>NGFfbqR¤�P`NGF<D���n � Ñ�a�bqR2C�(�ÉÒl�¼z[GF>dgYGDmT/l�NGK<D%EGbeN�]fK<ÚVKkj*N�D¬bgD�]']>deh"NGbqR#K>dgHVU�]�arDLKkT�D
Y�d��cSLF<DLhfDLU*KBR�wQD�T@b�½§R#UGP`bgD@Ô�SLUGdeK>l)R#b�a�E�HVNGF>F/R#deK-YGHVU�T�yLK>F<D\bqRpT�HVU�]<S�j*N�DLU�T�D�Y�½ NGUª[GdqR#dg]AEGF<H�wQDLU)R#U*KBYGD�]
]<SLbgD�TLK>dgHVU�]�]>NGF@bgD�]�SLwQSLU�DLhfDLU�K<]kl�¼z[GF>dgYGD�]�a�j*NGdr��R�wQHVF>dg]<DLF/R#deK�bgD�]@PQDLF>[�D�]@F<D�T�HVU�]<K>F>NGdeK<D�]'»%EGbeN�]@[)RV]<]<D
SLU�DLF>P`dgD`a7��R�wQHVF>dg]/R#U*K�R#deU�]>dubgD�]kE�DLK>deK<]�]>deP`U)R#N�s » � _`_`_2hfiLK>F<D�]�n+DÞbuD�]>K'SLP�R#bgDLhfDLU�KpE�H`]/]>de[GbgDmj*N�D¬bgD�]
]>deh"NGbqR#K>dgHVU�]�U�DoF<DLEGF<HzY�NGdg]<DLU*K�E)RV];E)R#FJ��R#deK<DLhfDLU*K�bgD�]>deP`U)R#b�hfD�]>NGF<SvY�R#U�]7bgD�]£]>K/R#K>dgHVU�]7DLK�]<HVU@SLwQHVbeNGK>dgHVU

ùJä�ß¯ë£ñVã<â�ãÎïz¼¯á�â�ßJë)û�ßoä ã�½¾�V;<�tã<â�ê�ß¯à�á;ä§ßJà�á�ßJï�ßJà�á£ãI�Lß¯çräçü 9Jà#ß¯â	úÎê§ß�¿eç`�À�2Á�úté�â�ßÂ�¾� Ã4Ä)û�ßoë�ìÎâ�á�ßrè�é$ü é#àzûO9¯ç>ãÎä�ã�úÎß|û�ß
20%ßJàB9Jà#ßÞâ	útê§ß7à#ß�û�ß���â�ãÎê¾á�ñVã/ë�ç�ýVã/à�úÎß¯â�úÎâ�ãÎà�û�ßJï�ß¯à�á�ä�ãÂ� ìÎâ�ï�ß�û�ßJë�½O�V;�ë��
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R�wQD�Txb�½§R#UGP`bgDxÔ�SLUGdeK>l)R#b�n
C�R �P`NGF<DÆ��n � ~ debebeN�]<K>F<DÅbgD�]¤F<S�]<NGbeK/R#K<]!HV[GK<DLU*N�]ªEcHVNGF!NGU�DZSLU�DLF>P`dgDÆwQHVdg]>deU�DZYGDÆbqR�]/R#K>NGF/R#K>dgHVU

E ∼ 1018.6 D��@n�C�D"U�HVhB[GF<D�Y�½¾SLwQSLU�DLhfDLU�K<]xl*¼*[GF>dgYGD�]ASLK/R#U�Kx[cD�R#N�T�HVNGE!EGbeN�]u��R#de[GbgD`a�bgD�]�deU�T�DLF>K>deK>N�YGD�]
]>NGF�bqRªCg(�É×l*¼*[GF>dgYGD%]<HVU�KfF<DLbqR#K>dewQDLhfDLU*K'P`F/R#U�YGD�]�no�rDLE�DLU�Y�R#U*K�a4[GdgDLU�j�N�½ debu]/HVdeK�deh�E�H`]<]<de[GbgD�Y�½¾yLK>F<D
T�R#K<SLPQHVF>dgj�N�D`a)bgD�]}hfyLhfD�]OF<DLhkR#F<j�N�D�]�j�N�D-EGF<S�T�S�YGDLh�hfDLU�Kx]<DLh"[GbgDLU*K�]�½§R#EGEGbedgj�N�DLFOE�HVNGFuT�DLK>K<D"P�R#h�hfD
Y�½¾SLU�DLF>P`dgD`n`�rD�]�F<S�]>NGbeK/R#K<];hfHVU�K>F<DLU*K�j�N�½ debzD�]>K;U�S�T�D�]<]/R#deF<DrY�½¾SLwVR#beN�DLF;EGF<S�TLdg]<SLhfDLU�K£b�½¾Dt��DLK;YGD�]£TLF>deK<iLF<D�]£YGD
]<SLbgD�TLK>dgHVUmR#EGEGbedgj�N�S�]OR#N�spSLwQSLU�DLhfDLU*K<]}l�¼z[GF>dgYGD�]u]<NGFrbgD�]uYGHVUGU�S�D�]}Y�N%¡zÕ@nGÉ�HVNGFOR#NGK/R#U*Kuj*N�½¾HVU¬EGNGdg]<]<D
DLUmIJNGPQDLF�a�T�DLK>K<DpSLK>N�YGDp]>NGP`PQiLF<D�YGHVU�Tpj�N�D'bgDkbgHVK@YGDpYGHVUGU�S�D�]\l�¼z[GF>dgYGD�]�D�]>KB[GdqR#dg]/S`a;T�D�j*NGdrD�]>KBNGU�D
T�HVU�TLbeN�]>dgHVU¬deh�E�HVF>K/R#U*K<DxY�R#U�]�bqRBhfD�]>NGF<DAHVÈ¬T�D�]�SLwQSLU�DLhfDLU�K<]}l*¼*[GF>dgYGD�]u]<HVU�KvNGK>debedg]<S�]vEcHVNGF�SLK/R#bgHVUGU�DLF
bqR\F<DLbqR#K>dgHVU

S1000
�
E
a�R��U�YGDxF<D�T�HVU�]>K>F>NGdeF<D-bgD�]uSLwQSLU�DLhfDLU�K<]OhfD�]>NGF<S�]uR�wQD�T"bgD"¡zÕÙ��Tt�£T/l)R#EGdeK>F<D}ðQ�tn

��ü�¸�üFE Å��4ÿ �������ÿ%K�K�ÿ~GÆ6��ÿ%�J�>ImÆ6K�ÿÈÇ6K�IÉ�XIV�+��Æ|V

C�D�K<DLF>hfDxYGD�÷LC�RVY�de[�HVK�÷-YGS�]>deP`U�D�bqR§õ
Ù*Ü�ßnÞ�Ù!êM7vÛhÒ�ÜÝÞ�Û�änÓ6ÜÝÛÝæ*ðYæ'ñ�ÊTÛ�ð�Ò¥ã�åCßnÞdö
Ø1Þ>ß�Ò�Ø6æ!êúÖQaGj�NGd�D�]>KrNGU�D

��HVU�TLK>dgHVUf]<DLhB[GbqR#bgDu»ObqRAC�(�É��VDLbebgDvF<DLEGF<S�]<DLU�K<D`a*DLUB��HVU�TLK>dgHVUkYGDrbqRAY�dg]>K/R#U�T�D}»�b�½§R�sGD`aVbgDrU�HVh"[GF<D}hfH�¼QDLU
Y�½ deU�K<DLF>w`R#bebgD�]"��U�HVN�]vNGK>debedg]<DLF<HVU�]�bgD�K<DLF>hfDxYGD¹änÛ�ð��oYGD

25
U�]�j�NGdcHVU�K�NGU�]>deP`U)R#b�]>NGEcSLF>dgDLNGF}R#N�]<DLNGdeb�YGD

0.2
�A|�ÏÅn��OU�D"]>K/R#K>dgHVU2R'YGS�TLbgDLU�T<l�S@NGUy(�HJ( ]>d�DLbebgD\EcH`]<]<i�YGD"EGbeN�]�YGD � Ñ'[GdeU�]xR#N���YGD�]<]>N�]�Y�N¤]/DLNGdeb�n

C�R!C�RVY�de[�HVK'D�]>K�YGHVU�T'NGU�D¬HV[�]/DLF>wVR#[GbgDpEGbeN�]\�U�D¬j*N�D�bqR%Cg(�É©�£DLbebgDpF/RV]<]/DLh"[GbgDpb�½ deU���HVF>hkR#K>dgHVU ]>NGF
bqRkEGF<HV[)R#[GdebedeK<SfdeU�Y�dew*dgY�N�DLbebgDfYGD�YGS�TLbgDLU�T/l�DLhfDLU�K\Y�½ NGU�D�]>K/R#K>dgHVU�achkR#dg]-SLP�R#bgDLhfDLU�KBDLbebgD�T�R#F/RVTLK<SLF>dg]<D�bqR
bqR#F>PQDLNGF}K<DLh�E�HVF<DLbebgD"Y�Nm]>deP`U)R#b�DLUp��HVU�TLK>dgHVUmYGDxbqR@Y�dg]>K/R#U�T�DB»@b�½§R�s�D`n

C�D�EGF>deU�TLdeEcDfYGD�bqRpYGSLK<DLF>h�deU)R#K>dgHVUZYGD�]-C�RVY�de[cHVK<]"D�]>KB]>deh�debqR#deF<Dk»pT�DLbeNGd4NGK>debedg]/S@E�HVNGF-bgD�]"C�(�É�]��
IL½§R#d�]>dehBNGbgSfNGU2P`F/R#U�Y�U�HVh"[GF<D'YGDfPQDLF>[cD�]-]>NGF-NGU2F<S�]/D�R#NÅDLU�SLK<HVdebgD`a�R��UÆY�½¾HV[GK<DLUGdeF"bqRpEGbeN�]"P`F/R#U�YGD
]>K/R#K>dg]>K>dgj*N�DBEcH`]<]>de[GbgDBEcHVNGF�NGU¤deU*K<DLF>wVR#bebgDfYGD@Y�dg]>K/R#U�T�D@YGHVUGU�S`a�»�SLU�DLF>P`dgD�DLK-R#UGP`bgD@Ô�SLUGdeK>l)R#b£Gs�S`ncÕAD
bqRkhfyLhfDB��RVW�HVUªj�N�D\bgD�]AC�(�É4]�a�R��UªYGDBEcHVNGwQHVdeF-Dt��D�TLK>N�DLF�NGU�D@T�HVh�E)R#F/R#dg]<HVU�R�wQD�T@bgD�]xYGHVUGU�S�D�]�a�bgD�]
C�RVY�de[�HVK<]}E�DLNGwQDLU*K}yLK>F<DxT�R#bgTLNGbgS�D�]}YGDAhkR#UGdgiLF<DÕ×>æ!ð_Ö!Û�ÜÝÛ=æ!ð~ðußnêGêxß���HVU�T�R#bgTLNGbgD-R#bgHVF<]�bgD�U�HVhB[GF<D-YGDA[GdeU�]
R#N���YGD�]<]>N�]}Y�Nm]/DLNGdeb�aGDLU�deh�E�H`]ÎR#U�K}NGU¬h�deUGdehBNGh¢YGD � Ñ@[GdeU�]�a�R��UmYGDxw`R#bedgYGDLF�bqR�T�HVU�Y�deK>dgHVU�(�HJ(xn

C�Rk�P`NGF<D\��n � ��debebeN�]<K>F<D@b�½¾SLwQHVbeNGK>dgHVU2YGDBbqR'C�RVY�de[cHVK-T�HVU�Y�deK>dgHVUGU�DLbebgDkR�wQD�T\b�½¾SLU�DLF>P`dgD�DLKAb�½§R#UGP`bgD@Ô�St�
UGdeK>l)R#b�n�C�R\��HVF>hfD-YGDxbqR@C�RVY�de[cHVKuEGF<H�w*dgDLU*KOYGDxbqR@T�HVh�EcSLK>deK>dgHVU%DLU*K>F<D"YGDLN�s�Dt��DLK<]-��bqR�Y�deh�deU�NGK>dgHVU¤YGD
b�½ deU�K<DLU�]>deK<S�Y�N�]>deP`U)R#b�R�wQD�TrbqR�Y�dg]>K/R#U�T�D�»Ob�½§R�s�DrDLK£b�½§R#NGP`hfDLU�K/R#K>dgHVU�YGD4b�½¾SLE)R#dg]<]/DLNGF7K<DLh�E�HVF<DLbebgDvY�N\��F<HVU*K
YGDBPQDLF>[cD`a�j*NGd7EGF<H*Y�NGdeKxNGUªhkR�s�deh"NGh »'NGU�D�Y�dg]>K/R#U�T�DkYGSLE�DLU�Y�R#U*K"YGD\b�½¾SLU�DLF>P`dgDfDLK-YGD@b�½§R#UGP`bgD@Ô�SLUGd��
K>l)R#b�nQÉ�HVNGFobgD�]oR#UGP`bgD�]4Ô�SLUGdeK>l)R#N�sk]>NGE�SLF>dgDLNGF<]o» ∼ 45◦

a`bqRxC�RVY�de[�HVKrYGDLw*dgDLU*K�NGU�D���HVU�TLK>dgHVUk]>K>F>dgTLK<DLhfDLU*K
YGS�TLF<HVdg]<]/R#U�K<D�YGD\bqR�Y�dg]>K/R#U�T�D�»'b�½§R�s�D`acT�HVU�]<S�j*N�DLU�T�D@YGD\bqRkhfHVdeU�]���HVF>K<D@SLwQHVbeNGK>dgHVU2YGD\b�½¾SLE)R#dg]<]<DLNGF-Y�N
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,.-F/.1V��n � � 2 � P�R#N�T<l�D-�VSLwQHVbeNGK>dgHVUkYGDvbqRAC�RVY�de[�HVK4R�wQD�T�b�½¾SLU�DLF>P`dgD`a`EcHVNGF£YGD�]4]>deh"NGbqR#K>dgHVU�]�YGDvPQDLF>[cD�]�YGDEGF<HVK<HVU�]o»
θ = 36◦

nK��Y�F<HVdeK<D"�QSLwQHVbeNGK>dgHVU�YGD}bqRxC�RVY�de[cHVKrR�wQD�T}b�½§R#UGP`bgDuÔ�SLUGdeK>l)R#b)EcHVNGF4YGD�]4]>dehBNGbqR#K>dgHVU�]
YGDAPQDLF>[�D�]uYGDxEGF<HVK<HVU%»

E = 1018 D��@n

��F<HVU*K�YGDvPQDLF>[�D}E�HVNGF7bgD�]£PQDLF>[cD�]4R#PQS�D�]�n`C�D�]���HVU�TLK>dgHVU�]4C�RVY�de[�HVK<]�E�DLF>hfDLK>K<DLU*KoYGDvK<D�]>K<DLF7bqR�w`R#bedgY�deK<S}YGD�]
]>deh"NGbqR#K>dgHVU�]�Y�NmYGSLK<D�TLK<DLNGF�DLKuYGD�]}PQDLF>[cD�]OR#K>hfH`]>EGl�SLF>dgj*N�D�]�a�T�R#FuT�D�]uHV[�]<DLF>w`R#[GbgD�]u]/HVU�K}K>F<i�]O]<DLU�]>de[GbgD�]
»\bqRB��HVF>hfD"Y�Nm]>deP`U)R#b�aGDLKOR#N�s¬T�HVU�Y�deK>dgHVU�]OYGDxYGS�TLbgDLU�T/l�DLhfDLU�Kxj*NGd�]<HVU�KOR#EGEGbedgj*N�S�D�]�n

C�Rf�P`NGF<D\��n � ðkdebebeN�]<K>F<DBEcHVNGF�NGU�DBPQDLF>[cD\Y�½¾SLU�DLF>P`dgD�YGHVUGU�S�DBbgD�]AT�HVU*K>F>de[GNGK>dgHVU�]xF<D�]>EcD�TLK>dewQD�]�YGD\bqR
T�HVh�E�H`]ÎR#U�K<D�SLbgD�TLK>F<HVhkR#P`U�SLK>dgj�N�DxDLKrYGDubqR"T�HVh�E�H`]/R#U*K<D�h"N�HVUGdgj*N�D�R#N�U�HVh"[GF<DAYGD}[GdeU�]vR#N���YGD�]<]>N�]vY�N
]<DLNGdeb���R�wQD�T4NGUBh�deUGdeh"NGh deh�EcH`]<S4YGD � Ñ�[GdeU�]Î�tn�C�DoU�HVh"[GF<DoK<HVK/R#bzYGD4[GdeU�];R#N���YGD�]<]<N�]�Y�N@]<DLNGdeb�U�½¾D�]<K�E)RV]
]>deh�EGbgDLhfDLU�KrYGHVUGU�S}E)R#F�bqR-]<HVh�hfD}YGD�]4YGDLN�sfT�HVh�EcH`]/R#U�K<D�]O�QDLUkDt��DLK�a`EcHVNGF�NGU�D}]>K/R#K>dgHVU�]>deK>N�S�Du»�NGU�D
Y�dg]>K/R#U�T�D@YGHVUGU�S�D`acbgD�]x]>deP`U)R#N�s%EGF<HzY�NGdeK<]AE)R#FAbgD�]Ah"N�HVU�]-DLKAE)R#FAbqR�T�HVh�E�H`]ÎR#U�K<D�SLbgD�TLK>F<HVhkR#P`U�SLK>dgj*N�D
]<DxF<D�T�HVNGwzF<DLU�KOK<DLh�E�HVF<DLbebgDLhfDLU*K�a�YGDB]<HVF>K<D-j*N�DxbgD-K<DLh�E�]uE)RV]<]<S"R#N���YGD�]/]>N�]OY�N%]<DLNGdeb�U�½¾D�]>KOE)RV]uYGHVUGU�S
E)R#F�bqR�]<HVh�hfD-YGD�]}K<DLh�E�]�deU�Y�dew*dgY�N�DLbg]OYGD-T<l)RVj*N�D-T�HVh�EcH`]/R#U�K<D`n

É;HVNGF\bgD�]BPQDLF>[cD�]-��R#de[GbgDLhfDLU�K�deU�TLbedeU�S�D�]�a�bqR%T�HVh�E�H`]/R#U*K<DpSLbgD�TLK>F<HVhkR#P`U�SLK>dgj�N�D¬D�]>K\YGHVh�deU)R#U�K<D`a7DLK
YGSLK<DLF>h�deU�D�bqRk��HVF>hfD�YGD\bqRpC�RVY�de[cHVK�n�C�D@hkR�s�deh"NGh YGD@bqR�T�HVh�EcH`]/R#U�K<Dfh"N�HVUGdgj*N�DkR'bedgDLNªE�HVNGFANGU�D
Y�dg]>K/R#U�T�D'deU���SLF>dgDLNGF<D¬»%T�DLbebgD'YGD'bqRmT�HVh�EcH`]/R#U*K<D�SLbgD�TLK>F<HVhkR#P`U�SLK>dgj*N�D2��bgD�]BhBN�HVU�]@U�D']<NG[Gdg]<]/R#U�K\E)RV]
bqRZY�d���N�]<dgHVU¨h"NGbeK>deEGbgDÅ]<HVU�K�EGbeN�]mT�HVbebedehfS�]mY�R#U�]¬bqRXY�deF<D�TLK>dgHVU YGDªb�½§R�s�DªYGD2bqRÆPQDLF>[�D`a}DLKmR#F>F>dewQDLU*K
YGDf��RVW�HVUZEGbeN�]@]<DLF>F<S�D'DLUZK<DLh�E�]�n;É;HVNGF�bgD�]BPQDLF>[cD�]�R�¼�R#U*K�NGUÆP`F/R#U�YXR#UGP`bgD�Ô�SLUGdeK>l)R#b-�

θ > 45◦
�ta;bqR

T�HVh�E�H`]ÎR#U�K<DBh"N�HVUGdgj*N�D-�UGdeKOE)R#FOYGHVh�deU�DLFx»�P`F/R#U�YGD\Y�dg]>K/R#U�T�D`n�|�U%SLK>N�Y�dqR#U�K�bgD�]�C�RVY�de[�HVK<]OEcHVNGFubgD�]
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,6-0/.1���n � ð 2 ¡zSLE)R#F/R#K>dgHVUÆYGD�]-Y�d���SLF<DLU�K<D�]"T�HVU*K>F>de[GNGK>dgHVU�]\»�bqRpC�RVY�de[�HVK-EcHVNGF-YGD�]xPQDLF>[cD�]-]>dehBNGbgS�D�]B»
E = 1019 D��©DLK

θ = 0◦
»¬P�R#N�T/l�D�DLK

θ = 53◦
»mY�F<HVdeK<D`n;C�D�]\EGF<HVK<HVU�]@]<HVU�K\deU�Y�dgj�N�S�]\DLUZT�HVNGbgDLNGF<]

EGbgDLdeU�D�]�aGbgD�]�U�H�¼�R#N�s¬YGDx��DLF�E)R#F}YGD�]O]>¼*hB[�HVbgD�]}w*dgYGD�]�n

PQDLF>[�D�]BF<DLbqR#K>dewQDLhfDLU�K�deU�TLbedeU�S�D�]�a�deboD�]<K"EcH`]<]>de[GbgDkYGD'K<D�]>K<DLF@]>d�bgD�]@]>dehBNGbqR#K>dgHVU�]BF<DLEGF<HzY�NGdg]<DLU*K\[GdgDLUÆbqR
��F/RVTLK>dgHVUmYGDAhBN�HVU�]}EGF<S�]<DLU*K<D"Y�R#U�]�bgD�]uPQDLF>[�D�]OR#K>hfH`]>EGl�SLF>dgj�N�D�]�n

C�R¬T�HVh�E)R#F/R#dg]<HVUÆYGD�]-C�RVY�de[cHVK<]\R�wQD�T�bgD�]"YGHVUGU�S�D�]"U�S�T�D�]<]>deK<D�bgD�]-hfyLhfD�]-EGF<S�T�R#NGK>dgHVU�]\j�N�D�EcHVNGF
bgD�]�Cg(�É�]�ncù�½§R#d7T�HVh�E)R#F<S@bgD�]AC�RVY�de[cHVK<]xT�HVU�Y�deK>dgHVUGU�DLbebgD�]-HV[GK<DLU�N�D�]"DLU!]>dehBNGbqR#K>dgHVU�R�wQD�T\bgD�]AC�RVY�de[cHVK<]
HV[GK<DLU�N�D�]o»�E)R#F>K>deFoY�N�F<S�]<D�R#NfYGD}]>NGFJ��RVT�D`aVE�HVNGF7bgD�]4SLU�DLF>P`dgD�]4R#N���YGD�]<]>N�]�YGDvbqR-]/R#K>NGF/R#K>dgHVU�nQC�DvEGF>deU�TLdeEcD
Y�N!T�R#bgTLNGb7D�]>KAdgYGDLU�K>dgj*N�D�»�T�DLbeNGd;NGK>debedg]/S"EcHVNGFAbgD�]�Cg(�É�]���EcHVNGF�T/l)RVj�N�D�SLwQSLU�DLhfDLU*Kz( ~ ]ÎR#K>dg]J��R#dg]ÎR#U�K
bgD�]xTLF>deK<iLF<D�]-Y�Nå(v��DLKAY�N�(Xð�acbgD\U�HVhB[GF<DfYGD@[GdeU�]-R#N���YGD�]<]>N�]xY�N2]<DLNGdeb7YGD�T/l)RVj�N�D�]>K/R#K>dgHVU�(}Ñx(�HJ(
D�]>K}T�R#bgTLNGbgS`a)R#deU�]>d�j*N�Dx]/R@Y�dg]>K/R#U�T�DB»\b�½§R�s�D`n

M}�U�Y�½¾SLK/R#[GbedeFuNGU�D-T�HVh�E)R#F/R#dg]<HVU�EGF<S�TLdg]<D`a�deb�D�]>K�U�S�T�D�]<]/R#deF<D-Y�½§R#EGEGbedgj*N�DLF}NGUmTLF>deK<iLF<D"YGDx]<SLbgD�TLK>dgHVU
]>NGEGEGbgSLhfDLU�K/R#deF<D�R#N�sÅ]<K/R#K>dgHVU�]\T�HVU*K<DLU�N�D�]fY�R#U�]@bgD�]\SLwQSLU�DLhfDLU�K<]fhfD�]>NGF<S�]@E)R#FBbgD¬¡zÕ �;DLUXDt�cDLK�a�bqR
bqR#F>PQDLNGF;K<DLh�EcHVF<DLbebgD�Y�N�]>deP`U)R#b�hfD�]>NGF<SvY�R#U�]£NGU�Dv]>K/R#K>dgHVU�YGSLE�DLU�Y@YGDo��RVW�HVUfRV]<]/DLÔr]<DLU�]<de[GbgDrYGDo��RVTLK<DLNGF<]
K<DLbg]�j�N�D!bqRZbgHVUGP`N�DLNGF%Y�½§R#[�]<HVF>EGK>dgHVUÌYGD¤b�½¾D�R#N�a}HVN¨YGD�]¬EGF<HVEGF>dgSLK<S�]%YGD¤F<St�)D�TLK>dew*deK<S�Y�N�(�¼zwQD Ç ��Tt�>n
� Ø �V���ta)j*NGd�]<HVU�K�Y�d��cSLF<DLU*K<D�]AY�½ NGU�D"]>K/R#K>dgHVUª»@b�½§R#NGK>F<D`n��uU�D-]/SLbgD�TLK>dgHVU!]>NGFubqR�w`R#bgDLNGFOY�NmF/R#EGEcHVF>KODLU*K>F<D
b�½ deU�K<SLP`F/R#bgD¬DLK@bgDkhkR�s�deh"NGh´YGD�]@]>deP`U)R#N�s=ËQa;j�NGd�D�]>K\bqRmT�R#F/RVTLK<SLF>dg]<K>dgj�N�D¬YGHVU*K@YGSLEcDLU�YÆbqR%wVR#bgDLNGF�Y�N
U�HVh"[GF<DpYGDk[GdeU�]�R#N���YGD�]<]<N�]BY�NX]<DLNGdeb�a;D�]>KBDt��D�TLK>N�S�Dp]>NGF"bgD�]@]>K/R#K>dgHVU�]�a�YGDk��RVW�HVUX»!R�wQHVdeF@NGUÅbgHVK@YGD
Ì ä�ãp�tã/ä§ßJé�â<û�ß;çJß£â�ãÎñ�ñ`ìÎâ�á�é�á�ê§ä§ê§ë`9Jß7ßJàAë�ê§ïré�ä�ã/á�ê§ìtàOßJë�á<û�ß

3.5
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,.-F/.1���n ��Ø�2 �rHVh�E)R#F/R#dg]<HVU%DLU�K>F<DAbgD�]�C�RVY�de[cHVK<]}T�HVU�Y�deK>dgHVUGU�DLbebgD�]u]<deh"NGbgS�D�]"��T�HVNGF>[cD�]}DLUpE�HVdeU*K>debebgS�]Î�vDLKbgD�]uC�RVY�de[cHVK<]OhfD�]>NGF<S�D�]�R�wQD�T"bgD�]OYGHVUGU�S�D�]AY�N¤¡zÕ@n�C�½¾D�]>K>dehkR#K>dgHVUªYGD"b�½¾SLU�DLF>P`dgD"D�]>K�Dt�cD�TLK>N�S�D\»�E)R#F>K>deF
YGD�]o]<deh"NGbqR#K>dgHVU�]-��T�DLF<TLbgD�]rU�HVdeF<]Î�4HVNp»"E)R#F>K>deFrYGDObqR"hfSLK>l�H*YGDx�6DJ�|?�{£ÕÒ��bgH`]/R#UGPQD�]rw*dgHVbgDLK<]Î�ta*EcHVNGF4NGU�D
SLU�DLF>P`dgDxT�DLU�K>F<S�D"R#NGK<HVNGF}YGD
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Y�dg]>E�H`]/S�D�]vR#N¬T�DLU*K>F<DxYGD�]oK>F>dqR#UGP`bgD�]uS�j�NGdebqR#K<SLF/R#N�s���HVF>hfS�]rE)R#FvbgD�]�]>K/R#K>dgHVU�]�Dts�dg]>K/R#U�K<D�]�a*deb�D�]>KrEcH`]<]>de[GbgD
Y�½§R#[)R#dg]<]<DLFx]<DLU�]>de[GbgDLhfDLU*K-bqR'wVR#bgDLNGF-YGD\b�½¾SLU�DLF>P`dgDfYGD@]/R#K>NGF/R#K>dgHVU2YGD@b�½§RVT�T�DLEGK/R#U�T�D`n�|�U2Dt�cDLK�acDLU¤EGF<H#�
T�S�Y�R#U�KfYGDpbqR!]<HVF>K<D`a7HVUËHV[GK>dgDLU�KkNGUÆF<S�]/D�R#NËYGDpE)RV]@F<S�Y�NGdeKfY�½ NGUZ��RVTLK<DLNGF √

2
a£YGHVU�Kkb�½¾Dt¥kT�RVTLdeK<S�YGD

YGSLK<D�TLK>dgHVU�wVR#NGK � wQDLF<] 5.1017 D��\aGT�HVh�hfD"bgDAhfHVU�K>F<D-bqRB�P`NGF<D-��n � ^�n�C�DA��N�s¬YGD�]}F/R�¼QHVU�]uT�H`]>h�dgj*N�D�]
R#NGP`hfDLU�K/R#U�KkF/R#EGdgYGDLhfDLU�K�bgHVF<]<j*N�D�b�½¾SLU�DLF>P`dgD¬Y�deh�deU�N�D`a7T�D�]@j�N�DLbgj*N�D�]@]>K/R#K>dgHVU�]�]>NGEGEGbgSLhfDLU*K/R#deF<D�]f]<Dt�
F/R#dgDLU�K']<N�¥k]/R#U�K<D�]kE�HVNGFfhfD�]<NGF<DLFfbgD�]>EcD�TLK>F<DmR#N���YGD�]<]>N�]kYGD

5.1017 D��\a�SLK<DLU�Y�R#U*K�R#deU�]>dubqR¤P�R#h�hfD
Y�½¾SLU�DLF>P`dgDpRVT�T�D�]/]>de[GbgD¬»�b�½ � [�]<DLF>w`R#K<HVdeF<DpÉ7dgDLF>F<D¬MONGPQDLF@»mNGUXYGHVhkR#deU�D'K>F<i�]\deU*K<SLF<D�]<]/R#U�Kf]<NGFBbgD'EGbqR#U
RV]>K>F<HVEGl�¼�]>dgj*N�D`n�M b�½§R#dgYGD\Y�½ NGU!]/HVN�]uF<S�]<D�R#N�a�DLU!hfD�]>NGF/R#U�KAbgD\]>E�D�TLK>F<DBYGD-��RVW�HVUmdeU�YGSLEcDLU�Y�R#U�K<D�YGDBbqR
T�HVh�E�H`]>deK>dgHVUËDLU���YGD�]/]<HVN�]fYGD

4
|�D��@a7HVUXEcDLNGK�hfD�]>NGF<DLF�b�½¾Dt¥kT�RVTLdeK<SmYGD¬YGSLK<D�TLK>dgHVU Y�NXF<S�]/D�R#NË]>K/R#U��

Y�R#F<YÆDLK@bqR¤T�HVh�E)R#F<DLFkR#N�sÆEGF<S�Y�dgTLK>dgHVU�]�K>l�S�HVF>dgj�N�D�]fE�HVNGF�T�HVU�K>F/R#deU�Y�F<D�bqR%T�HVh�EcH`]>deK>dgHVUËYGD�]@F/R�¼QHVU�]
T�H`]>h�dgj�N�D�]�n

��ü�¸�ü�� �b���O
Vÿ��x�|����åK·�F����ÿ���
����6��I>
��	����4ÿSK	I ��I�
����QÿS��ÿ%�N��I�Î���+�N����_� ��]^�4ÿ%�
M}�U\YGD�K<DLF>h�deU�DLF£T�DoT/l)R#EGdeK>F<Do]<NGF�b�½¾SLK>N�YGDrYGD4b�½§RVT�T�DLEGK/R#U�T�DvYGD�b�½ � [�]/DLF>wVR#K<HVdeF<DrÉ7dgDLF>F<DrMuNGPQDLF�a�U�HVN�]

EGF<S�]<DLU�K<HVU�]ubgD�]vEGF<DLh�dgDLF<]}F<S�]>NGbeK/R#K<]}Y�½ NGU�D"SLK>N�YGDAEGF<SLbedeh�deU)R#deF<D-wzdg]/R#U�Ku»@T�HVU*K>F/R#deU�Y�F<D-bqR@T�HVh�EcH`]>deK>dgHVU
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,.-F/.1���n � ^ 2 £ wQHVbeNGK>dgHVU%YGDAb�½¾Dt¥kT�RVTLdeK<S-YGD"YGSLK<D�TLK>dgHVUmDLUp��HVU�TLK>dgHVU%YGDAb�½¾SLU�DLF>P`dgD`aGE�HVNGF�NGU%]<HVN�]J��F<S�]<D�R#NYGDrE)RV]
1500×

√
2 ∼ 866

h�aVDLK7EcHVNGF£bgDoF<S�]/D�R#NfYGD�]>NGFJ��RVT�DvY�½¾MONGPQDLF�n`C�½¾Dt¥kT�RVTLdeK<S}YGD�YGSLK<D�TLK>dgHVUk]ÎR#K>NGF<D
[�D�R#N�T�HVNGEmEGbeN�]�K<ÚVK}EcHVNGF�bgD-]<HVN�]J��F<S�]<D�R#N�a�»\NGU�D-SLU�DLF>P`dgDxwQHVdg]>deU�D-YGD

5.1017 D��@n

YGD�]�F/R�¼QHVU�]OT�H`]>h�dgj*N�D�]}DLU�K>F<D
1018 DLK 1019 D��@n

É£R#F>h�d�bgD�]xU�HVh"[GF<DLN�]/D�]BHV[�]<DLF>w`R#[GbgD�]-Y�NÆ¡zÕ±j*NGd�]<HVU�K-]/DLU�]>de[GbgD�]"»�bqR¬T�HVh�EcH`]>deK>dgHVU�a�U�HVN�]"R�wQHVU�]
SLK>N�Y�dgSxbgD�]vF/R#EGEcHVF>K<]}U�(�HVK�� ~ (�HJ(xa�j*NGd�F<DLEGF<S�]<DLU*K<DLU�KubqR@��F/RVTLK>dgHVU�Y�½¾SLwQSLU�DLhfDLU*K<]OEcH`]<]<S�Y�R#U*KuR#N�hfHVdeU�]
n
]>K/R#K>dgHVU�]u(�HJ(±E)R#F>h�drbgD�]�SLwQSLU�DLhfDLU*K<] ~ (�HJ( YGSLK<D�TLK<S�]@E)R#F@bgD�F<S�]<D�R#NXYGD�]>NGFJ��RVT�D`n��rD�]@w`R#F>dqR#[GbgD�]

E�DLNGwQDLU*KfyLK>F<D¬YGSLK<DLF>h�deU�S�D�]'R�wQD�TpNGU�Dp[�HVUGU�D�EGF<S�TLdg]>dgHVU�a�Y�NÆ��R#deK�Y�NXP`F/R#U�YZU�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU*K<]
T�HVbebgD�TLK<S�]�a�DLKpK>F<i�]�]>deh�EGbgDLhfDLU*KmT�R#F¬debx]>N�¥fK�YGD¤T�HVh�EGK<DLF�E)R#F>h�dxbgD�]¬SLwQSLU�DLhfDLU�K<] ~ (�HJ( ��DLKj(XðQ�ta
T�HVh"[GdgDLU!]<HVU�KuSLP�R#bgDLhfDLU*Ku��(�HJ(xa�ð_(�HJ(xa)DLK<T`nenen

C�D-T�R#bgTLNGb;YGD�]�F/R#EGEcHVF>K<]}U�(�HJ(�� ~ (�HJ( D�]>KuDt��D�TLK>N�S-DLUm]>dehBNGbqR#K>dgHVU!»@E)R#F>K>deF�YGD�]v��HVU�TLK>dgHVU�]�Cg(�É�]�a
E�HVNGFAYGD�]�U�H�¼�R#N�sªYGD-��DLFADLKAYGD�]�EGF<HVK<HVU�]xDLKAT�D�»kY�d���SLF<DLU�K<D�]xSLU�DLF>P`dgD�]�n��rD�]�EGF<S�Y�dgTLK>dgHVU�]AK>l�S�HVF>dgj*N�D�]
E�DLNGwQDLU*K�yLK>F<DvY�deF<D�TLK<DLhfDLU�KoT�HVh�E)R#F<S�D�]oR#N�s\YGHVUGU�S�D�]�a`T�HVh�hfDvbgDrhfHVU�K>F<DvbqRu�P`NGF<Dv��n§Ñ`_�n`É;HVNGF�D�]>K>dehfDLF
b�½¾SLU�DLF>P`dgD-YGD�]}SLwQSLU�DLhfDLU*K<]uY�N%¡zÕ@a�U�HVN�]}]<HVh�hfD�]}SLwzdgYGDLh�hfDLU�K�T�HVU���F<HVU*K<S�]OR#N¬hfyLhfDxEGF<HV[GbgiLhfD"j�N�D
EGF<S�T�S�YGDLh�hfDLU�K@�Gj�N�DLbebgD"SLU�DLF>P`dgDxNGK>debedg]<DLF[Ï

C�D�]�F<S�]>NGbeK/R#K<]�debebeN�]>K>F<S�]£]>NGF�bqR��P`NGF<D4��n§Ñ`_}NGK>debedg]<DLU�K�»�K>deK>F<DoY�½¾Dts�DLh�EGbgDrNGU�DoD�]>K>dehkR#K>dgHVU\YGDob�½¾SLU�DLF>P`dgD
SLK/R#bgHVUGU�S�DO]<NGF4bqR���N�HVF<D�]<T�DLU�T�D`n�É;HVNGFobgD�]oK>F<HVdg]�F/R#EGEcHVF>K<]rU�(�HJ(�� ~ (�HJ(�j*N�D}U�HVN�]vR�wQHVU�]rT�R#bgTLNGbgS`a*deb�D�]>K
E�H`]/]>de[GbgDvYGD�T�HVh�E)R#F<DLF�bqR�hfD�]>NGF<D�Y�N'¡zÕ�R�wQD�T�bgD�]�EGF<S�Y�dgTLK>dgHVU�]£��DLF�DLK7EGF<HVK<HVU�nz�rDLK>K<D�T�HVh�E)R#F/R#dg]<HVUkU�½§R
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,6-0/.1£��n§Ñ`_ 2,£ wQHVbeNGK>dgHVU�YGDpb�½§RVT�T�DLEGK/R#U�T�D�deU�]>K/R#U*K/R#U�S�D�DLUZ��HVU�TLK>dgHVU YGDpb�½¾SLU�DLF>P`dgD`a7EcHVNGFfY�d��cSLF<DLU*K<D�]T�HVU�Y�deK>dgHVU�]}YGDxYGS�TLbgDLU�T<l�DLhfDLU*K@��DLU¬Dts�dePQD�R#U�K ~ a ��a:ð@HVN Ø ]>K/R#K>dgHVU�]X(�HJ(u�tn�C�D�]�T�HVNGF>[cD�]}]<HVU*K}T�R#bgTLNGbgS�D�]DLU�]>dehBNGbqR#K>dgHVUm»BE)R#F>K>deFvYGD�]�Cg(�É�]�T�HVF>F<D�]>EcHVU�Y�R#U�K�»"YGD�]rU�H�¼�R#N�s¬YGDO��DLF�a*EcHVNGFvYGD�]�R#UGP`bgD�]vÔ�SLUGdeK>l)R#N�s
deU���SLF>dgDLNGF<]u»

45◦
n

E)RV]�YGD}]<DLU�]�Y�R#U�]4bgD�]7F<SLP`dgHVU�]4HVÈkbgD�]�T�HVNGF>[�D�]�÷tEGF<HVK<HVU�÷}DLKO÷Î��DLF�÷�]<HVU*K�K>F<i�]7EcDLNk]<SLE)R#F<S�D�]�a�T`½¾D�]>KJ�Þ»���Y�deF<D
E�HVNGF�bgD�]uw`R#bgDLNGF<]AY�N%F/R#EGEcHVF>KAU�(�HJ(�� ~ (�HJ( EGF<H*T/l�D�]AYGD

0
HVN!YGD

1
n��ol)RVj�N�DBF/R#EGE�HVF>KAEcH`]<]<i�YGDBYGHVU�T

NGU�DAP�R#h�hfD-Y�½¾SLU�DLF>P`dgD-Y�R#U�]�bqRVj*N�DLbebgDxdeb�D�]>K�EGbeN�]}]/DLU�]>de[GbgD`aGDLK}YGHVU�T-DLU¬F<DLP`F<HVNGE)R#U�KObgD�]�deU���HVF>hkR#K>dgHVU�]
YGD�]�F/R#EGE�HVF>K<]}��� ~ a%ð�� ~ DLK Ø � ~ aGHVU�EcDLNGK}SLK>N�Y�dgDLFubqR@T�HVh�EcH`]>deK>dgHVU!YGDLEGNGdg] ∼ 1018 D���IJN�]<j*N�½§» ∼ 1019

D��@n
M}�UÅYGDfhfDLK>K>F<D�DLUÅSLwzdgYGDLU�T�DfNGU�DkSLwQDLU*K>N�DLbebgD�hfH*Y�d�)T�R#K>dgHVUZYGDfbqR¬T�HVh�EcH`]>deK>dgHVUXR�wQD�T'b�½¾SLU�DLF>P`dgD`a

U�HVN�]OR�wQHVU�]AT�HVU�]>K>F>NGdeKONGU%D�]>K>dehkR#K<DLNGFAj*NGd�EcDLF>hfDLKOY�½ deU�Y�dgj*N�DLFObqRfEGF<HVE�HVF>K>dgHVU¤YGDxU�H�¼�R#N�s!YGDx��DLFuE)R#F
F/R#EGE�HVF>K7R#N�s-EGF<HVK<HVU�]�aVY�R#U�]�NGU�Drl*¼*EcHVK>l�i�]<Dr]>deh�EGbgDoHVÈ@T�D�];YGDLN�sB]<DLNGbgD�];T�HVh�E�H`]/R#U*K<D�]7]<HVU�K;EGF<S�]<DLU*K<D�]�n
�OHVN�]"YGSt�UGdg]<]<HVU�]BbqR2÷Î��F/RVTLK>dgHVUÅYGD���DLF�÷

αFe
a�j�NGd�U�HVN�]"bgD�F/R#EGEcDLbgHVU�]-U�DkT�HVF>F<D�]<E�HVU�YªE)RV]BY�deF<D�Tt�

K<DLhfDLU�K\»�NGU�D�hfD�]>NGF<D'Dt�cD�TLK>dewQD'YGD�bqR¬EGF<HVEcHVF>K>dgHVUÅYGDkU�H�¼�R#N�s�YGD@��DLF"Y�R#U�]BbgD�]-F/R�¼QHVU�]\T�H`]>h�dgj*N�D�]�a
T�HVh�hfD-SLK/R#U�K�YGSt�UGdgDxdeh�EGbedgTLdeK<DLhfDLU�K�E)R#F}b�½¾S�j*N)R#K>dgHVU��

nToT

3ToT
(E) =

αFe(E) ×PFe
n (E) + [1 − αFe(E)] ×Pp

n(E)

αFe(E) ×PFe
3 (E) + [1 − αFe(E)] ×Pp

3 (E)

����n �`� �
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HVÈ nToT
3ToT (E)

F<DLEGF<S�]<DLU*K<D"bgD-F/R#EGE�HVF>K}U�(�HJ(�� ~ (�HJ(ôhfD�]>NGF<S\»@b�½¾SLU�DLF>P`dgD
E
a PFe

n (E)
bqR@EGF<HV[)R#[GdebedeK<S\YGD

YGS�TLbgDLU�T<l�DLFkR#NÆhfHVdeU�]
n
(�HJ(ÒEcHVNGFBNGU�D�PQDLF>[cD'YGDk��DLF@»mb�½¾SLU�DLF>P`dgD

E
DLK Pp

n(E)
bqRmEGF<HV[)R#[GdebedeK<S¬YGD

YGS�TLbgDLU�T<l�DLF�R#N�hfHVdeU�]
n
(�HJ(�EcHVNGF-NGU�DkPQDLF>[�DkdeUGdeK>dgS�DfE)R#F"EGF<HVK<HVU�n�C�DkT�R#bgTLNGbrYGD�]-EGF<HV[)R#[GdebedeK<S�]@YGD

YGS�TLbgDLU�T<l�DLhfDLU*K PFe,p
n (E)

D�]>KBDt�cD�TLK>N�S�DLU�]>dehBNGbqR#K>dgHVUX»�b�½§R#dgYGDkYGD�]"��HVU�TLK>dgHVU�]\Cg(�É�]�a�E�HVNGF\T<l)RVj*N�D
deU�K<DLF>w`R#bebgD-Y�½¾SLU�DLF>P`dgD`n)C�R\��F/RVTLK>dgHVU%YGDA��DLF

αFe
D�]>K}YGHVU�T"HV[GK<DLU�N�D"DLU¬F<S�]/HVbewVR#U*K}b�½¾S�j�N)R#K>dgHVUZ����n �`� �tn

C�D�]oF<S�]>NGbeK/R#K<]rHV[GK<DLU�N�]vR�wQD�TObgD�]oYGHVUGU�S�D�]rY�Np¡zÕ¨]/HVU�K4debebeN�]<K>F<S�]o]>NGF4bgD�]��P`NGF<D�]o��n§Ñ � aQ��n§Ñ`Ñ"DLK4��n§Ñ ~ n
C�½¾SLwQHVbeNGK>dgHVUfYGDvbqRu��F/RVTLK>dgHVU�YGDo��DLF7R�wQD�Tvb�½¾SLU�DLF>P`dgD�D�]>K£T�R#bgTLNGbgS�DvE�HVNGF£bgD�]£K>F<HVdg]£F/R#EGEcHVF>K<]7T�HVF>F<D�]>E�HVU�Y�R#U*K
»
n = 4

a
5
a
6
n0�OHVN�]7R�wQHVU�]£YGS¯I<»}hfDLU*K>dgHVUGU�SvbgD���R#deK£j�N�½ deb*¼BR�NGU@YGS�T�R#bqR#PQDvY�½ NGU�DowzdeUGP`K/R#deU�DvYGD4EcHVNGF<T�DLU�K

DLU�K>F<D4b�½¾SLU�DLF>P`dgD4{£ÕXDLK�b�½¾SLU�DLF>P`dgD4YGHVUGU�S�D4E)R#F�bgD�]�Ï!HVU�K<Dt�¯�vR#F>bgHGa#DLK�YGHVU�T4U�HVN�]�R�wQHVU�];SLP�R#bgDLhfDLU�K£T�R#bgTLNGbgS
»@K>deK>F<D-deU�Y�dgT�R#K>d���bgD�]}��F/RVTLK>dgHVU�]�YGDx��DLFuHV[GK<DLU*N�D�]�]<d�b�½¾HVU%R#NGP`hfDLU�K<D�R#F>K>d�)TLdgDLbebgDLhfDLU*K�b�½¾SLU�DLF>P`dgD\YGHVUGU�S�D
E)R#F�bqR\��N�HVF<D�]<T�DLU�T�DBYGD

15%
�ò�P`NGF<Dx��n§Ñ`ÑQ�vHVNmYGD

25%
�ò�P`NGF<D-��n§Ñ ~ �tn

C�R'EGF<DLh�dgiLF<D�F<DLhkR#F<j*N�D�j�N�D\b�½¾HVU¤EcDLNGKO��R#deF<D�R#N2]>NVI>DLK�YGD�T�D�]�F<S�]>NGbeK/R#K<]�a�D�]<KAj*N�D\bqRk��F/RVTLK>dgHVU2YGD
��DLF�Y�deh�deU�N�D\deU�YGSLUGdqR#[GbgDLhfDLU�K"R�wQD�T"b�½¾SLU�DLF>P`dgD`a�deU�Y�dgj*N)R#U�KANGU!R#bebgiLPQDLhfDLU*KxYGD"bqRkT�HVh�E�H`]>deK>dgHVU¤DLU�K>F<D �
DLK � _B|�D��@nG¡*NGdewVR#U*Krb�½¾S�T/l�DLbebgDAY�½¾SLU�DLF>P`dgDONGK>debedg]/S�D`a�bqR-��F/RVTLK>dgHVUpYGDu��DLFoE�DLNGKvYGSLE)RV]<]<DLFrb�½ NGUGdeK<SOHVNpDLU�T�HVF<D
yLK>F<D}U�SLP�R#K>dewQD`a*T�Duj*NGd�K>F/RVY�NGdeKr]<deh�EGbgDLhfDLU�KrbgDv��R#deKrj�N�D}bgD�]�EcHVdeU�K<]rDtszEcSLF>dehfDLU�K/R#N�s']/HVU�K4E)RV]oT�HVU�K<DLU*N�]
DLU�K>F<DkbgD�]"T�HVNGF>[cD�]-K>l�S�HVF>dgj*N�D�]�÷Î��DLF�÷fDLK'÷tEGF<HVK<HVU�÷Vn;C�D�]"F<S�]>NGbeK/R#K<]BT�HVF>F<D�]<E�HVU�Y�R#U*K@»pNGU�DkSLU�DLF>P`dgD'YGD
��N�HVF<D�]<T�DLU�T�DBF<DLl)R#N�]<]<S�D"YGD

15%
]<DLhB[GbgDLU�KxyLK>F<D-bgD�]OEGbeN�]�T�HVU�w`R#deU�T�R#U�K<]�a�bqR@��F/RVTLK>dgHVU¤YGDx��DLFOSLwQHVbeN)R#U�K

YGDAhkR#UGdgiLF<D-F<DLhkR#F<j*N)R#[GbgDLhfDLU�KAT�HVl�SLF<DLU�K<DBDLU�K>F<D � DLKu_fYGDLEGNGdg] 1018 D���IJN�]<j*N�½§» 1019 D��@n
DÞb�D�]>KpSLwzdgYGDLU�K¬j�N�D!T�D�]�F<S�]>NGbeK/R#K<]¬YGSLEcDLU�YGDLU�K�Y�½ NGU�T<l�HVd�s�R#F>[GdeK>F/R#deF<DªYGDmbqRÅU�HVF>hkR#bedg]/R#K>dgHVU¨DLU

SLU�DLF>P`dgD@NGK>debedg]<S�D`acDLKxj�N�½ deb�D�]>KAYGHVU�T@deh�EcH`]<]>de[GbgD@Y�½¾DLU2T�HVU�TLbeNGF<D@NGU¤F<S�]>NGbeK/R#K-]<TLdgDLU�K>d�)j*N�D\�R#[GbgD�Y�R#U�]
b�½¾SLK/R#K}EGF<S�]<DLU*K�n)C�D�]udeU�T�DLF>K>deK>N�YGD�]O]>NGFubqR\wVR#bgDLNGF�YGDAbqR\��F/RVTLK>dgHVU!YGDA��DLF�EGF<H�wzdgDLUGU�DLU�K�hkR�IJHVF>deK/R#deF<DLhfDLU*K
YGDAb�½ deU�T�DLF>K>deK>N�YGD-bedgS�D"»�b�½¾D�]>K>dehkR#K>dgHVUmYGDxb�½¾SLU�DLF>P`dgD`n
��HVN�]"T�HVU�TLbeN�DLF<HVU�]@YGHVU�TkDLUÆ]<HVNGbedeP`U)R#U�K@DLU�T�HVF<DfNGU�Df��HVdg]Bj�N�½ debrD�]>K-deh�EcHVF>K/R#U�K@YGDfK<D�]>K<DLFBbgD�]"]>d��

h"NGbqR#K>dgHVU�]@YGD�]-PQDLF>[cD�]\YGD@��RVW�HVUÅE�HVN�]/]<S�D`a�EcHVNGF"j*N�½¾DLbebgD�]"F<DLEGF<HzY�NGdg]<DLU�K\bgD�]"YGHVUGU�S�D�]\bgD�EGbeN�]")YGiLbgDt�
hfDLU�KoE�H`]<]<de[GbgD`n*¡*d�bgD�]�hfHzYGiLbgD�]4]�½§R�wQiLF<DLU�KrdeU�T�R#E)R#[GbgD�]rYGD}F<DLEGF<HzY�NGdeF<DOR�wQD�TODtsGRVTLK>deK>N�YGDub�½¾DLU�]<DLh"[GbgD�YGD�]
YGHVUGU�S�D�]@T�HVbebgD�TLK<S�D�]BE)R#F\bgD�]@DtszEcSLF>dgDLU�T�D�]@SLK>N�Y�dqR#U�K@bgD�]BPQDLF>[�D�]�R#K>hfH`]>EGl�SLF>dgj*N�D�]�a;T�DLK>K<D'deU���HVF>hkR#K>dgHVU
E�HVNGF>F/R#deKryLK>F<DuNGK>debgDuE�HVNGF4��R#deF<DuEGF<HVP`F<D�]<]<DLFrU�HVK>F<DuT�HVh�EGF<SLl�DLU�]>dgHVU¬YGDubqRxEGl�¼�]>dgj*N�DuYGD�]oE)R#F>K>dgTLNGbgD�]�R#N�s
K>F<i�]�l)R#NGK<D�]uSLU�DLF>P`dgD�]�n
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,6-0/.1���n§Ñ �u2±Ð wQHVbeNGK>dgHVUXYGD�bqR¬��F/RVTLK>dgHVUÆYGD@��DLF αFe
R�wQD�Tkb�½¾SLU�DLF>P`dgD`a�T�R#bgTLNGbgS�Dp»pE)R#F>K>deF\YGD�]"F/R#EGEcHVF>K<]

U�(�HJ(�� ~ (�HJ(©]>NGF@bgD�]�YGHVUGU�S�D�]�Y�N�¡zÕ\n£C�½¾D�]<K>dehkR#K>dgHVUËYGD'b�½¾SLU�DLF>P`dgDmD�]>K\Dt��D�TLK>N�S�D�R�wQD�TpbqR%hfSLK>l�HzYGD
NGK>debedg]/R#U�K7bgD�]�T�HVNGF>[cD�]7Y�½§R#K>K<SLU�N)R#K>dgHVU�YGHVUGU�S�D�]7E)R#F7bgD�]7]>dehBNGbqR#K>dgHVU�]�a�R�wQD�T}NGU@SLK/R#bgHVUGU)R#PQDu]>NGF7b�½¾SLU�DLF>P`dgD
hfD�]>NGF<S�DxE)R#F�bqR\��N�HVF<D�]<T�DLU�T�D`n
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,.-F/.1���n§Ñ`Ñ 2±Ð wQHVbeNGK>dgHVUZYGDfbqRp��F/RVTLK>dgHVUÅYGD@��DLF αFe
R�wQD�Tfb�½¾SLU�DLF>P`dgD`a;T�R#bgTLNGbgS�D�»pE)R#F>K>deF\YGD�]"F/R#EGEcHVF>K<]

U�(�HJ(�� ~ (�HJ(Ù]>NGF@bgD�]�YGHVUGU�S�D�]�Y�N�¡zÕ@n;C4½¾D�]>K>dehkR#K>dgHVUËYGD�b�½¾SLU�DLF>P`dgD�D�]>K@Dt�cD�TLK>N�S�D�R�wQD�TpbqRmhfSLK>l�HzYGD
NGK>debedg]/R#U�K7bgD�]4T�HVNGF>[�D�]7Y�½§R#K>K<SLU*N)R#K>dgHVU'YGHVUGU�S�D�]7E)R#F7bgD�]7]>dehBNGbqR#K>dgHVU�]�a�R�wQD�T�NGU�SLK/R#bgHVUGU)R#PQD}]>NGF7b�½¾SLU�DLF>P`dgD
hfD�]>NGF<S�DxE)R#F�bqR\��N�HVF<D�]/T�DLU�T�D`a�F<DLl)R#N�]<]<S�DxYGD

15%
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,6-0/.1���n§Ñ ~ 2±Ð wQHVbeNGK>dgHVUXYGD�bqR¬��F/RVTLK>dgHVUÆYGD@��DLF αFe
R�wQD�Tkb�½¾SLU�DLF>P`dgD`a�T�R#bgTLNGbgS�Dp»pE)R#F>K>deF\YGD�]"F/R#EGEcHVF>K<]

U�(�HJ(�� ~ (�HJ(©]>NGF@bgD�]�YGHVUGU�S�D�]�Y�N�¡zÕ\n£C�½¾D�]<K>dehkR#K>dgHVUËYGD'b�½¾SLU�DLF>P`dgDmD�]>K\Dt��D�TLK>N�S�D�R�wQD�TpbqR%hfSLK>l�HzYGD
NGK>debedg]/R#U�K7bgD�]�T�HVNGF>[cD�]7Y�½§R#K>K<SLU�N)R#K>dgHVU�YGHVUGU�S�D�]7E)R#F7bgD�]7]>dehBNGbqR#K>dgHVU�]�a�R�wQD�T}NGU@SLK/R#bgHVUGU)R#PQDu]>NGF7b�½¾SLU�DLF>P`dgD
hfD�]>NGF<S�DxE)R#F�bqR\��N�HVF<D�]<T�DLU�T�D`a)F<DLl)R#N�]<]<S�DxYGD

25%
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Á5Ä
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Ð�Ñ�ÒnÓ]ÔÕÑ�Ö!ÓY×nØ6Ù�Ú#ÛÝÜÝÞ�ß¶à
õ3Ù{Ú_Þ'æA×�Ñ�Ö!ÓIÞ�ß¶Ö]ßùÒAÑnêFß>×/ÜÝÛÝæ*ð ß�Ü�Ö1ßvÞ�ß�×�æ!ð�ÒnÜÝÞnÓ�×/ÜÝÛÝæ*ð Ö]ß�ÒvÑ�åCÑnð_ßnÔÕßnð#Ü�Ò�Ö!Ó:Þ�ÑnÒ/ß�Ù!ÓNÖ1ßùÒnÓ]Þ�ñ/Ù�×�ß�ß�ÒnÜ§Ú#Þ�ÑnÒ/ßnð�3
Ü�Ñ>ß¹Ö1ß¥Ô¶Ù*ð~Û=ÿ�Þ�ßÕÖ1Ñ�Ü�Ù!Û�êGêxÑ>ß���õ
ßnÒ¥Ö!Û õ�ÑnÞ>ßnð�Ü�ß�Ò¶ÔÕÑ�Ü�ØIæAÖ]ß�Ò�Ú�æ!Ó]ÞÕß�Ò�ÜÝÛGÔÕßnÞ�ê>á ÑnðußnÞÝé*Û=ßÕÖ1ß�Ò¶Ñ�åCÑnð_ßnÔÕßnð#Ü�Ò�Ò/æ!ð�Ü
êúÙdÒ/æ!Ó]Þ�×�ß¹êúÙ�Ú#ê;Ó]Ò�Û�Ô�Ú6æ!Þ�Ü�Ù!ð�Ü�ß¶ÖWá Û�ð#×�ßnÞ�ÜÝÛÝÜÝÓ6Ö1ß{Ú6æ!ÓIÞ�êFÙ%ÔÕß�ÒnÓ]Þ>ß¹Ö!ÓYÒ�Ú~ß�×/ÜÝÞ>ßÕÖ
á Ñnð_ß�ÞÝé!Û�ß¹Ö]ß�Ò�Þ�Ù0/�æ!ð�Ò¶×>æCÒ43
Ô�Û=ë�Ó~ß�Ò��oõâá ß�ÒnÜÝÛ�Ô¹Ù*ÜÝÛ=æ!ðwÖ1ß�ê�á Ñnð_ß�ÞÝé!Û�ß¹Ù*åCß�×¶êxß�ÒvÒnÛGÔ¥ÓIêúÙ�ÜÝÛÝæ!ð~ÒtÒ/ßnÔÕänêxß�Ò�æ*Ó�õTÞnÛGÞ¶Ö
á ßnÞnÞ�ßnÓIÞ�ÒâÒ4/CÒ�Ü�ÑnÔ¹Ù*ÜÝÛÝë/Ó�ß�Ò
Ö1Ñ�Ú�ßnð_Ö�Ù!ð�Ü�Ö1ßâê�á Ù!ð]é*êFß��EÑnð�Û�Ü�ØIÙ*ê ûuÚ#ÞnÛ�ð#×�Û Ú6Ù!êxßnÔÕßnð�Ü�Ù!ÓT3'Ö1ß�Ò�Ò�Ó]Ò�Ö1ß

45◦
�Ö7�ß�Ú#ê�Ó1Ò�û�êFÙ¹å�Ù*êFßnÓIÞ�Ö]ßvê>á Ñnð_ßnÞ=é!Û�ß

æ1ä�Ü�ßnð~Ó~ß¥Ö1Ñ�Ú~ßnð#Ö%Ö
á Ó]ð_ßvØ^/�Ú6æ�Ü�Ø6ÿ�Ò/ß¥Ö]ßâ×>æ*Ô�Ú�æCÒ�ÛÝÜÝÛÝæ*ð��
õ3Ù�ÔÕÑ�Ü�ØIæEÖ1ßd×GØ0×pÙ�Ú17 Ò�á Ù'õTÞ�Ù!ð#×nØ1ÛÝÜ,Ö1ßt×�ß�Ò,Ú#Þ�æ1änêxÿnÔÕß�Òâßnð|×>æ!ÞnÞnÛúé1ß>Ù!ð�Ü�êFÙ�å�Ù!êxßnÓIÞtÖ*ÓÕÒnÛúé!ð_Ù!ê_ì¹ò�ô1ô�ô

Ô¹ÿ/ÜÝÞ�ß�Ò:Ö1ßdÔ¹Ù!ð~Û�ÿnÞ>ß:ìNåCÑnÞnÛ .�ßnÞdêFÙÕÚ#Þ�æ�Ú#ÞnÛ=Ñ/Ü�Ñ:Ö
á ÛhÒ/æ*ÜÝÞ'ænÚ#Û=ß%Ö]ß�Ò�Ö!Û�Þ�ß>×/ÜÝÛÝæ*ð�Ò%Ö
á Ù!ÞnÞ�Û�åCÑ>ß|Ö1ß�ÒÕÞ�Ù0/�æ!ð�Ò%×>æCÒ43
Ô�Û=ë�Ó~ß�Ò�û,ß�Ü,ßnð:Ó6ÜÝÛGê�ÛhÒ/Ù!ð�ÜWê�á Ñnð_ß�ÞÝé!Û�ß�Ú17�×>æ!Ô¥ÔÕß�Þ�Ñ�ñAÑnÞ>ßnð#×�ß��,õ
ß,Ú6Ù!Þ�Ù!ÔÕÿ�ÜÝÞ>ß

S38 = S1000(θ)/S1000(38
◦)
û

ë�Ó]Û�Þ�ß7Ú#Þ�ÑnÒ/ßnð�Ü�ß êFß|ÒnÛúé*ð#Ù!ê�ë�ÓIÛvÒAßnÞ�Ù!Û�Ü�ÔÕß�ÒnÓ]Þ>Ñ ì�ò�ô�ô1ôwÔ Ò�ÛâêúÙfé1ßnÞAä>ß5Ñ�Ü�Ù!ÛÝÜ�Ü�æ*Ô¹ä�Ñ>ß Ù!åCß>× ÓIð Ù*ð]é!êxß
θ = 38◦

ûTß�Ò�Ü�ê�á æ1ä�ÒAßnÞnå�Ù1änêxßÕÖ*ÓNÞ>Ñ�ÒAß�Ù!ÓwÖ1ß�ÒnÓ]Þ�ñ/Ù�×�ß¹ë/Ó]Û�ß�ÒnÜ�×>æ!ÞnÞ�ÑnêxÑ>ß�ì%ê>á Ñ�ð_ßnÞ=é!Û=ß¶ÔÕß�Ò�ÓIÞ�Ñ�ß{Ú6Ù*Þ�êFÙA��Ó6æ03
Þ�ß�Ò/×�ßnð#×�ß��)�âæ!Ó1ÒtÙ!å�æ!ð~Ò�Ú#Þ�æ�Ú6æCÒAÑùÓIð_ß{ÔÕÑ�Ü�ØIæAÖ]ß{Ò�Û�Ô¥ÛGêFÙ!Û�Þ�ßnû±ë�ÓIÛWÓ6ÜÝÛGê�ÛGÒ/ßtÑ=é�Ù*êFßnÔÕßnð#Ü�ê�á Ñnð_ß�ÞÝé!Û�ß�Ú17�×>æ!Ô¥ÔÕß
Þ�Ñ�ñAÑnÞ>ßnð#×�ßnû±Ö�Ù!ð�Ò�êFÙ�ë�Ó~ßnêGêxß�êFß

S38
ß�Ò�Ü±ß�Ò�ÜÝÛGÔÕÑ�é!Þ�Û1×�ß{Ù!Ó!ïvÒ�Û�Ô¥Ó]êFÙ*ÜÝÛ=æ!ð�Ò�ð~ÓIÔ¹Ñ�Þ�Û=ë�Ó~ß�Ò�ûWÖ�æ*ð�Ü§êxß�Ò
Ú_Þ�Ñ�Ö*ÛÝ×/ÜÝÛ=æ!ð�Ò

Ú�ßnÓIåCßnð�Ü�6�ÜÝÞ>ß¥×>æ!ð�ÒnÛÝÖ]ÑnÞ�Ñ�ß�Ò�×>æ!Ô¥ÔÕßÂ. Ù1ä�êFß�Ò�ûuÚ6æ!ÓIÞâêxß�ÒâÙ!ð]é!êxß�ÒvÛ�ðAñAÑnÞ�Û�ßnÓIÞ�Ò�ì
45◦

�
õ
ß�Ò Ò�Ú�ß>×/ÜÝÞ�ßnÒ�ÖWá ÑnðußnÞÝé*Û=ß�ÔÕß�Ò�ÓIÞ�ÑnÒ
Ú6Ù*Þ ê>á ã�ä�ÒAßnÞnå�Ù*Ü�æ!Û�Þ�ß�ç�Û�ßnÞnÞ�ß è�Ó!é1ß�ÞTÙ*åCß�×{×�ß�Ò�Ö!Û õ�Ñ�Þ�ßnð#Ü�ß�ÒTÔ¹Ñ/Ü�ØIæAÖ1ß�Ò

Ò�æ!ð�Ü§Ú#Þ>Ñ�Ò/ßnð#Ü�Ñ�Ò��
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C�HVF<]<j*N�½ NGU�DAPQDLF>[cDxD�]>K�YGSLK<D�TLK<S�DAE)R#F�bgDAF<S�]<D�R#N¬YGDx]>NGFJ��RVT�D`a�T`½¾D�]>KJ�Þ»���Y�deF<D"j�N�½¾DLbebgDAK<HVN�T/l�D-]>N�¥k]/R#h@�
hfDLU�K4YGDu]>K/R#K>dgHVU�]�EcHVNGF�]/R#K>dg]J��R#deF<DuR#N�s�TLF>deK<iLF<D�]4Y�NfUGdewQD�R#NkYGDuYGS�TLbgDLU�T<l�DLhfDLU�K|( ~ ��Tt��T<l)R#EGdeK>F<D ~ �ta`bgD�]
YGHVUGU�S�D�]�YGDuK<HVNGK<D�]vbgD�]v]>K/R#K>dgHVU�]�R�¼�R#U�KuYGS�TLbgDLU�T/l�SANGUZ(}Ñ\HVNpNGUZ( � ]<HVU*K�DLUGF<DLP`dg]>K>F<S�D�]�DLKvRV]/]<H*TLdgS�D�]�»
NGU�SLwQSLU�DLhfDLU�K�n

M�wVR#U*KuY�½¾D�]>K>dehfDLF�bgD�]uT�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]OYGD"bqR@PQDLF>[cD'��EcHVdeU�KOY�½ deh�E)RVTLK�a�Y�deF<D�TLK>dgHVU�a)SLU�DLF>P`dgD`nenen��ta�NGU�D
EGF<H*T�S�Y�NGF<D¬YGD¬]/SLbgD�TLK>dgHVU YGD�]f]>K/R#K>dgHVU�]�D�]>KkR#EGEGbedgj*N�S�DmR��UËY�½¾SLbedeh�deU�DLFfbgD�]k]>K/R#K>dgHVU�]fj*NGdrU�D¬YGHVdewQDLU*K
E)RV]vE)R#F>K>dgTLdeE�DLF�»"b�½¾SLwQSLU�DLhfDLU*KuEcHVNGF�Y�dewQDLF<]<D�]�F/R#dg]<HVU�]}j*N�D�U�HVN�]}Dts�EGbedgTLdeK<HVU�]�E)R#F�bqR\]>NGdeK<D`nGC�DxTLF>deK<iLF<D
(v�fD�]>K�SLP�R#bgDLhfDLU�KAR#EGEGbedgj�N�S-R��U�Y�½§RV]<]<NGF<DLF}j�N�DAb�½¾SLwQSLU�DLhfDLU*KuU�D�EGF<H�wzdgDLU�KOE)RV]�Y�½ NGUmYGS�TLbgDLU�T<l�DLhfDLU*K
��HVF>K>NGdeK�n�C�D�]�SLwQSLU�DLhfDLU�K<]-R#deU�]>d£]<SLbgD�TLK>dgHVUGU�S�]A]<HVU*K�DLU�]>NGdeK<DBF<D�T�HVU�]>K>F>NGdeK<]A]>NGdew`R#U�K�NGU�D"EGF<HzT�S�Y�NGF<D\j�NGd
D�]>Kfdeh�EGbgSLhfDLU*K<S�D%Y�R#U�]'bgD%�rÕ}Mx¡�a7��HVNGF>UGdg]<]/R#U*K�R#deU�]>d}NGU�DmF<D�T�HVU�]>K>F>N�TLK>dgHVU�R#NGK<HVhkR#K>dgj�N�D`n+D�buDts�dg]>K<D
EGbeN�]>dgDLNGF<]�hfSLK>l�HzYGD�]fEcHVNGF�F<D�T�HVU�]>K>F>NGdeF<D�bgD�]kSLwQSLU�DLhfDLU�K<]�Y�NXF<S�]<D�R#N YGD¬]>NGFJ��RVT�D`a£U�HVN�]fEGF<S�]<DLU*K<HVU�]
T�DLbebgD-j*NGd�D�]>K�NGK>debedg]<S�D-Y�R#U�]�bgD\�rÕ}MA¡�a)YGHVU�K}U�HVN�]}��DLF<HVU�]�N�]ÎR#PQDAK<HVNGKOR#N�bgHVUGPkYGDxT�DLK>K<D-SLK>N�YGD`n

C�R@EGF<HzT�S�Y�NGF<D-YGDx]<SLbgD�TLK>dgHVU!DLK}YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU!D�]>K�bqR@]>NGdew`R#U�K<Df�

ß Q%K�ÿ%�g
��	�� ��ÿ%���O
_I>
��	<���
C�D�]O]>K/R#K>dgHVU�]uj*NGd�wQSLF>d�)DLU�KxR#N�hfHVdeU�]}NGU�D"YGD�]uT�HVU�Y�deK>dgHVU�]�]>NGdewVR#U*K<D�]u]<HVU*KuSLbedeh�deU�S�D�]�YGDxbqR�]<SLbgD�Tt�

K>dgHVU2�
?
bqRª]>K/R#K>dgHVU«R2SLK<S�YGS�TLbgDLU�T/l�S�D!E)R#FkK>F>deP`PQDLF'Dts�K<DLF>U�D���E)R#F'DtsGDLh�EGbgD�bgHVF<]�Y�½ NGU K>deFfbqRV]<DLF�Y�R#U�]
b�½§R#K>hfH`]>EGl�iLF<D`arNGU�]<deP`U)R#bOD�]>K�DLU�wQH�¼QS¤Y�R#U�]'b�½¾SLbgD�TLK>F<HVUGdgj�N�D¤Y�½ NGU�D%TLNGwQD%]>dehBNGbeK/R#U�SLhfDLU�K�R��U
Y�½¾D�]>K>dehfDLF\bgDkYGS�T�R#bqR#PQD'K<DLh�E�HVF<DLbvDLU�K>F<D'bgD�K>F>deP`PQDLF@{£ÕÙDLK"bgDkK>F>deP`PQDLF@¡zÕ@n�C�D'K>F>deP`PQDLFBDts�K<DLF>U�D
EcDLNGK�R#N�]/]>d)EGF<H�wQDLUGdeF}YGD�]rY�dgHzYGD�]rbqRV]<DLFvdeU�]>K/R#bebgS�D�]vY�R#U�]rbgD�]rTLNGwQD�]vEcHVNGFrbgD�]rSLK>N�YGD�]vYGDObedeU�S�R#F>deK<S`n

?
bqR@]>K/R#K>dgHVU%R\NGU%]>deP`U)R#b�dgYGDLU�K>d�)SBT�HVh�hfDxEGF<H�wQDLU)R#U*K�Y�½ NGU%S�TLbqR#deF Û

?
bqR@]>K/R#K>dgHVUmD�]<K�bgD-T�HVh�E)R#P`U�HVU%Y�½ NGUmYGHVNG[GbgDLKOYGD-TLNGwQD�] 5

?
bqR@]>K/R#K>dgHVU%R\NGU�DBR#beK>deK>N�YGD-deU�T�HVF>F<D�TLK<Dk��deU���SLF>dgDLNGF<DB» � _`_`_@hfiLK>F<D�]t�
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,6-0/.1�ð�n§Ñ 2 ¡zT/l�SLhkR\debebeN�]>K>F/R#U�Kvb�½¾SLwQHVbeNGK>dgHVU�Y�N�F/R�¼QHVU�YGD�T�HVNGF>[GNGF<D�Y�N���F<HVU�KvYGD�PQDLF>[�DAR#N�T�HVNGF<]�YGDObqREGF<HVE)R#P�R#K>dgHVU�n)Õ@½§R#EGF<D�]"� ~ ��n

ó �����ÿ%KBI�î_���O
`ÿ%��ÿ%�<
!��ÿSK�IÉ�uþ¦ï
C�½§R�IJN�]>K<DLhfDLU�K¬YGD�bqRÅC�ÕA{�D�]>K�Dt�cD�TLK>N�S%NGU�D!YGDLN�szdgiLhfDm��HVdg]pR�wQD�T%bqR�hfyLhfD���HVU�TLK>dgHVU�arR��U«YGD

EGF<DLU�Y�F<D�DLUËT�HVh�EGK<D¬bqR!U�HVNGwQDLbebgD�D�]>K>dehkR#K>dgHVU�YGDpbqR¤PQS�HVhfSLK>F>dgD�T�R#bgTLNGbgS�D�Y�R#U�]�b�½¾SLK/R#EcD¬EGF<S�T�S�YGDLU*K<D`n
�rDLK>K<DoYGDLF>UGdgiLF<D�SLK/R#EcD4EcDLF>hfDLK7Y�½¾HV[GK<DLUGdeF£NGU�DohfDLdebebgDLNGF<DrF<S�]<HVbeNGK>dgHVU�]>NGF;bqRuE�H`]>deK>dgHVU�Y�N@T��ANGF}� ≈ 40

h'�
R�wQD�TxNGU�DA��R#de[GbgDxDLF>F<DLNGFO]<¼z]>K<SLhkR#K>dgj*N�D`n

ñA,�+ 0,B�?�:/¸¹ºz?�:\@}1 ³B5ôó@õ�¶71B5£·Lö}:<5

�rHVU�K>F/R#deF<DLhfDLU*K�R#NXYGSLK<D�TLK<DLNGFfYGD'��N�HVF<D�]<T�DLU�T�D¬j�NGdrhfD�]>NGF<D�b�½¾SLU�DLF>P`dgD¬YGD�bqR%PQDLF>[�DpYGD�hkR#UGdgiLF<D
T�R#bgHVF>dehfSLK>F>dgj�N�D`aVb�½¾D�]>K>dehkR#K>dgHVUfYGDrb�½¾SLU�DLF>P`dgD}R�wQD�TobgDrF<S�]<D�R#N�YGDv]>NGFJ��RVT�Do]�½¾Dt�cD�TLK>N�DvYGDrhkR#UGdgiLF<DvdeU�Y�deF<D�TLK<D
E)R#F7b�½ deU�K<DLF>hfS�Y�dqR#deF<D�Y�N

S1000
nJDÞb���R#NGK�YGHVU�T�K>F<HVNGwQDLF4bqR�F<DLbqR#K>dgHVU'T�HVF>F<D�TLK<D}DLU*K>F<D�b�½¾SLU�DLF>P`dgDuYGDvbqRAPQDLF>[cD`a

bgD�]<deP`U)R#b�» � _`_`_BhfiLK>F<D�]}DLKvb�½§R#UGP`bgDAÔ�SLUGdeK>l)R#b θ az]>NGFvK<HVNGK<DObqR\P�R#h�hfDAY�½¾SLU�DLF>P`dgDxhfD�]<NGF<S�DOE)R#F�b�½ � É�M\n
Õ�D4bqR�w`R#bedgY�deK<SoYGDoT�DLK>K<D4F<DLbqR#K>dgHVU

E(S1000, θ)
a�YGSLEcDLU�YBY�deF<D�TLK<DLhfDLU*K£T�DLbebgDrY�NB]<E�D�TLK>F<DrY�½¾SLU�DLF>P`dgDoj*NGd*D�]<K

T�HVU�]>K>F>NGdeK�»uE)R#F>K>deF�YGD�]£YGHVUGU�S�D�]7Y�Nk¡zÕ@nVMuN���YGD�]<]<N�]7YGD4b�½¾SLU�DLF>P`dgD}YGDobqR�]/R#K>NGF/R#K>dgHVUfYGDrb�½§RVT�T�DLEGK/R#U�T�D`a`bqR
YGSLK<DLF>h�deU)R#K>dgHVU'T�HVF>F<D�TLK<DuYGDvb�½¾SLU�DLF>P`dgDOD�]>K7bqRx]<HVNGF<T�D}bqR�EGbeN�]7deh�E�HVF>K/R#U*K<DOY�½ deU�T�DLF>K>deK>N�YGDO]>NGF7bgD}]>EcD�TLK>F<D`n

É7beN�]>dgDLNGF<]�hfSLK>l�H*YGD�];HVU�K;SLK<S7h�dg]<D�]�R#N"E�HVdeU*K;R#N"]<DLdeUBYGD7bqR�T�HVbebqR#[cHVF/R#K>dgHVU\MONGPQDLF�a�R��UBYGD�F<S�]<HVN�Y�F<D
bgD}EGF<HV[GbgiLhfD�Y�½¾D�]>K>dehkR#K>dgHVU¬YGD}b�½¾SLU�DLF>P`dgDxR�wQD�TObgD�¡zÕ@nzC�RxEGF<DLh�dgiLF<D�hfSLK>l�HzYGDOj*NGd)wzdgDLU�KrY�deF<D�TLK<DLhfDLU�Ku»
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b�½¾D�]>EGF>deKuD�]>KOY�½ NGK>debedg]<DLFObgD�]O]>deh"NGbqR#K>dgHVU�]OEcHVNGFOYGSLK<DLF>h�deU�DLF�bqR@F<DLbqR#K>dgHVU
E(S1000, θ)

n��rDLEcDLU�Y�R#U�K�a�T�DLK>K<D
K<D�T<lGUGdgj*N�D@deU�K>F<HzY�NGdeK-NGU�D@l�¼zEcHVK>l�i�]<D�]>NGFAbqRpT�HVh�E�H`]<deK>dgHVU2Y�N!F/R�¼QHVUGU�DLhfDLU�K@T�H`]>h�dgj*N�D`a�DLK�EcHVNGF>F/R#deK
SLP�R#bgDLhfDLU�K�]<HVN���F>deFOY�½¾DLF>F<DLNGF<]O]>¼�]>K<SLhkR#K>dgj*N�D�]}YGSLEcDLU�Y�R#U�KuK>F<HVEm��HVF>K<DLhfDLU*KOYGDxb�½§R#UGP`bgD-Ô�SLUGdeK>l)R#b�a�hfDLKJ�
K/R#U�KuDLU%YGHVNGK<DxbqR\wVR#bedgY�deK<S"YGD-T�DLK>K<DxEGF<HzT�S�Y�NGF<D`n

|7U!F<S�RVTLK>dgHVU2»kT�D�]�T�HVU�]>K/R#K/R#K>dgHVU�]�a�bqRkhfSLK>l�H*YGD@Y�deK<D\Y�NZ÷��rHVU�]>K/R#U*K�D�U*K<DLU�]>deK�¼ª�oNGK�÷Va�HVNò×GØ0×£a�R
SLK<SvEGF<HVE�H`]/S�D-�VbqR�EGF<HVEGF>dgSLK<S}Y�½ dg]<HVK>F<HVEGdgDOYGD�]�Y�deF<D�TLK>dgHVU�]4Y�½§R#F>F>dewQS�D�]oYGD�]7F/R�¼QHVU�]oT�H`]>h�dgj�N�D�]4D�]>K7NGK>debedg]<S�D
E�HVNGFxYGSLK<DLF>h�deU�DLF-NGU�D@F<DLbqR#K>dgHVU

S1000
�
E
j�NGd7]<HVdeKAEGF/R#K>dgj*N�DLhfDLU�K-deU�YGSLEcDLU�Y�R#U�K<D'YGD�]xÏ%HVU*K<Dt�¯�vR#F>bgHGn

�OHVN�]4wQDLF>F<HVU�]vj�N�DOT�DLK>K<DuhfSLK>l�HzYGDuEcH`]<]<i�YGDuSLP�R#bgDLhfDLU�K�YGD�]4deU�T�HVU*wQSLUGdgDLU�K<]�aGDLKoU�HVN�]rEGF<S�]<DLU�K<DLF<HVU�]rbgD�]
R#beK<DLF>U)R#K>dewQD�]uj*NGd�HVU�KOSLK<SxDtszEGbgHVF<S�D�]�R#NmT�HVNGF<]}Y�N�K>F/R�wVR#deb�YGD-K>l�i�]<D`n

§£üòû£üÞý þåQ�
Vÿ%�$� ����I>
��	<����ÿSK°��Q%��ÿ%��M���ÿrI���ÿ%��K�ÿ��ô¹ ��<
`ÿÉ©ZI>��K	
C�½¾SLU�DLF>P`dgDoYGD£bqRvPQDLF>[�D£EcDLNGK�yLK>F<D�D�]<K>dehfS�D4»rE)R#F>K>deF�YGD7bqRrw`R#bgDLNGF�Y�N

S1000
DLK�YGD�b�½§R#UGP`bgD7Ô�SLUGdeK>l)R#b

θ
a�»

b�½§R#dgYGD�YGD�]�]<deh"NGbqR#K>dgHVU�]�n#C�D7EGF>deU�TLdeEcD4D�]>K�K>F<i�]�]>deh�EGbgD}��R#EGF<i�];R�wQHVdeF�]>dehBNGbgS�NGU-bgHVK;YGD7PQDLF>[�D�]�Y�½¾SLU�DLF>P`dgD�]�a
YGD
θ
DLKuYGDAEGF>dehkR#deF<D�]\�ò��DLF}HVN�EGF<HVK<HVU�KÞ¼*EGdgj*N�DLhfDLU�KÎ�}Y�d��cSLF<DLU*K<]�a)HVU�T�R#bgTLNGbgD-bgD

S1000
hfH�¼QDLU!»\b�½§R#dgYGD

Y�NfhfyLhfD�EGF<HVP`F/R#h�hfD�YGDvF<D�T�HVU�]>K>F>N�TLK>dgHVUpj�NGd)D�]<K4R#EGEGbedgj�N�S�R#N�s@YGHVUGU�S�D�]�n*C�RAE)R#F/R#hfSLK>F>dg]/R#K>dgHVUpYGD�bqR
F<DLbqR#K>dgHVU

E(S1000, θ)
]�½¾Dt��D�TLK>N�D"YGDxhkR#UGdgiLF<DBDLh�EGdeF>dgj�N�D`a�DLUmYGSLK<DLF>h�deU)R#U�K�NGU�Dx��HVU�TLK>dgHVUmj*NGd�]�½§R�IJN�]>K<D

bgDAh�dgDLN�s¬E�H`]<]<de[GbgD-R#N�s�F<S�]>NGbeK/R#K<]OYGDAbqR�]>dehBNGbqR#K>dgHVU�n
ù�½§R#d£YGHVU�TB]<deh"NGbgSBNGUmbgHVKAYGD-PQDLF>[cD�]�R�wQD�T��rHVF<]<d Ç RkDLKO|4RV]>¼�¡*deh�a�E�HVNGFAYGD�]uU�H�¼�R#N�s%YGD"��DLF�DLKOYGD�]

EGF<HVK<HVU�]uYGHVU*K}bgD�]}SLU�DLF>P`dgD�]u]�½¾S�T<l�DLbgHVUGU�DLU�KADLU�K>F<D
1017.6 DLK 1020.4 D��@n

|7UBK>F/RVW�R#U�K7DLU\S�T/l�DLbebgD4bgHVP�R#F>deK>lGh�dgj*N�DrbqRv��HVU�TLK>dgHVU
S1000(E)

»
θ
GsGS`a�HVU\T�HVU�]>K/R#K<Doj*N�D�b�½¾SLwQHVbeNGK>dgHVU

YGD
S1000

R�wQD�T
E
D�]>K¬EGF<HzT<l�D2Y�½ NGU�D2bgHVd-YGDªEGNGdg]<]/R#U�T�D`auR�wQD�TªNGU�DªbgSLPQiLF<D2SLwQHVbeNGK>dgHVU YGDªbqRÆE�DLU*K<D

bgHVP�R#F>deK>lGh�dgj�N�D`n*C�D�]7F<S�]>NGbeK/R#K<]4YGD�]4]>dehBNGbqR#K>dgHVU�]�EcDLNGwQDLU�K4yLK>F<DuR�IJN�]>K<S�]7E)R#F7NGU�D���HVU�TLK>dgHVUkYGDvbqRO��HVF>hfD-�

lnS1000 = α(θ) + β(θ) lnE + γ(θ)(lnE)2 �`ð�n§^Q�

S�j�NGdew`R#bgDLU�K<DB»@NGU�DAF<DLbqR#K>dgHVU%DLU*K>F<D
E
DLK
S1000

YGDxbqRB��HVF>hfDk�

E = exp

(
−β +

√
β2 − 4γ(α− lnS1000)

2γ

)
�`ð�n � _Q�

E�HVNGFobqRVj�N�DLbebgDObgD�]rT�H*Dt¥kTLdgDLU*K<]
α
a
β
DLK
γ
]<HVU*KobqR#dg]/]<S�]4bede[GF<D�]�a*DLKrYGSLE�DLU�YGDLU*KvYGDub�½§R#UGP`bgD�Ô�SLUGdeK>l)R#b�DLKvY�N

K�¼zE�DxYGD-EGF>dehkR#deF<D`n
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C�R�YGSLEcDLU�Y�R#U�T�D-DLU
θ
YGD�]}T�HzDt¥kTLdgDLU�K<]�HV[GK<DLU�N�DBD�]>K�bqR@]>NGdew`R#U�K<Dk��EcHVNGF�bgD�]�EGF<HVK<HVU�]B�

α(θ) = 4.69 − 17.6 cos(θ) + 26.7 cos2(θ) − 12.16 cos3(θ)
�`ð�n �`� �

β(θ) = −2.14 − 10.1 cos(θ) + 10.9 cos2(θ) + 3.9 cos3(θ)
�`ð�n � ÑQ�

γ(θ) = 0.29 − 0.75 cos(θ) + 0.56 cos2(θ) − 0.1 cos3(θ)
�`ð�n � ~ �

DLK�E�HVNGF}bgD�]}U�H�¼�R#N�s�YGDA��DLF-�

α(θ) = 6.01 − 22.1 cos(θ) + 32.1 cos2(θ) − 14.1 cos3(θ)
�`ð�n � �*�

β(θ) = −0.02. + 2.23 cos(θ) − 1.2 cos2(θ)
�`ð�n � ðQ�

γ(θ) = 0.11 − 0.24 cos(θ) + 0.11 cos2(θ)
�`ð�n ��Ø �

�rDLK>K<D!F<DLbqR#K>dgHVU�EcDLF>hfDLKpYGD%F<D�T�HVU�]<K>F>NGdeF<D%b�½¾SLU�DLF>P`dgDªYGD�]'PQDLF>[cD�]�]<deh"NGbgS�D�]�R�wQD�T!NGU�D¤Y�dg]>EcDLF<]>dgHVU
hfDLdebebgDLNGF<Dxj�N�D � Ñ Y R#N���YGD�]/]>N�]vYGD

1019 D��ôR�wQD�TANGU�DADLF>F<DLNGF�]>¼�]>K<SLhkR#K>dgj*N�D�YGD�ð Y a�DLU�K>F<D-Ñ`_\DLK ~ _ Y
YGD�Y�dg]>E�DLF<]<dgHVU2DLU�K>F<D

1018 DLK 1019 D��@a�R�wQD�T�NGU�Df]<¼z]>K<SLhkR#K>dgj*N�D�YGD@b�½¾HVF<Y�F<DfYGDf¦ Y n'ArdgDLU2DLU*K<DLU�Y�N�a
T�D�]uw`R#bgDLNGF<]uU�½ deU�Y�dgj*N�DLU�KxE)RV]Ob�½¾DLF>F<DLNGFxj�NGd;D�]>KOT�HVh�h�dg]/D\R�wQD�T\T�DLK>K<DBhfSLK>l�HzYGDB]>NGF�bqR�F<D�T�HVU�]<K>F>N�TLK>dgHVU
YGD�]�w*F/R#dg]uSLwQSLU�DLhfDLU�K<]�n

C�R@�P`NGF<Duð�n ~ debebeN�]>K>F<D-bqR'T�HVh�E)R#F/R#dg]<HVU¤DLU�K>F<D\bgD S1000
hfH�¼QDLU¤HV[GK<DLU�N2»�E)R#F>K>deFAYGD-b�½§R�IJN�]>K<DLhfDLU*K

YGDmbqRÅC�ÕA{ DLK¬»�E)R#F>K>deFpY�N�]>deP`U)R#bAY�deF<D�TLK<DLhfDLU�KmhfD�]>NGF<S!» � _`_`_ÅhfiLK>F<D�]�nvÉ�HVNGF�HV[GK<DLUGdeFpbgD S1000Y�deF<D�TLK<DLhfDLU�K\hfD�]>NGF<S`aGI�½§R#do]>dehBNGbgSfbgD�]"hfyLhfD�]"PQDLF>[cD�]"Y�R#U�]"NGU�DkT�HVU��P`NGF/R#K>dgHVUZY�N�F<S�]<D�R#NÆY�deK<D%÷LDLU
SLK<HVdebgDQ÷'��Tt�4T/l)R#EGdeK>F<DB�*�ta�EcHVNGFObqRVj*N�DLbebgD � Ñk]>K/R#K>dgHVU�]A]<HVU�K�EGF<S�]<DLU*K<D�]OE)R#F�deU�K<DLF>w`R#bebgD@YGD}ð`_kh Y�R#U�]�bgD
F<St��SLF<DLU*K>dgDLb4YGD@bqR'PQDLF>[�D`n�C�D�]<deP`U)R#b4» � _`_`_�h D�]>K-R#deU�]>d�T�R#bgTLNGbgS�DLUªhfH�¼QDLUGU)R#U*K"bgD�] � Ñ�]>deP`U)R#N�sªYGD�]
]>K/R#K>dgHVU�]"»pT�DLK>K<DfY�dg]>K/R#U�T�D`n�Õ�D@EGbeN�]�a�Y�dg]>E�H`]ÎR#U�K"YGD � _�PQDLF>[cD�]-Y�d���SLF<DLU�K<D�]-E)R#FBSLU�DLF>P`dgDfDLKxE)R#F θ a�bgD
S1000

D�]>K}DLU�F<S�R#bedeK<SxhfH�¼QDLUGU�S"]>NGF � Ñ`_�wVR#bgDLNGF<]�n
É�HVNGF@bgD�]B[)RV]<]<D�]\SLU�DLF>P`dgD�]�a)I¯N�]<j*N�½§»�j*N�DLbgj*N�D�]\|4D��@a�bgD�]>deP`U)R#brhfH�¼QDLUXHV[GK<DLU�NZE)R#F"b�½§R�IJN�]>K<DLhfDLU*K

YGDfbqR�C�Õ�{ D�]>KB]<¼z]>K<SLhkR#K>dgj*N�DLhfDLU�K@]>NGEcSLF>dgDLNGF@»mT�DLbeNGdrHV[GK<DLU*NËR�wQD�T'bgDfF<S�]<D�R#NZDLUÅSLK<HVdebgD`n7�rDLK\Dt��DLK
EGF<H�wzdgDLU�K�Y�Nk��R#deKvj�N�DubqR-F<D�T�HVU�]>K>F>N�TLK>dgHVU¬deh�EcH`]<D�»-b�½¾SLwQSLU�DLhfDLU*K�bgDOTLF>deK<iLF<D"(v��a�R#bgHVF<]rj*N�DuY�R#U�]rbgD�T�RV]
Y�N�F<S�]<D�R#NkDLUkSLK<HVdebgD`a�R#N�TLNGU'TLF>deK<iLF<D�U�½¾D�]>KoR#EGEGbedgj*N�S`a`bgD}]>deP`U)R#b�D�]>K�]>deh�EGbgDLhfDLU�KohfD�]>NGF<Su» � _`_`_Ah�n�C�D�]
SLwQSLU�DLhfDLU�K<]�»x[)RV]<]/DuSLU�DLF>P`dgD�HVU�KvYGHVU�TODLU'hfH�¼QDLUGU�D�NGU

S1000
EGbeN�]oSLbgDLwQSOj�N�DubgDu]>deP`U)R#b�EGF<S�Y�deK4E)R#FrbgD

F<S�]<D�R#N�DLU¬SLK<HVdebgD`a�T�R#Fv]<DLNGbg]rbgD�]r]<deP`U)R#N�s�]>NGEcSLF>dgDLNGF<]�R#Np]/DLNGdeb�YGD�YGS�TLbgDLU�T<l�DLhfDLU*KO]<HVU*KvT�HVh�EGK/R#[Gdebedg]/S�]�n
C�R�EcDLU�K<D�bgHVP�R#F>deK>lGh�dgj*N�D¬D�]>K@SLP�R#bgDLhfDLU�K�bgSLPQSLF<DLhfDLU�KfY�d���SLF<DLU�K<D¬DLU*K>F<D�bgD

S1000
R�IJN�]>K<S�DLKBbgD

S1000
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Energy in EeV
1 10 210

S(
10

00
) i

n 
VE

M
1

10

210

° = 56θS(1000) from fit LDF  

° = 56θS(1000) from star array  

,.-F/.1�ð�n ~ 2 |7wQHVbeNGK>dgHVUpY�Nk]>deP`U)R#b�» � _`_`_AhfiLK>F<D�]oDLUf��HVU�TLK>dgHVUkYGD}b�½¾SLU�DLF>P`dgD`a�HV[GK<DLU�N¬R�wQD�T}b�½§R�I¯N�]>K<DLhfDLU*KYGD\bqRkC�ÕA{ ��K>F>dqR#UGP`bgD�]x[GbgDLN�]Î�OHVN2R�wQD�T@bgD\F<S�]<D�R#NªDLUªSLK<HVdebgD���Y�dg]<j*N�D�]OF<HVNGPQD�]t�tn�C�D�]AF<S�]>NGbeK/R#K<]xT�HVF>F<D�]J�
E�HVU�YGDLU*KB»pYGD�]-PQDLF>[cD�]-YGD@EGF<HVK<HVU�]B]>deh"NGbgS�]"E)R#F\�rHVF<]>d Ç RpDLK-|4RV]>¼�¡*deh�a�E�HVNGF"NGU�R#UGP`bgD�Ô�SLUGdeK>l)R#boYGD
ð Ø ◦ n

EGF<H�wQDLU)R#U*KOY�N�F<S�]<D�R#N%DLU�SLK<HVdebgD`n
Mu�U\YGDrYGSLK<DLF>h�deU�DLF£bgD4F<DLbqR#K>dgHVU

S1000
�
E
j*NGdz]/DLF/ROR#EGEGbedgj*N�S�D�R#N�sBYGHVUGU�S�D�]�a�debzT�HVU*w*dgDLU*K�Y�½ NGK>debedg]<DLF

bqROF<DLbqR#K>dgHVU�dg]<]>N�DvYGDvbqROhfyLhfD�T<l)R#deU�D}Y�½§R#U)R#be¼�]<D`a`T�HVh�EGF<DLU)R#U�K4bgDvhfyLhfDvhfH*YGiLbgDvYGD�C�ÕA{va`T`½¾D�]>KJ�Þ»���Y�deF<D
Y�R#U�]�U�HVK>F<D-T�RV]�bqR�E)R#F/R#[�HVbgDxbgHVPV��bgHVP�n

õ f�ÃQ�>f���Ágf�����f����xÛ;��õ��Si2ÁQ�@h��VÛ;�2���G��Á�����&��mõ��*�¬ó �>f����#ö"�G�Võò� C�½¾D�]>K>dehkR#K>dgHVU�YGD\b�½¾SLU�DLF>P`dgDf»
E)R#F>K>deF\Y�N

S1000
hfD�]>NGF<S'E)R#F\bgD'F<S�]<D�R#NZYGD']<NGFJ��RVT�D'E)R#FBb�½ deU*K<DLF>hfS�Y�dqR#deF<D�YGD�]@]>deh"NGbqR#K>dgHVU�]@EGF<S�]/DLU�K<D

b�½ deU�T�HVU�wQSLUGdgDLU*KrY�½¾yLK>F<D;IJN�]>K<DLhfDLU�KoYGSLE�DLU�Y�R#U*K<DuYGD�T�D�]7]>dehBNGbqR#K>dgHVU�]�n�C�D�]�F<DLbqR#K>dgHVU�]
S1000

�
E
HV[GK<DLU*N�D�]

R�wQD�TrY�½§R#NGK>F<D�];EGF<HVP`F/R#h�hfD�]7YGDo]>dehBNGbqR#K>dgHVU�]7Y�NBYGSLK<D�TLK<DLNGF7DLK£YGD�]�PQDLF>[cD�]7R#K>hfH`]>EGl�SLF>dgj�N�D�]£T�HVU�Y�NGdg]<DLU*K
»vYGD�]�D�]>K>dehkR#K>dgHVU�]�YGD7b�½¾SLU�DLF>P`dgD�U�HVK/R#[GbgDLhfDLU*K;Y�d���SLF<DLU�K<D�]�n�C�D�]�deU�T�DLF>K>deK>N�YGD�];]>NGF�bgD�hfH*YGiLbgD7l)RVY�F<HVUGdgj*N�D
NGK>debedg]<SvY�R#U�];bqRO]<deh"NGbqR#K>dgHVUfYGD�]£PQDLF>[cD�]�deU*K>F<H*Y�NGdg]/DLU�K�NGU�DvDLF>F<DLNGF7]>¼�]>K<SLhkR#K>dgj�N�Dv]>NGF;bqROwVR#bgDLNGF7Y�N

S1000»xNGU�DOSLU�DLF>P`dgDOYGHVUGU�S�D`azEGF>deU�TLdeE)R#bgDLhfDLU�KvEcHVNGFobgD�]4P`F/R#U�YG]�R#UGP`bgD�]4Ô�SLUGdeK>l)R#N�sª��R#N���YGDLbq»"YGDu�$ð���ð`_ ◦ �7E)R#F
bgDA[GdqR#dg]uY�½ NGU�DxEGF<HVEcHVF>K>dgHVUmYGDxhBN�HVU�]}EGF<S�Y�deK<D-Y�d���SLF<DLU�K<DBY�½ NGU�hfHzYGiLbgD"»\NGU%R#NGK>F<D`n

Õ@½§R#NGK>F<DpE)R#F>K�a£b�½¾D�]>K>dehkR#K>dgHVUËYGD�b�½¾SLU�DLF>P`dgD�D�]>K�T�HVU�Y�deK>dgHVUGU�S�D¬E)R#F@bgD¬T<l�HVd�sXYGD�b�½ l�¼zE�HVK>l�i�]/D���R#deK<D
]>NGFvbqR@T�HVh�E�H`]<deK>dgHVU�Y�N¬F/R�¼QHVUGU�DLhfDLU�KAT�H`]>h�dgj*N�D`n��¨K>deK>F<D-Y�½¾DtsGDLh�EGbgD`a)R�wQD�TAbgD�]}]>deh"NGbqR#K>dgHVU�]uNGK>debedg]<S�D�]
Y�R#U�]fT�DLK>K<D¬SLK>N�YGD`a7NGU�DpPQDLF>[cD�YGDpEGF<HVK<HVU Y�½¾SLU�DLF>P`dgD¬deU���SLF>dgDLNGF<Dm» � _¤|�D��¢D�]<K�F<D�T�HVU�]>K>F>NGdeK<D%»%NGU�D
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SLU�DLF>P`dgD�]>¼z]<K<SLhkR#K>dgj�N�DLhfDLU*KxEGbeN�]xSLbgDLwQS�D�YGD � ð Y DLUªhfH�¼QDLUGU�D�]>d£b�½¾HVUªNGK>debedg]<D\bqR'F<DLbqR#K>dgHVU
S1000

�
E

T�HVF>F<D�]>E�HVU�Y�R#U*K\R#N¤��DLF�n�MuN���YGD�]/]>N�]-YGD � _p|�D��\a�bgD@��N�s¤YGD@F/R�¼QHVU�]BT�H`]<h�dgj�N�D�]-YGHVdeKBT�DLE�DLU�Y�R#U*K"yLK>F<D
YGHVh�deU�S4E)R#F�bgD�]�EGF<HVK<HVU�]�a�DLK;T�DLbqR}hfyLhfDo]<dQb�½¾HVU\]<NGEGE�H`]<D�NGU�DoT�HVh�EcH`]>deK>dgHVU\h�d�szK<D���EGF<HVK<HVU�]�?XU�H�¼�R#N�s)�
ìvêFÙâÒ�æ!ÓIÞ'×�ßLaQbgD�]7U�H�¼�R#N�sfSLK/R#U�K4Y�dg]<]/H*TLdgS�]4R#NfT�HVNGF<]4YGD�bgDLNGF7EGF<HVE)R#P�R#K>dgHVU�n�É;HVNGF4bgD�]�SLU�DLF>P`dgD�]oYGDvb�½¾HVF<Y�F<D
YGD7b�½¾|�D��@a�K�¼zEGdgj�N�DLhfDLU*K£Y�R#U�]�bqRvÔ�HVU�DrYGD7w`R#F>dqR#K>dgHVU\YGD4b�½§RVT�T�DLEGK/R#U�T�Doj*NGd*T�HVF>F<D�]>EcHVU�Y-P`bgHV[)R#bgDLhfDLU*K�»�bqR
E�H`]>deK>dgHVUfYGDrbqR�÷LT/l�DLw*debebgDQ÷�Y�R#U�]�bgD�]>E�D�TLK>F<D`a`HVUf]�½§R#K>K<DLU�Yf»AHV[�]<DLF>wQDLF7NGU�D�SLwQHVbeNGK>dgHVUkYGDvbqRAT�HVh�EcH`]>deK>dgHVU
YGD�] a �r]�n�C�½ l*¼*EcHVK>l�i�]<D"YGD"T�HVh�E�H`]>deK>dgHVU%U�S�T�D�]<]/R#deF<D"E�HVNGF}b�½¾D�]<K>dehkR#K>dgHVU%YGDxb�½¾SLU�DLF>P`dgD\R�wQD�T-bgD�]OÏ%HVU*K<D
�vR#F>bgHfYGHVdeKuYGHVU�T-yLK>F<DAEGF>dg]<D"DLU�T�HVh�EGK<D"Y�R#U�]�b�½§R#U)R#be¼�]<D-YGD�]}YGHVUGU�S�D�]OYGD-T�DLK>K<DxP�R#h�hfD-Y�½¾SLU�DLF>P`dgD`n

,6-0/.1'ð�n � 2 �Odg]>K<HVP`F/R#h�hfDfY�NªU�HVhB[GF<DkY�½¾SLwQSLU�DLhfDLU�K<]BYGHVU�K-b�½¾SLU�DLF>P`dgDkD�]>K-]>NGEcSLF>dgDLNGF<Df»jðp|�D��@a�E)R#FdeU�K<DLF>w`R#bebgD�YGD
sin2 θ

n*C�½¾SLU�DLF>P`dgDxD�]>KoD�]<K>dehfS�DA»"E)R#F>K>deFvYGDubqR"F<DLbqR#K>dgHVU
E(S1000)

dg]<]>N�D�YGD�]v]>deh"NGbqR#K>dgHVU�]�a
E�HVNGFxYGD�]AU�H�¼�R#N�s2YGDB��DLFk��T�R#F>F<S�]A[GbgDLN�]Î��DLKxE�HVNGFxYGD�]AEGF<HVK<HVU�]k��Y�dg]/j�N�D�]xU�HVdeF<]t�tn��rDLK>K<DkY�dg]>K>F>de[GNGK>dgHVU
D�]>K}T�R#bgTLNGbgS�DB»@E)R#F>K>deF�YGD�]}YGHVUGU�S�D�]�Y�N!¡zÕôEGF>dg]<D�]uDLU*K>F<D-bgDxEGF<DLh�dgDLF4I>R#U*w*dgDLFOÑ`_`_#�'DLK}bgDxEGF<DLh�dgDLF�IJNGdeU
Ñ`_`_ Ø n

C�R��P`NGF<Dxð�n �!F<DLEGF<S�]<DLU*K<Dpb�½ lGdg]>K<HVP`F/R#h�hfD¬Y�NÅU�HVhB[GF<D¬Y�½¾SLwQSLU�DLhfDLU�K<]fYGHVU*K@b�½¾SLU�DLF>P`dgD�D�]<K\]>NGEcSt�
F>dgDLNGF<Dk»*ð¬|�D��\a�E)R#F-deU�K<DLF>w`R#bebgDkYGD

sin2 θ
a�T�R#bgTLNGbgS'»pE)R#F>K>deF\YGD�]"YGHVUGU�S�D�]BY�NÆ¡zÕ@n�C�½¾D�]>K>dehkR#K>dgHVUZYGD

b�½¾SLU�DLF>P`dgD�D�]>K-Dt�cD�TLK>N�S�Df»�b�½§R#dgYGD�YGD@bqR'F<DLbqR#K>dgHVU��`ð�n � _Q�ta�Y�R#U�]Ab�½ l�¼zE�HVK>l�i�]<D@EGF<HVK<HVUÅHVN¤��DLF�ncC�D�]-YGDLN�s
Y�dg]>K>F>de[GNGK>dgHVU�]}HV[GK<DLU�N�D�]uU�Dx]<HVU�K�E)RV]�T�HVh�E)R#K>de[GbgD�]�R�wQD�TANGU�D���HVU�TLK>dgHVU�T�HVU�]>K/R#U�K<D`a)DLK�EGF<S�]<DLU�K<DLU*K}NGU�D
wVR#F>dqR#K>dgHVU2YGD\b�½¾HVF<Y�F<D�YGD
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Ä=v)
 óô����&�����Û;& �¿Ü��*Ã`�����%��f�Á�f����#(����NÛ;���k���^Ü���f���ÃQ���@i��À��&������Q����Ã!$'&�()�*�

]>NGEGEcH`]/R#U�Kpj�N�D!bgDm��N�s�YGD!F/R�¼QHVU�]¬T�H`]>h�dgj*N�D�]pD�]>K�dg]<HVK>F<HVE�D Ë arbgD%U�HVh"[GF<DªY�½¾SLwQSLU�DLhfDLU*K<]�YGSLK<D�TLK<S�]
Y�R#U�]xb�½§R#UGP`bgDk]/HVbedgYGD

dΩ
R#NGK<HVNGFBYGD

θ
acE)R#F-NGUGdeK<SfYGDf]>NGFJ��RVT�D�EcDLF>E�DLU�Y�dgTLNGbqR#deF<D�R#N�YGSLK<D�TLK<DLNGFB]�½¾S�TLF>deK

dN
(dS cos θ) dΩ ∝ Φ0

a�HVÈ
Φ0

D�]>K;NGU�DrT�HVU�]>K/R#U�K<D`nV|7U@S�TLF>dewVR#U*K�b�½¾SLbgSLhfDLU*K�Y�½§R#UGP`bgDo]/HVbedgYGD
dΩ = sin θdθ dϕ

DLK4DLUk]<HVh�hkR#U*Ko]>NGF
ϕ
aQHVU'HV[GK>dgDLU�KrbqRAF<DLbqR#K>dgHVU dN

dS cos θ sin θdθ ∝ dN
dS d(sin2 θ)

∝ Φ0
n � U�]�½§R#K>K<DLU�YfYGHVU�T

»"T�D�j*N�DubqRBY�dg]>K>F>de[GNGK>dgHVUmR#UGP`NGbqR#deF<DAYGD�]vSLwQSLU�DLhfDLU�K<]}DLU
sin2 θ

]<HVdeKoEGbqR#K<D`aGR#N���YGD�]<]<N�]rYGDOb�½¾SLU�DLF>P`dgDxYGD
]/R#K>NGF/R#K>dgHVUmYGDxb�½§RVT�T�DLEGK/R#U�T�D`n

�rDLK>K<D�EGF<HVEGF>dgSLK<SuU�½¾D�]>K�F>dePQHVNGF<DLN�]<DLhfDLU*KowzF/R#dgD}j*N�D�]>dGb�½¾D�]>K>dehkR#K<DLNGFoYGD}b�½¾SLU�DLF>P`dgD`a�DLUfb�½¾HzT�TLNGF<DLU�T�D}bgD
S1000

a*��N�TLK>N�D"R#NGK<HVNGF}YGDx]/RBw`R#bgDLNGFuR#K>K<DLU�Y�N�D-YGDAhkR#UGdgiLF<DAdgYGDLU�K>dgj*N�DxEcHVNGF�K<HVN�]vbgD�]uR#UGP`bgD�]�n)¡*NGdew`R#U�K
b�½§R#h�EGbedeK>N�YGD�DLKAb�½¾SLwQHVbeNGK>dgHVUÅR�wQD�T

θ
YGD�]���N�TLK>N)R#K>dgHVU�]-Y�N

S1000
a�bqR�Y�dg]>K>F>de[GNGK>dgHVU2DLU

sin2 θ
EcDLNGKxyLK>F<D

]>deP`UGd�)T�R#K>dewQDLhfDLU�K�Y�d���SLF<DLU�K<D!Y�½ NGU�Dm��HVU�TLK>dgHVU«T�HVU�]>K/R#U�K<DZ� Ø ð#��nv�rHVh�EGK<D!K<DLU�N«YGD�]f��N�TLK>N)R#K>dgHVU�]¬Y�N
]>deP`U)R#b�» � _`_`_\h±j*NGd�HVU�K}SLK<S�hfD�]>NGF<S�D�]�]>NGFvbgD�]�YGHVUGU�S�D�]}Y�Nm¡zÕ@azbqR@Y�dg]>K>F>de[GNGK>dgHVU�DLU

sin2 θ
R#K>K<DLU�Y�N�D

E�HVNGF>F/R#deK�R�wQHVdeF}NGU�DxdeU*K<DLU�]>deK<S-EGbeN�]}P`F/R#U�YGD-Y�½¾DLU�wzdeF<HVU!Ñ`_ Y EcHVNGF�bgD�]
θ
EGF<HzT<l�D�]OYGD Ø _ ◦ ��Tt�v� Ø`Ø ���tn

�rDLEcDLU�Y�R#U�K�acT�HVh�hfD"bgDBhfHVU�K>F<D\bqRf�P`NGF<DHð�n ��a�bgD�]�Y�dg]>K>F>de[GNGK>dgHVU�]xHV[GK<DLU�N�D�]xR�wQD�T\b�½¾D�]>K>dehkR#K>dgHVUªYGD
b�½¾SLU�DLF>P`dgD-dg]<]<N�D-YGD�]O]<deh"NGbqR#K>dgHVU�]OEGF<S�]<DLU�K<DLU*K�EGbeNGK<ÚVKONGU%S�T�R#F>K�YGDx��_���ð`_ Y DLU�K>F<DBb�½ deU�K<DLU�]>deK<S@»@P`F/R#U�Y
DLK�»fE�DLK>deK

θ
n��rD\T�HVh�E�HVF>K<DLhfDLU*K�EcDLNGKuEGF<H�wQDLUGdeFxYGD"bqRkT�HVh"[GdeU)R#dg]<HVUªYGDBEGbeN�]>dgDLNGF<]}��RVTLK<DLNGF<]�a�T�HVh�hfD

U�HVK/R#h�hfDLU�KxNGU�D@YGSLEcDLU�Y�R#U�T�DfR�wQD�T\b�½§R#UGP`bgD@Ô�SLUGdeK>l)R#b7YGDBbqR'F<S�]<HVbeNGK>dgHVUªDLKxYGDBb�½¾DLF>F<DLNGF-]>¼z]<K<SLhkR#K>dgj�N�D
]>NGFfb�½¾SLU�DLF>P`dgD`noC�RªF<D�T�HVU�]>K>F>N�TLK>dgHVU«YGD�]fPQDLF>[cD�]k]<deh"NGbgS�D�]'hfHVU�K>F<Dmj*N�D¬bqR2F<S�]<HVbeNGK>dgHVU�DLKfbgD�[GdqR#dg]'DLU
SLU�DLF>P`dgD@YGSLE�DLU�YGDLU*KAYGDB��RVW�HVU%deh�EcHVF>K/R#U�K<D�YGDBb�½§R#UGP`bgD\Ô�SLUGdeK>l)R#b�a�R#deU�]>d7j�N�DBYGDBb�½¾SLU�DLF>P`dgD@YGDBbqR'PQDLF>[�D`a
R�wQD�T-YGD�]}wVR#F>dqR#K>dgHVU�]OYGDxEGbeN�]}YGDzð`_ Y n

É;HVNGF�NGU�D¬SLU�DLF>P`dgD¬YGHVUGU�S�D`a7b�½§R#K>K<SLU�N)R#K>dgHVU�Y�N
S1000

R�wQD�Tpb�½§R#UGP`bgD¬Ô�SLUGdeK>l)R#b�EGF<S�Y�deK<DpE)R#F�bgD�]�]>d��
h"NGbqR#K>dgHVU�]@D�]>KBE�DLNGK\yLK>F<D'SLP�R#bgDLhfDLU*K\K>F<HVE���HVF>K<D`n���HVN�]"SLK>N�Y�dgDLF<HVU�]@T�DkEcHVdeU�K@R#EGF<i�]�R�wQHVdeF@YGS�TLF>deKBbqR
hfSLK>l�H*YGD"Y�N%�rHVU�]>K/R#U�K3D�U*K<DLU�]>deK�¼m�oNGK�n

§£üòû£ü0E ��It� Q�
�#����ÿ ���÷©Rø2©úùûïxþ
Mu�U'YGDu]�½§R���F/R#U�T/lGdeFrYGD�]oEGF<HV[GbgiLhfD�]rdeUGl�SLF<DLU�K<]}»xbqR-hfSLK>l�H*YGD�Y�½¾D�]>K>dehkR#K>dgHVUpYGDub�½¾SLU�DLF>P`dgDAR�wQD�TObgD�]

]>deh"NGbqR#K>dgHVU�]�acbqRkhfSLK>l�HzYGD@Y�NÅ�rHVU�]>K/R#U�KzDÞU�K<DLU�]<deK�¼¤�oNGKxNGK>debedg]/DBbqR'EGF<HVEGF>dgSLK<S�Y�½ dg]<HVK>F<HVEGdgD�YGD�]AF/R�¼QHVU�]
T�H`]>h�dgj*N�D�]�EcHVNGF4D�]>K>dehfDLF�a*»xNGU�D}SLU�DLF>P`dgDuYGD�F<St��SLF<DLU�T�D`aQbqR"YGSLE�DLU�Y�R#U�T�D�R#UGP`NGbqR#deF<DuY�N

S1000
nQÕxR#U�]�NGU

YGDLN�szdgiLhfD}K<DLh�E�]�a`bgD�]�YGHVUGU�S�D�]4l�¼z[GF>dgYGD�]�a`hfD�]>NGF<S�D�]4»xbqRO��HVdg]7E)R#F4bgDu¡zÕ�DLK4bgD�{;Õ@a`]<HVU*K�NGK>debedg]<S�D�]4E�HVNGF
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◦
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SLK/R#bgHVUGU�DLF�bqR"F<DLbqR#K>dgHVU
S1000

�
E
DLK}R#deU�]>d�HV[GK<DLUGdeFrNGU�DxD�]<K>dehkR#K>dgHVUpYGD�b�½¾SLU�DLF>P`dgDAEcDLN¬YGSLE�DLU�Y�R#U*K<DxYGD�]

]>deh"NGbqR#K>dgHVU�]�n
C�D\EGF>deU�TLdeE�D�YGDBbqR'hfSLK>l�H*YGD�D�]<KObgD@]>NGdew`R#U�Kf�c»'NGU�D\SLU�DLF>P`dgD\GsGS�D`acHVUª]>NGEGE�H`]/D\j*N�DBb�½¾SLwQHVbeNGK>dgHVU

Y�N
S1000

DLU2��HVU�TLK>dgHVUÆYGDkb�½§R#UGP`bgDkÔ�SLUGdeK>l)R#bvD�]>K"dgYGDLU*K>dgj�N�Dp»¬K<HVNGK<D�]BbgD�]\SLU�DLF>P`dgD�]�n�É;HVNGF@YGSLK<DLF>h�deU�DLF
T�DLK>K<DfSLwQHVbeNGK>dgHVU�a�bqR¬hfSLK>l�H*YGD'�6D>�ôNGK>debedg]<DfbgD@��R#deKBj�N�D�bgD���N�sªYGD�]-F/R�¼QHVU�]\T�H`]>h�dgj�N�D�]BD�]>K-dg]<HVK>F<HVEcD`a
DLK}YGHVU�T-j�N�D-bqR@Y�dg]>K>F>de[GNGK>dgHVU%YGD�]OSLwQSLU�DLhfDLU�K<]�DLU

sin2 θ
D�]>Ku]>NGEGEcH`]<S�DxyLK>F<DxEGbqR#K<D`a�E�HVNGF}NGU�D"SLU�DLF>P`dgD

]>NGE�SLF>dgDLNGF<DB»\b�½¾SLU�DLF>P`dgD"YGDx]/R#K>NGF/R#K>dgHVU!YGDAb�½§RVT�T�DLEGK/R#U�T�D'� ∼ 3 − 4
|4D��-�tn

{�HVF>hfDLbebgDLhfDLU�K�acbqRkF<DLbqR#K>dgHVU¤DLU�K>F<D\bgD
S1000

DLKub�½¾SLU�DLF>P`dgD@D�]>K�YGHVU�TB]<NGEGE�H`]<S�D\yLK>F<Dx��RVTLK<HVF>dg]/R#[GbgD@DLU
NGU�D���HVU�TLK>dgHVUmYGD-b�½§R#UGP`bgDxÔ�SLUGdeK>l)R#b�DLK�NGU�DA��HVU�TLK>dgHVUmYGDxb�½¾SLU�DLF>P`dgDk�

S1000(E, θ) = f(θ) × g(E).
�`ð�n � ÷`�

C�R\��HVU�TLK>dgHVU
f(θ)

a�R#EGE�DLbgS�D"T�HVNGF>[�DBY�½§R#K>K<SLU�N)R#K>dgHVU�a�deU�Y�dgj�N�D"b�½¾SLwQHVbeNGK>dgHVU%YGD-bqR�wVR#bgDLNGFuY�N
S1000

R�wQD�T
b�½§R#UGP`bgDOÔ�SLUGdeK>l)R#b�a�EcHVNGFvNGU�DASLU�DLF>P`dgD�Gs�S�D`n�C�½ l*¼*EcHVK>l�i�]<DxYGDO��RVTLK<HVF>dg]ÎR#K>dgHVUp]<NGEGE�H`]<DAj*N�DOT�DLK>K<DAT�HVNGF>[cD
F<D�]>K<D�dgYGDLU�K>dgj*N�DA»xK<HVNGK<D�]obgD�]4SLU�DLF>P`dgD�]�nT�OHVN�]4wQDLF>F<HVU�]4E)R#FobqR-]>NGdeK<D}j*N�DLb�YGDLP`F<SOYGDuT�HVU��R#U�T�DARVT�T�HVF<YGDLF
»2T�DLK>K<D%l�¼zE�HVK>l�i�]<D`n £ K/R#U*KpYGSt�UGdgDª»2NGU�D%T�HVU�]>K/R#U*K<D!EGF<i�]�a�bqR2��HVU�TLK>dgHVU f(θ)

D�]>K'E)R#F�T�HVU*wQDLU�K>dgHVU
U�HVF>hkR#bedg]<S�D"»@]/R\w`R#bgDLNGFOR#N�h�debedgDLNmYGDAb�½ deU*K<DLF>wVR#bebgD

[0 , 0.75]
DLU

sin2 θ
a�j�NGd�T�HVF>F<D�]<E�HVU�Ym»

θ ' 38◦
�

f(θ) =
S1000(θ)

S1000(38◦)
.

�`ð�n � ¦Q�

C�R-��HVU�TLK>dgHVU
g(E)

D�]>KvT<l�HVdg]<dgD�YGD�hkR#UGdgiLF<DADLh�EGdeF>dgj*N�D�T�HVh�hfDxSLK/R#U*K�YGDObqR-��HVF>hfD
g(E) = K Eα a

HVÈ
K
DLK
α
]<HVU*KxYGD�]�T�HVU�]<K/R#U�K<D�]�a�R�wQD�T

α
wQHVdg]>deUªYGDBb�½ NGUGdeK<S`ncMudeU�]>d;bqR'j�N)R#U*K>deK<S

S1000(E, θ)/f(θ) =

g(E)
YGSLE�DLU�Y%NGUGdgj*N�DLhfDLU�K"YGDBb�½¾SLU�DLF>P`dgD`n�|7U¤NGK>debedg]/R#U�KxbqRkw`R#bgDLNGFAYGDBb�½¾SLU�DLF>P`dgD@hfD�]>NGF<S�D\E)R#FAbqR���N�H#�

F<D�]<T�DLU�T�D%T�HVh�hfD¤D�]>K>dehkR#K<DLNGF¬YGD!bqR�w*F/R#dgD!SLU�DLF>P`dgD`arbqRª��HVU�TLK>dgHVU
g(E)

E�DLNGKpyLK>F<D¤YGSLK<DLF>h�deU�S�D¤E)R#F
R�I¯N�]>K<DLhfDLU*Ku]>NGF�bgD�]}YGHVUGU�S�D�]ul�¼z[GF>dgYGD�]�n

|7U2T<l�HVdg]<dg]<]/R#U�K"NGU�D@wVR#bgDLNGF"YGD@F<St��SLF<DLU�T�D
S1000(38

◦)
EcHVNGFxbgD

S1000
»

38◦
acHVU2YGSLK<DLF>h�deU�DfEcHVNGF

T<l)RVj*N�DudeU*K<DLF>wVR#bebgDAYGD
sin2 θ

j*N�DLbebgDOYGHVdeKvyLK>F<DObqR-w`R#bgDLNGFrY�N
S1000

EcHVNGFoj*N�DubgDOU�HVh"[GF<DAY�½¾SLwQSLU�DLhfDLU�K<]
R#N���YGD�]<]>N�]}YGDxT�DLK>K<Dxw`R#bgDLNGFu]<HVdeK�bgD-hfyLhfD-j�N�DAb�½ deU*K<DLF>wVR#bebgDBYGDxF<St��SLF<DLU�T�D-T�DLU�K>F<S\R#NGK<HVNGFuYGD

θ ' 38◦
n

ö"��õòÃ*&�õ+Û��*�fÃQ��&��#�����qÛoe������Á�f�&���������f���&;�q�G��f��kõ���ö õ ö
M}�U@YGDrYGSLK<DLF>h�deU�DLF7bgD4EGbeN�];EGF<S�TLdg]<SLhfDLU*K;EcH`]<]>de[GbgDobgD�]£T�HVNGF>[�D�]£Y�½§R#K>K<SLU*N)R#K>dgHVUk]>NGdew`R#U�K;bgD4EGF>deU�TLdeEcD

YGDubqRBhfSLK>l�HzYGD"�6DJ��a�IL½§R#d�YGSLwQDLbgHVEGEcS�NGU�DAEGF<H*T�S�Y�NGF<DA]>deh�EGbgDAj*NGd�EcDLF>hfDLK�Y�½¾HV[GK<DLUGdeF�bqR"��HVU�TLK>dgHVU
f(θ)



Ä=v[v óô����&�����Û;& �¿Ü��*Ã`�����%��f�Á�f����#(����NÛ;���k���^Ü���f���ÃQ���@i��À��&������Q����Ã!$'&�()�*�

»\E)R#F>K>deFuYGD�]}YGHVUGU�S�D�]�a�R�wQD�T-NGU�D"D�]>K>dehkR#K>dgHVUmYGD�]}DLF>F<DLNGF<]O]>NGF�bgD�]�hfD�]>NGF<D�]�n
C�DxEGF>deU�TLdeEcD-YGDAbqR@hfSLK>l�HzYGD-D�]>K�bgDx]<NGdewVR#U*K"�

ö"��f������V&�Ã`�����>f�Û;���-ÂÞ��f�Ã`������f��-Ã�&)i!&;õ������ò�����® ��E)R#F>K>deFrYGD�]oYGHVUGU�S�D�]rY�NfF<S�]<D�R#N�YGDu]>NGFJ��RVT�D`a`bgD�]
Y�d��cSLF<DLU*K<]}R#UGP`bgD�]�Ô�SLUGdeK>l)R#N�s

θ ∈ [0◦ , 60◦]
]/HVU�K}]<SLE)R#F<S�]�DLU � ðBdeU�K<DLF>w`R#bebgD�]�YGD sin2 θ

DLU�K>F<D
0
DLK

0.75
n

É�HVNGFBT<l)RVj*N�DfdeU�K<DLF>w`R#bebgDkYGD
sin2 θ

acHVU�T�R#bgTLNGbgD�bqR���HVU�TLK>dgHVU�TLNGh"NGbqR#K>dewQD
Σθ(S)

a�j*NGd4T�HVF>F<D�]>EcHVU�Y�R#N
U�HVh"[GF<DxY�½¾SLwQSLU�DLhfDLU*K<]�R�¼�R#U�K}NGU

S1000
]>NGEcSLF>dgDLNGFu»BNGU�DxT�DLF>K/R#deU�DAwVR#bgDLNGF

S
n�É£R#F}l�¼zE�HVK>l�i�]/D`a�deb���R#NGK

]<DoEGbqRVT�DLF4»uNGU�DvSLU�DLF>P`dgD�]>N�¥k]ÎR#h�hfDLU�K7P`F/R#U�YGDvEcHVNGF£j*N�DrbqROEGF<HV[)R#[GdebedeK<S�YGDrYGSLK<D�TLK>dgHVUfYGD�]£PQDLF>[cD�]7]<HVdeK
deU�YGSLE�DLU�Y�R#U*K<D�YGD\b�½§R#UGP`bgD@Ô�SLUGdeK>l)R#b���RVT�T�DLEGK/R#U�T�Dk]/R#K>NGF<S�D��tnc|7U¤U�D\T�HVU�]<dgYGSLF/R#U�K-j*N�DBbgD�]ASLwQSLU�DLhfDLU*K<]
R�¼�R#U*K�NGU

S1000
]>NGEcSLF>dgDLNGF}»

S1000
cut = 20VEM

a*HVU¬]�½§RV]/]>NGF<DOj*N�DOb�½§RVT�T�DLEGK/R#U�T�D-D�]>Kv]/R#K>NGF<S�Dx»"K<HVN�]
bgD�]-R#UGP`bgD�]�n�C�D�T/l�HVd�sªYGD@T�DLK>K<D�w`R#bgDLNGF-D�]>KAP`NGdgYGS@E)R#FxbgD�]-]>dehBNGbqR#K>dgHVU�]�a�j*NGd7T�HVh�hfD�U�HVN�]xbgD\wQDLF>F<HVU�]
E)R#F�bqR�]>NGdeK<D`a�EcDLF>hfDLK>K<DLU�K�DLbebgD�]OR#N�]<]>d�YGDxT�R#bgTLNGbgDLF�YGD�]}T�HVNGF>[cD�]uY�½§R#K>K<SLU�N)R#K>dgHVU�n

� U�T/l�HVdg]>deK'T�HVh�hfDmF<St��SLF<DLU�T�D%b�½§R#UGP`bgD
θ ' 38◦

aoT�HVF>F<D�]>E�HVU�Y�R#U*KpR#N�h�debedgDLN�YGDmb�½ deU�K<DLF>w`R#bebgD%DLU
sin2 θ

acDLK-bgDf]>deP`U)R#b
S1000

cut = 20VEM
n�C�R���HVU�TLK>dgHVU

f(θ)
]�½¾HV[GK>dgDLU*KBYGHVU�TfDLUÅYGSLK<DLF>h@deU)R#U*KBEcHVNGF

T<l)RVj*N�DxdeU�K<DLF>w`R#bebgD"YGD
sin2 θ

bqR\wVR#bgDLNGFuYGD
Sθ
K<DLbebgD-j�N�D

Σθ(Sθ) = Σ38◦(S1000
cut)

n

 O�G�#��i2Á����#�����������>fÑÛ;���XÂ��>f�ÃQ���ò�>f��
Σ
 M}�U«YGD!YGSLK<DLF>h�deU�DLF¬EGF<S�TLdg]<SLhfDLU�KpbqR�wVR#bgDLNGF

Sθ
E�HVNGF

T<l)RVj*N�D"deU*K<DLF>wVR#bebgD�YGD
sin2 θ

aQIL½§R#d7R�I¯N�]<K<S-NGU�DB��HVU�TLK>dgHVU¤YGDBbqR���HVF>hfD
σ(S) = ASB

a�EcH`]<]<S�Y�R#U*KxYGDLN�s
E)R#F/R#hfiLK>F<D�]ubede[GF<D�]

A
DLK
B
a�]>NGFubgD�]}��HVU�TLK>dgHVU�]OTLNGhBNGbqR#K>dewQD�]

Σθ(S)
n)C�D�]�DLF>F<DLNGF<]O]<NGF}bgD�]uE)R#F/R#hfiLK>F<D�]

δA
DLK
δB

YGHVUGU�S�D�]vE)R#Frb�½§R�I¯N�]>K<DLhfDLU*K�E�DLF>hfDLK>K>F<HVU*K}Y�½¾SLwVR#beN�DLFvb�½¾DLF>F<DLNGF�]>NGFrbqR\T�HVNGF>[�D�Y�½§R#K>K<SLU�N)R#K>dgHVU�n
C�RO�P`NGF<D�ð�n:ðxF<DLEGF<S�]<DLU�K<D�bgD�]7��HVU�TLK>dgHVU�]oTLNGh"NGbqR#K>dewQD�]rHV[GK<DLU�N�D�]o»�E)R#F>K>deFoYGD�]�YGHVUGU�S�D�]�EGF>dg]<D�]4DLU�K>F<D

bgD � er ù�R#U�wzdgDLF"Ñ`_`_#��DLKAbgD � er ù`NGdeU2Ñ`_`_ Ø a�E�HVNGFxY�d���SLF<DLU�K<]AdeU*K<DLF>wVR#bebgD�]xYGD sin2 θ
n�C�D@T�HVh�E�HVF>K<DLhfDLU*K

DLUÅbgHVdvYGD'EGNGdg]<]/R#U�T�DpYGD�]B��HVU�TLK>dgHVU�]
Σθ(S)

]/DkF<DLhkR#F<j*N�D�K>F<i�]\TLbqR#deF<DLhfDLU*Kf]>NGF\bqR¬�P`NGF<DpDLK\K>F/RVY�NGdeK
]>deh�EGbgDLhfDLU�KObgDx��R#deKuj*N�DxbgD-]>EcD�TLK>F<D-YGD�]}F/R�¼QHVU�]OT�H`]<h�dgj�N�D�]OD�]>K}EGF<HzT<l�D"Y�½ NGU�D"bgHVd�YGDxEGNGdg]<]ÎR#U�T�D"Y�R#U�]
T�DLK>K<DfP�R#h�hfDpY�½¾SLU�DLF>P`dgD`n;C�½§R�I¯N�]<K<DLhfDLU�K�YGD�]-��HVU�TLK>dgHVU�]@TLNGh"NGbqR#K>dewQD�]@E)R#FBNGU�DkbgHVdrYGDfEGNGdg]<]/R#U�T�D�D�]>K
Dts�T�DLbebgDLU*K�a�IJN�]<j*N�½§»xNGU�DuwVR#bgDLNGFvYGD

40− 50
�A|�ÏÅa*T�HVF>F<D�]>EcHVU�Y�R#U�K}»xNGU�D�SLU�DLF>P`dgDODLU*K>F<D

8− 10
|4D��@az»

E)R#F>K>deFoYGD�bqRVj*N�DLbebgD}bgD}hkR#U�j�N�DOYGDu]>K/R#K>dg]>K>dgj*N�D�U�DuE�DLF>hfDLK�EGbeN�]rYGD}T�R#bgTLNGbgDLFobgD�]7��HVU�TLK>dgHVU�]oTLNGhBNGbqR#K>dewQD�]
R�wQD�TxEGF<S�TLdg]<dgHVU�n

�rHVU�]>dgYGSLF<HVU�]BNGUZR#UGP`bgDkÔ�SLUGdeK>l)R#b
θ
YGHVUGU�S`a�DLK\]>NGEGE�H`]/HVU�]"j*N�DfbgDfU�HVhB[GF<D'Y�½¾SLwQSLU�DLhfDLU*K<]fR�¼�R#U*K

b�½¾SLU�DLF>P`dgD
E
a�»

dE
EGF<i�]�D�]>K}YGDAbqR"��HVF>hfD�� dN

dE ∝ E−γ DLK�j�N�DAbqR\F<DLbqR#K>dgHVU�DLU*K>F<DxbgD S1000
DLK�b�½¾SLU�DLF>P`dgD

D�]>KAYGDBbqRk��HVF>hfDp�
E ∝ (S1000)

1/α acT�D\j*NGd7D�]>K�b�½ l�¼zE�HVK>l�i�]<D�YGD\[)RV]<D@YGD\bqR'hfSLK>l�H*YGDf�6D>��ncMubgHVF<]AbgD



	cÀg¿ � �����4i2��������ftÛ��!õÞ�Ágf��*��(���� Ä=v)¿

,6-0/.1�ð�n:ð 2 {)HVU�TLK>dgHVU�]'TLNGhBNGbqR#K>dewQD�] Σθ(S1000)
EcHVNGFfY�d��cSLF<DLU*K<]fdeU*K<DLF>wVR#bebgD�]'YGD

sin2 θ
a£YGHVUGU)R#U�K'bgD

U�HVh"[GF<D!Y�½¾SLwQSLU�DLhfDLU�K<]¬R#N���YGD�]<]>N�]'YGD
S1000

n�C�D�]f��HVU�TLK>dgHVU�]k]<HVU*KkU�HVF>hkR#bedg]<S�D�]¬»¤bqRªwVR#bgDLNGF�YGD�F<St�
��SLF<DLU�T�Dª�

Σ38◦(20VEM)
n7C�D¬T�HVh�E�HVF>K<DLhfDLU*K'DLUXbgHVd}YGDpEGNGdg]<]/R#U�T�D¬YGD�]\��HVU�TLK>dgHVU�]fTLNGhBNGbqR#K>dewQDmD�]>K

TLbqR#deF<DLhfDLU�Kuwzdg]>de[GbgD`n

U�HVh"[GF<D"Y�½¾SLwQSLU�DLhfDLU*K<]�R�¼�R#U�K
S1000

»
dS1000

EGF<i�]OD�]>K}YGDAbqR\��HVF>hfD��

dN

dS1000
∝ dN

dE

dE

dS1000
∝ (S1000)

h

(1−γ)
α

−1
i

.

C�DAU�HVh"[GF<DBY�½¾SLwQSLU�DLhfDLU�K<]AYGHVU�K}bgD"]>deP`U)R#b�» � _`_`_@hfiLK>F<D�]}D�]<Ku]>NGEcSLF>dgDLNGF}HVNmSLP�R#b�» S ]�½¾S�TLF>deKuYGHVU�Tk�

N(≥ S) ∝
∫ ∞

S

dN

dS1000
dS1000 ∝ S

(1−γ)
α .

�`ð�n � ^Q�

|£s�E�SLF>dehfDLU*K/R#bgDLhfDLU�K�a�bgD�]�w`R#bgDLNGF<]4YGDub�½ deU�Y�dgT�D
B
YGD�bqR-bgHVd)YGD}EGNGdg]<]ÎR#U�T�DOR�IJN�]>K<S�D}]>NGF�bgD�]4��HVU�TLK>dgHVU�]

TLNGh"NGbqR#K>dewQD�]"]/HVU�K-T�HVh�EGF>dg]<D�]-DLU*K>F<D −1.7
DLK −2.0

a�R�wQD�TfDLU¤hfH�¼QDLUGU�D
B ' −1.8

n�|�UªEGF<DLU)R#U�K"YGD�]
wVR#bgDLNGF<]\YGD

α
T�HVh�EGF>dg]/D�]�DLU�K>F<D

0.9
DLK

1.
a;T�HVF>F<DLEcHVU�Y�R#U�Kk»mY�d��cSLF<DLU*K<D�]�D�]>K>dehkR#K>dgHVU�]�YGD'bqR�F<DLbqR#K>dgHVU

S1000
�
E
a�HVUÅHV[GK>dgDLU�K@DLU�F<DLh�EGbqRVW�R#U�K@Y�R#U�]Bb�½¾D�j�N)R#K>dgHVU ð�n � ^¬bqR¬EcDLU�K<DkbgHVP�R#F>deK>lGh�dgj�N�D γ Y�NÅ]>EcD�TLK>F<D

Y�½¾SLU�DLF>P`dgD'�
γ = 1 − Bα ∈ [−2.7 , −3.2]

a�T�D\j�NGd;]<DLh"[GbgD\K<HVNGK�»f��R#deKOT�HVh�E)R#K>de[GbgD�R�wQD�T\bgD�]OhfD�]>NGF<D�]
Y�Nk]>EcD�TLK>F<DuY�½¾SLU�DLF>P`dgDOR#N���YGDLbq»BYGD�ð"|�D��@nz�rDLK>K<DOD�]>K>dehkR#K>dgHVU�»-b�½§R#dgYGDuY�½ NGU'T�R#bgTLNGb�K>F<i�]4]>deh�EGbgDOY�½¾HVF<Y�F<D
YGD�P`F/R#U�YGDLNGFpE�DLF>hfDLKpY�½§R#EGEGNG¼QDLFpbgDmT/l�HVd�s�Y�½§R�IJN�]>K<DLFkbgD�]'��HVU�TLK>dgHVU�]'TLNGhBNGbqR#K>dewQD�]mR�wQD�T%NGU�DmbgHVdAYGD



Ä=v�ú óô����&�����Û;& �¿Ü��*Ã`�����%��f�Á�f����#(����NÛ;���k���^Ü���f���ÃQ���@i��À��&������Q����Ã!$'&�()�*�

EGNGdg]<]/R#U�T�D`n

ö"��õ�Ã�&�õHÛ;��õ���ÃQ��&��#��� Ûoe������Á�f�&���������f+ MuEGF<i�]fR�wQHVdeFfE)R#F/R#hfSLK>F<S¬bqRm��HVU�TLK>dgHVUËTLNGhBNGbqR#K>dewQDmYGD
T<l)RVj*N�D\deU�K<DLF>w`R#bebgDfYGD

sin2 θ
»'K>F/R�wQDLF<]-bgD�]�T�HzDt¥kTLdgDLU�K<]

A(θ)
DLK
B(θ)

a�bgD@T�R#bgTLNGb£YGD\bqR'w`R#bgDLNGFAYGD
SθK<DLbebgD-j*N�D

Σθ(Sθ) = Σ38◦(S1000
cut)

D�]>K}YGHVUGU�S-]>deh�EGbgDLhfDLU*KuE)R#F"�

Sθ =

[
Σ38◦(S1000

cut)

A(θ)

]1/B(θ) �`ð�n§Ñ`_Q�

C�½¾D�]>K>dehkR#K>dgHVUpYGD}b�½¾DLF>F<DLNGFv]>NGF4T/l)RVj�N�D
Sθ
D�]>KrDt�cD�TLK>N�S�D�»xE)R#F>K>deFoYGD�]odeU�T�DLF>K>deK>N�YGD�]v]>NGF�bgD�]oE)R#F/R#hfiLK>F<D�]

A(θ)
DLK
B(θ)

YGHVUGU�S�D�]rE)R#Fvb�½§R�IJN�]>K<DLhfDLU�K�YGD�]o��HVU�TLK>dgHVU�]vTLNGhBNGbqR#K>dewQD�]�n)�rDLK>K<D�hfSLK>l�H*YGDOE�DLF>hfDLK}R#deU�]>d
Y�½¾D�]>K>dehfDLF�R�wQD�T-NGU�D"P`F/R#U�YGD-EGF<S�TLdg]>dgHVU%bgD�]uT�HVNGF>[cD�]uY�½§R#K>K<SLU�N)R#K>dgHVUª]<DLbgHVUmbgD-EGF>deU�TLdeEcD-YGD-bqR@hfSLK>l�HzYGD
�6DJ��aGDLKOY�½¾SLwVR#beN�DLFuj*N)R#U�K>deK/R#K>dewQDLhfDLU*KObgD�]}deU�T�DLF>K>deK>N�YGD�]O]>NGF�bgD"T�H*Dt¥kTLdgDLU*KOY�½§R#K>K<SLU�N)R#K>dgHVU�n

C�R%�P`NGF<D*ð�n Ø debebeN�]>K>F<DpbgD�]kT�HVNGF>[�D�]�Y�½§R#K>K<SLU*N)R#K>dgHVU�HV[GK<DLU*N�D�]k»!b�½§R#dgYGD¬YGD¬T�DLK>K<DphfSLK>l�H*YGD�E�HVNGF
Y�d��cSLF<DLU*K<D�]�w`R#bgDLNGF<]�Y�N

S1000
YGDvF<St��SLF<DLU�T�D`nQC�RO��HVU�TLK>dgHVU

f(θ)
D�]>K7K>F<i�]7[GdgDLUkR�IJN�]>K<S�DvE)R#F�NGU�Dr��HVU�TLK>dgHVU

DtszEcHVU�DLU�K>dgDLbebgDBY�N¬K�¼zE�Dk�
f(θ) = exp

[
−η
(

1

cos θ
− 1

cos(38 ◦)

)] �`ð�n§Ñ � �
HVÈ¬bgD-]<DLNGb�E)R#F/R#hfiLK>F<D"bede[GF<D-D�]>K�bgDxT�HzDt¥kTLdgDLU�KOY�½§R#K>K<SLU*N)R#K>dgHVU

η
��wQHVdeFuDLU�T�RVY�F<S��tn

C�R-wVR#bgDLNGF
η = 0.85±0.03

]<DLhB[GbgDuyLK>F<DOT�HVh�E)R#K>de[GbgD�R�wQD�TubgD�]oYGHVUGU�S�D�]4EcHVNGF�bgD�]
S1000

]>NGEcSLF>dgDLNGF<]
»pÑ`_���|�ÏÆa�T�HVF>F<D�]>EcHVU�Y�R#U�K@»�NGU�D�SLU�DLF>P`dgD ∼ 4

|�D��\n;�rHVh�hfDfHVUªE�DLNGKxbgD�T�HVU�]<K/R#K<DLF-]>NGFxbqR'�P`NGF<D
ð�n Ø a4bgD�]'w`R#bgDLNGF<]kdeU���SLF>dgDLNGF<D�]¬»ÅÑ`_2��|�Ï T�HVU�Y�NGdg]<DLU�K�»ªNGU�D%w`R#bgDLNGF�]>deP`UGd�)T�R#K>dewQDLhfDLU*K¬EGbeN�]'��R#de[GbgD
Y�N�T�HzDt¥kTLdgDLU�K¬Y�½§R#K>K<SLU*N)R#K>dgHVU¨T�R#F'b�½§RVT�T�DLEGK/R#U�T�D¤U�½¾D�]>K�EGbeN�]p]/R#K>NGF<S�D`nrC�R2EGF<HV[)R#bedebedeK<SªYGD%YGSLK<D�TLK>dgHVU
YGSLE�DLU�Y¬R#bgHVF<]�YGD

θ
�*bqR"�P`NGF<D���n§^@Y�R#U�]rbgDAT<l)R#EGdeK>F<Dx�@hfHVU�K>F<Dxj*N�D�bgHVF<]<j*N�DOb�½¾HVU¬YGD�]<T�DLU�Y¬DLU���YGD�]/]<HVN�]

YGDfb�½¾SLU�DLF>P`dgD�YGD']ÎR#K>NGF/R#K>dgHVU�a�bgD�]BPQDLF>[�D�]BwQDLF>K>dgT�R#bgD�]@DLK"K>F<i�]BdeU�TLbedeU�S�D�]@]<HVU�K\bgD�]-EGF<DLh�dgiLF<D�]�»mU�DfEGbeN�]
YGS�TLbgDLU�T<l�DLFv»AT�HVNGEf]I|GF7bgDvF<S�]<D�R#N�n*�rD�]4R#UGP`bgD�]�Ô�SLUGdeK>l)R#N�s�]/HVU�K�]<HVN�]J��F<DLEGF<S�]/DLU�K<S�]4Y�R#U�]�bqRxY�dg]>K>F>de[GNGK>dgHVU
DLU

sin2 θ
DLKoYGHVU�T}bqR-T�HVNGF>[cD}Y�½§R#K>K<SLU*N)R#K>dgHVUpT�R#bgTLNGbgS�DA»AE)R#F>K>deFrYGDuT�DLK>K<DuY�dg]<K>F>de[GNGK>dgHVU�D�]>K4EGbeN�]7��R#de[GbgDO»

E�DLK>deKoDLK4P`F/R#U�Y
θ
n`C�½§R�I¯N�]<K<DLhfDLU�K�YGD}bqR���HVU�TLK>dgHVUpY�½§R#K>K<SLU�N)R#K>dgHVU¬T�HVU�Y�NGdeKoU)R#K>NGF<DLbebgDLhfDLU*K}»ANGU�Duw`R#bgDLNGF

YGD
η
EGbeN�]���R#de[GbgD`a�j*NGd�U�½§R@E)RV]}YGDx]/DLU�]�EGl�¼�]>dgj*N�D`n
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,6-0/.1$ð�n Ø32 �rHVNGF>[�D�]�Y�½§R#K>K<SLU*N)R#K>dgHVU�HV[GK<DLU*N�D�]4E)R#F4bqR�hfSLK>l�H*YGD}Y�Np�rHVU�]>K/R#U�K6D�U*K<DLU�]>deK�¼k�oNGK�EcHVNGF�YGD�]wVR#bgDLNGF<]�Y�N
S1000

YGD4F<St��SLF<DLU�T�DoSLP�R#bgDo»}Ñ`_�a�ÑJðuDLK ~ _v�A|�ÏÆa�»�P�R#N�T/l�D4DLK � _�a � ð�DLK;Ñ`_v�A|�Ï »�Y�F<HVdeK<D`n�C�D
]>deP`U)R#b*» � _`_`_�h�F/R#EGEcHVF>K<So»v]ÎRvwVR#bgDLNGF�DLU θ = 38◦

D�]>K�K>F/RVT�SoDLUx��HVU�TLK>dgHVU"YGD
1/ cos(θ)

n��OUBR�I¯N�]<K<DLhfDLU�K
R�wQD�T-bqR���HVU�TLK>dgHVU!DtszEcHVU�DLU�K>dgDLbebgDp�`ð�n§Ñ � ��D�]<K}deU�Y�dgj�N�S`n�C�R�w`R#bgDLNGFOY�N%T�H*Dt¥kTLdgDLU*K�Y�½§R#K>K<SLU*N)R#K>dgHVU2D�]>KuYGDb�½¾HVF<Y�F<DuYGD

0.85±0.03
aGDLK4U�DO]<DLh"[GbgDOE)RV]4SLwQHVbeN�DLFvDLU�K>F<DAÑ`_BDLK ~ _x�A|�ÏÆnQ|7U���YGD�]<]/HVN�]rYGD�Ñ`_x�A|�ÏÆaQbgDT�H*Dt¥kTLdgDLU*KrY�½§R#K>K<SLU*N)R#K>dgHVU�D�]>Ko]>deP`UGd�)T�R#K>dewQDLhfDLU*K�EGbeN�]���R#de[GbgDB��EcDLU�K<D�YGD}bqRBT�HVNGF>[cD}EGbeN�]4��R#de[GbgD��taz]>deP`U�D

j�N�DAbqR\EGF<HV[)R#[GdebedeK<SBYGD-YGSLK<D�TLK>dgHVUmU�½¾D�]>K�EGbeN�]udeU�YGSLE�DLU�Y�R#U*K<D"YGDxb�½§R#UGP`bgD`n

ö"��� ¡ Ã�����f��sÛoe������Á�f�&������ò�>f
� U�EcDLNGK�T�HVh�EGF<DLU�Y�F<D2EcHVNGF<j�N�HVdxNGU�D¤��HVU�TLK>dgHVU¨Dts�E�HVU�DLU*K>dgDLbebgD�]�½§R�IJN�]>K<D¤[GdgDLUÌ»ÆbqRZT�HVNGF>[cD

Y�½§R#K>K<SLU�N)R#K>dgHVU�DLU¤T�HVU�]>dgYGSLF/R#U*KxbgD�]�R#F>P`NGhfDLU*K<]-]>NGdew`R#U�K<]@�)b�½¾SLwQHVbeNGK>dgHVU2Y�N!EGF<H#�b;bgHVUGP`deK>N�Y�deU)R#b�YGD
bqR�PQDLF>[�DvD�]>K7[GdgDLUfYGS�TLF>deK<DvE)R#F7bqRO��HVU�TLK>dgHVUfYGDu xR#dg]<]/DLFJ���udebebqRV]�aVYGHVU*K�U�HVN�]7F/R#EGEcDLbgHVU�]7b�½¾DtszEGF<D�]/]>dgHVU��

Ne(X) = Nmax

(
X −Xint

Xmax −Xint

)Xmax−Xint
λ

exp

(
Xmax −X

λ

) �`ð�n§Ñ`ÑQ�

HVÈ
Xint

D�]>KAbqR'EGF<H#��HVU�YGDLNGF-Y�N¤EcHVdeU�K-YGD\EGF<DLh�dgiLF<D@deU�K<DLF/RVTLK>dgHVUÅYGDBbqR'E)R#F>K>dgTLNGbgD@EGF>dehkR#deF<D`a
λ
D�]<K

bqR�bgHVUGP`N�DLNGF"Y�½§R#K>K<SLU�N)R#K>dgHVU�a�YGHVU�K-bqR�w`R#bgDLNGF-D�]>KxYGD@b�½¾HVF<Y�F<DfYGDe÷V_�P�n¾TLh −2 Y�R#U�]-YGD�]xT�HVU�Y�deK>dgHVU�]R#K>hfH`]>EGl�SLF>dgj*N�D�]�]<K/R#U�Y�R#F<Y�n)�OU�D-PQDLF>[cD"]<DxEGF<HVE)R#PQD�R#U*K-R�wQD�TBNGU!R#UGP`bgD-Ô�SLUGdeK>l)R#b
θ
R#NGF/RfK>F/R�wQDLF<]<S

NGU�DfSLE)R#dg]<]<DLNGFBY�½§R#K>hfH`]>EGl�iLF<D
Xground/ cos θ

R�wQD�T
Xground ' 875

P�n¾TLh
−2 a�DLKxE)R#F"T�HVU�]<S�j*N�DLU�KE�HVNGF

Xground − Xmax � λ
a£]/R%T�HVh�E�H`]/R#U*K<D¬SLbgD�TLK>F<HVhkR#P`U�SLK>dgj�N�Dm]<DLF/R%R#K>K<SLU*N�S�D�Y�½ NGUÆ��RVTLK<DLNGF

∼ exp
(
Xmax−Xground/ cos θ

λ

) E)R#FvF/R#EGEcHVF>K}»B]/HVU�hkR�s�deh"NGhÙYGDAYGSLwQDLbgHVEGEcDLhfDLU�KuDLU
Xmax

nzM£¼�R#U�K
��R#deKub�½ l�¼zE�HVK>l�i�]<D"j�N�DAbgD-]<deP`U)R#b�» � _`_`_@hfiLK>F<D�]O]<D���RVTLK<HVF>dg]/D-DLU�NGU�DA��HVU�TLK>dgHVUmYGDxb�½§R#UGP`bgDxÔ�SLUGdeK>l)R#bDLKxNGU�D@��HVU�TLK>dgHVU�YGD�b�½¾SLU�DLF>P`dgDm��Tt�>n�D�j�N)R#K>dgHVU��`ð�n§Ñ � �>�ta�bqRpj*N)R#U�K>deK<S f(θ)

EcDLNGK-yLK>F<D�E)R#F/R#hfSLK>F>dg]<S�D
DLh�EGdeF>dgj�N�DLhfDLU*KOEcHVNGF�NGU�D-SLU�DLF>P`dgDAGsGS�Df�

f(θ) =
S1000(θ)

K Eα
∝ exp

(
−Xground

Λ cos θ

) �`ð�n§Ñ ~ �

HVÈ'bqR\j*N)R#U�K>deK<S
Λ
YGS�]>deP`U�D�bqR"bgHVUGP`N�DLNGF}Y�½§R#K>K<SLU�N)R#K>dgHVU�EcHVNGFobgD�]>deP`U)R#b

S1000
nz|7U¬]<DOF/R#EGE�HVF>K/R#U*K}»

b�½§R#UGP`bgD�Ô�SLUGdeK>l)R#bcYGD�F<St��SLF<DLU�T�D��
θ = 38◦

�tazHVU�HV[GK>dgDLU*K�[GdgDLU'bqR"��HVU�TLK>dgHVU
f(θ)

YGSt�UGdgDxDLUjð�n§Ñ � R�wQD�TbqR@F<DLbqR#K>dgHVU
η = Xground/Λ

n
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ö"�)�#��Ázõ������ò�>fË������Ã!õÞ�Ágf��*��(������ �
C�R�YGDLF>UGdgiLF<DvSLK/R#E�DvYGDrbqRuhfSLK>l�H*YGDu�6D>�2T�HVU�]<dg]>K<D�»}NGK>debedg]<DLF£b�½¾SLU�DLF>P`dgDvhfD�]>NGF<S�DrE)R#F£bqR}��N�HVF<D�]<T�DLU�T�D

T�HVh�hfDAF<St��SLF<DLU�T�D�EcHVNGF}YGSLK<DLF>h�deU�DLF�bgD�]�T�H*Dt¥kTLdgDLU*K<]
K
DLK
α
aGR��U�Y�½¾SLK/R#bgHVUGU�DLF�bqR"F<DLbqR#K>dgHVU

S1000
�
E
n

C�R�j*N)R#U�K>deK<S\j�NGd�D�]<KuT�HVF>F<SLbgS�D\»�b�½¾SLU�DLF>P`dgD"{£Õ D�]>K}bgD
S38 = S1000(θ)/f(θ)

a�j*NGd�D�]>K}bgD"]>deP`U)R#b�» � _`_`_
hfiLK>F<D�]@j�N�½§R#NGF/R#deK@bqRmPQDLF>[�Dp]>dvDLbebgDkEcH`]<]<S�Y�R#deK\NGUËR#UGP`bgDkÔ�SLUGdeK>l)R#b}YGD

38◦
a;HVÈ

f(θ)
D�]>KBbqR���HVU�TLK>dgHVU

Y�½§R#K>K<SLU�N)R#K>dgHVU¬j*N�D�U�HVN�]rR�wQHVU�]oYGSLK<DLF>h�deU�S�EGF<S�T�S�YGDLh�hfDLU*K�nzÉ£R#Frl�¼zE�HVK>l�i�]<D`a�bgD
S38

D�]>K�NGU�D���HVU�TLK>dgHVU
NGUGdgj�N�DLhfDLU*K-YGD@b�½¾SLU�DLF>P`dgD`a�DLKxYGHVU�TBb�½§R�IJN�]>K<DLhfDLU*K"YGD\bqRf��HVU�TLK>dgHVU

g(E)
]>NGFAbgD�]xYGHVUGU�S�D�]AEcDLF>hfDLK-YGD

YGSLK<DLF>h�deU�DLFubqR\F<DLbqR#K>dgHVU
S1000

�
E
EcHVNGF�bgD�]}SLU�DLF>P`dgD�]u]<NGE�SLF>dgDLNGF<D�]�»\bqR�]/R#K>NGF/R#K>dgHVU�n

C�D"bgHVKOYGD"YGHVUGU�S�D�]�j*N�D�I�½§R#d�NGK>debedg]<S-EcHVNGFOT�DLK>K<D\SLK>N�YGD"T�HVF>F<D�]<E�HVU�Y!»�bqR�EcSLF>dgHzYGD"Y�N
06/02/2004

R#N
06/05/2006

acDLK}T�HVU�K>dgDLU�KOEGF<i�]}YGD
2.105 SLwQSLU�DLhfDLU*K<]ul*¼*[GF>dgYGD�]�nGC�R@F<D�T�HVU�]>K>F>N�TLK>dgHVU�PQS�HVhfSLK>F>dgj*N�D

NGK>debedg]<DAbgD�]vdeU���HVF>hkR#K>dgHVU�]}YGD�]}YGDLN�s�YGSLK<D�TLK<DLNGF<]�»\bqR"��HVdg]�DLK�EcDLF>hfDLK}Y�½¾HV[GK<DLUGdeF}NGU�DAdeU�T�DLF>K>deK>N�YGD-YGDzð`_
hfiLK>F<D�]u]>NGFubqR�EcH`]>deK>dgHVUmY�N%T��ANGF�DLKuYGD

0.5◦
]>NGF}b�½¾HVF>dgDLU�K/R#K>dgHVUªYGDxb�½§R�sGD`n)C4½¾SLU�DLF>P`dgDBD�]>KuhfD�]>NGF<S�D-E)R#F

bgDxYGSLK<D�TLK<DLNGFOYGD���N�HVF<D�]<T�DLU�T�DBDLU�deU�K<SLP`F/R#U*KubgDxEGF<H#�b�bgHVUGP`deK>N�Y�deU)R#b�HV[�]<DLF>wQS`n
ArdgDLUkj*N�DvbgD

S1000
]<HVdeK�h�dgDLN�s�YGSLK<DLF>h�deU�SO»xb�½§R#dgYGD}YGD�bqRAF<D�T�HVU�]>K>F>N�TLK>dgHVU'PQS�HVhfSLK>F>dgj�N�Dul�¼z[GF>dgYGD`aQbgD

]>deP`U)R#b�» � _`_`_"hfiLK>F<D�]uD�]>K�HV[GK<DLU�Nm»BE)R#F>K>deF}YGD�]�YGHVUGU�S�D�]�YGD�]�]>K/R#K>dgHVU�]vNGUGdgj*N�DLhfDLU�K�n�|7U�Dt��DLK�azdeb���R#NGK
SLK/R#bgHVUGU�DLFAbgD

S1000
j*N�D\hfD�]>NGF<D"bgD\F<S�]<D�R#NªYGD\]>NGFJ��RVT�D\]/DLNGb�a�R��UªYGD\E�HVNGwQHVdeFANGK>debedg]<DLFxT�DLK>K<D\F<DLbqR#K>dgHVU

E�HVNGF�K<HVNGK<D�]ubgD�]}YGHVUGU�S�D�]}hfD�]<NGF<S�D�]}E)R#F�bgDB¡zÕ@n
DÞbvD�]<K\U�S�T�D�]/]/R#deF<D¬Y�½§R#EGEGbedgj�N�DLFkR#N�sZSLwQSLU�DLhfDLU�K<]kl�¼z[GF>dgYGD�]�NGUËDLU�]<DLh"[GbgDmYGD�TLF>deK<iLF<D�]kYGDp[�HVUGU�D

F<D�T�HVU�]>K>F>N�TLK>dgHVUÅDLK-YGD�]/SLbgD�TLK>dgHVU�a�YGD@��RVW�HVU2]>deh�debqR#deF<Dk»�b�½§R#U)R#be¼�]<DfYGD�]-YGHVUGU�S�D�]-Y�NZ¡zÕ\n�C�D�]-TLF>deK<iLF<D�]
deh�E�H`]/S�]}]<HVU�K�bgD�]O]>NGdew`R#U�K<]-�

?
b�½¾SLU�DLF>P`dgD-{£Õ YGHVdeKuyLK>F<D-]>NGEcSLF>dgDLNGF<D"»

0.3
|4D�� DLK�b�½§R#UGP`bgDxÔ�SLUGdeK>l)R#b�deU���SLF>dgDLNGFO»

60◦

?
bgD
Xmax

YGHVdeKp]<DmK>F<HVNGwQDLFpY�R#U�]�bgD!T<l)R#h�E�YGD�wzN�D!YGD�]'K<SLbgD�]/T�HVE�D�]!�oY�R#U�]�bgD!T�RV]'T�HVU*K>F/R#deF<D
b�½§R�IJN�]>K<DLhfDLU�KuY�N¬EGF<H#�b�bgHVUGP`deK>N�Y�deU)R#b�D�]>K�K>F<i�]vEcDLN�T�HVU�K>F/R#deU�K�DLK}T�HVU�Y�NGdeKu»\NGU�DxD�]>K>dehkR#K>dgHVUmYGD
b�½¾SLU�DLF>P`dgD-K>F<HVEmdeU�T�DLF>K/R#deU�D`n

?
bqR!bgHVUGP`N�DLNGF'Y�NXEGF<H#�bubgHVUGP`deK>N�Y�deU)R#bOHV[�]<DLF>wQS�YGHVdeK'yLK>F<D�]>N�¥k]/R#h�hfDLU*KfP`F/R#U�YGD��£debv��R#NGK�NGU�D
Y�d���SLF<DLU�T�D

Xf − Xi > 300
P�n¾TLh −2 DLU�K>F<D�bqR�EGF<H#��HVU�YGDLNGF�R#K>hfH`]>EGl�SLF>dgj�N�D�hkR�s�dehkR#bgD Xf

DLK
h�deUGdehkR#bgD

Xi
HV[�]<DLF>wQS�D-E)R#F}bgD�]�K<SLbgD�]<T�HVEcD�]�n

?
bgD
χ2 E)R#F}YGDLP`F<S-YGDxbede[cDLF>K<S-YGDAb�½§R�I¯N�]<K<DLhfDLU�KOY�NmEGF<H#�b�bgHVUGP`deK>N�Y�deU)R#b�YGHVdeKuyLK>F<D-deU���SLF>dgDLNGFO» � _

?
bqRA��F/RVTLK>dgHVU'YGDubeNGh�dgiLF<DB(�T<l�DLF<DLU Ç H�wkU�DuYGHVdeKoE)RV]oDtsGT�S�YGDLF

30 Y a�R��U'Y�½¾HV[GK<DLUGdeFvNGU�DuD�]<K>dehkR#K>dgHVU
EGF<S�TLdg]<D-YGD-bqR@j�N)R#U*K>deK<S"YGDAbeNGh�dgiLF<D"YGD���N�HVF<D�]/T�DLU�T�D-F<D�WLN�D`n

?
bgD@T��ANGF-YGHVdeK-yLK>F<D\[GdgDLUªF<D�T�HVU�]>K>F>NGdeKf��bqRpY�dg]>K/R#U�T�DfR#NªT��ANGF-YGDBbqRp]<K/R#K>dgHVUªR�¼�R#U�K-bgD@EGbeN�]���HVF>K
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]>deP`U)R#b�YGHVdeKuyLK>F<D-deU���SLF>dgDLNGFO»�¦`_`_�hfiLK>F<D�]�n
?
R#N�TLNGU�D�]>K/R#K>dgHVUfY�R#U�]7bgDvF<St��SLF<DLU�K>dgDLb)YGDvbqROPQDLF>[cDvU�D�YGHVdeK�yLK>F<DvEGbeN�]£EGF<H*T/l�D}j*N�DobqRA]<K/R#K>dgHVUkR�¼�R#U�K
bgDxEGbeN�]v��HVF>Ku]>deP`U)R#b�aGT�D-j*NGd�DtsGTLbeNGK}bgD�]}YGS�TLbgDLU�T<l�DLhfDLU*Ku��HVF>K>NGdeK<]�n

C�D}U�HVhB[GF<DAY�½¾SLwQSLU�DLhfDLU�K<]�]/R#K>dg]J��R#dg]/R#U*Kr»xK<HVN�]oT�D�]oTLF>deK<iLF<D�]rU�½¾D�]>KoEGbeN�]4j*N�DuYGD ~ Ñ`_#�p��]>NGF 2.105 ���ta
YGHVU�K � �$ð}EcH`]<]<S�Y�R#U*K�NGU�DrSLU�DLF>P`dgDv]>NGEcSLF>dgDLNGF<Dr»u��|4D��@n`�rD�];TLF>deK<iLF<D�]7]<HVU*K�deU�Y�dg]>EcDLU�]/R#[GbgD�];EcHVNGF�U�DoE)RV]
yLK>F<DoYGHVh�deU�S�]£E)R#F£YGD�]£SLwQSLU�DLhfDLU�K<]£��HVF>K>NGdeK<]£HVNBK>F<i�];hkR#bzF<D�T�HVU�]>K>F>NGdeK<]�n��rDLEcDLU�Y�R#U�K�a#debzT�HVU*w*dgDLU*K�Y�½¾yLK>F<D
K>F<i�]4EGF>N�YGDLU*Ku»-b�½¾SLP�R#F<Y�YGDOT�D�]vTLF>deK<iLF<D�]vT�R#Frdebg]oEcDLNGwQDLU�KvdeU*K>F<H*Y�NGdeF<DAYGD�]r[GdqR#dg]o]<NGFobqRBY�dg]>K>F>de[GNGK>dgHVU¬YGD�]
HV[�]<DLF>wVR#[GbgD�]�K<DLbebgD�]4j*N�DvbgD

Xmax
a`DLK4YGHVU�T�]>NGF7bgD

S1000
hfD�]>NGF<S�E)R#F7bgD�F<S�]<D�R#NfYGDu]>NGFJ��RVT�D`n��rD�]4TLF>deK<iLF<D�]

U�Du]<HVU*KoT�DLF>K/R#deU�DLhfDLU�KvE)RV]rYGSt�UGdeK>d���]�a�DLK4deb�D�]>K4U�S�T�D�]/]/R#deF<DuY�½¾SLK>N�Y�dgDLFrbgDLNGFodeh�E)RVTLKr]>NGF4bgD�]rHV[�]<DLF>w`R#[GbgD�]
Y�N¤¡zÕ@n�ÕxR#U�]ubgDBT<l)R#EGdeK>F<DB��a�U�HVN�]OhfHVU�K>F<HVU�]Aj*N�DxbgD�]OHV[�]/DLF>wVR#[GbgD�]ubedgS�D�]�»fb�½§RVT�T�DLEGK/R#U�T�D`a�T�HVh�hfD"bgD�]
C�(�É�]AHVN!bgD-F/R#EGEcHVF>KO��(�HJ(�� ~ (�HJ(xa�]<HVU*K�]<N�¥k]/R#h�hfDLU�KA]<DLU�]>de[GbgD�]�EcHVNGFuhfDLK>K>F<D\DLU!SLwzdgYGDLU�T�DBYGD"K<DLbg]
Dt�cDLK<]�n

,6-0/.1@ð�n¤÷ 2 �rHVF>F<SLbqR#K>dgHVU\DLU*K>F<D7b�½¾SLU�DLF>P`dgD4{£ÕXDLK�bgD S38 = S1000(θ)/f(θ)
E�HVNGF�bgD�]�SLwQSLU�DLhfDLU�K<]�l�¼z[GF>dgYGD�]

]/R#K>dg]J��R#dg]/R#U�K;bgD�]£TLF>deK<iLF<D�];YGDv]<SLbgD�TLK>dgHVU�nVC�½§R�IJN�]>K<DLhfDLU*K�D�]>K�F<S�R#bedg]<SrEcHVNGF;YGD�];w`R#bgDLNGF<]£YGD
S38

]>NGEcSLF>dgDLNGF<D�]
»�Ñ`_@��|4ÏÅaGYGDAhkR#UGdgiLF<D\»@]<DAEGbqRVT�DLFOR#N���YGD�]<]>N�]OYGDAb�½¾SLU�DLF>P`dgD"YGDx]/R#K>NGF/R#K>dgHVU!YGDAb�½§RVT�T�DLEGK/R#U�T�D`n

C�R"�P`NGF<D�ð�n¤÷-debebeN�]<K>F<DAbqR"T�HVF>F<SLbqR#K>dgHVUmDLU*K>F<DAb�½¾SLU�DLF>P`dgDx{£ÕÌDLKvbgD
S38

HV[GK<DLU*N¬E�HVNGFvbgD�]vSLwQSLU�DLhfDLU�K<]
]/R#K>dg]J��R#dg]/R#U�K'bgD�]'TLF>deK<iLF<D�]pYGS�TLF>deK<]�EGF<S�T�S�YGDLh�hfDLU�K�n}C4½§R�I¯N�]>K<DLhfDLU*K¬D�]>KkF<S�R#bedg]<S%EcHVNGF'YGD�]'wVR#bgDLNGF<]pYGD
S38

]>NGEcSLF>dgDLNGF<D�]'»ÅÑ`_ª�A|�ÏÅaoYGD¬hkR#UGdgiLF<D¤»2]<D¬EGbqRVT�DLF¬R#N���YGD�]<]>N�]'YGD�b�½¾SLU�DLF>P`dgD!YGDm]/R#K>NGF/R#K>dgHVU«YGD
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b�½§RVT�T�DLEGK/R#U�T�D`n)C�R�F<DLbqR#K>dgHVUmDLU�K>F<D"bgD
S38

DLK�b�½¾SLU�DLF>P`dgD"]�½¾S�TLF>deKOYGHVU�Tf�

E = 0.15 (S38)
1.08 �`ð�n§Ñ#�*�

R�wQD�TxbgD�]}deU�T�DLF>K>deK>N�YGD�]O]>NGdew`R#U�K<D�]O]>NGF�bgD�]�E)R#F/R#hfiLK>F<D�]B�
K = 0.15 ± 0.02

DLK
α = 1.08 ± 0.04

n
{;deU)R#bgDLhfDLU�KAHVUmEcDLNGKOS�TLF>deF<D"bqR�F<DLbqR#K>dgHVU¤DLU�K>F<DBbgD"]>deP`U)R#b£» � _`_`_�hfiLK>F<D�]�DLKub�½¾SLU�DLF>P`dgD\YGSLK<DLF>h�deU�S�D

E)R#F�bqR@hfSLK>l�HzYGDB�6DJ�ô�

E = 0.15 (S1000(θ))
1.08 × exp

[
1.08 η

(
1

cos θ
− 1

cos(38 ◦)

)] �`ð�n§ÑJðQ�

C�½¾S�T�R#F>K�F<DLbqR#K>d��)DLU�K>F<D�b�½¾SLU�DLF>P`dgDvR#deU�]>dQF<D�T�HVU�]<K>F>NGdeK<D�E)R#F�bqR�hfSLK>l�H*YGDv�6DJ�|?�{£ÕXDLK�b�½¾SLU�DLF>P`dgD4hfD�]>NGF<S�D
E)R#FxbqR���N�HVF<D�]<T�DLU�T�D'D�]>K-DLUªhfH�¼QDLUGU�D'YGDb÷ Y a�R�wQD�TfNGU�DfY�dg]>EcDLF<]>dgHVU2Y�½¾DLU�wzdeF<HVU ~ ð Y n�C4½¾D�]>K>dehkR#K>dgHVU
YGD"b�½¾SLU�DLF>P`dgDf�6D>��EcDLNGKAYGHVU�T\yLK>F<D@T�HVU�]>dgYGSLF<S�D@T�HVh�hfD\U�HVU![GdqR#dg]<S�D`a�R�wQD�T\NGU�D"F<DLbqR#K>dewQDLhfDLU*K-P`F/R#U�YGD
Y�dg]>EcDLF<]>dgHVU�n

�����G�;��õ��ò��ÁNÛ;�%õ���i2Á��@h��VÛ;�Yö õ ö
C�½ NGK>debedg]/R#K>dgHVU�YGDvb�½¾SLU�DLF>P`dgD}hfD�]>NGF<S�D}E)R#F�bgD�YGSLK<D�TLK<DLNGFoYGDr��N�HVF<D�]<T�DLU�T�DuE�HVNGFoSLK/R#bgHVUGU�DLF�bqRAF<DLbqR#K>dgHVU

S1000
�
E
E�DLF>hfDLK�Y�½¾HV[GK<DLUGdeFONGU�D"D�]>K>dehkR#K>dgHVU!YGD-b�½¾SLU�DLF>P`dgD"YGD�]uSLwQSLU�DLhfDLU*K<]AYGSLK<D�TLK<S�]uE)R#FObgDB¡zÕ@a)YGD

hkR#UGdgiLF<D�deU�YGSLEcDLU�Y�R#U�K<D'»'bqR'��HVdg]-YGD�]x]>dehBNGbqR#K>dgHVU�]"YGD@PQDLF>[cD�]"R#K>hfH`]>EGl�SLF>dgj*N�D�]�a�DLK-YGD�]-]>dehBNGbqR#K>dgHVU�]
Y�NkYGSLK<D�TLK<DLNGF�n�C�D�]�EGF<S�Y�dgTLK>dgHVU�]rYGD�]4]>dehBNGbqR#K>dgHVU�]oYGSLEcDLU�YGDLU�KrDLU�K>F<DOR#NGK>F<DOYGD�]�hfHzYGiLbgD�]4Y�½ deU*K<DLF/RVTLK>dgHVU�]
l)RVY�F<HVUGdgj�N�Dr»vK>F<i�]�l)R#NGK<DoSLU�DLF>P`dgD`a�YGHVU*K�bqR��R#[GdebedeK<S�U�½¾D�]>K�E)RV]�DLU�T�HVF<Do]/HVbedgYGDLhfDLU�K�SLK/R#[GbedgD���bqRvhfSLK>l�HzYGD
Y�N'�6DJ�ZE�H`]<]/i�YGD�YGHVU�T}b�½¾SLU�HVF>hfDOR�wVR#U*K/R#PQDuYGD}]�½§R���F/R#U�T/lGdeFoYGD}T�DvEGF<HV[GbgiLhfDODLUfNGK>debedg]/R#U�KoNGUGdgj�N�DLhfDLU*K
bgD�]}YGHVUGU�S�D�]�n

�rDLEcDLU�Y�R#U�K�acbqR'hfSLK>l�H*YGD@Y�N��6D>�ÌD�]<KObgHVdeUªY�½¾yLK>F<D\NGU�D\E)R#U)RVT�S�D`a�T�R#FADLbebgD\F<DLEcH`]<D@]>NGFAYGD�]Al�¼zE�H#�
K>l�i�]<D�]uYGHVU*KOdeb���R#NGK�]�½§RV]<]>NGF<DLF�YGD-bqRfwVR#bedgY�deK<S`a�DLKODLbebgD\D�]>K}U)R#K>NGF<DLbebgDLhfDLU�Kxbedeh�deK<S�DBE)R#FubqR���R#de[GbgD�]/]<D"Y�N
��N�s¬»\K>F<i�]ul)R#NGK<D-SLU�DLF>P`dgD`n

ö"�)�#���zõ������ò�>f �Q����Ã õÞeÁ�f����#(������ � ² h���&���� Á�f����#(���� C4½¾D�]>K>dehkR#K>dgHVUXYGDkbqRmF<DLbqR#K>dgHVU
S1000

�
E

D�]>KxDt�cD�TLK>N�S�D'»�E)R#F>K>deF"YGD�]-YGHVUGU�S�D�]-l*¼*[GF>dgYGD�]�a�j�NGd7F<DLEGF<S�]/DLU�K<DLU�K@RVTLK>N�DLbebgDLhfDLU�K\hfHVdeU�]-YGD � _ Y Y�N
U�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU*K<]"YGSLK<D�TLK<S�]AE)R#FAb�½ � É�M\n�C�R'EGF<S�TLdg]>dgHVUªYGD\b�½§R�I¯N�]<K<DLhfDLU�K-Y�N

S38
YGSLE�DLU�Y¤Y�deF<D�Tt�

K<DLhfDLU�KAY�NmU�HVhB[GF<DBY�½¾SLwQSLU�DLhfDLU*K<]Al�¼z[GF>dgYGD�]OYGHVU*KOb�½¾SLU�DLF>P`dgD\D�]>Ku]>NGEcSLF>dgDLNGF<D@» ∼ 4
|�D��@n�C�Dx��N�smYGD

F/R�¼QHVU�]-T�H`]<h�dgj�N�D�]-YGS�TLF<HVdg]/]/R#U�K-K>F<i�]AF/R#EGdgYGDLhfDLU*K\R�wQD�T�b�½¾SLU�DLF>P`dgD`a�bqR�P�R#h�hfDfY�½¾SLU�DLF>P`dgDf]<NGF�bqRVj*N�DLbebgD
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b�½§R�I¯N�]>K<DLhfDLU*KxYGD"bqRkF<DLbqR#K>dgHVU
S38

�
E
D�]<K�T�HVU*K>F/R#deU�K-]<DBbedeh�deK<D\» ∼ 4 − 10

|4D��@nc�rHVh�EGK<D\K<DLU�NªYGD�]
deU�T�DLF>K>deK>N�YGD�]xHV[GK<DLU�N�D�]-]>NGF�b�½§R�IJN�]>K<DLhfDLU�K-YGD\bqRkF<DLbqR#K>dgHVU

S1000
�
E
R�wQD�T@bqRkhfSLK>l�H*YGDf�6D>��a�b�½¾DLF>F<DLNGF

j�N�Dvb�½¾HVUkT�HVh�hfDLKo]>NGF7b�½¾SLU�DLF>P`dgD}DLUkDts�K>F/R#E�HVbqR#U*K�bqRAF<DLbqR#K>dgHVU%�`ð�n§Ñ#�*�7D�]>K�YGD�b�½¾HVF<Y�F<D}YGD ~ _ Y » � _`_-|�D��@n
�rDLK>K<DxdeU�T�DLF>K>deK>N�YGD\]>¼z]<K<SLhkR#K>dgj�N�D-SLK/R#U*KubedgS�D"»�bqR\��R#de[GbgD"]>K/R#K>dg]>K>dgj*N�D"RVTLK>N�DLbebgDLhfDLU�KAY�dg]>EcHVUGde[GbgD`a�bgD

]<DLNGbQhfH�¼QDLU@YGD�bqR}F<S�Y�NGdeF<DoD�]<K�Y�½§RVT�TLNGh"NGbgDLF£EGbeN�];YGD4YGHVUGU�S�D�]�n#Ï!R#bel�DLNGF<DLN�]/DLhfDLU�K�a`»vhfHVdeU�];Y�½§R#K>K<DLU�Y�F<D
EGbeN�]>dgDLNGF<]�Y�deÔ�R#deU�D�];Y�½§R#UGU�S�D�]�a�bgD�U�HVh"[GF<DrY�½¾SLwQSLU�DLhfDLU�K<]£l*¼*[GF>dgYGD�];YGSLK<D�TLK<S�];U�D�]<DLF/R}E)RV]�]>N�¥k]/R#U*K�EcHVNGF
HV[GK<DLUGdeF}NGU�DxEGF<S�TLdg]>dgHVUm]ÎR#K>dg]J��R#dg]ÎR#U�K<D-]>NGF�b�½¾D�]<K>dehkR#K>dgHVU%YGDAb�½¾SLU�DLF>P`dgD"YGDAb�½¾HVF<Y�F<DBYGD � _`_�|�D��\n

	 Ü'Ü����@h<{����!Û;�¤Â��GÃ`�����#�����������>f C�RkhfSLK>l�HzYGDBY�Nª�6DJ�¨D�]>Ku[)RV]<S�DB]>NGFub�½ l*¼*EcHVK>l�i�]<D\j�N�D"bqRfT�HVNGF>[cD
Y�½§R#K>K<SLU�N)R#K>dgHVU�D�]>K�bqR'hfyLhfD\E�HVNGFAK<HVNGK<D�]AbgD�]ASLU�DLF>P`dgD�]�n � F�acHVU¤]�½§R#K>K<DLU�Y¤»�T�D@j*N�DBT�DLK>K<D\l�¼zEcHVK>l�i�]<D
U�DO]<HVdeKoEGbeN�]rw*F/R#dgDA»xl)R#NGK<DASLU�DLF>P`dgD\�*DLUpDt�cDLKrbgD

Xmax
SLwQHVbeN)R#U*KrbgHVP�R#F>deK>lGh�dgj*N�DLhfDLU�K�R�wQD�T�b�½¾SLU�DLF>P`dgD`a

deb�Dtszdg]<K<D-NGU�D-w`R#bgDLNGFOYGD
E
K<DLbebgDBj�N�DBT�DLbeNGd���TLd;]/DxK>F<HVNGwQDBDLU���YGD�]/]<HVN�]OYGD"b�½§R#beK>deK>N�YGDBYGD"b�½ � [�]<DLF>w`R#K<HVdeF<D

É7dgDLF>F<DkMONGPQDLF�n�ÕxR#U�]"T�D'T�RV]-bedeh�deK<D`a�j�NGdr]<D�EGF<HzY�NGdeK"wQDLF<] ∼ 1020.5 D��±EcHVNGF"NGU�DkPQDLF>[�DfYGDkEGF<HVK<HVU
wQDLF>K>dgT�R#bgD`acb�½ l�¼zE�HVK>l�i�]<D@YGD\b�½§R#K>K<SLU�N)R#K>dgHVUÅDtszEcHVU�DLU�K>dgDLbebgDfR#EGF<i�]AbgDBhkR�szdehBNGh YGD@YGSLwQDLbgHVEGE�DLhfDLU*K"D�]>K
K<HVK/R#bgDLhfDLU�K}��R#N�]<]<D`n

Ï%yLhfDu]/R#U�]�T�HVU�]>dgYGSLF<DLFobgD}T�RV]�HVÈfbgD
Xmax

D�]>K4]<HVN�]7bgDu]<HVb�aVbgD�]�PQDLF>[cD�]4YGDvEGbeN�]4l)R#NGK<DuSLU�DLF>P`dgD}]<HVU*K
EGbeN�]"÷ÞIJDLNGU�D�]�÷VaGY�R#U�]}bgDx]<DLU�]}HVÈ�DLbebgD�]uHVU�K}E)R#F<T�HVNGF>N%NGU�D-SLE)R#dg]<]<DLNGF}Y�½§R#K>hfH`]>EGl�iLF<D"EGbeN�]v��R#de[GbgD"R#EGF<i�]
bgDuhkR�s�deh"NGh�a�j*N�DObgD�]vPQDLF>[�D�]vYGD�EGbeN�]v[)RV]<]<D�SLU�DLF>P`dgDxj�NGdcHVU�K�bgDLNGF

Xmax
EGbeN�]vl)R#NGK�DLU�R#beK>deK>N�YGD`nGC�D�]

PQDLF>[�D�]rYGD}[)RV]<]/D}SLU�DLF>P`dgDOHVU*KoNGU�D�C�ÕA{ªhfHVdeU�]oE�DLU*K>N�D�R#N'UGdewQD�R#N�Y�N�]<HVb�a�Y�Nk��R#deKrj�N�DubqRxEGbeNGE)R#F>KvYGD�]
E)R#F>K>dgTLNGbgD�]oR#dgDLU�KrSLK<S�TLF<S�D�]o»�NGU�DuR#beK>deK>N�YGDuEGbeN�]7P`F/R#U�YGD}DLK4HVU*K4YGHVU�T}DLNfEGbeN�]4YGD�K<DLh�E�]7EcHVNGF4Y�dewQDLF>PQDLF
F/RVY�dqR#bgDLhfDLU�KuDLK}Y�d��cN�]<DLF�n�DÞbcDLUpF<S�]>NGbeK<Dxj*N�Dx]>dcb�½¾HVU¬T�HVU�]>dgYGiLF<DxbqR\j*N)R#U�K>deK<S

S1000/E
α ��R�wQD�T α EGF<H*T/l�D

YGD
1
�ta�bgD�]}PQDLF>[�D�]}YGDA[)RV]/]<DxSLU�DLF>P`dgD-YGHVdewQDLU�KAR�wQHVdeF}NGU�T�HzDt¥kTLdgDLU�K�Y�½§R#K>K<SLU�N)R#K>dgHVU%EGbeN�]�P`F/R#U�Y�j*N�DAbgD�]

PQDLF>[�D�];»�l)R#NGK<DrSLU�DLF>P`dgD`nO��HVN�]�wQDLF>F<HVU�];E)R#F�bqRu]>NGdeK<D4j*N�D�bgD�]�]>deh"NGbqR#K>dgHVU�];U*NGhfSLF>dgj�N�D�];F<DLEGF<HzY�NGdg]<DLU�K7T�D
T�HVh�E�HVF>K<DLhfDLU*KrR#K>K<DLU�Y�N�aQDLK7U�HVN�]�j*N)R#U�K>d�)DLF<HVU�]4bqR�wVR#F>dqR#K>dgHVU�R#K>K<DLU�Y�N�D}Y�NfT�H*Dt¥kTLdgDLU*K4Y�½§R#K>K<SLU�N)R#K>dgHVU
R�wQD�Txb�½¾SLU�DLF>P`dgD`n

� �ò�����#���£&�������fm��f
sin2 θ

�rHVh�hfDrU�HVN�];b�½§R�wQHVU�]£hfDLU*K>dgHVUGU�SvEGF<S�T�S�YGDLh�hfDLU�K�a`bqROEGF<HVEGF>dgSLK<SvY�½ NGUGd���HVFJ�
h�deK<SxYGDObqR@Y�dg]<K>F>de[GNGK>dgHVUmDLU

sin2 θ
YGD�]�SLwQSLU�DLhfDLU�K<]}U�½¾D�]<K�w*F/R#dgDAj*N�DxY�R#U�]vbgDxT�RV]�HVÈ¬bgD

S1000
hfD�]>NGF<S

��N�TLK>N�DfYGD�hkR#UGdgiLF<D�dgYGDLU*K>dgj�N�DkE�HVNGFxK<HVN�]"bgD�]"R#UGP`bgD�]xÔ�SLUGdeK>l)R#N�s�n�C�R���HVF>hfD�YGD�bqRpY�dg]>K>F>de[GNGK>dgHVUÆYGD�]
sin2 θ

YGSLE�DLU�Y%YGDxb�½§R#h�EGbedeK>N�YGD\YGD�]}w`R#F>dqR#K>dgHVU�]OYGDxbqRkY�dg]>EcDLF<]>dgHVUmY�N
S1000

R�wQD�TBb�½§R#UGP`bgD-Ô�SLUGdeK>l)R#b�n�C�R
�P`NGF<D}ð�n§¦�debebeN�]<K>F<D"bqR�Y�dg]<K>F>de[GNGK>dgHVU¤DLU

sin2 θ
R#K>K<DLU�Y�N�D\Y�R#U�]ubgDBT�RV]OHVÈ%b�½¾HVUmEGF<DLU�YmT�HVF>F<D�TLK<DLhfDLU*K-DLU

T�HVh�EGK<D}b�½¾Dt��DLK4Y�½ NGU�D}w`R#F>dqR#K>dgHVU'R�wQD�T
θ
YGD�]7��N�TLK>N)R#K>dgHVU�]r]>NGF�bgD

S1000
��Tt��� Ø ð������tnQC�½ deU*K<DLU�]>deK<SA»AP`F/R#U�Y
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R#UGP`bgD@D�]>KOEGbeN�]�deh�EcHVF>K/R#U�K<D�YGD\DLU�wzdeF<HVU ~ _ Y E)R#FAF/R#EGEcHVF>K-R#N�smE�DLK>deK<]xR#UGP`bgD�]AEcHVNGFObgD�]ASLwQSLU�DLhfDLU*K<]
Y�½¾SLU�DLF>P`dgDk]>NGEcSLF>dgDLNGF<Dk» ~ |4D��@a�DLK"Y�½¾DLU*w*deF<HVUZÑ`_ Y EcHVNGF-bgD�]-SLwQSLU�DLhfDLU�K<]@R#N���YGD�]<]>N�]BYGDeð¬|�D��\n�D�b
D�]>K�T�DLE�DLU�Y�R#U*KuY�d�¥kTLdebgD-Y�½¾D�]>K>dehfDLF�bgD�]}wQSLF>deK/R#[GbgD�]v��N�TLK>N)R#K>dgHVU�]uY�N

S1000
]>NGF�bgD�]�YGHVUGU�S�D�]�aGT�R#F�debc��R#NGK

Y�dg]>EcH`]<DLF}Y�N�[cHVU¬hfH*YGiLbgD-YGD-bqR@C�ÕA{ZE�HVNGF}T�R#bgTLNGbgDLFOb�½¾DLF>F<DLNGF�RV]<]<HzTLdgS�D-»\b�½§R�IJN�]>K<DLhfDLU�K�nc�rD�]���N�TLK>N)R��
K>dgHVU�]@E�HVNGF>F/R#dgDLU*KkyLK>F<D�EGbeN�]@��R#de[GbgD�]�j�N�Dpj*NGdvD�]<K@YGS�TLF>deKfY�R#U�]¬� Ø ðV�-��Tt�>nv� Ø`Ø ���ta;U�HVN�]�SLK>N�Y�dgHVU�]fYGHVU�T
b�½¾Dt�cDLKxY�½ NGU�D�Y�dg]>K>F>de[GNGK>dgHVUÅDLU

sin2 θ
U�HVU¤EGbqR#K<D@NGUGdgj*N�DLhfDLU�K-EcHVNGFxdebebeN�]>K>F<DLFxbgD�]xY�d���SLF<DLU�K<]xKÞ¼*EcD�]xYGD

EGF<HV[GbgiLhfD�]}deU*K>F>deU�]<i�j�N�D�]�»@bqR\hfSLK>l�HzYGDB�6DJ�|?�{£Õ@n

,.-F/.1�ð�n§¦ 2 ÕOdg]<K>F>de[GNGK>dgHVU�]uDLU sin2 θ
R#K>K<DLU�Y�N�D-Y�R#U�]}bgD-T�RV]}HVÈ¬bgD�]v��N�TLK>N)R#K>dgHVU�]OY�N

S1000
]<HVU*K}EGF>dg]<D�]

DLU!T�HVh�EGK<D`acEcHVNGF�bgD�]xSLU�DLF>P`dgD�]x]>NGE�SLF>dgDLNGF<D�]x» ~ |�D��¹��T�HVNGF>[�D\[GbgDLN�D���DLK�E�HVNGF
E > 5

|�D��¢��T�HVNGF>[cD
F<HVNGPQD��tn�C�½¾D�]<K>dehkR#K>dgHVUpYGD�]���N�TLK/R#K>dgHVU�]vY�N

S1000
D�]<KoDt��D�TLK>N�SO»AE)R#F>K>deFvYGD�]4]>dehBNGbqR#K>dgHVU�]�nzÕ\½§R#EGF<i�]�� Ø ð#��n

Mu�U«Y�½¾D�]<K>dehfDLF�b�½ deh�E�HVF>K/R#U�T�D�YGDªT�DLK�Dt�cDLK�]>NGFpbgDªT�HzDt¥kTLdgDLU�KmY�½§R#K>K<SLU*N)R#K>dgHVU�a�I�½§R#dxT�R#bgTLNGbgSªbgD�]
T�HVNGF>[�D�]AY�½§R#K>K<SLU*N)R#K>dgHVUÆR�wQD�T@bqRkhfSLK>l�HzYGDk�6DJ�ÌYGS�TLF>deK<D@EGF<S�T�S�YGDLh�hfDLU�K�a�hkR#dg]xYGD"hkR#UGdgiLF<Df»'F<DLEGF<H#�
Y�NGdeF<DxNGU�DxY�dg]>K>F>de[GNGK>dgHVU!DLU

sin2 θ
j�NGd�U�D"]<HVdeK�E)RV]�EGbqR#K<D`n

Mu�U�Y�½¾D�]>K>dehfDLF�P`bgHV[)R#bgDLhfDLU�KpbqRªhfHzY�d�)T�R#K>dgHVU«YGD�bqRÅT�HVNGF>[�D%Y�½§R#K>K<SLU�N)R#K>dgHVU�a;I�½§R#d}hfH*YGSLbedg]/S%YGD
hkR#UGdgiLF<D"R#F>[GdeK>F/R#deF<D-bqRB��HVF>hfD-YGDxbqR@Y�dg]<K>F>de[GNGK>dgHVU%DLU

sin2 θ
E)R#F}NGU�D���HVU�TLK>dgHVUmY�N�KÞ¼*EcD��

F (sin2 θ) =





1
]<d

sin2 θ < sin2 θ0

exp
(
ln(1 + δ)( sin2 θ

sin2 θ0
− 1)

) ]>d
sin2 θ ≥ sin2 θ0

�`ð�n§Ñ Ø �

HVÈ
sin2 θ0

T�HVF>F<D�]<E�HVU�Y@R#N\YGSL[GNGK£YGDobqR}w`R#F>dqR#K>dgHVU\YGDobqROT�HVNGF>[�D`a#DLK
δ
D�]<K�bqRuwVR#bgDLNGF7R#K>K<DLdeU�K<DvDLU

sin2 θ =

0.75
n7ù)½§R#d}T�R#bgTLNGbgS�]>NGF@bgD�]�YGHVUGU�S�D�]�Y�N�¡zÕ@a;DLU*K>F<D¬bgD

01/01/2004
DLK�bgD

31/06/2006
arbgD�]�T�HVNGF>[�D�]
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,6-0/.1.ð�n§^ 2 
 é�Ù!Ó�×nØ6ßË�r�rHVh�E)R#F/R#dg]<HVU�YGD�]�T�HVNGF>[�D�]pY�½§R#K>K<SLU*N)R#K>dgHVU¨HV[GK<DLU�N�D�]¬Y�R#U�]'bgD%T�RV]�Y�½ NGU�D
Y�dg]>K>F>de[GNGK>dgHVU�DLU

sin2 θ
EGbqR#K<D`aGDLKvY�R#U�]vbgDAT�RV]�HVÈ¬bqR\Y�dg]>K>F>de[GNGK>dgHVU�D�]>K�YGDAbqR"��HVF>hfD

F (θ)
��Tt�>n�D�j�N)R#K>dgHVU

�`ð�n§Ñ Ø �AR�wQD�T@bgD�]Aw`R#bgDLNGF<] δ = 0.2
DLK
δ = 0.4

n 
 Ö*Þ'æ!ÛÝÜ�ßm��SLwQHVbeNGK>dgHVU�Y�NªT�HzDt¥kTLdgDLU�K"Y�½§R#K>K<SLU*N)R#K>dgHVU
ηR�wQD�T�b�½§R#h�EGbedeK>N�YGD

δ
��deU�Y�dgj�N�S�DADLU Y ��T�HVF>F<D�]<E�HVU�Y�R#U*Ku»-b�½§R#h�EGbedeK>N�YGDAYGD�wVR#F>dqR#K>dgHVUpYGDObqRBY�dg]<K>F>de[GNGK>dgHVUDLU

sin2 θ
DLU�K>F<D

θ = 60◦
DLK
θ = 0◦

n

Y�½§R#K>K<SLU�N)R#K>dgHVU�T�HVF>F<D�]>EcHVU�Y�R#U�K"»�Y�d���SLF<DLU�K<D�]xw`R#bgDLNGF<]AYGD
δ
a�R�wQD�T

sin2 θ0 = 0.375
��T�HVF>F<D�]>EcHVU�Y�R#U�KB»

θ = 38◦
�tn

C�D�]�T�HVNGF>[cD�]\Y�½§R#K>K<SLU*N)R#K>dgHVU�R#deU�]>dvHV[GK<DLU�N�D�]k]<HVU�K@debebeN�]>K>F<S�D�]�]>NGF@bqRm�P`NGF<Djð�n§^�n£C�½¾SLwQHVbeNGK>dgHVU Y�N
T�H*Dt¥kTLdgDLU*K"Y�½§R#K>K<SLU�N)R#K>dgHVUZD�]>KxSLP�R#bgDLhfDLU�KBF<DLEGF<S�]<DLU�K<S�D'DLU¤��HVU�TLK>dgHVU2YGD@b�½§R#h�EGbedeK>N�YGD

δ
a�DLKxb�½¾HVUªEcDLNGK

T�HVU�]>K/R#K<DLF-j�N�D
η
wVR#F>dgD@EGF/R#K>dgj*N�DLhfDLU�K-bedeU�S�R#deF<DLhfDLU*K\R�wQD�T

δ
n��OU2R�I¯N�]<K<DLhfDLU�K-bedeU�S�R#deF<D�YGD@bqR�T�HVNGF>[cD

YGHVUGU�D
η = 0.85+0.38δ

n*MudeU�]>d�a�[GdgDLU\j*N�½ deb*]/HVdeK;Y�d�¥kTLdebgDvYGD�EGF<S�Y�deF<D�R�wQD�T4EGF<S�TLdg]>dgHVU�j*N�DLbebgD4YGDLwzF/R#deK;yLK>F<D
bqR@��HVF>hfDBDts�RVTLK<D"YGDBbqRfY�dg]>K>F>de[GNGK>dgHVUªDLU

sin2 θ
YGD�]�YGHVUGU�S�D�]�a�deb�]<DLhB[GbgD\j*N�D-bqRfwVR#bgDLNGFAY�N%T�HzDt¥kTLdgDLU�K

Y�½§R#K>K<SLU�N)R#K>dgHVUXYGHVUGU�S�DkE)R#FBbqR¬hfSLK>l�HzYGD��6D>� EcHVNGF>F/R#deK\yLK>F<DkF/R#dg]<HVUGU)R#[GbgDLhfDLU�K ∼ 10%
EGbeN�]BSLbgDLwQS�D

j�N�DxT�Dxj*N�DxU�HVN�]uR�wQHVU�]}deU�Y�dgj*N�S`a�]<HVdeK�EGbeNGK<ÚVK
η ' 0.95 ± 0.02

R#N¬bedgDLNmYGD
η ' 0.85 ± 0.02

n

§£üòû£üòû ©b����KÆ�ÿ%���X��I>
_
JQ%�^��I>
��	��Ò¹ ��<
`ÿ=ÍO©bIL�$K	
�rHVh�hfD¬U�HVN�]fb�½§R�wQHVU�]fhfDLU*K>dgHVUGU�SmEGF<S�T�S�YGDLh�hfDLU*K�a4b�½ l*¼*EcHVK>l�i�]<D�YGDp��RVTLK<HVF>dg]/R#K>dgHVU Y�N�]>deP`U)R#bO»

� _`_`_!h DLUXNGU�D���HVU�TLK>dgHVUËYGD�b�½¾SLU�DLF>P`dgD�DLK�NGU�D'��HVU�TLK>dgHVU�YGD
θ
U�½¾D�]>K�T�DLF>K/R#deU�DLhfDLU*KkE)RV]�IJN�]>K>d�)S�D�»

l)R#NGK<DOSLU�DLF>P`dgD`nzC�½¾Dts�K>F/R#E�HVbqR#K>dgHVU�YGDubqR-F<DLbqR#K>dgHVU
EFD − S38

D�]<KoYGHVU�T�T�DLF>K/R#deU�DLhfDLU�K}DLU�K/RVT/l�S�DxY�½ NGU�D
DLF>F<DLNGFu]>¼�]>K<SLhkR#K>dgj�N�DAdeh�EcHVF>K/R#U�K<D`a�j�N�½ deb���R#NGK}SLw`R#beN�DLF�n

¡*d�bgD�]}hfHzYGiLbgD�]uYGDB]>deh"NGbqR#K>dgHVU¤YGDxPQDLF>[cD�]OR#K>hfH`]>EGl�SLF>dgj*N�D�]OU�D"]<HVU*K}E)RV]}K<HVK/R#bgDLhfDLU*KO�R#[GbgD�]�a�E)R#F
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Dts�DLh�EGbgD�DLU�T�Dvj*NGd�T�HVU�T�DLF>U�DvbqRuF<DLEGF<HzY�N�TLK>dgHVUfEGF<S�TLdg]<D�YGDrbqR�EGF<HVEcHVF>K>dgHVUfYGDvh"N�HVU�]7EGF<HzY�NGdeK<D�Y�R#U�]£bgD�]
PQDLF>[�D�]o��j�NGdQU�HVN�]�bgD7F/R#EGE�DLbgHVU�]�YGSLE�DLU�Y"Y�deF<D�TLK<DLhfDLU�K£YGD�]�deU�K<DLF/RVTLK>dgHVU�];l)RVY�F<HVUGdgj*N�D�]Î�ta�bqRvhfHzYGSLbedg]/R#K>dgHVU
YGD�b�½§R#K>K<SLU�N)R#K>dgHVUZYGD�bqRpPQDLF>[cDkR�wQD�TfbqRpEGF<H#��HVU�YGDLNGF\R#K>hfH`]>EGl�SLF>dgj*N�DfEcHVNGF>F/R#deK-U�S�R#UGhfHVdeU�]\yLK>F<D�[GdgDLU
hfH*YGSLbedg]/S�D`aGY�R#U�]�bqRBhfD�]>NGF<D-HVÈpb�½§R#K>K<SLU�N)R#K>dgHVU!EGF<HVEGF<DLhfDLU�K�Y�deK<DAU�Dx]<DLh"[GbgDAE)RV]}YGDLwQHVdeF}YGSLEcDLU�Y�F<D-YGD
bqR\EGl�¼�]>dgj*N�Dxl)RVY�F<HVUGdgj�N�D`n

MOdeU�]>d�a`bgHVF<]<j*N�D�bgD}]>deP`U)R#b�» � _`_`_xhfiLK>F<D�]oD�]>K4YGHVh�deU�S}E)R#F4bqRxT�HVU�K>F>de[GNGK>dgHVU¬YGD�bqRxT�HVh�EcH`]/R#U*K<DuSLbgD�Tt�
K>F<HVhkR#P`U�SLK>dgj�N�D`a#T`½¾D�]>KJ�Þ»���Y�deF<DoE�HVNGF�bgD�]�R#UGP`bgD�]�Ô�SLUGdeK>l)R#N�s-deU���SLF>dgDLNGF<]£» ∼ 45◦

a�bqR�T�HVNGF>[cD4Y�½§R#K>K<SLU*N)R#K>dgHVU
EGF<S�Y�deK<DxE)R#F}bgD�]}Ï!HVU�K<Dt�¯�vR#F>bgHkE�DLNGKOyLK>F<DxT�HVU�]>dgYGSLF<S�D"T�HVh�hfDxF<DLbqR#K>dewQDLhfDLU*Ku�R#[GbgD`n
��HVN�]�EGF<HVEcH`]<HVU�]7R#bgHVF<]7Y�½ NGK>debedg]<DLF;bgD�];T�HVNGF>[cD�]£Y�½§R#K>K<SLU�N)R#K>dgHVUfEGF<S�Y�deK<D�]£E)R#F;bgD�]£]>deh"NGbqR#K>dgHVU�]�R��U�YGD

YGSLK<DLF>h�deU�DLFvNGU
S38

MC j�NGdc]<HVdeKoT�HVF>F<SLbgSA»"b�½¾SLU�DLF>P`dgD�{£ÕÌ»"b�½§R#dgYGD�YGD�]oYGHVUGU�S�D�]rl�¼z[GF>dgYGD�]�a�YGD}bqR"hfyLhfD
hkR#UGdgiLF<DBj*N�D-EcHVNGFubqRfhfSLK>l�H*YGD��6D>�|?�{;Õ@n�C�½§R�w`R#U�K/R#PQD\E)R#F�F/R#EGE�HVF>KA»�bqR�hfSLK>l�HzYGD��6DJ�¨D�]>KOj*N�D-bqR
wVR#bgDLNGFxY�NªT�HzDt¥kTLdgDLU�K-Y�½§R#K>K<SLU�N)R#K>dgHVUÅ]<DLh"[GbgD@EGbeN�]��R#[GbgD\EcHVNGF�b�½¾Dts�K>F/R#EcHVbqR#K>dgHVU�»fl)R#NGK<D�SLU�DLF>P`dgD`acbq»
HVÈ¬U�HVN�]u]/R�wQHVU�]}j*N�DxbqR\wVR#bgDLNGFOYGD

η
Y�N%�6D>��U�½¾D�]>K�E)RV]�[cHVUGU�D`n

,.-F/.1'ð�n � _ 2 �rHVNGF>[�D�]-Y�½§R#K>K<SLU*N)R#K>dgHVUÅHV[GK<DLU*N�D�]-EcHVNGF-YGD�]-]>deh"NGbqR#K>dgHVU�]"EGF<HVK<HVU�]�a�EcHVNGFxYGD�]-SLU�DLF>P`dgD�]R#bebqR#U�KuYGD
4
»

100
|�D��@n�C�D-T�HzDt¥kTLdgDLU�K�Y�½§R#K>K<SLU�N)R#K>dgHVU!SLwQHVbeN�D-bgDLU�K<DLhfDLU*K�R�wQD�T-b�½¾SLU�DLF>P`dgD`a�DLKuD�]<K�EGbeN�]

��R#de[GbgD-»�K>F<i�]�l)R#NGK<Dk�
E = 100

|4D��-�vj�N�½§»�EGbeN�]�[)RV]<]<DxSLU�DLF>P`dgD��
E = 10

|�D��x�tn

ö"��&����4���"Û4e������Ágf�&���������f DÞb�D�]>K�EcH`]<]>de[GbgD�YGDu]>NGdew*F<D}bqRAhfyLhfD}YGSLhkR#F<T<l�D�j*N�D}T�DLbebgD}YGD�bqRAhfSLK>l�HzYGD
Y�NÌ�6DJ��avT`½¾D�]>KJ�Þ»���Y�deF<DªYGD¤]>NGEGEcH`]<DLF�NGU�Dm��RVTLK<HVF>dg]/R#K>dgHVU¨Y�N«K�¼zEcD

S1000(E, θ) = f(θ) × g(E)
auDLU
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D�]>K>dehkR#U�K}T�DLK>K<DA��HVdg]J��TLdcbqR"��HVU�TLK>dgHVU
f(θ)

R�wQD�T-bgD�]�]>deh"NGbqR#K>dgHVU�]�n)C�R@j�N)R#U*K>deK<SxT�HVF>F<SLbgS�D"»Bb�½¾SLU�DLF>P`dgD-{£Õ
D�]>KuR#bgHVF<]�bgD

S38
MC = S1000(θ)/f(θ)

T�HVU�]>K>F>NGdeKOYGDxbqR\hfyLhfDA��RVW�HVUmj�N�½§R�wQD�TxbqR@hfSLK>l�HzYGDB�6D>�|?�{;Õ@n
ù�½§R#d�YGHVU�TrNGK>debedg]<SvbgD�]£hfyLhfD�]�]>dehBNGbqR#K>dgHVU�]�YGDrPQDLF>[�D�]�R#K>hfH`]<EGl�SLF>dgj�N�D�]oDLK£Y�N�YGSLK<D�TLK<DLNGF4j*N�DrEGF<S�T�St�

YGDLh�hfDLU�K7EcHVNGF;bgDvT�R#bgTLNGbGYGDrbqROF<DLbqR#K>dgHVU
S1000

�
E
R�wQD�TvbgD�]£Ï%HVU*K<Dt�¯�vR#F>bgHGaQDLK�IL½§R#dzK>F/RVW�SvEcHVNGF;EGbeN�]<dgDLNGF<]

SLU�DLF>P`dgD�]�DLK£K�¼zE�D�]�YGDrE)R#F>K>dgTLNGbgD�]4EGF>dehkR#deF<D�]u��EGF<HVK<HVUkHVN@U�H�¼�R#NkYGDr��DLFÎ��bgD
S1000

hfH�¼QDLUkDLU@��HVU�TLK>dgHVUfYGD
1/ cos θ

nVC�D�]�T�HVNGF>[cD�]�Y�½§R#K>K<SLU�N)R#K>dgHVU�]<HVU�K�K>F<i�]�[GdgDLUkR�I¯N�]>K<S�D�]�E)R#F7bqRO��HVU�TLK>dgHVUkDts�EcHVU�DLU�K>dgDLbebgD�ð�n§Ñ � aQYGD
]<HVF>K<DBj*N�½ NGU¤T�H*Dt¥kTLdgDLU*K-Y�½§R#K>K<SLU�N)R#K>dgHVU2EcDLNGK�yLK>F<D@YGSt�UGd7DLKAT�HVh�E)R#F<SfR#N�smF<S�]>NGbeK/R#K<]AYGD\bqRfhfSLK>l�HzYGD
�6DJ��n
�ZK>deK>F<DvY�½¾Dts�DLh�EGbgD`a�bqR��P`NGF<D|ð�n � _udebebeN�]>K>F<DrbgD�]�T�HVNGF>[cD�]£Y�½§R#K>K<SLU�N)R#K>dgHVUkHV[GK<DLU*N�D�]£E�HVNGF£YGD�]�EGF<HVK<HVU�]

»}EGbeN�]>dgDLNGF<]£SLU�DLF>P`dgD�]�nVC�DvT�HzDt¥kTLdgDLU�K�Y�½§R#K>K<SLU*N)R#K>dgHVUfD�]>K�EGbeN�]���R#de[GbgD�»}K>F<i�];l)R#NGK<Dx�
E = 100

|�D��-��j�N�½§»
EGbeN�]�[)RV]<]<DxSLU�DLF>P`dgD��

E = 10
|�D��x�ta�T�D-j*NGd�T�HVU��F>hfD-b�½§R�¥fF>hkR#K>dgHVU%j*N�DxbgDxT�HzDt¥kTLdgDLU�K�Y�½§R#K>K<SLU�N)R#K>dgHVU

SLwQHVbeN�D"T�DLF>K/R#deU�DLhfDLU�K-R�wQD�T-b�½¾SLU�DLF>P`dgD`n�C�D�]O]<deh"NGbqR#K>dgHVU�]OE�DLF>hfDLK>K<DLU*K�YGDBj�N)R#U*K>d�)DLF�T�DLK�Dt�cDLK�a�DLKAR#deU�]>d
Y�½¾SLwVR#beN�DLF}bgDxYGHVhkR#deU�DBYGDAwVR#bedgY�deK<S"YGDxbqR\hfSLK>l�H*YGD\�6DJ��n

�rHVh�hfD�U�HVN�]xb�½§R�wQHVU�]-F<DLhkR#F<j*N�SkR#NGE)R#F/R�w`R#U�K�a�bqRpY�dg]>K>F>de[GNGK>dgHVU�DLU
sin2 θ

YGD�]-SLwQSLU�DLhfDLU*K<]BYGHVU*K
b�½¾SLU�DLF>P`dgD�D�]<K\D�]>K>dehfSpR�wQD�T�bgD�]@Ï!HVU�K<Dt�¯�vR#F>bgH¤EGF<S�]<DLU*K<D'NGU�D'F<DLhfHVU�K<S�D¬]<deP`UGd�)T�R#K>dewQDp»mP`F/R#U�YXR#UGP`bgD`n
ÕAR#U�]pb�½ l*¼*EcHVK>l�i�]<DªHVÈ«bqRÅ��F/RVTLK>dgHVU¨YGD%hBN�HVU�]�EGF<HzY�NGdeK<D¤E)R#FpbgD�]¬]>deh"NGbqR#K>dgHVU�]mU�½¾D�]>KpE)RV]�T�HVF>F<D�TLK<D`a
b�½¾SLwQDLU�K>N�DLb£YGS�]/RVT�T�HVF<Y%R�wQD�T-bgD�]uYGHVUGU�S�D�]OD�]>KOR#K>K<DLU�Y�NkI¯N�]>K<DLhfDLU*K�»@P`F/R#U�Y!R#UGP`bgD`n)C�RfF<DLhfHVU�K<S�D\YGDxbqR
Y�dg]>K>F>de[GNGK>dgHVU'DLU

sin2 θ
»�P`F/R#U�Y'R#UGP`bgD�EcHVNGF>F/R#deKoyLK>F<D}DLUkE)R#F>K>dgDuY�N�Du»ANGU�Du]>NGF<D�]>K>dehkR#K>dgHVU'YGD}b�½¾SLU�DLF>P`dgD

E)R#FxbgD�]xÏ%HVU*K<Dt�¯�vR#F>bgH¬E�HVNGFxbgD�]
θ & 45◦

a�T�HVU�]<S�j�N�DLU�T�D�Y�½ NGU
S1000

EGF<S�Y�deKxK>F<HVEª��R#de[GbgD\E)R#FxF/R#EGEcHVF>K
R#N�s¬YGHVUGU�S�D�]�n�ÕxR#U�]uT�DLK>K<D"l�¼zE�HVK>l�i�]/D`a�deb���R#N�Y�F/R#deK�R#bgHVF<]OEGbeN�]�YGDxh"N�HVU�]AY�R#U�]ObgD�]u]>dehBNGbqR#K>dgHVU�]OEcHVNGF
yLK>F<DxDLU%RVT�T�HVF<YmR�wQD�T"bgD�]}YGHVUGU�S�D�]�n

|7U@T�HVh�E)R#F/R#U�K7bgD�]£T�HVNGF>[�D�]£Y�½§R#K>K<SLU*N)R#K>dgHVUkYGD�]�]<deh"NGbqR#K>dgHVU�]�R�wQD�TvT�DLbebgDQ��]Î��YGDobqR}hfSLK>l�HzYGD}�6DJ��a#HVU
T�HVU�]>K/R#K<DuDt��D�TLK>dewQDLhfDLU�K�j*N�D}bgD�]rÏ%HVU*K<Dt�¯�vR#F>bgH"EGF<S�Y�dg]<DLU*KvNGU�DOR#K>K<SLU�N)R#K>dgHVUpEGbeN�]odeh�E�HVF>K/R#U*K<D�»-P`F/R#U�Y
R#UGP`bgD`nc¡*NGFAbqR@�P`NGF<Dqð�n �`� ac]<HVU*KOF<DLEGF<S�]<DLU*K<S�D�]AbgD�]�wVR#bgDLNGF<]AY�N¤T�H*Dt¥kTLdgDLU*KAY�½§R#K>K<SLU*N)R#K>dgHVU η HV[GK<DLU�N�D�]
R�wQD�TxbgD�]}]<deh"NGbqR#K>dgHVU�]�a)E�HVNGF�bgD�]uR#UGP`bgD�]

0◦ < θ < 60◦
DLKuE�HVNGF

0◦ < θ < 45◦
n

C�R'T�HVh�E)R#F/R#dg]<HVU¤R�wQD�T\bgD�]uw`R#bgDLNGF<]OHV[GK<DLU*N�D�]-R�wQD�T\bqR�hfSLK>l�HzYGD\Y�Nª�6D>��D�]>KOdeU�K<SLF<D�]<]ÎR#U�K<D¬��EcHVNGF
bgD�]'R#UGP`bgD�]

0◦ < θ < 60◦
a�bgD�]�Ï%HVU*K<Dt�¯�vR#F>bgHÅ]<DLhB[GbgDLU�KpEGF<S�Y�deF<D%NGU�D%R#K>K<SLU�N)R#K>dgHVU«wzF/R#dehfDLU�K�K>F<HVE

deh�E�HVF>K/R#U*K<D`aohfyLhfD!DLU�T�HVU�]<dgYGSLF/R#U�KpbgDmT�RV]�HVÈ debu��R#debebgD%EGF<DLU�Y�F<DmNGU�D!T�HVNGF>[cDmY�½§R#K>K<SLU�N)R#K>dgHVU �6D>�
T�HVU�]>K>F>NGdeK<D}R�wQD�TvNGU�D�Y�dg]>K>F>de[GNGK>dgHVU

sin2 θ
U�HVU\EGbqR#K<D���YGDvÑ`_ Y n��rDLEcDLU�Y�R#U�K�a�bgHVF<]<j*N�Dob�½¾HVUf]/Dobedeh�deK<D}R#N�s

θ < 45◦
a`bgD}YGS�]/RVT�T�HVF<YkD�]>K�hfHVdeU�]7��R#P`F/R#U*K�aQbgD}T�HzDt¥kTLdgDLU�KrY�½§R#K>K<SLU�N)R#K>dgHVUpYGHVUGU�S}E)R#F�bgD�]4Ï%HVU*K<Dt�¯�vR#F>bgH

¯ç¶ü ßJë�á�ä�ãrï|9¯á	ý#ì¿û�ß�û�é��7Ý���Ý����;ìÎàxÝ�ìÎà#ë�á�ãÎà�á���à�á�ßJà�ë�ê¾á�îOÝ�é�áT�
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,.-F/.1<ð�n �`�u2 
 é�Ù!Ó�×nØ6ßª���rHVh�E)R#F/R#dg]<HVUÆYGD�]BT�H*Dt¥kTLdgDLU*K<]BY�½§R#K>K<SLU*N)R#K>dgHVUÆHV[GK<DLU*N�]\R�wQD�TfbqRphfSLK>l�HzYGD
Y�N%�6DJ��DLKuR�wQD�TxbgD�]�Ï%HVU*K<Dt�¯�vR#F>bgHfEcHVNGF�bgD�]}R#UGP`bgD�]

θ < 60◦
n�C�D�]uT�H*Dt¥kTLdgDLU*K<]uY�½§R#K>K<SLU�N)R#K>dgHVU!YGHVUGU�S�]

E)R#FxbgDf�6DJ�ôT�HVF>F<D�]>EcHVU�Y�R#U�K\»�NGU�D�Y�dg]>K>F>de[GNGK>dgHVU�DLU
sin2 θ

j*NGd;U�½¾D�]<KxE)RV]AEGbqR#K<D`a�R�wQD�T
δ = 0.2

a�]<HVU�K
SLP�R#bgDLhfDLU�KOF<DLEGF<S�]<DLU�K<S�]�n 
 Ö!Þ'æ*Û�Ü�ß'�GÏ!yLhfD-T<l�H`]<D-E�HVNGF�bgD�]uR#UGP`bgD�]

θ < 45◦
n

E�HVNGF�bgD�]AEGF<HVK<HVU�]xD�]>KxRV]<]<DLÔ@EGF<HzT<l�D@YGD�]AwVR#bgDLNGF<]AY�N��6D>��n�É;HVNGFxbgD�]�U�H�¼�R#N�sªYGDB��DLF�a�bgD�]AEGF<S�Y�dgTLK>dgHVU�]
YGD�]x]>deh"NGbqR#K>dgHVU�]\]<HVU*K-DLU�T�HVF<D�bqR#F>PQDLhfDLU�K@R#N���YGD�]<]>N�]�a�Y�½¾DLU*w*deF<HVU

45%
n�C�DkT�H*Dt¥kTLdgDLU*K"Y�½§R#K>K<SLU�N)R#K>dgHVU

YGHVUGU�SxE)R#F�bgD�]}]>dehBNGbqR#K>dgHVU�]}E)RV]<]/DAE�HVNGF�bgD�]�EGF<HVK<HVU�]OYGD ∼ 1
» ∼ 0.75

DLU�K>F<D � DLK � _`_@|�D��@a�]<HVdeK�NGU�D
wVR#F>dqR#K>dgHVU%Y�½¾DLU�wzdeF<HVU

20%
n

É;HVNGFob�½¾D�]>K>dehkR#K>dgHVU�YGD}b�½¾SLU�DLF>P`dgD`a*deb)D�]>K4YGHVU�TuE�H`]/]>de[GbgD}Y�½ NGK>debedg]<DLFrNGU
S38

MC j*NGd�EGF<DLU�Y'DLU'T�HVh�EGK<D
bqRAbgDLU�K<DOSLwQHVbeNGK>dgHVU�Y�N'T�H*Dt¥kTLdgDLU*KrY�½§R#K>K<SLU*N)R#K>dgHVU�n*�OU'R�IJN�]>K<DLhfDLU�KrbedeU�S�R#deF<DuYGD�bqR-T�HVNGF>[�D

η(E)
YGHVUGU�D

bgD�]�w`R#bgDLNGF<]}]>NGdew`R#U�K<D�]"�

η = 1.13 (±2%) − 9.6 10−4 (±20%) ×
(

E

1EeV

)
Proton (θ < 60◦)

�`ð�n§Ñ�÷`�

η = 1.14 (±2%) − 9. 10−4 (±12%) ×
(

E

1EeV

)
Fer (θ < 60◦)

�`ð�n§Ñ`¦Q�
�`ð�n§Ñ`^Q�
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DLK�E�HVNGF}bgD�]OR#UGP`bgD�]�deU���SLF>dgDLNGF<]�»
45◦

�

η = 1.0 (±3%) − 2.3 10−3 (±17%) ×
(

E

1EeV

)
Proton (θ < 45◦)

�`ð�n ~ _Q�

η = 1.27 (±2%) − 3. 10−3 (±10%) ×
(

E

1EeV

)
Fer (θ < 45◦)

�`ð�n ~ � �
�`ð�n ~ ÑQ�

C�½ l�¼zEcHVK>l�i�]<DAYGD}bqR-��RVTLK<HVF>dg]/R#K>dgHVU¬YGDObqR-F<DLbqR#K>dgHVU
S1000

�
E
D�]>KoYGHVU�TxR#EGEGF<H�s�dehkR#K>dewQDLhfDLU�KuwQSLF>d�)S�D

]>NGFBYGD�]BP�R#h�hfD�]@Y�½¾SLU�DLF>P`dgD�]fRV]<]<DLÔkP`F/R#U�YGD�]�n�C�½¾D�]<K>dehkR#K>dgHVUZY�NZT�HzDt¥kTLdgDLU�K
η
»�NGK>debedg]<DLF@Y�R#U�]BU�HVK>F<D

hfSLK>l�H*YGDrD�]>K�YGHVU�TodeK<SLF/R#K>dewQD���EcHVNGF;T/l)RVj�N�DrSLwQSLU�DLhfDLU�K�a#b�½¾SLU�DLF>P`dgDvD�]>K�D�]<K>dehfS�D4E)R#F�bqR}F<DLbqR#K>dgHVU@YGHVUGU�S�D
E)R#F�bgD�]£]>dehBNGbqR#K>dgHVU�]u�`ð�n � _Q�taVHVNBE)R#F£bqRuhfSLK>l�H*YGD}�6D>��a�DLK£bgDrT�H*Dt¥kTLdgDLU*K η D�]>K;D�]<K>dehfSvR�wQD�TrbgD�]�F<DLbqR#K>dgHVU�]
TLd���YGD�]<]>N�]�n��rHVUGU)R#dg]<]/R#U*KxbqRfF<DLbqR#K>dgHVU2DLU*K>F<D@bgD

S38
MC DLK�b�½¾SLU�DLF>P`dgD�{;Õ@a�b�½¾SLU�DLF>P`dgD

EMC
S38

D�]>KxT�R#bgTLNGbgS�D`n
¡*d�b�½¾SLU�DLF>P`dgDBR#deU�]>d�HV[GK<DLU�N�D"D�]<KuY�d��cSLF<DLU*K<DBYGD-EGbeN�]uYGD

50%
j*N�D-T�DLbebgD-YGDBYGSLE)R#F>K�aGbgD"T�HzDt¥kTLdgDLU�K

η
D�]<K

F<D�T�R#bgTLNGbgSO»AE)R#F>K>deFvYGD}T�DLK>K<D}U�HVNGwQDLbebgDuwVR#bgDLNGFrYGD�b�½¾SLU�DLF>P`dgD�DLK�bqRxEGF<HzT�S�Y�NGF<DuD�]>K4deK<SLF<S�D`nz�rHVU�TLF<iLK<DLhfDLU�K�a
bgD�T�H*Dt¥kTLdgDLU*KrY�½§R#K>K<SLU*N)R#K>dgHVU'w`R#F>dgD�K<DLbebgDLhfDLU�KoE�DLN�R�wQD�T}b�½¾SLU�DLF>P`dgDOj�N�DvhfyLhfDO]>dGb�½¾SLU�DLF>P`dgDuD�]<K>dehfS�D�bgHVF<]
YGDAbqR@EGF<DLh�dgiLF<D-SLK/R#EcD-D�]>Kv��R#N�]<]<DxY�½ NGU¬��RVTLK<DLNGFuÑ�aGb�½¾DLF>F<DLNGF}F<DLbqR#K>dewQDB]>NGF

η
D�]<K�deU���SLF>dgDLNGF<D"»

5%
n

ö"�)�#��Ázõò�������>fË�Q����Ã¤õÞ�Ágf��*��(������ � ÕADxbqR@hfyLhfDA��RVW�HVUmj*N�DxEcHVNGF}bqR\hfSLK>l�H*YGDBY�N!�6D>�|?�{;Õ@aVI�½§R#d
NGK>debedg]<S}bgDuhfyLhfDubgHVKrY�½¾SLwQSLU�DLhfDLU�K<]�l*¼*[GF>dgYGD�]vR�wQD�T�bgD�]�hfyLhfD�]vTLF>deK<iLF<D�]vYGD}[cHVUGU�D}F<D�T�HVU�]<K>F>N�TLK>dgHVUpj*N�D
EGF<S�T�S�YGDLh�hfDLU�K�nGC�Rx�P`NGF<D3ð�n � Ñ"debebeN�]>K>F<DObqR-T�HVF>F<SLbqR#K>dgHVU¬DLU�K>F<DObgD S38

MC a�E�HVNGFobgD�]oSLwQSLU�DLhfDLU*K<]}R�¼�R#U*K
θ < 45◦

n
C�½§R�IJN�]>K<DLhfDLU�K�YGDAbqR@F<DLbqR#K>dgHVU

S38
MC � EFD

YGHVUGU�Df�

E = 0.14
(
S38

MC
)

1.08 �`ð�n ~`~ �

R�wQD�TAbgD�]�deU�T�DLF>K>deK>N�YGD�]O]>NGFvbgD�]�E)R#F/R#hfiLK>F<D�]"�
K = 0.14 ± 0.02

DLK
α = 1.08 ± 0.04

n��rD�]�w`R#bgDLNGF<]�]<HVU�K
K>F<i�]uEGF<HzT<l�D�]�YGDBT�DLbebgD�]�HV[GK<DLU�N�D�]-R�wQD�T"bqRfhfSLK>l�H*YGD��6D>�|?�{;Õ@a�T�DBj*NGd�hfHVU*K>F<DBj*N�D"T�HVh�EGK<D\K<DLU�N¤YGD
bqR-]>K/R#K>dg]>K>dgj*N�D}l*¼*[GF>dgYGD�Y�dg]>EcHVUGde[GbgD�RVTLK>N�DLbebgDLhfDLU*K�a�NGU�D}w`R#F>dqR#K>dgHVU�Y�N�T�H*Dt¥kTLdgDLU*K�Y�½§R#K>K<SLU�N)R#K>dgHVUmRxEcDLN
Y�½ deU���N�DLU�T�DB]>NGFub�½¾SLK/R#bgHVUGU)R#PQD\R�wQD�T-bqR@��N�HVF<D�]/T�DLU�T�D"Y�R#U�]ObqR@P�R#h�hfD"Y�½¾SLU�DLF>P`dgD\HVÈ�deb�D�]<K}E�H`]/]>de[GbgD-YGD
bgD���R#deF<D`n

C�½¾S�T�R#F>K@F<DLbqR#K>d��ODLU�K>F<D�b�½¾SLU�DLF>P`dgD�R#deU�]>drF<D�T�HVU�]>K>F>NGdeK<D�E)R#F\bgD
S38

MC DLK\b�½¾SLU�DLF>P`dgD'hfD�]<NGF<S�DkE)R#F@bqR
��N�HVF<D�]<T�DLU�T�D-D�]>K}DLU¬hfH�¼QDLUGU�D-YGDzð Y a)R�wQD�TANGU�D"Y�dg]>E�DLF<]<dgHVU�Y�½¾DLU�wzdeF<HVU ~ ð Y a�wVR#bgDLNGF<]}EGF/R#K>dgj�N�DLhfDLU*K
dgYGDLU�K>dgj*N�D�]O»@T�DLbebgD�]uHV[GK<DLU*N�D�]�R�wQD�TxbqR\hfSLK>l�HzYGD\�6D>�|?�{;Õ@n
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,.-F/.1�ð�n � Ñ 2 �rHVF>F<SLbqR#K>dgHVU@DLU*K>F<D4b�½¾SLU�DLF>P`dgDr{£ÕXDLK�bgD S38
MC EcHVNGF�bgD�];SLwQSLU�DLhfDLU�K<];l�¼z[GF>dgYGD�]£]/R#K>dg]J��R#dg]/R#U�KbgD�]ATLF>deK<iLF<D�]xYGDB]<SLbgD�TLK>dgHVU�n�C4½§R�I¯N�]>K<DLhfDLU*K-D�]>K�F<S�R#bedg]<S\E�HVNGFxYGD�]�wVR#bgDLNGF<]AYGD

S38
MC ]>NGEcSLF>dgDLNGF<D�]A»pÑ`_

��|4ÏÅaGYGDAhkR#UGdgiLF<D\»@]<DAEGbqRVT�DLFOR#N���YGD�]<]>N�]OYGDAb�½¾SLU�DLF>P`dgD"YGDx]/R#K>NGF/R#K>dgHVU!YGDAb�½§RVT�T�DLEGK/R#U�T�D`n

Mu�UËYGD�T�HVh�E)R#F<DLFkbqR¤j*N)R#bedeK<S�YGD¬bqRªT�HVF>F<SLbqR#K>dgHVU�DLU�K>F<D¬b�½¾SLU�DLF>P`dgD%{£Õ¢DLKkbgD
S38

MC »ªT�DLbebgD�YGD
bqR%hfSLK>l�H*YGDm�6D>��a�IL½§R#d�T�HVh�E)R#F<S¬bqR¤Y�dg]<E�DLF<]>dgHVUXDLUËSLU�DLF>P`dgD¬{£Õ¢j�N�Dpb�½¾HVUËHV[GK>dgDLU*Kk]>NGF@bgD�]�YGHVUGU�S�D�]
l�¼z[GF>dgYGD�]�aGE)R#F}deU*K<DLF>wVR#bebgD"YGD

S38
aGEcHVNGF�bgD"�6DJ�«DLK�EcHVNGF}bgD

S38
MC n

C�R%�P`NGF<D*ð�n � ~ debebeN�]>K>F<D�bgD�]@F<S�]>NGbeK/R#K<]fHV[GK<DLU�N�]']>NGF@bgD�]�SLwQSLU�DLhfDLU�K<]'l�¼z[GF>dgYGD�]f]/R#K>dg]J��R#dg]/R#U*KkR#N�s
TLF>deK<iLF<D�]oYGDO]<SLbgD�TLK>dgHVU�nzC�DOT�RV]rY�½ NGU

S38
MC R�wQD�TONGU'T�HzDt¥kTLdgDLU�K�Y�½§R#K>K<SLU�N)R#K>dgHVUpGsGSO»-bqRxw`R#bgDLNGF η = 1

D�]>KBSLP�R#bgDLhfDLU*K@EGF<S�]<DLU�K<S`a7»¬K>deK>F<D�YGDkT�HVh�E)R#F/R#dg]/HVU�n;C�D�]\Y�dg]<E�DLF<]>dgHVU�]\HV[GK<DLU�N�D�]@HVU*K\NGU�D�R#h�EGbedeK>N�YGD
T�HVh�E)R#F/R#[GbgD`a�R�wQD�TvNGU�DvbgSLPQiLF<D}R#hfSLbedgHVF/R#K>dgHVUkE�HVNGF£bgDvT�RV]7Y�N

S38
MC R�wQD�T�SLwQHVbeNGK>dgHVUkYGD η E)R#F£F/R#EGEcHVF>K

R#N�T�RV]}HVÈ
η
D�]>K�GsGD`n

C�½ NGK>debedg]/R#K>dgHVU¬YGDubqRxhfSLK>l�HzYGDOT�HVNGF>[cDOY�½§R#K>K<SLU*N)R#K>dgHVU�Ï%HVU*K<Dt�¯�vR#F>bgHs?¨{£Õ¨YGHVUGU�D�YGHVU�TOYGD�]oF<S�]>NGb��
K/R#K<]�K>F<i�]}EGF<HzT<l�D�]OYGD-T�DLN�s�HV[GK<DLU�N�]�R�wQD�T-bqR�hfSLK>l�H*YGDB�6D>�|?�{£Õ@a)R�wQD�T"NGU�D-j�N)R#bedeK<S"YGDxb�½¾SLK/R#bgHVUGU)R#PQD
R#N�]<]>d�[cHVUGU�DxY�R#U�]}bqR\P�R#h�hfDBY�½¾SLU�DLF>P`dgD-HVÈ�b�½¾HVUmY�dg]>EcH`]<DAYGD-]>N�¥k]ÎR#h�hfDLU�KOY�½¾SLwQSLU�DLhfDLU*K<]�n

§£üòû£ü�� ¹ Q�
J#����ÿ%�NILK	
`ÿ��$��I>
��`��ÿ%�
��HVN�]�EGF<S�]<DLU*K<HVU�];[GF>dgiLwQDLhfDLU�K�YGDLN�s\R#NGK>F<D�];hfSLK>l�HzYGD�]�Y�½¾D�]>K>dehkR#K>dgHVU�YGDob�½¾SLU�DLF>P`dgDvYGD�]�SLwQSLU�DLhfDLU*K<]

Y�NfF<S�]<D�R#NkYGDu]>NGFJ��RVT�Duj�NGd�EcDLNGwQDLU�KryLK>F<D}NGK>debedg]<S�D�]4E�HVNGF4F<D�T�HVU�]>K>F>NGdeF<DubgDu]>E�D�TLK>F<DuY�½¾SLU�DLF>P`dgDuYGD�]�F/R�¼QHVU�]
T�H`]>h�dgj*N�D�]�n
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,6-0/.1�ð�n � ~ 2j£ wQHVbeNGK>dgHVU�YGD�bqR\Y�dg]>E�DLF<]<dgHVU�F<DLbqR#K>dewQDxDLU¬SLU�DLF>P`dgDxDLU���HVU�TLK>dgHVUpY�N S38
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ESD � EFD C�R�hfSLK>l�H*YGD�T�HVU�]<dg]>K<Df»p]>NGEGEcH`]<DLFxj�N�D@bqR�F<DLbqR#K>dgHVU

S1000
�
E
EGF<S�Y�deK<D

E)R#F7bgD�]�]>deh"NGbqR#K>dgHVU�]oD�]>K�T�HVF>F<D�TLK<D`a�»�NGU�D�U�HVF>hkR#bedg]ÎR#K>dgHVUfEGF<i�]�nQÉ;HVNGF4D�]>K>dehfDLF7bgDv��RVTLK<DLNGF�YGD�T�HVU�wQDLF<]<dgHVU
DLUfSLU�DLF>P`dgDu»xR#EGEGbedgj�N�DLFr»�b�½¾SLU�DLF>P`dgD}YGHVUGU�S�D}E)R#F7bgD�]�Ï!HVU�K<Dt�¯�vR#F>bgHGa*HVUfSLK/R#bgHVUGU�D}b�½¾SLU�DLF>P`dgDO¡zÕ�R�wQD�T�bgD�]
SLwQSLU�DLhfDLU�K<]vl�¼z[GF>dgYGD�]�n��rHVh�hfDOU�HVN�]ob�½§R�wQHVU�]vw*N'EGF<S�T�S�YGDLh�hfDLU�K�aGbqRBY�dg]>K>F>de[GNGK>dgHVU¬DLU

sin2 θ
HV[GK<DLU�N�D

»mE)R#F>K>deFfYGD�b�½¾SLU�DLF>P`dgD�YGHVUGU�S�DpE)R#F�bgD�]�]<deh"NGbqR#K>dgHVU�]�U�½¾D�]>K�E)RV]@EGbqR#K<D`a7T�Dpj*NGd�]<DLh"[GbgD¬deU�Y�dgj*N�DLF@NGU�D
SLwQHVbeNGK>dgHVU@R�wQD�T4b�½§R#UGP`bgDoYGD�bqR}Y�dg]<E�DLF<]>dgHVU\HVNBYGD4b�½¾DLF>F<DLNGF;]>¼�]>K<SLhkR#K>dgj*N�D4]>NGF�b�½¾SLU�DLF>P`dgD`n#|�UBT�HVU�]<S�j*N�DLU�T�D`a
HVU']�½§R#K>K<DLU�Yp»-T�DOj�N�DubqRxF<DLbqR#K>dgHVUpDLU�K>F<D

ESD
DLK
EFD

EcHVNGF4bgD�]
θ < 60◦

T/l)R#UGPQD�R�wQD�Tub�½¾SLU�DLF>P`dgD`n�|7U�]<D
bedeh�deK/R#U�K�R#N�sBR#UGP`bgD�];deU���SLF>dgDLNGF<]�»

45◦
a�EcHVNGF�bgD�]/j�N�DLbg]�bgD�]�T�HzDt¥kTLdgDLU�K<]7Y�½§R#K>K<SLU*N)R#K>dgHVUkYGD�];Ï%HVU*K<Dt�¯�vR#F>bgH

]<DLh"[GbgDLU*KODLUmRVT�T�HVF<Y%R�wQD�TxbgD"�6D>��aGbqR@T�HVF>F<SLbqR#K>dgHVU
ESD

�
EFD

HV[GK<DLU�N�DBD�]>K�hfDLdebebgDLNGF<D`n
C�½¾SLK/R#bgHVUGU)R#PQDkDLU*K>F<Dfb�½¾SLU�DLF>P`dgD'YGD�]-]>deh"NGbeK/R#K>dgHVU�]\DLKxb�½¾SLU�DLF>P`dgDk{£Õ R�wQD�TfU�HVK>F<D�bgHVK"Y�½¾SLwQSLU�DLhfDLU�K<]

l�¼z[GF>dgYGD�]}EcHVNGF�bgD�]uR#UGP`bgD�]}deU���SLF>dgDLNGF<]O»
45◦

YGHVUGU�Dk�

E = 0.78 (±0.03) ×EMC Hyp.proton
�`ð�n ~ �*�

E = 1.02 (±0.04) ×EMC Hyp. fer
�`ð�n ~ ðQ�

C�½¾S�T<l�DLbebgD'Y�½¾SLU�DLF>P`dgDf{£Õ±D�]>K-YGHVU�TfDLU�wzdeF<HVU
20%

DLU���YGD�]<]<HVN�]-b�½¾SLU�DLF>P`dgDkÏ!HVU�K<Dt�¯�vR#F>bgH�EGF<HVK<HVU�a�DLK
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S1000(θ)�

EFD
n7�rDLK>K<D�hfSLK>l�HzYGD�»�b�½§R�wVR#U*K/R#PQD�YGD�U�D'YGSLEcDLU�Y�F<D¬Y�½§R#N�TLNGU�Dpl�¼zEcHVK>l�i�]<Dp]>NGFBbqR!T�HVh�EcH`]>deK>dgHVU�a

UGd4]>NGF-bqR¬��HVF>hfD'YGD�bqR�T�HVNGF>[cDfY�½§R#K>K<SLU*N)R#K>dgHVU
f(θ)

n�C�Dk]<DLNGb�EGF<HV[GbgiLhfD�YGDkT�DLK>K<DkhfSLK>l�H*YGD'D�]>K"j*N�D
bqR!]>K/R#K>dg]>K>dgj*N�D'l*¼*[GF>dgYGD�U�S�T�D�]<]/R#deF<DpEcHVNGF\F<S�R#bedg]/DLFfT�DLK�R�IJN�]>K<DLhfDLU*KfE)R#F�deU�K<DLF>w`R#bebgD¬Y�½§R#UGP`bgD¬Ô�SLUGdeK>l)R#b
D�]>K\[�D�R#N�T�HVNGEXK>F<HVEZ��R#de[GbgD¬»mb�½ l�DLNGF<D�RVTLK>N�DLbebgDª�;debo��R#N�Y�F/R#deKkR#K>K<DLU�Y�F<DpEGbeN�]<dgDLNGF<]�Y�deÔ�R#deU�D�]fY�½§R#UGU�S�D�]
E�HVNGF-HV[GK<DLUGdeF"NGU�D�EGF<S�TLdg]>dgHVU�]>N�¥k]ÎR#U�K<Dg��C4½¾SLK/R#bgHVUGU)R#PQDkDLU�K>F<Dkb�½¾D�]>K>dehkR#K<DLNGF"Y�NÆ¡zÕ±DLK-b�½¾SLU�DLF>P`dgDk{;Õ
YGHVdeKu]�½¾Dt��D�TLK>N�DLFODLUm]/DAF/R#EGE�HVF>K/R#U*KA»@NGU!R#UGP`bgD-YGDxF<St��SLF<DLU�T�D`aG��R#NGK<D-YGD"j*N�HVd�bqR@��R#de[GbgD�]<]<DxY�N�U�HVhB[GF<D
Y�½¾SLwQSLU�DLhfDLU�K<]OdeU�K>F<HzY�NGdeKuNGU�D-DLF>F<DLNGFu[�D�R#N�T�HVNGE�K>F<HVEmdeh�E�HVF>K/R#U*K<D`n
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Y�d��cSLF<DLU*K<]u]>EcD�TLK>F<D�]}Y�½¾SLU�DLF>P`dgD`n

ù�½§R#dcNGK>debedg]<SObqRBEGF<H*T�S�Y�NGF<DAYGDOF<D�T�HVU�]>K>F>N�TLK>dgHVU�YGS�TLF>deK<D�EGF<S�T�S�YGDLh�hfDLU�K}EcHVNGF}R#U)R#be¼z]<DLFrbgD�]vYGHVUGU�S�D�]
Y�NªEGF<DLh�dgDLF�I<R#U�wzdgDLFBÑ`_`_#�mR#N ~ IJNGdebebgDLK"Ñ`_`_ Ø n�C�D�]-TLF>deK<iLF<D�]Bj�NGd7HVU�KBSLK<SkR#EGEGbedgj�N�S�]BR#N�s¤SLwQSLU�DLhfDLU*K<]
]<HVU�K�bgD�]O]>NGdew`R#U�K<]-�
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b�½¾SLwQSLU�DLhfDLU�K�YGHVdeKuyLK>F<Dz(v�

?
b�½¾SLwQSLU�DLhfDLU�K-YGHVdeKAyLK>F<Du(Xð%��TLdeU�j�wQHVdg]>deU�D�]AHVE�SLF/R#K>dgHVUGU�DLbebgD�]�?×T��ANGFOF<D�T�HVU�]<K>F>NGdeKAY�R#U�]�NGU!K>F>d��
R#UGP`bgD-YGD-]<K/R#K>dgHVU�]uHVEcSLF/R#K>dgHVUGU�DLbebgD�]Î�

?
b�½§R#UGP`bgDxÔ�SLUGdeK>l)R#b;D�]>K�deU���SLF>dgDLNGF�»
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�rD�]@E�SLF>dgHzYGD�]�T�HVU�K>F>de[GN�DLU*K�T�DLEcDLU�Y�R#U�KfK>F<i�]@EcDLNËDLUXK<DLF>hfD¬YGDpU�HVh"[GF<DmY�½¾SLwQSLU�DLhfDLU�K<]�a�Y�NZ��R#deKfYGD
b�½§R#NGP`hfDLU�K/R#K>dgHVU¤YGDAbqR@K/R#debebgD-Y�N�F<S�]<D�R#NmR�wQD�T-bgDAK<DLh�E�]�n

C�DªT�R#bgTLNGb"YGDªb�½§RVT�T�DLEGK/R#U�T�DÆRZSLK<SªDt�cD�TLK>N�SÅR�wQD�TªbqRZhfSLK>l�HzYGD2Y�N¨T�HVh�EGK/R#PQDÅY�½ l�DtsGR#PQHVU�D ��Tt�>n
T<l)R#EGdeK>F<D%�*�¬�4R#N�T�HVNGF<]'YGDmbqRªEcSLF>dgH*YGDmR#bebqR#U*K�Y�N � er I>R#U*w*dgDLFpÑ`_`_#�ÆR#N ~ I¯NGdebebgDLKpÑ`_`_ Ø deU�TLbeN�]�a4DLU
Dts�TLbeN)R#U*KrbgD�]vEcSLF>dgHzYGD�]rTLd���YGD�]/]>N�]�a*bgDOF<S�]/D�R#NpYGD�]>NGFJ��RVT�DAYGDOb�½ � [�]/DLF>wVR#K<HVdeF<DAÉ7dgDLF>F<DxMONGPQDLF}RBRVT�TLNGhBNGbgS
≈ 2.94 1010 T�DLbebeNGbgD�]6(Xð���]/D�T�HVU�YGD�]�a*]/HVdeK4NGU�DORVT�T�DLEGK/R#U�T�D�K<HVK/R#bgD�YGD 1.35 1011 Ç h 2 n¾]>F�n¾]�a�HVÈ 4280

Ç h 2

]>F"R#U�acE�HVNGFBYGD�]-SLwQSLU�DLhfDLU�K<]@R�¼�R#U*K\YGD�]"R#UGP`bgD�]
θ < 60◦

n�|7U�]<D@bedeh�deK/R#U*K\R#N�s2R#UGP`bgD�]-deU���SLF>dgDLNGF<]B»
45◦

a�b�½§RVT�T�DLEGK/R#U�T�DBD�]>K}YGD
0.9 1011 Ç h 2 n¾]<F�n¾]�aGHVN 2850

Ç h 2 n¾]>F�n§R#U�aG]<HVdeKuDLU*w*deF<HVU 1.8× Mu AMA¡zM\n
C�D�]>EcD�TLK>F<D}Y�½¾SLU�DLF>P`dgD`a�DLU [

m2.s.sr.eV
]−1 a`D�]>K�YGHVUGU�S�E)R#F4bgDvU�HVh"[GF<DuY�½¾SLwQSLU�DLhfDLU*K<]vYGSLK<D�TLK<S�]�E)R#F

deU�K<DLF>w`R#bebgD-Y�½¾SLU�DLF>P`dgD`a)Y�dewzdg]<SAE)R#F}b�½§RVT�T�DLEGK/R#U�T�DBT�HVF>F<D�]>E�HVU�Y�R#U*K<D`n
C�½§RVT�T�DLEGK/R#U�T�D¬Y�NÆF<S�]<D�R#NÆYGD�]>NGFJ��RVT�D'YGHVdeK@yLK>F<Dp]/R#K>NGF<S�DpR#N�sÆR#bgDLU�K<HVNGF<]�YGD

E = 4
D��@a;R�wQD�T�bqR

F<St��SLF<DLU�T�D-Y�½¾SLU�DLF>P`dgD\YGHVUGU�S�D-E)R#FubgD�]u]>dehBNGbqR#K>dgHVU�]�n)ù�½§R#d;T�R#beNGbgSxbgD"]<E�D�TLK>F<D-DLU%SLU�DLF>P`dgDBR#N���YGD�]<]>N�]OYGD
3
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0.1

DLU
log(E)

acK<HVNGKxDLUª]/RVT/l)R#U�K"j*N�D"bqR'EGF<DLh�dgiLF<D@w`R#bgDLNGF�a
E ' 3.16

|�D��@a�F>dg]<j*N�D�Y�½¾yLK>F<D�K>F<HVE"[)RV]<]<Du��RVT�T�DLEGK/R#U�T�DoF<S�DLbebgD7EGbeN�]���R#de[GbgD��tn�C�RvE)R#F>K>dgD4Y�N"]<E�D�TLK>F<D�HVÈ"b�½§RVT�T�DLEGK/R#U�T�D
D�]>Ku»@T�HVNGEm]I|GF}]/R#K>NGF<S�D"]<Dx]>deK>N�D-YGHVU�T"R#N���YGD�]/]>N�]}YGD

1018.6 D��\n
C�D�]}]>EcD�TLK>F<D�]vEGF<S�]<DLU*K<S�]uY�R#U�]�T�DLK>K<D-SLK>N�YGDx]<HVU*K�K>F/RVW�S�]uR�wQD�T"YGD�]vdeU�T�DLF>K>deK>N�YGD�]O]>NGFvbgD���N�spT�HVF>F<D�]J�

E�HVU�Y�R#U*K�NGUGdgj*N�DLhfDLU�K7»�NGU�DoDLF>F<DLNGF�]>K/R#K>dg]>K>dgj*N�D4]<NGF�bgD�U�HVhB[GF<DoY�½¾SLwQSLU�DLhfDLU*K<]7Y�R#U�]�T/l)RVj�N�D4deU�K<DLF>w`R#bebgD
Y�½¾SLU�DLF>P`dgD`n�C�D�]-[)R#F>F<D�]"Y�½¾DLF>F<DLNGF<]"]<HVU*K"YGHVU�Tf]<DLNGbgDLhfDLU*K"deU�Y�dgT�R#K>dewQD�]�a�DLK"U�D�YGHVdewQDLU�K"E)RV]"yLK>F<DfT�HVU�]>d��
YGSLF<S�D�]fT�HVh�hfD�F<S�]>NGbeK/R#U*K'Y�½ NGU�D�D�]<K>dehkR#K>dgHVUËEGF<S�TLdg]<D`n�C�D�]kdeU�T�DLF>K>deK>N�YGD�]']<NGF�b�½¾SLU�DLF>P`dgD�U�D¬]<HVU*KfE)RV]
F<DLEGF<S�]<DLU�K<S�D�]�a�bgD�]4]>EcD�TLK>F<D�]�hfHVU*K>F<S�]4E)R#F4bqR-]>NGdeK<D}T�HVU�]<K>deK>N�DLU�KvYGD�]7F<S�]>NGbeK/R#K<]oEGF<SLbedeh�deU)R#deF<D�]�n*C�RxYGSLK<DLFJ�
h�deU)R#K>dgHVU�YGDOK<HVNGK<D�]4bgD�]r]<HVNGF<T�D�]vY�½¾DLF>F<DLNGF<]v]>¼�]>K<SLhkR#K>dgj�N�D�]r]>NGFob�½¾SLU�DLF>P`dgD�D�]<K4NGUkEGF<HV[GbgiLhfDAT�HVh�EGbgDtsGD`a
j�NGd)��R#deKvDLU�T�HVF<Dub�½¾HV[�I>DLKvYGDuU�HVhB[GF<DLN�]<D�]�SLK>N�YGD�]rR#Np]<DLdeUpYGD}bqRBT�HVbebqR#[�HVF/R#K>dgHVU¬MONGPQDLF�a*DLKvj*NGd)U�½¾D�]>KrE)RV]
bgDA[GNGKuYGDxT�DLK>K<DxEGF<S�]<DLU*K<D"SLK>N�YGD`n

C�D�]r]<HVNGF<T�D�]�EGF>deU�TLdeE)R#bgD�]vY�½¾DLF>F<DLNGFv]>¼z]<K<SLhkR#K>dgj�N�DuE�HVNGF�bgD�]ohfSLK>l�HzYGD�]oj*NGd�NGK>debedg]<DLU*Kob�½¾SLU�DLF>P`dgD�YGHVU��
U�S�DuE)R#FrbqRx��N�HVF<D�]/T�DLU�T�DAEGF<H�wzdgDLUGU�DLU�K}YGDObqR-F<DLbqR#K>dgHVU¬Y�½¾SLK/R#bgHVUGU)R#PQD

S38
�
EFD

nzC�½¾HVF<Y�F<DAYGD�P`F/R#U�YGDLNGF
YGDrT�DLK>K<D�DLF>F<DLNGFoD�]>K7Y�½¾DLU�wzdeF<HVU

30%
»u[)RV]/]<DvSLU�DLF>P`dgD}DLK

50%
E�HVNGF7bgD�]7SLU�DLF>P`dgD�]4R#NGK<HVNGFoYGD
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D�]>KoYGHVU�T�»-b�½ l�DLNGF<DARVTLK>N�DLbebgDuEGF<SLhkR#K>NGF<SAYGDOT�HVU�TLbeNGF<D�j*N)R#U�K�»xbqR-EGF<S�]<DLU�T�D�HVN'U�HVU�Y�½ NGU�DOT�HVNGEGNGF<DAYGD
K�¼zE�D- ���� Y�R#U�]�bgDA]>EcD�TLK>F<D`nGÉ;HVNGF}bgD�]vhfSLK>l�H*YGD�]}NGK>debedg]/R#U�K}bgD�]�]<deh"NGbqR#K>dgHVU�]�aGb�½ deU�T�DLF>K>deK>N�YGD-EGF>deU�TLdeE)R#bgD
EGF<H�wzdgDLU�KfY�NXhfHzYGiLbgD�Y�½ deU*K<DLF/RVTLK>dgHVU l)RVY�F<HVUGdgj*N�DpNGK>debedg]<S`a7DLK@deb�]<DLh"[GbgDpEGF>N�YGDLU*KkYGDpT�HVU�]>dgYGSLF<DLF�NGU�D
DLF>F<DLNGFu]>¼�]>K<SLhkR#K>dgj�N�D"]>NGF}b�½¾SLU�DLF>P`dgD"YGD-b�½¾HVF<Y�F<D-YGD

30%
a)T�HVh�EGK<DxK<DLU*N%YGDxb�½¾S�T�R#F>KAR#EGE)R#F<DLU�K�DLU�K>F<D-bgD�]
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S�T<l�DLbebgD�]OY�½¾SLU�DLF>P`dgD"{£Õ DLKO¡zÕ\n
C�R-�P`NGF<D3ð�n � �@debebeN�]>K>F<DObgD�]r]>E�D�TLK>F<D�]vHV[GK<DLU*N�]}R�wQD�TObqR-hfSLK>l�HzYGDAY�N¬�6D>�|?�{£ÕÌDLK�R�wQD�TObgD�]r]<deh"NGbqR��

K>dgHVU�]u�Q»AE)R#F>K>deFrY�N
S38

MC ��R�wQD�TuSLwQHVbeNGK>dgHVU'YGD
η
�£HVNkY�deF<D�TLK<DLhfDLU*KvR�wQD�T}bqRAF<DLbqR#K>dgHVU

S1000
�
E
YGS�TLF>deK<D

DLU��`ð�n � _Q�tn
C�D�]O]>E�D�TLK>F<D�]�HV[GK<DLU�N�]A»�E)R#F>K>deF�YGD-bqRfhfSLK>l�H*YGD@�6DJ�|?�{£Õ�DLKuYGD"bqR�hfSLK>l�HzYGD

S38
MC ?�{;Õ ]/HVU�K

EGF/R#K>dgj�N�DLhfDLU*K"dgYGDLU*K>dgj�N�D�]�a;R�wQD�TfY�R#U�]-b�½ deU�K<DLF>w`R#bebgD
E ∈ [1018.6 eV , 1019.6 eV]

NGU�D�EcDLU�K<DfbgHVP�R#F>deK>l��
h�dgj�N�DkYGD

γCIC = −2.81 (±0.09)
EcHVNGF-bgD'�6D>� DLK

γS38MC = −2.78 (±0.15)
EcHVNGF-bgD

S38
MC n;�rD

F<S�]>NGbeK/R#K£U�½¾D�]>K;E)RV]7]>NGF>EGF<DLU)R#U�K�T�R#F£bgD�];F<DLbqR#K>dgHVU�]7Y�½¾SLK/R#bgHVUGU)R#PQD}DLU�K>F<Drb�½¾SLU�DLF>P`dgD�{£Õ DLK£bgD
S38

]<HVU�K£EGF/R��
K>dgj�N�DLhfDLU*K}dgYGDLU�K>dgj*N�D�]�EcHVNGF�bgD�]�YGDLN�s'hfSLK>l�HzYGD�]�nGC�D�]�EcDLU�K<D�]}bgHVP�R#F>deK>lGh�dgj�N�D�]}YGD�]u]>E�D�TLK>F<D�]�HV[GK<DLU*N�]
R�wQD�TxbgD�]OR#NGK>F<D�]}hfSLK>l�HzYGD�]u]<HVU*K}SLP�R#bgDLhfDLU�K�K<HVNGK<D�]uT�HVh�E)R#K>de[GbgD�]OR�wQD�T"T�D�]�w`R#bgDLNGF<]�n

,.-F/.1Lð�n � � 2 �ôP�R#N�T<l�Dp�)]<E�D�TLK>F<DBDLU!SLU�DLF>P`dgD\YGD�]uF/R�¼QHVU�]AT�H`]>h�dgj�N�D�]AR�wQD�TBb�½¾SLU�DLF>P`dgD@D�]>K>dehfS�DBE)R#FubgD�]
]>deh"NGbqR#K>dgHVU�]x��»"E)R#F>K>deFvY�N

S38
MC ��R�wQD�TASLwQHVbeNGK>dgHVU�YGD

η
�oHVN�Y�deF<D�TLK<DLhfDLU*KOR�wQD�T�bqR"F<DLbqR#K>dgHVU

S1000
�
EYGHVUGU�S�D"DLUyð�n � _�a)DLK�»�E)R#F>K>deF�YGD"bqR@hfSLK>l�H*YGD��6D>�|?�{;Õ@n�� Y�F<HVdeK<D'�GbgD-hfyLhfDB]>EcD�TLK>F<D-h"NGbeK>deEGbedgS\E)R#F

E3 a�YGDx]<HVF>K<D"j�N�½ NGU�D-SLwQHVbeNGK>dgHVU%DLU�bgHVd�YGDxEGNGdg]<]/R#U�T�D E−3 R#EGE)R#F/R#dg]<]<DAEGbqR#K<D`n

C�HVF<]<j*N�DAb�½¾HVUm]<D�bedeh�deK<D"R#N�s�R#UGP`bgD�]�deU���SLF>dgDLNGF<]O»
45
YGDLP`F<S�]�a�bgDx]<E�D�TLK>F<DxHV[GK<DLU*N%D�]>K�EcDLN�Y�d��cSLF<DLU*K

YGD'T�DLbeNGd�T�HVF>F<D�]>EcHVU�Y�R#U�Kk»
θ < 60◦

n�C�R��P`NGF<Djð�n � ð%debebeN�]>K>F<DpT�DLK>K<DpY�d��cSLF<DLU�T�D�EcHVNGFBbgD�]\hfSLK>l�HzYGD�]
[)RV]<S�D�]4]<NGF4bgD�]4Ï!HVU�K<Dt�¯�vR#F>bgHGa�j*NGd)]<HVU*K4bgD}EGbeN�]r]>N�]<T�DLEGK>de[GbgD�]rYGD�w`R#F>dgDLF4bgHVF<]<j*N�D}b�½¾HVU'E)RV]<]<DOYGD

θ < 60◦

»
θ < 45◦

n�C�Df]<E�D�TLK>F<D�T�HVF>F<D�]>EcHVU�Y�R#U�K�»
θ < 45◦

D�]>KxbgSLPQiLF<DLhfDLU*KBEGbeN�]"[)RV]xEcHVNGF-bgD�]"]>dehBNGbqR#K>dgHVU�]
÷tEGF<HVK<HVU�÷Va�DLK}bgSLPQiLF<DLhfDLU*KuEGbeN�]}l)R#NGKuE�HVNGF�bqR@hfSLK>l�HzYGD

S38
MC ?�{£Õ@n

C�D�]'�P`NGF<D�]p]>NGdew`R#U�K<D�]�F<DLEGF<S�]<DLU�K<DLU*K�bqRÅT�HVh�E)R#F/R#dg]<HVU�Y�N�]>EcD�TLK>F<D%hfD�]>NGF<SmE)R#Fpb�½ � [�]<DLF>w`R#K<HVdeF<D
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,6-0/.1�ð�n � ð 2 �rHVh�E)R#F/R#dg]<HVU�DLU�K>F<D¬bgD¬]>EcD�TLK>F<Dª��h"NGbeK>deEGbedgSmE)R#F E3 �BHV[GK<DLU�NËEcHVNGF θ < 60◦
DLK�EcHVNGF

θ < 45◦
a�EcHVNGFrbqR-hfSLK>l�HzYGD

S38
MC ?�{£ÕÌDLKrE�HVNGFrb�½¾D�]>K>dehkR#K>dgHVU¬YGHVUGU�S�D�E)R#FobgD�]v]>dehBNGbqR#K>dgHVU�]vEGF<HVK<HVU�n

É7dgDLF>F<DxMuNGPQDLF}R�wQD�TAbqR"hfSLK>l�HzYGDxÏ!HVU�K<D-�vR#F>bgH@EGF<HVK<HVU�DLK}R�wQD�TAbqRBhfSLK>l�H*YGD"�6D>�|?�{£Õ@azT�HVh�E)R#F<S-R#N�s
hfD�]>NGF<D�]vYGD}b�½¾Dts�E�SLF>dgDLU�T�DAMu AMx¡zM¨DLKoT�DLbebgD�]vY�½¾�OdeF<D�]�nzC�R-U�HVF>hkR#bedg]ÎR#K>dgHVU�Y�N�]>EcD�TLK>F<D�HV[GK<DLU�N�DxR�wQD�T�bqR
hfSLK>l�H*YGD"�6D>�|?�{£Õô]/DLh"[GbgD-yLK>F<DAdeU���SLF>dgDLNGF<DxY�½ NGU�DxwzdeUGP`K/R#deU�DxYGDAE�HVNGF<T�DLU*KO»@T�DLbebgDxYGDx�udeF<D�]�nGC�½¾S�T�R#F>K
DLU�K>F<D\bgD"]>EcD�TLK>F<D\MuNGPQDLFAÏ%HVU*K<D@�vR#F>bgHpDLK�bgD"]>EcD�TLK>F<D\MuNGPQDLF-�6DJ�Ì]<DLhB[GbgDByLK>F<D@SLP�R#bgDLhfDLU�KxY�N!hfyLhfD
HVF<Y�F<D-YGDAP`F/R#U�YGDLNGFOj*N�DAb�½¾S�T�R#F>KuDLU�K>F<DBMu AMx¡zM DLK}�OdeF<D�]�n

C�DuYGS�]ÎRVT�T�HVF<Y'RVTLK>N�DLb�]<NGF4bqRAU�HVF>hkR#bedg]/R#K>dgHVU¬Y�Nk]<E�D�TLK>F<DODLU�K>F<DuDts�EcSLF>dgDLU�T�D�]4NGK>debedg]/R#U*KobqRxK<D�T<lGUGdgj*N�D
YGDObqRB��N�HVF<D�]/T�DLU�T�D-DLKvbgD�]�F<S�]<D�R#N�s�YGDxYGSLK<D�TLK<DLNGF<]OR#N�]<HVb�]<DLh"[GbgDxEcHVNGFvb�½ deU�]>K/R#U�KOHV[�]<DLF>wQSxYGDAhkR#UGdgiLF<D
]>deh�debqR#deF<DxE)R#F}b�½ � [�]<DLF>w`R#K<HVdeF<D-É7dgDLF>F<DBMuNGPQDLF�n
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,.-F/.1gð�n ��ØB2 ¡*EcD�TLK>F<D}DLU'SLU�DLF>P`dgDOYGD�]7F/R�¼QHVU�]rT�H`]>h�dgj*N�D�]�hBNGbeK>deEGbedgSuE)R#F E3 aQHV[GK<DLU�N¬R�wQD�Tub�½¾D�]>K>dehkR#K>dgHVUÏ%HVU*K<Dt�¯�vR#F>bgH�EGF<HVK<HVU!DLKOb�½¾D�]>K>dehkR#K>dgHVUª�6D>�|?�{£Õ@a)EcHVNGFOYGD�]AR#UGP`bgD�]uÔ�SLUGdeK>l)R#N�s%deU���SLF>dgDLNGF<]A»
45◦

n�C�D�]
YGHVUGU�S�D�]uYGDAb�½¾Dts�E�SLF>dgDLU�T�D"Mu AMA¡zMôDLKuYGDAb�½¾Dts�E�SLF>dgDLU�T�DB�udeF<D�]u]<HVU�K}SLP�R#bgDLhfDLU*KOF<DLEGF<S�]<DLU*K<S�D�]�n



	cÀeúsö"��õ�Ã�&;õ+Û£&Ë�@Ü���Ã`���#�m�gf Ágf��*��(���� Ä*ú�¿

,6-0/.1gð�n � ÷ 2 ¡*EcD�TLK>F<DuDLUkSLU�DLF>P`dgDOYGD�]7F/R�¼QHVU�]rT�H`]>h�dgj*N�D�]�h"NGbeK>deEGbedgSOE)R#F E3 aQHV[GK<DLU�N¬R�wQD�Tub�½¾D�]>K>dehkR#K>dgHVUÏ%HVU*K<Dt�¯�vR#F>bgH'EGF<HVK<HVU¤DLKub�½¾D�]<K>dehkR#K>dgHVUª�6D>�|?�{£Õ\a�EcHVNGFOYGD�]AR#UGP`bgD�]uÔ�SLUGdeK>l)R#N�smdeU���SLF>dgDLNGF<]A»
60◦

n�C�D�]
YGHVUGU�S�D�]uYGDAb�½¾Dts�E�SLF>dgDLU�T�D-Mu xMA¡zMôDLKuYGDAb�½¾Dts�E�SLF>dgDLU�T�DB�udeF<D�]}]/HVU�KuSLP�R#bgDLhfDLU*KuF<DLEGF<S�]<DLU*K<S�D�]�n
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�Z·M@�µ@ºXö}ºz?�:\@}1´5�?Ìºu1B:\B[@ ?)·m@�µ@:<5gB
ArdgDLU'j*N�D}b�½¾Dts�dg]>K<DLU�T�DOYGD�]4F/R�¼QHVU�]vT�H`]>h�dgj*N�D�]o]/HVdeK4NGUf��R#deKoSLK/R#[GbedcYGDLEGNGdg]vR#N'hfHVdeU�]oNGU']>dgi�TLbgD`a�bgDLNGF

HVF>deP`deU�D4Dts�RVTLK<D4F<D�]>K<D4deU�T�DLF>K/R#deU�D`n�C�R�EGF>deU�TLdeE)R#bgDrF/R#dg]<HVUBDLU\D�]>K�j*N�D`a�T�HVU*K>F/R#deF<DLhfDLU�K4R#N�s-EGl�HVK<HVU�]�a�bgDLNGF<]
K>F/R�IJD�TLK<HVdeF<D�]7]<HVU*K7YGSLw*dgS�D�];E)R#F£bgD�]£T<l)R#h�E�]7hkR#P`U�SLK>dgj*N�D�]�a`DLK£YGHVU�TobgD�]£Y�deF<D�TLK>dgHVU�]�Y�½§R#F>F>dewQS�D�YGD�];F/R�¼QHVU�]
T�H`]>h�dgj�N�D�]uU�D-EcHVdeU�K<DLU*K�E)RV]OwQDLF<]}bgDLNGF<]�]<HVNGF<T�D�]�n�ÕAD-EGbeN�]�a)bgD�]OT/l)R#h�E�]OhkR#P`U�SLK>dgj*N�D�]OP�R#bqRVTLK>dgj�N�D�]ADLK
DtszK>F/R���P�R#bqRVTLK>dgj*N�D�]�R#N\]/DLdeU\YGD�]<j*N�DLbg]£]�½¾Dt��D�TLK>N�D4bqROEGF<HVE)R#P�R#K>dgHVUfYGD�]�E)R#F>K>dgTLNGbgD�]7HVU�K£NGU�T�HVh�E�HVF>K<DLhfDLU*K
T<l)RVHVK>dgj*N�D`az]<NGFoYGD�]rS�T<l�DLbebgD�]�R#bebqR#U�K�YGD

108 cm
»

1020 cm
� Ø ÷���a*Dts�TLbeN)R#U*KvbqRxEcH`]<]>de[GdebedeK<SuYGDOEGF<S�Y�deF<DObgD�]

K>F/R�IJD�TLK<HVdeF<D�]£YGDrhkR#UGdgiLF<DrEGNGF<DLhfDLU�K�YGSLK<DLF>h�deUGdg]>K<D`nVC�ROEGF<HVE)R#P�R#K>dgHVUfYGD�]�F/R�¼QHVU�]7T�H`]>h�dgj*N�D�];E�DLNGK£YGHVU�T
yLK>F<D�T�HVU�]>dgYGSLF<S�D�T�HVh�hfD�NGU¤EGF<H*T�D�]/]>N�]xY�d���N�]<d���IJN�]<j�N�½§»'l)R#NGK<DfSLU�DLF>P`dgD¬��bgDLNGF-Y�dg]>K>F>de[GNGK>dgHVUÅ]>E)R#K>dqR#bgD
D�]>K£l�HVhfHVPQSLU�SLdg]<S�Du]>NGF7YGDvP`F/R#U�YGD�]oS�T<l�DLbebgD�]�a)÷LY�debeN)R#U*K�÷�b�½ deU���HVF>hkR#K>dgHVUk]>NGF7bqR�F<SLE)R#F>K>deK>dgHVUkYGD�]4]<HVNGF<T�D�]�n

�rDLE�DLU�Y�R#U*K�a�bgHVF<]<j*N�D@b�½¾SLU�DLF>P`dgDfYGD�]xF/R�¼QHVU�]"T�H`]>h�dgj*N�D�]"R#NGP`hfDLU�K<D`a�NGU�DfR#UGdg]<HVK>F<HVEGdgD�EcDLNGK"R#EGE)R��
F/RO�gK>F<D�]<HVdeKxE)R#F<T�Dfj*N�DBb�½§R#EGEGF<H�szdehkR#K>dgHVUZY�d��cN�]>dewQD@U�½¾D�]>KxEGbeN�]xw`R#bqR#[GbgD`a�]<HVdeKxE)R#F<T�Dfj*N�D\bgD�T�H*Dt¥kTLdgDLU*K
YGDxY�d���N�]>dgHVU�YGDLwzdgDLU�K}]<N�¥k]/R#h�hfDLU�K}P`F/R#U�Y�E�HVNGF}j*N�DAYGD�]�deUGl�HVhfHVPQSLU�SLdeK<S�]uY�R#U�]�bqR@Y�dg]<K>F>de[GNGK>dgHVUmYGD�]
]<HVNGF<T�D�]uEGNGdg]/]<DLU�KAEGF<HzY�NGdeF<D"NGU¤Dt�cDLK�hfD�]>NGF/R#[GbgD`ncÉ7beN�]�E)R#F>K>dgTLNGbedgiLF<DLhfDLU�K�a�hfyLhfDB]>d;b�½¾HVU¤]<D-EGbqRVT�D@DLU
F<SLP`dehfD�Y�d���N�]>d��>a�bqRpYGDLU�]>deK<S�YGD�]x]<HVNGF<T�D�]xYGD@F/R�¼QHVU�]-T�H`]>h�dgj*N�D�]-Y�R#U�]AbqR�P�R#bqR�szdgD�D�]<K�wzF/R#dg]<DLhB[GbqR#[GbgDt�
hfDLU�KAEGbeN�]OSLbgDLwQS�D@Y�R#U�]�bgD�]OF<SLP`dgHVU�]�T�DLU*K>F/R#bgD�]AEGbeNGK<ÚVKxj�N�½¾DLU!E�SLF>deEGl�SLF>dgD`acT�D\j�NGd�E�HVNGF>F/R#deKxT�R#N�]<DLF�NGU
bgSLPQDLFADtsGT�i�]xY�N¤��N�s!DLUªY�deF<D�TLK>dgHVU�Y�NªT�DLU*K>F<D�P�R#bqRVTLK>dgj�N�D`a�DLKANGU2YGSt)TLdeK-Y�R#U�]AbqR�Y�deF<D�TLK>dgHVU�HVEGEcH`]<S�D`n
Õ�D@bqR¬hfyLhfD@��RVW�HVU�a�NGU2hfHVNGwQDLhfDLU�K@Y�½§RVY�wQD�TLK>dgHVUÅP`bgHV[)R#boY�N�Y�dg]<j*N�D�P�R#bqRVTLK>dgj�N�DfwQDLF<]-bgD�l)R#bgH¬EcDLNGK
yLK>F<DAbqR�T�R#N�]<D-Y�½ NGU�D"R#UGdg]/HVK>F<HVEGdgDxhfD�]>NGF/R#[GbgD`n

C�R�Y�dg]>K>F>de[GNGK>dgHVU�R#UGP`NGbqR#deF<D�YGD�]�F/R�¼QHVU�]xT�H`]>h�dgj*N�D�]xD�]>KAY�d�¥kTLdebgDf»'EGF<S�Y�deF<DBEGF<S�TLdg]/SLhfDLU�K�a�T�R#FxDLbebgD
YGSLE�DLU�Y¬YGD�]�T�HVU�Y�deK>dgHVU�]}YGDAEGF<HVE)R#P�R#K>dgHVU�a)j�NGd�]<HVU*K�F<DLbedgS�D�]u»BbqRB��HVdg]}R#N�spT�HVU��P`NGF/R#K>dgHVU�]O»BP`F/R#U�YGD-DLK
»�E�DLK>deK<D�S�T/l�DLbebgDfYGD�]-T<l)R#h�E�]"hkR#P`U�SLK>dgj�N�D�]�a�DLK"»�bqR�E�H`]<deK>dgHVU2YGD�bqRx(�DLF>F<D�E)R#FxF/R#EGEcHVF>KBR#N�sª]>K>F>N�Tt�
K>NGF<D�]}hkR#P`U�SLK>dgj*N�D�]OhkR�I>DLNGF<D�]�T�HVh�hfD-bgD�]O[GF/RV]u]>EGdeF/R#N�smYGD"U�HVK>F<D-P�R#bqR�s�dgD`n)C�RfEGF<S�]<DLU�T�DBY�R#U�]uU�HVK>F<D
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wQHVdg]>deU)R#PQDpYGD�U�HVh"[GF<DLN�]<D�]m÷L]<NGE�DLF@[GNGbebgD�]�÷�j*NGdrEcDLNGwQDLU�K�EcDLF<T�DLF@bgDpY�dg]<j�N�D'P�R#bqRVTLK>dgj*N�D¬DLK\EGF<HzY�NGdeF<D
YGD�]B÷LT/l�DLh�deU�S�D�]�÷-bgD-bgHVUGP'YGD�]<j*N�DLbebgD�]}bgD�]uF/R�¼QHVU�]�T�H`]>h�dgj�N�D�]OY�d���N�]/DLU�KuEGbeN�]}��RVTLdebgDLhfDLU*KOwQDLF<]ubgDxl)R#bgHGa
E�DLNGwQDLU*KuSLP�R#bgDLhfDLU�K�yLK>F<DxF<D�]>EcHVU�]/R#[GbgD�]uY�½§R#UGdg]/HVK>F<HVEGdgD�]u]>EcS�TLd�)j�N�D�]"� Ø ¦#��n

|7Um]<NGEGE�H`]/R#U*KuNGU�D-Y�dg]<K>F>de[GNGK>dgHVUml�HVhfHVPQiLU�D\YGD�]u]<HVNGF<T�D�]OY�R#U�]}bgD-Y�dg]<j*N�DxP�R#bqRVTLK>dgj*N�D"DLK}NGU�D"Y�d��ò�
��N�]<dgHVUfdg]<HVK>F<HVEcD`a`bqRxEcH`]>deK>dgHVUkDtsGT�DLU�K>F<S�D�YGD�bqR�(�DLF>F<DOY�R#U�]4bqRAP�R#bqR�szdgD\��F/RVY�dqR#bgDLhfDLU�K�DLK�wQDLF>K>dgT�R#bgDLhfDLU*KÎ�
EGF<H*Y�NGdeK¬NGU�D2R#UGdg]/HVK>F<HVEGdgD2Y�deE�HVbqR#deF<DªY�½§R#h�EGbedeK>N�YGD

α
EGF<HVEcHVF>K>dgHVUGU�DLbebgDÅR#N¨T�HzDt¥kTLdgDLU�KmYGDªY�d��cN�]>dgHVU

D(E)
a4beNGduhfyLhfD%YGSLE�DLU�Y�R#U*K�YGDmb�½¾SLU�DLF>P`dgDÅ�¤÷V^#��n4�uU�D!R#UGdg]<HVK>F<HVEGdgD%Y�deEcHVbqR#deF<D�EcDLNGK�R#N�]/]>d}EGF<H�wQDLUGdeF

Y�N¬hfHVNGwQDLhfDLU�KOF<DLbqR#K>d��£Y�N�]>¼�]>K<iLhfDx]<HVbqR#deF<DAE)R#FuF/R#EGE�HVF>KuR#N¬EGbqRV]>hkR�deU�K<DLF<]>K<DLbebqR#deF<D"K>F/R#U�]>E�HVF>K/R#U*K}bgD�]
deUGl�HVhfHVPQSLU�SLdeK<S�]-hkR#P`U�SLK>dgj*N�D�]"]>NGFxbgD�]/j�N�DLbebgD�]xY�d��cN�]<DLU�K"bgD�]xE)R#F>K>dgTLNGbgD�]�n�ÕxR#U�]ANGUªhfHzYGiLbgDf]>deh�EGbedg]>K<D
�¤÷V_���HVÈpbgD�]}]<HVNGF<T�D�]�]<HVU*KuY�dg]>K>F>de[GN�S�D�]}YGDAhkR#UGdgiLF<DAl�HVhfHVPQiLU�D-Y�R#U�]}NGU�Y�dg]<j�N�DAY�½¾SLE)R#dg]<]/DLNGF

2h
aGDLK}HVÈ

bgD�]uF/R�¼QHVU�]AT�H`]>h�dgj�N�D�]�]<HVU*K�T�HVU��U�S�]AY�R#U�]�NGUml)R#bgH�YGD"l)R#NGK<DLNGF
H
a�b�½§R#UGdg]<HVK>F<HVEGdgD�»�NGU�D\Y�dg]>K/R#U�T�D

z
R#N���YGD�]<]>N�]}Y�N¬EGbqR#UmP�R#bqRVTLK>dgj�N�D��

z < h
�vD�]>K}D�]<K>dehfS�D"»

δ ' 3D/cH × z/h
n

M�NGbeK>F/R�l)R#NGK<D�SLU�DLF>P`dgD`a�NGU¤Y�deEcÚVbgD@EcDLNGK"R#EGE)R#F/RO�gK>F<Df]>d£bgD�]AF/R�¼QHVU�]BT�H`]>h�dgj�N�D�]x]/DBEGF<HVE)R#PQDLU*KBYGD
��RVW�HVUËj*N)RV]>dehfDLU*KfF<D�TLK>debedeP`U�Dm»!E)R#F>K>deFfYGD¬]<HVNGF<T�D�]fDtsGHVK>dgj*N�D�]�F<DLbedgS�D�]k»!bqR!hkR#K>dgiLF<D¬U�HVdeF<D¬]>NGEGEcH`]<S�D
yLK>F<DkY�dg]>K>F>de[GN�S�DpY�R#U�]BbgDfl)R#bgHÆ�¤÷ � ��n��OU�D'R#UGdg]/HVK>F<HVEGdgD'Y�deEcHVbqR#deF<DkEcHVNGF>F/R#deK@SLP�R#bgDLhfDLU�K�yLK>F<DkEGF<HzY�NGdeK<D
E)R#F�b�½¾SLK/R#[Gbedg]<]<DLhfDLU*KrY�½ NGU�DuEGF<HVE)R#P�R#K>dgHVU�j*N)RV]>dehfDLU*KoY�d��cN�]>dewQDuDLU*K>F<D}NGU�Du]/HVNGF<T�D}YGHVh�deU)R#U�K<D���T�HVh�hfD
b�½§R#hkRV]�YGD��OdeF>PQH��\DLK@U�HVK>F<DpP�R#bqR�s�dgD`n;ÕAD�]@hBNGbeK>deE�ÚVbgD�]fY�½¾HVF<Y�F<DpEGbeN�]kSLbgDLwQS'EcDLNGwQDLU�KfSLP�R#bgDLhfDLU*K�R#E��
E)R#F/RO�gK>F<D�U)R#K>NGF<DLbebgDLhfDLU�K@Y�R#U�]"T�DLF>K/R#deU�]"hfH*YGiLbgD�]�n�É;R#FBDts�DLh�EGbgD`a�NGUÅj�N)RVY�F>deEcÚVbgDfYGHVh�deU)R#U�K\Y�R#U�]-bqR
Y�dg]>K>F>de[GNGK>dgHVU'R#UGP`NGbqR#deF<D}YGD�]�F/R�¼QHVU�]4T�H`]<h�dgj�N�D�]7EcHVNGF>F/R#deK7F<S�]>NGbeK<DLF4Y�½ NGUfDtsGT�i�]�DLU�EGF<H�wQDLU)R#U�T�DuY�N�EGbqR#U
]>NGEcDLF�P�R#bqRVTLK>dgj�N�D`n

ò 5�¸Ó@u1�?�5£·Ìº}6 B)µ'579�?)·c5÷B[@}6"·c9;5Ò³\6´·cº$#�@u1B1\5�¸¹571¢? 9ë@�B�¸¹:<?A6\5

Õ@½ NGUmEcHVdeU�KxYGD-wzN�D-PQSLU�SLF/R#b�acT�R#F/RVTLK<SLF>dg]<DLF�bgD�]xR#UGdg]<HVK>F<HVEGdgD�]AY�NmF/R�¼QHVUGU�DLhfDLU�K"T�H`]>h�dgj*N�D-EcDLF>hfDLK
Y�½¾HV[GK<DLUGdeFBYGD�EGF<S�TLdgDLN�]/D�]-deU���HVF>hkR#K>dgHVU�]B]>NGF"bqR¬Y�dg]>K>F>de[GNGK>dgHVUÅYGD�]"]<HVNGF<T�D�]�a�bqR¬]<K>F>N�TLK>NGF<DkYGD�]"T/l)R#h�E�]
hkR#P`U�SLK>dgj�N�D�]BDLK-bqR�w`R#bgDLNGF"YGD�]"T�HzDt¥kTLdgDLU�K<]\YGD�Y�d���N�]<dgHVU�Dt�cD�TLK>d���]�n�|�U2E)R#F>K>dgTLNGbedgDLF�a�b�½§R#NGP`hfDLU*K/R#K>dgHVU
YGD�]oT�HzDt¥kTLdgDLU�K<]vYGDOY�d���N�]>dgHVU¬R�wQD�TOb�½¾SLU�DLF>P`dgDAR"Y�½ deh�EcHVF>K/R#U�K<D�]vT�HVU�]<S�j*N�DLU�T�D�]v]>NGF4bqR-EGl�SLU�HVhfSLU�HVbgHVP`dgD
YGD�]�F/R�¼QHVU�]OT�H`]>h�dgj*N�D�]�P�R#bqRVTLK>dgj�N�D�]@��j*N�DAU�HVN�]�U�HVK<DLF<HVU�] a �� A]Î�tn

�rHVh�hfD}bgD�]�U�H�¼�R#N�skYGD�[)RV]<]/D�SLU�DLF>P`dgDu]<HVU*K�EGbeN�]7��RVTLdebgDLhfDLU�KrT�HVU��U�S�]oY�R#U�]4bqRAP�R#bqR�szdgD`aQdebg]�]�½§RVT�TLN��
h"NGbgDLU*KuDLU¬EGbeN�]vP`F/R#U�YGD-j*N)R#U�K>deK<S-j*N�DAT�DLN�spYGD�l)R#NGK<D-SLU�DLF>P`dgD`aGT�HVU�Y�NGdg]/R#U*K�R#deU�]>d�»\NGUpF/R#dgY�dg]<]<DLhfDLU*K
Y�N�]>EcD�TLK>F<D`nzC�DAbedgDLUmDLU�K>F<DAbqR\EcDLU�K<D

γobs
Y�N�]>EcD�TLK>F<D�hfD�]>NGF<SxYGD�] a  -�r]xa ∝ E−γobs

aGDLKvbqR\EcDLU�K<D-Y�N
]>EcD�TLK>F<Dx]<HVNGF<T�D"YGD�]�F/R�¼QHVU�]OT�H`]<h�dgj�N�D�]�a ∝ E−γs

a�YGSLEcDLU�Y�YGDxbqR�F<DLbqR#K>dgHVU%DLU�K>F<D"bgD-T�HzDt¥kTLdgDLU�KOYGD"Y�d��ò�



Ä*ú>v

��N�]>dgHVUfDLK4b�½¾SLU�DLF>P`dgD`a�T`½¾D�]>Ko»-Y�deF<DuYGD�bqR�w`R#bgDLNGFoYGD�b�½¾Dts�EcH`]/R#U�K
β
K<DLb)j�N�D

D(E) ∝ Eβ nQM�]>N�¥k]/R#h�hfDLU*K
l)R#NGK<DOSLU�DLF>P`dgD`a

γobs = γs +β
n*ÕAD}U�HVhB[GF<DLN�s'hfHzYGiLbgD�]vYGDuEGF<HVE)R#P�R#K>dgHVU¬Y�R#U�]rbqRxP�R#bqR�s�dgDuEcDLF>hfDLK>K<DLU�K

YGD@F<DLU�Y�F<D�T�HVh�EGK<DfYGD@bqR'wVR#bgDLNGF"YGD�]AEGF>deU�TLdeE)R#bgD�]BHV[�]<DLF>w`R#[GbgD�]-YGD�] a �� A]�n�C�D�]xw`R#bgDLNGF<]AF<D�j*NGdg]<D�]-YGD
β
a�E�DLNGwQDLU*KOyLK>F<DxT�DLEcDLU�Y�R#U�K�RV]/]<DLÔ-Y�d��cSLF<DLU*K<D�]OY�½ NGUmhfH*YGiLbgD"»\b�½§R#NGK>F<D`n
C�D�]ohfH*YGiLbgD�]rdeh�EGbedgj*N)R#U�KvNGU�DOY�d���N�]<]>dgHVUpY�R#U�]obgDOY�dg]<j*N�D�DLK4bgDOl)R#bgHGa�deU�TLbeN)R#U*KrNGU�wQDLU�KvP�R#bqRVTLK>dgj*N�D

HVN'NGU�DAY�d��cN�]>dgHVUpK>NGF>[GNGbgDLU�K<D-]>NGP`PQiLF<DLU*K-�¤÷V^���NGU�DOw`R#bgDLNGF�YGD
β
T�HVh�EGF>dg]<DADLU*K>F<D-_�n¤÷"DLK�_�n§^�a�DLU�RVT�T�HVF<Y

R�wQD�TvNGUf]>EcD�TLK>F<Dv]<HVNGF<T�D}R�wQD�T
γs ∼ 2.0

aQT�HVh�hfD}R#K>K<DLU�Y�NkY�R#U�]£bgD�T�RV]7YGDvbqROK>l�S�HVF>dgD�bedeU�S�R#deF<D�YGDvb�½§RVT�T�St�
bgSLF/R#K>dgHVU�Y�d���N�]>dewQDAE)R#F}T/l�H*T�]�nzÕ@½ NGUmR#NGK>F<DxT�ÚVK<S`a�bgD�]vhfHzYGiLbgD�]�EGF<DLU)R#U�KODLU�T�HVh�EGK<DAbqR\F<St�ÞRVT�T�SLbgSLF/R#K>dgHVU
YGD�] a �r]�YGD�[)RV]<]/D�SLU�DLF>P`dgD¬Y�R#U�]fbgD'h�debedgDLNXdeU*K<DLF<]>K<DLbebqR#deF<Dp��R�wQHVF>dg]<DLU*KfNGU�Dpw`R#bgDLNGF@YGD β ' 1/3

a�DLU
RVT�T�HVF<Y2R�wQD�T@bqR�K>l�S�HVF>dgD�]>K/R#U�Y�R#F<Y2YGD\bqRpY�d��cN�]>dgHVUªY�R#U�]-YGD�]xT<l)R#h�E�]"hkR#P`U�SLK>dgj�N�D�]-EGF<S�]<DLU�K/R#U*K-NGU�D
K>NGF>[GNGbgDLU�T�D�YGD�KÞ¼*EcD%�OHVbehfHVPQHVF<H�wcno¡*NGdew`R#U�K�T�DLK>K<D�l�¼zE�HVK>l�i�]<D`a�bgDp]>EcD�TLK>F<D']<HVNGF<T�D�]<DLF/R#deKfR#bgHVF<]\EGbeN�]
E�DLU*K>N�a�DLU

E−2.4 n�C�R�j*N�D�]>K>dgHVU%F<D�]<K<DBHVNGwQDLF>K<D�DLKAD�]>KAYGDBP`F/R#U�YGD\deh�EcHVF>K/R#U�T�D\E�HVNGFxYGSLK<DLF>h�deU�DLFANGU�D
K>l�S�HVF>dgD-YGDxb�½¾HVF>deP`deU�D-YGD�]�F/R�¼QHVU�]OT�H`]<h�dgj�N�D�]-�¤÷VÑ���n

ÕxR#U�]"T�DkT�HVU*K<DtszK<D`a�deboD�]<K"deU�K<SLF<D�]/]/R#U�K@YGDfU�HVK<DLF\j�N�DkbgD�]-hfD�]>NGF<D�]\Y�½§R#UGdg]<HVK>F<HVEGdgD�]\E�DLNGwQDLU*KBEcDLFJ�
hfDLK>K>F<DOYGDOT�HVU�K>F/R#deU�Y�F<D�bgD�]�hfHzYGiLbgD�]vYGDuY�d��cN�]>dgHVU'YGD�] a �� A]oR#deU�]>d�j�N�DubgDLNGFo]>EcD�TLK>F<Du]/HVNGF<T�D`a�EGNGdg]<j*N�D
bqR�wVR#bgDLNGF�YGDvb�½§R#UGdg]<HVK>F<HVEGdgDOYGSLE�DLU�Y�Y�NfT�HzDt¥kTLdgDLU�KrYGD�Y�d���N�]<dgHVU�n`C�½¾SLwQHVbeNGK>dgHVUkEGF<S�Y�deK<D}YGDvb�½§R#UGdg]/HVK>F<HVEGdgD
R�wQD�TBb�½¾SLU�DLF>P`dgD\D�]<KObedgS�D@R#NmhfHzYGiLbgD@YGD"Y�d��cN�]>dgHVU%NGK>debedg]/S`a�DLKAYGDLw*F/R#deKASLwQHVbeN�DLFxYGD"hkR#UGdgiLF<D@]>deh�debqR#deF<D@»
D(E)

a�T`½¾D�]<Ku»�Y�deF<DxDLU
Eβ n
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änÛGê�ÛÝÜ�Ñ�Ö]ß,Ú#Þ�ÑnÒ/ßnð#×�ßtÖ
á Ó]ð_ß,Ú�Ù!ÞnÜÝÛ=×�ÓIêFßtß�ð:Ó]ð�Ú6æ!Û�ð�ÜÊÖ1ß�ê�á ß�Ò�Ú6Ù�×�ß�ßnð%Þ�Ñ�Ò/æ!ê�å�Ù!ð�Ü±ê>á Ñ�ë/Ó6Ù*ÜÝÛ=æ!ð|Ö1ß�êFÙ¥Ö!Û õTÓ1ÒnÛÝæ!ðb3
Ù�Ö!åCß�×AÜÝÛÝæ!ðw×>æ*Þ�Þ>ß�Ò�Ú�æ!ð#Ö�Ù!ð#Ü�ß��

+3Ù:×>æ*ð~ð#Ù!ÛGÒ�Ò/Ù!ð#×�ßÕÖ1ß¶×�ß�Ü=Ü�ß¥Ò�æ!ê�Ó6ÜÝÛÝæ!ð:Ú�ßnÞnÔ¹ß/Ü±Ú6Ù!Þ¶Ù!ð#Ù!êFæ>é!Û�ß¶Ö1ßÕ×>Ù!êF×�ÓIêFßnÞ¶êFÙâÚ#Þ�æ1ä�Ù1ä�ÛGê�Û�Ü�ÑdÖ1ß�Þ>ß�×>æ*ð�Ò43
ÜÝÞ�ÓIÛGÞ>ß�ÓIð_ß¶Ù!Ô�Ú#ê�ÛÝÜÝÓ6Ö1ßÕÖ1ß¶Ö!Û Ú.-!êxß

αrec
û�×>æ*Þ�Þ>ß�Ò�Ú�æ!ð#Ö�Ù!ð#Ü�ì�ÓIðwåAÞ�Ù!Û�Ö*ÛRÚ.-*êFßÕÖ
á Ù*Ô�Ú_ê;ÛÝÜÝÓ6Ö]ß

α
Ò/æ!Ó1Òç30//Ù�×�ßnð#Ü

Ö�Ù!ð�ÒtêxßvêFæ*Ü�Ö1ß�Ö�æ!ð~ð_Ñ�ß�Ò�Ñ�ÜÝÓ�Ö!Û=Ñ��
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ÕxR#U�]"NGUÆh�debedgDLNÆl�HVhfHVPQiLU�D�DLK\dg]<HVK>F<HVEcD`a�bgD'T�H*Dt¥kTLdgDLU*KfYGDkY�d��cN�]>dgHVU
D
]/DkYGSt�UGdeKf»¬E)R#F>K>deF�YGD

b�½¾S�j�N)R#K>dgHVUpYGDu{;dgT Ç �
J(r) = −DO n(r)

HVÈ
J(r)

D�]>K4bgD}wQD�TLK<DLNGFvYGDLU�]>deK<SOYGDOT�HVNGF/R#U�KvT�HVF>F<D�]>EcHVU�Y�R#U�K
R#N�[GdebqR#UmU�DLKOY�NmU�HVh"[GF<DBYGDxE)R#F>K>dgTLNGbgD�]�K>F/R�wQDLF<]/R#U*KONGU�D"]>NGFJ��RVT�D-NGUGdeK<S-EcDLU�Y�R#U�K � ]<D�T�HVU�YGD`a)DLK n(r)
bqR@YGDLU�]>deK<SxU*NGhfSLF>dgj�N�DBYGDAE)R#F>K>dgTLNGbgD�]�n

�OU T�R#bgTLNGb�Y�deF<D�TLK�YGD
J(r)

Y�R#U�]kbgD%T�RVY�F<DmY�½ NGU hfHzYGiLbgD�E)R#F>K>dgTLNGbedgDLFpEcHVNGFfbgD�hfHVNGwQDLhfDLU*K¬YGD�]
E)R#F>K>dgTLNGbgD�]���hkR#F<T<l�D�R#bgS�R#K<HVdeF<D@HVNmbede[GF<DBE)R#F<T�HVNGF<]AhfH�¼QDLU��uE�DLF>hfDLKAR#bgHVF<]AY�½¾DtszEGF>dehfDLF

D
DLU���HVU�TLK>dgHVU

YGD�]uYGHVUGU�S�D�]OY�NmEGF<HV[GbgiLhfDk�
c
a)bqR@w*deK<D�]/]<Dk��]>NGEGEcH`]<S�D-T�HVU�]>K/R#U*K<D��}YGD�]uE)R#F>K>dgTLNGbgD�]ODLKuNGU�D-bgHVUGP`N�DLNGF

λ
F<DLEGF<S�]<DLU�K/R#U*K-bgD\E)RV]xYGD\bqRkhkR#F<T/l�DkR#bgS�R#K<HVdeF<D�HVN¤bgD\bede[GF<D@E)R#F<T�HVNGF<]xhfH�¼QDLU2Y�N¤EGF<HzT�D�]<]>N�]xR#bgS�R#K<HVdeF<D`n
� U�HV[GK>dgDLU�KAR#bgHVF<]}bgD�]�F<DLbqR#K>dgHVU�]uF<S�]>NGhfS�D�]uY�R#U�]�bgDAK/R#[GbgD�R#N!]>NGdew`R#U�K"�

Ï!R#F<T/l�D"R#bgS�R#K<HVdeF<D C�de[GF<D-E)R#F<T�HVNGF<]}hfH�¼QDLU
� Y�dehfDLU�]>dgHVU D = λ c/2 D = λ c
Ñ@Y�dehfDLU�]>dgHVU�]

D = λ c/4 D = λ c/2

~ Y�dehfDLU�]>dgHVU�] D = λ c/6 D = λ c/3

9 ï�Ú#Þ>ß�Ò�Ò�Û=æ!ð�Ò�Ö!ÓY×�æEß76 ×�Û�ßnð�ÜTÖ1ß�Ö!Û õTÓ1ÒnÛÝæ*ð D Ö�Ù!ð~Òùêxß�Ò�Ö!Û õ�ÑnÞ>ßnð�Ü�Ò�×>Ù!Ò�ßnð~åAÛGÒ�ÙAé]Ñ�Ò��

C�½¾S�j*N)R#K>dgHVU¬YGDOT�HVU�]<DLF>w`R#K>dgHVUpbgH*T�R#bgD�Y�NpU�HVh"[GF<DAYGDOE)R#F>K>dgTLNGbgD�]x� ∂n(r,t)
∂t + ∇ ·J(r) = 0

T�HVU�Y�NGdeK
R#bgHVF<]u»\b�½¾S�j*N)R#K>dgHVU%YGDAbqR�Y�d��cN�]>dgHVU¬l)R#[GdeK>N�DLbebgDk�

∂n(r, t)

∂t
− D4n(r, t) = 0

� Ø n � �

YGHVU�K�bqR2]/HVbeNGK>dgHVU�[GdgDLU�T�HVUGU�N�D!E�HVNGF'NGU�D�deUVI>D�TLK>dgHVU�DLU
r = 0

DLK
t = 0

arD�]>KkYGHVUGU�S�D%E)R#F�bqR
P�R#N�]<]>dgDLUGU�Dk�ò��HVU�TLK>dgHVUmYGD" �F<D�DLU%Y�N�EGF<HV[GbgiLhfD��x�

n (r, t) =
1

(4πD t)3/2
exp

(
− r2

4D t

) � Ø n§ÑQ�

C�½¾S�j*N)R#K>dgHVU¤� Ø n§ÑQ��D�]>K�bqR-bedeh�deK<DuT�HVU�K>deU*N�DAY�NkEGF<HzT�D�]<]>N�]oR#bgS�R#K<HVdeF<D�]<HVN�]J�eI<RVT�DLU�K�nzÕxR#U�]�bgDOT�RV]4Y�½ NGU�D
hkR#F<T<l�DkR#bgS�R#K<HVdeF<D'»�K>F<HVdg]-Y�dehfDLU�]>dgHVU�]-YGD@E)RV]

λ
a�]�½¾Dt��D�TLK>N)R#U�KB»�wzdeK<D�]<]<D@T�HVU�]>K/R#U*K<D

c
acbgD@K<DLh�E�]-D�]>K

Y�deF<D�TLK<DLhfDLU�K�EGF<HVE�HVF>K>dgHVUGU�DLb�R#N�U�HVhB[GF<DBYGD"E)RV]
N
YGDxbqRfhkR#F<T<l�D��

t = Nλ/c
a)DLK

D
D�]<KuYGHVUGU�S"E)R#F
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D = λc/6
��Tt�£K/R#[GbgD�R#N��tn � UmE�DLNGK}YGHVU�TxF<S�S�TLF>deF<D'� Ø n§ÑQ�vT�HVh�hfDk�

p (r, N) =

(
2πNλ2

3

)−3/2

exp

(
− 3r2

2Nλ2

)
.

� Ø n ~ �

j�NGd�YGHVUGU�DubqRBYGDLU�]>deK<S�YGD}EGF<HV[)R#[GdebedeK<SxYGD}EGF<S�]/DLU�T�D�Y�½ NGU�DOE)R#F>K>dgTLNGbgD�deUVIJD�TLK<S�D�DLU
r = 0

DLK
t = 0

R#EGF<i�]
N
E)RV]�n)�rDLK>K<D-Y�dg]<K>F>de[GNGK>dgHVU%D�]>K}YGHVU�TxP�R#N�]/]>dgDLUGU�Dk��»\P`F/R#U�Y

N
�taGY�½¾S�T�R#F>KuKÞ¼*EcD

σ =
√

Nλ2

3

n � U�EcDLNGK
U�HVK<DLF�j*N�DBT�D"F<S�]>NGbeK/R#KAE�DLNGKASLP�R#bgDLhfDLU�Kx]�½¾HV[GK<DLUGdeF-»fE)R#F>K>deFAY�N!K>l�S�HVF<iLhfD@T�DLU�K>F/R#b£bedeh�deK<D`acDLUmU�HVK/R#U*K
j�N�Drb�½¾S�T�R#F>K7K�¼zEcDrYGDrbqRAY�dg]>K>F>de[GNGK>dgHVUfYGD�]7YGSLEGbqRVT�DLhfDLU*K<]4]>NGdew`R#U�K7bgD�]�R�sGD�]

x
a
y
DLK
z
R#EGF<i�]£NGU�E)RV]£w`R#NGK��

< (ri)
2
x >=< (ri)

2
y >=< (ri)

2
z >= λ2

∫
u2
x , y ,z p(u) dΩ =

λ2

3

� Ø n �*�

HVÈ
p(u)

D�]>KobqR-YGDLU�]>deK<S�YGDuEGF<HV[)R#[GdebedeK<SAY�½¾Dt��D�TLK>N�DLFoNGU�E)RV]rY�R#U�]4bqRBY�deF<D�TLK>dgHVU
u
a*j*NGd)w`R#NGK

1/4π
Y�R#U�]

bgDxT�RV]�l�HVhfHVPQiLU�D"DLK}dg]/HVK>F<HVE�D`n
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8 �@©$��³µ´O�@�$�)§� °ª�¢¬¡�«À³"�J���$��¢¤¡�§.���|¨�ª��O�$³¿�$¢¬«À¢¤¡�§6���|¨�ª�§¶�����$ ·�6�°�

r
��± ©$���.¨$³¿ª�¡�¢É ·©�«À�.¢¬�¿�	�� n¡�§°�|���

r = 0
�·¡

t = 0
Á�³µØ�³¿��¡^�·Æ��� n¡�©�§

N
¨$³@���J�|«À�@�$²@©���©�ª

λ
��©�¢¬´Å³@�O¡�©��u¨�ª��J ·�¶����©$�^�J�|¯�³¿ªU UÇ��.³¿«À§�³Å¡��@¢Àª��3ë

p (r, N) =

(
2πNλ2

3

)−3/2

exp

(
− 3r2

2Nλ2

)
.

æ:9$½ »Oé
8 �@©$�V¨g�@©$´@�@���L§°²O³@«¬��¯"�°��¡' °³¿«É ·©$«¬��ª>«É³|�J¢É�	¡�ª�¢À��©J¡�¢¬�O���J��«À³.�J¢É��¡�³¿�� ·��¹6«F± �@ª�¢À²@¢À���@Á¿���@¢¬¡'«À³6���Oª�¯"���J�

r
Á@������@¯"¯�³¿��¡L��©�ªL¡��@©$�>«À���V³¿�$²@«À���>«À³6�J¢É�	¡�ª�¢À��©J¡�¢¬�O�

p (r, t)
½ Í ³6�J�°�$��¢¬¡�§��J�^¨�ª��@�$³@��¢¬«À¢¬¡�§)¨��O©�ª'È�©��

r
³¿¨�¨�³¿ª�¡�¢À�°�����¹

[r , r + dr ]
����¡��J�@�$ .�J�O����§��|¨$³¿ª.ë

p (r, t) = 4πr2
(

2πNλ2

3

)−3/2

exp

(
− 3r2

2Nλ2

)
.
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= â?>A@�ànä°â�B$á?CÅá7D:E�BbßOâGFHC}ß@â�B�ä4Dçá`àBßOâI>.@JELKMCLK�DNFODçá`à"ß@âP>A@�à·ä°âQB�ã�âRCS>.@JT·äVUWB�âYXZC�@�ãM[�âRC�U\[]Cµä�C�@�ß�ß@â
N
>]Cµä^>]E�UW@

N = 10 _ N = 25
â°á
N = 50 `ba C5cedLUW@�â�ßOâfdgC�U$ãM[�â�@�â?>A@�ànä°â�B$á`âYFHCHß�DÉäná7@4D:KQUJá7D:E�Bxßih UWBgâ3ß@â·ä�ãME�X5>jEÅäQC�B$á`ânäß@â�FHCV>jEÅä4Dçá2D:E�BkC�FHE�@Uäml�U$âGFHC5cedLUW@�â�ßOâ"ß�@JE�Dçá4âm@�â?>A@�à·ä°âQB�á4âmFHC�ß�DÉäná2@4D:K�UJá2D:E�BZß�UnXoE¶ß�UWF¬â3ß�UnpÅâUã·á`â�UW@�>]Eµä4Dçá7D:E�B

r `ia h C�DN@�â|ä�E�U_äqF¬â·äXãSE�UW@�KUânäV@�â·äUá`âXàrdgC�F¬âRsut _ C�FHE�@Uäml�U$âYFHC5vQE�B�ã·á7D:E�BeäWh à°á?C�F¬âGpµâ�@UäYF¬ânä$dL@JC�B�ß@â·ä|ß�DÉäUá?C�B�ãUânä _ F¬âXZE�ß�UWF¬â3ß@âmFHC}ß�DÉänárC�BgãUâGFwCq>AF0U_ä*>.@JELKMC�KQF¬â�ä°âXäMDçá7U]C�B�á^s}âQBxpyDN@JE�B
λ
√
N `
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C�D�]7F<S�]>NGbeK/R#K<]oTLd���YGD�]<]>N�]�HVU*KoSLK<S�HV[GK<DLU*N�]oY�R#U�]7bgDuT�RV]�Y�½ NGU�D}Y�d��cN�]>dgHVUfl�HVhfHVPQiLU�D`a�T�HVF>F<D�]<E�HVU�Y�R#U*K
»�NGUªEGF<H*T�D�]<]<N�]-YGD@hkR#F<T<l�DkR#bgS�R#K<HVdeF<D!��HVN2YGD�C�É�Ïª�xR#N�T�HVNGF<]-Y�N�j*N�DLb7bqR¬Y�deF<D�TLK>dgHVU�YGD�]-E)R#F>K>dgTLNGbgD�]
T<l)R#UGPQD�YGDrhkR#UGdgiLF<Drdg]<HVK>F<HVE�D`nQ¡*d�R#EGF<i�]7T<l)RVj*N�DvdeU�K<DLF/RVTLK>dgHVU'YGDobqRuE)R#F>K>dgTLNGbgD`aVbqROU�HVNGwQDLbebgD�Y�deF<D�TLK>dgHVUfD�]>K
Y�dg]>K>F>de[GN�S�D-]>NGdew`R#U�KONGU�DxbgHVd�YGDxEGF<HV[)R#[GdebedeK<S"U�HVUmNGUGd���HVF>hfD-]>NGF}bqR�]<EGl�iLF<D`aGb�½¾S�j�N)R#K>dgHVU!YGDxbqR�Y�d��cN�]>dgHVU
T�HVF>F<D�]>E�HVU�Y�R#U*K�»@T�DxEGF<HzT�D�]<]>N�]�D�]<K�hfH*Y�d�)S�D`n

ÕxR#U�]AbgD�T�RVY�F<D�YGD@b�½§R#U)R#bgHVP`dgDfSLwQH*j*N�S�D@TLd���YGD�]<]>N�]�acdeb7D�]>KxdeU*K<SLF<D�]<]/R#U*K"YGD�T�HVU�]>dgYGSLF<DLFxbgD�T�RV]xHVÈªbqR
YGDLU�]>deK<SAYGDOEGF<HV[)R#[GdebedeK<S-E�HVNGFvbqRBE)R#F>K>dgTLNGbgDxY�½§R�wQHVdeFu]ÎR"Y�deF<D�TLK>dgHVUmT�DLU*K>F<S�D-R#NGK<HVNGF}YGD

u
Y�R#U�]vNGU�R#UGP`bgD

]<HVbedgYGD
dΩ

D�]>KOYGHVUGU�S�DxE)R#F"�
p(u) =

1 + αd · u
4π

� Ø n¤÷`�

HVÈ
d
D�]>KANGUªwQD�TLK<DLNGF-NGUGdeK/R#deF<D@Gs�R#U�K"NGU�D�Y�deF<D�TLK>dgHVU�EGF>dewzdebgSLP`dgS�D�E�HVNGFxbqRpY�d��cN�]>dgHVU�n�C�R�EGF<HV[)R#[GdebedeK<S

Y�½§R�wQHVdeFfNGU�D¬Y�deF<D�TLK>dgHVU
u
D�]>K�YGHVU�T¬hfH*Y�NGbgS�DpE)R#F�NGUXK<DLF>hfD¬DLUËT�H`]<deU�N�]fYGDpb�½§R#UGP`bgD¬DLU*K>F<D

u
DLK

d
a

YGHVU�K\b�½§R#h�EGbedeK>N�YGD�D�]<KBYGHVUGU�S�D'E)R#F"bqR�T�HVU�]<K/R#U�K<D
α
�}T�HVh�EGF>dg]<D�DLU�K>F<D¬_�DLK � �tn � UÆF<D�T�HVUGU)R#deK\]/HVN�]

T�DLK>K<Du��HVF>hfD�bgD�]rEGF<DLh�dgDLF<]vK<DLF>hfD�]-��hfHVU�HVE�ÚVbgD�?ÌY�deE�ÚVbgD��oY�½ NGU¬YGSLwQDLbgHVEGEcDLhfDLU�Ku]>NGFvbgD�]rl)R#F>hfHVUGdgj*N�D�]
]>EGl�SLF>dgj�N�D�]uYGD-T�Dxj�NGd�]/DLF/R@bqR@Y�dg]>K>F>de[GNGK>dgHVU!R#UGP`NGbqR#deF<DBYGD�]�F/R�¼QHVU�]OT�H`]>h�dgj*N�D�]�E)R#F}bqR�]>NGdeK<D`n

C�R@YGDLU�]>deK<SAYGDxT�HVNGF/R#U�K
Jz
azT�HVF>F<D�]<E�HVU�Y�R#U*KOR#N¬[GdebqR#U¬U�DLK�YGD�]�E)R#F>K>dgTLNGbgD�]�K>F/R�wQDLF<]ÎR#U�K}NGU�Dx]>NGFJ��RVT�D

SLbgSLhfDLU�K/R#deF<D-EcDLF>EcDLU�Y�dgTLNGbqR#deF<DB»\b�½§R�sGD
Oz

EcDLU�Y�R#U�KONGU�Dx]<D�T�HVU�YGDxEcDLNGKu]�½¾S�TLF>deF<D"R#N¬EGF<DLh�dgDLF�HVF<Y�F<Df�

Jz =
1

4π τ

∫ θ=π/2

θ=0

∫ ϕ=2π

ϕ=0
dϕ cos θ sin θdθ

∫ λ

0
d` [1 + αd · u(θ, ϕ)]

(
−2`u(θ, ϕ) · −→∇n(r)

)

� Ø n§¦Q�
HVÈ��

θ
a
ϕ
��YGS�]>deP`U�DLU�K}bgD�]uT�H*HVF<YGHVUGU�S�D�]�]>EGl�SLF>dgj*N�D�]}Y�½§R�s�D

Oz
n

|7UmDt��D�TLK>N)R#U�KOb�½ deU�K<SLP`F/R#K>dgHVU�a�bqR�wVR#bgDLNGFuYGD
Jz
]�½¾DtszEGF>dehfD-]/HVN�]�bqR\��HVF>hfD��

Jz = −1

6
λ c

∂n

∂z
+

1

3
α c dz n(r)

� Ø n§^Q�

HVÈ
dz
D�]>KvbqR@T�HVh�E�H`]ÎR#U�K<D-Y�N¬wQD�TLK<DLNGF

d
]>NGFvb�½§R�s�DxYGD�]vÔQnGC�DAhfyLhfDxT�R#bgTLNGb�E�DLNGK�yLK>F<DAhfDLU�SAEcHVNGF�bgD�]

R#NGK>F<D�]}T�HVh�E�H`]ÎR#U�K<D�]�YGD
J
T�D-j*NGd�EcDLF>hfDLKuY�½¾HV[GK<DLUGdeFubqR\F<DLbqR#K>dgHVUÆ�

J = −D−→∇n(r) +
1

3
α cn(r)d

� Ø n � _Q�

Y�R#U�]BbqRVj*N�DLbebgD
v = 1

3 α cn(r)d
a£j�NGdv]�½ dgYGDLU*K>d�)D�»mNGU�Dª÷twzdeK<D�]<]<D�Y�½§RVY�wQD�TLK>dgHVU�÷Va7T�HVF>F<D�]>EcHVU�Y�R#U�K'R#N
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hfHVNGwQDLhfDLU�K�YGD-YGSLF>dewQDxP`bgHV[)R#bgD-j*NGd�D�]>K}deh�EcH`]<S-R#N�spE)R#F>K>dgTLNGbgD�]�n
|7U!Dt�cDLK�a�F<DLh�EGbqRVW�R#U�KAb�½¾Dts�EGF<D�]<]>dgHVU¤YGD

J
Y�R#U�]Ob�½¾S�j�N)R#K>dgHVU¤YGDBT�HVU�]/DLF>wVR#K>dgHVU¤Y�NmU�HVhB[GF<D\YGD"E)R#FJ�

K>dgTLNGbgD�]�aGb�½¾S�j*N)R#K>dgHVUmYGDAbqR�Y�d��cN�]>dgHVU��VRVY�wQD�TLK>dgHVU%]�½¾S�TLF>deK"�

∂n(r, t)

∂t
− D4n(r, t) + v · −→∇n(r, t) = 0

� Ø n �`� �

C�R�]<HVbeNGK>dgHVUªYGDBb�½¾S�j�N)R#K>dgHVU2YGD\Y�d���N�]<dgHVUªR�wQD�TfRVY�wQD�TLK>dgHVU¤E�HVNGFANGU�D\deUVIJD�TLK>dgHVUªYGD�]�E)R#F>K>dgTLNGbgD�]-DLU
r = 0

DLK
t = 0

D�]>K}YGHVUGU�S�D-E)R#F}bqR\P�R#N�]<]>dgDLUGU�Df�

n (r, t) =
1

(4πD t)3/2
exp

(
−(r− v t)2

4D t

)
� Ø n � ÑQ�

��R#dg]ÎR#U�K"R#EGE)R#F/RO�gK>F<DkDts�EGbedgTLdeK<DLhfDLU�KBbgD@hfHVNGwQDLhfDLU�K@Y�½¾DLU�]<DLh"[GbgD'»�w*deK<D�]<]/D
v
YGD�]xE)R#F>K>dgTLNGbgD�]�a�R�wQD�T�bqR

hfyLhfD-Y�dg]>EcDLF<]>dgHVU�j*N�DxY�R#U�]}bgDxT�RV]�dg]<HVK>F<HVEcD`n
|7U�S�TLF>dew`R#U�K}T�HVh�hfDAEGF<S�T�S�YGDLh�hfDLU*Kub�½¾S�j*N)R#K>dgHVUmTLd���YGD�]<]>N�]�]<HVN�]�]ÎR-��HVF>hfDADtszEGF>dehfS�D"DLU'��HVU�TLK>dgHVU

YGD�]}j*N)R#U�K>deK<S�]uYGD-bqR\hkR#F<T<l�DBR#bgS�R#K<HVdeF<D
n
DLK
λ
a�bqR�YGDLU�]<deK<S-YGDAEGF<HV[)R#[GdebedeK<SBYGDAEGF<S�]/DLU�T�D"R#EGF<i�]

N
E)RV]

D�]>K}YGHVUGU�S�DxE)R#F"�

p (r, N) =

(
2πNλ2

3

)−3/2

exp

(
−3 (r−Nαd/3)2

2Nλ2

)
.

� Ø n � ~ �

j�NGd�D�]<K}YGHVU�TxNGU�DxP�R#N�]<]>dgDLUGU�D"T�DLU�K>F<S�D"]<NGF
Nαd/3

a�Y�½¾S�T�R#F>KuKÞ¼*EcD
σ =

√
Nλ2

3

n
C�D}T�HzDt¥kTLdgDLU�K

α
j*N�D�U�HVN�]4R�wQHVU�]�deU�K>F<HzY�NGdeKoY�R#U�]4b�½¾DtszEGF<D�]/]>dgHVUkYGDvbqRxYGDLU�]>deK<SuYGDvEGF<HV[)R#[GdebedeK<S

p(u)
T�HVF>F<D�]>EcHVU�Y�F/RÆR#bgHVF<]¬Y�deF<D�TLK<DLhfDLU*K%»Åb�½§R#h�EGbedeK>N�YGDªY�N�Y�deE�ÚVbgD!hfHzY�NGbqR#U�K¬bqRÆY�dg]>K>F>de[GNGK>dgHVU¨R#UGP`NGbqR#deF<D
YGD�] a �r]�a7DLK�bgD¬wQD�TLK<DLNGF d

deU�Y�dgj�N�DLF/R�]/R¤Y�deF<D�TLK>dgHVU�n4C4½¾S�j�N)R#K>dgHVU Ø n � ~ E�DLF>hfDLK>K>F/RªYGDmj�N)R#U*K>d�)DLFkbqR
Y�dg]>EcDLF<]>dgHVUkK>l�S�HVF>dgj*N�D�]oYGD�]ow`R#bgDLNGF<]�F<D�T�HVU�]>K>F>NGdeK<D�]vYGD�]oE)R#F/R#hfiLK>F<D�]rY�N�Y�deE�ÚVbgD`a�bgHVF<]oYGDub�½§R#U)R#be¼z]/DuY�½ NGU
bgHVK}YGD-YGHVUGU�S�D�]uT�HVU*K<DLU)R#U�K

N
Y�deF<D�TLK>dgHVU�]OY�½§R#F>F>dewQS�D�]�n
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�g�ÊÀ Ä�Ã ÀÒ( ��Ä Ô � Æ�'ÏÇ �ÏÀ � Ì Ë

Ð�Ñ�ÒnÓ]ÔÕÑ�Ö!ÓY×nØ6Ù�Ú#ÛÝÜÝÞ�ß¶à

+3ÙdÔÕÑ�Ü�ØIæAÖ]ßC;6è�ç�Ú~ßnÞ�ÔÕß�Ü�ûTìâÚ6Ù!Þ�ÜÝÛGÞ¥Ö
á Ó]ðfêFæ*ÜTÖ1ß¥Ö�æ!ð~ðuÑ>ß�Ò�×>æ*ð�Ü�ßnð#Ù!ð#Ü êFÙ:Ö!Û�Þ�ß>×/ÜÝÛÝæ*ð5Ö
á Ù!Þ�ÞnÛ�åCÑ>ß¶Ö1ßnÒ
Þ'Ù0/�æ!ð~Òd×>æCÒ�Ô¥Û=ë�Ó~ß�Ò¹Ò�ÓIÞ¹êFÙ|Ò�Ú�Ø6ÿ�Þ�ß:×�ÑnêFßnÒnÜ�ß�ûvÖ
á ß�ÒnÜÝÛ�ÔÕßnÞ¹ê>á Ù!Ô�Ú#ê�ÛÝÜÝÓ6Ö1ß%ß�Ü�êFÙ Ö!ÛGÞ>ß�×/ÜÝÛ=æ!ð Ö
á ÓIð_ß%ÑnåCßnð�ÜÝÓ~ßnê�êFß
Ù!ð~ÛGÒ�æ*ÜÝÞ�æ�Ú#Û�ß¶Ö!Û Ú6æ!êFÙ!Û�Þ�ßÕæ!Ówë�Ó6Ù1Ö!Þ�ÓEÚ6æ!êFÙ!Û�Þ�ßtÚ#Þ>Ñ�ÒAßnð�Ü�ß¹Ö1Ù!ð�Ò¥×�ß�ÒÕÖ�æ!ð~ð_Ñ�ß�Ò�� 9 ê�êFßâé1Ñnð_ÑnÞ�Ù!ê�ÛhÒAß¶êFÙ�Ú#Þ�æA×�Ñ>Ö!Ó]Þ>ßÖ
á Ù*ð#Ù!ê /�ÒAß¥Ö1ßvÐTÙ2/CêxßnÛFéCØ|Ø6Ù1änÛÝÜÝÓ�ßnê�êxßnÔÕßnð�ÜTÓ6ÜÝÛGê�ÛGÒ/Ñ>ß�û�ë�ÓIÛ�ð_ß�Ú�ßnÞnÔÕß�ÜWÚ6ÙCÒ¹Ö1ß�Þ>ßnÔ¹æ!ð�Ü�ß�Þ¥Ö!Û�Þ>ß�×/Ü�ßnÔÕßnð�Ü{Ù!Ó*ï
Ú6Ù!Þ�Ù!ÔÕÿ�ÜÝÞ�ßnÒùÖ1ß�ê>á Ù*ð~ÛhÒ/æ*ÜÝÞ�æ�Ú#Û�ßu�-Ù!Ô�Ú#ê�Û�ÜÝÓ�Ö1ßtß�ÜÊÖ!Û�Þ�ß�×AÜÝÛÝæ!ð��`�!+
Ù�Ô¹Ñ/Ü�ØIæAÖ1ß¢;�è�ç�Ò�á Ù�Ú�Ú#ê�Û=ë�Ó�ßùÖ1Ù!ð�Ò�êxßù×>ÙCÒ{æ08
êFß�Ö1Ñ�Ü�ß>×/Ü�ßnÓIÞ¶×�æ!ð�Ò�Û=Ö1ÑnÞ>Ñ�Ú6æCÒ�Ò/ÿ�Ö]ß�Ó]ðuß�×�æ!Ó]å!ßnÞnÜÝÓIÞ>ß¹Ü�æ*Ü�Ù*êFß¥æ!Ó¶Ú6Ù!Þ�ÜÝÛ=ßnê�êxß¥Ö!ÓY×�Û�ßnê;û,Ò�Ù!ð~Ò�6�ÜÝÞ�ß�Ú�æ!Ó]Þ¥Ù!Ó6Ü�Ù!ð�Ü
Ó]ð~Û ñ/æ!Þ�ÔÕß��

+3Ù:×>ÙnÚ6Ù�×�ÛÝÜ�Ñ¹Ö!Ó Ö1Ñ�Ü�ß>×/Ü�ßnÓIÞÕì�Ô¹ßnÒ�ÓIÞ�ßnÞ¥ÓIð_ß¥Ù!ð~ÛGÒ�æ�ÜÝÞ'æ�Ú_Û=ß�Ú_Þ�Ñ�×/ÛhÒAÑnÔÕßnð�Ü�Ù!åCß>×¹êFÙ�ÔÕÑ�Ü�ØIæAÖ1ß�Ú�ßnÓ6Ü¢6�ÜÝÞ>ß
×>Ù!Þ�Ù�×/Ü�ÑnÞnÛhÒAÑ>ßtÚ6Ù!Þ�Ó]ðfÒAßnÓIê±ð_æ!ÔÕänÞ�ßnû�êFÙâÚ#ÓIÛhÒ�Ò�Ù!ð#×�ß¹Ö1ß�Þ>ß�×>æ*ð�ÒnÜÝÞnÓ6×AÜÝÛÝæ!ð~û�ë�Ó]ÛTÖ1Ñ�Ú~ßnð#Ö|Ö]ß�êúÙ{ñ/æ!ÞnÔÕß¶Ö1ß�êFÙ
ñ�æ!ð_×/ÜÝÛÝæ*ðNÖ
á ß�ï�Ú6æ!Ò�ÛÝÜÝÛÝæ!ðwÖ!ÓNÖ1Ñ�Ü�ß�×/Ü�ß�Ó]Þ¹ßnð ë�Ó�ßnÒnÜÝÛ=æ!ð��

7âÙ*ð�Òâêxß¶×>ÙCÒ¹Ö
á Ó]ð_ß¥×�æ!Ó]å!ßnÞnÜÝÓIÞ>ßvÚ6Ù!Þ�ÜÝÛ=ßnê�êxß�û�êFÙ�Ú#ÓIÛGÒ�Ò�Ù*ð#×�ß¶Ö1ß¥Þ�ß�×�æ!ð�ÒnÜÝÞnÓ�×/ÜÝÛÝæ*ðþÖ!Ó Ö!Û Ú.-!êxß¹Ö1Ñ7Ú�ßnð#ÖYÖ1ß
ê�á Ø^/�Ú6æ*Ü�Ø6ÿnÒ/ß�ë�Ó�ßvê>á æ!ðâñ�Ù!ÛÝÜÊÒnÓ]ÞùêFÙÕÖ!ÛGÒnÜÝÞnÛ=ä�ÓIÜÝÛ=æ!ðYÙ!ðIé!Ó]êFÙ!Û�Þ�ß¥à3êúÙùÚ#ÓIÛhÒ�Ò�Ù!ð#×�ßâÖ1ßvÞ>ß�×>æ!ð�Ò�ÜÝÞ�Ó�×/ÜÝÛ=æ!ðwÖ!ÓaÖ!Û Ú.-!êxß
Ö!ÛGÔ¥Û�ð~Ó~ß�êúæ*Þ�Ò/ë�Ó�ß¹ê>á æ!ð Ù!ÓIÜ�æ*Þ�ÛGÒ/ß¶êúÙ¥Ú#Þ�ÑnÒ/ßnð#×�ßdÖ]ß¥Ô¹æAÖ1ß�Ò{Ú#ê�Ó]Ò¹ÑnêxßnåCÑnÒ�û�×>æ!Ô¥ÔÕß¥êxß¹ë/Ó6Ù�Ö*Þ�Û Ú.-!êxß�û{Ö�Ù*ð�Ò�êFÙ
Ö!ÛhÒ�ÜÝÞ�Û�änÓ6ÜÝÛÝæ*ðfÙ!ðIé!Ó]êFÙ!Û�Þ�ß��

+
ßâ×>Ù!êF×�Ó]ê
Ö]ßùêFÙ¥Ò�ÛFé!ð~Û . ×>Ù*ð#×�ß�Ö1ß�ÒvÙ!Ô�Ú#ê;ÛÝÜÝÓ�Ö1ß�ÒvÖ
á Ù*ð~ÛhÒ/æ*ÜÝÞ�æ�Ú#Û�ß�Ò�Þ>ß�×>æ!ð~ÒnÜÝÞnÓ]ÛÝÜ�ß�Ò�Ú6Ù!ÞùêFÙ¥ÔÕÑ�Ü�ØIæAÖ]ß�;6è�ç
Ú�ßnÞnÔ¹ß/Ü�Ö1ß�Ü�ß�Ò�Ü�ßnÞ�ß76 ×�Ù�×�ßnÔÕßnð�Ü�ê>á Ø^/�Ú6æ*Ü�Ø6ÿ�ÒAß�Ö
á ÛGÒ�æ�ÜÝÞ'æ�Ú_Û=ß�Ö1ßvêúÙ%Ö!ÛGÒnÜÝÞnÛ�änÓIÜÝÛ=æ!ð Ù!ð]é!ÓIêFÙ!ÛGÞ>ß��
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C�RmY�dg]>K>F>de[GNGK>dgHVUËR#UGP`NGbqR#deF<D'Y�N���N�sÅYGDfF/R�¼QHVU�]\T�H`]<h�dgj�N�D�]\D�]>KB]<NGEGE�H`]<S�D`a�Y�R#U�]BT�DLK>K<D'EGF<DLh�dgiLF<D
R#EGEGF<H*T/l�D`a�yLK>F<D-S�TLF>deK<D-]/HVN�]�bqR\��HVF>hfD��

Φ(u) =
Φ0

4π
(1 + αD · u),

�	÷zn � �

HVÈ�bgDA��N�s�Y�d���SLF<DLU�K>dgDLb�a
Φ
a)Y�R#U�]}bqR�Y�deF<D�TLK>dgHVU

u
a�T�HVU�]<dg]>K<D-DLU�NGU�DxE)R#F>K>dgD"dg]<HVK>F<HVEcD`a

Φ0/4π
a�hfHzY�NGbgS�D

DLU
cos(û,D)

E)R#FBNGU�DpT�HVh�EcH`]/R#U�K<DpY�deEcHVbqR#deF<D`n£ÕAR#U�]\bqR%T�RVY�F<DpYGD'T�DLK>K<D'E)R#F/R#hfSLK>F>dg]/R#K>dgHVU�a
D
Û D�]>K

NGU�wQD�TLK<DLNGFBNGUGdeK/R#deF<DkEcHVdeU�K/R#U*K\Y�R#U�]BbqR�Y�deF<D�TLK>dgHVUZY�NÅY�deEcÚVbgD`a�DLK
α
D�]<K-b�½§R#h�EGbedeK>N�YGDpY�N�Y�deE�ÚVbgD'E)R#F

F/R#EGE�HVF>K"R#N2��N�s!dg]<HVK>F<HVEcD¬�
0 ≤ α ≤ 1

n�C�D\��N�sªD�]>K-YGHVU�TkR#NGP`hfDLU*K<SkY�½ NGUª��RVTLK<DLNGF
1 + α

Y�R#U�]xbqR
Y�deF<D�TLK>dgHVUªYGD

D
DLKAF<S�Y�NGdeKAYGD

1 − α
Y�R#U�]�bqR�Y�deF<D�TLK>dgHVU2HVEGEcH`]<S�D`n�C4½§R#h�EGbedeK>N�YGDfYGD"b�½§R#UGdg]/HVK>F<HVEGdgD�D�]>K

PQSLU�SLF/R#bgDLhfDLU�KAYGSt�UGdgD-T�HVh�hfD
δ =

Φmax − Φmin

Φmax + Φmin

�	÷zn§ÑQ�

HVÈ
Φmax

DLK
Φmin

]/HVU�K�F<D�]>EcD�TLK>dewQDLhfDLU�K�bgD�]vw`R#bgDLNGF<]vhkR�szdehkR#bgD�]�DLKvh�deUGdehkR#bgD�]}Y�N���N�s�n�C�½§R#h�EGbedeK>N�YGD
δ
w`R#NGK\Dts�RVTLK<DLhfDLU�K

α
Y�R#U�]BbgDpT�RV]@YGDpT�DLK>K<D�E)R#F/R#hfSLK>F>dg]/R#K>dgHVUËY�NXY�deE�ÚVbgD`n��rDLK>K<DpS�TLF>deK>NGF<DpY�NÅ��N�s

E�DLNGK}yLK>F<D-w*N�DxT�HVh�hfD"bgD�]}YGDLN�s¬EGF<DLh�dgDLF<]}K<DLF>hfD�]uY�N%YGSLwQDLbgHVEGE�DLhfDLU*KOYGDxbqR�Y�dg]<K>F>de[GNGK>dgHVU%R#UGP`NGbqR#deF<D
]>NGFrbgD�]ol)R#F>hfHVUGdgj*N�D�]}]>EGl�SLF>dgj*N�D�]A�*HVF<Y�F<D-_���hfHVU�HVEcÚVbgD��|?¨HVF<Y�F<D � ��Y�deE�ÚVbgD��tn�C�D�[GNGK�YGD�bqR-hfSLK>l�HzYGD
D�]>K�Y�½¾D�]>K>dehfDLFfbgD�]�E)R#F/R#hfiLK>F<D�]

Φ0
a
α
DLK

D
»!E)R#F>K>deF'YGD�]�YGHVUGU�S�D�]fhfD�]>NGF<S�D�]�E)R#FkNGU�D¬DtszEcSLF>dgDLU�T�D

YGSLK<D�TLK/R#U�K£bgD�];F/R�¼QHVU�]£T�H`]>h�dgj*N�D�]�n�D�b���R#NGK£YGHVU�ToYGSLK<DLF>h�deU�DLF7j*N)R#K>F<DoHV[�]/DLF>wVR#[GbgD�]v��bqR�U�HVF>hkR#bedg]/R#K>dgHVUfY�N
��N�s!��hfHVU�HVEcÚVbgD��ta�NGU�DAR#h�EGbedeK>N�YGDf��Y�deEcÚVbgD��rDLKrbgD�]�YGDLN�s�R#UGP`bgD�]�YGSt�UGdg]<]/R#U*K

D
n�ÕxR#U�]vT�DLK>K<DAEGF<DLh�dgiLF<D

R#EGEGF<H*T/l�D`a�bgDOYGSLK<D�TLK<DLNGF}DLU¬j*N�D�]>K>dgHVUpD�]>K�]>NGEGE�H`]/SOYGHVUGU�DLFvNGU�DADtszEcH`]>deK>dgHVU¬YGDObqR"K<HVK/R#bedeK<SxY�NpTLdgDLb�n�C�R
EGF<HV[)R#[GdebedeK<SpYGDkYGSLK<D�TLK<DLF@NGUÅSLwQSLU�DLhfDLU*KfD�]>KBYGHVU�T'deU�YGSLE�DLU�Y�R#U*K<DpYGDfbqR%Y�deF<D�TLK>dgHVUÆY�½§R#F>F>dewQS�D`n^DÞboD�]>K
[GdgDLU'SLwzdgYGDLU�Kvj�N�½ NGU�K<DLb�YGSLK<D�TLK<DLNGFrdgYGS�R#b�U�½¾Dtszdg]>K<DOj�N�DOY�R#U�]4b�½¾D�]<EGF>deKrY�N'EGl�¼�]>dgTLdgDLU�a�hkR#dg]rT�DLKoDtsGDLh�EGbgD
]>deh�EGbgDxEcDLF>hfDLKOYGD-T�HVh�EGF<DLU�Y�F<D"��RVTLdebgDLhfDLU�K�bgD-EGF>deU�TLdeEcD-YGD-bqR@hfSLK>l�HzYGD"DLKAR@bgDxhfSLF>deK<DBYGD"T�HVU�Y�NGdeF<D
»\YGD�]�F<S�]>NGbeK/R#K<]�K<HVK/R#bgDLhfDLU*K<]ODts�EGF>dehkR#[GbgD�]u]<HVN�]r��HVF>hfD-R#U)R#be¼zK>dgj�N�D`a�T�Dxj*NGdcU�½¾D�]>K�EGbeN�]�bgDxT�RV]�bgHVF<]/j�N�D
b�½¾HVUmRVYGHVEGK<D-NGU¬hfHzYGiLbgDxEGbeN�]}F<S�R#bedg]<K<D`n

|7UªS�TLF>dew`R#U�K-bgDB��N�s!]/HVN�]ObqR'��HVF>hfD¬�	÷zn � �tacbgD�]AE)R#F/R#hfiLK>F<D�]-Y�NªY�deE�ÚVbgD�]/HVU�KAF<DLbedgS�]"R#N�s%hfHVhfDLU*K<]

Ü�ÿrà#ß£ñ#ãÎë�çJìÎàO��ìÎà_û�â�ß�ã\�tßJç7ä§ß7çJì�ßS��çJê§ßJà�á<û�ß�û�ê��Qé#ë�ê§ìtàOå!â�ßJà#ç¯ìtà�á�â	97ñ�â	9Jç�9nû�ßJï�ï�ß¯à�áI�k�k�
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YGDAbqR�Y�dg]>K>F>de[GNGK>dgHVU
Φ(u)

E)R#F}bgD�]�F<DLbqR#K>dgHVU�]B�

Φ0 =

∫
Φ(u)dΩ et αD =

3

Φ0

∫
uΦ(u)dΩ.

�	÷zn ~ �

HVÈ�bqRf]<HVh�hkR#K>dgHVU¤]�½¾Dt��D�TLK>N�D"]>NGFuK<HVNGKObgD-TLdgDLb�n�C�DBEGF>deU�TLdeE�DBYGD-bqR@hfSLK>l�HzYGDBD�]<KuYGHVU�T"YGDBYGSLK<DLF>h�deU�DLF
»\E)R#F>K>deFuYGD�]}YGHVUGU�S�D�]uDts�EcSLF>dehfDLU�K/R#bgD�]ObqR@wVR#bgDLNGF}YGD�]}deU�K<SLP`F/R#bgD�]

I0
DLK

I
YGSt�UGdgD�]uE)R#F"�

I0 =

∫
Φ(u)dΩ et I =

∫
uΦ(u)dΩ.

�	÷zn �*�

R��U�YGDxF<D�T�HVU�]>K>F>NGdeF<D-bgDAwQD�TLK<DLNGF�Y�deE�ÚVbgDxT�HVh�hfDBSLK/R#U�K
αD = 3I/I0

n
É�HVNGFvT�R#bgTLNGbgDLFvbgD�]4hfHVhfDLU*K<]

I0
DLK

I
»xE)R#F>K>deFvYGD�]oY�deF<D�TLK>dgHVU�]vY�½§R#F>F>dewQS�DAYGD�]oSLwQSLU�DLhfDLU*K<]�a�Y�dew*dg]/HVU�]

��HVF>hfDLbebgDLhfDLU*KfbgD¬TLdgDLb}DLUXNGU�D¬]<SLF>dgDpYGDpEGd�s�DLbg] {(i, j)} arT�HVNGw*F/R#U*KkT<l)RVTLNGU b�½§R#UGP`bgD¬]<HVbedgYGD δωi,j n£|7UU�HVK/R#U�K
Ni,j

bgD}U�HVh"[GF<DAYGDuF/R�¼QHVU�]vT�H`]>h�dgj*N�D�]oHV[�]<DLF>wQS�]vY�R#U�]obqR-Y�deF<D�TLK>dgHVU¬Y�NkEGd�sGDLb
(i, j)

azbgDuU�HVh"[GF<D
Y�d��cSLF<DLU*K>dgDLb�Y�½¾SLwQSLU�DLhfDLU�K<]�YGSLK<D�TLK<S�]uY�R#U�]ubqR@Y�deF<D�TLK>dgHVU

u
aGY�R#U�]

dΩ
a�]�½¾S�TLF>deKOR#bgHVF<]"�

dN

dΩ
(u)dΩ = Φ(u)E0 dΩ −→ Ni,j = Φi,jE0 δωi,j .

�	÷zn:ðQ�

HVÈ E0
D�]>KAb�½¾Dts�E�H`]>deK>dgHVU2YGD@bqR�F<SLP`dgHVUÅY�N2TLdgDLb

dΩ
��DLUªh 2 n¾]Î�ta�]>NGEGEcH`]<S�D@yLK>F<D@dgYGDLU�K>dgj*N�DfEcHVNGFxK<HVNGK<D�]

bgD�]xF<SLP`dgHVU�]-Y�N�TLdgDLb�n�C�R�wVR#bgDLNGF"YGD E0
U�D�I>HVN)R#U�KBR#N�TLNGUÅF<ÚVbgD`acU�HVN�]-NGK>debedg]<DLF<HVU�] E0 = 1

h 2 n¾]�a�Y�R#U�]
T�DLKrDtsGDLh�EGbgDx]>deh�EGbed�)SxR��U¬Y�½¾S�TLF>deF<DObgD�]vF<S�]<NGbeK/R#K<]r]/HVN�]oNGU�DO��HVF>hfDAj�NGd�E�DLF>hfDLK>K>F/R@YGDOwzdg]>N)R#bedg]<DLFvEGbeN�]
��RVTLdebgDLhfDLU*K�NGU�DvR#U)R#bgHVP`dgDrR�wQD�TrbgD�EGF<HzT�D�]<]>N�];YGD�hkR#F<T<l�D�R#bgS�R#K<HVdeF<D`n�D�b���R#NGK;T�DLE�DLU�Y�R#U*K£P�R#F<YGDLF£»}b�½¾D�]>EGF>deK
bgDx��R#deKOj*N�D E0

R�bqRkY�dehfDLU�]>dgHVU!YGD"h 2 n¾]�a�EcHVNGFOT�HVU�]/DLF>wQDLFOb�½ l�HVhfHVPQSLU�SLdeK<S@YGD�]�S�j�N)R#K>dgHVU�]�n�M�wQD�TBT�DLK>K<D
S�TLF>deK>NGF<D`a

Ni,j
D�]>KuYGHVU�T"NGU�D-w`R#bgDLNGF�R#EGEGF<HzT<l�S�DBYGD-bqR@��HVU�TLK>dgHVU%j*N�DxU�HVN�]�T<l�DLF<T/l�HVU�]A»�deU�K<SLP`F<DLF@�)DLU

]<HVh�hkR#U�K4]<NGF7K<HVNGK7bgD�]7EGd�s�DLbg]�bqR�wVR#bgDLNGF�YGD
Ni,j

aVU�HVN�]�HV[GK<DLU�HVU�]�YGHVU�T}NGU�D�D�]>K>dehkR#K>dgHVU'YGDvb�½ deU*K<SLP`F/R#bgD`n
É�HVNGF}NGU�Dx��HVU�TLK>dgHVU

f
YGHVUGU�S�D-]<NGF�bqR�]>EGl�iLF<D`a�U�HVN�]}NGK>debedg]/HVU�]}YGHVU�TxbqR�T�HVF>F<D�]>EcHVU�Y�R#U�T�D"]<NGdewVR#U*K<Df�

∫
f(u)dΩ −→

∑

(i,j)

fi,j δωi,j .
�	÷zn Ø �

C�D�]�wQDLF<]>dgHVU�]xY�dg]<TLF<iLK<D�]xYGD�]AhfHVhfDLU�K<]
I0
DLK

I
a�j*N�DBb�½¾HVUªU�HVK<DLF/R

S0
DLK

S
a�]<HVU*K-HV[GK<DLU�N�D�]xP`F/ÖVT�D�R#N�s

F<DLbqR#K>dgHVU�]"�
I0 → S0 =

∑

(i,j)

Ni,j et I → S =
∑

(i,j)

Ni,j ui,j ,
�	÷zn¤÷`�

HVÈ
ui,j

D�]<K�bgDAwQD�TLK<DLNGFuNGUGdeK/R#deF<D-Y�R#U�]ubqR@Y�deF<D�TLK>dgHVU%Y�N¬EGd�sGDLb
(i, j)

n
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C�R'YGDLF>UGdgiLF<DBSLK/R#EcD\T�HVU�]>dg]>K<DB»'T<l)R#UGPQDLF�bgD�]A]<HVh�hfD�]�]>NGFuK<HVNGK<D�]�bgD�]�Y�deF<D�TLK>dgHVU�]@��]/HVh�hfD�]�]<NGFubgD�]
EGd�s�DLbg]t�4DLU¬]<HVh�hfD�]�]<NGFrK<HVN�]}bgD�]�SLwQSLU�DLhfDLU�K<]�n�É;HVNGF�bqR\F<S�R#bedg]<DLF�azdebc��R#NGKrF<DLhkR#F<j*N�DLF}j*N�DObgHVF<]/j�N�D�b�½¾HVU
]<HVh�hfD"]<NGFuK<HVN�]ObgD�]uSLwQSLU�DLhfDLU�K<]-R#EGE)R#F>K<DLU)R#U*K"»@NGU!hfyLhfD-EGd�sGDLb

(i, j)
acHVU!]/HVh�hfD"DLUmF<S�R#bedeK<S

Ni,j��HVdg]@bqRªwVR#bgDLNGFkT�HVF>F<D�]<E�HVU�Y�R#U*K<D`n4É;HVNGFkNGU�Dp��HVU�TLK>dgHVU j*N�DLbgT�HVU�j�N�D
F (u)

]>NGFfbqR¤]<EGl�iLF<D`a4R�¼�R#U*K
Fi,jT�HVh�hfDkw`R#bgDLNGF�Y�R#U�]\bqRmY�deF<D�TLK>dgHVU

(i, j)
DLK
Fk

Y�R#U�]\bqRmY�deF<D�TLK>dgHVUXYGD'b�½¾SLwQSLU�DLhfDLU�K
k
a£R#bgHVF<]"bgD'bedgDLU

DLU�K>F<DxNGU�D"]<HVh�hkR#K>dgHVUm]>NGF}bgD�]uY�deF<D�TLK>dgHVU�]uDLKu]>NGF�bgD�]uSLwQSLU�DLhfDLU�K<]�]�½¾S�TLF>deK"�

∑

(i,j)

Ni,jFi,j =
∑

k

Fk ,
�	÷zn§¦Q�

HVÈ¬bqR@EGF<DLh�dgiLF<D-]<HVh�hfD"]�½¾Dt�cD�TLK>N�D"]>NGF�bgD�]�EGd�sGDLbg]�aGDLK}bqR@]<D�T�HVU�YGD-]<NGF�bgD�]uSLwQSLU�DLhfDLU�K<]�n
|7U¬R#EGEGbedgj�N)R#U*K�T�DLK>K<DuSLP�R#bedeK<Sx»xb�½¾S�j*N)R#K>dgHVU¤�	÷zn¤÷`�tazDLKvDLUkdgYGDLU�K>d��R#U*K�bqRx��HVU�TLK>dgHVU

F (u)
»xb�½ dgYGDLU�K>deK<S

�
F (u) = 1

�"Y�½ NGU�D�E)R#F>K�a£DLK�»
F (u) = u

Y�½§R#NGK>F<D�E)R#F>K�a;bqR�wQDLF<]<dgHVUZY�dg]/TLF<iLK<D�YGD�]@S�j*N)R#K>dgHVU�]¬�	÷zn �*�
]�½¾S�TLF>deKv�U)R#bgDLhfDLU�K@�

S0 =
∑

k

1 = N et S =
∑

k

uk ,
�	÷zn§^Q�

HVÈ¬bgD�]}]<HVh�hfD�]O]<HVU�KuDt��D�TLK>N�S�D�]}]>NGFuK<HVN�]�bgD�]
N
SLwQSLU�DLhfDLU*K<]OY�NmbgHVK}YGD-YGHVUGU�S�D�]�n

C�D�]vj*N)R#K>F<D�]/HVh�hfD�]rY�dg]/TLF<iLK<D�]rTLd���YGD�]/]>N�]�a
S0
DLK

S
a*EcDLNGwQDLU�K}yLK>F<D�Y�deF<D�TLK<DLhfDLU�KuT�R#bgTLNGbgS�D�]}»"E)R#F>K>deF

YGD�]7YGHVUGU�S�D�]�aQDLK7bqRAYGSLF>dew`R#K>dgHVUkYGD�]£E)R#F/R#hfiLK>F<D�]4Y�NfY�deEcÚVbgD}YGS�T�HVNGbgD}R#bgHVF<]�YGDvb�½ dgYGDLU*K>d�)T�R#K>dgHVU�DLU*K>F<D}T�D�]
]<HVh�hfD�]vDLK

I0
DLK

I
a*YGHVU*K�b�½¾DtszEGF<D�]<]<dgHVUpD�]<KrYGHVUGU�S�DxDLUª�	÷zn �*�tn�C�½§R#h�EGbedeK>N�YGD-Y�N¬Y�deE�ÚVbgDADLKv]/R\Y�deF<D�TLK>dgHVU

]<HVU�KuR#bgHVF<]OD�]>K>dehfS�DxP`F/ÖVT�D"»\bqR�F<DLbqR#K>dgHVU
αD = 3S/S0

a�Y�½¾HVÈ¬b�½¾HVU�K>deF<Df�

α =
3

S0
||S|| =

3

N
||
∑

k

uk|| ,
�	÷zn � _Q�

DLK
D =

S

||S|| .
�	÷zn �`� �

C�½¾D�]>K>dehkR#K>dgHVU�YGD�T�D�]�E)R#F/R#hfiLK>F<D�]�D�]>K�[GdgDLU DLU�K<DLU�Y�N�Y�½§R#NGK/R#U�K�EGbeN�]�EGF<S�TLdg]<D�j*N�D¬bgDpU�HVhB[GF<D�K<HVK/R#b
Y�½¾SLwQSLU�DLhfDLU�K<]-D�]<K�P`F/R#U�Y�ncC�½¾SLK>N�YGD�YGD\bqRkEGF<S�TLdg]>dgHVU2YGD\T�DLK>K<D@F<D�T�HVU�]>K>F>N�TLK>dgHVU2D�]>K�EGF<S�]<DLU�K<S�D�Y�R#U�]AbqR
]>NGdeK<DxYGD-T�DxT/l)R#EGdeK>F<D`n

C�D�bgD�TLK<DLNGFfR#K>K<DLU�K>d��xR#NGF/Rm[GdgDLUX]I|GF\F<DLhkR#F<j*N�SpbqRmT�HVF>F<D�]>EcHVU�Y�R#U�T�D¬DLU�K>F<D�b�½¾S�TLF>deK>NGF<D¬Y�NZwQD�TLK<DLNGF
Y�deE�ÚVbgD

αD
T�HVh�hfD¤NGU�Dª]<HVh�hfDªYGD!wQD�TLK<DLNGF<]

uk
DLKpbgD¤wQD�TLK<DLNGF¬E�H`]<deK>dgHVU

r
T�HVF>F<D�]>E�HVU�Y�R#U*K!»ÅbqR

Y�dg]>K/R#U�T�D¤E)R#F<T�HVNGF>N�D�R#N�T�HVNGF<]�Y�½ NGU�D¤hkR#F<T/l�D�R#bgS�R#K<HVdeF<D2»ÆK>F<HVdg]¬Y�dehfDLU�]>dgHVU�]�a�YGD¤E)RV]
λ = 3/N

n
�rDLK>K<DuS�j*NGdewVR#bgDLU�T�DOD�]>K�K>F<i�]odeU�K<SLF<D�]<]ÎR#U�K<D`azDLK�wVR-E�DLF>hfDLK>K>F<DOYGDuT�R#F/RVTLK<SLF>dg]<DLFobqR-Y�dg]>K>F>de[GNGK>dgHVU¬R#K>K<DLU�Y�N�D
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Y�N¬wQD�TLK<DLNGFOY�deEcÚVbgD`a�DLUm]�½§R#EGEGNG¼�R#U*KO]>NGF�bgD�]uF<S�]>NGbeK/R#K<]uYGSLhfHVU*K>F<S�]uEGF<S�T�S�YGDLh�hfDLU*KObgHVF<]}YGD-b�½¾SLK>N�YGD"Y�N
EGF<H*T�D�]<]<N�]�YGD�hkR#F<T/l�DrR#bgS�R#K<HVdeF<DrDLK�YGDoY�d���N�]<dgHVU�n�Ï¤R#bel�DLNGF<DLN�]<DLhfDLU�K�a#bgD�E)R#F/R#bebgiLbgDrD�]>K�[�D�R#N�T�HVNGE\hfHVdeU�]
SLbgSLP�R#U�K7bgHVF<]<j*N�DrbgDoYGSLK<D�TLK<DLNGF4T�HVU�]<dgYGSLF<SoU�½¾D�]<K;EGbeN�]£E)R#FJ��R#deK�aVT`½¾D�]>K�»�Y�deF<DrY�R#U�]£bgDrT�RV]7HVÈ�]/ROT�HVNGwQDLF>K>NGF<D
Y�N�TLdgDLb�U�½¾D�]>K}EGbeN�]�UGd�NGUGd���HVF>hfDxUGd�K<HVK/R#bgD`n)C�D-T�RV]}dgYGS�R#bo��T�HVNGwQDLF>K>NGF<D-K<HVK/R#bgDBDLK�NGUGd���HVF>hfD��}]<DLF/R@YGHVU�T
SLK>N�Y�dgS�R#U)R#be¼*K>dgj*N�DLhfDLU�KfE)R#F@bqR¤]>NGdeK<D`a7»%K>deK>F<D¬Y�½¾DtsGDLh�EGbgDpE�HVNGF�bqR%hfSLK>l�HzYGD`a7DLK@]ÎRmPQSLU�SLF/R#bedg]ÎR#K>dgHVU
]<DLF/RpEGF<S�]<DLU*K<S�DkYGDfhkR#UGdgiLF<D'j�N)R#bedeK/R#K>dewQD`a�bgD�]-F<S�]>NGbeK/R#K<]\SLK/R#U�K\HV[GK<DLU�N�]\E)R#FBR#debebgDLNGF<]BE)R#F"]>dehBNGbqR#K>dgHVU
U�NGhfSLF>dgj*N�D`n

³�,¯® °p5±9;º�B¨³xõ�6\1B5Ò9ë@u6�{}5£·[?�6B·�5µ?[@z?�ºXó<5±1�@}1 6\1B:/Ó�@�·c¸¹5

C�DBEGF<DLh�dgDLF�F/R�¥fU�DLhfDLU*Kxj�NGd;E�DLNGK�yLK>F<D\R#EGEcHVF>K<S�R#NmhfHzYGiLbgD\dgYGS�R#b;YGS�TLF>deK�EGF<S�T�S�YGDLh�hfDLU�K-D�]>K�bqR
EGF>dg]<D'DLUXT�HVh�EGK<DpYGD�bqR�U�HVUZNGUGd���HVF>h�deK<SpYGD'bqR%T�HVNGwQDLF>K>NGF<D¬Y�NXTLdgDLb�n£|7UXDt�cDLK�a�K<HVN�]@bgD�]@YGSLK<D�TLK<DLNGF<]
NGK>debedg]<S�]\E�HVNGF@HV[�]<DLF>wQDLF\bgD�]BF/R�¼QHVU�]�T�H`]>h�dgj*N�D�]\]/HVU�K\EGbeN�]\]/DLU�]>de[GbgD�]@Y�R#U�]\T�DLF>K/R#deU�D�]�Y�deF<D�TLK>dgHVU�]�j*N�D
Y�R#U�]4Y�½§R#NGK>F<D�]��QDLU���HVU�TLK>dgHVU'YGD}]/RxbqR#K>deK>N�YGDu]>NGF�(�DLF>F<D`aQNGU�DODtszEcSLF>dgDLU�T�D}U�D"÷twQHVdeK�÷}E)RV]�bgD�]oY�d��cSLF<DLU*K<D�]
F<SLP`dgHVU�]fY�N TLdgDLb�EcDLU�Y�R#U�KfbqR¤hfyLhfDmY�NGF<S�D`n�ÕADpEGbeN�]�a£b�½¾Dt¥kT�RVTLdeK<SmYGD¬YGSLK<D�TLK>dgHVU�E�DLNGKfYGSLEcDLU�Y�F<D�YGD
b�½§R#UGP`bgD¬Y�½ deU�TLdgYGDLU�T�D�bgHzT�R#b}j�N�D'��R#deK�bqR!E)R#F>K>dgTLNGbgDmR�wQD�T¬bgD¬]/HVb�a;YGD¬]ÎR!U)R#K>NGF<D¬DLKfYGD¬]<HVUËSLU�DLF>P`dgD�HVN
DLU�T�HVF<D"Y�½§R#NGK>F<D�]�Dt�cDLK<]ubedgS�]�R#N¬��HVU�TLK>dgHVUGU�DLhfDLU�KxY�N!YGSLK<D�TLK<DLNGF�n�C�DBT�R#bgTLNGb�YGD"bqR�]>NGFJ��RVT�D"Dt��D�TLK>dewQD"YGD
YGSLK<D�TLK>dgHVU�Y�N%¡zÕ YGDAb�½ � [�]<DLF>w`R#K<HVdeF<DxÉ7dgDLF>F<DxMONGPQDLF}YGSLwQDLbgHVEGE�SAEGF<S�T�S�YGDLh�hfDLU*KOY�R#U�]}T�DLK>K<DAK>l�i�]/D�Dtsz�
EGbedgj�N�DrYGDo��RVW�HVU�YGSLK/R#debebgS�Dvj�N�DLbebgDvD�]>K;b�½ deU���N�DLU�T�D�YGD�]7Y�d���SLF<DLU�K<]£E)R#F/R#hfiLK>F<D�]7EGl*¼z]>dgj*N�D�]£]>NGF;b�½¾Dt¥kT�RVTLdeK<S
YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU�n
�¹E)R#F>K>deF¬YGD%T�DLK>K<D¤T�HVUGU)R#dg]<]/R#U�T�D`arbqR�×>Ù!Þ�Ü�ß Ö1ßf×>æ*Ó]åCß�ÞnÜÝÓIÞ�ß�EcDLF>hfDLK¬YGD%T�HVUGU)RO�gK>F<D!b�½hß�ï�Ú�æCÒ�ÛÝÜÝÛÝæ*ð

HV[GK<DLU�N�D-E)R#FubgD-YGSLK<D�TLK<DLNGF�a E(u)
��DLU

m2. s
�ta�Y�½ NGU�DxF<SLP`dgHVUmY�NmTLdgDLb�Y�R#U�]}bqR�Y�deF<D�TLK>dgHVU

u
a)»\NGU%R#UGP`bgD

]<HVbedgYGD
dΩ

EGF<i�]�n7C�R!hfSLK>l�HzYGD¬YGDpF<D�T�HVU�]>K>F>N�TLK>dgHVU Y�NËY�deEcÚVbgDpEGF<S�T�S�YGDLU�K<Dm]/D'PQSLU�SLF/R#bedg]/DmR#NXT�RV]fHVÈ
Y�½ NGU�D-DtszEcH`]>deK>dgHVU�U�HVU%NGUGd���HVF>hfDBYGDxbqR@hkR#UGdgiLF<DB]>NGdewVR#U*K<Dk�GbgD-U�HVh"[GF<D

Ni,j
Y�½¾SLwQSLU�DLhfDLU*K<]AHV[�]<DLF>wQS�]

Y�R#U�]�bqR�Y�deF<D�TLK>dgHVUmY�N�EGd�sGDLb
(i, j)

]�½¾S�TLF>deK�hkR#deU�K<DLU)R#U*K\�

dN

dΩ
(u)dΩ = Φ(u)E(u)dΩ −→ Ni,j = Φi,jEi,jδωi,j .

�	÷zn � ÑQ�

HVÈ Ei,j
F<DLEGF<S�]<DLU�K<Dpb�½¾Dts�EcH`]>deK>dgHVU RV]<]<HzTLdgS�D¬R#NÆEGd�sGDLb

(i, j)
n � F�a;bqR¤j�N)R#U*K>deK<S¬j�N�D�U�HVN�]�T/l�DLF<T<l�HVU�]'»

hfD�]>NGF<DLFrD�]<K4bgD���N�s
Φ(u)

]<HVN�]>�eI>RVT�DLU*K�azT�HVF>F<D�]<E�HVU�Y�R#U*Kv»"NGUkU�HVhB[GF<D�Y�½¾SLwQSLU�DLhfDLU*K<]
Ñi,j

a*T�HVF>F>dePQS�YGD
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b�½¾DtszEcH`]>deK>dgHVU�aGYGSt�UGd�E)R#F�bqR@F<DLbqR#K>dgHVU��

dÑ

dΩ
(u)dΩ =

1

E(u)
Φ(u)dΩ −→ Ñi,j =

Ni,j

Ei,j
.

�	÷zn � ~ �

C�D�]O]<HVh�hfD�]
S0

DLK
S
a)R#EGEGF<HzT<l)R#U*KObgD�]�deU*K<SLP`F/R#bgD�]

I0
DLK

I
F<DLEGF<S�]<DLU�K/R#U*KAbgD�]�hfHVhfDLU�K<]�Y�N���N�s

Φ
HVU�KOR#bgHVF<]}E�HVNGF}U�HVNGwQDLbebgD"DtszEGF<D�]<]<dgHVU��

S0 =
∑

(i,j)

Ni,j

Ei,j
et S =

∑

(i,j)

Ni,jui,j

Ei,j
,

�	÷zn � �*�

j�NGd�EcDLNGwQDLU�KOyLK>F<DxF<S�S�TLF>deK<D�]u]<HVN�]}bqR\��HVF>hfDxYGD"]<HVh�hfD�]}]>NGF�K<HVN�]ubgD�]}SLwQSLU�DLhfDLU�K<]\�

S0 =
∑

k

1

Ek
et S =

∑

k

uk

Ek
,

�	÷zn � ðQ�

Y�R#U�]7bqRVj*N�DLbebgD Ek F<DLEGF<S�]<DLU*K<D}b�½¾Dts�E�H`]<deK>dgHVU'RV]<]<HzTLdgS�D}»Ab�½¾SLwQSLU�DLhfDLU�K k nQÉ£R#FoT�HVU�]>K>F>N�TLK>dgHVU�a�b�½§R#h�EGbedeK>N�YGDDLKAbqR'Y�deF<D�TLK>dgHVU2Y�NªY�deEcÚVbgD�]<HVU�K��U)R#bgDLhfDLU*K"YGSLK<DLF>h�deU�S�]xE)R#FxbgD�]�hfyLhfD�]xF<DLbqR#K>dgHVU�]xw`R#bqR#[GbgD�]AE�HVNGFAbgD
T�RV]}HVÈ¬b�½¾Dts�E�H`]>deK>dgHVU%D�]>K�NGUGd���HVF>hfDk�

α = 3
||S||
S0

et D =
S

||S|| .
�	÷zn ��Ø �

C�DBEGF>deU�TLdeE�D\YGD"bqRfhfSLK>l�H*YGD\F<D�]>K<DBYGHVU�T"bgDBhfyLhfD`a�bgD�]OY�deF<D�TLK>dgHVU�]AY�½§R#F>F>dewQS�D�]xYGD�]OF/R�¼QHVU�]xT�H`]>h�dgj*N�D�]
]<HVU�K%]<DLNGbgDLhfDLU�K%E�HVU�YGSLF<S�D�]¬E)R#FmNGU���RVTLK<DLNGF%SLP�R#bB»Æb�½ deU�wQDLF<]<DÅYGDªb�½¾Dts�E�H`]>deK>dgHVU¨Y�R#U�]mbqRXY�deF<D�TLK>dgHVU
T�HVU�]>dgYGSLF<S�D`a)R��UmYGD-EGF<DLU�Y�F<D-DLUmT�HVh�EGK<DxbqR\U�HVU�NGUGd���HVF>h�deK<S"YGDAbqRfT�HVNGwQDLF>K>NGF<D"Y�N�TLdgDLb�n
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I
DLUm��HVU�TLK>dgHVU!YGD�]�E)R#F/R#hfiLK>F<D�]xY�N¤Y�deE�ÚVbgD`a

α
DLK

D
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E�DLNGK}yLK>F<DBY�deF<D�TLK<DLhfDLU�K�deU�wQDLF<]<S�D"E�HVNGF}YGHVUGU�DLF
α
DLK

D
DLUp��HVU�TLK>dgHVU!YGD�]�hfHVhfDLU�K<]�YGD

Φ
a�HVNmYGDAbgDLNGF

wQDLF<]>dgHVU�]uY�dg]<TLF<iLK<D�]
S0

DLK
S
aGdeU�Y�dgj*N�S�D�]�Y�R#U�]\�	÷zn ��Ø �tn�C�R�hfyLhfDBEGF<H*T�S�Y�NGF<D"E�DLNGK�yLK>F<D"]>NGdewzdgD-Y�R#U�]ObgD

T�RV]}Y�½ NGU�D-Dts�E�H`]>deK>dgHVU¬E)R#F>K>dgDLbebgDBY�NmTLdgDLb�n
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S0
DLK

S
R�wQD�TAbgDLNGF<]vhfHVhfDLU�K<]�T�HVF>F<D�]>EcHVU�Y�R#U�K<]�a

deb�]>N�¥fK¬YGD!bedeh�deK<DLF¬b�½ deU�K<SLP`F/R#K>dgHVUôR#N«YGHVhkR#deU�DªY�N�TLdgDLb-HVÈ«b�½¾Dts�E�H`]>deK>dgHVU�D�]>K�U�HVU«U�NGbebgD`n}É;HVNGF¬NGU
YGSLK<D�TLK<DLNGFBR#N�]<HVb�YGHVUGU�S@��HVU�TLK>dgHVUGU)R#U�KBE�DLU�Y�R#U*K-NGU�D�bgHVUGP`N�D�EcSLF>dgHzYGD�YGD�K<DLh�E�]k��NGUÅR#Uªh�deUGdehBNGh
5��ta�bqR\F<SLP`dgHVU%Y�NmTLdgDLb�T�HVNGwQDLF>K<D"]<DLF/R@K<HVNVI>HVNGF<]uYGSLbedeh�deK<S�D-E)R#FOYGD�]�bedeP`U�D�]uYGD-YGS�TLbedeU)R#dg]<dgHVU%T�HVU�]>K/R#U*K<D�]�a
T`½¾D�]>Kv»BY�deF<D�deU�YGSLE�DLU�Y�R#U*K<D�]}YGDOb�½§RV]<T�DLU�]>dgHVU¬Y�F<HVdeK<D�� a deP`l�KvM�]<T�DLU�]>dgHVU¬HVN a M«E)R#FvbqR"]>NGdeK<D��tnG�rD�TLd�D�]>K
NGU�DxT�HVU�]<S�j�N�DLU�T�DBY�deF<D�TLK<D-YGDxbqR\F<HVK/R#K>dgHVU!YGDAbqRq(�DLF>F<D-]<NGF}DLbebgDt��hfyLhfD"DLKOR#NGK<HVNGFuY�N%¡zHVbgDLdeb�n
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δ → 90◦ − θ
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α (en◦) → ϕ
½

É;R#F;bqRO]>NGdeK<D`a�bqRuE)R#F>K>dgDrY�N\TLdgDLb�HV[�]<DLF>wQS�DoE)R#F�bgDrYGSLK<D�TLK<DLNGF}��DtszEcH`]>deK>dgHVU\U�HVU���U�NGbebgD���]<DLF/ROT�HVU�]>dgYGSLF<S�D
8¯ìtéOï|þJï�ß;é�à#ßMá�ìté�â�àO9Jß7ë�êzä§ß�û@9¯á�ßJç¯á�ßJé�âÖ��ìÎà#ç¯á�ê§ìtà�à#ßmá�ìté�â�ß¯á�à�é#ê¾áI�k�k�



ÄgW)ú ï ��ÃQ�>f������V&�Ã`������f�Û;���k��f������)������Ü;�����d²ª(�����f<Û;�mÁ�Ã_h��*õ�õ��%������Ã%õò��i�ÁQ�@h��VÛ�� Ú $' 

T�HVh�hfDOSLK/R#U*K�T�HVh�EGF>dg]<DODLU*K>F<D�bgD�]oYGS�TLbedeU)R#dg]<HVU�]
δmin

DLK
δmax

��Tt��DLU�T�RVY�F<S��ta�T�HVF>F<D�]>EcHVU�Y�R#U�K}»
θmin

DLK
θmax

n

C�R�hfSLK>l�H*YGD%U�D�F<D�j*NGdgDLF>K�E)RV]kU�S�T�D�]<]ÎR#deF<DLhfDLU�KpNGU�D%Dts�EcH`]>deK>dgHVU deU�YGSLEcDLU�Y�R#U�K<DªYGDmb�½§RV]<T�DLU�]>dgHVU
Y�F<HVdeK<Dª��T�D'j*NGdrD�]<KBPQSLU�SLF/R#bgDLhfDLU*K�bgD�T�RV]@YGD�]\DtszEcSLF>dgDLU�T�D�]@F<S�R#bedg]>K<D�]@]<HVNGh�dg]<D�]�»%YGD�]\wVR#F>dqR#K>dgHVU�]�YGD
bgDLNGFBDt¥kT�RVTLdeK<S�YGDkYGSLK<D�TLK>dgHVUXR#NÅT�HVNGF<]@Y�N�K<DLh�E�]t�ta�hkR#dg]BNGUGdgj�N�DLhfDLU*K\bgDf��R#deKBj�N�D']>d�NGU�EcHVdeU�K@]>NGF
bqR¬]>EGl�iLF<DfT�SLbgD�]<K<DkD�]>K"HV[�]/DLF>wQS'»pNGU�DfYGS�TLbedeU)R#dg]/HVU

δ
a�R#bgHVF<]-K<HVN�]"bgD�]BR#NGK>F<D�]"E�HVdeU*K<]\R�¼�R#U�K\bqRphfyLhfD

YGS�TLbedeU)R#dg]<HVUp]<HVU�KrSLP�R#bgDLhfDLU�K�HV[�]<DLF>wQS�]A��R�wQD�TONGU�DuDts�E�H`]>deK>dgHVU'E�HVNGw`R#U�KvyLK>F<DuY�d���SLF<DLU�K<D��4j*N�DLb�j*N�Du]<HVdeK
bgDLNGF a M\n

C�D�]uhfHVhfDLU�K<]�Y�½¾HVF<Y�F<D-Ô�SLF<HkDLKuNGU%Y�N¬��N�s�YGDxF/R�¼QHVU�]OT�H`]>h�dgj*N�D�]
Φ
E�DLNGwQDLU*KOYGHVU�T"yLK>F<D-F<S�S�TLF>deK<]

]<HVN�]�bqRB��HVF>hfDf�

I0 =

∫ θmax

θmin

dθ sin θ

∫ 2π

0
dϕΦ(u)

et I =

∫ θmax

θmin

dθ sin θ

∫ 2π

0
dϕuΦ(u),
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HVÈ'b�½ deU*K<SLP`F/R#K>dgHVU�D�]>Krbedeh�deK<S�DAR#N�s'F<SLP`dgHVU�]�HV[�]<DLF>wVR#[GbgD�]vY�N¬TLdgDLb�nzC�DAT�R#bgTLNGbcYGD�]rdeU*K<SLP`F/R#bgD�]�D�]>KrDt��D�TLK>N�S
DLU¬F<DLh�EGbqRVW�R#U�K

Φ(u)
E)R#Fu]/HVU�DtszEGF<D�]<]<dgHVUÅ�	÷zn � �A�

I0 =
Φ0d

4
(2 + sαDz)

Ix =
Φ0d

4
(1 − γ)αDx

Iy =
Φ0d

4
(1 − γ)αDy

Iz =
Φ0d

4
(s+ 2γαDz)
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HVÈ¬bgD�]}T�HVU�]>K/R#U*K<D�]
d
a
s
DLK
p
]<HVU*K}bgD�]}Y�d���SLF<DLU�T�D�]�a)]<HVh�hfD�]uDLK�EGF<H*Y�NGdeK<]O]>NGdewVR#U*K<]"�

d = cos θmin − cos θmax

s = cos θmin + cos θmax

p = cos θmin × cos θmax
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DLK
γ
D�]>KuYGHVUGU�S-E)R#F�b�½¾DtszEGF<D�]<]<dgHVU

γ ≡ s2 − p

3
.
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C�Du]>¼�]>K<iLhfD}Y�½¾S�j*N)R#K>dgHVU�]A�	÷zn � ¦Q�4R#deU�]>d�HV[GK<DLU�N�E�DLNGKoyLK>F<DudeU*wQDLF<]<S}EcHVNGFoYGHVUGU�DLFrbgD�]�F<DLbqR#K>dgHVU�]rDLU�K>F<DObgD�]
T�HVh�E�H`]/R#U*K<D�]uY�N�wQD�TLK<DLNGFOY�deE�ÚVbgD-DLUp��HVU�TLK>dgHVUmYGD�]�hfHVhfDLU*K<]B�

αDx =
Ix

sIz − 2γI0

γ − p

γ − 1

αDy =
Iy

sIz − 2γI0

γ − p

γ − 1

αDz =
sI0 − 2Iz
sIz − 2γI0
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I0
DLK

I
a�j*NGd�]<HVU�KxK<HVNVI>HVNGF<]-YGHVUGU�S�D�]"E)R#FxbgD�]-S�j�N)R#K>dgHVU�]'�	÷zn � ðQ�tn

C�½¾HVF>dgDLU�K/R#K>dgHVU�Y�N@Y�deEcÚVbgDvD�]>K£F<D�T�HVU�]>K>F>NGdeK<D}T�HVh�hfD�SLK/R#U*K7bqRAY�deF<D�TLK>dgHVUfY�N\wQD�TLK<DLNGFoY�R#U�]£bgDohfDLhB[GF<D}YGD
Y�F<HVdeK<D-YGDAb�½¾S�j�N)R#K>dgHVUÆ�	÷zn§Ñ � �ta�DLKu]<HVUmR#h�EGbedeK>N�YGD α T�HVh�hfD-SLK/R#U*KO]/R\U�HVF>hfD`n�C4½§R#h�EGbedeK>N�YGD"Y�NmY�deEcÚVbgD
F<D�T�HVU�]>K>F>NGdeKu]�½¾S�TLF>deKuYGHVU�Tk�

αrec =

√
(γ−pγ−1 )2(S2

x + S2
y) + (sS0 − 2Sz)2

(2γS0 − sSz)2
.
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�rDLK>K<DBDts�EGF<D�]<]>dgHVU!]<D-F<S�Y�NGdeK-»
αrec = 3

S0

√
S2
x + S2

y + S2
z

a�T�HVh�hfD\R#K>K<DLU�Y�N�acY�R#U�]ObgDBT�RV]�Y�½ NGU�D
DtszEcSLF>dgDLU�T�DxEcH`]<]<S�Y�R#U�K�NGU�D"T�HVNGwQDLF>K>NGF<D-K<HVK/R#bgD-Y�NmTLdgDLbr�

s = 0
a
d = 2

a
p = −1

a
γ = 1/3

�tn
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DLU�]>NGdeK<D"K>l�S�HVF>dgj*N�DLhfDLU�K�n;�rD\T/l�HVd�s%YGD\EGF<S�]<DLU�K/R#K>dgHVU2D�]<K�YGHVU�T\EGF>deU�TLdeE)R#bgDLhfDLU�K"hfHVK>dewQSBE)R#FAb�½§RV]>EcD�TLK
÷tlGdg]>K<HVF>dgj�N�DQ÷vYGDvb�½¾SLbqR#[cHVF/R#K>dgHVUkYGDrbqR�hfSLK>l�HzYGD`n`C�D�]7F/R�¥fU�DLhfDLU�K<]oDLK7PQSLU�SLF/R#bedg]/R#K>dgHVU�]4YGDrbqR�EGF<HzT�S�Y�NGF<D
]<DLF<HVU�K"YGHVU�TfEGF<S�]<DLU�K<S�]\]>N�T�T�D�]<]>dewQDLhfDLU*K�a�DLU2E)R#F>K/R#U*KBY�N�T�RV]-bgD�EGbeN�]-]>deh�EGbgDfDLKBDLUÅR#bebqR#U�KBwQDLF<]xNGU�D
hfH*YGSLbedg]/R#K>dgHVU¤EGbeN�]�F<S�R#bedg]>K<D\DLKOEGbeN�]AT�HVh�EGbgDtsGD`n��rDLK>K<D\SLK>N�YGD@Rf��R#deK�b�½¾HV[�IJDLKAY�½ NGU�D\EGNG[GbedgT�R#K>dgHVU2Y�R#U�]
è{ÒnÜÝÞ�æ!ð#æ*Ô�/�Ù!ð#Ö¥è{ÒnÜÝÞ�æ�Ú�ØT/�ÒnÛÝ×�Òk�¤÷ ~ ��n
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¸�ü���üÞý �b�$���+���	��ÿ~�4ÿ%�N�_��� ��K	I>
��	<���x�^��� Q��$��])�4ÿ%�¬ÿ�
%ÿ�«��|��_�`
��	����Qÿ�K	I>
��`��ÿ

Mu�U!Y�½¾D�]>K>dehfDLFAbqRkEGF<S�TLdg]>dgHVUªYGD"b�½¾D�]<K>dehkR#K>dgHVU2YGD�]OE)R#F/R#hfiLK>F<D�]xY�N¤Y�deEcÚVbgD`a�I�½§R#d;PQSLU�SLF<SBNGU!P`F/R#U�Y
U�HVh"[GF<DfYGD@bgHVK<]"YGD�YGHVUGU�S�D�]�a�T�HVF>F<D�]>EcHVU�Y�R#U�KBT/l)RVTLNGUÅ»�NGU�D�Y�dg]>K>F>de[GNGK>dgHVU�YGD�Y�deF<D�TLK>dgHVU�]BY�½§R#F>F>dewQS�D�]
hfH*Y�NGbgS�D}E)R#F4NGUkY�deEcÚVbgD}YGD}T�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]rT�HVUGU�N�D�]�a�R#N�j�N�DLbg]�IL½§R#d�R#EGEGbedgj�N�S�bqRxhfSLK>l�H*YGDOYGD�F<D�T�HVU�]J�
K>F>N�TLK>dgHVU@E�HVNGF£T�R#bgTLNGbgDLF£bgD�];]/HVh�hfD�]

S0
DLK

S
DLK�F<D�T�HVU�]<K>F>NGdeF<D}R#deU�]>d*bgDrY�deEcÚVbgD`n#É;HVNGF7SLK>N�Y�dgDLF£b�½ deU���N�DLU�T�D

Y�NmU�HVhB[GF<DBY�½¾SLwQSLU�DLhfDLU*K<]x]>NGF}bqR�EGF<S�TLdg]<dgHVU!YGD"F<D�T�HVU�]>K>F>N�TLK>dgHVU�aQI�½§R#d�NGK>debedg]/S"YGD�]ObgHVK<]uYGD"YGHVUGU�S�D�]AYGD
K/R#debebgD�]}Y�d���SLF<DLU�K<D�]�a)E�HVNGw`R#U�KuT�HVU*K<DLUGdeFOYGD � _`_`_OIJN�]<j*N�½§»\NGU�h�debebedgHVUmY�½¾SLwQSLU�DLhfDLU*K<]�n

ÕAD!��RVW�HVU¨T�HVU�TLF<iLK<D`a}bqRÆPQSLU�SLF/R#K>dgHVUÌY�½ NGU¨bgHVK�YGDªYGHVUGU�S�D�]�T�HVU�]>dg]<K<D2»ÆK>deF<DLF%R#bgS�R#K<HVdeF<DLhfDLU�K
N

Y�deF<D�TLK>dgHVU�]v]>NGF4bgD�TLdgDLb�a*T`½¾D�]<KJ�Þ»���Y�deF<D
N
E)R#deF<D�]vY�½§R#UGP`bgD�]

(θi, ϕi)
F<DLEGF<S�]<DLU*K/R#U�K�bgD�]rY�deF<D�TLK>dgHVU�]�Y�½§R#F>F>dewQS�D

YGD�]pF/R�¼QHVU�]%T�H`]>h�dgj�N�D�]�a}R�wQD�TªNGU�D¤EGF<HV[)R#[GdebedeK<S P(u) = Φ(u) × E(u)
auHVÈ

Φ(u)
D�]>K�YGHVUGU�SªE)R#F

b�½¾S�j�N)R#K>dgHVU¨�	÷zn � �"DLK E(u)
YGSLE�DLU�YZYGD'b�½¾DtszEcSLF>dgDLU�T�DpT�HVU�]>dgYGSLF<S�D`n£C�R%U�HVF>hkR#bedg]/R#K>dgHVUXYGD'b�½¾Dts�EcH`]>deK>dgHVU

U�DoIJHVN)R#U*KuR#N�TLNGU¬F<ÚVbgD�Y�R#U�]vbqRBF<D�T�HVU�]>K>F>N�TLK>dgHVU%Y�N�Y�deE�ÚVbgD`a E(u)
YGS�]<deP`U�DLF/R\E)R#FrbqR\]>NGdeK<DAb�½¾Dts�EcH`]>deK>dgHVU

F<DLbqR#K>dewQD@Y�R#U�]AbqRkY�deF<D�TLK>dgHVU
u
a�YGHVU*KAbqRkw`R#bgDLNGFxD�]>K�E)R#FAYGSt�UGdeK>dgHVU2T�HVh�EGF>dg]/D\DLU*K>F<D�_'DLK � n�C�D\K>deF/R#PQD

R#bgS�R#K<HVdeF<D'YGD�]@SLwQSLU�DLhfDLU*K<]�]>NGdewVR#U*KBbqRmbgHVdoYGD'EGF<HV[)R#[GdebedeK<S
Φ(u)

NGK>debedg]<D'bqR¬hfSLK>l�HzYGD�Y�½§RVT�T�DLEGK/R#U�T�Dt�
F<S¯IJD�TLK>dgHVU �

θi
DLK
ϕi

]<HVU*K¬K>deF<S�]pNGUGd���HVF>hfSLhfDLU*Km]>NGFpbqRÆ]>EGl�iLF<D`arEGNGdg]pNGU�U�HVhB[GF<D�R#bgS�R#K<HVdeF<D
z
D�]>K

K>deF<S�NGUGd���HVF>hfSLhfDLU*KfDLU�K>F<D
Φmin

DLK
Φmax

n�¡*d
z
D�]<KBdeU���SLF>dgDLNGFk» P(θi, ϕi) = Φ(θi, ϕi) × E(θi, ϕi)

a
b�½¾SLwQSLU�DLhfDLU�K�D�]>K}T�HVU�]<DLF>wQS`a)DLK}T�D�I¯N�]<j*N�½§»@T�Dxj*N�DAbgDxbgHVK}YGD-YGHVUGU�S�D�]uT�HVU*K>dgDLUGU�D

N
T�HVNGEGbgD�]

(θi, ϕi)
n

M K>deK>F<DpY�½ debebeN�]>K>F/R#K>dgHVU�a£NGU�D'��HVU�TLK>dgHVUZY�½¾Dts�EcH`]>deK>dgHVUX]>deh�debqR#deF<D�»mT�DLbebgDpYGD�b�½ � [�]<DLF>w`R#K<HVdeF<D¬É7dgDLF>F<D
MuNGPQDLFB]<DLF/R�NGK>debedg]<S�D�E)R#F-bqR�]>NGdeK<D`a�Y�R#U�]-bgD�T�RV]BY�N�]>deK<Dk¡*N�Y2]/DLNGb4DLK"Y�R#U�]xbgDfT�RV]"HVÈ2bgD�]"YGDLN�sª]>deK<D�]
]<HVU�KkEGF<S�]<DLU�K<]�noC�R¤hfSLK>l�HzYGDm]<DLF/R�R#EGEGbedgj�N�S�D¬EGbeN�]kbgHVdeU�R#N T�RV]kYGD¬b�½¾DtszEcH`]>deK>dgHVU�Dt�cD�TLK>dewQDmR#K>K<DLdeU*K<D
E)R#Fub�½ � É�M�YGDLEGNGdg]xÑ`_`_#��a)hkR#dg]OEcHVNGFubqRkEGF<S�]<DLU�K<D\SLK>N�YGD`a)U�HVN�]ONGK>debedg]<DLF<HVU�]�bqRf��HVU�TLK>dgHVU!Y�½¾DtszEcH`]>deK>dgHVU
K>l�S�HVF>dgj�N�DBT�HVF>F<D�]>EcHVU�Y�R#U�K-»�YGD�]�SLU�DLF>P`dgD�]OHVÈ%bqR�EGF<HV[)R#[GdebedeK<S\YGD"YGSLK<D�TLK>dgHVU¤D�]>KuK<HVNVI>HVNGF<]OSLP�R#bgD\»�NGU�a
deU�YGSLE�DLU�Y�R#h�hfDLU*KxYGD"b�½§R#UGP`bgD\Y�½ deU�TLdgYGDLU�T�DBY�N!F/R�¼QHVU�]�T�H`]>h�dgj*N�D`n�C�Rf]>NGFJ��RVT�DBDt��D�TLK>dewQD"YGDBYGSLK<D�TLK>dgHVU
D�]>K}R#bgHVF<]}YGHVUGU�S�D-]>deh�EGbgDLhfDLU*KuE)R#F�bgDAEGF<HzY�NGdeK}YGDAbqR@]>NGFJ��RVT�D-R#N�]<HVbch"NGbeK>deEGbedgS�D-E)R#F

cos θz
azHVÈ

θz
D�]>K

b�½§R#UGP`bgD\Ô�SLUGdeK>l)R#b�bgH*T�R#b�ncC�½¾Dts�EcH`]>deK>dgHVUªY�½ NGUªE�HVdeU*KAYGHVUGU�S�Y�R#U�]AbgD@TLdgDLb}��YGS�TLbedeU)R#dg]<HVU�a
δ
acDLKxRV]/T�DLU�]>dgHVU

Y�F<HVdeK<D`a a M\acDLU2T�H*HVF<YGHVUGU�S�D�]BS�j�N)R#K<HVF>dqR#bgD�]t�AD�]>K-YGHVU�TfHV[GK<DLU*N�DfDLU2deU�K<SLP`F/R#U*K"bgD@K>F/R�I>DLK"YGD�T�D@EcHVdeU�K
Y�R#U�]�bgD�TLdgDLb�wzNXbgH*T�R#bgDLhfDLU*K'E)R#F�bgDmYGSLK<D�TLK<DLNGF�a4YGSLEcDLU�Y�R#U�K'YGDpbqRªbqR#K>deK>N�YGD�Y�N ]>deK<D¬Dts�E�SLF>dehfDLU*K/R#b�n
ÕxR#U�]"bgD'T�RVY�F<D'YGDkU�HVK>F<D�R#EGEGF<H�szdehkR#K>dgHVU�a;b�½¾Dts�E�H`]>deK>dgHVUÆD�]>KBT�HVU�]<dgYGSLF<S�D'T�HVh�hfDpSLK/R#U�K\NGUGd���HVF>hfD'DLU
RV]<T�DLU�]>dgHVU�Y�F<HVdeK<D`n

ù�½§R#d�YGHVU�T�T�R#bgTLNGbgSm��U*NGhfSLF>dgj�N�DLhfDLU*KÎ�xb�½¾Dts�EcH`]>deK>dgHVUªF<DLbqR#K>dewQDfT�HVF>F<D�]>EcHVU�Y�R#U�KB»�NGU2HVN2YGDLN�s¤]>deK<D�]
YGDuYGSLK<D�TLK>dgHVU�]�YGDOK�¼zE�D�MONGPQDLF�a*]>deK>N�S�]v»"NGU�DubqR#K>deK>N�YGDAYGD

λsud ' −35◦
EcHVNGF4bgD�]>N�Y�DLK

λnord ' +39◦
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,6-0/.1�÷zn �}2 |£s�E�H`]<deK>dgHVUªF<DLbqR#K>dewQDfYGD@b�½ � [�]<DLF>w`R#K<HVdeF<D�É7dgDLF>F<DfMONGPQDLFk��E�HVNGFxNGUªHVN2YGDLN�sª]>deK<D�]xDtszEcSLF>d��hfDLU�K/R#N�s)�4DLUk��HVU�TLK>dgHVUpYGDObqR"YGS�TLbedeU)R#dg]<HVUpDLUpT�H*HVF<YGHVUGU�S�D�]vS�j*N)R#K<HVF>dqR#bgD�]�n�É�HVNGF�T<l)RVTLNGU�DAYGD�T�D�]oYGDLN�s
T�HVU��P`NGF/R#K>dgHVU�]�a�b�½¾Dts�EcH`]>deK>dgHVU'D�]>KoT�R#bgTLNGbgS�DuEcHVNGF�NGU�R#UGP`bgDuÔ�SLUGdeK>l)R#b�YGDOYGSLK<D�TLK>dgHVU'hkR�s�dehkR#b�YGD Ø _ ◦ HVN¦`_

◦
n

E�HVNGFxbgD�U�HVF<Y�n�C�R��P`NGF<Dm�	÷zn � ��EGF<S�]/DLU�K<Dfb�½¾SLwQHVbeNGK>dgHVUÆYGD@b�½¾DtszEcH`]>deK>dgHVU2F<DLbqR#K>dewQD'YGD�]-YGDLN�sªT�HVU��P`NGF/R��
K>dgHVU�]xYGDBb�½ � [�]/DLF>wVR#K<HVdeF<DfÉ�dgDLF>F<D�MuNGPQDLF-DLU!��HVU�TLK>dgHVU2YGDBbqR�YGS�TLbedeU)R#dg]<HVU�n�C�R'��HVF>hfD@YGD�T�D�]���HVU�TLK>dgHVU�]
YGSLE�DLU�Y���HVF>K<DLhfDLU*K�YGDfbqRmwVR#bgDLNGF\hkR�szdehkR#bgD�YGD'b�½§R#UGP`bgDkÔ�SLUGdeK>l)R#bvbgHzT�R#b�IJN�]<j*N�½§»¬bqRVj*N�DLbebgDkbgD�]\SLwQSLU�Dt�
hfDLU�K<]�EcDLNGwQDLU�K�yLK>F<D-R#U)R#be¼z]<S�]"�GY�R#U�]�bgDxT�RV]�YGDxb�½ � É�MBa)»\b�½ l�DLNGF<DBRVTLK>N�DLbebgDxdeb�Dtszdg]<K<D�YGDLN�sphfSLK>l�HzYGD�]
YGD4F<D�T�HVU�]>K>F>N�TLK>dgHVU'YGD�];SLwQSLU�DLhfDLU*K<]�aVbqROEGF<DLh�dgiLF<D�]�½§R#EGEGbedgj*N)R#U�K4R#N�s"PQDLF>[cD�];E�DLN@deU�TLbedeU�S�D�]}�

θz ≤ 60◦
�ta

K/R#U�Y�dg]\j*N�DfbqR%]<D�T�HVU�YGD'E�DLF>hfDLK@YGD'F<D�T�HVU�]>K>F>NGdeF<D�bgD�]BSLwQSLU�DLhfDLU*K<]kR�¼�R#U*K
θz ≥ 70◦

n;ÕxR#U�]"bgD�T�RVY�F<D
YGDfT�DLK>K<DfSLK>N�YGD`aGI�½§R#d�YGHVU�TkT�R#bgTLNGbgSfbgD�]x��HVU�TLK>dgHVU�]"Y�½¾Dts�E�H`]>deK>dgHVUÅY�R#U�]-b�½ l�¼zEcHVK>l�i�]<D

θz = 60◦
a
70◦

DLK
80◦

a�R��UªYGD\hfDLK>K>F<D@DLU¤SLwzdgYGDLU�T�D\b�½ deU�K<SLF<yLKxEcHVNGFAb�½¾SLK>N�YGD\YGD�]xR#UGdg]<HVK>F<HVEGdgD�]"Y�½§R#NGP`hfDLU�K<DLFxb�½§R#UGP`bgD�YGD
YGSLK<D�TLK>dgHVU\hkR�s�dehkR#b���EGbeN�]

θz
D�]>K�P`F/R#U�Y�aVEGbeN�];bqRuE�HVF>K>dgHVU�YGDrTLdgDLb�HV[�]/DLF>wVR#[GbgDrD�]>K£SLK<DLU�Y�N�D`n`ÕAR#U�];bgDrT�RV]

HVÈkbgD�]rYGDLN�s']>deK<D�]rYGD}b�½ � [�]<DLF>w`R#K<HVdeF<DAÉ7dgDLF>F<DOMONGPQDLFv]<HVU�KrEGF<S�]<DLU�K<]�a�bqR-K<HVK/R#bedeK<S�Y�N�TLdgDLb�D�]<KoHV[�]<DLF>w`R#[GbgD
R�wQD�T

θz = 60◦
azR#NGP`hfDLU*K<DLF

θz
EcDLF>hfDLKr]>deh�EGbgDLhfDLU*K}Y�R#U�]vT�DOT�RV]vY�½§RVT�TLNGh"NGbgDLFuEGbeN�]rY�½¾SLwQSLU�DLhfDLU*K<]}DLK

YGDx]<DAF/R#EGEGF<H*T/l�DLFOY�NmT�RV]}dgYGS�R#b�Y�½¾DtszEcH`]>deK>dgHVU�NGUGd���HVF>hfD`n
C�D�]�Y�d���SLF<DLU�K<D�]���HVU�TLK>dgHVU�]�Y�½¾Dts�E�H`]<deK>dgHVU"F<DLbqR#K>dewQDoR�¼�R#U�K£SLK<S�K/R#[GNGbgS�D�]�a<IL½§R#d*YGHVU�T4SLK>N�Y�dgS�bqR�EGF<S�TLdg]>dgHVU

YGD4F<D�T�HVU�]>K>F>N�TLK>dgHVU@EcHVNGF;Y�d���SLF<DLU�K<D�]£w`R#bgDLNGF<]£YGD4b�½§R#h�EGbedeK>N�YGD
α
DLK£YGDob�½¾HVF>dgDLU�K/R#K>dgHVUm�

θd
a
ϕd
��Y�N\Y�deEcÚVbgD`a

DLUª��HVU�TLK>dgHVUZYGDfbqR¬K/R#debebgD
N
Y�N�bgHVK\YGDkYGHVUGU�S�D�]�n�ÕAR#U�]\T<l)RVj*N�DkT�RV]�a�NGU�P`F/R#U�Y�U�HVh"[GF<D�YGDfbgHVK<]\YGD
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YGHVUGU�S�D�]2�
104 �'D�]>K�PQSLU�SLF<SªDLK�F<D�T�HVU�]<K>F>NGdeK�avE�DLF>hfDLK>K/R#U*KmYGD¤T�HVh�E)R#F<DLF¬bqRÅY�dg]<K>F>de[GNGK>dgHVU¨Y�N¨Y�deE�ÚVbgD

D�]>K>dehfS-»�T�DLbebgD-YGSt�UGdgD"DLU�DLU�K>F<S�D"YGD-bqR@]>deh"NGbqR#K>dgHVU�n

¸�ü���ü0E �¤ÿ%����+�O
_�����g
��	�����ÿ��*��IL��IV� ê�
J�Qÿ%�N���R�����Y��K�ÿ
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25000

10
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PAO South

#
max

 = 70° (G alactic C enter)

" = 0.10

,.-F/.1J÷zn§Ñ 2 Õ�dg]>K>F>de[GNGK>dgHVU�YGD�b�½¾DLF>F<DLNGF£F<DLbqR#K>dewQDr]>NGF�b�½§R#h�EGbedeK>N�YGDvY�N@Y�deE�ÚVbgDoF<D�T�HVU�]>K>F>NGdeK;E�HVNGF£Y�d��cSLF<DLU*K<D�]K/R#debebgD�]
N
Y�N'bgHVKrYGDOYGHVUGU�S�D�]�a*Y�R#U�]obgDuT�RV]rY�N']<deK<Du]>N�Y'YGDub�½ � É�M�EcHVNGF4NGU�R#UGP`bgDOÔ�SLUGdeK>l)R#b�hkR�szdehBNGh

YGD
70◦

n�C�D@Y�deEcÚVbgD\EGF<S�]<DLU�KxY�R#U�]xT<l)RVj*N�D\bgHVKxYGD\YGHVUGU�S�D�]xD�]<K�HVF>dgDLU*K<S@wQDLF<]AbgDBT�DLU*K>F<D@P�R#bqRVTLK>dgj�N�D`a�DLK
E�H`]/]<i�YGDANGU�D-R#h�EGbedeK>N�YGD"YGD � _ Y �

α = 0.1
�tn

� �����0i���������fÙÛ;��õÞe��i�Ü£õ��ò��&<Û��åÛ£& Û£�FÜ5��õ�� � K>deK>F<D�Y�½¾DtsGDLh�EGbgD`a�bqR�Y�dg]>K>F>de[GNGK>dgHVU2YGD�]-R#h�EGbedeK>N�YGD�]
F<D�T�HVU�]>K>F>NGdeK<D�]xD�]>K�F<DLEGF<S�]<DLU�K<S�D�]<NGFObqRk�P`NGF<Ds÷zn§Ñ'E�HVNGFAY�d��cSLF<DLU*K<D�]xw`R#bgDLNGF<]�YGD

N
acY�R#U�]�b�½ l�¼zEcHVK>l�i�]<D

Y�½ NGU%bgHVKAYGD\YGHVUGU�S�D�]xT�HVU�K<DLU)R#U�KxNGU¤Y�deEcÚVbgDBYGD � _ Y Y�½§R#h�EGbedeK>N�YGDp�
α = 0.1

�OHVF>dgDLU*K<S@wQDLF<]ObgD\T�DLU�K>F<D
P�R#bqRVTLK>dgj�N�D`n;C�Rm��HVU�TLK>dgHVUÆY�½¾Dts�E�H`]<deK>dgHVUÅNGK>debedg]<S�D�D�]>K\T�DLbebgD�YGDkb�½ � É�M¢R�wQD�T�bgDk]<deK<D']>N�YÅDLK

θz = 70◦
n

C�RÅj�N)R#U*K>deK<S¤K>F/RVT�S�D!D�]<K'b�½¾DLF>F<DLNGFpF<DLbqR#K>dewQD¤]>NGF�b�½§R#h�EGbedeK>N�YGD¤F<D�T�HVU�]>K>F>NGdeK<D`a�T`½¾D�]>KJ�Þ»���Y�deF<D!bqR2w`R#F>dqR#[GbgD
δα/α = (αvrai − αrec)/αvrai

n;C�D�]�Y�dg]>K>F>de[GNGK>dgHVU�]fYGD
δα

]<HVU*K\K<HVNGKf»m��R#deK@T�HVh�E)R#K>de[GbgD�]'R�wQD�T�NGU�D
E)R#F/R#hfSLK>F>dg]/R#K>dgHVU!P�R#N�]<]>dgDLUGU�D`a�hfyLhfDBY�R#U�]}bgD-T�RV]OY�½ NGUmF<DLbqR#K>dewQDLhfDLU*KO��R#de[GbgDxU�HVhB[GF<DBY�½¾SLwQSLU�DLhfDLU*K<]�n
ÕxR#U�]fbgDmT�RV]�YGD�]fbgHVK<]�YGDmYGHVUGU�S�D�]�YGD�EcDLK>deK<D�K/R#debebgD`aobqR2Y�dg]<K>F>de[GNGK>dgHVU�U�½¾D�]>KkE)RV]'T�DLU*K>F<S�D%]>NGFp_�a4DLK
bqRÆY�dg]>E�DLF<]<dgHVU¨D�]>KpP`F/R#U�YGD`nu�rDLE�DLU�Y�R#U*K�a}bqRÅwVR#bgDLNGF¬hfH�¼QDLUGU�D2DLK¬bqRÆY�dg]>EcDLF<]>dgHVU���S�T�R#F>K�K�¼zE�D¤YGD¤bqR
P�R#N�]<]>dgDLUGU�D��vYGDxT�D�]uY�dg]>K>F>de[GNGK>dgHVU�]OY�deh�deU*N�DLU�K�bgHVF<]<j*N�DAbgDxU�HVh"[GF<D-Y�½¾SLwQSLU�DLhfDLU*K<]xR#NGP`hfDLU�K<D`n
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,6-0/.1�÷zn ~ 2 |�wQHVbeNGK>dgHVU YGDpbqR!wVR#bgDLNGF�hfH�¼QDLUGU�DÅ��[GdqR#dg]Î�\DLKfYGDpbqR¤Y�dg]<E�DLF<]>dgHVUËYGDpbqR¤Y�dg]<K>F>de[GNGK>dgHVU�YGD
δα/α

DLU2��HVU�TLK>dgHVUÆY�NÅU�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU�K<]
N
a�E�HVNGFBNGUÅY�deEcÚVbgDkYGD � _ Y HVF>dgDLU�K<S'wQDLF<]"bgD'T�DLU�K>F<D

P�R#bqRVTLK>dgj�N�D`n

C�R@YGSLEcDLU�Y�R#U�T�D"DLU
N
Y�N¬[GdqR#dg]uDLKuYGDAbqR@Y�dg]>EcDLF<]>dgHVU�YGD

δα/α
D�]>K�F<DLEGF<S�]<DLU*K<S�D-]>NGF�bqR\�P`NGF<D�÷zn ~ n

C�R-Y�dg]>EcDLF<]>dgHVUkYGDub�½¾DLF>F<DLNGF4F<DLbqR#K>dewQDO]>NGF4b�½§R#h�EGbedeK>N�YGD�Y�NkY�deEcÚVbgDuD�]>K�EGF<HVEcHVF>K>dgHVUGU�DLbebgDx»
1/
√
N
bgHVF<]<j*N�D

N
D�]>KvP`F/R#U�Y�DLKvbqR"wVR#bgDLNGFvhfH�¼QDLUGU�D-j�N)R#U*K}»BDLbebgDAD�]>KrEGF<HVEcHVF>K>dgHVUGU�DLbebgD"»

1/N
�zU�HVK>F<D�D�]<K>dehkR#K<DLNGF}YGD

b�½§R#h�EGbedeK>N�YGDfY�N2Y�deE�ÚVbgD@T�HVU*wQDLF>PQDkYGHVU�T@[GdgDLUªwQDLF<]x]/R'w`R#bgDLNGF"R#K>K<DLU�Y�N�D`n'D�b7D�]>KxSLP�R#bgDLhfDLU*K"F/RV]<]>NGF/R#U*K
YGDAU�HVK<DLFuj�N�DAbqR�wVR#bgDLNGF}hfH�¼QDLUGU�D-F<D�]>K<DAK<HVNVI>HVNGF<]}deU���SLF>dgDLNGF<D"»\bqR�Y�dg]<E�DLF<]>dgHVU�n

C�RB�P`NGF<D�÷zn ��debebeN�]>K>F<DAb�½¾SLwQHVbeNGK>dgHVUmYGD�bqR@Y�dg]>EcDLF<]>dgHVU¬YGD
δα/α

DLUp��HVU�TLK>dgHVU�YGD
α
EcHVNGF}Y�d���SLF<DLU�K<D�]

wVR#bgDLNGF<]}YGD
N
��»\P�R#N�T<l�D��ta�DLKuDLUp��HVU�TLK>dgHVUmYGD

N
E�HVNGF}Y�d���SLF<DLU�K<D�]OwVR#bgDLNGF<]uYGD

α
��»�Y�F<HVdeK<D��tn

ÕAD-T�D�]OT�HVNGF>[cD�]}EcDLNGKOyLK>F<D"K>deF<S�D-bqRfbgHVd�PQSLU�SLF/R#bgD
σ(δα/α) ∝ (α

√
N)−1 a)E�DLF>hfDLK>K/R#U*K�Y�½¾S�TLF>deF<DBbgD

F/R#EGE�HVF>Ku]<deP`U)R#b�]>NGF}Y�dg]>EcDLF<]>dgHVUmY�½ NGU�DxhfD�]>NGF<D"YGHVUGU�S�D-T�HVh�hfDf�

[σ(δα/α)]−1 = Kα α
√
N,

�	÷zn§Ñ ~ �

HVÈ�U�HVN�]4R�wQHVU�]oYGSt�UGd�bqR�Ú#ÓIÛhÒ�Ò�Ù!ð#×�ß�Ö]ß�Þ>ß�×>æ*ð�ÒnÜÝÞnÓ6×AÜÝÛÝæ!ð�Y�N'YGSLK<D�TLK<DLNGF�a
Kα

n��rDvE)R#F/R#hfiLK>F<DOT�R#F/RVTLK<SLF>dg]<D
T�HVh�EGbgiLK<DLhfDLU�K"bqR�T�R#E)RVTLdeK<SfYGD@b�½¾DtszEcSLF>dgDLU�T�DfT�HVU�]>dgYGSLF<S�D'»�hfD�]>NGF<DLF-b�½§R#h�EGbedeK>N�YGDkY�½ NGU�D'R#UGdg]<HVK>F<HVEGdgD
Y�deE�HVbqR#deF<Dx]<HVN�]>�eI>RVT�DLU*K<DxY�R#U�]vbgD�]rYGHVUGU�S�D�]�nGC�R\EGNGdg]<]/R#U�T�DAYGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU�YGSLEcDLU�Y¬YGD�bqR-��HVF>hfDxYGD
bqR���HVU�TLK>dgHVUpY�½¾Dts�E�H`]>deK>dgHVU'F<DLbqR#K>dewQD`a*DLKoY�R#U�]4bqR"T�RV]4Y�½ NGU�D�T�HVNGwQDLF>K>NGF<DuU�HVU'NGUGd���HVF>hfD`azYGD�b�½¾HVF>dgDLU�K/R#K>dgHVU



Ä�[G
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Y�NBY�deEcÚVbgD`n�ÕxR#U�];U�HVK>F<DrDts�DLh�EGbgDrY�N\Y�deEcÚVbgDrHVF>dgDLU�K<SrwQDLF<]�bgDrT�DLU�K>F<DoP�R#bqRVTLK>dgj*N�D`a#HV[�]/DLF>wQS4E)R#F;bgDo]<deK<D4]>N�Y
YGD4b�½ � É�M\a�bqRuEGNGdg]<]/R#U�T�DvYGDoF<D�T�HVU�]>K>F>N�TLK>dgHVUfD�]>K£Y�½¾DLU�wzdeF<HVU

Kα = 0.33
a`T�HVh�hfDrHVU\EcDLNGK�bgDrwQHVdeF£]>NGF�bgD�]

R�I¯N�]<K<DLhfDLU�K<]}K>F/RVT�S�]O]>NGF}bqR\�P`NGF<Du÷zn ��n�M�wQD�TxNGU�DxEGNGdg]<]/R#U�T�D"YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU
Kα = 0.33

a)b�½¾DLF>F<DLNGF
F<DLbqR#K>dewQD-]>NGF�b�½§R#h�EGbedeK>N�YGDBY�½ NGUmY�deE�ÚVbgD"YGD

10%
D�]>K}Y�½¾DLU�wzdeF<HVU

30%
R�wQD�T

N = 105 SLwQSLU�DLhfDLU�K<]�n

,.-F/.1�÷zn � 2 |7wQHVbeNGK>dgHVU YGD'bqR%Y�dg]<E�DLF<]>dgHVUXYGD δα/α a�DLUÆ��HVU�TLK>dgHVUXYGD α a;E�HVNGF�Y�d���SLF<DLU�K<D�]@K/R#debebgD�] NY�NÅbgHVK�YGD�YGHVUGU�S�D�]��=é�Ù!Ó�×nØ6ß#�@DLK@DLUÅ��HVU�TLK>dgHVUXYGD
N
a�EcHVNGF�Y�d��cSLF<DLU*K<D�]@wVR#bgDLNGF<]�YGD

α
��Ö*Þ'æ!ÛÝÜ�ß#�tn;�OU

R�I¯N�]<K<DLhfDLU�KuYGD-T/l)RVj�N�D"T�HVNGF>[�D-]<NGdewVR#U*K}b�½¾S�j�N)R#K>dgHVUÆ�	÷zn§Ñ ~ �vD�]>K}SLP�R#bgDLhfDLU�K�F<DLEGF<S�]<DLU*K<S`n

� �����0i���������fÙÛ;�2õ��rÛ£�����*Ã`������f Û£&ÙÛ;�0Ü$��õ�� ÕAD"bqR'hfyLhfDB��RVW�HVU¤j*N�D"EGF<S�T�S�YGDLh�hfDLU*K�a�IL½§R#d£SLK>N�Y�dgS
bqR-EGF<S�TLdg]<dgHVUpYGDObqR"F<D�T�HVU�]>K>F>N�TLK>dgHVU�YGDubqRBY�deF<D�TLK>dgHVU¬Y�N¬Y�deE�ÚVbgD�DLU�T�R#F/RVTLK<SLF>dg]ÎR#U�K�bgD�]vY�dg]>K>F>de[GNGK>dgHVU�]�YGD�]
R#UGP`bgD�]uF<D�T�HVU�]<K>F>NGdeK<]uE)R#FOF/R#EGE�HVF>K<]AR#N�smR#UGP`bgD�]udeUGdeK>dqR#N�s�n�C�R@�P`NGF<DH÷zn:ðfF<DLEGF<S�]<DLU�K<DBbgD�]�Y�dg]>K>F>de[GNGK>dgHVU�]
YGD\b�½¾DLF>F<DLNGF-]>NGFAbqR'YGS�TLbedeU)R#dg]/HVUªF<D�T�HVU�]>K>F>NGdeK<D�EcHVNGFAY�d���SLF<DLU�K<D�]-wVR#bgDLNGF<]xYGD

N
a�R#deU�]>d7j*N�D\b�½¾SLwQHVbeNGK>dgHVU

Y�Np[GdqR#dg]�DLKrYGD�bqR\Y�dg]>EcDLF<]>dgHVU¬YGD
δ
R�wQD�T

N
nzC�D�]vF<S�]>NGbeK/R#K<]�T�HVU�T�DLF>U)R#U�K}b�½§RV]/T�DLU�]>dgHVU�Y�F<HVdeK<D�� a Mx��]<HVU*K

]>deh�debqR#deF<D�]rDLKoU�DO]<HVU�KrE)RV]4F<DLEGF<S�]/DLU�K<S�]rdgTLd�n*�OU�D}bgHVd�]>deh�debqR#deF<DA»-T�DLbebgD�]>NGF4b�½§R#h�EGbedeK>N�YGDAY�N'Y�deEcÚVbgDOE�DLNGK
yLK>F<D���HVF>hBNGbgS�D-EcHVNGF}bqR\F<D�T�HVU�]>K>F>N�TLK>dgHVU!YGDxbqR@YGS�TLbedeU)R#dg]<HVUÅ�

σdec =
1

Kdec α
√
N
.

�	÷zn§Ñ#�*�

Y�R#U�]�bqRVj*N�DLbebgD
Kdec

F<DLEGF<S�]/DLU�K<D-bqR�EGNGdg]<]/R#U�T�DxYGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU!YGDAbqR�YGS�TLbedeU)R#dg]<HVU�n�É;HVNGFub�½¾DtsGDLh�EGbgD
YGD\bqRf�P`NGF<Ds÷zn:ð�a�R�wQD�T@NGUªY�deEcÚVbgD�Y�R#U�]�bqR'Y�deF<D�TLK>dgHVUÅY�N¤T�DLU*K>F<D@P�R#bqRVTLK>dgj�N�D�HV[�]/DLF>wQSBE)R#FAbgD@]>deK<D@]>N�Y
YGDAb�½ � É�M\a�bqR\EGNGdg]/]/R#U�T�D"R#UGP`NGbqR#deF<D"D�]<K}YGD

Kdec ' 0.28 rad−1 aGHVN�]>d�b�½¾HVUmEGF<St��iLF<D K−1
dec ' 200◦

n
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,6-0/.1_÷zn:ð 2 Õ�dg]>K>F>de[GNGK>dgHVU�]£YGD7b�½¾DLF>F<DLNGF;F<DLbqR#K>dewQDo]<NGF�bqR}YGS�TLbedeU)R#dg]<HVUBF<D�T�HVU�]>K>F>NGdeK<DA�=é�Ù!Ó�×nØ6ß#�ta#DLK;SLwQHVbeNGK>dgHVUY�N�[GdqR#dg]"DLK\YGDfbqRmY�dg]>E�DLF<]<dgHVU�T�HVF>F<D�]>EcHVU�Y�R#U�K�DLU2��HVU�TLK>dgHVUÅY�NÅU�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU�K<]���Ö!Þ�æ!ÛÝÜ�ß��tn�C�D
Y�deE�ÚVbgD�DLUÆDLU*K>F<S�DpE�H`]/]<i�YGDfNGU�D¬R#h�EGbedeK>N�YGD

α = 0.1
DLK@D�]>K@HVF>dgDLU�K<SpwQDLF<]\bgD'T�DLU*K>F<D�P�R#bqRVTLK>dgj�N�D`n£C�R

��HVU�TLK>dgHVUmY�½¾Dts�EcH`]>deK>dgHVU�T�HVF>F<D�]>EcHVU�Y%R#N�]>deK<Dx]>N�YmYGDAb�½ � É�M\a�R�wQD�T
θmax = 70◦

n

ÕAD�bqRphfyLhfD���RVW�HVU�a�EcHVNGF-bqR�F<D�T�HVU�]>K>F>N�TLK>dgHVUÆYGDfb�½§RV]<T�DLU�]>dgHVUÅY�F<HVdeK<D`a�bqR¬EGNGdg]<]ÎR#U�T�DfHV[GK<DLU�N�D�D�]>K
KRA ' 0.38 rad−1 aGT`½¾D�]>KJ�Þ»���Y�deF<D K−1

RA ' 150◦
nGÉ;R#F�Dts�DLh�EGbgD`a�]<d

α = 0.05
��T�HVh�hfDxdeb�EcHVNGF>F/R#deKuyLK>F<D

]>NGP`PQSLF<S@E)R#F-bgD�]-YGHVUGU�S�D�]-Y�½¾Mu xMA¡zM E�HVNGF"bgD�]AF/R�¼QHVU�]"T�H`]<h�dgj�N�D�]BY�½ NGU�D�SLU�DLF>P`dgD ∼ 1018 D��ZÍ7�¤÷ Ø ���
DLKOEcHVNGFANGU!bgHVKxYGD@YGHVUGU�S�D�]xYGD

105 SLwQSLU�DLhfDLU*K<]�a�bqR'EGF<S�TLdg]>dgHVUªYGD\F<D�T�HVU�]>K>F>N�TLK>dgHVU�R#UGP`NGbqR#deF<D�D�]>KxYGD
b�½¾HVF<Y�F<D-YGD

12◦
EcHVNGF

δ
DLK

9.4◦
E�HVNGF a MBn

 "&���������f�ÃQ�tÛ������*ÃQ��f������V&�ÃQ���ò�>f C�R!EGNGdg]<]/R#U�T�DpYGDpF<D�T�HVU�]>K>F>N�TLK>dgHVU Y�NËY�deEcÚVbgD`a£YGSt�UGdgD¬E)R#F
KαE�HVNGF}b�½�R#h�EGbedeK>N�YGDBDLKOE)R#F\�

Kdec
a
KRA

�rE�HVNGFObqRfY�deF<D�TLK>dgHVU�a�YGSLE�DLU�YmU�HVU%]<DLNGbgDLhfDLU*K�YGD"bqR@��HVU�TLK>dgHVU
Y�½¾DtszEcH`]>deK>dgHVU2hkR#dg]-SLP�R#bgDLhfDLU*K\YGD@bqR�Y�deF<D�TLK>dgHVUÅY�N2Y�deEcÚVbgDfY�R#U�]-bgD�TLdgDLb�n�Mu�U�YGD�T�R#F/RVTLK<SLF>dg]<DLF\T�DLK>K<D
YGDLF>UGdgiLF<DfYGSLE�DLU�Y�R#U�T�D`aGIL½§R#d�T�R#bgTLNGbgS�bqR�EGNGdg]/]/R#U�T�D�YGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU�YGDfb�½ � É�M ��NGU2HVN2YGDLN�sª]>deK<D�]Î�
E�HVNGF�Y�d���SLF<DLU�K<D�]kHVF>dgDLU*K/R#K>dgHVU�]'Y�NXwQD�TLK<DLNGFfY�deEcÚVbgD`n�C�R%�P`NGF<DN÷zn Ø hfHVU*K>F<D¬bqR!w`R#F>dqR#K>dgHVU YGD Kα

DLU
��HVU�TLK>dgHVUmYGDAbqRfYGS�TLbedeU)R#dg]<HVUmY�NmY�deEcÚVbgDxwzF/R#d�aGY�R#U�]�bgD-T�RV]}Y�½ NGUmHVN%YGDLN�sp]>deK<D�]u]>deh�debqR#deF<D�]O»\b�½ � É�MBn

ÕxR#U�]�bgDrT�RV]£YGD4bqRuT�HVNGwQDLF>K>NGF<DvE)R#F>K>dgDLbebgD`a�bqRuEGNGdg]<]/R#U�T�DrYGDoF<D�T�HVU�]>K>F>N�TLK>dgHVU�D�]>K�hkR�s�dehkR#bgDrbgHVF<]<j�N�DobgD
Y�deE�ÚVbgD}D�]<K�Y�deF>dePQS}Y�R#U�]�NGU�D�F<SLP`dgHVUkEGF<H*T/l�DuYGDvb�½¾S�j*N)R#K<DLNGFoDLK�EGbeN�]£��R#de[GbgD�bgHVF<]<j*N�D�bgD�Y�deEcÚVbgD}D�]>K�HVF>dgDLU*K<S
wQDLF<]}NGU�EcÚVbgD`a�b�½§R#h�EGbedeK>N�YGD\YGDxbqR@w`R#F>dqR#K>dgHVUmEcHVNGwVR#U*K�R#K>K<DLdeU�Y�F<DBNGU¬��RVTLK<DLNGF ∼ 2

nc�rDLK>K<D"YGSLEcDLU�Y�R#U�T�D
E�DLNGK-]<D�T�HVh�EGF<DLU�Y�F<D�j*N)R#bedeK/R#K>dewQDLhfDLU�K@DLUªF<DLhkR#F<j�N)R#U*K\j*N�D@bgHVF<]<j*N�D@bgDfY�deE�ÚVbgDkD�]>K-HVF>dgDLU�K<SkwQDLF<]-NGU
YGD�]4EcÚVbgD�]�aQbqR"F<SLP`dgHVUpY�N'TLdgDLb�bqR-h�dgDLN�s'HV[�]/DLF>wQS�DuE)R#Fob�½¾DtszEcSLF>dgDLU�T�DAT�HVF>F<D�]>E�HVU�Y"IJN�]>K<DLhfDLU�K�»-bqR-E)R#F>K>dgD
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HVÈ¬bqR@hfHzY�NGbqR#K>dgHVUmDLUmT�H`]>deU*N�]uY�Np��N�s¬wVR#F>dgDAbgDAEGbeN�]ubgDLU�K<DLhfDLU*K�n
C�HVF<]<j*N�Dpb�½¾Dts�E�SLF>dgDLU�T�DpEcDLNGK�HV[�]<DLF>wQDLF�b�½¾DLU�]<DLh"[GbgDmY�NËTLdgDLb�a£bqRmEGNGdg]/]/R#U�T�D¬YGDpF<D�T�HVU�]>K>F>N�TLK>dgHVUËU�D

YGSLE�DLU�YfE)RV]4YGD}b�½¾HVF>dgDLU*K/R#K>dgHVU�Y�N'wQD�TLK<DLNGFoY�deEcÚVbgD}DLK4D�]>KoYGHVUGU�S�D}E)R#F
Kα ' 0, 6

Y�R#U�]�bgDOT�RV]4YGD�b�½ � É�M
T�HVh�EGbgDLK�n��rDLK>K<Dxw`R#bgDLNGFuD�]>KODLU%RVT�T�HVF<Y%R�wQD�T"T�DLbebgD-D�]>K>dehfS�D-E)R#FA¡zHVh�hfDLF<]"�¤÷��Q��j�NGd�HV[GK>dgDLU*KA_�a Ø ðkR�wQD�T
bqR¬hfyLhfDf��HVU�TLK>dgHVUZY�½¾DtszEcH`]>deK>dgHVU�n£�rDfF<S�]>NGbeK/R#K\U�½¾D�]>K"E)RV]\]>NGF>EGF<DLU)R#U*K\T�R#FBbgD�]BYGDLN�s2hfSLK>l�HzYGD�]B]/HVU�K
]>K>F>dgTLK<DLhfDLU�K\dgYGDLU�K>dgj*N�D�]@Y�R#U�]"bgD'T�RV]BYGD'T�HVNGwQDLF>K>NGF<DkK<HVK/R#bgD`n;C�RmY�d��cSLF<DLU�T�D�DLU�K>F<D�T�D�]BYGDLN�s2w`R#bgDLNGF<]
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÷zn§ÑQ�ta�DLK�bqRkEGNGdg]<]/R#U�T�D\YGD"F<D�T�HVU�]>K>F>N�TLK>dgHVU2Dt��D�TLK>dewQD\YGSLK<DLF>h�deU�S�Df»�E)R#F>K>deFxY�½ NGU%EcDLK>deK�bgHVK�YGD\YGHVUGU�S�D�]
D�]>K�K<HVNVI>HVNGF<]�bgSLPQiLF<DLhfDLU�K�]>NGE�SLF>dgDLNGF<D%»¤T�DLbebgD�HV[GK<DLU�N�DmR�wQD�T�bqR!w`R#bgDLNGFkRV]>¼zh�EGK<HVK>dgj�N�Dm»!P`F/R#U�Y
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Õ�NfEcHVdeU�KoYGD}w*N�D}Dts�EcSLF>dehfDLU�K/R#b�a*NGU�D}EGbeN�]�P`F/R#U�YGDuEGNGdg]<]/R#U�T�D}YGDuF<D�T�HVU�]>K>F>N�TLK>dgHVU�deh�EGbedgj�N�DOj�N�½ NGU
Y�deE�ÚVbgD\Y�½§R#h�EGbedeK>N�YGD�YGHVUGU�S�D@]<DLF/RkF<D�T�HVU�]>K>F>NGdeKxEGbeN�]�F/R#EGdgYGDLhfDLU�K�a�T`½¾D�]>KJ�Þ»���Y�deF<D�j*N�½ deb;]/DLF/Rk]>deP`UGd�)T�R#K>d��
R�wQD�T@NGU¤EGbeN�]A��R#de[GbgD\U�HVh"[GF<DfY�½¾SLwQSLU�DLhfDLU*K<]�n<�ON)R#U�K>deK/R#K>dewQDLhfDLU*K�a;b�½§R�IJHVNGKxY�N2]>deK<D\U�HVF<YªYGD\b�½ � [�]<DLFJ�
wVR#K<HVdeF<DkÉ7dgDLF>F<D'MONGPQDLF-EcDLF>hfDLK>K>F/R�YGD'YGSLK<D�TLK<DLF"NGU�D'R#UGdg]/HVK>F<HVEGdgDkY�deEcHVbqR#deF<D'R�wQD�T'NGU�D�EGNGdg]<]ÎR#U�T�Dk]>NGF
b�½§R#h�EGbedeK>N�YGD

Kα
T�HVh�EGF>dg]<DkDLU�K>F<D
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DLK

2.7
��HVdg]AEGbeN�]AP`F/R#U�YGD`a�HVN2Y�½ NGU¤��RVTLK<DLNGF-YGDLN�sªDLUªhfH�¼QDLUGU�D
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Y�½¾SLwQSLU�DLhfDLU�K<]vF<D�j*NGdg]4EcHVNGFrR�wQHVdeFobqR"hfyLhfDu]>deP`UGd�)T�R#U�T�DA]<DLF/R"DLU�K>F<D

1.7
DLK

7.3
��HVdg]�EGbeN�]4��R#de[GbgD`az]<HVdeK4�

��HVdg]£hfHVdeU�]�DLUkhfH�¼QDLUGU�D`a�j*N�DvY�R#U�]�bgD�T�RV]�HVÈ�NGUf]/DLNGb�]>deK<D�D�]>K�Y�dg]>EcHVUGde[GbgD`nQ|7UfT�HVU�]>dgYGSLF/R#U*Koj*N�DvbgD�]>deK<D
U�HVF<Y�YGHVNG[GbgDLF/R@SLP�R#bgDLhfDLU*K�b�½§RVT�T�DLEGK/R#U�T�D-YGDOb�½ � É�M\aGDLK�YGHVU�TObgDOK/R#N�s�Y�½§RVT�j*NGdg]>deK>dgHVU�YGD�]vSLwQSLU�DLhfDLU�K<]�a
b�½ � [�]<DLF>wVR#K<HVdeF<DkÉ7dgDLF>F<DkMONGPQDLF"T�HVh�EGbgDLK-EcHVNGF>F/RphfD�]>NGF<DLF-NGU�D'R#UGdg]<HVK>F<HVEGdgDkY�deEcHVbqR#deF<DfDLU2hfH�¼QDLUGU�D'¦
��HVdg]AEGbeN�]"F/R#EGdgYGDLhfDLU�K@j�N�D@bgD�]>deK<Dk]>N�Yª]<DLNGbu��HVN�DLU*K>F<D ~ n �mDLK � ��n Ø DLU2��HVU�TLK>dgHVU�YGD@bqR�Y�deF<D�TLK>dgHVUÅY�N
Y�deE�ÚVbgD��tn

�rHVU�T�DLF>U)R#U�KobqRAEGF<S�TLdg]>dgHVU'R#UGP`NGbqR#deF<D`a�b�½¾SLwQHVbeNGK>dgHVU'YGDvbqRAEGNGdg]<]ÎR#U�T�D�YGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU'D�]<K7debebeN�]>K>F<S�D
]>NGFobqR"�P`NGF<D�÷zn¤÷BDLU'��HVU�TLK>dgHVU�YGD�bqR\YGS�TLbedeU)R#dg]<HVU�Y�NpY�deE�ÚVbgD`a�EcHVNGFoNGU¬HVN¬YGDLN�s�]<deK<D�]rDts�EcSLF>dehfDLU�K/R#N�s�n
C�ROEGNGdg]<]/R#U�T�DrYGDoF<D�T�HVU�]<K>F>N�TLK>dgHVUfYGDobqROYGS�TLbedeU)R#dg]<HVU

Kdec
a�YGDrb�½§RV]<T�DLU�]<dgHVU@Y�F<HVdeK<D

KRA
DLK£bqR}EGNGdg]/]/R#U�T�D

R#UGP`NGbqR#deF<DBK<HVK/R#bgD
Ktot

]<HVU�K�F<DLEGF<S�]<DLU*K<S�D�]�n��rDLK>K<D\YGDLF>UGdgiLF<D\D�]>KAHV[GK<DLU�N�D�»kE)R#F>K>deF�YGDBb�½§R#UGP`bgD
γ
DLU*K>F<D

bgDAwQD�TLK<DLNGFOY�deEcÚVbgDAF<D�T�HVU�]>K>F>NGdeKODLK�bgDxwzF/R#d�wQD�TLK<DLNGF�a�wQSLF>d��R#U*KubqR\F<DLbqR#K>dgHVUÆ�

cos γ = cos θd cos θrec + sin θd sin θrec cos(ϕd − ϕrec).
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,6-0/.1B÷zn¤÷ 2 É7NGdg]<]ÎR#U�T�D2YGDªF<D�T�HVU�]>K>F>N�TLK>dgHVU R#UGP`NGbqR#deF<D�YGDªb�½ � [�]/DLF>wVR#K<HVdeF<DÅÉ7dgDLF>F<D�MONGPQDLF�aOR�wQD�T2NGU
�=é�Ù!Ó�×nØ6ß#��HVN YGDLN�s¨��Ö!Þ�æ!Û�Ü�ß#�@]>deK<D�]kDtszEcSLF>dehfDLU�K/R#N�s�a4DLUZ��HVU�TLK>dgHVU YGD¬bqR¤YGS�TLbedeU)R#dg]<HVU�Y�N Y�deEcÚVbgD`n7C�R
EGF<S�TLdg]>dgHVU¤R#UGP`NGbqR#deF<DBK<HVK/R#bgD

Ktot
a)DLU¤YGS�TLbedeU)R#dg]<HVU�a

Kdec
a�DLK�DLU¤RV]<T�DLU�]>dgHVU%Y�F<HVdeK<D`a

KRA
a�]<HVU�K�F<DLEGF<St�

]<DLU�K<S�D�]�n

C�HVF<]<j*N�DubqR"T�HVNGwQDLF>K>NGF<DxY�N'TLdgDLbcD�]>KrE)R#F>K>dgDLbebgD`a*bqR-EGNGdg]<]/R#U�T�D�YGDuF<D�T�HVU�]<K>F>N�TLK>dgHVU¬R#UGP`NGbqR#deF<DAYGSLEcDLU�Y
YGDvb�½¾HVF>dgDLU�K/R#K>dgHVUpY�NfY�deE�ÚVbgD`nQC�RAwVR#F>dqR#K>dgHVU'YGD

KRA
D�]>K7bqR�EGbeN�]4deh�E�HVF>K/R#U*K<D`aQEGNGdg]<j*N�D

KRA
w`RoI¯N�]<j*N�½§»
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]�½§R#UGU�NGbgDLFoE�HVNGF
δd = ±90◦

n�C�RAF/R#dg]<HVU�DLUkD�]>K4j*N�D�bgHVF<]<j*N�D�bgD}Y�deEcÚVbgDuD�]>KrR#deU�]>d�R#bedeP`U�S`aQbqR"Y�dg]>K>F>de[GNGK>dgHVU
YGD�]�Y�deF<D�TLK>dgHVU�]}Y�½§R#F>F>dewQS�D-YGD�]vF/R�¼QHVU�]}T�H`]>h�dgj*N�D�]�D�]>K}]>¼zhfSLK>F>dgj�N�DxR#NGK<HVNGF}YGDAb�½§R�sGD�YGD�]vEcÚVbgD�]�DLK�U�½¾D�]>K
YGHVU�TfEGbeN�]"hfH*Y�NGbgS�D'DLUÆRV]<T�DLU�]>dgHVUÆY�F<HVdeK<D`n�C�RmT�H*HVF<YGHVUGU�S�D a MÒY�NÅY�deEcÚVbgD�U�½§RmYGHVU�TfEGbeN�]\YGDf]<DLU�]�a
DLK�bqR@EGNGdg]<]/R#U�T�D"T�HVF>F<D�]>E�HVU�Y�R#U*K<D"D�]>K}YGHVU�T"U�NGbebgD`n�� b�½ deU�wQDLF<]/D`a�bqR@hfHzY�NGbqR#K>dgHVUmDLU a M D�]>K�hkR�s�dehkR#bgD
E�HVNGF@NGUXY�deEcÚVbgD¬Y�R#U�]@bgDpEGbqR#UËYGD'b�½¾S�j*N)R#K<DLNGF�n7C�R!EGNGdg]<]ÎR#U�T�DpK<HVK/R#bgD¬YGD'F<D�T�HVU�]<K>F>N�TLK>dgHVU�R#UGP`NGbqR#deF<D`a
YGHVUGU�S�D\E)R#F

Ktot
a�EGF<S�]<DLU�K<D@NGU�D\bgSLPQiLF<D�YGSLEcDLU�Y�R#U�T�DfR�wQD�T@bqR�YGS�TLbedeU)R#dg]<HVU2Y�NªY�deE�ÚVbgD`a�YGD\b�½¾HVF<Y�F<D�YGD

±15 Y Y�R#U�]�bgD-T�RV]}Y�N�]<deK<D-]>N�Y¬YGDAb�½ � [�]<DLF>w`R#K<HVdeF<D"É7dgDLF>F<D"MuNGPQDLF�n
�rHVh�hfDvR#K>K<DLU�Y�N�a�bqR}EGF<S�TLdg]>dgHVU@YGD4F<D�T�HVU�]>K>F>N�TLK>dgHVUfR#UGP`NGbqR#deF<DrY�R#U�];bgD4T�RV];Y�½ NGU�DoT�HVNGwQDLF>K>NGF<DrK<HVK/R#bgD

Y�NªTLdgDLb�D�]>KAdeU�YGSLE�DLU�Y�R#U*K<DkYGD@bqR�Y�deF<D�TLK>dgHVU�Y�NªY�deE�ÚVbgD`a�]ÎR#N��oEcHVNGFxbqR'YGSLK<DLF>h�deU)R#K>dgHVUÆYGD@b�½§RV]<T�DLU�TLdgHVU
Y�F<HVdeK<DuY�N�Y�deE�ÚVbgD}j*NGd)E)R#FoYGSt�UGdeK>dgHVU'U�½§R-EGbeN�]oYGD}]/DLU�]�bgHVF<]<j*N�D

δd = ± 90◦
n��ON)R#U�K>deK/R#K>dewQDLhfDLU*K�a�Y�R#U�]

bgD}T�RV]4Y�½ NGU�Y�deE�ÚVbgDuYGDBð Y Y�½§R#h�EGbedeK>N�YGD�Y�R#U�]4NGUkbgHVK4YGDuYGHVUGU�S�D�]rT�HVU�K<DLU)R#U*K
105 SLwQSLU�DLhfDLU�K<]�a*b�½ � É�M

T�HVh�EGbgDLKuEcH`]<]<i�YGDxNGU�D"EGF<S�TLdg]>dgHVUªR#UGP`NGbqR#deF<D"K<HVK/R#bgDBY�½¾DLU�wzdeF<HVU
6.4◦

a�»�T�HVh�E)R#F<DLFAR�wQD�T ' 11◦
EcHVNGFubgD

]>deK<Dx]>N�Y¬]<DLNGb�n
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MOEGF<i�];R�wQHVdeF;YGSLK/R#debebgSrbgD�EGF>deU�TLdeEcDrYGD4bqR}hfSLK>l�H*YGD`aVDLK;R�wQHVdeF£EGF<S�]<DLU�K<SoNGU�DoSLK>N�YGDrYGDr]/R�EGNGdg]<]ÎR#U�T�DoYGD
F<D�T�HVU�]>K>F>N�TLK>dgHVUp]<HVN�]�NGU'RV]<E�D�TLK���ß�ï�Ú�ÑnÞnÛ�Ô¹ß�ð�Ü�Ù!êy�A��T`½¾D�]>KJ�Þ»���Y�deF<DO[)RV]<S}]>NGF4bgD�]�F<S�]>NGbeK/R#K<]rYGDu]>dehBNGbqR#K>dgHVU�]
U�NGhfSLF>dgj*N�D�]Î�ta�U�HVN�]BR#bebgHVU�]BRVYGHVEGK<DLF"NGUªEcHVdeU�K\YGD@w*N�DfEGbeN�]��-Ù!ð#Ù*ê /*ÜÝÛ=ë�Ó�ß��"Y�R#U�]"T�DLK>K<Df]<D�TLK>dgHVU�E�HVNGF
YGS�TLF>deF<Dxb�½¾Dt¥kT�RVTLdeK<S"YGDAF<D�T�HVU�]<K>F>N�TLK>dgHVU�n

�rHVh�hfD¬��F<S�j*N�DLh�hfDLU�K'DLU�EGl�¼�]>dgj*N�D`a7bqR¤hfHzYGSLbedg]/R#K>dgHVU�YGSLK/R#debebgS�D!DLKfF<S�R#bedg]>K<D%Y�½ NGUËEGl�SLU�HVhfiLU�D
E�DLNGK"F/R#F<DLhfDLU�K@yLK>F<DfDtszEGF>dehfS�DkK<HVK/R#bgDLhfDLU�K@]<HVN�]x��HVF>hfDkR#U)R#be¼zK>dgj�N�D`në�OHVN�]\R#bebgHVU�]"YGHVU�T'YGS�TLF>deF<DfbgD�]
F<S�]>NGbeK/R#K<]4j*NGd�EcDLNGwQDLU�KryLK>F<D}HV[GK<DLU�N�]v»AE)R#F>K>deFoY�N'T�RV]�bgD�EGbeN�]o]>deh�EGbgDuR#N�j*N�DLb�]�½§R#EGEGbedgj*N�D�bqRAhfSLK>l�HzYGD"�
bgD¬T�RV]fY�½ NGUËYGSLK<D�TLK<DLNGFkEcH`]<]<S�Y�R#U*K�NGU�D�T�HVNGwQDLF>K>NGF<D¬K<HVK/R#bgD�DLK�NGUGd���HVF>hfD�Y�N TLdgDLb�n7ÕxR#U�]fT�DphfHzYGiLbgD
]>deh�EGbed�)S`a�bgD-wQD�TLK<DLNGF�Y�deEcÚVbgD-F<D�T�HVU�]>K>F>NGdeK�]�½¾S�TLF>deKO]<deh�EGbgDLhfDLU�KA]<HVN�]}bqR���HVF>hfDBY�½ NGU�D"]<HVh�hfDB]>NGF}K<HVN�]
bgD�]�wQD�TLK<DLNGF<]}EcH`]>deK>dgHVU�YGD�]OSLwQSLU�DLhfDLU�K<]�a�T�HVh�hfDxU�HVN�]�bgDxF/R#EGEcDLbgHVU�]}dgTLd��
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]>N�]@YGD'hkR#F<T/l�D�R#bgS�R#K<HVdeF<D�»%K>F<HVdg]�Y�dehfDLU�]>dgHVU�]�j�N�D�U�HVN�]fR�wQHVU�]�SLwQH*j*N�S�EGF<S�T�S�YGDLh�hfDLU�K�n�|7UËDt��DLK�a
bgD"wQD�TLK<DLNGF-Y�deEcÚVbgD\F<D�T�HVU�]>K>F>NGdeKxE�H`]/]<i�YGD"hkR#K>l�SLhkR#K>dgj*N�DLhfDLU�KBbgD�]�hfyLhfD�]AEGF<HVEGF>dgSLK<S�]-j�N�DBbgD\wQD�TLK<DLNGF
E�H`]>deK>dgHVU

r
T�HVU�]<S�TLNGK>d��4R#N�s

N
YGSLEGbqRVT�DLhfDLU�K<]AR#bgS�R#K<HVdeF<D�]OYGDxbgHVUGP`N�DLNGF

λ = 3/N
Y�½ NGU�DxE)R#F>K>dgTLNGbgD`n�C�D

T�RV]"Y�½ NGU�D�hkR#F<T/l�D�R#bgS�R#K<HVdeF<D'dg]<HVK>F<HVEcDfT�HVF>F<D�]>EcHVU�Y�YGHVU�TkR#NÆT�RV]"Y�½ NGUª��N�sªdg]<HVK>F<HVEcDm��T/l)RVj�N�DkE)RV]�a
T�HVF>F<D�]>E�HVU�Y�R#U*K@»mT<l)RVj*N�D'Y�deF<D�TLK>dgHVUZY�½§R#F>F>dewQS�D`a;E�H`]/]<i�YGD�NGU�DfEGF<HV[)R#[GdebedeK<SpYGD']<D�EGF<HzY�NGdeF<DkdeU�YGSLEcDLU��
Y�R#U�K<D\YGD-bqR�Y�deF<D�TLK>dgHVU�ncC�RkY�dg]>K>F>de[GNGK>dgHVU!YGD

r
D�]>KOR#bgHVF<]OdgYGDLU�K>dgj*N�D\»fbqRfY�dg]>K>F>de[GNGK>dgHVU¤YGD

αD
Y�R#U�]ObgD

T�RV]}Y�½ NGU¬��N�spK<HVK/R#bgDLhfDLU�K�dg]<HVK>F<HVE�D`n
C�½§R#U)R#bgHVP`dgDkR�wQD�T�bgD@EGF<HV[GbgiLhfDfYGD@bqR�hkR#F<T<l�D�R#bgS�R#K<HVdeF<DfD�]>KxSLK/R#[GbedgD�E)R#FxbgD�]xF<DLbqR#K>dgHVU�]"YGD�T�HVF>F<D�]J�

E�HVU�Y�R#U�T�D-]<NGdewVR#U*K<D�]"�

r ⇔ αD
�	÷zn§Ñ Ø �

λ ⇔ 3

N

�	÷zn§Ñ�÷`�
�	÷zn§Ñ`¦Q�

Y�R#U�]ObqRVj*N�DLbebgD
Ddiffusion

D�]>KAbgDBT�HzDt¥kTLdgDLU�K-YGD@Y�d��cN�]>dgHVU�a�bqRkF<DLbqR#K>dgHVUªDLU*K>F<D�T�D\T�HzDt¥kTLdgDLU�K-DLKAbgDBbede[GF<D
E)R#F<T�HVNGF<]}hfH�¼QDLU

λ
R�¼�R#U�KOSLK<SxYGSLhfHVU*K>F<S�D"EGF<S�T�S�YGDLh�hfDLU*K�n

��õ�&�� �����)������Ü�� C�R2YGDLU�]>deK<SmYGD¬EGF<HV[)R#[GdebedeK<S%Y�NËwQD�TLK<DLNGF'Y�deEcÚVbgD¬F<D�T�HVU�]>K>F>NGdeK�aoY�R#U�]fbgD�T�RV]'HVÈËbgD
��N�s¤YGD@F/R�¼QHVU�]"T�H`]>h�dgj*N�D�]-D�]>KAdg]<HVK>F<HVEcD`a�D�]>K-YGHVU�T`a�]>NGdew`R#U�Kxb�½¾S�j*N)R#K>dgHVU Ø n§Ñ�a�E)R#F/R#hfSLK>F>dg]/S�D�E)R#FxNGU�D
P�R#N�]<]>dgDLUGU�D"»\K>F<HVdg]}Y�dehfDLU�]<dgHVU�]uYGHVUGU�S�D-E)R#FubqR\F<DLbqR#K>dgHVU��

p (αrec Drec, N) =

(
6π

N

)3/2

exp

(
−N

6
||αrec Drec ||2

) �	÷zn§Ñ`^Q�

DtszEGF>dehkR#U*K'bqR�EGF<HV[)R#[GdebedeK<SmEcHVNGFpj�N�DmbgD�wQD�TLK<DLNGFpY�deE�ÚVbgDmF<D�T�HVU�]>K>F>NGdeK�R#deKkEcHVNGFkw`R#bgDLNGF
αrec Drec

»
d3(αrec Drec)

EGF<i�]�n
C�DfwQD�TLK<DLNGF�Y�deEcÚVbgDfF<D�T�HVU�]>K>F>NGdeK@EcH`]<]<i�YGDfYGHVU�T'NGU�D�HVF>dgDLU�K/R#K>dgHVUZNGUGd���HVF>hfSLhfDLU*K@F<SLE)R#F>K>dgD�]<NGF"bqR

]>EGl�iLF<D%�;]<D�]\K>F<HVdg]@T�HVh�E�H`]ÎR#U�K<D�]�]<HVU*K\YGHVU�TpY�dg]>K>F>de[GN�S�D�]�]>NGdew`R#U�K\NGU�D�bgHVdoP�R#N�]/]>dgDLUGU�DpYGDkhfH�¼QDLUGU�D
U�NGbebgD-DLKuY�½¾S�T�R#F>KuK�¼zE�D

σ =
√

3
N

n
�«E)R#F>K>deFrYGDOb�½¾S�j*N)R#K>dgHVUª�	÷zn§Ñ`^Q�ta*debcD�]>K4EcH`]<]>de[GbgDOYGDOT�R#bgTLNGbgDLFvbqR-YGDLU�]<deK<S�YGDuEGF<HV[)R#[GdebedeK<SxY�NkhfHzY�NGbgD

Y�N�wQD�TLK<DLNGFoY�deEcÚVbgD
α
�`DLUfdeU*K<SLP`F/R#U�Kv]>NGF7K<HVNGK�bgD�]4R#UGP`bgD�]4bgD�]<D�T�HVU�Y�hfDLhB[GF<DuYGD-�	÷zn§Ñ`^Q�taQbqR�EGF<HV[)R#[GdebedeK<S
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,.-F/.1L÷zn§¦ 2 Õ�dg]>K>F>de[GNGK>dgHVU!YGD"b�½§R#h�EGbedeK>N�YGD@Y�N%Y�deEcÚVbgD-F<D�T�HVU�]>K>F>NGdeKAY�R#U�]ubgDBT�RV]OY�½ NGU%��N�s�dg]<HVK>F<HVEcD"DLUDLU�K>F<S�Dk� I�½§R#d�]>dehBNGbgS�ð`_�_`_`_@F<S�R#bedg]/R#K>dgHVU�]OY�½ NGU�bgHVKuYGDxYGHVUGU�S�D�]OYGD ��Ø _f_`_`_@SLwQSLU�DLhfDLU�K<]�T<l)RVTLNGU��tn�C�R��HVU�TLK>dgHVUfY�½¾Dts�EcH`]>deK>dgHVUfT�HVF>F<D�]>EcHVU�YkR#N�s@YGDLN�s@]>deK<D�]�YGDvb�½ � [�]<DLF>w`R#K<HVdeF<D}É7dgDLF>F<DuMuNGPQDLF�n`�OUkR�I¯N�]<K<DLhfDLU�K
YGD¬bqRªY�dg]>K>F>de[GNGK>dgHVU�E)R#FkbqR¤��HVU�TLK>dgHVU�YGS�TLF>deK<DmY�R#U�]fb�½¾S�j*N)R#K>dgHVU �	÷zn§Ñ`^Q��D�]>KfF<DLEGF<S�]/DLU�K<S`aob�½§RVT�T�HVF<Y D�]>K
Dts�T�DLbebgDLU*K�n

YGDAF<D�T�HVU�]>K>F>NGdeF<D
αrec

»
dαrec

EGF<i�]}]�½¾S�TLF>deKOR#bgHVF<]B�

p (αrec, N) = σ−3
α

√
2

π
α2

rec exp

(
−α

2
rec

2σ2
α

) �	÷zn ~ _Q�

HVÈ¬bqR�j*N)R#U�K>deK<S
σα

D�]>K}YGHVUGU�S�DxE)R#F}bqR\F<DLbqR#K>dgHVU
σα =

√
3
N

n
C�RBY�dg]>K>F>de[GNGK>dgHVU¬YGD�b�½§R#h�EGbedeK>N�YGDOF<D�T�HVU�]<K>F>NGdeK<D`aGY�R#U�]obgD�T�RV]rY�½ NGU'��N�s'dg]<HVK>F<HVE�D�]>NGdeKvYGHVU�TuNGU�D�bgHVd

]>deh�debqR#deF<Dx»"T�DLbebgDAY�NphfHzY�NGbgDOYGD�bqR"w*deK<D�]<]/DOYGD�]rhfHVbgS�TLNGbgD�]}Y�½ NGUpP�R#Ô���Tt��DLU�T�RVY�F<SxY�N�T/l)R#EGdeK>F<D Ø �ta�j�NGd
K<DLU�Y¬wQDLF<]�NGU�D-Y�dg]<K>F>de[GNGK>dgHVU�P�R#N�]<]>dgDLUGU�D"»�P`F/R#U�Y

N
��HVN%»\EcDLK>deK

σα
�taGY�½¾S�T�R#F>KuK�¼zEcD

σα
n

C�D\T�R#bgTLNGb£EGF<S�T�S�YGDLU�K-D�]>KADLU¤K<HVNGK<D"F>deP`N�DLNGFANGUGdgj*N�DLhfDLU�Kxw`R#bqR#[GbgDBEcHVNGF�bgDBT�RV]AY�½ NGU�D@T�HVNGwQDLF>K>NGF<D
K<HVK/R#bgDBDLK�NGUGd���HVF>hfD`nc�rDLEcDLU�Y�R#U�K�acT�HVh�hfD@HVU%EcDLNGKubgDBwQHVdeFA]>NGFubqRf�P`NGF<Du÷zn§¦�a�bgHVF<]<j*N�D"bqRkT�HVNGwQDLF>K>NGF<D
D�]>K�K<HVK/R#bgDxDLKuj*N�DAbqRB��HVU�TLK>dgHVU%Y�½¾DtszEcH`]>deK>dgHVU¬U�DAEcH`]<]<i�YGDAE)RV]}YGDAK>F<HVE¬��HVF>K<D�]�w`R#F>dqR#K>dgHVU�]�aGb�½¾Dts�EGF<D�]<]>dgHVU
R#U)R#be¼*K>dgj*N�D-j*N�DAU�HVN�]uR�wQHVU�]OHV[GK<DLU�N�DBD�]>K�NGU�D-DtsGT�DLbebgDLU�K<DBR#EGEGF<H�szdehkR#K>dgHVU�n

�rDBF<S�]>NGbeK/R#KAE�DLF>hfDLK>K>F/RpYGD\T�R#bgTLNGbgDLFxbgDBYGDLP`F<S@YGD@T�HVU��R#U�T�D�]>K/R#K>dg]>K>dgj*N�D\j�N�DBb�½¾HVU¤E�DLNGK-RVT�T�HVF<YGDLF
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»-b�½ l*¼*EcHVK>l�i�]<DxYGD�b�½ dg]<HVK>F<HVEGdgDAY�N���N�s�HV[�]<DLF>wQS�E)R#FvNGU�DADtszEcSLF>dgDLU�T�DxYGHVUGU�S�D`n��OHVN�]vYGSLwQDLbgHVEGEcDLF<HVU�]}T�D
T�R#bgTLNGb�E)R#F}bgDx]>NGdeK<DxDLKuY�dg]/TLNGK<DLF<HVU�]}bgD�]}T�HVU�TLbeN�]>dgHVU�]Oj�NGd�EcDLNGwQDLU�K�DLU�yLK>F<DxK>deF<S�D�]�n

��õ�&���i��VÛ;&;õ�Á Ü��G��&)fRÛ£�0Ü$��õ�� C�HVF<]/j�N�D'bqRmY�dg]<K>F>de[GNGK>dgHVUXR#UGP`NGbqR#deF<DpYGD�]\F/R�¼QHVU�]@T�H`]>h�dgj*N�D�]@D�]>K
hfH*Y�NGbgS�D¬E)R#FkNGU�D%R#UGdg]<HVK>F<HVEGdgD%Y�deE�HVbqR#deF<D`a7bgD�wQD�TLK<DLNGF'Y�deEcÚVbgD¬F<D�T�HVU�]>K>F>NGdeK']�½§R#EGE)R#F<DLU�K<D¤R#NËwQD�TLK<DLNGF
E�H`]>deK>dgHVU

r
HV[GK<DLU*N�D}R#EGF<i�]£NGU�Dr]<NGdeK<DrYGD

N
E)RV]£YGDrbgHVUGP`N�DLNGF

λ = 3/N
aV]>NGdewVR#U*K7NGU�D4hkR#F<T/l�DuR#bgS�R#K<HVdeF<D

R�wQD�T¤RVY�wQD�TLK>dgHVU�nrC�R2E)R#F/R#hfSLK>F>dg]/R#K>dgHVU�Y�N���N�s ]<HVN�]'bqR¤��HVF>hfD%|�j�nO�	÷zn � �kD�]>K�YGHVU�Tmb�½§R#U)R#bgHVP`N�D¤YGD
b�½¾DtszEGF<D�]<]<dgHVU%� Ø n¤÷`�7YGD�bqR�EGF<HV[)R#[GdebedeK<S�YGDv��R#deF<D�NGUfE)RV]�Y�R#U�]4bqRxY�deF<D�TLK>dgHVU u

nQÕAD�U�HVNGwQD�R#N�aQbgD}E)R#F/R#bebgiLbgD
R�wQD�T@bgD\EGF<HV[GbgiLhfD�YGD\bqRkhkR#F<T/l�DfR#bgS�R#K<HVdeF<DkR�wQD�TfRVY�wQD�TLK>dgHVUªU�HVN�]AEcDLF>hfDLKxY�½¾HV[GK<DLUGdeF-bqRk��HVF>hfD@YGD\bqR
YGDLU�]>deK<SAYGDAEGF<HV[)R#[GdebedeK<SxYGDAF<D�T�HVU�]>K>F>NGdeF<DANGUpwQD�TLK<DLNGFuY�deE�ÚVbgD

αrec Drec
»

d3(αrec Drec)
EGF<i�]�az]ÎRVT<l)R#U�K

j�N�D@bgD�]
N
SLwQSLU�DLhfDLU�K<]\]<HVU�KBHV[GK<DLU�N�]@»�E)R#F>K>deF"Y�½ NGU�DkY�dg]>K>F>de[GNGK>dgHVUÆR#UGP`NGbqR#deF<DkT�R#F/RVTLK<SLF>dg]<S�DkE)R#F-NGU

wQD�TLK<DLNGFuY�deE�ÚVbgD¹åAÞ'Ù*ÛrY�½§R#h�EGbedeK>N�YGD
α
DLKuYGDxY�deF<D�TLK>dgHVU

D
�

p (αrec Drec, N) =

(
6π

N

)3/2

exp

(
−N

6
||αrec Drec − αD||2

) �	÷zn ~ � �

C�DBwQD�TLK<DLNGF-Y�deE�ÚVbgDBF<D�T�HVU�]>K>F>NGdeK-D�]>KAYGHVU�T@Y�dg]>K>F>de[GN�S@YGD"hkR#UGdgiLF<D\P�R#N�]<]>dgDLUGU�D�R#NGK<HVNGFxY�N¤wQD�TLK<DLNGF
Y�deE�ÚVbgD¤wzF/R#d�a}R�wQD�TªbgD¤hfyLhfDªS�T�R#F>KmK�¼zE�Dªj*N�DªY�R#U�]¬bgDªT�RV]pdg]<HVK>F<HVEcD`n}C�½§R#U)R#bgHVP`dgD2DLU*K>F<DªbqRÆwzdeK<D�]<]<D
Y�½§RVY�wQD�TLK>dgHVU�Y�R#U�]obgDOEGF<HV[GbgiLhfDxYGDOhkR#F<T<l�D-R#bgS�R#K<HVdeF<DADLKobgD�wQD�TLK<DLNGF�Y�deEcÚVbgDOwzF/R#dcD�]>KrYGHVU�T�SLK/R#[GbedgDAE)R#F
bqR\F<DLbqR#K>dgHVU%YGDxT�HVF>F<D�]>EcHVU�Y�R#U�T�Dk�

3v

c
⇔ αD

� E)R#F>K>deFxYGD"b�½¾Dts�EGF<D�]<]>dgHVUX�	÷zn ~ � �ta�deb;D�]>KOE�H`]/]>de[GbgDBYGD\T�R#bgTLNGbgDLFAbgD�]OY�dg]<K>F>de[GNGK>dgHVU�]xY�N%hfHzY�NGbgD αrecY�N2wQD�TLK<DLNGFBY�deEcÚVbgD�F<D�T�HVU�]>K>F>NGdeK�a�YGD�b�½§R#UGP`bgDfK<HVK/R#b
γ
DLU�K>F<D

D
DLK

Drec
a�R#deU�]<d4j�N�DfbgD�]BR#UGP`bgD�]

θrec
DLK

ϕrec
YGSt�UGdg]<]/R#U*K�bqR'Y�deF<D�TLK>dgHVU¤F<D�T�HVU�]>K>F>NGdeK<D`nm�OHVN�]ASLE)R#F>P`U�DLF<HVU�]-R#N!bgD�TLK<DLNGFAbgDBYGSLK/R#deb���RV]<K>dgY�dgDLN�s%YGD�]

T�R#bgTLNGbg]}DLK}U�HVN�]}T�HVU�T�DLU*K>F<DLF<HVU�]�]<NGF�bgD�]�F<S�]>NGbeK/R#K<]uHV[GK<DLU*N�]�n
C�½ deU�K<SLP`F/R#K>dgHVUp]>NGF7K<HVN�]7bgD�]oR#UGP`bgD�]�Y�Nf]<D�T�HVU�Y�hfDLhB[GF<D}YGD�b�½¾S�j*N)R#K>dgHVU%�	÷zn ~ � �;EcDLF>hfDLK�Y�½¾HV[GK<DLUGdeF4bqR

Y�dg]>K>F>de[GNGK>dgHVUBYGD
αrec

n�É;HVNGF�YGD�]�wVR#bgDLNGF<];]>N�¥k]/R#hfDLU*K�P`F/R#U�YGD�];Y�N-U�HVh"[GF<DrY�½¾SLwQSLU�DLhfDLU�K<]}�
N � 1/α2 �

a�bqR@Y�dg]>K>F>de[GNGK>dgHVU%YGDxb�½§R#h�EGbedeK>N�YGD"F<D�T�HVU�]>K>F>NGdeK<D-]�½¾S�TLF>deKB�

p (αrec, N) ' 1√
2πσ2

α

(αrec

α

)
exp

(
−(αrec − α)2

2σ2
α

) �	÷zn ~ ÑQ�

j�NGdrK<DLU�Y�wQDLF<]@NGU�D'P�R#N�]<]>dgDLUGU�DpY�½¾S�T�R#F>K@K�¼zEcD
σα =

√
3/N

bgHVF<]<j*N�D�bgDkU�HVhB[GF<D¬Y�½¾SLwQSLU�DLhfDLU�K<]fD�]<K
P`F/R#U�Y�n
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C�D�T�HVU�T�DLEGK�YGDfEGNGdg]<]/R#U�T�DpYGDkF<D�T�HVU�]>K>F>N�TLK>dgHVU R�SLK<S'deU�K>F<HzY�NGdeK@bgHVF<]\YGD'b�½¾SLK>N�YGD�YGDkbqRmEGF<S�TLdg]>dgHVU
YGD"bqRkhfSLK>l�HzYGD`nM��HVN�]�F/R#EGE�DLbgHVU�]�b�½¾Dts�EGF<D�]<]>dgHVUªYGSt�UGdg]<]/R#U*K

Kα
a�j�NGd£T�R#F/RVTLK<SLF>dg]<D\bqRfEGNGdg]/]/R#U�T�DBYGD\bqR

hfSLK>l�H*YGDB»\hfD�]>NGF<DLF}b�½§R#h�EGbedeK>N�YGD"Y�N%Y�deE�ÚVbgD��

[σ(δα/α)]−1 = Kα α
√
N.

�	÷zn ~`~ �

�rHVh�EGK<D�K<DLU�NÅYGD�b�½¾DtszEGF<D�]/]>dgHVU�YGD@b�½¾S�T�R#F>K-KÞ¼*EcD
σα

j*N�D@U�HVN�]BR�wQHVU�]"HV[GK<DLU�N�D`a�U�HVN�]xEcHVNGwQHVU�]BR#bgHVF<]
EGF<S�Y�deF<D¬bqR¤w`R#bgDLNGFfK>l�S�HVF>dgj*N�D�YGD

Kα
Y�R#U�]fbgD�T�RV]�bgD¬EGbeN�]']>deh�EGbgD�HVÈXbqRªT�HVNGwQDLF>K>NGF<D%D�]>K�K<HVK/R#bgDmDLK

NGUGd���HVF>hfDk�
(Kα)E=1 =

1

σα
√
N

=
1√
3
≈ 0.58

�	÷zn ~ �*�

�rDLK>K<D"w`R#bgDLNGFOD�]<KOYGHVU�TBK<HVNGK�»f��R#deK�DLU!RVT�T�HVF<Y¤R�wQD�T\T�DLbebgDBHV[GK<DLU*N�D\DLU!]>deh"NGbeK/R#K>dgHVU¤U*NGhfSLF>dgj�N�D@Y�R#U�]
bgD@T�RV]xY�½ NGU�D@��HVU�TLK>dgHVU2Y�½¾Dts�EcH`]>deK>dgHVU2T�HVF>F<D�]>EcHVU�Y�R#U�KBR#N�s¤YGDLN�s¤]>deK<D�]xYGD@b�½ � [�]/DLF>wVR#K<HVdeF<D�É7dgDLF>F<DkMuN��
PQDLF-�GbqRB�P`NGF<D'�	÷zn Ø �vhfHVU�K>F<D"TLbqR#deF<DLhfDLU*KOj*N�DxbqR\EGNGdg]<]/R#U�T�D"YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU%D�]<K�deU�YGSLE�DLU�Y�R#U*K<DBYGD
b�½¾HVF>dgDLU�K/R#K>dgHVUpY�NkY�deEcÚVbgD}DLK�EGF/R#K>dgj*N�DLhfDLU�KvSLP�R#bgDu»AbqRAw`R#bgDLNGF�K>l�S�HVF>dgj*N�D

0.58
n�C�½¾S�j*N)R#K>dgHVU!�	÷zn ~ ÑQ�7F<D�]>K<D

YGHVU�TuNGU�DODts�T�DLbebgDLU*K<DxR#EGEGF<H�s�dehkR#K>dgHVU¬E�HVNGFoNGU�D}��HVU�TLK>dgHVU�Y�½¾Dts�EcH`]>deK>dgHVU�YGHVU*KobgD�]ow`R#F>dqR#K>dgHVU�]r]/HVU�KrE�DLN
deh�E�HVF>K/R#U*K<D�]o]<NGF�bqRA]>EGl�iLF<D`aQK/R#U*Koj*N�DvbqRxT�HVNGwQDLF>K>NGF<DOF<D�]>K<D�K<HVK/R#bgD`n�C�D}T�RV]4Y�½ NGU�D}T�HVNGwQDLF>K>NGF<DOE)R#F>K>dgDLbebgD
U�½§R}E)RV]£SLK<SrSLK>N�Y�dgS�R#U)R#be¼*K>dgj*N�DLhfDLU�K7Y�NGF/R#U�K�T�DoK>F/R�w`R#debGYGD4K>l�i�]/D`a�T�DLEcDLU�Y�R#U�K�a#bqRuwVR#bedgY�deK<SvYGD�];F<S�]>NGbeK/R#K<]
YGSLhfHVU�K>F<S�]-Y�R#U�]�bgD@T�RV]AY�N¤hfH*YGiLbgD@]>deh�EGbedg]>K<D@YGD\T�HVNGwQDLF>K>NGF<D@K<HVK/R#bgD@NGUGd���HVF>hfD\EcDLNGK�yLK>F<D@DLU¤E)R#F>K>dgD
SLK<DLU�Y�N�D"R#NmT�RV]�EGbeN�]uT�HVh�EGbgDts�D-HVÈ E(u)

U�½¾D�]>K�EGbeN�]OT�HVU�]>K/R#U�K�n
�rHVh�hfDrbgD4hfHVU*K>F<DLU�K7bgD�]��P`NGF<D�]�÷zn§ÑODLK�÷zn ~ a#hfyLhfDrY�R#U�]£bgDoT�RV]£Y�½ NGU�DrT�HVNGwQDLF>K>NGF<DvE)R#F>K>dgDLbebgDrDLK;U�HVU

NGUGd���HVF>hfD`a�bqRxY�dg]>K>F>de[GNGK>dgHVUpYGD�b�½§R#h�EGbedeK>N�YGD�Y�NkY�deE�ÚVbgDuF<D�T�HVU�]>K>F>NGdeK4F<D�]<K<D`a*»AP`F/R#U�Y
N
a`NGU�D�P�R#N�]/]>dgDLUGU�D

T�DLU�K>F<S�D!]>NGF�bqRªwzF/R#dgDmw`R#bgDLNGF'Y�N«Y�deE�ÚVbgD%DLK�YGHVU*K'b�½¾S�T�R#F>K�K�¼zEcD%Y�deh�deU*N�D!DLU
1/
√
N
n4C�R�wVR#bgDLNGFpYGD

bqRpEGNGdg]<]/R#U�T�D'YGD�F<D�T�HVU�]>K>F>N�TLK>dgHVUZDLKB]/R�YGSLE�DLU�Y�R#U�T�D�R�wQD�T'b�½¾HVF>dgDLU�K/R#K>dgHVUZY�NÅY�deEcÚVbgDk]<HVU*K"T�DLE�DLU�Y�R#U*K
Y�d��cSLF<DLU*K<D�]kEcHVNGFkT/l)RVj�N�D���HVU�TLK>dgHVU�Y�½¾DtszEcH`]>deK>dgHVU�n�C�½¾SLK>N�YGD!YGD¬bqR¤EGF<S�TLdg]<dgHVU�YGD¬F<D�T�HVU�]>K>F>N�TLK>dgHVU«D�]>K
YGHVU�T�F<S�R#bedg]<S�Dx»-E)R#F>K>deF�YGD�]�]>dehBNGbqR#K>dgHVU�]�aGDLKvR#EGEGNG¼QS�DxT�HVU�T�DLEGK>N�DLbebgDLhfDLU*KuE)R#FrbgD�]�T�R#bgTLNGbg]}R#U)R#be¼*K>dgj*N�D�]
EGF<S�]<DLU�K<S�]udgTLd�hfyLhfD`n

C�RAF<D�T�HVU�]<K>F>N�TLK>dgHVUpR#UGP`NGbqR#deF<D�Y�NkY�deEcÚVbgDuD�]>K4T�R#F/RVTLK<SLF>dg]/S�D}E)R#F4bqR-Y�dg]>E�DLF<]<dgHVUkYGD�]4Y�dg]>K>F>de[GNGK>dgHVU�]vYGD
b�½§R#UGP`bgD

γ
a�EGF<H�wQDLU)R#U�KAYGD-T�DLbebgD�]}YGD

θrec
DLK
ϕrec

n
C�R�Y�dg]<K>F>de[GNGK>dgHVUmYGDxb�½§R#UGP`bgD

γ
]�½¾HV[GK>dgDLU�KODLUmdeU�K<SLP`F/R#U�KOb�½¾S�j�N)R#K>dgHVUZ�	÷zn ~ � �v]>NGF αrec

�

p (γ,N) = 2π

(
6π

N

)−3/2 ∫ ∞

0
dαrec α

2
rec sin γ exp

(
−N

6

[
α2 + α2

rec − 2ααrec cos γ
]) �	÷zn ~ ðQ�
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HVÈ U�HVN�]pR�wQHVU�]�YGSLwQDLbgHVEGE�S%bgD�EGF<HzY�NGdeK']<T�R#bqR#deF<D!Y�R#U�]'b�½§R#F>P`NGhfDLU�K¬YGD�b�½¾Dts�E�HVU�DLU*K>dgDLbebgD`nvC�HVF<]<j*N�D�bgD
U�HVh"[GF<D"Y�½¾SLwQSLU�DLhfDLU*K<]OD�]<K}P`F/R#U�Y�a��

N � 3/α
�ta�DLK}T�HVh�EGK<D-K<DLU�N%YGD�]OR#EGEGF<H�s�dehkR#K>dgHVU�]

sin γ ≈ γ
DLK

cos γ ≈ 1 − γ2/2
aGbqR@EGF<HV[)R#[GdebedeK<SBY�½§R�wQHVdeFONGUmR#UGP`bgD

γ
»

dγ
EGF<i�]}]�½¾S�TLF>deK"�

p (γ,N) ' 1

2
√
π σ2

γ

γ exp

(
− γ2

2σ2
γ

) �	÷zn ~ Ø �

R�wQD�T
σ2
γ = 1

α

√
3
N

n��rHVh�hfDBEGF<S�T�S�YGDLh�hfDLU�K�a�T�DLK>K<DBY�dg]>K>F>de[GNGK>dgHVU%K<DLU�YmwQDLF<]uNGU�D"P�R#N�]<]>dgDLUGU�D\Y�½¾S�T�R#F>K
K�¼zE�D

σγ
bgHVF<]<j*N�D

N
D�]>KAP`F/R#U�Y�n�ÕxR#U�]xbgD@T�RV]xHVÈªbgD\w*F/R#d�Y�deEcÚVbgD@D�]>KxHVF>dgDLU�K<S�bgD@bgHVUGP�YGD\b�½§R�sGD�YGD�]

z
a

b�½¾S�j�N)R#K>dgHVU%�	÷zn ~ Ø ��U�D}E�DLNGK7E)RV]7yLK>F<DuR#EGEGF<H�szdehfS�DuE)R#F7NGU�DvP�R#N�]<]>dgDLUGU�D`a`b�½§R#UGP`bgD γ SLK/R#U�K�E)R#F�YGSt�UGdeK>dgHVU
T�HVh�EGF>dg]�DLU�K>F<D

0
DLK
π
nVÕAR#U�]4T�DrT�RV]�a�E)R#F�T�HVU*wQDLU�K>dgHVU�a�bqR�wVR#bgDLNGF7YGDvbqR�Y�dg]>EcDLF<]>dgHVU�NGK>debedg]<S�D�D�]>K£K<HVNVI>HVNGF<]

σγ
n
C�R@EGNGdg]<]ÎR#U�T�DxYGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU%YGD-b�½§R#UGP`bgD

γ
a
Ktot

aGD�]>K}YGHVU�T-YGHVUGU�S�D-E)R#F�bqR�F<DLbqR#K>dgHVU��

(Ktot)E=1 =
1

σγ α
√
N

=
1√
3
≈ 0.58 rad−1.

�	÷zn ~ ÷`�

C�RAEGNGdg]<]ÎR#U�T�D}YGDvF<D�T�HVU�]>K>F>N�TLK>dgHVUpYGDvbqRxY�deF<D�TLK>dgHVU'Y�NkY�deEcÚVbgD`aQYGSt�UGdgD�E)R#F��
θrec

a
ϕrec

�taQ]�½¾HV[GK>dgDLU*KoYGD
bqR\hfyLhfD���RVW�HVU�DLU�]<HVh�hkR#U*Kub�½¾S�j*N)R#K>dgHVU��	÷zn ~ � �v]>NGF αrec

aGDLU�S�TLF>dewVR#U*K}b�½¾SLbgSLhfDLU�K�YGDAwQHVbeNGhfD-T�HVh�hfD
d3(αrec)Drec = α2

rec dαrec sin θrec dθrec dϕrec
n

|7UXdeU�K<SLP`F/R#U*KkbqR!EGF<HV[)R#[GdebedeK<S��	÷zn ~ � �\]<NGF αrec
DLK�]>NGF

ϕrec
a7R�wQD�T¬b�½¾Dts�EGF<D�]<]>dgHVUÌ�	÷zn§ÑJðQ�\YGD

cos γ
a

E�HVNGFObgD�]}EcDLK>deK<]�R#UGP`bgD�]@�
sin θrec ' θrec

DLK
cos(θrec − θd) ' 1 − (θrec − θd)

2/2
�ta�HVUmEcDLNGKuhfHVU�K>F<DLF

j�N�DAbqR�Y�dg]<K>F>de[GNGK>dgHVU!YGDxb�½§R#UGP`bgD
θrec

aGEcHVNGF}bgD�]}P`F/R#U�YGD�]uwVR#bgDLNGF<]OYGD
N
�
N � 3/α2 �oK<DLU�YmSLP�R#bgDLhfDLU*K

wQDLF<]xNGU�D�P�R#N�]<]>dgDLUGU�DkT�DLU�K>F<S�Df]>NGF
θd
a�Y�½¾S�T�R#F>K-K�¼zEcD

σθ = σγ
dgYGDLU�K>dgj*N�Dk»¬T�DLbeNGd4YGD@bqR�Y�dg]>K>F>de[GNGK>dgHVU

YGDAb�½§R#UGP`bgD
γ
nGC�RfY�dg]>K>F>de[GNGK>dgHVU%YGDAb�½§R#UGP`bgD

θrec
EGF<S�]<DLU*K<D-YGHVU�TxbgDxhfyLhfD"T�HVh�E�HVF>K<DLhfDLU*KOj*N�D-T�DLbebgD-YGD

b�½§R#UGP`bgDxK<HVK/R#b
γ
a�R�wQD�T-bqR\hfyLhfDxEGNGdg]<]ÎR#U�T�D-YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVUÆ�

(Kθ = Kdec)E=1 = (Ktot)E=1 ≈ 0.58 rad−1.
�	÷zn ~ ¦Q�

C�RxY�dg]>K>F>de[GNGK>dgHVU�YGD�b�½§RV]<T�DLU�]>dgHVU�Y�F<HVdeK<D�F<D�T�HVU�]>K>F>NGdeK<D`azYGSt�UGdgD�E)R#F
ϕrec

]�½¾HV[GK>dgDLU*KoDLUk]<HVh�hkR#U*K4b�½¾S�j*N)R��
K>dgHVUÆ�	÷zn ~ � ��]<NGF αrec

DLKO]>NGF
θrec

n�|7U!T�HVU�]>dgYGSLF/R#U�KAbgD�]uhfyLhfD�]�R#EGEGF<H�szdehkR#K>dgHVU�]xj*N�DxEGF<S�T�S�YGDLh�hfDLU�K�a
DLKrDLU�EGF<DLU)R#U�K

cos (ϕd − ϕrec) ≈ 1− (ϕd −ϕrec)
2/2

azbqR"EGF<HV[)R#[GdebedeK<SAYGDOhfD�]<NGF<DLF
ϕrec

»
dϕrec

EGF<i�]
]�½¾S�TLF>deK7K<DLU�Y�SLP�R#bgDLhfDLU�KowQDLF<]£NGU�D�Y�dg]>K>F>de[GNGK>dgHVUfP�R#N�]<]>dgDLUGU�DuT�DLU�K>F<S�DuR#NGK<HVNGF4YGD

ϕd
R�wQD�T�NGU�S�T�R#F>K�KÞ¼*EcD

σϕ = 1
sin θd

σγ
n
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C�HVF<]<j*N�D}bgD�Y�deEcÚVbgDuD�]>KvR#bedeP`U�SO]>NGFob�½§R�s�D
z
a��
θd = 0

HVN
θd = π

�ta�bqR"Y�dg]>EcDLF<]>dgHVU�YGD
ϕrec

D�]<K4deU��UGdgD`a
T�HVF>F<D�]>EcHVU�Y�R#U�K"R#N!��R#deKxj*N�D"b�½§RV]/T�DLU�]>dgHVU2Y�F<HVdeK<D\U�D\]/HVdeK�EGbeN�]AYGSt�UGdgD�Y�R#U�]xT�D@T�RV]�n�C�R�EGNGdg]<]/R#U�T�D@YGD
F<D�T�HVU�]>K>F>N�TLK>dgHVU�YGDrb�½§RV]<T�DLU�]>dgHVU@Y�F<HVdeK<DrYGSLEcDLU�Y@YGHVU�TvYGD4bqROY�deF<D�TLK>dgHVUfY�N\Y�deEcÚVbgD`aV»}K>F/R�wQDLF<]7bqR}F<DLbqR#K>dgHVU¬�

(KRA)E=1 = (Ktot)E=1 × cos δd ≈ cos δd × 0.58 rad−1.
�	÷zn ~ ^Q�

C�R!�P`NGF<Dy÷zn¤÷!F<DLU�T�HVU�K>F<S�D!EGF<S�T�S�YGDLh�hfDLU�KpdebebeN�]>K>F<D�bqR¤EGNGdg]<]/R#U�T�D%YGD¬F<D�T�HVU�]>K>F>N�TLK>dgHVU�R#UGP`NGbqR#deF<D%Y�N
Y�deE�ÚVbgD'HV[GK<DLU�N�DpDLUÅ]<deh"NGbqR#K>dgHVUZE�HVNGFBbgD�]BYGDLN�s�]<deK<D�]BYGDkb�½ � [�]<DLF>wVR#K<HVdeF<D�É7dgDLF>F<DpMONGPQDLF�n�DÞboD�]>KBdeU�K<St�
F<D�]<]/R#U*K}YGDOF<DLhkR#F<j*N�DLFuj*N�D�bgD�]vF<S�]>NGbeK/R#K<]uR#U)R#be¼zK>dgj�N�D�]�YGSLhfHVU*K>F<S�]uY�R#U�]}T�DLK>K<Dx]<D�TLK>dgHVU�YGS�TLF>dewQDLU*K}K>F<i�]
[GdgDLUfb�½¾SLwQHVbeNGK>dgHVU'YGD}bqRAEGNGdg]<]/R#U�T�D}YGDvF<D�T�HVU�]<K>F>N�TLK>dgHVUpR#UGP`NGbqR#deF<D�R�wQD�T}bqRAYGS�TLbedeU)R#dg]/HVU'Y�NkY�deEcÚVbgD�deUGdeK>dqR#b
T�HVh�hfDxF<DLEGF<S�]<DLU*K<S"]>NGF}T�DLK>K<DA�P`NGF<D`n

C�D�]BF<S�]>NGbeK/R#K<]\EGF<S�T�S�YGDLU�K<]�EcDLF>hfDLK>K<DLU�K�YGHVU�T�YGD'T�HVh�EGF<DLU�Y�F<DpDLK@YGD'YGS�TLF>deF<DpR�wQD�T�EGF<S�TLdg]>dgHVUÆbgD�]
T�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]rYGDubqRxF<D�T�HVU�]>K>F>N�TLK>dgHVU¬Y�N�Y�deE�ÚVbgD`a*Y�R#U�]4bgDOT�RV]oY�½ NGU�D�T�HVNGwQDLF>K>NGF<DuK<HVK/R#bgD�DLK4NGUGd���HVF>hfD
hkR#dg]�R#N�]<]<dQY�R#U�]�bgD�T�RV]�Y�½ NGU�D4T�HVNGwQDLF>K>NGF<D�K<HVK/R#bgD4E�H`]/]<S�Y�R#U�K�YGD7��R#de[GbgD�]�wVR#F>dqR#K>dgHVU�]£R�wQD�T4bqR�YGS�TLbedeU)R#dg]<HVU�n
C�½§R#U)R#bgHVP`dgD!DLU�K>F<D�bgD�EGF<HV[GbgiLhfD%YGDmbqR¤hkR#F<T<l�D¤R#bgS�R#K<HVdeF<D`a�bqR�Y�d���N�]>dgHVU�DLKkbqR¤F<D�T�HVU�]>K>F>N�TLK>dgHVU«Y�½ NGU�D
R#UGdg]<HVK>F<HVEGdgDkR#EGEcHVF>K<D�NGU�S�TLbqR#deF/R#PQDkdeU�K<SLF<D�]<]/R#U*K\»�b�½¾SLK>N�YGD'YGD�]-T�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]"YGD�U�HVK>F<D�hfSLK>l�HzYGD`a
DLK�E�DLF>hfDLKOYGDxYGSLF>dewQDLFOYGD���RVW�HVUmSLbgSLP�R#U�K<D"bgDxT�HVh�E�HVF>K<DLhfDLU*K�YGD�]�E)R#F/R#hfiLK>F<D�]OF<D�T�HVU�]>K>F>NGdeK<]�n

ÕxR#U�]4bgD�T�RV]rY�½ NGU�DOT�HVNGwQDLF>K>NGF<D�E)R#F>K>dgDLbebgDADLKoU�HVU�NGUGd���HVF>hfD`a�b�½§R#U)R#bgHVP`dgDADLU�K>F<D�hkR#F<T/l�DAR#bgS�R#K<HVdeF<DADLK
F<D�T�HVU�]>K>F>N�TLK>dgHVU%Y�½ NGU%Y�deE�ÚVbgD"U�Dx]�½¾DtszEGF>dehfD"EGbeN�]}]>deh�EGbgDLhfDLU*K�a)U�DxEcDLF>hfDLK>K/R#U�KOEGbeN�]uY�½ NGK>debedg]<DLFObgD�]}]<H#�
beNGK>dgHVU�]�T�HVUGU�N�D�]oY�½ NGUfEGF<HV[GbgiLhfD}YGD�Y�d��cN�]>dgHVUfEcHVNGF�HV[GK<DLUGdeF4T�DLbebgD�]�Y�½ NGUfEGF<HV[GbgiLhfDuYGDvF<D�T�HVU�]>K>F>N�TLK>dgHVU
Y�½§R#UGdg]<HVK>F<HVEGdgD`n

³�,W¯ � ¶71\¶£·�º�ó<:\B)ºz?�:\@}1 º}6 9;º�B�³xõ�6\1B5±º}1\:\B[@ ?)·m@�µ\:/5Ò?A6\º}³B·�:>µR@Xó<º}:<·�5
¸�ü2�£üÞý ó Q%��ÿ%�_�_�`
JQr�������+��K����QÿrK�ÿ�]^��IV���$�	�Y��K�ÿ
��HVN�]�R�wQHVU�]xYGS�TLF>deK�bgDBEGF>deU�TLdeEcD\YGDBbqRkhfSLK>l�H*YGDf¡zM�É«R#deU�]<d;j*N�D"bqRkEGF<S�TLdg]>dgHVUªYGDBF<D�T�HVU�]>K>F>N�TLK>dgHVU

j�N�½ deb�SLK/R#deK4EcH`]<]>de[GbgD}Y�½§R#K>K<DLdeU�Y�F<D�Y�R#U�]�bgD}T�RV]oHVÈkbgDv��N�sfYGD�F/R�¼QHVU�]oT�H`]<h�dgj�N�D�]rT�HVU�]>dg]>K<D}DLUkNGU�D}E)R#F>K>dgD
dg]<HVK>F<HVEcD¬hfH*Y�NGbgS�D�E)R#FkNGU�DmR#UGdg]<HVK>F<HVEGdgD%Y�deE�HVbqR#deF<D`n+D�bOD�]>KkYGHVU�T¬U)R#K>NGF<DLb�YGD�]<D¬EcH`]<DLFfbqRªj*N�D�]>K>dgHVU
]>NGdew`R#U�K<Df�Gj*N�DxYGDLw*dgDLU*KOT�DLK>K<D"R#U)R#be¼�]<Dx]>d�b�½§R#UGdg]/HVK>F<HVEGdgD"Y�Np��N�s¬U�½¾D�]>K�EGbeN�]�EGNGF<DLhfDLU*K�Y�deEcHVbqR#deF<D�Ï

�rHVh�hfDoU�HVN�]�bgD4wQDLF>F<HVU�];E)R#F�bqRO]>NGdeK<D`a�Y�R#U�];bgDoT�RV];HVÈBb�½¾DtszEcSLF>dgDLU�T�DvT�HVU�]>dgYGSLF<S�DrHV[�]<DLF>wQD4bqRuK<HVK/R#bedeK<S
Y�N�TLdgDLb�aGbqR\EGF<S�]<DLU�T�D-Y�½ NGU�DBR#UGdg]<HVK>F<HVEGdgD"Y�½¾HVF<Y�F<DxEGbeN�]uSLbgSLwQS�DxU�DxEcDLF>K>NGF>[�DAE)RV]�bqR�F<D�T�HVU�]>K>F>N�TLK>dgHVU%Y�N
Y�deE�ÚVbgD`n£|7UXDt��DLK�a�bgD�]�Y�d���SLF<DLU�K<]@hfHzYGD�]@Y�NXYGSLwQDLbgHVEGE�DLhfDLU*KkDLUZl)R#F>hfHVUGdgj�N�D�]�]>EGl�SLF>dgj*N�D�]\��HVF>hfDLU�K
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NGU�D-[)RV]<D\HVF>K>l�HVPQHVU)R#bgD\E�HVNGFObgD�]}��HVU�TLK>dgHVU�]OYGSt�UGdgD�]A]>NGFObqRk]<EGl�iLF<D`n)C�DBhfHVU�HVE�ÚVbgDp�
l = 0

�ta�bgD\Y�deEcÚVbgD
�
l = 1

�ta�bgD4j�N)RVY�F>deEcÚVbgD
(l = 2)

a�DLK<T`nenen�]/HVU�K�YGHVU�T�deU�YGSLE�DLU�Y�R#U*K<];DLU*K>F<D4DLN�sxDLK�EcDLNGwQDLU�K�yLK>F<D4F<D�T�HVU�]>K>F>NGdeK
]<SLE)R#F<SLhfDLU�K�n

ÕxR#U�]7bgD}T�RV]�HVÈfbqRAT�HVNGwQDLF>K>NGF<DOD�]>K7E)R#F>K>dgDLbebgD`aQbgD�]4Y�d��cSLF<DLU*K<]4hfHzYGD�]7U�D}]<HVU*K�EGbeN�]7deU�YGSLEcDLU�Y�R#U�K<]obgD�]
NGU�]7YGD�]4R#NGK>F<D�]�nQC�R�EGF<S�]/DLU�T�D�YGD�hfH*YGD�]£EGbeN�]4SLbgDLwQS�]�Y�R#U�]7bgD�YGSLwQDLbgHVEGEcDLhfDLU�KoY�Nf��N�sBw`RAYGHVU�Tv[GdqR#dg]<DLF
bqR�w`R#bgDLNGF\Y�NXY�deEcÚVbgDkF<D�T�HVU�]<K>F>NGdeK<DpE)R#FBU�HVK>F<D�hfSLK>l�HzYGD`n)DÞbvD�]>K\T�DLEcDLU�Y�R#U�K�EcH`]<]>de[GbgD'YGD�PQSLU�SLF/R#bedg]<DLF
U�HVK>F<D�hfSLK>l�HzYGD�EcHVNGFk¼ÆdeU�TLbeNGF<DmbqR¤F<D�T�HVU�]<K>F>N�TLK>dgHVU«]<deh"NGbeK/R#U�S�D!Y�½ NGU�Y�deEcÚVbgDmDLKkY�½ NGU�j�N)RVY�F>deEcÚVbgD`n
�OHVN�]7NGK>debedg]/DLF<HVU�]4E)R#F�bqR-]>NGdeK<D�bgD�K<DLF>hfDOYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU'Y�N'Y�deE�ÚVbgD�Ù!Ó�ò er æ!Þ'Ö*Þ�ßLa*Y�R#U�]�bgD}T�RV]oHVÈfbgD
wQD�TLK<DLNGF;Y�deEcÚVbgD4D�]>K;D�]>K>dehfSv»�b�½§R#dgYGDrYGD4bqR}EGF<DLh�dgiLF<D4wQDLF<]>dgHVU@YGDoU�HVK>F<D�hfSLK>l�HzYGD`a#T`½¾D�]<KJ�Þ»���Y�deF<DoDLU"��R#dg]/R#U*K
b�½ l�¼zE�HVK>l�i�]<D�j*N�D}bgDu��N�skYGD}F/R�¼QHVU�]�T�H`]<h�dgj�N�D�]rDLKohfHzY�NGbgSOE)R#F4NGU�EGNGFrY�deEcÚVbgD`n*C�RxF<D�T�HVU�]>K>F>N�TLK>dgHVUÈÙ!Ó
2me æ*Þ'Ö!Þ>ßLaGj*N)R#U�K�»"DLbebgD`a�YGS�]>deP`U�DLF/R"bqR"F<D�T�HVU�]>K>F>N�TLK>dgHVU�Y�N�Y�deEcÚVbgD�DLUk��R#dg]/R#U�Kvb�½ l*¼*EcHVK>l�i�]<D�j�N�DObgD}��N�s
D�]>KrT�HVh�EcH`]<S�Y�½ NGUpK<DLF>hfDOY�deEcHVbqR#deF<DADLKvY�½ NGU�K<DLF>hfDAj�N)RVY�F>deEcHVbqR#deF<D`n�C�D�EGF>deU�TLdeE�DAYGDObqR-PQSLU�SLF/R#bedg]ÎR#K>dgHVU
YGDAbqR@hfSLK>l�H*YGD\¡zMOÉ R#N%T�RV]}Y�Nmj*N)RVY�F>deE�ÚVbgD-D�]<K}YGS�TLF>deK}E)R#F}bqR@]>NGdeK<D`n
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Reconstruction of the dipole amplitude for quadrupolar anisotropy

N= 500
N= 1000
N= 2500
N= 5000
N= 10000
N= 25000
N= 50000
N= 100000
N= 250000
N= 500000
N= 1000000

,6-0/.1^÷zn§^ 2 �4R#bgDLNGFBhfH�¼QDLUGU�D�YGDfb�½§R#h�EGbedeK>N�YGDpY�N�Y�deEcÚVbgDfF<D�T�HVU�]>K>F>NGdeK�R�wQD�T'bqRphfSLK>l�HzYGD'YGDfF<D�T�HVU�]J�K>F>N�TLK>dgHVU�R#N � er HVF<Y�F<D`a�bgHVF<]<j*N�D}bgD���N�sfD�]>KohfH*Y�NGbgSuE)R#F4NGU'EGNGFoj*N)RVY�F>deE�ÚVbgDO]>¼*hfSLK>F>dgj*N�D`n�C4½¾SLwQHVbeNGK>dgHVUR�wQD�Txb�½§R#h�EGbedeK>N�YGDBY�Nmj�N)RVY�F>deEcÚVbgDxEcHVNGF}Y�d��cSLF<DLU*K<D�]uw`R#bgDLNGF<]}YGD
N
D�]>K�F<DLEGF<S�]<DLU*K<S�D`n

M}�U�Y�½ debebeN�]>K>F<DLF£bqR@÷LT�HVU�K/R#h�deU)R#K>dgHVU�÷uY�N�Y�deE�ÚVbgDrE)R#F7bgD�];hfH*YGD�]£EGbeN�]£SLbgDLwQS�]7bgHVF<]/j�N�DobqR�T�HVNGwQDLF>K>NGF<D
D�]>K-E)R#F>K>dgDLbebgD`a)IL½§R#d4]<deh"NGbgS'NGU�DLU�]<DLh"[GbgD�YGDfbgHVK<]BYGDkYGHVUGU�S�D�]\YGDkY�d���SLF<DLU�K<D�]BK/R#debebgD�]�a�T�HVF>F<D�]<E�HVU�Y�R#U*K
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»pNGU2��N�sªhfHzY�NGbgSfE)R#FBNGU�EGNGF"j*N)RVY�F>deE�ÚVbgD`a;DLK�I�½§R#d�F<D�T�HVU�]>K>F>NGdeK\bgDkY�deEcÚVbgDk»¬b�½§R#dgYGDkbqRphfSLK>l�HzYGD�R#N
1er HVF<Y�F<D`n)C�RB��HVU�TLK>dgHVU%Y�½¾DtszEcH`]>deK>dgHVUmT�HVF>F<D�]>EcHVU�Y�R#Nm]>deK<Dx]<N�Y¬YGDAb�½ � [�]<DLF>wVR#K<HVdeF<D"É7dgDLF>F<D-MONGPQDLF�n�C�D�]
F<S�]>NGbeK/R#K<]\]<HVU�K\EGF<S�]<DLU�K<S�]@]>NGFBbgD�]-�P`NGF<D�]¬�	÷zn§^Q�-DLKp�	÷zn � _Q�tn;C�RmwVR#bgDLNGFBhfH�¼QDLUGU�DpYGDkb�½§R#h�EGbedeK>N�YGDpY�N
Y�deE�ÚVbgD%F<D�T�HVU�]>K>F>NGdeK¬]>NGF�EGbeN�]>dgDLNGF<]�F<S�R#bedg]/R#K>dgHVU�]¬Y�½ NGU«hfyLhfD!bgHVK�YGD!YGHVUGU�S�D�]p¼ËD�]>K�F<DLEGF<S�]<DLU�K<SªDLU
��HVU�TLK>dgHVU�a*Y�NkU�HVhB[GF<DOY�½¾SLwQSLU�DLhfDLU*K<]�DLK4YGD}b�½§R#h�EGbedeK>N�YGDAY�Nkj*N)RVY�F>deE�ÚVbgD@��YGHVU�KobqR-YGSt�UGdeK>dgHVUp]>deh�debqR#deF<D
»uT�DLbebgDrY�N@Y�deE�ÚVbgDv]<DLF/RODtszEGbedgTLdeK<S�DrE)R#F;bqRu]<NGdeK<D��tn#É;HVNGF7T<l)RVj*N�DrF<S�R#bedg]/R#K>dgHVU�a#bqROY�deF<D�TLK>dgHVU�Y�N@j�N)RVY�F>deEcÚVbgD
D�]>K}Y�d���SLF<DLU�K<D`a)YGDAhkR#UGdgiLF<D\»\hfH�¼QDLUGU�DLFObgD�]�E�H`]/]>de[GbgD�]}Dt��DLK<]}Y�½¾HVF>dgDLU�K/R#K>dgHVU�n

Number of events
310 410 510 610
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Reconstruction of the dipole amplitude for quadrupolar anisotropy

 = 5 (%)quadα
 = 10 (%)quadα
 = 15 (%)quadα
 = 20 (%)quadα
 = 25 (%)quadα
 = 30 (%)quadα
 = 35 (%)quadα
 = 40 (%)quadα
 = 45 (%)quadα
 = 50 (%)quadα

,.-F/.1'÷zn � _ 2 �4R#bgDLNGF�hfH�¼QDLUGU�D�YGD\b�½§R#h�EGbedeK>N�YGD�Y�N¤Y�deEcÚVbgDBF<D�T�HVU�]>K>F>NGdeK"R�wQD�T\bqR'hfSLK>l�H*YGD@YGDBF<D�T�HVU�]J�K>F>N�TLK>dgHVU�R#N � er HVF<Y�F<D`aQbgHVF<]<j*N�D}bgD}��N�s�D�]<K4hfHzY�NGbgS}E)R#F4NGU'EGNGFoj*N)RVY�F>deE�ÚVbgDO]>¼zhfSLK>F>dgj�N�D`n*C�½¾SLwQHVbeNGK>dgHVUR�wQD�TkbgD@U�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU�K<]\E�HVNGFBY�d��cSLF<DLU*K<D�]"w`R#bgDLNGF<]"YGD�b�½§R#h�EGbedeK>N�YGD'Y�NÅj*N)RVY�F>deE�ÚVbgDkD�]>K-debebeN�]J�
K>F<S�D`n��rD�]xF<S�]>NGbeK/R#K<]-HVU*K-SLK<S�HV[GK<DLU�N�]"E�HVNGFxNGU�D\��HVU�TLK>dgHVU�Y�½¾Dts�E�H`]>deK>dgHVU2T�HVF>F<D�]<E�HVU�Y�R#U*KBR#N2]>deK<D�]>N�Y
YGDAb�½ � [�]<DLF>w`R#K<HVdeF<D"É7dgDLF>F<D-MONGPQDLF�n

� UmEcDLNGKuF<DLhkR#F<j*N�DLFA]>NGFubqR��P`NGF<D��	÷zn§^Q�uj�N�D-bgHVF<]<j�N�D"bgD"U�HVhB[GF<DBY�½¾SLwQSLU�DLhfDLU*K<]xD�]>KuK>F<i�]OP`F/R#U�Y�a
b�½§R#h�EGbedeK>N�YGDxY�N�Y�deE�ÚVbgD

αdip
K<DLU�Y�»\yLK>F<DAEGF<HVE�HVF>K>dgHVUGU�DLbebgDB»"b�½§R#h�EGbedeK>N�YGD"Y�Npj*N)RVY�F>deEcÚVbgD

αquad
Y�R#U�]

bgD�]7YGHVUGU�S�D�]�a`hfDLK>K/R#U*KoTLbqR#deF<DLhfDLU�KrDLUfSLw*dgYGDLU�T�D}bgDr��R#deK�j*N�½ NGU�D�E)R#F>K>dgD}Y�Nfj*N)RVY�F>deE�ÚVbgDuD�]>K£F<D�T�HVU�]>K>F>NGdeK<D
T�HVh�hfDpNGUXY�deE�ÚVbgD`n£C�R%�P`NGF<D2�	÷zn � _Q�BdebebeN�]>K>F<D�bqR!T�HVU�wQDLF>PQDLU�T�D%YGD αdip

bgHVF<]/j�N�D
N
R#NGP`hfDLU*K<D¬wQDLF<]

NGU�D!wVR#bgDLNGF¬EGF<HVEcHVF>K>dgHVUGU�DLbebgD�»
αquad

nvÉ£R#F�Dts�DLh�EGbgD`a�]<d�b�½¾HVU�T�HVU�]>dgYGiLF<D¤NGU«��N�s�hfH*Y�NGbgS!E)R#F¬NGU
EGNGF¬j�N)RVY�F>deEcÚVbgD¤YGD

10%
Y�½§R#h�EGbedeK>N�YGDªY�R#U�]pNGU«bgHVK�YGD¤YGHVUGU�S�D�]¬T�HVU*K<DLU)R#U�K

105 SLwQSLU�DLhfDLU*K<]�a�bqR
hfSLK>l�H*YGDmYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU�Y�N�Y�deEcÚVbgDmR#NËEGF<DLh�dgDLF'HVF<Y�F<DmdeU�Y�dgj�N�DLF/R�DLUËhfH�¼QDLUGU�D%NGU Y�deEcÚVbgDmYGD
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4 Y Y�½§R#h�EGbedeK>N�YGD`n��rHVh�EGK<D-K<DLU*N%YGDAbqR@EGNGdg]/]/R#U�T�D-YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU!Y�Nm]>deK<Dx]>N�YmYGDxb�½ � [�]<DLF>w`R#K<HVdeF<D
É7dgDLF>F<D¬MuNGPQDLF

Kα ≈ 0.33
a�DLUXNGK>debedg]/R#U*Kfb�½¾S�j�N)R#K>dgHVUô�	÷zn§Ñ ~ �\HVUXE�DLNGKfD�]>K>dehfDLF�bqR¤]<deP`UGd�)T�R#K>dew*deK<S�YGD

T�DLK>K<DfhfD�]>NGF<D�» ≈ 4.2σ
n<DÞb4D�]>K"YGHVU�TkU�S�T�D�]<]/R#deF<D'YGDfPQSLU�SLF/R#bedg]<DLFBU�HVK>F<DkhfSLK>l�HzYGDkDLUÅ¼!deU�TLbeN)R#U*KBbqR

E�H`]<]<de[GdebedeK<Skj*N�DfbqR�Y�dg]<K>F>de[GNGK>dgHVUXR#UGP`NGbqR#deF<D'EcH`]<]<i�YGDfNGU�D�T�HVh�EcH`]/R#U�K<D�j�N)RVY�F>deEcHVbqR#deF<D`n��rD�TLd4EcDLF>hfDLK
YGDAF<DLE�HVN�]<]/DLFu»@b�½¾HVF<Y�F<D

l = 3
b�½¾HVF>deP`deU�D-Y�½ NGU�D-SLwQDLU*K>N�DLbebgDBT�HVU*K/R#h�deU)R#K>dgHVU!Y�NmY�deEcÚVbgD`n

¸�ü2�£üFE �uIL��IV�tQ�
_������I>
J������+��î6�}«
ÕxR#U�]-bgDfT�RV]-HVÈ�bqR¬Y�dg]>K>F>de[GNGK>dgHVUXR#UGP`NGbqR#deF<DkYGD�]-F/R�¼QHVU�]"T�H`]>h�dgj*N�D�]"D�]<K"]>NGEGEcH`]<S�DfyLK>F<D�hfHzY�NGbgS�D

E)R#F�NGUmY�deE�ÚVbgD"DLK�NGUmj�N)RVY�F>deEcÚVbgD`aGbgD���N�s�Y�R#U�]�NGU�D-Y�deF<D�TLK>dgHVU
u
EcDLNGK}]�½¾S�TLF>deF<D-]<HVN�]}bqRB��HVF>hfDf�

Φ(u) =
Φ0

4π
(1 + αD · u +

∑

i,j

Qijuiuj) =
Φ0

4π
(1 + αD · u +

∑

i,j

λi(qi · u)2),
�	÷zn ��_Q�

HVÈ
Φ0/4π

F<DLEGF<S�]<DLU�K<D@bqR'T�HVh�EcH`]/R#U�K<D@dg]<HVK>F<HVEcD`ac»kbqRVj*N�DLbebgD\deb���R#NGK-R�IJHVNGK<DLFANGU¤Y�deE�ÚVbgD@Y�½§R#h�EGbedeK>N�YGD
α
�
0 ≤ α ≤ 1

��Y�R#U�]"bqRpY�deF<D�TLK>dgHVU
D
a�DLKxNGU�j�N)RVY�F>deEcÚVbgD�YGS�TLF>deK-E)R#F-NGUªK<DLU�]/DLNGF-YGDf]<D�T�HVU�YªHVF<Y�F<D`a

]>¼*hfSLK>F>dgj*N�D�DLK4YGD�K>F/RVT�D}U�NGbebgD`aQYGHVU*K4bgD�]�ðxT�HVh�EcH`]/R#U*K<D�]�deU�YGSLEcDLU�Y�R#U�K<D�]r]<HVU�K�F<DLbedgS�D�]rR#N�sfT�H*Dt¥kTLdgDLU*K<]
l = 2

Y�NÆYGSLwQDLbgHVEGE�DLhfDLU*K\]<NGF-bgD�]-l)R#F>hfHVUGdgj*N�D�]@]>EGl�SLF>dgj�N�D�]�n�C�R¬hkR#K>F>dgT�D
Qij

T�HVF>F<D�]>EcHVU�Y�R#U�K<D�D�]>K
F<S�DLbebgD}DLK�]>¼zhfSLK>F>dgj�N�D`a`DLK7EcDLNGK4YGHVU�T�yLK>F<D}Y�dqR#PQHVU)R#bedg]<S�DO]>NGF7NGU�Dv[)RV]<D�HVF>K>l�HVPQHVU)R#bgD`nT�OHVN�]�YGS�]<deP`U�DLF<HVU�]
E)R#F

λi
DLK

qi

bgD�]oK>F<HVdg]ow`R#bgDLNGF<]oEGF<HVEGF<D�]rDLKowQD�TLK<DLNGF<]rEGF<HVEGF<D�]A��HVF>K>l�HVU�HVF>hfS�]t�4YGD
Qij

n*C�½§R#h�EGbedeK>N�YGDxY�N
j�N)RVY�F>deEcÚVbgD

β
D�]>KoYGSt�UGdgD�YGD}hkR#UGdgiLF<DA]>deh�debqR#deF<DA»-T�DLbebgD�Y�N'Y�deEcÚVbgD`azT�HVh�hfDOSLK/R#U*KrNGU�T�HVU�K>F/RV]>K<DADLU*K>F<D

bgDAhkR�szdehBNGh DLK�bgDxh�deUGdehBNGh Y�N¬��N�sª�

β ≡ Φmax − Φmin

Φmax + Φmin
=

λ+ − λ−
2 + λ+ + λ−

�	÷zn � � �

HVÈ
Φ
D�]<K;dgTLdGbgDr��N�s�DLU�b�½§R#[�]<DLU�T�D�YGD�Y�deEcÚVbgD`a

λ+
T�HVF>F<D�]<E�HVU�Yf»�bqR�EGbeN�]£P`F/R#U�YGD�w`R#bgDLNGF7EGF<HVEGF<D�EcH`]>deK>dewQD

RV]<]<HzTLdgS�DBR#N!wQD�TLK<DLNGF
q+

DLK
λ−

bqRkEGbeN�]OE�DLK>deK<D\w`R#bgDLNGFOEGF<HVEGF<D�RV]<]<HzTLdgS�DB»
q−

n�C�D�]�TLdeU�j�E)R#F/R#hfiLK>F<D�]
deU�YGSLE�DLU�Y�R#U*K<]OEcDLF>hfDLK>K/R#U�KxYGDBYGS�TLF>deF<DBK<HVK/R#bgDLhfDLU*KAbgD"j*N)RVY�F>deE�ÚVbgD\]<HVU�K�YGHVU�TBYGDLN�s%R#h�EGbedeK>N�YGD�]��;�

β
DLK
λ+
�ADLK-K>F<HVdg]BR#UGP`bgD�]k�4�

θ+
a
ϕ+
�AYGSt�UGdg]/]/R#U�KBb�½¾HVF>dgDLU�K/R#K>dgHVUZY�NªwQD�TLK<DLNGF

q+
DLK
ϕ−

YGSt�UGdg]<]/R#U*K"bqR
Y�deF<D�TLK>dgHVUBYGD

q−

Y�R#U�]�bgD�EGbqR#U-E�DLF>EcDLU�Y�dgTLNGbqR#deF<Do»
q+
n�C�D7K>F<HVdg]>dgiLhfD4wQD�TLK<DLNGF�EGF<HVEGF<D

q0

D�]<K�HVF>K>l�HVPQHVU)R#b
R#N�spYGDLN�s�R#NGK>F<D�]�aGDLKu]/RBw`R#bgDLNGF}EGF<HVEGF<D"RV]<]/H*TLdgS�D`a

λ0
a�wQSLF>d�)DxbqR@T�HVU�Y�deK>dgHVU

λ− + λ+ + λ0 = 0
��K>F/RVT�D

YGD
Qij

U*NGbebgD��tn
ArdgDLUfj�N�DrU�HVN�]£K>F/R#deK<DLF<HVU�]�bgDvT�RV]�Y�½ NGUfj*N)RVY�F>deEcÚVbgDvPQSLU�SLF/R#b�a`YGHVU�K�bgD�]£w`R#bgDLNGF<]7EGF<HVEGF<D�]�]<HVU*K7K<HVNGK<D�]

Y�d��cSLF<DLU*K<D�]�aQbgHVF<]<j*N�D�YGDLN�s�wVR#bgDLNGF<]4EGF<HVEGF<D�]4]<HVU*K4SLP�R#bgD�]�a`bgDuj�N)RVY�F>deEcÚVbgD�EcH`]<]<i�YGDvNGU�Du]<¼*hfSLK>F>dgD}R�s�dqR#bgD`a
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,.-F/.1�÷zn �`��2sa DLEGF<S�]<DLU*K/R#K>dgHVU�YGDubqR\]>NGFJ��RVT�DOYGSt�UGdgD�E)R#FvNGUpj�N)RVY�F>deEcÚVbgD¶æ1änêFÙ*Ü�ßf��»BP�R#N�T<l�D��oDLK Ú#Þ�æ!êFÙ*Ü�ß��»}Y�F<HVdeK<D��tnVÕxR#U�]�bgD4EGF<DLh�dgDLF7T�RV]�a�bqRuwVR#bgDLNGF;EGF<HVEGF<DvRV]<]<HzTLdgS�DoR#N\wQD�TLK<DLNGF;YGSt�UGdg]<]ÎR#U�K£b�½§R�s�DoYGDo]<¼*hfSLK>F>dgD
D�]>K�EGbeN�]�EcDLK>deK<Dk��DLU¬w`R#bgDLNGFOR#[�]<HVbeN�D��vj*N�DxbgD�]}YGDLN�s�R#NGK>F<D�]�n

F<S�Y�NGdg]/R#U�KpR#deU�]>d}bgD¬U�HVhB[GF<DmYGD¬E)R#F/R#hfiLK>F<D�]'deU�YGSLEcDLU�Y�R#U�K<]p»¤K>F<HVdg]m�£NGU�D!R#h�EGbedeK>N�YGDÅ�
β
�@DLKkYGDLN�s

R#UGP`bgD�]-�
θ+
a
ϕ+
�4YGDt�UGdg]/]/R#U�K�bqR\Y�deF<D�TLK>dgHVU�YGD�b�½§R�s�DAYGDA]>¼zhfSLK>F>dgD`n�M�K>deK>F<DxY�½¾Dts�DLh�EGbgDAbqR-�P`NGF<Df�	÷zn �`� �

F<DLEGF<S�]<DLU�K<DBbqR\��HVF>hfD"Y�½ NGU!j�N)RVY�F>deEcÚVbgD"]>¼zhfSLK>F>dgj*N�D-Y�deK�æ1ä�êúÙ*Ü�ßp��»�P�R#N�T<l�D��}bgHVF<]<j�N�D"bqR@w`R#bgDLNGFuEGF<HVEGF<D
T�HVF>F<D�]>EcHVU�Y�R#U�K\»�b�½§R�sGDfYGDf]<¼*hfSLK>F>dgDf»pNGU�DfwVR#bgDLNGFxEGbeN�]-��R#de[GbgDfj*N�D@bgD�]-YGDLN�s�R#NGK>F<D�]�a�DLK{Ú_Þ'æ!êFÙ*Ü�ß¤��»
Y�F<HVdeK<D��vY�R#U�]�bgD-T�RV]uT�HVU�K>F/R#deF<D`n

¸�ü2�£ü�û �b�����Q%�����Qÿ��4ÿ �Qÿ%����+�@
J�$�+�g
��	�����IV����K�ÿ ��IV�N�X�F����ÿS�������ÿ��J
����Qÿ~
JV
JIVK�ÿ

C�RfhfSLK>l�H*YGD@¡zMOÉ�E�DLNGK�yLK>F<D-PQSLU�SLF/R#bedg]<S�D@R#N%T�RV]�Y�½ NGU�DBR#UGdg]/HVK>F<HVEGdgDBY�deEcHVbqR#deF<DBDLK�j�N)RVY�F>deEcHVbqR#deF<D
j�N�DLbgT�HVU�j*N�D-EGF<S�]/DLU�K<D"Y�R#U�]uNGUmbgHVK�YGD-YGHVUGU�S�D�]�n��rHVh�hfD"EGF<S�T�S�YGDLh�hfDLU�K�acU�HVN�]OYGS�TLF>deF<HVU�]ubqR@EGF<HzT�St�
Y�NGF<DODLU¬T�HVh�hfDLU�W�R#U*K�E)R#FrbgD�T�RV]rbgDuEGbeN�]v]>deh�EGbgDx»"K>F/R#deK<DLFx��bgHVF<]<j*N�DObgD�YGSLK<D�TLK<DLNGF�T�HVU�]>dgYGSLF<S�EcH`]<]<i�YGD
NGU�DxT�HVNGwQDLF>K>NGF<D-K<HVK/R#bgD"hkR#dg]�E)RV]v��HVF<T�SLhfDLU�KuNGUGd���HVF>hfD-Y�NmTLdgDLb�n

C�D�EGF>deU�TLdeEcDfYGD�bqR¬hfSLK>l�H*YGD�F<D�]<K<D�bgD@hfyLhfDm��R��U�Y�½¾D�]<K>dehfDLF"bgD�]xU�DLN���E)R#F/R#hfiLK>F<D�]BU�S�T�D�]<]/R#deF<D�]
E�HVNGF}T�R#F/RVTLK<SLF>dg]/DLF}bgDAhfHVU�HVE�ÚVbgD`a�bgDxY�deE�ÚVbgDxDLK}bgDxj*N)RVY�F>deEcÚVbgD`a�U�HVN�]}Y�dg]>EcH`]<HVU�]}YGD�]�hfHVhfDLU*K<]uY�½¾HVF<Y�F<D
Ô�SLF<HGaQNGUkDLKrYGDLN�skYGD�bqR-Y�dg]<K>F>de[GNGK>dgHVUpR#UGP`NGbqR#deF<D

Φ(u)
a*YGHVU�K4b�½¾Dts�EGF<D�]<]>dgHVU�D�]>K4YGHVUGU�S�DOE)R#F��	÷zn ��_Q�tn��rD�]

hfHVhfDLU�K<]O]�½¾S�TLF>dewQDLU�K�YGHVU�T-]<HVN�]�bqRB��HVF>hfDf�

I0 =

∫
Φ(u)dΩ , I =

∫
uΦ(u)dΩ et Iij =

∫
Φ(u)(uiuj −

1

3
δij)dΩ,
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E�HVNGF�bgD�]<j*N�DLbg]ObqR�]<HVh�hkR#K>dgHVUª]�½¾Dt��D�TLK>N�D@]>NGF�K<HVNGK<DBbqR']>EGl�iLF<D`ncC�D\F<S�]>NGbeK/R#KxYGD\b�½ deU�K<SLP`F/R#K>dgHVUªEcDLF>hfDLK
YGDAF<DLbedgDLFuT�D�]�w`R#bgDLNGF<]OR#N�spE)R#F/R#hfiLK>F<D�]Oj*N�DAb�½¾HVUmT<l�DLF<T/l�DB»\F<D�T�HVU�]>K>F>NGdeF<D'�

I0 = Φ0 I =
1

3
Φ0 × αD , et Iij =

2
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Φ0 ×Qij
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yLK>F<DxdgYGDLU�K>d�)S�]xR#N�s�]<HVh�hfD�]uY�dg]/TLF<iLK<D�]Oj*NGd�bgDLNGFOT�HVF>F<D�]<E�HVU�YGDLU*K�n�|7UmU�HVK/R#U�KAT�HVh�hfD-EGF<S�T�S�YGDLh�hfDLU�K
E(uk)

b�½¾Dts�E�H`]<deK>dgHVUÆYGD'b�½¾DtszEcSLF>dgDLU�T�DpT�HVU�]>dgYGSLF<S�D�Y�R#U�]BbqR%Y�deF<D�TLK>dgHVU
uk

Y�N
k
dgiLhfD'SLwQSLU�DLhfDLU*K�a£bgD�]

]<HVh�hfD�]}Y�dg]<TLF<iLK<D�]
S0
a
S
DLK
Sij

T�HVF>F<D�]>E�HVU�Y�R#U*K�»
I0
a
I
DLK
Iij

]�½¾S�TLF>dewQDLU�KB�

S0 =
∑

k

1

E(uk)
, S =

∑

k

uk

E(uk)
et Sij =

∑

k

(ui)k(uj)k − 1
3δij

E(uk)

�	÷zn �`�*�

HVÈ
δij

D�]>K}bgDx]<¼*hB[�HVbgD-YGDu�AF<HVU�D�T Ç DLF�a�SLP�R#b�»
1
j*N)R#U�Y

i = j
DLKuSLP�R#b�»

0
]>deU�HVU�n��rD�]�U�DLN���j*N)R#U�K>deK<S�]

E�DLNGwQDLU*KvyLK>F<DxY�deF<D�TLK<DLhfDLU*KuT�R#bgTLNGbgS�D�]}»BE)R#F>K>deF�YGD�]�YGHVUGU�S�D�]�a�YGi�]vbgHVF<]rj*N�D�b�½¾DtszEcH`]>deK>dgHVU¬Y�NpYGSLK<D�TLK<DLNGF
D�]>KxT�HVUGU�N�D`n�C�RpYGSLF>dewVR#K>dgHVU�YGD�]-E)R#F/R#hfiLK>F<D�]"Y�N2Y�deEcÚVbgD�DLK-Y�N2j�N)RVY�F>deEcÚVbgDfYGS�T�HVNGbgDfY�deF<D�TLK<DLhfDLU*KBYGD
b�½ dgYGDLU�K>d�)T�R#K>dgHVU¤YGDxT�D�]u]<HVh�hfD�]uR�wQD�Txb�½¾Dts�EGF<D�]<]>dgHVUÅ�	÷zn �`�*�vYGD�]}hfHVhfDLU�K<]\�

αD = 3
S

S0
et Qij =

15

2

Sij
S0
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C�R!hkR#K>F>dgT�D
Qij

EcDLNGKfR#bgHVF<]fyLK>F<D¬Y�dqR#PQHVU)R#bedg]<S�DpEcHVNGFfHV[GK<DLUGdeF�bgD�]@wVR#bgDLNGF<]fEGF<HVEGF<D�]fDLK@wQD�TLK<DLNGF<]
EGF<HVEGF<D�]oY�N�j�N)RVY�F>deEcÚVbgD`n��rHVh�hfDubgD}hfHVU*K>F<DOb�½¾S�j*N)R#K>dgHVU!�	÷zn �$ðQ�ta*b�½¾S�TLF>deK>NGF<D�Y�NkwQD�TLK<DLNGFvY�deE�ÚVbgDuF<D�T�HVU�]J�
K>F>NGdeKoD�]>K�dgYGDLU*K>dgj�N�DAR#NkT�RV]rY�½ NGUf��N�s�hfHzY�NGbgS}E)R#F4NGUkEGNGFoY�deEcÚVbgD`nz�rHVh�hfDOR#UGU�HVU�T�SOEGF<S�T�S�YGDLh�hfDLU�K�a
bqRfF<D�T�HVU�]>K>F>N�TLK>dgHVU2Y�N¤j*N)RVY�F>deE�ÚVbgD\U�D"��R#deK�deU�K<DLF>wQDLUGdeF-j*N�DBYGD�]A]<HVh�hfD�]�bedgS�D�]xR#N�smhfHVhfDLU*K<]-Y�½¾HVF<Y�F<D
YGDLN�sca�DLKOD�]>K}E)R#FOT�HVU�]/S�j�N�DLU*KudeU�YGSLEcDLU�Y�R#U�K<D\YGD-bqR@F<D�T�HVU�]>K>F>N�TLK>dgHVU¤Y�NmY�deEcÚVbgD`nb��HVN�]}wQDLF>F<HVU�]uE)R#FubqR
]>NGdeK<DvbgD�]�T�HVU�]<S�j*N�DLU�T�D�]�DLUfK<DLF>hfD}YGDvEGNGdg]/]/R#U�T�D�YGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU�j�N�½ deh�EGbedgj*N�D}T�DLK>K<DvdeU�YGSLEcDLU�Y�R#U�T�D
YGD�]�hfH*YGD�]�n
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C�RkPQSLU�SLF/R#bedg]/R#K>dgHVU�R#N!T�RV]�Y�½ NGU�D@T�HVNGwQDLF>K>NGF<D\E)R#F>K>dgDLbebgD\YGD\bqRfEGF<H*T�S�Y�NGF<D@YGDBF<D�T�HVU�]>K>F>N�TLK>dgHVU2]>NGdeK

bgD�hfyLhfD%EGF>deU�TLdeE�D¤j*N�D�EGF<S�T�S�YGDLh�hfDLU�K2�4bgD�]�hfHVhfDLU�K<]
I0
a
I
R#U�Y

Iij
]<HVU�KpT�R#bgTLNGbgS�]pDLU bedeh�deK/R#U*K

b�½ deU�K<SLP`F/R#K>dgHVU�»ObqR�EcHVF>K>dgHVUfYGD�TLdgDLbGHVÈ�b�½¾DtszEcH`]>deK>dgHVUfD�]>K£U�HVU�U�NGbebgD`a�T�HVU�K<DLU�N�DODLU�K>F<D�bqR�YGS�TLbedeU)R#dg]<HVU
δminDLK

δmax
��DLU�T�HzHVF<YGHVUGU�S�D�]"S�j*N)R#K<HVF>dqR#bgD�]Î�ta�T�HVF>F<D�]<E�HVU�Y�R#U*K@»�bqR¬T�HzHVF<YGHVUGU�S�D�]\]>EGl�SLF>dgj�N�D

θ
T�HVU�K<DLU�N�D
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DLU�K>F<D
θmin

DLK
θmax

nzC�½¾S�TLF>deK>NGF<D���bgSLPQiLF<DLhfDLU�K}Y�d���SLF<DLU�K<DAY�NpT�RV]oT�HVNGwQDLF>K>NGF<D�K<HVK/R#bgD��oYGD�]ohfHVhfDLU�K<]�D�]>K
YGHVU�T-YGHVUGU�S�D-]<HVN�]���HVF>hfDxT�HVU�YGDLU�]<S�D"E)R#F-�

[ I0 ; I ; Iij ] =

∫ θmax

θmin

dθ sin θ

∫ 2π

0
dϕ [ Φ(u) ; uΦ(u) ; uiujΦ(u) ]
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Y�N!Y�deEcÚVbgD\DLK�Y�N¤j�N)RVY�F>deEcÚVbgDBU�D"EcDLNGKOEGbeN�]A]�½¾S�TLF>deF<D\YGDBhkR#UGdgiLF<D\SLbgSLP�R#U*K<Dp�)bgD\]>¼�]>K<iLhfD"Y�½¾S�j*N)R#K>dgHVU�]
D�]>KoT�HVNGEGbgSADLKr]<HVU'deU*wQDLF<]>dgHVUpU�S�T�D�]<]>deK<DONGU'EcDLNkEGbeN�]vY�½§R#bePQiL[GF<DAj*N�½§R#NGE)R#F/R�w`R#U�K�nGC�D�]vT�HVh�EcH`]/R#U�K<D�]�Y�N
wQD�TLK<DLNGFOY�deEcÚVbgD"DLK�YGD-bqR�hkR#K>F>dgT�D\YGS�TLF>dew`R#U�K�bgD-j�N)RVY�F>deEcÚVbgD\]<DLF<HVU�KOU�HVK<S�]uE)R#FObqRf]>NGdeK<DB]<HVN�]}bqR���HVF>hfD
]>NGdew`R#U�K<Df�

αD =




Dx

Dy

Dz


 et Q =




Qxx Qxy Qxz

Qxy Qyy Qyz

Qxz Qyz Qzz
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z
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bqR}YGSLF>dew`R#K>dgHVU\YGD�]�F<DLbqR#K>dgHVU�]£DLU�K>F<DobgD�]�E)R#F/R#hfiLK>F<D�]£YGD�b�½§R#UGdg]/HVK>F<HVEGdgDrDLK�bgD�]�]/HVh�hfD�]�]>NGF�bgD�]�SLwQSLU�DLhfDLU*K<]
SLK/R#U�KO��RV]<K>dgY�dgDLN�sca�T�DLbeNGd���TLd;D�]>KOF<DLE�HVF>K<SBDLU!R#UGU�DtsGD`n�C�R�F<S�]<HVbeNGK>dgHVU¤Y�N%]>¼�]>K<iLhfDBY�½¾S�j�N)R#K>dgHVU�]AT�HVU�Y�NGdeK
»@DtszEGF>dehfDLFubgD�]}T�HVh�E�H`]ÎR#U�K<D�]�Y�N¬wQD�TLK<DLNGFOY�deEcÚVbgDx]<HVN�]�bqR\��HVF>hfD��

Di =
1

1 + ε S̃zz

S̃0

(Ddip
i + ξi S̃iz) (i = x, y, z)
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HVÈBbgD�]7j*N)R#U�K>deK<S�]
Ddip
i

]<HVU*K;bgD�];w`R#bgDLNGF<]7YGD�]£T�HVh�E�H`]/R#U*K<D�]�Y�N@Y�deE�ÚVbgDrF<D�T�HVU�]>K>F>NGdeK<D�]4R#N\EGF<DLh�dgDLF�HVF<Y�F<D`a
bgD�]}w`R#F>dqR#[GbgD�]}U�HVK<S�D�]

S̃
]<HVU*KOYGD�]uT�HVhB[GdeU)R#dg]<HVU�]�bedeU�S�R#deF<DBYGD�]O]<HVh�hfD�]uY�dg]/TLF<iLK<D�]O]>NGFubgD�]uSLwQSLU�DLhfDLU�K<]

YGSt�UGdgD�]vY�R#U�]obgDOT�RV]vYGD}bqRBT�HVNGwQDLF>K>NGF<DOK<HVK/R#bgDADLKx�
ε
a
ξi
�7YGD�]vT�HVU�]>K/R#U*K<D�]rYGSLEcDLU�Y�R#U�K}YGDubqRx��HVF>hfD�YGDubqR

T�HVNGwQDLF>K>NGF<D@Y�N¤TLdgDLb�n�C�D�]xY�d���SLF<DLU�K<]AK<DLF>hfD�]AT�HVF>F<D�TLK>d���]x]�½§R#EGEGbedgj�N)R#U*K-»fb�½¾Dts�EGF<D�]<]>dgHVUªYGD�]�E)R#F/R#hfiLK>F<D�]
Y�N�Y�deEcÚVbgDAR#NkEGF<DLh�dgDLF�HVF<Y�F<DO]/HVU�Kx�QNGU'��RVTLK<DLNGFrh"NGbeK>deEGbedgT�R#K>d��£P`bgHV[)R#b�a�T�HVF>F<D�]>EcHVU�Y�R#U�K}»-bqR"T�HVF>F<D�TLK>dgHVU
Y�N�]<D�T�HVU�Y�HVF<Y�F<D-YGD-b�½¾D�]>K>dehkR#K>dgHVUmY�N�hfHVU�HVEcÚVbgDf�

Φ0 = Φdip
0 (1 + ε

S̃zz

S̃0

)
�	÷zn ��^Q�

DLK�NGU�K<DLF>hfD
ξi S̃iz

deh�EGbedgj�N)R#U*KOYGD�]}]/HVh�hfD�]}Y�½¾HVF<Y�F<D"YGDLN�s�n
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C�D�]}T�HVh�EcH`]/R#U�K<D�]�Y�N�j*N)RVY�F>deE�ÚVbgD-]/HVU�KuYGHVUGU�S�D�]uE)R#F"�

Qxx =
4

Φ0
[

S̃xx
∆31 − ∆53

+
S̃zz

12(γ2 − γ1)
]
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Qzz =
2

3Φ0

S̃zz
(γ1 − γ2)

, Qyy = −Qxx −Qzz
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Qxy =
8

Φ0

S̃xy
∆31 − ∆53
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Qxz =
2

Φ0

S̃x
(∆2

42 − ∆31∆53)
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Qyz =
2

Φ0

S̃y
(∆2

42 − ∆31∆53)
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γi
DLK

∆ij
]<HVU*KoYGD�]oT�HVU�]>K/R#U�K<D�]rYGSLE�DLU�Y�R#U*KrYGD}bqR���HVF>hfDuYGD}bqRAEcHVF>K>dgHVU'YGD}TLdgDLb�HV[�]<DLFJ�

wQS�D`n�C�D�]AE)R#F/R#hfiLK>F<D�]AF<D�T�HVU�]<K>F>NGdeK<]xY�N!Y�deEcÚVbgD@DLK�Y�N¤j�N)RVY�F>deEcÚVbgDB��HVU*KxYGHVU�TBdeU*K<DLF>wQDLUGdeF-YGD�]A]<HVh�hfD�]
Y�dg]<TLF<iLK<D�]}Y�N�EGF<DLh�dgDLFuDLKOY�N�]<D�T�HVU�Y�HVF<Y�F<D�]�a�Dts�EGbedgTLdeK/R#U�KAR#deU�]>d�bgD-T�HVNGEGbqR#PQDBY�deE�ÚVbgDt��j*N)RVY�F>deE�ÚVbgD`n
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C�½¾SLK>N�YGD�YGD�bqRxEGF<S�TLdg]>dgHVU�YGD}bqRAF<D�T�HVU�]<K>F>N�TLK>dgHVUpY�½ NGU�Y�deE�ÚVbgDuDLKoY�½ NGU'j*N)RVY�F>deEcÚVbgDOR�wQD�TObqRAhfSLK>l�HzYGD
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C�R@EGF<HzT�S�Y�NGF<DBY�½§R#U)R#be¼�]<D-DLKObgD�]}F<S�]>NGbeK/R#K<]OSLK/R#U�K�K>F<i�]u]>deh�debqR#deF<D�]�R#N%T�RV]OYGDxbqR�F<D�T�HVU�]>K>F>N�TLK>dgHVUªR#N
EGF<DLh�dgDLFvHVF<Y�F<D`azU�HVN�]�Dts�E�H`]/DLF<HVU�]4EGbeN�]vF/R#EGdgYGDLhfDLU*K�bgD�]oF<S�]<NGbeK/R#K<]�]>NGdewVR#U*K<]�nzC�D�bgD�TLK<DLNGFvSLP�R#F<S�EcHVNGF>F/R
YGD�K<HVNGK<D���RVW�HVU']<D}F<St��SLF<DLFv»AbqRxYGD�]<TLF>deEGK>dgHVUpYGD}bqRAEGF<S�TLdg]<dgHVU'YGD}F<D�T�HVU�]<K>F>N�TLK>dgHVU�Y�N�Y�deE�ÚVbgDuR#N'EGF<DLh�dgDLF
HVF<Y�F<D`n
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K>F>NGdeK<]�a4R#h�EGbedeK>N�YGD�]pDLKkY�deF<D�TLK>dgHVU�]�a4EGF<S�]<DLU�K<DLU*KpT�HVh�hfD!R�w`R#U�K'NGU�T�HVh�EcHVF>K<DLhfDLU�K�P�R#N�]<]>dgDLU�T�DLU*K>F<S
R#NGK<HVNGFrYGDObqRxwzF/R#dgDuw`R#bgDLNGFoY�N�E)R#F/R#hfiLK>F<D`n�C�DO[GdqR#dg]oDLKrb�½¾S�T�R#F>KoKÞ¼*EcDuYGD�T�D�]rY�dg]>K>F>de[GNGK>dgHVU¬]>NGdewQDLU�KvSLP�R��
bgDLhfDLU�K�NGU�DObgHVdcDLU

1/N
DLKvDLU

1/
√
N
F<D�]<E�D�TLK>dewQDLhfDLU*K�nGC�DAT�HVU�T�DLEGK}YGDOEGNGdg]/]/R#U�T�DOYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU

D�]>KxK<HVNVIJHVNGF<]"wVR#bqR#[GbgDkDLKxE�H`]<]/i�YGD@bgD�]xhfyLhfD�]-EGF<HVEGF>dgSLK<S�]\j�N�D�Y�R#U�]-bgDfT�RV]-YGD�bqR�F<D�T�HVU�]>K>F>N�TLK>dgHVUXR#N
EGF<DLh�dgDLFoHVF<Y�F<DuDtsGDLEGK<Suj*N�D}]/RxwVR#bgDLNGFrD�]>K�EGbeN�]7��R#de[GbgD`n�|�U'Dt��DLK�a`E�HVNGFoNGU�D���HVU�TLK>dgHVU'Y�½¾Dts�E�H`]<deK>dgHVUkT�HVFJ�
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F<D�]>EcHVU�Y�R#U�K�R#N\]<deK<D4]>N�Y\YGD4b�½ � [�]/DLF>wVR#K<HVdeF<DvÉ7dgDLF>F<DvMONGPQDLF�a�bqRuEGNGdg]<]/R#U�T�DrYGD4F<D�T�HVU�]<K>F>N�TLK>dgHVU�hfH�¼QDLUGU�D ø
YGDxb�½§R#h�EGbedeK>N�YGD\Y�NmY�deE�ÚVbgDBR#N%]<D�T�HVU�Y�HVF<Y�F<D"wVR#NGK

(Kα)2nd ≈ 0.14
a�»fT�HVh�E)R#F<DLF�R�wQD�T"bqR�w`R#bgDLNGFuj*N�D

U�HVN�]�R�wQHVU�]oHV[GK<DLU�N�DuR#N�EGF<DLh�dgDLF4HVF<Y�F<Dx�
(Kα)1st ≈ 0.33

nQC�RxEGF<S�TLdg]>dgHVUfYGDvF<D�T�HVU�]>K>F>N�TLK>dgHVU'R#UGP`NGbqR#deF<D
D�]>KBR���D�TLK<S�DkYGD�bqR�hfyLhfDfEcDLF>K<DfYGDfEGNGdg]/]/R#U�T�D`n�C�DfEGF>d�sÅ»pE)R�¼QDLF\E�HVNGFBHV[GK<DLUGdeF"NGU�DkD�]<K>dehkR#K>dgHVUÆY�N
Y�deE�ÚVbgDpj*NGd�U�Dp]<HVdeK�E)RV]�÷tE�HVbebeN�S�DQ÷�E)R#F�b�½¾HVF<Y�F<D¬]<NGE�SLF>dgDLNGFfD�]>K�YGHVU�T¬NGU�DpYGSLP`F/RVY�R#K>dgHVU�Y�NÆEcHVNGwQHVdeF
YGDfF<D�T�HVU�]>K>F>N�TLK>dgHVU�n��±K>deK>F<DkY�½¾DtsGDLh�EGbgD`a�E�HVNGFBF<D�T�HVU�]>K>F>NGdeF<DkNGUÆY�deE�ÚVbgD�»¬b�½¾HVF<Y�F<D'YGDLN�sÅR�wQD�T'bgDk]>deK<D
]>N�Y!YGDBb�½ � [�]/DLF>wVR#K<HVdeF<D@É7dgDLF>F<D�MONGPQDLF�a�deb���R#NGKADLU�wzdeF<HVU

5.6
��HVdg]OEGbeN�]xY�½¾SLwQSLU�DLhfDLU*K<]xEcHVNGFxR�wQHVdeFANGU�D

YGSLK<D�TLK>dgHVUpR�¼�R#U�K�bqR-hfyLhfDO]>deP`UGd�)T�R#U�T�DAj*N�DuT�DLbebgDAR#N'EGF<DLh�dgDLF�HVF<Y�F<D`ngD�b�D�]>K4deU*K<SLF<D�]<]/R#U*KvYGDOU�HVK<DLFvj�N�D
Y�R#U�]vbgDAT�RV]oE)R#F>K>dgTLNGbedgDLFOY�½ NGU�Du��HVU�TLK>dgHVU�Y�½¾Dts�E�H`]>deK>dgHVU¬T�HVF>F<D�]>EcHVU�Y�R#U�K�R#Np]<deK<D�]<N�Y�YGD�b�½ � [�]<DLF>w`R#K<HVdeF<D
É7dgDLF>F<DfMONGPQDLF�a�bqRpEGNGdg]/]/R#U�T�DfYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVUÆY�N�j*N)RVY�F>deE�ÚVbgD'D�]>KxbgSLPQiLF<DLhfDLU�K@]>NGEcSLF>dgDLNGF<D'»pT�DLbebgD
Y�N�Y�deE�ÚVbgD`n

�rD\F<S�]>NGbeK/R#KxT�HVU��F>hfD�bgD\P`F/R#U�YªR�w`R#U�K/R#PQDfj*N�D\E�H`]<]/i�YGD"NGUªYGSLK<D�TLK<DLNGF"HV[�]<DLF>w`R#U�KxbqR'K<HVK/R#bedeK<S�Y�N
TLdgDLb�E�HVNGF�b�½¾SLK>N�YGD"YGD�]}R#UGdg]<HVK>F<HVEGdgD�]O»\P`F/R#U�YGDxS�T/l�DLbebgDk��Y�R#U�]}T�DxT�RV]�bgD�]vhfHzYGD�]}SLK/R#U�KudeU�YGSLE�DLU�Y�R#U*K<]�a
bqRfEGNGdg]/]/R#U�T�DBYGD\F<D�T�HVU�]>K>F>N�TLK>dgHVUªD�]>K�dgYGDLU�K>dgj*N�D�j*N�DLb;j*N�DB]/HVdeKOb�½¾HVF<Y�F<D�R#N�j*N�DLb�bqRkF<D�T�HVU�]>K>F>N�TLK>dgHVU2D�]>K
Dt�cD�TLK>N�S�D`nm��HVN�]�wQDLF>F<HVU�]AE)R#FObqR�]>NGdeK<DBb�½ deU���N�DLU�T�D�j�N�DBEcDLNGKxR�wQHVdeFAbqR���F/RVTLK>dgHVUªY�N¤TLdgDLb£T�HVNGwQDLF>K<D�]>NGF
bqR\EGNGdg]<]/R#U�T�D-YGDAF<D�T�HVU�]<K>F>N�TLK>dgHVU�n

ï �*ÃQ��f������V&�ÃQ���ò�>fSÛ£&s��&���Û;�#�0Ü$��õ�� C�D�]�Y�dg]>K>F>de[GNGK>dgHVU�]uF<D�T�HVU�]>K>F>NGdeK<D�]}YGD�]vE)R#F/R#hfiLK>F<D�]OY�Npj*N)RVY�F>d��
E�ÚVbgD\]>NGdewQDLU*K�NGUªT�HVh�EcHVF>K<DLhfDLU�K-P�R#N�]/]>dgDLU%dgYGDLU*K>dgj�N�Df»'T�DLbeNGd7Y�NªY�deE�ÚVbgDp��bqRfhfH�¼QDLUGU�DfT�HVU�wQDLF>PQD�DLU
1/N

wQDLF<]�bqR\wzF/R#dgDxw`R#bgDLNGFuY�N¬E)R#F/R#hfiLK>F<D`a�R�wQD�T-NGU�S�T�R#F>K}KÞ¼*EcD-Y�deh�deU*N)R#U�KODLU
1/
√
N
n

C�R��P`NGF<DH÷zn � Ñ�debebeN�]<K>F<D-b�½¾SLwQHVbeNGK>dgHVU¤YGDxbqRfY�dg]>EcDLF<]>dgHVUmYGD (δβ/β)
DLK

(δλ/λ)
��HVÈ

λ
YGS�]>deP`U�D"b�½ NGU�D

YGD�]uK>F<HVdg]Ow`R#bgDLNGF<]uEGF<HVEGF<D�]Î�OR�wQD�T
β
DLK
λ
F<D�]>EcD�TLK>dewQDLhfDLU�K�ncC�R'Y�dg]>EcDLF<]>dgHVU%YGD\T�D�]OY�dg]<K>F>de[GNGK>dgHVU�]OEcDLNGK

YGHVU�T-yLK>F<DAE)R#F/R#hfSLK>F>dg]<S�DBT�HVh�hfD-EGF<S�T�S�YGDLh�hfDLU�K@�

[σ(δx/x)]−1 = Kx × x×
√
N, (x = β ou λ)

�	÷zn:ð Ø �

C�DmT�HVU�T�DLEGKpYGD�EGNGdg]/]/R#U�T�DmYGDmF<D�T�HVU�]>K>F>N�TLK>dgHVU�F<D�]<K<DmYGHVU�T%wVR#bqR#[GbgDmE�HVNGF�YGS�TLF>deF<Dmb�½§R#EGK>deK>N�YGD¤»2YGSt�
K<DLF>h�deU�DLF@bgD�]@E)R#F/R#hfiLK>F<D�]fY�NÆj*N)RVY�F>deEcÚVbgD`n7C�½§R#h�EGbedeK>N�YGD

β
D�]>K@bgDkE)R#F/R#hfiLK>F<DpbgD�EGbeN�]@deh�EcHVF>K/R#U�Kk»

YGSLK<DLF>h�deU�DLF�a�deb�T�R#F/RVTLK<SLF>dg]<DBDLU�Dt�cDLK�bgD"T�HVU�K>F/RV]>K<DBDLU�K>F<DxbgDAhkR�s�deh"NGh¢DLK}bgDAh�deUGdeh"NGh¢Y�N¬��N�scn���HVN�]
SLK>N�Y�dgDLF<HVU�]oYGHVU�TuEGbeN�]�E)R#F>K>dgTLNGbedgiLF<DLhfDLU*KrbqRxEGNGdg]<]/R#U�T�DuYGD}F<D�T�HVU�]>K>F>N�TLK>dgHVU�YGD}b�½§R#h�EGbedeK>N�YGDuEGbeNGK<ÚVKrj�N�D
T�DLbebgD�YGD�]AwVR#bgDLNGF<]-EGF<HVEGF<D�]�n�ÕxR#U�]AbgD�T�RV]xY�½ NGU�D@��HVU�TLK>dgHVU2Y�½¾Dts�EcH`]>deK>dgHVU2T�HVF>F<D�]>EcHVU�Y�R#U�KB»'NGU2]>deK<D�YGD
ùJï�ì<îLßJà#àO9Jß;ë�é�â�á�ìté�á�ß¯ë�ä§ßJë�ìÎâ�ê§ßJà�á�ã<á�ê�ìÎà#ë�û�é3û�ê§ñ2þtä§ß7ñ`ìÎë�ë�ê���ä§ßJë
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2.13

!

reconstruction accuracy of the

quadripole eigenvalues and amplitude

(full sky detector)

1.85

"

,6-0/.1�÷zn � Ñ 2 É7F<S�TLdg]>dgHVU¬YGDubqR-F<D�T�HVU�]>K>F>N�TLK>dgHVU¬YGDOb�½§R#h�EGbedeK>N�YGDADLKrYGD�]rw`R#bgDLNGF<]4EGF<HVEGF<D�]vY�Npj�N)RVY�F>deEcÚVbgD`nC�D�]}R�I¯N�]<K<DLhfDLU�K<]}K>F/RVT�S�]�DLU¬EcHVdeU�K>debebgS�]uhfHVU�K>F<DLU*Kuj�N�DAbqR\Y�dg]>EcDLF<]>dgHVU�YGDAb�½§R#h�EGbedeK>N�YGDxF<D�T�HVU�]<K>F>NGdeK<Dk�
βHVN

λ
�rw`R#F>dgDxYGDA��RVW�HVU¬deU�wQDLF<]<DLhfDLU*KOEGF<HVEcHVF>K>dgHVUGU�DLbebgDB»@T�DLK>K<DxhfyLhfD\R#h�EGbedeK>N�YGD`n

b�½ � [�]<DLF>wVR#K<HVdeF<DxÉ�dgDLF>F<DxMuNGPQDLF�a�bqRBEGNGdg]<]/R#U�T�DxYGDAF<D�T�HVU�]<K>F>N�TLK>dgHVU�hfH�¼QDLUGU�D-YGD�b�½§R#h�EGbedeK>N�YGD-Y�½ NGU�j*N)R��
Y�F>deE�ÚVbgDrw`R#NGK

Kβ ' 0.23
DLK
Kβ ' 0.52

]>d*b�½¾HVU�R�I>HVNGK<DobgDv]>deK<DoU�HVF<Y�nQ�rHVh�hfD�Y�R#U�];bgDrT�RV]£Y�N�Y�deEcÚVbgD`a�bqR
EGNGdg]<]/R#U�T�DxYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU

Kβ
YGD�]�YGDLN�s¬]>deK<DAYGDAb�½ � É�M D�]>KvK>F<i�]vEGF<HzT<l�D-YGD�bqR\w`R#bgDLNGF

Kβ ' 0.54
HV[GK<DLU�N�Df��DLUp]>deh"NGbqR#K>dgHVU��rY�R#U�]vbgD�T�RV]vY�½ NGU�DxDtszEcH`]>deK>dgHVU�K<HVK/R#bgD�DLKvNGUGd���HVF>hfD`n�C�½ � [�]<DLF>w`R#K<HVdeF<DxÉ7dgDLF>F<D
MuNGPQDLF\T�HVh�EGbgDLK\EcHVNGF>F/R�YGHVU�T�YGSLK<D�TLK<DLFfR�wQD�T'bqR�hfyLhfD�]>deP`UGd�)T�R#U�T�D'NGUÆj*N)RVY�F>deEcÚVbgD�R�wQD�T'TLdeU�j!��HVdg]
hfHVdeU�]rY�½¾SLwQSLU�DLhfDLU*K<]�aGDLKvYGHVU�TODLUpDLU�wzdeF<HVU¬Y�d�sf��HVdg]ohfHVdeU�]vYGDuK<DLh�E�]vj*N�½§R�wQD�T�bgD�]>deK<DO]<N�Yk]<DLNGbgDLhfDLU*K�n

õ f��7&��gf�ÃQ�HÛ;�fõò�'Â��#�GÃ`������fyÛ£&!Ã����*õ�Ã���&���������� C�ROEGNGdg]<]/R#U�T�DvYGDrF<D�T�HVU�]>K>F>N�TLK>dgHVUkD�]>K;NGU�D�j�N)R#U*K>deK<S
j�NGd`EcDLF>hfDLK�YGD7hfD�]>NGF<DLF�bqRvT�R#E)RVTLdeK<S4Y�½ NGU�D�Dts�E�SLF>dgDLU�T�D4YGHVUGU�S�Do»vD�]>K>dehfDLF�bqR�wVR#bgDLNGF�Y�½ NGU�DrR#UGdg]<HVK>F<HVEGdgD`n
�rDLK>K<DOEGNGdg]/]/R#U�T�DAYGDOF<D�T�HVU�]<K>F>N�TLK>dgHVU�wVR#F>dgDA]>NGdew`R#U�KvbgD�K�¼zEcD�Y�½§R#UGdg]/HVK>F<HVEGdgDf��Y�deE�ÚVbgDAHVN¬j�N)RVY�F>deEcÚVbgD��rDLK
bqR'��HVF>hfD�YGD@bqR'��HVU�TLK>dgHVU2Y�½¾DtszEcH`]>deK>dgHVU�n�Mu�UªY�½¾SLK>N�Y�dgDLFBT�DLK>K<D�YGDLF>UGdgiLF<DfYGSLEcDLU�Y�R#U�T�D`a�I�½§R#d�T�R#bgTLNGbgS�bqR
EGNGdg]<]/R#U�T�DvhfH�¼QDLUGU�DOYGDvF<D�T�HVU�]>K>F>N�TLK>dgHVU'YGD}b�½§R#h�EGbedeK>N�YGD}Y�NkY�deEcÚVbgD`a

Kα
a`DLK�Y�Nkj*N)RVY�F>deE�ÚVbgD`a

Kβ
aVEcHVNGF

YGD�]u��HVU�TLK>dgHVU�]-Y�½¾Dts�E�H`]<deK>dgHVU�]AE)R#F>K/R#U�K-Y�½ NGU�D\��R#de[GbgD\T�HVNGwQDLF>K>NGF<DxI¯N�]<j*N�½§»'NGU�D@T�HVNGwQDLF>K>NGF<D�K<HVK/R#bgD`ncC�R
��HVF>hfD'YGD'T�D�]B��HVU�TLK>dgHVU�]\D�]<K"bqRmEGbeN�]B]>deh�EGbgD'EcH`]<]>de[GbgDm��b�½¾Dts�E�H`]>deK>dgHVUÆw`R#NGK

1
EcHVNGF\bgD�]BYGS�TLbedeU)R#dg]<HVU�]

R#EGE)R#F>K<DLU)R#U�Kr»
[−90◦ , δmax]

DLK
0
]<deU�HVU�n`C�½¾SLwQHVbeNGK>dgHVU�YGDvbqRxEGNGdg]<]/R#U�T�D}YGD�F<D�T�HVU�]<K>F>N�TLK>dgHVU'Y�NfY�deEcÚVbgD`a

R#NËEGF<DLh�dgDLF'DLKpR#N ]<D�T�HVU�Y HVF<Y�F<D`arR#deU�]>duj*N�D�T�DLbebgDmY�N�j�N)RVY�F>deEcÚVbgDmDLUX��HVU�TLK>dgHVU�YGDmbqR!��F/RVTLK>dgHVU�Y�N
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λ3 > λ1 = λ2 = −λ3/2
Á

³µ´@�¶ �©$���|³¿¯"¨�«À¢¤¡�©$�J�|§°²�³¿«À�6¹
β = λ+−λ−

2+λ++λ−
= 3λ3

4+λ3

½
Í ± ����¡�¢À¯�³Å¡�¢¬�O�e�J��«É³z´Å³@«¬��©�ª+¨$ª��O¨�ª���¯3¢À��¢À¯�³¿«À�

λ−
����¡ ·��¨����$��³@�O¡Z��¢É³¿¢É��§��N °³@ªe¯o�°¯"�N��¢B«À���Z�J¢É�	¡�ª�¢À��©J¡�¢¬�O�$�

�J�
(λ1)rec

�·¡
(λ2)rec

���@��¡u ·�°��¡�ª�§�������©�ª
λ1

�·¡
λ2
Á«É³x´µ³@«¬��©�ª��J�

λ−
�¶�	¡z�O�J¡����_©��u�°�y¨�ª��°�$³@�O¡�«À�u¯3¢À��¢¬¸¯�©$¯ �°��¡�ª��

(λ1)rec
�·¡

(λ2)rec
½ Í ± ³¿¯"¨�«À¢¬¡�©$�J���¶�	¡����@�$ ��³@�$�. ·�" °³@�6��Ø_��¡�§�¯�³Å¡�¢ÉÈ�©��°¯"���O¡|���@©$��¸0�¶�	¡�¢¬¯"§��@½g¾>�O©�ªª�§����@©$�Jª��V ·�°¡�¡��<¢¬���J§·¡��°ª�¯3¢À�$³¿¡�¢À�@��Á·¢À«¿£�³@©J¡�³¿�	�@©J¡��°ª�«0± Ç_Ø�¸¨g�¿¡�Ç$Î����}æ�¹X�	©$��¡�¢¬¥$�°ªe; é

λ1 = λ2
�·¡6ª��¶ ·�O�$�	¡�ª�©$¢¬ª��X©���¢¬¸È�©��°¯"���O¡

λ3
¨g�@©$ª3�¶�	¡�¢¬¯"��ª3«0± ³¿¯"¨�«À¢¤¡�©$�J�u�J©!È�©$³O�Jª�¢¤¸¨g×@«À�@½%Ó<����¢É³¿¢É�6�J¢¬¯"¢À�_©���«À�@ªU��È�©��B«¬�¶��´Å³@«¬��©�ª���¨�ª��@¨�ª����

λ1
�°¡
λ2
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TLdgDLb;T�HVNGwQDLF>K<D\D�]>K�EGF<S�]<DLU�K<S�D@]>NGFObqR��P`NGF<Dp�	÷zn � ~ �tncM}�U¤YGD-EGF<S�TLdg]/DLF�bgD�]�T�HVU�wQDLU*K>dgHVU�]xNGK>debedg]<S�D�]�a�U�HVN�]
YGSt�UGdg]<]<HVU�]�bqR@��F/RVTLK>dgHVUmY�N�TLdgDLb�T�HVNGwQDLF>K<D"T�HVh�hfDf� A = 1

4π

∫
dΩE(u)

n
�rHVh�hfD@HVU%EcDLNGKA]�½ ¼mR#K>K<DLU�Y�F<D@deU�K>NGdeK>dewQDLhfDLU*K�a�EGbeN�]�bgDBYGSLK<D�TLK<DLNGFxHV[�]<DLF>wQD\NGU�DBP`F/R#U�YGD"��F/RVTLK>dgHVU

Y�NkTLdgDLb)DLK�EGbeN�]�bqRAEGNGdg]<]/R#U�T�D}YGD}F<D�T�HVU�]>K>F>N�TLK>dgHVU�D�]<K7P`F/R#U�YGD`n�É;HVNGFoT�HVh�EGF<DLU�Y�F<D�T�D�F<S�]>NGbeK/R#KO÷�R�wQD�T}bgD�]
hkR#deU�]�÷Va�T�HVU�]>dgYGSLF<HVU�]"bgD@EGF<HV[GbgiLhfDfY�½§R�I¯N�]<K<DLhfDLU�KBY�½ NGU�D���HVU�TLK>dgHVU2DLU

cos δ
]>NGFxbqRpY�dg]>K>F>de[GNGK>dgHVUÅYGD�]

YGS�TLbedeU)R#dg]<HVU�]}hfD�]<NGF<S�D�]}E)R#F�NGU�D-Dts�E�SLF>dgDLU�T�D"YGHVUGU�S�D`n%DÞb�E)R#F/R#deKuSLw*dgYGDLU*KOj*N�DAEGbeN�]�bqR@EcHVF>K>dgHVUmY�N�TLdgDLb
HV[�]<DLF>wQS�D�]<DLF/R�P`F/R#U�YGD`a`EGbeN�]�b�½§R�I¯N�]>K<DLhfDLU*K4]<DLF/RAT�HVU*K>F/R#deU�K�a�T�D�j*NGdGT�HVF>F<D�]>EcHVU�YfY�R#U�]7bgD�T�RVY�F<D�YGDvU�HVK>F<D
hfSLK>l�H*YGDf»'NGU�D@EGbeN�]xP`F/R#U�YGD@EGNGdg]/]/R#U�T�D�YGD@F<D�T�HVU�]>K>F>N�TLK>dgHVU�n�¡*d7b�½¾HVU2]<HVNGl)R#deK<D�DLU¤EGbeN�]"R�IJN�]>K<DLFANGU�D
��HVU�TLK>dgHVUpDLU

cos2 δ
EcHVNGFrD�]>K>dehfDLFrNGUpj�N)RVY�F>deEcÚVbgD`a�T�DLbqRBR�I>HVNGK<DOYGD�]vYGDLP`F<S�]vYGDObede[�DLF>K<S�]>NGEGbgSLhfDLU�K/R#deF<D�]

DLK�b�½§R�I¯N�]<K<DLhfDLU�KuD�]>K}DLU�T�HVF<DAhfHVdeU�]uT�HVU�K>F/R#deU�KAj*N�DOEGF<S�T�S�YGDLh�hfDLU*K�a�»\hfHVdeU�]uY�½¾HV[�]<DLF>wQDLF}K<HVNGK�bgDxTLdgDLb�n
�rDLKoDtsGDLh�EGbgDudebebeN�]<K>F/R#K>d���E�DLF>hfDLKvYGDuT�HVh�EGF<DLU�Y�F<DAj*N)R#bedeK/R#K>dewQDLhfDLU�KvbgD�]4F<S�]<NGbeK/R#K<]oYGDubqRA�P`NGF<D@�	÷zn � ~ �}�
bqRBEGNGdg]<]/R#U�T�DxYGDAF<D�T�HVU�]>K>F>N�TLK>dgHVUmY�N¬Y�deEcÚVbgD-R#N�]<D�T�HVU�Y¬HVF<Y�F<DxD�]>K�YGDAb�½¾HVF<Y�F<DxYGDxT�DLbebgDAY�N�j�N)RVY�F>deEcÚVbgD`a
DLK@R#NGP`hfDLU*K<DmR�wQD�T�bqR%EcHVF>K>dgHVUZYGD�TLdgDLb�T�HVNGwQDLF>K<DpE�HVNGF\F<D¯I>HVdeU�Y�F<DpbqR�w`R#bgDLNGF

Kα ' 0.58
Y�NZT�RV]�YGD

T�HVNGwQDLF>K>NGF<D-K<HVK/R#bgD`n
� UËEcDLNGKkSLP�R#bgDLhfDLU�K�F<DLhkR#F<j*N�DLF'j*N�D¬bgD�]kT�HVF>F<D�TLK>dgHVU�]�Y�N�]<D�T�HVU�Y HVF<Y�F<DmYGD¬b�½¾S�TLF>deK>NGF<D!YGD�]fE)R��

F/R#hfiLK>F<D�]'Y�N�Y�deE�ÚVbgDmF<D�T�HVU�]>K>F>NGdeK'��HVU*KkdeU�K<DLF>wQDLUGdeFpbgD�]khfyLhfD�]']<HVh�hfD�]�Y�dg]<TLF<iLK<D�]
S̃ij

j*N�D�EcHVNGFkbgD
j�N)RVY�F>deEcÚVbgD`a�DLKxdeU�K>F<HzY�NGdg]<DLU*KBR#deU�]>d�YGD�]���N�TLK>N)R#K>dgHVU�]"]<deh�debqR#deF<D�]-Y�R#U�]xbqR�F<D�T�HVU�]>K>F>N�TLK>dgHVU�YGD

α
DLK
β
n

C�HVF<]<j*N�D�bqR%��F/RVTLK>dgHVUËYGD¬TLdgDLbuR#NGP`hfDLU*K<D`a7bgD�]fT�HVF>F<D�TLK>dgHVU�]fY�NË]<D�T�HVU�YXHVF<Y�F<DpK<DLU�YGDLU*KfwQDLF<]
0
a£DLK�bgD�]

EGNGdg]<]/R#U�T�D�]}YGD-F<D�T�HVU�]>K>F>N�TLK>dgHVU�]}F<D¯I>HVdeP`U�DLU�K�T�DLbebgD�]uY�N�T�RV]uYGDxT�HVNGwQDLF>K>NGF<D"K<HVK/R#bgD`n
C�HVF<]<j*N�D%bqRÅT�HVNGwQDLF>K>NGF<DªY�N«TLdgDLbxD�]>K�E)R#F>K>dgDLbebgD`aobqRÅT�R#F/RVTLK<SLF>dg]/R#K>dgHVUÌYGD�]¬R#UGdg]<HVK>F<HVEGdgD�]�»�P`F/R#U�YGD
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,6-0/.1�÷zn � ~ 2 |7wQHVbeNGK>dgHVU¬YGDubqR-EGNGdg]<]/R#U�T�D�YGD}F<D�T�HVU�]>K>F>N�TLK>dgHVU¬YGDOb�½§R#h�EGbedeK>N�YGDAY�N�Y�deEcÚVbgDuDLKvY�N'j*N)RVY�F>d��E�ÚVbgDODLUf��HVU�TLK>dgHVU�YGDubqRx��F/RVTLK>dgHVU�Y�N�TLdgDLb�T�HVNGwQDLF>K<D�E)R#F4bgD�YGSLK<D�TLK<DLNGF�nzÉ�HVNGFvbgDuY�deEcÚVbgD`a*bqRxEGNGdg]<]/R#U�T�D�YGD
bqR-F<D�T�HVU�]>K>F>N�TLK>dgHVU¬D�]>KvT�R#bgTLNGbgS�DxR#N'EGF<DLh�dgDLF�DLK�R#N�]/D�T�HVU�Y'HVF<Y�F<D`n�C�RBT�HVNGF>[�DADLU�E�HVdeU*K>debebgS�]rdeU�Y�dgj�N�D�bqR
K<DLU�Y�R#U�T�DxPQSLU�SLF/R#bgD"YGDAb�½¾SLwQHVbeNGK>dgHVU!YGDxbqR\EGNGdg]<]/R#U�T�D-YGD-F<D�T�HVU�]>K>F>N�TLK>dgHVU�n

S�T<l�DLbebgDfR�wQD�T\U�HVK>F<D\hfSLK>l�HzYGDBU�S�T�D�]/]>deK<D@Y�½¾Dt�cD�TLK>N�DLFxNGU¤T�HVh�EGF<HVh�dg]f��bqRkF<D�T�HVU�]<K>F>N�TLK>dgHVU2Y�½ NGU!hfHzYGD
Y�½¾HVF<Y�F<D'EGbeN�]@SLbgDLwQSpEcDLF>hfDLK\Y�½¾HV[GK<DLUGdeF�NGU�DpD�]>K>dehkR#K>dgHVUZU�HVUZ[GdqR#dg]<S�DpYGD�]\hfH*YGD�]�Y�½¾HVF<Y�F<D�deU���SLF>dgDLNGF�a
hkR#dg]AR�wQD�T@NGU�D\EGNGdg]<]/R#U�T�D\deU���SLF>dgDLNGF<D`ncC�R'F<S�]<HVbeNGK>dgHVU�R#U)R#be¼zK>dgj*N�D\Y�Nª]>¼�]>K<iLhfD\Y�½¾S�j�N)R#K>dgHVU�]AbedqR#U*KxbgD�]
hfHVhfDLU�K<]-R#N�smE)R#F/R#hfiLK>F<D�]xYGDBb�½§R#UGdg]<HVK>F<HVEGdgD@YGDLw*dgDLU*K-R#bePQSL[GF>dgj�N�DLhfDLU*K-bgHVNGF<YGD"EcHVNGF�bgD�]OhfHzYGD�]�EGbeN�]
SLbgDLwQS�]4j*N�DvbgD}j�N)RVY�F>deEcÚVbgD`n^��HVK>F<D�hfSLK>l�HzYGD�U�½¾D�]>K4YGHVU�T}E)RV]4Y�deF<D�TLK<DLhfDLU�KrPQSLU�SLF/R#bedg]/R#[GbgDO]<HVN�]�bqR���HVF>hfD
EGF<S�]<DLU�K<S�DOdgTLd�n$DÞb�]<DLF/R#deKoE�H`]/]>de[GbgDuY�½¾HV[GK<DLUGdeFrbgDu]>¼�]>K<iLhfDOY�½¾S�j�N)R#K>dgHVU�]rDLKoYGDOb�½ deU�wQDLF<]<DLFrU�NGhfSLF>dgj*N�DLhfDLU�K
E�HVNGF'F<D�T�HVU�]>K>F>NGdeF<D!bgD�]kE)R#F/R#hfiLK>F<D�]¬YGD%b�½§R#UGdg]<HVK>F<HVEGdgD¤DLK'SLK<DLU�Y�F<DªR#deU�]>dOU�HVK>F<D¤R#U)R#be¼�]<D!R#N�s�HVF<Y�F<D�]
]>NGE�SLF>dgDLNGF<]@»!Ñ�a;R�wQD�T'T�DLEcDLU�Y�R#U�K@bgD'EGF<HV[GbgiLhfD�YGD'EcDLF>K<D'YGDkEGNGdg]<]/R#U�T�D'hfDLU�K>dgHVUGU�SpEGF<S�T�S�YGDLh�hfDLU�K
E�HVNGF�NGU�D-T�HVNGwQDLF>K>NGF<D"E)R#F>K>dgDLbebgD`n

C�R'F<D�T�HVU�]>K>F>N�TLK>dgHVUÅR#UGP`NGbqR#deF<D�EGF<S�]/DLU�K<D@bgD\hfyLhfD�T�HVh�E�HVF>K<DLhfDLU*K"j*N)R#U�K"»'bqR�YGSLE�DLU�Y�R#U�T�DkR�wQD�T
bqR¬T�HVNGwQDLF>K>NGF<DkY�NÆTLdgDLb�n�MÒK>deK>F<DfY�½¾Dts�DLh�EGbgD`a�bqRp�P`NGF<Db÷zn � �%debebeN�]>K>F<D�b�½¾SLwQHVbeNGK>dgHVUZYGD�bqRpEGNGdg]<]ÎR#U�T�DkYGD
F<D�T�HVU�]>K>F>N�TLK>dgHVU

Kθ = Kδ
YGD�bqR\YGS�TLbedeU)R#dg]<HVU�Y�N�Y�deEcÚVbgDADLU���HVU�TLK>dgHVU�YGD�bqR-��F/RVTLK>dgHVU�YGD�TLdgDLb�T�HVNGwQDLF>K<D`n

C�RAw`R#bgDLNGF�YGD
Kθ

R#Nf]<D�T�HVU�YkHVF<Y�F<D}T�HVU�wQDLF>PQDuwQDLF<]4]/R�w`R#bgDLNGFoR#N�EGF<DLh�dgDLFoHVF<Y�F<D}bgHVF<]<j�N�D}bqRAT�HVNGwQDLF>K>NGF<D
YGSLE)RV]<]<DAbgD�]

90%
Y�NmTLdgDLb�HV[�]/DLF>wQS�D`n

É�HVNGFrT�HVU�TLbeNGF<D}T�DLK>K<DOR#U)R#be¼�]<D�YGD�b�½¾SLwQHVbeNGK>dgHVU�YGD�bqR�EGNGdg]<]/R#U�T�DuYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU�R�wQD�T}bqRO��F/RVTLK>dgHVU
Y�N2TLdgDLb�a�U�HVN�]BR#K>K>deF<HVU�]"b�½§R#K>K<DLU�K>dgHVUÅY�N�bgD�TLK<DLNGF"]>NGFxbgD@��R#deK-j�N�D@U�HVN�]\R�wzdgHVU�]xK>F<HVNGwQSfNGU�D@EGNGdg]/]/R#U�T�D
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Dipole direction
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,.-F/.1�÷zn � � 2 |7wQHVbeNGK>dgHVU¬YGD}bqR-EGNGdg]<]/R#U�T�DuYGDuF<D�T�HVU�]>K>F>N�TLK>dgHVU¬YGD}bqR"YGS�TLbedeU)R#dg]<HVU¬Y�N'Y�deEcÚVbgDuDLUf��HVU�TLK>dgHVUYGD4bqRu��F/RVTLK>dgHVU�Y�N@TLdgDLb�T�HVNGwQDLF>K<DvE)R#F£bgDvYGSLK<D�TLK<DLNGF�n`C�R}EGNGdg]/]/R#U�T�DvYGDobqROF<D�T�HVU�]>K>F>N�TLK>dgHVUfD�]<K;T�R#bgTLNGbgS�D}R#N
EGF<DLh�dgDLFrDLK�R#Np]<D�T�HVU�Y'HVF<Y�F<D`n�C�RBT�HVNGF>[cDODLU�E�HVdeU*K>debebgS�]vdeU�Y�dgj�N�DObqR"K<DLU�Y�R#U�T�DOPQSLU�SLF/R#bgDAYGDOb�½¾SLwQHVbeNGK>dgHVU
YGDAbqR@EGNGdg]<]/R#U�T�DxYGD-F<D�T�HVU�]>K>F>N�TLK>dgHVU!R#UGP`NGbqR#deF<D`n

Kα ' 0.14
R#N!YGDLN�s�dgiLhfD�HVF<Y�F<D\E�HVNGF�NGU�DB��HVU�TLK>dgHVUªY�½¾Dts�E�H`]>deK>dgHVU¤]>deh�debqR#deF<D�R#Nª]>deK<D\]>N�Y%YGD\b�½ � É�MBa

j�NGd�T�HVNGw*F<DODLU�wzdeF<HVU
33%

Y�N�TLdgDLb�n*|�U'T�HVh�E)R#F/R#U�K�]<D}F<S�]>NGbeK/R#KvR�wQD�T}bqRx�P`NGF<D\�	÷zn � ~ �ta�bqRxw`R#bgDLNGFoYGD KαE�HVNGFoNGU�DuDts�E�H`]<deK>dgHVUkEGbqR#K<DAR�¼�R#U�KvbqR-hfyLhfD}��F/RVTLK>dgHVU�YGDOTLdgDLb�T�HVNGwQDLF>K<DAD�]>KrYGDu]<DLNGbgDLhfDLU*K
Kα ' 0.08

n
M ��F/RVTLK>dgHVU¤Y�N!TLdgDLb;T�HVNGwQDLF>K<D@SLP�R#bgD`a)bqR���HVU�TLK>dgHVU¤Y�½¾DtszEcH`]>deK>dgHVU¤Y�N%]>deK<DB]>N�YmYGDBb�½ � É�M�D�]>KOYGHVU�TBEGbeN�]
Dt¥kT�RVT�D`nQ|7UfDt��DLK�aV[GdgDLUfj�N�½¾SLK/R#U*K�hfHVdeU�]4]/DLU�]>de[GbgD�Y�R#U�]7T�DLF>K/R#deU�D�]4Y�deF<D�TLK>dgHVU�]�a�DLbebgD�HV[�]<DLF>wQD�NGU�DvF<SLP`dgHVU
EGbeN�]vSLK<DLU�Y�N�D�DLUpYGS�TLbedeU)R#dg]<HVUª�*EGF/R#K>dgj�N�DLhfDLU*K

45◦
YGDOEGbeN�]�a�T�DOj*NGd�E�DLF>hfDLKvYGDuh�dgDLN�s�T�HVU�K>F/R#deU�Y�F<DxbqR

hfH*Y�NGbqR#K>dgHVU%Y�N¬��N�sp]<NGF�NGU�DxP`F/R#U�YGD-S�T<l�DLbebgD`n
�rD�F<S�]>NGbeK/R#KBhfHVU�K>F<D�j�N�DfbqRp��F/RVTLK>dgHVU�Y�NÅTLdgDLboU�½¾D�]>K-E)RV]-bgD']<DLNGb�E)R#F/R#hfiLK>F<D�j�NGdoT�HVU�Y�deK>dgHVUGU�DkbqR

wVR#bgDLNGF-YGD@bqR'EGNGdg]<]ÎR#U�T�DfYGD\F<D�T�HVU�]>K>F>N�TLK>dgHVU�a�bqR'��HVF>hfD@hfyLhfD�YGD@bqR'��HVU�TLK>dgHVUÅDtszEcH`]>deK>dgHVUªYGSLK<DLF>h�deU�D
b�½¾Dt¥kT�RVTLdeK<S"YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU�n

³�,�³ �«µC?�:/¸¹:AB)º ?�:A@}1 ³\5ôó<º ¸¹¶�?�²�@x³B5

C�RvEGNGdg]/]/R#U�T�D7YGD7F<D�T�HVU�]>K>F>N�TLK>dgHVU\Y�½ NGU�D4R#UGdg]<HVK>F<HVEGdgD�Y�deEcHVbqR#deF<D4DLK�j*N)RVY�F>deE�HVbqR#deF<DoR#NGP`hfDLU�K<DobgHVF<]<j�N�D
bqR@T�HVNGwQDLF>K>NGF<D-Y�N�TLdgDLb�]�½¾SLK<DLU�Y�a�hkR#dg]}E�HVNGF�NGU�D-Dts�EcSLF>dgDLU�T�DxYGHVUGU�S�DxbqR@T�HVNGwQDLF>K>NGF<D-hkR�s�dehkR#bgD"RVT�T�D�]J�
]>de[GbgDmD�]<KkGsGS�D`n+DÞbOD�]<KkU�S�R#UGhfHVdeU�]pEcH`]<]>de[GbgDmY�½§R#NGP`hfDLU*K<DLF¬bqR2EGNGdg]/]/R#U�T�D%YGD%F<D�T�HVU�]>K>F>N�TLK>dgHVU�Y�½ NGU�D
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DtszEcSLF>dgDLU�T�D"R�¼�R#U*KuNGU�DxT�HVNGwQDLF>K>NGF<D"E)R#F>K>dgDLbebgD-U�HVU�NGUGd���HVF>hfD`a�Y�N�KÞ¼*EcDxMuNGPQDLFA¡*N�Y�n
C�RphfSLK>l�HzYGD'¡zM�É�a�j*N�D�U�HVN�]"R�wQHVU�]"YGS�TLF>deK<D'YGD\��RVW�HVU�YGSLK/R#debebgS�D'Y�R#U�]-T�DfT/l)R#EGdeK>F<D`a�EGF<S�]<DLU*K<DfbgD

YGSt��R#NGK4]<NGdewVR#U*KO�QY�R#U�]obgD�]4]<HVh�hfD�]oY�dg]<TLF<iLK<D�]
S̃
deU�K<DLF>wQDLU)R#U*KvY�R#U�]obqRxYGSLK<DLF>h�deU)R#K>dgHVU¬YGD�]�E)R#F/R#hfiLK>F<D�]

F<D�T�HVU�]>K>F>NGdeK<]�a�b�½¾Dts�EcH`]>deK>dgHVU�I>HVN�DxbgD-F<ÚVbgD-Y�½ NGU%E�HVdgYG]O]>K/R#K>dg]>K>dgj*N�D"R���D�TLK<SBR#N�s�SLwQSLU�DLhfDLU�K<]�n��rD�TLd�EcH`]<D
EGF<HV[GbgiLhfDªY�R#U�]pbgD�]pF<SLP`dgHVU�]�Y�N¨TLdgDLbxHVÈ�b�½¾DtszEcH`]>deK>dgHVU�D�]>K���R#de[GbgDªT�R#FpEcDLN�Y�½¾SLwQSLU�DLhfDLU�K<]%R�wQD�TªNGU
��HVF>KAEcHVdgYG]x]>K/R#K>dg]>K>dgj*N�DBwQHVU*K"R#bgHVF<]-T�HVU�K>F>de[GN�DLF\R#N�s!]<HVh�hfD�]�a�R#NGP`hfDLU*K/R#U�K@R#deU�]>d£bgD�]���N�TLK>N)R#K>dgHVU�]"DLK
YGSLP`F/RVY�R#U�KubqR\EGNGdg]/]/R#U�T�D-YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU�n

M}�U�YGD�T�HVU*K<HVNGF>U�DLF4T�DvEGF<HV[GbgiLhfDvdeUGl�SLF<DLU�Kv»ubqROhfSLK>l�HzYGDu¡zMOÉ;aLI�½§R#dGYGSLwQDLbgHVEGE�SvNGU�hfH�¼QDLUf]>deh�EGbgD
E�HVNGFuY�deh�deU*N�DLFAbgD�]���N�TLK>N)R#K>dgHVU�]���Y�deh�deU*N�DLF�bqRfF<SLP`dgHVU%Y�½¾HV[�]<DLF>w`R#K>dgHVU ��C�D-EGF>deU�TLdeEcDBD�]<KuYGHVU�TBDts�K>F<yt�
hfDLhfDLU�Kx]>deh�EGbgD���deb���R#NGKObedeh�deK<DLF�bqRfÔ�HVU�DBY�½¾HV[�]/DLF>wVR#K>dgHVUªY�N¤TLdgDLb;YGD"hkR#UGdgiLF<D@»'T�D"j*N�DBb�½¾DtszEcH`]>deK>dgHVU
YGDLhfDLNGF<DfK<HVNVI>HVNGF<]"]>NGEcSLF>dgDLNGF<D'»pNGU�DkT�DLF>K/R#deU�Dkw`R#bgDLNGF�a�j*N�½ deb7��R#NGKBYGSLK<DLF>h�deU�DLF�n�C�R¬��F/RVTLK>dgHVUÅYGDkTLdgDLb
T�HVNGwQDLF>K<DkU�DfYGHVdeK\T�DLE�DLU�Y�R#U*K@E)RV]"yLK>F<DfK>F<HVEÅF<S�Y�NGdeK<D`a�EcHVNGFBT�HVU�]/DLF>wQDLF"bgDfhkR�s�deh"NGh Y�½¾SLwQSLU�DLhfDLU�K<]
YGSLK<D�TLK<S�]�n�C�R¤w`R#bgDLNGFfbedeh�deK<D%YGD�T�HVNGEGNGF<D�YGD¬b�½¾Dts�E�H`]<deK>dgHVU YGHVdeKkYGHVU�TmyLK>F<DmHVEGK>deh�dg]<S�D¬EcHVNGFkT<l)RVj*N�D
DtszEcSLF>dgDLU�T�D`a�YGDAhkR#UGdgiLF<DB»@HV[GK<DLUGdeFONGU�DxYGSLK<D�TLK>dgHVUmbqR\EGbeN�]ODt¥kT�RVT�DxE�H`]/]>de[GbgD`n

C�RO]>deP`UGd�)T�R#K>dew*deK<SvYGDobqR�hfD�]>NGF<DrYGDob�½§R#h�EGbedeK>N�YGD�Y�N\Y�deEcÚVbgDoHVN\Y�N\j*N)RVY�F>deEcÚVbgDrD�]<K�EGF<HVEcHVF>K>dgHVUGU�DLbebgD
»AbqRAEGNGdg]<]/R#U�T�DOYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVUpDLKo»xbqRxF/RVTLdeU�DuT�R#F>F<S�DuY�NkU�HVh"[GF<D�Y�½¾SLwQSLU�DLhfDLU�K<]A�

nσ = Kx x
√
N

�
x = α

HVN
β
�tn�|7U T�HVU�]>dgYGSLF/R#U*K'j*N�DpbgD¬U�HVh"[GF<D%Y�½¾SLwQSLU�DLhfDLU�K<]�YGSLK<D�TLK<S�]kD�]>K�EGF<HVEcHVF>K>dgHVUGU�DLb�»ªbqR

��F/RVTLK>dgHVUXY�NXTLdgDLbrT�HVNGwQDLF>K<D`a£bqR!YGSLK<DLF>h�deU)R#K>dgHVU YGD'bqR%wVR#bgDLNGF�HVEGK>dehkR#bgD¬YGD�T�HVNGEGNGF<D¬YGD�b�½¾DtszEcH`]>deK>dgHVU
Eopt

a�F<DLwzdgDLU�K�»@K>F<HVNGwQDLF}bqR@w`R#bgDLNGF Eopt
j�NGd�hkR�s�deh�dg]<DAbgDxEGF<HzY�NGdeK"�

Kx(Eopt) ×
√

A(Eopt)
n

� K>deK>F<DBY�½¾DtsGDLh�EGbgD`a*IL½§R#d;YGSLK<DLF>h�deU�S\bgD�]Ow`R#bgDLNGF<]�HVEGK>dehkR#bgD�]xYGDBT�HVNGEGNGF<D Edip
opt

EcHVNGFObgD\Y�deE�ÚVbgDp��R#N
EGF<DLh�dgDLFODLKuR#Nm]<D�T�HVU�Y%HVF<Y�F<D��vDLK Equad

opt

E�HVNGF}bgD"j�N)RVY�F>deEcÚVbgD`aGEcHVNGF}bqR\��HVU�TLK>dgHVU%Y�½¾Dts�E�H`]>deK>dgHVU%Y�Nm]>deK<D
]>N�Y2YGD�b�½ � É�MBn;C�½¾SLwQHVbeNGK>dgHVUZYGD�bqR¬w`R#F>dqR#[GbgD

Kx(Eopt) ×
√

A(Eopt)
Apao

DLU2��HVU�TLK>dgHVUÅYGD�bqR�wVR#bgDLNGFBYGDfbqR
T�HVNGEGNGF<Dk]>NGFxb�½¾Dts�E�H`]<deK>dgHVUÅD�]>KxF<DLEGF<S�]<DLU*K<S�D']<NGFxbqR��P`NGF<DZ÷zn � ð�n�C�D�hkR�s�deh"NGh YGDkT�DLK>K<D���HVU�TLK>dgHVU�]<D
K>F<HVNGwQD\Y�R#U�]�bqRkÔ�HVU�D Eopt ' 0.08

� Eopt ' 0.15
EcHVNGFObgD\Y�deEcÚVbgDBDLKAbgD\j�N)RVY�F>deEcÚVbgD`a�U�HVN�]�T/l�HVdg]>deF<HVU�]

YGHVU�TOE)R#FvbqR\]>NGdeK<D Edip
opt ' Equad

opt ' 0.1
E�HVNGF�D�]>K>dehfDLFvbgDOP�R#deU�YGDuEGNGdg]/]/R#U�T�DAHV[GK<DLU�Nm»Bb�½§R#dgYGDAYGD�T�DLK>K<D

HVEGK>deh�dg]/R#K>dgHVU�n
É�HVNGF\U�HVK>F<D�Dts�DLh�EGbgD`a£DLU�F<S�Y�NGdg]ÎR#U�K�YGD

3◦
DLUÆYGS�TLbedeU)R#dg]<HVUÆbqRmÔ�HVU�D'Y�½¾HV[�]<DLF>w`R#K>dgHVUZY�NÆ]>deK<D']>N�Y

YGDBb�½ � É�M\a�bqR'��F/RVTLK>dgHVU2Y�N2TLdgDLb�T�HVNGwQDLF>K<DkD�]>KxY�deh�deU�N�S�DfYGD�]<DLNGbgDLhfDLU*K
0.5%

n�C�D@P�R#deU2DLU¤EGNGdg]<]/R#U�T�D
YGDxF<D�T�HVU�]>K>F>N�TLK>dgHVU¤D�]>K}E)R#FuT�HVU*K>F<D"U�HVU%U�SLP`bedePQD�R#[GbgD'��YGD-b�½¾HVF<Y�F<D"YGD

40
»

50%
Y�½§R#NGP`hfDLU�K/R#K>dgHVU �cC�D

K/R#[GbgD�R#NfTLd���YGD�]<]<HVN�]£deU�Y�dgj*N�DobgD�]£w`R#bgDLNGF<]7YGDrbqROEGNGdg]<]/R#U�T�D�YGDrF<D�T�HVU�]>K>F>N�TLK>dgHVUkYGDrb�½§R#h�EGbedeK>N�YGD}HV[GK<DLU*N�D�]
E�HVNGF}Y�d���SLF<DLU�K<D�]u��HVU�TLK>dgHVU�]uY�½¾DtszEcH`]>deK>dgHVU��
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,.-F/.1�÷zn � ð 2 |7wQHVbeNGK>dgHVU YGD�bqR%EGNGdg]<]/R#U�T�D¬YGD�F<D�T�HVU�]>K>F>N�TLK>dgHVUô÷LDt�cD�TLK>dewQDQ÷Va7YGSt�UGdgDpE)R#F�b�½¾Dts�EGF<D�]<]>dgHVU
Kx(Eopt) ×

√
A(Eopt)
Apao

DLUÅ��HVU�TLK>dgHVUXYGD'bqR%wVR#bgDLNGF@YGD�bqRmT�HVNGEGNGF<Dp]>NGF\b�½¾DtszEcH`]>deK>dgHVUZEcHVNGFBbqRmF<D�T�HVU�]J�
K>F>N�TLK>dgHVU%Y�N!Y�deE�ÚVbgD\R#NmEGF<DLh�dgDLFODLK�]<D�T�HVU�YmHVF<Y�F<DBDLKuEcHVNGF}bgD"j*N)RVY�F>deEcÚVbgD`n)C�R���HVU�TLK>dgHVU!Y�½¾DtszEcH`]>deK>dgHVU
T�HVF>F<D�]>EcHVU�YmR#N�]>deK<Dx]>N�Y�YGDAb�½ � [�]/DLF>wVR#K<HVdeF<DBÉ7dgDLF>F<D-MONGPQDLF�n

Kα 1er HVF<Y�F<D Kα 2me HVF<Y�F<D KβMuNGPQDLF"�)¡*deK<D\¡*N�Y _�n ~`~ _�n � � _�n§Ñ ~
MONGPQDLF-��¡*deK<D"¡*N�Y�a � EGK>deh�dg]/S _�n � � _�n§Ñ � _�n ~ Ñ
MuNGPQDLF"�)¡*deK<D�]�¡*N�Y�DLK���HVF<Y _�n:ð`¦ _�n:ð`¦ _�n:ð`Ñ

C�R'EGF<S�TLdg]>dgHVUªYGD\bqR'F<D�T�HVU�]>K>F>N�TLK>dgHVU�R#UGP`NGbqR#deF<D�D�]>KxSLP�R#bgDLhfDLU�K"R#hfSLbedgHVF<S�D¬��E)R#FxDts�DLh�EGbgD`a�bqR�Y�dg]J�
E�DLF<]<dgHVU�YGD�bqRBYGS�TLbedeU)R#dg]>dgHVU�Y�N¬Y�deE�ÚVbgDOF<D�T�HVU�]>K>F>NGdeK<DAE)RV]<]<D�YGD

8◦
»

2.1◦
E�HVNGFvNGU�DOF<D�T�HVU�]>K>F>N�TLK>dgHVU%R#N

EGF<DLh�dgDLFuHVF<Y�F<D"R�wQD�T
1.6 105 SLwQSLU�DLhfDLU*K<]G�
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MuN%T�HVNGF<]OYGD�]O]<D�TLK>dgHVU�]}EGF<S�T�S�YGDLU*K<D�]�a�bgDxEGF>deU�TLdeE�D\YGDxb�½¾SLK>N�YGD\YGD�]OR#UGdg]<HVK>F<HVEGdgD�]AR�wQD�TBbqR@hfSLK>l�HzYGD
¡zMOÉËR\SLK<SxYGS�TLF>deK�YGDAhkR#UGdgiLF<DxYGSLK/R#debebgS�D`aGDLK�bgD�]vEGF>deU�TLdeE)R#bgD�]}T�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]}T�HVU�T�DLF>U)R#U�Kub�½¾Dt¥kT�RVTLdeK<S
YGD'b�½¾D�]<K>dehkR#K>dgHVU YGD�]@E)R#F/R#hfiLK>F<D�]kY�NËY�deEcÚVbgDpDLKfY�NZj*N)RVY�F>deEcÚVbgD¬HVU�KkSLK<SpDts�E�H`]<S�D�]�n;|�U R#EGEGbedgj�N)R#U*K
bqR�hfSLK>l�H*YGD'¡zM�ÉÌ»�NGU2bgHVK-YGD�YGHVUGU�S�D�]"F<S�DLbebgD�]�a�HVU2HV[GK>dgDLU*K"NGU�D@w`R#bgDLNGF"YGD@b�½§R#h�EGbedeK>N�YGDkY�N�Y�deEcÚVbgD
DLK\Y�NXj*N)RVY�F>deE�ÚVbgD�Y�d��cSLF<DLU*K<D¬YGD�Ô�SLF<HGa;DLK@T�D'hfyLhfD�]<dobqR!Y�dg]>K>F>de[GNGK>dgHVUËR#UGP`NGbqR#deF<D¬YGD�]@YGHVUGU�S�D�]�D�]>K
dg]<HVK>F<HVE�D`n�C�R�j*N�D�]>K>dgHVUÆD�]>KBYGHVU�T'YGDk]/R�wQHVdeF\]>d4bqR¬w`R#bgDLNGFBYGD�]@R#h�EGbedeK>N�YGD�]BK>F<HVNGwQS�D�]@D�]>KBT�HVh�E)R#K>de[GbgD
R�wQD�T\b�½ l�¼zE�HVK>l�i�]/D\j*N�DBbgD-��N�s¤D�]>KOdg]/HVK>F<HVE�D`n>D�b£]�½§R#P`deKxYGHVU�T\Y�½ NGU!EGF<HV[GbgiLhfD�]<K/R#K>dg]>K>dgj�N�D\Y�d���SLF<DLU�K-YGD
T�DLbeNGdoj*N�D�U�HVN�]\R�wQHVU�]BDts�R#h�deU�S'EGF<S�T�S�YGDLh�hfDLU�K¬��Y�R#U�]\T�DLK>K<Dk]<D�TLK>dgHVUÅU�HVN�]BT/l�DLF<T<l�HVU�]f»¬Dt��D�TLK>N�DLF
NGU�K<D�]<K}Y�½ l�¼zE�HVK>l�i�]<DAEcHVNGF�F<SLEcHVU�Y�F<D-»"bqR@j*N�D�]>K>dgHVU2�zbqR@Y�dg]>K>F>de[GNGK>dgHVUmR#UGP`NGbqR#deF<D-D�]<KJ��DLbebgDxT�HVh�E)R#K>de[GbgD
R�wQD�TONGUk��N�skdg]/HVK>F<HVE�D�Ï�MObgHVF<]oj*N�½§R#NGE)R#F/R�w`R#U�K�U�HVN�]vD�]>K>deh�dgHVU�]rbgD�]oE)R#F/R#hfiLK>F<D�]�]�½§R�IJN�]>K/R#U�K�R#N'h�dgDLN�s
]>NGF�bqR@Y�dg]>K>F>de[GNGK>dgHVU%YGD�]uY�deF<D�TLK>dgHVU�]OY�½§R#F>F>dewQS�D�]�nenen

É�HVNGF¬K<D�]<K<DLF¬b�½ l�¼zE�HVK>l�i�]<DªYGD!b�½ dg]<HVK>F<HVEGdgD`a;I�½§R#dx]>deh"NGbgS¤NGU�P`F/R#U�Y«U�HVhB[GF<DªYGD¤bgHVK<]¬YGD¤YGHVUGU�S�D�]
T�HVF>F<D�]>E�HVU�Y�R#U*Kv»xNGUf��N�s�dg]<HVK>F<HVEcD`a�j*N�D7I�½§R#d�F<D�T�HVU�]>K>F>NGdeKrE�HVNGF4DLU�DtszK>F/R#deF<DubgD�]oR#h�EGbedeK>N�YGD�]vY�N'Y�deEcÚVbgD
DLKBY�NZj�N)RVY�F>deEcÚVbgD`në�±E)R#F>K>deF@YGD�T�D�]BY�dg]>K>F>de[GNGK>dgHVU�]@Y�½§R#h�EGbedeK>N�YGD�]@F<D�T�HVU�]>K>F>NGdeK<D�]�a�debrD�]>K\E�H`]<]<de[GbgDkYGD
T�R#bgTLNGbgDLF-bqRpEGF<HV[)R#[GdebedeK<S

P (αrec ≥ α)
HVN

P (βrec ≥ β)
Y�½¾HV[GK<DLUGdeF"NGU�DkR#h�EGbedeK>N�YGD'YGD�Y�deE�ÚVbgDfHVNÅYGD

j�N)RVY�F>deEcÚVbgD4F<D�]<E�D�TLK>dewQDLhfDLU*K�a#j*NGd*]/HVdeK�]>NGEcSLF>dgDLNGF<DoHVN\SLP�R#bgDr»}NGU�D4w`R#bgDLNGF�YGHVUGU�S�D`nVC�RuT�HVUGU)R#dg]<]/R#U�T�DvYGD
T�D�]���HVU�TLK>dgHVU�]�EcDLF>hfDLK�YGDoT�R#bgTLNGbgDLF�bgD4UGdewQD�R#N\YGDoT�HVU��R#U�T�DrR�wQD�T4bgD�j*N�DLb�w`R#bedgYGDLF£HVNBDtsGTLbeNGF<D�b�½ l�¼zEcHVK>l�i�]<D
YGDAb�½ dg]<HVK>F<HVEGdgD`n

¡zHVdeK
p(αrec) dαrec

bqRuEGF<HV[)R#[GdebedeK<SvYGD�F<D�T�HVU�]>K>F>NGdeF<Drb�½§R#h�EGbedeK>N�YGD
αrec

��R#NBEGF<DLh�dgDLF7HVN@R#N\YGDLN�s�dgiLhfD
HVF<Y�F<D��}»

dαrec
EGF<i�]�a)R�wQD�T"NGU���N�spdg]/HVK>F<HVE�D-DLU!DLU�K>F<S�D`n�C�R@EGF<HV[)R#[GdebedeK<S

P (αrec ≥ α)
Y�½¾HV[GK<DLUGdeFuNGU�D

wVR#bgDLNGF}]>NGEcSLF>dgDLNGF<D-HVNmSLP�R#bgDB»
α
D�]>K}YGHVU�T"YGHVUGU�S�DxE)R#F}bqR@]<HVh�hfDf�

P (αrec ≥ α) =

∫ ∞

α
p(αrec)dαrec

�	÷zn:ð�÷`�

T�HVh�hfDOdebebeN�]<K>F<SO]>NGFrbqR-�P`NGF<D@�	÷zn ��Ø �tn�¡*d�b�½¾HVU¬T<l�HVdg]>deKvNGU�UGdewQD�R#NpYGDAT�HVU��R#U�T�DAYGD 3σ
azb�½ l*¼*EcHVK>l�i�]<DAYGD

b�½ dg]<HVK>F<HVEGdgD-YGD�]�Y�deF<D�TLK>dgHVU�]uY�½§R#F>F>dewQS�D"YGD�]�F/R�¼QHVU�]OT�H`]>h�dgj�N�D�]}E�HVNGF>F/R@yLK>F<DxSLK/R#[GbedgD-]<d�b�½¾HVU¬hfD�]>NGF<DANGU�D
R#h�EGbedeK>N�YGD

αrec
K<DLbebgD"j�N�D

P (αrec ≥ α)
]<HVdeK}deU���SLF>dgDLNGF<D"»

0.27%
n

ù�½§R#doT�R#bgTLNGbgSkU�NGhfSLF>dgj*N�DLhfDLU�K@bgD�]-EGF<HV[)R#[GdebedeK<S�]
P (αrec ≥ α)

��R#N2EGF<DLh�dgDLF\DLKB]<D�T�HVU�Y�HVF<Y�F<D��-DLK
P (βrec ≥ β)

E�HVNGF\Y�d��cSLF<DLU*K<D�]\��HVU�TLK>dgHVU�]@Y�½¾Dts�E�H`]>deK>dgHVU�]@DLK@Y�d��cSLF<DLU*K<D�]\K/R#debebgD�]\Y�NÆbgHVK@YGD'YGHVUGU�S�D�]�n
AodgDLU!j�N�D"bqRf]>dehBNGbqR#K>dgHVU¤U�NGhfSLF>dgj*N�D\]/HVdeKubqRf]/DLNGbgD-hkR#UGdgiLF<D@Y�½¾D�]>K>dehfDLF�EGF<S�TLdg]<SLhfDLU�KAbgD�]OEGF<HV[)R#[GdebedeK<S�]
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,.-F/.1�÷zn ��ØZ2 Õ�dg]>K>F>de[GNGK>dgHVUZYGDfb�½§R#h�EGbedeK>N�YGDpY�NÆY�deEcÚVbgDfF<D�T�HVU�]<K>F>NGdeK@Y�R#U�]BbgD�T�RV]BY�½ NGU�D�Y�dg]>K>F>de[GNGK>dgHVUR#UGP`NGbqR#deF<D}dg]<HVK>F<HVEcD`n`C�RAEGF<HV[)R#[GdebedeK<S
P (αrec ≥ α)

Y�½¾HV[GK<DLUGdeFoNGU�D�w`R#bgDLNGF4YGDvb�½§R#h�EGbedeK>N�YGD}F<D�T�HVU�]>K>F>NGdeK<D
Y�N�Y�deE�ÚVbgD"]>NGE�SLF>dgDLNGF<D"HVN�SLP�R#bgD"»

α
D�]<K}EGF<HVE�HVF>K>dgHVUGU�DLbebgD\»\b�½§R#deF<Dxl)RVT<l*NGF<S�DB]/HVN�]�bqR@T�HVNGF>[�D`n

P (Xrec ≥ X)
acdeb�D�]>KAEcH`]<]>de[GbgD�YGD@T�R#bgTLNGbgDLFBR#U)R#be¼zK>dgj�N�DLhfDLU*K

P (αrec ≥ α)
Y�R#U�]-bgD�T�RV]AdgYGS�R#b�Y�½ NGU�D

T�HVNGwQDLF>K>NGF<D-K<HVK/R#bgD-DLK�NGUGd���HVF>hfD`a�EcHVNGF�w`R#bedgYGDLF}bgD�]�F<S�]>NGbeK/R#K<]OYGDAbqR�]>deh"NGbqR#K>dgHVU�n
C�RBEGF<HV[)R#[GdebedeK<S-YGDOF<D�T�HVU�]>K>F>NGdeF<DxNGU¬Y�deEcÚVbgD�Y�½§R#h�EGbedeK>N�YGD

αrec
D�]>KvYGHVUGU�S�DAE)R#Frb�½¾S�j*N)R#K>dgHVU��	÷zn ~ _Q�ta

j�N�DAU�HVN�]}F/R#EGE�DLbgHVU�]udgTLd4�

p (αrec, N) = σ−3
α

√
2

π
α2

rec exp

(
−α

2
rec

2σ2
α

)

HVÈ@b�½¾S�T�R#F>K7K�¼zE�DvD�]>K£YGHVUGU�SvE)R#F
σα =

√
3
N

nVC�ROEGF<HV[)R#[GdebedeK<S
P (αrec ≥ α)

]�½¾HV[GK>dgDLU*K�YGHVU�TvDLU\deU*K<SLP`F/R#U�K
�	÷zn ~ _Q�v]>NGF�K<HVNGK<D�]ubgD�]�wVR#bgDLNGF<]u]>NGE�SLF>dgDLNGF<D�]�» αrec

�

P (αrec ≥ α) =

∫ ∞

α
p(αrec)dαrec

�	÷zn:ð`¦Q�

= 1 − erf

(
α√
2 σα

)
+

√
2

π

α

σα
exp

(
− α2

2σ2
α

) �	÷zn:ð`^Q�
�	÷zn Ø _Q�

HVÈ�bqR@��HVU�TLK>dgHVU%DLFJ�<�òs)��D�]>K}bqR���HVU�TLK>dgHVU!Y�½¾DLF>F<DLNGF�YGHVU*KObgD�]uEGF>deU�TLdeE)R#bgD�]�EGF<HVEGF>dgSLK<S�]O]<HVU*K�YGS�TLF>deK<D�]�Y�R#U�]
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,6-0/.1'÷zn � ÷ 2 |7wQHVbeNGK>dgHVU2YGD\bqRfEGF<HV[)R#[GdebedeK<S P (αrec ≥ α)
YGD\F<D�T�HVU�]>K>F>NGdeF<D@NGU�D�R#h�EGbedeK>N�YGD�YGD@Y�deEcÚVbgD

]>NGE�SLF>dgDLNGF<D�HVNÅSLP�R#bgDk»
α
DLU¤��HVU�TLK>dgHVU�YGD

α
E�HVNGF-Y�d���SLF<DLU�K<D�]"��HVU�TLK>dgHVU�]-Y�½¾DtszEcH`]>deK>dgHVU �cbgD�]<deK<D�]>N�Y

YGD%b�½ � É�M ��DLU�[GbgDLN�EcHVNGFpbgD
1er HVF<Y�F<D`a�DLU«F<HVNGPQD!E�HVNGFpbgD 2me HVF<Y�F<D��ta}R#EGF<i�]¬HVEGK>deh�dg]/R#K>dgHVU ��DLU

E�HVdeU*K>debebgS�]Î�BDLK\bgD�]@YGDLN�sZ]>deK<D�]@YGD'b�½ � É�M ��DLUÅwQDLF>KÎ�tn7C�D�]@T�HVNGF>[cD�]�]<HVU�K�HV[GK<DLU*N�D�]�E�HVNGF�YGD�]\bgHVK<]�YGD
YGHVUGU�S�D�]uT�HVU�K<DLU)R#U*K

1.6 105 SLwQSLU�DLhfDLU�K<]�T<l)RVTLNGU�n

�¤÷J÷���nz�rD�F<S�]>NGbeK/R#Kr]�½§R#EGEGbedgj*N�DuDLUkK>l�S�HVF>dgDO]>K>F>dgTLK<DLhfDLU�K�R#N'T�RV]oYGD}bqRAF<D�T�HVU�]<K>F>N�TLK>dgHVU�Y�N�Y�deE�ÚVbgD�R#NfEGF<Dt�
h�dgDLF�HVF<Y�F<DoE�HVNGF;Y�½ NGU�D4T�HVNGwQDLF>K>NGF<DrK<HVK/R#bgDoDLK�NGUGd���HVF>hfD`n`�rDLEcDLU�Y�R#U�K�a�bqRv��HVF>hfD4EGF<S�Y�deK<DoE)R#F�b�½¾S�j*N)R#K>dgHVU
TLd���YGD�]<]>N�]BF<D�]>K<DfNGU�D'K>F<i�]"[cHVUGU�DpR#EGEGF<H�s�dehkR#K>dgHVUXE�HVNGFBhfH*YGSLbedg]<DLF\bgD�]BF<S�]>NGbeK/R#K<]@HV[GK<DLU�N�]\E�HVNGFBNGU�D
T�HVNGwQDLF>K>NGF<DmE)R#F>K>dgDLbebgD%DLKkEcHVNGFfbgD�]'R#h�EGbedeK>N�YGD�]pY�N�]/D�T�HVU�YËHVF<Y�F<D`n+(�HVN�]kbgD�]kEGF<S�Y�dgTLK>dgHVU�]p]>NGdewVR#U*K<D�]
]<DLF<HVU�KOU�S�R#UGhfHVdeU�]OHV[GK<DLU*N�D�]�Y�deF<D�TLK<DLhfDLU*K-»@b�½§R#dgYGD"YGD�]�]>deh"NGbqR#K>dgHVU�]�a)]/R#U�]OT<l�DLF<T<l�DLF-»@E)R#F/R#hfSLK>F>dg]/DLF
bgD�]}Y�dg]>K>F>de[GNGK>dgHVU�]uY�½§R#h�EGbedeK>N�YGD�]OF<D�T�HVU�]>K>F>NGdeK<D�]�n

C�R2�P`NGF<DÆ�	÷zn � ÷`�fEGF<S�]<DLU�K<D!b�½¾SLwQHVbeNGK>dgHVU�YGD%bqR2EGF<HV[)R#[GdebedeK<S P (αrec ≥ α)
YGD%F<D�T�HVU�]>K>F>NGdeF<DmNGU�D

R#h�EGbedeK>N�YGDBYGD\Y�deE�ÚVbgDB]>NGEcSLF>dgDLNGF<DBHVN¤SLP�R#bgD\»
α
DLUm��HVU�TLK>dgHVU!YGD

α
EcHVNGFOY�d���SLF<DLU�K<D�]O��HVU�TLK>dgHVU�]AY�½¾Dtsz�

E�H`]>deK>dgHVU�]�noÉ7beN�]�bgD�]pT�HVNGF>[cD�]¬YGDmEGF<HV[)R#[GdebedeK<S
P (αrec ≥ α)

T<l*NGK<DLU�K�F/R#EGdgYGDLhfDLU*K�wQDLF<]�Ô�SLF<HGaoEGbeN�]
b�½¾Dts�TLbeN�]>dgHVUªYGDBb�½ l�¼zE�HVK>l�i�]/D\YGD\b�½ dg]<HVK>F<HVEGdgD\EcDLNGKxyLK>F<D"F/R#EGdgYGDLhfDLU*K"SLK/R#[GbedgD`ncÉ�HVNGFxNGU�D�R#h�EGbedeK>N�YGD�YGD
Y�deE�ÚVbgD@F<D�T�HVU�]>K>F>NGdeK<D�Gs�S�D`acbqR'��HVU�TLK>dgHVU�Y�½¾Dts�E�H`]>deK>dgHVU2YGDfb�½ � [�]<DLF>wVR#K<HVdeF<DkÉ7dgDLF>F<DfMONGPQDLF-T�HVh�EGbgDLK"D�]>K
T�DLbebgDkj*NGd�E�DLF>hfDLKBYGDfF<D¯I>DLK<DLF"bgD�EGbeN�]"F/R#EGdgYGDLhfDLU�K@b�½ l�¼zE�HVK>l�i�]/DkYGD�b�½ dg]<HVK>F<HVEGdgD`n � U�EcDLNGK"SLP�R#bgDLhfDLU*K
T�HVU�]>K/R#K<DLFoj*N�D}bqR-F<D�T�HVU�]>K>F>N�TLK>dgHVU�Y�N�Y�deE�ÚVbgD�R#NkEGF<DLh�dgDLFvHVF<Y�F<DOD�]<K�EGbeN�]oDt¥kT�RVT�D�j*N�D}T�DLbebgDOY�N']<D�T�HVU�Y
HVF<Y�F<D`a�T�HVU�]<S�j*N�DLU�T�D\YGD�]}��N�TLK>N)R#K>dgHVU�]�EGbeN�]Odeh�E�HVF>K/R#U*K<D�]-R��cD�TLK/R#U*KObqRkF<D�T�HVU�]>K>F>N�TLK>dgHVUªY�N%YGDLN�s�dgiLhfD
HVF<Y�F<D`n)C�½¾HVEGK>deh�dg]/R#K>dgHVUªYGD"bqR@hfSLK>l�H*YGD�¡zM�É�DLU�bedeh�deK/R#U*KAbqR@��HVU�TLK>dgHVU%Y�½¾Dts�E�H`]>deK>dgHVU¤R#N�s¬wVR#bgDLNGF<]�]>N��
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,.-F/.16÷zn � ¦ 2 |7wQHVbeNGK>dgHVU�YGD¬bqR!EGF<HV[)R#[GdebedeK<S P (Xrec ≥ X)
YGD¬F<D�T�HVU�]>K>F>NGdeF<DmNGU�DmR#h�EGbedeK>N�YGD

X
YGD

Y�deE�ÚVbgD@HVN2YGD@j*N)RVY�F>deE�ÚVbgD�]>NGEcSLF>dgDLNGF<D�HVNªSLP�R#bgDf»
X
DLU!��HVU�TLK>dgHVU2YGD

X
EcHVNGFxY�d��cSLF<DLU*K<D�]A��HVU�TLK>dgHVU�]

Y�½¾DtszEcH`]>deK>dgHVU��VbgD�]>deK<D�]<N�Y�YGDvb�½ � É�M ��DLU�K>F/R#deK7EGbgDLdeU��£DLK7bgD�]�YGDLN�s�]>deK<D�]7YGD�b�½ � É�M ��DLU�K>F/R#deK7E�HVdeU*K>debebgS��tn
C�D�]}T�HVNGF>[cD�]u]<HVU*K}HV[GK<DLU�N�D�]OE�HVNGF}YGD�]ubgHVK<]}YGD-YGHVUGU�S�D�]OT�HVU�K<DLU)R#U�K

1.6 105 SLwQSLU�DLhfDLU*K<]OT/l)RVTLNGU�n

E�SLF>dgDLNGF<D�]�» E = 0.1
E�HVNGFrbgDO]<deK<DO]>N�YpY�½¾MONGPQDLFvR#EGEcHVF>K<DASLP�R#bgDLhfDLU�K�NGU�DO��F/R#U�T<l�DxR#hfSLbedgHVF/R#K>dgHVU�YGD�bqR

]<DLU�]>de[GdebedeK<S"R#N¬K<D�]<K}YGDxb�½ dg]<HVK>F<HVEGdgD`n
C�R'�P`NGF<D��	÷zn � ¦Q�OdebebeN�]>K>F<D@bqR�T�HVh�E)R#F/R#dg]<HVUÅYGD\]/DLU�]>de[GdebedeK<S�DLU�K>F<D�bqR'F<D�T�HVU�]>K>F>N�TLK>dgHVUÅY�N2Y�deE�ÚVbgD�DLK

Y�N2j�N)RVY�F>deEcÚVbgD@EcHVNGFxK<D�]>K<DLFxb�½ dg]<HVK>F<HVEGdgD`n�C�HVF<]/j�N�D@bqR�K<HVK/R#bedeK<SfY�N2TLdgDLb�D�]<KAHV[�]/DLF>wQS�D`a�b�½§R#h�EGbedeK>N�YGDkY�N
Y�deE�ÚVbgDmD�]>KfbqR¤w`R#F>dqR#[GbgD�j*NGd}E�DLF>hfDLK'Y�½¾Dt�cD�TLK>N�DLF'bgD¬K<D�]>KfbgD¬EGbeN�]kEGNGdg]<]/R#U*K'YGD¬b�½ l*¼*EcHVK>l�i�]<DmY�NË��N�s
dg]<HVK>F<HVEcD`n�ÕxR#U�]-bgDfT�RV]BY�½ NGU�DfT�HVNGwQDLF>K>NGF<DkE)R#F>K>dgDLbebgD'T�HVh�hfDkT�DLbebgDfY�NÆ]>deK<D�]>N�Y2YGDfb�½ � É�M\a�bgD'Y�deE�ÚVbgD
R#NZEGF<DLh�dgDLFfHVF<Y�F<DpF<D�]>K<D�bgD'EGbeN�]�Dt¥kT�RVT�D`a£hkR#dg]@b�½§R#h�EGbedeK>N�YGDmY�NZj*N)RVY�F>deEcÚVbgDpE�DLF>hfDLK�NGUZK<D�]>K@EGbeN�]
EGNGdg]<]/R#U*Kuj�N�½§R�wQD�TxbgD-Y�deEcÚVbgD-R#Nm]<D�T�HVU�Y�HVF<Y�F<D`n

C�RuYGSLhkR#F<T<l�DrPQSLU�SLF/R#bgDr»}]>NGdew*F<D4E�HVNGF;T�R#F/RVTLK<SLF>dg]<DLF;NGU�D4SLwQDLU�K>N�DLbebgD�R#UGdg]<HVK>F<HVEGdgDrYGD�bqRuY�dg]>K>F>de[GNGK>dgHVU
R#UGP`NGbqR#deF<D@YGD�]AF/R�¼QHVU�]xT�H`]>h�dgj*N�D�]AD�]>KxYGHVU�TBbqR']>NGdew`R#U�K<Dp��R�¼�R#U*K-T<l�HVdg]>d£NGU�D\wVR#F>dqR#[GbgD@Y�dg]<TLF>deh�deU)R#U*K<D
X
��j*NGd�E�DLNGK-yLK>F<DfE)R#F"Dts�DLh�EGbgDfb�½§R#h�EGbedeK>N�YGDkY�N�Y�deEcÚVbgD`a�HVN2T�DLbebgDfY�N�j*N)RVY�F>deEcÚVbgD��ta�deb7��R#NGK-D�]>K>dehfDLF

bqR�w`R#bgDLNGF@]<DLNGdeb
X3σ

K<DLbebgD'j*N�D
P (αrec ≥ α3σ) = 0.27%

a7]>dob�½¾HVUZ]<DkGs�D'NGUÆUGdewQD�R#NZYGD�T�HVU��R#U�T�D
T�HVF>F<D�]>EcHVU�Y�R#U�KO»

3σ
nGC�½¾D�]>K>dehkR#K>dgHVUmYGD

X3σ
YGHVdeK}yLK>F<DAF<S�R#bedg]<S�D-»BE)R#F>K>deF}YGDx]>deh"NGbqR#K>dgHVU�]uU�NGhfSLF>dgj*N�D�]

YGS�TLF>dewVR#U*K-bgD@h�dgDLN�s¤E�H`]<]<de[GbgDBbqR'��HVU�TLK>dgHVU�Y�½¾Dts�E�H`]<deK>dgHVU2Y�N2YGSLK<D�TLK<DLNGF�n�Mu�U¤Y�½¾D�]<K>dehfDLF-bqRp]>deP`UGd�)T�R��
K>dew*deK<S\Y�N!K<D�]>KO]>NGF�bgD�]�YGHVUGU�S�D�]xDtszEcSLF>dehfDLU�K/R#bgD�]�a�bgD�]�bgHVK<]�YGDBYGHVUGU�S�D�]x]>dehBNGbgS�D�]AYGHVdewQDLU�KxT�HVU�K<DLUGdeFxbgD
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hfyLhfDBU�HVhB[GF<DfY�½¾SLwQSLU�DLhfDLU�K<]Bj�N�D\bgD�]xYGHVUGU�S�D�]�nVDÞb£D�]>KA[GdgDLU¤]<NGF�EcH`]<]>de[GbgD@YGD@]>dehBNGbgDLFxbqR']/DLU�]>de[GdebedeK<S
j�N�½§R#NGF/R-bgDuYGSLK<D�TLK<DLNGFrbgHVF<]<j�N�½ debcR#NGF/R"RVT�TLNGhBNGbgSONGU�DO]>K/R#K>dg]>K>dgj*N�DuYGHVUGU�S�D�DLU'SLK>N�Y�dqR#U*KrT�HVh�hfDLU*Krw`R#F>dgD
X3σ

R�wQD�T
N
nz�OU�DO��HVdg]vj*N�D�bqR"w`R#bgDLNGF�YGD

X3σ
D�]>K�YGSLK<DLF>h�deU�S�DAEcHVNGFvb�½¾DtszEcSLF>dgDLU�T�DxT�HVU�]>dgYGSLF<S�D`aGHVU¬F<Dt�

T�HVU�]>K>F>NGdeK
Xrec

R�wQD�TObqRxhfSLK>l�HzYGDA¡zM�É;a*DLKv]>d
Xrec ≥ X3σ

R#bgHVF<]ob�½ l�¼zEcHVK>l�i�]<DOYGDOb�½ dg]<HVK>F<HVEGdgDOE�DLNGKryLK>F<D
F<D¯IJDLK<S�D@R�wQD�T\NGU!UGdewQD�R#N¤YGD\T�HVU��R#U�T�D@YGD

3σ
ncÕxR#U�]AT�DBT�RV]�a�HVU¤E�DLNGKOK<DLU�K<DLF-Y�½¾D�]>K>dehfDLFAbqRkhfDLdebebgDLNGF<D

wVR#bgDLNGFuYGD�]}E)R#F/R#hfiLK>F<D�]OYGS�TLF>dew`R#U�KOb�½§R#UGdg]<HVK>F<HVEGdgDBYGD-bqR@Y�dg]>K>F>de[GNGK>dgHVU!R#UGP`NGbqR#deF<D`n�¡*d�bqR\w`R#bgDLNGFuYGD
XrecD�]>K-deU���SLF>dgDLNGF<D�»

X3σ
a�b�½ l*¼*EcHVK>l�i�]<DkYGDkb�½ dg]<HVK>F<HVEGdgD'U�D�E�DLNGKBE)RV]ByLK>F<DkF<D¯IJDLK<S�D`a�DLK"YGHVU�T'b�½¾D�]>K>dehkR#K>dgHVU

YGD�]�E)R#F/R#hfiLK>F<D�]uYGDxb�½§R#UGdg]/HVK>F<HVEGdgD-EcDLF<Y¬]<HVU�]<DLU�]�n
Ð�ßnÔ¹Ù!Þ�ë�Ó~ß ��|7UpK<D�]>K/R#U*Krb�½ dg]/HVK>F<HVEGdgD-R�wQD�TAbqR"wVR#bgDLNGF�Y�N¬Y�deE�ÚVbgD�F<D�T�HVU�]>K>F>NGdeKuR#NpEGF<DLh�dgDLF�HVF<Y�F<D`aGHVU

U�DAE�DLNGKvE)RV]v��R#deF<DAbqR\Y�d��cSLF<DLU�T�D-DLU*K>F<DxNGU�DxY�dg]>K>F>de[GNGK>dgHVU%R#UGP`NGbqR#deF<D-w*F/R#dehfDLU*K}dg]<HVK>F<HVEcDf��NGUGdgj�N�DLhfDLU*K
bgDohfHVU�HVEcÚVbgD��taQDLK7NGU�D�Y�dg]>K>F>de[GNGK>dgHVU'T�HVU�K<DLU)R#U�KrYGD�]7hfHzYGD�]�Y�½¾HVF<Y�F<D�]

l > 1
a`Y�N@��R#deK�YGDvb�½¾HVF>K>l�HVPQHVU)R#bedeK<S

YGD�]�l)R#F>hfHVUGdgj*N�D�]o]>EGl�SLF>dgj*N�D�]4DLU�T�HVNGwQDLF>K>NGF<DuK<HVK/R#bgD`n�¡*d�b�½¾HVUf��R#deK�b�½ l*¼*EcHVK>l�i�]<Duj*N�D�bgDOYGSLwQDLbgHVEGE�DLhfDLU*K
DLUfl)R#F>hfHVUGdgj�N�D�]o]>EGl�SLF>dgj*N�D�]4Y�N���N�sf]�½§R#F>F<yLK<Du»xb�½¾HVF<Y�F<D

`
a�R#bgHVF<]4E�HVNGF7K<D�]<K<DLF�K<HVK/R#bgDLhfDLU�Krb�½ l�¼zE�HVK>l�i�]/D

YGDub�½ dg]<HVK>F<HVEGdgD`azdeb���R#NGKrF<D�T�HVU�]>K>F>NGdeF<DAU�HVUp]<DLNGbgDLhfDLU�K�bgD�Y�deEcÚVbgDuhkR#dg]�R#N�]<]>d�K<HVN�]rbgD�]rhfH*YGD�]v]>NGEcSLF>dgDLNGF<]
I¯N�]<j*N�½§»

`
EcHVNGF�wQHVdeFu]>d�bgDLNGFuwVR#bgDLNGF}D�]>K}]<deP`UGd�)T�R#K>dewQD`n

ÕxR#U�]�bgD4T�RV];Y�½ NGU�D4T�HVNGwQDLF>K>NGF<DrE)R#F>K>dgDLbebgD`a�bgD�]�hfHzYGD�]�]/HVU�K£T�HVNGEGbgS�]�a�DLK;YGHVU�T4]>d*b�½¾HVU"K<D�]>K<D4b�½ dg]<HVK>F<HVEGdgD
R�wQD�TxbgD-Y�deEcÚVbgD"R#N�EGF<DLh�dgDLF�HVF<Y�F<D`a)HVU�K<D�]<K<D-SLP�R#bgDLhfDLU�K�DLU�E)R#F>K>dgD-bqR@EGF<S�]/DLU�T�D-YGDxhfHzYGD�]u]>NGEcSLF>dgDLNGF<]
j�NGd;E�DLNGwQDLU*KAE�HVbebeN�DLFAbgD@Y�deE�ÚVbgD`nLArdgDLU¤SLw*dgYGDLh�hfDLU*K�a�bgD�]�hfH*YGD�]xR�¼�R#U*KxNGU

l
SLbgDLwQS`acT�HVF>F<D�]>E�HVU�Y�R#U*K"»

YGD�]xE�DLK>deK<D�]"S�T<l�DLbebgD�]BR#UGP`NGbqR#deF<D�]�a�U�D�T�HVU�K>F>de[GN�DLU*KBE)RV]"R#N�s¤hfHzYGD�]-YGD@[)RV]
l
n�Õ�D�T�DLK>K<D@hkR#UGdgiLF<D`a�DLU

T�HVNGwQDLF>K>NGF<D�E)R#F>K>dgDLbebgD`a�E�HVNGF�K<D�]<K<DLF�]>dQEGbeN�]<dgDLNGF<]�hfHzYGD�]�R#NGK<HVNGF�YGD
l
]/HVU�K�EGF<S�]/DLU�K<];Y�R#U�]�bqR}Y�dg]<K>F>de[GNGK>dgHVU

R#UGP`NGbqR#deF<D`a*deb)��R#NGKrF<D�T�HVU�]>K>F>NGdeF<D�bgDOhfH*YGD
l
]/R#U�]r]<D}EGF<S�HzTLNGE�DLFvY�½ NGU¬SLwQDLU�K>N�DLbc[GdqR#dg]�azDLKoDts�EGbgHVF<DLF}R#deU�]>d

YGD�]�P�R#h�hfD�]uYGDAw`R#bgDLNGF<]uYGDAb�n
¡*dcb�½¾HVU¬F<D�T�HVU�]>K>F>NGdeK�NGU�DAwVR#bgDLNGF}]<deP`UGd�)T�R#K>dewQDxY�N�Y�deE�ÚVbgDxR#N¬EGF<DLh�dgDLF}HVF<Y�F<D`a�b�½ l�¼zEcHVK>l�i�]<DxYGDAb�½ dg]<H#�

K>F<HVEGdgD@E�DLNGKxyLK>F<D@Dts�TLbeN�D@hkR#dg]x]ÎR#U�]xyLK>F<D\]\|GFAj*N�D\b�½§R#UGdg]<HVK>F<HVEGdgDf]<HVdeKxY�deEcHVbqR#deF<D`a�j�N)RVY�F>deEcHVbqR#deF<D`a�DLK-»
bqRmbedeh�deK<D¬HzTLK>NGEcHVbqR#deF<D

l = 3
n�DÞbvD�]>KfYGHVU�TpE�H`]/]>de[GbgDpYGD'F<D�T�HVU�]<K>F>NGdeF<D�DLU�]>NGdeK<DpbgDpY�deE�ÚVbgD�R#NX]<D�T�HVU�Y

HVF<Y�F<D'R#deU�]>d4j*N�DfbgDkj�N)RVY�F>deEcÚVbgDfEcHVNGF"K<D�]>K<DLF\]>d4T�DLK>K<DkEGF<SLK<DLU�Y�N�D�R#UGdg]<HVK>F<HVEGdgDkEGF<H�wzdgDLU�K�Y�½ NGUÅY�deEcÚVbgD
HVN�Y�½ NGU¬hfH*YGD

l > 2
nGÏ!R#bel�DLNGF<DLN�]/DLhfDLU�K�a�bqR\EGNGdg]/]/R#U�T�D-YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVUmY�deh�deU*N)R#U�KAY�F/R#hkR#K>dgj�N�Dt�

hfDLU�K"»'T<l)RVj*N�DfR�IJHVNGKxY�½ NGUªHVF<Y�F<D�]>NGEcSLF>dgDLNGF�a�deb£U�½¾D�]>K�E)RV]AEcH`]<]>de[GbgD\YGDBK<D�]<K<DLFA]<deh"NGbeK/R#U�SLhfDLU�KBK<HVN�]
bgD�]vhfH*YGD�]�DLU�T�HVNGwQDLF>K>NGF<DxE)R#F>K>dgDLbebgD`n��ÌK>deK>F<DxY�½ debebeN�]>K>F/R#K>dgHVU�aGEcHVNGF�NGU�D���HVU�TLK>dgHVU�Y�½¾Dts�EcH`]>deK>dgHVU¬]>deh�EGbgD
T�HVF>F<D�]>E�HVU�Y�R#U*K@R#NÅ]>deK<Df]>N�Y2YGDkb�½ � É�M ��R�wQD�TkHVEGK>deh�dg]/R#K>dgHVUZYGD�bqR�hfSLK>l�H*YGDp¡zMOÉo�xDLK

N = 1.6 105

SLwQSLU�DLhfDLU�K<]�a)bqR@wVR#bgDLNGFubedeh�deK<DBR#N�EGF<DLh�dgDLF�HVF<Y�F<D-D�]>KuYGD
α3σ ≈ 2%

R#bgHVF<]uj*N�DAEcHVNGF}bgD-]<D�T�HVU�Y�HVF<Y�F<D
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HVUmR¬�
α3σ ≈ 5%

n
{;deU)R#bgDLhfDLU�K�a`bgDvbgD�TLK<DLNGF4R#NGF/R�F<DLhkR#F<j*N�S�j*N�DvK<HVN�]£bgD�]£F<S�]>NGbeK/R#K<]�HV[GK<DLU�N�]oY�R#U�]7T�DLK>K<DvE)R#F>K>dgD�T�HVU�]/R��

TLF<S�D"»@b�½¾SLK>N�YGDBYGD�]OR#UGdg]<HVK>F<HVEGdgD�]A»@P`F/R#U�YGD"S�T/l�DLbebgD"hfHVU*K>F<DLU�K�bqR�U�S�T�D�]<]<deK<S-Y�½¾HV[�]<DLF>wQDLFubqR�K<HVK/R#bedeK<SBY�N
TLdgDLbK��É�HVNGF�deU�]>dg]<K<DLFv]<NGFrT�DO��R#deK�a�deb���R#NGK�R�I>HVNGK<DLF�j�N�D�Y�R#U�]vbgDAT�RV]vY�½ NGU�DxT�HVNGwQDLF>K>NGF<DAE)R#F>K>dgDLbebgD`a�deb�D�]>K}»
EGF>dgHVF>dcdeh�E�H`]<]<de[GbgDOY�½¾DtsGTLbeNGF<D�bqR"EcH`]<]>de[GdebedeK<S�j*N�DuK<HVN�]vbgD�]rhfHzYGD�]A÷LT�HVU�]<EGdeF<DLU�K�÷�EcHVNGFvYGHVUGU�DLFvNGU�DAY�dg]J�
K>F>de[GNGK>dgHVU¤R#UGP`NGbqR#deF<DBEGbqR#K<D�IJN�]>K<D-Y�R#U�]ObqR�F<SLP`dgHVU¤HV[�]<DLF>wQS�DBDtszEcSLF>dehfDLU�K/R#bgDLhfDLU*K�nenen��rDLK>K<D"EcH`]<]>de[GdebedeK<S`a
hfyLhfDf]>d4DLbebgDfE)R#F/RO�gK-��R#FJ��DLbeN�DrË`a�D�]>KBY�½§R#NGK/R#U�K"hfHVdeU�]BEGF<HV[)R#[GbgDkj*N�D@bqRpEcHVF>K>dgHVUÅY�N�TLdgDLboD�]>K-P`F/R#U�YGD`n
a D�]>K<D-»\E)R#K>dgDLU*K<DLF�j*N�DLbgj*N�D�]uR#UGU�S�D�]}EcHVNGF}EcHVNGwQHVdeFuDtszEGbgHVdeK<DLFObgD�]}YGHVUGU�S�D�]uYGD-b�½ � [�]<DLF>wVR#K<HVdeF<DBÉ7dgDLF>F<D
MuNGPQDLF}T�HVh�EGbgDLK�a[�OHVF<Y¬DLKA¡*N�Yè�

³�,�� �É@u¸¢µ\º}·�º}:ABb@}1´º�{}579ÃóOõ�º}1\ºXó4#èB)5±³\5ôò º5#"ó/57:·ö}²
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�#����ÿ
C�R�hfSLK>l�HzYGD�K>F/RVY�deK>dgHVUGU�DLbebgDLhfDLU�KvDLh�EGbgH�¼QS�DOY�R#U�]7bqRAT�HVh�h"NGU)R#NGK<S�YGD�]7F/R�¼QHVU�]�T�H`]>h�dgj*N�D�]�YGDLEGNGdg]

YGD�]BYGS�T�SLUGUGdgD�]@EcHVNGF@SLK>N�Y�dgDLF\bgD�]�R#UGdg]<HVK>F<HVEGdgD�]�»mP`F/R#U�YGDpS�T<l�DLbebgDpYGD�bqRmY�dg]>K>F>de[GNGK>dgHVUËR#UGP`NGbqR#deF<DpYGD�]
E)R#F>K>dgTLNGbgD�]vHV[�]<DLF>wQS�D�]vD�]>Kob�½§R#U)R#be¼�]<D�Y�deK<DOYGD a R�¼*bgDLdeP`lpDLU¬RV]<T�DLU�]>dgHVUpY�F<HVdeK<D`nG�rDLK>K<DOhfSLK>l�HzYGD`a*Y�R#U�]v]/R
wQDLF<]>dgHVU¤bqR'EGbeN�]-]>deh�EGbgD`a�E�DLF>hfDLK-YGD@T�R#F/RVTLK<SLF>dg]<DLF"NGUGdgj�N�DLhfDLU*K-bqR�Y�dg]>K>F>de[GNGK>dgHVU2DLU�RV]<T�DLU�]>dgHVUªY�F<HVdeK<D
hfD�]>NGF<S�D¬E)R#F�NGU�D�Dts�EcSLF>dgDLU�T�D�YGHVU�K'bqR%��HVU�TLK>dgHVU Y�½¾Dts�EcH`]>deK>dgHVUËU�D¬YGSLEcDLU�YËj�N�DmYGDpbqRªYGS�TLbedeU)R#dg]<HVU�n
C�½¾D�]>K>dehkR#K>dgHVUÆYGD�b�½§R#UGdg]<HVK>F<HVEGdgD�D�]>K-YGHVUGU�S�DfE)R#F-NGU�D�R#h�EGbedeK>N�YGD

r1h
DLK-NGU�D'Y�deF<D�TLK>dgHVU

ψ1h
YGSt�UGdgD�]

E)R#F-�
r1h =

√
a2 + b2 et ψ1h = arctan

b

a
,

�	÷zn Ø�� �

R�wQD�T

a =
2

N

N∑

i=1

cosϕi et b =
2

N

N∑

i=1

sinϕi,
�	÷zn Ø ÑQ�

C�RBhfSLK>l�H*YGD�F<DLwzdgDLU�Ku»BD�]>K>dehfDLFvbgD�EGF<DLh�dgDLF}HVF<Y�F<D�Y�N¬YGSLwQDLbgHVEGEcDLhfDLU�K}YGDA{�HVNGF>dgDLF}YGD�bqR\Y�dg]>K>F>de[GNGK>dgHVU
DLU a M\a r1h D�]>K¬YGHVU�T¤T�HVh�h"NGU�SLhfDLU�K¤R#EGE�DLbebgS2R#h�EGbedeK>N�YGDªYGD!EGF<DLh�dgiLF<D¤l)R#F>hfHVUGdgj*N�D`a}DLK

ψ1h
]/R

EGl)RV]<D`n�C�D�]oT�R#F/RVTLK<SLF>dg]>K>dgj*N�D�]�YGDuT�DLK>K<DOhfSLK>l�HzYGDuHVU�KvSLK<S�DLUkE)R#F>K>dgD�YGS�TLF>deK<D�]oE)R#FrC�deU�]>bgDL¼%� � ^�÷_ðQ�4Y�R#U�]
�¤÷_ð���n[��HVN�]ONGK>debedg]<DLF<HVU�]AU�S�R#UGhfHVdeU�]ANGU�D\R#EGEGF<HzT<l�D@Y�d���SLF<DLU�K<D@j*NGd�EcDLF>hfDLK>K>F/R�YGD-��R#deF<DBR#EGE)R#F/RO�gK>F<D@bqR
hfSLK>l�H*YGD�¡zM�É�T�HVh�hfDpNGU�DpDtszK<DLU�]<dgHVUËDLK\NGU�DpPQSLU�SLF/R#bedg]ÎR#K>dgHVU YGD�b�½§R#U)R#be¼z]<DpYGD a R�¼zbgDLdeP`lÆEGF<DLU)R#U*K
DLU¬T�HVh�EGK<DANGU�D�Y�dehfDLU�]<dgHVU%R#UGP`NGbqR#deF<Dx]>NGEGEGbgSLhfDLU�K/R#deF<D`n�M}�U¬Y�½§R#bebgSLPQDLF�b�½¾Dts�E�H`]/S`a*U�HVN�]vF<DLEcHVF>K<HVU�]}DLU
Ì Ý�ìtï�ï�ß;ä§ß�û�ê�ë�ã/ê¾á£æ}� ��ê§à#ë�á�ßJê§à�ð=��å£ê§ßJéAßJë�á�ë�é]��á�ê§ägð�ï}ãÎê§ë�ê§äzà$ü ßJë�á�ñVãÎë�ï|9¯ç�ý#ãÎà�áT� �
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R#UGU�Dts�D�¦�n§Ñ�n � bqR"YGSLF>dewVR#K>dgHVUpYGD�]�EGF<HVEGF>dgSLK<S�]v]>K/R#K>dg]>K>dgj*N�D�]rYGD}b�½§R#h�EGbedeK>N�YGDADLKoYGDubqRxEGl)RV]<D`azDLUkNGK>debedg]/R#U*K
T�HVh�hfD�E�HVNGF7bqR�hfSLK>l�HzYGDO¡zM�É2b�½§R#U)R#bgHVP`dgD}DLU*K>F<D�bgD�EGF<HV[GbgiLhfD}YGD}bqR�hkR#F<T<l�DuR#bgS�R#K<HVdeF<DODLK7b�½§R#h�EGbedeK>N�YGD
F<D�T�HVU�]>K>F>NGdeK<D`n�|7U¬Dt�cDLK�azbgDOwQD�TLK<DLNGF

r1h
YGD�T�HVh�EcH`]/R#U�K<D�]-�

a
a
b
�4EcH`]<]<i�YGDObgD�]rhfyLhfD�]oEGF<HVEGF>dgSLK<S�]uj�N�DObgD

wQD�TLK<DLNGF}E�H`]<deK>dgHVUmT�HVU�]<S�TLNGK>d���»
N
YGSLEGbqRVT�DLhfDLU*K<]�R#bgS�R#K<HVdeF<D�]�YGDAbgHVUGP`N�DLNGF

2/N
T<l)RVTLNGU�n

C�R�Y�dg]<K>F>de[GNGK>dgHVUÆYGD�]"wVR#bgDLNGF<]BF<D�T�HVU�]>K>F>NGdeK<D�]@YGD
r1h

K<DLU�Y�a;»pP`F/R#U�Y
N
�
N � 4/r2

1h

�ta�wQDLF<]"NGU�D
P�R#N�]<]>dgDLUGU�D-YGDAbqR#F>PQDLNGF

σr =
√

2/N
DLK
σψ =

√
2/Nr2

1h

¸�ü2�£üFE �¤ÿ%K	I>
��	<�Ìÿ%�<
J�Qÿ
r1h

ÿ�

α

M}�U'YGD}EcHVNGwQHVdeFoT�HVh�E)R#F<DLFrbqRAEGNGdg]<]/R#U�T�DOYGD�F<D�T�HVU�]>K>F>N�TLK>dgHVU¬YGD�b�½§R#U)R#be¼�]<DuYGD a R�¼zbgDLdeP`l�»"T�DLbebgDuYGD
bqRAhfSLK>l�H*YGDA¡zMOÉ;aQdeb)��R#NGKoSLK/R#[GbedeF4bgD}bedgDLU'DLU�K>F<DOb�½§R#h�EGbedeK>N�YGD

r1h
DLK4bqRxwzF/R#dgDuR#h�EGbedeK>N�YGDOY�N�Y�deE�ÚVbgD`n�|7U

Dt�cDLK�aQ]<dGb�½¾HVUk]>NGEGEcH`]<D�j�N�D}bqRxY�dg]>K>F>de[GNGK>dgHVU�R#UGP`NGbqR#deF<DOYGD�]7F/R�¼QHVU�]rT�H`]>h�dgj*N�D�]4T�HVh�EcHVF>K<D�NGUfhfHVU�HVEcÚVbgD
DLKkNGU�Y�deEcÚVbgD!Y�½§R#h�EGbedeK>N�YGD

α
a�bqR�wVR#bgDLNGF�YGD

r1h
T�HVF>F<D�]>EcHVU)R#U�K<D¤]<DLF/R2Y�d���SLF<DLU�K<D¤T�R#F'b�½§R#U)R#be¼z]<D!YGD

a R�¼zbgDLdeP`l-U�½¾D�]>K�]<DLU�]>de[GbgD�j*N�½§»vNGU�D7hfHzY�NGbqR#K>dgHVUBYGD7b�½§RV]/T�DLU�]>dgHVUBY�F<HVdeK<D`a�DLK�D�]>K�deU�T�R#E)R#[GbgD4YGD4YGSLK<DLF>h�deU�DLF
bqR\w*F/R#dgDxw`R#bgDLNGF}Y�NmY�deEcÚVbgD`aGUGd�]<HVU�HVF>dgDLU*K/R#K>dgHVU�n

ÕxR#U�]Ab�½§R#U)R#be¼z]<D\l)R#F>hfHVUGdgj*N�D�]>K/R#U�Y�R#F<Y�acbgD�]Aj�N)R#U*K>deK<S�]-YGD\[)RV]<D@T�R#bgTLNGbgS�D�]"»'E)R#F>K>deF-YGD�]AYGHVUGU�S�D�]
]<HVU�K

a
DLK
b
��Tt��S�j*N)R#K>dgHVUt÷zn Ø ÑQ�tn4¡*NGdewVR#U*K�b�½§R#EGEGF<H*T/l�D�YGSLwQDLbgHVEGE�S�D�]kY�R#U�]@bgD�T�RVY�F<D¬YGD�bqR%hfSLK>l�HzYGD

¡zMOÉ;a�U�HVN�]uE�HVNGwQHVU�]OF<SLdeU�K<DLF>EGF<SLK<DLFAT�D�]u]<HVh�hfD�]�T�HVh�hfD�]ObgD�]}wQDLF<]>dgHVU�]OY�dg]<TLF<iLK<D�]OY�½ deU*K<SLP`F/R#bgD�]A]>NGF}bqR
]>EGl�iLF<Dxj�NGd�a)]>NGdewVR#U*K}bgD�]�F<DLbqR#K>dgHVU�]\�	÷zn Ø �vDLK"�	÷zn � ÑQ�ta�EcDLNGwQDLU�Ku]�½¾S�TLF>deF<D-T�HVh�hfDf�

a =
2

N

N∑

i=1

cosϕi =
2

N

∫
Φ(u)ε(u) cos ϕdΩ,

�	÷zn Ø ~ �

DLK

b =
2

N

N∑

i=1

sinϕi =
2

N

∫
Φ(u)ε(u) sinϕdΩ,

�	÷zn Ø �*�

HVÈ
ε(u)

D�]>K�b�½¾DtszEcH`]>deK>dgHVU�Y�NmTLdgDLb�Y�R#U�]�bqR�Y�deF<D�TLK>dgHVU
u
DLK
N
D�]<K}YGHVUGU�SxE)R#FB��Tt�7|�j�n>÷zn � ÑQ�A�

N =

∫
Φ(u)ε(u)dΩ.

�	÷zn Ø ðQ�

C�½§R#h�EGbedeK>N�YGDuYGDvEGF<DLh�dgiLF<D�l)R#F>hfHVUGdgj*N�D`a
r1h =

√
a2 + b2

a`D�]>K7YGHVU�T}HV[GK<DLU*N�D}E)R#F7deU�K<SLP`F/R#K>dgHVU�Y�deF<D�TLK<D
YGD�]�Dts�EGF<D�]<]>dgHVU�]xTLd���YGD�]/]>N�]�a�]>NGFAbqRkEcHVF>K>dgHVUªYGD@TLdgDLb£HVÈ¤b�½¾Dts�E�H`]<deK>dgHVU E(θ)

��K<HVNVI>HVNGF<]x]>NGEGEcH`]<S�D"deU�YGDt�
E�DLU�Y�R#U*K<DkYGD�b�½§RV]<T�DLU�]<dgHVU�Y�F<HVdeK<DfE)R#F-bqR�]>NGdeK<D��AD�]>K"Y�d���SLF<DLU�K<D'YGD�Ô�SLF<HGn�(�HVNGKBT�R#bgTLNGb4Dt��D�TLK>N�S`a�EcHVNGF
NGU�DxHVF>dgDLU�K/R#K>dgHVU¤Y�N�Y�deE�ÚVbgD

θd
��DLUmT�H*HVF<YGHVUGU�S�D�]O]>EGl�SLF>dgj*N�D�]}S�j�N)R#K<HVF>dqR#bgD�]t�ta�bqR\F<DLbqR#K>dgHVU%DLU*K>F<D

r1h
DLK



v�
Mv ï ��ÃQ�>f������V&�Ã`������f�Û;���k��f������)������Ü;�����d²ª(�����f<Û;�mÁ�Ã_h��*õ�õ��%������Ã%õò��i�ÁQ�@h��VÛ�� Ú $' 

α
]�½¾S�TLF>deKB�

r1h =

∣∣∣∣
c3 α sin θd

c1 + c2 α cos θd

∣∣∣∣
�	÷zn Ø`Ø �

HVÈ
c1
a
c2
DLK
c3
]/HVU�KBYGD�]\T�HVU�]>K/R#U*K<D�]"U*NGhfSLF>dgj�N�D�]@j*NGdoYGSLEcDLU�YGDLU�K\NGUGdgj�N�DLhfDLU*K\YGDkbqR���HVF>hfD'YGDfbqR

��HVU�TLK>dgHVU%Y�½¾DtszEcH`]>deK>dgHVU�T�HVU�]>dgYGSLF<S�D`n�C�DLNGFuDts�EGF<D�]<]>dgHVUmD�]>K}YGHVUGU�S�D-E)R#F"�

c1 =

∫ θmax

θmin

E(θ) sin θ dθ

c2 =

∫ θmax

θmin

E(θ) sin θ cos θ dθ

c3 =

∫ θmax

θmin

E(θ) sin2 θ dθ

�	÷zn Ø ÷`�

ÕxR#U�]�bgD-T�RV]uY�N�]<deK<D-]>N�Y�YGDxb�½ � [�]/DLF>wVR#K<HVdeF<D-É�dgDLF>F<D"MONGPQDLF�aGU�HVN�]}K>F<HVNGwQHVU�]\�
c1 = 0.77

a
c2 = −0.32

DLK
c3 = 0.60

ncÉ;HVNGFAbgD�]�YGDLN�sm]<deK<D�]�YGDBb�½ � É�MBa�U�HVN�]AR�wQHVU�]��
c1 = 1.4

a
c2 = 0.028

DLK
c3 = 1.1

acT�D�]
wVR#bgDLNGF<]vSLK/R#U*KrEGF<HzT<l�D�]vYGDAT�DLbebgD�]vY�N�T�RV]rdgYGS�R#b�YGD�T�HVNGwQDLF>K>NGF<DOK<HVK/R#bgDADLKrNGUGd���HVF>hfD@�

c1 = 2
a
c2 = 0

DLK
c3 = π/2

n
C�½¾S�j*N)R#K>dgHVU¤�	÷zn Ø`Ø ��hfHVU�K>F<DATLbqR#deF<DLhfDLU*Kvj*N�DObqRxF<DLbqR#K>dgHVUpDLU�K>F<D r1h DLK α YGSLEcDLU�Y�YGD}bqRBYGS�TLbedeU)R#dg]<HVUY�N'Y�deEcÚVbgD`a

δd = π
2 − θd

a*j�NGd�U�½¾D�]>K�I¯N�]<K<DLhfDLU�KrE)RV]oF<D�T�HVU�]<K>F>NGdeK<DOE)R#Frb�½§R#U)R#be¼�]<DOYGD a R�¼*bgDLdeP`l�n��rHVh�hfD
b�½¾HVUXE�HVNGw`R#deK�]�½ ¼ÆR#K>K<DLU�Y�F<D`a�b�½§R#h�EGbedeK>N�YGD

r1h
]�½§R#UGU�NGbgDpbgHVF<]/j�N�D

δd = −π/2 HVN δd = π/2
a7T�D¬j*NGd

deU�Y�dgj�N�D�j*N�Drb�½§R#U)R#be¼z]/D�DLUkRV]<T�DLU�]>dgHVUfY�F<HVdeK<D�D�]>K7K<HVK/R#bgDLhfDLU*K�deU)RVY�R#EGK<S�D�EcHVNGF�SLK>N�Y�dgDLF�NGU�D}R#UGdg]<HVK>F<HVEGdgD
Y�R#U�]}T�D-T�RV]�a�bqR\K<HVK/R#bedeK<SBYGDAbqR@hfHzY�NGbqR#K>dgHVUm]<DAK>F<HVNGw`R#U�KO]<NGF�bqR�YGS�TLbedeU)R#dg]<HVU�n

¸�ü2�£ü�û �Z�����_��IV����ÿ ��ÿ �Qÿ%��<���O
J�$���g
��	<�
Ï%NGUGdg]"YGDfbqR¬F<DLbqR#K>dgHVUÆDLU*K>F<Dkb�½§R#h�EGbedeK>N�YGD�YGDfEGF<DLh�dgiLF<D'l)R#F>hfHVUGdgj�N�D�DLK-bqR�w*F/R#dgD�R#h�EGbedeK>N�YGD'Y�N

Y�deE�ÚVbgD`aVU�HVN�]�E�HVNGwQHVU�]oT�R#bgTLNGbgDLF�bqR�EGNGdg]<]/R#U�T�D�YGD�F<D�T�HVU�]<K>F>N�TLK>dgHVUkK>l�S�HVF>dgj*N�D�YGD�b�½§R#U)R#be¼z]/D�YGD a R�¼zbgDLdeP`l
E�HVNGF�b�½§R#h�EGbedeK>N�YGDBDLK}bqR\EGl)RV]<D`n

|7U¬NGK>debedg]/R#U*KubqR@YGSt�UGdeK>dgHVUZ�	÷zn§Ñ ~ �vYGDAbqR\EGNGdg]<]/R#U�T�D-YGDAF<D�T�HVU�]<K>F>N�TLK>dgHVUÅaGHVU¬EcDLNGK}YGSt�UGdeF}bqR@EGNGdg]J�
]/R#U�T�D

K1h
R�wQD�T-bqR\F<DLbqR#K>dgHVUÅ�

r1h
σr

=
1√
2
r1h

√
N ≡ K1h α

√
N,

�	÷zn Ø ¦Q�

R�wQD�T
K1h =

1√
2

r1h
α

=
1√
2

∣∣∣∣
c3 sin θd

c1 + c2 α cos θd

∣∣∣∣ .
�	÷zn Ø ^Q�
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DtszEGF>dehkR#U*KObqRfEGNGdg]<]/R#U�T�D"YGD"F<D�T�HVU�]>K>F>N�TLK>dgHVU¤YGD-b�½§R#h�EGbedeK>N�YGD
r1h
a)T�HVF>F>dePQS�D\Y�N���R#deKuj�N�D"b�½§R#U)R#be¼z]/D"YGD

a R�¼zbgDLdeP`l�U�DAF<D�T�HVU�]>K>F>NGdeKOE)RV]}Y�deF<D�TLK<DLhfDLU�K�b�½§R#h�EGbedeK>N�YGD"Y�N�Y�deEcÚVbgD`n
M�wQD�T@bqR�hfyLhfD�YGSLhkR#F<T/l�DkY�½§R#U)R#be¼�]<D�j*N�D�T�DLbebgD�NGK>debedg]<S�D@EcHVNGFxbqR�hfSLK>l�H*YGDk¡zM�É�aGIL½§R#d�]>dehBNGbgS�NGU

P`F/R#U�Y-U�HVh"[GF<DvYGD4bgHVK<]�YGDoYGHVUGU�S�D�];DLK�F<D�T�HVU�]>K>F>NGdeK£b�½§R#h�EGbedeK>N�YGDoDLK�bqR}EGl)RV]/D4YGD�EGF<DLh�dgiLF<Dol)R#F>hfHVUGdgj*N�D`a
R��U�YGDfT�HVh�E)R#F<DLF\b�½¾SLwQHVbeNGK>dgHVUÅYGD�bqRpEGNGdg]/]/R#U�T�DkYGD�F<D�T�HVU�]<K>F>N�TLK>dgHVUÆYGD�b�½§R#U)R#be¼�]<DfYGD a R�¼zbgDLdeP`lÆR�wQD�T
T�DLbebgD-YGDAU�HVK>F<DxhfSLK>l�HzYGD`n

C�R2�P`NGF<Dy÷zn � ^�T�HVh�E)R#F<D%b�½¾SLwQHVbeNGK>dgHVU�YGDmbqR2EGNGdg]<]ÎR#U�T�D%YGDmF<D�T�HVU�]>K>F>N�TLK>dgHVU�YGDmb�½§R#h�EGbedeK>N�YGD¤Y�N
Y�deE�ÚVbgDpE)R#F�bqR!hfSLK>l�HzYGDm¡zMOÉ R�wQD�T�T�DLbebgD¬YGDpb�½§R#U)R#be¼�]<Dpl)R#F>hfHVUGdgj*N�D`n�ÕxR#U�]@bgD¬T�RV]fY�NË]>deK<Dp]>N�YXYGD
b�½ � É�M\a�bqRkEGNGdg]/]/R#U�T�D

K1h
D�]>KOEGbeN�]Adeh�EcHVF>K/R#U�K<D@EcHVNGFxYGD�]AYGS�TLbedeU)R#dg]<HVU�]-YGD@Y�deE�ÚVbgD@T�HVh�EGF>dg]<D�]xDLU*K>F<D

−60◦
R#U�Y

+60◦
a�T�R#Fxb�½¾D�]/]<DLU�K>dgDLb�YGD\bqR'hfH*Y�NGbqR#K>dgHVUÅY�deE�HVbqR#deF<D�D�]>KAEGF<S�]<DLU*K-Y�R#U�]AbqR�Y�dg]>K>F>de[GNGK>dgHVU�DLU

RV]<T�DLU�]>dgHVU2Y�F<HVdeK<D`n�É;HVNGF-NGU�D�T�HVNGwQDLF>K>NGF<DfK<HVK/R#bgD`acb�½¾SLwQHVbeNGK>dgHVUÆYGD
K1h

D�]>KxEcDLN2Y�d��cSLF<DLU*K<DfY�N2T�RV]-YGD
bqRkT�HVNGwQDLF>K>NGF<D@E)R#F>K>dgDLbebgD¬��DLbebgD@D�]>K�hkR#deU�K<DLU)R#U�K-]<¼*hfSLK>F>dgj*N�D\E)R#FOF/R#EGEcHVF>K-»

δ = 0◦
�tacDLK�D�]<KOK<HVNVI>HVNGF<]

deU���SLF>dgDLNGF<D"»\bqR�EGNGdg]<]/R#U�T�D-YGDAF<D�T�HVU�]>K>F>N�TLK>dgHVU!Y�NmY�deEcÚVbgDxT�HVh�EGbgDLK�n

,6-0/.1�÷zn � ^ 2 �rHVh�E)R#F/R#dg]<HVUpDLU�K>F<D�bqRxEGNGdg]<]ÎR#U�T�DOYGDuF<D�T�HVU�]>K>F>N�TLK>dgHVU¬YGD}b�½§R#h�EGbedeK>N�YGDAY�N�Y�deEcÚVbgDuDLKrT�DLbebgDYGD
r1h

DLUm��HVU�TLK>dgHVUªYGD"bqR'YGS�TLbedeU)R#dg]<HVUªY�NªY�deE�ÚVbgD`nea�Y�R#U�]�bgDBT�RV]AYGDBNGU!HVNªYGDLN�s%]>deK<D�]�YGDBb�½ � É�M\ncC�R
EGNGdg]<]/R#U�T�DxYGDxb�½§R#U)R#be¼�]<D-YGD a R�¼zbgDLdeP`l�a K1h

a¾D�]>K}YGHVUGU�S�D"E)R#F�b�½¾S�j�N)R#K>dgHVUZ�	÷zn Ø ^Q�tn

�rHVU�T�DLF>U)R#U�KxbqR'EGF<S�TLdg]>dgHVUªYGD\bqRkYGSLK<DLF>h�deU)R#K>dgHVUÅYGDBbqRkEGl)RV]<D
ψ
a�deb£D�]>KOEcH`]<]>de[GbgD\YGD@T�R#bgTLNGbgDLFANGU�D

EGNGdg]<]/R#U�T�D\YGD"F<D�T�HVU�]>K>F>N�TLK>dgHVU2S�j*NGdew`R#bgDLU�K<D`ac]>NGdew`R#U�K�bgD�]OhfyLhfD�]AYGSt�UGdeK>dgHVU�]xj*N�D"EGF<S�T�S�YGDLh�hfDLU*K�a�DLU
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,.-F/.1V÷zn§Ñ`_ 2 �rHVh�E)R#F/R#dg]<HVU2DLU*K>F<D"bqRkEGNGdg]<]/R#U�T�D\YGDBF<D�T�HVU�]>K>F>N�TLK>dgHVU2YGD"bqR'Y�deF<D�TLK>dgHVUªY�N!Y�deEcÚVbgD\DLK�YGDbqR�EGl)RV]<D\YGDBbqR�EGF<DLh�dgiLF<D\l)R#F>hfHVUGdgj�N�D
ψ1h

a)DLU%��HVU�TLK>dgHVU¤YGDBbqRfYGS�TLbedeU)R#dg]<HVUªY�N¤Y�deE�ÚVbgD`nea�Y�R#U�]ubgD\T�RV]
YGD}NGUpHVN'YGDLN�s']<deK<D�]oYGDOb�½ � É�M\nzC�R-EGNGdg]/]/R#U�T�DOYGDub�½§R#U)R#be¼z]/DOYGD a R�¼*bgDLdeP`l�a KRA(1h)

a*D�]<KoYGHVUGU�S�D�E)R#F
b�½¾S�j�N)R#K>dgHVUÆ�	÷zn¤÷V_Q�tn

NGK>debedg]/R#U�KubqR@F<DLbqR#K>dgHVU
σψ =

√
2/Nr2

1h

DLK}DLUmS�TLF>dew`R#U�KB�

KRA(1h) =
σ−1
ψ

α
√
N

=
1√
2

r1h
α

=
1√
2

∣∣∣∣
c3 sin θd

c1 + c2 α cos θd

∣∣∣∣ rad−1.

�	÷zn¤÷V_Q�

�rDLK>K<D�DtszEGF<D�]/]>dgHVU2D�]>KAdgYGDLU�K>dgj*N�D@��HVF>hfDLbebgDLhfDLU�KB»�b�½¾S�j*N)R#K>dgHVU��	÷zn Ø ^Q��YGSt�UGdg]<]/R#U*K K1h
a�hkR#dg]-DLbebgD@F<Dt�

EGF<S�]<DLU�K<D\NGU�D@j*N)R#U�K>deK<S�Y�d���SLF<DLU�K<D`a�Dts�EGF>dehfS�D\DLU
rad−1 acR#bgHVF<]xj�N�DBbqR'EGNGdg]<]/R#U�T�D@YGDBF<D�T�HVU�]>K>F>N�TLK>dgHVU

YGDAb�½§R#h�EGbedeK>N�YGD"D�]>K}]ÎR#U�]}Y�dehfDLU�]>dgHVU�n
C�½¾SLwQHVbeNGK>dgHVU�YGD

KRA(1h)
R�wQD�T�bqRAYGS�TLbedeU)R#dg]<HVU'Y�NfY�deE�ÚVbgD}D�]<K;debebeN�]<K>F<S�D}]>NGF7bqRO�P`NGF<D�÷zn§Ñ`_`RAEcHVNGF7bgD

]>deK<Dv]>N�Y�YGDvb�½ � É�MBaQDLK�]<NGF+÷zn§Ñ`_#[fE�HVNGF7bgD�]7YGDLN�s�]>deK<D�]�n`ÕxR#U�]7bgDvT�RV]�YGDvbqRAT�HVNGwQDLF>K>NGF<DuE)R#F>K>dgDLbebgD}Y�Nf]>deK<D
]>N�Y�a�bqR�F<D�T�HVU�]>K>F>N�TLK>dgHVUÅYGD\b�½§RV]<T�DLU�]<dgHVU�Y�F<HVdeK<D�Y�N2Y�deE�ÚVbgDfR�wQD�T�b�½§R#U)R#be¼�]<D�YGD a R�¼*bgDLdeP`l2D�]>KxK<HVNVI>HVNGF<]
EGbeN�]�EGF<S�TLdg]<D`n�C�HVF<]<j*N�D!bqR�K<HVK/R#bedeK<SªY�N�TLdgDLbxD�]>K¬HV[�]<DLF>wQS�D`avbqRÅhfSLK>l�HzYGDª¡zM�É YGHVUGU�DªYGD!hfDLdebebgDLNGF<]
F<S�]>NGbeK/R#K<]�EcHVNGFuD�]>K>dehfDLF}b�½§RV]/T�DLU�]>dgHVUmY�F<HVdeK<D-Y�N�Y�deEcÚVbgD`n

ÕAD4hkR#UGdgiLF<DrPQSLU�SLF/R#bgD`aVbqROhfSLK>l�HzYGD�¡zM�É;aVR#EGEcHVF>K<DrNGU�D4deU���HVF>hkR#K>dgHVUf]>NGEGEGbgSLhfDLU*K/R#deF<D�E)R#F�F/R#EGEcHVF>K
»2b�½§R#U)R#be¼�]<DªYGD a R�¼*bgDLdeP`l�DLU¨R#U)R#be¼�]/R#U�K¬bqRÆY�dg]>K>F>de[GNGK>dgHVU¨DLU¨RV]<T�DLU�]>dgHVU�Y�F<HVdeK<DªDLK¬DLU�YGS�TLbedeU)R#dg]<HVU�n
�rDLK>K<D-deU���HVF>hkR#K>dgHVU!]�½§R�wQiLF<D"yLK>F<DBY�½ NGU�D-P`F/R#U�YGDBdeh�E�HVF>K/R#U�T�D`a�T�R#Fub�½§R#U)R#be¼�]<D"Y�½ NGU�DB]<DLNGbgD"T�HzHVF<YGHVUGU�S�D
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JP,V;4%'#4D8gS79# � >Oci>A@�.=B:7C58DA#}x2�O_	`b.}DA#L>L�!%')858D8('>45879�!%�(:587C*C79)A;L#e#L)85K;4gH.=*9#4 $#4%65m79J:#4%H5879T6('#~[«>L#4*C*9#eJ:;L>4D87C5A#B�!(:D	*9#�)AB#L>458DA#<JP,V;4%'#4D8gS79#SG.L02#L>�J:#4(Mfm#L)8587C ].=5879�!%')&JM7¤la;4DA#4%65A#L)&J:#q*-,V;4%'#4D8gS79#S_�Ü',/.=7b#OlP#L>458(';�*-,/.=%�.=*CRM)A#
B�!(:D	58DA�!79)	>1.=D85A#L)�J:#<>L�!(:02#4D858(:DA#SG�>1.=*9>4(:*9;L#L)&.102#L><J:#L)	 $;458@'�6J:#L)kJM7¤la;4DA#4%65A#L)��M*9#<)8@6(M§$7C%:g]#4%K5A#4 "B')
©&�k�¯#45	*-, @HRnBa�!58@'rL)A#<J:#&c�.!>45A�!D879)�.=5879�!%�J:#&*-,/.!>L>L#4B:5�.=%'>L#�#4%�B#4D8 �(:5�.=%H5k7C%'J:;4Ba#4%'J'.= " $#4%H5&@'#4(:DA#L)�#45
ªj�!(:DA)�)A�!*I.=7CDA#L) � ¿ sFÀ �O_H`U#F)8@H(M§$7C%:gh#4%]5A#4 "B')£©F�k�Z#L)85�#Ola#L>458(';F)A�!7C5�#4%X>L�!%')A#4D80S.=%H5�*I.�JM79)858D87CW:(:5879�!%5A#4 "B�!DA#4*C*9# � ;L>�@�.=%:g2#L)�J:#L) ti �OGM)A�!7C5	#4%K587CD�.=%H5	*9#L) ti )8(:7C0S.=%H5£(:%'#q*9�!7a(:%:7¤c��!D8 $#S_:`U#q587CD�.=g2#<J:#L)£5A#4 "B')JP,/.=D8D87C02;L#�)8(:7C0S.=%H5Q(:%'#£*9�!7:(:%:7¤c��!D8 $#�>L�!D8DA#L)8Ba�!%'J].=($>1.!)�79J:;1.=*'JP, (:%]J:;45A#L>45A#4(:D+B�.=Djc�.=7C5QBa�S)A)ArLJ'.=%65�(:%'#
#O�]>1.!>47C5A;�J:#�J:;45A#L>45879�!%^(:%:7¤c��!D8 $#�#4%K5A#4 "B')&#45�#4%�.!)A>L#4%')879�!%^JMDA�!7C5A#S_

°�±¾²£´ � _/�^µY���! "B�.=D�.=79)A�!%¯J:#L)hc��!%'>45879�!%')$JP,V#OfMB�S)A7C5879�!%YDA#4*I.=587C02#mJM(YDA;L)A#1.=(¯J:#K)8(:Djc�.!>L#KJ:#m*-,��F� s GB:DA�=ªj#45A;L#L)X)8(:DX*I.pJ:;L>4*C7C%�.=79)A�!% � [egH.=('>�@'#o�?#45X)8(:D?*-,/.!)A>L#4%')879�!% JMDA�!7C5A# � [}JMDA�!7C5A#o�O_�`U#L)�>1.=D85A#L)?)A�!%65�!W:5A#4%H('#L)	.L02#L>&*I.< $;458@'�nJ:#&JM(X)8@H(M§$7C%:g����o�+J'.=%')3*-, @HRnB�!58@'rL)A#&J:#�c-.!>45A�!D879)�.=5879�!%�J:#�*-,/.!>L>L#4B:5�.=%'>L#q#4%
@'#4(:DA#L)<#453ª8�!(:DA)q)A�!*I.=7CDA#L) � ¿ s&À �OGP�2�&J'.=%')q*9#i>1.!)qJP, (:%'#hBa#4D8 �(:5�.=5879�!%~J:#L)F5A#4 "B')<JP,/.=D8D87C02;L# � ©F�k�	�#45qÝ2�kJ'.=%')F*9#i>1.!)q�!�\*9#L)F5A#4 "B')FJP,/.=D8D87C02;L#")��!%H5q587CDA;L)F(:%:7¤cd�!D8 $;4 $#4%65 � (:%:7¤cd�!D8 Þ©F�k�	�O_`�."c��!%'>45879�!%
JP,V#OfnBa�S)87C5879�!%?>L�!D8DA#L)AB�!%'J'.=%65	[�(:%'#&.!>L>L#4B:5�.=%'>L#q)�.=58(:DA;L# � B:(:DA#4 $#4%H5£g2;L�! $;458D879TH('#o�3#4537C%'J:;4B#4%'J'.=%65A#J:#q*-,/.!)A>L#4%')879�!%^JMDA�!7C5A#�#L)A5k;4gH.=*9#4 $#4%H5&DA#4B:DA;L)A#4%H5A;L#�#4%Kcd�!%'>45879�!%�J:#q*I."J:;L>4*C7C%�.=79)A�!%U_
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`b. t gS(:DA# � _/�q7C*C*C(')858DA#	*I.qcd�!D8 $#�J:#L)3JM7¤la;4DA#4%65A#L)3>1.=D85A#L)3J:#�>L�!(:02#4D858(:DA#L)£.=7C%')87��!W:5A#4%H('#L)o_H`b.�0!.=*9#4(:DJ:#k*-,V#OfMBa�S)87C5879�!%�DA#4*I.=587C02#& $�oR2#4%:%';L#�)8(:D�*-,/.!)A>L#4%')879�!%KJMDA�!7C5A#q�!(K)8(:D3*I.�J:;L>4*C7C%�.=79)A�!%KR]#L)A53DA#4B:DA;L)A#4%65A;L#S_
�&%�Ba#4(:5�DA#4 ].=DATH('#4D�TH('#3*9#L)�JM7¤la;4DA#4%65A#L)� $;458@'�6J:#L)�J:�!%:%'#4%65�J:#L)�DA;L)8(:*C5�.=5A)�58DArL)�B:DA�n>A@'#L)�#4%� $�oR2#4%:%'#SG
>L�!%'>L#4D8%�.=%H5�*-,V;402�!*C(:5879�!%XJ:#�*-,V#OfnBa�S)87C5879�!%X.102#L>�*I.<J:;L>4*C7C%�.=79)��!%U_n���!%'>L#4D8%�.=%H5£*I.q0S.=D87I.=5879�!%?#4%X.!)A>L#4%')879�!%
JMDA�!7C5A#SG:*9#L)£c��!%'>45879�!%^JP,V#OfMB�S)87C5879�!%')kB:DA;L)A#4%H5A#4%65&J:#L)�;L>1.=D85A)&J:#q*-,V�!DAJMDA#�J:#<T6('#4*9TH('#L)�B�!(:Dk>L#4%651_

`b.�c��!%'>45879�!%�B:(:DA#4 $#4%65�.=%�.=*CRn5879TH('#+TH('#�%'�!(')�.L02�!%')�#4 "B:*9�1R2;L#3B�!(:DU*I.£J:#L)�>4D87CB:5879�!%�J:#�*I.£ $;458@'�nJ:#
¥ s ��GQT6(:7k#L)85"0S.=*I.=W:*9#mBa�!(:D"*9#L)];4%'#4D8gS79#L)X.=(MN{J:#L)A)8(')]J:#m*I.e)�.=58(:D�.=5879�!%UGQBa�S)A)ArLJ:#�(:%'#mB:*C(')$gSD�.=%'J:#
>L�!(:02#4D858(:DA#mJM(Y>479#4*���*9#L)"0S.=*9#4(:DA)$J:#X*I.\B:(:79)A)�.=%'>L#KJ:#�DA#L>L�!%')858D8('>45879�!%ß�!W:5A#4%H('#L)]J'.=%')h*9#K>�@�.=B:7C58DA#
à >L�!%')8587C58('#4%H5�J:�!%'>i(:%'#h*C7C "7C5A#")8(:Ba;4D879#4(:DA#"[?*I.XB:(:79)A)�.=%'>L#hJ:#iDA#L>L�!%')858D8('>45879�!%~T6('#�Ba#4(:5�.=585A#47C%'JMDA#
*-,��F� s _

Ü',/.=7+.=B:B:*C79T6(';"*I.X $;458@'�nJ:#?¥ s ��B�!(:D<DA#L>L�!%')858D8(:7CDA#]*-,/.= "B:*C7C58('J:#]JM(pJM7CBa!*9# � .=(eB:DA#4 "79#4D�#45�.=()A#L>L�!%'Je�!DAJMDA#o�<.=7C%')87QT6('#"JM(pT6(�.!JMD87CB!*9#SGP)8(:D<(:%e*9�!5�J:#"J:�!%:%';L#L)� $#L)8(:DA;L#L)�#4%658DA#"*-,/.=%:%';L#]�S½S½=E^#45
�S½S½SxM_a`Q,V#L)8587C ].=5879�!%pJ:#i*-,V;4%'#4D8gS79#"#L)85<#Ola#L>458(';L#"[?B�.=D8587CD<)A�!7C5<J:#L)q)87C �(:*I.=5879�!%') À �!%H5A#]�£.=D8*9�:Ga)A�!7C5�[
B�.=D8587CD	J:#k*I.�B:DA�6>L;LJM(:DA#qJP,V;45�.=*9�!%:%�.=g2#<#4%658DA#q*-,V;4%'#4D8gS79#<¥n�á#45£*-,V;4%'#4D8gS79#F¿��hG6(:587C*C79)�.=%H5£*I.� $;458@'�6J:#qJM(
���!%')85�.=%H53â{%65A#4%')87C5{R]�3(:5 � >Oc8_S>A@�.=B:7C58DA#qãMãn�O_H¥n#4(:*9)�*9#L)�;402;4%'#4 $#4%65A)3J:�!%65Q*-,V;4%'#4D8gS79#�#L)85Q>L�! "B:D879)A#k#4%H58DA#
0.8

#45
3 � #-�Õ)A�!%65�>L�!%')A#4D802;L)oG�J:#" ].=%:79r4DA#?79J:#4%H5879T6('#�.=(~*9�!5�J:#?J:�!%:%';L#L)�(:587C*C79)�;$B�.=D�*-,V#OfMBa;4D879#4%'>L#

skäqs ¥ s GPT6(:73.K�!W')A#4D802;](:%~#Of:>LrL)�#4%~JM7CDA#L>45879�!%�JM(~>L#4%H58DA#]gH.=*I.!>45879TH('# � >Ocj_+¸C� � ¹¾�O_U`U#L)�#L)8587C ].=5879�!%')J:#�*-,V;4%'#4D8gS79#i;45�.=%H5qJM7¤la;4DA#4%65A#L) � ��âj� �!( À �!%65A#h�£.=D8*9�H��G:*9#L)FJ:#4(Mfm*9�!5A)&J:#�J:�!%:%';L#L)k%'#�>L�!%H5879#4%:%'#4%65B�.!)+#Of'.!>45A#4 $#4%H53*9#L)Q $w4 $#k;402;4%'#4 $#4%65A)1_n`U#	*9�!53J:#kJ:�!%:%';L#L) À �!%H5A#ON¬�£.=D8*9�i>L�!%H5879#4%65 ∼ 79 000
;402;4%'#ON

 $#4%H5A)1G�)A�!7C5 √
(N) ' 281

Ga.=*9�!DA)kT6('#�*9#�*9�!5&J:#�J:�!%:%';L#L)<��â8�	åF¿��·>L�!%H5879#4%H5 ∼ 70 000
;402;4%'#4 $#4%H5A)1G

)A�!7C5 √
(N) ' 265

_�`Q,V;L>A@'#4*C*9#�JP,V;4%'#4D8gS79#�J:#L) À �!%H5A#ON¬�£.=D8*9�];45�.=%65�B:*C(')	@�.=(:5A#SG:(:%K%'�! �W:DA#<B:*C(')�;4*9#402;
JP,V;402;4%'#4 $#4%H5A)i[XW�.!)A)A#h;4%'#4D8gS79#"#L)85<DA#L>L�!%')858D8(:7C5�.=(MN{J:#L)A)A(')�J:#

3 � #-�hGP>L�!%H58D87CW:(�.=%H5".=7C%')87Q.=(e*9�!5�J:#J:�!%:%';L#L)1_
���!(:D]>A@�.!>4(:%'#�J:#L)$58DA�!79)$>1.=D85A#L)?J:#K>L�!(:02#4D858(:DA#SG+#45$Ba�!(:D"*9#L)$J:#4(MfZ*9�!5A)$J:#KJ:�!%:%';L#L) � ��â8�¡�!(

À �!%65A#?�£.=D8*9�H�OGMªL,/.=7�DA#L>L�!%')858D8(:7C5i.102#L>"*I.� $;458@'�nJ:#?¥ s �º*9#$JM7CBa!*9#"#45�*9#"TH(�.!JMD87CBa!*9#$#4%p*C7C "7C5�.=%65�*I.
cd�!%'>45879�!%KJP,V#OfMB�S)A7C5879�!%K[�(:%'#F0S.=*9#4(:D�J:#F*I.iJ:;L>4*C7C%�.=79)A�!%

δcut = 15◦
G
20◦

#45
22◦

G:. t %KJP,/.=(:gS $#4%H5A#4D�*I.
B:(:79)A)�.=%'>L#&J:#�DA#L>L�!%')858D8('>45879�!%�J:#�*I.� $;458@'�6J:#q¥ s � � >Ocj_6�!B:587C "79)�.=5879�!%�J:#�*I.< $;458@'�nJ:#F¥ s �3�O_n`Q,V�!DAJMDA#J:#	gSD�.=%'J:#4(:D£J:#	*I.FcdD�.!>45879�!%?JP,V;402;4%'#4 $#4%H5A)£#Of:>4*C('#�Ba�!(:D+>A@�.!>4(:%'#FJ:#L)+>L�!(:B:(:DA#L)�#L)85+J:# ∼ 0, 4%

Ba�!(:D
δcut = 15◦

G ∼ 1%
B�!(:D

δcut = 20◦
#45 ∼ 3%

B�!(:D
δcut = 22◦

_
���!(:D�>A@�.!T6('#<>L�!% t gS(:D�.=5879�!% � >1.=D85A#<J:#q>L�!(:02#4D858(:DA#SG';4%'#4D8gS79#<#L)8587C $;L#SG:>L�!(:B:(:DA# δcut

�OGvª4,/.=7P>1.=*9>4(:*9;
*I.?0!.=*9#4(:D�J:#h*-,/.= "B:*C7C58('J:#$JM(pJM7CBa!*9# � B:DA#4 "79#4D�#45�)A#L>L�!%'Je�!DAJMDA#o�F#45�JM(pT6(�.!JMD87CBa!*9#">L�!D8DA#L)8B�!%'J'.=%65
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[~(:%'#e)A7CgS%:7 t >1.=%'>L#pJ:#
3σ
_����!(:D�>L#4*I.MG�ª4,/.=7�)87C �(:*9;pxS½Z½S½S½«DA;1.=*C79)�.=5879�!%')^JM7¤lP;4DA#4%H5A#L)^JP, (:%�*9�!5mJ:#

J:�!%:%';L#L)�>L�!D8DA#L)8Ba�!%'J'.=%H5&[i(:%�ç'(Mf�79)A�!58DA�!Ba#SG:>L�!%H5A#4%�.=%H5&*9#q $w4 $#q%'�! �W:DA#�JP,V;402;4%'#4 $#4%65A)&T6('#q*9#q*9�!5
#OfnBa;4D87C $#4%H5�.=*�.!)�)A�6>479;<[i>A@�.!T6('#�>L�!(:B:(:DA#

δcut
_:Ü',/.=7b.=7C%')87P>1.=*9>4(:*9;<*9#L)£0S.=*9#4(:DA)�J:#

α3σ
B�!(:D	*9#<JM7CBa!*9#

.=(�B:DA#4 "79#4D<#45q)A#L>L�!%'J��!DAJMDA#�#45
β3σ

Ba�!(:D&*9#iT6(�.!JMD87CB!*9#"[]B�.=D8587CDqJ:#L)qJM79)858D87CW:(:5879�!%')qDA#L>L�!%')A58D8(:7C5A#L)1G
>L�! " $#�J:;L>4D87C5kJ'.=%')�*9#<>�@�.=B:7C58DA# à _

`U#L)XDA;L)8(:*C5�.=5A)�J:#�>L#4585A#e.=%�.=*CRM)A#\)A�!%H5XDA;L)8(: $;L)�J'.=%')X*9#L)?5�.=W:*9#1.=(Mf >47¤N¨.=B:DArL)1_£`Q,/.= "B:*C7C58('J:#eJM(
JM7CB!*9#X.=(})A#L>L�!%'J}�!DAJMDA#SGbT6(:73)A#4 �W:*9#?w458DA#X[�*I.K*C7C "7C5A#XJ:#L)

3σ
B�!(:D

δcut = 15◦
GUJM7C "7C%H('#X*9�!DA)AT6('#

*-,V�!%^*C7C "7C5A#�(:%�B#4(�B:*C(')�*I."cd�!%'>45879�!%\JP,V#OfnBa�S)87C5879�!%�#4%\J:;L>4*C7C%�.=79)A�!%UG#45k%U,V#L)85FJ:�!%'>�B�.!)k)A7CgS%:7 t >1.=587C02#S_
`Q,V�!D879#4%H5�.=5879�!%«JM(pJM7CB!*9#h0S.=D879#h;4gH.=*9#4 $#4%H5�c��!D85A#4 $#4%H5�#4%H58DA#h*9#L)�JM7¤lP;4DA#4%H5A#L)<0S.=*9#4(:DA)�J:#

δcut
G>L#"T6(:7

7C%'JM79TH('#hT6('#�*9#iJM7CB!*9#iDA#L>L�!%')858D8(:7C5<B:DA�o0679#4%65�JP, (:%'#�ç'('>458(�.=5879�!%U_U`b.]DA#L>L�!%')858D8('>45879�!%~JM(�TH(�.!JMD87CBa!*9#
)A#4 �W:*9#q;4gH.=*9#4 $#4%H5	7C%'JM79T6('#4D	TH('#&*I.�JM79)858D87CW:(:5879�!%^.=%:gS(:*I.=7CDA#qJM(X*9�!5£J:#FJ:�!%:%';L#L)	#L)85�>L�! "B�.=587CW:*9#�.102#L>
(:%'#�.=W')A#4%'>L#�J:#< $�nJM(:*I.=5879�!%�T6(�.!JMD87CB�!*I.=7CDA#S_

`b.�>L�!%'>4*C(')A79�!%�T6(:7'Ba#4(:5�w458DA#k587CDA;L#&J:#&>L#4585A#&;458('J:#&58DArL)3B:DA;4*C7C "7C%�.=7CDA#F#L)A53J:�!%'>kT6(U,/.=('>4(:%'#<.=%:79)A�=N
58DA�!B:79#�[�gSD�.=%'J:#<;L>�@'#4*C*9#<%'#<)A#4 �W:*9#<w458DA#<)87CgS%:7 t >1.=587C02#S_���#4Ba#4%'J'.=%H51G:*I.�gSD�.=%'J:#�)8(:Djc-.!>L#qJ:#q>L�!*C*9#L>45879�!%
JM(\¥n�èJ:#<*-,��&W')A#4D80S.=5A�!7CDA#���79#4D8DA# s (:g2#4DkB#4D8 $#45858D�."J:#�5A#L)85A#4Dk*I.hB:DA;L)�#4%'>L#�JP,/.=%:79)A�!58DA�!B:79#L)q[hgSD�.=%'J:#
;L>A@'#4*C*9#�J:#<*-,V�!DAJMDA#�J:#�TH('#4*9T6('#L)	Ba�!(:D�>L#4%H5FJ'.=%')	*9#L)�T6('#4*9TH('#L)k.=%:%';L#L)F[h02#4%:7CD1_
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ê�ë³ì�ë¨í î�ï�ð!ñ+òßï�óQô�ð^õ2ï�ð!ñ+ö-÷Sø�÷2ðmó+ô«ö�ù9øPúQøPö�ûQð=ô�ø:übô�ý}ö-ø�òßï:÷2þ+ÿ�ó+ô������
�q;L>4*C7C%�.=79)A�!%m ].vfM7C ].=*9# �S�

◦
�S½

◦
�1x

◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� �SG�� ±0.5
�SG E ±0.7

�SG�� ±0.7s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� ÝMG/x ÝMG E ÝMG/Ý

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� xSÝ ±18
N¨x ±25

N¨xM� ±24s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �1�M� ±29
�1�Sx ±29

�1ÝS½ ±32

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g�©&�k�¯(:%:7¤c��!D8 $#
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� �SG � ±0.6
�SG/Ý ±0.8

�SG�� ±0.7s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� ÝMG E ÝMG E ÝMG/x

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� x à ±19
N	� ±27

N-E
� ±25s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �1�S½ ±30
�1��� ±42

�1� � ±35

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� �SG à ±0.6
�SG/� ±0.8

�SG/x ±0.7s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� ÝMG/x ÝMG E ÝMG E

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� x�� ±20
N¨Ý ±29

N¨xS� ±24s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �1� à ±32
�1ÝS½ ±46

�1ÝSx ±37

� #L>L�!%')858D8('>45879�!%^JM(�������������������������	���! ���"�����MDA;L)8(:*C5�.=5A)&#OfnBa;4D87C $#4%H5�.=(MfKBa�!(:D�*9#L)�;4%'#4D8gS79#L)
#L)8587C $;L#L)k.102#L><*9#L)k)87C �(:*I.=5879�!%')1_
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�q;L>4*C7C%�.=79)A�!%^ ].vfM7C ].=*9# �S�
◦

�S½
◦

�1x
◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(�JM7CB!*9# � #4% %

� �SG/Ý ±0.8
½MG/Ý ±0.3

½MG�� ±1.3s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#i["Ý
σ � #4%\y"� ÝMG�� ÝMG/x ÝMG/x

�q;L>4*C7C%�.=79)A�!% � #4%�J:#4gSDA;L)�� à � ±29
N	� ±124

N à � ±42s )A>L#4%')879�!%mJMDA�!7C5A# � #4%�J:#4gSDA;L)�� x � ±45
à � ±191

�1½SÝ ±66
�£.=D85A#�J:#<>L�!(:02#4D858(:DA#]�¥6@H(M§$7C%:g?©F�k�¯(:%:7¤c��!D8 $#

s  "B:*C7C58('J:#�JM(�JM7CB!*9# � #4% %
� �SG/Ý ±0.8

½MG E ±0.7
½MG�� ±1.2s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#i["Ý

σ � #4%\y"� ÝMG à ÝMG/x ÝMG/x
�q;L>4*C7C%�.=79)A�!% � #4%�J:#4gSDA;L)�� à � ±28

N���� ±93
N à x ±41s )A>L#4%')879�!%mJMDA�!7C5A# � #4%�J:#4gSDA;L)�� � ½ ±45

�SÝ ±118
�S½ ±181

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#]��¥6@6(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(�JM7CB!*9# � #4% %

� �SGC_/Ý ±0.8
½MG/Ý ±3.0

�SG/½ ±1.0s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#i["Ý
σ � #4%\y"� ÝMG à ÝMG�� ÝMG/x

�q;L>4*C7C%�.=79)A�!% � #4%�J:#4gSDA;L)�� � � ±29
N¨� ±124

N à � ±42s )A>L#4%')879�!%mJMDA�!7C5A# � #4%�J:#4gSDA;L)�� �M� ±45
�S�1½ ±192

�S�4E ±65

� #L>L�!%')858D8('>45879�!%^JM(�������"�%���"�&�����
���'�
�( "��������MDA;L)8(:*C5�.=5A)&#OfnBa;4D87C $#4%H5�.=(MfKBa�!(:D�*9#L)�;4%'#4D8gS79#L)
#L)8587C $;L#L)&.102#L><*I.h $;458@'�nJ:#���â8�F_
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�q;L>4*C7C%�.=79)A�!%m ].vfM7C ].=*9# �S�
◦

�S½
◦

�1x
◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� � G à ±0.3
E'G/x ±0.6

�MG/½ ±1.3s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G/Ý � G/½ � G ��q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� � � ±8

� � ±16
xS� ±35s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �S��� ±13

�1�S� ±25
�1ÝS½ ±55

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g�©&�k�¯(:%:7¤c��!D8 $#
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� � G à ±0.3
E'G/x ±0.6

�MG/½ ±1.3s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G � � G/½ � G E�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� � Ý ±80

� à ±16
xM� ±35s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �S�4E ±13

�1��� ±25
�1ÝS½ ±55

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� � G E ±0.3
E'G à ±0.5

�MG/½ ±1.3s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G E � G/� � G���q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� � Ý ±8

à ½ ±15
x�� ±35s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �1��� ±13

�1ÝS½ ±23
�4E'� ±55

� #L>L�!%')A58D8('>45879�!%�JM(+������"�%�,�"�.-/�102 "3�4 ���"�����'DA;L)8(:*C5�.=5A)�#OfMB;4D87C $#4%65�.=(MfmB�!(:D�*9#L)k;4%'#4D8gS79#L)
#L)8587C $;L#L)k.102#L><*9#L)k)87C �(:*I.=5879�!%')1_
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�F;L>4*C7C%�.=79)��!%m ].vfn7C ].=*9# �S�
◦

�S½
◦

�1x
◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� xMG�� ±0.4
�SG/� ±2.2

�SG/½ ±2.5s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G�� � G�� �MG/x

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � Ý ±13
à ½ ±62

N¨x�� ±64s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� xSx ±20
à ½ ±97 � � ±101

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#]�¥6@H(M§$7C%:g?©F�k�¯(:%:7¤c��!D8 $#
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� xMG�� ±0.4
�SG�� ±1.3

�SG/Ý ±2.2s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G � � G à �MG/x

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � Ý ±15
�Sx ±39

N	�S½ ±61s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� à � ±22
�S½ ±61 � à ±96

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#]��¥6@6(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(mJM7CBa!*9# � #4% %

� �MG/Ý ±0.4
�MG/x ±1.0

�SG/½ ±2.5s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� � G à � G�� �MG/x

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � � ±12
à Ý ±30

N¨Ý�� ±64s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� à � ±17
àSà ±47

��� ±101

� #L>L�!%')858D8('>45879�!%\JM(+"�6�7�����+�"�.-2�202 "3�4 ���"���e�MDA;L)A(:*C5�.=5A)�#OfnBa;4D87C $#4%H5�.=(MfmBa�!(:D�*9#L)�;4%'#4D8gS79#L)
#L)8587C $;L#L)&.102#L><*I.h $;458@'�nJ:#���â8�F_
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�q;L>4*C7C%�.=79)A�!%m ].vfM7C ].=*9# �S�
◦

�S½
◦

�1x
◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CBa!*9# � #4% %

� �MG/½ ±0.3
ÝMG � ±0.4

�MG/½ ±0.8s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� xMG�� xMG E xMG E

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� � à ±8 � ½ ±12 � E ±23s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �S� ±12
�1�S½ ±19

�1��� ±36
�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g�©&�k�¯(:%:7¤c��!D8 $#

s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CBa!*9# � #4% %
� xMG � ±0.3

ÝMG�� ±0.5
�SG�� ±0.8s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý

σ � #4%�y"� xMG à xMG E xMG à
�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� �S� ±8 � � ±13 � � ±23s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� � ½ ±12

�1��� ±20
�1Ý � ±36

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#?��¥6@H(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CBa!*9# � #4% %

� xMG à ±0.3
ÝMG à ±0.4

�MG/½ ±0.8s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� xMG à xMG E xMG à

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)O� �S� ±8 � � ±12 � � ±23s )A>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)O� �S��� ±12
�1Ý=E ±19

� � Ý ±36

� #L>L�!%')A58D8('>45879�!%^JM(�8��9��������������e�MDA;L)8(:*C5�.=5A)&#OfnBa;4D87C $#4%H5�.=(MfKBa�!(:D�*9#L)�;4%'#4D8gS79#L)&#L)8587C $;L#L)k.L02#L>�*9#L)
)A7C �(:*I.=5879�!%')1_
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�F;L>4*C7C%�.=79)��!%m ].vfn7C ].=*9# �S�
◦

�S½
◦

�1x
◦

�£.=D85A#�J:#<>L�!(:02#4D858(:DA#?�'¿ s&À
s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CB!*9# � #4% %

� E'G/½ ±0.4
�MG/� ±0.7

½MG�� ±1.8s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� xMG à xMG à xMG��

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � � ±12
à Ý ±21

Ý�� ±52s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� xSx ±18
à Ý ±33

�1½�� ±80
�£.=D85A#�J:#<>L�!(:02#4D858(:DA#]�¥6@H(M§$7C%:g?©F�k�¯(:%:7¤c��!D8 $#

s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CB!*9# � #4% %
� ÝMG � ±0.4

�SG�� ±0.8
�SG/½ ±1.6s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý

σ � #4%�y"� xMG�� xMG à �MG/½
�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � Ý ±13

à ½ ±23
Ý � ±46s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� � � ±19

�Sx ±35
�1½SÝ ±72

�£.=D85A#�J:#�>L�!(:02#4D858(:DA#]��¥6@6(M§$7C%:g?©F�k�
s  "B:*C7C58('J:#�JM(mT6(�.!JMD87CB!*9# � #4% %

� E'G/� ±0.4
�MG/� ±0.7

�SG/� ±1.3s  "B:*C7C58('J:#�)87CgS%:7 t >1.=%'>L#�["Ý
σ � #4%�y"� xMG�� xMG à xMG��

�q;L>4*C7C%�.=79)A�!% � #4%^J:#4gSDA;L)�� � x ±10
à x ±21

E à ±38s )�>L#4%')879�!%mJMDA�!7C5A# � #4%^J:#4gSDA;L)�� � � ±15
�S� ±33

�1½SÝ ±60

� #L>L�!%')858D8('>45879�!%\JM(+8
�:����������"�%�e�MDA;L)8(:*C5�.=5A)&#OfnBa;4D87C $#4%H5�.=(MfmBa�!(:D	*9#L)�;4%'#4D8gS79#L)k#L)A587C $;L#L)&.L02#L>�*I.
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° ¬ ¬<;>=?; @ £�A�®CB @ £�D�E ± ; FHG ¢JI&B ± ©�@JD�I�; « ;

©�@ B ® £�A�¢ « ; K ° L

¢&�!(')iD�.=B:Ba#4*9�!%')hJ'.=%')">L#45h.=%:%'#Of:#X*9#L)�B:D87C%'>47CB�.=*9#L)"J:; t %:7C5879�!%')"#45"J:�!%:%'�!%')h*9#XJ:;45�.=7C*9)hJ:#?*-,V#OfnN
B:DA#L)A)879�!%¯J:#L)? $�! $#4%H5A)�J:#^*I.pJM79)858D87CW:(:5879�!%º.=%:gS(:*I.=7CDA#�J:#L)$D�.LR2�!%')�>L�S)8 "79T6('#L)X#4%�B:DA;L)A#4%'>L#\JP, (:%'#
.=%:79)A�!58DA�!B:79#�JM7CB�!*I.=7CDA#�#45hTH(�.!JMD87CBa�!*I.=7CDA#S_�`U#?>1.!)hJ:#?*I.^>L�!(:02#4D858(:DA#�5A�!5�.=*9#X#L)85iD�.=B:B#4*9;K.=(«*9#L>45A#4(:D1G
*-,V;L>4D87C58(:DA#FJ:#L)� $�! $#4%65A)	#45�J:#F*9#4(:DA)£)A�! " $#L)£JM79)A>4DAr45A#L)£>L�!D8DA#L)8Ba�!%'J'.=%H5A#L)�#L)85£J:�!%:%';L#qJ'.=%')�*9#&>1.!)£J:#
*I.h>L�!(:02#4D858(:DA#�B�.=D85879#4*C*9#S_

M �b�aÓj
����a�Ñ���ONi��Ë ��
 Òh�	�a�kÖØÇ�
��aÓA���	
�ÓA��Î ��� ��Ó8ÒQP�ÉA�¡��
®�i�ORq���k���aÓ8ÒSPkÉA�
`U#qç'(MfKJ:#qD�.LR2�!%')F>L�S)8 "79T6('#L)�J'.=%')	*I."JM7CDA#L>45879�!%

u
#L)85	B�.=D�.= $;458D879)A;�)A�!(')	*I.�c��!D8 $#$�

Φ(u) =
Φ0

4π
(1 + αD · u +

∑

i,j

Qijuiuj) =
Φ0

4π
(1 + αD · u +

∑

i,j

λi(qi · u)2),

�!�
Φ0/4π

DA#4B:DA;L)A#4%65A#X*I.m>L�! "Ba�S)�.=%H5A#?79)A�!58DA�!Ba#SG�[�*I.!T6('#4*C*9#?�!%�.vªj�!(:5A#](:%}JM7CBa!*9#]JP,/.= "B:*C7C58('J:#
α � 0 ≤ α ≤ 1

�qJ'.=%')�*I.KJM7CDA#L>45879�!%
D
#45�(:%}T6(�.!JMD87CB!*9#]J:;L>4D87C5�B�.=D�(:%~5A#4%')A#4(:D�J:#$)�#L>L�!%'J~�!DAJMDA#SG

Qij
G:)8Rn $;458D879TH('#�#45�J:#<58D�.!>L#q%H(:*C*9#SG�J:�!%H5�*9#L)	02#L>45A#4(:D&B:DA�!B:DA#L)�)A�!%65�%'�!5A;L)

qi

#45	*9#L)	0!.=*9#4(:DA)�B:DA�!B:DA#L)
.!)A)A�n>479;L#L)

λi

`U#L)�>L�! "Ba�S)�.=%H5A#L)&>1.=D85A;L)879#4%:%'#L)&JM(K02#L>45A#4(:DFJM7CB!*9#<#45&J:#q*I.h ].=58D879>L#
Q
)A�!%65�%'�!5A;L#L)��

D =




Dx

Dy

Dz


 et Q =




Qxx Qxy Qxz

Qxy Qyy Qyz

Qxz Qyz Qzz
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����a�·
�£
���ÉA�

T í]ïgô2÷Lþ*ï�ìãð^ì]õ?�äö��¥ìxó�÷�õ `b#L)	 $�! $#4%H5A)F)A�!%H5&J:; t %:79)�B�.=D��

I0 =

∫
Φ(u)dΩ , I =

∫
uΦ(u)dΩ et Iij =

∫
Φ(u)(uiuj −

1

3
δij)dΩ,

#45�)A�!%H5kDA#4*C79;L)&.=(Mf�B�.=D�.= $r458DA#L)kJM(^JM7CBa!*9#�#45�JM(^T6(�.!JMD87CB!*9#�B�.=D��

I0 = Φ0 I =
1

3
Φ0 × αD , et Iij =

2

15
Φ0 ×Qij

T í]ïgô2÷Lþ*ï�ìãð^ì]õ,õ�ö��}�äì]õnõ�þ�ï,ú7ìxõÈüjù�üxó*ì6�äìAó�÷�õ `b#L)�)A�! " $#L)kJM79)�>4DAr45A#L)�>L�!D8DA#L)8Ba�!%'J'.=%H5F.=(Mf� $�=N
 $#4%H5A)&)1,V;L>4D87C02#4%H5i�

S0 =
∑

k

1

E(uk)
, S =

∑

k

uk

E(uk)
et Sij =

∑

k

(ui)k(uj)k − 1
3δij

E(uk)

�!�h*I.&)��! " ].=5879�!%$)1,V#Ola#L>458('#	)A(:D�*9#L)�;402;4%'#4 $#4%65A)QBa�!%'J:;4DA;L)�B�.=D�*-,V#OfnBa�S)87C5879�!% E(uk)
J'.=%')�*I.qJM7CDA#L>45879�!%

JP,V�!�mB:DA�10n79#4%H5&*-,V;402;4%'#4 $#4%H5
k
_

U ÁÅø^ïgì]õ�õLô7ö�ó�ð*ìxõZø*òbïgò'�,V]÷�ï�ìxõZð^þçðIô7øXWeú7ìnì]÷�ð^þ�YÅþ*òbð^ïgô7øXW�ú2ì `U#	02#L>45A#4(:D+JM7CBa!*9#	#45Q*I.F ].=58D879>L#
J:;L>4D87C0!.=%65�*9#�T6(�.!JMD87CB!*9#�)1,V;L>4D87C02#4%H5i�

αD = 3
S

S0
et Qij =

15

2

Sij
S0
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T íjïºô2÷Lþ�ïgì(ð^ì]õp�äö�äìAó�÷�õ `U#L)h $�! $#4%H5A)

I0
G
I
#45
Iij

J:#?*I.^JM79)858D87CW:(:5879�!%�.=%:gS(:*I.=7CDA#KJ:#L)iD�.1R2�!%')
>L�S)8 "79TH('#L)k)A�!%H5kJ:; t %:79)kB�.=D	*9#L)	DA#4*I.=5879�!%')i�

[ I0 ; I ; Iij ] =

∫ θmax

θmin

dθ sin θ

∫ 2π

0
dϕ [ Φ(u) ; uΦ(u) ; uiujΦ(u) ]

#45�)A�!%H5�DA#4*C79;L)F.=(MfXB�.=D�.= $r458DA#L)&JM(^JM7CBa!*9#�#45�JM(^T6(�.!JMD87CB!*9#<B�.=D��

I0 =
Φ0

4π
[∆31(Qxx +Qyy) − 2c3Qzz − 2c2Dz − 2c1 ]

Ix =
Φ0

4π
[∆31Dx + 2∆42Qxz ]

Iy =
Φ0

4π
[∆31Dy + 2∆42Qyz ]

Iz =
Φ0

4π
[∆42(Qxx +Qyy) − 2c4Qzz − 2c3Dz − 2c2 ]

Ixx =
Φ0

4π
[∆53Qzz +

1

4
(3Qxx +Qyy) + ∆42Dz + ∆31 ]

Iyy =
Φ0

4π
[∆53Qzz +

1

4
(3Qyy +Qxx) + ∆42Dz + ∆31 ]

Izz =
Φ0

4π
[ ∆53(Qxx +Qyy) − 2c5Qzz − 2c4Dz − 2c3 ]

Ixy =
Φ0

4π
[ (∆31 − ∆53)Qxy ]

Ixz =
Φ0

4π
[ 2∆53Qxz + ∆42Dx ]

Iyz =
Φ0

4π
[ 2∆53Qyz + ∆42Dy ]

.L02#L><*9#L)	%'�!5�.=5879�!%')
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cn =
1

n
[cos(θmax)

n − cos(θmin)
n] et ∆ij = ci − cj

T í]ïgô2÷Lþ*ï�ì�ð*ìxõ õ�ö�~�¥ì]õ�õLþ*ï ú7ì]õ ü]ùeüAó�ìn�äìxó�÷�õ `U#L)m)��! " $#L)KJ'.=%')K*9#e>1.!)mJ:#\*I.�>L�!(:02#4D858(:DA#
B�.=D85879#4*C*9#�)1,V;L>4D87C02#4%65k ].=7C%H5A#4%�.=%65i�

S̃0 =
∑

k

1

Ek
(c2uz − c3)

S̃x =
∑

k

ux
Ek

S̃y =
∑

k

uy
Ek

S̃z =
∑

k

1

Ek
(c2 − c1uz)

S̃xx =
∑

k

1

Ek
(u2
x − u2

y)

S̃xy =
∑

k

uxuy
Ek

S̃zz =
∑

k

1

Ek
[c1(γ3u

2
z − γ4uz) + c2γ4 − c3γ3]

S̃xz =
∑

k

1

Ek
(∆42ux − ∆31uxuz)

S̃yz =
∑

k

1

Ek
(∆42uy − ∆31uyuz)
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U ÁÅø^ï�ìxõ�õLô7öeó¥ð*ìxõ�ø^òbï�ò'�+Vj÷�ïgì]õuðIþäðIô7øXWeú7ìÈì]÷uðIþ+YÅþ*òbð*ïºô7øXWeú7ì `+,V#OfnB:DA#L)A)A79�!%?JM(] $�!%'�!Ba!*9#	c-.=7C5
7C%H5A#4D802#4%:7CD&J:#L)k)A�! " $#L)kJM(m)A#L>L�!%'J^�!DAJMDA#S_ � *C*9#�#L)85�J:�!%:%';L#�B�.=D��

Φ0 = Φdip
0 (1 + ε

S̃zz

S̃0

)

�!�
ε =

γ3

6(γ1 − γ2)
[c3(c1 − 3c3) − c2(c2 − 3c4)]

#45
Φdip

0 =
4S̃0

γ3DA#4B:DA;L)A#4%H5A#"*I.X0S.=*9#4(:D�JM(e $�!%'�!Ba!*9#hDA#L>L�!%')858D8(:7C5A#].=(eB:DA#4 "79#4D��!DAJMDA# � #4%e*-,/.=W')�>L#4%'>L#"J:#"TH(�.!JMD87CBa!*9#J'.=%')	*9#qç'(Mf��O_:`U#L)k>L�!%')85�.=%65A#L)�7C%658DA�6JM(:7C5A#L)F�!%H5�Ba�!(:D�#OfMB:DA#L)A)879�!%~�

γ1 = (c4c1 − c3c2)
2

γ2 = (c3c1 − c22)(c5c1 − c23)

γ3 = 2(c3c1 − c22)

γ4 = 2(c4c1 − c3c2)

`U#L)�>L�! "Ba�S)�.=%H5A#L)FJM(mJM7CBa!*9#�)1,V;L>4D87C02#4%H5q.=*9�!DA)��

Di =
1

1 + ε S̃zz

S̃0

(Ddip
i + ξi S̃iz) (i = x, y, z)

�!�K*9#L)	TH(�.=%6587C5A;L)
Ddip
i

)A�!%H5k*9#L)	>L�! "B�S)�.=%65A#L)kJM(mJM7CBa!*9#qDA#L>L�!%')858D8(:7C5A#L)&.=(KB:DA#4 "79#4D&�!DAJMDA# � #4%K*-,/.=W')jN>L#4%'>L#�J:#<TH(�.!JMD87CBa!*9#o�O_�`b#4(:Dk#OfnB:DA#L)�)879�!%m#L)85�J:�!%:%';L#�B�.=D��

Ddip
x =

4S̃x

Φdip
0 ∆31

, Ddip
y =

4S̃y

Φdip
0 ∆31

, Ddip
z =

4S̃z

Φdip
0 γ3

.L02#L><*9#L)k>L�!%')85�.=%H5A#L)
ξi
�

ξx = ξy =
4

Φdip
0

∆42

∆2
42 − ∆53∆31

et ξz =
4

Φdip
0

γ1

γ3γ4(γ2 − γ1)
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`b.h ].=58D879>L#�JM(^TH(�.!JMD87CBa!*9#�#L)85�J:;45A#4D8 "7C%';L#�B�.=D	*9#L)�DA#4*I.=5879�!%')��

Qxx =
4

Φ0
[

S̃xx
∆31 − ∆53

+
S̃zz

12(γ2 − γ1)
]

Qzz =
2

3Φ0

S̃zz
(γ1 − γ2)

, Qyy = −Qxx −Qzz

Qxy =
8

Φ0

S̃xy
∆31 − ∆53

Qxz =
2

Φ0

S̃x
(∆2

42 − ∆31∆53)

Qyz =
2

Φ0

S̃y
(∆2

42 − ∆31∆53)

Z òiú2ìAþ�ïgõ\úrôd�¥ô2÷�ìxõuìxó�íjö�þÅù�ì]ï�÷Lþ�ïgì%÷�öi÷�òiú7ì `Q,V;L>4D87C58(:DA#&J:#L)�>L�! "Ba�S)�.=%H5A#L)£JM(?JM7CBa!*9#F#453JM(?T6(�.!JMD87¤N
B!*9#qJ'.=%')	*9#<>1.!)	JP, (:%'#�>L�!(:02#4D858(:DA#<B�.=D85879#4*C*9#<5A#4%'J�02#4DA)	*-,V#OfMB:DA#L)A)879�!%m�!W:5A#4%6('#�#4%m>L�!(:02#4D858(:DA#<5A�!5�.=*9#
*9�!DA)AT6('#

θmin
5A#4%'Jh02#4DA)

0
#45
θmax

5A#4%'Jh02#4DA)
π
_!`U#L)�0!.=*9#4(:DA)�*C7C "7C5A#L)+>L�!D8DA#L)8B�!%'J'.=%653[&(:%'#£>L�!(:02#4D858(:DA#

5A�!5�.=*9#�J:#L)�>L�!%')85�.=%65A#L)kT6('#<%'�!(')k.102�!%')�7C%H58DA�nJM(:7C5A#L)F)A�!%H5kJ:�!%:%';L#L)kB�.=D��

c1 → −2 c2 → 0

c3 → −2/3 c4 → 0

c5 → −2/5

∆31 → 4/3 ∆53 → 4/15

γ1 → 0 γ2 → 64/135

γ3 → 8/3 γ4 → 0

ε → 0

ξx → ξy → ξz → 0
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`U#L)�)A�! " $#L)&J:; t %:79#L)kJ'.=%')	*9#�>1.!)�J:#q*I.">L�!(:02#4D858(:DA#�B�.=D85879#4*C*9#�>L�!%H02#4D8g2#4%H5F02#4DA)�*9#L)�0!.=*9#4(:DA)��

S̃0 → 2

3
S0

S̃x → Sx

S̃y → Sy

S̃z → 2Sz

S̃xx → Sxx − Syy

S̃xy → Sxy

S̃zz → −16

3
Szz

S̃xz → −4

3
Sxz

S̃yz → −4

3
Syz

7C "B:*C79TH(�.=%65k*I.iDA#4*I.=5879�!%
Φdip

0 → S0

TH(:7�Ba#4D8 $#45�J:#hDA#458DA�!(:02#4Di*9#L)�#OfMB:DA#L)A)879�!%')�J:#L)�B�.=D�.= $r458DA#L)�JM(~JM7CBa!*9#$#45�JM(}TH(�.!JMD87CBa!*9#]�!W:5A#4%6('#L)
J'.=%')	*9#�>1.!)�J:#q*I.">L�!(:02#4D858(:DA#�5A�!5�.=*9#$�

αD = 3
S

S0
et Qij =

15

2

Sij
S0
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° ¬ ¬<;>=?; @ £�A�®CB @ £�D�E ± ; F L I¥¢\[HI�DI® £¥®^]

]Õ£+@ £�D�]Õ£�D�E ± ;C] « ; © ¯ @ ¬H@©9_`]�; « ; a @^_ ©�;CD ² A

¢&�!(')qD�.=B:Ba#4*9�!%')�J'.=%')<>L#4585A#$.=%:%'#Of:#h*9#L)qB:D87C%'>47CB#"J:#h*I.X $;458@'�nJ:#"#45qB:DA�!B�S)��!%')<(:%'#$.=B:B:DA�6>�@'#
W�.!)A;L#�)8(:Dk*-,/.=%�.=*9�!gS79#i.102#L>�*I.$ ].=DA>A@'#h.=*9;1.=5A�!7CDA#�Ba�!(:DkJ:;4D87C02#4DF*9#L)kB:DA�!B:D879;45A;L)F)85�.=5879)85879T6('#L)&J:#L)kB�.=D�.vN
 $r458DA#L)	DA#L>L�!%')858D8(:7C5A)1_

b �b�aÓj
����a�Ñ�����ºÒh�	�a�kÖdc�
��a��� �������Îi�:
��a�iÓj
��

`b." $;458@'�nJ:#i>L�!%')879)85A#�[]#L)8587C $#4DF*9#�B:DA#4 "79#4Dq�!DAJMDA#�JM(\J:;402#4*9�!B:B#4 $#4%65�J:#�¿'�!(:D879#4DqJ:#�*I.?JM79)858D87¤N
W:(:5879�!%]J:#L)+.!)A>L#4%')879�!%')+JMDA�!7C5A#L)� $#L)8(:DA;L#	B�.=DQ(:%'#	#OfMBa;4D879#4%'>L#�J:�!%:%';L#SG2J:�!%H5+*I.Fcd�!%'>45879�!%$JP,V#OfMBa�S)87C5879�!%
#L)85	(:%:7¤cd�!D8 $#�)8(:D	5A�!(:5�*9#<>479#4*-_

`Q,V#L)8587C ].=5879�!%�J:#"*-,/.=%:79)A�!58DA�!B:79#X#L)85�>1.=D�.!>45A;4D879)A;L#?B�.=D�(:%'#X.= "B:*C7C58('J:#
r1h

#45�(:%'#]JM7CDA#L>45879�!%
ψ1hJ:; t %:79#L)�B�.=D��

r1h =
√
a2 + b2 et ψ1h = arctan

b

a
,

.L02#L>

a =
2

N

N∑

i=1

cosϕi et b =
2

N

N∑

i=1

sinϕi,

�!�
N
#L)85k*9#q%'�! �W:DA#�5A�!5�.=*�JP,V;402;4%'#4 $#4%H5A)FJ:;45A#L>45A;L)1_
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Û ���Ò��aÓAÇ�
�Ç����'
��£
�Ó��:
�ÓeRq�i���®�i��Îi�ºÉA�¡�����®�Qf{��ÎONi��Ë×Ó����£
��a�	ÒX�
�q#	*I.q $w4 $#�c�.!�L�!%]T6('#	Ba�!(:DQ*I.q $;458@'�nJ:#F¥ s ��GH%'�!(')3.=*C*9�!%')�J:;4D87C02#4D+*I.Fc��!D8 $#�J:#	*I.�JM79)858D87CW:(:5879�!%

J:#L)�B�.=D�.= $r458DA#L)3DA#L>L�!%')858D8(:7C5A)+#4%]>L�! " $#4%'�1.=%653B�.=D�*9#k>1.!)Q�!�$*I.<JM79)858D87CW:(:5879�!%X.=%:gS(:*I.=7CDA#k#L)85Q79)��!58DA�!B#S_
¥n�!(')�>L#4585A#<@6R6Ba�!58@'rL)A#SGM*9#q02#L>45A#4(:D

r1h
J:; t %:7UB�.=D�)�.i%'�!D8 $#

r1h
#45k)�.�JM7CDA#L>45879�!%

ψ1h
G:#L)A5�*-,V;LT6(:7¤N

0!.=*9#4%65QJM(h02#L>45A#4(:DQB�S)A7C5879�!%
r
[qJ:#4(MfiJM7C $#4%')879�!%')1GS>L�!%')�;L>4(:587¤cP[&*I.q)8('>L>L#L)A)A79�!%hJ:#

N
B�.!)�J:#£*9�!%:gS('#4(:D

λ = 2/N
�!D879#4%H5A;L)F.=*9;1.=5A�!7CDA#4 $#4%H5qJ:#< ].=%:79r4DA#<79)A�!58DA�!Ba#S_

`Q,/.=%�.=*9�!gS79#\.L02#L>K*9#�B:DA�!W:*9r4 $#�J:#�*I.� ].=DA>A@'#^.=*9;1.=5A�!7CDA#�#L)85$J:�!%'>m;45�.=W:*C79#KB�.=D]*9#L)"DA#4*I.=5879�!%')]J:#
>L�!D8DA#L)8Ba�!%'J'.=%'>L#�)8(:7C0S.=%H5A#L)��

r ⇔ r1h

λ ⇔ 2

N

Ddiffusion ⇔ 1

4
λ c

J'.=%')h*I.!TH('#4*C*9#
Ddiffusion

#L)85h*9#�>L�6#O�]>479#4%65]J:#�JM7¤l(')A79�!%Z[\J:#4(Mf�JM7C $#4%')879�!%')1G�*I.�DA#4*I.=5879�!%Y#4%H58DA#K>L#
>L�6#O�]>479#4%65&#45	*9#q*C7CW:DA#<B�.=DA>L�!(:DA)& $�1R2#4%

λ
.LRH.=%65F;45A;<J:;4 $�!%658DA;L#�B:DA;L>L;LJ:#4 " $#4%651_

`b.~JM79)858D87CW:(:5879�!%¯JM(¯02#L>45A#4(:D
r1h

B#4(:5XJ:�!%'>^)1,V�!W:5A#4%:7CDXJ:#K ].=%:79r4DA#^79J:#4%65879TH('#�.=(�>1.!)X[e58DA�!79)
JM7C $#4%')879�!%')1G'#4%K(:587C*C79)�.=%H5k*9#q58@';L�!DAr4 $#�J:#<*I.i*C7C "7C5A#�>L#4%658D�.=*9#�Ba�!(:DkJ:;4D87C02#4D�*-,V#OfMB:DA#L)A)879�!%^)8(:7C0S.=%H5A#]�

p (r1h, N) =
1

2π σ2
r

exp

(
− r2

1h

2σ2
r

)

J'.=%')�*I.!T6('#4*C*9#
p (r1h, N) d2 r1h

#L)85�*I.^B:DA�!W�.=W:7C*C7C5A;XJ:#]DA#L>L�!%')858D8(:7CDA#?*9#$02#L>45A#4(:D
r1h

[
d2 r1h

B:DArL)1_
`Q,V;L>1.=D85�5{RnB#FJ:#k*I.�gH.=(')A)879#4%:%'#q#L)853DA#4*C79;F.=(X%'�! �W:DA#qJP,V;402;4%'#4 $#4%H5A)£B�.=Dq�

σr =
√

2
N

_H`b.�B:DA�!W�.=W:7C*C7C5A;
J:#q $#L)8(:DA#4D�(:%'#<B:@�.!)�#

ψ1h
#L)A5�J:�!%'><(:%:7¤cd�!D8 $#�)8(:D

[0 , 2π]
_

� %?7C%H5A;4gSD�.=%H5�*-,V#OfMB:DA#L)A)879�!%?>47¤N{J:#L)�)8(')+)8(:D+*-,/.=%:gS*9# ψ1h
GS*I.qB:DA�!W�.=W:7C*C7C5A;FJ:#� $#L)8(:DA#4D3(:%'#k.= "B:*C7C58('J:#

r1h
[

d r1h
B:DArL)k)1,V;L>4D87C5��

p (r1h, N) =
r1h
σ2
r

exp

(
− r21h

2σ2
r

)

TH(:7U)o,/.=B:B:DA�6>�@'#�JP, (:%'#�JM79)858D87CW:(:5879�!%�gH.=(')A)879#4%:%'#�[igSD�.=%'J
N
_

Ã ô7ÿ�ó*ô�gIíjòió�í]ì `b.pB:DA�!W�.=W:7C*C7C5A;
P (rrec

1h ≥ r1h)
J:#mDA#L>L�!%')858D8(:7CDA#�(:%'#\.= "B:*C7C58('J:#

rrec1h

)8(:Ba;4D879#4(:DA#
�!(};4gH.=*9#X[

r1h
J'.=%')�*9#]>1.!)iJP, (:%pç'(Mfp79)��!58DA�!B#SG�)1,V�!W:5879#4%H5h#4%~7C%65A;4gSD�.=%H5"*I.mB:DA�!W�.=W:7C*C7C5A;

p (r1h, N)



êP�:è�ëÐü]õLþ^ú2÷�ò.÷�õÈòiþUÁ�ÿeï�òió*ð^ì]õnü]íºî*ìxúrú7ì]õmÂPòbø^ø^úrô7íjò.÷Lô7öeó ð*ìûú7òp�äüj÷Lî*ö ð^ìeÃÅý]Ä è'æU�

>L�! " $#$�

P (rrec
1h ≥ r1h) =

∫ ∞

r1h

p (r1h, N)dr1h

= exp

(
−(rrec1h )2

2σ2
r

)

`b.?)87CgS%:7 t >1.=%'>L#")1,V#OfMB:D87C $#�J:�!%'>hJ:#� ].=%:79r4DA#i)A7C "B:*9#i#45FBa#4D8 $#45FB�.=Dq#Of:#4 "B:*9#iJ:#i>1.=*9>4(:*9#4D�.=%�.vN
*CR65879T6('#4 $#4%H5�*I."0!.=*9#4(:Dk)�#4(:7C*

(rrec1h )3σ
B�!(:D	*I.!T6('#4*C*9#<*I.hB:DA�!W�.=W:7C*C7C5A;

P (rrec
1h ≥ r1h)

0!.=(:5
0.27%

�

(rrec1h )3σ =

√
4 ln(1/0.0027)

N
≈ 4.9√

N

Û ��	Òi�aÓAÇ�
�Ç��p�'
��£
�ÓA�'
�ÓeRq�i���~�i��Î��eÉ��ß�����p�hf-�iÎiNh��ËÑÖØ�<�i��É�Ç�Òh�	�}�iÎ �iÓ8ÒQP�ÉA�

¢&�!(')	#OfMBa�S)A�!%')£ ].=7C%H5A#4%�.=%65k*9#L)£B:DA�!B:D879;45A;L)�J:#q*I.�B:@�.!)A#<#45	J:#q*-,/.= "B:*C7C58('J:#<*9�!DA)	J:#q*-,/.=%�.=*CRM)A#<J:#
� .LRn*9#47CgS@eJP, (:%'#"JM79)858D87CW:(:5879�!%~.=%:gS(:*I.=7CDA#h $�nJM(:*9;L#hB�.=DF(:%eJM7CBa!*9#S_P¢&�!(')FB�.=D�.= $;458D879)A�!%')�*9#�ç'(Mf�)8(:D
*I.h)8B:@'r4DA#�)A�!(')	*I.�c��!D8 $#$�

Φ(u) =
Φ0

4π
(1 + αD · u),

#45�)�.iB:DA�=ªj#L>45879�!%\#4%^.!)A>L#4%')879�!%^JMDA�!7C5A#]�

Φ(u2D) =
Φ0

4π
(2 +

π

2
αD2D · u2D)

�!�K*I.hB:DA�=ªj#L>45879�!%�J'.=%')�*9#qB:*I.=%
xOy

J:#L)	02#L>45A#4(:DA)
u
#45

D
.iBa�!(:Dk#OfMB:DA#L)A)879�!%p�

u2D = (cosϕ , sinϕ) et D2D = (Dx , Dy)

`U#X02#L>45A#4(:D
r1h

#L)85i ].=7C%H5A#4%�.=%H5?*-,/.=%�.=*9�!gS('#KJP, (:%�02#L>45A#4(:D"B�S)87C5879�!%Z>L�!%')A;L>4(:587¤c<[m(:%'#X ].=DA>�@'#
.=*9;1.=5A�!7CDA#�J:#

N
B�.!)oG2.L02#L>�(:%"B:@';4%'�! $r4%'#&JP,/.!JM02#L>45879�!%U_6`�.qB:DA�!W�.=W:7C*C7C5A;kJP,V#OlP#L>458('#4DQ(:%$B�.!)QJ'.=%')Q(:%'#

JM7CDA#L>45879�!%
u2D

#L)85�J:�!%:%';L#�B�.=D��

p (u2D) =
1

4π
(2 +

π

2
αD2D · u2D)
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`b.h0S.=*9#4(:D	 $�1R2#4%:%'#�JM(m02#L>45A#4(:D
u2D

)1,V;L>4D87C5kJ:�!%'>$�

< u2D >=

∫ 2π

0
u2D p (u2D) dϕ =

π α

8
D2D

#45�)�.i0S.=D87I.=%'>L#$�
< cos2 ϕ >=

∫ 2π

0
cos2 ϕ p (u2D) dϕ =

1

2

`b.�JM79)858D87CW:(:5879�!%ZJM(}02#L>45A#4(:D
r1h =

∑
i

2
N (u2D)i

5A#4%'J�.=*9�!DA)�02#4DA)i(:%'#?gH.=(')A)879#4%:%'#�J:#?0!.=*9#4(:D
 $�1R2#4%:%'#?�

s = N × 2

N
× πα

8
D2D =

πα

4
D2D

#45�JP,V;L>1.=D85�5{RnBa#$�
σr =

2

N
×
√
N

2
=

√
2

N
.

`b."J:#4%')A7C5A;<J:#<B:DA�!W�.=W:7C*C7C5A;�JM(m02#L>45A#4(:D
r1h

)1,V;L>4D87C5kJ:�!%'>]�

p (r1h, N) =
1

2π σ2
r

exp

(
−|| r1h − s ||2

2σ2
r

)

`b.iB:DA�!W�.=W:7C*C7C5A;�J:#<DA#L>L�!%')858D8(:7CDA#<*-,/.= "B:*C7C58('J:#
r1h

)1,V�!W:5879#4%H5k#4%�)A�! " ].=%H5�*I.hJM79)A58D87C58D87CW:(:5879�!%^B:DA;ON
>L;LJ:#4%H5A#�)8(:D	*9#L)k.=%:gS*9#L)��

p (r1h, N) =
r1h N

2
I0

( s r1h N

2

)
exp

[
−N (r21h + s2)

4

]

�!�
I0(x)

#L)85$*I.�c��!%'>45879�!% J:#kj£#L)A)A#4*� $�nJM7 t ;L#\JP,V�!DAJMDA#}�S_3`b.~JM79)A58D87CW:(:5879�!%ßJ:#^*-,/.= "B:*C7C58('J:#\J:#^*I.
B:DA#4 "79r4DA#�@�.=D8 $�!%:79TH('#�5A#4%'JßBa�!(:D�*9#L)�gSD�.=%'J:#L)�0!.=*9#4(:DA)KJ:#

N
02#4DA)�(:%'#\gH.=(')A)879#4%:%'#e>L#4%658DA;L#e)8(:D

r1h = s = π
4 α cos δd

G:�!�
δd
#L)85	*I.hJ:;L>4*C7C%�.=79)A�!%\JM(mJM7CB!*9#SG�#45kJP,V;L>1.=D85�5{RnBa#"�

σr =

√
2

N

`Q,/.=%�.=*CRM)A#�J:# � .LRn*9#47CgS@KB#4D8 $#45kJ:�!%'>�J:#qDA#L>L�!%')858D8(:7CDA#<*I.hB:DA�=ª8#L>45879�!%^JM(K02#L>45A#4(:DkJM7CBa!*9#�J'.=%')	*9#
B:*I.=%

xOy
_'`b.]JM79)858D87CW:(:5879�!%�J:#<*I."B:@�.!)A#�5A#4%'J^;4gH.=*9#4 $#4%H5<[hgSD�.=%'J

N
02#4DA)&(:%'#<gH.=(')A)A79#4%:%'#�>L#4%H58DA;L#

)8(:D	*-,/.!)A>L#4%')879�!%�JMDA�!7C5A#�JM(^JM7CBa!*9#SG'.L02#L>�(:%m;L>1.=D85k5{RnB#$�

σψ =

√
2

N r21h
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} ~�n4x�s�prqtw �

° [H[HI�¢�{4A<; A�¢ ©�D�]Õ£�D�E ± ; « ± I&@^_¨¢¬ ¬<;CB ;ª¬ £

{ ¢\]�B D�E ± ;

³G´yµ·¶x¸,´�¹º¶�»·¼.½y¾e¿rÀrÁ4ÂnÃ
Ä�ÂZµË¾bÂ4»�ÀrÁ4Ân¹*× ´·É�Â·ÁrÍW¿?ÂÊ¹]Â·µoÁ4½ºÝjÇºÉbµ\»�Çgµy¸Ê¿?ÏÆ¶bÂ·µ�Âyµ·ÀV¹�× ¶xÉ�Â�ÁQÂ·¸È½ºÁMÏ�¶.½]ÙÆÎNÂ,»QÇg¼.´·ÁQÂ·Ée»yÂyßfµ·¶x¿7Ñ�½ºÉeÀ5¶AÉ�ÂuÎÓÇW¿5¹]Â
¾e¶x¿2µ�µ�½ºÉe»�ÂÊ¾eÁQÂyµÆÏ�¶bÂÈ¾.½WÁ2Ö�½º¿rÀ�Âkµ·¶xÁ�¶AÉ�Â�¹jÇº¶���½º¿7É�Â�¹�× ÇWÁM¹ºÁQÂyµ�¹]Â%ÍºÁ4½ºÉe¹]ÂÆ¶xÁçÂ·É ´ÆÉ�Â·Á?Íº¿?Â�ÂÆÀ\ÀrÁ4ÂÆÉ!À�Âû¹]Â·¶Wà
ÇºÁM¹WÁ4ÂyµZ¹]ÂYÍºÁ4½ºÉe¹xÂ·¶xÁuÂ·É��q¶Wà]Ü��uÇº¶xµ$¾eÁQ´yµ�ÂÆÉ!ÀËÇºÉbµZ¹j½ºÉbµR»yÂ�»·¼A½·¾e¿7ÀrÁQÂR¶AÉ�Â�´ÆÀr¶b¹]Âu¹]´·¸ÈÇºÉ!ÀrÁ4½ºÉ!À^ÎN½�Ñ�¿r½xÙ·¿2Îw¿rÀ�´
¹�× ¶AÉÕ¸ÈÇ�¹xæ·ÎNÂ�¹º¿rÀt�Ë¼.ÇºÎH¿2µ·Àr¿?ÏÆ¶iÂ��ËßVÂQày¾eÎw¿rÏÆ¶b½ºÉ!ÀfÎN½R¾!¼.´ÆÉeÇº¸,´·ÉeÇºÎNÇQÍº¿ËÂÊ¹º¶�Á4½ºÝjÇºÉiÉ�ÂÆ¸ÈÂÆÉ!À5»QÇgµ·¸Ê¿rÏÆ¶iÂÊÌÈÀËÇW¶AÀ�Âyµ
ÎNÂyµ�´·É�Â·ÁrÍW¿?Âyµ�Ì�¾.½ºÁÆÀr¿7Á�¹*× ¶AÉ µ�Â·¶AÎGÀrÝ�¾iÂ�¹xÂkµ�Çº¶xÁ4»�Âyµyß�½j»Q»y´·ÎN´ÆÁM½ºÉeÀÈ¹]Âyµ�ÉeÇºÝj½º¶Wà��·¶xµÆÏÆ¶$× ½W¶ºàã¾eÎw¶]µk¼A½W¶AÀ�Âyµ
´·É�Â·Á?Íº¿ËÂyµ�ÜqÄ�Â,µ�Â·¶xÎ�¾.½ºÁ4½º¸,æÆÀrÁQÂkÎw¿?ÙÆÁ4Â�¹W¶¥¸ÈÇ�¹]æ·ÎÔÂãÂyµÆÀoÎ4× ¿7Ée¹º¿?»�Â,µË¾bÂQ»�ÀrÁM½WÎ

x
ßR¹º¶�µË¾bÂ4»�ÀrÁ4ÂÕ¹�× ¿7É���Â4»�Àr¿?ÇºÉ ¹]Âyµ

³z�*µ%ÌçÎÓ½ûµ�Çº¶AÁM»�ÂûÂ·É
E−x Ü5Ä�½�ÉeÇºÁ·¸È½ºÎH¿2µÆ½jÀr¿rÇºÉ(ÁQÂ·ÎN½WÀr¿7ÑgÂ�ÂÆÉ!ÀrÁ4ÂkÎÓ½�»QÇº¸�¾.Çgµ�½ºÉ!À�ÂÈÍ]½ºÎÓ½]»�Àr¿rÏ�¶bÂûÂÆÀuÂ4àWÀrÁ4½ºÒ

Íj½ºÎN½j»�Àr¿?ÏÆ¶bÂ�ÇxÙyµ�Â·Á·Ñg´QÂä¹j½ºÉbµ�ÎÔÂyµÕ¹jÇºÉiÉ�´�Âyµã¿2¸�¾.Çºµ�Â
x ' 2.23 ± 0.07

Ü��$ÂÆÀ?À�ÂÕÑ�½ºÎÔÂ·¶AÁ�ÂyµÆÀ�Â·É ½j»Q»�ÇºÁM¹ Ì
ÎÓ½%Ö�Çº¿:µ�½WÑgÂ4»çÎÔÂyµÕ¸,Âyµ·¶xÁQÂyµûÌ�ÙQ½gµ�µ�Âä´·É�Â·Á?Íº¿ËÂyß,ÂÆÀn½ºÑgÂ4»�ÎÔÂ�¸,Â·¿7Î2ÎÔÂ·¶AÁû½��·¶]µÆÀ�Â·¸,Â·É!Àn¹º¶ µË¾bÂ4»�ÀrÁ4Â¥Ì�¼A½º¶.À�Â
´·É�Â·Á?Íº¿ËÂyßVÂ·É�µy¶L¾j¾.Çgµ�½ºÉ!Àf¶xÉ�Âu»QÇW¸m¾bÇgµy¿rÀr¿rÇWÉû¸Ê¿NàWÀ�Â�Ü��qÎ7ÎÔÂoµ�Â·¸,Ù·ÎNÂÊ´?Í]½ºÎNÂÆ¸ÈÂÆÉ!ÀY»QÇº¸�¾.½WÀr¿ËÙ·ÎÔÂÊ½ºÑgÂ4»n»�ÂÆÁ·ÀË½º¿7É�Âyµ
½WÀ?À�Â·É!À�Âyµ,À7¼b´4ÇºÁ·¿rÏÆ¶iÂyµyßRÉeÇjÀË½º¸Ê¸ÈÂÆÉ!ÀR½WÑgÂ4»kÎÔÂyµÈ¸ÈÇ�¹]æ·ÎÔÂyµÐ¹*× ½j»�»�´·ÎÔ´·ÁM½jÀr¿rÇºÉ ¹]Â�¾.½ºÁÆÀr¿?»Æ¶xÎÔÂyµÐ½W¶¥Ñ�Çº¿2µy¿7Ée½�ÍxÂk¹]Â
»·¼AÇ�»·µ�ÁQÂ·ÎN½WÀr¿7Ñ�¿:µÆÀ�Âyµ�Ü
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À .=*CgSDA;<*9#L)	B:DA�!gSDArL)k>L�!%')A79J:;4D�.=W:*9#L)&T6(:7U�!%H5F;45A;<DA;1.=*C79)A;L)1G'[h*I.hcd�!79)�)A(:D	*9#<B:*I.=%^�!W')A#4D80S.=5879�!%:%'#4*�#45
)8(:D�*9#+B:*I.=%h58@';L�!D879T6('#SG!*-,V�!D87CgS7C%'#�J:#L)�D�.1R2�!%')�>L�S)8 "79T6('#L)�DA#L)A5A#37C%'>L#4D85�.=7C%'#�[k5A�!(:5A#L)�*9#L)�;4%'#4D8gS79#L)1G!#45�c�.=7C5
*-,V�!WMªj#45�JP, (:%e7C%65A#4%')A#"J:;4W�.=51_U`U#L)q7C%Mc��!D8 ].=5879�!%')�*9#L)qB:*C(') t .=W:*9#L)�J:�!%H5�%'�!(')�JM79)AB�S)A�!%')qB:DA�o0679#4%:%'#4%65
J:#�*-,V;458('J:#iJ:#L)kD�.1R2�!%')q>L�S)8 "79TH('#L)<[$W�.!)A)A#�;4%'#4D8gS79# � #4%H58DA#X�1½S½ À #{� #45i�1½S½ ä #-�èB�.=DF%H('>4*9;L�!%��OG*9#L)
B�!7C%65A)	7C "Ba�!D85�.=%H5A)&B�!(:D	%'�!58DA#�;458('J:#�;45�.=%H5��

?
*9#�)AB#L>458DA# µ�Çº¶AÁM»�Â � >S,V#L)85jN¨[vN{JM7CDA#�%'�!%^B:DA�!B�.=g2;o�k#L)85&>L�! "B�.=587CW:*9#h.L02#L>�(:%'#�*9�!7�J:#�B:(:79)A)�.=%'>L#i#4%
E−x G:JP, 7C%'JM79>L# x ' 2.2

µn�M_ E � >Oc8_P¸ à �v¹�#45�¸ � ½=¹¾�
?
*I.K>L�! "Ba�S)87C5879�!% µÆÇº¶AÁM»yÂ )A#4 �W:*9#?B:DA�102#4%:7CDhJ:#$*-,/.!>L>L;4*9;4D�.=5879�!%ZJM(p "7C*C79#4(«7C%H5A#4DA)A5A#4*C*I.=7CDA#] $�oR2#4%UG
.L02#L>?TH('#4*9T6('#L)� $�nJM7 t >1.=5879�!%')iJM('#L)�[KJ:#L)< $;L>1.=%:79)A $#L)�)8Ba;L>47 t T6('#L)�J:#$)A;4*9#L>45879�!%}#45�[�*-,V#4%:D87¤N
>A@:79)�)A#4 $#4%H5F*9�6>1.=*PB:DA�nJM(:7C5�B�.=D�*-,V;¬ª8#L>45879�!%^J:#< ].=5879r4DA#�B�.=Dk>L#4D85�.=7C%'#L)k;45A�!7C*9#L)k ].!)A)87C02#L) � >Oc8_P¸ � �4¹#45�¸ � Ýv¹��

?
*9#�>L�6#O�]>479#4%65^J:#�JM7¤l(')A79�!%�J:#L)�%'�1RH.=(Mf�.=(:gS $#4%H5A#~.102#L>e*9#4(:D�D�.=B:B�!D85m;4%'#4D8gS79#e)8(:DK>�@�.=D8g2#
;4*9#L>458D879T6('#k>L�! " $#

(E/Z)β
G2�!�

β ' 0.3
µn½M_�� � >Ocj_:¸ à �v¹¾�O_2`b#	5A#4 "B')QJ:#�>L�!% t %'#4 $#4%65�J:#L)�%'�oRH.=(MfT6(�.=%H5$[m*C(:7£J:;L>4DA�!7C5"#4%

(E/Z)−β
G�>L#�TH(:73B#4(:5h)A#X>L�! "B:DA#4%'JMDA#m.=79)A;4 $#4%H5"J'.=%')i(:%} $�nJ:r4*9#

)87C "B:*9#m�!��*9#K02�!*C(: $#^J:#m>L�!% t %'#4 $#4%65X#L)A5][�B#4(ZB:DArL)]7C%'J:;4B#4%'J'.=%65?J:#K*-,V;4%'#4D8gS79#�#45]�!�Y*9#
>L�n#O�]>L#4%H5&J:#�JM7¤l(')879�!%^.=(:gS $#4%65A#�#4%

Eβ
_

?
*I.]5�.=7C*C*9#�JM(\@�.=*9��J:#�>L�!% t %'#4 $#4%65�#L)85kDA#4*I.=587C02#4 $#4%65�gSD�.=%'J:#SGaJ:#�*-,V�!DAJMDA#iJ:#ix��nB>�J:#�B�.=D85<#45
JP,/.=(:58DA#�JM(KB:*I.=%^gH.=*I.!>45879TH('# � >Ocj_P¸ � E!¹¾���.=D?.=7C*C*9#4(:DA)1G+[\@�.=(:5A#m;4%'#4D8gS79#SG+�!%YB#4(:5"5¨R6B:79T6('#4 $#4%H5XJM79)8587C%:gS('#4D]J:#4(Mf�5{RnB#L)]J:#K)A>L;4%�.=D879�S)^�

)A�!7C5�*9#L)&)A�!(:DA>L#L)F.!>L>L;4*9r4DA#4%65&(:%:79T6('#4 $#4%H5qJ:#L)&B:DA�!5A�!%')1G�#45kJ'.=%')F>L#�>1.!)&*9#�)8Ba#L>458DA#�)A�!(:DA>L#�)1,/.vª¬(')A5�.=%H5
*9#i "79#4(Mfe.=(Mf�J:�!%:%';L#L)�#L)85q(:%'#h*9�!7�J:#hB:(:79)A)�.=%'>L#"#4%
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τconf

G6JM7C0n79)A;&B�.=D3*9#&02�!*C(: $#
J:#<>L�!% t %'#4 $#4%H51G

Vconf
�

nG(E) ' Q0

(
E

E0

)−x

× τconf(E)

Vconf(E)
� �M_/�2�
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cτ
G��!�

τ
#L)A5�*9#]¦O5A#4 "B')FJ:#<0679#2¦�J:#L)�B�.=D85879>4(:*9#L)1G�DA#4*C79;�.=(MfKB#4D85A#L)

JP,V;4%'#4D8gS79#S_��q.=%')h*9#�>1.!)"JP, (:%�58D�.=%')8Ba�!D85"JM7¤l(')87¤c<.L02#L>�(:%Z>L�n#O�]>479#4%H5$J:#�JM7¤l(')A79�!%
D
G�*I.�JM79)A5�.=%'>L#

#OfnB:*9�!DA;L#�.=(KWa�!(:5kJM(K5A#4 "B')
τ
#L)A5�#4%H0n7CDA�!% √

6Dτ
_

s�t %mJP,V�!W:5A#4%:7CDk(:%m�!DAJMDA#�J:#qgSD�.=%'J:#4(:DkBa�!(:D	%'�!58DA#<>1.=*9>4(:*-G:%'�!(')�>L�!%')879J:;4DA�!%')&TH('#q*9#L)�B�.=D85879>4(:*9#L)
¦4JM79)8B�.=D�.=79)A)A#4%65o¦kT6(�.=%'J?#4*C*9#F�!%H5�Ba#4DAJM(?(:%'#kc¾D�.!>45879�!%X7C "Ba�!D85�.=%H5A#qJ:#�*9#4(:D£;4%'#4D8gS79#S_M¢&�!(')�>A@'�!79)879)�)A�!%')
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JP,V;4%'#4D8gS79#

τloss(E)
G�J:; t %:7�B�.=D�*-,V;LTH(�.=5879�!%

dE/dt = E/τloss(E)
_�¶®*-,V;4%'#4D8gS79#�J:#<DA;Oc�;4DA#4%'>L#

E1
G'�!%�.

τloss(E1) ' 4.4 109 .=%')oG:>L#�TH(:7U#L)A5�)8(M�])�.=%H5	Ba�!(:DkT6('#q*9#L)�JM7¤lP;4DA#4%H5A#L)k)AB:@'r4DA#L)�J:#�JM7¤la(')879�!%^.=(:5A�!(:D
J:#L)	gH.=*I.vfn79#L)k)A#qDA#L>L�!(:06DA#4%651_

� %�>L�!%')A79J:;4D�.=%H5�TH('#�*9#L) � � � ä )b)o,/.!>L>4(: �(:*9#4%H5�(:%:7¤c��!D8 $;4 $#4%H5�J'.=%')b*-, (:%:7C02#4DA)�Ba#4%'J'.=%H5b(:%�5A#4 "B')
τloss
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(:%:7C02#4DA) ½]»�Àr¶bÂÆÎ G

ngal
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JP,V;45A�!7C*9#L)1_M¢&�!(')�B:DA#4%'�!%')£J:�!%'>F%'�!58DA#&gH.=*I.vfM79#q>L�! " $#FDA;Ocd;4DA#4%'>L#SGM#45	#L)8587C $�!%')�*I.iJ:#4%')87C5A;&J:#FgH.=*I.vfM79#L)
J:#�5{RnB#p¦O�Q�!79#m`�.!>45A;L#2¦KJ'.=%')$*-, (:%:7C02#4DA)?>L�! " $#K*9#�D�.=B:B�!D85?#4%H58DA#K*I.�J:#4%')87C5A;^J:#�5�.=(Mf�J:#Xc��!D8 ].vN
5879�!%�JP,V;45A�!7C*9#L)<J'.=%')q*-, (:%:7C02#4DA)q*9�n>1.=* ' 1.4 10−2 M�yr−1Mpc−3 � >Oc8_�¸��M�O¹¾�&#45F*9#�5�.=(Mf\J:#�c��!D8 ].=5879�!%JP,V;45A�!7C*9#L)kJ:#q%'�!58DA#<gH.=*I.vfM79#SG ' 3M�yr−1 � >Oc8_U¸��S½v¹¾�OG'>L#<T6(:7UJ:�!%:%'# ngal ' 5 10−3 Mpc−3 _

¢&�!(')�;L>4D87C02�!%')mJ:�!%'>SG	J'.=%')�(:%'#\B:DA#4 "79r4DA#~.=B:B:DA�1fn7C ].=5879�!%UG�*I.}J:#4%')A7C5A;eJ:#�D�.1R2�!%')m>L�S)8 "79T6('#L)
#Ofn58D�.vN-gH.=*I.!>45879T6('#�>L�! " $#$�

nEG(E) ' Q0

(
E

E0

)−x

× τloss(E) × ngal , � �M_/Ý2�
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[h>L�! "B�.=DA#4DF.102#L><*-,V;LTH(�.=5879�!% � �M_/�2�O_

��*C(')	D87Cg2�!(:DA#4(')�#4 $#4%H51G'*I.iJ:#4%')87C5A;<#OfM58D�.vN-gH.=*I.!>45879T6('#�[i*-,V;4%'#4D8gS79#
E
J:�!7C5�)A#q>1.=*9>4(:*9#4Dk#4%m)A�! " ].=%65

5A�!(:5A#L)X*9#L)]B�.=D85879>4(:*9#L)�7C%!ª8#L>45A;L#L)X[~(:%'#\;4%'#4D8gS79#�B:*C(')X;4*9#402;L#�J'.=%')]*9#�B�.!)A)A; � [e(:%ßDA#LJ:)8@:7¤cd5 z �]J:#5A#4*C*9#� ].=%:79r4DA#m[�>L#�TH(U,V#4*C*9#L)].=79#4%65"B#4DAJM(Z*I.�Wa�!%:%'#KTH(�.=%6587C5A;mJP,V;4%'#4D8gS79#KBa�!(:D"w458DA#KJ:;45A#L>45A;L#L)][
E.=(!ªj�!(:DAJP, @6(:73�

nEG(E) = ngal ×
∫ T

0
Q(Ein(E, tret), tret)

dEin

dE
dtret, � �M_ E6�

�!�
tret

#L)85�*9#35A#4 "B')�DA#45�.=DAJ:;£�!(�5A#4 "B')�J:#3DA#4gH.=DAJh#4%h.=D8D879r4DA#SG!J:#4B:(:79)Q.=(!ª8�!(:DAJP, @H(:7 � tret = 0
�:ª¬(')AT6(U,/.=(

J:;4W:(:5<J:#�*-,/.!>4587C0n7C5A;hJ:#L)q)A�!(:DA>L#L) � tret = T
�O_a`b.XTH(�.=%6587C5A;

Ein(E, tret)
#L)85&*-,V;4%'#4D8gS79#"JP, 7C%!ª8#L>45879�!%~.=(

5A#4 "B')
tret
G�J:#L) � � � ä )mTH('#\*-,V�!%��!W')A#4D802#p.=(!ª8�!(:DAJP, @H(:7i[~*-,V;4%'#4D8gS79# E G£#45K*9#�5A#4D8 $# Q(E, t) =

Q0(E/E0)
−x × f(t)

GUB:DA#4%'J~#4%«>L�! "B:5A#](:%'#]B�S)�)87CW:*9#$;402�!*C(:5879�!%«5A#4 "B�!DA#4*C*9#XJ:#$*I.mB:(:79)A)�.=%'>L#]J:#L)
)A�!(:DA>L#L) � f(0) = 1

�O_

`Q,V;4%'#4D8gS79#�JP, 7C%!ª8#L>45879�!%m#L)85	J:;45A#4D8 "7C%';L#�#4%KDA;L)A�!*C0S.=%H5	*-,V;LT6(�.=5879�!%mJ:#L)£Ba#4D85A#L)�JP,V;4%'#4D8gS79#"�
dE/dt =

Ė(E, t)
J'.=%')�*I.!T6('#4*C*9#�)A�!%65�7C%'>4*C('#L)&[i*I.�c��!79)	*9#L)	Ba#4D85A#L)�JM('#L)&[i*-,V#OfMB�.=%')879�!%^J:#�*-, (:%:7C02#4DA)��

dE

dt

∣∣∣∣
exp

=
E

1 + z
× dt

dz
, � �M_/x2�

#453*9#L)£Ba#4D85A#L)£JM('#L)�.=(Mf]7C%H5A;4D�.!>45879�!%')&.L02#L>q*9#FD�.LR2�!%:%'#4 $#4%65kJM(Xcd�!%'JXJM7¤l(')	>L�S)A $�!*9�!gS79TH('# � >Oc8_¸��S�v¹¾�&�

dE

dt

∣∣∣∣
CMB

= E (1 + z)3K

∫ ∞

0
〈σκ〉[xE(1 + z)]x ln(1 − e−βx)dx, � �M_��2�

�!� 〈σκ〉 #L)85k*9#�B:DA�6JM(:7C5qJ:#�*I.])A#L>45879�!%�#O�]>1.!>L#hJP, 7C%65A#4D�.!>45879�!% � Ba�!(:Dk*I.?>4DA;1.=5879�!%�J:#�B�.=7CDA#L)F# + N{# − #45
*I.hB:DA�nJM('>45879�!%^J:#<B:79�!%')��	B�.=D�*-, 7C%';4*I.!)85879>47C5A;�>L�!D8DA#L)AB�!%'J'.=%65A#SG�*9#L)�>L�!%')A5�.=%H5A#L)

K
#45
β
;45�.=%H5FJ:�!%:%';L#L)

B�.=D
K = (kBT0m

2
pc

4)/(2π~
3c2E)

#45
β = mpc

2/2kBT0
G'.102#L>

T0 = 2.73
� _

`Q,V;LT6(�.=5879�!% � �M_ E6��Ba#4(:5kJ:�!%'>�)1,V;L>4D87CDA#]�

nEG(E) ' Q0

(
E

E0

)−x

× τloss(E) × ngal × I(E, x), � �M_ à �

�!�
τloss = E/Ė(E, 0)

#L)85�>1.=*9>4(:*9;�[
z = 0

#45	*-, 7C%H5A;4gSD�.=*9# I(E, x)
>L�!%65879#4%H5k5A�!(:5A#q*-, 7C%Mc��!D8 ].=5879�!%�J:#L)

 $�6JM7 t >1.=5879�!%')�.=B:B�!D85A;L#L)�[?*-,V;LT6(�.=5879�!% � �M_/Ý2�FJM('#L)�[?*-,V;402�!*C(:5879�!%~>L�S)8 $�!*9�!gS79T6('#"J:#L)<)A�!(:DA>L#L)�#45<J:#L)



�P�:è���öeï=�¥òiú7ô7õ�ò.÷Lô7ö�ó�ïgìxú7ò.÷Lô2ùeìûð*ìxõÈíjö��¥ø$ö!õLòió�÷�ì]õÈÿeòiú2òbíj÷Lô�YÅþ*ìÕì]÷,ì2Á ÷�ïgòn��ÿ!òiú7òbíW÷Lô%YÅþ*ì è:éb�

0

0,2

0,4

0,6

0,8

1

2 2,2 2,4 2,6 2,8 3

c
o
s
m

o
lo

g
ic

a
l 
fa

c
to

r

spectral index at the source, x

3.7 e

f(z) ~ (1 + z)
4

f(z) ~ 1

 (no evolution)

!
M
 =  0 .2 7

!
"
 =  0 .7 3

#0 .7 4 x

1.4 e
#0 .5 3 x

°�±¾²£´ �M_C�qµ�¿�.!>45A#4(:DF>L�S)8 $�!*9�!gS79T6('#SG I(E1, x)
GJ:; t %:7�J'.=%') � T_ � �M_ � �OG�#4%^cd�!%'>45879�!%�J:#<*-, 7C%'JM79>L#i)8Ba#L>ON58D�.=*�JM(Z)8Ba#L>458DA#?)��!(:DA>L#?J:#L)iD�.LR2�!%')">L�S)A "79TH('#L)1G

x
G�Ba�!(:D

E1 = 10 � #-�|#45iJ:#4(Mf}>�@'�!7¤f«JM7¤lP;4DA#4%H5A)
JP,V#402�!*C(:5879�!%�J:#q*I.hB:(:79)A)�.=%'>L#�J:#L)�)A�!(:DA>L#L)1G

f(z)
_

B#4D85A#L)�JP,V;4%'#4D8gS79#L)��

I(E, x) ≡ Ė(E, 0)

E

∫ ∞

0

(
Ein

E

)−x dEin

dE
f(z)

dt

dz
dz. � �M_ � �

�&%$B#4(:5+DA#4 ].=DATH('#4D�TH('# I(E, x)
)A#4D�.=7C53;4gH.=*�[

1/(x−1)
)87
Ė(E, t)

;45�.=7C53>L�!%')85�.=%653#45+)A7:*9#L)+)A�!(:DA>L#L)
%U,V;402�!*C(�.=79#4%H5	B�.!) � f(z) = 1

�O_M¥67
H0

J:;L)87CgS%'#&*I.�0!.=*9#4(:D	.!>458('#4*C*9#qJ:#k*I.�>L�!%')85�.=%65A#<J:#©¨&(:W:W:*9#�¼
ΩM

*I.
J:#4%')87C5A;�J:#< ].=5879r4DA#<%'�!D8 ].=*C79)�;L#SG

ΩΛ
*I.">L�!%')85�.=%65A#�>L�S)8 $�!*9�!gS79T6('#�DA;LJM(:7C5A#�#45

Ωk = 1 − ΩM − ΩΛ
*I.

J:#4%')87C5A;�J:#<>L�!(:D8W:(:DA#SG'*I.iDA#4*I.=5879�!%�5A#4 "B')jN-DA#LJ:)8@:7¤cd5k)1,V;L>4D87C5��

dt

dz
=

1

H0(1 + z)2

[
ΩM(1 + z) + Ωk +

ΩΛ

(1 + z)2

]−1/2

. � �M_��2�

¶»B�.=D8587CD�J:#e>L#4585A#eDA#4*I.=5879�!%UG�ªL,/.=7<B:(®>1.=*9>4(:*9#4Dm%H(: $;4D879T6('#4 $#4%H5\*9#�c-.!>45A#4(:Dm>L�!D8DA#L>4587¤c I(E, x)
G

>L�! " $#�7C*C*C(')A58DA;\)A(:D?*I. t gS(:DA# � �M_C�o�OG£>L�!D8DA#L)8B�!%'J'.=%65^.=(Mf¯0S.=*9#4(:DA)�� ΩM = 0.27
G

ΩΛ = 0.73
#45

H0 ' 75
�6 Sª=)«ª À Ba>S_

¶�T6('#4*9TH('#L)QB�!(:DQ>L#4%65QB:DArL)1G!*I.q>L�!(:D8Wa#£B#4(:5Qw458DA#	B�.=D�.= $;458D879)�;L#	B�.=D I(E1, x) ' 1.4 e−0.53x J'.=%')
*9#">1.!)

f(z) = 1 � B�.!)�JP,V;402�!*C(:5879�!%~J:#L)�)A�!(:DA>L#L)O�F#45 I(E1, x) ' 3.7 e−0.74x Ba�!(:D<(:%'#$;402�!*C(:5879�!%p7C%
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f(z) = (1 + z)4 � B�.=D&.=%�.=*9�!gS79#�.102#L><*-,V;402�!*C(:5879�!%�JM(^5�.=(Mf�J:#qc��!D8 ].=5879�!%^JP,V;45A�!7C*9#L)��O_
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`b.~0!.=*9#4(:D?B:DA;LJM7C5A#�JM(¯D�.=B:Ba�!D85
nG(E0)/nEG(E1)

J:;L>L�!(:*9#�JM7CDA#L>45A#4 $#4%65mJ:#L)?;LT6(�.=5879�!%') � �M_/�2�.=%'J � �M_ à �q�
nG(E0)

nEG(E1)
'
(
E1

E0

)x
× τconf(E0)

τloss(E1)
× 1

ngalVconf(E0)I(E1, x)
� �M_C�1½2�

� %m79J:#4%6587 t .=%H5q*9#< $#4 �W:DA#�J:#<gH.=('>A@'#iJ:#<*-,V;LT6(�.=5879�!%�>47¤N{J:#L)A)A(')k.L02#L>�*I.h0!.=*9#4(:D& $#L)8(:DA;L#�JM(mD�.=B:Ba�!D85J:#L)�ç'(Mf]J:#	D�.1R2�!%')£>L�S)8 "79TH('#L)+gH.=*I.!>45879TH('#L)£#45+#OfM58D�.vN-gH.=*I.!>45879T6('#L)1G6#45�#4%?;L>4D87C0S.=%H5 I(E1, x) ' Ae−Bx

� 02�!7CD	>47¤N{J:#L)A)8(')��OGn�!%�B#4(:5	.=79)A;4 $#4%H5	DA;L)��!('JMDA#&*-,V;LT6(�.=5879�!% � �M_C�1½2�+B�!(:D	J:;45A#4D8 "7C%'#4D	*I.�0!.=*9#4(:D	JM(K)A#4(:*B�.=D�.= $r458DA#�*C7CW:DA#<JM(m $�nJ:r4*9#SG:*-, 7C%'JM79>L#<*9�!gH.=D87C58@: "79T6('#�JM(�)8B#L>458DA#<JP, 7C%!ª8#L>45879�!%UG
x
�

x = ln

[
AngalVconf(E0)

τloss(E1)

τconf(E0)

ΦCR(E0)

ΦCR(E1)

]/
ln

[
E1

E0
eB
]
. � �M_C�S�o�

`b.~0!.=*9#4(:D�J:#
x
#L)85�J:�!%'>\J:�!%:%';L#\#4%¯c��!%'>45879�!%ßJ:#�B�.=D�.= $r458DA#L)m.!)858DA�!B:@HRM)879T6('#L)�TH(:7FB#4(:02#4%65

w458DA#]JM7CDA#L>45A#4 $#4%65i $#L)A(:DA;L)1_b¢F�!(')�.102�!%')�J:;L>4D87C5iB:DA;L>L;LJ:#4 " $#4%H5h*9#]>�@'�!7¤f~J:#L)�0S.=*9#4(:DA)iJ:#
τloss(E1)#45�J:#"*I.KJ:#4%')87C5A;

ngal
_b`U#"5A#4 "B')�J:#]>L�!% t %'#4 $#4%H5".=(:5A�!(:D�J:#m� ä #{�Ñ#L)85�TH(�.=%65i[X*C(:7

τconf(E0) '
2.4 107 .=%') � >Oc8_¸��SÝv¹¾�O_����! " $#q%'�!(')�*-,/.L02�!%')	D�.=B:Ba#4*C*9;�.=(:B�.=D�.L0S.=%H51G:*9#L)£DA;L>L#4%65A#L)k;458('J:#L)�>L�!%'>L#4D8%�.=%65*I.\B:DA�!B�.=gH.=5879�!%Yc-.L02�!D879)A#4%65]J:#L)"@�.=(:5A#4(:DA)?J:#�@�.=*9�eJ:#K*-,V�!DAJMDA#mJ:#mx(�nB>K.=(MN{J:#L)A)8(')]#45$#4%YJ:#L)A)A�!(')
JM(ZB:*I.=%YgH.=*I.!>45879T6('#S_ � %Y $�nJ:;4*C79)�.=%65]*9#K02�!*C(: $#mJ:#^>L�!% t %'#4 $#4%H5�J:#L)"D�.LR2�!%')X>L�S)8 "79T6('#L)$J'.=%')$*I.gH.=*I.vfn79#\>L�! " $#\(:%º>4R6*C7C%'JMDA#�J:#�D�.LR2�!% ≈ �S½��nB>SG+*9#\02�!*C(: $#\J:#\>L�!% t %'#4 $#4%H5\[�� ä #-� )1,V;L>4D87C5
Vconf(E0) ' π × (20 kpc)2 × 10 kpc ' 1.3 10−5 Mpc3 _

���! " $#�0S.=*9#4(:D&JM(^ç'(Mf^J:# � � ä )k $#L)8(:DA;�[
E0
G'%'�!(')&B:DA#4%'�!%')k*9#�ç'(MfmJM7¤la;4DA#4%65879#4*�J:;L>L�!%602�!*C(';

J:#L)�#OlP#45A)�J:#q $�6JM(:*I.=5879�!%\)A�!*I.=7CDA# � >Oc8_P¸��=ES¹¾�F� ΦCR(1GeV) ' 0.5 cm−2sr−1s−1GeV−1 _
¶è@�.=(:5A#";4%'#4D8gS79#

E1
G�%'�!(')qB:DA#4%'�!%')�(:%'#� $�oR2#4%:%'#$J:#L)qDA;L)8(:*C5�.=5A)�JP, skä<s ¥ s � �b#L)8@:7C ].MGP#45�.=*-_CG�S½S½=E6�£#45�JP,±¨&7 � #L) � � #L>�@UG�#45k.=*-_CG��S½S½=E6�q� ΦCR(1019 eV) ' 2 10−28 cm−2sr−1s−1GeV−1 _

¢F�!(')Q�!W:5A#4%'�!%')3.=*9�!DA)+*9#	D�.=B:B�!D853J:#L)�ç'(Mf" $#L)8(:DA;L)+#OfMB;4D87C $#4%65�.=*9#4 $#4%H5q�
ΦCR(E0)/ΦCR(E1) '

2.5 1027 _ � %�7C%')�;4D�.=%H5<>L#L)k0S.=*9#4(:DA)FJ'.=%')&*-,V;LT6(�.=5879�!% � �M_C�S�o�OG#45F#4%\)A(:B:B�S)�.=%65F)��!7C5 f(z) = (1 + z)4
G

>L�!D8DA#L)8Ba�!%'J'.=%H5�[
A = 3.7

#45
B = 0.74

Ga)A�!7C5
f(z) = 1

G�>L�!%'JM(:79)�.=%65�[
A = 1.4

#45
B = 0.53

G%'�!(')
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58DA�!(:02�!%') t %�.=*9#4 $#4%H5i�

x ' 2.23 ± 0.07, pourf(z) = (1 + z)4,

x ' 2.21 ± 0.07, pourf(z) = 1,
� �M_C�1�2�

�!�«*9#L)�¦OW�.=D8DA#L)$JP,V#4D8DA#4(:Do¦�B:DA#4%:%'#4%H5X#4%Z>L�! "B:5A#K(:%'#�7C%'>L#4D8587C58('J:#mJP, (:%Zc-.!>45A#4(:D]x\)8(:D"*I.�TH(�.=%6587C5A;
ngalVconf(E0)(τloss(E1)/τconf (E0))

G�.=7C%')87�TH(U, (:%'#�B�S)A)A7CW:*9#�JM7¤la;4DA#4%'>L#�J'.=%')k*-,V;402�!*C(:5879�!%�J:#<*I.$B:(:79)jN
)�.=%'>L#<J:#L)�)A�!(:DA>L#L)1_
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´ ó�ìãí]ö$µyó*í]ô7ð*ìAó�íjì ã `U#�DA;L)8(:*C5�.=5��!W:5A#4%H(\#4% � �M_C�1�2�� $�!%H58DA#�J:�!%'>�TH(U, (:%'#�J:#L)A>4D87CB:5879�!%m@'�!*C79)85879T6('#JM("D�.LR2�!%:%'#4 $#4%H5£>L�S)8 "79T6('#�#L)85�Ba�S)A)87CW:*9#S_S�<.=%')Q>L#	 $�nJ:r4*9#SGS*9#L)�D�.1R2�!%')+>L�S)8 "79T6('#L)Q)A�!%65QB:DA�nJM(:7C5A)QB�.=D
*9#< $w4 $#�5¨R6Ba#�J:#�)A�!(:DA>L#i[h5A�!(:5A#L)�*9#L)&;4%'#4D8gS79#L)F.102#L>�(:%^)AB#L>458DA#�#4%�*9�!7bJM(mB:(:79)A)�.=%'>L#�J:�!%H5&*-, 7C%'JM79>L#
)8B#L>458D�.=*P#L)85£J:;45A#4D8 "7C%';<J:#F ].=%:79r4DA#q(:%:7C02�6T6('#<[�B�.=D8587CD£J:#L)£ $#L)A(:DA#L)<�

x ' 2.2
µn�M_/ÝM_���#FDA;L)8(:*C5�.=5	#L)85

5A�!(:5	[�c-.=7C5�DA#4 ].=DAT6(�.=W:*9#<>1.=D£*I.�0!.=*9#4(:D	J:#
x
TH(:7a#L)85	)A�!*C(:5879�!%K#L)85�B�.=D85879>4(:*C79r4DA#4 $#4%H5k7C%65A;4DA#L)A)�.=%65A#�JM(

B�!7C%65kJ:#q06('#qB:@';4%'�! $;4%'�!*9�!gS79T6('#i#45�58@';L�!D879TH('#S_
��#4585A#]0S.=*9#4(:DhJ:#$Ba#4%H5A#XJM(«)8Ba#L>458DA#]#L)A5i#4%«#Ola#45h#4%«.!>L>L�!DAJ�.L02#L>X*9#L)�B:DA;LJM79>45879�!%')"J:#L)� $�nJ:r4*9#L)

JP,/.!>L>L;4*9;4D�.=5879�!%~B�.=D�>A@'�n>"DA#4*I.=587C0n79)85A# � >Oc8_�¸��Sxv¹¾�OGb.=7C%')87QT6(U,/.L02#L>"*9#L)�DA;L)8(:*C5�.=5A)�J:;4D87C02;L)�J:#h $#L)A(:DA#L)�J:#>L�! "B�S)87C5879�!%h#OlP#L>458(';L#L)�[kW�.!)A)A#Q;4%'#4D8gS79#S_!¶�B:*C(')�@�.=(:5A#3;4%'#4D8gS79#SGv*9#Q $#47C*C*9#4(:DQ.vªj(')85A#4 $#4%H5�J:#L)�J:�!%:%';L#L)
#L)85	g2;4%';4D�.=*9#4 $#4%H5q�!W:5A#4%H(e.L02#L><(:%�)8B#L>458DA#�)A�!(:DA>L#�#4%

E−2.6 � >Ocj_U¸����v¹¾�OG�#4%Kc�.=79)�.=%H5k*-, @6R6Ba�!58@'rL)A#�T6('#*9#L)	D�.LR2�!%')&>L�S)8 "79TH('#L)&)A�!%H5k(:%:79TH('#4 $#4%65&J:#L)	B:DA�!5A�!%')F[">L#4585A#�;4%'#4D8gS79#S_���#4Ba#4%'J'.=%H51G�)87P*-,V�!%^)8(:B:Ba�S)A#
TH('#&*9#L) � ��)3Ba�S)A)ArLJ:#4%65£(:%'#F>L�! "Ba�S)87C5879�!%m)A�!(:DA>L#q)87C "7C*I.=7CDA#<[i>L#4*C*9#F $#L)8(:DA;L#<[�W�.!)A)A#F;4%'#4D8gS79#SG:>L#FT6(:7
#L)85	58DArL)	%�.=58(:DA#4*�JP, (:%^B�!7C%65kJ:#q06('#q58@';L�!D879T6('#SG'*9#q $#47C*C*9#4(:Dq.vª¬(')A5A#4 $#4%H5&J:#L)kJ:�!%:%';L#L)k>L�!D8DA#L)8Ba�!%'J^[
(:%')8B#L>458DA#i#4%

E−2.2 �!( E−2.3 G�)A(:7C0!.=%65&*-, @6R6Ba�!58@'rL)A#h)8(:Dk*-,V;402�!*C(:5879�!%eJ:#L)F)A�!(:DA>L#L) � >Ocj_�¸ � xv¹�#45i¸ � �=¹¾�O_`U#&)AB#L>458DA#&)A�!(:DA>L#kBa#4D8 $#4585�.=%H5�.=(X $�6J:r4*9#&@'�!*C79)85879T6('#kJP,Vw458DA#F0n7I.=W:*9#k#L)85£J:�!%'>kB:DA;L>479)�;4 $#4%H5	>L#4*C(:7T6(:7
#L)85�c�.102�!D879)A;&[<W�.!)A)A#	;4%'#4D8gS79# � B�.=D+*9#L)+;458('J:#L)+J:#L) � � ä )���#45Q7C%'J:#4Ba#4%'J'.= " $#4%H5	[q@�.=(:5A#&;4%'#4D8gS79# � B�.=D*9#L)�;458('J:#L)kJ:#L)&� � � ä )��O_

´ ó ïgü]õLþ^ú2÷�ò.÷ õLôd�äøIú7ì ì]÷ ï�ö�¶^þ*õ�÷�ì À w4 $#e)87F*-,/.=%�.=*CRM)A#e#OfnBa�S)A;L#\79>47<#L)85K)87C "B:*9#SG£#4*C*9#e#L)85�58DArL)
DA�!W:(')85A#S_2`U#L)+B�.=D�.= $r458DA#L)+*9#L)�B:*C(')+7C%'>L#4D85�.=7C%')+)A�!%65+*9#£02�!*C(: $#&J:#�>L�!% t %'#4 $#4%H5	[h� ä #{� #45+*I.qJ:#4%')87C5A;
.!>458('#4*C*9#�J:#<gH.=*I.vfM79#L)&;LT6(:7C0S.=*9#4%H5A#L)q[h*I.h�Q�!79#�`�.!>45A;L#S_��#4Ba#4%'J'.=%H51G� $w4 $#�J:#<gSD�.=%'J:#L)&0!.=D87I.=5879�!%')FJ:#
>L#L)"B�.=D�.= $r458DA#L)]%'#mB#4D8 $#4585A#4%65?B�.!)?J:#m>A@�.=%:g2#4DXJ:#�c�.!�L�!%¯>L�!%')A;LTH('#4%65A#m*I.�0S.=*9#4(:D?J:#

x
G�TH(:7&#L)85



è:é�é ý%ø*ø^ï�ö íºî*ìÕî�ö�úrô2õ�÷Lô�YÅþ*ìãðIþ�ïgò���öeó^ó�ìn�äìxó�÷Èí]ö!õo��ô�YÅþ*ì

¦ t fM;L#2¦FB�.=Dk*-,V;4%'�!D8 $#�JM7¤lP;4DA#4%'>L#�#4%H58DA#�*I.i0!.=*9#4(:DkJM(�ç'(Mf^[�� ä #{�è#45�>L#4*C*9#�[
1019 #-�h_

â¨*a#L)A5�;4gH.=*9#4 $#4%H5k7C%65A;4DA#L)A)�.=%65kJ:#q%'�!5A#4D�TH('#q*I.hJ:;45A#4D8 "7C%�.=5879�!%\J:#
x
%'#<J:;4Ba#4%'J�B�.!)�JP, (:%'#<;402#4%MN

58('#4*C*9#Q@6R6Ba�!58@'rL)A#+)A(:DU*I.	J:;4Ba#4%'J'.=%'>L#3#4%�;4%'#4D8gS79#�JM(�5A#4 "B')�J:#Q>L�!% t %'#4 $#4%H51_!¢F�!(')�.102�!%')�)87C "B:*9#4 $#4%65
(:587C*C79)A;�*I.F0!.=*9#4(:D�J:;4D87C02;L#�J:#L)�J:�!%:%';L#L)3[

E0 = 1
ä #-�h_ � %"B:DA#4%�.=%H5+*I.k0S.=*9#4(:DQJ:# x B:DA;LJM7C5A#£B�.=D�*9#� $�=NJ:r4*9#£@'�!*C79)85879T6('#	>L�! " $#£7C%'JM79>L#�JM($)8Ba#L>458DA#�)��!(:DA>L#SG!7C*Mc�.=(:5�(:%"5A#4 "B')QJ:#	>L�!% t %'#4 $#4%65

τconf(E) ∝ Eδ G
.L02#L>

0.41 . δ . 0.55
GnB�!(:D�#OfnB:*C79T6('#4D+*I.�B#4%65A#kJM(X)8B#L>458DA#&�!W')A#4D802;kJ:#L) � � ä )�#4% ∼ E−2.71 _n��#4585A#

J:;4B#4%'J'.=%'>L#<#4%�;4%'#4D8gS79#<JM(�5A#4 "B')	J:#&>L�!% t %'#4 $#4%65k#L)8D£B�.=Djc-.=7C5A#4 $#4%H5�>L�! "B�.=587CW:*9#�.102#L>&*9#L)£ $�nJ:r4*9#L)
J:#<JM7¤l(')A79�!%U_

���¸· ����Î���ÉA�i��ÓA�kÎ
¢F�!(')�.L02�!%')£ $�!%H58DA;�TH(U, (:%K $�nJ:r4*9#F@'�!*C79)85879TH('#<JM(�D�.1R2�!%:%'#4 $#4%H5&>L�S)A "79TH('#SG'.102#L>q(:%m)8B#L>458DA#q#4%

*9�!7�J:#kB:(:79)A)�.=%'>L#&(:%:79TH('#F#4%
E−x .L02#L> x ' 2.23± 0.07

Ba#4D8 $#45�J:#kDA#4%'JMDA#&>L�! "B:5A#qJM($ç'(Mf]J:#L) � ��)
[K5A�!(:5A#L)�*9#L)�;4%'#4D8gS79#L)oG�#4%�.!>L>L�!DAJ«.102#L>]*9#L)�B:D87C%'>47CB�.=(Mf}DA;L)A(:*C5�.=5A)�58@';L�!D879T6('#L)h)8(:D�*-,/.!>L>L;4*9;4D�.=5879�!%Y#45
*9#�58D�.=%')AB�!D85qJ:#L)kD�.1R2�!%')<>L�S)8 "79T6('#L)1_ s ('>4(:%\ $�6J:r4*9#iJ:#�)��!(:DA>L#�%U,V#L)A5&B:DA;L>479)A;iJ'.=%')q>L#4585A#�;458('J:#SG*9#
D�.LR2�!%:%'#4 $#4%65k>L�S)8 "79T6('#&R?#L)85�>L�!%')A79J:;4DA;FJ'.=%')	)�.�gS*9�!W�.=*C7C5A;q>L�! " $#q*I.�>L�!%')A;LTH('#4%'>L#qJP, (:%�B:DA�n>L#L)A)8(')
B:@HRM)879T6('#qB:DA�6JM(:79)�.=%65k(:%m)8Ba#L>458DA#�>L�!@';4DA#4%65&)8(:D��1�"�!DAJMDA#L)kJ:#<gSD�.=%'J:#4(:Dk#4%^;4%'#4D8gS79#S_

¿�7C%�.=*9#4 $#4%H51Gv7C*6#L)85bB�S)A)A7CW:*9#QJ:#Q02�!7CD�*9#L)UDA;L)8(:*C5�.=5A)�B:DA;L>L;LJ:#4%H5A)�)A�!(')b(:%i.=(:58DA#3.=%:gS*9#SGoB#4(:5jN{w458DA#3B:*C(')
7C%')858D8('>4587¤c3#4%'>L�!DA#��a�!%�Ba#4(:5q>L�!%')879J:;4DA#4D�TH('#iT6('#4*C*9#L)FT6('#i)A�!79#4%H5q*9#L)q)A�!(:DA>L#L)<J:#L)FD�.LR2�!%')<>L�S)8 "79T6('#L)
gH.=*I.!>45879TH('#L)oG')87U*9#4(:DF)8B#L>458DA#�JP, 7C%!ªj#L>45879�!%\)1,V;45A#4%'Jhªj(')ATH(U,/.=(Mfm;4%'#4D8gS79#L)&#Ofn58DAw4 $#L) ∼ 1020 #{�iG.=*9�!DA)�*I.
>L�!%H58D87CW:(:5879�!%pJ:#i>A@�.!T6('#igH.=*I.vfn79#h#4%\B�.=D85879>4(:*9#L)<J:#�@�.=(:5A#h;4%'#4D8gS79#h#L)85&)A(M�])�.=%H5A#iBa�!(:DF#OfMB:*C79TH('#4Dq*I.
J:#4%')87C5A;£J:# � ��)�#OfM58D�.vN-gH.=*I.!>45879T6('#L)1GS)�.=%')�7C%H02�nT6('#4D�(:%].=(:58DA#�5¨R6Ba#£J:#�)��!(:DA>L#S_H��#3DA;L)A(:*C5�.=5Q#L)85�0S.=*I.=W:*9#
ÌÊ»QÇºÉe¹º¿rÀr¿?ÇºÉ T6('#£*9#�)8Ba#L>458DA#�JP, 7C%!ª8#L>45879�!%])A�!7C5+#4% ∼ E−2.2 G2>L#	T6(:7�)A#4 �W:*9#�J:#402�!7CD3w458DA#	*9#	>1.!)3J:#	5A�!(:5A#L)
c�.!�L�!%')o_+�h,/.=(:58DA#^B�.=D851G3 $w4 $#\)87k*9#L)X)A�!(:DA>L#L)X#Ofn58D�.vN-gH.=*I.!>45879T6('#L)KJM(�D�.1R2�!%:%'#4 $#4%H5^>L�S)8 "79T6('#^)��!%H5
7C%'>L�!%:%H('#L)1G�7C*U#L)85	D�.=79)A�!%:%�.=W:*9#�J:#�B#4%')A#4D�T6(U,V#4*C*9#L)	%'#<B:DA�nJM(:79)A#4%65�B�.!)	(:%:79T6('#4 $#4%H5&J:#L)kB�.=D85879>4(:*9#L)&[
(:*C58D�.?@�.=(:5A#i;4%'#4D8gS79#SG ].=79)q;4gH.=*9#4 $#4%H5�5A�!(:5F(:%�)8Ba#L>458DA#h)1,V;45A#4%'J'.=%H5�[?B:*C(')FW�.!)A)A#i;4%'#4D8gS79#S_P�q.=%')q>L#
>1.!)1Gn*I.i>L�!%H58D87CW:(:5879�!%�J:#F5A�!(:5A#L)�>L#L)	)��!(:DA>L#L)�.=(MfXD�.1R2�!%')�>L�S)8 "79T6('#L)	J:#qW�.!)A)A#q;4%'#4D8gS79#<>L�!% t %';L)�J'.=%')
*9#4(:D&gH.=*I.vfM79#i@'!5A#h#L)85F)A(M�])�.=%H5A#iBa�!(:Dq#OfMB:*C79T6('#4D&*9#L)&ç'(Mf�gH.=*I.!>45879T6('#L)q $#L)8(:DA;L)1G#4%'>L�!DA#i(:%'#�cd�!79)1G Ì
»QÇºÉe¹W¿7Àr¿?ÇºÉ TH('#q*9#<)8Ba#L>458DA#�JP, 7C%!ª8#L>45879�!%^)A�!7C5k#4% ∼ E−2.2 G:>L�! " $#�*9#<)A(:gSg2r4DA#4%H5k7C%'J:;4Ba#4%'J'.= " $#4%H5F*9#L)
;458('J:#L)�J:#<B:DA�!B�.=gH.=5879�!%\J:#L)	%'�1RH.=(Mf�[i@�.=(:5A#�;4%'#4D8gS79#S_



¹ º ¬H{¼» ± ]�D º ¬

`Q,��&W')A#4D80S.=5A�!7CDA#~��79#4D8DA# s (:g2#4D1G�J:�!%65m*I.Z>L�!%')858D8('>45879�!%È#4% s D8g2#4%6587C%'#~)A#�5A#4D8 "7C%'#4D�. t %®�S½S½ à G
.!>L>4(: �(:*9#�J:#L)�J:�!%:%';L#L)kJ:#Fc�.!�L�!%m)85�.=W:*9#<J:#4B:(:79)�B:*C(')	J:#<J:#4(MfK.=%')£ ].=7C%65A#4%�.=%H51_`U#q58D�.L0S.=7C*UJ:#<>L#4585A#
58@'rL)A#�.">L�!%')879)A5A;�[h $#45858DA#�.=(�B�!7C%65k#45k0S.=*C79J:#4D�*9#L)k $;458@'�6J:#L)FJP,/.=%�.=*CRn)�#L)kT6(:7b)A#4DA�!%H5&(:587C*C79)A;L#L)�Ba�!(:D
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