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� R\BZYoW&m&[ � ]oW�R^]Fm7?�]GBZ?�A®s7R �Qx [7?�]FP�N _ nt<7Y �Qx [^?�] x [ � q)?tYZu�?tB�BZ?tR�B�m&?iBZYZP/��P � N9NE?�YGP/�\?�A�m&?�]|uiP � N9NQP _ ?']GR7W�R ]�BoYZ[^ACBZ[7Yon']t6
Á ?']Fm&?tYZR � vtYZ?�]Hm&?wA.?']Gu�ntBos7W&m&?']FP4N _ n�<7Y �Qx [7?�]=ui?.BoBo?tR�BF?tR P/��P4R�BG[7R7?�A.W\R^m � B � W�R m&?wA.W�uiq^P4B � < � N � Bon x [ � ]o?tYoBFm7?
q)W � R\B|m&?wm&n�q^P4YoBF��R7W�]Fm&nt�\?tN9W�q7q)?tui?�R\B®]�$�?tN9NE?�N � ?iN9P�uwP�BZY � A.?im&?iq7YZW�N9W�R _ ?tui?tR�B$ x [ � q)?tYZui?.B|m&?iq^P�]Z]o?tYGm�� [^R
R � ��?'P4[ _ YZW\]Z] � ?�Y
��[7R}R � ��?'P4[�¿^R#)?tR#n�NEn�u�?�R�BZ]{¿$R � ]Hm�� P4YZÃ.BZ?��iN9P�uiP4BoY � At?�m&?|q^YoW\NEW\R _ ?�u�?�R�Br?tR#ntN9ntui?�R\B®]r¿$R � ]
R7W&m7P�[&I�6

«HP4R^]FN9?�VXs^P�q � BZYo?�U�1R7W\[^]Gq7YZn�]o?tR�BoW\R^]GN9P D W\You�[7NQP�B � W�R¼m�� [7R q7YZW�<7N9vtui?�m&?wu � R � u � ]ZP�B � W�R¼m�� ntR^?tY _ � ?�_�P/��?'A
A.W\R�BoY®P � R\BZ?�] x [ � q)?tYZui?.B�NQPku � ]�?}P�[�q)W � R�B�m&?#uin.BZs7W&m&?�]wu�[7NEB � R � �\?�P�[�P�N _ nt<7Y �9x [7?']�q$W\[7Y�R7W�]w]�¥&]�Bovtui?']t6OÁ*P
A.W\R�BoY®P � R\BZ?F[&B � N � ]ont?�A.W�YZYZ?�]oq$W\R^mp�wN9P�A.W�R$m � B � W\R}m&?�AtW�uiq^P4B � < � N � Bon�n���W x [7nt?|P�[}A®s^P4q � BZYo?|q^Yon'A.n�m7?tR�B=A.W\R^A.?�YoR$P4R�B
NQP�uwP4BoY � At?Gm7?Fq7YoW\NEW\R _ ?�ui?tR�B�6&³rR^?Fq7Yo?�u � v�Yo?Guin.BZs7W&m&?|m&?GYon']�W\NE[7B � W�Rpm&[pq7YoW\<7N9vtui?Hm7?Fu � R � u � ]ZP�B � W\R�[7B � N � ]oP�R�B
m&?']�u�[7NB � q^N � AtP4Bo?t[^YZ]�m&?=Á*P _ YZP�R _ ?{?']@B�q7YoW\q$W�]�n�?�64L�P�Y�P � N9NE?�[7Y®]�\R7W�[^]�m&W\R7R7W�R$]O[7R7?HA.W\R^m � B � W�R�m�� ?.I � ]@BZ?tR^At?=m�� [7R7?
]oW�N9[&B � W�R�q$W\[7Y{N9?Fq7YoW\<7N9vtui?Fm�� W\q&B � u � ]ZP�B � W\R�q^YoW\q$W�]�n\6

«HP4R^]�N9?HVXs^P�q � BoYZ?{��4R7W\[^]On'A.Y � �\W�R^] NQPG��n�Y � ¿$A�P�B � W�Rim&?rNQPFA.W\R�BoY®P � R\BZ?{W�[wA.W\R^m � B � W�Rwm&?�AtW�uiq^P4B � < � N � Bon�AtW�uiui?
NQP=YZn�]oW�N9[&B � W\R�m�� [7Ri?tR^]o?tu�<7NE?
m&?
q7YZW�<7N9vtui?']3m7?
`$W4BJa�4A®s^P�At[7Rim&?
q$?tB � Bo?{m � u�?�R^] � W\R�� � ]@¢¶��¢£� � ]3m&?
N9PGm � ui?tR^] � W�R�m7[
]o¥�]�Bov�ui?��|YZn�]oW�[^m7Yo?\6��rW\[^]�uiW\R\BZYoW\R^]OP�NEW\YZ]OAtW�uiui?tR�B � N)?�]�BXq)W\]Z] � <7N9?�m&?=AtW�R^]�BoYZ[ � Yo?�\�Fq$P4YoB � YXm&?HA.?�]Xq7YZW�<7N9vtui?']m&?b`^W4B$�[7R7?iuin.Bos^W�m7?�q)W�[7YGYZn�]oW�[^m7Yo?�NE?�q7YZW�<7N9vtui?�m � W\q&B � u � ]ZP�B � W\Rk]oW�[^]HA.W\R\BZYZP � R�BZ?�]=q7NE[$]H] � u�q^NE?im&?�u � ]o?�?�R
W�?t[7��YZ? x [7?GA.?�NEN9?H[&B � N � ]ZP4R�B{NE?']Xu�[7NEB � q7N � AtP4Bo?�[7YZ]
m&?FÁ*P _ Y®P4R _ ?�6�«�?']�Yon']�[7NEBZP4BZ]�R�[7uintY �9x [7?']�� � ?tR^R7?tR�B � N9NE[$]@BZYo?�Y�N9?�]
q)?tY D W�YZuiP�R^A.?']
m&?FN9P�uin.BZs7W&m&?�6

Á ?']{m&ntuiW\R^]@BZYZP4B � W�R^]�?tB�m&?�]{] � u�[7NQP�B � W�R$]
R�[^u�n�Y �Qx [7?�]{AtW�uiq7N9ntui?tR�B®P � Yo?']�]oW�R�Brm&W\R7R7nt?']
?tR �rR7R^?.I&?�6
c9d �0���/����&�����e;���<&fL �+.��-� �".-��*;!"g�*;!���.2(hL �+&$�+��e;���<�"!�.���&�.-�����$.���F!$�=,�!�����*;G�(�i������+*;&$./��,������<�j�"��.k��.��2��(�!�.-e;��&������"(������+&��2!�&$��?�*;�����

G���(���&��+�"�����
b
,��0l &$���C.�!��:(hL ��./� �"���U,���.:?�*;&��0����*;&�.�./*;(�!$����*;&�.:�/��(�(��UF'!��

b(E,E) > 0
��*;!��:�/*;!$���U?�*;&$������*;&T.�*;(�!$����*;&

E
&�*;&T&'!�(�(��;@

m"n &N��K������(��=.�������(���,��<����*;G�(�i����<,��=o�*"����.��:(P�
,��0���+������& �J����*;&p,$�<(hL ��&'����&�./� ���<,�!N��*;!����"&'��, �"&�.:!�&N����.��9�"!p��(��+�0������F'!��;@�qr�=o�*"�
��*;������./��*;&�,^�"(�*;��.=s
(hL ��&'����&�./� ���U,��U���U��*;!��/�"&��+@
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��^]�Q�]S�J��_Q?S�� ]�����]S��XS�] \^Z*M��
« � �\?tY®]1P�I&?']*m&?
A.?�BoY®P/��P � N\P4q^q$W\Y�BZ?tR�B*[7R^?�AtW�R�BoY � <^[&B � W�R ��P4[�u�W � R$]1?�R�q^P�Y�B � ?3��W�Y �9_ � R^P4N9?�P4[�AtP4NQA.[^N\R�[7uintY �Qx [^??tRpn�NE?'ACBoYZW�uwP _ R7ntB � ]�ui?�$

 m&?�]�u�ntBos7W&m&?']�] � uiq7N9?�]��#[7R�R � �\?�P4[ W\R\B�n.Bon�u � ]o?�]�?tR¼W�?t[7��YZ?�]�[^Y�m&?']�P4q^q7N � AtP4B � W�R^]|Yon'P4N � ]�Bo?']|?.B�R7W�[^]
P/��W�R$]�uiW�R�BZYon x [ � ?tN9NE?']{P4ui?tR^P � ?�R�B{m7?�] _ P � R^]�?tR�Bo?�Youi?Fm&?GBo?�uiq^]rm&?FAtP�N9At[7N��98 $J $U��£6


 m&?�]�u�ntBos7W&m&?']�q^YoW��\?tR^P�R\B�m � P�q7q7N � A�P�B � W�R$]|?tRgntN9ntui?tR�BZ]�¿^R � ]�R7W&m7P4[&I q)W�[7Y�NE?']�uin.BZs7W&m&?�]�u�[^NB � R � ��?'P4[#
D W�R^m&n�?�] ]o[7Y�m&?�] q7YZW�<^NEv�u�?']*m7?�u � R � u � ]ZP�B � W�Rim�� ntR7?�Y _ � ?
]oW�[^]3A.W\R\BZYZP � R�BZ?�]�'W\R�B3ntBon
n.BZ?tR^m&[^?�]�P4[7I|ntN9ntui?tR�BZ]
¿^R � ]{m�� P�YoÃtBo?\6�&=[7?tN x [7?�]3>@[^]�B � ¿$A�P�B � W�R$] x [$P4N � B®P�B � ��?']
W�R�B{n.BZn|P4q7q)W�YoBon�?�]�q$W\[7Y�At?.B�BZ?G?.I�Bo?�R^] � W�R16


 [7R7?FA.W\R^m � B � W�R�m � ?tI � ]�Bo?tR$A.?Fm&?GuwP�BoY � A.?Gm&?Gq7YoW\NEW\R _ ?�ui?tR�BX�\ntY � ¿$P�R�BXNQP�AtW�R�BoY®P � R�Bo?Hm&?FA.W�uiq^P4B � < � N � BonFP�n.Bon
q7YoW\q$W�]�n�?�� ���£6


 [7R7?#uin.BZs7W&m&?}A.W\R^]@BZYo[$ACB � ��?p[&B � N � ]oP�R\B�m7?�]wq7YZW�<^NEv�u�?']wm&?4`^W�B�q$?�Youi?.B�m7?}m&n.BZ?tYZu � R7?�Y�[7R7?#uwP�BZY � A.?}m7?
q7YoW\NEW\R _ ?�ui?tR�B��\ntY � ¿)P4R�B�N9?Gq7YZW�<7N9vtui?Fm&?Fu � R � u � ]oP4B � W�R#]�W\[^]
A.W\R\BZYZP � R�BZ?�]�6
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VX?FA®s^P4q � BZYo?GYZ?tuiq7N � B{q7N9[^] � ?�[7YZ]
W\<&>@?�A.B �ED ] $

 YZP�q7q$?�NE?�YO<7Y � v���?�u�?�R�B�NE?']On x [$P�B � W�R$]�m&?Hl}P�I&~�?tN9N^?tRwu � N � ?t[�A.W�R�B � R�[�?tB � R$] � ]@BZ?tY
]�[^Y�N9?�]OuiW&m&v�NE?']XP�[&I x [^?tNQ]
R7W\]
uin.BZs7W&m&?�]{m7?FYon']�W\NE[&B � W\R�q)?t[7�\?tR�B�]�� P�q7q7N �9x [7?�Y��


 q7Yon']�?�R�Bo?tY
N9?FAtP�m7Yo?GuwP�BZs7ntuwP�B �9x [7?Fm7P�R^]{N9? x [7?�N A.?�]
n x [^P�B � W\R^]
��W\R\B{ÃtBoYZ?GP�q7q7YZW&A®s7nt?']XR�[7uin�Y �Qx [7?tui?tR�B��

 m&W�R7R^?tY x [7?�N x [7?']rq7YZW�q7Y � n.Bon']@¢¶A.N9n�]{m7?�]r?']�q$P�A.?']rm�� ntN9ntui?tR�B®]{¿^R � ]�AtW�R^] � m&ntYZn�]{?tB=m&?']ruwP�BZY � A.?'] � ]Z]o[7?�]=m&?|NQP
m � ]ZA.YZn.B � ]ZP�B � W\R�m&?'] D W�YZu�[7NQP�B � W\R^]
��P4Y � P4B � W�R7R^?tN9NE?']t6

HXF9H � ������Z�S���\ Q S��^]��oM���������]����! �]oM��"��Z*MPORQ  ��� \ �^]��uQ S$# �qM��
:=R�Y®P4q7q)?tN9N9?rNE?']�n x [^P�B � W\R^]�YZn _ � ]Z]ZP4R�BONE?']�q^s7ntR7W\uivtR7?']�n�NE?'ACBoYZW�uwP _ R7ntB �Qx [^?�]�6\«=?�]Xu�W&m&v�NE?']�q$P4YoB � A.[7N � ?�YZ]X]�W\R�B

?tR$]�[ � Bo?Fq^Yon']�?�R\BZn�]
P�¿$Rpm � � R�BoYZW�m7[ � YZ? x [7?tN x [7?�]{A�P�]
q)W�[7Y{N9?�] x [7?tNQ]
R7W4BZYo?Fm&n�uwP4Y®A®s7?=?']@B � R�Bon�Yo?']o]ZP4R�Bo?\6
%'&(%)&(% *,+.-0/21436587:9<;:=�>?/A@.BC=ED(D

Á ?F]o¥&]@BZvtui?Fm�� n x [^P�B � W\R^] D W�R^m^P4ui?tR�BZP�NE?']{]t� n�AtY � Br]�W\[^] D W�YZui?|m �"! ntYZ?tR�B � ?�NEN9?Fm&?FN9P�uwP4R � v�Yo?F]o[ � ��P�R\BZ?�$
Á W � m&?|�^P�YZP\m7P/¥ $

rotE + ∂tB = 0,
��8�698�P �

Á W � m�� ��uiq$v�Yo? $
rotH− ∂tD = J,

�@8�698t< �
Á W � m&? �GP4[^]Z]
uwP _ R7n.B �9x [7?�$

div B = 0,
��8�698�A)�

Á W � m&? �GP4[^]Z]
ntN9?�A.BoY �9x [7?�$
div D = ρ.

�@8�698�m��
Á ?']{��?'ACBZ?t[7Y®]

E
?tB

H

B
?.B

D
m&n�] �E_ R7?tR�BrYZ?�]oq$?'ACB � �\?tui?tR�B�N9?�]rA®s$P4uiq^]{n�NE?'ACBoY �Qx [^?|?.B�uwP _ R7ntB �Qx [^?�7Nj� � R^m&[$ACB � W�R

uwP _ R7n.B �9x [7?
?.B�N9?rm&ntq^N9P\A.?tui?�R\B�n�NE?'ACBoY �Qx [^?�64Á ?
�\?�ACBZ?t[7Y
J
m&n�] �9_ R7?�NE?{�\?�A.Bo?t[^Y m7?tR^] � BZnrm&?{A.W\[7YZP�R�B3?tB

ρ
NQPGm&?tR$] � Bon

m&?|A®s^P�Y _ ?�n�NE?'ACBoY �Qx [^?�6):=Rpm&n�m7[ � B�P�[^]Z] � m&? ��8�698t< ��?tB��@8�698�m ��NQP�Yo?�N9P4B � W�Rpm&?|A.W\R^]o?tYZ�/P4B � W�R�m&?GN9PwA®s^P�Y _ ?�$
div J + ∂tρ = 0,

�@8�6KJ��
:=RpR7W4BZ? x [7?FN9PiN9W � m&? �GP4[^]Z]
uwP _ R7n.B �9x [7? ��8�698�A%�
q)?t[7BrÃ.BoYZ?|m&n'm&[ � Bo?�m&? ��8�698�P��
] � Nj� � R^m7[^ACB � W\R�uwP _ R7ntB �Qx [^?F?�]�B
]o[7q7q)W\]ont?GR�[7NEN9?|P/��P4R�B
N�� � R$]@B®P4R�B � R � B � P�N�6

VX?�] n x [^P�B � W\R^] D W\R�B*P4q7q$P4Y®P �QBoYZ?Om&?�]*A®s^P4uiq^] m7?���?'ACBZ?t[7Y®]
E
?tB

B
m&n�AtW�[7q7N9n�]1m&?�]*A®s^P4uiq^]*m&?O��?'ACBZ?t[7Y®]

H
?.B

D
6

L W�[7Y�q)?tYZu�?tB�BZYo?=[7R7?Hu�W&m&n�N � ]ZP�B � W�R�A.W�uiq7N9v.BZ?=m&?']�q7s7ntR^W�uivtR7?']��W�R � R�BoYZW&m&[ � B�N9?�]Xn x [^P4B � W�R^]�m&?HA.W�uiq)W�YoBo?�u�?�R�B
x [ � A�P4Y®P�ACBZntY � ]o?tR�B�NE?']
q7s7ntR^W�uivtR7?']{ntN9?�A.BoY �9x [7?']�?.BruwP _ R7n.B �9x [7?']{P � R^] � x [7?FNQP�NEW � m�� :=s7u x [ � N � ?

J
�

E
$

D = εE, B = µH
?tB

J = σE.
��8�6 U �

Á ?wAtW�? ¬ A � ?tR�B
ε
?�]�BGNQP�q$?�You � B�B � � � BZn�m � ntN9?�ACBZY �Qx [7?�

µ
N9P�q$?�Youin'P4< � N � BoniuwP _ R7n.B �9x [7?�?.B

σ
N9P�A.W\R^m&[^A.B � � � BZn�n�NE?'AC¢

BoY �Qx [^?�6�VX?']On x [$P�B � W�R$]Oq)?t[7�\?tR�B�Ã.BZYo?�R7W�R&¢£N � R7n'P � Yo?'] W�[�P�R � ]oW4BZYoW\q$?']�?.B
m7P4R$]OA.?HAtP�]
ε

µ
?.B
σ
]oW�R�BXm&?'] x [^P�R\B � BZn�]

Bo?�R^]oW�Y � ?�NEN9?�]�6 L�P4Y�] � u�q^N � ¿$AtP4B � W�R#1W�R�]o?�q7NQP�A.?�YZPpm7P�R^]F[7R�A�P�m&YZ?wN � R7n'P � Yo?w?tB � ]�W�BoYZW�q)?�m7P4R^]|BoW\[&B�N9?wu�n�uiW � Yo? �
A.?�q$?�R^m7P�R\B�N�� ?.I&q7N9W � BZP4B � W�R�m7?�]�P4N _ W�Y � Bos7ui?�]Oq$W\[7YoY®P|]o? D P � YZ?�s7W\YZ]Xm&?=At?=A�P�m&YZ?�6�Á ?�]XN9W � ]XAtW�R^]�B � Bo[&B � �\?�] �@8�6 U ��]�W\R�B
q7Y � R$A � q^P4N9?tui?tR�B{q7s7n�R7W�uin�R7W�N9W _ �9x [7?']X?tB�m&W�R$AHm7?FR^P�BZ[7Yo?Fm �(! ntYZ?tR�Bo?Fm&?']{NEW � ] ��8�698 �C6



J � � � ����� � � � � � � �  � ��� � ��� � � � � � � 

Á ?']�n x [^P�B � W\R^] �@8�698 ��?.B �@8\6 U ��]oW�R�BiYZP�Yo?�ui?tR�B�A.W\R^] � m&n�Yon�?�]�m7P4R$]�N9?t[^Y�?�R^]o?tu�<^NE?�uiP � ]�W\R�A®s7W � ] � Bw]oW�[7�\?tR�B
m&?']�uiW&m&vtN9?�]�] � u�q^N � ¿^n�] $XAt?tYoBZP � R^]wq^s7ntR7W\uivtR7?']�]oW�R�B�R7n _ N �9_ ?'P4<7N9?�]�]�[ � ��P4R�B�NQP D Yon x [7?tR^At?#W�[ N9?�]�uiP4Bon�Y � P4[&I
A.W\R^] � m&n�Yon']t6�«HP4R^]
N9?=q$P4Y®P _ Y®P4q^s7?�]o[ � ��P�R\B$&W�R�P4<)W�Y®m&?HP � R$] � m&?']Xq^YoW\<7NEv�ui?�] x [^P�] � ]�BZP4B �Qx [7?�]X?.BrA.?�[&I�R7?Hq7YZ?tR^P�R�B
q^P\]
?tR#A.W\u�q7Bo?GNE?']rA.W\[7Y®P4R�BZ]
m&?Fm&n�q7N9P\A.?�u�?�R�B�6
%'&(%)&�� >?5.;��ED6=A9
	 5 7 9 3 ;�����E9

VX?�]�u�W&m&v�NE?'] D W�R�B�P�q7q^P�YZP �9BZYo?�N�� W�q)ntY®P�BZ?t[7Y
rot rot

P�q7q7N �9x [7n}P�[&I�A®s^P�uiq^]�m&?#�\?�ACBZ?t[7Y®]
E

H

W�[
A
6�Á ?��?'ACBZ?t[7Y

A
m&n'] �9_ R^?HN9?Gq$W�Bo?�R\B � ?�N ��?'ACBZ?t[7Y{uwP _ R7n.B �9x [7? � R�BoYZW�m7[ � Brm7P�R^]{N9?Gq^P4Y®P _ YZP�q7s7?=]o[ � ��P4R�B�6

c %7»)�3e\�'"$����%7������23�
«HP4R^]XNE?HAtP\]X]�BZP4B �Qx [^?��NE?']Xm&n�Y � ��P�B � W\R^]Oq^P�YXY®P4q^q$W\Y�BXP�[wBo?�uiq^]
]�W\R\B
P4R7R�[7N9nt?']t6�Á ?']�q7s^ntR7W\u�v�R7?�]XntN9?�A.BoY �9x [7?']�

AtP�YZP\ACBZntY � ]on�]�q^P�Y�NE?']�A®s^P�u�q$]
E

?.B
D
�?tB�uwP _ R^n.B �Qx [7?�]�OAtP�YZP\ACBZntY � ]on�]�q^P�Y�NE?']�A®s^P�u�q$]

H
?tB

B
�]�W\R�B�m&W�R^A

m&n'A.W�[^q7NEn']{] � W\RpR7?HB � ?tR�Brq^P�]�A.W�uiq&BZ?Fm&?FN9Pim&?�YoR � v�Yo?Fm&?']
Yo?�N9P4B � W�R^] �@8\6 U � 7?�R�AtW�R^] � m&ntY®P4R�B
J
AtW�uiui?H[^R�BZ?tYZui?

]oW�[7Y®A.?\6 ��[ � ��P4R�BXN9?=AtW�R�Bo?tI�Bo?��W�R�q7Y � � � N9n _ � ?�[7R7?=P�q7q7YZW&A®s7?rntN9?�A.BoYZW\]�BZP4B �Qx [^?rW�[�[^R7?=P�q7q7YZW�A®s^?ruwP _ R^n.BoW�]@B®P�B �9x [7?\6Á ?']
n x [^P4B � W�R^]{m&?FNQP�uwP _ R^n.BoW�]@B®P�B �9x [7?G]�W\R�B $
rotH = J, div B = 0

?.B
B = µH.

�@8\6 � �
L W�[7YGui?tR^?tYF��< � ?�RkN9?iAtP4NQA.[^N m7?�] _ Y®P4R$m&?t[7Y®]=uiP _ R7ntB �Qx [7?�]��W�Rk]�� � R�Bon�Yo?']o]o?�q^Y � R^A � q^P�NE?�u�?�R�BG��Nj� [&B � N � ]oP4B � W�Rkm7[
q)W4Bo?�R�B � ?tN1�\?�A.Bo?t[^Y�6 � � NE?�m&W�uwP � R7?G?�]�B=AtW�R�BoY®P�A.B � NE? _ 7W�R#uiW\R\BZYo? x [ � � N*?.I � ]@BZ?F[7R#q$W�Bo?�R\B � ?�N1�\?�ACBZ?t[7Y{uwP _ R7ntB �Qx [^?
A
Bo?�N x [7?

B = rotA
6^ÁO� n x [^P4B � W�R�[&B � N � ]ont?Gq$W\[7YruiW&m&ntN � ]�?�Y{NE?Gq7s7n�R7W�uiv�R7?|m&?t� � ?tR�BrP4N9W�Y®] $

rot
1

µ
rotA = J.

��8�6K���
:=Riq$?�[&BO¥�P4>@W�[&BZ?tY�[7R^?rA.W�R$m � B � W\Rwm&? >�P4[ _ ?
W�[i[&B � N � ]o?tYO[^R7?{uin.Bos^W�m7?rm&?{Yon _ [7NQP4Y � ]oP4B � W�R�AtW�uiui?
q7YoW\q$W�]�n�?{m7P4R^]
�K� � 4P�¿^Rim�� P�]Z]�[7YZ?tY3Nj� [7R � A � BZnrm&?

A
64Á*P�>�P�[ _ ?{m&?�VXW\[7NEW\u�<�A.W�R$] � ]@BZ?{� � uiq$W�]�?�Y

div A = 0
�uwP � ] ?tN9NE?{A.W\R^m&[ � BO�HN9P

YZn�]oW�N9[&B � W�R�m�� [^R�q7YZW�<^NEv�u�?�u � I�BZ?�64«�� P�[&BoYZ?�])>�P�[ _ ?']3]oW�R�B�m&W�R$AX]oW�[7�\?tR�B u � ]o?�]3?tR�W�?t[7��YZ?�m � YZ?�ACBZ?tui?tR�BOP4[�R � ��?�P�[
m � ]oAtYo?tBH?tBFYo?�q$W�]�?�R\BF]o[7YFm&?�]FP�N _ W�Y � BZs7ui?�]Hm&? _ Y®P4q7s7?']#�)[7R � R���?�R�BZP � YZ?�?tR ?�]�BFYon'P4N � ]on�m^P4R^] � ª��£6*VX?tq)?tR^m7P�R�B��N9?
A®s^P�u�q�uwP _ R^n.B �Qx [7?�

B = rotA
7m&?�ui?t[7YZ?=NQP _ Y®P4R^m7?t[7Y�q7s�¥&] �Qx [7? � R�Bon�Yo?']o]ZP4R�Bo?H?.B{?�NEN9?G?�]�B � R^m&n�q$?�R^m7P�R\BZ?Fm&?GN9P

>�P4[ _ ?FA®s7W � ] � ?\6
Á1P�¿ _ [7Yo?�8�698Hu�W\R�BoYZ?=Nj� P�q7q7N � A�P�B � W\R�m�� [7R�uiW�m7vtN9?HuwP _ R7ntBoW\]�BZP4B �Qx [7?�q)W�[7Y{N9?FAtP�N9At[7N m&[pA®s^P4uiq�uwP _ R7ntB �Qx [^?

H
m^P4R^]{[^R�<7Y®P�]{m7?|]�[^]oq)?tR^] � W\R�m � P�[&BoW\u�W\< � NE?F] � u�[7N9P�R�B
[^RpAtW�R�BoY���N9?HR7W�Rpm&?�]�BoYZ[^A.B �ED q^P�Y{uwP _ R^n.BoW�]oAtW�q � ?a/6

� "$2*��%7�����w03���*"$23��%723f,�
Á ?puiW&m&vtN9?}m&?}AtW�[7Y®P4R�BZ]wm7?}�7W�[$AtP4[^NB�AtW�YZYo?']�q)W�R^m�P4[ AtP\]iW>}·NQPk��P�Y � P�B � W\RgBZ?tuiq$W\Yo?�NEN9?}m&[ m&n�q7N9P\A.?�u�?�R�B

ntN9?�A.BoY �9x [7?H?�]�B{R7n _ N �9_ ?'P4<7N9?��P4[7BoYZ?tui?tR�B{m � B{W\R�R7?GA.W\R^] � m&v�Yo?Hq7N9[^]�NE?Gq7s^ntR7W\u�v�R7?Gm&?FA.W�[^YZP�R\B®]Xm7?Gm7ntq7NQP�At?tui?tR�B�6
:=R�]o?GN � u � BZ?Fm&W�R^AHP4[�q7s7n�R7W�uivtR^?Gm7?�]
A.W\[7YZP�R�BZ]�m&?F�7W�[$AtP4[^NB x [ � ]�W\R�B�N9?�]{AtW�[7Y®P4R�BZ] � R^m&[ � BZ]{m7P�R^]�NE?']
A.W�R$m&[^AC¢
Bo?�[7Y®]=q$P4YGm&?�]H��P4Y � P4B � W�R^]�Bo?�uiq$W\Yo?�NEN9?�]Hm&[ `$[&Ikm�� � R$m&[^ACB � W\RyuwP _ R7n.B �9x [7?\6�Á ?�]=YZ?tNQP�B � W�R$]=��A.W\R^] � m&n�Yo?�Y=]oW�R�BHN9?�]
]o[ � ��P�R\BZ?�] $

rotE + ∂tB = 0, rotH = J, div B = 0, B = µH
?.B

J = Jg + σE.
�@8�6 ª �

Á ?�BZ?tYZu�?
Jg

uiW&m&ntN � ]o?�[7R7?{]�W\[7Y®A.?
m&?�AtW�[7Y®P4R�B�A.W\R7R�[7?�6/zOR�[&B � N � ]ZP4R�BOm&?
R7W�[^��?�P�[|N9?�q)W4BZ?tR�B � ?tN&�\?�A.Bo?t[^Y � R�BoYZW&m&[ � B
m7P�R^]
NE?|A�P�]
uwP _ R7n.BZW\]�BZP4B �Qx [^?��N�� n x [^P4B � W�R�Yon _ � ]o]ZP4R�B
NE?Gq7s^ntR7W\u�v�R7?|]�� n'A.Y � B $

rot
1

µ
rotA + σ∂tA = Jg .

�@8\6K²��
:=R�q)?t[7B D P � YZ?�NQP�uiÃ�u�?HYZ?tuwP4Y x [7? x [7?Hq$W\[7Y
NE?HAtP�]XuwP _ R7n.BZW\]�BZP�B �9x [7? $�[7R7?GA.W�R$m � B � W\R�m&?�>�P4[ _ ?=?']@B � R\BZYoW&m&[ � BZ?
q)W�[7YrP\]o]o[7YZ?tY
N�� [7R � A � Bon|m7?

A
m7P4R^]
N9?�]
q$P4YoB � ?�]
R7W\R�AtW�R^m&[$ACBoY � A.?�] �

σ = 0
�.6

Á1P �\?tY®] � W�R�s^P4YZuiW�R �Qx [7?#m&?}A.?#uiW&m&vtN9?p?�]�B�q7N9[^]�A.W\[7Y®P4uiui?tR�Bw[&B � N � ]ont?�6
:=R·]o[7q7q)W\]o?pq$W\[7Y�At?tNQP x [7?#N9?�]
Bo?�Youi?']�]oW�[7Y®A.?']�]oW�R�B�s^P�YouiW�R �9x [7?']t6)Á ?|�\?�ACBZ?t[7Y=q$W�Bo?�R\B � ?�N�]t� n�AtY � B=]oW�[^]�N9P D W�YZu�?

A = Re
(

Â exp(iωt)
) W>}

Â

c n &T,$*;�j�"��&��<��.�����*;&'�����"������(��C.9L ��(%�%��!$���0�/���D,��0?�*;�����<��*;&��/��&�������&'����&T!�&p��*;��&'�+@
m 7A������*',���&�*;& ,���.�����!��0�/� O��<,$����*;&��/���;(��=,$�+.k����i����+.k� �"�B��*;!�,$����.-�j�"e;&��0����F!$�+.�������.��+�SO����=�0K�+(�!$./� O�������&'�-�"!$K)���0�/�"!$K
���-�"(�(��P�"e;��.
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V�P�N9At[7NQ]X? ! ?'ACBZ[7n�]
P/��?'A{[7R7?GuiW&m&ntN � ]oP4B � W�R�?�R�uwP _ R7n.BZW4¢
]�BZP4B �Qx [7?�q)W�[^YHW\<&Bo?�R � Y=N9?�A®s$P4uiqyuwP _ R7n.B �9x [7?

H
m7P�R^]

[^R�<^YZP\]{m&?F]�[^]oq)?tR^] � W\R 6:=R�� � ]o[^P4N � ]o?}NQP�A.W\uiq$W�]oP�R\BZ?#BZP�R _ ?�R�B � ?tN9NE?ym7[�A®s^P4uiq
uwP _ R7ntB �Qx [^?G]o[7Y{NQPi]�[7Y D P�At?Fm&?|A.?G<7Y®P�]{m&?F]o[^]oq$?�R^] � W�R16

V �SW � 8�698 
 VXW\R\BZY �\NE?HR7W\Rpm7?�]�BoYZ[^ACB �D q^P4Y
uwP _ R7n.BZW\]ZA.W\q � ?Gm�� [7Rp<7Y®P�]{m&?F]o[^]�q)?tR$] � W�R#m�� P4[&BZW�uiW�< � N9?�6

?�]�B
[7R7? _ Y®P4R^m7?t[7Y
A.W\u�q^NE?tI�?=?.B
ω
AtW�YZYo?']�q)W�R^m���NQP D YZn x [7?�R^A.?GP4R _ [7NQP � Yo?\6�Á�� n x [^P�B � W\R���AtW�R^] � m&ntYZ?tY�q7YZ?tR^m�P4N9W�Y®]

NQP D W\Youi?�$
rot

1

µ
rot Â + iσωÂ = Ĵg .

�@8\6 µ �
½¶N)?.I � ]�Bo?HP4[^]Z] � m&?']�uiW&m&v�NE?']�?�R�A.W\[7Y®P4R�BZ]Xm&?=�^W�[^A�P4[7NEBXW�}�N�� � R^A.W\R7R�[7?�q7Y � R^A � q^P4N9?�?']@B
N9?=A®s^P�u�q�ntN9?�ACBZY �Qx [7?

EW�[�N9?|A®s^P4uiq�uiP _ R7ntB �Qx [7?
H
� ² )VXs^P�q � BoYZ?Gµ �j6

Á1P�¿ _ [7YZ?}8�6KJpuiW�R�BZYo?wNj� P�q7q7N � A�P�B � W\R�m�� [^R�uiW�m7vtN9?�m&?�AtW�[7Y®P4R�B®]|m&?��^W�[^A�P4[7NEB�q)W�[7Y�nt��P4N9[7?tY�N9Pym&?tR^] � Bon�m7?
A.W\[7Y®P4R�B
m^P4R^]
N9?|m&n D P�[&B�m�� [7RpY � ��?tB.�(AtP�N9At[7NQ] � ]Z]�[$]{m&?FN9P�BZs7v�]o?|m&?F��6^�
s7W�N9N9W�R��.6

V�P�N9At[7NQ]�? ! ?'ACBo[^n�]FP/��?'AF[7R7?�uiW&m&ntN � ]ZP�B � W\R}?tR A.W\[7Y®P4R�BZ]
m7?|�7W�[$AtP4[^NB{q)W�[7YrW\<&Bo?�R � Y{N9Pim&?�R^] � Bon|m7?|A.W�[^YZP�R\B{m7P�R^]
N9?|m&n D P4[&B'6
:=Rp� � ]�[^P�N � ]o?G]oW�[$] D W�YZu�?Fm&?A`$v�A®s7?']{NE?F�\?�A.Bo?t[^Yrm&?tR^] � Bon
m7?|A.W�[^YZP�R\B{m7P�R^]
NE?|m7n D P4[7B�6

V �SW � 8�6KJ 
 VXW\[7YZP�R�BZ] � R$m&[ � BZ]�m^P4R^]
N9?Fm&n D P�[&B�m�� [7RpY � ��?tB�6

� ��2*%&�'�(")�·�$���4�'"^������f�f(�#03����")�30*���
ÁO� n x [^P4B � W�R ��?'ACBoW\Y � ?tN9N9?im7?�]FW\R^m&?�]G?']@B|[^R¼u�W&m&v�NE? x [ � R7?wR7n _ N �9_ ?wP�[^A.[7R q7s^ntR7W\u�v�R7?�m7P�R^]FN9?�]Fn x [$P�B � W�R$]

m&?�l}P�I&~�?tN9N $uiP � ] x [ � A®s^?tY®A®s7?|��W\<&Bo?�R � YHm&?�] D W�YZu�[7NQP�B � W\R^]rR^?�A.W\R^]o?tYZ�/P�R�B x [^?|NE?�A®s^P4uiq#n�NE?'ACBoY �Qx [^?
E
W\[}N9?

A®s^P�u�q�uwP _ R7n.B �9x [7?
H
6



� � � � ����� � � � � � � �  � ��� � ��� � � � � � � 

zON9NE?']
q7YZ?tR7R7?�R�BrN9P D W�YZui?F]�[ � ��P4R�Bo?�$

rot
1

µ
rotE + ε∂2

t E + σ∂tE =< source >,

rot
1

ε
rotH− µ∂2

t H + σ∂tH =< source >,

�@8\6 ¡ �

Á ?�BZ?tYZu�?
< source >

?']@BOm&W\R7R7n
q^P�Y3[^R7?{P4R�Bo?�R7R7?��[^R7?
W�R^m&? � R^A � m&?�R\BZ?
W�[�[7R7?{]�W\[7Y®A.?
m&?{A.W�[^YZP�R\B n x [ � ��P4N9?tR�Bo?\6
:=RpA.W�R$] � m&vtYZ?Gq7N9[^]{]�W\[7��?�R�B
[^R7?F��?�YZ] � W\R�s^P�YouiW\R �9x [7?Gm7P�R^]
NE?']{q7YZW�<7N9vtui?']�m7?|m �"! Y®P�ACB � W\R $

rot
1

µ
rot Ê− (ω2ε− iωσ)Ê =< source >,

rot
1

ε
rot Ĥ− (ω2µ− iω

1

σ
)Ĥ =< source > .

��8�698�5 �

«HP4R^] N9?�]�A�P4NQA.[7NQ] Yon'P4N � ]on�]3?�R���R7R7?.I&?  4W�R�BoYZW�[^��?�q7NE[$] � ?t[7Y®]�P4q^q7N � AtP4B � W�R^]��R7W�BZP4uiui?tR�B�[7RiAtP�N9At[7N&q$W\[7Y�[7R7?
P4q^q7N � AtP4B � W�R�?tR�s�¥�q)?tYoBos7?�You � ?
NEW&AtP�NE?���q$P4Y�W�R$m&?�]3ntN9?�A.BoYZW�uwP _ R7n.B �9x [7?']�/m&[iuiW&m&vtN9?{m&?
N�� n x [^P4B � W�R��\?�A.BoW�Y � ?tN9NE?
m&?�]
W�R$m&?�]�6
%'&(%)&�� � 5 7:; 3 14365 7 9C/'- @ D(3��"361 =A9 = 1 ;�� 3 7 1 =�
	 / 	 =
� "$�303�,����"$�3��0�º9�(��������h£%7���

«HP4R^]H[7R u � N � ?�[ � R7s7W\uiW _ v�R7?��m&?']FA.W\R^m � B � W�R^]Gm�� � R�BZ?tY D P�A.?�?tR�BZYo?im&?t[7IyYon _ � W�R^]Hm&?iq7YZW�q7Y � n.Bon']Gm �"! ntYZ?tR�BZ?�]��
m&W � �\?tR�B{Ã.BoYZ?G��n�Y � ¿^nt?'] $


 N9Pf������
$�1�����1
�3o�>�_05!�����^%&���*!#�-
Y�q
�!#�g8g�*��
$� ��0105�|���d��V&!#,% ntN9?�A.BoY �9x [7?
E
?tB�]�� � N�R � ?.I � ]@BZ?wq^P�]�m&?�A.W\[7Y®P4R�B

m�� � R�Bo?�Y D P\A.?�GAt?tN9NE?Fm&[#A®s^P�u�q�uwP _ R7n.B �9x [7?
H

�

 N9Pk���#�-
.�1�-���1
Y3�����05!|����^%&���*!#�-
Y���@�#'�7!#05�G�>��06b �1�@���-��
.� ��� uwP _ R^n.B �Qx [7?

B
?.BG]t� � N*R � ?.I � ]�Bo?�q^P�]=m&?�A®s^P�Y _ ?

m�� � R�Bo?�Y D P\A.?��GAt?tN9NE?Fm&[f�>3Y%@0j!>���*����-
{ntN9?�A.BoY �9x [7?
D
6

� "$�303�,����"$�3��0*�#��%\�$")�*�3��������� �kf�ºE�(��� �*�
L W�[7Y�n.Bo[$m � ?�Y�N9?|Y®P/¥�W�R^R7?tui?tR�B{?tR}A®s$P4uiqpN � <7YZ? � x [ � ?�]�B�NE?�AtP�]rq$W\[7Y�Nj� n x [^P�B � W\Rpm7?�]rW\R^m&?']
�  � N1?�]�B�R^P4Bo[7YZ?tN

m�� � uiq)W\]o?tY3�rNj� � R&¿^R � NQPp�����:���1
.� ���q��� '6!��>�#�-�:�*��*��
?�>���:�����*')(*��05� x [ � ?�]�B*[^R7?XAtW�R^]on x [7?�R^A.?�m7?�NQPrA.W\R^]�?�Yo��P4B � W�R
m&?FNj� n�R7?tY _ � ?�6

«HP4R^]�NE?�A�P�]Xm�� [^R�A®s^P4uiq�]ZAtP4NQP � YZ?
ψ
��n�Y � ¿$P4R�BONj� n x [^P�B � W\R�m&? -r?�NEuis7W\NB
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[7R#A®s7?�u � R�q^P4YoB � A.[7N � ?tY{W>}�N9?�]rm&?�[&I�R7W�?�[^m7]{?tI�BZYon�u � BZn�]{A.W���R$A � m&?tR�B�6

³rR _ YZP�q7s7?G?�]�B=m � B��������@�"mh��] � BZW�[&B=AtW�[7q^NE?|m&?�R7W�?t[^m7]=m � ]@B � R^A.BZ]�q$?�[&B=ÃtBoYZ?
>@W � R\B=q^P4Yr[^R}A®s7?tu � R 6 � �
n
?�]�B

[7R R7W�?t[$m 1Nj� ?�R^]o?tu�<^NE? D W�YZuinwq^P4Y
n
?.B�q^P4YGBZW�[^]FN9?�]F]oW�uiui?.B®]|P4[7I x [7?�N9]

n
q)?t[&B�ÃtBoYZ?wN � nwq^P�YF[7R�A®s7?tu � R ?�]�B

P4q^q$?�NEnF[7R^?����#,%-�	��!���
��7�������@�"mh�Fm&[ _ Y®P4q7s^?�6
³rR�!�'�/�'6�G?�]�BX[^R _ Y®P4q^s7?�A.W\R7R7?tI�?=q^P4YoB � A.[^N � ?tY x [ � R^?HAtW�R�B � ?tR�B�P�[^A.[^R7?�<)W�[^AtNE? ��]o[7q7q^Y � ui?tY�[^R7?=<^YZP�R^A®s7?=m7?

A.?tB�P4YZ<7YZ?HN9?FYZ?tR^m�R7W\RpAtW�R7R^?.I&?�6$:=Rpq)?t[&B�uiW\R\BZYo?�Y x [1� [7R}P�Yo<^Yo?Gm&?
N

R7W�?t[^m^]rA.W\R\B � ?�R�B{BoW�[4>@W�[7Y®]
?.I7P�A.Bo?�u�?�R�B
N − 1

<7Y®P4R^A®s^?�] � µ 7qy²4J��j6
«HP4R^]�m&?yR7W\u�<7YZ?t[$]�?']�] � Bo[$P�B � W�R$]��W�R ?']@BpP4ui?tR7nk�gA.W\R^] � m&n�Yo?�Y�[7R !#'�/*'"�����#��Z9'6!#�-
�m � [7R _ Y®P4q7s7? � R � B � P4NA.W\R7R7?tI�? $OAt?.B�P4YZ<7YZ?�?']@B�[7R·]oW�[^]�¢ _ YZP�q7s7?�m&[ _ YZP�q7s7? � R � B � P�N�P/��?'A�N9?�]iuiÃtui?']iR7W�?t[^m7]iuwP � ]i?�R�]o[7q7q7Y � uiP�R�B

x [7?tN x [7?�]
<^YZP�R^A®s7?�]�6�½¶N ¥�Pim&?GR7W�u�<7YZ?t[^]o?�]Xq$W�]o] � < � N � Bon�]
q)W�[^Y{N9Pim&ntBo?tYZu � R$P�B � W�Rpm�� [7RpP4YZ<7Yo?GA.W\[7��YZP�R�B $7m7P�R^]
N9?
AtP\]Xm7[ _ YZP�q7s7?�m&?GNQPF¿ _ [7YZ?�8\6 � �,<���&W\R�m&W\R7R7?Gm&?t[&I�P�Yo<^Yo?']XAtW�[7��Y®P4R�BZ]�q^P4YoB � A.[7N � ?tY®]X��N9P|¿ _ [^Yo?�8�6K��6&ÁO� ?tR^]o?tu�<7N9?
m&?']{P4YZÃ.Bo?']
R7W�RpA.W\R^] � m&n�Yon�?�]
m7P�R^]
N�� P4YZ<7YZ? D W�YZu�?GN9?G�"�W!�'�/�'6�t6
c %&�����(����0�º9�(�3����0*���3��� �3��%7�3�'�3���Z�3" ��2*0 �\�Àf�"$�p03���À��")21��%7���'��03���#�(�/�/�3�*"�� L W�[7YpYZ?tq7YZn�]o?tR�Bo?�Y�[^R
_ Y®P4q^s7?��NQP�uiP4BoY � At?�m�� � R^A � m7?tR^At?w<7YZP�R^A®s7?t¢jR7W�?�[^mkAtW�uiq7N9v.BZ?

Gc
m&[ _ Y®P4q^s7?iq$?�[&B�Ã.BZYo?i[&B � N � ]�n�?�6*Á1?iR7W�u�<7Yo?�m7?
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 «�?�[&I�P�Yo<^Yo?']�AtW�[7��Y®P4R�BZ]�q)W�[7Y{N9? _ Y®P4q7s^?Gm7?HNQP�¿ _ [7Yo?�8�6 ���(<��C6

A.W\NEW\R7R7?']rm&?�At?.B�BZ?|uwP�BZY � A.?F?']@B�n _ P�N1P4[#R7W\u�<7YZ?
N

m&?|R^W�?�[^m7]rm7[ _ Y®P4q7s^?H?tB=N9?|R7W\u�<7YZ?|m&?|N �E_ R7?�]�P4[#R7W\u�<7YZ?
E
m&?G<7Y®P4R^A®s7?']#�7At?�]
?tR�BZYon�?�]
]�W\R�B{m7n.¿^R � ?�]�m&?FN9P�uwP4R � v�Yo?F]o[ � ��P�R\BZ?�$

(Gc)en =







1
] � N9?GR7W�?t[^m

n
Bo?tYZu � R^?HNj� P4YZÃ.Bo?

e,

−1
] � N9?GR7W�?t[^m

n
m&nt<7[7Bo?FNj� P�YoÃtBo?

e,

0
] � R7W�R

.
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L W�[7Y{N9? _ Y®P4q^s7?Hm7?FN9P�¿ _ [7Yo?i8\6 � �,<���$]oP�BoY®P4R$]�q)W\]ont?G]t� n�AtY � BrP4N9W�Y®] $

(Gc)
t =







1 −1 0 0 0 −1
0 1 −1 −1 0 0
0 0 0 1 −1 1
−1 0 1 0 1 0






.

� � N9? _ Y®P4q^s7?=q)W\]Z]ov�m&?
N

R7W�?t[^m^]
?.B�]�� � N ?�]�B�A.W\R^]�B � Bo[7n|m&?
P
A.W\u�q)W\]ZP4R�BZ?�]
A.W\R7R7?.I&?']�&N9?FYZP�R _ m&?|A.?tB�Bo?FuwP4BoY � At?

?�]�B|n _ P4N9?��
N − P 6��HntR7n�YZP�NE?�ui?tR�B��W\R ]o[7q7q7Y � u�?w[^R R^W�?�[^m m&[ Yon']�?'P4[yq)W�[^Y|A®s^P x [7?wA.W\uiq$W�]oP�R\BZ?�AtW�R7R^?.I&?�

A.?�R7W�?t[^m#¿7I&?|[7R7?�Yon D ntYZ?tR^At?|?.BHN�� W�R#BZYZP/��P � N9NE?�P/��?�AG[^R7?�uwP�BZY � A.?�m�� � R^A � m&?�R^A.?�<7Y®P4R^A®s7?t¢jR^W�?�[^mpYZn�m&[ � Bo?\6 � � Nj� W\R
W�[^<7N � ?GNE?FR^W�?�[^m

2
m7P4R^]
N9? _ Y®P4q^s7?Hm7?FN9P�¿ _ [7Yo?i8\6 � �,<���^N9P�uwP�BZY � A.?Fm�� � R$A � m&?tR^At?FYon'm&[ � Bo?|m&W\R7R7?�$

Gt =





1 −1 0 0 0 −1
0 0 0 1 −1 1
−1 0 1 0 1 0



 .

Á1P�uwP�BZY � A.?GYZn�m&[ � BZ?F?�]�B�m&?FYZP�R _ uiP4I � uwP4N�?tBrN9PiYZ?�A®s^?tY®A®s7?Hm � [7R#P�Yo<7YZ?GA.W�[^��Y®P4R�Brm&[ _ Y®P4q^s7?=q)?tYZui?.B�m&?|m7n.Bo?�Y�¢
u � R^?tY{[7Rp?tR$]�?�u�<7N9?|m&?GN �9_ R^?�]
N � R7n'P � Yo?�ui?tR�B � R^m7ntq)?tR^m7P�R�Bo?�]�m&?FA.?.BoBo?FuwP�BZY � A.?GYZn�m&[ � BZ? � ¡ $µ )VXs^P�q � BZYo?|J��j6
��W � B

I
NE?H��?'ACBo?�[7Y
A.W�R�BZ?tR^P�R\B�NE?']��/P�NE?�[7Y®]Xm&?']
A.W�[^YZP�R\B®]Xm^P4R^]XNE?']
m �"! ntYZ?tR�BZ?�]�<7Y®P4R^A®s7?']Xm7[�YZn�]o?�P4[�\N9?H]o?tR$]�m7?

A.?�[&I�¢£A � BZ?tR^P�R�B
AtW�uiq&Bo?Hm&?�]�W\Y � ?tR�BZP4B � W�R^]Xm&W�R^R7nt?']XP�[&Iw<7YZP�R^A®s7?']�m&[ _ Y®P4q7s7? �\NQP|N9W � m&?�]
AtW�[7Y®P4R�BZ]Xm&?G¤ � Y®A®s7s7W !
q)?t[&B�]�� n'A.Y � YZ?F]�W\[^] D W�YZui?HuwP4BoY � A � ?�NEN9?G?.B�m&?FuwP4R � v�Yo?Gn x [ � ��P4N9?tR�Bo?�$

(Gc)
tI = 0

W�[
GtI = 0.

��8�698'J��
zOR#? ! ?tB�

Gt ?�]�Brm&n�m&[ � BZ?�m&?
Gt

c

?�RpYo?tB � YZP�R\B{[7R^?FN �9_ R7?G?tB=m&W�R$A
kerGt ⊂ kerGt

c

6�VXW�uiui?
rangGt = rangGt

c


N9?�]{m � ui?tR^] � W\R^]rm&?

kerGt ?.B�m&? kerGt
c

]oW�R�B{n _ P4N9?�]�?.BrNj� � R^AtNE[$] � W�Rp?�]�B{[7R7?Fn _ P4N � Bon�6
c %&�����(���p03� �X"$23��f������\��f(")��0*���������*�'�(")�3�|0*� �#�,���/�3�*"�� Á1P|uwP4BoY � At?=m&?H<$W\[^A.N9?�]�A.W\uiq7NEvtBo?

Rc
?']@B
P4[^]Z] �

� R\BZntYZ?�]Z]oP�R�Bo?Gq$W\[7YrNj� ntBo[^m7?�m&?�]rNEW � ]rm7?|¤ � Y®A®s7s7W ! 6^Á1?FR7W�u�<7YZ?Gm7?|N �9_ R^?�]rm&?|At?.BoBo?|uwP�BZY � A.?F?']@Brn _ P�N P4[#R7W\u�<7YZ?
m&?i<)W�[^AtNE?']Fm7P4R^]GN9?wYZn�]o?�P4[k?.BFN9?wR7W�u�<7Yo?im&?�AtW�N9W�R7R7?']GP4[ R7W�u�<7Yo?

E
m&?i<7Y®P4R^A®s7?']t61:=Rk¿7I&?w[7R7?iW�Y � ?tR�BZP4B � W�R

q)W�[7YrA®s^P x [7?G<$W\[^A.N9?G?.BrN9?�]{?�R\BZYon�?�]
m&?|At?.B�BZ?FuwP�BoY � A.?F]�W\R�B{P�NEW\YZ]
m&nt¿^R � ?�]{m&?FNQP�uwP4R � vtYZ?F]�[ � ��P4R�Bo?�$

(Rc)ef =







0
] � NQP�<7YZP�R^A®s7?

e
R � P4q7q$P4YoB � ?tR�B�q$P�]{�iNQP�<)W�[$A.N9?

f,

1
] � NQP�<7YZP�R^A®s7?

e
P4q^q^P4YoB � ?tR�B{��NQPi<)W�[^AtNE?

f
?tBrNE?']{W�Y � ?tR�BZP4B � W�R^]
A.W���R$A � m&?tR�B

,

−1
] � NQP�<^YZP�R^A®s7?

e
P4q^q^P4YoB � ?tR�B{��NQPi<)W�[^AtNE?

f
?tBrNE?']{W�Y � ?�R�BZP�B � W\R^]�R7?FA.W���R^A � m7?tR�B{q^P�]

.

��8�698�U �



µ � � � ����� � � � � � � �  � ��� � ��� � � � � � � 

«HP4R^]{N9?|AtP\]rm&[ _ Y®P4q^s7?Fm&?FN9P�¿ _ [7YZ?i8�6 ���,< � 7W\R�q)?t[7B�Yo?'A.?�R^]�?�Y{NE?']
<$W\[^A.N9?�]�]�[ � ��P4R�Bo?']{?tR#m&W\R7R^P�R\BrNQPi]�[ � BZ?�m&?�]
R7W�?t[$m7]�BoY®P/��?�YZ]on�] $

{1, 2, 4}, {1, 3, 4}, {1, 2, 3}, {2, 3, 4}, {1, 2, 3, 4}, {1, 2, 4, 3}, {1, 4, 2, 3}.
ÁO� W�Y � ?tR�BZP4B � W�R � R^m&[ � Bo?�q^P�YHNQP�q^Yo?�u � vtYZ?�<)W�[$A.N9?�?']@BGYZ?tq7YZn�]o?tR�Bon�?�]o[7YGN9P�¿ _ [7YZ?�8�6 ���,< �®6*VX?�A � R7W\[^]GA.W\R^m&[ � BG��NQP
uwP�BZY � A.?Fm&?F<)W�[^AtNE?']{A.W\u�q^NEvtBo?F]�[ � ��P4R�BZ? $

Rc =













1 1 1 0 0 0
1 0 0 0 1 1
0 1 0 1 0 −1
0 0 −1 1 1 0
1 1 0 1 1 0
0 1 1 0 −1 −1
−1 0 −1 1 0 −1













.

VX?tq)?tR$m7P4R�B��W\R�m7W � BwAtW�R^] � m&ntYZ?tY � A � m&?pR7W�u�<7YZ?t[^]o?�]�<$W\[^A.N9?�]wP�NEW\YZ] x [7?#A.?�Y�B®P � R^]i]�W\[^]@¢£?tR$]�?�u�<7N9?�]�P4q7q)W�YoBo?�R�B
[7R7? � R D W\YouwP�B � W\Rkn x [ � ��P�NE?�R\BZ?�6 � � R$] � ] � Nj� W\R¼P�m7n.Bo?�You � R7nw[7R�P�Yo<7YZ?iA.W�[^��Y®P4R�B|m&[ _ Y®P4q^s7?�?tB x [7?wNj� W\R P4>@W�[&BZ?
� R^m&ntq)?tR$m7P4uiui?tR�B=?tB=[7R^?��w[7R^?�N9?�]r<^YZP�R^A®s7?�]=m&[yAtW\P4YZ<7YZ?�&W\R}W�<&B � ?�R�B=m7P4R$]�A®s^P x [^?�AtP\]r[7R _ YZP�q7s7?|P/�\?�AG[7R7?
[7R �Qx [7?F<)W�[^AtNE?� x [ � ?�]�B�P4[^]Z] � [^R7?F<$W\[^A.N9?|m&[ _ Y®P4q^s7? � R � B � P4Nj6):=Rpm � B x [7?FNj� W�RpP�P � R$] � m&ntBo?�You � R7nF[7Rp?tR^]o?tu�<7N9?
m&?p/����-��05�*� (*���:�>!�����-
Y!�05�*��P�]Z]�W&A � n
�GN�� P4YZ<7YZ?�AtW�[7��Y®P4R�BOA®s7W � ] � 6���[^Y�N9PH¿ _ [7YZ?H8\6 ªG]oW�R�B�Yo?�q7YZn�]o?tR�Bon�?�]3NE?']OUH<$W\[^A.N9?�]D W�R$m7P4ui?tR�B®P4N9?�]3P�]Z]�W&A � nt?']1P�[|q7YZ?tu � ?�Y3P�Yo<^Yo?�AtW�[7��Y®P4R�B*m&?�NQP{¿ _ [7Yo?=8�6K��6�:=R|q)?t[&B�P4[^]Z] � A®s7W � ] � Y1N9?t[7Y®]1W\Y � ?tR�B®P�B � W�R$]
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������� �"! #%$'&)(+*-,/.10324,657,6098;:=<>2?,@*BA�8;(=53CD.E,/(GFHCD2?,@*@!
I 8;:3JLKG:NM ,/2?24,O*P</8 � (+<>QR57,/(GFLCTS;,O<U<>,@242?,V53,W2XM C;J-Y/F-,V57:Z</8"C;J-03J[,\CD]^8;:7F[_/,;!3`W('8"07F-Q?,/(GFLCD2?8;JH*):3(+,W.aCbF[J-QR<>,c57,V0=8":+<>2?,@*A�8;(=53CD.E,/(GFHCD2?,@*LKG:3QN<>8"J-J[,@* I 8;(+5 I 8":3JL24,%<Hd+8;Q4e I J[_@*-,/(GF-_cfE2?C1g+h":3J[,i�"! #ifi2?CE.aCDF-J[Q?</,ij

Rf =





1 0 1 −1 0 1
0 1 0 1 0 −1
0 0 −1 1 1 0



 .

k Ql2XM 8"(m<>8"(+*nQR57o@J-,%2RCZ*n8":+*^pq.aCbF[J-QR<>,68"07F-,@(G:+,r,/(s,>etF-JHCTu"C;(GFU24,O*V</8;2?8;(3(+,@*%�"vxwy,>F%z7vx<>8"J-J[,@* I 8"(+53C;("FVCD:7e{Q?(+57QR<>,@*57,O*\03JHCD(=<Hd3,@*V57:m</8"CDJ[03J[,;v=8;(m</8;(+*nF[CDF-,1KG:3,i<>,/FnF-,E*-8;:+*npX.aCDF-J[Q?</,%,@*nFW2RCy.aCbF[J-QR<>,1Q?53,/(GF-Q4F-_E<>,EKG:3Q|(+8;:+*WQ4(=57Q?KG:3,
KG:3,c24,6JHCD(+hi57,

Rf

,@*nFL_/hGCD2NCD:Z(38".r03J[,657,c03J[C;(+<Hd3,O*B53:}</8"C;J-03J[,;vt<D! p~fbp~5�!
E + 1−N !x�P,VJ[_@*-:324F[CDF�,O*^FLSbCD2RCD0+24,

I 8;:3JBF-8":7F�h;JHC I d3,�� �+v7�7v=�Pd+C I Q�F[J-,cwT�q!G��24:+*Bh"_/(3_@J[C;24,@.i,@(GF@vG8;(y(38;F-,@J[C R F-8;:3F-,V.ECDF-J[Q?</,W57,V098;:+</24,O*PJ[_@53:3Q�F[,V53,
JHCD(3hi.aCbe7Q4.aC;2�,>FU_/hGCD2Nf

E + 1−N ,/FU24,O*�0=8":+<>2?,@*L<Hd+8;QR*nQ?,@*L*-8;(GFU57Q4F-,@*�Q?(+57_ I ,@(+53C;("F[,@*@!&)(�8;:7F[J-,"v�8;(�<>8"(+*^FHCbF[,i*-Q4. I 2?,/.E,@("FOvN,/(�*@M C"*-*-:3JHCD(GFV0+Q4,@(s,@("F[,/(+53:�KG:3,a2RC'(t:3.E_@J-8;F[CbF[Q48"(s57,O*6<>8"248"(3(3,@*653,
(Gc)

t ,/F Rc

,/F\57,
Gt ,/F R *-8;Q4FL</8;d3_@J-,@(GF-,;v3KG:3,Ej

(Gc)
t(Rc)

t = 0
,/F

GtRt = 0. � �;!?�/�G�
�P,@</Q|*-Q4h"(3Q4g+,rKG:3,

Im(Rc)
t ⊂ ker(Gc)

t
,>F

ImRt ⊂ kerGt
!x`WJOv38;(�C'*n8":324Q?h;(+_ I J-_O<>_O57,/.E.E,/(GFWKG:3,%2?,%JHCD(3hy53,

Gc

8;:
G
_>FHCDQ4F

N −1 � ,/(y<>8"(+*-Q?57_@J[C;(GF)24,Uh"J[C I d3,L<>8"(3(3,/et,T�x�;,@(y<>8"(+*n_OKG:3,/(+</,;vD2RC657Q?.E,/(+*-Q48"(y57:a(38buGCD:a57, (Gc)
t8;:

Gt
,@*nF

E + 1−N !x�P8;.E.E,V2?,6JHCD(3hE57,
R
,O*^FL_@h"CD2Nf
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R1 0 0 0 0 0
0 R2 0 0 0 0
0 0 iωL3 0 0 0
0 0 0 R4 0 0
0 0 0 0 R5 + iωL5 0
0 0 0 0 0 1/(iωC6)
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`W('A C;Q�F\C I3I CDJHC�RF-J[,WC;Q4(=*nQN:+(3,657:+CD2?Q4F-_6,/(GF[J-,c2RCi*-:3Q4F-, � �;!?�@�;�B,/FU2?CE*-:3Q�F[, � �"! w��D�>!
�����	��� 
����������������������� �!�"�#���%$"� &�'�(�)�(�*��+�(��,.-/&�0�1���2�&�3����-04.�5���+�(��,.-/$76��"-0�8��"�(9:���'�

; ����-0�
�l8;:3J A CDQ?J-,P24,P24Q?,/(r,/(GF-J[,�2RCLF[d3_/8"J-Q?,�57,O* J[_@*-,@C;:7eV,/F|2RC\57QR*[<>J[_>F-QR*[CbF-Q?8;( I CDJ _/2?_/.E,/(GF[* g+(3QR* *n:3J :3(3,�F-J[Q?C;(3h;:+2?CDF-Q?8;(5�M :3( 578;.aC;Q4(3, I 2RCD(Nv�8"(sQ?(GF-J[8757:3Q4F6KG:3,@2?KG:3,O*V(38DF[Q48"(+*6*n:+JV2?,@*ch"J[C I d3,O* I 2?C;(+CDQ?J-,O*/!�PN,O*ch;JHC I d+,@* I 2RCD(+C;Q4J[,@*V*n8"(GF<>,@:7e I 8;:3J62?,@*[KG:3,/2R*cQ?2),>e7QR*^F[,i:+(3,EJ-, I J-_O*n,@(GF[CbF[Q48"(s53C;(+*c2?, I 2?C;(�57,y*-8;J-F-,EKG:3,a2?,@*6*-8;.E.E,>F[*6*-8;Q?,/(GF%57,O* I 8"Q4(GF[*57QR*^F[Q4(=< F[*@vl24,O*r0+J[C;(+<Hd3,@*157,@*i<>8":3J[0=,O*1*-Q4. I 2?,@*1,>FE57,/:3e 03J[C;(+<Hd3,O*%(3,Z*n, J-,@(+<>8"("F[J-,@(GF I C;*1,/( 57,/d38"J[*i57, 24,@:3J[*

,>etF[J-_@.iQ4F-_O*c�4� �T�"�+S;8;Q?J�2?C1g+h":3J[,i�"! � I 8;:3JL2RCiJ-, I J[_@*-,/(GF[CDF-Q?8;( 53,6h;JHC I d3,O* I 2?C;(+CDQ?J[,W,/FU(38;( I 2RCD(+C;Q4J[,;!

�B���P� �;! �%$=<VJHC I d3,@* I 2RCD(=CDQ?J-,c,>FL(38"( I 2?C;(+CDQ?J[,;!
�VCD(+*�24,\<@C;*)53,Uh;JHC I d+,@* I 2RCD(=CDQ?J-,O*/vD2?,@*�03JHCD(+<Hd3,O* *n_ I CDJ[,/(GF)2?, I 2RCD(a,@( I ,/F-Q4F-,O*)J[_/h;Q?8;(=*)C I3I ,/2?_/,?>A@CBEDEDGF�HP�;:3(3,

.aCDQ?242?,B,@*nF :3(+,BJ[_/h"Q48"(r57_@24Q?.EQ�F[_/, I CDJ :3(3,�098;:+</24,B(3,�<>8"("F[,/(+C;(GF I C"*l57,P0+J[C;(+<Hd3,@*@vT<>,>F-F-,�098;:+</24,B,@*nF 2?,7I:JLK�MNJLO�PU53,
2RC6.aCDQ?242?,;!1P�M ,@(+*-,/.r0+24,\53,@*�</8;(GF-8":3JH* 57,@*�.EC;Q42?2?,@*lA�8"J-.E,U:3(+,LA CD.EQ?242?,\57,U098;:=<>2?,@* Q?(+57_ I ,@(+53CD(GF[,@*U�?���b�=,>F I ,@:3S;,@(GF*-,/J[SGQ?J I 8":3J�2?Ci57_>g=(3Q�F[Q48"( 57,O*�24Q?h;(+,@*B5�M :+(3,c.ECDF-J[Q?</,V53,W098;:+</24,VJ[_@57:3Q4F-, B !t�VCD(=*P2?,ch;JHC I d+,W57,V2?Crg+h":3J-,i�;! � � 0=�Hv2?,@*L<>8"(GF-8;:+J[*�57,O*L.aCDQ?242?,@*L*-8;(GFL24,O*�0=8":+<>2?,@* {1, 2, 4} v {2, 3, 4} ,>F {1, 2, 3} !`W( I ,@:7FLF-8":b]^8;:3JH*L57_/g+(3Q?JL24,6h"J[C I d3,c57:+CD2|5�M :+(Zh"J[C I d3, I 2RCD(+C;Q4J[,657,c2?Ci.aCD(3Q?o/J[,6*n:+Q4SbCD(GF[,aj$ f1<Hd+C"KG:3,c.EC;Q42?2?,c53:Zh"J[C I d3, I J[Q4.aCD2�,O*^FUC"*-*-87<>Q?_W:3(}:3(+Q?KG:3,c(38t,/:=5 57:}h"J[C I d3,c57:+CD2X!7�l8;:3JL2?,6J[, I J[_@*-,/(GF-,@J8;( I ,@:7FU24, I 2?C"<>,/JLC;:Z0=CDJ[ut</,/(GF-J[,c57,c2?Ci.aCDQ?242?, I J[Q4.aC;24,"!$ fi<Hd=C;KG:3,603JHCD(+<Hd+,c53:{h;JHC I d3, I J[Q?.EC;2N,@*nF\C;*[*-8t</Q4_@,c:3(3,6:3(3QRKG:3,%03JHCD(=<Hd3,657:{h;JHC I d+,c53:+CD2X!�P)M 8;J[Q?,/(GF[CDF-Q?8;(57,@*cCDJ[Y>F[,@*c57:�h;JHC I d+,i57:=CD2 ,@*nFcg3e7_/,E57,E.aCD(3Q?o/J[,af </,EKG:3,E2RC'.aCDF-J[Q?</,E5NM Q?(+<>QR57,@(+<>,E03JHCD(+<Hd+,>pq(38t,/:+5�53:h;JHC I d3,c57:+C;2N*n8"Q�FU_@h"C;24,cfi2?C1F-JHCD(=* I 8"*-_/,657,c2RCE.ECDF-J[Q?</,657,c0=8":+<>2?,@*L57:}h"J[C I d3, I J[Q4.aCD2X!�l8;:3JVKG:3,%2XM C;(+CD2?8;h"Q4,%*-8;Q4F I 2?:+*W<>8;. I 2?o>F[,1CTS",@<c:3(3,rF-J[Q?C;(3h;:+2?CDF-Q?8;({5�M :3(s578".aCDQ?(3, I 2RCD(Nv=8;(m538;Q4FW<>8"(+*nQR57_@J-,@J:3(3,%</2?C"*-*-,657,%h"J[C I d3,@* � dGu I ,/J[h;JHC I d+,@*H�PCTuGCD(GFLfE2?CiA�8"Q?*U53,@*L03JHCD(=<Hd3,@* � 8;:{CDJ[Y>F[,@*H��,/F\57,@*LA C;<>,O*/v=K":+Q *n,@J-8"(GF�:+(*-8;:+*npX,@(+*-,/.r0+24,�53,@* .aCDQ?242?,@*@!;P|CU.aCbF[J-QR<>,B5�M Q4(+</Q?53,/(+</,�A C"<>,>p~CDJ[Y>F[,�*-,P*-:30+*nF-Q4F-:3,�CD2?8;JH* fW2?C\.aCbF-J[QR<>,P53,P098;:+</24,O*/!O&)2?24,
I ,/:7F-pXY/F-J[,1A�8"J-.E_@,Ef I C;JnF[Q4J657,a2RCZ.aCbF-J[QR<>,a57,@*6</8;(GF-8":3JH*/vx,/(�J[,>F-Q?JHCD(GFV2?,@*c2?Q?h;(3,O*6<>8;J[J[,@* I 8"(+53CD(GFcCD:7es</8;(GF-8":3JH*57,O*1.aC;Q42?24,O*EK":+QB(+,Z*-8;(GF I C;*E57,@*1A C"<>,@*@! W 2RCmg+h;:3J[,m�"! �3v 8"( J[, I J[_@*-,/(GF[,':3( h;JHC I d3,ZCTS;,O<a24,O*1A C;<>,O*i,>FE24,@:3J[*



�Ow � ��� �'�
���"�!�%�@�x�!�'&5����� �'������� �@�x�!�'&

8;J[Q?,/(GF[CDF-Q?8;(+*@!
R′ ,O*^FL2RC1.aCDF-J[Q?</,c53,@*�<>8"("F[8;:3JH*�C;*[*n87</Q4_@,WCD:Zh;JHC I d3, I 2?C;(+CDQ?J-,V,>F R 2RCi.aCbF-J[QR<>,c5�M Q?(+</Q?57,@(+<>,VA C"<>,>p

CDJ[Y>F[,;!)`W( S"_/J[Q�g+,
rangR = rangR′ − 1

,>FE,/( </8;(+*-_@KG:3,@(+<>,"v
kerR′ = ImG  kerR

,>Fa2?,Z57_/A CD:7FE,@*nFy57,
57Q?.E,/(+*-Q48"(��;!=�P,cF^u I ,%53,6h;JHC I d3,6</8;(tStQ4,@("FUfE2RCiJ-, I J-_O*n,@(GF[CbF[Q48"( 57,62RCiF-J[QRCD(3h":32?CDF-Q?8;(Z5�M :+(�578;.aCDQ?(3, I 2RCD({CTS;,O<

1 2

8

5
4

6

9
3

7
��CDF-J[Q?</,657,6<>8;(GF[8;:3JH*Vj

R′ =







−1 0 0 0 1 0 −1 1 0
0 1 0 0 0 1 1 0 −1
0 0 1 −1 0 0 0 −1 1
0 0 0 −1 1 1 0 0 0







��CDF-J[Q?</,65�M Q?(+</Q?57,@(+<>,VA C"<>,>p~CDJ[Y>F[,1j

R =





−1 0 0 0 1 0 −1 1 0
0 1 0 0 0 1 1 0 −1
0 0 1 −1 0 0 0 −1 1





������� �"! �r$ ,L, I J-_O*n,@("FHCbF[Q48"( 5�M :3(}h;JHC I d+,W,/F\57,%*n,O*BA C;</,@*@!
*-,@*�(38t,/:=53*/v=*n,O*LCDJ[Y>F-,O*B,>F\*-,@*BA C;</,@*@!

�V<#7:687:9;4�<#783�=I>3��9w� 3�=3����MO<#9A>3� 6:4 <#EOG@3^�D7(� >3�@9��FG@9'�@4�H��
�P8;(=*nQR57_/J[8;(=*|2RCWF-J[Q?C;(3h;:+2?CDF-Q?8;(E5�M :+(y578;.aCDQ?(3, I 2RCD( Ω

! k 8"Q4,@(GF N v E ,/F F 2?,@*l,@(+*n,@.r032?,@*�57,L(38t,/:+5+*/v;5NM C;J-Y/F-,@*
,>F\53,cA C;<>,O*L57:Z.EC;Q42?2RCDh;,O*L57,6</C;J[57Q?(+C;2�J-,O* I ,@<>F-Q4A N v

E
,/F
F
!

�U(+,1.E_>F[d38757,E57,157QR*[<>J[_>F-QR*[CbF-Q?8;(m(+CbF[:3J-,@242?,r,@(m_@24,O< F-J[8;.aC;h;(3_/F-QR*n.E,%J[,/StQ?,/(GFVf'J-,@. I 2?C"<>,/JW24,i.EQ42?Q?,/:s</8;(GF-Q?(t:
I C;Ji:+(��nJ[_@*-,@CD:�� */M C I3I :3u"C;("Fa*-:3Ja24,}h"J[C I d3,}C;*[*n87<>Q?_}fm2RCsF-J[Q?C;(3h;:32RCbF[Q48"( �?�;� �G�)<>,{h"J[C I d3,yA C;Q�Fy0+Q4,@( ,@("F[,/(+53:
Q?("F[,/J[S;,@(3Q4J�2RCi(38DF[Q48"(}53,V(+8G,@:+53*@v+5�M CDJ[Y>F[,@*�.aCDQR*LCD:+*[*-Qx53,cA C;<>,O*L<>8".i.E,cQ?(+57QRK":+_ I J-_O<>_O57,/.E.E,/(GF@!`W( :3F-Q?24QR*n,�C;248"J[*12?,@*a*-:3Q�F[,@*E.EQR*n,O*E,/( _/StQ?53,/(+</, I 8;:3Ja2RCsF-d3_@8;J[Q4,}57,O*EJ-_O*n,OCD:7e�! PN,O*1h"J[C;(+57,@:3J[* I dtu7*nQRKG:3,@*Q?("F[,/J[S;,@(+CD(GFi5+CD(+*12 M _@KG:3Q?SbCD2?,/(GFa57, 2RC�*n:3Q4F-, � �"!4�O�;�1*n8"("Fi24,O* I 8;F-,/(GF[Q4,@2?*i_/2?,@<>F-J[Q?KG:3,O*1C"*-*-87<>Q?_@*1CD:7e (38t,@:+53*@v 2?,@*
A�8;JH<>,O*)_@24,O< F-J[8;.E8;F-J[Q?</,@*�C"*-*-87<>Q?_/,O*�CD:3eaC;J-Y/F-,O*),>F�2?,@*
	+:7ey.aCDh"(3_>F[Q?KG:3,O*�C;*[*-8t</Q4_O*�C;:7eEA C;<>,O*/!3`W(yJ[, I J[_@*-,/(GF[,\<>,/FnF-,*-:3Q�F[,%*n8":+*�2RCrA�8"J-.E,Ej

U ∈ CN G
E ∈ CE R

B ∈ CF , � �;! w;w"�
S;_@J-Q4g=C;("F

RG = 0
!

PN,O*\h"J[C;(+57,@:3J[* I dtu7*nQRKG:3,@*VC;*[*n87</Q4_@,@*\C;:�h;JHC I d3,157:=CD2l,>FcQ4(GF[,/J[S;,/(=CD(GFW53C;(+*V2 M _@KG:3Q?SbCD2?,/(GFV57,i2RC'*-:3Q�F[, � �;! w �;�*-8;(GFU24,O*U<>Q?JH<>:32RCbF[Q48"(}53:}<Hd=CD. I .EC;h;(3_/F-QRKG:3,%C;*[*n87</Q4_@,@*LCD:3e (38t,/:=53*U57:{h"J[C I d3,657:+C;2 v=24,O*�	+:7e}57,r57_ I 2?C"<>,@.i,@(GF_/2?,@<>F-J[Q?KG:3, � 8;:a2?,@*B<>8":3JHCD(GF[*H�lC;*[*n87</Q4_O*)CD:7eECDJ[Y>F[,@*),/FP2?,@*P57,/(+*-Q4F-_@*P57,W<Hd=CDJ[h;,LC;*[*n87</Q4_@,@*)C;:7ei_@24_@.E,/(GF[*P57:yh;JHC I d3,57:+C;2 ! `W( C}J-, I J[_@*-,/(GF-_y</,@*%h"J[C;(+57,@:3J[*6CTS",@<E<>,@242?,'57: h"J[C I d3, I J[Q?.EC;2Pf}2RC}g+h":3J-,{�"!4� �7!l`W( I ,/:3F1J[, I J[_@*-,/(GF-,@J<>,/FnF[,%*n:3Q4F-,%*-8;:=*P2RCiA�8;J[.E,Ej
ρ ∈ CN D ∈ CEGt

H ∈ CF .
Rt � �;! w�G�

�l8;:3JL</8;. I o/F-,@JU<>,c.E8t53o/2?,;v7Q?2�.EC;(+KG:3,c2 M Q?("F[J-8757:=< F-Q?8;(Z,>FU2RCi57Q?*[<>J[_>F[Q?*[CbF[Q48"( 57,O*�248"Q?*L53,c</8;. I 8;J-F-,/.E,@("FUCDg+(57, I 8;:3S"8;Q?Ja57_>g+(+Q4Jy:+(3,{03Q ]^,@< F[Q48"( Mε

v)57,{J �;2?,Z_OKG:3Q4SbC;24,@("Fyf�2RC�.ECDF-J[Q?</,{5�M C"57.EQ�F-F[C;(+<>,
Y
v�,/(GF-J[,}24,O*EA�8;JH<>,O*

_/2?,@<>F-J[8;.E8DF[J-QR<>,O*B,>FU2?,@*L<>8":3JHCD(GF[*�57,%57_ I 2RC;<>,@.E,/(GF[* I 8;:3JU</8;: I 24,@JL24,O*L*n:3Q4F-,O*L57,6.aCD(3Q?o/J[,c_@KG:3Q?SbCD2?,/(GF-,6f � �"! w3�@� !
�U(+,VJ[, I J-_O*n,@("FHCbF[Q48"( <>8". I 24o/F-,%57,6</,>FnF[,%57:+C;24Q4F-_ I ,/:7F I J-,@(+57J[,cC;248"J[*B2RC1A�8;J[.i,657:{57QRCDh"J[C;.E.i,c*-:3Q4SbC;("F%j

U ∈ CN G
E ∈ CE R

Mε

B ∈ CF

ρ ∈ CN D ∈ CEGt

H ∈ CF .
Rt

� �;! wb�t�
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E U

B

�������	�
������������������

D

ρ
H

�������	�
��������������
������� �"!4� �6$ <VJHC I d3,O* I J[Q4.aCD2�,/F\57:+C;2xp <VJ[C;(+57,/:+J[* I dtu7*-Q?KG:3,O*BC"*-*-87<>Q?_/,O*BC;:7e </8;. I 8G*-C;(GF-,@*L53,@*�h;JHC I d3,@*@!

PN, I CDJHCD2?24o@24,1CTS;,@<c2?,r.EQ?24Q?,/:�<>8"("F[Q4(t:{,O*^FV24Q?_1C;:}A CDQ4FcKG:3,%2XM 8;( I ,/:7Fc_@</J-Q?J[,%:3(3,1J-,@2?CDF-Q?8;({57,r2RCy.EY@.i,rA�8;J[.E,KG:3, � �"! w"wD�B24QRCD(GFLA�8"(+< F[Q48"(+*/v3<Hd=CD. I *L57,cS;,O< F[,/:3JH*�,>FU8 I _@J[CDF-,/:+J[*�57Q.*9_@J-,@(GF-Q?,/2R* rot
,/F

grad
j

I 8DF[,/(GF-Q?,/2 *-:3J Ω
j
u

grad <Hd+C;. I 57,6S",@<>F-,/:+JU*n:3J Ω
j
E

rot 53,/(+*-Q�F[_aj
b. � �;! w;z"�

`W( C157,WA C��>8"('CD(=CD2?8;h;:+,
rot grad = 0

!3�P,\F^u I ,V53,V*-:3Q4F-,c57_>g+(+Q�F�:3( </8;. I 2?,>e7,W53,V�W,/,Ud+CD. C;: *-,/(+*B*n:+Q4SbCD(GFVj
� G � =O7!<#783�= �;!?�;!"!)JLBEM

V0, . . . , Vn

O�K'F$# @L> BEDEDGF&%(' F�H*)�@ I:F H,+LF:I MNJLP�B F�D H F�M
Ai : Vi−1 7→ Vi, i = 1 . . . n

O�K'F-# @C> BEDED F
%.' @�)�)'D B I:@LM B JLK(H D BEK0/:@CBEP F�H21

3�@ H�O�BEM F54
V0

A1−−→ V1
A2−−→ . . .

An−−→ Vn � �;! wD#G�
F H:M @6) )(F�D�/:Fa<>8". I 24,/e7,c53,%�\,0,Ld+C;.71

8 F M MNF H�O�BEM F F H:M9%LBEMNF F6:&@ I�M F @LO K3B;+ F:@CO<% F
Vi

H�B�D=' JLK @>4

Im(Ai) = ker(Ai+1).

? K@)�F O�M9%�/
A K�BEP?@CO&H:H:B�DB' F�H*)�@ I:F@C O�JCM�B F�K�M"4

Ci ≡
ker(Ai+1)

Im(Ai)

@6) )(F�D�/ED P JLOF)�FG% FAI JFH(JC>AJCDGJBD B FI% F,J FLK"H(@C> @LH:H J I�B�/ F@M
Vi N 1

k Q=8;(y57_/g+(3Q4FBCD:=*-*-Q I 8;:3JB57,@*)A�8;(+<>F-Q?8;(+*�,>FP57,O*�<Hd+C;. I *�57,\S;,@<>F-,@:3J[*�*n:��y*[CD.E,/(GF�J[_/h":32?Q4,@J[*l2?,@*PC I3I 2?QR</CbF[Q48"(+*Lj
Π0 : u 7→ U ∈ CN 57,6</8;. I 8G*-C;(GF-,@* u(n), n ∈ N ,

Π1 : E 7→ E ∈ CE 57,%<>8". I 8"*[CD(GF[,@* ∫
e

E · dl, e ∈ E ,

Π2 : b 7→ B ∈ CF 53,%<>8;. I 8"*[CD(GF-,O* ∫
f

bds, f ∈ F ,

8;( I ,/:7FWC;248"J[*B_O<>J[Q4J[,W2?,%57QRCDh"J[C;.i.E,c<>8".i.1:7F[CDF-Q4A *-:3Q?STC;(GF%j

C∞(Ω,C)
grad

Π0

C∞(Ω,C)2
rot

Π1

C∞(Ω,C)

Π2

CN G
CE R

CF .

� �;! w R;�

O6P �9Q*�R���"�"SRTU�TU�"TU��TUVU���"��WRX*��VUY��"�Z�L���*��YFS[��������Z�\Q
TU��TU��TUVU���L����VUWR������]2����]^���0XB_ �RX
Q���TUYFY�WR�\��TU����Q*`�S[����a_ WbQ*�F�����R�c���RXdX*��� Q
�RXQ
�=�����RX(]^�F�9�
eUf gUh2�[f
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PN,1F-,@J-.E,E<>8".i.1:7F[CDF-Q4AP*-Q4h"(3Q�g=,1KG:3,i2 M 8;( I ,@:7Fc*-:3Q?StJ-,i57,@*c<Hd3,@.iQ?(+*c57Q.*9_@J-,@(GF[*V.aCDQR*WKG:3,i24,iS;,O< F[,/:3JV8;07F[,/(t:m(+,57_ I ,@(+5}K":+,%57: I 8"Q4(GFU57,%57_ I CDJ-FL,>F\57: I 8;Q?("FU5�M CDJ[J[Q4S"_/,)�t8;(}C I C;JB,/e7,/. I 2?,aj

∀u ∈ C∞(Ω,C), GΠ0u = (u(m)− u(n))e=(n,m)∈E =

(∫

e

gradu · dl
)

e∈E
= Π1 gradu. � �;! wD�"�

P C�J[, I J[_@*-,/(GFHCbF-Q?8;( � �;! w RD�1A CDQ4F'C I3I C;J[C ?F[J-,ZKG:3,{24,�</8;. I 2?,>e7, � �;! w;w;�i,@*nFy:3(3,{J[, I J[_@*-,/(GF[CDF-Q?8;( 53Q?*[<>J[o>F[,}53:
<>8". I 24,/e7, � �;! w;zb�/!7� CDJ�,>e7,/. I 2?,;v=*nQ�2XM 8"(Z<Hd+,/JH<Hd3,Vfi</C;J[C"< F[_/J[Q?*-,/JB:3(}<Hd+CD. I _/2?,@< F[J-QRKG:3,c,/(Z_/2?,@<>F-J[8"*nF[CbF[Q?KG:3,"v7<D! pqfDp5�!+F-,/2 KG:3,

rotE = 0
v38"({_@</J-Q4F\KG:3,62?Ca</Q4JH<>:+2?CDF-Q?8;({57:�<Hd+C;. I _@24,O< F-J[QRK":+,%*n:3J\24,O*�A�J-8"(GF-Q?o/J[,@*U57,cF[8;:7F[,@*\24,O*�A C;</,@*,@*nF1J[_@53:3Q�F[, f��@_/J[8m<D! p~fbp~5�!

RE = 0
v I 8":3J E

J-, I J[_@*-,/(GF[CDF-Q?8;( 57QR*-</J-o/F-,'57: <Hd+CD. I
E
! `W( 8"07F-Q?,/(GFi2 M CD(+C;248"h;:3,

57,12 M _@</J-Q4F-:3J[,r57,12?Cy248"Q|57,O*UF[,/(+*-Q48"(+*\53,�(cQ?J[<Hd3d+8+*
RV = 0

!��P, I ,/(+53C;(GFWQ?2 C I3I CDJHC�RFU:3(3,i57QG�a</:324F-_r(+8;:3S",/2?24,rf*[CTS;8;Q?J�K":+,62?CiJ[,/2RCbF-Q?8;(
RE = 0

( M Q?. I 24QRKG:3, I C"*BF-8":b]^8;:3JH* E = GU
</8;.E.E,VQ?2?24:+*nF-J[_653CD(=*L2?CE*-:3Q4F-,;!

� =���4&�D784�=�<#9A<;3�M 3�683��$7 ��H3�@9
�P8;(=*nQR57_/J[8;(=*�24,i578;.aCDQ?(3,r53,%2?Cag+h;:3J[,y�"!4�"� � CG�B,>FV2?CEF[J-QRCD(+h;:32RCbF[Q48"(}538;(3(3_@, I C;J\2RCEg+h;:+J-,y�"!4�"� � 0=�H!N�P8;.E.E,

A
c

�������-TU������Y�� X
���"����� ����W=X
�RY2Q*��Y2Q��YLQ
�
TU� f

A

� ����	-Y�� �����R�"��
R�
� Q*���Z��Y�VU���Z�6Q
��TUY���,�FTU������Y��Uf

A

��SB��(���"Y��R�"�RY2Q$��� ���������Z��VU�d��YF� �Q
�Z����f
������� �"!4�"�U$'�W8;.aCDQ?(3,VF-J[8;:3_c,/FU:3(3,cF-J[QRCD(3h":32?CDF-Q?8;( I 8G*-*-Q40+24,"!

Q?(+57QRK":+_EC;:s57_@03:7Fr57,E<>,/FnF[, k 8;:+*npq*-,@<>F-Q?8;(Nvx2RC'.aCDF-J[Q?</,i5�M Q?(+<>QR57,/(=<>,iA C;</,>p~CDJ[Y>F-,
R
*-,i57_O57:3Q4Fr57,i2?CZ.aCbF[J-QR<>,E57,@*

<>8"(GF-8;:+J[*
R′ ,/(E*n: I3I J[Q4.aCD(GF 2RCW2?Q?h;(3,L<>8"J-J[,@* I 8;(+53C;(GF CD:E<>8"(GF-8;:+J c ,/(GF[8;:3JHCD(GFl2?CV.aCDQ?242?, A !+P CV.aCbF[J-QR<>, R S"_/J[Q�g=,

rangR = rangR′ − 1
,>FU8"(ZCa578"(+<c*n,@:32?,/.E,/(GF

ImG  kerR
!

� :3,@2?*EKG:3,}*n8"Q4,@("FE2RCmg=(3,@*[*n,Z,>Fa2?,'F^u I ,{57,}.EC;Q42?2RCDh;,"v|8"( I ,/:3FE:3F-Q?24QR*n,@J I CDJE,/et,@. I 24,Z2?,Z.aC;Q42?2?C;h;, J[CC�E(+_g+h":3J-,}�"!4�"� � <O�HvN2?,a57_>A C;:7Fr57,aJHCD(3hZ,/(GF-J[, kerR
,>F

ImG
*-,/JHC'F-8;:D]^8;:3JH*657,y57Q?.E,/(+*-Q48"(

1
,>Fr<@CDJHC;<>F-_/J[QR*n_ I CDJ62?,<>8"(GF-8;:+J

c
!l�P, 57_>A C;:7F I C"*-*-,yCD:=*-*-Q�CD: (+Q4S",@CD: </8;(GF-Q?(t:Nv|<;! p~fbp~5�!

E
(+, *@M _O<>J[Q�F I C"*%(3_O<>_O*-*[CDQ?J-,@.E,/(GF%<>8;.E.E,y:3(h;JHC;53Q4,@("FB*n8":+*)2RC%*-,/:32?,W</8;(+57Q4F-Q?8;(

rotE = 0
!�UPQ?,/( K":+,\2?,@*P,@* I C;</,@*)</8;(+*-Q?53_/J[_@*)(+,W*-8;(GF I 2?:+*B57,W57Q?.E,/(+*-Q?8;(Eg+(3Q?,53C;(+*V24,a</C"*c<>8;(GF[Q4(t:Nvx2?,E53_>A CD:3F I ,/:3F%Y>F-J[,E</CDJHC;<>F-_@J-QR*n_ I CDJc:3(�*-8;:+*npX,O* I C;<>,157,a57Q4.E,@(+*nQ?8;( 1

! �P,a*-8;:+*npX,O* I C;<>,"vKG:3Q�,@*nF I 2?:+*Lh;_@(3_/JHCD2?,/.E,@("FB:3(}h;J[8;: I ,V,@*nF�2?, DCP JLOF)�FG% F I:J^H�JL> JLDGJ6D B F1C"*-*-87<>Q?_Vf
C∞(Ω,C)2 I 8;:+JL24,6<>8". I 24,/e7,Q?("F[J-8757:+Q�FE53CD(+*12?, 57QRCDh"J[C;.i.E, � �;! w Rb��� *[C�57Q?.E,/(+*-Q48"( ,@*nFa</CDJHC;<>F-_@J-QR*^F[Q?KG:3,y53,'2RC{F-8 I 8"248"h;Q?,'57: 538;.aCDQ?(3,;v ,/2?2?,

<>8"J-J[,@* I 8;(+5sCD:�(38;.103J[,E53,EF-J[8;:+*%5+CD(+*c2?,y578;.aC;Q4(3,y53,y57Q4.E,@(+*nQ?8;( 578"(3(3_@,;!��)2?:+* I J-_O<>QR*n_@.i,@(GF@v�,/2?2?,a,@*nFrCD:+*[*nQ_/hGCD2?,%CD:{(38".r03J[,%57,124Q?h;(3,O*L8;J[Q?,/(GF-_@,@*U</8;.E.E,
c
KG:3Q|(+, I ,@:3S;,@(GF\Y>F[J-,%2RCEA�J[8;(GF-Q?o/J[,%5�M :3(3,i*n:3J-A C;</,6Q4(=<>2?:+*n,153CD(+*2?,%578;.aCDQ?(3,E�?�OwO�q!

`W( S"8;Q4FZCDQ?(+*-QVKG:3, I 8;:3JZ:3(3,sF-J[Q?C;(3h;:+2?CDF-Q?8;( <>8"J-J[,@<>F-,m53: 578".EC;Q4(+, � KG:3Qc(NM 8;:+0324Q?,sC;:+<>:+(3, I CDJ-F-QR<>:32RCDJ[Q�F[_F-8 I 8"248"h;QRKG:3,O�>v72?Ca*-:3Q4F-,%57QR*-</J-o/F-, � �;! w;wD��C;:3J[Ci2?,@*L.EY@.i,O*LQ?(GSbC;J-QRCD(GF[*BF[8 I 8;2?8;h"Q?KG:3,O*LK":+,62?CE*-:3Q�F[,r<>8"(GF-Q?(G:+, � �;! w;zD�,>F\</8;(+*-,/J[S;,V,/(}<>,%*-,/(=*�24,O*�Q4(7A�8"J-.aCDF-Q?8;(+*�2?Q4_@,@*Lfi2RC1h"_/8".i_/F-J[Q4,657:{578".aCDQ?(3,;!
�����	��� ��� ����-"&�*,.-�� ��� $"���%��-5&��,.- ���(,.�*

&)( 53Q4.E,/(=*nQ?8;( F[J-8"Q?*@v�8"( I ,@:7F}CD]^8;:7F[,/Jy:+( _>FHCDh;,sCD: <>8". I 24,/e7, � �"! w�Rb� ! W S",@<�53,@* ,@* I C;</,@*y57,mA�8;(+<>F-Q?8;(+*J[_/h;:+24Q?o/J[,@*@vt,/2?24,6*@M _O<>J[Q�F%j

C∞(Ω,C)
grad

C∞(Ω,C)3
rot

C∞(Ω,C)3
div

C∞(Ω,C) � �;! wD�G�



� �����������
	�������������������
���
���
����������� �|�!�#"$�������!�%�����!�'& �Tz

WU: (3Q?S;,OCD: 57QR*-</J-,/F@v ,@( I 24:+*'57,@*a,@(+*-,/.r0+24,O* N v E ,>F F v)8;( 578"Q�F'</8;(+*-Q?53_/J[,/Ja2XM ,@(+*n,@.r032?, T 57,�</C;J[53Q4(+C;2
T57,O*1_@24_@.E,/(GF[*i57: .aC;Q42?2?C;h;,"! �\(3, h"J[C;(+57,@:3J1*-: I3I 2?_/.E,@("FHCDQ?J-,}57_/g+(3Q?, I C;J1:+(3, Q?(GF-_@h;JHCD2?,'57,ZS;8;2?:3.E, 538;Q4FiY/F-J[,Q?("F[J-8757:+Q�F[,;v�f *[CTS;8"Q4JE2RC�KG:+C;(GF-Q4F-_�57,�<Hd+C;J-h",}.EC;h;(3_/F-QRKG:3, � _/2?,@<>F-J[Q?KG:3,T�E53CD(=*a:3( _/2?_/.E,/(GF

t
!�`W( 53_>g+(3Q4Fy:3(3,

(38":3S;,@242?,%.aCbF[J-QR<>,r5NM Q?(+<>QR57,@(+<>,1S;8;2?:3.E,>pXA C;</,
D
KG:3Q I ,@J-.E,>F657,%J[,/2?Q?,/J\:+(�S;,O< F-,@:3JW53, CF

C;*[*-8t</Q4_1CD:7eZA C;</,@*\53:
.aCDQ?242RCDh",ifZ:3(�S;,O< F[,/:3J%57,

CT
C;*[*-8t</Q4_ECD:3em_/2?_/.E,/(GFH*657:s.aC;Q42?2?C;h;,"!N�P,O*c,/(GF-J[_/,O*6*n8"(GFc57_/g+(3Q?,@*657,a2RC .EC;(3Q?o/J[,

*-:3Q4SbC;("F[,Ej

Dtf =







0
*-Q
f
(NM ,@*nF I C;*�:+(3,VA C;<>,%53,V2XM _/2?_/.E,/(GF t,

1
*-Q
f
,@*nFL:3(3,cA C"<>,%57,c2XM _@24_@.i,@(GF

t
,/FLKG:3,62?,@*�8"J-Q?,/(GFHCbF-Q?8;(=*B</8��X(+<>QR57,@("F

,

−1
*nQ
f
,@*nFL:3(3,cA C"<>,%57,c2XM _@24_@.i,@(GF

t
,>FUKG:3,62?,@*�8"J-Q?,/(GF[CDF-Q?8;(+*B(3,%</8��X(+<>QR57,@("F I C"* .

� �;! ���G�

P CE*-:3Q4F-,%57QR*-</J-o/F-,6CECD2?8;JH*B2?C1A�8;J[.E,6*n:3Q?SbCD(GF-,aj

CN G
CE R

CF D
CT . � �;! �3�T�

�P8;.E.E, I 8;:3JP2?Cc.E8757_/2?QR*-CDF-Q?8;(ywD�1v"*-Q32?,U.aCDQ?242RCDh",�</8;(+*-QR57_/J[_�J-,O* I ,@<>F-,U2RCVF-8 I 8"248"h;Q?,�53:y578;.aCDQ?(3,"vD2?Cr*n:3Q4F-, � �;! �3�@�CD:+J[CW24,O* .iY@.E,@*lQ?(GSbC;J-QRCD(GF[* F-8 I 8"248"h;QRKG:3,@*lKG:3,�2?CV*-:3Q�F[, � �;! wD�"� !"`W( I ,@:7F)CD:+*[*nQ353,B(+8;:3S",@CD:r_@<>J[Q?J-,B:3(E57Q?C;h;JHCD.E.E,<>8".E.r:7FHCbF-Q4A F-,/2|K":+, � �;! w Rb��CTS",@<V<>,/FnF-,cA�8"Q?*cj
Π0 : u 7→ u ∈ CN 53,%<>8;. I 8"*[CD(GF-,O* u(n), n ∈ N ,

Π1 : E 7→ E ∈ CE 57,%</8;. I 8"*[CD(GF-,O* ∫
e

E · dl, e ∈ E ,

Π2 : B 7→ B ∈ CF 57,6<>8;. I 8"*[CD(GF-,O* ∫
f

B · ds, f ∈ F .

Π3 : ρm 7→ rm ∈ CT 57,%</8;. I 8G*-C;(GF-,@* ∫
t

ρmdv, t ∈ T .

� �;! �"w"�

PN,Z*n,O<>8"(+5 h;J[8;: I ,Z57,Z</8;d38".E8;2?8;h;Q?,yC;*[*-8t</Q4_Zf C∞(Ω,C)3
F[J[C"57:3Q4Fi2?,@*E57_/A CD:7FH*157,ZJ[, I J[_@*-,/(GF[CDF-Q?8;( 5�M :3(3,

Q?(+57:+<>F-Q?8;(�.aCDh;(+_>F-QRKG:3,
B
v S;_/J[Q4g=CD(GF

div B = 0
v I C;J6:3( I 8;F-,@("F[Q4,@2)S;,O< F[,/:3J

A
*-8;:+*c2RC A�8;J[.i,

B = rotA
! k C

57Q?.E,/(+*-Q48"(',O*^F�_/hGCD2?,VC;:'(38".r03J[,W57,c</CTStQ4F-_O*B53: 578".EC;Q4(+,;!+�P, I ,/(+5+CD(GF@v7*-Q S ,@*nF�2?CrA�J-8"(GF-Q?o/J[,W5�M :3(3,6</CTStQ4F-_VCD2?8;JH*
2RC'KG:+CD(GF[Q�F[_ ∫

S
B · ds I ,/:7FcY>F[J-,i*n: I+I 8G*n_@,r(t:32?24,i,>Fc2?C'J-, I J[_@*-,/(GF[CDF-Q?8;(�57, B

I C;JW:+(mJ[8DF[CDF-Q?8;(3(+,/2 ,@*nF\F-8":b]^8;:+J[*
I 8"*[*nQ?032?,;!x�\,O*W57QG�y<>:324F-_O*WC I3I C;J[C;Q?*[*n,@(GF\*n,@:324,@.E,/(GFVKG:+C;(+5}Q42 *@M C;h;Q4FW57, I J-,@(+57J[,%,/(s<>8;. I F[,r2?,@*V<>8"(+57Q4F-Q?8;(+*WCD:7e2?Q4.EQ4F-,@* I 8;:+JB2?, I 8;F-,/(GF[Q4,@2�S;,@<>F-,@:3J�,>FLK":+,V2XM 8;(':3F-Q?24QR*n,c:3(+,\A�8"(+< F[Q48"(Z57, 	+8;F�*-:3JL<>,/FnF-,VA�J[8;(GF-Q?o/J[,r�?�Ow3v+�Pd+C I Q4F-J[,i�,>e�!��"!4�TzT�q!
�����	��� �0, � � �5���+�(��,.-��+� ���*�+���*,.-"-"���*�*� �)� $5�*&�'�(�)�(�  �+�(��, -
P C{A�8;J[.r:32RCbF[Q48"(�SbC;J-QRCbF[Q48"(3(3,/2?2?,y57: I J[8;032?o/.E,'</8;(+53:3Q�FEf{Q?("F[J-8757:+Q4J[,a:3( <@C;57J[,aA�8;(=< F-Q?8;(+(3,/2BC;57_OK":=CbF I 8;:3J_>F[:+57Q?,/JV2 M ,>e7QR*^F[,/(+</,r,/FV2XM :+(3Q?</Q�F[_i53,@*V*n8"24:7F[Q48"(+*V<>8;(GF[Q4(t:3,O*U,>Fc2RC'<>8"(tS;,/J[h;,@(+<>,%53,@*V57Q?*[<>J[_>F[Q?*[CbF[Q48"(+* I CDJV_/2?_/.E,/(GF[*g+(3QR*@!N�P,O*WC"* I ,@<>F[*c57,E<>8"(GS",/J[h;,@(+<>,%C;Q4(+*-QlK":+,i57,O*cC;* I ,O< F[*W09,@CD:=<>8;: I h;_@(3_/JHCD:7e�5�M CD(=CD2?ut*-,6A�8"(+< F[Q48"(3(3,/2?2?, I 8;:3J2?,@*�_@KG:+CDF-Q?8;(+*L53, ��Cbe��B,/2?2 I ,/:+S;,/(GFUY/F-J[,WF[J-8":3S;_O*�53CD(+*U2 M 8;:3StJHCDh",r�?� �T�q!

2
3$��� HO6:4�<#7:3$= ��4&�D7:4�<;7:3$='=3�@6:6(�
k 8"Q�F

ΓD
2RC I 8;J-F-Q?8;({57:m538;.aCDQ?(3, Ω

*-:3JU2RC;KG:3,/2?2?,%8;({Q?. I 8G*n,r53,@*\</8;(+53Q�F[Q48"(+*\C;:7e 2?Q4.EQ4F-,O*\,O*-*-,/(GF-Q?,/2?2?,@*L,/F ΓI<>,@242?,E*n:3Jc2RC;KG:3,@242?,18"(mQ?. I 8G*n,E57,@*6</8;(+53Q�F[Q48"(+*W5NM Q?. I _O53CD(+</,;!�P ,@*c57Q.*9_@J-,@("FH*V.i8757o@24,O* � �;! z;�>v � �"! Rb�>v � �"! �;�>v � �"! �;�,>F � �;!?���;��</8;(+53:3Q?*-,/(GFUfi:3(3,cA�8"J-.1:32?CDF-Q?8;('A�8;J-F-,657,62RCrA�8"J-.E,Ej






	 J[8;:+S;,/J
E
F[,/2NKG:3,aj

rot ν rotE + γE = f,
53CD(+*

Ω,

E× n = g
*-:3J

ΓD
,>F
ν rotE× n = δn× (E× n)

*n:+J
ΓI.

� �;! � �G�

PN,6</8G,��y<>Q?,/(GF
ν
,@*nFBF[8;:b]^8":3JH*L*^F[J-QR< F[,/.E,/(GF I 8"*-Q�F[Q�A^!�P ,6<>8t, �y<>Q?,/(GF γ I ,/:7FUY/F-J[,ij$ (G:+2N53CD(+*�2?,%</C"*L*^FHCbF[Q?KG:3, � fE.E8"Q4(+*LKG:3,c2XM 8"(}:7F-Q?24QR*-,V:+(3,6J-_@h;:32RCDJ[QR*-CDF-Q?8;(=�x�$ I 8G*nQ4F-Q4Al5+CD(+*�2?,6</C;*L53:ZJ[_/h"Q4.E,VF-JHCD(=*nQ4F-8"Q4J[,)�
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$ Q4.aCDh"Q4(=CDQ?J-, I :3JU53C;(+*�2?, I J-8"032?o/.E,657,@*L</8;:3JHCD(GF[*�57,��+8;:+<@CD:324FL,/(}J[_/h;Q?.E,Wd=CDJ[.i8"(3QRK":+,)�$ f I C;JnF[Q4,cQ?.aCDh;Q?(+C;Q4J[, I C;JnA�8"Q?*B(38"( (t:32?2?,6,>FUf I CDJ-F-Q?,WJ[_/,@242?,c(3_/hGCbF[Q4S",V53C;(+*�2?,c<@C;*�57,c2XM _OK":=CbF-Q?8;(ZS;,O< F[8;J[Q4,@242?,57,@*�8"(+57,@*�,@(}J-_@h;Q?.i,Vd+C;J-.E8;(+Q?KG:3,"!
&)(7g=(NvT24,�</8t, �y<>Q?,/(GF

δ
,O*^F *n: I+I 8G*n_P(38;(6(t:32G:3(3QRKG:3,/.E,/(GFl*nQG2 M 8;(6:3F-Q?24QR*n,B57,@* <>8"(+57Q4F-Q?8;(+*|CD:7ec2?Q4.EQ4F-,@* CD0=*n8"J-0+C;(GF-,@* �Q?2N,@*nFUCD2?8;JH*PQ?.aCDh"Q4(+C;Q4J[, I :3JO!k Q92 M 8;( Q4(GF[o/h;J[,\*-:3JB24,c578;.aC;Q4(3,

Ω
24, I J[8757:3Q4FB*[</CD2RCDQ?J[,\57,V2 M _@KG:+CDF-Q?8;('C;:7ey57_/J[Q4S"_/,O* I C;JnF[Q4,@242?,@* I CDJP:3( <Hd=CD. IF-,O*^FV*n:��y*[CD.E,/(GF\J[_/h":32?Q4,@JL,>FWKG:3,%2XM 8;(�C I+I 24QRKG:3,%2RCiA�8;J[.r:32?,r57, <VJ-,@,/( I 8":3J\2XM 8 I _/JHCbF-,@:3J rot � S"8;Q?J�WU(+(3,>e7, WV� v8;(}CD098;:3F-Q4F\f1:+(3,cA�8;J[.r:32RCbF[Q48"( Q?(GF-_@h;JHCD2?,V57,c2RCiA�8;J[.E,ij

∫

Ω

ν rotE · rotE′ +
∫

Ω

γE · E′ +
∫

ΓD

ν(rotE× n) · E′ +
∫

ΓI

δ(E× n) · (E′ × n) =

∫

Ω

f · E′.

k Q 2 M 8;({S",/:7FW_>F-:=57Q4,@J\.aCbF[d3_/.aCDF-QRK":+,/.E,/(GFV</,>F-F-,%A�8"J-.1:32RCbF-Q?8;(}SbCDJ[QRCbF-Q?8;(+(3,/2?24,"v3Q?2 A C;:7FVKG:3,6F[8;:7F[,@*\24,O*UQ?("F[_/h"J[C;24,O*
*-8;Q?,/(GFP57_/g+(3Q?,@*@!;&)( I CDJ-F-QR<>:32?Q4,@J@v;Q429,@*nF�(3_O<>,@*[*[CDQ?J-,UKG:3,

E
v
E′ v rotE

,/F
rotE′ *-8;Q?,/(GFP53,\</C;J-J[_LQ4(GF[_/h;JHCD0+24,"v;<D! pqfDpq5N!C I+I CDJ-F-Q?,/(3(+,/(GF�f L2(Ω) � S"8;Q?JNWU(3(+,>e7,�WV� !t`W(aQ?(GF-J[8757:3Q4FP578;(=<�2 M ,@* I C;</,U57,@*�<Hd+CD. I *P5�M _@(3,/J[h;Q?,Bg+(3Q?, H(rot,Ω)

j
H(rot,Ω) = {E ∈ L2(Ω) / rotE ∈ L2(Ω)}. � �;! �D�G�

�l8;:3JiS;_@J-Q4g+,@J12?,@*i<>8"(+57Q4F-Q?8;(+*ECD:3e�2?Q?.iQ4F-,O*E,@*[*n,@(GF-Q?,/2?24,O*1*-:3J
ΓD

vl8;( <Hd3,/JH<Hd3,y2RCs*-8;2?:7F[Q48"( 53CD(=*12?,}*n8":+*^pq,@* I C"<>,CL�a(3,
HΓD

(rot,Ω)
57,
H(rot,Ω)

j
HΓD

(rot,Ω) = {E ∈ H(rot,Ω) / E× n = g
*-:3J

ΓD}. � �;! �"z"�
PN,O*L<Hd+CD. I *BF[,@*nF[*U*-8;(GF I J[Q?*L5+CD(+*�2XM ,O* I C;<>,cS",@< F[8;J[Q4,@2 HΓD,0(rot,Ω)

j
HΓD,0(rot,Ω) = {E ∈ H(rot,Ω) / E× n = 0

*-:3J
ΓD}. � �;! �;#G�

`W(}CD098;:7F[Q�FLg+(=CD2?,/.E,/(GFUfi2?CiA�8"J-.1:32?CDF-Q?8;( STC;J-QRCbF[Q48"(3(3,@242?,1j






	|J-8":3S;,@J
E ∈ HΓD

(rot,Ω)
F[,/2 KG:3,

a(E,E′) = F (E′), ∀E′ ∈ HΓD,0(rot,Ω),

CTS",@<
a(E,E′) =

∫

Ω

ν rotE · rotE′ +
∫

Ω

γE · E′ +
∫

ΓI

δ(E× n) · (E′ × n).
� �;! ��R;�

PN,VF[,/J[.i,
F
J-, I J[_@*-,/(GF-,c2RCrA�8"J-.E,c2?Q4(3_OCDQ?J-,6*-:3J HΓD,0(rot,Ω)

53_>g+(3Q?, I CDJ6j

F (E′) =

∫

Ω

f · E′. � �;! �;�G�
K"F�> @LPBC�O�FZ�;!?�a1��!K % F�H(JLP:HI% F

H(rot,Ω) � %.' @CO�M�P F H F H*)(@ I F H���JCO�F K3M	O�K P��CDGF BE>\)(JCP�M @CK�M\% @CK(H?D @ %CB H�I PB/�M B H @CM�B JCK
% F H&/�C O�@CM�B JCK(H&% F�	 @2:�
.F DED$4

� )(JCO�P DGF H")�JLMNF K3M�B F�D H � BED�H ' @^DCBEML% FAD=' F H*)(@ I F
H1(Ω)

% F Hc# JLK'I M B JLK�H@% F I:@LP�PB/ABEK3M[/[D P @��DGF F�M\% JCK�M	DGF D P @ %LB F�K�M
F�H�M"% F I @CP�PB/?BEK�Mb/*D P @� DGFF1

� )(JCO�P DGF H I6H�@L>\)3H % F + F:I�M F�O�P:H % F�K(H�BEMb/ % F�� O�: � JCK BEK3M�P JF%LO�BEM7@CO&H H�B0DB' F�H*)�@ I:F
H(div,Ω)

% F H I6H�@L>\)3H % F
+ F:I�M F�O�P:H&% F I @CP�PB/?BEK�Mb/*D P @� DGF H?F M"% JCK�M DG@ %CB;+ F�P
D�F K'I:F F H�M % F I:@LP�P6/7BEK3M[/[D P @��DGFF1

��� @LK3M.BEK3M�P JF%LO�BEM	I:F�H7F H
)�@ I:F H � JLK )(F�O�M % /�A.K�BEP O�K�F H�O�BEM F5% F?>���> F I:@LP @ I�M[/�P�B H�M�B�C�O�FGC�O�F?DG@AH�O�BEMNF � �;! wD�;�G4

H1(Ω)
grad

H(rot,Ω)
rot

H(div,Ω)
div

L2(Ω) . � �;! �;�G�
�!DEDGF )�J H:H���% F F K )�@LP�M B I�O�D B F P=DGF�H >�� > F H BEK + @CP�B @LK�M�H M J�)(JCDGJ6DCB�C�O�F�H C�O�F D F�HAH�O�BEM F H � �"! w;�;�=F�M � �"! �+�/�^1�3�F H @�)�)�D B��
I:@LM B JLK�H D BEK /:@LBEP F H

Π0 � Π1 � Π2 F M
Π3 BEK3M�P JF%LO�BEMNF HAF�K � �"! �GwD�AK'F H�JLK�M�)(@CP I JCK�M P FL)�@ H %�/
A K3B F�HL)(JCO�PAM JCO�M F H DGF H

# JLK'I M B JLK�H F�M I�H(@C>�)�H % F +LF I�MNF O�P:H % F I�H(@ I O�K % F I:F H=F�H*)�@ I:F�H21 8 Fb)�F K % @LK3M � H�O�P DGF H % JL> @LBEK'F�H % F %�/
A K3BEM�B JCK(H
D(Πi)

% FAI:F H @�)�)�D B I @CM�B JCK(H � JLK @ @LO&H:H�B�DGF5%LB @2D P @C> > FAI JC> > O�MN@LM B # H:O�B;+L@LK3M 4

D(Π0) ∩ H1(Ω)
grad

Π0

D(Π1) ∩H(rot,Ω)
rot

Π1

D(Π2) ∩H(div,Ω)
div

Π2

L2(Ω)

Π3

CN G
CE R

CF D
CT .

� �;! � �G�
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/9%M 47���@9J>��.G@6:G����@=�<#9&�O=O7:9
k 8"Q�F T :3( .EC;Q42?2RCDh;, I CDJB_/2?_/.E,/(GFH*)g+(+Q?*PF-_/F-JHCD_O57J-QRKG:3,@*P57: 538;.aCDQ?(3, Ω

57,
R3 !3`W('Q4(GF-J[8757:3Q4F�KG:+CDF-J[,\,O* I C"<>,O*5�M _/2?_/.E,/(GFH*�g+(3QR* W i(T )

KG:3,62 M 8;( I ,/:7F\J[,/2?Q?,/JLCD:Z.E8bu;,/(}57,O*�8 I _/JHCbF-,@:3JH*B53,62 M CD(+C;24u7*-,WS",@<>F-8;J[Q?,/2?24,6<>2RC;*[*-Q?KG:3,ij

W0(T )
grad W1(T )

rot W2(T )
div W3(T ) . � �;! �+�T�

PN,O*�,@* I C;</,@* W i(T )
*-8;(GFL24,O*�,@* I C;</,@*�5�M _/2?_/.E,/(GFH*�g+(3QR*U57_/g+(3QR*L57,62?C1A C �>8;(}*-:3Q4SbC;("F[,aj$ W0(T )

,O*^F%<>8"(+*nF-J[:3Q�F6f I CDJ-F-Q?JV53,i2XM _/2?_/.E,/(GF P1
p P|CDh"J[C;(3h;,"! k :3J6<Hd+C"KG:3,1_@24_@.E,/(GF@v�:3(+,rA�8"(+< F[Q48"(s,O*^F6C I p

I J-87<Hd3_@, I C;JP:3(+,\A�8"(+< F[Q48"( CL�a(3,��t<Hd=C;KG:3,W53,/h;J[_\57,V2?Q409,/J-F-_ σ0
n

,@*nFB2?Q4_cf%:+('(38t,/:=5
n
57,c<>8t8"J[578"(3(3_@,@*

xn57:{.aCDQ?242RCDh",6,>FWC"*-*-87<>Q?,%fa:3(3,6A�8"(+< F[Q48"(
g
2RCaSbCD2?,/:3J

σ0
n(g) = g(xn)

!$P|CE0+C;*-,r57:=CD2?,r<>8"J-J[,@* I 8"(+53C;("F[,c,@*nF(38DF[_/,
(w0

n)n∈N
,>FU,O*^FLQ?(+<>2?:+*-,%53CD(+*

H1(Ω)
!

$ W1(T )
,@*nFB</8;(+*nF-J[:3Q4FPf I C;JnF[Q4JB57,\2XM _@24_@.E,/(GFP5�M CDJ[Y>F[,\5�M 8;JH57J-, 1

Q4(+</8;. I 2?,>FV�4�@�b�q! k :+JP<Hd+C"K":+,U_/2?_/.E,/(GFOv;:3(3,A�8;(+<>F-Q?8;(m,O*^F6C I+I J-87<Hd3_@, I C;JW:+(3,rA�8"(+< F[Q48"(s57,E2RCyA�8"J-.E, a × x + b
CTS",@<

a
,>F
b
53CD(=*

C3 ��<Hd+C"K":+,i57,@h;J[_57,%2?Q409,/J-F-_
σ1

e

,@*nF\24Q?_rfa:+(3,rCDJ[Y>F[,68;J[Q4,@(GF-_/,
e
57:{.aCDQ?242RCDh",%57,%S",@< F[,/:3JUF[CD(+h;,/(GF

t
,>FVC;*[*n87<>Q?,6fa:3(�<Hd+C;. I57,WS",@<>F-,/:+J[*

E
2RCrSbCD2?,/:+J ∫

e
E · t !�P C10+C;*-,c57:+CD2?,6<>8"J-J[,@* I 8"(+53C;("F[,U,@*nFL(38DF[_/, (w1

e)e∈E
,/FL,@*nFBQ?(+<>2?:+*-,653CD(+*

H(rot,Ω)
!

$ W2(T )
,O*^F)<>8"(+*nF-J[:3Q�F)f I CDJ-F-Q?J 57,�2 M _/2?_/.E,@("F)57, ,UCTStQRCDJ-Fnp 	�d38;.aC"*)�?�/�b�q! k :3J)<Hd+C"KG:3,P_@24_@.E,/(GF@vb:3(+,PA�8"(+< F[Q48"(,@*nF6C I3I J[87<Hd3_/, I CDJ6:+(3,EA�8;(+<>F-Q?8;(�57,a2RC'A�8"J-.E, cx + d

CTS",@<
c
53C;(+*

C
,>F
d
53C;(+*

C3 �N<Hd+C;KG:3,a57,@h;J[_E53,24Q?0=,@JnF[_
σ2

f

,@*nFP2?Q?_\f6:3(3,\A C;</,U8;J[Q4,@(GF-_/,
f
57:'.EC;Q42?2RCDh;,U53,\(38"J-.aCD2?,

nf

,/FPC;*[*n87</Q4,Uf6:+('<Hd+CD. I 57,WS;,O< F-,@:3JH*
η
2RC%SbCD2?,/:3J ∫

f
η ·nf

!�P|C%0+C"*n,\53:+CD2?,W</8;J[J-,O* I 8;(+5+CD(GF-,�,@*nFP(+8DF-_@, (w2
f )f∈F

,>FB,@*nFPQ?(+<>2?:+*-,W53C;(+*
H(div,Ω)

!
$ W3(T )

,@*nFW<>8"(+*^F[J-:+Q�FWf I CDJ-F-Q?J\57,%2XM _@24_@.E,/(GF P0
! k :3J\<Hd+C"KG:3,6_/2?_/.E,/(GFOv+:3(3,%A�8;(+<>F-Q?8;({,@*nFWC I3I J[8t<Hd+_/, I CDJ:3(3,U<>8"(+*nF[CD(GF[,)�b<Hd+C;KG:3,L57,@h;J[_�53,L24Q?0=,@JnF[_

σ3
t

,@*nF)2?Q4_UfV:3(ES;8"24:+.i,
t
57:E.aCDQ?242RCDh",P,/FPC;*[*-8t</Q4,�fc:3(3,�A�8"(+< F[Q48"(

h
2?CiSbCD2?,/:3J ∫

t
h
!�P Ci0+C;*-,657:+C;24,6<>8"J-J[,@* I 8;(+53C;(GF-,V,@*nF�(+8DF-_@, (w3

t )t∈T
,/FL,@*nFUQ4(+</24:=*n,%53C;(+*

L2(Ω)
!

�P,>F-F-,�*n:+Q�F[,�5NM ,O* I C"<>,O*|CW_>F[_PJ[,@</8;(3(t:3, I CDJ UB8"*[*-CTStQ4FP�?�OzO�3</8;.E.E,P:3(E<>8". I 24,/e7,B5�M _/2?_/.E,@("FH*l57,�� d+Q�F[(3,/uy�?�@#b�X!
`W(}57Q?* I 8"*-,c5NM C I3I 2?Q?<@CbF-Q?8;(=* I 8":3JL24,O*�J-,@24Q?,/JUC;:7e </8;. I 2?,>e7,@* � �;! �3�/�B,>F � �;! �;�;���3,/( I CDJ-F-QR<>:+24Q?,/JOv I 8":3JU<Hd+C"<>:3(}57,@*,@* I C"<>,@* W i(T )

vN8;( I ,/:7Fr57_/g+(3Q?J%:3(3,yC I3I 2?Q?<@CbF[Q48"(sQ?(GF-,/J I 8;2RCbF-Q?8;( pi
T
KG:3Q�fZ:3(�S",@< F[,/:3J%53,

Cni
vN8��

ni

,@*nF%2RC
57Q?.E,/(+*-Q48"(Z53, W i(T )

v+C"*-*-87<>Q?,W:3(+,cA�8;(+<>F-Q?8;({53CD(=* W i(T )
j

pi
T : Cni →W i(T )

X 7→
ni∑

n=1

Xnw
i
n.

� �;! �Gw"�

`W(Z8;07F[Q4,@("FU2?,%57QRCDh"J[C;.i.E,c<>8".i.1:7F[CDF-Q4A *-:3Q?STC;(GF\K":+QN<>8;. I 2?o>F[,624,657QRCDh"J[C;.E.i, � �"! � �;�Vj

D(Π0) ∩ H1(Ω)
grad

Π0

D(Π1) ∩H(rot,Ω)
rot

Π1

D(Π2) ∩H(div,Ω)
div

Π2

L2(Ω)

Π3

CN G

p0

T

CE R

p1

T

CF D

p2

T

CT

p3

T

W0(T )
grad W1(T )

rot W2(T )
div W3(T ).

� �;! � �G�

PN,E<>8". I 24,/e7,i57,�� d3Q4F-(+,/u � �;! �+�@�VCZ57,@*ch"J-8": I ,@*V57,a<>8;d+8;.E8;2?8;h"Q4,r53,i.EY@.i,a57Q?.E,/(+*-Q?8;(sKG:3,E2RC *-:3Q4F-,a57QR*^p<>J[o>F[, � �;! �3�O��,>F\KG:3,c2RCa*n:3Q4F-, � �;! �;�;�>!9�P,@* I J-8 I J[Q4_/F-_@*�*-Q4h"(3Q4g+,/(GF\KG:3,62?,@*�Q?(7A�8;J[.aCbF-Q?8;(=*BF-8 I 8;2?8;h"Q?KG:3,O*B,@*[*n,@("F[Q4,@242?,@**-8;(GFV</8;(+*-,/J[S;_@,@*U57,1.aCD(3Q?o/J[,1*-u7*^F[_/.aCbF[Q?KG:3,1,>FVC;:7F-8".aCbF-QRKG:3,)�9,/( I CDJ-F-QR<>:32?Q?,/JOv+2RC'<>8"(+57Q4F-Q?8;(�Q?(7A p~*n: I v�<>8;(=57Q�F[Q48"(*-:��y*-C;("F[, I 8":3JL.E8;(GF-J[,/J�2RCa<>8;(tS",/J[h;,/(=<>,W53,c53Q?*[<>J[_>F[Q?*[CbF[Q48"( I C;JL_/2?_/.E,/(GFH*Bg+(3QR*/v3,O*^F�F[8;:b]^8":3J[*�S"_/J[Q�g=_/,E�4�DRGv��@�b�X!&)( I J[CDF-QRK":+,;v98;(m578"Q�Fc*n8":3S;,@(GFV<>8"(+*-Q?57_@J-,@J\57,O*W</8;(+57Q4F-Q?8;(=*WC;:7e{24Q?.EQ�F[,@*W,@*[*n,@("F[Q4,@242?,@*V*-:3J\:3(+, I 8;J-F-Q?8;(m53,r2RCA�J[8;(GF-Q?o/J[,
ΓD

!�P ,@* I J[8 I J-Q?_>F[_@*U57,62RCy*-:3Q4F-, � �"! �=�@��,/F\24,157Q?C;h;JHCD.E.E,657,%<>8". I CbF-Q?03Q?24Q4F-_ � �;! � �"��J-,O*^F[,/(GFUSbCD2?Q?53,@*
�-*nQ2XM 8"(�8;:30+24Q?, �%2?,@*U,@(GF-Q4F-_@*Wh;_@8;.E_>F[J-QRKG:3,@*\*nQ4F-:3_@,@*V*n:+JW<>,/FnF[, I 8;J-F-Q?8;(m57,r2?CyA�J-8"("F[Q4o@J-,"!+&)( I CDJ-F-QR<>:32?Q?,/J\2?,@*\.aCbF-J[QR<>,@*5�M Q4(=<>QR57,/(+</,6(3,%578"Q4S",/(GF I C;* I J[,/(+53J-,c,/({</8;. I F-,c2?,@*L,@(GF-Q4F-_@*�h"_/8".i_/F-J[Q?KG:3,O*�57,%<>,/FnF-, I 8;J-F-Q?8;(}57,cA�J[8;(GF-Q?o/J[,;!
�U( I 8"Q4(GFVQ4. I 8;J-F[CD(GF6KG:3Q *-,/JHCyJ[, I J-QR*\53C;(+*W2?C <>8;(=*^F[J-:+<>F-Q?8;(mC;24h"_/03J[QRK":+,r5�M :3(3,E*n:3Q4F-,E5�M ,@* I C;</,@*V5�M _/2?_/.E,/(GF[*g+(3QR* I J[_@*-,/(GF[_/,c53CD(+*�2RC k ,O< F-Q?8;({w7! �3! �E,@*nFL2?CE<>8".E.r:7FHCbF-Q?StQ�F[_%57:{57QRCDh;JHCD.E.E,cCD: I J-,@.EQ4,@JL(3Q4S",@C;:ZKG:3QN*@M _O<>J[Q�F6j

gradp0
T = p1

TG. � �;! �;�t�



�@� � ��� �'�
���"�!�%�@�x�!�'&5����� �'������� �@�x�!�'&

&)( 5�M CD:3F-J[,@*cF[,/J[.i,O*62RC{.aCbF-J[QR<>,y5�M Q4(=<>QR57,/(+</,'CDJ[Y>F[,>pq(38t,/:+5
G
57: .aCDQ?242RCDh",a,@*nF%2?C}J[, I J[_@*-,/(GFHCbF-Q?8;(�57QR*-</J-o/F-,y57:h;JHC;53Q4,@("F�,/(ZFHCD(GF\KG:NM 8 I _@J[CDF-,@:3JL57,c2 M ,@* I C;</, W0(T )

53CD(+*�2XM ,@* I C;</, W1(T )
!

� 7:9'�4�DG�<#7:9;4�<;7:3$=I>OH�M3�F3�C 6:L����
k 8"Q�F T :+(3,BF-J[Q?C;(3h;:32RCbF[Q48"(r57:E578;.aC;Q4(3,

Ω
!+P)M ,@* I C;</,B53,@* _/2?_/.E,/(GFH* g=(3Q?* 5NM C;J-Y/F-,�5�M 8"J[53J-,W�PQ?(+<>8". I 24,/F W1(T ),@*nF|:3F-Q?24QR*n_ I 8;:3J 57Q?*[<>J[_>F[Q?*-,/J|2?CUA�8;J[.r:32RCbF[Q48"( � �"! �@Rb� !D`W(%Q?("F[J-8757:+Q�Fl2 M ,@* I C"<>, W1

ΓD,0(T )
vb*-8;:+*npq,@* I C;</,)57,@* A�8;(+<>F-Q?8;(+*57, W1(T )

C I3I C;JnF[,/(+C;("F)f HΓD,0(rot,Ω)
,>F�:3(a<Hd+C;. I 53, HΓD

(rot,Ω)
S;_@J-Q4g=C;("F

E×n = g
*-:3J

ΓD
v"(38DF[_

EΓD

!
PN, I J[8;0+24o@.i,657QR*[<>J[,>FUfEJ-_O*n8":+57J[,V*@M _@<>J[Q4FLC;248"J[*Vj







	 J[8;:+S;,/J
Ẽh = EΓD

+ Eh

CTS",@<
Eh ∈ W1

ΓD,0(T )
F-,@2 KG:3,aj

a(Eh,E
′
h) = F (E′

h)−
∫

Ω

ν rotEΓD
· rotE′

h −
∫

Ω

γEΓD
· E′

h, ∀E′
h ∈ W1

ΓD,0(T ).
� �;! �Gz"�

�VCD(+*c2RCZ0+C;*-,
(w1

e)e=1,...,Eh

53, W1
ΓD,0(T )

vN2?, I J-8"032?o/.E,i53Q?*[<>J[,>F%*-,aJ[C;.io@(3,Ef :+(�*-u7*^F[o/.E,E24Q?(3_OCDQ?J-,E57,a2RCA�8;J[.E,6*n:3Q?SbCD(GF-,Ej
Au = b,

CTS",@<
A = Sν +Mγ +Mδ,ΓI

, � �;! �"#G�8���j
$
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√
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2RCy(38"J-.E,%Q?(+57:3Q4F-, I C;J\2?, I J[8757:3Q4FV*[</CD2RCDQ?J[, (A., .)

! `W(m</8;(+*nF[CDF-,rKG:3, I 24:=*\2?,1(+8;.r0+J-,r53,1<>8"(+57Q4F-Q?8;(3(+,/.E,/(GFW,O*^F
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Âx̂ = b̂,
8��
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ρ(ĀtA)
T�

ρ
��WRX*��VUY������9�
����TUY5X*���RSRQ
�
��� ���"�Z�,���6Q
�
��SR�Uf�� TU���d��Y��"���6Q
�
��SR�"��R���"� Q*���RY�YF�

��W���Y���� ��TUX
� Q*� �����SR�R�Z� SRTU�
���RX*��TUY�� ����Y�X
� ���L�*������TU� Q$��� �Z���U�����R���.����TU���
�d�Z�c�F����X-VU�
��Y�����VU�
��Y�����X*�F�(�Z�c������X.���RQ
� Q
��f



w;w �����5�����
�'�
���i� �������@�����'���J	��'���5� �?�����#�'� ���x�!�'& �'���J��� � ����� ���J�"�&
��� ������
576 5 ��LW> A��R>VI E!DE(CPO&QR<?S;TDE(C O K�N <W>@A�>@XBE(GBK

`W(6*n8":3d+C;Q�F[, J[_@*-8;:=57J-,l:3( I J-8"0324o@.E,)CD:7e\2?Q?.iQ4F-,O* *-:3JN:3(%538;.aCDQ?(3, Ω
v/57QR*[<>J[_>F-QR*-_ I CDJ�:3(+,).E_>F-d+8t53,�5�M _/2?_/.E,/(GF[*g+(3QR*L8":Z57,%53QT*x_/J[,/(+</,@*Bg+(+Q4,O*/!=`W({*-, I J-8 I 8G*n,65�M ,>e I 2?Q?KG:3,@JL24,O*�h;JHCD(+53,@*B24Q?h;(+,@*L57,62RCi.i_/F-d38757,6.1:324F-Q?h;J[Q42?24, I 8;:3J2RCyJ[_@*-8;2?:7F-Q?8;({(t:3.E_/J[QRK":+,157,i<>, I J-8"032?o/.E,;!9�WC;(+*\:+( I J[,/.EQ?,/JWF-,/. I *W8;( I J-_O*n,@(GF-,r2RCy.E_/F-d38757,if'57,@:7e�h;J[Q42?2?,@*@vCTSbCD(GF�5�M _>F[,/(+57J[,L2XM C;(+CD2?u7*n,Ufc2RC6.EQ?*-,UCD: I 8;Q?(GFP5�M :3(yCD2?h;8"J-Q4F-d+.i,�.1:32�F[Q4h"J-Q?2?24,\</8;. I 2?,>FO! PN,O* h;JHCD(=53* I J[Q4(+</Q I ,@*P57,@*.E_>F[d38757,@*L.1:324F-Q?(3Q4S",@C;:ZC;24h"_/03J[Q?KG:3,O*BSGQ?,/(=57J-8"(GF�</8;. I 2?_>F-,@JU<>,O*L(38DF[Q48"(+*@!

� ���	�*� Y �)�[Z0,	$0� � $"��� � 4 ��� �*����

k :3JL2?,%578".EC;Q4(+,c5NM _/F-:+57,
Ω
v78"({57_>g+(+Q�F\57,@:7e'.aCDQ?2?2?C;h;,@*L53Q?*nF-Q?(+< FH*6j

$ :3(a.aCDQ?242RCDh",Lh;J[8"*[*nQ?,/J TH

57, I C;J[C;.io/F-J[, H K":+Q=57_O*nQ?h;(3,\24,\53Q?C;.io/F-J[,L.aCbe7Q4.aC;2=57,O*)_/2?_/.E,@("FH*)57:y.aC;Q42?2?C;h;,"v
$ :3( .aC;Q42?2?C;h;,Vg+( Th

8"07F-,@(G: I C;JLJ[CC�E(+,/.E,/(GFU57:}.aCDQ?242RCDh",Wh"J-8G*-*-Q4,@J TH

57, I CDJHCD.Eo/F-J[, h !`W( I J-,@(+5yh"_/(3_@J[C;24,@.i,@(GF H = 2h
!�W I J-oO*PCTS"8;Q?JB57QR*[<>J[_>F-QR*-_\2?, I J-8"0324o@.E, I C;J�53QT*x_/J[,/(+</,@*Pg+(3Q?,@*B8": I C;JB_@24_@.E,/(GF[*g+(3QR*@v38;(}578;Q4FUJ[_@*-8;:+57J[,c*n:3JL2?,c.aCDQ?242RCDh",Wg=( :3({*-u7*^F[o/.E,624Q?(3_OCDQ?J-,c57,62RCrA�8"J-.E,Ej

Ahuh = bh. � w3! w"�
`W( *n8":3d+CDQ4F-,@J[C;Q�FE2?,ZJ[_@*-8;:=57J-,Z,/( *@M C I3I :3uGCD(GFa*n:3JE2?,@*aQ?(7A�8"J-.aCbF[Q48"(+*EC I3I 8;J-F-_@,@* I C;Ja24,}.aCDQ?242RCDh", h"J-8G*-*-Q?,/JE*n:3J2?,@KG:3,/2�2?,%*-ut*nF-o@.E,V2?Q?(3_@C;Q4J[,6*/M _@</J-Q4F6j

AHuH = bH .

�l8;:3JU</,/2RC3v7Q?2xA CD:7F\53_>g+(3Q?J%j
$ :3(=J6) / P @LMNF O�P9% F-)'P JLDGJCKaD�F > F�K�M

P
KG:3Q I ,/J[.E,>F|53, I C;*[*-,/J 5�M :3(3,P*n8"24:7F[Q48"(cA�8;J[.r:32?_/,)*-:3J|24,).aC;Q42?2?C;h;, h"J-8G*-*-Q4,@Jf1:+(3,6*n8"24:7F[Q48"(ZA�8;J[.r:32?_/,c*n:+JL24,6.aCDQ?2?2?C;h;,Wg+(Nv

$ :3( J�) /�P @CM F�O�P&% F P F H�M�P�B I�M�B JCK
R
KG:3Q C"*-*-:3J[,W2XM 8 I _/JHCbF-Q?8;(ZQ?(GS",/JH*n, � 8"( :3F-Q?24QR*n,%*-8;:+S;,/(GF P t

� !
P Ci.E_>F[d38757,%*-,c53_@<>8". I 8G*n,6CD2?8;JH*B,/( �i_>F[C I ,O*6j
�"!�PN,@)'PB/ D B H H�@^D F{</8;(+*-QR*^F[,'fmC I3I 2?Q?KG:3,@Jr:3(3, Q�F[_/JHCbF[Q48"( 24Q?(3_@C;Q4J[, C;: S;,O< F-,@:3J

uh � ,>e jB�y8;: w{Q4F-_/JHCbF[Q48"(+*r53,
<cCD:+*[*^p k ,@Q?57,@2R�>! ��CbF[J-QR<>Q?,/2?2?,/.E,/(GF@v3</,/2RCE*/M _@</J-Q4F6j

uh ← uh +M−1
h

(
Ahuh − bh

)
. � w3! �G�

�P,>FnF[,L_>FHC I ,UC I 8":3J 03:7FP53,L24QR*-*-,/J 2XM ,/J[J-,@:3J � *-: I3I J[Q?.i,@J 2?C6</8;. I 8"*[CD(GF-,B8"*[<>Q?242RCD(GF[,�53,L2 M ,/J[J-,@:3JOvbS;8;Q?Jlg+h=!;w7!?�I 8":3J −4u+ u = 0
*n:3J\24,r<@CDJ[J-_c:3(+Q�F[_rCTS;,O<V</8;(+53Q�F[Q48"(�57,BaU,@:3.aCD(3(�C;:Z098;JH5+�>!�P CE.aCDF-J[Q?</,

Mh

v+8;:�53,
A C��>8"('_OK":+Q4SbCD2?,/(GF[,W2RCr.E_/F-d38757,%57,V2?Q?*[*-C;h;,"vt538;Q4FBY/F-J[,c<Hd+8;QR*nQ?,V53,\A C �>8;(}fiCbFnF[,/Q?(+57J[,V</,>FL8;03]^,@< F[Q�A^!�W I J[o@*�2?,
I J-_@24QR*[*-C;h;,;v72RCy</8;. I 8G*-C;(GF-,62?Q?*[*n,157,%2XM ,@J-J[,/:3J\,@*nFV578".iQ?(+C;("F[,;v9578;(+<%2?CaJ[,@*nF-J[QR< F-Q?8;( I C;J R 57,%2XM ,@J-J[,/:+J\fa2RC
h;J[Q42?24,Vh;J[8"*[*-Q4o@J-,\A CDQ4F I ,@J[57J[, I ,@:{5�M Q?(7A�8"J-.aCbF[Q48"(N!

w3!�P C I:JLP�P F:I�M�B JCKm<>8"(+*nQR*nF-,6fiJ-_O*n8":+57J[,V*-:3JL2RC1h"J-Q?2?24,ch;J[8"*[*-Q4o@J-, � I C;JL:3(3,6.E_>F[d38757,%57Q?J-,O< F-,ch"_/(3_@J[C;24,@.i,@(GFH�\j

AHθH = R(bh −Ahuh). � w3! �t�
PN,cJ-_O*n:+2�FHCbFL8;07F[,/(t: I ,@J-.E,>F\C;248"J[*�57,=I:JCP�P�B D F�P12XM Q�F[_/J[_ij

uh ← uh + PθH . � w3! z"�
P)M _>F[C I ,V57,c<>8;J[J[,@< F[Q48"(y<>8"(+*nQR*nF-,\f1J-_O57:3Q?J-,\2?Ci<>8". I 8"*[CD(GF[,U24QR*[*n,V57,W2XM ,/J[J-,@:3JPKG:3Q9,@*nFB2RCr*-,/:+24,VStQ?*-Q40+24,V*n:3JB2RCh;J[Q42?24,Vh;J[8"*[*-Q4o@J-,"!

�+!�PN,L)(JLH�M�D B H:H�@2D�Fr, *x,@< F[:3,62?,6.iY@.E,cF-JHCTSTC;Q42�KG:3,62XM _/F[C I ,657, I J[_/2?QR*-*[CDh",V*-:3JL2RCi*-8;2?:7F[Q48"(Z</8;J[J-Q?h;_@,;!
�P,>F-F-,a.E_>F[d38757,a,@*nF%Q4F-_/JHCbF[Q4S",;v�2?,@*6_/F[C I ,O* I J-_O<>_O57,/(GF-,O*6*n8"(GF6538;(+<EJ[_ I _>F[_/,@*VFHCD(GFrKG:3,a2RC I J-_O<>QR*nQ?8;(�57_@*-Q?J-_@,(NM ,@*nF I C;*LCDFnF[,/Q?("F[, � S;8"Q4J�g=h+!+w7! wD�>!�P, I ,/(=53CD(GF@v;(NM :3F-Q?24QR*n,@J�KG:3,U57,@:7e1h"J-Q?242?,@*l2?Q?.iQ4F-,\2 M Q4(GF[_/J[Y>F�57,L2RCc.E_>F-d+8t53,;v;2RCVJ-_O*n8"24:3F-Q?8;(E*n:3J�2?Cch"J-Q?242?,�h;J[8"*[*nQ?o/J[,

I 8;:3SbCD(GFU<>8"(+57:3Q?J[,cfi:3({*-u7*^F[o/.E,6.aCbF-J[QR<>Q?,/2NKG:3Q�J[,@*nF-,657,6h;JHCD(=57,V53Q4.E,/(=*nQ?8;(N!



�������������&
"9�	�� �
���J� �����
�
�'���B����� �x�& ���'����� w �

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

�B���P��w7!?�\$a&�J-J[,/:3JLQ?(3Q4F-QRCD2?,6,>FU2?Q?*[*-_/,6C I J[o@*Lw1Q4F-_/JHCbF[Q48"(+*L57,?<cC;:+*-*np k ,/QR57,/2X!

���������
	���������������������
������ !�����#"%$'&)(#*,+-&)$/.10�"�"2�3*4 !�50�$/67��+8�:9�0

;<.1��*4.8=�&)��0�$/* u
i+1/3

h68+8 /���3*4+8;�;3*).�>@?�(��BA��C D+E"2.1 /��&)$/.10 uh

*)(#"2$DA3�GF rh = bh −Ahu
i+1/3

h

�4�������GH
��IJ�-��KL��MN�3���O��PQ�SRG�������������T����U<�������V�
*)(�"2$!A3��F rH = Rrh

����������WX��YZ�3��U<�[PQ���DU\K]�3^_��`8���T��PQ�:RG�������������G���-U��������V�
.80a*)(�"2.8��&BF AHθH = rH

���������Tbc��Id���<KL��MN�V���O��PQ�SRG�������������fegK

u
i+2/3

h = u
i+1/3

h + PθH

�4�������Ghc��4U<�����������������

67��>#&)�#��*i$/0�$'&)$!+8 gF ui+2/3

h�����# D������"%$'&)(#*,+-&)$/.80�"4"2��*4 /�50�$/67��+-�S9�0

;<.1��*i.8=�&)��0�$'* u
i+3/3

h68+8 /���3*4+8;�;�*).�>,?�(��BA3�� !+j"2.1 /��&)$/.80 uh

i← i + 1

�B���P��w7! w%$ ,L, I J[_@*-,/(GFHCbF-Q?8;(Z*-<Hd+_/.aCbF[Q?KG:3,657,62RCi.i_/F-d38757,6Q4F-_@J[CDF-Q?S;,657,@:7e'h;J[Q?242?,@*@!



wb� �����5�����
�'�
���i� �������@�����'���J	��'���5� �?�����#�'� ���x�!�'& �'���J��� � ����� ���J�"�&
��� ������

� ���	��� Y �)�[Z0,	$0� � �5�N�(��4 �3�*�*�*� 4.��,�%�)�����*� �"�

&)( I CDJ-F[CD(GFW53,r2XM C I3I J[8t<Hd+,r57,/:3eZh"J-Q?242?,@*@v+8"( I ,/:7Fc57_>g+(+Q4Jc57,r.aC;(3Q4o@J-,rJ-_O<>:3JH*nQ?S;,6:+(mCD2?h;8"J-Q4F-d3.E,r53Q�F > O�D M B��
D P�BEDEDGF>!

`W({*n,%538;(3(3,6:+(3,6d3Q?_/JHCDJH<Hd3Q4,657,6.aC;Q42?2?C;h;,O* T1, ..., Tj

53, I CDJHCD.Eo/F-J[,@*BJ-,O* I ,@<>F-Q4A * h1, ..., hj

F-,@242?,%KG:3, Tk

*-8;Q4F
:3(}JHCL�a(3,/.E,@("FU57, Tk−1

v ∀k ∈ {1, . . . , j} !
PN,O*L(38;F[CbF[Q48"(+*

Pk−1→k

,>F
Rk→k−1

53_@*-Q4h"(3,/(GFU2?,@*U8 I _@J[CDF-,@:3J[*\57,6F-JHCD(=*^A�,@JnF � I J-8"248"(3h;,@.E,/(GFU,>F\J[,@*nF-J[QR< F-Q?8;(9�(3_O<>,@*[*[CDQ?J-,O*%CD: I C;*[*-C;h;,y57: (3Q?S;,@C;:
k
C;: (3Q?S;,@C;:

k − 1
!OP|C�.aCbF[J-QR<>,

Ak

<>8;J[J[,@* I 8"(+5 f�2RCm57QR*[<>J[_>F-QR*[CbF-Q?8;( 53:
I J[8;032?o/.E,6*-:3JL24,6.aC;Q42?2?C;h;, Tk

!
`W( I ,/:7F{CD2?8;JH*EA�8;J[.r:+24,@J'2XM W\24h"8;J[Q�F[d3.E,sw7!?�sKG:3Qc<>8"J-J[,@* I 8"(+5 f :3(3,sQ�F[_/JHCbF[Q48"( 57,m.1:324F-Q?h;J[Q42?24,"!�`W( I J-,@(+5h;_@(3_/JHCD2?,/.E,@("Fi24, I C;J[C;.Eo>F-J[, γ _@h"C;2�f

1
v </,}KG:3QU</8;J[J-,O* I 8;(=5 fm:+(��\pq</ut</24,"v 8;:

2
v <>,{KG:3QU</8;J[J-,O* I 8;(+5 fm:3(

� p~<>u7<>2?,;!

c �D3��1G@>OH ��� � <%� � l j �@=�<;7 �"�tv ul

j � ���+<���H �tv
bl
j � ���+<���H �D�

� 7 � l = 1
� � 683 �D9

u1 ← A−1
1 b1

�
� 78='3$=

ul ← liss(ul, bl)
����)'PB/ D B H H�@^D F	�

θl−1 ← 0
�c�3$H �

i
> � ��


γ
d 4�7 ���

� <%� � l − 1
v
θl−1

v
Rl→l−1(bl −Alul)

�x�
2 7:=)c�3$H �
ul = ul + Pl−1→lθl−1

�
ul ← liss(ul, bl)

����)�J H�M D B H:H @^D F	�
2 7:= � 7

2 7:=

WU2?h;8"J-Q4F-d3.E,%w7!?�;j�W\24h"8;J[Q�F[d3.E,V.1:324F-Q?h;J[Q42?24,"!

�l8;:3J�2?,@* I J[8;0+24o@.i,O*�578;(GFL2 M 8 I _/JHCbF[,/:3JB,@*nFU57:ZF^u I ,0P C I 2RC;<>Q?,/( vG2XM CD2?h;8;J[Q4F-d3.E,V.r:324F-Q?h;J[Q42?2?,VCTS",@<W:3( 2?QR*-*-,/:3JU53,
<cCD:=*-*np k ,/QR57,/23</8;(+57:+Q�F�fV:3(a*-8;2?S;,/:+J	J�)�M BE>A@CD ! P ,�F-,@J-.E,L8 I F-Q?.EC;23*nQ?h;(+Q�g+,LKG:3,L2RCc<>8;. I 2?,>e7Q4F-_�L57,L2 M CD2?h;8"J-Q4F-d+.i,B,>F2RC6K":=CD(GF-Q4F-_\53,\578;(+(3_/,O*)f6*^F[87< $;,/J I 8;:+J�*-Cc.EQR*n,\,/(a8t,/:3StJ[, � ,@( I J[CDF-QRKG:3,�F-,@. I *B�P�
� ,/F�87</</: I CbF[Q48"(E.i_@.E8;Q?J-,T�SbCDJ[Q4,@(GF�2?Q?(3_@C;Q4J[,/.E,/(GFUCTS;,O<\2?,6(38".r03J[,65�M Q?(+</8;(3(t:3,O*L*n:3JL2?,6.aCDQ?242RCDh",W2?, I 2?:+*�g+( !9�WM ,O*^FL2?,6.E,/Q?242?,/:3J\J-_O*n:324F[CDFUK":+,2XM 8"( I :+Q?*[*n,68"07F-,@(3Q?J I 8":3JL2?CiJ[_@*-8;2?:7F-Q?8;(}57,6*-ut*nF-o@.E,@*�2?Q4(3_OCDQ?J-,O*/!�P, I ,/(=53CD(GF@v|Cbg+( 5�M 8;07F[,/(3Q?Jr</,aJ-_O*n:324F[CDF I 8":3Jr5�M CD:3F-J[,@*6<>2RC;*[*-,@*657, I J[8;0+24o@.i,O*/v|<>8;.E.E,y<>,@:7e�KG:3Q�(38;:+*%Q4(7pF-_@J-,O*-*-,/(GFy8 � C I3I C;J[C ?Fy2XM 8 I _/JHCbF-,@:3J rot rot

v�Q?2\,O*^F (3_@</,@*[*-C;Q4J[,�5�M C;53C I F-,@Jy24,O*'57Q.*x_/J[,/(GF-,O*y<>8". I 8"*[CD(GF[,@*y57,m2?C.E_>F[d38757,;!+�W,cA C��/8;(Zh;_@(3_/JHCD2?,;vtQ?2 */M CDh"Q�FU57,657_/F-,@J-.EQ?(3,/J6j
$ :3( D B H H�F�O�P?F���I:@ I:F1K":+Q CbF-F-_/(t:3,c2RCE<>8;. I 8"*[CD(GF-,c8G*-</Q42?2?C;(GF-,c57,62 M ,/J[J[,/:3JOv$ :3(3, H�B�/ P @LP I�H&B F % F K3B;+ F:@LO�: ,/Fi5�M 8 I _/JHCbF[,/:3JH*r57, I J[8;2?8;(3h",/.E,/(GFr,/Fi57,ZJ[,@*nF-J[Q?<>F-Q?8;( KG:3Q�*/M C;<@<>8;JH57,@("FiCD:7e
</CDJHC;<>F-_@J-QR*^F[Q?KG:3,O*P53: I J-8"0324o@.E,cfiJ[_@*-8;:+53J-, � C;(3Q?*-8DF[J-8 I Q?,W8": Q?(3d38".i8"h;_@(3_/Q4F-_ I C;JL,>e7,/. I 2?,O�>!�P8;(=<>,/J[(+C;("F�2RCi53_>g+(3Q4F-Q?8;({57,O* �^h"J-Q?2?24,O* �WQ?2N,/etQR*nF-,657,/:3eZC I+I J-87<Hd3,O*Vj$ :3(3,1C I3I J[87<Hd3,%h;_@8;.E_>F[J-QRKG:3,'j98;(�<>8"(+*^F[J-:+Q�FV:3(3,rd+Q4_@J[C;J[<Hd3Q?,r57,i.aCDQ?242RCDh",@*W*n:3JV2?,1578".EC;Q4(+,157,iJ-_O*n8"24:3F-Q?8;(<>,1KG:3QlQ?. I 24QRKG:3,E57,i53Q?* I 8G*n,@JV5NM :3(s.aCDQ?242?,/:3J6C"53C I F[_;!N`W( I C;J-2?,/JHCy57,1.E_>F-d+8t53,i.1:324F-Q?h;J[Q42?24,1h;_@8;.E_>F[J-QRKG:3,53CD(+*�2RCE*n:+Q�F[,;!

$ :3(3,rC I3I J[8t<Hd+,cC;24h"_/03J[QRK":+,ij9*n,@:32 2?,%.aCDQ?2?2?C;h;,%57:�578".aCDQ?(3,%*n:+JU24,OKG:3,/2|8;({J[_@*-8;:7FU2?, I J[8;032?o/.E,%,O*^FUJ[,@KG:3QR*/!`W( <>8"(+*nF-J[:3Q�F�CD2?h;_@03J-QRKG:3,/.E,@("FB24,O*B8 I _/JHCbF-,@:3JH*P57,WF-JHCD(=*^A�,@JnF�,>F�24,O*B.ECDF-J[Q?</,@*�<>8"J-J[,@* I 8;(+53C;(GFPf153,@*�57QR*-</J-_/pF-QR*-CDF-Q?8;(+*L57,r2 M 8 I _/JHCbF[,/:3JLQ?(3Q4F-QRCD2|fa53QT*x_/J[,/(GF[*\(3Q?S;,@C;:7e�!=`W( I CDJ[2?,/JHC157,r.i_/F-d38757,r.r:324F-Q?(3Q?S;,@C;:{CD2?h;_/0+J-QRKG:3,53CD(+*�2RCE*n:+Q�F[,;!
��� TU� �F�
� �a_ TU��WR�
�6Q*��TUY�X	���
� Q
��"WbQ
��]^���RX(WR��W=�"�RY�Q[�������RX-��TU���(�����=SbQ
���R�	�Z��Q[`�S[F��f



�������������&
"9�	�� �
���J� �����
�
�'���B����� �x�& ���'����� w"z

� ���	��� � ���*-5�)� ; � $0�� � ���`Z",	$0�� � �"�N�(� -"� � ����� ����4 ���"��� �!�"��
� 4�< �D7���� > � M��D3�683�= � �"# ��=�< MN3�H � 6!� # HO6!<;7 � �F786:6!� �$G�3 #5G�<��D7 ��H �

�VCD(+*l2?,U</C"*l8��E2 M 8;(E57QR* I 8"*-,U5�M :3(3,Ld3Q?_/JHCDJH<Hd3Q?,B53,L.EC;Q42?2RCDh;,O* ,/.r098 RF-_O*/v;2?CV.E_>F[d38757,U.r:+2�F[Q4h"J-Q?242?,�h;_@8;.E_>F[J-QRKG:3,
I ,/:7F\Y/F-J[,6.EQ?*-,6,/({8t,/:+SGJ[,c,>F\2?,@*U8 I _/JHCbF-,@:3JH*B53,6F-JHCD(+*nA�,/J-FL,/(GF-J[,6(3Q?S;,OCD:7e *-8;(GF\57_/g+(3QR*U57,%.aC;(3Q4o@J-,c(+CDF-:3J[,/2?2?,%f
I C;JnF[Q4JU57,c2XM Q?(+</24:+*-Q?8;({57,@*�,O* I C;<>,O*L5�M _/2?_/.E,/(GF[*Bg=(3Q?*%� �@RGv9�Pd+C I Q�F[J-,6#D�X!&)( , *x,>FOv)*nQ

(wH
i )i=1,...,NH

57_@*-Q?h;(3,Z2?Cs0+C"*n,}5�M _/2?_/.E,/(GF[*1g+(+Q?*a57,}2XM ,O* I C;<>, VH

*-:3JE2RCsh"J-Q?2?24, h;J[8"*[*nQ?o/J[,y,>F
(wh

i )i=1,...,Nh

2?Ci0+C"*n,65�M _/2?_/.E,@("FH*Bg+(3QR*L57,c2 M ,@* I C"<>, Vh

*-:3JL2RCih;J[Q42?24,Wg+(3,"v32XM Q?(+<>2?:+*-Q48"(Z53,
VH

53C;(+*
Vh

Q4. I 2?Q?KG:3,KG:NM Q42N,/e7Q?*nF-,c:3(3,6.aCDF-J[Q?</,
P
F-,@242?,%KG:3,aj

wH
i =

Nh

∑

j=1

Pjiw
h
j , ∀i ∈ {1, . . . , NH}. � w3! #G�

�U(+,�A�8;(+<>F-Q?8;(E57,U<>8". I 8"*[CD(GF[,@*l578;(+(3_/,O* I CDJ 2?,�S;,O< F-,@:3J xH
53CD(+*)2?CV0+C"*n,�h;J[8"*[*-Q4o@J-,BC6CD2?8;JH* *-,@* </8;. I 8"*[CD(GF-,O*578"(3(3_/,O* I CDJ PxH

53C;(+*c2?CZ0+C"*n,ig+(+,;!
P|C .aCDF-J[Q?</,
P
C I3I CDJHC�RFc578"(+<a<>8".E.i,E:3(+,a.ECDF-J[Q?</,a57, I J-8"248"(3h;,@.E,/(GF(+CDF-:3J[,/2?24,"!+`W( .E8;(GF[J-,cCD:+*[*-QxKG:3,c2RCr.aCDF-J[Q?</,

AH

57: I J-8"032?o/.E,V53Q?*[<>J[_>F[Q?*-_V*-:3JL2RCrh"J-Q?2?24,Vh;J[8"*[*nQ?o/J[,U,O*^FLJ[,/2?Q4_@,cf12RC.aCbF[J-QR<>,
Ah

57: I J-8"032?o/.E,6*n:3JL2RCih;J[Q42?2?,Wg=(3, I CDJL2RCiJ-,@2?CDF-Q?8;(}57,?<cCD2?,/J%$tQ4(sj
AH = P tAhP

!

� 789 � �@= 3 �@H ����� >��@9 #5G�<#EO3�> �@9 # HO6!<;7:=O7 � �@4�HI4�6���G�C��F7 ��H �@9
PN8"J[*[KG:3,�2 M 8;(a(+,\57QR* I 8"*-, I C"*�5�M :3(3,\*-:3Q4F-,V57,U.aCDQ?242RCDh",@* ,@.r098 RF-_O* .aCDQR*):3(3QRKG:3,/.E,@("F�57:a.aCDQ?242RCDh",U*n:+J�2?,@KG:3,/28;(}57_O*nQ?J-,VJ[_@*-8;:+57J[,\2?, I J[8;032?o/.E,;vt8"( 578"Q�FLh;_@(3_/J[,/J�CD2?h;_@03J[Q?KG:3,@.i,@(GF�57,O*B(3Q4S",@C;:7eyh;J[8"*[*nQ?,/JH*�f I C;JnF[Q4JL57,c(3Q?S;,OCD:7e

I 2?:+*Wg+(+*@!�Q~2l*@M CDh;Q4F6578;(+<;v9f I C;JnF[Q4Jc5�M :3(m,@(+*n,@.r032?,E57,1SbC;J-QRCD032?,@*\g+(3,O*V,>F65�M :+(3,1.aCDF-J[Q?</,i57,E57QR*-</J-_/F-QR*-CDF-Q?8;(mKG:3QJ[,/2?Q4,6<>,O*�SbCDJ[Q?C;0324,O*Pg+(3,@*@v357,657_/g+(3Q?JU57,@*U*nF-JHCbF[_/h"Q4,O* I 8;:3JU53_>F-,@J-.EQ?(3,/JL:+(Z,@(+*-,/.r0+24,c57,6SbCDJ[Q?C;032?,@*Bh;J[8"*[*nQ?o/J[,@*@v;:+(8 I _/JHCbF[,/:3J 57, I J[8;2?8;(+h;,/.E,@("Fl,/(GF[J-,B24,O*lSbCDJ[Q?C;0324,O* h;J[8"*[*nQ?o/J[,@* ,>F g+(3,O*l,>F :3(3,L.aCDF-J[Q?</,B57,U53Q?*[<>J[_>F[Q?*[CbF[Q48"(rCD:i(3Q?S;,@C;:h;J[8"*[*-Q4,@J@!
�U(+,rQ?("F[J-8757:=< F-Q?8;(sCD:7e{.E_>F[d38757,@*V.r:+2�F[Q4(3Q?S;,OCD:mC;24h"_/03J[QRK":+,@*L,O*^F6578;(+(3_/,i53CD(+*1� �;�T�q! `W( I ,@:7F657_@</J-Q?J-,r03J-Q?o>pS;,@.E,/(GFL24, I J[Q?(+<>Q I ,%53,V2XM :3(3,%5�M ,/(GF-J[,c,/2?24,O*U53C;(+*�24,6<@C;*�8��Z2RCE.ECDF-J[Q?</,657,657Q?*[<>J[_>F[Q?*[CbF[Q48"( Ah

,@*nFU*nut.E_>F[J-QRKG:3,;!
	|8;:7F 5�M CD098;JH5�v@8"(r:7F[Q42?QR*n,�:3(iCD2?h;8;J[Q4F-d3.E, I 8;:+Jl53_>F-,@J-.EQ?(3,/Jl:3(i,/(=*n,@.r032?,P57,�(38t,@:+53* ωC

57Q�FH* (38t,/:+53* .aC�RF-J[,@*
KG:3QNS"8;(GFLJ-, I J-_O*n,@(GF-,/J�2?,@*LSbC;J-QRCD032?,@*Bh"J-8G*-*-Q4o@J-,O*/!@PN,O*L(38t,/:=53*�J-,O*^FHCD(GF[*@v357Q4F[*L,O*-</2?CTS",@*@v7*n8"("FLJ[,/h"J-8": I _O*�53CD(+*U2 M ,/(7p*-,/.r0+24,

ωF

!t�l8;:3JPA CDQ?J-,V<>,/FnF-,VJ[_ I C;JnF[Q�F[Q48"('57,@*P(38t,/:=53*/vt8"('57_>g=(3Q�F�:3( h;JHC I d3,WSbCD2?:3_\,@(':7F[Q42?Q?*[CD(GF�24,O*P</8t, �y<>Q?,/(GF[*(38"( (G:+2?*157,y2RC}.ECDF-J[Q?</,'CD: (+Q4S",@CD:�g+( j *nQ
aij

,O*^Fr(+8;(�(t:32BCTS",@<
j
57QT*x_/J[,/(GF153,

i
v 2?,y(38t,/:+5

i
,@*nF1<>8"(3(3,O< F-_

CD:s(38t,/:+5
j
!�PN, I 8;QR53* |aij |

,@*nFcC+*9,O< F[_Ef 2XM C;J-Y/F-,EK":+Q J-,@24Q?,12?,E(38t,/:+5
i
CD:�(38t,/:=5

j
!�PN, I J[Q4(=<>Q I ,E,@*nF6CD2?8;JH*V53,<>8"(+*nF-J[:3Q4J[,r:+(m,/(=*n,@.r032?,1.aCDetQ?.aCD2 57,i(38t,/:+5+*W.aC ?F[J-,O*WKG:3Q (3,E*-8;Q?,/(GF I C"*WA�8;J-F-,/.E,@("F6<>8"(3(3,O< F-_O*\,@(GF-J[,1,@:7e�!�W<Hd+C"K":+,L(38t,/:+5a,O*^FBCD*x,@< F[_U:3( I 8;QR53*BK":+Q+.E,@*-:3J[,L24,W(38;.103J-,U53,US;8"Q?*-Q4(=*lA�8;J-F-,@.i,@(GFP<>8"(3(3,@<>F-_O*/!�PN,U(38t,@:+5a57, I 24:+*A�8;J-F I 8"Q?53*c,O*^F I 2RC;</_i5+CD(+*V2XM ,@(+*n,@.r032?, ωC

,>F%*n,O*VS;8;QR*-Q4(+*V53C;(+*
ωF

!|�P,E(38t,/:+5s,>F6*-,@*cS;8"Q?*-Q?(+*W*-8;(GF6*n: I3I J[Q4.E_@*57:�h"J[C I d3,6,/FW2?, I 8;QR53*\57,O*\(+8G,@:+53*\J-,O*^FHCD(GF[*\,@*nF\J-_@,@*nF-Q?.E_;!�P�M C;24h"8;J[Q�F[d3.E,%*n, I 8":3JH*n:3Q4F)]^:+*[KG:NM f'<>,1K":+,%F-8":+*U2?,@*(38t,/:=53*E*n8"Q4,@("FiJ-_ I CDJ-F-QR*@!OP , S"8;QR*nQ?(+CDh",y57,@*i(38t,@:+53*1A�8;J-F-,@.i,@(GFE</8;(3(3,O< F[_@*ifm:3( (38t,/:+5 578;(+(3_ ,O*^Fa57_/F-,/J[.EQ4(+_
*-:3Q4SbC;("F%:+( <>J[Q�F[o/J[,yK":+Q I ,@:7FrY/F-J[, |aij |≥ θ

√

|aiiajj |
� �"�T�Xv |aij |≥ θmaxk 6=l|akl|

� wD�b�Xv |aij |≥ θ
� � �T�qv I 8;:3J%:+(

I C;J[C;.io/F-J[, θ fECb]^:=*^F[,/JO! �U(},>e7,/. I 2?,657,%*-Q4.1:32?CDF-Q?8;(Z,@*nF\578;(+(3_Vg+h;:3J[,%w7! �7!

P)M CD2?h;8"J-Q4F-d+.i,c57,%*-_/2?,@<>F-Q?8;(}57,@*�(38t,@:+53*Lh"J-8G*-*-Q4,@J[*B57,0,L:3h",6,>F k F��7p
09,/( � wD�3v��;�3v �Pd+C I Q�F[J-,a�;��,@*nF%:7F-Q?2?Q?*-_y*n:+J%2?C}.aCDF-J[Q?</,iQR*[*n:3,y53,a2?C57QR*-</J-_/F-QR*-CDF-Q?8;('53, −4u+ u

*n:3J�2?,W<@CDJ[J-_W:3(3Q4F-_cCTS;,@<\<>8;(=57Q�F[Q48"(+*�57,aU,@:3.aCD(3({C;: 098;JH5',/FU24,6.aC;Q42?2?C;h;,c<>Q4pq</8;(GF-J[,;!
PN,O*�(38t,/:+5+*L.aC�RF-J[,@*�*n8"(GF�J[, I J-_O*n,@("F[_@* I C;JU57,@*U53Q?*[KG:3,@* I 2?,/Q?(+*@!

0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

��������w3! �r$ k _@24,O< F-Q?8;(}57,O*L(38t,/:+5+*�.EC ?F[J-,O*/!



wD# �����5�����
�'�
���i� �������@�����'���J	��'���5� �?�����#�'� ���x�!�'& �'���J��� � ����� ���J�"�&
��� ������

WLg=(�57,y</8;(+*nF-J[:3Q?J-,i:3(3,E.aCbF[J-QR<>,a57, I J-8"248"(3h;,@.i,@(GF@v98;(�Q4(GF-J[8757:3Q4F I 8":3J%<Hd+C"K":+,1(38t,@:+5�,@*[<>2RCTS;,15NM Q?(+57QR<>, i:3(Z,/(+*-,/.1032?,
ωC,i

KG:3QN</8;(GF-Q?,/(GFU57,@*�(+8G,@:+53*L57,
ωC

S;8"Q?*-Q?(+*�57,
i
!3�WQ.*9_@J-,@("F[,@*BF[,@<Hd3(3QRKG:3,@* I ,/:+S;,/(GFLY>F[J-,V,/(=*n:3Q4F-,:7F[Q42?Q?*-_/,O* I 8;:3JP2?Cr57_>F[,/J[.iQ?(+CDF-Q?8;(a57,@*P<>8t, �y</Q4,@("FH*�5�M Q?("F[,/J I 8"2?CDF-Q?8;(}� �;�T�q!�P|Cc.aCbF-J[QR<>,\57, I J-8"248"(3h;,@.E,/(GF P 2?C I 24:+**-Q4. I 2?,Wf1<>8;(=*^F[J-:3Q?J[,U,@*nF�</,/2?24,VKG:3Q I J-_O*n,@J-S",U24,O*)A�8"(+< F[Q48"(+*B<>8;(=*^FHCD(GF-,O*),/( I C;*[*-C;(GFP57:'(+Q4S",@CD:ah"J-8G*-*-Q?,/J�C;:y(3Q?S;,@C;:g+(Nv=<D! pqfDpq5�!�j

Pij =







1
*-Q
i = j ∈ ωC ,

1

|ωC,i|
*nQ
i ∈ ωF

,/F
j ∈ ωC,i,

0
*-Q4(+8;(N!

� w3! R;�

8��Z2RCE(38DFHCbF-Q?8;( |Z| 57_O*nQ?h;(+,V2?,c(38;.103J[,c5NM _@24_@.i,@(GF[*U53C;(+*�:3(},/(=*n,@.r032?,Vg+(3Q Z !&)(7g=(Nvl2?Cs.aCbF-J[QR<>, C;: (3Q?S;,OCD: h"J-8G*-*-Q?,/J
AH

,@*nFih"_/(3_@J[C;24,@.i,@(GFi<>8"(+*nF-J[:3Q�F[, f I CDJ-F-Q?JE57, 2RC�.aCDF-J[Q?</, Ah

C;:
(3Q?S;,OCD: g+(},/(Z:7F-Q?24QR*[CD(GFU:3( )�P JF%LO�BEM"% F��0@LDGF�P��CBEK j

AH = P tAhP
!

K"F�> @LPBC�O�F6w7!?�a1��	JLO�P0D @5% / MNF�P�> BEK'@LM B JLK7% F H�+ @CP�B @��DGF H9D P J H:H�B � P F�H
�
O�K'F @6)�)'P J I6H�F H�BE>�)'DGF :@ H2/:F"O�K3B�C O�F�> F K3M�H�O�P

DG@")�DG@ I:F % F H�/�D�/�>AF�K�M�H0K�JCK=K3O�D H"% F5DG@7> @LM P�B I:F @LO K3B;+ F:@LO�A.K F H�M )'P J6)�J H2/:F % @CK(H����	� ��1 � D=' J6) )(JLH�/&% F H	H:M P @CM[/[D B F�H
)�D O&H H�J6) H&B H�M B�C O /:F H-)'P F�K�@LK3M�F�K=I JC>�)'M FL% F H!BEKF# JLP�> @LM B JLK�H�Da/:JL>I/ M P�B�C�O�F�H0JLOADGF H!> @LM P�B I:F�H�/�D�/ > F�K�MN@LBEP F H	I:@CDGI O�D / F H
)�F K % @LK3M DB' @ H:H�F >� D @2D�FI%LOG)�P J� D � > F?H JCK�M"% JCK�K0/:F H&% @LK�H ����


�
�� ��1

576�� � G=L?<?> �RK�N G=LW>V<?Q(C�I ;BK�LPN@E(C�Q��7KG <?>@; A�C�DE�� G���� E(N@N
P)M :7F[Q42?Q?*[CbF[Q48"(15�M :3(3,�.E_>F[d38757,�.r:324F-Q?(3Q?S;,OCD: I 8;:+J 2RCVJ-_O*n8"24:3F-Q?8;(r57,O* _@KG:+CbF[Q48"(+*l57, ��Cbe��B,/2?2t(3_@</,@*[*nQ4F-,B24,�<Hd38"Q�e57,62?Q?*[*-,/:3JH*�C;53C I F-_O* I J-,@(+CD(GFL,/({</8;. I F-,c2?,@*L<@CDJHC;< F[_/J[Q?*nF-QRKG:3,@* I J[8 I J-,O*Bfi2XM 8 I _@J[CDF-,@:3J rot rot

!
� ���	�*� � ���1�)�"�N���� � ������ � � 6 , ; ���(�+�����0���

rot rot�
PN,O*�2?QR*-*-,/:3JH*B<>2RC;*[*nQRKG:3,@* � 	GC;</8;03QxCTS;,O<UJ[,/2RCbe3CbF[Q48"(Nv&<cC;:+*[*^p k ,/QR57,@2 I C;J I 8;Q?(GF[*H��CDFnF[_/(t:3,/(GFBA�8;J-F-,@.i,@(GFB2RC I CDJ-F-Q?,5�M _/(3,@J-h"Q4,B_/2?,/S"_/,�57,B2 M ,/J[J-,@:3J �b</,/2?24,/pq</Qt</8;J[J-,O* I 8;(=5 I 8":3Jl:3(3,BA�8;J[.E,P0+Q42?Q4(+_@CDQ?J[,B57_/g+(3Q?, I 8G*nQ4F-Q?S;,�CD:7er</8;. I 8"*[CD(GF-,O*.E8753CD2?,@*LC"*-*-87<>Q?_/,@*�C;:7e'SbCD2?,/:3JH* I J[8 I J[,@*�57,c.E8757:32?,@*L2?,@* I 24:+*Uh;JHCD(+53*@!�l8;:3J :+(a8 I _/JHCbF-,@:3J)<>8".E.i,L2?,�P|C I 2RC;</Q4,@(NvD<>,/FnF-, I CDJ-F-Q?,U<>8 � (+</Q?53,�CTS",@<B2RC I CDJ-F-Q?,
�^8G*-</Q42?2RCD(GF-, ��5�M 8��E2XM ,��a<@C;</Q�F[_57,%</,@*�2?Q?*[*n,@:3JH*/!
WU:y</8;(GF-JHCDQ?J[, I 8;:+J)24,O*)8 I _@J[CDF-,/:+J[* CTS",@<B:3(EF-,@J-.E,U,@( rot rot

v;Q?2+,>e7QR*^F[,\57,O*)S;,O< F[,/:3JH* A�8;J-F-,@.i,@(GF�8"*[<>Q?242RCD(GFH*l,>F
57,VA CDQ?032?,6_/(3,@J-h"Q4,"!�,L,/S",/(38"(+*�f12RCE<>2RC;*[*n,c57, I J[8;032?o/.E,O*B53_>g+(3Q?, I C;JB2RC1A�8;J[.r:32RCbF[Q48"( � �;! � �;�>!3�)2RC��>8"(+*B(38;:=*L53CD(+*2?,W</C"*�8 �

ν
,/F
γ
*n8"("F�*^F[J-QR< F[,/.E,/(GF I 8G*nQ4F-Q4A *�,/F δ (t:32X!�P CcA�8"J-.E,W03Q42?Q?(3_@C;Q4J[, a 53CD(=*�2RC6A�8"J-.1:32?CDF-Q?8;(aSbCDJ[QRCbF-Q?8;(+(3,/2?24,C;*[*-8t</Q4_@,y578;(+(3_/,a,@( � �;! ��RD�657_>g=(3Q�Fi:3( I J[8757:3Q4F1*-<@CD2RCDQ?J-,yKG:3QPQ4(=57:3Q4Fr:3(3, (38;J[.E,y57Q�F[,'5�M _/(3,@J-h"Q4,"! �P8;(=*nQR57_/J[8;(=*CD2?8;JH*�53CD(=*�24,%</:30=,6:+(3Q�F[_624,cS",@< F[,/:3JU<Hd=CD. I j

E =
(
0 sin(nπx) 0

)t
. � w3! �G�

P)M _/(+,/J[h;Q?,V57,%</,%<Hd+CD. I *n:+JL24,6<>:+0=,6:3(+Q�F[_6,@*nF\578;(3(+_/, I CDJ6j

a(E,E) =

∫

[0;1]3
ν rotE · rotE +

∫

[0;1]3
γE · E = (nπ)2

ν

2
+
γ

2
. � w3! �G�

k 8"(�_/(3,@J-h"Q4,1,@*nFV5�M CD:3F[CD(GF I 24:=*\A�8"JnF[,1KG:NM Q42 ,@*nFc8"*[<>Q?242RCD(GF@!��P8;(+*-QR57_/J[8;(+*\.aCDQ?("F[,/(+C;(GFW2?,rS;,O< F[,/:3Jc<Hd+CD. I f'J-8;F[CDpF-Q?8;(+(3,/2N(t:32�,/F\57,6.EY/.E,%CD. I 2?Q4F-:+57,aj
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γ
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57,O*V_/2?_/.E,/(GF[*
5�M CDJ[Y>F[,c5NM 8"J[57J[,i�ij

W1(T ) = gradW0(T )⊕D(T ). � w3!4�"�O�
P)M ,@* I C"<>, gradW0(T )

,@*nFc2XM ,@* I C;</,i57,O*6<Hd+CD. I *c57, W1(T )
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A ∈ D(T ) ⇒
∫

Ω

A · gradφ = 0, ∀φ ∈ W0(T ).
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l
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c �D3��1G@>OH ���{2?Q?*[* � ul

j � ���+<��@H �tv
bl
j � ���+<��@H �D�

Q�F[_/JHCbF[Q48"(Z57,7<cC;:+*-*np k ,/QR57,/2N*-:3J
Alul = bl

�
ρl ← (Gl)t(bl −Alul)

�
ψl ← 0

�
Q�F[_/JHCbF[Q48"(Z57,7<cC;:+*-*np k ,/QR57,/2N*-:3J

Al,φψl = ρl

�
ul ← ul +Glψl
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W1
ΓD
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n∈N
W1,n

ΓD
(T ), � w7!?�Ow"�

8��Z2?,%*n8":+*^pq,@* I C"<>, W1,n
ΓD

(T )
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!
aU8;.103J[,c53,c53,/h;J[_@*L53,V2?Q?0=,@JnF[_ �D� �;�Gz �Oz �Ew;� � w"zD# �Ow7� �"�"wiz;wD�

� � , p k3k `/, waw7�Tz z �D�=� �E� ��R �@�AR �"z
�L`6� < p k3k `/, �%�;#Gw �E� � � �i� �;� �FRy�FRDz
UBQ � <%� , p k3k `/, w �;�Gz zEw7�@� � � �"#D� w;wiwD#D�
�L`6� < p �U,@24.Ed38"2�F��
,U_@*-8;2?:7F-Q?8;( �a���"� w �3�Tw �E�"�@R Ri�;�3�

�)J-_ I CDJHCbF[Q48"( 57: I J[_@</8;(+53Q�F[Q48"(3(3,/:+J � z � �;�
& �
� �xw7! w6$ 	|,/. I *L57,%<@CD2R<>:32 I 8;:+JL2?Ca57Q.*xJ[C"< F-Q?8;(}*-:3JL:3({<>ut2?Q4(+53J-, �;�1!

� ���	��� � �  -0,.-(\  �����"���(�"�(� � �.��� $0�� � ���`Z",	$0�� � �*4 � �5���*� �0��
PN,O* I J-,@.EQ4o@J-,O* .E_>F[d38757,@*l.1:324F-Q?(3Q4S",@C;:1CD2?h;_@03J[Q?KG:3,O* I 8;:3Jl2?,@*l_OK":=CbF-Q?8;(=*|57, ��CDe��P,@242t8;(GFl_>F[_ I J-8 I 8G*n_@,@* 53CD(+*2?,@*WF-JHCTSbCD:7e�57,AUB,@< $ � z �7vx�=� �),>F657,A,L,/Q4F �@Q4(+h;,/Jc,/F k <Hd��;09,/J[2P� zT�q!�PN,@:3J[*cC I3I J[8t<Hd+,@*V57Q4S",/J[h;,@("FV,@*[*n,@(GF-Q?,/2?24,@.i,@(GF53C;(+*�2?CE57_/g+(3Q4F-Q?8;({57,O*L8 I _/JHCbF[,/:3JH*�57,VF-JHCD(+*nA�,/J-F � I J[8;2?8;(3h",/.E,/(GF�,>FUJ[,@*nF-J[Q?<>F-Q?8;(=�>!

� G�<#EO3�>�� M �D3�MN3�9;G �-MO4 ��� �����
PN,O* I J[8;032?o/.E,O*VF-JHCDQ4F-_@* I CDJ UB,O< $s*-8;(GFr57,@* I J-8"032?o/.E,@*6,@(�J-_@h;Q?.i,EF[,/. I 8;J[,/2)8": d+CDJ[.E8;(3QRKG:3,E.EC;Q?*  @LH:H F H#:PB/�C�O�F K'I F HE� z��T� :7F[Q42?Q?*[CD(GFU:3(+,c53Q?*[<>J[_>F[Q?*[CbF[Q48"( I C;JL_/2?_/.E,/(GFH*Bg+(3QR*U5�M CDJ[Y>F-,"!k M C I3I :3u"C;("Fr*-:3J12?Cs57_@</8;. I 8G*nQ4F-Q?8;( 57, �U,@24.Ed38"2�F�� 57QR*-</J-o/F-, � w7!?�;�@�>vOUB,O< $�</8;(+*nF-J[:3Q4Fr:3( I J[_@</8;(+53Q�F[Q48"(3(3,/:+J.r:+2�F[Q4(3Q?S;,OCD:Z,/({57,@:7e I d+C"*n,O*cj$ 2 M :3(3,6</C;2?</:32?,V:+(3,%<>8"J-J[,@<>F-Q?8;(':+(3Q?KG:3,@.E,/(GF\53CD(=*�24,%*-8;:+*npq,@* I C;</, gradW0(T )

57, W1(T )
,/({</8;(+*-Q?53_/JHCD(GF

:3(�*-u7*^F[o/.E,a578;(GF62RC .aCDF-J[Q?</,1,O*^Fr</,/2?24,E,/( I 8DF-,@(GF-Q?,/2�*[</C;2?C;Q4J[,rQ?(GF-J[8t53:3Q�F[,a53CD(+*c2?,E24QR*[*n,@:3J%57, �UQ I F-.aC;Q4Jaj
Aφ = GtAG

CTS;,@<
G
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1 0 0 1/2 1 1/3 0 0 0
0 1 0 1/2 0 1/3 0 1/2 1/2
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8��
d
,@*nFW2RCy57Q?.E,/(+*-Q?8;(m57,12 M ,@* I C"<>, I dtu7*-Q?KG:3, � R2 8": R3 � v Nh
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i �
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w0

n
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Q
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k 8;Q4F
c
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∫
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nei · tdl =

1

2
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8 �

A
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j � ���1< �@H �D�

�
x

4+PB/ H�B�%LO5)'PB/:I JCK0%CBEM�B JCK�K0/F1 �
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r
4+PB/ H:B�%CO K�JCK@)�PB/:I:JLK %LBEM B JLK3K0/F1 �

xφ ← 0
v
x← 0

�
�Up~<>u7<>2?,6*n:+JL24,6*-u"F[o/.E,

Aφxφ = Gtr
�

x← x+Gxφ

�
�cQ�F[_/JHCbF-Q?8;(}57,7<cCD:=*-*np k ,/QR57,/2�,@(}53,@*[<>,/(GF[,c*-:3J

Ax = r
x̃← 0

�
�Up~<>u7<>2?,6*n:+JL24,6*-u"F[o/.E,

Ãx̃ = Qt(r −Ax) �
x← x+Qx̃

�
�cQ�F[_/JHCbF-Q?8;(}57,7<cCD:=*-*np k ,/QR57,/2�,@(ZJ[,/.E8"("F[_/,c*n:+J

Ax = r
xφ ← 0

�
�Up~<>u7<>2?,6*n:+JL24,6*-u"F[o/.E,

Aφxφ = Gt(r −Ax) �
x← x+Gxφ

�
2 7:=
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1 0 0 1 1 0 0 0 0
0 1 0 0 0 0 0 1 1
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Ĩi
,@*nF�2XM ,/(+*-,/.10324,c57,O*PQ?(+57QR<>,O*�5�M C;J-Y/F-,O*Ph"J-8G*-*-Q?o/J[,@*lF[,/2?24,O*LK":+,W2?,V*-: I3I 8;J-FU57,V2?CrA�8;(+<>F-Q?8;(Z5�M C;J-Y/F-,Vh;J[8"*[*nQ?o/J[,

w1,H
e

<>8;(GF[Q4,@(3(3,c2 M CDJ[Y>F[,Vg+(3,
i
!

�P,@*L53_>g+(3Q4F-Q?8;(=*U*n8"(GFUQ42?24:=*^F[J-_@,@*U*-:3JL2RCig+h;:3J[,c�+!?�D!�W hGCD:+<Hd+,V,O*^FUJ[, I J-_O*n,@("F[_/,V:3(3, I CDJ-F-Q4F-Q?8;(}57,@*L(+8G,@:+53*U53:.aCDQ?242RCDh",WKG:3Q�57_/g+(3QR*-*-,/(GFL57,@*B,/(=*n,@.r032?,@*
(Hn)n=1,...,9

!�PN,O*�,@(+*n,@.r032?,@*
Ln
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(ḠH,i)tβi = ξi. � �=! �t�
`W(}<Hd3,/JH<Hd3,c2?CE*-8;2?:7F-Q?8;(}57,%<Hd+C"<>:3(}57,O*L*nu7*nF-o/.E,O*�24Q?(3_@C;Q4J[,@* � �+! �G��*-8;:+*B2RCiA�8;J[.i,Ej
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,@*nFL<>8;(+(3,>e7, I CDJBdtu I 8DF[d3o@*-,;!G�l8;:3J</C;2?</:32?,/J

(βi)′
vt8;( g3e7,cf �@_/J[8r2?,@*L</8;. I 8G*-C;(GF-,@*B53C;(+*B24,6<>8GCDJ[03J[,;v"<;! p~fbp~5�! I 8;:3J�2?,@*LCDJ[Y>F[,@*BKG:3Q�(3,6*n8"(GF I C"*�53CD(+*2XM C;J-03J[,r</8;:3StJHCD(GF@v=,>Fc8;(s*-: I3I J-Q?.E,r:3(3,i_@KG:+CDF-Q?8;(m5+CD(+*W24, I J[8;032?o/.E,153, 	+8;F �98;(m8"07F-Q?,/(GFV:3(s*-u7*^F[o/.E,r2?Q4(+_@CDQ?J[,578"("FL2RCr.aCDF-J[Q?</,W,O*^FLQ?(GS",/JH*nQ?032?,;!7�VCD(+*�2XM ,/e7,/. I 2?,c53,V2XM CDJ[03J-,V<>8":3StJ[C;("FL57,c2RC%g+h":3J[,W�=! wtv78"(Z*-: I3I J-Q?.E,V2?,@*B2?Q4h"(3,@*
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(GH)t
!3&)({<>8"(+*n_OKG:3,/(+</,

β
S"_/J[Q�g+,Ej

(GH )tβt = (GH)t(β′)t = (Ghα)t.

PN,O*U<>8t,��a</Q4,@(GF[*
θi,k
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	|8;:7F65�M CD098;JH5�vx(38;:+*cCTS"8;(+* I J-_O*n,@(GF-_E57,@* I J[Q4(=<>Q I ,O*657,1.E8757_@24QR*-CDF-Q?8;(s.ECDF-d3_@.aCbF-QRKG:3,E,>F657,a57QR*-</J-_/F-QR*-CDF-Q?8;(57,O* I J[8;032?o/.E,O*\57,1Q?*[*n:=*U2XM _@24,O< F-J[8;.aC;h;(3_/F-QR*n.E,;v=CDQ?(+*nQ KG:3,r57,O*\.E_>F[d38757,@*\Q�F[_/JHCbF[Q4S",@*\53,%J-_O*n8"24:3F-Q?8;(�57,r*-u7*^F[o/.E,@*2?Q4(3_OCDQ?J-,O*/v7,@( Q?(+*-Q?*nF[C;(GF I CDJ-F-QR<>:32?Q4o@J-,@.E,/(GFU*n:3JL2?,@*LC;24h"8;J[Q�F[d3.E,@*B.r:+2�F[Q4(3Q?S;,OCD:N!&)(+*-:3Q4F-,"v I C;JnFHCD(GF157,Z<>,O*6A�8;(=57,/.E,/(GFH*/v (38;:=*rCTS;8"(+*6_/F-:+57Q?_Z24,O*rCD2?h;8"J-Q4F-d+.i,O*6.r:+2�F[Q4(3Q?S;,OCD: :3F-Q?24QR*n_O* I 8;:+Jr2RCJ[_@*-8;2?:7F-Q?8;(y57,V*nu7*nF-o@.i,O*)2?Q4(+_@CDQ?J[,@*)QR*[*n:+*P57,V2?C6.E_/F-d38757,V57,@*P_/2?_/.E,/(GFH*)g+(+Q?*B5�M CDJ[Y>F-,"! a\8;:+*BCTS;8"(+*)CD2?8;JH*)Q?(GF-J[8757:3Q4F

:3(3,�.E_>F[d38757,L57,L<>8"(+*^F[J-:=< F-Q?8;(i5�M 8 I _/JHCbF-,@:3JH*|57, I J[8;2?8;(+h;,/.E,@("F I 8":3J)<>,O*lCD2?h;8;J[Q4F-d3.E,@*|.r:+2�F[Q4(3Q?S;,OCD:N!"�P,/FnF[,PF[,@<Hd7p(3QRKG:3,657,V</8;(+*nF-J[:+<>F-Q?8;( 5NM 8 I _@J[CDF-,/:+J[*B57, I J[8;2?8;(3h",/.E,/(GFB*@M C I3I :+Q4,c*n:+JB:+( I J[8;0+24o@.i,V57,c.EQ4(3Q?.EQ?*[CbF[Q48"(Z5NM _@(3,/J[h;Q?,CTS;,O<i2?C{</8;(GF-JHCDQ?(GF-,a57,yS"_/J[Q�g+,@J6:3(3,y</8;(+57Q4F-Q?8;( 57, <>8;. I CDF-Q?03Q?24Q4F-_a,@("F[J-,a2?,@*6A�8;(+<>F-Q?8;(+*%5NM C;J-Y/F-,a,>F124,O*cA�8;(+<>F-Q?8;(+*(38753C;24,O*/!9�l8;:3JWJ-_O*n8":+57J[,r<>, I J-8"032?o/.E,r5�M 8 I F[Q4.EQR*-CDF-Q?8;(Nvx57,@:7e�C I3I J[87<Hd3,@*W*n8"(GFW57_@</J-Q4F-,O*rj92XM :3(+,r:7F[Q42?Q?*-,i24,O*\.1:32�pF-Q I 2?Q?<@CbF[,/:3JH*E57, P|CDh"J[C;(3h;,a,/Fi2XM C;:7F-J[,}*/M C I3I :3Q4,}*-:3J12RCsJ-_O*n8"24:7F[Q48"( 5�M :3(3,}*n:+Q�F[,Z57, I J[8;032?o/.E,O*157, 	+8;FE*-:3Ja57,@*h;JHC I d3,@*@!
PN,O*E.E_>F-d+8t53,@*y.1:324F-Q?(3Q4S",@C;: :7F[Q42?QR*-C;("F 24,O*E8 I _/JHCbF-,@:3JH*a57, I J[8;2?8;(3h",/.E,/(GFy<>8"(+*^F[J-:+Q�FH*aCTS;,@<}</,@*EF[,@<Hd3(3QRKG:3,@*

I J[_@*-,/(GF-,@(GF�:+(}</8;. I 8;J-F-,/.E,@("FUKG:+C"*nQ4pX8 I F-Q?.aCD2 I 8;:3JL2?,6(38;.103J[,V5�M Q4F-_/JHCbF[Q48"(+*L53C;(+*�24,O*U</C"*B24,O* I 2?:+*L*nQ?. I 2?,@*@!

� E,L C IJE � <?>@XBE(C
P C I J[,/.EQ4o@J-,1_>FHC I ,1<>8"(+*-Q?*nF-,EfyQ?. I 24_@.E,/(GF-,@JV2?,@*VCD2?h;8"J-Q4F-d+.i,O* I J[8 I 8"*-_@*V53C;(+*W</,1.aC;(G:=*-</J-Q4FW53C;(+*V:3(s</8t53,57,%<@CD2R<>:32NCDg+(Z53,cF-,@*nF-,@JU57,6.aCD(3Q?o/J[,c,>etF-,@(+*-Q4S",W2?,/:3JH* I J[8 I J[Q?_>F-_O*L*n:+JU57,@*LC I3I 2?Q?<@CbF-Q?8;(=*�J-_OCD2?Q?*nF-,O* �"�r!`W( I ,@:7F\CD:+*[*-Q�,/(tStQ?*[CDh",/J I 8":3JU2RC I 8;:+J[*-:3Q4F-,657Q?J-,O< F-,657,O*�F-JHCTSbCD:7e'53,%<>,c.aCD(t:+*[<>J[Q�FUCD:Z.E8;Q?(+*L57,@:7e S"8;Q?,@*Vj$ 2 M Q4(GF[J-8757:+<>F-Q?8;(a5�M CD:7F[J-,O*lF-,O<Hd3(3QRKG:3,@*P57,\<>8"(+*nF-J[:+< F[Q48"(i57:'h;JHC I d3,�h"J-8G*-*-Q4,@J@!�	", I ,/(+*-,UQR<>Q+(+8DF[C;.E.i,@(GF�f%57,@*F-,@<Hd+(3Q?KG:3,O* I J[8 I 8"*[CD(GFB2XM CDh;h"248".E_/JHCbF-Q?8;( 5�M _@24_@.E,/(GF[* I 8;:3JU53_>g+(3Q?JU:3(+,cF-8 I 8;2?8;h"Q4,Vh;J[8"*[*-Q4o@J-,1� #@R@�X!$ 53CD(+* 24,O* <@C;* 53, I J[8;032?o/.E,O* 57QG�y<>Q?24,O*/vO8;( I ,/:7F CD:=*-*-Q;,@(GStQR*-C;h;,@J 5�M 8 I F[Q4.EQR*n,@J|57,O*N.aCbF[J-QR<>,O* 57, I J-8"248"(3h;,@.E,/(GF57_^]nfi<>8"(+*^F[J-:+Q�F[,@*B,>FLS;_@J-Q4g=C;("FB2?CE</8;(+57Q4F-Q?8;(Z57,6<>8". I CbF-Q?03Q?24Q4F-_"!t&)( I CDJ-F-QR<>:32?Q?,/JOv"8"( I ,/:7F I ,/(+*-,/JLC;:7e'0+C"*n,O*
I J-8bS",/(+C;(GFB57,O*L.E_>F-d+8t53,@*L.1:32�F[Q4h"J-Q?2?24,ch;_@8;.E_>F[J-QRKG:3,@*�KG:3QN(+,c*-8;(GF I C"*�(3_@</,@*[*-C;Q4J[,/.E,@("F�J[8;03:+*nF-,O*BSGQR*npqfDpXStQR*57,cSTC;J-QRCbF[Q48"(+*BQ4. I 8;J-F[C;("F[,@*L57,O* I C;J[C;.io/F-J[,@*B57: I J[8;032?o/.E,;!

�U(1CD:7F[J-,�C"* I ,@<>F 57,P2?C I 8":3J[*-:3Q4F-,B57,P</,@*�F[J[CTSbC;:7ec</8;(+</,/J[(3,)2RC I J[Q?*-,�,@(r<>8". I F-,�53,@* * I _@</Q�g=</Q�F[_@* 57,�2XM _@KG:+CbF[Q48"(57,O*�8;(+57,O*/!7�l8":3JU<>,@2?C+v38;( I ,@:7FU,/(tStQR*-C;h;,/Jcj$ 5�M :3F-Q?24QR*n,@JB53,@*B24QR*[*n,@:3J[*P* I _@</Q�g9K":+,@* I 8":3JB2 M _@KG:+CDF-Q?8;('57,O*B8;(+57,O*/!3`W( I 8;:3J[JHCr*-,W*-,/J[SGQ?J�(+8DF[C;.E.i,@(GF�</8;.E.E,
I 8"Q4(GF 57,L57_ I C;JnF 5�M CD2?h;8"J-Q4F-d3.E,B:7F-Q?2?Q?*[CD(GF 2?CW.E_>F[d38757,0< � ,L& k �B</8;.E.E,P2?QR*-*-,/:3J I 8;:3J 2XM _@KG:+CbF[Q48"(157,
�U,@24.ipd38;24F �E� #;�T�q!

$ 57,i</8;: I 24,@JV2RC .i_/F-d38757,E.1:32�F[Q4(+Q4S",@CD:�CTS;,O<r57,O*W.E_/F-d38757,O*657,a57_@</8;. I 8G*nQ4F-Q?8;(s57,a578;.aCDQ?(3,O*/! `W( I 8;:+J-JHC*n,%*-,/J[StQ4JU(+8DF[C;.E.i,@(GFW57,@*\.E_>F-d+8t53,@*\53, k <Hd �BC;J �6*[CD(+*UJ-,O<>8;:+SGJ[,/.E,@("F\CTS",@<c<>8"(+57Q4F-Q?8;(+*W57,6F[J[C;(+*n.EQR*-*-Q?8;(
8 I F[Q4.EQR*n_@,@* I 8;:3JL2XM _OKG:+CbF[Q48"(Z57,O*�8;(+53,@*c� #;�T�q!$ 5�M Q?(+</8;J I 8"J-,@J\2RC I J[Q?*-,r,@(s</8;. I F-,E57,O*\.EQ?24Q?,/:7es8;:3S",/J-F[*\CTS",@<%53,@*V.E_>F-d+8t53,@*WF-,@242?,@*cKG:3,r2?,@*c</8;:+<Hd3,O* I CDJ-pA CDQ4F-,/.E,@("FUC;0+*n8"J-0=CD(GF-,O*W�SR �b� 8;:}57,@*BA�8"J-.1:32RCbF-Q?8;(=*�Q4(GF-_@h;JHCD2?,@*@!

� �EWRQ
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P)M _>F[:+57,%.aCDF-d3_@.ECDF-QRKG:3,r57,O*U_@KG:+CDF-Q?8;(+*W57, ��CDe��P,@242N(+_@<>,O*-*-Q4F-,%2XM Q?(GF-J[8757:+< F[Q48"(�5�MEF�H*)�@ I:F�H@% FG!'J�:JLDGF2+ � ! k 8;Q4F
Ω
:3(y578".aCDQ?(3,\*-:��y*-C;.i.E,@("FPJ-_@h;:32?Q4,@JP57,

R3 57,\A�J-8"("F[Q4o@J-, Γ
!�P ,US;,O< F[,/:3JP(38;J[.aCD23:3(+Q�FHCDQ?J-,\*-8;J-F[C;(GF�57:'578".EC;Q4(+,

*-,/JHCr(38;F-_@,
n
!

L2(Ω)
��<

H1(Ω)
P)M ,@* I C"<>, L2(Ω)

,O*^F�2XM ,@* I C;</,U57,@*)A�8;(+<>F-Q?8;(+*)53, Ω
fcSTC;24,@:3JH*)53CD(=*

C
,>FP57,W</CDJ[J[_BQ?(GF-_@h;JHCD032?,;!G�WM ,@*nF):3(y,O* I C;<>,57,	�\Q42?0=,@JnFU.1:3(3Q 53: I J[8757:3Q4F\*-<@CD2RCDQ?J-,ij (f, g) 7→ ∫

Ω
fg
!

P)M ,@* I C"<>, H1(Ω)
,O*^FW:3(m*-8;:+*npX,O* I C;<>,657, L2(Ω)

!�PN,%h"J[C"57Q?,/(GF\57,@*UA�8;(+<>F-Q?8;(+*W57,1</,>F\,O* I C;<>,6,O*^FV24:+Q|CD:=*-*-Q|57,</C;J-J[_VQ4(GF-_@h;JHCD032?,;!+�WM ,@*nFU:3(},@* I C;</,V53,	�UQ?2409,/J-FU.r:3(+Q 57: I J[8t53:3Q�F\*[</C;2?C;Q4J[,rj

(u, v)H1(Ω) =

∫

Ω

uv +

∫

Ω

gradu · grad v. � Wr!4�T�

L2(Ω) � H(rot,Ω)
��<
H(div,Ω)

�l8;:3JV(38G* I J[8;0+24o@.i,O*/v9Q?2 ,O*^FcCD:+*[*-Q|(3_O<>,O*-*[CDQ?J-,15�M Q?(GF-J[8757:3Q?J-,i57,@*V,@* I C"<>,@*\A�8;(=< F-Q?8;(+(3,/2R*WKG:3Q </8;(+</,/J[(3,/(GF I 24:+*
I C;JnF[Q?</:324Q?o/J[,/.E,@("FE2?,@*a<Hd+C;. I *a57,}S;,@<>F-,@:3J[*@! P)M ,@* I C;</, L2(Ω)

,O*^Fa2XM C;(+CD2?8;h":3, 57,
L2(Ω) I 8;:+Ja24,O*a<Hd+CD. I *a57,S;,O< F[,/:3JH*Vj

L2(Ω) = {V : Ω→ C3/

∫

Ω

‖V‖2 < +∞}. � W%! w;�
PN,V*nut.10=8"24,

(., .)
*@M Q?2=( M uyC I C;* I 24:=*B53, I J[_@</Q?*-Q48"(+*�53_@*-Q4h"(3,\2?, I J[8757:3Q4FB*[</C;2?C;Q4J[,\*-:3J L2(Ω)

57_>g=(3Q I CDJWj (f, g) =
∫

Ω

∑3
i=1 figi

,/F\K":+QN578;(3(+,%f
L2(Ω)

:3(+,%*^F[J-:+<>F-:3J[,65�M ,@* I C;</,V57,	�\Q42?09,/J-F@! k CE(+8;J[.i,V,@*nFU(38;F-_/,Ej ‖.‖L2(Ω)

!
k Qc2XM 8"( <>8"(+*nQR57o@J-,s:3( *-u7*^F[o/.E,sCTS",@<�:+(3,s_@(3,/J[h;Q?,�_@24,O< F-J[8;.aC;h;(3_/F-QRK":+,�g+(3Q?,;v�8"( <Hd3,/JH<Hd3,@J[C 2?,@*Z*-8;2?:7F-Q?8;(+*

C;53.iQR*[*nQ?032?,@* I 8;:3JU2?,@*L<Hd=CD. I *
E
,/F

H
53C;(+*L2XM ,O* I C"<>, H(rot,Ω)

!9�P,/FU,@* I C;</,cC I3I C;J[C ?FU57,cA C �>8;(Z(+CDF-:3J[,/2?24,62?8;JH*57,62RC1A�8;J[.r:32RCbF[Q48"(yA CDQ?032?,%57: I J[8;032?o/.E,;!�Q~2 ,@*nFL53_>g+(3Q|57,62?Ci.aCD(+Q4o@J-,6*-:3Q4SbC;("F[,Ej
H(rot,Ω) = {E ∈ L2(Ω) / rotE ∈ L2(Ω)} � W%! �"�

�P,>FU,O* I C;<>,c57,	�\Q42?0=,@JnFU,O*^FU.1:3(3Q 53: I J-8757:3Q4FU*-<@CD2RCDQ?J-,ij
(E,E′)H(rot,Ω) = (E,E′) + (rotE, rotE′) � W%! �G�

578"("FL2RCE(38;J[.E,WQ?(+57:+Q�F[,%,@*nF6j
‖E‖H(rot,Ω) = (‖E‖2

L2(Ω) + ‖ rotE‖2
L2(Ω))

1

2 � W%! z;��1M C;:7F-J[, I CDJ-F@v (38":+*i(38;:+*iQ?(GF-_/J[,@*[*-8;(+*iQR<>QUf�57,@* I J[8;0+24o@.i,O*ECTS;,@< <>8"(+57Q4F-Q?8;(+*ECD:3e 24Q?.EQ�F[,@*E,/FEQ?2L,@*nFy578;(=<
(3_O<>,@*[*[CDQ?J-,{57,�*[CTS;8"Q4JaKG:3,/2?M � )�F % F I JCK0%CBEM�B JCK(HmC�:3( *-,/(+*a.aCDF-d3_@.ECDF-QRKG:3,m53C;(+*

H(rot,Ω)
!)�l8;:+J'<>,@2?C�(38":+*

57QR* I 8"*-8;(=*L57:'F[d3_/8"J-o@.E,c53,cF-JHC;<>,6*-:3Q?STC;(GFcj
��� X*����S=�RX(�����^TU��TU����� � � X*����SR�RX.����W=���
	\��TU���.�Z� ��TU�
�c���Z�6Q
��TUY � ���������	�F�=X.����TU����
R�"�RX.��X*X*�FX �a_ WR]^���6Q
��TUY�X-���
	���WR��� ��W=�RX(����� Q*���R�����RXBf
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� EOG@3 �DL # ��� � � � 3 ' @�)�)�D B I @CM�B JCK
γt : E 7→ E × n

%�/
A K�B F=H�O�P
D(Ω)3

�@)�F O�M ��M�P FE)�P JCDGJLK D /:F )�@LP I:JLK3M�BEK3O�BEM[/
F�K O�K'F @6) )�D B I:@CM�B JCK D BEK / @CBEP F F�M5I:JLK3M�BEK3O�FI% F

H(rot,Ω)
% @CK(H

H− 1

2 (Γ)
� +LJLBEP�� � � ��)(JCO�P@% F�H\)�PB/:I�B H:B JCK(H H�O�P I:F M

F H
)�@ I:F �>% F K�JCP�>AF ��1
WU:3F-J[, I 8"Q4(GFUQ?. I 8;J-F[C;(GF I 8":3JU2?,@*�A�8"J-.1:32?CDF-Q?8;(+*�SbC;J-QRCbF[Q48"(3(3,/2?2?,@*@v78;( I ,@:7FW57_/g+(3Q?JU2XM C;(+CD2?8;h":3,657,62?CiA�8"J-.1:32?,57,?<VJ[,/,@(Z*-:3JL2XM ,O* I C"<>, H(rot,Ω)

j

∀E ∈ H(rot,Ω), ∀η ∈ H1(Ω) =

{

η ∈ L2(Ω) /
∂ηi

∂xj

∈ L2(Ω) ∀i, j ∈ {1, . . .3}
}

,

(rotE,η)− (E, rotη) = (E× n,η)L2(Γ)

� W%! #"�

�P,@* J[_@*-:32�FHCbFH*'*-8;(GF <>8"d3_/J[,/(GFH*'CTS;,O<{2?,@*Z<>8;(=57Q�F[Q48"(+*'C;:7e 24Q?.EQ�F[,@* ,>F}5�M Q?(GF-,@JnA C"<>,sKG:3,s(38;:=* CTS"8;(+*aQR57,@("F[Q�g=_/,@*
k 8":+*^p~*-,@< F[Q48"(m�"!4�"! �7!aU8":+* I 8;:3J[J-Q?8;(=*B53_>g+(3Q?JU57,62RCi.iY@.E,6.EC;(3Q?o/J[,V2?,@* I J-8 I J-Q?_>F[_@*�57,62XM ,O* I C;<>, H(div,Ω)

j
H(div,Ω) = {η ∈ L2(Ω) / div η ∈ L2(Ω)} � W%!SRD�

�WM ,@*nFU:3( ,O* I C;<>,c(+CDF-:3J[,/2 I 8;:+JU57_>g+(+Q4JU2?,@*L<Hd=CD. I *
B
,/F

D
!

�
D(Ω)3

��WRX*��VUY�� ��_ �RY�X
�R� �����$�F�=X ��TUY�SbQ*��TUYFX	���
C∞(Ω)3

�cX*������TU� Q	SRTU�"����SbQ=f
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f = π2 sin(πx) sin(πy).
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11.3 −0.31 0 −0.54 −0.46 0 0 0 0
−0.31 7.17 −0.22 −0.46 −0.85 −0.45 0 0 0

0 −0.22 9.88 0 −0.37 −0.24 0 0 0
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−1
Q4A
l = p(i),

+1
Q4A
l = q(i),

0
8;F-d3,@J �LQR*-,

.

� �r! wD�G�

	 �P8}C;*[*n:+. I F-Q?8;(+*V8;(mF-d3,ig+(+,i0=C;*-,@*cCDJ[,i*-: I3I 8"*-,@5�F-8}09,E*[CbF[Q?*ng+,O5sCDFWF[d3,E0=,@h;Q?(3(3Q?(3h+! �s,a*-: I3I 8"*-,rF[d+CbFF-d+,cg+(3,6(38753C;2�0+C;*-Q?*
(w0,h

p )p=1,...,Nh

*[CbF-QR*ng+,@*BF[d3, I J[8 I ,/J-F^u9j
Nh

∑

p=1

w0,h
p (x) = 1, ∀x ∈ Ω. � �1! w;�"�

��,cC"*-*-:3.E,VF-d+CDFLF-d3,@J-,c,/etQR*nF[*UCE*-,>FL8DA *n:+09578".aCDQ?(+*
(Ωh

p)p=1,...,NH

8;A
Ω
*-:+<Hd'F[d+CbFOj

Ω =
Nh

⋃

p=1

Ωh
p

CD(+5 ∀p ∈ {1, . . . , Nh}, Ωh
p ∩




⋃

q 6=p

Ωh
q





c

6= ∅, � �1! ���"�
�Ld3,@J-,VF-d+,%*n: I ,/JH*[<>J[Q I F c Q?*LF-d3,%*nF[C;(+53CDJH5'*-,>F-pq</8;. I 2?,/.E,/(GFOv3CD(+5}*[CbF-QR*nA�uGQ?(3h}j

supp(w0,h
p ) ⊂ Ωh

p , ∀p ∈ {1, . . . , NH}CD(=5
supp(w1,h

i ) ⊂ Ωh
p ∩ Ωh

q

Q4A
i = pqh.

� �r! �3�T�



�}� � � ������� ��&����B�����
� �������� �I� �
� "��'&
� ���$�
"����!�
& � �

� 3�<#4�<;7:3$='9J4�=O>�M �D78= � 7!M 6 � 3	d <#E�� �13$='9#<��DH �+<;7:3$= d 3 � <;E � � 3�4 �F9�� =O3�>O4�6NC 4�9;7:9
k ,@S;,/JHCD2�*nF-, I *Ld+CTS",\F[8i09,%<>8"(+*-Q?57,@J-,O5�j
�"! Q~(�8;JH57,/J\F-8Z2487<@CD2?Q �@,6F-d3,E*-: I3I 8;J-F[*W8DA)F[d3,i</8"C;J[*-,6(38753CD2 A�:3(=< F-Q?8;(=* (w0,H

n )n=1,...,NH

v �P,1Q4(GF-J[8757:+</,1*-,>F[*
(Ln)n=1,...,NH

8;A Q?(+57QR<>,O*LQ4( {1, . . . , Nh} *-:+<Hd F-d+CDF@j
NH

⋃

n=1

Ln = {1, . . . , Nh}, � �r! �"w"�

CD(+5 �P, �LQ?242 �LJ-Q4F-,"j
ΩH

n =
⋃

p∈Ln

Ωh
p . � �r! � �G�

	�d3,/(sQ�FcQ?*V,OK":+Q4SbCD2?,/(GFWF-8}*^FHCbF-,
supp(w0,H

n ) ⊂ ΩH
n

vNCD(+5}F[8 J[,@KG:3Q?J[,%F-d+,1:3( $G(+8 �L(+*
(αpn)

Q?( � �r!SRbC;�\F[8*-CDF-QR*^A�uxj
∀n ∈ {1, . . . , NH}, ∀p ∈ {1, . . . , Nh} \ Ln, αpn = 0. � �1! �D�G�

�s,6Q?(GF-J[8t53:+<>,6CiJ-,O<>Q I J[8t<@CD2�*-,>FnpqSbCD2?:3,@5'A�:3(+<>F-Q?8;( L̃ 57,>g=(3,@5Z0tuxj
∀p ∈ {1, . . . , Nh}, L̃p =

{
n ∈ {1, . . . , NH} / p ∈ Ln

}
. � �r! �"z"�

UP,O</C;:+*n,V8DA � �r! �"w"� v L̃p

Q?*L(+8;(Z,/. I F^u;!P`W0=*n,@J-S",\F[d+CbF � �r! �D�t��</CD(Z09,6J-, �LJ-Q4FnF[,/(Nj

∀p ∈ {1, . . . , Nh}, ∀n ∈ {1, . . . , NH} \ L̃p, αpn = 0. � �1! �;#"�
WU( Q?2?24:+*nF-JHCbF[Q48"( 8;AUF-d3,O*n,}57,/g+(3Q4F-Q?8;(+*iQR*Eh;Q?S;,/( Q4( �|Q?h;:+J-,}�r!?�;! �38;J1F-d+, g=(3, h"J[C I d Q?( � Q?h;:3J[, �1!?� � CG� v�P,i*n,/F

L1 = {1, 2, 3, 4, 5, 6, 7} v L2 = {5, 6, 8, 9, 13, 14} CD(+5 L3 = {7, 8, 10, 11, 12} !U`W(3,r8"07F[C;Q4(=*/v9A�8;JQ4(+*nF[C;(+<>,"vtF-d3,%*-,>FH*
L̃7 = {1, 3} C;(+5 L̃4 = {1} !

w3! 	�d3,6<>8;(=*^FHCD(GF I J-,O*n,@J-SbCDF-Q?8;( </8;(+*nF-JHCDQ?(GFB8;A � �1!4� �"�BQR*�8;07FHCDQ?(3,@5Z0tuy,/(3A�8;JH<>Q?(3h+j
NH

∑

n=1

αpn = 1, ∀p ∈ {1, . . . , Nh}. � �r! ��R;�

Q~(+57,/,O5�v��B,%*n:30=*^F[Q�F[:7F-, � �r!SRbCG�BQ4(GF-8iF[d3,%<>8"(+*^FHCD(GF I J[,@*-,/J[STCDF-Q?8;(Z<>8;(=*^F[J[C;Q4(GFLCD(+5 �P,c:+*-, � �1! wD�"�>j
NH

∑

n=1

w0,H
n (x) =

NH

∑

n=1

( Nh

∑

p=1

αpnw
0,h
p (x)

)

=

Nh

∑

p=1

w0,h
p (x)

( NH

∑

n=1

αpn

)

=

Nh

∑

p=1

w0,h
p (x) = 1.

�+! �s,c<>8". I :7F-,VF-d+, I J-8"248"(3h"CDF-Q?8;(a.aCbF[J-Q4e α �LQ�F[d'F[d3,c,/(+</8757,@5 *n: I+I 8"JnFL<>8"(+*^F[J[C;Q4(GF � �1! �;�"�P0tua.iQ?(3Q?.EQ �@Q4(3hF-d3,6,@(3,/J[h;uEA�:3(=< F-Q?8;(=CD2�A�J[8;. � �r!?���G�B:3(+57,@JLF-d+,%<>8;(=*^FHCD(GF I J-,O*n,@J-SbCDF-Q?8;( </8;(+*nF-JHCDQ?(GF � �r! ��R;� !NW .E,/F-d3875ZQ?*
h;Q?S;,/( Q4(�� #��T�q!

� 3 ��� ='3�<#4�<;7:3$='9J4�=O> >��a�O=O7!<;7:3$='9�� EO3 � <#3����@6:4�<�� �13$4 �D9�� 4�=O> �O=�� � �@> � � 4�='> =O3�>O4�6 �@6!�"# ��=�<;9
�38"J\CD2?2

n
Q?( {1, . . . , NH} v �P,r24,/F Cn

0=,rC'*n,/F\8DAlg+(3,r,@57h",6Q4(+53Q?</,@*@�+F[d3,@*-,6g+(3,r,@57h",@*U*nF[C;JnF\8"JU,/(=5}Q4(�Ca(+8t53,
�Ld38G*n,cQ?(+57,>e Q?*LQ?(

Ln

j
Cn =

{
i ∈ {1, . . . , Eh} / i = pqh �LQ�F[d

p
8"J
q ∈ Ln

}
. � �r! �;�G�

UBu � �r! �3�T��CD(+5 � �1! � �"�>v7A�8;J i Q4( Cn

v7F[d3,%*n: I3I 8"JnFU8;A|F[d3,cg+(3,6,O57h;,c0+C"*nQR*BA�:3(+<>F-Q?8;( w1,h
i

QR*LQ?(+<>2?:+57,O5 Q?(ZF-d3,
n
pXF-d{<>8GCDJH*n,W(38753CD2 538;.aCDQ?(Nj

i ∈ Cn =⇒ supp(w1,h
i ) ∈ ΩH

n . � �r! �;�G�
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� ����� ��YF� VU�
������(� Q* �R��VU� ��Y �����SR�=X=f �^�bQ
C3

��X-�
�R�����RX*�RYFQ
�=�&� ���TU���L�R��VU�RXBf

e
1

2

3

e
e2

3

1

��S6� � T�����X*��VU�*���Faf ����� �2�RQ
Ie3

��X5���R�����=X
�RY2Q
�R� � ���TU���\�R��VU�RXBf

� Q4h":3J-,6�1!4�"j ,L, I J-,O*n,@("FHCbF[Q48"('8DA F-d+,cg+(3,%CD(=5 </8"CDJH*-,Wh"J[C I d+*@vt*-,>FH* (Ln)n=1,...,3
v
C3

C;(+5
Ie3

!

��,V*[CTurF[d+CbFBF-d+,Wg=(3,W,O57h;,\A�:3(+<>F-Q?8;(
w1,h

i

</8;(GF-J[Q40+:7F-,O*)F[8rF[d3,Wh"J[C"57Q?,/(GF�8DA F-d3,c<>8GCDJH*n,U(+8t5+CD29A�:3(+<>F-Q?8;(
w0,H

nQ4A
i
09,/2?8;(+h"*BF-8

Cn

! Q~(+53,/,@5Nv7A�J-8". � �1! z;��CD(=5 � �r!SRbC"�>v��B,6h;,/F@j

gradw0,H
n =

Nh

∑

p=1

αpn

( Eh

∑

i=1

Gh
ipw

1,h
i

)

=

Eh

∑

i=1

(Ghα•n)iw
1,h
i ,

CD(=5yA�J[8;. � �1! w;�;�>v � �r! �D�t��CD(+5 � �1! �;�"�>j
∀n ∈ {1, . . . , NH}, ∀i ∈ {1, . . . , Eh} \ Cn, (Ghα•n)i = 0. � �1! � �"�

��,6Q4(GF-J[8757:+</,WF[d3,6J[,@<>Q I J[87</CD2�*-,>F-pXSbCD2?:3,O5yA�:3(=< F-Q?8;( C̃ j
∀i ∈ {1, . . . , Eh}, C̃i =

{
n ∈ {1, . . . , NH} / i ∈ Cn

}
. � �r! �+�T�

Q~( � Q4h":3J[,r�r!?� � 0=�/v3F-d+,%g+(3,r,@57h",@*\C;J-,6(t:3.10=,@J-,O5�v=*-,>F C3
Q?*\d3Q?h;d32?Q4h"dGF-,@5{C;(+5 �B,r</C;(�57J[C � 8;:3F@v3A�8"J\Q?(+*nF[CD(=<>,;v

F-d+,%*n,/F
C̃8 = {1, 3} !

WL</</8;JH57Q?(3hrF[8 � �1! �Gz;� v � �1! �"�"��CD(=5 � �r! �+�T� �P,cQ?(7A�,/JOj
C̃i = L̃p ∪ L̃q,

Q�A
i = pqh. � �r! �Gw"�

W\* C <>8"(+*n,OKG:3,/(+</,;v
C̃i

<@CD(3(38;Fy0=,m,/. I F^u CD(+5 F[d3,m<>8"(+*nF[CD(GF I J[,@*-,/J[SbCbF[Q48"( </8;(+*nF-JHCDQ?(GF � �r! ��R;� �LQ4F-d � �r! �;#;�09,@<>8".E,@*@j
∑

n∈C̃i

αpn =
∑

n∈C̃i

αqn = 1,
Q�A
i = pqh. � �r! � �G�

UBuiC;(+CD2?8;h"u �LQ4F-daF[d3,\09,/h"Q4(+(3Q4(+h%8DA k :+0+*n,O< F[Q48"('�r! �+!?�Dv �B,U24,/F SH
09,UF-d+,W*-,>FP8;AN,@57h",@*�8DANCr*-Q4. I 2?,U8"J-Q?,/(GF-,O5<>8"(3(3,O< F-,O5 h"J[C I d �Ld38G*n,ZS;,@JnF[Q?</,@*iCDJ[, Q?(+57,/et,O5 0tu {1, . . . , NH} �PF[d3,Z,/2?,/.E,/(GF[*E8;A SH

C;J-, Q4(+53,>e7,@5 0tu
e ∈

{1, . . . , EH} v7CD(+5yF-d3,cQ?(GS",/JH*n,W8DANF[d3,c03Q ]^,@< F[Q48"( e 7→ (n(e),m(e))
Q?*

(n,m) 7→ nmH ! k Q4.EQ?2?C;J-2?uEF-81F-d+,V.aCDF-J[Q�e
Gh

v �P,cQ?(GF-J[8t53:+<>,VF-d+,%<>8"C;J[*-,V,@57h",>pq(38757,cQ4(+</Q?53,/(+</,V.aCDF-J[Q�e
GH

8DA 57Q4.E,@(+*nQ?8;(
EH ×NH

�LQ4F-d
EH = |SH | !	�d3,6*-,>F SH

d=C;*BF-8a*[CbF[Q?*nA�u'Ca<>8". I CbF[Q403Q?2?Q�F^uyJ[,/2RCbF[Q48"( �LQ4F-d}F[d3,6*n,/F[* Cn

j
∀(n,m) ∈ SH , Cn ∩ Cm 6= ∅. � �1! �;�G�

�38"J
e
Q4( {1, . . . , EH} v �P,s57,>g+(+,{F-d3,m(38;( ,@. I F^u Q?(+57,/e *-,>F

Ie
8DAcF-d+,m<>8GCDJH*n,},@53h;,m</8;J[J-,O* I 8;(+53Q4(3h�F[8

e = nmH j
Ie = Cn ∩ Cm

Q�A
e = nmH . � �r! �Gz"�

	�d3,@( A�J[8;. � �1! �"�"� v+Q�A i 09,/2?8;(3hG*BF-8 Ie vtF[d3,cg+(3,6,O57h;,VA�:3(=< F-Q?8;( λh
i

d+C"*�Q�FH*U*n: I3I 8"JnFLQ?(+<>2?:+57,O5ZQ4( Ue

j

i ∈ Ie =⇒ supp(w1,h
i ) ∈ Ue

�LQ4F-d Ue = ΩH
n ∩ ΩH

m.

	�d3,c<>8GCDJH*n,Lh"J[C I dyQ?( � Q4h":3J-,V�r!?� � <@��Q?*BJ[,/2RCbF[,@5EF[8%F-d+,\g+(+,WQ?( � Q?h;:3J[,\�1!4� � C"�>! k ,>F Ie3

QR*�J[, I J[,@*-,/(GF[,@5EQ?( � Q4h":3J[,�1!4� � 5+�/!
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Q~( 8"J[53,/J1F-8�*-CDF-QR*^A�u�F[d3,{*n: I+I 8"JnFa<>8"(+*^F[J[C;Q4(GF supp(w1,H
e ) ⊂ Ue

v �B, Q?. I 8G*n,}8"( F-d+,Z:+( $t(38 �L(+*
(βie)

Q?(
� �1!SRT0=�PF[d3,%<>8"(+*^F[J[C;Q4(GFH*/j

∀e ∈ {1, . . . , EH}, ∀i ∈ {1, . . . , Eh} \ Ie, βie = 0. � �1! �"#"�
UBuyQ?("F[J-8757:=<>Q?(3hiF-d3,6J[,@</Q I J[87</C;2x*-,>F-pXSbC;24:3,O5yA�:+(+< F[Q48"( Ĩ 57,>g+(+,@5Z0tu9j

∀i ∈ {1, . . . , Eh}, Ĩi =
{
e ∈ {1, . . . , EH} / i ∈ Ie

}
, � �r! �@R;�

F-d+,6J-,@2?CDF-Q?8;( � �1! �G#;��</C;( 09,6J-, �LJ-Q4FnF[,/(}C;*@j
∀i ∈ {1, . . . , Eh}, ∀e ∈ {1, . . . , EH} \ Ĩi, βie = 0. � �1! �"�"�

	�d3,6*-,>F
Ĩi
.EQ?h;dGFL0=,c,/. I F^uyA�8;JU*-8;.E, i ∈ {1, . . . , Eh} � � � � *-8;.E,Wg+(3,6,@53h;,WA�:3(+< F[Q48"(}.iQ?h;dGFL(38;FL</8;(GF-J[Q?03:7F-,VF[8CD(tu'</8"C;J[*-,\,O57h;,cA�:3(=< F-Q?8;(}03:3F@v+C"*BF-d3,%*-,>FH*

Ie
CDJ[,W(3,@S;,@JL,/. I F^u;v �P,ch;,/F@j

Eh

⋃

i=1

Ĩi = {1, . . . , EH}.

� �D4�M E �)4�=O> 9�� <�� <;E �@3 ����<;7��14�6NM��D3�M �"�F<#7!�@9�3	d
Ĩ
4�=O>

C̃
��, �LQ42?2+*-d38 � F[d+CbF)Q4F)Q?*l(+8DF)(3,O<>,@*[*[CDJ[ucF-8c,/(7A�8"J[</,BF-d3,U</8;(+*nF-JHCDQ?(GF[* � �1! �D0=�|A�8"J)CD2?2 (i, n)

! ��,L(3,/,O51F-d3,�A�8"242?8 �LQ4(+h
2?,/.E.aC �Ld+Q?<Hd}QR*LCa57Q4J[,@<>FU<>8;(=*n,OK":+,/(+</,W8;A � �r! �+�T� v � �r! �Gz"��CD(+5 � �1! �@RD�>j
� � # # 4 � � � � � # Ĩi B H K�JCK F >\)�M �

� M H(Fc# JLDEDGJ 
�BEKaD F�C�O�B;+ @CDGF K'I:FEH�JLD�%LH24

mnH ∈ Ĩi ⇔ (m,n) ∈ SH @LK % {m,n} ⊂ C̃i.

	�dt:+* F[d3,U,O57h;,O*)Q?(+57,>e7,O5E0Gu
Ĩi
CDJ[,�F-d3,\,@57h",@*)8;A SH

�Ld+8"*-,U,>etF-J[,/.EQ4F-Q?,@*�d+CTS;,�F[d3,/Q?J�Q?(+57,/eiQ?(
C̃i

! �+J-8". F-d+Q?*
J[,@*-:32�FOv��P, �LQ?2?2xg+J[*nF\57,O57:+<>,VF[d+CbFLF[d3,6J-,@2?CDF-Q?8;(+*BQ?( � �1! �;09�PJ-,O57:+</,cF-8 0 = 0

Q4(ZF[d3,%</C"*n,
n /∈ C̃i

!
c �D3�M 3�9;7!<;7:3$=�� � � � ∀i ∈ {1, . . . , Eh} � ∀n ∈ {1, . . . , NH} \ C̃i �

M;H�F I:JCK(H�M�P @LBEK�M�H � �1! �;0=�=J=#ABEK0% FB:
(i, n)

@CP F
BE>\)�D B I�BEM�D � H�@LM B H A F�%�1
�!P J JR#�1 WL</</8;JH57Q?(3hrF[8 � �1! � �;�/vtF-d3, (i, n)

<>8t, �y<>Q?,/(GFL8DA F-d+,6J-Q?h;dGFnpqd+C;(+5'*-Q?53,68DA � �1! �D0=�BSbCD(+Q?*-d3,@*@!�P8;(tS",/JH*n,@24u"vGC"</<>8"J[53Q4(3h1F-8 � �r! �"�G�PF-d3,62?,>A F-pXd+C;(+5}*nQR57,c8DA � �r! �D0=�BQR*Lh"Q4S",/('0tuxj
∑

e∈Ĩi

βieG
H
en.

QqF SbC;(3Q?*-d3,O*yQ4A
Ĩi
QR*y,@. I F^u;! QqA e = lm

H 0=,@248"(3h"*yF-8
Ĩi
v�P ,/.E.aC �1!4�sQ4. I 2?Q4,O*yF[d+CbF l CD(=5 m

09,/2?8;(3hG*aF[8
C̃i

! �\8 �P,@S;,/JcA�8"J
GH

en

(38;F%F-8mSTC;(3QR*ndNv
m

CD(+5
l
.1:+*^F10=,y,OKG:+CD2�F-8

n
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e∈Ĩi
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�LQ?242N09,cF-d+,/(}J-,O57:+</,@5'F-8iF-d3,%*-,>F {0} !

��,c53,>g+(3,cF[d3,6J[,@<>Q I J[87</CD2�*-,>F-pXSbCD2?:3,O5yA�:3(=< F-Q?8;( J̃ j
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(Tρ)e
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Eh
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i
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k Q?(+<>,cF[d3,6S;,O< F[8;JH*
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∀e ∈ {1, . . . , EH}, ∀i ∈ Ie,
∑
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∀i ∈ F̃ , G̃H,iρi = 0, � �1! zD�"<O�
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ρ
vPS",@<>F-8;Ja8;A
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Tρ = 0⇒ ρ = 0.

	�d3,@(Nv+<>8"(+57Q4F-Q?8;(+* � �r! z7�T�BCDJ[,c*-:��y<>Q?,/(GFLA�8"J T F-8a09,68;(+,>pXF-8Dpq8;(+,;!
�P8;(tS",/JH*n,@24u"vGC"*-*-:3.E,VF-d+CDF@j
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ρ
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ρ
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v
ρ
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∀i ∈ {1, . . . , Eh}, J̃i = C̃i \ {m},
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m ∈ C̃i.
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Ĩi
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CD(=5 Ca</8;. I CbF[Q40+Q42?Q�F^u <>8;(=57Q�F[Q48"( �LQ4F-dZF[d3,%*n,/F Sh
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p ∈ {1, . . . , Nh} / ind(p) = n

}
, � �r! zD�G�

WU( ,>e3C;. I 24,}8DA6Cmg+(3,{h;JHC I d �LQ4F-d F-d3, I CDJ-F-Q4F-Q?8;( 8DA\F[d3,{(38757,O*EQ?*Eh"Q4S",/( Q4( � Q4h":3J-,{�1! w � CG� ! 	�d3,
Hn

M *
.aC $",\: I CD('C;J-03Q4F-JHCDJ[u I CDJ-F-Q4F-Q?8;(y8;A {1, . . . , Nh} vG0+:7FPF[d3,/J[,WC;J-,VCD2?h;8"J-Q4F-d3.a*)A�8;JL<Hd38t8"*-Q4(+h%h;8t875 I C;JnF[Q�F[Q48"(+*/v"A�8;JQ?(+*^FHCD(+</,VF-d3,%C;h;h;J[,/hGCbF[Q48"('CD2?h;8"J-Q4F-d3. I J-8 I 8G*n,O5'Q?(s� �;�3v k ,@<>F-Q?8;(�zT�q!

�38"JLCD2?2�g+(3,6Q?(+57,/e
p
Q4( {1, . . . , Nh} v��P,657,/g+(3,"j

Sp =
{
q ∈ {1, . . . , Nh} / Bh

pq 6= 0
}
. � �r! #��G�

	�d3QR*�QR*�F-d+,�*n,/FN8DA7CD2?2DF[d3,
Bh

pq(3,/Q?h;dt098;JH*=8;AtF-d3,)(+8t5+CD2DSbCDJ[QRCD032?,
p
CD(+5VF[d3, SbCDJ[Q?C;0324, Q4F[*-,/24A^! �+J-8". F[d3,�<>8". I CbF[Q403Q?2?Q�F^uJ[,/2RCbF-Q?8;( � �1! z Rb�/v��P,6J[,/.aC;J $EF[d+CbFOj

(p, q) ∈ Sh =⇒ q ∈ Sp. � �r! #3�T�
�38"JUCD2?2

n
Q?( {1, . . . , NH} v��B, �LQ42?2 �LJ[Q�F[,;j

Ln =
⋃

p∈Hn

Sp � �r! #"w"�



�}� � � ������� ��&����B�����
� �������� �I� �
� "��'&
� ���$�
"����!�
& �"�

`W0+*-,/J[S;,WF-d+CDFLF-d3,%*-,>F
L̃p

57,>g=(3,@5ZQ?( � �r! �"z"�BQ?*LJ[,/2RCbF[,@5'F-8 Sp

C"*BA�8;2?248 �U*@j
L̃p = ind(Sp). � �r! # �G�

��,%CD2R*n8iQ4(3A�,/JLA�J[8;. � �r! #��G��CD(+5'F-d+,%*nut.E.E,>F-J[uy8;A Bh
j

p ∈ Sq ⇔ q ∈ Sp.k 8".i,6*-,>FH*
Ln

<>8;J[J[,@* I 8"(+57Q?(3hrF[8iF-d3, I C;JnF[Q�F[Q48"( 8;A � Q?h;:3J[,c�r! w � C"��CDJ[,cJ-, I J[,@*-,/(GF-,O5yQ?( � Q?h;:3J[,6�r! w � 0=� !
K"F�> @LP�� �1!4� 1 ? K M;H�F BEK�BEM B @LD5>AF HBH

�
H�JL> F I�H(JCB I F H&# JLP

B
@LP FI)�P J6)�J H�F�%  � K"F�BEM�B ��BEK D F�P @LK0%JfA@LD MNF�K :@ I�H(F�P

BEK � � � ��1 ?  H�F PU+LF M H(@CM5M H(F H�BE>�)'DGF H:M�
.@ � M J M @ � F=BEK�MNJ @ I I:JCO�K�M"M H(F I:JLK3K�F:I M B;+ BEM � J=# M;H�F BEK3BEM�B @CD.> F�HBH @LK0% MNJ
H�@LM B H # � I:JLK0%CBEM�B JCK(H � �r! zD#G�?@CK0% � �r! z Rb�7B H7M J,)�O�M

Bh = (Gh)tGh
1

 JLP M;H�F I:J @LP:H�F�P7DGF2+ F�D
�
M H(F?>A@CM�P�B : I:@LK  F I:JLK�H:M P�O�I�M F�%"#:P JC>#M H(F��0@LDGF�P��CBEK )'P J^%CO�I M

αtBhα
1

� ���"��� � � � -5�N�(��,.-#, 9 � �',� ; �+�(� � ��� �',.�+�3 � ��$"4 � �*-5�)�*$0��-"�'� �%�+����� �
G

H

UBu�CD(+C;248"h;u �LQ4F-d ,L,/Q4F �@Q4(+h;,/J6C;(+5 k <Hd �;09,/J[2 Q?( � zb�Xv �B,E<Hd38t8"*-, SH
*-:+<HdsF-d+CDF

(n,m)
8;J

(m,n)
QR*VC;(s,O57h;,iQ4A

F-d+,/J[,V,/e7Q?*nF[*
p ∈ Hn

C;(+5
q ∈ Hm

57,>g=(3,@5ZQ?( � �r! zD�G��*n:=<Hd'F[d+CbF p CD(=5 q CDJ[, Bh
pX(3,@Q4h"dt0=8"J[*@v

� � � �
j

SH =
{
(n,m) ∈ {1, . . . , NH}2 / n 6= m, ∃p, q ∈ {1, . . . , Nh}
�LQ�F[d

ind(p) = n, ind(q) = m, p < q
CD(+5

Bh
pq 6= 0

}
.

� �r! #D�t�
�3J[8;. F[d3QR*L57,>g+(+Q�F[Q48"(Nv �B,W,OC;*-Q42?uaS;,@J-Q4A�uEF-d+CDF�F-d3,6<>8"(3(3,O< F-Q?StQ�F^u I J-8 I ,@JnF^uE8;A F-d+,Wg=(3,ch;JHC I d Sh

J-,@.aCDQ?(+*PA�8;JBF-d3,
<>8GCDJH*n,Vh;JHC I d SH

!B`W0+*-,/J[S;,cCD2R*-81F[d+CbF
Bh

pq 6= 0
Q?. I 24Q?,@*�F[d+CbF p QR*LQ?( Lind(p) ∩ Lind(q)

! 	�d3,/(
Cind(p) ∩ Cind(q)QR*�(38;(},/. I F^u CD(+5 SH

*[CbF[Q?*ng+,O*L<>8;(=57Q�F[Q48"( � �r! �;�t� !	�d3,i<>8"C;J[*-,6h;JHC I d�<>8;.EQ?(3haA�J[8;. F-d+,1h"J[C I d I CDJ-F-Q4F-Q?8;({8;A�� Q4h":3J-,i�r! w � C"�UQ?*WJ-, I J[,@*-,/(GF-,O5}Q4( �|Q?h;:+J-,r�1! w � <O� !k 8".i,6*-,>FH*
L̃p

C;J-,6CD2R*-81J[, I J[,@*-,/(GF[,@5 Q4( � Q4h":3J-,6�1! w � 5+�/!�38"J I J-8bStQ?(3h1F-d3,%</8;(3(3,O< F[Q4StQ4F^uy8DA F-d3,6Q?(+57:=<>,@5Zh"J[C I d SH,i
v �B,c(3,/,O5ZC;( Q?(GF-,@J-.E,@53Q?CDF-,cJ-,O*n:+2�FO!

� � # # 47� � � � 3�F�M
p ∈ {1, . . . , Nh}  F @�A.K�F?K�JF% @CD�BEK0% FB: @LK % @LH:H:O�> F M H(@CM M H(F I:J @CP:H�F7K'J^% @LD�H�F�M

L̃p

H�@ H @LM
DGF:@ H�M!M 
.J F D F > F K3M H21 � H(F�K

ind(p)
B H?I:JLK3K�F:I MNF�%AMNJ M H(F JLM H(F�P + F�P�M�B I:F H BEK

L̃p

 � @LK F6%^D F JR# SH
1

�!P J JR#�1 PN,/F
n
09,6Q4(

L̃p \ {ind(p)} ! UBu � �1! # �"�>v7F-d+,/J[,6,>e7Q?*nF[* pn

Q?( Sp

*n:=<Hd F[d+CbF
n = ind(pn)

v7F-d+,/(Nj
Bh

ppn
6= 0

C;(+5
ind(p) 6= ind(pn).

�3J[8;. 57,>g+(+Q�F[Q48"( � �r! #D�t�B8DA SH
v �P,6<>8"(+<>2?:+57,VF[d+CbF

(n, ind(p))
8;J

(ind(p), n)
QR*�Q4( SH

!
c �D3�M 3�9;7!<;7:3$= � � � �  JLP?@CDED

i
BEK {1, . . . , Eh} � M;H�F I:J @LP:H�FLD P @�) H SH,i

B H?I:JLK3K�F:I�M F�%�1
�!P J JR#�1 PN,/F

i = pqh �7F-d3,@(ZA�J-8". � �1! �tw;� C̃i = L̃p ∪ L̃q

! �3J[8;. � �r! #3�O��CD(+5 � �1! # �;�/v��P,6Q?(7A�,@J@j
{ind(p), ind(q)} ⊂ L̃p ∩ L̃q.

W\*[*-:3.E,6g+JH*^F
ind(p) 6= ind(q)

!�PN,@.E.EC'�1! �'Q4. I 2?Q4,O*LF[d+CbF ind(p)
CD(+5

ind(q)
CDJ[,%<>8"(3(3,O< F-,O5�CD(=5ZA�8;JWC;242

n
Q4(

C̃i \ {ind(r)} �LQ�F[d r ∈ {p, q} v n C;(+5
ind(r)

CDJ[,c<>8;(+(3,@<>F-,@5N!
W\*[*-:3.E,V(+8 �

ind(p) = ind(q) = n
�LQ4F-d |C̃i|> 1

! �+J-8". PN,@.i.aCE�1! �+v �B,VQ?(7A�,@J@j
∀m ∈ C̃i \ {n}, n

C;(+5
m
CDJ[,c</8;(3(+,@< F[,@5�!

K"F�> @LP��{�1! w 1\K5F BEM���BEKaD�F P?@CK0% !'I�H��� F�P�D=' H @�)�)'P J @ I6H BEK � � �?I:@CK :FG% F�H�I�P�B :F6% 
�BEM H JCO�P K�JCM @CM�B JCK(H21 � H(F � I6H�J H�F
Ln = Hn

# JCP?@LDED
n

BEK {1, . . . , NH} @LK % M H(F I:J @CP:H F,D P @6) H
GH

% F
A K�F�% BEK � �r! #D�t�21 �0H�B H7DGF:@�%LH7M J |L̃p|= 1
# JCP

@LDED A.K�F K�JF% @CD�BEK % F6:
p

@CK0% BEM	BE>\)�D B F H |C̃i|= 1
JCP |C̃i|= 2


�BEM;H |Ĩi|= 1
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