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CHAPITRE 1

Introduction et présentation des résultats

Historiquement, les inégalités d’oracle ont été développées comme des outils parti-

culièrement efficaces pour l’adaptation à un paramètre inconnu en statistique mathématique.

Initialement dédiées à la démonstration de propriétés statistiques de certains estimateurs,

elles peuvent s’inscrire dans le cadre plus général du problème d’agrégation où elles sont

au centre de la définition d’une vitesse optimale d’agrégation. Elles constituent alors d’une

part des outils mathématiques et d’autre part des résultats précis et non asymptotiques.

Les travaux faisant l’objet de cette thèse présentent différentes utilisations des inégalités

d’oracle, d’abord dans un cadre général d’agrégation puis dans des modèles statistiques

plus particuliers, comme l’estimation de densité et la classification. Les résultats obtenus

sont une palette non exhaustive mais représentative de l’utilisation des inégalités d’oracle

en statistique mathématique.

Les sections de ce chapitre décrivent chacune un problème statistique traité dans cette

thèse, dans lequel les inégalités d’oracle interviennent. Après une brève introduction au

problème en question, on y explique le rôle des inégalités d’oracle.
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10 1. INTRODUCTION ET PRÉSENTATION DES RÉSULTATS

1. Inégalités d’oracle et modèle de suite gaussienne

Le terme oracle remonte à la Grèce antique et désignait alors la réponse d’une divinité

faite à une personne qui la consultait. Il désigne aujourd’hui un avis considéré comme

infaillible. En statistique, ce terme réfère à une quantité qui n’est calculable que si l’on

connâıt la distribution sous-jacente des données. Etant donnée une collection de procédures

statistiques M et une fonction de risque R à valeurs positives, on appelle oracle (ou

procédure oracle) une procédure m⋆ ∈M telle que

R(m⋆) = min
m∈M

R(m) .

En général, la fonction de risque R dépend d’une distribution de probabilité inconnue,

c’est pourquoi m⋆ est aussi inconnue et appelée oracle. Bien qu’elle soit inconnue, il est

parfois possible de construire une procédure m̂ qui imite la procédure m⋆ en termes de

risque R sans pour autant estimer m⋆ directement. Cette propriété se traduit par une

inégalité d’oracle :

(1.1) R(m̂) ≤ CR(m⋆) + ε ,

où C ≥ 1 est une quantité déterministe bornée et ε > 0 est un terme résiduel en général

négligeable devant R(m⋆). On constate que l’inégalité d’oracle (1.1) garantit que lorsque ε

est négligeable devant R(m⋆), le risque de m̂ est du même ordre que celui de l’oracle m⋆.

Pourtant les deux procédures m̂ et m⋆ peuvent être très différentes l’une de l’autre.

Le terme d’oracle et plus précisément celui d’inégalité d’oracle a été introduit par

Donoho and Johnstone (1994). Les premièrs exemples d’inégalités d’oracle ont ensuite été

développés dans des articles proches (Donoho et al., 1995; Donoho and Johnstone, 1995)

dans lesquels le risque de l’oracle R(m⋆) est appelé risque idéal.

Pour fixer les idées, considérons le modèle de suite gaussienne. Il présente l’intérêt

d’être simple et d’avoir été un cadre propice au développement des inégalités d’oracle.

1.1. Le modèle de suite gaussienne. Soit le modèle

(1.2) yk = θk + εξk, k = 1, 2, . . . ,

où les yk sont des observations, les ξk des variables aléatoires indépendantes et identique-

ment distribuées (i.i.d) de loi N (0, 1), 0 < ε < 1, et θ = (θ1, θ2, . . .) ∈ ℓ2 est le paramètre

à estimer.

Considérons alors la classe des estimateurs linéaires de θ :

θ̂ = θ̂(h) = (θ̂1, θ̂2, . . .), θ̂k = hkyk, k = 1, 2, . . . ,

où h = (h1, h2, . . .) ∈ ℓ2 est une suite de poids. Le risque quadratique de l’estimateur

linéaire associé à la suite h s’écrit alors :

Rε(h, θ) = IEθ

∥∥θ̂(h)− θ
∥∥2

=

∞∑

k=1

(
(1− hk)

2 θ2
k + ε2h2

k

)
.

Ici, ‖ . ‖ désigne la norme ℓ2 et IEθ désigne l’espérance par rapport à la loi de y = (y1, y2, . . .)

dans le modèle (1.2).

Des exemples d’estimateurs linéaires classiques sont :
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Les estimateurs par projection: hk = 1I{k≤N} où 1I{.} désigne la fonction indi-

catrice et N ≥ 1 est un entier.

Les estimateurs spline: hk = 1/(1 + λk2m) où m ≥ 2 est un entier et λ > 0 est

un paramètre de lissage.

Les estimateurs de Pinsker: hk = (1 − λk2β)+ où β > 0, λ > 0 sont des pa-

ramètres et x+ = max(x, 0).

Plus généralement, considérons une classe de poids H.

Définition 1.1. Soit H une classe de poids, Θ ⊆ ℓ2 un ensemble, tels que pour tout

θ ∈ Θ, il existe hH = hH(θ) vérifiant

hH(θ) = argmin
h∈H

Rε(h, θ) .

Alors la fonction sur Θ à valeurs dans H : θ 7→ hH(θ) est appelée oracle linéaire sur H.

Par extension, le pseudo-estimateur θ̂(hH) est aussi appelé oracle.

L’oracle θ̂(hH) n’est pas un estimateur puisqu’il dépend du paramètre inconnu θ et

n’est pas calculable à partir des données. C’est pourquoi on l’appelle pseudo-estimateur.

Par exemple, quand H est la classe de tous les estimateurs linéaires, l’oracle correspondant

hlin(θ) = argmin
h∈ℓ2

Rε(h, θ)

dépend du paramètre inconnu θ de manière explicite. En effet, on a hlin(θ) = (hlin
1 , hlin

2 , . . .)

avec

hlin
k =

θ2
k

ε2 + θ2
k

, k = 1, 2, . . .

1.2. Inégalités d’oracle. Pour une classe de poids H donnée, le but est alors de

trouver une suite de poids ĥ = ĥ(y) = (ĥ1(y), ĥ2(y), . . .), à valeurs dans H, telle que pour

une quantité déterministe Cε ≥ 1, on ait

(1.3) Rε(ĥ, θ) ≤ Cε inf
h∈H

Rε(h, θ) ,

pour tout θ ∈ Θ ⊆ ℓ2.
Si Cε → 1, quand ε → 0, l’inégalité (1.3) signifie que l’estimateur θ̂ = θ̂(ĥ) imite

l’oracle sur H en termes de risque Rε. Dans ce cas, l’inégalité est appelée inégalité d’oracle

asymptotiquement exacte. En outre, si Cε ≡ 1 l’inégalité d’oracle est qualifiée d’exacte.

Lorsque Cε ≥ C pour une certaine constante C > 1, l’estimateur θ̂ imite seulement la

vitesse de convergence (quand ε tend vers 0) de l’oracle. L’inégalité (1.3) est alors appelée

simplement inégalité d’oracle ou inégalité d’oracle approximative.

Vraisemblablement, les premières inégalités d’oracle asymptotiquement exactes furent

obtenues pour la classe des « poids linéaires de lissage ordonnés » (Kneip, 1994). Les pre-

miers articles de Shibata (1981); Li (1987); Golubev (1990); Polyak and Tsybakov (1990,

1992); Golubev and Nussbaum (1992) contiennent aussi, implicitement, des inégalités

d’oracle asymptotiquement exactes sur certaines classes H. Tous ces articles utilisent le Cp

de Mallows ou une de ses variations pour définir ĥ. Birgé (2001) et Birgé and Massart (2001)

obtiennent des inégalités d’oracle asymptotiquement exactes sur la classe des estimateurs

par projection en utilisant respectivement la méthode de Lepskĭı et une version modifiée

du Cp de Mallows. Cavalier et al. (2002) utilisent aussi le Cp pour obtenir des inégalités

d’oracle asymptotiquement exactes pour une grande variété de classes H qui ne satisfont
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pas nécessairement aux hypothèses restrictives de Kneip. Ils étendent aussi la théorie au

cas où les ξk sont hétéroscédastiques pour couvrir le cas des problèmes inverses. Cavalier

and Tsybakov (2001) utilisent la méthode par blocs de Stein avec pénalisation pour obtenir

un estimateur non linéaire qui vérifie des inégalités d’oracle asymptotiquement exactes sur

toute classe d’estimateurs linéaires à poids monotones décroissants. Dans le contexte des

ondelettes, nous ne citons que les articles fondateurs de Donoho and Johnstone (1994);

Donoho et al. (1995) où des inégalités d’oracle sont utilisées pour l’adaptation à un pa-

ramètre de régularité inconnu. En outre, Donoho and Johnstone (1995) obtiennent des

inégalités d’oracle asymptotiquement exactes sur la classe des estimateurs de James-Stein.

Les inégalités d’oracle ci-dessus correspondent à la définition initiale qui en a été faite.

Nous retiendrons cependant une définition légèrement plus générale dans laquelle ĥ n’est

pas nécessairement dans la classe H. Ainsi l’interprétation d’une inégalité d’oracle reste la

même, c’est-à-dire qu’étant donnée une collection de méthodes (ici les estimateurs {θ̂(h) :

h ∈ H}) le but est d’imiter le meilleur d’entre eux au sens d’un certain risque (ici Rε) sans

nécessairement utiliser une méthode issue de la collection. Nous verrons dans la suite que

cette modification sera utilisée de deux manières : soit en imitant l’oracle directement par

un élément qui n’est pas dans la collection (cf. partie 2), soit en remarquant que l’oracle

sur H imite lui-même l’oracle sur une classe plus grande H′ ⊃ H (cf. chapitre 6).

2. Agrégation et optimisation stochastique

Soit (Z,F) un espace mesurable et Z une variable aléatoire à valeurs dans Z de loi

P inconnue. Pour un espace fonctionnel F donné, considérons la fonction de perte Q :

Z × F → IR et la fonction de risque correspondante A : F → IR définie par

A(f) = IEQ(Z, f), f ∈ F ,
où IE est le symbole de l’espérance. Le but de l’agrégation est d’imiter (quand il existe)

l’oracle

f⋆ = argmin
f∈F

A(f) .

Supposons dans la suite que l’oracle f⋆ existe. Etant donné un échantillon (Z1, . . . , Zn)

tiré selon la loi P , il s’agit de construire un estimateur f̂n mesurable par rapport à

l’échantillon et vérifiant l’inégalité d’oracle exacte suivante

(1.4) IEA(f̂n) ≤ min
f∈F

A(f) + ∆F
n ,

où ∆F
n > 0 est un terme résiduel qui ne dépend pas de la loi P .

2.1. Optimisation stochastique. L’oracle f⋆ minimise le risque A sur F et le but

de l’agrégation est d’imiter cet optimum. Comme la fonction A n’est pas connue, une

optimisation directe n’est pas possible. Construire f̂n revient donc à résoudre le problème

d’optimisation stochastique énoncé comme suit.

Etant donnée une suite de fonctions sur F et à valeurs dans IR, Q(Z1, ·), . . . , Q(Zn, ·)
indépendantes et de même loi que Q(Z, ·), construire un estimateur f∗n tel que

IEA(f∗n) = min
f∈F

A(f) .
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Il n’est pas possible en général de résoudre ce problème pour un nombre fini d’observa-

tions. Cependant, lorsque le terme résiduel ∆F
n tend vers 0 avec n grand, l’inégalité d’oracle

exacte (1.4) garantit que f̂n résout le problème d’optimisation stochastique asymptotique-

ment. En effet, si ∆F
n tend vers 0, l’inégalité (1.4) implique

IEA(f̂n)→ min
f∈F

A(f), n→∞ .

Remarquons qu’une inégalité d’oracle exacte est nécessaire pour assurer la résolution

asymptotique du problème d’optimisation stochastique. En effet, supposons qu’à la place

de (1.4), on ait

IEA(f̂n) ≤ Cn min
f∈F

A(f) + ∆F
n ,

avec Cn → C > 1, n→∞. Dans ce cas,

IEA(f̂n)−min
f∈F

A(f) ≤ (Cn − 1)min
f∈F

A(f) + ∆F
n → (C − 1)min

f∈F
A(f), n→∞ .

On voit alors que quand minf∈F A(f) 6= 0, l’inégalité d’oracle approximative ne permet

pas de garantir la résolution asymptotique du problème d’optimisation stochastique.

2.2. Interprétation statistique. Soit X un borelien de IRd et F = (f1, . . . , fM )⊤

un vecteur de fonctions tel que pour tout j = 1, . . . ,M , fj : X → IR est un estimateur

ou un classifieur. On se place pour l’instant dans le cadre d’agrégation pure où les fj sont

construits à partir d’un échantillon indépendant de (Z1, . . . , Zn) et gelé, de sorte que le

vecteur F peut être considéré comme déterministe (cf. chapitre 5 pour plus de details).

Pour tout θ ∈ IRM , définissons la combinaison linéaire des fj

fθ = θ⊤F ,

et considérons la classe de fonctions

FΘ = {fθ : θ ∈ Θ} ,
pour un certain sous-ensemble Θ de IRM . Le choix de l’ensemble Θ caractérise le type

du problème d’agrégation. Trois choix particuliers sont habituellement considérés (Nemi-

rovski, 2000; Tsybakov, 2003). Dans la suite, ils sont appelés les trois problèmes standard

de l’agrégation.

(1) Agrégation linéaire. Le but est de construire θ̂Ln qui imite la meilleure combi-

naison linéaire des fj, c’est-à-dire qui vérifie l’inégalité d’oracle

IEA(fθ̂L
n
) ≤ inf

θ∈IRM
A(fθ) + ∆L

n,M ,

pour toute distribution P dans une grande classe P, où ∆L

n,M est un terme résiduel

qui ne dépend pas de la distribution P .

(2) Agrégation convexe. Le but est de construire θ̂Cn qui imite la meilleure combi-

naison convexe des fj, c’est-à-dire qui vérifie l’inégalité d’oracle

IEA(fθ̂C
n
) ≤ inf

θ∈H
A(fθ) + ∆C

n,M ,

pour toute distribution P dans une grande classe P, où ∆C

n,M est un terme résiduel

qui ne dépend pas de la distribution P et H est un sous ensemble convexe non

trivial de IRM .
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(3) Sélection de modèle. Le but est de construire θ̂MS
n qui imite le meilleur des fj,

c’est-à-dire qui vérifie l’inégalité d’oracle

IEA(fθ̂MS
n

) ≤ inf
θ∈{e1,...,eM}

A(fθ) + ∆MS

n,M ,

pour toute distribution P dans une grande classe P, où ∆MS

n,M est un terme résiduel

qui ne dépend pas de la distribution P et les ej sont les vecteurs de la base

canonique de IRM définis par

ej = (0, . . . , 0, 1, 0, . . . , 0) ∈ IRM , j = 1, . . . ,M ,

où le 1 est en je position. On a alors, fej = fj pour tout j = 1, . . . ,M et

inf
θ∈{e1,...,eM}

A(fθ) = min
1≤j≤M

A(fj) .

Dans le cadre de l’agrégation convexe, une attention particulière sera accordée au simplexe

ΛM défini par

ΛM =
{
θ = (θ(1), . . . , θ(M)) ∈ IRM : θ(j) ≥ 0,

M∑

j=1

θ(j) = 1
}
.

Le term simplexe n’est pas défini de manière précise dans la littérature et nous utiliserons

parfois la définition alternative suivante (cf. chapitre 3) :

ΛM =
{
θ = (θ(1), . . . , θ(M)) ∈ IRM : θ(j) ≥ 0,

M∑

j=1

θ(j) ≤ 1
}
.

Clairement,

inf
θ∈IRM

A(fθ) ≤ inf
θ∈ΛM

A(fθ) ≤ inf
θ∈{e1,...,eM}

A(fθ) ,

alors que les plus petits termes résiduels possibles (étant donnés une fonction de perte Q

et une classe de distribution P) vérifient en général

∆MS

n,M ≤ c1∆C

n,M ≤ c2∆L

n,M ,

où c1 et c2 sont des constantes positives. Ces termes résiduels caractérisent les vitesses

d’agrégation pour chacun des trois problèmes standard de l’agrégation.

Le modèle général ci-dessus permet d’inclure de nombreux modèles statistiques comme

cas particuliers. Ainsi, on verra qu’il permet de traiter les problèmes d’estimation non-

paramétrique d’une fonction de régression et d’une densité de probabilité, la classification

avec perte convexe ou encore l’estimation paramétrique d’une densité de probabilité avec

la perte de Kullback-Leibler. Pour certains choix de pertes Q, il est possible de calculer

les termes résiduels optimaux au sens minimax. Ils sont alors appelés vitesses optimales

d’agrégation.

2.3. Vitesses optimales d’agrégation. Etant donnés une classe de distributions P
sur (Z,F) et une classe de fonctions F , le plus petit terme résiduel ψn = ψn(F) possible

caractérise la vitesse optimale d’agrégation des fonctions de F . En voici une définition plus

précise.

Définition 1.2. Soit P une classe de distributions sur (Z,F) et soit F une classe de

fonctions sur Z à valeurs réelles.

Une suite positive (ψn) est appelée vitesse optimale d’agrégation pour (P,F) si

elle vérifie les deux propriétés suivantes.
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– Il existe un estimateur f̂n ( agrégat) tel que

(1.5) sup
P∈P

[
IEA(f̂n)− inf

f∈F
A(f)

]
≤ Cψn ,

pour une certaine constante C > 0 et pour tout entier n ≥ 1 .

– Il existe une sous classe F ′ ⊂ F telle que pour tout estimateur Tn construit à partir

d’un échantillon de taille n tiré selon la loi P ∈ P, on ait

(1.6) sup
P∈P

[
IEA(Tn)− inf

f∈F ′
A(f)

]
≥ cψn ,

pour une certaine constante c > 0 et pour tout entier n ≥ 1 .

Afin d’obtenir des bornes inférieures du type (1.6), nous spécifions le modèle, c’est-à-

dire la forme de la fonction Q ainsi que les classes F et P.

3. Estimation adaptative d’une densité de probabilité

3.1. Agrégation d’estimateurs de densité. Une grande partie de cette thèse est

consacrée à l’étude du problème de l’agrégation optimale dans le cadre particulier du

modèle d’estimation d’une densité de probabilité. Il s’agit d’un modèle bien connu et étudié

de manière considérable. Un estimateur de densité est un outil particulièrement informatif

pour l’étude d’une loi inconnue à partir d’un ensemble de n observations (X1, . . . ,Xn) is-

sues de cette loi. C’est aussi un outil déterminant pour la communication d’informations à

des non mathématiciens puisqu’il révèle certaines caractéristiques essentielles sur la loi des

observations telles que la symétrie ou l’unimodalité d’une manière assez simple. Pour l’esti-

mation d’une densité, deux approches peuvent être considérées. L’approche paramétrique

suppose que les données sont issues d’une loi dont seulement quelques paramètres fini-

dimensionnels sont inconnus : un exemple est donné par la distribution gaussienne de

moyenne µ et de variance σ2 inconnues. Dans ce cas, l’estimation de densité se résume à

l’estimation des paramètres inconnus.

Les hypothèses paramétriques sont relativement fortes et exigent une connaissance

profonde du phénomène que l’on étudie. Elles peuvent être abandonnées en utilisant des

méthodes non paramétriques dans lesquelles les données « parlent d’elles même » lors de

l’estimation (Silverman, 1986). Les estimateurs à noyau de la densité sont particulièrement

étudiés et utilisés en pratique. Dans le cas particulier où les Xi sont des variables aléatoires

réelles, ils sont de la forme

(1.7) p̂n,h(x) =
1

nh

n∑

i=1

K
(Xi − x

h

)
,

où h > 0 est un paramètre de lissage appelé fenêtre et K : IR→ IR est un noyau qui vérifie

certaines hypothèses techniques. Il est bien connu que le choix de h conditionne la qualité

de l’estimateur de manière critique. De nombreuses méthodes utilisant les observations

(X1, . . . ,Xn) pour le choix de h ont été proposées. Certaines sont appréciées pour leur

simplicité telle que la règle du pouce (Silverman, 1986; Scott, 1992). D’autres méthodes

appelées méthodes de validation croisée minimisent un estimateur du risque. Elles re-

montent à Rudemo (1982); Bowman (1984) lorsque le critère de performance est la perte

quadratique intégrée. Un aperçu d’un grand nombre de ces méthodes est disponible par

exemple, dans Wand and Jones (1995). Toutes ces méthodes utilisent les observations pour

choisir un unique paramètre hn. Il s’agit d’un problème de sélection de modèle similaire à
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celui qui a été défini dans la section précédente. Pour s’en rendre compte, introduisons le

modèle d’estimation de densité de manière plus formelle.

SoientX1, . . . ,Xn, des variables aléatoires réelles i.i.d de densité p ∈ L2(IR) par rapport

à la mesure de Lebesgue sur IR. La performance d’un estimateur p̂ construit à partir de

l’échantillon X
n = (X1, . . . ,Xn) est mesurée par le risque L2 :

Rn(p̂, p) = IE‖p̂− p‖2 ,
où IE est le symbole générique de l’espérance et pour toute fonction g ∈ L2(IR),

(1.8) ‖g‖ =
( ∫

IR
g2(x)dx

)1/2
.

Supposons que l’on dispose d’un ensemble H = {h1, . . . , hM} de paramètres de lissage. Le

but de la sélection du paramètre de lissage est de construire un estimateur p̃n tel que

(1.9) Rn(p̃n, p) ≤ min
h∈H

Rn(p̂n,h, p) + ∆n ,

où ∆n est un terme résiduel qui ne dépend pas de p. Les méthodes de type plug-in choi-

sissent p̃n de la forme d’un estimateur à noyau mais nous verrons que ce n’est pas nécessaire

pour obtenir une inégalité du type (1.9). Ce modèle s’inscrit dans le cadre plus général de

la section 2 (cf. exemple 5 p. 37).

Le choix du paramètre de lissage pour les estimateurs à noyau n’est pas la seule mo-

tivation pour agréger des estimateurs p̂1, . . . , p̂M de la densité. L’agrégation est en effet

un outil général qui permet de combiner toutes sortes d’estimateurs, pas nécessairement

de même nature. Considérons l’exemple suivant : M = 2 et p̂1 est un bon estimateur

paramétrique appartenant à une certaine famille paramétrique et p̂2 est un estimateur

non paramétrique. Si la densité p appartient à la famille paramétrique, p̂1 est un excellent

estimateur : son risque L2 converge vers 0 à la vitesse paramétrique O(1/n). Mais si p

n’appartient pas à cette famille paramétrique, p̂1 peut ne même pas converger vers p.

Dans les deux cas, p̂2 converge à une vitesse non paramétrique relativement lente. Dans

cet exemple, l’agrégation combine les avantages des approches paramétrique et non pa-

ramétrique en produisant un estimateur p̃n qui est une moyenne pondérée de p̂1 et p̂2. Le

poids accordé à chacun des estimateurs est d’autant plus grand qu’il est performant au vu

des observations X1, . . . ,Xn.

3.2. Estimation adaptative. Les inégalités d’oracle constituent un résultat non

asymptotique d’adaptation. Il s’agit d’adaptation à l’oracle. Dans le cadre de l’estima-

tion de densité décrit ci-dessus, une inégalité d’oracle est de la forme

(1.10) Rn(p̃n, p) ≤ Cn inf
Tn∈Mn

Rn(Tn, p) + rn(Mn) ,

où Cn ≥ 1, Mn est une classe d’estimateurs construits à partir de l’échantillon X
n et

rn(Mn) est un terme résiduel qui ne dépend pas de p. Par exemple, Mn peut être la

classe des estimateurs à noyau K fixé pour différents paramètres de lissage :

Mn = {p̂n,h : h ∈ H} ,
où H est un sous ensemble de ]0,+∞[.

Lorsque l’oracle, possède des propriétés statistiques intéressantes, l’inégalité d’oracle

(1.10) permet de transmettre ces propriétés à l’estimateur p̃n. En effet, l’oracle est par

définition proche de la densité au sens du risque Rn pourvu que la classe Mn soit assez

grande. Une conséquence directe de l’inégalité (1.10) est que p̃n est lui aussi proche de p
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quand le terme résiduel rn(Mn) est négligeable devant le risque de l’oracle. Ainsi pour

dériver des propriétés d’adaptation à certaines caractéristiques de la densité inconnue

p, il faut choisir la classe Mn de manière convenable : plus Mn est grand (au sens de

l’inclusion), plus l’oracle surMn a de bonnes propriétés statistiques mais plus rn(Mn) est

grand.

Pour choisirMn de manière optimale, il faut spécifier la classe de densités P à laquelle

p appartient. Elle détermine en effet la vitesse optimale de convergence au sens minimax.

Définition 1.3. Une suite positive (ψn) est appelée vitesse de convergence mini-

max sur la classe de densités P si

– Il existe une constante c > 0 telle que

(1.11) lim inf
n→∞

ψ−1
n

[
inf
Tn

sup
p∈P

Rn(Tn, p)
]
≥ c ,

où infTn désigne l’infimum sur l’ensemble de tous les estimateurs.

– Il existe une constante C > 0 et un estimateur p̂n tels que

(1.12) lim sup
n→∞

ψ−1
n

[
sup
p∈P

Rn(p̂n, p)
]
≤ C .

Un estimateur vérifiant (1.12) lorsque (1.11) est satisfaite est appelé estimateur optimal

en vitesse de convergence.

Dans la définition précédente, la vitesse de convergence minimax ψn est définie à une

constante multiplicative près. On choisit donc de la représenter sous la forme conven-

tionnelle nα ou nα(log n)β, α < 0, β ∈ IR, c’est-à-dire avec la constante 1. Les inégalités

d’oracle exactes sont plus intéressantes à obtenir que les inégalités d’oracle approximatives

quand on s’intéresse aux valeurs des constantes c et C.

Définition 1.4. Soit (ψn) la vitesse de convergence minimax sur la classe de densités

P. Un estimateur p∗n est dit asymptotiquement exact pour P, s’il existe une constante

C∗ > 0 telle que

lim
n→∞

ψ−1
n

[
inf
Tn

sup
p∈P

Rn(Tn, p)
]

= lim
n→∞

ψ−1
n

[
sup
p∈P

Rn(p∗n, p)
]

= C∗ .

La constante C∗ est alors appelée constante exacte associée à la classe P.

Les vitesses de convergence minimax ont été calculées pour de nombreux choix de P,

en particulier quand P est une classe de densités ayant une régularité fixée β. Considérons

l’exemple suivant.

Définition 1.5. Pour β = 1, 2 . . . , et Q > 0, on définit la classe de densités de Sobolev

P(β,Q) =
{
p : IR→ IR, p ≥ 0,

∫
p = 1, ‖p(β)‖2 ≤ Q

}
,

où p(β) désigne la dérivée d’ordre β de p et ‖ · ‖ est la norme L2 définie en (1.8).

Dans la continuité des travaux de Efrŏımovich and Pinsker (1982) et Golubev (1992),

Schipper (1996) a montré que la vitesse de convergence minimax sur P(β,Q) est n−
2β

2β+1

et la constante exacte est la constante de Pinsker

C∗(β,Q) = (2β + 1)
[π(2β + 1)(β + 1)

β

]−2β/(2β+1)
Q1/(2β+1) .
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Un estimateur asymptotiquement exact pour P(β,Q) est donné par l’estimateur de densité

de type Pinsker p̂∗ℓ défini à l’aide de la transformée de Fourier inverse par

p̂∗ℓ(x) =
1

2π

∫

IR
e−iωxϕ̂ℓ(ω)dω .

La fonction ϕ̂ℓ est définie par ϕ̂ℓ(ω) = (1 − κ∗|ω|β)+ϕn(ω), où ϕn est la fonction ca-

ractéristique empirique, (x)+ désigne la partie positive de x et

κ∗ =

(
2β

(2β + 1)(β + 1)Q

) β
2β+1

n
− β

2β+1 .

On peut montrer que l’estimateur p̂∗ℓ est un estimateur à noyau de la forme (1.7) avec le

noyau K = Kβ donné par

Kβ(x) =
β!

π

β∑

j=1

sin(j)(x)

(β − j)!xj+1
,

et le paramètre de lissage

h = D∗n−
1

2β+1 où D∗ =

(
2β

Q(β + 1)(2β + 1)

) 1
2β+1

.

Ce résultat est généralisé à des β non entiers, β > 1/2, dans le corollaire 4.1 ainsi que dans

Dalelane (2005a). Il est à noter que l’estimateur p̂∗ℓ dépend des quantités β et Q inconnues

et n’est donc en pratique pas calculable. On cherche alors à s’adapter aux paramètres

inconnus.

Supposons plus généralement que la classe de densités P inconnue appartient à une

famille de classes {Pγ}γ∈G, indexée par un paramètre inconnu γ à valeurs dans un ensemble

G donné. Dans l’exemple des classes de Sobolev, on a

γ = (β,Q), G = IN∗ × IR∗
+, Pγ = P(β,Q) .

Définition 1.6. Un estimateur p̂n est dit adaptatif en vitesse de convergence

sur la famille de classes {Pγ}γ∈G, s’il existe une constante C > 0 telle que

lim sup
n→∞

sup
γ∈G

[
ψ−1

n (γ) sup
p∈Pγ

Rn(p̂n, p)
]
≤ C ,

où ψn(γ) est la vitesse de convergence minimax sur la classe Pγ .

Un estimateur p∗n est dit asymptotiquement exact adaptatif sur la famille {Pγ}γ∈G,

s’il existe une famille de constantes C∗(γ) > 0 telles que

lim
n→∞

sup
γ∈G

[(
C∗(γ)ψn(γ)

)−1
inf
Tn

sup
p∈P

Rn(Tn, p)
]

= lim
n→∞

sup
γ∈G

[(
C∗(γ)ψn(γ)

)−1
sup
p∈P

Rn(p∗n, p)
]

= 1 .

Il existe différentes méthodes de construction d’estimateurs adaptatifs de la densité.

La plus générale est la méthode de Lepskĭı (Lepskĭı, 1990, 1991, 1992a,b) qui est appliquée

au problème d’estimation de la densité dans Butucea (2001). Les méthodes de validation

croisée ou plus généralement de minimisation d’un estimateur sans biais du risque sont

plus connues et sont utilisées de manières très variées (cf., e.g., Efrŏımovich, 1985; Golu-

bev, 1992; Dalelane, 2005b; Rigollet, 2006a). Citons enfin les méthodes d’adaptation par

seuillage des coefficients d’ondelettes dont un aperçu est donné, par exemple, dans Härdle

et al. (1998). Plus récemment, des méthodes basées sur l’agrégation ont été explorées.

Certaines sont présentées dans cette these au chapitre 5. Une autre idée d’utilisation de
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l’agrégation pour l’adaptation est liée à l’algorithme de Boosting (Bühlmann and Yu,

2003; Bickel and Ritov, 2004; Bickel et al., 2006).

3.3. Inégalités d’oracle et adaptation. Les inégalités d’oracle constituent un outil

particulièrement commode pour prouver le caractère adaptatif d’un estimateur. Aussi,

l’agrégation d’estimateurs non adaptatifs permet d’obtenir des estimateurs adaptatifs. Une

méthode générale est décrite ci-dessous.

Soit une famille de classes de densités {Pγ}γ∈G telle que la densité p appartienne à

l’une des classes Pγ , γ ∈ G. Supposons que l’on dispose d’un estimateur p̃n vérifiant une

inégalité d’oracle du type (1.10) pour toute densité p ∈ Pγ , γ ∈ G. Supposons de plus que

Mn est une classe d’estimateurs qui contient l’ensemble {p∗n,γ , γ ∈ G} où, pour chaque

γ ∈ G, l’estimateur p∗n,γ est asymptotiquement exact pour Pγ pour un γ fixé dans G. En

prenant le supremum sur Pγ dans chaque membre de (1.10), on obtient

sup
p∈Pγ

Rn(p̃n, p) ≤ Cn sup
p∈Pγ

inf
Tn∈Mn

Rn(Tn, p) + rn(Mn)

≤ Cn sup
p∈Pγ

Rn(p∗n,γ , p) + rn(Mn)

≤ CnC
∗(γ)ψn(γ)(1 + o(1)) + rn(Mn) .

Donc si le terme résiduel rn(Mn) est négligeable par rapport à ψn(γ), l’estimateur p̃n

est adaptatif en vitesse de convergence. Si de plus, la quantité Cn tend vers 1, c’est-à-

dire que l’inégalité d’oracle (1.10) est asymptotiquement exacte, alors l’estimateur p̃n est

asymptotiquement exact adaptatif sur la famille {Pγ}γ∈G.

4. Excès de risque en classification

Le problème de classification binaire donne lieu à certains résultats qui peuvent être

interprétés comme des inégalités d’oracle.

4.1. Le modèle de classification binaire. Soit (X ,X) un sous espace mesurable

de IRd. Soit (X,Y ) un couple aléatoire de loi P où X ∈ X ⊂ IRd est un vecteur de d ≥ 1

caractéristiques et Y ∈ {0, 1} est une étiquette indiquant à quelle classe X appartient.

La loi jointe P du couple (X,Y ) est entièrement déterminée par le couple (PX , η) où PX

est la loi marginale de X et η est la fonction de régression de Y sur X, c’est-à-dire que

η(x) = P (Y = 1|X = x), x ∈ X . Le but de la classification est de prédire Y étant

donnée la valeur de X, c’est-à-dire de construire une fonction mesurable g : X → {0, 1}
appelée classifieur ou fonction de décision. La performance de g est mesurée par son erreur

moyenne de classification

R(g) = P (g(X) 6= Y ) .

Soit la fonction de décision de Bayes

g⋆(x) = 1I{η(x)≥1/2}, x ∈ X .
Il s’agit de la fonction de décision qui attribue à x ∈ X , l’étiquette la plus probable. La

proposition suivante fait de g⋆ un oracle.

Proposition 1.1. Pour toute fonction de décision g : X → {0, 1},
R(g⋆) ≤ R(g) .

Une preuve de cette proposition est disponible par exemple dans Devroye et al. (1996,

Théorème 2.1).
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4.2. Excès de risque et inégalités d’oracle. Supposons maintenant que l’on dis-

pose de n observations (X1, Y1), . . . , (Xn, Yn), i.i.d. de loi P et indépendantes de (X,Y ).

Une fonction de décision empirique est une fonction aléatoire ĝn : X → {0, 1} construite

à partir de l’échantillon (X1, Y1), . . . , (Xn, Yn). Puisque g⋆ possède le plus petit risque R

possible, il est naturel de mesurer la performance d’une fonction de décision empirique par

son excès de risque

E(ĝn) = IEnR(ĝn)−R(g⋆) ,

où IEn désigne l’espérance par rapport à la loi jointe de (X1, Y1), . . . , (Xn, Yn).

Supposons alors qu’il existe une fonction de décision ĝn et une suite positive (ψn)

tendant vers 0 telles que

(1.13) E(ĝn) ≤ cψn, ∀ n ≥ 1 ,

où c est une constante positive. La borne supérieure sur l’excès de risque (1.13) peut être

interprétée comme une inégalité d’oracle exacte où l’oracle est la fonction de décision de

Bayes g⋆. On a en effet

IEnR(ĝn) ≤ inf
g
R(g) + cψn .

4.3. Classification semi-supervisée. Dans ce modèle, en plus de l’échantillon ini-

tial (X1, Y1), . . . , (Xn, Yn), on dispose d’un échantillon indépendant (Xn+1, . . . ,Xn+m) où

les Xi, i = n + 1, . . . , n + m, sont i.i.d. de loi PX , la loi marginale de X. Ce type de

modèle apparâıt notamment quand la récolte des données non étiquetées est une tâche

relativement aisée alors que l’étiquetage nécessite l’intervention d’experts entrâınant des

coûts élevés. On peut citer comme exemples la classification de contenu de pages web ou

d’images. Il est donc naturel de supposer que m ≫ n. Ces observations apportent une

information supplémentaire sur la loi marginale PX . Il existe essentiellement deux façons

d’incorporer cette information pour améliorer les bornes sur l’excès de risque.

La première ne demande pas d’hypothèse supplémentaire mais s’inscrit dans le cadre

d’une méthodologie particulière. Supposons que l’on dispose d’un ensemble de fonctions

de décision à agréger. On peut dans ce cas utiliser les données non étiquetées pour mesurer

la compatibilité des fonctions de décision à agréger afin d’en réduire la complexité.

La méthode retenue au Chapitre 7 consiste à faire une hypothèse qui relie le compor-

tement de la fonction de régression η à la loi marginale PX . Sous ce type d’hypothèse, une

meilleure connaissance de PX à travers les données non étiquetées implique une meilleure

connaissance de η et permet donc d’améliorer la performance d’une fonction de décision.

5. Estimation des ensembles de niveau de densité par la méthode plug-in

5.1. Présentation du problème. Soit (X ,X) un sous espace mesurable de IRd et

soit Q une mesure positive σ-finie sur X . Soit P une mesure de probabilité admettant une

densité p par rapport à Q. Pour une valeur fixée λ > 0, on définit l’ensemble de niveau λ

de la densité p par

Γp(λ) =
{
x ∈ X : p(x) ≥ λ

}
.

Soit (X1, . . . ,Xn) un échantillon de n vecteurs de X ayant comme densité commune p

inconnue. Un estimateur plug-in de Γp(λ) est de la forme

Γ̂(λ) =
{
x ∈ X : p̂n(x) ≥ λ

}
,

où p̂n est un estimateur de la densité p construit à partir des données.



6. PLAN DE LA THÈSE 21

5.2. Mesures de performance. Soit Ĝn un estimateur de l’ensemble Γp(λ), par

exemple de type plug-in mais pas nécessairement. Etant donnée une pseudo-distance d

entre deux ensembles G1 ⊂ X et G2 ⊂ X , on mesure la performance de l’estimateur Ĝn

par

IEd
(
Ĝn,Γp(λ)

)
,

où IE est le symbole de l’espérance. Définissons la mesure Q̃λ sur (X ,X) par

Q̃λ(dx) = |p(x)− λ|Q(dx) .

Deux pseudo-distances s’imposent naturellement dans le cadre de l’estimation des en-

sembles de niveau de la densité.

(i) La mesure Q de la différence symétrique entre les ensembles :

d△(G1, G2) = Q(G1 △G2) .

(ii) La mesure Q̃λ de la différence symétrique entre les ensembles :

dH(G1, G2) = Q̃λ(G1 △G2) =

∫

G1△G2

|p(x)− λ|dQ(x) .

La pseudo-distance d△ est naturelle lorsqu’on estime des ensembles sans connaissance a

priori sur le problème. Cependant la qualité d’un estimateur Ĝ de l’ensemble de niveau

λ de la densité peut aussi être mesurée par son excès de masse H(Ĝ) défini comme suit

(voir Hartigan, 1987; Müller and Sawitzki, 1987) :

H(Ĝ) = P (Ĝ)− λQ(Ĝ) .

L’excès de masse mesure la concentration de la mesure de probabilité P dans l’ensemble

Ĝ et présente la particularité d’être maximisé par Γp(λ). Il est donc naturel de mesurer la

performance d’un estimateur Ĝn par son déficit moyen d’excès de masse

D(Ĝn) = H
(
Γp(λ)

)
− IEH

(
Ĝn

)
.

On peut montrer que, pour tout ensemble G ⊂ X ,

H
(
Γp(λ)

)
−H

(
G
)

= dH

(
Γp(λ), G

)
,

et par conséquent

D(Ĝn) = IEdH(Γp(λ), Ĝn) .

Supposons alors qu’il existe un estimateur Ĝn de l’ensemble de niveau λ de la densité,

Γp(λ) et une suite positive (ψn) tendant vers 0 telles que

(1.14) D(Ĝn) ≤ cψn, ∀ n ≥ 1 ,

où c est une constante positive. La borne supérieure sur le déficit d’excès de masse (1.14)

peut être interprétée comme une inégalité d’oracle exacte où l’oracle est l’ensemble de

niveau Γp(λ) et la performance est mesurée par −H, où H est l’excès de masse. En effet

l’inégalité (1.14) est équivalente à

(1.15) IE
[
−H

(
Ĝn

)]
≤ −H

(
Γp(λ)

)
+ cψn .

6. Plan de la thèse

Les contributions de cette thèse s’articulent en trois parties.

La première partie intitulée Aggregation traite des trois problèmes d’agrégation pure

décrits précédemment. Les résultats du chapitre 2 concernent la sélection de modèle pour

une perte convexe dans le cadre général de la section 2. On prouve deux inégalités d’oracle
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du type (1.4). Les résultats obtenus s’appliquent directement à différents modèles d’esti-

mation non paramétrique tels que la régression, la classification ou l’estimation de densité.

Le cadre de travail est proche de celui de Iouditski et al. (2005) où des résultats simi-

laires pour l’agrégation convexe sont énoncés. L’algorithme utilisé est aussi inspiré de celui

de Iouditski et al. (2005), à savoir la méthode de descente miroir avec moyennisation.

Le chapitre 3 examine l’agrégation dans le modèle d’estimation de la densité avec une

perte quadratique. Pour chacun des trois problèmes standard de l’agrégation on exhibe les

vitesses optimales en construisant des inégalités du type (1.5) et (1.6).

La seconde partie contient différents résultats sur l’estimation de densité en perte

quadratique. Après avoir énoncé un théorème de type Pinsker (1980) transposé au modèle

d’estimation de densité, on s’intéresse à l’utilisation des inégalités d’oracle pour dériver

des propriétés d’adaptation au sens minimax exact. Une des méthodes consiste à agréger

des estimateurs à noyau de la densité tandis que l’autre repose sur la méthode par blocs

de Stein. En outre, on montre que les estimateurs proposés vérifient des inégalités d’oracle

dites « à noyau », c’est-à-dire qu’ils imitent l’oracle sur de grandes classes d’estimateurs à

noyau.

La troisième et dernière partie est la compilation de deux résultats qui illustrent com-

ment les inégalités d’oracle peuvent être perçues comme des résultats précis et non plus

comme de simples outils mathématiques. Dans le problème de classification semi-supervisée

traité au chapitre 7, on donne des bornes sur une partie de l’excès de risque permettant

d’observer distinctement les effets des données étiquetées et des données non étiquetées

sur les vitesses de convergence. La méthodologie utilisée fait appel à l’estimation des en-

sembles de niveau d’une densité par méthodes plug-in dont une étude détaillée est réalisée

au chapitre 8. On y introduit notamment la notion de γ-exposant d’une densité, γ > 0

qui permet de prouver des inégalités d’oracle du type (1.15) avec un terme résiduel qui

peut être proche de O(1/n) lorsque γ tend vers l’infini. Des bornes inférieures attestant

de l’optimalité du terme résiduel sont également démontrées.
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Aggregation





CHAPTER 2

Learning by mirror averaging

This chapter describes a general method for the model selection problem in aggrega-

tion. Given a collection of M different estimators or classifiers, we study the problem of

model selection type aggregation, i.e., we construct a new estimator or classifier, called

aggregate, which is nearly as good as the best among them with respect to a given risk

criterion. We define our aggregate by a simple recursive procedure which solves an aux-

iliary stochastic linear programming problem related to the original non-linear one and

constitutes a special case of the mirror averaging algorithm. We show that the aggregate

satisfies sharp oracle inequalities under some general assumptions. The results allow one

to construct in an easy way sharp adaptive nonparametric estimators for several problems

including regression, classification and density estimation.
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The material of this chapter is a joint work with Anatoli Juditsky and Alexandre

Tsybakov (Juditsky et al., 2006).

1. Introduction

Several problems in statistics and machine learning can be stated as follows: given a

collection of M different estimators, construct a new estimator which is nearly as good as

the best among them with respect to a given risk criterion. This target is called model

selection (MS) type aggregation, and it can be described in terms of the following stochastic

optimization problem.

Let (Z,F) be a measurable space and let ΛM be the simplex

ΛM =



θ ∈ IRM :

M∑

j=1

θ(j) = 1, θ(j) ≥ 0, j = 1, . . . ,M



 .

Here and throughout the chapter we suppose that M ≥ 2 and we denote by z(j) the jth

component of a vector z ∈ IRM . We denote by
[
z(j)
]M
j=1

the vector z = (z(1), . . . , z(M))⊤ ∈
IRM .
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Let Z be a random variable with values in Z. The distribution of Z is denoted by P

and the corresponding expectation by E. Suppose that P is unknown and that we observe

n i.i.d. random variables Z1, . . . , Zn with values in Z having the same distribution as Z.

The distribution (respectively, expectation) w.r.t. the sample Z1, . . . , Zn is denoted by Pn

(respectively, by En).

Consider a measurable function Q : Z ×ΛM → IR and the corresponding average risk

function

A(θ) = EQ(Z, θ) ,

assuming that this expectation exists for all θ ∈ ΛM . Stochastic optimization problems

that are usually studied in this context consist in minimization of A on some subsets of

ΛM , given the sample Z1, . . . , Zn. Note that since the distribution of Z is unknown, direct

(deterministic) minimization of A is not possible.

For j ∈ {1, . . . ,M}, denote by ej the jth coordinate unit vector in IRM : ej =

(0, . . . , 0, 1, 0, . . . , 0) ∈ IRM , where 1 appears in jth position.

The stochastic optimization problem associated to MS aggregation is

min
θ∈{e1,...,eM}

A(θ) .

The aim of MS aggregation is to “mimic the oracle” min1≤j≤M A(ej), i.e., to construct an

estimator θ̃n measurable w.r.t. Z1, . . . , Zn and called aggregate, such that

(2.1) EnA(θ̃n) ≤ min
1≤j≤M

A(ej) + ∆n,M ,

where ∆n,M > 0 is a remainder term that should be as small as possible.

As an example, one may consider the loss function of the form Q(z, θ) = ℓ(z, θ⊤H)

where ℓ : Z × IR → IR and H = (h1, . . . , hM )⊤ is a vector of preliminary estimators

(classifiers) constructed from a training sample which is supposed to be frozen in our

considerations (thus, hj can be viewed as fixed functions). The value A(ej) = Eℓ(Z, hj)

is the risk corresponding to hj . We now make a slight abuse of language and also call

the estimator θ̃⊤nH an aggregate. Inequality (2.1) can then be interpreted as follows: the

aggregate θ̃⊤nH, i.e. the convex combination of initial estimators (classifiers) hj , with the

vector of mixture coefficients θ̃n measurable w.r.t. Z1, . . . , Zn, is nearly as good as the

best among h1, . . . , hM . The word “nearly” here means that the value min1≤j≤M A(ej)

is reproduced up to a reasonably small remainder term ∆n,M . Lower bounds can be

established showing that, under some assumptions, the smallest possible value of ∆n,M in

a minimax sense has the form

(2.2) ∆n,M =
C logM

n
,

with some constant C > 0 (cf. Chapter 3).

The aim of this chapter is to obtain bounds of the form (2.1) – (2.2) under some

general conditions on the loss function Q. For two special cases (density estimation with

the Kullback-Leibler (KL) loss, and regression model with squared loss) such bounds

have been proved earlier in the benchmark works of Catoni (1997, 1999, 2004) and Yang

(2000). They independently obtained the bound for density estimation with the KL loss,

and Catoni (1999, 2004) solved the problem for the regression model with squared loss.

Bunea and Nobel (2005) suggested another proof of the regression result of Catoni (1999,

2004) improving it in the case of bounded response, and obtained some inequalities with

suboptimal remainder terms under weaker conditions. For a problem which is different
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but close to ours (MS aggregation in the Gaussian white noise model with squared loss)

Nemirovski (2000, p. 226) established an inequality similar to (2.1), with a suboptimal

remainder term. Leung and Barron (2004) improved upon this result to achieve optimality.

Several other works provided less precise bounds than (2.1) – (2.2), with the risk of

the oracle min1≤j≤M A(ej) replaced by Kmin1≤j≤M A(ej) in (2.1) and with a remainder

term which is sometimes larger than the optimal one (2.2). A detailed account can be

found in the survey of Boucheron et al. (2005) or in the lecture notes of Massart (2006).

We mention here only some recent work where aggregation of arbitrary estimators is

considered: Wegkamp (2003); Bartlett et al. (2002); Lugosi and Wegkamp (2004); Yang

(2004); Zhang (2006); Bunea et al. (2004); Samarov and Tsybakov (2005). These results

are useful for statistical applications, especially if K is close to 1. However, the inequalities

with K > 1 do not provide valid bounds for the excess risk E(θ̃n) defined by

E(θ̃n) = EnA(θ̃n)− min
1≤j≤M

A(ej) .

As a consequence, they do not show that θ̃n approximately solves the stochastic optimiza-

tion problem.

Here we study the aggregate θ̂n which is defined by a simple recursive procedure. The

procedure solves an auxiliary stochastic linear programming problem related to the original

non-linear one min1≤j≤M A(ej), and it constitutes a special case of the mirror averaging

algorithm of Iouditski et al. (2005). In particular cases, it yields the methods described by

Catoni (2004) and Yang (2000). We prove that the mirror averaging aggregate θ̂n satisfies

oracle inequalities (2.1) – (2.2) under some general assumptions on Q such as, for example,

exponential concavity. We show that these assumptions are fulfilled for several statistical

models including regression, classification and density estimation.

Our results have a connection to the theory of on-line prediction of individual deter-

ministic sequences (cf. Cesa-Bianchi and Lugosi, 2006). A general problem considered

there is for an agent to compete against the observed predictions of a group of experts, so

that the agent’s error is close to that of the best expert. The results and the methods are

similar to ours, in particular, oracle inequalities can be obtained for deterministic bounded

or binary sequences of observations (Vovk, 1990; Kivinen and Warmuth, 1999). However,

they cannot be meaningfully applied to our stochastic setup because they deal with the

cumulative loss rather than with the expected loss, and the algorithms of deterministic

prediction do not have the averaging step [cf. (2.5), (2.8) below]. For more references and

discussion we refer to Cesa-Bianchi and Lugosi (2006).

2. The algorithm

We first recall the definition of a particular version of the mirror averaging algorithm.

For β > 0 define the function Wβ : IRM → IR by

(2.3) Wβ(z) , β log


 1

M

M∑

j=1

e−z(j)/β


 , z = (z(1), . . . , z(M)).

The gradient of Wβ is given by

∇Wβ(z) =

[
− e−z(j)/β

∑M
k=1 e−z(k)/β

]M

j=1

.
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Consider now Q(z, θ) which is convex and differentiable in θ for all z ∈ Z, with gradi-

ent ∇θQ(z, θ). Consider a non decreasing sequence (βi)i≥0. The algorithm described in

Figure 1 is a particular case of the general mirror averaging algorithm of Iouditski et al.

(2005). The name mirror averaging is due to the fact that (2.4) does a stochastic gradient

Mirror Averaging

• Fix the initial values θ̄0 ∈ ΛM , ζ0 = 0 ∈ IRM and β0 > 0.
• For i = 1, . . . , n− 1, do the recursive update

βi = β0

√
i+ 1 ,

ζi = ζi−1 +∇θQ(Zi, θ̄i−1) ,

θ̄i = −∇Wβi
(ζi) .

(2.4)

• Output at iteration n the average:

θ̃n =
1

n

n∑

i=1

θ̄i−1 .(2.5)

Figure 1. A particular instance of the Mirror Averaging algorithm (ma)
introduced in Iouditski et al. (2005).

descent in the dual space with further “mirroring” to the primal space (so-called mirror

descent, cf. Ben-Tal and Nemirovski, 1999) and averaging. For more details and discussion

see Iouditski et al. (2005). They show that when β0 = Cβ(logM)−1/2, for an appropriate

constant Cβ and under some additional assumptions the following oracle inequality holds

(cf. Iouditski et al., 2005, Theorem 2)

(2.6) EnA(θ̃n) ≤ min
θ∈ΛM

A(θ) + C0

√
logM

n
,

where C0 > 0 is a constant depending only on Cβ and on the supremum norm of the

gradient ∇θQ(·, ·).
Note that in (2.6) the minimum is taken over the whole simplex ΛM , so an inequality

of the type (2.1) holds as well, but for large n the remainder term in (2.6) is of larger order

than the optimal one given in (2.2).

To improve upon this, consider another version of the mirror averaging method. If A

is a convex function, we can bound it from above by a linear function:

A(θ) ≤
M∑

j=1

θ(j)A(ej) , Ã(θ), ∀ θ ∈ ΛM ,

where

Ã(θ) = E Q̃(Z, θ) with Q̃(Z, θ) , θ⊤u(Z), u(Z) ,

(
Q(Z, e1), . . . , Q(Z, eM )

)⊤
.

Note that

Ã(ej) = A(ej), j = 1, . . . ,M.

Since ΛM is a simplex, the minimum of the linear function Ã is attained at one of its

vertices. Therefore,

min
θ∈ΛM

Ã(θ) = min
1≤j≤M

A(ej).
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Thus, the problem of MS aggregation can be solved using a mirror averaging algorithm

for the linear stochastic programming problem of minimization of Ã on ΛM . It is defined

as follows.

Consider the vector

ui ,

(
Q(Zi, e1), . . . , Q(Zi, eM )

)⊤
= u(Zi) = ∇θQ̃(Zi, θ) ,

and the iterations:

Linear Mirror Averaging

• Fix the initial values θ0 ∈ ΛM and ζ0 = 0 ∈ IRM .
• For i = 1, . . . , n− 1, do the recursive update

ζi = ζi−1 + ui ,

θi = −∇Wβ(ζi) .
(2.7)

• Output at iteration n the average

θ̂n =
1

n

n∑

i=1

θi−1 .(2.8)

Figure 2. Linear Mirror Averaging algorithm (lma).

Remark that we define the algorithm lma for a general function Q, not necessarily for

a convex one. Note also that θ̂n is measurable w.r.t. the subsample (Z1, . . . , Zn−1). The

components θ
(j)
i of the vector θi from (2.7) can be written in the form

θ
(j)
i =

exp

(
−β−1

i∑

m=1

Q(Zm, ej)

)

M∑

k=1

exp

(
−β−1

i∑

m=1

Q(Zm, ek)

) , j = 1, . . . ,M.

Since lma is a particular case of the mirror averaging algorithm ma corresponding to a

linear function Ã, inequality (2.6) remains valid with A replaced by Ã. But we show below

that in fact θ̂n satisfies a stronger inequality, i.e., one with the optimal remainder term

(2.2).

Finally, note that Wβ defined in (2.3) is not the only possible choice: other functions

Wβ satisfying the conditions described in Iouditski et al. (2005) can be used to construct

the updates (2.7).

3. Main results

In this section we give two theorems. They establish results in the form of oracle

inequalities satisfied by θ̂n. Theorem 2.1 requires a more conservative assumption on the

loss functions Q than Theorem 2.2. This assumption is easier to check, and it often leads

to a sharper bound but not for such models as nonparametric density estimation with the

L2 loss which will be treated using Theorem 2.2. In some cases (for example, in regression

with Gaussian noise) Theorem 2.1 yields a suboptimal remainder term, while Theorem 2.2
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does the correct job. In both theorems it is supposed that the values A(e1), . . . , A(eM )

are finite. We will also need the following definition.

Definition 2.1. A function T : IRM → IR is exponentially concave if the composite

function exp ◦T is concave.

It is straightforward to see that exponential concavity of a function −T implies that

T is convex. Furthermore, if −T/β is exponentially concave for some β > 0, then −T/β′
is exponentially concave for all β′ > β. Let Q1 be the function on Z × ΛM × ΛM defined

by Q1(z, θ, θ
′) = Q(z, θ)−Q(z, θ′) for all z ∈ Z and all θ, θ′ ∈ ΛM .

Theorem 2.1. Assume that Q1 can be decomposed into the sum of two functions

Q1 = Q2 +Q3 such that:

• The mapping θ 7→ −Q2(z, θ, θ
′)/β is exponentially concave on the simplex ΛM ,

for all z ∈ Z, θ′ ∈ ΛM , and Q2(z, θ, θ) = 0 for all z ∈ Z, θ ∈ ΛM .

• There exists a function R on Z integrable w.r.t. P and such that −Q3(z, θ, θ
′) ≤

R(z), for all z ∈ Z, θ, θ′ ∈ ΛM .

Then the aggregate θ̂n satisfies, for any M ≥ 2, n ≥ 1, the following oracle inequality

En−1A(θ̂n) ≤ min
1≤j≤M

A(ej) +
β logM

n
+ E

[
R(Z)

]
.

Theorem 2.2. Assume that for some β > 0 there exists a Borel function Ψβ : ΛM ×
ΛM → IR+ such that the mapping θ 7→ Ψβ(θ, θ′) is concave on the simplex ΛM for any

fixed θ′ ∈ ΛM , Ψβ(θ, θ) = 1 and E exp(−Q1(Z, θ, θ
′)/β) ≤ Ψβ(θ, θ′) for all θ, θ′ ∈ ΛM .

Then the aggregate θ̂n satisfies, for any M ≥ 2, n ≥ 1, the following oracle inequality

En−1A(θ̂n) ≤ min
1≤j≤M

A(ej) +
β logM

n
.

Proofs of both theorems are based on the following lemma. Introduce the discrete

random variable ω with values in the set {e1, . . . , eM} and with the distribution IP defined

conditionally on (Z1, . . . , Zn−1) by IP[ω = ej ] = θ̂
(j)
n , where θ̂

(j)
n is the jth component of

θ̂n. The expectation corresponding to IP is denoted by IE.

Lemma 2.1. For any measurable function Q and any β > 0 we have

(2.9) En−1A(θ̂n) ≤ min
1≤j≤M

A(ej) +
β logM

n
+ S1.

where

S1 , βEn log

(
IE exp

[
− Q1(Zn, ω, IE[ω])

β

])
.

proof. By definition of Wβ(·), for i = 1, . . . , n,

(2.10)

Wβ(ζi)−Wβ(ζi−1) = β log



∑M

j=1 e−ζ
(j)
i /β

∑M
j=1 e−ζ

(j)
i−1/β


 = β log

(
−v⊤i ∇Wβ(ζi−1)

)
= β log

(
v⊤i θi−1

)
,

where

vi =

[
exp

(
−u

(j)
i

β

)]M

j=1

.

Taking expectations on both sides of (2.10), summing up over i, using the fact that

(θi−1, Zi) has the same distribution as (θi−1, Zn) for i = 1, . . . , n, and applying the Jensen
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inequality, we get

En

[
Wβ(ζn)−Wβ(ζ0)

]

n
=
β

n

n∑

i=1

En log

( M∑

j=1

θ
(j)
i−1 exp

[
− Q(Zi, ej)

β

])

=
β

n

n∑

i=1

En log

( M∑

j=1

θ
(j)
i−1 exp

[
− Q(Zn, ej)

β

])

≤ βEn log

( M∑

j=1

θ̂(j)
n exp

[
− Q(Zn, ej)

β

])
, S .

(2.11)

Since Q1(z, ω, IE[ω]) = Q(z, ω) − Q(z, IE[ω]), and IE[ω] = θ̂n, the RHS of (2.11) can be

written in the form

S = βEn log

(
IE exp

[
− Q(Zn, ω)

β

])

= βEn log

(
exp

[
− Q(Zn, IE[ω])

β

])
+ βEn log

(
IE exp

[
− Q1(Zn, ω, IE[ω])

β

])

= −En−1A(θ̂n) + S1

(2.12)

We now bound from below the LHS of equation (2.11). As in Iouditski et al. (2005), denote

by βV the Fenchel-Legendre dual of Wβ(−z):
βV (θ) = sup

z∈IRM

[−z⊤θ −Wβ(z)].

Then, clearly,

−Wβ(ζn) ≤ βV (θ) + ζ⊤n θ, ∀ θ ∈ ΛM ,

and

V (θ) = logM +
M∑

j=1

θ(j) log θ(j) ≤ logM , ∀ θ ∈ ΛM .

The last two inequalities and the fact that Wβ(ζ0) = Wβ(0) = 0 imply

(2.13)
En

[
Wβ(ζn)−Wβ(ζ0)

]

n
≥ −β logM

n
− min

θ∈ΛM

En

[
ζ⊤n θ

]

n
= −β logM

n
− min

1≤j≤M
A(ej).

Combining (2.11), (2.12) and (2.13) gives the lemma.

In view of Lemma 2.1, to prove Theorems 2.1 and 2.2, it remains to give appropriate

upper bounds for S1.

Proof of Theorem 2.1. Since Q1 = Q2 + Q3, with −Q3(z, θ, θ
′) ≤ R(z) for all

z ∈ Z, θ, θ′ ∈ ΛM , the quantity S1 can be bounded from above as follows

S1 ≤ βEn log

(
IE exp

[
− Q2(Zn, ω, IE[ω])

β

])
+ En

[
R(Zn)

]
.

Now since −Q2(z, ·)/β is exponentially concave on ΛM for all z ∈ Z, the Jensen inequality

yields

IE exp
[
− Q2(Zn, ω, IE[ω])

β

]
≤ exp

[
− Q2(Zn, IE[ω], IE[ω])

β

]
= 1

Therefore S1 ≤ En

[
R(Zn)

]
. This and Lemma 2.1 imply the result of the Theorem 2.1.
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Proof of Theorem 2.2. Using the Jensen inequality twice, with the concave func-

tions log(·) and Ψβ(·, IE[ω]), we get

S1 ≤ βEn−1 log

(
E IE exp

[
− Q1(Z,ω, IE[ω])

β

])

= βEn−1 log

(
IEE exp

[
− Q1(Z,ω, IE[ω])

β

])

≤ βEn−1 log
(
IEΨβ(ω, IE[ω])

)

≤ βEn−1 log
(
Ψβ(IE[ω], IE[ω])

)
= 0,

(2.14)

where the first equality is due to the Fubini theorem. Theorem 2.2 follows now from (2.14)

and Lemma 2.1.

4. Examples

In this section we apply Theorems 2.1 and 2.2 to three common statistical problems

(regression, classification and density estimation). All the loss functions considered below

are twice differentiable. The following proposition gives a simple sufficient condition for

exponential concavity.

Proposition 2.1. Let g be a twice differentiable function on ΛM with gradient ∇g(θ)
and Hessian matrix ∇2g(θ), θ ∈ ΛM . If there exists β > 0 such that for any θ ∈ ΛM , the

matrix

β∇2g(θ)−∇g(θ)(∇g(θ))⊤ ,
is positive semi-definite then −g(·)/β is exponentially concave on the simplex ΛM .

proof. Since g is twice differentiable exp(−g(·)/β) is also twice differentiable with

Hessian matrix

(2.15) H(θ) =
1

β
exp

(
−g(θ)

β

)[∇g(θ)(∇g(θ))⊤
β

−∇2g(θ)

]
.

For any λ ∈ IRM , θ ∈ ΛM , we have

λ⊤H(θ)λ =
1

β
exp

(
−g(θ)

β

)[
(λ⊤∇g(θ))2

β
− λ⊤[∇2g(θ)]λ

]
≤ 0.

Hence exp(−g(·)/β) has a negative semi-definite Hessian and is therefore concave.

4.1. Applications of Theorem 2.1. We begin with the models that satisfy assump-

tions of Theorem 2.1.

1. Regression with squared loss. Let Z = X × IR, where X is a complete

separable metric space equipped with its Borel σ-algebra. Consider a random variable

Z = (X,Y ) with X ∈ X and Y ∈ IR. Assume that the conditional expectation f(X) =

E(Y |X) exists and define ξ = Y − E(Y |X), so that

(2.16) Y = f(X) + ξ,

where X ∈ X is a random variable with probability distribution PX , Y ∈ IR, f : X → IR

is the regression function and ξ is a real valued random variable satisfying E(ξ|X) = 0.

Assume that E(Y 2) < ∞ and ‖f‖∞ ≤ L for some finite constant L > 0 where ‖ · ‖∞
denotes the L∞(PX)-norm. We have M functions f1, . . . , fM such that ‖fj‖∞ ≤ L, for
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any j = 1, . . . ,M . Define the L2(PX)-norm by ‖f‖22,PX
=
∫
X f

2(x)PX(dx). Our goal is to

construct an aggregate that mimics the oracle

min
1≤j≤M

‖fj − f‖22,PX
.

The aggregate is based on the i.i.d. sample (X1, Y1), . . . , (Xn, Yn) where (Xi, Yi) have the

same distribution as (X,Y ). For this model, with z = (x, y) ∈ X × IR, define the loss

function

Q(z, θ) =
(
y − θ⊤H(x)

)2
, ∀ θ ∈ ΛM ,

with H(x) =
(
f1(x), . . . , fM(x)

)⊤
. It yields for all z ∈ Z, θ, θ′ ∈ ΛM ,

Q1(z, θ, θ
′) = Q(z, θ)−Q(z, θ′) = 2y(θ′ − θ)⊤H(x) +

[
θ⊤H(x)

]2 −
[
θ′⊤H(x)

]2
.

Consider positive constants b and B and assume that β > (b/B)2. We now decompose Q1

into the sum Q1 = Q2 +Q3 where

Q2(z, θ, θ
′) = 2y1I{|y|<Bβ}(θ

′−θ)⊤H(x) +
[
θ⊤H(x)

]2 −
[
θ′⊤H(x)

]2

+
y2

Bβ

[
(θ′ − θ)⊤H(x)

]2
1I{b√β<|y|<Bβ},

and

Q3(z, θ, θ
′) = 2y1I{|y|≥Bβ}(θ

′ − θ)⊤H(x)− y2

Bβ

[
(θ′ − θ)⊤H(x)

]2
1I{b√β<|y|<Bβ}.

We have

(2.17) −Q3(z, θ, θ
′) ≤ 4L|y|1I{|y|≥Bβ} +

4L2y2

Bβ
1I{b√β<|y|<Bβ} , Rβ(y) .

On the other hand, Q2(z, θ, θ) = 0,∀θ ∈ ΛM , z ∈ Z and we can prove that the mapping

θ 7→ −Q2(z, θ, θ
′)/β is exponentially concave for any z ∈ Z, θ′ ∈ ΛM when b and B are

properly chosen. For all θ ∈ ΛM and z = (x, y), the gradient and Hessian of Q2 are

respectively given by

∇θQ2 = ∇θQ2(z, θ, θ
′)

= −2
(
y1I{|y|<Bβ} − θ⊤H(x)

)
H(x)− 2

y2

Bβ
1I{b√β<|y|<Bβ}

[
(θ′ − θ)⊤H(x)

]
H(x)

and

∇2
θθQ2 = ∇2

θθQ2(z, θ, θ
′) = 2H(x)H(x)⊤ + 2

y2

Bβ
1I{b√β<|y|<Bβ}H(x)H(x)⊤ .

We now prove that Proposition 2.1 applies for g(θ) = Q2(z, θ, θ
′), for all z = (x, y) ∈ Z

and θ′ ∈ ΛM . For any λ ∈ IRM , any θ, θ′ ∈ ΛM , and any z ∈ Z,

(
λ⊤∇θQ2

)2 ≤
(
2|y|1I{|y|<Bβ} + 2L+

4Ly2

Bβ
1I{b√β<|y|<Bβ}

)2
[λ⊤H(x)

]2
.

Note now that |y| ≤ Bβ implies that y2/Bβ ≤ |y|. Hence

(
λ⊤∇θQ2

)2 ≤
(
2|y|1I{|y|≤b

√
β} + 2L+ (4L+ 2)|y|1I{b√β<|y|<Bβ}

)2
[λ⊤H(x)

]2

≤
(
8b2β + 8L2 + 2(4L+ 2)2|y|21I{b√β<|y|<Bβ}

)
[λ⊤H(x)

]2
.
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It yields
(
λ⊤∇θQ2

)2

β
−λ⊤(∇2

θθQ2)λ ≤
(
8b2+

8L2

β
−2+

[
2(4L+2)2− 2

B

] |y|2
β

1I{b√β<|y|<Bβ}
)
[λ⊤H(x)

]2
.

If we choose B ≤ (4L + 2)−2 and LB < b < 1/4, the above quadratic form is smaller

than or equal to 0 and Proposition 2.1 applies for any β > (b/B)2. Now, since A(θ) =

EQ(Z, θ) = E
(
Y − θ⊤H(X)

)2
= ‖f − θ⊤H‖22,PX

+ E(ξ2) for all θ ∈ ΛM , we obtain the

following corollary of Theorem 2.1.

Corollary 2.1. Consider the regression model (2.16) where X ∈ X , Y ∈ IR, f : X →
IR and ξ = Y −f(X) is a real valued random variable satisfying E(ξ|X) = 0. Assume also

that E
(
Y 2
)
<∞ and ‖fj‖∞ ≤ L, j = 1, . . . ,M , for some finite constant L > 0. Then for

any positive constants B ≥ (4L + 2)−2, LB < b < 1/4 and any β ≥ (b/B)2, the aggregate

estimator f̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is obtained by Algorithm lma, satisfies

(2.18) En−1‖f̃n − f‖22,PX
≤ min

1≤j≤M
‖fj − f‖22,PX

+
β logM

n
+ E

[
Rβ(Y )],

where

Rβ(y) = 4L|y|1I{|y|≥Bβ} +
4L2y2

Bβ
1I{b√β<|y|<Bβ} .

This result improves an inequality obtained by Bunea and Nobel (2005). We note that

the aggregate f̃n as in Corollary 2.1 is of the form suggested by Catoni (1999, 2004). If

there exists a constant L0 > 0 such that |Y | ≤ L0 a.s., the last summand disappears for

β > 16L2
0, and (2.18) follows from Catoni (1999, 2004), under a more restrictive assumption

on β.

An advantage of Corollary 2.1 is that no heavy assumption on the moments of ξ is

needed to get reasonable bounds. Thus, the second moment assumption on Y is enough

for a bound with the n−1/2 rate. Indeed, choosing β ∼ (n/ logM)2/(2+s), s > 0, in

Corollary 2.1, we immediately get the following result.

Corollary 2.2. Consider the regression model (2.16) where X ∈ X , Y ∈ IR, f : X →
IR and ξ = Y −f(X) is a real valued random variable satisfying E(ξ|X) = 0. Assume also

that E(|Y |s) ≤ ms < ∞ for some s ≥ 2 and ‖fj‖∞ ≤ L, j = 1, . . . ,M , for some finite

constant L > 0. Then there exist constants C1 > 0 and C2 = C2(ms, L,C1) > 0 such that

the aggregate estimator f̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is obtained by Algorithm lma

with β = C1(n/ logM)2/(2+s), satisfies

(2.19) En−1‖f̃n − f‖22,PX
≤ min

1≤j≤M
‖fj − f‖22,PX

+C2

(
logM

n

)s/(2+s)

.

It has been conjectured by Audibert (2006) that the rate

(
logM

n

)s/(2+s)

in the right

hand side of (2.19) is optimal in a minimax sense.

2. Classification. Consider the problem of binary classification. Let (X ,F) be a

measurable space, and set Z = X × {−1, 1}. Consider Z = (X,Y ) where X is a random

variable with values in X and Y is a random label with values in {−1, 1}. For a fixed

convex twice differentiable function ϕ : IR→ IR+, define the ϕ-risk of a real valued classifier

h : X → [−1, 1] as Eϕ(−Y h(X)). In our framework, we have M classifiers h1, . . . , hM and
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the goal is to mimic the oracle

min
1≤j≤M

Eϕ(−Y hj(X)) ,

based on the i.i.d. sample (X1, Y1), . . . , (Xn, Yn) where the (Xi, Yi) have the same distri-

bution as (X,Y ). For any z = (x, y) ∈ X × {−1, 1}, we define the loss function

Q(z, θ) = ϕ(−yθ⊤H(x)) ≥ 0, ∀ θ ∈ ΛM ,

where H(x) =
(
h1(x), . . . , hM (x)

)⊤
. For such a function and for all θ ∈ IRM , z = (x, y) ∈

X × {−1, 1} we have

∇θQ1(z, θ, θ
′) = −yϕ′(− yθ⊤H(x)

)
H(x)

∇2
θθQ1(z, θ, θ

′) = ϕ′′(− yθ⊤H(x)
)
H(x)H(x)⊤ .

Thus, from Proposition 2.1 the mapping θ 7→ −Q1(z, θ, θ
′)/β is exponentially concave for

all z and θ′ if β ≥ βϕ where βϕ is such that
[
ϕ′(x)

]2 ≤ βϕϕ
′′(x), ∀ |x| ≤ 1. Now, since

A(θ) = EQ(Z, θ) and Q(Z, θ) = ϕ(−Y θ⊤H(X)), ∀ θ ∈ IRM , Z = (X,Y ), we obtain the

following corollary of Theorem 2.1 applied with Q2 = Q1 and Q3 ≡ 0.

Corollary 2.3. Consider the binary classification problem as described above. As-

sume that the convex function ϕ is such that
[
ϕ′(x)

]2 ≤ βϕϕ
′′(x), ∀ |x| ≤ 1. Then the

aggregate classifier h̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is obtained by Algorithm lma with

β ≥ βϕ, satisfies

(2.20) Enϕ(−Ynh̃n(Xn)) ≤ min
1≤j≤M

Eϕ(−Y h̃j(X)) +
β logM

n
.

For example, inequality (2.20) holds with the exponential Boosting loss ϕ1(x) = ex,

for which βϕ1 = e and for the Logit-Boosting loss ϕ2(x) = log2(1 + ex) (in that case

βϕ2 = e log 2). For the squared loss ϕ3(x) = (1 − x)2 and the 2-norm soft margin loss

ϕ4(x) = max{0, 1 − x}2 inequality (2.20) is satisfied with β ≥ 2.

3. Nonparametric density estimation with Kullback-Leibler (KL) loss.

Let X be a random variable with values in a measurable space (X ,F). Assume that

the distribution of X admits a density p w.r.t. a σ-finite measure µ on (X ,F). Assume

also that we have M probability densities pj w.r.t. µ on (X ,F) (estimators of p). Let

X1, . . . ,Xn be i.i.d. sample, where the Xi take values in X , and have the same distribution

as X. Define the KL divergence between two probability densities p and q w.r.t. µ as

K(p, q) ,

∫

X
log

(
p(x)

q(x)

)
p(x)µ(dx) ,

if the probability distribution corresponding to p is absolutely continuous w.r.t. the one

corresponding to q, and K(p, q) = ∞ otherwise. We assume that the entropy integral∫
p(x) log p(x)µ(dx) is finite.

Our goal is to construct an aggregate that mimics the KL oracle defined by

min
1≤j≤M

K(p, pj) .

For x ∈ X , θ ∈ ΛM , we introduce the following loss function

Q(x, θ) = − log(θ⊤H(x)),
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where H(x) =
(
p1(x), . . . , pM (x)

)⊤
. We set Z = X. Then

A(θ) = EQ(X, θ) = −
∫

log(θ⊤H(x))p(x)µ(dx) ,

where the integral is finite if all the divergences K(p, pj) are finite. In particular, A(ej) =

K(p, pj)−
∫
p(x) log p(x)µ(dx). Since, for all x ∈ X ,

exp(−Q1(x, θ, θ
′)/β) =

(
θ⊤H(x)

)1/β(
θ′⊤H(x)

)−1/β
,

the mapping θ 7→ −Q1(x, θ, θ
′)/β is exponentially concave on ΛM for any β ≥ 1. Hence,

we can apply Theorem 2.1, again with Q2 = Q1 and Q3 ≡ 0 and we obtain the following

corollary.

Corollary 2.4. Consider the density estimation problem with the KL loss as de-

scribed above, such that
∫
p(x)| log p(x)|µ(dx) <∞. Then the aggregate estimator p̃n(x) =

θ̂⊤nH(x), x ∈ X , where θ̂n is obtained by Algorithm lma with β = 1, satisfies

En−1K(p, p̃n) ≤ min
1≤j≤M

K(p, pj) +
logM

n
.

We note that the KL aggregate p̃n as in Corollary 2.4 coincides with the “progressive

mixture rule” considered by Catoni (1997, 1999, 2004) and Yang (2000) and the oracle

inequality of Corollary 2.4 is the one obtained in those papers. Extension of Corollary 2.4

to β ≥ 1 is straightforward but the oracle inequality for the corresponding aggregate

(“Gibbs estimator”, cf. Catoni (2004)) is less interesting because it has obviously a larger

remainder term.

4.2. Applications of Theorem 2.2.

4. Regression with squared loss and finite exponential moment. We consider

here the regression model described in Corollary 2.1 under the additional assumption that,

conditionally on X, the regression residual ξ admits an exponential moment, i.e., there

exist positive constants b and D such that, PX -a.s.,

E
(
exp(b|ξ|)|X

)
≤ D.

Since E(ξ|X) = 0, this assumption is equivalent to the existence of positive constants b0
and σ2 such that, PX-a.s.,

(2.21) E
(
exp(tξ)|X

)
≤ exp(σ2t2/2), ∀ |t| ≤ b0,

(cf. Petrov, 1995, p. 56).

In this case, application of Corollary 2.1 leads to suboptimal rates because of the

term E
[
Rβ(Y )] in (2.18). We show now that using Theorem 2.2 we can obtain an oracle

inequality with optimal rate (logM)/n.

To apply Theorem 2.2, we analyze the mapping θ 7→ E exp
(
−Q1(Z, θ, θ

′)/β). For the

regression model with squared loss as described above, we have Z = (X,Y ), Q(Z, θ) =

(Y − θ⊤H(X))2, and

E exp
(
−Q1(Z, θ, θ

′)/β) =

= E exp

(
− 1

β

[
(Y −H(X)⊤θ)2 − (Y −H(X)⊤θ′)2

])

= E exp

(
− 1

β

[
− 2ξ(U(X, θ) − U(X, θ′)) + U2(X, θ)− U2(X, θ′)

])
,
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where U(X, θ) , f(X)−H(X)⊤θ. Since |2(U(X, θ)−U(X, θ′))| = 2|(θ−θ′)⊤H(X)| ≤ 4L,

conditioning on X and using (2.21) we get that, for any β ≥ 4L/b0,

E exp
(
−Q1(Z, θ, θ

′)/β) ≤ Ψβ(θ, θ′)

where

Ψβ(θ, θ′) , E exp

(
2σ2

β2

[
(θ − θ′)⊤H(X)

]2 − 1

β

[
U2(X, θ)− U2(X, θ′)

])
.

Clearly, Ψβ(θ, θ) = 1. Thus, to apply Theorem 2.2 it suffices now to specify β0 > 0 such

that the mapping

θ 7→ Q̄(x, θ, θ′) ,

(
− 1

β
+

2σ2

β2

)
(θ⊤H(x))2 − 4σ2

β2
(H(x)⊤θ)(H(x)⊤θ′) +

2

β
f(x)(H(x)⊤θ)

is exponentially concave for all β ≥ β0, θ
′ ∈ ΛM and almost all x ∈ X . Note that

∇θQ̄(x, θ, θ′) =

(
2γ(f(x)−H(x)⊤θ)− 4σ2

β2
(f(x)−H(x)⊤θ′) +

2

β
f(x)

)
H(x),

∇2
θθQ̄(x, θ, θ′) = −2γH(x)H(x)⊤

where γ = 1
β − 2σ2

β2 . Proposition 2.1 implies that Q̄ is exponentially concave in θ if

∇2
θθQ̄(x, θ, θ′)+∇θQ̄(x, θ, θ′)(∇θQ̄(x, θ, θ′))⊤ ≤ 0. If we denote by L̃ = supj ‖f −fj‖∞, we

obtain that the latter property holds for β ≥ β0 , 2σ2 + 2L̃2. Thus, Theorem 2.2 applies

for β ≥ max(2σ2 + 2L̃2, 4L/b0) and we have proved the following result.

Corollary 2.5. Consider the regression model (2.16) where X ∈ X , Y ∈ IR, f : X →
IR and the random variable ξ = Y −f(X) is such that there exist positive constants b0 and

σ2 for which (2.21) holds PX -a.s. Assume also that ‖f − fj‖∞ ≤ L̃ and ‖fj‖∞ ≤ L, j =

1, . . . ,M , for some finite positive constants L, L̃. Then for any β ≥ max(2σ2+2L̃2, 4L/b0)

the aggregate estimator f̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is obtained by Algorithm lma,

satisfies

(2.22) En−1‖f̃n − f‖22,PX
≤ min

1≤j≤M
‖fj − f‖22,PX

+
β logM

n
.

To see how good the constants are, we may compare this corollary with the results

obtained in other papers for the particular case where ξ is conditionally Gaussian given

X. In this case we have b0 =∞ and Corollary 2.5 yields the following result.

Corollary 2.6. Consider the regression model (2.16) where X ∈ X , Y ∈ IR, f : X →
IR and, conditionally on X, the random variable ξ = Y −f(X) is Gaussian with zero mean

and variance bounded by σ2. Assume that ‖f − fj‖∞ ≤ L̃, for some finite constant L̃ > 0.

Then for any β ≥ 2σ2 + 2L̃2 the aggregate estimator f̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is

obtained by Algorithm lma, satisfies (2.22).

When we also assume that f and all fj, j = 1, . . . ,M are uniformly bounded by L, we

have L̃ ≤ 2L and the condition on β in the corollary becomes β ≥ 2σ2 + 8L2. It improves

upon the best known bound 18.01σ2 + 70.4L2 (Catoni, 2004, p. 89).

5. Nonparametric density estimation with the L2 loss. Let µ be a σ-finite

measure on the measurable space (X ,F). In this whole example, densities are understood

w.r.t µ and ‖ · ‖∞ denotes the L∞(µ)-norm. Assume that we have M probability densities

pj, ‖pj‖∞ ≤ L, j = 1, . . . ,M . Let X1, . . . ,Xn be an i.i.d. sample, where the Xi take values
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in X , and are distributed as a random variable X with unknown probability density p such

that ‖p‖∞ ≤ L for some positive constant L. Our goal is to mimic the oracle defined by

min
1≤j≤M

‖pj − p‖22 ,

where ‖p‖22 =
∫
p2(x)µ(dx).

The corresponding loss function is defined, for any x ∈ X , θ ∈ ΛM , by

(2.23) Q(x, θ) = θ⊤Gθ − 2θ⊤H(x) ,

where H(x) =
(
p1(x), . . . , pM (x)

)⊤
and G is an M ×M positive semi-definite matrix with

elements Gjk =
∫
pjpkdµ and such that its largest eigenvalue is bounded from above by

L∗. We set Z = X. Then A(θ) = EQ(X, θ) = ‖p− θ⊤H‖22 −‖p‖22. We now want to check

conditions of Theorem 2.2, i.e., to show that for the loss function (2.23), the mapping

θ 7→ E exp
(
− Q1(X, θ, θ

′)/β) is concave on ΛM , for any θ′ ∈ ΛM and for β ≥ β0 with

some β0 > 0 that will be specified below. Note first that

Q1(x, θ, θ
′) = Q(x, θ)−Q(x, θ′) = (θ − θ′)⊤G(θ + θ′)− 2(θ − θ′)⊤H(x).(2.24)

Fix θ′ ∈ ΛM . Concavity of the above mapping can be checked by considering its Hessian

H̃ which, in view of (2.15), satisfies

λ⊤H̃(θ)λ =
1

β2
E

{
exp

(
−Q1(X, θ, θ

′)
β

)[
(λ⊤∇θQ1(X, θ, θ

′))2 − βλ⊤∇2
θθQ1(X, θ, θ

′)λ
]}

,

for any λ ∈ IRM , θ ∈ ΛM . Note that for any x ∈ X , θ ∈ ΛM we have

∇θQ1(x, θ, θ
′) = 2Gθ − 2H(x) and ∇2

θθQ1(x, θ, θ
′) = 2G .

By (2.24) this yields, for any λ ∈ IRM , θ, θ′ ∈ ΛM ,

λ⊤H̃(θ)λ = − 2

β2
E
{

exp

(
−(θ − θ′)⊤G(θ + θ′)− 2(θ − θ′)⊤H(X)

β

)

[
βλ⊤Gλ− 2(λ⊤(Gθ −H(X)))2

]}

≤ − 2

β2
exp

(
−(θ − θ′)⊤G(θ + θ′)

β

)
F (λ, θ, θ′),

(2.25)

where

F (λ, θ, θ′) = E

{
exp

(
2(θ − θ′)⊤H(X)

β

)[
βλ⊤Gλ− 4(λ⊤Gθ)2 − 4(λ⊤H(X))2

]}
.

Next, for any θ ∈ ΛM ,

θ⊤Gθ ≤ L∗θ⊤θ ≤ L∗ .

Using the Cauchy inequality, the previous remark yields

(λ⊤Gθ)2 ≤ λ⊤Gλθ⊤Gθ ≤ L∗λ⊤Gλ, ∀θ ∈ ΛM .(2.26)

Further,

E(λ⊤H(X))2 =

∫ (
λ⊤H(x)

)2
p(x)µ(dx) ≤ L

∫ (
λ⊤H(x)

)2
µ(dx) = Lλ⊤Gλ.(2.27)
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Using (2.26) and (2.27) and the fact that ‖θ− θ′‖1 ≤ 2 where ‖ · ‖1 stands for the ℓ1(IR
M )

norm, we obtain

F (λ, θ, θ′) ≥ (β − 4L∗)λ⊤GλE exp

(
2(θ − θ′)⊤H(X)

β

)

− 4E

{
exp

(
2(θ − θ′)⊤H(X)

β

)
(λ⊤H(X))2

}

≥ (β − 4L∗)λ⊤Gλ exp

(
−4L

β

)
− 4Lλ⊤Gλ exp

(
4L

β

)
≥ 0 ,

provided that
β − 4L∗

4L
exp

(
−8L

β

)
≥ 1.

Note that the last inequality is guaranteed for β ≥ β0 = 12max(L,L∗). We conclude that

for β ≥ 12max(L,L∗), the Hessian H̃ in (2.25) is negative semi-definite and therefore the

mapping θ 7→ E exp
(
−Q1(X, θ, θ

′)/β) is concave on ΛM for any fixed θ′ ∈ ΛM . Thus we

have proved the following corollary of Theorem 2.2.

Corollary 2.7. Let H(x) = (p1, . . . , pM )⊤ be a vector of functions in L2(IR
d) such

that ‖pj‖∞ ≤ L, for any j = 1, . . . ,M and such that the scalar product matrix G with

elements Gjk =
∫
pjpkdµ has its largest eigenvalue bounded from above by L∗. Then, for

any β ≥ 12max(L,L∗), the aggregate estimator p̃n(x) = θ̂⊤nH(x), x ∈ X , where θ̂n is

obtained by Algorithm lma, satisfies

En−1‖p̃n − p‖22 ≤ min
1≤j≤M

‖pj − p‖22 +
β logM

n
.

6. Parametric estimation with Kullback-Leibler (KL) loss. Let P =

{Pa, a ∈ A} be a family of probability measures on a measurable space (X ,F) domi-

nated by a σ-finite measure µ on (X ,F). Here A ⊂ IRm is a bounded set of parameters.

The densities relative to µ are denoted by p(x, a) = (dPa/dµ)(x), x ∈ X . Let X be a ran-

dom variable with values in X distributed according to Pa∗ where a∗ ∈ A is the unknown

true value of the parameter.

In the aggregation framework, we have M values a1, . . . , aM ∈ A (preliminary esti-

mators of a) and an i.i.d. sample X1, . . . ,Xn where the Xi take values in X , and have

the same distribution as X. Our goal is to construct an aggregate ãn that mimics the

parametric KL oracle defined by

min
1≤j≤M

K(a∗, aj) ,

where

K(a, b) , K
(
p(·, a), p(·, b)

)
, ∀ a, b ∈ A.

For x ∈ X , θ ∈ ΛM , we introduce the corresponding loss function

Q(x, θ) = − log p(x, θ⊤H),

where H = (a1, . . . , aM )⊤. We set Z = X. Then

A(θ) = EQ(X, θ) = −
∫

log
(
p(x, θ⊤H)

)
p(x, a∗)µ(dx)

and

A(ej) = K(a∗, aj)−
∫
p(x, a∗) log

(
p(x, a∗)

)
µ(dx) .
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Since, for all x ∈ X , exp(−Q(x, θ)/β) =
(
p(x, θ⊤H)

)1/β
, to apply Theorem 2.2 we need

the following assumption.

Assumption 4.1 For some β > 0 and for any a ∈ A there exists a Borel function

Ψβ : ΛM × ΛM → IR+ such that θ 7→ Ψβ(θ, θ′) is concave on the simplex ΛM for all

θ′ ∈ ΛM , Ψβ(θ, θ) = 1 and
∫ (

p(x,H⊤θ)
p(x,H⊤θ′)

)1/β

p(x, a)µ(dx) ≤ Ψβ(θ, θ′) ,

for all θ, θ′ ∈ ΛM .

Corollary 2.8. Consider the parametric estimation problem with the KL loss as

described above and let
∫
p(x, a∗)| log p(x, a∗)|µ(dx) < ∞. Suppose that Assumption 4.1

is fulfilled for some β > 0. Then the aggregate estimator ãn = θ̂⊤nH of the parameter a∗,
where θ̂n is obtained by Algorithm lma, satisfies

(2.28) En−1K(a∗, ãn) ≤ min
1≤j≤M

K(a∗, aj) +
β logM

n
.

Aggregation procedures can be used to construct pointwise adaptive locally parametric

estimators in nonparametric regression (cf. Belomestny and Spokoiny, 2004). In this case

inequality (2.28) can be applied to prove the corresponding adaptive risk bounds. We now

check that Assumption 4.1 is satisfied for several standard parametric families.

Univariate Gaussian distribution. Let µ be the Lebesgue measure on IR and let

p(x, a) = (σ
√

2π)−1 exp(−(x − a)2/(2σ2)) be the univariate Gaussian density with mean

a ∈ A = [−L,L] and known variance σ2 > 0. Replacing f(x) by a∗ and H(x) by H in

the proof of Corollary 2.6, and following exactly the same argument as there we find that

Assumption 4.1 is satisfied for any β ≥ β0 = 2σ2 + 8L2. Hence, (2.28) also holds for such

β. Note that in this case K(a∗, a) = (a∗ − a)2/(2σ2).

Bernoulli distribution. Let µ be the discrete measure on {0, 1} such that µ(0) = µ(1) =

1 and let p(x, a) = a1I{x=0} + (1− a)1I{x=1} be the density of a Bernoulli random variable

with parameter a ∈ A = (0, 1). Then
∫ (

p(x,H⊤θ)
p(x,H⊤θ′)

)1/β

p(x, a)µ(dx) =

(
H⊤θ
H⊤θ′

)1/β

a+

(
1−H⊤θ
1−H⊤θ′

)1/β

(1− a) , Ψβ(θ, θ′) .

This function is concave in θ for any θ′ ∈ ΛM if β ≥ 1 and obviously Ψβ(θ, θ) = 1.

Therefore Assumption 4.1 is satisfied and Corollary 2.8 applies with β = 1.

Poisson distribution. Let µ be the counting measure on the set of the nonnegative

integers IN: µ(k) = 1, ∀ k ∈ IN, and let p(x, a) =

∞∑

k=0

ak

k!
e−a1I{x=k} be the density of a

Poisson random variable with parameter a ∈ A = [ℓ, L] where 0 < ℓ < L <∞. Then

(2.29)∫ (
p(x,H⊤θ)
p(x,H⊤θ′)

)1/β

p(x, a)µ(dx) = exp

[
a

(
H⊤θ
H⊤θ′

)1/β

− a− H⊤(θ − θ′)
β

]
, Ψβ(θ, θ′) .
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Clearly, Ψβ(θ, θ) = 1 and it is not hard to show that Ψβ in (2.29) is concave as a function

of θ for any θ′ ∈ ΛM , provided that β ≥ 1 + L(1 + L/ℓ)(L/ℓ)1/(2L+1) . Therefore Assump-

tion 4.1 is satisfied and Corollary 2.8 applies with β ≥ β0 = 1 +L(1 +L/ℓ)(L/ℓ)1/(2L+1).





CHAPTER 3

Optimal aggregation of density estimators

We study the problem of aggregation of M estimators of a probability density with

respect to the mean integrated squared error. We provide procedures for the problems of

linear, convex and model selection aggregation and we prove oracle inequalities for their

risks. We also obtain lower bounds showing that these procedures are rate optimal in a

minimax sense.

Contents

1. Introduction 43

2. Oracle inequalities 45

2.1. Linear aggregation 46

2.2. Convex aggregation 46

2.3. Model selection aggregation 49

3. Lower bounds and optimal aggregation 49

3.1. Optimal rate of linear aggregation 50

3.2. Optimal rates of convex aggregation 51

3.3. Optimal rates of model selection aggregation 54

4. Conclusion 56

Most of the material in this chapter is a joint work with Alexandre Tsybakov (Rigollet

and Tsybakov, 2006).

1. Introduction

Consider independent and identically distributed random vectors X1, . . . ,Xn with val-

ues in IRd having an unknown common probability density p ∈ L2(IR
d) that we want to

estimate. For an estimator p̂ of p based on the sample X
n = (X1, . . . ,Xn), define the

L2-risk

Rn(p̂, p) = En
p ‖p̂− p‖2,

where En
p denotes the expectation with respect to the distribution Pn

p of X
n and, for a

function g ∈ L2(IR
d),

‖g‖ =

(∫

IRd

g2(x)dx

)1/2

.

Suppose that we have M ≥ 2 estimators p̂1, . . . , p̂M of the density p based on the sample

X
n. The problem that we study here is to construct a new estimator p̃n of p, called

aggregate, which is approximately at least as good as the best linear or convex combination
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of p̂1, . . . , p̂M , or simply the best of them. For any λ ∈ IRM , define the linear combination

pλ =

M∑

j=1

λj p̂j, λ = (λ1, . . . , λM ) .

The problems of linear, convex and model selection aggregation of density estimators under

the L2 loss can be stated as follows.

(1) Problem (L): linear aggregation. Find a linear aggregate, i.e., an estimator

p̃Ln which satisfies

(3.1) Rn(p̃Ln , p) ≤ inf
λ∈IRM

Rn(pλ, p) + ∆L

n,M ,

for every p belonging to a large class of densities P where ∆L

n,M is a sufficiently

small remainder term that does not depend on p.

(2) Problem (C): convex aggregation. Find a convex aggregate, i.e., an estimator

p̃Cn which satisfies

(3.2) Rn(p̃Cn , p) ≤ inf
λ∈H

Rn(pλ, p) + ∆C

n,M ,

for every p belonging to a large class of densities P, where ∆C

n,M is a sufficiently

small remainder term that does not depend on p, and H is a convex compact

subset of IRM . We will discuss in more detail the case H = ΛM where ΛM is a

simplex,

ΛM =
{
λ ∈ IRM : λj ≥ 0,

M∑

j=1

λj ≤ 1
}
.

(3) Problem (MS): model selection aggregation. Find a model selection aggre-

gate, i.e., an estimator p̃MS
n which satisfies

(3.3) Rn(p̃MS

n , p) ≤ min
1≤j≤M

Rn(p̂j, p) + ∆MS

n,M ,

for every p belonging to a large class of densities P, where ∆MS

n,M is a sufficiently

small remainder term that does not depend on p.

Our aim is to find aggregates satisfying (3.1), (3.2) or (3.3) with the smallest possible

remainder terms ∆L

n,M , ∆C

n,M and ∆MS

n,M . These remainder terms characterize the price to

pay for aggregation.

The study of convergence properties of aggregation methods has been initiated by Ne-

mirovski (2000); Catoni (1999, 2004) and Yang (2000). Most of the results were obtained

for the regression and Gaussian white noise models (see a recent overview in Bunea et al.,

2004). Aggregation of density estimators has received less attention. The work on this

subject is mainly devoted to model selection aggregation with the Kullback-Leibler diver-

gence as a loss function (Catoni, 1999, 2004; Yang, 2000; Zhang, 2006), and is based on

information-theoretical ideas close to the earlier papers of Barron (1987); Li and Barron

(1999). Devroye and Lugosi (2001) developed a method of MS aggregation of density

estimators satisfying certain complexity assumptions under the L1 loss.

To our knowledge, linear aggregation of density estimators has not been previously

studied. For convex aggregation, the only paper we are aware of is that of Birgé (2003)

where this type of aggregation under the L1 loss is considered, while we study here the L2

loss. In his setup, Birgé (2003) proves an inequality which is weaker than (3.2), with the

oracle risk on the right hand side multiplied by a constant which is much larger than 1.
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We do not only suggest aggregates satisfying sharp oracle inequalities (3.1), (3.2) and

(3.3) but also demonstrate their optimality. Namely, we introduce the notion of optimal

rate of aggregation and show that our aggregates attain optimal rates. This extends to

the density estimation context the results of the paper of Tsybakov (2003), where optimal

rates of aggregation for the regression model have been obtained.

The main purpose of aggregation is to improve upon the initial set of estimators

p̂1, . . . , p̂M . This is a general tool that applies to various kinds of estimators satisfying

very mild conditions (we may only assume that they are square integrable). Consider,

for example, the simplest case when we have only two estimators (M = 2), where p̂1 is

a good parametric density estimator for some fixed regular parametric family and p̂2 is a

nonparametric density estimator. If the underlying density p belongs to the parametric

family, p̂1 is perfect: its risk converges with the parametric rate O(1/n). But for densities

which are not in this family it may not converge at all. As for p̂2, it converges with a

slow nonparametric rate even if the underlying density is within the parametric family.

Aggregation allows one to construct procedures that combine the advantages of both p̂1 and

p̂2: the aggregates converge with the parametric rate O(1/n) if p is within the parametric

family, and with a nonparametric rate otherwise.

In this chapter, we deal with a “pure aggregation” framework as in most of the papers

on the subject (cf., e.g., Nemirovski, 2000; Juditsky and Nemirovski, 2000; Tsybakov,

2003, for the regression problem), where the preliminary estimators are constructed from

a frozen sample. This means that instead of the estimators p̂1, . . . , p̂M we have fixed

functions p1, . . . , pM . For more details about choosing the sample, see Chapter 5.

This chapter is organized as follows. In section 2, we prove oracle inequalities for the

three problems of aggregation described above and the remainder terms of these inequal-

ities are proved to be optimal in Section 3. Throughout the paper we denote by ci finite

positive constants.

2. Oracle inequalities

In this section, p1, . . . , pM are fixed functions in L2(IR
d), not necessarily probability

densities. From now on the notation pλ for a vector λ = (λ1, . . . , λM ) ∈ IRM is understood

in the following sense:

pλ ,

M∑

j=1

λjpj,

and, since for any fixed λ ∈ IRM , the function pλ is non-random, we have

Rn(pλ, p) = ‖pλ − p‖2.
Denote by P0 the class of all densities on IRd bounded by the constant L > 0:

P0 ,

{
p : IRd → IR : p ≥ 0,

∫

IRd

p(x)dx = 1, ‖p‖∞ ≤ L
}
,

where ‖ · ‖∞ stands for the L∞(IRd) norm. For any L0 > 0, define

F∞(L0) =
{
f : IRd → IR : ‖f‖∞ ≤ L0

}
,

the set of function f : IRd → IR that are uniformly bounded by L0. We will see that

optimal rates of convex aggregation differ whether we aggregate functions in L2(IR
d) or in

F∞(L0).
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2.1. Linear aggregation. Denote by L the linear span of p1, . . . , pM . Let φ1, . . . , φM ′

with M ′ ≤M , be an orthonormal basis of L in L2(IR
d). Define a linear aggregate

(3.4) p̃Ln(x) =
M ′∑

j=1

λ̂L

j φj(x), x ∈ IRd,

where

λ̂L

j =
1

n

n∑

i=1

φj(Xi).

Theorem 3.1. Assume that p1, . . . , pM ∈ L2(IR
d) and p ∈ P0. Then

(3.5) Rn(p̃Ln , p) ≤ min
λ∈IRM

‖pλ − p‖2 +
LM

n
,

for any integers M ≥ 2 and n ≥ 1.

Proof. Consider the projection of p onto L:

p∗L = argmin
pλ∈L

‖pλ − p‖2 =
M ′∑

j=1

λ∗jφj ,

where λ∗j = (p, φj), and (·, ·) is the scalar product in L2(IR
d). Using the Pythagorean

theorem we get that, almost surely,

‖p̃Ln − p‖2 =

M ′∑

j=1

(λ̂L

j − λ∗j)2 + ‖p∗L − p‖2.

To finish the proof it suffices to take expectations in the last equation and to note that

En
p (λ̂L

j ) = λ∗j . It yields

En
p

[
(λ̂L

j − λ∗j)2
]

= Var(λ̂L

j ) ≤ 1

n

∫

IRd

φ2
j (x)p(x)dx ≤

L

n
.

2.2. Convex aggregation. The aim of convex aggregation is to mimic the convex

oracle defined as λ∗ = argminλ∈H ‖pλ − p‖2 where H is a given convex compact subset of

IRM . Clearly,

‖pλ − p‖2 = ‖pλ‖2 − 2

∫

IRd

pλp+ ‖p‖2.

Removing here the term ‖p‖2 independent of λ and estimating
∫
IRd pjp by n−1

∑n
i=1 pj(Xi)

we get the following estimate of the oracle

(3.6) λ̂C = argmin
λ∈H

{
‖pλ‖2 −

2

n

n∑

i=1

pλ(Xi)

}
.

Now, we define a convex aggregate p̃Cn by

p̃Cn =
M∑

j=1

λ̂C

j pj = pλ̂C .

The following theorem contains two results. It first states that, for any functions p1, . . . , pM

in L2(IR
d), the convex aggregate p̃Cn satisfies an oracle inequality similar to (3.2) with a

remainder term of the order M/n. Moreover, if pj ∈ F∞(L0), j = 1, . . . ,M , the remainder



2. ORACLE INEQUALITIES 47

term in the oracle inequality can be of the order
√

log(M)/n which is smaller than M/n

when M is relatively large compared to n.

Theorem 3.2. Fix two integers M ≥ 2, n ≥ 1 and let H be a convex compact subset of

IRM . Consider the functions p1, . . . , pM ∈ L2(IR
d) and p ∈ P0. Then the convex aggregate

p̃Cn satisfies

(3.7) Rn(p̃Cn , p) ≤ min
λ∈H
‖pλ − p‖2 +

4LM

n
.

Moreover, if pj ∈ F∞(L0), j = 1, . . . ,M , when H = ΛM , the convex aggregate p̃Cn satisfies

(3.8) Rn(p̃Cn , p) ≤ min
λ∈ΛM

‖pλ − p‖2 + 16L0

√
2e

√
logM

n
.

Proof. We will write for brevity λ̂ = λ̂C. First note that the mapping λ 7→ ‖pλ‖2 −
2
n

∑n
i=1 pλ(Xi) is continuous, thus λ̂ exists, and the oracle λ∗ = argminλ∈ H ‖pλ− p‖2 also

exists.

Proof of (3.7). The definition of λ̂ implies that, for any p ∈ P0,

(3.9) ‖pλ̂ − p‖2 ≤ ‖pλ∗ − p‖2 + 2Tn

where

Tn =
1

n

n∑

i=1

pλ̂−λ∗(Xi)−
∫

IRd

pλ̂−λ∗p.

Introduce the notation

Zn = sup
µ∈IRM : ‖pµ‖6=0

∣∣ 1
n

∑n
i=1 pµ(Xi)− En

p [pµ(X1)]
∣∣

‖pµ‖
.

Using the Cauchy-Schwarz inequality, the identity pλ̂−λ∗ = pλ̂ − pλ∗ and the elementary

inequality 2
√
xy ≤ ax+ y/a, ∀x, y, a > 0, we get

En
p |Tn| ≤ En

p

(
Zn‖pλ̂−λ∗‖

)

≤
√
En

p (Z2
n)
√
En

p (‖pλ̂−λ∗‖2)

≤ a

2
En

p (‖pλ̂ − pλ∗‖2) +
1

2a
En

p (Z2
n), ∀ a > 0.(3.10)

Representing pµ in the form pµ =
∑M ′

l=1 νlφl where νl ∈ IR and {φl} is an orthonormal

basis in L (cf. proof of Theorem 3.1) we find

Zn ≤ sup
ν∈IRM\{0}

|∑M ′
l=1 νlζl|
|ν| =

( M ′∑

l=1

ζ2
l

)1/2
,

where |ν| =
(∑M ′

l=1 ν
2
l

)1/2
and

ζl =
1

n

n∑

i=1

φl(Xi)− En
p [φl(X1)].

Hence

(3.11) En
p (Z2

n) ≤ M ′

n
max

l=1,...,M ′
En

p [φ2
l (X1)] ≤

LM

n
,
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whenever ‖p‖∞ ≤ L. Since {pλ : λ ∈ H} is a convex subset of L2(IR
d) and pλ∗ is the

projection of p onto this set, we have

(3.12) ‖pλ − p‖2 ≥ ‖pλ∗ − p‖2 + ‖pλ − pλ∗‖2, ∀ λ ∈ H, p ∈ L2(IR
d).

Using (3.12) with λ = λ̂, (3.10) and (3.11) we obtain

En
p |Tn| ≤

a

2

{
En

p (‖pλ̂ − p‖2 − ‖pλ∗ − p‖2)
}

+
LM

2an
.

This and (3.9) yield that, for any 0 < a < 1,

En
p (‖pλ̂ − p‖2) ≤ ‖pλ∗ − p‖2 +

LM

a(1− a)n .

Now, (3.7) follows by taking the infimum of the right hand side of this inequality over

0 < a < 1.

Proof of (3.8). We essentially follow the proof of Juditsky and Nemirovski (2000,

Theorem 2.1). For any p ∈ P0, we can rewrite (3.9) as

(3.13) ‖pλ̂ − p‖2 ≤ ‖pλ∗ − p‖2 +
2

n

n∑

i=1

(λ̂− λ∗)⊤ζi

where for i = 1, . . . , n, the vector ζi ∈ IRM has coordinates ζ
(j)
i = pj(Xi) − Ep

[
pj(X1)

]
.

By Hölder’s inequality,

(3.14)
2

n

n∑

i=1

(λ̂− λ∗)⊤ζi ≤
4

n
max

1≤j≤M

∣∣∣∣
n∑

i=1

ζ
(j)
i

∣∣∣∣ ,

where we used the fact that
∑M

j=1 |λ̂j − λ∗j | ≤ 2, since λ̂, λ∗ ∈ ΛM . For q = 2 logM and

z ∈ IRM define the function W : IRM → IR,

W (z) =
1

2
‖z‖2q ,

where for any z = (z(1), . . . , z(M)) ∈ IRM ,

‖z‖q =
( M∑

j=1

|z(j)|q
)1/q

and

‖z‖∞ = max
1≤j≤M

|z(j)| .
By virtue of Lemma A.7, we have

(3.15) W
( k+1∑

i=1

ζi

)
≤W

( k∑

i=1

ζi

)
+ (ζk+1)

⊤∇W
( k∑

i=1

ζi

)
+ 4e logM‖ζk+1‖2∞ .

Since

En
p ‖ζk+1‖2∞ ≤ 4L2

0 , k = 0, . . . , n− 1 ,

taking expectations in (3.15) yields

En
pW

( k+1∑

i=1

ζi

)
≤ En

pW
( k∑

i=1

ζi

)
+ 16eL2

0 logM .

It follows that

En
pW

( n∑

i=1

ζi

)
≤ 16neL2

0 logM .
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Since W (z) ≥ ‖z‖2∞/2, we eventually obtain

En
p

∥∥∥
n∑

i=1

ζi

∥∥∥
∞
≤ 4L0

√
2ne logM .

This inequality, combined with (3.13) and (3.14) gives the desired upper bound.

2.3. Model selection aggregation. Let E = {e1, . . . , eM} be the set of the ver-

tices of the simplex ΛM . Here, ej is the jth coordinate unit vector in IRM : ej =

(0, . . . , 0, 1, 0, . . . , 0) ∈ IRM , where 1 appears in jth position.

To define a model selection aggregate, we use a result from Chapter 2. For any x ∈
IRd, θ ∈ ΛM , define the loss function

Q(x, θ) = θ⊤Gθ − 2θ⊤H(x) ,

where H(x) =
(
p1(x), . . . , pM (x)

)⊤
and G is an M ×M positive semi-definite matrix with

elements Gjk =
∫
IRd pj(x)pk(x)dx. Assume that G has its largest eigenvalue bounded from

above by a constant L∗ > 0.

We define the model selection aggregate p̃MS
n by

p̃MS

n =

M∑

j=1

λ̂MS

j pj = pλ̂MS ,

where λ̂MS is the vector of weights output by the Algorithm lma, defined in Chapter 2,

Section 2 with β ≥ 12max(L,L∗).

Theorem 3.3. Assume that p1, . . . , pM ∈ F∞(L) are such that the scalar product matrix

G with elements Gjk =
∫
pjpk has its largest eigenvalue bounded from above by a constant

L∗ > 0 and p ∈ P0. Then the MS aggregate p̃MS
n satisfies

(3.16) Rn(p̃MS

n , p) ≤ min
1≤j≤M

‖pj − p‖2 +
β logM

n
,

for any β ≥ 12max(L,L∗).

Proof. See Corollary 2.7.

Remark that the condition on the largest eigenvalue of G is satisfied if

Gj,k =

∫

IRd

pj(x)pk(x)dx ≤ L∗, ∀ 1 ≤ j, k ≤M .

A sufficient but not necessary condition for this condition to hold with L = L∗ is that the

pj’s are probability densities in P0.

3. Lower bounds and optimal aggregation

We first recall the notion of optimal rate of aggregation for density estimation, similar

to that for the regression problem given in Tsybakov (2003). It is related to the minimax

behavior of the excess risk

Rn(p̃n, p)− inf
λ∈H
‖pλ − p‖2 ,

for a given class Θ of weights λ.
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Definition 3.1. Let Θ ⊆ IRM be a given class of weights, P be a given class of

probability densities on IRd and let F be a subset of L2(IR
d) . A sequence of positive

numbers ψn(M) is called optimal rate of aggregation for (Θ,P,F) if

• for any functions pj ∈ F , j = 1, . . . ,M, there exists an estimator p̃n of p (aggre-

gate) such that

(3.17) sup
p∈P

[
Rn(p̃n, p)− inf

λ∈Θ
‖pλ − p‖2

]
≤ Cψn(M),

for any integer n ≥ 1 and for some constant C <∞ independent of M and n,

and

• there exist functions pj ∈ F , j = 1, . . . ,M, such that for all estimators Tn of p,

we have

(3.18) sup
p∈P

[
Rn(Tn, p)− inf

λ∈Θ
‖pλ − p‖2

]
≥ cψn(M),

for any integer n ≥ 1 and for some constant c > 0 independent of M and n.

When (3.18) holds, an aggregate p̃n satisfying (3.17) is called rate optimal aggregate

for (Θ,P,F).

Note that this definition applies to aggregation of any functions pj in F ⊂ L2(IR
d), in

particular, they are not necessarily supposed to be probability densities.

Remark 3.1. For P = P0 there is a natural limitation on the value cψn(M) on the

right hand side of (3.18), whatever is Θ. In fact, we have

inf
Tn

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈Θ
‖pλ − p‖2

]
≤ inf

Tn

sup
p∈P0

Rn(Tn, p) ≤ sup
p∈P0

Rn(0, p)

= sup
p∈P0

‖p‖2

≤ L.
Therefore, we must have cψn(M) ≤ L where c is the constant in (3.18).

3.1. Optimal rate of linear aggregation. We are going to prove (3.18) with

ψn(M) = LM/n, P = P0, F = L2(IR
d) and Θ = IRM . For ψn(M) = LM/n, in view

of Remark 3.1, only the values M such that M ≤ c0n are allowed, where c0 > 0 is a

constant. The upper bounds of Theorems 3.1 and 3.2 are too rough (non-optimal) when

M = Mn depends on n and the condition M ≤ c0n is not satisfied. In the sequel, we will

apply those theorems with M = Mn depending on n and satisfying Mn/n→ 0, as n→∞,

so that the condition M ≤ c0n will obviously hold with any finite c0 for n large enough.

Theorem 3.4. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0n where c0 is a

positive constant. Then there exist probability densities pj ∈ L2(IR
d), j = 1, . . . ,M, such

that for all estimators Tn of p we have

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈IRM
‖pλ − p‖2

]
≥ cLM

n
,

where c > 0 is a constant that depends only on c0.

Proof. We are going to apply Lemma A.3.Set r = M − 1 ≥ 1 and fix 0 < a ≤ 1.

Consider the function g̃ defined for any t ∈ IR by

g̃(t) =
aL

2
1I[0, 1

Lr ]
(t)− aL

2
1I( 1

Lr
, 2
Lr )

(t),



3. LOWER BOUNDS AND OPTIMAL AGGREGATION 51

where 1IA(·) denotes the indicator function of a set A. Let {g̃j}rj=1 be the family of

functions defined by g̃j(t) = g̃(t − 2(j − 1)/Lr), 1 ≤ j ≤ r. Define also the density

f̃(t) = (L/2)1I[0,2/L](t), t ∈ IR. For x = (x1, . . . , xd) ∈ IRd consider the functions

f(x) = f̃(x1)
d∏

k=2

1I[0,1](xk) gj(x) = g̃j(x1)
d∏

k=2

1I[0,1](xk), j = 1, . . . , r .

Define the probability densities pj by p1 = f , pj+1 = f + gj, j = 1, . . . ,M − 1.

Consider now the set of functions

Q = {qδ : qδ = f +

r∑

j=1

δjgj , δ = (δ1, . . . , δr) ∈ {0, 1}r} .

Clearly, for any δ ∈ {0, 1}r , qδ satisfies
∫
IRd qδ(x)dx = 1, qδ ≥ 0 and ‖qδ‖∞ ≤ L. Therefore

Q ⊂ P0. Also, Q ⊂ {pλ, λ ∈ IRM}. Thus,

inf
Tn

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈IRM
‖pλ − p‖2

]
≥ inf

Tn

sup
p∈Q

Rn(Tn, p) .

To prove that infTn supp∈QRn(Tn, p) ≥ cLM/n we check conditions (A.1) of Lemma A.3.

The first condition in (A.1) is obviously satisfied since

‖gj‖2 =

∫ 2
Lr

0
g̃2(t)dt =

a2L

2r
, j = 1, . . . , r.

To check the second condition in (A.1), note that for j = 1, . . . , r we have

h2(f, f + gj) =
1

2

∫ 2
Lr

0

(√
L/2−

√
L/2 + g̃(t)

)2
dt

=
L

4

∫ 2
Lr

0

(
1−

√
1 + (2/L)g̃(t)

)2
dt

=
L

4

[
4

Lr
− 2

∫ 2
Lr

0

√
1 + (2/L)g̃(t)dt

]

=
1

r
− 1

2r

(√
1 + a+

√
1− a

)
≤ a2

2r
,

where we used the fact that
√

1 + a +
√

1− a ≥ 2 − a2 for |a| ≤ 1. Define now c̃0 =

max(c0, 3) and choose a2 = M/(c̃0n) ≤ 1. Then a2/(2r) ≤ (c̃0n)−1 for M ≥ 2. Applying

Lemma A.3 with β = (c̃0n)−1 and α =
ML

2c̃0nr
we get

inf
Tn

sup
p∈C

Rn(Tn, p) ≥
1

8c̃0

(
1−

√
2

c̃0

)
LM

n
.

Theorems 3.1 and 3.4 imply the following result.

Corollary 3.1. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0n where

c0 is a positive constant. Then ψn(M) = LM/n is an optimal rate of aggregation for

(IRM ,P0, L2(IR
d)), and p̃Ln defined in (3.4) is a rate optimal aggregate for (IRM ,P0, L2(IR

d)).

3.2. Optimal rates of convex aggregation. We analyze here only the case Θ =

ΛM . Other examples of convex sets Θ can be treated similarly.

We begin by the case F = L2(IR
d).
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Theorem 3.5. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0n. Then there

exist functions pj ∈ L2(IR
d), j = 1, . . . ,M, such that for all estimators Tn of p we have

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈ΛM
‖pλ − p‖2

]
≥ c1

LM

n
,

where c1 > 0 is a constant that depends only on c0.

Proof. Consider the same family of densities Q as defined in the proof of Theo-

rem 3.4. We may rewrite it in the form Q = {qδ : qδ = λ1Mf +
∑r

j=1 λj+1Mδjgj, δ =

(δ1, . . . , δr) ∈ {0, 1}r} where λj = 1/M , j = 1, . . .M . Define now p1 = Mf , pj+1 =

M(f + gj), j = 1, . . . ,M − 1. Since
∑M

j=1 λj = 1 we have Q ⊂
{
pλ, λ ∈ ΛM

}
. The rest of

the proof is identical to that of Theorem 3.4.

Remark that the functions pj in the proof of Theorem 3.5 are not bounded. A similar

result exists when F = F∞(L0). In that case ψn(M) = L0

√
log(M)/n and from Re-

mark 3.1, only the values of M such that M ≤ c0e
n make sense, where c0 is a positive

constant depending only on L and L0.

Theorem 3.6. Let the integers M ≥ 8 and n ≥ 1 be such that M ≤ c0e
n. Then there

exist functions pj ∈ F∞(L0), j = 1, . . . ,M, such that for all estimators Tn of p we have

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈ΛM
‖pλ − p‖2

]
≥





c2L̃

√
1

n
log
(M√

n
+ 1
)

if M ≥ √n

c′2L̃
M

n
if M <

√
n

where L̃ = min(L,L0) and c2, c
′
2 are positive absolute constants. Moreover, if M ≥ n

1+α
2

for some fixed α > 0, the lower bound becomes

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈ΛM
‖pλ − p‖2

]
≥ c3L̃

√
log(M)

n
,

where c3 > 0 depends only on α > 0.

Proof. We are going to apply Lemma A.4. It amounts to finding a collection of

probability densities on IRd that are (i) far from each other for the L2 distance and (ii)

close to each other for the Kullback-Leibler divergence defined in the appendix. For

x = (x1, . . . , xd) ∈ IRd, and a tuning parameter 0 < γ < 1, set

p1(x) = L̃1I[
0, 2

L̃

](x1)

d∏

k=2

1I[0,1](xk)

and

pj(x) =
γL̃

2
hj(x1L̃/2)

d∏

k=2

1I[0,1](xk), j = 2, . . . ,M,

where

hj(t) = cos(4πjt)
(
1I[0,1/2](t)− 1I[1/2,1](t)

)
, t ∈ [0, 1] .

The hj are orthogonal in L2([0, 1]
d).

Consider first the case M ≥ √n and define an integer

(3.19) m = 2

⌈
c4

[
n/ log

( M√
n

+ 1
)]1/2

⌉
+ 1 ≥ 3 ,
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for a constant c4 > 0 chosen in such a way that M ≥ 3(m − 1), where ⌈·⌉ is the ceiling

function. Define the set

Ω1 =
{
ω = (ω2, . . . , ωM ) ∈ {0, 1}M−1,

M∑

j=2

ωj = m− 1
}
,

and consider the family of densities, C1 = {qω, ω ∈ Ω1}, where

qω =
1

2
p1 +

1

2(m− 1)

M∑

j=2

ωjpj .

Clearly, C1 ⊂ P0 and minλ∈ΛM ‖pλ − p‖2 = 0 for any p ∈ C1. We now bound from below

the supremum supp∈C1
R(Tn, p) uniformly over all estimators Tn. Let Ω′

1 be a subset of

Ω1 extracted using Lemma A.2 to which the point (0, . . . , 0) ∈ {0, 1}M−1 has been added.

Consider the subset C′1 = {qω, ω ∈ Ω′
1} of C1. There exist positive constants c5 and c6 such

that

log(card(C′1)) ≥ c5
m− 1

2
log

(
2M

m− 1
+ 1

)
≥ c6

n

m− 1
,

where we used equation (3.19) for the definition of m. Moreover, for any two ω1, ω2 ∈ Ω′
1,

‖qω1 − qω2‖2 =
γ2L̃

8(m− 1)2
ρ(ω1, ω2) ≥ c7

L̃

m− 1
,

for a constant c7 > 0 and where ρ(·, ·) is the Hamming distance. Using the definition of

the Kullback-Leibler divergence K(·, ·) given in Appendix, we obtain for any ω ∈ Ω′
1,

K(q0, qω) = −
∫ 1

0
log

(
1 +

γ

2(m− 1)

M∑

j=2

ωjhj(x)

)
dx

= −
∫ 1

0
log

(
1− γ2

4(m− 1)2
( M∑

j=2

ωj cos(4πjx)
)2
)

dx

≤ c8γ
2

(m− 1)2

∫ 1

0

( M∑

j=2

ωj cos(4πjx)

)2

dx

≤ c9γ
2

(m− 1)
≤ log(card(C′1))

16n
,

for γ < 1 such that γ2 ≤ c6/(16c9). Thus, in virtue of Lemma A.4, we get,

inf
Tn

sup
p∈C′

1

Rn(Tn, p) ≥ c10L̃

√
log( M√

n
+ 1)

n
.

Consider now the case M ≤ √n. Define the family of densities, C2 =
{
qω, ω ∈

{0, 1}M−1
}
, where

qω =
1

2
p1 +

1

2
√
n

M∑

j=2

ωjpj .

Clearly, C2 ⊂ P0 and since M ≤ √n, C2 ⊂ {pλ : λ ∈ ΛM}. Therefore, we have

minλ∈ΛM ‖pλ − p‖2 = 0 for any p ∈ C2. We now bound from below the supremum

supp∈C2
R(Tn, p) uniformly over all estimators Tn. Let Ω′

2 be a subset of {0, 1}M−1 ex-

tracted using Lemma A.1 and such that (0, . . . , 0) ∈ Ω′′. Consider the subset C′2 = {qω, ω ∈
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Ω′
2} of C2. It holds

log(card(C′2)) ≥
(M − 1) log 2

8
.

Moreover, for any two ω1, ω2 ∈ Ω′
2,

‖qω1 − qω2‖2 =
γ2L̃

8n
ρ(ω1, ω2) ≥ c11

L̃M

n
,

for a constant c11 > 0. For any ω ∈ Ω′
2, we have

K(q0, qω) = −
∫ 1

0
log

(
1 +

γ

2
√
n

M∑

j=2

ωjhj(x)

)
dx

= −
∫ 1

0
log

(
1− γ2

4n

( M∑

j=2

ωj cos(4πjx)
)2
)

dx

≤ c12γ
2

n

∫ 1

0

( M∑

j=2

ωj cos(4πjx)

)2

dx

≤ c13γ
2(M − 1)

n
≤ log(card(C′2))

16n
,

for γ < 1 such that γ2 ≤ log 2/(8c13). Thus, in virtue of Lemma A.4, we get,

inf
Tn

sup
p∈C′

2

Rn(Tn, p) ≥ c14
L̃M

n
.

We have proved the first assertion of the theorem. The second assertion follow immediately.

When F = L2(IR
d), Theorems 3.2 and 3.5 imply the following result.

Corollary 3.2. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0n. Then

ψn(M) = LM/n is an optimal rate of aggregation for (ΛM ,P0, L2(IR
d)), and p̃Cn is a rate

optimal aggregate for (ΛM ,P0, L2(IR
d)).

When F = F∞(L0), Theorems 3.2, 3.5 and 3.6 imply the following result.

Corollary 3.3. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0en. Then when

M ≥ n
1+α

2 for some fixed α > 0, ψn(M) =
√

log(M)/n is an optimal rate of aggregation

for (ΛM ,P0,F∞(L0)), and p̃Cn is a rate optimal aggregate for (ΛM ,P0,F∞(L0)). When

M ≤ √n, ψn(M) = M/n is an optimal rate of aggregation for (ΛM ,P0,F∞(L0)), and p̃Cn
is a rate optimal aggregate for (ΛM ,P0,F∞(L0)).

3.3. Optimal rates of model selection aggregation. We only consider the case

F = F∞(L). The proof of Theorem 3.4 can be easily adapted to obtain the following lower

bound.

Theorem 3.7. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0e
n. Then there

exist functions pj ∈ F∞(L), j = 1, . . . ,M, such that for all estimators Tn of p we have

sup
p∈P0

[
Rn(Tn, p)− min

1≤j≤M
‖pj − p‖2

]
≥ c15L

logM

n
,

where c15 > 0 is a constant that depends only on c0.
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Proof. We follow the same proof as for Theorem 3.4. Assume for simplicity that

there exists r ≥ 1 such that M = 2r and fix 0 < a ≤ 1. Consider the function g̃ defined

for any t ∈ IR by

g̃(t) =
aL

2
1I[0, 1

Lr ]
(t)− aL

2
1I( 1

Lr
, 2
Lr )

(t),

where 1IA(·) denotes the indicator function of a set A. Let {g̃j}rj=1 be the family of

functions defined by g̃j(t) = g̃(t − 2(j − 1)/Lr), 1 ≤ j ≤ r. Define also the density

f̃(t) = (L/2)1I[0,2/L](t), t ∈ IR. For x = (x1, . . . , xd) ∈ IRd consider the functions

f(x) = f̃(x1)

d∏

k=2

1I[0,1](xk) gj(x) = g̃j(x1)

d∏

k=2

1I[0,1](xk), j = 1, . . . , r .

Consider now the set of functions

Q = {qδ : qδ = f +

r∑

j=1

δjgj , δ = (δ1, . . . , δr) ∈ {0, 1}r} .

Clearly, for any δ ∈ {0, 1}r , qδ satisfies
∫
IRd qδ(x)dx = 1, qδ ≥ 0 and ‖qδ‖∞ ≤ L. Therefore

Q ⊂ P0. Define the probability densities pj by pj = qδ(j−1), j = 1, . . . , 2r, where δ(j)

denotes the binary decomposition of j. Since M = 2r, we have Q = {p1, . . . , pM}. Thus,

inf
Tn

sup
p∈P0

[
Rn(Tn, p)− inf

λ∈IRM
‖pλ − p‖2

]
≥ inf

Tn

sup
p∈Q

Rn(Tn, p) .

To prove a lower bound for infTn supp∈QRn(Tn, p) we check conditions (A.1) of Lemma A.3.

The first condition in (A.1) is obviously satisfied since

‖gj‖2 =

∫ 2
Lr

0
g̃2(t)dt =

a2L

2r
, j = 1, . . . , r.

To check the second condition in (A.1), note that for j = 1, . . . , r we have

h2(f, f + gj) =
1

2

∫ 2
Lr

0

(√
L/2−

√
L/2 + g̃(t)

)2
dt

=
L

4

∫ 2
Lr

0

(
1−

√
1 + (2/L)g̃(t)

)2
dt

=
L

4

[
4

Lr
− 2

∫ 2
Lr

0

√
1 + (2/L)g̃(t)dt

]

=
1

r
− 1

2r

(√
1 + a+

√
1− a

)
≤ a2

2r
.

Define now c̃0 = max(c0 log 2, 3) and choose a2 = r/(c̃0n) ≤ 1. Then a2/(2r) ≤ (c̃0n)−1

for M ≥ 2. Applying Lemma A.3 with β = (c̃0n)−1 and α =
L

2c̃0
we get

inf
Tn

sup
p∈C

Rn(Tn, p) ≥
1

8c̃0 log 2

(
1−

√
2

c̃0

)
L logM

n
= c15

L logM

n
.

When F = F∞(L), Theorems 3.3 and 3.7 imply the following result.

Corollary 3.4. Let the integers M ≥ 2 and n ≥ 1 be such that M ≤ c0e
n. Then

ψn(M) = L(logM)/n is an optimal rate of aggregation for (E ,P0,F∞(L)), and p̃MS
n is a

rate optimal aggregate for (E ,P0,F∞(L)).
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4. Conclusion

We now summarize and comment the results obtained in this chapter.

(1) Problem (L): linear aggregation. The optimal rate of aggregation for

(IRM ,P0, L2(IR
d)) and for (IRM ,P0,F∞(L0)) is the same and is given by

ψL

n (M) =
LM

n
.

(2) Problem (C): convex aggregation. The optimal rate of aggregation for

(ΛM ,P0, L2(IR
d)) is given by

ψC,L2(IRd)
n (M) =

LM

n
,

and the optimal rate of aggregation for (ΛM ,P0,F∞(L0)) is given by

(3.20) ψC,F∞(L0)
n (M) =

{
M
n if M ≤ √n ,√

log M
n if M ≥ n(1+α)/2, α > 0.

(3) Problem (MS): model selection aggregation. The optimal rate of aggrega-

tion for (E ,P0,F∞(L)) is given by

ψMS

n (M) =
L logM

n
.

Remark that in the case of convex aggregation there is a gap between the range M ≤√
n and M ≥ n

1+α
2 for some α > 0. In fact the optimal rate of convex aggregation for

(ΛM ,P0,F∞(L0)) is given by √
1

n
log
(M√

n
+ 1
)
,

when M ≥ √n. However, it cannot be attained by the procedure described here. To

overcome this problem, a solution consists in using concentrated aggregation as in Juditsky

and Nemirovski (2000) and implicitly in Tsybakov (2003).
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CHAPTER 4

Sharp minimax estimation of a probability density

We consider the problem of estimation of a probability density with respect to the

mean integrated squared error (MISE). For a Sobolev class of densities with non integer

smoothness parameter β > 1/2, we evaluate the minimax rate of convergence, the exact

constant and provide an asymptotically exact estimator.
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The results of this chapter belong to Golubev (1991, 1992) who stated them essentially

without proofs. Since some details of the proofs are not straightforward, we give them for

completeness.

1. Introduction

We study the problem of estimating a density in L2(IR
d), with usually d = 1 except

when generalization to greater d is straightforward. Consider independent and identically

distributed random vectors X1, . . . ,Xn with values in IRd having an unknown common

probability density p ∈ L2(IR
d) that we want to estimate. For an estimator p̂ of p based

on the sample X
n = (X1, . . . ,Xn), define the mean integrated squared error by

Rn(p̂, p) = En
p ‖p̂− p‖2,

where En
p denotes the expectation with respect to the distribution Pn

p of X
n and, for a

function g ∈ L2(IR
d),

‖g‖ =

(∫

IRd

g2(x)dx

)1/2

.

For any function h ∈ L2(IR
d), let F [h] be its Fourier transform defined by F [h](ω) =∫

IRd eiω⊤xh(x)dx, ω ∈ IRd (the integral is understood in the limit in mean sense). For any

β > 0, Q > 0 and any integer d ≥ 1 define the Sobolev classes of densities on IRd by

Θ(β,Q) =

{
p : IRd → IR

∣∣∣ p ≥ 0,

∫

IRd

p(x)dx = 1,

∫

IRd

‖t‖2β
d |ϕ(t)|2dt ≤ Q

}
,

where ‖ · ‖d denotes the Euclidean norm in IRd and ϕ = F [p] is the characteristic function

of X1. We now recall the definition of a sharp minimax estimator.
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Definition 4.1. The estimator p̂n of the density p is called sharp minimax (or asymp-

totically exact) on a class of densities P if it satisfies

(4.1) sup
p∈P

[
ψ−1

n Rn(p̂n, p)
]

= inf
Tn

sup
p∈P

[
ψ−1

n Rn(Tn, p)
]
(1 + o (1)) , n→∞,

where the infimum is taken over all possible estimators of p and ψn is the minimax rate

of convergence over the class of densities P, i.e.,

(4.2) c ≤ lim inf
n→∞

inf
Tn

sup
p∈P

[
ψ−1

n Rn(Tn, p)
]
≤ lim sup

n→∞
inf
Tn

sup
p∈P

[
ψ−1

n Rn(Tn, p)
]
≤ C,

for some finite positive constants c and C.

In what follows, we specify ψn that satisfies (4.2) and provide an estimator p̂n that

satisfies (4.1).

2. Minimax lower bound

We begin by giving minimax lower bounds in the case d = 1. Fix d ≥ 1, β > d/2, Q > 0

and define the constant

(4.3) C∗ =
[Q(2β + d)]

d
2β+d

d(2π)d

(
βSd

β + d

) 2β
2β+d

,

where Sd = 2πd/2/Γ(d/2) is the surface of a sphere of radius 1 in IRd and Γ(·) denotes the

Gamma function. For d = 1, the constant C∗ equals the Pinsker constant (Pinsker, 1980;

Tsybakov, 2004a, Chapter 3).

Theorem 4.1. Fix d = 1 and β > 1/2, Q > 0. Then

lim inf
n→∞

inf
Tn

sup
p∈Θ(β,Q)

[
n

2β
2β+1Rn(Tn, p)

]
≥ C∗ ,

where the infimum is taken over all estimators of p.

This result can be found in Golubev (1992) without proof. The first proof of The-

orem 4.1 should be attributed to Schipper (1996) who considered however, only integer

values of β. Dalelane (2005a) gives a proof of Theorem 4.1 which essentially follows that of

Schipper (1996). Efromovich (2000) proved another result on sharp minimax lower bounds

in the multivariate case extending the one-dimensional setting of Efrŏımovich and Pinsker

(1982). However, it cannot be applied to our setup in full generality since it treats the

densities with respect to a finite measure.

In this proof, we need a theorem by Golubev (1991) which uses local asymptotic nor-

mality (LAN). Even though theory has been clearly established in the parametric case

(see, e.g., Ibragimov and Khas′minskĭı, 1981), there exist several formulations of the LAN

property in a nonparametric framework. One of them, due to Ibragimov and Khas′minskĭı

(1991), is a direct generalization of the results of Ibragimov and Khas′minskĭı (1981).

Le Cam (1986) has a different approach to define the same property. Golubev (1991)

gives a definition of LAN which is a particular case of the one given by Ibragimov and

Khas′minskĭı (1991). Before giving the definition of the LAN property, we describe the

framework of Golubev (1991). Let
{
IRn,B(IRn), Pn

p , p ∈ Θ
}
, Θ ⊂ L2(IR), be the statisti-

cal experiment of estimating the density p ∈ Θ from the observations X
n = (X1, . . . ,Xn).

Here the number of observations n is a large parameter (n→∞). For an estimator p̂n of
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p, define its risk by

Rn

(
p∗n, Br(p0)

)
= sup

p∈Br(p0)
Rn(p∗n, p) = sup

p∈Br(p0)
En

p

∫

IR

(
p(t)− p∗n(t)

)2
dt ,

where En
p is the expectation corresponding to the measure Pn

p , and {Br(p0), r > 0} is a

family of neighborhoods of p0 in Θ shrinking to the singleton {p0}, p0 ∈ Θ, when r → 0.

Let P and Q be positive numbers such that P < Q and fix β > 1/2. Denote by ‖ · ‖∞ the

L∞- norm, i.e., ‖u‖∞ = supt∈IR |u(t)| and let K be a compact subset of IR. Consider then

the family of neighborhoods Br(p0) = Br(p0, β, P,K), where Br(p0, β, P,K) is the set of

all functions p in L2(IR) such that:

(1) p(t) = p0(t), t /∈ K,

(2)
∫

[p(t)− p0(t)]dt = 0,

(3) ‖p − p0‖∞ < r,

(4)
∫
|ω|2β |F [p](ω) −F [p0](ω)|2dω < P, β > 1/2, 0 < P < Q,

Moreover, let

D =

{
v ∈ C∞ (IR) , v(t) = 0, ∀ |t| > 1/2,

∫

IR
v(t)dt = 0

}
.

We can now state the definition of the LAN property. Let (gn)n be a non-increasing

sequence of positive numbers.

Definition 4.2. The family of probability measures
{
Pn

p , p ∈ Θ
}

obeys LAN with

normalization gn at the point (p0, s), p0 ∈ Θ, s ∈ IR, if there exists I(p0, s) > 0 such that

the following representation holds for any function v ∈ D:

(4.4)
dPn

p0+vn
s

dPn
p0

(Xn) = exp
(
Ln[v]− ‖v‖

2

2
+ Φn[v]

)
,

where

• vn
s is defined as follows

(4.5) vn
s (t) =

1

n(I(p0, s)gn)1/2
v

(
t− s
gn

)
,

• Ln is a linear functional on D such that Ln[v] converges weakly under Pn
p0

to a

Gaussian random variable with zero mean and variance ‖v‖2 when n→∞,

• Φn is a functional on D such that, for any R > 0 and δ > 0 ,

lim
n→∞

sup
‖v‖∞<R

Pn
p0
{|Φn[v]| > δ} = 0.

The main result of Golubev (1991), applied to our framework, is the following.

Lemma 4.1. Fix p0 ∈ Θ. Let K be a compact set in IR and gn = n−
1

2β+1 . Moreover,

let the following conditions hold:

(i) Br(p0) ⊂ Θ for sufficiently small r,

(ii) the family
{
Pn

p , p ∈ Θ
}

obeys LAN with normalization gn at point (p0, s), for all

s ∈ K,

(iii) s 7→ 1/I(p0, s) > 0 is a continuous function on K.

Then,

lim inf
r→0

lim inf
n→∞

inf
Tn

[
ngnRn

(
Tn, Br(p0)

)]
≥ ∆(β)

[∫

K

ds

I(p0, s)

] 2β
2β+1

,
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where the infimum is taken over all possible estimators of p and

∆(β) =
1

π

[
P (2β + 1)

2

] 1
2β+1

(
β

β + 1

) 2β
2β+1

.

In the sequel we will need the following simple lemma.

Lemma 4.2. If β > 1/2, then every density p ∈ Θ(β,Q) is continuous.

Proof is straightforward and is therefore omitted.

Proof of Theorem 4.1. We are going to apply Lemma 4.1. We first show that for

a proper choice of K, the family
{
Pn

p , p ∈ Θ(β,Q)
}

obeys LAN, i.e. we check (ii) of

Lemma 4.1. Let K1 be a compact set in IR with non empty interior and such that K1 ⊂
{p0(s) > 0} .

Lemma 4.3. Let p0 ∈ Θ(β,Q), β > 1/2, Q > 0. Then
{
IRn,B(IRn), Pn

p , p ∈ Θ(β,Q)
}
,

the statistical experiment of estimating the density p ∈ Θ(β,Q) from the observation X
n =

(X1, . . . ,Xn) obeys LAN at all points (p0, s) such that p0(s) > 0, s ∈ K1 , with I(p0, s) =

1/p0(s) and normalization gn = n−
1

2β+1 .

Proof. Fix s such that p0(s) > 0. With I(p0, s) = 1/p0(s) in (4.5), we have

vn
s (t) =

√
p0(s)

ngn
v

(
t− s
gn

)
.

Further, note that for the sample X
n with marginal density p0, we have almost surely

p0(Xj) > 0 for all j = 1, . . . , n. A Taylor expansion gives

dPn
p0+vn

s

dPn
p0

(Xn) =

n∏

j=1

(
1 +

√
p0(s)

p0(Xj)
√
ngn

v

(
Xj − s
gn

))

= exp

[
1√
ngn

n∑

j=1

√
p0(s)

p0(Xj)
v

(
Xj − s
gn

)
− 1

2ngn

n∑

j=1

p0(s)

p2
0(Xj)

v2

(
Xj − s
gn

)
+ rn

]
,

where

rn =
n∑

j=1

∫ bn,j

0

(bn,j − t)3
3(1 + t)3

dt ,

with

bn,j =

√
p0(s)

p0(Xj)
√
ngn

v

(
Xj − s
gn

)
, j = 1, . . . , n .

To prove (4.4), it is sufficient to show that for any function v ∈ D, we have the following

properties:

(4.6) Sn =
1√
ngn

n∑

j=1

√
p0(s)

p0(Xj)
v

(
Xj − s
gn

)
L−−−→

n→∞
N
(
0, ‖v‖2

)
,

and for any R > 0, δ > 0, we have

(4.7) sup
‖v‖∞<R

Pn
p0





∣∣∣∣∣∣
‖v‖2

2
− 1

2ngn

n∑

j=1

p0(s)

p2
0(Xj)

v2

(
Xj − s
gn

)
+ rn

∣∣∣∣∣∣
> δ



 −−−→n→∞

0.
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Proof of (4.6). First, note that if p0(s) > 0, when gn = n
− 1

2β+1 , for sufficiently large

n, p0(s+ ugn) > 0 for any fixed u ∈ IR, by continuity of p0 (cf. Lemma 4.2). Set then

Yj =
1√
gn

√
p0(s)

p0(Xj)
v

(
Xj − s
gn

)(
p0(s)

∫
v2(u)

p0(s+ ugn)
du

)−1/2(∫
v2(u)du

)1/2

.

The random variables Yj , j = 1, . . . , n are independent and since v ∈ D,

En
p0

[Yj] =

(∫
v2(u)du

)1/2(
p0(s)

∫
v2(u)

p0(s+ ugn)
du

)−1/2 √
p0(s)√
gn

∫
v

(
t− s
gn

)
dt = 0.

Moreover,

En
p0

[Y 2
j ] =

(∫
v2(u)du

)(
p0(s)

∫
v2(u)

p0(s+ ugn)
du

)−1
p0(s)

gn

∫
v2

(
t− s
gn

)
1

p0(t)
dt

=

∫
v2(u)du = ‖v‖2.

It follows from continuity of p0 at point s that
(
p0(s)

∫
v2(u)

p0(s+ ugn)
du

)−1/2(∫
v2(u)du

)1/2

→ 1, n→∞ .

Thus, by the central limit theorem combined to Slutsky’s lemma, we get the following

convergence in distribution,

Sn → N
(
0, ‖v‖2

)
, n→∞.

Proof of (4.7). We have

0 ≤ rn ≤
1

3

n∑

j=1

b4n,j ≤
1

3

n∑

j=1

p2
0(s)

p4
0(Xj)n2g2

n

v4

(
Xj − s
gn

)
.

By continuity of p0 on the compact set K1, there exist two constants c1 > 0 and c2 > 0

such that c1 ≤ p0(s) ≤ c2, for any s ∈ K1. Furthermore, since v vanishes outside of

[−1/2, 1/2],

v4

(
Xj − s
gn

)
= 0 when |Xj − s| >

gn

2
.

If |Xj − s| ≤ gn/2, for sufficiently large n, we have p0(Xj) ≥ c1/2. Therefore, there exists

a constant c3 > 0 such that, for ‖v‖∞ < R,

0 ≤ rn ≤
1

3

n∑

j=1

16c22
c41n

2g2
n

R4 ≤ c3
ng2

n

.

Since ng2
n = n

2β−1
2β+1 → +∞, n→ +∞, for any β > 1/2 we have almost surely rn → 0 when

n tends to infinity. To end the proof, remark that the law of large numbers yields
∣∣∣∣∣∣
‖v‖2

2
− 1

2ngn

n∑

j=1

p0(s)

p2
0(Xj)

v2

(
Xj − s
gn

)∣∣∣∣∣∣
→ 0, n→∞, a.s.

We now check conditions (i) and (iii) of Lemma 4.1. By Lemma 4.2, condition (iii)

of Lemma 4.1 is satisfied for I(p0, s) = 1/p0(s) if β > 1/2. Fix β > 1/2 and Q > 0.

Next, we choose p0 to be the density of N (0, σ2) with a variance σ2 = σ2(β,Q) chosen
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large enough to ensure that p0 ∈ Θ(β, (Q − P )/2). For Kε = [−1/ε, 1/ε], 0 < ε < 1, we

have Br(p0, β, P,Kε) ⊂ Θ(β,Q). Indeed, for every p ∈ Br(p0, β, P,Kε) we have on the one

hand,

|F [p](ω) −F [p0](ω)| =
∣∣∣∣
∫

IR
eitω (p(t)− p0(t)) dt

∣∣∣∣ ≤
∫

Kε

|p(t)− p0(t)|dt ≤ |Kε|r ,

where |Kε| = 2/ε is the Lebesgue measure of the interval Kε. On the other hand,
∫

IR
|ω|2β|F [p](ω)|2dω =

∫

IR
|ω|2β |F [p](ω)−F [p0](ω) + F [p0](ω)|2dω

≤
∫

IR
|ω|2β |F [p](ω)−F [p0](ω)|2dω +

∫

IR
|ω|2β [F [p0](ω)]2 dω

+ 2

∫

IR
|ω|2β |F [p](ω)−F [p0](ω)| [F [p0](ω)] dω

≤ P +
Q− P

2
+ 2|Kε|r

∫

IR
|ω|2βF [p0](ω)dω.

(4.8)

Since F [p0](ω) = e−
σ2ω2

2 , ∫

IR
|ω|2βF [p0](ω)dω <∞,

Hence there exists r0 > 0 such that

2|Kε|r
∫

IR
|ω|2βF [p0](ω)dω ≤ Q− P

2
, ∀ r ≤ r0 .

It follows that for any r ≤ r0, ∫

IR
|ω|2β |F [p](ω)|2dω ≤ Q,

that is, p ∈ Θ(β,Q) and condition (i) of Lemma 4.1 is satisfied for K = Kε and sufficiently

small r. Thus all the conditions of Lemma 4.1 are satisfied. This lemma implies that

lim inf
n→∞

inf
Tn

sup
p∈Θ(β,Q)

[
n

2β
2β+1Rn(Tn, p)

]
≥ lim inf

r→0
lim inf
n→∞

inf
Tn

sup
p∈Br(p0)

[
n

2β
2β+1Rn(Tn, p)

]

≥ ∆(β)

∫

Kε

p0(s)ds.

Since the last inequality is valid for any P < Q, we have

lim inf
n→∞

inf
Tn

sup
p∈Θ(β,Q)

[
n

2β
2β+1Rn(Tn, p)

]
≥ C∗

∫

Kε

p0(s)ds,

where C∗ is defined in (4.3). Finally, letting ε→ 0, we conclude the proof of the theorem.

3. Attainability of the lower bound

A widely used nonparametric density estimator is the kernel density estimator defined

by

(4.9) p̂n,h(x) =
1

nhd

n∑

i=1

K
(Xi − x

h

)
, ∀ x ∈ IRd .
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where K : IRd → IR is an integrable function satisfying K(x) = K(−x), ∀x ∈ IRd and∫
K(u)du = 1.

Denote by ϕn the empirical characteristic function (e.c.f.) defined by

ϕn(ω) =
1

n

n∑

k=1

eiω⊤Xk , ∀ ω ∈ IRd.

Then, the Fourier transform of a kernel estimator defined in (4.9) presented in terms of

its e.c.f. is:

F [p̂n,h](ω) = ϕn(ω)F [K](hω).

A kernel density estimator is therefore completely determined by the Fourier transform of

the kernel K and the bandwidth parameter, h > 0. Consider the Pinsker kernel Kβ, i.e.,

the kernel having the Fourier transform

F [Kβ ](ω) =
(
1− ‖ω‖βd

)
+
, ω ∈ IRd,

where x+ = max(x, 0). For integer values of β and d = 1, the kernel Kβ can be computed

explicitly using inverse Fourier transform and is given by

Kβ(x) =
β!

π

β∑

j=1

sin(j)(x)

(β − j)!xj+1
.

Fix β > d/2, Q > 0, and define the Pinsker type kernel density estimator p̃n,h∗ as a kernel

density estimator of the type (4.9) with kernel K = Kβ and bandwidth parameter

(4.10) h∗ = D∗n−
1

2β+d where D∗ =

(
βSd

Q(β + d)(2β + d)

) 1
2β+d

.

We now give the following upper bound for the general case d ≥ 1 and β > 0.

Theorem 4.2. For any integer d ≥ 1 and any β > d/2, Q > 0, the Pinsker type kernel

density estimator p̂n,h∗ satisfies

sup
p∈Θ(β,Q)

Rn(p̃n,h∗, p) ≤ C∗n−
2β

2β+d (1 + o(1)) ,

where C∗ is defined in (4.3).

Proof. We will use the following Fourier representation for the MISE of kernel density

estimators that can be easily obtained from Plancherel’s formula -it is a multivariate

extension of the representation for d = 1 given, e.g., in Golubev (1992) and in Wand and

Jones (1995, p. 55). For any kernel density estimator p̂n,h with kernel K and bandwidth

parameter h > 0, we have

Rn(p̂n,h, p) =
1

(2π)d

∫

IRd

(
|1−F [K](ht)|2|ϕ(t)|2 +

1

n

(
1− |ϕ(t)|2

) ∣∣F [K](ht)
∣∣2
)
dt.(4.11)

Using (4.11) and the fact that 0 ≤ F [Kβ ](t) ≤ 1, ∀ t ∈ IRd, we get for the Pinsker type

kernel density estimator

Rn(p̃n,h, p) ≤
1

(2π)d

∫

IRd

(
|1−F [Kβ ](ht)|2|ϕ(t)|2 +

1

n

∣∣F [Kβ ](ht)
∣∣2
)

dt

≤ 1

(2π)d

(
Qh2β +

1

n

∫

IRd

∣∣F [Kβ ](ht)
∣∣2dt

)
,∀h > 0, p ∈ Θ(β,Q).

(4.12)
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Note now that h∗ is a solution of the equation

(4.13)

∫

IRd

‖t‖βdF [Kβ ](ht)dt = Qnhβ.

With h∗ satisfying (4.13), inequality (4.12) becomes

Rn(p̃n,h∗, p) ≤ 1

(2π)dn

∫

IRd

F [Kβ ](h∗t)
[
F [Kβ ](h∗t) + ‖h∗t‖βd

]
dt

=
1

(2π)dn(h∗)d

∫

IRd

F [Kβ ](t)dt

=
1

(2π)dn(h∗)d

∫ 1

0

(
1− rβ

)
rd−1Sddr

= C∗n−
2β

2β+d .

From Theorems 4.1 and 4.2 we obtain the following corollary.

Corollary 4.1. Fix d = 1, β > 1/2 and Q > 0. Then ψn = n−
2β

2β+1 is the minimax

rate of convergence over the Sobolev class of densities Θ(β,Q), with exact constant C∗ de-

fined in (4.3). Moreover, the Pinsker type kernel density estimator p̃n,h∗ is sharp minimax

on the Sobolev class of densities Θ(β,Q), i.e.,

sup
p∈Θ(β,Q)

[
n

2β
2β+1Rn(p̃n,h∗, p)

]
= inf

Tn

sup
p∈Θ(β,Q)

[
n

2β
2β+1Rn(Tn, p)

]
(1 + o (1)) , n→∞,

where the infimum is taken over all possible estimators of p.

We conjecture that the same corollary holds for d ≥ 1. However, the proof of the lower

bound becomes more cumbersome, even tough it should not introduce new mathematical

aspects and could be solved using the same technique as in the proof of Theorem 4.1 as

suggested by Golubev (1991).



CHAPTER 5

From aggregation to adaptation

In this chapter, we apply general results to aggregation of multivariate kernel den-

sity estimators with different bandwidths. We show that linear and convex aggregates

described in Chapter 3 mimic the kernel oracles in an asymptotically exact sense for a

large class of kernels including Gaussian, Silverman’s and Pinsker’s ones. We prove that,

for Pinsker’s kernel, the proposed aggregates are sharp asymptotically minimax simulta-

neously over a large scale of Sobolev classes of densities. Finally, we provide simulations

demonstrating performance of the convex aggregation procedure.
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The material of this chapter is a joint work with Alexandre Tsybakov (Rigollet and

Tsybakov, 2006).

1. Introduction

Besides being in themselves precise finite sample results, exact oracle inequalities are a

very useful tool in nonparametric estimation. In particular, they allow one to prove that an

aggregate estimator is sharp minimax adaptive in several cases. We present here a method

that solves the problem of adaptation to the unknown smoothness of a probability density

using aggregation of kernel density estimators. Of course, there exists a large variety of

other methods of adaptation to unknown smoothness. In the numerical examples that

we consider, our aggregates are comparable to benchmarks, and show somewhat more

stable behavior for densities with highly inhomogeneous smoothness (cf. Section 5). It is

important to note that aggregation can be used for adaptation to other characteristics than

smoothness, for example, to the dimension of the subspace where the data effectively lie,

under dimension reduction models (cf. Samarov and Tsybakov, 2005). Even though results

are presented here in the particular context of nonparametric density estimation to avoid

the introduction of cumbersome notations, the general method for deriving adaptivity from

aggregation can be extended to other popular statistical models such as nonparametric

regression or single index model.

Specifically, we deal with aggregation of multivariate kernel density estimators with

different bandwidths. Here the number M = Mn of estimators depends on n and satisfies
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Mn/n → 0, as n → ∞. We show in Corollary 5.2, that linear and convex aggregates

mimic the kernel oracles in a sharp asymptotic sense. This corollary is in the spirit

of Stone’s (1984) theorem on asymptotic optimality of cross-validation, but it is more

powerful in several aspects because it is obtained under weaker conditions on p and covers

kernels with unbounded support including Gaussian, Silverman’s and Pinsker’s kernels.

Another application of our results is that, for Pinsker’s kernel, we construct aggregates

that are sharp asymptotically minimax simultaneously over a large scale of Sobolev classes

of densities in the multidimensional case.

2. Sample splitting and averaged aggregates

We first recall the framework of Chapter 3. Consider i.i.d. random vectors X1, . . . ,Xn

with values in IRd having an unknown common probability density p ∈ L2(IR
d) that we

want to estimate. For an estimator p̂ of p based on the sample X
n = (X1, . . . ,Xn), define

the L2-risk

Rn(p̂, p) = En
p ‖p̂ − p‖2,

where En
p denotes the expectation with respect to the distribution Pn

p of X
n and, for a

function g ∈ L2(IR
d),

‖g‖ =

(∫

IRd

g2(x)dx

)1/2

.

To perform aggregation, we use a sample splitting scheme. The sample X
n is split into

two independent subsamples X
m
1 (training sample) and X

ℓ
2 (validation sample) of sizes m

and ℓ respectively where m + ℓ = n and usually m ≫ ℓ. The first subsample X
m
1 is used

to construct estimators p̂j = p̂m,j , j = 1, . . . ,M , while the second subsample X
ℓ
2 is used

to aggregate them, i.e., to construct p̃n (thus, p̃n is measurable w.r.t. the whole sample

X
n). The sample splitting scheme is illustrated in Figure 1.

X
m
1 =



X1
...
Xm




p̂1
...
p̂M

p̃n

X
ℓ
2 =



Xm+1
...
Xn




preliminary

estimation

aggregation

Figure 1. Sample splitting scheme

For given m < n the two subsamples can be obtained by different splits. The choice

of split being arbitrary, it may influence the result of estimation. In order to avoid the

arbitrariness, we use a jackknife type procedure that averages the aggregates over different

splits. Define a split S of the initial sample X
n as a mapping

S : X
n 7→

(
X

m
1 ,X

ℓ
2

)
.

Denote by X
m
1,S ,X

ℓ
2,S subsamples obtained for a fixed split S and consider an arbitrary set

of splits S. It can be, for example, the set of all splits. Define p̃Sn as a linear or convex
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aggregate (p̃Ln or p̃Cn respectively, using notation of Chapter 3) based on the validation

sample X
ℓ
2,S and on the initial set of estimators pj = p̂Sm,j, j = 1, . . . ,M , where each of

the p̂Sm,j’s is constructed from the training sample X
m
1,S . Introduce the following averaged

aggregate estimator:

(5.1) p̃S

n ,
1

card(S)

∑

S∈S

p̃Sn .

Let H be either IRM or a convex compact subset of IRM . Define

∆ℓ,M =

{
LM/ℓ if H = IRM ,

4LM/ℓ if H is a convex compact subset of IRM .

We get the following corollary of Theorems 3.1 and 3.2.

Corollary 5.1. Let m < n, ℓ = n−m, and let H be either IRM or a convex compact

subset of IRM . Let S be an arbitrary set of splits. Assume that p̂Sm,1, . . . , p̂
S
m,M ∈ L2(IR

d)

for fixed X
m
1,S , ∀S ∈ S, and that p ∈ P0. Then the averaged aggregate (5.1) satisfies

(5.2) Rn(p̃S

n, p) ≤ inf
λ∈H

Rm

( M∑

j=1

λj p̂
S
m,j, p

)
+ ∆ℓ,M

for any integers M ≥ 2, n ≥ 1 and any split S.
Proof. For any fixed S ∈ S and for a fixed training subsample X

m
1,S inequalities (3.5)

and (3.7) imply

(5.3) Eℓ,S
p ‖p̃Sn − p‖2 ≤ min

λ∈H

∥∥∥
M∑

j=1

λj p̂
S
m,j − p

∥∥∥
2
+ ∆ℓ,M , ∀ p ∈ P0,

where Eℓ,S
p denotes the expectation w.r.t. the distribution of the validation sample X

ℓ
2,S

when the true density is p. Taking expectations of both sides of (5.3) w.r.t. the training

sample X
m
1,S we get

(5.4) Rn(p̃Sn , p) ≤ inf
λ∈H

Rm

( M∑

j=1

λj p̂
S
m,j , p

)
+ ∆ℓ,M .

The right hand side here does not depend on S. By Jensen’s inequality,

Rn(p̃S

n, p) ≤
1

card(S)

∑

S∈S

Rn(p̃Sn , p).

This and (5.4) yield (5.2).

3. Kernel aggregates for density estimation

Let p̂m,h denote a kernel density estimator based on X
m
1 with m ≤ n,

(5.5) p̂m,h(x) ,
1

mhd

n∑

i=1

K

(
Xi − x
h

)
1I{Xm

1 }(Xi), x ∈ IRd,

where h > 0 is a bandwidth and K ∈ L2(IR
d) is a kernel. In order to cover such examples

as the sinc kernel we will not assume that K is integrable.

Define h0 = (n log n)−1/d, an = a0/ log n, where a0 > 0 is a constant, and M such that

M − 2 = max
{
j ∈ IN : h0(1 + an)j < 1

}
.
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It is easy to see that M ≤ c4(log n)2, where c4 > 0 is a constant depending only on a0 and

d. Consider a grid H on [0, 1] with a weakly geometrically increasing step:

H , {h0, h1, . . . , hM−1} ,
where hj = (1 + an)jh0, j = 1, . . . ,M − 2, and hM−1 = 1. Fix now an arbitrary family of

splits S such that, for n ≥ 3,

m = ⌊n
(
1− (log n)−1

)
⌋ and ℓ = n−m ≥ n

log n
,

where ⌊x⌋ denotes the integer part of x.

Define p̃S,K
n as the linear or convex (with H = ΛM ) averaged aggregate p̃S

n where the

initial estimators are taken in the form pj = p̂m,hj−1
, j = 1, . . . ,M, with p̂m,h given by

(5.5).

Remark 5.1. The kernel density estimator p1 for instance is not bounded when n→∞
and we cannot apply results concerning aggregation of bounded estimators (cf. Theo-

rems 3.1 and 3.3). Therefore, we focus on linear and convex aggregation of kernel density

estimators.

Since ∆ℓ,M ≤ 4LM/ℓ, we get from (5.2) that, under the assumptions of Corollary 5.1,

(5.6) Rn(p̃S,K
n , p) ≤ min

h∈H
Rm(p̂m,h, p) + ∆ℓ,M ≤ min

h∈H
Rm(p̂m,h, p) +

4c4(log n)3

n
.

We now give a theorem that extends (5.6) to the n-sample oracle risk infh>0Rn(p̂n,h, p)

instead of minh∈HRm(p̂m,h, p). Denote by F [f ] the Fourier transform defined for f ∈
L2(IR

d) and normalized in such a way that its restriction to f ∈ L2(IR
d)∩L1(IR

d) has the

form F [f ](t) =
∫
IRd eixT tf(x)dx, t ∈ IRd. In the sequel ϕ = F [p] denotes the characteristic

function associated to p.

Theorem 5.1. Assume that p satisfies ‖p‖∞ ≤ L with 0 < L <∞ and let K ∈ L2(IR
d)

be a kernel such that a version of its Fourier transform F [K] takes values in [0, 1] and

satisfies the monotonicity condition F [K](h′t) ≥ F [K](ht), ∀ t ∈ IRd, h > h′ > 0. Then

there exists an integer n0 = n0(L, ‖K‖) ≥ 4 such that for n ≥ n0 the averaged aggregate

p̃S,K
n satisfies the oracle inequality

(5.7) Rn(p̃S,K
n , p) ≤

(
1 + c5(log n)−1

)
inf
h>0

Rn(p̂n,h, p) + c6
(log n)3

n
,

where c5 is a positive constant depending only on d and a0, and c6 > 0 depends only on

L, ‖K‖, d and a0.

Proof. Assume throughout that n ≥ 4. First note that (5.7) deduces from (5.6) and

from the following two inequalities that we are going to prove below:

(5.8) inf
h∈[h0,hM−1]

Rn(p̂n,h, p) ≤ inf
h>0

Rn(p̂n,h, p) + ‖K‖2 log n

n
,

(5.9) min
j=1,...,M

Rm(p̂m,hj−1
, p) ≤

(
1 + c5(log n)−1

)
inf

h∈[h0,hM−1]
Rn(p̂n,h, p) +

c5L

n log n
.

In turn, (5.8) follows if we show that

inf
h∈[h0,hM−1]

Rn(p̂n,h, p) ≤ inf
0<h<h0

Rn(p̂n,h, p),(5.10)

inf
h∈[h0,hM−1]

Rn(p̂n,h, p) ≤ inf
h>hM−1

Rn(p̂n,h, p) + ‖K‖2 log n

n
.(5.11)
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Thus, it remains to prove (5.9) – (5.11). Recall the Fourier representation for the MISE

of kernel density estimators that was obtained from Plancherel’s formula in (4.11)

(5.12) Rn(p̂n,h, p) =
1

(2π)d

∫

IRd

(
|1−F [K](ht)|2|ϕ(t)|2 +

1

n

(
1− |ϕ(t)|2

) ∣∣F [K](ht)
∣∣2
)
dt.

Furthermore, using again Plancherel’s formula we get
∫

IRd

|ϕ(t)|2dt = (2π)d
∫

IRd

p2(x)dx ≤ (2π)dL,

1

(2π)d

∫

IRd

|F [K](ht)|2dt = h−d‖K‖2, ∀h > 0.

(5.13)

Proof of (5.10). Using (5.12), (5.13) and the fact that 0 ≤ F [K](t) ≤ 1, ∀t ∈ IRd, for any

h < h0 = (n log n)−1/d we obtain

(5.14)

Rn(p̂n,h, p) ≥
1

n(2π)d

∫

IRd

(
1− |ϕ(t)|2

) ∣∣F [K](ht)
∣∣2dt ≥ ‖K‖

2

nhd
− L

n
≥ ‖K‖2 log n− L

n
.

On the other hand, since hM−1 = 1 we get

(5.15)

Rn(p̂n,hM−1
, p) ≤ 1

(2π)d

∫

IRd

(
|1−F [K](t)|2|ϕ(t)|2 +

1

n

∣∣F [K](t)
∣∣2
)

dt ≤ L+
‖K‖2
n

.

The right hand side of (5.14) is larger than that of (5.15) for n ≥ n0, where n0 depends

only on L and ‖K‖. Thus, (5.10) is valid for n ≥ n0.

Proof of (5.11). Clearly, (5.11) follows if we show that

Rn(p̂n,h′, p) ≤ inf
h>hM−1

Rn(p̂n,h, p) + ‖K‖2 log n

n

for h′ = (log n)−1/d ∈ [h0, hM−1]. To prove this inequality, first note that, by the mono-

tonicity of h 7→ F [K](ht), we have
∫

IRd

|1−F [K](ht)|2|ϕ(t)|2dt ≥
∫

IRd

|1−F [K](h′t)|2|ϕ(t)|2dt, ∀h > hM−1.

This, together with (5.12) and the second equality in (5.13), yields that, for any h > hM−1,

Rn(p̂n,h, p) ≥ Rn(p̂n,h′ , p)− 1

n(2π)d

∫

IRd

(
1− |ϕ(t)|2

) ∣∣F [K](h′t)
∣∣2dt

≥ Rn(p̂n,h′ , p)− ‖K‖2 log n

n
.

Proof of (5.9). We will show that for any h ∈ [h0, hM−1] one has

(5.16) Rm(p̂m,h, p) ≤
(
1 + c5(log n)−1

)
Rn(p̂n,h, p) +

c5L

n log n

where h , max{hj : hj ≤ h}. Clearly, this implies (5.9). To prove (5.16), note that if

hj ≤ h < hj+1 we have h = hj , h/hj ≤ 1 + an = 1 + a0/ log n. Therefore, (5.12) and the
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monotonicity of h 7→ F [K](ht) imply

Rm(p̂m,hj
, p) =

1

(2π)d

∫

IRd

(
[1−F [K](hjt)]

2 |ϕ(t)|2 +
1

m
[F [K](hjt)]

2

)
dt

− 1

(2π)dm

∫

IRd

|ϕ(t)|2 [F [K](hjt)]
2 dt

≤ 1

(2π)d

∫

IRd

(
[1−F [K](ht)]2 |ϕ(t)|2 +

1

n
[F [K](ht)]2

nhd

mhd
j

)
dt

− 1

(2π)dn

∫

IRd

|ϕ(t)|2 [F [K](ht)]2 dt

≤ nhd

mhd
j

Rn(p̂n,h, p) +

(
nhd

mhd
j

− 1

)
1

(2π)dn

∫

IRd

|ϕ(t)|2 [F [K](ht)]2 dt.

Using here the fact that (n/m)(h/hj)
d ≤ (1 − (log n)−1 − n−1)(1 + a0/ log n)d ≤ 1 +

c5(log n)−1 for n ≥ 4 and for a constant c5 > 0 depending only on d, a0, and applying

(5.13) we get (5.16).

Corollary 5.2. Let the assumptions of Theorem 5.1 be satisfied, and let the condition

infh>0Rn(p̂n,h, p) ≥ cn−1+α hold for some c > 0, α > 0. Then

(5.17) Rn(p̃S,K
n , p) ≤ inf

h>0
Rn(p̂n,h, p)(1 + o(1)), n→∞.

Using the argument as in Stone (1984) it is not hard to check that the assumption

of Corollary 5.2 is valid for any non-negative kernel. In the one-dimensional case it also

holds for any kernel satisfying the conditions of Lemma A.6.

Theorem 5.1 and Corollary 5.2 show that linear or convex aggregate p̃S,K
n mimics the

best kernel estimator, without being itself in the class of kernel estimators with data-driven

bandwidth. Another method with such a property in the one-dimensional case is described

in Chapter 6; it is based on a block Stein procedure in the Fourier domain.

The results of this section can be compared to the work on optimality of bandwidth

selection in the L2 sense for kernel density estimation. A key reference is the theorem of

Stone (1984) establishing that, under some assumptions,

lim
n→∞

‖p̂n,hn − p‖2
infh>0 ‖p̂n,h − p‖2

= 1, with probability 1,

where hn is a data-dependent bandwidth chosen by cross-validation. Our results are of a

different type, because they treat convergence of the expected risk rather than almost sure

convergence. In addition, we provide oracle inequalities with precisely defined remainder

terms that hold under mild assumptions on the density and on the kernel. Unlike Stone

(1984), we do not require the one-dimensional marginals of the density p to be uniformly

bounded. Wegkamp (1999) considers a model selection approach to the choice of the

bandwidth for kernel density estimation. His main result is of the form of (5.17) with a

model selection kernel estimator in place of p̃S,K
n , but it is valid for bounded, nonnegative,

Lipschitz kernels with compact support (similar assumptions on K are imposed by Stone,

1984). Our result covers kernels with unbounded support, for example, the Gaussian and

Silverman’s kernels that are often implemented, and Pinsker’s kernel that gives sharp min-

imax adaptive estimators on Sobolev classes (cf. Chapter 4). In a recent work (Dalelane,

2004, 2005b), the choice of bandwidth and of the kernel by cross-validation is investigated
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for the one-dimensional case (d = 1). It provides an oracle inequality similar to (5.7) with

a remainder term of the order nδ−1, 0 < δ < 1, instead of (log n)3/n that we have here.

All these papers consider the model selection approach, i.e., they study estimators with

a single data-driven bandwidth chosen from a set of candidate bandwidths. Our approach

is different since we estimate the density by a linear or convex combination of kernel

estimators with bandwidths in the candidate set. Simulations (see Section 5 below) show

that in most cases one of these estimators gets highly dominant weight in the resulting

mixture. However, inclusion of other estimators with some smaller weights allows one to

treat more efficiently densities with inhomogeneous smoothness.

4. Sharp minimax adaptivity of kernel aggregates

In this section we show that there exist kernel density estimators such that the resulting

kernel aggregate is sharp minimax adaptive over a scale of Sobolev classes of densities. The

definition of such classes is given in Chapter 4 and is reproduced here for convenience.

For any β > 0, Q > 0 and any integer d ≥ 1 define the Sobolev classes of densities on

IRd by

Θ(β,Q) ,

{
p : IRd → IR

∣∣∣ p ≥ 0,

∫

IRd

p(x)dx = 1,

∫

IRd

‖t‖2β
d |ϕ(t)|2dt ≤ Q

}
,

where ‖ · ‖d denotes the Euclidean norm in IRd and ϕ = F [p] is the characteristic function.

In Chapter 4 we proved that for fixed d = 1, β > 1/2 and Q > 0, the Pinsker type kernel

density estimator is sharp minimax over Θ(β,Q). Recall that the Pinsker kernel Kβ is the

kernel having the Fourier transform

F [Kβ ](t) =
(
1− ‖t‖βd

)
+
, t ∈ IRd,

where x+ = max(x, 0).

Corollary 5.3. For any integer d ≥ 1 and any β > d/2, Q > 0, the averaged linear

or convex kernel aggregate p̃
S,Kβ
n defined in Section 3 satisfies

sup
p∈Θ(β,Q)

Rn(p̃
S,Kβ
n , p) ≤ C∗n−

2β
2β+d (1 + o(1)), n→∞,

where C∗ is defined in (4.3).

Proof. Denote by p̃n,h the Pinsker type kernel density estimator defined in (5.5) with

m = n, K = Kβ and bandwidth h > 0. From Theorem 4.2, it holds

(5.18) inf
h>0

Rn(p̃n,h, p) ≤ Rn(p̃n,h∗, p) ≤ C∗n−
2β

2β+d , ∀ p ∈ Θ(β,Q) ,

where h∗ is defined in (4.10). Note that the kernel K = Kβ satisfies the conditions of

Theorem 5.1, and it is easy to see that for β > d/2 there exists a constant 0 < L < ∞
such that ‖p‖∞ ≤ L for all p ∈ Θ(β,Q). Thus, (5.7) holds, and to prove the corollary it

suffices to take suprema of both sides of (5.7) over p ∈ Θ(β,Q) and to use (5.18).

Along with Corollary 5.3, for any β > d/2, Q > 0 the following lower bound holds:

(5.19) inf
Tn

sup
p∈Θ(β,Q)

Rn(Tn, p) ≥ C∗n−
2β

2β+d (1 + o(1)), n→∞,

where C∗ is defined in (4.3) and infTn denotes the infimum over all estimators of p. For

d = 1, the lower bound (5.19) is proved in Theorem 4.1. For d > 1 a proof of (5.19) can be
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found for a slightly different but essentially analogous minimax setup in Efromovich (2000).

Corollary 5.3 and the lower bound (5.19) imply that the estimator p̃
S,Kβ
n is asymptotically

minimax in the exact sense (with the constant) over the Sobolev class of densities Θ(β,Q)

and is adaptive to Q for any given β. However, p̃
S,Kβ
n is not adaptive to the unknown

smoothness β since the Pinsker kernel Kβ depends on β

To get adaptation to β, we need to push aggregation one step forward: we will ag-

gregate kernel density estimators not only for different bandwidths but also for different

kernels. To this end, we refine the notation p̂n,h of (5.5) to p̂n,h,K, indicating the de-

pendence of the density estimator both on kernel K and bandwidth h. For a family of

N ≥ 2 kernels, K = {K(1), . . . ,K(N)}, define p̃S,K
n as the linear or convex averaged aggre-

gate where the initial estimators are taken in the collection of kernel density estimators

{p̂n,h,K,K ∈ K, h ∈ H}. Thus, we aggregate now NM estimators instead of M . The

following corollary is obtained by the same argument as Theorem 5.1, by merely inserting

the minimum over K ∈ K in the oracle inequality and by replacing ‖K‖ with its upper or

lower bounds in the remainder terms.

Corollary 5.4. Assume that p satisfies ‖p‖∞ ≤ L with 0 < L < ∞ and let K =

{K(1), . . . ,K(N)} be a family of kernels satisfying the assumptions of Theorem 5.1 and

such that there exist constants 0 < c < c̄ < ∞ with c < ‖K(j)‖ < c̄, j = 1, . . . ,N . Then

there exists an integer n1 = n1(L, c, c̄) ≥ 4 such that for n ≥ n1, the averaged aggregate

p̃S,K
n satisfies the oracle inequality

(5.20) Rn(p̃S,K
n , p) ≤

(
1 + c5(log n)−1

)
min
K∈K

inf
h>0

Rn(p̂n,h,K , p) + c7
N(log n)3

n
,

where c5 > 0 is the same constant as in Theorem 5.1, and c7 > 0 depends only on L, c, c̄, d

and a0.

Consider now a particular family of kernels K. Define B = {β1, . . . , βN} where β1 =

d/2, βj = βj−1 + N−1/2, j = 2, . . . , N , and let KB = {Kb, b ∈ B} be a family of Pinsker

kernels indexed by b ∈ B. We will later assume that N = Nn → ∞, as n → ∞, but for

the moment assume that N ≥ 2 is fixed. Note that K = KB satisfies the assumptions of

Corollary 5.4. In fact,

‖Kβ‖2 = SdQd(β) where Qd(β) =
1

d
− 2

β + d
+

1

2β + d
,

and

(5.21)
1

6d
≤ Qd(β) ≤ 1

d
, ∀ β ≥ d/2.

Thus, the oracle inequality (5.20) holds with K = KB. We will now prove that, under

the assumptions of Corollary 5.4 the linear or convex aggregate p̃S,KB
n with the initial

estimators in {p̂n,h,K,K ∈ KB, h ∈ H} satisfies the following inequality where β in the

oracle risk varies continuously:

(5.22) Rn(p̃S,KB
n , p) ≤

(
1 +

c5
log n

)(
1 +

6√
N

)
inf
h>0

d/2<β<βN

Rn(p̂n,h,Kβ
, p) + c8

N(log n)3

n
.

Fix β ∈ (d/2, βN ), Q > 0 and p ∈ Θ(β,Q). Define β̄ = min{βj ∈ B : βj > β}. In view of

(5.20) with K = KB, to prove (5.22) it is sufficient to show that for any h > 0 one has

(5.23) Rn(p̂n,h,Kβ̄
, p) ≤ (1 + 6N−1/2)

(
Rn(p̂n,h,Kβ

, p) +
L

n

)
.
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Using (5.12) and the inequality β̄ > β we get

(5.24) Rn(p̂n,h,Kβ̄
, p) ≤ Rn(p̂n,h,Kβ

, p) + I(β̄)− I(β)

where

I(β) ,
1

(2π)dn

∫

IRd

(1− ‖ht‖βd )2+dt =
‖Kβ‖2

(2π)dnhd
=

Sd

(2π)dnhd
Qd(β).

Now, Qd(β̄) = Qd(β) + (β̄ − β)Q′
d(b0) for some b0 ∈ [β, β̄]. Using (5.21) and the inequality

|Q′
d(β)| ≤ 1/d2 valid for all β > d/2, we find that

Qd(β̄) ≤ Qd(β) + 6(β̄ − β)Qd(β) ≤ (1 + 6N−1/2)Qd(β) .

Therefore,

(5.25) I(β̄) ≤ (1 + 6N−1/2)I(β).

Also, in view of (5.12) and (5.13) we have

(5.26) I(β) ≤ Rn(p̂n,h,Kβ
, p) +

L

n
.

Combining (5.24), (5.25) and (5.26) we obtain (5.23), thus proving (5.22).

Corollary 5.5. Assume that Card(KB) = Nn where limn→∞Nn = ∞ and that

lim supn→∞Nn/(log n)ν < ∞ for some ν > 0. Then for any integer d ≥ 1 and any

β > d/2, Q > 0, the averaged linear or convex kernel aggregate p̃S,KB
n satisfies

sup
p∈Θ(β,Q)

Rn(p̃S,KB
n , p) ≤ C∗n−

2β
2β+d (1 + o(1)), n→∞,

where C∗ is defined in (4.3).

Proof. Fix β > d/2, Q > 0. Let n be large enough to guarantee that β < βNn .

Then the infimum on the right hand side of (5.22) is smaller or equal to C∗n−
2β

2β+d for all

p ∈ Θ(β,Q) [cf. Theorem 4.2]. To conclude the proof, it suffices to take suprema of both

sides of (5.22) over p ∈ Θ(β,Q) and then pass to the limit as n→∞.

Corollary 5.5 and the lower bound (5.19) imply that the aggregate p̃S,KB
n is asymptot-

ically minimax in the exact sense (with the constant) over all Sobolev classes of densities

with β > d/2, Q > 0, and thus it is sharp adaptive (recall that its construction does not

depend on the parameters Q and β of the class).

5. Simulations

Here we discuss the results of simulations for the averaged convex kernel aggregate

with H = ΛM in the one-dimensional case. We focus on convex aggregation because

simulations of linear aggregates show less numerical stability. The set of splits S is reduced

to 10 random splits of the sample since we observed that the estimator is already stable

for this number (cf. Figure 4). In the default simulations each sample is divided into two

subsamples of equal sizes. The samples are drawn from 6 densities that can be classified

in the following three groups.

• Common reference densities: the standard Gaussian density and the standard

exponential density.

• Gaussian mixtures from Marron and Wand (1992) that are known to be difficult

to estimate. We consider the Claw density and the Smooth Comb density.
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• Densities with highly inhomogeneous smoothness. We consider two densities ref-

erenced to as dens1 and dens2 that are both mixtures of the standard Gaussian

density ϕ(·) and of an oscillating density. They are defined as

0.5ϕ(·) + 0.5
T∑

i=1

1I( 2(i−1)
T

, 2i−1
T

](·) ,

where T = 14 for dens1 and T = 10 for dens2.

We used the procedure defined in Section 3 to aggregate 6 kernel density estimators

constructed with the Gaussian N (0, 1) kernel K and with bandwidths h from the set

H = {0.001, 0.005, 0.01, 0.05, 0.1, 0.5}. This procedure is further called pure kernel aggre-

gation and quoted as AggPure. Another estimator that we analyze is AggStein procedure:

it aggregates 7 estimators, namely the same 6 kernel estimators as for AggPure to which we

add the block Stein density estimator described in Chapter 6. The optimization problem

(3.6) that provides aggregates is solved numerically by a quadratic programming solver

under linear constraints: here we used the package quadprog of R. Our simulation study

shows that AggPure and AggStein have a good performance for moderate sample sizes and

are reasonable competitors to kernel density estimators with common bandwidth selectors.

We start the simulation by a comparison of the Monte-Carlo mean integrated squared

squared error (MISE) of AggPure and AggStein with benchmarks. The MISE has been

computed by averaging integrated squared errors of 200 aggregate estimators calculated

from different samples of size 50, 100, 200 and 500. We compared the performance of the

convex aggregates and kernel estimators with common data-driven bandwidth selectors

and Gaussian N (0, 1) kernel. The following bandwidth selectors are taken from the default

package stats of the R software.

• DPI that implements the direct plug-in method of Sheather and Jones (1991) to

select the bandwidth using pilot estimation of derivatives.

• UCV and BCV that implement unbiased and biased cross-validation respectively

(see, e.g., Wand and Jones, 1995).

• Nrd0 that implements Silverman’s rule-of-thumb (cf. Silverman, 1986, p. 48).

It defaults the choice of bandwidth to 0.9 times the minimum of the standard

deviation and the inter-quartile range divided by 1.34 times the sample size to

the negative one-fifth power.

These descriptions correspond to the function bandwidth in R which also allows for another

choice of rule-of-thumb called Nrd. It is a modification of Nrd0 given by Scott (1992), using

factor 1.06 instead of 0.9. In our case, on the tested densities and sample sizes, this always

leads to a MISE greater than that of Nrd0 except for the Gaussian density for which it is

tailored. For this density, the performance of Nrd is presented instead of that of Nrd0.

The results are reported in Tables 1 to 5 where we included also the MISE of the block

Stein density estimator described in Chapter 6 and the oracle risk which is defined as the

minimum MISE of kernel density estimators over the grid H. It is, in general, greater

than the convex oracle risk, that is why it sometimes slightly exceeds the MISE of convex

aggregates or of other estimators that mimic more powerful oracles for specific densities

(such as DPI or Nrd for the Gaussian density).

It is well known (see, e.g., Wand and Jones, 1995) that bandwidth selection by cross-

validation (UCV) is unstable and leads too often to undersmoothing. The DPI and BCV

methods were proposed in order to bypass the problem of undersmoothing. However,
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50 100 200 500

AggPure 0.020 0.011 0.006 0.002

AggStein 0.017 0.009 0.005 0.002

Stein 0.016 0.010 0.005 0.003

DPI 0.011 0.006 0.004 0.002

UCV 0.015 0.008 0.005 0.002

BCV 0.009 0.006 0.003 0.002

Nrd 0.010 0.006 0.003 0.002

Oracle 0.008 0.005 0.004 0.003

50 100 200 500

0.084 0.057 0.039 0.025

0.085 0.057 0.039 0.025

0.073 0.056 0.041 0.027

0.075 0.060 0.045 0.033

0.072 0.052 0.038 0.023

0.108 0.083 0.058 0.036

0.085 0.072 0.061 0.051

0.067 0.047 0.035 0.022

Table 1. MISE for the Gaussian (left) and the exponential (right) densities

50 100 200 500

AggPure 0.058 0.041 0.029 0.014

AggStein 0.056 0.041 0.025 0.010

Stein 0.061 0.035 0.018 0.009

DPI 0.059 0.052 0.048 0.043

UCV 0.063 0.043 0.026 0.012

BCV 0.058 0.052 0.050 0.046

Nrd0 0.058 0.051 0.048 0.043

Oracle 0.058 0.037 0.025 0.012

50 100 200 500

0.064 0.042 0.029 0.017

0.061 0.042 0.028 0.017

0.057 0.041 0.028 0.017

0.070 0.054 0.042 0.029

0.057 0.038 0.026 0.016

0.101 0.083 0.055 0.027

0.088 0.078 0.069 0.057

0.064 0.038 0.025 0.016

Table 2. MISE for the claw (left) and the smooth comb (right) densities

50 100 200 500

AggPure 0.145 0.125 0.100 0.067

AggStein 0.148 0.124 0.102 0.067

Stein 0.152 0.143 0.138 0.132

DPI 0.149 0.142 0.137 0.132

UCV 0.153 0.148 0.136 0.116

BCV 0.149 0.143 0.139 0.134

Nrd0 0.149 0.141 0.137 0.133

Oracle 0.148 0.144 0.133 0.067

50 100 200 500

0.142 0.119 0.093 0.061

0.148 0.141 0.092 0.060

0.154 0.143 0.137 0.132

0.147 0.140 0.136 0.132

0.154 0.142 0.126 0.074

0.146 0.141 0.138 0.134

0.146 0.140 0.136 0.132

0.145 0.128 0.101 0.062

Table 3. MISE for dens1 (left) and dens2 (right)

sometimes they lead to oversmoothing as in the case of the Claw density while convex

aggregation works well. For the normal density DPI, BCV and Nrd are better, which

comes as no surprise since these estimators are designed to estimate this density well. For

the other densities that are more difficult to estimate these data driven bandwidth selectors

do not provide good estimators whereas the aggregation procedures remain stable. The

block Stein estimator performs well in all the cases except for the highly inhomogeneous

densities (cf. Table 5). In conclusion, the estimators AggPure and AggStein are very

robust, as compared to other tested procedures: they are not far from the best performance
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for the densities that are easy to estimate and they are clear winners for densities with

inhomogeneous smoothness for which other procedures fail.

AggStein is slightly better than AggPure for the Claw density and outperforms the

other tested estimators in almost all the considered cases, so we studied this procedure in

more detail. We focused on the Claw and Smooth Comb densities and a sample of size 500.

Figure 2 gives a visual comparison of the AggStein procedure and the DPI procedure. It
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Figure 2. The Claw and Smooth Comb densities

illustrates the oversmoothing effect of the DPI procedure and the fact that the AggStein

procedure adapts to inhomogeneous smoothness. We finally comment on two other aspects

of the AggStein procedure:

• the distribution of weights that are allocated to the aggregated estimators,

• the robustness to the number and size of the splits.

The boxplots represented in Figure 3 give the distributions of weights allocated to 7 es-

timators to be aggregated, the 6 kernel density estimators and the block Stein estimator.

The boxplots are constructed from 2000 values of the vector of the weights (200 samples

times 10 splits). We immediately notice that for the Claw density a median weight greater

than 0.65 is allocated to the block Stein estimator. This can be explained by the fact that

the block Stein estimator performs better than kernel density estimators on this density

[cf. MISE of AggPure and Stein in Table 2 (left)], and the AggStein procedure takes

advantage of it. On the other hand, for the Smooth Comb density, the block Stein estima-

tor does not perform significantly better than the kernel density estimators [see Table 2

(right)] and the AggStein procedure usually gives small weight to it.

A free parameter of the aggregation procedures is the set of splits. In this study we

choose random splits and we only have to specify their number and sizes. Obviously, we

are interested in having less splits in order to make the procedure less time consuming.

Figure 4 gives the sensibility of MISE both to the number of splits and to the size of the

training sample in the case of dens1 and dens2 with the overall sample size 200. Two

important conclusions are: (i) there exists a size of the training sample that achieves the

minimum MISE, and (ii) there is essentially nothing to gain by producing more than 20
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Figure 3. Boxplots for the Claw and Smooth Comb densities
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Figure 4. Sensibility to the number of splits for dens1 (left) and dens2 (right)

splits. Similar results are obtained for AggPure, and they are valid on the whole set of

tested densities.





CHAPTER 6

Adaptive density estimation using the blockwise Stein

method

We study the problem of nonparametric estimation of a probability density of unknown

smoothness in L2(IR). Expressing mean integrated squared error (MISE) in the Fourier

domain, we show that it is close to mean squared error in the Gaussian sequence model.

Then applying a modified version of Stein’s blockwise method, we obtain a linear mono-

tone oracle inequality. Two consequences of this oracle inequality are that the proposed

estimator is sharp minimax adaptive on a scale of Sobolev classes of densities, and that

its MISE is asymptotically smaller than or equal to that of kernel density estimators with

any bandwidth provided that the kernel belongs to a large class of functions including

many standard kernels. Simulations in classical cases are also provided and confirm a

good performance of the estimator for a finite number of observations.
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Most of the material in this chapter has been published (see Rigollet, 2006a). As

compared to this publication, we give more detailed proofs and add a simulation study

(see Rigollet, 2004).

1. Introduction

A Stein weakly geometrically increasing (WGI) blockwise shrinkage estimator, em-

ploying a classical Stein blockwise shrinkage together with WGI blocks, has recently been

proposed and studied for the Gaussian white noise model in Cavalier and Tsybakov (2001)
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and Tsybakov (2002). It has been established that the estimator possesses several very

nice statistical properties. This chapter suggests a Stein WGI estimator for the problem of

probability density estimation and then studies its properties via an oracle inequality. It

also shows how to use an oracle inequality to obtain Stone type results for kernel estimates.

1.1. Setup. Consider independent and identically distributed random variables

X1, . . . ,Xn having an unknown common probability density p ∈ L2(IR). We study the

estimation of p based on the sample X
n = (X1, . . . ,Xn). Let p̂n be an estimator of p. We

measure the performance of p̂n by its mean integrated squared error (MISE):

En
p

∥∥p̂n − p
∥∥2

= En
p

∫

IR
(p̂n (x)− p (x))2 dx,

where En
p denotes the expectation with respect to X

n.

Define the characteristic function

ϕ(ω) =

∫

IR
eiωxp(x)dx, ω ∈ IR.

The empirical characteristic function (e.c.f.) is

ϕn(ω) =
1

n

n∑

k=1

eiωXk , ω ∈ IR.

The e.c.f. is a fairly good estimator of ϕ. Indeed, it satisfies the following properties:

(i) En
p

[
ϕn(ω)

]
= ϕ(ω)

(ii) En
p

∣∣ϕn(ω)
∣∣2 =

(
1− 1

n

) ∣∣ϕ(ω)
∣∣2 +

1

n
,(6.1)

i.e., it is an unbiased and
√
n-consistent estimator of ϕ(t) for any fixed t ∈ IR.

For any function h ∈ L2(IR), let ω 7→ F [h](ω) =
∫
IR eiωxh(x)dx be its Fourier transform

(the integral is understood in the “limit in mean” sense). A well-known estimation method

uses a kernel density estimator or Parzen-Rosenblatt’s estimator defined as

(6.2) p̂n,h(x) =
1

nh

n∑

i=1

K

(
Xi − x
h

)
,

where K : IR→ IR is an even integrable function such that
∫
K(u)du = 1 and h > 0 is the

bandwidth parameter. Then, the Fourier transform of a kernel estimator defined in (6.2)

presented in terms of its e.c.f. is:

(6.3) F [p̂n,h](ω) = ϕn(ω)F [K](hω).

Denote by Kh the normalized kernel

Kh(x) =
1

h
K
(x
h

)
, x ∈ IR .

Using the Plancherel equality, one easily gets

En
p

∥∥p̂n,h − p
∥∥2

=
1

2π

∫

IR

(
|1−F [K](hω)|2|ϕ(ω)|2 +

1

n
|F [K](hω)|2

)

− 1

n
|ϕ(ω)|2

∣∣F [K](hω)
∣∣2dω

=
1

2π

(
∆n

(
F [Kh], |ϕ|2

)
− rn

(
F [Kh], |ϕ|2

) )
,
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where

∆n

(
g, |ϕ|2

)
=

∫

IR

(
|1− g(ω)|2|ϕ(ω)|2 +

1

n
|g(ω)|2

)
dω, ∀g ∈ L2(IR)(6.4)

and

rn

(
g, |ϕ|2

)
=

1

n

∫

IR
|ϕ(ω)|2|g(ω)|2 dω, ∀g ∈ L2(IR).

Remark that (6.3) can be generalized to a linear estimator of the characteristic function

ϕ defined by

(6.5) ϕ̂λ(ω) = ϕn(ω)λ(ω),

where ω 7→ λ(ω) is a weight function in L2(IR). We define a density estimator p̂λ as the

inverse Fourier transform of ϕ̂λ. The performance of this new estimator is measured by

its MISE, which, by the Plancherel equality can be written

En
p

∥∥p̂λ − p
∥∥2

=
1

2π
En

p

∫

IR

∣∣ϕ̂λ(ω)− ϕ(ω)
∣∣2dω =

1

2π
Rn (ϕ̂λ, ϕ) .

Thus, instead of considering the MISE of p̂λ, it is sufficient to study the MISE of the

estimator of the characteristic function ϕ̂λ. We may write

Rn (ϕ̂λ, ϕ) =

∫

IR

(
|1− λ(ω)|2|ϕ(ω)|2 +

1

n
|λ(ω)|2

)
dω − 1

n

∫

IR
|ϕ(ω)|2|λ(ω)|2dω

= ∆n

(
λ, |ϕ|2

)
− rn

(
λ, |ϕ|2

)

where λ is such that the integrals are finite.

Lemma 6.1. The MISE of the linear estimator defined in (6.5) is given by

Rn (ϕ̂λ, ϕ) =

∫

IR

(
|1− λ(ω)|2|ϕ(ω)|2 +

1

n
|λ(ω)|2

)
dω − 1

n

∫

IR
|ϕ(ω)|2|λ(ω)|2dω.

The MISE of the linear estimator is the sum of two terms: the ∆-risk, ∆n

(
λ, |ϕ|2

)

and a residual term rn

(
λ, |ϕ|2

)
. Clearly rn

(
λ, |ϕ|2

)
= O

(
n−1

)
uniformly in λ and ϕ such

that the integral is finite and therefore, rn is usually small compared to ∆n. This suggests

that, for sufficiently large n, the linear oracle on a class H can be imitated by

λoracle
H = argmin

λ∈H
Rn (ϕ̂λ, ϕ) ≈ argmin

λ∈H

[
∆n

(
λ, |ϕ|2

)]
.

The study of kernel density estimation by means of Fourier analysis goes back to Parzen

(1958, 1962) and Watson and Leadbetter (1963). Cline (1988) uses Watson-Leadbetter’s

results to prove that admissible kernels have necessarily symmetric non-negative Fourier

transform. The expression of the ∆-risk in (6.4) is similar to that for the mean squared

error of a linear estimator in the Gaussian sequence model. We now recall some basics

about the Gaussian sequence model that give insights on the choice of the class H.

1.2. The Gaussian sequence model: a brief overview. Consider the Gaussian

sequence model

(6.6) yk = θk + εξk, k = 1, 2, . . . ,

where yk are the observations, ξk are independent and identically distributed random

variables with distribution N (0, 1), 0 < ε < 1, and θ = (θ1, θ2, . . .) ∈ ℓ2 is the parameter

to be estimated. Consider then the class of linear estimators:

θ̂ = θ̂(h) = (θ̂1, θ̂2, . . .), θ̂k = hkyk, k = 1, 2, . . . ,
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where h = (h1, h2, . . .) ∈ ℓ2 is an arbitrary sequence of weights in ℓ2. The mean squared

error of the linear estimator is:

(6.7) Rε(h, θ) = IEθ

∥∥θ̂(h)− θ
∥∥2

2
=

∞∑

k=1

{
(1− hk)

2 θ2
k + ε2h2

k

}
.

Here ‖ . ‖2 is the ℓ2-norm and IEθ denotes the expectation with respect to y = (y1, y2, . . .)

satisfying (6.6).

For a class of weights H, let us define the linear oracle on H.

Definition 6.1. Let H be a class of weights, Θ ⊆ ℓ2 a set such that for any θ ∈ Θ

there exists hH(θ) satisfying

hH(θ) = argmin
h∈H

Rε(h, θ).

The function θ 7→ hH(θ) defined on Θ is called linear oracle on H.

Assume that, for a given class H, one can find a sequence of data-dependent weights

h∗ = h∗(y) = (h∗1(y), h
∗
2(y), . . .) such that the linear estimator θ∗ = θ̂(h∗) satisfies

(6.8) IEθ

∥∥θ̂(h∗)− θ
∥∥2

2
≤ C (1 + o (1)) inf

h∈H
IEθ

∥∥θ̂(h) − θ
∥∥2

2
, ε→ 0

for every θ ∈ Θ ⊆ ℓ2, where C is a positive constant. When C = 1, inequality (6.8) means

that θ∗ “mimics” the linear oracle on H for any sequence θ ∈ Θ. In this case, inequality

(6.8) is called exact oracle inequality. When C > 1, the estimator θ∗ only mimics the rate

of convergence of the linear oracle and inequality (6.8) is simply called oracle inequality

or approximate oracle inequality.

The Gaussian sequence model has been studied by many authors in the past decades

and oracle inequalities have been widely used, although initially in an implicit form, to

derive adaptation (see Shibata, 1981; Efrŏımovich and Pinsker, 1984; Li, 1987; Golubev,

1990, 1992; Golubev and Nussbaum, 1992; Polyak and Tsybakov, 1992; Kneip, 1994; Birgé

and Massart, 2001; Cavalier et al., 2002). Most of these papers use the Mallows Cp or its

modifications to derive estimators that mimic the best estimator in various subclasses of

linear estimators (i.e. the oracle).

A well-known idea of choosing the data-driven weights h∗k = h∗k(y) is based on mini-

mizing the unbiased estimator of the risk which is also called Cp-criterion (Mallows, 1973;

Akaike, 1973; Stein, 1981) over a particular class of weights H. The class of blockwise

constant weights turns out to be a convenient choice (see, e.g., Tsybakov, 2004a). We now

define this class.

Let N ≥ 2 be a fixed integer. Consider a partition of {1, . . . ,N} in J blocs Bj, j =

1, 2, . . . , J , satisfying min{k ∈ Bj} > max{k ∈ Bj−1}.
The blockwise Stein method is obtained by minimizing an unbiased estimator of the

risk over the class of blockwise constant sequences

H∗ =
{
h : hk =

J∑

j=1

tj1IBj (k), 0 ≤ tj ≤ 1, j = 1, 2, . . . , J
}
,

where 1IBj denotes the indicator of the set Bj. The minimum is obtained (see Tsybakov,

2004a) for
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(6.9) θ̃k =





(
1− ε2|Bj |

‖y‖2
(j)

)

+

yk, k ∈ Bj, j = 1, 2, . . . , J,

0, k > N,

where |Bj| denotes the cardinality of the block Bj and ‖y‖2(j) =
∑

k∈Bj
y2

k.

Definition 6.2. The estimator θ̃ = (θ̃1, θ̃2, . . . ), where θ̃k is defined by (6.9), is called

blockwise Stein estimator or block Stein estimator.

Blockwise constant weights show particularly good statistical properties and have been

widely discussed in the statistical literature, first by Efrŏımovich and Pinsker (1984), and

more recently by Nemirovski (2000) and Efromovich (2004) who consider block estimators

different from Stein’s one. Tsybakov (2004a) considers Stein’s estimator with a particular

system of blocks, namely, the WGI blocks. Cavalier and Tsybakov (2001) improve the

previous results by using a penalized version of the block Stein estimator.

As for the wavelet framework, the subject has been discussed by Donoho and Johnstone

(1994, 1995) and Härdle et al. (1998). In the same setting, Cai (1999) and Efromovich

(2000) use block thresholding type estimators that both satisfy oracle inequalities within

the class of blockwise linear estimators. These estimators exhibit good performance in

simulations.

Goldenshluger and Tsybakov (2001) apply the block Stein estimator with WGI blocks

to the Gaussian regression problem with infinitely many parameters. They show that

it is sharp minimax adaptive over a scale of Sobolev ellipsoids in ℓ2. Tsybakov (2002)

discusses in particular the anisotropic multidimensional white noise model. He shows that

the block Stein estimator, again with WGI blocks, is adaptive simultaneously with respect

to the real dimension, direction and smoothness of the parameter over a scale of Sobolev

ellipsoids. In both papers, adaptation is derived from oracle inequalities.

Using the similarity between (6.7) and (6.4), it seems natural to extend the results for

the Gaussian sequence model discussed in Section 1.2 to nonparametric density estimation.

The similarity between kernel density estimation and the Gaussian sequence model based

on Fourier analysis have been examined by Golubev (1992) and later by Bŏıko and Golubev

(2000). Golubev and Levit (1996) consider the problem of the second-order minimax

adaptive estimation of an unknown distribution function over Sobolev ellipsoids. They

develop techniques that are also useful for the density estimation problem considered

here.

Whereas the Gaussian sequence model has been extensively studied, there are few re-

sults concerning blockwise density estimation. A discussion of blockwise density estimates

can be found in Efrŏımovich (1985) and Efromovich (2000), where the Efromovich-Pinsker

shrinkage procedure together with polynomial blocks is explored, and in Hall et al. (1998),

where a block-thresholding shrinkage procedure employing small logarithmic blocks is ex-

plored.

Cavalier and Tsybakov (2001) obtained powerful oracle inequalities for penalized Stein

estimates in the context of the Gaussian sequence model. Under certain hypotheses, they

lead to adaptive properties in the minimax sense - in particular, over any ellipsoid in ℓ2
with monotone decreasing coefficients.

This chapter is devoted to developing a Stein WGI estimator for a density estimation

setting. The estimator employs a classical Stein blockwise shrinkage which uses a zero

thresholding (imposes no penalty). Let us recall that this shrinkage procedure has been
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very attractive for filtering problems; see the discussion in Tsybakov (2002). The WGI

blocks employed were also recommended in Tsybakov (2002).

The primary complication in the development and study of a density estimate, based on

a known analogue for Gaussian sequence models, consists in the fact that the observations

are not Gaussian and precise results such as Stein’s lemma do not apply. In Section 3, we

use unbiased estimation of the risk to derive several oracle inequalities for the proposed

estimator. We then give two corollaries of these results. First, in Section 4 we show

that it is sharp minimax adaptive over a scale of Sobolev classes of densities. Second, in

Section 5 we show that its MISE is asymptotically smaller than or equal to that of kernel

density estimators with any bandwidth provided that the kernel belongs to a large class

of functions including many standard kernels.

2. Application of the blockwise Stein method to density estimation

2.1. Estimation of the ∆-risk. Blockwise Stein methods in the Gaussian sequence

model are related to the unbiased estimation of the risk. For density estimation, we will

consider only an asymptotically unbiased estimator of the risk. It follows from (6.1) that[
|ϕn(ω)|2 − 1/n

]
is an asymptotically unbiased estimator of

∣∣ϕ(ω)
∣∣2. Thus we can define

an asymptotically unbiased estimator of ∆n

(
λ, |ϕ|2

)
by

l̃n(λ) =

∫

IR

(
|1− λ(ω)|2

[∣∣ϕn(ω)
∣∣2 − 1

n

]
+

1

n
|λ(ω)|2

)
dω

=

∫

IR

([
|λ(ω)|2 − 2Re (λ(ω)) + 1

] [∣∣ϕn(ω)
∣∣2 − 1

n

]
+

1

n
|λ(ω)|2

)
dω,

for λ such that the integrals are finite. Then dropping the term independent of λ, we get

the functional

(6.10) ln(λ) =

∫

IR

([
|λ(ω)|2 − 2Re (λ(ω))

] ∣∣ϕn(ω)
∣∣2 +

2

n
Re [λ(ω)]

)
dω.

The idea is now to choose a weight function λ that minimizes ln over a certain class H.

To define a reasonable H, we shall restrict the possible weight functions λ to admissible

ones. Cline (1988) proves that if λ is an arbitrary complex-valued function, it is possible

to find a real, non-negative function λ, bounded by one such that the risk corresponding

to λ is smaller than that corresponding to λ. All such λ will be called admissible. For all

admissible λ, the functional ln(λ) defined in (6.10) becomes

ln(λ) =

∫

IR

([
λ2(ω)− 2λ(ω)

] ∣∣ϕn(ω)
∣∣2 +

2

n
λ(ω)

)
dω.

We also impose the restriction that λ is even. This assumption is satisfied whenever

λ is admissible and is the Fourier transform of some even function as in (6.3). From now

on, let H0 be the class of all even, square-integrable functions on IR taking values in [0, 1].

In the next section, we study a simple class of weight functions which leads to the

definition of an analogue of the Stein estimator for density estimation. For this estimator,

a first oracle inequality is given. Then the construction is generalized to a slightly more

complex class of weight functions to define the blockwise Stein estimator.

2.2. Stein’s estimators applied to density estimation.

2.2.1. Stein’s estimator on a set. Consider a particularly simple class of weight func-

tions

HA = {λ ∈ H0 : λ(ω) = t1IA(ω), t ∈ [0, 1]} ,
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where A is a finite union of bounded, non-trivial intervals on IR (typically, the union of

two intervals symmetric about 0, which we will call symmetrized intervals). The Stein

estimator on A is the solution of the minimization problem

λ∗A = argmin
λ∈HA

ln(λ) ,

which can be explicitly written as

(6.11) λ∗A(ω) =

(
1− |A|

n
∫
A

∣∣ϕn(ω)
∣∣2dω

)

+

1IA(ω) = t∗A1IA(ω) ω ∈ IR.

where |A| is the Lebesgue measure of A. Then let λoracle
A be the linear oracle on HA,

defined by

λoracle
A = argmin

λ∈HA

RA
n (ϕ̂λ, ϕ) ,

where

RA
n (ϕ̂λ, ϕ) = En

p

∫

A

∣∣ϕ̂λ(ω)− ϕ(ω)
∣∣2dω.

It is easy to see that

(6.12) λoracle
A (ω) =

( ∫
A |ϕ|2∫

A |ϕ|2 + n−1
∫
A (1− |ϕ|2)

)
1IA(ω) = toracleA 1IA(ω).

2.2.2. The block Stein estimator. Now introduce a constant b0 > 0 and a finite value

Ωn depending only on n and consider a partition {Bj}Jj=0 of [−Ωn,Ωn], such that B0 =

(−b0, b0) and,

∀ 1 ≤ j ≤ J, Bj = −B′
j ∪B′

j , B′
j = [bj−1, bj), −B′

j = (−bj ,−bj−1], 0 < bj−1 < bj.

Let H∗ be the class of weight functions given by

H∗ =



λ ∈ H0 : λ(ω) =

J∑

j=0

tj1IBj (ω), 0 ≤ tj ≤ 1, j = 0, . . . , J



 ⊂ H0 .

Minimization of ln over H∗ follows directly from the minimization over HBj . Indeed, the

function λ̃ = argminλ∈H∗ ln(λ) is constant on each Bj,

λ̃(ω) =

J∑

j=0

λ∗Bj
1IBj (ω),

where λ∗Bj
is defined in (6.11). Define blockwise Stein estimator on the system {Bj}Jj=0 by

λ̃(ω) =
J∑

j=0


1− |Bj |

n
∫
Bj

∣∣ϕn(ω)
∣∣2dω




+

1IBj (ω) .

3. Oracle inequalities

We first give an oracle inequality satisfied by Stein’s estimator on a set.

Theorem 6.1. Let 1 ≤ |A| ≤ 4n and let ϕ satisfy
∫
A |ϕ(ω)|dω ≤ G, for some G <∞.

Then, there exist an absolute constant C > 0 and a constant D1 > 0 that depends only on

G such that for any µn > C, the Stein estimator on the set A satisfies the following oracle
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inequality

(6.13) RA
n

(
ϕ̂λ∗

A
, ϕ
)
≤ 1

1− Cµ−1
n

(
RA

n

(
ϕ̂λoracle

A
, ϕ
)

+D1
(log n)4 µn

n

)
.

The proof of Theorem 6.1 is given in Section 8.

From (6.13) we obtain another oracle inequality for the blockwise Stein estimator.

Indeed, if every Bj , j = 0, . . . , J , satisfies 1 ≤ |Bj | ≤ 4n, by Theorem 6.1, for µn > C and∫
|ϕ| ≤ G we have

Rn(ϕ̂λ̃, ϕ) =

J∑

j=0

R
Bj
n

(
ϕ̂λ∗

Bj
, ϕ
)

+

∫

|ω|>Ωn

∣∣ϕ(ω)
∣∣2dω

≤ 1

1− Cµ−1
n




J∑

j=0

R
Bj
n

(
ϕ̂λoracle

Bj

, ϕ

)
+ JD1

(log n)4 µn

n


+

∫

|ω|>Ωn

∣∣ϕ(ω)
∣∣2dω.

(6.14)

Let λoracle
H∗ be the linear blockwise constant oracle defined by

λoracle
H∗ = argmin

λ∈H∗
Rn (ϕ̂λ, ϕ) .

Since
J∑

j=0

R
Bj
n

(
ϕ̂λoracle

Bj

, ϕ

)
+

∫

|ω|>Ωn

∣∣ϕ(ω)
∣∣2dω = Rn(ϕ̂λoracle

H∗
, ϕ),

equation (6.14) implies the following result.

Theorem 6.2. Let 1 ≤ |Bj | ≤ 4n for any j = 0, . . . , J and let ϕ satisfy
∫
Bj
|ϕ(ω)|dω ≤

G, for any j = 0, . . . , J and some G < ∞. Then there exist an absolute constant C > 0

and a constant D1 > 0 that depends only on G such that for any µn > C, the blockwise

Stein estimator on the system {Bj}Jj=0 satisfies the oracle inequality

(6.15) Rn(ϕ̂λ̃, ϕ) ≤ 1

1− Cµ−1
n

(
Rn(ϕ̂λoracle

H∗
, ϕ) + JD1

(log n)4 µn

n

)
.

In what follows we prove that the oracle on H∗ is close to oracles on classes that are

larger than H∗, namely the classes of monotone weight functions.

Consider the two classes of monotone weight functions

H∞
mon = {λ ∈ H0 : λ(ω1) ≤ λ(ω2), 0 ≤ ω2 ≤ ω1}

and

HΩn
mon = H∞

mon ∩ {λ : λ(ω) = 0, |ω| > Ωn} .
The space L2(IR) equipped with the ‖ · ‖-norm is a reflexive Banach space, HΩn

mon, Ωn ≤
+∞, is a closed convex subset of L2(IR). Moreover, the functional F : λ 7→ Rn(ϕ̂λ, ϕ)

is quadratic and coercive (i.e. F (λ) → +∞, ‖λ‖ → ∞) and thus strictly convex and

continuous. These remarks and Ekeland and Temam (1976, Proposition 1.2, p. 35) show

that one can uniquely define λΩn
mon as the solution of the minimization problem

λΩn
mon = argmin

λ∈HΩn
mon

Rn(ϕ̂λ, ϕ).

We call it linear monotone oracle. In the Gaussian sequence model, under some assump-

tions on the system of blocs, the blockwise Stein estimator is almost as good as the linear
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monotone oracle (Tsybakov, 2004a). An analogue of this result for density estimation is

given below. Let the system of symmetrized intervals satisfy the next assumption. Suppose

now Ωn < +∞.

Assumption A The inequality

max
0≤j≤J−1

|Bj+1|
|Bj|

≤ 1 + η

holds for some η > 0.

Lemma 6.2. Under Assumption A, for all ϕ ∈ L2(IR),

min
λ∈H∗

Rn(ϕ̂λ, ϕ) ≤ min
λ∈H∗∩HΩn

mon

Rn(ϕ̂λ, ϕ)

≤ (1 + η) min
λ∈HΩn

mon

Rn(ϕ̂λ, ϕ) +
1

n

(
|B0|+ 3(1 + η)‖ϕ‖2

)
.

(6.16)

Proof. It is sufficient to show that for any λ ∈ HΩn
mon, there exists λ ∈ H∗ ∩ HΩn

mon

such that

(6.17) Rn(ϕ̂λ, ϕ) ≤ (1 + η)Rn(ϕ̂λ, ϕ) +
1

n

(
|B0|+ 3(1 + η)‖ϕ‖2

)
.

Fix λ ∈ HΩn
mon and define λ̃(ω) = min

[
λ(ω),

(
1 + n−1/2

)−1
]
. Inequality (6.17) holds for

λ(ω) =

J∑

j=0

λ(j)1I{ω∈Bj},

where λ(j) = supf∈Bj
λ̃(f). Indeed,

Rn(ϕ̂λ, ϕ) =

∫

IR

(
(1− λ(ω))2|ϕ(ω)|2 +

1

n
λ

2
(ω)

)
dω − 1

n

∫

IR
|ϕ(ω)|2λ2

(ω)dω

≤
∫

IR

(
(1− λ̃(ω))2|ϕ(ω)|2 +

1

n
λ

2
(ω)

)
dω − 1

n

∫

IR
|ϕ(ω)|2λ̃2(ω)dω.

But λ satisfies
∫

IR
λ

2
(ω)dω =

∫ Ωn

−Ωn

λ
2
(ω)dω ≤ |B0|+ (1 + η)

∫

IR
λ̃2(ω)dω.

Since, ∫

IR

(
(1− λ̃(ω))2 − (λ̃(ω))2

n

)
|ϕ(ω)|2dω ≥ 0,

it follows that

(6.18) Rn(ϕ̂λ, ϕ) ≤ (1 + η)Rn(ϕ̂λ̃, ϕ) +
|B0|
n
.

One the other hand,

Rn(ϕ̂λ̃, ϕ) =

∫

IR
(1− λ̃(ω))2|ϕ(ω)|2dω +

1

n

∫

IR

(
1− |ϕ(ω)|2

)
λ̃2(ω)dω

≤
∫

IR
(1− λ̃(ω))2|ϕ(ω)|2dω +

1

n

∫

IR

(
1− |ϕ(ω)|2

)
λ2(ω)dω.
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But, if we note
∫
f =

∫
f(ω)dω for a function f , the first term of the right-hand side

becomes∫

IR
(1− λ̃)2|ϕ|2 =

∫

IR
(1− λ)2|ϕ|2 +

∫

IR
(λ− λ̃)2|ϕ|2 + 2

∫

IR
(1− λ)(λ− λ̃)|ϕ|2

≤
∫

IR
(1− λ)2|ϕ|2 +

‖ϕ‖2
(1 +

√
n)2

+ 2
‖ϕ‖2

(1 +
√
n)2

=

∫

IR
(1− λ)2|ϕ|2 + 3

‖ϕ‖2
(1 +

√
n)2

Therefore,

(6.19) Rn(ϕ̂λ̃, ϕ) ≤ Rn(ϕ̂λ, ϕ) +
3‖ϕ‖2
n

.

The combination of (6.18) and (6.19) proves the lemma.

Theorem 6.3. Let the system {Bj}Jj=0 satisfy Assumption (A) and let the conditions

of Theorem 6.2 hold. Then, there exist an absolute constant C > 0 and a constant D1 > 0

that depends only on G such that for any µn > C, the blockwise Stein estimator on the

system {Bj}Jj=0 satisfies the following oracle inequality

(6.20)

Rn(ϕ̂λ̃, ϕ) ≤ 1

1− Cµ−1
n

(
(1 + η)Rn(ϕ̂

λΩn
mon

, ϕ) +
1

n

(
|B0|+ 3(1 + η)G+ JD1 (log n)4 µn

))

Proof. The proof follows directly from Theorem 6.2 and Lemma 6.2.

The next lemma allows us to extend the oracle inequality (6.20) to the class H∞
mon of

monotone weight functions that do not necessarily have a compact support. Set Ωn =

n(log n)2, so that for sufficiently large n, Ωn ≥ Gn log n.

Lemma 6.3. Assume that ‖ϕ‖2 ≤ G. For n ≥ n0(G) > 0, there exist positive constants

κ1 = κ1(n0) and κ2 = κ2(n0) such that

min
λ∈HΩn

mon

Rn(ϕ̂λ, ϕ) ≤
(

1 +
κ1

log n

)
min

λ∈H∞
mon

Rn(ϕ̂λ, ϕ) + κ2
G

n
,

Proof. Define:

Ω0
n = max

{
|ω| : |λ(ω)| ≥ (log n)−1/2

}
.

Then, setting λ = λ∞mon and λ0 ≡ 0 ∈ H∞
mon,

‖ϕ‖2 = Rn(ϕ̂λ0 , ϕ) ≥ Rn(ϕ̂λ, ϕ) ≥ 1

n

∫

|ω|≤Ω0
n

1

log n
dω − ‖ϕ‖

2

n
=

2Ω0
n

n log n
− ‖ϕ‖

2

n

Thus Ω0
n ≤ ‖ϕ‖2n log n ≤ Ωn. Now define λΩn(ω) = λ(ω)1I{|ω|≤Ωn}, therefore λΩn ∈ HΩn

mon

and,

Rn(ϕ̂λΩn
, ϕ) ≤

∫ Ωn

−Ωn

[
(1− λ(ω))2|ϕ(ω)|2 +

λ2(ω)

n

]
dω +

∫

|ω|≥Ωn

|ϕ(ω)|2dω

≤
(

1− 1√
log n

)−2 ∫

IR

[
(1− λ(ω))2|ϕ(ω)|2 +

λ2(ω)

n

]
dω

≤
(

1 +
κ1

log n

)
Rn(ϕ̂λ, ϕ) + κ2

G

n
, for n ≥ n0.
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An important question is how to construct systems of symmetrized intervals {Bj}Jj=0

satisfying the assumptions of Theorem 6.3 and such that the residual term on the right-

hand side of inequality (6.20) is asymptotically negligible with respect to the principal

term (1 + η)Rn(ϕ̂
λΩn
mon

, ϕ) under rather general conditions on ϕ. We now give an example

of such a construction. In what follows, set Ωn = nα(log n)α
′
, where α ≥ 1/2, α′ ≥ 0. Let

νn be a deterministic quantity such that νn →∞ when n→∞.

Set ηn = 1/νn and define the system of symmetrized intervals {Bj}Jj=0 with the size

|Bj| of each symmetrized interval Bj :

|B0| = νn,

|Bj| = (1 + ηn)jνn, j = 1, 2, . . . , J − 1,

|BJ | = Ωn −
J−1∑

j=0

|Bj|,
(6.21)

where

J = min
{
m :

m∑

j=0

(1 + ηn)jνn ≥ Ωn

}
.

Clearly, this system satisfies Assumption A with η = ηn. We call the system {Bj}Jj=0

a weakly geometrically increasing system of symmetrized intervals or WGI system. The

corresponding blockwise Stein estimator is called the Stein WGI estimator. For n ≥ 2,

(6.22)

J−1∑

j=0

(1 + ηn)jνn ≤ Ωn.

Solving inequality (6.22) with respect to J , we find that there exist n0 ≥ 2 and C =

C(n0, α, α
′) such that J ≤ C (log n) νn, for n ≥ n0. For the Stein WGI estimator, by

Plancherel’s identity, inequality (6.20) yields the following theorem.

Theorem 6.4. Assume that
∫
IR |ϕ| ≤ G. Then, there exist an absolute constant C > 0

and a constant D2 > 0 that depends only on G such that for any µn > C and sufficiently

large n, the Stein WGI estimator satisfies the oracle inequality:

(6.23) Rn(p̂λΩn
, p) ≤ 1

1− Cµ−1
n

(
(1 + ν−1

n )Rn(p̂
λΩn
mon

, p) +
τn(D2)

2π

)
,

where the residual

τn(D2) =
D2νn

n

(
1 + (log n)5 µn

)
.

4. Application to sharp minimax adaptation

Definition 6.3. Consider the scale of classes A = {Θγ}γ∈V , for a set of indexes

V (typically, V ⊂ IRd). An estimator p̂n of p is called sharp minimax adaptive on the

scale of classes A if it is asymptotically sharp minimax simultaneously on all the classes

Θγ , γ ∈ V .

We will show that for a properly chosen system of blocs, the block Stein estimator is

sharp minimax adaptive on a wide scale of Sobolev classes of densities. The definition of

such classes is given in Chapter 4 and is reproduced here for convenience.
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For any β > 0 and Q > 0 define the Sobolev classes of densities on IR by

Θ(β,Q) =

{
p : IR→ IR

∣∣∣ p ≥ 0,

∫

IRd

p(x)dx = 1,

∫

IR
‖ω‖2β

1 |ϕ(ω)|2dω ≤ Q
}
,

where ‖ ·‖1 denotes the Euclidean norm in IR1 and ϕ = F [p]. In Chapter 4 we proved that

for fixed β > 1/2 and Q > 0, the Pinsker type kernel density estimator is sharp minimax

over Θ(β,Q). Recall that the Pinsker kernel Kβ is the kernel having the Fourier transform

(6.24) F [Kβ ](ω) =
(
1− ‖ω‖β

)

+
, ω ∈ IR,

where x+ = max(x, 0). Moreover, the bandwidth parameter of the Pinsker type density

estimator is taken equal to

(6.25) h∗ = D∗n−
1

2β+1 where D∗ =

(
2β

Q(β + 1)(2β + 1)

) 1
2β+d

.

Set β > 1/2 and Q > 0. From (6.24) and (6.25), it is obvious that for sufficiently

large n, the weight function ℓ∗(ω) = F [Kβ ](h∗ω) belongs to H
√

n
mon. Now, if p ∈ Θ(β,Q),

for β > 1/2 we have
∫
IR |ϕ| ≤ C(β,Q), where C(β,Q) < ∞ is a positive constant that

depends only on β and Q. Taking then the supremum over a Sobolev class of densities

Θ(β,Q) of both sides of (6.23) , we get

(6.26) sup
p∈Θ(β,Q)

Rn(p̂λ̃, p) ≤
1

1− Cµ−1
n

(
(1 + ν−1

n ) sup
p∈Θ(β,Q)

Rn(p̂
λΩn
mon

, p) +
τn(D(Q,β))

2π

)
,

where D(Q,β) < ∞ depends only on Q and β. But ℓ ∈ H
√

n
mon, so for every p ∈ Θ(β,Q)

with Fourier transform ϕ, we have that Rn(ϕ̂
λ
√

n
mon

, ϕ) ≤ Rn(ϕ̂ℓ, ϕ), which implies that

Rn(p̂
λ
√

n
mon

, p) ≤ Rn(p̂ℓ, p). For Ωn =
√
n, inequality (6.26) with, for instance, µn = νn =

log(log n) yields

sup
p∈Θ(β,Q)

Rn(p̂λ̃, p) ≤
1

1− Cµ−1
n

(
(1 + ν−1

n ) sup
p∈Θ(β,Q)

Rn(p̂ℓ, p) +
τn(D(Q,β))

2π

)

≤ C∗n−
2β

2β+1 (1 + o(1)), n→ +∞,
(6.27)

where C∗ is the Pinsker constant defined in (4.3) with d = 1, i.e,

C∗ = (2β + 1)

[
π (2β + 1) (β + 1)

β

]− 2β
2β+1

Q
1

2β+1 .

The last inequality in (6.27) is a known upper bound for the Pinsker type density estimator

that is proved by Schipper (1996) for integer β, although the proof remains valid for any

positive β (see Theorem 4.2). On the other hand, the following lower bound holds.

(6.28) inf
Tn

sup
p∈Θ(β,Q)

n
2β

2β+1 IEp‖Tn − p‖2 ≥ C∗(1 + o(1)), n→ +∞,

where the infimum is taken over all estimators of p (see Theorem 4.1). From (6.27) and

(6.28), we conclude that the Stein WGI estimator p̂λ̃ is sharp minimax adaptive over the

scale of Sobolev classes of densities {Θ(β,Q), β > 1/2, Q > 0} in the sense of standard

definitions given in the introduction of the present manuscript.
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5. Application to kernel density estimation

For h > 0, define the kernel density estimator p̂n,h as in (6.2), where the kernel belongs

to the class K0, the class of kernels K that admit a version of Fourier transform F [K]

symmetric about 0, decreasing on IR+ and taking its values in [0, 1]. Set Ωn = n(log n)2.

Lemma 6.3, Theorem 6.4 and equality (6.3) together lead to the following theorem.

Theorem 6.5. Assume that
∫
IR |ϕ| ≤ G. Then, there exist an absolute constant C > 0

and a constant D3 > 0 that depends only on G such that for any µn > C and sufficiently

large n, the Stein WGI estimator satisfies the kernel oracle inequality

(6.29)

Rn(p̂λ̃, p) ≤
1

1− Cµ−1
n

(
(1 + ν−1

n )(1 + κ1(log n)−1) inf
K∈K0

inf
h>0

Rn(p̂n,h, p) +
τn(D3)

2π

)
.

Note that we do not suppose that K ∈ L1(IR). This can be interpreted to mean that

the infimum over K0 on the right-hand side of (6.29) is not attained for such kernels.

Corollary 6.1. Let K ∈ K0 be kernel satisfying the conditions of Lemma A.6. Then

for every fixed probability density p ∈ L2(IR)

(6.30) Rn(p̂∗
λ̃
, p) ≤ (1 + o(1)) inf

h>0
Rn(p̂n,h, p), n→∞.

Here o(1) depends on K and p.

Proof is straightforward from Theorem 6.5 and Lemma A.6.

6. Concluding remarks

(1) It is important to note that the Stein WGI estimator mimics an oracle that is

more powerful than any kernel oracle in a large class of kernels. The main dif-

ference from previous results of Stone’s type (Stone, 1984; Devroye and Penrod,

1984; Wegkamp, 1999) is that one and the same estimator is shown to be simulta-

neously as powerful or even more powerful asymptotically than the kernel oracles

corresponding to various kernels.

(2) Here are some examples of admissible kernels covered by Theorem 6.5 and Corol-

lary 6.1: the triangular kernel, the biweight kernel, Silverman’s kernel, Fejer’s

kernel, the Gaussian kernel and the sinc kernel (the last one covered only by

Theorem 6.5 and not by Corollary 6.1). Note that in this list, which is not ex-

haustive, only the triangular and biweight kernels obey the conditions in Stone

(1984). Of course, Theorem 6.5 says nothing about the kernels whose Fourier

transform does not take values in [0, 1]. These kernels are not admissible (see

Cline, 1988) because they have higher MISE. This is the case of the parabolic

kernel (Epanechnikov, 1969) and of the rectangular kernel.

(3) Inequality (6.29) may not be a valid oracle inequality if the residual τn(D3) is

of order greater than the MISE of the kernel oracle. Indeed, Ibragimov and

Khas′minskĭı (1982) prove that for all densities p with Fourier transform vanishing

outside of a compact set, the oracle MISE infK∈K0 infh>0Rn(p̂n,h, p) is of order

n−1. In that case, the residual term τn(D3) is of order greater than the oracle

MISE.
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7. Numerical results

This section presents a simulation study of the Stein WGI estimator. The free param-

eters have been chosen as follows:

• The size of the support of the Stein WGI estimator is Ωn =
√
n.

• The symmetrized intervals {Bj}Jj=0 in the WGI-system are chosen as in (6.21)

with parameters

νn = log n and ηn = ν−1
n = (log n)−1,

As there exists no universal method of testing the efficiency of nonparametric density

estimators, we use the approach which consists in simulating the estimator on statistically

popular densities and on pathological examples where usual estimators do not perform well.

We take the test densities as in Butucea (2001) and in Bŏıko and Golubev (2000) following

the earlier suggestions in Marron and Wand (1992) and Devroye (1997) (see also Wand

and Jones, 1995). Instead of choosing an estimator computed from an arbitrary sample,

we found more relevant to give confidence intervals. The given confidence intervals are

honest in the sense that they are not centered about the true density p. Figures 4 to

15 represent simulated symmetric confidence intervals computed at level 90% from 1000

samples of size n = 1000 for each density. Our procedure is then as follows.

• Draw 1000 samples of size n = 1000 with the considered density.

• Compute the Stein WGI estimator on a grid provided by Fast Fourier transform

(FFT) algorithm.

• For each point x of the grid, sort increasingly the values of the estimators at

point x. Note S(x) the corresponding vector. Then set Iu(x) equal to the 5%

upper quantile and Il(x) equal to the 5% lower quantile, i.e. Iu(x) is the 950th

coordinate of S(x) and Il(x) is the 50th coordinate of S(x).

The algorithm has been implemented on Scilab and used the FFT algorithm to cal-

culate the estimator of the density from the estimator of the characteristic function. The

FFT calculated the estimator of the density on a grid of 500 points.

We see that the numerical performance of the estimator is quite nice: in particular, it

adapts to inhomogeneous smoothness as in Figures 5, 12, 13 and 15.

To study the behavior of the Stein WGI estimator computed from a small size sample,

we estimate its MISE by Monte-Carlo techniques for the Claw and Smooth comb densities.

We also present the case of the standard Gaussian density to show competitiveness of the

Stein WGI estimator even in easy cases. For each n from 20 to 1000 with an incremental

step-size of 20, we consider 500 samples of size n. From these 500 samples we estimate the

MISE of the estimator by its empirical counterpart. Figures 1 and 2 below summarizes the

results. The Stein WGI estimator is compared to common data-driven bandwidth selectors

and Gaussian N (0, 1) kernel. The bandwidth selectors are chosen as in Chapter 5. We

give here for completeness the description given by the R software.

• nrd0 implements a rule-of-thumb for choosing the bandwidth of a Gaussian kernel

density estimator. It defaults to 0.9 times the minimum of the standard deviation

and the inter-quartile range divided by 1.34 times the sample size to the negative

one-fifth power (Silverman, 1986, page 48, eqn (3.31)).

• nrd is the more common variation given by Scott (1992), using factor 1.06 instead

of 0.9 in nrd.
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• ucv and bcv implement unbiased and biased cross-validation respectively (see,

e.g., Wand and Jones, 1995).

• SJ-dpi and SJ-ste implement respectively the direct plug-in and solve the equa-

tion methods of Sheather and Jones (1991) to select the bandwidth using pilot

estimation of derivatives

We see that the empirical MISE of the Stein WGI estimator is comparable to that of

the proposed competitors for the standard Gaussian density. As for the Claw and Smooth

comb densities, only ucv stands the comparison.
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Figure 1. Comparison of empirical MISE for the standard Gaussian density
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Figure 2. Comparison of empirical MISE for the Claw density
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Figure 3. Comparison of empirical MISE for the Smooth comb density
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Figure 6. Cauchy density
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Figure 7. Extreme Value density
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Figure 8. Exponential density

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 9. Fisher’s density
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Figure 10. Logistic density
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Figure 13. Smooth comb density
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8. Proofs of main results

Let ζn be the empirical process

ζn(ω) =
1√
n

n∑

k=1

(
eiωXk − ϕ(ω)

)
=
√
n (ϕn(ω)− ϕ(ω)) .

The supremum of this process has been extensively studied by Csörgő and Totik (1983)

Csörgő (1985). Yet the bounds for the supremum are not of a small enough order for our

use. Thus we need to investigate the expectation of the process ζn. Several properties

of this process have been given by Golubev and Levit (1996). We reproduce their results

adapted to our framework in the next section.

8.1. Properties of the process ζn. The following two lemmas are proved in Golubev

and Levit (1996) for any ϕ such that
∫
IR |ϕ| ≤ G.

Lemma 6.4. Let n ≥ 1 be a fixed integer and b be a real function such that

(6.31)

∫

IR
|b(ω)| dω ≤ 2

√
n‖b‖,

where ‖ . ‖ denotes the L2(IR) norm. Then, for any k ≥ 1, there exists a constant C > 0

such that ∣∣∣∣E
n
p

∫

IR
b(ω)ζn(ω)dω

∣∣∣∣
2k

≤ (Ck)4k ‖b‖2k.

If, moreover, b satisfies

(6.32) max
l∈IN
l≥3

‖b‖−l

∫

IR
|b(ω)|l dω ≤ 1,

then, for any integer k ≥ 1, there exists a constant C ′ > 0 such that

En
p

(∫

IR
b(ω)

(
|ζn(ω)|2 − En

p |ζn(ω)|2
)
dω

)2k

≤
(
C ′k

)4k ‖b‖2k.

Lemma 6.5. Let J̃ ∈ {1, . . . ,N} be a random index and (ξ(ω), ω ∈ IR) be a random

process satisfying

En
p

∣∣∣∣
∫

IR
bj(ω)ξ(ω)dω

∣∣∣∣
2k

≤ (Dk)4k ‖bj‖2k, k ∈ IN∗, j = 1, . . . ,N ,

for some constant D > 0. Then there exists a constant D′ > 0 such that

En
p

∣∣∣∣
∫

IR
bJ̃(ω)ξ(ω)dω

∣∣∣∣ ≤
(
D′ logN

)2 (
En

p ‖bJ̃‖2
)1/2

.

8.2. Proof of Theorem 6.1. The following lemma, stated by Golubev (1992), gives

two important formulae that are used to construct oracle inequalities.

Lemma 6.6. Let A be a subset of IR and

RA
n (ϕ̂λ, ϕ) = En

p

∫

A

∣∣ϕ̂λ(ω)− ϕ(ω)
∣∣2dω.
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Then for all λ such that λ(ω) = h1IA(ω), h = h(Xn) ∈ IR,

RA
n (ϕ̂λ, ϕ) = En

p [ln(λ)] +

∫

A
|ϕ(ω)|2dω

+
2

n
En

p

[∫

A
h
(
|ζn(ω)|2 − 1

)
dω

]
+

2√
n

Re

[
En

p

∫

A
(h− 1)ϕ(ω)ζn(ω)dω

]
,

(6.33)

and

En
p [ln(λ)] = RA

n (ϕ̂λ, ϕ) −
(

1−
En

p [h2] + 1

n

)∫

A
|ϕ(ω)|2dω

+
1

n
En

p

[∫

A
(1− h)2

(
|ζn(ω)|2 − 1

)
dω

]

+
2√
n

Re

[
En

p

∫

A
(1− h)2ϕ(ω)ζn(ω)dω

]
.

(6.34)

Proof. The result is stated by Golubev (1992) without proof, we give it here for

completeness. For a function f , we note
∫
f =

∫
f(ω)dω.

RA
n (ϕ̂λ, ϕ) = En

p

∫

A
|ϕ̂λ − ϕ|2

= En
p

∫

A
|ϕ− ϕn + ϕn − hϕn|2

= En
p

∫

A

{
|ϕ− ϕn|2 + (1− h)2|ϕn|2 + 2(1 − h)Re [(ϕ− ϕn)ϕn]

}

= En
p

∫

A

{ |ζn|2
n

+ (h2 − 2h)|ϕn|2 + |ϕn|2 − 2(1− h)Re

[
ζn√
n
ϕn

]}

= En
p [ln(λ)] + En

p

∫

A

{ |ζn|2
n
− 2h

n
+ |ϕn|2 − 2(1− h)Re

[
ζn√
n
ϕn

]}

= En
p [ln(λ)] +

∫

A
|ϕ|2

+ En
p

∫

A

{ |ζn|2
n
− 2h

n
+ |ϕn|2 − |ϕ|2 − 2(1− h)Re

[
ζn√
n
ϕn

]}
.

But,

|ϕn|2 − |ϕ|2 =
|ζn|2
n

+ 2Re [ϕ (ϕn − ϕ)]
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Thus,

RA
n (ϕ̂λ, ϕ) = En

p [ln(λ)] +

∫

A
|ϕ|2

+ En
p

∫

A

{
2
|ζn|2
n
− 2h

n
+ 2Re

[
ζn√
n
ϕ

]
− 2(1− h)Re

[
ζn√
n
ϕn

]}

= En
p [ln(λ)] +

∫

A
|ϕ|2 +

2

n
En

p

∫

A
h
(
|ζn|2 − 1

)

+ 2Re

[
En

p

∫

A
(1− h)

( |ζn|2
n
− ζn√

n
ϕn

)
+

ζn√
n
ϕ

]

= En
p [ln(λ,Xn)] +

∫

A
|ϕ|2 +

2

n
En

p

∫

A
h
(
|ζn|2 − 1

)

+ 2Re

[
En

p

{∫

A
(h− 1)

ζn√
n
ϕ

}]
.

Which is (6.33). Next, we have

En
p [ln(λ)] = En

p

∫

A

[
(h2 − 2h)|ϕn|2 +

2

n
h

]

= En
p

∫

A

[
(1− h)2|ϕn|2 − |ϕn|2 +

2

n
h

]

= En
p

∫

A

[
(1− h)2|ϕ|2 + (1− h)2(|ϕn|2 − |ϕ|2)− |ϕn|2 +

2

n
h

]

= RA
n (ϕ̂λ, ϕ) + En

p

∫

A

[
(1− h)2(|ϕn|2 − |ϕ|2)− |ϕn|2 +

2

n
h− 1

n
h2 +

1

n
h2|ϕ|2

]

= RA
n (ϕ̂λ, ϕ) −

(
1−

En
p [h2] + 1

n

)∫

A
|ϕ|2 +En

p

∫

A
(1− h)2

(
|ϕn|2 − |ϕ|2 −

1

n

)

= RA
n (ϕ̂λ, ϕ) −

(
1−

En
p [h2] + 1

n

)∫

A
|ϕ|2 +

1

n
En

p

∫

A
(1− h)2

(
|ζn|2 − 1

)

+ 2Re

[
En

p

∫

A
(1− h)2ϕ ζn√

n

]
.

And (6.34) is proved.

Using the definitions of t∗A and toracleA given respectively in (6.11) and in (6.12), the

following lemma holds.

Lemma 6.7. The Stein estimator on the set A satisfies the inequality:

RA
n

(
ϕ̂λ∗

A
, ϕ
)
≤ RA

n

(
ϕ̂λoracle

A
, ϕ
)

+
2

n

∫

A
|ϕ(ω)|2dω

+
2

n
En

p

∫

A
t∗A
(
|ζn(ω)|2 −En

p |ζn(ω)|2
)
dω

+
2√
n

Re

[
En

p

∫

A
(t∗A − 1)ϕ(ω)ζn(ω)dω

]
.

(6.35)

Proof. By definition of λ∗A we have,

En
p

[
ln(λ∗A)

]
≤ En

p

[
ln(λoracle

A )
]
,
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Remark that for any ω ∈ IR,

En
p |ζn(ω)|2 = 1− |ϕ(ω)|2 and En

p [ζn(ω)] = 0 .

Using (6.34) it follows that

En
p

[
ln(λoracle

A )
]

= RA
n

(
ϕ̂λoracle

A
, ϕ
)
−
(

1− (toracleA )2 + 1

n

)∫

A
|ϕ(ω)|2dω

− 1

n

∫

A
(1− toracleA )2|ϕ(ω)|2dω

= RA
n

(
ϕ̂λoracle

A
, ϕ
)
−
(

1− 2toracleA

n

)∫

A
|ϕ(ω)|2dω .

(6.36)

Moreover, using (6.33), we obtain

RA
n

(
ϕ̂λ∗

A
, ϕ
)

= En
p [ln(λ∗A)] +

∫

A
|ϕ(ω)|2dω

+
2

n
En

p

∫

A
t∗A
(
|ζn(ω)|2 − 1

)
dω +

2√
n

Re

[
En

p

∫

A
(t∗A − 1)ϕ(ω)ζn(ω)dω

]

Hence, by Lemma 6.1 and (6.36), we get

RA
n

(
ϕ̂λ∗

A
, ϕ
)
≤ RA

n

(
ϕ̂λoracle

A
, ϕ
)

+
2

n

∫

A
|ϕ(ω)|2dω

+
2

n
En

p

∫

A
t∗A
(
|ζn(ω)|2 − 1

)
dω

+
2√
n

Re

[
En

p

∫

A
(t∗A − 1)ϕ(ω)ζn(ω)dω

]
.

In view of Lemma 6.7, to prove Theorem 6.1, it is sufficient to bound from above the

last two summands on the right-hand side of (6.35), that is,

En
p

∫

A
t∗A
(
|ζn(ω)|2 − En

p |ζn(ω)|2
)
dω and En

p

∫

A
(t∗A − 1)ϕ(ω)ζn(ω)dω .

For this purpose, we will use Lemmas 6.4 and 6.5 with the additional assumption that A

is symmetric about 0 as in Section 2.

Set n ≥ 1 and let |A| ≥ 1 be the length of A. Let us now cover the interval [0, 1]

by N = ⌊n|A|⌋ + 1 ≤ 2n|A| disjoint intervals, ∆1, . . . ,∆N , with centres t1, . . . , tN and

lengths 1/(n|A|). Here ⌊x⌋ denotes the integer part of x. Let t̃A be the projection of t∗A
on {t1, . . . , tN}, i.e.

t̃A = argmin
t∈{t1,...,tN}

∣∣t− t∗A
∣∣.

Thus
∣∣t̃A − t∗A

∣∣ ≤ 1/n|A| and we have
∣∣∣∣E

n
p

∫

A
(t∗A − 1)ϕ(ω)ζn(ω)dω

∣∣∣∣ ≤
∣∣∣∣E

n
p

∫

A
(t̃A − 1)ϕ(ω)ζn(ω)dω

∣∣∣∣

+

∣∣∣∣E
n
p

∫

A
(t∗A − t̃A)ϕ(ω)ζn(ω)dω

∣∣∣∣ .
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Next, we have,
∣∣∣∣E

n
p

∫

A
(t∗A − t̃A)ϕ(ω)ζn(ω)dω

∣∣∣∣ ≤
1

n|A|

∫

A
En

p |ϕ(ω)||ζn(ω)|dω

≤ 1

2n|A|

∫

A
En

p

(
|ϕ(ω)|2 + |ζn(ω)|2

)
dω =

1

2n
.

By the same argument,

∣∣∣∣E
n
p

∫

A
(t∗A − t̃A)

(
|ζn(ω)|2 − En

p |ζn(ω)|2
)
dω

∣∣∣∣ ≤
2

n
.

Note now that bRe
j (ω) = (tj − 1)Re

(
ϕ(ω)

)
1IA(ω) satisfies (6.31), for |A| ≤ 4n and j =

1, . . . , N . Indeed, by the Cauchy-Schwarz inequality
∫

IR
|bRe

j (ω)|dω =

∫

IR
|(tj − 1)Re (ϕ(ω)) 1IA(ω)|dω

≤ (1− tj)
√
|A|
(∫

A
|Re (ϕ(ω)) |2dω

) 1
2

≤ 2
√
n(1− tj)

(∫

A
|Re (ϕ(ω)) |2dω

)1
2

,

and

‖bRe
j ‖ =

(∫

IR
|(1 − tj)Re (ϕ(ω)) 1IA(ω)|2dω

)1
2

= (1− tj)
(∫

A
|Re (ϕ(ω)) |2dω

)1
2

,

hence ∫

IR
|bRe

j (ω)|dω ≤ 2
√
n‖bRe

j ‖.

In the same manner, bImj (ω) = (tj − 1)Im
(
ϕ(ω)

)
1IA(ω) satisfies (6.31).

Moreover, b′j(ω) = tj1IA(ω) satisfies (6.31) and (6.32) for 1 ≤ |A| ≤ 4n and j =

1, . . . , N . Indeed,
∫

IR
|b′j(ω)|dω =

∫

IR
|tj1IA(ω)|dω = tj|A| ≤ 2

√
ntj
√
|A|,

and

‖b′j‖ =

(∫

IR
|tj1IA(ω)|2dω

)1
2

= tj
√
|A|,

hence ∫

IR
|b′j(ω)|dω ≤ 2

√
n‖b′j‖.

Therefore b′j(ω) = tj1IA(ω) satisfies (6.31). On the other hand,

‖b′j‖ = tj
√
|A| and

∫

IR
|b′j(ω)|ldω = (tj)

l|A|.

Therefore, for all l ≥ 2 and for |A| ≥ 1,

‖b′j‖−l

∫

IR
|b′j(ω)|ldω = |A|1− l

2 ≤ 1.



104 6. ADAPTIVE DENSITY ESTIMATION USING THE BLOCKWISE STEIN METHOD

Thus, b′j(ω) = tj1IA(ω) satisfies (6.32). By Lemma 6.4 for any integer k ≥ 1, any j =

1, . . . , N and any A such that 1 ≤ |A| ≤ 4n, we have the following upper bounds:

(6.37) En
p

∣∣∣∣
∫

A
(t̃A − 1)ϕ(ω)ζn(ω)dω

∣∣∣∣
2k

≤ (Ck)4k

(
(1− tj)2

∫

A
|ϕ(ω)|2dω

)k

and

(6.38) En
p

(∫

A
tj
(
|ζn(ω)|2 − En

p |ζn(ω)|2
)
dω

)2k

≤
(
C ′k

)4k
(
tj
√
|A|
)2k

.

By (6.37) and (6.38), Lemma 6.5 can be applied to processes ξ(ω) = ζn(ω) and ξ(ω) =

|ζn(ω)|2 − En
p |ζn(ω)|2. We obtain the inequalities

(6.39) En
p

∣∣∣∣
∫

A
(t̃A − 1)ϕ(ω)ζn(ω)dω

∣∣∣∣ ≤ C (logN)2
(
En

p

[
(1− t̃A)2

] ∫

A
|ϕ(ω)|2dω

)1/2

and

(6.40) En
p

∣∣∣∣
∫

A
t̃A
(
|ζn(ω)|2 − En

p |ζn(ω)|2
)
dω

∣∣∣∣ ≤ C ′ (logN)2
(
En

p

[
t̃ 2
A

]
|A|
)1/2

.

Furthermore, for |A| ≥ 1 and any µn > 0,

2√
n

(
En

p

[
(1− t̃A)2

] ∫

A
|ϕ|2

)1/2 ≤ (log n)2µn

n
+

1

(log n)2µn
En

p

[
(1− t̃A)2

] ∫

A
|ϕ|2

≤ (log n)2µn

n
+

1

(log n)2µn
En

p

[
(1− t∗A)2

] ∫

A
|ϕ|2d

+
1

n2(log n)2µn
+

2

n(log n)2µn

≤ C (log n)2µn

n
+

1

(log n)2µn
En

p

[
(1− t∗A)2

] ∫

A
|ϕ|2.

And, by the same argument

2

n

(
En

p

[
t̃ 2
A

]
|A|
)1/2 ≤ C ′ (log n)2µn

n
+

1

n(log n)2µn
En

p

[
(t∗A)2

] ∫

A

(
1− |ϕ|2

)

+
1

n(log n)2µn

∫

A
|ϕ|2.

Therefore, using the two preceding inequalities, Lemma 6.7, (6.39), (6.40) and the

residuals of order 1/n due to discretization, one obtains, for strictly positive constants

c1, c2 and c3,

RA
n

(
ϕ̂λ∗

A
, ϕ
)
≤ RA

n

(
ϕ̂λoracle

A
, ϕ
)

+
2

n

∫

A
|ϕ(ω)|2dω +

1

n (log n)2 µn

∫

A
|ϕ(ω)|2dω

+ c1
(logN)2

(log n)2 µn

RA
n

(
ϕ̂λ∗

A
, ϕ
)

+ c2
(logN)2 (log n)2 µn

n
+ c3

1

n
.

Then, noting that

logN ≤ log(2|A|n) ≤ log(8n2) ≤ 5 log n, for n ≥ 2,

we find a constant c4 > 0 such that for n ≥ 3 and µn ≥ 1,
(

1− c3
1

µn

)
RA

n

(
ϕ̂λ∗

A
, ϕ
)
≤ RA

n

(
ϕ̂λoracle

A
, ϕ
)

+
3

n

∫

A
|ϕ(ω)|2dω + c4

(log n)4 µn

n
.

and Theorem 6.1 is proved.
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CHAPTER 7

Excess risk bounds in semi-supervised classification under

the cluster assumption

We consider semi-supervised classification when part of the available data is unla-

beled. These unlabeled data can be useful for the classification problem when we make

an assumption relating the behavior of the regression function to that of the marginal

distribution. Seeger (2000) proposed the well-known cluster assumption as a reasonable

one. We propose a mathematical formulation of this assumption and a method based on

density level sets estimation that takes advantage of it to achieve fast rates of convergence

both in the number of unlabeled examples and the number of labeled examples.
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This chapter is an extended version of Rigollet (2006b).

1. Introduction

Semi-supervised classification has been of growing interest over the past few years and

many methods have been proposed. The methods try to give an answer to the question:

“How to improve classification accuracy using unlabeled data together with the labeled

data?”. Unlabeled data can be used in different ways depending on the assumptions on
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the model. There are mainly two approaches to solve this problem. The first one consists

in using the unlabeled data to reduce the complexity of the problem in a broad sense.

For instance, assume that we have a set of potential classifiers and we want to aggregate

them. In that case, unlabeled data is used to measure the compatibility between the

classifiers and reduces the complexity of the set of candidate classifier (see, e.g., Balcan

and Blum, 2005; Blum and Mitchell, 1998). Unlabeled data can also be used to reduce

the dimension of the problem (see, e.g., Belkin and Niyogi, 2004), which is another way

to reduce complexity. In the cited paper, it is assumed that the data actually live on a

submanifold of low dimension.

The second approach is the one that we use here. It assumes that the data contains

clusters that have homogeneous labels and the unlabeled observations are used to identify

these clusters. This is the so-called cluster assumption. This idea can be put in practice

in several ways giving rise to various methods. The simplest is the one presented here:

estimate the clusters, then label each cluster uniformly. Most of these methods use Har-

tigan’s (Hartigan, 1975) definition of clusters, namely the connected components of the

density level sets. However, they use a parametric (usually mixture) model to estimate

the underlying density which can be far from reality. Moreover, no generalization error

bounds are available for such methods. In the same spirit, Tipping (1999) and Rattray

(2000) propose methods that learn a distance using unlabeled data in order to have intra-

cluster distances smaller than inter-clusters distances. The whole family of graph-based

methods aims also at using unlabeled data to learn the distances between points. The

edges of the graphs reflect the proximity between points. For a detailed survey on graph

methods we refer to Zhu (2005). Finally, we mention kernel methods, where unlabeled

data are used to build the kernel. Recalling that the kernel measures proximity between

points, such methods can also be viewed as learning a distance using unlabeled data (see

Bousquet et al., 2004; Chapelle and Zien, 2005; Chapelle et al., 2006).

The cluster assumption can be interpreted in another way, i.e., as the requirement

that the decision boundary has to lie in low density regions. This interpretation has

been widely used in learning since it can be used in the design of standard algorithms

such as Boosting (d’Alché Buc et al., 2001; Hertz et al., 2004) or SVM (Bousquet et al.,

2004; Chapelle and Zien, 2005), which are closely related to kernel methods mentioned

above. In these algorithms, a greater penalization is given to decision boundaries that

cross a cluster. For more details, see, e.g., Seeger (2000); Zhu (2005); Chapelle et al.

(2006). Although most methods make, sometimes implicitly, the cluster assumption, no

formulation in probabilistic terms has been provided so far. The formulation that we

propose in this paper remains very close to its original text formulation and allows to

derive generalization error bounds. We also discuss what can and cannot be done using

unlabeled data. One of the conclusions is that considering the whole excess-risk is too

ambitious and we need to concentrate on a smaller part of it to observe the improvement

of semi-supervised classification over standard classification.

Outline of the paper. After describing the model, we formulate the cluster assumption

and discuss why and how it can improve classification performance in the Section 2. The

main result of this section is Proposition 7.1 which essentially states that the effect of

unlabeled data on the rates of convergence cannot be observed observed on the whole

excess-risk. We therefore introduce the cluster excess-risk which corresponds to a part of

the excess-risk that is interesting for this problem. In Section 3, we study the population



2. THE MODEL 109

when the clusters are perfectly known, to get an idea of our target. Indeed, such a

population case corresponds in some way to the case when the amount of unlabeled data

is infinite. Section 4 contains the main result: after having defined the clusters in terms

of density level sets, we propose an algorithm for which we derive rates of convergence

for the cluster excess-risk as a measure of performance. An example of consistent density

level set estimators is given in Section 5. Section 6 is devoted to discussion on the choice

of λ and possible improvements. Proofs of the results are gathered in Section 7.

Notation. Throughout the paper, we denote positive constants by cj . We write Γc for the

complement of the set Γ. For two sequences (up)p and (vp)p (in that paper, p will be m

or n), we write up = O(vp) if there exists a constant C > 0 such that up ≤ Cvp and we

write up = Õ(vp) if up ≤ C(log p)αvp for some constants α > 0, C > 0. Moreover, we write

up = o(vp), if there exists a non negative sequence (εp)p that tends to 0 when p tends to

infinity and such that |up| ≤ εp|vp|. Thus, if up = Õ(vp), we have up = o(vpp
β), for any

β > 0.

2. The model

Let (X,Y ) be a random couple with joint distribution P , where X ∈ X ⊂ IRd is a

vector of d features and Y ∈ {0, 1} is a label indicating the class to which X belongs. The

distribution P of the random couple (X,Y ) is completely determined by the pair (PX , η)

where PX is the marginal distribution of X and η is the regression function of Y on X,

i.e., η(x) , P (Y = 1|X = x). The goal of classification is to predict the label Y given the

value of X, i.e., to construct a measurable function g : X → {0, 1} called a classifier. The

performance of g is measured by the average classification error

R(g) , P (g(X) 6= Y ) .

A minimizer of the risk R(g) over all classifiers is given by the Bayes classifier g⋆(x) =

1I{η(x)≥1/2}, where 1I{·} denotes the indicator function. Assume that we have a sample of

n observations (X1, Y1), . . . , (Xn, Yn) that are independent copies of (X,Y ). An empirical

classifier is a random function ĝn : X → {0, 1} constructed on the basis of the sample

(X1, Y1), . . . , (Xn, Yn). Since g⋆ is the best possible classifier, we measure the performance

of an empirical classifier ĝn by its excess-risk

E(ĝn) = IEnR(ĝn)−R(g⋆) ,

where IEn denotes the expectation with respect to the joint distribution of the sample

(X1, Y1), . . . , (Xn, Yn). We denote hereafter by IPn the corresponding probability.

In many applications, a large amount of unlabeled data is available as well as a small

set of labeled data (X1, Y1), . . . , (Xn, Yn) and the goal of semi-supervised classification is

to use unlabeled data to improve the performance of classifiers. Thus, we observe two

independent samples Xl = {(X1, Y1), . . . , (Xn, Yn)} and Xu = {Xn+1, . . . ,Xn+m}, where

n is rather small and typically m ≫ n. Most existing theoretical studies of supervised

classification use empirical processes theory (Devroye et al., 1996; Vapnik, 1998; van de

Geer, 2000; Boucheron et al., 2005) to obtain rates of convergence for the excess-risk

that are polynomial in n. Typically these rates are of the order O(1/
√
n) and can be as

small as Õ(1/n) under some low noise assumptions (cf., e.g., Tsybakov, 2004b; Audibert

and Tsybakov, 2005). However, simulations indicate that much faster rates should be

attainable when the unlabeled data is used to identify homogeneous clusters. Of course,

it is well known that in order to make use of the additional unlabeled observations, we
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have to make an assumption on the dependence between the marginal distribution of X

and the joint distribution of (X,Y ). Seeger (2000) formulated the rather intuitive cluster

assumption as follows1

Two points x, x′ ∈ X should have the same label y if there is a path

between them which passes only through regions of relatively high PX .

This assumption, in its raw formulation cannot be exploited in the probabilistic model

since (i) the labels are random variables Y, Y ′ so that the expression “should have the

same label” is meaningless unless η takes values in {0, 1} and (ii) it is not clear what

“regions of relatively high PX” are. To match the probabilistic framework, we propose the

following modifications

(i) P [Y = Y ′|X,X ′ ∈ C] ≥ P [Y 6= Y ′|X,X ′ ∈ C], where C is a cluster.

(ii) Define “regions of relatively high PX” in terms of density level sets.

Assume for the moment that we know what the clusters are, so that we do not have to

define them in terms of density level sets. This will be done in Section 4. Let T1, T2, . . . ,

be a countable family of subsets of X . We now make the assumption that the Tj ’s are

clusters of homogeneous data.

Cluster Assumption (CA1): Let Tj , j = 1, 2, . . . , be a collection of measurable

sets such that Tj ⊂ X , j = 1, 2, . . . Then the function x ∈ X 7→ 1I{η(x) ≥ 1/2}
takes a constant value on each of the Tj , j = 1, 2, . . ..

It is not hard to see that the cluster assumption (CA1) is equivalent to the following

assumption.

Let Tj , j = 1, 2, . . . , be a collection of measurable sets such that Tj ⊂ X , j = 1, 2, . . .

Then, for any j = 1, 2, . . ., we have

P [Y = Y ′|X,X ′ ∈ Tj ] ≥ P [Y 6= Y ′|X,X ′ ∈ Tj ] .

A question remains: what happens outside of the clusters? Define the union of the

clusters,

(7.1) C =
⋃

j≥1

Tj

and assume that we are in the problematic case, PX(Cc) > 0 such that the question makes

sense. Since the cluster assumption (CA1) says nothing about what happens outside of

the set C, we can only perform supervised classification on Cc. Consider a classifier ĝn,m

built from labeled and unlabeled samples (Xl,Xu) pooled together. The excess-risk of ĝn,m

can be written (see Devroye et al., 1996),

E(ĝn,m) = IEn,m

∫

X
|2η(x) − 1|1I{ĝn,m(x)6=g⋆(x)}p(x)dx ,

where IEn,m denotes the expectation with respect to the pooled sample (Xl,Xu). We denote

hereafter by IPn,m the corresponding probability. Since, the unlabeled sample is of no help

to classify points in Cc, any reasonable classifier should be based on the sample Xl so that

ĝn,m(x) = ĝn(x), ∀x ∈ Cc, and we have

(7.2) E(ĝn,m) ≥ IEn

∫

Cc

|2η(x) − 1|1I{ĝn(x)6=g⋆(x)}p(x)dx .

1the notation is adapted to the present framework



2. THE MODEL 111

Since we assumed PX(Cc) 6= 0, the RHS of (7.2) is bounded from below by the optimal

rates of convergence that appear in supervised classification.

Recall that the distribution P of the random couple (X,Y ) is completely characterized

by the couple (PX , η) where PX is the marginal distribution of X and η is the regression

function of Y on X. Thus, any class of distributions D can be decomposed as D =M×Ξ

whereM is a class of marginal distributions on X and Ξ is a class of regression functions

on X with values in [0, 1].

Proposition 7.1. Fix n,m ≥ 1 and let C be a measurable subset of X . Assume that

the class D = M× Ξ is such that for any η ∈ Ξ and any x ∈ Cc the value of η(x) is

independent of PX . Then, for any marginal distribution P 0
X ∈M, we have

(7.3) inf
Tn

sup
η∈Ξ

IEn

∫

Cc

|2η − 1|1I{Tn 6=g⋆}dP
0
X ≤ inf

Tn,m

sup
P∈D

IEn,m

∫

Cc

|2η − 1|1I{Tn,m 6=g⋆}dPX ,

where infTn,m denotes the infimum over all classifiers based on the pooled sample (Xl,Xu)

and infTn denotes the infimum over all classifiers based only on the labeled sample Xl.

The main consequence of Proposition 7.1 is that even when the cluster assumption

(CA1) is valid the unlabeled data are useless to improve the rates of convergence. If the

class M is reasonably large and satisfies P 0
X(Cc) > 0, the left hand side in (7.3) can be

bounded from below by the minimax rate of convergence with respect to n, over the class

D. Indeed a careful check of the proofs of minimax lower bounds reveals that they are

constructed using a single marginal P 0
X that is well chosen. These rates are typically of

the order n−α, 0 < α ≤ 1 (see e.g. Mammen and Tsybakov (1999); Tsybakov (2004b);

Audibert and Tsybakov (2005) and Boucheron et al. (2005) for a comprehensive survey).

Thus, unlabeled data do not improve the rate of convergence of this part of the excess-

risk. To observe the effect of unlabeled data on the rates of convergence, we have to

consider the cluster excess-risk of a classifier ĝn,m defined by

(7.4) EC(ĝn,m) , IEn,m

∫

C
|2η(x) − 1|1I{ĝn,m(x)6=g⋆(x)}p(x)dx .

We will therefore focus on this measure of performance. The cluster excess-risk can

also be expressed in terms of an excess-risk. To that end, define the set G of all classifiers

restricted to C:
G =

{
g : C → {0, 1}, g measurable

}
.

The performance of a classifier g ∈ G is measured by the average classification error on C
RC(g) = P

(
g(X) 6= Y,X ∈ C

)

A minimizer of RC(·) over G is given g⋆
|C(x) = 1I{η(x)≥1/2}, x ∈ C, i.e., the restriction of the

Bayes classifier to C. Now it can be easily shown that for any classifier g ∈ G we have,

(7.5) RC(g) −RC(g⋆
|C) =

∫

C
|2η(x) − 1|1I{g(x)6=g⋆

|C(x)}p(x)dx .

Taking expectations on both sides of (7.5) with g = ĝn,m, it follows that

IEn,mRC(ĝn,m)−RC(g⋆
|C) = EC(ĝn,m) .

Therefore, cluster excess-risk equals the excess-risk of classifiers in G. In the sequel, we

only consider classifiers ĝn,m ∈ G, i.e., classifiers that are defined on C.
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We now propose a method to obtain good upper bounds on the cluster excess-risk,

taking advantage of the cluster assumption (CA1). The idea is to estimate the regions

where the sign of (η − 1/2) is constant and make a majority vote on each region.

3. Results for known clusters

Consider the ideal situation where the family T1, T2, . . ., is known and we observe only

the labeled sample Xl = {(X1, Y1), . . . , (Xn, Yn)}. Define

C =
⋃

j≥1

Tj .

Under the cluster assumption (CA1), the function x 7→ η(x) − 1/2 has constant sign on

each Tj . Thus a simple and intuitive method for classification is to perform a majority

vote on each Tj .

For any j ≥ 1, define δj ≥ 0, δj ≤ 1 by

δj =

∫

Tj

|2η(x) − 1|PX (dx) .

We now define our classifier based on the sample Xl . For any j ≥ 1, define the random

variable

Zj
n =

n∑

i=1

(2Yi − 1) 1I{Xi∈Tj} ,

and denote by ĝj
n the function ĝj

n(x) = 1I{Zj
n>0} for all x ∈ Tj . Consider the classifier

defined on C by

ĝn(x) =
∑

j≥1

ĝj
n(x)1I{x∈Tj}, x ∈ C .

The following theorem gives an exponential rate of convergence for the cluster excess-risk

of the classifier ĝn under (CA1).

Theorem 7.1. Let Tj, j ≥ 1 be a family of measurable sets that satisfy Assumption

(CA1). Then, the classifier ĝn defined above satisfies

(7.6) EC(ĝn) ≤ 2
∑

j≥1

δje
−nδ2

j /2 .

Moreover, if there exists δ > 0 such that δ = infj{δj : δj > 0}, we obtain an exponential

rate of convergence:

(7.7) EC(ĝn) ≤ 2e−nδ2/2 .

In a different framework, Castelli and Cover (1995, 1996) have proved that exponential

rates of convergence were attainable for semi-supervised classification. A rapid overview of

the proof shows that the rate of convergence e−nδ2/2 cannot be improved without further

assumption. It will be our target in semi-supervised classification. However, we need

estimators of the clusters Tj , j = 1, 2, . . .. In the next section we provide the main result

on semi-supervised learning, that is when the clusters are unknown but we can estimate

them using the unlabeled sample Xu.

4. Main result

We now deal with a more realistic case where the clusters T1, T2, . . . , are unknown and

we have to estimate them using the unlabeled sample Xu = {X1, . . . ,Xm}. We begin by
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giving a definition of the clusters in terms of density level sets. In this section, we assume

that X is connected (see definition below) and has finite Lebesgue measure.

4.1. Definition of the clusters. Following Hartigan (1975), we propose a definition

of clusters that is also compatible with the expression “regions of relatively high PX”

proposed by Seeger (2000).

Assume that PX admits a density p with respect to the Lebesgue measure on IRd

denoted hereafter by Lebd. For a fixed λ > 0, the λ-level set of the density p is defined by

(7.8) Γ(λ) = {x ∈ X : p(x) ≥ λ} .
On these sets, the density is relatively high. The cluster assumption involves also a notion

of connectedness of a set. A set C ⊂ IRd is said to be connected (or pathwise connected)

if, for any x, x′ ∈ C, there exists a continuous map f : [0, 1] → C, such that f(0) = x

and f(1) = x′. A direct consequence of this definition is that a connected set cannot be

defined up to a set of null Lebesgue measure. Indeed, consider for example the case d = 1

and C = [0, 1]. This set is obviously connected (take the map f equal to the identity on

[0, 1]) but the set C̃ = C \{1/2} is no more connected even though C and C̃ only differ by

a set of null Lebesgue measure. In our setup we want to impose connectedness on certain

subsets of the λ-level set of the density p which is actually defined up to a set of null

Lebesgue measure. To overcome this problem, we introduce the following notions.

Let B(x, r) be the d-dimensional closed ball of center x ∈ IRd and radius r > 0, defined

by

B(x, r) =
{
y ∈ IRd : ‖y − x‖ ≤ r

}
,

where ‖ · ‖ denotes the Euclidean norm in IRd.

Definition 7.1. Fix r0 > 0, c0 > 0 and let d̄ be an integer such that d̄ ≥ d. Let C

be a measurable subset of X . For two points x, x′ ∈ C, we say that x is r0-connected to

x′ in C and we write x
r0←→
C

x′ if there exists a continuous map f : [0, 1] → X such that

f(0) = x, f(1) = x′ and for any t ∈ [0, 1] and any 0 < r ≤ r0, we have

Lebd

(
B(f(t), r) ∩ C

)
≥ c0rd̄ .

Moreover, we say that C is a standard set, if for any x ∈ C, we have x
r0←→
C

x.

Remark that the definition of a standard set has been introduced by Cuevas and

Fraiman (1997). This definition ensures that the set C has no “flat” parts which allows

to exclude pathological cases such as the one presented on the left hand side of Figure 1.

Remark also that the path f takes values in X which is connected, so that removing sets

of null Lebesgue measure from C does not affect the r0-connectedness of its elements,

contrary to the usual notion of connectedness defined above.

When C is standard, the following lemma holds.

Lemma 7.1. If the set C is standard, then the binary relation
r0←→
C

is an equivalence

relation and C can be partitioned into its classes of equivalence.

Before considering the classes of equivalence of the relation
r0←→
C

, for some set C ⊂ X
we make sure that there is only a finite number of them. To that end, we introduce the

notion of s0-separated sets.
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Define the pseudo-distance distance d∞, between two sets C1 and C2 by

d∞(C1, C2) = inf
x∈C1
y∈C2

‖x− y‖

We say that two sets C1, C2 . . . , are s0-separated if d∞(C1, C2) ≥ s0, for some s0 ≥ 0. On

the right hand side of Figure 1, we show an example of two sets that are not s0-separated.

Proposition 7.2. Fix r0 > 0, s0 > 0 and assume that C is a standard set such that

the classes of equivalence of the relation
r0←→
C

are two by two s0-separated. Then there

exists a partition C1, . . . CJ of C, where the Cj are such that

• For any j = 1, . . . , J and any x, x′ ∈ Cj, we have x
r0←→
C

x′ and

• For any j 6= j′ and any x ∈ Cj , x
′ ∈ Cj′, x is not r0-connected to x′ in C.

We call C1, . . . , CJ the r0-connected components of C.

We now formulate the cluster assumption when the clusters are defined in terms of

density level sets. In the rest of the section, fix λ > 0 and let Γ denote the λ-level set of

the density p.

Cluster Assumption (CA2): Fix s0 > 0, r0 > 0, c0 > 0 and assume that Γ

admits a version that is standard and such that the classes of equivalence of the

relation
r0←→
Γ

are two by two s0-separated. Denote by T1, . . . , TJ the r0-connected

components of this version of Γ. Then the function x ∈ X 7→ 1I{η(x) ≥ 1/2}
takes a constant value on each of the Tj , j = 1, . . . J .

4.2. Estimation of the clusters. Assume that p is uniformly bounded by a constant

L(p) and that Lebd(X ) <∞. Denote by IPm and IEm respectively the probability and the

expectation w.r.t the sample Xu of size m. Assume that we use the sample Xu to construct

an estimator Ĝm of Γ satisfying

(7.9) IEm

[
Lebd(Ĝm △ Γ)

]
→ 0, m→ +∞ ,

where △ is the sign for the symmetric difference. We call such estimators consistent

estimators of Γ. However, for any r0 > 0, the r0-connected components of a consistent

estimator of Γ are not in general consistent estimators of the r0-connected components

of Γ. To ensure componentwise consistency, we make assumptions on the estimator Ĝm.

Note that the performance of a density level estimator Ĝm is measured by the quantity

(7.10) IEm

[
Lebd(Ĝm △ Γ)

]
= IEm

[
Lebd(Ĝ

c
m ∩ Γ)

]
+ IEm

[
Lebd(Ĝm ∩ Γc)

]
.

For some estimators, such as the penalized plug-in density level sets estimators presented in

Section 5, we can prove that the dominant term in the RHS of (7.10) is IEm

[
Lebd(Ĝ

c
m∩Γ)

]
.

It yields that the probability of having Γ included in the consistent estimator Ĝm is

negligible. We now give a precise definition of such estimators.

Definition 7.2. Let Ĝm be an estimator of Γ and fix α > 0. We say that the estimator

Ĝm is consistent from inside at rate m−α if it satisfies

IEm

[
Lebd(Ĝm △ Γ)

]
= Õ(m−α)

and

IEm

[
Lebd(Ĝm ∩ Γc)

]
= Õ(m−2α)
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For a fixed α > 0, let Ĝm ⊂ X be an estimator of Γ that is consistent from inside at

rate m−α and recall that we want to estimate the r0-connected components of Γ. To this

end, we apply the following transformations to the estimator Ĝm:

1. Clipping: In this step we remove some elements from Ĝm and obtain a clipped

set G̃m. Since Ĝm is an estimator of Γ that is consistent from inside, it ensures

that any connected subset of G̃m is included in one of the r0-connected compo-

nents of Γ except on an event of negligible probability. In other words, it ensures

that we do not estimate the union of two r0-connected components of Γ by a

single r0-connected component of Ĝm.

2. Merging: In this step we want to prevent ourselves from estimating a single r0-

connected component of Γ by several closer and closer disjoint connected sets. The

idea used here is to estimate the r0-connected components of Γ by the connected

components of the clipped set G̃m. When two connected components of G̃m are

too close we merge them by taking their union.

We now describe the clipping step in more details. Define the set

Clip(Ĝm) =
{
x ∈ Ĝm : Lebd

(
Ĝm ∩ B(x, (logm)−1)

)
≤ (logm)−d

mα

}
.

Since for sufficiently large m, we have (logm)−dm−α ≤ r0 eventually, Clip(Ĝm) is such

that none of its elements is r0-connected to itself in Ĝm. In the sequel, we will only consider

the clipped version of Ĝm defined by G̃m = Ĝm \Clip(Ĝm).

Proposition 7.3. Fix α > 0. Assume that Lebd(X ) <∞ and let Ĝm be an estimator

of Γ that is consistent from inside at rate m−α. Then, the clipped estimator G̃m = Ĝm \
Clip(Ĝm) is also consistent from inside a rate m−α and has a finite number J̃m of connected

components.

Denote by T̃1, . . . , T̃J̃m
the connected components of G̃m, where J̃m is the number of

connected components of G̃m. This number depends on Xu and is therefore random.

We now describe the merging step. For simplicity we present it in terms of a recursive

pseudo-algorithm. For any j = 1, . . . , J̃m, define the set of integers

N (j) =
{
k ∈ {1, . . . , J̃m} : d∞(T̃j , T̃k) ≤ 2(logm)−1

}
,

Consider the following pseudo-algorithm.

Merging

• Initialize: Z = {1, . . . , J̃m}, j = 0, k = 0 .

• While Z 6= ∅, do:

j ← min(Z) ,

k ← k + 1 ,

H̃k =
⋃

l∈N (j)

T̃j ,

Z ← Z \ N (j) ,

• K̃m = k .
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Remark that since j ∈ N (j), the pseudo-algorithm stops after at most J̃m iterations. The

family of sets H̃1, . . . , H̃K̃m
is such that d∞(H̃k, H̃k′) > 2(logm)−1, ∀ k 6= k′. The H̃k’s

correspond to the estimators of the r0-connected components of Γ. The next proposition

states that that the H̃k’s are consistent estimators of the r0-connected components of Γ(λ).

Let J be a subset of {1, . . . , J}. Define κ(j) = {k = 1, . . . , K̃m : H̃k ∩ Tj 6= ∅} and let

D(J ) be the event on which the sets κ(j), j ∈ J are reduced to singletons {k(j)} that are

disjoint, i.e.,

D(J ) =
{
κ(j) = {k(j)}, k(j) 6= k(j′), ∀ j, j′ ∈ J , j 6= j′

}

=
{
κ(j) = {k(j)}, (Tj ∪ H̃k(j)) ∩ (Tj′ ∪ H̃k(j′)) = ∅, ∀ j, j′ ∈ J , j 6= j′

}
.

(7.11)

In other words, on the event D(J ), there is a one-to-one correspondence between the

collection {Tj}j∈J and the collection
{
{H̃k}k∈κ(j)

}
j∈J . Componentwise convergence of

G̃m to Γ, is ensured when D({1, . . . , J}) has asymptotically overwhelming probability.

The following proposition gives an upper bound on the probability of the complement of

the event D(J ).

Proposition 7.4. Fix r0 > 0, s0 > 0 and assume that there exists a version of Γ that

admits a decomposition into a number J ≥ 1 of r0-connected components Γ =
⋃J

j=1 Tj

where the {Tj}j=1,...,J are two by two s0-separated. Consider an estimator Ĝm of Γ that is

consistent from inside at rate m−α. Denote by {H̃k}k=1,...,K̃m
the family of sets obtained

by the clipping and merging steps described above. Then, for any J ⊂ {1, . . . , J}, we have

IPm

(
Dc(J )) = Õ

(
m−α

)
,

where D(J ) is defined in (7.11).

r0

s0/2

Figure 1. Set that is 0-connected but not r0-connected for any r0 > 0
(left) and non-separated connected components (right).

4.3. Labeling the clusters. To estimate the homogeneous regions, we will simply

estimate the connected components of Γ and apply the clipping and merging steps de-

scribed above. Then we make a majority vote on each homogeneous region. It yields the

following procedure.
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Three-step procedure

(1) Use the unlabeled data Xu to construct an estimator Ĝm of Γ that is consistent

from inside at rate m−α.

(2) Define homogeneous regions as the unions of the connected components of

G̃m = Ĝm \ Clip(Ĝm) (clipping step) that are closer than 2(logm)−1 for the

distance d∞ using pseudo-algorithm Merging.

(3) Assign a single label to each estimated homogeneous region by majority vote

on labeled data.

This method translates into two distinct error terms, one term in m and another term

in n. We apply our three-step procedure to build a classifier g̃n,m based on the pooled

sample (Xl,Xu). Fix α > 0 and let Ĝm be an estimator of the density level set Γ, that is

consistent from inside at rate m−α. For any 1 ≤ k ≤ K̃m, define the random variable

Zk
n,m =

n∑

i=1

(2Yi − 1) 1I{Xi∈H̃k} ,

where H̃k is obtained by the clipping and merging steps defined in the previous subsection.

Denote by g̃k
n,m the function g̃k

n,m(x) = 1I{Zk
n,m>0} for all x ∈ H̃k and consider the classifier

defined on X by

(7.12) g̃n,m(x) =

K̃m∑

k=1

g̃k
n,m(x)1I{x∈H̃k}, x ∈ X .

Note that the classifier g̃n,m assigns label 0 to any x outside of G̃m. This is a notational

convention and we can assign any value to x on this set since we are only interested in

the cluster excess-risk. Nevertheless, it is more appropriate to assign a label referring to a

rejection, e.g., the values “2”or “R” (or any other value different from {0, 1}). The rejection

meaning that this point should be classified using labeled data only. However, when the

amount of labeled data is too small, it might be more reasonable not to classify this point

at all. This modification is of particular interest in the context of classification with a

rejection option when the cost of rejection is smaller than the cost of misclassification

(see, e.g., Herbei and Wegkamp, 2006). Remark that when there is only a finite number

of clusters, there exists δ > 0 such that

(7.13) δ = min
j=1,...,J

δj .

Theorem 7.2. Fix α > 0, r0 > 0 and assume that (CA2) holds. Consider an estima-

tor Ĝm of Γ, based on Xu that is consistent from inside at rate m−α. Then, the classifier

g̃n,m defined in (7.12) satisfies

(7.14) EΓ (g̃n,m) ≤ Õ
(
m−α

1− θ

)
+

J∑

j=1

δje
−n(θδj)2/2 ,≤ Õ

(
m−α

1− θ

)
+ e−n(θδ)2/2

for any 0 < θ < 1 and where δ > 0 is defined in (7.13).

Note that, since we often have m ≫ n, the first term in the RHS of (7.14) can be

considered negligible so that we achieve an exponential rate of convergence in n which is
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almost the same (up to the constant θ in the exponent) as in the case where the clusters

are completely known. The constant θ seems to be natural since it balances the two terms.

5. Plug-in rules for density level sets estimation

Fix λ > 0 and recall that our goal is to use the unlabeled sample Xu of size m to

construct an estimator Ĝm of Γ = Γ(λ) = {x ∈ X : p(x) ≥ λ}, that is consistent from

inside at rate m−α for some α > 0 that should be as large as possible. A simple and

intuitive way to achieve this goal is to use plug-in estimators of Γ defined by

Γ̂ = Γ̂(λ) = {x ∈ X : p̂m(x) ≥ λ} ,
where p̂m is some estimator of p. A straightforward generalization are the penalized plug-in

estimators of Γ(λ), defined by

Γ̃ℓ = Γ̃ℓ(λ) = {x ∈ X : p̂m(x) ≥ λ+ ℓ} ,
where ℓ > 0 is a penalization. Clearly, we have Γ̃ℓ ⊂ Γ̂. Keeping in mind that we

want estimators that are consistent from inside we are going to consider sufficiently large

penalization ℓ = ℓ(m).

Plug-in rules is not the only choice for density level set estimation. Direct methods such

as empirical excess mass maximization (see, e.g., Polonik, 1995; Tsybakov, 1997; Steinwart

et al., 2005) are also popular. One advantage of plug-in rules over direct methods is that

once we have an estimator p̂m, we can compute the whole collection {Γ̃ℓ(λ), λ > 0}, which

might be of interest for the user who wants to try several values of λ. Note also that a

wide range of density estimators is available in usual software. A density estimator can be

parametric, typically based on a mixture model, or nonparametric such as histograms or

kernel density estimators.

The next assumption has been introduced in Polonik (1995). It is an analog of the

margin assumption formulated in Mammen and Tsybakov (1999) and Tsybakov (2004b)

but for arbitrary level λ in place of 1/2.

Definition 7.3. For any λ, γ ≥ 0, a function f : X → IR is said to have γ-exponent

at level λ if there exists a constant c⋆ > 0 such that, for all ε > 0,

Lebd {x ∈ X : |f(x)− λ| ≤ ε} ≤ c⋆εγ .
When γ > 0 it ensures that the function f has no flat part at level λ.

The next theorem gives fast rates of convergence for penalized plug-in rules when p̂m

satisfies an exponential inequality and p has γ-exponent at level λ. Moreover, it ensures

that when the penalization ℓ is suitably chosen, the plug-in estimator is consistent from

inside.

Theorem 7.3. Fix λ > 0, γ > 0 and ∆ > 0. Let p̂m be an estimator of the density p

based on the sample Xu of size m ≥ 1 and let P be a class of densities on X . Assume that

there exist positive constants c1, c2 and a ≤ 1, such that for PX -almost all x ∈ X , we have

(7.15) sup
p∈P

IPm (|p̂m(x)− p(x)| ≥ δ) ≤ c1e−c2maδ2
, m−a/2 < δ < ∆ .

Assume further that p has γ-exponent at level λ for any p ∈ P and that the penalty ℓ is

chosen as

(7.16) ℓ = ℓ(m) = m− a
2 logm.

Then the plug-in estimator Γ̃ℓ is consistent from inside at rate m− γa
2 for any p ∈ P.
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Consider a kernel density estimator p̂K
m based on the sample Xu defined by

(7.17) p̂K
m(x) =

1

mhd

n+m∑

i=n+1

K

(
Xi − x
h

)
, x ∈ X ,

where h > 0 is the bandwidth parameter and K : IRd → IR is a kernel. If p is assumed

to have Hölder smoothness parameter β > 0 and if K and h are suitably chosen, it is a

standard exercise to prove inequality of type (7.15) with a = 2β/(2β + d). In that case, it

can be shown that the rate m− γa
2 is optimal in a minimax sense (see Chapter 8).

6. Discussion

We proposed a formulation of the cluster assumption in probabilistic terms. This for-

mulation relies on Hartigan’s (Hartigan, 1975) definition of clusters but it can be modified

to match other definitions of clusters.

We also proved that there is no hope to improve the classification performance outside

of these clusters. Based on these remarks, we defined the cluster excess-risk which can be

easily generalized to the setup of general clusters defined above. Finally we proved that

when we have consistent estimators of the clusters, it is possible to achieve exponential

rates of convergence for the cluster excess-risk. The theory developed here can be extended

to any definition of clusters as long as they can be consistently estimated.

Note that our definition of clusters is parametrized by λ which is left to the user,

depending on his trust in the cluster assumption. Indeed, density level sets have the

monotonicity property: λ ≥ λ′, implies Γ(λ) ⊂ Γ(λ′). In terms of the cluster assumption,

it means that when λ decreases to 0, the assumption (CA2) concerns bigger and bigger sets

Γ(λ) and in that sense, it becomes more and more restrictive. As a result, the parameter

λ can be considered as a level of confidence characterizing to which extent the cluster

assumption is valid for the distribution P and its choice is left to the user.

The choice of λ can be made by fixing PX(C), where C is defined in (7.1), the probability

of the rejection region. We refer to Cuevas et al. (2001) for more details. Note that data-

driven choices of λ could be easily derived if we impose a condition on the purity of the

clusters, i.e., if we are given the δ in (7.13). Such a choice could be made by decreasing λ

until the level of purity is attained. However, any data-driven choice of λ has to be made

using the labeled data. It would therefore yield much worse bounds when n≪ m.

This paper is an attempt to give a proper mathematical framework for the cluster

assumption proposed in Seeger (2000). As mentioned above, the definition of clusters we

use here is one among several available and it could be interesting to modify the formulation

of the cluster assumption to match other definitions of cluster. In particular, the definition

of cluster as r0-connected components of the λ-level set of the density leaves the problem

of choosing λ correctly.
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7. Proofs

7.1. Proof of Proposition 7.1. Since the distribution of the unlabeled sample Xu

does not depend on η, we have for any marginal distribution PX ,

sup
η∈Ξ

IEn,m

∫

Cc

|2η − 1|1I{Tn,m 6=g⋆}dPX = sup
η∈Ξ

IEmIEn

[ ∫

Cc

|2η − 1|1I{Tn,m 6=g⋆}dPX

∣∣Xu

]

= IEm sup
η∈Ξ

IEn

[ ∫

Cc

|2η − 1|1I{Tn,m 6=g⋆}dPX

∣∣Xu

]

≥ inf
Tn

sup
η∈Ξ

IEn

∫

Cc

|2η − 1|1I{Tn 6=g⋆}dPX ,

where in the last inequality, we used the fact that conditionally on Xu, the classifier Tn,m

only depends on Xl and can therefore be written Tn.

7.2. Proof of Theorem 7.1. We can decompose EC(ĝn) into

EC(ĝn) = IEn

∑

j≥1

∫

Tj

|2η(x) − 1|1I{ĝj
n(x)6=g⋆(x)}p(x)dx .

Fix j ∈ {1, 2, . . .} and assume w.l.o.g. that η ≥ 1/2 on Tj . It yields g⋆(x) = 1, ∀x ∈ Tj ,

and since ĝn is also constant on Tj , we get
∫

Tj

|2η(x) − 1|1I{ĝj
n(x)6=g⋆(x)}p(x)dx = 1I{Zj

n≤0}

∫

Tj

(2η(x) − 1)p(x)dx

≤ δj1I{|δj−Z
j
n

n
|≥δj

} .
(7.18)

Taking expectation IEn on both sides of (7.18) we get

IEn

∫

Tj

|2η(x) − 1|1I{ĝj
n(x)6=g⋆(x)}p(x)dx ≤ δjIPn

[∣∣δj −
Zj

n

n

∣∣ ≥ δj
]

≤ 2δje
−nδ2

j /2 ,

(7.19)

where we used Hoeffding’s inequality to get the last bound. Summing now over j yields

the theorem.

7.3. Proof of Lemma 7.1. We have to prove three points: reflexivity, symmetry and

transitivity. Reflexivity is obvious from the definition of a standard set. Next, remark that

if x
r0←→
C

x′, there exists a continuous map f1 : [0, 1] → X such that f1(0) = x, f1(1) = x′

and for any t ∈ [0, 1] and any 0 < r ≤ r0, we have

Lebd

(
B(f1(t), r) ∩ C

)
≥ c0rd̄ .

To prove symmetry, it is sufficient to consider the continuous map f̃1 defined by f̃1(t) =

f1(1 − t) for any t ∈ [0, 1]. We now prove transitivity. Assume also that x′
r0←→
C

x′′, i.e.,

there exists a continuous map f2 : [0, 1]→ X such that f2(0) = x′, f2(1) = x′′ and for any

t ∈ [0, 1] and any 0 < r ≤ r0, we have

Lebd

(
B(f2(t), r) ∩ C

)
≥ c0rd̄ .

Define now the map f : [0, 1]→ X by:

f(t) =

{
f1(2t) if t ∈ [0, 1/2]

f2(2t− 1) if t ∈ [1/2, 1]
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This map is obviously continuous on [0, 1] and satisfies f(0) = x, f(1) = x′′. Moreover, for

any t ∈ [0, 1], we have

Lebd

(
B(f(t), r) ∩ C

)
≥ c0rd̄ .

The second assertion in the lemma is trivial.

7.4. Proof of Proposition 7.2. From Lemma 7.1, we know that C can be decom-

posed into is classes of equivalence. Fix k ≥ 1 and assume that there is at least k classes

of equivalence that we denote by C1, . . . , Ck. Since the classes are assumed to be s0-

separated, for any 1 ≤ j ≤ k, for any xj ∈ Cj , the Euclidean balls B(xj , s0/2) are disjoint.

Thus

∞ > Lebd(X ) ≥
k∑

j=1

Lebd

[
B(xj , s0/2) ∩ X

]
≥

k∑

j=1

Lebd

[
B(xj, s0/2) ∩ C

]
≥ ck ,

for a positive constant c. Thus we must have a finite decomposition.

7.5. Proof of Proposition 7.3. Consider a regular grid G on IRd with step size

1/ log(m) and let c1 > 0 be a constant such that the Euclidean balls of centers in G̃ =

G ∩ Clip(Ĝm) cover the set Ĝm. Since Lebd(X ) <∞, there exists a constant c2 > 0 such

that card{G̃} ≤ c2(logm)d. Therefore

Lebd(Clip(Ĝm)) ≤
∑

x∈G̃
Lebd

(
B(x, 1/ log(m)) ∩ Ĝm

)
≤ c2(logm)d̄−d

mα
.

Therefore, the rate of convergence G̃m is the same as that of Ĝm. We conclude the proof

by observing that G̃m ⊂ Ĝm, so that G̃m is also consistent from inside.

7.6. Proof of Proposition 7.4. Define m0 = exp(1/(r0 ∧ s0)) and denote D(J ) by

D. For any j = 1, . . . , J , the r0 connectedness of Tj yields on the one hand,

A1(j) = {card[κ(j)] = 0} ⊂
{
Lebd

[
G̃m △ Γ

]
> c0(logm)−d̄

}
,

A2(j) = {card[κ(j)] ≥ 2} ⊂
{
Lebd

[
G̃m △ Γ

]
> c0(logm)−d̄

}
.

The previous inclusions are illustrated in Figure 2.

On the other hand, κ(j) ∩ κ(j′) 6= ∅ for some j′ 6= j when either (i) ∃ l s.t. T̃l ∩ Tj 6=
∅, T̃l ∩ Tj′ 6= ∅ or (ii) ∃ l 6= l′ s.t. T̃l ∩ Tj 6= ∅, T̃l′ ∩ Tj′ 6= ∅ and d∞(T̃l, T̃l′) < 2(logm)−1.

Both cases yield the existence of x ∈ Γc ∩ G̃m such that B(x, (logm)−1) ⊂ Γc for m ≥ m0.

Therefore

Lebd(G̃m ∩ Γc) ≥ Lebd(G̃m ∩ B(x, (logm)−1)) .

Since x ∈ G̃m, we have Lebd(Ĝm ∩ B(x, (logm)−1)) ≥ m−α(logm)−d. On the other hand,

we have

Lebd(G̃m ∩ B(x,
1

logm
)) = Lebd(Ĝm ∩ B(x,

1

logm
))− Lebd(Clip(Ĝm) ∩ B(x,

1

logm
))

≥ m−α(logm)−d − Lebd(Ĝm ∩ Γc)

≥ m−α(logm)−d − c3m−2α

≥ c4m−α(logm)−d ,

where we used the fact that Ĝm is consistent from inside at rate m−α . Hence,

A3(j) =
⋃

j′ 6=j

{κ(j) ∩ κ(j′) 6= ∅} ⊂
{
Lebd(G̃m ∩ Γc) ≥ c5m−α(logm)−d

}
.
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R

r0

H̃1

H̃2

Tj

(log m)−1

Figure 2. By construction, H̃1 and H̃2 are separated by a ball of radius
(logm)−1, which is included in B(x, r0) when m ≥ m0. So if {1, 2} ⊂ κ(j)

or κ(j) = ∅, this ball is included in in G̃m △ Γ.

Both cases are illustrated in Figure 3.

s0

T̃lTj

Tj′

s0

T̃l T̃l′

Tj

Tj′

Figure 3. Case (i) (left) and case (ii) (right).

Now, since

Dc =

J⋃

j=1

A1(j) ∪A2(j) ∪A3(j),

we get

IPm(Dc) ≤ IPm

{
Lebd

[
G̃m △ Γ

]
> c0(logm)−d̄

}
+ IPm

{
Lebd(G̃m ∩ Γc) ≥ c5m−α(logm)−d

}
.

Using the Markov inequality for both terms we obtain

IPm

{
Lebd

[
G̃m △ Γ

]
> c0(logm)−d̄

}
= Õ

(
m−α

)
.

and

IPm

{
Lebd(G̃m ∩ Γc) ≥ c5m−α(logm)−d

}
= Õ

(
m−α

)

where we used the fact that G̃m is consistent from inside with rate m−α. It yields the

statement of the proposition.
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7.7. Proof of Theorem 7.2. The cluster excess-risk EΓ(g̃n,m) can be decomposed

w.r.t the event D and its complement. It yields

EΓ(g̃n,m) ≤ IEm

[
1IDIEn

( ∫

Γ
|2η(x)− 1|1I{g̃n,m(x)6=g⋆(x)}p(x)dx

∣∣∣Xu

)]
+ IPm (Dc) .

We now treat the first term of the RHS of the above inequality, i.e., on the event D. Fix

j ∈ {1, . . . , J} and assume w.l.o.g. that η ≥ 1/2 on Tj. Simply write Zk for Zk
m,n. By

definition of D, there is a one-to-one correspondence between the collection {Tj}j and the

collection {H̃k}k. We denote by H̃j the unique element of {H̃k}k such that H̃j ∩ Tj 6= ∅.
On D, for any j = 1, . . . , J , we have,

IEn

(∫

Tj

|2η(x) − 1|1I{g̃j
n,m(x)6=g⋆(x)}p(x)dx

∣∣∣Xu

)

≤
∫

Tj\G̃m

(2η − 1)dPX + IEn

(
1I{Zj≤0}

∫

Tj∩H̃j

(2η − 1)dPX

∣∣∣Xu

)

≤ L(p)Lebd(Tj \ G̃m) + δjIPn

(
Zj ≤ 0|Xu) .

On the event D, for any 0 < θ < 1, it holds

IPn

(
Zj ≤ 0|Xu) = IPn

( ∫

Tj

(2η − 1)dPX − Zj ≥ δj|Xu

)

≤ IPn

(∣∣Zj −
∫

H̃j

(2η − 1)dPX

∣∣ ≥ θδj|Xu

)

+ 1In

PX

[
Tj△H̃j

]
≥(1−θ)δj

o .

Using Hoeffding’s inequality to control the first term, we get

IPn

(
Zj ≤ 0|Xu) ≤ 2e−n(θδj )2/2 + 1In

PX

[
Tj△H̃j

]
≥(1−θ)δj

o .

Taking expectations, and summing over j, the cluster excess-risk is upper bounded by

EΓ(g̃n,m) ≤ 2L(p)

1− θ IEm

[
Lebd(Γ △ G̃m)

]
+ 2

J∑

j=1

δje
−n(θδj)2/2 + IPm (Dc) ,

where we used the fact that on D,

J∑

j=1

Lebd

[
Tj △ H̃j

]
≤ Lebd

[
Γ △ G̃m

]
.

From Proposition 7.4, we have IPm (Dc) = Õ (m−α) and IEm

[
Lebd(Γ △ G̃m)

]
= Õ (m−α)

and the theorem is proved.

7.8. Proof of Theorem 7.3. Recall that

Γ̃ℓ △ Γ =
(
Γ̃ℓ ∩ Γc

)
∪
(
Γ̃c

ℓ ∩ Γ
)
.

We begin by the first term. We have

Γ̃ℓ ∩ Γc =
{
x ∈ X : p̂m(x) ≥ λ+ ℓ, p(x) < λ

}
⊂
{
x ∈ X : |p̂m(x)− p(x)| ≥ ℓ

}
.

The Fubini theorem yields

IEm

[
Lebd(Γ̃ℓ ∩ Γc)

]
≤ Lebd(X ) sup

x∈X
IPm [|p̂m(x)− p(x)| ≥ ℓ] ≤ c6e−c2maℓ2 ,
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where the last inequality is obtained using (7.15) and c6 = c1Lebd(X ) > 0. Taking ℓ as in

(7.16) yields for m ≥ exp(γa/c2),

(7.20) IEm

[
Lebd(Γ̃ℓ ∩ Γc)

]
≤ c6m−γa.

We now prove that IEm

[
Lebd(Γ̃ℓ∩Γc)

]
= Õ

(
m− γa

2

)
. Consider the following decomposition

where we drop the dependence in x for notational convenience,

Γ̃c
ℓ ∩ Γ = B1 ∪B2,

where

B1 =
{
p̂m < λ+ ℓ, p ≥ λ+ 2ℓ

}
⊂
{
|p̂m − p| ≥ ℓ

}

and

B2 =
{
p̂m < λ+ ℓ, λ ≤ p(x) < λ+ 2ℓ

}
⊂
{
|p− λ| ≤ ℓ

}
.

Using (7.15) and (7.16) in the same fashion as above we get IEm

[
Lebd(B1)

]
= Õ

(
m−γa

)
.

The term corresponding to B2 is controlled using the γ-exponent of density p at level λ.

Indeed, we have

Lebd(B2) ≤ c⋆ℓγ = c⋆(logm)γm− γa
2 = Õ

(
m− γa

2
)
.

The previous upper bounds for Lebd(B1) and Lebd(B2) together with (7.20) yield the

consistency from inside.



CHAPTER 8

Fast rates for plug-in estimators of density level sets

In the context of density level set estimation, we recall the notion of γ-exponent of

a density at a certain level. This notion is similar to Tsybakov’s margin assumption

and allows us to prove fast rates of convergence for general plug-in methods, up to order

n−1 when the density is supposed to be smooth in a neighborhood of the level under

consideration. Lower bounds proving optimality of the rates in a minimax sense are also

provided. Finally, when the density jumps around the level under consideration, we show

that exponential rates of convergence are attainable.
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The material in this chapter is a joint work with Régis Vert.

1. Introduction

Let Q be a positive σ-finite measure on X ⊆ IRd. Consider i.i.d random vectors

(X1, . . . ,Xn) with distribution P , having an unknown probability density p with respect

to the measure Q. For a fixed λ > 0, we are interested in the estimation of the λ-level set

of the density p:

Γp(λ) , {x ∈ X : p(x) ≥ λ} .
Throughout the chapter we fix λ > 0 and when no confusion is possible we use the notation

Γ(λ) or simply Γ instead of Γp(λ). When Q is the Lebesgue measure on IRd, density level

sets typically correspond to minimum volume sets of given P -probability mass, as shown

in Polonik (1997). More generally, if Q is an arbitrary probability distribution on IRd,

density level sets correspond to the critical regions of likelihood ratio (Neyman-Pearson)

tests, which are known to be optimal for testing the hypothesis P versus the alternative Q.

Here are two possible applications of density level set estimation.
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Anomaly detection: The goal is to detect an abnormal observation from a sample

(see Schölkopf et al., 2001). One way to deal with that problem is to assume that

abnormal observations do not belong to a group of concentrated observations.

In this framework, observations are considered as abnormal when they do not

belong to Γ(λ) for some fixed λ ≥ 0. The special case λ = 0, which corresponds

to support estimation has been examined by Devroye and Wise (1980). In the

general case, λ can be considered as a tolerance level for anomalies: the smaller

λ, the fewer observations are considered as being abnormal. In particular, it is

often the case that the user has a fixed budget, allowing him to qualify only a

limited fraction of the data as outliers.

Unsupervised or semi-supervised classification: These problems amount to

identify areas where the observations are concentrated with possible use of some

available labels for the semi-supervised case. More precisely it can be assumed

that the connected components of Γ(λ), for a fixed λ, are clusters of homogeneous

observations as described in Hartigan (1975). Again, the bigger the λ, the smaller

the clusters.

Remark 8.1. In both applications, the choice of λ can be left to the user depending on

its tolerance to anomalies or the desired number of clusters.

There are essentially two approaches towards estimating density level sets from the

sample (X1, . . . ,Xn): plug-in methods where the density p in the expression for Γp(λ) is

replaced by its estimate computed from the sample, and direct methods which are based

on empirical excess-mass maximization (see Hartigan, 1987; Müller and Sawitzki, 1987).

While local versions of direct methods have been deeply analyzed and proved to be

optimal in a minimax sense, over a certain family of well-behaved distributions (see Tsy-

bakov, 1997), and although reasonable implementations have been recently proposed (see

for instance Steinwart et al., 2005), they are still not very easy to use for practical pur-

poses, compared to plug-in methods. Indeed, it is common to estimate density level sets

for different level values -typically when the goal is to compute a density level set of pre-

specified probability mass (or acceptance rate) and unknown density level. In that case,

using direct methods, one has to run an optimization procedure several times, one for

different density level values, then choose a posteriori the most suited level according to

the desired rejection rate. Plug-in methods do not involve such a complex process: the

density estimation step is only performed once and the construction of a density level set

estimate simply amounts to thresholding the density estimate at the desired level.

On the other hand, in the related context of binary classification where more theo-

retical advances have been developed, the different analyses proposed so far have mainly

supported a belief in the superiority of direct methods. Yang (1999) shows that, under

general assumptions, plug-in rules cannot achieve a classification error risk convergence

rate faster than O
(
1/
√
n
)

(where n is the size of the data sample), and suffer from the

curse of dimensionality. On the contrary, under slightly different assumptions, direct

methods achieve this rate O
(
1/
√
n
)

whatever the dimensionality (see e.g. Vapnik, 1998;

Devroye et al., 1996; Tsybakov, 2004b), and can even reach faster convergence rates- up

to O
(
1/n

)
- under Tsybakov’s margin assumption (see Mammen and Tsybakov, 1999; Tsy-

bakov, 2004b; Tsybakov and van de Geer, 2005; Tarigan and van de Geer, 2006). This

contributed to raising some pessimism concerning plug-in methods. Nevertheless such a

comparison between plug-in methods and direct methods is far from being legitimate, since
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the aforementioned analyzes of both plug-in methods and direct ones have been carried

out under the different sets of assumptions (those sets are not disjoint, but none of them

is included in the other).

Recently, Audibert and Tsybakov (2005) have introduced a new type of assumption

dealing with the smoothness of the regression function in the standard classification frame-

work, under which they derive fast convergence rates- even faster than O
(
1/n

)
in some

situations- for plug-in classification rules based on local polynomial estimators. This new

result reveals that plug-in methods should not be considered as inferior to direct methods

and, more importantly, that this new type of assumption on the regression function is a

critical point in the general analysis of classification procedures.

In this chapter we extend such positive results to the density level set estimation

(DLSE) framework: we revisit the analysis of plug-in density level set estimators, and

show that they can be also very efficient under smoothness assumptions on the under-

lying density function p. Related papers are Báıllo et al. (2001) and Báıllo (2003), who

investigate plug-in rules based on a certain type of kernel density estimates. Báıllo (2003)

derives almost sure rates of convergence for a quantity different from the one studied here.

It is interesting to observe that she introduces a condition similar to the γ-exponent used

here. The particular case λ = 0, corresponds to estimation of the support of density p and

is often applied to anomaly detection. Following the pioneer paper of Devroye and Wise

(1980), this problem has received more attention than the general case λ ≥ 0 and has

been treated using plug-in methods for example by Cuevas and Fraiman (1997). Unlike

the previously cited papers, we derive fast rates of convergence and prove that these rates

are optimal in a minimax sense.

A general plug-in approach has been studied previously by Molchanov (1998), where a

result on the asymptotic distribution of the Hausdorff distance is given. In a recent paper,

Cuevas et al. (2006) study general plug-in estimators of the level sets. Under very general

assumptions they derive consistency with respect to the Hausdorff metric and the measure

of the symmetric difference. However, this very general framework does not allow them

to derive rates of convergence.

This chapter is organized as follows. Section 2 introduces the notation and definitions.

Section 3 presents the main result, that is a new bound on the error of penalized plug-in

estimators based on general density estimators that satisfy a certain exponential inequality.

As an example we prove that kernel density estimators are valid for this method. The upper

bounds are proved to be optimal in Section 4, where we prove the corresponding minimax

lower bounds. Finally, we prove in Section 5 that exponential rates are attainable when

the density jumps around the level under consideration.

2. Notation and Setup

For any vector x ∈ IRd, denote by x(j) its jth coordinate, j = 1, . . . , d. Denote by

Bα(x, r) the closed ball in X centered at x ∈ X and of radius r > 0 with respect to the

norm ‖ · ‖α, 1 ≤ α <∞ defined by

‖x‖α ,

( d∑

i=1

|x(j)|α
)1/α

.

The probability and expectation with respect to the joint distribution of (X1, . . . ,Xn)

are denoted by IP and IE respectively. For any function f : IRd → IR, we denote by

‖f‖∞ = supx∈IRd |f(x)| the sup-norm of f and by ‖f‖ =
( ∫

IRd f
2(x)dx)1/2 its L2-norm.
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Throughout the chapter, we denote by cj positive constants and by Ac the complement of

the set A.

2.1. Penalized plug-in rules. For a fixed λ > 0, the plug-in estimator of Γ(λ) is

defined by

Γ̂(λ) = {p̂n ≥ λ} ,
where p̂n is a nonparametric estimator of p. For example, p̂n can be a kernel density

estimator of p,

p̂n(x) = p̂n,h(x) =
1

nhd

n∑

i=1

K

(
Xi − x
h

)
, x ∈ X ,

where K : IRd → IR is a suitably chosen kernel and h > 0 is the bandwidth parameter.

It is sometimes the case, for some applications that Ĝamma is required to be included

in Γ with high probability (see, e.g., Rigollet, 2006b). For this reason, we consider in this

chapter the more general family of penalized plug-in rules G̃ammaℓn defined as follows:

Γ̃ℓn = Γ̃ℓn(λ) = Γ̂(λ+ ℓn) = {p̂n ≥ λ+ ℓn} ,
where (ℓn) is a non-negative sequence that typically tends to 0 as n tends to infinity. This

family includes in particular the estimator Γ̂ when ℓn is taken equal to 0.

2.2. Measures of performance. Recall that Q is a positive σ-finite measure on X
and define the measure Q̃λ that has density |p(·) − λ| with respect to Q. To assess the

performance of a density level set estimator, we use the two pseudo-distances between

closed sets G1 and G2 ⊆ X :

(i) The Q-measure of the symmetric difference between G1 and G2:

d△(G1, G2) = Q(G1 △G2) .

(ii) The Q̃λ-measure of the symmetric difference between G1 and G2:

dH(G1, G2) = Q̃λ(G1 △G2) =

∫

G1△G2

|p(x)− λ|dQ(x) .

The quantity d△(G1, G2) is a standard and natural way to measure the distance between

two sets G1 and G2. Another way to measure the quality of Ĝ is to compute its excess-

mass H(Ĝ) defined as follows (Hartigan, 1987; Müller and Sawitzki, 1987):

H
(
Ĝ
)

= P
(
Ĝ
)
− λQ

(
Ĝ
)
.

Excess-mass measures how the P -probability mass concentrates in the region Ĝ, and it

is maximized by Γ = Γ(λ). Hence, it acts as a risk functional in the DLSE framework

and it is natural to measure the performance of an estimator Ĝ by its excess-mass deficit

H(Γ) − H(Ĝ) ≥ 0. Further justifications for the well-foundedness of the excess mass

criterion can be found in Polonik (1995). Note that for any measurable set G ⊆ X , the

excess-mass H(G) can be written

H(G) =

∫

G
(p(x)− λ) dQ(x) .

Thus, we can rewrite,

H(Γ)−H(Ĝ) =

∫

X

(
1I{p(·)≥λ}(x)− 1IĜ(x)

)
(p(x)− λ) dQ(x)

=

∫

Γ△Ĝ
|p(x)− λ|dQ(x) = dH(Ĝ,Γ) .
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This explains the notation dH . The next definition allows us to link dH to d△.

Definition 8.1. For any λ, γ ≥ 0, a function f : X → IR is said to have γ-exponent

at level λ with respect to Q if there exist constants c0 > 0 and ε0 > 0 such that, for all

0 < ε ≤ ε0,
Q {x ∈ X : |f(x)− λ| ≤ ε} ≤ c0εγ .

The exponent γ controls the slope of the density around level λ. When γ = 0, the

condition is loose and the density is allowed to have flat parts at level λ. When γ is

positive, the function f has no flat part at level λ. A standard case corresponds to γ = 1,

arising for instance in the case where the gradient of f has a coordinate bounded away

from 0 in a neighborhood of {f = λ}. If γ < 1, we call λ a critical level. To illustrate such

cases, assume that Q is the Lebesgue measure on IRd denoted here by Lebd. Let q be a

positive number such that q > d and consider a density p on IRd such that

• p(x) = λ+ ‖x− x0‖q2, for all x ∈ IRd in a neighborhood of x0 and

• p(x) ≤ λ/2 for any x ∈ IRd outside of this neighborhood.

Then, Lebd {|p− λ| ≤ ε} = c1ε
d/q, for some constant c1 > 0 and for ε small enough.

We now show that the pseudo-distances d△ and dH are linked when the density p has

γ-exponent at level λ with γ > 0. Remark first that when ‖p‖∞ ≤ L0 <∞, d△ dominates

dH in the sense that for any G1, G2 ⊆ X , we have

dH(G1, G2) ≤ max(λ,L0)d△(G1, G2) .

This inequality is valid whatever γ ≥ 0. When γ > 0, the following proposition holds.

Proposition 8.1. Fix λ > 0, γ > 0 and LQ > 0. The two following statements are

equivalent.

(i) ∃ c > 0 and ε0 > 0, such that for any 0 < ε ≤ ε0, we have

Q {x ∈ X : |p(x)− λ| ≤ ε} ≤ cεγ .
(ii) ∃ c′ > 0 and ε1 > 0, such that for any 0 < ε ≤ ε1, we have

Q {x ∈ X : |p(x)− λ| ≤ ε} ≤ LQ

and for all C ⊆ X satisfying Q(C) ≤ LQ, we have

(8.1) Q(C) ≤ c′
(∫

C
|p(x)− λ|dQ(x)

) γ
1+γ

.

In particular, taking C = G1 △ G2 with G1 and G2 two closed subsets of X such that

Q(G1) +Q(G2) ≤ LQ, if the density p has γ-exponent at level λ w.r.t Q, we have

d△(G1, G2) ≤ c′ (dH(G1, G2))
γ

1+γ .

Proof. We first prove (i) ⇒ (ii). Define

ε1 = min
[
ε0,
( LQ

c(1 + γ)

)1/γ]
.

Remark that for any 0 < ε ≤ ε1, we have

Q {x ∈ X : |p(x)− λ| ≤ ε} ≤ cεγ ≤ cεγ1 =
LQ

1 + γ
≤ LQ .
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Define Aε = {x : |p(x) − λ| > ε}, for all 0 < ε ≤ ε0. For any measurable set C ⊂ X , we

have ∫

C
|p(x)− λ|dQ(x) ≥ εQ(C ∩Aε)

≥ ε [Q(C)−Q(Ac
ε)]

≥ ε [Q(C)− cεγ ] ,

where the last inequality is obtained using (i). Maximizing the last term w.r.t ε > 0, we

get ( ∫

C
|p(x)− λ|dQ(x)

) γ
1+γ ≥ Q(C)

( γ

1 + γ

) γ
1+γ
( 1

1 + γ

) 1
1+γ

c−1/(1+γ) .

This yields (8.1) with c′ = e−2/ec1/(1+γ). Note that the maximum is obtained for ε =(
Q(C)

c(1+γ)

)1/γ
≤ ε0 and (i) is valid for this particular ε.

We now prove that (ii) ⇒ (i). Consider ε1 > 0 such that Q(Ac
ε) ≤ LQ for any

0 < ε ≤ ε1 and c′ > 0 such that (8.1) is satisfied for any C ⊆ X , Q(C) ≤ LQ. Taking

C = Ac
ε in (8.1) yields

Q {x : |p(x)− λ| ≤ ε} = Q (Ac
ε)

≤ c′
(∫

Ac
ε

|p(x)− λ|dQ(x)

) γ
1+γ

≤ c′ (εQ (Ac
ε))

γ
1+γ .

Therefore,

Q {x : |p(x)− λ| ≤ ε} ≤ (c′)1+γεγ .

This inequality yields (i) with ε0 = ε1 and c = (c′)1+γ .

2.3. Classes of densities. Fix β > 0 and λ > 0. For any d-tuples s = (s1, . . . , sd) ∈
INd and x = (x1, . . . , xd) ∈ X , we define |s| = s1 + . . . + sd, s! = s1! . . . sd! and xs =

xs1
1 . . . xsd

d . Let Ds denote the differential operator

Ds =
∂s1+···+sd

∂xs1
1 . . . ∂xsd

d

.

Denote by ⌊β⌋ the maximal integer that is strictly smaller than β and fix x0 ∈ X . For any

real valued function g on X that is ⌊β⌋-times continuously differentiable at point x0, we

denote by gx0 its Taylor polynomial of degree ⌊β⌋ at point x0:

g(β)
x0

(x) =
∑

|s|≤⌊β⌋

(x− x0)
s

s!
Dsg(x0) .

Let L > 0 and denote by Σ(β,L, x0) the set of functions g : X → IR that are ⌊β⌋-times

continuously differentiable at point x0 and satisfy

|g(x) − g(β)
x0

(x)| ≤ L‖x− x0‖β2 , ∀x ∈ B(x0, r) ,

for some r > 0. The set Σ(β,L, x0) is called (β,L, x0)-locally Hölder class of functions.

We now define the class of densities that are considered in this chapter.

Definition 8.2. Fix β > 0, L > 0, λ > 0 and γ ≥ 0. Let PΣ(β,L, λ, γ) denote the

class of all probability densities p on X such that
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(i) ∃ η > 0 such that p ∈ Σ(β,L, x0) for all x0 ∈ D(η) = p−1 (]λ− η, λ+ η[), apart

from a set of null measure Q.

(ii) ∃ β′ > 0 such that p ∈ Σ(β′, L, x0), for all x0 /∈ D(η), apart from a set of null

measure Q.

(iii) p has γ-exponent at level λ with respect to Q.

(iv) p is uniformly bounded by a constant L∗.

The class PΣ(β,L, λ, γ) is the class of uniformly bounded (condition (iv)) densities

that have γ-exponent at level λ with respect to Q (condition (iii)) and that are smooth

in the neighborhood of the level under consideration (condition (i)). Remark that the

parameters β′ in condition (ii) and L∗ in condition (iv) do not appear in the notation of

the class. Indeed β′ > 0 can be arbitrary close to 0 and this will not affect the rates of

convergence. Actually, the role of condition (ii) is to ensure that any density from the

class can be consistently estimated at any point with an arbitrary slow polynomial rate.

In the same manner, the constant L∗ does not appear in the rates of convergence and only

affects the constants.

To estimate a density from this class we can use a kernel density estimator defined by:

(8.2) p̂n(x) = p̂n,h(x) =
1

nhd

n∑

i=1

K

(
Xi − x
h

)
,

where h > 0 is the bandwidth parameter and K : X → IR is a kernel. In the sequel, a

specific family of kernels is considered.

Definition 8.3. Let K be a real-valued function defined on IRd. Fix β > 0, and let ⌊β⌋
denote the maximal integer that is strictly less than β. The function K(·) is said to be

a β-valid kernel if it satisfies
∫
K = 1,

∫
|K|p < ∞ for any p ≥ 1,

∫
‖t‖β |K(t)|dt < ∞,

and, in case ⌊β⌋ ≥ 1, it satisfies
∫
tsK(t)dt = 0 for any s = (s1, . . . , sd) ∈ INd such that

1 ≤ s1 + . . .+ sd ≤ ⌊β⌋.

Example 8.1. Let β > 0. For any β-valid kernel K defined on IR, consider the

following product kernel

K̃(x) = K(x1)K(x2) . . . K(xd) ,

for any x = (x1, . . . , xd) ∈ IRd. Then it can be easily shown that K̃ is a β-valid kernel

on IRd. Now, for any β > 0, an example of a 1-dimensional β-valid kernel is given in (Tsy-

bakov, 2004a, section 1.2.2), the construction of which is based on Legendre polynomials.

This eventually proves the existence of a multivariate β-valid kernel, for any given β > 0.

The following proposition holds.

Proposition 8.2. Fix β > 0. If K is a β-valid kernel, then K is also a β′-valid kernel

for any 0 < β′ ≤ β.

Proof. Fix β and β′ such that 0 < β′ ≤ β. Remark that ⌊β′⌋ ≤ ⌊β⌋. For any β-valid

kernel K, we have
∫
tsK(t)dt = 0 for any s = (s1, . . . , sd) such that 1 ≤ s1+. . .+sd ≤ ⌊β′⌋.

It remains to check that

(8.3)

∫

IRd

‖t‖β′ |K(t)|dt <∞ .
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Consider the decomposition
∫

IRd

‖t‖β′ |K(t)|dt =

∫

‖t‖≤1
‖t‖β′ |K(t)|dt+

∫

‖t‖≥1
‖t‖β′ |K(t)|dt

≤
∫

IRd

|K(t)|dt+

∫

‖t‖≥1
‖t‖β |K(t)|dt .

To prove (8.3), remark that since K is a β-valid kernel, we have
∫
IRd |K(t)|dt <∞ and

∫

‖t‖≥1
‖t‖β|K(t)|dt ≤

∫

IRd

‖t‖β |K(t)|dt <∞ .

Intuitively, parameters γ and β are conflicting. Indeed, the parameter β ensures that

the density p has a relatively small slope around level λ and the parameter γ requires p

to have a slope that is not too small around level λ. The following proposition gives an

explicit constraint on the possible parameters γ and β.

Proposition 8.3. When Q is the Lebesgue measure Lebd, if γ(1∧ β) > d, there is no

density p ∈ PΣ(β,L, λ, γ) such that λ is in the interior of p (X ).

Proof. Let p be a density in PΣ(β,L, λ, γ) with λ in the interior of p(X ). There

exists x0 such that p(x0) = λ and for any x in a neighborhood of x0 we can decompose

|p(x)− λ| ≤ |p(x)− p(β)
x0

(x)|+ |p(β)
x0

(x)− λ| .
Since p is (β,L, x0)-locally Hölder the first term can be bounded from above by L‖x−x0‖β2 .

Now, if β ≤ 1, the second term is null. If β > 1, this term is a polynomial of degree ⌊β⌋ ≥ 1

with no constant term. Hence

|p(β)
x0

(x)− λ| = |p(β)
x0

(x)− p(x0)| ≤ c2 max
1≤j≤d

|x(j) − x(j)
0 | ≤ c2‖x− x0‖2 .

Since β > 1 and ‖x− x0‖2 is bounded by a constant, ‖x− x0‖β2 ≤ c3‖x− x0‖2. Thus, for

any β > 0, if p has γ-exponent at level λ with respect to Q,

cεγ ≥ Q(x : |p(x)− λ| ≤ ε) ≥ Q(x : c4‖x− x0‖β∧1
2 ≤ ε) ≥ c5εd/(β∧1) .

3. Fast rates for penalized plug-in rules

The first theorem states that rates of convergence for penalized plug-in rules can be

obtained using exponential inequalities for the corresponding nonparametric density esti-

mator p̂n.

Theorem 8.1. Fix λ > 0 and ∆ > 0. Let p̂n be an estimator of the density p such that

Q(p̂n ≥ λ) ≤ C, almost surely for some positive constant C and let P be class of densities

on X . Assume that there exists positive constants η, c6, c7, c8, c9, cδ , c
′
δ , a and b, such that

• for Q-almost all x ∈ D(η) = p−1 (]λ− η, λ+ η[) and for any δ such that cδn
−a/2 <

δ < ∆, we have

(8.4) sup
p∈P

IP (|p̂n(x)− p(x)| ≥ δ) ≤ c6e−c7naδ2
, n ≥ 1 .
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• and for Q-almost all x ∈ X \ D(η), for any δ such that c′δn
−b/2 ≤ δ ≤ ∆ , we

have

(8.5) sup
p∈P

IP (|p̂n(x)− p(x)| ≥ δ) ≤ c8e−c9naδ2
, n ≥ 1 .

Then if p has γ-exponent at level λ for any p ∈ P and if ℓn = O
(
n−a/2

)
, the following

upper bound holds,

sup
p∈P

IE
[
dH(Γp(λ), Γ̃ℓn)

]
≤c10n−

(1+γ)a
2 ,(8.6)

sup
p∈P

IE
[
d△(Γp(λ), Γ̃ℓn)

]
≤c11n−

γa
2 ,(8.7)

for n ≥ n0 = n0(λ, η, a, b, ε0, cδ, c
′
δ) and where c10 > 0 and c11 > 0 depend only on c6, c7,

c8, c9, C, a, b,γ and λ.

Proof. For any measurable function f on X and any set A ⊂ f(X ), we write for

simplicity {x ∈ X : f(x) ∈ A} = {f ∈ A}. Note first that the conditions of Proposition 8.1

are satisfied. Indeed, Q(p̂n ≥ λ) + Q(p ≥ λ) ≤ C + λ−1 and we choose LQ = C + λ−1.

Therefore, (8.7) is a direct consequence of (8.6) and we prove the latter using the same

scheme as in the proof of Audibert and Tsybakov (2005, Theorem 3.1).

Recall that Γ̃ℓn △ Γ = (Γ̃ℓn ∩ Γc) ∪ (Γ̃c
ℓn
∩ Γ). It yields

IE
[
dH

(
Γ, Γ̃ℓn

)]
= IE

∫

Γ̃ℓn∩Γc

|p(x)− λ|dQ(x) + IE

∫

Γ̃c
ℓn

∩Γ
|p(x)− λ|dQ(x) .

Define two sequences

ℓan = n−a/2 and ℓbn =

(
2c9n

a∧b

(1 + γ)a log n

)−1/2

.

Let n0 be a positive integer such that ℓan < ℓbn < min(η, ε0) = r and ℓbn > c′δn
−b/2 for

all n ≥ n0. Recall that D(r) = p−1 (]λ− r, λ+ r[). Consider the following decomposition:

(8.8) Γ̃ℓn ∩ Γc = {p̂n ≥ λ+ ℓn, p < λ} = A1 ∪A2 ∪A3 ,

where,

A1 = {p̂n ≥ λ+ ℓn, λ− ℓan ≤ p < λ} ,
A2 = {p̂n ≥ λ+ ℓn, λ− ℓbn ≤ p < λ− ℓan} ,
A3 = {p̂n ≥ λ+ ℓn, p < λ− ℓbn} .

Remark that A1 ⊆ {|p − λ| ≤ ℓan}. It yields for n ≥ n0,

(8.9) IE

∫

A1

|p(x)− λ|dQ(x) ≤ ℓanQ(A1) ≤ c0(ℓan)1+γ = c0n
− (1+γ)a

2 ,

where in the last inequality we used the γ-exponent of p. Then when n ≥ n0, we can

decompose A2 into the disjoint union:

A2 =
∞⋃

j=1

Xj , Xj =
{
p̂n ≥ λ+ ℓn, λ− 2jℓan ≤ p < λ− 2j−1ℓan

}
∩ D(r) .

Hence,

(8.10) IE

∫

A2

|p(x)− λ|dQ(x) =
∞∑

j=1

IE

∫

Xj

|p(x)− λ|dQ(x) .



134 8. FAST RATES FOR PLUG-IN ESTIMATORS OF DENSITY LEVEL SETS

Using the Fubini Theorem, the general term of the sum in the right-hand side of (8.10)

can be bounded from above by

2jℓan

∫

D(r)
IP
[
|p̂n(x)− p(x)| > 2j−1ℓan

]
1I{|p(x)−λ|<2jℓa

n}dQ(x) .

Using now (8.4) and the fact that p has γ-exponent at level λ, we get

IE

∫

A2

|p(x)− λ|dQ(x) ≤ c0c6
∑

j≥1

exp
(
−c7na(2j−1ℓan)2

)
(2jℓan)1+γ

≤ c12(ℓan)1+γ = c12n
− (1+γ)a

2 .

(8.11)

We now treat the integral over A3 using the Fubini theorem and the assumption Q(p̂n ≥
λ) ≤ C, a.s.

IE

∫

A3

|p(x)− λ|dQ(x) ≤ sup
G⊆X

Q(G)≤C

∫

G
|p(x)− λ|IP

[
|p̂n(x)− p(x)| > ℓbn

]
dQ(x)

≤ (1 + λC)c8 exp
(
−c9na(ℓbn)2

)
≤ c13n−

(1+γ)a
2 ,

(8.12)

where in the last inequality, we used the fact that

ℓbn ≥
(

2c4n
a

(1 + γ)a log n

)−1/2

.

In view of (8.8), if we combine (8.9), (8.11) and (8.12), we obtain

IE

∫

Γ̃ℓn∩Γc

|p(x)− λ|dQ(x) ≤ c14n−
(1+γ)a

2 ,

where c14 depends on c6, c7, c8, c9, C, a, b, γ and λ. In the same manner, using the fact that

ℓn ≤ c15ℓan, it can be shown that for n ≥ n0,

E

∫

Γ̃c
ℓn

∩Γ
|p(x)− λ|dQ(x) ≤ c16n−

(1+γ)a
2 .

where c16 depends on c6, c7, c8, c9, a, b, γ, λ but not on C.

Remark 8.2. If ℓn > 0, i.e., we use penalized plug-in rules, we get

IEQ
(
Γ̃ℓn ∩ Γc

)
= IE

∫

Γ̃ℓn∩Γc

dQ(x)

≤ sup
G⊆X

Q(G)≤C

∫

G
IP [|p̂n(x)− p(x)| > ℓn] dQ(x)

≤ c6,8C exp
(
−c7,9n

aℓ2n
)
,

where c6,8 ∈ {c6, c8} and c7,9 ∈ {c7, c9}. Thus the choice

ℓn =

(
c7,9n

a

α log n

)−1/2

, α > 0 ,

yields

IEQ
(
Γ̃ℓn ∩ Γc

)
= O(n−α) ,

whatever is γ ≥ 0. This is of particular interest if γ is very small. Indeed, even in

such cases we might be interested in the situation where the density level set estimator is
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included in the density level set to be estimated with high probability. Note that for such a

choice of ℓn, the resulting performance of the density level set estimator is only altered by

a logarithmic factor. Indeed we have

sup
p∈P

IE
[
dH(Γp(λ), Γ̃ℓn)

]
≤c17

(
na

log n

)−(1+γ)/2

,

sup
p∈P

IE
[
d△(Γp(λ), Γ̃ℓn)

]
≤c18

(
na

log n

)−γ/2

.

When the density p belongs to the class of locally Hölder densities PΣ(β,L, λ, γ), a

kernel density estimator defined in (8.2) can be used to obtain exponential inequalities as

in (8.4) and (8.5). This choice is not the only possible one.

Lemma 8.1. Let P be a distribution on IRd having a density p w.r.t. the measure Q

such that ‖p‖∞ ≤ L∗ for some constant L∗ > 0. Fix β > 0, β⋆ ≥ β, L > 0 and assume

that p ∈ Σ(β,L, x0). Let p̂n be a kernel density estimator with bandwidth h > 0 and

β⋆-valid kernel K, given an i.i.d. sample X1, . . . ,Xn from P :

p̂n(x) =
1

nhd

n∑

i=1

K

(
Xi − x
h

)
.

Set

∆ =
6L∗‖K‖2

‖K‖∞ + L∗ + L
∫
‖t‖β2K(t)dt

.

Then, for all δ, h such that ∆ > δ > 2Lc19h
β > 0, we have,

IP{|p̂n(x0)− p(x0)| ≥ δ} ≤ 2 exp
(
−c20nhdδ2

)
,

where c19 =
∫
‖t‖βK(t)dt and c20 = 1/(16L∗‖K‖2).

Proof. For any x0 ∈ IRd,

|p̂n(x0)− p(x0)| ≤
1

n

∣∣∣
n∑

i=1

Zi(x0)
∣∣∣ ,

with

Zi(x) =
1

hd
K

(
Xi − x
h

)
− p(x) .

The expectation of Zi(x0) is the pointwise bias of a kernel density estimator with band-

width h. Under the assumptions of the theorem, it is controlled in the following way

|IEZi(x0)| ≤ Lc19hβ .

Indeed,

|IEZi(x0)| =
∣∣∣
∫

1

hd
K
( t
h

)[
p(x0 + t)− p(x0)

]
dt
∣∣∣

=
∣∣∣
∫
K(t)

[
p(x0 + ht)− p(x0)

]
dt
∣∣∣

=
∣∣∣
∫
K(t)

[
p(x0 + ht)− p(β)

x0
(x0 + ht)

]
dt+

∫
K(t)

[
p(β)

x0
(x0 + ht)− p(x0)

]
dt
∣∣∣

≤ Lhβ

∫
|K(t)|‖t‖β2dt ,
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where the last inequality follows from the fact that p is in Σ(β,L, x0), and also from

the fact that K is a kernel of order ⌊β⌋ (cf. Proposition 8.2) and that p
(β)
x0 − p(x0) is a

polynomial of degree at most ⌊β⌋ with no constant term.

Now denote for simplicity Zi = Zi(x0) and let Zi be the centered version of Zi. Then,

when Lc19h
β ≤ δ/2,

IP{|p̂n(x0)− p(x0)| ≥ δ} ≤ IP

{
1

n

∣∣∣
n∑

i=1

Zi

∣∣∣ ≥ δ − Lc19hβ

}

≤ IP

{
1

n

∣∣∣
n∑

i=1

Zi

∣∣∣ ≥ δ

2

}
.

The right-hand side of the last inequality can be bounded applying Bernstein’s inequality

to Zi and −Zi successively. For h ≥ 1, one has
∣∣Zi

∣∣ ≤ ‖K‖∞h−d + L∗ + Lc19h
β ≤ c21h−d ,

where c21 = ‖K‖∞ + L∗ + Lc19 and

Var{Zi} ≤ h−d

∫
K(u)2p(hu)du ≤ c22h−d ,

where c22 = L∗‖K‖2. Applying now Bernstein’s inequality yields

IP{|p̂n(x0)− p(x0)| ≥ δ} ≤ 2 exp

(
− n(δ/2)2

2 (c22h−d + c21h−dδ/6)

)

≤ 2 exp
(
−c20nhdδ2

)
,

for any δ ≤ ∆ and where ∆ = 6c22/c21 and c20 = 1/(16c22).

We can therefore apply Theorem 8.1. When the choice of h is optimal, i.e., h =

n−1/(2β+d), it yields the following corollary.

Corollary 8.1. Fix β > 0, L > 0, λ > 0, γ > 0 and consider the penalized plug-in

estimator Γ̃ℓn , where 0 ≤ ℓn ≤ c15n−β/(2β+d), c15 > 0. The nonparametric estimator p̂n is

the kernel density estimator defined in (8.2) with bandwidth parameter h = n−1/(2β+d) and

β⋆-valid kernel K, where β⋆ = max(β, β′) and β′ is the parameter from Definition 8.2.

Then,

sup
p∈PΣ(β,L,λ,γ)

IE
[
dH(Γp(λ), Γ̃ℓn)

]
≤c23n−

(1+γ)β
2β+d ,

sup
p∈PΣ(β,L,λ,γ)

IE
[
d△(Γp(λ), Γ̃ℓn)

]
≤c24n−

γβ
2β+d ,

where c23 > 0 and c24 > 0 depend on the constants c19 and c20 that appear in Lemma 8.1,

on c0, β, β
′, γ, d and on λ.

Proof. The results are direct consequences of Theorem 8.1 when p̂n is chosen as in

(8.2). We need to check that for such an estimator we have Q(p̂n ≥ λ) ≤ C, almost surely

for some C > 0. Note that since K ∈ L1(IR
d), we have

∞ >

∫

IRd

|K(x)|dQ(x) =

∫

IRd

|p̂n(x)|dQ(x) ≥
∫

{p̂n≥λ}
|p̂n(x)|dQ(x) ≥ λQ{p̂n ≥ λ} .
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Hence, the condition is satisfied with C = λ−1
∫
|K|. All the other conditions of Theorem

8.1 are satisfied and we can apply it with a = 2β/(2β + d) and b = 2β′/(2β + d).

4. Minimax lower bounds

The following theorem shows that the rate obtained in Corollary 8.1 is optimal in a

minimax sense.

Theorem 8.2. Assume that Q is the Lebesgue measure on X . Fix λ > 0 and let

L, β, γ be positive constants such that γβ ≤ d. Then, there exists constants c25 > 0 and

c26 > 0 such that for any n ≥ 1 and any estimator Ĝn of Γp(λ) constructed from the

sample X1, . . . ,Xn, we have

sup
p∈PΣ(β,L,λ,γ)

IE
[
dH(Γp(λ), Ĝn)

]
≥c25n−

(1+γ)β
2β+d ,

sup
p∈PΣ(β,L,λ,γ)

IE
[
d△(Γp(λ), Ĝn)

]
≥c26n−

γβ
2β+d .(8.13)

Proof. In view of Proposition 8.1, we only have to prove (8.13). To that end, we will

use Lemma A.5 with d = d△, ε = εn ∼ n−
γβ

2β+d and P = PΣ(β,L, λ, γ). Assume without

loss of generality that λ = 1.

We now describe the construction of the family N . Define the support density by

p0(x) =

{
1 if 0 ≤ x(j) ≤ 1, for any j = 1, . . . , d,

0 else.

We now define perturbations of the support density. Consider the integer q = ⌊c27n
1

2β+d ⌋
where c27 is a positive constant chosen large enough to ensure that q ≥ 1, and the regular

grid G on [0, 1]d defined as

G =

{(
2k1 + 1

2q
, . . . ,

2kd + 1

2q

)
, ki ∈ {0, . . . , q − 1}, i = 1, . . . , d}

}
.

Re-index the grid by G = {gj}1≤j≤qd and define the integer m = ⌊c28qd−γβ⌋ for some

positive constant c28. The condition γβ ≤ d ensures that m ≥ 2 if c28 is chosen large

enough. Let J = {1, 3, . . . , 2m− 1} be the set of odd integers between 1 and 2m− 1 and

for any j = 1, . . . , 2m, define the disjoint balls Bj = Bβ̃(gj , (4q)
−1), where β̃ = β if β > 1

and β̃ = 2 if β < 1. Set B0 = [0, 1]d \ ⋃2m
j=1Bj and consider a partition of B0 into two

measurable sets B0 = C1 ∪ C2 such that Q(C1) = Q(C2) = Q(B0)/2. For any j ∈ J ,

define the function ϕj on [0, 1]d by

ϕj(x) = L̃‖x− gj‖ββ̃1I{x∈Bj} − L̃‖x− gj+1‖ββ̃1I{x∈Bj+1} , 0 < L̃ < 1 .

For any ω = (ω1, . . . , ωm) ∈ {−1, 1}m, define the density

pω(x) = 1 +
∑

j∈J
ωjϕj(x) + κ

(
1I{x∈C1} − 1I{x∈C2}

)
,

where κ < 1 is a tuning parameter. Consider a set Ω ⊂ {−1, 1}m of cardinality s and

define the family N as

N = {pω, ω ∈ Ω} .
The tuning parameters, L̃, κ and Ω, will be chosen in order to fulfill the conditions of

Lemma A.5.
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First condition: N ⊂ PΣ(β,L, 1, γ).

Remark first that for any ω ∈ Ω, pω is a density that satisfies ‖pω‖∞ ≤ 2. Next, fix

η > 0 and x0 ∈ D(η) = p−1
ω {]1 − η, 1 + η[} outside of the set of null Lebesgue measure

where pω is not differentiable. If x0 is in the interior of B0 then p is constant in a

neighborhood of x0 and obviously belongs to Σ(β,L, x0). Fix j ∈ {1, . . . , 2m} and assume

that x0 ∈ Bj, x0 6= gj, for some j = 1, . . . , 2m.

We begin by treating the case β > 1. For any x ∈ Bj, we have

pω(x) = 1 + σjL̃

d∑

l=1

∣∣x(l) − g(l)
j

∣∣β ,

where σj ∈ {−1, 1}. Fix l ∈ {1, 2, . . . , d}, and assume without loss of generality that

x
(l)
0 > g

(l)
j . Consider now a real number x(l) such that |x(l) − x(l)

0 | ≤ (x
(l)
0 − g

(l)
j )/2. A

Laplace-Taylor expansion at point x
(l)
0 gives

∣∣x(l) − g(l)
j

∣∣β =

⌊β⌋∑

k=0

C(k, β)
(
x(l) − x(l)

0

)k(
x

(l)
0 − g

(l)
j

)β−k
+R(l) ,

where C(k, β) 6= 0 depends only on β, k and the sign of x(l) − g(l)
j . The residual term is

given by

R(l) = C ′(β)

∫ x(l)

x
(l)
0

(
x(l) − t

)⌊β⌋
(t− g(l)

j )β−⌊β⌋−1dt ,

where C ′(β) depends only on β and the sign of x(l)−g(l)
j . Note now that since β−⌊β⌋−1 ≤

0, we have

|R(l)| ≤ |C ′(β)||x(l) − x(l)
0 |β .

Summing up over l allows us to bound from above the difference between pω and its Taylor

polynomial of degree ⌊β⌋ at point x0 by the quantity

c29L̃‖x− x0‖ββ ≤ c30L̃‖x− x0‖β2 ,
where c29 and c30 are positive constants that depend only on β and d.

When β ≤ 1, β̃ = 2 and the Taylor polynomial of pω at point x0 has degree ⌊β⌋ = 0.

Therefore, it is constant and equals pω(x0). It yields

|pω(x)− pω(x0)| = L̃
∣∣∣‖x− gj‖β2 − ‖x0 − gj‖β2

∣∣∣

≤ L̃
∣∣‖x− gj‖2 − ‖x0 − gj‖2

∣∣β

≤ L̃‖x− x0‖β2 .

For any β > 0, taking L̃ such that c30L̃ ≤ L ∧ 1/2, yields that N ⊂ Σ(β,L, x0).

For large enough η, D(η) = [0, 1]d and we can take β′ = β in condition (ii). Therefore

we only have to check that pω has γ-exponent at level 1 with respect to the Lebesgue

measure. The following decomposition holds:

Q(x : |p− 1| ≤ ε) = 2
∑

j∈J
Q(x : |p(x)− 1| ≤ ε, x ∈ Bj) +Q(x : |p(x)− 1| ≤ ε, x ∈ B0)

= 2mQ(x : |p(x)− 1| ≤ ε, x ∈ B1) +Q(B0)1I{ε≥κ} .

(8.14)
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We have on the one hand,

mQ(x : |p(x)− 1| ≤ ε, x ∈ B1) ≤ c31mq−d1I{ε≥L̃q−β} + c32mε
d/β1I{ε<L̃q−β}.

Since m ≤ c28qd−γβ we have mq−d ≤ c28q−γβ. It yields

mq−d1I{ε≥L̃q−β} ≤ c28q−γβ1I{εγ≥L̃q−γβ} ≤ c33εγ ,
and

mεd/β1I{ε<L̃q−β} ≤ c28qd−γβεd/β1I{qd−γβ<(ε/L̃)γ−d/β} ≤ c34εγ .
Therefore

(8.15) mQ(x : |p(x)− 1| ≤ ε, x ∈ B1) ≤ c35εγ .
On the other hand,

(8.16) Q(B0)1I{ε≥κ} = (1− c36mq−d)1I{ε≥κ} ≤ c37εγ ,
when κ = c38(1− c36mq−d)1/γ < 1. Equation (8.14) together with (8.15) and (8.16) yield

Q(x : |p − 1| ≤ ε) ≤ c39εγ .
for κ = c38(1− c36mq−d)1/γ .

Second condition (A.2): d△(Γp,Γq) ≥ εn,∀ p, q ∈ N , p 6= q.

By construction, for any ω, ω′ ∈ {−1, 1}m,

d△(Γpω ,Γpω′) = 2

m∑

j=1

1I{ωj 6=ω′
j}q

−d .

We need to bound from below the Hamming distance ρ(ω, ω′) =
∑m

j=1 1I{ωj 6=ω′
j} between ω

and ω′ for any ω, ω′ ∈ Ω. To do so we use the Varshamov-Gilbert bound (cf. Lemma A.1)

that guarantees the existence of Ω such that card(Ω) ≥ 2m/8 and ρ(ω, ω′) ≥ m/8 for any

ω, ω′ ∈ Ω. For such Ω we have

d△(Γpω ,Γpω′ ) ≥
mq−d

4
≥ c40q−γβ ≥ c41n−

γβ
2β+d .

Third condition: max
p,q∈N

K(p, q) ≤ c42 log(s).

Note that for the above choice of Ω, we have s = card(N ) = card(Ω) ≥ 2m/8. Therefore

log(s) ≥ c43m and we only have to prove that

max
p,q∈N

K(p, q) ≤ c44m.

For any pω, pω′ ∈ N , we have,

K(pω, pω′) = n
∑

j∈J

∫

Bj∪Bj+1

log

(
1 + ωjϕj(x)

1 + ω′
jϕj(x)

)
(
1 + ωjϕj(x)

)
dx

≤ n
∑

j∈J

∫

Bj∪Bj+1

log

(
1 + ωjϕj(x)

1− ωjϕj(x)

)(
1 + ωjϕj(x)

)
dx .
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Fix j ∈ J and assume without loss of generality that ωj = 1. For any x ∈ Bj we have

∫

Bj

log

(
1 + ϕj(x)

1− ϕj(x)

)(
1 + ϕj(x)

)
dx =

∫

Bj

log


1 +

2L̃‖x− gj‖ββ̃
1− L̃‖x− gj‖ββ̃


(1 + L̃‖x− gj‖ββ̃

)
dx

=

∫

Bβ̃(0,(4q)−1)
log

(
1 +

2z(x)

1− z(x)

)(
1 + z(x)

)
dx ,

where z(x) = L̃‖x‖β
β̃

. In the same manner, we have

∫

Bj+1

log

(
1 + ϕj(x)

1− ϕj(x)

)(
1 + ϕj(x)

)
dx =

∫

Bβ̃(0,(4q)−1)
log

(
1− 2z(x)

1 + z(x)

)(
1− z(x)

)
dx .

Consider the function F : [0, 1)→ IR defined by

F (z) = log

(
1 +

2z

1− z

)
(1 + z) + log

(
1− 2z

1 + z

)
(1− z) .

For any z ≥ 0 such that z ≤ L̃/4 ≤ 1/4, we have

F (z) ≤ 2z(1 + z)

1− z − 2z(1 − z)
1 + z

=
8z2

1− z2
≤ 9z2 .

It yields
∫

Bj∪Bj+1

log

(
1 + ϕj(x)

1− ϕj(x)

)(
1 + ϕj(x)

)
dx ≤ 9

∫

Bβ̃(0,(4q)−1)
‖x‖2β

β̃
dx ≤ c45q(2β+d) .

Hence

K(pω, pω′) ≤ c45nmq(2β+d) ≤ c46m ≤ c47 log(s) .

We can therefore apply Lemma A.5 and the Theorem 8.2 is proved.

5. Exponentially fast rates

We can strengthen the γ-exponent condition in a way corresponding to the case γ →∞.

This condition imposes a jump of size at least η0 > 0 on both sides of the level λ and is

stated as follows.

Definition 8.4. For any λ, η0 > 0, a function f : X → IR is said to have η0-jump

around level λ w.r.t measure Q if the set {x ∈ X : |f(x)− λ| ≤ η0} has null measure Q.

When p has η0-jump around level λ, no restriction such as γβ ≤ d is needed and

the lower bounds of Theorem 8.2 have no more meaning in this context. Under such a

condition it is even possible to attain exponential rates of convergence. In this context,

the pseudo-distances dH and d△ are equivalent as shown in the next proposition.

Proposition 8.4. Fix λ > 0 and η0 > 0. The two following statements are equivalent.

(i) Q {x ∈ X : |p(x)− λ| ≤ η0} = 0 .

(ii) ∀C ⊆ X , such that Q(C) > 0, we have Q(C) < η−1
0

∫
C |p(x)− λ|dQ(x) .

In particular, taking C = G1 △ G2 with G1, G2 two closed subsets of X , if the density p

has η0-jump around level λ w.r.t Q, we have

η0d△(G1, G2) ≤ dH(G1, G2) .
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Proof. Denote by A = {x : |p(x)− λ| > η0},∫

C
|p(x)− λ|dQ(x) =

∫

C∩A
|p(x)− λ|dQ(x) > η0Q(C) ,

and we have proved that (i) =⇒ (ii). We now prove (ii) =⇒ (i). Note first that Q{|p−λ| =
η0} = 0. Indeed, if Q{|p − λ| = η0} > 0, from (ii), we have

Q{|p− λ| = η0} < η−1
0

∫

{|p−λ|=η0}
|p(x)− λ|dQ(x) = Q{|p − λ| = η0} .

Therefore,

Q {|p− λ| ≤ η0} = Q {|p − λ| < η0} ,
If Q {|p− λ| ≤ η0} > 0, we get by (ii)

Q {|p − λ| ≤ η0} = η−1
0

∫

{|p−λ|<η0}
|p(x)− λ|dQ(x) < Q {|p− λ| ≤ η0} .

Therefore Q {|p − λ| ≤ η0} = 0 and the equivalence is proved.

The following theorem states that exponential rates of convergence are attainable under

a jump condition.

Theorem 8.3. Fix λ > 0 and ∆ > 0. Let p̂n be an estimator of the density p such

that Q(p̂n ≥ λ) ≤ C a.s. and let P be class of densities on X . Assume that there exists

constants c48 > 0 and c49 > 0 and a positive sequence (an)n≥1 tending to infinity, such

that for any η0 ≤ δ < ∆ and for Q-almost all x ∈ X , we have

(8.17) sup
p∈P

IP (|p̂n(x)− p(x)| ≥ δ) ≤ c49e−c49anδ2
, n ≥ 1 .

Then if p has η0-jump around level λ for any p ∈ cP , the simple plug-in rule Γ̂ satisfies

sup
p∈P

IE
[
dH(Γp(λ), Γ̂)

]
≤c50e−c49anη2

0 ,(8.18)

sup
p∈P

IE
[
d△(Γp(λ), Γ̂)

]
≤c50η0e

−c49anη2
0 ,

for a positive constant c50 and all n ≥ 1.

Proof. In view of Proposition 8.4, we only have to prove (8.18). Recall that

IE
[
dH

(
Γ, Γ̂

)]
= IE

∫

Γ̂∩Γc

|p(x)− λ|dQ(x) + IE

∫

Γ̂c∩Γ
|p(x)− λ|dQ(x) .

We only give details for the treatment of the first term. The second term is treated exactly

in the same manner except that the assumption Q(p̂n ≥ λ) ≤ C a.s. is not needed. Indeed,

we need Q(p ≥ λ) which is trivially upper bounded by λ−1 since p is a probability density.

By the Fubini theorem and the jump assumption on p, we have

IE

∫

Γ̂∩Γc

|p(x)− λ|dQ(x) ≤ sup
G⊆X

Q(G)≤C

∫

G
|p(x)− λ|IP [|p̂n(x)− p(x)| > η0] dQ(x)

≤ (1 + λC)c48 exp
(
−c49anη

2
0

)
.

where in the last inequality, we use inequality (8.17)

Define the class of densities P̃Σ(β,L,X , η0) as the class PΣ(β,L,X , γ) in Definition 8.2

with condition (iii) replaced by:
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(iii’) p has η0-jump around level λ with respect to Q

If p is estimated by a kernel density estimator with a bandwidth that is sufficiently

small but constant with respect to n, we get the following corollary.

Corollary 8.2. Fix λ > 0, β > 0 and η0 > 0. Consider the simple plug-in estimator

Γ̂(λ) = {p̂n ≥ λ} of the density level set Γp(λ) where p̂n is the kernel density estimator

defined in (8.2) with constant bandwidth parameter h ≤ c51, where c51 > 0 depends only

on β,L and η0. Then,

supp∈PIE
[
dH(Γp(λ), Γ̂)

]
≤c52e−c53n ,

supp∈PIE
[
d△(Γp(λ), Γ̂)

]
≤c52η0e

−c53n ,

where c52 > 0 and c53 > 0 depend on β,L and η0.

Proof. In view of Theorem 8.3, it is sufficient to prove that (8.17) holds. To that

end, we apply Lemma 8.1. Taking h < min
(
1, (η0/(2Lc19))

1/β
)

yields inequality (8.17)

for any δ satisfying η0 ≤ δ < ∆, where ∆ and c19 are defined in Lemma 8.1.

Note that the rate of convergence crucially depends on the value of the constant c53.

In this chapter, we do not address the problem of finding the best possible constant. The

message of the corollary is to show that it is possible to estimate with exponential rates of

convergence, the level sets of the density p that jumps around the level under consideration

and has Hölder smoothness β > 0 arbitrary close to 0 elsewhere.
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1. Minimax lower bounds

This section contains useful tools to prove minimax lower bounds. For a recent survey

on this topic, see Tsybakov (2004a)[Chap. 2]. We first give two lemmas linked to subset

extraction.

1.1. Subset extraction. Fix an integer m ≥ 1 and define

Ω =
{
ω = (ω1, . . . , ωm), ωi ∈ {0, 1}

}
= {0, 1}m

For any two ω = (ω1, . . . , ωm) and ω′ = (ω′
1, . . . , ω

′
m) in Ω define the Hamming distance

between ω and ω′ by

ρ(ω, ω′) =

m∑

i=1

1I{ωi 6=ω′
i} .

The following lemma holds

Lemma A.1 (Varshamov-Gilbert bound, 1962). Fix m ≥ 8. Then there exists a subset

{ω(0), . . . , ω(M)} of Ω such that M ≥ 2m/8 and

ρ(ω(j), ω(k)) ≥ m

8
, ∀ 0 ≤ j < k ≤M .

Moreover, we can always take ω(0) = (0, . . . , 0).

For a proof of this lemma, see Tsybakov (2004a, Lemma 2.8, p. 89). Statements as

the next lemma should be probably attributed to Gilbert (1952) but we present here a

corollary of Lemma 4, p. 264 of Birgé and Massart (2001) which is presented in a form

that is more appropriate to our purposes. Let m and ℓ be two integers such that m ≥ ℓ ≥ 1

and define

Ωℓ =
{
ω = (ω1, . . . , ωm), ωi ∈ {0, 1},

m∑

i=1

ωi = ℓ
}
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Lemma A.2. Let m and ℓ be two positive integers such that m ≥ 6ℓ. Then there exists

a subset {ω(1), . . . , ω(M)} of Ω2ℓ such that

log(M) ≥ ℓ
[
log
(m
ℓ

)
− log(16) + 1

]

and

ρ(ω(j), ω(k)) ≥ ℓ+ 1, ∀ 1 ≤ j < k ≤M .

Proof. Consider the bijection f between Ω and P
(
{1, . . . ,m}

)
, the set of all subsets

of {1, . . . ,m}, such that for any ω ∈ Ω, f(ω) is the set of integers that corresponding to

the positions of the ones in ω. Clearly M = f(Ω2ℓ) is the set of all subsets of cardinality

2ℓ of {1, . . . ,m}. Applying now Birgé and Massart (2001, Lemma 4) with N = m and

n = ℓ yields the assertion of the lemma.

1.2. Minimax lower bounds for density estimation. We now give to lemmas

that can be used to obtain minimax lower bounds in the context of nonparametric density

estimation with L2 risk. Let Pp be a distribution on IRd that admits a probability density

p with respect to the Lebesgue measure. Let (X1, . . . ,Xn) be i.i.d with distribution Pn
p .

For any estimator estimator p̂n based on (X1, . . . ,Xn), define its L2 risk by

Rn(p̂n, p) = En
p ‖p̂n − p‖2

where En
p denotes the expectation with respect to the sample (X1, . . . ,Xn) and for any

g ∈ L2(IR
d),

‖g‖ =
( ∫

IRd

g2(x)dx
)1/2

.

1.2.1. Minimax lower bounds based on Assouad’s lemma. The next lemma is an adap-

tation of Birgé (1986, Corollary 4.1, p.281) which is a corollary of Assouad’s lemma for a

particular construction of Assouad’s cube. It is particularly suitable when proving mini-

max lower bounds in the context of density estimation. It involves the Hellinger distance

between two probability densities p on and q on IRd

h(p, q) =
(∫

IRd

(√
p(x)−

√
q(x)

)2
dx
)1/2

.

Lemma A.3. Let C be a set of functions of the following type

C =

{
f +

r∑

i=1

δigi, δi ∈ {0, 1}, i = 1, . . . , r

}
,

where the gi are functions on IRd with disjoint supports, such that
∫
gi(x)dx = 0, f is

a probability density on IRd which is constant on the union of the supports of gi’s, and

f + gi ≥ 0 for all i. Assume that

(A.1) min
1≤i≤r

‖gi‖2 ≥ α > 0 and max
1≤i≤r

h2(f, f + gi) ≤ β < 1 ,

where h2(f, g) = (1/2)
∫

(
√
f(x) −

√
g(x))2dx is the squared Hellinger distance between

two probability densities f and g. Then

inf
Tn

sup
p∈C

Rn(Tn, p) ≥
rα

4
(1−

√
2nβ)

where inf
Tn

denotes the infimum over all estimators.
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1.2.2. Minimax lower bounds based on the general minimization scheme. Tsybakov

(2004a, Chap. 2) propose a general method to obtain minimax lower bounds. It is close to

other methods using Fano’s Lemma. The following lemma is quite standard and involves

the Kullback-Leibler divergence between two probability densities p and q on IRd

K(p, q) =





∫

IRd

log
(p(x)
q(x)

)
p(x)dx if Pp ≪ Pq ,

+∞ else.

Lemma A.4. Let C = {q0, . . . , qN},N ≥ 1, be a finite set of probability densities on

IRd. Assume that

(i) ‖qj − qk‖2 ≥ 4ψn > 0, ∀ 0 ≤ j < k ≤ N ,

(ii) Pj ≪ P0, j = 1, . . . , N , where Pj , Pn
qj

, and the Kullback-Leibler divergences

K(qj , q0) between the densities qj and q0 satisfy

1

N

N∑

j=1

K(qj , q0) ≤
logN

16n
.

Then

inf
Tn

sup
p∈C

Rn(Tn, p) ≥ c1ψn,

where infTn denotes the infimum over all estimators of p and c1 > 0 is an absolute constant.

The next lemma can be found in Tsybakov (1997, Lemma 4) and is stated here in a

slightly weaker form. It allows to derive minimax lower bounds in the context of density

level set estimation. Consider i.i.d random vectors (X1, . . . ,Xn) with values in X and

distribution P , having an unknown probability density p with respect to the measure

Lebd. For a fixed λ > 0, define the λ-level set of the density p:

Γp(λ) , {x ∈ X : p(x) ≥ λ} .
Lemma A.5. Let d be a pseudo-metric between subsets of X ⊂ IRd. Let P be a set of

densities and assume that there exists a subset N ⊂ F with cardinal 2 ≤ card(N ) = s <∞
and a constant c1 > 0, such that

(A.2) d
(
Γp(λ),Γq(λ)

)
≥ ε, ∀ p, q ∈ N , p 6= q ,

and

(A.3) max
p,q∈N

K(p, q) ≤ c1 log(s) ,

where K(·, ·) denotes the Kullback-Leibler divergence. Then, there exists an absolute pos-

itive constant c2 such that for any estimator Ĝn of Γp(λ) constructed from the sample

X1, . . . ,Xn, we have

sup
p∈P

IE
[
d(Γp(λ), Ĝn)

]
≥ c2ε .

2. Universal lower bound for kernel density estimators

The next lemma is in the spirit of Stone (1984) and gives a lower bound for kernel

density estimators with a fixed kernel in a large class and for any positive bandwidths.

Unlike the minimax setup where the lower bounds hold for any estimators and the density

is supposed to belong to a certain class of densities, here the lower bound holds for any

density and the estimators are supposed to belong to a particular family of estimators. We

first recall the definition of a kernel density estimator. Consider independent identically
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distributed (i.i.d.) random variables X1, . . . ,Xn having an unknown common probability

density p ∈ L2(IR). We measure the performance of p̂n by its mean integrated squared

error (MISE):

(A.4) Rn(p̂n, p) = Ep

∥∥p̂n − p
∥∥2

where Ep denotes the expectation w.r.t. (X1, . . . ,Xn) and for any function g ∈ L2(IR),

‖g‖ =
( ∫

IR
g2(x)dx

)1/2

Define the characteristic function

(A.5) ϕ(ω) =

∫

IR
eiωxp(x)dx.

The empirical characteristic function (e.c.f.) is

(A.6) ϕn(ω) =
1

n

n∑

k=1

eiωXk .

Let p̂n,h be a kernel density estimator of p defined by

(A.7) p̂n,h(x) =
1

n

n∑

i=1

K
(Xi − x

h

)
,

where K : IR→ IR is an even integrable function such that
∫
K(u)du = 1 and h > 0 is the

bandwidth parameter. Then, the Fourier transform of a kernel estimator defined in (A.7)

presented in terms of its e.c.f. is given by

(A.8) F [p̂n,h](ω) =

∫

IR
eiωx(x)d[p̂n,hx = ϕn(ω)F [K](hω).

The next lemma is similar to Stone (1984).

Lemma A.6. Let p be any density in L2(IR) and K ∈ L1(IR) be a symmetric kernel

satisfying
∫
K(x)dx = 1 and one of the two following conditions

(i) K is non-negative,

(ii) K is a kernel of order 2s for a positive integer s (i.e. with moments αk =∫
tkK(t)dt = 0, ∀ 1 ≤ k < 2s) such that (−1)s+1α2s > 0 and |K| has a finite

absolute moment of order 2s + δ, 0 < δ ≤ 1, that is, β2s+δ ,
∫
|t|2s+δ|K(t)|dt <

∞.

Then, there exists positive constants c, depending on p and K and a < 1, depending on

K, such that

(A.9) inf
h>0

Rn(p̂n,h, p) ≥ cn−a.

Proof. The usual bias/variance decomposition is given by

Rn(p̂n,h, p) = Ep

∥∥p̂n,h − Ep [p̂n,h]
∥∥2

+
∥∥Ep [p̂n,h]− p

∥∥2
.

To bound the bias from below, we begin as in the proof of Stone (1984). According to the

Plancherel identity,

2π
∥∥Ep [p̂n,h]− p

∥∥2
=

∫

IR
|F [K](hω)ϕ(ω) − ϕ(ω)|2dω =

∫

IR
(1−F [K](hω))2 |ϕ(ω)|2dω.
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Since ϕ is continuous and ϕ(0) = 1, there exists η > 0 such that |ϕ(ω)|2 ≥ 1/2 for |ω| ≤ η.
Then, ∫

IR
(1−F [K](hω))2 |ϕ(ω)|2dω ≥ 1

2

∫ η

−η
(1−F [K](hω))2 dω.

• Suppose thatK satisfies (i). Then it is a probability density and F [K] is its characteristic

function. From Lukacs (1970, Theorem 4.1.2), we obtain
∫ η

−η
(1−F [K](hω))2 dω ≥ 1

24m

∫ η

−η
(1−F [K](2mhω))2 dω, ∀ m ∈ IN.

Now choose m such that 2−(m+1) ≤ h < 2−m:
∫ η

−η
(1−F [K](hω))2 dω ≥ h4

∫ η/2

−η/2
(1−F [K](ω))2 dω = c1h

4,

where c1 =
∫ η/2
−η/2 (1−F [K](ω))2 dω is a positive constant. Indeed if c1 = 0 then, by

continuity,

1−F [K](ω) = 0, ∀ ω ∈ (−η/2, η/2).
Thus, by Lukacs (1970, Theorem 4.1.1), F [K] ≡ 1 which contradicts the conclusion of the

Riemann-Lebesgue lemma. Therefore, there exists a positive constant c1 such that

(A.10)
∥∥Ep [p̂n,h]− p

∥∥2 ≥ c1
4π

(h4 ∧ 1), ∀h ∈ IR+.

• Suppose now that K satisfies (ii). By Theorem 2.2.1 of Lukacs (1983), since K is

symmetric and of order 2s, F [K](t) admits an expansion of the form

F [K](t) = 1 +

s∑

k=1

(−1)k
α2kt

2k

(2k)!
+O

(
|t|2s+δ

)
= 1 + (−1)s

α2st
2s

(2s)!
+O

(
|t|2s+δ

)
,

as |t| → 0. Note that Lukacs’ theorem is stated for characteristic functions but it can be

easily extended to our case. It is enough to suppose that h ≤ h0 for some positive constant

h0.

If h > h0, the bias is bounded from below by a positive constant and the lemma

is trivially proved. For h ≤ h0 and |ω| ≤ η with sufficiently small η, 1 − F [K](hω) ≥
(−1)s+1α2sh

2sω2s/[2(2s)!] > 0. Therefore, for h ≤ h0,

(A.11)
∥∥Ep [p̂n,h]− p

∥∥2 ≥ c2h2s,

where c2 is a positive constant depending on K.

If h ≤ h0 for sufficiently small h0, the variance term can be written (see Tsybakov,

2004a, Proposition 1.7)

Ep

∥∥p̂n,h − Ep [p̂n,h]
∥∥2

=
1

nh2
Ep

[∫

IR
K2

(
X1 − x
h

)
dx−

(∫

IR
Ep

[
K

(
X1 − x
h

)]
dx

)2
]

≥ c3
nh
, c3 > 0.

Using (A.10) and (A.11), we find that in both cases (i) and (ii) of the lemma there exists

a positive constant ã such that

inf
h>0

Rn(p̂n,h, p) ≥ inf
h>0

[
c4h

ã +
c3
nh

]
≥ cn−a,

for positive constants c and a < 1.
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3. Technical lemma

The following technical result is proved in Nemirovskĭı (1992, Appendix) (see also

Juditsky and Nemirovski (2000, Lemma 2.1.)). For q ≥ 1, denote by ‖ · ‖q the ℓq-norm on

IRM .

Lemma A.7. Let M > 2 and q = 2 logM . Then the function W : IRM → IR defined

by

W (z) =
1

2
‖z‖2q

satisfies for every z, d ∈ IRM the inequality

W (z + d) ≤W (z) + d⊤∇W (z) + 4e logM‖d‖2∞ ,

where ∇W denotes the gradient of W .
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Efrŏımovich, S. Y. and Pinsker, M. S. (1982). Estimation of square-integrable prob-

ability density of a random variable. Problemy Peredachi Informatsii, 18(3), 19–38.
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Inégalités d’oracle, agrégation et adaptation

Résumé : Historiquement, les inégalités d’oracle ont été développées comme des out-

ils particulièrement efficaces pour l’adaptation à un paramètre inconnu en statistique
mathématique. Initialement dédiées à la démonstration de propriétés statistiques de cer-
tains estimateurs, elles peuvent s’inscrire dans le cadre plus général du problème d’agrégation

où elles sont au centre de la définition d’une vitesse optimale d’agrégation. Elles con-
stituent alors d’une part des outils mathématiques et d’autre part des résultats précis et
non asymptotiques. Les travaux faisant l’objet de cette thèse présentent différentes utili-

sations des inégalités d’oracle, d’abord dans un cadre général d’agrégation puis dans des
modèles statistiques plus particuliers, comme l’estimation de densité et la classification.
Les résultats obtenus sont une palette non exhaustive mais représentative de l’utilisation

des inégalités d’oracle en statistique mathématique.

Mots-clés : Inégalités d’oracle, agrégation, apprentissage statistique, optimisation stochas-
tique, estimation adaptative, bornes inférieures minimax.

—————————————-

Oracle inequalities, aggregation and adaptation

Abstract: Originally, oracle inequalities were developed as particularly efficient tools in
mathematical statistics for deriving adaptation to an unknown parameter. Initially ded-

icated to the demonstration of statistical properties in the study of certain estimators,
they can be extrapolated to the broader framework of aggregation in which they consti-
tute the core of the definition of an optimal rate of aggregation. As such, they become

not only mathematical tools but also precise finite sample results. In this thesis, several
fields of application of oracle inequalities are presented. They are used first in a general
aggregation framework and then in particular statistical models such as nonparametric

density estimation, regression and classification. The obtained results map the variety of
applications of oracle inequalities in mathematical statistics.

Keywords: Oracle inequalities, aggregation, statistical learning, stochastic optimization,
adaptive estimation, minimax lower bounds.


