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Spécialité : Probabilités

Présentée par M. ALDÉRIC JOULIN
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Résumé

Cette thèse est constituée de deux parties indépendantes, le premier thème trai-
tant du phénomène de concentration de la mesure pour des processus de naissance et
de mort, tandis que le second est consacré aux fluctuations des intégrales stochastiques
dirigées par des processus stables.
Dans la première partie de la thèse, nous explorons le phénomène de concentration des
processus de naissance et de mort. Les différentes approches considérées sont d’une part
les inégalités fonctionnelles ainsi que la méthode de Herbst, et d’autre part l’étude des
propriétés du semigroupe associé et des techniques de martingales. En particulier, nous
sommes amenés à introduire diverses notions de courbures de ces processus, analogues
discrets du critère de courbure de Bakry-Emery dans le cadre des processus de diffusion.
Dans la deuxième partie de la thèse, nous étudions le comportement du processus supre-
mum d’une intégrale stable stochastique en établissant des inégalités maximales que nous
appliquons à des problèmes de temps de passage de processus symétriques stables. Enfin,
nous démontrons un principe de domination convexe pour des intégrales stochastiques
brownienne et stable corrélées.
Mots-clés : processus de naissance et de mort, phénomène de concentration, courbure
discrète, intégrale stable stochastique, inégalité maximale, domination convexe.

Abstract

This PhD Thesis is divided into two independent parts, the first one dealing with
the concentration of measure phenomenon for birth-death processes, whereas the second
one is devoted to the analysis of the fluctuations of stochastic integrals driven by stable
processes.
In the first part of the thesis, we explore the measure concentration for birth-death pro-
cesses. The various approaches considered are on the one hand the functional inequalities
together with the Herbst method, and one the other hand the study of the associated semi-
group and martingales techniques. In particular, we are led to introduce some notions
about curvatures of such processes, which are the discrete analogous of the Bakry-Emery
curvature criterion given for diffusion processes.
In the second part of the thesis, we study the behavior of the supremum process of a stable
stochastic integral by providing maximal inequalities which are applied to passage time
problems of symmetric stable processes. Finally, we derive a convex domination principle
for dependent Brownian and stable stochastic integrals.
Keywords : birth-death process, concentration phenomenon, discrete curvature, stable
stochastic integral, maximal inequality, convex domination.
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j’ai partagé à de nombreuses reprises le(s) verre(s) de l’amitié aux Z’endich’s (et ailleurs
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0.2 Fluctuations des intégrales stables stochastiques . . . . . . . . . . . . . . . 20
0.3 Panorama des résultats obtenus . . . . . . . . . . . . . . . . . . . . . . . . 25

I Concentration des processus de naissance et de mort 45

1 Functional inequalities for the geometric law 47
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
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Chapitre 0

Présentation

0.1 Concentration de processus de naissance et de

mort

L’objectif de la première partie de cette thèse est d’étudier le phénomène de con-
centration des processus de naissance et de mort en tenant compte des difficultés posées
par le cadre discret. Deux approches de ce problème sont envisagées : la première con-
siste à établir des inégalités fonctionnelles affaiblies et d’utiliser la méthode de Herbst,
tandis que la deuxième repose sur l’analyse du semigroupe associé, à travers l’obtention
de bornes sur les courbures discrètes du processus, et des techniques de martingales.

Depuis le début des années soixante-dix, l’étude des inégalités de déviation pour les
mesures de probabilité, plus communément appelées phénomène de concentration de la
mesure, a été source d’explorations diverses et variées. Popularisées par de nombreux
auteurs au milieu des années quatre-vingt-dix et synthétisées dans le livre de Ledoux [62],
les méthodes fonctionnelles et probabilistes utilisées afin d’établir de tels résultats font
fortement intervenir les propriétés ergodiques des semigroupes de Markov.
Commençons par introduire quelques notions sur les processus et semigroupes de Markov.
Soit (E,F ) un espace mesurable et soit (Xt)t≥0 un processus de Markov à valeurs dans
cet espace et de distribution stationnaire µ. On désigne par (Pt)t≥0 le semigroupe as-
socié et L son générateur infinitésimal défini sur un domaine dense de L2(µ), noté DomL
(on supposera par simplicité qu’il contient les fonctions constantes et qu’il est stable par
les actions de L, Pt et par composition avec les fonctions C∞). Définissons les formes
bilinéaires symétriques suivantes : pour des fonctions réelles f, g ∈ DomL, on introduit
l’opérateur carré du champ Γ par

Γ(f, g) :=
1

2
(L(fg)− fLg − gLf) , (0.1.1)

et l’opérateur carré du champ itéré Γ2 par

Γ2(f, g) :=
1

2
(LΓ(f, g)− Γ(f,Lg)− Γ(g,Lf)) .

11



12 CHAPITRE 0. PRÉSENTATION

On notera dans la suite Γf := Γ(f, f) et Γ2f := Γ2(f, f). La forme de Dirichlet associée
est donnée par

E µ(f, g) :=

∫
Γ(f, g)dµ.

Le processus est dit ergodique si sa distribution converge vers la mesure d’équilibre, c’est-
à-dire pour toute fonction f suffisamment régulière, on a limt→+∞ Ptf =

∫
fdµ. On

peut déterminer dans quel espace et à quelle vitesse a lieu cette convergence en étudiant
certaines inégalités fonctionnelles que nous introduisons maintenant.

Définition 0.1.1. La mesure de probabilité µ satisfait une inégalité de Poincaré de con-
stante λ > 0 si pour toute fonction f suffisamment régulière,

λ

∫ (
f −

∫
fdµ

)2

dµ ≤ E µ(f, f). (0.1.2)

De même, µ vérifie une inégalité de Sobolev logarithmique de constante C > 0 si pour
toute fonction f suffisamment régulière,

C

∫
f 2 log f 2dµ−

∫
f 2dµ log

∫
f 2dµ ≤ E µ(f, f). (0.1.3)

Par exemple, une inégalité de Poincaré (resp. une inégalité de Sobolev logarith-
mique) satisfaite par la distribution stationnaire µ nous assure une vitesse de convergence
exponentielle du semigroupe vers l’équilibre dans L2(µ) (resp. une décroissance exponen-
tielle entropique du semigroupe).
Dans la suite, on parlera d’inégalité fonctionnelle locale lorsqu’à t > 0 fixé, la mesure
de probabilité Pt(·)(x) satisfait cette inégalité fonctionnelle uniformément en la condition
initiale x ∈ E. Bien que plus difficiles à établir en général, il est plus intéressant d’obtenir
des inégalités locales que des inégalités directement pour la distribution stationnaire car
elles fournissent plus d’informations sur le comportement du processus.

Tout au long de cette partie, il nous a paru intéressant de faire le parallèle entre
notre étude et celle concernant le cas continu des processus de diffusion, pour lesquels un
grand nombre de résultats est disponible. Un processus de diffusion est un processus de
Markov à trajectoires continues et dont le générateur infinitésimal satisfait la propriété de
dérivation en châıne suivante : pour toute fonction φ ∈ C∞(Rd,R) et f = (f1, . . . , fd) ∈
(DomL)d,

Lφ(f) =
∑
i

φ′i(f)Lfi +
∑
i,j

φ′′i,j(f)Γ(fi, fj). (0.1.4)

Énonçons à présent le théorème fondamental suivant, tiré de l’article de Bakry [6]. Ce
résultat fait le lien entre les diverses notions introduites précédemment : un calcul fonc-
tionnel Γ2, des relations de sous-commutation entre le semigroupe et l’opérateur Γ, et des
inégalités fonctionnelles locales :

Théorème 0.1.2. Soit ρ un nombre réel. Les assertions suivantes sont équivalentes :
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(i) Pour toute fonction f ∈ DomL, on a Γ2f ≥ ρΓf .

(ii) Pour toute fonction f ∈ DomL et tout t > 0, la relation faible de sous-commutation
ΓPtf ≤ e−2ρtPtΓf est satisfaite.

(iii) Le semigroupe vérifie une inégalité de Poincaré locale de constante ρ
1−e−2ρt .

Si de plus le processus est de diffusion, alors les assertions précédentes sont encore
équivalentes à :

(iv) Pour toute fonction f ∈ DomL, on a Γ2f − ρΓf ≥ Γ
√

Γf .

(v) Pour toute fonction f ∈ DomL et tout t > 0, la relation forte de sous-commutation√
ΓPtf ≤ e−ρtPt

√
Γf est satisfaite.

(vi) Le semigroupe vérifie une inégalité de Sobolev logarithmique locale de constante
ρ

2(1−e−2ρt)
.

Lorsque ρ est nul, on remplacera les constantes par leur limite lorsque ρ tend vers 0.

Le processus de diffusion de base dans cette étude est le processus dit de Kol-
mogorov sur Rd solution de l’équation de Langevin

Yt = Y0 +
√

2Bt −
∫ t

0

∇V (Ys)ds, t ≥ 0,

où (Bt)t≥0 est un mouvement brownien standard sur Rd et V est un potentiel de classe C2

tel que
∫

exp(−V (x))dx = 1. C’est un processus de Markov ergodique dont la distribution
(réversible) stationnaire est la mesure de Boltzmann γ de densité exp(−V ) par rapport à
la mesure de Lebesgue sur Rd. Son générateur infinitésimal L est donné par

Lf = ∆f −∇V · ∇f,

et l’opérateur Γ est le carré de la norme euclidienne du gradient Γf = |∇f |2, d’où
la dénomination de carré du champ (de gradient). Enfin, l’opérateur markovien Γ2 a
l’expression

Γ2f = ‖∇2f‖2 +∇f · ∇2V∇f,

où ∇2f est la matrice hessienne de f . Ainsi, dans le cas des processus de Kolmogorov,
les assertions équivalentes (i), (ii) et (v) du théorème 0.1.2 se réécrivent respectivement
de la façon suivante :

(i′) ρ minore le spectre de la matrice ∇2V .

(ii′) Pour toute fonction f ∈ DomL et tout t > 0, on a |∇Ptf |2 ≤ e−2ρtPt|∇f |2.

(v′) Pour toute fonction f ∈ DomL et tout t > 0, on a |∇Ptf | ≤ e−ρtPt|∇f |.
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Ainsi, l’assertion (i′) traduit la comparaison, en termes de convexité de potentiel, d’un
processus de Kolmogorov avec le processus d’Ornstein-Uhlenbeck le plus proche, de po-
tentiel donné par V (x) := ρ|x|2/2. Remarquons par ailleurs que ce dernier processus
vérifie la relation de commutation

∇Ptf = e−ρtPt∇f. (0.1.5)

On dit alors que le nombre ρ est la courbure exacte de ce processus de diffusion.

Sous l’inégalité de Sobolev logarithmique de la condition (vi) du théorème 0.1.2,
l’utilisation de la méthode de Herbst entrâıne pour les processus de diffusion le résultat
de concentration ci-dessous :

Corollaire 0.1.3. Supposons qu’un processus de diffusion (Xt)t≥0 vérifie une inégalité
de Sobolev logarithmique locale de constante ρ

2(1−e−2ρt)
. Soit f : Rd → R une fonction

lipschitzienne de constante ‖f‖Lip ≤ 1. Alors pour tout niveau de déviation y > 0 et tout
t > 0, l’inégalité de concentration gaussienne locale suivante est satisfaite :

Px(|f(Xt)− Ex[f(Xt)]| ≥ y) ≤ 2 exp

(
− ρy2

2(1− e−2ρt)

)
.

En particulier, si ρ > 0, alors par ergodicité en passant à la limite lorsque t tend vers
l’infini, on a sous la distribution stationnaire µ l’inégalité de concentration :

µ

(∣∣∣∣f − ∫ fdµ

∣∣∣∣ ≥ y

)
≤ 2 exp

(
−ρy

2

2

)
, y > 0.

Ainsi, l’obtention d’une inégalité de Sobolev logarithmique locale pour les processus
de diffusion permet d’établir des résultats de concentration point par point, qui sont
valables pour la distribution stationnaire dans le cas où le paramètre ρ du théorème 0.1.2
est strictement positif. En particulier, l’équivalence entre les assertions (i) et (vi) donne
dans le cas des processus de diffusion une caractérisation explicite de l’inégalité de Sobolev
logarithmique locale. L’idée principale de la démonstration de cette inégalité repose sur
la propriété de diffusion (0.1.4) du générateur infinitésimal. Cependant, les gradients
discrets ne satisfaisant pas la règle de dérivation en châıne, cette propriété n’est pas valable
dans le cas des processus de naissance et de mort. D’autre part, lorsque l’espace d’état
n’est pas fini mais seulement dénombrable, il est bien connu que certaines distributions
stationnaires de ces processus, comme par exemple la mesure de Poisson pour la file
d’attente markovienne M/M/∞, peuvent se concentrer plus faiblement que la distribution
gaussienne. La méthode de Herbst pouvant être adaptée à des gradients aux différences en
utilisant des inégalités du type accroissements finis, il n’est pas surprenant que l’inégalité
de Sobolev logarithmique (0.1.3) soit mise en défaut. Ainsi, il est nécessaire d’élaborer
d’autres critères adaptés au cadre discret nous permettant d’établir un certain nombre de
résultats autour de concentration non gaussienne.
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Processus de naissance et de mort

Considérons un processus de naissance et de mort (Xt)t≥0, à valeurs dans E = N
ou dans l’ensemble E = {0, . . . , n}, et de distribution stationnaire π. Son générateur
infinitésimal est donné pour toute fonction f : E → R par

Lf(x) = λx (f(x+ 1)− f(x)) + νx (f(x− 1)− f(x)) , x ∈ E, (0.1.6)

où les fonctions de transition λ et ν sont strictement positives, sauf en l’état 0 qui est
réfléchissant, c’est-à-dire ν0 = 0, conditions assurant l’irréductibilité de la châıne (dans le
cas fini, l’état n est aussi supposé réfléchissant). La fonction de transition ν est assimilée
à une force de rappel car elle permet de ramener le processus vers 0. L’opérateur carré
du champ Γ donné par (0.1.1) vérifie pour tout x ∈ E,

2Γ(f, g) = λx(f(x+ 1)− f(x))(g(x+ 1)− g(x)) + νx(f(x− 1)− f(x))(g(x− 1)− g(x)).

Désignons par (Pt)t≥0 le semigroupe homogène dont les probabilités de transition sont
données pour tout x ∈ E par

Pt(x, y) =


λxt+ o(t) si y = x+ 1,
νxt+ o(t) si y = x− 1,
1− (λx + νx)t+ o(t) si y = x.

Le semigroupe (Pt)t≥0 est contractif dans L∞(π) et dans L1(π), donc par interpolation
dans tous les espaces Lp(π), p ∈ [1,+∞]. En particulier, si la distribution stationnaire
satisfait la condition de moment∑

y∈E

%(x, y)π(y) < +∞, x ∈ E, (0.1.7)

où % : E × E → [0,+∞) est une distance quelconque sur E, alors le semigroupe est bien
défini sur l’espace Lip% des fonctions %-lipschitziennes f : E → R, muni de la seminorme
de Lipschitz

‖f‖Lip%
:= sup

x,y∈E

|f(x)− f(y)|
%(x, y)

< +∞.

Si % est la distance classique d donnée par d(x, y) := |x− y|, x, y ∈ E, on notera dans la
suite Lip := Lipd et ‖ · ‖Lip := ‖ · ‖Lipd

.

Courbures discrètes

D’après le théorème 0.1.2, vérifier que la propriété fonctionnelle (i) est satis-
faite revient à établir une inégalité de Poincaré locale, qui est strictement plus faible
qu’une inégalité de Sobolev logarithmique locale pour des gradients aux différences. Ce
type d’argument ne nous permet donc pas d’utiliser cette dernière inégalité ainsi que la
méthode de Herbst afin d’établir des résultats de concentration pour des processus avec
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sauts. Ainsi, l’idée est d’introduire de nouveaux critères adaptés au cadre discret et faisant
intervenir comme dans le théorème 0.1.2 des semigroupes, des gradients aux différences et
des opérateurs fonctionnels markoviens. Ces critères sont nommés les courbures discrètes
des processus avec sauts. Cependant, la multitude de gradients aux différences que l’on
peut considérer nous impose de définir plusieurs courbures discrètes qui ne sont pas com-
parables. Dans tout ce qui suit, nous allons nous concentrer sur le cas des processus de
naissance et de mort, bien que l’on puisse aussi définir ce type de courbures discrètes pour
des processus plus généraux. Commençons tout d’abord par la courbure de Wasserstein
associée à une distance % sur l’espace d’état E.

Définition 0.1.4. On suppose que la distribution stationnaire π vérifie la condition de
moment (0.1.7) avec une distance %. La %-courbure de Wasserstein au temps t > 0 du
processus de naissance et de mort (Xt)t≥0 est définie par

αt := −1

t
sup

{
log

(
‖Ptf‖Lip%

‖f‖Lip%

)
: f ∈ Lip%, f 6= constante

}
∈ [−∞,+∞),

et elle est dite minorée par α ∈ R si inft>0 αt ≥ α. Autrement dit, pour toute fonction
f ∈ Lip% et tout t > 0, le semigroupe Pt est %-lipschitzien au sens suivant :

‖Ptf‖Lip%
≤ e−αt‖f‖Lip%

. (0.1.8)

La stricte positivité de α implique que le processus (Xt)t≥0 possède de bonnes
propriétés d’ergodicité. En effet, par le théorème de dualité de Kantorovich-Rubinstein,
cf. le théorème 5.10 de [29], la %-courbure de Wasserstein du processus est minorée par α
si et seulement si

W%(Pt(x, ·), Pt(y, ·)) ≤ e−αt%(x, y), x, y ∈ E, t > 0, (0.1.9)

où W% est la distance de Wasserstein sur l’ensemble des mesures de probabilité sur E
munie de la fonction de coût %. Il en résulte par le théorème 5.23 de [29] que si α est
strictement positif, le semigroupe (Pt)t≥0 converge à vitesse exponentielle vers la distri-
bution stationnaire π dans la distance de Wasserstein W%.
Notons qu’une version de l’inégalité (0.1.9) est introduite par Marton dans [66] pour des
châınes de Markov à temps discret, avec la métrique triviale %(x, y) = 1x 6=y, et par Djell-
out, Guillin et Wu à travers la condition (C1) de [35], afin d’établir des inégalités de
transport pour des suites de variables aléatoires faiblement dépendantes.

En comparant avec le cas des diffusions, cf. le théorème 0.1.2 et le corollaire 0.1.3,
il est naturel de penser que la stricte positivité de α pourrâıt être un critère permettant
d’obtenir des bornes de concentration locale fournissant de l’information en temps grand,
c’est-à-dire pouvant s’étendre à la distribution stationnaire π du processus de naissance
et de mort (Xt)t≥0.

D’autre part, on remarque que l’inégalité (0.1.8) n’est pas la version renforcée de
la relation forte de sous-commutation apparaissant dans l’assertion (v) du théorème 0.1.2.
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Ceci est dû à l’utilisation d’un gradient discret, induit par la distance %, qui diffère du
gradient donné par l’opérateur carré du champ. En effet, la seminorme de Lipschitz ‖ · ‖%
induit le gradient

|∇%f(x)| := |f(x+ 1)− f(x)|
%(x, x+ 1)

, x ∈ E, (0.1.10)

qui n’est pas comparable au gradient discret√
Γf(x) =

√
λx(f(x+ 1)− f(x))2 + νx(f(x− 1)− f(x))2, x ∈ E,

où les fonctions de transition du générateur infinitésimal jouent un rôle fondamental.
Notons que dans le cas des processus de Kolmogorov, le gradient

√
Γf cöıncide avec la

longueur euclidienne |∇f | du gradient usuel ∇.
Introduisons à présent la courbure discrète du processus de naissance et de mort

(Xt)t≥0 liée à l’opérateur carré du champ Γ. C’est l’analogue discret de l’assertion (v) du
théorème 0.1.2.

Définition 0.1.5. La Γ-courbure au temps t > 0 du processus de naissance et de mort
(Xt)t≥0 est définie par

ρt := −1

t
sup

{
log

∥∥∥∥∥ (ΓPtf)1/2

Pt (Γf)1/2

∥∥∥∥∥
∞

: f ∈ DomL, f 6= constante

}
∈ [−∞,+∞),

et elle est dite minorée par ρ ∈ R si inft>0 ρt ≥ ρ. De manière équivalente, pour toute
fonction f ∈ DomL et tout t > 0, la relation de sous-commutation suivante est vérifiée :

(ΓPtf)1/2 ≤ e−ρtPt (Γf)1/2 . (0.1.11)

Remarquons que contrairement à l’inégalité (0.1.8), où sont comparées des semi-
normes de Lipschitz, la relation (0.1.11) est une inégalité entre opérateurs, donc donnée
point par point. En d’autres termes, il s’agit d’une vraie relation de sous-commutation
entre la racine carrée de l’opérateur carré du champ et le semigroupe markovien.

Courbures des files d’attente markoviennes M/M/∞ et M/M/1

Dans le cadre des processus de naissance et de mort, un exemple de base que nous
allons considérer tout au long de cette étude est la file d’attente markovienne M/M/∞
sur N (la châıne d’Ehrenfest à temps continu joue ce rôle dans le cas fini {0, . . . , n}). Tout
d’abord, décrivons ce processus de queue. On considère un système de guichets de vente
où chaque client arrivant est immédiatement servi par l’un des guichetiers. En notantXt le
nombre de clients dans le système à l’instant t > 0, on suppose que le processus d’arrivée
des clients est un processus de Poisson d’intensité λ > 0 et que conditionnellement à
l’événement {Xs = x}, le temps de service T := inf{t > s : Xt 6= Xs} − s suit une loi
exponentielle de paramètre λ + νx, ν > 0. Alors le processus aléatoire (Xt)t≥0 est une
file d’attente M/M/∞. C’est un processus de naissance et de mort dont les fonctions
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de transition du générateur infinitésimal sont données par λx = λ et νx = νx, x ∈ N.
La châıne est ergodique de mesure réversible la loi de Poisson P(σ) sur N de paramètre
σ := λ/ν, et sa distribution est donnée par la formule de convolution de type Mehler

L(Xt|X0 = x) = B
(
x, e−νt

)
∗P

(
σ(1− e−νt)

)
, t ≥ 0, (0.1.12)

où B(n, p) désigne une loi binomiale de paramètres n ∈ N et p ∈ (0, 1).
L’intérêt d’introduire cette file d’attente dans l’étude de la concentration des processus
de naissance et de mort réside dans le fait que les calculs sont effectués de manière simple
et explicite. En effet, par la convolution (0.1.12), on a pour tout τ > 0,

Ex
[
eτ(Xt−Ex[Xt])

]
= exp

{
x log

(
1 + e−νt(eτ − 1)

)
− τxe−νt + σ(1− e−νt) (eτ − τ − 1)

}
≤ exp

{(
xe−νt + σ(1− e−νt)

)
(eτ − τ − 1)

}
= exp {Ex[Xt] (eτ − τ − 1)} ,

où est utilisée dans l’inégalité précédente la relation log(1 + x) ≤ x, x > 0. Ainsi, par
l’inégalité de Chebychev, on obtient pour tout y > 0 l’inégalité de déviation locale :

Px (Xt − Ex[Xt] ≥ y) ≤ inf
τ>0

e−τy Ex
[
eτ(Xt−Ex[Xt])

]
≤ exp

{
y − (Ex[Xt] + y) log

(
1 +

y

Ex[Xt]

)}
,

qui entrâıne par ergodicité lorsque t→ +∞ l’estimée

P (X − E[X] ≥ y) ≤ exp
{
y − (σ + y) log

(
1 +

y

σ

)}
,

où X désigne une variable aléatoire de Poisson de paramètre σ. Cette inégalité pouvant
être immédiatement étendue aux fonctions d-lipschitziennes, on retrouve pour la loi de
Poisson l’inégalité de déviation (13) établie par Bobkov et Ledoux dans [19].

D’autre part, la file d’attente M/M/∞ est considérée comme l’analogue discret
d’un processus d’Ornstein-Uhlenbeck réel. En effet, ce dernier peut être construit comme
la limite fluide de files d’attente M/M/∞ renormalisées, cf. [72]. Si l’on désigne par d+

le gradient forward d+f(x) := f(x + 1) − f(x), x ∈ N, Chafäı a remarqué dans [25] que
le semigroupe de ce processus de queue satisfaisait la relation de commutation

d+Ptf = e−νtPtd
+f, (0.1.13)

qui est la version discrète de la relation (0.1.5). On dit dans ce cas que le paramètre ν est la
courbure exacte de ce processus de naissance et de mort. Par conséquent, comme lorsque
l’on compare un processus de Kolmorogov avec le processus d’Ornstein-Uhlenbeck le plus
proche dans le but d’établir des résultats de concentration, il est naturel dans notre cadre
discret de considérer la file d’attente M/M/∞ comme point de référence et de chercher
des critères permettant de comparer des processus de naissance et de mort généraux avec
ce processus de queue.
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D’un autre côté, il existe des cas simples où les arguments développés dans le
théorème 0.1.2 pour les diffusions ne peuvent pas être utilisés afin de donner des résultats
de concentration locale fournissant de l’information en temps grand. En effet, il est d’un
intérêt fondamental d’obtenir des inégalités locales dont les constantes se comportent bien
lorsque le paramètre de temps s’approche de l’infini. Par exemple, dans le cas du processus
de Kolmogorov sur Rd solution de l’équation différentielle stochastique

Yt = Y0 +Bt −
∫ t

0

sign(Ys)ds, (0.1.14)

où (Bt)t≥0 est un mouvement brownien standard sur Rd, les assertions du théorème 0.1.2
sont satisfaites avec le paramètre ρ = 0. Ainsi, le corollaire 0.1.3 nous donne pour toute
fonction lipschitzienne f : Rd → R la concentration locale

Px(|f(Yt)− Ex[f(Yt)]| ≥ y) ≤ 2 exp

(
−y

2

4t

)
, y > 0, t > 0,

inégalité qui ne peut pas être étendue à la distribution stationnaire exponentielle

µ(dx) = 2−dλde−λ |x|dx, x ∈ Rd.

Afin de contourner cette difficulté, la stratégie utilisée par Bobkov et Ledoux dans [18]
est de travailler directement sur cette loi en exploitant ses propriétés spécifiques. En par-
ticulier, sa queue de distribution tendant vers 0 plus lentement que la queue gaussienne,
l’inégalité de Sobolev logarithmique (0.1.3) est mise en défaut par la distribution expo-
nentielle, ce qui a amené les auteurs à étudier des versions affaiblies de cette inégalité,
appelées inégalités de Sobolev logarithmiques modifiées. En utilisant alors la méthode de
Herbst, ils retrouvent la version fonctionnelle des résultats de concentration de Talagrand
établis dans [80] pour des mesures exponentielles produits.

La version discrète du processus de diffusion (Yt)t≥0 ci-dessus est la file d’attente
M/M/1. En effet, le processus solution de l’équation différentielle stochastique (0.1.14)
peut être construit comme la limite fluide d’une suite de files d’attente M/M/1 renor-
malisées, cf. [72]. La file d’attente M/M/1 peut d’ailleurs être modélisée de la façon
suivante. Considérons un unique guichet de vente devant lequel des clients font la queue.
Le flot des arrivées au guichet est simulé par un processus de Poisson d’intensité λ > 0 et
dès qu’un client est servi, il sort de la file et laisse la place au client suivant. On suppose
que les durées de service des clients sont indépendantes et identiquement distribuées, de
loi exponentielle de paramètre ν > 0. Alors, si l’on désigne par Xt le nombre de clients
dans la file d’attente à l’instant t, le processus aléatoire (Xt)t≥0 est une file d’attente
M/M/1. C’est un processus de naissance et de mort sur E = N dont les fonctions de
transition du générateur infinitésimal sont données par λx = λ, νx = ν1{x 6=0}, x ∈ N.
D’après la relation de commutation entre gradient et générateur infinitésimal

d+Lf = Ld+f,
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on en déduit que la courbure exacte de ce processus est nulle. Ainsi, en comparant
avec le cas continu de la loi exponentielle, l’approche de la concentration locale de la file
d’attente M/M/1 par les courbures discrètes ne parâıt pas être appropriée afin d’obtenir
des informations sur sa distribution stationnaire en régime ergodique, c’est-à-dire la loi
géométrique sur N de paramètre λ/ν < 1. Il est donc intéressant d’adapter dans le cadre
des processus de naissance et de mort à courbure nulle la méthode utilisée par Bobkov
et Ledoux pour établir des résultats de concentration pour les distributions stationnaires
associées.

0.2 Fluctuations des intégrales stables stochastiques

L’objectif de la seconde partie de la thèse est d’étudier les fluctuations des
intégrales stochastiques dirigées par des processus stables, à travers l’analyse des tra-
jectoires du processus supremum ainsi qu’en termes d’estimations de temps de passage de
processus voisins.

La théorie des fluctuations des processus stochastiques consiste à analyser les trajectoires
de ces processus en étudiant le comportement de leurs extrema. En particulier, le cas des
processus de Lévy avec sauts pose de nombreuses difficultés et est d’un intérêt majeur
dans les applications, notamment en finance mathématique. Depuis les années soixante,
un grand nombre de chercheurs se sont penchés sur l’étude fine des fluctuations des pro-
cessus de Lévy et en particulier des processus stables, citons entre autres Khintchine,
Blumenthal, Getoor, Fristedt, Rogozin, Pruitt, Taylor, Doney et Bertoin. La difficulté
principale dans l’analyse des processus stables réside dans l’absence d’une expression ex-
plicite des densités, rendant l’étude de leurs trajectoires à la fois délicate et passionnante.
Donnons tout d’abord quelques résultats classiques de régularité sur les processus de
Lévy avec sauts. Dans l’article fondateur [14] du début des années soixante, Blumen-
thal et Getoor ont introduit des indices liés aux queues de distribution des mesures de
Lévy afin de déterminer en fonction de ces indices le comportement en temps petit des
trajectoires des processus de Lévy associés. Plus précisément, désignons par (Xt)t≥0 un
processus de Lévy sur Rd sans partie gaussienne et de caractéristiques (0, b, ν), où ν est
sa mesure de Lévy et b son drift, et introduisons l’indice

β := inf

{
δ > 0 :

∫
|x|≤1

|x|δν(dx) < +∞
}
.

Alors, Blumenthal et Getoor ont prouvé le

Théorème 0.2.1. On a la caractérisation

lim sup
t→0

t−1/η|Xt| = 0 ou +∞ p.s., selon que η > β ou η < β.

Par exemple, dans le cas η < β, ce résultat signifie que le processus pénètre infini-
ment souvent la région {(t, x) ∈ R+ × R : |x| > yt1/η} en temps arbitrairement petit, et
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ce pour tout y > 0. Ainsi, le théorème 0.2.1 peut être interprété comme un résultat de
régularité du processus de Lévy (Xt)t≥0 autour de 0.

Ces travaux ont été généralisés au tout début des années quatre-vingt par Pruitt
dans [69] en utilisant une approche duale de celle de Blumenthal et Getoor. En effet,
considérons la fonction h définie sur R+ par

h(r) :=

∫
|x|>r

ν(dx) + r−2

∫
|x|≤r

|x|2ν(dx) + r−1

∣∣∣∣b+

∫
1<|x|≤r

xν(dx)−
∫
r<|x|≤1

xν(dx)

∣∣∣∣ ,
(0.2.1)

où r > 0 est un niveau de troncature du support de la mesure de Lévy, et définissons les
indices suivants :

β1 := inf

{
δ > 0 : lim sup

r→0
rδh(r) = 0

}
, β2 := inf

{
δ > 0 : lim inf

r→0
rδh(r) = 0

}
.

Dans la plupart des cas, les indices β et β1 cöıncident. En notant (X∗
t )t≥0 le processus

supremum X∗
t = sup0≤s≤t |Xs|, Pruitt a établi le

Théorème 0.2.2. On a les comportements suivants :

lim sup
t→0

t−1/ηX∗
t = 0 ou +∞ p.s., selon que η > β1 ou η < β1.

lim inf
t→0

t−1/ηX∗
t = 0 ou +∞ p.s., selon que η > β2 ou η < β2.

Remarquons que le cas où η est égal à l’un des indices définis plus haut n’est pas
traité. Cependant, si (Xt)t≥0 est un processus stable, alors on a les égalités α = β = β1 =
β2, et le cas critique η = α est couvert par l’assertion (iii) du théorème VIII.5 de [10],
résultat dû à Khintchine :

Théorème 0.2.3. Si f : (0,+∞) → (0,+∞) est une fonction continue et strictement
croissante, alors on a le test intégral

lim sup
t→0

X∗
t

f(t)
= 0 ou +∞ p.s., selon que

∫
0+

dt

f(t)α
< +∞ ou = +∞.

Inégalités maximales et temps de sortie

Le point déterminant dans les théorèmes précédents est la donnée d’estimées
asymptotiques ou d’inégalités (maximales) satisfaites par le processus supremum (X∗

t )t≥0.
En effet, l’estimation de la probabilité de déviation du processus supremum

P (X∗
t ≥ x) , t ≥ 0, x > 0,

est essentielle afin d’établir via le lemme de Borel-Cantelli des résultats de convergence
presque sûre. Par exemple, Pruitt obtient dans [69] les inégalités maximales suivantes
pour un processus de Lévy (Xt)t≥0 sur Rd :
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Théorème 0.2.4. Il existe une constante Cd > 0 dépendant seulement de la dimension
d telle que pour tout t > 0 et tout x > 0,

P (X∗
t ≥ x) ≤ Cdth(x), P (X∗

t ≤ x) ≤ Cd
th(x)

,

où la fonction h est définie en (0.2.1).

En particulier, ces inégalités maximales fournissent des informations sur les temps
de sortie de boules des processus. En effet, la distribution du processus supremum étant
étroitement liée à celle de la variable aléatoire

Tx := inf{t ≥ 0 : |Xt| > x},

désignant le premier instant de sortie du processus (Xt)t≥0 de la boule centrée en 0 de
rayon x > 0, le théorème 0.2.4 entrâıne immédiatement le

Théorème 0.2.5. Il existe une constante Cd > 0 dépendant seulement de la dimension
d telle que pour tout x > 0,

1

Cdh(x)
≤ ETx ≤

Cd
h(x)

.

Ainsi, le temps moyen mis par un processus de Lévy pour sortir de boules centrées
en 0 est déterminé par le comportement de la mesure de Lévy associée, à travers la
fonction h. Dans le cas des processus spectralement négatifs, c’est-à-dire n’ayant pas de
sauts positifs, en notant

τx := inf{t ≥ 0 : Xt > x}

le premier instant de sortie du processus (Xt)t≥0 de l’intervalle (−∞, x], des techniques
de martingales combinées à la nullité de l’overshoot Xτx − x = 0 permettent de trou-
ver la transformée de Laplace de la variable aléatoire τx, cf. le théorème VII.1 de [10].
Cependant, il est en général difficile de donner des formules explicites lorsque le processus
possède à la fois des sauts positifs et négatifs comme par exemple un processus stable
symétrique. Dans ce cas, il est pertinent d’établir des bornes pour estimer la distribution
de ces temps de sortie.

Par ailleurs, il est bien connu que les inégalités maximales interviennent dans
l’étude de la convergence des processus. Dans le cas des intégrales stochastiques dirigées
par un processus réel symétrique α-stable (Zt)t∈[0,1] avec α ∈ (0, 2), Giné et Marcus
ont montré dans l’article [39] que la condition (Ht)t≥0 ∈ Lα(P × dt) est suffisante pour

que l’intégrale (
∫ t

0
HsdZs)t∈[0,1] soit bien définie. La clé du raisonnement repose sur une

inégalité maximale du type

sup
x>0

xα P

(
sup
t∈[0,1]

∣∣∣∣∫ t

0

HsdZs

∣∣∣∣ ≥ x

)
≤ Cα
α(2− α)2

∫ 1

0

E|Ht|αdt, (0.2.2)
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où Cα est une constante dépendant seulement de α et des poids de la mesure de Lévy sta-
ble. Ceci leur permet d’établir dans l’espace de Skorohod des fonctions càdlàg un théorème
de la limite centrale pour ces intégrales stables stochastiques. Cependant, afin d’établir
l’inégalité (0.2.2), les auteurs utilisent à plusieurs reprises une formule d’isométrie faisant
apparâıtre un facteur (2 − α)2 au dénominateur de la borne supérieure. Ainsi, lorsque
α est proche de 2, on observe une perte d’information par rapport au cas asymptotique
récemment étudié par Hult et Lindskog dans [47], où ces derniers ont obtenu le résultat
suivant : il existe une constante Dα bornée en α telle que

lim
x→+∞

xα P

(
sup
t∈[0,1]

∣∣∣∣∫ t

0

HsdZs

∣∣∣∣ ≥ x

)
=
Dα

α

∫ 1

0

E|Ht|αdt. (0.2.3)

D’autre part, les estimées précédentes concernant des grands niveaux de déviation x, il
est intéressant de se demander si le comportement du processus supremum est identique
lorsque le niveau de déviation x est petit. Autrement dit, la queue de distribution de la
mesure de Lévy gouverne-t-elle encore le comportement du processus supremum dans un
voisinage de 0 ? Si la réponse à cette question est négative, peut-on alors espérer retrouver
les inégalités maximales gaussiennes classiques lorsque le paramètre de stabilité α tend
vers 2 ?

Ainsi, il est naturel d’étudier le comportement du processus supremum à travers
des inégalités maximales du type (0.2.2) lorsque le paramètre de stabilité α est proche de
2, c’est-à-dire lorsque le processus stable sous-jacent est proche d’un mouvement brownien
standard, et de regarder quelles sont les conséquences de ces inégalités dans l’estimation
de temps de passage de ces processus.

Principe de domination convexe

Commençons par introduire le principe de domination convexe entre variables
aléatoires.

Définition 0.2.6. Soient X et Y deux variables aléatoires réelles. On dit que X est
dominée au sens convexe par Y si pour toute fonction convexe φ suffisamment régulière,

E[φ(X)] ≤ E[φ(Y )].

Le principe de domination convexe peut être interprété comme une généralisation
des inégalités de moments développées dans la théorie générale des processus, et fournit des
informations intéressantes dans la comparaison de variables aléatoires. Les applications
de la domination convexe sont nombreuses et permettent de retrouver un grand nombre de
résultats bien connus comme par exemple les inégalités de Doob et de Burkholder, cf. [32],
mais aussi des inégalités de déviation et de concentration. Récemment, Klein a montré
dans sa thèse [58] que sous quelques conditions de bornitude, une intégrale stochastique
dirigée par un processus ponctuel compensé est dominée au sens convexe par une variable
aléatoire de Poisson centrée, dont le paramètre dépend des caractéristiques de l’intégrale
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stochastique précédente. Ce type de résultats a été étendu dans l’article [59], où un
principe de domination convexe est établi dans le cadre général des martingales à sauts
bornés et des variables aléatoires admettant une représentation en termes d’intégrales
stochastiques dirigées par un mouvement brownien corrélé avec une mesure aléatoire de
Poisson compensée. Cependant, ce travail ne concerne pas le cas des processus à variation
infinie avec sauts non bornés tel qu’un processus stable symétrique, et il serait intéressant
de regarder si ce type de processus satisfait un principe de domination convexe.

Construction des intégrales stables stochastiques

Sur un espace de probabilité filtré Ω := (Ω,F , (F t)t≥0,P), on considère (Zt)t≥0

un processus stable réel càdlàg d’index α ∈ (0, 2) sans partie gaussienne. Sa fonction
caractéristique est donnée par

ϕZt(u) = exp t

(
iub+

∫ +∞

−∞

(
eiuy − 1− iuy 1{|y|≤1}

)
ν(dy)

)
, u > 0, (0.2.4)

où ν désigne la mesure de Lévy stable sur R \ {0} :

ν(dy) =
(
c− 1{y<0} + c+ 1{y>0}

) dy

|y|α+1
, c−, c+ ≥ 0, c− + c+ > 0. (0.2.5)

Étant un processus de Lévy, le processus stable (Zt)t≥0 est une semimartingale dont la
décomposition de Lévy-Itô est donnée par

Zt = bt+

∫ t

0

∫
|y|≤1

y (µ− σ)(dy, ds) +

∫ t

0

∫
|y|>1

y µ(dy, ds), t ≥ 0, (0.2.6)

où µ est une mesure de Poisson aléatoire sur R× [0,+∞) d’intensité σ(dy, dt) = ν(dy)⊗dt
et b est le drift. Dans le cas où c := c+ = c−, le processus est symétrique et sa fonction
caractéristique (0.2.4) se réécrit comme

ϕZt(u) = e−tρα |u|α ,

où la constante ρα est donnée par la formule

ρα :=

√
πΓ((2− α)/2)

α2αΓ((1 + α)/2)
2c.

Introduisons maintenant la méthode de troncature du support de la mesure de Lévy stable
(0.2.5). Afin de contrôler la taille des sauts de la partie martingale, on introduit un niveau
de troncature R > 1 de la manière suivante : on définit les processus de Lévy indépendants
(Z

(R+)
t )t≥0 et (Z

(R−)
t )t≥0 par

Z
(R−)
t :=

∫ t

0

∫
|y|≤R

y (µ− σ)(dy, ds), Z
(R+)
t :=

∫ t

0

∫
|y|>R

y µ(dy, ds), t ≥ 0,
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le premier processus étant une martingale de carré intégrable et à sauts bornés par R,
tandis que le second est un processus de Poisson composé de sauts plus grand que R.
Ainsi, la décomposition de Lévy-Itô (0.2.6) se réécrit comme

Zt = bRt+ Z
(R−)
t + Z

(R+)
t , t ≥ 0, (0.2.7)

où bR := b +
∫

1<|y|≤R y ν(dy) est le drift modifié. Si (Ht)t≥0 est un processus prévisible,

on note dans la suite

‖H‖(p,t) := ‖H‖Lp(Ω×[0,t]) =

(∫ t

0

E [|Hs|p] ds
) 1

p

, t ≥ 0, p > 0,

et on définit Pp (resp. Bp) comme l’espace des processus prévisibles (Ht)t≥0 tels que pour
tout t ≥ 0, ‖H‖(p,t) < +∞ (resp. ‖H‖L∞(Ω,Lp([0,t])) < +∞). En particulier, le processus
(Ht)t≥0 est dit de carré intégrable si H ∈ P2. En notant

X
(R−)
t :=

∫ t

0

HsdZ
(R−)
s , X

(R+)
t :=

∫ t

0

HsdZ
(R+)
s , ARt := bR

∫ t

0

Hsds, t ≥ 0,

où la première intégrale est une martingale de carré intégrable et les deux autres sont
construites dans le sens de Lebesgue-Stieltjes, on définit l’intégrale stable (Xt)t≥0, qui ne
dépend pas du choix de R, comme la somme de ces trois intégrales :

Xt :=

∫ t

0

HsdZs = ARt +X
(R−)
t +X

(R+)
t , t ≥ 0. (0.2.8)

Remarquons que dans le cas où (Zt)t≥0 est symétrique et à variation infinie, c’est-à-dire
α ∈ (1, 2), la partie drift (ARt )t≥0 est nulle et le processus (Xt)t≥0 est une martingale par
la Proposition 2.1 de [8].

0.3 Panorama des résultats obtenus

À présent, nous allons décrire les résultats obtenus dans cette thèse. Chacun
des chapitres 1 à 6 correspond à une publication, une prépublication soumise ou à un
travail en cours de finalisation. Les références apparaissant entre parenthèses renvoient
aux résultats principaux des chapitres concernés.
Les annexes A et B n’étant pas voués à être soumis pour publication, nous n’en parlerons
pas dans cette introduction.

Chapitre 1 : inégalités fonctionnelles autour de la loi géométrique

Le premier chapitre de la thèse est constitué de l’article [55] publié avec Nicolas
Privault et traite d’inégalités fonctionnelles et de concentration autour de la distribution
géométrique. En s’inspirant du travail de Bobkov et Ledoux [18] sur la loi exponentielle,
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nous établissons en particulier les constantes optimales dans les inégalités isopérimétrique
et de Poincaré, ainsi qu’une inégalité de Sobolev logarithmique modifiée et des estimées
de déviation dans le cas multidimensionnel.

Introduisons les inégalités fonctionnelles que nous allons étudier dans le premier chapitre.

Définition 0.3.1. Soit (E,F , µ) un espace de probabilité muni d’un opérateur de gradient
∇. La mesure µ satisfait une inégalité isopérimétrique de constante h > 0 si pour toute
fonction f : E → R suffisamment régulière,

h

∫
|f −m(f)|dµ ≤

∫
|∇f |dµ,

où m(f) est une médiane de f sous µ. En particulier, on note hµ la constante optimale

hµ := inf
f 6=constante

∫
|∇f |dµ∫

|f −m(f)|dµ
,

et λµ la constante optimale dans l’inégalité de Poincaré (0.1.2) d’énergie E µ(f, f) :=∫
|∇f |2dµ :

λµ := inf
f 6=constante

∫
|∇f |2dµ∫ (

f −
∫
fdµ

)2
dµ
.

Dans le cas d’une mesure µ sur N et du gradient forward d+, un résultat de co-aire
nous permet d’établir l’équivalence entre les inégalités isopérimétrique et de Poincaré :

Proposition 0.3.2. (Proposition 1.2.2) On a les inégalités suivantes :(√
1 + hµ − 1

)2

≤ λµ ≤ 2hµ.

On désigne par π la distribution géométrique de paramètre p ∈ (0, 1), i.e.

π(k) := (1− p)pk, k ∈ N.

En utilisant une formule d’intégration par parties satisfaite par la loi géométrique ainsi
que la proposition 0.3.2, on obtient les expressions explicites des constantes optimales dans
les inégalités isopérimétrique et de Poincaré, avec l’énergie induisant le gradient forward
d+ :

Proposition 0.3.3. (Propositions 1.3.2 and 1.3.3) Sous la distribution géométrique
π, on établit les constantes optimales

hπ =
1− p

p
, λπ =

(1−√
p)2

p
.
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À notre connaissance, l’expression de hπ apparâıt ici pour la première fois, tan-
dis que celle de λπ est établie par Van Doorn au début des années quatre-vingt et est
redémontrée par Chen dans [28] en utilisant des formules variationnelles sur le trou spec-
tral du générateur infinitésimal. Ainsi, nous donnons une autre preuve très simple de ce
résultat. De plus, par un passage à la limite, nous retrouvons les constantes optimales
pour la loi exponentielle munie du gradient usuel sur R, cf. [18].

L’intérêt de se limiter à établir certaines inégalités fonctionnelles en dimension 1 re-
pose dans leur propriété de tensorisation, le résultat en dimension supérieure se déduisant
automatiquement du cas unidimensionnel. Désignons par (e1, . . . , en) la base canonique de
Rn et soit f : Nn → R. On définit le gradient multidimensionnel d+

i f(x) := f(x+ei)−f(x),
i = 1, . . . , n, où x ∈ Nn, ainsi que la norme

‖d+f‖ :=

(
n∑
i=1

|d+
i f |2

)1/2

.

Alors, sous la distribution géométrique multidimensionnelle π⊗n, nous démontrons une
inégalité de Sobolev logarithmique modifiée au sens de Bobkov et Ledoux [18] :

Théorème 0.3.4. (Theorem 1.3.6, cas multidimensionnel)
Soit c ∈ (0,− log p) et soit f : Nn → R une fonction vérifiant la condition maxi=1,...,n |d+

i f | ≤
c. Alors la distribution géométrique multidimensionnelle π⊗n satisfait l’inégalité de Sobolev
logarithmique modifiée∫

fefdπ⊗n−
∫
efdπ⊗n log

(∫
efdπ⊗n

)
≤ pec

(1− p)(1−
√
pec)

∫
‖d+f‖2efdπ⊗n. (0.3.1)

En utilisant la méthode de Herbst, l’inégalité de Sobolev logarithmique modifiée
(0.3.1) entrâıne l’inégalité de déviation adimensionnelle suivante :

Corollaire 0.3.5. (Corollary 1.3.7) Soit c ∈ (0,− log p) et soit f : Nn → R une
fonction vérifiant les conditions maxi=1,...,n |d+

i f | ≤ β et ‖d+f‖2 ≤ α2, où α et β sont des
constantes positives. Alors la distribution géométrique multidimensionnelle π⊗n satisfait
l’inégalité de déviation

π⊗n(f − Eπ⊗n [f ] ≥ r) ≤ exp

(
−min

(
c2r2

4ap,cα2β2
,
rc

2β

))
, (0.3.2)

où ap,c est la constante donnée dans l’inégalité de Sobolev logarithmique modifiée (0.3.1).

Ainsi, on remarque que la concentration de la distribution géométrique est sem-
blable à la version fonctionnelle de la concentration de la loi exponentielle établie par
Talagrand dans [80]. Notons aussi que ce type de résultat est obtenu par Houdré et Tetali
dans l’article [45] en utilisant l’approche par les châınes de Markov réversibles et divers
gradients discrets.

Dans le cas général d’une mesure produit µ⊗n sur Nn et du gradient (d+
i )i=1,...,n,

nous montrons aussi qu’une condition suffisante pour qu’elle admette une concentration
de type (0.3.2) est que la marginale µ vérifie une inégalité de Poincaré (0.1.2) avec le
gradient forward d+.
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Chapitre 2 : inégalités fonctionnelles dans le cas avec interactions

Une mesure produit correspondant à la distribution stationnaire d’un vecteur de
processus de Markov indépendants, il est naturel d’introduire de la dépendance en con-
sidérant un potentiel d’interaction associé à une mesure de Gibbs. Ainsi, nous étendons
brièvement les résultats du chapitre 1 aux systèmes de spins discrets dont la mesure de
référence est géométrique, ce qui fait l’objet de la courte note à parâıtre [54].

Tout d’abord, introduisons quelques notations. L’espace de configurations que l’on con-

sidère est NZd

. Étant donné un potentiel d’interaction borné et de portée finie Φ = {ΦR :
R ⊂ Zd}, ainsi qu’un ensemble fini Λ du réseau Zd, on définit l’Hamiltonien du système
par

HΛ(η) :=
∑

R
⋂

Λ6=∅

ΦR(ηR),

où ηR désigne la restriction de la configuration η à NR, R ⊂ Zd. La mesure de Gibbs en
volume fini πωΛ sur NΛ associée à un système de spins discrets sur N avec condition au bord

ω ∈ NZd\Λ est définie par sa densité par rapport à la mesure de référence géométrique
multidimensionnelle πΛ := π⊗Λ :

dπωΛ
dπΛ

(σ) :=
1

Zω
Λ

e−H
ω
Λ (σ), σ ∈ NΛ,

où Zω
Λ est une constante de normalisation et Hω

Λ(η) := HΛ(ηΛωΛc), avec la notation ηAωB
désignant la concaténation de deux configurations η et ω définies respectivement sur NA

et NB avec A et B disjoints. On note Π la mesure de Gibbs sur l’espace NZd

tout entier,
et on définit les gradients

d+
k f(η) = f(η + ek)− f(η), et d−k f(η) = 1{ηk>0} (f(η − ek)− f(η)) ,

pour toute fonction f : NZd → R, où (ek)k∈Zd désigne la base canonique {ek = 1{k} : k ∈
Zd}. La dynamique markovienne que l’on considère est

LωΛf(η) =
∑
k∈Λ

cωΛ(k, η,+)d+
k f(η) + cωΛ(k, η,−)d−k f(η),

où les fonctions de transition cωΛ(k, η,±) sont supposées assurer la symétrie du générateur
infinitésimal LωΛ dans L2(πωΛ), et sont uniformément bornées : il existe une constante
C > 0 dépendant seulement de ‖Φ‖ telle que

1

C
≤ cωΛ(k, η,+) ≤ C, η ∈ NΛ, k ∈ Λ. (0.3.3)

Enfin, on désigne par RL l’ensemble des rectangles dans Zd de taille plus petite que L.
Introduisons maintenant une condition de mélange sur la mesure de Gibbs en volume fini
qui permet de contrôler la décroissance des covariances.
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Définition 0.3.6. La mesure de Gibbs πωΛ satisfait la condition de mélange s’il existe
deux constantes positives C1 et C2, dépendant seulement de la dimension d et de ‖Φ‖,
telles que

sup
σ,ω

∣∣∣∣πωΛ({η : ηA = σA})πωΛ({η : ηB = σB})
πωΛ({η : ηA∪B = σA∪B})

− 1

∣∣∣∣ ≤ C1e
−C2d(A,B), (0.3.4)

pour tout Λ ∈ RL, L ≥ 1, et tous ensembles disjoints A,B ⊂ Λ.

Sous les conditions de bornitude (0.3.3) et de mélange (0.3.4), on peut montrer en
adaptant la méthode utilisée dans [31] que la mesure de Gibbs πωΛ vérifie une inégalité de
Sobolev logarithmique modifiée dont la constante est indépendante de Λ et de la condition
au bord ω. Ce résultat entrâıne par la méthode de Herbst le

Corollaire 0.3.7. (Corollary 2.2.3) Sous la condition de mélange (0.3.4), si c ∈
(0,− log p), alors pour toute fonction f vérifiant les conditions ‖d+f‖l∞(Λ) ≤ β et∑

k∈Λ

cωΛ(k, η,+)|d+
k f(η)|2 ≤ α2, πΛ(dη)− p.p.,

où α, β > 0, on obtient l’inégalité de déviation

πωΛ
(
f − Eπω

Λ
[f ] ≥ r

)
≤ exp

(
−min

(
c2r2

4γcα2β2
,
rc

2β

))
, r > 0,

où γc est la constante de l’inégalité de Sobolev logarithmique modifiée satisfaite par πωΛ.

Chapitre 3 : concentration locale de type Poisson et courbures
discrètes

Le troisième chapitre de cette thèse est constitué d’une version détaillée de l’article
soumis [52]. Nous analysons le comportement de la concentration locale des processus de
naissance et de mort en fonction des différentes notions de courbures discrètes, et nous
donnons des critères sur le générateur infinitésimal afin que cette concentration soit sim-
ilaire à celle de type Poisson satisfaite par la file d’attente M/M/∞. Dans ce contexte,
ce travail généralise les résultats de Ané et de Ledoux obtenus dans l’article [3] pour des
marches aléatoires en courbure nulle.

Contrairement aux processus de diffusion où l’approche par les inégalités fonctionnelles
locales est souvent utilisée, il est en général difficile dans le cadre discret d’établir une
inégalité de type Sobolev logarithmique. Par exemple, une inégalité de Sobolev logarith-
mique modifiée locale avec le gradient forward d+ n’est pas encore démontrée à ce jour
pour la file d’attente M/M/∞, alors que l’on connâıt explicitement sa distribution. Afin
d’établir des résultats de concentration locale pour des processus de naissance et de mort,
l’approche que nous proposons dans le chapitre 3 est plutôt basée sur des techniques de
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martingales et utilise systématiquement les courbures discrètes de ces processus. Ainsi,
il est naturel de formuler des critères sur les fonctions de transition du générateur in-
finitésimal associé pour que les courbures discrètes soit minorées. En particulier, nous
sommes amenés dans le chapitre 3 tout comme dans le chapitre 4 à étudier le rôle fonda-
mental joué dans la concentration de la mesure par les différentes métriques sur l’espace
d’état du processus, induisant des gradients discrets différents.
Mentionnons enfin que nous n’allons considérer dans la suite que le cas des processus de
naissance et de mort, bien que le chapitre 3 contienne aussi des résultats pour des châınes
de Markov à temps continu générales.

Critères de courbure

La métrique utilisée dans le chapitre 3 est la distance classique d, et l’on suppose
que la distribution stationnaire vérifie la condition de moment (0.1.7) avec cette distance.
Donnons tout d’abord quelques critères sur le générateur infinitésimal du processus de
naissance et de mort (Xt)t≥0 pour que ses différentes courbures discrètes soient minorées.
Commençons par la d-courbure de Wasserstein. La preuve de la proposition 0.3.8 ci-
dessous est fondée sur une méthode de couplage utilisant la distance d.

Proposition 0.3.8. (Proposition 3.5.2) S’il existe une constante K ∈ R telle que les
fonctions de transition λ et ν vérifient l’inégalité

inf
x∈E\{0}

λx−1 − λx + νx − νx−1 ≥ K, (0.3.5)

alors la d-courbure de Wasserstein est minorée par K.

Commentons le critère précédent. Comme nous l’avons déjà mentionné dans la
partie 0.1, la file d’attente M/M/∞ dans le cas E = N (ou la châıne d’Ehrenfest à temps
continu dans le cas fini E = {0, . . . , n}) est l’analogue discret d’un processus d’Ornstein-
Uhlenbeck. Sachant que pour établir des inégalités locales, on cherche à comparer en
termes de convexité de potentiel un processus de Kolmogorov avec le processus d’Ornstein-
Uhlenbeck le plus proche, il est naturel de chercher des critères permettant de comparer
un processus de naissance et de mort général avec la file d’attente M/M/∞. Remarquons
que pour ce processus de queue, nous avons l’égalité pour tout x ∈ N \ {0} :

λx−1 − λx + νx − νx−1 = ν,

qui n’est autre que sa courbure exacte. Ainsi, la relation (0.3.5) traduit une comparaison
avec la file d’attente M/M/∞, comparaison qui peut être assimilée à l’analogue discret
de la condition spectrale (i′) intervenant dans le théorème 0.1.2 pour les processus de
Kolmogorov. En particulier, plus la force de rappel vers 0 est importante, plus la d-
courbure de Wasserstein du processus est grande.

En adaptant au cadre discret le calcul Γ2 de Bakry, nous établissons l’équivalence
entre les versions discrètes des assertions (iv) et (v) du théorème 0.1.2. Nous obtenons
alors la
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Proposition 0.3.9. (Proposition 3.5.6) S’il existe une constante ρ ≥ 0 telle que

inf
x∈E\{0,supE}

min{λx−1 − λx, νx+1 − νx} ≥ ρ, (0.3.6)

alors la Γ-courbure est minorée par ρ.

D’après l’homogénéité en les fonctions de transition λ et ν des opérateurs markoviens
Γ et Γ2, il n’est pas surprenant de faire apparâıtre ici une symétrie entre λ et ν. Ainsi,
ce critère de comparaison parâıt plus restrictif que le précédent dans le cas E = N car le
taux de naissance λ doit être décroissant (donc convergent), mais reste très intéressant
dans le cas fini.

À présent, nous sommes en mesure de donner des inégalités de déviation locales
de type Poisson pour des processus de naissance et de mort. Bien que les preuves soient
identiques dans le cas où l’espace d’état E est infini ou non, nous devons différencier les
résultats. En effet, lorsque E = N, les hypothèses des théorèmes 0.3.10 et 0.3.11 ci-dessous
entrâınent que les bornes inférieures sur les courbures discrètes sont au mieux minorées
par 0, tandis qu’elles peuvent être minorées par un nombre strictement positif dans le
cas fini E = {0, . . . , n}. Par soucis de simplification des formules, nous ne donnons dans
la suite que le comportement en x log(1 + x) de la déviation, alors que des estimées plus
précises faisant intervenir la fonction g(x) = (1 + x) log(1 + x)− x sont disponibles dans
le chapitre 3.

Concentration dans le cas infini E := N

La preuve du résultat suivant repose sur des techniques de calcul stochastique
utilisant la théorie des martingales.

Théorème 0.3.10. (Theorem 3.5.8) On suppose que les fonctions de transition λ et
ν sont bornées sur N et qu’elles vérifient l’inégalité (0.3.5) avec K ≤ 0. Si f ∈ Lip est
une fonction réelle d-Lipschitzienne sur N, alors pour tout niveau de déviation y > 0 et
tout t > 0, on obtient l’inégalité de déviation locale de type Poisson

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
− yetK

2‖f‖Lip

log

(
1 +

yK

sinh(tK)‖λ + ν‖∞‖f‖Lip

))
.

Fondé sur une minoration par 0 de la Γ-courbure du processus, le prochain résultat
ne requiert pas la bornitude des fonctions de transition du générateur infinitésimal, con-
trairement au théorème 0.3.10, mais une hypothèse additionnelle de type Lipschitz sur les
fonctions considérées. En effet, si ν n’est pas bornée, l’hypothèse ‖Γf‖∞ < +∞ entrâıne
que le gradient de f introduit en (0.1.10) par rapport à la métrique d décrôıt très rapide-
ment. La preuve du théorème 0.3.11 ci-dessous est une adaptation au cas markovien de
la méthode des covariances utilisée par Houdré dans [42] afin d’établir des inégalités de
déviation pour des vecteurs indéfiniment divisibles.
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Théorème 0.3.11. (Theorem 3.5.9) On suppose que les fonctions de transition λ et
ν sont respectivement décroissante et croissante sur E = N. Soit f ∈ Lip une fonction
réelle d-Lipschitzienne sur N avec de plus ‖Γf‖∞ < +∞. Alors pour tout y > 0 et tout
t > 0, on obtient l’inégalité de déviation locale de type Poisson

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
− y

2‖f‖Lip

log

(
1 +

y‖f‖Lip

2t‖Γf‖∞

))
.

Ainsi, les inégalités de déviation des théorèmes 0.3.10 et 0.3.11 sont intéressantes
lorsque t est proche de 0, mais elles ne sont pas satisfaisantes en temps grand car on ne
peut pas les étendre à la distribution stationnaire. Ce point sera corrigé dans le chapitre 4
par l’utilisation d’une autre distance que la métrique usuelle d, nous permettant d’obtenir
des bornes inférieures strictement positives sur la courbure de Wasserstein associée à cette
nouvelle distance.

Concentration dans le cas fini E := {0, 1, . . . , n}

Considérons maintenant le cas fini, E := {0, 1, . . . , n}. Nous améliorons les
théorèmes 0.3.10 et 0.3.11, afin d’établir par ergodicité des estimées sous la distribution
stationnaire π. Ainsi, le point déterminant est d’obtenir des bornes inférieures strictement
positives sur les courbures discrètes.

Théorème 0.3.12. (Theorem 3.5.11) Supposons que les fonctions de transition λ et
ν vérifient l’inégalité (0.3.5) de constante K ∈ R sur {0, 1, . . . , n}. Si f ∈ Lip est une
fonction réelle d-Lipschitzienne sur {0, 1, . . . , n}, alors pour tout niveau de déviation y > 0
et tout t > 0,

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
− y

2‖f‖Lip

log

(
1 +

2Ky

(1− e−2Kt)‖λ + ν‖∞‖f‖Lip

))
.

(0.3.7)

En particulier, si K > 0, alors par ergodicité lorsque t tend vers l’infini dans l’inégalité
locale (0.3.7), on obtient l’estimée de déviation sous la distribution stationnaire π :

π (f − Eπ[f ] ≥ y) ≤ exp

(
− y

2‖f‖Lip

log

(
1 +

2Ky

‖λ + ν‖∞‖f‖Lip

))
.

Une version similaire faisant intervenir les hypothèses de la proposition 0.3.9 est
aussi disponible dans le cas fini.

Introduisons à présent la châıne d’Ehrenfest à temps continu. Soit n un entier
naturel strictement positif et considérons le processus de naissance et de mort (Xn

t )t≥0 à
valeurs dans E := {0, 1, . . . , n}, dont le générateur infinitésimal est donné par

Lnf(x) = λ(n− x) (f(x+ 1)− f(x)) + νx (f(x− 1)− f(x)) , x ∈ {0, 1, . . . , n},
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où les nombres 0 < λ ≤ ν < 1 satisfont λ + ν = 1. Ce processus est nommé châıne
d’Ehrenfest à temps continu. Comme nous l’avons déjà mentionné, ce processus est
l’analogue discret d’un processus d’Ornstein-Uhlenbeck réel. En effet, supposons que
limn→+∞Xn

0 /n = λ, et définissons pour tout entier n strictement positif le processus
renormalisé Un

t := (Xn
t −λn)/

√
n, t > 0. Si la suite d’états initiaux (Un

0 )n≥1 tend vers un
nombre quelconque u0, alors la suite de processus (Un

t )t≥0 converge lorsque n tend vers
l’infini vers le processus d’Ornstein-Uhlenbeck réel

Ut = u0e
−t +

√
2λν

∫ t

0

e−(t−s)dBs, t > 0,

où (Bt)t≥0 est un mouvement brownien standard.
Ainsi, en appliquant le théorème 0.3.12 à la châıne d’Ehrenfest (Xn

t )t≥0 avecK = λ+ν = 1
et la fonction d-lipschitzienne hn(x) := f((x − nλ)/

√
n) sur {0, 1, . . . , n}, où f est une

fonction lipschitzienne au sens classique sur R de constante ‖f‖Lip, puis en passant à la
limite lorsque n tend vers l’infini, on obtient pour tout y > 0 et tout t > 0 l’inégalité de
déviation gaussienne locale

Pu0 (f(Ut)− Eu0 [f(Ut)] ≥ y) ≤ exp

(
− y2

(1− e−2t)ν‖f‖2
Lip

)
.

On remarque que cette dernière inégalité est optimale en temps car à t fixé, le facteur
(1 − e−2t)ν au dénominateur est la variance de la variable aléatoire gaussienne Ut (à la
constante λ près).

Enfin, précisons que le chapitre 3 se termine par la donnée d’une inégalité de
concentration multidimensionnelle locale pour la file d’attente M/M/1. La preuve repose
sur la tensorisation de la transformée de Laplace locale d’une fonction lipschitzienne, via
une formule d’intégration par parties satisfaite par le semigroupe associé. Ce résultat est
un cas particulier de la méthodologie que l’on va utiliser dans le chapitre 4.

Chapitre 4 : concentration de la distribution empirique vers
l’équilibre

Ce chapitre fait l’objet de l’article soumis [50] et est consacré à l’estimation non-
asymptotique de la vitesse de convergence de la distribution empirique vers l’équilibre
pour des processus de naissance et de mort ergodiques. Ce résultat étend ceux de Lezaud
[63, 64] du cas des fonctions bornées au cas des fonctions lipschitziennes par rapport à
une distance sur N bien choisie, mais aussi aux processus dont le générateur infinitésimal
n’est pas nécessairement borné.

Rappelons que si le processus de naissance et de mort (Xt)t≥0 est ergodique, le théorème
ergodique assure que pour toute fonction g ∈ L1(π), la probabilité

Λ(t) := Px
(∣∣∣∣1t

∫ t

0

g(Xs)ds− Eπ[g]
∣∣∣∣ ≥ y

)
, y > 0, (0.3.8)
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converge vers 0 lorsque t tend vers l’infini. Il est bien connu que la théorie des grandes
déviations donne une vitesse de convergence asymptotique de la quantité t−1 log Λ(t), cf.
par exemple le chapitre 8 de [29]. Cependant, un tel résultat n’est pas satisfaisant lorsque
l’on cherche à exploiter numériquement des bornes non-asymptotiques sur la probabilité
(0.3.8). Récemment, Lezaud a établi dans les articles [63, 64] ce type de résultats pour
des châınes de Markov à temps continu à générateur borné sur un espace d’état fini
ou dénombrable. En supposant l’existence d’un trou spectral, les résultats obtenus par
Lezaud sont des vitesses de convergence de type Poisson pour des fonctions g bornées,
dont les preuves s’appuient essentiellement sur la théorie de la perturbation des opérateurs
linéaires développée par Kato. Ainsi, il est intéressant de regarder si l’on peut améliorer
cette vitesse de convergence via l’approche par les courbures discrètes, tout en relaxant
les diverses hypothèses de bornitude imposées par Lezaud.

Changement de métrique

D’après les parties précédentes, il est fondamental obtenir des bornes inférieures
strictement positives sur les courbures discrètes afin d’établir des inégalités de concentra-
tion locales fournissant de l’information en temps grand. Cependant, comme nous l’avons
déjà vu dans la présentation du chapitre 3, la distance usuelle d ne permet pas d’obtenir
ce type de résultats dans le cas E = N. C’est pourquoi l’idée est de considérer la courbure
de Wasserstein du processus par rapport à une autre distance sur N bien choisie.

Définition 0.3.13. Étant donnée une fonction réelle u strictement positive sur N, on
définit la distance δ : N × N→ [0,+∞) par

δ(x, y) :=

∣∣∣∣∣
x−1∑
k=0

u(k)−
y−1∑
k=0

u(k)

∣∣∣∣∣ , x, y ∈ N,

avec la convention
∑−1

k=0 u(k) := 0.

Notons que la distance δ est utilisée par Chen dans [28] afin d’établir des formules
variationnelles sur le trou spectral du générateur infinitésimal. On remarque que si la
fonction test u est identiquement égale à 1, alors δ ≡ d et la δ-courbure de Wasserstein
est réduite à la courbure de Wasserstein par rapport à la distance d.

Avant de donner le résultat principal, faisons un ensemble d’hypothèses sur les
fonctions de transition du générateur infinitésimal du processus. On note dans la suite
a ∧ b := min{a, b} et a ∨ b := max{a, b}, a, b ∈ R.

Hypothèse (A). Il existe deux constantes K > 0 et C > 0 telles que(
inf
x≥0

λx

)
∧
(

inf
x≥1

νx

)
≥ K et δ(x, x+ 1) := u(x) ≤ C

(
1

√
νx+1

∧ 1√
λx

)
, x ∈ N.
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Hypothèse (B). La distribution stationnaire π vérifie la condition de moment (0.1.7)
avec la métrique δ, et il existe une constante strictement positive α telle que

inf
x∈N

{
νx+1 + λx − νx

u(x− 1)

u(x)
− λx+1

u(x+ 1)

u(x)

}
≥ α. (0.3.9)

L’intérêt d’introduire l’hypothèse (A) est qu’elle nous permet de comparer les deux
distances δ et d : elles ne sont pas équivalentes, et la métrique δ est strictement plus faible
que la métrique usuelle d lorsqu’au moins une des fonctions de transition du générateur
infinitésimal n’est pas bornée.

Lorsque la fonction u est identiquement égale à 1, on observe que l’hypothèse (B)
devient l’inégalité (0.3.5) associée à la métrique usuelle d. Ainsi, il est naturel d’envisager
que l’inégalité (0.3.9) avec le poids u est fortement liée à la distance δ. Cette remarque est
justifiée par le résultat suivant, dont la preuve est fondée sur une méthode de couplage.

Proposition 0.3.14. (Proposition 4.2.6) Sous l’hypothèse (B), la δ-courbure de Wasser-
stein du processus est minorée par α > 0.

Le résultat principal

Énonçons à présent le résultat principal du chapitre 4.

Théorème 0.3.15. (Theorem 4.2.7) Sous les hypothèses (A) et (B), si φ ∈ Lipδ est
une fonction réelle δ-Lipschitzienne sur N, alors pour tout t > 0, tout niveau de déviation
y > 0 et toute condition initiale x ∈ N, on a la vitesse de convergence suivante :

Px
(∣∣∣∣1t

∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y

)
≤ 2e

−2Ktg

(
yα

2
√

KC(1−e−αt)‖φ‖Lipδ

)
(0.3.10)

≤ 2e
− tyα

√
K

2C(1−e−αt)‖φ‖Lipδ

log

(
1+ yα

2
√

KC(1−e−αt)‖φ‖Lipδ

)
,

où la fonction g est donnée par g(u) = (1 + u) log(1 + u)− u, u > 0.

Commentons l’estimée ci-dessus. Tout d’abord, par invariance de la mesure sta-
tionnaire π ainsi que par l’hypothèse (B),∣∣∣∣1t

∫ t

0

Ex[φ(Xs)]ds− π(φ)

∣∣∣∣ =

∣∣∣∣∣1t
∫ t

0

∑
z∈N

(Psφ(x)− Psφ(z))π(z)ds

∣∣∣∣∣
≤ ‖φ‖Lipδ

∑
z∈N

δ(x, z)π(z)
1

t

∫ t

0

e−αsds

= ‖φ‖Lipδ

∑
z∈N

δ(x, z)π(z)
1− e−αt

tα

=: Mt.
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Donc pour y suffisamment grand,

Px
(∣∣∣∣1t

∫ t

0

φ(Xs)ds− π(φ)

∣∣∣∣ ≥ y

)
≤ Px

(∣∣∣∣1t
∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y −Mt

)
.

Par conséquent, l’inégalité de déviation (0.3.10) donne la vitesse de convergence de la
distribution empirique vers l’équilibre, au prix d’une légère restriction (car limt→+∞Mt =
0) sur le niveau de déviation y.

D’autre part, la fonction u 7→ g(u) dans le théorème 0.3.15 est équivalente à u2/2
lorsque u est proche de 0 et à u log(u) lorsque u tend vers l’infini. Ainsi, l’inégalité de
type Bennett (0.3.10) exhibe une queue gaussienne pour les petites valeurs de y, en accord
avec le TCL pour les processus de Markov, et une décroissance de type Poisson pour les
grandes valeurs de y. Par conséquent, on améliore dans le cas des processus de naissance
et de mort l’inégalité de Chernoff du théorème 1.1 appliqué à l’exemple 1.7 de [64], ou
encore celle de la remarque 2.6 dans [64], car aucune hypothèse de bornitude n’est requise
sur la fonction φ et sur le générateur infinitésimal.
De plus, mentionnons que l’on retrouve aussi le théorème 3.4 dans [63] en adaptant la
preuve du théorème 0.3.15 au cas d’un espace d’état fini.
Cependant, le prix à payer pour ces améliorations est de supposer que l’hypothèse (B)
est satisfaite, ce qui est plus fort que l’existence d’un trou spectral supposée par Lezaud
dans ses articles [63, 64].

L’idée principale de la preuve du théorème 0.3.15 repose essentiellement sur la
tensorisation de la transformée de Laplace locale, en utilisant la proposition 0.3.14. Une
telle propriété de tensorisation peut être vue comme une généralisation de la méthode
des martingales utilisée notamment par Rio dans [71] et par Djellout, Guillin et Wu dans
[35], afin d’établir de la concentration gaussienne pour des suites de variables aléatoires
faiblement dépendantes.
Donnons un bref aperçu de cette tensorisation. En adaptant pour la distance δ la preuve
du théorème 0.3.10 de la partie précédente, nous avons tout d’abord le

Lemme 0.3.16. (Lemma 4.3.1) Sous les hypothèses (A) et (B), si f ∈ Lipδ est une
fonction réelle δ-Lipschitzienne sur N, alors pour tout t > 0 et tout τ > 0, nous avons
l’estimée suivante sur la transformée de Laplace :

Ex
[
eτ(f(Xt)−E x[f(Xt)])

]
≤ exp

{
h

(
τ, t,

C‖f‖Lipδ√
K

)}
, x ∈ N, (0.3.11)

où h est la fonction définie sur (R+)3 par

h(τ, t, z) :=
K (1− e−2αt)

α
(eτz − τz − 1) .

Maintenant, voyons comment l’utilisation d’une borne inférieure strictement pos-
itive sur la δ-courbure de Wasserstein du processus va nous permettre de tensoriser via
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l’inégalité (0.3.11) la tranformée de Laplace en dimension 2. Soit f : N × N → R une
fonction `1-lipschitzienne sur l’espace produit par rapport à la distance δ, c’est-à-dire

‖f‖Lipδ(2) := sup
(x1,x2),(y1,y2)∈N2

|f(x1, x2)− f(y1, y2)|
δ(x1, y1) + δ(x2, y2)

< +∞.

Pour tout 0 < s < t, on note les fonctions unidimensionnelles fy(z) := f(y, z) et f1(y) :=∑
z∈N f(y, z)Pt−s(y, z). Il est clair que l’on a ‖fy‖Lipδ

≤ ‖f‖Lipδ(2). Vérifions que la
fonction f1 est elle-aussi δ-Lipschitzienne, de constante

‖f1‖Lipδ
≤
(
1 + e−α(t−s)) ‖f‖Lipδ(2). (0.3.12)

Pour tous y, w ∈ N, on a :

|f1(w)− f1(y)|

=

∣∣∣∣∣∑
z∈N

(f(w, z)Pt−s(w, z)− f(y, z)Pt−s(y, z))

∣∣∣∣∣
≤

∣∣∣∣∣∑
z∈N

f(w, z) (Pt−s(w, z)− Pt−s(y, z))

∣∣∣∣∣+
∣∣∣∣∣∑
z∈N

(f(w, z)− f(y, z))Pt−s(y, z)

∣∣∣∣∣
≤ e−α(t−s)‖fw‖Lipδ

δ(y, w) + ‖f‖Lipδ(2)δ(y, w)

≤
(
1 + e−α(t−s)) ‖f‖Lipδ(2) δ(y, w),

où dans la deuxième inégalité est utilisée la proposition 0.3.14, i.e. ‖Ptf‖Lipδ
≤ e−αt‖f‖Lipδ

.
Par conséquent, on a bien que f1 ∈ Lipδ et la borne (0.3.12) est vérifiée.
Maintenant, par la propriété de Markov puis par l’inégalité exponentielle (0.3.11) ap-
pliquée successivement aux fonctions fy et f1, on obtient

Ex [exp (τf(Xs, Xt))]

=
∑
y,z∈N

exp (τfy(z))Pt−s(y, z)Ps(x, y)

≤
∑
y∈N

exp

{
τ
∑
z∈N

fy(z)Pt−s(y, z) + h

(
τ, t− s,

C‖fy‖Lipδ√
K

)}
Ps(x, y)

≤ exp

{
h

(
τ, t− s,

C‖f‖Lipδ(2)√
K

)}∑
y∈N

exp (τf1(y))Ps(x, y)

≤ exp

{
h

(
τ, t− s,

C‖f‖Lipδ(2)√
K

)
+ h

(
τ, s,

C‖f1‖Lipδ√
K

)
+ τEx[f(Xs, Xt)]

}
,

≤ exp

{
h

(
τ, t− s,

C‖f‖Lipδ(2)√
K

)
+ h

(
τ, s,

C(1 + e−α(t−s))‖f‖Lipδ(2)√
K

)
+τEx[f(Xs, Xt)]} ,
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car la fonction h est croissante en sa dernière variable. Ainsi, il en résulte la borne suivante
sur la transformée de Laplace locale en dimension 2 :

Ex
[
eτ(f(Xs,Xt)−Ex[f(Xs,Xt)])

]
≤ exp

{
h

(
τ, t− s,

C‖f‖Lipδ(2)√
K

)
+ h

(
τ, s,

C(1 + e−α(t−s))‖f‖Lipδ(2)√
K

)}
.

Le cas général pour les fonctions cylindriques F = f(Xt1 , . . . , Xtd), 0 < t1 < · · · < td, où
f est une fonction `1-lipschitzienne sur l’espace produit Nd, est similaire.

Enfin, le chapitre 4 se termine par un exemple classique satisfaisant les hypothèses
du théorème 0.3.15, à savoir la file d’attente M/M/∞.

Chapitre 5 : inégalités maximales pour des intégrales stables
stochastiques

Le chapitre 5 est consacré à l’étude trajectorielle des intégrales stables stochas-
tiques, et est constitué de l’article à parâıtre [51]. On y établit pour ce type de processus
de nouvelles inégalités maximales pour des grands et des petits niveaux de déviation.
Afin de contrôler les petits sauts de la partie martingale d’un processus stable, l’idée est
d’utiliser la méthode de troncature de la mesure de Lévy stable introduite précédemment.
Le résultat principal de cette partie est la donnée d’une borne supérieure qui n’explose pas
lorsque le paramètre de stabilité tend vers 2. Ces résultats sont appliqués à l’estimation
de temps de passage du module d’un processus symétrique stable au dessus de fonctions
continues. Bien que l’on ait également obtenu des résultats dans le cas où le processus
stable est à variation finie, c’est-à-dire lorsque le paramètre de stabilité α est dans (0, 1),
nous présentons dans ce qui suit seulement le cas α ∈ (1, 2).

Inégalités maximales pour des grands niveaux de déviation

Le premier résultat que nous donnons améliore significativement l’inégalité (0.2.2)
établie par Giné et Marcus. D’après l’estimée asymptotique (0.2.3), l’optimalité en termes
du niveau de déviation x ainsi que de la norme du processus (Ht)t≥0 est conservée, et la
vitesse d’explosion lorsque α tend vers 2 devient seulement linéaire.

Proposition 0.3.17. (Proposition 5.2.4) On suppose que (Zt)t≥0 est symétrique d’indice
α ∈ (1, 2). Alors il existe une constante Kα > 0, bornée en α, telle que

sup
x>0

xα P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤ Kα

2− α

∫ t

0

E [|Hs|α] ds, t ≥ 0.

La preuve de ce résultat repose sur une adaptation dans le cas des intégrales stables
stochastiques de la méthode utilisée par Bass et Levin dans [9] afin d’établir des inégalités
de Harnack pour des processus de Markov dont l’intensité de sauts est de type stable.
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Dans la construction de l’intégrale stable (0.2.8), le choix du niveau de troncature est
R := x.

Le théorème 0.3.18 ci-dessous est le résultat principal de cette partie. Il nous
permet de contrôler le comportement du processus supremum lorsque α tend vers 2. Le
prix à payer est de supposer que le processus prévisible (Ht)t≥0 satisfait des hypothèses
d’intégrabilité plus fortes, et de restreindre l’intervalle de validité du niveau de déviation
x. La preuve de ce résultat est délicate et repose sur une estimation fine de moments
d’intégrales stochastiques avec le choix du niveau de troncature R := x/‖H‖(α+p,t).

Théorème 0.3.18. (Theorem 5.3.2) On suppose que α ∈ (1, 2). Soit (Ht)t≥0 ∈ Pα+p

avec p > 2− α. Alors pour tout t ≥ 0, il existe deux constantes K > 0 et Lα+p > 1, dont
la première est indépendante de α, telles que pour tout niveau de déviation x vérifiant

xα > ‖H‖α(α+p,t)/(2− α)Lα+p ,

l’inégalité maximale suivante est satisfaite :

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤ K

xα

(∫ t

0

E
[
|Hs|α+p

]
ds

) α
α+p

. (0.3.13)

Remarquons que lorsque p s’approche de 0 par valeurs supérieures, α est alors
proche de 2 et le membre de droite dans l’inégalité (0.3.13) devient comparable à l’estimée
(0.2.3) donnant comme norme optimale la norme Lα du processus prévisible (Ht)t≥0.

Petits niveaux de déviation

Récemment, Breton et Houdré ont étudié dans [21] le phénomène de concentra-
tion de la mesure pour des vecteurs aléatoires stables. En particulier, ils établissent des
inégalités pour des petits niveaux de déviation x, dont l’ordre de grandeur est approxi-
mativement exp

(
−xα/(α−1)

)
. Nous établissons maintenant un résultat similaire pour des

intégrales stables stochastiques, dont la preuve est fondée sur des techniques de martin-
gales avec le choix du niveau de troncature donné par la relation λR1−α = x/‖H‖L∞(Ω,Lα([0,t])).

Théorème 0.3.19. (Theorem 5.4.2) On suppose que (Zt)t≥0 est symétrique d’indice

α ∈ (1, 2) et que le processus borné (Ht)t≥0 ∈ Bα vérifie p.s. limt→+∞
∫ t

0
|Hs|α ds = +∞.

Alors pour tout paramètre λ > λ0(α), où λ0(α) est l’unique solution de l’équation

λ log

(
1 +

(2− α)λ

2c

)
=

4c

α
,

il existe x1(α, λ) > 0 tel que pour tout 0 ≤ x ≤ x1(α, λ) et tout t ≥ 0,

P
(

sup
0≤s≤t

∫ s

0

HτdZτ ≥ x

)
(0.3.14)

≤ 2c

α

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

+ exp

−λ log
(
1 + (2−α)λ

2c

)
2

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

 .
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Ainsi, on observe que le comportement du processus supremum est différent selon
l’ordre de grandeur du niveau de déviation x. Dans le cas où x est grand, la queue de
distribution du processus supremum est de l’ordre de x−α, ce qui signifie que les grands
sauts sont prépondérants, à l’inverse du comportement en exp

(
−xα/(α−1)

)
établi pour des

petits niveaux de déviation. Notons qu’il serait intéressant d’étudier le cas intermédiaire
comme le font Breton et Houdré dans [21], où une estimée du type exp(−xα) est donnée
pour des valeurs de x variant dans un intervalle compact.

En choisissant les poids de la mesure de Lévy stable de manière appropriée, le
processus symétrique stable converge vers un mouvement brownien standard. D’autre
part, lorsque α tend vers 2, on a λ0(α) → 0 et x1(α, λ) → +∞, et le résultat précédent
nous permet par un passage à la limite dans (0.3.14) de retrouver l’inégalité maximale
gaussienne classique, valable pour tout niveau de déviation x > 0 :

Corollaire 0.3.20. (Corollary 5.4.6) Si (Bt)t≥0 désigne un mouvement brownien stan-
dard, alors on a :

P
(

sup
0≤s≤t

Bs ≥ x

)
≤ exp

(
−x

2

2t

)
, x > 0, t ≥ 0.

Temps de passage de processus symétriques stables

Dans l’article [1], Alili et Patie étudient des transformations fonctionnelles liées
à des problèmes de temps de passage de processus de diffusion. Nous adaptons cette
méthode afin d’estimer le premier instant de passage du module d’un processus symétrique
stable au dessus de certaines fonctions continues, en utilisant les inégalités maximales
précédentes. Soit (Xφ

t )t≥0 un processus de type Ornstein-Uhlenbeck stable d’indice α ∈
(1, 2) et de paramètre φ. Autrement dit, le processus (Xφ

t )t≥0 a la représentation en
intégrale stable

Xφ
t := φ(t)

∫ t

0

dZs
φ(s)

, t ∈ [0, T ), T ∈ [0,+∞],

où (Zt)t≥0 est un processus symétrique α-stable et φ est une fonction positive de classe
C∞([0, T )). Deux exemples standard de ce type de processus sont le processus d’Ornstein-
Uhlenbeck stable ainsi que le pont stable partant de 0. En effet, la fonction φ est donnée
par φ(t) := exp(−λt) pour un λ > 0 et T = +∞ dans le premier cas, tandis que pour le
pont stable, φ(t) := T − t, où T > 0 est un horizon fini. Définissons

T φx := inf{t ∈ [0, T ) : |Xφ
t | ≥ x}

le premier instant de sortie du processus (Xφ
t )t≥0 de la boule centrée en 0 de rayon x.

Étant donnée une fonction continue positive f telle que f(0) 6= 0, on introduit aussi

T (f) := inf{t ≥ 0 : |Zt| ≥ f(t)}

le premier temps de passage du processus positif (|Zt|)t≥0 au-dessus de la fonction f . Afin
d’utiliser des techniques de changement de temps, on va supposer dans la suite que la
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fonction τ donnée par

τt :=

∫ t

0

ds

φ(s)α
,

est bien définie sur [0, T ) et qu’elle tend vers l’infini lorsque t tend vers T . Enfin, on
désigne par τ−1 l’inverse de τ et par hφ,τ la transformation fonctionnelle

hφ,τ (t) :=
1

φ ◦ τ−1(t)
, t > 0.

Ainsi, le choix de la fonction φ détermine le changement de temps τ et donc la fonction
hφ,τ . Par exemple, cette fonction est donnée par t 7→ (1+λαt)1/α dans le cas du processus
d’Ornstein-Uhlenbeck stable, tandis que pour le pont stable, hφ,τ est la fonction t 7→
(T 1−α + t(α− 1))1/(α−1).
On a le lemme fondamental suivant :

Lemme 0.3.21. Pour tout x > 0, on a l’égalité

P
(
T φx ∈ dr

)
= P

(
τ−1

(
T (xhφ,τ )

)
∈ dr

)
, r ∈ [0, T ). (0.3.15)

Par conséquent, l’identité en loi (0.3.15) fait le lien entre les distributions des
premiers temps de passage définis ci-dessus, à travers la transformation fonctionnelle
hφ,τ . Il en résulte que l’analyse du supremum du processus (Xφ

t )t≥0, qui caractérise
la distribution de la variable aléatoire T φx , fournit aussi des informations intéressantes
sur celle de T (xhφ,τ ). Bien que les inégalités maximales établies précédemment pour des
intégrales stables stochastiques ne puissent pas directement s’appliquer pour le proces-
sus (Xφ

t )t≥0, l’utilisation d’une formule d’intégration par parties nous permet de ramener
l’étude d’inégalités maximales pour (Xφ

t )t≥0 à celle concernant le processus symétrique
stable (Zt)t≥0. Par nos résultats précédents ainsi que par un résultat de support, on
obtient alors le

Théorème 0.3.22. (Theorem 5.5.5) Supposons α ∈ (1, 2). Alors pour tout x > 0,

P
(
T (xhφ,τ ) > r

)
≤ exp

(
− 2cτ−1

r

α(2x)α

)
, r > 0.

De plus, il existe une constante K > 0, indépendante de α, telle que pour tout x > 0 et
tout 0 ≤ r < r0(α, x),

P
(
T (xhφ,τ ) ≤ r

)
≤ Kτ−1

r

xα

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(t)

φ(t)2
dt

∥∥∥∥
L∞([0,τ−1

r ])

)α

,

où r0(α, x) est l’unique solution de l’équation

(2− α)
α+1
α−1xα = cτ−1

r

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(t)

φ(t)2
dt

∥∥∥∥
L∞([0,τ−1

r ])

)α

.
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Ainsi, on observe que les estimées sont différentes selon que l’on considère la queue de
distribution ou la fonction de répartition de la variable aléatoire T (xhφ,τ ).
Par exemple, pour le processus d’Ornstein-Uhlenbeck stable, nous avons les estimées
suivantes : si l’on définit sur R+ la fonction fα,x,λ (t) := x(1 + λαt)1/α, on a pour tout
x > 0 la borne suivante sur la queue de distribution de la variable aléatoire T (fα,x,λ ):

P (inf{t ≥ 0 : |Zt| ≥ fα,x,λ (t)} > r) ≤ 1

(1 + λαr)
c

λ α22α−1xα
, r > 0.

Par ailleurs, sa fonction de répartition est majorée pour tout 0 ≤ r < r0(α, x, λ) par

P (inf{t ≥ 0 : |Zt| ≥ fα,x,λ (t)} ≤ r) ≤ (2− (1 + λαr)−
1
α )α log(1 + λαr)Kc

λαxα
.

Dans le cas du pont stable, en notant gα,x,T (t) := x(T 1−α + (α− 1)t)1/(α−1), t ≥ 0, x > 0,
on obtient l’estimée pour tout r > 0

P (inf{t ≥ 0 : |Zt| ≥ gα,x,λ (t)} > r) ≤ exp
(
− c

α2α−1xα

(
T − (T 1−α + (α− 1)r)

1
1−α

))
,

alors que pour tout 0 ≤ r < r0(α, x, T ),

P (inf{t ≥ 0 : |Zt| ≥ gα,x,T (t)} ≤ r) ≤ Kc(Tgα,x,T (r)− x)(2Tgα,x,T (r)− x)α

Tαgα,x,T (r)α+1xα
.

Chapitre 6 : domination convexe pour des intégrales brownienne
et stable dépendantes

Le chapitre 6 fait l’objet de l’article en préparation [53], co-écrit avec Yutao
Ma, dont l’objectif est d’établir un principe de domination convexe pour des intégrales
stochastiques dirigées par un mouvement brownien et un processus stable symétrique
non nécessairement indépendants. Nous démontrons que sous certaines conditions de
bornitude, une variable aléatoire admettant une représentation en termes d’intégrales
stochastiques brownienne et stable corrélées est dominée au sens convexe par la somme
indépendante de variables aléatoires gaussienne et stable symétrique. L’approche utilisée
repose sur le calcul stochastique forward-backward récemment développé dans [59] et nous
permet de découpler la paire d’intégrales stochastiques dépendantes.

Soit (Wt)t≥0 un mouvement brownien standard réel non nécessairement indépendant d’un
processus symétrique stable (Zt)t≥0 d’indice α ∈ (1, 2) et de mesure de Lévy stable définie
sur R \ {0} par σ(dx) := c|x|−α−1dx, c > 0. En notant la filtration

FW,Z
t := σ (Ws, Zs : 0 ≤ s ≤ t) , t ≥ 0,

on suppose dans la suite que ces deux processus sont des (FW,Z
t )t≥0-martingales. En

d’autres termes, les accroissements du premier processus sont indépendants du passé du
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second, et réciproquement. On considère une variable aléatoire F ayant la représentation

F − E[F ] =

∫ +∞

0

HtdWt +

∫ +∞

0

KtdZt, (0.3.16)

où les processus bornés (Ht)t≥0 ∈ P2 et (Kt)t≥0 ∈ Pα sont supposés (FW,Z
t )t≥0-prévisibles.

On suppose de plus que (Kt)t≥0 est de carré integrable afin que la variable aléatoire∫ +∞
0

KtdZt soit bien définie comme intégrale stochastique par rapport à la décomposition
de Lévy-Itô du processus stable (Zt)t≥0. Nous allons établir un principe de domination
convexe pour la variable aléatoire centrée F − E[F ].

Théorème 0.3.23. (Theorem 6.2.1) Il existe une variable aléatoire gaussienne W̃ (β1)
de variance

β1 :=

∥∥∥∥∫ +∞

0

|Ht|2dt
∥∥∥∥
∞
,

indépendante d’une variable aléatoire réelle symétrique stable Z̃(β2) d’index α et de mesure
de Lévy sur R \ {0} donnée par

σ̃(dx) =
β2c̃dx

|x|α+1
, avec 0 < c ≤ c̃ et β2 :=

∥∥∥∥∫ +∞

0

|Kt|αdt
∥∥∥∥
∞
,

telles que pour toute fonction convexe φ à croissance au plus polynomiale d’ordre p ∈ (0, α)
à l’infini, on ait la relation de domination convexe

E [φ(F − EF )] ≤ E
[
φ
(
W̃ (β1) + Z̃(β2)

)]
. (0.3.17)

La preuve du théorème 0.3.23, que nous allons décrire brièvement, est divisée en
plusieurs étapes. Tout d’abord, nous conditionnons la variable aléatoire centrée F −E[F ]
afin d’obtenir une martingale (Xt)t≥0, à laquelle on associe une filtration (F t)t≥0. Ensuite,
nous construisons de manière appropriée une martingale rétrograde (X∗

t )t≥0 par rapport
à une filtration décroissante (F ∗

t )t≥0, qui ne dépend de (Xt)t≥0 qu’à travers des temps

aléatoires donnés par les intégrales
∫ t

0
|Hs|2ds et

∫ t
0
|Ks|αds. En particulier, la valeur

finale X∗
0 étant la somme des variables indépendantes W̃ (β1) et Z̃(β2), on remarque que

la somme corrélée Xt+X∗
t , t > 0, est découplée à l’instant t = 0. Après avoir identifié les

caractéristiques locales de ces martingales, la formule d’Itô pour des martingales forward-
backward, cf. [59, théorème 8.1], appliquée à la somme (Xt +X∗

t )t≥0, donne l’identité

E [φ(Xt +X∗
t )]− E

[
φ(W̃ (β1) + Z̃(β2))

]
= E

[∫ t

0

∫ +∞

−∞

∫ 1

0

(1− τ)x2φ′′(Xu +X∗
u + τx)|Ku|α

(c− c̃)

|x|α+1
dτdxdu

]
, t ≥ 0,

quantité qui est négative car la fonction φ est convexe et 0 < c ≤ c̃. Enfin, comme la
projection de la variable aléatoire X∗

t sur la tribu FW,Z
t est nulle à chaque instant t > 0

fixé, un argument de type Jensen complète la démonstration.
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Chapitre 1

Functional inequalities for discrete
gradients and applications to the
geometric distribution

Ce chapitre fait l’objet d’un article écrit en collaboration avec Nicolas Privault et publié
dans le journal ESAIM, Probability and Statistics, volume 8, pages 87-101, 2004.

Abstract

We present several functional inequalities for finite difference gradients, such as a Cheeger
inequality, a proof that Poincaré inequalities imply modified logarithmic Sobolev inequal-
ities and associated deviation estimates, and an exponential integrability property. In the
particular case of the geometric distribution on N we use an integration by parts formula
to compute the optimal isoperimetric and Poincaré constants, and to obtain an improve-
ment of our general logarithmic Sobolev inequality. By a limiting procedure we recover
the corresponding inequalities for the exponential distribution.

1.1 Introduction

Isoperimetry consists in finding sets of minimal surface among sets of a given volume, i.e.
to search for optimal constants in inequalities of the form

cI (µ(A)) ≤ µs(A), (1.1.1)

where µs and µ are respectively surface and volume measures and I is a non-negative
function on [0, 1]. Isoperimetric constants are linked via co-area formulas to functional
inequalities such as Poincaré or logarithmic Sobolev inequalities. Discrete isoperimetry
has been studied in various contexts, such as reversible Markov chains [34], [46], graph
theory [17, 78], statistical mechanics, cf. e.g. [31].

47
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In this paper we consider the general discrete setting of a probability space (E, E , µ),
and a finite difference gradient d+ defined as d+f = f ◦ τ − f , where τ : E → E is an
absolutely continuous mapping. Typically E = N and d+f(k) = f(k + 1) − f(k), in
this case d+ can be used to express the surface measure of a set as the expectation of a
discrete gradient norm. However, E can be a more general, even uncountable, space. The
abstract case of a metric space has been considered in [16], [18] for a gradient having the
derivation property.

In Section 1.2 we prove a discrete generalization of Cheeger’s inequality [26], i.e.
a lower bound on the spectral gap λµ in terms of the isoperimetry constant hµ, using the
arguments of [17] and [78]. When µ is the geometric distribution π on N with parameter
p ∈ (0, 1) we show in Section 2.1 that hπ = (1 − p)/p and λπ = (1 −√

p)2/p. The lower
bound for λπ obtained from Cheeger’s inequality turns out to be optimal for the geometric
distribution.

A measure µ is said to satisfy a logarithmic Sobolev inequality [41] with gradient
d when

Entµ[f
2] ≤ CEµ

[
|df |2

]
, (1.1.2)

where Entµ[f ] = Eµ[f log f ] − Eµ[f ] logEµ[f ] denotes the entropy of f under µ. If the
gradient df has the derivation property, (1.1.2) is equivalent to the following modified
logarithmic Sobolev inequality

Entµ[e
f ] ≤ C

4
Eµ
[
|df |2ef

]
. (1.1.3)

Such modified inequalities have been proved for Poisson and Bernoulli measures on N
in [19], using the finite difference gradient d+. On the other hand, modified logarithmic
Sobolev inequalities for the exponential distribution have been obtained in [18] under the
additional hypothesis that f is c−Lipschitz, i.e. |df | ≤ c, when d has the derivation
property.

In Section 1.3.2 we adapt the method of [18] to the geometric distribution, which
can be viewed as a discrete analog of the exponential distribution, since the inter-jump
times of the Poisson, resp. binomial, process have exponential, resp. geometric, distri-
butions. For this we use an integration by parts formula and replace the derivation rule
used in [18] with bounds on the finite difference gradient d+, deduced from the mean value
theorem. As noted in [31], (1.1.3) does not hold as stated for d+ under the geometric
distribution with parameter p (take fa(n) = n log a and let a↗ 1/p). We will show that
(1.1.3) does hold for the geometric distribution under the further assumption |d+f | ≤ c,
with a constant depending on c. In Section 1.3.3, using the Herbst method we obtain a
deviation result for the geometric distribution, which differs from the deviation inequality
recently obtained in [42] from the covariance representation method for infinitely divisible
distributions. Although the integral part [X] of an exponential random variable with
parameter λ has a geometric law of parameter e−λ, it does not seem possible to apply
existing results on the exponential distribution [18] in our setting. For example, f([X])
is not the composition of a Lipschitz function with X. However, exponential random
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variables can be approximated in distribution by geometric random variables, and in this
way we recover the functional inequalities proved in [18] for the exponential distribution.

In Section 1.4 we obtain a more general result, stating that any distribution µ that
satisfies a Poincaré inequality with constant λµ for a finite difference gradient also satisfies
a logarithmic Sobolev inequality of modified type for all function f such that |d+f | ≤
c, which implies deviation bounds. Finally, we present in Section 1.4.2 an exponential
integrability criterion.

Notation

Given a probability space (E, E , µ), let τ : E → E denote a map absolutely continuous
with respect to µ. We denote by d+ the finite difference gradient operator defined as

d+f = f ◦ τ − f = τf − f,

where f ◦ τ will be denoted by τf for shortness of notation. If x ∈ R is such that
µ(f ≥ x) ≥ 1/2 and µ(f ≤ x) ≥ 1/2, we say that x is a median of f under µ, and write
m(f) = x. We recall that for every median of f we have

Eµ [|f −m(f)|] = inf
a∈R

Eµ [|f − a|] .

We will need the co-area formula

Eµ
[
|d+f |

]
=

∫ +∞

−∞
Eµ
[
|d+1{f>t}|

]
dt, (1.1.4)

which follows easily from the relations

(b− a)± =

∫ ∞

−∞
(1{a>t} − 1{b>t})

±dt, a, b ∈ R.

If E = N then it is natural to consider the shift τf(k) = f(k + 1), k ∈ N, and the
associated gradient

d+f(k) = f(k + 1)− f(k), k ∈ N. (1.1.5)

Note that given A ⊂ N we have

{|d+1A| > 0} = {|d+1A| ≥ 1} = {k ∈ A : k + 1 ∈ Ac} ∪ {k ∈ Ac : k + 1 ∈ A},

i.e. {|d+1A| > 0} represents a frontier ∂A of A, and Eµ[|d+1A|] represents the measure
of ∂A. Throughout this paper, µ denotes an arbitrary probability measure on E, while π
denotes the geometric distribution with parameter p ∈ (0, 1) on E = N.
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1.2 Isoperimetric and Poincaré inequalities

Given a measure µ on E, let hµ denote the optimal constant in the inequality

hµEµ [|f −m(f)|] ≤ Eµ
[
|d+f |

]
, (1.2.1)

i.e.

hµ = inf
f 6=const

Eµ [|d+f |]
Eµ [|f −m(f)|]

.

Several analogs of Proposition 1.2.1 and Proposition 1.2.2 below have already been proved
in [17], [46], [78], for connected graphs and for Markov chains, under reversibility or
ergodicity assumptions. The gradient used in our setting is different but the proofs are
similar and stated for completeness.

Proposition 1.2.1. We have

hµ = inf
0<µ(A)≤ 1

2

Eµ [|d+1A|]
µ(A)

. (1.2.2)

Proof. We will prove the equality

hµ = inf
µ(A)>0

Eµ [|d+1A|]
min(µ(A), 1− µ(A))

,

which clearly implies (1.2.2). Recall that m(1A) = 0 if µ(A) ≤ 1/2, and m(1A) = 1 if
µ(A) ≥ 1/2, and Eµ [|1A −m(1A)|] = min(µ(A), 1− µ(A)). Assume that for some h > 0,

hEµ [|1A −m(1A)|] ≤ Eµ
[
|d+1A|

]
, A ∈ E .

From the co-area formula (1.1.4) we have, since m(1{f>t}) = 0, t ≥ m(f), and m(1{f≤t}) =
0, t ≤ m(f):

Eµ
[
|d+f |

]
=

∫ +∞

−∞
Eµ
[
|d+1{f>t}|

]
dt

≥
∫ +∞

m(f)

Eµ
[
|d+1{f>t}|

]
dt+

∫ m(f)

−∞
Eµ
[
|d+1{f≤t}|

]
dt

≥ h

∫ +∞

m(f)

Eµ
[
1{f>t}

]
dt+ h

∫ m(f)

−∞
Eµ
[
1{f≤t}

]
dt

= hEµ
[
(f −m(f))+

]
+ hEµ

[
(m(f)− f)+

]
= hEµ[|f −m(f)|],

hence h ≤ hµ. This concludes the proof, since the converse inequality is obvious.
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Let λµ denote the optimal constant in the Poincaré inequality

λµVarµ[f ] ≤ Eµ
[
|d+f |2

]
, (1.2.3)

under µ, i.e.

λµ = inf
f 6=const

Eµ [|d+f |2]
Varµ [f ]

.

We now prove a Cheeger type inequality, i.e. a lower bound on λµ which shows that the
strict positivity of hµ implies a Poincaré inequality.

Proposition 1.2.2. We have(√
1 + hµ − 1

)2

≤ λµ ≤ 2hµ. (1.2.4)

Proof. Given a function f , let g = f − m(f). We have m(g) = 0, which implies
m(g+2

) = m(g−
2
) = 0. Applying (1.2.1) to g+2

and g−
2

we get

hµEµ
[
g2
]

= hµEµ
[
g+2
]

+ hµEµ
[
g−

2
]

≤ Eµ
[
|d+g+2|+ |d+g−

2|
]

= Eµ
[
|2g+d+g+ + |d+g+|2|+ |2g−d+g− + |d+g−|2|

]
≤ 2Eµ

[
g+|d+g+|+ g−|d+g−|

]
+ Eµ

[
|d+g+|2 + |d+g−|2

]
≤ 2Eµ

[
|g|
(
|d+g+|+ |d+g−|

)]
+ Eµ

[
|d+g+|2 + |d+g−|2

]
≤ 2Eµ

[
|g||d+g|

]
+ Eµ

[
|d+g|2

]
≤ 2‖g‖2‖d+g‖2 + ‖d+g‖2

2,

where we used the relations |d+g+|+ |d+g−| = |d+g| and |d+g+|2 + |d+g−|2 ≤ |d+g|2. This
implies

(
√

1 + hµ − 1)‖g‖2 ≤ ‖d+g‖2.

In the general case we have

(
√

1 + hµ − 1)2Varµ[f ] = (
√

1 + hµ − 1)2Varµ[g]

≤ (
√

1 + hµ − 1)2‖g‖2
2

≤ Eµ[|d+g|2] = Eµ[|d+f |2],

therefore λµ ≥
(√

1 + hµ − 1
)2

. Moreover we have

λµ = inf
f 6=const

Eµ [|d+f |2]
Varµ [f ]

≤ inf
∅6=A∈E

µ(A)≤1/2

Eµ [|d+1A|]
µ(A)(1− µ(A))

≤ 2hµ.

Note that (1.2.4) also yields an upper bound on hµ in terms of λµ:

hµ ≤ λµ + 2
√
λµ. (1.2.5)
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1.3 The geometric distribution

1.3.1 Optimal isoperimetric and Poincaré constants

We consider E = N and the gradient

d+f(k) = f(k + 1)− f(k), k ∈ N.

Under π the Laplacian L = −d+∗
π d+ is given by

−d+∗
π d+f(k) = f(k + 1)− f(k) +

1

p
1{k≥1}(f(k − 1)− f(k)),

i.e. L = d+ + 1
p
d− with

d−f(k) = 1{k≥1}(f(k − 1)− f(k)), k ∈ N.

Poincaré inequalities for general discrete distributions have been proved in [15], [23], [27],
[67]. Theorem 1.3 in [15] shows in particular that a discrete distribution µ on N satisfies
(1.2.3) if and only if

µ({n}) ≥ cµ([0, n])(1− µ([0, n])), n ≥ 0,

for some constant c > 0. It is easily seen that the geometric distribution π with parameter
p ∈ (0, 1) given by:

π({k}) = pk(1− p), k ∈ N,

does satisfy this hypothesis. In this section we prove an isoperimetric inequality for the
geometric distribution, which will imply a Poincaré inequality from Cheeger’s inequality
(1.2.4). The proof relies as in [18] on an integration by parts formula under π.

Lemma 1.3.1. Let f : N→ R. We have

Eπ[f ] = f(0) +
p

1− p
Eπ[d+f ]. (1.3.1)

Proof. Letting g = f − f(0) we have the Radon-Nikodym type relation

Eπ[τg] =
1

p
Eπ[g], (1.3.2)

since g(0) = 0, and

Eπ[d+f ] = Eπ[d+g] = Eπ[τg]− Eπ[g] =

(
1

p
− 1

)
Eπ[g] =

1− p

p
(Eπ[f ]− f(0)).
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Note that to some extent, (1.3.2) characterizes the values π(k) of the geometric
distribution, k ≥ 1, except for π(0). Instead of d+ we may use the gradient d−, since
similarly to the integration by parts formula we have the isometry

Eπ[N(d+f)] =
1

p
Eπ[N(−d−f)],

for e.g. N(x) = x, N(x) = |x|, N(x) = |x|2, which is equivalent to the reversibility of
the birth and death process with generator L = −d+∗

π d+. In particular the gradient norm
expectations generally used in the context of graphs and Markov chains [17], [46], [78],
are here of the form

Eπ[N(d+f)] +
1

p
Eπ[N(d−f)] = 2Eπ[N(d+f)]

for N(x) = |x|, N(x) = |x|2, and coincide with Eπ[N(d+f)] up to a constant factor.

Proposition 1.3.2. Under the geometric distribution π we have

hπ =
1− p

p
. (1.3.3)

Proof. From the integration by parts formula (1.3.1) we have

Eπ [|f −m(f)|] ≤ Eπ [|f − f(0)|] =
p

1− p
Eπ
[
d+|f − f(0)|

]
≤ p

1− p
Eπ
[
|d+f |

]
,

which shows hπ ≥ (1 − p)/p. On the other hand, letting fn = 1[n+1,∞), n ∈ N, we have
for any n ∈ N such that π([n+ 1,∞)) ≤ 1/2:

hπ ≤
Eπ [|d+f |]

Eπ [|f −m(f)|]
=

π({n})
π([n+ 1,∞))

=
1− p

p
.

In particular, the isoperimetric inequality becomes an inequality for functions of
the form fn = 1[n+1,∞), with n ≥ − log 2/ log p.

Proposition 1.3.3. Under the geometric distribution π we have

λπ =
(1−√

p)2

p
. (1.3.4)

Proof. Using Cheeger’s inequality (1.2.4) and Relation (1.3.3) we get (1−√p)2/p ≤ λπ.
On the other hand, with fa(k) = ak we have:

λπ ≤
Eπ [|d+fa|2]

Varπ[fa]
= (a− 1)2a

2p2 + 1− 2ap

a2p+ p− 2ap
, a < 1/

√
p,

and taking the limit as a→ 1/
√
p we get λπ ≤ (1−√

p)2/p.
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The Poincaré inequality is not an equality in the linear case f(k) = a+ bk:

Varπ[f ] =
p

(1− p)2
Eπ
[
|d+f |2

]
.

Here, the lower bound on λπ from Cheeger’s inequality coincides with the optimal Poincaré
constant.

Remark 1.3.4. The lower bound of λπ can be directly obtained from the integration by
parts formula (1.3.1) under π.

Proof. Letting g = f − f(0) we have g(0) = 0 and from (1.3.1) applied to g2 we obtain:

‖g‖2
2 =

p

1− p
Eπ
[
d+(g2)

]
=

p

1− p
Eπ
[
gd+g + τgd+g

]
≤ p

1− p

(
‖g‖2‖d

+g‖2 + ‖τg‖2‖d+g‖2

)
=

p

1− p

(
‖g‖2‖d

+f‖2 +
1
√
p
‖g‖2‖d

+f‖2

)
=

√
p

1−√
p
‖g‖2‖d

+f‖2,

hence

‖g‖2 ≤
√
p

1−√
p
‖d+f‖2,

and
(1−√

p)2

p
Varπ[f ] =

(1−√
p)2

p
Varπ[g] ≤

(1−√
p)2

p
‖g‖2

2 ≤ Eπ
[
|d+f |2

]
.

If Xε is geometric with parameter pε, then εXε converges in distribution to an
exponential random variable Y with parameter − log p. Given f a c-Lipschitz function
on R we have

Var [f(εXε)] ≤
ε2pε

(1−
√
pε)2

E

[(
f(εXε + ε)− f(εXε)

ε

)2
]
,

which as ε goes to 0 yields the Poincaré inequality of Lemma 2.1 in [18] for an exponentially
distributed random variable Y with parameter − log p:

Var [f(Y )] ≤ 4

(log p)2
E
[
|f ′(Y )|2

]
,

the constant 4/(log p)2 being also optimal, cf. [38]. In a similar way, we obtain from
Proposition 1.3.2 an isoperimetric inequality under the exponential distribution with pa-
rameter − log p:

E[|f(Y )−m(f(Y ))|] ≤ − 1

log p
E [|f ′(Y )|] .
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The above constants h = − log p and λ = (log p)2/4 also satisfy the classical Cheeger
inequality λ ≥ h2/4 which holds in the continuous case, cf. [26].

1.3.2 Modified logarithmic Sobolev inequality

In this section we obtain a modified logarithmic Sobolev inequality for the geometric
distribution π on E = N, with d+f(k) = f(k + 1)− f(k), k ∈ N.

Lemma 1.3.5. Let c < − log p and let f : N → R be such that d+f ≤ c and f(0) = 0.
We have

Eπ
[
f 2ef

]
≤ pec

(1−
√
pec)2

Eπ
[
ef |d+f |2

]
. (1.3.5)

Proof. From the integration by parts formula (1.3.1) we have

Eπ
[
f 2ef

]
=

p

1− p
Eπ
[
d+(f 2ef )

]
=

p

1− p
Eπ
[
ef
(
ed

+f
(
|d+f |2 + 2fd+f

)
+ f 2(ed

+f − 1)
)]

≤ pec

1− p
Eπ
[
ef
(
|d+f |2 + 2|f ||d+f |

)]
+
p(ec − 1)

1− p
Eπ
[
f 2ef

]
,

hence

Eπ
[
f 2ef

]
≤ pec

1− pec
Eπ
[
ef
(
|d+f |2 + 2|f ||d+f |

)]
≤ pec

1− pec
Eπ
[
|d+f |2ef

]
+ 2

pec

1− pec
Eπ
[
f 2ef

]1/2 Eπ [ef |d+f |2
]1/2

,

which implies (1.3.5).

Theorem 1.3.6. Let 0 < c < − log p and let f : N→ R such that |d+f | ≤ c. We have

Entπ
[
ef
]
≤ pec

(1− p)(1−
√
pec)

Eπ
[
|d+f |2ef

]
. (1.3.6)

Proof. From the inequality −u lnu ≤ 1− u, u > 0, we have:

Entπ
[
ef
]

= Eπ
[
fef
]
− Eπ

[
ef
]
lnEπ

[
ef
]
≤ Eπ

[
fef − ef + 1

]
. (1.3.7)

Let again g = f − f(0), and let h(v) = vev − ev + 1. We have h ◦ g(0) = 0, and applying
(1.3.1) to h ◦ g we get :

Entπ [eg] ≤ Eπ[h ◦ g]
=

p

1− p
Eπ[d+(h ◦ g)]

=
p

1− p
Eπ[h ◦ (g + d+g)− h ◦ g]
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≤ p

1− p
Eπ
[(
|d+g|2 + |g||d+g|

)
eg+|d

+g|
]
,

where the inequality

h(a+ b)− h(a) ≤ (b2 + |ab|)ea+|b|, a, b ∈ R,

follows from the mean value theorem. From Lemma 1.3.5 and the Schwarz inequality we
obtain:

Entπ
[
ef
]

= ef(0)Entπ [eg]

≤ pef(0)

1− p
Eπ
[(
|d+g|2 + |g||d+g|

)
eg+|d

+g|
]
.

≤ pec+f(0)

1− p

(
Eπ
[
|d+g|2eg

]
+ Eπ

[
g2eg

]1/2 Eπ [eg|d+g|2
]1/2)

≤ pec+f(0)

1− p

(
1 +

√
pec

1−
√
pec

)
Eπ
[
|d+g|2eg

]
=

pec

(1− p)(1−
√
pec)

Eπ
[
|d+f |2ef

]
.

In higher dimension we consider the multi-dimensional gradient defined as

d+
i f(k) = f(k + ei)− f(k), i = 1, . . . , n,

where f is a function on Nn, k = (k1, . . . , kn) ∈ Nn, (e1, . . . , en) is the canonical basis of
Rn, and the gradient norm

‖d+f(k)‖2 =
n∑
i=1

|d+
i f(k)|2 =

n∑
i=1

|f(k + ei)− f(k)|2. (1.3.8)

From the tensorization property of entropy, (1.3.6) still holds with respect to π⊗n in any
finite dimension n:

Entπ⊗n

[
ef
]
≤ pec

(1− p)(1−
√
pec)

Eπ⊗n

[
‖d+f‖2ef

]
, (1.3.9)

provided |d+
i f | ≤ c, i = 1, . . . , n (we may also take (1− p)−1(1−

√
pec)−1 as logarithmic

Sobolev constant). Applying again (1.3.6) to Xε we get for every c-Lipschitz function f :

Entπ
[
ef(εXε)

]
≤ ε2pεeεc

(1− pε)(1−
√
pεeεc)

Eπ

[
ef(εXε)

(
f(εXε + ε)− f(Xε)

ε2

)2
]
,

which in the limit as ε goes to 0 yields the logarithmic Sobolev inequality of Proposition 2.2
in [18] for the exponential distribution with parameter − log p:

Ent
[
ef(Y )

]
≤ 2

(log p)(log(p) + c)
E
[
ef(Y )|f ′(Y )|2

]
.
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1.3.3 Deviation inequality

In this section we prove a deviation inequality for functions of several variables under π⊗n

using the Herbst method and the above modified logarithmic Sobolev inequality.

Corollary 1.3.7. Let 0 < c < − log p and let f such that |d+
i f | ≤ β, i = 1, . . . , n, and

‖d+f‖2 ≤ α2 for some α, β > 0. Then for all r > 0,

π⊗n(f − Eπ⊗n [f ] ≥ r) ≤ exp

(
−min

(
c2r2

4ap,cα2β2
,
rc

β
− α2ap,c

))
, (1.3.10)

where

ap,c =
pec

(1− p)(1−
√
pec)

denotes the logarithmic Sobolev constant in (1.3.6).

Proof. Assume that |d+
i f | ≤ c, i = 1, . . . , n. For 0 < t ≤ 1, let

H(t) =
1

t
logEπ⊗n [etf ]

with H(0+) = Eπ⊗n [f ]. In order for H(t) to be finite we may first assume that f is
bounded, and then remove this assumption via a limiting argument once (1.3.10) is ob-
tained. From (1.3.6) we have:

H ′(t) =
1

t2
Entπ⊗n [etf ]

Eπ⊗n [etf ]
≤ α2ap,c,

so that
H(t) ≤ Eπ⊗n [f ] + tα2ap,c,

hence
Eπ⊗n [etf ] ≤ exp

(
tEπ⊗n [f ] + t2α2ap,c

)
, 0 < t ≤ 1. (1.3.11)

Finally, using Chebychev’s inequality we obtain from (1.3.11):

π⊗n(f − Eπ⊗n [f ] ≥ r) ≤ inf
t∈(0,1]

e−trEπ⊗n [exp(t(f − Eπ⊗n [f ]))]

≤ exp

(
inf
t∈(0,1]

−tr + t2α2ap,c

)
= exp

(
−min

(
r2

4α2ap,c
, r − α2ap,c

))
, r > 0,

where we used the fact (see e.g. Corollary 2.11 in [61]) that the above minimum is attained
at t = min(1, r

2α2ap,c
). Assume now that f satisfies |d+

i f | ≤ β, i = 1, . . . , n, for some β > 0.

Then cf/β satisfies the above hypothesis and we get

π⊗n(f − Eπ⊗n [f ] ≥ r) ≤ exp

(
−min

(
c2r2

4ap,cα2β2
,
rc

β
− α2ap,c

))
.
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Corollary 1.3.7 implies in particular Eπ[eαf ] < ∞ for all α < c/β and |d+f | <
c. The condition c < − log p in Corollary 1.3.7 is necessary, since f(k) = ck is not
exponentially integrable under the geometric distribution π when c ≥ − log p. When
n = 1, α = β and r ≥ 2cβap,c, we have

π(f − Eπ[f ] ≥ r) ≤ exp

(
−rc
β

+ c2ap,c

)
≤ exp

(
− rc

2β

)
, (1.3.12)

and if r ≤ 2cβap,c:

π(f − Eπ[f ] ≥ r) ≤ exp

(
− r2

4ap,cβ2

)
.

These bounds can be compared to the result of [42] :

π(f − Eπ[f ] ≥ r) ≤
(

1 + (1− p)
r

β

)
exp

(
−
(
r

β
+

p

1− p

)
log

p+ p(1− p)r/β

p+ (1− p)r/β

)
,

r > 0, and to the exact deviation

π(X − Eπ[X] ≥ r) = exp

(([
r +

1

1− p

]
− 1

)
log p

)
,

for X a geometric random variable with parameter p, where [x] denotes the integral part
of x ∈ R. Applying the inequality (1.3.10) to −f , we obtain the concentration inequality

π⊗n(|f − Eπ[f ]| ≥ r) ≤ 2 exp

(
−min

(
c2r2

4ap,cα2β2
,
rc

β
− α2ap,c

))
. (1.3.13)

Consider the negative binomial distribution ν with parameters n ≥ 1 and p ∈ (0, 1),
defined as

ν({k}) =

(
n+ k − 1

n− 1

)
(1− p)npk, k ∈ N.

Negative binomial random variables can be constructed as sums of n independent and
identically distributed geometric variables with parameter p. Therefore, if we apply
(1.3.10) to

f(k1, . . . , kn) = φ(k1 + · · ·+ kn), (k1, . . . , kn) ∈ Nn,
we obtain the modified logarithmic Sobolev inequality

Entν
[
eφ
]
≤ nap,cEν

[
|d+φ|2eφ

]
,

and the deviation inequality

ν(φ− Eν [φ] ≥ r) ≤ exp

(
−min

(
r2

4nap,cβ2
,
rc

β
− c2nap,c

))
,

where φ : N → R satisfies |dφ| ≤ β, for the negative binomial distribution µ. Simi-
lar results can be obtained for the product of negative binomial laws with parameters
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n1, . . . , nd, namely by replacing ap,c = pec

(1−p)(1−
√
pec)

with (n1 + · · ·+ nd)ap,c in (1.3.6) and

(1.3.10).
Geometric and negative binomial random variables can be constructed as hitting

times of the binomial process, thus they can be viewed as random variables on Bernoulli
space. However, applying to them the Poincaré and logarithmic Sobolev inequalities on
Bernoulli space, see e.g. [44], yields results that are weaker than the above inequalities.

1.4 The abstract case

In this section, we turn again to the general case of a probability space (E, E , µ) with
an absolutely continuous mapping τ : E → E. We show that modified logarithmic
Sobolev and deviation inequalities hold for every measure µ on E which satisfies a Poincaré
inequality

λµVarµ[f ] ≤ Eµ
[
|d+f |2

]
(1.4.1)

with respect to d+, i.e. for every measure µ such that λµ > 0. The application of the
general results of this section to the geometric distribution using the spectral gap value
(1.3.4) of λπ allow to recover the results of Section 1.3.2. However, explicit calculations
show that the results are recovered with worse constants for all p ∈ (0, e−c), especially as
p approaches e−c.

1.4.1 Logarithmic Sobolev inequality and deviation inequality

Before turning to the main result of this section, we need the two following propositions
whose proofs are adapted from [18], replacing the chain rule of derivation by the mean
value theorem, and postponed to the end of this section. The next proposition is a
generalization of Lemma 1.3.5.

Proposition 1.4.1. Let c > 0. For any f on E such that |d+f | ≤ c with c2ec ≤ 4λµ and
Eµ[f ] = 0,

Eµ
[
f 2ef

]
≤ αµ,cEµ

[
|d+f |2ef

]
, (1.4.2)

where αµ,c =
ec((2+c)

√
λµ+c)

2

λµ(2
√
λµ−cec/2)

2 .

The next statement is a modification of Proposition 3.4 in [18].

Proposition 1.4.2. For any f : E → R such that Eµ[f ] = 0 and |d+f | ≤ c we have

Eµ
[
f 2 + τf 2

]
≤ e

c
(
1+
√

5
λµ

)
Eµ
[(
f 2 + τf 2

)
e−|f |

]
. (1.4.3)

The following is a modified logarithmic Sobolev inequalities which holds whenever
λµ > 0.
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Theorem 1.4.3. Assume that f : E → R satisfies |d+f | ≤ c with c2ec ≤ 4λµ,

Entµ
[
ef
]
≤ 1

2
e
c
(
1+
√

5
λµ

)
Eµ
[
(αµ,c|d+f |2 + 2e2cαµ,c|d+τf |2 + 2e2c‖d+f‖2

L2(µ))e
f
]
. (1.4.4)

Proof. It suffices to suppose Eµ[f ] = 0. By Taylor’s formula,

Entµ
[
ef
]
≤ Eµ

[
fef − ef + 1

]
≤
∫ 1

0

tϕ(t)dt,

where ϕ(t) = Eµ
[
(f 2 + τf 2) etf

]
, 0 ≤ t ≤ 1, is a convex function with ϕ(t) ≤ max(ϕ(0), ϕ(1)),

0 ≤ t ≤ 1. By Proposition 1.4.2,

ϕ(0) ≤ e
c
(
1+
√

5
λµ

)
ϕ(1),

hence

Entµ
[
ef
]
≤
∫ 1

0

te
c
(
1+
√

5
λµ

)
ϕ(1)dt =

1

2
e
c
(
1+
√

5
λµ

)
Eµ
[(
f 2 + τf 2

)
ef
]
.

Since |d+ (τf − Eµ[τf ]) | = |d+τf | ≤ c, Proposition 1.4.1 applied to τf − Eµ[τf ] implies:

Eµ
[
τf 2ef

]
≤ ecEµ

[
τf 2eτf

]
≤ 2ec+Eµ[τf ]Eµ

[
(τf − Eµ[τf ])2 eτf−Eµ[τf ]

]
+ 2ec(Eµ[τf ])2Eµ

[
eτf
]

≤ 2ecαµ,cEµ
[
|d+τf |2eτf

]
+ 2e2c(Eµ[τf ])2Eµ

[
ef
]

= 2e2cαµ,cEµ
[
|d+τf |2ef

]
+ 2e2c(Eµ[d+f ])2Eµ

[
ef
]
.

Hence

Entµ
[
ef
]
≤ 1

2
e
c
(
1+
√

5
λµ

)
Eµ
[(
f 2 + τf 2

)
ef
]

≤ 1

2
e
c
(
1+
√

5
λµ

)
Eµ
[
(αµ,c|d+f |2 + 2e2cαµ,c|d+τf |2 + 2e2cEµ[|d+f |2])ef

]
.

We also have

Entµ
[
ef
]
≤ 1

2
e
c
(
1+
√

5
λµ

)
(αµ,c + 2e2cαµ,c + 2e2c)|d+f |∞Eµ[ef ], |d+f | ≤ c.

By tensorization, Theorem 1.4.3 implies in higher dimension

Entµ⊗n

[
ef
]
≤ 1

2
e
c
(
1+
√

5
λµ

)
Eµ
[
(αµ,c‖d+f‖2 + 2e2cαµ,c‖d+τf‖2 + 2e2c‖d+f‖2

L2(E;Rn))e
f
]

≤ mµ,c‖d+f‖2
L∞(En,Rn)Eµ

[
ef
]
,

where

mµ,c =
1

2
e
c
(
1+
√

5
λµ

) (
αµ,c + 2e2cαµ,c + 2e2c

)
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and

d+
i f(x1, . . . , xn) = τif(x1, . . . , xn)− f(x1, . . . , xn),

= f(x1, . . . , xi−1, τi(xi), xi+1, . . . , xn)− f(x1, . . . , xn),

provided |d+
i f | ≤ c, i = 1, . . . , n. We obtain as a corollary as in Section 1.3.2 a deviation

inequality for the product measure µ⊗n on En:

Corollary 1.4.4. Assume that µ satisfies a Poincaré inequality (1.4.1). Let c > 0 such
that c2ec ≤ 4λµ, and let f such that |d+

i f | ≤ β, i = 1, . . . , d, and ‖d+f‖2 ≤ α2, for some
α, β > 0. Then for all r > 0,

µ⊗n
(
f − E⊗nµ [f ] ≥ r

)
≤ exp

(
−min

(
c2r2

4mµ,cα2β2
,
rc

β
− α2mµ,c

))
. (1.4.5)

Next we provide the proofs of Proposition 1.4.1 and Proposition 1.4.2.

Proof of Proposition 1.4.1. Set a2 = Eµ
[
f 2ef

]
and b2 = Eµ

[
|d+f |2ef

]
. Since Eµ[f ] = 0,

the Poincaré inequality (1.4.1) implies

λ2
µEµ

[
fef/2

]2 ≤ Eµ
[
|d+f |2

]
Eµ
[
|d+
(
ef/2

)
|2
]

≤ 1

4
Eµ
[
|d+f |2

]
Eµ
[
|d+f |2ef+|d+f |

]
≤ 1

4
ec c2 b2. (1.4.6)

Applying again the Poincaré inequality to fef/2 and using the mean value theorem we
have

λµVarµ
[
fef/2

]
≤ Eµ

[
|d+f |2

(
1 +

|f |+ |d+f |
2

)2

ef+|d+f |

]

≤ ec Eµ

[
|d+f |2

(
1 +

|f |+ c

2

)2

ef

]

≤
(
1 +

c

2

)2

ecb2 +
c2eca2

4
+
(
1 +

c

2

)
ecEµ

[
|d+f |2|f |ef

]
≤

(
1 +

c

2

)2

ecb2 +
c2eca2

4
+
(
1 +

c

2

)
ecabc

≤ ec
((

1 +
c

2

)
b+

ac

2

)2

.

Hence

a2 = Eµ
[
fef/2

]2
+ Varµ

[
fef/2

]
≤ ec c2 b2

4λ2
µ

+
ec

λµ

((
1 +

c

2

)
b+

ac

2

)2

,

which leads to

a ≤
ec/2

(
(2 + c)

√
λµ + c

)√
λµ
(
2
√
λµ − cec/2

) ,
from which the conclusion follows. �
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With λπ = (1 − √
p)2/p, the condition c2ec ≤ 4λπ implies c < − log p, p ∈ (0, 1), hence

Theorem 1.4.3 and Corollary 1.4.4 are weaker than Theorem 1.3.6 and Corollary 1.3.7
respectively, when µ = π is the geometric distribution.

Proof of Proposition 1.4.2. We have from the Poincaré inequality (1.4.1):

λµEµ
[
f 4
]

= λµVarµ
[
f 2
]
+ λµ(Eµ

[
f 2
]
)2

≤ Eµ
[
|d+f 2|2

]
+ λµ(Eµ

[
f 2
]
)2

= Eµ
[
|d+f |2 (f + τf)2]+ λµ(Eµ

[
f 2
]
)2

≤ 2c2Eµ
[
f 2 + τf 2

]
+ Eµ

[
|d+f |2

]
Eµ
[
f 2
]

≤ 3c2Eµ
[
f 2
]
+ 2c2Eµ

[
τf 2
]
.

Hence for all u > 0,

Eµ
[
|f |3
]
≤ u

2
Eµ
[
f 2
]
+

1

2u
Eµ
[
f 4
]

≤ c1Eµ
[
f 2
]
+ c2Eµ

[
τf 2
]

(1.4.7)

with c1 = 3c2

2uλµ
+ u

2
and c2 = c2

uλµ
. Let us consider the probability measure

dρ =
c1f

2 + c2τf
2

c1Eµ [f 2] + c2Eµ [τf 2]
dµ.

By Jensen’s inequality,

Eµ
[(
c1f

2 + c2τf
2
)
e−|f |

]
= Eρ

[
e−|f |

]
Eµ
[
c1f

2 + c2τf
2
]

≥ e−Eρ[|f |]Eµ
[
c1f

2 + c2τf
2
]
.

From the inequality ab2 ≤ a3 + |b− a|(a2 + b2), a, b ≥ 0, we have

|f |τf 2 ≤ |f |3 + c
(
f 2 + τf 2

)
,

hence

Eρ [|f |]Eµ
[
c1f

2 + c2τf
2
]

= Eµ
[
c1|f |3 + c2|f |τf 2

]
≤ Eµ

[
(c1 + c2)|f |3 + c2c

(
f 2 + τf 2

)]
≤ (c1 + c2)Eµ

[
c1f

2 + c2τf
2
]
+ c2cEµ

[
f 2 + τf 2

]
≤ (c1 + c2 + c)Eµ

[
c1f

2 + c2τf
2
]

where we used the fact that c2 ≤ c1. Therefore,

Eρ [|f |] ≤ c1 + c2 + c =
5c2 + u2λµ

2uλµ
+ c.

Optimizing in u we obtain for u = c
√

5
λµ

:

Eρ [|f |] ≤ c

(
1 +

√
5

λµ

)
.

�
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As in [18] and references therein, we can obtain the following bound.

Proposition 1.4.5. Let A,B be disjoint subsets of E. We have

µ(A)µ(B) ≤ 3 exp(−
√
λµe

−γ1/2d(A,B)), (1.4.8)

with γ2
1e
γ1 = 2λµ.

Proof. From the Poincaré inequality on (E2, µ⊗2) we have:

λµEµ⊗2 [f 2] ≤ Eµ⊗2 [|d+
1 f |2 + |d+

2 f |2],

provided Eµ⊗2 [f ] = 0. Applying this inequality to f(x, y) = sinh(tg(x, y)/2), 0 ≤ t < γ1

with g(x, y) = h(x)− h(y) and |dh| ≤ 1, and using the bound

| sinh(x+ y)− sinh(x)| ≤ |y|e|y| coshx, x, y ∈ R,

we have:

λµEµ⊗2 [sinh2(tg/2)] ≤ t2

4
Eµ⊗2

[(
|d+

1 g|2et|d
+
1 g| + |d+

2 g|2et|d
+
2 g|
)

cosh2(tg/2)
]

≤ t2

2
eγ1Eµ⊗2

[
cosh2(tg/2)

]
.

Hence

Eµ⊗2 [cosh2(tg/2)] =
1

2

(
Eµ⊗2 [etg] + 1

)
≤ 2λµ

2λµ − t2eγ1
.

and for all t < γ1, if h(x) = d(x,B) then

etd(A,B)µ(A)µ(B) ≤ Eµ⊗2 [etg] ≤ 2λµ + t2eγ1

2λµ − t2eγ1
.

and it remains to take t =
√
λµe

−γ1/2.

1.4.2 Exponential integrability

The Herbst method used in the preceding sections relies on exponential integrability.
Following [18], we obtain a bound of the Laplace transform with respect to any measure
µ on E, provided it follows a Poincaré inequality (1.4.1).

Proposition 1.4.6. Let f : E → R such that Eµ[f ] = 0, with |d+f | ≤ β for some β > 0,
and let c such that c2ec ≤ 4λµ. Then, for every 0 ≤ t < c/β we have

Eµ[etf ] ≤
2
√
λµ + tβec/2

2
√
λµ − tβec/2

. (1.4.9)
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Proof. We adapt the proof of Proposition 4.1 in [18]. It is sufficient to assume β = 1.
We have

|d+e
t
2
f (x)| = |e

t
2
τf(x) − e

t
2
f(x)|

=
t

2

∣∣∣∣∣
∫ f(τ(x))

f(x)

e
t
2dt

∣∣∣∣∣
≤ t

2
e

t
2
(f(x)+|d+f(x)|)|d+f(x)|

≤ t

2
e

c
2
+ t

2
f(x)|d+f(x)|, x ∈ E,

and applying (1.4.1) to e
t
2
f we get, with u(t) = Eµ[etf ]:

λµ
(
u(t)− u(t/2)2

)
≤ ec

t2

4
u(t),

i.e.

u(t) ≤ 4λµ
4λµ − t2ec

u(t/2)2.

Applying the same inequality for t/2 and iterating, we have

u(t) ≤
∞∏
k=0

(
4λµ

4λµ − ect2/4k

)2k

≤ 4λµ
4λµ − ect2

V (t),

with

V (t) =
∞∏
k=1

(
4λµ

4λµ − ect2/4k

)2k

,

where the product converges whenever t < c. It can be shown as in [18] that
√
V is

convex. Moreover V (0) = 1 and V

(
2
√
λµ

ec/2

)
≤ 4, hence

√
V (t) ≤

2
√
λµ + tec/2

2
√
λµ

.

It is easily checked that the assumption of Corollary 1.4.4 is consistent with that
of Proposition 1.4.6.



Chapitre 2

A logarithmic Sobolev inequality for
an interacting spin system under a
geometric reference measure

Ce chapitre fait l’objet d’une courte note, écrite en collaboration avec Nicolas Privault,
à parâıtre dans les actes de la conférence Quantum Probability and Infinite Dimensional
Analysis, Levico (Italie), février 2005.

Abstract
Logarithmic Sobolev inequalities are an essential tool in the study of interacting particle
systems, cf. e.g. [65], [85]. In this note we show that the logarithmic Sobolev inequality

proved on the configuration space NZd

under Poisson reference measures in [31] can be
extended to geometric reference measures using the results of [55]. As a corollary we
obtain a deviation estimate for an interacting particle system.

2.1 Logarithmic Sobolev inequality for the geometric

distribution

Consider the forward and backward gradient operators

d+f(k) = f(k + 1)− f(k), d−f(k) = 1{k≥1}(f(k − 1)− f(k)), k ∈ N,

and the Laplacian

L = −d+∗
π d+ = d+ +

1

p
d−

which generates a Markov process on N whose invariant measure is the geometric distri-
bution π on N with parameter p ∈ (0, 1), i.e.

π({k}) = (1− p)pk, k ∈ N.

65
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Denote by Eπ the expectation under π and by Entπ the entropy under π, defined as

Entπ[f ] = Eπ[f log f ]− Eπ[f ] logEπ[f ].

We recall the modified logarithmic Sobolev inequality proved in [55] for the geometric
distribution π.

Theorem 2.1.1. Let 0 < c < − log p and let f : N→ R such that |d+f | ≤ c. We have

Entπ
[
ef
]
≤ pec

(1− p)(1−
√
pec)

Eπ
[
|d+f |2ef

]
. (2.1.1)

In higher dimensions the multi-dimensional gradient is defined as

d+
i f(k) = f(k + ei)− f(k), i = 1, . . . , n,

where f is a function on Nn, k = (k1, . . . , kn) ∈ Nn, (e1, . . . , en) is the canonical basis of
Rn, and the gradient norm is

‖d+f(k)‖2 =
n∑
i=1

|d+
i f(k)|2 =

n∑
i=1

|f(k + ei)− f(k)|2. (2.1.2)

From the tensorization property of entropy, (2.1.1) still holds with respect to π⊗n in any
finite dimension n:

Entπ⊗n

[
ef
]
≤ pec

(1− p)(1−
√
pec)

Eπ⊗n

[
‖d+f‖2ef

]
, (2.1.3)

provided |d+
i f | ≤ c, i = 1, . . . , n. As a consequence the following deviation inequality

for functions of several variables under π⊗n has been proved in [55] using (2.1.1) and the
Herbst method.

Corollary 2.1.2. Let 0 < c < − log p and let f such that |d+
i f | ≤ β, i = 1, . . . , n, and

‖d+f‖2 ≤ α2 for some α, β > 0. Then for all r > 0,

π⊗n(f − Eπ⊗n [f ] ≥ r) ≤ exp

(
−min

(
c2r2

4ap,cα2β2
,
rc

β
− α2ap,c

))
, (2.1.4)

where

ap,c =
pec

(1− p)(1−
√
pec)

denotes the logarithmic Sobolev constant in (2.1.1).

Our goal in the next section will be to extend these results to interacting spin
systems under a geometric reference measure.
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2.2 Logarithmic Sobolev inequality for an interacting

spin system

Given a bounded finite range interaction potential Φ = {ΦR : R ⊂ Zd}, i.e.

‖Φ‖ = sup
k∈Zd

∑
R3k

‖ΦR‖∞ <∞,

let the Hamiltonian HΛ be defined as

HΛ(η) =
∑

R
⋂

Λ6=∅

ΦR(ηR),

where ηR denotes the restriction of η to NR, R ⊂ Zd. The Gibbs measure πωΛ on NΛ

associated to a N-valued spin system on a finite lattice Λ ⊂ Zd with boundary condition

ω ∈ NZd\Λ is defined by its density with respect to πΛ := π⊗Λ as:

dπωΛ
dπΛ

(σ) =
1

Zω
Λ

e−H
ω
Λ (σ), σ ∈ NΛ,

where π is the geometric reference distribution on N, Zω
Λ is a normalization factor, and

Hω
Λ(η) = HΛ(ηΛωΛc), η ∈ NZd

,

where ηAωB is defined as

(ηAωB)k = ηk1A(k) + ωk1B(k), k ∈ Zd,

whenever η ∈ NA, ω ∈ NB, and A,B ⊂ Zd are such that A ∩B = ∅. Let again

d+
k f(η) = f(η + ek)− f(η), and d−k f(η) = 1{ηk>0} (f(η − ek)− f(η)) ,

for every function f : NZd → R, where (ek)k∈Zd , denotes the canonical basis {ek = 1{k} :

k ∈ Zd}. Consider the Markov generator

LωΛf(η) =
∑
k∈Λ

cωΛ(k, η,+)d+
k f(η) + cωΛ(k, η,−)d−k f(η),

where cωΛ(k, η,±) are rate functions such that LωΛ is self-adjoint in L2(πωΛ), i.e.

cωΛ(k, η,+)πωΛ({η}) = cωΛ(k, η + ek,−)πωΛ({η + ek}), k ∈ Λ, η ∈ NΛ,

cωΛ(k, η,−)πωΛ({η}) = cωΛ(k, η − ek,+)πωΛ({η − ek}), k ∈ Λ, η ∈ NΛ.

We assume that there exists a constant C > 0 depending on ‖Φ‖ only, with

1

C
≤ cωΛ(k, η,+) ≤ C, η ∈ NΛ, Λ ⊂ Zd, k ∈ Λ. (2.2.1)
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For f : NZd → R we let:

E ω
Λ(ef ) =

∑
k∈Λ

∫
N Z d

cωΛ(k, σ,+)ef(σ)|d+
k f(σ)|2dπωΛ(σ),

and

E Λ(ef ) =
∑
k∈Λ

∫
N Z d

ef(σ)|d+
k f(σ)|2dπΛ(σ).

Next we consider the family of rectangles of the form

R = R(k, l1, ..., ld) = k + ([1, l1]× · · · × [1, ld]) ∩ Zd,

where k ∈ Zd and l1, . . . , ld ∈ N, with

size(R) = max
k=1,...,d

lk.

Let RL denote the set of rectangles such that

size(R) ≤ L and size(R) ≤ 10 min
k=1,...,d

lk.

Definition 2.2.1. We say that πωΛ satisfies the mixing condition if there exists constants
C1 and C2, depending on d and ‖Φ‖ only, such that:

sup
σ,ω

∣∣∣∣πωΛ({η : ηA = σA})πωΛ({η : ηB = σB})
πωΛ({η : ηA∪B = σA∪B})

− 1

∣∣∣∣ ≤ C1e
−C2d(A,B), (2.2.2)

for all L ≥ 1, Λ ∈ RL and A,B ⊂ Λ such that A,B ∈ RL with A ∩B = ∅.

We refer to [31] and [65] for conditions on Φ under which (2.2.2) holds under a
geometric reference measure.

Our goal is to prove the following logarithmic Sobolev inequality under the Gibbs measure
πωΛ.

Theorem 2.2.2. Assume that the mixing condition (2.2.2) holds, and let 0 < c < − log p.
Then there exists a constant γc > 0, independent of Λ and ω, such that

Entπω
Λ

[
ef
]
≤ γcE

ω
Λ(ef ), (2.2.3)

for every f : NZ d → R such that ‖d+f‖l∞(Λ) ≤ c, πΛ-a.e.

In particular we have

Entπω
Λ

[
ef
]
≤ γc

∥∥∥∥∥∑
k∈Λ

cωΛ(k, ·,+)|d+
k f(·)|2

∥∥∥∥∥
L∞(πΛ)

× Eπω
Λ

[
ef
]
,

which implies, as in Corollary 2.1.2, a deviation inequality under Gibbs measures.
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Corollary 2.2.3. Assume that the mixing condition (2.2.2) holds, and let 0 < c < − log p.
Let f be such that ‖d+f‖l∞(Λ) ≤ β and∑

k∈Λ

cωΛ(k, η,+)|d+
k f(η)|2 ≤ α2, πΛ(dη)− a.e., (2.2.4)

for some α, β > 0. Then for all r > 0,

πωΛ
(
f − Eπω

Λ
[f ] ≥ r

)
≤ exp

(
−min

(
c2r2

4γcα2β2
,
rc

β
− α2γc

))
. (2.2.5)

Due to Hypothesis (2.2.1), condition (2.2.4) can be replaced by

‖d+f(η)‖2
l2(Λ) ≤ C−1α2, πΛ(dη)− a.e.

Denoting by Π denote the infinite volume Gibbs measure associated to πωΛ, for some r0 > 0
we get the Ruelle type bound:

Π({η ∈ NZd

: |ηΛ| ≥ r|Λ|}) ≤ exp (−(cr − Cγc)|Λ|+ cEΠ[|ηΛ|]) , r > r0,

for all finite subset Λ of Zd, under the mixing condition (2.2.2). Indeed, it suffices to apply
the uniform bound (2.2.5) with f(η) = |ηΛ|, α2 = C|Λ|, β = 1, and the compatibility
condition

Π(E) =

∫
N Z d

πωΛ(EΛ)Π(dω),

to E = {η ∈ NZd

: |ηΛ| ≥ r|Λ|}, with

EΛ := {η ∈ NΛ : ηΛωΛc ∈ E} = {η ∈ NΛ : |ηΛ| ≥ r|Λ|}.

This shows in particular that Π satisfies the (RPB)1 condition in [60].

2.3 Proof of Theorem 2.2.2

Recall that for 0 < c < − log p, by tensorization, Theorem 2.1.1 yields as in (2.1.3) the
logarithmic Sobolev inequality

EntπΛ
[ef ] ≤ scE Λ(ef ), (2.3.1)

for all f : NZd → R such that ‖d+f‖l∞(Λ) ≤ c, πΛ-a.e., with an optimal constant sc ≤ ap,c
which is independent of Λ ⊂ Zd. Let now sΛ,ω,c denote the optimal constant in the
inequality

Entπω
Λ
[ef ] ≤ sΛ,ω,cE

ω
Λ(ef ), ‖d+f‖l∞(Λ) ≤ c.

Lemma 2.3.1. For every Λ ⊂ Zd, there exists a constant A := Ce4|Λ|‖Φ‖ > 0 depending

only on |Λ|, c and independent of ω ∈ NZ d\Λ, such that

sc
A
≤ sΛ,ω,c ≤ Asc.
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Proof. We follow the proof of Proposition 3.1 in [31]. From (2.2.1) we obtain:

C−1e−2|Λ|‖Φ‖ E Λ(ef ) ≤ E ω
Λ(ef ) ≤ Ce2|Λ|‖Φ‖ E Λ(ef ). (2.3.2)

From the relation
Entµ[f ] = min

t>0
Eµ[f log f − f log t− f + t]

and the bound

e−2|Λ|‖Φ‖ ≤ dπωΛ
dπΛ

≤ e2|Λ|‖Φ‖,

we have
e−2|Λ|‖Φ‖EntπΛ

[
ef
]
≤ Entπω

Λ

[
ef
]
≤ e2|Λ|‖Φ‖EntπΛ

[
ef
]
,

from which the conclusion follows using (2.3.1) and (2.3.2).

Let for L ≥ 1:

SL,c := sup
R∈R L

sup
ω∈E

sR,ω,c ≤ Csce
4|Λ|‖Φ‖ <∞,

which is finite by Lemma 2.3.1.

Proposition 2.3.2. Assume the mixing condition (2.2.2) is satisfied. Then there exists
a constant κ depending on ‖Φ‖, such that

S2L,c ≤
(

1− κ√
L

)−1

SL,c (2.3.3)

for L large enough.

Proof. The proof of this proposition is identical to that of Proposition 4.1, pp. 1970-1972
and Proposition 5.1, p. 1975 in [31], replacing the Dirichlet form used in [31] with E ω

Λ.

Finally, Theorem 2.2.2 is proved by taking γc = supL SL,c, which is finite from
Proposition 2.3.2.



Chapitre 3

Poisson-type deviation inequalities
for curved continuous time Markov
chains

Ce chapitre fait l’objet d’un article soumis pour publication.

Abstract

In this paper, we present new local Poisson-type deviation inequalities for continuous time
Markov chains whose Wasserstein curvature or Γ-curvature is bounded below. Although
these two curvatures are equivalent for Brownian motion on Riemannian manifolds, they
are not comparable in discrete settings and yield deviation bounds involving different
Lipschitz seminorms. In the case of birth-death process, we provide some conditions on
the rates of the associated generator for such discrete curvatures to be bounded below,
and we extend to this framework the local deviation inequalities of [3] established for
continuous time random walks on graphs, seen as models in null curvature. By a limiting
argument, deviation bounds are derived for the stationary distribution of birth-death
process in the finite state space case and we recover the optimal Gaussian deviation
for Ornstein-Uhlenbeck processes constructed as fluid limits of rescaled continuous time
Ehrenfest chains. Finally, an extension of these local deviation inequalities to sample
vectors of the M/M/1 queueing process completes this work.

3.1 Introduction

In recent years, the area of concentration of measure has been deeply investigated in
the context of discrete time Markov chains, using mass transportation and functional
inequalities related to the convergence to stationarity. For instance, in the contracting

71
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case, Gaussian concentration of measure was put forward by K. Marton [66], via Pinsker-
type inequalities derived from information theory. It has been then extended by P.M.
Samson [75] to a large class of Markov chains, among them Doeblin recurrent Markov
chains, whereas H. Djellout, A. Guillin and L. Wu [35], and lately G. Blower and F.
Bolley [13], established similar deviation bounds under assumptions of transportation
inequalities. On the other hand, C. Houdré and P. Tetali [45] in the case of reversible
Markov chains, and C. Ané and M. Ledoux [3] for continuous time random walks on
graphs corresponding to null curvature models, obtained Poisson-type tail estimates using
modified logarithmic Sobolev inequalities and the Herbst method.
The purpose of the present paper is to give new local Poisson-type deviation bounds for
continuous time Markov chains, which extend and sharpen in the case of curved birth-
death processes the tail inequalities of [3] mentioned above. Our approach is based on
semigroup analysis and uses the notion of curvature for Markov processes on general
metric measure spaces recently investigated in [79], in the context of continuous time
Markov chains: the Wasserstein curvature involving the Lipschitz seminorm of the Markov
semigroup, and the Γ-curvature related to a commutation relation between the semigroup
and the “carré du champ” operator Γ.
In the case of Brownian motion on smooth Riemannian manifolds, Theorem 2 together
with Corollary 1 in [79] state that the following assertions are equivalent for any K ∈ R:

(i) the Brownian Wasserstein curvature is bounded below by K,

(ii) the Brownian Γ-curvature is bounded below by K,

(iii) the Ricci curvature of the manifold is bounded below by K.

Therefore, such an equivalence gives a characterization of uniform lower bounds of the
Ricci curvature of the manifold in terms of gradient estimates of heat kernels. However,
the equivalence between (i) and (ii) does not hold in the framework of continuous time
Markov chains since discrete gradients do not satisfy the chain rule formula. Thus, it is
natural to study the role played by each type of discrete curvature in the concentration of
measure phenomenon. Actually, the constants in the deviation inequalities we establish
in this paper turn out to be different when one or the other discrete curvature above
is bounded below. For instance, let (Xt)t≥0 be a regular continuous time Markov chain
on a discrete metric space E, with jumps bounded by some positive b. Let f : E → R
be a Lipschitz function and denote g(u) = (1 + u) log(1 + u) − u, u > 0. If (Xt)t≥0

has Wasserstein curvature bounded below by ρ > 0 and angle bracket bounded by some
positive V 2, we show via Theorem 3.3.1 the tail probability:

sup
x∈E

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−(1− e−2ρt)V 2

2ρb2
g

(
2ρby

(1− e−2ρt)V 2‖f‖Lip

))
≤ exp

(
− y

2b‖f‖Lip

log

(
1 +

2ρby

(1− e−2ρt)V 2‖f‖Lip

))
,
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whereas if the Γ-curvature is bounded below by the same ρ and if ‖Γf‖∞ < +∞, we get
the estimate:

sup
x∈E

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−(1− e−2ρt)‖Γf‖∞

ρb2‖f‖2
Lip

g

(
ρby‖f‖Lip

(1− e−2ρt)‖Γf‖∞

))

≤ exp

(
− y

2b‖f‖Lip

log

(
1 +

ρby‖f‖Lip

(1− e−2ρt)‖Γf‖∞

))
,

cf. Corollary 3.4.4. Although the exponential decays above are somewhat similar, we
note that a lower bound on the Γ-curvature entails more general inequalities involving
the mixed Lipschitz seminorms ‖ · ‖Lip and f 7→ ‖Γf‖1/2

∞ , whereas a lower bound on the
Wasserstein curvature leads to deviation results including the sole ‖ ·‖Lip and enforces the
angle bracket of the chain to be bounded.

The paper is organized as follows. In Section 3.2, some basic material on con-
tinuous time Markov chains is recalled and we introduce two notions of curvatures of
Markov chains, namely the Wasserstein curvature and the Γ-curvature. In Section 3.3,
Theorem 3.3.1, a local Poisson-type deviation inequality is established for continuous time
Markov chain with Wasserstein curvature bounded below, and we analyze the influence
of the sign of such a lower bound in large deviation inequalities. In Section 3.4, a gen-
eral estimate is derived in Theorem 3.4.2 under the hypothesis of a lower bound on the
Γ-curvature, and with further assumptions on the chain, these upper bounds are com-
puted to yield local Poisson tail probabilities involving the mixed Lipschitz seminorms
‖ · ‖Lip and f 7→ ‖Γf‖1/2

∞ . The case of birth-death process on N or {0, 1, . . . , n} is inves-
tigated in Section 3.5, in which we give some conditions on the transition rates of the
associated generator for such discrete curvatures to be bounded below. As a result, we
extend to birth-death processes the deviation inequalities of [3] established for continuous
time random walks on graphs, seen as models in null curvature. By a limiting argument,
deviation bounds are derived for the stationary distribution of birth-death process on
the finite state space {0, 1, . . . , n} and we recover the optimal Gaussian concentration
for Ornstein-Uhlenbeck processes constructed as fluid limits of rescaled continuous time
Ehrenfest chains. Finally, these local Poisson-type deviation inequalities are extended
to sample vectors of the M/M/1 queueing process by using a tensorization procedure
of the Laplace transform together with an integration by parts formula satisfied by the
underlying semigroup.

3.2 Notation and preliminaries

Throughout the paper, E is a countable set endowed with a non-trivial metric d, F (E)
is the collection of all real-valued functions on E, B(E) ⊂ F (E) is the space of all real-
valued bounded functions on E equipped with the supremum norm ‖f‖∞ = supx∈E |f(x)|,
and Lip(E) is the subspace of F (E) consisting of Lipschitz functions on E, i.e.

‖f‖Lip := sup
x 6=y

|f(x)− f(y)|
d(x, y)

< +∞.
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3.2.1 Basic material on continuous time Markov chains

On a probability space (Ω,F ,P), consider an E-valued continuous time Markov chain
(Xt)t≥0 with its natural filtration (F t)t≥0 and homogeneous semigroup (Pt)t≥0 acting on
B(E) as follows:

Ptf(x) := Ex[f(Xt)] =
∑
y∈E

f(y)Pt(x, y), x ∈ E.

We assume through the paper that the càdlàg chain (Xt)t≥0 is regular, i.e. the number of
its discontinuities is finite on each compact time interval. Define

Qx = lim
t↓0

1− Pt(x, x)

t
∈ [0,+∞], Q(x, y) = lim

t↓0

Pt(x, y)

t
∈ [0,+∞), y 6= x,

and denote Q(x, x) = −Qx, x ∈ E. By Theorem 2.2 page 337 in [20], the regularity
assumption implies that (Xt)t≥0 is stable and conservative, i.e. for any x ∈ E, Qx < +∞,
and

∑
y∈E Q(x, y) = 0, respectively. The generator L of the chain is given by

Lf(x) =
∑
y∈E

(f(y)− f(x))Q(x, y), x ∈ E,

where f belongs to an algebra A (say) containing the constant functions and which is
stable by the action of L, Pt and the C∞-functions. See for instance [6] for a discussion
on the existence of this algebra.
In the remainder of the paper, the chains we consider are implicitly assumed to be non-
explosive. In other words, if (Tn)n∈N denotes the sequence of jump times of the chain
(Xt)t≥0, i.e. T0 = 0 and Tn+1 = inf{t > Tn : Xt 6= XTn}, n ∈ N, then for any initial state
x ∈ E, we have Px (limn→+∞ Tn = +∞) = 1.
Given f ∈ B(E), the process M f = (M f

t )t≥0 defined by

M f
t = f(Xt)− f(X0)−

∫ t

0

Lf(Xs)ds, t ≥ 0,

is a (Px,F t)-martingale for any x ∈ E, which has the representation:

M f
t =

∑
y,z∈E

∫ t

0

(f(y)− f(z)) 1{Xs−=z}(Nz,y − σz,y)(ds),

where (Nz,y)z,y∈E is a family of independent Poisson processes on R+ with respective
intensity σz,y(dt) = Q(z, y)dt.
If (Xt)t≥0 is square-integrable, then the angle bracket process exists and is given by

〈X,X〉t =
∑
y,z∈E

d(z, y)2

∫ t

0

1{Xs=z}Q(z, y)ds, t ≥ 0.

If there exists V > 0 such that
∥∥∥∑y∈E d(·, y)2Q(·, y)

∥∥∥
∞
≤ V 2, then 〈X,X〉t ≤ V 2t and

we say that (Xt)t≥0 has angle bracket bounded by V 2.
Finally, we say that the chain (Xt)t≥0 has jumps bounded by some positive b if supt>0 d(Xt−, Xt) ≤
b.
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3.2.2 Curved continuous time Markov chains

Wasserstein curvature of regular Markov chains

Let us introduce the notion of curved Markov chain in the Wasserstein sense.

Definition 3.2.1. The Wasserstein curvature at time t > 0 of a regular Markov chain
with semigroup (Pt)t≥0 is defined by

Kt := −1

t
sup

{
log

(
‖Ptf‖Lip

‖f‖Lip

)
: f ∈ A ∩ Lip(E), f 6= constant

}
∈ [−∞,+∞).

It is said to be bounded below by K ∈ R if inft>0Kt ≥ K.

Remark 3.2.2. We call this curvature the Wasserstein curvature since it is connected
with the so-called Wasserstein distances. Indeed, if P(E) denotes the space of probability
measures on the subsets of E equipped with the weak topology and P1(E) is the subset
of P(E) consisting of all µ such that

∑
y∈E d(x, y)µ(y) < +∞ for some (or equivalently

for any) x ∈ E, then given µ, ν ∈ P1(E), define the Wasserstein distance W between µ
and ν by

W (µ, ν) := inf
π

∑
x,y∈E

d(x, y)π(x, y),

where the infimum runs over all π ∈ P1(E ×E) with marginals µ and ν, making P1(E)
a Polish space, see for instance [81]. The Kantorovich-Rubinstein duality theorem states
that the Wasserstein distance rewrites as

W (µ, ν) = sup

{∣∣∣∣∣∑
x∈E

f(x)(µ(x)− ν(x))

∣∣∣∣∣ : ‖f‖Lip ≤ 1

}
.

Thus, if a Markov kernel Pt(x, ·) ∈ P1(E) for some x ∈ E and any positive t, then the
following assertions are equivalent:

(i) inft>0Kt ≥ K;

(ii) ‖Ptf‖Lip ≤ e−Kt‖f‖Lip, for any f ∈ A ∩ Lip(E) and any t > 0;

(iii) W (Pt(x, ·), Pt(y, ·)) ≤ e−Ktd(x, y) for any x, y ∈ E and any t > 0.

Hence, these assertions characterize lower bounds on the Wasserstein curvature in terms
of contraction properties of the semigroup in the Wasserstein metric W . Note that a
version of (iii) above has been introduced by K. Marton in [66] with the trivial metric
d(x, y) = 1x6=y, and also by H. Djellout, A. Guillin and L. Wu through the condition (C1)
in [35], in order to study transportation cost inequalities for weakly dependent sequences.

Remark 3.2.3. By the Kantorovich-Rubinstein duality theorem together with [29, Theo-
rem 5.23], any chain with Wasserstein curvature bounded below by some positive constant
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K is positive recurrent and thus has a unique stationary distribution π ∈ P1(E). There-
fore, according to the Kantorovich-Rubinstein duality theorem, we have:

W (Pt(x, ·), π) = sup
‖f‖Lip≤1

∣∣∣∣∣∑
y∈E

f(y)(Pt(x, y)− π(y))

∣∣∣∣∣
= sup

‖f‖Lip≤1

∣∣∣∣∣∑
y,z∈E

f(y)(Pt(x, y)− Pt(z, y))π(z)

∣∣∣∣∣
≤ sup

‖f‖Lip≤1

∑
z∈E

|Ptf(x)− Ptf(z)|π(z)

≤ e−Kt
∑
z∈E

d(x, z)π(z),

which goes to 0 as t tends to infinity. Hence, the positive number K describes the speed
of convergence of the Markov chain to stationarity with respect to the Wasserstein metric
W .

Γ-curvature of regular Markov chains

Recall that the “carré du champ” operator Γ is the symmetric bilinear mapping defined
on A×A by

Γ(f, g)(x) :=
1

2
(L(fg)(x)− f(x)Lg(x)− g(x)Lf(x))

=
1

2

∑
y∈E

(f(y)− f(x)) (g(y)− g(x))Q(x, y).

We let Γf = Γ(f, f) and introduce the notion of curved Markov chains in the Γ-sense:

Definition 3.2.4. The Γ-curvature at time t > 0 of a regular Markov chain with semi-
group (Pt)t≥0 is defined by

ρt := −1

t
sup

{
log

∥∥∥∥∥ (ΓPtf)1/2

Pt (Γf)1/2

∥∥∥∥∥
∞

: f ∈ A, f 6= constant

}
∈ [−∞,+∞).

It is said to be bounded below by ρ ∈ R if inft>0 ρt ≥ ρ.

Remark 3.2.5. By definition, the Γ-curvature is bounded below by ρ ∈ R if and only if
for any f ∈ A,

(ΓPtf)1/2 (x) ≤ e−ρtPt (Γf)1/2 (x), x ∈ E, t > 0, (3.2.1)

which is the analogue in discrete settings of the classical commutation relation between
local gradient and heat kernel on Riemannian manifolds with Ricci curvature bounded
below, see [7].
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Main differences between discrete curvatures

As already mentioned in the introduction, both curvatures are essentially equivalent for
Brownian motions on Riemannian manifolds, see [79, Theorem 2]. This is no longer the
case in discrete settings since discrete gradients do not satisfy the chain rule formula, and
the discrete curvatures defined above are not directly comparable. However, note that
the inequality (3.2.1) is a pointwise commutation relation between the semigroup and a
discrete gradient induced by the operator Γ, whereas a lower bound on the Wasserstein
curvature entails via the item (ii) of Remark 3.2.2 an inequality between Lipschitz semi-
norms and where the semigroup is dropped in its right-hand-side. Hence, the assumption
(ii) is weaker than (3.2.1) in some sense and we expect that a lower bound K on the
Wasserstein curvature entails weaker deviation results than that established under the
assumption of the same lower bound K on the Γ-curvature.

Preliminary comments on tail estimates

Let us make some comments on the deviation inequalities we will establish in the remain-
der of this paper:

• Our estimates are said to be local since they are given with respect to the
probability measures Pt(x, ·), t > 0, uniformly in the initial state x ∈ E. Moreover, we
give in general two estimates for each result, to emphasize the good order of magnitude
of the exponential decays in the deviation bounds. The second one is easily deduced from
the first one by using the elementary inequality (1 + u) log(1 + u) − u ≥ u log(1 + u)/2,
u ≥ 0.

• For the sake of simplicity, our results are concerned with right tail estimates
of type Px (f(Xt)− Ex [f(Xt)] ≥ y) , where the level of deviation y is positive. How-
ever, replacing in the corresponding inequalities f by −f , two-side tail estimates of type
Px (|f(Xt)− Ex [f(Xt)] | ≥ y) can be obtained.

• Similarly to the paper [42] for infinitely divisible random vectors with com-
pactly supported Lévy measures, the boundedness assumption on the jumps of the chain
allows us to derive explicit Poisson like inequalities, see for instance Theorem 3.3.1 or
Corollary 3.4.4, whereas the general case yields the formal tail estimate (3.4.2) of The-
orem 3.4.2. Moreover, all our results are still available when replacing the upper bound
on the jumps b ≥ supt>0 d(Xt−, Xt) by the deterministic time-dependent upper bound
bt ≥ sup0<s≤t d(Xs−, Xs), t > 0.

• We do not investigate in this paper the case of independent product Markov
chains, since our results would be sub-optimal with respect to the dimension. Indeed,
our proofs are based on the tensorization of the Laplace transform with respect to the
`1-metric, which is not well-adapted to handle dimension-free concentration results, see
for instance the discussion in [62, Section 1.6].

• Denote log+(x) = max(log(x), 0), x > 0. A classical consequence of our Poisson-
type deviation inequalities is the following exponential integrability property: for any
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f ∈ Lip(E), any positive t and sufficiently small λ > 0, we have:

sup
x∈E

Ex
[
eλ |f(Xt)−Ex[f(Xt)]| log+ |f(Xt)−Ex[f(Xt)]

]
< +∞.

3.3 Deviation bounds for curved Markov chains in

the Wasserstein sense

In this part, we present Poisson-type deviation results under the assumption of a lower
bound on the Wasserstein curvature.

Theorem 3.3.1. Let (Xt)t≥0 be a regular Markov chain on E with jumps and angle
bracket bounded respectively by b > 0 and V 2 > 0. Assume moreover that its Wasserstein
curvature is bounded below by K ∈ R. Let f ∈ Lip(E) and define for any t > 0 the
positive numbers Ct,K = sup0≤s≤t e

−K(t−s) and Mt,K = (1 − e−2Kt)/(2K) (Mt,K = t if
K = 0). Then for any initial state x ∈ E, any y > 0 and any t > 0, we have the local
Poisson-type deviation inequality:

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−Mt,KV

2

b2C2
t,K

g

(
bCt,Ky

Mt,KV 2‖f‖Lip

))
(3.3.1)

≤ exp

(
− y

2bCt,K‖f‖Lip

log

(
1 +

bCt,Ky

Mt,KV 2‖f‖Lip

))
,

where g(u) = (1 + u) log (1 + u)− u, u > 0.

Proof. Fix x ∈ E, t > 0, and assume first that f is bounded. The process
(
Zf
s

)
0≤s≤t

given by
Zf
s := Pt−sf(Xs)− Ptf(X0)

is a real Px-martingale with respect to the truncated filtration (F s)0≤s≤t and we have by
Itô’s formula:

Zf
s =

∑
y,z∈E

∫ s

0

(Pt−τf(y)− Pt−τf(z)) 1{Xτ−=z}(Nz,y − σz,y)(dτ).

Since the Wasserstein curvature is bounded below, the jumps of
(
Zf
s

)
0≤s≤t are bounded

for any s ∈ [0, t]: ∣∣∣Zf
s − Zf

s−

∣∣∣ = |Pt−sf(Xs)− Pt−sf(Xs−)|

≤ d(Xs, Xs−)‖f‖LipCt,K

≤ b‖f‖LipCt,K ,

as its angle bracket:

〈Zf , Zf〉s =
∑
y,z∈E

∫ s

0

(Pt−τf(y)− Pt−τf(z))2 1{Xτ−=z} σz,y(dτ)
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≤ ‖f‖2
Lip

∑
y,z∈E

∫ s

0

e−2K(t−τ)d(z, y)21{Xτ−=z}Q(z, y)dτ

≤ ‖f‖2
LipMt,KV

2.

By [56, Lemma 23.19], for any positive λ, the process (Y
(λ)
s )0≤s≤t given by

Y (λ)
s := exp

(
λZf

s − λ2ψ(λb‖f‖LipCt,K)〈Zf , Zf〉s
)

is a Px-supermartingale with respect to (F s)0≤s≤t, where ψ(z) = z−2 (ez − z − 1), z > 0.
Thus, we get for any λ > 0:

Ex
[
eλ(f(Xt)−Ex[f(Xt)])

]
= Ex

[
eλZ

f
t

]
≤ exp

(
λ2‖f‖2

LipMt,KV
2 ψ(λb‖f‖LipCt,K)

)
Ex
[
Y

(λ )
t

]
≤ exp

(
λ2‖f‖2

LipMt,KV
2 ψ(λb‖f‖LipCt,K)

)
= exp

(
Mt,KV

2

b2C2
t,K

(
eλb‖f‖LipCt,K − λb‖f‖LipCt,K − 1

))
.

Finally, using the exponential Chebychev’s inequality and optimizing in λ > 0 in the
exponential estimate above, the deviation inequality (3.3.1) is established in the bounded
case.
To remove the boundedness assumption, let f ∈ Lip(E) and consider the bounded function
fn = max{−n,min{f, n}}, n ∈ N. We have the pointwise convergence fn ↑ f and by a
classical argument, see for instance the proof of Proposition 10 in [19], (fn)n∈N is uniformly
integrable with respect to the probability measure Pt(x, ·), which implies the convergence
of Ex[fn(Xt)] to Ex[f(Xt)]. Since ‖fn‖Lip ≤ ‖f‖Lip and that g is non-decreasing on R+,
we finally have by Fatou’s lemma:

Px (f(Xt)− Ex[f(Xt)] ≥ y) ≤ lim inf
n→+∞

Px (fn(Xt)− Ex[fn(Xt)] ≥ y)

≤ lim inf
n→+∞

exp

(
−Mt,KV

2

b2C2
t,K

g

(
bCt,Ky

Mt,KV 2‖fn‖Lip

))

≤ exp

(
−Mt,KV

2

b2C2
t,K

g

(
bCt,Ky

Mt,KV 2‖f‖Lip

))
.

Theorem 3.3.1 is established in full generality.

Remark 3.3.2. If K = 0, then the estimate in Theorem 3.3.1 is comparable to the tail
inequalities of [42, 77] established for Lévy processes and infinitely divisible distributions
with compactly supported Lévy measure. If K < 0, then the decay in (3.3.1) is slower,
due to some exponential factors, whereas if K > 0, the chain is positive recurrent and
such estimates can be extended to the stationary distribution, as illustrated below and in
Section 3.5.2.
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Large deviation bounds

Let us now analyze the influence of the sign of the lower bound K of the Wasserstein
curvature on some large deviation inequalities which are direct applications of (3.3.1).
Fix the initial state x ∈ E and the deviation level y > 0. Under the assumptions of
Theorem 3.3.1, we have the following behaviors:

(i) If t tends to 0, then we have the estimate independent of K:

lim sup
t→0

− 1

log(t)
log Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ − y

b‖f‖Lip

.

The speed of convergence is −1/ log(t), which is sharp in the case of continuous
time Markov chains whose rate functions of the generator are bounded, see [2]. One
deduces that the sign of K has no influence in small time in (3.3.1).

(ii) If t tends to infinity, then the sign of K is crucial in (3.3.1). Indeed, if K
is positive, then the existence of a unique stationary distribution π is assured by
positive recurrence, as noted in Remark 3.2.3. The positivity of K achieves the best
deviation inequality and as t tends to infinity, (3.3.1) entails an inequality for the
stationary distribution π:

π (f − Eπ[f ] ≥ y) ≤ exp

(
y

b‖f‖Lip

−
(

y

b‖f‖Lip

+
V 2

2b2K

)
log

(
1 +

2bKy

V 2‖f‖Lip

))
,

where Eπ[f ] denotes the expectation of f with respect to π. See Section 3.5.2 for
a more careful analysis of deviation estimates for stationary distributions of curved
birth-death processes on finite state spaces. On the other hand, if K ≤ 0, then
the worst deviation inequality is realized and the limiting argument above is no
longer available in (3.3.1), since Ct,K and Mt,K (which strongly depend on K) are
not bounded uniformly in time.

To conclude this section, note that Theorem 3.3.1 allows us to consider neither Markov
chains with unbounded angle bracket nor another Lipschitz seminorms than ‖ · ‖Lip. To
overcome this difficulty, one has to require some assumptions on another curvature of the
chain, namely the Γ-curvature.

3.4 Tail estimates for curved Markov chains in the

Γ-sense

In this section, we adapt to the Markovian case the covariance method of the papers
[42, 44] to derive local deviation inequalities for curved Markov chains in the Γ-sense.
Although Wasserstein and Γ-curvatures are not comparable in discrete spaces, the results
we give in this part are more general than that in Section 3.3.
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3.4.1 A general bound

Given (Xt)t≥0 a regular Markov chain on E and two functions f, g ∈ B(E), we define the
local covariance of f(Xt) and g(Xt) by

Covx [f(Xt), g(Xt)] := Ex [(f(Xt)− Ex [f(Xt)]) (g(Xt)− Ex [g(Xt)])] , x ∈ E.

Before turning to Theorem 3.4.2 below, let us establish the following

Lemma 3.4.1. Let (Xt)t≥0 be a regular Markov chain on E with Γ-curvature bounded
below by ρ ∈ R. Let g1, g2 ∈ B(E) with ‖Γg1‖∞ < +∞ and define Lt,ρ = (1− e−2ρt)/(2ρ)
if ρ 6= 0, and Lt,ρ = t otherwise. Then for any initial state x ∈ E and any time t > 0, we
have the local covariance inequality:

Covx [g1(Xt), g2(Xt)] ≤ 2Lt,ρ‖Γg1‖1/2
∞ Ex

[
(Γg2)

1/2(Xt)
]
, t > 0.

Proof. Fix x ∈ E and t > 0. As in the proof of Theorem 3.3.1, we have for i = 1, 2:

gi(Xt)− Ex [gi(Xt)] =
∑
y,z∈E

∫ t

0

(Pt−sgi(y)− Pt−sgi(z)) 1{Xs−=z}(Nz,y − σz,y)(ds).

By Cauchy-Schwarz inequality,

Covx [g1(Xt), g2(Xt)]

= Ex [(g1(Xt)− Ex [g1(Xt)]) (g2(Xt)− Ex [g2(Xt)])]

= 2Ex
[∫ t

0

Γ(Pt−sg1, Pt−sg2)(Xs) ds

]
= 2

∫ t

0

Ps (Γ(Pt−sg1, Pt−sg2)) (x) ds

≤ 2

∫ t

0

Ps
(
(ΓPt−sg1)

1/2 (ΓPt−sg2)
1/2
)
(x) ds

≤ 2

∫ t

0

e−2ρ(t−s)Ps
(
Pt−s(Γg1)

1/2 Pt−s(Γg2)
1/2
)
(x) ds, (3.4.1)

where in (3.4.1) we used the assumption of a lower bound ρ on the Γ-curvature. Since
(Pt)t≥0 is a contraction operator on B(E), we have:

Covx [g1(Xt), g2(Xt)] ≤ 2 ‖Γg1‖1/2
∞

∫ t

0

e−2ρ(t−s)Ps
(
Pt−s(Γg2)

1/2
)
(x) ds

= 2Lt,ρ‖Γg1‖1/2
∞ Ex

[
(Γg2)

1/2(Xt)
]
.

Now, we are able to state Theorem 3.4.2 which presents a general deviation bound
for curved Markov chains in the Γ-sense:
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Theorem 3.4.2. Let (Xt)t≥0 be a regular Markov chain on E with Γ-curvature bounded
below by ρ ∈ R. Let f ∈ Lip(E) with ‖Γf‖∞ < +∞, and define the function ψf,t :
(0,+∞) → R+ ∪ {∞} by

ψf,t(λ) :=
√

2Lt,ρ‖Γf‖1/2
∞

∥∥∥∥∥∑
y∈E

(f(y)− f(·))2

(
eλ ‖f‖Lipd(·,y) − 1

‖f‖Lipd(·, y)

)2

Q(·, y)

∥∥∥∥∥
1/2

∞

, t > 0,

where Lt,ρ is defined in Lemma 3.4.1. Then for any initial state x ∈ E, any deviation
level y > 0 and any t > 0, we get the local tail probability:

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp inf
λ∈(0,Mf,t)

∫ λ

0

(ψf,t(τ)− y) dτ, (3.4.2)

where Mf,t = sup{λ > 0 : ψf,t(λ) < +∞}.
Remark 3.4.3. Note that ψf,t is bijective from (0,Mf,t) to (0,+∞), so that the term in
the exponential is negative and the inequality (3.4.2) makes sense.

Proof. Fix x ∈ E and t > 0. Proceeding as in the end of the proof of Theorem 3.3.1, it is
sufficient to establish the result for bounded Lipschitz function f . Applying Lemma 3.4.1
with g1 = f − Ex[f(Xt)] and g2 = exp (λ(f − Ex[f(Xt)])) , λ ∈ (0,Mf,t), we have:

Ex
[
(f(Xt)− Ex[f(Xt)]) e

λ (f(Xt)−Ex[f(Xt)])
]

= Covx
[
f(Xt)− Ex[f(Xt)], e

λ (f(Xt)−Ex[f(Xt)])
]

≤ 2Lt,ρ‖Γf‖1/2
∞ e−λEx[f(Xt)]Ex

[(
Γeλf

)1/2
(Xt)

]
=

√
2Lt,ρ‖Γf‖1/2

∞ Ex

eλ (f(Xt)−Ex[f(Xt)])

(∑
y,z∈E

(
eλ (f(y)−f(z)) − 1

)2
1{Xt=z}Q(z, y)

)1/2


≤
√

2Lt,ρ‖Γf‖1/2
∞

× Ex

eλ (f(Xt)−Ex[f(Xt)])

(∑
y,z∈E

(f(y)− f(z))2 1{Xt=z}

(
eλ‖f‖Lipd(y,z) − 1

‖f‖Lipd(y, z)

)2

Q(z, y)

)1/2
 ,

where in the last inequality we used the elementary |ez − 1| ≤ e|z| − 1, z ∈ R, together
with the increase of the function z 7→ (ez − 1)/z on (0,+∞). Thus, we obtain:

Ex
[
(f(Xt)− Ex[f(Xt)]) e

λ (f(Xt)−Ex[f(Xt)])
]
≤ ψf,t(λ)Ex

[
eλ (f(Xt)−Ex[f(Xt)])

]
.

Letting Hf,t,x(λ) = Ex
[
eλ (f(Xt)−Ex[f(Xt)])

]
, the latter inequality rewrites as

dHf,t,x(λ)

dλ
≤ ψf,t(λ)Hf,t,x(λ),

and integrating the above differential inequality yields:

Ex
[
eλ (f(Xt)−Ex[f(Xt)])

]
≤ e

∫ λ
0 ψf,t(τ)dτ , λ ∈ (0,Mf,t).

Finally, using the exponential Chebychev inequality, Theorem 3.4.2 is established.
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3.4.2 Some explicit tail estimates

Since the estimate (3.4.2) is very general, let us make further assumptions on the chain to
get more explicit inequalities. Denote in the sequel Lt,ρ = (1 − e−2ρt)/(2ρ) if ρ 6= 0, and
Lt,ρ = t otherwise, and denote the function g(u) = (1 + u) log(1 + u) − u, u > 0. Using
the notation of Theorem 3.4.2, we have the

Corollary 3.4.4. Under the hypothesis of Theorem 3.4.2, suppose moreover that (Xt)t≥0

has jumps bounded by b > 0. Then for any initial state x ∈ E, any y > 0 and any t > 0,
we get the local Poisson-type deviation inequality:

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−2Lt,ρ‖Γf‖∞

b2‖f‖2
Lip

g

(
by‖f‖Lip

2Lt,ρ‖Γf‖∞

))
(3.4.3)

≤ exp

(
− y

2b‖f‖Lip

log

(
1 +

by‖f‖Lip

2Lt,ρ‖Γf‖∞

))
.

Proof. Under the notation of Theorem 3.4.2, the boundedness of the jumps implies
Mf,t = +∞, t > 0, and ψf,t is bounded by

ψf,t(λ) ≤ 2Lt,ρ‖Γf‖∞
eλb‖f‖Lip − 1

b‖f‖Lip

, λ > 0.

Using then Theorem 3.4.2 and optimizing in λ > 0, the proof is achieved.

Note that (3.4.3) is more general than (3.3.1), since the finiteness assumption on
‖Γf‖∞ allows us to consider Markov chains with non necessarily bounded angle bracket.
Thus, when the angle bracket of the process is bounded, the next corollary exhibits an
estimate comparable to that of Theorem 3.3.1:

Corollary 3.4.5. Let (Xt)t≥0 be a regular Markov chain on E with jumps and angle
bracket bounded respectively by b > 0 and V 2 > 0. Assume moreover that its Γ-curvature
is bounded below by ρ ∈ R, and let f ∈ Lip(E). Then for any initial state x ∈ E, any
y > 0 and any t > 0, we get the local Poisson tail probability:

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−Lt,ρV

2

b2
g

(
by

Lt,ρV 2‖f‖Lip

))
(3.4.4)

≤ exp

(
− y

2b‖f‖Lip

log

(
1 +

by

Lt,ρV 2‖f‖Lip

))
.

Proof. By the boundedness of the jumps and of the angle bracket, the function ψf,t in
Theorem 3.4.2 is bounded by

ψf,t(λ) ≤ Lt,ρV
2‖f‖Lip

eλb‖f‖Lip − 1

b
, λ > 0.

Finally, applying Theorem 3.4.2 yields the result.

Remark 3.4.6. As in Section 3.3, a similar discussion about large deviation bounds
under the assumption of Γ-curvature bounded below can be derived from the estimates
(3.4.3) and (3.4.4), so we omit it.
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3.5 Deviation probabilities for birth-death processes

Among the main results of the paper [3], some local deviation inequalities are established
for continuous time random walks on graphs. Actually, such processes may be seen as
models in null curvature, since the transition rates of the associated generator do not
depend on the space-variable.
By using the general results of Sections 3.3 and 3.4, the purpose of this section is to extend
and sharpen these local tail estimates to birth-death processes whose discrete curvatures
are bounded below. Let us introduce now some basic material about birth-death processes.
Let (Xt)t≥0 be a birth-death process on the state space E = N or E = {0, 1, . . . , n}. It is a
regular Markov chain with generator defined on F (E) (recall that F (E) is the collection
of real-valued functions on E) by

Lf(x) = λx (f(x+ 1)− f(x)) + νx (f(x− 1)− f(x)) , x ∈ E, (3.5.1)

where the function rates λ and ν are respectively called the birth and death rates of the
chain. The chain (Xt)t≥0 is irreducible on E if and only if the transition rates λ and ν
are positive with 0 as reflecting state, i.e. ν0 = 0 (if E = {0, 1, . . . , n}, the state n is also
reflecting, i.e. λn = 0), and we assume irreducibility in the remainder of the paper.
The transition probabilities of the associated semigroup (Pt)t≥0 are given for any x ∈ E
by

Pt(x, y) =


λxt+ o(t) if y = x+ 1,
νxt+ o(t) if y = x− 1,
1− (λx + νx)t+ o(t) if y = x,

where the function o is defined in a neighborhood of 0 and is such that o(t)/t converges
to 0 as t tends to 0. The chain is positive recurrent if and only if

∑
x∈E\{0}

x∏
y=1

λy−1

νy
< +∞,

and in this case, the unique stationary distribution π is given for any x ∈ E by

π(x) = π(0)
x∏
y=1

λy−1

νy
, with π(0) =

1 +
∑

x∈E\{0}

x∏
y=1

λy−1

νy

−1

. (3.5.2)

By Reuter’s criterion, any irreducible birth-death process on E = N is non-explosive in
finite time if and only if

+∞∑
x=1

(
1

λx
+

νx
λxλx−1

+ · · ·+ νx · · · ν1

λx · · ·λ1λ0

)
= +∞,

see for instance Theorem 4.5 page 352 in [20].
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Remark 3.5.1. If the birth rate λ is bounded, then Reuter’s criterion immediately ap-
plies.

Before stating the main results of this section, let us give some criteria on the rates
of the generator of a birth-death process on E which ensure that its discrete curvatures
are bounded below.
First, we deal with the Wasserstein curvature.

Proposition 3.5.2. Let (Xt)t≥0 be a birth-death process on E with generator L and
stationary distribution π given respectively by (3.5.1) and (3.5.2). Assume that π satisfies
the moment condition

∑
y∈E yπ(y) <∞. If there exists a real number K such that

inf
x∈E\{0}

λx−1 − λx + νx − νx−1 ≥ K, (3.5.3)

then the Wasserstein curvature of the chain is bounded below by K.

Remark 3.5.3. If E = N and the rates of the generator are bounded and satisfy the
assumptions of Proposition 3.5.2, then necessarily K ≤ 0.

Proof. Consider (Xx
t )t≥0 and (Xy

t )t≥0 two independent copies of (Xt)t≥0, starting re-
spectively from x and y. Then the two-dimensional process (Xx

t , X
y
t )t≥0 has generator L̃

given by
L̃f(z, w) = (Lf(·, w))(z) + (Lf(z, ·))(w), z, w ∈ E.

Denote d the classical distance on E, i.e. d(z, w) = |z−w|, z, w ∈ E. Because the rates of
the generator satisfy the inequality (3.5.3), we have immediately the bound L̃d(z, z+1) ≤
−K, z ∈ E, which is equivalent to the inequality

L̃d(z, w) ≤ −Kd(z, w), z, w ∈ E. (3.5.4)

Since the stationary distribution π has a finite first moment, the process (d(Xx
t , X

y
t ))t≥0

has finite expectation and using Itô’s formula, the drift inequality (3.5.4) and Gronwall’s
lemma, we obtain

E [d(Xx
t , X

y
t )] ≤ e−Ktd(x, y).

Thus, the latter estimate implies the following inequality in terms of Wasserstein distance:

W (Pt(x, ·), Pt(y, ·)) ≤ e−Ktd(x, y),

and by the equivalent statements of Remark 3.2.2, the Wasserstein curvature of (Xt)t≥0

is bounded below by K.

In order to establish modified logarithmic Sobolev inequalities for continuous time
random walks on Z, the authors in [3] used a suitable Γ2-calculus to give a criterion under
which the Γ-curvature is bounded below by 0. Actually, this criterion can be generalized
to any real lower bound on the Γ-curvature via Lemma 3.5.4 below. As in the diffusion
case [7], define the Γ2-operator on F (E) by

Γ2f(x) =
1

2
(LΓf(x)− 2Γ(f,Lf)(x)) , x ∈ E.

By adapting the proof in [3] mentioned above, we get the
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Lemma 3.5.4. Let (Xt)t≥0 be a birth-death process on E with generator L given by
(3.5.1). Assume that there exists ρ ∈ R such that the inequality

Γ2f(x)− Γ (Γf)1/2 (x) ≥ ρΓf(x), x ∈ E, (3.5.5)

is satisfied for any f ∈ F (E). Then (Xt)t≥0 has Γ-curvature bounded below by ρ.

Remark 3.5.5. We mention that the equivalence holds in Lemma 3.5.4. Indeed, if the
process (Xt)t≥0 has Γ-curvature bounded below by ρ, then the function α given on [0,∞)
by α(t) = e−ρtPt

√
Γf −

√
ΓPtf is non-negative and null in 0. Hence we have α′(0) ≥ 0,

which is (3.5.5).

Proposition 3.5.6. Let (Xt)t≥0 be a birth-death process on E with generator L given by
(3.5.1). Assume that there exists some non-negative number ρ such that

inf
x∈E\{0,supE}

min{λx−1 − λx, νx+1 − νx} ≥ ρ. (3.5.6)

Then the Γ-curvature is bounded below by ρ.

Remark 3.5.7. If E = N and the rates of the generator satisfy the assumptions of
Proposition 3.5.6, then necessarily ρ = 0.

Proof. By Lemma 3.5.4, the result holds true if the Γ2-inequality (3.5.5) above is
satisfied, that we prove now. Letting the forward and backward gradients be defined as
d+f = f(·+ 1)− f and d−f = f(· − 1)− f , we have for any x ∈ E:

2Γ2f(x)− 2Γ (Γf)1/2 (x) =

λx(νx+1 − νx)
(
d+f(x)

)2
+ νx(λx−1 − λx)

(
d−f(x)

)2
+ I(x) + J(x),

where:

I(x) := λxλx+1d
−f(x+ 1)d+f(x+ 1) + λxνxd

−f(x+ 1)d+f(x− 1)

+λx

(
λx+1

(
d+f(x+ 1)

)2
+ νx+1

(
d+f(x)

)2)1/2 (
λx
(
d+f(x)

)2
+ νx

(
d−f(x)

)2)1/2

,

and

J(x) := νxνx−1d
+f(x− 1)d−f(x− 1) + λxνxd

−f(x+ 1)d+f(x− 1)

+νx

(
λx−1

(
d+f(x− 1)

)2
+ νx−1

(
d−f(x− 1)

)2)1/2 (
λx
(
d+f(x)

)2
+ νx

(
d−f(x)

)2)1/2

.

Since the rates λ and ν satisfy (3.5.6), we get:

2Γ2f(x)− 2Γ (Γf)1/2 (x) ≥ 2ρΓf(x) + I(x) + J(x).

Proving in the same way that J ≥ 0, it is sufficient to establish that I is non-negative.
Letting a = d−f(x+ 1), b = d+f(x− 1) and c = d+f(x+ 1), we obtain:

I(x) = λx
(
λx+1c

2 + νx+1a
2
)1/2 (

λxa
2 + νxb

2
)1/2

+ λxλx+1ac+ λxνxab
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≥ λx
(
λx+1c

2 + νx+1a
2
)1/2 (

λxa
2 + νxb

2
)1/2 − λxλx+1|ac| − λxνx|ab|

= λx (I1(x)− I2(x)) ,

where

I1(x) :=
(
λx+1c

2 + νx+1a
2
)1/2 (

λxa
2 + νxb

2
)1/2

and I2(x) := λx+1|ac|+ νx|ab|.

Using again (3.5.6), we have:

(I1(x))
2 − (I2(x))

2

= λx+1(λx − λx+1)a
2c2 + νx(νx+1 − νx)a

2b2 + λxνx+1a
4 + λx+1νxb

2c2 − 2νxλx+1a
2bc

≥ νxλx+1(a
2 − bc)2 ≥ 0.

The proof is complete.

3.5.1 The case E = N
An estimate for bounded generators

In order to apply the deviation inequalities of Theorem 3.3.1, one has to require that reg-
ular Markov chain has Wasserstein curvature bounded below and bounded angle bracket.
In the case of birth-death processes on N, the latter assumption follows from the bound-
edness of the transition rates of the generator.

Theorem 3.5.8. Let (Xt)t≥0 be a birth-death process on N with generator L and station-
ary distribution π given respectively by (3.5.1) and (3.5.2). We suppose that the transition
rates λ and ν are bounded on N and π has finite first moment. Assume moreover that there
exists K ≤ 0 such that infx∈N \{0} λx−1 − λx + νx − νx−1 ≥ K. Then for any f ∈ Lip(N),
any initial state x ∈ N, any deviation level y > 0 and any t > 0, we have the local
Poisson-type tail estimate:

Px (f(Xt)− Ex [f(Xt)] ≥ y) (3.5.7)

≤ exp

(
−sinh(tK)‖λ + ν‖∞

Ke−tK
g

(
yK

sinh(tK)‖λ + ν‖∞‖f‖Lip

))
≤ exp

(
− yetK

2‖f‖Lip

log

(
1 +

yK

sinh(tK)‖λ + ν‖∞‖f‖Lip

))
,

where g(u) = (1 + u) log(1 + u)− u, u > 0. If K = 0, then replace (3.5.7) by its limit as
K → 0.

Proof. By Proposition 3.5.2, the Wasserstein curvature is bounded below by K. Hence
using Theorem 3.3.1 achieves the proof.



88 CHAPITRE 3. POISSON-TYPE DEVIATION INEQUALITIES

An inequality for non necessarily bounded generators

In this part, no particular boundedness assumption is made on the generator of birth-
death process.

Theorem 3.5.9. Let (Xt)t≥0 be a birth-death process on N with generator L given by
(3.5.1). Assume that λ and ν are respectively non-increasing and non-decreasing. Let
f ∈ Lip(N) with furthermore ‖Γf‖∞ < +∞. Then for any initial state x ∈ N, any y > 0
and any t > 0, we have the local deviation estimate:

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ exp

(
−2t‖Γf‖∞

‖f‖2
Lip

g

(
y‖f‖Lip

2t‖Γf‖∞

))

≤ exp

(
− y

2‖f‖Lip

log

(
1 +

y‖f‖Lip

2t‖Γf‖∞

))
,

where g(u) = (1 + u) log(1 + u)− u, u > 0.

Proof. By Proposition 3.5.6, the Γ-curvature is bounded below by 0. Since the birth rate
λ is bounded above by λ0, the chain is non-explosive by Reuter’s criterion, and applying
Corollary 3.4.4 with the lower bound ρ = 0 yields the result.

Remark 3.5.10. As claimed above, Theorem 3.5.9 is available for birth-death processes
with non necessarily bounded generator, in contrast to Theorem 3.5.8. However, the price
to pay in the unbounded case is to require that f has a sub-linear growth at infinity.

3.5.2 The case E = {0, 1, . . . , n}
If π denotes the stationary distribution of an irreducible Markov chain on a finite state
space, then it satisfies a logarithmic Sobolev inequality, see [74], which in turn implies via
the Herbst method that Lipschitz functions have Gaussian tails under π. However, it is
sometimes interesting to weaken the upper bound in terms of the deviation level to have a
better control of the tail with respect to some parameters, see for instance the discussion
in [19] about concentration for Bernoulli distributions and penalties.
In this way, the purpose of this part is to refine Theorem 3.5.8 and Theorem 3.5.9 when the
state space is finite, in order to establish by a limiting argument Poisson-type deviation
estimates for stationary distributions of birth-death processes. To do so, the crucial point
is to obtain positive lower bounds on discrete curvatures.
Our estimates below may be compared to that of [45, Proposition 4] established under
reversibility assumptions and without notion of discrete curvatures.

Theorem 3.5.11. Let (Xt)t≥0 be a birth-death process on {0, 1, . . . , n} with generator
L and stationary distribution π given respectively by (3.5.1) and (3.5.2). Assume that
there exists K > 0 such that minx∈{1,...,n} λx−1 − λx + νx − νx−1 ≥ K, and let f ∈
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Lip({0, 1, . . . , n}). Then for any initial state x ∈ {0, 1, . . . , n}, any deviation level y > 0
and any t > 0, we have:

Px (f(Xt)− Ex [f(Xt)] ≥ y)

≤ exp

(
−(1− e−2Kt)‖λ + ν‖∞

2K
g

(
2Ky

(1− e−2Kt)‖λ + ν‖∞‖f‖Lip

))
,

where g(u) = (1 + u) log (1 + u)− u, u > 0.
In particular, letting t going to infinity in the above local inequality yields the deviation
estimate under π:

π (f − Eπ[f ] ≥ y) ≤ exp

(
y

‖f‖Lip

−
(

y

‖f‖Lip

+
‖λ + ν‖∞

2K

)
log

(
1 +

2Ky

‖λ + ν‖∞‖f‖Lip

))
.

Proof. By Proposition 3.5.2, the Wasserstein curvature is bounded below by K. There-
fore, it remains to apply Theorem 3.3.1 to get the result.

Under different assumptions on the transition rates of the generator, we get a
somewhat similar estimate:

Theorem 3.5.12. Let (Xt)t≥0 be a birth-death process on {0, 1, . . . , n} with generator
L and stationary distribution π given respectively by (3.5.1) and (3.5.2). Assume that
there exists ρ > 0 such that minx∈{1,...,n−1} min{λx−1 − λx, νx+1 − νx} ≥ ρ. Let f ∈
Lip({0, 1, . . . , n}). Then for any initial state x ∈ {0, 1, . . . , n}, any deviation level y > 0
and any t > 0, we have:

Px (f(Xt)− Ex [f(Xt)] ≥ y)

≤ exp

(
−(1− e−2ρt)(λ0 + νn)

2ρ
g

(
2ρy

(1− e−2ρt)(λ0 + νn)‖f‖Lip

))
,

where g(u) = (1 + u) log (1 + u)− u, u > 0.
In particular, letting t going to infinity in the above local inequality entails the following
tail probability under the stationary distribution π:

π (f − Eπ[f ] ≥ y) ≤ exp

(
y

‖f‖Lip

−
(

y

‖f‖Lip

+
λ0 + νn

2ρ

)
log

(
1 +

2ρy

(λ0 + νn)‖f‖Lip

))
.

Proof. By Proposition 3.5.6, the Γ-curvature is bounded below by ρ. Hence, applying
Corollary 3.4.5 achieves the proof.

Remark 3.5.13. In order to obtain deviation bounds for stationary distributions, the
positivity of lower bounds of discrete curvatures is crucial and thus does not allow us to
extend such estimates to birth-death processes on the infinite state space E = N, see the
Remark 3.5.3 and Remark 3.5.7.
In particular, it excludes theM/M/∞ queueing process recently investigated by D. Chafai
in [25] and whose stationary distribution is the Poisson measure on N. Therefore, we
expect to recover the classical deviation inequality satisfied by the Poisson distribution
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by taking the limit as t → +∞ in some appropriate local deviation inequalities, and
such an interesting problem will be addressed in a forthcoming research. Note also that
Theorem 3.5.9 is available for the M/M/∞ queueing process, but such a result does not
reflect the positive exact curvature of this queue emphasized in [25].

3.5.3 Ornstein-Uhlenbeck processes as fluid limits of rescaled
Ehrenfest chains

In this part, we recover via Theorem 3.5.11 the optimal Gaussian concentration for an
Ornstein-Uhlenbeck process constructed as a fluid limit of a rescaled continuous time
Ehrenfest chain.
Given n ∈ N, let (Xn

t )t≥0 be the continuous time Ehrenfest chain on {0, 1, . . . , n} starting
from some xn ∈ {0, 1, . . . , n} and with generator given by:

Lnf(x) = λ(n− x) (f(x+ 1)− f(x)) + νx (f(x− 1)− f(x)) , x ∈ {0, 1, . . . , n},
where 0 < λ ≤ ν < 1 are such that λ+ ν = 1.
Let y(t) = λ+(y0−λ)e−t, t > 0, where y0 = limn→+∞Xn

0 /n, and define for any n ∈ N\{0}
the process (Zn

t )t≥0 by Zn
t = (Xn

t − ny(t))/
√
n, t > 0. Assume furthermore that the se-

quence of initial states (Zn
0 )n∈N converges to z0 (say).

By the central limit theorem in [37, Chapter 11], the sequence of processes (Zn
t )t≥0 con-

verges as n goes to infinity to the process (Zt)t≥0 which is the unique solution of the
equation

Zt = z0 +

∫ t

0

√
λ+ (ν − λ)y(s)dBs −

∫ t

0

Zsds, t > 0,

where (Bt)t≥0 is a standard Brownian motion.
In particular, if y0 = λ, then y(t) = λ for any t > 0 and (Zt)t≥0 rewrites as the Ornstein-
Uhlenbeck process (Ut)t≥0:

Ut = z0e
−t +

√
2λν

∫ t

0

e−(t−s)dBs, t > 0.

Now, fix n ∈ N\{0} and time t > 0, and let f ∈ Lip(R). If hn denotes the func-
tion hn = f ◦ φn, where φn is defined on {0, 1, . . . , n} by φn(x) = (x − nλ)/

√
n, then

hn ∈ Lip({0, 1, . . . , n}) with constant at most n−1/2‖f‖Lip. Therefore we can apply Theo-
rem 3.5.11 to (Xn

t )t≥0 and hn, with K = 1, to get for any fixed n ∈ N\{0}, any deviation
level y > 0 and any t > 0, the local deviation estimate:

Pxn (hn(X
n
t )− Exn [hn(X

n
t )] ≥ y)

≤ exp

(
−(1− e−2t)nν

2
g

(
2
√
ny

(1− e−2t)nν‖f‖Lip

))
,

where g(u) = (1 + u) log (1 + u) − u, u > 0. Finally, letting n going to infinity in the
above inequality yields for any y > 0 and any t > 0 the classical Gaussian deviation:

Pz0 (f(Ut)− Ez0 [f(Ut)] ≥ y) ≤ exp

(
− y2

(1− e−2t)ν‖f‖2
Lip

)
,
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see for instance Theorems 5.1 and 5.3 in [62].

3.5.4 A local inequality for samples of the M/M/1 queue

In this part, we give a local deviation estimate for sample vectors of the M/M/1 queueing
process. Recall it is an irreducible birth-death process whose generator is given by

Lf(x) = λ (f(x+ 1)− f(x)) + ν1{x 6=0} (f(x− 1)− f(x)) , x ∈ N,

where the positive numbers λ and ν correspond respectively to the input rate and service
rate of the queue: the independent and identically distributed interarrival times and inde-
pendent and identically distributed service times of the customers follow an exponential
law with respective parameters λ and ν. The existence of an integration by parts for-
mula for the associated semigroup together with a tensorization procedure of the Laplace
transform allow us to provide with Theorem 3.5.14 below a local inequality for sample
vectors of the M/M/1 queue.
We say in the sequel that a function f : Nd → R is `1-Lipschitz if

‖f‖Lip(d) = sup
x 6=y

|f(x)− f(y)|
‖x− y‖1

< +∞,

where ‖ · ‖1 denotes the `1-norm ‖z‖1 =
∑d

i=1 |zi|, z ∈ N
d.

Now, we can state the following

Theorem 3.5.14. Let (Xt)t≥0 be the M/M/1 queue with input and service rates λ and
ν. Let f be `1-Lipschitz on Nd and consider the sample Xd = (Xt1 , . . . , Xtd), 0 = t0 <
t1 < · · · < td = T . Then for any initial state x ∈ N and any deviation level y > 0, we
have the mulitdimensional local Poisson like deviation inequality:

Px
(
f(Xd)− Ex[f(Xd)] ≥ y

)
≤ exp

(
−T (λ + ν)g

(
y

Td(λ + ν)‖f‖Lip(d)

))
(3.5.8)

≤ exp

(
− y

2d‖f‖Lip(d)

log

(
1 +

y

Td(λ + ν)‖f‖Lip(d)

))
,

where g(u) = (1 + u) log(1 + u)− u, u > 0.

Proof. Fix the initial state x ∈ N. If u is a one dimensional Lipschitz function on N
and t > 0, then rewriting the proof of Theorem 3.4.2 for the M/M/1 queue yields for any
τ > 0:

Ex
[
eτu(Xt)

]
≤ exp {τEx[u(Xt)] + h(τ, t, ‖u‖Lip)} , (3.5.9)

where h is the function defined on (R+)3 by h(τ, t, z) = t(λ+ ν) (eτz − τz − 1) and ‖ · ‖Lip

remains for the classical Lipschitz seminorm on N.
To obtain a multidimensional version of (3.5.9), the idea is to tensorize the Laplace trans-
form via an integration by parts formula satisfied by the semigroup (Pt)t≥0 of the M/M/1
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queueing process.
First, observe that we have the commutation relation Ld+ = d+L, where d+ is the forward
gradient d+f(x) = f(x+1)−f(x), x ∈ N. It implies Ptd

+ = d+Pt for any non-negative t,
which in turn entails for any bounded function u on N the integration by parts formula:∑

y∈N

u(y)Pt(x+ 1, y) =
∑
y∈N

u(y + 1)Pt(x, y), x ∈ N. (3.5.10)

Let f be bounded and `1-Lipschitz on Nd. Set fd := f and define for any k = 1, . . . , d−1,
the function fk on Nk by

fk(x1, . . . , xk) :=
∑

xk+1,...,xd∈N

f(x1, . . . , xk, . . . , xd)Ptk+1−tk(xk, xk+1) · · ·Ptd−td−1
(xd−1, xd).

Let x1, . . . , xk−1, y ∈ N. Using recursively (3.5.10), we have:

fk(x1, . . . , xk−1, y + 1) =
∑

xd,...,xk+1∈N

f(x1, . . . , xk−1, y + 1, xk+1, xk+2, . . . , xd)

×Ptk+1−tk(y + 1, xk+1)Ptk+2−tk+1
(xk+1, xk+2) · · ·Ptd−td−1

(xd−1, xd)

=
∑

xd,...,xk+1∈N

f(x1, . . . , xk−1, y + 1, xk+1 + 1, xk+2, . . . , xd)

×Ptk+1−tk(y, xk+1)Ptk+2−tk+1
(xk+1 + 1, xk+2) · · ·Ptd−td−1

(xd−1, xd)

= · · ·
=

∑
xd,...,xk+1∈N

f(x1, . . . , xk−1, y + 1, xk+1 + 1, . . . , xd−1 + 1, xd)

×Ptk+1−tk(y, xk+1) · · ·Ptd−1−td−2
(xd−2, xd−1)Ptd−td−1

(xd−1 + 1, xd)

=
∑

xd,...,xk+1∈N

f(x1, . . . , xk−1, y + 1, xk+1 + 1, . . . , xd−1 + 1, xd + 1)

×Ptk+1−tk(y, xk+1) · · ·Ptd−1−td−2
(xd−2, xd−1)Ptd−td−1

(xd−1, xd).

Hence we obtain for any k = 1, . . . , d, and any x1, . . . , xk−1 ∈ N,

‖fk(x1, . . . , xk−1, ·)‖Lip

= sup
y∈N

|fk(x1, . . . , xk−1, y + 1)− fk(x1, . . . , xk−1, y)|

≤ sup
y∈N

∑
xd,...,xk+1∈N

|f(x1, . . . , xk−1, y + 1, . . . , xd + 1)− f(x1, . . . , xk−1, y, . . . , xd)|

×Ptk+1−tk(y, xk+1) · · ·Ptd−1−td−2
(xd−2, xd−1)Ptd−td−1

(xd−1, xd)

≤ (d− k + 1)‖f‖Lip(d)

≤ d‖f‖Lip(d). (3.5.11)

Using successively in the following lines the inequality (3.5.9) with the one-dimensional
Lipschitz functions xk 7→ fk(∗, xk), k = d, d − 1, . . . , 1, and plugging the upper bound of
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(3.5.11) into the right-hand-side of (3.5.9) since the function h is non-decreasing in its
last variable, we apply the Markov property and we get

Ex
[
eτf(Xd)

]
=

∑
x1,...,xd−1∈N

∑
xd∈N

eτfd(x1,...,xd)Ptd−td−1
(xd−1, xd) · · ·Pt1(x, x1)

≤ exp
{
h(τ, td − td−1, d‖f‖Lip(d))

}
×

∑
x1,...,xd−2∈N

∑
xd−1∈N

eτfd−1(x1,...,xd−1)Ptd−1−td−2
(xd−2, xd−1) · · ·Pt1(x, x1)

≤ exp
{
h(τ, td − td−1, d‖f‖Lip(d)) + h(τ, td−1 − td−2, d‖f‖Lip(d))

}
×

∑
x1,...,xd−3∈N

∑
xd−2∈N

eτfd−2(x1,...,xd−2)Ptd−2−td−3
(xd−3, xd−2) · · ·Pt1(x, x1)

≤ · · ·

≤ exp

(
d−1∑
k=1

h
(
τ, td−k+1 − td−k, d‖f‖Lip(d)

)) ∑
x1∈N

eτf1(x1)Pt1(x, x1)

≤ exp

(
d∑

k=1

h
(
τ, td−k+1 − td−k, d‖f‖Lip(d)

))
eτ
∑

x1∈N f1(x1)Pt1 (x,x1)

= exp

(
d∑

k=1

h
(
τ, tk − tk−1, d‖f‖Lip(d)

))
eτEx[f(Xd)]

= exp
{
τEx[f(Xd)] + T (λ+ ν)

(
eτd‖f‖Lip(d) − τd‖f‖Lip(d) − 1

)}
.

Dividing in both sides by eτEx[f(Xd)] and using the exponential Chebychev inequality
achieve the proof in the bounded case. Finally, a classical argument allows us to remove
the boundedness assumption on the function f . The proof is now complete.

Remark 3.5.15. Note that Theorem 3.5.14 does not allow us to extend (3.5.8) to func-
tionals on path spaces. Thus, it would be an interesting project to refine suitably (3.5.8)
in terms of the increments ∆i = ti − ti−1, as ∆i → 0.
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Chapitre 4

A new Poisson-type deviation
inequality for the empirical
distribution of ergodic birth-death
processes

Ce chapitre fait l’objet d’un article soumis pour publication.

Abstract

In this paper, we present a new Poisson-type deviation inequality of the empirical dis-
tribution of an ergodic birth-death process on N, that generalizes the results of Lezaud
[63, 64]. Our approach relies on the notion recently developed in [52] of Wasserstein cur-
vatures of the process, which characterize contraction properties of the associated Markov
semigroup on a suitable space of Lipschitz functions on N.

4.1 Introduction

Let (Xt)t≥0 be an ergodic Markov process on a Polish state space E, with station-
ary distribution π. The weak law of large numbers asserts that for any function φ ∈ L1(π),
the probability

Λ(t) := Px
(∣∣∣∣1t

∫ t

0

φ(Xs)ds−
∫
E

φdπ

∣∣∣∣ ≥ y

)
(4.1.1)

tends to 0 as t goes to infinity. Although large deviations theory gives an upper bound
on the quantity lim supt→+∞ t−1 log Λ(t), cf. [33], such an asymptotic estimate might be
unsatisfactory for instance in the determination of confidence intervals, since one wants
to control the convergence for fixed parameters. Actually, this problem has been raised
and addressed by several authors. Using the Lumer-Philips theorem, Wu derived in

95
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[82] a non-asymptotic estimate which is sharp for symmetric semigroups, but not really
tractable. In the diffusion framework, various authors obtained explicit upper bounds on
(4.1.1), provided the stationary distribution π satisfies some functional inequalities such
as Poincaré, log-Sobolev or transportation type inequalities, see [24, 35, 40]. However,
due to the discrete structure of countable state spaces, very few results are known in
this area for continuous time Markov chains. To the author’s knowledge, such a topic
has been investigated only recently by Lezaud in his papers [63, 64]. Namely, using
Kato’s perturbation theory for linear operators, Lezaud established in [63] Poisson-type
deviation bounds involving the spectral gap of the symmetrized generator of a continuous
time Markov chain on a finite state space, and generalized in [64] such estimates to the
countable state space case under boundedness assumptions on the function φ and on the
transition rates of the generator.

The purpose of this paper is to present a new Poisson-type deviation inequality
for the empirical distribution t−1

∫ t
0
φ(Xs)ds when the process (Xt)t≥0 is an ergodic birth-

death process on N. In particular, since our estimate is available for an unbounded
Lipschitz function φ and for unbounded generators, we extend (and sharpen) in the case
of birth-death processes the results obtained by Lezaud in [63, 64]. Our approach relies on
the notion of Wasserstein curvature of continuous time Markov chains which characterizes
contraction properties of the associated semigroup on a space of Lipschitz functions. For
instance in the paper [52], a special emphasis is given to the curvature method in order to
obtain deviation inequalities for the random variable f(Xt), where f is a Lipschitz function
with respect to the classical distance on N, say d. However, the Wasserstein curvature
associated to the metric d does not provide tail estimates involving some information in
large time, hence on the stationary distribution. To correct this problem, the idea is to
consider in the present paper the Wasserstein curvature related to a suitable distance, so
that we are able to establish for the path functional t−1

∫ t
0
φ(Xs)ds a convenient deviation

bound that gives the correct order of convergence to equilibrium as the time parameter t
goes to infinity.

The paper is organized as follows. Given an integer-valued ergodic birth-death
process (Xt)t≥0, we introduce in Section 4.2 its Wasserstein curvature related to a suitable
metric on N, say δ, and we provide in Proposition 4.2.6 some conditions on the associated
generator under which the Wasserstein curvature above is bounded below by a positive
constant. Under these criteria, we state in the second part of Section 4.2 our main
contribution of the paper which is contained in Theorem 4.2.7, where a Poisson-type
deviation bound is established for the empirical distribution t−1

∫ t
0
φ(Xs)ds, provided the

function φ is Lipschitz with respect to the distance δ. In particular, no boundedness
assumption is required on the transition rates of the generator. The whole Section 4.3 is
devoted to the proof of Theorem 4.2.7, which is rather technical and is divided into several
lemma. The key point of the proof corresponds to Lemma 4.3.3 with the tensorization
of the Laplace transform in order to obtain a multi-dimensional estimate. Finally, the
example of the M/M/∞ queueing process is investigated in Section 4.4.
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4.2 Preliminaries and main result

On a filtered probability space (Ω,F , (F t)t≥0,P), we consider throughout the paper an
irreducible ergodic birth-death process {(Xt)t≥0, (Px)x∈N} on the infinite state space N :=
{0, 1, . . .}. Such a process is a stable conservative continuous time Markov chain with
generator given for any function f : N→ R by

Lf(x) = λx (f(x+ 1)− f(x)) + νx (f(x− 1)− f(x)) , x ∈ N,

where the transition rates λ and ν are positive with ν0 = 0. Letting

µ(0) = 1, µ(x) :=
λ0λ1 · · ·λx−1

ν1ν2 · · · νx
, x ≥ 1,

the reversible stationary distribution π of the process (Xt)t≥0 is given by

π(x) =
µ(x)∑
y∈N µ(y)

, x ∈ N. (4.2.1)

Denote Ex the expectation with respect to Px. The homogeneous semigroup (Pt)t≥0

defined by

Ptf(x) := Ex[f(Xt)] =
∑
y∈N

f(y)Pt(x, y), t > 0, x ∈ N,

is positivity preserving and contractive on every space Lp(π), p ∈ [1,+∞].
Let ρ be a distance on N and define Lipρ the space of Lipschitz function f : N→ R

endowed with the seminorm

‖f‖Lipρ
:= sup

x,y∈N

|f(x)− f(y)|
ρ(x, y)

< +∞.

If the stationary distribution satisfies the moment condition∑
x∈N

ρ(x, y)π(x) < +∞, y ∈ N, (4.2.2)

then the inclusion Lipρ ⊂ L1(π) holds and the semigroup is well-defined on the space
Lipρ.

Now, we recall from the paper [52] the definition of the ρ-Wasserstein curvature of
the birth-death process (Xt)t≥0.

Definition 4.2.1. We assume that the stationary distribution π satisfies the moment
condition (4.2.2). The ρ-Wasserstein curvature of the process (Xt)t≥0 is defined for any
t > 0 by

αt := −1

t
sup

{
log

(
‖Ptf‖Lipρ

‖f‖Lipρ

)
: f ∈ Lipρ, f 6= constante

}
∈ [−∞,+∞).
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The ρ-Wasserstein curvature is said to be bounded below by α ∈ R if inft>0 αt ≥ α. In
other words, the semigroup (Pt)t≥0 is contractive in the following sense: for any f ∈ Lipρ
and any t > 0,

‖Ptf‖Lipρ
≤ e−αt‖f‖Lipρ

.

If the stationary distribution π satisfies the moment condition (4.2.2), then by
the Kantorovich-Rubinstein duality theorem, see Theorem 5.10 in [29], the ρ-Wasserstein
curvature of the process is bounded below by α if and only if we have

Wρ(Pt(x, ·), Pt(y, ·)) ≤ e−αtρ(x, y), x, y ∈ N, t > 0,

where Wρ(·, ·) denotes the Wasserstein distance between probability measures on N, en-
dowed with the cost function ρ, that is

Wρ(µ, ν) := inf
η

∑
x,y∈N

ρ(x, y)η(x, y),

where the infimum runs over any probability measure η on N × N having marginals µ
and ν. If α is positive, then the semigroup (Pt)t≥0 converges exponentially fast to the
stationary distribution π with respect to the metric Wρ, cf. Theorem 5.23 in [29], and
one deduces that the positivity of the Wasserstein curvatures is of crucial importance to
study the ergodic properties of the process (Xt)t≥0.

Denote d the classical distance on N given by

d(x, y) = |x− y|, x, y ∈ N.

Among the results of the article [52], a Poisson-type deviation inequality is established
for birth-death processes with d-Wasserstein curvature bounded below by a non-positive
constant. As noticed above, such a tail estimate is not convenient for large time and thus
does not involve any information on the stationary distribution. To provide an estimate
of the correct order as the time parameter is large, the idea is to consider the Wasserstein
curvature related to a suitable distance δ on N, that we introduce now. We mention that
the metric δ defined below has been used by Chen in [28] to obtain variational formulae
for the spectral gap of birth-death processes.

Definition 4.2.2. Given a positive function u on N, define the distance δ : N × N →
[0,+∞) as

δ(x, y) :=

∣∣∣∣∣
x−1∑
k=0

u(k)−
y−1∑
k=0

u(k)

∣∣∣∣∣ ,
with the convention

∑−1
k=0 u(k) = 0.

We denote in the sequel a ∧ b := min{a, b} and a ∨ b := max{a, b}, a, b ∈ R. Let
us introduce a set of assumptions.
Assumption (A) There exists two constants K > 0 and C > 0 such that(

inf
x≥0

λx

)
∧
(

inf
x≥1

νx

)
≥ K and u(x) ≤ C

(
1

√
νx+1

∧ 1√
λx

)
, x ∈ N.
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Assumption (B) The stationary distribution π satisfies the moment condition (4.2.2)
with the metric δ, and there exists a positive constant α such that

inf
x∈N

{
νx+1 + λx − νx

u(x− 1)

u(x)
− λx+1

u(x+ 1)

u(x)

}
≥ α. (4.2.3)

Remark 4.2.3. Note that u(−1) does not need to be defined in (4.2.3) since it is multi-
plied by ν0 = 0.

Under Assumption (A), we have a control on the distance δ as follows:

Lemma 4.2.4. Under Assumption (A), the two inequalities below hold:

(1) δ(x, y) ≤ C√
K
d(x, y), x, y ∈ N;

(2) supx∈N λxδ(x, x+ 1)2 + νxδ(x, x− 1)2 ≤ 2C2.

Proof. Let x, y ∈ N. If x = y, then δ(x, y) = 0 = d(x, y), so (1) is trivially true.
Suppose x 6= y. Under Assumption (A), we have

δ(x, y) =

∣∣∣∣∣
x−1∑
k=0

u(k)−
y−1∑
k=0

u(k)

∣∣∣∣∣ =

(x∨y)−1∑
k=x∧y

u(k) ≤
(x∨y)−1∑
k=x∧y

C√
K

=
C√
K
d(x, y).

Hence (1) is established.
To obtain (2), we use the second inequality of Assumption (A):

sup
x∈N

λxδ(x, x+ 1)2 + νxδ(x, x− 1)2 = sup
x∈N

λxu(x)
2 + νxu(x− 1)2 ≤ 2C2.

The proof of Lemma 4.2.4 is complete.

Remark 4.2.5. If at least one of the transition rates of the generator is unbounded, then
the second inequality of Assumption (A) entails that u vanishes at infinity, so that the
proper inclusion Lipδ  Lipd holds. In particular, the identity function f(x) = x is not
Lipschitz on N with respect to the metric δ.

When the weight u is identically equal to 1, the metric δ is reduced to the classical
distance d and by Proposition 5.1 in [52], the inequality (4.2.3) applied with u ≡ 1
implies that the d-Wasserstein curvature of the process is bounded below. Therefore, we
expect in the general case that the inequality (4.2.3) of Assumption (B) is related to the
δ-Wasserstein curvature of the process.

Proposition 4.2.6. Under Assumption (B), the δ-Wasserstein curvature of the process
is bounded below by α.



100 CHAPITRE 4. CONCENTRATION OF THE EMPIRICAL DISTRIBUTION

Proof. Consider (Xx
t )t≥0 and (Xy

t )t≥0 two independent copies of (Xt)t≥0, starting respec-
tively from two different states x, y ∈ N. Then the generator L̃ of the two-dimensional
process (Xx

t , X
y
t )t≥0 is given for any real function f on N× N by

L̃f(z, w) = (Lf(·, w))(z) + (Lf(z, ·))(w), z, w ∈ N.

Let z, w ∈ N, z 6= w. Using Assumption (B), we have

L̃δ(z, w) = (Lδ(·, w))(z) + (Lδ(z, ·))(w)

= λz∨wu(z ∨ w)− λz∧wu(z ∧ w)− νz∨wu((z ∨ w)− 1) + νz∧wu((z ∧ w)− 1)

=

(z∨w)−1∑
k=z∧w

(λk+1u(k + 1)− λku(k)− νk+1u(k) + νku(k − 1))

≤ −α
(z∨w)−1∑
k=z∧w

u(k)

= −αδ(z, w). (4.2.4)

If z = w, then we have clearly L̃δ(z, w) = 0 = −αδ(z, w), hence (4.2.4) is verified
for any z, w ∈ N. By Assumption (B), the stationary distribution π satisfies the moment
condition (4.2.2) with the distance δ and the process (δ(Xx

t , X
y
t ))t≥0 has finite expectation.

Therefore, using Dynkin’s formula together with the drift inequality (4.2.4), we have for
any t > 0:

E[δ(Xx
t , X

y
t )] = δ(x, y) + E

∫ t

0

L̃δ(Xx
s , X

y
s )ds

≤ δ(x, y)− α

∫ t

0

E[δ(Xx
s , X

y
s )]ds.

By Gronwall’s lemma, we get

E[δ(Xx
t , X

y
t )] ≤ e−αtδ(x, y),

from which we obtain immediately, by the definition of the Wasserstein distance, the
inequality

Wδ(Pt(x, ·), Pt(y, ·)) ≤ e−αtδ(x, y).

Finally, as x, y and t are arbitrary, the Kantorovich-Rubinstein duality theorem entails
that the δ-Wasserstein curvature of the process is bounded below by α.

Now we are able to state the main result of this paper, whose proof is given in the
next section. Denote in the sequel the function g(u) := (1 + u) log(1 + u)− u, u > 0.

Theorem 4.2.7. Under Assumptions (A) and (B), then for any Lipschitz function φ ∈
Lipδ, any t > 0, any initial state x ∈ N and any deviation level y > 0, we have the
following Poisson-type deviation inequality:

Px
(∣∣∣∣1t

∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y

)
≤ 2e

−2Ktg

(
yα

2
√

KC(1−e−αt)‖φ‖Lipδ

)
(4.2.5)
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≤ 2e
− tyα

√
K

2C(1−e−αt)‖φ‖Lipδ

log

(
1+ yα

2
√

KC(1−e−αt)‖φ‖Lipδ

)
.

Remark 4.2.8. Denote π(φ) =
∑

z∈N φ(z)π(z). By invariance of the stationary distribu-
tion π together with Assumption (B), we have∣∣∣∣1t

∫ t

0

Ex[φ(Xs)]ds− π(φ)

∣∣∣∣ =

∣∣∣∣∣1t
∫ t

0

∑
z∈N

(Psφ(x)− Psφ(z))π(z)ds

∣∣∣∣∣
≤ ‖φ‖Lipδ

∑
z∈N

δ(x, z)π(z)
1

t

∫ t

0

e−αsds

= ‖φ‖Lipδ

∑
z∈N

δ(x, z)π(z)
1− e−αt

tα

=: Mt.

Hence we obtain for sufficiently large y,

Px
(∣∣∣∣1t

∫ t

0

φ(Xs)ds− π(φ)

∣∣∣∣ ≥ y

)
≤ Px

(∣∣∣∣1t
∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y −Mt

)
.

Therefore, the deviation inequality (4.2.5) gives an estimate of the speed of convergence
of the empirical distribution to equilibrium, at the price of strengthening - slightly since
limt→+∞Mt = 0 - the range of the deviation level y.

Remark 4.2.9. The function u 7→ g(u) in Theorem 4.2.7 is equivalent to u2/2 as u
is close to 0 and to u log(u) as u tends to infinity. Hence, the Bennett-type inequality
(4.2.5) exhibits a Gaussian tail for small values of the deviation level y, in accordance with
the central limit theorem for Markov processes, and a Poisson tail for its large values.
Therefore, we extend (and sharpen) in the case of birth-death processes the Chernoff
inequality of Theorem 1.1 applied to Example 1.7 in [64], or that of Remark 2.6 in [64],
since no boundedness assumption is required on the function φ and on the transition
rates of the generator. Moreover, we point out that we also recover Theorem 3.4 in [63]
when adapting the proof of Theorem 4.2.7 to the finite state space case. However, the
price to pay here is to suppose Assumption (B), which is stronger than the existence of a
spectral gap assumed by Lezaud in [63, 64]. See for instance Theorem 9.25 (1) in [29] for
a comparison between these two criteria.

4.3 Proof of Theorem 4.2.7

This section is devoted to the proof of Theorem 4.2.7, which is divided into several lemma.
First, we establish a convenient upper bound in large time on the Laplace transform of
a Lipschitz function with respect to the distance δ, cf. Lemma 4.3.1. Using then a
rather technical method of tensorization, the extension of such an estimate to the multi-
dimensional case is considered in Lemma 4.3.3. Finally, with the help of the previous
lemma and a suitable approximation of the empirical distribution, we finish the proof of
Theorem 4.2.7.
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4.3.1 A Laplace transform estimate

Let us start with an upper bound on the Laplace transform of a Lipschitz function with
respect to the distance δ.

Lemma 4.3.1. Suppose that Assumptions (A) and (B) are satisfied. Then for any Lip-
schitz function f ∈ Lipδ, any t > 0, any initial state x ∈ N and any τ > 0, we have the
following estimate on the Laplace transform:

Ex
[
eτ(f(Xt)−E x[f(Xt)])

]
≤ exp

{
K(1− e−2αt)

α

(
eτCK

−1/2‖f‖Lipδ − τCK−1/2‖f‖Lipδ
− 1
)}

.

(4.3.1)

Proof. Fix the initial state x ∈ N, let t > 0, and assume first that f is bounded Lipschitz.
The process

(
Zf
s

)
0≤s≤t given by Zf

s := Pt−sf(Xs)− Ptf(X0) is a real Px-martingale with

respect to the truncated filtration (F s)0≤s≤t and we have by Itô’s formula:

Zf
s =

∫ s

0

(Pt−τf(z + 1)− Pt−τf(z)) 1{Xτ−=z}d(N
(z,↑)
τ − λzτ)

+

∫ s

0

(Pt−τf(z − 1)− Pt−τf(z)) 1{Xτ−=z}d(N
(z,↓)
τ − νzτ),

where {(N (z,↑)
t )t≥0 : z ∈ N} and {(N (z,↓)

t )t≥0 : z ∈ N} are two independent families
of independent Poisson processes on R+ with respective intensities λzt and νzt, z ∈ N,
t > 0. By Proposition 4.2.6, the δ-Wasserstein curvature of the process (Xt)t≥0 is bounded
below by α > 0. Hence, the jumps of

(
Zf
s

)
0≤s≤t satisfy

sup
0<s≤t

∣∣∣Zf
s − Zf

s−

∣∣∣ = sup
0<s≤t

|Pt−sf(Xs)− Pt−sf(Xs−)|

≤ ‖f‖Lipδ
sup

0<s≤t
e−α(t−s)δ(Xs, Xs−)

≤ ‖f‖Lipδ
sup
z∈N

δ(z, z + 1)

≤
C‖f‖Lipδ√

K
,

where in the last inequality we used the inequality (1) of Lemma 4.2.4. Moreover, the
angle bracket process is bounded for any s ∈ [0, t]:

〈Zf , Zf〉s

=

∫ s

0

{
λXτ− (Pt−τf(Xτ− + 1)− Pt−τf(Xτ−))2 + νXτ− (Pt−τf(Xτ− − 1)− Pt−τf(Xτ−))2} dτ

≤ ‖f‖2
Lipδ

∫ s

0

e−2α(t−τ) {λXτ−δ(Xτ−, Xτ− + 1)2 + νXτ−δ(Xτ−, Xτ− − 1)2
}
dτ

≤
C2(1− e−2αt)‖f‖2

Lipδ

α
, (4.3.2)
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where in the last inequality we used the estimate (2) of Lemma 4.2.4.
Define the function ψ on R+ by ψ(z) = z−2 (ez − z − 1). By Lemma 23.19 in [56], the

process (Y
(τ)
s )0≤s≤t given for any τ > 0 by

Y (τ)
s := exp

{
τZf

s − τ 2ψ
(
τCK−1/2‖f‖Lipδ

)
〈Zf , Zf〉s

}
is a Px-supermartingale with respect to (F s)0≤s≤t. Thus, we get for any τ > 0:

Ex
[
eτ(f(Xt)−Ex[f(Xt)])

]
= Ex

[
eτZ

f
t

]
≤ exp

{
τ 2C2(1− e−2αt)‖f‖2

Lipδ

α
ψ
(
τCK−1/2‖f‖Lipδ

)}
Ex
[
Y

(τ)
t

]
≤ exp

{
τ 2C2(1− e−2αt)‖f‖2

Lipδ

α
ψ
(
τCK−1/2‖f‖Lipδ

)}

= exp

{
K(1− e−2αt)

α

(
eτCK

−1/2‖f‖Lipδ − τCK−1/2‖f‖Lipδ
− 1
)}

.

The Laplace transform estimate is established in the bounded case.
To remove the boundedness assumption on the function f , the argument is stan-

dard and is given for completeness. Let f ∈ Lipδ and consider the bounded function
fn = max{−n,min{f, n}}, n ∈ N, which converges to f by construction. We have clearly
‖fn‖Lipδ

≤ ‖f‖Lipδ
. Let us show that the sequence of random variables (fn(Xt))n∈N con-

verges to f(Xt) in L1(Px).
Let y0 be such that 2C2(1− e−2αt)‖f‖2

Lipδ
< αy2

0. By Chebychev’s inequality,

Px (|fn(Xt)− Ex[fn(Xt)]| ≥ y0) ≤
Ex
[
|fn(Xt)− Ex[fn(Xt)]|2

]
y2

0

=
Ex
[
〈Zfn , Zfn〉t

]
y2

0

≤
C2(1− e−2αt)‖fn‖2

Lipδ

y2
0α

≤
C2(1− e−2αt)‖f‖2

Lipδ

y2
0α

<
1

2
, (4.3.3)

where in the third line we used the bound (4.3.2) applied to the function fn.
On the other hand, let z be such that Px(|f(Xt)| ≤ z) ≥ 3/4 and let n0 ∈ N be such that
for any n ≥ n0, we have Px(|fn(Xt)− f(Xt)| ≥ 1) ≤ 1/4. Hence for any n ≥ n0,

Px (|fn(Xt)| ≤ z + 1) ≥ Px (|f(Xt)| ≤ z)− Px (|f(Xt)| ≤ z ; |fn(Xt)| > z + 1)

≥ 3

4
− Px (|fn(Xt)− f(Xt)| ≥ 1)
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≥ 1

2
. (4.3.4)

Thus, (4.3.3) and (4.3.4) entail for any n ≥ n0 the bound |Ex[fn(Xt)]| ≤ y0 + z + 1. Now,
together with the help of (4.3.2) applied again to fn, observe that for any n ≥ n0,

Ex
[
fn(Xt)

2
]

= Ex
[
|fn(Xt)− Ex[fn(Xt)]|2

]
+ Ex[fn(Xt)]

2

= Ex
[
〈Zfn , Zfn〉t

]
+ Ex[fn(Xt)]

2

≤
C2(1− e−2αt)‖fn‖2

Lipδ

α
+ (y0 + z + 1)2

≤
C2(1− e−2αt)‖f‖2

Lipδ

α
+ (y0 + z + 1)2,

which implies supn∈N Ex [fn(Xt)
2] < +∞. Therefore, the uniform integrability is verified

and the sequence of random variables (fn(Xt))n∈N converges in L1(Px) to f(Xt).
Finally, applying (4.3.1) to fn and using Fatou’s lemma, we obtain:

Ex
[
eτf(Xt)

]
≤ lim inf

n→+∞
Ex
[
eτfn(Xt)

]
≤ lim inf

n→+∞
eτEx[fn(Xt)] exp

{
K(1− e−2αt)

α

(
eτCK

−1/2‖fn‖Lipδ − τCK−1/2‖fn‖Lipδ
− 1
)}

≤ lim inf
n→+∞

eτEx[fn(Xt)] exp

{
K(1− e−2αt)

α

(
eτCK

−1/2‖f‖Lipδ − τCK−1/2‖f‖Lipδ
− 1
)}

= eτEx[f(Xt)] exp

{
K(1− e−2αt)

α

(
eτCK

−1/2‖f‖Lipδ − τCK−1/2‖f‖Lipδ
− 1
)}

,

where we used in the last inequality that the function z 7→ ez − z − 1 is non-decreasing
on R+.

Remark 4.3.2. The Laplace transform estimate (4.3.1) allows us to sharpen in large
time the deviation inequalities given in [52] for birth-death processes on N. Indeed, we
get easily from the Chebychev inequality and (4.3.1):

Px (f(Xt)− Ex [f(Xt)] ≥ y) ≤ inf
τ>0

e−τyEx
[
eτ(f(Xt)−Ex[f(Xt)])

]
≤ e

−K(1−e−2αt)
α

g

(
αy

C
√

K(1−e−2αt)‖f‖Lipδ

)
, y > 0,

where g(u) := (1 + u) log (1 + u)− u, u > 0. In particular, letting t tend to infinity in the
latter inequality entails the estimate under the stationary distribution π:

π (f − π(f) ≥ y) ≤ e
y
√

K
C‖f‖Lipδ

−
(

K
α

+ y
√

K
C‖f‖Lipδ

)
log

(
1+ αy

C
√

K‖f‖Lipδ

)
.

However, in contrast to the deviation inequalities given in [52], the price to pay here is to
require a stronger assumption on the function f , namely f ∈ Lipδ.
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4.3.2 Tensorization of the Laplace transform

This part is devoted to the extension to the multi-dimensional case of the Laplace trans-
form estimate (4.3.1), by using the method of tensorization. Such an approach may be
seen as the continuous time analogous of the argument used in the articles [71], [35], to
establish Gaussian concentration inequalities for weakly dependent sequences.
Given n ∈ N \ {0, 1}, define Lipδ(n) the space of real Lipschitz functions on the product
space Nn, endowed with the seminorm

‖f‖Lipδ(n) := sup
x 6=y

|f(x)− f(y)|
δn(x, y)

< +∞,

where δn is the `1-distance on Nn with respect to the metric δ, i.e. δn(y, z) :=
∑n

i=1 δ(yi, zi),
y, z ∈ Nn.

Lemma 4.3.3. Suppose that Assumptions (A) and (B) are satisfied. Denote the sample
Xn = (Xt1 , . . . , Xtn), 0 = t0 < t1 < · · · < tn, and let f ∈ Lipδ(n). Then for any initial
state x ∈ N and any τ > 0, we have the Laplace transform estimate:

Ex
[
eτ(f(Xn)−E x[f(Xn)])

]
≤ exp

{
n∑
k=1

h
(
τ, tk − tk−1,MkCK

−1/2‖f‖Lipδ(n)

)}
, (4.3.5)

where Mk :=
∑n

l=k e
−α(tl−tk) and h is the function defined on (R+)3 by

h(τ, t, z) :=
K (1− e−2αt)

α
(eτz − τz − 1) .

Proof. Let fn := f and define for any k = 1, . . . , n− 1, the function fk on Nk by

fk(x1, . . . , xk) :=
∑

xk+1,...,xn∈N

f(x1, . . . , xn)Ptn−tn−1(xn−1, xn) · · ·Ptk+1−tk(xk, xk+1)

=
∑

xk+1∈N

fk+1(x1, . . . , xk, xk+1)Ptk+1−tk(xk, xk+1).

We divide the proof of Lemma 4.3.3 into two parts.

• Step 1 : By a downward recursive argument on k, let us show first that the one-
dimensional function xk 7→ fk(∗, xk) is Lipschitz with respect to the distance δ, with
furthermore the inequality

sup
x1,...,xk−1∈N

‖fk(x1, . . . , xk−1, ·)‖Lipδ
≤Mk‖f‖Lipδ(n). (4.3.6)

Since Mn = 1, the property (4.3.6) is trivially true for k = n.
Suppose now that (4.3.6) is satisfied for some k ∈ {2, . . . , n− 1}.
First, letting x1, . . . , xk−2, y, z, xk ∈ N, we have:

|fk(x1, . . . , xk−2, y, xk)− fk(x1, . . . , xk−2, z, xk)|
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=

∣∣∣∣∣∣
∑

xk+1,...,xn∈N

f(x1, . . . , xk−2, y, xk, xk+1, . . . , xn)Ptn−tn−1(xn−1, xn) · · ·Ptk+1−tk(xk, xk+1)

−
∑

xk+1,...,xn∈N

f(x1, . . . , xk−2, z, xk, xk+1, . . . , xn)Ptn−tn−1(xn−1, xn) · · ·Ptk+1−tk(xk, xk+1)

∣∣∣∣∣∣
≤ ‖f‖Lipδ(n)δ(y, z)

∑
xk+1,...,xn∈N

Ptn−tn−1(xn−1, xn) · · ·Ptk+1−tk(xk, xk+1)

= ‖f‖Lipδ(n)δ(y, z),

from which follows the inequality

sup
x1,...,xk−2,xk∈N

‖fk(x1, . . . , xk−2, ·, xk)‖Lipδ
≤ ‖f‖Lipδ(n). (4.3.7)

Now, let us show that the property (4.3.6) is satisfied at the step k − 1 with the help of
(4.3.7).
Let x1, . . . , xk−2, y, z ∈ N. By Proposition 4.2.6, the δ-curvature of the process is bounded
below by α. Using this argument in the second inequality below, we have:

|fk−1(x1, . . . , xk−2, y)− fk−1(x1, . . . , xk−2, z)|

=

∣∣∣∣∣∑
xk∈N

fk(x1, . . . , xk−2, y, xk)Ptk−tk−1
(y, xk)−

∑
xk∈N

fk(x1, . . . , xk−2, z, xk)Ptk−tk−1
(z, xk)

∣∣∣∣∣
≤

∣∣∣∣∣∑
xk∈N

fk(x1, . . . , xk−2, y, xk)(Ptk−tk−1
(y, xk)− Ptk−tk−1

(z, xk))

∣∣∣∣∣
+
∑
xk∈N

|fk(x1, . . . , xk−2, y, xk)− fk(x1, . . . , xk−2, z, xk)|Ptk−tk−1
(z, xk)

≤ e−α(tk−tk−1)‖fk(x1, . . . , xk−2, y, ·)‖Lipδ
δ(y, z)

+
∑
xk∈N

‖fk(x1, . . . , xk−2, ·, xk)‖Lipδ
δ(y, z)Ptk−tk−1

(z, xk)

≤
(
1 +Mke

−α(tk−tk−1)
)
‖f‖Lipδ(n)δ(y, z)

= Mk−1‖f‖Lipδ(n)δ(y, z),

where in the last inequality we used the assumption (4.3.6) at the step k together with
(4.3.7). Therefore, we obtain the inequality

‖fk−1(x1, . . . , xk−2, ·)‖Lipδ
≤Mk−1‖f‖Lipδ(n),

and the parameters x1, . . . , xk−2 being arbitrary, the property (4.3.6) is established at the
step k − 1, hence in full generality.

• Step 2 : Proof of the Laplace transform estimate (4.3.5).
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Using successively in the following lines Lemma 4.3.1 with the one-dimensional Lipschitz
functions xk 7→ fk(∗, xk), k = n, n−1, . . . , 1, and plugging the upper bound of (4.3.6) into
the right-hand-side of (4.3.1) since the function h is non-decreasing in its last variable, we
apply the Markov property and we get

Ex
[
eτf(Xn)

]
=

∑
x1,...,xn−1∈N

∑
xn∈N

eτfn(x1,...,xn)Ptn−tn−1(xn−1, xn) · · ·Pt1(x, x1)

≤ exp
{
h(τ, tn − tn−1, CK

−1/2‖f‖Lipδ(n))
}

×
∑

x1,...,xn−2∈N

∑
xn−1∈N

eτfn−1(x1,...,xn−1)Ptn−1−tn−2(xn−2, xn−1) · · ·Pt1(x, x1)

≤ exp
{
h(τ, tn − tn−1, CK

−1/2‖f‖Lipδ(n)) + h(τ, tn−1 − tn−2, CK
−1/2Mn−1‖f‖Lipδ(n))

}
×

∑
x1,...,xn−3∈N

∑
xn−2∈N

eτfn−2(x1,...,xn−2)Ptn−2−tn−3(xn−3, xn−2) · · ·Pt1(x, x1)

≤ · · ·

≤ exp

(
n−1∑
k=1

h
(
τ, tn−k+1 − tn−k, CK

−1/2Mn−k+1‖f‖Lipδ(n)

)) ∑
x1∈N

eτf1(x1)Pt1(x, x1)

≤ exp

(
n∑
k=1

h
(
τ, tn−k+1 − tn−k, CK

−1/2Mn−k+1‖f‖Lipδ(n)

))
eτ
∑

x1∈N f1(x1)Pt1 (x,x1)

= exp

(
n∑
k=1

h
(
τ, tk − tk−1, CK

−1/2Mk‖f‖Lipδ(n)

))
eτEx[f(Xn)].

The proof of Lemma 4.3.3 is complete.

4.3.3 Proof of Theorem 4.2.7

Now we are able to prove Theorem 4.2.7.

Proof of Theorem 4.2.7. We use the notation of Section 4.3.2. Fix the initial state x ∈ N
of the birth-death process (Xt)t≥0 and a finite time horizon t > 0. Define tk = kt/n,
k = 0, . . . , n, a regular subdivision of the time interval [0, t] and let the sample Xn =
(Xt1 , . . . , Xtn). The function f given by

f(z) :=
1

n

n∑
k=1

φ(zk), z = (z1, . . . , zn),

is Lipschitz on the product space Nn with respect to the `1-metric δn and its Lipschitz
seminorm satisfies the bound

‖f‖Lipδ(n) ≤
1

n
‖φ‖Lipδ

.
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Hence, since we have

sup
k=1,...,n

Mk = sup
k=1,...,n

n∑
l=k

e−αt(l−k)/n =
1− e−αt

1− e−αt/n
,

and that the function h is non-decreasing in its last variable, Lemma 4.3.3 entails for any
τ > 0:

Ex
[
eτ(f(Xn)−Ex[f(Xn)])

]
≤ exp

{
nh

(
τ,
t

n
,
C(1− e−αt)‖φ‖Lipδ

n
√
K(1− e−αt/n)

)}
.

By Chebychev’s inequality, we get for any y > 0:

Px (f(Xn)− Ex[f(Xn)] ≥ y) ≤ inf
τ>0

e−τy Ex
[
eτ(f(Xn)−Ex[f(Xn)])

]
≤ e

−nK
α

(1−e−2αt/n)g

(
yα(1−e−αt/n)

C
√

K(1−e−2αt/n)(1−e−αt)‖φ‖Lipδ

)
,

where we recall g(u) := (1 + u) log(1 + u)− u, u > 0. Applying also the same reasoning
to the function −f yields

Px (|f(Xn)− Ex[f(Xn)]| ≥ y) ≤ 2e
−nK

α
(1−e−2αt/n)g

(
yα(1−e−αt/n)

C
√

K(1−e−2αt/n)(1−e−αt)‖φ‖Lipδ

)

=: 2e−An . (4.3.8)

Now, the Riemann sum f(Xn) = n−1
∑n

k=1 φ(Xkt/n) converges Px-a.s. to the empirical dis-

tribution t−1
∫ t

0
φ(Xs)ds, and up to a slight change in the end of the proof of Lemma 4.3.1,

we can show that the convergence also holds in L1(Px). Finally, using Fatou’s lemma and
the estimate (4.3.8), we obtain

Px
(∣∣∣∣1t

∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y

)
≤ lim inf

n→+∞
Px (|f(Xn)− Ex[f(Xn)]| ≥ y)

≤ lim inf
n→+∞

2e−An

= 2e
−2Ktg

(
yα

2C
√

K(1−e−αt)‖φ‖Lipδ

)
.

The proof of Theorem 4.2.7 is established.

Remark 4.3.4. The problem to find a similar rate of convergence as (4.2.5) for the
identity function φ0(x) = x is unsolved when the generator of the birth-death process is
unbounded. Indeed, our estimate is only available for Lipschitz functions in the space
Lipδ, which excludes φ0 as noticed in Remark 4.2.5.
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4.4 Application to the M/M/∞ queueing process

Consider a ticket booth system where each customer arriving in the queue is immediately
served. Denoting Xt the number of busy servers - the length of the queue - at time t > 0,
we assume that the customers’ arrival process is a Poisson process of intensity λ > 0 and
that conditionally on the event {Xs = x}, the service time T := inf{t > s : Xt 6= Xs} − s
follows an exponential distribution with parameter λ+ νx, ν > 0. The stochastic process
(Xt)t≥0 is called a M/M/∞ queueing process. This is an ergodic birth-death process with
generator given for any f : N→ R by

Lf(x) = λ(f(x+ 1)− f(x)) + νx(f(x− 1)− f(x)), x ∈ N.

By (4.2.1), the stationary distribution of (Xt)t≥0 is the Poisson measure P(σ) on N with
parameter σ := λ/ν, i.e.

P(σ)(x) = e−σ
σx

x!
, x ∈ N.

For the sake of simplicity, we assume in the sequel that the process is normalized, i.e.
λ = ν. Denote B(n, p) the binomial distribution with parameters n ∈ N and p ∈ (0, 1).
The knowledge of the distribution at time t > 0 of the M/M/∞ queueing process allows
us to make explicit computations. Indeed, by the Mehler-type convolution formula given
for instance by Chafäı in [25]:

L(Xt|X0 = x) = B
(
x, e−νt

)
∗P

(
1− e−νt

)
, t > 0,

we get for any τ > 0,

Ex
[
eτ(Xt−Ex[Xt])

]
= exp

{
x log

(
1 + e−νt(eτ − 1)

)
− τxe−νt + (1− e−νt) (eτ − τ − 1)

}
≤ exp

{(
xe−νt + 1− e−νt

)
(eτ − τ − 1)

}
= exp {Ex[Xt] (eτ − τ − 1)} , (4.4.1)

where we used the inequality log(1 + x) ≤ x, x > 0. Thus, by Chebychev’s inequality, we
obtain for any y > 0 the deviation inequality

Px (Xt − Ex[Xt] ≥ y) ≤ inf
τ>0

e−τy Ex
[
eτ(Xt−Ex[Xt])

]
≤ exp

{
y − (Ex[Xt] + y) log

(
1 +

y

Ex[Xt]

)}
, (4.4.2)

which entails by ergodicity as t → +∞ the classical tail estimate for a Poisson random
variable X with intensity 1, that is

P (X − E[X] ≥ y) ≤ exp {y − (1 + y) log (1 + y)} .

Therefore, we expect that the Poisson-type deviation inequality (4.4.2) may be extended
to the empirical distribution of the M/M/∞ queueing process, a question to which we
turn now.
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Choosing the positive function u(x) := (x+ 1)−1/2, x ∈ N, in the definition of the
distance δ, the transition rates of the generator satisfy Assumption (A) with the constants
C =

√
K =

√
ν.Moreover, a short computation shows that Assumption (B) is also verified

with α = ν/2 > 0, which is the half of the exact curvature of the M/M/∞ queueing
process, see [25]. Hence, Theorem 4.2.7 entails for any Lipschitz function φ ∈ Lipδ, any
t > 0, any initial state x ∈ N and any y > 0, the Poisson-type deviation inequality

Px
(∣∣∣∣1t

∫ t

0

(φ(Xs)− Ex[φ(Xs)]) ds

∣∣∣∣ ≥ y

)
≤ 2e

−2νtg

(
y

4(1−e−νt/2)‖φ‖Lipδ

)

≤ 2e
− tyν

4(1−e−νt/2)‖φ‖Lipδ

log

(
1+ y

4(1−e−νt/2)‖φ‖Lipδ

)
,

where g(u) = (1 + u) log(1 + u)− u, u > 0.

Remark 4.4.1. We mention that the Laplace transform estimate (4.4.1) cannot be ex-
tended to the multi-dimensional case by using the general method of Section 4.3, since
the upper bound in (4.4.1) depends on the initial condition x ∈ N. Hence, although its
distribution at time t is known, the problem raised in Remark 4.3.4 still subsists in the
case of the M/M/∞ queueing process.
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Chapitre 5

On maximal inequalities for stable
stochastic integrals

Ce chapitre fait l’objet d’un article à parâıtre dans le journal Potential Analysis.

Abstract

Sharp maximal inequalities in large and small range are derived for stable stochastic
integrals. In order to control the tail of a stable process, we introduce a truncation level
in the support of its Lévy measure: we show that the contribution of the compound
Poisson stochastic integral is negligible as the truncation level is large, so that the study
is reduced to establish maximal inequalities for the martingale part with a suitable choice
of truncation level. The main problem addressed in this paper is to give upper bounds
which remain bounded as the parameter of stability of the underlying stable process goes
to 2. Applications to estimates of first passage times of symmetric stable processes above
positive continuous curves complete this work.

5.1 Introduction

Given a filtered probability space Ω = (Ω,F , (F t)t≥0,P), consider on Ω a càdlàg real
stable process Z = (Zt)t≥0 of index α ∈ (0, 2) without Gaussian component and let
H = (Ht)t≥0 be a sufficiently integrable predictable càdlàg process. The purpose of this

paper is to give maximal inequalities for stable stochastic integrals H ·Z = (
∫ t

0
HsdZs)t≥0.

We show that their decay in the bilateral case is

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤ K

αxα
‖H‖αLα+p(Ω×[0,t]), x ≥ xα, p > 2− α, (5.1.1)

113
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whereas in the unilateral case, if Z is symmetric and α ∈ (1, 2), it is

P
(

sup
0≤s≤t

∫ s

0

HτdZτ ≥ x

)
≤ Lα exp

(
−Mα

(
x

‖H‖L∞(Ω,Lα([0,t]))

)α/(α−1)
)
, x ≤ x̃α.

(5.1.2)
Here Lα,Mα, xα and x̃α stand for positive numbers depending explicitly on α, whereas K
is a positive constant independent of α.
It is known since the early 80’s that stable stochastic integrals inherit regularly varying
tails from the underlying stable process. For example, in order to prove the central limit
theorem for stable stochastic integrals in the Skorohod space, Giné and Marcus established
in [39] the maximal inequality

sup
x>0

xα P
(

sup
0≤t≤1

∣∣∣∣∫ t

0

HsdZs

∣∣∣∣ ≥ x

)
≤ D

α(2− α)2
‖H‖αLα(Ω×[0,t]), (5.1.3)

where D is a universal constant independent of α. However, as α tends to 2, the upper
bound in their maximal inequality (5.1.3) goes to infinity. On the other hand, the extremal
behavior of stochastic integrals driven by multivariate Lévy processes with regularly vary-
ing tails have been studied recently in [47] by Hult and Lindskog, and by Applebaum, see
[5]. In particular, if Z is symmetric and H is square-integrable and satisfies further the
uniform integrability condition E

[
supt∈[0,1] |Ht|α+p

]
< +∞ for some p > 0, then Example

3.2 in [47] yields the extremal behavior

lim
x→+∞

xα P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
= Cα ‖H‖αLα(Ω×[0,t]), t ∈ [0, 1], (5.1.4)

where Cα depends on α and remains bounded as α ∈ (0, 2]. Therefore, as α gets close to
2, the maximal inequality (5.1.3) of Giné and Marcus does not recover the non-explosive
asymptotic estimate (5.1.4).
Our approach to establish maximal inequalities for stable stochastic integrals is based on
stochastic calculus for jump processes and allows us to avoid the limiting explosion of
the upper bound described above. Following Pruitt in [69] for Lévy processes and more
recently Houdré and Marchal in [43] in the specific case of stable random vectors, the
method relies on the use of the Lévy-Itô decomposition of Z with a truncation level R
in the support of its Lévy measure, in order to control the jump size of the martingale
part: Z is split into the sum of a square-integrable martingale with infinitely many jumps
bounded by R on each compact time interval, and a compound Poisson process which
represents the large jumps of Z, plus a drift part. Constructing then the stable stochastic
integral H ·Z with respect to the above semimartingale decomposition, we show that the
contribution of the compound Poisson stochastic integral in both bilateral and unilateral
cases is negligible as the truncation level is large, reducing the study to the proof of
maximal inequalities for the martingale part of H ·Z. Using stochastic calculus for Poisson
random measures, sharp estimates follow by choosing suitably the truncation level R.

Let us describe the content of the paper. In Section 5.2, some notation and ba-
sic properties of stable processes are introduced. Then we apply a truncation method
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somewhat similar to that of Pruitt to derive maximal inequalities for stable stochastic
integrals, and compare them with the corresponding results of Giné and Marcus, and
Hult and Lindskog, see [39] and [47]. In particular, Proposition 5.2.4 slightly improves
the estimate in [39, Theorem 3.5] when the index of stability α of the underlying stable
process lies in (1, 2) and under some integrability conditions. The main contribution of
this paper is contained in Section 5.3, Theorem 5.3.2, where large range inequalities are
given in the bilateral case (5.1.1), freeing us from the explosion of the upper bound as α
goes to 2. Section 5.4 is devoted to small range tail estimates in the unilateral case (5.1.2).
As a result, we recover the classical maximal Gaussian inequality via Theorem 5.4.2 and
a limiting procedure in the Skorohod space. Finally, we apply in Section 5.5 the results
of Section 5.2 and 5.3 to estimate first passage times of a symmetric stable process above
several positive continuous curves. The method relies on an extension to the stable case
of the results of [1, 68] established for Brownian motions.

5.2 Notation and preliminaries

Let Ω = (Ω,F , (F t)t≥0,P) be a filtered probability space and let Z be a càdlàg real stable
process on Ω of index α ∈ (0, 2) without Gaussian component. For the sake of briefness,
by a stable process we will implicitly mean an (F t)t≥0-adapted real càdlàg stable process
in the remainder of this paper. Recall that its characteristic function is defined by

ϕZt(u) = exp t

(
iub+

∫ +∞

−∞

(
eiuy − 1− iuy 1{|y|≤1}

)
ν(dy)

)
, (5.2.1)

where ν stands for the stable Lévy measure on R:

ν(dy) =
(
c− 1{y<0} + c+ 1{y>0}

) dy

|y|α+1
, c−, c+ ≥ 0, c− + c+ > 0. (5.2.2)

As a Lévy process, Z is a semimartingale whose Lévy-Itô decomposition is given by

Zt = bt+

∫ t

0

∫
|y|≤1

y (µ− σ)(dy, ds) +

∫ t

0

∫
|y|>1

y µ(dy, ds), t ≥ 0, (5.2.3)

where µ is a Poisson random measure on R× [0,+∞) with intensity σ(dy, dt) = ν(dy)⊗dt
and b is the drift. In particular, if α < 1, then Z is a finite variation process whereas
when α ≥ 1, we have a.s. ∑

s≤t

|∆Zs| = +∞, t > 0,

where ∆Zs denotes the jump size of Z at time s > 0.
Z is said to be strictly stable if we have the self-similarity property

(Zkt)t≥0
(d)
= (k

1
αZt)t≥0,
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where k > 0 and the equality
(d)
= is in the sense of finite dimensional distributions. If

moreover c := c+ = c−, then Z is symmetric and its characteristic function (5.2.1) is
computed to be

ϕZt(u) = e−tρα |u|α , (5.2.4)

where

ρα :=

√
πΓ((2− α)/2)

α2αΓ((1 + α)/2)
2c.

5.2.1 The truncation method

In order to control the jump size of the martingale part of the stable stochastic integral,
let us introduce the truncation method of the stable Lévy measure (5.2.2). For some
truncation level R > 1, let Z(R+) and Z(R−) be the independent Lévy processes defined
by

Z
(R−)
t :=

∫ t

0

∫
|y|≤R

y (µ− σ)(dy, ds), Z
(R+)
t :=

∫ t

0

∫
|y|>R

y µ(dy, ds), t ≥ 0.

The first one has a compactly supported Lévy measure and is a square-integrable martin-
gale with infinitely many jumps bounded by R on each compact time interval, whereas the
second one is a compound Poisson process. The Lévy-Itô decomposition (5.2.3) rewrites
as

Zt = bRt+ Z
(R−)
t + Z

(R+)
t , t ≥ 0, (5.2.5)

where bR := b+
∫

1<|y|≤R y ν(dy) is a drift depending on R.

Given a predictable càdlàg process H, let

‖H‖(p,t) := ‖H‖Lp(Ω×[0,t]) =

(∫ t

0

E [|Hs|p] ds
) 1

p

, t ≥ 0, p > 0,

and define Pp (resp. Bp) as the space of predictable càdlàg process H such that for all
t ≥ 0, ‖H‖(p,t) < +∞ (resp. ‖H‖L∞(Ω,Lp([0,t])) < +∞). In particular, H is said integrable
if H ∈ P1 and square-integrable if H ∈ P2.
Following [4, Chapter 4], we construct the stable stochastic integral of a square-integrable
predictable process H as the sum of L2-type and Lebesgue-Stieltjes stochastic integrals:
letting

X
(R−)
t :=

∫ t

0

HsdZ
(R−)
s , X

(R+)
t :=

∫ t

0

HsdZ
(R+)
s , ARt := bR

∫ t

0

Hsds, t ≥ 0,

the first integral X(R−) = H ·Z(R−) is a square-integrable martingale, whereas the integrals
X(R+) = H ·Z(R+) and AR are constructed in the Lebesgue-Stieltjes sense, and we define
the stable stochastic integral as

Xt :=

∫ t

0

HsdZs = ARt +X
(R−)
t +X

(R+)
t , t ≥ 0. (5.2.6)



5.2. NOTATION AND PRELIMINARIES 117

We denote respectively by a ∨ b and a ∧ b the maximum and the minimum between two
real numbers a and b.
We finish by making two remarks on the maximal inequalities of type (5.1.1) or (5.1.2)
we will establish in the remainder of this paper:

Remark 5.2.1. The truncation level R is related to the deviation level x and to some
Lp-norm of the process H, and is chosen each time equal to its optimal value.

Remark 5.2.2. Although they can be computed, the constants appearing in the upper
bounds are not given explicitly in general, since their numerical value is not of crucial
importance in our study.

5.2.2 A first maximal inequality

In order to study the rates of growth of Lévy processes, Pruitt established in [69] some
maximal inequalities whose proofs are based on a truncation method for general Lévy
measures, with a particular choice of truncation level.
Inspired by this work, we derive in this part a first maximal inequality for stable stochastic
integrals by using the semimartingale decomposition (5.2.6).
Fix t ≥ 0 and x > ‖H‖(2,t). Using the above notation, we have by (5.2.6):

P
(

sup
0≤s≤t

|Xs| ≥ x

)
≤ P

(
sup

0≤s≤t

∣∣ARs ∣∣+ sup
0≤s≤t

∣∣X(R−)
s

∣∣+ sup
0≤s≤t

∣∣X(R+)
s

∣∣ ≥ x

)
≤ P

(
sup

0≤s≤t

∣∣ARs ∣∣ ≥ x

2

)
+ P

(
sup

0≤s≤t
|X(R−)

s | ≥ x

2

)
+ P

(
sup

0≤s≤t
|X(R+)

s | > 0

)
.

(5.2.7)

First, we investigate the absolutely continuous part AR. By Chebychev’s inequality,

P
(

sup
0≤s≤t

∣∣ARs ∣∣ ≥ x

2

)
≤ P

(∫ t

0

|Hτ | dτ ≥
x

2|bR|

)
≤ 4bR

2

x2
E

[(∫ t

0

|Hτ | dτ
)2
]
.

Using the elementary inequality (a+b)2 ≤ 2 (a2 + b2) , a, b ∈ R, and then Cauchy-Schwarz’
inequality,

bR
2 =

(
b+

∫
1<|y|≤R

y ν(dy)

)2

≤ 2b2 + 2

(∫
1<|y|≤R

y ν(dy)

)2
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≤ 2b2 + 2ν ({y ∈ R : 1 < |y| ≤ R})
∫

1<|y|≤R
y2 ν(dy)

≤ 2b2 + 2ν ({y ∈ R : |y| > 1})
∫
|y|≤R

y2 ν(dy)

= 2

(
b2 +

(c− + c+)2

α(2− α)
R2−α

)
.

By Cauchy-Schwarz’ inequality again and since x > ‖H‖(2,t), we have

P
(

sup
0≤s≤t

∣∣ARs ∣∣ ≥ x

2

)
≤ 8t

x2

(
b2 +

(c− + c+)2

α(2− α)
R2−α

)
‖H‖2

(2,t)

<
8tb2‖H‖α(2,t)

xα
+

8t(c− + c+)2R2−α‖H‖2
(2,t)

α(2− α)x2
. (5.2.8)

Now, we show that the contribution of the compound Poisson stochastic integral X(R+)

is negligible as the truncation level R is sufficiently large. Recall that the integral X(R+),
and so its supremum process (sup0≤s≤t |X

(R+)
s |)t≥0, has piecewise constant sample paths

and its distribution at any time has an atom at 0. Now, denote by TR1 the first jump time
of the Poisson process (µ ({y ∈ R : |y| > R} × [0, t]))t≥0 on the set {y ∈ R : |y| > R}. If

a.s. TR1 occurs after time t, then the compound Poisson stochastic integral X(R+) (and so
its supremum process) is identically 0 on the interval [0, t]. Thus we have

P
(

sup
0≤s≤t

|X(R+)
s | > 0

)
= 1− P

(
sup

0≤s≤t
|X(R+)

s | = 0

)
≤ 1− P

(
TR1 > t

)
= 1− exp (−tν ({y ∈ R : |y| > R}))
≤ tν ({y ∈ R : |y| > R})

=
(c− + c+)t

αRα
, (5.2.9)

where we used in the second equality above that TR1 is exponentially distributed with
parameter ν ({y ∈ R : |y| > R}), see e.g. [76, Theorem 21.3].
Recall now that X(R−) is a square-integrable martingale involving the small jumps of Z.
By Doob’s inequality together with the isometry formula for Poisson stochastic integrals,

P
(

sup
0≤s≤t

|X(R−)
s | ≥ x

2

)
≤ 4

x2
E

[∣∣∣∣∫ t

0

∫
|y|≤R

Hτy (µ− σ)(dy, dτ)

∣∣∣∣2
]

=
4

x2
E
[∫ t

0

∫
|y|≤R

H2
τ y

2 ν(dy)dτ

]
=

4

x2

∫
|y|≤R

y2 ν(dy)

∫ t

0

E
[
H2
τ

]
dτ,
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that is to say

P
(

sup
0≤s≤t

|X(R−)
s | ≥ x

2

)
≤

4(c− + c+)‖H‖2
(2,t)R

2−α

(2− α)x2
. (5.2.10)

Finally, using (5.2.7) and choosing the truncation level

R =
x

‖H‖(2,t)

> 1

in (5.2.8), (5.2.9) and (5.2.10) show that there exists K := K(b, c−, c+, t) > 0, independent
of α, such that

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤

K‖H‖α(2,t)
α(2− α)xα

, x > ‖H‖(2,t). (5.2.11)

Let us comment the estimate (5.2.11).
If Z is symmetric with Lévy measure ν(dy) = c|y|−α−1dy, c > 0, and H satisfies further
the uniform integrability condition E

[
sup0≤t≤1 |Ht|α+p

]
< +∞, p > 0, then Example 3.2

in [47] entails the asymptotic estimate

lim
x→+∞

xα P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
=
Kα,c

α

∫ t

0

|Hτ |α dτ, t ∈ [0, 1], (5.2.12)

where

Kα,c :=

{
2c
√
π(1−α)Γ((2−α)/2)

2α+1Γ(2−α)Γ((1+α)/2) cos(πα/2)
if α 6= 1,

c if α = 1,

which remains bounded as α ∈ [0, 2]. It shows that (5.2.11) is sharp for α ∈ (0, 2) and
also as α converges to 0, but goes to infinity as α tends to 2, in contrast to (5.2.12). On
the other hand, assuming H ∈ Pα, then a combination of Theorem 3.5 and Example 3.7
in [39] implies the maximal inequality

sup
x>0

xα P
(

sup
0≤t≤1

∣∣∣∣∫ t

0

HsdZs

∣∣∣∣ ≥ x

)
≤ D

α(2− α)2

∫ 1

0

E [|Ht|α] dt, (5.2.13)

where D is a universal constant independent of α. Therefore, the speed of explosion in
(5.2.11) is better than in (5.2.13) since it is linear in α and not quadratic, but it is worse
in terms of Lp-norm of H, since the L2-norm is involved instead of the optimal Lα-norm.
Before avoiding in Section 5.3 the explosion of its upper bound as α gets close to 2, let
us now improve (5.2.11) in terms of Lp-norm of H.

5.2.3 A maximal inequality in optimal Lα-norm

First, we quote [8, Proposition 2.1], up to a minor modification related to the integrability
property of H:
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Lemma 5.2.3. Consider a stable stochastic integral X := H ·Z, where Z is a symmetric
stable process of index α ∈ (1, 2) with generator L, and H is square-integrable. Let f be a
C2(R)-function with bounded first and second derivatives. Then the process M f given by

M f
t := f(Xt)− f(X0)−

∫ t

0

|Hs|αLf(Xs−)ds, t ≥ 0,

is a martingale.

Now, we improve the upper bound in (5.2.11) in terms of Lp-norm of H. Actually,
the estimate in Proposition 5.2.4 below recovers via a different proof the inequality (5.2.13)
of Giné and Marcus, and slightly improves it as α tends to 2, since the speed of the
explosion of the upper bound is not quadratic but only linear in α:

Proposition 5.2.4. Let Z be a symmetric stable process of index α ∈ (1, 2) and Lévy
measure ν(dz) = c|z|−α−1dz, c > 0, and let H be square-integrable. Then there exists
Kα,c > 0, finite as α tends to 2, such that

sup
x>0

xα P
(

sup
0≤t≤1

∣∣∣∣∫ t

0

HsdZs

∣∣∣∣ ≥ x

)
≤ Kα,c

2− α

∫ 1

0

E [|Ht|α] dt.

Proof. The present proof is an adaptation to the case of stable stochastic integrals of
that of Bass in [9, Proposition 3.1]. Denote by L the infinitesimal generator of Z. Let f
be a non-negative C2(R)-function such that f(0) = 0, f(y) = 1 if |y| ≥ 1 and whose first
and second derivatives are bounded above in absolute value respectively by c1 > 0 and
c2 > 0. Let x > 0, fx(y) := f(y/x) and let

τx := inf{t ≥ 0 : |Xt| ≥ x}

be the first exit time of the stable stochastic integral X = H · Z of the centered ball
of radius x. If the process exits the ball before time 1, then fx(X1∧τx) = 1 and by
Lemma 5.2.3 and a conditioning argument,

P
(

sup
0≤t≤1

|Xt| ≥ x

)
= P (τx ≤ 1)

≤ E [fx(X1∧τx)]

= E
[∫ 1∧τx

0

|Ht|αLfx(Xt−)dt

]
≤

∫ 1

0

E [|Ht|α |Lfx(Xt−)|] dt.

Therefore,

P
(

sup
0≤t≤1

|Xt| ≥ x

)
≤ ‖Lfx‖L∞(R )

∫ 1

0

E [|Ht|α] dt. (5.2.14)
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By the symmetry of ν,

Lfx(y) =

∫
R

(fx(y + z)− fx(y)− zf ′x(y)) ν(dz)

≤
∫
|z|≤R

c2z
2

2x2
ν(dz) +

∫
|z|>R

2c1|z|
x

ν(dz)

=
c2cR

2−α

(2− α)x2
+

4c1cR
1−α

(α− 1)x
.

If we choose the truncation level R = x, then denoting Kα,c := c2c+ 4c1c(2− α)/(α− 1),
the calculus above implies the bound

‖Lfx‖L∞(R ) ≤
Kα,c

(2− α)xα
.

Finally, plugging this into (5.2.14), the proof is complete.

5.3 Large range estimates for α close to 2

The purpose of the present part is to control the upper bound in (5.2.11), freeing us
from its explosion as α tends to 2. The price to pay is to require stronger integrability
conditions on the process H and to reduce the range interval of the deviation level x.
First, we recall Bihari’s inequality, which is a Gronwall-type inequality. See e.g. [36,
Chapter 1] for a proof of such an inequality.

Lemma 5.3.1. Let T be a positive time horizon and let ρ, ψ and g be positive measurable
functions such that ρ is monotone-increasing, s 7→ ψ(s)ρ (g(s)) is integrable on [0, T ] and

g(s) ≤ KT +

∫ s

0

ψ(τ) ρ(g(τ)) dτ, s ∈ [0, T ], (5.3.1)

where KT ≥ 0. Then the Bihari inequality

g(T ) ≤ φ−1

(
φ(KT ) +

∫ T

0

ψ(s)ds

)
holds, where φ(x) :=

∫ x
0

dy
ρ(y)

.

We can now state the main result of this paper:

Theorem 5.3.2. Let Z be a stable process of index α ∈ (1, 2) and Lévy measure ν given
by (5.2.2). Let p > 2 − α, ε > 0 and let H ∈ Pα+p. Then for all t ≥ 0, there exists
K := K(b, c−, c+, t, p, ε) > 0, independent of α, such that for all

xα > ‖H‖α(α+p,t) max

1,

(
(2p)

2
α+p

ε(2− α)(α+ p)
2

α+p

) α+p
α+p−2 (

2
α+p−4

2 ∨ 1
)

(c− + c+)t

 ,
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we have the maximal inequality

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤
K‖H‖α(α+p,t)

xα
. (5.3.2)

Proof. We proceed as in the proof of inequality (5.2.11) and investigate first the absolutely
continuous part AR analogously to (5.2.8). Fix t ≥ 0 and x > ‖H‖(α+p,t). By the
elementary inequality (a+ b)q ≤ 2q−1 (|a|q + |b|q) , a, b ∈ R, q ≥ 1, applied with q = α+p,
together with Hölder’s inequality, we get

P
(

sup
0≤s≤t

∣∣ARs ∣∣ ≥ x

2

)
≤

22α+2p−1tα+p−1‖H‖α+p
(α+p,t)

xα+p

(
|b|α+p + ν ({y ∈ R : |y| > 1})α+p−1

∫
|y|≤R

yα+pν(dy)

)
=

22α+2p−1tα+p−1‖H‖α+p
(α+p,t)

xα+p

(
|b|α+p +

(c− + c+)α+pRp

pαα+p−1

)
≤

22α+2p−1tα+p−1‖H‖α(α+p,t)

xα

(
|b|α+p +

(c− + c+)α+pRp‖H‖p(α+p,t)

pαα+p−1xp

)
, (5.3.3)

where we used in the last inequality x > ‖H‖(α+p,t).
Now, let us control the martingale part X(R−) = H · Z(R−). By Doob’s and Burkholder’s
inequalities for martingales with jumps, see e.g. pp. 303-4 in [32], we have

P
(

sup
0≤s≤t

|X(R−)
s | ≥ x

2

)
≤ 2α+p

xα+p
E

[∣∣∣∣∫ t

0

HsdZ
(R−)
s

∣∣∣∣α+p
]

≤ 2α+pCα+p

xα+p
E

[[∫ ·

0

HsdZ
(R−)
s ,

∫ ·

0

HsdZ
(R−)
s

]α+p
2

t

]

=
2α+pCα+p

xα+p
E

[(∫ t

0

∫
|y|≤R

H2
s y

2 µ(dy, ds)

)α+p
2

]
. (5.3.4)

Let (Ys)s∈[0,t] be the finite variation process defined by

Ys :=

∫ s

0

∫
|y|≤R

H2
τ y

2 µ(dy, dτ), 0 ≤ s ≤ t.

By Itô’s formula for jump processes and the inequality (a + b)q − aq ≤ qb(a + b)q−1, 0 ≤
a ≤ b, q ≥ 1, applied with q = (α+ p)/2, we have

Y
α+p

2
s =

∫ s

0

∫
|y|≤R

((
Yτ− +H2

τ y
2
)α+p

2 − Y
α+p

2
τ−

)
µ(dy, dτ)

≤ α+ p

2

∫ s

0

∫
|y|≤R

H2
τ y

2
(
Yτ− +H2

τ y
2
)α+p−2

2 µ(dy, dτ)
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≤ α+ p

2
(2

α+p−4
2 ∨ 1)

∫ s

0

∫
|y|≤R

H2
τ y

2
(
Y

α+p−2
2

τ− + |Hτ |α+p−2 |y|α+p−2
)
µ(dy, dτ),

where we used in the last inequality the elementary bound (a+b)q ≤ (2q−1∨1) (aq + bq) , a, b ≥
0, q ≥ 0, applied with q = (α+ p− 2)/2. Denote Dα,p = 2

α+p−4
2 ∨ 1. Taking expectations

and using Hölder’s inequality, we get

E
[
Y

α+p
2

s

]
≤ Dα,p

(α+ p)(c− + c+)

2

(
R2−α

2− α

∫ s

0

E
[
H2
τ Y

α+p−2
2

τ

]
dτ +

Rp

p
‖H‖α+p

(α+p,s)

)
≤ Dα,p

(α+ p)(c− + c+)

2

(
R2−α

2− α

∫ s

0

E
[
|Hτ |α+p

] 2
α+p E

[
Y

α+p
2

τ

]α+p−2
α+p

dτ +
Rp

p
‖H‖α+p

(α+p,t)

)
.

Applying Lemma 5.3.1 with T = t,

g(s) := E
[
Y

α+p
2

s

]
, ψ(τ) := E

[
|Hτ |α+p

] 2
α+p , Kt := Dα,p

(α+ p)(c− + c+)Rp

2p
‖H‖α+p

(α+p,t)

and

ρ(x) := Dα,p
(α+ p)(c− + c+)R2−α

2(2− α)
x

α+p−2
α+p ,

and by using Hölder’s inequality to estimate
∫ t

0
ψ(τ)dτ , we obtain

g(t) ≤ Φ−1

(
Φ

(
Dα,p

(α+ p)(c− + c+)Rp

2p
‖H‖α+p

(α+p,t)

)
+ t

α+p−2
α+p ‖H‖2

(α+p,t)

)
,

where

Φ(x) :=

∫ x

0

dy

ρ(y)

=
2− α

Dα,p(c− + c+)R2−α x
2

α+p .

Hence we have

E
[
Y

α+p
2

t

]
≤

D
α+p

2
α,p (c− + c+)

α+p
2 R

(2−α)(α+p)
2

(2− α)
α+p

2

 (2− α)(α+ p)
2

α+pR
α(α+p−2)

α+p

D
α+p−2

α+p
α,p (c− + c+)

α+p−2
α+p (2p)

2
α+p

+ t
α+p−2

α+p


α+p

2

‖H‖α+p
(α+p,t).

Now, choose the truncation level

R =
x

‖H‖(α+p,t)

> 1.
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Since the assumption on x claims that

x
α(α+p−2)

α+p >
‖H‖

α(α+p−2)
α+p

(α+p,t) t
α+p−2

α+p D
α+p−2

α+p
α,p (c− + c+)

α+p−2
α+p (2p)

2
α+p

ε(2− α)(α+ p)
2

α+p

,

we establish the following bound on moments

E
[
Y

α+p
2

t

]
≤

Dα,p(c− + c+)(α+ p)(1 + ε)
α+p

2 ‖H‖α(α+p,t)

2p
xp.

Finally, plugging the latter inequality into (5.3.4) yields

P
(

sup
0≤s≤t

|X(R−)
s | ≥ x

2

)
≤

2α+pCα+pDα,p(c− + c+)(α+ p)(1 + ε)
α+p

2 ‖H‖α(α+p,t)

2pxα
,

and together with (5.2.7) and the choice of truncation level R = x/‖H‖(α+p,t) in (5.2.9)
and (5.3.3), Theorem 5.3.2 is proved.

Under further assumptions on Z and H, the process H ·Z is a time-changed stable
process and we get the following maximal inequality, which is asymptotically optimal in
terms of Lα-norm when ‖H‖Lα([0,t]) is bounded on Ω for all t ≥ 0:

Corollary 5.3.3. Let Z be a symmetric stable process of index α ∈ (1, 2) and Lévy
measure ν(dy) = c|y|−α−1dy, c > 0. Let H ∈ Bα with a.s. limt→+∞

∫ t
0
|Hs|αds = +∞.

Let p > 2 − α and ε > 0. Then there exists K := K(c, p, ε) > 0, independent of α, such
that for all t ≥ 0 and for all

xα >

∥∥∥∥∫ t

0

|Hs|α ds
∥∥∥∥
L∞(Ω)

(
2p

2
α+p

ε(2− α)(α+ p)
2

α+p

) α+p
α+p−2 (

2
α+p−4

2 ∨ 1
)
c,

we have the estimate

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
≤ K

xα

∥∥∥∥∫ t

0

|Hs|α ds
∥∥∥∥
L∞(Ω)

. (5.3.5)

Proof. By [73, Theorem 3.1], the process H · Z is a time-changed process of Z, i.e. we
have the identity a.s. ∫ t

0

HsdZs = Ẑτt , t ≥ 0,

where τ = (τt)t≥0 given by τt :=
∫ t

0
|Hs|αds is a time change process, and Ẑ is a symmetric

stable process defined on Ω and having the same distribution as Z. Since the symmetry
of Ẑ implies it is self-similar of index α, then so is the supremum process:(

sup
0≤s≤kt

Ẑs

)
t≥0

(d)
=

(
k

1
α sup

0≤s≤t
Ẑs

)
t≥0

, k > 0.
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Thus, denoting β(t) := ‖τt‖1/α
L∞(Ω), we have

P
(

sup
0≤s≤t

∣∣∣∣∫ s

0

HτdZτ

∣∣∣∣ ≥ x

)
= P

(
sup

0≤s≤t
|Ẑτs | ≥ x

)
≤ P

(
sup

0≤s≤τt
|Ẑs| ≥ x

)
≤ P

(
sup

0≤s≤β(t)α

|Ẑs| ≥ x

)

= P
(

sup
0≤s≤1

|Ẑs| ≥
x

β(t)

)
.

Finally, applying Theorem 5.3.2 withHs = 1 for all 0 ≤ s ≤ t = 1, the proof is complete.

Remark 5.3.4. If Z is a non-symmetric strictly stable process and H is positive and
satisfies further the hypothesis of Corollary 5.3.3 (resp. that of Theorem 5.4.2 below),
then the stable stochastic integral H · Z is still a time-changed process of Z. Thus,
applying in the proof above (resp. in the proof of Theorem 5.4.2) Theorem 3 in [57]
instead of Theorem 3.1 in [73], an estimate somewhat similar to that of Corollary 5.3.3
(resp. Theorem 5.4.2) can be established.

5.4 Small range maximal inequalities

In this part, we derive small range estimates in the unilateral case (5.1.2). Recently, Breton
and Houdré investigated in [21] small and intermediate range concentration for stable
random vectors. In particular, the small range behavior is covered by their Theorem 1,
whose small deviation rate is of order exp

(
−cαxα/(α−1)

)
for some positive cα depending on

α. Before proving a similar rate for suprema of stable stochastic integrals, let us establish
first the result for symmetric stable processes via Proposition 5.4.1 below. We point out
that using the scaling property, it is sufficient to get the result on the time interval [0, 1].

Proposition 5.4.1. Let Z be a symmetric stable process of index α ∈ (1, 2) and Lévy
measure ν(dy) = c|y|−α−1dy, c > 0. Then for all λ > λ0(α), where λ0(α) is the unique
solution of the equation

λ log

(
1 +

(2− α)λ

2c

)
=

4c

α
,

there exists x0(α, λ) > 0 such that for all 0 ≤ x ≤ x0(α, λ),

P
(

sup
0≤t≤1

Zs ≥ x

)
≤ 2c

α

(x
λ

) α
α−1

+ exp

−λ log
(
1 + (2−α)λ

2c

)
2

(x
λ

) α
α−1

 . (5.4.1)
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Proof. As in the proof of inequality (5.2.9), we have

P
(

sup
0≤t≤1

Zs ≥ x

)
≤ P

(
sup

0≤t≤1
Z(R+)
s > 0

)
+ P

(
sup

0≤t≤1
Z(R−)
s ≥ x

)
≤ 2c

αRα
+ P

(
sup

0≤t≤1
Z(R−)
s ≥ x

)
. (5.4.2)

The Lévy process Z(R−) is a martingale with jumps bounded by R, hence has expo-
nential moments, see e.g. [30, Proposition 3.14]. Moreover, the angle bracket process
< Z(R−), Z(R−) > is computed to be

< Z(R−), Z(R−) >t =

∫ t

0

∫
|y|≤R

y2 ν(dy)ds

=
2ct

2− α
R2−α

= vt(R)2.

Let φ(z) := z−2 (ez − z − 1) , z > 0, and define for all β > 0 the process S(β,R) by

S
(β,R)
t = exp

(
βZ

(R−)
t − β2φ(βR) < Z(R−), Z(R−) >t

)
, t ≥ 0.

By [56, Lemma 23.19], S(β,R) is a supermartingale for all β > 0. Thus, the exponential
Markov’s inequality yields

P
(

sup
0≤t≤1

Z(R−)
s ≥ x

)
≤ inf

β>0
P
(

sup
0≤t≤1

S
(β,R)
t ≥ exp

(
βx− β2v1(R)2φ(βR)

))
≤ inf

β>0
exp

(
−βx+ β2v1(R)2φ(βR)

)
= exp

(
x

R
−
(
x

R
+
v1(R)2

R2

)
log

(
1 +

Rx

v1(R)2

))
≤ exp

(
− x

2R
log

(
1 +

Rx

v1(R)2

))
= exp

(
− x

2R
log

(
1 +

(2− α)Rα−1x

2c

))
,

where in the latter inequality we used (1 + u) log(1 + u)− u ≥ u
2
log(1 + u), u ≥ 0, which

is equivalent to (1 + u/2) log(1 + u) ≥ u, u ≥ 0, established by a standard convexity
argument. Now, let the truncation level R be such that x = λR1−α for some λ > 0.
Plugging the last inequality into (5.4.2), we get

P
(

sup
0≤t≤1

Zs ≥ x

)
≤ 2c

α

(x
λ

) α
α−1

+ exp

−λ log
(
1 + (2−α)λ

2c

)
2

(x
λ

) α
α−1


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=: F

((x
λ

) α
α−1

)
. (5.4.3)

A necessary condition for the upper bound in (5.4.3) to make sense is that the real number

F
(
(x/λ)α/(α−1)

)
has to be smaller than 1, which is the case in a neighborhood of 0+ if

λ > λ0(α). Finally, choose x0(α, λ) > 0 such that F
(
(x0(α, λ)/λ)

α/(α−1)
)

= 1 to obtain

the maximum range of validity for the result.

Now, we can establish a small range maximal inequality for stable stochastic inte-
grals:

Theorem 5.4.2. Let Z be a symmetric stable process of index α ∈ (1, 2) and Lévy measure
ν(dy) = c|y|−α−1dy, c > 0, and let H ∈ Bα with a.s. limt→+∞

∫ t
0
|Hs|α ds = +∞. Then

for all λ > λ0(α), where λ0(α) is the unique solution of the equation

λ log

(
1 +

(2− α)λ

2c

)
=

4c

α
,

there exists x1(α, λ) > 0 such that for all 0 ≤ x ≤ x1(α, λ) and all t ≥ 0,

P
(

sup
0≤s≤t

∫ s

0

HτdZτ ≥ x

)

≤ 2c

α

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

+ exp

−λ log
(
1 + (2−α)λ

2c

)
2

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

 .

(5.4.4)

Proof. Following the proof of Corollary 5.3.3, we have by time change and scaling

P
(

sup
0≤s≤t

∫ s

0

HτdZτ ≥ x

)
≤ P

(
sup

0≤s≤1
Ẑs ≥

x

‖H‖L∞(Ω,Lα([0,t]))

)
,

where Ẑ is a symmetric stable process defined on Ω and having the same law as Z. Finally,
Proposition 5.4.1 applied to Ẑ achieves the proof.

Remark 5.4.3. For all ε > 0, let xε be the unique solution of the equation

2c

α

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

= ε exp

−λ log
(
1 + (2−α)λ

2c

)
2

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

 .

Then for all 0 ≤ x ≤ xε, the inequality (5.4.4) implies

P
(

sup
0≤s≤t

∫ s

0

HτdZτ ≥ x

)
≤ (1+ε) exp

−λ log
(
1 + (2−α)λ

2c

)
2

(
x

λ‖H‖L∞(Ω,Lα([0,t]))

) α
α−1

 .
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Thus, the order of the upper bound in (5.4.4) is exp
(
−cα

(
x/‖H‖L∞(Ω,Lα([0,t]))

)α/(α−1)
)
,

and is comparable to that in [21, Theorem 1] for Lipschitz functions of stable random
vectors.

Remark 5.4.4. The quantity x1(α, λ) in Theorem 5.4.2 can be given explicitly. Indeed,
let x∗0(α, λ) > 0 be the real number where the function F in (5.4.3) reaches its unique
minimum, i.e.

x∗0(α, λ)
α

α−1 =
2λ

1
α−1

log
(
1 + (2−α)λ

2c

) log

αλ log
(
1 + (2−α)λ

2c

)
4c

 < x0(α, λ)
α

α−1 ,

then choose x1(α, λ) = ‖H‖L∞(Ω,Lα([0,t])) x
∗
0(α, λ).

Remark 5.4.5. There is no optimal choice for the parameter λ in Theorem 5.4.2: on
the one hand, λ = λ0(α) achieves the best maximal inequality (5.4.4) but in this case the
domain for the deviation level x is empty; on the other hand, as λ increases, the domain
expands but in this case the maximal inequality (5.4.4) is the worst.

As an application of Theorem 5.4.2, let us recover the classical maximal inequality
in the Gaussian case, cf. Proposition 1.8 p.55 in [70].

Corollary 5.4.6. Let (Bt)t≥0 be a standard Brownian motion. Then the following maxi-
mal inequality holds

P
(

sup
0≤s≤t

Bs ≥ x

)
≤ exp

(
−x

2

2t

)
, x > 0, t ≥ 0.

Proof. Let (Xn)n≥2 be a sequence of symmetric stable processes of index αn = 2− 1/n
and Lévy measure νn(dy) = (2n)−1dy/|y|αn+1. Applying Theorem 5.4.2 to Xn, n ≥ 2, the
inequality (5.4.4) becomes for all 0 ≤ x ≤ x1(αn, λ), all λ > λ0(αn) and all t ≥ 0

P
(

sup
0≤s≤t

Xn
s ≥ x

)
≤ 1

2n− 1

(
x

λt
n

2n−1

) 2n−1
n−1

+ exp

(
−λ log (1 + λ)

2

(
x

λt
n

2n−1

) 2n−1
n−1

)
,

(5.4.5)

where

x1(α, λ)
2n−1
n−1 =

2(tλ)
n

n−1

log (1 + λ)
log

(
(n− 1

2
)λ log(1 + λ)

)
,

and λ0(αn) is the unique solution of the equation

λ log (1 + λ) =
2

2n− 1
.

Note that λ0(αn) converges to 0 and x1(αn, λ) to infinity as n goes to infinity. Denoting
D[0,+∞) the Skorohod space of real-valued càdlàg functions on [0,+∞) equipped with
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the Skorohod topology, the sequence of processes (Xn)n≥2 converges weakly in D[0,+∞)
as n→ +∞ to a standard Brownian motion (Bt)t≥0 (say), see e.g. Section 3 of Chapter VII
in [49]. Since the supremum functional is continuous on D[0,+∞), then the Continuous
Mapping Theorem p.20 in [12] implies

lim
n→+∞

P
(

sup
0≤s≤t

Xn
s ≥ x

)
= P

(
sup

0≤s≤t
Bs ≥ x

)
, x > 0, t ≥ 0.

Finally, letting n going to infinity and then λ to 0 in the right-hand-side of (5.4.5) yield
the result.

5.5 Estimates of first passage times of symmetric sta-

ble processes above positive continuous curves

In [1, 68], the authors investigate functional transformations related to first crossing prob-
lems for self-similar diffusions. More precisely, they show via a time change transformation
how the distribution of the first passage time of a Gauss-Markov process of Ornstein-
Uhlenbeck type can be deduced from the law of the first crossing time of a continuous
curve by a Brownian motion. In this part, we adapt this method in order to estimate the
first passage time of a symmetric stable process above several positive continuous curves,
by using the maximal inequalities of Section 5.2 and 5.3.
To do so, letXφ be a stable-Markov process of Ornstein-Uhlenbeck type of index α ∈ (0, 2)
and parameter φ, i.e. Xφ has the integral representation

Xφ
t := φ(t)

∫ t

0

dZs
φ(s)

, t ∈ [0, T ), T ∈ (0,+∞],

where Z is a symmetric stable process of index α and Lévy measure ν(dy) = c|y|−α−1dy,
c > 0, and φ is a positive C∞([0, T ))-function. Let also

T φx := inf{t ∈ [0, T ) : |Xφ
t | ≥ x}

be its first exit time of the centered ball of radius x. Given a positive continuous function
f such that f(0) 6= 0, define

T (f) := inf{t ≥ 0 : |Zt| ≥ f(t)}

as the first passage time of |Z| above f . Let us give a first lemma which states an identity
in law between first passage times:

Lemma 5.5.1. Let Xφ be a stable-Markov process of Ornstein-Uhlenbeck type of index
α ∈ (0, 2) and parameter φ. Assume that τt :=

∫ t
0

ds
φ(s)α < +∞ for all t ∈ [0, T ) and that

limt→T τt = +∞. Denote by τ−1 the inverse of τ and let hφ,τ be the function defined
on (0,+∞) by hφ,τ (t) = 1/(φ ◦ τ−1(t)). Then for all x > 0, we have the identity in
distribution

P
(
T φx ∈ dr

)
= P

(
τ−1

(
T (xhφ,τ )

)
∈ dr

)
, r ∈ [0, T ).
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Proof. By [73, Theorem 3.1], the process Xφ rewrites as a time-changed symmetric
stable process, i.e. we have a.s.

Xφ
t = φ(t)Ẑτt , t ∈ [0, T ),

where Ẑ is a symmetric stable process defined on the same probability space as Z and
having the same distribution. Thus, we have for all r ∈ [0, T )

P
(
T φx ≤ r

)
= P

(
inf{t ∈ [0, T ) : |Xφ

t | ≥ x} ≤ r
)

= P
(

inf

{
t ∈ [0, T ) : |Ẑτt| ≥

x

φ(t)

}
≤ r

)
= P

(
τ−1

(
T (xhφ,τ )

)
≤ r
)
.

Now, we establish via an integration by parts formula several maximal inequalities
for stable-Markov processes of Ornstein-Uhlenbeck type:

Lemma 5.5.2. Let Xφ be a stable-Markov process of Ornstein-Uhlenbeck type of index
α ∈ (0, 2) and parameter φ. Let t ∈ [0, T ). Then we have the support estimate

P
(

sup
0≤s≤t

|Xφ
s | < y

)
≤ exp

(
− ct

α2α−1yα

)
, y > 0. (5.5.1)

If α ∈ (0, 1], then we have the maximal inequality

P
(

sup
0≤s≤t

|Xφ
s | ≥ x

)
≤ 4ct

αxα

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(τ)

φ(τ)2
dτ

∥∥∥∥
L∞([0,t])

)α

, x > 0, (5.5.2)

whereas if α ∈ (1, 2), then for all

xα >
tc

(2− α)
α+1
α−1

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(τ)

φ(τ)2
dτ

∥∥∥∥
L∞([0,t])

)
,

we have

P
(

sup
0≤s≤t

|Xφ
s | ≥ x

)
≤ Kct

xα

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(τ)

φ(τ)2
dτ

∥∥∥∥
L∞([0,t])

)α

, (5.5.3)

where Kc > 0 only depends on c.

Proof. Fix t ∈ [0, T ) and y > 0. If a.s. the path of the process Xφ lies in the
interval (−y, y) up to time t, then there are no jumps of magnitude larger than 2y before
time t, so that we have the set inclusion

{
sup0≤s≤t |Xφ

s | < y
}
⊂
{
sup0≤s≤t |∆Xφ

s | < 2y
}
.

Moreover, the process Xφ has the same jumps as the process Z by definition. Thus, if
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T 2y
1 denotes the first jump time on the set {z ∈ R : |z| > 2y} of the Poisson process

(µ ({z ∈ R : |z| > 2y} × [0, t]))t∈[0,T ), then we have

P
(

sup
0≤s≤t

|Xφ
s | < y

)
≤ P

(
sup

0≤s≤t
|∆Xφ

s | < 2y

)
= P

(
sup

0≤s≤t
|∆Zs| < 2y

)
≤ P

(
T 2y

1 > t
)

= exp (−tν ({z ∈ R : |z| ≥ 2y}))

= exp

(
− 2ct

α(2y)α

)
,

where in the second equality we used that T 2y
1 is exponentially distributed with parameter

ν ({z ∈ R : |z| > 2y}). The support estimate (5.5.1) is proved.
Now, we establish (5.5.2) and (5.5.3). By the classical integration by parts formula for
semimartingales, cf. [30, Proposition 8.11], we have∫ t

0

dZs
φ(s)

=
Zt
φ(t)

−
∫ t

0

Zs−d

(
1

φ

)
(s)

=
Zt
φ(t)

+

∫ t

0

φ′(s)Zs
φ(s)2

ds.

Hence, the process Xφ rewrites as

Xφ
t = Zt + φ(t)

∫ t

0

φ′(s)

φ(s)2
Zs ds, t ∈ [0, T ). (5.5.4)

Denote At :=
∥∥∥φ(·)

∫ ·
0
φ′(τ)
φ(τ)2

dτ
∥∥∥
L∞([0,t])

and let us distinguish two cases:

• if α ∈ (0, 1], then following the proof of inequality (5.2.11) but restricted to the
symmetric stable process Z yields the inequality

P
(

sup
0≤s≤t

|Zs| ≥ x

)
≤ 4ct

αxα
.

Thus, together with (5.5.4), we have

P
(

sup
0≤s≤t

|Xφ
s | ≥ x

)
≤ P

(
sup

0≤s≤t
|Zs| ≥

x

1 + At

)
≤ 4ct(1 + At)

α

αxα
;

• if α ∈ (1, 2), then Corollary 5.3.3 applied with e.g. p = 1 and ε = 2(α−1)/(α+1),
together with (5.5.4) show that there exists Kc > 0, which only depends of c, such that

P
(

sup
0≤s≤t

|Xφ
s | ≥ x

)
≤ P

(
sup

0≤s≤t
|Zs| ≥

x

1 + At

)
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≤ Kct(1 + At)
α

xα

for all xα > (tc(1 + At)
α)/((2− α)(α+1)/(α−1)).

Remark 5.5.3. The support estimate (5.5.1) is independent of φ and thus is similar to
that of a symmetric stable process.

Remark 5.5.4. No time change techniques are required in the proof of Lemma 5.5.2
but just the integration by parts formula which entails (5.5.4). However, if we assume
τt :=

∫ t
0

ds
φ(s)α < +∞, t ∈ [0, T ), with τt → +∞ as t→ T and that φ is non-decreasing on

[0, T ), then time change, scaling and Corollary 5.3.3 entail for sufficiently large x

P
(

sup
0≤s≤t

|Xφ
s | ≥ x

)
≤ P

(
sup

0≤s≤t
|Ẑτs | ≥

x

φ(t)

)
≤ P

(
sup

0≤s≤1
|Ẑs| ≥

x

φ(t)τ
1
α
t

)

≤ Kc

xα
φ(t)α

∫ t

0

ds

φ(s)α
.

Now, we are able to state the main result of this part:

Theorem 5.5.5. Let Z be a symmetric stable process of index α ∈ (0, 2) and Lévy
measure ν(dy) = c|y|−α−1dy, c > 0. Let φ be a positive C∞ ([0, T ))-function such that
τt :=

∫ t
0

ds
φ(s)α < +∞ for all t ∈ [0, T ) and that limt→T τt = +∞. Denote by τ−1 the

inverse of τ and by hφ,τ the function defined on (0,+∞) by hφ,τ (t) := 1/(φ ◦ τ−1(t)).
Then for all x > 0,

P
(
T (xhφ,τ ) > r

)
≤ exp

(
− 2cτ−1

r

α(2x)α

)
, r > 0. (5.5.5)

If α ∈ (0, 1], then for all x > 0, we have

P
(
T (xhφ,τ ) ≤ r

)
≤ 4cτ−1

r

αxα

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(t)

φ(t)2
dt

∥∥∥∥
L∞([0,τ−1

r ])

)α

, r > 0, (5.5.6)

whereas if α ∈ (1, 2), then there exists Kc > 0, which only depends of c, such that for all
x > 0 and for all 0 ≤ r < r0(α, x), we have

P
(
T (xhφ,τ ) ≤ r

)
≤ Kcτ

−1
r

xα

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(t)

φ(t)2
dt

∥∥∥∥
L∞([0,τ−1

r ])

)α

, (5.5.7)

where r0(α, x) is the unique solution of the equation

(2− α)
α+1
α−1xα = cτ−1

r

(
1 +

∥∥∥∥φ(·)
∫ ·

0

φ′(t)

φ(t)2
dt

∥∥∥∥
L∞([0,τ−1

r ])

)α

.

Proof. It is sufficient to apply Lemma 5.5.1 and Lemma 5.5.2.
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Thus, given φ, the quantity in the right-hand-side of the inequalities (5.5.5), (5.5.6)
and (5.5.7) can be computed explicitly. Let us give two applications of Theorem 5.5.5.
If φ(t) := e−λt for λ > 0 and T = +∞, then Xφ is the stable Ornstein-Uhlenbeck process
of index α. Therefore, a direct computation in Theorem 5.5.5 implies the

Corollary 5.5.6. Let Z be a symmetric stable process of index α ∈ (0, 2) and Lévy
measure ν(dy) = c|y|−α−1dy, c > 0. Letting fα,x,λ (t) := x(1 + λαt)1/α, t ≥ 0, λ > 0, we
have for all x > 0

P (inf{t ≥ 0 : |Zt| ≥ fα,x,λ (t)} > r) ≤ 1

(1 + λαr)
c

λ α22α−1xα
, r > 0.

If α ∈ (0, 1], then for all x > 0 and all r > 0,

P (inf{t ≥ 0 : |Zt| ≥ fα,x,λ (t)} ≤ r) ≤ 4c(2− (1 + λαr)−
1
α )α log(1 + λαr)

λα2xα

≤ 16cr

αxα
.

Finally, if α ∈ (1, 2), then for all x > 0 and for all 0 ≤ r < r0(α, x, λ), we have the
estimate

P (inf{t ≥ 0 : |Zt| ≥ fα,x,λ (t)} ≤ r) ≤ (2− (1 + λαr)−
1
α )α log(1 + λαr)Kc

λαxα

≤ 4rKc

xα
,

where Kc is the constant of Theorem 5.5.5 and r0(α, x, λ) is the unique solution of the
equation

λαxα =
c(2− (1 + λαr)−

1
α )α (log(1 + λαr))

(2− α)
α+1
α−1

.

Now, we present the case of the stable bridge. Given a symmetric stable process
Z = (Zt)t≥0 of index α ∈ (0, 2), there exists a Markov process X(br) = (X

(br)
t )0≤t≤T

starting from 0 and ending in 0 at a finite time horizon T , such that its distribution Q is
given by

dQ|F t
=
pT−t(−Xt)

pT (0)
dP|F t , t ∈ (0, T ),

where pt is a version everywhere positive of the distribution of the stable random variable
Zt, see [10, Chapter VIII]. The processX(br) is called a stable bridge. By e.g. Exercise 12.2
in [84], X(br) is the unique solution of the linear equation

X
(br)
t = Zt −

∫ t

0

X
(br)
s

T − s
ds, t ∈ (0, T ),
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which rewrites by the integration by parts formula of Proposition 8.11 in [30] as

X
(br)
t = (T − t)

∫ t

0

dZs
T − s

ds, t ∈ (0, T ).

Hence, the stable bridge X(br) is a stable-Markov process of Ornstein-Uhlenbeck type with
parameter φ given by φ(t) = T − t, t ∈ [0, T ]. Thus, using Theorem 5.5.5, we get the

Corollary 5.5.7. Let Z be a symmetric stable process of index α ∈ (1, 2) and Lévy
measure ν(dy) = c|y|−α−1dy, c > 0. Letting gα,x,T (t) := x(T 1−α + (α − 1)t)1/(α−1), t ≥ 0,
we have for all x > 0 and all r > 0

P (inf{t ≥ 0 : |Zt| ≥ gα,x,λ (t)} > r) ≤ exp
(
− c

α2α−1xα

(
T − (T 1−α + (α− 1)r)

1
1−α

))
= exp

(
−c(Tgα,x,T (r)− x)

α2α−1gα,x,T (r)xα

)
,

whereas for all x > 0 and for all 0 ≤ r < r0(α, x, T ), we have

P (inf{t ≥ 0 : |Zt| ≥ gα,x,T (t)} ≤ r) ≤ Kc(Tgα,x,T (r)− x)(2Tgα,x,T (r)− x)α

Tαgα,x,T (r)α+1xα

≤ 4TKc

xα
,

where Kc is the constant of Theorem 5.5.5 and r0(α, x, λ) is the unique solution of the
equation

(2− α)
α+1
α−1Tαgα,x,T (r)α+1xα = c(Tgα,x,T (r)− x)(2Tgα,x,T (r)− x)α.

Remark 5.5.8. In the latter corollary, only the case α ∈ (1, 2) is considered, since
the time change techniques we use in the proof of Theorem 5.5.5 are not satisfied when
α ∈ (0, 1).



Chapitre 6

A convex domination principle for
dependent Brownian and stable
stochastic integrals

Ce chapitre fait l’objet d’un article en préparation, écrit avec Yutao Ma.

Abstract

Based on the forward-backward stochastic calculus developed in [59], we show in this
note that under some boundedness assumptions, the sum of correlated Brownian and
stable stochastic integrals is convex dominated by the independent sum of Gaussian and
symmetric stable random variables.

6.1 Introduction

A real random variable X is said to be convex dominated by another real random variable
Y if we have

E [φ(X)] ≤ E [φ(Y )] , (6.1.1)

for any integrable convex function φ. Such a domination principle between random vari-
ables may be seen as a generalization of the classical moment inequalities developed in the
theory of stochastic processes and entail many interesting results, among them Doob’s and
Burkholder’s inequalities for martingales, Orlicz embeddings and deviation inequalities,
see for instance [32, 59]. Recently, such a problem has been considered by Klein in his
PhD thesis [58]. More precisely, using some stochastic calculus techniques, he showed that
under several boundedness assumptions, a stochastic integral driven by a point process is
convex dominated by a centered Poisson random variable whose intensity depends on the
characteristics of the previous stochastic integral. This result has been extended in [59]
to the general framework of martingales with jumps. In particular, they considered the

135
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case of Poisson random measures and derived a convex domination principle contained
in their Theorem 5.1, which is stated as follows: a centered random variable admitting
a representation in terms of dependent Brownian and compensated Poisson stochastic
integrals, is convex dominated by the independent sum of centered Gaussian and Poisson
random variables, provided some boundedness and moment assumptions are made on
the integrated processes. However, the analysis does not concern for instance the case
of martingales with unbounded jumps and infinite variance. Hence, the purpose of this
note is to extend such a result by replacing the driving compensated Poisson process by
a symmetric stable process whose sample paths are of infinite variation. Our approach
relies on the Itô’s formula for forward-backward martingales introduced in [59] and allows
us to decouple the pair of Brownian and stable stochastic integrals.

6.2 Main result

Consider on a probability space (Ω,F ,P) a real standard Brownian motion (Wt)t≥0 which
is non-necessarily independent of a symmetric stable process (Zt)t≥0 of index α ∈ (1, 2)
and with stable Lévy measure defined on R \ {0} by

σ(dx) :=
cdx

|x|α+1
, c > 0. (6.2.1)

Denoting the filtration FW,Z
t := σ (Ws, Zs : 0 ≤ s ≤ t), t ≥ 0, we assume in the remainder

of the paper that the Lévy processes (Wt)t≥0 and (Zt)t≥0 are (FW,Z
t )t≥0-martingales. In

other words, the latter condition states that the increments of (Wt)t≥0 are independent of
the past of (Zt)t≥0, and reciprocally. Let F be a random variable having the representation

F − E[F ] =

∫ +∞

0

HtdWt +

∫ +∞

0

KtdZt, (6.2.2)

where the bounded processes (Ht)t≥0 ∈ L∞(Ω, L2(0,+∞)) and (Kt)t≥0 ∈ L∞(Ω, Lα(0,+∞))
are (FW,Z

t )t≥0-predictable. We assume moreover that (Kt)t≥0 ∈ L2(Ω× (0,+∞)) so that
the random variable

∫ +∞
0

KtdZt is well-defined as a stochastic integral with respect to
the Lévy-Itô decomposition of the stable process (Zt)t≥0. Let Sp,α be the set of con-
vex functions on R with at most polynomial growth of order p ∈ (0, α) at infinity, i.e.
lim|x|→+∞ |x|−p |φ(x)| < +∞. The main result of this note, whose proof is given in the
next section, is the following

Theorem 6.2.1. There exists a Gaussian random variable W̃β1 with variance

β1 :=

∥∥∥∥∫ +∞

0

|Ht|2dt
∥∥∥∥
∞
,

independent of a symmetric stable random variable Z̃β2 of index α and with Lévy measure
given on R \ {0} by

σ̃(dx) :=
β2c̃dx

|x|α+1
, with 0 < c ≤ c̃ and β2 :=

∥∥∥∥∫ +∞

0

|Kt|αdt
∥∥∥∥
∞
,
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such that for any φ ∈ Sp,α, we have the convex domination inequality

E [φ(F − EF )] ≤ E
[
φ
(
W̃β1 + Z̃β2

)]
. (6.2.3)

Remark 6.2.2. Note that the processes (Wt)t≥0 and (Zt)t≥0 in the predictable represen-
tation of the random variable F are correlated, whereas the Gaussian and the symmetric
stable random variables in the right-hand-side of (6.2.3) are independent. Hence the con-
vex domination inequality (6.2.3) allows us to decouple the dependent pair (Wt, Zt)t≥0.

6.3 Proof of Theorem 6.2.1

Before proceeding to the proof of Theorem 6.2.1, let us introduce some notation and
preliminary results on the forward-backward stochastic calculus recently developed in
[59].

6.3.1 Forward-backward stochastic calculus

We endow the probability space (Ω,F ,P) with an increasing filtration (Ft)t≥0 and a
decreasing filtration (F∗

t )t≥0, and we consider a (Ft)t≥0-martingale (Xt)t≥0 and a backward
(F∗

t )t≥0-martingale (X∗
t )t≥0. For the sake of briefness, the (forward) processes considered

in the remainder of this section are supposed to be right-continuous with left limits,
whereas the backward martingales are naturally supposed to be left-continuous with right
limits. We denote in the sequel by (Xc

t )t≥0, (X∗c
t )t≥0, the continuous parts of the processes

(Xt)t≥0, (X∗
t )t≥0, respectively. Let

∆Xs := Xs −Xs−, and ∆∗X∗
s := X∗

s −X∗
s+,

be the respective forward and backward jump sizes at time s > 0 and we denote by νX ,
νX∗ , the (Ft)t≥0-, (F∗

t )t≥0-, dual predictable projections of the jumping measures µX , µX∗ ,
of the martingales (Xt)t≥0, (X∗

t )t≥0, respectively. Define as the limits in probability the
quadratic variations

[X,X]t := lim
n→+∞

n∑
i=1

|Xtni
−Xtni−1

|2 and [X∗, X∗]t := lim
n→+∞

n−1∑
i=0

|X∗
tni
−X∗

tni+1
|2,

for all refining subdivisions (tni )i=0,...,n of the time interval [0, t], and denote the continuous
brackets

〈Xc, Xc〉t := [X,X]t −
∑

0<s≤t

|∆Xs|2 and 〈X∗c, X∗c〉t := [X∗c, X∗c]t −
∑

0≤s<t

|∆∗X∗
s |2.

According to the terminology of [48, 59], the pairs

(νX(dt, dx), 〈Xc, Xc〉t) and (νX∗(dt, dx), 〈X∗c, X∗c〉t)

are called the local characteristics of the processes (Xt)t≥0 and (X∗
t )t≥0, respectively.
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Remark 6.3.1. Note that the bracket processes ([X,X]t)t≥0, (〈Xc, Xc〉t)t≥0, ([X∗, X∗]t)t≥0

and (〈X∗c, X∗c〉t)t≥0 are (Ft)t≥0-adapted but not (F∗
t )t≥0-adapted.

Now, let us quote Theorem 8.1 in [59], which is an Itô’s type formula for forward-
backward martingales:

Lemma 6.3.2. Let (Xt)t≥0, (X∗
t )t≥0, be a (F∗

t )t≥0-adapted (Ft)t≥0-martingale and a
(Ft)t≥0-adapted (F∗

t )t≥0-backward martingale, respectively. Then for any real-valued func-
tion f ∈ C2(R2), we have the Itô’s formula:

f(Xt, X
∗
t ) = f(X0, X

∗
0 ) +

∫ t

0+

∂f

∂x1

(Xs−, X
∗
s )dXs +

1

2

∫ t

0+

∂2f

∂x2
1

(Xs−, X
∗
s )d〈Xc, Xc〉s

−
∫ t−

0

∂f

∂x2

(Xs, X
∗
s+)d∗X∗

s −
1

2

∫ t−

0

∂2f

∂x2
2

(Xs, X
∗
s+)d〈X∗c, X∗c〉s

+
∑

0<s≤t

(
f(Xs− + ∆Xs, X

∗
s )− f(Xs−, X

∗
s )−∆Xs

∂f

∂x1

(Xs−, X
∗
s )

)
−
∑

0≤s<t

(
f(Xs, X

∗
s+ + ∆∗X∗

s )− f(Xs, X
∗
s+)−∆∗X∗

s

∂f

∂x2

(Xs, X
∗
s+)

)
,

where d and d∗ are the forward and backward Itô’s differential, respectively, and the integral
with respect to (〈X∗c, X∗c〉t)t≥0 is defined as a Stieltjes integral with respect to an (non-
necessarily (F∗

t )t≥0-adapted) increasing process.

Remark 6.3.3. As noticed in [59], The crossing adaptedness assumption of Lemma 6.3.2
allows us to define properly the forward and the backward Itô’s stochastic integrals.

6.3.2 Integrability of convex functions

In order for the convex domination principle of Theorem 6.2.1 to make sense, we have
first to establish the following integrability property of convex functions in Sp,α.

Lemma 6.3.4. If the random variable F has the representation (6.2.2), then for any
φ ∈ Sp,α, the random variable φ(F − EF ) is integrable.

Proof. Let φ ∈ Sp,α. By the continuity of the convex function φ, we only have to
check its integrability at infinity. Thus, it is sufficient to show that the centered random
variable F − E[F ] has a finite moment of order p ∈ (0, α). Since the process (Ht)t≥0 ∈
L2(Ω × (0,+∞)), we only have to verify the latter condition for the random variable∫ +∞

0
KtdZt, and up to a conditioning argument, for the random variable

∫ T
0
KtdZt, where

T > 0 is a fixed time horizon. We have

E
[∣∣∣∣∫ T

0

KtdZt

∣∣∣∣p] =

∫ +∞

0

P
(∣∣∣∣∫ T

0

KtdZt

∣∣∣∣ ≥ x1/p

)
dx

≤
∫ +∞

0

P
(

sup
0≤s≤T

∣∣∣∣∫ s

0

KtdZt

∣∣∣∣ ≥ x1/p

)
dx.
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By the maximal inequality (2.11) in [51], there exists a constant Dα > 0 depending on α

such that for any x > E
[∫ T

0
|Kt|2dt

]p/2
, we have

P
(

sup
0≤s≤T

∣∣∣∣∫ s

0

KtdZt

∣∣∣∣ ≥ x1/p

)
≤ Dα

xα/p
E
[∫ T

0

|Kt|2dt
]α/2

.

Hence, denoting x0 := E
[∫ T

0
|Kt|2dt

]p/2
, we obtain

E
[∣∣∣∣∫ T

0

KtdZt

∣∣∣∣p] ≤ x0 +DαE
[∫ T

0

|Kt|2dt
]α/2 ∫ +∞

x0

dx

xα/p
,

which is finite provided 0 < p < α. The proof is complete.

6.3.3 Proof of Theorem 6.2.1

We are able to start the proof of the main Theorem 6.2.1, which is divided into several
steps. First, we have to introduce a forward and a backward martingales (relying on the
representation of the random variable F ) with respect to an increasing and a decreasing
filtration, respectively. Then we identify their local characteristics and take expectation
in the Itô’s formula for forward-backward martingales. Finally, we get the result by a
limiting argument.
Let (W̃t)t≥0 be a standard Brownian motion independent of a symmetric stable process
(Z̃t)t≥0 of index α and with Lévy measure given on R \ {0} by σ̃(dx) := c̃|x|−α−1dx. We
assume that both processes are independent of the filtration (FW,Z

t )t≥0. Consider the
(FW,Z

t )t≥0-martingale (Xt)t≥0 given by

Xt := E[F − EF |FW,Z
t ], t ≥ 0.

By assumption, the symmetric stable process (Zt)t≥0 is a martingale with respect to the

filtration (FW,Z
t )t≥0, and so is the stochastic integral (

∫ t
0
KsdZs)t≥0, since it is constructed

as the L1-limit of square-integrable martingales. Using a similar argument for the Brow-
nian part, one deduces that the martingale (Xt)t≥0 is identified as

Xt =

∫ t

0

HsdWs +

∫ t

0

KsdZs, t ≥ 0.

Define the enlarged filtration (Ft)t≥0 as

Ft := FW,Z
t ∨ σ(W̃s, Z̃s : s ≥ 0), t ≥ 0,

then the process (Xt)t≥0 is still a martingale with respect to (Ft)t≥0. Denote the contin-
uous increasing processes

γt :=

∫ t

0

|Hs|2ds and τt :=

∫ t

0

|Ks|αds, t ≥ 0,
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and consider the time-changed process

X∗
t = W̃β1 − W̃γt + Z̃β2 − Z̃τt , t ≥ 0.

Finally, we endow the probability space (Ω,F ,P) with the decreasing filtration given by

F∗
t := σ(W̃β1 − W̃γs , Z̃β2 − Z̃τs : s ≥ t) ∨ FW,Z

∞ , t ≥ 0.

Note that the correlated processes (Xt)t≥0 and (X∗
t )t≥0 are (F∗

t )t≥0- and (Ft)t≥0-adapted,
respectively, and their dependence is given through (γt)t≥0 and (τt)t≥0.
On the one hand, the independent processes (W̃t)t≥0 and (Z̃t)t≥0 are both independent of
the (FW,Z

t )t≥0-measurable time-change processes (γt)t≥0 and (τt)t≥0. On the other hand,
they are centered and have independent increments. Hence, the process (X∗

t )t≥0 is a
(F∗

t )t≥0-backward martingale.
Now, let us identify the local characteristics of the martingales (Xt)t≥0 and (X∗

t )t≥0. First,
the continuous brackets are the same, i.e.

d〈Xc, Xc〉t = |Ht|2d〈W,W 〉t = |Ht|2dt, t ≥ 0,

and
d〈X∗c, X∗c〉t = d〈W̃ , W̃ 〉γt = dγt = |Ht|2dt,

cf. Proposition 1.15 p.173 in [70].
If we set Yt :=

∫ t
0
KsdZs, t ≥ 0, then the following change of variables formula∫ t

0

∫ +∞

−∞
(f(Ys +Ksx)− f(Ys)−Ksxf

′(Ys))
dxds

|x|α+1

=

∫ t

0

∫ +∞

−∞
(f(Ys + y)− f(Ys)− yf ′(Ys)) |Ks|α

dyds

|y|α+1
, t ≥ 0,

available for any real-valued function f ∈ C1(R), allows us to identify the local charac-
teristics of the jump parts of (Xt)t≥0 as

νX(dt, dx) = νY (dt, dx) = |Kt|α dt σ(dx),

whereas we have by Theorem 10.27 (b),(e) in [48]:

νX∗(dt, dx) = dτt σ̃(dx) = |Kt|α dt σ̃(dx).

Assume without loss of generality that the convex function φ ∈ C2(R), since any convex
function can be approximated by an increasing sequence of C2(R) convex functions. Us-
ing the Itô’s formula of Lemma 6.3.2 and taking then expectation, which is allowed by
Lemma 6.3.4 since φ ∈ Sp,α, we get for any 0 ≤ s ≤ t:

E [φ(Xt +X∗
t )]− E [φ(Xs +X∗

s )]

= E
[∫ t

s

φ′(Xu +X∗
u)d〈Xc, Xc〉u

]
− E

[∫ t

s

φ′(Xu +X∗
u)d〈X∗c, X∗c〉u

]
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+E
[∫ t

s

∫ +∞

−∞
(φ(Xu +X∗

u + x)− φ(Xu +X∗
u)− xφ′(Xu +X∗

u)) νX(du, dx)

]
−E

[∫ t

s

∫ +∞

−∞
(φ(Xu +X∗

u + x)− φ(Xu +X∗
u)− xφ′(Xu +X∗

u)) νX∗(du, dx)

]
= E

[∫ t

s

∫ +∞

−∞

∫ 1

0

(1− τ)x2φ′′(Xu +X∗
u + τx)|Ku|α

(c− c̃)

|x|α+1
dτdxdu

]
.

By the convexity of φ, the second derivative φ′′ is non-negative and according to the
comparison assumption on the weights 0 < c ≤ c̃, one deduces that the function t 7→
E [φ(Xt +X∗

t )] is non-increasing on R+. Since we have the null projection E
[
X∗
t |F

W,Z
t

]
=

0 for any t ≥ 0, we obtain by Jensen’s inequality

E
[
φ
(
E
[
F − E[F ]|FW,Z

t

])]
= E[φ(Xt)]

≤ E[φ(Xt +X∗
t )]

≤ E[φ(X∗
0 )]

= E
[
φ
(
W̃β1 + Z̃β2

)]
.

Letting t going to infinity in the left-hand-side above achieves the proof of the Theo-
rem 6.2.1.
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Annexe A

Concentration markovienne et calcul
chaotique

Nous nous intéressons dans cette partie annexe à la généralisation en dimen-
sion infinie du phénomène de concentration de processus de naissance et de mort. Plus
précisément, nous établissons une inégalité de déviation de type Poisson pour des fonc-
tionnelles de la trajectoire d’un processus de naissance et de mort en utilisant un calcul
chaotique. Récemment, quelques auteurs ont employé ce type de techniques afin d’établir
des résultats de concentration pour des fonctionnelles de martingales normales à sauts sat-
isfaisant la Propriété de Représentation Chaotique (en bref PRC) et dont le gradient de
Malliavin, défini en abaissant le degré des intégrales stochastiques multiples engendrées
par ces martingales normales, est borné dans un sens à préciser. Citons par exemple
l’approche par des identités de covariance dans les articles [21, 22, 44], ou encore celle par
des inégalités de Sobolev logarithmiques et la méthode de Herbst [83]. Néanmoins, on
ne connâıt pas l’interprétation probabiliste du gradient de Malliavin en dehors du cas à
accroissements indépendants (cas brownien, cas Poisson et cas mixte brownien-Poisson),
c’est-à-dire que l’on ne dispose pas en général d’expression explicite de ce gradient agissant
sur des fonctionnelles cylindriques. La méthode que nous privilégions dans cette partie
repose sur un calcul chaotique que l’on développe pour des processus de naissance et de
mort, d’après les travaux de Biane [11] à propos de la PRC pour des châınes de Markov
à temps continu générales. En utilisant une formule de Clark-Ocone valable pour toute
fonctionnelle de carré intégrable, ainsi que des techniques de martingales similaires à celles
utilisées dans les chapitres 3 et 4 de la thèse, l’inégalité de déviation de type Poisson que
nous établissons est comparable à celles démontrées par exemple dans les travaux [44, 83]
sur l’espace de Poisson. Cependant, les hypothèses de type Lipschitz que nous imposons
sont différentes car nous supposons seulement que la projection prévisible de l’opérateur
de gradient, qui peut être calculée explicitement dans certains cas, est bornée, alors que
l’expression du gradient reste inconnue.

Introduisons à présent le contexte de notre étude. Considérons un processus de
naissance et de mort stable et conservatif (Xt)t≥0 à valeurs entières et muni de sa filtration
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naturelle (F t)t≥0. Son générateur infinitésimal L est donné par

Lf(x) = λx(f(x+ 1)− f(x)) + νx(f(x− 1)− f(x)), x ∈ N,

et l’on suppose dans la suite que les fonctions de taux λ et ν sont strictement positives
avec ν0 = 0, et minorées par un nombre strictement positif :

λ∗ := inf
x∈N

λx > 0, ν∗ := inf
x≥1

νx > 0.

Définissons les processus

M
(1)
t :=

∑
s≤t

λ
−1/2
Xs−

1{∆Xs=1} −
∫ t

0

λ
1/2
Xs
ds, M

(−1)
t :=

∑
s≤t

ν
−1/2
Xs−

1{∆Xs=−1} −
∫ t

0

ν
1/2
Xs
ds,

correspondant respectivement aux sauts positifs et négatifs de la châıne (Xt)t≥0. Biane a
démontré le

Lemme A.0.1. ([11, lemme 1]) Les processus (M
(1)
t )t≥0 et (M

(−1)
t )t≥0 sont des martin-

gales normales au sens de Meyer, c’est-à-dire

〈M (i),M (j)〉t = δijt, i, j = 1,−1.

Lorsque la variable initiale X0 est déterministe, ce que l’on suppose dans la suite
de cette partie, les deux martingales (M

(1)
t )t≥0 et (M

(−1)
t )t≥0 engendrent aussi la filtration

(F t)t≥0. Ainsi, toute variable aléatoire qui est une fonction des trajectoires de ces deux
martingales est aussi une fonction de celle du processus de naissance et de mort originel
(Xt)t≥0. L’idée est donc d’introduire un calcul chaotique pour les martingales normales
précédentes afin d’en déduire un résultat de concentration pour des fonctionnelles de la
trajectoire du processus (Xt)t≥0.

Quelques éléments de calcul chaotique

Notons l’espace à deux points E = {−1, 1} et considérons l’espace de Hilbert L2(E×R+)
muni du produit scalaire

〈f, g〉 :=
∑
z∈E

∫ +∞

0

f(z, t)g(z, t)dt.

On désigne par L2
s((E × R+)n) le sous-espace de L2((E × R+)n) constitué des fonctions

symétriques fn en leurs n variables couples, i.e. pour toute permutation σ dans le groupe
symétrique Sn d’ordre n, on a

fn((z1, t1), . . . , (zn, tn)) = fn
(
(zσ(1), tσ(1)), . . . , (zσ(n), tσ(n))

)
.

Pour t > 0, on note ∆t
n := {((z1, t1), . . . , (zn, tn)) ∈ (E×R+)n : ti ∈ [0, t], i = 1, . . . , n} et

pour toute fonction fn ∈ L2
s((E × R+)n), on définit l’intégrale stochastique multiple par

In(fn) := n!
∑

(z1,...,zn)∈En

∫ +∞

0

∫ tn

0

· · ·
∫ t2

0

fn((z1, t1), . . . , (zn, tn))dM
(z1)
t1 · · · dM (zn)

tn
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= n
∑
z∈E

∫ +∞

0

In−1

(
fn(∗1∆t

n−1
(∗), (z, t))

)
dM

(z)
t .

Si fn ∈ L2((E × R+)n), on note In(fn) := In(f̂n), où f̂n désigne la fonction symétrisée de
fn, c’est-à-dire

f̂n((z1, t1), . . . , (zn, tn)) :=
1

n!

∑
σ∈Sn

fn
(
(zσ(1), tσ(1)), . . . , (zσ(n), tσ(n))

)
.

Comme cas particulier du résultat principal de l’article de Biane [11], valable pour des

châınes de Markov à temps continu plus générales, les martingales normales (M
(1)
t )t≥0 et

(M
(−1)
t )t≥0 satisfont la PRC suivante :

Théorème A.0.2. Toute variable aléatoire de carré intégrable F ∈ L2(Ω) := L2(Ω,F∞,P)
peut s’écrire comme la somme infinie d’intégrales stochastiques multiples

F = E[F ] +
∑
n≥1

In(fn),

où les fonctions fn ∈ L2((E × R+)n) dépendent éventuellement de la condition initiale
déterministe X0.

Parallèlement aux cas des espaces de Wiener et de Poisson, l’opérateur In définit
une isométrie de L2((E ×R+)n) dans l’espace vectoriel engendré par les intégrales multi-
ples In(fn), fn ∈ L2((E × R+)n), dit chaos d’ordre n.

Définissons à présent des opérateurs de gradient et de divergence, objets usuels du
calcul chaotique. Tout d’abord, on désigne par D : DomD ⊂ L2(Ω) → L2(E × R+ × Ω)
le gradient agissant sur les intégrales stochastiques multiples de la manière suivante :

Dz,tIn(fn) := nIn−1(fn(∗, (z, t)), z ∈ E, t ≥ 0,

où le domaine du gradient est donné par

DomD :=

{
F = E[F ] +

∑
n≥1

In(fn) : ‖DF‖2
L2(E×R+×Ω) =

∑
n∈N

nn!‖fn‖2
L2((E×R+)n) < +∞

}
.

Rappelons que la PRC du théorème A.0.2 entrâıne trivialement la densité de cet espace
dans L2(Ω). L’opérateur de divergence δ : Dom δ ⊂ L2(E × R+ × Ω) → L2(Ω) est défini
par

δ(u) := In+1(f̃n+1), u(z, t) := In(fn+1(∗, (z, t))), t ≥ 0,

de domaine Dom δ, dense dans l’espace L2(E × R+ × Ω), donné par

Dom δ :=

{
u(z, t) =

∑
n≥0

In(fn+1(∗, (z, t))) :
∑
n≥0

(n+ 1)!‖fn+1‖2
L2((E×R+)n+1) < +∞

}
.
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Ici, la fonction f̃n+1 désigne la symétrisation de fn+1 en ses n+ 1 variables couples.
Il n’est pas difficile de montrer d’après leur définition que ces deux opérateurs sont adjoints,
i.e. que la formule d’intégration par partie suivante est vérifiée :

E
[
〈DF, u〉L2(E×R+)

]
= E [Fδ(u)] , F ∈ DomD, u ∈ Dom δ. (A.0.1)

À présent, soit T : A → B un opérateur linéaire, où A et B sont deux espaces vectoriels
normés. On dit que T est fermable si pour toute suite (Fn)n∈N convergeant vers 0 dans
A et telle que (TFn)n∈N tend vers un élément G de B, alors G = 0.
Il est classique dans le calcul chaotique qu’une formule d’intégration par parties de type
(A.0.1) entrâıne la fermabilité des opérateurs de gradient et de divergence :

Proposition A.0.3. Les opérateurs de gradient D et de divergence δ sont fermables.

Preuve. Soit (Fn)n∈N une suite d’éléments de DomD convergeant vers 0 dans L2(Ω) et
telle que (DFn)n∈N tend vers un élément G de L2(E×R+×Ω). Montrons alors que G = 0.
Soit u ∈ Dom δ. Par la relation de dualité (A.0.1) et l’inégalité de Cauchy-Schwarz, on a∣∣E [〈G, u〉L2(E×R+)

]∣∣ ≤
∣∣E [Fnδ(u)]− E

[
〈G, u〉L2(E×R+)

]∣∣+ |E [Fnδ(u)]|
=

∣∣E [〈DFn −G, u〉L2(E×R+)

]∣∣+ |E [Fnδ(u)]|
≤ ‖DFn −G‖L2(E×R+×Ω) ‖u‖L2(E×R+×Ω) + ‖Fn‖L2(Ω)‖δ(u)‖L2(Ω).

La quantité de droite tendant vers 0 lorsque n tend vers l’infini, on a ainsi

E
[
〈G, u〉L2(E×R+)

]
= 0, u ∈ Dom δ,

et par densité dans L2(E × R+ × Ω) du domaine Dom δ, on obtient finalement que la
variable G est identiquement égale à 0, ce qui entrâıne la fermabilité de l’opérateur D.
La preuve de la fermabilité de l’opérateur de divergence δ s’effectue de la même manière.

De plus, l’opérateur de divergence δ cöıncide pour les processus adaptés avec
l’intégrale d’Itô par rapport aux martingales normales (M

(1)
t )t≥0 et (M

(−1)
t )t≥0 :

Proposition A.0.4. Soit u ∈ L2(E × R+ × Ω) un processus (F t)t≥0-adapté de carré
intégrable. Alors u ∈ Dom δ et on a l’identité

δ(u) =
∑
z∈E

∫ +∞

0

u(z, t)dM
(z)
t .

Preuve. Supposons tout d’abord que le processus adapté u appartient au chaos d’ordre
n. En d’autres termes, il s’écrit sous forme d’une intégrale stochastique multiple u(z, t) =
In(fn+1(∗, (z, t))). Par la formule de conditionnement triviale,

E [In(fn)|F t] = In
(
fn(∗1∆t

n
(∗))

)
, (A.0.2)

le processus adapté u satisfait la relation

u(z, t) = E [In(fn+1(∗, (z, t)))|F t] = In
(
fn+1(∗1∆t

n
(∗), (z, t))

)
.
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Ainsi, on obtient

δ(u) = In+1(f̃n+1)

=
∑
z∈E

∫ +∞

0

In
(
fn+1(∗1∆t

n
(∗), (z, t))

)
dM

(z)
t

=
∑
z∈E

∫ +∞

0

u(z, t)dM
(z)
t .

Le cas général est établi par fermabilité de l’opérateur de divergence δ.

La formule de Clark-Ocone suivante, satisfaite par les martingales normales (M
(1)
t )t≥0,

(M
(−1)
t )t≥0, est valable pour toute fonctionnelle de carré intégrable.

Théorème A.0.5. Toute fonctionnelle de carré intégrable F ∈ L2(Ω) se représente
comme une intégrale stochastique du type

F = E[F ] +
∑
z∈E

∫ +∞

0

E [Dz,tF |F t] dM
(z)
t . (A.0.3)

Preuve. Soit F ∈ DomD. Par la PRC du théorème A.0.2, il existe des fonctions
fn ∈ L2((E × R+)n) telles que

F = E[F ] +
∑
n≥1

In(fn)

= E[F ] +
∑
n≥1

∑
z∈E

n

∫ +∞

0

In−1

(
fn(∗1∆t

n−1
(∗), (z, t))

)
dM

(z)
t

= E[F ] +
∑
n≥1

∑
z∈E

∫ +∞

0

E [Dz,tIn(fn)|F t] dM
(z)
t ,

où l’on a utilisé la formule de conditionnement (A.0.2) dans la dernière expression. Ainsi,
la formule de Clark-Ocone (A.0.3) est démontrée dans le cas des fonctionnelles appartenant
au domaine DomD du gradient D. Il reste à montrer qu’elle peut être étendue à toute
fonctionnelle de l’espace L2(Ω). Supposons F ∈ L2(Ω). Par densité, il existe une suite
(Fn)n∈N ⊂ DomD qui converge vers F dans L2(Ω). En utilisant alors la formule de
Clark-Ocone précédente ainsi que la proposition A.0.4, on obtient

Fn − E[Fn] =
∑
z∈E

∫ +∞

0

E [Dz,tFn|F t] dM
(z)
t = δ(un),

où l’on a noté un le processus adapté un(z, t) := E [Dz,tFn|F t]. Comme (Fn)n∈N converge

vers F dans L2(Ω) et que les martingales (M
(1)
t )t≥0 et (M

(−1)
t )t≥0 sont normales, la suite

(un)n∈N tend dans L2(E × R+ × Ω) vers un processus adapté, noté v, qui appartient
donc au domaine Dom δ de l’opérateur de divergence. De plus, (δ(un))n∈N converge dans
L2(Ω) vers la variable aléatoire centrée F −E[F ]. Ainsi, par fermabilité de l’opérateur de
divergence δ, on a l’identité F − E[F ] = δ(v), et l’on termine la preuve de la formule de
Clark-Ocone (A.0.3) en définissant l’élément E [Dz,tF |F t] := v(z, t).
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Un résultat de concentration

Énonçons à présent le résultat principal de cette partie annexe, à propos de la concentra-
tion de fonctionnelles de processus de naissance et de mort. On note a ∧ b := min{a, b},
a, b ∈ R.

Théorème A.0.6. Soit F ∈ L2(Ω) une fonctionnelle de carré intégrable telle que pour
z ∈ E, on ait la borne

|E [Dz,tF |F t] | ≤ b, dPdt− p.s.,

avec de plus ∑
z∈E

∫ +∞

0

E [Dz,tF |F t]
2 dt ≤ v2 dP − p.s.

Alors l’inégalité de déviation suivante est vérifiée :

P (F − E[F ] ≥ x)

≤ exp

(
x(λ∗ ∧ ν∗)1/2

b
−
(
x(λ∗ ∧ ν∗)1/2

b
+
v2(λ∗ ∧ ν∗)

b2

)
log

(
1 +

bx

v2(λ∗ ∧ ν∗)1/2

))
.

Preuve. Par la formule de Clark-Ocone du théorème A.0.5, on a

F − E[F ] ≤ sup
t≥0
E [F |F t]− E[F ]

= sup
t≥0

∑
z∈E

∫ t

0

E [Dz,sF |F s] dM
(z)
s

= sup
t≥0

Zt,

où le processus (Zt)t≥0 est la (F t)t≥0-martingale de carré intégrable donnée par

Zt :=
∑
z∈E

∫ t

0

E [Dz,sF |F s] dM
(z)
s , t ≥ 0, Z0 = 0.

Les sauts de cette martingale vérifient pour tout t > 0 la majoration

|∆Zt| = |Zt − Zt−|

=

∣∣∣∣∣∑
z∈E

E [Dz,tF |F t] ∆M
(z)
t

∣∣∣∣∣
=

∣∣∣E [D1,tF |F t]λ
−1/2
Xt−

1{∆Xt=1} + E [D−1,tF |F t] ν
−1/2
Xt−

1{∆Xt=−1}

∣∣∣
≤ b

(λ∗ ∧ ν∗)1/2
.

De plus, les martingales (M
(1)
t )t≥0 et (M

(−1)
t )t≥0 étant normales, le crochet oblique du

processus (Zt)t≥0 satisfait la borne

〈Z,Z〉t =
∑
z∈E

∫ t

0

E [Dz,sF |F s]
2 d〈M (z),M (z)〉s
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=
∑
z∈E

∫ t

0

E [Dz,sF |F s]
2 ds ≤ v2, t ≥ 0.

Par le lemme 23.19 de [56], le processus (Y
(τ)
t )t≥0 défini pour tout τ > 0 par

Y
(τ)
t := exp

{
τZt − τ 2ψ

(
τb

(λ∗ ∧ ν∗)1/2

)
〈Z,Z〉t

}
, t ≥ 0,

est une (F t)t≥0-surmartingale, où ψ désigne la fonction ψ(z) := z−2 (ez − z − 1), z > 0.
Ainsi, on obtient

P (F − E[F ] ≥ x) ≤ P
(

sup
t≥0

Zt ≥ x

)
≤ inf

τ>0
P
(

sup
t≥0

Y
(τ)
t ≥ exp

{
τx− τ 2v2ψ

(
τb

(λ∗ ∧ ν∗)1/2

)})
≤ inf

τ>0
exp

{
−τx+ τ 2v2ψ

(
τb

(λ∗ ∧ ν∗)1/2

)}
,

optimisation qui donne l’inégalité de déviation désirée.

Le résultat de déviation dans le théorème A.0.6 est comparable à ceux établis sur
l’espace de Poisson dans les articles [44, 83], alors que les hypothèses de type Lipschitz
imposées sur les fonctionnelles sont différentes. En effet, nous supposons seulement la
bornitude de la projection prévisible sur la filtration (F t)t≥0 de l’opérateur de gradient D
et non la bornitude du gradient lui-même comme dans les travaux cités ci-dessus. L’intérêt
d’introduire ce type d’hypothèses dans le cas des processus de naissance et de mort réside
dans le fait que cette projection prévisible peut être calculée explicitement dans certains
cas, alors que l’interprétation probabiliste du gradient reste inconnue. Pour illustrer notre
propos, considérons par exemple la fonctionnelle simple F = f(XT ) ∈ L2(Ω), où T est un
horizon fini. La formule de Clark-Ocone du théorème A.0.5 entrâıne

f(XT ) = E[f(XT )] +
∑
z∈E

∫ +∞

0

E [Dz,tf(XT )|F t] dM
(z)
t . (A.0.4)

Bien que l’expression explicite de DF soit inconnue, nous allons calculer sa projection
prévisible sur la filtration (F t)t≥0. Par la formule d’Itô appliquée à la (F t)t≥0-martingale
(PT−tf(Xt))0≤t≤T , où PT−tf(Xt) := E [f(XT )|F t] est le semigroupe du processus (Xt)t≥0,
on a

PT−tf(Xt) = PTf(X0) +

∫ t

0

λ
1/2
Xs−

(PT−sf(Xs− + 1)− PT−sf(Xs−)) dM (1)
s

+

∫ t

0

ν
1/2
Xs−

(PT−sf(Xs− − 1)− PT−sf(Xs−)) dM (−1)
s .

En choisissant alors t = T , on obtient par unicité de la représentation (A.0.4) les identités
suivantes :

E [D1,tf(XT )|F t] = λ
1/2
Xt−

(PT−tf(Xt− + 1)− PT−tf(Xt−)) ,
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E [D−1,tf(XT )|F t] = ν
1/2
Xt−

(PT−tf(Xt− − 1)− PT−tf(Xt−)) .

Notons enfin que les hypothèses de bornitude du théorème A.0.6 sont satisfaites si le semi-
groupe est lipschitzien et les fonctions de transition du générateur infinitésimal bornées,
ce qui nous ramène à l’étude des courbures discrètes du processus (Xt)t≥0 définies dans
les chapitres 3 et 4 de la thèse.
Un autre exemple de fonctionnelle, dont l’expression du gradient est inconnue alors que
sa projection prévisible sur la filtration (F t)t≥0 est calculable, est le suivant :

F = E[F ] +
∑
z∈E

∫ +∞

0

u
(z)
t dM

(z)
t .

En effet, toujours par unicité de la formule de Clark-Ocone (A.0.3), on peut identifier les
projections prévisibles du gradient sur la filtration (F t)t≥0 comme

E [D1,tF |F t] = u
(1)
t , E [D−1,tF |F t] = u

(−1)
t ,

alors que l’on ignore l’expression du gradient DF . Ainsi, en supposant le processus (ut)t≥0

dans l’espace L∞(R+ × Ω) ∩ L∞(Ω, L2(0,+∞)), le théorème A.0.6 peut s’appliquer pour
ce type de fonctionnelles.



Annexe B

Convergence d’un processus stable
vers un mouvement brownien
standard

L’objectif de cette courte partie est d’utiliser très simplement les techniques em-
ployées dans le chapitre 5 pour l’obtention d’inégalités maximales, afin d’établir la conver-
gence d’un processus symétrique stable renormalisé vers un mouvement brownien stan-
dard.
Soit

(
Ω, (F t)t∈[0,1],F ,P

)
un espace de probabilité filtré et soit (Xt)t∈[0,1] un processus

réel symétrique α−stable (F t)t∈[0,1]-adapté (càdlàg) d’index α ∈ (1, 2) et sans partie
gaussienne (en bref SαS). Sa fonction caractéristique est donnée par

ϕXt(u) = exp

(
t

∫
R

(
eiuy − 1

)
ν(dy)

)
,

où ν(dy) := c|y|−α−1dy, c > 0, désigne la mesure de Lévy stable sur R. Sa fonction
caractéristique se réécrit alors comme

ϕXt(u) = e−tρ|u|
α

,

où ρ est la quantité

ρ =
πc

αΓ(α) sin(πα/2)
,

et Γ est la fonction Gamma usuelle.
Avant d’énoncer notre théorème de convergence, introduisons tout d’abord quelques
résultats intermédiaires. Le lemme suivant est une adaptation de la méthode utilisée
dans le chapitre 5 de la thèse afin d’établir une inégalité maximale pour le processus
symétrique stable (Xt)t∈[0,1].

Lemme B.0.7. L’inégalité maximale suivante est satisfaite :

P
(

sup
0≤s≤t

|Xs| ≥ x

)
≤ 4ct

α(2− α)xα
, x > 0. (B.0.1)
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Preuve. Le processus stable (Xt)t∈[0,1] étant symétrique, sa décomposition de Lévy-Itô

est donnée par Xt = X
(x−)
t +X

(x+)
t , où

X
(x−)
t :=

∫ t

0

∫
|y|≤x

y (µ− σ)(dy, ds), X
(x+)
t :=

∫ t

0

∫
|y|>x

y µ(dy, ds), t ∈ [0, 1],

et µ est une mesure de Poisson aléatoire sur R× [0, 1] d’intensité σ(dy, dt) = ν(dy)⊗ dt.
Ainsi,

P
(

sup
0≤s≤t

|Xs| ≥ x

)
≤ P

(
sup

0≤s≤t
|X(x−)

s |+ sup
0≤s≤t

|X(x+)
s | ≥ x

)
≤ P

(
sup

0≤s≤t
|X(x−)

s | ≥ x

)
+ P

(
sup

0≤s≤t
|X(x+)

s | > 0

)
. (B.0.2)

Notons que le processus de Poisson composé (X
(x+)
t )t∈[0,1] est constant par morceaux tout

comme son processus supremum (sup0≤s≤t |X
(x+)
s |)t∈[0,1], et que sa loi possède un atome

en 0 à chaque instant t > 0. Désignons par T x1 le premier instant de saut du processus de
Poisson (µ ({y ∈ R : |y| > x} × [0, t]))t∈[0,1] sur l’ensemble {y ∈ R : |y| > x}. Si presque

sûrement T x1 survient après l’instant t, alors le processus de Poisson composé (X
(x+)
t )t∈[0,1]

(et donc son processus supremum) est identiquement égal à 0 sur l’intervalle [0, t]. Par
conséquent, on a

P
(

sup
0≤s≤t

|X(x+)
s | > 0

)
= 1− P

(
sup

0≤s≤t
|X(x+)

s | = 0

)
≤ 1− P (T x1 > t)

= 1− exp (−tν ({y ∈ R : |y| > x}))
≤ tν ({y ∈ R : |y| > x})

=
2ct

αxα
, (B.0.3)

où l’on a utilisé dans la deuxième égalité le fait que la variable aléatoire T x1 suit une loi
exponentielle de paramètre ν ({y ∈ R : |y| > x}), cf. par exemple [76, théorème 21.3].

Considérons à présent la martingale de carré intégrable (X
(x−)
t )t∈[0,1]. Par l’inégalité

de Doob et la formule d’isométrie pour les intégrales stochastiques dirigées par une mesure
de Poisson aléatoire,

P
(

sup
0≤s≤t

|X(x−)
s | ≥ x

)
≤ 1

x2
E

[∣∣∣∣∫ t

0

∫
|y|≤x

y (µ− σ)(dy, dτ)

∣∣∣∣2
]

=
1

x2
E
[∫ t

0

∫
|y|≤x

y2 ν(dy)dτ

]
=

t

x2

∫
|y|≤x

y2 ν(dy),
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c’est-à-dire

P
(

sup
0≤s≤t

|X(x−)
s | ≥ x

)
≤ 2ct

(2− α)xα
. (B.0.4)

Finalement, l’utilisation des inégalités (B.0.3) et (B.0.4) dans l’inégalité (B.0.2) achève la
preuve.

Considérons l’espace de Skorohod D constitué des fonctions càdlàg sur l’intervalle
[0, 1] et muni de la distance de Skorohod d, que l’on définit de la façon suivante, cf. [12] :

d(x, y) := inf
λ∈Λ

{‖λ− I‖ ∨ ‖x− yλ‖} ,

où l’ensemble Λ est donné par

Λ := {λ : [0, 1] → [0, 1] continue, strictement croissante, avecλ(0) = 0, λ(1) = 1} ,

‖x‖ := supt∈[0,1] |x(t)|, et I est la fonction identité sur [0, 1]. Le théorème 2.3 de Giné
et de Marcus dans l’article [39] fournit des critères permettant d’établir des résultats de
convergence dans l’espace de Skorohod (D, d).

Théorème B.0.8. (Giné-Marcus) Soit (Xn)n≥1 une suite de variables aléatoires à valeurs
dans (D, d) telle que

(i) les distributions finidimensionnelles sont faiblement convergentes.

(ii) il existe β > 1/2, γ > 0 et une fonction F sur [0, 1] croissante et continue à droite
telle que pour tout 0 ≤ t1 ≤ t ≤ t2 ≤ 1,

P (|Xn(t)−Xn(t1)| ≥ x, |Xn(t2)−Xn(t)| ≥ x) ≤ x−γ (F (t)− F (t1))
β (F (t2)− F (t))β .

(iii) pour tout ε > 0, on a les limites

lim
δ↓0

sup
n≥1

P

(
sup

s,t∈[1−δ,1)
|Xn(t)−Xn(s)| > ε

)
= 0, (B.0.5)

lim
δ↓0

sup
n≥1

P (|Xn(δ)−Xn(0)| > ε) = 0. (B.0.6)

Alors la suite de distributions des variables aléatoires Xn dans (D, d) converge faiblement
et la limite est déterminée par les limites des lois finidimensionnelles.

À présent, nous sommes en mesure d’énoncer le résultat principal de cette partie.

Théorème B.0.9. Soit (X
(α)
t )t∈[0,1] un processus SαS d’index α ∈ (1, 2) et de mesure de

Lévy stable ν(dx) := 2−1(2−α)|x|−α−1dx. Alors la famille de lois des variables aléatoires

(sup0≤s≤tX
(α)
s )t∈[0,1] paramétrées par α et à valeurs dans l’espace (D, d) converge faible-

ment lorsque α tend vers 2 vers la distribution du processus supremum d’un mouvement
brownien standard.
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Preuve. Afin d’établir le résultat, nous allons démontrer la convergence du processus
(X

(α)
t )t∈[0,1] vers un mouvement brownien standard en vérifiant les conditions (i), (ii) et

(iii) du théorème B.0.8, puis établir la continuité de la fonction supremum sur l’espace
de Skorohod (D, d), et enfin nous allons utiliser un résultat de transfert de convergence
faible par une fonction continue.

Tout d’abord, les accroissements du processus (X
(α)
t )t∈[0,1] étant indépendants, la conver-

gence des lois finidimensionnelles vers celles d’un mouvement brownien standard (Wt)t∈[0,1]

provient du cas unidimensionnel, qui est immédiat. Ainsi, la condition (i) est satisfaite.

Par l’indépendance et la stationnarité des accroissements du processus (X
(α)
t )t∈[0,1], ainsi

que le lemme B.0.7, on a

P
(
|X(α)

t −X
(α)
t1 | ≥ x, |X(α)

t2 −X
(α)
t | ≥ x

)
= P

(
|X(α)

t−t1| ≥ x
)
P
(
|X(α)

t2−t| ≥ x
)

≤ 4(t− t1)(t2 − t)

α2x2α
.

Par conséquent, en choisissant β = 1, γ = 2α et F (t) = t, t ∈ [0, 1], la condition (ii) est
vérifiée.
Établissons à présent les identités (B.0.5) et (B.0.6) de la condition (iii). Pour tout ε > 0,

P

(
sup

s,t∈[1−δ,1)

|X(α)
t −X(α)

s | > ε

)
≤ P

(
sup

t∈[1−δ,1)
|X(α)

t −X
(α)
1−δ| > ε/2

)
,

et un léger changement dans la preuve du lemme B.0.7 montre que l’on a

P

(
sup

t∈[1−δ,1)

|X(α)
t −X

(α)
1−δ| > ε/2

)
≤ 2α+1δ

αεα

≤ 8δ

ε ∧ ε2
.

Ainsi,

lim
δ↓0

sup
α∈(1,2)

P

(
sup

s,t∈[1−δ,1)
|X(α)

t −X(α)
s | > ε

)
= 0.

Sachant que X
(α)
0 = 0, le lemme B.0.7 entrâıne

P
(
|X(α)

δ | > ε
)

≤ 2δ

αεα

≤ 2δ

ε ∧ ε2
,

et donc on obtient la limite

lim
δ↓0

sup
α∈(1,2)

P
(
|X(α)

δ | > ε
)

= 0.
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Ainsi, la convergence du processus (X
(α)
t )t∈[0,1] vers le mouvement brownien standard

(Wt)t∈[0,1] est démontrée.

Établissons à présent la continuité de la fonction supremum sur l’espace de Skorohod
(D, d), c’est-à-dire que la fonction

h : D → D; x 7→ sup
s∈[0,·]

x(s)

est continue sur (D, d). Par définition de la distance de Skorohod d, une suite (xn)n∈N
d’éléments de (D, d) tend vers x ∈ (D, d) si et seulement s’il existe une suite (λn)n∈N ⊂ Λ
telle que λn converge uniformément vers la fonction identité I, et que xn ◦ λn converge
uniformément vers x. Afin de montrer la continuité de h, il est suffisant de prouver que
h(xn) converge dans (D, d) vers h(x), ce qui est immédiat car sups∈[0,λn(·)] xn(s) converge
uniformément vers sups∈[0,·] x(s) lorsque n tend vers l’infini.

Finalement, un résultat de transfert de convergence faible par la fonction continue h
sur (D, d), nommé en anglais le Continuous Mapping Theorem que l’on peut trouver à la
page 20 de l’ouvrage de Billingsley [12], entrâıne la convergence désirée.
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[3] C. Ané and M. Ledoux. On logarithmic Sobolev inequalities for continuous time
random walks on graphs. Probab. Theory Related Fields, 116(4):573–602, 2000.
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[17] S.G. Bobkov, C. Houdré, and P. Tetali. λ∞, vertex isoperimetry and concentration.
Combinatorica, 20(2):153–172, 2000.
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[22] J.C. Breton, C. Houdré, and N. Privault. Dimension-free and infinite variance tail
estimates on poisson space. Preprint, 2004.

[23] T. Cacoullos and V. Papathanasiou. Characterizations of distributions by generaliza-
tions of variance bounds and simple proofs of the CLT. J. Statist. Plann. Inference,
63(2):157–171, 1997.

[24] P. Cattiaux and A. Guillin. Deviation bounds for additive functionals of markov
processes. To appear in ESAIM Probab. Stat., 2006.

[25] D. Chafai. Binomial-Poisson entropic inequalities and the M/M/∞ queue. ESAIM
Probab. Stat., 10:317–339, 2006.

[26] J. Cheeger. A lower bound for the smallest eigenvalue of the Laplacian. In Problems
in analysis, pages 195–199. Princeton Univ. Press, Princeton, N. J., 1970.



BIBLIOGRAPHIE 159

[27] L. H. Y. Chen and J. H. Lou. Characterization of probability distributions by
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[43] C. Houdré and P. Marchal. On the concentration of measure phenomenon for stable
and related random vectors. Ann. Probab., 32(2):1496–1508, 2004.

[44] C. Houdré and N. Privault. Concentration and deviation inequalities in infinite
dimensions via covariance representations. Bernoulli, 8(6):697–720, 2002.
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