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Résumé

Dans cette these, on aborde plusieurs questions ayant trait au calcul des
variations et a la théorie des équations aux dérivées partielles elliptiques.

Dans le Chapitre 1, on étudie la condition de pente minorée pour des fonc-
tions définies sur la frontiere d’un ouvert de R". Cette condition, introduite
dans [28], est une généralisation de la condition de pente bornée utilisée dans la
théorie d’Hilbert-Haar, en calcul des variations . On met en évidence des pro-
priétés de régularité des fonctions vérifiant la condition de pente minorée et on
donne des conditions nécessaires et suffisantes sur les gradients d’une fonction
pour qu’elle vérifie cette condition de pente minorée.

Dans le Chapitre 2, on s’intéresse a un probléeme de calcul des variations ou
la fonctionnelle est de la forme

u /{F(Vu(x)) + G(z,u(x))} dx

et ol la condition de Dirichlet est définie par une fonction vérifiant la condition
de pente minorée. On montre que toute solution est localement lipschitzienne.
Ceci généralise le résultat de [28] obtenu quand G = 0.

Dans le Chapitre 3, on étudie une équation aux dérivées partielles elliptique
a forme divergentielle avec une condition de Dirichlet qui vérifie la condition de
pente minorée. On prouve l'existence d’une solution localement lipschitzienne.
Ceci généralise certains résultats de [47] ot la condition de Dirichlet vérifiait la
condition de pente bornée.

Dans le Chapitre 4, on décrit les composantes connexes de ’ensemble
W#P(M,N), o M et N sont deux variétés compactes, 0 < s < 1 + 1/p. Ceci
généralise les résultats obtenus pour s = 1 dans [89], [20], [40].

Dans le Chapitre 5, nous identifions ’ensemble singulier d’une fonction u €
Ws’p(SN, S’l) quand s > 1. Ce résultat était connu uniquement quand s < 1 et
sp =1 (voir [10], [22], [2]).
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Introduction

0.1 Existence et régularité en calcul des varia-
tions

Dans la premiere partie de cette these, on s’intéresse a la question de la régularité
dans un probleme de calcul des variations général, lorsque les fonctions ad-
missibles sont définies sur un ouvert de R”,n > 2 et a valeurs dans R. Plus
précisément, étant donné une fonction

L:(z,z,k) eR" xRxR" =R

(le lagrangien) et un ouvert Q borné de R™, on s’intéresse au probleme de mi-
nimiser la fonctionnelle suivante :

I:u— [ L(z,u(x), Vu(x))dx
Q

sur un ensemble de fonctions u € £ ('ensemble des fonctions admissibles). Une
solution de ce probleme est donc une fonction 4 € & telle que (@) < I(u) pour
tout u € €.

Le choix de l'ensemble £ dépend de deux types de contraintes : d’une
part, Porigine du probléme (modélisation d’une situation physique, question
intermédiaire d’un autre probléme mathématique...) et d’autre part, les pos-
sibilités mathématiques du probleéme lui-méme (ce qu’'on peut faire pour cette
fonctionnelle avec les outils mathématiques dont on dispose). Ces contraintes
conditionnent notamment le choix des conditions au bord satisfaites par les
fonctions admissibles et le type de régularité des fonctions admissibles.

Idéalement, on aimerait prouver l'existence (voire I'unicité) d’une solution
C" sur Iouvert €, de maniére & donner un sens “maximal” & Iécriture Vu. Par
ailleurs, dans toute cette these, les conditions au bord seront de type Dirichlet,
c’est-a-dire qu’on se donnera une fonction ¢ définie sur le bord I" de €2 a valeurs
dans R et les fonctions admissibles devront étre égales a ¢ sur I'. Pour donner
un sens fort a cette “égalité au bord”, on pourrait espérer que les fonctions
admissibles soient continues sur ’adhérence de 1'ouvert.

Malheureusement, le probléme considéré n’a pas en général de solution C'!
sur Pouvert et continue sur 'adhérence de l'ouvert. On doit donc donner un
sens affaibli au mot solution et élargir I’ensemble £. La “voie royale” pour prou-
ver l'existence d’une solution est la méthode directe (voir [29]). On peut con-
sidérer qu’Hilbert est le premier a I'utiliser pour donner une preuve rigoureuse
du principe de Dirichlet (voir l'introduction de [37] et les références qui y
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14 Introduction

sont données). Pour étre appliquée, cette méthode recquiert d’une part que
la fonctionnelle I soit semicontinue inférieurement et minorée, d’autre part que
I’ensemble £ ait de bonnes propriétés de compacité. Ces deux propriétés ont
tendance a s’opposer : “plus la topologie est faible, plus les suites converg-
eront facilement ”; autrement dit, une topologie faible favorise les propriétés de
compacité et réduit le nombre de fonctionnelles semicontinues inférieurement.

Dans le cas d’un probleme ou n = 1, Tonnelli a mis en évidence le “bon”
espace £ pour établir un théoreme d’existence général : il s’agit de I’ensemble
des fonctions absolument continues. Dans le cas n > 2, le “bon” espace des
fonctions admissibles apparait indépendamment dans des articles de Sobolev
et Calkin, Morrey : l’espace des fonctions de Sobolev, généralisation en un
certain sens des fonctions absolument continues (voir néanmoins les références
antérieures citées dans [71], section 1.8 “Lower semicontinuity”).

Pour p > 1, on note WHP(Q) I'espace de Sobolev constitué des fonctions
u: ) — R telles que u € LP(Q) et dont les dérivées au sens des distributions
sont également des fonctions de LP. Cet ensemble est un espace de Banach pour
la norme :

"L Ou
lullwreoy = lulle@) + > 155 e @)-

i=1

On considerera également ’espace WO1 P(Q), défini comme Padhérence dans
WLP() des fonctions C* & support compact dans 2. Deux possibilités pour
définir £ s’ouvrent alors. Soit la fonction ¢ (définissant la condition de Diri-
chlet) peut s’étendre en un élément de W1P(Q) encore noté ¢ et on peut alors
choisir :

£ :=WyP(Q) + .

Soit louvert € est régulier (au moins lipschitz) de sorte qu’on peut définir la
notion de trace tr, prolongement a WLP(Q) de la fonction “restriction & I'
définie sur CY(Q). On définira alors

E:={ucWh?(Q) : tru = ¢}.

Cet ensemble est non vide si et seulement si ¢ € L'(Q2) pour p = 1 et si
¢ € W=1/»2(I") pour p > 1 (voir [32]).

De tels espaces de fonctions admissibles présentent plusieurs intéréts. En
premier lieu, ils permettent sous des hypothéses minimales sur L de rendre la
fonction

x — L(z,u(zx), Vu(x))

intégrable et donc de donner un sens au probleme de minimisation. Par ailleurs,
sur le plan de 'analyse fonctionnelle, ces espaces sont réflexifs (pour p > 1), ont
des propriétés de compacité (théoréeme de Rellich) et peuvent s’identifier & des
sous-espaces de Iensemble des fonctions continues (pour p > n) (théoréme de
Morrey).

Les propriétés de compacité et de réflexivité permettent en particulier de
mettre en oeuvre la méthode directe d’existence en calcul des variations : on se
donne une suite minimisante de fonctions admissibles. Si le lagrangien L vérifie
une hypothése de coercivité, cette suite est bornée dans WP, On peut en ex-
traire une sous-suite convergeant faiblement dans Wh? (réflexivité) et fortement
dans L? (théoreme de Rellich). Enfin, un argument de semicontinuité inférieure
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(si L vérifie une hypothese de convexité) permet de conclure que la limite de
cette sous-suite est une solution du probleme.

Une solution faible ainsi obtenue, il est naturel de se demander si elle ne serait
pas un peu plus forte que prévue, c’est-a-dire continue ou méme différentiable
(au sens classique) sur tout ou partie de . On a ainsi divisé en deux étapes
(existence puis régularité a posteriori) la question initiale.

La théorie de la régularité prend son essor au début du siécle dernier (pour
un bref historique, voir [71]). En 1912, Lichtenstein montre qu’'une solution
de classe C? d’un probleme d’intégrale double régulier olt L est analytique,
est de classe C3, et donc analytique par un théoréme de Bernstein. En 1929,
Hopf montre que la méme conclusion a lieu lorsqu’on suppose seulement la
solution de classe C'*, puis Morrey améliore encore ce résultat en montrant
qu’il suffit de prouver que la solution est lipschitzienne. Hormis le cas n = 2
traité par Morrey et certain lagrangiens quadratiques considérés par Hirschfeld,
il restait néanmoins un “vide” entre les solutions de type Sobolev données par les
méthodes directes et la régularité lipschitzienne ou holderienne requise par les
théorémes précédents. Deux voies s’ouvrent alors, que 'on peut désigner pour
simplifier sous les noms de “théorie de De Giorgi” et “théorie de Hilbert-Haar”.

0.2 La théorie de De Giorgi

Meéme si les résultats obtenus dans cette these ne s’inscrivent pas dans cette
théorie, celle-ci a fait émerger des idées et des techniques abondamment utilisées
dans les Chapitres 2 et 3. De plus, les premiers articles apparaissant apres-guerre
et appartenant a la théorie Hilbert-Haar sont redevables & plusieurs résultats
dus a De Giorgi et aux nombreux auteurs qui ont amélioré et généralisé ses
résultats (notamment Ladyzhenskaya et Ural’tseva, Moser, Morrey, etc...).

Dans la deuxieme moitié des années cinquante, De Giorgi [30] et Nash [74]
font paraitre presque simultanément deux théoremes semblables. Les travaux du
premier auteur auront des répercussions importantes dans de nombreux articles
sur la régularité en calcul des variations. On en verra plusieurs exemples dans
la suite.

A Texception de la méthode directe de régularité en calcul des variations
dont les principaux inspirateurs sont Giaquinta et Giusti, la grande majorité des
résultats obtenus dans le cadre de la théorie de De Giorgi sont des conséquences
de théoremes de régularité pour les équations elliptiques linéaires ou quasiliné-
aires. C’est déja le cas dans 'article originel de De Giorgi : le probleme est de
minimiser :

Iiu— [ F(Vu)
Q
sur W2(Q). (Lorsque le lagrangien ne dépend que de la variable , on notera
F(k) = L(z, 2,r)). On suppose que F est C?(R") et qu’il existe 0 < p < C tel
que
plel? < (VPF(r)E,€) < Cl¢f?, keR™, £ €R™ (1)

Dans la suite de cette introduction, on dira que (1) constitue une hypothese de
croissance sur F, a la fois minorante (c’est 1'inégalité de gauche) et majorante
(c’est I'inégalité de droite).
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Le théoreme de De Giorgi affirme que si v est un minimiseur local, i.e.
I(u) <I(u+6) V0ecCXr(),

alors la restriction de u & tout compact contenu dans Q est C*® pour un certain
a € (0,1) qui ne dépend pas du compact.

Sous les hypotheses (1), un minimiseur local u est solution de 1’équation
d’Fuler sous forme faible :

/(VF(Vu(x)), Vo(z))dx =0 VO € CZ(Q). (2)

Réciproquement, supposons que F' est convexe, que u est solution de (2) et
appartient & W12(2). Alors u est un minimiseur local (cela résulte du fait qu'un
point annulant la dérivée d’ une fonction convexe est un minimiseur global de
cette fonction).

La méthode de De Giorgi est une méthode indirecte, puisqu’elle passe par
I’équation d’Euler-Lagrange pour obtenir de la régularité. C’est une méthode
locale au sens ou la régularité sera toujours démontrée au voisinage d’un point
et en recouvrant Q par de tels voisinages. Le théoreme originel de De Giorgi
a été amélioré dans plusieurs directions. D’abord, une preuve plus simple a
été proposée par Moser. Néanmoins, les ensembles fonctionnels introduits par
De Giorgi ont eu une belle postérité (on les retrouve par exemple dans [37]).
Ensuite, le théoreme a été étendu a des lagrangiens dépendant de x et z, avec
des hypotheses de croissance tres variées. On pourra se reporter aux livres [71],
[36] et [53].

On ne sait pas démontrer en général qu’une solution d’un probleme varia-
tionnel est solution de I’équation d’Euler correspondante. La difficulté consiste
a vérifier les hypotheses du théoreme de dérivation sous le signe intégral. Ces
hypotheses sont satisfaites dans deux cas principaux. Le premier est celui ou on
dispose d’hypotheses de croissance (majorantes et minorantes) du lagrangien,
comme dans (1). Le second cas est celui ol on sait a priori que u est lipschitzien,
ce qui implique que les hypotheses de croissance précédentes sur le lagrangien
évalué en u sont automatiquement satisfaites. (Sur ce sujet, on pourra consulter
le cas particulier envisagé dans [25]) .

Pour obtenir de la régularité sur un probléme non linéaire (probleme de
minimisation d’une fonctionnelle ), De Giorgi le transforme en un probleme
linéaire (équation elliptique linéaire & forme divergentielle et sans second mem-
bre). Le cotit de ce procédé est de devoir supposer des hypotheses de croissance
(minorantes et majorantes) sur le lagrangien pour pouvoir obtenir une borne
L sur les coeflicients de ’équation linéaire. Cette transformation résulte de
I’application de la méthode des quotients différentiels a I’équation d’Euler sous
forme faible. L’objectif principal de la méthode des quotients différentiels est
d’obtenir des informations sur les dérivés secondes d’une solution (par exemple
montrer que cette solution est dans Wif) Comme on ne sait pas a priori si
ces dérivés existent, on remplace la dérivée dans une direction par une dérivée

U . .
, on introduira
T

discrete. Ainsi, si u est solution et qu’on s’intéresse a

Vu(z + ter) — Vu(z) -

Ay Vu(zx) = :
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La méthode des quotients différentiels est aussi bien utilisée dans la théorie des
équations elliptiques (voir [36], [16]) que dans celle de la régularité en calcul des
variations (voir [71], [37] et aussi [58] ou elle est utilisée de maniere particu-
lierement astucieuse).

D’un point de vue technique, dans la théorie de De Giorgi, on s’efforce en
général d’estimer la mesure de Lebesgue d’ensembles de niveau d’une solution
w:|{x € Q:u(x) > k}| oude f(u) pour une fonction f bien choisie (souvent une
fonction puissance, ou une fonction “troncature” max(u, k)). Cette estimation
a souvent lieu en termes de normes de Vu, notamment ||Vu||ze. L’inégalité de
Sobolev y joue un role fondamental.

Rappelons ici cette inégalité. Pour tout u € Wol’p(Q), p<mn,ona

).

D=
S|

1
lullzr @) < ClIVullr@) (5=

L’inégalité de Sobolev permet en particulier un gain d’intégrabilité sur la fonc-
tion lorsqu’on peut controler son gradient. Elle est a 'origine de la méthode
d’itération de Moser (voir [72], et aussi [36], [59]).

La maniere principale de trouver des propriétés d’une solution d’un probleme
de calcul des variations est de comparer cette solution avec d’autres fonctions
admissibles construites a partir de la solution elle-méme. De méme, pour établir
des propriétés de solution d’équations elliptiques écrites sous forme faible (i.e.
ot les dérivées d’ordre le plus élevé sont reportées sur les fonctions test), la voie
principale consiste a choisir de bonnes fonctions test, construites a partir de ces
solutions. Par exemple, la fonction max(u — k,0)n? ol n est une fonction cutt
off et k € Z, n’est pas loin d’apparaitre dans chacun des articles cités dans cette
section. Elle sert notamment & majorer u.

Une idée proche consiste a se demander quelles sont les propriétés vérifiées
par f(u) lorsque u est solution d’une équation ou d’un probléme variationnel.
Par exemple, l'outil principal dans la simplification par Moser [72] de la preuve
du théoreme originel de De Giorgi est de considérer des fonctions de la forme
f(u) lorsque u est solution, et f une fonction positive convexe.

Au début des années 80, des avancées notables ont été accomplies dans
I'affaiblissement des hypotheses de différentiabilité sur le Lagrangien. Ainsi,
la démonstration de De Giorgi a inspiré la méthode directe en régularité de
Giaquinta et Giusti. Par exemple, dans Darticle [33], les auteurs montrent la
continuité holderienne locale des solutions de problemes variationnels. Le fait
remarquable et nouveau dans cet article est qu’on ne suppose aucune hypothese
de différentiabilité sur L, car on n’utilise pas I’équation d’Euler (c’est ce qui
justifie 'appellation méthode directe en régularité). On ne suppose pas non
plus L convexe. En revanche, dans cet article (comme dans tous les travaux
évoqués dans ce paragraphe), des hypotheses de croissance sont imposées a L,
en 'occurence :

|k|™ — k < L(z, z,k) < alc|™ + k.

Giaquinta [37] a proposé un contrexemple (parallelement & Marcellini) pour
montrer que la fonction majorante de L doit étre du méme ordre que la fonc-
tion minorante si I’on veut obtenir de la régularité. Ce lagrangien est F(k) =
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S K2 4 K24 /2. Un minimiseur pour n > 6 et © la boule unité est donné par

vn—4 x2
24 En—l 2-

i=1 Li

u(z) :=

Notons que la trace de ce minimiseur sur la sphére n’est méme pas continue.
C’est également le cas des variantes de ce contrexemple ([58], [50]), qui proposent
un lagrangien uniformément elliptique.

Il n’en reste pas moins que beaucoup d’articles ont proposé un ensemble
d’hypotheses du type “p,q growth condition”, c’est-a-dire

ml§” < F(§) < M(1+[¢]7)

ou des conditions anisotropes (pour une bibliographie récente sur le sujet, voir
[60]) qui permettent d’obtenir qu'un minimiseur d’un probléme variationnel ou
une solution d’équation elliptique sont localement lispchitziens.

0.3 La théorie de Hilbert-Haar

0.3.1 Enoncé classique

Dans I’énoncé classique du théoreme de Hilbert-Haar, tel qu’il est formulé au
milieu des années 60, on consideére un lagrangien de la forme L(z,u, k) = F(k),
convexe sur R™. On suppose que la condition au bord ¢ : ' — R vérifie une
condition de pente bornée (qu’on définira ultérieurement). Alors le théoreme
affirme qu’il existe une fonction lipschitzienne u qui minimise I sur I’ensemble
des fonctions lipschitziennes qui valent ¢ au bord.

Ainsi énoncé, le théoreme de Hilbert-Haar apparait a la fois comme un
théoreme d’existence et de régularité. En effet, les résultats d’existence obtenus
par la méthode directe assertent ’existence d’une solution dans un ensemble
de fonctions de type Sobolev. Ici, on obtient une solution dans un espace de
fonctions beaucoup plus régulieres. Non seulement les fonctions lipschitziennes
sont dérivables presque partout, ce qui donne un sens fort & Vu dans I'écriture
de la fonctionnelle I, mais surtout, un minimiseur lipschitzien vérifie I’équation
d’Euler-Lagrange (2), pour peu que le lagrangien F soit différentiable. C’est
une premiere différence essentielle par rapport a la méthode de De Giorgi, qui
exigeait des hypoteses de croissance sur le lagrangien pour obtenir ’équation
d’Euler-Lagrange. En revanche, une fois ’équation d’Euler-Lagrange établie, la
méthode de De Giorgi prend le relais de la théorie Hilbert-Haar pour établir la
régularité holderienne, voire analytique, d’un minimiseur. La complémentarité
des deux méthodes est notamment explicite dans le livre [65].

Contrairement a la méthode de De Giorgi, le minimiseur obtenu ici est global
(c’est-a-dire que I(u) < I(u+6) pour tout € lipschitzien valant 0 au bord et pas
seulement pour tout 8 € C°()). Cela est dit & ’hypothese essentielle qu'on
s’est donnée : ¢ vérifie la condition de pente bornée. D’une certaine maniere, la
régularité qu’on impose au minimiseur a la frontiere se propage a 'intérieur de
louvert. Cette propriété contraste fortement avec la notion de régularité locale
qui apparait dans la méthode de De Giorgi et la théorie des équations elliptiques
(voir par exemple [16], Remarque IX.26).
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0.3.2 Bref historique

Le théoreme de Hilbert-Haar, tel qu’on I’a énoncé dans la section précédente, est
le produit de treés nombreuses contributions. Le seul énoncé dont on disposait
avant guerre, comme on peut le lire dans le livre de Morrey [71], concerne le
cas n = 2 et un lagrangien qui ne dépend que de . Il affirme qu’il existe une
unique fonction minimisante définie sur un domaine strictement convexe sous
la condition des trois points. Cette condition est ’existence d’une constante K
bornant la pente de tout plan défini par la donnée de trois points de la forme
(z,p(x)) avec x € T. 1l est équivalent a la condition de pente bornée (définie
dans la section suivante) pour n = 2.

Il semble que ce soit I'article de De Giorgi [30] qui ait inspiré les premiéres
versions du théoréeme de Hilbert-Haar en dimension finie quelconque. A ma
connaissance, la premiere de ces versions apparait dans l'article de Stampac-
chia [84] qui utilise explicitement le théoreme de De Giorgi et certaines de ses
généralisations. Mais Stampacchia impose & F d’étre de classe C? et elliptique
(au sens ou les valeurs propres de sa hessienne sont > 0 en tout point) et il
suppose de plus que ) est de classe C1'! et que ¢ satisfait la condition de pente
bornée et est la trace d'une fonction de W2P(Q),p > n.

Dans son livre [71], Morrey présente une amélioration du résultat de Stam-
pacchia et livre un énoncé semblable a celui qu’on a donné au début de la section
0.3.1, & ceci pres que ) est supposé strictement convexe (cela dit, on n’a pas
su voir dans la preuve ol cette hypothese était déterminante). La référence a
la théorie de De Giorgi reste évidente. Il semble que Morrey n’ait pas eu con-
naissance de article de Miranda [69] qui, le premier, donne son autonomie a la
théorie de Hilbert-Haar par rapport a la théorie de De Giorgi. Pour la premiere
fois également, on s’apergoit que la convexité de 'ouvert n’a pas besoin d’étre
une hypothese explicite. Cela dit, Miranda suppose encore son lagrangien C? et
strictement convexe, méme si ces hyptoheses ne sont pas incontournables dans
sa preuve. (En fait, Miranda s’intéresse particulierement au cas du lagrangien
F(k) :== /14 |k|? qui ne peut étre traité par le théoreme de De Giorgi, et
qui est évidemment C? et strictement convexe). La démonstration de Miranda
est fondée sur une idée utilisée avant guerre, qui est une forme de principe du
maximum sur le gradient. On y reviendra en détails dans la section 0.3.6.3.

Hartman et Stampacchia [47] s’inspirent de cette méme idée pour obtenir
des théoremes d’existence dans I’ensemble des fonctions lipschitziennes pour des
équations elliptiques. Il propose aussi la version finale du théoréeme de Hilbert-
Haar (i.e. celle du début de la section 0.3.1).

L’histoire du théoreme de Hilbert-Haar parait s’assoupir pendant plus de
vingt-cing ans. Cependant, au début des années 2000, un article de Cellina [24]
introduit le théoreme de Hilbert-Haar dans un contexte différent et en modifie
la philosophie. De théoreme d’existence dans l’ensemble des fonctions lips-
chitziennes, le probléme devient une question de régularité pure : quand un
minimiseur dans I'ensemble des fonctions de type Sobolev est-il lipschitzien ?
De plus, le cas de lagrangiens a valeurs éventuellement oo est envisagé pour la
premiere fois. L’irruption des espaces de Sobolev dans la théorie est consacrée
ensuite par trois articles de Mariconda et Treu [62], [61], [63] (voir aussi [85]).
L’article [61] répond & la question de Cellina tandis que [62] réécrit le premier
Chapitre de [37] dans le cadre des espaces de Sobolev, en utilisant un langage
tres éclairant pour signifier les inégalités vérifiées presque partout a la frontiere
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par des fonctions de type Sobolev. Ce langage apparait déja chez [84] et de
maniere plus importante encore dans le livre [36].

Enfin, la contribution la plus récente dans la théorie Hilbert-Haar apparait
dans Darticle de Clarke [28]. Tout en utilisant les développements récents, elle
insuffle plusieurs idées nouvelles qui ont largement inspiré les Chapitres 2 et 3
de cette thése. Pour comprendre l'intérét de cette contribution, et celui de ces
deux chapitres, il importe de faire deux reproches au théoreme de Hilbert-Haar
traditionnel. D’abord, la condition de pente bornée peut étre tres restrictive,
comme on le verra dans la section suivante. Ensuite, la forme du lagrangien (qui
ne dépend que de la variable k) est également trés restrictive. On y reviendra
dans la section 0.3.4.

0.3.3 La condition de pente bornée

On dit que ¢ vérifie la condition de pente bornée de constante @) > 0 si pour
tout y € T', il existe C;t € R", |§7;t| < Q tels que :

(y) + (¢ r —y) < d(x) < o(y) + ( ;,Z'*y> Ve eTl.

Ainsi, la condition de pente bornée signifie qu’on peut encadrer la fonction ¢
sur I' par deux familles de fonctions affines, dont chaque élément coincide avec
¢ en un point de I'. Historiquement, il semble que cette condition apparaisse
avant guerre dans le cas n = 2 dans les travaux de Rado, puis seulement apres
guerre, en dimension finie quelconque dans un article d’Hartman et Niremberg
[46]. La terminologie suivante y est employée. On considére R™ x R muni des
coordonnées (1, .., x,; z) et on appelle 'axe des z I'axe vertical. On dit qu'un
sous-ensemble A; de R™ x R est au-dessus d’un sous-ensemble As si pout tout
couple (x;21) € A, (x;22) € Ay, ayant la méme “abscisse” x € R™, on a
I'inégalité z1 > z2. On définit symétriquement la notion “étre au-dessous”.

La pente d’une hypersurface de R™ xR est la valeur absolue de la tangente de
I’angle entre sa normale et I’axe vertical. Pour donner une expression analytique
de cette pente, on peut considérer une hypersurface d’équation z = z(z),z € D
ol D est un ouvert de R™ et z est une fonction C''. Une normale unitaire & cette
hypersurface en (z, z(z)) est

( Vz -1 )
VIH|V22 V1V

Si 6 désigne I’angle entre la normale et ’axe vertical, on a

|cosf| = 1/4/1+ |Vz|?

et la pente est donc par définition |tand| = v/1 — cos? §/| cosf| = |[Vz|.

Dans l'article d’Hartman et Niremberg [46], on considére un ouvert con-
vexe borné 2 de R™ et une fonction continue z sur Q. Cette fonction z définit
I'hypersurface S d’équation z = z(x),z € Q et S’ sa frontiere. On introduit
I’hypotheése suivante : il existe @ > 0 tel que par tout point de S’, il passe deux
hyperplans de pente @ tel que S’ est au-dessous de 1'un et au-dessus de 'autre.
Explicitons cette propriété : soit y € T' = 9. Alors (y,z(y)) € S’. 1l existe
deux hyperplans H;[ d’équation z = 2% (), avec |Vz*| < Q qui coincident avec
S’ en (y,z(y)) et qui encadrent S’ au sens

27 (z) < 2(z) < 2 (x) Vxel.
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Ceci est exactement la condition de pente bornée (méme si cette appellation
n’apparait pas dans larticle). Ainsi, en des termes géométriques, la condition
de pente bornée signifie que la ‘courbe’

{(z,¢(x)) e R" xR:2 €T}

est située entre deux familles d’hyperplans (H, ;[) de R” x R dont on peut borner
la pente uniformément.

Le théoreme d’Hartman et Niremberg ne s’inscrit pas dans un contexte de
calcul des variations (il affirme que si z est C2 sur Q et C! sur €, si la hessienne
de z possede des valeurs propres positives et négatives en tout point de (2 et a un
déterminant qui ne change pas de signe sur {2, alors sous I’hypothese précédente
sur ¢, on a |Vz| < Q sur Q).

L’expression bounded slope condition apparait pour la premiére fois dans [84].
Le premier résultat sur la bounded slope condition est affirmé par Gilbarg [35]
et démontré par Miranda [69]. Il s’énonce ainsi : la restriction d’une fonction
C? & la frontiere d’un ouvert uniformément convexe vérifie une condition de
pente bornée. Un ouvert (qui n’est pas nécessairement de classe C?) est dit
uniformément convexe s’il existe € > 0 tel que pour tout z € T, il existe un
vecteur unitaire n, tel que pour tout y € €,

(ne,y — o) > ely — af”. (3)

Il semble qu’il faille attendre les travaux d’Hartman pour qu’on prenne con-
science que la convexité de I'ouvert ) est une hypothese déja contenue dans la
condition de pente bornée. Plus précisément, si la fonction ¢ n’est pas affine
et vérifie la condition de pente bornée, alors I'ouvert 2 est convexe. Les deux
articles d’Hartman [43] et [45] contiennent toutes les propriétés connues des
fonctions vérifiant une condition de pente bornée.

Dans Particle On the bounded slope condition de 1966 [43], trois résultats
importants sont avancés.

Le premier relie une propriété vérifiée par ¢ sur le bord I" de 2 & une propriété
de convexité pour des fonctions ¢* définie sur R™. Etant donné z € Q et ¢t > 0,
on définit pour x € R"”

¢*(z) = 20t + (1 - 0)d(y) (4)

ou # € [0,+00),y € I sont définis par x = 0z + (1 — §)y. En des termes plus
géométriques, le graphe de la fonction ¢T est un céne de sommet (Z,t) et qui
“s’appuie sur le graphe de ¢”. Celui de ¢~ est son “symétrique”. Le premier
résultat d’Hartman affirme que ¢ vérifie une condition de pente bornée si et
seulement si pour tout T € €Q, il existe N > 0 tel que pour tout ¢t > N, les
fonctions ¢~ et —¢™ sont convexes.

Ainsi, non seulement une fonction satisfait la condition de pente bornée si et
seulement si c’est la restriction d’une fonction convexe et d’une fonction concave
(ce qu'avait déja constaté Morrey, voir le Lemme 4.2.3 de [71]), mais de plus, on
peut choisir ces deux fonctions convexes et concaves d’une forme particuliere :
elles sont affines sur les droites passant par Z, un point arbitraire de Q2. Ce fait
est essentiel dans [43].

En utilisant le fait qu’une fonction est convexe si et seulement si sa restriction
a toute droite est convexe, Hartman donne un critere pratique pour savoir si ¢
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vérifie ou non la condition de pente bornée. Plus précisément, si on fixe T € 2,
il s’agit de trouver N > 0 tel que pour tout |t| > N, pour tout triplet de points
de T (x0,x01,21) tel que o1 soit situé “entre” z( et 1, on ait :

& M P(wo) —t
t &1 Mo ¢xor) —t|<0
& om o plw) —t

o (£0,m0), (§1,m), (€01, M01) sont les coordonnées de xg, 1 et 291 dans un repére
orthonormé de ce plan centré en T et orienté de telle sorte que

& Mo > 0.
&1 m
La phrase “xg; est situé entre xy et z;” signifie

& Mo

> 0.
o1 Mot

>0 et o1 7ot
& om

Le deuxieme résultat de ce méme article d’Hartman est 1’équivalence de
la condition de pente bornée avec une condition de n + 1 points. C’est une
généralisation de I’équivalence classique pour n = 2 entre la condition de pente
bornée et la condition des trois points. La encore, on obtient un critére pratique
pour vérifier qu'une fonction vérifie la condition de pente bornée, qui est une
généralisation du critere pratique précédent.

Le troisieme résultat montre que si ¢ vérifie la condition de pente bornée,
alors ¢ est aussi réguliere que I'. Plus précisément, lorsque I' est de classe C'*,
on peut recouvrir I' par un nombre fini d’ouverts dans lesquels I' peut étre
paramétrisé par des plongements p de classe C'' définis sur un ouvert de R™ 1.
Alors on dit que ¢ est C! lorsque sa composée ¢op avec toute paramétrisation lo-
cale p de I" est de classe C'! (sur 'ouvert de R"~1 ol est définie la paramétrisation
p). De méme, on peut remplacer C! par C1*, X € (0,1]. En ce sens, Hartman
a montré que si I' est C'!, (respectivement C1}) alors ¢ est C! (respectivement
C1*). La preuve (notamment en dimension > 2) est délicate, d’olt 'intérét
d’une preuve plus simple pour ce troisieme résultat, preuve donnée dans le
Chapitre 1 de cette these. Notons en outre que ce résultat de régularité montre
que seules des fonctions assez régulieres peuvent vérifier la condition de pente
bornée.

Dans le second article Convez sets and the bounded slope condition de 1968
[45], Hartman montre que 1'adhérence dans C°(T") des fonctions qui vérifient la
condition de pente bornée, noté B(I') est 'ensemble des fonctions continues qui
sont affines sur les parties affines de I, ensemble noté A(T"). En particulier, si
est strictement convexe, c’est I’ensemble des fonctions continues sur I'.

L’ensemble B(T) a des applications intéressantes en calcul des variations. On
en verra un exemple pour le probleme de la continuité des minimiseurs, dans
le premier chapitre de cette these. Cet ensemble a également été utilisé par
Miranda [69] pour le probleme de surface minimale avec conditions de Dirichlet
(Miranda obtient I’existence de solutions généralisées lorsque ¢ est dans B(I")
; on pourrait d’ailleurs généraliser un tel résultat a tout lagrangien strictement
convexe et globalement lipschitzien).

Il y a une inclusion facile pour ce résultat d’Hartman : si une fonction vérifie
une condition de pente bornée, alors c’est la restriction d’une fonction convexe et
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d’une fonction concave. Ainsi sur les parties affines de I', ¢ est a la fois convexe
et concave et donc affine. Donc B(I') € A(T).

L’idée pour démontrer 'autre inclusion est de considérer les cones construits
a partir des fonctions ¢T (voir (4)), c’est-a-dire :

{(z,2) ER"xR:2>¢ ()} et {(z,2) ER"xR:z< ¢ (2)}
et d’écrire leur enveloppe convexe sous la forme :

{(,0:(x)) :x €R"} , {(2,¢(2)) : x €R"}

avec ¢; et—@' des fonctions convexes. Ce que disait le premier résultat du
premier article est que ¢ vérifie une condition de pente bornée si et seulement si
¢, @', ¢; coincident sur I' pour tout ¢ assez grand. Donc il est naturel d’espérer
que lorsque ¢ est dans B(I'), ¢! et ¢; convergent vers ¢ lorsque ¢ tend vers
Iinfini. Ce résultat est vrai et on a en fait le résultat plus fort et découplé
suivant : si ¢ est concave [convexe] sur chaque partie affine de T, alors ¢! [¢;]
converge uniformément vers ¢ sur I' (voir 'annexe du Chapitre 1).

A partir de la, il faut travailler encore un peu pour avoir le résultat de [45].
Hartman utilise en particulier que ¢ n’est pas la restriction de n’importe quelle
fonction convexe ou concave, mais bien d’une fonction qui est affine sur les
“rayons” partant de l'origine Z.

Ce que montre en particulier la preuve de I'inclusion B(I') C A(T), c’est que
les fonctions vérifiant la condition de pente bornée sont affines sur les parties
affines de I'. Cette propriété illustre combien cette condition peut-étre restric-
tive, par exemple sur un polygone. A contrario, la condition de pente bornée est
d’autant moins restrictive que 'ouvert est d’“autant plus” convexe (par exemple
uniformément convexe).

Comme on le verra dans la section 0.3.6, la condition de pente bornée sert a
construire des barrieres. Davantage, dans le cas ou le lagrangien ne dépend que
de k, les fonctions affines qui apparaissent dans la condition de pente bornée sont
elles-mémes des barrieres. Ces barriéres ont ceci de spécifique (par rapport aux
barrieres construites dans la théorie des équations elliptiques, voir [36]) qu’elles
n’ont besoin d’aucune hypotheése de croissance majorante sur le lagrangien (en
particulier, on n’a besoin d’aucune hypothese sur le rapport entre la plus petite
valeur propre et la plus grande valeur propre de la hessienne du lagrangien par
rapport & la variable k).

On trouve des généralisations de la condition de pente bornée dans 'article
de [47] et dans les articles [61], [63]. L’expression Generalized Bounded Slope
Condition est d’ailleurs employée en des sens différents par ces auteurs. Dans
[47], il s’agit véritablement d’une généralisation au sens ou les fonctions affines
encadrant ¢ sont remplacées par des fonctions C':'. C’est une hypothese qui
ne concerne que ¢. Néanmoins, pour construire des barrieres, les auteurs rec-
quierent une borne sur le rapport entre la plus petite valeur propre et la plus
grande valeur propre de la hessienne du lagrangien. L’expression ‘Generalized
Bounded Slope Condition’ est moins claire dans les articles de Mariconda et
Treu, ou elle correspond & l'existence de sous/sur-solutions qui encadrent ¢
sur la frontiere. Or le fait d’étre une sous/sur-solution pour une fonction est
évidemment lié au lagrangien du probléeme variationnel considéré. Autrement
dit, chez ces derniers auteurs, la condition de pente bornée généralisée peut étre
satisfaite par une fonction ¢ pour certains lagrangiens et pas pour d’autres.



24 Introduction

0.3.4 Lagrangiens généraux

Dans la plupart des articles autour du théoreme de Hilbert-Haar, on étudie des
problemes variationnels ou le lagrangien ne dépend que la variable k. Il existe
cependant une exception notable : I'article de Stampacchia [84]. La deuxiéme
partie de cet article est consacrée a la généralisation de théoreme de Hilbert-
Haar pour des lagrangiens de la forme L(z, z, k) = G(z, z) + F(x). La fonction
F est O? et vérifie la condition

(VEF(R)E,€) > p(1+ |sD)7IE?, w>0, —1/2<T.

La fonction G est continue sur £ x R, dérivable par rapport a z et G, est
continue sur €2 x R. Elle vérifie la condition suivante de croissance uniformément
par rapport a x :

. o uGy(z,u) -
ot A(w, Q) est défini par
v (0%
M) = i dolVU”

wewbe (@) fo lul®
et
4"
27 + 2) max(1,27 + 1)

a

(En fait, Stampacchia prend fi = p, mais son argument nous échappe dans ce
cas). L'ouvert ) est supposé de classe C? et uniformément convexe (voir (3)).
On suppose enfin que la fonction ¢ vérifie la condition de pente bornée et qu’elle
est la trace d’une fonction W2?(Q), p > n.

Alors le théoreme de Stampacchia affirme qu’il existe un unique minimiseur
pour I dans ’ensemble des fonctions lipshitziennes qui valent ¢ au bord.

Pour montrer la nécessité des hypotheses sur G, Stampacchia propose le
contrexemple suivant L(z,z,k) = |k|? — qz% + 2(x)z, avec ¢ = A(2,Q),¢ =
0. Pour des fonctions i génériques, ce probleme n’a pas de solution (c’est
une conséquence de la théorie de Fredholm appliquée a 1’équation d’Euler du
probleme). Notons que ceci est un contrexemple au théoreme d’existence. Il
resterait & trouver un éventuel contrexemple au probleme de la régularité : s’il
existe un minimiseur dans I’ensemble des fonctions de type Sobolev, peut-il ne
pas étre lipschitzien si G ne vérifie pas les conditions ci-dessus ? 1l s’agit d’'un
probleme ouvert.

Dans 'article de Hartman et Stampacchia [47], des idées analogues & celles
de [84] sont utilisées pour établir des estimations a priori sur des solutions
d’équations elliptiques. L’originalité de [47] consiste & réemployer I'idée remise a
jour par Miranda concernant un principe du maximum sur le gradient. L’article
[47] a fortement inspiré certaines idées des Chapitres 2 et 3 pour adapter les
résultats de [28] au cas d’un lagrangien plus général.

0.3.5 Théoreme d’existence et de régularité simultanées

La méthode de Hilbert-Haar est a la fois un théoreme d’existence et de régularité,
puisqu’on cherche un minimiseur directement dans un ensemble de fonctions
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lipschitziennes. Il existe essentiellement deux méthodes pour obtenir Iexistence
d’un minimiseur dans le cadre de cette théorie.

La premiere est construite a partir de la méthode directe. Comme I’ensemble
des fonctions lipschitziennes n’a pas de bonnes propriétés de compacité, on
montre l'existence d’un minimiseur dans I’ensemble des fonctions lipschitziennes
de constante < K. Ensuite des estimations a priori (voir la section suivante)
permettent d’affirmer qu’il existe @@ > 0 tel que si ux minimise I sur ’ensemble
des fonctions K lipschitziennes, alors la constante de Lipschitz de ug est <
Q. On prend alors K > @. Ainsi, si v est une fonction lipschitzienne, alors
ug +t(v — ug) est une fonction K lipschitzienne pour tout ¢ assez petit, ce qui
implique

Iug) < I{ug +t(v —ug)) < (1 —t)I(ug) + tI(v)

(par convexité de I) et finalement I(ug) < I(v). On en déduit que ug est
un minimiseur sur I’ensemble des fonctions lipschitziennes. Ce type de preuve
apparait dans Particle de Miranda [69] puis est repris dans [47]. (La preuve de
Stampacchia [84] qui emploie la méthode directe dans un espace de Sobolev et
la théorie de la régularité de De Giorgi, est néanmoins dans le méme esprit).
La seconde méthode d’existence s’appuie sur 1'utilisation des théoremes géné-
raux d’existence pour des équations elliptiques non linéaires, souvent fondés sur
la théorie du degré, et auxquels ont contribué Minty, Browder, Lions... (pour des
références, voir [71] et [47]). Appliquant ces théorémes aux équations d’Euler-
Lagrange, on peut obtenir I’existence de minimiseurs (voir [36], [71] et [47]).

0.3.6 Estimations a priori

Quelle que soit la stratégie adoptée par chacun des auteurs cités, ceux-ci sont
tous amenés & établir des estimations a priori (au sens ol on suppose a priori
Pexistence d’un minimiseur) sur le gradient d’un minimiseur. Comme dans la
théorie de Schauder pour les équations elliptiques quasilinéaires (voir [36]), on
procede en trois temps. On établit d’abord un principe de comparaison pour le
minimiseur. Un tel principe affirme que si le minimiseur est encadré sur I" entre
deux fonctions vérifiant certaines propriétés (typiquement, étre des sous/sur-
minimiseurs, voir [37] ou la section 0.3.6.1), alors il est encadré par ces deux
fonctions sur €. Ensuite, on construit des barrieres qui encadrent ledit mini-
miseur sur I" et qui vérifient lesdites propriétés. Par le principe de comparaison,
elles ’encadreront aussi sur 2. Si ’on sait borner uniformément le gradient de
ces barrieres, alors on en déduit une borne du gradient du minimiseur sur I" (ce
type d’argument apparait déja dans [46]). Enfin, on établit un principe du ma-
ximum, assertant que si u est un minimiseur, alors ||Vu|| ) < |[Vul| g (r).
On en déduit finalement une borne sur |[Vu|| (). Ecrit ainsi, cela suppose par
exemple que u € C1(Q). Cest ce qui a amené Stampacchia [84] ou Morrey [71]
notamment a utilisé des théoremes de régularité issus de la théorie de De Giorgi
pour pouvoir manipuler des fonctions C'*(Q) dans leurs estimations a priori. En
écrivant différemment le principe du maximum sur le gradient, Miranda a pu
s’affranchir de cette théorie pour démontrer le théoreme de Hilbert-Haar.

0.3.6.1 Principe de comparaison

Dans les principes de comparaison interviennent souvent des sous/sur min-
imiseurs. On dit que v est un sur-minimiseur pour I si I(v) < I(w) pour
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tout w > v (et symétriquement pour un sous-minimiseur).

Pour comparer un minimiseur u avec un autre minimiseur v (voire un sous-
minimiseur w et un sur-minimiseur v) en sachant que u < v sur I, on écrit le
plus souvent I(u) < I(min(u,v)), voire I(u) < I((1 — t)u + t min(u,v)) pour
t € (0,1) puis on exploite les hypotheses données sur L (ce qui peut s’avérer
techniquement trés acrobatique, comme dans [84] et [47] dont on s’est inspiré
pour les principes de comparaison dans le Chapitre 2). L’intérét des fonctions
min(u,v) ou (1 —¢)u + t min(u,v), c'est qu’elles sont dans le méme espace de
Sobolev que u ou v, ou encore qu’elles ont des constantes de Lipschitz inférieures
a celles de u ou v.

Notons qu'une nouvelle génération de principes de comparaison est apparue
dans les articles de [24], [62], [61]. Ils sont valables dans les espaces de Sobolev
et pour des lagrangiens éventuellement & valeurs +o0o qui sont convexes mais
pas nécessairement strictement convexes.

0.3.6.2 Barrieres

De maniere générale, étant donné un probleme variationnel avec une condition
de Dirichlet ¢ sur I'; une barriere supérieure en un point y de I' est une fonction
l;‘ : Q) — R, égale & ¢ en y et qui majore les éventuelles solutions du probleme
variationnel. On peut de méme définir la notion de barriere inférieure. En
pratique, pour obtenir une barriere supérieure, on construit une fonction l;r
qui est un sur-minimiseur du probleme et qui majore ¢ sur I'. En particulier,
les sur-solutions de 1’équation d’Euler-Lagrange sont des sur-minimiseurs (voir
[62]).

Il est facile de voir que dans le cas ou L(z,u,x) ne dépend que de k,
alors les constantes et les fonctions affines sont des minimiseurs (ceci n’est plus
nécessairement vrai lorsque L dépend de z et u ou lorsque L est a valeurs 400 ).
Ainsi, lorsque L(z,u, k) = F(k), si un minimiseur (sur un ensemble de Sobolev)
est borné a la frontiere, il est nécessairement borné sur 'ouvert (pour des La-
grangiens plus généraux, la question est délicate : voir [84]). De méme, les
fonctions affines données par une condition de pente bornée vérifiée par ¢ sont
des minimiseurs et elles constituent donc des barrieres appropriées. Lorsque L
est de la forme L(x,u,x) = F(k) + G(x,u), Stampacchia [84] et Hartman et
Stampacchia [47] ont construit des barrieres & partir de ces fonctions affines,
mais qui n’exigent pas d’hypotheses de croissance majorante sur le lagrangien.
Une telle barriere (qui semble inédite) apparait dans le Chapitre 2.

0.3.6.3 Principe du maximum sur le gradient

La théorie des équations elliptiques offrent divers principes du maximum sous
divers types d’hypotheses (voir [84], [47] et [36]). Pour établir un principe du
maximum sur le gradient, on peut montrer que les composantes du gradient
vérifient une équation elliptique linéaire ol ces principes s’appliquent (voir par
exemple [71]). Plus pertinent pour cette these est le principe du maximum sur
le gradient sous la formulation employée par Miranda (que ce-dernier attribue
& Von Neumann). Ainsi, si v est un minimiseur (cas L(z,u, k) = F(k)), on a :

@) el )]
zeQyel |z —y| ceQye |z —y|
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Cette formulation ne fait pas intervenir le gradient de u, et peut-étre établie
pour des minimiseurs sur des espaces de Sobolev (dont les gradients ne sont
définis que presque partout et ont un sens faible).

Ce principe du maximum découle de I'application du principe de comparai-
son entre un minimiseur u et son translaté u, := u(- — 7). Les fonctions u et
u, sont deux minimiseurs de I sur QN Q, ou Q. := Q + 7. On obtient une
estimation du type : pour tout 7 > 0,

JHax (u(z) —ulz—7)) < ye%ls?r}w(ﬂf(u(y) —uly — 7).

Un tel principe du maximum sera réécrit avec la méme preuve par Mariconda
et Treu [62] pour des minimiseurs dans un espace de fonctions de Sobolev.

0.3.7 L’idée nouvelle de Clarke

Par le principe de comparaison de Mariconda et Treu (qui est 'adaptation au
cadre Sobolev du principe de comparaison classique), Clarke [28] compare u &
ux(x) :=u((x — 2) /A + z) sur

Q)\ ::)\(Q—z)—l—z

ou z € . Autrement dit, on remplace 'idée de comparer u et une version
translatée de u par une comparaison entre u et une version dilatée de u. C’est
possible parce que u) est un minimiseur de I sur 2.

Pour comprendre l'intérét de cette idée, il faut revenir au principe du max-
imum qui découlait de la comparaison de u et d’'une version translatée de wu.
Pour exploiter ce principe du maximum, on doit estimer le quotient :

) — )|
wyer Ty

Les valeurs absolues imposent d’avoir une majoration et une minoration de
(u(z) —u(y)) lorsque x € Q et y € I'. Une autre maniere, équivalente, d’aborder
ce point est de remarquer qu’on compare u et sa version translatée u, sur
Pouvert Q N Q... Pour appliquer le principe de comparaison, on doit les com-
parer sur la frontiere de cet ouvert. Or, la frontiére de cet ouvert est composée
d’un “morceau” de I' et d’'un “morceau” de 02, = I' 4+ 7. C’est précisément la
présence de ces deux morceaux qui imposent d’avoir une double inégalité dans
la définition de la condition de pente bornée.

Au contraire, la frontiere de QN Q) est composée d’un seul morceau (lorsque
Q est convexe), et c’est ce qui permet de supprimer I'une des deux inégalités
dans la définition de la condition de pente bornée. Clarke définit la condition
de pente minorée (ou majorée, on obtient des résultats identiques) : on dit que
¢ vérifie la condition de pente minorée de constante ) > 0 si pour tout y € T,
il existe ¢ € R™, |(] < @ tel que pour tout x € T,

o(y) + (¢ z —y) < o(x).

Cette condition est nettement moins restrictive que la condition de pente bornée.
Elle est étudiée dans le Chapitre 1.
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Le théoreme de Clarke [28] affirme que si F' est strictement convexe et si ¢
vérifie la condition de pente minorée, alors tout minimiseur sur VVO1 Q)+ ¢ est
localement lipschitzien.

Pour la premiere fois dans les résultats de la théorie Hilbert-Haar, des hy-
potheses globales entrainent des conclusions locales. En fait, les conclusions ne
sont pas réellement locales puisque le caractere localement lipschitzien découle
d’une inégalité beaucoup plus forte : on a pour tout z,y € Q2 :

Tyl

dr(ylz)

Ici, K dépend de ¢ et de Q et dr(y|x) est la distance de y & T' en passant par
x, c’est-a-dire égale & |y — z| ot z € T" est le point d’intersection de T et de la
demi-droite [y, z).

Si on suppose de plus que F' est coercive, Clarke obtient, par une méthode
nouvelle, que u est continu sur 2 au sens de Holder. C’est un probleme ouvert
que de savoir si sans coercivité du lagrangien et sans stricte convexité de 'ouvert
un minimiseur dans W11(Q) est continu sur Q (en supposant  convexe et ¢
vérifiant une condition de pente minorée).

u(y) > u(z)

0.3.8 Les contributions de cette thése dans la théorie de
Hilbert-Haar

Les trois premiers chapitres de cette these sont consacrés a des développements
des idées apparaissant dans [28]. Dans le premier chapitre (qui correspond a
[12]), j’étudie les propriétés de la condition de pente minorée. Le deuxieéme
chapitre (article en collaboration avec Francis Clarke, voir [13]) correspond a
une extension des résultats de [28] & des lagrangiens plus généraux. Dans le
Chapitre 3 (correspondant a [11]), je retranscris ces résultats dans le cadre des
équations elliptiques.

0.3.8.1 La condition de pente minorée

Le Chapitre 1 poursuit deux objectifs. Le premier est de comprendre dans quelle
mesure la condition de pente minorée est moins restrictive que la condition de
pente bornée. Le second objectif est de généraliser les résultats obtenus par
Hartman dans [43], [45] au cas de la condition de pente minorée. Méme si la
condition de pente minorée n’impose pas a ’ouvert {2 d’étre convexe, c’est pour
des ouverts convexes que j’ai établi mes résultats (dont certains restent vrais
pour des ouverts généraux). Il est & noter que dans les articles [28] et [13], la
condition de pente minorée est utilisée seulement pour des ouverts convexes.

Il apparait que la semiconvexité joue un role fondamental dans I’étude de la
condition de pente minorée. On peut dire que la semiconvexité est a la condition
de pente minorée ce que les fonctions C1 sont & la condition de pente bornée.
Plus précisément, une fonction ¢ vérifie la condition de pente minorée si et
seulement si c’est la restriction a I' d’une fonction convexe, voire la restriction
d’une fonction linéairement semiconvexe dans le cas d’'un ouvert uniformément
convexe. De plus, de la méme maniere qu’on a défini la propriété pour ¢ d’étre
de classe Cb! (voir section 0.3.3), on peut dire que ¢ est semiconvexe si sa
composée avec toute paramétrisation locale de I' est semiconvexe (sur un certain
ouvert de R™71).
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Dans le premier chapitre, nous montrons

Théoréme 0.1

Soit Q un ouvert convexe borné, avec I' :== 082 de classe C1'! et ¢ une fonction
définie sur I'. Si ¢ vérifie la condition de pente minorée, alors ¢ est linéairement
semiconvexe. Si de plus §) est uniformément convexe, alors la réciproque est
vraie : si ¢ est linéairement semiconvexe, alors ¢ vérifie la condition de pente
minorée.

Ce résultat correspond a certains résultats déja cités d’Hartman pour la condi-
tion de pente bornée.

Ce résultat repose sur des propriétés des fonctions semiconvexes établies dans
[23]. On a également trouvé éclairant d’introduire une notion de sous-différentiel
pour ces fonctions ¢ définies sur I'. Cette notion n’est pas nouvelle : elle consiste
simplement & prolonger ¢ par +o0o hors de I' (un procédé courant en analyse
non lisse) et & considérer les sous-différentiels de ces prolongements. Enfin,
par les mémes méthodes, nous donnons une preuve particulierement simple du
théoréme principal d’Hartman dans [43].

Par ailleurs, figurent dans ce chapitre et son annexe des généralisations au
cas de la pente minorée de résultats prouvés par Hartman pour la pente bornée.
Ainsi, on vérifie que ’adhérence de ’ensemble des fonctions vérifiant la condition
de pente minorée dans C°(I") est Pensemble des fonctions de C°(T") qui sont con-
vexes sur les parties affines de I'. Ce résultat correspond au résultat d’Hartman
rappelé dans la section 0.3.3, ou les mots “minorée” et “convexes” sont rem-
placés respectivement par “bornée” et “affines”. On a aussi introduit dans ce
chapitre une application de ce résultat d’Hartman a la question de la continuité
des solutions d’un probléme de calcul des variations. Cette application renvoie
a la question centrale de la théorie Hilbert-Haar : quelle régularité sur la condi-
tion au bord induit quelle régularité sur la solution a l'intérieur de 'ouvert ? En
particulier, lorsque ¢ est continue, un minimiseur est-il nécessairement continu
? La réponse est ouverte en général (lorsque l'ouvert est supposé seulement
lipschitzien) mais vraie lorsque 'ouvert et le lagrangien L(x,u,x) = F(k) sont
strictement convexes. Ainsi on a :

Théoréme 0.2

Soit ) un ouvert convexe borné de R", ¢ : I' — R une fonction continue, affine
sur les parties affines de T et I(u) := [, F(Vu). Ici, F est une fonction stricte-
ment convexe sur R™. On considére le probleme de minimiser I sur I’ensemble
des fonctions u € WH1(Q) qui valent ¢ au bord. Si u est une solution, alors elle
est continue sur €.

Il est peu vraisemblable que ce résultat soit nouveau. Pourtant, nous ne
I’avons jamais vu publié.

Dans le Chapitre 1, on donne également un critére inspiré de [43] pour
identifier les fonctions vérifiant la condition de pente minorée et on 1'utilise
pour montrer qu'une certaine fonction ¢ (définie ci-dessous) vérifie la condition
de pente minorée mais pas la condition de pente bornée. Cet exemple est parti-
culierement important pour montrer 'intérét de la condition de pente minorée
en calcul des variations.

Considérons le cas (le plus simple pour les équations elliptiques) des fonctions
harmoniques dans le disque unité de R?, sous une condition de Dirichlet sur le
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cercle unité. On sait que si ¢ est continue, alors il existe une unique fonction
harmonique continue sur € solution du probleme. Il est bien connu aussi que
si ¢ est dans un espace C>% ou W?P, alors la solution sera dans le méme
espace. Mais que dire si ¢ est supposée seulement lipschitzienne ? L’exemple
suivant, qui nous a été donné par P.Cannarsa, montre que la solution n’est pas
nécessairement lipschitzienne : la fonction

rt cosif)

i2

u(rcosf,rsinf) := — Z

i>1

est harmonique, et sa restriction au bord ¢ est méme C'* par morceaux (avec une
seule singularité en (1,0)). Mais u n’est pas globalement lipschitzienne. Il n’est
pas difficile de voir que u € W12(Q) et donc u minimise I avec L(x,u, x) = |x|?.
On peut vérifier également que

2 02

0,sinf) = ——+ —0 — — 0 € [0, 2mx|.
Bleosd,sin0) =~ + 20— = 9o, 2n]
Dans le premier chapitre, on montre que cette fonction ¢ ne satisfait pas la

condition de pente bornée, mais satisfait la condition de pente minorée.

0.3.8.2 Lagrangiens plus généraux

Dans le deuxieme chapitre, on s’intéresse a la généralisation des résultats de
Clarke [28] au cas de lagrangiens plus généraux. En suivant quelques techniques
de [84] et [47], on a pu obtenir une telle généralisation pour des lagrangiens de
la forme L(z,u,x) = F(k) + G(z,u) ou F est uniformément convexe et G
localement lipschitzienne en u. Plus précisément, on introduit les hypotheses
suivantes :

(HQ) £ est un ouvert convexe borné.

(HF) Tl existe u> 0 tel que pour tout 6 € (0,1) et x,x" € R™, on ait :

OF (k) + (1 —0)F(r') > F(0k + (1 — 0)r') + (1/2)0(1 — 0)|x — &'|%. (6)

(HG) G(x,u) est mesurable en z et différentiable en u, et pour tout inter-
valle borné U, il existe une constante M telle que pour presque tout x € €2,

|G(z,u) — G(z,u)| < Mu—u'| Yu,u' € U. (7)

On suppose de plus qu’il existe une fonction bornée b tel que I'intégrale

/ G(z,b(x)) dx
Q

soit bien définie et finie.
Sous les hypotheses (HQ), (HF') et (HG), la fonctionnelle

I(w) := Q{F(Dw(ac)) + G(z,w(z))} dz

est bien définie sur 'ensemble des fonctions de W1 (Q) qui sont bornées sur .

On appelle (P) le probleme de minimiser I sur W, " (Q) + ¢. On conviendra de

dire que u est solution de (P) relativement & L>°(£2) si u est lui-méme borné et

sion a I(u) < I(w) pour toute fonction w admissible pour (P) et bornée sur €.
Alors on a :
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Théoréeme 0.3

Sous les hypothéses (HQY), (HF) et (HG), et si ¢ vérifie la condition de pente
minorée, toute solution u de (P) relativement a L () est localement lipschitzi-
enne sur §).

Stampacchia [84] a décrit des conditions structurelles sur G qui garantissent
a priori que les solutions de (P) (sur W11(Q)) soient bornées.

Ce résultat est assez proche de celui figurant dans 'article de Stampacchia
[84], qui exigeait cependant des hypotheses de régularité plus contraignantes sur
les données, et qui demandait a ¢ de vérifier la condition de pente bornée.

Notons que dans tous les travaux s’inscrivant dans la théorie Hilbert-Haar,
les seuls lagrangiens envisagés sont de cette forme (aussi bien chez Stampacchia
que dans les travaux plus récents de Mariconda et Treu). En particulier, aucun
résultat n’est connu pour des lagrangiens de la forme F'(x,u) (des théoremes
pour de tels lagrangiens pourraient laisser espérer des résultats du type Hilbert-
Haar dans le cas ou les fonctions admissibles sont a valeurs vectorielles, en
travaillant composante par composante).

Pour généraliser le Théoreme 0.3, on introduit de nouveau une version dilatée
uy de u sur 0, idée déja présente dans [28] comme on I’a vu. Plusieurs difficultés
apparaissent : on a déja signalé que les fonctions constantes ou affines ne sont
plus des minimiseurs. Il s’agit donc de construire des barrieres plus compliquées
pour minorer a priori tout minimiseur du probléme. De plus, pour éviter de
faire des hypotheses de croissance majorante sur F' (et rester ainsi dans lesprit
de la théorie de Hilbert-Haar), on a construit des barrieres qui n’exigent que de
Puniforme convexité pour F' (qui est une hypothese de croissance minorante).
Ensuite, uy n’est plus nécessairement un minimiseur sur 2 (vu les hypothéses
trés générales faites sur G). Il faut donc modifier uy pour pouvoir le comparer
avec u.

Notons que dans les articles de Mariconda et Treu, des principes de compara-
ison apparaissent pour des lagrangiens de la forme L(x,u, k) = F(k) + G(x,u).
L’'un d’eux est méme utilisé dans [62] pour comparer u et sa version translatée
u, et obtenir ainsi un principe du maximum sur le gradient, mais alors G ne
dépend pas de x et est supposé convexe, deux hypotheses tres restrictives. Au
contraire, nous ne supposons aucune hypothese de monotonie ou de convexité
sur G. Par ailleurs, pour établir des résultats d’existence et de régularité, Mari-
conda et Treu ou bien supposent a priori 'existence de barrieres (comme dans
[61]), ou bien construisent des barrieres qui lient la condition au bord ¢ et le
lagrangien du probléme [63] (et donc comme on I'a déja remarqué, pour une
condition au bord fixée, I’existence de ces barriéres n’est pas assurée pour tous
les lagrangiens).

Les résultats de continuité & la frontiere établis par Clarke dans [28] de-
meurent vrais pour des lagrangiens plus généraux, sans qu’il soit nécessaire
de modifier la preuve. Dans la deuxieme annexe au Chapitre 2, on a proposé
d’autres généralisations : que peut-on dire lorsque 'ouvert {2 n’est pas convexe 7
et lorsque F' n’est plus supposé uniformément convexe ? Les réponses apportées
a ces questions demeurent tres limitées.

0.3.8.3 Equations elliptiques non linéaires

Le Chapitre 3 est consacré a la transcription des idées du Chapitre 2 au contexte
des équations elliptiques a forme divergentielle, telles qu’elles sont traitées dans
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[47]. Plus précisément, on s’intéresse aux solutions du probleme

/Q{(G(VU(QT)% V() = Flul(z)n(x)} de = 0, ®)

pour tout n € C°(). Le champ de vecteurs a est supposé uniformément el-
liptique au sens ot il existe v > 0 tel que (a(k) — a(k’),k — k') > v|k — K'|?,
pour tout x,x’ € R™. La fonctionnelle F doit vérifier certaines hypotheses de
croissance. On suppose que Flu] € L(Q) pour tout u € WH2(Q) et que

Flu)(z)sgn u(z <Zcz||u||ﬁ“> (@)"D7 ppaeQ (9)

ouc¢; > 0,a(i) > 1,63) > 0,v(i) > 1, et a(i) < 2%,6(:) + v(i) < 2. On a noté
1/2* =1/2 —1/n. On suppose aussi que les coefficients ¢; dans (9) vérifient

VZ " A2 |Q) 2/ e+ ali) 5 (10)

ott Y est la somme sur les indices i tels que 8(i) + v(i) = 2. Ici, 0 :=
max(a(i),2) < 2* et
\Y
A:= inf %
wo@ ullze

On suppose également les propriétés suivantes sur F : d’abord, pour tout M > 0,
il existe x(M) tel que si u € WH2(Q) vérifie |u(z)| < M sur €, alors

|Fu](2)] < Xx(M). (11)

Deuxiemement, si up, est une suite de fonctions lipschitziennes valant ¢ au bord,

bornée dans L (2) et convergeant uniformément sur tout compact de £ vers u

quand h — oo, alors Flup|(x) — Fluo](z) presque partout sur © quand h — oco.
Un exemple de fonctionnelle Flu] est donné par

Flul(z) := Glulg(z, u(z))

ou

Glu) := [/Q h(z,u(z))dz]?~1 | glz,u) := Bhy(z,u).

ot h est une fonction C'. On peut voir facilement que dans ce cas, (8) est
I’équation d’Euler-Lagrange du probléme variationnel :

min{/Q F(Vu) — [/Q h(z, w)]P}.

Théoréme 0.4

Sous les hypothéses précédentes sur le lagrangien, si 2 est un ouvert borné
convexe et si ¢ vérifie une condition de pente minorée, alors il existe u €
(Wy2(9) + ¢) NL>®(Q) solution de (8). De plus, u est localement lipschitzien
sur €.
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Ce théoreme généralise certains résultats de [47], dans le sens ou la condition
de pente bornée est remplacée par la condition de pente minorée.

La principale originalité par rapport au Chapitre 2 consiste dans la preuve
de Texistence de la solution. On s’inspire pour cela de [47], qui consiste & faire
intervenir la notion de K quasi-solution. On dit que u est une K quasi-solution
si

Q{(G(VUL V(v —u) = Flul(v—u)} >0,

pour toute fonction K lipschitzienne v qui vaut ¢ au bord. On peut mon-
trer l'existence de K quasi-solutions par un théoréme d’existence abstrait (en
Poccurence, celui démontré dans la partie I de [47]). La seconde étape con-
siste a obtenir une estimation a priori sur le gradient des K quasi-solutions.
L’obtention des estimations a priori est tres similaire au travail effectué dans le
Chapitre 2. On peut alors faire tendre K — 4o00. La difficulté dans ce dernier
procédé tient au fait que les estimations a priori ne sont valables que sur les
compacts de 2.

0.4 Calcul des Variations entre variétés

Comme indiqué dans la premiere partie de cette introduction, les trois premiers
chapitres de cette these sont consacrés a des problemes de calcul des variations
lorsque ’ensemble des fonctions admissibles est constitué d’applications définies
sur un ouvert 2 de R™ a valeurs dans R.

Les deux chapitres suivants s’inscrivent dans un faisceau de questions qui
émanent de problemes de calcul des variations ou ’ensemble des fonctions ad-
missibles est constitué d’applications définies sur une variété M a valeurs dans
une variété N. Dans [17], Brezis propose quatre exemples éclairants pour mettre
en évidence quelques traits spécifiques & de tels problemes. Il ressort notam-
ment que les minimiseurs ont en général des singularités (contrairement au cas
scalaire traité dans les trois premiers chapitres). Ce fait apparait méme pour des
applications harmoniques (voir [79], [80]). Ces singularités peuvent étre causées
par des obstructions topologiques. C’est notamment le cas lorsque M est la
boule unité dans R3, N la sphere dans R? et lorsque la condition de Dirichlet
¢ : OM — N (supposée lisse) a un degré non nul (auquel cas, il n’existe pas
de fonctions continues de M dans N; on est ici confronté & un probleme pure-
ment topologique, celui du prolongement de fonctions continues). De maniere
plus surprenante, les singularités peuvent apparaitre en ’absence d’obstructions
topologiques (pour un exemple, voir [17], section 1.2). Pour localiser ces sin-
gularités, un outil puisssant a été introduit dans [19] et abondamment utilisé
depuis : le jacobien généralisé (voir la section 0.6.1.1).

Un autre trait frappant du calcul des variations entre variétés est le lien
entre 'existence de plusieurs solutions d’une équation d’Euler-Lagrange associée
a un probléme variationnel et la topologie des variétés M et N. Idéalement,
on cherchera un minimiseur dans chaque classe d’homotopie de ’espace des
fonctions admissibles. Cela nécessite en particulier la connaissance de ces classes
d’homotopie (voir la section 0.5.1.1).

L’ensemble des fonctions admissibles de ces problemes variationnels est le
plus souvent un espace de Sobolev. Il existe plusieurs définitions d’espaces de
Sobolev entre variétés et ces définitions ne sont pas équivalentes. Dans toute
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cette these, on adoptera la définition suivante. Par le théoreme de plongement
de Whitney, on peut considérer que N est une sous-variété de R¥. On dira
alors que f € WUP(M,N) si f € WHP(M,RE) et si f(x) € RE pour presque
tout x € M. Donnons quelques précisions sur cette définition. La définition de
WP (M, RE) se fait & partir de celle de WP (R™ RE) (ot m est la dimension
de M ) par localisation et rectification, comme expliqué dans [71] ou encore
[82] (dans toute cette these, M sera une variété compacte donc la localisation
par partition de l'unité sera toujours possible). Enfin, si N peut étre plongé
dans R¥ et dans R, alors les deux espaces obtenus par la définition précédente
sont homéomorphes. Pour la suite, on se contentera de considérer N comme
sous-variété de RX, avec K fixé une fois pour toutes.

De la méme maniére qu'on définit WHP(M, N) & partir de WP (R™ RE)
on peut définir WEP(M, N) a partir de WFP(R™ RE) et plus généralement
WeP(M,N) & partir de W*P(R™,RX) avec s > 0, p > 1. Ici, on a noté
WeP(R™ RX) I'ensemble des fonctions f de W»P(R™ RX) (ol k est la partie
entiere de s) telles que

)‘pd dy < 00
- |x— |m+op =
ouo:=s—k.

Les Chapitres 4 et 5 visent & généraliser des résultats connus pour WP
au cas des espaces W*P. L’intérét de ces généralisations est fondé sur l'intérét
des espaces de Sobolev fractionnaires W*P. Ces espaces sont incontournables en
théorie des traces (voir [32]) et donc pour les problemes (de calcul des variations,
d’équations aux dérivées partielles) avec conditions au bord.

0.5 Topologie de certains espaces de Sobolev

0.5.1 Quelques éléments bibliographiques
0.5.1.1 Topologie et Calcul des Variations

L’objet du Chapitre 4 de cette these est I’étude des classes d’homotopie des
espaces de Sobolev fractionnaires WP (M, N) lorsque M et N sont deux variétés
compactes et connexes, p > 1 et s > 0. Cette étude s’inscrit a la suite de trois
articles [89], [20] et [40] qui ont apporté des contributions déterminantes pour
le cas s = 1.

La topologie des espaces de Sobolev est une question importante pour le cal-
cul des variations entre variétés, et plus particulierement pour trouver plusieurs
solutions a 1’équation d’Euler-Lagrange associée & un probleme de calcul des

variations donné. Ainsi, dans un exemple de [17], on considere le systeme
—Au = u|Vul? (12)

ou les fonctions admissibles « sont définies sur le disque unité B2 de R? & valeurs
dans la sphere unité S? de R3. (Ce systeéme est donc composé de trois équations
correspondant aux trois coordonnées de u).

Le systeme (12) est ’équation d’Euler du probléme variationnel consistant

a minimiser
I(u) ::/ |Vul?
B‘Z
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sur 'ensemble des u € W12(B?% 5?) sous une contrainte de type Dirichlet

tr u|632 = ¢a

pour une certaine fonction lisse ¢. Dans [18], Brezis et Coron montrent que
lorsque ¢ n’est pas constante, le probleme (12) admet au moins deux solu-
tions distinctes. Le coeur de la preuve consiste a montrer que ’ensemble des
u € Wh2(B2, 8?) valant ¢ au bord admet un nombre infini de composantes
connexes. Chacune de ces composantes connexes est caractérisée par un degré.
Pour trouver des solutions a (12), I'idée est de minimiser I sur chacune des com-
posantes connexes. (Néanmoins, I n’a pas nécessairement de minimum dans
chaque composante connexe. En particulier, la méthode directe d’existence en
calcul des variations est mise en échec parce que les composantes connexes ne
sont pas nécessairement faiblement séquentiellement compactes, voir [18]).

Cette méme stratégie pour trouver plusieurs solutions a un systéme qui est
I’équation d’Euler d’un probleme variationnel est développée dans les deux ar-
ticles de White [88], [89]. Plus précisément, dans [88], le probleme variationnel
envisagé est de minimiser

I(u) :== /M [Vu(z)? d.

Ici, I’ensemble des fonctions admissibles n’est pas ’ensemble des fonctions de
Sobolev WLP(M, N) que I'on a défini précédemment mais I’adhérence dans
WLP(M, N) de I'ensemble des fonctions lipschitziennes de M dans N. On note
dans la suite L}?(M, N) cet ensemble. En notant d := [p] la partie entiere de p
et en introduisant une triangulation de M, on définit une classe de d homotopie
comme une classe d’homotopie dans I’ensemble des fonctions continues définies
sur le squelette de dimension d de M (noté M? dans la suite) & valeurs dans
N. White montre qu’on peut associer a chaque élément u de LY?(M, N) une
classe de d homotopie. (En fait, c’est la classe de d homotopie des restrictions
A M? de I’ensemble des fonctions lipschitziennes appartenant a la composante
connexe de L1'P(M, N) contenant u). On peut voir alors que 'infimum de I sur
I’ensemble des fonctions lispchitziennes homotopes & une certaine fonction g ne
dépend que de la classe de d homotopie de g. En particulier, cet infimum est
nul si et seulement si g a la méme classe de d homotopie qu’'une constante.

Dans [89], ce n’est plus a la valeur de I'infimum mais & I’existence des min-
ima que White s’intéresse. Il considere le cas de 'ensemble WP(M, N). Pour
la valeur d := [p] — 1 cette fois, il associe de nouveau & chaque élément de
WLP(M, N) une classe de d homotopie. Il montre aussi que pour chaque appli-
cation continue g sur le squelette M ¢t! de dimension d+ 1 de M & valeurs dans
N, il existe une application qui minimise I sur Pensemble des f € W1P(M, N)
qui ont la méme classe de d homotopie que g.

Dans ces deux cas, on a partitionné I’ensemble des fonctions admissibles en
classes (les classes de d homotopie) ot la méthode directe s’applique (car ces
classes de d homotopie ont les propriétés de compacité requises).

0.5.1.2 Le cas de I’espace de Sobolev WP

Comme on I'a vu dans le paragraphe précédent, White s’intéresse dans [89] &
la topologie de W1P(M, N) en introduisant la notion de classe de d homotopie,
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o d = [p — 1]. Il convient de préciser cette notion & présent. Notons h une
triangulation de M définie sur un complexe simplicial K. La variété M est
considérée comme une sous-variété d'un espace euclidien R, II existe e > 0
tel que la projection orthogonale ITj; sur M soit bien définie sur un voisinage
tubulaire U de M d’épaisseur €p;. Notons K d le squelette de K de dimension d.
Soit f un élément de W1?(M, N). Alors White montre que pour presque tout
|v| < enar, les fonctions g : K¢ — N définies par

9" (x) := follp(h(x) +v)

sont continues et de plus appartiennent & la méme classe d’homotopie dans
CO(K?, N). Cest cette classe d’homotopie qu’on appelle la classe de d homotopie
de f. A priori, cette notion dépend de la triangulation h choisie. En réalité, si
h1, ho sont deux triangulations et que f1, f2 sont deux éléments de WP(M, N),
si f1, fo ont la méme classe de d homotopie relativement a hy, alors fi1, fo ont
la méme classe de d homotopie relativement a hs.

La proposition 3.3 de [89] montre en particulier que les classes de d homo-
topie sont ouvertes (pour la métrique de W1P(M, N)). Ce résultat implique
que si deux applications fi, fo sont homotopes dans WP (M, N), alors elles ont
méme classe de d homotopie. La preuve fait notamment intervenir trois argu-
ments récurrents pour ce type de questions (et notamment dans cette these).
Le premier argument est un théoreme de type Morrey adapté au cas des com-
plexes simpliciaux. Ainsi, si K est un complexe simplicial de dimension d tel
que d < p, alors pour tout € > 0, il existe C(¢) > 0 tel que pour tout f: K — R
lipschitzienne, on a :

|z < €ellDf[|ze + C(e)If]] -

Le deuxieme argument fait intervenir le théoréeme de Fubini. Par exemple, on
peut affirmer que si h : K — M est une triangulation de M, alors pour tout
F € LY(U) et pour presque tout v tel que |v| < epr, on a :

/EK |F(h(z) 4+ v)| dx < o0.

Le troisieme ingrédient est constitué par des théoremes d’extension homo-
topique dans le cadre des complexes simpliciaux.

Le résultat de White permettait seulement d’affirmer que deux éléments ho-
motopes de WP (M, N) avaient le méme type de d homotopie, avec d := [p] — 1.

La réciproque a été prouvée par Hang et Lin dans [40] : si deux applica-
tions f1, fo ont méme classe de d homotopie, alors elles sont homotopes dans
WLP(M, N).

Ce résultat permet de relier 'étude des classes d’homotopie de I’ensemble
WLP(M, N) & une connaissance uniquement topologique de M et N. En effet,
un corollaire de I’équivalence entre homotopie et d homotopie est une bijection
(pour p < dim M), entre

lep(Mv N)/ ~Mlps— CO(M[p]aN)/ ~Mlpl-1 -

Ici, CO(M el N ) est Iensemble des fonctions continues d'un squelette de di-
mension [p] de M & valeurs dans N. Sur cet ensemble, on définit la relation
d’équivalence

Vf,g € COMPLN), f ~p-1 g
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si et seulement si f|pm-1 et g|yw-1 sont homotopes dans CO(MPI=1 N).
D’autre part,

Vfag € Wlm(MaN)vf ~1,p 9

signifie bien stir que f et g sont homotopes dans WP (M, N).

On en déduit notamment que les classes d’homotopie de W1P(M, N) sont
en bijection avec les classes d’homotopie de C°(M, N) lorsque p < dim M et
mi(N) = 0 pour [p] < i < dim M. Ceci reste vrai lorsque p > dim M mais la
preuve est différente. Sous certaines conditions purement topologiques (faisant
seulement intervenir les groupes fondamentaux de M et N), on peut aussi af-
firmer que WP (M, N) est connexe par arcs.

Outre les trois arguments de White décrits ci-dessus, Hang et Lin ont ex-
ploité un “outil” introduit par Brezis et Li dans [20] et que ces derniers auteurs
ont baptisé “filling a hole” (“remplissage d’un trou”). L’article [20] avait été
le premier a étudier systématiquement les composantes connexes de l’espace
WLP(M, N) en fonction des propriétés topologiques ou géométriques de M et
N (le cas o M et N sont des spheres est essentiellement résolu dans cet arti-
cle). Les arguments employés sont indépendants de ceux de White. La partie
technique de [20] contient un certain nombre de lemmes qui montrent qu’on
peut déformer contintiment un élement de W1P(M, N) au voisinage d'un point
en un autre élément de W1P(M, N) vérifiant certaines propriétés (par exemple,
la propriété d’étre localement constant). Parmi ces lemmes, on a déja noté que
le “filling a hole” joue un role important dans [40] (et c’est aussi le cas dans
cette these). Il consiste & modifier un élément u € WHP(M, N) au voisinage
d'un point z de M en un autre élément v € WHP(M, N) égal & u loin de z et
qui vaut u(rz/|z|) dans la petite boule de centre z et de rayon r.

Dans la seconde partie de [20], ces lemmes sont utilisés pour obtenir des
résultats d’homotopie sur les ensembles W1P(M, N) ('article [40] completera
ces résultats). En particulier, Brezis et Li obtiennent que si 1 < p < 2 < dim M,
alors W1P(M, N) est connexe par arcs (ceci est un cas particulier du résultat
démontré par Hang et Lin puisque si p < 2, on a [p] — 1 = 0 et deux fonctions
restreintes & des points sont toujours homotopes, par connexité de N).

Une autre question introduite dans l'article [20] concerne les changements
d’homotopie lorsque la valeur de p varie. Plus précisément, lorsque ¢ > p, on
peut envoyer les composantes connexes de W19 sur les composantes connexes
de WP, Notons i, , une telle application. Brezis et Li parlent de “changement
d’homotopie” en p lorsque pour tout € € (0,p — 1), application i,_. p+. n'est
pas bijective. Ils conjecturent également que les changements d’homotopie ont
lieu seulement en des valeurs entieres de p. Cette conjecture sera résolue par
Paffirmative par Hang et Lin dans [40].

La généralisation de ces résultats au cas des espaces de Sobolev fractionnaires
n’apparait que dans l'article de Brezis et Mironescu [14] lorsque la variété cible
est N = St (et lorsque M est un ouvert connexe borné lisse d'un espace eucli-
dien). Dans ce cas, si sp < 2, alors W*P(M, S!) est connexe par arcs tandis
que si sp > 2, les classes d’homotopie de W*P(M, S1) sont en bijection avec les
classes d’homotopie de C°(M, S*).
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0.5.2 Les contributions de cette these
0.5.2.1 Généralisation aux espaces de Sobolev fractionnaires

Dans le Chapitre 4 de cette these, notre objectif a été d’étendre les résultats de
[89], [20], [40] et [14] aux espaces de Sobolev fractionnaires W (M, N) lorsque
s # 1 et lorsque N # S'. La généralisation des preuves de [40] & ces espaces
est assez directe, mais doit tenir compte néanmoins de deux difficultés. La
premiere difficulté concerne le “recollement” de deux éléments de W*P. Ainsi,
siuy € WHP(RY) et u_ € WP(RY) ont la méme trace sur W*?(RV=1 x {0}),
il n’est pas vrai que la fonction u qui vaut w4 sur Rf et u_ sur RY soit dans
WeP(RN), & moins que s < 1+ 1/p. De plus, on ne peut parler de traces que
si sp > 1. Lorsqu’on se place dans le cas 1/p < s < 1+ 1/p, on rencontre une
deuxieme difficulté pour généraliser les arguments de Hang et Lin. Chaque fois
qu’ils le peuvent, ces-derniers manipulent les fonctions lipschitziennes, qui sont
continues, au lieu des fonctions des espaces de Sobolev, qui ne sont définies que
presque partout. Ils peuvent le faire parce que les fonctions lipschitziennes sont
contenues dans WHP(M, N) et denses dans W1P(M,RE). Ce n’est plus le cas
des espaces WP (M, N) lorsque s > 1. On pourrait songer alors & remplacer
I’ensemble des fonctions lipschitziennes par I’ensemble des fonctions W?2°°. Mais
autant il est possible de recoller deux fonctions lipschitziennes qui coincident
dans l'intersection des domaines ou elles sont définies, autant un tel procédé
est impossible dans W?2>°. C’est pourquoi j’ai préféré travailler directement
avec les fonctions de W#P(M, N) sans passer par un ensemble intermédiaire de
fonctions bénéficiant de bonnes propriétés. Cela a occasionné des modifications
substantielles dans les preuves de [40].

Dans le cas sp < 1, la notion de trace n’est certes pas définie mais le “recol-
lement” est toujours possible. Le cas sp = 1 est le plus problématique. Dans
[14], ce cas était résolu grace au concept de “good restrictions” (“bonnes res-
trictions”), qui est une sorte de théoréme de Fubini pour les traces. Lorsqu’on
ne peut définir la trace d’un élément u sur le bord I' d’un domaine, on peut
néanmoins définir la restriction de u sur presque toutes les surfaces proches de
T". Ce concept de “good restrictions” ne semblait pas pouvoir s’insérer conven-
ablement dans les arguments de [40]. En revanche, il était bien adapté aux
différents lemmes techniques de la premiere partie de 'article de Brezis et Li
[20]. J’ai donc généralisé ces lemmes techniques au cas des espaces WP (M, N)
(pour s < 1+ 1/p). Le lemme “filling a hole” avait déja été étendu au cas des
espaces de Sobolev fractionnaires dans [14]. La preuve des autres lemmes de
[20] reposait sur des calculs explicites dans les espaces WP et notamment sur
des estimations de gradients d’éléments u € WP en norme LP. De telles esti-
mations ne sont évidemment plus suffisantes lorsqu’on passe au cas des espaces
de Sobolev fractionnaires puisque la quantité déterminante devient alors :

[ [y,

o =yl

Mais cette derniere quantité n’est pas locale. Précisons ce qu’on entend par
local sur 'exemple suivant : on considere un élément u € WP (B, R) (ot By
est la boule de R™ centrée en 0 et de rayon 2). On modifie contintiment u dans
Bj en laissant u “intact” dans By \ Bj. Si on note v I’élément ainsi obtenu, on
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pourra estimer

IVUllLe o) < NIVllLe(my) + [ Vullesa\51)-

(Bien siir, pour que v appartienne & W1P(Bsy), des conditions de compatibilité
des traces doivent étre assurées sur la spheére unité).

En revanche, dans le cas des espaces de Sobolev fractionnaires, on sera con-
duit a estimer

Vo(z) -V
//'” f( ddy+2// +//
B, /B |z — y|ntsp By J B, By JBs

Typiquement, le terme croisé / / ... peut étre considéré comme non local.

B 2
De plus, il est souvent plus difficile d’estimer le terme fractionnaire

[Vo(a) = Vo(y)?

o =y

que le terme |Vv|P (qui se calcule explicitement dans chacun des lemmes de
120]).

Pour ces différentes raisons, je n’ai pas généralisé les preuves des lemmes de
[20] et j’ai préféré les démontrer par des méthodes nouvelles. Le fait remarquable
est que les deux lemmes “problématiques”, dénommés “bridging” et “opening a
map” par Brezis et Li, peuvent étre démontrés en se ramenant au lemme “filling
a hole”.

En regroupant les cas sp < 1,sp = 1, sp > 1, le résultat principal du Chapitre
4 s’énonce ainsi :

Théoréeme 0.5

Soit s € (0,1 + 1/p),sp < dimM avec dim M > 1. Soient u,v € W*P(M, N).
Alors u et v sont homotopes dans W*P(M, N) si et seulement si u et v ont la
méme classe de [sp] — 1 homotopie.

La notion de classe de [sp] — 1 homotopie généralise la notion analogue introduite
par White [89] et redéfinie par Hang et Lin [40]. Dire que u et v ont la méme
classe de [sp] — 1 homotopie signifie que pour un squelette générique MsP)=1 de
dimension [sp] — 1 de M, les restrictions de u et v & M[*PI=1 sont homotopes
(dans CO(MsPI=1 N)).

Lorsque sp > dim M, les composantes connexes de W*?(M, N) sont compa-
rables aux composantes connexes de C°(M, N) (voir I'annexe de [20]).

Le théoreéme 0.5, qui est la généralisation du théoréme principal de [40], a
de nombreux corollaires. Par exemple, lorsque sp < 2, 'espace W*P(M, N) est
connexe par arcs (ceci généralise un théoreme de [20]).

Dans le cas 2 < sp < dim M et s € (0,1 + 1/p), lorsqu’il existe k < [sp] — 1
tel que

m(M)=0,1<i<k et m(N)=0, k+1<i<][sp]—1,

alors 'espace WP (M, N) est connexe par arcs. Pour ces mémes valeurs de s
et p, les classes d’homotopie de WP (M, N) sont en bijection avec les classes
d’homotopie de C°(M, N) lorsque

mi(N) =0, [sp] <i<dim M.
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Enfin, la question des changements des classes d’homotopie trouve aussi une
réponse dans le cadre des espaces de Sobolev fractionnaires. Ainsi, lorsque
WerPLH(M, N) C W?2P2(M,N), on peut définir une application naturelle qui
associe & chaque classe d’homotopie de W31:P1 (M, N) une classe d’homotopie de
We2:P2(M, N). Cette application est une bijection si [s1p1] = [s2pe]. Autrement
dit, un changement d’homotopie dans I'échelle des espaces W*P?(M, N) ne peut
advenir que pour des valeurs non entieres de [sp].

0.5.2.2 Perspectives

Dans le Chapitre 4, je n’ai pas été capable de traiter le cas de W*P(M, N) pour
s > 141/p. La raison en est que pour “relier” contintiment deux éléments u et
v de W*P(M, N), on déforme localement u et v en @ et ¥ sur un “petit ouvert”
U de M sans modifier u et v hors de U (ceci est vrai aussi bien pour la méthode
Brezis-Li que pour la méthode Hang-Lin). On a ensuite besoin d’affirmer que la
fonction qui vaut @ sur U et u hors de U est encore dans W*P (et similairement
pour v). Or, la théorie des traces n’autorise cette affirmation que dans le cas
s<1+1/p.

A ma connaissance, il n’existe pas de résultats sur les composantes con-
nexes des espaces W2P. On peut penser que certains outils de [20] peuvent se
généraliser a ce cas. En particulier, pour modifier localement un élément u de
I'espace WHP(M, N), Brezis et Li introduisent souvent une famille u’ := u o pt
ol pt a une régularité seulement lipschitzienne. Si on renforce les hypotheses de
régularité sur pt, (disons p’ de classe C2), on peut espérer généraliser certains
des lemmes de [20], voire certains théorémes du méme article (lorsque 1’énoncé
de ces théoremes ne contient pas ’hypotheése p < 2).

Il semble difficile de généraliser les méthodes de Hang et Lin au cas des es-
paces W2P(M, N). Toutefois, si I'on obtient des résultats pour les espaces W 2P
(et plus généralement W P) il est vraisemblable qu’on puisse les généraliser
aux espaces W*P avec s > 1+ 1/p.

Par ailleurs, il est raisonnable de penser que des méthodes similaires a celles
employées dans le Chapitre 4 peuvent apporter des éléments de réponse a deux
types de probleme.

Le premier probleme concerne la densité des fonctions lisses, ou des fonc-
tions lisses sauf en un nombre fini de points, dans les espaces W*P (M, N).
Ce probleéme a été traité par Bethuel dans [5] (voir aussi [40]) pour le cas
WLP(M, N) et dans [6] pour le cas W'=Y/P2(9M, N).

Le deuxieme probleme concerne la question du prologement : si M est une
variété & bord et si la fonction g € WP(9M, N) est donnée, existe-t-il u €
Wet1/P2(M,N) dont la trace sur OM est égale & g ? Le cas s = 1 — 1/p
a notamment été envisagé dans [42], [4] et [89], mais rien n’est connu pour
d’autres valeurs de s.
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0.6 Le jacobien

0.6.1 Quelques éléments bibliographiques
0.6.1.1 Un détecteur de singularités

Le jacobien généralisé auquel on s’est intéressé dans le Chapitre 5 apparait
dans un contexte variationnel dans 'article “Harmonic maps with defects ” de
Brezis, Coron et Lieb [19]. Etant donné un nombre fini de points a1, .., ax de R?,
auxquels on associe k entiers dy, .., dy, on considere ’ensemble £ des fonctions
continues ¢ sur R3 \ {ay,..,ax} & valeurs dans S? telles que deg (¢, a;) = d; et

/ |Vo|? < co. On définit deg (¢, a;) comme le degré de la fonction ¢ restreinte
R3

a toute petite sphere centrée en a; (cette restriction est alors une application
continue d’une sphere dans une sphere de méme dimension, dont on sait définir
le degré ; il est facile de voir que la valeur du degré ne dépend pas du rayon
de cette petite sphere). Si la fonction ¢ est continue en a;, alors son degré en
a; est nul. Autrement dit, la valeur du degré nous renseigne sur la “force” de

la singularité topologique en a;. Notons enfin que la condition |Vo|? < oo
3

R
implique que le degré de la fonction ¢ restreinte a des spheres centrées en 0 et
de rayon suffisamment grand est nul. Cela a pour conséquence que £ n’est non

vide que si Z d; = 0.

Les auteurs de [19] s’intéressent alors au probléme de minimiser

I(u) := /Rs |Vu|?

sur I’ensemble £. En d’autres termes, on cherche 1’énergie minimale lorsque le
lieu et le degré topologique des singularités sont prescrits.

La solution s’exprime de maniere particulierement élégante en termes de
“connexions minimales.” Comme Zdi =0, on peut ranger les singularités
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a; en singularités positives (celles pour lesquelles d; > 0) et en singularités
négatives (celles pour lesquelles d; < 0) (on omet les singularités de degré 0).
En répétant d; fois chaque singularité a;, on obtient une liste de singularités
positives Py, .., P, et de singularités négatives @1, .., ;. La connexion minimale
est alors définie par

l
L := minz |P; — Qo)
j=1

ol le minimum est pris sur 'ensemble des permutations o de [|1,]].
On a alors le résultat
iIglf I =8rL.

La preuve procede par double inégalité. C’est l'inégalité > qui fait intervenir

le jacobien généralisé. On définit d’abord un champ de vecteurs D associé a un
élément u de £ par :

1
D= g(det (w, uy,uy), det (ug, u, uy), det (Ug, Uy, u)).
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(La notation det désigne le déterminant pour les matrices carrées d’ordre 3 car la
fonction u est vue comme un vecteur de R3). 1l est & noter que D € L'(R3,R3).
Lorsqu’on calcule formellement div D, on trouve le jacobien classique de u. Le
jacobien généralisé de u est par définition T'(u) := div D entendu au sens des
distributions. Deux propriétés du jacobien généralisé sont mises en avant dans
[19] (et utilisées pour démontrer I'inégalité >). D’une part, si uw € £, on a

(ol &g, est la somme de Dirac en a;). D’autre part,
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(),¢) = 5 L.

max
[1V¢]lLeo<1
Ce jacobien généralisé a été utilisé dans de tres nombreux problemes de
calcul des variations entre variétés, non seulement pour localiser les singularités
topologiques des solutions, mais également en liaison avec la notion d’énergie
relaxée (I’énergie relaxée a notamment été étudiée dans l'article de Bethuel,
Brezis et Coron [3], voir aussi [34]). Pour illustrer ce dernier fait, je cite ici un
résultat obtenu dans le cadre W1(S2, S1) par Brezis, Mironescu et Ponce [22)]
(un résultat proche avait été prouvé auparavant dans le cadre W2(B3,S?),
voir [3], et dans le cadre H'/?(S2,S"), voir [9]). On définit I'énergie relaxée
d'un élément v € WH1(S2 S1) par

Eye) = inf{lim inf/ |V, |}
n—oo [g2

olt infimum est pris sur I'ensemble des suites d’éléments u, € C>(S2%,S?)
convergeant presque partout vers u. Comme précédemment, on peut définir le

1
champ de vecteurs D := §(det (u,uy), det (uz,u)) (noter que D € L*(S% R?))
et le jacobien généralisé de u € W11(S92, S1)

T(u) :=divD. (13)

Alors il existe deux suites de points P;, N; dans S? telles que

Z|Pi —N;| <ocoet T(u) = WZ((SR_ —0n,)

(la somme doit étre comprise dans le dual de W1°°(S2 R)). De plus, si on
définit
1
L(u):=— max (T(u),
() T {|IV¢l[Lee <1 (), <)

ona L(u) = inf Z d(P;, N;) ot d est la distance géodésique sur S? et 'infimum
J

est pris sur toutes les suites (P;), (N;) qui vérifient

Z((Sﬁj - 51\7j) = Z((sz - 5N1)
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(égalité comprise dans le dual de W1°°(S2 R)). On voit donc que les fonctions 7'
et L généralisent au cadre W11 le jacobien généralisé et la connexion minimale
introduits pour les fonctions W2 continues sauf en un nombre fini de points.
Notons également que la réciproque du résultat mentionné ci-dessus est vraie
(voir [9]). Plus précisément, étant donné deux suites (F;), (IV;) de points sur
S? telles que Zd(Pi,Ni) < 00, il existe un élément u € WH1(S2% S1) tel que
3

T(u)=m Z(épi — dn,). Autrement dit, 'image du jacobien généralisé lorsqu’il
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est défini sur I'espace W1(S?2 S1) est exactement 1'ensemble des
Q 2(51)1 - 5N1)
i

(ot la somme est entendue au sens (WH°(S2% R))*). On peut voir ([9]) que cet

ensemble est égal a
——————W'=($*R)”
m 2(51)1 - 5N1)
fini
L’intérét de la connexion minimale dans ce contexte est de relier énergie relaxée
et énergie, par 'identité :

Ereil(u) — /52 |Vu| = 27 L(u).

0.6.1.2 Domaines et images du jacobien

Le jacobien généralisé a été étendu et utilisé dans de nombreux espaces fonction-
nels entre variétés. Outre les espaces WH2(R3, S?) et W11(52,S1) mentionnés
dans le paragraphe précédent, on peut également citer le cas des fonctions a
variations bornées de S? dans S!' (voir [51]) et aussi le cas de la dimension
supérieure : si u € WHN=1(GN SN=1) on peut définir le champ de vecteurs
dans LY(SN RY) .

D(u) = %(Dl, . DN) avec Dj = det (Ugy, ., U, ;U Uz, )y Uzy).  (14)
On peut alors définir le jacobien généralisé
T(u) := div D(u) (15)
et sa “norme” : i

L(u) := BN val‘jigg(T(U),C)

(ot |BY| est le volume de la boule unité dans RY). On obtient alors des
résultats tout a fait similaires au cas de la dimension N = 2 (voir [22]). Le
probleme abordé par Brezis, Coron et Lieb dans [19] et mentionné dans la sec-
tion précédente est également généralisé a la dimension supérieure.

Plus délicate est ’extension du jacobien généralisé aux espaces fonctionnels
oll on ne peut plus définir simplement le champ de vecteurs D(u) avec des
coordonnées dans L. C’est pourtant 1'un des résultats principaux de [10] (voir
aussi [9]). Ainsi, si N — 1 < p < o0, il existe une unique application continue

T - W(Nfl)/p,p(SN, SNfl) N (Wl’OO(SN,R))*
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telle que, pour tout ¢ € WH>(SN | R), et tout u € WWN-1/pr(gN gN-1)
(T (), Q) < Co.n[ullfy 1)/ [IVE ]| o0
et pour tout u € WHN=1(SN GN=1) q (N-1/pp(gN GN-1)

(T'(u),¢) = (T(u), ().

(Ici, T'(u) désigne le jacobien généralisé pour les fonctions de WH N =1(§N gN—1)
tel qu’il a été défini en (15).)

De plus, pour tout v € WN=1/pp(§N GN=1) ] existe des suites (P;), (N;)
de points de S telles que

Z |Pz - Nz| < CPHUH;%/(Nfl)/p,p
7

et pour tout ¢ € WH°(SN R),

(T(w), Q) = [BY] 3 _(C(P:) = C(N:).

(ot | BN est le volume de la boule unité dans RY).

Dans tous les espaces fonctionnels ci-dessus, on a considéré des fonctions
d’une variété de dimension N vers S™V—1. Il est possible d’étendre le jacobien
généralisé a d’autres situations ol la dimension de la variété “source” n’est pas
liée & celle de la variété “but” (voir [34], [52], et [2]).

Lorsque N > k, le jacobien généralisé d’un élément u dans W 1-+A=1(SN gk—1)
met en évidence des singularités topologiques qui ne sont plus des points, mais
des objets géométriques de dimension N — k. Par exemple, si u est un élément
de WHE=1(SN §k=1) régulier hors d’une surface lipschitzienne S de dimension
N — k et sans frontiere, alors le jacobien de u peut étre vu comme un courant
intégral supporté par S, et de multiplicité le degré de la fonction u restreinte a
des petites spheres de dimension k — 1 “entourant” S (pour un énoncé précis,
voir [2] et aussi [52] ainsi que le Chapitre 5).

Dans le contexte des fonctions u € WHF=1(SN §k=1) on peut obtenir des
résultats sur le jacobien qui généralisent le cas W1 1(S2, S1). Ainsi, le résultat
principal de [2] s’exprime ainsi : soit € un ouvert de RY. L’ensemble des valeurs
prises par le jacobien généralisé sur W+=1(Q, S¥~1) est exactement 1’ensemble
des frontieres des courants rectifiables dans € qui ont une masse finie et qui sont
de dimension N — k + 1.

0.6.2 Les contributions de cette these
0.6.2.1 Généralisation aux espaces de Sobolev W*5? s > 1

L’objectif du Chapitre 5 est de déterminer 'image par le jacobien généralisé de
I'espace W*P (SN, S1). Pour la clarté de I’exposé, je me restreins ici au cas N =
2, de sorte que les singularités topologiques sont des points. Lorsque sp < 1,
Escobedo [31] a montré que C>°(S2%,S!) est dense dans W*P(S2, S1). Lorsque
sp > 2, le méme résultat est vrai (voir [15] ou [20]). 1l ’ensuit que dans ces deux
cas, il n’y a pas de bonne notion d’ensemble singulier. Je me suis donc restreint
au cas 1 < sp < 2. Lorsque s > 1, on a l'inclusion W*P? (52 St) c Wh1(s2 St)
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et donc le jacobien généralisé peut étre défini comme en (13). En particulier,
pour tout élément u € W*P(S?% S1) il existe deux suites de points (P;), (N;)
dans S? telles que Zd(ﬂ, N;) < oo et

2

T(u) = WZ((SPi - 6N¢) (16)

(I'égalité est comprise dans (W1>°(S% R))*). Cependant, pour toute suite
(P;), (N;) de S? telle que Zd(Pi,Ni) < 00, il n’existe pas nécessairement de
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fonction u € W*P(5?%, S1) telle que (16) ait lieu. En d’autres termes, le jaco-
bien généralisé T' envoie W*P(S? S') sur un ensemble strictement inclus dans
(W0 (82 R))*.
Pour déterminer cet ensemble, introduisons I’ensemble 7 des distributions

de la forme
a 2(531 - 501)

finie
ot (B;),(C;) sont deux familles finies de points de la sphere S?. Par ailleurs,
notons X l’espace vectoriel normé

X = (WP ($%,R))" N (WhEP' (52 R))*,

avec p' :==p/(p—1) et (sp)’ := sp/(sp — 1). Lorsque s = 1, X est simplement
(WP (S2,R))*. Alors on a

Théoréme 0.6

Soit s > 1,1 <p<oo,1<sp<2.

a) Pour tout u € WP (5%, SY), T'(u) appartient a Padhérence de T dans X.

b) Réciproquement, si T' appartient a 'adhérence de T dans X, alors il existe
une fonction u € W*P(S? S1) telle que T'(u) = T.

Ce résultat est nouveau méme pour s = 1,p > 1.

La partie a) se démontre de la maniére habituelle (voir [9], [10], [22]) : on
commence par montrer que I'ensemble des fonctions de W*P(S?% S!) qui sont
lisses sauf sur un ensemble fini de points est dense dans W*P (5?2, S1) (ce résultat
de densité s’appuie sur une idée de [41], voir aussi [9]). Puis on prouve que T’
est une application continue de W*P(S52%, S1) & valeurs dans X. (Ce résultat de
continuité repose sur les propriétés de multiplication dans les espaces de Sobolev
fractionnaires, voir [78]).

La partie b) suit une ligne moins traditionnelle (voir néanmoins [51], [2]).
Le probleme se raméne & montrer que pour tout 7 € 7, on peut trouver une
fonction u € W*P(52, S1) telle que T'(u) = T avec une estimation de ||u||yw s
en fonction de ||T|y2-spry. €t [|T]| 1.y« Habituellement, pour obtenir
des résultats de surjectivité sur le jacobien, on utilise la méthode des dipoles
introduite dans [19] (et réexploitées dans [9], [2]). Cette méthode ne peut pas
s’appliquer dans le contexte des espaces W*P si sp # 1 car elle ne permet pas
d’obtenir les estimations requises sur ||u||ws». A la place, on exploite le fait
que la variété cible est S! et qu'on peut chercher u sous la forme u = €'® ou
¢ : S? — S! est une fonction & variation bornée. Un autre outil est constitué par
les estimations W*P des solutions de 1'équation Av = T (ou T est donné) sur
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S2. La difficulté est alors de trouver u = e'® solution de I’équation D(u) = Vv
ot D(u) est donné par (14). On conclut alors en notant que T'(u) = div D(u)=
divVu=T.

Une conséquence facile du Théoreme 0.6 est donnée par

Théoréme 0.7
On a I'équivalence

e WP (S2,5
we =5z s ") ) =0,

Le théoréeme 0.7 est un outil commode pour montrer qu’un élément u dans
Iespace W*P(S2 S1) ne peut étre approché par des fonctions lisses : il suffit de
calculer son jacobien.

0.6.2.2 Perspectives

Le théoreme 0.6 a un énoncé quelque peu abstrait. Il serait intéressant d’avoir
une condition plus concrete sur les points P;, N; dans S? pour qu’on puisse
donner un sens a 2(5131. — 8y,) dans I espace (W25 )* 0 (WH(P))* Et en

3
premier lieu, la question suivante demeure pour 'instant ouverte : si (FP;), (IV;)

sont deux suites finies de points dans R?, peut-on donner la valeur de
|| Z((sz - 6Ni)||(W1xP/)*
i

en fonction de emplacement des points P; et N; 7 (Cette question a trouvé
sa réponse dans le concept de connexion minimale lorsque p = 1 ; ce concept
peut-il étre généralisé au cas p > 1 7)

Dans les résultats du Chapitre 5, rien n’est dit sur les espaces de Sobolev
fractionnaires W*P(S2%, St) pour 0 < s < 1. Or, on a mentionné que le jacobien
généralisé avait été étendu jusqu’aux espaces W/PP(S2 S1). La détermination
de I'image du jacobien sur de tels espaces reste ouverte. Cependant, Ponce (
[75]) a annoncé avoir prouvé le Théoreme 0.7 pour les valeurs 0 < s < 1.

Enfin, qu’en est-il de I'image du jacobien généralisé lorsque la variété cible
S1 est remplacée par S*,k > 1? La partie a) du théoréme 0.6 semble pouvoir
se généraliser sans difficulté & ce cas. En revanche, il n’en va pas de méme de la
partie b). En particulier, ’équation D(u) = X (lorsque X est donné et vérifie
div X = 0) n’admet pas toujours de solutions (voir [19]).



Chapter 1

On the Lower Bounded
Slope Condition

This chapter is based on the paper On the lower bounded slope condition ac-
cepted at the Journal of Conver Analysis.

1.1 Introduction

Hilbert-Haar theory is one of the classical approaches to regularity in the mul-
tiple integral calculus of variations. The classical version of the Hilbert-Haar
theorem can be stated as follows. Let n > 2, F : R™ — R be a convex function
and © a bounded open set in R™. Let ¢ : I' = 92 — R be a function which
satisfies a Bounded Slope Condition (BSC) of rank @. The BSC of rank @ is
the requirement that given any point v on the boundary, there exist two affine
functions
Y= (=1 +90(), y—= (¢ y—)+0()

agreeing with ¢ at v whose slopes satisfy ¢ ],|¢F| < @ and such that

€T =N +o(y) < o(Y) < (A =N +6(r) V€T

Then the functional I : u — [, F(Vu) has a minimum over all the Lipschitz
functions which assume the boundary values ¢ on T'.

When Hilbert or Haar gave their versions of this theorem (with F(p) = |p|?,
see [49] ; with n = 2, see [38]), they used a three point condition which is
equivalent to the BSC (when n = 2). Hartman and Nirenberg [46] formulated
the BSC (after Rado had done it for n = 2, see [76]) and Stampacchia [84]
coined the term BSC and gave the first proof of the Hilbert-Haar theorem in
dimensions greater than 2. The BSC has also been used in the context of elliptic
pde’s (see [44] , [87] and [35]).

Miranda published in [69] (see also [37] and [71]) the proof of the Hilbert-
Haar theorem as stated above. One drawback of this theorem is that the BSC
hypothesis is quite restrictive. First, if ¢ is not the restriction of a linear func-
tion, it implies that €2 is convex. Indeed, the BSC hypothesis implies the exis-
tence of a supporting hyperplane at any point v of I', namely :

{v eR™: (¢7 —¢Fy =) =0}

47
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Secondly, the BSC hypothesis forces ¢ to be a Lipschitz function and to be affine
on any segment in I'. Additionally, Hartman [43] has shown that if T is smooth,
then any ¢ satisfying the BSC must be smooth. (A precise statement appears
below.)

All this has led Clarke [28] to introduce a new property so as to generalize
Hilbert-Haar theory to a wider class of boundary functions, namely those func-
tions which satisfy the so-called Lower Bounded Slope Condition (LBSC). The
aim of this article is to understand how wide this class is and to characterize it.

Definition 1.1 The function ¢ : I' — R is said to satisfy the LBSC of rank @
if given any x € ', there exists an affine function

Y= (Cery — ) + ¢()

with |¢;| < Q such that

(Cory —x) +o(x) < oy) Vyel.

The following proposition gives a first characterization of functions satisfying
the LBSC.

Proposition 1.1 The function ¢ : I' — R satisfies the LBSC if and only if it
is the restriction to I' of a (finite) convex function.

In contrast, it is known that functions satisfying the BSC are precisely those
which coincide on I' with a convex function and also with a concave function
(see [43]). The proof of Proposition 1.1 is given in section 3.

Actually, the proof will show that ¢ satisfies the LBSC of rank @ if and only
if it is the restriction to I' of a convex function which is globally Lipschitz of
rank ). As an example, one can show that the functions satisfying the LBSC
on a square are the Lipschitz functions which are convex on each side of the
square (see the appendix of Chapter 1 for a proof).

We can also define the Upper Bounded Slope Condition (UBSC) which is
satisfied by ¢ : I' — R exactly when —¢ satisfies the LBSC. Note that ¢ satisfies
the BSC if and only if ¢ satisfies the LBSC and the UBSC.

Though the BSC forces boundary functions to be affine on flat parts of the
boundary, it becomes more interesting when {2 is sufficiently curved.

Definition 1.2 A convez set ) is said to be uniformly convex if, for some e > 0,
for every point v on the boundary, there exists a unit vector b, € R™ such that

by = 2 ey =7l ¥ el

Miranda’s Theorem [69] states that when € is uniformly convex, then any ¢
of class C? (and actually C™! is enough) satisfies the BSC. We can prove an
analogue of this for functions satisfying the LBSC. The LBSC requires only the
minoration inequality of the two inequalities defining the BSC. In that sense, the
LBSC is a one-sided BSC. It turns out that the one-sided C'*'! regularity (that is
regularity required only “from below”) is exactly semiconvexity (or equivalently,
up to sign, semiconcavity, a familiar and useful property in pde’s, see [23]).
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Definition 1.3 Let S be a subset of R™. The function u : S C R™ — R is said
to be semiconvex if there exists a lower semicontinuous function w : Rt — R~
which is nonincreasing, such that lim,_ o+ w(p) = 0 and

Au(z) + (1= Nu(y) —u(Az + (1 = Ay)) 2 A1 = Nz — ylw(|z - yl)

for any x,y € S such that [z,y] C S and for any X € [0,1]. We call such an w
a modulus of semiconvexity for u on S.

We say that a function is locally semiconvez if it is semiconvex on every
compact subset of its domain of definition. A function is said to be [locally/
semiconcave if its negative is [locally] semiconvez.

Finally, if w is of the form —C| - | where C' > 0, we say that u is linearly
SeMiCONVeT.

This definition implies that convex functions are semiconvex functions with a
vanishing modulus of semiconvexity w = 0 . Actually, u is linearly semiconvex
on an open convex set S with modulus of convexity —C|-| if and only if u+C/2|-|?
is convex on S (see [23], Proposition 1.1.3). Semiconvex functions share with
convex functions the property of being locally Lipschitz.

Then we have the following:

Proposition 1.2 When Q is uniformly convex, ¢ satisfies the LBSC if and only
if it is the restriction to I' of a function which is locally linearly semiconvexr on
R™.

See section 3 for a proof of Proposition 1.2.
In 1966, Hartman [43] found a converse to Miranda’s earlier result.

Theorem 1.1 Let €2 be a bounded open convex set and ¢ a function on I' = 0S)
satisfying a BSC. If T is O, then ¢ is C*. If T is C1* for some A €]0, 1], then
¢ is CTA.

A function on an open set A C R” is said to be of class C1* if it has con-
tinuous first order partial derivatives which are uniformly Hoélder [or Lipschitz]
continuous of order A,0 < A < 1 [or A = 1] on closed balls in A. A hypersurface
I' € R™ is said to be of class C1* if for any x € I, there exists a parametriza-
tion p: V — T'NU > x (that is V is an open set in R"~1 U is an open set in
R™ containing x and p is an immersion and a homeomorphism onto its image)
which is of class C1*. Finally, ¢ : I' — R is said to be C'* if for any such
parametrization p : V — U, ¢ o p is of class C"*. We will give in Section 3 a
(new) short proof of Theorem 1.1, based on the natural link between the LBSC
and semiconvexity. But it is a natural question to ask whether such a result
still holds if one replaces (for ¢) BSC by LBSC and C'** by semiconvexity. The
map ¢ : I' — R is said to be [linearly] semiconvex if ¢ o p is locally [linearly]
semiconvex on the open set V C R"~! (in the sense of Definition 1.3) for any
parametrization p : V — U NT". We will prove in Section 3 the following :

Theorem 1.2 Let Q be a bounded open convex set, I' := 90Q being CV' and
¢ a function on I'. If ¢ satisfies the LBSC, then ¢ is linearly semiconvex. If
moreover §) is uniformly convex, then the converse is true; that is, if ¢ is linearly
semiconvez, then ¢ satisfies the LBSC.
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The first part of the theorem is the counterpart for LBSC functions of Theorem
1.1. The last assertion does not coincide with Proposition 1.2 as it is of a local
nature. It is a general principle in convexity theory that local properties are
simultaneously global (see for instance Claim 1.3 in the proof of Theorem 1.2).
This is not the case for semiconvexity on hypersurfaces in R™.

Even if the two articles [43], [45] deal with the BSC, most of the proofs stated
there are valid for the LBSC. We enumerate some of these results (for the LBSC)
in section 2 as well as a new result concerning continuity of minimizers in the
multiple integral calculus of variations, see Theorem 1.5 below.

In Section 3, we prove Proposition 1.1 and 1.2 as well as Theorem 1.1 and
Theorem 1.2, and underline the local nature of the LBSC. In Section 4, we will
provide intrinsic characterizations of the LBSC in terms of subgradients of ¢.

1.2 Some further results

We state now some further results about the LBSC, which can be deduced from
the proofs appearing in [43] and [45]. In section 3, Theorem 1.3 will be used to
show that a particular example of a function ¢ does not satisfy the LBSC.

The proof by Hartman of Theorem 1.1 has a geometrical flavour, and one
of the main results in [43] states an equivalence between the BSC and the
n + 1 points condition. (Actually, the case n = 2 had been known for a long
time, see [36] for a proof in this case.) We say that ¢ satisfies an n + 1 points
condition [with constant K] if for every set of n + 1 points xq, ..., of T, there
is a hyperplane z = (a,z) + ¢ = Y_,_, a"z" + ¢ in R"*! which passes through
the points (z, z) = (z;, ¢(x;)) for j =0, ...,n and satisfies

ali= (3 la* )2 < K.
k=1

It is easy to see that the same proof as in [45], Theorem 3.1 yields a similar
result for functions satisfying the LBSC:

Proposition 1.3 The function ¢ satisfies the LBSC if and only if there exists
S € R such that for every set of n+ 1 linearly independent points xg, ...ty n T,
the couple (a,c) € R™ x R defined by

o(x;) = (a,z;) +¢ Vi=0,...,n
satisfies (a,x) + ¢ > S, Vo € Q.

In other words, any hyperplane in R™*! passing through the points (z;, ¢(x;))
lies above the horizontal hyperplane z = .S on 2. The proof of this proposition
is based on a quite effective characterization of functions satisfying the LBSC,
which we now describe (see [43], Corollary 2.1 which holds for BSC functions
but whose proof is also valid for LBSC functions).

Let z. € Q be fixed and xg,z; be distinct points in I'. By a point x¢; of T’
between xg and z; is meant a point of the form xo; = zx + M(zo — z4) + p(xy —
x,) with A\, > 0. In the 2 dimensional plane 7 defined by the three points
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X, X9, T1, introduce rectangular coordinates (£,7n) with z, as origin such that if
(€0,m0), (€1,m1) denote the coordinates of xg,x1 respectively, then

& Mo

>0
& om

(in other words, the basis defining the coordinates (£, ) has the same orientation
in 7 as the basis (z¢g — Z«, 21 — 2«)). Then we have

Theorem 1.3 Let 2 C R™ be a bounded open convex set, ¢ : I' = I — R, and
z. € Q. Then ¢ satisfies a LBSC if and only if there exists a number S such
that for z, < S, the inequality

o M ¢(wo) — 2
o1 Mo1 P(wor) —z* | >0 (1.1)
& om glw) — 2"

holds for all points xo,x1 € T’ and points x¢1 between them, (€o,m0), (§1,m1) and
(€01, m01) being the coordinates of xg,x1,x01 respectively.

Two years later, Hartman [45] made another significant contribution to the
understanding of the BSC. Let © be a bounded open convex set. Let A(T") be
the set of all those ¢ : I' — R such that ¢ is continuous on I'" and on every line
segment [ C I', ¢|; is the restriction of an affine function. Then

Theorem 1.4 The set of all those ¢ satisfying the BSC is dense in A(T") for
the uniform norm.

This result enabled Hartman to generalize Miranda’s Theorem [69] concerning
generalized solutions of the Dirichlet boundary value problem for the minimal
surface equation and a continuous boundary function on a uniformly convex set.
Actually, as seen by Hartman, this theorem and its proof still hold when € is an
arbitrary bounded open convex set and ¢ is in the closure in C°(T") of the set
of those functions satisfying the BSC. Indeed, the proof of Miranda’s theorem
is based on an approximation procedure and the Hilbert-Haar theorem. It is
a striking feature of the Hilbert-Haar theory, that applying it to a sequence
of problems can give useful information for a limit problem, associated with a
boundary function which does not satisfy the BSC or the LBSC (see [69], [64]
and [57]). We give here a regularity result of this kind in the multiple integral
calculus of variations. To our knowledge, this result is new.

Theorem 1.5 Let ) be a bounded open convex set in R™, ¢ € A(T') and I(u) :=
fﬂ F(Vu). Here, F is a strictly convex function on R™. We consider the problem
of minimizing I over the functions u € W1(Q) that assume boundary values
¢. If u is a solution, then it is continuous on €.

Proof : Let ¢; be a sequence of functions satisfying the BSC and uniformly
converging to ¢ on I' (Theorem 1.4 provides the existence of this sequence).
The Hilbert-Haar theorem yields the existence of a Lipschitz function u; which
minimizes I relative to all Lipschitz functions having value ¢; on I'. Mariconda
and Treu [61] have shown that no Lavrentiev phenomenon can occur; that is, u;
minimizes I over all v € VVO1 "1(Q) 4 ¢. To see this, apply the main theorem in
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[26] which yields the existence of a bounded function k& which is a measurable
selection of the convex subgradient of F' along Vu,(z) : k(z) € OF (Vu,(z)) a.e.
on 2, such that

/Q (k(z), V) dz = 0 ¥ € CF(Q)

and then (as k is bounded) this remains true for any n € Wol’l(Q). So

Tus +m) > I(ug) + / (), V() d = I(us)

in view of the definition of the convex subgradient.
Now, u and u,; being minimisers of I, we can apply the comparison principle
stated in [62] to deduce

(@) — wi(@)] < ll6 - dill ey Vo€ Q.

So, the sequence u; is a Cauchy sequence in C°(€2) which converges to a conti-
nuous representative of u. This completes the proof.
O
The proof of Theorem 1.4 by Hartman (see Proposition 3.5 in [45]) shows in
particular that:

Theorem 1.6 The set of those functions ¢ : I' — R satisfying the LBSC is
dense (for the uniform norm) in the subset of those continuous functions which
are convex on any line segment [ C T

1.3 The Lower Bounded Slope Condition and
Semiconvexity

First, we show the characterization of the LBSC given in the Introduction which
makes a link between the LBSC and convexity.

Proof of Proposition 1.1:  If ¢ is the restriction to I' of a convex function
¢ defined on R", then for every z € I, there exists ¢ in the convex subgradient
of ¢ at x,( € 9¢(x), which means

d(y) > d(z) + ((,y —x) Wy eR™

Since a convex function is locally Lipschitz, there exists some @ > 0 such that QE
is @ Lipschitz on a neighborhood of €2, which implies d¢(x) C B(0, Q). Hence,
there exists (Q > 0 such that for every x € I, there exists ( € R™ such that

o(y) > d(x) + oy —x) VyeT,

which is the LBSC of rank ). Conversely, if ¢ satisfies the LBSC of rank @,
then let us define

O(y) = sup(¢() + (Car y — 2),

zel
where (, € R” is such that

o(y) > ¢(x) + (Coyy — 1), Vy €T
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and || < Q. Then, the supremum is finite and no greater than ¢(y). Moreover,
for any y € T,é(y) = é(y) + ((y,y — y), so that ®(y) > é(y). So ¢ is the
restriction to I' of ®, which is a convex function as the supremum of affine
functions.

O
Proposition 1.2 improves this result when 2 is uniformly convex.

Proof of Proposition 1.2 :  The only if part is obvious in view of the fact
that convex functions are semiconvex, and in view of Proposition 1.1 . It does
not require the uniform convexity of (2. Conversely, if ¢ is the restriction to I'
of a locally linearly semiconvex function gzNS : R™ — R, then there exists C,Q >0
such that for all z € T', there exists (, € B(0, Q) satisfying

() > ¢(z) + (CGoy —x) —Cly—z|* VyeT.

(see [23], Propositions 3.3.1 and 3.3.4). Here, (, is a Frechet subgradient to ¢
at z,—C| - | is a modulus of semiconvexity on some neighborhood of Q and Q
is a Lipschitz constant for q; on this neighborhood. Furthermore, by uniform
convexity, there exists € > 0 and a unit vector b, € R™ such that

(beyy —x) > ely —a[* Vyel.
When put together, these inequalities imply

6(y) > (x) + (o — gby _ 1) Vel

Therefore ¢ satisfies the LBSC of rank @ + % This completes the proof of
Proposition 1.2.
O
As said before, semiconvexity is a useful tool to deal with the LBSC. The
two following propositions will be crucial in the sequel (the first one is exactly
Theorem 3.3.7 in [23] whereas the second one corresponds to Proposition 2.1.12
and its proof there).

Proposition 1.4 If u : V — R, with V' open, is both semiconver and semi-
concave in V, then u € CY(V). Moreover, if the moduli of semiconverity and
semiconcavity of u both have the form w(r) = Cr®, for the same « €]0, 1], then

u € CH(V).

The same is true when semiconvex [semiconcave] is replaced by locally semi-
convex [locally semiconcave] and the moduli of semiconvexity [semiconcavity]
depend on the compact subset S C V. Recall that C1'® in this article means the
derivative is Holderian on any closed ball in V' (and not necessarily globally on
V).

Proposition 1.5 Let u : A — R be a locally semiconver function on an open
set A and p:V — A a function of class C' on an open set V of R"~!. Then
w o p is locally semiconvex on V. More precisely, if S is a compact subset of V,
such that colp(S)] C A, then Liws(-) +w1(L2-) is a modulus of semiconvexity of
wop on S where wa [resp. wi] is the modulus of continuity of Dp on S [resp.
the modulus of semiconvexity of u on co[p(S)] and Ly [resp. La] a Lipschitz
constant for u on p(S) [resp. of p on S].
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Theorem 1.1 is an easy consequence of the properties satisfied by semiconvex
functions.

Proof of Theorem 1.1: Let p: V — U be a parametrization of class C1*.
We must show that ¢ o p is of class C1*. Since ¢ satisfies the LBSC, it is the
restriction of a convex function qg : R®™ — R. Let S be any compact subset of
V and let L € R be a Lipschitz constant for ¢ on a neighborhood of co[p(S)].
Then, thanks to Proposition 1.5, ¢ o p = qgo p is semiconvex on S, a modulus
of semiconvexity being Lwg where wg is the modulus of continuity of Dp on
S. Using now the fact that ¢ is UBSC, we can find in a similar way that there
exists L € R such that ¢ o p is semiconcave on S with modulus of semiconcavity
st.

Since p is C1*, the modulus of continuity of Dp on S is of the form wg(r) =
Cs|r|* with some Cs > 0. Proposition 1.4 then implies that ¢ o p is of class
CUA on int S. This shows that ¢ o p is C* on V and completes the proof.

O

Proof of Theorem 1.2: IfI'is C%! and ¢ satisfies the LBSC, then ¢ is the
restriction to I' of a convex function ¢ : R” — R, so that ¢ o p = ¢ o p is locally
linearly semiconvex for any parametrisation p : V. C R® — U N T (thanks to
Proposition 1.5). This means that ¢ is linearly semiconvex.

The converse is not so straightforward, as the semiconvexity of ¢ is a local
property and the LBSC appears (as far as its definition is concerned) as a global
property (involving all of T').

Definition 1.4 If U is an open set in R", we say that ¢|y satisfies the LBSC
if there exists Q > 0 such that for any x € UNT, there exists (, € B(0,Q) such
that ¢(y) = ¢(x) + (Ca,y —x), Yy €' NU.

Fix some z, in Q. For each x € T, there exists a parametrization p : V C
R ! - UNT 5 z which is C1'!. Moreover,

Claim 1.1 For any z € p(V), there exists Uy C U,Vy C Vi C V, with Vi an
open convex set and Uy an open set, 1 : Uy — Vi of class C* such that

pop(x')y=2a' Vo' eTNUy, Yopk)=1v, W €. (1.2)

Claim 1.1 is an easy consequence of the Inverse Function Theorem applied to
the function p : (v,t) € V x R +— p(v) + tn where n is any vector in R™ not
belonging to Dp(p~1(x))R" 1. There exist € > 0, an open convex set V; in R"~1
containing p~!(z), and an open set Uy in R™ containing  such that p is a C1:!
diffeomorphism from Vi x| — €, €[ onto Up. Define an open set U; C Uy such that
UyNnT=p(Vi),and ¢ :=1opt:U; — Vy, where

I: (v1,..0n-1,t) ER"IXR = (v1,...,vp_1) € R"L,

Then (1.2) holds.

For any € p(V), and Uy, V1,4 as in Claim 1.1, ¢ o p is linearly semiconvex
and Lipschitz on V;. Hence, ¢ o p o %) is locally linearly semiconvex on U;. As
¢poporp =¢ onI'NUp, we see that ¢ is the restriction to I' N Uy of a locally
linearly semiconvex function defined on U;. Therefore, using the fact that Q2 is
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uniformly convex (exactly as in Proposition 1.2), ¢|y, satisfies the LBSC for
any open set U, satisfying x € U, C U, C Uj.

When z runs through I', the corresponding sets U, constitute a covering
of the compact set I'. We extract from this covering a finite one which we will
denote for ease of notation Uy, .., Uy,, and correspondingly =1, ..., =,,, will denote
the following open subsets of R" :

Ei={z.+tlz—x.):t>0,2 €U}

Finally, I'; will denote U; NT". Theorem 1.2 will be then a direct consequence of
the following lemma, which is of independent interest.

Lemma 1.1 If for any i =1,...,m, ¢y, satisfies the LBSC of rank Q;, then ¢
satisfies the LBSC.

We now prove Lemma 1.1. For each z, € R™, we consider the function (as in
[43])

To i@ ER™ — 2=z, + t[d(x0) — 24] (1.3)

*

where (t,x¢) is defined as :

if & # x,, xg is the unique point of T' of the form x, + s(x — z,), with s > 0
and ¢ is defined by x = . + t(xo — z4);

if ¥ = ., we set t = 0 (and z( any point in I'). In the notation of [2§],
xo = 7r(zy|z) and t = |z — x| /dr(x.|2).

Claim 1.2 For any i = 1,....m, if ¢y, satisfies the LBSC of rank Q;, then
there exists N; € R such that for any z. < N;, 7, |=, is convex.

This claim is a local one-sided version of Theorem 2.1 in [43].

Proof of Claim 1.2: For every z € I, there exists (, € B(0,Q;) such
that ¢(y) > é(x)+ < Cuyy —x >=: v,(y) , Yy € ;. There exists a number
N; < —||¢||oo (depending only on ||@||L=, Q;, diam 2, where the latter denotes
sup, yeq |z —y| ) such that v, (z.) > N; for any = € I';. Let z. < N;. Let a; # 0
be in the convex cone to 2 at z and p, > 0 such that

Vg (Ts) + (Hala, Tu — T) = 24
(g certainly exists since < ayz, 2« — 2 >< 0). Then we claim that

7. (y) = sup (v2(y) + (pate,y — ) Vy € By
xel’;

Indeed, let g € T';,t > 0 and y = x, + t(xg — ). Then

Tz (y) =Zx t+ t(d)(.’)&‘o) - Z*) Uz (y) + <Mwoazoa Yy— -750>

S sup ('Uac(y) + </~Lmamay - 3?))
zel’;
And for any z € T';,
Ve (Y) + (et y —2) = (1 —=1)(ve(24) + (20s, T — 7))

+t(ve (o) + (Uzas, xo — T))
—_——  N—— —
<p(z0) <0

(1 — )z + to(xo).

IN
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Hence, 7.+ is a convex function on Z; as the supremum of affine functions
(though =; might not be convex). The conclusion of Claim 1.2 follows from
that.
We can now finish the proof of Lemma 1.1. Indeed, setting N := mini<;<m Vi,
we have for any z, < N, that 7|z, is convex.

The following remark is useful.

Claim 1.3 Let I be a nontrivial interval of R and f : I — R be a locally convex
function, in the following sense: for any x € I, there exists € > 0 such that f
restricted to (x — e,x + €) N I is convex. Then f is convex on I.

This is a well known fact which we admit. Now let z,z’ be two points in
R™. If z. € (z,2'), then 7, (5, ») is affine and so is 7. |(4, 2y, With 7., () <
7., (), 7., (2"). Then 7, |5, is convex. In the other case, (z,2') # . and
then (z,2') = Uie{l """ m}((m, x')NE;)), so that 7,5, is locally convex, hence
convex. As the restriction of 7., to any straight line is convex, 7., itself is
convex. This shows that ¢ is the restriction to I' of a convex function, and thus
satisfies the LBSC.
O
Let us give an application of these results. The following example is used in
[28] to show that even for the Dirichlet Lagrangian on the open disk, minimizers
are not necessarily globally Lipschitz when the boundary function satisfies only
the LBSC (but local Lipschitz continuity in the interior is obtained). We now
show that the function involved satisfies the LBSC but not the BSC.

Example 1.1 Let Q C R? be the unit disc and

T 7 62
qﬁ(x,y)ef»—»waLg@fz
where 6 € [0, 27] is such that (z,y) = (cos8,sind). Then ¢ is a Lipschitz function

satisfying the LBSC but not the BSC.

We will use p : 6 € R — (cos@,sin§), which is a parametrization when restricted
to any interval of length less than 27w. We have then ¢pop: 60— 7%2 + 50— %
when the right hand side is extended by 27 periodicity all over R. The derivative
of ¢op has a discontinuity at each point of the form 2k, k € Z. OnT'\{(1,0)}, ¢
is smooth so that ¢ restricted to I'\[1/2, +00[XR satisfies the LBSC (see the
proof of Proposition 1.2). To show that ¢ satisfies the LBSC, it is enough to
check that there exists o > 0 such that

Voo €] — m,7[,3¢ € B(0,7/2)
such that for any 0 €] — 7w, 7|
pop(0) > pop(lo)+ <(0—0p>—0ld— 0
which is equivalent to verifying four cases

9% 2
(9_90)_I+ZO > ((,0—0p) — o]0 — 0> V0,00 € [0, 7],

—)(0—60)— % (0—60)>

| N

(

vl



1.4 Subgradients 57

92 62
( 0+60) — o+ 2 (C.0— o) — 010 — B> V9.6 €] — 0],

4
(=5 = %)(0=00)~ } (9=60)?
6% 62
(9+90)—Z+ 40><C9 90>—U|9 90|2 VGE[ [7906]—7&',0],
0% 62

2( 0 — 90)—Z+£><g,9 o) — alf — 0o]* VO, € [0,7[,0 €] —,0].

In the third case,

T 0 02 0o 1 9
s 90 1 2
> Y Z(p—
> —m(0—0p) + (0 — 90)(2 2) 4(9 to)
T 0 1
= (9*90)(*5*30)*1(9*90)2
In the last case, similarly,
92 92 s 90 (9790)2
B (00 =+ T2 (G G0~ -

When 6y > 0, (that is, in the first and the last case), we can take ( = § — bo
and when 6y < 0, (the second and third case), we can take ( = —F — %". When
6o = 0, any of these two values of 8y will do.

Let us show now that —¢ does not satisfy the LBSC, by contradicting
Theorem 1.3. For any ¢ > 0, fix 29 = (cose, —sine),zp1 = (1,0) and 1 =
(cose,sine). Then with z, = (0,0),

& M  —¢(xo)

1 nmo1 —¢(zo1) , ,

&S om —¢(x) _ (%5 — 5€e+ F)sine— %smecose
& mno 1 sine(1l — cose)
o1 mMo1 1
& mo 1

7rgsine(l —cose) + (—Se+ %)sine

sine(1 — cose)

2

i
= — 4 —2 4
6 1 —cose

As1—cosen~ 5, € — 0, the last term tends to —oo when € — 0. This prevents
Hartman’s criterion (1.1) from holding. So —¢ does not satisfy the LBSC, and

¢ fails to satisfy the BSC.

1.4 Subgradients

The aim of this section is to give intrinsic characterizations (i.e. without any
parametrization) for a function ¢ : I' — R to satisfy the LBSC. This characteri-
zation is in term of subgradients. Using the same ideas will enable us to improve
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Lemma 1.1 to give a pointwise (rather than local) condition for a function to
satisfy the LBSC.

If f: R™ —» RU{+o0} is a lower semicontinuous function, we define dom f :=
{z: f(x) < +o00}. We say that ( is a proximal subgradient of f at € dom f,
and we write ¢ € dp f(z), if there exists n > 0 and o > 0 such that

fy) = f(@)+ (¢ y—x) —oly—=|* Vye Blz,n).

When f is convex, proximal subgradients coincide with convex subgradients.

We mention here some properties of proximal subgradients that will be used
in the sequel (see [27] for proofs of these properties; the hypotheses stated here
are far from being optimal).

First, consider the indicator function Ir of a C! hypersurface I' ¢ R”, that
is Ir(z) = 0 if z € T and is +oo elsewhere. Then, for any z € T, the set of
proximal subgradients of It at « is the normal to the hypersurface I" at x, Np(z).

If f: U — R is a Lipschitz function on an open convex U, then f is convex
if and only if for any z, 2’ € U,

(¢(—Ca—a')>0 , V¢ edpf(x), V¢ €dpf(a).

When f is a Lipschitz function of Lipschitz rank K, then its proximal sub-
gradients are bounded by K.

Nonsmooth analysis also provides several sum rules. Suppose that f : R" —
RU{+o00} is a lower semicontinuous function and § : R® — R is a C1'! function.
If ¢ € Op(f + 0)(x), then ¢ — VO(z) € dpf(x).

If : ' — R is a lower semicontinuous function, then we can extend it into
a lower semicontinuous function ¢ : R” — R U {+oo} by setting ¢(z) = 400
whenever x ¢ T'. Then a proximal subgradient ¢ of ¢ at € T' (we still denote
¢ € dp¢(z)) will be defined as any proximal subgradient of ¢ at x, that is: there
exist ¢ > 0,7 > 0 such that

oly) > ¢(x) + (C,y —x) —oly—=z|* Vy e B(z,n)NT.

We consider a bounded open set  which is supposed to be of class C''! and
uniformly convex. Then, the tangent plane to Q2 at any = € I' is well-defined.
For any ¢ € dp¢(z), we will denote by 5 the tangential component of {, that is
the orthogonal projection of ¢ on the tangent plane to ) at x.

The main result of this section is

Theorem 1.7 Suppose €2 is a bounded open uniformly convex set of class C'1>!
and consider ¢ : I' — R a Lipschitz function of rank K. Then ¢ satisfies the
LBSC if and only if for any x € T, there is an open set U, in R™ and some
Q@ > 0 such that

(5_§Iay_y/> Z _Q|y_y/|2a (14)
for any y,y' € U, NT and any ¢ € pd(y),(’ € Opp(y').

To prove Theorem 1.7, we are going to apply Theorem 1.2 for one implication
and Proposition 1.2 for the other one. Suppose first that for any zo € I, there
is an open set U in R™ and some ) > 0 such that

(C—Cy—9y)>-Qly—y> Vy,y €UNT,V¢ € dpd(y), ¢ € po(y).
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In view of the regularity of T, there exist open sets U; C U,V C R*! and
p:V — T'NU; of class C*! such that p is an immersion and a homeomorphism
onto I' N U;. We can also suppose (see Claim 1.1) that there exists ¢ : Uy — V
which is Lispchitz, C'! and satisfies

Yoplv)y=v YveV, poy(z)=x VrelNnU.

Finally, shrinking V' and U, if necessary, we can suppose that p, Dp are Lipschitz
on coV and similarly v, Dy are Lipschitz on coU;. We will denote by R a
Lipschitz constant for all these functions on these sets. Then to show that ¢
satisfies the LBSC, it is enough to prove that ¢ o p is linearly semiconvex. We
need first to link the subgradients of ¢ to those of ¢ o p, thanks to the following
chain rule:

Lemma 1.2 For anyv € V, § € Op(d o p)(v), there exists ¢ € dpp(p(v)) such
that € = Dp(v)*¢ = Dp(v)*C.

Proof of Lemma 1.2: Let v € V. £ € Op(¢ o p)(v). There exist n > 0,0 > 0 such
that

$(p(v") = ¢lp(v)) = (v —v) = —afv’ —vf?

for any v' € B(v,n). Denote 2’ = p(v') and x = p(v) so that ¢(z’') = v’ and
¥(x) =v. There exists F : Uy x Uy — R™! uniformly bounded by R such that

W(y') —Y(y) =Dy —y) + F/ )y -yl

for any y,y’ € Uy. This implies

¢(a') = ¢(x) = (Dp(x)"€, 2" —x) = (') = ¢(x) — (£, ¥(2') — P(x))
—la’ = 2(¢, F(a’, 2))

¢(p(v)) = ¢(p(v)) = (§,0" = v)
|’ = af*(€, F(2', 2))

—ol — v —[¢]|F (2’ 2)||l2" — 2]

~R(o + [€])]a" — a?

(AVARLYS

since @ is Lipschitz of rank R and F bounded by R. This inequality holds
for any «’ € p(B(v,n)) which is a neighborhood of x in T'. It follows that

Dyp(z)*€ € Opd(x). Let ¢ := Dy(x)*€. Then
Dp(v)*¢ = Dp(v)* o Dip(x)"¢ = D(¥ 0 p)(v)*¢E.

Moreover, for any w € V, 1 o p(w) = w, hence D(¢ o p)(v) = Id and so
D( o p)(v)* = Id. We can conclude

Dp(v)*¢ = €.

Finally, Dp(v)*¢ = Dp(v)*C, since the kernel of Dp(v)* is exactly the normal
Nr(p(v)) to the tangent plane to £ at p(v).
The lemma is proved.
O
We will also use the following well known result for semiconvex functions on
open sets of R*~1,
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Lemma 1.3 Let § : V C R* ! — R be a Lipschitz function on an open set
V. We suppose that there exists Q > 0 such that for any v,v' € V satisfying
[v,v"] C V, we have

(€ =& —v) =2 =Qv — > VE€dpb(v),& € dph(v'). (1.5)
Then 0 is linearly semiconvex on V.

Proof : Consider the function 6 := 6+ Q/2|-|*. Then on any convex subset of
V, 0 is linearly semiconvex if 6 is convex. Note also that ¢ € dpfg(z) if and
only if ( — Qx € dpf(zx). Hence, inequality (1.5) means

<§/ - Eavl - ’U> Z 0 ) VS S aPQQ(v)a 6/ S 8P9Q(vl>a

which implies the convexity of g on any convex subset of V. Hence 0 is semicon-
vex on any convex subset of V, with the same modulus of semiconvexity —@Q| - |.
This implies the semiconvexity of 8 on V. Lemma 1.3 is proved.
O
We can now show that ¢ o p is linearly semiconvex. Let v,v’ € V such that
[v, 0] CV, & €dppop(v), £ €dppop(v). Let us estimate < & — & v —v > .
Thanks to Lemma 1.2, there exist ¢ € dpp(p(v)), ¢’ € Ipd(p(v')) such that

§=Dp(v)*¢, & =Dp) .
There exists a function F : V x V' — R” bounded by R such that
p(w) — plw') = Dp(w')(w — w') + Ew,w')w — w'? (1.6)
for any w,w’ € V. With v’ = ¢' and w = v, we get
p(v') = p(v) + E(v,v")|v —v'|> = Dp(v") (v —v).
With w’ = v and w = v', we get
o) — p(v) — E(W', 0o — 2 = Dp(u)(@' —v).
Thus, using (1.4),
<€/ - €7 U/ - U>
)W —0) — (& Dow)(o! —v))
() = p(0) — (o)) ~ p(0))
HC E(, o) = o']?) + (¢, B, v)lv = '?)

—Qlp(v') = p(v)|* = 2RK|v —v'|?
—(QR* = 2RK)|v' —v|?

(VAR

(Q is given by (1.4), R is a Lipschitz constant for p on V, K is a Lipschitz
constant for ¢ on I'. Finally, F is bounded by R on V x V.)

Apply now Lemma 1.3 to conclude that ¢ o p is linearly semiconvex on V|
and so ¢ restricted to p(V) satisfies the LBSC. As in the proof of Theorem 1.2,
we infer from this fact that ¢ satisfies the LBSC.

Let us now prove the converse. We could reverse the arguments of the
first part of the proof but here is a different strategy. Suppose that ¢ satisfies
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the LBSC. Then ¢ is the restriction to I' of a convex function ¢ : R* — R.
Let Ir be the indicator function of I'. Let gz~5 := ¢ + Ir. Then for any z € T,
Opp(z) = dpp(x) (by definition of Opp(x)).

The limiting sum rule (see [27], Proposition 10.1) shows that for any = € T,
¢ € Opg(x), there exist v € Np(x), A € ¢(x) (recall that for a convex function,
proximal subgradients are convex subgradients) such that

C=v+A

Considering the orthogonal projection of this equality on the tangent hyperplane
to I' at x, we have: o

=\
Hence, to show that inequality (1.4) holds, it is enough to show that for any
x €T, there exist an open set U, in R™ and some @ > 0 such that

A=N,y—y)>-Qly—y')? (1.7)

for any y,y" € I'NU,, and X € 29(y), N € d¢(y'). For any X\ € Oé(z), note that
A — X € Nr(x). Then, inequality (1.7) is an easy consequence of the following;:

Lemma 1.4 For any x € T, there is an open set U, in R™ and some Qg > 0
such that for any y, y' € TN Uy, and any v € Nr(y), v € Nr(y'), we have

(v =2y —y) < Qollv| + DIy —y'I*.

Suppose that Lemma 1.4 is true. Then, let y € I and U, Qo as in the lemma.

For any y,y" € I'NU,, and A € 0¢(y), ' € 0¢(y'), we have (with v = A=\, v/ =

N = V)
A=XN,y—v) A=Ny—y)—v—v,y—vy)

0—Qo(lv| + |V'N|y —v'|*> (because ¢ is convex)

—Qly -y

The last line follows from the fact that ¢ is Lipschitz on a neighborhood of T,
which implies that its convex subgradients are locally bounded and so are the
normal components of these. Then inequality (1.7) holds provided that we show
Lemma 1.4.

Let x € T" and p : V — U, be a parametrization near x as in the first part
of the proof of Theorem 1.7. Then for any y = p(v), ¥’ = p(v'), v € Nr(y),
V' € Nr(y'), we have:

(A\YARAVARLY

w—vy—y) = w—v,pw) —pl))
(v, p(v) = p(v")) = (V' p(v) — p(v"))

< (W Dp()(v =) = (¢, Dp(v) (v = v'))
+R(v|+ [V )v —v'|*  (thanks to (1.6))
< R(v[+ [ —o'?

since v is in the kernel of Dp(v)* and the same is true for v/, Dp(v’)*.
Finally, using the fact that ¢r = p~ ! is Lipschitz of rank R on U,, we find

v—vy—y) <R+ 1V)ly -y
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which is the desired estimate with Q¢ = R2.
O
The developments above lead to the following result, which significantly
improves Lemma 1.1, as it shows that merely a pointwise condition guarantees
the LBSC.

Proposition 1.6 Let Q be a uniformly convex bounded open set of class CL.
We suppose that ¢ : I' — R is continuous and there exists () > 0 such that for
any x € T, there exists ¢ € B(0,Q) satisfying

o(y) =2 o(x) + (C,y — )
for any y € T near x. Then ¢ satisfies the LBSC.

Proof: It is enough to show that if p : V' — I' is a parametrization as in the
proof of Theorem 1.7, then ¢ o p is linearly semiconvex. For any v € V, there
exists ¢ € B(0, Q) such that

popv') —¢op(v) =(C p(v) - p(v))
for any v" near v. Set £ := Dp(v)*(. We have
$pop(v) —dopv) > (€0 —v) =o' —ovf?

for any v’ near v, (o does depend only on ) and on the modulus of continuity of
Dp). Set 6 : V — R, 6 = ¢ o p. Then 0 satisfies the hypotheses of the following
lemma.

Lemma 1.5 Let 6 : V — R be a continuous function. We suppose there exists
o > 0 such that for any v € V, there exists & € R™, satisfying

B(') > 0(v) + (6,0 — v) — ale! — o]’
for any v' mear v. Then 0 is linearly semiconvex on V.

Lemma 1.5 concludes the proof of the proposition. Let us now prove it. Set
g =0+ 0| |>. Then for any v € V, there exists £ € R" such that

g(v") > g(v) + (€ + 20v,0" — v)

for any v’ near v, so that g is convex. Then § = g —¢|-|? is linearly semiconvex,
and Lemma 1.5 is proved.
O
In Proposition 1.6, the continuity assumption is necessary in view of the
following example: (2 is the unit disc in R? and ¢ : (cos#,sinf) — 6 € [0, 2x].
Furthermore, the existence of some a priori rank () is unavoidable, as shown by
the following example; here, 2 is the unit disc in R? and T the unit circle.

Example 1.2 There exists ¢ € CY(T') such that for any x € T, there exists
some ¢ € R™ satisfying

o(y) > d(x) + G,y —x) VyeT, (1.8)

and yet ¢ does not satisfy the LBSC.
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Proof : There exists g € C'(R)NC?(R—27Z), 27 periodic, nonnegative, which is
equal to g(0) := |0]3(sing +1) on a neighbourhood of 0 when 6 # 0 and vanishes
at 0. Set ¢(cosh, sinf) := g(0). The map g is nonnegative on a neighbourhood of
0 hence (1,0) is a global minimum of ¢. Therefore, ¢(y) > ¢(1,0)+ < (0,0),y —
(1,0) > for any y € T. On T' — {(1,0)}, ¢ is C? so that ¢ restricted to I'N] —
00, 1[xR satisfies the LBSC (2 being uniformly convex). To sum up, ¢ satisfies
(1.8). Let us show that ¢ does not satisfy the LBSC. Let = (cos6,sinf) € T’
near (1,0) with @ > 0 and ¢ € R™ such that (1.8) holds. Then the tangential
component of ( is

1 1
(=40 = 392(sin5 +1) — 0 cos 7
and the normal component must satisfy (as a direct consequence of (1.8))

(0") —g(8) — g'(6) sin(¢" — 0)

)
>
¢= cos(f' —0) — 1

for any 6’ € R. When 6 > 0, the right hand side tends to —g”(§) = —60(sin 1/6+
1) +1/0sin1/6 + 4cos1/6 when 6’ — 6. Since —g”(m) — 400 when

n — +o0o, we infer that f cannot be majorized, hence ¢ does not satisfy the
LBSC.






Chapter 2

Local Lipschitz continuity
of a problem in the
Calculus of Variations

This chapter is based on the paper Local Lipschitz continuity of solutions to a
problem in the calculus of variations (with F. Clarke, submitted).

2.1 Introduction

We study the regularity of solutions to the following problem (P) in the multiple
integral calculus of variations:

min [ {F(Du(x)) + G(z,u(x))} dr subject to u € WH(Q), tru = ¢,
voJa

where 2 is a domain in R", w is scalar-valued, and tru signifies the trace of u
on I' := 0Q.

The aim is to deduce local Lipschitz regularity from properties of the bound-
ary function ¢. This is in the general spirit of the well-known Hilbert-Haar
theory (see for example [37], [71]), which requires that ¢ satisfy the bounded
slope condition (BSC). The BSC of rank K is the assumption that, given any
point v € ', there exist two affine functions

y— (T y—7) + o), y = (¢ y =)+ o(v)

agreeing with ¢ at +, whose slopes satisfy [(]| < K, || < K, and such that

(G =M +o(y) <o) <A =0 +o(y) vy el

The classical Hilbert-Haar theorem asserts that if F' is convex, G = 0, and ¢
satisfies the BSC, then there exists a (globally) Lipschitz minimizer for (P). The
first proof of this statement is due to Miranda [69], although there are several
special cases that are antecedents to this. The case in which G is different from
0 has been treated by Stampacchia [84] (and implicitly in [47]) under stronger

65
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smoothness assumptions on the data than used here; see also Cellina [24] for
more recent developments involving the BSC.

The BSC is a restrictive requirement on flat parts of I, since it forces ¢ to
be affine. Moreover, if ) is smooth, then it forces ¢ to be smooth as well (see
Hartman [43] for precise statements). Recently, Clarke [28] has introduced a
new hypothesis on ¢, the lower bounded slope condition (LBSC) of rank K :
given any point v on the boundary, there exists an affine function

Y= (G y —7) + o)

with |¢y| < K such that

(G, Y =) +o(v) <o(y) Vo el

This requirement, which can be viewed as a one-sided BSC, enlarges consider-
ably the class of boundary functions which it allows (compared to the BSC). The
property has been studied by Bousquet in [12], where it is shown that ¢ satisfies
the LBSC if and only if it is the restriction to I' of a convex function. When 2
is uniformly convex, ¢ satisfies the LBSC if and only if it is the restriction to I"
of a semiconvex function.

It turns out that the LBSC has significant implications for the regularity of
the solution u, although it implies less than the full, two-sided BSC. In fact, it is
shown in [28] that in the case where G = 0, the one-sided BSC gives the crucial
regularity property that one seeks: u is locally Lipschitz in ). This allows one
to assert that u is a weak solution of the Euler equation, in the absence of the
usual upper growth conditions on F. Furthermore, the local Lipschitz property
allows one to invoke De Giorgi’s regularity theory (when the data are sufficiently
smooth) to obtain the continuous differentiability of the solution.

The goal of this article is to prove local Lipschitz regularity of the solution
for a class of problems with G different from 0, under weak regularity hypotheses
on the data of the problem, and when the LBSC is satisfied (rather than the
BSC). The next section describes the hypotheses and gives a self-contained
proof of the main theorem of the article. It is most closely related to the work
of Stampacchia, but the method of proof differs in several important respects.
A variant of the main theorem is developed in Section 3, and the final section
discusses the issue of the continuity of the solution at the boundary.

2.2 The main result

We now specify the hypotheses on the data of the problem (P). The first one,
in particular, justifies the use of trace.

(HQ) Qis an open bounded convex set.

We require that F' be uniformly elliptic, and that G be locally Lipschitz in u.
More precisely:

(HF) For some p > 0, F satisfies, for all § € (0,1) and p,q € R™:

OF(p) + (1 —0)F(q) > F(0p+ (1 —0)q) + (1/2)0(1 — 0)|p — q|*.
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We remark that when F is of class C?, (HF) holds if and only if, for every
v € R™, we have

(2,V?F(v)z) > plz|* Vze€R™

Under (HF), it is easy to see that [, F(Dw) dx is well-defined (possibly as 4-00)
for any w € WhH1(Q).

(HG) G(z,u) is measurable in z and differentiable in u, and for every bounded
interval U in R, there is a constant L such that for almost all z € €,

|G (2, u) — G(z,u)| < Llu —v'| Yu,u' €U.

We also postulate as part of (HG) that for some bounded function b, the integral
Jo G(x,b(x)) dz is well-defined and finite. It follows that the same is true for
all bounded measurable functions w.

In the presence of (HQ?),(HF), and (HG), it follows that

I(w) = /Q{F(Dw(x)) + G(z,w(x))} dx

is well-defined for all w € W1(Q) for which w is bounded. We say that u solves
(P) relative to L°(9) if w is itself bounded, and if we have I(u) < I(w) for all
bounded w that are admissible for (P).

The theorem to be proved is the following.

Theorem 2.1
Under the hypotheses (HSY), (HF'), and (HG), and when ¢ satisfies the Lower
Bounded Slope Condition, any solution u of (P) relative to L>(Q) is locally
Lipschitz in €.

In the context of the theorem, even when G' = 0 and F'(v) = |v|?, a bounded
solution w of (P) may fail to be globally Lipschitz; an example of this type
is given in [12], [28]. Let us also point out that the theorem has an alternate
version in which the LBSC is replaced by the upper BSC; the conclusion is
the same. Finally, we remark that Stampacchia [84] has described structural
assumptions on GG which guarantee a priori the existence and boundedness of
solutions of (P); these will be described in the next section.

2.2.1 The lower barrier condition

The proof of the main result uses in part the well-known barrier technique. Our
one-sided version of this is the following.

Theorem 2.2

Under hypotheses (HQ), (HF), and (HG), let u be a bounded solution of prob-
lem (P) as described above, where ¢ satisfies the Lower Bounded Slope Condi-
tion of rank K. Then there exists K > 0 with the following property: for any
v € T there exists a function w which is Lipschitz of rank K, which agrees with
¢ at v, and which satisfies w < u a.e. in ).
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Proof As observed in the introduction, we may suppose that ¢ is a globally
defined convex function of Lipschitz rank K. Thus there is an element { with
|| < K in the subdifferential of ¢ at ~:

Pp(x) — o(y) > ((,x—7) VaecR"
By (HQ) there is a Lipschitz constant L valid for G(z, ) over the interval
[*”UHLW(Q)a 9l ooy + Kdiamﬂ] ,

for x € Q a.e. Fix any T > (L + 1) exp(diam Q) /p1, where p is given by (HF).

The following construction is a refinement of that proposed by Hartmann
and Stampacchia [47] (Lemma 10.1). Let v be a unit outward normal vector to
Q at v, and define

w(z) = ¢(7) + (G2 —7) = T{1 —exp((z —7,»))}.

We proceed to prove that w has the required properties. Clearly w agrees with
¢ at ~y, and is Lipschitz of rank

K := K + T exp(diam Q).
We need only show that the set
Si={reQ:wx)>ux)}

has measure 0.
The function M (z) := max|[u(z),w(z)] belongs to W1(Q) (see for example
[36] or [62]), and we have:

DM (xz) = Dw(z),z € S ae., DM(z) = Du(z),z € Q\S a.e.

It follows from the subgradient inequality for ¢ that M € ¢ + Wy' () (in
deriving this, we also use the fact that (x —~v,v) < 0 for x € Q). By the
optimality of u (relative to M) we deduce

/ (P(Du(x)) + Gla, u(2))} dz < / (P(Dw(z)) + Gz, w(z))} da.
S S

The Lipschitz condition satisfied by G now leads to

/{F Du(a)) — F(Dw())} dx <L/{w Cu(@)de. (21)

In deriving the next estimate (which concludes the proof), let us make the tem-
porary assumption that F' is smooth (C? or better). Then, by straightforward
calculation, the function ¢ (x) := VF(Dw(z)) satisfies

divey(z) = Texp((z — 7, v)) (v, V’F(Dw(z))v) > L +1, (2.2)

in light of (HF), and because of how T was chosen. We proceed to deduce from
(2.1) the following;:

/{w (e }dx>/{FDu F(Dw())} dz
_/Sw( #), Du() — Du(x)) de
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(by the subdifferential inequality)

= /Q (¥(x), D minfu, w](x) — Dw(z)) dx
= /Q(divdJ(x))(w(m) — min[u, w|(z)) dx

(integration by parts, noting that min[u,w] = w on I

>(L+1) /Q{w(z) — minfu, w|(x)} dx

(in view of (2.2))

> (L+1) [ (wle) = ula)} do.

This shows that S is of measure 0, since w —u > 0 in S.

In the general case in which F' is not smooth, we consider a nondecreas-
ing sequence {F}}ren of functions in C°°(R™) converging to F uniformly on
bounded sets, and such that the ellipticity condition in (HF’) holds for F} when
p, q are restricted to a ball B(0, K + 1) containing all the values of Dw. Such a
sequence exists by a mollification-truncation argument; see Morrey [71], Lemma
4.2.1. Then, arguing as above, we derive, for any k£ > 1,

/{Fk(Du(z)) — Fy(Dw(z))}dx > (L + 1)/{10(9:) —u(x)}de.
S S

The result now follows from the Monotone Convergence Theorem. O

2.2.2 Proof of Theorem 2.1
Let XA and ¢ be parameters satisfying

A€ [1/2,1), ¢ > q:= KdiamQ + @[]z ()
and fix any point z € I'. We denote
Q= A2 —2)+ 2.

Note that € is a subset of €2, since the latter is convex. We proceed to define
the following function on Qy:

ux(x) = Au((z —2)/A+2) —q(1 = N).
Then u) belongs to Wol’l(Q,\) + ¢, where
oa(y) = Ad((y — 2)/A+ 2) —q(1 = A).

For every © € R™, we will denote (z — z)/\ + z by z.
We are now going to compare uy and w on I'y := 0{2y; this comparison via
dilation was introduced in [28].
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Lemma 1 We have uy <wu on I'y.

The meaning of this inequality is that (u) — )™ := max(0,u) —u) belongs to
Wy (2), where here u signifies of course the restriction of u to Q. To prove
the lemma, recall first that in the preceding section we proved the existence, for
any v € I, of a K-Lipschitz function w., such that w, (y) = ¢(7) and w, < u a.e.
in © (which implies w, < ¢ on T').

Introduce I(y) := sup,crw,(y). Then [ is a K-Lipschitz function which
coincides with ¢ on I' and which has [ < u a.e. on Q. Thus v —1 € Wol’l(Q).
There exists therefore a sequence vy, € Lipy(Q2) converging to u — [ in W11(€)
and almost everywhere in 2. We can suppose moreover v,, > 0, by replacing vy,
by v := max(v.,,0). We have used here the fact that if a sequence of functions
K, converges almost everywhere and in W11(Q) to k, then k;, converges to k*
in Whi(Q).

We define the functions

U (2) = O (2) + 1), uma(x) := Aup ((x — 2) /A + 2) — q(1 = ).

These regularizations of v and uy will allow us to complete the proof of the
lemma.

We have u,, € C°(Q), I < uy, on Q and u,, = ¢ = [ on I'. We claim that
Uma(Y) < um(y) for every m > 0,y € I'y. Suppose for a moment this claim
were true. Then we could assert that

(Umxr — um)™ € Wol’l(QA).

Now, U,y tends to uy in WH1(Q,) and almost everywhere, as does u,, to u.
It would follow therefore that (uy —u)™ € Wy ' (Qy), which is what we wish to
prove.

So it suffices to prove the claim. Fix some v € I'y. Then,

U () = Um () = Aum (72) — wm () — q(1 = A)
S Ad(ya) = Uv) —a(l = A)
= AN(m) —l(y) —q(1 = A)
< () =) + @ =Nl =) — @)
< Kly =l + @ =Nl 2y — @)
< (1= N)(K diam Q + [[I|| gy — ¢)

<0

in light of the way ¢ has been chosen. This proves the claim and completes the

proof of Lemma 1.
O
The next step of the proof is to show that the set

A= {y € O\ :ua(y) > uly)}

has measure zero. Let w(z) := min(u,uy), which belongs to W' () + ¢» in
light of Lemma 1, and define

wA(w) = JwAw —2) +2) (5 — 1),
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an element of Wy (Q) + ¢. Fix any 6 € (0,1). Then v := fuw* + (1 — 0)u lies
in W, "' (Q) + ¢, so that I(u) < I(v), which yields after an evident change of
variables

/m I R e E
/ {FODw+ (1= 0)Duy) + G(E= Lo eW =N,
Qx by )
ux +q(1—N)
S

We also note that the right side is finite, since [, F(Du) da is finite, and in light
of the convexity of F'. This implies

[ {FDu-+ (0= D) + G 1 2 g2 LN,
A by Y
ux +q(1 = X)

whence (since w = u on A)

/A{F(Du)\) — F(0Du+ (1 —0)Duy)} dy <

e A *qA(l - /\))}dy. (2.3)

Now let W(z) := max(u(x),ux(z)) for x € Q\, and W(z) := u(x) for
z € Q\ Q. Then W e W' (Q) +¢ since uy < uwon I'y. With v := W + (1—0)u,
we have I(u) < I(v), which yields

J A D) + Gy <
/A{(F(HDU,\ + (1 —0)Du) + G(y,0ux + (1 — 0)u)) } dy,

so that

/A{(F(Du) — F(0Dux + (1 — 0)Du))} dy <

/A ((Gly, 0ux + (1 — O)u) — Gy, u))}dy.  (2.4)
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Summing (2.3) and (2.4), we get

/ {(1 — 9)F(Duy) + 0F(Du) — F(0Du + (1 — 8)Duy)
A
+0F(Duy) + (1 — 0)F(Du) — F(0Duy + (1 — o)Du)} dy

</A{G(yAZ+z,97“+q&1’\) +(179)7“A+q§1*”)

A
+ G(y,0uxr + (1 — 0)u) — G(y,u)} dy. (2.5)

—e =24,

Thanks to (HF') we see that the left side of the last inequality is no less than
ud(1l — 0)/ | Duy — Dul*dy.
A
Substituting into (2.5), dividing by 6, and letting 6 go to 0, we find
2 1 y—=z
pof [Dux = Dul”dy < | (39(==— +2) = g(y))(ur —u) dy,
A A A A

where we have denoted by g(y) the function —G,(y,u(y)), which belongs to
L>(Q). Write for any y € Qy :

oS 2~ g) = (5 = 5o+ 2) b

where we define h(y) := 1/A"g((y — 2)/A+ z) — g(y) for y € Q) and h(y) =0
for y € R"\Q,. Then

p [ 1w = DuPdy < [ (55 = o+ bl —wdy, (26)

where go := ||9]|co-

Lemma 2 There exists f = (f1,..., fn) € L=(R™)"™ such that for each j €
{1,...,n}, for almost every (y1,...,Yj—1,Yj+1,---,Yn) € R"1, the function

Y — fj(ylv"'ayjflaijyjﬁ*lv"'vyn)

is absolutely continuous on R with

of;
— e L>=(R"
dy; =
and .
div f := Z % = h a.e.in Q) (2.7)
=1 Y

and such that || f||zq) < Co(1 — A) for some constant Cy which depends only
on go and (A being restricted to [1/2,1)).
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Proof of Lemma 2 We extend g by setting it equal to 0 outside 2. There
exists (c1,...,¢,) € R™ such that

QC{(z1,...,2n) ER" 1 2z; >¢; Vj=1,...,n}.

Define f1(y1,...,yn) to be

Y1 1 y/ -2
/ [Xg( : \ + 21,92, Yn) —9(?//1,92,---7971)] dy;
C1

and similarly set f;(y1,...,yn) equal to

Yirl oy — 2 yg’*zj
/Cj {yg( iy —‘,—zl,...,T+Zj,yj+1;---7yn)_

1 Y1 — 2 Yj—1 — Zj—1
)\j—lg( N +Zl,---7f

This implies

+ Zj*lvyé'vyjﬁ*la cee ;yn) dy;

af;

— € L>*(R"

52 e ()
and that f satisfies (2.7). Upon making the change of variables y7 = (y; —
zj)/A + z; in the first integral defining f;, we find readily

Ly —%
VRt

Cj*Zj

A

|5 (s ym)| < g0 + 25 —y;| + | + 2 — ¢}

1—A
= 90— tyi =zl +lej — zl}
Y
if the y; lie in Q. This completes the proof of the lemma.

A
{diam Q + |¢| + dist(0, )},

< 9o

Thanks to Lemma 2, we can write (2.6) as

u/A |Dux — Dul*dy <
/A {<f, Du — Duy) + go()\—ln - %)(UA — u)} dy. (2.8)

Now Poincaré’s inequality, applied to (uy—u)* € WO1 1(Qy), yields the existence
of a constant C'p which depends only on €2 such that

/(u,\fu)dngp/ |Duy — Du| dy.
A A

Then (2.8) implies

1 1
u/ [Dux — DuPdy < [||fllz=(e +90Cp (57 — 7)] / \Dus — Duldy.
A A

Applying the Cauchy-Schwartz inequality on the right side, we get
1

oY) [ TECRCY)

ullDux = Dullzgay < [[1f |z (o) + 90Cr(
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We recall the following lemma of Sobolev: For 1 < a < n, there is a constant
S4 depending only upon «,n and 2 such that, for every w € WOLO‘(Q), we have

Wl o+ (@) < SallDwlLa gy,

where o denotes the Sobolev conjugate defined by 1/a* = 1/a — 1/n.
We now observe that

lux — wllzcay < llux — wfl g a) AP
(by Holder’s inequality)
< S1||Duy — DUIILl(A)|A|1/"
(by Sobolev’s Lemma, with w = (uy —u)™)

< S1||Duy — Dul|p2(ay|A[Y2,

by Holder’s inequality. Then, using this in (2.9), we get

1 1
lux —ullzrcay < ClIfllLe () + (V - X)} |Al7,

with 7 := 14 1/n > 1 and for some constant C' which depends only on Q, go,
and p. By Lemma 2 we have || f|| 1 q) < Co(1 — A). Moreover, (1/A" —1/X) is
bounded above by C1(1— A) (where C; depends only on n (recall that A > 1/2).
Thus

lux = ullrra) < C2(1 = A)IA],
with Cy := C(Co + Cl)
Now let us denote A by A(q) to display its dependence on g. Put p(q) :=

|A(q)|. Then p is a nonnegative, nonincreasing function such that p(¢) — 0 when
q — +00. Moreover, we have for any ¢ > ¢, thanks to Fubini’s theorem,

+oo 1
[ sty = 25 [ s uldy < Cantar” (2.10)
q - A(q)

We now require the following result (cf. Hartman and Stampacchia [47]):

Lemma 3 Let p be a nonnegative, nonincreasing function on [0, +00) such
that p(t) — 0 as t — 400 and

—+o0
/ p(t)dt < cplq)’s a >4,
q
where ¢ > 0, > 1 are constants. Then p(t) = 0 for

t>eyp(@) /(v -1 +a
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To see this, note that the function H(q) := [

, P(t)dtis absolutely contin-
uous and satisfies

H'(q) = —plq) < —[H(q)/d*".
Then
G(q) :=~HO" D (q) /(v = 1) + g/

has G'(q) < 0 for g > g, as long as H > 0. For such ¢ we may therefore write

0 <AH V() ( =) <A@/ (=) — (g — @)/

Consequently, H(q) = 0 for every

q>qo:=~c"H'Vg) /(v - 1) +q,

in which case p(t) = 0 for ¢ > ¢o. The lemma follows from the fact that H(g) <

cp(q)”.
Applying this lemma to (2.10), we deduce that for any choice of gq satistying

a0 > Co| Q" /(v = 1) + ¢,

we have |A(q)| = 0 if ¢ > go. We may summarize the current state of the
proof as follows: for any choice of z € I', we have, almost everywhere on 2 :=
A2 = 2) + z, the inequality

ux(z) = Mu((z — 2)/A+ 2) — (1 = A) < u(x).

Note that gy does not depend on A, so that this assertion is true for any \ €
[1/2,1).
The final step in the proof is to deduce from this that u is locally Lipschitz
in Q. Let zg € Q, and let z,y € B(xo,dr(x0)/8) be two Lebesgue points for w;
thus z, for example, satisfies
lim (@) der = u(a)
im ——— u(w) dw = u(x).
e—0 |B($’ 6)' B(z,e€)
Let z := 7 (y|x) be the unique point of T' of the form y + t(z — y) with ¢ > 0.
There exists A € [1/2,1) such that y = (x — 2)/A+ z. Then 2 € Q. Let € > 0
such that B(x,€) C Q. We have proved that for almost every w € B(x,¢€), we
have
Au((w = 2)/A+2) S u(w) +qo(1 = A).
Integrating this relation over B(x,€) and dividing by |B(z, €)|, we get
[ e < o (@) do+ ao(1 = A
_ u((w—z 2)dw < ———— w(w) dw 4+ qo(1 —
|B(l‘,€)| B(z,€) |B(‘Ta€)| B(z,e)
which, by a change of variables, is equivalent to
1

: ww) dw < —— u(w) dw + qo(1 — A).

),
|B(ya§)| B(y N |B(l‘,€)| B(z,€)

When € — 0, we get Au(y) < u(z) + qo(1 — A), so that

£
A

lz —yl
uly) < @)+ O o T (211



76 Chapter 2. Local Lipschitz continuity of a problem in the Calculus of
Variations

with Q := qo + ||u||Loc(Q)

This inequality holds for almost all z,y € B(xg,dr(zg)/8), since Lebesgue
points for u constitute a set of full measure. It follows that u admits a locally
Lipschitz representative for which (2.11) holds everywhere in 2, and the theorem
is proved.

Corollary The solution u satisfies

Q
dr (m)

where @ depends on ||ul| ) and the data of the problem (P).

[Du(z)] <

, x €Q ae., (2.12)

2.3 A variant of the theorem

The hypothesis (HG) used in the proof of Theorem 2.1 included the differentia-
bility of G with respect to u. A natural approach to removing that condition is
to approximate G by a smooth function G; via mollification, apply the theorem
in the differentiable case to the solution w; of the perturbed problem (P;), and
then to pass to the limit. However, this line of argument requires an existence
theorem for the perturbed problem, and one must also verify that the resulting
Lipschitz condition for its solution u; depends in a suitably stable way upon the
data.

As regards existence, the required elements are provided for the most part in
the results of Stampacchia [84], which can be adapted for the purpose described
above. Following [84] (but without assuming differentiability) we introduce the
hypothesis

(HG)" G is measurable and we have
G(z,v) 2 —qpvl* - Q(z)[v]° — R(z),

where R € L*(Q),6 € (0,2),Q € L*(Q), with 1/t =1-§/2+5/nand ¢ < Au/2,
where )
Dul?d
A= e dalPUld
uewd2(@) o lul?dx
Further, G is locally Lipschitz in u in the following sense: there exists M > 0
such that for any u,u’ € R and almost all z € €2, one has

|G (2, u) = G, u')| < Mlu—u'|(1+ [u]” + /|7,

with 0 < 8 < 2* — 1, where 1/2* =1/2 — 1/n if n > 2, and 2* is any number
greater than 2 if n = 2. Finally, we assume there is a function 4 € W2(Q)
admissible for (P) such that (@) < +oo0.

We say that u solves (P) relative to W12(Q) if u is itself in that class, and
if we have I(u) < I(w) for all w € ¢ + Wy >(Q).

Theorem 2.3

Under hypotheses (HS)), (HF), and (HG)', there exists a solution to problem
(P) relative to W12(€2). Any such solution u is bounded, and is a solution of (P)
relative to L>°(Q); further, if ¢ satisfies the Lower Bounded Slope Condition,
then w is locally Lipschitz in ).
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The fact that a solution ug exists is Theorem 8.1 in [84]. As indicated above,
the first step in the proof is to approximate G by a smooth function G;; a term
|u — ug(z)|? is added to assure convergence of the solution u; of the perturbed
problem to ug. The existence theorem in [84] must be detailed more completely
in order to observe the stability of the estimates with respect to the type of
perturbations present (in particular, the provenance of the bound on |lu;| 1)
must be carefully traced). Then Theorem 2.1 is applied to deduce the Lipschitz
condition (2.12), which carries over in the limit to ug. We omit the essentially
routine details of this proof (see the first appendix to Chapter 2).

2.4 Continuity at the boundary

The proof of Theorem 2.1 provided a Lipschitz constant for the solution u (see
(2.12)) that goes to infinity at the boundary. We know by example that in gen-
eral u fails to be globally Lipschitz, so this must be expected. But there remains
the question of whether u is continuous at the boundary. Such a continuity con-
clusion cannot result from (2.12) alone, but it turns out that the directional
nature of the Lipschitz condition (2.11), together with the barrier provided by
Theorem 2.2, provides the extra information needed to obtain boundary conti-
nuity in a number of special cases. The arguments of [28] go through with no
change, so we content ourselves here with recording the results. Note that the
issue of continuity at the boundary does not arise in the classical setting with
BSC, since then the solution is globally Lipschitz on (2.

The theorems below introduce the hypothesis that u belongs to W1?(Q).
Under the hypotheses of either Theorem 2.1 or 2.3, this is easily seen to hold
whenever F satisfies, for certain positive constants ¢ and N,

F(v) >olvlP =N VveR™
Our hypothesis (HF) already guarantees that this holds for p = 2.

Theorem 2.4

In addition to the hypotheses of either Theorem 2.1 or 2.3, assume that I" is
a polyhedron. Then any solution u of (P) is Hélder continuous on Q of order
1/(n+ 2). If moreover u € WP(Q) with p > 2, then u satisfies on Q a Hoélder

condition of order
_p—1
Cn+2p—2°

Theorem 2.5
In addition to the hypotheses of either Theorem 2.1 or 2.3, assume that I is
CH1 and that u is a solution of (P) lying in WY?(Q), with p > (n+1)/2. Then
u satisfies on Q0 a Hélder condition of order

_ 2p—n-—1

" 4p+n-—3

Under merely the hypotheses of Theorem 2.1 or 2.3, it is an open question
whether a solution u of (P) must be continuous at the boundary.






Chapter 3

Local Lipschitz continuity
of nonlinear
differential-functional
equations

This chapter is based on the paper Local Lipschitz continuity of solutions of
non-linear elliptic differential-functional equations accepted at ESAIM : COCYV.

3.1 Introduction

We study a Dirichlet boundary value problem associated with the following
non-linear elliptic differential-functional equation :

div [a(Vu)] + Flu] = 0. (3.1)

We seek solutions in the space of functions u € WH(Q) (where €2 is an open
bounded convex set in R™,n > 2), whose trace tru on I' := 94 is equal to some
function ¢ : I' — R. For a fixed x € Q, Flu|(z) is a non-linear functional of
u. For example, Hartman and Stampacchia considers the Euler equation of the
variational problem

min{ [ (V) do - [/ﬂ B, ) dxr}.

Then, a; (p) = fpj (p), Flu](z) = Glulg(z, u) with

Glu] = [/Qh(m,u(m))r_l and  g(z,u) = Bhu(z, ).

We say that v € WH1(Q) is a weak solution of (3.1) in W;I(Q) (the space of

functions in W1 1(Q) whose trace tru is equal to the function ¢) if a(Vu) €
Lioe(Q), Flu] € Lj,.(?) and

(E) (;{<G(VU(I)),V17(x)> — Flu)()n(z)} dz = 0

79
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for all continuously differentiable 1 with compact support in €; that is, n €

The problem (E) has been tackled by Hartman and Stampacchia, among
many others, in [47], which will be a recurrent reference throughout this paper.
There, the authors show the existence of solutions to (F) in the space Lip(£2, ¢)
of uniformly Lipschitz continuous functions on ) whose trace on I' is ¢. Their
proof is based on two main tools. The first one is an abstract existence theorem
in functional analysis. This theorem enables them to assert for each K > 0, the
existence of a solution uk to (F) in the space Lip(Q2, ¢, K) of uniformly Lipschitz
continuous functions of Lipschitz rank no greater than K. The second tool of
the proof is an a priori bound on the Lipschitz rank of ug, independently of
K. Then, Hartman and Stampacchia obtain the desired solution u in the space
Lip(2, ¢) as a limit, as K — oo, of the sequence (ug).

We are mainly interested in the generalization of the second tool: the a
priori bound on the Lipschitz rank. In [47], it is based on a maximum principle
on the gradient of the solutions, which can be stated as follows (see Lemma 10.0

in [47]):
IVl pey < sup Ju(z) = u(y)]

+C, (3.2)
z€T,yeN |$ - y|

where C' is a constant depending on the data of the problem.

This maximum principle had already appeared in a variational context (see
[69]) to give a proof of the Hilbert-Haar theorem. It is based on a device due to
Rado which amounts to the comparison of a solution u and a translated version
of u, say u, := u(- + 7) which is (nearly) a solution of the same equation but
on 2, :=Q—1T.

To estimate the right hand side of (3.2), Hartman and Stampacchia consider
the barrier technique. This technique has been widely used in the theory of
elliptic pde’s (see [36]). In particular, Lieberman (see [54],[55], [56]) has studied
the relationship between the regularity of ¢ on I' and the regularity of the
solutions on 2. Nevertheless, he always posits assumptions on the upper growth
of a, which is not the case in our main result.

In [47], different types of hypotheses on ¢ are considered. One of them
requires that ¢ satisfy the bounded slope condition (BSC). The BSC of rank @
is the assumption that, given any point v € I', there exist two affine functions

Y= (=7 +90(0), vy (¢ y—) + o)

agreeing with ¢ at v, whose slopes satisfy [(7| < @, |§j| < @, and such that

(A =N+ o(r) <o) <A =) +9(), Yy el

This condition forces ¢ to be affine on ‘flat parts’ of I'. Moreover, if 2 is smooth,
then it forces ¢ to be smooth as well (see Hartman [43] for precise statements;
see also [12]).

Recently, Clarke [28] has introduced a new hypothesis on ¢, the lower bounded
slope condition (LBSC) of rank @ : given any point vy € T', there exists an affine
function

y = Gy —7) + o),

with |¢y] < @ such that

(G, =) + () < o(v'), VY el.
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This requirement enlarges the class of boundary functions which it allows, com-
pared to the BSC. It can be shown in particular that ¢ : I' — R satisfies the
LBSC if and only if it is the restriction to I' of a convex function. When {2 is
uniformly convex, ¢ satisfies the LBSC if and only if it is the restriction to I" of
a semiconvex function (see [12] for details and further properties).

Clarke has shown in a variational context that the LBSC gives the local
Lipschitz continuity of minimizers (see [28], see also [13]). The proof rests on
a modification of Rado’s device: The minimizer u is compared now to a dilated
version of u (and not to a translated one).

The goal of this paper is to adapt the ideas appearing in [28] and [13], used
in a variational context, to our present setting, so as to prove existence and
local Lipschitz regularity of the solutions to the elliptic differential-functional
equations considered above, when the LBSC is satisfied (rather than the BSC).
We remark that local Lipschitzness is the crucial property to show further regu-
larity results with the help of the De Giorgi’s theory, when the data are regular
enough (see [47], section 14). In our context, however, we can only get local
regularity; that is, on any compact subsets of €.

The next section describes the hypotheses that we posit on the data, and
the proof of our theorem is given in section 3. The final section discusses the
issue of the continuity of the solution at the boundary.

3.2 The main result

Recall that Lip(§2) denotes the set of uniformly Lipschitz continuous functions
on € (or, equivalently, on ). Let Lip(£2, ¢) be the set of functions u € Lip(2)
for which u = ¢ on T'. For a given K, let Lip(£2, ¢, K) be the set of functions
u € Lip(Q, ¢) of rank < K (this set being empty if ¢ is not Lipschitz of rank
at most K). We now specify the hypotheses on the data of the problem (E).
Recall that

(HQ) Q is an open bounded convex set in R", n > 2.

(Hp) ¢ satisfies the lower bounded slope condition of rank Q.

This implies that ¢ can be extended as a convex function on R", which will be
done henceforth. Moreover, we may assume that ¢ is globally Lipschitz of rank
Q. As Q) is convex, it has a Lipschitz boundary, which justifies the use of trace
in the boundary condition: tru = ¢.

We will assume that a = (a1, .., a,) is continuous on R™ and satisfies

(Ha) (a(p) — alq),p — q) = polp — ql?,

for some po > 0. This implies (with ¢ = 0) that for any € > 0, there exists
N, > 0 such that {(a(p),p) > (uo — €)|p|*> — Ne.

The non-linear functional F satisfies the four hypotheses below (where w is
any bounded and continuous function on 2):

(HF0) x € Qw Flu](z) is well-defined and measurable,

(HF1) Flul(@)sgnu(@) < Y eillul[ful o lu@)[ 07!, 2 €Q ae.

=1
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where ¢; > 0,a(i) > 1,6(i) > 0,v(i) > 1 and (i) < 2%, 8(i) + (i) < 2. (As
usual, 1/2* = 1/2 — 1/n when n > 2. If n = 2,2* denotes any number larger
than 4). We also assume that the coefficients ¢; in (HF1) satisfy

1o — Z /CiA72|Q|1*2/G+ﬁ(i)/a(i) >0 (33)

where Y is the sum over the indices i for which $(i) 4+ (i) = 2. Here,
o:= max («ai),2) <2*
1=1,...m
and -
A= gnr IVl
wew (@) ||ullze @)
Furthermore, we assume that for every number M > 0, there exists a number
X (M) such that

(HF?2) lu(z)| <M on Q= |Flul(x)] < x(M).
The last hypothesis on F' is:
(HF3) If wp € Lip(Q,¢) for h=1,2,... is a bounded sequence

in L*°(€Q) which converges to w uniformly on compact subsets
of Q as h — oo, then Flup](z) — Flu](z) a.e. on Q.

These hypotheses are closely related to those of Hartman and Stampacchia [47].
They are satisfied by the example given in the introduction.

We can pick some € > 0 such that inequality (3.3) remains true when pg is
replaced by p := g — € > 0. With that p, (Ha) remains true and we have

(a(p),p) > plpl> = N (3.4)

for some N > 0.
Under these hypotheses, we can state our theorem :

Theorem 3.1 Under hypotheses (HQ), (H¢), (Ha) and (HFO0), (HF1), (HF?2),
(HF3), there exists a locally Lipschitz u € W(;’Q(Q)QLOO(Q) which satisfies (E) :

/Q{<G(VU(I)), Vi(z)) = Flul(z)n(z)} dz =0 Vi € Ce(9).

This theorem generalises Theorem 12.1 in the article of Hartman and Stam-
pacchia [47], in the sense that the bounded slope condition is reduced to the
lower bounded slope condition. In contrast to [47],however, we do not assert
the global Lipschitzness of the solution. This explains why the hypotheses that
we have made on a and F' are more restrictive than those appearing in [47]. In
particular, a small dependence on the gradient is allowed there in the hypothesis
corresponding to (HF2).

In fact, it is not the case in our context that solutions are globally Lipschitz,
as evidenced by the following example (see [12],[28]):

Example 3.1 The set §) is the open disc in R?, ¢(cos 0, sin ) := —72 /647 /20—
02/4,0 < 0 < 27, F = 0 and a(p) = p. Then the solution of (E) is locally
Lipschitz but not globally Lipschitz.

Remark 3.1 There is another version of the theorem where the lower bounded
slope condition is replaced by an upper bounded slope condition.
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3.3 Proof of the theorem

Following the terminology of [47], by a K quasi solution of (3.1) will be meant
a function u € Lip(Q, ¢, K) satisfying

/Q{(a(Vu), V(v —u)) = Flul(v —u)} >0, Vv e Lip(Q,¢, K). (3.5)

We recall here some results of [47]. First, the following existence theorem
holds (this is [47], Lemma 12.1.).

Proposition 3.1 For every K > Q, there exists a K quasi solution to (3.5).

The following proposition (which is exactly Theorem 8.1 in [47]) provides an a
priori bound in L>°(Q) for any K quasi solution (K > Q).

Proposition 3.2 There exists a constant T (independent of K) such that if u
is a K quasi solution of (3.5), then

lu(z)| < T, on Q.
From this bound, we can infer easily an a priori bound in W12(Q) :

Proposition 3.3 There exists a constant T' (independent of K > Q) such that
if u is a K quasi solution of (3.5), then

| < T
Proof: Since ¢ € Lip(£2, ¢, K), we have
[ talu), Va0 < [ Flul(ux -0
Q Q
so that
/Q (@(V6), Vux — ) + / V(ux — B < / Flux)(uxe — &).

Then (using the fact that ||ux — ||~y < T + [|d[L~ (),

u/ V(uk = ¢)I* < ||a(V¢)||L°°<sz>/ V(ur = &)+ X(T)NT +[|¢l|L @)
Q Q

where x(T) is given by (HF2). Writing that

1a(V) | = e A V(ux — 6)] <

¢ [ V(s — )2 + [[a(V6)|Ee (21 (de),

we see that [[V(ux — ¢)|[z2(q) is bounded by a constant which depends on
(V)| L (), ps T, ||0]|L () and Q. Hence, (ug) is bounded in Wh2(Q).
This completes the proof.

([l

The proof of Theorem 3.1 uses the well-known barrier technique:
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Proposition 3.4 There exists Q > 0 such that for any v € T, there ewists
w : Q — R Lipschitz of rank @Q which satisfies

w(y) = o(7),wly) Suly) VyeQ,
for any K quasi solution u of (3.5) and any K > Q.

Proof : We build the same barrier as in [13], Theorem 2.2. There is an element
¢ with |¢] < @ in the subdifferential of ¢ at v :

o(x) —o(y) > (¢,x —7) VxeR™

By (HF2) and Proposition 3.2, |Flu](z)] < x(T') = € Q a.e., for any K quasi-
solution u of (3.5). Fix any R > (x(T) + 1) exp(diam )/ where p is given by
(3.4). Recall that (Ha) remains true when pg is replaced by p. Let v be a unit
outward normal vector to Q at v and define

w() = 6(7) + (G, — ) — R{1 — exp(( — 7, 1))}
The function w agrees with ¢ at v and is Lipschitz of rank
Q := Q + Rexp(diam Q).
Let K > Q and u be a K quasi solution of (3.5). We have to show that the set
S:i={zxeQ:wx)>u(x)}

has measure 0. The function M (x) := max[u(z),w(x)] is Lipschitz of rank K
and its trace is ¢ (this follows from the subgradient inequality for ¢ and the fact
that (z —v,v) <0 for z € Q).

As u is a K quasi solution of (3.5) (relative to M), we have

[5 (a(Vu), v / Flu(u—w (3.6)

Thanks to (Ha), we get

[ @(v), V- w) <x@) [ w-w .7
S

S

Let us make the temporary assumption that a is C'. Then, a straightforward
calculation yields

div[a(Vw)] = Rexp({x —~,v Z ai(Vw)vv;

> x(T)+1,

in light of (Ha) and because of how R was chosen. Then, (3.7) implies:
@) [w=w) > [ (a(T0). V0= w)
> /S(w — w)div [a(Vw)]
(1) +1) [ (=)

Y
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This shows that S is of measure 0, since w —u > 0 on S.

In the general case in which a is not C*', we consider a sequence a;, of C*
vector fields converging to a uniformly on compact sets and satisfying (Ha).
Then, for each k,

/ (ax (V) ¥ (u — w)) > ((T) + 1) / (w—u)
S

S

and the quantity [q(ax(Vw), V(u—w)) converges to [¢(a(Vw), V(u—w)) as k
goes to +o00. This shows that the result is still true when a is merely assumed
continuous.
O
We then proceed exactly as in [13]. Consider a K quasi solution u of (3.5).
Let A € [1/2,1),¢ > 7 := Qdiam Q + [|¢|| L= (q) and z € . We will denote by

ux(z) = du((x —2)/A+2)—q(l—=N) (3.8)
Oy = AMQ—2)+z (3.9)

Then wuy belongs to the space Lip(Qy, ¢x, K), where ¢y (x) := Ap((z — 2) /X +
z) —q(1 — X). We want to compare uy and u on I'y := 9Q,.
This is done by the following proposition, whose proof appears in [13]:

Proposition 3.5 We have uy < u on I'.

The next step of the proof is to show that the set

A={y € Qx:ur(y) > u(y)}

has measure zero. Once again, the proof is very similar to that of [13]:
By definition of a K quasi solution, u € Lip(, ¢, K) satisfies (3.5); that is,

/Q<a(vu), V(v—u) - Flul(v—u) >0, Vo e Lip(Q, ¢, K).

We will denote F[u](x) by g(z) for all x € Q. Then, g € L*°(Q).
Let w(x) := min(uq, ,ux) € Lip(Qx, ¢x, K) (thanks to Proposition 3.5).
Let w*(z) := 1/dw(\(x — 2) + 2) + q(1/X — 1) € Lip(Q, ¢, K). With v := w?
in (3.5), we get after an obvious change of variables

0< /SZA<a<vW<y>>,Vw<y> ~Tur) — o 4 ) - ) dy

which implies

1 y—=z

0< [ (@(Vur), Vul) = Vur(v) = 557+ 2)ulo) = ur(0) do

Let W(z) := max(uq, (), ux(x)) for x € Qx and W () := u(z) for v € Q — Q.
Then W € Lip(Q, ¢, K). With v := W in (3.5), we get

0< /A (@(Vu), ¥ (us — w)) — g()(ux — u).
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Summing these two last inequalities, we get
1 y—=z
0< [ (=a(Vua) +a(Vu), V(ux —u)) + (39(=—=—+2) = 9(y))(ur —u)
A

so that using (Ha),

p [ 19— < [ GaE +2) - o — ).

We proceed with the following lemma (the proof of which can be found in [13];
see the calculations following inequality (6) there):

Lemma 3.1 Let u € W12(Q),g € L°°(Q) and p > 0. Assume that there exists
q such that for any ¢ > q and X € [1/2,1), we have

p [ V=0 < [ Go5E 2 - s~ ),

where uy, QA are defined as in (3.8),(3.9) and A = A(q) := {y € Qx : ur(y) >
u(y)}. Then, there exists qo > q such that A(q) has measure O for any q > qo.
The number qo only depends on g, n, p, 2, ||g|| =) but not on u, A € [1/2,1)
nor on z € I

We infer from this lemma that there exists gy > 0 such that
Mul(@ = 2)/A+2) Su(@) +q(l = A) Ve qo. (3.10)

This implies that the Lipschitz rank of w can be bounded independently of K
on any compact set of €, as shown by the following lemma (for a proof of this
one, see the final step of the proof of the main theorem in [13]):

Lemma 3.2 Let u € L*°(Q)). Assume that there exists go > 0 such that for any
A€ [1/2,1),z €T, we have:

Mu((y — 2)/A+2) —qo(1 = A) < u(y),

a.e. y € Qy:=ANQ —2)+ 2. Then, u (admits a representative which) is locally
Lipschitz on Q and we have

]| Lo ) + qo
Du(z)| < ——£=8) T D
IDuta)| < =

where dr denotes the distance to I.

e ae.,

We may summarize the current state of the proof as follows: for each
K > 0, there exists ux € Lip(2, ¢, K) a K quasi solution of (3.5), such that
llur||lLe) < T, |Juk|lwr2(©2) < T’ and the Lipschitz rank of ux on any com-
pact subset ¢ C € is bounded by

T+ qo

d (QO, F)

where qo, T are independent of K and d (0,I") denotes the distance between
Qo and I'. Let £2; be an increasing sequence of open subsets of ) satisfying
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Q; C Qj C Q41 and U;>19; = Q. Let K; be a common Lipschitz rank for all
the functions ug restricted to €;. Then, up to a subsequence, the functions
ux converge uniformly on every compact subset of € to a function u which is
Lipschitz of rank K; on 2;. Moreover, we can suppose that for every j, Vug
converges to Vu in o(L>®(Q;), L*(;)). Finally, we can also assume that (us)
converges weakly to u in W12(Q). It remains to show that:

Proposition 3.6 The function u is a weak solution of (E) and u € Wol’Q(Q)—i—(/).

Proof : This second assertion is trivial in view of the weak convergence in
W12(Q). Fix some n € C°(Q). Let L be a Lipschitz constant for . Let € > 0.
We know that ||Fluk]||re < x(T'). Let j be big enough so that suppn C ;.
Let €; be such that

GJ(L + 3KJ+1 + 1)Sup‘p‘SL+3Kj+1+1|a(p)| S €
and such that
& (X(T) ([l (@) +27)) <e.
Let € be an open subset of Q such that
Q; CQ) Q) C
and |Q;/Q]| < €j.
Let 0; € C2°(€2) such that §; =1 on Q; and 0 < 60; < 1.
Let
Ui () i= ur (z) + n(z) + 0;(2)(u(z) - uk (2)).
For any K > 0,9k (z) = ur(x) on Q/Q} and ¢k (r) = n(z) + u(xr) on Q;. A
Lipschitz rank for ¢ restricted to €} is 3Kj41+ L+ |VO;|[|lu —uk||L=(,,,) <

L +3K;1+ 1 for K sufficently large, say K > M, for some M; > 0. Then, for
any K > max(M;, L+ 3K;1 +1),¢x is K Lipschitz on © and we have:

[ @V, V(o = i) = [ Fluk)(@) (- use)(o) do
Q Q
which implies
[ @(¥), Ve — i) = [ Flurl(@)(6x — ux)(z) da.

Q’j Q;
Hence,
/ (@a(V(n+u)),V(n+u—uk)) > / Flug](z)(n+ 0;(u — uk))(z) dz — 2e.

Q; Q;
Passing to the limit when K — 400 yields
[ @0+, = [ Pl de -2
Q, Q,

(recall that Vu — Vug in o(L>,L') and Flug](r) — F[u](x) a.e. and is
bounded independently of K). In the previous inequality, we can replace §2; by
2 (since suppn C €2;) and notice that e is arbitrary. We have then shown that

/ (a(V(n+w)),Vn) > / Flu](z)n(z) da.
Q

Q
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Replace now 7 by tn for any ¢ € R\ {0}, divide by ¢ and let ¢ — 0. Then

/Q (a(Vu), Vi) = /Q Flu](z)n(z) de.

This shows that u is a weak solution of (F) and completes the proof of the
theorem.

3.4 Continuity at the boundary.

We know by example that in general, u fails to be globally Lipschitz. But there
remains the question of whether u is continuous at the boundary. Under merely
the hypotheses of Theorem 3.1, it is an open problem. However, the continuity
on Q can be proved under additional hypotheses on Q and/or on the integrability
of u.

This conclusion is based on the following properties of u. First, there exists
a function @ € Lip (2, ¢, Q) (for some Q > 0) such that w < u on €. Indeed,
if we denote by w, the function built in Proposition 3.4, then the function

W= in? w~ belongs to Lip (€2, ¢, Q) and satisfies:
YE

wy <ug VK>Q.

So, the same inequality is satisfied by u instead of u.
Secondly, inequality (3.10) easily implies

lz -yl

ly — 2|

whenever |y — x| < 1/2|y — z|, with z € T such that y = (z — z) /A + z for some
A€ (1/2,1).

The arguments of [28] (namely, the proofs of Theorem 2.2, 2.3 and 2.4) show
the following:

u(y) < u(w) + (qo + [|ul|L=(a))

Theorem 3.2 IfT is a polyhedron, then u is Holder continuous on Q0 of order
1/(n+2). If T is CY! and u € WP with p > (n+ 1)/2, then u satisfies on
a Hoélder condition of order

2p—n—-1
a4 =—7.
dp+n—3



Chapter 4

Fractional Sobolev spaces
and Topology

This chapter is based on the paper Fractional Sobolev Spaces and Topology
(accepted for publication in Nonlinear Analysis : TMA).

4.1 Introduction

Let M and N be compact connected smooth boundaryless Riemannian mani-
folds. Throughout the paper we assume that m := dim M > 2. Our functional
framework is the Sobolev space W*P(M, N) which is defined by considering N
as smoothly embedded in some Euclidean space R! and then

WeP(M,N) = {u € WP(M,R!) : u(z) € N a.e.},

with 1 < p < 00,0 < s. The space WP (M, N) is equipped with the standard
metric d (u,v) = ||u — v||ws». The main purpose of this paper is to determine
whether or not W#P(M, N) is path-connected and if not, when two elements
u and v in W#P(M, N) can be continuously connected in WP (M, N); that is,
when there exists H € C°([0, 1], W*P(M, N)) such that H(0) = v and H(1) = v.
If this is the case, we say that ‘u and v are W*? connected’ (or WP homotopic).

Homotopy theory in the framework of Sobolev spaces is essential when study-
ing certain problems in the calculus of variations. This is the case when the
admissible functions are defined on a manifold M into a manifold N. One may
hope to find multiple minimizers to these problems, ideally one in each homo-
topy class (see [88], [89] and also [17]).

The topology of WP (M, N) depends on two features of the problem, namely
the topology of M and N, and the value of s and p. When s = 1, the study of
the topology of W1P(M, N) was initiated in [20] . The analysis of homotopy
classes (for s = 1) was subsequently tackled in [40] (see also [88], [89] for related
and earlier results). These results have been generalized to WP (M, N) for non
integer values of s and 1 < p < oo when M is a smooth, bounded, connected
open set in an Euclidean space and when N = S! (see [14]). In this case, the
proofs exploit in an essential way the fact that the target manifold is S'. In
contrast, our main concern is to determine to what extent the methods of [40]

89
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and the tools of [20] can be adapted to the case s # 1. Throughout the paper,
we assume that 0 < s <1+ 1/p or sp > dim M.

Our first result gives some conditions which imply that W*P(M, N) is path-
connected:

Theorem 4.1 Let 0 < s < 1+ 1/p. Then the space W*P(M,N) is path-
connected when sp < 2.

When s = 1, this result was proved in [20], where the condition p < 2 (for
s = 1) is seen to be sharp. For instance, W12(S! x A, S1), where A is any open
connected set, is not path connnected.

In the case sp > 2, we have:

Theorem 4.2 Assume that 0 < s < 1+ 1/p,2 < sp < dim M and that there
exists k € N with k < [sp] — 1 such that m;(M) =0 for 1 <i <k, m;(N) =0 for
k+1<i<]|[sp] —1. Then the space W*P(M, N) is path-connected.

The case s = 1 of the above theorem is Corollary 1.1 in [40].
More generally, it is natural to compare the connected components of the
space W*P(M, N) to those of C°(M, N). In certain cases, this is indeed possible:

Theorem 4.3 a) If sp > dim M then WP (M, N) is path connected if and only
if C°(M, N) is path connected.

b) The W*P homotopy classes are in bijection with the C° homotopy classes
when 0 < s<141/p,2<sp< dimM and m;(N) =0 for [sp] <i < dim M.

The statement a) is well-known and can be proved as in the appendix of [20].
Part b) for s = 1 was obtained in [40], Corollary 5.2.

When s = 1, Theorem 4.2 and Theorem 4.3 are particular cases of a more
general result in [40] which asserts that there is a one-to-one map from the
connected components of W?(M, N) into the connected components of the
space CO(MPI=1 N). Here, MP)=1 denotes a [p] — 1 skeleton of M. This may be
re-expressed as follows: two maps u and v in WHP(M, N) are WP homotopic
if and only if u is [p] — 1 homotopic to v. For an accurate definition of [p] — 1
homotopy, one should refer to [40] or to section 4.6. Roughly speaking, this
means that for a generic [p] — 1 skeleton MPI=1 of M, -1 and v| -1 are
homotopic. This makes sense because for a generic [p] — 1 skeleton, u and v are
both WP on these skeletons and hence continuous, by the Sobolev embedding.
There is a corresponding version of this result in which WP is replaced by
WP .

Theorem 4.4 Assume that 0 < s < 1+ 1/p,2 < sp < dimM. Let u,v €
WeP(M,N). Then u and v are WP connected if and only if u is [sp] — 1
homotopic to v.

The techniques in [40] can be adapted in order to prove not only Theorem
4.4 but also the more general result where the condition 2 < sp < dim M is
replaced by: 0 < sp < dim M, and sp # 1. In turn, this last result implies
Theorem 4.1 when sp < 2, sp # 1. However, the case sp = 1 seems delicate to
handle via these techniques. This is the reason why we give a proof of Theorem
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4.1 based on the tools of [20]. Besides its independent interest, it turns out that
the technical core of the proof of Theorem 4.1 is also the technical core of the
proof of Theorem 4.4. Furthermore, the techniques in [20] are more likely to
allow some extensions to the case s > 1+ 1/p.

Another strategy to show that two elements in W*?(M, N) are W*? con-
nected is based on the property P(u) defined for any u € W*?(M, N) by:

(P(u)) The map u is W*P homotopic to some @ € C*°(M, N).

We proceed to explain the interest of this property. Assume that P(u) and
P(v) are true, where u,v € W*P(M, N), and that @ and © are C° homotopic.
So, there exists F € C°°(]0,1] x M, N) such that F(0,) = @ and F(1,-) = 0,
which implies that u and v are W*P homotopic. Finally, v and v are W*P
homotopic. This shows the importance of the property P.

Theorem 4.5 Each uw € W*P(M, N) satisfies P(u) when

a) sp > dim M,

b)0<sp<2,0<s<1+1/p,

c) dimM=20<s<1+1/p,

d) M =858m"0<s<1+1/p,

e) 0<s<1+1/p,2<spand M satisfies the [sp] — 1 extension property with
respect to N,

f)o<s<1+1/p,2<sp<dimM and 7;(N) =0 for [sp] <i< dimM — 1.

The case sp > dim M can be handled as in the appendix of [20]. If 0 < sp < 2,
then Theorem 4.1 shows that u can be connected to a constant map. The case
dim M = 2 is a consequence of a) and b). When M = S™, we can even show
that W*P(S™, N) is path-connected if sp < m (see section 4.5). The statement
f) follows from e) (see [40], Remark 5.1). For the meaning of the “[sp] — 1
extension property with respect to N7, one should refer to [40] or to section 4.9.
Roughly speaking, this means that for any smooth triangulation of M, and any
continuous map f : M5! — N, we may find a continuous extension of f | Artspl—1
to the whole M. Unfortunately, it is not the case that for any M, N, s, p, each
u € W*P(M, N) satisfies P(u), (see [40], Corollary 1.5.).

Remark 4.1 In the above results, we have often assumed that s <14 1/p,1 <
sp. This is closely linked to the strategy of our proofs because we glue several
maps in WP(M, N) together. Let u; € W5P(Qy) and ug € W5P(Qs), where
01,9 are two Lipschitz open subsets of R such that

I':= Ql QQQ C 001 N 0N,

and Q := Q1 UQo UT is a Lipschitz open set. Since 1 < sp, we can define the
traces of uy,us. Assume that truy|r = trus|p. Then, the map u defined by

(z) = ui(x) when x € Oy,
wr) = uz(x) when x € Oy

belongs to W*P(Q2) when s < 1+ 1/p. In contrast, nothing can be said when
s>1+1/p.

Note that when sp = 1, we can not glue maps in W*P any more, since traces
are not defined. However, there is a way to overcome this difficulty (see [20],
Appendiz B and also section 4.2.2). Finally, when sp < 1, maps can be glued
without any trace compatibility conditions.
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Remark 4.2 To simplify the presentation, we have assumed that M is bound-
aryless. Nevertheless, all the results above can be generalized to the case when

M has a boundary (see [20], Remark 2.1 and [39], section 4).

Remark 4.3 Lemma 4.21 below and Theorem 4.4 show that there exists n > 0
such that for any f,g € W*P(M,N), if ||f — gllweru,ny < 0, then f and g
are W*5P homotopic. Hence connected components coincide with path-connected
components.

The following section is the technical core of the article: it enumerates some
variations of the technique ‘filling a hole’, a phrase coined by Brezis and Li [20].
Sections 4.3 and 4.4 present some consequences of this technique which allow us
to generalize in section 4.5 the results of [20] ; that is, Theorem 4.1 and Theorem
4.5 d). In section 4.6 and section 4.7 , we recall and adapt some results of [40]
which prepare the proof of Theorem 4.4 in section 4.8. In the final section, the
corollaries of this theorem, namely Theorem 4.2, Theorem 4.3 b) and Theorem
4.5 e) are proved.

We now introduce some notations: In R?, B (or B when no confusion may
arise) denotes the unit ball centered at 0,S¢ (or S) its boundary, Bd(x) :=
rB+z,8%x) :=rS+x and B, =rB, S, = rS. We will use the convention that
all the constants are denoted by the same letter C.

When X is a topological space and u,v € X, we write u ~x v to signify the
fact that there exists H € C°([0,1], X) such that H(0) = u and H(1) = v. We
abbreviate this notation writing u ~s, v when u and v are W*? homotopic;
similarly, © ~ v means that v and v are C° homotopic.

Whenever s € (1,14 1/p), we denote o := s — 1.

For any k dimensional Lipschitz manifold D embedded in R™ and any mea-
surable function f, we denote

The set WP (M) denotes either W*P(M,R) or W*P(M,R!). This will be clear
from the context.

4.2 Filling a hole

The technique ‘Filling a hole’ appears in [20], Proposition 1.3. We will first
generalize it to our context. This will be useful in adapting other tools from
[20], such as ‘Bridging a map’ (see Section 4.3) and ‘Opening a map’ (see Section
4.4). This will allow us to avoid analytical proofs devised in [20] which elude us
in the context of fractional Sobolev spaces.

In this section, the underlying Euclidean space is R™.

4.2.1 The main result

In this subsection, we prove the following generalization of Lemma D.1 in [14]:
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Lemma 4.1 Let 0 < s < 2,sp < n and uw € W*P(S). Then, the map u(zx) :=
u(z/|x|) belongs to W*P(B) and we have

@]l wer ) < Cllullwer(s)- (4.1)

Proof: We first prove that @ € LP(S) :

1
/ |a(z)|? doe = / |u(9)|pd9/ r"tdr = l/nHuH}zP(S).
B S 0

We consider three cases: s =1,s > 1 and s < 1. When s = 1, we have:

1
[ 1patards <c [ |pu@lras [ v < lpully, g,
B S 0

since p < n.
When s € (1,2), we claim that

IDU Da(y)|?
I _/ dx/ y|n+gp < 400.

We denote f(x) := z/|z|. We have

1 TR
Dite) = mld T ,where £ ® = (i) i, j)e[|1,n))2>

so that |Df(x)| < C/|x| and

IDf@) - Ds)] < c AL (1.2

(Indeed, note that Df(Ax) = z/X and Df(Rz) = R(Df(x))R™! for any A >
0, R € O(n). Hence, we can assume that

=(1,0,..0) and y = (rcosf,rsinb,0,..,0).

Then, (4.2) can be easily shown).
Writing

|Du(z) — Du(y)| < [Du(z/lz|) = Duly/ly)|[Df ()]

+[Du(y/lyDI|IDf(z) — Df(y)l, (4.3)
we find I < C(I; + I1) with

rh 1 pn 1
I := [ df | dr|D — Du(1)|P d dt
: /s /ST' w0 = Dutz ‘/ T/tove—trww ’

I ;:/ dx/ dy|Du(y/|y|)[” it —
B B |z [Ply|Plz — y|nTop

We claim that whenever 6 # T,

Ji=[ d e ¢ 44
= t < . .
/ / o [r0 = tr[nFor = (g — =it &4
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Indeed, after making the change of variable t — X :=t/r, we get

1 1 o0 )\nfl
J < n=iTsP g ——d\
= /: /: 1 — Ar|For

o )\nfl '
= C/)\_O m dA (since sp < n)

2 d\ 0o y\n-—1 2 d\
< < I—
<ot gt ), v <O e Y

Now, consider the 2 plane generated by 6 and 7. In this plane, 8 and 7 belongs
to S, so that they can be written § = ¢'“, 7 = ¢¥ o, 3 € (—, 7). Hence, with
Y= ﬁ —Q,

10— A2 = |A— €2 = (A — cosy)? +sin” .

The change of variable p := (A — cos~y)/ sin~y, (when sin~y # 0) yields

/2 d\ - 1 / du - c
=0 |0 = AT = (siny)nmiter Jp (14 p2)(ntor)/2 = (siny)n=iteor”

Moreover,
|0 — 7|> = 2(1 — cosy) = 4sin?(v/2)

sin(v/2)

- is bounded near 0, say for |y| < w/4. This shows
sin y

and the map v —
that

/2 d\ - C
A=o |0 = AT|ntop = | — g|n=itop

when |3 — a| < w/4. On the other hand, this inequality is trivially true when
|3 —a| > 7/4 (by increasing C' if necessary). This proves (4.4) and implies that

|Du(6) — Du(r)|?
I < c/de/ |9—T|” o = C[Dully. s

We proceed to estimate I5. We have

dx
L < / \Du(y/ly])|? dy /
B re |2[Ply[Ply — x|t e—Dp

_. / | Du(y/ly) [P K (y) dy
B

Clearly, for any y # 0, K(y) < oo (since p < n), K(y) depends only on |y| and
K(\y) = K(y)/A°P. Thus, K (y) = C/|y|?P. This shows that Iy < C||Du||}£p(s)
Moreover, we have established (4.1) when s € (1,2).

When s € (0, 1), the calculation is easier, and is very similar to the treatment
of I1. The lemma is proved.

O
The same proof yields:

Corollary 4.1 Let 0 < s < 2,sp < n and u € W*P(S). Then, u(z) = u(z/|x|)
belongs to WP (R™).
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4.2.2 Filling a hole continuously

Consider a smooth bounded open set €2 in R™ and denote by I' its boundary.
There exists € > 0 such that the e tubular neighborhood of T :

Ue:={z € Q:dist (z,T) < €}
can be parametrized by:
®:(2',r) el x (0,€) — ' +rv(z'),

where v(z’) denotes the inner unit normal to I' at =’. We also introduce the
nearest point projection 7 : U, — I'. Hence, for any = € U,, we have ®~1(x) =
(m(x),dist (2,T)). Finally, we denote T, := ®(T" x {r}).

Note that for any measurable function v : R™ — R, defined almost ev-
erywhere, it makes sense to define its restriction u|r, to I'., for almost every

€ (0,¢). When u € W*P(R™) with sp > 1, this restriction is equal to the trace

of uw : tru|p, for a.e. r. In the special case sp = 1, we need a substitute for the
trace theory: the good restrictions, introduced in [14]. We proceed to present the
definition of good restrictions for a map u € W*?(Q), when s € (0,1),sp = 1.
For a proof of the statements below, see [14].

For each r € (0, €), there is at most one function v defined on I', such that
the map

. u(z) in Q\ U,,

wi (@) = { v((q))(w(x)w\)) in QNU,

or equivalently, the map

oy ou(x) —v(@(r(x),r)) in Q\ U,
wQ(m)—{ 0 inQNU,

belongs to W#?(Q). Moreover, for a.e. r € (0,¢), the function v := u|r, has the
property that w],w} € W*P(Q). In fact, a necessary and sufficient condition
for this property to hold is that v € W*P(T',.) and

ne1p [© o 10(@@E, 7)) —u(P(', 1))
/FdH (z)/r dt ) < 0.

For these values of r, we say that v is the inner good restriction of u to I',..
Similarly, we may define an outer good restriction. If v is both an inner and an
outer good restriction, we call it a good restriction.

In particular, u|r, is a good restriction if and only if

’L) ’u|rr S Ws’p(l—‘r),

i) /FdH”_l(x/)/Oﬁ g2 r) Z @O

t =l

Assume that I' can be written as a finite union of subsets I'* which are open
in I' and such that i), ii) are true for each I'* instead of I'. Then i), ii) are true
for I'. This shows that ‘being a good restriction’ is a local condition.

We will often use the following well-known consequence of the Fubini’s The-
orem:
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Lemma 4.2 Let s € (0,2) and u € W5P(Q2). Then for a.e. 7 € (0,¢),

i) when sp > 1, the trace trulr, coincides with u|r,. and belongs to W*P(T',.),
i) when sp = 1, u|r, is a good restriction of u to 'y, (in particular, u|r, €
Wer(Iy)),

iii) when sp < 1, the restriction of u to ', belongs to W*P(T',.).

Such an r will be called ‘good’. We will also say that I',. is ‘good for u’.
In the following lemma, the set 2 is Bs, so that I',. is the sphere of radius
2—r.

Lemma 4.3 Let 0 < s <1+1/p,0 < sp < n. Let u € W*P(By, N) and assume
that S is good for w. For any t € [0,1), let

u(z/(1—1t)) when |z| <1—t,
u'(z) =< u(x/|z]) when1—t<|z| <1,
u(z) when 1 < x| <2

" (/lal) when [z]
1 ] u(x/|x|) when |z| <1,
wi(@) = { u(z) when 1 < |z < 2.
Then,
t€[0,1] — u* € WP(By, N)

is continuous and u'(x) = u(z) for any t € [0,1] and any 1 < |z| < 2.
Proof: Consider the maps

¢ | u(x/(1—1)) when |z| <1—t,
vie) = { u(z/|z]) when1—1t < |z] <2

and v!(z) = wu(z/|z]). To prove Lemma 4.3, it is enough to show that v’ €
C°([0,1], W*P(By, N)) since u' = v* + z where z is defined by:

(2) = 0 when |z| <1,
AZ u() — u(z/|z|) when 1 < |z| < 2.

(The map z belongs to W*? since S is good for w.)

Consider first the case sp > 1. Then, Lemma 4.3 is essentially Lemma D.2
in [14] : condition s < 1 is replaced by s < 1+ 1/p in our case.

Let

W) = { u(z) when |z|] <1,
‘ u(z/|x|) when 1 < |z|.

Then ¢ belongs to W;2P(R™). We have v'(z) = o(z/(1 — t)). This shows
that t € [0,1) — v* € W*P(By, N) is continuous. Thus, there remains to show
that v’ converges to v! when ¢ — 17. By Corollary 4.1, v' € W>P(R"). Let
g := 0 —ov'. Then, g € W*P(R") because g(x) = 0 when |z| > 1. Moreover,
vi(z) —vl(x) = g(x/(1 —t)). We easily have

[9(-/(1 =) lwer@mn) = (1 - t)(nfsp)/p[g]Ws,p(Rn)-

This shows the continuity at ¢ = 1.

It remains to consider the case sp < 1. Though we cannot define the trace
anymore, the fact that » = 1 is good implies that o € WP (R™), g € WP (R™).
As above, we find that v! — v! in W*P(By).

This completes the proof of the lemma.

O
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4.2.3 Filling an annulus continuously

As a corollary of Lemma 4.3, we get the following:

Lemma 4.4 Let s € (0,1+ 1/p) and u € W*P(Bg) such that S is good for u.
Then, the map u® defined by

u(z/(1—1t/2)) when |z| <1—1t/2,
u'(r) = ¢ u(z/|z]) when1—1t/2 < |z| <1,
u(xz) when 1 < |z| <2
belongs to C°([0, 1], W*P(By)).

Lemma 4.4 can be immediately generalized to the case when By is replaced
by a smooth bounded open convex set {2 containing the origin, with the Eu-
clidean norm replaced by the norm

j(x) :=inf{t > 0:z/t € Q}.

4.2.4 Filling a cylinder

In this subsection, we pick some 2 < k < n — 1 and we decompose R" =
R* x R"~*. We also denote z € R" as (z/,2") € R¥ x R*~F,
Let T be the open set in R™ defined by:

T:={(@,2") e RF xR % |2/| <1}
and 27 := {2z : € T'}. Then we have:

Lemma 4.5 Let 0 < s < 2,sp < k andu € W*P(9T). Then, the map @ defined
by:
a(z',2") = u(a'/|2'], 2")

belongs to W=P(T).
Proof: An easy computation shows that
l[allwrr(ry < Cllullwiror)

this settles the case s = 1. When s € (1,2), it remains to show that

Du(x) — Du(y)|?
I::/dx/ dy| e) y)| < +o00.
v Jr |z —y[rtop

We have I < C(I' +I"), where

Dl 2" — Daly'. 2")|P
T’ ::/ dx”/ dCL‘I/ dyl| i ,x/) /kjigyaw ) ’
R~k z/€RF |z’ |<1 y’ €RF |y/|<1 |SC 7y| P

e [ e [ e Pt
]Rk7|y’|<1 /' eRn—F y”E]R"*k |$// _ ylll'n,— +op

This is a Besov’s type inequality (see [1] or [4]).
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We first prove that I"” < C||Du||€vg,p(aT). Using the fact that p < n, we
have

I < / dy 1 / dCL‘”/ dy” |Du(y//|yl|a :C”) — Du(yl/|y/|ay”) P
- ‘y/|<1 |y |p Rn—k Rn—k |1'N — y//|n7k+a'p

< C/ de/ dl,/// dy [ Du(8,2") — Du(8,y")|P
B Sk—1 Rk Rn—F |ac”— ”|n—k+ap ’

which implies that I"” < C||u||€vs,p(6T).
We denote f(z',2") := (2'/]2'|,2"). We proceed to estimate I’ by writing
I' < C(I7 + I3) with

D / / ny D / / 1\ |p
I{ = / dﬂf“/ dﬂf// | U(.’If /|‘T |I51" )/ /uk(-zz /|y |7:C )| dy/
Rn—F /| <1 ly'|<1 |2 |P|a’ — y'|Frep

e[ et [ eI DIE ) - DI,
Rn—k [="],ly’|<1

|1./ _ y/|k+op

this follows from (4.3).

We can prove that I, < C||Du||’£p(6T) exactly as we estimated I in the
proof of Lemma 4.1.

On the other hand, we find that

D / / // D / ! 1\ |p
he [ ar [ a4yl Duyirle
R~k o/ <1 ly'|<1 |2'|Pla’ — y'|Frop

= 1tn 1
:/ dz”/ d@/ dr|Du(0,2") — Du(r,2")|P / /
Rn—k sk=1 Jgk-1 o TP|r0 — tr|ktor

1\ |p
- / das”/ d9/ |Du — Du(r, 2" 7
o Rn—k Sk—1 Sk—1 T|k Ltop

rn= 1 pn 1 C
(here we use / dr/t Odt|r9—t7'|k+"p < 10— 7[F Trop’ see the proof of
(4.4

From the last inequality, we easily obtain I] < Cllull}.., (or)> Which gives
the required result when s € (1,2). When s € (0,1), the calculation is easier
and we omit it. Lemma 4.5 is proved.

O
Lemma 4.5 implies the following (exactly as Lemma 4.1 implied Lemma 4.3):

Lemma 4.6 Let 0 < s < 1+ 1/p, sp < k and u € W*P(2T) such that 0T is
good for u. Then the map ut defined by

u(z' /(1 —1t),2") when |2'| <1—t,
u'(x) = u(@’/|2’],2") when 1 —t < 2’| <1,
w(z', ") when 1 < |2'| <2

belongs to CO([0, 1], W*P(2T)).
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4.3 ‘Bridging’ of maps

4.3.1 The case n =2

Consider the square
O :={x = (x1,22) : |z1] < 20, |z2| < 20}

and let u € W*P(Q, N).
We assume that u is constant, say Y, in the region QT U Q~ where

QF ={x = (21,72) : 11| <20, 1< x5 <20}

and
Q™ ={z=(r1,22) : |x1] <20, —20<zy < —1}.

The following lemma corresponds to [20], Proposition 1.2.

Lemma 4.7 If 0 < s < 1+ 1/p,sp < 2, then there exists ut € C°([0,1],
W#=P(Q,N)) such that

u’ =,

u'(z) = u(x) Vt € [0,1], Vx ¢ (-=5,5) x (—1,1),
ul(z) = Yo V€ (1,3/2) x (—20,20).

Proof: First, choose two circles C,Cy with the same radius larger than 2/ \/3,
centered on the line {& = (21, 22) : 2 = 0} such that the center of C; belongs
to Cy. This implies that C; and C5 intersects at two points which belongs to Q*
and @~ . Moreover, we require that C; and C5 are good for u. Without loss of
generality, we may assume that C; is centered at (0,0) and that Cs is centered
at (2,0), their common radius being 2. Now, by filling the hole inside C; (see
Lemma 4.3), we can link u to some u; which is equal to u outside Cy and which
is equal to Yy on the set {(x1,22) : |z2| > |21|/V3}.

We claim that Cs is still good for w;. In fact, in the subset of Cy where
u has been changed, u; is equal to Yy and when sp > 1, the trace of u on
CoyN{x:z <2} is equal to Yy. This settles the cases sp > 1. The case sp < 1
is obvious. When sp = 1, it remains to prove that the constant map equal to
Yo is a good restriction for u to Co N {z : 21 < 2} (since the concept of good
restrictions is local). But this is a mere consequence of Lemma 4.8 below. The
claim is proved.

Finally, by filling the hole inside C5, we can connect u; to some uy which is
equal to u; outside C5 while inside Cs, us is equal to Yy except on the domain
{(21,22) : &1 > 2++/3|z2|}. In particular, us is equal to w on {(x1,x2) : |z1| > 4}
and is equal to Yy on

Q+ U@~ U{(.’L‘l,l'g) i< < 2}.

This completes the proof of the lemma.
O

Lemma 4.8 Let sp =1 and u € W*P((—1,1)?) such that u = Yy on {x : |x1]| <
|z2|}. Then the constant map equal to Yy on the line D := {x1 = 0} is a good
restriction of u to D.
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Proof: It is sufficient to prove that

R VAT
I —/ dxg/ u(@y, 22) 0| dz1 < oco.

o a

Since N is compact, there exists C' > 0 such that |u(z1,22) — Y|P < C for
any (x1,22). Then the lemma follows from the fact that:

—Y,lP
I—/ dxg/ 1'1,1'2) O| dl‘l
wal<mlzr =l

1 1
d
SC/ d$2/ e
—1 |za| |‘T1|

4.3.2 The case n > 2

We work in R™,n > 2 and we distinguish some special variables. For 0 <[ <
n — 2, we write
/ " /
x = (z7,2",x5)

where 2] = x1,25 = (Tp—i, .., 2n) and 2" = (22, .., 2p—1—1) (When | =n — 2, we
omit ). We also write o’ = (2, x%). Let

Q= {(2, 2", 2%) |2 | < 20,]2"] < 20, |z5| < 20}.
Set k =1+ 2.

Lemma 4.9 Assume that 0 < s < 14 1/p,sp < k and u € W*P(Q, N) with
u(z) =Yy for any x € Q such that 1 < |z}, for some Yy € N. Then there exists
ut € C°[0,1], W*P(Q, N)) such that u® = u,u'(x) = u(x) for any 0 <t < 1
and any x outside {x : |z| < 15} and u'(z) =Yy for any z,|(z},2")| < 1/8.

Proof: If kK = n, then the proof is exactly the same as in the previous
subsection (except that circles are replaced by n dimensional balls). Hence, we
may assume that k < n. Let § : R"™* — R* be a smooth function to be chosen
later. We define the cylinder C; by

Cr:=A{x = (2},2", 23) : |2/ — 6(2")| = a}
and the tube 17 by
Ty = {g; = (x’l,x”,xé) : |x/ — 5(3;‘”)| < a}7

for some a > 1 to be determined below. We may choose a and ¢ such that:
i) when |2”| < 2, we have §(z) = 0,

ii) when |2”| > 4, we have x € T} = |z5| > 1,

iii) C} is good for w.

Note that C7 can be chosen as a smooth deformation of a straight cylinder
as defined in subsection 4.2.4. Note also that even if C; N is a finite cylinder
(contrary to those of subsection 4.2.4), the ends of this cylinder are contained in
a domain where u is equal to the constant Yj, where ‘nothing happens’. Hence,
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we can apply Lemma 4.6 to C7 : v can be connected to some @ which equals Yy
on {x € Q:|z"] <2, x| > |2)|/Va? —1}.

The computation in the proof of Lemma 4.8 yields easily that @ has a good
restriction (equal to Yy ) on the set {|”| < 2,2} = 0}. This implies that the
map:

0 when 2z} <0,
a(zy, 2", 24) — Yy when ) >0

(@), ol ) = {

belongs to W*P(Qg), where Qg := {z € Q: |2"] < 2}.
Let p : R — [0,1] be a smooth function which vanishes on {t : [¢t| > 2},
which is equal to 1 on {¢: |[t| < 1} and such that |p’| < 2. Then we define

to(2 12 2 /
Zu(a, 0" o) = (af — LETDCR) o )

The map Z; is a smooth diffeomorphism of R™ which maps g onto Q.
By the diffeomorphism property in WP (see [86]), there exists C' > 0 such
that for any ¢ € [0, 1], and any g € W*P?(Qy), we have

g 0 Ztllwer(00) < Cllgllwer(p)-
Let € > 0. Then there exists z € C°°(Qq) such that ||z — wllwer o) <€
Hence, for any t, s € [0, 1],
llwoE, —wo ESHWS’P(QU) <||lwoZi—zo Et||ws,p(gzo) +||zoEt—zo0 Es||ws,p((zo)

+||zo0Zs —wo ESHWS,p(QO) <C||lz - w||Ws,p(Qo) + ||z 0 Bt — 2 0 Eg||wer ()
< Ce+||lz0E — 20 Egllwen (o)
Since the last term goes to 0 when |s — t| — 0, the map t — w o Z; belongs to
C°([0,1], W*P(Qq)).
Similarly we may define
oy oy | oaey, 2", xh) — Yy when 2] <0,
w(ay, 2", 75) = { 0 when 2} >0
and 12 /
tp(2|2" %) p(21)
8
As above, @ o Z; € C°([0, 1], W*P()). This yields

elah, o ap) = () + @, 7).

wo =y + o=, € CU0, 1], WP(Q)).
If we denote by v the map wo =, + @ o Z; + Yp, we have vt =

() + tp(2la”[2)p(22) /8, 2", ah) when o < —tp(2|a”[2)p(2})/8,
Yo when — tp(2la”[2)p(224)/8 < &} < tp(2la”[2)p(22})/8,

(x) — tp(2la” P)p(2a4) /8, 2", ah) when tp(2]”[2)p(22))/8 < ).

Note in particular that v* = @ when |z”| > 1 or |z}| > 1. Hence we can extend
vt by @ on Q and we still have v* € C°([0, 1], W*P(Q)). Finally, v* = Yy when
|”| < 1/4/2 and |2}| < t/8. This completes the proof of the lemma.

O
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4.4 Opening of Maps

Lemma 4.10 Let 0 < s < 1+ 1/p and u € WSP(Blo,N) Then, there exists
ut € C°([0, 1], W$P(Bo, N)) such that u® = u,u' = Yy on an open subset of Bs
for some Yy € N and ut = u on BlO\B9,0§t§ 1.

Proof: We first introduce the concept of smooth cubes. A smooth cube is simply
a cube with smooth corners, or equivalently, a sphere with faces. Formally, a
smooth open set G of R™ will be called a smooth cube of side R if it is a smooth
convex set G which satisfies:

U {(x1, ., xn) @ |zi] < R, |zj] <4R/5 Vj#i} C G C (-R,R)™.
For such a set G, we define the i*" face:
F; :={(z1,..zp) : s = R, |zj] < 4R/5}.
For any ¢ = 1,..n, let
Gi:={te:z e F;,t e (1/51)}.

The set G is a smooth convex set, so that the technique of ‘filling an annulus’
(see Lemma 4.4) applies. More precisely, consider some v € WP (R™) such that
OG is good for v. Then v can be connected to a map w € W*P(R™) which is
equal to v on R™\ G and which satisfies

w(te) =v(z) Ytz e G;.

Returning to the proof of Lemma 4.10, let v € W*P(By) and G be a
smooth cube of side R such that G C Bs and dG is good for v. Assume that
v|F, (21, .., ) does not depend on z1, .., z;_1. By this, we mean that for H?~*+1
a.e. Ty, .., x, € R the map (z1,.2;_1) € R — yp (z)v(z) is H! ae.
constant. Then on G;, w(tx) = v(x) (with z € F;,t € (1/5,1)), does not depend
neither on x1,..,z;_1 nor on t.

Consider the map

5 ~3
&; - t:ceGHZji{ﬁ e € (~1,1)".
J#i

Here (ex) denotes the canonical basis of R™. Observe that ¢; ' is a smooth
diffeomorphism from [~1,1]" onto G;. Then, w o ¢;* € W*P((—1,1)") and
does not depend on x1, .., x;

We now prove the lemma by induction: We claim that for each 1 <k <n,u
can be connected to some u, € WP(Bjg) such that uy = u outside By and
such that there exists a smooth diffeomorphism 1y, from [—1,1]" into Bs such
that uy o ¢, does not depend on 1, ..,z on (—1,1)™.

For k =1, select a smooth cube G C Bs such that 0G is good for u. Then
as explained above, we can connect u to some u; which is equal to u on B1g\ G
and such that u;(tz) = u(z) for any x € Fy,t € (1/5,1). Then uy o ¢, " belongs
to W#*P((—1,1)") and does not depend on 1. We can choose 1, = ¢;*.

Assume the claim is true up to k. We can select a smooth cube G inside
(=1,1)™, such that G is good for uy o 1 and ug o 1 does not depend on
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Z1,.., T, on G. Then, as explained previously, we can connect uy o 1, to some
w € WP((—1,1)") such that w = ug oty on (—1,1)"\ G and w(tx) = ug oy (x)
for any x € Fyi1, Fr41 being the (k + 1) face relative to G. Then w o qS];il
(¢r+1 being defined for G) belongs to W*P((—1,1)™) and does not depend on
T1,..,Tk+1. We can choose Yg41 = Yy o qbl;il and define

| up(z) when z € B\ vr(G),
U1 (2) = { w oy (z) when ;OE Vr(G).

The claim is proved for k + 1. Finally, we have connected u to a map u,, €
W#P(Bjg) which is a.e. constant on ,((—1,1)"), namely an open subset of
Bs.

(|

4.5 Proof of Theorem 4.1 and Theorem 4.5 c)

The tools ‘Connecting constants’ and ‘Propagation of constants’ in [20] can be
readily generalized to the case W*P.

Then, the same proof as in [20], Theorem 0.2 shows that W*P(M, N) is path
connected when sp < 2; that is, Theorem 4.1. The fact that W*P(5™ N) is
path-connected when s € (0,1 + 1/p) can be proved as in [20], Proposition 0.1.
This shows Theorem 4.5 ¢).

In the sections below, we assume that s € (0,1+1/p),p € [1,00),1 <
Sp.

We denote by IIy the nearest point projection onto IV, which is defined and
smooth on an ey tubular neighborhood of N :

Ny = {z e R : dist (z, N) < en}.

4.6 Definition of [sp — 1] homotopy

4.6.1 Triangulations and homotopy

We define a rectilinear cell, its dimension, its faces and a rectilinear cell complex
as in [73], Chapter 7. In particular, the p skeleton of a rectilinear cell complex
K, denoted by KP, is the collection of all cells having dimension at most p. Any
complex considered below is finite. The polytope |K| of a complex K is the
union of the cells of K. We will use the fact that the boundary A of a simplex
A can be identified with a complex in an obvious way.

We also introduce some notation. Let A be a rectilinear cell, y € Int A.
Then, for any x € A, we set

|zlya=Inf{t >0:zcy+t(A—-y)}

This is the usual Minkowski functional of A with respect to y. When it is clear
what y and A are, we simply write |z| instead of |z, a.

The concepts of smooth maps and immersions on a complex K are defined
as in [73], Chapter 8. A smooth immersion which is a homeomorphism onto
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M is called a triangulation of M. Actually, the word ‘triangulation’ is mostly
used for the case when K is simplicial. In the general case, we will also use the
phrase ‘rectilinear cell decomposition’. Each smooth boundaryless manifold M
has a triangulation ([73], Theorem 10.6). The proof of this result shows that we
can choose a simplicial m dimensional complex K (where m is the dimension of
M) such that the polytope |K]| is the union of its m simplices. Consider such a
simplicial complex and denote by f: K — M a triangulation. The set f(A) is
a Lipschitz domain in M for each cell A.

Assume that u € W*P(M). Then uo f|a belongs to W*P(A) for each m cell
A € K, because f|a is a smooth diffeomorphism onto f(A) C M. Conversely,
assume that u € LP(M) is such that u belongs to W*P(f(A)) for each m cell
A € K. Since sp > 1, we can define the trace of u on 9f(A). Assume that for
any m cells Ay, Ay € K satisfying A; N Ay # 0, the maps u|ga,) and ulf(a,)
have the same trace on f(A; N Ay). This certainly implies that u belongs to
WeP(f(A1 UA3)) when s < 1. But this holds true even when s € (1,1+ 1/p),
because in that case the derivatives of u|¢(a,) and u|¢a,) belong to WP (f(A1))
and W?P(f(Az)) respectively, with now op = (s — 1)p < 1. This implies that
the derivatives of u belong to W?P(f(A;UA3)). Hence, u € WP (f(A1UAR)).

The following lemma shows that we can glue homotopies together:

Lemma 4.11 Let f : K — M be a smooth triangulation, with m being the
common dimension of K and M. Assume that A1 and As are two m sim-
plices in K such that A1 N Ay = X, where X is m — 1 dimensional. Let
Fy € C°([0,1], W*P(f(A1))), Fy € CU([0,1], WSP(f(A2))) and ¥Vt € [0,1],

tTFl (t)|f(z) = tTFQ (t)|f(z).
Then F € C°([0,1], WSP(f(A1 U Ag))) where

Fi(t)(x) when z € Aq,
F(t)(z) = { Fy(t)(z) when x € As.

Proof: Let us define the closed subset of W#P(f(Aq1)) x WP(f(Ag)) :
F = {(ul,uQ) S Ws’p(f(Al)) X Ws’p(f(Ag)) : tI"LL1|f(E) = tI‘U2|f(g)}.

Then the remarks above show that the map: (u1,us) € F — u € WSP(f(A; U
As)) where

[ wi(z) when z € f(Ay),
u(z) = { ua(x) when x € f(As)

is well defined.
The Closed Graph Theorem shows that this map is continuous into WP ( f
(A1 U Ay)). In particular, there exists C' > 0 such that for any (u1,uz2) € F,

[ullwsr(r(ar0n0)) < Clllutllwsr(rar)) + uzllwer(ram))- (4.5)
Whence
[E () = F(t)lwsr(ra0a2)) < ClIFL() = Fr () lwer(r(an))
+|Fo(t) = Fo(t')|lwew(f(a2))-

The lemma follows.
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4.6.2 Definition of W*P(K)

Let K be a finite rectilinear cell complex. Recall that N is smoothly embedded
inR!. Let f,g: |K| — R! be two everywhere defined Borel measurable functions.
We say that f and g are equivalent if for any A € K, f|a = g|la H? a.e. on
A, where d = dim A. From now on, we identify two such functions and an
equivalence class is called a Borel function.

Following [40], we introduce the space W*®P(K) of those Borel functions
f i |K| — R! such that for any cell A, the restriction f|a belongs to W*P(A)
and its trace tr f|pa is equal to f|oa, HY ta.e. z € DA.

We write [|f|lwer ) = Xack [flallwera)-
As in [40], we also define a similar function space as follows. Let K be a

finite rectilinear cell complex of dimension m. Assume that
|K| = Uaek,dim a=mA.

We define W*P(K) as the set of those Borel functions f : [K| — R! such that
i) the map f|a € W#P(A) for any A € K with dim A = m,

ii) for any ¥ € K with dim¥ =m — 1,3 C 0A;,dimA; = m for i = 1,2, we
have

tr (fla)ls = tr (fla,)]=

We also write:

1oy = Do Iflallwera)-

A€K,dim A=m
Finally, we define
WHP(K,N) := {u € W*P(K) :VA € K,u(z) e N HI™A ge.}

and similarly for W*?(K, N).

4.6.3 Interpolation

We consider Xg, X1 two Banach spaces such that X; is continuously embedded
in Xy. We denote by || - ||x, the norm in X;,4 = 0,1 and for each fixed ¢ > 0,
we define

K(t;u) := inf{||uo||x, + t||ui]|x, : ©=uo 4+ u1,up € Xo,u1 € X1}.
Let 1 < ¢ < ooand0< 6 < 1. Then we define:
(X0, X1)o,q = {u € Xo: (27K (2" u))icz € 19(2)},
which is a Banach space with the norm
llell(xo0,%1)0,0 = 1127 K (27 1))iezllia (2)-

Theorem 4.6 ([1], Theorem 7.48) Let Q@ be a rectilinear cell or a smooth
bounded open set in R™. Then we have:

When s € (0,1), W*P(Q) = (LP(Q), W'P(Q))s.,-
When s € (1,2), WP(Q) = (WHP(Q), W?P(Q))s—1.p-
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4.6.4 Perturbation

In this section, we follow [40] to explain how we choose generic skeletons of
a given triangulation of a manifold. Nevertheless, it seems difficult to rewrite
exactly the proof of [40] for the case W*P. This is the reason why we use the
interpolation method.

Assume that M is an m dimensional Riemannian manifold without bound-
ary. Assume that the parameter space P is a k dimensional Riemannian man-
ifold, @ is a d dimensional Riemannian manifold without boundary, D C @ is
a domain with compact closure and Lipschitz boundary, and the dimensions
satisfy d + k > m.

In the following, we will need

Lemma 4.12 Assume s € (0,1). Let Xy := LP(P,L?(D)), Zy := LP(D) and
Xi := LP(P, WHP(D)), Zy := WYP(D). Then we have:

(XO;XI)S,p C Lp(P7 (Z07Z1)S,p) = Lp(Pa Wsyp(D))'

Proof: Let u € (Xo,X1)sp and € > 0. Then, for each ¢ € Z, there exists
uly € Xo,u} € X such that u = u}) + u} and

(gl xo +2°[uillx, < Ki(u) +e/(1+[i])!
where
Ki(u) := inf{||uo||x, + 2||u1||x, : u = uo + u1,uo € Xo,u1 € X1}
Then, for H* a.e. £ € P,u(€) = ul(€) +ui(€),ud (&) € Zo,ui(€) € Zy. Hence,
inf{|[vol| z, + 2'[[01l|z, : w(€) = vo + v1,00 € Zo,v1 € Z1} <

[ug (€)1 2o + 2']|ui (E)]|z,
so that

1w@©)l(z0,21).., < 127 (14t (E)l] 20 + 2°|lur (E)l] 20))iezllinz) -

Finally,
lellze(p,(zo.22)m) < IR (lugOllzo + 2°Mui O]l 20))iez o @) o)
= 17w Ollzo + 2'1ui ()l 2, || ze(p)iezllinz)
< 1@ (lugllx, + 2 llx))iezllw @)
< 1@ (Kiw) + ¢/ + Jil)iezllin 2
< @7 Ki(u)iezlliw@) + el /(1 + [il))iezllinz)
= ||u||(X01X1)s,p + Ce.

This shows the required inclusion when ¢ — 0.

Similarly, when s € (1,2), we have:

(LP(P,W"P(D)), LP(P,W*P(D)))s_1,, C LP(P,W*?(D)). (4.6)
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Given a map H : D x P — M, we assume that H satisfies:
(H1) H € C*(D x P) and [H(-, €)]pip(py < co for any £ € P.
(H2) There exists a positive number ¢y such that the m dimensional Jacobian
Jr(x,&) > 1, H¥F ae (2,€) € D x P.
(H3) There exists a positive number ¢y such that H¥F="(H~1(y)) < ¢ for
H™ a.e. y € M.

We will denote H(-,§) by He or he. Then, we have:

Lemma 4.13 ([40], Lemma 3.3) For any Borel function x : M — RTU{+oo},
we have:

LWWOLMm@MWWSQEAﬂMWW@-

In particular, for any Borel subset E C M, we have
[ U E) ) < i eart™(B),

If in addition H™(E) = 0, then Hd(Hgl(E)) =0 for H* a.e. £ € P.

The following lemma will allow us to give the definition of [sp] — 1 homotopy.

Lemma 4.14 i) Let f € W*P(M). Then, there exists a Borel set E C P such
that H*(E) = 0 and for any £ € P\ E, f o He € W*P?(D).
i) If we define f by f(€) = f o He for any & € P, then f € LP(P,W*P?(D)).
In addition, R
[ fllzep,wer (D)) < cllfllweran),

where ¢ depends only on p,co,c1 and cs.

iii) If f; € C*(M) converges to f in W*P(M), then f; converges to f in
LP(P,W*P(D)). Moreover, there exists a subsequence f;; and a Borel set E C P
such that H*(E) = 0, and for any ¢ € P\ E, fi o He — f o He in WP(D).

Proof: This lemma corresponds to Lemma 3.4 in [40], the proof of which shows
that the map f — f is continuous from L?(M) into LP(P,LP(D)) and from
WLP(M) into LP(P,W1P(D)). In light of Lemma 4.12, we deduce that this
map is continuous from W*P(M) into LP(P,W*P(D)) in the case s € (0,1).
This proves ii) when s < 1. To complete the proof of ii), it remains to consider
the case s € (1,14 1/p). To this end, we claim that the map f — f is continu-
ous from W2P(M) into LP(P,W??(D)). This will prove the required result by
interpolation as before (using (4.6) instead of Lemma 4.12).

The proof of the claim is similar to the proof of [40] Lemma 3.4., except that

I flwreary = [ fllLeary + ||df ]| Le(ary s replaced by (see [82]):
[ fllw2eary = || flleany + 11| Lo oy + A" df || Lo (ar

where d* is the formal adjoint of the differential operator d on differential forms
on M. (The notations df, d*df have to be understood in a distributional sense).
The rest of the proof is the same and we omit it.
O
Lemma 4.14 implies the following corollary exactly as Lemma 3.4 implies
Corollary 3.1 in [40].



108 Chapter 4. Fractional Sobolev spaces and Topology

Corollary 4.2 Let f € W*P(M),K be a finite rectilinear cell complex, H :
|K|x P — M be a map such that H|axp satisfies (H1),(H2) and (H3) for any
A € K. Then, there exists a Borel set E C P such that H*(E) = 0 and for any
& € P\ E, we have f o He € W*P(K); in addition, the map f=rfo He¢ for
& € P belongs to LP(P,W*P(K)).

4.6.5 Filling a hole (bis)

Lemma 4.3 is valid for any hole diffeomorphic to a ball. When s € (1,1 + 1/p),
we have a similar result when the ‘hole’ is a rectilinear cell.

Proposition 4.1 Let A be a rectilinear cell and ya € IntA. Let u € W5P(A)
be such that trulpa = f € W*P(OA). Then the map ul defined by

ut(z) = { w(z/(1—1)) when |z|a <1—1t,
' f(x/|z|a) when |z|a >1—t

belongs to CY([0,1), W*P(A)).

Moreover, when sp < dim A, the map u® is continuous on [0, 1].

We will say that u' is the homogeneous degree-zero extension of f.
Proof: We denote by d the dimension of A. Let %1, .., %, be the d — 1 faces
of A and Ay, .., A, be the rectilinear cells defined by

Aii={ya+1—-Nz:zeX;,0< <1}

Since
tr (utlAi)|AimA]‘ =tr (Ut|Aj)|AiﬂAj7

in light of Lemma 4.11, it suffices to show that u| s, is continuous into WP (A;).
There exists a C? diffeomorphism ®; between each A; and a subset of B{l
of the form {Az : A € [0,1],z € U;} where U; is a connected compact subset of
S¢, which is isometric in the sense that |®;(x)| = |z|a,, 7 € A;.
Hence, the continuity of u!|a, is a mere consequence of Lemma 4.3. The
proposition is proved.

O

4.6.6 The final step for the definition of [sp] — 1 homotopy

Let X,Y be topological spaces. Then [X,Y] denotes the set of all homotopy
classes of continuous maps from X to Y. Given any f € C°(X,Y), we use [f]x v
(or simply [f]) to denote the homotopy class corresponding to f as a map from
X to Y. If K is a complex, then for any f € WSP(K,N) and 0 < k < sp, there
exists a unique g € C°(K*, N) such that for any A € K*, we have f|n = g|a H?
a.e. on A with d = dim A. Hence, we may define the homotopy class [f]|g«] of
f as the homotopy class [g] of g (in C°(K*, N)).

Lemma 4.15 (Lemma 4.4 in [40]) Assume that d € N,;1 < d,sp = d,A is
a rectilinear cell of dimension d and uw € W*P(A,N) is such that the trace
truloa = f € WHP(DA,N) € C°(QA, N). Then, there exists v € CO(A,N) N
WeP(A,N) such that vlga = f and v ~wep(a,N) U
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Proof: For any § € (0,1), we define us(z) = u(a/(1 — 0)) for |z|a < 1— 6 and
us(z) = f(x/|z|a) for 1 — 8§ < |z|]a < 1. Then us € WSP(A) and us — w in
WsP(A) as § — 0T (here, we use Proposition 4.1).

Choose ann € C°(A,R) such that 0 <n < 1,9[a, ,,, = landn|a\a,_,,, =
0. The notation A, signifies the set {z € A : |x|a < r}. For ¢ > 0 small enough,

we set ve(x) = fBS(I) us for z € Ay_s/4. Then, we define:

we(z) = (1 = n(z))us(x) + n(x)ve(z) Vo e A

Clearly, w, € C°(A). Since us is VMO, we have d(v.(x), N) — 0 uniformly for
x € Ay_5/5, when € — 0% (see [15], section 1.2, Example 2). This implies that
the same is true for w. on Ay_5/5 because 11€|A175/2 = wE|A175/2. Moreover,
from the uniform continuity of f, we know that w.(z) — us(z) — 0 uniformly
for . € A\ Ay_s5/2 as € — 0. Hence, d(we(z), N) — 0 uniformly for z € A
as € — 07, from which we deduce that Iy o w,. is well defined for e sufficiently
small. We have ve — us when € — 07 in W*P(A) (this can be shown as in the
case of a regularization by a smooth kernel, see [70], Proposition 4.1.). Then w,
converges to us in W*?(A) when € — 0%. We extend Il to the whole R! and
we may assume that I1 vanishes outside a large ball. Since Il is smooth and
N is bounded, by the composition property (see [21] and [67]), the map

Iy : W*P(A,N) — WP(A,N)

is continuous. Hence Iy ow, — ugs in WP(A, N) when € — 0% and Iy owy €
CO([0,1], WSP(A,N)). Since us ~wsr(a,ny u (by Proposition 4.1), we have
[N o we ~wep(a,N) U- The map v := Il o w, satisfies the requirements of
Lemma 4.15.

O

Lemma 4.16 (Lemma 4.7 in [40]) Let w € WP(M,N),K be a rectilinear
cell complex. Assume that the parameter space P is a k dimensional connected
Riemannian manifold, and that H : |K| x P — M is a map such that H|axp
satisfies (H1), (H2) and (Hs) for any A € K. Then

i) there exists a Borel set E C P such that H*(E) = 0 and uo He € W*P?(K, N)
for any £ € P\ E.

i) Let 0 < d < [sp] — 1. We can define X = Xa,zu : P — [|[K%, N] by setting
x(€) = [uo He||xa)]. Then x is a constant H* a.e. on P.

Proof: From Corollary 4.2 we know that there exists a Borel set Fy C P such
that H*(Ep) = 0 and u o He € WP(K,R') for any £ € P\ Ey. Since u(z) € N
for almost every x € M, Lemma 4.13 shows that there exists a Borel set £ C P
such that H*(E) = 0 and uo He € W¥P(K, N) for any £ € P\ Ej; that is, the
first assertion of the lemma.

The second assertion can be proved exactly as in [40] Lemma 4.7 except that
in the proof, [40] Lemma 4.3 has to be replaced by i) and [40] Lemma 4.4 has
to be replaced by our Lemma 4.15.

O

Finally, we give the definition of [sp] — 1 homotopy (when s > 1, this defini-
tion is the same as in [40]).

Let K be a finite rectilinear cell complex and h : K — M be a triangulation
of M. We define H : |K| x BL — M as H(z,&) = Hy(h(z) + £). Then H
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satisfies (H1), (H2) and (H3) for each A € K with P := B! (see [40], page
72) so that X[sp—1],m,u IS & constant a.e. on BiN. We denote this constant by
ugsp(h). When s € (1,1 + 1/p), WsP(M,N) C WHsP(M,N) (because N is a
bounded subset of R') and wuy s ,(h) is exactly the constant uy s,(h) defined in
[40] (for s =1).

We also remark that for ey sufficiently small, H(-, ) is a triangulation of M
(see [73]). We will denote H(-,&) by He or he.

Lemma 4.8 and Lemma 4.9 in [40] show that if u,v € W*P(M,N) and
h; : K; — M are triangulations for ¢ = 1,2 (K; being a rectilinear cell complex)
and ug s p(h1) = vy 5p(h1), then uy s p(ha) = vy 5 p(h2). In fact, when s € (0,1),
the same proof as in the case s = 1 is valid. When s € (1,14 1/p), one can use
the inclusion WP (M, N) C W5P(M, N) and apply directly the results in [40]
with sp instead of p. Hence, we can define:

Definition 4.1 Let u,v € W*P(M, N). If for any Lipschitz rectilinear cell de-
composition h : K — M, we have uy s ,(h) = vy,5p,(h), then we say that u is
[sp] — 1 homotopic to v.

Clearly, this is an equivalence relation on W*? (M, N).

4.7 A preliminary to the proof of Theorem 4.4

In [40], the fact that Lip(A) € W1P(A) for any simplex A is widely used. In
contrast, Lip(A) ¢ W#P(A) when s > 1. To overcome this difficulty, we have
to substantially modify some parts of the proofs of [40]. This is the aim of this
section.

Throughout this section, X denotes a rectilinear cell complex of dimension
k+1with 0 < k < sp—1 and X its subcomplex of dimension k. We also define
[0,1] x X* U {0} x X as the complex:

{[0,]] x A:Ae XFFUu{{o} xA:AceXJUu{{I} xA:Ac X"

If X is embedded in some R® and A € X* then [0,1] x A is a rectilinear cell
in R x R® and its boundary is

{0} x AU{1} x AU[0,1] x dA C [0,1] x X* U {0} x X.

The proof of [40], Lemma 3.2 (with obvious modifications) shows the follow-
ing

Lemma 4.17 The set C°(X) N W#P(X) is dense in the set C°(X).

A consequence of Lemma 4.17 is given by

Lemma 4.18 Let Hy € C°([0,1] x X* N) be such that Hy(0,-) and Hy(1,")
belong to WP(X*, N). Then there exists

Hy e WP([0,1] x X*¥ N)nC°([0,1] x X*, N)

such that Ho(0,-) = H1(0,-) and Ho(1,-) = H1(1,-).



4.7 A preliminary to the proof of Theorem 4.4 111

Proof: First, we may assume that Hy(t,-) = Hp(0,-), t € [0,0] and Hy(t,-) =
Ho(1,-),t € [1 —4,1], for some ¢ € (0,1/4). Moreover, using Lemma 4.17, there
exists G in WP ([0,1] x X*)NC(]0, 1] x X*) such that |G (¢, z) — Ho(t,z)| < en
for (t,x) € [0,1] x |X*|.

Finally, let 6§ € C*>°(R, [0,1]) such that § =1 on [§/2,1 — /2] and § =0 on
[0,6/4] U[1 — §/4,1]. Then we define

H(t,z) := 0(t)G(t,x) + (1 — 0(t))Ho (¢, x).
The map H belongs to
HeWw*?([0,1] x X* RN C°([0,1] x X*, R

and |H(t,x) — Ho(t,z)| < en.

Thus, we can define Hy(t,x) := Iy o H(t, ). By the composition property,
H; € W*P([0,1] x X* N)nC?([0,1] x X* N). We have H,(0,-) = Ho(0,")
and H;(1,-) = Ho(1,-). This completes the proof of the lemma.

O

Lemma 4.19 Let H; € W*P([0,1] x X*¥U {0} x X, N)nC°([0,1] x X* U {0} x
X, N). Then Hy may be extended to a map

Hy € WP([0,1] x X, N) N C°([0,1] x X, N).

Proof: For each A € X\ X*, consider its barycenter ya and define ya :=
(2,yA) € A :=[0,4] x A. Let p be the map defined on [0,1] x A by

2= ga+ (& = ga)/lz|a

Then
p(x) €10,1] x 0AU{0} x A, z€[0,1] x A

and p(x) = x for any € [0,1] x QAU {0} x A. Define p on each such [0,1] x A
for A € X\ X* and extend it to [0, 1] x | X| by setting p(x) = z on [0, 1] x | X*|.
Then p is a Lipschitz map from [0,1] x |X| into [0,1] x |X*| U {0} x |X|, so
that the map Hy := Hj o p belongs to C°([0,1] x X, N). Moreover, Hs is an
extension of Hy. To see that Hy € W*P([0,1] x X, N), remark that on each
cell [0,1] x A, with A € X \ X*, Hj is defined as the homogeneous degree-
zero extension of Hp (except that the center of the homogeneous degree-zero
extension ya does not belong to the cell, which makes no trouble as the proof
of Proposition 4.1 shows). Hence, Ha|jo,1)xa € W*P. That Ha|{1yxa € WP is
an easy consequence of the fact that H; € W*P([0,1] x 0A U{0} x A) and that
p~! defined on the complex [0,1] x A U{0} x A is a triangulation of {1} x A
(see the remarks before Lemma 4.11). The lemma is proved.

O

Lemma 4.20 Let Hy € C°([0,1] x X, N) be such that H3(0,-) and Ha(1,")
belong to W*P(X, N). Then there exists Hz € C°([0,1], W*P(X, N)) such that
H3(0) = HQ(O, ) and Hg(l) = Hg(l, )

Proof: There exists § > 0 such that |Ha(t1,21) — Ha(ta,22)| < en/8 for any
|1 — x| + [t1 — t2| < 4. Pick some m € N such that 1/m < §. For any 1 <k <
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m—1, there exists Ly, € C°(X)NW*?(X) such that |Ly,, (z)—Ha(k/m, z)| <
en/8 for x € |X|. (Here, we use Lemma 4.17). We also define Ly := H»(0, )
and Ly := Ha(1,-). Forany 0 < k<m—1,t € [k/m,(k+1)/m] and z € X, we
define

L(t)(z) = (k+1—mt)Ly/m(z) + (mt — k) L(gi1)ym ().

It is easy to see that
L € C°([0,1], W*P(X,R")) N CO([0, 1] x X, R

and dist (L(t)(z), N) < en,t € [0,1],z € | X].

We define Hs(t)(x) := IIn(L(t)(x)). The composition property shows that
the map ¢ € [0,1] — Iy o L(t) € W*P(A, N) is continuous for each A € X.
This implies that Hs € C°([0, 1], W*P(X, N)).

[

The proof of Theorem 4.4 is mainly based on the following proposition:

Proposition 4.2 Let u,v € W*P(X, N). Then u| xx| and v| xx| can be identi-

fied to elements in C°(X*, N). Assume that ul|xx| ~co(xr, Ny Vl|xr|- Then there
exists f € WHP(X, N)NC(X, N) such that u ~ysn(x,ny [ and f|xr| = v|xx|.

Proof: First, we claim that we may assume that « € C°(X,N). Indeed, if
sp > k + 1, then this is a consequence of Sobolev’s embeddings. If sp = k + 1,
then Lemma 4.15 applied to each A € X \ X* shows that there exists u; €
WP(X,N) N CY(X, N) such that uy|jxr| = u||xr| and uy ~yyen(x,n) -

There exists Hy € C°([0,1] x X*, N') such that Ho(0,-) = ul;xx and Ho(1,-)
= v||x+|. Using Lemma 4.18, there exists

Hy e WP([0,1] x X*¥ N)nC°([0,1] x X*, N)

such that Hl(O, ) = H()(O, ) and Hl(l, ) = H()(l, )

Then extend H; to a map still denoted by Hy, defined on [0, 1] x X*U{0} x X
by setting Hy(0,2) = u(z) for x € X. It is clear that H; now belongs to the
space

WP([0,1] x XF U {0} x X, N)nC°([0,1] x X* U {0} x X, N).
In light of Lemma 4.19, we may extend H; to a map
Hy e WHP([0,1] x X, N) N C°([0,1] x X, N).
Finally, using Lemma 4.20, there exists Hz € C°([0,1], W*P(X, N)) such that
H3(0) = H2(0,-) = w and H3(1) = H(1,-). We have Ha(1,-)||x» = v xx. We

can set f:= Hs(1).
O

4.8 Proof of Theorem 4.4

Lemma 4.21 There existsn > 0 such that for any u,v € W5P(M, N) satisfying
v —vllwerarry <N, we have

u is [sp] — 1 homotopic to v.
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Proof: Fix a smooth triangulation of M, say h : K — M. We may find a
Borel set By C Bl such that H'(E1) = 0 and for any £ € BL_\ Ey, we have
uohg,vohe € WWP(K,N) and

[uo h£||K[SP1—1\] =uy,sp(h) , [vo h§|\K[sp]—1|] = vg,s5,p(h).

For any A € K, we have (see Lemma 4.14)

[ ©lhuohe = vo hellyn sz < Cllu= vl ar

€N

This implies:

eé\[”u - ’UHPVVS,ZJ(MJRl)

Hl({geBiN :||uoh5—vohg||€vsyp(A,Rl)Zr})SC "
Hence, we may find a Borel set Fy C BiN such that HZ(EQ) > 0 and for any
& € FEy, we have:

(i) uo hg,vohe € WHP(K,N)

(ii) For any A € K, we have

||u o hE —vo hf“%/s,p(A,]Rl) < OHU - /U||€VS,;D(]\/[1]R1)'
Hence, for any A € K!*»~1 we have:

|[wohe —vohe|[L=(a) Clluohe —v o hellwema ry

<
< Cllu = vllwswmry)-

If |[u — v|lwer(ar,rry < m:= en/C, then the continuous map
H(t,z) :=Tn((1 — t)uo he(z) + tv o he(x))

is well defined. This shows that u is [sp] — 1 homotopic to v.
O
Lemma 4.21 will allow us to prove one implication of Theorem 4.2. For the
converse of this implication, we will need the two following propositions.

Proposition 4.3 Assume that 1 < sp < d and that f is a continuous path in
Ws’p(ﬁA,N), where A is a d dimensional rectilinear cell containing 0. Define
f@)(x) = f(t)(x/|z|) for0 <t <1 andx € A. (Here, |-| denotes the Minkowski
functional of A with respect to 0). Then f is a continuous path in WeP(A,N).

Proof: In light of the proof of Proposition 4.1, Lemma 4.1 and (4.5), the propo-
sition follows from

17 = F()llwena) = 15O ~ FG)llwena) < CUFE = £6)henon-
O

Proposition 4.4 Consider a d dimensional rectilinear cell A containing 0. As-
sume that 1 < sp < d. Let u,v € WP(A,N) be such that trulsa, trvjoa €
WEP(OA, N) and truloa ~yyesoa,ny trvfoa. Then w ~ywena,ny v-
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Proof: There exists f € C°([0,1], W$P(dA, N)) such that tru = f(0), trv =
f(1). Then, Proposition 4.3 implies the existence of some

feC’(0,1], W*P(A,N))

satisfying f(0) = @, f(1) = @ with @(z) = trulpa(z/|z|) and similarly for o.
Moreover, Proposition 4.1 shows that @ ~wspa) 4, U ~wspa) v. Finally,
u NWsp(A) .
O
We proceed to prove Theorem 4.4; that is,

Theorem 4.7 Let u,v € W*P(M,N). Then u ~, v if and only if u is [sp] — 1
homotopic to v in WP(M, N).

Proof: Let u,v € W*P(M,N). Assume that u ~,, v. Then there exists a
continuous map H € C°([0, 1], W*P(M, N)) such that H(0,-) = v and H(1,-) =
v.

Let 1 be the number in Lemma 4.21. There exists m € N such that for any
s,t € [0,1] satisfying |s — ¢| < 1/m, we have:

[[H(s) = H()llwsrarry <0

Then, for i = 0,..,m—1, we have H(i/m) is [sp] — 1 homotopic to H((i+1)/m).
This proves that u is [sp] — 1 homotopic to v.

The converse is very close to [40]. Suppose that we are given two maps
u,v € W*P(M,N) which are [sp] — 1 homotopic. For convenience, we note
k=[sp] — 1. Let h : K — M be a smooth triangulation of M.

By definition of [sp] — 1 homotopy, we may find a ¢ € B! such that uo
he,vohe € WP(K,N) and u o he| || ~ v o he| x| as maps from |[K*| to N.
We remark that it is enough to prove that w o he and v o h¢ are W”’(K, N)
homotopic. Indeed, if this is the case, v and v will be W*P(h¢(A), N) homotopic
for each A € K of dimension m (recall that h¢ is a smooth diffeomorphism from
A onto hg(A)). Then, Lemma 4.11 implies that u ~yye.p(ar,n) v-

Step 1: a reduction. We claim that we can assume that u o heljgr) =
v o he|igr|. Indeed, since u o heljgxr| ~ v o heligr| as maps from |K*| to N,
we may apply Proposition 4.2 which shows that u o he|gr+1 is WP (KL N)
homotopic to a map f € W*P(K**t1 N) NC°(K**+1, N) which coincides with
v on |K*|. For each (k + 2) simplex A, f and tru o helga = u o helaa belongs
to WHP(JA). We choose the barycenter of A as origin and do homogeneous
degree-zero extension from f to get fa € W*P(A,N) on A. Define fa on each
such A to get fri2 € WP(K**2 N). Proposition 4.4 shows that u o he|gr+e
is homotopic to fryo in W*P(K*+2 N). Simply by induction we finish after
working with n simplices.

Then, uwohg is WP (K, N) homotopic to f. This completes the proof of step
1.

Step 2: completion of the proof. We now show that f can be connected
to v o he by a continuous path in WP (K, N).
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Applying Proposition 4.1 to each k+ 1 simplex A € K, we may assume that
flavBs(ea) = v © he|a\Bs(ca)- Here ca is the barycenter of A and J is a small
number. Note that f is continuous on A and that v is continuous on A\ Bs(ca).

Doing homogeneous degree-zero extension from v o he|gr+1 and f|gr+1 as
we have done above, we may assume that v o h¢ and f are homogeneous of
degree zero on ¥ € K with dim ¥ > k + 2. Then, on any k + 2 simplex ¥ € K,
f is continuous on ¥ \ {cx} and v o he is continuous on ¥\ {tz + (1 — t)cx -
z € Bs(ea),t € [0,1]} (here, cx is the barycenter of ¥ and the center of the
homogeneous degree-zero extension on X).

Fix a k + 1 simplex A. It must be the face of several k + 2 simplices, say
31, B, > 2. Now, for two small numbers 6’ > § and € > 0, consider § :=
Ur_;Q; where Q; C X, is formally equal to (Bas (ca) N A) x [0, €], for which the
product means that we go in the ¥; in the normal direction by length €. Define

Q) := (Bas/(ca) NA) x [0, %e],ﬂgl = (Bas/ (ca) NA) x [¢/2, €],

QO = U, Q0" = U, 0.

1=

We may choose ¢’ and € such that f|an,uanr € WP(9Q; UOQY) and v o he €
WP(9) (this amounts to Lemma 4.2 1); note also that the trace compatibility
conditions are automatically satisfied for 8’ > ¢ and € > 0 sufficiently small:
this follows from the continuity properties of f and v o he stated above). This
implies that f|aq € W*P(9) (once again, the trace compatibility conditions
are satisfied). If € is taken sufficiently small (this depends only on the geometry
of the k + 2 simplices), we can assume that v o he = f on a neighborhood of
oY N 9N (recall that on K*+2  f and v o he are now homogeneous of degree
7€ero).

Now consider a w defined on |K**2| by setting w|o: = v 0 he, w||grr2po =
flixr+2pq- On each O, we simply do homogeneous degree-zero extension with
respect to a point in int ) (here, we use the fact that the map equal to f on
o0\ 0, and equal to v o he on 9N NI, = (Bas(ca) N A) x {e/2} belongs
to WP (9Q/)). Clearly, w € W*P(K*+2 N),

We may connect w to f||xx+2 by a continuous path in WHP(K*+2 N since
for any 1 < i # j <r, Q; UQ; is star-shaped with respect to ca and we may
apply Proposition 4.1 to w on this set (here, we use the fact that w|s(,un;) =
flac.ug,) belongs to WHP(9(Q; U ;))).

Define w inductively to be the homogeneous degree-zero extension of w on
each higher-dimensional simplex A with dim A > k + 3, from its value on 0A
as described above. Then, one has w M Vsp (KN I

Since 0| gr+1| = v © he||gr+1), we have @ ~yen (i, Ny U O he (by Proposition
4.4 and Lemma 4.11). Finally, v o he ~ypen(r,N) U O he. This completes the
proof of the theorem.

O

4.9 Consequences of Theorem 4.4

As in [40], Theorem 4.4 reduces certain problems about Sobolev mappings,
which are analytical problems, to pure topology problems. In this section, we



116 Chapter 4. Fractional Sobolev spaces and Topology

enumerate some of these results, which correspond to similar results in [40] (for
WP ). We omit their proofs when they are similar to those of [40].

Proposition 4.5 ([40], Proposition 5.1) Assume that 1 < p, s € (0,14 1/p),
1 < sp < m. For any triangulation of M, say h : K — M, we set M7 =
h(|K71) for any j. There is a bijection between the sets W*P(M,N)/ ~s., and
CO(MEPLNY/ ~apteni—1. Here for f,g € CO(MUEPI N), f ~ysien-1 g means that
flasieni—1 and gl yem—1 are homotopic in CO(MPI=1 N).

Proof: A way to show this proposition is to introduce the space
X = (CO(M[SP],N) N WS7P(M[SP],N))/ ~ i1 -

The definition of W*P?(M*?], N) follows exactly the definition of W*? (K, N).

The natural map G : X — CO(MP), N)/ ~p1p-1 is one-to-one. The surjec-
tivity of G is an easy consequence of Lemma 4.17. Indeed, let u € CO(M P! N).
Then Lemma 4.17 shows that there exists v € CO(M*P)) 0 W#P(MIsP]) such
that [|u — v|peo(arterly < €n and [[IIN(v) — ul|poo(apterly < €x. Hence u is con-
tinuously connected to IIx(v) € CO(MIPL, N) nwW=? (Ml N) by the map
H(t) :==n (N (v) +(1 —t)u), so that GIIx(v)) = u.

Thus, there is a bijection between CO(M*?), N)/ ~1p1-1 and X. Tt remains
to show that there is a bijection between X and WP(M,N)/ ~, .

We define a map from X into W*P(M,N)/ ~;, as follows: For any w €
CO(MsPl N) nws»(MIsPl N), using h to pull w to K[*P! after doing homo-
geneous degree-zero extension on higher-dimensional cells, we pull it to M by
h and get w. Then we send the equivalence class corresponding to w to the
equivalence class corresponding to w. This map is well defined by the proof of
Theorem 4.4.

We proceed to prove that this map is one-to-one. Let u,v € C° (M[Sp},N)
AW*P(M*Pl N) and @, their homogeneous degree-zero extension. Assume
that @ ~, p, 0. Then by Theorem 4.4, @; 5 (k) = 0p,5,p(h). It is easy to see that
Ug,s,p(R) = [u 0 h|gep-1] and similarly for v. Hence u ~ ;1551 v ; that is, the
map is one-to-one.

To prove the surjectivity, let u € WP (M, N). There exists £ € BiN such
that w o he € W*P(K, N). By the Sobolev embeddings or Lemma 4.15, there
exists f € CO(K*P, N) NW#*P(K*?1_ N) such that Fligtari-1) = uohg||g1er-1|. We
extend f by degree-zero homogeneity. We denote by f this extension. The proof
of Theorem 4.4 (in fact, this is exactly ‘step 2’) shows that wo h Ve (K,N) f
Hence, uwo h¢ o ht ~Ws.p (M, N) fo h~!. Since u o he o ht ~yws.p(M,N) U, the
equivalence class corresponding to f o h™1| 1 is mapped to the equivalence
class corresponding to u. That is, the map is onto.

O

For any 0 < s1,82 < 1,1 < pq,po, such that W*P2 C W*P1 we have a
map:

WP [y o= WP gy

defined in an obvious way. An immediate consequence of the above proposition
is the following

Corollary 4.3 ([40], Corollary 5.1) Assume that [s1p1] = [sap2]. Then i is a
bijection.
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The following corollary implies Theorem 4.3 b).

Corollary 4.4 ([40], Corollary 5.2) Assume that 1 < p,s € (0,1 + 1/p),1 <
sp < dimM, and m;(N) = 0 for [sp] < i < dim M. Then there is a bijection
between C°(M,N)/ ~ and W*P(M,N)/ ~s, .

Corollary 4.5 ([40], Corollary 5.8) Assume that 1 < p,s € (0,1 + 1/p),1 <
sp < m. If there exists some k € Z,k < [sp] — 1 such that m;(M) = 0 for
1 <i<k, and m(N) =0 fork+1 <1 < [sp] —1, then W*P(M,N) is
path-connected.

This is Theorem 4.2.

We now turn to the question whether a given Sobolev map in W (M, N)
can be connected to a smooth map by a continuous path in W*P(M,N). It
turns out that there is a necessary and sufficient topological condition for this
to be true.

Proposition 4.6 ([40], Proposition 5.2) Assume that 1 < p,s € (0,14 1/p),
1<sp<m,ueWP(M,N), and that h : K — M is a triangulation. Then,
u can be connected to a smooth map by a continuous path in W*P(M,N) if
and only if uysp(h) is extendible to M with respect to N, that is: for any
f € COKBPI=Y N such that f € ug s, p(h), f is the restriction of a map in
C°(K,N).

Corollary 4.6 ([40], Corollary 5.4) Assume that 1 < p,s € (0,1 + 1/p),1 <
sp < m. Then every map in WP(M, N) can be connected by a continuous path
in WP(M, N) to a smooth map if and only if M satisfies the [sp] — 1 extension
property with respect to N, that is: there exists a CW complex structure (M7) ez
of M such that every f € CO(MPL N, f| i1 has a continuous extension to
M.

This is Theorem 4.5 e).

Proof: Fix a smooth triangulation of M, say h : K — M. Assume that
every map in W#P(M, N) can be connected continuously to a smooth map. Let
f € C°(MPl N). Then using Lemma 4.17, there exists f; € CO(K[*?, N)n
WP (KsPl N) such that f; ~co(klerl, Ny S oh. Let g be the homogeneous degree-
zero extension of f; to K. Then u = go h™' € W*P(M,N) and uy s ,(h) =
[g| k1sp1-1]- Since u can be connected continuously to a smooth map, from Propo-
sition 4.6 we know that f1| | K7l -1 has a continuous extension to K with respect
to N. Hence, f]|y1sp1—1 has a continuous extension to M.

Conversely, assume that M satisfies the ([sp] — 1) extension property with
respect to N. Given any v € W*P (M, N), there exists £ € BiN such that uohe €
WP(K,N) and ug s p(h) = [uo he||gisp1-1)]. Using the Sobolev embeddings or
Lemma 4.15, we may assume that uohe € C’O(K[Sp} , N). Hence, by Proposition

4.6, v may be connected continuously to a smooth map.
O






Chapter 5

Topological singularities in

Ws,p(SN’ Sl)

This chapter is based on the paper Topological singularities in W*P(SN S1)
accepted at the Journal d’Analyse Mathématique.

5.1 Introduction

In this article, we are interested in the location of the singularities of maps u
defined on SV with values into S'. Assume first that u € C*(SN \ 4,51 N
WHL(SN SY). When A is ‘small’ (i.e. of finite (N — 2) Hausdorff measure), the
set A can be recovered from u by computing the Jacobian of u. This quantity
has been introduced in [19] in the context of liquid cristals, and also studied in
[52] and [2]. It is defined as follows: let wy be the 1 form in R? given by

wo(y) := y1dy2 — yady:.

Its restriction to the unit circle is exactly the standard volume form on S!. The
pullback of wg by u is defined by

u’iwo = urdugy — uoduy =: J(U)

This definition makes sense not only when u is smooth (that is when A = )
but also when u belongs merely to W11(S™, S1). In this case, the Jacobian
J(u) of u will be defined, in the distribution sense, as 1/2d(ufwy), that is:

(J(u),w) = %(d(uﬁwo),w> = —%(uﬁwo,&u), Yw € C>=(A2SN).

Here, (.,.) denotes the inner product between forms of the same degree and &
is the formal adjoint of the differential operator d. Using the Hodge operator x
(see precise definitions in section 2), the Jacobian of u can also be written as:

(J(u),w) = f% /SN (ufwo) A (%0w).

119
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First, note that when u is smooth with values into S' (that is when A = 0),
the Jacobian J(u) is zero, since we have in local coordinates:

1 1
J(u) = §d(uldu2 - U2dul) = i(dU1 A dug — dus A dul)
=dui Nduy = Z(leiumj — Ulg,Ug; )dx; N d;.
i<j

The rank of the tangent map T, u is at most 1, so that all the minors of order
2 vanish. This shows that J(u) is zero when u is smooth.

Consider now the case when N = 2 and A is a nonempty finite set of points.
Then (see [19] and also [9]), we have:

*wJ(u) = deg (u,a)da, (5.1)

acA

where §, is the Dirac mass in a and deg (u, a) is the degree of the restriction of
u to a small well-oriented circle around a.

When N > 3, there is an analogue of (5.1) provided A is a finite union of N —2
dimensional connected oriented boundaryless manifolds. Let C' be any small
circle which links with such a manifold, say I'. On C there is a natural orientation
which is consistent with the orientation of I'. For any u € C>° (SN \ T, S1), we
can define the degree of the restriction of u to C. This degree is independent of
the choice of C' (see a more precise statement in section 2) and we denote it by
deg (u,T).

Then the value of J(u) is given by the following proposition (stated in [2]):

Proposition 5.1 When A is a smooth oriented N —2 dimensional boundaryless
manifold (N > 3), with connected components Ay, ..., A, we have

*J (1) == WZ deg(u,Ai)/Av- (5.2)

Here, / - is the N — 2 current defined on the set of smooth forms of degree
A

7

N—-2by: (— / ¢ and deg(u, A;) is the degree of u around A;.

i

Note that there exist topological obstructions on A and the degrees. For
instance, when N = 2, (J(u),1) = 0 (by definition of J(u)) so that

Z deg (u,a) = 0.

acA

The interest of J(u) is the possibility to identify a singular set A which is
still relevant for any map u € WH(SV S1). Indeed, let R be the following set:

eN=2:Rp:={ue€ ﬂ Whr (8% 81);u is smooth outside

1<r<2

a finite set of points}
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oeN>3:Rp:={uc€ ﬂ Whr (SN, 81); u is smooth outside

1<r<2
a smooth oriented N — 2 dimensional boundaryless submanifold}.

The class Ry is dense in WH(SY S1) (see [7]). Furthermore, J is a conti-
nuous map from WH1(SV S1) into (W1 (A2SN))*, the dual space of Lipschitz
forms of degree 2 on S¥. Using these two results together, we get (see [22] for
the case N = 2 and [2] for N > 3):

o N = 2,*J(u) = 71'2(5131. — 5]\[1) with Zz d(PZ,NZ) < C||du||L1(A152).

o N > 3,xJ(u) = m0S where S is an N — 1 dimensional rectifiable current
(in the sense of [34]) whose mass ||S|| satisfies ||.S|| < C||dul|p1(p19v)-

There exists a converse to the previous properties (see [22] and [2]):

o N=2let T:=) (dp, —dn,) with >, d(P;, N;) < co. Then there exists
u € WHL(SN S1) such that xJ (u) = 7T.

e N > 3, let T be the boundary of an N — 1 dimensional rectifiable current
with finite mass. Then there exists uw € WH1(SN S1) such that xJ (u) = 7T

To see that J(u) does describe in some sense the singular set of wu, the
following result, due to Bethuel, is relevant:

Wil
ue Cx(SN, 8 — J(u) =0. (5.3)

The aim of this paper is twofold: we want to describe the range of J(u)
when u belongs to a fractional Sobolev space W*? (SN, S1), and to generalise
(5.3) to this context.

Let us first note that C°°(S™, S1) is dense in W*P(S™, S1) when sp < 1 (see
[31]) or sp > 2 (see [15] when N = 2 and [8] when N > 3), and thus there is no
‘good’ notion of singular set in that case. Hence, in the following, we will assume
that 1 < sp < 2. If s > 1, then W*P(SV S c WH(SN, 81, so that J(u) is
defined as above. In particular, it is still true that xJ(u) is the boundary of a
rectifiable current with codimension 1 and finite mass. However, such a current
is not in general the Jacobian of some u € W*P(SV S!). A counterexample is
given at the beginning of section 3.

Let £ denote the set of N — 2 currents of the form:

oN=2: ﬂZ(éBi —d¢,) , r €N, where B;, C; are points in S2,
i=1

- T
oN > 3: WZ/ -, r € N, where A; is a smooth oriented connected
=1 Ai

N -2 dimensional_boundaryless submanifold.
Our main result is the following:

Theorem 5.1 Let s > 1,1 <p<oo,1 <sp<2.

a) If u belongs to W*P(SN S1) then xJ(u) belongs to the closure of £ in
We=2P(AN=28N)y n W —Lsp(AN=28N) . Moreover, we have

1/s
[[J(u)l[we—20a25%) < Ollullwspsny 5 [T (W)]lw-1.00 257y < C||U||vés,p(sw)-

b) Conversely, if M belongs to the closure of € in
W572,p(AN72SN) N Wfl,sp(AN72SN),
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then there exists u € WP(SN S1) such that xJ(u) = M. In addition, we may
choose u such that

||u||Ws,p(SN) < O(||M||W572,p(AN72SN) + ||M||€/{/—1,SP(AN72SN))
for some constant C > 0.

To prove this theorem, we will use a density result:

Theorem 5.2 The set R := Ro N W*P (SN SY) is dense in WP(SN S1).

This answers an open problem raised in [14]. Theorem 5.2 was already known
for s =1 (see [7]), and s < 1 (see [10], which generalizes previous results in [77],
[41]). Our result covers the remaining case 1 < s.

Finally, the analogue of (5.3) in the context of W*?(S¥ S1) spaces is

Theorem 5.3

s,p N 1
weCe(gy, gny D

<~ J(u) =0.

In the case when s < 1, the Jacobian can still be defined, but with another
formula (see [10]). The description of J(u) in that case remains open. However,
Theorem 5.3 still holds when N =2 and s < 1 (see [75]).

The paper is organized as follows. In the next section, we describe the
notations and give the precise definitions used throughout the article. In section
3, we prove Proposition 5.1 and the first part of Theorem 5.1. The proof relies
on the regularity theory for the Laplace-Beltrami operator (briefly recalled in
the last section) and the density of R (whose proof is postponed to section 5).
Section 4 is dedicated to the proof of the second part of Theorem 5.1 and to the
proof of Theorem 5.3.

5.2 Definitions

The unit sphere SV is a smooth manifold of dimension N, embedded in RV*1,
and it inheritates from RY+! its Riemannian structure and its orientation (via
its outer normal).

The Riemannian metric gives birth to an inner product on any tangent
space TS to SV at x € SV. We will denote it by (.|.) (without mentioning
the dependence on z). It can be extended to antisymetric multilinear forms on
T,.S" with the same notation. Then, we can define an inner product on ! forms
(0<I<N) as

@8 = [ ()i @)

for any a, 3 € O (A'SY), that is the set of smooth [ forms on SV . This inner
product will be extended to measurable forms as soon as  — (ag|8;) is an
integrable function on S¥V.

We follow [34] for the definitions of the exterior differential d, the codiffer-
ential § and the Hodge operator. In particular, the Hodge operator x is a map
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from the [ forms onto the N — 1 forms (0 <1 < N) such that if (ej,...,exn) is an
oriented orthonormal basis on 7,5, then

*e, = o(a, @)eg

where o = (a1 < ... < ), €q = €qy N...\€q,, @ is the complement of « in [|1, N|]
in the natural increasing order and o(«, &) is the sign of the permutation which
reorders (o, @) in the natural increasing order. Then

- (71)I(N—l)

on [ forms. We will use the fact that:
@8)= [ ants), va.gec=(a's)
SN

The codifferential operator § maps the smooth [ forms C*°(A!S?) into the
smooth [ — 1 forms C*°(A'=1SN). Tt is the formal adjoint of the differential
operator d, that is:

(6, B) = —(a, dfB), Ya e C®(A'SN), g e Cc®(A1sN).
The following property will be often used:
6= (—1)NHD o d .
The Laplace-Beltrami operator on C*°(A'SY) is
A :=dd + 4d.

We need to define the degree of u around a smooth oriented connected
N — 2 dimensional boundaryless submanifold, say I'. Fix x¢ € I'. There exists
a connected neighborhood U of zq in I'" and two smooth vector fields vy, v2 on
SN such that (vi(z),v2(z)) is an orthonormal basis of (T,I')* for any x € U
(actually, this property could be assumed on the whole I' since the normal
bundle of an N — 2 dimensional oriented boundaryless submanifold is trivial,
see [66]). We may assume that (vq(z),v2(z)) is ‘well-oriented’; i.e. that, when
(e1,..,en—2) is a well-oriented basis of T, T, then (eq,..,en—2,v1(z),v2(x)) is a
well-oriented basis of TSN .

There exists > 0 such that the endpoint e(x, t1,t2) of the geodesic segment
of length 7 := (2 + t32)'/? which starts at = with the initial velocity vector
(t1/r)v1(x) + (t2/r)va(x) is well defined for any r < n. Then, the map

e: (.I‘,tl,tg) e U x BRz(O,n) — e(m,tl,tg)

is a diffeomorphism from U x Bg:(0, ) onto a neighborhood U,, of U in S¥ (see
the Product Neighborhood Theorem, [68]). Now, for any = € U, we can define
the circle C(z,r) centered in x and of radius r < 7 as the set

C(z,r) :={e(x,rcosf,rsinb) : 0 € [0,27]}.

We define the degree of u on C(z,r) as the degree of the map v : S! —
St v(cosB,sinf) := u(e(x,rcosf,rsinf)). Note that the parametrization 0 —
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e(e,rcosf,rsinf) defines an orientation on C(z, ), and that the degree of u on
C(z,r) is precisely the degree of u with respect to this orientation.

We next check that this degree does not depend on z and on small r > 0.
Let (z,7), (¢/,r") € U x [0,n). We want to show that there exists an orientation
preserving homotopy which maps continuously C(z, ) onto C(a’,r’). Since I is
connected, there exists a continuous map [ : [0,1] — T such that [(0) = = and
[(1) = 2’. Then, we define:

H: (t,0) €[0,1] x [0,27] — e(l(t),[(1 — t)r + tr']cos O, [(1 — t)r + tr'] sin §).

The map H is the desired homotopy. By connectedness, it does make sense to
define the degree deg (u,T") of u as the degree of u restricted to C(z,r) for any
x € I" and any r sufficently small.

Let (U{,V{,i)ic{1,2y be an oriented atlas of SN and U; c U; C U be
open sets such that U; UU; = SY. We denote V; := ¢;(U;). Let (0i)ic{1,2) be a
partition of unity subordinate to the covering (U;);e{1,2). We will also introduce
Vg = ¢; 1 We will denote by

o, 0
gjk(z) == (% 6—3%
J

the coeflicients of the metric tensor of ¢ (in local coordinates (z1, ..., zn) 1= ¢;)
and (¢’%(z)) = (gjx(x))~!. By continuity and compacity, there exists C' > 0
such that

1
[datil] < C,lldy¥ll < C, Slnl* < gje(ymyme < Clnf®
7,k

forany i = 1,2,z € U,y € Vi,n = (1, ..., mn) € RV,

The space of [ currents is the topological dual of the space of [ forms:
C>(A'S™N), the latter being equipped with the usual topology, see [81]. It
will be denoted by D’(A'SY). Any integrable | form a € L*(A'SY) defines an [

current by:
(Ta, B) = /SN(ame)dHN(x) VB € O (ALSN). (5.4)
In the following, we will identify o and T,. This identification is a guideline to
define several operations on currents. For instance,
(T, w) = (=1)' V=T, ww)

for any w € C*°(A'SY). The exterior differential d as well as the codifferential
§ are defined by duality on D’(ALSY).

The multiplication of a distribution on [ forms T € D’(A!(M)) and a smooth
function 6 is defined as:

(0T, ) := (T,0a), Ya e C>®(ASY).

The pushing forward of a distribution 7' € D’(A!(S™)) compactly supported
in some U; by the smooth diffeomormphism ¢; : U; — V; is defined by

(6T, a) = (+xT, ¢ (x0q)), Va € C=(A'V),
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where % is the Hodge operator in RY (endowed with the Euclidean metric) and
¢ (xoa) denotes the pullback of xpar by ¢;.

To justify this definition, note that if T' = T, were defined by an integrable
[ form w, as in (5.4), then we would set ¢y7T,, := Ty,,w, that is for any o €
C>=(AV;):

@uTn) = [ @alady = [ (@) A (r00)

i

— [ G Ao} = [ wndiinna) = (4T 6l r00).
U; U;

(In the first line, we have denoted by (:|-)¢ the Euclidean inner product on RV).

Note also that since ¢4T is compactly supported in V; (its support being
included in ¢;(suppT)), we can consider it as an element of D’(A'RY).

The multiplication of a distribution by an element of the partition of unity
is called localization. The pushing forward of a distribution by ¢; is called
rectification. Finally, when a distribution is compactly supported in an open
set V C RV, we will automatically identify it with a distribution on R¥, in the
usual way. This procedure corresponds to the one described in the case of 0
forms in [86].

Several spaces of functions, of forms, of distributions on forms appear in the
statement of the theorems or in the proofs below. Sobolev spaces on [ forms
(0 <1< N)WFP(ALSN) Kk € N,p > 1 are defined as in [71], Chapter 7 (or [34]),
that is via charts defining an atlas on S™. In [82], one can find an intrinsic
definition of Sobolev spaces on forms (that is without references to local charts),
which turns out to be rather convenient. When 1 < p < oo and k € N*, we
define W=5P(ALSN) .= (WFP (ALSN))* where p’ = p/(p — 1). Besov spaces of
functions and of distributions on the boundary of an open set (which is the case
of SNV) are defined in [86], and some properties of these sets are studied there.
We will denote them B;’,q(SN), s € R, p, ¢ > 1. The corresponding definitions
for p forms and distributions on p forms (which could be called Besov currents)
remain to be given, thanks to a localization-rectification procedure.

Let A(RY) be a vector subspace of D'(R"), equipped with a norm [|.|| o).
We make two hypotheses on A(RYN) : the multiplication property and the dif-
feomorphism property. The multiplication property requires that for any u €
ARYN) and any 6 € C(RY), 0u € A(RY) with [[0ul| sy < C(O)]|ul] a@ny.
The diffeomorphism property requires that for any u € A(R™) compactly sup-
ported in some open set V and for any diffeomorphism ¢ between two open
sets U and V in RY, the distribution u o ¢ belongs to A(RY) and satisfies
[luo dlla@ny < C()][ullag@n)-

Now, it is possible to define A(A'RY) as the product of I copies of A(RY),
endowed with the product topology (and a norm defining it). This definition
follows the definition of D’(A'RY), the set of distributions on [ forms, which
can be identified with the product of I copies of D’(R™). Then A(A'RY) still
satisfies the multiplication property and the diffeomorphism property (where
the multiplication and the composition are now understood in the sense of [
currents D' (A'RY), exactly as we have done above in the case of S7V).

Finally, we define A(A'S™) as the set of those elements 7 in D’'(A'S™) such
that for i = 1,2, ¢;4(0;T) € A(A'RYN). (Recall that ¢;4(0;T) is extended by 0 on
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RM\ V;). A norm on A(A'SY) is then given by

Z ||¢iti(9iT)||A(AlRN))-

Different atlases and partitions of unity yield equivalent norms.
The Besov spaces By (RY) (see [86]) satisfy the multiplication property and

the diffeomorphism property, so that we can define B}, q(AZS N, the Besov space
of [ forms on S™.

Among the Besov spaces, only the fractional Sobolev spaces and their duals
will be of interest to us. When s is not an integer, we set WP(ALSN) =
B;ﬁp(AlSN ).

For the following, it is also convenient to have intrinsic definitions of the
space W*P(SN) when s €]1,2[. We can see that u € W*P(S%) if and only if

ueWhP(SY) and D, ,du e LP(SY)

where o := s — 1 and

o — ay|p

= = yl 1/p P(ALGQN
D po(x) = {/SN Az g) N +or dy}? Ya e LP(A'SY),
with |a; — ay| defined by

lag — oyl = Z laz — oyl (5.5)

r:xz,yeU;

and if x,y € U;,
N
oz — ayli = Y Ja*(2) — ¥ (y)]
k=1

where o =: 3, adxy, in the local coordinates (21, ...,zn) := ¢; on U;. Then,
for any a € WoP(A'SYN), we define
llallwesarsny = [lalloarsyy + [ Dopdul[po(sy).
Now, a norm on W*P(S%) is given by
l[ullwsr sy = |[ul|Lrsvy + [|dul[wer(arsm).
We will also use the notation D, for functions u € LP(SV):

Dagute) = [ e

or for 1 forms with values into some R? (if o := (a1, .., ag), the quantity |, —a,

N d
becomes Z Z Z |af($) - af(y)h)
ix,yelU; k=1 j=1

The following remarks will be useful: The operator d is a bounded linear
operator from W*P(ALSN) into We=LP(AHFISN) for 1 < p < oo,s € Z or
1 < p < 00,5 ¢ Z. The multiplication property implies that if T € W*?(A'SY)
and § € C(SN), then T € W*P(A'SY). Any embedding between two Besov
spaces on RY has its counterpart for Besov currents on S™.
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5.3 Proof of Theorem 5.1, first part

In this section, we want to prove Theorem 5.1 a). First, we are going to justify
its interest by presenting an example of some T € »J(WH(SY,S1)) which
does not belong to xJ(W*P? (SN S1)). We consider the case s = 1,p €]1,2[ and
N = 2. In that case, we know that

xJ(WHL(S2,8Y) == {n Y (0, — 6n,) Y d(P;, N;) < oo}

K2

Moreover, it is easy to see that J(WP(S% S)) c W~1P(A2S?) (see details
below).

Let d; = 1/i/® where o €]l — 1/p/,1[. Let N;:=(1/1—d?,0,d;) and
P, :=(y/1—4d?,0,2d;). Set T := Z((Spi —6n,). For any n > 1, we define

un(2,y,2) = 2% if 2 > 1/n and 1/n“ elsewhere. Then, u, is Lipschitz on S2.
The sequence (|[un ||y (g2))n is bounded (here, we use (1 —a)p’ < 1). Hence,
if T were in W~1P(S52%), then the sequence (|T'(uy)|)n would be bounded too.
We now show that this is not the case.

First, we note that if 0 < 21 < z9, then
22 — 21 )1—04.

2y — 27 > afz2 — 21)%( .
2

This implies that, if d; > 1/n, then
Un(P;) — un(N;) > a2a_1dio‘,

so that

T(up) > 0270 " df =a2°7" Y 1/i.

w:di>1/n i<no

The right side goes to +o00, as claimed. This completes the proof of the fact
that J(W1P(S2% S1)) is strictly contained in J(W11(52,S1)).

To prove Theorem 5.1, we will first calculate J on the set R (Proposition
5.1): the result is well known but to our knowledge, no proof has been pub-
lished yet. Then, we will show that J is continuous from W#*?(SV, S!) into
Wes=2P(A2SNY N W=1s2(A2SN). Finally, we will use the density of R into
WeP(SN S1) (the proof of which is postponed to section 6) to get the result.

Proof of Proposition 5.1. In the case when N = 2, a proof can be found
in [9]. Hence, we restrict our attention to the case N > 3. Let I" be a smooth
oriented N — 2 dimensional boundaryless submanifold of S™V. Let u be a smooth
map on SV \ T, and we assume that u belongs to WhH(SV S1). We want to
prove that:

((),¢) = 7 )" deg (u.T) /F o, Ve CR(A’SY), (5.6)

where I'y,..,T, are the connected components of I'. As stated in section 2,
there exist two smooth vector fields vy, v2 on SV such that (vq(x),ve(z)) is an
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orthonormal basis of (T,I')* for any = € I'. In addition, we may assume that
(v1,v2) is well-oriented. There exists 7 > 0 such that the endpoint e(x,t1,%2)
of the geodesic segment of length 7 := (3 + t52)/? which starts at = with the
initial velocity vector (¢1/r)v1(x) 4 (t2/r)v2(x) is well defined for any r < n and
the map

e: (.’L‘,tl,tg) €I X Bpe (O,??) — 6($7t1,t2)

is a diffeomorphism from I' x Bg2 (0, 7)) onto a neighborhood A, of T'. Each point
x € I belongs to the domain U of a well-oriented chart ¢ : U € SV — V C RN
which satisfies:

¢o(UNT) =V N (R x {(0,0)}).

We can assume that U C A,,. We define:
¢:x €U (do(a),t1,t2) € RN 72 x Bga(0, 1)

where o/ € T, (t1,t2) € Bgrz(0,n) are defined by e(a’,t1,t2) = . Then ¢ is
still a diffeomorphism from U onto ¢(U) and we can assume (by shrinking U
if necessary) that V has the form | — o, o[". The interest of this modification
is that ¢~! maps the circle C(¢(2'),r) := {(¢(z'),r cosd,rsind) : 0 € [0,2n7]}
onto the circle in SV : {e(z’,rcosf,rsinf) : @ € [0,27]}. This remark will be
useful below.

Let ¢ € C>(A2SYN). Using a partition of unity, we may assume that ¢ is
compactly supported in the domain U of a chart ¢ of the type above.

In particular, supp ¢ intersects only one connected component of I', say I';.
Let us introduce some notations. We will decompose any = € RY as z =
(2',y,2) € R¥N=2 x R x R. For small € > 0 and § €]0, 7/2[, we define:

Ac=¢7 ({(a',y,2) €V i |(y,2)| < €}),
Se=0¢" ({(2,y,2) €V : [(y,2)] = e}),

Yes = ¢ 1({(z',ecos,esinfd) € V : 6 €]6,2m — §[}),
A=¢" {(2,y,2) €V 2 =0,y >0}).

The set Uy := U \ A is simply connected (since it is homeomorphic to a star-
shaped open set in RY). The map u is smooth on Uy and takes its values into
S1. So, there exists some smooth function & : Uy — R such that

u = (cosk,sink) on Up.

Moreover, |V&| = |Vul, so that  is Lipschitz continuous on UpN3, its Lipschitz
constant depending only on e. This implies that x o ¢~1(2/, ecosd, esin§) has
a limit k o ¢~1(2',¢6,07) when § — 0F, the convergence being uniform with
respect to 2’ €] — 0,0V 2. Similarly, x o ¢~!(2',ecosd, esind) converges to
ko¢ 1(a' e, 2r7) when § — 27—, uniformly with respect to x’. Furthermore,
the quantity ko ¢~ 1(2',€,277) — ko~ 1(z',¢,0%) is exactly 2wdeg (u,'1) since

¢~ ({(2',ecosB,esinf) : 0 € [0,27]})

is the circle perpendicular to I'; at « with radius €. The definition of the Jacobian
and the dominated convergence theorem imply that:

U, =tms [ i ads) =tms [ @) @dxQ).
e—0 2 SN\A, e—02 U\A.
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Using the formula d(a A 8) = da A B+ (—1)98%a A dB for two forms a, 3, we
have:

/U LA = - /U A A ) /U A A )
- / 3(u) A (xC).
O(U\A.)

The second line follows from the Stokes’ formula and the fact that d(j(u)) =0
pointwise on U \ A..
On Uy, we have j(u) = dk. Whence (note that .o = 0A. \ A),

/ Juw)AC) = %im dk A (xC).
I(U\AC)

—0 26,5

Write once again:

/26,5 dk A (%C)

I
S—
M
%

2

*

o

|
U
2

X

Q

—

*

o

We have:

Ses =3¢ *({(z',ecosd,esind) € V})

where

is oriented by X 5. Let us write explicitly the first quantity / K(*C):
Se,s

— / ko ¢ (2, ecosd, esind)py(xC)(2, ecosd, esin§) da’.
]70-70-[]\]72

As explained above, the quantity under the sign / converges uniformly with
respect to 2’ €] — o,0[V =2 when § — 0 (and ¢ is fixed) to
ko (2 €,07)y(x() (2, €, 0).

So, we have:

lim K(xC) = / ds(xC) (', €,0)(k(2', 6,217 ) — K(2',€,07)) da’
6—0 035 |—o,0[N—2

= 2ndeg (u, ') / ¢5(*C) (2, €,0) da’.

]—o,0[N—2

Before letting € go to 0, it remains to estimate

/25,5 Kd(*C).
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This quantity is not greater than ||d¢||ze||&|[z1(s.), and

iy < [

2m
dx’/ ero ¢ (2!, ecos b, esind)db.
o,0[N—2 0

We claim that this last quantity goes to 0. Let us admit this claim for a moment
and complete the proof. We have

[ a6 =2meg(ury) [ P3(xQ) (', ,0) da’ + o(1).
DU\A) J—o,a[N -2
When € goes to 0, we obtain:

(J(uw),¢) = Wdeg(u,Fl)/ b5 (%) (2, 0,0) da’

]—o,o[N—2

wdeg (u,T'1) / *C,

Iy

which was required.
Let us now prove the claim. It amounts to proving the following result.

Lemma 5.1 Let v € WHL(RN). Let = = {(2/,y,2) : |(y,2)| = €}. Then,
l[v]|1(z.) goes to O when e goes to 0.

Proof: Let Z. := {(¢',y, 2) : |(y,2)| < €}. The Stokes’ formula implies (with v
the outing unit normal to Z):

/ |U|=/ |’U|V.l/=/ div(|v|y):/ |v|div v + V|v|.v
Ee Ee Zs Z€

_ |v] |v]
B /z (y2 + 22)1/2 + Vil < 7. (Y% + 22)1/2 +[Vol.

So, it is enough to show that |v|/(y? + 2%)'/? is summable on Z;. This follows
from the above computation with ¢ = 1. This completes the proof of Proposition
5.1.

O

We now show the following:

Proposition 5.2 The operator J is continuous from WP (SN S1) into
We=2P(SN)y Lo (5T,

This proposition relies on the multiplication properties of the fractional Sobolev
spaces. To show some of them, we will have a frequent use of the following lemma
(where o := s — 1 €]0, 1]).

Lemma 5.2 ([67]) Let w € WYP(SN). Then there exists some constant C > 0
such that for almost every x € SN, we have

Do pw(z) < C(Mlw — w() P (2)) =7/ (M]dw|” ().

Here, M denotes the mazimal function

1
Mldw|P(x) = sup ——— |dwl[?(y) dy.
>0 |B(@,7)| /B,
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Corollary 5.1 There exists C' > 0 such that:
a) For any w € WLP(SN | Bp2(0,3)) and z € L*?(SY), we have:

12Dg pwl|Lp(sn) < Cllz][Ler(sm) lldw]|Top (a1 gy

b) For any w € WHP(SN  Bg2(0,3)) and o € LP(A'SN) N WoP(ALSN), we
have:

IN

llwa[we.p a1y [lwad[ Lo (argvy + el Lor a1 g3y [ Do pw]| pavso sy

+H|wDe pal|Lr(sn)

IN

Cllallwerarsny + Clle[Lerarsmylldw]| T a1 gny)-

¢) For any w € W5P(SN  Bg2(0,3)) and o € LP(A'SN) N WoP(ALSN), we
have:

lwallwor@arsyy < Cllallweraisy) + C||0‘||LSP(A1$N)||w||%:,p(sN)'

Proof: Part a) follows from Holder’s inequality and the boundedness of M on
L?:

12Dg pwlLr(sny < |2l ersm) Do pwl porn(sny » with 8" = s/(s — 1)

< Ol erqsm el L g [|MIdw 12 g,

< Cllzl|er(smylldw]|Tep (argny-

We now prove part b).
[lwallwerarsyy < llwallpearsyy + || Dop(wa)|[Le s

< lwal|prarsyy + [[|a]Dopw|| e g3y + [[wDgpe| Lo (sn)

< ||wa||LP(AISN) + [l Lsp(AlsN)||Do,pw||Ls’p(5N) + ||U1Do,p04||Lp(sN)

< ||w||L°°(SN)||04||WW(A15N) + C||a||LSP(AISN)||dw||%SP(A13N)
(this is the same calculation as in part a).
Part c) follows from part a) thanks to the inequality:

1/s 1-1/s
llullwrossvy < Cllullyg o sm 1l oy (5.7)

(see [78], Theorem 2.2.5). This completes the proof of the corollary.
(I

Let u = (ut,u?) € W*P(SN S1). Then du? € WoP(ALSN) N LsP(ALSN).
Corollary 5.1c shows that uldu? € LP(ALS™) N WoP(ALSY). Hence, j(u) lies
in this space so that finally, J(u) = dj(u) € W1sP(A2SN) N Ws=2P(AZSN),

If a sequence (u,) converges in W*P(SN S1) to some u, let us prove that
J(uy) converges to J(u) in W=1P(A2SN) and in W*=2P(A2SN).

First, we show that ufwy converges to ufwg in L*?(A*SY). This will imply
the convergence of J(uy,) to J(u) in W=15P(A28Y) since d is continuous from
L#P(ATSN) into W—1:5P(A2SN). Now,

upduz — ' du?|| penarsny < (g, — ut)dul || panar sy + [|dul — du?|| Lo (15
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since |u| = 1. The second term goes to 0 because of the continuous embedding
WeP(ALSN Sy ¢ WhsP(ALSN S1). Up to a subsequence, we can assert the
existence of a k € LY(SY) such that |du,|*? < k almost everywhere, and the
convergence almost everywhere of u. to u'. The dominated convergence theorem
implies that for this subsequence, the first term in the right hand side goes to
0. Actually, this argument is valid for any subsequence of the original sequence
Uy, that is, from any subsequence of the sequence ||(u, — u')dul|| =1y,
we can extract a subsequence which converges to 0. This shows that the whole
original sequence goes to 0. Similarly, |[usdu,, — u?du’||p»(r15~) converges to
0. So J(uy) converges to J(u) in W=1P(A25N).

We have now to prove that uf,wg converges to ufwg in WP (AL SN) (this will
imply the convergence of J(u,) to J(u) in W*=2P(A28V)). Thanks to Corollary
5.1a and c, we have:

upduy — u'du?|lyomprsvy < [|(u, — ul)du?|lyoppr g
+ |y, (duy, — du2)||WU’P(AlsN)
<[y, = u') Do p(du®)|| Loy + ||| du?[ Do p (g, — ul)|| Lo (s
+|uy, (dup — du?)|lwenarsyy + [ (uy — u')du?|| Loarsm)
< |[(up, = ') Do p(du?) || Lo(sv) + Clldu?|| Lanar vy |duy, — du' |

g
Lsp(ALSN)

o/s

+0||du;, — du?|lwen(arsny + Clldu;, — du?|| posarsv) g |72 g3

| (uy, — u)du?|| Lo(arsy).
The right hand side goes to 0 (use the dominated convergence theorem for the
torms [|(ul — ul) Dy (dus)l | oy and [|(ul — ul)du?|[oar s)).
This completes the proof of the continuity of J, which implies Theorem 5.1
a, in view of the calculation of J on R (at the beginning of this section) and
the density of R (see section 5).
O

5.4 Proof of Theorem 5.1, part 2

The second part of Theorem 5.1 is a consequence of the following lemma:

Lemma 5.3 LetT' be a smooth oriented (N — 2) dimensional boundaryless sub-
manifold of SN,N > 3. Let T'y,..,T,. be its connected components and ay, .., a,
be integers. We define the 2 current T as:

(T,0) = Zai/ ww, Vw € C(A2SN). (5.8)
i=1 L

Then there exists u € C°(SN\T,S1) N W*P(SN S1) such that
J(u) =nT.
Moreover, we may choose u such that
ullwer(sny < CUITIRy-1onazsny + 1T llws—2ra2sn)) (5.9)
for some C > 0 independent of I' and of the a;’s.
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Remark 5.1 We have stated the lemma for the case N > 3. A similar state-
ment holds for N = 2, with T := {Ay,..,A,} € SN, a1,..,a, € Z such that

r
Z a; =0 and (T,w) = Y__; a; *w(A;). With minor modifications, our proof
i=1

applies also to the case N = 2. We treat below only the case N > 3.

Note that (5.9) is meaningful, since T' belongs to both W ~1sP(A25N) and
Ws=22(A25N). Indeed, for any a € WH4(A2SN) 0 W22 (A29N) (with ¢ =
sp/(sp—1) and p’ = p/(p — 1)), we have (as a consequence of the trace theory
and the fact that ¢ > 2 and 2 — s — 2/p’ > 0):

|/*a| < Ol xallpian-2r) < Cllxallwi-2/a0an-2r) < Cllallwiaazsn)
T

and |/*a| < Ol xal[prav-2r) < Cll* allyya-eo2/p 0 (an—2r)
r

< Cllallyz-sp (azgm)y-

We admit Lemma 5.3 for an instant and we prove Theorem 5.1 b). Let
T be in the closure of the set of 2 currents x€ associated to a smooth con-
nected N — 2 dimensional boundaryless submanifold as in (5.8). Then, there
exists a sequence (T, )nen satisfying the hypotheses of the lemma, converging in
W=LsP(A2SNY N Ws=2P(A2S5N) to T. The above lemma implies the existence
of a sequence (up)nen, such that J(u,) = T, and satisfying (5.9) with T re-
placed by T},. The sequence (u,,) is bounded in W*? (SN, S1) c Whsp(SN §1),
Then, up to a subsequence, we can assume that (u,) converges a.e. to some
u € WhsP(SN 1) and since |u,| < 1 a.e., the dominated convergence theorem
shows that (un)neny converges to u in L?7. We can also assume that (dug,)nen
weakly converges to du in L*P(A1S™). Thus (J(un))nen converges in D'(A2SY)
to J(u). Hence J(u) = nT and u satisfies (5.9).

Proof of Lemma 5.3: Let M := SN\ T. Then M is a smooth open subset
of SN.

step 1: We first introduce v € WHsP(AN=25N) 0 WP(AN=25N) such that
d0dv = *T = ~ where v denotes the N — 2 current

{7, a) :Zai/ a , Yae C®(AN28N),
i I

Such a v exists. Indeed, I has no boundary, so that in the sense of distribu-
tions 0 = 0. This implies that -« vanishes on closed forms and thus on harmonic
fields. Hence, denoting by v := G(v), (where G is the Green operator, see sec-
tion 6), we have v = ddv + ddv = ddv since 0 = G(§v) = 6G(y) = dv. Moreover,
as a consequence of the properties of the Green operator, the following estimates
hold: there exists C' > 0 such that:

||’U||Ws,p(AN72SN) S C||7||W572,p(AN72SN) S C||T||W572,p(AZSN)

||’U||W1,sp(AN72SN) S C||7||W71,sp(AN72SN) S C||T||W71,SP(A25’N).
Note that v is a measurable function, which is harmonic on M, and in particular
smooth.
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step 2: There exists an N — 1 current A such that A = ~y; moreover, we may
assume that for each 7, there exists an N — 1 dimensional rectifiable set A; and
a measurable N — 1 form 7; satisfying |7;| = 1 a.e. such that

(A w) = Zai/ (w]r) dHN ™Y Yw € O (AN 18T,
i A

Here, we use the fact that every rectifiable current in RY with finite mass,
bounded support and no boundary is the boundary of an integrable current
with finite mass (see [2], Remark 2.6.).

We consider the 1 current xA defined by

(xA, ) = (=1)N YA, xa), Yo e C®(ALSY)

and set
C = xdv — xA.

We note that dC :=d* (dv — A) = (—=1)VN =2 % §(dv — A) = *(y — ) = 0. Then,
thanks to a BV version of the Poincaré Lemma on manifolds (see Lemma 5.4
below), there exists some ¢ € BV (S™) such that (in the sense of distributions)

dp = C.

Lemma 5.4 Let C be a 1 current on S such that dC = 0. We suppose that
C is associated to a Radon measure on SN, which means that

sup(C, a) < 400
where the supremum is taken over all o € C*°(AYSN) satisfying
llaf|poe (arsny < 1.

Then there exists ¢ € BV (SN) such that dp = C' (in the sense of distributions).

Proof: As usual, we regularize C, we apply the classical Poincaré Lemma to this
smooth C' and we then pass to the limit. We recall the following

Lemma 5.5 (/83]) For any p current D associated to a Radon measure on SN
and any € > 0, there exists w. € C°(AN"PSN) such that R.(D) defined by

(Re(D),a>:/ weha , Yae C®(APSY)
SN

satisfies:

i) M(Re(D)) < (14 €)M (D) where M(D) := sup(D, a) over the maps o €
C>(APSN) satisfying ||al| Lo~ (arsn) < 1,

i) if 8D = 0 then 0R(D) =0,

iii) Re(D) — D in D' (APSN) when € — 0.

Let 3. € C°(AN=1SN) be such that

(Re(xC), ) = /SN (Bela)dHY , Yo € C(ANTLSN).
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Put it otherwise, (. is defined by (—1)N*1 * B¢ := we where w, is the 1 form
appearing in the statement of Lemma 5.5 for D := xC. Since dC' = 0, we have
03e = 0. Hence, by the classical version of the Poincaré Lemma, there exists a
smooth function ¢, : SN — R such that ¢e =0 and dpe = (—1)V 1 % 3..
SN
Then, using the Poincaré Sobolev inequality for W1 functions,

[[@ellrsvy < cllddellprarswy
< ¢ sup (dope,h) < c sup (Be, @)
Hh”Loc(AlSN)Sl ||aHLOO(AN715N)S1
< e(l+¢) sup (C, h).

[1h] oo (a1 5Ny <1

Hence, the sequence (¢) is bounded in W11(S¥). Then, up to a subsequence,
¢ converges in BV (S™V) to a function of bounded variations ¢. In particular,
we have in the sense of distributions,

do = lilrl%cqu)6 = lilrl%(—l)N_1 *fB.=C.

step 3: Recall that, for any f € BV(SY),df is the sum of three 1 currents
of measure type: the absolutely continuous part d, fLH?, the Cantor part de f
which is singular with respect to the Lebesgue measure and does not charge any
HN~1-finite set and the jump part d; f which is concentrated on a rectifiable
set of codimension 1. Furthermore, d; f can be written as [f]vsHN 1 S f, where
the NV — 1 rectifiable set S f is the set of point of approximate discontinuity of
f,vy is an N — 1 form defining the orientation of Sf a.e. and the jump [f] is
the difference between the trace f+ and f~ of f on the two sides of Sf (see [34]
for details).
Here, we have

dp = dud + dod + djp = *dv — A,

so that dc¢ = 0,d,¢ = *dv and djp = — % A.
Since d;j¢ = (¢ — ¢ )y HN ~1LS¢, we see that S¢p = U; 4; HN ™! a.e. and
that ¢t — ¢~ is an integer HN ! a.e. z € So.

step 4: Let us consider: u := (—1)Nexp(2ine).
Hence, thanks to the chain rule for BV functions (see [34]), u is a BV function
with
dou = (=1)V2miud,¢ = (—1)V2miuxdv , deu=0
and Su C S¢, with (—=1)N (ut —u™) = exp(irp’) — exp(2ingd~) = 0 HN -1
a.e. x € Su. Hence, d;u = 0.

Thus du = d,u is absolutely continuous with respect to the Lebesgue mea-
sure.

step 5: Up to now, u is a smooth function on M. Moreover, since u is S!
valued, |du| < C|dv| so that

|ldul|par(arsny < Clldv]

LsP(AN-28N) < C||T||W71,SP(AQSN).
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Let us now prove that
ldullwerarsny < CUT|lwa-roazsny + 1Ty -1.0pa257))-
Thanks to Corollary 5.1b, we have (taking into account the fact that |u| < 1),
l|dullworarsyy < Cllux dv||woraisn)

< C(lldvllwor (av-155) + [ldul| ;o 1w a0l | Lor(an-153))

< C(lldvllwenar-15%) + [1dv][355 gx-1 gy l[dvllLon (ar-15v))

< O(”THWU*LP(AZSN) + ||T||?/V—1,sp(A25N))-

Hence, u € W*P(ALSN).
This ends the proof of Lemma 5.3, in view of the fact that:

J(u) =1/2dufwy = (—1)Nrdx dv = 7% ddv = 7w x y = «T.
O

o o Wor(sY,sh) .
Proof of Theorem 5.3. If u € C>(SN, ST , then there exists

a sequence of smooth maps u, converging to u in W*P(S™ S1). Using the
continuity of J from W*? (S S1) into D'(A2SY) and the fact that J vanishes
on C (SN, S1) we get J(u) = 0.

Conversely, if J(u) = 0 for some u € W*P(SN S§1) then there exists ¢ €
WeP(SN)y N WLsP(SN) such that j(u) = dé. Indeed, there exists k € N such
that G*(j(u)) (the k*" iterate of the Green operator) is C! on SV (thanks to the
Sobolev embeddings and in view of the regularization properties of the Green
operator, see section 6). Moreover, dG*(j(u)) = G¥(dj(u)) = 0. Then, by the
smooth version of the Poincaré Lemma, there exists some 1 € C1(SY) such
that G*(j(u)) = dyp. Then

j(u) = AFGF(j(u)) = Afdy = dAFp.

Then, we set ¢ := AF). By construction and thanks to the regularization prop-
erties of the Green operator, ¢ is in W*P(SN) N Whsp(SN),
So,

due™™) = e (du — iudp) = ue™ " (adu — iufw)
= ue_i¢(u1du1 + usdug) = 1/2ue_i¢d(u% + u3)
= 1/2ue_i¢d1 =0.

Hence, there exists C' € R (since |ue~*®| = 1) such that u = e*(¢*+). Moreover,
there exists a sequence of smooth functions (¢,) C C*°(SY) converging to ¢ in

WLSP(SN) N W&P(SN)_ Then, u,, := elPn converges to u in Ws’p(SN7,S'1), see
—_— s,p N 1
[21] and [67]. Finally, u € COO(SN’SI)W (s™,s )-
O
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5.5 The set R is dense in W*?(SV 1)

The aim of this section is to prove Theorem 5.2. Let s > 1,p > 1 such that
1 < sp < 2. The case s = 1,p < 2 of Theorem 5.2 has been proved in [7]. Then,
we limit ourselves to the case s €]1,2[,p > 1, following the strategy of the proof
of Lemma 23 in [9]. Recall that

R:={uc ﬂ whr(sN SHNnwsP (SN, S : u is smooth outside

1<r<2

a smooth oriented N — 2 dimensional boundaryless submanifold}.

When N = 2,u is assumed to be smooth outside a finite set of points A in S2.

We first introduce some notations. Let f, : R? — {a} — S*, be the function
defined by:

X —a
o(X) = ———

and j, : S' — S! the inverse of f, when restricted to S*.

For any a € Bg2(0,1/10) and any w : S — R? we denote by w® the map
w(x) —a

W)= @) —al

which is defined on {z € SV : w(x) # a}. We have

Id (X —a)® (X —a)

Yo = = X =P

where (X —a) ® (X — a) denotes the 2 x 2 tensor [(X —a) ® (X — a)];; =
(X —a)i(X —a);, and for any smooth w : SN — R? (or any w € WHP(SN S1)),
Dw(X)  (wX)-a)® (wX)—a)

Pl =@ —d T e P

for almost every X € {X’ € SV : w(X') # a}. Besides the fact that

C
|dfa(X)] < X —a’ (5.10)

we will also use the following Lipschitz property of df, :

Lemma 5.6 There exists C > 0 such that for any X,Y € R? — {a},

(X - Y]
dfe(X) —dfe(Y)| < C .

(5.11)
Proof: First, remark that df,(X) = dfp(X — a) so that we can assume a =
0. Second, dfp(AX) = (1/A\)dfo(X) so that we can suppose |X| = 1. Finally,
dfo(ReX) = Rodfo(X)R, " where Ry is the rotation of angle 6. Hence, we may
assume that X = (1,0),Y = (rcos@,rsinf). Then,

(A (X) — df (V)] < ¢ ax(Usin bl r = cos® 0l)

r
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We estimate the ratio |sin|/|1 — re®|; the ratio |r — cos? 0|/|1 — re®| is easier
to handle. We have:

L= rei?| = /T 1) + 2(1 — cos ) = |1 —rl\/1 +22(17(9>/2)

Then - ol sin(@/2
[sinf) B i o 22

[1—rei?| — V14 rp? [1—r|

We have u < 4 if r <1/2 and

B f
V14+rp? /14 p2/2
if 7 > 1/2. In any case [sinf|/|1 — re?| is bounded independently of @, r. The

proof of Lemma 5.6 is complete.
O
The proof of Lemma 22 in [9] shows that

Claim 5.1 For any smooth function v : SN — Bg2(0,1) and for a.e. a €
Bg2(0,1/10), the function v* is smooth on S™ \ v=1(a) and belongs to W1 for
any r < 2.

On W*?(SN S1), we choose the norm:

[[ullwersvy = [[ullLesny + [|dul| o arsny + [ Do pdul|Lr(sny,

with o = s — 1.
We will use the fact that

|d(U1 + UQ)z — d(u1 + ’U,g)yl < |d’LL19; — du1y| + |d’LL29; — dUle,

(this is an easy consequence of the definition of | - |, see section 2).

Let u € W*P(SN S1). There exists a sequence of smooth functions v, :
SN — Bg2(0, 1) which converges to u in W*P? (S R?). We can suppose further
that v, converges to u H™ a.e. and that dv. converges to du HY a.e. Using the
continuous embedding W*P(SN) N L= (SN) ¢ WhsP(SN) (see (5.7)), we may
also assume that the sequence (v.) converges to u in W1P(SV). Note also that
Ja(u®) = u. We then set

u¢ = jo (V7).

The proof of Lemma 22 in [9] shows that

Claim 5.2 The quantity / [lug — u||€V1,p(SN) da converges to 0 when
By2(0,1/10)
€ goes to 0.

One of the main tool of the proof (that we omit here) is that when p < 2, there
exists some C' > 0 such that

d
/ — _<c VX<,
By (0,1/10) | X —al?

The new result, which enables us to generalise the density theorem to the case
5 > 1 is the following claim.
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Claim 5.3 The quantity/

[|Do,p(dug — du)||’£p(SN) da converges to 0
By2(0,1/10)

when € goes to 0.

We admit Claim 5.3 for an instant and we complete the proof of Theorem

5.2. Let l(a) := [|u?—ul| We know that [, := le(a) da tends
Bg2(0,1/10)

to 0 when e goes to 0 thanks to Claim 5.2 and Claim 5.3. Since (Chebychev’s

inequality)

p
Wep(SN)*

{a € Bra(0,1/10) : le(a) > V/Ie} < /Ie (if 1 #0),

we see that for each € > 0, there exists a regular value of v., say a., such that

le(ac) < V. (5.12)

(By Sard’s Theorem, almost every a is a regular value of v..) For such an
ac,uls belongs to W*P(SY S1) and is smooth except on the smooth oriented
N —2 dimensional boundaryless submanifold v !(a.) (respectively, a finite set of
points when N = 2). Hence, u% belongs to R and converges to u in W*P?(SV).

We now prove Claim 5.3. We will denote g, := jo o fo : R2—{a} — S* C R?.
Note that |dgq(u(x)) — dga(u(y))| is well defined for almost every z,y € SV via
any norm on the set of linear maps from R? into R2. Moreover,

Dg‘,p(a%}ﬂ) S DUvP(O[)+D07P(6) ) VOL,IBG LP(A18N7R2)'
We find that for any regular value a of v.:
| De,p(d(ga 0u) — d(ga OUG))”LP(SN) = [|Dop(dga(u) 0 du — dga(ve) o dve)|| ()

= [1Dop{(dga(u) — dga(ve)) o dve + dga(u) o (du — dve) }|[ Lo (sv)
<1 Dop{(dga(u) = dga(ve)) o dve}|po(sny + || Dop{dga(u) o (du — dve) }|[ o (sn)
< |lldve| Do p(dga(u) = dga(ve))l|Lo(sv) + |lldga(w) — dga(ve) | Do p(dve)llLe(sw)
+llldu — dve| Do p(dga(u)l| Lo (s7) + [[ldga(w)| Do p(du — dve) | e (sv)-

The fourth term is lower than ||dg,(u)||so||De,p(du — dve)||r» which goes to 0
(recall that u is S* valued so that ||dg,(u)|| is lower than a constant indepen-
dent from a). Let us denote by Aj, As, Az the three terms still to be estimated.
We have ) )

Ay <C [ Do,p(dve)[”(

+
[ve|<1/2 lu—alp  [ve—al?

)

+C |Dop(dve)[P|dga(u) — dga(ve)|P =: C(BY + BY).
e >1/2
Since dv, converges to du in WP (A'SN), we find that || Dy, (dve — du)|| 1o (sn)
goes to 0. Thus, there exists some kg € LP(SY) such that (up to a subsequence)
|Do.p(dve — du)| < ko. Hence, Dy ,(dve) < Dy p(dve — du) + Dy p(du) is lower
than the LP function k := ko + Dy p(du). On the set where |ve| > 1/2,u and
ve remain far from Bg2(0,1/10), so that |dge(u) — dge(ve)| remains bounded.
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Since dgq(ve) — dga(u) a.e., the dominated convergence theorem implies that

BE da — 0 when € — 0.
By2(0,1/10)
Furthermore,

1 1
/ B < C % / ( + )da
By (0,1/10) lve|<1/2 By (0,1/10) (U —alP e —al?

<cf w
‘Ue|<1/2

which goes to 0 since |[{|v| < 1/2}| goes to 0 as e — 0. Using Corollary 5.1a
(with z := |du — dv.| and w := dg,(u)), we see that

Az < Clld*ga (W)l Zoe (53 £ (@2 xm roy) ldl|Ton (a1 g3y lldte — dve [ Len(ar sy,

Thus, A3 — 0 as € — 0.
The term A; involves the most tricky computations. Let us introduce a
smooth function ¢ : [0, oo[— [0, 1] such that

[ 0if t<1/4,
W)_{ Lif t>1/2.

We decompose dgq(v.) as

dga(ve) := dga(ve)(|ve]) + dga(ve) (1 = P(Jvel))-

This decomposition yields

A1 = |l|dve| Do p(dga(u) — dga(ve))llLo(sm)
= |ldve|Do,p{dga(u) — dga(ve)ih(|ve]) — dga(ve) (1 — ¥ (Jve])) Lo (sv)
< |l|dve| Do, p{dga(u) — dga(ve)i(|ve]) }||LP(SN)
F||dve| Do p{dga(ve) (1 — ¥ (Jve])) Hlze(sn)
= K;+ Ks.

Using Corollary 5.1a with z = |dv.| and w = dga(u) — dga(ve)¥(|ve]), and
the fact that dg, is bounded near S', we obtain

Clldvel|Lor (arsmylld{dga(u) = dga(ve)(|vel) HIZen(s)
Clldve]|ponarsn){lld*ga(w) © du — d*ga(ve) o dvetb(|ve )| 7 oo s,
+llldga(ve)lld(®) o vl Zsn sy }-

The dominated convergence theorem shows that this quantity goes to 0 when e
goes to 0.
Next, we turn our attention to Ks.

Kg = |||dU6|DU,p{d9a(Ue)(1_¢(|Ue|))}||ip(sN)

< / |[dve ()" (Do,p{dga(ve) (1 = P(|ve|))})" da
[ve(x)|<1/2

DI
\dve ()P —— 2y da
//Ue(y)|<1/2 |d( )|N+o’p

K,

IN

IN
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with
D = dga(ve(2))(1 = ¢ (Jve(2)])) = dga(ve(y)) (1 = P (Jve(y)]))-
Writing |dve(z)[P < 2P(|dve(z) — dve(y) [P + |dve(y)|P), we get that

/ /|dv (m)|p$dm dy
lve(y)|<1/2 |d(z,y)|NFop

is lower than C(§ 4 (), where
D[P
|dve (7)) — dve(Y)IP ——— v
/ug W)<1/2 / |d(z, y)[¥For

|D[P
dve ()P
/lve <1/2/| |d x,y)|Ntor:

Recalling that
1

D <C + )
P —ap ) —ap
we obtain
[ c@asc Doyl )] dy
Bgy2(0,1/10) [ve(y)|<1/2
which is lower than / kP(y) dy. This last quantity converges to 0. Con-
lve(y)[<1/2

cerning ¢, we have:

¢=(la) = / (dve(2) P (Do p {dga(ve) (1 — ([0 ) })P de
|ve (z)]<1/2

It remains to show that / ¢(a)da — 0.
Bg2(0,1/10)
For any X,Y € Br2(0,1) \ {a}, we have:

dga(X) - dga(y) = (dja(fa(X)) - dja(fa(y))) o dfa(X)

+(dja(fa (Y))) o (dfa (X) - dfa (Y))
Using Lemma 5.6 combined with the inequality

X-a Y- HX —ally - X| _ X V]
o(X) = foY)| = - - ’
5a(X) = £ = 15— ~ Tyl S 2T —allv —al =2 T¥
we find that
|fa( ) a( )l |X_Y|
dga(X) —dga (V)| < ¢
|dga(X) — dga(Y)] X — al + | X —al|lY — al
X -
< S bl B 5.13
- | X —allY —q] ( )

Moreover,

(1 =¥ (|ve(@)]))dga(ve(x)) — (1 = ¥ (|ve(y)]))dga(ve(y))] <



142 Chapter 5. Topological singularities in W*? (SN, S1)

2|dga(ve(x)) = dga(ve(y))] + ldga(ve ()¢ (Jve(2)]) = ¢ (jve(y) ]

Thanks to the mean value inequality applied to 1, we have:

(@) = B(oc)] < Cllve@)] — ol < Clece) - v W),
so that:
(o)1) = (o] < 12 =t
j0e() = vely)]
= Toco) — allecy) —al
Thanks to (5.13) with X := ve(x),Y = v(y), we have:

B . [ve(x) — ve(y)
|dga (ve(z)) — dga(ve(y))| < C|v€(z) ~alfocly) —a|

Finally,
|(1 =¥ (jve(@)]))dga (ve(x)) = (1 = ¥ (|ve(y)]))dga(ve (y))] <

|ve () — ve(y)]
ve(2) — allve(y) — al’

Hence,

Do p{dga(ve) (1 = 9 (Jve])) }(x)?

|U€(y) - Ue(‘r)|p
<C dy.
=Y Jon d@, ) NP o (@) — alPlocy) —ap Y

So,

[Ve(y) — ve(z)[P

C da dy|dv (z)|? :
tla) < /vs(x)|<1/2 /SN @ dyldve(@) d(z, y)NtoP|ve(x) — alPlve(y) — af?
(5.14)

In the sequel, we will use the following lemma:

Lemma 5.7 For any X,Y € Bg2(0, 1), we have

da
——— < C(1+|In|X-Y|)
/BWZ (0,1/10) |X —al]Y —aqf

d/ da < ¢ hen p > 1
an < — when p > 1.
B2 (0,1/10) | X —alP|Y —alp = [ X — Y22

Proof: Suppose first that p > 1. Using the change of variables a’ = —X + a and
then o’ = d'/|Z| with Z :=Y — X, we have

/ da B / da’
By (0,1/10) [ X —alP[Y —al? B (—X,1/10) |0/ [P|1Z — a'|P

B 1 / da"
|Z|2®=Y g, (—x/1z1,1/0012)) 1@ PI1Z/|1Z] = [P

< 1 / da”
= TZF0T o I 0 P
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which completes the proof of the case p > 1 in view of the fact that

/ da” < (/ da +/ da
<c — —
ez |a”[P|(1,0) — a”[P By (0.1/2) 1a”  JB,02)- B 0.1/2) la = (1,0)[

+/ da ) <
— 0.
By2(0,2)¢ |a|?®

When p = 1, the proof is the same apart from the last estimate:

da” da"
7 < O+ C/ =
/B<——> la”1|Z/12] = a”| Bea (~ ol \Bra 0:2) [0

da// da//
and / "2 S / 12
Bya (= . 15\ Be2 02) 10717 7 J B 0.2\ Bra (0,2) |0”]

< O] 2] +1).

(I
Using Lemma 5.7 in (5.14) for X = v.(z) and Y = v.(y), we get that

/ ¢(a) da is not greater than
Bg2(0,1/10)

_ 2—p
cf / i dyldu (o) p L2k~ velw)]
v ()| <1/2 J N d(z,y)N+op

when p > 1 and

c ug(x)|<1/2[5N dx dy|dve ()| (g Ve (1+ |In Jve(z) — ve()|])

when p = 1. In the latter case, the term

|’U€(l‘) B Ue(y)|
dx dyldv. ()| —————
/Ue(m)<1/2 /SN [dve(@)| d(zx,y)N+eo

can be easily handled using Corollary 5.1a while the term

/Ue(z)|<1/2/SN dx dy|dv, (z)] (g v | |ve(z) — ve(y)]|

is not greater than

|1—o¢

|U6($) B ve(y)
C’/ / dx dy|dve (z
lve ()| <1/2 J SN dve(=) d(zx,y)N+eo

for any «a €]0,1 — o[ and some C' = C(«).
In any case, a variation on Lemma 5.2 implies that for any a €]0,1 — op],

() — v @)1~ e e e
/SN Aoyt WS clMUdvd =) ()] +1). (5.15)
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To prove (5.15), we adapt an idea of Hedberg (see [48], see also [67]). There
exists dp > 0 (independent of z) such that the exponential map exp, is a smooth
diffeomorphism from By g~ (0, dp) onto Bgn (x,d0). Fix 6 € (0,dp). First,

[ve(@) —ve ()|~ c- / [ve(z) — ve(y)|'
dy < dy
/SN\B N(ws)  dl@y)Ntor kZ:O sl o5 (2RG)NFOP
e k+15\N
<C (2k J\;SJ)r k1 / ve = ve(x)]' 7
P (2 5) op |BSN x,2 5 | Bgn (z, 2k+15)
<5 27 Mlve — ve (@) ().
k=0

Furthermore, using the change of variable y — k = (exp,)~!(y), we get:

JR ) @) — velexp, (B)[
o (.0) = B e 00) [[K| [P

d(z,y)N+op

sc/ / due(exp((1 — k) [k[|~* dt
By, on(0,6) ||/<?||N+Up

1 1-
dt |dve ()1~
cof .
o (1= Jp_\(a.1-1)s) d(z,x)NFTotor=l

S |dve(2)[' ™
<C d
- Z/2’“16<d(a:,z)<2’“5 d(zaaj)N+Up+a_1 ¢

k=0
> 1
Jima-N-opggkN___ 1 __ (e (2)|' = d=
kz:: |Bswn (2,027%)| By (2.62-¥)

< 5P M|dv | (x).

|’Ue($) — 'Ue(y)|1_a
/SN d(l‘, y)N+ap dy

< O Mldv [~ (2) + 5P M, — ve()] '~ (@)).

Thus,

Minimizing on § < dg, we get:

Jve(2) = ve(y)]
/SN d(z,y)N+or 4y
C(Mdve]' =2 (@)) 7P/ =) (Mo — ve()|' = () -/ (A7)

+C6y 7P (Mve — Ue(x)llia(x))-

Using the fact that v, is uniformly bounded by 1, we get the expected result
(5.15).
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We now use (5.15) in the estimate of / ¢(a)da. When p > 1, we
Bg2(0,1/10)
take o := p — 1. The map M being bounded on L®*/(2~P)
/ ((a)da
By2(0,1/10)

og/(2—
Tort sy +1)

IN

(M ]dve|*77]

p
Clldvel[T,op(jo,<1/2)

IN

OlldvellTon o, <1 /2) (ldVellLZ (a2 53y +1)

which converges to 0 when e goes to 0, thanks to the dominated convergence
theorem. When p = 1, a similar estimate holds for any « €]0,1 — o[. This
completes the proof of Claim 5.3 and Theorem 5.2.

O

5.6 The Laplacian on SV

In this final section, we describe and prove some results concerning the regularity
of the solutions of:

Av=T (5.16)

to be solved in fractional Sobolev spaces W*P(A'SN 81, with s,p > 1,sp > 1.
We recall here the main results, following Scott [82]. We will also prove few
results, presumably well-known to experts, but that we could not find in the
literature.
First, we define the harmonic [ fields by

H(A'SN) := {h € C®(A'SN) : dh = 6h = 0}.

This is a finite dimensional vector space, whose orthogonal space (with respect
to the inner product on [ forms) will be denoted by H(A!S™)L. Then, we denote
by H(w) the harmonic projection into H(A'S™) of an I form w, that is:

(w—H(w),h) =0

for any h € H(A'SN). (In fact, H(A'SN) = {0} if 0 < I < N. We have introduced
these notations for the sake of generality, since all the results of this article can
be generalized to the case when S¥ is replaced by more general manifolds).
Now, (Definition 5.23 and Proposition 6.1 in [82]) for any w € LP(A'SYN),
where 1 < p < oo, there exists some G(w) € W2P(ALSN)NH(A'SN)L such that

AG(w) =w — H(w)

and G is a bounded linear operator from LP(A'SY) into W2P(A'SN). More-
over, G is selfadjoint and commutes with the Laplacian, the differential and the
codifferential.

The Green operator G and the harmonic projection H can be extended to
D' (ALSN), by duality, setting (G(w),a) = (w,G(a)) and the same for H. We
still have AG(w) = w — H(w) for any w € D'(ALSY).

By duality, G is also continuous from W ~=2P(ALSY) into LP(A'SN),1 < p <
oo. Furthermore, if T € W=1P(ALSN) and v := G(T), we already know that v
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is in LP(A'SN), since T € W=2P(A'SN), and for any a € L (A'SN), we have
da = 0AG(a) = AdG(ar), so that

<d’U, Ot> = 7<U7(SO£>
= —(v,A(6G()))
= —(T,6G(a))
< T llw—r2 [18G ()]l
< COlT[lw-rr ([[d6G()|| Lo + [[6G()]| o) (see [82]; Cor 4.12)
< COlT|lw-1ellallp» (see [82], Prop 5.15, Prop 5.17).

This shows that dv € Lp(Al+1SN) and ||dv||Lp(AL+15N) < C||T||W71,p(AlSN). We
have a similar estimate for |[6v||.r(r1-19~). Hence (see [82], Cor 4.12), G is a
bounded linear operator from W~=1?(ALSY) into W1P(ALSN).

When s ¢ Z,1 < p < 0o, the fractional Sobolev spaces WP can be defined
by interpolation (see [78]). If we combine this with the previous remarks, we
have:

Proposition 5.3 The Green operator G is a bounded linear operator from
We=2P(ALSNY into WHP(ALSY),
when 0 < s <21 <p< 0.

The case p = 1,1 < s < 2 is also needed and not covered by the previous
proposition. This is the object of the remaining part of this section:

Theorem 5.4 Fizl € [|0,N|] and 1 < s < 2. There exists C > 0 such that for
any T € W3=21(ALSN) satisfying H(T) = 0, there is an w € WL(A'SN) such
that Aw =T and

ol atswy < ClITlwe-zsars).

It is well-known that this statement is false for s = 1. To prove the theorem, we
use the Besov’s spaces and the fact that they coincide with Sobolev’s spaces for
noninteger values of s. Actually, the proof of Theorem 5.4 is true when W#! is
replaced by W*P for any 1 < p < oco,s > 1 and (s,p) ¢ N x {1}. This fact was
used in the proof of Theorem 5.3.

The proof of Theorem 5.4 rests on the following lemma:

Lemma 5.8 There exists C > 0 such that for anyw € C*°(ALSN), with H(w) =
0, we have:
llwllwer(arsyy < CllAw||we—21(a15m).

Indeed, if this lemma is true, let T € W= 21(ALSN) satisfying H(T) = 0.
Then, there is a sequence of smooth T, € C*(A'SY) converging to T in
Ws=2L(ALSN). Since H is continuous on W~21! (into a finite dimensional
space), the sequence H(T;,) converges to 0. Hence, we can assume that H(T},) =
0 (by replacing T, with T,, — H(T},)).

For each n, there exists w,, € C*°(A'SY) such that Aw,, = T}, and H(w,) =0
for every n. From Lemma 5.8 and the fact that A(w, —w,) = T, — Ty, it follows
that

||wp — Wq”Ws,l(AlsN) S C||Tp — Tq”Ws—Q,l(AlSN).
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This shows that (w,) is a Cauchy sequence in W*1(A'SY). So, it converges to
some w € W1 (A'SY) which satisfies Aw = T and the estimate

[lwllws1arsnvy < CIT[|lws—21(arsmy

follows.
So it remains to prove Lemma 5.8. The proof relies on the following three
lemmas:

Lemma 5.9 There exists Co > 0 such that for any w € C°(RY), we have:
lwllw=a@yy < Co(l|w]lwe—21@n) + [|AW]|lw-21 @a))-
Proof: Thanks to the lifting property (see [78], Proposition 2.1.4.1), we have:

||w||W3v1(]RN) < C”]:_l(l + |y|2).7:w||W372,1(RN)
= O”(*A + I)'lUHWs—Z,l(]RN)

C(”A'LUHWS—Z,I(RN) + ||’LU||W572,1(]RN)).

IN

O
We proceed with the slightly more elaborate lemma, where we use the no-
tation I(I, N) :={(i1 <..<4):1 <41 <..<ip, <N}

Lemma 5.10 Let V' be an open neighborhood of 0 € RYN. Let a’/*8 € C>=(V)
forany I € I(I,N),J € I(l,N) and any o € [|1,N|],8 € [|1, N|]. We assume
that a’7*P(0) = 0770ap. Then, there exists p > 0,C > 0 such that for any
wy € CX(B(0,p)),J € I(l, N), we have:

@) llwes airsy < COXT s aimy + @) llwesr aigns)
where TT denotes:
i ;:ZZ 1sap %95y,

8% 8Ig

Here, the norm |[(w)|yys1(@®~) means (for instance)

||(wJ)||WS’1(Al]RN) = Z ||wJ||WSv1(]RN)-
J

Proof of Lemma 5.10: Let us pick some p > 0 which will be subsequently subject
to some restrictions (independent from the w;’s). Let wy € C°(B(0,p)), J €
I(l,N). For any I, we have:

||Z@Iaamaw1||ws 2,1(RN) = || Z aIJaﬁ )BmaameHWs 2,1(RN)
J,a,B

< Z 0. 0, (@77 (0) — a7 ) )| Jyyre—2.1 ()
J,a,B

HIY - 02,0, (a7 P wy) ez )
J,a,3
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<1 Z (aIJaﬁ(O) - aUaﬁ)WJHWSJ(RN) -+ Z aIJaﬁaﬂEaaﬂEﬁwﬂ|W5*2«1(]RN)
J,a,8 Jya, 3

tel|(wa)llws-1.1(atryy =t a1 + a2 + as.

where ¢ depends only on the a!/*?’s.

To estimate the term a1, we use Lemma 4.6.2.2 in [78] with ¢ being a function
in C°(RY) equal to 1 on a neighborhood of B(0,1) and ¢ := s —1:

||[‘1Uaﬁ(-) - al']aﬂ(o)]wJHWs,l(RN) < c(pllwillwsa@yy + Collwsllwer@y))

IJap»

where ¢ depends only on the a s. This implies that a; is not greater than

N2cp||(w_])||Ws,l(Al]RN) + N2CCP||(W.])| |WU,I(ALRN).

The term ay is exactly ||T7||ys—2.1@n). Finally, we have shown that:
||Aw1||WS*2v1(1RN) < CH(TJ)HWS*?J(AZ]RN) + CH(WJ)'lWS*lvl(AlRN)

+NZepll(@)lwsr atrny-
This implies (thanks to Lemma 5.9 ) that:

||(WJ)||WS’1(A11RN) < OH(TJ)HWS*?J(A[]RN) + CH(WJ)HWS*l’l(Al]RN)
+N3epl|(w)|lwer arrm)
and finally if we choose p < 1/(2N3c) (which depends only on the a!/*?’s),
||(wJ)||WSv1(Al]RN) < CH(TJ)”WS*ZJ(AL]RN) + C||(WJ)||WS*1«1(ALRN)-

Lemma 5.10 is proved.
O

Lemma 5.11 Let 29 € SN. Then, there exists an open neighborhood U of zg
and some constant C > 0 such that for any w € C>(A'SN) compactly supported
in U we have

||W||WS’1(A1SN) < C(HAWHWS*?J(ALSN) + ||w||WS*1’1(AlSN))'

Proof of Lemma 5.11: The point xy belongs to the domain Uy of a chart ¢q
such that ¢o(xo) = 0 and g;;(w0) = 8. Let Vo := ¢(Up). Let w € C(AlUy)
and T := Aw. Then, for any n € C2°(A'Up), we have:

<dw7 d77> + <5w7 677> = _<T’ 77>

Let p:= ¢oyw =: > urej (where ej = ej, A.. Aej, and (e]) is the dual basis of
the canonical basis (e;) of RY). Then, for each I, the p;’s satisfy an equation
of the form (see [71], chapter 7):

Z aIJaBamaamglf/J = TI
Jya, 8

on Vy, where 77 is a sum of terms involving ¢o47T', 17 and the first derivatives of
the ps’s. Hence, the following estimate holds:

Tt lwe-21mny < CITllws—21 1) + [|wllws-11(a157))-
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Thanks to Lemma 5.10 for these a’/#, (which satisfy a!/%%(0) = 67,704z, see
[71], page 296), there exists p > 0 such that

(D) lweramyy < CUNTD w21y + ()l lwsr1arw))
if w is compactly supported in U := ¢5* (B(0, p)). This shows that

[[wlws1arsvy < C(JAW|lws-21 a3y + [|w]|ws-1.1a15M7)),

as required. Lemma 5.11 is proved.
O
We now complete the proof of Lemma 5.8. There exists a finite covering
Ui, ..,U, around some points x1, ..., z, such that the previous lemma is true on
each of these U;. We introduce a partition of unity ({;) corresponding to this
covering. Now, let w € C*°(A'S™) and w? := (jw. Thanks to Lemma 5.11, we
have for every j :

O(”AW]-HWS*?J(NSN) + ||wj||W5*1’1(AlSN))
C(||AW||WS—2,1(AlsN) + ||w||st1,1(AzSN)), (517)

||Wj||W5’1(AlSN) <
<

thanks to the multiplication property.

Furthermore, the Green operator is continuous from W*~21(A/S™) into
Wes=L1(ALSN). Indeed, the space W*~21(A'SY) is continuously embedded into
W—Li+e(ALSNY) (say for € := (s —1)/(N + 1 —s), see [78], Theorem 2.2.3). The
Green operator is continuous from W ~11T¢(ALSN) into WL 1+¢(ALSN) (thanks
to Proposition 5.3), which is continuously embedded in W*~1L1(ALSN). This
implies that for some constant C, we have:

||W||Ws—1,1(AlsN) S O”AW”WS—Z,I(AlsN)
(since, by hypothesis, H(w) = 0). Then, (5.17) implies
[|w? [lwe atsny < ClIAW|lws—2.1(atgm)-

This completes the proof of Lemma 5.8.






Appendix A

Appendix to Chapter 1:
Some further results on the
Lower Bounded Slope
Condition

In this appendix, we give some further results on the lower bounded slope con-
dition. As in Chapter 1, we consider a bounded convex open subset €2 in R"
and a map

¢: T - R,

where I' is the boundary of 2. Throughout this appendix, we will assume that
¢ is lower semicontinuous.

A.1 A weaker lower bounded slope condition

In light of the definition of the lower bounded slope condition, it is natural to
introduce:

Definition A.1 Let x € I'. Then we define the convex subdifferential of ¢ at x
by
9¢(x) :=={C€R":Vy €T, ¢(y) = p(x) + (C.y — x)}.

As usual, an element of the convex subdifferential is called a convex subgradient.
A map ¢ satisfies the lower bounded slope condition if and only if there exists
@ > 0 such that for any x € T":

9¢(x) N B(0,Q) # 0.

In chapter 1, we have already defined the prozimal subdifferential of ¢ at = € I'.
We recall that ¢ € dpd(x) if and only if ¢ € Op¢(x) where ¢(x) is defined by

¢(x) when z €T,

p:zeR H{ 400 when z ¢ T

151
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It is obvious that d¢(x) C Opg(x). We will say that ¢ satisfies a weak lower
bounded slope condition (or that ¢ is WLBSC for short) if

Vo € T, 0¢(x) # 0.

(When ¢ satisfies the lower bounded slope condition, we will say that ¢ is
LBSC).

Note that if ¢ is WLBSC, then it is bounded from below (since ¢(y) >
¢(x)+ (C,y — x) for any y,x €T, ( € 9p(x)).

From the properties of dpg(x), we get:

Proposition A.1 i) For any ¢ € R", ( € Op¢d(x) if and only if there exists
g € C%(R™,R) such that ¢ — g|r has a local minimum on T at x and Vg(x) = C.
ii) For any ¢ € R™, ( € Opp(x) if and only if
o(y) — o(x) — Gy — =)

lim inf 5 > —
Y= T,YFT ly — x|

In particular, if ¢ is the restriction of a C? map defined on a neighborhood of
some z € ', then dpg(z) # 0.

By definition of the convex subdifferential and the proximal subdifferential,
we have d¢(x) C Op¢(x). Conversely, when €2 is uniformly convex (see Definition
2 in Chapter 1), we have dp¢p(x) C d¢(z). (This is an easy consequence of the
definitions, and we omit the proof). The last statement gives a convenient way
to show that a map ¢ is WLBSC in case when 2 is uniformly convex.

It is natural to ask whether a function which is WLBSC' is necessarily
LBSC and if not, does there exist a further condition which guarantees this
implication? Note that if we had defined these conditions W LBSC and LBSC
for maps defined on an open subset of R" (instead of I') in a similar way, then
the answer to this question would be easy: it amounts to the fact that a convex
function is locally Lipschitz. The answer is quite different in our situation: it
depends on the geometry of ).

For instance, we have:

Proposition A.2 Assume that n =2 and that Q is a square:
Q= {(z,y) € R* : max(|z|, |y|) < 1}.
Let ¢ : ' = R be WLBSC. Then ¢ is LBSC.

Proof: Consider the map
g:x e [717 1} = ¢(I7 1)

It is convex on [—1,1] and the convex subdifferential of g at —1 and 1 is not
empty. Hence, g is Lipschitz on [—1,1] and there exists @ such that dg(z) C
[-Q, Q] for any z € [—Q, Q]. Repeating this on each side of the square and by
increasing @) if necessary, we may assume that ¢ is Lipschitz of rank @ on I'.
We denote by ((z) € R an (arbitrary) subgradient of g at x € [—1,1].
We claim that for L sufficiently large, we have ({(Z),L) € 9¢(Z,1) for any
€ [—1,1]. To prove this, we proceed to verify the inequality

¢(z,y) = ¢(z,1) + ((T)(x — ) + L(y — 1) (A1)
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on each side of the square.

On [-1,1] x {1}, (A.1) is obvious (for any L > 0) since y = 1 (here, we also
use the definition of {(Z)).

On [-1,1] x {-1},

oz, —1) = ¢(,1) — ¢z, —1) — ¢(z,1)| 2 ¢(2,1) + ((2)(z — 7) + L(~1 - 1)
provided that 2L > |¢(x, —1) — ¢(x, 1)|. This will be certainly the case if

L > |9l] e (r)-

For these values of L, (A.1) is true when (z,y) € [—1,1] x {-1}.
On {—1} x [—1,1], we use the fact that

o(—1,y) > ¢(—1,1) = Qly — 1| > ¢(Z,1) + ¢(Z)(-1 — %) + L(y — 1)

provided that L > Q. The case {1} x [—1,1] is very similar and we omit it.
Finally, (A.1) is true on each side of the square for

L := max(Q, H¢HL°°(F))‘

This shows that for any z € [—1,1],
06(z,1) N B(0,(Q* + L)) # 0.

The same can be done for any (Z,y) € I'. This shows that ¢ satisfies the lower
bounded slope condition.
O

The same proof shows that if ¢ is convex on each side of the square and
globally Lispchitz, then it satisfies the lower bounded slope condition. However,
a map which is WLBSC' is not necesaarily globally Lipschitz. It may happen
that it is even not bounded. Consider the following examples.

The set  is the unit disc in R? so that each point of I' can be written as
(cosf,sin ) with 6 € [0,27]. Then, the map

¢ : (cosf,sinfh) € T +— 53
is not bounded and yet, ¢ is WLBSC. To see this, it is enough to show that
dpp(cosb,sinf) # P for any 0 € [0,27) (since Q is uniformly convex). This fact
is obvious when 6 € (0,27) since in this case, ¢ is the restriction of a C? map
defined on a neighborhood of (cos 8, sin #). When 6 = 0, we can easily check that
(0,0) € 9¢(1,0) (this is a consequence of the fact that ¢ has a global minimum
at (1,0)). Hence, ¢ is WLBSC but not bounded.
The map
¢ : (cosf,sinh) €T — 0

is WLBSC and bounded but not continuous.

The map
¢ : (cosf,sinf) € I' — /| sinb)

is WLBSC and continuous but not Lipschitz.
The following theorem gives a necessary and sufficient condition for a map
¢ which is WLBSC to be LBSC.
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Theorem A.1 Assume that ¢ is WLBSC. For any x € T’ and any ¢ € dp(x),
we denote

Then ¢ is LBSC' if and only if for any x. € Q

I:=1inf sup myc(zs) > —o00. (A.2)
v€l ceag(x)

Proof: Assume first that ¢ is LBSC. Then, for any x € T, there exists
Cx € 0¢(x) NB(0, Q). Whence

sup myc(xs) > —Qdiam Q + inf ¢
(€0¢(x) r

for any x,. € 2. This completes the proof of I > —co.
Conversely, fix x, € € and assume that there exists M € R such that I > M.
Then, for any x € T, there exists (, € d¢(x) such that

T, e (T) > M — 1.
Recall that for any n # 0 in the convex normal cone to Q at x € I, we have
(ny—mx) <0 , VyeQ.

Hence, (, +n € 0¢(x) and by replacing n by tn for some ¢ > 0 if necessary, we
may assume that 7, ¢, 4n(z.) = M —1 (here, we use the fact that (n, z.—x) < 0).
We denote (, +n by &,. Now, we set

p:y €R" = sup(mye, (v))-
xzel
The map p satisfies the following properties:
i) p is convex,
ii) ¢ is the restriction of p to I',
iil) p(ay) =M — 1,
iv) Ve e T, VO > 0,

p((1 = O). +62) = (1 — O)p(a.) + Op(a).

Property iv) implies that p is finite everywhere on R™. This shows that ¢ is the
restriction to I' of a finite convex function p. By Proposition 1 in Chapter 1, ¢
satisfies the lower bounded slope condition.

O

A.2 A version of a theorem of Hartman for the
lower bounded slope condition

We recall first one of the main theorems in [43]. We fix some z, € . For any
three points in T, we say that (2o, 201, 1) is well ordered if x1 — x. and 2o — x4
are not proportional and if

I\, p) € R | 201 — 2 = Mzo — 74) + p(m1 — T4)-
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An easy consequence of the definition is that (zg,zo1, 1) is well ordered if and
only if (z1,zo1,zo) is well ordered.

Let (xo, 201, x1) be well ordered. Then the family {(zg—x, 1 —x)} gives an
orientation to the 2 plane I := Vect (29 — 2, 21 — ). We will say that a system
of coordinates (with x, as origin) on Il is well oriented (relatively to (zq, o1, 1))
if it is defined by an orthonormal basis which has the same orientation as the
basis {(zo — T+, 21 — x+)}. We can now state (see [43], Corollary 2.1)

Theorem A.2 The map ¢ satisfies the lower bounded slope condition if and
only if there exists N > 0 such that for any z, < —N,

o Mo (zo) — 2"
§or mor ¢(wor) — 2% |>0 (A.3)
& om Plxy) —2*

for any well ordered (xg,2o1,21). We have denoted by (§o0,m0), (o1,m01) and
(&1,m) respectively the coordinates of xg, o1, x1 in any well oriented system of
coordinates on Il = Vect (g — Tu, 21 — Ty).

Proof: For any z. € R, we can define
(1 =tz +tz) = (1 —t)zs +top(x) Yz €', Vt>0. (A4)

Note first that ¢ satisfies the lower bounded slope condition if and only if p
is convex for any |z.| sufficiently large. Indeed, if p is convex, then ¢ is the
restriction of the convex function p to I'. This implies that ¢ satisfies the lower
bounded slope condition. Conversely, if ¢ satisfies the lower bounded slope
condition, then the proof of Theorem A.1 shows that for any |M]| sufficiently
large, we can define a convex map p which satisfies the four properties i), ii),
iii), iv). If we choose z, = M — 1 in (A.4) then p = p (since p = p on x,, on T’
and is affine on each half line {z, + t(x — z,) : ¢t > 0,2 € T'}). This implies that
p is convex for |z,| sufficiently large.

We proceed to show that (A.3) is equivalent to the convexity of p. The
convexity of p is equivalent to the convexity of p restricted to any line L. If
2, € L, then the convexity of p|1, is obvious. Consider now a line L such that
2. ¢ L. Then, we may choose a system of coordinates (£,7n) in the 2 plane
generated by z, and L such that z, = (0,0) and L := {(¢,t) : t € R} for some
c> 0.

So, p|r is convex if and only if for any yo := (¢, @), y1 := (¢, 1) € L, with
ap < ay and any 6 € (0,1), we have

A(yo1) < 0p(yo) + (1 —0)p(y1), (A.5)

where yo1 = (¢, 0ap + (1 — 0)aq). Let us denote by x; = (&, n;) (i =0,1,01) the
intersections of I" with the half-line {z, +t(y; — x«) : t > 0}. Then, (zo, 201, 21)
is well ordered and the system of coordinates (£,7n) is well oriented (relatively
to (.’L‘o, o1, xl))

Let us denote by o, to1,t1 > 0 the numbers which satisfy y; = z.+t;(x;—x+),
j =0,01,1. Then,

P(yj) = 2 +tj(P() — 24) 5 tj = —.
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Hence, (A.5) is equivalent to

P(xor) — 2 _ 9¢($0) —z P(x1) iy
o1 - o &1

Since (xo,xo1,x1) is well ordered, we have {on1 — {170 > 0. Using this in the
inequality above, we get

(Som — &no)(d(xo1) — 24) < (orm — E1mor) (P(x0) — 24)+

(&omor — Eormo) (d(1) — 24)
which is equivalent to (A.3). This completes the proof of Theorem A.2.

=+ (1-0)

Note that (A.3) is equivalent to

& m  P(xo)
o1 mo1 P(zo1)
& om d(xr)

inf > —00 ,
S mo 1
o1 mMo1 1
& mo 1

where the infimum is taken over all the well ordered (g, 701, 1) € I'* which are
not on the same line (and (€9, 70), (€01,701), (€1, 11) denote their coordinates in
a well oriented system of coordinates). Note also that

o mo 1
So1 mo1 1
& om 1
is the area Az, z0,,5, Of the 2 simplex with vertices zg, zo1, 1. Similarly,

o mo B(xo)
o1 Mmo1  P(wo1)
&1 m (b(ml) _ ¢(x1)Azo,mo1,m* — (b(CEOl)Azo,z*,m + (b(CEO)-Az*,mm,m.

50 Mo 1 B A107I017I1
o1 mor 1
& mo 1

(A.6)
This quantity does not involve the derivatives of ¢ but only the values of ¢. It
is reminiscent of a property of convex functions defined on an open subset U of
R™ namely: f:U — R is convex if and only if
fa b+ e —h) ~2f()

g IR =

0,
(to be compared with (A.6)).

A.3 Density results

In this section, we show how the result of [45] can be generalized to the setting
of maps satisfying the lower bounded slope condition. Recall that a map which
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satisfies the lower bounded slope condition is convex on any line contained in
T. Let A(T) be the set of continuous maps ¢ : I' — R which are convex on any
line contained in I'. (In particular, when € is strictly convex, A(I') = C°(T,R).)
Then we have:

Theorem A.3 The set of maps ¢ : I' — R which satisfy the lower bounded
slope condition is dense in A(T) (for the topology of C°(T,R)).

Proof: (This is a mere adaptation of the proof in [45]). Let ¢ € A(T'). Without
loss of generality, we may assume that 0 € Q. Let r > [[¢[| () and

br () := Sir(lf){fwTZuiw(xi) +1)}, R,
r i=1

with

S(x) = {(Ty o1y vy foms T1y oy Ty ) TZMN%‘ =x;T >0,
i=1

,uiZO,Zuizl,a:i el',m > 0}.

Since ¢(x;)+r > 0, we have ¢, (x) > —r. Using the fact that (T'=1,u=1,z) €
S(x), we get ¢ < ¢. When = ¢ Q, T > 1. Since

¢Or(x) ;= inf {(T — Dr+ Tz,uiqﬁ(xi)} , € R™,

=) i=1

we have ¢,.(x) > ¢s(x) when r > s.
We claim that ¢, is convex on R™. Indeed, let z,2’ € R™, 6 € (0,1) and

(Ta,u‘la vy Hmy L1, ..,Z'm) € S(‘T) ) (T/vﬂ/lv "a,u"/m/az/la "7:C{m/) € S(‘T/)

Then,
0T 0T
T 1-0)7, ——— y—————
6T+ =0T g™ o a = ™
(1 — G)T / (1 — G)T / ! /
9T+ (1 _ G)T//’Lla (X3} 9T+ (1 — G)T//’Lm’azla < Lm, L, "azm’)
€ S0z + (1 —0)z').
Hence

or(0x + (1 —0)2") < —r + (0T + (1 — Q)T/NZ ﬁT—Q)T’M(Q&(%) +7)

* Z %ué(dﬁ) +7)]

and finally
o0z 4+ (1 — 0)2") < 0, (2) + (1 — 0) ().
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This shows that ¢, is convex and completes the proof of the claim.
Assume now that r > 2||¢|| ) +1. Let x € I'. Then there exists a sequence

(T", b, .., ,ufnk,ac’f, ,xfnk) € S(x)
such that

—r TEY i (lai) + 1) = én(2) < 1/k.

Since z ¢ Q, T* > 1. Moreover, ¢,.(z) < ¢(x) < M, where M := |9]] Lo (ry-
Hence,

(TF —1)yr —T*M < 1/k+M
so that

1<Tk<;.
- T 1-02M+1)/r

Let us denote by u the probability measure defined on I' by

mk
k._ § k
i=1

where 9§, is the Dirac measure at x. Then,

mk
A KT S COR R

i=1
Passing to a subsequence, we may assume that 7% converges to some
]

relb o

while ;* weakly converges to some p such that

:E:T/Fudu and ¢,.(z) = 77’+T/F(<;5(y)+r) du®. (A7)

This expression of ¢, will be useful to complete the proof of the theorem.

Since the restriction of ¢, to I' satisfies the lower bounded slope condition
(this is a consequence of the fact that ¢, is convex), it remains to prove that
¢r|r converges uniformly to ¢.

Let 0, := maxgzer(¢(x) — ¢ (z)). Then (o, ), is nonnegative and nonincreas-
ing so it converges to some ¢ > 0. Furthermore, there exists a sequence of points
xj € ' such that ¢ < 0; = ¢(z;) — ¢;(x;).

Using (A.7) with r = j,x = x;, we get

zj:Tj/Fydﬂj ; ¢j(z):(Tj*1)j+Tj/F¢dﬂj

for some 1 < 7T} < m and some probability measure p on I'.

Then, for j sufficiently large, we have

P(xj) —c > ¢j(z;) > Tj/réf’duj-
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Passing to a subsequence, we may assume that x; converges to some zo and
that p1; weakly converges to some probability measure p on I'. We then get

7o = / yd , $lao) - c > / o(y) dp. (A.8)

If 29 is extremal in I', then the support of p is {0} and then ¢(xzo) — ¢ > ¢(xp)
so that ¢ = 0. If z¢ is not extremal, let A be the largest flat piece of I' containing
xo in its interior (it is a closed convex subset of T'). Then the support of u is
contained in A and

d(x0) — ¢ > /Afbdu > ¢(xo)

so that ¢ = 0. In any case, ¢ = 0, which completes the proof of the theorem.
O
Using Theorem A.3, we get a slight generalization of Theorem 5 in Chapter
1: let

T:ueW, Q) — /QF(Vu(x))dx

where F': R™ — R is strictly convex. We also assume that F' is coercive: there
exists & > 1 and a > 0,b € R such that

Vp € R", F(p) > alp|* +b.

Finally, let ¢ : I' — R be a continuous map which belongs to A(T'). We also
assume that ¢ is the trace of a map in W!(Q). Then

Theorem A.4 There ezists one and only one minimum to I in Wol’a(Q) + @.

Proof: The direct method in the Calculus of variations shows that there exists
a minimum u of I on VVO1 *(Q) + ¢. Moreover, this minimum is unique since I
is strictly convex.

By Theorem A.3, there exists a sequence of maps ¢; : I' — R satisfying the
lower bounded slope condition, which converges uniformly to ¢ on I'. For any j,
there exists u; € W, *(Q) +¢; which minimizes I. Then, Theorem 1.2 in [28]
shows that u; is continuous on Q. Moreover, the maximum principle (Corollary
4.1 in [62]) shows that

[uj — ullL(@) < [loj — @llLoe(r)s

which shows that u; converges uniformly to v on €. Hence, u is continuous on
Q.
([
There is a corresponding version of the theorem in which F(p) is replaced
by F(p) + G(x,u) (for this case, one has to use the results in [13] instead of
Theorem 1.2 in [28]).






Appendix B

Appendix to Chapter 2:
Proof of Theorem 2.3

In this appendix, we give the proof of Chapter 2, Theorem 2.3.

B.1 Proof of Theorem 2.3

The hypothesis (HF') implies that for any ¢ in the convex subdifferential of F
at 0, we have F(p) > F(0) + (¢, p) + (u/2)|p|?, which gives:

F(p) = F(0) = [¢llpl + SIpl* = (§ = eo)lpl* = N (B.1)
with N := —F(0) + |¢|?/4€. We have used the inequality: |¢||p| < eo|p|® +

€|/ (4€0). We fix from now on €y such that p1 == u/2 —€eo > g/A.
Then, thanks to (B.1) and the lower boundedness of G

G(x,u) = —qlul® = Q(x)[ul’ — R(), (B2)

the functional I is well defined on W,"*(2) + ¢.
In the hypothesis defining the local Lipschitzness of G, namely

|G (z,u) = G, u')| < Mlu—u'|(1+ ul” + /) (B.3)

where § was supposed to be in (0,2* — 1), we can actually assume that 5 > 1.
If it were not the case, then we could use the fact that |u[® < 1+ |u|, so that
we would have:

|G, u) = Gla,u)| < (M +2)u—o/|(1 + |u] + [u]).

According to this remark, we will assume in the following that 5 > 1.
To prove Theorem 2.3, we first need the following existence theorem:

Theorem B.1 There exists a minimum to problem (P) on Wy '*(Q) +¢. More-
over, any minimizing function is bounded in L>(Q) and in WH2(Q) by a con-

stant T' which depends on Q, ¢, F and G.
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This theorem amounts to Theorem 8.1 in [10]. Nevertheless, it is important to
analyse the dependence of the bound on ||u|| - (q) with the data of the problem.
That is why we give a proof of this theorem at the end of this appendix. Actually,
Q, F, ¢ will remain the same data for all the problems that we will consider
in the following and the dependence on G appears through the dependence
on M, 3,6,t,q,||R||r1,]|Q||:. In fact, §,t,6,q will denote the same constants
throughout this note. The letter C' will denote different constants depending on
Q,¢,F,6,t, 5, q. On the contrary, the dependence of T on ||R||11, ||@]|Lt, M is of
interest. The proof of Theorem B.1 will show that this dependence is polynomial
so that T can be uniformly bounded provided that ||R||.1,||@||Lt, M remain
bounded.

We now prove Theorem 2.3 admitting Theorem B.1 . Let us denote by ug
any solution to problem (P) on W, *(Q) + ¢. Throughout this note, S, denotes

the Sobolev constant in W, (Q).

Stability of the hypotheses on G under convolution. Let p € C°(] —
1,1),0 < p <1, [pp =1 and pe := 1/ep(-/€). We also assume that p is even.
Now, let

Ge(z,u) == /]RG(z,u —v)pe(v)dv = /]_1 1[G(x,u —ev)p(v) dv.

Then, for any u € R™, G.(-,u) is still measurable. Indeed, if p were a finite sum
of Dirac masses Y ._; a0y, a; >0, ;_; a; = 1, then we would have:

Ge(z,u) = ZaiG(x,u — ev;),
i=1

which is a measurable function, as a sum of measurable functions. Now, convex
combinations of Dirac masses are dense in the closed unit ball of (C([—1,1]))*
for the weak™ topology (thanks to Krein Milmann Theorem for instance), so that
there exists a sequence p; of convex combinations of Dirac masses which converge
in this topology to p dv. Since for almost everywhere z, G(z, -) is continuous, for
such z, f[71,1] G(z,u — ev) dp;(v) converges to ‘[[71,1] G(z,u — ev)p(v) dv. This
shows that G.(-,u) is measurable as the limit almost everywhere of measurable
functions.
The hypothesis (B.2) becomes:

Ge(z,u) > /]_1 1[{—q|u —ev|? — Q(z)|u — ev]® — R(x)}p(v) dv

Y

—qluf® —q62/ v’ p(v) +2euq/ vp(v)
1-1,1] 1-1,1[

—(1+ P Q@)ul® — (1 + 1/e)’¢ / [v[?p(v) dv — R(z)

]_171[

Here, we have used the fact that |u — ev|® < (1 +€)°|ul® + (14 1/€)’|ev|°. Now,
we use the fact that |u| <1+ |u|?, so that G, satisfies (B.2) with

" ::q+26q/ op(v) L =6, Qui=(1+6°Q
]_171[
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R(z) := qe* — 2qe /]1 : vp(v) + (14 €)° + R(z).

We have used that fact that f]_l 1 |v|° p(v) dv < 1. Since p is even, g, reduces

to ¢ and R, reduces to
q€® + (1 +€)° + R(x).

The hypothesis (B.3) remains true (in the following, we use the fact that
Ju—evl? < (1+6)%(Jul” + [v]7)):

1
|Ge(z,u) — Ge(z,u)| < M/ lu — /' |(1 4 |u — ev]® + [u' — ev|?)p(v) dv
—1

IN

Mclu = o'|(1+ |ul? + [u/|).
Then (B.3) holds with M, := 3(1 + ¢)’ M.
Finally,
Ge(w, u(x)) < G(z, u(x)) +6M/ p(v)(L + |a(z) — ev|” + |a(z)|”)
]_171[

< G(z,u(x)) + eMu(z)|°[1 + (1+ €)°] + eM(1+ (14 ¢)°)
This shows that [, G(z, @) is finite, since 2 € W12(Q) C LP(Q).

Stability of the hypotheses on G under penalization. Denote by
Gi(z,u) == G(x,u) + |u — ug(x)]?.

Then Gy still satisfies (B.2) since |u — ug(z)|? > 0. Moreover, [ G1(x,u) < oc.
Finally,

|G (2 u) = Gi(a,u')| < |Gz, u) — Gla,u')| + [Ju — uo(@)]* — o' —uo()[?|
< |G(x,u) = Gz, u)| + [u® — u?] + 2Jug(z)||u — u'|
< Mlu—o/|(1+ [ul” + [o/|%)
+ |u = '] (ful + |u'| + 2[[uol| 2= (o))
< M'fu—u'|(1+ ul” + |u'}7),
with M' := M + 2|[uol| L (q) + 2.

Convergence of the solutions. Let (P;) be the same problem as in (P),
except that G is replaced by

Gi(w,u) == Gxpy/; +|u— uo(x)|2.

The two previous paragraphs show that (HG)' is satisfied for G; with the
same data as for G except that:

Qi=(1+1/i)°Q , Ri=gq/i®+ (1+1/i)° + R(x),

M; = 2 + 2|Juo|| o () + 3(1 + 1/4)° M.
It is clear that ||Q;||L¢, || Ri||zr, M; can be bounded independently of i.
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Let u; be a minimizer of the problem (P;). Theorem B.1 asserts the existence
of such an w;. Moreover, the sequence (u;) is bounded independently of ¢ in
L>°(Q) and in (W,7*(Q) + ¢). Then, up to a subsequence, we can assume that
the sequence (u;) converges to some u € L>®(Q) N (W, *(Q) + ¢), weakly in
Wh2(Q), strongly in L*(Q) and almost everywhere.

If T is a constant such that ||u;||y1.2(q) < T ||uil|L~() < T, then

|G * pl/i(xv uz) - G(Ia U)| < |G * pl/i(xv ui) - G(gj’7 u1)| + |G(Ia ui) - G(gj’7 u)l
< M/i(1+ 35T + 1)%) + M1+ 2T7°) u; — ul
<M1+ 35T+ 1)) (1 /i + |u; — ul).

Whence,
[ 1Gutaws) = fus = wol = G| < M+ 3@+ D) (0fi+ [ fus ),
Q Q

which implies that [, Gi(x, u;) converges to [, G(z,u) + [[u — uo|[75 -
The map v — / F(Vv) is lower semicontinuous (thanks to Fatou’s Lemma)
Q

and convex on W12(Q), so that it is weakly lower semicontinuous. Hence,

/ F(Vu) < liminf,_o / F(Vu,).
Q Q

To sum up,
liminf; oo Ti(us) > I(u) + [[u — uo||72()-

Here, I;i(v) := [, F(Vv) + Gi(z,v). Since I;(ug) > I;(u;) for any i > 1, we
have I(ug) > I(u) + ||u — u0||2L2(Q). But up minimizes I. Hence, u = up. This

shows that u; converges to u weakly in W12(Q), strongly in L?(Q2) and almost
everywhere.

Conclusion: Apply Theorem 2.1 to each problem (P;). This is possible be-
cause each G;(z, -) is smooth. Then, on each compact subset of 2, u; is Lipschitz
of rank some V; which can be bounded independently of i. Indeed, the proof of
Theorem 2.1 shows that we can take

Vi i= [|uil| o= () + [|6l] Lo 0y + Cogi + C1,

where Cy and Cj only depend on n, (2, i, and where g; is the supremum of
|Giwl on

Q x [—||ui||Loo(Q) — 1, ||UZ||L00(Q) + ||¢||Loc(1") + Kdlamﬂ]
This supremum can be bounded independently of i by
M1+ 2(T + 1 4|9 ) + Kdiam Q)7).

Hence, u is also locally Lipschitz on €2. This completes the proof of Theorem
2.3.
O
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B.2 Proof of Theorem B.1

Theorem B.1 is implied by Theorem 8.1 in [84].
Under the hypotheses of Theorem B.1, we have:

Theorem B.2 There exists a minimizer in Wy'> () + ¢.
Proof: This is a routine direct method. Let (u,,) be a minimizing sequence. It is
enough to show that (uy,) is bounded in W2(Q). Indeed, if we show this, then
up to a subsequence, it converges to some u € Wy *(Q) + ¢ weakly in W12(Q)
and strongly in L% (), and almost everywhere. Then, the inequality

|G, u) — Gl@,un)| < Mlu—up|(1+ [ul” + [un|?)

shows that G(z,u,) converges to G(x,u) almost everywhere, which implies (by
Fatou’s Lemma) that

/G(z,u) §/1iminf G(z,up).
Q ¢

) n—oo

An argument already used shows that:

n—oo

/Q F(Vau) < lim inf /Q F(Vun).

This will complete the proof. So, let us show that (u,) is bounded in W12(Q).
The inequality I(u,) < I(@), which is true if n is big enough, and hypotheses
(B.2) and (B.1) show that

- /Q fnl? — Q(@)]unl® — R(z) — NI + i [ Vun? < ()
which implies:
o [ 190 < L [ alual? + QLalun?
Q Q

where L := I(’l]) + HRHLl(Q) + N|Q|

Note that
_ 1.5
lunllizy < (46 |lup —allF2iq) + (1 + E)QHUH%Z(Q)
_ 1 _
< (14 )?[|V(un = @)l|720q)/A+ (1 + E)2||u||2L2(Q)
1 _
< (1+6)Y|VunlZ2i0) /A + (1 +€)*(1+ ;)QIIVUII%zm)/A

1o _
+(1+ E)2||U||%2((z)
< (14 &)Y Vunl|Z2(q) /A + C(e),

where C(€) = (1+¢)%/e(1+ (1 + €)*/A)[[al[f1.2(q)-
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Note also that Holder’s inequality and Sobolev’s inequality imply:

IN

&
Qe [lun|7 -

QI e (Jun — @l 2 + [[@]] 2 )°

QI (S2l|V (un — @)[ 2 + [a]| 2+)°

Qe (Sa2|[Vunllzz + So|[Val| L2 + [[@][ 2+ )°
1QI1Le (2° S5 Vunl|72 +2°C?)

e[ Vun|[72 + C(e, 1Q]|1t),

with C := S|Vl 2 + ||@l| 2+ and

95,)0 )2/(2-9)
Cle Q1) = SCEHRNI s e,

Q(x)[unl’
Q

(VAN VAN VAN VAN VAN

We have used the identity |ab| < |a|"/r + |b|” /7', with r' = r/(r — 1).
Then

{m —a(l+e)'/A~¢} /Q [Vun|?* < L+ Cle) + Cle, [|Ql| ).

This shows that
[ v < e,

with L+ 0@ +Cle QL)
L € €, Lt
Q) =229

if we pick € > 0 so that u; — q(1 +€)*/A — € > (u1 — ¢/A)/2. Hence, (Vu,) is
bounded in L?(2), so that (thanks to Poincaré’s inequality), (u,) is bounded in
W2(Q).

Theorem B.3 Any minimizer of I on Wy'>(2) + ¢ is bounded in W2(Q) by
a constant T which is polynomial with respect to ||R||pr, M, ||Q||L:.

This is clear in view of the proof of the previous theorem.

Theorem B.4 Any minimizer of I on Wol’Q(Q) + ¢ is bounded on €2 by a con-
stant T which is polynomial with respect to ||R||pr, M, ||Q]|Lt-

Proof: Let u be a minimizer of I on Wy*(2) + 6.

Step 1: Let t > k := max(L, |[¢||r~)). We define A(= A(t)) := {z € Q :
u(x) >t} and u; == min(u,t) € Wy*(Q) + ¢. Then I(u) < I(u;) implies

/A F(Vu) - /A F0) < /A Glat) — G, u).

The right hand side is lower than

u — uﬁ 8
M/A( t)(1+ |u)” +t7)

N
=
T

2
—
+
~
S
=

A
wo
=
T
=
S
s
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while the left hand side is no lower than
ul/ |Vu|2 — N|A|.
A
Finally,
[va <amfn [t nmia < con [, @a)
A A A

where C(M) := (3M + N) /1.

Step 2: We show that u belongs to any space LP(2),p > 1.

Let o > 0. We multiply (B.4) by o(t—k)°~!, we integrate on f;oo, and then
apply Fubini’s Theorem to find:

[ w=nevar
A(k)

IN

() /A N

couy [ e
A(k)

The integral in the right hand side is finite if o +8+1 < 2*, since u € W12(Q2) C
L% (Q). In the left hand side, we remark that on A(k),

-
(0/2+1)?

IN

(u— k:)"|Vu|2 = |V (max(u — k, 0)"/2+1)|2.

Sobolev’s Lemma shows that

(=) por ayy < Sal|V(maz(u — k,0))7* M| 12 )
P 1/2
= Sa(0/2+ Dl — k)7 [Vul[|357 4 -
Whence
{ (u— k)2 OFo/202/2° < O(M)S3(1 + 0/2)2/ [iaans
A(k) A(K)

This implies

ull 2= avormagyy < lw—Ellp2eavosa ) + kAR @ OFo/2)
< OO, 0)ull 1201 gy + b(0)-

with
a(o) = (0 +B+1)/(240) , blo) := k|Q|/ " (+a/2)
and C(M,0) := (C(M)"/?Sy(0/2 + 1))/ ).
Let 09 = 0 and o; > 0 such that
2*(1+0y-1/2) =B+ 1+o0;.

The sequence (o07) is increasing and converges to +o0o. Then, by induction, we
have: For each [ > 1, there exists C(I, [[ul[ 2+ (), M) such that:

||U||L2*<1+w/2>(,4(k)) < C( [ul[ g2~ (Q)aM)'
Then, for each p > 1, there exists C(p, [|u| 2+ (), M) such that:

[ullLoawy) < Cps [[ull L2+ (@), M).

This proves our claim since on Q\ A(k),u < k.
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Step 3: We now prove that u is bounded thanks to (B.4). Here, A is the
abbreviation of A(t). For any t > k,

llu —=tl[rray < |lu—t||er (A)|A|1_1/2* (by Holder’s inequality)
< 52||VU||L2(A)|A|1_1/2* (by Sobolev’s Lemma)
< SO ul [0y AP0 AP
(by Holder’s inequality in (B.4))
< SQC(M)1/2||U||(5+1)/2 |A|1—1/2*+1/2—1/(2p).

Lp(B+1)(4)

This completes the proof if we choose p satisfying:
—-1/2"+1/2—-1/2p=1/n—1/2p > 0,

that is p > 2n. Indeed, in that case,

1)/2 -
[l = t]za(a) < SaCON 2 ul| L 1AL,

with o« > 1. The previous steps show that SQC’(M)l/Q||u||(LiTﬁ1+){>2(A) can be
bounded by a constant C' = C(p, M, |[ul[2+(q)) and thanks to Theorem B.3,
|[ul| 2 () can be bounded by a polynomial on M, |[R|[L1,[|Q|[z¢. Then, the

function p(t) := |A(¢)| satisfies (thanks to Fubini’s Theorem):
+oo
/ p(t) dt = [[u— tol|rcageay < Cplto)®, Vo > k.
to

Lemma 3 in Chapter 2 implies that p(t) = 0 for any ¢t > t; where
ty i =k+ C|Q|a_1a/(a —1).

This shows that u < t; and similarly we could derive a lower bound. This
completes the proof of Theorem B.1.

Remark B.1 When n = 2, the Sobolev embeddings show that u € LP(Q) for
any p > 1, (since u € WH2(Q)). That is why we can replace 2* by any number
greater than 2 throughout this note.



Appendix C

Appendix to Chapter 2:
Some further results and
open problems

C.1 Local Holder continuity of solutions

In this section, we study the same problem as in Chapter 2 and we use the same
notations. The main result of Chapter 2 requires that F' is uniformly convex
(this is the content of (HF)). In contrast, we only assume here that

(HF'") For some u > 0, € [2,2n/(n — 1)), F satisfies,
for all € (0,1) and p,q € R"™:

OF (p) + (L= 0)F(q) = F(6 + (1 = 0)q) + (1/2)0(1 = O)|p — ¢|*.

The condition (HF"') implies that for any p, ¢ € R™ and any convex subgradient
¢ € OF (q) of the convex subdifferential of F' at ¢, we have

O(F(p) — F(q)) > F(fp+ (1 —0)q) — F(q) + (1/2)0(1 — 0)|p — q|*
> 0(C,p—q) + (1/2)0(1 = 0)|p — q|,
which implies that
F(p) — F(q) > (¢,p—q) + (1/2)lp — q|* (C.1)

We remark that when a = 2, the condition (HF") is exactly (HF') while it is
different from (HF) when a > 2. For instance, F(p) = |p|> does not satisfy
(HF) (since V2F(0) = 0) but satisfies (HF") with o = 3. To see this, remark
that (HF’) is true (for some p > 0) if there exists C' > 0 such that

(VF(p) = VF(q),p—q) = Clp—q|* (C.2)
(and conversely, (C.2) implies (HF")). If F(p) = |p|, (C.2) becomes
(Iplp — lala,p — a) = (C/3)lp — af’. (C.3)

169
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To prove (C.3), we may assume that n = 2, p = (1,0) and ¢ = (r cos 8, rsin6).
Then, it is sufficient to check that

(1 —12cosf)(1 —rcost) + (—r?sin@)(—rsin ) > C(r? — 2rcosf + 1)3/?
for some C' > 0 sufficiently small, or equivalently
(r3 4 Bre + Br4+1)* > C?*(r* + 26r + 1)3,

(with 8 = —cos € [—1,1]). One can easily verify that

1
(r3 + Br2 + Br +1)% — 1—()(7“2 +26r+1)3>0
for any r > 0 and 3 € [—1,1]. Hence, F(p) = |p|? satisfies (HF").
We replace the hypothesis (H2) on 2 by

(HQ') § is an open bounded set which is uniformly convex.

We recall that uniformly convexr means that there exists € > 0 such that for any
x € I', there exists a unit vector b, such that

(bzyy — x) Ze|y—x\2 Yy e T. (C4)

We assume that G satisfies (HG) as in Chapter 2 and that ¢ satisfies the
lower bounded slope condition. We consider again the problem (P) of minimi-
zing

I(w) = /Q{F(Vw(r)) + G(z,w(z))} dx

on the set of all w € WH1(Q) N L>(Q) such that tru = ¢.
Then we have

Theorem C.1 Under the hypotheses (HQY'), (HF') and (HG), and when ¢ sat-
isfies the lower bounded slope condition, any solution u of (P) is Holder contin-
uous and we have

o =yt

) ()| < CEY s

,VZ',’IJEQ,

where C' depends on n,Q, o, ¢ and [|u|| L (q)-

We recall that dr(y|z) = |y — nr(y|x)| where mr(y|z) is the unique point of T’
of the form y + t(x — y) with ¢ > 0.

The main difference between the proof of Theorem 2.1 in Chapter 2 and the
proof of Theorem C.1 is the existence of a barrier. In this section, we use the
barrier which appears in [84].

Proof (sketch):

The lower barrier condition The corresponding version of Chapter 2, The-
orem 2.2 is
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Theorem C.2 Under hypotheses (HQY),(HF') and (HG), let u be a bounded
solution of problem (P) as described above, where the function ¢ satisfies the
lower bounded slope condition of rank K. Then there exists K > 0 with the
following property: for any T € T, there exists a function w which is Lipschitz
of rank K, which agrees with ¢ at T, and which satisfies w < u a.e. in €.

Proof of Theorem C.2: The proof uses the following lemma of Stampacchia

(see [84] and [47]):

Lemma C.1 Let x € T and by as in (C.4). We denote by 6 : Q@ — R the
distance to the hyperplane H which is orthogonal to b, and contains x. Then
for any s € (1,(n+1)/2), the quantity

/ dx
o 0(x)°
is finite and bounded from above by a constant (which only depends on s and

We proceed to prove Theorem C.2. Let & € I', and bz, H,d as in Lemma
C.1. Since ¢ satisfies the lower bounded slope condition of rank K, there exists
¢ € B(0, K) such that

o(y) = o(z) +(Cy— 1), Wy eT.
Then, for any d > 0, we define
wq(y) = ¢(%) + (¢, y — &) — do(y).

We proceed to prove that wg has the required properties (for d sufficiently large).
Clearly wg agrees with ¢ at . Moreover, the map wy is affine when restricted
to the half space bounded by H and containing {2 and

Vwqa(y) = ¢ — db/|b| =: k.
We need only show that the following set has measure 0 :
Ag:={z € Q:we(z) > ulx)}.

Since
wa(y) < ¢(2) +{Cy—T) < oy) , WeT,
the map v := max(u,w,) satisfies trv = ¢. Hence I(u) < I(v), which yields

A {F(Vu(z)) — F(k)} dx < A {G(z,w4(x)) — G(z,u(x))} de.
Since u — v € W' (2), we have (by Stoke’s formula)
{Vu(z) = Vwq(z)} dz
Ag
so that (using (C.1))
(M/Q)/ IV(u—wa)(@)|* de < | {G(x, wa(z)) — G(z, u(x))} de.
Aq

Aq
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The map wyq is convex and bounded from above by ||@|| ) on I'. Hence, wq
is bounded from above on 2. Since u < wg on Ay, we get (using (HG))

|G (2, wa(x)) — Gz, u(x))| < Liwa(z) —u(z)|,
where L is a Lipschitz rank for G on

[*||U||L°o(9)7 ||¢||Loo(r)]-

Finally,
(”/2)/A Vu(z) — B* do < L/A lwa(z) — u(z)| da. (C.5)

Now, since a < %, we have

1 n?+1

1- < ,
nla—1) n%2+n

so that there exists 1 <[ < n which satisfies

1 1 n?+1

l-—— < - < 5.
nfa—=1) 1 " n?+n

. . 2
Moreover, we can find such an [ in [1, o] since 22171‘ <2< aq.

We now apply Sobolev’s and Holder’s inequalities to u —v € VVO1 1(Q) on the
left hand side. We get:

{ / ft — wal Y < Sy AL ) / g — ]}/
d

d

Here, the constant S; is defined by

D @
1/S; = inf [1Dwlo()
weEW, ™ (Q) ||w||La*((z)

(where 1/I*=1/1—1/n ).
Holder’s inequality on the right hand side yields

Ag| 1=/ (@)

(= wa P < s@pm e[ s - e
Ad Ad

and finally
= wal e 1, < ClAg|2 /11D ) ()

where C := Slo‘/(a_l)(QL/u)l/(afl)_
We now introduce p(d) := |Ag4|. We have for any d > 0 :

/d+mp(e)de:/j\dwmc

() — walz) Y d_$1/s
<(f ute) —wa@ (5
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where s is defined by 1/1* +1/s = 1. Since 1/l < (n? +1)/(n? + n), we have
s < (n+1)/2 so that (by Lemma C.1),

( dx

—_— 1/S<OO.
. 5@

Using (C.6), we then get

+oo
| rwrde < cotay

1 1
with 7 := Ll(f - l*)' Since 1/1 >1—1/(n(a — 1)), we have y > 1.
o — a
Chapter 2, Lemma 3 shows that p(d) = 0 for any d > dy where

do = C'|op1—.
v—1

For these values of d, wg < w on €2, which completes the proof of Theorem C.2.

The end of the proof of Theorem C.1 This part is very similar to Chapter
2, section 2.2.2 so that we only indicate the minor changes in the proof. We
define Q2 and uy as in Chapter 2. Chapter 2, Lemma 1 and its proof as well
as the inequalities leading to Chapter 2, (2.5) remain true without any change.
From Chapter 2, (2.5), we use (HF’) to get Chapter 2, (2.6) except that the
number 2 is replaced by . Thanks to Chapter 2, Lemma 2, we have the following
version of Chapter 2, (2.9):

a— 1 1 -1/
plIV (ux = wlizaiay < [lflloe +90Co(55 = PIAL e (C.7)

with the same notations as in Chapter 2. From (C.7), we get as in Chapter 2
(using Hoélder’s and Sobolev’s inequalities):
1 1

[lux = ullzsay < Clllflloo + (57 = V=T 1A

with v := 1 + 1/n. From this estimate, we derive (for the same reasons as in
Chapter 2):
[lux — ul|1ca) < Ca(1 = X))@ |A].

Chapter 2, (2.10) becomes

+OO 22—«
/ p(q") dq" < Co(1 — N)a=1|p(q)|"
q

for any
q > lj = KdlamQ —+ ||¢||L°°(F)

Chapter 2, Lemma 3 then implies that |A(q)| = 0 if

7y

2—«a
> qo = 1—X)a-1
q = qo = Cs( ) -1

Q" +q.

There exists A\g € (1/2,1) such that for any A € (Ao, 1), we have

Y
v—1

Ca(1 — N1 ——jop~t > q.
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gl
v—1
any A > \g. Hence, for any choice of z € I, we have, almost everywhere on 3,
the inequality

Then A(g) =0 for any ¢ > ¢1 := C3(1 — )\)% with C5 := 2C5 Q! and

ux(x) = u((z —2)/A+2) —q (1 = X)
= u((z — 2)/A+2) = C(1 = N a1 < u(a)

(where C does not depend on A € (Ag,1)). In the final step of the proof, we
consider (as in Chapter 2) two Lebesgue points 2 and y of u such that

z € B(y, (1 — Xo)dr(y))-

This last condition ensures that A € (Ao, 1) where A is defined by

T—z
y=— +z , z:=ap(y|r).

Then the analogue of Chapter 2, (2.11) is

u(y) < ule) + Q=¥
ly — 7o (y|z)|==T

This completes the proof of Theorem C.1.
O

C.2 An Hilbert-Haar theory on nonconvex sets

In the classical Hilbert-Haar theorem, the bounded slope condition implies that
the open bounded subset 2 of R™ is convex. In contrast, the lower bounded slope
condition does not imply that Q is convex and yet, it is assumed in [28] (and
in [13]) that © is convex. In this section, we investigate the case of an open
bounded convex set with a hole. More precisely, consider an open bounded
convex set 21 and a map ¢; : ['1 := 91 — R which satisfies the lower bounded
slope condition. Let 2, be an open bounded set of class C''! which satisfies:

QQ C Q.
Let ¢ : I'y := 095 — R be a map of class C2. Then we can define  := \ Qq,
I' ;= 09Q and the map ¢ : I' := 02 — R such that
¢|F1 = ¢1 ¢|F2 = ¢2-

Then, ¢ is the trace of a map in W11(Q) still denoted by ¢.

We introduce the Lagrangian F which is assumed to be a C? convex map.
We denote by E the Bernstein function: E(p) := (V2F(p)p,p) and A(p) (A(p))
the biggest (lowest) eigenvalue of V2F(p). Let us assume that A(p) > 0 for any

p € R™ and that
. lp|A(p)
lim sup

< 400

We consider

I:ueWh(Q)— i F(Vu(z)) dx

and we study the problem (P) of minimizing I on W, () + ¢.
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Theorem C.3 Let u be a solution of (P). Then the map u is locally Lipschitz
on €.

Proof: The proof is almost the same as the proof of [28] except that 2 is now
replaced by 2 N Q. Once again, the key point is the existence of a barrier:

Lemma C.2 i) There exists a Lipschitz map w : Q — R such that

wr=¢, w<u ae on Q. (C.8)

ii) There exists a Lipschitz map v: Q — R such that
vlr, =¢2 , v>u ae on Q. (C.9)

We admit Lemma C.2 for the moment and we proceed to prove Theorem C.3.

Step 1: For any A € (0,1), z € Q, we define
Qy ::)\(Q—Z)+Z, 'y =900,

Tr—z

ux(z) = Au( By
We proceed to show that there exists Q1 > 0 such that
uy <u+Q1(1—A) on A(QNQ,). (C.10)

+Z>,$€Q)\.

As in [13], we may assume (only for this step) that u € C°(Q). In contrast
with [28], we can not assert that (2 N Q) = I'y. However, we have:

A(QN Q) CTyUT,. (C.11)

Let us justify this inclusion. Let 2 € 9(Q2 N Q) and assume that 2 ¢ T'y. Then
x € Oy \ ©, which implies that there exists y € Q such that

=Ny —2z)+z.

Since z € 0\ 2, we have x € I'; UT5. Suppose that z fails to be in I's. Then
ye, zeQ,zel and z € (z,v), which is impossible since 2 is convex.
Then z € I'; and the inclusion (C.11) is proved.

Let z € 9(2 N Q). Then we have to consider two different cases: x € T'y
and x € Ty \ T'y.

If x € Ty, then y € T, where y := ? + 2z so that w(y) = u(y). Moreover,
w(z) < u(x). Finally,
u(z) > w(z) > w(y) — Qlz —y| > u(y) — Q(1 — A)diam €.
Here, @@ denotes the Lipschitz rank of w. This easily implies (C.10) with Q1 =
Qdiam Q +[|@|[ () (here, we use the fact that u is bounded by |[¢[|Le(r),

which can be proved as in [28]). B
If 2 € T3, we use the fact that v(y) > u(y) since y € Q. Hence,

u(x) = da(x) = v(z) > v(y) - Q'lr —y| > u(y) — Q'(1 — \)diam Q.

Here, @’ denotes the Lipschitz rank of v. This easily implies (C.10) with Q1 =
Q'diam Q +||¢| |Loo(F) .
In any case, (C.10) is true with @ := max(Q, Q")diam Q + [|@|| L (r)-
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Step 2: The map u) is a minimizer on Q. Furthermore, the maps u+Q1(1—\)
and uy are two minimizers on 2N . Using Step 1 and the comparison Principle
(see [62], Theorem 4.1), we get

ur(y) Suly) + Q1(1 = A) ae. ye QN

Step 3: Fix two distinct Lebesgue points = and y in Q. The half line {y +
t(x—vy) : t > 0} may intersect I" in several points z but one of them must satisfy
x € (y,z) (this is the case if we choose z € T'1). Hence there exists A € (0,1)
such that

x=MNy—2)+ z,

so that z € QN Qy. There exists r > 0 such that B(
almost every point 2’ € B(z,r), we have uy(2') < u(a’
can complete the proof as in Chapter 2 to get

x,r) C QN Q, and for
)+ Q1(1 — ). Then we

|z — v
ly — 2|

u(y) —u(@) < (Qu + [l Le=r))

This shows that u is locally Lipschitz.
O
We now prove Lemma C.2. We begin with an easy result:

Proposition C.1 There exists a Lipschitz map wo : Q@ — R which satisfies
wolr, = ¢1 and wy < u a.e. on Q.

Proof: To show the existence of such a map wy, it suffices to find some @ > 0
such that for any x € I'1, there exists a Lipschitz map [, of rank @ satisfying

lo(x) =¢(x) , lz <wua.e. onQ. (C.12)
Indeed, if such an [, exists for any « € I', then we can define:

wp = sup .
xzel;

Since ¢ satisfies the lower bounded slope condition, there exists K > 0 such
that for any x € I'y, there exists (, € B(0, K) such that

&1 (y) = o1(x) + (Gyy —x) Vyely.

For any x € I'y, we choose a unit vector n, in the convex normal cone to 21 at
x. Then, for any y € 'y,
(ng,y —x) <O0.

In fact, we can find some § > 0 such that for any x € I'1,y € T's,
(Ng,y —x) < =46.
Hence, we have
o(y) = ¢1(x) + (G + Tng,y — ) VyeT

for some T > 0 if
nllin ¢o > max ¢1 + Kdiam Q — 0T
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which is equivalent to

minr, ¢o — maxp, ¢1 — Q1diam ) o

T<
- )

We denote

K :=K+T

and for any = € I'y,
Lo(y) = ¢1(2) + (G + Ty, y — ) Yy € R™

The map [, satisfies (C.12) (here we use the Comparison Principle, see [62],
Theorem 4.1 and the fact that an affine function is a minimizer). Proposition
C.1 is proved.
(]
Using the equivalence between subminima of the variational problem and
subsolutions of the corresponding Euler equation (see [62]), we have (see the
proof of [37],Theorem 1.5).

Proposition C.2 i) There ewists a Lipschitz map wy : © — R such that
wi|r, = ¢2 and wi < u a.e. on Q. B

ii) There exists a Lipschitz map v : & — R such that v|r, = ¢2 and v > u a.e.
on €.

Then the map w := max(wp, w ) satisfies (C.8). The map v satisfies (C.9). This
completes the proof of Lemma C.2.

O

Finally, we remark that there is a corresponding version of the classical

Hilbert-Haar theorem on an open convex set with a “smooth hole”. The key

point is the existence of a barrier (as in Lemma C.2 above). The rest of the
proof is based on [62], Theorem 5.1.

C.3 A theorem on continuity

The main idea of the classical Hilbert-Haar Theorem (and of the theorem of
Clarke [28] as well) is to compare a minimizer u with another minimizer which
can be written as u o ¢, where ¢, is an affine map from 2 onto Q). The
comparison takes place on 2N€2y. The affine map is a translation in the classical
Hilbert-Haar Theorem and it is a contraction in the theorem of Clarke. In the
following example, we use a rotation to prove the continuity of a minimizer.

Let  := B(0,R)\ B(0,r) and F : [0,00) — R be a nondecreasing convex
function. Let ¢ : I" := 02 — R be a continuous map. Then we consider the
problem (P) of minimizing

I(u) := / F(|Vu(x)|) dx
Q
on the set of those u € WH1(Q) such that tru = ¢.

Theorem C.4 Let u be a solution of (P). Then u is continuous on Q.
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Proof: Let H be a 2 plane in R™ containing 0. Then, for any # € R, we denote
by
Ro:R—R
the map which is the rotation through angle # on H and the identity on H*.
We also define ug := u o Rg. Then ug € WH1(Q2). An obvious change of
variables yields I(ug) = I(u), which implies that ug is a minimizer. Using the
Maximum Principle (see [62], Corollary 4.1), we get the key estimate:

|[u —ugl[L= ) < ||¢ — PollLe=(r) (C.13)

where ¢g := ¢ o Ryp.
Let us denote by w : Rt — R* the modulus of continuity of ¢. Then we
have
l|u —ugl| Lo () < w(R]1—eY)). (C.14)
We fix a point zg € Q and we proceed to show that u is continuous at zg.
For any € > 0, there exists ¢ > 0 such that w(2R¢) < e. The map w is absolutely

continuous on almost every “radius”: [, := [rﬁ,R%],x € R™. Hence, there
x x
exists 25 € 0B(0, R) such that u is continuous on I, and |% - |x_0|| < J. We
i) ZTo

denote by 6 the angle of the rotation which maps z¢ onto za|zg|/|z2| in the 2
plane containing 0, xq, z2.
By continuity of w on l,,, there exists p > 0 such that for y,y" € l.,, we have

ly—y'| <p=luly) —u(y)| <e (C.15)
For any = € QN B(zg,d|xo|/2), we have
Ju(z) — u(xo)| < Ju(z) — u<|x||j—j|>| + |u<|x|%> = U(|$0||i—z|)|
X
+ Julzol =) —u(zo)|.  (C.16)
|2

In the 2 plane containing 0, z, x5, we denote by 6 the angle of the rotation which
2 Then (C.16) and (C.14) imply

maps x onto |z|

|2
i’ T2 T2 i
[u(@) = u(zo)| < w(RIL— e |) + Jullz] =) — (|l =) + w(R[L — ™).
|2 2]
Remark that Hx||x—2| - |x0|%| <|zo — x| < p so that (by (C.15))
o i)

[u(a) = u(wo)| < w(RIL = ”]) + €+ w(RL - ).

Moreover, |1 — e?| < § and
Xz X9 X Zo

| <]

Zo xTo x i)

1-e”] =] | +1 | < | +6

B B B R T N 2 R

< QM +5<25
|z
This shows that w(R|1 — e?]) < e, w(R|1 — €'|) < e. Finally, for any 2 € Q
NB(zo,0|zo|/2), we have
lu(z) — u(zo)| < 3e.

Hence u is continuous at xg. This completes the proof of Theorem C.4.
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