N

N
N

HAL

open science

Une contribution au chaos ondulatoire expérimental

Fabrice Mortessagne

» To cite this version:

Fabrice Mortessagne. Une contribution au chaos ondulatoire expérimental.
Statistiques et Probabilités [physics.data-an]|. Université Nice Sophia Antipolis, 2006. tel-00120405

HAL Id: tel-00120405
https://theses.hal.science/tel-00120405
Submitted on 14 Dec 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Analyse de données,


https://theses.hal.science/tel-00120405
https://hal.archives-ouvertes.fr

Habilitation a Diriger des Recherches

Fabrice MORTESSAGNE

Laboratoire de Physique de la Matiere Condensée
Université de Nice-Sophia Antipolis & CNRS

11 décembre 2006

Jury

Roger Maynard
Patricio Lebceuf
Richard L. Weaver
G. George Batrouni
Pierre Coullet

Jacques Treiner

Président, rapporteur
Rapporteur
Rapporteur
Examinateur
Examinateur

Examinateur

Professeur, Université Joseph Fourier

Directeur de recherches, CNRS

Professeur, University of Illinois, Urbana-Champaign
Professeur, Université de Nice-Sophia Antipolis
Professeur, Université de Nice-Sophia Antipolis

Professeur, Université Pierre et Marie Curie




A Marie-Cé...



Une contribution au chaos ondulatoire expérimental

Fabrice Mortessagne

Laboratoire de Physique de la Matiére Condensée
CNRS & Université de Nice-Sophia Antipolis, UMR 6622

Au travers d’une sélection d’articles, ce document propose de suivre le parcours de I'auteur dans
le vaste et riche domaine du chaos ondulatoire. L’accent est en particulier mis sur les activités
expérimentales dont il a été 'initiateur, et qu’il anime actuellement. Le lecteur parcourra ainsi
plusieurs ordres de grandeur de longueurs d’onde : de quelques centaines de nanometres a la
dizaine de centimetres, et croisera des objets aussi simple, en apparence, qu’une boite en cuivre,
ou de plus haute technologie, comme une fibre optique amplificatrice & double coeur! Il verra des
comportements universels a I’ceuvre, mais aussi des attitudes violemment atypiques, comme font
montre les scars et les modes localisés. Et, si 'objectif du document est atteint, il sortira de sa
lecture convaincu que les travaux menés par 'auteur concourent efficacement & un seul et méme
objectif : comprendre les mécanismes de propagation des ondes dans les milieux complexes.

Contents I. AVANT-PROPOS
I. A t- 3 N . .
vant=propos En 1997, deux ans apres ma nomination au poste de
II. Chaos ondulatoire en optique guidée 5 Maitre de Conférences, j’ai proposé de créer une équipe
A. Fibroscopie du chaos ondulatoire 5 s’intéressant au chaos quantique expérimental (on ne par-
B. Spec'kle statistics in a chaotic multimode fiber, Physical lait pas encore de chaos ondulatoire). Malgré mon passé
Review E 65, 056223 (2002) 8 Lo . . ‘1z . . .
. o . ) ) de théoricien, le pari a été relevé par la direction du
C. Light scarring in an optical fiber, Physical Review , . S, .
Letters 88, 014102 (2002) 94 LPMC. C. est donc avec ce cah}er des charges que ’équipe
D. Optimized absorption in a chaotic double-clad fiber Propagation des Ondes en Milieux Complexes a été créée.
amplifier, Optics Letters 26, 872 (2001) 29 Je crois que l'on peut, sans réserve, dire que le pari a été
E. Amplification optique des scars : vers le chaos gagné : que ce soit en termes de publications, de recon-
ondulatoire non linéaire 33 . . . s . 5, . R
1. Contexte 33  naissance internationale, d’accueil d’étudiants en these,
2. Mise en évidence de I'amplification sélective 34 de post-docs, etc. Il faut remarquer que les équipes qui
F. Annexes 36  s’intéressent au chaos ondulatoire expérimental ne sont
1. Modélisation de I'amplification 36 pas légions dans le monde : deux équipes utilisant des
2. Caleul du spectre en nombre d’onde 37 cavités micro-ondes en Allemagne (le groupe de Achim
3. La Beam Propagation Method 38 . . . ..
Richter et celui de Hans-Jiirgen Stockmann), et deux aux
III. Cavités micro-ondes « semiclassiques » 41 Etats-Unis (autour de Srinivas Sridhar et de Steve An-
A. Un diffuseur (quasi-)ponctuel dans une cavité 41 lage), on y trouve également les expériences menées par
B. Semiclassical analysis of spectral correlations in regular . . s .
- : . : ; Richard Weaver dans le domaine de ’acoustique au sens
billiards with point scatterers, Physical Review E 55, L, R A
7741 (1997) 45 large (y compris élastodynamique), dans ce domaine on
C. Diffractive orbits in the length spectrum of a trouve une activité au Danemark, initiée par Clive El-
two-dimensional microwave cavity with a small legard, et une équipe francgaise, celle de Mathias Fink.
scatterer, Physical Review E 74, 046219 (2006) 50 Ce contexte expérimental souffreteux tient, pour l'es-
IV. Diffusion chaotique en milieux ouverts 59 septlel, au caractere .tres fondamt.entgl du \chaos ondula-
A. Paradigme des milieux ouverts : cavité micro-ondes a toire, donc peu propice aux apphcatlons a court terme,
température ambiante 59  réduisant ainsi les possibilités de financement de projets
B. Complete S-matrix in a microwave cavity at room expérimentaux ambitieux. Cet examen rapide de la si-
temperature, Physical Review E 71, 016205 (2005) 62 . . . PN
: o tuation internationale donne encore plus de relief a la
C. Inhomogeneous resonance broadening and statistics of . . N
complex wave functions in a chaotic microwave cavity, réussite de 1 equipe POMC.
Europhysics Letters 70, 162 (2005) & Inhomogeneous Créer une activité expérimentale ex nihilo est une
losses and wave function complexness, Europhysics 1 de tach s i1 . 4sul "
Letters 76, XXX (2006) 74 ourde tache, c’est pourquoi les premiers résultats ont ete
D. Gel de la diffusion : modes localisés gs  obtenus dans le C_aqre de l’optlgue guldee. (chapitre II).
En effet, cette activité a bénéficié de I’environnement fa-
V. Postface 91 vorable du LPMC, o les compétences et les savoir-faire

sont importants dans ce domaine. Cette activité conti-
nue a nous distinguer internationalement, et le projet en
cours (voir ILE) devrait renforcer notre position. C’est
pourtant dans les micro-ondes que les premieres « proto-
manips » ont été réalisées. Cette activité a été plus lente a
émerger, car nous ne disposions localement d’aucune aide



pour éviter les erreurs de débutants. D’autre part, les si-
tuations « simples » ayant déja été traitées par les équipes
allemandes, nous nous sommes « attaqués » au délicat
probléme des milieux ouverts (chapitre IV) ! Les fruits du
gros travail de fond de ces derniéres années se récoltent
depuis peu. La reconnaissance internationale est acquise.
La récente, mais extrémement prometteuse orientation
vers ’étude de la localisation (voir IV.D) traduit la ma-
turité atteinte par cette activité. Le savoir-faire dont nous
disposons permet de revisiter des études numériques an-
ciennes et d’en proposer des extensions vers des applica-
tions (chapitre III).

Les trois chapitres qui suivent proposent, chacun apres
une premiere section introductive, une sélection d’ar-
ticles : un article long qui pose la problématique générale
et expose en détails les travaux effectués, et un ou deux
articles de type « lettre », présentant des résultats parti-
culierement marquant. Ces sélections d’articles sont sui-
vies, pour les chapitres II et IV, d’une section sur les
développement en cours. Si 'ancrage de mes travaux
est résolument fondamental, le lecteur pourra distinguer
une volonté d’ouverture vers des applications potentielles
(voir ITI.C) ou avérées (voir I1.D). Un nom est associé a
tous les travaux présentés ici : celui d’Olivier Legrand.
Ayant tous les deux une activité d’enseignements impor-
tante, nous trouvons dans la constitution d’un « binéme »
un moyen efficace de mener de front nos enseignements
et une recherche dynamique. Méme si, par gotit, je m’im-
plique davantage dans les activités expérimentales, nous
restons indissociables dans les idées, et je tiens a associer
son nom a ce document.

En dehors des fautes involontaires de grammaire, d’or-
thographe et de gout, le lecteur trouvera dans ces lignes
des fautes de « franglais » assumées : speckle pour tave-
lures et scar pour balafre.



Il. CHAOS ONDULATOIRE EN OPTIQUE GUIDEE

Bien que chronologiquement la deuxiéme voie
expérimentale que j’ai développée — la premiere étant
celle des cavités micro-ondes, qui sera traitée dans les
deux sections suivantes —, c’est en optique guidée que
les premiers résultats de chaos ondulatoire expérimental
ont été obtenus. Le travail n’était pas plus simple, mais
les forces vives plus nombreuses : les compétences dans
ce domaine sont fortes au LPMC. Ainsi, la premiere
these expérimentale que j’ai encadrée, celle de Valérie
Doya, s’appuyait sur une fibre optique multimode a
section chaotique « maison ». Cette fibre chaotique est
maintenant devenue un embleme de 1’équipe, et son
apport au chaos ondulatoire expérimental est unanime-
ment reconnu. Les trois articles choisis pour illustrer

cette partie de mon activité traduisent ma démarche
générale, avec un article de fond (II.B), une lettre sur
un résultat marquant (II1.C), et une lettre « exogene »
portant a 'attention de la communauté telecom optique
la potentialité pratique de nos études fondamentales
(ILD). Il ne faudrait pas croire que cette activité
reste dans le souvenir de son (glorieux) passé. Bien
au contraire, 'un de mes axes principaux de recherche
reste dans l'optique guidée et constitue l'ossature du
projet ANR Chaos ondulatoire non linéaire (« Chaos on
line »); les premiers résultats obtenus dans le cadre de
ce projet sont présentés en II.LE. Mais avant de rentrer
dans la lecture (guidée) des articles et des paragraphes
originaux, je vais synthétiser I’essentiel de mon propos.

F1G. 1 Images obtenues en sortie d’une fibre chaotique en forme de cercle tronquée pour une excitation (presque) quelconque :
a gauche, le champ proche, qui présente ’allure familiére d’'un champ de tavelures , a droite, le champ lointain, qui illustre
Pabsence de directions privilégiées dans I’espace des vecteurs d’onde.

A. Fibroscopie du chaos ondulatoire

Dans le cadre des travaux de these de Valérie Doya
(co-encadrée avec Olivier Legrand), et en collaboration
avec Christian Miniatura, nous avons congu et réalisé une
expérience visant a étudier les propriétés spatiales de la
lumiere transmise dans une fibre optique hautement mul-
timode. Grace a la forme non circulaire du coeur, cette
étude s’est inscrite dans le domaine du chaos ondulatoire,
ol les expériences ne sont pas légion (atomes de Rydberg,
cavités micro-ondes ou blocs vibrants) et olt bien peu per-
mettent d’accéder de fagon directe a la répartition spa-
tiale de 'onde. En effet, la plupart explorent les spectres
de résonances afin d’y mettre en évidence les comporte-
ments statistiques universels décrits soit par des théories
de matrices aléatoires, soit par des approches semi-

classiques. La fibre que nous avons réalisée au LPMC,
grace a la collaboration de Gérard Monnom et Bernard
Dussardier de 1’équipe Fibres Optiques Actives, présente
une section en forme de disque tronqué. L’évolution des
rayons, projetée sur la section transverse, est chaotique,
ce qui se traduit par le fait que presque tous les modes
guidés par cette fibre ont une répartition d’intensité de
type speckle (comme le montre la figure 1). Les condi-
tions expérimentales d’illumination de la fibre ne per-
mettent pas d’exciter un mode unique, mais davantage
une superposition de modes, centrée autour d’un nombre
d’onde transverse moyen. Par une analyse statistique des
distributions d’intensité et des corrélations spatiales du
champ proche, nous avons confirmé 'hypothese de statis-
tique gaussienne des modes. Grace aux images en champ
lointain, nous avons fourni, pour la premiere fois, une vi-



sualisation directe d’une conjecture proposée par Berry
dans les années 70 : les statistiques spatiales d’un mode
d’une structure chaotique sont identiques a celles obte-
nues par une superposition aléatoire d’ondes planes. En

pratique, comme le montre la figure 1, le champ loin-
tain forme un cercle dont le rayon est fixé par le nombre
d’onde unique de la superposition (et la largeur par I'ou-
verture numérique de la fibre).

Fic. 2 Images obtenues en sortie d’une fibre chaotique en forme de cercle tronquée pour une excitation particuliére : a gauche,
le champ proche, oti I'on constate la localisation préférentielle de I’énergie lumineuse le long de la verticale, a droite, le champ
lointain, ot les deux directions principales de propagation apparaissent comme deux spots lumineux.

Si le comportement de type speckle constitue la norme
pour la plus grande partie des modes guidés de la fibre,
certains d’entre eux présentent des surintensités loca-
lisées au voisinage de trajectoires périodiques de rayons.
Ces modes particuliers, baptisés « scars » révelent de
maniere spectaculaire la capacité des ondes a geler le
développement de la dynamique chaotique par le jeu des
interférences. Les scars constituent une singularité fasci-
nante dans le domaine du chaos ondulatoire qui motive
un grand nombre de travaux ; ils restent néanmoins mal
connus (une description unifiée reste & établir) et consti-
tuent un défi expérimental pour la communauté. Pour la
premicre fois dans une fibre optique, nous avons observé
ce phénomene le long d’une orbite périodique a 2 rebonds
(voir la figure 2). Pour fournir une analogie optique, la si-
tuation peut s’interpréter en termes d’un « Fabry-Perot »
effectif ou le résonateur instable est constitué d’un mi-
roir plan et d’'un miroir concave. L’observation de tels
scars est possible si la norme du vecteur d’onde trans-
verse vérifie une relation de quantification fixée par la
réponse spectrale du résonateur.

Il est important de noter que la motivation pure-
ment fondamentale a l'origine de ces travaux, n’a pas
empéché, grace a une collaboration opportune avec I'IR-
COM Limoges, de proposer des solutions pertinentes
au probleme de 'optimisation des amplificateurs tout-
optiques a double cceur. En effet, en nous basant sur
le caractere ergodique de ces modes, nous avons pro-

posé d’optimiser les performances d’amplificateurs a fibre
a double cceur, dont le coeur monomode est dopé aux
terres rares. Dans de tels dispositifs, nous avons montré
théoriquement et numériquement que 'efficacité de ’am-
plification peut étre sensiblement accrue en optimisant
le recouvrement de 'onde de pompe multimode avec
le coeur dopé, guidant le signal amplifié. Concernant
I’absorption de la pompe, ces résultats ont été validés
expérimentalement au sein du groupe Optique Guidée et
Intégrée (OGI) de 'TRCOM, & Limoges, lors du séjour
post-doctoral de Valérie Doya.

Bien qu’invoquant le chaos, le chaos ondulatoire reste
une physique linéaire; c’est la dynamique sous-jacente
des rayons qui est non linéaire. Mais la dynamique des
ondes est décrite, certes avec difficulté, par des équations
purement linéaires. Que devient le chaos ondulatoire dans
un milieu non linéaire ? Des effets non linéaires peuvent-
ils étre inhibés ou, au contraire, exacerbés par le chaos
ondulatoire ? Pour tenter de répondre & ces questions ol
physique fondamentale et appliquée ne sont jamais tres
éloignées, un projet jeune chercheuse, porté par Valérie
Doya, intitulé « Chaos On Line » (pour Chaos ondula-
toire non linéaire) a été soumis a PANR, et accepté fin
2005. Ce projet traduit la maturité atteinte par 'activité
expérimentale que j’ai lancée il y a quelques années. 11
s’articule autour de trois axes :

() Amplification sélective des scars dans des fibres
chaotiques;



(ii) Effets non linéaires dans des fibres cristallines chao-
tiques;

(#i) Chaos et interactions paramétriques dans des
guides d’ondes optiques.

L’effort initial s’est naturellement porté sur le pre-
mier axe, pour lequel les attentes (et le savoir-faire) de
I’équipe sont les plus importantes. En effet, les investiga-
tions menées dans la fibre chaotique ont, certes, prouvé
que cette derniére constituait un systeme modele pour
I’analyse des propriétés spatiales des modes de propaga-
tion, en particulier des modes de type scar. Mais il faut,
cependant, admettre la grande difficulté & manipuler un
scar unique, ou méme une famille donnée de scars, en rai-
son de 'impossibilité a réaliser une excitation sélective.

J

Fort de ce constat, nous avons décidé de mettre en ceuvre
un procédé dynamique de sélection d’un (ou d’une famille
de) scar(s). La démarche employée s’est inspirée de tra-
vaux réalisés dans le domaine des lasers aléatoires. Il a,
en effet, été montré numériquement que ’ajout d’un gain
dans un milieu suffisamment désordonné se traduisait par
I’amplification des modes localisés du systeme passif. La
sélection d’un mode particulier s’effectuant par la loca-
lisation spatiale de la zone a gain. S’appuyant sur les
compétences du LPMC en matiere de dopage des fibres
optiques, nous développons une expérience d’amplifica-
tion optique dans une fibre multimode chaotique locale-
ment dopée par un milieu a gain, I'ytterbium, en I'occur-

rence.

F1G. 3 Images obtenues en sortie d’une fibre chaotique en forme de cercle tronquée : a gauche, on simule la propagation dans
une fibre passive, le résultat est une répartition de type speckle de I'intensité, a droite, la simulation integre une zone dopée,
une amplification sélective de (quelques) modes scars s’opére alors; les conditions initiales sont identiques dans les deux cas.

Parallelement a la fabrication de la fibre , nous avons
étudié numériquement I'influence d’un gain localisé sur
les scars. En localisant la zone dopée sur un point auto-
focal' de la trajectoire périodique sur laquelle se construit
le scar et en injectant le signal suivant la direction de
cette méme orbite périodique, nous avons observé une
amplification sélective du mode scar (voir la figure IT1.A).
Dans un milieu linéaire le poids des modes de type
scar par rapport aux modes génériques de type speckle
est faible. En contribuant a amplifier préférentiellement
les scars, lintroduction d’un gain localisé permet de

1 Un ensemble de trajectoires voisines d’une orbite périodique issu
d’un point auto-focal se refocalise sur ce point apres avoir effectué
une période.

réaliser une sélection modale de ces derniers, facilitant
par conséquent leur observation. En collaboration avec
Wilfried Blanc, du LPMC, nous avons réalisé une fibre
en silice a section tronquée avec une zone dopée aux ions
ytterbium & la position du point auto-focal de 'orbite
périodique la plus courte a deux rebonds. Le disposi-
tif expérimental est en cours d’installation : le pompage
optique se fera a ’aide d’une diode laser a la longueur
d’onde de A\, = 980nm et 'injection du signal & la lon-
gueur d’onde Ay = 1020 nm.



B. Speckle statistics in a chaotic multimode fiber, Physical
Review E 65, 056223 (2002)

Ce long article de 15 pages est en quelque sorte I'acte
de naissance de l'optique guidée dans le champ du chaos
ondulatoire. Il a été rédigé avec le soucis d’étre complet et
digeste, et de servir de socle aux publications ultérieures.
Apres une premiere section d’introduction, la section II
établit au niveau formel ’analogie entre la propagation de
la lumiere (polarisée) le long de la fibre et I’évolution dans
le temps d’une fonction d’onde quantique; on y délimite
le domaine de validité de cette équivalence, ce qui re-
vient a fournir celui de I’approximation paraxiale. C’est
donc une section importante qui pose le modele utilisé.
La section IIT dans laquelle « [...] we will address the
implications of chaotic ray motion on the statistical spa-
tial properties of guided modes. » peut étre omise par
les spécialistes. En revanche, le lecteur peu familier avec
les méthodes semiclassiques et les résultats principaux de
la théorie des matrices aléatoires trouvera certainement
dans cette visite guidée de quelques pages de quoi satis-
faire sa curiosité. Outre sa fonction pédagogique, cette
section permet de rappeller les expressions des distribu-
tions du champ et d’intensité, ainsi que celles des fonc-
tions d’autocorrélation, attendues pour un champ gaus-
sien. Enfin, on présente les grandes lignes de la construc-
tion du spectre de longueur — ce concept sera revu en
profondeur dans la partie III.C — de la cavité formée
par la section transverse de la fibre; on y identifie les
orbites périodiques du billard équivalent, certaines sont
montrées. Pour la petite histoire, le calcul des orbites
périodiques du cercle tronqué est loin d’étre évident, et ce
n’est que grace aux conseils avisés de Dominique Delande
(et un peu de travail...) que j’y suis parvenu. La section
IV présente les résultats expérimentaux; on y construit
les diverses diverses distributions présentées dans la sec-
tion précédente, et un parfait accord avec les prédictions
des statistiques gaussiennes est constaté. Une attention
particuliere pourra étre portée sur l'utilisation détournée
et féconde de l'intensité en champ lointain pour obtenir
les corrélations spatiales du champ en sortie de fibre (fi-
gures 19 & 24, relations (43) & (48)). La courte section
V est une ouverture vers les applications, mais nous y
reviendrons plus largement en I1.D.
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Speckle statistics in a chaotic multimode fiber
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Wave chaos is devoted to the study of wave motion when the geometrical limit of rays is chaotic. Imprints
of ray chaos may be found either in spectral and spatial properties of modes or in spatio-temporal evolution of
wave packets. In this paper, we present a thorough experimental and theoretical analysis of field statistics for
light propagating in a multimode fiber with a noncircular cross section. This optical fiber serves as a powerful
tool to image waves in a system where light rays exhibit a chaotic dynamics. We show that, in the speckle
regime, the experimentally measured statistical properties of intensity patterns are well accounted for by a
“random Gaussian” hypothesis. A comparison is also made in the case of regular ray motion by using a
circular optical fiber. Possible extensions and applications of the tools and concepts of wave chaos are men-
tioned in modern communication technology.

DOI: 10.1103/PhysReVvE.65.056223 PACS nuner05.45.Mt, 42.81i

I. INTRODUCTION [12], microwaves[13], and optical cavitied14]. Despite
their interesting potentialitiegl5], wave chaos experiments

After three decades of studies in the field qdiantum  with visible light, in particular in optical fibers, have been
chaos the nature of quantum eigenstates of systems whodargely underestimated. Indeed, the huge advantage of light
classical limit is chaotic is still an active subject of research.n optical fibers resides in the fact that it can be most easily
In classical Hamiltonian dynamics, chaos is explained inmaged, thus enabling one to achieve very precise measure-
terms of exponential instability of trajectories with respect toments of intensity patterns. Recently, using a chaotic optical
initial conditions, leading to mixing and ergodicity. Thus, the fiber with a D-shaped transverse section, we have observed
application of probability theory to these deterministic sys-and analyzed scarred patterfis]. While spectacular, this
tems is justified[1]. It is crucial to realize that asymptotic behavior is exceptional in such chaotic optical fibers, and a
(long-time limits of dynamical averages are essential inrandom field is more generally obtained. The differences be-
classical ergodic theory. In contrast, bounded classically chaween these behaviors can be evidenced through an analysis
otic quantum systems show different behaviors since, theiof the field in terms of spatial statistics and correlations. The
frequency spectrum being discrete, all phase-space informaim of the present paper is to provide the first experimental
tion is essentially obtained after a finite amount of time. Thischaracterization of wave intensity in multimode fibers in the
conflicting situation reveals the subtle and singular nature o$peckle regime, together with a theoretical analysis in terms
the semiclassical limitboldly implemented as the famous of wave chaos.
“#—0" limit ) whose understanding is precisely the subject This paper is organized as follows. In Sec. Il, we present
of quantum chaos. In this limit, wave functions are uniformly a theoretical approach based on a modal decomposition to
distributed over the whole available phase space, which igescribe light propagation along a multimode fiber. To estab-
ergodically explored by the classical trajectories, thus localllish an analogy with quantum systems, we introduce the
resulting in a random superposition of plane waves. Trackingaraxial approximation, which we show to be valid in the
fingerprints of classical phase-space structures in quantusystem we consider. In Sec. Ill, we start from a Hamiltonian
properties(distribution of eigenfrequencies, statistical prop- formalism for wave propagation to briefly describe the geo-
erties of eigenmodes, Green’s functions, and time evolutionmetrical limit of rays and introduce the concept of chaotic
led to major advances in the field, such as random matrixilliards relevant to our study. Then semiclassical arguments
theory, and periodic orbit theory, dynamical localizat[@).  are briefly reviewed and used to predict Gaussian statistics of
In fact, these advances rapidly proved to be relevant for otheguided modes. A brief mention of periodic orbit theory is
wave systems sharing close analogies with quantum systemsade to illustrate the close connection between modes and
(e.g., microwave or acoustic systeyngiving rise towave  periodic ray motion. In Sec. IV, our experiment is described,
chaos For these systems, the goal is to understand the fate atarting with the fabrication of a specially designed multi-
interference in the geometrical limifwavelength\ —0) mode fiber. The experimental setup is then presented, fol-
when the ray motion is chaotic. Connections were also foundbwed by an analysis of the measurements of wave intensity.
with disordered system|3]. Wave and quantum chaos are We show the relevance of a Gaussian analysis for a wave
thus now well documented topid®,4,5 covering a wide pattern resulting from the superposition of ergodic guided
variety of physical systems, such as complex atomic nuclemodes. A special emphasis is placed on spatial correlations
[6], Rydberg atomg$7], electrons in quantum dof8], cold  of the near-field using the information contained in the far-
atoms[9], surface waveEL0], elastodynamicEl1l], acoustics field intensity pattern. We cannot conclude without mention-
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wr.2)= [ ap sirper ®

For B4=nikj<p?<p2=nZk5, Eq. (2) is solved at dis-
crete valuesB,, called the propagation constants of the
guided modes. This eigenvalue problem can be written in a
form

Béo— B
=—5—¢ 4)

1, Ber M0k
2 2

which, by writing V(r)=[ 82,—n?(r)k3]/2, emphasizes the

) ) _ formal equivalence between E(®) and a stationary Schro
FIG. 1. Sketch of the transverse section of the multimode flberdinger equation

studied in the paper. The cladding of the actual fiber is thicker than

shown here.

1
[—EAJrV(r) ¢=Ed. 5)
ing that, in the current context of rapidly growing optical
communications, the understanding and fine control of com;, : .
plex wave propagation in multimode fibers will constitute anTheeugenenergy fakes on discrete valus,, related to the

indispensable issue in future transmission systems. Ba's through

Ba= Bt~ 2E,. (6)
Il. THE MODEL FOR PROPAGATION ALONG THE FIBER
Using the basis generated by the eigenmoggsof the

the details of fabrication of the fiber we use. Here, we simplyzsé%h;cgmger equatiort5), the solution of Eq(1) can be writ-

give those of its characteristics which justify the approxima-
tions of our model. We use a highly multimode step-index
fiber, with respective indices of the core and of the cladding, W(r,z)= 2 Chdn(r)expli Bnz)
Ne,= 1.458 andn,=1.453. The transverse shape of the core n
is a truncated disksee Fig. 1 invariant along the fiber.

Since we are dealing with a case of weak guidance =, cnbn(r)expli VBZ,—2E,2), (7
[(ne—Ng)/ng<<1], it is expected that one can construct n
modes whose transverse field is essentially polarized in one ) ] .
direction. Indeed, in weakly guiding waveguides, though thevhere the sum should generically include the continuum
index nonuniformity is essential to ensure total internal re-States(nonguided modes with imaginag's).
flection, one may neglect it as far as polarization effects are Defining E,= «3/2, to each mode can be associated an
concerned17]. In spite of the edges of the transverse secangle ¢, with respect to thez axis defined by tad,
tion, we checked that the linear polarization of light issued=«,/8, (or, equivalently, by sim,=«,/B.). The cutoff
from our laser is indeed fairly well preserved throughout theangle  for guided modes is given by glga
fiber. We therefore will use the scalar approximation in the= \/l—(nc,/nco)2 (around 5° with the values of the indices
following theoretical approach. given above which corresponds to the maximum value
Kmax=\/,8§0— ,85. This value is related to the total number of
guided mode§18]. Indeed, the number of allowed valugs
in the intervall B, B¢, (for a given polarizatiohis given by

We denote by the position along the axis of the fiber and the Thomas-Fermi formula, which, in our context, reads
by r the position in the transverse plane. Using the transla-

tional invariancen(r,z)=n(r), the three-dimensionaBD)

A. Modal decomposition

. _ 1 1 n(r)k3— B2
Helmholtz stationary equation N(B)= EL Vdr [E-V(n]= Py dr — s
(A+ ) g(r,2) +n*(NkGy(r,2) =0, (D) S 2
_ X p2 2y
- 4W(BCO B ) 477_ 1 (8)

whereA is the transverse Laplacian, can be reduced to

where S is the area of the core. This expression yields the
Ag(r; B)+[n*(nks—B*1¢(r;8)=0, (2 well-known formula[19] for a cylindrical fiber of radius:
N=0v2/2, with v =aky(nZ,—n2)*? when allowing for both
whereko=2x/\ (N is the vacuum wavelength of the source polarizations. In our exotic fiber, the total number of modes
and (with a given polarizatiopis approximately 1500.
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B. The paraxial approximation Ill. FROM RAYS TO WAVE

Many of the theoretical results in the field of wave chaos e now consider the geometrical limit of rays and pro-
have been obtained in the quantum confgkiL8]. Though  pose to do so by deriving the eikonal equation in the paraxial
the introduction of the quantum formalism is not theoreti- approximation. This is technically much simpler than deriv-
cally indispensable, it is quite convenient to our purposesng the eikonal equation directly from the 3D Helmholtz
and is easily performed through the following transforma-equation without restricting the generality of the ensuing re-
tion. Starting from Eq.(5), one can write a pseudo-time- sylts[20]. We are then naturally led to investigate a problem

dependent Schdinger equation of chaotic billiards[21,27. Then we will address the impli-
. cations of chaotic ray motion on the statistical spatial prop-
| Beozp(1;2) =[ ~ A+ V(1)] (1;2) ©  erties of guided modes, pafial prop
which can be viewed as an evolution equation alengny _ _
solution ¢(r;z) of the above equation can also be decom- A. Chaotic ray motion
posed on thep,’s, Starting from the parabolic equati@®), if one substitutes
E r;z)=A(r;z)exdi r:z)], 16
o(riz)=3 Cn¢neXD<—iﬁ—nZ)- (10 e(r;z)=A(r;z)exli BeoL(r;2)] (16)
" o two equations are obtained,
Note that Eq.(9) corresponds to the paraxiébr para- 2 1 AA
bolic) approximation performed on Ed@l). Indeed, if one —20,L=(V L)%+ 1_n_(r) S —— (17)
writes ‘ n2, 2 A
¥(r,2)={(r;2)e' Pe?, (11) 9,(A2)= —V.(A2V L), (18)
Eq. (1) becomes Equation (18) is simply a conservation equation for the
s o is “density” A?, with “current” A’V £, whereas Eq(17) is not
8 =] - Tas Beo—n(nky| the eikonal equation since it allows for diffraction effects
| Boo2d(112) = 2 2 (rz) through the last term of the right-hand side. Indeed, the true
eikonal equation, associated to geometrical optics, is ob-
_l 3,,£(r:2) (12) tained by neglectingﬁgozAA/A, consistently with condition
2 A (13). It therefore reads
which is equivalent to Eq9) insofar as one may neglect the —3d,L=H(r,VL), (19
second order derivative of{ (paraxial or slowly varying
amplitude approximation where
2 2
< . 1 n<(r
2 2 nZ,

This neglect amounts to approximate the exact soluin
of Eq. (1) by is the Hamiltonian ang, is the transverse momentum. The
2 rays of the geometrical limit are the characteristic curves

- Beo—En ) f the Hamilton-Jacobi equation and satisfy th
el BeZ— _ 14 (r(2),p, (2)) of the Hamilton-Jacobi equation and satisfy the
e(riz)e zn: C”(ﬁ"(r)eX;](I Beo - (4 Hamilton equations

The validity of this approximation is easily established in dr dH
our experimental context. Indeed, by comparison of Efs. dz H’ (2D
and (14), corresponding terms of each sum are close if the
difference between their phases remains much smaller than dp, oH
27, ie., 4 (22)
- E, 1 E, > om These equations are straightforwardly solved for our fiber.
6B=Bco~ Bee VB~ 2En= EBCO( ,8_2> <5 Indeed, inside the uniform cor#, is reduced to its “kinetic”
Cco,

(15) part, pflz, which can be related to the angledefined above
throughpf =sir? 6. At the boundaries between core and clad-
Condition (15) leads to values o somewhat smaller ding, if sir 0<(1—n§,/n§0), the ray is reflected back to the
than the cutoff angled,.y, When allowing for the actual core. Between two consecutive specular reflections, the ray
length of the fiber. Therefore, this condition amounts to re-consists of a straight segment. We have thus reduced the
stricting the sum in Eq(14) to the first few hundreds of initial wave problem to the dynamics of a point particle in-
guided modes. side a domain with perfectly rigid walls: a billiarf23].
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(a) (b)

FIG. 2. Examples of a single ray trajectory after a propagation
of 150 in units of the radiu&: (a) inside a circular billiard, where
a caustic is clearly observe(h) inside a circular billiard cut by a Sj-1
small straight segment of length 1€R. The caustic is destroyed
due to the chaotic motion.

FIG. 3. Representation of the dynamics in a billiard through the
coordinates associated, at each rebound, to the curvilinear abscissa
Here, the dynamics refers to the evolution alarand can be along the boundary, and the sine of the angle of reflectionith
most easily visualized by projecting the ray trajectories ontdspect to the inward boundary normal.
the transverse plane. From now on, we will restrict our study
of the motion to the two-dimensionéD) projected motion. trajectories which close upon themselves in phase space

Without going into technicalities, we wish now to illus- (hence also in real spacd-or a chaotic system they must, of
trate the particular dynamics of chaotic billiards. Let us firstcourse, be unstable in the sense that any small initial devia-
recall the regular motion of rays in the billiard with the shapetion from it must diverge exponentially with time. To be
of a circle. Figure 2a) shows a typical trajectory within such complete, the proper way of evidencing chaos in billiards is
a billiard after a propagation length of 150 in units of the by considering the behavior of a collection of initial condi-
radiusR. One can clearly observe the presence of a caustidions. In Fig. 5, this set is initially shown as a dark disk in the
The latter encloses a region of space that this trajectory nevg@hase space associated to the geometry of our actual fiber.
visits (whatever the number of reflectionsThis kind of  Rapidly (exponentially with the number of reflectionthe
structure is destroyed in chaotic billiards. This is exemplifiedinitial conditions will spread over the whole surface. This
by considering the following modification of the previous behavior is precisely the sign of Hamiltonian chaos.
billiard. A new shape is obtained by cutting a small straight
segment of length IC° R. Whereas the change of boundary 1
is not visible in Fig. 2b), its effect on the dynamics is dra-
matic: for the same initial conditior{position and direction
the formerly forbidden region is invaded after a finite num-
ber of reflections. In the theory of Hamiltonian chaos, it is
shown that this effect stems from tlextreme sensitivity to
initial conditions which appears for any nonvanishing size
of the cut(excepted for a cut of IengIR, which Corresponds ................................................
to the semicircular billiard

The qualification of chaos is more conveniently studied -1
through a phase-space representation. A common representa-
tion in billiards consists in restricting the dynamics to the 1
knowledge, at each impact, of the curvilinear abscissand
of the sine of the angle of reflection, with respect to the
inward boundary normdkee Fig. 3. Thus, atjth reflection,
definingfj the unit vector tangent to the oriented boundary at
abscissa; andﬁ,— the inward normal unit vector, the trans-
verse momentum reads, =t; siné#sine;+n; sin cose; . bolreesigmete petensien” linilonds
The same trajectories as in Fig. 2 are shown in the phase
space §,sina) in Fig. 4: the regular motion is associated to -1
the conservation ofr in the circular billiard[Fig. 4(b)],
while in the truncated billiard, which is chaotic, the whole
phase space is eventually uniformly covered by almost any FiG. 4. Same trajectories as in Fig. 2 using the phase-space
trajectory[Fig. 4(b) shows the trajectory after a finite number coordinates$, sina) introduced in Fig. 3(a) The regular motion in
of bounces, i.e., at finite tinjelt should be mentioned here the circular billiard is associated to the conservatiompfb) in the
that there exist particular trajectories which do not fit intochaotic billiard, the whole phase space is asymptotically uniformly
this scheme, namely, the periodic orbits. These orbits areovered by almost any ray trajectory.

..................
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FIG. 6. A typicalergodiceigenmodgsquared amplitude solu-
tion of Eq.(25) with Dirichlet boundary conditions, in the truncated
FIG. 5. Sketch of the typical evolution in phase space of gchaotic billiard withkR=87.89. Apart from the obvious symmetry,
subset of initial conditions. Starting from an initial disk, subsequentSUCh @n eigenmode can be viewed as a superposition of plane waves
stretching and folding are depicted at larger and larger times. &t @ givenk with random phases and directions.

S

B. Gaussian statistics of ergodic guided modes (A+k?)¢»=0 inside the core

In the following, we will use the quantum terminology of _o
semiclassical techniques to designate what is otherwise re- b=
ferred to as the geometrical theory of diffractid]. Thus, The above eigenvalue problewith Dirichlet conditions is

using the quantum analog of our optical waveguide, the geo- S o X
metrical limit of rays corresponds to the classical limit of al good approximation of Eq4) for low-lying guided modes.

Lantum oroblem. In our case. the small parameter for seml§levertheless, the following qualitative arguments concerning
quantum p S : Z7 2p 2 > the statistics of eigenmodes do not rely on this approxima-
classical expansions is«k[) ™", where k“=B¢,—B°=2E

i , ) tion. In Sec. IV, to analyze our experimental results, we will
andL~ S is the typical size of the corf25], and ray tra- ot yse jt. In Fig. 64=287.89(in units of inverse radius of

jectories have to be viewed as a genuine skeleton of wavge pjliard). This figure illustrates the fact that a typical
motion[26]. In particular, the features of uniformity and isot- eigenmode can be viewed as a random superposition of 2D

ropy resulting from the chaotic exploration of phase space by|ane waves of different phases and directions but with the
rays, as illustrated in the last sectidfig. 5, should be ex-  s3me wave number [29].

pgcted to govern, Iike\_/vi_se, thg statistical distribu_tion of it one views a typical specklelike guided mode locally as
eigenmodes. The ergodicity of eigenmodes can be rigorously,e 5\ nerposition of plane waves with random directions, it

shown[27] and may be formally stated in writing down the 1,5y he shown that the field autocorrelation function
local density of states
Cylr,ro;K)=(P*(r—3r0) p(r+3ro)) ., (26)

where(---), is to be understood as an ensem{@eergy

on the boundary. (25

[ @b, steio- g

po(rx)= L ) 2 average in the asymptotic limikL>1, has the expected
drdp; &(x*/2— B H(r.p.)) value[30,31] [following the microcanonical resui23)]
= lim (|$(N[?)., (23 Cy(r,ro;K)
KkL—©
where the average reads f dp, exli Beo Py - o] 8(k?12— BEH(1,p,))
1 B , ,
(6MIPh=gg 2 14N, (24 f dr’ dpy 8(*12= BEH(r"p))
(27

the sum running ovelN eigenmodes centered arourktl
.:K2/2. This average is meaningful provided that the energyin the case of a 2D billiard, whergl(r,p,)=p?/2 in its
interval is large enough to ensure a large valueNofbut interior, the Diracé function only fixes the norm of, .

small enough for the density of states to be approximatelfquation(27) thus amounts to the well-known res{i&1]
constant within this interva[28]. In practice, an average

over a few modes is adequate, and the ergodic behavior can Cy(r,ro; k) =Jo(kr ), (28
even become a generic feature of individual eigenmodes

when (kL) ! tends to zero. In Fig. 6, the squared amplitudewhereJy(x) is the zero-order Bessel function anglis the

of such an ergodic mode is shown. It has been obtained bgorm ofry. Using an ergodic hypothesis, the average in Eq.
numerically solving (26) can be replaced by a spatial average over the midppint
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which, in practice, should be evaluated over a domain en-
compassing a sufficiently large number of oscillatip@].

In the asymptotic limit, a random superposition of plane
waves with random uncorrelated phases is expected to yield
a Gaussian random field. In the case of real eigenmodes, this
implies that the probability?($)d¢ that the eigenfunction
has a value betwee# and ¢+d¢ is given by

(29

1 ¢
PO exp( 2<¢2>)’
0.45 T T T |“ T T T

where(- - -) denotes a spatial average on the surface of the L P(¢)
fiber section32]. One should note that a Gaussian distribu-
tion does not imply the stronger requiremé®¥). The result
(29) is also recovered by random matrix thed®MT) for

the Gaussian orthogonal ensemble of real symmatricN
matrices in the limitN—cc [28]. Indeed, RMT leads to the
so-called Porter-Thomas distribution for the squared eigen-
vector components. The latter distribution is obtained from
Eq. (29 for the intensityl = ¢? and reads

0.30F dHAAty -

0.15f .

0. +2  +4
(¢ —(¢))/(¢)

Cy(ro; k)

(30 1 T T
° Truncated fiber _|

— Jo(k70)

T——
(= 22 2y

To check this behavior, we first numerically solve the
propagation equatiori25) with Dirichlet boundary condi- 1
tions using a plane-wave decomposition method. This | 1 (©
method[33] has allowed the calculation of the first 2000 !

eigenmodes of the D-shaped billiard. Because of Dirichlet or

boundary conditions, the eigenmodes are chosen to be real. B 7
Using these calculated modes, we have evaluatedathe —04E& 1 1 1 1 =

dial field autocorrelation functio€ ,(ro; ), 0 10 20 30 40 50

7o (pm)

1 27
C‘ﬁ(ro'K):Zfo d0C¢(rO’K) (3D FIG. 7. (@ A high-energy eigenmodéamplitude with xR

=87.89 in the truncated chaotic billiar(h) its associated probabil-

with @ the polar angle and where the field autocorrelation distributionP(#), compared to a Gaussian distributi@ontinu-
function C¢(r0;K) is equivalent to Eq(26) with a spatial ous ling, and(c) the radial field autocorrelation functid®,,(rq; «).

average over, o . i i ,
quasiperiod of the autocorrelation function. This correlation

C ) =(b*(r—1 41 , 32 length is related to the typical size of the speckle grain which
(oK) =(*(r—3rg) p(r+3rp)), (32 is of the order ofc~ L.

In order to reveal the ergodic behavior of the chaotic
with D the domain of integration. eigenmodes of the D-shaped billiard, we have compared the

In Fig. 7, we have represented one typical high-energ)PreV'ous results with those obtained for a typical high-energy

eigenmodelamplitudg of the D-shaped billiard for a value mode of the circular billiard. For large values of the guan-
: . : g . tized numberm associated to the number of zeros in the
of x equal to 87.89 in units of inverse radiRsits probabil-

ity distribution and the corresponding radial field autocorre-radlal direction, there exists a simple relation between the

lation function following Eqs(31) and(32). The assumption cguple of quanuzed_number's,.m) associated to the rggular
of a random superposition of plane waves is confirmed b igenmode of the circular billiard and the value sofgiven
the good agreement between the probability distributio y [34]

P(¢) and the Gaussian distribution, as can be seen in Fig.

7(b). The radial autocorrelation functio@4(rq;«) is com- e~ +2m)1 ms1. (33
pared to the expected zero-order Bessel funcligfixr o) for 2R’

xR=287.89. Note that the predictiof28) is perfectly veri-

fied. From the oscillatory nature of the autocorrelation func-The resolution of Eq(25) for the circular fiber yields solu-
tion, one should define a correlation length deduced from thé&ons of the form

where the averagé---), reads[[p---dr/[[p|¢(r)|?dr,
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(a)
04 I 7
L - (b) _0 4 1 1 1 1
sk ' i 0 10 20 30 40 50
L i ro (um)
0 L FIG. 9. Field autocorrelation functions f¢a) an eigenmode of
- - ( <¢?))/<¢2;"2 +4 the truncated billiard(b) an eigenmode of the circular billiard, and
1 ¢- (c) their associated radial representations.
) 1 T I
Co(ro; ) ;Shzzlilz;r fper we have checked this independence. On the contrary, in the
O30 circular fiber, wide variations are observed from one sample
| to another. Surprisingly enough, for particular domains of
(c) this regular fiber, one can even observe that the behavior of
i A s o S| the radial field autocorrelation function is very close to the
0 -ttt b A A zero-order Bessel functio(Fig. 9). It does not necessarily
s R A follow from this result that the field autocorrelation function
0.4L . . . . ] C,(ro;«) (32) is isotropic, as implied by Berry’s prediction

(28) for ergodic eigenmodes. As an illustration, Fig. 9 dis-
0 10 20 30 40 50 plays the behavior of the field autocorrelation functions cal-

ro (um) culated for eigenmodes, with similar values eof of the
D-shaped(a) and of the circularb) fibers. Note that, while
the radial autocorrelation functions for these two modes are
nearly indistinguishablgFig. 9(c)], only the ergodic eigen-
mode exhibits isotropic correlations.

FIG. 8. (8 A high-energy eigenmode witkR=87.0 in the
regular circular billiard,(b) its associated probability distribution
P(¢), compared to a Gaussian distributi@@ontinuous ling and
() the radial field autocorrelation functid®(r; «).

. C. Periodic orbit theory
cogld¥) even solution

PLm(N=J1(kmh X G 9) odd solution,

As any prediction concerning average behaviors, the re-
sults presented in the previous section suffer rare but impor-
tant exceptions. Indeed, inspecting Fig(dQa clear devia-
whereJ,(x,R)=0 and¥ is the angular variable in the cir- tion from ergodicity is seen, which is in fact associated to a
cular coordinates. Using these relations, we have calculatgsharticular periodic orbifsuperimposed as a solid linerhis
one eigenmode of the circular billiard, for a value ®R intensity enhancement in the vicinity of a single periodic
~87.0, shown in Fig. @. The associated probabiliffFig.  orbit (p.o) is coinedscarring [33,35. This unexpected be-
8(b)] and the corresponding radial field autocorrelation func-havior has led the quantum chaos community to reconsider
tion [Fig. 8(c)] deviate from the theoretical predictio28) the semiclassical limit23). They have established that the
and (29) pertaining to ergodic modes. This is not surprising semiclassical skeleton of eigenmodes is built on all the peri-
since the regular eigenmodes are obviously nonergodic. Imadic orbits of the system. Thus the one-to-one relationship
deed, in this context, a good test of ergodicity relies on theshown in Fig. 10, between an eigenmode and a periodic or-
independence of the above statistical quantities on the spatiblt, has to be considered as an exception, since, as the num-
domain®D introduced in Eq(32) [30]. This domain defines ber of p.o.’s proliferates exponentially with their lengths,
the statistical sample used for the evaluation of the distribueigenmodes must build upon many of them. The crucial role
tion probability. For the eigenmodes of the D-shaped fiberpf p.o.’s had already been exemplified by the famtrase
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=3 ¢ = 4.4037

FIG. 10. Examples of eigenmodes displaying an intensity en- \/ \"/’ / \
hancement in the vicinity ofa) an unstable periodic orbisuper-
imposed as a solid lineand(b) the continuous family of diameters ¢ = 7.0407
(boundaries shown as solid lines

formula[36], which establishes the semiclassical expression ;,Xﬁ \ b
of the density of states(x)=dN/dx, i’k Y
VEERNYG.
ns({K)=no(K)+2 /oWy expli k7). (35
P £ =11.564

In the above equation, the sum is running over the periodic FIG. 12. A few periodic orbits whose periods correspond to
orbits, including multiple traversals, and is the total trans-  peaks of the length spectrum shown in Fig. 11.

verse length of orbip. The quantityw, encompasses a clas-

sical amplitude related to the stability of the orbit and aplays peaks located at the lengths of the p.o.’s. In Fig. 11, we
phase associated to caustics and reflections. The smooth patow the length spectrum of the above considered billiard. A
of the density(for the Dirichlet casgis given by the so- few orbits among the shortest are indicated by arrows and are

called Weyl formulg 37] displayed in Fig. 12. Remark that the vast majority of peri-
odic orbits contribute to the generic ergodic behavior de-
S P scribed in the previous section. Interestingly enough, formula

No(x) = ox T an (36 (35) allows us to recover many of the predictions of RMT

[38]. Nonetheless, the least unstable periodic orbits or the
whereP is the perimeter of the billiard and s its surface. ~continuous family of diameters which survived the trunca-
Note that the leading term of the above expression is directi{ion, and constitute marginally unstable periodic orbits, are
obtained by differentiating Eq(8). Considering the actual responsible for the non-Gaussian statistics of the eigenmodes
density of statesi(«)=X;8(x— «;), Eq. (35) suggests that shown in Fig. 10.
its Fourier transform provideslangth spectrumwhich dis-

IV. EXPERIMENTS

R e e e |

A. Fiber design

The fiber designed and fabricated in our lab for the ex-
periment is now briefly described. Its transverse section is a
truncated disk'see Fig. 1 a silica bar of 1-cm diameter is
cut and polished and the fiber is pulled at a temperature low

[ l ] enough to avoid smoothing of the edges. This process en-
C J l 1 sures a small roughnega few nanometejsof the planar
l | surface. Moreover, since we only use lengths of the order of
10 cm, a high translational invariance is achievieds than
l | t» 3%o error on the fiber diameterThe final dimensions are
L—a D —— 120 um for the diameter of the disk and 9@m for the
0 2 46 8 El/% 12 1416 18 20 truncated diamete(Fig. 13. The cladding is composed of
40% of a black silicorfRhodorsil RTV 1523 A and 60% of
FIG. 11. Thelength spectrunor Fourier transform of the den- transparent silicoiRhodorsil RTV 1523 B We use a black
sity of stateq(«), for the eigenvalue probleii25) in the truncated ~ Silicon cladding in order to avoid propagation of light in the
chaotic billiard shown in Figs. 6 and 10. Thace formulapermits ~ cladding which could complicate the far-field intensity pat-
us to show that the length spectrum should have peaks at the perid@/n. The indices are, respectivety,=1.458 in the core and
lengths of the periodic orbits. Arrows indicate lengths correspondng=1.453 in the cladding. To prevent mode coupling due to
ing to the periodic orbits shown in Fig. 12. bends or stresses, we keep the fiber straight by embedding it
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glass micro-sampling pipet

4

Fiber axis

D LA b0\
€4 o ® 7 cladding -
1 . o
>
& :

Laser beam

ko
)

Fiber axis

FIG. 15. Relation between the incident angle on the fiber and
the transverse wave vectat

_ FIG. 13. Micrpscope obse_rvation _of the t_ransverse section of the k=Ko Sinfy, (37)
fiber embedded in a glass microcapillary pipet.
where ko=27/\. Indeed, it should be kept in mind that,

in a glass microcapillary pipet. The set is kept together in £ven with an ideal plane wave, the propagating wave in the
dural tube. A circular multimode fiber of 120m diameter ~ fiber is essentially decomposed over a certain number of
with a black silicon cladding has been fabricated in the sam@uided modes whose eigenvalues are centered.on

way to compare spatial distributions of intensity for a chaotic For the detection, we use a Sony CCD Camera of
and a regular billiardlike system. 398x 288 pixel size. The CCD is used in its most sensitive

regime(between 0.6um and 0.7 um). At the output of the
fiber, we detect either the near-field intensity or the far-field
intensity. The near-field intensity is obtained by imaging the
For our experiments, we use a He-Ne laser souice ( fiber output with ax 20 microscope objective, whereas the
=632.8 nm) with output power of 1 mW. The experimental far-field intensity is observed in the focal plane of a 2-cm-
setup is illustrated in Fig. 14. The laser beam of 1-mm diamfocal-length lens in the detection cell. Figure 16 shows typi-
eter is first spatially filtered and expanded to obtain a 5-mmca| near-fielda) and far-field(b) experimental intensity pat-
diam beam. As a result, the final diameter is large comparegbrs at the fiber output for a quasi-plane-wave illumination.
with the 120um-diam fiber so that the laser beam may be
viewed as a plane wave. We also performed another type of
illumination by using ax 10 microscope objective to focus ) _
the filtered and expanded beam on the fiber input. Here, we propose an analysis of our observations based
The key parameter of the experiment is the incident direcon the random Gaussian character of eigenmodes in the
tion of the beam given by the ang#ig between the beam and D-shaped fiber. The patterns of Fig. 16 are associated to a
the fiber axigFig. 15. The incident angle of the beam on the SUperposition of eigenmodes for a value of the transverse

fiber input fixes the mean order of the excited modes by thavave numberk:R equal to 36. This value is deduced from
way of the following simple relation: the mean radius of the ring in the far-field intensity observa-

tion. The far-field intensity («,0) is essentially the squared
P SEELEE -~ - e ]

B. Experimental setup

C. Analysis of experimental results

modulus of the spatial Fourier transfor@{(r)} of the

o ¥ 7 N
! filter and beam expander . o0 o
! & st el N s S . #
O'.i’ “,‘:- ¢ . "- '
! i o i . f -y at B =
| 3 R USRI s
vy 3 At YA - -
. S ¥a e 2X 3
: lens or objective :: '.-.ﬁ,s‘ 30 LA E -
p‘v'z"';‘:y‘, 5 o .
e e s———T T L { CCD ¢ “a\§s“"l 2 » L
y calige TP . M
¢
i 77
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FIG. 16. (a) Experimental near-field antb) far-field intensity
FIG. 14. Experimental setup. patterns forx.R~36.0 for a quasi-plane-wave illumination.
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field at the output of the fiber. The width of the ring in Fig. (a)
16(b) gives an estimate of the number of excited modes. In o L
practice, this number is evaluated by assuming a Gaussian il " :
shape for the radial envelope of the far-field intensity. Its full ’ Wa® o g &
width at half-maximum fixes th& interval aroundx. and v el ® L P ) v
yields 175 modes. The ring width we observe is more impor- s i ;’,» » ) >
tant than what we can theoretically expect from a plane-wave F &
illumination. It is mainly due to the initial excitation: we do » *:" - A “ . - :ﬁ‘
not have a perfect plane wave at the fiber input, so that " W . ,- w' 4
several modes are excited. te *?. & >
Thus, the complex field@/(r,z) for a propagation length
reads
N F T T T T T T ] (b)
Ur.2)= Y, andn(N)exp—iBa), (39 . ) ]
n=1 Lok e Poisson distribution ]
where a,, is the weight of modeg,, in the superposition, i 3
given by the projection of the initial condition on the eigen- e ]
modes basi§ e}, 1072 ¢ [ 3
[l
an:J f dr(1) (r,z=0)dr/S (39
S -4
10
0 2 4
with Sthe surface of the transverse section of the fiber and I/(I)

B, the propagation constant associate@to The section of
the fiber we study presents a symmetry axis. The eigenmodes FIG. 17. (a) Mode superposition in the case of a focused exci-
basis is therefore naturally decomposed into even- and oddation for the D-shaped fiber ar(®) its intensity probability com-
parity modes which correspond to two independent spectriared to the expected Poisson distribution.
[18].

Here we use a concept inspired from quantum mechanics: Combining the expressiof88) of the complex field with
In close analogy with the Heisenberg tiff&9], the Heisen-  the previous assumption on the random behavior of the

berg lengthis defined as eigenmodes and of the terrag exp(—if,2), we deduce that
the real and imaginary parts of the complex figi¢r,z) are
zy=2m/AB, (400 themselves independent random Gaussian variables. This

cannot be verified from the experimental results because we
where AB=4m/(SB.) is the mean modal spacing for a do not have experimental measurements of the complex field
given parity. Beyond this length, the guided modes can bén the fiber. Nevertheless, using this Gaussian analysis, we
considered as individually resolved leading to uncorrelate¢an derive a prediction for the behavior of the probability
phases between modes in the decompositi@®. For a distribution of the intensity and thus compare it to the results
propagation lengttz longer than the Heisenberg length, deduced from the measured intensity.
the products,e”'#n* may be viewed as independent random  If we separate the intensity of the field: | |2 using the
variables. Indeed, this condition implies that the phase difreal and imaginary part of the field assumed to be equivalent
ference between two neighboring guided modes is greaténdependent random Gaussian variables, we can derive the
than 2r. It is interesting to note that, in our system, the expression of the intensity probabiliB(l)dI from the joint
Heisenberg length probability dostribution. Its evaluation leads to the Poisson

distribution

_BeS_ 7S )

Zy 2 :ncoT

P(l)=exp(— /{1))/I). (42
may be viewed as arffectiveRayleigh length[40]. For a
Gaussian laser beam propagating out of the waigtthe  Figure 17b) illustrates the good agreement between the
Rayleigh lengthzg=7r(wg)?/\ delineates the borderline be- Poisson distribution issued from our Gaussian analysis and
tween the Fresnel near-field and the Fraunhofer far-field rethe intensity probability calculated from the measured near-
gions. At distances large compared to the Rayleigh lengtHfjeld intensity of the superposition of modes presented in Fig.
the full Fourier content of the laser beam is thus angularlyl7. The initial illumination is a focused beam with>a10
resolved as are the individual modes fully resolved in ourmicroscope objective. This experimental result agrees with
situation for distances large compared to the Heisenbergur assumption on the Gaussian statistics of the eigenmodes
length. of the truncated and chaotic fiber. A validation of this as-
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(a) l\ Cy(ro, z; K) i

_04 ] 1 1 1 1 1
0 10 20 30 40 50 60
ro (um)
F T T T T T (b) L . )
I P(I) i FIG. 19. Theradial field autocorrelation function fo.R
1 o Poisson distribution 3 ~30.0 derived from the far-field intensity pattern of Fig. 16.

3 ] The autocorrelation function is thus obtained from the ex-
107 Rl A I M E perimental observation by the way of a simple inverse Fou-
| . rier transform performed on the far-field intensity. Tiaglial

T function C(r¢,z;«.) is then calculated from the vectorial

—4 I
10 functionC,(rg,Zz; k) using the angular integratioi31) and
is presented in Fig. 19. One should notice that the radial field
10-6 ) autocorrelation still oscillates with a quasiperiod but quickly
0 2 6 8 10 12 decreases ayg, increases. It implies that long-range correla-

1/(I) tions within the complex field are reduced due to the super-
o . position of several modes. As before, we use our Gaussian
FIG. 18. (a) Mode superposition in the case of a focused exci-p o\ is to derive a prediction for the behavior of the field
tation for the circular fiber andb) its intensity probability com- o ;e rrelation function for a superposition of modes. This
pared to the Poisson distribution. analysis is original in the sense that we apply a modal ap-

gProach to describe our experimental results.

sumption will be provided by the investigations on the sp The field autocorrelation function is defined as

tial autocorrelation functions which are much more sensitive
to the nature of eigenmodes.

We now turn to compare this probability distribution to Cy(ro,zike) =(gp(r+r0,2)§*(r,2)), . (44)
the one calculated for the near-field intensity pattern at the
output of the circular fiber represented in Fig.(@8for a  |f one substitutesy(r,z) by its expression38), the field
focused excitation by & 10 microscope objective. As seen gutocorrelation function reads
before, we cannot use the Gaussian analysis to describe the

behavior of the eigenmode of the circular fiber so that we do N
not expect a Poisson distribution for the intensity probability. Cfn 7 K.) = a.a * b (r+r0 b (r)e Pnzgibnz
In Fig. 18b), we have plotted the intensity probability asso- w02 <c) n'nz/zl (@ én(r+10) by (1) %

ciated to the above intensity distribution. We can observe a
large deviation from the Poisson distribution, thus confirm-
ing that the Gaussian analysis is only relevant for the de-
scription of chaotic systems.

We are now interested in evaluating the field autocorrela- - . - .
g Fhe distinct eigenmodes are assumed to be statistically inde-

tion function of a superposition of modes as measured in ou . :
experiment. Although the complex field at the fiber outputpendent to _denve the_s_e(_:ond expression. In rela(tl@mne
cannot be measured directly, we deduce some of its propef—an recognize the definition of.the field autpcqrfelat|on func-
ties from the far-field intensity. Indeed, the far-field inten:sitytIon Cf/’(ro;")_ [Eq. (32)] asso_uated to an individual mode
is proportional to the Fourier transform of the complex near”n" Then, using the express@ﬂS), we deduce the expres-
field as the detector is placed in the focal plane of a lens. Sion Of the field autocorrelation function

The field autocorrelation function is deduced from the far-

field intensity using the well-known Fourier transform rela- N 5
tion Cylro,Zke)= 2 |an *Jo(Kal0)- (46)

N
=n§1 |an|X( pn(r+To) G (N); - (45)

Cylro.zike)=Te {1 (x,0)}, (43 , o _
As a consequence, the Gaussian analysis yields a field auto-

where (k,®) are the coordinates of the far-field space. correlation function written as a weighted sum of zero-order
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FIG. 20. Distribution of the coupling coefficients for a plane-
wave illumination withkgR=40.0 and® =17°.

Bessel functions evaluated at each valuecpf Expression
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(@) (b)

FIG. 22. (a) Near field andb) far field at the output of a trun-
cated fiber fork [R~29.0.

(see Sec. llIB. To do this, we project a plane wave
exp(—irg-r) for a given value ofky on the basis of the

(46) thus includes the contribution of each eigenmode of theé?igenmodes and we propagate this initial condition along the

superposition(38) to the field correlations.

To calculate the right-hand side of E@6), one needs to
know the value of the squad@,|? of the coupling coeffi-
cients which are defined by the condition of illumination
(39). Experimentally, these terms cannot be perfectly evalu
ated. Indeed, only a smoothed versiofx) can be deduced
from the measured far-field intensity

1 (27
b(K)=EJO [(x,0)d0, (47)

being the angular variable in the spatial frequencies spa
(Kx 1 Ky).

To each eigenmodeé,, corresponds a ring pattern in the
far field with mean radiusc,,. The width of each ring is

ideally determined by the finite size of the section of the fiber
and fixes the scale over which the weighted density

S|an|?8(k— k;,) is smoothened to yield (k). Provided that
the experimental resolution be sufficient, the evaluation o
the |a,|?'s throughb(k) is thus intrinsically limited by dif-

fraction. Nevertheless, we can numerically confirm the valid

ity of our Gaussian analysis for the description of the field

autocorrelation function using the calculated eigenmode

T

ro (um)

C

fiber by multiplying each eigenmodg, by the phase factor
in the paraxial approximation exp{B,2~exp
[—1(E,/B0)z]- The expression of the field for a given length
of propagatiore is thus given by the relation

|

The coupling coefficients,, are then derived from the pro-
jection of the initial condition expfisgy-r) on the eigen-
modes basi$o,} (39). In Fig. 20, we have plotted the dis-
teribution of the coupling coefficients associated to a plane-
illumination with xkoR=40 (ko=|Ko|). The

N

w(r,z)=2,

n=1

. En
—i—z

Beo 49

anfﬁn(r)exp(

Wwave
corresponding smooth(«) is also shown to exemplify the
diffraction limit.

One can note that the distribution of the coupling coeffi-
ients is centered on the initial conditiof.R= xoR=40.
Using the coupling coefficients, we can evaluate the predic-
ﬂon (46) deduced from the Gaussian analysis. In Fig. 21, we

ave represented the field autocorrelation function calculated
from the far-field intensity43) compared with the evaluation

C

of the expression(46). The agreement between the two
curves is excellent, thus validating the choice of our modal
Gaussian approach.

Even though the Gaussian analysis of the experimental
field autocorrelation function is intrinsically spoiled by dif-

-
- o, )
.‘:' .'\‘ -
K - v, 2
> av b g -
gw .\l L ]
o f : s AN - *
. .‘g ¥ .‘.-l .' of -
L L C
a
LW 3
(@) (b)

FIG. 21. Comparison between the experimental field autocorre-

lation function(circle) and the prediction derived from the Gaussian
analysis(line).

FIG. 23. (a) Near field andb) far field at the output of a circular
fiber for k,R~29.0.
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FIG. 24. Autocorrelation functions associated to filtered far
fields (see textfor (a) the chaotic D-shaped fibéar-field intensity

patterns shown in Fig. 22and (b) the regular circular fibefFig. FIG. 25. Near-field intensity pattern at the output of a double-
23). Note the hexagonal structure which is strongly marked near thelad fiber with a doubly truncated inner cladding. The white circle
origin in the nonergodic case. delimits a chromium-doped codRCOM, Limoges.

fraction, one can nonetheless extract from it some informaproven its relevance and efficiency in optical telecommuni-
tion on the nature of the field. In particular, we can try to cations[41]. These EDFAs are now commonly used to re-
illustrate the essential difference in nature between the fieldstore optical signals in long-haul optical links. As applica-
in the regular(circular fiber and in the chaoti¢truncated  tions in this domain require more and more powerful signals,
fiber. We first consider the intensity patterns at the output ohigh pump power levels are consequently needed. Double-
both fibers for a plane-wave illuminatidifrigs. 22 and 28 clad fibers permit us to couple high pump power into the
These intensity patterns correspond to the superposition efoped core. In these fibers, the doped amplifying single-
several modes around a central valuexgR equal to 29. In mode(for the wavelength of the signal to be amplifiembre
order to extract the contribution tG,(ro,z;«;) of only a is embedded in a multimodéor the pump wavelengjtinner
few eigenmodes, we performsafiltering by multiplying the  cladding where the pump is injected. Amplification is
far-field intensity pattern by a Gaussian ring. The width ofachieved by a transfer of the pump power from the inner
the ring is fixed to 0.4 (corresponding to the pixel size and cladding into the core as it propagates along the fiber. By
approximately comprising nine mode®r both types of fi-  using an inner cladding with the shape of a chaotic billiard,
ber(regular and chaotjand its mean radius to,R=29. We  one may optimize the overlap of the pump field with the core
then calculate the autocorrelation functions associated talong the propagation, thus reducing the differential modal
these filtered far-field intensity patterns by performing anabsorption of the pump generally observed in standard circu-
inverse Fourier transforr@3). The resulting autocorrelation lar double-clad fibers. Indeed, in a regular circular fiber, the
functions are presented in Fig. 24. One can clearly see theverlap of guided modes varies widely from one mode to the
isotropic behavior of the autocorrelation function associateather, thus leading to fluctuating transfer rates from the inner
to the field in the D-shaped fibéFig. 24a)]. Indeed, this cladding into the core between modes. On the contrary, for
behavior is the signature of the ergodic nature of the chaotithe ergodic modes of a chaotic fiber, the overlap with the
eigenmodes of this truncated fiber. On the contrary, in theore region is essentially a constant. In a recent ppf&r
case of the circular fibdiFig. 24b)], privileged directions of we have proposed a quantitative theory for such an opti-
high correlations mark the autocorrelation function. Thismized pump absorption and provided numerical results in
nonisotropy results from the spatial distribution of the regu-fair agreement with the predictions of our theory. The latter
lar eigenmodes of the circular fiber which are characterizeéssentially relies on the fact that ergodic motion ensures a
by a finite and well-defined number of zeros in the radial andnaximal and constant overlap of the pump intensity with the
angular coordinates. doped absorbing core along the fiber. We have also shown
So far we have only considered the ergodic nature of théhat suppression of marginally stable orbits can significantly
chaotic eigenmodes. Deviations from this generic behavioimprove the absorption characteristics of such double-clad
are nevertheless observed that can be related to specific peDFA's. Experimental demonstration of pump absorption
riodic ray motion associated to the short least unstable orbiteptimization in a doubly truncated double-clad fiber has been
of the system, leading to the so-called scarring phenomenomecently achieve@3]. As an illustration, we show in Fig. 25
A scarredeigenmode displays intensity enhancement alondhe experimental near-field intensity pattern of a chromium-
short periodic orbit§see Sec. ). The spatial localization of doped double-clad fiber obtained by Ph. Leproux, Ph. Roy,
light induces strong correlations for both field and intensityJ.-M. Blondy, and D. Pagnoux of the Guided and Integrated
and the resulting autocorrelation function exhibits strong an©Optics group from Institut de Recherche en Communications
isotropy[16]. Optiques(IRCOM) Limoges, France.

V. APPLICATION TO DOUBLE-CLAD FIBER AMPLIFIERS VI. CONCLUSION

Since the first appearance of erbium-doped fiber amplifi- In conclusion, we have provided the first complete theo-
ers(EDFA) in 1987, a novel way of using optical fibers has retical and experimental characterization of wave intensity in
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a chaotic multimode optical fiber in terms of spatial statisticsoptical fiber amplifiers based on double-clad chaotic fibers
and correlations. We have been able to confirm the validity42]. Furthermore, multimode optical fibers have recently re-
of a Gaussian analysis for the statistics of the wave pattern igeived renewed interest in the context of optical multiplexing
the speckle regime. Special attention was paid to the neafn transmission systenjg4]. The feasibility of such network

field autocorrelation function, which is obtained through theappncations strongly relies on a proper understanding of

measurement of the far-field intensity, thus giving a dual waypropagation of light in complex fibers. The present work
of characterizing the amount of randomness in the propagims to serve this objective.

gated field pattern. Starting from the above experiment, fur-
ther progress is envisaged along the following directions:

selective excitation of_ modes and parametric correlations in ACKNOWLEDGMENTS
the frequency domain through the use of tunable laser
sources. The authors gratefully acknowledge useful discussions

This original experiment in multimode optical fibers pro- with Eric Picholle and helpful numerical materials from
vides interesting prospects to the applications of wave chaoc&nne Vigouroux. It is a pleasure to thank @ed Monnom
concepts to modern technology as recently exemplified irand his team for the fabrication of the chaotic fiber.
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C. Light scarring in an optical fiber, Physical Review
Letters 88, 014102 (2002)

Depuis leur découverte en 1984 par Eric Heller?, les
scars demeurent des objets toujours aussi fascinants. Ces
vilaines « balafres » dans le paysage quasi étale des modes
d’une cavité chaotique, par le biais desquelles font sou-
dain irruption quelques orbites périodiques instables, ont
en effet de quoi surprendre. La fascination qu’ils exercent
tient certainement aussi beaucoup a l’acharnement qu’ils
mettent & résister & une description théorique unique?,
sans parler de leur statut mathématique treés incertain?.

Nous n’avons pas échappé au pouvoir de séduction
des scars. Bien au contraire, cette lettre est le fruit
de mois d’efforts constants pour améliorer le dispositif
expérimental présenté dans l'article précédent, et notam-
ment la technique d’illumination de la fibre. Et pour la
premiere fois une fibre optique montre ses cicatrices! Bien
stir, abstraction faite des échelles caractéristiques et des
longueurs d’onde tres différentes, le passage de la figure
1 (a) & la figure 1 (b) peut s’observer, par exemple, dans
une cavité micro-ondes. En revanche, on peut a nouveau
souligner l'originalité apportée par la mesure de 'inten-
sité en champ lointain. Que ce soit dans ’observation di-
recte de la brisure d’ergodicité (figures 1 (b) et 3 (b)) ou
dans I'apparition nette d’une direction privilégiée de pro-
pagation dans les auto-corrélations spatiales du champ
proche (figures 2 et 4).

2 E. J. Heller, Phys. Rev. Lett. 53, 1515 (1984).

3 E.B. Bogomolny, Physica D 31, 169 (1988) ; M.V. Berry, Proc R.
Soc. Lond. Ser. A 423, 219 (1989) ; O. Agam, S. Fishman, Phys.
Rev. Lett. 73, 806 (1994) ; L. Kaplan, E.J. Heller, Phys. Rev. E
59, 6609 (1999).

4 Voir, par exemple, dans la littérature récente : E. Lindenstrauss,
Ann. of Math. 163, 165 (2006) ; F. Faure, S. Nonnenmacher, and
S. De Bievre, Commun. Math. Phys. 239, 449 (2003) ; F. Faure
and S. Nonnenmacher, Commun. Math. Phys. 245, 201 (2004).
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We report the first experimental study of wave scarring in an optical fiber with a noncircular cross
section. This optical multimode fiber serves as a powerful tool to image waves in a system where
light rays exhibit a chaotic dynamics. Far-field intensity measurements are used to provide a better
identification of scars in the Fourier domain. This first experimental characterization of scarring effect
in optics demonstrates the relevance of such an optical waveguide for novel experiments in wave chaos.
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Classical fields (electromagnetic, acoustic, etc.) or
quantum amplitude probabilities share the same interesting
statistical features when, in the corresponding geometrical
or classical limits, the dynamics of rays or trajectories
exhibit chaos [1]. In recent years, wave chaos in non-
quantal wave experiments [1] has provided a productive
alternative to mostly theoretical studies in quantum chaos.
In wave cavities for which the limit of rays exhibits chaos,
wave function statistics is generally expected to follow
the predictions of random matrix theory. According to
this theory, wave functions are uniformly distributed over
the whole available phase space which is ergodically
explored by the rays, thus locally resulting in a random
superposition of plane waves [2]. Nonetheless, some
eigenmodes of classically chaotic systems are known to
show anomalous enhancement of intensity along weakly
unstable periodic orbits, a phenomenon called scarring
[3.,4]. This concentration is particularly counterintuitive
since chaotic motion of rays should lead to rapid spread-
ing of any localized initial wave packet. Semiclassical
theories of scars were proposed by Heller [3], and also
by Bogomolny [5] or Berry [6], which rely on linearized
dynamics in the vicinity of unstable periodic orbits. While
generically the long time evolution yields a specklelike
field characterized by the well-known isotropic autocorre-
lation function [2,7], scarring introduces strong anisotropy
which is related to localization not only in configuration
space but also in momentum space.

Two alternative approaches are generally considered to
study the influence of short unstable periodic orbits on
wave statistics in chaotic wave cavities. One is dynamical
as it is based on the evolution of wave packets launched
along periodic orbits [4,8] while the other is devoted to
the analysis of individual scarred eigenstates [3]. In this
Letter, we demonstrate that multimode optical waveguides
are particularly well adapted to a quantitative analysis of
scarring since they naturally provide a connection between
both approaches. To this aim, we have designed and fab-
ricated a multimode optical fiber with a noncircular cross
section for which it has been proven that the transverse
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motion of rays is chaotic in the strongest sense [9]. The
propagation along the fiber is the optical analog of wave
function evolution in a quantum billiard. By properly il-
luminating the input of the fiber, we are therefore able to
control the initial condition.

The fiber we use has the D-shaped cross section that
can be seen in Fig. 1(a). The multimode core of this fiber
has a 2R = 127 pum diameter and is made of pure silica
with index n¢, = 1.458 surrounded by a cladding com-
posed of mixed silicon elastomers (40% Rhodorstyl RTV
1523A, 60% Rhodorstyl RTV 1523B including a black dye
in order to avoid propagation in the cladding) with index
Nclaa = 1.453, thus implying weak guidance. The largest
width perpendicular to the flat part is 107 wm. The trans-
verse shape of the fiber may be considered as invariant
along its length, which is 8.5 cm for the results presented
below. This fiber was fabricated in LPMC [10] accord-
ing to an original protocol. A centimeter-sized silica rod
is first cut and polished to obtain the D-shaped tranverse
section. Then a homothetic fiber is obtained by pulling the
rod at a sufficiently low temperature. The fiber is rigidly
maintained along its axis to preserve it from any strain

%9y .._ od

(a) (b)

FIG. 1. Typical specklelike experimental intensity pattern at
the output of a chaotic D-shaped fiber for a }:)lane wave illu-
mination at central wave vector k. = 19.0R™". (a) Near-field
intensity; (b) far-field intensity.

© 2001 The American Physical Society 014102-1
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or bending. With the above-mentioned technical features
under control, we have checked that our fiber fairly well
preserves the polarization of the input illumination, thus
enabling us to use a scalar model for the optical propa-
gation. For negligible bending, the dynamics of rays in
the fiber may be restricted to the two-dimensional (2D)
motion in the transverse section, the coordinate along the
axis playing the role of time in analogous quantum billiard
systems.

We denote by z the position along the axis and by r the
position in the transverse plane. Using the translational
invariance n(r,z) = n(r), the scalar three-dimensional
Helmbholtz stationary equation,

(AL + 0.)9(r,2) + n*(OkY@r,z2) =0, (1)

where A is the transverse Laplacian and kg = 27 /A (A
is the vacuum wavelength of the source), can be reduced
to a stationary Schrodinger equation,

[—1A, + V()] = E, )

where ¢ is given by #(r,z) = [dB ¢(r; B)e'P?, the po-
tential V(r) = [B2, — n2(r)k§]/2 with Beo = neoko, and
the “eigenenergy” E = (B2 — B2) which takes on dis-
crete values E, associated to guided modes ¢,.

Any guided solution ¢(r, z) of Eq. (1) can be decom-
posed on the basis generated by the eigenstates ¢,, of the
Schrodinger equation (2) and reads

Y(r,z) = ch(/)n(r) exp(iB.z)
= > cudpu@exp(iV/B2, — 2E,2).  (3)

A He-Ne linearly polarized laser beam (A = 632.8 nm)
is focused through a microscope lens and the fiber inter-
cepts the diverging beam at a large distance (a few centime-
ters) from the focus. Hence, due to the small transverse
size of the fiber, the illumination at the input is, to a good
approximation, equivalent to a plane wave. By translating
the microscope lens, we select a particular wave vector
which is decomposed into its component along the lon-
gitudinal axis of the fiber and the orthogonal component.
The modulus k. of the latter transverse component fixes
the central “energy” E. = k>/2 of the superposition of
modes injected into the fiber. We then have two comple-
mentary ways of measuring light at the output of the fiber:
either by imaging the near-field intensity at the output sur-
face [see Fig. 1(a)], or by producing the far-field intensity
pattern obtained in the focal plane of a lens [see Fig. 1(b)].
In either case, we use a 398 X 288 pixels CCD camera
to capture eight-bit encoded pictures. In Fig. 1, a typical
specklelike pattern is shown, that is obtained for a central
value of k. = 19.0R™!. The corresponding far-field in-
tensity shown in Fig. 1(b) has the typical shape of a ring
whose mean radius is given by k. and width is related to
the number of modes, which dominate the decomposition
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of the input illumination. Note that a ring with a similar
speckled structure would be observed if one could excite
a single mode. For a value of k., = 19R ™!, the transverse
broadening due to diffraction by the finite aperture of the
fiber has a width  « = 77 /R, which corresponds to a num-
ber of modes,

6N = (§/2m)k Sk, 4)

of the order of 30, where S is the area of the core. The
observation of a ring, which is a little broader than the
above estimate, is due to slight departures from a plane
wave input. Another important point concerning the pos-
sible impact of the source linewidth is in order. If we could
illuminate the fiber with an ideal plane wave, the linewidth
(1.5 GHz) is not broad enough to introduce any uncertainty
about which mode is predominantly excited. This justifies
the monochromatic assumption made above. We should
also remark that the guided modes with the highest val-
ues of k correspond to Kmay = /12, — n2,q ko = T6R 1.
Hence, the modes contributing to the patterns shown in
Fig. 1 are low-lying modes, and a possible contribution of
leaky modes can be ignored, as assumed in Eq. (3).

One of the key predictions concerning the ergodic modes
of chaotic billiards is the isotropic field autocorrelation
function, given by the zero-order Bessel function [2,11],

<(l’);(l’ + S)¢n(r)> = Jo(kus). (5)

In this Letter, the average (---) in Eq. (5) is to be under-
stood as a spatial average over r. Since we are not able
to measure the complete optical near field (amplitude and
phase), we use the far-field intensity, which essentially is
the spatial 2D Fourier transform (FT) of the near-field au-
tocorrelation function. Hence, in practice, we just perform
an inverse FT of the far-field data to obtain the field au-
tocorrelation function. In the case of Fig. 1, the 2D field
autocorrelation is shown in Fig. 2. Its isotropy is clearly
seen—contour lines roughly form circles—but it cannot
be directly compared to Eq. (5) since it results from the su-
perposition of modes over a finite range of k values about
K¢, thus yielding an autocorrelation function, which de-
creases faster than the single Jo(x.s). Indeed, it is easily
shown that, for a field given by expression (3), where each
mode is supposed to satisfy Eq. (5) and where statistical
independence of distinct modes is assumed, the autocorre-
lation function reads [7]

W@ + s)p(r)) = D leal*Jo(kns) . (6)

This prediction does not include the smoothening due to
the finite aperture of the fiber, which makes the retrieval of
the ¢, coefficients from the experimental data a nontrivial
task. Indeed, it may be shown that each mode of the
superposition will produce a far-field pattern located on a
ring with a diffraction limited resolution, therefore mixing
more and more contributions from modes as higher and
higher values of k are considered.
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FIG. 2. Near-field autocorrelation function in the case of the
specklelike pattern of Fig. 1, calculated through the inverse
Fourier transform of the far-field intensity. An isotropic Bessel-
like behavior is observed as evidenced by the displayed contour
lines.

We have nevertheless evaluated these coefficients
through the numerical simulation of a paraxial ap-
proximation of Eq. (1). Indeed, it can be shown that this
approximation is valid in our experimental context [7]. We
have thus successfully tested the validity of prediction (6)
even in the case of an initial condition consisting of very
few modes [7]. Here, it should be noted that the effective
length of the fiber under study is of the order of the
so-called Heisenberg length zy = BS where 8 = B.
Beyond this length, the guided modes can be considered
as individually resolved leading to uncorrelated phases
between modes in the decomposition (3). In this regime,
a semiclassical or eikonal approximation is no longer
expected to describe the system properly.

To obtain a scarring effect in this fiber, the best choice
is to start with an initial condition consisting of a wave
packet along the shortest, least unstable periodic orbit in
the D-shaped billiard, namely, the two-bounce orbit (2BO)
perpendicular to the cut [see the dashed line in Fig. 3(a)].
This wave packet should also be centered on a trans-
verse wave vector with a modulus «,. such that a Bohr-
Sommerfeld—type condition be fulfilled:

Kkl — 8¢ — % = 2pm, %

where L is the transverse period length of the 2BO, and 6 ¢
is the dephasing due to reflections at the discontinuities of
the optical index (essentially 7 at each reflection for the
lowest lying modes) and p is an integer. Expression (7)
may alternatively be viewed as a resonance condition for
an unstable Fabry-Perot resonator [12]. The 2BO also has
the advantage of lying on the symmetry axis of the fiber
so that any initial condition being even with respect to this
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(a) b)

FIG. 3. Scar pattern for a plane wave illumination at central
wave vector k. = 11.4R™! along the 2BO (see text): (a) Near-
field intensity, (b) far-field intensity.

axis will select only even guided modes. In Fig. 3(a), a
scarred pattern is shown that is obtained with a plane wave
illumination centered on k., = 11.4R ™!, the incident wave
vector lying within the symmetry plane of the fiber. The
observed value of k. corresponds to a value p = 5 in the
quantization formula (7). This is confirmed by comparison
with the result of a numerical simulation of the propagation
of an exact plane wave illumination with the exact value
of k given by Eq. (7) for p = 5, accounting for the exact
value of ¢ [12]. It is recalled that the length of our fiber
is much larger than the length corresponding to the first
classical recurrences along the 2BO and practically of the
order of the Heisenberg length, implying that the observed
effect cannot simply be accounted for by a (semiclassical)
ray-based approach. In the far field, two spots are clearly
seen [Fig. 3(b)], which are related to two opposite wave
vectors building the sinelike pattern. One should remark
here that this pattern is still the result of a superposition of
modes, among which one has strongly enhanced intensity
in the vicinity of the 2BO. This localization in the Fourier
domain was first recognized in a numerical study of acous-
tic radiation from membranes by Sornette and Delande in
the case of a narrow band excitation [13].

Another strong evidence for scarring in this case is ob-
tained by considering the autocorrelation function calcu-
lated through the inverse FT of the far-field intensity shown
in Fig. 3(b). Itis shown in Fig. 4 where the single direction
oriented pattern is clearly evidenced and bears no resem-
blance with the ergodic prediction (6). One should still be
careful to note that a 2D view such as the one in Figs. 2 and
4 is absolutely necessary to discriminate between ergodic
and scar behaviors. Indeed, when integrating the autocor-
relation function shown in Fig. 4 over the polar angle, one
recovers a function of the radial distance in striking accord
with Jo(k,s), as it should from the very definition of the
zero-order Bessel function itself [14].

Scars have already been observed experimentally in
microwave experiments [15], capillary or Faraday waves
[16,17]. However, to our knowledge, they have always
been concerned with the evidence of wave enhancement
in patterns obtained through a continuous forcing of the
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FIG. 4. Near-field autocorrelation function in the case of the
scar pattern of Fig. 3, calculated through the inverse Fourier
transform of the far-field intensity.

system at a given frequency. Our experiment in a multi-
mode optical fiber is the first experiment to exhibit the
scar phenomenon as resulting from an initial condition,
thereby establishing a link with the dynamical approach
of scars [4,8]. Moreover, the types of measurements
involved in this experiment allow a dual characterization
of scarring, which results from amplitude localization
in the neighborhood of periodic orbits both in the con-
figuration and momentum spaces. By an appropriate
input illumination concentrated on a few guided modes,
we are able to observe this localization in the near-field
and far-field patterns and to identify the order of the
quantization condition (7). This new kind of experiment
in multimode optical fibers also has the advantage of
bringing together quantum chaos and applied modern
technology, as recently illustrated in optical amplifiers
based on chaotic double-clad fibers [18].
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Dans cette lettre, nous tentons de promouvoir une ap-
proche « chaos ondulatoire » du tres concret probleme
de lamélioration des performances d’un amplificateur
tout-optique fibré. Schématiquement, ces amplificateurs
sont constitués de deux fibres concentriques de diametres
et de compositions tres différents; la plus interne, d’un
diametre typique de moins de 10 microns, guide le « si-
gnal » telecom; l'externe, d’un diametre de 'ordre de
100 microns, propage le signal de « pompe », qui céde son
énergie au signal via le milieu & gain qui constitue la fibre
interne. Le message principal de cet article est synthétisé
dans la figure 2 : efficacité de ’absorption de I’énergie de
la pompe est tres nettement améliorée par la géométrie
de plus en plus chaotique du coeur externe. Ces résultats
numériques ont été confirmés expérimentalement grace a
une collaboration avec 'TRCOM de Limoges® ; La figure
25 de larticle présenté en I1.B est issue de cette collabo-
ration.

Au ceeur du raisonnement développé dans cet article,
on trouve la loi de Sabine : loi empirique qui prédit une
décroissance exponentielle de 1’énergie sonore dans une
salle! Son invocation ici (via les références 9 et 15) n’est
pas incongrue car mon travail de these ’avait tres claire-
ment analysée en termes de chaos, classique et quantique
— on ne parlait pas encore de chaos ondulatoire. Quel
lien avec un probléeme de décroissance de I’énergie lumi-
neuse dans une fibre? Dans les deux cas il s’agit d'un
probleme de propagation d’ondes dans un milieu com-
plexe, présentant, mutatis mutandis, de fortes analogies.

5 P. Leproux, V. Doya, P. Roy, D. Pagnoux, O. Legrand, and F.
Mortessagne, Opt. Commun. 218, 249 (2003).
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Double-clad fibers with a doped single-mode core and a noncylindrical multimode chaotic cladding are shown to

provide optimal pump-power absorption in power amplifiers.

Based on the chaotic dynamics of rays in such

fibers, we propose a quantitative theory for the pump-absorption ratio and favorably compare the predictions

of the theory with numerical results obtained through an adapted beam-propagation scheme.

Society of America
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Optical fiber amplifiers, and more specifically er-
bium-doped fiber amplifiers (EDFAs), are now
commonly used to restore optical signals in long-haul
optical links.! To overcome the difficulty of coupling
high pump power into the doped core, Snitzer et al.
proposed the widely applied solution of double-clad
fibers (DCFs).2 In DCF amplifiers, a high saturation
power requires strong pump power. To decrease
the required amount of pump power, one needs to
optimize the shape of the inner cladding. Design
optimization has clearly established that the standard
circular geometry cannot provide very high absorption
efficiency,>® as exemplified by DCFs with eccentric
cores? or rectangular inner claddings.® Yet, to our
knowledge, a systematic tool of analysis for predict-
ing the absorption characteristics of nonstandard
double-clad geometries is not currently available.
The inner cladding can be viewed as an external
multimode fiber, and recently, for what is believed to
be the first time, nonstandard multimode fibers were
investigated,® both theoretically and experimentally,
within the framework of wave chaos,” which provides
powerful novel tools for their analysis. This original
approach has been quite successful in adding to the
understanding of the semiclassical properties of waves
in bounded systems, such as microwave cavities,” elas-
tic waves in thin plates or blocks,? or sound in rooms,’
in which the ray dynamics is generically chaotic.
Multimode optical fibers provide ideal experimental
systems for investigating the spatial properties of the
diffuse field induced by chaotic ray dynamics.® We
also believe that, with the help of wave chaos tech-
niques, more-efficient devices can be designed.

In this Letter we propose to show how pump-power
absorption in double-clad EDFAs can be optimized
by resort to the chaotic two-dimensional (2-D) motion
of rays when they are projected onto the transverse
section of the fiber. Indeed, in the case of a chaotic
ray dynamics, the uniformity and isotropy of the dif-
fuse field can be established. From these we deduce
a theoretical prediction of the pump decrease, which
is found to rapidly become uniform along the fiber.
This prediction is then successfully tested against
the results of numerical simulations of the true wave
character of light propagation, performed through an
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adapted beam-propagation scheme including absorp-
tion within the doped core via a complex nonlinear
index. Through the use of wave chaos concepts we
identify parameters relevant to optimized pump-power
absorption.

2-D closed systems in which rays propagate are
known as billiards. In a billiard with the shape of a
truncated disk (a D-shaped billiard), the dynamics of
rays has been shown to be fully chaotic in the strongest
sense’ (i.e., with exponential sensitivity to initial rays’
coordinates and directions). This particular billiard
belongs to the family of chaotic focusing billiards
studied by Bunimovich.! The geometrical limit of
the transverse motion of rays in a multimode fiber is
a billiard problem. In a D-shaped multimode fiber,
the ray dynamics will therefore be chaotic. As an
illustration, Fig. 1(a) shows a typical single ray trajec-
tory projected onto the transverse section, which tends
to visit any part of the section after a long enough
propagation length. In this situation the theory of
chaotic billiards establishes that a typical ray trajec-
tory tends to cover the whole available phase space!?
(i.e., position and direction) uniformly without build-
ing caustics, which are generally found in regularly
shaped waveguides. This property led Berry*® to con-
jecture that, in chaotic wave cavities, almost all modes
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Fig. 1. (a) Typical chaotic ray trajectory in the transverse
section of a D-shaped fiber. (b) Typical specklelike
near-field intensity actually measured at the output of an
optical multimode fiber.

© 2001 Optical Society of America
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are local results of a superposition of plane waves with
random directions that yields a specklelike pattern.
This conjecture implies that each individual mode is
statistically uniformly distributed over the section of
the fiber. Since a wave propagating through the fiber
is naturally decomposed over these modes, it inherits
their statistical properties.’* The speckle pattern in
Fig. 1(b) is a typical near-field intensity distribution
(inverse video) actually measured at the output of
an optical multimode fiber specially designed and
fabricated in our laboratory for study of the statistical
properties of the transmitted light.® The multimode
core of this fiber has a 120-um diameter and is made
of pure silica with index n, = 1.458, surrounded by an
outer cladding composed of mixed silicon elastomers
with index ny = 1.453, thus implying weak guidance.
The width perpendicular to the flat part is 90 um.

In double-clad EDFAs, the signal launched into
the single-mode doped core is amplified as a result
of the absorption of the pump power injected into a
multimode inner cladding. Since a D-shaped inner
cladding ensures a statistically uniform distribution
of the field over its section, it should permit us to
achieve maximal overlap of the pump power with the
doped core, thus yielding efficient pump absorption.
We now demonstrate this qualitative influence by an-
alyzing the pump-absorption characteristics of a DCF
with an Er®'-doped 5-um-diameter core of index ng
at the center of a D-shaped inner cladding with index
n; and the same dimensions as given above (see the
middle inset in Fig. 2). Guidance is obtained through
step-index profiles with the linear index of the core
no = 1.468, the index of the inner clad n; = 1.458, and
the index of the outer silicon clad ny = 1.43.

The main point of the following argument stems
from the fact that the deterministic 2-D ray dynam-
ics is so strongly chaotic that it mimics a truly random
process with no memory.!! Therefore, provided that
the fraction a of energy absorbed from a ray per pas-
sage through the doped core is small, it can be shown
that the power-decay length along the fiber is given by
the following expression (the so-called Sabine’s law)?:

L=@tan0, (1)

o

where 6 is the mean angle of the rays with respect to
the axis of the fiber and (/) is the mean transverse
path between successive encounters of the core and is
expressed as

7TAclad
=— 2
<l> P core ( )
Agaq is the area of the inner cladding and P, is the
perimeter of the core. Then, if y is the inverse length
of absorption along the core, « reads as

a = Yleoretan 6, 3)

where n1sin 0 = ngsin 0’ and leore = 7T Acore/Peore 18 the
mean transverse path across the core, given in terms

of the area of the core, Acore, and of its perimeter, Peore.
Of course, expression (3) relies on the complete trans-
verse isotropy of light resulting from the chaotic motion
of rays. In practice, for values of 6 as high as 0.1 rad
and an index mismatch of the order of ng — n; = 0.01,
to an excellent approximation, tan 6§’ = (n1/ng)tané.
The inverse decay length thus reduces to

Acore ﬂ .
Aclad no

L1l=y 4)

This simple expression is local, in the sense that it may
depend on the coordinate along the fiber and can there-
fore allow for a nonlinear dependence of the y factor
(as, for instance, in the case of saturable absorption).
Equation (4) also has the rather intuitive interpreta-
tion of an inverse decay length being in proportion to
the fraction of light intensity localized in the core, as-
suming a uniform distribution of intensity over the to-
tal cross section of the DCF. One should also keep in
mind that the 2-D analysis presented above assumes
negligible bending, which is reasonable for a bend ra-
dius far larger that the cladding radius.

To check the validity of the mean field theory pre-
sented above, we model the true wave nature of light
propagation in the DCF with the beam-propagation
method (BPM), modified by allowing for the introduc-
tion of a saturable imaginary part of the index in
the core. For the nondiffractive part of the propa-
gation scheme of the BPM, this amounts to writing
an equation for the pump intensity within the core,
dI,/dz = — xI,, where y = 0, N;/(1 + I,,); o is the ab-
sorption cross section, N, is the concentration of Er?*
per unit volume, and /, is the normalized pump inten-
sity in units of threshold intensity, I,,, = Av,/(optsp).
Obviously, these two equations are valid in the case of a
weak signal intensity. For all our simulations, the fol-
lowing parameters were used: pump wavelength A, =
980 nm, erbium-ion concentration N; = 2 X 10%6m~3,
absorption cross section o, = 2.5 X 10”2 m?, sponta-
neous lifetime ¢;, = 1072 s, and initial pump power a
little above the threshold.

For all the numerical simulations presented here, the
input is chosen to be a quasi-plane wave with a mean
angle 6 of ~6°. Figure 2 displays the pump-power de-
crease (in logarithmic scale) along 20 m of DCF for
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Fig. 2. Pump-power decreases on a logarithmic scale
along 20 m of a double-clad EDFA for three different ge-
ometries, indicated as insets. The two chaotic (truncated)
geometries lead to nonsaturating absorption.
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three different geometries, as shown by the insets.
For the standard circular fiber (with the total area
of the guiding cross section, including core and inner
cladding, equal to 1.38 X 1078 m?), the decrease satu-
rates very rapidly, owing to the rapid exhaustion of
the small fraction of modes of the inner cladding that
have a nonnegligible overlap with the core. For the
D-shaped fiber with parameters as indicated above (to-
tal guiding area 1.19 X 1078 m?), the decrease does
not saturate and the visible curvature is essentially
due to the nonlinear dependence of the absorption pa-
rameter, y. Another source of curvature is known to
originate in the existence of the continuous family of
special ray trajectories that pass through the center of
the fiber and do not hit the cut: These so-called mar-
ginally unstable trajectories may drastically slow down
the exploration of phase space and therefore induce a
long-term nonexponential decrease.’> These are cer-
tainly the main reasons for the 10% discrepancy be-
tween the numerically obtained slope after 20 m and
the prediction given by Eq. (4), with y being evalu-
ated at the corresponding intensity level. The slope
deduced from the modified BPM scheme is, in this
case, equal to 0.055 m~!, whereas the predicted value
is 0.060 m~!. For the double-truncated fiber, the ge-
ometry of the inner cladding is designed with two cuts
(total guiding area 0.91 X 1078 m?), thus suppressing
the above-mentioned special trajectories while preserv-
ing the chaotic character of the ray dynamics!’ and
therefore leading to excellent agreement between the
numerical result (0.083 m™') and the theoretical pre-
diction (0.086 m~1). Here it should be remarked that
even the short distance decrease (at ~1 m) is observed
to agree fairly well with the prediction, thereby indicat-
ing that ergodicity is established over shorter distances
(typically distances of a few centimeters are sufficient
to randomize almost any initial input).®

In conclusion, noting that multimode fibers with
nonstandard transverse shapes generically induce
chaotic dynamics of rays, we have proposed studying
chaotic DCFs in the framework of wave chaos. We
showed that ergodicity of the ray dynamics can result
in an important improvement of pump absorption,
owing to a maximal overlap of the pump intensity with
the doped absorbing core. We provided a theoretical
argument to estimate the inverse decay length and,
through fine control of the relevant parameters of
the fiber (notably by suppression of nonchaotic ray
trajectories), were able to optimize the absorption char-
acteristics of a double-clad EDFA. We then tested

our prediction against numerical results obtained
through a modified BPM scheme. The agreement
is excellent and illustrates the potentially important
role of wave chaos in designing double-clad EDFAs.
Relying on these theoretical and numerical results,
we are currently involved in the experimental real-
ization of such an amplifier in collaboration with the
Institut de Recherche en Communications Optiques et
Microondes (IRCOM) Limoges.

The authors acknowledge fruitful discussions with
Ph. Leproux, D. Pagnoux, and Ph. Roy from the group
Guided and Integrated Optics of IRCOM Limoges and
are grateful to G. Monnom of Laboratoire de Physique
de la Matiere Condensée Nice for his collaboration in
the fabrication of the chaotic fiber. V. Doya’s e-mail
address is doya@bacchus.unice.fr.

References

1. E. Desurvire, Erbium-doped Fiber Amplifiers (Wiley
Interscience, New York, 1994).

2. E. Snitzer, H. Po, F. Hakimi, R. Tumminelli, and
B. C. McCollumn, in Optical Fiber Sensors, Vol. 2 of
1988 OSA Technical Digest Series (Optical Society of
America, Washington, D.C., 1988), paper PD5.

3. A. Liu and K. Ueda, Optics Commun. 132, 511 (1996).

4. R. A. Hayward, W. A. Clarkson, P. W. Turner, J. Nils-
son, A. B. Grudinin, and D. C. Hanna, in Digest of
Conference on Lasers and Electro-Optics (Optical Soci-
ety of America, Washington, D.C., 2000), paper CFH2.

5. S.T. Jackson and T. A. King, Opt. Lett. 23, 1462 (2000).

6. V. Doya, “Du speckle aux scars: une expérience de
chaos ondulatoire dans une fibre optique,” Ph.D dis-
sertation (Université de Nice Sophia-Antipolis, Nice,
France).

7. H.-J. Stockmann, Quantum Chaos: An Introduction
(Cambridge U. Press, Cambridge, 1999).

8. R. L. Weaver and O. I. Lobkis, Phys. Rev. Lett. 84,
4942 (2000).

9. F. Mortessagne, O. Legrand, and D. Sornette, Chaos
3, 529 (1993).

10. S. Ree and L. E. Reichl, Phys. Rev. E 60, 1607 (1999).

11. L. A. Bunimovich, Commun. Math. Phys. 65, 295
(1979).

12. M. V. Berry, Eur. J. Phys. 2, 91 (1981).

13. M. V. Berry, J. Phys. A 10, 2083 (1977).

14. V. Doya, O. Legrand, F. Mortessagne, and Ch.
Miniatura are preparing a manuscript to be called
“Speckle statistics in a chaotic multimode fiber.”

15. F. Mortessagne, O. Legrand, and D. Sornette,
dJ. Acoust. Soc. Am. 94, 154 (1993).



E. Amplification optique des scars : vers le chaos
ondulatoire non linéaire

Cette section sera difficilement accessible au lecteur
qui n’aurait pas lu les trois articles précédent. En effet,
nous ne revenons pas ici sur les concepts clefs et sur la
modélisation. Tous les détails, plus ou moins techniques,
liés a cette partie ont été renvoyés dans les annexes IL.F.

1. Contexte

Les travaux présentés précédemment ont montré (i)
que les scars étaient présents dans une fibre optique chao-
tique passive, mais (i) que leur acces était tres délicat.
Faire émerger des modes particuliers d’un milieu passif
ou l'excitation sélective est quasi-impossible est un défi
déja relevé sur une autre facette du chaos ondulatoire :
la diffusion multiple. C’est, en effet, I'une des observa-
tions réalisées sur lasers aléatoires®. Dans ce contexte,
le role des modes scars est joué par les modes localisés.
Ces deux types de modes doivent leur existence a des
tres importants effets de cohérence, et affichent des pro-
priétés statistiques communes”. Christian Vanneste et
Patrick Sebbah ont clairement montré dans leurs simu-
lations numériques que les modes amplifiés dans un laser
aléatoire correspondaient aux modes localisés du milieu
passif®. De plus, ils ont mis en évidence qu’une excita-
tion sélective de modes localisés pouvait étre réalisée en
localisant spatialement le gain®. Tant que la matrice pas-
sive n’est pas absorbante, la région active peut méme
avoir une extension beaucoup plus réduite que la taille
de mode sur lequel s’effectue ’amplification laser!'C.

Avant d’envisager de réaliser un laser fibré sur les
modes scars (un « lascar »!), les lasers aléatoires nous
indiquent le chemin a suivre a plus court terme : utiliser
un milieu & gain pour amplifier les scars au détriment des
autres modes. Ce faisant nous mettons un pied dans le
chaos ondulatoire non linéaire. Terrain tres peu défriché.
En effet, il faut noter que dans les expériences dans les-
quelles des scars ont été observés'!, comme d’ailleurs
dans la plupart des études relevant du chaos ondulatoire,
la physique des ondes mise en jeu reste linéaire, seule
la dynamique des rayons géométriques est non linéaire.
Récemment, Kudrolli et ses collaborateurs ont développé
une expérience sollicitant les ondes non linéaires de Fa-
raday a la surface d’un container en forme de stade de
Bunimovich!2. Ils ont notamment montré une sélection

6 Voir la référence suivante pour une revue récente et accessible de
ce tres productif domaine : H. Cao, J. Phys. A : Math. Gen. 38,
10497 (2005).

7 P. Pradhan and S. Sridhar, Phys. Rev. Lett. 85, 2360 (2000).

8 P. Sebbah and C. Vanneste, Phys. Rev. B 66, 144202 (2002).

9 C. Vanneste and P. Sebbah, Phys. Rev. Lett. 87, 183903 (2001).

10 H. Cao, J. Phys. A : Math. Gen. 38, 10497 (2005).
11 Voir les références dans 'article présenté en I1.C
12'A. Kudrolli, M. C. Abraham, and J. P. Gollub,Phys. Rev. E 63,
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de quelques familles de scars, que Agam et Altshuler ont
ensuite clairement identifiée comme un effet de la non
linéarité de I’équation d’onde'3. Dans les microcavités
lasers, les propriétés particulieres des scars, notamment
leur grand facteur de qualité, ont déja été exploitées'®.
Ces lasers d’une taille typique d’une centaine de mi-
crons, et réalisés dans des semiconducteurs ou dans des
matériaux diélectriques'®, sont de plus en plus présents
en photonique. On attend d’eux une bonne directivité
d’émission et un faible seuil. Les scars remplissent ce ca-
hier des charges en constituant, dans la plupart des cas,
les modes de plus grand facteur de qualité, et une direc-
tivité fine donnée par la structure du mode dans l’espace
des phases. Souvent seul un petit nombre de modes effi-
caces de ce type sont présents dans ces microcavités'6.

Comme nous 'avons montré en I1.D, la fibre optique
multimode en forme de cercle tronqué — en forme de
« D », pour faire plus court — est idéale pour réaliser
un amplificateur optique. De fait, les amplificateurs de
puissance dit a double coeur utilise cette géométrie en D
pour le coeur externe!”. Soulignons tout de suite deux as-
pects importants et délicats pour la suite. Tout d’abord,
un amplificateur standard posséde une zone active dont
I’indice optique est plus élevé que le coeur externe, et ce
afin de continuer & guider le signal (monomode) utile qui
sera, apres amplification, réinjecté dans le réseau télécom
constitué de fibres monomodes. Deuxiemement, ce coeur
actif est, pour des raisons pratiques, situé au centre du
cercle dans lequel s’inscrit le D du cceur externe. Or,
nous voulons évidemment éviter un quelconque guidage
dans une zone réduite de la fibre, et, par analogie avec le
comportement des lasers aléatoires, il serait judicieux de
placer la zone dopée sur une sur-intensité du mode scar
dont on veut réaliser 'amplification. Le calcul des plu-
sieurs milliers de modes d’une cavité en forme de cercle
tronqué avec des conditions aux limites de Dirichlet (ca-
vité métallique), nous incite & localiser la zone active au-
tour du point auto-focal de ’orbite périodique a 2 re-

026208 (2001).
13 0. Agam and B. L. Altshuler, Physica A 302, 310 (2001).
14 C. Gmachl, F. Capasso, E. E. Narimanov, J. U. Néckel, A. D.
Stone, J. Faist, D. L. Sivco, and A. Y. Cho, Science 280, 1556
(1998) ; C. Gmachl, E. E. Narimanov, F. Capasso, J. N. Baillar-
geon, and A. Y. Cho, Opt. Lett. 27, 824 (2002) ; T. Harayama, T.
Fukushima, P. Davis, P. O. Vaccaro, T. Miyasaka, T. Nishimura,
and T. Aida Phys. Rev. E 67, 015207 (2003).
Voir également les références suivantes pour l'intéressante voie
des microlasers en polymere : M. Lebental, J. S. Lauret, R.
Hierle, and J. Zyss, Appl. Phys. Lett. 88, 031108 (2006); M.
Lebental, J. S. Lauret, J. Zyss, C. Schmit, and E. Bogomolny,
arXiv :physics/0609009.
16 W. Fang, A. Yamilov, and H. Cao, Phys. Rev. A 72, 023815
(2005).
Une petite remarque pour le lecteur curieux et non-spécialiste qui
irait jeter un ceil sur la littérature spécialisée : les fibres a double
ceeur, en frangais, deviennent & double gaine (double-clad), en
anglais ; ainsi, en passant & ’anglais, le coeur externe devient-il
un « inner cladding » !
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bonds la plus courte.

Comme nous le verrons dans la partie suivante, la
premiere difficulté a été surmontée grace a 1’équipe
Fibres Optiques Actives du LPMC, et notamment grace
a la collaboration de Wilfried Blanc et Michele Udé.
Le décentrage du coeur a été réalisé par Pavel Oupi-
cky a linstitut de Physique des Plasmas de Turnov, en
République Tcheque. Avant la phase expérimentale qui
devrait débuter début 2007, une campagne de simula-
tions les plus plus réalistes possibles est en cours. Les
premiers résultats que je vais présenter sont extrémement
encourageants et semblent montrer que ’amplification
sélective d’'un, ou quelques, modes scar est possible dans
une fibre optique. Outre I'intérét en soi de réaliser cette
sélection par le gain, nous disposerons donc bientot de
scars « propres » qui pourront étre injectés dans des
fibres, diélectriques ou cristallines aux diverses propriétés
non linéaires : x2, x?3, Brillouin, etc.

2. Mise en évidence de I'amplification sélective

Fic. 4 Représentation schématique de la fibre amplificatrice.
Le disque plein représente la zone dopée localisée a la position
du point auto-focal de I'orbite verticale a 2 rebonds; en plus
clair apparait une deuxiéme position de la zone utilisée dans
les simulations.

Décrivons tout d’abord la fibre utilisée. Comme le
montre la figure 4, nous avons conservé dans cette étude
une fibre avec pour forme de section transverse un cercle
tronqué a la moitié de son rayon. Le diametre de la fibre
est de 125 um et les indices optiques sont ng = 1.41 pour
la gaine mécanique et n; = 1.451 pour le cceur tronqué.
Ainsi, 'ouverture numérique de la fibre sin 0, = (n? —
n%)l/ 2 est égale & 0.34. A cet angle limite correspond un
nombre d’onde maximum k" = (271/As) Sin Opax, OU Ag
est la longueur d’onde dans le vide. Pour Ay = 1020 nm,
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on trouve environ 3500 modes guidés dans la fibre. La
zone dopée est localisée autour du point auto-focal de
lorbite verticale a 2 rebonds. Elle couvre un disque de
diametre 15 pum (figure 4). Son indice optique ng, qui,
idéalement, devrait étre le méme que celui de la fibre
tronquée, est, en pratique, légerement supérieur

ne=mng +2x 1074

Toutes les valeurs d’indice ont été fournies par Wilfried
Blanc — et confirmées par le Service Central d’Analyses
du CNRS. L’équipe « fibres » a fabriqué une fibre cylin-
drique dopée a I'ytterbium, en modifiant la procédure ha-
bituelle de fagon & minimiser la différence d’indice entre
la zone centrale & gaine et le cceur externe. Une atten-
tion particuliere a été portée au dopage de la préforme —
barreau de silice initial d’'un diametre de I'ordre du cen-
timetre'® — dont le profil d’indice est représenté sur la
figure 5. La procédure de tirage ne modifie pas la forme
globale du profil d’indice de la région a gain, et en réduit
méme légerement 1’élévation, comme le montre la figure
6. Contrairement au cahier des charges initial, la fibre
possede donc une zone active d’un indice supérieur a
la matrice environnante. Mais, fort heureusement, cette
élévation modérée et progressive de l'indice ne s’accom-
pagne pas de 'existence d’un mode guidé dans la région
dopée. En transposant dans un contexte quantique, on
montre facilement qu’un puits de potentiel 2D de cette
forme ne contient pas d’états liés. En pratique dans les si-
mulations, nous avons approché le profil triangulaire par
une Gaussienne (essentiellement pour éviter des discon-
tinuités dans la dérivée du profil).

—6 -3 0 3 6

Position suivant un diametre (en mm)

Fi1G. 5 Profil d’indice de la préforme réalisé au LPMC. On
notera la forme triangulaire du profil dans la partie centrale
dopée a I'ytterbium et la faible valeur de I’élévation d’indice.

18 Pour une présentation générale de la fabrication des fibres op-
tiques voir : Optical Fiber Communications : Fiber Fabrication,
Tingye Li, Academic Press (1985).
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Fic. 6 Profil d’indice de la fibre (cylindrique) réalisée au
LPMC. Le profil de la zone dopée reste grossiérement trian-
gulaire ; la Gaussienne en pointillés représente le profil utilisé
dans la simulation.

Rappelons la regle de quantification pour les scars lo-
calisés le long de 'orbite verticale a deux rebonds, ou, de
maniere équivalente, la condition de stationnarité dans
une cavité Fabry-Pérot constituée d’un miroir plan et
d’un miroir concave :

kel — Ag — g = 21p (1)

ou L est la longueur de l'orbite, p I'ordre du mode scar,
A¢ le déphasage de I'onde qui se réfléchit sur I'interface
cceur/gaine. Le déphasage de 7 s’acquiert a la traversée
du point auto-focal. Dans le cas d’une cavité métallique
(puits quantique infini), chaque réflexion entraine un
déphasage de 7 et A¢ = 27 ; lorsque, comme ici, le saut
d’indice est plus modéré, ’expression du déphasage est

la. suivante

2_n2 /9 2
A¢ = 4arctan \/7112710 (ﬂ> -1 (2)
k; As

ou \s la longueur d’onde de 'onde qui se propage dans
la fibre.

Nous utilisons dans la simulation une excitation de
type onde plane comme présentée en II.C. En raison de
la diffraction liée a la taille finie de la fibre, il est impos-
sible de n’injecter qu’un seul module de vecteur d’onde
dans la fibre, mais on doit s’accommoder d’une dispersion
en nombres d’onde de I'ordre de 6 R, soit une cinquan-
taine de modes avec les parametres utilisés dans les simu-
lations. Nous effectuons tout d’abord une simulation de
référence, sans amplification, en utilisant une onde plane
de nombre d’ondes correspondant au scar p = 10, soit
k:R ~ 23.5. Apres 22m de propagation, nous obtenons,
comme attendu, une figure en champ proche de type spe-
ckle et un champ lointain construisant presque parfaite-
ment un cercle au trait épaissi par la diffraction initiale
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(figure 7). La figure 7 montre également le « spectre en
nombres d’onde » (voir 'annexe IL.F.2) de la fibre pas-
sive. On voit nettement 'effet de la diffraction initiale
par 'ouverture finie de la fibre dans le nombre de modes
effectivement excités dans la fibre. Le scar d’ordre 10,
dont le nombre d’onde correspond a celui de I'onde plane
injectée, ne domine pas suffisamment le spectre pour do-
miner le comportement du signal.

La simulation de la fibre passive ne présente pas un
caractere nouveau car cette situation est celle traitée par
les études expérimentales présentées en I1.B et II.C. 11
était tout de méme important de s’assurer de la per-
tinence de la méthode numérique (voir annexe IL.F.3).
Mais, surtout, les résultats présentés sur la figure 7 vont
servir de points de comparaison pour la simulation, ori-
ginale, de la fibre amplificatrice. La méme onde plane
que précédemment est injectée dans la fibre représentée
schématiquement sur la figure 4 ; la zone dopée a l'ytter-
bium couvre un disque de 15 ym de diametre. La figure 8
montre des comportements totalement différents du cas
passif : (i) le spectre est beaucoup plus limité et dominé
par le scar d’ordre 10, qui, (i), imprime sa structure aux
champs proche et lointain. On peut fournir une autre
preuve de la domination du scar d’ordre 10 en effectuant
un filtrage du champ lointain pour ne conserver qu’un
anneau centré sur k; R = 23.5, et en effectuant une trans-
formée de Fourier inverse du champ contenu dans 1’an-
neau (la simulation numérique donne accés au champ,
et pas uniquement & l'intensité). La figure 9 montre, en
haut a gauche, le résultat de cette opération. La struc-
ture spatiale obtenue se superpose presque parfaitement
a la structure du scar du méme ordre calculé dans une
cavité métallique comme le montre la figure 9. On de-
vine également sur la figure de champ lointain deux spots
symétriques dont une mesure montrent qu’ils sont situés
a une distance kR = 10.9 du centre du champ lointain.
Cette valeur de nombre d’onde correspond a celle du scar
d’ordre 4, qui possede une forte surintensité sur le point
auto-focal. La méme opération de filtrage du champ loin-
tain est donc effectuée, avec un anneau de rayon moyen
kiR = 10.9. Son résultat apparait en bas a gauche de la
figure 9 : la structure spatiale du scar d’ordre 4 apparait
nettement. Bien évidemment, les mémes opérations ont
été effectuées sur le champ lointain de la fibre passive et
aucune structure identifiable n’en est sortie.

Une simulation effectué dans les mémes conditions
mais avec un zone dopée placée hors de I'axe (figure 4),
n’a révélé aucun effet d’amplification préférentielle du
mode scar. Le role favorable du bon recouvrement spa-
tial entre la zone dopée et la région ou le mode présente
une forte amplitude est donc souligné. La robustesse de
leffet d’amplification sélective semble étre importante.
En effet, revenant a la configuration initiale, des simu-
lations effectuées & partir d'un « bruit » constitué par
une superposition d’ondes planes aléatoire de modules et
de directions aléatoires, semblent montrer un effet d’am-
plification sur les scars dont la surintensité est la plus
marquée sur le point auto-focal. Les premiers résultats
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Fic. 7 Simulation dans une fibre passive. Spectre en nombres
d’onde pour une excitation par une onde plane se propageant
verticalement avec ki ~ 23.5 R™', aprés 22 métres de propa-
gation. Les images en champ proche (a gauche) et en champ
lointain (a droite) montrent un comportement de type spe-
ckle.
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F1G. 8 Simulation dans une fibre amplificatrice. Spectre en
nombres d’onde pour une excitation par une onde plane se
propageant verticalement avec k; ~ 23.5 R™!, aprés 22 métres
de propagation ; 'amplification a favorisé quelques modes, no-
tamment les scars d’ordre p = 9,10, 11. Les images en champ
proche (a gauche) et en champ lointain (& droite) confirment
la prégnance du scar d’ordre p = 10.

présentés ici ne permettent pas d’affirmer completement
que le phénomene d’amplification sélective d’un scar dans
une fibre optique amplificatrice a été validé. Ils sont, en
revanche, indéniablement encourageants. Jusqu’a présent
les simulations ont été effectuées avec une valeur initiale
de la puissance de pompe juste au dessus du seuil d’am-
plification (1 W), et avec un signal faible (1 uW). Une
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nouvelle campagne de simulations va maintenant étre en-
tamée avec les valeurs de puissance délivrées par les la-
sers qui vont étre utilisés dans I'expérience : 3 W pour la
pompe (bien au dessus du seuil) et 100 mW pour le signal
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Fic. 9 A gauche : images de champ proche obtenues par
transformée de Fourier inverses apres filtrage du champ loin-
tain par un anneau centré en kR = 23.5 (en haut) et
kiR = 10.9 (en bas) : a droite les modes scars p = 10 et
p = 4 calculés dans une cavité métallique.

F. Annexes
1. Modélisation de I'amplification

Parmi les ions de terre rare utilisés dans les amplifi-
cateurs optiques, notre choix s’est porté sur I'ytterbium.
Il posséde une structure a quatre niveaux d’énergie (fi-
gure 10) qui peut se traiter comme un systeme a deux
niveaux!?, avec une émission & 1020nm et une absorp-
tion & 980 nm. Les spectres d’absorption et d’émission de
I'ytterbium laissent supposer une excellente efficacité de
transfert d’énergie en utilisant une pompe & 980nm et
un signal & 1020 nm (figure 10). Il ne serait pas judicieux
d’utiliser I’émission forte & 980 nm car le signal serait trop
facilement réabsorbé.

Dans 'approximation du systéme a deux niveaux, on
appelle Ny la densité de population du « fondamental »
(niveau 2F7/2) et Nj celle du « niveau excité » (niveau
2F5/2) : N + Ny = N;. On montre facilement?°

dN1 Upafp Usals N2
= Trry No— N+ 22 (3
at by TV Ty, N2 m M)+ 22 (3)

19 R. Paschotta, J. Nilsson, A.C. Tropper, D.C.Hanna, IEEE Jour-
nal of Quantum Electronics 33, 1049 (1997)

20 Facilement, car le calcul se trouve dans les bons ouvrages,
par exemple dans : Introduction to fiber optics, A.Ghatak,
K.Thyagarajan, Cambridge University Press (1998).



3
& — — absorption _
g ——— émission
)
o 2}
Q
&
Q -
b5
= LF
o -~ N
= e \
g f S
@ 0 ) i Ml S N ] ]

900 940 980 1020 1060
longueur d’onde (nm)

1100 1140

F1G. 10 Spectres d’émission et d’absorption de I'ytterbium
et schéma des niveaux atomiques sollicités : le meilleur com-
promis est obtenu pour des longueurs d’onde & 980 nm, pour
I’absorption, et 1020 nm, pour ’émission

ou I, représente l'intensité de la pompe et I celle du
signal; 75 = 0se/0sq représente le rapport de la section
efficace d’émission & 1020nm, o, sur la section efficace
d’absorption a 1020 nm, 04, ; 0p, est la section efficace
d’absorption a 980nm; v, et v, les fréquences respecti-
vement associées aux transitions a 980nm et 1020 nm;
Tsp représente la durée de vie du niveau excité quand on
mesure 1’émission spontanée a 1020 nm.

La solution stationnaire de 1'’équation (3) est donnée
par

ns  Is
T T
Ni(z,y,2) = 7 Te ISO Ny
14+ 24+ =
IpO ISO (4)
I, 11,
I 14+ n, I
N2(xay7z) = 20 T ?7]— ONt
14+ 22 4 25
IpO ISO

ol Ipp est l'intensité de saturation de la pompe (inten-
sité en dessous de laquelle la pompe ne contribue plus a
linversion de population 75Ny > Nj) et Iy représente
l'intensité de saturation du signal (intensité au dessus de
laquelle le systéme entre en régime de saturation).

Il reste maintenant a passer des évolutions spatiales des
densités de population a celles des intensités de la pompe
et du signal. On appelle §;bs le nombre de photons de
pompe absorbés sur une distance dz, par unité de temps
et de surface :

opalp(2) N1
Vp

gt = d: (5)

On définit de méme £2P pour les photons de signal. Pour
I’émission stimulée, on introduit £&™, qui représente le
nombre de photons de signal émis par unité de temps et
de surface, sur une distance dz et a la longueur d’onde
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du signal

O'SEIS(Z)NQ

em __
3 >

dz (6)

L’énergie absorbée par unité de temps et de surface sur la
distance dz s’écrit alors, pour le signal et pour la pompe

dE, = oplpNidz (7)
dEs = UsaIs(Nl —UsNg)dZ (8)

Or cette différence d’énergie par unité de temps et de
surface peut s’écrire

—%dz (9)
soit encore
S = o Mi()h(2) (10)
L Ny = ML) (11)
Ces équations décrivent le processus d’échange

énergétique entre la pompe et le signal, c’est-a-dire
le processus d’amplification; ce sont elles qui sont
implémentées par la méthode numérique décrite en
I1.F.3.

2. Calcul du spectre en nombre d'onde

Cette annexe présente la méthode utilisée pour calculer
le spectre de 1’'onde qui se propage dans la fibre?!.

Rappelons I'expression de la décomposition du champ
sur les modes de propagation de la fibre :

WD) = Y ent(a, y)e (12
avec
/ dady |on]2 = 1, / dady 6% 6 = Sm (13)

La fonction d’autocorrélation (en pseudo-temps) du
champ s’écrit

C(z) = / [ sty i @y optags ()
3 fenf? et (15)

Q
—~
W
~—
I

Elle correspond au recouvrement du champ v (z,y, 2)
avec sa condition initiale ¥ (z,y,0).

21 M.D. Feit and J.A.Fleck, Applied Optics 19, 1154 (1980).



Pour éviter les traditionnels problemes rencontrés dans
I'utilisation des algorithmes de FFT, il faut « adoucir »
les bords de la fonction C(z). On choisit une apodisa-
tion par une Gaussienne f(z) qui permet de ramener les
extrémités de la fonction a des valeurs tres faibles, de
maniere continue. In fine, on obtient ’expression suivante
de la fonction d’autocorrélation

ey = [ def(2) 3 fenf e
JEC)

qui peut encore s’écrire
TF[f(Z)]*Z|cn|2/dzei(6n—k)z
TE[f(2)] % Y leal?s(00 =) (16)

Q
—~

)
~

|

=2
&y

N~—
I

2
&y

S~—
I

ou * représente un produit de convolution.

Nous obtenons donc une fonction qui présente des
résonances lorsque k = [,, ou les 3, sont les vec-
teurs d’onde qui correspondent aux modes sur lesquels
se décompose le champ qui se propage. En se rappelant
qu’a lintérieur de la fibre, ’onde peut s’écrire

\I/(JL‘,y,Z) = d)(l‘?yaz)eiﬁz (17)

2
et que n? ‘k‘s‘ = (32 + k? nous pouvons passer du vec-
teur d’onde (,, au nombre d’onde transverse ; en effet, en
écrivant k; comme

ki = (niks)? — (niks + Bn)? (18)
il vient
k2 = —(2n1ksf + B2) (19)

Et apparait, ainsi, le spectre en nombre d’onde de 'onde
qui se propage dans la fibre.

3. La Beam Propagation Method

Cette annexe n’est pas a interpréter comme ’expres-
sion d’une maladroite tentative d’appropriation de cette
méthode numérique, d’un usage tres répandue parmi les
opticiens. Mais, justement, en raison de sa popularité,
le lecteur n’en trouvera aucune présentation, méme suc-
cincte, dans les articles collectés ici — ni d’ailleurs dans
le reste de ma littérature. J’ai donc jugé opportune la

présente annexe?2.

22 J’ai fait de larges emprunts & un récent rapport de stage de Claire
Michel, elle-méme trés largement inspirée par la these de Valérie
Doya, elle-méme fortement influencée par... etc.
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La « Beam Propagation Method » est une méthode
numérique trés couramment utilisée qui permet de simu-
ler la propagation d’une onde scalaire dans un guide a
deux dimensions. Le principe de base de cette méthode
consiste a distinguer la propension naturelle d’une onde a
se propager dans tout l'espace, c’est-a-dire la diffraction,
de leffet guidant du milieu de propagation, d’extensions
spatiales finies. La premiere étape se traitera dans l’es-
pace des vecteurs d’onde, la deuxieme dans ’espace réel.

Le champ ¥(z,y, z) s’écrit comme le produit d’une am-
plitude complexe, (z,y, z), et d'un terme de propaga-
tion selon la direction longitudinale :

V(z,y,2) = Y(z,y,2)e' (20)
L’équation d’Helmholtz prend alors la forme
(AL = 32+ 0.2 + 280, + k)Y (2,y,2) =0 (21)

Rappelons que nous nous plagons toujours dans le do-
maine de validité de I’approximation paraxiale ou les va-
riations du champ selon z sont petites sur une échelle
de lordre de la longueur d’onde. Il est, ainsi, légitime
de négliger le terme en dérivée seconde pas rapport a

la dérivée premiere. L’équation (21) se rameéne alors a
I’équation de Fresnel :

_AJ_’L/)('Cm Y, Z) - (TL2]€2 - 52)¢($a Y, Z) = 21ﬁ8zw(xa ZU(» Z))
22
L’analogie avec ’équation de Schrodinger

~ S A+ V()b = 0 (23)

permet de définir un opérateur d’évolution longitudinale,
tel que

0.4 = (D + Py (24)

ou le terme D = f%A L est associé a la diffraction et le
terme P = —(n?k? — 3?)/23 & la propagation guidée.

On peut ainsi décrire ’évolution selon la direction lon-
gitudinale du champ :

(2 4 0z) = (z)e I(PTPI= (25)

sur une distance de propagation §z.
Dans le cas général, il faudrait développer e
la formule de Baker-Hausdorff

(D+P) gelon

eeP =exp (A+ B+ 1A B|+ L [A-B,[AB]] +...)

(26)
mais dans la mesure o on considere une distance ¢z suffi-
samment petite, seul le terme e n’est pas négligeable.
On peut alors écrire

1/}(2 + 52) _ w(z)efiDézefiPziz (27)

Les deux étapes de diffraction et de propagation guidée
peuvent donc étre traitées séparément.

(i) Diffraction



Considérons une décomposition en ondes planes de
londe (x,y,z) se propageant dans la fibre. Soit
1/?(/{1;, ky, z) la transformée de Fourier dans le plan trans-
verse de la fibre de ¥(z,y, ). L’étape

Ay
Dy(z) = EY] (2) (28)
s’écrit alors
- K2+ k2.
Dip(ky, ky, z) = w25 u’(/}(ka:, ky,z) (29)
En intégrant (27), nous obtenons
- - K2+ k;
(kg ky,z 4+ 02) = Y(ky, ky, z) exp | —1— 57 0z
(30)

On note k? + k2 = k. Le champ de P'onde diffractée
s’écrit alors

O(z,y, 2+062) = TF ! [&(km, ky, z) exp (152&)] (31)

(i) Propagation guidée

L’étape de propagation guidée peut maintenant étre
appliquée au champ Yaig(z, y, 2 + §z). On applique alors
la relation

i0.¢(z + §z) = Py(2) (32)
dans laquelle
n?k3 —
26

ou ko = 2w/ A, Ao étant la longueur d’onde dans le vide.
L’évolution guidée du champ sur un pas de propagation
prend donc la forme

Py(z) = - ¥(2) (33)

Y(@,y, 2+ 0z) =
Wk — B (34)
j————0
¥(x,y, 2) exp (1 % z)
Ce qui permet d’écrire I'expression finale du champ en
z+ 6z

W@,y +62) = TR [zﬁ(km yy 2) exp (ifgéz)]
X exp (iW&z) (35)

La distance dz considérée, en pratique, est telle que %z ~
0.5; le critere de validité de ’approximation paraxiale est
donc bien vérifié

Pour un traitement complet de 'amplification, il fau-
drait simuler les évolutions concomitantes et liées de la
pompe (& 980nm) et du signal (& 1020 nm). Cependant,
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comme le montre ’étude présentée dans la partie II.D,
dans une fibre optique chaotique la puissance de la pompe
décroit exponentiellement avec la distance de propaga-
tion

Py(z,y,2) = Pp(x,y,2 = 0)e” %" (36)

ou z est la direction de propagation dans la fibre optique.
Cela donne une équation pour I’évolution de I'intensité
de pompe, I,(z)

Pp(.’I},y,Z)

S e~ r* (37)

IP (LC, y7 Z) =
ou S est aire de la section transverse du cceur externe.
Dans ces conditions, il n’y a plus qu’une seule équation
qui modélise 'amplification : celle qui simule 'amplifi-
cation du signal et son interaction avec la pompe. Cela
s’écrit a I’aide du facteur d’amplification ampri; :

Oéampli = Usa(nsNQ - Nl) (38)
et qui devient
I
nsTpO -
Qampli apNt% (39)
1+ 24+ =
IpO IéO

en remplacant Ny et Ny par leurs expressions données
par les équations (4). L’intégration de 1’équation

01,
0z

= O4a,rl1pliIs (40)

se fait alors en supposant que 1'évolution de I,(z,y, 2) est
connue.

En pratique, les simulations sont effectuées avec une
modélisation plus fine de la pompe. En raison de 'effet de
saturation, ’évolution de la pompe exhibe deux régimes
exponentiels, avec deux valeurs distinctes pour ay,. Il était
plus simple de décrire uniquement la modélisation pour
une exponentielle pure, mais la méthode s’adapte, sans
difficulté, a la situation véritablement traitée.
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Il. CAVITES MICRO-ONDES « SEMICLASSIQUES »

Les trajectoires classiques (rayons géométriques)
forment le squelette des méthodes semiclassiques. Plus
précisément, si I'on s’intéresse au spectre d’un systeme,
ce sont les orbites périodiques qui vont jouer un role clef.
Pour les modes, les scars sont des évidences du réle par-
ticulier et inattendu — du point de vue des théories « glo-
bales », comme la théorie des matrices aléatoires — joué
par certaines orbites périodiques dans le domaine ondu-
latoire. Tout aussi inattendue est 'influence que peut
avoir un simple diffuseur ponctuel sur le spectre d’un
systeme, intégrable ou chaotique. Des études numériques
ont en effet montré, il y a quelques années, que les statis-
tiques spectrales d’un systeme possédant un défaut quasi-
ponctuel étaient, d’'une part, tres différentes des statis-
tiques du systeme vierge, et d’autre part, pouvaient s’in-
terpréter en termes de la famille particuliere d’orbites
périodiques qui heurtent le diffuseur et que 'on appelle,
dans ce cas, des « orbites diffractives ». Ma contribution
a cet effort de recherches est présenté en II1.B. Cet article
offre une introduction au sujet et présente 'influence des
orbites diffractives sur le facteur de forme.

Le probleme du diffuseur ponctuel est resté tres
longtemps quasi académique, car inaccessible aux
expériences, et sans application évidente. Gréace au
savoir-faire acquis au cours de la these de Jérome
Barthélemy (voir la section IV), j’ai proposé de vérifier
expérimentalement la prégnance des orbites diffractives
dans une situation ou le diffuseur est de plus d’un ordre
de grandeur inférieur en taille a la plus petite des lon-
gueurs d’onde se propageant dans le systeme, en l'oc-
currence une cavité micro-ondes. Outre 'aspect fonda-
mental, 'idée est de promouvoir une technique semiclas-
sique de détection non invasive de défauts. L’objectif a
moyens termes de la these de David Laurent, financée
par la DGA, était la démonstration de cet effet. 11 faut
en effet parler au passé car nous avons pu récemment
mettre en évidence des signatures franches de la présence
du petit diffuseur dans le « spectre de longueur » de la
cavité; cette derniere quantité, qui s’obtient a partir de
la connaissance précise du spectre, fournit un catalogue
de toutes les longueurs associées aux orbites périodiques
du billard équivalent. Bien que de moindre amplitude,
les orbites diffractives y apparaissent tres nettement et
fournissent méme un moyen, comme nous ’avons vérifié,
de suivre I’évolution du défaut constitué par le diffuseur.
Ces résultats constituent I'essentiel de I'article présenté
en ITI.C.

A. Un diffuseur (quasi-)ponctuel dans une cavité

Le « coeur dur » du message que j’aimerais faire passer
dans ce chapitre est contenu dans les deux articles pro-
posés en III.B et II1.C, et surtout dans le deuxieme. Je
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Fi1c. 11 (a) et (b) Modes calculés numériquement dans une
cavité rectangulaire vide (a) ou en présence d’un diffuseur de
taille finie (b) ; mode mesuré expérimentalement dans une ca-
vité de Sinai (c). Les structures spatiales sont représentatives
des deux grandes familles de cavités : les cavités intégrables
(a) et les cavités chaotiques (b) et (c).

souhaite simplement ici donner un avant-gott de la ri-
chesse d’une situation physique que I’on pourrait penser
pauvre : un diffuseur ponctuel dans une cavité! Le ni-
veau technique est volontairement léger, contrairement
aux deux articles qui suivent. Le lecteur spécialiste y
trouvera des illustrations, parfois originales, de concepts
connus, le lecteur simplement « averti » pourra le lire
comme une introduction en images au sujet.

Le spectre et les modes d’une cavité rectangulaire
métallique (conditions aux bords de Dirichlet) de dimen-
sion L, x L, sont étiquetés par un couple d’indices (de
« nombres quantiques ») (n,m), avec n,m € N*. La
donnée du couple (n,m) est, en effet, suffisante pour ex-
primer la fréquence propre ou le nombre d’onde propre

7 \? 7 \2 1
knm = (an> —|—<mLy> :Ewnm (41)

ainsi que la fonction d’onde

Y (2, y) =



La figure 11 (a) montre, par exemple, le mode (20,7) :
la structure spatiale est d’une grande simplicité. En re-
vanche, lorsqu’un diffuseur de taille finie est introduit
dans la cavité, la carte de champ devient tres chahutée
(figure 11 (b)). On a construit une cavité chaotique, et le
chapitre précédent a suffisamment discuté de la richesse
des modes d’une structure chaotique, pour que je n’ai
pas a y revenir ici. Une question intéressante, qui a été
posée des le début des années 90, est de savoir quelle fa-
mille, celle des modes réguliers ou celle des modes chao-
tiques, adopte une cavité intégrable perturbée par un
« petit » diffuseur?®. Gardons, pour I'instant, un flou sur
I'influence et la taille du diffuseur, nous leurs donnerons
un sens précis dans quelques lignes.

La figure 12 représente de maniére schématique les modes
d’une cavité rectangulaire aux fréquences correspondant
a des dimensions L, = 20cm et L, = 12.4cm. Une me-
sure expérimentale du mode (5,2), dans une cavité micro-
ondes, est également présentée. Rapidement, la mesure
consiste a suivre le décalage en fréquence du maximum
de la courbe de résonance d’un mode donné, consécutif
au déplacement en fréquence d’'une bille métallique a
Iintérieur de la cavité. Pour cette figure, la technique est
tres sommaire, la bille étant déplacée « a la main » par
Iintermédiaire d’un aimant extérieur a la cavité. La taille
de ’aimant interdit de parcourir ’ensemble de la cavité,
ce qui explique ’absence de mesures sur les bords. Cette
technique a été, depuis, « professionnalisée » et sera re-
vue en IV.D. La figure 11 (c) montre la carte d’intensité,
ainsi obtenue, d’'un mode d’une cavité de type billard de
Sinal.

Les cartes d’intensité représentées sur la figure 13 sont
obtenues alors qu’un diffuseur métallique de diameétre
6 mm est introduit dans la cavité micro-ondes. Rappe-
lons que 5GHz correspond a une longueur d’onde de
6cm et que le champ ne pénetre pas dans le diffuseur.
Les deux modes apparaissant aux fréquences les plus voi-
sines de la fréquence du mode (5,2) de la cavité vide
sont représentés. On peut remarquer que les fréquences
n’atteignent pas les valeurs des deux modes voisins de
(5,2) dans la cavité vide; ce constat est en fait une regle,
comme le montrera, plus bas, le calcul du spectre. La
qualité atteinte par les cartes d’intensité ne permet pas
une analyse quantitative, mais elle est suffisante pour
constater le comportement surprenant du systeme. Tout
d’abord, loin d’une simple modification locale de la struc-
ture du mode (5,2), on observe des structures totalement
différentes. Cependant, une réminiscence de la structure
des modes réguliers est nettement visible : on pourrait
qualifier le mode & 4.33 GHz de quasi-(4,2) et celui a

23 P. Seba, Phys. Rev. Lett. 64, 1855 (1990); T. Shigehara, Phys.
Rev. E 50, 4357 (1994) ; voir également les références citées dans
les introductions des deux articles I11.B et III1.C.
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(5,1)3.94 GHz (3,3)4.27 GHz

(5.2) 4.46 GHz

(6,1) 4.66 GHz

(4,3)4.70 GHz

Fi1G. 12 Représentations schématiques de quelques modes
d’une cavité micro-ondes rectangulaire (L = 20cm, L, =
12.4 ¢cm) autour du mode (5,2) & 4.46 GHz; la carte d’inten-
sité obtenue expérimentalement est également montrée, pour
ce mode.

4.47 GHz de quasi-(2.5,3) (le concept de nombre quan-
tique fractionnaire dans ce contexte reste & définir...)
En fait, les structures observées peuvent s’obtenir par
une superposition linéaire des modes réguliers, voisins
du mode (5,2) (figure 12). Cet effet de couplage des
résonances — qui s’observe en mécanique quantique de
base avec le double puits de potentiel — a été étudié
expérimentalement dans une cavité micro-ondes rectan-
gulaire par 1’équipe de Marburg?*

24 U. Kuhl, E. Persson, M. Barth, and H.-J. Stéckmann, Eur. Phys.
J. B 17, 253 (200). Dans cette étude, c’est 'antenne de mesure



4.47 GHz

F1G. 13 Cartes d’intensité du champ micro-ondes dans la ca-
vité perturbée par un diffuseur quasi-ponctuel (point rouge
sur les cartes)

Intéressons-nous maintenant aux spectres d’une cavité
perturbée par un petit diffuseur. Pour ce faire, je vais in-
troduire brievement le modele numérique utilisée en I11.B
et, dans une moindre mesure, en III.C. Ce faisant, nous
allons préciser, ce que la communauté entend par diffu-
seur ponctuel. Le « modele standard » consiste a utiliser
un diffuseur de rayon a dont la taille effective s’annule
avec la longueur d’onde. Pour 1’équation d’onde en di-
mension 2, la section efficace du diffuseur qui entraine
cette propriété?® s’écrit

4

7T L1+ 1602)

(43)
ol « est un parametre qui controle la force du dif-
fuseur. On pourra le prendre constant (avec quelques
précautions, voir la discussion en III.B) mais il dépend
de k comme

a(k) = - n () + const. (44)

ou kg = 2/a (voir II1.C).

qui joue le role du diffuseur ponctuel.

25 Attention a la coquille dans I’écriture de la section efficace dans
équation (1) de l'article III.B. Cette erreur est sans gravité dans
cet article ou seul le cas a = 0 est traité!
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Fic. 14 Calcul des modes de la cavité perturbée par
résolution graphique de 'équation (45); a I’échelle de la fi-
gure, a(k) dessine une droite presque horizontale.

Le spectre de la cavité perturbée est obtenu?® en

déterminant les valeurs de k qui satisfont la contrainte

6
oK) = 9(k) = Y U2 (F) g — 5 (45)

k8 — k78lm

Cette équation se préte tres bien a une résolution gra-
phique, comme le montre la figure 14. Les modes de la ca-
vité rectangulaire fournissent les singularités de la courbe
g(k), les modes recherchés se placent donc toujours entre
deux modes k.. Sur la gamme de vecteurs d’onde cou-
verte dans la figure 14, I’évolution du parametre a est
presque parfaitement confondue avec une droite. Cette
remarque est vraie pour presque tout le spectre, a 1’ex-
ception des premiers modes. C’est en ce sens que supposer
« constant n’est pas, en pratique, pathogene. Une fois le
spectre connu, on peut le passer dans divers cribles sta-
tistiques. Parmi les plus couramment utilisés, je ne vais
présenter, ici, que le plus simple (une quantité plus com-
plexe est abordé en II1.B) : la distribution des écarts entre
niveaux voisins?”, P(s). Les systémes intégrables et chao-
tiques se distinguent, entre autres, par des expressions
respectives tres différentes de cette distribution, chacune
portant le nom d’un physicien célebre : Poisson, pour les
premiers, et Wigner, pour les seconds. Concrétement :

Poisson : P(s) = exp (—s) (46)
Wigner : P(s) = gexp (—282) (47)

Elles sont représentées sur la figure 15 : les différences
sont frappantes! Les nombreuses quasi-dégénérescences
qui caractérisent un systéme intégrable (forte probabilité
d’écart nul) disparaissent totalement dans un systeme
chaotique. Ce dernier exhibe de la « répulsion de ni-
veaux ». Autre différence caractéristique, la distribution

26 R. L. Weaver and D. Sornette, Phys. Rev. E 52, 3341 (1995).

27 Pour une présentation simple des diverses distributions ou mo-
ments, voir : H.-J. Stéckman,Quantum Chaos, Cambridge Uni-
versity Press (1999).



de Wigner est beaucoup plus ramassée que celle de Pois-
son. La figure 15 montre les distributions d’écarts de ni-
veaux obtenues pour différentes forces du diffuseur ponc-
tuel. La distribution de Poisson semble bien représenter
la distribution limite atteinte pour un diffuseur « trans-
parent » (@ — o0). Par contre, dans la limite opposée
d’un diffuseur tres efficace (a«w — 0), le systéme ne bascule
pas franchement dans un comportement chaotique. De la
répulsion de niveaux apparait, mais le comportement au
grand espacements s’écarte tres sensiblement de la loi de
Wigner. Ce résultat n’est pas original ! C’est au tournant
du siecle qu’est apparue cette statistique intermédiaire,
dont le nom « semi-Poisson®® » ne signale pas un étre
chimérique, cousin de l'ondin, mais traduit la difficulté
de placer les systemes qui 'arborent dans une catégorie
franche. Sa forme canonique est donnée par

Semi-Poisson : P(s) = 4sexp (—2s) (48)
1 | ‘ ‘
\
A\ % a—0 |
0.8 1\ e a—1 1
L . 3 | o — 3 4
06+ L., P(s) = Zsexp (—5s?) |
- \\}\ . \ / .
04 % ]
| / <\ |
92 P(s) = exp(—s) R
L - e 1
O ; ; f *l* * Tk o e
0 1 2 3 4

espacements de niveaux, s

Fic. 15 Distributions P(s) des espacements de niveaux
d’une cavité rectangulaire avec un diffuseur ponctuel pour
différentes valeurs asymptotiques du paramétre o. Dans la si-
tuation ou le diffuseur est le plus efficace (a« — 0), P(s) ne
suit pas la distribution de Wigner.

Il existe de nombreux travaux sur ce type de statis-
tiques particulieres, qui s’obtiennent en supprimant plus
ou moins aléatoirement certains niveaux dans un spectre
donné ou en construisant un spectre a partir des positions
médianes des intervalles entre deux modes consécutifs?”.
On se rend compte sur la figure 14 que les modes de la ca-
vité perturbée se rapprochent de cette derniere situation

28 Proposé pour la premiére fois dans la référence : E. B. Bogomolny,
U. Gerland, and C. Schmit, Phys. Rev. E 59, R1315 (1999).

29 H. Hernéndez-Saldafia, J. Flores, and T. H. Seligman, Phys. Rev.
E 60, 449 (1999) ; voir également la publication récente suivante
et les références s’y trouvant : O. Bohigas and M. P. Pato, Phys.
Rev. E 74, 036212 (2006).
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pour o — 0. Notons pour conclure sur le lien entre diffu-
seur ponctuel et statistiques spectrales, qu'un modele ou
la section efficace ne s’annule pas avec la longueur d’onde
conduit, lui aussi, & une distribution intermédiaire3°.

Apres ce rapide survol des propriétés intéressantes que
confere un diffuseur (quasi-)ponctuel & une banale ca-
vité rectangulaire, nous allons, au travers des deux ar-
ticles suivants, rentrer plus profondément dans le sujet.
La quantité centrale dans les deux études présentées est
le facteur de forme, a partir duquel on déduit la « condi-
tional number density » (étude numérique présentée en
IIL.B), ou le spectre de longueur (étude expérimentale
présentée en II1.C).

30 Méme si le premier & s’intéresser & cette physique des diffuseurs
ponctuels a cru distinguer la distribution de Wigner : P. Seba,
Phys. Rev. Lett. 64, 1855 (1990).



B. Semiclassical analysis of spectral correlations in regular
billiards with point scatterers, Physical Review E 55, 7741
(1997)

Malgré son ancienneté : il date d’une période antérieure
a la création de 1’équipe POMC (donc avant le passage
au cap expérimental), cet article est totalement d’actua-
lité. Son association avec le suivant, montre comment
un theme provisoirement mis en sommeil peut resurgir
lorsque des moyens nouveaux sont acquis. Le message
se concentre ici sur le facteur de forme spectral d’une
cavité rectangulaire « habillée » par un diffuseur ponc-
tuel. Il s’agit, dans cette étude numérique, d’un vrai dif-
fuseur ponctuel dont la section efficace de diffusion est
inversement proportionnelle a la fréquence. L’évolution
du facteur de forme en fonction de ’espacement moyen
entre niveaux (calculés suivant la méthode présentée
précédemment) s’écarte sensiblement des prédictions de
la théorie des matrices aléatoires. Cet écart est associé a
I’existence de deux familles d’orbites périodiques : celles
qui heurtent ou pas le diffuseur ponctuel.

Il faut cependant reconnaitre un défaut a cet article :
le modele numérique®! sur lequel il repose souffre d’une
pathologie ! En effet, les modes de la cavité perturbés ne
sont pas orthogonaux. L’erreur tient dans le fait d’avoir
controlé la force du diffuseur par un parametre constant
a. Dans 'annexe de larticle ITI.C, nous montrons qu’en
relachant cette contrainte on rétablit I’orthogonalité des
fonctions propres, dans le méme temps que « gagne une
dépendance en k. La concession a la réalité physique faite
dans le présent article ne remet cependant pas en ques-
tion les effets mis en exergue. Le spectre de la cavité per-
turbée est tres peu affecté par la dépendance en nombre
d’onde du parametre a.

Je tiens aussi a signaler qu’une des raisons qui m’a
poussé a sélectionner cet article est qu’il est le seul écrit
en commun avec Richard Weaver. Fait étonnant car de-
puis notre premiere rencontre (& 'occasion de ma sou-
tenance de these!) nos contacts ont été tres réguliers, et
j’al tres souvent bénéficié de ses précieux conseils.

31 R. L. Weaver and D. Sornette, Phys. Rev. E 52, 3341 (1995).
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A semiclassical analysis is proposed to elucidate quantitatively the deviations from the predictions of the
random matrix theory of the observed conditional number density in rectangular billiards with point scatterers
[R. L. Weaver and D. Sornette, Phys. ReVbE 3341(1995]. Using the scattering cross section of the point
scatterer, the spectral form factor is shown to be built on two categories of periodic orbits depending whether
they are scattered or not. Our quantitative predictions are successfully compared to the observed spectral
correlations in various cases of a rectangular billiard with one or several point scatterers.
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PACS numbgs): 05.45+b, 03.65.Sq, 03.40.Kf

It has been conjectured that the eigenvalue statistics aingular billiard. The limit could presumably also be reached
generic systems which are classically chaotic are identical tby study of a Sinai billiard with small arc at large, but finite,
those of random matrices belonging to the Gaussian orthog@nergy. We know of no such studies.
nal ensemblgGOE). It is also accepted that regular inte-  First, we briefly recall that a point scatterer in any dimen-
grable systems should display Poisson statistics. Howevejon D=2 cannot be represented through a scattering poten-
many classically integrable systems have been shown to efial. The scatterer is in fact properly defined bytitsatrix in
hibit spectral rigidity which is typical of GOE-like systems {€rms of which its cross sgctlon |s_readlly obtained. For. the
[1,2]. A particular example is the singular quantum billiard Helmholtz wave equation in two dimensions, the latter is a
introduced by Seb§2]. It consists of a rectangular billiard !‘ength o ,}’Vh_'Ch depends on the frequenay and on a
with an isotropic point scatterer. In previous worka4], strength” dimensionless parameteras|(3]
conditions for the appearance of level repulsion or spectral
rigidity have been discussed, and a quantitative prediction o=4(w\1+4a?). (1)
for the range of GOE-like statistics was proposed in [R&f.
relying upon a proper definition of the scattering cross secThis form is readily obtained by imposing flux conservation
tion of the scatterer. Here we present a semiclassical analysigtween incident and scattered waves which yields a one-
of the spectral form factor in order to provide quantitative parameter transition strength for the scatterer. In a finite sys-
predictions for the conditional density of levels in rectangu-tem, this procedure enables one to find the modes of the
lar billiards with one or several point scatterers. Those predressed systenii.e., with the point scattergrthrough the
dictions are compared with the statistics of eigenvalues numodes of the bare systethe., without the point scatterrer
merically evaluated through the method introduced in Refby using the Lippman-Schwinger equation relating the
[3]. dressed Green'’s function to the undressed Green’s function

A regular billiard with a point scatterer remains fully in- via the parametetr [see Eqs(14)—(23) of Ref. [3]]. This
tegrable. At finite time, and except for a set of measure zerayne-parameter family of eigenvalues constitute the spectrum
the infinitesimal scatterer does not affect ray paths. Onef the self-adjoint extensions of the Helmholtz operator in
might therefore presume that the statistics remain Poissdhe presence of a point scattefdt. The procedure presented
nian. This may be contrasted with the usual asymptotic conin Ref.[3] is extended to the case of several scatterers by the
sideration of the fully chaotic Sinai billiard, in which the analysis presented in the Appendix.
wavelength is taken to zero while the radius of the removed To study quantitatively the spectral correlations among
arc is kept finite, and the statistics are GOE. If, however, onghe eigenvalues associated with the rectangular membrane
investigates thelistinguished limitin which scatterer size is (Dirichlet boundary conditionwith a point scatterer, we fol-
taken to zero at the same rate that wavelength is taken fow a semiclassical analysis along the lines proposed by Ar-
zero, one recovers a regime of considerable current intereggaman, Imry, and Smilanskib]. In the following, we will
This is precisely the limit implicit in recent studi¢8—4] of  use the dimensionless frequency variablew/{A w), where
the isotropic point scatterer with finite cross section in a rectw is the angular frequency afdw) is the mean frequency

1063-651X/97/586)/7741(4)/$10.00 55 7741 © 1997 The American Physical Society
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spacing between adjacent modes arownd his amounts to compared to the size of the spheres. The latter problem was
considering the so-called unfolded spectri®). Now, the recently addressed in R¢f], and focused principally on the
commonly considered nearest-neighbor spacing distributiortransition from ballistic to diffusive regimes. If sufficiently
though revealing a possible level repulsion, is not very senmany pointlike impurities were placed in the rectangle bil-
sitive to mid-range or long-range correlations. Instead, thdiard, one could eventually envisage a diffusive dynamical
conditional probabilityg(s)ds of finding a level in the inter- regime for times intermediate between the ballistic regime
val [x+s,x+s+ds], given that there is one level at(as- and the ergodic one, as considered in REf.
suming here and in the rest that the spectrum is statipnary In a two-dimensional billiard of are§, the rate at which
a true two-point measure likely to characterize spectral rigida typical ray hits a disk of diameteris given by the expres-
ity. The latter notion manifests itself in the slow increase ofsion I'= 7o/ 7S (see, for instance, Refl0]). Using the
the variance of the number of levels in a given frequencyleading part of Weyl's formula for the modal density at high
interval with the mean value of this numbgypically, for ~ frequencies, the mean spacing between adjacent eigenfre-
GOE spectraz?=((N—(N))?)~(2/7?)In(2m(N)) for large  quencies readéA w)~2m/wS, which enables one to define
(N) whereas, for uncorrelated Poisson specEad=(N)] the dimensionless rate
[6]. The conditional number densig(s) is equivalently ex-
pressed as % 4(s)+K(s) where K(s)=((d[x—(s/2)] wo 2
—1)(d[x+(s/2)]— 1)) is the autocovariance of the spectral y=I'l(Aw)= om 7_r\/lf—é,raz'
density d(x)=2,8(x—X,) (the mean value of which is
unity). Defining the spectral form factor as the Fourier trans-One then proceeds to evaluate the spectral form factor by
form K(7)=[ds d™°K(s), one may showsee Ref[5] and  summing up the contributions associated to the two catego-
also Berry's course in Ref7]) that a semiclassical evalua- ries of p.o.’s mentioned above. In the dressed rectangle, the
tion of the form factor is obtained as a sum over periodicfraction of regular periodic trajectori¢belonging to the pe-
orbits of the corresponding billiard, which rea@s the di-  riodic orbits of the regular undressed billianghich have not
agonal approximation met the scatterer at timemay be approximated to decay like
exp(—y7), thus reducing by an identical factor the amplitude
- ) A associated with those orbits in the sum r(2& Since the
K(TWpZO,S |A[#8(7— 7)), @  sum rule in the integrable biliard  yields
' K(7)—A2(7)pp(7)=1 [8], wherepy(7) is the density(per
unit dimensionless timeof p.o.’s of the bare rectangle, one
deduces the “regular part” of the form factor of the dressed
rectangle

()

where theA;'s are the amplitudes and th¢'s are the dimen-
sionless period§(A w)T= 7, with T the true perioyl of the
periodic orbits. This sum rule yields a valid approximation of
the spectral form factor for values af much larger than Rreg( ~e 277 ()
(Aw)Ty (with Ty being the period of the shortest periodic d '

orbit) and still much smaller than72 For larger values of,  For the other group of p.o.’s, one can reasonably assume that
another sum rule, proposed by Befi#], shows thakK—1 if  the corresponding “ergodic part” of the form factor is ob-
727, The sum rule given by Eq2) has proved to give the tained through the ansatz consisting of multiplying the GOE
correct universal behavior as well in genetic regular systemform factor by the relative fraction of trajectories which have
[whereK(7)=1, yielding the Poisson statistics for uncorre- met the coarse-grained scatterer at least once before the time
lated spectra, see, for instance, R8{] as in chaotic systems

with or without time reversal invariancéwhere K(7) ~or B

~ 7/4r, which is the smallr leading behavior of the GOE Kaqm=(1—e ")[1—bgog 7)]. 5

form factor 1- 7); , for instancd,7]]. . . . .
° The ﬁeoy to tﬁg?g(llo)wirswzear;umesn?wCiIT{bg to consider that Indeed, according to Re_[5], a s_emmlgssmal evaluat|_on of
the wave problem associates a finite size of the order of thi1€ SPectral form factor is obtained éa the case of time-
cross section to the point scatterer, and that this coarsé€versal symmetiyK(7)~(7/m)P(7), whereP(7) denotes
grained scale should be taken as the diameter of a virtud'® classical probability for periodic motion. The factor
disk centered at the position of the scatterer, and fixing a7/ 7) is in fact the so-called diagonal approximation of the
effective range of action of the latter on ray trajectories in theGOE spectral form factor 2bgog(7), and P(7), in the
billiard. Thus, when considering the problem of a point scatPresent case, should be given by-{& ") for times large
terer in a regular billiard like the rectangle, one should sub£€nough compared to the time of flightacross the billiard.
divide the periodic orbit§p.0.’s) into two categories: the first Presumably, there exist deviations from the GGEe Ref.
group consists of p.o.’s of the original regular billiard which [11]), and the contribution from the ergodic orbits could be
do not hit the disk associated to a “coarse-grained” scatterefodified to account for them, but they do not concern us as
while the other group consists of “new” trajectories which all the levels we study are in the reginge>1, whereg

hit this disk at least once, and which are responsible, at larg& 1/((Aw)ts) is the so-called dimensionless conductance.
enough times, for the ergodic regime of the wave problemBYy summing both contributions, Eq@l) and(5), one obtains
Here we would like to stress that our approach is concernedur approximation for the complete form factiy(7) for

with an integrable system with one or a few point scatterersthe dressed rectangle. A numerical inverse Fourier transform
and not with hyperspherical rigid scatterers placed at randorthen leads to the corresponding conditional number density
in a hypercubic billiard in the limit of vanishing wavelength g4(s). Our result differs from that obtained by Agam and
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FIG. 1. Conditional number density observed among more than
10* even-even modes in the dressed rectangle with a single-point
scatterer at the center. It is compared to an evaluation of the con-
ditional densitygq(s) (dotted ling obtained through a numerical
inverse Fourier transform of our approximation for the complete
form factor Ky4(7) with y=2/7. For the sake of comparison, the
prediction of the GOE is showsolid line).
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067 %

Fishmarn 9] for two chief reasongia) our formula(4) differs
by a factor of 2 from the corresponding formul®) in the
first of Ref.[9]; (b) in Ref.[9], their system has the geometry
of the torus(leading to the absence of periodic orbits which 021 7
are scattered only ongewhereas ours has Dirichlet bound- b ®
ary conditions: this explains why the fourth term of formula oV
(5.9 in the second of Ref9] does not appear in our result. 0 03 06 09 12 15 18 21 24 27

A related result was obtained by Altland and Gefdarz] s

through a diagrammatic perturbative analysis of nondiffusive £\ 2. same as in Fig. 1 for the cases of a rectangular billiard
disordered electron systems; apart from the term accountingiih () three full strength scatterers placed at random, @i

for the orbits that are not scattered, their re$fly. (32) of ) strength scatterers placed at random. The dotted line shows our
Ref.[12]] is identical to that obtained by Agam and Fishmanyregiction with(a) y= 6/ and (b) y=12/x.
[9], and thus differs from ours in the limit studied in the

present paper, namely, the ballistic regime. In conclusion, we have proposed a quantitative prediction
In Fig. 1, we plot the conditional density observed amongrq, the conditional density in rectangle billiards with point
more than 10 levels corresponding to even-even modes obxcatterers, using a semiclassical analysis of the spectral form
tained in ten different rectangles with a smgle-p_omt scatteref,cior based on the partition of periodic orbits in two catego-
at the centersee Ref[3]; also see the Appendix, where a yies: one accounts for the regular behavior of the spectrum
d|scussmn.of t_he m.ethod by which the numerical data were, raations at large frequency range, while the other one
generated is given in the general case of many scatterers, g§jjgs upon scattered orbits which contribute to the ergodic
well as a short summary of what systems were studied andart of the form factor leading to short- and intermediate-
what the range of eigenvalues examinethe parameterr  range spectral rigidity. This prediction was shown to be in
was chosen to be zero. This numerical result is compared {9o4d agreement with numerically observed levels in the rect-
the inverse transform of the sum of Edg) and (5 [13]  angylar billiard with either a single centered scatterer or a
(dotted ling with y= 2/ and also to the conditional density te\y point scatterers placed at random. It is remarkable that

for GOE spectra, namely, 1Y, god(s). The agreement is g, ch a simple theory does as well as it does in spite of its
fair, especially for values of smaller than unity. For larger |imitations.

values, oscillations are seen in the numerical data which can-

not be reproduced by the above ansatz. In Fig. 2, we(pJot It is our pleasure to thank D. Sornette for very fruitful
the conditional density observed for levels in a rectangle bil-discussions on this problem. One of (8.L.) wishes to ac-
liard with three maximum strength scatterets<0) located knowledge very stimulating discussions with Eugene Bogo-
at random positions not too near the edge and compare it tmolny.

our prediction(dotted ling with y=6/7; and (b) the same

for a rectangle billiard v_v?th six maximum strength scatterers APPENDIX

located at random positions not too near the edge and with

y=12/w. Again, even if numerical data are closer to the We define the bare Green’s functid®®(r, S) as the har-
GOE behavior, the agreement with our ansatz is still signifi-nonic (w) response at position to a unit source a$ in a
cant. rectangular domain without scatterers. The resp@iggs)

0.4 4

conditional density number
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in the system withj scatterersj(=1,2,3...,n) is a superpo- The complex scattering strengthis related to the real pa-
sition of a response which directly propagates by means afametera, by Eq. (13) of Ref.[3]:

G°, and several fields, each the bare response to a point

source of as yet unknown strengthsat positionsb; . Thus

the total field due to a source atis given by t=(i/4+a)" L. (AB)

G(F,8)=G(F,§)+ > GF,b)A, (A1) . . o
] Equation(A4) may be written as an algebraic relation among

) ) the unknown source strengtis:
for some as-yet-undetermined set of effective source

strengthsA;. The quantitiesA; in general depend on the
source positions as well as the positions and scattering

strengths of all the scatterers. In the vicinity of scatterer A|[t|f(6,)—1]+t|2 GO(B, ,Bj)Ajth,GO(B, ,S)=0.
|

numberl, the field is

G(F~by,8)=G%b,§)+ >, Gby,b)A,
i

J’_

f(ti)—l—lHgl)(wllr*—f)ﬂl)}m (A2)

where we have used the form given in Et6) of Ref.[3] to

iz
(AB)

Equation(A6) is a linear algebraic relation for the effective
source strength4,; . It is singular, indicating a resonance in
the composite system, whenever the matrix of the coeffi-
cients of theA;’s has a vanishing determinant. This is the
criterion used to find the eigenvalues of the composite sys-

describe the bare Green’s function in the vicinity of its sin-tem.

gularity in terms of an incident pafttilue to multiple reflec-

tions from the boundajdyand an outgoing parf. is given by

[3]

f(ﬁ)zlin](Go(F,S)Jriz HY (wllF - 6||)]. (A3)

T—b

The efficient evaluation of is discussed in Ref.3]. The
ratio of the coefficient of the outgoing pa#{" to the inci-

The elements of the matrix of coefficients of tAgs are
singular at each of the eigenvalues of the bare systems; thus
the matrix can be ill conditioned near these eigenvalues. It
may be shown, however, that the determinant has only a
simple pole at these eigenvalues. The numerical procedures
used to evaluate the determinant were therefore written to
take advantage of this feature, and thereby to avoid most of
the ill-conditioning.

The conditional densities reported in Fig. 2 were taken

dent part is, by definition, the scattering strength of the scatfrom about 22 500 levels for each of the casasand (b).
terer (a property of the scatterer and independent of the sysfhe 22 500 levels were taken from nine sample systems each

tem in which it is placefd

t.=A./ [G°(6|,§)+El GO(S.,Bj)AjJrf(Bl)A,}
IE:
(Ad)

of about 2500 levels in the range of 8@ <80, consisting

of rectangles of sizerx w/(\/5—1). The case of the single
scatterer at the center of Fig. 1 was reported in R&f.the
conditional density for this case was based on 10 000 even-
even levels in the range 60w<<100.
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C. Diffractive orbits in the length spectrum of a
two-dimensional microwave cavity with a small scatterer,
Physical Review E 74, 046219 (2006)

Comme l'ont souligné avec enthousiasme les « refe-
rees », cet article offre des résultats expérimentaux nets,
sur un sujet ou il en existe tres peu. La section IT donne
les quantités semiclassiques utiles pour la suite de I'ar-
ticle. La section III reprend le modeéle numérique déja
traité en III.B, mais en corrigeant une pathologie de
la version initiale. Les orbites diffractives sont parfai-
tement identifiées dans le spectre de longueur obtenu
(figure 3). Cette section n’a pas volonté a modéliser
I’expérience réalisée, mais elle doit étre vue comme une
démonstration, dans un cas idéal (grand nombre de
modes, pas de pertes), de la pertinence des orbites dif-
fractives. Enfin, les résultats expérimentaux obtenus dans
une cavité micro-ondes sont présentés. Malgré la difficulté
a extraire I'information dans le signal, la présence du dif-
fuseur est nettement visible dans le spectre de longueur
expérimental (figures 7 et 8).

Dans l'annexe nous apportons une correction au
modele proposé par Weaver et Sornette afin de rétablir
I’orthogonalité des modes propres de la cavité perturbée.
Ce faisant, nous mettons un terme & une controverse
entre ces auteurs et Shigehara.
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Diffractive orbits in the length spectrum of a two-dimensional microwave cavity
with a small scatterer

David Laurent, Olivier Legrand, and Fabrice Mortessagne
Laboratoire de Physique de la Matiére Condensée, CNRS UMR 6622, Université de Nice-Sophia Antipolis, 06108 Nice, France
(Received 14 July 2006; published 31 October 2006)

In a two-dimensional rectangular microwave cavity dressed with one pointlike scatterer, a semiclassical
approach is used to analyze the spectrum in terms of periodic orbits and diffractive orbits. We show, both
numerically and experimentally, how the latter can be accounted for in the so-called length spectrum, which is
retrieved from two-point correlations of a finite-range frequency spectrum. Beyond its fundamental interest,
this first experimental evidence of the role played by diffractive orbits in the spectrum of an actual cavity, can
be the first step towards a technique to detect and track small defects in wave cavities.

DOI: 10.1103/PhysRevE.74.046219

I. INTRODUCTION

It has been widely recognized that the semiclassical ap-
proach of spectral statistics based on periodic orbits (POs)
has met a definite success in chaotic systems (see, e.g., Ref.
[1] and references therein). In systems where one or more
pointlike scatterers are added, a similar approach is possible,
calling for both POs and the so-called diffractive orbits
(DOs) [2]. If the unperturbed system is regular (with inte-
grable ray motion), the spectral statistics induced by the
presence of scatterers is clearly not predicted by random ma-
trix theory, even if some level repulsion appears. Indeed, at
large spacing, the spacing distribution decays exponentially
like in a regular system [3,4]. In fully chaotic systems, on the
contrary, adding scatterers has been shown to be of practi-
cally no effect on the spectral statistics [5].

In the present paper, we will show both numerically and
experimentally, how the presence of short DOs can be ac-
counted for in the so-called length spectrum, which one can
retrieve from two-point correlations of a finite-range fre-
quency spectrum. Our experiments are performed in micro-
wave cavities at room temperature and the limited range of
the available spectrum is a practical issue. Nevertheless, in
the case of a two-dimensional (2D) rectangular (regular) cav-
ity with one point-scatterer (actually a small scatterer in the
experiments), the lengths associated to the shortest DOs are
easily identified in our experiments and can be used to locate
the scatterer and possibly track its displacements.

II. SEMICLASSICAL EXPANSION
AND SPECTRAL DENSITY

We now briefly recall the semiclassical approach of spec-
tral correlations based on a decomposition of the spectral
density on POs. It relies on the semiclassical representation
of the Green’s function G(r,#"), written as a sum over clas-
sical trajectories connecting points 7 and 7,

G(7,F") = 2 Al P )expliSy (7, 7). (1)

cltr

By evaluating the trace of G(r,r) through a stationary phase
approximation, one obtains a semiclassical trace formula for
the modal density p [1]. The latter is thus written as an av-
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erage smooth density plus an oscillatory part,

plk) = p(K) + p(0) = k) + D A v ee. ()
J

Here, k is the wave number, € y is the length of the jth PO,
and A; is its complex amplitude accounting for its stability
and possibly depending on k.

In diffractive systems with pointlike singularities, classi-
cal trajectories that hit those singularities can be continued in
any direction. These can nonetheless be tackled with in the
wave description by introducing an isotropic diffraction co-
efficient D, which fixes the scattering amplitude at each scat-
terer. In previous works (see Refs. [6,7]), this diffraction
constant has been calculated (with the free Green’s function
in Ref. [7]) to yield

2
D= - R
—In(ka/2) — y+im/2

3)

where 7 is the Euler constant and « is a characteristic length,
which may be interpreted as the nonvanishing radius of an
s-wave scattering disk [6], the above expression being pre-
cisely the limiting scattering amplitude for ka <<1. The semi-
classical expansion of the Green’s function in the presence of
a point scatterer located at s therefore reads

G(;,;’)=GO(Fa;,)+GO(;’§)DG(§’F’)7 (4)

where G is the unperturbed Green’s function. Hence for-
mula (2) for the modal density still holds provided that non-
classical contributions due to DOs are included, consistently
with the geometrical theory of diffraction, yielding: p°*
=ppo +Pgo - In a rectangular domain of area A with a single-
point scatterer, contributions from periodic orbits and diffrac-

tive orbits respectively read [8]

Aq < k
pO(k) = =)' > —=—=—== cos(rk,, — rn ,m — 7/4)
P T po r=1 N2mrk po P P

(5)

and
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FIG. 1. Length spectrum computed in a rectangular cavity with
a single-point scatterer. Approximately 11 000 resonances have
been used. Dashed sticks indicate the lengths of the POs listed in
Table 1.

Aao D
OSL 0
(k) = cos(kl 4, — ngom—3/4), (6
% P do— Mg ). (6)

where X’ denotes a sum over primitive periodic (diffractive)
orbits of length €, (€4,) and the number of bounces n,,
(ngo,); r is the number of repetitions. In formula (6) only
leading order one-scattering events are included, repetitions
or concatenations of primitive orbits of order v being of or-
der O(k™"?) [8].

Note that the contribution of DOs is subdominant with
respect to POs due to different & dependences. Nevertheless,
the relevance of both POs and DOs is clearly illustrated
through a weighted length spectrum [9], which is obtained
by calculating the so-called form factor K(L), i.e., the Fourier
transform of the spectral autocorrelation C(k) of p®°(k);

0sc 5 0SC _5
C(K):<p <k+2>p (k 2)>k. (7)

In practice, the local average over k in Eq. (7) can be
written

(k) = f dk'f(k"YWo(k" = k), (8)

where the weighing function W is zero centered and of typi-
cal width o. In the following, we will use either Gaussian or
Hanning weighing functions.

In the so-called diagonal approximation [1], the following
expression of the form factor is obtained [10]:

K(L) = X AL~ 1) ©)
J

Ideally, the length spectrum appears as a series of delta peaks
located at particular orbit lengths ¢;, with real positive am-
plitudes (see Fig. 1).

For practical reasons, both in numerics and in analyzing
our experiments, we will rather use the cumulated density
Nk)=/ ﬁdk’ p(k"), which is a staircase function increasing of
one unit at each eigenwavenumber. This integrated quantity
enables one to evaluate the form factor (9) more readily.
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III. NUMERICAL LENGTH SPECTRA

To validate the possiblity of identifying the shortest DOs
in the short-term nonuniversal part of the length spectrum,
we first investigate a numerical model of a rectangular cavity
with a point scatterer (hereafter called the dressed cavity). To
numerically obtain all the eigenfrequencies in a given fre-
quency range for the dressed cavity, we will closely follow
the method first introduced by Weaver and Sornette in Ref.
[11]. This method provides a clear physical insight of the
way the scatterer can be characterized by its transition matrix
and scattering cross section. However, following a criticism
made by Shigehara and Cheon in Ref. [12], we will correct a
pathology of the aforementioned method by restoring the
orthogonality of the perturbed eigenfunctions.

In 2D billiards, in the presence of a point scatterer at
position s, it is possible to write the total field ¥ at the
position 7, in the vicinity of s, as the superposition of incom-
ing and outgoing waves,

W | S (=it - |

(10)

where Hél’z) are the Hankel functions of first and second
kinds. The parameter #(k) defines the ratio of the strength of
the incident field at the scatterer to the strength of the out-
going field in the vicinity of the scatterer. In terms of this
parameter the scattering cross section (here a length) is given
by |#|*/4k. From the expression (10) for W, energy conserva-
tion implies |3[?=|3—i|? yielding r=(a+i/4)~!, a being a
real parameter.

In the Appendix, we show how a specific k dependence of
a can be established to ensure the orthogonality of the per-
turbed eigenfunctions. We thus reconcile the seemingly con-
tradictory approaches of Refs. [11,12]. The resulting expres-
sion for ¢ [Eq. (A15)] is the same as the diffraction constant
in Equation (3).

Note that, apart from a logarithmic correction, the scatter-
ing cross section essentially scales as the wavelength, thus
making the scatterer equally efficient at all frequencies,
which is not the behavior of finite-size scatterers as used in
our experiments. However, in practice, we will always be in
the limiting case ka << 1. The resonances of the dressed cavity
correspond to the poles of the transition matrix (A2). Practi-
cally, the ensuing characteristic equation is solved through a
convergence accelerating procedure described in Ref. [11],
by equating a(k)=—[In(ka/2)+vy]/(27) to the function g(k),

6

1
g(k) = Eqr(;) (k@)g -7 (11)

Here, the W,’s are the solution of the Helmholtz equation
and the kio)’s are the associated eigenwavenumbers in the
empty cavity. The problem of calculating the eigenwavenum-
bers in the presence of the point scatterer is thus solved by
finding the zeroes of g(k)— (k). Note that g(k)—a(k) has

singularities for each k;o) and all its zeroes, hereafter denoted
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FIG. 2. Periodic orbits representation with indices (a) (2,3) and
(b) (1,4). Continuous deformations of the orbit shown in thick black
lines lead to the orbits shown in dotted or dashed lines.

k;, must lie between two consecutive eigenvalues of the
empty cavity. This analytical approach allows us to deal with
very large frequency ranges.

In practice, we obtain the form factor and the length spec-
trum by calculating the Fourier transform of the difference

N(k)-N(k), where the average behavior N(k) is given by
Weyl’s formula,

_ A L
Nk)=—k> = —k+—. (12)
w w

Here A is the total area of the cavity and L its perimeter.

An example of a length spectrum corresponding to a rect-
angular cavity with a single-point scatterer is given in Fig. 1.
Here, the dimensions of the cavity in which we have per-
formed our calculations are those of the actual cavity we use
in our experiments: L,=0.7562 m and L,=0.4656 m, the
scatterer is located at x=46.5 cm and y=20 cm (positions are
measured from the upper left corner of the cavity sketched in
Figs. 2 and 4), and the value of a=3 mm corresponds to the
radius of the actual cylindrical scatterer. A large number of
resonances (approximately 11 000) have been used so that
the length resolution is excellent. To illustrate that such a
length spectrum still is dominated by the POs of the empty
cavity, it is shown in Fig. 1 with an amplitude scale such that
the contributions of the DOs are too small to be seen.

In a rectangular cavity of side lengths L, and L,, the POs
are identified by two indices n and m indicating the number
of steps on a rectangular lattice of basis (2L,,2L,) (see Ref.
[13]). They form families of continuously deformable orbits
with the same length €=2(n’L>+m>L2)"2. For the families
shown in Fig. 2, the most symmetric representative is dis-
played, as well as the result of continuous deformations (dot-

PHYSICAL REVIEW E 74, 046219 (2006)

TABLE I. Indices and lengths (in meter) of the periodic orbits
shown in Fig. 1.

(n,m) Length (n,m) Length (n,m) Length (n,m) Length
(0,1) 0931 (0,3) 2794 (04) 3725 (0,5 4.656
(1,00 1512 (2,00 3.025 (1,4) 4.020 (2,4) 4.798
(1,1) 1776  (2,1) 3.165 (2,3) 4.118 (1,50 4.896
0,2) 1862 (1,3) 3.177 (3,00 4537 (3,2) 4.905
(1,2) 2399 (2,2) 3.552 (3,1) 4.632

ted or dashed) yielding self-retracing orbits hitting two cor-
ners. Note that, in polygonal billiards, diffraction occurs only
at vertices where the angle is not a submultiple of 7 [8]. POs
are easily identified on the length spectrum shown in Fig. 1
with the help of Table I, which gives the correspondence
between indices and lengths for all lengths shorter than 5 m.
At first sight, it could even seem that no other contribution is
to be seen as if the DOs were absent from it. Somehow, it
could even be expected since no long-range correlations are
observed in the frequency spectrum, thereby indicating that
if the DOs should contribute, especially at short lengths, they
should in a negligible way.

This is indeed what one can observe by closely inspecting
a typical length spectrum for lengths smaller or of the order
of the size of the cavity in the presence of a single-point
scatterer. In Fig. 3, the contributions of the DOs are dis-
played on the length range from O to 1.6 m using an en-
larged scale for the amplitude of the peaks. Sticks indicate
the lengths of the DOs (dotted) and POs (dashed) within this
range.

The shortest relevant lengths are those of the elementary
self-retracing DOs starting from the scatterer and bouncing
once on one of the sides of the rectangle as shown in Fig.
4(a). In Fig. 4(b), some of the shortest self-retracing DOs
with one scattering event, two bounces on one side and one
bounce in a corner, are drawn. In Fig. 4(c), DOs with one
scattering event and three bounces are drawn. All these DOs
are listed with their corresponding lengths in Table II.

In Fig. 5, we have used different Gaussian normalized
frequency windows with variance =2 GHz centered on 10,
15, and 20 GHz to illustrate the 1/k dependence of the

i

A

14 A
N

1

1

0 02 04 06 08 1 12 14 16
Length (m)

FIG. 3. Zoom (X 10%) of the length spectrum shown in Fig. 1 on
the length range from O to 1.6 m using an enlarged scale for the
amplitude of the peaks: POs (dashed sticks), DOs (dotted sticks).
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FIG. 4. Three different kinds of one-diffraction event diffractive
orbits associated to the position of the scatterer used numerically
and experimentally: (a) direct self-retracing DOs (first kind), (b)
self-retracing DOs (second kind), (c) three-bounce DOs (third
kind).

squared amplitudes associated to the DOs [see formula (6)].
An excellent agreement with the prediction of formula (6) is
observed and validates the semiclassical approach. We also
have observed the k dependence expected for POs [see for-
mula (5)], but we will not present it here.

In this section we have used a model for a point-scatterer
in a cavity to validate the possibility of revealing the pres-
ence of DOs in the short-term nonuniversal part of the length
spectrum.

TABLE II. Lengths (in meters) of the diffractive orbits shown in
Fig. 4; first, second, and third kinds refer to DOs depicted in (a),
(b), and (c), respectively.

First kind Second kind Third kind
a: 0.400 e: 0.789 a: 1.454 a: 1.099
b: 0.532 f: 0.930 b: 1.575 b: 1.316
c: 0.582 g: 1.012 c: 1.625 c: 1.564
d: 0.706 h: 1.071 d: 1.734 d: 1.603
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FIG. 5. Scaling law in 1/k of the amplitudes of the peaks asso-
ciated to the DOs. Gaussian normalized frequency windows with
equal variances (2 GHz) centered on 10 GHz (solid), 15 GHz (dot-
ted), and 20 GHz (dashed) were used. An excellent agreement with
the prediction of formula (6) is observed.

IV. EXPERIMENTAL LENGTH SPECTRA

In our experiments, the frequency spectra are determined
from transmission signals measured in a 2D microwave cav-
ity operated at frequencies ranging from 500 MHz to 5 GHz.
The rectangular cavity is composed of two copper plates
sandwiching a copper rectangular frame of thickness 5 mm
and of width 2 cm. The cavity may thus be viewed as the
slice of a rectangular waveguide closed at both ends, with
perimeter £=2.446 m and area A=0.3528 m>. The quality
of copper is OFHC to reduce ohmic losses. Due to its height
of 5 mm (smaller than half the smallest wavelength used),
this cavity only admits transverse magnetic two-dimensional
modes of order 0. Through one of the copper plates, ten
antennas are introduced with positions determined at ran-
dom. Optimal coupling was obtained by fixing their penetra-
tion length inside the cavity at 2 mm. The details about
transmission measurements are described in Ref. [14]. The
scatterer is a small copper cylinder of radius 3 mm much
smaller than the smallest wavelength of the order of 5 cm.
For the results presented here, we used three different
couples of antennas to be sure not to miss any resonance
frequency in the dressed cavity in the range mentioned above
(nearly 300 resonances were measured for each position of
the scatterer). The cumulated density number N(k) we could
deduce from these measurements enabled us to verify that a
small level repulsion can be observed as exemplified by the
nearest-spacing distribution P(s) whose histogram is shown
in Fig. 6. The nearest spacings are as usually obtained by

building the sequence of normalized spacings s,-=1V(k,-+1)

—N(k;), whose average is unity. A comparison is shown with
the distribution associated to a semi-Poisson sequence as a
guideline. In fact, Bogomolny et al. have shown that the
statistics of the singular billiard as the one discussed in the
previous section, is intermediate between Poisson (uncorre-
lated spectrum) and semi-Poisson (short-range repulsion) [4].

Once the frequencies of all the resonances in the range
mentioned above have been determined with a sufficient pre-
cision (better than one tenth of the local spacing), we build
an average cumulated density through a polynomial fitting of

046219-4
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FIG. 6. Experimental histogram of P(s) in the dressed cavity;
semi-Poisson law: P(s)=4se™2% (continuous curve).

order two (consistent with Weyl’s formula). Hence, an ex-
perimental length spectrum is evaluated by using the total
frequency range at our disposal [here, the weighing function
of formula (8) is therefore simply a Hanning window] for the
FFT. Figure 7 shows such a length spectrum on a scale where
the shortest POs can clearly be identified. Note however the
poor resolution compared to the analytical length spectrum
of Figs. 3 and 5. This is entirely due to the reduced frequency
range we were compelled to use. Indeed, above 5 GHz, the
ohmic losses are so important that the overlap of neighboring
resonances prevents one from properly extracting all the
resonance frequencies with the required precision. If one

10

Ob—l S L N AT L
o0 02 04 06 0.8 1.0 1.2 1.4 1.6
Length (m)

FIG. 7. Experimental length spectrum computed from 300 ac-
tual resonances measured from 500 MHz to 5 GHz. The position of
the center of the scatterer is the same as in the numerical results of
the previous section. (a) Length range from 0 to 5 m, POs indicated
by dashed sticks; (b) length range from 0 to 1.6 m; POs indicated
by dashed sticks; DOs by dotted sticks.
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FIG. 8. Experimental length spectrum for four different posi-
tions of the scatterer measured from the upper left corner of the
rectangular cavity: (a) x=28.5 cm, y=13 cm; (b) x=43.5cm, y
=23 cm; (c) x=45 cm, y=23 cm; (d) x=46.5 cm, y=23 cm. The
corresponding DOs of the three kinds are depicted by dotted sticks.
POs are indicated by dashed sticks.

wishes to use frequencies above this limit, the resolution of
the length spectrum is not significantly improved whereas
the risk of missing many levels is rapidly increasing, thereby
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making the appearance of spurious peaks in the length spec-
trum more probable. These are current limitations when one
requires high-precision spectra in such microwave experi-
ments at room temperature. Within this frequency range the
resolution is sufficient to identify the shortest (and relevant)
DOs, even when only one couple of antennas is used to
extract the frequency spectrum.

As in the analytical part, one can note the presence of
peaks not centered at the lengths of POs. The important dif-
ference with the analytical or numerical approach is that the
peaks related to the DOs have amplitudes only one order
smaller than those of the POs. This can be accounted by the
finite size of the actual scatterer leading to a different k de-
pendence of the amplitudes associated to the DOs. In addi-
tion, we have also checked that the displacements of the
scatterer within the cavity can be tracked by properly moni-
toring the lengths of the peaks associated to the shortest DOs
contributing to the experimental length spectrum. This is il-
lustrated in Fig. 8 where only one couple of antennas was
used to extract the frequency spectrum for four different po-
sitions of the scatterer. This could constitute the basis of a
nondestructive way of detecting the motion of a defect.

V. CONCLUSION

In the present paper, we have shown how a semiclassical
approach of spectral statistics, usually based on periodic or-
bits in chaotic cavities, can be extended to analyze experi-
ments in a 2D rectangular microwave cavity with a small
scatterer by including diffractive orbits. More specifically,
we have illustrated, through a model of cavity with a point
scatterer, how DOs can be clearly identified in the so-called
length spectrum of the cavity. This length spectrum could be
retrieved through the evaluation of the two-point spectral
correlations deduced from the cumulated spectral density of
around 300 resonances measured in the frequency range
(500 MHz, 5 GHz). To our knowledge, this is the first ex-
perimental evidence of the unambiguous role played by dif-
fractive orbits in the spectrum of an actual cavity. This is also
a clear illustration of how a semiclassical analysis can be
used to reveal nonuniversal spectral features of a complex
cavity. Our findings show that the length spectrum can be
used to locate the scatterer, or any small defect, and, eventu-
ally, to track a moving defect.
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APPENDIX: ORTHOGONALITY OF THE PERTURBED
EIGENFUNCTIONS

We will use the following notations: Gy, is the Green func-
tion of the bare cavity, WV, are the eigenfunctions, and E,, are
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the corresponding eigenenergies; G is the perturbed Green
function of the dressed cavity and @, denotes the eigenfunc-
tions with z,, the corresponding eigenvalues. The two Green
functions are related by

G(r,r"32) = Go(F,r'32) + Go(F,552) 7(532) Go (5,7 32)
(A1)

where the transition matrix 7is given by

m($;2) =" - £S5,

with ™' =a+i/4 [see formula (12) of Ref. [11]) for some real
.

The resonances of the perturbed cavity correspond to the
zeroes of [ —£(5;z)] where

(A2)

i

f(§;2)={ir11{Go(?,s 12) + H(l)(\2||r—§||)} =

. 1 7||F -
+1im[Go(r,s;z) - —(y+ln M)}
F§ 2T 2

r—s

(A3)
One deduces the ®,, through the residues of G at z,,,
lim[G(7,552)(z = 2,)] = @, (PP, (5). (A4)
=7,
Thus, according to Eq. (A1) (see Ref. [12]), one has
®,(r) = N,G(7.532,), (A5)
where
q,2(§) -1
N> = —r— . A6
" (Ey(zn—w (A0)
One wishes to calculate [V, (F)W,(r)dr. Using
v (r)¥
G570 = 3, LAY, (A7)
, -k
one gets
f D,,(r)®,(r)dr
v (s)¥
h S D[
V,M V)(Zl‘l E )
\PZ
=N,N,> ,(5) (A8)

(Zm EV)(ZVl - EV) '
where [V, (r)W ,(r)dr=6,, was used. If m=n, one finds

W(s)

E (A9)

J 2(Adr=N ,%2

If n# m, one calculates

046219-6



DIFFRACTIVE ORBITS IN THE LENGTH SPECTRUM...

f(E;Zn) _f(*;;zm)

- - 1 N
=lim| Gy(r,s;3z,) — Go(7,532,,) — — ln(z—)}
e 4w

F—s Zm
RS £ viE 1 (z_)
_Zv(zn_Ev)—Ey(Zm_Ey)_47Tln Zm
_ WO 1 ()
= (Zm - Zn)zv (Zn _ EV)(Zm _ EV) - 417 1 Zm .

(A10)

At the resonances of G, f(s)=t"' assumed to be constant,
whence f(5,z,) =f(5,z,,), thus implying, if one writes z,=k>,

e s )
- = In| — | #0,
Ey (Zn_EV)(Zm_EV) 27T(k,2n_ki) ! km
(A11)
and finally yielding
R 1 In(k/k,,)
P,,(rD,(r)dr= . Al12
f o= ey i A

If one allows « to depend on k, then one can restore the
orthogonality between the eigenfunctions ®, and ®,, with
m# n. Indeed, it suffices to write
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1 k
k)—alk,)=——1In| —|, Al3
a(k,) - a(k,,) - n<km> (A13)
or, equivalently,
1 k
alk)y=—— ln(—> + const. (A14)
27T ko

If one puts kp=2/a and const=—17/(27), y being the Euler
constant, then (see Ref. [6])

2

t= .
l(ka) +_7T
—Inl = | = =z
2 )"V

(A15)

This corresponds to the asymptotic behavior of the dif-
fraction coefficient of a cylindrical s-wave scatterer of radius
a. Therefore, in the approach due to Weaver and Sornette
[11], the relation (23), which defines the resonances, should

read
1 (ka) . R Y |
_;Tln<?):£111}{Go(r,s;z)—;1n(7 s

(A16)

thus restoring the orthogonality of the perturbed eigenfunc-
tions as well as the unitarity of the time-evolution operator

[12].
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IV. DIFFUSION CHAOTIQUE EN MILIEUX OUVERTS

A. Paradigme des milieux ouverts : cavité micro-ondes a
température ambiante

99

(a)

(b)

F1G. 16 Cartes d’intensité obtenues numériquement : (a) un mode d’une cavité fermée, (b) méme fréquence d’excitation, mais

les parois sont rendues perméables.

Dans le cadre des travaux de these de Jérome
Barthélemy (co-encadrée avec Olivier Legrand), nous
nous sommes intéressés au tres délicat probleme du trans-
port des ondes en milieu ouvert32. Ce probleme reste
en effet trés peu défriché, aussi bien par les modeles
théoriques, que par les expériences. D’un point de vue
théorique, en perdant ’hermiticité du probléeme on perd
I’espoir d’une description simple. Expérimentalement, les
pertes, en réduisant la qualité du signal mesuré, notam-
ment sa dynamique, constituent une géne, évacuée au
prix de beaucoup d’efforts. Dans les expériences en ca-
vité micro-ondes, elles sont éliminées en utilisant des
matériaux supraconducteurs, c’est-a-dire des cavités suf-
fisamment petites pour étre immergées dans un cryostat.
Les pertes, ou la dissipation, constituent pourtant un
ingrédient incontournable quel que soit le type d’ondes
considéré : de l'acoustique des salles au transport dans
les systemes mésoscopiques. A titre de simple illustra-
tion, la figure IV.A montre comment le passage de bords
fermés a des bords perméables modifie en profondeur la
répartition spatiale de 'énergie a I'intérieur de la cavité.
A Tonde stationnaire se superposent, dans le deuxiéme
cas, des ondes progressives?3.

32 These téléchargeable sur le site du serveur de theses du CNRS :
tel.archives-ouvertes.fr/

33 La partie stationnaire n’étant pas forcément la méme dans les
deux cas si les pertes sont fortes.

Nous avons donc réalisé dans une cavité (chaotique)
micro-ondes bidimensionnelle, des mesures de diffusion a
température ambiante. Notons que la situation physique
traitée présente une analogie parfaite avec le probleme
d’une particule scalaire dans un billard quantique. Dans
cette cavité, par le biais d’antennes reliées a un Analyseur
de Réseau Vectoriel, sont injectées et mesurées des ondes
hyperfréquences dans les gamme des GHz. Nous avons
pu décrire complétement la matrice de diffusion (de type
Breit-Wigner) de notre probléme, c’est-a-dire en tenant
compte des différentes sources de perte et de la nature du
couplage avec les antennes (voir IV.B). Si les pertes oh-
miques sont uniquement dues & la conductivité finie des
parois, il faut néanmoins en distinguer deux types. Le
premier, qui présente un comportement monotone avec
la fréquence, ne dépend pas de la géométrie de la cavité,
seulement de son épaisseur. Le deuxieme, physiquement
plus intéressant, est lié & une dissipation sur les bords
de la cavité. Il dépend de la résonance excitée, donc de
la géométrie, et fluctue d’'un mode a 'autre. Nous avons
également étudié ’évolution de la phase des résonances
avec la fréquence et son lien avec ’évolution des pertes
ohmiques liées aux bords (voir IV.C, article 1). La dis-
tribution de la phase est calculée a partir des données
expérimentales. Elle est comparée a des prédictions ana-
lytiques, ce qui permet de fixer un parametre qui mesure
la taille typique de la partie imaginaire de 'amplitude du
champ. Nos données expérimentales montrent tres claire-
ment une proportionnalité entre la largeur ohmique due



aux bords et ce parametre.
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FiGc. 17 Amplitude du champ micro-ondes dans une cavité ouverte et désordonnée (25x 25 cm, 196 diffuseurs) : (a), (b) et (c)
cartes expérimentales correspondant respectivement a des résonances & 5.45 GHz, 5.66 GHz et 7.80 GHz., (d) carte obtenue par

simulation numérique pour la résonance a 7.80 GHz.

Récemment, en collaboration avec Dmitry Savin (De-
partment of Mathematical Sciences, Brunel Univer-
sity), qui a bénéficié de deux mois de « professeur
invité » en début d’année, nous avons développé un
modele théorique en parfait accord avec nos résultats
expérimentaux (voir IV.C, article 2). La thése que débute
Charles Poli s’inscrit dans la continuité de ce travail. Il
aura pour objectif ultime d’étendre le modele, pour I'ins-
tant limité aux situations de faible recouvrement modal,
a tous les régimes. Ce probleme agite actuellement beau-

coup la communauté du chaos ondulatoire3?.

34 Y. V. Fyodorov and D. V. Savin, J. Phys. A : Math; Gen. 38,
10731 (2005) ; U. Kuhl, H.-J. Stéckmann, and R. L. Weaver, ibid.,
p- 10433. Voir également ’abondante littérature qu’un bon mo-
teur de recherches sur le web trouve avec les mots-clefs : « open
billiard », « non-orthogonal modes » ou « quasinormal modes ».

Disposant d’un outil expérimental performant et bien
controlé, et apres une premiere phase présentée en III, le
travail de these de David Laurent a été orienté vers la
mesure indirecte de la répartition spatiale des résonances
en régime de diffusion multiple. En pratique, la cavité
micro-ondes a été « ouverte », grace a ’adjonction de
matériaux isolants sur son pourtour, et « désordonnée »,
en disposant, de maniere aléatoire, pres de 200 petits
plots cylindriques constitués d’un matériau diélectrique
a haute permittivité (de lordre de 37). L’enjeu étant
I’observation directe de « modes localisés ». Ces objets
constituent une sorte de Graal pour la communauté de
la diffusion multiple : la présence de modes spatialement
(de maniere exponentielle) localisés dans une gamme de
fréquences donnée, est tres certainement a l'origine du
phénomene de localisation forte des ondes, ou localisa-
tion d’Anderson, dans le cas des ondes électroniques.
Ce phénomene est l'objet de trés nombreuses études,
théoriques et numériques, et, dans une moindre me-



sure, expérimentales. Les difficultés pour réaliser ces
dernieres sont grandes, et ’analyse des résultats n’est
pas toujours exempte d’ambiguités. La premiere d’entre
elles tient au fait que la plupart des expériences sont
réalisées dans le domaine temporel, et traquent la si-
gnature de la localisation dans une décroissance expo-
nentielle d’un signal de transmission3®. Or, un autre ef-
fet, totalement inévitable, se traduit également par une
décroissance exponentielle d’un signal de transmission au
travers d’un milieu : ’absorption — ou pertes, couplages
vers 'extérieur3%. Une approche « statistique » de la lo-
calisation a été proposée dans des systemes désordonnées
(quasi)unidimensionnels3”. Mais la localisation en di-
mension 1 possede un statut un peu particulier; ces
expériences ne constituent donc qu’une étape dans la
compréhension du phénomene de localisation. Il faut tout
de méme reconnaitre ’apport de certaines expériences
1D qui permettent d’obtenir des visualisations directes
remarquables de couplages entre modes localisés®®.

Apres une délicate période de mise au point, et grace a
un soutien financier important du laboratoire, nous avons
obtenu tres récemment les premieres cartographies de
modes localisés ! Ces derniers satisfont a divers critéres de
localisation et se comparent parfaitement aux résultats
de simulations numériques effectuées en paralléle (voir fi-
gure 17). Je présenterai un peu plus en détail ces récents
travaux dans la section IV.D.

35 D. S. Wiersma, P. bartolini; A. Lagendijk, and R. Righini, Na-
ture 390, 671 (1997).

36 Voir cependant la référence suivante ou leffet de I’absorption
semble étre parfaitement discriminé : M. Storzer, P. Gross, C.
M. Aegerter, and G. Maret, Phys. Rev. Lett. 96, 063904 (2006).

37 A. A. Chabanov, M. Stoychev, and A. Z. Genack, Nature 404,
850 (2000).

38 P. Sebbah, B. Hu, J. M. Klosner, and A. Z. Genack, Phys. Rev.
Lett. 96, 183902 (2006).
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B. Complete S-matrix in a microwave cavity at room
temperature, Physical Review E 71, 016205 (2005)

Cet article est 'un de ceux présentés dans ce docu-
ment dont je suis le plus fier : je le crois bien écrit, et
il représente ’aboutissement de longues années d’efforts.
Que de chemin parcouru depuis les premiéres mesures
réalisées en quasi catimini, avec Patrick Sebbah, sur un
analyseur de réseaux de 'ESINSA...

Nous adoptons dans cet article une démarche « per-
turbative », c’est-a-dire que le modele est progressive-
ment rendu plus complexe pour atteindre la situation
physique voulue. La modélisation de la cavité sans perte
et des antennes est exposée dans la section II ; deux points
importants, mais plus techniques, ’auto-adjonction du
Hamiltonien total et ’expression de la matrice de cou-
plage, sont traités dans I'annexe A. La section III intro-
duit les pertes ohmiques et se conclue, avec 1’équation
(50), par l'expression analytique compléte de la matrice
de diffusion. Je souligne que, d’une part, la distinction
entre pertes ohmiques homogenes (équation (48)) et in-
homogenes (équation (49)), et, d’autre part, la fonction
de transfert des antennes (51) et les pertes associées (52),
constituaient, a la parution de cet article, des résultats
totalement nouveaux. La section IV confronte, enfin, la
modélisation aux expériences : les tests sont passés avec
un succes remarquable, comme le montrent notamment
les figures 4, 5 et 7.
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Complete S matrix in a microwave cavity at room temperature

Jérdbme Barthélemy, Olivier Legrand, and Fabrice Mortessagne
Laboratoire de Physique de la Matiére Condensée, CNRS UMR 6622, Université de Nice-Sophia Antipolis, 06108 Nice, France
(Received 9 February 2004; published 6 January 2005

We experimentally study the widths of resonances in a two-dimensional microwave cavity at room tempera-
ture. By developing a model for the coupling antennas, we are able to discriminate their contribution from
those of Ohmic losses to the broadening of resonances. Concerning Ohmic losses, we experimentally put to
evidence two mechanisms: damping along propagation and absorption at the contour, the latter being respon-
sible for variations of widths from mode to mode due to its dependence on the spatial distribution of the field
at the contour. A theory, based on &matrix formalism, is given for these variations. It is successfully
validated through measurements of several hundreds of resonances in a rectangular cavity.

DOI: 10.1103/PhysRevE.71.016205 PACS nuner05.45.Mt, 05.60.Gg, 03.65.Nk, 03.65.Yz

I. INTRODUCTION nas. To be able to separate their respective contributions to
In the field of quantum chaos, microwave experimentsthe broadening of resonances, a thorough analysis is required

have proven to yield very important breakthroughs in provid-or:c thehwayhthe wave functions are spatially distributed
ing versatile analog models of quantum systems in the dotiroughout the cavity. . .
main of classical electromagnetic waved]. Room- The cavity we have actually used for our experiments is
temperature experiments have opened the J2yrapidly ~CcOMPosed of two rectangular OFHC copper plates between
which a copper rectangular frame is sandwiched. The rectan-

followed by experiments in superconducting cavifigk In a lar f has b hined . d
first stage, studies have mainly been concerned with the verffU'ar ffame nas been machin€d as one piece and Serves as

fication of predictions issued from random matrix theory oghe contour of the cavity. The cavity may thus be viewed as
from semiclassical approaches regarding spectral fluctua- - ;
tions. Losses, which were originally absent from theoreticafOntour C of length L=2.446 m, sectionS of area A

models, were seen as severe drawbacks in the seminal e:9'3528 n, and thicknessl=5 mm. As long as the wave-

periments, especially for an accurate analysis of resonan Ength)\ is larger f[hand, the boundary conditions in the
frequenciegsee, e.g.[2—4]). The first account of resonance diréction (perpendicular to the top and bottom plgtesly

widths observed in superconducting cavities was related thm't transverse magnetlc'l_'M)_ twa-dimensional (2D)
coupling losses in the absence of Ohmic losses, and meas 10des. The whole structure is tightly screwed and 10 holes

ing widths essentially amounted to measuring intensities at2'< been dr!lled through one of 'the plates to introduce 10
the locations of few antenn#S]. During the past decade, the antennas, which protrudg a lengtinto the cavity. The an-
great flexibility of microwave cavities has led to an impor- tennas are ”_‘O”Opo'ar with SMA connectors which are com-
tant diversification of geometries and configurations in ordermor.“.y used in the frequency range ff°”.‘ 0 to 18 GHz. The
to investigate the spectral correlations and the spatial distriP©Sitions of the antennas are displayed in Fig. 1. For a mea-

bution of the field, in closed or open, disordered, and/or chadurement, only one antenna at a time is used as a microwave

otic cavities(see[1] for a review. Nevertheless, until recent emitter and anothe(in transmissiopor the samein reflec-

years, the impact of the different loss mechanisms, present i%on%&\i Ia rzcewer.hThenother unusetfl antennﬁs are terminated
these systems, on their spatial or spectral statistical propeP o oha f' so t a:]a _anttlenn_?hs ehave the samel_wlfly dre-
ties attracted very little consideration. Indeed, as long ag2rding the losses they imply. These antennas are linked to

losses are weak, resonances can be viewed as isolated. ApHP 8720 D vector analyzer through flexible C"?‘b'es.- All the
the contrary, for increasing damping, resonances are nfieasurements are performed after a proper calibration to get

longer easily distinguished due to modal overlapping, and 7777777777 77777777
the very description of the wave system in terms of modes
loses its pertinence. Since the seminal papers by Ericson in
nuclear physic$6] and by Schroeder in room acoustid§, e 10
the regime of large modal overlap has been abundantly stud-
ied in the context of quantum chaf&-1Q.

The question of intermediate modal overlap for which
resonances can be distinguished but broadening is no longer
negligible is essentially open as ysee the excellent review
[11])). In the present paper, we propose to help pave the way
of a more complete understanding of microwave cavities at
room temperature by accounting for the presence of essen-
tially two kinds of loss mechanisms, namely Ohmic damping FIG. 1. Schematic view of the microwave cavity with locations
at the boundaries and coupling to the outside through anterf antennas.
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________ _p loen(2) = 1, €%+ e for-1* <z<0, (1)
i /|
Cavity
?/ . the time evolution being conventionally written €xjpwt).
= /7 - =+ The currenti(z) in the TEM region read§l3]
5 8 %
]
==Y}
1199 Vo, dkes 4 ook
g_,__é/____ L0 I(z)=?(¢4Ou + A;pe™?) for z> 0, (2
[ TEM //
whereZ is the characteristic impedance of the coaxial line.
Yz The following continuity conditions are then imposed:

FIG. 2. Schematic cut view of a coupling antenna. Physical
regions introduced in our model are displayed along with the asso- Ipert(_ 1*)=0,
ciated characteristic lengths.

Ipen(0) = 1(0). 3
rid of any parasitic influence of cables and connectors and
even of the analyzer itself. The measurements are given ifharefore

terms of scattering coefficients which form tf& matrix

(21 22) whereS,(S,,) measures the reflection on port2) sink(l * + 2)

and S;,(S,7) measures the transmission from por{3 to lper(?) =1(0)————— for —1* <z<0 (4)
sinkl*

port 1(2).

In the following section, we develop &matrix formu-
lation for an ideal cavity through the introduction of an elec-with
tromagnetic model of antennas which enables us to write the
response of the cavity within the form of a Breit-Wigner v
decomposition. Then, in the third section, we complete this 1(0) = —O(Aout+ Ain). (5)
description with a perturbative evaluation of Ohmic losses at z
the walls of the cavity. We show that the resulting Ohmic Inside the cavity, time-independent Maxwell's equations
width of each resonance may be decomposed in two qualitgjie|q the following wave equation for the electric fiefd
tively and quantitatively distinct contributions, one of them
being sensitive to the spatial distribution of the wave func- . R .
tion at the contour. Then, in Sec. 1V, we proceed to an ex- AE+KE=iwud, (6)
perimental validation of our model in the case of a rectangu-

lar cavity. We show that, for each measured resonance, Wghere, assuming a pointlike antenna at locatigrthe cur-

are able to discriminate quantitatively among the two OhmiGent density within the plane of the cavity reads
contributions to the total widths and the contribution due to

the presence of the antennas.

Iz, =187 -z for —I* <z<O0. (7)
IIl. SMATRIX FORMULATION FOR A CAVITY WITHOUT The 2D formulation of our problem is obtained by integrat-
OHMIC LOSSES ing Eq. (6) along z in different ways for the left-hand side
A. Electromagnetic model of antennas and the right-hand side. Indeed, while the left-hand side is

easily integrated over the thicknedsf the cavity, i.e., for

As an antenna, we use the terminal part of the center!*+1-d<z<-I*+1, the integration of the right-hand side
conductor of a coagsee F|g 2. Far from this termination, in is more involved. To account for the effective Coupling of the
a coaxial line, only transverse electromagn€éfiEM) modes ~ €lectric field with the current in the perturbed region, we
can propagate and the field results as the superposition @€fine a coupling functiofi(z) on the interva[-I*, 0] which
incoming and outgoing parts. In the vicinity of the termina- multiplies the current before integrating. To our knowledge,
tion of the line, hereafter called therturbed regionpertur- ~ only numerical approaches of this problem have been pub-
bative nonpropagating waves exigt2]. The longitudinal lished, using FDTD[14] or modal decompositiof15,1§.
variablez along the line is oriented outward from the cavity Here we adopt an effective description by assunfifmy=1
and its origin located at the border between the TEM and then the interval-1*, —1* + l4¢] andf(z)=0 on the rest of the
perturbed regions, i.e., at a distari¢efrom the end of the interval. The lengthq¢; is an adjustable parameter lying be-
antenna(see Fig. 2 In the perturbed region, assuming a tweenl andl*, most likely close td. Hence, forM identical
sinusoidal behavior, we write the stationary currggi(z) as  antennas, Eq:6) becomes

016205-2
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M 2
Y/ _ d
(A +K)ELN) X d=iwug, 8(F - rc);"(Agut+ AC (2 Houlzo) = - <Za|zb>£§ : (12
c=1
J‘"”'eff sink(l * + 2) For pointlike antennas, the coupling will be represented by
_x sinkl* . .
(M Wourin(B)|Ze) = to(E,20) 8(F = o). (13
Kl
. Sinz—;ff Let ®=[¢,(Nep (z1)...0p (zv)]" denote a state of the
_ Voo " m complete system. Then the eigenvalue probiaid =E,®
Z * * o
sin? 0057 may be written as

M _Aﬁpa('?) +22/|:1 5(F_ I?c)
X D) S(F = F) (A, + AS), (8)

=1 X J dzcto(Eo,Z0) 9Bc(Z0) = EgalF),
whereZ,=uo/ € is the vacuum impedance.

B. Breit-Wigner decomposition 6(Bo.2)@(fy) = ¢n(20) = Eogp,(20),
We now follow a standard approach in scattering theory to
analytically express thé& matrix of a microwave cavity
coupled to pointlike antennas. This kind of calculation was N . "
initiated in nuclear physicgl7] and has been reproduced in tu(Eo 2w @ulfm) = ‘PBM(ZM) = EO‘PBM(ZM)v (14)
various contexts since thgsee, e.g., Ref{11,18,19). The _ _ o
cavity is described as a closed system coupledtehan- where the. prime symbols stand fo.r the orc_im_ary d_envatlve.
nels, one for each antenna. The complete Hilbert space of the According to the electromagnetic description given at the
system comprises the cavity and the channels. It is therefof@@ginning of this sectiorte(Eq, z;) will be vanishing except
decomposed as the direct sum of Hilbert spaces associatedifba perturbed region of lengiti from the termination of the
the inside and the outside of the cavifz&,,® &y, Though ~ antenna. It is therefore quite natural to fix the originzoht
the inside Hilbert space is of infinite dimension, we adopt thethe limit of this region. Forz;> 0, the field is written as the
commonly used simplification of a finite dimensidfs=1  Superposition of ingoing and outgoing waves,
[11]. The Hamiltonian of the cavity;, is thus represented L
by anN X N matrix H. The eigenstates associatedHg, are — —4c ok ¢ ik
denoted ). The outside Hilbert space is associated toNhe @p(%) = &(AOU‘eI “rApee) forz>0, (19
antennas and is written as the direct sdij(E)=E&1(E) B
@--- @ Ey(E), whereE is the energy of a continuum of scat- where k?=E,. The factor 14k is required for dimensional
tering states denoted Hg,E) for channelc. Finally, W de-  and normalization purposes, asf, and.A¢ , are dimension-
notes the coupling matrix of dimensidwix M between the less complex amplitudes. Fa.€[-1*,0], the perturbed
bound states of the cavity and the scattering states of thield ¢(z.) in the coupling region is still to be a superposition
antennas. As long as the wavelength remains smaller than tleg plane waves. Continuity conditions in agreement with our
distances between antennas, the direct coupling betweeslectromagnetic description imply
channels may be neglected. The complete Hamiltoriian

thus reads bp(-1%)=0,
N M
H= MEl |H (o] + 021 dE|c, E)E(c, E| bp(0) = 04 (0). (16)
M- N One therefore deduces
+> > |,u>deW#C(E)(c,E| +H.c.
=l =t sink(zg+1%)
= —F—for - 1* <z.<0. (17
= Hin + Hout+ Woutain + Winﬂout- (9) d)ﬁC(ZC) (PBC(O) sinkl* or % 0 ( )

The normalization conditions are

(Vlp) = 6,, and(a,E|b,E’) = 8,,60(E - E'). (10)

The space representation &, is given by
N - here A;,=(AL---AMT and Ay, =(AL - AM)T, only the
. N = — —-r"A-. 11 W ) n in in out out out !
(FIHinlf") = = o7 = )A; (1) functions ¢4 (z) for z.>0 are relevant. Equatio(l4) can
Likewise, the space representation?df,; in the coax reads thus be obviously reduced to

The M X M S matrix being defined by

Aout: S»Aina (18)

016205-3
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M S o
~Aga(®) + SN SF-7) K= 7W =W 27)
, _
X f dthC(Eo,zc)d>5c(Zc) = Egea(h), Standard linear algebr@ee, e.g., Ref(18]) transforms ex-
- pression(26) into
_ U - 1
?p,(21) = Eopp (z0), =1 —2iWf_
1 1 S=1ly - 2i7W Z_H+ inV\FW' (298

Then, assuming a weak coupling, a perturbative expansion to
. leading orderconsidering the isolated cavity as the “zeroth
~¢p,(Zw) =Eopp,(zv),  (19)  order’) yields the following expression for an element of the

) S matrix:
wheret.(Eg,z.)=0 has been used f@.>0. Here again we

introduce the simplification of a nonvanishing constant value N W W
. . _ . naVvb
to(Eo) for t.(Eg,z,) only on the interval—I* ,—1* + | .¢]. With Sup= Sap— 2im 2 M : (29
this assumption and expressi(tv), the first equation in Eq. #=1 K2 — k;ZA +imD |W,Lc|2
(19) reads =1
M

.. where the sum runs over the eigenstates of the isolated cavity
= Ag (M) + 2 Te(K AT = F) g (0) =Eopa(), (200 with energies<c,. In Appendix A 2, it is shown that the cou-

c=l pling matrix elements, in the space representation, are given
with by
- oKlefs TR (7,
wey "2 W= T, 0
Tl = (21) vk
sin;cos; where ¢, (F)=(f|w) is the eigenfunction associated é

One finally obtains the following explicit expression for the

Assuming identical antennas, i.d,(k)=T(k), and by iden- SMatrix elements:

tifying Eq. (8) with Eqg. (20), one deduces

_ [T
Kl Sip=Oap~ 2 "
siP——
S U —— (22) N )
7 ke ke x> AU b (31)
sin—cos— ] i - )
22 @16+ TP [, (o P
In spite of the reduction performed in EQ.9), by elimi- =1
nating the source terms associated to the field inside the cav-
ity [18,19, the condition of self-adjointness can be recov-
ered through appropriate boundary conditions. In Appendix lll. PERTURBATIVE EVALUATION OF OHMIC
A 1, we show that it can be done through the following LOSSES
boundary condition for channet In this section, we present the results deduced from a
= . , standard first-order perturbation approach whose validity is
T (Kea(ro) = ‘PBC(O)' (23) restricted to nondegenerate modsse Jackson's textbook

We are now in a position to derive an explicit expression[zo])' The power @ dissipated(Ohmic lossesby a wave

for the S matrix. If the energy dependence of the couplin isWith frgquencyw within the surface elementbf a c_onduc—
small on a scale of the o?c)i/er gf the mean energy pspa?cin%ﬁr is given by the flux of the real part of the Poynting vector

; - - : rough this surface. By adopting Jackson’s convention
between neighboring modes, tBenatrix can be writterjl1] expi-iot) for the time dependence of the field, one has
Sav= Sap~ 27(@,EWI(E-Her) "WDE),  (24)

where 3—2 =- % R - (EOHY)], (32
Herr=H - iTWW. (29 wheren is the unit normal vector directed toward the interior
The S matrix can thus be rewritten of the conductor, ané andH are the fields at the surface. If
1-iK the conductor is perfeck is perpendicular to the surfac,
=TTk’ (26) is parallel, and there is no dissipated power — in the follow-
ing, parallel or perpendicular will be understoaith respect
with to the surface of the conductorhis ideal situation will cor-
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respond to the zeroth order of our description of the field I +1,
near the surface of the actual conductor. For a finite conduc- = e
tivity o, one can compute the first-order corrections for the
fields following the standard approach described, for in-Using Faraday’s law, one obtains
stance, in Ref[20].

To first order, the perpendicular electric field and the par- I = gL_def j dal 9|2 (40)
allel magnetic field outside the conductor remain unmodi- A s
fied. Using appropriate boundary conditions together with _ )
Maxwell equations, it may be shown that nonvanishing parVhereé is defined by

allel components of both electric and magnetic fields exist 1 L
baciapor=c; [ [ wapor, @
c S

(39)

inside the conductor. These fields decrease as-exp),
where 6=\2/u.o0 is the skin deptl{u, being the magnetic
permeability of the conductor and its effective conductiv-

ity), and only depend on the zeroth-order parallel componen‘gn denotlng(n-_V). Here it should be rem_arked thtis a
ic fieldi© at the surface of the conductor. B parameter, which depends on the spatial structure of the
of the magnetic field,” a u uctor. BY ‘mode at hand. Likewise, one may compige

continuity, one deduces the existence of a small parallel com-

epw?

ponent of the electric field just outside the conductor, 2 = o2
ly=— dall Vo112, (42)
=) _ @By _ (a0 podds
20 Now using the 2D Green’s theorem together with E2),
. ' one gets
Using EQ.(33), one finds
dP _ puewd =)0 |2:26Jf dal 9|2 (43
To obtain the total power dissipated through Ohmic losse@nd, eventually,
within a cavity, a mere integration of equation £84) over c Ld
the walls is required. P= —(1 +§—> f f da| /92 (44)
In an ideal 2D cavity, the electromagnetic field does not oop 2A S
vary alongz, Considering that the total electromagnetic energy stored in
Hf(o)(x,y) 0 the cavity is given by
HO={HO(x,y) andE@={ 0 (35) € N ed
y Vo _€ 2= & 02
W= dv I E®lIe= da , 45
0 EQ(x,y). szv vIETIT=5 fL OF, @9
Denoting #©=E\”(x,y), the time-independent Maxwell the full width at half maximum{FWHM) of the resonances
equations are reduced to a 2D Helmholtz equation, is given by
(€I2+ Eﬂw2)¢(o)=01 (36) F:EZ&CE 2_(1)<1+§L_d> (46)
W udVuo 2A)°

where the transverse gradient operaﬁp'rs associated to the
(x,y) coordinates, and and u are, respectively, the permit- In our contextu./w is practically equal to unity. Thus one
tivity and the permeability inside the cavity. On the contour,finally has to consider two distinct types of Ohmic losses:

/% obeys Dirichlet conditions, those located at the surface of both ends, which amount to
0 attenuation along propagation, and Ohmic losses upon re-
y¥=0onc. (37 flection at the contour,
This yields a complete analogy with the free propagation of [Ohm= prop . refl (47)

a quantum particle in a 2D infinite well. This type of system
is commonly called ajuantum billiard For a given mode, Where

the Ohmic dissipated power reads 2 s
pprop= £ [ 2 - Dendd? (48)
d V 2u0ends d ’

1 d .
P=— §d€f dzll AOHOZ,,
20'5 c 0

. prefiz gl [ @ Lo (49)
+ f f dalli OH)2 S]. (39) A N Tuoon 2A
S

end

Here, we have introduced two different effective conductivi-
One defines the integrals andl, so that Eq(38) is rewrit-  ties (oengs and o) and their corresponding skin depths
ten as (8angs@nd 89 to account for two different types of copper
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used in our experiment, and for possible different surfacelV. EXPERIMENTAL VALIDATION IN A RECTANGULAR
states for the top and bottom plates and the inner surface of CAVITY

the copper frame used as the contour. These two contribu-
tions to the widths are also quite distinct in their physical
interpretation. Indeed[P™P truly corresponds to losses en- ~ The aim of this section is to check the pertinence of the
dured by a plane wave propagating in free space betwee#escription given above in a rectangular cavity where eigen-
two parallel infinite metallic planes. It is a slowly varying functions and eigenfrequencies are easily calculated in the
function of frequency, depending neither on the transversémit of vanishing losses. A preliminary test, which does not
geometry of the cavity, nor on the spatial distribution of theinvolve any sophisticated fitting procedure, consists in com-
wave function in the cavity"", on the contrary, is related to paring the average transmission between two antennas with
a loss mechanism located on the contour of the cavity, whicithe corresponding quantity deduced from E80). Accord-
clearly depends on the geometry of the latter, and chiefly, ofing to this equation, the transmission coefficiéat- b) for

the spatial distribution of the normal gradient of the wavew=w, approximately reads

function via the quantityz. I'"" therefore fluctuates from I

mode to mode and, in the case of the rectangular cavity, its S| = 2T2(wn)w’ (53)
explicit form will be given in the following section. By using o, Ty

a boundary perturbation technique to compute losses p?rtalr\}\?herern=ro“m+1’am. In a lossless rectangular cavity with
ing to reflections on the contour, it is shown in Appendix B sidesL. X L nthe e?genfrequencies are

that, to each correction of the imaginary part of the fre- Xy

guency due to Ohmic losses, there is a correspondingly equal 1\2 /m)\2

correction of the real part. Moreover, this boundary approach %= mc (L_> + (L_> : (54)
sheds light on the intimate connection between the boundary X Y

conditions on the contour, leading to nonpurely real wavewherel, m are integers. The corresponding eigenfunctions

A. A preliminary global test

functions, and the fluctuating partial width& [21]. read

Collecting the above results with those obtained in the
previous section, we are now in a position to write e 4O (xy) = ismlﬂ(smml (55)
matrix between weakly coupled pointlike antennas in a 2D e VLiLy Ly Ly

cavity in the presence of Ohmic losses. It reads ) ©)
Assuming that ()| :|¢//|'m(x,y)|, one deduces

N N N 4
_ : Inl(Fa) () 2 — LyLym wpl'y
Sab= Gab~ 2|T2(w)n§1 w2 — wﬁ + ing)(FnOhm_'_ Fﬁm), T(w) 128 <‘Sab(wn)|>v (56)

(500  where the average is performed on the positignandry, of

the antennas. In our experiments, the average was obtained
by performing the 45 distinct transmission measurements
that the 10 antennas allow. The valueswgfandI’,, used in

the experimental evaluation of the right-hand side of(&6)

were obtained, in a rough way, through the analysis of the

Wherewn:wgo)—l“ghm/ 2 and the{wﬁlo)}’s are the unperturbed
eigenfrequencies of the ideal lossless cavity, and where

inzﬂeff group delay This quantity, defined as the derivative of the
Z 2c phaseg,, of S, with respect tow, presents rather well de-
T(w) = T ol (51 fined extrema at frequencies close to eigenfrequencies. For a
sin e cosz gross estimation df,, we used’,=2/{dg,(w,) / dw), which

is exact for an isolated resonance. Note that, in the case of
o ) ) ) moderate or large modal overlap, this method generally over-
the contribution of antennas to the widths being given, aictimates the widths. Knowing the dimensidgsandL, of

leading order, by the cavity, the right-hand side of E¢6) only depends on
the length parametets;; andl*. Recall thatl* is the length
T2 w,) M of the perturbed region at the end of the coax, andlhais
ant _ @n 0) 7 \|2 . . . L. L.
Iym= 0 2 (. (52)  the effective length over which the field inside the cavity is
n c=1

coupled to the antenna. One may assume, in this preliminary
global test, thal.¢; remains close to the lengttof the part of
Here it should be remarked that the second fagidn Eq. the antenna which lies inside the cavityly;=I

(50) should not be a complex conjugate. Indeed, due t6=2.0+0.3 mm. In the same way, a rough estimatd*ois
Ohmic losses, the wave functions are no longer real and thgiven by the distance between the end of the antenna and the
S matrix cannot keep its unitarity. Nonetheless, it obviouslyreferencgcalibration plane of the coax: 16.5£0.2 mm. Fig-
has to remain symmetric. In the previous section, we usedre 3 compares? as obtained through Eq51) with its

the Hermitian formalism for the sake of convenience, but itexperimental value deduced from E&6) for the first 348
turns out to be inappropriate for the present purpgsse, for  resonances up to 5.5 GHz. The lowest and the highest con-
instance, Ref[13] about self-adjoint systems tinuous curves correspond kg¢=1.7 mm andg=2.3 mm,
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T T 3 T T T T Ll

n=18 k2wl

Frequency in GHz

FIG. 3. Experimentally based estimation B{w,,) as given by
Eq. (56) (crosses The gray region corresponds to its theoretical - n = 238 \ .
expression(51) for values oflgs between 1.7 mm and 2.3 mm B
(I*=1.65 cm.

respectively. At the resolution of the presented figure, the - \ ]
curves obtained for values ¢f ranging from 16.3 mm to [
16.7 mm are not distinguishable. A fair agreement is ob- - o
served between the experiment and our model. A first conse- * \ 4
quence of this test is to substantiate the correspondence be- 1 =~~~ N -4
tween the length parameters of our model and the actual 1 9 3 4 5 6 7 8 9 10
lengths of the coax antennas. Note also that this global pre-
liminary test requires no sophisticated data processing of the

individual resonances. In the following, we will see how our g 4 Comparison of Eq59) with 2T2(wn)\¢'|(0)(xa y.)[2 at the
. . . . . . . vm ’
model for coupling with antennas remains quite satisfactoryep, antennagindices are introduced in Fig.) for resonances

antenna’s index

when put to more stringent tests. =78 andn=238.
B. A test with individual resonances 1 |Aab||Aa°|
2T2(wn)| lzbl(%(xa1ya)|2 = 3_6 E n—bcnv (59)
In the global test presented above, we had no need of a bera  |An]

precise knowledge of the wave functions at the antennas. To b=e

check the validity of formula50), we have developed an where |y,(F)]| :|,//|<$31(x,y)| is assumed. For a given reso-

original fitting procedurgsee[22]) to extract the actual com- npance, one can directly compare the above quantity with

plex eigenfrequencies, and the complex amplitudes 2T2(w,)| ll/f?;(xa,yaﬂz for the ten antennaga=1,...,10).
This comparison is shown in Fig. 4 for two distinct reso-
AP = — 2iT2(wp) th(Fo) () - (57  nances, namely=78 at 2.655 GHz andh=238 at 4.558

GHz. As the great majority of resonances that we are con-
With this procedure, based upon a mixture of robust a|go_cerned with are narrow enough to ensure a good correspon-

rithms, we could check that the actual eigenfrequencies red€nce with the unperturbed wave functions, we observe a
main very close to the unperturbed values given by(sg) ~ fairly good agreement.

in the frequency range studied here. Now we proceed to To extend our comparison to all resonances, one can now
verify that the amplitudes\, deduced from our measure- 2verage over all ten locations of antenagFor 'the best
ments are well described by E@7) with expression51) for ~ Values Ofle;=1.9 mm and*=16.5 mm obtained in the fre-

T and formula(55) to approximate the true eigenfunctions. UeNCy range from 2 GHz to 5.5 GHz, Fig. 5 shows the
Indeed, even if the existence of nonuniform losgiwiefly ~ Gomparison — between  the experimental  quantity
those associated ") leads to nonpurely real wave func- (363b<cral AST]|AS]/[AXD), and the prediction P(wy)
tions, we will see below that the corrections remain very><<|l//|(%)q(xa,ya)|2>a up to 5.5 GHz. The agreement is excellent
small. From Eq(57) it is easily deduced for three different on the average. By a close inspection, e.g., between 2 GHz

antennas, b, andc that and 3 GHz as shown in the inset, one can notice that the
agreement is generally excellent even at the level of indi-
| AabH A2 vidual resonances. Rare important discrepancies are ob-
e = 2T () ()2 - (58)  served for very close neighboring eigenfrequen¢igmside-
IAY] generacies due to modal overlapping. Indeed, when the

latter effect is not negligible, one expects that the spatial
As there are 36 different ways of combining the 45 ampli-distribution of the wave function results from a linear com-
tudesA?®, yielding 36 slightly different values of Eq58), bination of neighboring unperturbed wave functiof#s3].
one can use the following average estimate: Beyond 3 GHz, this effect deteriorates the agreement due to

016205-7



BARTHELEMY, LEGRAND, AND MORTESSAGNE PHYSICAL REVIEW E/1, 016205(2005

7 T T
0.2} J
6L J L -
0.1} J
1 | |
|
4_ i SO'l L .
v I~ i
3F | 0.1t J
2r . 0.2} |
1+ . 0 1 2 3 4 5 6
0 - Y i cidir SR ) Frequency in GHz
0 1 2 3 4 5 6

FIG. 6. Values of & ,— 1) after Eq.(61) for all resonances up to
Frequency in GHz 5.5 GHz.

(4 FIG. - >. abc";‘gpa”;%” between .the eXpe”.m?mal 5 quantity,, the previous subsection, we already checked the validity
3762b<°¢a|A" HA” |/|A” | a (Crossepwith the prediction () of the above formula for all resonances shown in Fig. 5 since
X(|1//(O)(X 2|9, (line). Inset: enlarged view within the range 2—3 . . . 9

GHzI'm wyele 9 g Fﬁ”mt is essentially proportional to the sum of expresgio9)

' over all antennas.

) ) ] Thus by fitting the experimental transmission by formula
the concomitant increase of the total width and decrease C{f:SO), one obtains a direct measure of the total width and an

the mean spacing, leading to an inadequacy of the zerothngirect measure dF2™, thus enabling us to evaluate the two

order eigenfunctions we use for our test. effective conductivitiesrg,gs and oo A representation of
all the Ohmic widthsl“ﬁ’hm:l"n—l"ﬁﬂ} up to 3 GHz is given in
C. Partial width decomposition Fig. 7. A comparison is shown between theoretical Ohmic

) widths (crossegsand experimental Ohmic widthsontinuous
As seen above, the total width of a resonance can bgurye. The smooth dominant contribution given B§R(w)
decomposed as a sum of three partial widths associated 18 jndicated by the dashed curve. The agreement on the mean
losses through the antennas, Ohmic losses on the contour @e| and on the amplitude of fluctuatiorsnly present in
i i N e fai
the cavity, and Ohmic losses at the surface of both endp[]e) is fairly good, whereas, resonance by resonance, the

which appear as damping along propagation. In a rectangulgjgreement is not systematic, essentially due to the effect of
cavity, the total width of theith resonance, characterized by modal overlap mentioned above.

the quantum numbeidsandm, is given by

To=Tm+Te0+ TP ). (60) V. CONCLUSION

I,m

In conclusion, we have tried to provide a better under-
standing of the physical mechanisms at the origin of reso-
nance broadening in microwave cavities. We have explicitly

By using expressioigs5) for the wave functions in order to
evaluate the factog in Eq. (41), one obtains

&m= A <|2+mZ> (61) 1
S NRVERNT
whence, using Eq49), 8F
C2Oonfwp) (12 mP S|
el = =00 o+ = | 62 o .6f
209 L 62 =
These partial widths clearly vary from mode to mode as il- AL
lustrated in Fig. 6, wher¢ ,—1 is shown for each eigenfre- R
guency up to 5.5 GHz. Note that tlig,’s oscillate around 9 . . . . .
unity and vary at most by 23%. “0 05 1 15 9 25 3
The widths associated to losses through antennas also Frequency in GHz

vary from mode to mode,
FIG. 7. Behavior of the Ohmic widths up to 3 GHz. Comparison

T wy) M is shown between theoretical Ohmic widtfsossey and experi-
Fﬁ'r‘n‘: (0;‘ > |¢f%(ﬁc)\2_ (63) mental Ohmic Widths(cc_)ntipuous curve The dashed curve indi-
@m c=1 cates the smooth contributidrP™P(w).
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developed anS-matrix model including the frequency- (H®,®') - (D, HD')

dependent coupling of the antennas and accounting for

Ohmic absorption at the boundaries of a two-dimensional _ o _ *
cavity. We have especially emphasized the necessity to dis- f fA O ¢a(N[ACw (N1~ [A@a(P]* ¢0r (D}
tinguish between Ohmic attenuation along propagation, lead-
ing to a smooth frequency-dependent contribution to the total . . R s
width, and localized absorption at the contour of the cavity, * Zl[Tc(k)‘PBC(O)‘Pa’(rc) ~ @I Te(Ki e (0)]

yielding a contribution varying from mode to mode. We have «

performed experiments where we analyzed the transmission Mo . . Y

versus frequency in terms of a Breit-Wigner decomposition -2 dzc[%'c(zc)%é(zc) - <P/3C(Zc)<Pﬁé(Zc)]- (A3)
deduced from our model. In the rectangular cavity we used, =10

all the quantities involved in our theoretical description ysing Green’s theorem for the first term and integrating the
could easily be calculated in the perturbative limit of smallhirg one by parts, one obtains

or moderate modal overlap. We therefore have been able to

validate our approach and provide a very precise estimation (H®,®’)— (®,HD')

of the various contributions to the total widths. In particular,

the varying contribution of Ohmic losses at the contour could = 3€ A (] = )

be quantitatively checked at the level of individual reso- cdn{%m[v% (F)] [Veun e, (F)}

nances, except for quasidegenerate modes. This approach has

M

M
recently enabled us to relate the losses at the contour, " " > >
in a chaotic cavity, to the imaginary part of the wave func- * E[Tc(k)"’ﬁc(o)%’(%) - ‘Pa(rC)TC(k)‘PBé(O)]
tion [21]. "
We believe that our present approach is an important step e ; , -
to test existing or yet to come theories of open or absorptive B gl[%c(zc)%g(zc) B ‘Pﬁc(zc)%é(zc)]o' (A4)

chaotic wave systems. Indeed, such theories generally as-

sume that losses are associated with distinct well identifiedhe eigenfunctionsp,(f) obey boundary Dirichlet condi-

coupling channelq11]. It is nonetheless not obvious that tjons and the last term in E@A4) vanishes forz— . The
these can be used to describe different sources of loss agjf-adjointness condition can thus be written

damping along propagation or Ohmic dissipation at the con-
tour. For instance, absorbing boundaries may be viewed asa M

number(of the order ofL/\) of distributed coupling chan- > {[¢’Bt(0)@gé(0) - QDZC(O)GD/B/(O):I

nels. Indeed, to mimic absorption, recent theoretical predic- &1 ¢

tions have been proposed but only in the asymptotic limit of + o5 (0T (K0 (F) = TAK O (P oar (0l =0

a large number of effective channels with vanishing coupling (P'Bc( ITe0ga(Fe) = Te(k) ol C)(Pﬁc( )} '
[24,25 (see alsd10]). (A5)

This condition is nontrivially fulfilled by imposing

ACKNOWLEDGMENTS * > ’
TiKgo(fo) = ¢, 0). (A6)
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with P. Sebbah, R. L. Weaver, and H.-J. Stéckmann.
2. The coupling matrix elements

H — L2
APPENDIX A: EVALUATION OF THE S MATRIX AssumingE,=k*, €d.(20) now reads

M
(A+K) @ (F) = 2 T F-F)es (0. (A7)
1. Self-adjointness condition c=1
In the Hilbert space of the complete problgoavity and ~ Furthermore, the Green’s functions of the isolated cavity are
antennaj one defines the following scalar product: given by
. M- e . (A+K)G(F,F" k) = 8F-"). (A8)
(®,®") =f f AN (D) + 2 | dzeg (2 ep (Z0). _ o _
A c=1Jo ¢ ¢ By comparing eqs(A7) and(A8), for r=r,, one obtains
(A1) M
With this scalar product, the self-adjointness condition allp) = 21 Tk G(Fp, e, Kep(0). (A9)
c=
(H®,®") = (P, HD) (A2)

With the boundary condition6A6) and the expressio(il5)
reads of ¢g, relation(A9) becomes
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Aﬁ] _ E-|- (k)z T(K)G( I’b,l’c,k).Am out

i, .
+ ETb(k)E To(KG(Fy, Fo, k)AL, (A10)
b=1

or, in a matrix form,

Am - iKAin = Aout"' iK~Aoutv (All)
whereK is anM X M matrix defined by

Tk ; (k)
ab(k) ak G( 31 bi k (A12)

From A,,=SA;, one thus makes the relatig26) betweerk
and theS matrix explicit. By introducing in Eq(12) the

expansion of the Green'’s function in terms of the eigenfunc-

tions () =(r| v} of the isolated cavity,

v=1 -
one finds the following expression for tlie matrix:
T(kw*(r*a))* 1 (Tb(kw*(rv)
Kap(K) = | =" = .
ab( ) < \”@ k2 kz \e’k
(A14)

Finally, the elements of the coupling mathy¥, related toK
by Eq.(27), are given by

TR, (1)

W —
vk

pne

(A15)

APPENDIX B: PERTURBATIVE BOUNDARY
CONDITIONS

PHYSICAL REVIEW E/1, 016205(2005

defined by Eqs(36) and(37), the perturbation of the bound-
ary conditions can be written

p=-(1 +I)—f9nilfo onC. (B1)

Green’s theorem applied to this 2D problem straightfor-
wardly yields

d € [dnihol®
1usdle

- Mffda|‘/fo|2

Writing the perturbed eigenfrequency ass wg+ dw—il"/2,
Eq. (B2) becomes

0’ = wi=—(1+i)— (B2)

3€ d € |l
1 pcd

4 ’
i [ [ i

leading, in the case at hand, to equal corrections on both real
and imaginary parts ob. This last comment is general and
applies as well to the corrections originating from Ohmic
losses at the top and bottom of the cavity. Thus, this pertur-
bative approach completely agrees with the one developed in
Sec. Il as long as the widths are concerned and completes it
as it provides an estimation of the frequency shift of the
resonances related to Ohmic losses. This was indeed remark-
ably well verified for all the resonances with frequencies
larger than 2 GHz studied in Sec. IV of the present article,
these results being detailed in Chap. V of Barthélemy’s thesis
(Ref.[22)]). It is also particularly interesting to note that Eq.
(B1) gives a quite natural hint of how Ohmic losses on the
contour induce a small amount of complexity for wave func-
tions that are purely real in the unperturbed limit. As long as

—-iIr2=-1+i)—

(B3)

An alternative way of computing the losses at the contour perturbative approach is valid, an immediate connection is
is easily obtained by following a boundary perturbation tech-deduced between the complex character of wave functions

nigue(see, for instancd20]). Indeed, calling), the solution

and the fluctuating part of the widths embodied in the quan-

at the real eigenfrequency, of the zeroth-order problem tity ¢ defined in Eq(41) [21].
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C. Inhomogeneous resonance broadening and statistics of
complex wave functions in a chaotic microwave cavity,
Europhysics Letters 70, 162 (2005) & Inhomogeneous
losses and wave function complexness, Europhysics Letters
76, 774 (2006)

Je présente simultanément ces deux articles car 1'un,
le deuxieme, théorise ce que l'autre, le premier, avait
vu et conjecturé. Les deux s’attachent donc de facon
complémentaire a décrire le lien subtil qui relie la dis-
tribution de la phase d'une résonance et les pertes
du systeme dans lequel elle s’établit. Nous ne parlons
évidemment pas ici de pertes spatialement uniformes,
mais de pertes inhomogenes, liées a la structure spatiale
de la résonance. En effet, dans le premier cas le mode
n’acquiert qu'une phase globale, spatialement homogene.
En revanche, dans le second, la phase présente des va-
riations importantes d’un point & 'autre de la résonance.
Cette distinction est déja faite dans la section III de IV.B,
mais elle est exploitée dans le premier des présents ar-
ticles. Il faut souligner que ’obtention des données qui
permettent de construire la figure 1 de cet article tient de
la gageure ; c’est grace au remarquable outil d’ajustement
développé par Jérome Barthélemy durant sa these que
nous avons pu la relever. Je prends le risque de faire nailtre
chez le lecteur un soupgon de « Sabine mania », mais en-
core une fois I'argument qualitatif avancé pour dériver
Péquation (13) repose sur la loi de Sabine. Elle semble
décidément incontournable des que I'on tolere des pertes
dans le systeme! Gréace a cette invocation de Wallace
Clement Sabine, nous justifions physiquement la propor-
tionnalité directe observée entre les largeurs des distri-
butions de phases et les largeurs spectrales inhomogenes
des résonances. Dans le deuxieme, nous la dérivons ex-
plicitement pour le probleme simple de deux résonances
initialement isolées, et dont la présence de pertes induit
un recouvrement.

Le projet sur Pamplification optique des scars (cf. ILE)
a déja dressé une passerelle vers les lasers aléatoires. Ici
encore, mon travail rejoint des préoccupations actuelles
de Christian Vanneste et Patrick Sebbah. En effet, leurs
simulations d’un laser aléatoire fonctionnant dans un
régime de diffusion loin de la localisation forte mettent en
exergue des modes lasers d’une durée de vie extrémement
fugace dans le régime passif®” ; la proportion d’ondes pro-
gressives dans la structure spatiale de ces résonances est
donc tres importante. A 'opposé d’un mode localisé, qui
se comporte comme un mode stationnaire standard : tous
les points oscillent en phase ou en opposition de phase,
un tel mode diffus exhibe une distribution de phase tres
large. La these que débute Charles Poli sera I'occasion
d’associer nos efforts pour atteindre, grace a la conjonc-
tion de nos savoir-faire numériques, expérimentaux et
théoriques (en collaboration étroite avec Dima Savin),

39 C. Vanneste, P. Sebbah, and H. Cao, Lasing with resonant feed-
back in the diffusive regime, soumis & Phys. Rev. Lett. (2006).
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une meilleure compréhension de ces situations complexes.
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Abstract. — The complex (non-real) character of wave functions is ubiquitous in open or
dissipative wave systems. We experimentally study the various manifestations of ohmic losses
in a two-dimensional microwave chaotic cavity and show that losses located at the contour of
the cavity lead to resonance widths which vary from mode to mode. We describe how this
inhomogeneous damping is responsible for a spatially non-uniform phase of the wave function.
We experimentally demonstrate that the inhomogeneous part of the width is related to a
single parameter, which measures the amount of complexity of the wave function, and provide
theoretical arguments in favor of this relation.

Investigations of the morphology of wave functions in partially open chaotic wave sys-
tems have recently become an active domain of research, especially through theoretical works
concerned with quantum transport in the ballistic regime [1,2]. That the spatial properties
of resonances are closely related to their spectral widths has been recognized ever since the
pioneering work of Porter and Thomas [3] until more recent experimental investigations in a
superconducting microwave cavity [4]. These experiments resort to a chi-squared distribution
of widths based on results of Random Matrix Theory (RMT), which is known to describe
spectral and spatial statistics of closed chaotic wave systems [5]. Microwave cavities turn out
to be ideal model systems to study open wave systems [6,7], since they offer the possibility
of opening channels through antennas or connected waveguides. They can also be qualified
as open because of dissipation through ohmic losses at their boundaries. Locally, boundaries
may be viewed as distributed equivalent opening channels with ad hoc impedances. Through
such losses, the standing waves of a closed cavity are changed into a mixture of standing and
traveling waves, the latter being associated to the energy flowing out of the system [8]. Homo-
geneous damping, i.e. overall uniform attenuation rate, can only lead to modes that are real
(up to a global phase) and associated to the standing-wave part of the wave function. Hence,
the observation of complex-valued wave functions implies inhomogeneous damping mecha-
nisms giving birth to the traveling part of the wave function [8]. A thorough description of
the link between inhomogeneous damping and the complex character of wave functions is still
lacking, as recently emphasized by Lobkis and Weaver in the context of acoustical reverberant
dissipative system [9].

© EDP Sciences
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In this letter, we present an experiment in a two-dimensional (2D) chaotic microwave cavity
at room temperature where dissipation is essentially due to ohmic losses at boundaries. In
such chaotic cavities, modes are generically ergodic, i.e. present speckle-like intensity patterns.
The importance of the imaginary part of the modes implied by the presence of losses can be
measured through a single statistical parameter, namely the ratio ((Im)?)/((Re)?) = ¢2,
where the wave function 1) is conventionally assumed to be real (¢ = 0) in the case of vanishing
losses. The principal aim of this paper is to demonstrate the intimate relation between this
parameter ¢ and the part of the decay rate (or modal width) associated to inhomogeneous
damping. We provide strong experimental evidences of this relationship by carefully analyzing
hundreds of resonances in a Sinai-like chaotic cavity.

The cavity is the slice of a rectangular waveguide closed at both ends, with contour C
of length L = 2.446 m, section S of area A = 0.352762m? and thickness d = 5mm. Inside
this flat parallelepipedic cavity is inserted an obstacle with the shape of a disk of radius 6 cm
and thickness d. As long as the wavelength A = 27k~! is larger than d, the cavity may
be considered as two-dimensional (2D) and only admits transverse magnetic modes. If the
conductor is perfect, the electric field E = E©)(z,%)% is perpendicular to the plane (z,y) of
the cavity, the magnetic field is parallel and there is no dissipated power. This ideal situation
will correspond to the zeroth order of our description of the field near the surface of the actual
conductor. Denoting 1y = E(© (z,y), the time-independent Maxwell equations are reduced
to a 2D Helmholtz equation: =

(V2 + euwZ)z/)o =0, (1)
where € and p are, respectively, the permittivity and the permeability inside the cavity. On
the contour C, 1y obeys Dirichlet conditions g = 0.

Ohmic losses at the contour are easily computed by following a boundary perturbation

technique [10]. Indeed, the perturbed boundary conditions (BC) now read:

Hed
2p
where § = \/2/ 1.0 contw is the skin depth (i, being the magnetic permeability of the conductor
and o.ont the effective conductivity of the contour), and where 9,, denotes 7 - v (7 being the

unit normal vector directed toward the interior of the conductor). Green’s theorem applied
to this 2D problem straightforwardly yields

¢~ —(1+1)

Op on C, (2)

i ,Uc(; ffc ds |8nw|2
o 2 [fgdaloP
where w is the perturbed eigenfrequency, wy being the corresponding real eigenfrequency of
the lossless problem. Writing w = wg + dw — i['/2, eq. (3) becomes
i el f(} d€|8nw|2
epdpwo [[gdaly)?
leading, in the case at hand, to equal corrections on both real and imaginary parts of w. In
our context ./ is practically equal to unity. A similar perturbative approach can be applied
to the ohmic losses at the top and the bottom of the cavity. One finds that they lead to

spatially uniform damping. The total width due to ohmic losses I'® can thus be split into
two parts [11]:

w? — Wi~ —(1+1)

(3)

Sw—iT/2 ~ —(1+1) (4)

FQ — Fh+Finh

2 [ w L [ w
— - — - 5
d 2/J/co-ends - gA 2/J/co-cont ’ ( )
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where € is defined by
1

L
iz ¢ owsl? =€ [f )

The first term I'" in eq. (5) is the homogeneous-damping part of the width (depending only
on w without any dependence on the spatial structure of the mode) associated to an effective
conductivity oengs of the top and bottom. The second term I'™" is the inhomogeneous-
damping part of the width related to a parameter ¢, which depends on the spatial structure
of the mode at the contour, and is therefore expected to vary from mode to mode.

Here, it is particularly interesting to revisit eq. (2) which turns out to give a quite natural
hint of how ohmic losses on the contour induce a small amount of imaginary part for wave
functions that are purely real in the unperturbed limit. Indeed, assuming an incident plane
wave with unit amplitude, the BC (2) leads to a reflected wave with a small (of order k)
dephasing. The same BC leads to eq. (4) which relates the width to the quantity &.

For the rectangular cavity the values of £ are readily calculated and display fluctuations
around unity, as generally expected [10]. In a previous work [11], studying the case of a rect-
angular cavity, we actually checked the validity of formula (5) in our experimental situation.
In the case of a Sinai-like chaotic cavity, one may view a typical speckle-like mode locally as
the superposition of plane waves with random directions, amplitudes and phases. This led
Berry [12] to conjecture that the wave functions should be ergodic on the average, i.e. should
display all statistical features of a Gaussian random field. Apart from specific non-ergodic fea-
tures like scars (local intensity enhancement along short unstable periodic orbits), in a chaotic
cavity, the relative fluctuations of £ about unity are expected to decrease with the wavelength
A as the contour C encompasses a larger number ~ L/(A/2) of equivalent opening channels.

The cavity used for the measurements presented here is made of Oxygen-Free High Con-
ductivity (OFHC) copper. Ten antennas are fixed through the bottom plate and are used as
emitters and receivers as well. These antennas (diameter 1.27 mm) are only 2mm inside the
cavity. A rather low coupling is thus achieved, making the role of the antennas nearly neg-
ligible regarding their scattering and loss characteristics [11]. Radiation losses are also made
negligible by a tight fitting of the various parts of the cavity. Losses are therefore dominated
by ohmic losses on the walls of the cavity. A Vector Network Analyzer HP 8720 D is used
for the measurements. We restrict our studies to frequencies ranging up to 5.5 GHz since,
at higher frequencies, the modal overlap defined as T x n(w) (n(w) being the modal density
per unit interval of w) becomes too important and invalidates any perturbative approach.
Below 5.5 GHz, apart from few broader resonances, the modal overlap remains smaller than
unity. The measurements are performed by 0.5 GHz bands, sampled with a frequency step
0.3125 MHz. The 45 possible couples of antennas are used. On the whole, it amounts to 756000
points measured between 0.25 GHz and 5.5 GHz. Beyond 2 GHz, all couples of antennas are
spaced by a distance larger than A [11].

In order to fit the transmission between two distinct antennas, we use a Breit-Wigner
formula (see, e.g., ref. [6]) which, in our case, reads [11]

aab + iﬁab
Sap(w) = ST (7)
¢ ; w2 — w2 +iw, I

The Lorentzian associated to the n-th resonance for the transmission between the antennas
a and b is thus characterized by its complex amplitude a?® + i3 = —21T2(w,, )1y (7o ) (7),
its width I'S? and its central frequency w,, = w® —T'$}/2, where w? stands for the n-th eigenfre-
quency of the unperturbed cavity. T'(w) is a function representing the coupling of the antennas
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Fig. 1 -~ Experimental histograms of phase ¢®® obtained with 30 resonances in the frequency intervals
(a) [3.76 GHz, 4.1 GHz] and (b) [5.24 GHz, 5.5 GHz]. Fitted distributions (9) in solid line: (a) ¢ =
5.0 x 1072 and (b) ¢ = 10.1 x 1072

(all supposed to be identical) to the cavity whose explicit form, which essentially depends on
the geometry of the antenna, has been derived in [11,13]. We were able to test our model
for antenna coupling very precisely in an empty rectangular cavity where wave functions and
eigenfrequencies are readily calculated. For the present purpose, it is enough to know that 7'
is a slowly varying function on a frequency scale much larger than the mean spacing n=!(w).
This coupling is obviously also responsible for additional losses and can be accounted for by
introducing corresponding partial widths. The contribution of the latter to the total widths
being at most of the order of one percent for all the measurements presented here, we could
safely neglect them.

Assume that the real and imaginary parts of the wave function () are Gaussian centered
random variables with standard deviations o, = \/{((Re®)?) and o; = v/((Im¥)?). The key
parameter ¢ = 0; /0, is a measure of the openness of the system. Its value is 0 when the cavity
is completely closed (real wave functions) and tends to unity for totally absorbing boundaries
(complex-valued wave functions with equal o, and o;). In practice, as the spatial sampling over
ten antennas for a given resonance is undersized to estimate o, and o; accurately, we are led to
restrict ourselves to a coarse-grained estimation of g by grouping several contiguous resonances
in frequency windows. This may be achieved by building the probability distribution of the
phase ¢ of the complex amplitude of a?® + i32t:

m

SD(rllb = B + @n(7a) + on(7), (8)
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where ¢, (7) is the phase of the complex field v, (). This distribution is readily obtained
from the Gaussian hypothesis and reads [9, 14, 15]:

q 1+¢°
P(p) = = : 9
() TAg? + (1 — g2)? sin®(p® + I) )

This distribution displays a peak centered on |p®| = 7/2 (see fig. 1). The width of the peak
increases with ¢ so that the distribution tends to a Dirac delta as ¢ — 0 or to a uniform
distribution as ¢ — 1. Distribution (9) is related to the so-called Poisson kernel [16] which
has gained a renewal of interest in recent microwave experiments concerned with the S-matrix
of chaotic cavities with absorption in the one-channel case [17,18]. The distributions (a) and
(b) shown in fig. 1 have been obtained by using 30 resonances lying in the frequency intervals
[3.76 GHz, 4.1 GHz] and [5.24 GHz, 5.5 GHz] respectively, yielding coarse-grained estimations
of ¢ equal to 5.0 x 1072 and 10.1 x 1072, respectively. The quality of the fit substantiates
the Gaussian hypothesis whose validity is known to improve when a frequency average is
performed (see, for instance, refs. [6,19]). This hypothesis is intimately related to RMT, the
relevance of which we could check in our experiment by exhibiting a spacing distribution of
the Wigner-Dyson type [13].

In order to establish the connection between the spatial statistics of complex wave functions
and their (spectral) widths due to inhomogeneous damping, it is useful to introduce a ray
picture of losses due to reflections at the contour. For a plane wave incident on an air-metal
interface with angle of incidence 6, it can be shown [20] that the relative amount of absorbed

energy reads:
4a cos b
T =|t]? = 10
i 2a2 cos? 0 +2acosf+1° (10)

where a = \/we/(2000nt). In the case of OFHC copper, a ~ 10~° around 1 GHz and the
previous equation reduces to

T ~ 4acosb. (11)

For an ergodic wave function in a chaotic billiard, a contour average is equivalent to an angular
average with the appropriate statistical measure d(sinf)/2, leading to a mean absorption

coefficient,
<T> =TV we/(2acont) . (12)

Having in mind the analogy of our problem with ultrasonics in a reverberant body [21] or
with room acoustics [22], one may use the so-called Sabine’s law [22] to deduce the average
width 'y related to absorption at the contour:

cL L w
Prepp=—{T) = 2\ 2o (13)

This last result may be identified with the expression of I'™" in eq. (5), provided that & be
replaced by its mean value for an ergodic mode namely unity [13]. We now propose to identify
q and (7), leading to the following relationship:

cL
7TAq.

We justify this heuristic identification by the fact that the spectral perturbation I'"* and the
spatial perturbation ¢ are of the same order(!). Indeed, the relationship (2) indicates that g

(})The identification leading to (14) in the limit of vanishing ¢ is also supported by the discussion following
eq. (12) in ref. [8], where the parameter § has the same meaning as (72) ~ (7)2.
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Fig. 2 — Solid lines correspond to evaluations of I'"™" extracted from our measurements through
expressions (7) and (5) with an average over contiguous groups of: (a) 15 resonances and (b) 10
resonances. Dashed lines show relation (14) with coarse-grained ¢ deduced from the distribution (9).

is of order kd. Likewise, eq. (5) shows that (A/cL) T is also of order kJ. This excludes any
power law relationship, other than proportionality, between ¢ and T'""*".

From our measurements, we used formulas (7) and (5) to extract, by an appropriate
and original fitting procedure [13], the values of the inhomogeneous widths I'™" for all 330
resonances up to 5.5 GHz. These data are shown in fig. 2, where an average over contiguous
groups of 15 (a) and 10 (b) resonances is performed. They are compared to expression (14)
where a coarse-grained evaluation of ¢ is deduced from the distribution (9) built with the same
groups of resonances. With only 10 resonances, we have checked that fitting the experimental
histograms of phase with formula (9) is still legitimate. The obvious correlation between the
effective measure of imaginary parts, given by the parameter ¢, and the variations of the
widths gives strong support to our hypothesis embodied in relation (14). The agreement is
fairly good even though some small discrepancies can be observed, which can be attributed
to the lack of ergodicity of certain modes (either bouncing balls or scars). Our belief is that
relation (14) should hold for each truly ergodic mode but its verification is out of reach with
our present experimental set. In our experiment, the main contribution to inhomogeneous
ohmic losses is due to the interior disk. Indeed, by comparison with the bare rectangular
cavity (see ref. [11]), we could deduce that its presence dramatically increased ohmic losses
(whose origins are yet unclear even if we strongly suspect they have to do with the surface
roughness of the disk). Therefore, that the relative variation of both I'™" and ¢ is large is
not surprising, as the circumference of the disk is only a few wavelengths leading to a rather
small number of effective loss channels. For our present purpose, the essential feature shown
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in fig. 2 is that both quantities follow the same variations, whether huge or not.

In this letter, for the first time to our knowledge, we propose theoretical arguments in
favor of the hypothesis that the imaginary parts of the modes should correlate with the
imhomogeneous part of the widths. Through an original analysis of transmission measurements
in a lossy chaotic microwave cavity, we provide clear experimental evidence of its pertinency.
It should be stressed that our point of view is complementary to RMT in that it focuses on
spatial aspects whereas RMT for open systems is mainly concerned with spectral statistics [5].
We believe that the present work may have conceptual implications in transport in open
mesoscopic devices [23] and also in structural acoustics [24].
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Abstract. — In a two-dimensional microwave chaotic cavity Ohmic losses located at the
contour of the cavity result in different broadenings of different modes. We provide an analytic
description and establish the link between such an inhomogeneous damping and the complex
(non-real) character of biorthogonal wave functions. This substantiates the corresponding
recent experimental findings of Barthélemy et al. (Europhys. Lett., 70 (2005) 162).

Open wave-chaotic systems in the presence of energy losses (absorption) are nowadays
under intense experimental and theoretical investigations, see [1,2] for recent reviews as well
as [3] for a general discussion. Most of the works concern the case of uniform absorption which
is responsible for homogeneous broadening I'om of all the modes (resonance states). However,
in some experimentally relevant situations like, e.g., complex reverberant structures [4,5] or
even microwave cavities at room temperature [6,7] one should take into account also localized-
in-space losses which lead to an inhomogeneous part I'j,, of the widths which varies from
mode to mode. As a result, the neighboring modes experience nontrivial correlations due
to interference via one and the same decaying/dissipative environment that result in the
complex-valued wave functions of corresponding resonance states. Such a complexness may
reveal itself in long-range correlations of wave function intensity and current density [8] that
were recently studied experimentally [9]. Following refs. [4,10], it is convenient to measure
the above-mentioned complexness through a single statistical parameter, namely the ratio
{(Im))?)/((Revp)?) = ¢ of variances of the real and imaginary parts of the mode wave function
1. The modes are real (¢ = 0) in the case of vanishing inhomogeneous losses and become
complex-valued when T, # 0 (the value of T',on has no effect on the mode complexity, as will
become clear later on). The strong experimental evidences in the favor of the intimate relation
between ¢ and Ty, were recently provided by Barthélemy et al. [6], who analyzed hundreds
of resonances in a Sinai-like chaotic microwave cavity and found a proportionality between
these two quantities. Here, we present a thorough analytic description of this problem.

© EDP Sciences
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It is instructive to start with the discussion of the physical picture of the problematic.
A typical experimental setup consists of a flat (two-dimensional) cavity fed with microwaves
through attached antennas or waveguides which support M, scattering channels (propagating
modes) in total. These very channels are used to perform all the measurements and their
number is finite. Dissipation through Ohmic losses at cavity boundaries gives another reason
to treat our system as open, since boundaries may be viewed locally as distributed “parasitic”
equivalent channels with ad hoc impedances [11,12]. One should distinguish, however, be-
tween almost uniform Ohmic attenuation at the cavity plates and localized absorption at the
cavity contour [6,7]. The number of “parasitic” channels responsible for the former (“bulk”)
mechanism can be naturally estimated as M, ~ (L/A)?, while one has typically M. ~ L/\
channels at the contour (where L is the characteristic length of the cavity and A denotes the
wavelength). Both M, M. > 1 but their ratio M./Mp ~ A\/L is parametrically small and
that will be essential for our consideration.

It is natural, therefore, to use the following model description of the problem. According to
the Hamiltonian approach to scattering [13-15], see also [2], one can represent the scattering
matrix in terms of the effective non-Hermitian Hamiltonian Heg of the open system as follows:

Smt:yz‘va%Heﬂv, Hcﬁ:H—%VVT. (1)
The Hamiltonian H of the closed chaotic system gives rise to N levels (eigenfrequencies) €,
characterized locally in the relevant range of the energy E by the mean level spacing A.
Those are coupled to all the open channels via the N x (M, + M, + M,.) matrix V of coupling
amplitudes and, as a result, are converted into complex resonances &, = E,, — %Fn, which are
given by the poles of the S-matrix. Accordingly, we propose to decompose V = {A, B,C'}
into coupling to M, antennas, M; “bulk” and M, “contour” parasitic channels to separate
explicitly different contributions to the widths T',,. The total (M, + M, + M.)-dimensional
scattering matrix (1) is, of course, unitary(!). However, one can access experimentally only
the (M, x M,) subblock S =1 — iAT(E — Heg) "t A which is subunitary.
Without loss of generality one can consider the case of preserved time-reversal invariance
(which was indeed the case of experiment [6]) when the coupling amplitudes V are real and
H is symmetric. It is convenient first to represent Heg in the eigenbasis of its Hermitian part

as follows:
i M, My M.
(Heff)nm = €n0nm — 5 (Z A%Afn + Z BZBfn + Z Orcbcfn> : (2)
a=1 b=1 c=1

In a chaotic cavity, H is commonly described in the framework of Random Matrix Theory [3].
A (real orthogonal) rotation that diagonalizes the random Hermitian matrix H transforms the
(fixed) matrix V' to Gaussian-distributed coupling amplitudes with zero means and following
covariances (we assume statistical independence of channels from different classes) [13,14]:

7 A ’ / A ’ ’ A ’

(AZA%)) = 2%;5‘” Snnr,  (BYBY,) = 2%;5“’ Snmr,  (CECE)) = 2/@0?5“ Sunr - (3)
Coupling constants x determine transmission coefficients T' = 4k/(1+k)? of the corresponding
channels, so that 7' < 1 (T' = 1) stands for weak (perfect) coupling. The strong inequality
My > M, > 1 allows us to perform now the limit of a very large number of weak fictitious bulk
channels, M, — oo and T, — 0 with MT, = 27T hom /A being kept fixed [12], which singles

(1)Unitarity of the total S-matrix as well as causality, Ty, > 0, are automatically provided by the factorized
algebraic structure of the anti-Hermitian part of Heg [14]
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out the homogeneous absorption contribution. Indeed, by virtue of the central limit theorem
one may replace in Heg the sum Y07 BYBY with its average value Y5, (BY B%) = Chombnm
in the limit considered that yields

(Heff>nm = (671 - %Fhom> 6nm - % (AAT + CCT)nm 5 (4)

meaning that all the levels acquire one and the same attenuation rate. Since Heg comes into
the scattering problem only as the resolvent (E — Heg) !, uniform absorption turns out to be
operationally equivalent to a pure imaginary shift of the scattering energy £ — F + %Fhom =
E, [12,16]. Thus the physical scattering matrix acquires the following form:

5:1-@ATﬁA, Hr = H — L(AAT +COT). (5)
v T Tleff

A representation similar to (5) was used in [5,17] to study statistics of transmitted power in
dissipative ergodic microstructures. Here, we concentrate rather on spectroscopic problems.

It is clear from the above consideration that only escape to antennas and inhomogeneous
losses contribute to the fluctuating part I', = I';; — ['yom of the ‘widths. The latter are
given now by the imaginary parts of the complex eigenvalues of Heg. Since Heg is non-
Hermitian, the eigenvalue problem Heg|n) = £,|n) and (n|Heg = (7|€, defines two sets of
right and left eigenfunctions, which satisfy the conditions of biorthogonality, (f|m) = §,m,
and completeness, 25:1 [n){(n| = 1n. The matrix Uy = (n|m) # Op differs from the unit
one and is known in nuclear physics as Bell-Steinberger nonorthogonality matrix [18] (see a
compact description in [14]). This matrix features in two-point correlations in open systems
seen, e.g., in decay laws [19]. U,,, appears also in optics via the so-called Petermann factor of
a lasing mode [20-22]. Some statistical aspects of chaotic nonorthogonal eigenfunctions were
recently studied in [22-24].

For a general non-Hermitian matrix left and right eigenvectors are independent of each
other. However, in our case Heg is complex symmetric (due to time-reversal invariance),
implying that left eigenfunctions are given by the transpose of the right ones, (7i| = [n)T. As
a result, Heg = WEUT can be diagonalized by a complex orthogonal transformation [14], with
£ = diag(&y, -+, En) and ¥ = (|1), - - ,[IV)), that leads to the well-known pole representation
of the S-matrix, S =1 —iATW(E, — &)~ "UT A, or in its components:

’
a

N a
S = b — 1 L2Vn_
n=1 E’Y 75"

N
= A%n) = ZAk|n (6)
k=1
The wave function component ¢ of the n-th mode excited through the a-th channel is gen-
erally complex. This complexness is solely due to biorthogonal nature of the eigenfunctions
and is directly related to the structure of the anti-Hermitian part of Heg. In particular, all
2 would be real were (ImHeft)nm X Onsm Or, more generally, if the anti-Hermitian part of the
effective Hamiltonian commuted with its Hermitian part(?).
We proceed now with considering the case of tunneling coupling to antennas, which was
realized in experiment [6]. This allows us to neglect safely antenna contributions to Ty,

approximating Heg ~ H — %CCT. In the case of the large but finite number M, of (contour)

(2)In this case both the Hermitian H and anti-Hermitian parts of Heg can be diagonalized simultaneously,
thus the eigenbasis being a conventional orthogonal one, as follows from HT = H.
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channels, the levels acquire on average the width given by the so-called Weisskopf’s estimate

A
lroww=MT.—,
h o (7)

well known in nuclear physics, see, e.g., [14,15]. It is worth noting that this value can be
formally linked to Sabine’s law of room acoustics, which determines the average width I'jeq
related to absorption at the cavity contour. One has T'yeq = ¢LT,/(7S) [6,25], where S is the
cavity area, c is the speed of light and L is now the cavity perimeter. Making use of Weyl’s
law for the mean level spacing A = ¢A/S and putting M, = L/(A/2), we find that T'yeq is
exactly converted to I'inn. This provides us with a further link between the present model
description and the microscopic treatment of [6,7] based on Maxwell’s equations.

Fluctuations of the widths around I'j,, are mostly due to those of the matrix CCT. As
follows from the central limit theorem, fluctuations of off-diagonal matrix elements are sup-
pressed as compared to diagonal ones at M, > 1, (CCT),, 2, ~ (CCT) . /v/ M. ~ Tinn/v/ M,
so that they contribute to fn in the next-to-leading order in 1/M.. However, off-diagonal
matrix elements give a dominating contribution to the mode nonorthogonality. Indeed, all
essential features of the problem can be most explicitly seen in the two-state approximation.
Representing Heg as follows

~ e 0 i G? (CTCy)
Hest ~ - = , 8
off ( 0 e ) ( (C3C1) |Gl ®)
where C 2 are the M -dimensional vectors of the correspondmg couphng amplitudes, one can
easily solve the secular equation for its two elgenvalues 51 2, finding 51 2 = (€1+&Fd)/2, where

d= \/ (61 —é2)% — (CTCy)2 and €12 = €12 — 5 L||C1 2||>. The corresponding eigenfunctions (we
assume €; < €3) are given by
1 —if (CTCy)
1) = ) d [2) = = ——" 9
m=n () mamew( ) = 1O )

N?% = (1 — f2)~! being the normalization constant. Then the nonorthogonality matrix reads
= [NP[(1 + |f*)12 + 2Re(f)o,], with the Pauli matrix o,. The parameter f controls the
mode complexness, as follows from

z/’?,2 = N(A(fg + ing,l) (10)

for the mode wave functions.
In experiment [6], the complexness parameter

¢ = ((Imyy)*) /{(Reyy,)?) (11)

was accessible only in the regime of the weak mode overlap due to inhomogeneous losses (we
stress, however, that the total width I'yom +inn can be larger than A). In this regime, Iy, <
A, the computation of ¢ can be easily carried out by making the use of the above two-state
approximation. One finds straightforwardly that ¢? ~ ((Ref)?) ~ ((C{C32)?)/(2A)?, which
determines now the average nonorhogonality matrix as (U,,) = (1+2¢?)0,m. The remaining
Gaussian averaging over random amplitudes (3) yields >, ., (CSC5CE S ) = My(2k.A/7)% ~
M (T.A/27)?, as T, =~ 4k, < 1 in our case of large M, and fixed I'j,,. Collecting everything,

we arrive at
1 Finh

1% AT 2A

(12)
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that substantiates the proportionality between ¢ and T'j,), established experimentally [6]. The
mode complexness (nonorthogonality) decreases as the number of absorptive channels in-
creases, in agreement with the general discussion presented above.

We discuss now the role of fluctuations in energy levels and contributions from the other
levels neglected so far. Restricting ourselves to the same weak overlap regime, we can use
the perturbation theory for wave functions to find ¢* ~ 3 3=, (Cy Crn)?)((en — €m)?).
The known correlation function Rg(w) of Gaussian orthogonal ensembles, see [3], can be now
used to get 3, ., ((€n — €m) %) = [dww ?Ry(w), which can be appreciated as (average
square of) the so-called “level curvature” studied in [26,27]. Since Ra(w) ~ w as w — 0,
this integral has a logarithmic divergency regularized by setting the lower limit ~ T’y that
also ensures us to stay within the perturbation theory. As a result, (12) is renormalized to
yield a contribution ~ In(A/T,,). One should expect that such a factor would be absent in
a non-perturbative treatment (see also the relevant discussion in [22]). The computation of ¢
at arbitrary inhomogeneous absorption is still an interesting open problem to consider.

In summary, we have presented the model description for inhomogeneous (localized-in-
space) losses in open chaotic systems and discussed thoroughly the resulting complexness
(or biorthogonality) of the mode wave functions. In particular, the complexness parameter ¢
determining the relative weight of the imaginary parts of the modes is found analytically to be
proportional to the inhomogeneous part I';,;, of the widths in full agreement with experimental
results of [6]. Though the present calculation of ¢ is perturbative in the small parameter
Tinn/A, it may nevertheless be valid in the intermediate or large modal overlap regime where
Thom dominates, as, for instance, in the case of room acoustics or elastodynamics [1,25]. Our
analysis may be also relevant for problems of mode nonorthogonality outside of the scattering
systems as those considered recently in [23, 28].
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D. Gel de la diffusion : modes localisés

En dépit de plusieurs décennies de recherches tres
actives, l’observation directe de la localisation des
ondes classiques reste un formidable défi pour les
expérimentateurs’’. Nous n’allons pas revenir sur les
différentes voies suivies pour atteindre cet objectif, elles
ont été évoquées dans l'introduction de ce chapitre. Pour
étre complet (et honnéte), on trouve dans la littérature
sur le sujet quelques articles prétendant montrer des
modes localisés dans des cavités micro-ondes, au sens
oll nous l'entendons*'. Disons-le tout net : ces articles
ne me convainquent pas! On peut d’ailleurs remarquer
le tres faible écho qu’ils ont eu dans la communauté de
la diffusion multiple. Leur défaut principal repose soit
sur 'utilisation de cavité fermée, soit sur ’absence de
test de robustesse des structures observées. Lorsque 'on
veut mettre en évidence un piégeage d’une onde par un
effet subtil d’interférences multiples, il parait judicieux
d’éviter un piégeage trivial par des conditions aux limites
strictes. Méme si les modes observés par ces auteurs ne
ressemblent pas a des modes réguliers, le couplage de
ces derniers avec le milieu diffusant peut donner lieu a
des structures spatiales tres variées. Une concentration
spatiale de ’énergie, surtout, comme c’est souvent le cas
dans ces expériences, proche des bords de la cavité, ne
prouve pas ’établissement d’un mode localisé.

Le projet est donc de proposer une expérience de diffu-
sion dans une cavité micro-ondes désordonnée et ouverte.
L’expérience réalisée s’appuie sur la méme cavité micro-
ondes qui a servi aux études précédentes. La grande
modification réside dans la mise en place de bords a
fuite. Ouvrir brutalement la cavité n’est évidemment pas
une solution car la pollution électromagnétique n’est pas
qu'une antienne de journaliste (ou un sujet de Bar des
Sciences...) D’autre part, il faut éviter que le déplacement
d’un objet, ou d’'une personne, dans la salle de ma-
nip entraine une modification des conditions aux li-
mites au cours des (longues) mesures. La cavité est
donc maintenue hermétique, mais nous délimitons une
zone centrale par des couches de mousse absorbantes
possédant des impédances électromagnétiques différentes
(ECCOSORB® L1S-14 and LS-16). Concrétement, la
géométrie de ce cadre absorbant est déterminée de fagon
a obtenir 20 dB d’atténuation du signal ré-injecté dans la
zone centrale, aux fréquences utilisées. Le dispositif est
schématisé sur la figure 18. Dans la zone libre, on intro-
duit 196 diffuseurs diélectriques dont la permittivité, que
nous avons mesuré, atteint € = 37. Ils ont une forme cy-
lindrique de diametre 6 mm et de hauteur 5 mm, égale a

40 Pour une revue récente sur le sujet, voir : A Z. Genack and A.
A. Chabanov, J. Phys. A : Math. Gen. 38, 10465 (2005).

41 R. Dalichaouch, J. P. Armstrong, S. Schultz, P. M. Platzman,
and S. L. McCall, Nature 354, 53 (1991); A. Kudrolli, V. Ki-
dambi, and S. Sridhar, Phys. Rev. Lett. 75, 822 (1995) ; Prabha-
kar Pradhan and S. Sridhar, Phys. Rev. Lett. 85, 2360 (2000).
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la hauteur interne de la cavité. Outre leur haut indice,
ces diffuseurs possedent une tres faible absorption : un
facteur de qualité () = 7000 a 7 GHz.

® o
.
L)
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°
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Fi1G. 18 Représentation schématique de la cavité utilisée :
196 diffuseurs occupent une zone centrale de dimensions
25cmx 25 cm, pour certaines mesures les diffuseurs situés a
Pextérieur de la zone délimitée par le carré en tirets sont re-
tirés. En périphérie des mousses absorbantes de deux qualités
différentes assurent une faible réintroduction de I’énergie dans
la zone centrale.

Les positions des diffuseurs sont déterminées
aléatoirement avec une fraction surfacique de 8.9%
et une distance minimale entre centres des diffuseurs,
dmin, de 11mm. A la valeur donnée de la fraction
surfacique, cette distance peut varier entre 8 mm (la
technique de dépot des diffuseurs interdit une distance
inférieure) et 19 mm. La valeur supérieure correspond &
la taille de la maille d’un réseau périodique carré. La fi-
gure 18 montre une disposition aléatoire particuliere des
diffuseurs, obtenue dans ces conditions. Nous disposons
de 4 antennes a l'intérieur de la zone centrale. La figure
19 montre un spectre typique de transmission entre
deux antennes. La représentation en échelle semi-log
permet de distinguer dans la structure globale du spectre
une zone de transmission quasi nulle. Il s’agit d’une
réminiscence de la bande interdite (du « gap ») observée
dans cette zone, pour un arrangement périodique des
diffuseurs, avec la méme fraction surfacique. Ce trou de
transmission est fortement corrélé avec la section efficace
de Mie d’un diffuseur unique*?, représentée sur la figure
par la courbe en tirets.

Pour accéder a lintensité du champ dans la ca-
vité, nous utilisons une technique « perturbative » qui
consiste a suivre le déplacement en fréquence du maxi-
mum de transmission d’un mode donné, en réponse au
déplacement d’une bille métallique a l'intérieur de la ca-
vité*3. Nous utilisons une bille d’un diameétre de 2 mm,

42 M. M. Sigalas, C. M. Soukoulis, C.-T. Chan, and D. Turner,
Phys. Rev. B 53, 8340 (1996).
43 Tarticle séminal, souvent mal cité, est : L. C. Maier, Jr and J. C.
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F1G. 19 En trait plein : signal de transmission mesuré pour le
désordre représenté sur la figure 18, le signal est représenté en
échelle linéaire et en échelle semi-log ; en ligne brisée : section
efficace de diffusion d’un diffuseur diélectrique unique.

pilotée par un aimant monté sur une platine de transla-
tion XY, & grande course (60cm) et d’une précision du
micron. Les points de mesure sont disposés sur une grille
réguliere possédant une maille carrée de 5 mm de coté. En
raison de la présence des diffuseurs, la bille ne peut pas
emprunter un chemin quelconque. Une procédure auto-
matique de calcul de trajectoires, développée par Grégory
Sauder, permet, pour chaque configuration de désordre,
de déterminer une trajectoire « optimale », c’est-a-dire
celle qui minimise la durée de la mesure, ou, pour le
moins, la rend raisonnable. Malgré tout, la durée de
certaines acquisitions peut dépasser les deux jours avec
I’analyseur de réseaux dont nous disposons actuellement.

Nous avons isolé trois résonances dans le spectre de
transmission présenté sur la figure 19 : une dans le ves-
tige du gap a 5.45 GHz, une en bord de gap & 5.66 GHz et
une dans la forét de pics a 7.80 GHz. Les valeurs des lar-
geurs de ces trois résonances sont de I'ordre ou légerement
supérieures aux valeurs ohmiques. Il est donc raisonnable
de penser qu’elles ne « voient » pas les bords absorbants
du systeme. Les cartes d’intensité obtenues par la tech-
nique précédemment décrite sont représentées en (a), (b)
et (c) sur la figure 20. Est représentée, en fait, la ra-
cine carrée de 'intensité, ce qui permet de réduire la dy-
namique et de moins masquer les détails. Sans conteste
possible, les trois résonances exhibent une forte localisa-
tion spatiale de I'onde électromagnétique. Tous les mots
y sont : localisation, forte, onde! Mais la prudence est

Slater, J. Appl. Phys. 23, 68 (1952) ; la référence suivante montre
que la technique est certainement plus subtile que certains uti-
lisateurs (dont par décence nous tairons le nom) ne semblent le
(laisser) croire : A. Gokirmak, D.-H. Wu, J. S. A. Bridgewater,
and S. M. Anlage, Rev. Sci. Instrum. 69, 3410 (1998).
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F1G. 20 Mesures expérimentales des cartes d’amplitude (ra-
cine de l'intensité) des modes localisés & 5.45 GHz, (a) et (d),
5.66 GHz, (b) et (e), et 7.80GHz, (c) et (f), pour deux ex-
tensions de la zone diffusive. Les trois modes sont trés peu
sensibles a la suppression des diffuseurs périphériques.

encore de mise. Il faut noter que si le mode (a) (le mode
du gap) se construit dans une sorte de microcavité , les
deux autres serpentent autour des diffuseurs. Pour tester
la robustesse de ces modes, nous avons modifié I'exten-
sion de la zone diffusante, en conservant la méme frac-
tion surfacique. Cette zone réduite est représentée sur la
figure 18. Le spectre obtenu est globalement similaire au
précédent, mais pas superposable : des pics disparaissent,
d’autres s’élargissent, mais les trois résonances cartogra-
phiées y sont présentes, aux mémes fréquences et avec
des largeurs identiques. Leurs distributions d’amplitudes
sont représentées sur la figure 20 en (d), (e) et (f). Les
cartes obtenues ne sont pas strictement identiques aux
précédentes, mais il est indéniable que la modification
des conditions aux limites n’a absolument pas affectée
I'intégrité de ces trois modes... qu'il devient de plus en
plus légitime de qualifier de localisés.

Pour éprouver davantage nos résultats expérimentaux,
nous avons réalisé, avec I’aide de Christian Vanneste, une
simulation numérique basée sur la résolution directe des
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FiGc. 21 Comparaison des résultats expérimentaux (a),(b) et
(c) (idem figure 20) avec une simulation numérique par FDTD
(conditions aux limites ouvertes) (d), (e) et (f); la comparai-
son est excellente.

équations de Maxwell par la méthode FDTD** (finite-
difference time-domain). Pour simuler un milieu ouvert,
des conditions dites PML (perfectly matched layer) ont
été implémentées?®. Remarquons que la succession de
couches aux propriétés absorbantes différentes utilisée
dans l'expérience procede de la méme démarche que les
conditions PML. Admettons tout de méme la plus grande
efficacité du numérique : aucun champ n’est réintroduit
dans la cavité. Autre différence, la simulation ne prend
pas en compte les pertes par dissipation ohmique sur les
parois inférieure et supérieure de la cavité. Pour cette rai-
son les spectres issus de la simulation sont plus riches que
les spectres expérimentaux. Mais toutes les résonances
expérimentales sont présentes dans le spectre numérique,
aux mémes fréquences. La figure 21 montre les modes
du systeme numérique obtenues en « excitant » aux

44 A, Taflove, Computational Electrodynamics The Finite-
Difference Time-Domain Method, Artech House, Norwood,
(1995).

45 J. P. Berenger, J. Comput. Phys. 114, 185 (1995).
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fréquences propres successives. La comparaison avec les
modes localisés expérimentaux est édifiante! Les simili-
tudes des images (c) et (f) sont particulierement remar-
quables.

Les tests de robustesse a la perturbation des condi-
tions aux limites, et la comparaison avec la simulation
numérique contribuent a conforter les résonances ob-
servées dans leur statut de modes localisés. Des tests en
fonction des antennes de mesures utilisées ont également
été réalisés. Ils montrent I'impossibilité d’exciter ces
modes si 'une au moins des antennes n’est pas située a
proximité d’une zone de fort champ. Nous procédons ac-
tuellement a des mesures de longueur de localisation et les
confrontons & des prédictions théoriques*6. L’évolution
des largeurs des résonances en fonction de la taille du mi-
lieu diffusant est également en cours de caractérisation.
Les résultats sont indiscutablement bien orientés, mais
indubitablement trop préliminaires pour étre présentés
ici. La conclusion de cette partie est donc la méme
que celle du chapitre II : la dynamique autour de ces
expériences est forte, a la hauteur de leur potentiel.

46 Notamment celle présentée dans : F. A. Pinheiro, M. Rusek, A.
Orlowski, and B. A. van Tiggelen, Phys. Rev. Lett. 69, 026605
(2004).



V. POSTFACE

J’espere que le lecteur qui parviendra a cette postface
en ayant lu 'intégralité du document aura en téte une
appréciation voisine de « beau travail! » C’est en tout cas
avec passion et enthousiasme que j’ai mené mon métier
d’enseignant-chercheur tout au long de ces années; et
c’est bien ainsi que je souhaite le poursuivre (j’espere
avoir convaincu que je ne manquais pas de projets...)

La recherche est, en vérité, un métier difficile... pour
I’entourage! Je pense notamment au conjoint, qui doit
posséder une forte dose de patience aimante pour soute-
nir, toujours, et supporter, parfois, cet étre étrange qu’est
« ’homo scientificus ». J’ai dédicacé cette theése d’habi-
litation & mon épouse; elle sait pourquoi... et moi aussi.

Je n’oublie pas d’ou je viens : d’une cité ouvriere de
Seine-Saint-Denis, ce « 9-3 » tristement célebre depuis
quelques années ! Si je peux aujourd’hui prétendre au plus
haut diplome du systéme universitaire francgais, il est bien
évident que mes parents n’y sont pas étrangers. Merci
Maman, merci Papa pour m’avoir donné le gout d’ap-
prendre et pour les sacrifices que cela a entrainé. Merci
Stéphane, aussi, pour tout.

Je voudrais profiter de cette postface pour associer, re-
mercier, saluer certaines personnes qui ont, plus ou moins
directement, contribué au travail présenté ici.

D’abord mes figures tutélaires. Jean-Pierre Roma-
gnan, par ses immenses qualités intellectuelles et hu-
maines, constitue un modele qui guide ma démarche
d’enseignant-chercheur, et méme au-dela. Michel Le Bel-
lac constitue également un modele pour moi, par sa ri-
gueur scientifique, sa puissance de travail et son impres-
sionnant sens physique.

Mes copains de jeu, ensuite. Olivier Legrand, bien
str, mais également Christian Vanneste et Patrick Seb-
bah, avec qui je forme le POMC « canal historique »,
groupuscule de joyeux fondamentalistes qu’a rejoint
récemment, pour le plus grand plaisir de tous, Valérie
Doya. J’apprécie, au quotidien, la chance d’avoir de tels
partenaires. Merci & vous quatre! J’associe ici Christian
Miniatura, qui a partagé un bout de route avec nous, et
avec qui nous aurons certainement d’autres projets.

Les « thésards ». Valérie fut la premiere... elle a mal
tourné. Jérome, qui fera le bonheur de ses éléves de Lycée,
mais quelle perte pour la recherche. David, qui m’a per-
mis de comprendre que le bourre-pif n’est pas la seule
technique possible d’encadrement. Charles, qui prendra
les bourre-pifs nécessaires. Claire, trés occupée par sa
chasse au « lascar » (est-ce bien sérieux ?)

Les figures du laboratoire, ceux qui ont marqué mes
premieres années. Un hommage d’abord au trop tot dis-
paru Jean Coste, 'un des rares vrais intellectuels que
j’al croisé dans cette profession, Carlos Montes en étant
un autre. Méme passion de la « Connaissance » chez
ces deux hommes, méme fougue, méme lyrisme, parfois.
Comme lorsque Coste commengcait une phrase par « a
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propos.. » et finissait une heure plus tard en ayant les-
sivé son interlocuteur. Ou lorsque Carlos prononce avec
un petit sourire « tu te rends compte... », et s’évertue
a faire comprendre en 10 minutes le résultat de 3 mois
de calculs acharnés... De bien passionnants passionnés.
Nicole Ostrowsky a joué pour moi un role de modele
d’enseignant-chercheur, j’ai toujours été impressionné
(et envieux) par sa puissance de travail et sa pugna-
cité. Dan Ostrowsky, un gourmet-gourmand au pays des
télécommunications optiques, aussi fin connaisseur des
subtilités de la mécanique quantique que de la cuisine
francaise, m’a rassuré a mes débuts : les chercheurs ne
sont pas que pur esprit, ouf!

Et puis il y a les copains (beaucoup sont des amis) du
labo, qui contribuent & ’ambiance détendue et intellec-
tuellement stimulante du LPMC : Alain, Bernard, Eric,
Elisabeth, Franck, Francois, Guy, Laurent, Marc, Natha-
lie, Pascal, Pierre, Sébastien, Wilfried. Evidemment j’au-
rais pu distinguer, pour chacun, la proportion de détente
et de stimulation intellectuelle... mais j’y ai renoncé, par
peur des représailles et des conséquences éventuelles sur
les carrieres de certains. Je n’oublie pas les « nouveaux » :
Alice, Laurent (du Périgord!) et Olivier. Si les petits co-
chons ne les mangent pas...

Un labo ne vit pas sans une équipe technique et ad-
ministrative efficace. La notre répond présent. Je tiens
particulierement a remercier les personnes suivantes.
Jean-Claude Noiray, le champion toutes catégories de la
salle de manips, je ne chercherai méme pas a chiffrer les
précieux conseils qu’il nous a prodigués. Le nombre de
collegues, de thésards, qui lui sont redevables est a la
mesure de sa patience et de son dévouement : infini;
Catherine Laye, qui a joué un role important dans
les premieres phases de la « manip fibre ». Ce fut,
évidemment, avec la compétence, la disponibilité et la
gentillesse qui la caractérisent ;

Michele Udé et Stan Trzesien, gardiens de la Tour... de
tirage et grands maitres du Centre... de préforme.
Grégory Sauder, qui avec une constante humeur gracieuse
(j’en fais trop 1a4?) a brillamment automatisé la manip
micro-ondes*”

Bernard, le petit blaireau de Saint Blaise, toujours dis-
ponible, toujours efficace, et toujours de bonne humeur
(mais comment fait-il?);

Omar Bessir, qui s’est chargé avec sérieux et soin de la
mécanique liée aux premieéres manips micro-ondes;
Yann, qui passe son temps a courir (loin) derriere moi en
collant moulant... je finis par me poser des questions !
Et j’al gardé les meilleures pour la fin : les « filles »,
Annette, Christine, Denise, Martine et Mika (hélas par-
tie), qui jonglent avec les bases de données redondantes
et incompatibles, s’épuisent a la gym, composent avec
nos exigences, bavardent dans les couloirs, bref, sont in-

47 Dailleurs & ce sujet, il faudrait modifier tout le programme car
« ¢a va pas du tout ! »



dispensables.

Le développement d’une nouvelle équipe expérimentale
n’aurait pas pu se faire sans le soutien constant (et fi-
nancier) et la confiance des deux directeurs qui se sont
succédés depuis la naissance de 1’équipe POMC : Jean-
Pierre Romagnan et Gérard Monnom. Un merci sincere
a eux deux.

Par leur collaboration directe, ou le simple (mais
appréciable) intérét qu’ils ont porté & mes travaux, je
tiens a vivement remercier Bart van Tiggelen, Mathias
Fink, Ule Kuhl, Roger Maynard, Hans-Jiirgen Stock-
mann, Dominique Delande, Richard Weaver, Thomas
Seligman, Dima Savin, Rafael Mendez, Jean-Marc La-
heurte, Oriol Bohigas, Patricio Leboeuf, ...

Il y aussi les collegues du département de Physique
avec qui je prends toujours beaucoup de plaisir a tra-
vailler, discuter, refaire le monde universitaire : Pierre
Coullet, Gian Luca Lippi, George Batrouni (mon estimé
co-auteur), Bruno Cessac, David Wilkowski, Alain Pu-
mir, Médéric Argentina, Francois Rocca, Borge Vinter,
Jacques-Alexandre Sépulchre... et que ceux que j'oublie
me pardonnent.

Je n’oublie pas de remercier chaleureusement les
membres du jury : George Batrouni, Pierre Coullet, Pa-
tricio Lebceuf, Roger Maynard, Jacques Treiner et Ri-
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chard Weaver. A tous un grand merci d’avoir accepté
car je sais vos emplois du temps tres chargés! Celui
de Mathias Fink 1’était trop, je regrette son absence,
mais le remercie d’avoir tout essayé. Le cumul des man-
dats n’étant pas interdit chez les universitaires, Roger
Maynard m’a fait ’honneur et le plaisir d’endosser le
role de Président-rapporteur-examinateur. Patricio et Ri-
chard ont également accepté la (lourde ?) tache de lire et
d’évaluer le présent document, je les en remercie pro-
fondément ; le mérite est d’autant plus grand pour Ri-
chard Weaver qui n’a pas souvent I'occasion de pratiquer
son frangais dans I'Illinois... Que Pierre ait réussi a « ca-
ser » ma soutenance au milieu de ses innombrables acti-
vités, releve des exploits dont il est coutumier et qui sus-
citent mon admiration! J’ai apprécié la spontanéité avec
laquelle Jacques a répondu favorablement & ma demande.
Merci d’étre la, et d’amener avec toi un peu du souvenir
de ce merveilleux DEA « de Valentin ». Et merci, enfin,
a George... qui va faire Ueffort de traverser le Var (what
did you say about our common sense of humor : it bites,
huh 7)

Et pour finir, un petit coucou a mon Grand Schtroumpf
et a ma Schtroumpfette, Pierre et Eugénie, qui seraient
décgus de ne pas se trouver dans ces lignes... et les décevoir
est bien ce que je souhaite le moins au monde.
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