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Q~ô�OUôNåÓæHXTìÜ� ø ôNìÓðví���æòñÇè���ùÕæTQ°��Z<æòäÜåÜ�EôNè�äÜäÓæ�è�����OUôNåÓæHXTìÜ�3éYæçåÜ�>ê ��í�æçìÜ��êTS|u«�AQTQò��jkPTæiäÜ�Tì|ôNæçå
P�í���äÓåÓæçåÓè����`é��eî�ôNìÓåÓæHPTè>Qò��ä¨���däÓè ø æòäÜä|ôN�Çå£ôNèYPTè���� ôNè�åÓìÜ�\æç�ÇåÜ�Tì|ô�PTåÓæòí�� ñÇè���P��AQTQò�dé���Q~ô
ú�ì|ô(W<æçåÜ�	�Tå¥ñÇè�æt�Tå|ôNæò�T��å¥æç��æçåÓæ~ô"Qò�AO£�T��åVt�ìÜí�æòé���äsm�æ�Së�:SYQò��ä®î�ôNìÓåÓæHPTè>Qò��ä�ô�W�ôNæò�T�Çå¥è����	éYæòäÓîJ�Tì4j
äÓæòí����T� WÇæçåÜ��ä|äÜ�UåÓì�X�äBt�ôNæ ø Qò�&o�S	u«�TåÓåÜ��OUôNåÓæHXTìÜ�d��í�æçìÜ�Ft�ìÜí�æòé��d��äÓå¨���(P���äÜä|ôNæçìÜ�eîJí�è�ì¨��Z/j
î>QçæòñÇè��Tì<Qò��ä ��èYPTåÓè�ôNåÓæòí���ä�î�ìÓæTO£í�ìÜéYæ~ô"Qò��äÆé��$tÚôNæ ø Qò��ô"OGî>QçæçåÓè�é��ªñÇè�æhí��Çå°�T��äÓè�æçåÜ�Vú�ì|ôN��éYæ
^ è�äÜñ�ètêl_1t�í�ì�O£�TìVQò��ä¤î>Qçè�ä�ú�ì|ôN��é���ä�äÓåÓìÓèYPTåÓè�ìÜ��ä1m�ú�ô"Q~ôGZYæò��äÑù¹ô"OUô�ä�STSTSpo�Syu«�(PTæ���í�è�äÆô"OxXT���
_]Q~ô]t�í�ì�OUôNåÓæòí��,é���äVî�ìÜ�AOGæHXTìÜ��ä¨�TåÜí�æTQò��ä�S g �����Î�TåÑùbQ�êl�Núv�eäÜí�O ø ìÜ�\äÑêë��äÜå	åÜ�Tì�OGæç���eô�Wv�(P
Q~ôxt�í�ì�OUôNåÓæòí���é��0P��AQTQò��ä4jkPTæ�SJóhí�è�ìiîJí�è>Wví�æçìdt�í�ì�O£�TìRP���äÆ�TåÜí�æTQò��äÑù8Qò�ªú�ô"rGôNåÜí�OGæòñÇè��¨é�í�æçå
äÓè�æTW<ìÜ��ù*_�PÑôNè�äÜ�Ué��DQ~ô`ú�ì|ô�WÇæçå|ôNåÓæòí��tù�Q~ô]OUôNåÓæHXTìÜ�\��í�æçìÜ�eñ�è�æ ô é���^�_`tÚí�ì�O£�\é���äVï�ô"Qòí�ä�S
vt��äy���Îí���éYìÜ�AO£�T��åÜä����®äÜí���å�îZí�äÜäÜæ ø Qò��ä#ñ�è��®é�ôN��ä�Qò��ä0î�è�æçåÜä�é�� îZí�åÜ�T�ÇåÓæò�AQ�äÓè � ä|ô"O\O£�T�Çå
ú�ì|ôN��é�ä�S�u«�(PTæ ôNìÓìÓæTWv�DQòí�ìÜäÜñÇè��xQ~ô�OUô�äÜäÜ�\éYè>ï�ô"QòíÀ��äÓåVî>Qçè�ä�ú�ì|ôN��é��eñ�è��FQ~ô]OUô�äÜäÜ�eé��
N �ÑôN��ä£éYè�ú�ô"r��x_�Q~ôÀåÜ�AOGîJ�Tì|ôNåÓè�ìÜ�]W<æçìÓæ~ô"QçæòäÜ�����d�TåGîZí�è�ì\Q~ô3é��T��äÜæçåÜ� éYè OGæTQçæò�Tè æç��j
åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè���ù6P��ªñ�è�æõ��äÓå¥ä|ôNåÓæòä4t�ôNæçåJQòí�ìÜäÜñÇè��

Tvir ≥ 100K
m��3Qçè>O£�T�ÇåÓï�ô"Qõ�TåÆô"Q�S�ý ö�÷ þ�ù

u«í�èYPÜï>OUôN� �Tåªô"Q�SÕý ö�÷ �5o�S f ôN��ä$Qò��äiï�ô"Qòí�ä�é��GåÜ�AOGîJ�Tì|ôNåÓè�ìÜ�£î>Qçè�ä ø ô�äÜäÜ��ù{Q~ô î�ìÜ��äÜäÓæòí��
éYè,ú�ô"r\��äÓå�äÓè � ä|ôN��åÜ�eîJí�è�ìª�AOGîyw(PÜï��Tì1Qò�£ú�ô"rdé��Uä�êë���Jí���éYìÜ�Tì�S f �£î>Qçè�äªæTQ	t�ôNè�åªñÇè��
Qò�Æú�ô"rVäÜ�ÆìÜ��t�ìÜí�æòéYæòäÜäÜ�|^kè�äÜñÇètêl_0P��	ñÇè��ié���ä¤é��T��äÓæçåÜ��ä¥äÜè � ä|ôN��åÜ��ä�äÜí�æò�T��å�ôNåÓåÜ�Tæç�ÇåÜ��ä¥îJí�è�ì
tÚí�ì�O£�Tì	é���ä	�TåÜí�æTQò��ä�S+u«�¨ìÜ��t�ìÜí�æòéYæòäÜäÜ�AO£�T��åªé��TîZ�T��é*é��

Tvir

éYè*ï�ô"Qòí`�Tå	é��1Q~ô�P�í�OGîJí"j
äÓæçåÓæòí��>éYè*ú�ô"r5S+vt�Gú�ô"r£î�ìÓæTO£í�ìÜéYæ~ô"Q«�Tå|ôNæçåV��äÜäÜ�T�ÇåÓæò�AQTQò�AO£�T��å1P�í�OGîZí�äÜ�GéÎê ïÇð<éYìÜí�ú5XT���e�Tå
éÎê ï��AQçæçè>O)ôNåÜí�OGæòñÇè���ä�SYv�ê ï�ðYéYìÜí�ú5XT����ôNåÜí�OGæòñÇè��	���iîJ�Tè�å¤ìÜ��t�ìÜí�æòéYæçìJQò�iú�ô"rVñÇè��RQòí�ìÜäÜñÇè��
Tvir > 104K

ùCP�êë��äÓå4j _Gj×éYæçìÜ�dQòí�ìÜäÜñ�è��<Qò��ä3P�í�QTQçæòäÜæòí���äÕîJ�Tì�O£�TåÓåÜ�T��å®éÎêë��Z>PTæçåÜ�Tì«�Tå é��¤æòí���æòä|�Tì
Qò��ä ôNåÜí�O£��ä éÎê ïÇð<éYìÜí�ú5XT������ù�Qò�3ú�ô"r3îJ�Tè�å�ô"Qòí�ìÜä`äÜ�IP�í���åÓì|ô�PTåÜ�TìE�Tå�tÚí�ì�O£�Tì]Qò��ädî�ìÜ��j
OGæò�TìÜäÆí ø ^ �TåÜä&S{}Çæ�Q�êëí��IP�í���äÓæòé>XTìÜ�¨è��Eæç�ÇåÜ�Tì�W�ô"QTQò�¨æç�ÇåÜ�Tì�O£��éYæ~ôNæçìÜ�Gé��

Tvir

ùZî�ôNì°��Z��AOGî>Qò�
100K < Tvir < 104K

ù&Qò�ÕìÜ��t�ìÜí�æòéYæòä|äÜ�AO£�T��åyôNåÜí�OGæòñÇè��®éYèªú�ô"r ���ÕîZ�Tè�åõî�ô�ä0äÜ��ìÜ�Ñô"Qçæòä|�TìÑù
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�TåV�T�nQ�ê ô ø äÜ�T�YP��Ué���äª�AQò�AO£�T��åÜä0Qòí�è�ìÜé�äVñÇè�æ�äÜ�TìÜí��Çåª��^Ó�(PTåÜ��äVî>Qçè�äVå|ôNìÜé�î�ôNì$Qò��äª�TåÜí�æTQò��ä
OUô�äÜäÓæTWv��ä�ù:Qò�¤äÜ�Tè>Q��AQò�AO£�T�ÇåÕîJ�Tì�O£�TåÓå|ôN��å3Qò�¤ìÜ��t�ìÜí�æòéYæòäÜäÜ�AO£�T�ÇåÕ��äÓå

H2
S g å�äÜ�Tè>Qò�®è����¥åÓì�X�ä

t�ôNæ ø Qò�Gî�ôNìÓåÓæò�UéYè�ú�ô"r\é�ôN��äsP���ä	î�ìÜ�AOGæHXTìÜ��ä$t�í�ì�OUôNåÓæòí���ä¨ôdî�è>ä|�¨åÓì|ôN��ä4t�í�ì�O£�Tì��T�
H2m�}Yô�ä�Q~ô �@�Tå�ô"Q�S�ý ö �vû<ù c �Tú:OUôNì�a£�Tå�ô"Q�S�ý ö�ö û:oiP��¤ñÇè�æ>QçæTOGæçåÜ�JQò� å|ôNè�Z£é�� ìÜ��t�ìÜí�æòéYæòäÜäÜ�AO£�T�Çå

éYè>ú�ô"r5S f ê ôNî�ì�X�äsQò��ä�äÓæTOªè>Q~ôNåÓæòí���äÑù�Qò��äVî�ìÜ�AOGæHXTìÜ��ä¨�TåÜí�æTQò��ä�äÜ�UäÜ�Tì|ôNæò�T�ÇåstÚí�ì�O£����ä¨é�ôN��ä
P���ä<P�í���éYæçåÓæòí���äÆé�ôN��ä°é���ä¤ï�ô"Qòí�ä°é��	åÜ�AOGîJ�Tì|ôNåÓè�ìÜ�

Tvir ' 2000K
�Tå�ôNè�ì|ôNæò�T��åi�Tè è����

OUô�äÜäÜ�Ué�� ∼ 106 M�
S�u«��ä	î�ìÜ�AOGæHXTìÜ��ä��TåÜí�æTQò��ä$O£í<éYæ�e�XTìÜ�T��å0Qò�Tè�ìV�T� W<æçìÜí������AO£�T��åG�T�

æòí���æòä|ôN�Çå$P��AQçè�æ�jkPTæy�Tå°�T�IQ�êë�T��ìÓæHPÜï�æòä|ä|ôN��åV�T�IO£�Tå|ôNè�ZÎùZ��í�å|ô"O\O£�T��å	î�ôNìhQò��ä°åÜí�è�åÜ��äÆî�ìÜ��j
OGæHXTìÜ��ä«äÓè�îZ�TìÓ��í&W�ô��:S>u«�AQTQò��ä4jkPTæJí���å®ôNè�äÜäÓæ�î�èdô�P(P��AQò�TìÜ�Tì3Qò�¥ú�ô"r°�Tå3Qò�|t�ôNæçìÜ�¤åÜí�O ø �Tì é�ôN��ä
é���ä®í ø ^Ó�TåÜä«�T�YP�í�ìÜ�Æî>Qçè�ä,OUô�ä|äÓæ�t�ä&S v�ô¨ñÇè���äÓåÓæòí��`ñ�è�æJäÜ�°îJí�äÜ�°ô"Qòí�ìÜä®��äÜå YñÇè�ôN��éeä|��äÜí��Çå
tÚí�ì�O£����ä,Qò��ä î�ìÜ�AOGæHXTìÜ��ä¥�TåÜí�æTQò��ä��$v�ô�ìÜ�TîZí���ä|���têë��äÜå«î�ô�ä®äÜæTOGî>Qò��ù��Tå®ìÜ��ñ�è�æò�TìÓå,Q�ê ôN��ô"QçðYäÜ�
é���ä ��èYPTåÓè�ôNåÓæòí���ä�é��Gé��T��äÓæçåÜ�Gî�ìÓæTO£í�ìÜéYæ~ô"Qò�:Shóhí�è�ìsP��AQ~ô]Q�êë�TåÓè�é��xP�í�OGî>QHXTåÜ�£éYè>äÓîJ�(PTåÓìÜ�
é��Æî�è�æòäÜä|ôN�YP��i��äÜå®���(P���äÜä|ôNæçìÜ�	ôGe�� é��ié��TåÜ�Tì�OGæç���Tì<Qò�Tè�ì,t�ìÜ��ñÇè��T�YP��i�Tå|Qò�Tè�ì¥ô"OGî>QçæçåÓè�é��:S
}<�AQòí���P���ä1t�ô�PTåÜ�Tè�ìÜä£í�����äÓåÓæTO£�`ñÇè��`Qò��ä¨î�ìÜ�AOGæHXTìÜ��äU�TåÜí�æTQò��ä£í��ÇåGî�è äÜ��t�í�ì�O£�Tì£�T�ÇåÓìÜ�
z ' 30

�Tå
z ' 40

é�ôN��ä|Qò��ä|O£í<é>XAQò��ä¥é��hOUôNåÓæHXTìÜ�V��í�æçìÜ�ht�ìÜí�æòé��:S
vyêë���Î�Tå$Qò�¨î>Qçè�äiæTOGîJí�ìÓå|ôN��å�ñ�ètê ôd�Tè�Q~ô`t�í�ì�OUôNåÓæòí��>éÎêë�TåÜí�æTQò��ä�m�í�è�éÎê ôNè�åÓìÜ��äVí ø ^Ó�TåÜä

î>Qçè�äROUô�äÜäÜæ�t�ä�o�äÓè�ìRQò�Tè�ì	�T�CWÇæçìÜí������AO£�T�Çåst�è�åhQ~ôeìÜ�Tæòí���æòä|ôNåÓæòí���éYè*ú�ô"r£é�ôN��ä$Q�ê è���æTWv�TìÜä�S
vtí�ìÜäÜñÇè���Qò��ä�î�ìÜ�AOGæò�TìÜä0í ø ^ �TåÜähäÜ��tÚí�ì�OxXTìÜ�T��åÑùGQò��ätî�ï�í�åÜí���ä0�AOGæòä{t�è�ìÜ�T��åõæTO\O£��éYæ~ôNåÜ�AO£�T��å
ô ø äÜí�ì ø ��ä#î�ôNì�Qò� ú�ô"rV_°åÓì�X�ä�ï�ôNè�åÜ�¤é��T��äÓæçåÜ� ìÜ��äÓæòé�ôN�ÇåÕé�ôN��ä�Qò�¤ï�ô"Qòí>SCu«�(PTæ���äÓåyé�[UôNè\t�ôNæçå
ñÇè��RQò��ä¤î�ï�í�åÜí���ä¥æòí���æòä|ôN��åÜä°é�ôN��äJQ�ê è>QçåÓì|ô�WÇæòí�Qò�TåÆí���å�è�� î�ôNì�P�í�è�ìÜä<O£í�ðv�T��åÓì�X�äVP�í�è�ìÓåd_
åÓì|ô(Wv�TìÜähP��Vú�ô"rª��äÜäÜ�T�ÇåÓæò�AQTQò�AO£�T��å	ôNåÜí�OGæòñÇè��:S6vt�sOGæTQçæò�TèEæç�ÇåÜ�TìÓú�ô"Q~ô�PTåÓæòñ�è��1P�í�O\O£�T���Ñô`_
wTåÓìÜ�ªìÜ�Tæòí���æòäÜ�sQòí�ìÜä|ñ�è��ªé���ä°ä|í�è�ì�P���ä�äÓè � äLô"O\O£�T��åÆî�è�æòäÜä|ôN�ÇåÜ��ä�î�è�ìÜ�T�ÇåÆæòí���æòäÜ�Tì�åÜí�è�ådQò�
ú�ô"rVé�ôN��ä<Qò�Tè�ì¥î�ìÜí�î�ìÜ�	ï�ô"Qòí�ù�îZ�Tì�O£�TåÓå|ôN�Çå°ôNè�Z`î�ï�í�åÜí���ä�æòí���æòä|ôN��åÜä°é��	äÑêë�(P|ï�ôNî�îZ�Tì�S6v�ô
ìÜ�Tæòí���æòä|ôNåÓæòí��£äÑêë��äÜåõé�í��YP é��TìÜí�è>Qò���«î�ôNìiQ�êë��Z<î�ôN��äÓæòí��Gé��Æê ø è>QTQò��äÑê�é��ÕìÜ�Tæòí���æòä|ôNåÓæòí��UôNè�åÜí�è�ì
é���äiäÜí�è�ì�P���äÑùÎä|�Tî�ôNì|ôN��å$Q�ê è���æTWv�TìÜä	�T��ê ø è>QTQò��äÑêJæòí���æòä|����ä	�TåÆè���OGæTQçæò�Tè>ôNåÜí�OGæòñ�è��£�T�ÇåÓìÜ�
Qò��ä ø è>QTQò��ä0m��¥ìÜí���ä¤�Tå¥ô"Q�S�ý ö û��5o�S6u«��ä ø è>QTQò��ä®æòí���æòäÜ����ä�í���å¤ú�ì|ôN��éYæh�Tå¤äÜ�iäÜí���å¥ìÜ��^ í�æç�ÇåÜ��ä
^ è�äÜñ�ètêl_1P��Vñ�è��hQò��ä¥ìÜ�Tú�æòí���äJQò��ä|O£í�æç��ä�é��T��äÜ��ä¤é��RQ�ê è���æTWv�TìÜä°äÜí�æò�T��å¥æòí���æòäÜ����ä�S���è`e���ô"Q
Qò��OGæTQçæò�Tè£��äÓåõî�ìÓæç�YPTæçî�ô"Qò�AO£�T��å�æòí���æòä|�«�Tå#í��¨îJ�Tè�å0�T�YP�í�ìÜ�®í ø ä|�Tì�Wv�Tìyé���ähìÜ��äÜæòéYè�ä0���Tè�åÓìÜ��ä
�T�Eô ø äÜí�ìÓî�åÓæòí��Eé�ôN��ä|Qò��ä¥äÓîJ�(PTåÓìÜ��ä¤éÎêëí ø ^Ó�TåÜä|Qòí�æç��å|ôNæç��ä&S

vt��ä	î�ìÜ�Tè>Wv��äVé��xP��TåÓåÜ�¨ìÜ�Tæòí���æòä|ôNåÓæòí���î�ìÜí�W<æò�T�����T��å�é��\Q�êëí ø äÜ�Tì�W�ôNåÓæòí��>é���ä	äÓîJ�(PTåÓìÜ��ä
é���ñ�è�ô�ä|ôNìÜä&S N �VìÜ�AWÇæò�T��éYì|ôNæ0î>Qçè�ä°�T�Àé��Tå|ôNæTQ0äÓè�ìVP��ªñ�è���äÜí��ÇåVQò��ä°ñ�è�ô�äLôNìÜä����T�EìÜ��äÓè>O£�
P��	äÜí��Çå¥é���ä¥í ø ^Ó�TåÜä¥��ZYåÓì�wAO£�AO£�T��ådQçè>OGæç���Tè�Z ñ�è�æhäÜ�iåÓìÜí�è>Wv�T��åÆôNè�P��T��åÓìÜ��é��iú�ô"Q~ôGZYæò��ä
Qòí�æç��å|ôNæç����ä¥�Tå¤ñ�è�æJäÜí���å¥ô"QçæTO£�T�ÇåÜ��ä®î�ôNì|Q�ê ô�P(PTìÜ�TåÓæòí�� é��dOUôNåÓæHXTìÜ�	ôNè�åÜí�è�ì¤é��°åÓìÜí�è�ä®��í�æçìÜä
äÓè�îJ�TìVOUô�ä|äÓæ�t�ä&S �°ì9��P��1_xQò�Tè�ì°åÓì�X�ä°ú�ì|ôN��é��sQçè>OGæç��í�äÜæçåÜ��ù¹æTQòäÆäÜí��Çå�è�åÓæTQçæòä|��ä�î�ôNìdQò��ähP�í�ä4j
O£í�Qòí�ú�æòäÓåÜ��ä�P�í�O\O£�¥é���ä3Q~ô"OGîZ��äÕé�í���å3Qò��äÕäÓîJ�(PTåÓìÜ��äyîJ�Tì�O£�TåÓåÜ�T��åÑùCW<æ~ôhQ�êë�TåÓè�é��¥é���äÕì|ôNæò��ä
éÎê ô ø äÜí�ìÓî�åÓæòí��tùÎéÎêë��ZYåÓì|ôNæçìÜ�ªé���ä°æç��tÚí�ì�OUôNåÓæòí���äiäÓè�ìdQ�êë�Tå|ôNåÆé��BQ~ôFOUôNåÓæHXTìÜ��äÜæçåÓè����sQò�BQòí���ú
é��1Q~ô`Qçæçú����£é��1W<æòäÜ���:S{vt��äVäÓîZ�(PTåÓìÜ��äVé���ä	ñ�è�ô�äLôNìÜäRO£í���åÓìÜ�T�ÇåBQ~ôeî�ìÜ��äÜ�T�YP��Ué��\Qçè>OGæHXTìÜ�
�T��j×é�����_�é��<Q~ôBQòí���ú�è��Tè�ì®éÎêëí���é��ÆéÎêë�AOGæòäÜäÓæòí��]vÎð/OUôN��j

α
é��VQ�ê ï�ðYéYìÜí�ú5XT���:S���ìÑù<äÜæ�Qò�VOGæ�j

Qçæò�Tè`æç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��V�Tå|ôNæçåVP�í�OGî>QHXTåÜ�AO£�T��å�ä|í�è�ä�t�í�ì�O£�iéÎê ôNåÜí�O£��ä��Tå®ï�í�O£í�ú5XT����ù�åÜí�è�å
î�ï�í�åÜí����AOGæòäJ_�è����hQòí���ú�è��Tè�ì¤éÎêëí���é��iî>Qçè�ä|P�í�è�ìÓåÜ�Vñ�è��hvÎð/OUôN��j

α
m ýÑ�Yý:S �G�>ODo«äÜ�Tì|ôNæçå

ô ø äÜí�ì ø �:SYu«�TåÓåÜ�iäÓè�î�î�ìÜ��äÜäÓæòí��`éYè���è�Z�_ªî>Qçè�ä îZ�TåÓæçåÜ�dQòí���ú�è��Tè�ì¤éÎêëí���é��iñÇè��<Q�êë�AOGæòä|äÓæòí��
vÎð/OUôN��j

α
��äÓåUôNî�îZ�AQò����Q�êë���J�Tå �°è�����j×óõ�TåÜ�TìÜäÜí�� m ý ö ��ü5o�S f ôN��äxQò��ä£ñÇè�ô�ä|ôNìÜä£äÜæçåÓè���äF_

è�� é��(PÑô"Q~ôNúv�`äÓîJ�(PTåÓì|ô"Q®æç��t��TìÓæò�Tè�ìF_3�YùiP��Tå£���Î�Tå��têë��äÜåGî�ô�ä¨ìÜ�TåÓìÜí�è>Wv�:S#� Q~ôÀî>Q~ô�P��`í��
í ø äÜ�Tì�Wv�ªè�� ��è�Z î�ôNìÓåÓæò�AQTQò�AO£�T�Çåiô ø ä|í�ì ø ��ù8P��VñÇè�æ*P�í�ìÓìÜ��äÓîJí���é�_FP��ªñÇè�æ���äÓåÆôNî�îZ�AQò�BQ~ô
tÚí�ì�wTå,vtðCOUôN��j

α
Çè��`ú�ì|ôN��ée��í�O ø ìÜ�	é��°ì|ôNæò��ä®éÎê ô ø äÜí�ìÓî�åÓæòí���ä¥é��VtÚí�ì�P���ä®éYæ��J�TìÜ�T�ÇåÜ��ä|Qò�

Qòí���úUéYè�äÜîZ�(PTåÓìÜ�:SYv���ä�ôNåÜí�O£��ä¥éÎê ïÇð<éYìÜí�ú5XT���ªé�ôN��äJQò�ROGæTQçæò�Tè�æç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��Vî�ìÜí<éYè�æ�j
ä|ôN�ÇåsP���äªô ø äÜí�ìÓî�åÓæòí���äVìÜ�Tî�ìÜ��äÜ�T��åÜ�T�Çåªè����UîZ�TåÓæçåÜ�\t�ì|ô�PTåÓæòí��>é��xQ�ê ï�ðYéYìÜí�ú5XT���£åÜí�å|ô"Q�ù�ñÇè�æ
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��äÓå°�T�E��ñÇè�æTQçæ ø ìÜ�ªé��Vî�ï�í�åÜí"j�æòí���æòä|ôNåÓæòí��>ô(Wv�(PBQò�RtÚí���é�P�í�ä�OGæòñÇè��	æòí���æòäLôN��åÆî�ìÜíÇéYè�æçå�î�ôNì
Qò��äiú�ô"Q~ôGZYæò��äV�Tå$Qò��äVñ�è�ô�ä|ôNìÜäDm ~ ôNèYPÜï@ý ö�ö�÷ o�S+vt��äiì|ôNæò��äªéÎê ô ø äÜí�ìÓî�åÓæòí��nP�í�ìÓìÜ��äÜîZí���é��T�Çå
ôNè�Z�W�ôNìÓæ~ôNåÓæòí���äié��Gé��T��äÓæçåÜ�¨é��1Q~ôDOUôNåÓæHXTìÜ�Gé�ôN��ähQò�0OGæTQçæò�Tè*æç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��:S�u«��äÆí ø j
äÜ�Tì�W�ôNåÓæòí���ä�O£í���åÓìÜ�T��å�ñ�è��dQ~ôsOUôG^ í�ìÓæçåÜ�Æé���ä ø ôNìÓðví���ä®äÜ��åÓìÜí�è>Wv�T��å¤äÜí�è�ä3tÚí�ì�O£�°æòí���æòäÜ��ä�S
f �dî>Qçè�äÑù�Q�êë�TåÓè�é�� é���äUäÓîZ�(PTåÓìÜ��äUé�� ñ�è�ô�äLôNìUôÀìÜ�AWv�AQò� ñ�è���Q~ô�OUôG^ í�ìÓæçåÜ� é���ä ø ôNìÓðví���ä
é�ôN��ä1Q�ê è���æTWv�TìÜäÑù�_Eè���é��(PÑô"Q~ôNúv�`äÓîZ�(PTåÓì|ô"Q®äÓè�îJ�TìÓæò�Tè�ìx_ � ùhäÜ�eåÓìÜí�è>Wv�dé�ôN��ä1Qò��OGæTQçæò�Tè
æç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��:S

� ����� ý:Sçý���}ÇîJ�(PTåÓìÜ�iéYè`ñ�è�ô�ä|ôNì �Æ
Nþ�ü � j�þ�� � í ø ä|�Tì�Wv�	ô(Wv�(P VUdg }8S��õæçú�è�ìÜ�ÆæòäÜäÓè��°é��hQ~ô
åÓïYX�äÜ�	é��R�®ô�äÓåÓæò�T�E�¥ì|ô�PTæTQ�S

 ��äÜîZ�(PTåÓìÜ� é��,ñ�è�ô�ä|ôNì3�T� �AOGæòäÜäÓæòí�����äÓå3��äÜäÜ�T��åÓæò�AQTQò�AO£�T�Çå P�í���äÓåÓæçåÓè�� é��,ì|ôNæò��ä
éÎêë�AOGæòäÜäÓæòí��=åÓì�X�ä�tÚí�ìÓåÜ��ä`�Tå`Q~ôNìÓúv��äÑù è�� P�í���åÓæç�Çè8�T� Qòí�æié��3î�è�æòäÜä|ôN�YP��3é�ôN��ä]Qò��ädé�í"j
OUôNæç����ä«ì|ô�éYæòí�ù 1¨ùvè>QçåÓì|ôGj�W<æòí�Qò�TåÑù<í�î�åÓæòñ�è��°�TåÕæç��t�ì|ôGj�ìÜí�è�úv�1m2Wví�æçìÕî�ôNìÓåÓæò� � Sçý&o�SCv���äÓîJ�(PTåÓìÜ�
�T�*ô ø äÜí�ìÓî�åÓæòí��ÀñÇè�æhä|�VäÓè�îJ�TìÓîZí�ä|�ªôNè�P�í��ÇåÓæç��è���äÓå°é�[3ôNè�OGæTQçæò�TèEæç�ÇåÜ�TìÓú�ô"Q~ô�PTåÓæòñ�è��GñÇè�æ
Q~ôNæòäÜäÜ�¨äÜí��*�AOGî�ìÜ�Tæç�ÇåÜ�£é�ôN��ähQò�¨äÓîZ�(PTåÓìÜ�¨é���äiñÇè�ô�ä|ôNìÜäÆí ø äÜ�Tì�Wv��äÑùZ��í�å|ô"O\O£�T��åBQ�ê ï�ðYéYìÜí"j
ú5XT���®���Tè�åÓìÜ�|W<æ~ôdQ~ôVtÚí�ì�wTå�vÎðCOUôN��j

α
S:vt��ä	O£�Tå|ôNè�Z¨ñÇè�æYP�í�OGîZí�ä|�T��å��T�xO£í�æç��éYìÜ�¤î�ôNìÓåÓæò�

Qò�`OGæTQçæò�Tè æç�ÇåÜ�TìÓú�ô"Q~ô�PTåÓæòñ�è�����í�è�äGìÜ�T��äÜ�Tæçú����T��åe��äÜäÜ�T�ÇåÓæò�AQTQò�AO£�T��å\äÜè�ì\Q~ôÀî�ìÜí(ZYæTOGæçåÜ��é��
äÓè�ì4j×é��T��äÓæçåÜ��ä í�è`éÎêëí ø ^Ó�TåÜäÕåÜ�AQòä ñÇè��¥é���ä«ú�ô"Q~ôGZYæò��ä,_Vî�ìÜí(ZYæTOGæçåÜ�ié��VQ~ô$Qçæçú����Æé��VWÇæòäÜ���°éYè
ñÇè�ô�ä|ôNì�S
N �|W�ôNæòäyî�ô�ä|äÜ�Tìy�T�£ìÜ�AW<è��¤ì|ôNî�æòé��AO£�T��å ñÇè��AQòñ�è���ä#î�ìÜí�î�ìÓæò�TåÜ��äÕúv�T���Tì|ô"Qò��ä«é���äÕô ø äÜí�ì ø ôN�ÇåÜä
é�ôN��ä]Qò��ä äÜîZ�(PTåÓìÜ��ä`é���ä ñÇè�ô�ä|ôNìÜäÑù|_ ñÇè�í�æiæTQòä äÜí��Çå`ìÜ�AQçæò��ä �Tå�P�í�O\O£�T��åEæTQòä`îZ�Tè>Wv�T�Çå
��í�è�ä ôNî�îZí�ìÓåÜ�Tì«é���äyæç��tÚí�ì�OUôNåÓæòí���ä«äÜè�ì�Qò�|OGæTQçæò�Tèeæç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��:S/v���äÕô ø äÜí�ì ø ôN�ÇåÜä«ñÇè�æ
îJ�Tè>Wv�T��åhwTåÓìÜ�$W<è�ä¥é�ôN��äVQò��ä¥äÓîJ�(PTåÓìÜ��ä¥é��ªñ�è�ô�ä|ôNìÜä�é�í�æTWv�T��ådtÚí�ì�P��AO£�T��åhwTåÓìÜ�sP�í�OGîJí�äÜ��ä
éÎêë�AQò�AO£�T��åÜä£ôÑð�ôN��åGè����\åÓì|ôN��äÓæçåÓæòí�� ôNåÜí�OGæòñ�è��eñÇè�æÕîJ�Tì�O£�Tå�é��DQò��ä¨í ø äÜ�Tì�Wv�TìGô(Wv�(P�Qò��ä
O£íÑðv�T��ä åÜ�(P|ï���í�Qòí�ú�æòñ�è���ä¤ôNè�^Óí�è�ìÜéÎê ï�è�æÎéYæòäÓîJí���æ ø Qò��ä�S f ôN��ä�P��TìÓå|ôNæç��ä,PÑô�äÕæTQZ��äÜå�îJí�äÜäÓæ ø Qò�
éÎêëí ø äÜ�Tì�Wv�TìDQ�ê ô ø äÜí�ìÓî�åÓæòí��@î�ôNì\é���äxO£í�Qò�(PTè>Qò��ä�S,u«í�O\O£��Qò�]OGæTQçæò�TèÄ��äÓåUé�ôN��äUäLô3î>Qçè�ä
ú�ì|ôN��é��®î�ôNìÓåÓæò� æòí���æòäÜ��ùvæTQ���äÓå#��äÜäÜ�T��åÓæò�AQTQò�AO£�T�Çå�åÓì|ôN��äÓî�ôNìÜ�T�ÇåÕä|ôNè�tJé�ôN��ä�Q�ê è>QçåÓì|ôGj�W<æòí�Qò�TåÕí�q
Q�êëí���îZ�Tè�å*Wví�æçì+Q~ô¥åÓì|ôN��äÓæçåÓæòí��0vtðCOUôN��j

α
�T�Gô ø äÜí�ìÓî�åÓæòí��bS ã Q<��äÓåtîJí�äÜäÓæ ø Qò��é��«é��TåÜ�(PTåÜ�Tì0é���ä

ì|ôNæò��äõäÓæçåÓè�����ä�é�ôN��ä*Q�ê è>QçåÓì|ôGj�WÇæòí�Qò�Tå#ôNèsO£í�O£�T�Çåõé��	Q�ê ô ø äÜí�ìÓî�åÓæòí��1PÑôNì*P���ñÇè���Q�êëí���í ø äÜ�Tì�Wv�
��äÓå��T� t�ôNæçåsQ~ô]OxwAO£�\åÓì|ôN��äÓæçåÓæòí�� é��(PÑô"Qò���\éÎê è��nt�ô�PTåÜ�Tè�ì�m ý � rGoPù

λobs = (1 + z)λlab

S
c ð<î�æòñÇè��AO£�T��å	îJí�è�ìRQ~ô\åÓì|ôN��äÓæçåÓæòí�� vÎð/OUôN��j

α
ù8Q�êëí ø äÜ�Tì�W�ôNåÓæòí��*îZ�Tè�å	ä|�$t�ôNæçìÜ�x_\î�ôNìÓåÓæçì
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éÎê è���é��(PÑô"Q~ôNúv�ªäÓîZ�(PTåÓì|ô"Q	m2rGo®é��Gý:S ÷ ôNî�î�ìÜí(ZYæTOUôNåÓæTWv�AO£�T��å�S
vt��äyô ø äÜí�ì ø ôN�ÇåÜä#îJ�Tè>Wv�T��å#úv�T���Tì|ô"Qò�AO£�T��å�wTåÓìÜ�,PAQ~ô�äÜäÓæ�e���ä#äÜ�AQòí��1Qò�Tè�ì#é��T��äÓæçåÜ�®é��,P�í�Qòí������
ñÇè�æ*P�í�ìÓìÜ��äÓîJí���éÀôNèÀ��í�O ø ìÜ�¨éÎê ôNåÜí�O£��ä°î�ôNì°è���æçåÜ�ªé��ªäÓè�ì4tÚô�P��ªî�ìÜ��äÜ�T�ÇåÜäVQò�sQòí���úeé��BQ~ô
Qçæçú����eé��xW<æòäÜ���:S*vhô`tÚí�ì�wTå0vÎð/OUôN��j

α
�Tå|ôN��åGéYè��e��äÜäÜ�T�ÇåÓæò�AQTQò�AO£�T��å£ôNènOGæTQçæò�Tè,æç��åÜ�TìÓú�ôGj

Q~ô�PTåÓæòñÇè���ù�Qò��ä£ô ø äÜí�ì ø ôN��åÜäeäÜí��Çå\WÇè�äGé�ôN��ä\Q~ôÀî�ôNìÓåÓæò� ø Qò�Tè�� é��`Q�êë�AOGæòäÜäÓæòí���vÎð/OUôN��j
αéYè�ñÇè�ô�ä|ôNìÑù��Tå¥í��Çå¥å×ð<î�æòñÇè��AO£�T��å¥è����Vé��T��äÓæçåÜ�	é��$P�í�Qòí������ �0m�� ã oÕé��RQ�êëí�ìÜéYìÜ�ªé��

1014

atomes/cm2 S
z3ôNæòäRQ~ôdéYæTWv�TìÜäÓæçåÜ�Gé���äiì|ôNæò��äVí ø äÜ�Tì�Wv����äV��äÓåÆú�ì|ôN��é���ùhé���ädtÚôNæ ø Qò��ä	é��T��äÜæçåÜ��ä	é��\P�í"j

Qòí������R^ è�äÜñÇètêl_`é���ä�é��T��äÓæçåÜ��äVäÓè�îJ�TìÓæò�Tè�ìÜ��ä1_
1020 ôNåÜí�O£��äªî�ôNìBP��T�ÇåÓæTOxXTåÓìÜ�DPÑôNìÓìÜ��ùõí��

î�ôNì�Qò�¨é�ôN��äRP��1PÑô�ä°é��¨äÓðYäÓå�XAO£��ädQòí�ìÜ�T��å�r�æò�T��ä&S*u«��äÆé��TìÓ��æò�TìÜä	í���åié���äié��T��äÓæçåÜ��äié��0P�í"j
Qòí������	äÜ�AO ø Q~ô ø Qò��äd_1P��AQTQò��ä�é���ä¤ú�ô"Q~ôGZYæò��ä¤äÓî�æçì|ô"Qò��ä�éÎê ôNè�^ í�è�ìÜéÎê ïÇè�æõí�è�_1Qò�Tè�ìÜä¥î�ìÜí�úv�T��æ�j
åÜ�Tè�ìÜä�S f ��OxwAO£�,Qò��ä#ì|ôNæò��äiQò��ä0î>Qçè�äitÚí�ìÓåÜ��ä#é��,Q~ô<t�í�ì�wTåÑù:P�í�OGî�ìÜ�T��ôN�Çå�úv�T���Tì|ô"Qò�AO£�T��å«é���ä
O£�Tå|ôNè�Z�åÜ�AQòäÆñÇè��1u ��� í�èIz�ú � � äÜí���åiô�äÜäÜí/PTæò����äh_Ué���ä°ï�ô"Qòí�äÆé��Vú�ô"Q~ôGZYæò��ä�SZ��î�ôNìÓåÓæçìé��dQ�êëí ø äÜ�Tì�W�ôNåÓæòí�� é���ä¤ô ø äÜí�ìÓî�åÓæòí���ä¤é�ôN��ä,Qò��ä®äÓîJ�(PTåÓìÜ��ä é���ä®ñ�è�ô�ä|ôNìÜä�ùÇæTQÎ��äÓå îJí�äÜäÓæ ø Qò�Æé��
ìÜ�(P�í�QçåÜ�Tì®é���ä�æç��tÚí�ì�OUôNåÓæòí���ä®äÓè�ì�Q~ôVé��T��äÜæçåÜ��éYèeú�ô"r<tÚí�ì�OUôN��å,Qò�VOGæTQçæò�Tè\æç�ÇåÜ�TìÓú�ô"Q~ô�PTåÓæòñ�è��
�Tå¤é��iìÜ�TåÓì|ô�P��TìVQ~ôBt�í�ì�OUôNåÓæòí���é���ä�äÓåÓìÓèYPTåÓè�ìÜ��ä�S
f �®î>Qçè�ä�Qò��äÕäÓæTOVè>Q~ôNåÓæòí���äÕ��í�è�ä�ôNî�îJí�ìÓåÜ�T��å«è��\O£íÑðv�T�\� � PÑô�P���é��JP�í�OGî�ôNìÜ�Tì	Qò��ä�í ø äÜ�Tì4j
W�ôNåÓæòí���ä°ôNè�Z`åÓï���í�ìÓæò��äÆ�T��åÓì|ôNæçå|ôN�Çå�ú�ô"r��Tå<OUôNåÓæHXTìÜ�ª��í�æçìÜ�VäÓæTOªè>Qçå|ôN���AO£�T��å�S{vyê è�����é���ä
�TåÓè�é���ä3Qò��ä�î>Qçè�ä�æTOGîZí�ìÓå|ôN�ÇåÜ��ä,O£�T������äÕäÓè�ì	Qò�JOGæTQçæò�Tèeæç��åÜ�TìÓú�ô"Q~ô�PTåÓæòñÇè��<t�è�å	Q~ôiìÜ�(PÜï��Tì�PÜï��
é��VQ~ô	å|ôNæTQTQò�°é���ä®ô ø äÜí�ì ø ôN��åÜä�SYóõ�T��é�ôN��åJQòí���ú�åÜ�AOGî�ä í��`ô(W�ôNæçå®�T�\å�wTåÜ�VQ�ê æTOUôNúv�ÆéÎê ô ø äÜí�ì4j
ø ôN��åÜädP�í�O\O£�V�Tå|ôN�Çå�é���ä¥��è�ôNúv��äÑù6P�í���e�����ä¥î�ôNìJQ~ô£ú�ì|ô(W<æçå|ôNåÓæòí��tù�î�ìÜ��ä|äÓæòí��tù��Tå�P:STSTS��<e��
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� � ��� ý:S � �`}ÇîJ�(PTåÓìÜ�	éYè�ñÇè�ô�ä|ôNì � u �vû � åÜ�AQhñ�ètê æTQ�ô¨�TåÜ�iî�è ø Qçæò�	î�ôNìd}/PÜï>OGæòéYå�S

� ����� ý:S � � ã ��åÜ�TìÓî�ìÜ�Tå|ôNåÓæòí��Eé���ä ì|ôNæò��ä®é��(PÑô"Qò����ä¤éYè`äÓîZ�(PTåÓìÜ�ÆéYè ñÇè�ô�ä|ôNì � u �vû � S � u �vû �ô¨é���äÜí�ì�OUôNæòä¥è���äÓæçåÜ� ø æò�T��_0Qçè�æ YïÇåÓåÓî  � �RæòäÜé>P:S è���æçúv�:S�P|ï � � PÑ�vû � �/S

éYèEéYæòä|ñ�è��ªéÎê ô�P(PTìÜ�TåÓæòí��*ôNæç��äÜæhñÇè��sQ~ôxQòíCPÑô"Qçæòä|ôNåÓæòí��3é��$Q~ôF�,v ~ ñ�è�æõäÑêë�TåÜ�T��éEäÜè�ìd_GîJ�Tè
î�ì�X�äUý¨îyPG�Tå$Q~ô �dv ~ äÓè�ìiè����xP��T��å|ôNæç���eé��¨îyP:Sbvt�GåÜí�è�åV��äÜå	�T��åÜí�è�ìÜ�UéÎê è���åÜí�ìÜ�£é��
îJí�è�äÜäÓæHXTìÜ��ä#ñÇè�æYä|�AQòí��0Q�ê ôN��ú:Qò�¥é��3W<è��«îZ�Tì�O£�Tå	_VQ�êëí ø äÜ�Tì�W�ôNåÜ�Tè�ìyé��,Wví�æçìy�T�GéYæçìÜ�(PTåÓæòí��UéYè
��íÑð�ôNè�P��T�ÇåÓì|ô"Qtí�èdî�ô�ä�SY}<�AQòí��`P��Tå¤ôN��ú:Qò�Æé��dWÇè���ù/Q~ôBPAQ~ô�äÜäÜ�Æé��°��íÑð�ôNè�ô�PTåÓæ�thé��°ú�ô"Q~ôGZYæò�
PÜï�ôN��úv�:S8vyêëí ø äÜ�Tì�W�ôNåÓæòí��Àå×ð<î�æòñ�è��	éÎê è��Àñ�è�ô�äLôNì��T� ì|ô�éYæòí\��äÓå¤î�ìÜ��äÜ�T�ÇåÜ���$e�ú�è�ìÜ�\ý:S üYù�í�q
Q�êëí��dîZ�Tè�å�Wví�æçì�Qò��ä«éYæ��Î�TìÜ�T��åÜ��ä ìÜ�Tú�æòí���ä®éÎêë�AOGæòä|äÓæòí���ä �T�eì|ô�éYæòí�ùCQ~ôBrÑí����VP��T�ÇåÓì|ô"Qò�iéÎê è����
î�ôNìÓåy�Tå#î�ôNì4tÚí�æòä�Qò��äiQòí ø ��ä#éÎê ôNè�åÓìÜ�¤î�ôNìÓåyñ�è�æ�äÜí��Çå�Qçæò��ä�_Æé���äy^Ó�TåÜä#é��,OUôNåÓæHXTìÜ� î�ìÜí�Wv�T��ôN��å
é��RQ~ô0rÑí����	éÎê ô�P(PTìÜ�TåÓæòí��bS
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� ����� ý:S þ � ~ �Tî�ìÜ��äÜ�T�Çå|ôNåÓæòí��£�T���(P|ï��AQTQò�,Qòí�ú�ôNìÓæçåÓï>OGæòñ�è��®é���äõ��í�ð�ôNè�Z¨ô�PTåÓæ�tÚäõé��Õú�ô"Q~ôGZYæò��ä�S
}Çè�æTW�ôN��å	Q�ê ôN��ú:Qò�¥é��|WÇè��®ñÇè��|Q�êëí��\ôÆäÜè�ì	P��Tå�í ø ^Ó�TåÑù�æTQ�ôNî�î�ôNìÓåÓæò�T��å|_iéYæ��Î�TìÜ�T��åÜ��ä	PAQ~ô�ä|äÜ��ä�S

� � ¸ � �Y»�� ��µ �Z¾ � ¸ � 	 º]¸Ñ»���¼Z»Ñ¸U½ ��/ ¾���¸���ÁR¸
´ �Y»�� ��µ �Z¾ � ¸\º�¸Ñ¸�¾h¸G½ � Á � � ��� �Ç¸ � ¼@Á*��½õº�µ
vt�®î�ìÜ�AOGæò�Tì3PÑôNå|ô"Qòí�ú�è��¥é��®ñÇè�ô�ä|ôNìÜä#ìÜ�Ñô"QçæòäÜ�,Qò��t�è�å	_Æî�ôNìÓåÓæçì�é��®é�í���������ä�ì|ô�éYæòí�ù:Qò� c ï�æçìÜé
u ô"O ø ìÓæòéYúv�$u ôNå|ô"Qòí�ú�è��\m � u|o�S c í�è�å�Qò�<PÑôNå|ô"Qòí�ú�è��°���<P�í��ÇåÓæò�T��å®î�ô�äÑù ø æò�T�eä�[�ìÑùÇñ�è���é���ä
ñÇè�ô�ä|ôNìÜäÑùAQò��ä�ä|í�è�ì�P���ätí���åõé�[swTåÓìÜ�#æòé��T��åÓæ�e�����äõ�T��äÓè�æçåÜ�#î�ôNìhé���ätí ø äÜ�Tì�W�ôNåÓæòí���ä��T�Ví�î�åÓæòñÇè��
�TåªéYæòä9P��TìÓ���Tì0Qò��ä�ñÇè�ô�ä|ôNìÜäVé���äGôNè�åÓìÜ��ä�äÜí�è�ì�P���ä�ì|ô�éYæòí>S ã Q���äÓå1_ ��í�åÜ�Tì�îZí�è�ìBQ~ô`îJ�TåÓæçåÜ�
ï�æòäÓåÜí�æçìÜ�eñ�ètê æTQ«�tê ð>ô�î�ô�äª�Tè é��Uî�ìÜ�AOGæò�TìGí�è,é��\é��Tè�ZYæHXAO£�`PÑôNå|ô"Qòí�ú�è��:S g ��åÜí�è�å1PÑô�ä
î�ô�ä é��VPÑôNå|ô"Qòí�ú�è��°è�åÓæTQçæòä|ô ø Qò��ù/Qò��ä®ô�äÓåÓìÜí���í�O£��ä é��VQ�êë�TîZí<ñ�è��Æô�ð�ôN�Çå¤�TåÜ�VP�í���t�ìÜí���åÜ��ä¤ôNè�Z
î�ìÜí ø QHXAO£��ä«é��JQ�êëí ø äÜ�Tì�W�ôNåÓæòí��\�T�£ì|ô�éYæòí>S g �xt�ôNæçåyè��\ú�ì|ôN��é£��í�O ø ìÜ�°é��¤äÜí�è�ì�P���äÕäÜ�¤äÜí��Çå
ìÜ�AWv�AQò����ä	wTåÓìÜ�®é���ä�äÜí�è�ì�P���ä�OVè>QçåÓæçî>Qò��äÕ��í�����ìÜ��äÜí�Qçè���ä��|ù��Tå#è����®é��TåÜ�(PTåÓæòí��DP�í�ìÓìÜ��äÓîJí���é�ôNæçå
�T�DtÚôNæçå|_ªî>Qçè�äÓæò�Tè�ìÜä äÜí�è�ì�P���ä�S/vt�°åÓìÜí�æòäÓæHXAO£�hPÑôNå|ô"Qòí�ú�è��dt�è�å«ìÜ�Ñô"QçæòäÜ�h_	è����Vt�ìÜ��ñ�è��T�YP��Æé��
ýÑü ö z��<rvù(P��#ñÇè�æ�îJ�Tì�OGæçå�éÎêë�AQçæTOGæç���Tì*P��0î�ìÜí ø QHXAO£�:S ã Q5P�í�OGî�ìÜ�T��éVþÇû<ýyäÜí�è�ì�P���ät�T�ÇåÓìÜ�ij����
�Tå � û<ý¤é��Tú�ìÜ��äÑùÇô(Wv�(P®è����¤é��T��äÜæçåÜ�¤é�� ��è�Z¨äÜè�îZ�TìÓæò�Tè�ìÜ�<_ ÷ N ð5S5vt�|PÑôNå|ô"Qòí�ú�è��Jt�è�å#ìÜ�AW<æòäÜ�
î�ôNì|� �T���TåÓå �T�*ý ö ����S�v�ôªìÜ�AW<æòäÓæòí��`�Tå|ôNæçå«ìÜ��ñÇè�æòäÜ�hPÑôNì|P��TìÓå|ôNæç����ä®äÜí�è�ì�P���ä®é��AW�ôNæò�T��å|wTåÓìÜ�
ìÜ�TåÓæçìÜ����ä«í�èeôG^Óí�è�åÜ����ä3PÑôNì�Qò�Tè�ì ��è�ZU�Tå|ôNæçå«äÜí�è�ä�Q~ô$QçæTOGæçåÜ��é�� ÷ N ð£í�èFt�è�ìÜ�T�Çå�æòé��T��åÓæ�e�����ä
P�í�O\O£�	é���ä¤ä|í�è�ì�P���ä®åÓì�X�ä®î�ìÜí/PÜï���ä¤ñÇè�æÎ�têë�Tå|ôNæò�T��åÆô"Qòí�ìÜä®î�ô�ä®ìÜ��äÜí�Qçè���ä�S�u«��ä<PÑôNå|ô"Qòí�ú�è���ä
t�è�ìÜ�T��å¨�T��äÓè�æçåÜ�\äÜè�æTWÇæòäVî�ôNìBQò�UþCu m�ó#æTQTa<æç��ú�åÜí�� � }/P�í�åÓå]m ý ö ��ü5o	�Tå �Æí �«�TìÑù�}/P�í�åÓå �
� æTQTQòä�m ý ö �vû:o�oPù�Qò� ü5u î�è ø Qçæò� �T��î>Qçè�äÓæò�Tè�ìÜä£î�ôNìÓåÓæò��äU�T��åÓìÜ�>ý ö û�ü3�Tå�ý ö�ö ü�SJm�óh�ÑôNìÜä|í��
ý ö û ÷ �TåJ� �T���>ý ö�ö ý&oPù>Qò�ª�5u _`ýÑüYý�jkz��Vriî�è ø Qçæò�V�T�ÇåÓìÜ�£ý ö�÷ üG�TåVý ö�ö:� S

vt��ä0ìÜ�AQò�AWv��ä����J�(PTåÓè���ä#î�ôNì	u ô"O ø ìÓæòéYúv�|W�ô"Qò�T�Çå#îZí�è�ì�Q�ê ï��AOGæòäÜî�ïYXTìÜ� ��í�ìÜé ���T�xP��«ñÇè�æ
P�í��YP��TìÓ���VQò�¤äÓè�éÎù�é���ä�ìÜ�AQò�AWv��ä�æòé��T�ÇåÓæòñ�è���ä«í���å �TåÜ�¥���Î�(PTåÓè���äÕôNè�ZxOxwAO£��ä«é�ôNåÜ��äyî�ôNì3Qò��ä
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� ����� ý:S ü � (�OGæòäÜäÓæòí��dì|ô�éYæòí¨éYèdñ�è�ô�ä|ôNì � u �:� þGäÜ�°äÓæçåÓè�ôN��åJ_Vè��`é��(PÑô"Q~ôNúv�°äÜîZ�(PTåÓì|ô"QÎé��
�S ü�ü�ü�Sbvyê æTOUôNúv�\ôd�TåÜ�Gî�ìÓæòäÜ�£ôNè U vt� _eþYS ö �R�<rUô�Wv�(PU
�S � ôNìÜäÜ�(PGé��¨ìÜ��äÜí�Qçè�åÓæòí��bS+vt�
îJí�æç��åBm f o ��äÓå|Qò�iñÇè�ô�ä|ôNìÑù�ôNè�ä|äÓæÎæòé��T��åÓæ�e��ª�T� í�î�åÓæòñ�è��:S ã äÜäÓè��ié��R�«ìÓæòé�Qò�	�Tå°ô"Q�SÎý ö�ö þ

ôNè�äÓåÓì|ô"Qçæò�T��ä®éYè`ó0ôNì�av��ä ì|ô�éYæòíªåÜ�AQò��ä9P�í�îZ�\m�P�êë��äÓå|P��TåÓåÜ�Æ��ñ�è�æçîJ�°ñ�è�æ8OGæçå®�T�d�AW<æòé��T�YP��dQò��ä
î�ìÜí ø QHXAO£��ä¨ìÜ�T�YP�í���åÓìÜ��ä£î�ôNìBQ�êë��ñÇè�æçîZ�eé��]u ô"O ø ìÓæòéYúv�&o�S�v�ô�t�ìÜ��ñ�è��T�YP��déÎêëí ø äÜ�Tì�W�ôNåÓæòí��
�Tå|ôNæçåVé��¨þ�
 ÷ z��Vr¨�Tåiè����UäÜ�T��äÓæ ø æTQçæçåÜ�h^ è�äÜñÇètêl_ � N ðÀ�T� QçæTOGæçåÜ�Ué�� ��è�ZyS{vt��ä	ìÜ�AQò�AWv��ä
t�ôNæçå`_�P��Eì|ô�éYæòí�åÜ�AQò��ä9P�í�îZ�3í���å`�TåÜ�IP�í�OGî�æTQò��ä`é�ôN��ädè�� PÑôNå|ô"Qòí�ú�è���ù,Qò�Àó �s}>u«� c ö 

m�ï�åÓåÓî  � � � � �$S î�ôNì�av��ä�S ôNåÓ��t�S�P�äÓæçìÜí>S ôNè �RìÜ��äÜ�ÑôNì�PÜï �NäÜè�ì�Wv�Tð<ä �Rî>aYä�PÑôNå ö 
�S ïÇå�O\Q2o�S
ó�Qçè�ä¥ìÜ�(P��AO\O£�T��åhQò��ä®ìÜ�AQò�AWv��ä�åÜ�AQ�ñÇè��RQò��� U }>}�m � ~ �<� U vt� }Ca<ð�}Çè�ì�Wv�TðYo äÑêë��t2j

tÚ�(PTåÓè��T��å<_eý:S þ��h�<rRP�í�è>W<ì|ôN��å|Q~ôªî�ôNìÓåÓæò�ÆéYè]PTæò�AQ�ôNèe��í�ìÜédé��Vj�þ�
�é��Tú�ìÜ��ä®é��ié��(PAQçæç��ôNæ�j
äÜí��bS�m�u«í���é�í��À�TåÆô"Q�S�ý ö�ö�÷ o�S8vt�	ìÜ�AQò�AWv�0� ã ~ } c m���ôNæç��å ã OUôNúv��ä�í"t#åÓï�� ~ ô�éYæòí�}Ca<ð�ôNå
c �«�T��å�ð jkPAODo3t�è�å�î�ìÜ�AW<èUîJí�è�ì,wTåÓìÜ�JQ�êë��ñÇè�æTW�ô"Qò�T�Çå«ì|ô�éYæòí�éYè\ó0ô"Qòí�OUôNìV� ø äÜ�Tì�W�ôNåÜí�ìÓðD}CaÇð
}Çè�ì�Wv�Tð*äÓè�ì£ýÑ
`
�
�
`é��Tú�ìÜ����äBPÑôNìÓìÜ��ä	é�ôN��äRQ�ê ï��AOGæòäÓî�ïYXTìÜ�U��í�ìÜé{S ã Qit�è�åiìÜ�Ñô"QçæòäÜ�£ô�Wv�(PxQò�
� ~ �<� U �TìÓðBv�ôNìÓúv� �¥ìÓì|ôÑðDm U v��hoPù"P��T��åÓìÜ� äÓè�ì ý � ��ü¥�Tå ýTþ � üVz��Vr+^ è�äÜñÇètêl_®è����3QçæTOGæçåÜ�
é��eé��TåÜ�(PTåÓæòí��,é��ÀýxO N ðvù*Qò��PÑôNå|ô"Qòí�ú�è��DP�í��ÇåÓæò�T��å ÷ ý�ýd
�
�
 í ø ^Ó�TåÜä�SÕýÑü�� é���ä�äÜí�è�ì�P���ä
í���åiè����1P�í��ÇåÓìÜ�Tî�ôNìÓåÓæò�Ué�ôN��ähQò��ädQçæTOGæçåÜ��ä	éYè3ìÜ�AQò�AWv�Gí�î�åÓæòñ�è��Gó��R}>} ã Syvt�¨ìÜ�AQò�AWv�Gôe�TåÜ�
PÜï�í�æòäÜæ�îJí�è�ì3P�í �Ú�YPTæòé��Tì®ô(Wv�(PJQò�h} f }>}�m�}CQòívôN� f æçú�æçå|ô"Q{}CaÇðF}Çè�ì�Wv�TðYo#ñÇè�æ¹äÜ�Tì|ôié��(PTìÓæçå �T�
é��Tå|ôNæTQ3m�P�t�S���Sçý&o í�q�í�� ��äÓåÓæTO£�Vñ�è��	ü�
��9é���ä¥äÜí�è�ì�P���ä¥é��R� ã�~ } c äÜ�TìÜí��Çå¥é��TåÜ�(PTåÜ����ä�S

´ �Y»�� ��µ �Z¾ � ¸\º�¸Ñ¸�¾h¸G½ � Á � � ��� �Ç¸ � ¼��
vt��t�í���é�P�í�ä�OGæòñ�è��E�T� ì|ô�ðví�� 1 ô*�TåÜ� �TåÓè�éYæò�À�T�8ý ö ��� m �°æ~ô�P(P�í���æ°�Tåeô"Q�Spo0Qòí�ìÜäeéYè
Q~ôN�YP��AO£�T��åiéÎê è����st�è�ä|���:S8u«�ª���Rt�è�å¥î�ô�ä�è���ìÜ���AQõìÜ�AQò�AWv��ù�æTQõäÑê ôNú�æòäÜä|ôNæçå°é��VåÓìÜí�è>Wv�TìÆé���ä
äÜí�è�ì�P���ä é��°ì|ô�ðví������AO£�T�ÇåÜä 18��ZYåÓì|ôGj×äÜí�Q~ôNæçìÜ��ä�S�vt��ä î�ìÜ�AOGæò�TìÜä ìÜ�AQò�AWv��ä®í��Çå �TåÜ�°���Î�(PTåÓè���ä
é�ôN��ä�Qò��äõôN��������ä0äÜí�æ�Z�ôN��åÜ��j×éYæ�ZÎù  ïÇè�ìÓè��Tå0��ìÓæò�AQ U S�u«�Tè�Z/jkPTæ<í��Çå*O£í��ÇåÓìÜ� ñ�è��3Qò��tÚí���é21
�Tå|ôNæçå®��äÜäÜ�T�ÇåÓæò�AQTQò�AO£�T��å¤��ZYåÓì|ôNú�ô"Q~ô�PTåÓæòñ�è��:S�v�ôª��ôNåÓè�ìÜ�Æé��VP��<tÚí���éDP�í�ä�OGæòñÇè��dP�í�O\O£�T���Ñô
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_�wTåÓìÜ�\�AQçèYPTæòé����eú�ì9��P��`_�Q�ê ôNî�î�ôNìÓæçåÓæòí���é���äªåÜ�AQò��ä�P�í�îZ��ä¨é��\å×ð<îZ� � í�QçåÜ�Tì¨ñ�è�æ®ô"O£�AQçæòí"j
ì�XTìÜ�T��å$P�í���äÜæòé��Tì|ô ø Qò�AO£�T��å$Q~ôUìÜ��äÜí�Qçè�åÓæòí��>ôN��ú�è>Q~ôNæçìÜ�¨�TåÆìÜ�AWv�AQHXTìÜ�T��åRQ~ô\��ôNåÓè�ìÜ�¨éYæòä�PTì�XTåÜ�
éYèÄì|ô�ðví������AO£�T��å 10S �°í�å|ô"O\O£�T��å`ñ�è���Qò��ä �°��� P�í����Çè�ä äÜí���ådé���äd�AO£�TåÓåÜ�Tè�ìÜä �T�
ì|ô�ðví���j 11Sym c ôN��ôN� ø ôNè>O �Tå ô"Q�S�ý ö û ö o�S g �e���Î�TåÑù5Qò��äÕí ø äÜ�Tì�W�ôNåÓæòí���ä�t�ôNæçåÜ��ä«ô�Wv�(P<Qò��ä|ôNåÜ�AQ�j
QçæçåÜ� g æç��äÓåÜ�Tæç�GìÜ��ä|í�Qçè�ìÜ�T��åÕ��ü���é���ä#äÜí�è�ì�P���ä3_ªý�j � av� U ^ è�äÜñÇètêl_

3.10−14 erg cm−2 s−1 ù�TåRt�è�ìÜ�T��åªæòé��T��åÓæ�e�����ä1P�í�O\O£���°���1S*u«�(PTæ	t�è�åsP�í���e�ì�O£�Uî�ôNì ~ �R}<� c m ý ö�ö:� ùÕý ö�ö�÷ o
_�
�S üGj���av� U m � 
�
 �Jj°��
 �ho,^kè�ä|ñ�ètêl_`é���äªäÜ�T��äÓæ ø æTQçæçåÜ��ä�é��

5.5.10−15 erg cm−2 s−1m��Æô�äÓæç��úv�Tì��TåÕô"Q�S�ý ö�ö�÷ o�S g �U���Î�TåÑù5P��®é��TìÓ��æò�Tì�ìÜ�AQò�AWv�|O£í��ÇåÓì|ô	è����®é��T��äÜæçåÜ�¥é�� �°���=é��
Q�êëí�ìÜéYìÜ�ié�� ÷ ü�
Vî�ôNì®é��Tú�ìÜ�RPÑôNìÓìÜ�:SYóõí�è�ì¤é���ä®�T���TìÓú�æò��ä î>Qçè�ä ú�ì|ôN��é���äÑù<æTQ6t�ô"QTQçè�å¤ôNåÓåÜ�T��éYìÜ�
�R}>u«�@ñÇè�æ>t�è�å#è��£ìÜ�AQò�AWv�<_	�Gjkûdav� U ^kè�äÜñÇètêl_

5.10−14 erg cm−2s−1 S�ó#è�æòä	Qò�®î�æòí�����æò�TìéYè*é�í�OUôNæç���GéÎêë�T���TìÓú�æò�£üGj|ýÑ
�av� U 8� �Tî�îJí }<� 1 ñ�è�æ0ìÜ��äÜí�Qçè�å � 
��)é���äÆäÜí�è�ì�P���ä$_�P���ä
�T���TìÓú�æò��äBm�u«í�OUô�äÜåÓìÓæ��Tå�ô"Q���
�
Yý:Spo�S

vt��äªìÜ�AQò�AWv��ä�éÎê ôNè�^ í�è�ìÜéÎê ïÇè�æ ä|í���å¨���J�(PTåÓè���äªî�ôNìsQò��ä�ä|ôNåÜ�AQTQçæçåÜ��ä\uÕï�ôN��éYì|ônm �°�h}<��ù
� �TæòäÜä�aví�î�te�Tå3ô"Q�SÆ��
�
�
5oE�Tå 1hz�z�j �°� �®åÜí�� m g }<��ù 1<j�ì|ôÑð zEè>QçåÓæ�jkz�æçìÓìÜí�ì�zEæòäÜäÓæòí��
�°� �®åÜí��tù N ôN��äÜ�T�Ä�Tå\ô"Q�S���
�
Yý&o¨��ñÇè�æçîZ��äUé��`åÜ�AQò��ä�P�í�îJ��ä � í�QçåÜ�Tì�S ã Qòä£éYæòäÓîJí�äÜ�T�Çå£åÜí�è�ä
Qò��ä£é��Tè�Z�é��`é��TåÜ�(PTåÜ�Tè�ìÜä£îJí�è�ìUôNåÓåÜ�Tæç��éYìÜ��Qò��ä£�T���TìÓú�æò��ä\
�S üGj|ýÑ
Iav� U ô(Wv�(P è����`äÜ�T��äÓæ�j
ø æTQçæçåÜ� é�� ü�
 _*��ü�
It�í�æòäGî>Qçè�ä£ú�ì|ôN��é�� ñ�è��`Qò��ä£ìÜ�AQò�AWv��ä£î�ìÜ�(P���é��T��åÜä&S	vt��ä\éYæ��J�TìÜ�T�ÇåÜ��ä
äÜí�è�ì�P���äGí��ÇåGè���� ø í������eìÜ��äÜí�Qçè�åÓæòí�� ô�äÓåÓìÜí�O£�TåÓìÓæòñÇè���ùy
�S � j|ý �\îJí�è�ìFuÕï�ôN��éYì|ô3�Tådý�j � �
îJí�è�ì 1hz�z�j �°� �®åÜí��tùÇ��äÜä|�T��åÓæò�AQTQò�°îZí�è�ì îJí�è>Wví�æçì�P�í�ìÓìÜ�AQò�Tì|P���ä,PÑôNå|ô"Qòí�ú�è���äJ_BP��Tè�ZUìÜ�ÑôGj
QçæòäÜ��ä¨�T��í�î�åÓæòñ�è�� m�} f }>}Zù�u��i� c v�},�Tå�P:STSTSpo�S	u«��ä�é��Tè�Z�OGæòäÜäÓæòí���äGäÜí��Çå\P�í�OGî>Qò�AO£�T��j
å|ôNæçìÜ��äÆ�T�EåÜ�Tì�O£��äié��ªìÜ��äÜí�Qçè�åÓæòí��*�TåÆé��ªäÜ�T��äÜæ ø æTQçæçåÜ�:S f ôN��äVQò�ªé�í�OUôNæç���Gé���ä�ì|ô�ðví���ä 1¨ù
Qò��ä«ìÜ�AQò�AWv��ä¤ô(W�ôN��åVuÕï�ôN��éYì|ô¨�Tå 1dz�z?���ÆéYæòäÓîJí�ä|ôNæò�T��å î�ô�ä®éÎê è����°ìÜ��äÜí�Qçè�åÓæòí��d��æÎéÎê è����
äÜ�T��äÓæ ø æTQçæçåÜ�¨äÓè � äLôN��åÜ��îZí�è�ìiäÜ��é���éYæò�Tì$_xQ~ô\ìÜ�(P|ï��Tì�PÜï��£é��������\SZ��è�Z�QçæTOGæçåÜ��äÆé��1P���ä
äÓè�ì�Wv�TðYäÑù"Qò��ä �����Äé��3t�ôNæ ø Qò�3Qçè>OGæç��í�äÜæçåÜ�®äÜí���å#é��TåÜ�(PTåÜ��äÑù�^ è�äÜñÇètêl_¤è��Gé��(PÑô"Q~ôNúv�¤äÓîJ�(PTåÓì|ô"Q
é��£þ3ôNî�î�ìÜí(ZYæTOUôNåÓæTWv�AO£�T��å�S�v���äªäÜí�è�ì�P���ä ø ìÓæTQTQ~ôN��åÜ��ä¨é��DP���äVìÜ�AQò�AWv��ä�äÜí���å¨��äÜäÜ�T�ÇåÓæò�AQTQò��j
O£�T��åªé���ä ����� ��í���j×í ø ä�PTè�ì�PTæòäª�TåiäÜí���åht�ô�PTæTQò��äs_\æòé��T��åÓæ�e��Tìªî�ôNìÆäÜîZ�(PTåÓìÜí�ä�P�í�î�æò�:S+vt��ä
�°���=í ø ä�PTè�ì�PTæòä«äÜí���åÕî>Qçè�ä�éYæ � PTæTQò��ä|_Ææòé��T�ÇåÓæ�e��Tì«�T�eí�î�åÓæòñ�è�� � VU OUôNæòä�O£í��ÇåÓìÜ�T��å®é���ä
PÑôNì|ô�PTåÜ�TìÓæòäÓåÓæòñÇè���ä¤å�ðÇî�æòñÇè���ä¥�T� 11S>vt��ä¤äÜí�è�ì�P���ä¤åÓìÜí�î]tÚôNæ ø Qò��ä¤îZí�è�ì<wTåÓìÜ�RP�í���e�ì�O£����ä°�T�
í�î�åÓæòñÇè��dm ã

>
�Nþ�j���ü5otîJ�Tè>Wv�T��åõ���ÑôN�>O£í�æç��ä�wTåÓìÜ���T�Vú�ì|ôN��é��«î�ôNìÓåÓæò�«é���ä �°���1S U æò�T�����T��å

�T��äÓè�æçåÜ�BQò��ä¥ú�ô"Q~ôGZYæò��ä°��í�ì�OUô"Qò��äÑùZñ�è��BQ�êëí��Àä|í�è�î ��í�������éÎê ô(Wví�æçìÆè����stÚôNæ ø Qò��ô�PTåÓæTWÇæçåÜ�¨é��
å×ð<îJ� �����1S�vt��äyî�ìÜíCP|ï�ôNæç��ä#ìÜ�AQò�AWv��äyäÜ� é��AW<ìÜí���å�éÎê ô"O£�AQçæòí�ìÜ�Tì�Q~ôÆä|�T��äÓæ ø æTQçæçåÜ��ù�éÎê æHPTætýÑ
Gj���

ôN��ä®í�� ôNåÓåÜ�T��é 1 g  }Im�1Vj�ì|ô�ð g Wví�QTWÇæç��ú  ��æTWv�TìÜäÜ�s}ÇîJ�(PTåÓìÜí�ä�P�í�î�ðYo«�Tå��Æ�T���Tì|ôNåÓæòí���j 11S

´ �Y»�� ��µ �Z¾ � ¸\º�¸Ñ¸�¾h¸G½ � Á � � ��� �Ç¸ � ¼Äº�¼ ��Á � !|ÁNµ¹¾�� �
g ��P��Vñ�è�æbP�í��YP��TìÓ���sQò��ä¤é�í�OUôNæç����ä¥éÎêë�T���TìÓú�æò�Væç��t�ì|ôGj�ìÜí�è�úv��ù�Qò��ä®ìÜ�AQò�AWv��ä<P�í�O\O£� ã ~ �h}
í���åVîZ�Tì�OGæòähQ~ôdé��(P�í�è>Wv�TìÓåÜ�\é�� �����¨ù8OxwAO£�£äÜæiP��AQ~ôe�têë�Tå|ôNæçåVî�ô�äRQò� ø è�åiî�ìÜ�AOGæò�TìVéYè
ä|ôNåÜ�AQTQçæçåÜ�:S g å<Q~ô¨ìÜ�(P|ï��Tì�PÜï��¨éÎêëí ø ^Ó�TåÜä¤î�ôNìÓåÓæHPTè>Qçæò�TìÜäÆ�T� æç��t�ì|ôGj�ìÜí�è�úv��ô¨îJ�Tì�OGæòäJQ~ôUé��(P�í�è�j
Wv�TìÓåÜ�ié��Æ��í�è>Wv�ÑôNè�Z`å×ð<îZ��ä¥é��Æú�ô"Q~ôGZ<æò��äÑù�Qò��ä ú�ô"Q~ôGZYæò��ä	ê è>QçåÓì|ôGj�Qçè>OGæç���Tè�äÜ��ä�ê ã�~ �R}Zù<é�í��Çå
Qò�xO£�(PÑôN��æòä�O£�\éÎêë�AOGæòäÜäÜæòí��>îJí�è�ìÓì|ôNæçåªæç�YPAQçè�ìÜ�`_]Q~ô]t�í�æòäVè����\tÚí�ì�OUôNåÓæòí��,éÎêë�TåÜí�æTQò��äªæTO1j
îJí�ìÓå|ôN��åÜ�Æ�Tå�è��e��íÑð�ôNè ô�PTåÓæ�t�S�� ��í�åÜ�Tì�Qò��ä�ìÜ�AQò�AWv��ä é�ôN��ä�Q�ê æç��t�ì|ôNìÜí�è�úv��î�ìÜí/PÜï���ù���zE�R}>}
m�}Ca<ìÓè�åÜä�aÇæò�°�Tå¤ô"Q�S¹ý ö�ö û:oÕ�Tå fhg � ã }�m g îyPÜï�åÜ�Tæç�E�Tå ô"Q�SZý ö�ö û:o«ñ�è�æyP�í�OGî>QHXTåÜ�dQò��ä«ú�ì|ôN��é�ä
ìÜ�AQò�AWv��ä¥í�î�åÓæòñÇè���ä�S

´ �Y»�� ��µ �Z¾ � ¸\º�¸Ñ¸�¾h¸G½ � Á � � ��� �Ç¸ � ¼@Á*�vÂ¹µZ¼ ����¶>¶+�
g ZYî>Qòí�ìÜ�Tì�Qò��ä`é�í�OUôNæç����ä éÎêë�T���TìÓú�æò���T�YP�í�ìÜ��î>Qçè�ädú�ì|ôN��é���äÜ�ÀìÜ�AW5XAQò� P�í�OGî>QçæòñÇè��:S g �
���Î�TåÑù,Qò��ä í ø äÜ�Tì�W�ôNåÜí�æçìÜ��ä�é��*ì|ôÑðví��5ú�ô"O\OUô�äÜí��Çå�éYæ � PTæTQò��ä�_ P�í���äÓåÓìÓè�æçìÜ��ù¥�Tå æTQ	��äÓå
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î�ôNìÓåÓæHPTè>QçæHXTìÜ�AO£�T��åÆéYæ � PTæTQò�	éÎêë��ZYåÓì|ôNæçìÜ�Æè�� äÓæçú���ô"Qté��hQ~ô�ú�ì|ôN��é��	ñÇè�ôN��åÓæçåÜ�	é�� ø ìÓè�æçå¤ñÇè�æ
ô�P(P�í�OGî�ôNú����RQò��ä®í ø äÜ�Tì�W�ôNåÓæòí���ä�S f �°î>Qçè�ä,Q~ô�ìÜ��äÜí�Qçè�åÓæòí��`���ÆäÜ�Tì|ôNæçå4jkP��iñ�è��Æé��°è��`é��Tú�ìÜ�
��äÓå¤éYæ � PTæTQò�$_GôNåÓåÜ�Tæç��éYìÜ�:SYz3ôNæòä|Qò�3^Ó�Tè �T�]W�ôNè�å|Q~ô0PÜï�ôN��é��AQTQò��ù�OxwAO£�	äÑê æTQòä ���iäÜí��Çå®î�ô�ä
éYæçìÜ�(PTåÜ�AO£�T��åRQçæò��äiôNè�Z�ñÇè�ô�ä|ôNìÜäÑù6Qò��ä�í ø ^Ó�TåÜä°åÓìÜí�è>Wv��äÆäÜí���åÆåÜí�è�^Óí�è�ìÜä�î�ôNìÓåÓæHPTè>Qçæò�TìÜä&S  ���
é���äyé��TåÜ�(PTåÓæòí���ä	Qò��ä0î>Qçè�ä�OUôNìÜñ�è�ôN�ÇåÜ��äÕôÆ�TåÜ� ìÜ�Ñô"QçæòäÜ���,Qòí�ìÜä�é��,Q�ê è�åÓæTQçæòä|ôNåÓæòí��UéYèGåÜ�AQò��ä�P�í�îJ�
ú�ô"O\OUô`îJí�è�ìªé��TåÜ�Tì�OGæç���Tì0Q~ôd��ôNåÓè�ìÜ�\éYènP��T��åÓìÜ�\ú�ô"Q~ô�PTåÓæòñÇè���ù�ñÇè�æyîZ�Tì�OGæçå��T��t�ôNæçåªé��
é��(P�í�è>W<ìÓæçìVQò��äVOGæHPTìÜí"j×ñ�è�ô�äLôNìÜä�S  ���	æTOUôNúv�ªî�ìÓæòäÜ�Vî�ôNì ã � c|g � ~ �dv�m�P�t�S�è��ÀîZ�TèEî>Qçè�ä
Qòí�æç�6o ��äÓå®î�ìÜ��ä|�T��åÜ���Re�ú�è�ìÜ�Uý:S ��S

v�ôiî�ìÜ�AOGæHXTìÜ�<P�í�QTQò�(PTåÓæòí��\éÎêëí ø ^Ó�TåÑùC_°åÓì|ô�Wv�TìÜä�è����¤ìÜ�(PÜï��Tì�PÜï��°äÓðYäÓåÜ�AOUôNåÓæòñÇè��¤éÎêë�AO£�Tå4j
åÜ�Tè�ìÜäªú�ô"O\OUô`t�è�å$O£�T�����Uî�ôNì g � ~<g	c m g ���TìÓúv�TåÓæHP �iô"O\OUôGj ~ ô�ð g ZYîZ�TìÓæTO£�T�Çå c ��j
Qò��ä�P�í�îJ��ù�Q~ôN�YP�� �T�5ý ö�ö ý�î�ôNì\Q~ô ���R}<�Ro��AOGîZí�ìÓå|ôN�ÇåFQò��u«í�OGî�åÜí�� ú�ô"O\OUôGj�ì|ôÑð í ø j
äÜ�Tì�W�ôNåÜí�ìÓð5S ã Q|P�í�è>W<ìÓæçå�åÜí�è�å1Qò�`PTæò�AQ�ù#�Tå�îZ�Tì�OGæçå£é��eìÜ��äÜí�è�éYìÜ�`P��TìÓå|ôNæç��ä �°��� ^kè�äÜñÇètêl_
10−11 erg cm−2s−1 é�ôN��ä|Qò�ié�í�OUôNæç���	éÎêë�T���TìÓú�æò� � 
1zÀ� U j � �Æ� U SYz3ôNæòä®è����dtÚí�æòä®�T��j
P�í�ìÜ�xQ~ô ìÜ��äÜí�Qçè�åÓæòí�� ��äÓåVåÓì�X�ästÚôNæ ø Qò��ùhé��xQ�êëí�ìÜéYìÜ�eéYè�é��Tú�ìÜ�\é�ôN��äsQò�FO£�TæTQTQò�Tè�ì�é���ä0PÑô�ä�S
��è�^ í�è�ìÜéÎê ïÇè�æ�Qò�¨î�ìÓæç�YPTæçî�ô"Q�ä|ôNåÜ�AQTQçæçåÜ�Gé�ôN��ä$P��Gé�í�OUôNæç���U��äÓå ã � c|g � ~ �Vv m ã � c|g ìÓ��ôGj
åÓæòí���ô"Q��iô"O\OUôGj ~ ôÑð£��äÓåÓìÜí�î�ïÇð<äÜæHP�ä3v�ô ø í�ì|ôNåÜí�ìÓðvù/Q~ôN�YP��¥�T�d��
�
��	î�ôNì3Q�ê g }<�ho�S<�Ä��í�åÜ�Tì
Qò��äyåÜ�AQò��ä9P�í�îZ��äÕäÓè�ì c �TìÓìÜ�¥åÜ�AQòä�ñÇè��J� g }>}]m���æçú�ï g ���TìÓú�ðF}ÇåÜ�TìÜ��í�ä�P�í�î�æHPR}Çð<äÜåÜ�AODoPù5zE�<j
� ã udS���æç��äÓæ ñ�è��FQò�\ä|ôNåÜ�AQTQçæçåÜ�]} � ã � c ñÇè�æ ��äÓåBP�í���ä|ô�PTìÜ�]_�Q~ô ìÜ�(P|ï��Tì�PÜï��`é��eäÓè�ìÜä|ôNè�å
ú�ô"O\OUô�S

� ����� ý:S � � � ø äÜ�Tì�W�ôNåÓæòí�� éÎê è�� OGæHPTìÜí�ñ�è�ô�ä|ôNì`î�ôNì ã � c|g � ~ �dvyù,� �AQ~ôN��úv�Tì��Tå�ô"Q�S
mÚ��
�
 � o�S

´ �Y»�� ��µ �Z¾ � ¸\º�¸Ñ¸�¾h¸G½ � Á � � ��� �Ç¸£½���¼�¸ � � ½hµZ¶+��º�¼ � µ�·h»�º / ¾ �
vt��äVìÜ�AQò�AWv��äVí�î�åÓæòñÇè���äVäÜí��Çå$Qò��ä	î>Qçè�äht�ìÜ��ñÇè��T��åÜäV�TåsQò��ä	î>Qçè�äiè�åÓæTQçæòäÜ��äVîZí�è�ìBP�í���äÓåÓìÓè�æçìÜ�
é���äsPÑôNå|ô"Qòí�ú�è���ä�é��UñÇè�ô�ä|ôNìÜä�S�u«�(PTæ���äÓåV��äÜä|�T��åÓæò�AQTQò�AO£�T��åGé�[ ôNè�tÚôNæçåªñ�è��\Q�êëí���ìÜ�(P�í�QçåÜ�
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î>Qçè�ä®éÎê æç��tÚí�ì�OUôNåÓæòí���ä¥é�ôN��ä|P��Æé�í�OUôNæç���	éÎêë�T���TìÓú�æò�i�Tå®ñ�è��hQò��ä í ø äÜ�Tì�W�ôNåÓæòí���ä¤äÜí��Çå®î>Qçè�ä
ôNæòäÜ����äJPÑôNì<Qò��ä®åÜ�(PÜï���í�Qòí�ú�æò��ä°é�ôN��ä<P��ié�í�OUôNæç���ªäÜí���åJOGæò�Tè�Z`OUô �òåÓìÓæòäÜ����ä�S

v�ôÀìÜ�(P|ï��Tì�PÜï��Eé���äGñ�è�ô�ä|ôNìÜäGé�ôN��ä1Qò�`é�í�OUôNæç���`í�î�åÓæòñÇè�� ô�P��(PTæ¤é��dî�ì|ôNåÓæòñ�è��`ñÇè��
Qò��ä	ô�äÓåÓìÜí���í�O£��äªäÜí���åiï�ô ø æçåÓè���ä0_Uè�åÓæTQçæòä|�Tì$Qò��ädeYQçåÓìÜ��ä	í�î�åÓæòñÇè���ä�S����ÑôN�>O£í�æç��ä�ùté�ôN��äRQò�
é�í�OUôNæç���eí�î�åÓæòñ�è��DQò��äVñÇè�ô�ä|ôNìÜäÑùh�Tå �°��� äÜí��ÇåsQòí�æç�,éÎê�wTåÓìÜ�FQò��ä�í ø ^ �TåÜäBOUôG^Óí�ìÓæçå|ôNæçìÜ��ä��
åÜí�è�å#ôNè1P�í��ÇåÓì|ôNæçìÜ��ù�Q~ô¤î>Qçè�äõú�ì|ôN��é��«î�ôNìÓåÓæò�«é���äõí ø ^Ó�TåÜä0äÜí���å0é���äõú�ô"Q~ôGZ<æò��ä0�Tå0é���ä0�TåÜí�æTQò��äÑù
äÜ�AQòí��1Q~ô°ìÜ�Tú�æòí��£éYè\PTæò�AQ�í�q1Q�êëí��£í ø äÜ�Tì�Wv�:S ã Q�äÑê ôNú�æçå#é�í��YP®é��«îJí�è>Wví�æçìyéYæòäÓåÓæç��ú�è��Tì�Qò� î>Qçè�ä
ì|ôNî�æòé��AO£�T��å	�TådQò�ªî>Qçè�ä°� � PÑô�P��AO£�T�Çå	îJí�äÜäÓæ ø Qò�BQò��ä�ñÇè�ô�ä|ôNìÜäÆé��VåÜí�è�ähP���äÆí ø ^Ó�TåÜä�S  ���
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m ≡ −2.5 log10 x = −(2.5 log10 e) lnx ≡ −a lnx.
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f
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) + ln(b)]
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∗ 1
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√

1 + [
f
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]2

mÚ��S ÷ o
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photoelectrons = coups ∗ gain
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��� ����� � 	�
��������� ������������� �������! "$#
f/f0 %'&)(+* "$#

f/f0 % � & � (�
1.4 × 10−10 R�,�- .'T R'R/- � R�
0.9 × 10−10 R�0/- �'� R'R/- . &�
1.2 × 10−10 R�,�- 1 & R'R/- R�2�
1.8 × 10−10 R�,�- T�. Rc��- 1)0

3 7.4 × 10−10 R'R/- 1'T R & - T�R
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é& sPAQ~ô�ä|ä- Tì<Q�êëí ø ^+ Tå� '"Àñ�è�ô�ä|ôNì�í�èEé& $Q�ê æòé& '"ÇåÓæ�eE Tì$_£éÎê ôNè�åÓì- �ädPAQ~ô�äÜä- �ä¥éÎêëí ø ^+ TåÜäÑù�3TåÜí�æTQ) �ä
í�è ú�ô"Q~ôGZYæ) �ä�SYv�ôGì-3Ñô"Qçæòä|ôNåÓæòí
"2 TåJQ~ôxP�í�OGî�ì-3Tï, '"�äÓæòí
"Eé& $P* �ä f } g  �äÓå¥é�í
"YP	î�ôNìÓåÓæHPTè>QçæHX�j
ì- AO% '"�å= �äÜä- '"ÇåÓæ) AQTQ) :S
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� 	�� 	�� � �®x�q<r�svx x������ �×������p���wyx¹� �0�yuÎ�NuJs��

� ����� � Sçý �dv� yäÓî$ (PTåÓì- �O£íÑð/ '"]m  '"	åÓì|ôNæçå!"�í�æçì  Tå�3Tî�ôNæòä�o$ TåbQ) �ä*P�í�OGîZí�äLô."�å- �ähî�ìÓæ#"YPTæçî�ô"Q) �ä
m  '"FP�í�è>Q) Tè�ì�oyéÎê è&"%"�íÑð�ôNèdô�PTåÓæ�tÎé& ¤å×ð<î; ã S ��}Çè�î; Tì�OUô�ä|äÓæTW/ ø Q~ô�P9a�ï�í�Q) �ä�æ#"£åÓï, ¤éYæòäÓå|ô."Çå
è&"�æTW/ TìÜä- ���VOVð N SY�®ôNìÓú/ Tì�S

�*W�ô."Çå�éÎê ô"QTQ) Tì�î>Qçè�äJQòí�æ#"tù�^+ iî�ìÜí�îJí�ä- 	é& Vé&3�e,"�æçì�è&"�ñÇè�ô�ä|ôNì �æTQõäÑê ôNú�æçå¥éÎê è&"Eí ø ^+ Tå
éÎê ôNî�î�ôNì- '"YP* `îJí
"YPTåÓè, AQTQ) eî�ôNì4t�í�æòä¨æòé& '"ÇåÓæ�eE3]P�í�O\O% dè&", eä|í�è�ì�P* \ì|ô�éYæòí>S�v� ��è�Z�æòäÜäÓè
é& ¨äÜí
"�P�í
"�åÓæ#"Çè7 �äÓåhW�ôNìÓæ~ô ø Q) �ùÎäÜè�ìÆé& �ä�^Óí�è�ìÜäií�è*é& �ähO£í�æòä�S ã Q�3AO% TåRQ~ôNìÓú/ AO% '"ÇåVé�ô."�ä
Q�ê è>QçåÓì|ôGj�W<æòí�Q) Tå�P�í�OGî�ôNì-3�_,Q~ô®î>Qçè�î�ôNìÓåõé& �ä�3TåÜí�æTQ) �ä�S ã Q:O£í
"ÇåÓì- Õé& �Q~ôNìÓú/ �ähì|ôNæ) �ä�éÎê43AOGæòä|äÓæòí
"
m�î>Qçè�ä	é& Uü�D�D�D

km.s−1 � � �dz�o�S+u°ê4 �äÓåiè&", £äÜí�è�ì�P* Gé& Gì|ôÑðví
"�ä21¨ù{P* Gñ�è�æ: �äÜå	ä|ô."�ä
é�í�è�å- «è&", «î�ìÜí�î�ìÓæ)3Tå-3�PAQ)3�ù
 Tå� '"�e,"¨æTQ� �äÜåõäÓæçåÓè,3|_¥è&"ªú�ì|ô."�é¨é&3(PÑô"Q~ôNú/ ®äÓî$ (PTåÓì|ô"QbmÚôNè�j×é& AQ�_
é& RQ�ê è&"�æTW/ TìÜä<QòíCPÑô"Q?o�S

f ê è&", 0t�ô ��í
"Àú/3'",3Tì|ô"Q) 1Q) ¨å- Tì�O% ��"�í�ð�ôNè>ô�PTåÓæ�t«é& ¨ú�ô"Q~ôGZYæ) ��ùÎí�è �����¨ùZæTOGî>QçæòñÇè, 
Q�ê4 �ZYæòäÓå- '"YP* ¨é& ªî�ï,3'"�í�OxX'", �ä63'", TìÓú/3TåÓæòñ�è, �äié�ô."�ähQ) "�íÑð�ôNè*í�è*é�ô."�ähQ) �ä°ì-3Tú�æòí
"�äRP* '"�j
åÓì|ô"Q) �äeé& �ä£ú�ô"Q~ôGZYæ) �äÑùyî�ï,3'"�í�OxX'", �äeñ�è�æ�", `î$ Tè>W/ '"�åeî�ô�äFwTåÓì- �PAQ~ôNæçì- AO% '"Çå  TåeéYæçì- (P�j
å- AO% '"�åiô�äÜäÜí/PTæ)3�ä�ôNè�ZA3TåÜí�æTQ) �ä°í�è�_xQ~ô1tÚí�ì�OUôNåÓæòí
"ÀéÎê43TåÜí�æTQ) �ä\m  :S úYS�î�ôNì�í�î�îJí�äÓæçåÓæòí
"3ôNè�Z
ú�ô"Q~ôGZYæ) �ähî�ì-3�ä0 '"�å|ô."�å#è&", ô�PTåÓæTW<æçå-3Õé& 	t�í�ì�OUôNåÓæòí
"¨éÎê43TåÜí�æTQ) �äÑù�éYæçå- �äõé& �å�ðÇî$ �êëäÜå|ôNì ø è�ìÜäÓåÑêpo�S
v! �ä�é& Tè�Z PAQ~ô�äÜä- �äsQ) �ä	î>Qçè�äªì-3Tî�ô."�éYè, �äªé& �����+äÜí
"�åBQ) �ä	ú�ô"Q~ôGZYæ) �äªé& Uå×ð<î; `}� Tð tC TìÓå
 TåJQ) �ä¤ñÇè�ô�ä|ôNìÜäÑù�Q~ô£éYæ��$3Tì- '"YP* htÚí
"�é�ô"O% '"�å|ô"Q)  '"�åÓì- BP* �ä¤é& Tè�Z`äÜí�è�ä4jkPAQ~ô�äÜä- �ä¤î�ìÜí�W/ '"�ô."�å
é& $Q~ôUñ�è�ô."ÇåÓæçå-3ªéÎê43'", TìÓú�æ) 3AOGæòä- Vî�ôNì<Q) 6"�íÑð�ôNèbS f ô."�äJQ) sPÑô�ä°é& �äR}� Tð tC TìÓåVP* AQTQ) �jkPTæ� �äÓå
P�í�OGî�ôNì|ô ø Q) h_hQ�ê43'", TìÓú�æ) �3AOGæòä0 ®î�ôNì�Q) �ä@3TåÜí�æTQ) �äÕî�ì-3�ä- '"Çå- �äÕé�ô."�ä	Q~ôiú�ô"Q~ôGZYæ) �ù�å|ô."�éYæòäÕñÇè, 
é�ô."�äÕè&"eñÇè�ô�ä|ôNì	Q~ôªäÜí�è�ì�P* dP* '"�åÓì|ô"Q) 1 �äÓåÕî>Qçè�ä ø ìÓæTQTQ~ô."Çå- °ñÇè, VQ~ôiú�ô"Q~ôGZYæ) ¥ï���å- °éÎê è&"Ft�ô�P�j
å- Tè�ì�ý D�D�S�� î�ìÓæòí�ìÓæ�Q) �äÕî�ï,3'"�í�OxX'", �ä ñ�è�æ�PTì-3* '"Çå�P* ¥ì|ô�ðví
"&", AO% '"Çå�"tê4 '"�åÓì- '"�å î�ô�ä«é�ô."�ä
"�í�åÓì- 3TåÓè�é& �ù6^( �W�ôNæòä¨äÓæTOGî>Q) AO% '"�å£ì|ôNî�î$ AQ) Tì\P* `ñ�è�æ®ô 3Tå-3déYæçå¨é�ô."�ä1Q�ê æ#"ÇåÓìÜíÇéYèYPTåÓæòí
"bS
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vyê43AOGæòäÜäÜæòí
"�éYè "�íÑð�ôNè  �äÓå	î�ìÜí ø ô ø Q) AO% '"Çå�éYè, F_`è&", Uô�P(PTì-3TåÓæòí
"�é& \OUôNåÓæHXTì- eôNè�åÜí�è�ì
éÎê è&"dåÓìÜí�è�"�í�æçì«äÓè�î$ Tì4j�OUô�äÜäÓæ�t  Tå|_sQ~ôVî�ì-3�ä- '"YP* Æé& �ú�ô"rdtÚí�ìÓå- AO% '"�å æòí
"�æòä-3R_Vî�ìÜí(ZYæTOGæçå-3
é& `Q~ô�rÑí
", ]P* '"�åÓì|ô"Q) :S�vhô3éYæ��$3Tì- '"YPTæ~ôNåÓæòí
"  '"ÇåÓì- `Q) �äGå×ð<î$ �äGé& � ���  �äÓåGéYè, �_Eè&", 
éYæ��<3Tì- '"YP* �é& �îJí�æ#"�åié& 0WÇè, �é& 0Q~ôxQçæçú�", Gé& BW<æòä-3* 8Q~ôUî�ì-3�ä- '"YP* ¨éÎê è&"3åÜí�ì- �é& �îJí�è�ä4j
äÓæHXTì- �ä� '"YP* Tì�PAQ~ô."�å�Q~ôVrÑí
", éÎê43AOGæòäÜäÓæòí
"�î$ Tè�å0í/P(PTè>Qçå- Tì�P* TìÓå|ôNæ#", �ä0î�ôNìÓåÓæ) �ä#é& �äõì|ô�éYæ~ôNåÓæòí
"�ä
äÓè�æTW�ô."�ådQ�ê ô."�ú:Q) ¨é& sW<è, :S f ê ôNè�åÓì- �î�ôNìÓådQ~ôUéYæ��<3Tì- '"YPTæ~ôNåÓæòí
"3î; Tè�åhwTåÓì- 3AWví�Qçè�åÓæTW/ �ùtô�W/ (P
é& �ä�"�íÑð�ôNè�Z�é& 	ú�ô"Q~ôGZYæ) �ä�î>Qçè�ä�í�è�O£í�æ#"�ä°ô�PTåÓæ�tÚä�S g "EäÓè�î�îJí�ä|ô."�åÆñÇè, RQ) �ä<O%3(PÑô."�æòä�O% �ä
éÎê43AOGæòäÜäÓæòí
"\äÜí
"�å�Q) �ä�OxwAO% �äyîZí�è�ì#åÜí�è�ä�Q) �ä �����¨ù�ñÇè�ô�ä|ôNìÜä�P�í�OGî�ìÓæòäÑù(^( «î�ôNì�Q) Tì|ôNæ�æ#"�éYæ�t2j
tC3Tì- AO\O% '"�åÕé& "�í�ð�ôNè\ô�PTåÓæ�tÎé& ®ú�ô"Q~ôGZ<æ) ®í�è£é& ¥ñ�è�ô�ä|ôNì#îJí�è�ì�PÑôNì|ô�PTå-3TìÓæòä- Tì�Q) �ä�éYæ��$3Tì- '"ÇåÜä
é�í�OUôNæ#", �ä¥éÎê43'", TìÓú�æ) ªé& hQ) Tè�ì 3AOGæòäÜäÓæòí
"bS

vyê43AOGæòä|äÓæòí
"£éÎê43'", TìÓú�æ) ®ä- Õì-3Tî�ôNìÓåÓæçåyäÓè�ìhè&"¨æ#"Çå- Tì�W�ô"QTQ) åÓì�X�äiQ~ôNìÓú/ �ù�éYèGé�í�OUôNæ#", ì|ô�éYæòí
ôNè�ZEì|ôÑðví
"�äÆú�ô"O\OUôYù< TåhQ) �ä°ñÇè�ô�ä|ôNìÜäÆäÜí
"Çåiî�ôNì�OGæ�Q) �äiä|í�è�ì�P* �äVQ) �äÆî>Qçè�ä ø ìÓæTQTQ~ô."Çå- �äVéYè
PTæ) AQ�S8v! Tè�ìiäÓî; (PTåÓì- �ä- 0PÑôNì|ô�PTå-3TìÓæòä- �î�ôNì�è&"IP�í
"�åÓæ#"Çè�ñ�è�æõî$ Tè�ådwTåÓì- BO£íÇé&3AQçæòä03Vî�ôNì°è&", 
Qòí�æÎé& ¥î�è�æòä|ä|ô."YP* Æé�ô."�ä�P|ï�ô�PTè&" é& �ä é�í�OUôNæ#", �ä®éÎê43'", TìÓú�æ) xm�P�t4S�3�ñ�è�ôNåÓæòí
" � Sçý�ùYñÇè�æ�", °ä- 
ì- TåÓìÜí�è>W/ 	î�ô�ä  '"`æ#"�t�ì|ôGj�ìÜí�è�ú/ &o¤äÓè�ì|Q) �ñ�è, AQhä- iäÓè�î$ TìÓîZí�ä- '"Çå¥é& �ä®ì|ôNæ) �ä¤éÎê43AOGæòä|äÓæòí
" 

Fν = C ν−α m � Sçý&o
�*W/ (P

α
Q�ê æ#"�éYæHP* Gé& 0Q~ô�Qòí�æ0é& ¨î�è�æòä|ä|ô."YP* �ù

C
è&", 1P�í
"�äÓå|ô."�å- % Tå

Fν

Q) ��è�Z3î�ôNìÆè&"�æçå-3
é& Bt�ì-3�ñÇè, '"YP* �ùZú/3'",3Tì|ô"Q) AO% '"�åBO% �äÓè�ì-3  '"

ergs s−1 cm−2 Hz−1 S N  1W�ôNæòä°î�ô�äÜä- Tì> '"
ì- AW<è, RQ) �äJPÑôNì|ô�PTå-3TìÓæòäÓåÓæòñÇè, �ä¥éYè�äÜî; (PTåÓì- iäÓè�ì¤éYæ��<3Tì- '"�åÜä�é�í�OUôNæ#", �ä�éÎê43'", TìÓú�æ) 

" µ¹¶ ��º�¼ � Á*��½0º]µ

� ����� � S B � f } g P�í�OGî�ôNì|ô."�åÕè&"%3(PÜï�ô."�åÓæTQTQòí
"dé& ®ñÇè�ô�ä|ôNì¤ê ì|ô�éYæòí"j×ñ�è�æ) TåÑê  Tå¤ê ì|ô�éYæòí"j�Qòí�è�éÎêTS
ã äÜäÓè, Æé& B}Yô."�é& TìÜäBm ý ö�÷�ö o�S
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v! �äÆí ø ^+ TåÜä°î�ì-3�ä- '"�å|ô."Çå	é& �ä=3AOGæòä|äÓæòí
"�ä°ì|ô�éYæòí\î$ Tè>W/ '"�åiä- �ä-3Tî�ôNì- Tì> '"3é& Tè�Z�PÑôNå-3�j
úví�ìÓæ) �äÑùyQ�ê è&", £é�í�OGæ#",3* £î�ôNìRQ) �äRQòí ø  �äiñÇè�æyä- ¨äÓæçåÓè, '"ÇåªôNè�åÜí�è�ìVé& 1Q~ôdäÜí�è�ì�P* \P* '"ÇåÓì|ô"Q) �ù
Q�ê ôNè�åÓì- Gé�í�OGæ#",3* ¨î�ôNìhQ) 1P* '"�åÓì- :S f ô."�ähQ) Vî�ì- AOGæ) Tì$PÑô�ähQ�ê æ#"�éYæHP* Gé&3(PTìÓæTW�ô."�åRQ) ¨äÓî$ (PTåÓì- 
W�ôNìÓæ) � '"ÇåÓì- 1D�S ü  TåÆý�ù Q) �ä«î>Qçè�ä«ú�ì|ô."�é�ä æ#"�éYæHP* �ä«å- '"�é�ô."�å<_BwTåÓì- R_	î>Qçè�ä«ú�ì|ô."�édé&3(PÑô"Q~ôNú/ 
äÓî$ (PTåÓì|ô"Q�S g åUé�ô."�äxQ) ä- (P�í
"�é PÑô�äÑù�Q~ôÀî>Qçè�î�ôNìÓåeé& �ä£äÜí�è�ì�P* �ä\í
"�å£è&" äÓî$ (PTåÓì- ñÇè�ô�äÓæ�j
O% '"�å\î>Q~ôNå�S�v! �ä£í ø ^+ TåÜä£ñÇè�ô"Qçæ�eE3�äUé& �ê ì|ô�éYæòí"j�Qòí�è�éÎê�î�ì-3�ä- '"�å- '"ÇåUè&" P�í
"ÇåÓæ#"�è�t�í�ìÓå£ñÇè�æ
äÑê43Tå- '"�é�éYè�é�í�OUôNæ#", \ì|ô�éYæòí\^ è�äÜñ�ètêl_�Q�ê æ#"�t�ì|ôGj�ìÜí�è�ú/ DQòí�æ#"�å|ôNæ#" m ý D��?é& �ä�ñÇè�ô�ä|ôNìÜäVäÜí
"Çå
ê ì|ô�éYæòí"j�Qòí�è�éÎêpo�S8v! �ä¥í ø ^+ TåÜä¥ñÇè�ô"Qçæ�eE3�ä�é& Uê ì|ô�éYæòí"j×ñ�è�æ) TåÑê¹í
"�å¥è&"EäÓî; (PTåÓì- �ô(W/ (PVè&" æ#"�éYæHP* 
α > 2.5

é�ô."�äDQ�ê æ#"�t�ì|ôGj�ìÜí�è�ú/ �ù ñÇè�æ°ä0 AO ø Q) Eæ#"�éYæòñ�è, Tì�Q~ô�î�ì-3�ä0 '"YP* Eé& EîZí�è�ä|äÓæHXTì- �ä  Tå
Q�ê43AOGæòäÜäÓæòí
"*ì|ô�éYæòí  �äÜå°åÓì�X�äRtÚôNæ ø Q) ]m ",3Ñô.">O£í�æ#"�äVé&3Tå- (PTå|ô ø Q) £ú�ì9��P* x_FQ~ôdä0 '"�äÓæ ø æTQçæçå-3Gé& �ä
é&3Tå- (PTå- Tè�ìVì-3(P* '"ÇåÜä�o�S+v�êëí�ìÓæçú�æ#", Ué& \Q�ê43AOGæòäÜäÜæòí
"7 '"�ì|ô�éYæòí  �äÓå ø æ) '"�P�í�OGî�ìÓæòä- �ùbP�í
"ÇåÓì|ôNæ�j
ì- AO% '"�å	ôNè�Z�é�í�OUôNæ#", �äÆí�î�åÓæòñÇè, �ä°í�è  '"Eì|ôÑðví
"�ä 10S6v! 	î�ï,3'"�í�OxX'", �æTOGî>QçæòñÇè,3  �äÓå°è&"
ì|ô�ðví
"&", AO% '"ÇåUäÓð�"YPÜï�ìÜí�åÓìÜí
",î�ìÜí�îZí�ä03Uî�ôNì �<Q�tC '" � �= Tì�Qòí"t�äÜí
" m ý ö ü�D5o  Tå1}Çï>a/Qòí�WYä�aÇð
m ý ö ü � o�S:v�ô�åÓï,3�í�ìÓæ) î$ Tè�åiwTåÓì- «ì- TåÓìÜí�è>W/3* ®é�ô."�ä N ô�P9a<ä|í
"]m ý ö û�ü5oPù ~ ð ø æHP9aÇæ � vÎæçú�ïÇå�OUô."
m ý ö û ö o  Tå��ÆìÜí�QçæTa�m ý ö�ö�ö o�S

� ¼ ��Á � !|ÁNµ¹¾�� �
v�ô`î�ôNìÓåÓæ) Gæ#"�t�ì|ôGj�ìÜí�è�ú/ \éYè>äÓî$ (PTåÓì- "tê4 �äÓåiî�ô�äªé&3(PTìÓæçå- Gî�ôNì	è&", \Qòí�æ�é& ¨î�è�æòä|ä|ô."YP* 

è&"�æòñÇè, :S6v! �äÓî$ (PTåÓì- Vé& �ä�"�íÑð�ôNè�Z*ô�PTåÓæ�t�ä°é& 	ú�ô"Q~ôGZYæ) �äÆé�ô."�ä<Q�ê æ#"�t�ì|ôGj�ìÜí�è�ú/ �î�ì-3�ä- '"�å- �è&"
OGæ#"�æTOVè>O W/ TìÜä

1 − 2µm
ù�è&", ø í�äÜä- RW/ TìÜä

10 − 30µm
éYè, 0_xQ�ê43AOGæòäÜäÓæòí
"ÀåÓï, Tì�OGæòñ�è, 

î�ìÜí�W/ '"�ô."Çå�é& ÕîZí�è�äÜäÜæHXTì- �ä  Tå0è&"¨é&3(PAQçæ#"Uô(W/ (P«è&"¨æ#"�éYæHP* 
α > 3

_¥é& �äiQòí
"�ú�è, Tè�ìÜä#éÎêëí
"�é& 
î>Qçè�äÕú�ì|ô."�é& �ä�S v! VP�í
"�åÓæ#"Çèdí ø ä0 Tì�W/3  �äÓåÕú/3'",3Tì|ô"Q) AO% '"�å ì- Tî�ìÜíÇéYè�æçå«î�ôNì�î>Qçè�äÜæ) Tè�ìÜä�å�ðÇî$ �ä
éÎê ô�PTåÓæTW<æçå-3 #êëäÓå|ôNì ø è�ìÜäÓåÑêJí�è*î�ôNìiè&", �ì-3*3AOGæòäÜäÓæòí
"�é& 1Q�ê43'", TìÓú�æ) ¨î�ìÜí�W/ '"�ô."ÇåªéYè�ñÇè�ô�ä|ôNì
éYæ��Jè�ä-3¨äÓè�ì	é& �äÆîZí�è�ä|äÓæHXTì- �ä��yQ~ôeñ�è, �äÜåÓæòí
" "tê4 �äÓåiî�ô�äÆåÓì|ô."YPÜï,3* �m g Qçæçå�r�è�ì6 TåVô"Q�S!B�D�DNþCo�S
~ 3(P* AO\O% '"Çå`è&" P�í�OGîJí�äÓæçå- 3é�ô."�ä`P* �ä�Qòí
"�ú�è, Tè�ìÜä`éÎêëí
"�é& 3ô 3Tå-3Eì-3Ñô"Qçæòä-3 m�P�t4S	e�ú�è�ì- 
� S � o�î�ôNì �hQçæTaCOUô."  Tå®ô"Q�SymCB�D�D � o�S ã Qòä«î�ìÜí�îZí�ä- '"Çå è&"DO£í<é>XAQ) iô(W/ (PR_$Q~ôstÚí�æòä�è&", dQòí�æÎé& 
î�è�æòäÜä|ô."YP* «éÎê æ#"�éYæHP* 

α = −0.92
 Tåõè&", �å- AOGî$3Tì|ôNåÓè�ì- é& 3P�í�ìÓî�ä "�í�æçì0é& �ý B � D	�\S ã QCtÚôNè�å

",3Ñô.">O£í�æ#"�äFwTåÓì- î�ìÓè�é& '"�åFQçè>OGæ#"�í�äÜæçå-3  Tå£é&3(PÑô"Q~ôNú/ �äÓî$ (PTåÓì|ô"Q¤äÜí
"ÇåUäÜí�è>W/ '"�åDP�í�ìÓì-3AQ)3�ä
é�ô."�ädé& �ä 3(P|ï�ô."�åÓæTQTQòí
"�ä]QçæTOGæçå-3�ä� '" ��è�Z  Tåeé�í
"YP�Q) �ä�P�í�OGî�ôNì|ôNæòäÜí
"  '"�åÓì- 3é�í�OUôNæ#", 
æ#"�t�ì|ôGj�ìÜí�è�ú/ 6 Tå¤í�î�åÓæòñÇè, 	í�è è>QçåÓì|ôGj�W<æTQòí  TåJQ) iä|í
"�å¥ä�[�ì- AO% '"Çå°ôNè�äÜäÜæ�S

" µ¹¶ ��º�¼ � �
u«í�O\O% �í
" î$ Tè�å<Q) RWví�æçì°äÓè�ì<Q~ô0e�ú�è�ì- � Sçý�ùYQ) BP�í
"�åÓæ#"�è3é& $Q�ê43AOGæòä|äÓæòí
"2 '" 1�î$ Tè�å

wTåÓì- �P�í
"�äÓæòé&3Tì-3  '"	î�ì- AOGæHXTì- ôNî�î�ìÜí(ZYæTOUôNåÓæòí
"0P�í�O\O% �è&", �Qòí�æ�é& #î�è�æòäÜäLô."YP* �ñÇè�æväÑê43Tå- '"�é
é& 

1keV
^kè�ä|ñ�ètêl_�î>Qçè�äyé& 

100keV
äÓè�ì�Q~ô�ñÇè, AQTQ) ¤ä- äÓè�î$ TìÓîZí�ä- '"Çåyé& �ä:3AOGæòäÜäÓæòí
"�ä@ Tåyé& �ä

ô ø äÜí�ìÓî�åÓæòí
"�ä�S/vyê æ#"�éYæHP* °äÓî$ (PTåÓì|ô"Q�å×ð<î�æòñÇè,  �äÓå«é& JQ�êëí�ìÜéYì- ¥é& 
α ∼ −0.8, α ∼ 1

ù(^ è�äÜñÇètêl_
é& �ä 3'", TìÓú�æ) �ä é& <Q�êëí�ìÜéYì- Æé& ÷ D

keV
í�q\è&"`PÜï�ô."�ú/ AO% '"Çå¥ä- AO ø Q) hwTåÓì- °í ø ä- Tì�W/3°î�ôNì3Q) �ä

é�í
"&",3* �ä	é& \�  Tî�îJí } � 11S g "*î>Qçè�ä	é& \P* TåÓå- 3AOGæòäÜäÓæòí
"�í
"*í ø ä- Tì�W/ £è&", 0P�í�OGîJí�ä|ô."Çå- 
é& DQ�êëí�ìÜéYì- \é& 

0.2
_

1keV
é�í
"�å1Q�êëí�ìÓæçú�æ#", "tê4 �äÓåVî�ô�ä  '"YP�í�ì- eé&3Tå- Tì�OGæ#",3* �m 3AOGæòäÜäÓæòí
"

 '"�ì|ôÑðví
" 1 O£í�è�ä°í�è�êëäÜí"t�å 1Vj�ì|ô�ðYäÑê8o�S  ", 	î�ôNìÓåÓæ) ªé& sQ�ê43AOGæòäÜäÓæòí
"Eé�í�æçådwTåÓì- 	ì-3 �E3(P|ï�æ) 
î�ôNìÕéYè\ú�ô"r¥æòí
"�æòä-3�ùÇé�í
"�å�Q~ôiî�ìÓæ#"YPTæçî�ô"Q) dPÑôNì|ô�PTå-3TìÓæòäÓåÓæòñÇè, = �äÜåyè&"Uî�æHP°ôNè�Z\ô"Q) '"�åÜí�è�ìÜä é& �ä
30keV

 Tå°è&", VæTOGîJí�ìÓå|ô."�å- ¨é&3(PTìÜí�æòäÜäLô."YP* sW/ TìÜä
4 − 5keV

S  ", sPÑôNì|ô�PTå-3TìÓæòäÓåÓæòñÇè, 0OUôGj
^+ Tè�ì- � �äÓåiQ~ô°î�ì-3�ä- '"YP* ®éÎê è&", ì|ôNæ) ®éÎê43AOGæòäÜäÓæòí
"D_

6.4keV
ô(W/ (P®è&", ,Q~ôNìÓú/ Tè�ì 3�ñ�è�æTW�ô"Q) '"�å- 

é& hQ�êëí�ìÜéYì- ié& 
100 − 200eV

S g QTQ) > �äÜå éYè, $_0Q~ô�åÓì|ô."�äÜæçåÓæòí
"
Fe −Kn = 2 − 1

éYè`tC TìÑù
î�ìÜí ø ô ø Q) AO% '"�åÆéYè, s_¨è&"�î�ï,3'"�í�OxX'", Vé& ��è�í�ì- �ä�P* '"YP* ªé�ô."�äJQ) �ä¥î�ôNìÓåÓæ) �ä¤æ#"�å- Tì+", �ä°éYè



� þ ���������	��
�� �@� �}
6�����a���i��������� �7���A� �����:���7���K�7�N�6�����3��������� �7� �7�X���/�B
��

� ����� � S � � f } g é& ¨ñ�è�ô�ä|ôNìÜäié�ô."�ädQ�ê æ#"�t�ì|ôGj�ìÜí�è�ú/ �m  '" "�í�æçì�oPùyO£í
"�åÓì|ô."�åsQ�ê ô�é�ôNî�å|ôNåÓæòí
"
m  '"UìÜí�è�ú/ &oyéÎê è&"FO£í<é>XAQ) ¥î�ôNì�è&", JQòí�æ¹é& ¥î�è�æòäÜä|ô."YP* °ô(W/ (P�è&"£æ#"�éYæHP* �äÜî; (PTåÓì|ô"Q�é& JjD�S ö B
m  '"`W/ TìÓå�o5 Tå®éÎê è&", RP�í�è�ì ø  ié& hP�í�ìÓî�ä "�í�æçì<_ªè&", °å- AOGî;3Tì|ôNåÓè�ì- 	é& ¨ý B � D�� m  '" ø Q) Tè6o�S
�õæçú�è�ì- iæòäÜäÓè, ié& ��dQçæTaCOUô."  Tå°ô"Q�SbmCB�D�D � o�S

éYæòäÜñÇè, iéÎê ô�P(PTì-3TåÓæòí
"�m���ô ø æ~ô."  Tå¥ô"Q�SEB�D�DNþCo�S
�G·�»�º / ¾ ��� »U¾��]»ÑÁ � ! � º�µ � � »

vyê43AOGæòä|äÓæòí
"£é�ô."�ä�P* ®é�í�OUôNæ#", ®éÎê43'", TìÓú�æ)  �äÓå�PÑôNì|ô�PTå-3TìÓæòä-3* î�ôNì�P* ñÇè�æ  �äÜå#ôNî�î$ AQ)3,Q) 
ê��«æçú0��Qçè, h�«è>OGîtê{m�}Çï�æ) AQòé�äiý ö û ÷ ùCz3ô"QTa�ô." � }YôNìÓú/ '"�å	ý ö�÷ BYù g QTW<æòäÆý ö�÷ ü5oyí�q`ä- °äÓæçåÓè, 
Q) £î�æHPeé& xQ�ê43AOGæòä|äÓæòí
",é& �ä�ñÇè�ô�ä|ôNìÜäÑùtî�ìÜí/PÜï, eé& DQ~ô]QçæTOGæçå- eé& DvÎð/OUô." _�ý BYý � �BS*v! �ä
éYæ��<3Tì- '"�åÜä ì- AQ) AW/3�ä� '"dí�î�åÓæòñ�è, \m���ì|ô."YPTæòä� Tå¤ô"Q�SZý ö�ö ý�ù>uÕìÜí<í�O  Tå ô"Q�S B�D�D�BYù��«ìÜí�åÓï, TìÓåÜí
"
 Tå¤ô"Q�S&B�D�DYý�ù U ô."�é& '"��  Tì�a  Tå ô"Q�S&B�D�DYý&o«í
"�å|P�í
"�éYè�æçå<_  �ZYåÓì|ôNæçì- °ñÇè, AQòñÇè, �ä î�ìÜí�î�ìÓæ)3Tå-3�ä
æTOGîJí�ìÓå|ô."�å- �ä 
f  � D�DB_	ü�D�D�D � Q) VP�í
"�åÓæ#"Çèeî$ Tè�å3wTåÓì- <O£íÇé&3AQçæòä03¤î�ôNìÕé& Tè�ZxQòí�æòäÕé& ¤î�è�æòäÜäLô."YP* Çô�W/ (P
è&" æ#"�éYæHP* �é& RQ�êëí�ìÜéYì- Vé& $j|ý:S ÷  '"�åÓì- � D�D  Tå�ý B�D�D��  Tå¥è&" æ#"�éYæHP* ªé& $Q�êëí�ìÜéYì- ªé& hjD�S þ
 '"�åÓì- �ý B�D�D  Tå«ü�D�D�D �BSvóõí�è�ì®é& �ä�Qòí
"�ú�è, Tè�ìÜä éÎêëí
"�é& �î>Qçè�ä�ú�ì|ô."�é& �äÑùCQ) ¥äÜî; (PTåÓì- �äÑê ôNî>Q~ôGj
åÓæçå�S f  �äRP* '"�å|ôNæ#", �äVé& �ì|ôNæ) �äiéÎê43AOGæòäÜäÜæòí
"�äÜí
"�åiî�ì-3�ä- '"Çå- �ä	é�ô."�ähQ) �äiäÓî$ (PTåÓì- �äÑù8Q) �äÆî>Qçè�ä
tÚí�ìÓå- �ä�äÜí
"Çå°é�í
"&",3* �äié�ô."�äVQ~ôUå|ô ø Q) � Sçý:S8v! �ä°ì|ôNæ) �äÆéÎê43AOGæòäÜäÓæòí
"�Qçæ)3* �äÆôNè�Z åÓì|ô."�äÜæçåÓæòí
"�ä
î$ Tì�OGæòä- �ä�ä|í
"�ådQ~ôNìÓú/ �ä1mCB�D�D�DxjiýÑü�D�D�D

km s−1 o  TådP* AQTQ) �äVQçæ)3* �äiôNè�Z åÓì|ô."�äÓæçåÓæòí
"�äiéYæçå- �äæ#"�å- TìÜéYæçå- �ä¨äÜí
"Çå 3TåÓìÜí�æçå- �äÑùhè&", FP* '"Çå|ôNæ#", \é& 
km s−1 S  ">î; TåÓæçå "�í�O ø ì- eé& UñÇè�ô�ä|ôNìÜä

m ý DGjB�D �\o0î�ì-3�ä- '"�å- '"Çå«é& �ä�ì|ôNæ) �ä�éÎê ô ø äÜí�ìÓî�åÓæòí
"\åÓì�X�ä�Q~ôNìÓú/ �äÑù�î�ôNì4tÚí�æòä�äLôNåÓè�ì-3* �äÕô(W/ (P�é& �ä
Q~ôNìÓú/ Tè�ìÜä� Tå®é& �ä®é&3(PÑô"Q~ôNú/ �ä,W/ TìÜä,Q) ø Q) Tèdé& dQ�êëí�ìÜéYì- Æé& °î>Qçè�äÓæ) Tè�ìÜä,OGæTQTQçæ) TìÜä¤é& 

km s−1 ù
^ è�äÜñ�ètêl_ B�D D�D�D£í�è � D%D�D�D

km s−1 ù�ñÇè�ô�ä|ôNìÜä¤ñÇè�ô"Qçæ�eE3�ä¤é& $� �dv m��«ìÜívô�é � ø äÜí�ìÓî�åÓæòí
"
vÎæ#", � �  Tð/OUô."&"2 Tå¥ô"Q�S�ý ö�ö ý �Y�°ô"OUô."&"2 Tå¥ô"Q�Stý ö�ö:� o�S

g "�ì-3�äÓè>O%3RQ�ê43AOGæòäÜäÓæòí
"EéYè�P�í
"�åÓæ#"�èÀî$ Tè�å¤ä- iä-3Tî�ôNì- Tì  '" î>Qçè�äÜæ) Tè�ìÜä¤é�í�OUôNæ#", 



�@�Q�� ����� ��
��/��
ª�����;���F�7���X�7�X���/�B
�� � ü

� ����� � S þ ��ó0ô."&", ÑôNè\éYè£ï�ôNè�åÑù P�í�OGîZí�äÓæçå- ¤æòäÜäÓè£éYèD} f }>} U ô."�é& '" ø  Tì�a  Tå�ô"Q�S�mCB�D�DYý&oPù
î�ô."&", ÑôNèdéYè ø ô�äÕæòäÜäÓèUéYè��h} c�c  AQ�tC Tì5 Tå ô"Q�S6mCB�D�D�B5o�S v� �ä	Qçæçú�", �ä äÜí
"Çå	Q) �äÕô�é�ôNî�å|ôNåÓæòí
"�ä
é& RQòí�æté& iî�è�æòä|ä|ô."YP* :S ã äÜäÓè, Æé& ~ æòäLô"QçæçåÓæ! Tå¥ô"Q�S+mCB�D�DNþCo�S

ý:S ~ ô�éYæòí�ùRô�W/ (Pyè&", @3AOGæòä|äÓæòí
"ªäÓð�"YPÜï�ìÜí�åÓìÜí
"¨é& �ä�3AQ) (PTåÓìÜí
"�ähì- AQ~ôNåÓæTW<æòäÓå- �äÑù� '"ªú/3'",3Tì|ô"Q) 
",3Tú:Qçæçú/ Ñô ø Q) Õî�ôNìtì|ôNî�îJí�ìÓåhôNè�Z83AOGæòäÜäÓæòí
"Vé�ô."�ähéÎê ôNè�åÓì- �äbQòí
"�ú�è, Tè�ì- �äõéÎêëí
"�é& �ä�ä|ôNè�t
îJí�è�ìJQ) �ä�� ��� tÚí�ìÓå 3AO\O% TåÓå- Tè�ìÜä¥ì|ô�éYæòíFP�í�O\O% RQ) �ä¤ñÇè�ô�ä|ôNìÜä  TåJQ) �ä ø Q~ô"r�ôNì�S

B�S|O\O1j 1¨ù�ì- AQ~ôNåÓæTW/ AO% '"�å�î>Q~ôNå�OGæòä�_¥î�ôNìÓåyé& Tè�Z ø í�ä|ä- �ä� '"�æ#"�t�ì|ôGj�ìÜí�è�ú/ � Tå: '"¨è>QçåÓì|ôGj
W<æòí�Q) Tå�S�óõí�è�ì<Q) Æî�ì- AOGæ) Tì¥é& 

2 − 5µm
ù�Q�ê43AOGæòäÜäÜæòí
"�é& RQ~ô�îJí�è�äÜäÓæHXTì- RPÜï�ôNè��<3iî�ôNì

Q�ê43AOGæòä|äÓæòí
"DP* '"ÇåÓì|ô"Q) :S<óõí�è�ì�Q) ¤ä- (P�í
"�éeé& 	ý D�Ds_ � D�D�D ��ù�î�ì-3�ä- '"YP* °éYèEê��«æçús��Qçè, 
�«è>OGîtêJñÇè�æ�PÑôNì|ô�PTå-3TìÓæòä- 0Q) �ä � ���  Tå1 �äÓåiôNåÓåÓìÓæ ø è,3x_xQ�ê43AOGæòä|äÓæòí
"EåÓï, Tì�OGæòñÇè, Gé& 
ú�ô"rRP|ï�ôNè�éIm

105K
o#é& dQ~ôVî�ôNìÓåÓæ) °í�î�åÓæòñÇè, AO% '"�å 3Tî�ôNæòä|ä- �éYèdéYæòäÜñÇè, �éÎê ô�P(PTì-3TåÓæòí
"

ôNè�åÜí�è�ì°éYè`åÓìÜí�è "�í�æçì¥äÓè�î$ Tì|OUô�äÜäÓæ�t�P* '"�åÓì|ô"Q�S
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� ��� �
λ
m �Ro 〈LE()〉 � �2�(' � �����

λ
m �Ro 〈LE()〉 � �2�('

u ã|ãÜã � � ãÜãÜã ö�÷ D ö Slû ±0.2
m ý&o zEú ãÜã Bvû ö�ö � B�S � ± D�Sçý mCB5o

� U°ã � vÎð
β

ý D � D ýÑü�S � ±0.3
m ý&o �

δ
þ�ý D � ü�S D�ü ± D�S D � mCB5o

vtð
α

ý BYý � ö ý:S ÷ ±0.7
m ý&o �

γ
þ � þ�ý ý B�S � ± D�Sçý mCB5o

� U ý BNþ D ý ÷ S ü ±0.5
m ý&o �

β
þ ÷ �:� þ � S B ± D�S B mCB5o

}Çæ ã U � � ãkU�� ý ��ö û ÷ Sçý � ± D�S D ö mCB5o
[
� ãÜãÜã�� ü�D�Dvû ý � S B ± D�S B mCB5o

u ã U ýÑüNþ ö B � S ÷ ± D�Sçý mCB5o
a

�
α

� ü � ü ý ö þYS ü ± D�S mCB5o
u ã|ãÜã�� ý ö D ö BYý:S B ± D�Sçý mCB5o

46587 � � Sçý � ~ ôNæ) �ä�éÎê43AOGæòä|äÓæòí
" ô(W/ (Pnv�ôNìÓú/ Tè�ì (�ñ�è�æTW�ô"Q) '"�å- m�v g o
>
ü � é�ô."�ä�Q) �ä

äÓî$ (PTåÓì- �ä\í�î�åÓæòñÇè,  TåUè>QçåÓì|ôGj�W<æòí�Q) Tåeé& �äeñ�è�ô�äLôNìÜä�SHm ý&o c  AQ�t  Tì� Tåeô"Q�SdmCB�D�D�B5o�m�óõí�è�ì`Q) �ä
ì|ôNæ) �ä

λ < 1300
�Ro��bmCB5o U ô."�é& '"��  Tì�a  Tå°ô"Q�SbmCB�D�DYý&oRm�îZí�è�ì

λ > 1300
�Ro�S

� 	�� 	�� � x�� u �«�Rp�s �yrv��ph����w�uÎ����z×x�� � �®x�q<r�svx��Ewyx�� �0�yuÎ�NuZsÇ�
v! �ä�äÓî$ (PTåÓì- �ä¤é& iñ�è�ô�äLôNìÜä¤äÜí
"�å<OUôNìÜñ�è,3�ä®î�ôNì<Q~ô�î�ì-3�ä- '"YP* 	é& iì|ôNæ) �ä¤éÎê ô ø ä|í�ìÓî�åÓæòí
"bS

u5 AQTQ) �ä4jkPTæJî$ Tè>W/ '"�å|wTåÓì- VPAQ~ô�ä|äÓæ�eE3* �ä  '"\åÓìÜí�æòäÕú�ìÜí�è�î; �ä ä- AQòí
"�Q~ô6"�ôNåÓè�ì- °é& dP* °ñ�è�æyPÑôNè�ä- 
P* TåÓå- `ô ø äÜí�ìÓî�åÓæòí
"bS c í�è�åGéÎê ô ø í�ìÜénP* AQTQ) �ä¨ñÇè�ô"Qçæ�eE3* �äGéÎê æ#"�åÓìÓæ#"�ä�X�ñÇè, �äGñ�è�æ«äÜí
"�åGéYè, �ä\_
éYè3ú�ô"rGä- VåÓìÜí�è>W�ô."�å	ôNè�Z*ô"Q) '"�åÜí�è�ìÜä	éYè "�íÑð�ôNè>ô�PTåÓæ�tÓùJñ�è�æ0í
"�åhQçæ) Tè*é�ô."�äié& �ä°ì-3Tú�æòí
"�ä
åÓì�X�ä°î�ìÜíCP|ï, �äÆé& 0P* AQçè�æ�jkPTæ�S g "�äÜè�æçå- sQ) �äiô ø äÜí�ìÓî�åÓæòí
"�äÆî�ìÜí<éYè�æçå- �ä°î�ôNì°éYè3ú�ô"r¨ñ�è�æ "tê4 �äÓå
î�ô�äBQçæ)3\ôNè7"�í�ð�ôNènOUôNæòä1_`ä|ô ú�ô"Q~ôGZ<æ) Uï���å- :S g å  '"�e," Q) �ä¨ô ø äÜí�ìÓî�åÓæòí
"�ä¨éYè, �äªôNè�ú�ô"r
æ#"�å- TìÓîJí�ä-3sQ) RQòí
"�úUé& RQ~ô1Qçæçú�", Vé& RWÇæòä03* 	ñ�è�æ<"tê4 �äÜå¤î�ô�ä¤î�ïÇð<äÓæòñÇè, AO% '"�å�ì- AQçæ)3VôNè "�í�ð�ôNè
í�è�_¨ä|ô�ú�ô"Q~ôGZYæ) iï���å- :S

g "ÇåÓì- �Q�êëí ø ä0 Tì�W�ôNå- Tè�ì� TåxQ) �ñÇè�ô�ä|ôNì£æTQ� �äÓåUîJí�äÜäÓæ ø Q) ñÇè, ]Q) ]Qòí
"�ú,é& �Q~ô Qçæçú�", �é& 
W<æòä-3* Uä- \åÓìÜí�è>W/ '"�åGé& �ä�í ø ^( TåÜä�ù�å- AQòä¨ñÇè, Ué& �ä�ú�ô"Q~ôGZ<æ) �ä�ùhé�í
"ÇåBQ~ô�î�ì-3�ä- '"YP* eî; Tè�å0wTåÓì- 
é&3(P* AQ)3* eé�ô."�äsQ) \äÓî; (PTåÓì- \é& �äªñÇè�ô�ä|ôNìÜäªî�ôNìsQ�êëí ø ä- Tì�W�ôNåÓæòí
" é& £ì|ôNæ) �ä  '" ô ø äÜí�ìÓî�åÓæòí
" _
é& �ä°é&3(PÑô"Q~ôNú/ �ä°äÜî; (PTåÓì|ôNè�Z

zabsorption < zemission quasar

S ��æ#"�äÓæ*P|ï�ô�ñ�è, �ñÇè�ô�ä|ôNì�î$ Tè�å
î�ì-3�ä- '"Çå- Tìõé& �ä�P* '"�å|ôNæ#", �ä0é& #ì|ôNæ) �äõéÎê ô ø äÜí�ìÓî�åÓæòí
"¨é�ô."�ähäÜí
"ªäÓî; (PTåÓì- �ùGP* (PTæÇé&3Tî$ '"�é�ô."�å#éYè
é&3(PÑô"Q~ôNú/ ®äÓî$ (PTåÓì|ô"Q�í�q¨ä0 «äÜæçåÓè, 3Q) ñÇè�ô�ä|ôNì� Tå#éYè¨é�í�OUôNæ#", ®éÎê43'", TìÓú�æ) ®í ø ä0 Tì�W/3:S:v! �ä0ì|ôNæ) �ä
éÎê ô ø äÜí�ìÓî�åÓæòí
"�Q) �ä	î>Qçè�ä0P�í�O\OVè&",3AO% '"Çå£í ø ä- Tì�W/3* �äªä|í
"�åBP* AQTQ) �äBQçæ)3* �ä¨ôNè�Z3åÓì|ô."�äÜæçåÓæòí
"�ä
vÎðCj

α
ý BYý � ùbu ��� ýÑüNþ ÷ ùçýÑü�üYý�ù< TåRz�ú � � Bvû ö üYù B ÷ D�B�S{v! �äiäÜð<äÓå�XAO% �äÆí
"Çå13Tå-31PAQ~ô�äÜäÜæ�eE3�ä

m �  Tð/OUô."&"A Tå�ô"Q�SÎý ö�÷ ý�ù8}YôNìÓú/ '"Çå� Tå¥ô"Q�Stý ö�÷�÷ o 

� Ât¸�» �Ç¶ � ¸U¶ �v»�� � ��º / ¾ � ¸
u5 �äiì|ôNæ) �ä8",3(P* �äÜäÓæçå- '"�åªé& �äií ø ä- Tì�W�ôNåÓæòí
"�ä0_\åÓì�X�äiï�ôNè�å- Gì-3�äÜí�Qçè�åÓæòí
"*îJí�è�ì$wTåÓì- Gì-3�j

äÜí�Qçè, �ä> TåRQ) �ähQ~ôNìÓú/ Tè�ìÜä	é& �äVéYæ��$3Tì- '"Çå- �äsP�í�OGîJí�ä|ô."�å- �ä	ä|í
"�åiú/3'",3Tì|ô"Q) AO% '"�å�é& 1Q�êëí�ìÜéYì- 
éÎê è&", �éYæTr�ôNæ#", �é& 

km s−1 ù6P* �ñÇè�æhä- AO ø Q) ªæ#"�éYæòñÇè, TìÆñ�è, BQ) �ä°ô ø ä|í�ìÓî�åÓæòí
"�äiäÜí
"�åÆéYè, �ä
_`éYæ��<3Tì- '"�åÜä6"�è�ôNú/ �äªî�ìÜíCP|ï, �äVé�ô."�ä$Q�ê4 �äÜî�ô�P* Ué& �äRW<æçå- �äÜä- �ä�S{v� �äVé& '"�äÓæçå-3�äªé& xP�í�Qòí
"&", 
 '"�ïÇð<éYìÜí�ú5X'", eé& xP* �äVäÜð<äÓå�XAO% �äªäÜí
"�å�é& \Q�êëí�ìÜéYì- Ué& 

1017 − 1021cm−2 S  ", UäÜí�è�ä4j
PAQ~ô�äÜä- �åÓì�X�ä«æTOGîZí�ìÓå|ô."Çå- ié�ô."�ä,P* �ä«äÜð<äÓå�XAO% �ä«äÜí
"Çå�Q) �ä«äÓðYäÓå�XAO% �ä�Qòí�ì- '"�å�r�æ) '"�ä|vÎð/OUô."�j

αm�}/vbv �RoPù«é�í
"�å�Q�ê ô ø äÜí�ìÓî�åÓæòí
"  �äÜåUåÓì�X�äFt�í�ìÓå- 2 TåFQ~ôNìÓú/ m � í�Q�t  2 Tåeô"Q�S¥ý ö�÷ � o  Tå\é�í
"Çå
Q) �ä¨é& '"�äÓæçå-3�ä¨é& DP�í�Qòí
"&", � '",ï�ðYéYìÜí�ú5X'", däÜí
"�å¨äÓè�î$3TìÓæ) Tè�ì- �ä1_

2.1020 atomes cm−2 Sã Qyä- AO ø Q) Tì|ôNæçåVñÇè, xP* �ä	äÜð<äÓå�XAO% �äiä|í�æçåVô�äÜäÜí/PTæ)3�äs_dé& �äiï�ô"Qòí�ä	é& ¨ú�ô"Q~ôGZYæ) �äDm c  Tî>Qçæçå�r  Tå
ô"Q�S¤ý ö�ö�÷ oPù: TåFQ) �ä£äÓðYäÓå�XAO% �ä£éÎê ô ø äÜí�ìÓî�åÓæòí
" ", ä- `QçæTOGæçå- '"�å\î�ô�äD_�Q�ê ïÇð<éYìÜí�ú5X'", �OUôNæòä
î�ì-3�ä- '"Çå- '"�å ø æ) '"Àé& 6"�í�O ø ì- Tè�ä- �ä	ô ø ä|í�ìÓî�åÓæòí
"�äVO%3Tå|ô"QTQçæòñÇè, �ä�S ã Q? �äÓå¥îJí�äÜäÓæ ø Q) ªéÎêëí ø ä- Tì4j
W/ Tì	é& �ä	ô ø äÜí�ìÓî�åÓæòí
"�äsO£í�Q)3(PTè>Q~ôNæçì- �äVé�ô."�ä$P* �äiäÓðYäÓå�XAO% �äÑùZå- AQTQ) �ä	ñÇè, 

H2
ù�m�v! AWYäÓï�ô"aví�W
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� ����� � S ü � ��è�ô�ä|ôNì �1BYý ��ö j�þ�ü�DNþ5�Æù«ô(W/ (P�Q) `äÜð<äÓå�XAO% `Qòí�ì- '"Çå�r�æ) '" _
zabs

9 � Sçý�û  Tå
Q) �äGäÓðYäÓå�XAO% �ä0O%3Tå|ô"QTQçæòñ�è, �ä\ô�äÜäÜí/PTæ)3�ä¨ôNæ#"�äÜæ ñÇètê è&"�äÓðYäÓå�XAO% `vbv*} ôNè OxwAO% `é&3(PÑô"Q~ôNú/ 
äÓî$ (PTåÓì|ô"Q�ñÇè, hQ�ê43AOGæòäÜäÓæòí
"�éYè ñÇè�ô�ä|ôNì�S

� U ôNìÜäÓï�ô"Qòí�W<æHPÜï ý ö�÷ ü ����í�Qçå�r  TåGô"Q�S ý ö�÷�÷ ��}ÇìÓæ~ô."�ô."�éÎù#ó  TåÓæçå�^( Ñô." � v! �é�í�è�Z B�D�D�D �
v! �é�í�è�ZÎù¹ó  TåÓæçå�^+ Ñô."� }ÇìÓæ~ô."�ô."�é B�D�D � ù8v! �é�í�è�ZA Tå°ô"Q�S;B�D�D � oPù�í�q�æTQhîZí�è�ìÓì|ôNæçåÆôNè�äÜäÓætð
ô(Wví�æçì é& �äyî�ì- Tè>W/ �ä é& <Q~ôÆî�ì-3�ä- '"YP* °é& ¤îJí�è�äÜäÓæHXTì- �ä�S ��èUåÓæçåÓì- �é& ¥äÓðYäÓå�XAO% ¤éÎê ô ø ä|í�ìÓî�åÓæòí
"
î�ôNìÓåÓæHPTè>Qçæ) TìÑù�í
"eî; Tè�å�PTæçå- Tì�Q) �ä«äÓðYäÓå�XAO% �ä í�qDQ~ôsQçæTOGæçå- °é& VvÎð/OUô."  �äÓåÕé&3Tå- (PTå-3* 1 '"`ô ø j
äÜí�ìÓî�åÓæòí
"tù/P�ê4 �äÓå4j _Gj×éYæçì- Æí�î�åÓæòñ�è, AO% '"Çå�3Tî�ôNæòä,_ ö ý B ��ùYôNî�î; AQ)3�ä°ê�vÎð/OUô."DQçæTOGæçå®äÓðYäÓå- AO£äÑê
m�vbv*}Zù c ð<å�Q) TìVý ö�÷ B5o�S

� Ât¸�» �Ç¶ � ¸£½ � ��� �×µ¹Á���» � Â�¶+��¼�!
α

f ô."�ä�Q~ôiî�ôNìÓåÓæ) ø Q) Tè, ¤éYèeäÓî; (PTåÓì-  '"�j×é& ���_	é& |Q�ê43AOGæòäÜäÜæòí
"FvÎð/OUô."�j
α
éYèUñ�è�ô�äLôNìÑù:Q) 

"�í�O ø ì- ®é& Õì|ôNæ) �ä#éÎê ô ø äÜí�ìÓî�åÓæòí
"Gî�ôNìõè&"�æçå-3 é& 3Qòí
"�ú�è, Tè�ìyéÎêëí
"�é& Rm�é& '"�äÓæçå-3 é& «äÓðYäÓå�XAO% �ä�o
ôNè�ú:O% '"�å- 63'"�í�ì�O%3AO% '"�å�S6u5 °î�ï,3'"�í�OxX'", Vô 3Tå-3Æí ø ä- Tì�W/3°î�ôNìJvÎð�"�é�ä$m ý ö û<ý&o@ Tå  �ZYî>Qçæ�j
ñÇè,3  '"Uî�ôNìÓåÓæ) �î�ôNì,}YôNìÓú/ '"Çå� Tå«ô"Q�S6m ý ö�÷ D5o�S/v�ôVî>Qçè�î�ôNìÓå«é& VP* �ä�ì|ôNæ) �ä«äÜí
"Çå ôNåÓåÓìÓæ ø è,3* �ä|_
é& �ä¥ô ø äÜí�ìÓî�åÓæòí
"�ädvÎð/OUô."�j

α
é& s� ã ù& TåJP* TåÓå- iî�ôNìÓåÓæ) VéYè äÜî; (PTåÓì- 	ä�ê4 �äÓå|WÇè, 	ôNåÓåÓìÓæ ø è,3sQ) 

"�í�O9é& JtÚí�ì�wTå�vtðCOUô."�j
α

m �  Tð/OUô."&"  Tå ô"Q�SZý ö�÷ ý&o�SCvhô	î�ì-3�ä- '"YP* °é& VO%3Tå|ôNè�Z\é�ô."�ä,P* �ä
äÓðYäÓå�XAO% �äÑùA^ è�äÜñÇètêl_ié& ,t�ôNæ ø Q) �ä�é& '"�äÓæçå-3�ä«é& JP�í�Qòí
"&", 1m

1013 ∼ 1014cm−2 oPù/ �äÓå«é&3Tå- (PTå-3* OUôNæòä	åÜí�è�^Óí�è�ìÜäªô�W/ (PUé& �äRO%3Tå|ô"QTQçæHPTæçå-3�ä�åÓì�X�äht�ôNæ ø Q) �äÑùÎæ#"�tC3TìÓæ) Tè�ì- �ä¨ôNè P* '"�åÓæHXAO% \äÜí�Q~ôNæçì- 
m c ð<å�Q) Tì�� �¹ô.">ý ö�ö þCo�S

� ��Á*� � ¸£Á*��º � ¸£½�� � �õ¸Ñµ¹ÁR·h»�º�µ¹¼�� � � ���
f ô."�äVQ) �ä�äÓî$ (PTåÓì- �ä°é& sP* TìÓå|ôNæ#"�äÆñ�è�ô�äLôNìÜäÑùE '"ÇåÓì- \ý D��  Tå � D�� m c í�Q) Ñô  TåÆô"Q�S;B�D�D�BYù

�= �  TåÓå � ��í�Qçå�r�B�D�D � ù ~  TæHP|ï�ôNìÜé  Tå¨ô"Q�S�B�D�D �Nø oPù0í
",é&3Tå- (PTå- dé& �ä¨ô ø äÜí�ìÓî�åÓæòí
"�ä¨åÓì�X�ä
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� ����� � S � � g Z& AOGî>Q) 	é& ié& Tè�ZdäÜî; (PTåÓì- �ä®æòä|äÓè�ä®éYè�} f }>}Im�}/PÜï&", Tæòé& Tì� Tå¥ô"Q�S�B�D�D � o�S>v�ô
t�ôNæ ø Q) ô ø äÜí�ìÓî�åÓæòí
"  '"�vÎð/OUô."�j

α
O£í
"�åÓì- �ñ�è, `Q) eú�ô"r  �äÓå¨åÓì�X�ä¨æòí
"�æòä-3`é�ô."�ä1Q) ]� �dv

ñÇè�ô"Qçæ�eE3	é& s��æH� �VvyùYå|ô."�éYæòä°ñÇè, 	é�ô."�äJQ) $v�í:� �dv�î�ì-3�ä0 '"�å- 6 '"�î>Qçè�ä¥é& �ä�ô ø ä|í�ìÓî�åÓæòí
"�ä
 '" ø ô�äÜä- æòí
"�æòäLôNåÓæòí
" m�è&", �t�í�ìÓå- 3ô ø äÜí�ìÓî�åÓæòí
"  '"�vtðCOUô."�j

α
 Tådé& �ädô ø äÜí�ìÓî�åÓæòí
"�ä  '"

�VQ � � �  TåVu � � o�S ã äÜäÓè, Æé& $�Æô"QTQ! Tå�ô"Q�SbmCB�D�D�B5o�S

Q~ôNìÓú/ �ä|m�� �Vv*oté& 	Q�êëí�ìÜéYì- «é& «éYæTr�ôNæ#", �äõé& 	OGæTQTQçæ) TìÜä0é& 
km s−1 S ã Q  �äÜå�åÓì�X�ähî�ìÜí ø ô ø Q) «ñÇè, 

P* �äiî�ï,3'"�í�OxX'", �äªä- ¨î�ìÜíÇéYè�æòä0 '"�åªôNè�Z9 '" W<æçìÜí
"�äiæTO\O%3�éYæ~ôNåÜä�éYè "�íÑð�ôNètùhä- Tè>Q�PÑôNî�ô ø Q) 
éÎê ô�P(P*3AQ)3Tì- Tì�Q~ôdOUôNåÓæHXTì- ¤ôNè�Z0WÇæçå- �äÜä0 �ä#í ø ä- Tì�W/3* �ä�S u5 �äyô ø äÜí�ìÓî�åÓæòí
"�äyä|í
"�å#åÜí�è�^Óí�è�ìÜäyé�ô."�ä
Q) ø Q) Tè�é& \Q�ê43AOGæòä|äÓæòí
">éYè>ñÇè�ô�ä|ôNìÑù{P* £ñÇè�æ#æTOGî>Qçæòñ�è, Uñ�è, 1Q) Gú�ô"rUì- �äÓîZí
"�äLô ø Q) Gé& xP* �ä
ô ø äÜí�ìÓî�åÓæòí
"�ä  �äÓå 3�^( (PTå-3�éYè�P* '"ÇåÓì- Æé& <Q�ê43AOGæòäÜäÜæòí
"DW/ TìÜä3Q�ê4 �Z<å-3TìÓæ) Tè�ì�S�v! �ä3W<æçå- �äÜä- �ä3OGæòä- �ä
 '"$^+ TèeôNæ#"�äÜæZñÇè, JQ) ¥ï�ôNè�å«é& Tú�ì-3°éÎê æòí
"�æòä|ôNåÓæòí
"eæ#"�éYæòñ�è, '"Çå ñÇè, <P* �ä«äÓðYäÓå�XAO% �ä�ä|í
"�å®ô�äÜäÜí"j
PTæ)3�äyôNè�Zªì-3Tú�æòí
"�ä0î�ìÜí/PÜï, �ä#éYè "�í�ð�ôNèbS u5 �äyô ø äÜí�ìÓî�åÓæòí
"�ä#äÜí
"Çå#î�ôNì4t�í�æòäiW�ôNìÓæ~ô ø Q) �ä�P�í�O\O% 
O£í
"�åÓì-3	î�ôNì<�®ôNì�Qòí �  Tå¥ô"Q�Sbm ý ö�ö B5oÕî�ôNì  �Z& AOGî>Q) :S>v! �ä¤ñÇè�ô�ä|ôNìÜä®éYæçåÜä	ê�� �dvyê�äÜí
"Çå<PAQ~ô�ä4j
äÓæ�eE3�ä1 '"3åÓìÜí�æòäÆäÜí�è�ä4jkPÑôNå-3Túví�ìÓæ) �ä	ä- AQòí
"�Q) �ú�ô"r¨î�ìÜíÇéYè�æòä|ô."ÇåhQ) �ä	ô ø äÜí�ìÓî�åÓæòí
"�ä�Syv�ôFe�ú�è�ì- 
� S � O£í
"ÇåÓì- xQ�ê4 �Z& AOGî>Q) Ué& £é& Tè�Z PAQ~ô�äÜä- �äVé& xP* �ä	í ø ^+ TåÜä�Sbv! �äB� �dv�ï�ôNè�å- Uæòí
"�æòä|ôNåÓæòí
"
î�ì-3�ä- '"Çå|ô."�å\é& �ä\ô ø äÜí�ìÓî�åÓæòí
"�äxQçæ)3* �äF_3é& �ä£ì|ôNæ) �ä£é& `ï�ôNè�å- `æòí
"�æòä|ôNåÓæòí
"tùyå×ð<î�æòñ�è, AO% '"Çå
u ��� ù#ôNî�î$ AQ)3* �ä1�¥æH� �dv�Siu5 Tè�Z é& ø ô�ä0 Uæòí
"�æòä|ôNåÓæòí
" m�v�í:� �dv*oªñÇè�æÕî�ì-3�ä- '"Çå- '"�åF_�Q~ô
tÚí�æòäyé& �äÕô ø äÜí�ìÓî�åÓæòí
"�ä  '"£ï�ôNè�å-  Tå ø ô�ä|ä- æòí
"�æòä|ôNåÓæòí
"Uå- AQTQ) <z�ú � � S g "�e,"DQ) �äyñ�è�ô�äLôNìÜä�é& 
ø ô�äÜä- Væòí
"�æòä|ôNåÓæòí
"*ô(W/ (P�é& �ä°ô ø äÜí�ìÓî�åÓæòí
"�ä1 '"��, � � í�è��, � � � äÜí
"�å°è&", ªä|í�è�ä4jkPÑôNå-3Túví�ìÓæ) 
m��, (vtí:� �dv*o�S

u5 TìÓå|ôNæ#"�ä äÓðYäÓå�XAO% �ä«éÎê ô ø äÜí�ìÓî�åÓæòí
"`äÜí
"�å é&3Tå- (PTå-3�äJ_	é& �ä é&3(PÑô"Q~ôNú/ �ä äÓî$ (PTåÓì|ôNè�ZUî>Qçè�ä
ú�ì|ô."�é�ä¥ñÇè, 

zem

ù¹ô(W/ (P	é& �ä<WÇæçå- �äÜä0 �ä®é& RQ�êëí�ìÜéYì- 	é& � D�D�D
km s−1 ù�ñÇè�ætäÜí
"�å°éYè�ä<_GéYèú�ô"r6 '"]O£í�è>W/ AO% '"ÇåVW/ TìÜä|Q) 8"�íÑð�ôNèbS
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éYè, F_eè&"*ìÜí�è�ú�æòäÜä0 AO% '"�åVæ#"Çå- Tì+", £éYæ��<3Tì- '"�åªé& �ä63TåÜí�æTQ) �äiî>Qçè�äht�ìÜí�æòé& �ä�S c í�è�å- �äBP* �äiì- �j
OUôNìÜñÇè, �äÑù�äÓæ� AQTQ) �ä "�í�è�ä¥é�í
"&", '"Çå�è&", iæòé&3* ªé& ht�ô ��í
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"]Q) dP�í<é& ÆôstÚí
"YPTåÓæòí
"&",3
äÓè�ì#é& Tè�Z  �äÓî�ô�P* �ä#éYæ��$3Tì- '"ÇåÜä	_°åÓìÜí�æòä#éYæTO% '"�äÓæòí
"�ä�P* (PTæ�ôGe,"£é& äÓæTOGî>Qçæ�eE Tì	Q�ê ô"Qçúví�ìÓæçåÓï>O% :S
v! �äGé&3Tå|ôNæTQòä£é& `Q~ô�PTì-3ÑôNåÓæòí
" éYè Qòí/PTè�ä¨î; Tè>W/ '"ÇåxwTåÓì- dåÓìÜí�è>W/3�ä£é�ô."�ä ~ æHP|ï�ôNìÜé�ä% TåUô"Q�S
mCB�D�D�B5o�S

v! �ä í ø ^+ TåÜäÕä|í
"�å®ä-3AQ) (PTåÓæòí
"&",3�ä  '"\þ�î�ôNìÓåÓæ) �äÑùÇæ?o#è&", dP�í
"YP* Tì+"�ô."�å,Q�ê4 �äÓî�ô�P* Æé& �ä�P�í�è�j
Q) Tè�ìÜä

ugri
 �Z�PAQçè�äÜæTW/ AO% '"�å3P|ï, Tì�PÜï�ô."Çå�Q) �äÕñ�è�ô�äLôNìÜä	_ ø ô�äyé&3(PÑô"Q~ôNú/ �äÓî; (PTåÓì|ô"Q

i < 19.1
ù

æçæ?oÕè&", iôNè�åÓì- ié�ô."�ä|Q�ê4 �äÓî�ô�P* 
griz

P|ï, Tì�PÜï�ô."�åVQ) �ä®ñ�è�ô�äLôNìÜäJ_�ú�ì|ô."�é`é&3(PÑô"Q~ôNú/ 	äÓî$ (PTåÓì|ô"Q
^ è�äÜñ�ètêl_

i < 20.2
ù�æçæçæ?o é& �ä|rÑí
", �ä¥éÎê4 �Z>PAQçè�äÓæòí
"�éÎêëí ø ^+ TåÜäÑùYæTWYo é& �ä|rÑí
", �ä¤éÎê æ#"YPAQçè�äÜæòí
"�ä�S

v! �ä®í ø ^+ TåÜä®ñÇè�æ8Wví
"Çå|t�ôNæçì- VQ�êëí ø ^+ Tå¤é& �ä®ä-3AQ) (PTåÓæòí
"�ä æ?o5 Tå æçæ?oÕí
"�å¤éÎê ô ø í�ìÜé 3Tå-3iä-3AQ) (P�j
åÓæòí
"&",3�ädP�í�O\O% 63Tå|ô."�åR_1Q�ê4 �ZYå-3TìÓæ) Tè�ì°éYè�QòíCPTè�ä�é& �ä 3TåÜí�æTQ) �ä°é�ô."�äVP|ï�ô�PTè&"Àé& �ä� �äÓî�ô�P* �ä
é& sP�í�è>Q) Tè�ìÜä�ì- �äÓî$ (PTåÓæ�t�ä&S f ê è&", Rt�ô ��í
"EäÓæTOGî>Q) �ù6P* (PTæ�î$ Tè�å<wTåÓì- VéYæçådP�í�O\O% VäÓè�æçå  � �  
ä- AQ) (PTå®ô"QTQÎí ø ^( (PTåÜä �®ï�í�ä- �î�ï�í�åÜí�O% TåÓìÓæHP> TìÓìÜí�ì� AQTQçæçî�äÜí�æòé�äRm�é& �e,", �é ø ð

Nσerr

åÓæTO% �ä«åÓï, 
í
", �j×äÓæçú:OUô  TìÓìÜí�ì  AQTQçæçî�äÜí�æòé�o¨é�í "�í�å£æ#"Çå- TìÜä- (PTå£åÓï, `äÓå- AQTQ~ôNìxQòí/PTè�ä�S � m ~ æHP|ï�ôNìÜé�ä% Tå\ô"Q�S
B�D�D�BYù ��î�î$ '"�éYæHP* ��Jo�S�v�ô P�í
"�äÓåÓìÓèYPTåÓæòí
"Äé& �ä  AQTQçæçî�ä- �äUéÎê4 TìÓì- Tè�ìeîJí�è�ìFPÜï�ô�ñÇè, Eí ø ^+ Tå
äÓè�î�îJí�ä- £ñÇè, xQ) �ä  TìÓì- Tè�ìÜäªé�ô."�ä0PÜï�ô�ñÇè, \eYQçåÓì- eäÜí
"Çå6"�í
"�jkP�í�ìÓì-3AQ)3* �äÑùiP* £ñÇè�æ@"tê4 �äÓåªî�ô�ä
åÜí�è�å\_`t�ôNæçå  �Z�ô�PTåÑù+P�t�S�}/PTì|ô."�åÜí
"  Tå¨ô"Q�S3mCB�D�D�ü5o�S g "�ì-3�äÜè>O%3�ù »ÑµZ¾�¸ � � ¸3µ ��¿ � »Ñ¸E¸-� !
� � ��»�º�µZ¼h¼���¸ ¸�µ¹¼Z»`½ � � �yµ¹ÁR½ �*,hµ¹º�¸�º�¸ � � � �
	 »���Á�º � ¾hÁ�½0¾ ��µ'��¾h¸d½ � ¸ �v»ÑµZº�� � ¸ � v! �ä
î�ìÜí"^+ (PTåÓæòí
"�ä`é& �P* �Qòí/PTè�ädôNæ#"�äÜæÆñÇè, Àä|ô�î�ôNì|ô"O%3TåÓìÓæòäLôNåÓæòí
"5äÜí
"�ådì- Tî�ì-3�ä- '"Çå-3* �ä`e�ú�è�ì- 
� SçýÑü�S ã QE �äÜå�æTOGîJí�ìÓå|ô."�å®é& "�í�å- Tì ñ�è, ¥åÜí�è�ä	Q) �ä«í ø ^+ TåÜäÕéYèÀê4 ÑôNì�Qçð£é�ôNå|ô	ì- AQ) Ñô�ä- �ê<í
"�å53Tå-3
è�åÓæTQçæòä-3�ä®îJí�è�ì®ì-3Ñô"Qçæòä- Tì<P* hQòí/PTè�ä�S�u°ê4 �äÓå4j _Gj×éYæçì- Vñ�è, ÆåÜí�è�ä|Q) �ä¥í ø ^( TåÜä®îJí
"YPTåÓè, AQòä¥í
"Çå 3Tå-3
î�ìÓæòä îJí�è�ìJP* TåÓå- Æî�ôNì|ô"O%3TåÓìÓæòä|ôNåÓæòí
"tùYOxwAO% RP* Tè�Z`ä|ô."�ä|P�í
"�e�ì�OUôNåÓæòí
"�äÓî$ (PTåÓìÜí�ä�P�í�î�æòñÇè, :S
u5 (PTæ< �äÓå�îJí�äÜäÓæ ø Q) dPÑôNì®é�ô."�ä�Q) �äÕì-3Tú�æòí
"�ä ñÇètê æTQòä«è�åÓæTQçæòä- '"�åÑù/Q~ôBOUôG^ í�ìÓæçå-3°é& �ä í ø ^( TåÜä äÜí
"Çå
é& �ä=3TåÜí�æTQ) �ä�S6v�ê43�ñ�è�æçî$ VéYè } f }>}  �Z>PAQçè�å�",3Ñô.">O£í�æ#"�äÆé& sP* sQòíCPTè�äVQ) �ä�ì-3Tú�æòí
"�ä�é& BQ�ê4 �ä4j
î�ô�P* Gå- AQTQ) �äªñ�è, 

u − g < 0.5
í�è

g − r < 0
ñÇè�æyì- Tú�ìÜí�è�î$ '"�å  �äÜä- '"�åÓæ) AQTQ) AO% '"Çå�é& �ä

ñÇè�ô�ä|ôNìÜä6 Tå�é& �ä63TåÜí�æTQ) �ä¨é& Gå×ð<î$ �0Sbv! �ä  AQTQçæçî�ä- �ä  '"�ìÜí�è�ú/ xO£í
"ÇåÓì- '"�å1Q~ô`î�ìÜí"^+ (PTåÓæòí
"
é& xQ~ô äÓè�ì4tÚô�P* D_`þ�j×äÓæçú:OUô�S g "�î�ì|ôNåÓæòñÇè, \é& �äªí ø ^( TåÜä�ô(W/ (P£è&",  TìÓì- Tè�ì6"Çè>QTQ) \ä- Tì|ôNæ) '"Çå
ä-3AQ) (PTåÓæòí
"&",3�ä$_Uî�ôNìÓåÓæçìié& BP* TåÓå- ¨äÓè�ì4t�ô�P* :S g "Àì-3Ñô"Qçæçå-3�ù$ '"Àå- '"�ô."�åRP�í�OGî�å- ¨é& �ä1 TìÓì- Tè�ìÜä
äÓè�ì|Q) �ä|OUôNú�"�æçåÓè�é& �ä�ùYQ) �ä®ì-3Tú�æòí
"�ä�éÎê4 �Z�PAQçè�äÓæòí
"EäÜí
"�å¤î>Qçè�ä¤ú�ì|ô."�é& �ä�S
º � � �.� � ��»�º�µZ¼ ½���¼�¸ � � � ¸Ñ·���� � ½ � ¸ �vµZ¾�� � ¾�ÁN¸

ugri
Ã

v�ôUä-3AQ) (PTåÓæòí
"3é& �ä¥ñÇè�ô�ä|ôNìÜä¥é�ô."�äVQ�ê4 �äÓî�ô�P* Vé& �ädP�í�è>Q) Tè�ìÜä
ugri
è�åÓæTQçæòä- Vè&", VéYæòäÓåÓæ#"YP�j

åÓæòí
"ªé& �åÓì|ôNæçå- AO% '"�å� '"�åÓì- Õí ø ^( TåÜähîJí
"YPTåÓè, AQòähí�è63Tå- '"�éYè�ä&SGv! �ähí ø ^( TåÜä 3Tå- '"�éYè�äõé&3Tå- (PTå-3�ä
 '"

u
 Tå

g
ù�ôÑð�ô."�å¤é& �ä� TìÓì- Tè�ìÜä æ#"�tC3TìÓæ) Tè�ì- �äJ_ D�S B  Tå é�í
"�å|Q~ôBP�í�è>Q) Tè�ì

u− g
 �äÓå äÓåÓìÓæHPTå- �j

O% '"�å#äÓè�î$3TìÓæ) Tè�ì- |_
> 0.9

äÜí
"�å0ì- �^+ Tå-3�äÑù�ôNæ#"�äÓæ<ñÇè, 	P* Tè�Z¨ô�ð�ô."�å
l > 0

 Tå
k > 0

ä- AQòí
"0Q) �ä
"�í�å|ôNåÓæòí
"�ä°é& ��� � ø  Tì�� �Õô."&"Çð m ý ö�ö û:o$m2Wví�æçìÆôNè�äÜäÓæ ~ æHP|ï�ôNìÜé�ä� Tå°ô"Q�S+mCB�D�D�B5o¤ô."&", �Z& 



÷ B ���������	��
�� �@� �}
6�����a���i��������� �7���A� �����:���7���K�7�N�6�����3��������� �7� �7�X���/�B
��

� ����� � SçýÑü � f æ~ôNú�ì|ô"O\O% �ä�P�í�è>Q) Tè�ì4jkP�í�è>Q) Tè�ì«ì- Tî�ì-3�ä- '"�å|ô."Çå�Q~ôiî�ìÜí"^( (PTåÓæòí
"eéYèxQòíCPTè�äÕé& �ä
3TåÜí�æTQ) �ä¨é�ô."�äªéYæ��<3Tì- '"�åÜä�î>Q~ô."�ä�é& DP�í�è>Q) Tè�ìÜä&S*v! �ä�í ø ^+ TåÜäVè�åÓæTQçæòä-3�äªîJí�è�ìªä|ô�PÑôNì|ô�PTå-3TìÓæ�j
ä|ôNåÓæòí
"*äÜí
"ÇådO£í
"ÇåÓì-3�ä> '"3îZí�æ#"ÇåÜä> TådP�í
"ÇåÜí�è�ìÜä>"�í�æçìÑùJäÜí�æçå�î�ì�X�äié& ¨ü�D�D�D�D\îZí�æ#"ÇåÜä�Syv! �ä
äÓð/O ø í�Q) �ä  '"A3TåÜí�æTQ) ROUôNú/ '"Çå|ô£ì- Tî�ì-3�ä0 '"�å- '"�åVQ~ô¨åÓì|ô�P* 	éYè�P* '"ÇåÓì- VéYè�Qòí/PTè�ä�S>v! �äJQçæçú�", �ä
ìÜí�è�ú/ �ä¨ì- Tî�ì-3�ä- '"Çå- '"�å\Q) �ä0QçæTOGæçå- �äGéÎê è&", däÓè�ì4tÚô�P* ]_�þ�j×äÓæçú:OUô3ôNè�åÜí�è�ìGé& �P* �ä1P* '"ÇåÓì- �ä�S
v! �ä¨ì-3Tú�æòí
"�ä  '" W/ TìÓå£äÜí
"Çå0Q) �ä1QçæTOGæçå- �äGé& dä-3AQ) (PTåÓæòí
" é& �äGí ø ^+ TåÜä  �Z<å-3TìÓæ) Tè�ìUôNè Qòí/PTè�ä
m�ñÇè�æ&"tê4 �äÓåyî>Qçè�ä	_Æþ�j×äÜæçú:OUô5oõîZí�è�ì	Q) �äyñ�è�ô�äLôNìÜä�ô(W/ (P¤é& �ä�é&3(PÑô"Q~ôNú/ �äÕäÓî$ (PTåÓì|ôNè�Z\P�í�OGî�ìÓæòä
 '"�åÓì- 8B  Tå � m�P�t4S<î�ôNì|ôNú�ì|ôNî�ï, 	äÜè�ì�Q) �ä ì-3Tú�æòí
"�ä®éÎê æ#"YPAQçè�äÜæòí
"6o�S ã ä|äÓè, �é& ~ æHPÜï�ôNìÜé�ä� Tå¥ô"Q�S
mCB�D�D�B5o�S

��ùCQ~ô¨äÜæçú�"�æ�e�PÑôNåÓæòí
"Eé& hP* �ä®î�ôNì|ô"OxXTåÓì- �ä "tê4 �äÜå®î�ô�ä|Q�êëí ø ^( Tå¤é& 1"�í�åÓì- ié&3AW/ AQòí�î�î$ AO% '"�å�o�S
v! �äÆí ø ^+ TåÜäiñ�è�æõì-3TîZí
"�é& '"Çås_FP* �ähP�í
"�éYæçåÓæòí
"�ä8 Tå=", ¨ä- �äÓæçåÓè, '"�åÆî�ô�äié�ô."�ädQ) �ä°ì-3Tú�æòí
"�ä
éÎê4 �Z>PAQçè�äÓæòí
">ñÇè�æ�ä- TìÜí
"�åªé�í
"&",3* �äªé�ô."�äiè&">î�ìÜíCP|ï�ôNæ#">î�ôNì|ôNú�ì|ôNî�ï, eäÜí
"�åVä03AQ) (PTåÓæòí
"&",3�ä
P�í�O\O% $PÑô."�éYæòé�ôNåÜä°ñ�è�ô�äLôNìÜä�S
º�º � � � � � ��»�º�µ¹¼@½���¼�¸ � � � ¸�·���� � ½ � ¸ �vµZ¾�� � ¾hÁN¸

griz
Ã

u5 �ä3PTìÓæçå�XTì- �ä	W<æòä- '"�å3Q) �ä�ñÇè�ô�ä|ôNìÜä3_iî>Qçè�äyú�ì|ô."�éUé&3(PÑô"Q~ôNú/ °äÓî$ (PTåÓì|ô"Q �vîJí�è�ì@3AW<æçå- TìÕé& 
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� ����� � Sçý � � ~ 3Tú�æòí
"�ä¥éÎê4 �Z�PAQçè�äÓæòí
"2 Tå¥éÎê æ#"YPAQçè�äÓæòí
" îJí�è�ìJQ~ô¨ä-3AQ) (PTåÓæòí
"�é& Vñ�è�ô�ä|ôNìÜä&S>v! �ä
îJí�æ#"�åÜä5"�í�æçìÜä  Tå	Q) �ä,P�í
"�åÜí�è�ìÜä äÜí
"Çå3Q) �ä äÜí�è�ì�P* �äÕîZí
"YPTåÓè, AQTQ) �ä¤ô�W/ (P

i < 19.1
S�v! �ä3Qçæçú�", �ä

 '" ø Q) Tè,äÜí�O ø ì-  TåVåÓæçì- TåÜä$O£í
"ÇåÓì- '"�å1Q) �ä	ì-3Tú�æòí
"�ä�éÎê4 �Z>PAQçè�äÓæòí
"�é& �ä6"�ôNæ#", �ä ø Q~ô."YPÜï, �ä�ù
Q) �ä«îZí�æ#"ÇåÜä  '" ø Q) TèdäÜí�O ø ì- iäÜí
"�å�Q) �ä5"�ôNæ#", �ä ø Q~ô."YPÜï, �ä|P�í
"�e�ì�O%3* �ä®î�ôNì äÓî$ (PTåÓìÜí�ä�P�í�î�æ) :S
f  �OxwAO% \îJí�è�ì1Q) �ä 3TåÜí�æTQ) �äGé& \å�ðÇî$ �  '" ø Q) Tè PAQ~ôNæçì% TåªåÓæçì- TåÑùyôNæ#"�äÓæ®ñÇè, UîJí�è�ì1Q) �ä
î�ôNæçì- �ä8"�ôNæ#", ø Q~ô."YPÜï, xj�3TåÜí�æTQ) £é& Gå�ðÇî$ xz  '" OUôNú/ '"�å|ô2 Tå	åÓæçì- TåÜä6 Tå�ôNè�äÜäÓæ#îJí�è�ì$Q) �ä
ñÇè�ô�ä|ôNìÜä�ôNè�Z>é&3(PÑô"Q~ôNú/ �ä¨äÓî$ (PTåÓì|ôNè�Z7 '"�åÓì- 

2.5 < z < 3.0
 '"nW/ TìÓå  TåsQçæçú�", \î>Q) Tæ#", �ä�S

�°í�å- Ar	ñ�è, dQ~ô ø í �òå- VW/ TìÓå- 1"tê4 �äÜå®î�ô�ä è&", ø í�æçå- iéÎê4 �Z>PAQçè�äÓæòí
"]OUôNæòä¤éÎê æ#"YPAQçè�äÓæòí
"  Tå¤ñÇè, 
Q) �ä«îZí�æ#"ÇåÜä,W/ TìÓåÜä«ì- Tî�ì-3�ä- '"�å- '"Çå »Ñµ¹¾h¸ Q) �ä«ñÇè�ô�ä|ôNìÜä®ô(W/ (P

2.5 < z < 3.0
ù<î�ô�ä ä- Tè>Q) AO% '"Çå

P* Tè�Z�ñÇè�æÕäÜí
"Çå�é�ô."�ä0Q~ô ø í �òå- f  Uî>Qçè�ä0P* �ä ø í �òå- �ä�äÜí
"Çå0Q) �äªî�ìÜí"^+ (PTåÓæòí
"�ä�é& �ä ø í �òå- �ä
ì-3* AQTQ) �ä£é�ô."�ä1Q�ê4 �äÓî�ô�P* �_ÀñÇè�ôNåÓì- `éYæTO% '"�äÓæòí
"�ä�S�v�ô�Qçæçú�", 0^ÜôNè&", `O£í
"�åÓì- �Q~ô�P�í�è�î$  '"
P�í�è>Q) Tè�ì VU 11S�v! �ä|Qçæçú�", �ä®ìÜí�è�ú/ �äJO£í
"�åÓì- '"�åVQ) �ä®éYæ��$3Tì- '"Çå- �ä<P�í�è�î$ �ä®îJí�è�ì|Q) �ä ú�ì|ô."�é�ä
é&3(PÑô"Q~ôNú/ �ä¥äÜî; (PTåÓì|ôNè�Z{S ã äÜäÓè, Æé& ~ æHP|ï�ôNìÜé�ä  Tå¥ô"Q�S+mCB�D�D�B5o�S
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ä-3AQ) (PTåÓæòí
"&", TìÆé& �ä¥ñÇè�ô�ä|ôNìÜäh_ ø ô�ä�é&3(PÑô"Q~ôNú/ ªäÓî$ (PTåÓì|ô"Qhé�ô."�ädP* TåÓå- Vä-3AQ) (PTåÓæòí
"tù6Q) �ä¥í ø ^+ TåÜä
ì-3TîJí
"�é�ô."�å°ôNè�Z]PTìÓæçå�XTì- �ä¥äÜè�æTW�ô."ÇåÜä ", iäÜí
"Çå¤î�ô�äJPÜï�í�æòäÜæòä<P�í�O\O% 	ñÇè�ô�ä|ôNìÜä 

A) g − r < 1.0
B) u − g ≥ 0.8
C) i ≥ 19.1 OR u − g < 2.5.

m � S B5o

� � �Zº]µZ¼�¸G½�� �
	 � ��¾h¸�º�µ¹¼5Ã
ã QYð�ô�åÓìÜí�æòä#ì-3Tú�æòí
"�ä#éÎê4 �Z>PAQçè�äÓæòí
"£äÓè�æTW�ô."�å�Q) �ä0å×ð<î$ �ä#éÎêëí ø ^( TåÜä	_= �Z>PAQçè�ì- "Q) �ä�"�ôNæ#", �ä

ø Q~ô."YPÜï, �ä�ù+Q) �äªî�ôNæçì- �ä6"�ôNæ#", ø Q~ô."YPÜï, Dj�3TåÜí�æTQ) eé& £å�ðÇî$ Fz  TåBQ) �ä 3TåÜí�æTQ) �ä�é& £å�ðÇî$ �0S
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A) −0.8 < u − g < 0.7
B) −0.8 < g − r < −0.1
C) −0.6 < r − i < −0.1
D) −1.0 < i − z < −0.1.
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"déYè`Qòí/PTè�äÑùCOUôNæòä«ñÇè�æZî; Tè>W/ '"ÇåJP�í
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A) 0.7 < u − g < 1.4
B) −0.5 < g − r < 0.0
C) −0.5 < r − i < 0.2
D) −0.4 < i − z < 0.2.
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A) −0.3 < g − r < 1.25
B) 0.6 < r − i < 2.0
C) 0.4 < i − z < 1.2
D) σg < 0.2,

m � S ü5o

��î�ôNìÓå<Q~ôGî�ôNìÓåÓæ) VîJí�ìÓå|ô."�å°äÓè�ìJQ) �ä  TìÓì- Tè�ìÜä= '"
g
ù�æTQ!"tê ð ôGî�ô�ä�é& $P�í
"�åÓì|ôNæ#"Çå- �äiäÓè�ì
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2.5 < z < 3
é�í
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"Çå«ôNè�äÜäÓæZé&3�e,"�æ) �ä«ôGe,"eé& ¥ä-3AQ) (PTåÓæòí
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A) 0.6 < u − g < 1.5
B) 0.0 < g − r < 0.2
C) −0.1 < r − i < 0.4
D) −0.1 < i − z < 0.4.
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îJí
"�é& '"�å°ôNè�Zdæ#"�å- TìÜä0 (PTåÓæòí
"�ä�äÓè�æTW�ô."�å- �ä 

A) σi < 0.2
B) u − g > 1.5 OU u > 20.6
C) g − r > 0.7
D) g − r > 2.1 OU r − i < 0.44 ∗ (g − r) − 0.358
E) i − z < 0.25
F) i − z > −1.0.
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i
�hoPùJô�äÜäÓè�ì- BQ�ê æ#"�å-3Tú�ìÓæçå-3Gé& �ähP�í�è>Q) Tè�ìÜä
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A) σi < 0.2
B) u > 21.5
C) g > 21.0
D) r − i > 0.6
E) i − z > −1.0
F) i − z < 0.52 ∗ (r − i) − 0.412.
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A) u > 20.6
B) u − g > 1.5
C) g − r < 1.2
D) r − i < 0.3
E) i − z > −1.0
F) g − r < 0.44 ∗ (u − g) − 0.56.
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" é& \î�ìÜí ø ô ø æTQçæçå-3 æTQòäGé&3(PTæòé& '"�åD_ÀñÇè, AQTQ) ]PAQ~ô�äÜä- �Q�êëí ø ^( Tå1W�ô3ôNî�î�ôNìÓå- '"�æçì
m�PTæçå|ôNåÓæòí
"Eé& � í�Q�t: Tå¥ô"Q�SEB�D�DYý&o 

ã t0åÓï, Tì- iæòä¤í
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p(ci|~q) > 0.75

ù�åÓï, '" �  Vô�äÜäÜæçú�" åÓï�æòäJPAQ~ô�äÜä®åÜí
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NQº%È1¼�À+º�»�¸j¹C1 Ç8º�Æ ºqÃDÄg½jÈ"½]Ç8È7¸�1�È8º�Ç1Õ0¾%È7Æ�½]»�È�É"Åg½jÃDÄ�ºqÁÂ»D¼8º�Ç1Õ�½]ÀÂÀ+º%È�Æ º � á Ñ � ¹�½87�» ÁÂ¼1Ä�Æ º%È#È1Ä Ç

Ä »�º�È1Ä Ç 3�½jÉ%º_º"�Aº%É�¼1ÁÂÕ0º�Æ º � � Ñ�ÑKÆ º27�Ç8¾%È�É�½]Ç1Ç8¾%È�á�Ùí½KÆ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»Ýº�» Æ ¾%É�½]ÀH½870ºÏÈ1¿�º%É�¼1Ç"½]À
Æ º%È#ÃDÄg½jÈ*½]Ç8È�Æ�ÄdÍ�ÎÏÍ Í'º%È8¼íÇ8º�¿ Ç8¾%È8º�»[¼8¾%º�Ó 7�Ä Ç8º ��á � á!�/»�ºqº%È1¼1ÁÂ¹�½]¼1Á+¸j»Q;/Æ º%È7¹�½87�» ÁÂ¼1Ä�Æ º%È
¿ ÀÂÄ�È_¿ Ç8¸83�¸j»�Æ º%È_¿ Ç8¸�Õ0º�»g½]»D¼'Æ º%È_Ç8º�À+º�Õ0¾%È�ÑjÆ Ö º�¼�Ñ0Í�Ù E�� º%È1¼_¿ Ç8¾%È8º�»D¼8¾|¼"½81 À+º ��á Ñ�á E/Ä
Ó�»g½]À�¸j»Ô¿�º�Ä ¼qÈ�Û ½]¼1¼8º�»�Æ�Ç8º ;Ï¼1Ç8¸jÄ Õ0º�Ç�º�»[¼1Ç8º � ��� º�¼ � ��� Ã[Äg½jÈ"½]Ç8È�¿g½]Ç�Æ º27�Ç8¾_É�½]Ç1Ç8¾_º�»êÈ8º
ÀÂÁÂ¹.ÁÂ¼"½]»D¼L;|Ä »�º�¹�½87�» ÁÂ¼1Ä�Æ º'Æ º�Ñ�Ñ�á � º�»
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á
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	� ��á �� ·�¸j¹.¿g½]Ç"½]Á+È"¸j»ÔÆ º�À�Û�¾�Õ0¸jÀÂÄ ¼1Á+¸j»êÆ º�ÀH½�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»êÆ º%È�Ã[Äg½jÈ"½]Ç8È�º�»)3 ¸j»�É�¼1Á+¸j»
Æ�Ä�Æ ¾%É�½]ÀH½870º/È1¿º%É�¼1Ç"½]À	È8º�À+¸j».À+º%È�Æ�Á��A¾�Ç8º�»D¼8º%Èq¾�Õ0¸jÀÂÄ ¼1Á+¸j»�ÈqÆ�ÄdÇ8º�À+º�Õ0¾�á[Ù(º%È�È1¼1Ç1Ä�É�¼1Ä Ç8º%Èq¸�1�Ë
È8º�Ç1Õ0¾%º%È�Æ�½]»�È#ÀH½�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»dº�»dÆ ¾%É�½]ÀH½870º�È8¿º%É�¼1Ç"½]À�È8¸j»[¼�Æ�Ä�º%È�½]Ä�@|º"�Aº�¼8È�Æ º�È8¾�À+º%É�¼1Á+¸j»
 � Á+É"Åg½]Ç8Æ ÈÒº�¼/½]À�á�Ñ ����� 6Xá�9�È8È8Ä�º�Æ º � Á+É8Åg½]Ç8Æ È/º�¼/½]À�á�Ñ �����
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NQ
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�

NQm���l kj´��
0.00± 0.00 0.00± 0.00

�
0.00± 0.00 0.00± 0.00

m
m���l ´����

0.00± 0.00 0.00± 0.00
�

0.00± 0.00 0.00± 0.00
�

m���l ±]´��
0.00± 0.00 0.01± 0.00

k
0.00± 0.00 0.00± 0.00

�
m*£0l������

0.01± 0.00 0.01± 0.00
m)m

0.01± 0.00 0.01± 0.00
m*�

m*£0l kj´��
0.01± 0.00 0.02± 0.00

mX�
0.01± 0.00 0.02± 0.00

mX�
m*£0l ´����

0.02± 0.00 0.04± 0.00
�]�

0.01± 0.00 0.03± 0.00
���

m*£0l ±]´��
0.06± 0.01 0.10± 0.01

§��
0.04± 0.01 0.08± 0.01

£]´
m�´jl������

0.08± 0.01 0.17± 0.01
m)m�´

0.07± 0.01 0.15± 0.01
mX�]´

m�´jl kj´��
0.12± 0.01 0.29± 0.01

mX±��
0.11± 0.01 0.26± 0.01

m%´�k
m�´jl ´����

0.23± 0.01 0.53± 0.01
���)´

0.21± 0.01 0.47± 0.01
�]�)´

m�´jl ±]´��
0.31± 0.01 0.83± 0.01

k�´��
0.33± 0.01 0.80± 0.01

�0m�m
m*§0l������

0.56± 0.02 1.40± 0.02
§)£�§

0.55± 0.02 1.35± 0.02
§�k)±

m*§0l kj´��
0.78± 0.02 2.18± 0.02

mX���)�
0.82± 0.02 2.17± 0.02

m����)´
m*§0l ´����

1.19± 0.03 3.37± 0.03
m*§)��±

1.25± 0.03 3.42± 0.03
mX±)���

m*§0l ±]´��
1.70± 0.03 5.07± 0.03

��£]���
1.86± 0.04 5.28± 0.03

��§]´%�
m*±0l������

1.61± 0.03 6.68± 0.03
�%k]§�k

2.62± 0.04 7.90± 0.04
k]�)��§

m*±0l kj´��
0.56± 0.02 7.24± 0.02

§���� l"l*l l*l"l ±��)�
m*±0l ´����

0.13± 0.01 7.37± 0.01
����£ l"l*l l*l"l ��mX£

m*±0l ±]´��
0.03± 0.01 7.41± 0.00

��� l"l*l l*l"l ���
���0l������

0.01± 0.00 7.42± 0.00
mX± l"l*l l*l"l ���

�
	�� � ��á �	 Î�º�»�È1ÁÂ¼8¾QÆ ºQÃ[Äg½jÈ"½]Ç8È�º�»Q3�¸j»�É�¼1Á+¸j»�Æ ºÒÀH½�¹�½87�» ÁÂ¼1Ä�Æ ºP 
0.3 < z < 2.2

6Xá G�¸jÁÂÇ
À+º�¼8ºM@�¼8º�¿¸jÄ Ç�À+º%ÈÒÀ+¾270º�»�Æ º%È�á 9tÈ8È1Ä�º�Æ º � Á+É8Åg½]Ç8Æ ÈÒº�¼Ò½]À�á� Ñ ����� 6

����� �
g
�  �)� ¬ ��k �)¡�© ���

���0l � m��0l §j´ m%´jl���� m*§Dl ±)£
���0l�� ��£Dl ±)± ��§0l��)´ �0m)l �)±
�0m�l � kDm)l £)§ k]�0l���� kj´�l�´�±
�0m�l�� ��±Dl k�� �)��l �0m £�±DlfmX�
�)��l � ´%§Dl §)§ £]��l k)£ ±��Dl�´)´

�
	�� � ��á Ñ  Î�º�»�È1ÁÂ¼8¾qÆ º�ÃDÄg½jÈ*½]Ç8È ;>3�½]Á%1 À+º%È�¹�½87�» ÁÂ¼1Ä�Æ º%È�áj·�¸j¹.¿g½]Ç"½]Á+È"¸j»|Æ º�À�Û�º%È8¼1ÁÂ¹�½]¼1Á+¸j»
Æ º%È Æ º�»�È1ÁÂ¼8¾%ÈÝÆ ºcÃ[Äg½jÈ"½]Ç8È º�» 3 ¸j»�É�¼1Á+¸j»¦Æ º ÀH½ ¹�½87�» ÁÂ¼1Ä�Æ º  

0.3 < z < 2.2
6Xá�" ���

É%¸jÇ1Ç8º%È1¿�¸j»�Æ|½K"�¸�ß�À+º�º�¼�½]À�á' Ñ ����� 6XÊ�· � �L;_·qÇ8¸[¸j¹ º�¼#½]À�á� Ñ ��� �'6(º�¼�ÀH½QÆ º�Ç1» Á���Ç8º�É%¸jÀ+¸j» »�º
;�Ä »�º/º%È1¼1ÁÂ¹�½]¼1Á+¸j»�¿ Ç8¸�Õ0º�»g½]»D¼�Æ�ÄêÑ0Í�Ù E��  ÀH½�ÀÂÁÂ¹.ÁÂ¼8º/Æ�Ä�Ç8º�À+º�Õ0¾Ò¾�¼"½]»[¼

g = 21.85
6Xá�Ù(º%È

Ä » ÁÂ¼8¾%ÈÒÈ"¸j»D¼Q¿g½]ÇQÆ º27�Ç8¾ÏÉ�½]Ç1Ç8¾�á�9�È8È8Ä�º�Æ º � Á+É8Åg½]Ç8Æ È/º�¼/½]À�á  Ñ ����� 6

ÿ 	��	�� � C��0	 � ����B �3C ; � ;�;
Ùí½Ï¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+º�Æ�ÄÐÍ�ÎÏÍ Í.º%È1¼q¹dº%È1Ä Ç8¾%ºQ»�¸j»Ô¿g½jÈqº�»Ô¹�½87�» ÁÂ¼1Ä�Æ º/É%¸j»[Õ0º�»D¼1Á+¸j» »�º�ÀÂÀ+º

Æ�ÄK¼3ß�¿ºJEF" ¸jÄ G�º27D½/¹�½]Á+È�º�».É%º�Ã[Ä(Û ÁÂÀ+È�½]¿ ¿º�ÀÂÀ+º�»[¼�Æ º%È�Û ½jÈ1ÁÂ» ÅK¹�½87�» ÁÂ¼1Ä�Æ º%È�Û  ½]¿ ¿�º�À+¾%º%È
½]Ä�È8È1Á#Û ÀÂÄ ¿ ¼1ÁÂ¼1Ä�Æ º%È�Û�ÉM31áD¿g½]Ç"½87�Ç"½]¿ Å�ºÏÑ�á � 6Xá��/Ç8È�×Òß�¿�º�Ç*àÐ»�º_¼1Ç"½]ÁÂ¼8º�ÃDÄ�º_Æ º%È�¹�½87�» ÁÂ¼1Ä�Æ º%È
Æ ºÔ¼3ß�¿ºOE " ¸jÄ G�º27D½�Ê#º�¼�º"�Aº%É�¼1Ä�º�ÀH½�É%¸j»DÕ0º�Ç8È1Á+¸j» Æ�Ä È1ß�È8¼D��¹dº<EF" ; G�º27D½�áJ �ÉM3:á�ÀH½
¿g½]Ç1¼1Á+º ��á � 6Xá�9�À�½ 3�½]ÀÂÀÂÄ Æ ¸j»�ÉêÆ�½]»�È�Ä » ¿ Ç8º�¹.Á+º�Ç|¼8º�¹.¿�È|É%¸j»[Õ0º�Ç1¼1ÁÂÇ.É%º%È'ÀÂÄ ¿ ¼1ÁÂ¼1Ä�Æ º%ÈKº�»
¹�½87�» ÁÂ¼1Ä�Æ ºCEF" Þ

mAB = −2.5.log[2b.sinh(
−mslog(10)

1.08574
− 2.5

1.08574
log(b))]

 ���á �'6

 ;K¿g½]Ç1¼1ÁÂÇ_Æ º�À�Û�¾%Ã[Äg½]¼1Á+¸j»\Ñ�á � ¿ Ç8¾%È8º�»[¼"½]»D¼_À+º%ÈQ¹�½87�» ÁÂ¼1Ä�Æ º%È�½jÈ1ÁÂ» Å 6XágÙíº%ÈQÕ�½]À+º�Ä Ç8ÈÒÆ�Ä
¿g½]Ç"½]¹Q��¼1Ç8º

b
È8¸j»[¼ÒÆ�½]»�È�ÀH½K¼"½81 À+º'Ñ�á � ágÎ_º�¹QB�¹dºÏÀ+º%ÈQº�Ç1Ç8º�Ä Ç8ÈÒº%È1¼1ÁÂ¹d¾%º%È/È8¸j»D¼ÏÞ
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�	��
	� ��á Ñ  �/¸j¹P1 Ç8ºÐÆ ºêÃ[Äg½jÈ"½]ÇKÈ8¾�À+º%É�¼1Á+¸j» »�¾%È.Æ�½]»�È|À+ºÐÍ�ÎÏÍ Í º�»�É%º�Ç8É�À+º%È|»�¸jÁÂÇ8È�á#Ù(º%È
Æ ¸j» »�¾%º%È�Æ�Ä Ñ���à , � ��à  �·qÇ8¸[¸j¹¢º�¼�½]À�á�Ñ ��� �'6KÈ"¸j»D¼dÆ ¸j» »�¾%º%Èd¿g½]Ç.À+º%È�É�½]Ç1Ç8¾%Èdº�¼.À+º%È
Æ ¸j» »�¾%º%È�Æ�ÄdÑ0Í�Ù E��� � Á+É8Åg½]Ç8Æ È�º�¼�½]À�á�Ñ ����� 6í¿g½]Ç�À+º%È�¼1Ç1ÁH½]»=7�À+º%È�á�Ùí½�É8Å[Ä ¼8º�Æ º%È�Æ ¸j» »�¾%º%È
Æ�Ä�Í�ÎÏÍ ÍÏº%È1¼#Æ�Ä�º ;QÀ�Û�º"�Aº�¼�Æ º�È8¾�À+º%É�¼1Á+¸j».º�»�¹�½87�» ÁÂ¼1Ä�Æ º�ÀÂÁÂ¹.ÁÂ¼8º�º�»

i
á09tÈ8È1Ä�º�Æ º � Á+É8Åg½]Ç8Æ È

º�¼Ò½]À�á� Ñ ����� 6

∆mAB = ∆ms(
1

(sinh(−mslog(10)
1.08574 − 2.5

1.08574 log(b)))2
+ 1)

 ���á � 6

Ù(º%ÈÏÀÂÄ ¿ ¼1ÁÂ¼1Ä�Æ º%ÈÏ»�º.È8¸j»[¼�¿g½jÈ�¼1ÇD�%ÈÏÆ�Á��A¾�Ç8º�»D¼8º%ÈÏÆ º%È�¹�½87�» ÁÂ¼1Ä�Æ º%È�Æ ºK¼3ß�¿º)EF"�á�Ùí½
Æ�Á��A¾�Ç8º�»�É%ºÒ»�º/È8ºQÕ0¸jÁÂ¼�ÃDÄ(ÛS;'¼1ÇD�%È 3�½]Á%1 À+º%È�¹�½87�» ÁÂ¼1Ä�Æ º%È  �ÉM31á�Ó 7�Ä Ç8º�Ñ�á Ñ 6Xá &7¸jÄ Ç�Ç"½]¿ ¿º�À	À+º%È
¹�½87�» ÁÂ¼1Ä�Æ º%È G�º27D½.È�Û�¾%É�Ç1ÁÂÕ0º�»D¼�Þ

mV ega = −2.5.[log(

∫

R(λ)f(λ)dλ) − log(

∫

R(λ)fV ega(λ)dλ)]
 ���á � 6

½%Õ0º%É
f
À+ºFI�Ä�@ Æ º�À�Û�¸�1�Ì1º�¼QÆ ¸j»D¼_¸j» ¹dº%È1Ä Ç8º�ÀH½|¹�½87�» ÁÂ¼1Ä�Æ º'º�¼

fV ega

À+ºFI�Ä�@ÝÆ ºLG�º27D½ �
� º%È8¼�ÀH½|Ç8¾�¿¸j»�È8ºÏÁÂ»�È1¼1Ç1Ä ¹dº�»D¼"½]À+º�á
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EÒÓ�»�Æ ºÒÉ�ÀH½]Ç1Á�Ógº�ÇqÀ+º�¼8ºM@�¼8º�Ê�ÁÂÀ	º%È1¼�ÁÂ¹.¿¸jÇ1¼"½]»[¼qÆ ºQÈ8ºÒÈ8¸jÄ Õ0º�» ÁÂÇqÃ[Ä�º#Ì:Ä�È8ÃDÄ(ÛS;�ÀH½�¿g½]Ç1¼1Á+º
È1Ä ÇQÀ+º%È/É�Ç1ÁÂ¼D��Ç8º%ÈÒÆ ºÏÈ"¾�À+º%É�¼1Á+¸j»(Ê�À+¸jÇ8È8Ã[Ä�º�Ì1º�¿g½]Ç1À+º�Ç"½]Á�Æ ºÏÉ�½]»�Æ�Á+Æ�½]¼8È�Ê	É%º�Ä�@�Ë3É�Á�½]Ä Ç8¸j»D¼_¾�¼8¾
È8¾�À+º%É�¼1Á+¸j» »�¾%È�¿g½]ÇÏ×/ß�¿º�Ç*à È1Ä Ç�À+º.É�Ç1ÁÂ¼D��Ç8º Þ

χ2
qso < χ2

star

á 9�À�È�Û ½87�ÁÂ¼�ÆAÛ Ä »�É�Ç1ÁÂ¼D��Ç8º.¼1ÇD�%È
È1ÁÂ¹.¿ À+º.º�¼Ï»g½]¼1Ä Ç8º�ÀqÃDÄ Á�Õ�½Ô¹dº.¿º�Ç1¹dº�¼1¼1Ç8º�Æ ºK¿ Ç8¾%È8º�»D¼8º�Ç�À+º%ÈÏ½]Ä ¼1Ç8º%È'º"�Aº�¼8ÈC;ê¿ Ç8º�»�Æ�Ç8º
º�» É%¸j¹.¿ ¼8ºÏº�¼QÃ[Ä ÁíÈ8º�È8ÁÂ¼1Ä�º�»D¼Òº�» ½]¹d¸j»[¼/Æ º�ÀH½KÈ8¾�À+º%É�¼1Á+¸j»(á

Î�½]»�È�Ä » ¿ Ç8º�¹.Á+º�Ç|¼8º�¹.¿�ÈQÌ%Û ½]Á�Õ0¸jÄ ÀÂÄ ¼8º%È1¼8º�Ç'ÀH½ È1¼"½81 ÁÂÀÂÁÂ¼8¾�ÆAÛ�×/ß[¿�º�Ç*à�º�¼�¾�¿ Ç8¸jÄ Õ0º�Ç
È8¸j»T3 ¸j»�É�¼1Á+¸j» »�º�¹dº�»D¼qÆ�½]»�È#Ä ».º�»[Õ[ÁÂÇ8¸j» »�º�¹dº�»[¼�¿g½]Ç 3�½]ÁÂ¼8º�¹dº�»D¼�É%¸j»[¼1Ç��jÀ+¾�á &�¸jÄ Ç�É%º�ÀH½qÌ%Û ½]Á
Ä ¼1ÁÂÀÂÁ+È8¾KÀ�Û�¸jÄ ¼1ÁÂÀ�* ½! 0º%É�½]¼"½]À+¸�7�Ä�ºdÆ ¾%É�Ç1ÁÂ¼�¿ Ç8¾%É%¾%Æ º�¹.¹dº�»D¼  �È8º%É�¼1Á+¸j» ��á � á�� 6Xáí·�º�ÀÂÄ Á�Ë3É�Á�¹ÝÛ ½
¿�º�Ç1¹.Á+È�Æ ºQÇ8¾�½]ÀÂÁ+È"º�ÇqÆ º%È�È8ÁÂ¹'Ä ÀH½]¼1Á+¸j»�È�Æ ºÒÉ�½]¼"½]À+¸�7�Ä�º%Èq¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º%È�É%¸jÇ1Ç8º%È1¿�¸j»�Æ�½]»D¼8È
;KÉ%º�Ä�@ Æ�Ä�Í�Î�Í Íá="�Á+º�»ÝÈ(& ÇQÉ%º%É�Á(º%È8¼�Õj½]ÀH½81 À+º�Ì:Ä�È8Ã[Ä(ÛS;|Ä »�º�É%º�Ç1¼"½]ÁÂ»�ºÏºM@�¼8º�»�È8Á+¸j»(Ê�É�Û�º%È1¼:Ë
;)Ë3Æ�ÁÂÇ8º'Ã[Ä�º�Ì1º�»�º'¿ Ç8º�»�Æ ÈÒ¿g½jÈ/º�»�É%¸j¹.¿ ¼8º�ÀH½ $�¸j»�º'Æ º'¿¸jÁÂ»[¼"½870º�Æ�Ä\É�Á+º�Àí» ÁíÀH½dÆ º�»�È1ÁÂ¼8¾
Æ º%ÈK¸�1�Ì:º�¼8È  �ÉM3Ká�È8º%É�¼1Á+¸j» ��á � á�� 6Xá:9�À�È�Û ½87�ÁÂ¼.Æ�½]»�ÈKÉ%º%ÈKÈ1ÁÂ¹'Ä ÀH½]¼1Á+¸j»�È�Æ ºÔÇ8º�¿ Ç8¸�Æ�Ä ÁÂÇ8ºêÀ+º%È
É%¸jÄ À+º�Ä Ç8È�ÆAÛ�¸�1�Ì1º�¼8È<;\¿g½]Ç1¼1ÁÂÇdÆ º%ÈdÈ8¿º%É�¼1Ç8º%ÈdÉ%¸j» »[Ä�È  �ÎÏÍ A 6Kº�¼dÆ º%È|Ó�ÀÂ¼1Ç8º%ÈÔÆ�Ä�Ç8º�À+º�Õ0¾�Ê
¼8º�»g½]»D¼ÏÉ%¸j¹.¿ ¼8º);ÔÀH½Q3�¸jÁ+È�Æ º|ÀH½dÇ8¾�¿�¸j»�È8ºKÆ º%È/Ó�ÀÂ¼1Ç8º%È�º�¼�Æ�Ä\Æ ¾�¼8º%É�¼8º�Ä Ç< �º�¼�Æ º|À�Û ½]¼1¹d¸]Ë
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Ó 7�Ä Ç8ºêÆ�½]»�È�À+ºÔ¿g½]» »�º�½]Ä�Æ ºÔÆ�Ç8¸jÁÂ¼8º�Ê#½%Õ0º%ÉêÀ+º<I�Ä�@�ÀÂÁÂ¹.ÁÂ¼8ºÐº�¼�È8¸j» º�Ç1Ç8º�Ä ÇK½jÈ"È8¸[É�Á+¾%ºêº�»
½81�È8É�Á+È8È"º�á�Ùí½�¿ ÀÂÄ ¿g½]Ç1¼dÆ º%È|¿�¸jÁÂ»D¼8È.Ã[Ä Áq¹d¸j»[¼1Ç8º�»D¼�Æ º%È|Õ�½]À+º�Ä Ç8È|Æ º

χ2 ¾27D½]À+º%È  �È1Ä ÇKÀH½
ÀÂÁ%7�»�ºÔÇ8¸jÄ=70º 6'É%¸jÇ1Ç8º%È8¿¸j»�Æ º�»[¼);�Æ º%È|ÃDÄg½jÈ"½]Ç8È ;�7�Ç"½]»�Æ Æ ¾%É�½]ÀH½870ºÐÈ1¿�º%É�¼1Ç"½]ÀL 

z >∼ 4
6

Æ ¸j»D¼ÒÀ�Û Á+Æ º�»D¼1Á�ÓgÉ�½]¼1Á+¸j»cº%È1¼Ò½]Á+È8¾%º�á

��� � � � � ��� � ��� ����� �
	
α

Î�½]»�È�À+º%È�¿g½]Ç1¼1Á+º%È�¿ Ç8¾%É%¾%Æ º�»D¼8º%ÈíÌ�Û ½]Á�Æ ¾%É�Ç1ÁÂ¼�É%¸j¹.¹dº�»[¼�À+º�¹.ÁÂÀÂÁ+º�ÄdÁÂ»[¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÃDÄ�º/º%È1¼
¼1Ç"½%Õ0º�Ç8È"¾�¿g½]Ç7ÀH½/ÀÂÄ ¹.Á���Ç8º�Æ º%È�Ã[Äg½jÈ"½]Ç8È#º�¼#ÀH½]Á+È8È8º�È8¸j»Kº�¹.¿ Ç8º�ÁÂ»D¼8ºQÆ�½]»�È#À+º�Ä Ç8È�È1¿�º%É�¼1Ç8º%È�ÊjÉ%º
Ã[Ä Á ½]Ä|Ó�»g½]À ÁÂ»�I�Ä�º�È1Ä Ç#À+º%È�É%¸jÄ À+º�Ä Ç8È�¸�1�È"º�Ç1Õ0¾%º%È�Æ º%È�ÃDÄg½jÈ*½]Ç8È�á�EQÓ�».Æ º�¼8º�» ÁÂÇ�É%¸j¹.¿ ¼8ºQÆ º
É%º�¼1¼8ºQÁÂ»�I�Ä�º�»�É%º/¿�¸jÄ Ç�ÀH½�Ç8º%É%¸j» »g½]Á+È8È*½]»�É%ºÒÆ º%È�¸�1�Ì1º�¼8È�ÊDÁÂÀ=3 ½]Ä ¼�¿¸jÄ Õ0¸jÁÂÇq¹d¸[Æ ¾�ÀÂÁ+È8º�Ç�É%º�¼1¼8º
½81�È8¸jÇ1¿ ¼1Á+¸j»(Ê º�»êÀ�Û ÁÂ»�É�ÀÂÄg½]»D¼ÒÆ�½]»�È�À+º%È�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»�È�È8¿º%É�¼1Ç"½]À+º%È�ÆAÛ�¾�»�º�Ç57�Á+º�Æ º%È�Ã[Äg½jÈ"½]Ç8È�á
� º|Õ�½]Á+ÈÒÇ8º�¿ Ç8º�»�Æ�Ç8ºKÁ+É�Á#É%º�Ã[Ä Á#º%È1¼/Ä ¼1ÁÂÀÂÁ+È"¾K½]Ä È8º�ÁÂ» ÆAÛ�×Òß�¿�º�Ç*à  �º�¼�Ã[Ä Á7º%È1¼�Æ ¾%É�Ç1ÁÂ¼�Æ�½]»�È
À+º�¹�½]»DÄ�º�À 6Qº�¼ÒÉ%º�Ã[Ä Á�½K¾�¼8¾�¼8º%È1¼8¾�á

·�º�¼1¼8º ½81�È8¸jÇ1¿ ¼1Á+¸j» È8ºêÈ1ÁÂ¼1Ä�ºÔº�»�Ë3Æ º%Ü ;�Æ ºÔÀ�Û�¾�¹.Á+È8È1Á+¸j» ÙAß[¹�½]»�Ë
α
Æ�Ä Ã[Äg½jÈ"½]Ç  � Ñ � �

� ½]ÄKÀH½81¸jÇ"½]¼8¸jÁÂÇ8º 6Xá �/».É%¸j»�È1Á+Æ=��Ç8º�Æ º�Ä�@�¿g½]Ç"½]¹Q��¼1Ç8º%È�É�½]Ç"½jÉ�¼8¾�Ç1Á+È*½]»D¼�ÀH½/ÃDÄg½]»[¼1ÁÂ¼8¾�ÆAÛ ½81�Ë
È8¸jÇ1¿ ¼1Á+¸j»  �  0ºK(�Ò¸jÇ1ß�É�½]»�È( �ß � m%$ Ñ 6XÊDÆAÛ Ä »�ºQ¿g½]Ç1¼qÉ%º�ÀÂÀ+ºQº�»D¼1Ç8º_ÙAß�¹�½]»�Ë

α
º�¼qÙAß[¹�½]»�Ë

β �º�»�Ë3Æ º%Ü ;dÆ º ��� Ñ � � Ê�À+¸j»=7�Ä�º�Ä Ç_ÆAÛ�¸j»�Æ º'Æ�ÄÝÀH½81�¸jÇ"½]¼8¸jÁÂÇ8º 6�º�¼/ÆAÛ ½]Ä ¼1Ç8º�¿g½]Ç1¼ÒÉ%º�ÀÂÀ+º'º�»[¼1Ç8º
ÙAß�¹�½]»�Ë

β
º�¼�ÀH½êÀÂÁÂ¹.ÁÂ¼8º.Æ º.ÙAß�¹�½]» á�Ù(º%È�Ç8¾27�Á+¸j»�ÈÏÉ%¸j»�É%º�Ç1»�¾%º%È�Æ�½]»�È�À+º%ÈÏÈ1¿�º%É�¼1Ç8º%È�Æ º%È

Ã[Äg½jÈ"½]Ç8È.È8¸j»D¼dÉ%º�ÀÂÀ+º%È�Æ ºÔÀH½ 3 ¸jÇDB�¼.ÙAß�¹�½]»�Ë
α

º�¼dÆ º%È.È1Ä ÁÂÕ�½]»D¼8º%È  �ÙAß[¹�½]»�Ë
β
Ê
γ
Ê
δ
áÂáÂá-6XÊ

1 Á+º�»�È(& Ç�É%º%È�Æ º�Ä�@�3 ¸jÇDB�¼8È�È8ºKÈ1Ä ¿�º�Ç1¿¸�È8º�»[¼�Æ�½]»�È�À+º|È8¿º%É�¼1Ç8ºKº�»�Ë3Æ º%Ü ;ÐÆ º|ÀH½ÔÀ+¸j»=7�Ä�º�Ä Ç
ÆAÛ�¸j»�Æ º_Æ ºQÀH½�¼1Ç"½]»�È8ÁÂ¼1Á+¸j»ÔÙAß�¹�½]»�Ë

β
½]ÄêÆ ¾%É�½]ÀH½870º/È8¿º%É�¼1Ç"½]ÀÆ�ÄÔÃ[Äg½jÈ"½]Çq¾�¹dº�¼1¼8º�Ä Ç�á�&�¸jÄ Ç

¹d¸�Æ ¾�ÀÂÁ+È8º�Ç�É%º�¼1¼8ºK½81�È"¸jÇ1¿ ¼1Á+¸j»(Ê �  0ºT(��Ò¸jÇ1ß�É�½]»�È( �ß  � m%$ Ñ 6_¸j»D¼�¸�1�È8º�Ç1Õ0¾KÆ º%È�Ã[Äg½jÈ"½]Ç8È
;O7�Ç"½]»�Æ Æ ¾%É�½]ÀH½870º.È1¿º%É�¼1Ç"½]À�º�¼�¸j»D¼ÏÆ ¾XÓ�» Á�Æ º�Ä�@�¿g½]Ç"½]¹Q��¼1Ç8º%È�¿�¸jÄ Ç�À+º%È�½81�È8¸jÇ1¿ ¼1Á+¸j»�ÈdÞ
Î�E º�»D¼1Ç8º�À�Û�¾�¹.Á+È"È1Á+¸j»ÝÙAß�¹�½]»�Ë

α
º�¼�ÙAß�¹�½]»�Ë

β
Ê º�¼QÎL">º�»D¼1Ç8º�À�Û�¾�¹.Á+È8È8Á+¸j»ÝÙAß[¹�½]»�Ë

β
º�¼

ÀH½.ÀÂÁÂ¹.ÁÂ¼8º|Æ º'Ù(ß[¹�½]»(á×Òß�¿�º�Ç*à Ä ¼1ÁÂÀÂÁ+È8º'À+º%È�3�½jÉ�¼8º�Ä Ç8È/É�½]À+É�Ä À+¾%È_¿g½]ÇF*\½jÆ�½]Ä  � mMm�� 6XÊ	Ã[Ä Á
Æ ¾�¿�º�»�Æ º�»D¼/Æ�ÄÝÆ ¾%É�½]ÀH½870º�È1¿�º%É�¼1Ç"½]À�Þ

< DA >= 1 − 1

∆λA

∫ 1170(1+zem)

1050(1+zem)
exp(−τα

eff )dλobs

 ���á � 6



����� �����"!�� !�����!��85��%$�������,�� �"!�$X�),��0������� ! �����

< DB >= 1 − 1

∆λB

∫ 1015(1+zem)

920(1+zem)
exp(−τβ

eff )dλobs

 ���á $ 6

 ���á m 6
Ùí½.¿ Ç8¸83�¸j»�Æ º�Ä ÇÒ¸j¿ ¼1Á+Ã[Ä�º�¿�¸jÄ ÇÒÉ8Åg½jÉ�Ä »�º�Æ º%ÈJ3 ¸jÇDB�¼8ÈQº%È1¼QÆ ¾�¼8º�Ç1¹.ÁÂ»�¾%º'É%¸j¹.¹dºÔÞ

τα
eff = A2(

λobs

λα

)3.46; τβ
eff =

∑

j=3,11

Aj(
λobs

λj

)3.46  ���á ��� 6

½%Õ0º%É
∆λA = 120(1 + zem)

� º�¼
∆λB = 95(1 + zem)

� á
A2

É%¸jÇ1Ç8º%È1¿¸j»�Æ ;KÀH½.É%¸j»[¼1Ç1Á�Ë
1 Ä ¼1Á+¸j» Æ º�ÀH½P3 ¸jÇDB�¼QÙAß�¹�½]»�Ë

α
º�¼Qº%È8¼�¾27D½]À ;

3.6 10−3 á Ù(º%ÈQÉ%¸j»[¼1Ç1Á%1 Ä ¼1Á+¸j»�ÈF; < DB >Õ�Á+º�» »�º�»D¼.Æ º%ÈKÈ8¾�Ç1Á+º%È�Ù(ß[¹�½]»(Ê 1�º�¼"½�Ê�7D½]¹.¹�½\º�¼KÆ º�ÀÂ¼"½�½�Õ0º%ÉÔÀ+º%ÈKÉ%¸�º���É�Á+º�»D¼8È Þ
A3 =

1.7 10−3, A4 = 1.2 10−3 º�¼
A5 = 9.3 10−4 á

�	��
	� ��á �  �_Ç"½]¿ Å Á+ÃDÄ�ºdÇ8º�¿ Ç8¾%È8º�»D¼"½]»[¼'À+º%È�Õ�½]À+º�Ä Ç8È�Æ º
χ2 ÆAÛ Ä »�º.¿g½]Ç1¼Ïº�»cÄ ¼1ÁÂÀÂÁ+È"½]»[¼ÏÀH½

¹d¸jÁÂ¼1Á+¾ÏÆ�Ä I�Ä�@êÀÂÁÂ¹.ÁÂ¼8º< 1 À+º�Ä 6�º�¼Qº�» ¹dº�¼1¼"½]»D¼/À+ºFI�Ä�@ ;T$�¾�Ç8¸  Ç8¸jÄ=70º 6XÊ�º�» 3 ¸j»�É�¼1Á+¸j» Æ�Ä
Æ ¾%É�½]ÀH½870º�È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º�á.9�È8È8Ä�º�Æ�ÄK¹�½]»[Ä�º�ÀgÆAÛ�×Òß�¿�º�Ç*à  #"�¸jÀ%$�¸j»�º�ÀÂÀH½�Ê &7º�ÀÂÀ+¸ Ê *�ÁÂÇ"½]ÀÂÀ+º%È
Ñ ����� 6

Ù�Û ½81�È"¸jÇ1¿ ¼1Á+¸j» Æ�Ä�ºK½]Ä × 9�¿�º�Ä ¼/Õ�½]Ç1Á+º�Ç_È8Á%7�» Á�ÓgÉ�½]¼1ÁÂÕ0º�¹dº�»D¼ÏÆAÛ Ä »�º�ÀÂÁ%7�»�º�Æ º�Õ[Á+È"¾%ºP;
Ä »�º�½]Ä ¼1Ç8º�á�Øí¸jÄ ¼8ºM3 ¸jÁ+È�ÁÂÀ�3 ½]Ä ¼�¾�Õ�ÁÂ¼8º�Ç�Æ º�ÀH½]Á+È8È8º�Ç#¼1Ç8¸j¿dÆ º�Æ º27�Ç8¾%È�Æ ºqÀÂÁ%1�º�Ç1¼8¾�;/À�Û�¸jÄ ¼1ÁÂÀ À+¸jÇ8È
Æ º/ÀH½Ï¿ Ç8¸�É%¾%Æ�Ä Ç8º�Æ ºQ¹.ÁÂ» ÁÂ¹.Á+È"½]¼1Á+¸j»(á � Û ½]Á�Æ ¸j»�É_¿ Ç8¾M3�¾�Ç8¾ÒÓ=@ º�Ç�Æ=�%ÈqÀ+º/Æ ¾21 Ä ¼�ÀH½�ÃDÄg½]»[¼1ÁÂ¼8¾
ÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j»dº�»KÈ1Ä ÁÂÕ�½]»D¼#À+º�¹d¸�Æ=��À+º�Æ ºJ*\½jÆ�½]Ä(á � Û ½]Á�¼8º%È1¼8¾�À�Û�º"��º�¼#Æ º�É%º�¼1¼8º�½81�È8¸jÇ1¿ ¼1Á+¸j»
º�»ÐÄ ¼1ÁÂÀÂÁ+È"½]»D¼�¼1Ç8¸jÁ+È�É�½jÈ�Þ�À�Û ½81�È8¸jÇ1¿ ¼1Á+¸j» ¿ Ç8¾%É%¸j» Á+È"¾%º�¿g½]ÇJ* ½jÆ�½]Ä(Ê�¿ Ä Á+È�¹d¸jÁÂ¼1Á+¾_¹d¸jÁÂ»�È�Ê º�¼
º�»�Ó�» Æ º�Ä�@ 3�¸jÁ+È/¿ ÀÂÄ�È_ÃDÄ�º�À+º 3�½jÉ�¼8º�Ä Ç�Æ ºC* ½jÆ�½]Ä(á A ¼/¿�¸jÄ Ç/É"Åg½jÃDÄ�ºKÉ�½jÈ�Ì�Û ½]Á#É%¸j¹.¿g½]Ç8¾
À+ºd»�¸j¹P1 Ç8ºÔÆ ºÔÃDÄg½jÈ*½]Ç8È�É%¸jÇ1Ç8º%É�¼8º�¹dº�»[¼|Á+Æ º�»[¼1Á�Óg¾%È|¿g½]Ç�×/ß[¿�º�Ç*à ½�Õ0º%ÉdÄ »�ºêº%È1¼1ÁÂ¹�½]¼1Á+¸j»
Æ�Ä�Æ ¾%É�½]ÀH½870ºdÈ1¿�º%É�¼1Ç"½]À�Ç8º�ÀH½]¼1ÁÂÕ0º�¹dº�»D¼'Ó	½81 À+º  ¼3ß�¿ Á+ÃDÄ�º�¹dº�»[¼

∆z < 0.8
6Xá � Û ½]Á�º"��º%É�¼1Ä�¾

À+º%È/¼8º%È1¼8È/È8Ä ÇÒÀH½)1g½jÈ"º'Æ º'Ã[Äg½jÈ"½]Ç8È_Æ�Ä�Î � ��á EÒÄ Ó�»g½]À�À+º'»�¸j¹C1 Ç8ºKÆ º'Ã[Äg½jÈ"½]Ç8È/Ç8º�¼1Ç8¸jÄ�Ë
Õ0¾%È�½%Õ0º%É�Ä »�ºC1�¸j» »�ºKº%È1¼1ÁÂ¹�½]¼1Á+¸j» Æ�Ä\Æ ¾%É�½]ÀH½870º|¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�Ê�¿¸jÄ Ç�Æ º%È/Ã[Äg½jÈ"½]Ç8È ;
z > 2

º%È1¼�¹dº�ÁÂÀÂÀ+º�Ä Ç8º.º�» Ä ¼1ÁÂÀÂÁ+È"½]»D¼�Ä »�º|¿ ÀÂÄ�È_¿�º�¼1ÁÂ¼8º|Ã[Äg½]»D¼1ÁÂ¼8¾.ÆAÛ ½81�È"¸jÇ1¿ ¼1Á+¸j»�ÃDÄ�º * ½)Ë
Æ�½]Ä Þ � � � ÑÝÈ1Ä Ç m � � � ÃDÄg½jÈ*½]Ç8ÈÏÇ8º�¼1Ç8¸jÄ Õ0¾%È  ¿g½]Ç1¹.Á�À+º%È m � �%$ ÃDÄg½jÈ*½]Ç8È'Æ�Ä Î � � 6�Æ�½]»�È
É%ºêÉ�½jÈ.É%¸j»D¼1Ç8º ��� � Ñ\È1Ä Ç m Ñ ��� Ã[Äg½jÈ"½]Ç8È|Ç8º�¼1Ç8¸jÄ Õ0¾%Èd½%Õ0º%ÉÐ¿ ÀÂÄ�ÈKÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j» º�¼ � � �Mm
È1Ä Ç m Ñ m�� Ã[Äg½jÈ"½]Ç8È/Ç8º�¼1Ç8¸jÄ Õ0¾%È�½%Õ0º%É|¹d¸jÁÂ»�È�ÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j»  fÌ�Û ½]Á7¿ Ç1ÁÂÕ[ÁÂÀ+¾27�Á+¾�À�Û�ºM@�½jÉ�¼1ÁÂ¼1Ä�Æ º
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Æ�Ä Æ ¾%É�½]ÀH½870º.¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�È8Ä ÇÏÀ+ºK»�¸j¹C1 Ç8ºÔÆ º.É�½]»�Æ�Á+Æ�½]¼8È46Xá�E »�¸j¼8º�Ç'Ã[Ä�º)*�º�Á �È1ÁÂ»
 Ñ ����� 6QÇ8º�Õ0¸jÁÂ¼ÒÀ�Û ½81�È8¸jÇ1¿ ¼1Á+¸j»cÆ�Ä�º�½]Ä�¹.ÁÂÀÂÁ+º�Ä�ÁÂ»[¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÃDÄ�º�Ê¹�½]Á+È/ÀH½.Õ�½]Ç1ÁH½]¼1Á+¸j»\Ã[Ä(Û ÁÂÀ
»�¸j¼8º|¿g½]Ç�Ç"½]¿ ¿¸jÇ1¼ ; *\½jÆ�½]Ä º%È1¼�ÀH½]Ç570º�¹dº�»D¼�¿ Ç1Á+È8º|º�»cÉ%¸j¹.¿ ¼8º|¿g½]Ç_À+º%È_¼8º%È1¼8È�Ã[Ä�ºQÌ%Û ½]Á
º"�Aº%É�¼1Ä�¾%È�Ê�ÆAÛ ½]Ä ¼"½]»D¼êÃDÄ�ºÐÀH½ Ã[Äg½]»D¼1ÁÂ¼8¾ÝÆAÛ ½81�È"¸jÇ1¿ ¼1Á+¸j» ¿�º�Ä ¼.¼8¸jÄ ¼<; 3 ½]ÁÂ¼.Õ�½]Ç1Á+º�ÇdÆAÛ Ä »�º
ÀÂÁ%7�»�º�Æ º_Õ[Á+È"¾%ºL;�Ä »�º�½]Ä ¼1Ç8º�á � º_Ç8º�Õ�Á+º�»�Æ�Ç"½]Á(È1Ä Ç�É%º�¼1¼8º�ÃDÄg½]»[¼1ÁÂ¼8¾�ÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j» Æ�½]»�È�ÀH½
¿g½]Ç1¼1Á+ºÏÈ1Ä Ç�À+º'É8Å�¸jÁ @ÝÆ º%È�¼8º�¹.¿ ÀH½]¼8º%È�á

� � � ��� � � 	 ��� ��� � � ��� 	 � � ���

Ù�Û Ä » Æ º%È�¿g½]Ç"½]¹Q��¼1Ç8º%ÈÏÁÂ¹.¿�¸jÇ1¼"½]»D¼8È�Æ ¸j»D¼�½O1�º%È8¸jÁÂ»�×Òß�¿�º�Ç*à º%È1¼�À+ºK¿g½jÈÏÆ�Ä�Æ ¾%É�½)Ë
ÀH½870º.È1¿�º%É�¼1Ç"½]À�ÃDÄ Á#Õ�½�ÀÂÄ Á�¿�º�Ç1¹dº�¼1¼1Ç8º.Æ ºÐÛ�Æ ¾%É�½]À+º�Ç�ÛAÀ+º%È�¼8º�¹.¿ ÀH½]¼8º%ÈL3 ¸jÄ Ç1» Á+È�º�¼ÏÉ�½]À+É�Ä À+º�Ç
À�Û ½81�È8¸jÇ1¿ ¼1Á+¸j» Æ�½]»�ÈÏÀ+º%ÈC3�¸jÇDB�¼8È�ÙAß�¹�½]»�Ë

α
º�¼

β
áíÎKÛ Ä » É �j¼8¾dÄ »�¿g½jÈ�¼1Ç8¸j¿H7�Ç"½]»�Æ »�¸jÄ�È

3 º�Ç"½Ý¹�½]»�Ã[Ä�º�Ç.É%º�Ç1¼"½]ÁÂ»�È.Æ ¾%É�½]ÀH½870º%È.È1¿º%É�¼1Ç"½]Ä�@AÊ#ÆAÛ Ä » ½]Ä ¼1Ç8ºÔÉ �j¼8¾êÄ » ¿g½jÈ|¼1Ç8¸j¿ ¿�º�¼1ÁÂ¼
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Ç"½87�Ç"½]¿ Å�º�È8Ä ÁÂÕj½]»[¼46�Æ º�Õ[Ç"½]ÁÂ¼PB�¼1Ç8º.»DÄ ÀÂÀ+º�Ê(É%º�¼1¼8ºÔ¾%ÃDÄg½]¼1Á+¸j» ¾�¼"½]»D¼ÏÕ�½]ÀH½81 À+º.¿�¸jÄ Ç'É8Åg½jÃ[Ä�º
¼8º�¹.¿ ÀH½]¼8º�á

� Û ½]Á'Ä ¼1ÁÂÀÂÁ+È8¾cÀ�Û�º�»�È8º�¹P1 À+º Æ º ÀH½ 1g½jÈ8º�Æ º%ÈÝ¼8º�¹.¿ ÀH½]¼8º%È ; ¹�½�Æ�Á+È1¿�¸�È1ÁÂ¼1Á+¸j»(ÊQº�¼KÌ%Û ½]Á
Ç8º27D½]Ç8Æ ¾_À+ºQ»�¸j¹P1 Ç8º�Æ ºÒÃ[Äg½jÈ"½]Ç8È�ÃDÄ�º/É8Åg½jÃ[Ä�º/¼8º�¹.¿ ÀH½]¼8º/¿�º�Ç1¹dº�¼�½]À+¸jÇ8È�Æ º/Ç8º�¼1Ç8¸jÄ Õ0º�Ç�á�9�À
ß ½KÆ ¸j»�É'½]Ä�È8È1ÁAÄ »�ºÏÉ%¸j»�3�Ç8¸j»D¼"½]¼1Á+¸j»\º�»D¼1Ç8º'À+º%È�¹d¸[Æ=��À+º%ÈÒÆ ºÏÃDÄg½jÈ*½]Ç8È�á

&7¸jÄ ÇÝÉ�½]Ç"½jÉ�¼8¾�Ç1Á+È8º�ÇÐÀ�Û�º���É�½jÉ�ÁÂ¼8¾cÆAÛ Ä » ¼8º�¹.¿ ÀH½]¼8º�Ê7Ì�Û ½]Á�Æ ¾XÓ�» Á�À+º Ç"½]¿ ¿�¸jÇ1¼ º�»D¼1Ç8º À+º
»�¸j¹C1 Ç8ºKÆ º�¹�½]Ä Õj½]Á+È�É�½]»�Æ�Á+Æ�½]¼8È�º�¼_À+º'»�¸j¹P1 Ç8º|Æ º'Õ[Ç"½]Á+È�Ã[Äg½jÈ"½]Ç8È_º�¼/É%º�¿¸jÄ Ç�É8Åg½jÃ[Ä�º
¼8º�¹.¿ ÀH½]¼8ºL ½]¿ ¿º�À+¾q¼8º�¹.¿ À+¾�¼1Ä�Æ º 6Xá0&�ÀÂÄ�È�Ä »�¼8º�¹.¿ ÀH½]¼8ºqÈ"º�Ç"½Qº���É�½jÉ%º�Ê)¿ ÀÂÄ�È�È"½�¼8º�¹.¿ À+¾�¼1Ä�Æ º
È8º�Ç"½ 3�½]Á%1 À+º�á &7¸jÄ Ç�È8¾�À+º%É�¼1Á+¸j» »�º�Ç|ÃDÄ�º�À+È'¼8º�¹.¿ ÀH½]¼8º%È'È8º�Ç8¸j»[¼'Ä ¼1ÁÂÀ+º%ÈT;ÐÀ�Û Á+Æ º�»D¼1Á�ÓgÉ�½]¼1Á+¸j»(Ê7ÁÂÀ
3�½]Ä ¼�¹dº�¼1¼1Ç8º'º�»ÝÉ%¸j¹.¿�¾�¼1ÁÂ¼1Á+¸j» ¼8¸jÄ�È�À+º%È�¹d¸�Æ=��À+º%ÈQ¿ Ç8¸j¿�¸�È8¾%È�á

A »Kº"�Aº�¼�Ê�À+¸jÇ8È8Ã[Ä�ºqÀ+º%Èí¼8º�¹.¿ ÀH½]¼8º%È�Æ ¾%É�Ç1ÁÂÕ0º�»[¼#Æ ºq¼1Ç8¸j¿|¿ ÇD�%È�À+º%È#Æ�Á��A¾�Ç8º�»D¼8º%È7Õ�½]Ç1ÁH½]¼1Á+¸j»�È
ÆAÛ Ä » ¹QB�¹dºÔ¼�ß[¿�º�ÆAÛ�¸�1�Ì1º�¼  Á+É�ÁqÀ+º%ÈKÃ[Äg½jÈ"½]Ç8È46XÊíº�¼|¼8º�»D¼8º�»[¼.Æ º�Ç8º�¿ Ç8¾%È8º�»[¼8º�Ç�½]Ä ¼"½]»D¼.Æ º
¼3ß�¿�º%ÈÝÆ ºcÃDÄg½jÈ*½]Ç8È ÃDÄ�º ¿�¸�È8È1Á%1 À+º�Ê�¸j»¦È�Û ½]¼1¼8º�»�Æ ; Õ0¸jÁÂÇ Ä »�º�Æ ¾�Ç1ÁÂÕ0ºcº�»D¼1Ç8º�É�ÀH½jÈ"È1Á�Ógº�Ç
É%¸jÇ1Ç8º%É�¼8º�¹dº�»D¼�À+º%È�ÃDÄg½jÈ"½]Ç8È�Ä » ¿�º�Äc¾�¼1Ç"½]»=70º%ÈÏº�¼�ÁÂ»D¼1Ç8¸�Æ�Ä ÁÂÇ8º.¿ ÀÂÄ�È�Æ ºKÉ%¸j»�3 Ä�È1Á+¸j»c¿�¸jÄ Ç
À+º%È�Ã[Äg½jÈ"½]Ç8ÈÝÛ »�¸jÇ1¹�½]Ä�@AÛ  Á�á�º�á�¿ ÀÂÄ�È.¿ Ç8¸�É8Å�º%ÈêÆ º ÀH½ ¹d¸�ß0º�» »�º 6Xá>9�ÀQÉ%¸j»DÕ�Á+º�»D¼ÐÆ ¸j»�É Æ º
ÀÂÁÂ¹.ÁÂ¼8º�Ç|À�Û�¾%É8Åg½]»D¼1ÁÂÀÂÀ+¸j» Æ º�¼8º�¹.¿ ÀH½]¼8º%È); Ä »�ºd¿�¸j¿ Ä ÀH½]¼1Á+¸j» Û ¹d¸�ß0º�» »�º�ÛÂÊ#º�¼'À�Û�¸�1�Ì1º%É�¼1Á 3/Æ º
É%º%Èq¼8º%È1¼8È�º%È1¼�Æ ºQ¼1Ç8¸jÄ Õ0º�Ç�À�Û�¾%É8Åg½]»[¼1ÁÂÀÂÀ+¸j»ÝÆ ºQ¼8º�¹.¿ ÀH½]¼8º%È�ÃDÄ ÁgÇ8º%É%¸jÄ Õ[Ç8º�»[¼�½]ÄÔ¹.Á+º�Ä�@�É%º�¼1¼8º
¹d¸�ß0º�» »�º�á

Ù(ºQ¿ Ç8¸[É%º%È8È8Ä�È�Æ ºQÈ8¾�À+º%É�¼1Á+¸j»�È�Û�º%È1¼�Æ ¾�Ç8¸jÄ À+¾Q¿g½]Ç�ÁÂ¼8¾�Ç"½]¼1Á+¸j»\ÞXÌ:ºQ¹dº�¼8È�º�»�º�»D¼1Ç8¾%º/ÆAÛ�×Òß[Ë
¿�º�Ç*àÔÄ »�É8Åg½]¹.¿êÆAÛ�¸�1�È8º�Ç1Õj½]¼1Á+¸j»�ÈqÃDÄ Á�È"º�Ç"½�É%¸j¹.¿g½]Ç8¾ ;_¼8¸jÄ�È�À+º%È�¼8º�¹.¿ ÀH½]¼8º%È�Æ�Á+È1¿�¸j» Á%1 À+º%È
É%¸j¹.¹dºdÆ ¾%É�Ç1ÁÂ¼Ï¿ Ç8¾%É%¾%Æ º�¹.¹dº�»[¼�á�E�Õ0º%ÉKÀ+º%È�Ç8¾%È1Ä ÀÂ¼"½]¼8ÈL3 ¸jÄ Ç1» Á+È�¿g½]ÇÏ×/ß[¿�º�Ç*à  �º%È8È8º�»[¼1Á+º�À�Ë
À+º�¹dº�»D¼êÀ+º%ÈdÕ�½]À+º�Ä Ç8È�Æ º

χ2 ½jÈ8È"¸[É�Á+¾%º%Èê½]Ä�@�¸�1�Ì1º�¼8È46�Ì:ºÝÉ%¸j»�È8¼1Ç1Ä Á+ÈdÀ�Û Å Á+È1¼8¸�7�Ç"½]¹.¹dº Æ�Ä
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»�¸j¹C1 Ç8º�Æ ºKÛ ¹�½]Ä Õ�½]Á+È�Û�É�½]»�Æ�Á+Æ�½]¼8ÈQÈ1Ä Ç�À+º_»�¸j¹C1 Ç8º�Æ º_Õ[Ç"½]Á+È�Ã[Äg½jÈ"½]Ç8È�Ç8º�¼1Ç8¸jÄ Õ0¾%È�¿g½]Ç�À+º%È
¼8º�¹.¿ ÀH½]¼8º%È�Ê Ä »�º 1g½]Ç1Ç8ºÏÆ º�À�Û Å Á+È1¼8¸�7�Ç"½]¹.¹dº�É%¸jÇ1Ç8º%È1¿¸j»�Æ�½]»[¼F;|Ä »Ý¼8º�¹.¿ ÀH½]¼8º�á

9�ÀíÈ�Û ½87�ÁÂ¼_ÆAÛ Ä » Å Á+È1¼8¸�7�Ç"½]¹.¹dº�»�¸jÇ1¹�½]ÀÂÁ+È8¾�ÊgÉ�Û�º%È8¼:ËN;)Ë3Æ�ÁÂÇ8º�Ã[Ä�ºÏÆAÛ Ä »�º�¿g½]Ç1¼ÒÀ+º�»�¸j¹P1 Ç8º
Æ º�¹�½]Ä Õ�½]Á+ÈQÉ�½]»�Æ�Á+Æ�½]¼8È_º%È1¼QÆ�ÁÂÕ[Á+È"¾�¿g½]ÇQÀ+º�»�¸j¹C1 Ç8º'¼8¸j¼"½]À�Æ º�É�½]»�Æ�Á+Æ�½]¼8È�á	ÎKÛ ½]Ä ¼1Ç8º�¿g½]Ç1¼
À+º�»�¸j¹C1 Ç8ºKÆ º'Õ�Ç"½]Á+È_ÃDÄg½jÈ"½]Ç8È_Ç8º�¼1Ç8¸jÄ Õ0¾%È_¿g½]Ç_Ä »�¼8º�¹.¿ ÀH½]¼8ºKº%È1¼�Æ�ÁÂÕ[Á+È"¾Ï¿g½]Ç_À+º'»�¸j¹P1 Ç8º
Æ ºÐÕ�Ç"½]Á+È.ÃDÄg½jÈ"½]Ç8ÈdÇ8º�¼1Ç8¸jÄ Õ0¾%È.¿g½]Çd¼8¸jÄ�ÈKÀ+º%È.¼8º�¹.¿ ÀH½]¼8º%È�Ê�É%º ÃDÄ Á�Ç8º�Õ�Á+º�»D¼O;\¹�Ä ÀÂ¼1ÁÂ¿ ÀÂÁ+º�Ç
À�Û�¾%Ã[Äg½]¼1Á+¸j»���á � ÑK¿g½]ÇQÀ+º�¼"½]Ä�@ÝÆ º�É%¸j»�Ó�Ç1¹�½]¼1Á+¸j» Æ º�ÀH½.È8¾�À+º%É�¼1Á+¸j»(á

·�º%É�Á�¾�¼"½]»D¼|Ç8¾�½]ÀÂÁ+È8¾�ÊgÌ�Û�º�» À���Õ0ºÔÆ ºdÀH½ ÀÂÁ+È1¼8º�Æ º%È�¼8º�¹.¿ ÀH½]¼8º%È|Ä ¼1ÁÂÀÂÁ+È8¾%È'¿g½]Ç|×Òß�¿�º�Ç*à À+º
 �¸jÄ�À+º%È46�¼8º�¹.¿ ÀH½]¼8º%ÈÏÀ+º%ÈÏ¹d¸jÁÂ»�È'º���É�½jÉ%º%È  ½�ßD½]»D¼'ÀH½ ¼8º�¹.¿ À+¾�¼1Ä�Æ ºdÀH½Ð¿ ÀÂÄ�ÈC7�Ç"½]»�Æ º 6XÊíº�¼
Ì1º�Ç8º�ÀH½]»�É%º�×Òß�¿º�Ç*à ½�Õ0º%ÉdÉ%º�¼1¼8ºK»�¸jÄ Õ0º�ÀÂÀ+º.ÀÂÁ+È1¼8º.Æ ºK¼8º�¹.¿ ÀH½]¼8º%È�á 93À�È�Û ½87�ÁÂ¼ÏÆAÛ�º�» À+º�Õ0º�ÇÏÀ+º%È
¼8º�¹.¿ ÀH½]¼8º%È�½%ßD½]»D¼/Ä » 3�½]Á%1 À+º�¼"½]Ä�@ÐÆ º'É%¸j»�Ó�Ç1¹�½]¼1Á+¸j»(Êg¼8¸jÄ ¼Òº�»�7D½]Ç8Æ�½]»D¼ÒÀH½dÉ%¸j¹.¿ À+¾�¼1Ä�Æ º
7�Ç"½]»�Æ º  �ÃDÄ Á È8º�Æ ¾XÓ�» ÁÂ¼�É%¸j¹.¹dº�¾�¼"½]»D¼�À+ºq»�¸j¹C1 Ç8º�Æ º�Ã[Äg½jÈ"½]Ç8È7Ç8º�¼1Ç8¸jÄ Õ0¾%È�È1Ä Ç#À+º�»�¸j¹P1 Ç8º
Æ ºKÃDÄg½jÈ*½]Ç8È�½]¼1¼8º�»�Æ�Ä�ÈM6Xá A » ¿ Ç"½]¼1Á+ÃDÄ�º/Ì1º'Ç8º�¼1ÁÂÇ8ºKÀ+º%È_¿ ÀÂÄ�È�¹�½]Ä Õ�½]Á+È�¼8º�¹.¿ ÀH½]¼8º%È�ÌtÄ�È8Ã[Ä(ÛS;
¸�1 ¼8º�» ÁÂÇ�Ä »�ºQÕj½]Ç1ÁH½]¼1Á+¸j»êÆ º � � Æ º�ÀH½�É%¸j¹.¿ À+¾�¼1Ä�Æ º/¿g½]Ç�Ç"½]¿ ¿�¸jÇ1¼?;�É%º�ÀÂÀ+ºQ¼1Ç8¸jÄ Õ0¾%ºÒº�»dÄ ¼1Á�Ë
ÀÂÁ+È"½]»[¼/¼8¸jÄ�È_À+º%È/¼8º�¹.¿ ÀH½]¼8º%È�á � º'Ç8¾�½]ÀÂÁ+È"º�É%º�¼1¼8º�ÁÂ¼8¾�Ç"½]¼1Á+¸j»êÌtÄ�È8Ã[Ä(ÛS;dÉ%º|Ã[Ä�º'À+º'»�¸j¹C1 Ç8º.Æ º
Ã[Äg½jÈ"½]Ç8È�Ç8º�¼1Ç8¸jÄ Õ0¾%ÈQÉ%¸j¹.¹dº�»�É%º ;|Æ�ÁÂ¹.ÁÂ»DÄ�º�Ç�Ê É�½]Ç�É%º�ÀH½|È1Á%7�» Á�Ógº�ÃDÄ�º_É%º�Ç1¼"½]ÁÂ»�º%ÈQ¸�1�È8º�Ç1Õ�½)Ë
¼1Á+¸j»�È�Æ ºÒÃDÄg½jÈ"½]Ç8È�»�º�¿º�Ä Õ0º�»[¼�¿ ÀÂÄ�È?B�¼1Ç8º�Ç8º�¿ Ç8¸[Æ�Ä ÁÂ¼8º%Èq¿g½]Ç�À+º%È�¹d¸�Æ=��À+º%È�É%¸jÇ1Ç8º%È8¿¸j»�Æ�½]»[¼
½]Ä�@Ð¼8º�¹.¿ ÀH½]¼8º%È/Æ º�Ã[Äg½jÈ"½]Ç8È�á

� Û ½]Á�½]¿ ¿ ÀÂÁ+ÃDÄ�¾ÒÉ%º�¼1¼8ºQ¹d¾�¼1Å�¸�Æ ºÒÆ ºQÈ8¾�À+º%É�¼1Á+¸j»êÈ1Ä Ç�ÀH½L1g½jÈ"ºQÈ1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+ÃDÄ�ºÒÆ�Ä�Î � �
 �È8º�À+¸j» À+º%ÈKÉ�Ç1ÁÂ¼D��Ç8º%ÈKÆ ¸j» »�¾%È.º�» Ñ�á � á Ñ 6ÔÞ7ÁÂÀ�È�Û ½87�ÁÂ¼|Æ ºêÀH½ Ç8¾27�Á+¸j»

170 < ra < 185
º�¼

−7.5 < dec < 7.5
ÃDÄ ÁqÉ%¸j¹.¿ Ç8º�»�Æ Ñ $�� � ¸�1�Ì:º�¼8È�È1¿º%É�¼1Ç8¸�È"É%¸j¿ Á+ÃDÄ�º%È�Æ ¸j»D¼ � � � ��Ã[Äg½)Ë

È"½]Ç8ÈL »�¾�½]» ¹d¸jÁÂ»�È�À�Û ÁÂ»D¼8º�Ç8È8º%É�¼1Á+¸j» Æ º/À�Û�º�»�È8º�¹C1 À+º �3É�½]¼"½]À+¸�7�Ä�º�ÆAÛ�¸�1�Ì:º�¼8Èq¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º%È
½%ßD½]»[¼�Ä »êÈ1¿�º%É�¼1Ç8º_Æ�½]»�ÈqÉ%º�¼1¼8º/Ç8¾27�Á+¸j»'�/º�¼�À�Û�º�»�È8º�¹C1 À+º �3Ã[Äg½jÈ"½]Ç8È�Á+È8È1Ä�È�Æ º/ÀH½C1g½jÈ8ºÒÈ1¿�º%ÉXË
¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º Æ�½]»�È É%º�¼1¼8º�Ç8¾27�Á+¸j»'�\»�º É%¸j¹.¿ Ç8º�»�Æ ÃDÄ�º � � ��� ¸�1�Ì:º�¼8È���É%º%É�Á�Õ�Á+º�»D¼ Æ º%È
É�Ç1ÁÂ¼D��Ç8º%È_Æ º'È8¾�À+º%É�¼1Á+¸j»\È1Ä ÇQÀ+º%ÈÒ¸�1�Ì1º�¼8È/¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º%ÈKÞ�ÉM31á ¿g½]Ç"½87�Ç"½]¿ Å�º ��á �ÔÆ ºCE 1g½)Ë
$�½)Ì:ÁH½]» º�¼ ½]À�á  Ñ ��� �'6ÔÆ ¾%É�Ç1ÁÂÕj½]»[¼ À+º�Î � Ñ�á A » Ç8¾%È1Ä ¹d¾ É%º�Ç1¼"½]ÁÂ»�È ¸�1�Ì1º�¼8ÈêÆ º�ÀH½ 1g½jÈ8º
È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�ºÏ»�ºÏÈ8¸j»[¼Q¿g½jÈQ¿ Ç8¾%È"º�»D¼8È_Æ�½]»�ÈQÀH½ 1g½jÈ8ºÏ¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º 6Xá � ºÏÀ�Û ½]Á7½]Ä�È8È1Á
½]¿ ¿ ÀÂÁ+Ã[Ä�¾%º|È8Ä Ç_Ä » É8Åg½]¹.¿cÁ+È"È1Ä\Æ º|ÀH½<1g½jÈ8º|¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º Þ	ÁÂÀ�È�Û ½87�ÁÂ¼�Æ º�ÀH½ÔÇ8¾27�Á+¸j»�Þ
183 < ra < 193

º�¼ −4.5 < dec < 4.5
ÊDÃ[Ä Á�É%¸j¹.¿ Ç8º�»�ÆÐÑ ������� � ¸�1�Ì1º�¼8È�Æ ¸j»D¼ $ Ñ � Ã[Äg½)Ë

È"½]Ç8ÈqÇ8¾�¿º�Ç1¼8¸jÇ1Á+¾%È�Æ�½]»�È�ÀH½C1g½jÈ8º/È8¿º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º  À�Û ÁÂ»D¼8º�Ç8È8º%É�¼1Á+¸j»Ýº%È1¼�Æ º �Mm Ñ�Ã[Äg½jÈ"½]Ç8È46Xá
Ùí½ ÀÂÁ+È8¼8º Æ º ¼8º�¹.¿ ÀH½]¼8º Á+È8È1Ä�º Æ ºÝÀH½ 1g½jÈ8º È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+ÃDÄ�º Æ�Ä Î � � º%È1¼dÉ�ÀH½]ÁÂÇ8º�¹dº�»[¼
¸j¿ ¼1ÁÂ¹.Á+È8¾%ºK¿�¸jÄ Ç�Ç8º�¼1Ç8¸jÄ Õ0º�Ç�Ä »\¹�½0@�ÁÂ¹'Ä ¹ Æ ºKÃ[Äg½jÈ"½]Ç8È�Ê	¼"½]»�Æ�Á+È�ÃDÄ�ºKÉ%º�ÀÂÀ+º|Á+È8È1Ä�ºKÆ º|ÀH½
1g½jÈ8º_¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�¼8º�»D¼8º�Æ º_¹.ÁÂ» ÁÂ¹.Á+È8º�Ç�À+º_»�¸j¹C1 Ç8º'Æ º_É�½]»�Æ�Á+Æ�½]¼8ÈP fÌ:º/Ç"½]¿ ¿º�ÀÂÀ+º�Ã[Ä�º
¿�¸jÄ Ç#É%º�Æ º�Ç1» Á+º�Ç�É�½jÈ�Ê)À+º%È�¸�1�Ì:º�¼8È#È"½]»�È7Á+Æ º�»[¼1Á�ÓgÉ�½]¼1Á+¸j»�È1¿�º%É�¼1Ç"½]À+ºq»�º�È8¸j»[¼#¿g½jÈ7É%¸j»�È8Á+Æ ¾�Ç8¾%È
É%¸j¹.¹dºÏÆ º%È/ÃDÄg½jÈ"½]Ç8ÈM6Xá

EÒÓ�» Æ º Õ0¾�Ç1Á�Ógº�ÇÐÉ%º%È�È"¾�À+º%É�¼1Á+¸j»�È�ÁÂÀ_º%È1¼d»�¾%É%º%È8È"½]ÁÂÇ8º�Æ ºÝ¼8º%È1¼8º�Ç�À+º%È�¼8º�¹.¿ ÀH½]¼8º%ÈêÈ1Ä Ç
ÆAÛ ½]Ä ¼1Ç8º%È�É"Åg½]¹.¿�ÈqÈ8¿º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º%È�º�¼�¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º%È�á � Û ½]ÁgÄ ¼1ÁÂÀÂÁ+È"¾�Ä »�É8Åg½]¹.¿Ô¿ Å�¸]Ë
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ÀH½�¿ Ç8¾%É�Á+È8Á+¸j»êÆ º/ÀH½ÏÆ ¾�¼8º�Ç1¹.ÁÂ»g½]¼1Á+¸j»ÝÆ º%È�Æ ¾%É�½]ÀH½870º%È�È1¿º%É�¼1Ç"½]Ä�@d¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º%È�á�ÎKÛ Ä »�º
¿g½]Ç1¼�ÁÂÀ�È�Û ½87�ÁÂ¼ÏÆ º.È"½�Õ0¸jÁÂÇÏÈ�Û ÁÂÀ�º%È1¼�¿�¸�È8È1Á%1 À+ºKÆAÛ Ä ¼1ÁÂÀÂÁ+È8º�Ç'É%º�¼1¼8ºKÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�¿�¸jÄ Ç'½ �d»�º�Ç
ÀH½ÝÈ"¾�À+º%É�¼1Á+¸j» Æ º%È|É�½]»�Æ�Á+Æ�½]¼8È�Ê�º�¼|ÆAÛ ½]Ä ¼1Ç8º�¿g½]Ç1¼�ÁÂÀ 3�½]Ä ¼�É"Å�º�Ç8É8Å�º�ÇKÀ+º%È'Æ ¾270¾�»�¾�Ç8º%È8É%º�»�É%º%È
Ã[Ä Á�¿º�Ä Õ0º�»[¼�B�¼1Ç8ºcÆ�Ä�º%È�; Ä » ¹�½]»�ÃDÄ�º ÆAÛ ÁÂ»�3�¸jÇ1¹�½]¼1Á+¸j»ùÆ�½]»�ÈÝÀ+º%È ¼8º�¹.¿ ÀH½]¼8º%È�á &7¸jÄ Ç
É%º�ÀH½cÁÂÀ/º%È1¼.»�¾%É%º%È8È"½]ÁÂÇ8º�Æ º Õ0¸jÁÂÇÔÆAÛ Ä » É �j¼8¾�ÃDÄ�º�À/Æ ¾%É�½]ÀH½870º È1¿�º%É�¼1Ç"½]À/º%È1¼�½ �Aº%É�¼8¾�½]Ä�@
Û 1�¸j»�È�Û�É�½]»�Æ�Á+Æ�½]¼8È�Ã[Äg½jÈ"½]Ç8È.º�¼Ô½�Õ0º%ÉÝÃDÄ�º�ÀÂÀ+ºÐ¿ Ç8¾%É�Á+È8Á+¸j»(Ê�º�¼dÆAÛ Ä » ½]Ä ¼1Ç8º É �j¼8¾ÝÃ[Ä�º�ÀQº%È1¼
É%º�ÀÂÄ Á�½ �Aº%É�¼8¾Ô½]Ä�@ Û ¹�½]Ä Õ�½]Á+È�ÛíÉ�½]»�Æ�Á+Æ�½]¼8È�á�&7¸jÄ Ç�ÀH½Ý¿ Ç8º�¹.Á���Ç8ºd¿g½]Ç1¼1Á+º'Ì�Û ½]Á�Æ º�»�¸jÄ Õ0º�½]Ä
Ä ¼1ÁÂÀÂÁ+È8¾.À�Û�¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j» Æ ºdÃ[Äg½jÈ"½]Ç8È�Æ�Ä Î � �Ðº�¼ÏÆ ¾�¼8º�Ç1¹.ÁÂ»�¾ÔÃDÄ�º�À�¾�¼"½]ÁÂ¼�À+ºd¿¸jÄ Ç8É%º�»[¼"½870º
Æ º�Ã[Äg½jÈ"½]Ç8È|É%¸jÇ1Ç8º%É�¼8º�¹dº�»D¼.Á+Æ º�»[¼1Á�Óg¾%Èd½%ßD½]»D¼KÄ »�ºÔº�Ç1Ç8º�Ä Ç|È1Ä Ç�À+º�Ä Ç|Æ ¾%É�½]ÀH½870ºÐÈ1¿�º%É�¼1Ç"½]À
ÁÂ»�3 ¾�Ç1Á+º�Ä Ç8ºF; � á �  �º�»êÄ ¼1ÁÂÀÂÁ+È"½]»D¼�×/ß[¿�º�Ç*àÝ½�Õ0º%ÉÒÄ »�º_Ã[Äg½]»D¼1ÁÂ¼8¾�ÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j»êÁÂ»�3�¾�Ç1Á+º�Ä Ç8º ;
É%º�ÀÂÀ+º_¿ Ç8¸j¿¸�È"¾Ò¿g½]ÇJ*\½jÆ�½]ÄH � mMm�� 656Xá�·�º%É�ÁAº%È1¼�Ç8º�¿ Ç8¾%È8º�»D¼8¾_Ó 7�Ä Ç8º ��á � Ñ�È1Ä ÇqÀH½jÃ[Ä�º�ÀÂÀ+º�º%È1¼
½]Ä�È8È1ÁíÇ8º�¿ Ç8¾%È8º�»D¼8¾'À�Û Å Á+È1¼8¸�7�Ç"½]¹.¹dº�Æ ºÏÀH½T3 Ç"½jÉ�¼1Á+¸j»\Æ ºÏÉ�½]»�Æ�Á+Æ�½]¼8È�½%ßD½]»D¼/Ä »�º'Æ�Á��A¾�Ç8º�»�É%º
º�»D¼1Ç8ºÔÆ ¾%É�½]ÀH½870º.¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�º�¼'È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º.ÁÂ»�3 ¾�Ç1Á+º�Ä Ç8º<; � á � á E/Ä Æ ¾%É�½]ÀH½870º
È1¿�º%É�¼1Ç"½]À

z = 2.1
À+ºê¼"½]Ä�@ Æ ºÐÃ[Äg½jÈ"½]Ç8Èd½%Õ0º%ÉÐÄ » 1�¸j» Û�Æ ¾%É�½]ÀH½870º È1¿º%É�¼1Ç"½]À�Û7¿g½jÈ8È"ºêÆ º

��� � ;ê¿ ÀÂÄ�È�Æ º � �
� á(Ù(º%È�Æ ¾%É�½]ÀH½870º%È'¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º%È�º%È1¼1ÁÂ¹d¾%È'½]Ä�Ë3Æ º�À�;ÐÆ ºdÑ�á � È8¸j»[¼
Æ ¸j»�É.Ó	½81 À+º%È); � á � ¿ ÇD�%È�ÊíÉ�Û�º%È8¼:ËN;)Ë3Æ�ÁÂÇ8º�À+¸jÇ8È8Ã[Ä�ºdÀ�Û�¾�¹.Á+È"È1Á+¸j» Ù(ß[¹�½]»�Ë

α
Ç8º�»[¼1Ç8ºÔÆ�½]»�È�À+º

Æ ¸j¹�½]ÁÂ»�º'É%¸jÄ Õ0º�Ç1¼Ò¿g½]ÇQÀ+º%È�Ó�ÀÂ¼1Ç8º%ÈQÆ�Ä\Í�ÎÏÍ Íá

�	��
	� ��á � Ñ  Î_¾%É�½]ÀH½870ºd¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�ºÔº�» 3�¸j»�É�¼1Á+¸j»�Æ�Ä�Æ ¾%É�½]ÀH½870ºdÈ8¿º%É�¼1Ç"½]À�È1¿�º%É�¼1Ç8¸]Ë
È8É%¸j¿ Á+Ã[Ä�º<;Ð¿g½]Ç1¼1ÁÂÇ|Æ º.À�Û�¾%É8Åg½]»[¼1ÁÂÀÂÀ+¸j» Æ º�É�½]»�Æ�Á+Æ�½]¼8È'Ã[Äg½jÈ"½]Ç8ÈÏÁ+Æ º�»[¼1Á�Óg¾%È�Æ�½]»�È'À+ºdÉ�½]¼"½)Ë
À+¸�7�Ä�º�Æ º�ÃDÄg½jÈ"½]Ç8È�Æ�Ä Î � �  �Æ ¸j»�É�À+º%È�É�½]»�Æ�Á+Æ�½]¼8ÈQÈ8¸j»[¼�Æ º%È�Ã[Äg½jÈ"½]Ç8È46Xá�Ù�Û Å Á+È8¼8¸�7�Ç"½]¹.¹dº
Ç8º�¿ Ç8¾%È8º�»[¼8º�ÀH½Q3�Ç"½jÉ�¼1Á+¸j»\Æ º|É�½]»�Æ�Á+Æ�½]¼8È�ÃDÄg½jÈ"½]Ç8È�½%ßD½]»[¼�Ä »�º�Æ�Á��A¾�Ç8º�»�É%ºKº�»D¼1Ç8ºKÆ ¾%É�½]ÀH½870º
¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�º�¼#È8¿º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�ºqÁÂ»�3�¾�Ç1Á+º�Ä Ç8º�; � á �  �����
� ¾�¼"½]»[¼#Ç"½]¹dº�»�¾�;QÀ�Û�¾%É"Å�º�ÀÂÀ+º
Æ º�Õ�½]À+º�Ä Ç � á-6Xá

Ù(º%È'¿ ÀÂÄ�È 7�Ç8¸�È�¿ Ç8¸�1 À���¹dº%È�Æ º�Æ ¾270¾�»�¾�Ç8º%È8É%º�»�É%ºÔÈ"º.Ç8º�¼1Ç8¸jÄ Õ0º�»D¼|¿¸jÄ Ç�Æ º%È'Ã[Äg½jÈ"½]Ç8È
½%ßD½]»[¼ÔÄ »>Æ ¾%É�½]ÀH½870º È1¿�º%É�¼1Ç"½]À/º�»[¼1Ç8º � á � º�¼êÑ�á � �
;�¿g½]Ç1¼1ÁÂÇÔÆ ºÝÉ%º�Æ ¾%É�½]ÀH½870º�È1¿�º%É�¼1Ç"½]À
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À�Û�¾�¹.Á+È8È1Á+¸j»\ÙAß�¹�½]»�Ë
α
Æ�Ä ÃDÄg½jÈ*½]ÇÒÇ8º�»D¼1Ç8º|Æ�½]»�ÈQÀ+º�Æ ¸j¹�½]ÁÂ»�º'Æ º'À+¸j»=7�Ä�º�Ä Ç_ÆAÛ�¸j»�Æ º�É%¸jÄ�Ë

Õ0º�Ç1¼�¿g½]Ç�À+ºÏÓ�ÀÂ¼1Ç8º
u
á 93À#º%È1¼�º�»cº"��º�¼�½]Á+È8¾|ÆAÛ ½]¼1¼1Ç1Á%1 Ä�º�ÇÏÄ »\Æ ¾%É�½]ÀH½870º.È8¿º%É�¼1Ç"½]À#È8º�À+¸j» ÀH½

¿�¸�È1ÁÂ¼1Á+¸j» Æ ºÔÉ%º�¼1¼8º�Ç"½]Á+ºêÆ�½]»�È|É8Åg½jÉ�Ä »�Æ º%ÈÏÓ�ÀÂ¼1Ç8º%È�á�Ù�Û�º�Ç1Ç8º�Ä Ç.È1Ä Ç�À+º%È�Æ ¾%É�½]ÀH½870º%ÈKÈ1¿�º%ÉXË
¼1Ç"½]Ä�@�º%È1¼Ïº�»�È1Ä ÁÂ¼8º 3 ¸j»�É�¼1Á+¸j» Æ º.ÀH½êÀH½]Ç570º�Ä Ç|Æ ºdÉ8Åg½jÉ�Ä » Æ º%È�Ó�ÀÂ¼1Ç8º%È'º�¼ÏÆ ºdÀH½ É�½]¿g½jÉ�ÁÂ¼8¾
Æ�Ä É%¸�Æ º ;KÆ�Á���¾�Ç8º�»�É�Á+º�Ç_É%º�¼1¼8º�Ç"½]Á+ºÏÆAÛ ½]Ä ¼1Ç8º%ÈÒÇ"½]Á+º%ÈQÆ�Ä È1¿�º%É�¼1Ç8º�á

�	��
	� ��á � �  ×/Á+È1¼8¸�7�Ç"½]¹.¹dº�Æ º%È�É�½]»�Æ�Á+Æ�½]¼8È�ÃDÄg½jÈ"½]Ç8È�Æ�½]»�ÈqÄ »êÉ"Åg½]¹.¿ Æ�Ä Í�ÎÏÍ ÍÊ�È8º�À+¸j»
À+º�Ä Ç�»g½]¼1Ä Ç8ºÐÞÆ º%È�Ã[Äg½jÈ"½]Ç8È) ¹�½870º�»D¼"½Ð¿�¸jÁÂ»D¼1ÁÂÀÂÀ+¾ 6_¸jÄcÆ º%È�É%¸j»D¼"½]¹.ÁÂ»g½]»[¼8ÈO �º�» 1 À+º�Ä À+º%È
7D½]ÀH½0@�Á+º%È�Ê)º�»|Õ0º�Ç1¼7À+º%È�¾�¼8¸jÁÂÀ+º%È�Ê]º�»|Ç8¸jÄ=70ºqÀ+º%È7¾�¼8¸jÁÂÀ+º%È7¿ ÀÂÄ�È#¾�Õ0¸jÀÂÄ�¾%º%È46Xá)Ù�Û Å Á+È1¼8¸�7�Ç"½]¹.¹dº�º%È1¼
º�»)3 ¸j»�É�¼1Á+¸j»ÔÆ�ÄêÆ ¾%É�½]ÀH½870ºÒÈ1¿�º%É�¼1Ç"½]À�¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º/Ã[Ä Á�À+º�Ä Çqº%È8¼q½jÈ8È8¸�É�Á+¾�¿g½]Ç�×/ß[¿�º�Ç*à7á

&7¸jÄ Ç�Õ0¾�Ç1Á�Ógº�Ç�À+º�É�ÀH½jÈ8È"º�¹dº�»D¼�Æ º%È�É%¸j»D¼"½]¹.ÁÂ»g½]»[¼8È.º�»H3 ¸j»�É�¼1Á+¸j» Æ�Ä Æ ¾%É�½]ÀH½870º�¿ Å�¸]Ë
¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�ÃDÄ Á�À+º�Ä ÇQº%È1¼Q½]¼1¼1Ç1Á%1 Ä�¾�Ê]Ì%Û ½]Á¼1Ç"½jÉ%¾�À�Û Å Á+È8¼8¸�7�Ç"½]¹.¹dºÏÆ º%È�É�½]»�Æ�Á+Æ�½]¼8ÈQÃ[Äg½jÈ"½]Ç8È
Æ�½]»�ÈÔÄ » É8Åg½]¹.¿ Æ�Ä Í�ÎÏÍ Í  

i < 19.1
6XÊ�È8º�À+¸j» À+º�Ä Ç�»g½]¼1Ä Ç8º Þ�Æ º%ÈêÃDÄg½jÈ"½]Ç8ÈÔ¸jÄ Æ º%È

É%¸j»D¼"½]¹.ÁÂ»g½]»[¼8È��(º�¼�É%º%É�Á#º�» 3 ¸j»�É�¼1Á+¸j»cÆ�ÄcÆ ¾%É�½]ÀH½870º|È8¿º%É�¼1Ç"½]À#¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º.ÃDÄ Á7À+º�Ä Ç
º%È1¼�½jÈ8È8¸�É�Á+¾�¿g½]Ç_×/ß�¿º�Ç*à  �ÉM31á Ó 7�Ä Ç8º ��á � � 6XáÙ(º'É"Åg½]¹.¿ É%¸j¹.¿ Ç8º�»�Æ � $ ÑÔÃDÄg½jÈ"½]Ç8È ��×Òß[Ë
¿�º�Ç*àêÇ8º�¼1Ç8¸jÄ Õ0º � $�� Æ ºQÉ%º%È�Ã[Äg½jÈ"½]Ç8ÈqÈ1Ä Ç	��� � É�½]»�Æ�Á+Æ�½]¼8È�Ê0¹�½]Á+È�È8º�Ä À+º�¹dº�»D¼ � m�� ¸j»D¼qÄ »�º
Á+Æ º�»D¼1Á�ÓgÉ�½]¼1Á+¸j»�È8¿º%É�¼1Ç"½]À+º�ÊÉ%º'Ã[Ä Á�È1Á%7�» Á�Ógº|Ã[Ä�º�Ñ � � É�½]»�Æ�Á+Æ�½]¼8È_È"¸j»D¼�Æ º'»g½]¼1Ä Ç8º�ÁÂ»�É%¸j»�Ë
»DÄ�º�ÊjÀH½/¹�½)Ì1¸jÇ1ÁÂ¼8¾�É%¸jÇ1Ç8º%È1¿�¸j»�Æ�¿ Ç8¸�1g½81 À+º�¹dº�»[¼>;/Æ º%È�¾�¼8¸jÁÂÀ+º%È�á��_¾�½]» ¹d¸jÁÂ»�È�¸j»|¿�º�Ä ¼#¼1ÁÂÇ8º�Ç
Ã[Ä�º�À+ÃDÄ�º%È_É%¸j»�É�ÀÂÄ�È1Á+¸j»�È�È1Ä ÇÒÀ�Û�¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j»�È1¿�º%É�¼1Ç"½]À#Æ ¸j»D¼_»�¸jÄ�È/Æ�Á+È1¿�¸�È8¸j»�È|ÞgÆAÛ ½]¿ ÇD�%È_ÀH½
Ó 7�Ä Ç8º ��á � �ÏÀ+º%È�Æ ¾%É�½]ÀH½870º%È�È1¿�º%É�¼1Ç"½]Ä�@ê½]¼1¼1Ç1Á%1 Ä�¾%ÈQ½]Ä�@d¹�½]Ä Õ�½]Á+È�É�½]»�Æ�Á+Æ�½]¼8È�Ã[Äg½jÈ"½]Ç8ÈL �º�»
º"�Aº%É�¼1Äg½]»D¼_À+º�¼8º%È1¼/È8Ä ÇQÀH½)1g½jÈ8º'È1¿º%É�¼1Ç8¸�È"É%¸j¿ Á+ÃDÄ�º 6XÊ	È8ºÏÈ1ÁÂ¼1Ä�º�»[¼_Æ�½]»�È/Æ º�Ä�@ÝÁÂ»D¼8º�Ç1Õ�½]ÀÂÀ+º%È�á
�/»\¿ Ç8º�¹.Á+º�Ç�º�»D¼1Ç8ºdÑêº�¼'Ñ�á � ¸� À+º%È�É%¸j»D¼"½]¹.ÁÂ»g½]»D¼8È|È8¸j»[¼ÏÆ º%È�¾�¼8¸jÁÂÀ+º%È�»�¸jÇ1¹�½]À+º%ÈÏº�¼�Ä »
½]Ä ¼1Ç8º_ÁÂ»D¼8º�Ç1Õ�½]ÀÂÀ+º�½%Õ0º%É_Ä » Æ ¾%É�½]ÀH½870º�½]Ä�Ë3Æ º�À�;|Æ º � Ã[Ä Á�É%¸j¹.¿ Ç8º�»�Æêº%È"È8º�»D¼1Á+º�ÀÂÀ+º�¹dº�»[¼ÒÆ º%È
¾�¼8¸jÁÂÀ+º%Èê¾�Õ0¸jÀÂÄ�¾%º%È�á?9�À/º%È8¼dÁÂ¹.¿¸jÇ1¼"½]»[¼ Æ ºÝ»�¸j¼8º�Ç�Á+É�Á_ÃDÄ(Û ÁÂÀ/»(Û ß ½c¿g½jÈêÆ º Ã[Äg½jÈ"½]Çê½�Õ0º%É
Ä » Æ ¾%É�½]ÀH½870º|È8Ä ¿¾�Ç1Á+º�Ä Ç ; � á A » º"��º�¼�Ê	ÀH½d¿ Ç8¸�1g½81 ÁÂÀÂÁÂ¼8¾KÆAÛ ½�Õ0¸jÁÂÇ_Ä » É%¸j»D¼"½]¹.ÁÂ»g½]»[¼�¿ ÀÂÄ�Ë
¼��j¼/Ã[Ä(Û Ä »�Ã[Äg½jÈ"½]Ç/½�Õ0º%É'Ä »�¼8º�À�Æ ¾%É�½]ÀH½870º�È1¿º%É�¼1Ç"½]À7º%È1¼Ò¼1ÇD�%ÈÒÁÂ¹.¿¸jÇ1¼"½]»[¼8º�Ê�É%ºÏÃDÄ Á�»�¸jÄ�È
È8º�Ç"½ Ä ¼1ÁÂÀ+ºÝ¿¸jÄ ÇdÆ ¾�¼8º�Ç1¹.ÁÂ»�º�ÇÔÀH½cÈ8¾�À+º%É�¼1Á+¸j» ÀH½ ¿ ÀÂÄ�ÈÔº���É�½jÉ%º� Õ0¸jÁÂÇ�Æ�½]»�È�À+ºÐ¿ Ç8¸[É"Åg½]ÁÂ»
¿g½]Ç"½87�Ç"½]¿ Å�º 6Xá

� � � � ��� � � ��� � � � � 	 ��� � �

�/»�º)3 ¸jÁ+ÈÏÃ[Ä(Û�×Òß�¿º�Ç*à ½ÝÆ ¾�ÀÂÁÂÕ�Ç8¾dÀ+º%ÈÏÇ8¾%È8Ä ÀÂ¼"½]¼8È�ÊíÉ�Û�º%È1¼:ËN;)Ë3Æ�ÁÂÇ8ºÔÉ�½]À+É�Ä À+¾�Ä » Æ ¾%É�½]ÀH½870º
È1¿�º%É�¼1Ç"½]ÀÒº�» ÀÂÄ Á_½jÈ8È8¸�É�ÁH½]»D¼�Ä »�ºÝÕj½]À+º�Ä ÇêÆ º

χ2 º�¼ÔÉ%º ¿¸jÄ ÇêÉ8Åg½jÃ[Ä�ºÝ¹d¸�Æ=��À+º�Ê�ÁÂÀ 3�½]Ä ¼



� Ñ �����	��
����������������������� �"!#� ��$%��&'
(�)�*�)�+!���,.-/� �"!#�0�+!����1�32�4 ������,�!�!3
��%$����*�)5��"!��76 �8,��8�:90���

¿�¸jÄ Õ0¸jÁÂÇ'Ä ¼1ÁÂÀÂÁ+È8º�Ç'É%º%È'Ç8¾%È1Ä ÀÂ¼"½]¼8È�¿¸jÄ Ç'Æ ¾�¼8º�Ç1¹.ÁÂ»�º�ÇKÈ1Á�É%º�ÀH½ÝÉ%¸jÇ1Ç8º%È1¿¸j»�Æ ;ÐÀ�Û Á+Æ º�»D¼1Á�ÓgÉ�½)Ë
¼1Á+¸j» ÆAÛ Ä » Ã[Äg½jÈ"½]Ç�¸jÄ ÆAÛ Ä »�º�¾�¼8¸jÁÂÀ+º�á7Ùí½ÝÃ[Ä�º%È1¼1Á+¸j» ;ÝÀH½jÃDÄ�º�ÀÂÀ+ºÔÁÂÀ 3�½]Ä ¼'Ç8¾�¿�¸j»�Æ�Ç8º�º%È8¼ÔÞ
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¼1Ç8¸jÄ Õ0¾%È'Þ

Q(χ2|ν) = 1 − P (0.5ν, 0.5χ2)
 ���á � � 6

=
Γ(0.5ν, 0.5χ2)

Γ(0.5ν)

=
1

Γ(0.5ν)

∫ ∞

0.5χ2

e−tt−1dt

½%Õ0º%É
Γ(k) =

∫ ∞
0 e−ttk−1dt k > 0
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É8Åg½]¿ ÁÂ¼1Ç8º � � ¿g½870º ����� Þ
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&7¸jÄ Ç�À�Û ÁÂ»�È1¼"½]»D¼�ÁÂÀ»�º�È�Û ½87�ÁÂ¼q¿g½jÈ�Æ º�Æ ¾XÓ�» ÁÂÇ�ÁÂ¹.¹d¾%Æ�ÁH½]¼8º�¹dº�»D¼ÒÃ[Ä�º�ÀÂÀ+º�È8¾�À+º%É�¼1Á+¸j» È8º�Ç"½
Ç8º�¼8º�»DÄ�ºK½]Ä Ó�»g½]À�¹�½]Á+È/Æ ºÏÉ%¸j¹.¿ Ç8º�»�Æ�Ç8º�À�Û ÁÂ»�I�Ä�º�»�É%º|Æ º'É8Åg½jÉ�Ä »�º|È1Ä ÇQÀ+ºÏ»�¸j¹C1 Ç8º|º�¼ÒÀH½
»g½]¼1Ä Ç8º_Æ º%È�É�½]»�Æ�Á+Æ�½]¼8È�á[Ù(º%È�¼8º%È1¼8È�È1Ä ÇqÀH½ 1g½jÈ8ºÒ¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ÃDÄ�º�È8¸j»[¼�É%º�Ä�@êÃDÄ ÁÈ8¸j»D¼�À+º%È
¿ ÀÂÄ�È/¿ Ç8¸[É"Å�º%È_Æ º�ÀH½dÈ"¾�À+º%É�¼1Á+¸j» Ó�»g½]À+ºKÃ[Ä Á�È8º�Ç"½dÇ8¾�½]ÀÂÁ+È8¾%º �gÀ+º%È_É%¸j»�Æ�ÁÂ¼1Á+¸j»�È�È8¸j»[¼/À+º%È/¿ ÀÂÄ�È
¿ Ç8¸�É8Å�º%ÈÒÆ º%ÈÒÆ�Á ��É�Ä ÀÂ¼8¾%È_½]Ä�@ ÃDÄ�º�ÀÂÀ+º%È�Ì:º�È8º�Ç"½]Á(É%¸j»�3�Ç8¸j»D¼8¾�á

Î�½]»�È É%º�¼1¼8º È8¾�À+º%É�¼1Á+¸j»  ÀH½ZYU@\[86XÊ�¿g½]Ç1¹.Á'À+º%È � $ 3 ½]Ä�@¦É�½]»�Æ�Á+Æ�½]¼8È�Ê/È8º�Ä À+º�¹dº�»D¼ � �
ÆAÛ�º�»D¼1Ç8º º�Ä�@ ¸j»D¼KÄ » È8¿º%É�¼1Ç8º�Ê7À+º�Ä Ç|»g½]¼1Ä Ç8ºêº%È8¼|Æ ¸j»�ÉêÁÂ»�É%¸j» »DÄ�º�ÊÌ%Û ½]Á�È1Ä ¿ ¿¸�È"¾ÔÃ[Ä(Û ÁÂÀ+È
»(Û�¾�¼"½]Á+º�»D¼Ô¿g½jÈ�Æ º%ÈÔÃDÄg½jÈ"½]Ç8È�á�Ù(º�Ä Çd¿�¸�È1ÁÂ¼1Á+¸j» Æ�½]»�ÈdÀ+º%È�Æ�ÁH½87�Ç"½]¹.¹dº%ÈÔÉ%¸jÄ À+º�Ä Çêº%È1¼dÇ8ºXË
¿ Ç8¾%È8º�»[¼8¾%º�Æ�½]»�È/ÀH½.Ó 7�Ä Ç8º ��á � � á	Ù�½.¿ ÀÂÄ ¿g½]Ç1¼�Æ º'É%º%È_É�½]»�Æ�Á+Æ�½]¼8È�È8¸j»D¼/¼1ÇD�%ÈÒ¿ Ç8¸�É8Å�º%È�Æ�Ä
À+¸�É�Ä�ÈÒÅg½81 ÁÂ¼1Ä�º�À�Æ º%È_ÃDÄg½jÈ"½]Ç8È�Êgº�¼/É%º�Ç1¼"½]ÁÂ»�È�ÆAÛ�º�»[¼1Ç8º|º�Ä�@\¸j»D¼�Æ º%È/É%¸jÄ À+º�Ä Ç8È�½jÈ8È8º2$�ÁÂ» Åg½)Ë
1 ÁÂ¼1Ä�º�ÀÂÀ+º%È�Ê	º�»�Ë3Æ º�Å�¸jÇ8ÈÒÆ�ÄÝÀ+¸�É�Ä�ÈÒÆ º%ÈQ¾�¼8¸jÁÂÀ+º%È�ÊgÃ[Ä�º�À�Û�¸j» Õ0¸jÁÂ¼Òº�»Ý¹�½870º�»[¼"½dÈ1Ä ÇÒÀH½|Ó 7�Ä Ç8º�á
E/ÁÂ»�È1Á(Ä »�ºÏ¿�º�¼1ÁÂ¼8ºÏ¿g½]Ç1¼1Á+º|Æ ºÏÉ%º%È_¸�1�Ì:º�¼8È_½]Ä�@ É%¸jÄ À+º�Ä Ç8ÈÒÁÂ» Åg½81 ÁÂ¼1Ä�º�ÀÂÀ+º%È_¿�¸jÄ Ç1Ç"½]Á+º�»D¼LB�¼1Ç8º
Ç8ºtÌ1º�¼8¾%È�È1ÁQÀ�Û�¸j»>É%¸jÄ ¿ ÀH½]ÁÂ¼�ÀH½ È8¾�À+º%É�¼1Á+¸j» Õ�ÁH½c×/ß[¿�º�Ç*à ;cÄ » Æ ¾%É%¸jÄ ¿g½870º\Æ�½]»�ÈdÀ+º%ÈÔÆ�ÁH½)Ë
7�Ç"½]¹.¹dº%ÈdÉ%¸jÄ À+º�Ä Ç:Ë3É%¸jÄ À+º�Ä Ç���É%ºÐÃDÄ Á�»(Û�º%È1¼K¿g½jÈ 3 ¸jÇ8É%¾�¹dº�»D¼�Õ0¸jÄ ÀÂÄ È1Á�À�Û�¸j»�Õ0º�Ä ¼�½]Ä�È8È1Á
¿�¸jÄ Õ0¸jÁÂÇ.¼1Ç8¸jÄ Õ0º�ÇdÆ º%È.¸�1�Ì:º�¼8ÈKÇ"½]Ç8º%Èd½�Õ0º%É Æ º%È.É%¸jÄ À+º�Ä Ç8È.¿º�Ä 3�Ç8¾%ÃDÄ�º�»[¼8º%È�á �_¸j¼8º2$ÐÃ[Ä�º
¼8¸jÄ�È�À+º%È�¸�1�Ì1º�¼8È�Á+È8È1Ä�È�Æ ºKÀH½ 1g½jÈ8ºKÈ1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�ºd¸j»D¼L3�½]ÁÂ¼�À�Û�¸�1�Ì1º�¼ÏÆAÛ Ä »�º.È8¾�À+º%É�¼1Á+¸j»
¿g½]ÇKÉ%¸jÄ À+º�Ä Ç�Ê�»�¸j¼"½]¹.¹dº�»[¼.À+º%È�Ã[Äg½jÈ"½]Ç8È  �Æ ¾%É�Ç1ÁÂ¼Kº�» Æ ¾�¼"½]ÁÂÀ�º�» ��á���á �'6XÊ7¹�½]Á+È.½]Ä�È8È1ÁqÀ+º%È
¾�¼8¸jÁÂÀ+º%È�á

E ¿g½]Ç1¼1ÁÂÇíÆ º�É%º�¹d¸j¹dº�»D¼7À+¸jÇ8È8ÃDÄ�ºAÌ:º�¿g½]Ç1À+º�Ç"½]Á�Æ º�È8¾�À+º%É�¼1Á+¸j»(Ê�ÁÂÀ0È�Û ½87�ÁÂÇ"½QÆ º�ÀH½QÈ8¾�À+º%É�¼1Á+¸j»
¸j¿ ¼1ÁÂ¹.Á+È8¾%ºq¿¸jÄ Ç�À+º%ÈíÆ ¸j» »�¾%º%È7Á+È8È1Ä�º%È�Æ�ÄKÍ�ÎÏÍ ÍQ ÀH½Q¿ Ç8º�¹.Á���Ç8º�¿ Ç8¾%È8º�»D¼8¾%º�Æ�½]»�ÈíÀ+º�¼"½81 À+º�½]Ä
��á�� 6Xá

� � � � � � � � � 	 � � ��� � � � �

Ùí½cÀÂÁÂ¹.ÁÂ¼8º º�»�¹�½87�» ÁÂ¼1Ä�Æ º\Æ º È8¾�À+º%É�¼1Á+¸j» Æ º%ÈdÃ[Äg½jÈ"½]Ç8È�¿¸jÄ Ç.À�Û ½]À%70¸jÇ1ÁÂ¼1Å ¹dº\Æ º Ç8ºXË
É8Å�º�Ç8É"Å�º Æ ºÐÃDÄg½jÈ"½]Ç8È|Æ�Ä Í�ÎÏÍ Í�Æ º � Á+É"Åg½]Ç8Æ È.º�¼K½]À  Ñ ��� Ñ 6�º%È1¼KÆ º � m á � ¿�¸jÄ Ç�ÀH½�È8¾XË
À+º%É�¼1Á+¸j» »�¸jÇ1¹�½]À+º�º�¼�Æ ºKÑ � á Ñd¿�¸jÄ Ç/À+º%È_Ã[Äg½jÈ"½]Ç8ÈF;<7�Ç"½]»�Æ\Æ ¾%É�½]ÀH½870º|È8¿º%É�¼1Ç"½]À  �ÉM3:áÑ�á � 6Xá
* ½]Á+Èd¿�¸jÄ ÇdÇ8¾�Ä�È8È1ÁÂÇO; ½]¼1¼8º�ÁÂ»�Æ�Ç8ºÝÄ »�º�Æ º�»�È1ÁÂ¼8¾ Æ ºÝÃ[Äg½jÈ"½]Ç8ÈÔÈ1Ä ��È"½]»D¼8º ¿¸jÄ ÇÔ¼1Ç8¸jÄ Õ0º�Ç
Æ º%ÈL7�Ç8¸jÄ ¿�º%È�È1Ä ��È"½]¹.¹dº�»D¼'¿ Ç8¸[É"Å�º%ÈÏÆ ºKÃDÄg½jÈ"½]Ç8È�ÁÂÀ 3�½]Ä ¼Ï½]ÀÂÀ+º�ÇC;�Ä »�º|¿ Ç8¸83 ¸j»�Æ º�Ä Ç'º�»
¹�½87�» ÁÂ¼1Ä�Æ º|¿ ÀÂÄ�ÈK7�Ç"½]»�Æ º�á � Û ½]Á#Æ ¸j»�É�Õ0¸jÄ ÀÂÄ�¼8º%È1¼8º�Ç_¹�½dÈ"¾�À+º%É�¼1Á+¸j»c½]Ä�Ë3Æ º�À�;ÔÆ º%È/ÀÂÁÂ¹.ÁÂ¼8º%È
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�	��
	� ��á � �  Î_ÁH½87�Ç"½]¹.¹dº�É%¸jÄ À+º�Ä ÇÔÉ%¸jÄ À+º�Ä Ç�Ê�Ç8º�¿ Ç8¾%È"º�»D¼"½]»D¼Ðº�» ¹�½870º�»[¼"½cÀ�Û�º�»�È8º�¹P1 À+º
Æ º%ÈÒ¸�1�Ì1º�¼8ÈÒÆ ºÏÀH½)1g½jÈ8º�¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�º�Êº�»�É%¸jÄ À+º�Ä ÇÒÀ+º%È/ÃDÄg½jÈ*½]Ç8ÈÒÈ8º�À+¸j»ÝÀ+º�Ä Ç_Æ ¾%É�½]ÀH½870º
È1¿�º%É�¼1Ç"½]ÀP Õ0¸jÁÂÇ�¾%É"Å�º�ÀÂÀ+º Æ º É%¸jÄ À+º�Ä ÇÔÈ8Ä Ç.À+º%ÈdÉ%¸j¼8¾%È Þ�º�» Ç8¸jÄ=70º

z < 2
Ê�º�» Õ0º�Ç1¼

2 <
z < 4

Êqº�» 1 À+º�Ä
z > 4

6.º�¼dÀ+º%ÈÔÉ�½]»�Æ�Á+Æ�½]¼8ÈÔÃ[Ä ÁQ»�ºÝÈ8¸j»[¼�¿g½jÈÔÆ º%È�Ã[Äg½jÈ"½]Ç8È� �É%º�Ç8É�À+º%È
»�¸jÁÂÇ8È46Xá�Ù(º%È_¿�¸jÁÂ»D¼_º�» ¹�½870º�»D¼"½ÔÇ8º�¿ Ç8¾%È8º�»[¼8º�»D¼�À�Û�º�»�È8º�¹P1 À+º�Æ º%È_¸�1�Ì1º�¼8È/Æ º'À�Û�¾%É8Åg½]»D¼1ÁÂÀÂÀ+¸j»
º�¼Q¸j» Æ�Á+È8É%º�Ç1»�º'Æ ¸j»�ÉÏº%È8È8º�»[¼1Á+º�ÀÂÀ+º�¹dº�»D¼_À+º%ÈQ¾�¼8¸jÁÂÀ+º%È�á
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ÁÂ¹.¿�¸�È8¾%º%ÈÒ¿�¸jÄ Ç_ÀH½dÈ8¾�À+º%É�¼1Á+¸j» Æ�ÄcÍ�ÎÏÍ ÍÊÉ%º%É�Á#½)Ó�»\ÆAÛ ½%Õ0¸jÁÂÇ�Ä »�º�Á+Æ ¾%º�Æ º'ÀH½�Æ º�»�È1ÁÂ¼8¾|Æ º
É�½]»�Æ�Á+Æ�½]¼8È|¸�1 ¼8º�»DÄ�º�Ê7¼8¸jÄ ¼�º�» 7D½]Ç8Æ�½]»D¼);ÐÀ�Û�º%È1¿ Ç1ÁÂ¼�Ã[Ä�ºdÀH½ ¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+ºêÆ�Ä�Í�ÎÏÍ Í »�º
¿�º�Ç1¹dº�¼Q¿g½jÈQÆAÛ ½]ÀÂÀ+º�Ç/½]Ä�Ë3Æ º�À�;�Æ º�Á � Ñ ��º�»Ý¼1Å�¾%¸jÇ1Á+º�á

A » Õ0¾�Ç1Á�Ó	½]»[¼.À+ºêÈ8¼"½]¼1Ä ¼KÆ ºêÉ%º%È|»�¸jÄ Õ0º�½]Ä�@ É�½]»�Æ�Á+Æ�½]¼8È.Æ�½]»�ÈKÀH½�1g½jÈ8ºÐÆ ºêÆ ¸j» »�¾%º%È
Æ�Ä�Í�ÎÏÍ Í�Ì1º�¹dº�È1Ä Á+ÈÒ½]¿�º�Ç8Ü�ÄÝÃDÄ(Û Ä »�º�¿g½]Ç1¼1Á+º'ÆAÛ�º�»D¼1Ç8º'º�Ä�@H ∼ 30%

6�¸j»[¼QÄ »ÝÆ�Ç"½]¿º�½]Ä
qso � faint

É%ºÏÃ[Ä Á�È1Á%7�» Á�Ógº|Ã[Ä(Û ÁÂÀ+ÈÒ¸j»D¼�¾�¼8¾'È"¾�À+º%É�¼1Á+¸j» »�¾%È/¿g½]Ç/À+º|Í�ÎÏÍ ÍÐ¹�½]Á+È_Ã[Ä(Û ÁÂÀ+ÈÒ»�º
Ç8¾�¿�¸j»�Æ º�»D¼�¿g½jÈ_½]Ä�@ É�Ç1ÁÂ¼D��Ç8º%È�Æ º�¹�½87�» ÁÂ¼1Ä�Æ º�Ê�º�¼/Ã[Ä(Û ÁÂÀ+È�3 º�Ç8¸j»D¼_¿ Ç8¸�1g½81 À+º�¹dº�»D¼�À�Û�¸�1�Ì1º�¼
ÆAÛ Ä » ¿ Ç8¸[É"Åg½]ÁÂ»ùÈ1Ä ÁÂÕ�Á_È8¿º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º�á A » ¿�¸jÄ�È8È"½]»D¼Ý½]ÁÂ»�È1Á�Ì:Ä�È8Ã[Ä(Û ½]Ä�@ ÀÂÁÂ¹.ÁÂ¼8º%ÈÝÆ�Ä
Ç8º�À+º�Õ0¾�ÊjÀ+º%È#ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�È�Æ�Á+È1¿�¸j» Á%1 À+º%È�È1Ä Ç#À+º%È�¸�1�Ì:º�¼8È�È"¸j»D¼�¼1Ç8¸j¿.¿�º�Ä|»�¸j¹P1 Ç8º�Ä�È8º%È�¿�¸jÄ Ç
¿�º�Ç1¹dº�¼1¼1Ç8º'Ä »�º|É�ÀH½jÈ8È1Á�ÓgÉ�½]¼1Á+¸j»cÆ º%È_¸�1�Ì:º�¼8È�Ê	¿ Ä Á+È8Ã[Ä(Û ½]Ä�É�Ä »\È8Ä ÁÂÕ[Á7È1¿º%É�¼1Ç8¸�È"É%¸j¿ Á+ÃDÄ�º�»(Û ½
¾�¼8¾�Ç8¾�½]ÀÂÁ+È8¾�á

A »�Ó�»�ÀH½KÃDÄ�º%È8¼1Á+¸j» ÃDÄ�º�À�Û�¸j»�È8º�¿�¸�È8º�»g½]¼1Ä Ç8º�ÀÂÀ+º�¹dº�»D¼�º%È1¼ÏÞ�Ã[Ä�º�À+ÈQÈ8¸j»[¼QÀ+º%ÈQÃ[Äg½jÈ"½]Ç8È
Ã[Ä ÁA»�º�È8¸j»D¼�¿g½jÈ�Á+Æ º�»[¼1Á�Óg¾%È/É%¸j¹.¹dº�¼8º�À+ÈÒº�¼�¿¸jÄ Ç8Ã[Ä�¸jÁ)Ú &7¸jÄ ÇÒÇ8¾�¿�¸j»�Æ�Ç8ºC;|É%º�¼1¼8ºÏÃ[Ä�º%È:Ë
¼1Á+¸j»ÐÀ+ºÒ¹.Á+º�Ä�@êº%È1¼�Æ º_É%¸j»�È1Á+Æ ¾�Ç8º�Ç�ÀH½P1g½jÈ8º_È1¿º%É�¼1Ç8¸�È"É%¸j¿ Á+ÃDÄ�º_º�¼�ÆAÛ�¾�¼1Ä�Æ�Á+º�ÇQº�»ÐÆ ¾�¼"½]ÁÂÀ�À+º%È
È1¿�º%É�¼1Ç8º%ÈQÆ º%ÈQÃ[Äg½jÈ"½]Ç8ÈQÃ[Ä ÁA»�ºÏÈ8¸j»[¼Q¿g½jÈ�Ç8º�¼8º�»DÄ�È/É%¸j¹.¹dº'É�½]»�Æ�Á+Æ�½]¼8È�á

9�À�½]¿ ¿g½]Ç"½��+¼QÃ[Ä(Û Ä »�º_¿g½]Ç1¼1Á+º�Æ º%È�ÃDÄg½jÈ"½]Ç8È  #Ñ �
� 6�Ç"½]¼8¾%È�È8¸j»D¼�Æ º�Ø�ß�¿�ºF"JE_Ù�Ê�É�Û�º%È1¼:Ë
;)Ë3Æ�ÁÂÇ8ºQ¿ Ç8¾%È"º�»D¼"½]»D¼�Æ º�¼1ÇD�%È 3�¸jÇ1¼8º%È�½81�È8¸jÇ1¿ ¼1Á+¸j»�ÈF #"�Ç8¸0½jÆOEK1�È8¸jÇ1¿ ¼1Á+¸j»ÔÙAÁÂ»�º 6 ;�¿ ÀÂÄ�È8Á+º�Ä Ç8È
¹.ÁÂÀÂÀÂÁ+º�Ç8È�Æ º  [ÁÂÀ+¸j¹Q��¼1Ç8º%È7¿g½]Ç�È8º%É%¸j»�Æ º�Æ º%È�Ç"½]Á+º%È#ÆAÛ�¾�¹.Á+È8È8Á+¸j»(Ê]É%º�Ã[Ä Á[¿�º�Ä ¼�¹d¸�Æ�Á�Ógº�Ç#À+º�Ä Ç8È
É%¸jÄ À+º�Ä Ç8ÈÏÈ1Á�É%º%ÈÏ½81�È8¸jÇ1¿ ¼1Á+¸j»�È'È8¸j»D¼ÏÈ1Ä ��È*½]¹.¹dº�»D¼ÏÀH½]Ç570º%ÈÏº�¼�È8ºKÈ1ÁÂ¼1Ä�º�»[¼ÏÆ�½]»�È�À+º�Ó�ÀÂ¼1Ç8º
º�»ê¹QB�¹dº/¼8º�¹.¿�È�Ã[Ä�ºÒÀ�Û�¾�¹.Á+È"È1Á+¸j»(á A »êº"�Aº�¼�Ê�É%º�ÀH½Ï¿�º�Ä ¼qÇ8º�Õ0º�» ÁÂÇ�;'Ç8º27D½]Ç8Æ º�Ç�Ä »êÈ1¿�º%É�¼1Ç8º
¿ ÀH½]¼T ½81�È"¸jÇ1¿ ¼1Á+¸j» � ¾�¹.Á+È8È1Á+¸j» 6 ;K¼1Ç"½%Õ0º�Ç8È_Ä »ÝÓ�ÀÂ¼1Ç8º�Êº�»�º�» À+º�Õ�½]»D¼_Ä »�ºÏ¿g½]Ç1¼1Á+º|Æ�Ä I�Ä�@
;|¼1Ç"½%Õ0º�Ç8È/É%º_Ó�ÀÂ¼1Ç8º � »�¸j¼"½]¹.¹dº�»D¼_Æ�½]»�È�ÀH½P3 ¸jÇDB�¼QÙAß[¹�½]»�Ë

α
¸� À+ºFI�Ä�@Ð¹d¸�ß0º�» º%È8¼�¿ ÀÂÄ�È

3�½]Á%1 À+ºÏÃDÄ�º�Æ�½]»�ÈÒÆ º%ÈQÈ1¿�º%É�¼1Ç8º%ÈÒÈ"½]»�È "JE_Ù�á
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¿g½]Ç'ÀH½ÝÈ1Ä ÁÂ¼8º�È1ÁÂ¹.¿ À+º�¹dº�»[¼C3 ¸j»�É�¼1Á+¸j» Æ ºdÉ%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j» 6'À+º.À+¸j»=7�Æ º�¿ ÀÂÄ�È1Á+º�Ä Ç8È'ÀÂÁ%7�»�º%È|Æ º
Õ�Á+È8¾%ºÏÁÂ»�Æ ¾�¿�º�»�Æ�½]»D¼8º%È�Ê(½Ô¾�¼8¾�Ä ¼1ÁÂÀÂÁ+È8¾%º'¿g½]Ç'Í�½]Ç570º�»[¼�º�¼�½]À�á: � m%$�� 6Q¿�¸jÄ Ç�¾�¼1Ä�Æ�Á+º�Ç_À+º�Ç8ºXË
7�Ç8¸jÄ ¿�º�¹dº�»D¼qÆ º%È�½81�È"¸jÇ51g½]»D¼8È�Ç8º%È8¿¸j»�È"½81 À+º%È�Æ º�ÀH½�3 ¸jÇDB�¼�ÙAß�¹�½]»�Ë

α
º�¼�ÁÂÀ+È#¼1Ç8¸jÄ Õ0º�»[¼qÃ[Ä�º

É%º�ÀÂÄ Á�Ë3É�Á(º%È1¼�¹d¸jÁÂ»�È�¿ Ç8¸j»�¸j»�É%¾�Ã[Ä�ºÒ¿�¸jÄ Ç�À+º%ÈJ7D½]ÀH½0@�Á+º%È�á A » º"�Aº�¼�Ê�ÁÂÀ+È�»�º/¼1Ç8¸jÄ Õ ��Ç8º�»[¼Ò½]Ä�Ë
É�Ä »�È1Á%7�»g½]À	º�»D¼1Ç8º
� ��� º�¼ � �Ï�����

km.s−1 á A »�¸jÄ ¼1Ç8º�Ê[Æ'&O;_ÀH½F3�½]Á%1 À+º�Ç8¾%È8¸jÀÂÄ ¼1Á+¸j»êÆ ºQÉ%º%È
Æ ¸j» »�¾%º%È�ÊgÁÂÀ+È�»�ºÏ¼1Ç8¸jÄ Õ ��Ç8º�»[¼/¿g½jÈQÆ º�È1Á%7�»g½]À�½]Ä�@ ¿�º�¼1ÁÂ¼8º%ÈÒ¾%É8Å�º�ÀÂÀ+º%È  ≤ 300 km.s−1 6Xá 9�À
3�½]ÀÂÀÂÄ ¼�½]¼1¼8º�»�Æ�Ç8º�À+º%È#Æ ¸j» »�¾%º%È ;/¿ ÀÂÄ�È 7�Ç"½]»�Æ ºqÇ8¾%È"¸jÀÂÄ ¼1Á+¸j»|¿�¸jÄ Ç�Æ ¾�¼8º%É�¼8º�Ç#À+º�È8Á%7�»g½]À  #*�Ä�ºXË
É# 0º�¼�( * Ä�º�ÀÂÀ+º�Ç � m%$ � Ê��_È1¼1Ç1Á 0º�Ç�º�¼�½]À�á � m%$%$ º�¼�º�»ê¿g½]Ç1¼1Á+É�Ä ÀÂÁ+º�ÇÒ·qÇ1Á+È1¼1ÁH½]» ÁAº�¼�½]À�á � mMm � 6XÊ
Ì:Ä�È8ÃDÄ(ÛS;KÆ º%ÈÒÈ8¾�¿g½]Ç"½]¼1Á+¸j»�ÈÒÆ�½]»�ÈÒÀ�Û�º%È1¿g½jÉ%ºÏÆ º%È�Õ�ÁÂ¼8º%È8È8º%ÈQÆ º�À�Û�¸jÇ8Æ�Ç8º�Æ º

100 km.s−1 á A »
Ç8º27�Ç8¸jÄ ¿g½]»D¼�Æ º%ÈÒÆ ¸j» »�¾%º%È_Æ º'È8Ä ��È"½]¹.¹dº�»D¼ 1¸j» »�º'¿ Ç8¾%É�Á+È1Á+¸j»�È1Ä Ç_½jÈ8È8º2$'Æ º�ÀÂÁ%7�»�º%È_Æ º
Õ�Á+È8¾%º�ÊÁÂÀ#º%È8¼_¿�¸�È8È1Á%1 À+ºKÆ ºKÉ%¸j»�È1¼1Ç1Ä ÁÂÇ8º.Ä »c¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j» ½�ßD½]»D¼ÏÄ »cÉ"Å�º�¹.ÁÂ» º�»�Æ ¾%É�½]ÀH½870º
È1¿�º%É�¼1Ç"½]À�È1Ä ��È"½]¹.¹dº�»[¼ 7�Ç"½]»�Æ� �º�á 7�á.*\É%Î_¸j»g½]À+Æ.º�¼�½]À�á0Ñ ����� 6Xá A ».¿ ÀÂÄ�È�Æ�ÄdÉ�½]À+É�Ä ÀgÆ º�ÀH½
3 ¸j»�É�¼1Á+¸j»�Æ ºQÉ%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j»ê¿¸jÄ Ç�Æ ¾�¼8º%É�¼8º�ÇqÀ+º�Ç8º27�Ç8¸jÄ ¿º�¹dº�»[¼�Æ º%Èq½81�È8¸jÇ51g½]»D¼8È�ÊDÁÂÀgº%È1¼�¿�¸�È:Ë
È1Á%1 À+º.ÆAÛ�¾�¼1Ä�Æ�Á+º�Ç�À+º%ÈÏÈ1¼1Ç1Ä�É�¼1Ä Ç8º%È'Ã[Ä�ºT3 ¸jÇ1¹dº�»D¼'É%º%È|½81�È8¸jÇ51g½]»D¼8È'¿g½]Ç'ÆAÛ ½]Ä ¼1Ç8º%ÈÏ¹d¸�ß0º�»�È�á
&#½]Ç�ºM@ º�¹.¿ À+º�Ê[Ö	½]»=7  � mMm�� 6�Ç8º%É8Å�º�Ç8É"Å�º_À+º%È�¿ ÀÂÄ�Èq¿ Ç8¸[É"Å�º%È�Õ0¸jÁ+È1ÁÂ»�ÈqÆ�½]»�È�Ä »ê¾%É8Åg½]»D¼1ÁÂÀÂÀ+¸j»
Æ º�Ç"½]Á+º%ÈQÆAÛ ½81�È"¸jÇ1¿ ¼1Á+¸j»�º�¼QÆ ¾�¼8º%É�¼8ºÏÄ »ÝÈ8Á%7�»g½]ÀíÈ1Ä ÇQÆ º%ÈQ¾%É"Å�º�ÀÂÀ+º%È/Æ º � � ; ���

h−1 * ¿�É�á
Ù(º%ÈÐ¾�¼1Ä�Æ º%È È1Ä ÇêÀ+º%ÈÐÉ%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j»�È º�»D¼1Ç8º Æ º%ÈêÇ"½]Á+º%ÈÐÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j»¦Æ�Á+È1¼1ÁÂ»�É�¼8º%È�Ê�º�»

¿ Ç8º�»g½]»D¼/º�»ÐÉ%¸j¹.¿ ¼8º�À+º�Ä Ç8È�É�½]Ç"½jÉ�¼8¾�Ç1Á+È8¼1Á+ÃDÄ�º%ÈC 3 ¸jÇ8É%º_Ç8º�ÀH½]¼1ÁÂÕ0º�Æ º�À�Û ½81�È8¸jÇ1¿ ¼1Á+¸j»(Ê�Õ�ÁÂ¼8º%È8È8º�Ê
º�¼8É�áÂáÂá-6XÊgÆ ¸j» »�º�»[¼/Æ º%ÈÒÁÂ»�3�¸jÇ1¹�½]¼1Á+¸j»�ÈÒÁÂ¹.¿¸jÇ1¼"½]»[¼8º%È/È1Ä ÇÒÀ�Û�¸jÇ1Á%7�ÁÂ»�º'Æ�Ä È1Á%7�»g½]À�Æ ºÏÉ%¸jÇ1Ç8¾�ÀH½)Ë
¼1Á+¸j»(á 93À7º%È1¼�½]ÁÂ»�È8Áí¿�¸�È8È1Á%1 À+º|Æ ºÏÇ8º%É8Å�º�Ç8É"Å�º�Ç'Æ º%È/ÁÂ» Å�¸j¹d¸�70¾�»�¾�ÁÂ¼8¾%È�Æ�½]»�È/ÀH½�¿ Ç8º%È8È1Á+¸j» Æ�Ä
7D½8$.¸jÄ 1 Á+º�» Æ�½]»�È_À+ºPI�Ä�@ Á+¸j» Á+È"½]»[¼�À+º'À+¸j»=7ÝÆ º�ÀH½ÔÀÂÁ%7�»�ºKÆ º�Õ�Á+È8¾%º  �º�á 7�á(à	Ä�¸ ( "�¸j»�Æ
� mMm �'6Xá�·�º%È�ÁÂ» Å�¸j¹d¸�70¾�»�¾�ÁÂ¼8¾%È.È"¸j»D¼KÆ�ÁÂÇ8º%É�¼8º�¹dº�»D¼.ÀÂÁ+¾%º%ÈK½]Ä Ç8º27�Ç8¸jÄ ¿�º�¹dº�»D¼.Æ º%ÈK½81�È8¸jÇ:Ë
1g½]»D¼8È�Ê	¿g½]Ç�ºM@ º�¹.¿ À+º|ÁÂÀ7ß\½Ôº�Ä Æ º|À+¸j»=70È�Æ ¾21g½]¼8È�È1Ä Ç_ÀH½�¿ Ç8¾%È"º�»�É%º|¸jÄ »�¸j»cÆ ºP7�Ç"½]»�Æ È
Õ�Á+Æ º%È�Æ ¾�¼8º%É�¼"½81 À+º%ÈÏÆ�½]»�È�À+º|¹.ÁÂÀÂÁ+º�ÄcÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º�á7·�º%È�Õ�Á+Æ º%È_ÁÂ¹.¿¸�È8º�Ç"½]Á+º�»[¼ÏÄ »cÇ8ºXË
7�Ç8¸jÄ ¿�º�¹dº�»D¼�¿ ÀÂÄ�ÈK7�Ç"½]»�Æ\Ã[Ä�º'É%º�ÀÂÄ Á#¸�1�È8º�Ç1Õ0¾�á �_¾�½]» ¹d¸jÁÂ»�È�Æ º 7�Ç"½]»�Æ º%È�È1¼1Ç1Ä�É�¼1Ä Ç8º%È�Æ º
À�Û�¸jÇ8Æ�Ç8º � � ; � �

h−1 * ¿�É�Ê¿ Ç8¾%È8º�»D¼"½]»[¼'Æ º%È�È8¸jÄ�È:Ë3Æ º�»�È8ÁÂ¼8¾%È�È8¸j»D¼ 1 Á+º�» Õ�Á+È1Á%1 À+º%È�Ê¹QB�¹dº
È1Á�º�ÀÂÀ+º%È�È8¸j»D¼�Ç"½]Ç8º%È  �Î_¸�1 Ç5$%ß�É# �Á ( "�º%É"ÅD¼8¸jÀ+Æ � mMm�� Ê�·qÇ1Á+È1¼1ÁH½]» ÁAº�¼�½]À�á � mMm�� Ê � ¸jÀÂÀÂÁÂ»�Æ º�º�¼
½]À�ágÑ ��� � 6Xá

� ã�� � ÷��hò"ó8ò8é�ð è��|ö�ñ	ö�îDò8öÒ÷�ò8ô �

Ù(º%È�¹d¸�Æ=��À+º%È�Æ º_»DÄ�É�À+¾%¸�È1ß�»D¼1Å �%È"º�¿º�Ç1¹dº�¼1¼8º�»[¼ÒÆ º�Æ ¾XÓ�» ÁÂÇ�ÀH½�Æ º�»�È8ÁÂ¼8¾�ÆAÛ ÅDß�Æ�Ç8¸�7 ��»�º
É%¸j¹.¹dºêÆ ¾�¿º�»�Æ�½]»[¼dÆ�Ä ¿g½]Ç"½]¹Q��¼1Ç8ºÐÆ ºÔÆ º�»�È8ÁÂ¼8¾<1g½]Ç1ß0¸j» Á+Ã[Ä�º! 

Ωb

6Ïº�¼|Æ�Ä ¼"½]Ä�@ ÆAÛ�ºM@�Ë
¿g½]»�È1Á+¸j» Þ

n̄H = (1.6 × 10−7 cm−3)

(

Ωbh
2

0.019

)

(1 + z)3.
 � á Ñ 6



�[���[� � �[���85��_�D$��14��85 � � �

·�¸j¹.¹dº.À�Û Å[ß�Æ�Ç8¸�7 ��»�ºêº%È1¼�¿ Ç8¾�¿�¸j»�Æ ¾�Ç"½]»D¼�ÊíÀH½Ð¹dº%È1Ä Ç8º.Æ º.À�Û Á+¸j» Á+È"½]¼1Á+¸j» Æ ºdÉ%º�¼Ï¾�À+¾XË
¹dº�»D¼êº%È1¼�Æ º ¼8¸jÄ ¼8ºÝ¿ Ç8º�¹.Á���Ç8º ÁÂ¹.¿�¸jÇ1¼"½]»�É%ºÝ¿�¸jÄ ÇÔ½]¿ ¿ Ç8¾�Å�º�»�Æ º�ÇêÀ�Û�¾�¼"½]¼d¿ ÅDß�È1Á+Ã[Ä�º Æ�Ä
¹.ÁÂÀÂÁ+º�Ä ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º�á �_¸jÄ�ÈQ½%Õ0¸j»�È�Õ�Ä Æ�½]»�È�À�Û ÁÂ»D¼1Ç8¸�Æ�Ä�É�¼1Á+¸j» Ã[Ä�º/À+º_¹.ÁÂÀÂÁ+º�Ä ÁÂ»[¼8º�Ç57D½)Ë
ÀH½jÉ�¼1Á+Ã[Ä�ºÐ½ Æ'& B�¼1Ç8º�Ç8¾�Á+¸j» Á+È8¾Ô¿g½]ÇKÀ+º%È'¿ Ç8º�¹.Á+º�Ç8È.¸�1�Ì1º�¼8È�Ê7È"½]»�È|È"½%Õ0¸jÁÂÇ.ºM@�½jÉ�¼8º�¹dº�»D¼dÆ º
Ã[Ä�¸jÁAÁÂÀ�È�Û ½87�ÁÂ¼�� É%º�ÀH½K¿º�Ä ¼ B�¼1Ç8º�Ä »�º�¿�¸j¿ Ä ÀH½]¼1Á+¸j» ÆAÛ�¾�¼8¸jÁÂÀ+º%ÈQ¼1ÇD�%È�¹�½jÈ"È1ÁÂÕ0º%È�Ê Æ º%È�Ã[Äg½jÈ"½]Ç8È
º�¼8É�áÂáÂá Ùí½|Ç8¾�Á+¸j» Á+È"½]¼1Á+¸j»\½�¾�¼8¾�Ç8¾�½]ÀÂÁ+È"¾%º�¿g½]Ç�À�Û ½81�È8¸jÇ1¿ ¼1Á+¸j» Æ º_¿ Å�¸j¼8¸j»�È�Ê

H + γ → p + e
Ê

½%Õ0º%ÉKÄ »�º|À+¸j»=7�Ä�º�Ä ÇÏÆAÛ�¸j»�Æ º|¿ ÀÂÄ�È�É%¸jÄ Ç1¼8ºKÃDÄ�º
912

� �É�Û�º%È1¼:ËN;)Ë3Æ�ÁÂÇ8ºd½�Õ0º%ÉKÄ »�º|¾�»�º�Ç57�Á+º
È1Ä ¿�¾�Ç1Á+º�Ä Ç8º<; � ��á � º�G|Ê�À�Û�¾�»�º�Ç57�Á+ºÔÆ ºKÀH½êÀÂÁÂ¹.ÁÂ¼8ºdÆ ºdÙAß�¹�½]»(á(Ùí½êÇ8¾�Á+¸j» Á+È"½]¼1Á+¸j» Æ ºKÀ�Û ÅDß[Ë
Æ�Ç8¸�7 ��»�º 3�Ä ¼�È1Ä ÁÂÕ[Á+ºK¿g½]ÇÏÉ%º�ÀÂÀ+º.Æ ºKÀ�Û Å�¾�ÀÂÁÂÄ ¹ÝÊíº�¼�ÀH½ÔÓ�»�Æ ºKÀH½êÇ8¾�Á+¸j» Á+È"½]¼1Á+¸j» É%¸jÇ1Ç8º%È1¿�¸j»�Æ
Æ ºC3 ½jÜ%¸j»c½jÈ8È8º2$|È8É8Å�¾�¹�½]¼1Á+Ã[Ä�º.½]Ä�¹d¸j¹dº�»[¼�¸�\¼8¸jÄ ¼8º%È_À+º%È�Û 1 Ä ÀÂÀ+º%È�Û	Æ º�Ç8¾�Á+¸j» Á+È"½]¼1Á+¸j»cÈ8º
È8¸j»[¼QÇ8ºtÌ:¸jÁÂ»[¼8º%È�á

Ù(ºT* 9�� º%È1¼/½]ÄÝÓ�»g½]À#º�»�¾%Ã[Ä ÁÂÀÂÁ%1 Ç8º|Æ ºÏ¿ Å�¸j¼8¸]Ë�Á+¸j» Á+È"½]¼1Á+¸j»(Ê�É�Û�º%È1¼:ËN;)Ë3Æ�ÁÂÇ8º|ÃDÄ�º�ÆAÛ Ä »�º
¿g½]Ç1¼/¸j»�»�ºÏÉ%¸j»�È1Á+Æ=��Ç8º�ÃDÄ�º'À+º�¿ Ç8¸[É%º%È"È1Ä�ÈÒÆ º'Á+¸j» Á+È"½]¼1Á+¸j» ¿g½]Ç/Ç"½jÆ�ÁH½]¼1Á+¸j»(Ê	º�¼Ò¸j»�»�¾27�ÀÂÁ%70º
À�Û Á+¸j» Á+È"½]¼1Á+¸j»Ý¿g½]ÇQÉ%¸jÀÂÀÂÁ+È8Á+¸j»  �É�½]Ç�À+º%ÈQÆ º�»�È1ÁÂ¼8¾%ÈQÈ"¸j»D¼�¼1Ç8¸j¿ 3�½]Á%1 À+º%È46�� ÆAÛ ½]Ä ¼1Ç8º�¿g½]Ç1¼�À�Û�¾%Ã[Ä Á�Ë
ÀÂÁ%1 Ç8ºdº%È1¼�Ç8¾�½]ÀÂÁ+È"¾.À+¸jÇ8È8Ã[Ä�º.À+ºK¼"½]Ä�@�Æ º.¿ Å�¸j¼8¸]Ë�Á+¸j» Á+È"½]¼1Á+¸j» º%È8¼�¿g½]Ç 3 ½]ÁÂ¼8º�¹dº�»[¼|É%¸j»[¼1Ç8º21g½)Ë
ÀH½]»�É%¾|¿g½]Ç/À+º�¼"½]Ä�@\Æ º�Ç8º%É%¸j¹C1 ÁÂ»g½]Á+È"¸j»(á �/» Æ ¾XÓ�» ÁÂ¼�À+º�¼"½]Ä�@�Æ º�¿ Å�¸j¼8¸]Ë�Á+¸j» Á+È"½]¼1Á+¸j»c¿g½]Ç
Ä » ÁÂ¼8¾ Æ º Õ0¸jÀÂÄ ¹dºÝ¿�¸jÄ ÇÔÉ"Åg½jÃDÄ�º ¿¸jÁÂ»[¼ÔÆAÛ Ä »>¹.ÁÂÀÂÁ+º�Ä ¸j¿ ¼1Á+Ã[Ä�º�¹dº�»D¼ê¹.ÁÂ»�É%º�É%¸j¹.¿�¸�È8¾
ÆAÛ ÅDß�Æ�Ç8¸�7 ��»�ºÏ»�º�Ä ¼1Ç8º'É%¸j¹.¹dº'¾�¼"½]»D¼�Þ

nHI

∫ ∞

νL

4πJνσH(ν)

hP ν
dν,

 � á�� 6

½%Õ0º%É
Jν

À�Û ÁÂ»D¼8º�»�È8ÁÂ¼8¾ ¹d¸�ß0º�» »�º�Æ�Ä I�Ä�@ Á+¸j» Á+È"½]»[¼  �º�» Ä » ÁÂ¼8¾ÝÆAÛ�¾�»�º�Ç57�Á+º ¿g½]ÇKÄ » ÁÂ¼8¾ÝÆ º
È1Ä Ç 3�½jÉ%º�Ê Æ º_¼8º�¹.¿�È�Ê ÆAÛ ½]»=7�À+º�È8¸jÀÂÁ+Æ º�º�¼�Æ ºF3 Ç8¾%Ã[Ä�º�»�É%º 6�º�¼

hP

ÀH½|É%¸j»�È1¼"½]»D¼8º'Æ ºF&�ÀH½]»�É# �á
A ¼

σH

º%È1¼�ÀH½�È8º%É�¼1Á+¸j»êº���É�½jÉ%ºÒÆ ºÒ¿ Å�¸j¼8¸]Ë�Á+¸j» Á+È"½]¼1Á+¸j»Ô¿g½]Ç�Æ º%È�¿ Å�¸j¼8¸j»�ÈqÆAÛ�¾�»�º�Ç57�Á+º/È1Ä ¿�¾XË
Ç1Á+º�Ä Ç8ºK; � ��á � º�GKÊ�¿¸jÄ Ç�À�Û ÅDß�Æ�Ç8¸�7 ��»�º/½]Äd» ÁÂÕ0º�½]Ä<3�¸j»�Æ�½]¹dº�»[¼"½]À	Ã[Ä Á�¿º�Ä ¼�È�Û ½]¿ ¿ Ç8¸ @�ÁÂ¹dº�Ç
É%¸j¹.¹dºÏ¾�¼"½]»[¼�Þ

σH(ν) = σL (ν/νL)−3, σL = 6.3 × 10−18 cm2.
 � á �'6

½%Õ0º%É
ν
3 Ç8¾%Ã[Ä�º�»�É%ºÝÆ�Ä ¿ Å�¸j¼8¸j»>º�¼

νL

3�Ç8¾%ÃDÄ�º�»�É%ºÝÀÂÁÂ¹.ÁÂ¼8º É%¸jÇ1Ç8º%È1¿�¸j»�Æ�½]»D¼ ;\ÀH½ ÀÂÁÂ¹.ÁÂ¼8º
Æ º ÙAß�¹�½]»(á A ¼<;�À�Û�¾%ÃDÄ ÁÂÀÂÁ%1 Ç8º É%º�¼1¼8ºÐÁ+¸j» Á+È*½]¼1Á+¸j» º%È1¼.É%¸j»D¼1Ç8º21g½]ÀH½]»�É%¾%º ¿g½]Ç.À+ºÔ¼"½]Ä�@�Æ º
Ç8º%É%¸j¹C1 ÁÂ»g½]Á+È"¸j»

p + e → H + γ
¿g½]Ç�Ä » ÁÂ¼8¾ÏÆ º�Õ0¸jÀÂÄ ¹dºdÞ

nenpαA(T )
 � á � 6

½%Õ0º%É
ne

º�¼
np
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ÀH½]Ç570ºdÃ[Ä�ºdÉ%º�ÀÂÀ+ºdÆ�Ä�Åg½]Ä ¼�ÃDÄ Á�3�½]ÁÂ¼ � � ¹.ÁÂÀÂÀÂÁ+¸j»�È�ÆAÛ ½]» »�¾%º%È'ÀÂÄ ¹.Á���Ç8ºÔÆ ºdÉ �j¼8¾�á 9tÈ8È1Ä�º.Æ º
��Ø�Å�º�·�¸�È1¹.Á+É ��º21��jÊ � ¸�1�º�Ç1¼�E�ágÍ[ÁÂ¹dÉ%¸�ºÏÈ1Ä Ç�Å[¼1¼1¿ Þ-,.,0/ / /Ïá ½]¹dº�Ç1Á+É�½]»�È8É�Á+º�»[¼1Á+È1¼�á�¸jÇ57

7 ��»�º�»�º�Ä ¼1Ç8º�á�Ù(º%È�È8ÁÂ¹'Ä ÀH½]¼1Á+¸j»�È�¸j»[¼�½]ÁÂ»�È1Á ¹dº�»�¾�;K3�¸jÇ1¹�Ä À+º�Ç�À�Û ½]¿ ¿ Ç8¸ @�ÁÂ¹�½]¼1Á+¸j»ÔÆ º�À�Û�º"�Aº�¼
�_Ä » »�Ë�&7º�¼8º�Ç8È8¸j»OI�Ä�É�¼1Äg½]»D¼�Ê  �·qÇ8¸83 ¼�º�¼�½]À�á � mMm%$ 6�¸�dÀH½�¿ Ç8¸83�¸j»�Æ º�Ä Ç�¸j¿ ¼1Á+ÃDÄ�º/º�»dÅDß�Æ�Ç8¸]Ë
7 ��»�º�»�º�Ä ¼1Ç8º�Ê

τHI

Ê�º%È1¼�Ç8º�ÀÂÁ+¾%º?;QÀH½QÆ º�»�È1ÁÂ¼8¾qÆ º�ÀH½�¹�½]¼1Á���Ç8ºq»�¸jÁÂÇ8º�¸jÄ|Æ�ÄC7D½8$L ¿ Ä Á+È8ÃDÄ(Û ÁÂÀ�È8º
È1Ä ÁÂÕ0º�»[¼�¹'Ä ¼1Ä�º�ÀÂÀ+º�¹dº�»[¼�Æ�½]»�È�É%º�¹.ÁÂÀÂÁ+º�Ä�Æ º>3�½]Á%1 À+ºQÆ º�»�È1ÁÂ¼8¾Q¸�.ÀH½F7�Ç"½�Õ[ÁÂ¼"½]¼1Á+¸j»êÆ ¸j¹.ÁÂ»�º 6XÊ
ρ
Þ
τHI ∝ ρ1.6 á
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Ùí½�È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+º'Åg½]Ä ¼8º'Ç8¾%È8¸jÀÂÄ ¼1Á+¸j» È1Ä ÇÒÀ+º%ÈÒ¼8¾�À+º%È8É%¸j¿º%È_Æ º'É�ÀH½jÈ"È8º $ Ë ��� ¹ ½.¿�º�Ç:Ë

¹.Á+È|ÆAÛ�¾�¼1Ä�Æ�Á+º�Ç�À+º%ÈK½81�È8¸jÇ1¿ ¼1Á+¸j»�È�¹d¾�¼"½]ÀÂÀÂÁ+ÃDÄ�º%ÈKÆ�½]»�È�À+º%È'Ç8¾27�Á+¸j»�È|Æ º)3�½]Á%1 À+º�Æ º�»�È1ÁÂ¼8¾êÆ º
À�Û Ä » ÁÂÕ0º�Ç8È�á?&7½]ÇÐºM@�º�¹.¿ À+º Í�¸j»=7D½]ÁÂÀH½ ( ·�¸ /�Á+º  � mMm�� 6K¼1Ç8¸jÄ Õ0º�»D¼ Ã[Ä�º ÀH½ ¿ ÀÂÄ ¿g½]Ç1¼ÐÆ º%È
È1ß�È1¼D��¹dº%ÈÐÙAß�¹�½]»�Ë

α
;�Ä » Æ ¾%É�½]ÀH½870º È1¿�º%É�¼1Ç"½]À�Æ º � ½%Õ0º%É\Ä »�º\Æ º�»�È1ÁÂ¼8¾ Æ º É%¸jÀ+¸j» »�º

NHI > 1015 cm−2 º�¼ÏÃ[Ä�ºKÀH½ê¹d¸jÁÂ¼1Á+¾dÆ º%ÈÏÈ8ß�È1¼D��¹dº%ÈÏ½�Õ0º%É
NHI > 1014.5 cm−2 ¸j»[¼

Ä »�º'½81�È8¸jÇ1¿ ¼1Á+¸j»\º�»\· ��� Ã[Ä Á(À+º�Ä ÇÒº%È1¼/½jÈ"È8¸[É�Á+¾%º�á=E/ÁÂ»�È1Á(¿g½]Ç/É%º�Ç1¼"½]ÁÂ»�ÈQ¹d¾%É�½]» Á+È1¹dº%È/À+º%È
¹d¾�¼"½]Ä�@�È8¸j»[¼q¼1Ç"½]»�È1¿�¸jÇ1¼8¾%È�È1Ä Ç�Æ º%È�Æ�Á+È1¼"½]»�É%º%ÈqÉ%¸�È8¹d¸jÀ+¸�7�Á+ÃDÄ�º%È�á�&7¸jÄ ÇqÁ+Æ º�»[¼1Á�Ógº�Ç�Æ ºÒ¼8º�À+È
¹d¾%É�½]» Á+È1¹dº%È'ÁÂÀ:3 ½]Ä ¼ÏºM@�½]¹.ÁÂ»�º�ÇÏÀH½ÐÆ ¾�¿�º�»�Æ�½]»�É%ºdÆ ºKÀH½ê¹d¾�¼"½]ÀÂÀÂÁ+É�ÁÂ¼8¾�º�» 3 ¸j»�É�¼1Á+¸j» Æ ºKÀH½
Æ º�»�È1ÁÂ¼8¾�Þ]Ä »)7�Ç"½jÆ�Á+º�»D¼ 3�¸jÇ1¼#¼8º�»�Æ�Ç"½]ÁÂ¼?;/¿ Ç8¸jÄ Õ0º�Ç�Ã[Ä�º�À�Û�º�» Ç1Á+É8Å Á+È8È8º�¹dº�»[¼qº%È1¼#À+¸�É�½]À�¼"½]»�Æ�Á+È
Ã[Ä(Û Ä »�º�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j» Ä » Á 3�¸jÇ1¹dºÔÈ1Ä=7.70¾�Ç8º�Ç"½]ÁÂ¼|Ä » º�» Ç1Á+É8Å Á+È"È8º�¹dº�»D¼Q; Ä »�ºÔ¾�¿¸�Ã[Ä�º.¼1ÇD�%È
À+¸jÁÂ»D¼"½]ÁÂ»�º  �ÉM3:á � ¸jÀÂÀÂÁÂ»�Æ ºÏº�¼/½]À�á�Ñ ����� º�¼ EÒÇ"½jÉ�ÁÂÀ(º�¼/½]À�á�Ñ ��� �'6Xá

E 7�Ä ÁÂÇ1Ç8º�º�¼#½]À�á= Ñ ��� Ñ 6�¸j»D¼�¾�¼1Ä�Æ�Á+¾�ÀH½Ò¹d¾�¼"½]ÀÂÀÂÁ+É�ÁÂ¼8¾�º�».· ��� Æ�½]»�È#Æ º%È#Ç8¾27�Á+¸j»�È#Æ º�¼1ÇD�%È
3�½]Á%1 À+º.Æ º�»�È1ÁÂ¼8¾Kº�»cÄ ¼1ÁÂÀÂÁ+È"½]»D¼'Æ º%È�È8¿º%É�¼1Ç8º%È ;Ô¼1ÇD�%È�Åg½]Ä ¼8ºKÇ8¾%È8¸jÀÂÄ ¼1Á+¸j» Æ ºKÃ[Äg½jÈ"½]Ç8È ;êÄ »
Æ ¾%É�½]ÀH½870º'È8¿º%É�¼1Ç"½]Àíº�»[¼1Ç8º�ÑKº�¼ ��á�93À+È�¼1Ç8¸jÄ Õ0º�»[¼_ÆAÛ Ä »�É �j¼8¾�Ä » 3�½]Á%1 À+º 7�Ç"½jÆ�Á+º�»D¼_Æ ºÏÆ º�»�Ë
È1ÁÂ¼8¾|½]ÁÂ»�È1ÁíÃ[Ä(Û Ä »�º'¾�Õ0¸jÀÂÄ ¼1Á+¸j» 3 ½]Á%1 À+º'Æ ºÏÀH½.¹d¾�¼"½]ÀÂÀÂÁ+É�ÁÂ¼8¾|Æ�Ä ¹.ÁÂÀÂÁ+º�Ä\ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�ºKÈ1Ä Ç
À�Û ÁÂ»D¼8º�Ç1Õ�½]ÀÂÀ+º�º�».Æ ¾%É�½]ÀH½870º�È1¿º%É�¼1Ç"½]À ¾�¼1Ä�Æ�Á+¾�áD·�ºq¹�½]»�ÃDÄ�º�ÆAÛ�¾�Õ0¸jÀÂÄ ¼1Á+¸j»Ô½_½]Ä�È8È1Á�¾�¼8¾�¼1Ç8¸jÄ Õ0¾
¿g½]ÇÏÍ�¸j»=7D½]ÁÂÀH½  Ñ ����� 6Q¿�¸jÄ Ç/Æ º%È�Æ ¾%É�½]ÀH½870º%È�È1¿º%É�¼1Ç"½]Ä�@ º�»[¼1Ç8º.Ñ�º�¼ � á � á E 7�Ä ÁÂÇ1Ç8º�º�¼�½]À�á
 Ñ ��� � 6�¸j»[¼'¾�¼8º�»�Æ�Ä À+º�Ä ÇÏÇ8º%É"Å�º�Ç8É8Å�ºê½]Ä Í[Á ��� Ê(ÃDÄ Á�¼1Ç"½jÉ%º�Æ º%ÈÏÆ º�»�È1ÁÂ¼8¾%ÈÏ¿ ÀÂÄ�È 7�Ç"½]»�Æ º%È
Ã[Ä�º�À+ºd· ��� Ê�º�¼�¸j»[¼ÏÉ%¸j»�Ó�Ç1¹d¾.É%º�¼1¼8º Û »�¸j»�Ë3¾�Õ0¸jÀÂÄ ¼1Á+¸j»(ÛÂá�·�º%È�Ç8¾%È1Ä ÀÂ¼"½]¼8È�¿�¸jÁÂ»D¼8º�»[¼'Æ ¸j»�É
Æ�½]»�È�ÀH½�Æ�ÁÂÇ8º%É�¼1Á+¸j»�ÆAÛ Ä »Ôº�» Ç1Á+É8Å Á+È8È8º�¹dº�»[¼
1 Á+º�»Ô½�Õj½]»[¼�Ä »dÆ ¾%É�½]ÀH½870ºQÈ1¿�º%É�¼1Ç"½]À�Æ º ��á�ÎKÛ Ä »
½]Ä ¼1Ç8º'É �j¼8¾�Ê &�º�¼1¼1ÁÂ» Á7º�¼_½]À�á� Ñ ��� Ñ 6Q¸j»D¼_¸�1�È8º�Ç1Õ0¾'Æ º%ÈÒÕ0º�»D¼8ÈÒ¾�¹dº�Ç570º�½]»[¼�Æ º%È�7D½]ÀH½0@�Á+º%È ;
1 Ç1Á+È1Ä Ç8º�Æ º�ÙAß�¹�½]»
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6XÊ]É%º�Ã[Ä Á�¿¸jÄ Ç1Ç"½]ÁÂ¼�B�¼1Ç8º�Ä ».Æ º%È#¹d¾%É�½]» Á+È1¹dº%È�ÆAÛ�º�» Ç1Á+É"Å Á+È8È8ºXË

¹dº�»D¼/À+¸[É�½]À�á�E�Æ º�À%1º�Ç570º�Ç_º�¼/½]À�á� Ñ ��� � 6�¼1Ç8¸jÄ Õ0º�»[¼�½]Ä�È"È1ÁAÄ »�º�» Ç1Á+É"Å Á+È8È8º�¹dº�»D¼ 3 ¸jÇ1¼ÒÆ�½]»�È
À+º%È�ÀÂÁ%7�»�º%ÈÏÆ ºKÕ�Á+È8¾%º|¿g½jÈ8È"½]»[¼P;Ô¿ Ç8¸ @�ÁÂ¹.ÁÂ¼8¾�Æ º 7D½]ÀH½0@�Á+º%È�ÊAÉ%º.Ã[Ä Á�º%È1¼�Ä »�ºK¿ Ç8º�Ä Õ0ºdÆAÛ Ä »
º�» Ç1Á+É8Å Á+È"È8º�¹dº�»D¼ @l< D3@/,`P�Æ�ÄÏ¹.ÁÂÀÂÁ+º�Ä(á E/ÁÂ»�È1Á0À+º%Èí¹d¾%É�½]» Á+È1¹dº%È�º�¼íÀ�Û�¾�¿¸�ÃDÄ�º�Æ º�À�Û�º�» Ç1Á+É8Å Á+È8È"ºXË
¹dº�»D¼�Æ�ÄK¹.ÁÂÀÂÁ+º�ÄKÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º�Ç8º%È1¼8º�»[¼�º�»�É%¸jÇ8º�ÁÂ»�É%º�Ç1¼"½]ÁÂ»�È�á�Ùí½/Ç8¾�¿¸j»�È"ºqÕ�Á+º�»�Æ�Ç"½/Ä »�º
»�¸jÄ Õ0º�ÀÂÀ+ºL3 ¸jÁ+È�Æ º_ÀH½KÉ%¸j»�3 Ç8¸j»[¼"½]¼1Á+¸j»�Æ º%È�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È/½]Ä�@ê¸�1�È"º�Ç1Õj½]¼1Á+¸j»�È�á=&#½]ÇÒºM@ º�¹.¿ À+º
�/¿ ¿�º�» Å�º�ÁÂ¹dº�Ç ( Î�½�Õ0¾  Ñ ����� 6�¼8º%È1¼8º�»D¼�À+º%ÈÏ¹d¸�Æ=��À+º%È�ÆAÛ�º�» Ç1Á+É"Å Á+È8È8º�¹dº�»D¼ 7�Ç RjÉ%º ; Æ º%È
È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�ÈqÅ[ß�Æ�Ç8¸�Æ�ß�»g½]¹.Á+ÃDÄ�º%È�Æ ºJ3 ¸jÇ1¹�½]¼1Á+¸j»êÆ º%È�È1¼1Ç1Ä�É�¼1Ä Ç8º%È�Ê[º�»�ßKÁÂ»�É%¸jÇ1¿�¸jÇ"½]»D¼�Æ º%È
Ì1º�¼8È�¿ Ç8¸�Õ0º�»g½]»[¼_Æ º%È�Ç8¾27�Á+¸j»�È/Æ ºL3 ¸jÇ1¹�½]¼1Á+¸j» ÆAÛ�¾�¼8¸jÁÂÀ+º%È/Æ�½]»�ÈQÀ+º%È 7D½]ÀH½0@�Á+º%È�á 93ÀAÇ8º%È"È8¸jÇ1¼ÒÆ º
É%º�¼1¼8º.¾�¼1Ä�Æ º.Ã[Ä�º�À+º%È_Õ0º�»[¼8È�Á+È8È1Ä�È�Æ º%ÈL7D½]ÀH½0@�Á+º%È ;O3�¸jÇ1¼8ºP3 ¸jÇ1¹�½]¼1Á+¸j»�ÆAÛ�¾�¼8¸jÁÂÀ+º%È�¿º�Ä Õ0º�»[¼
¿ Ç8¸�Æ�Ä ÁÂÇ8º�È1Ä ��È"½]¹.¹dº�»[¼�ÆAÛ ½81�È8¸jÇ51g½]»[¼8È�º�» · ��� ; 7�Ç"½]»�Æ�Æ ¾%É�½]ÀH½870ºÔÈ1¿º%É�¼1Ç"½]Àqº�¼ÏÀ+º�Ä Ç
»�¸j¹C1 Ç8º º%È8¼|Ç8º�ÀH½]¼1ÁÂÕ0º�¹dº�»[¼�ÁÂ»[Õj½]Ç1ÁH½]»[¼dÆAÛ Ä » Æ ¾%É�½]ÀH½870º È1¿º%É�¼1Ç"½]À�Æ º � á � ; � á � Ê�É%ºêÃ[Ä Á
É%¸jÇ1Ç8º%È1¿�¸j»�ÆÝº�»Ý¿g½]Ç1¼1Á+º'½]Ä�@ ¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�È�á

� ã3â �Ðö �hö���ë�õ�è ��ò"é ü|ð��hò"ó8ò8é�ð

·�º/ÃDÄ Á�¹�½]»�Ã[Ä�ºL;�À�Û�¾�¼1Ä�Æ º/Æ�ÄÔÇ8º27�Ç8¸jÄ ¿º�¹dº�»[¼�Æ º%È�Ç"½]Á+º%È�ÆAÛ ½81�È8¸jÇ1¿ ¼1Á+¸j»êÉ%º/È8¸j»D¼�Æ º%È
ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�È|º�» ¼1Ç8¸jÁ+È|Æ�ÁÂ¹dº�»�È1Á+¸j»�È�á A » º"�Aº�¼�Ê�¿¸jÄ Ç|É%¸j¹.¿ Ç8º�»�Æ�Ç8ºÐÀH½ 70¾%¸j¹d¾�¼1Ç1Á+ºÐÆ º%È
½81�È8¸jÇ51g½]»[¼8È�º�¼.Æ�Á+È8È8¸�É�Á+º�ÇKÀ+º�Ä Ç.¿¸�È1ÁÂ¼1Á+¸j»�º�»�Õ�ÁÂ¼8º%È8È8ºÐÆ ºêÀ+º�Ä Ç.¿¸�È8ÁÂ¼1Á+¸j» Æ�½]»�ÈKÀ�Û�º%È1¿g½jÉ%º
ÁÂÀíº%È1¼�»�¾%É%º%È"È"½]ÁÂÇ8ºÏÆAÛ Ä ¼1ÁÂÀÂÁ+È8º�Ç_Æ º%ÈQÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�ÈQ¼1Ç"½]»�È1Õ0º�Ç8È8º%È�Ê�É�Û�º%È1¼ ;.Æ�ÁÂÇ8ºÏ¿º�Ç1¿�º�»�Æ�Á+É�Ä�Ë
ÀH½]ÁÂÇ8º%È ; ÀH½ ÀÂÁ%7�»�ºÔÆ ºdÕ�Á+È8¾%º�á(Ù(º%È�¿ Ç8º�¹.Á+º�Ç8È|¿g½jÈ'Æ�½]»�È|É%º�È8º�»�È'¿¸jÄ Ç|º%È1¼1ÁÂ¹dº�Ç'ÀH½Ý¼"½]ÁÂÀÂÀ+º
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Æ º%ÈQ½81�È8¸jÇ51g½]»[¼8ÈÒ¸j»D¼Q¾�¼8¾_Ç8¾�½]ÀÂÁ+È8¾%ÈÒº�»êÄ ¼1ÁÂÀÂÁ+È*½]»D¼ÒÆ º%È�¿g½]ÁÂÇ8º%ÈQÆ º�Ã[Äg½jÈ"½]Ç8È�¿ Ç8¸]Ì1º�¼8¾%º%ÈQÆ�½]»�È
À+ºÏÉ�Á+º�À�á 93Àíº%È8¼Òº�»DÕ�Á+È"½870º�½81 À+º|Æ º�¿¸jÄ�È"È8º�ÇÒÉ%º�¼1¼8ºÏÇ8º%É"Å�º�Ç8É8Å�ºKÆAÛ ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j» ;KÀH½.Ç8º%É%¸j»�È:Ë
¼1Ç1Ä�É�¼1Á+¸j» º�» ¼1Ç8¸jÁ+È'Æ�ÁÂ¹dº�»�È1Á+¸j»�È|Æ�Ä�¹.ÁÂÀÂÁ+º�Ä ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º�Ê7º�» ½%ßD½]»D¼|Ç8º%É%¸jÄ Ç8È ; Æ º%È
7�Ç8¸jÄ ¿�º%ÈQÆ ºÏÃ[Äg½jÈ"½]Ç8È�á

���+ÿ ��� � 	�@ �3@N�)? 	0@�<�� �C ��?A@3B0C�� �C �:��? �]?�B �
Ùí½Ý¿ Ç8º�¹.Á���Ç8º�Ä ¼1ÁÂÀÂÁ+È*½]¼1Á+¸j» Æ ºd¿g½]ÁÂÇ8º%È|Æ ºdÃ[Äg½jÈ"½]Ç8È'È�Û�º%È1¼ 3�½]ÁÂ¼8ºÔ½%Õ0º%ÉÔÆ º%È'ÁÂ¹�½870º%È|Æ º

Ã[Äg½jÈ"½]Ç8È.È1Ä=1 Á+È8È"½]»[¼.À�Û�º"��º�¼dÆ ºÐÀ+º�»[¼1ÁÂÀÂÀ+º 7�Ç"½�Õ[ÁÂ¼"½]¼1Á+¸j» »�º�ÀÂÀ+º�áqÙ(º%È.ÁÂ¹�½870º%È.»�º È8¸j»[¼)70¾�»�¾XË
Ç"½]À+º�¹dº�»D¼ê¿g½jÈêÈ8¾�¿g½]Ç8¾%º%È�Æ º ¿ ÀÂÄ�ÈÔÆ ºÝÃ[Ä�º�À+Ã[Ä�º%Èê½]Ç8É%È8º%É%¸j»�Æ º%È�Ê�º�¼ÔÆ ¸j» »�º�»[¼êÆ ¸j»�É�Æ º%È
ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�È�È1Ä Ç/À+º%È�½81�È8¸jÇ51g½]»[¼8ÈÏÈ1Ä ÇÒÄ »�ºK¾%É"Å�º�ÀÂÀ+º�ÁÂ»�3 ¾�Ç1Á+º�Ä Ç8º); �����  �¿É�áÙ�Û Ä »�ºKÆ º%È
¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�È|À+º%È�¿ ÀÂÄ�È�Ç8º�¹�½]Ç8Ã[Äg½81 À+º%Èd½ ¾�¼8¾ÔÇ8¾�½]ÀÂÁ+È8¾%ºÔ¿g½]Ç.Í[¹dº�¼1¼8ºÐº�¼|½]À�áJ � mMm�� 6�È1Ä Ç
À+º|ÃDÄg½jÈ"½]Ç_× A ����� �jË � $���� E�Ê "�á A ÀÂÀ+º%È�Æ ¸j» » ��Ç8º�»D¼�Ä »�º�ÀÂÁÂ¹.ÁÂ¼8º�ÁÂ»�3 ¾�Ç1Á+º�Ä Ç8º|È1Ä ÇÒÀH½�¼"½]ÁÂÀÂÀ+º
Æ º%ÈÒ½81�È8¸jÇ51g½]»[¼8ÈÒÆ º�ÀH½P3 ¸jÇDB�¼QÙAß�¹�½]»�Ë

α
Æ ºÏÑ �

h−1 kpc
á Ù(º%ÈÒÃDÄg½jÈ"½]Ç8ÈÒÈ8¸jÄ ¹.Á+ÈK;�À�Û�º"��º�¼

Æ º�À+º�»[¼1ÁÂÀÂÀ+ºÏ¿�º�Ä Õ0º�»D¼_½]Ä�È"È1Á�B�¼1Ç8º�Ä ¼1ÁÂÀÂÁ+È8¾%ÈÒ¿¸jÄ ÇQ¾�¼1Ä�Æ�Á+º�Ç/À+º%È/½81�È8¸jÇ1¿ ¼1Á+¸j»�ÈÒ¹d¾�¼"½]ÀÂÀÂÁ+ÃDÄ�º%ÈL;
7�Ç"½]»�ÆÝÆ ¾%É�½]ÀH½870º�È1¿º%É�¼1Ç"½]À(º�¼ÒÀ+º�Ä ÇQÀÂÁ+º�» ½%Õ0º%É'À+º%È 7D½]ÀH½0@�Á+º%ÈP �ÉM3:á	Í[¹dº�¼1¼8º'º�¼Ò½]À�á � mMm�� 6Xá

�/».Ä ¼1ÁÂÀÂÁ+È8ºQ½]Ä�È"È1Á À+º%È#¿g½]ÁÂÇ8º%È:3 ¸jÇ1¹d¾%º%È�Æ º�Æ º�Ä�@KÃ[Äg½jÈ"½]Ç8È�¿ Ç8¸�É8Å�º%È�Ê�É%º�Ä�@[Ë3É�Á�¸j»[¼ 70¾�»�¾XË
Ç"½]À+º�¹dº�»D¼�Æ º%È�È8¾�¿g½]Ç"½]¼1Á+¸j»�ÈqÆ º�À�Û�¸jÇ8Æ�Ç8ºQÆ º�ÀH½�¹.ÁÂ»DÄ ¼8ºÒÆAÛ ½]Ç8ÉÒ¸jÄd¿ ÀÂÄ�È�Æ�½]»�È�À+ºÒÉ�Á+º�À�á[·�º�¼1¼8º
¿ ÀÂÄ�È�7�Ç"½]»�Æ º'È8¾�¿g½]Ç"½]¼1Á+¸j» ¿�º�Ç1¹dº�¼ÒÆ ºÏÈ8¸j»�Æ º�Ç/Ä »�º�¿ ÀÂÄ�È 7�Ç"½]»�Æ º�¾%É8Å�º�ÀÂÀ+º'Æ º'É%¸jÅ�¾�Ç8º�»�É%º�á
Ùí½d¿g½]ÁÂÇ8º � � � ��� ��Ñ ��� E|Ê "ùÈ8¾�¿g½]Ç8¾%º'¿g½]Ç m á � ½]Ç8É%È8º%É%¸j»�Æ º'¿�º�Ç1¹.ÁÂ¼/Æ º'¹d¸j»D¼1Ç8º�Ç�ÃDÄ�º'À+º%È
½81�È8¸jÇ51g½]»[¼8È È�Û�¾�¼8º�»�Æ º�»D¼ È1Ä ÇêÄ »�º�¾%É"Å�º�ÀÂÀ+º Æ º ¿ ÀÂÄ�ÈêÆAÛ Ä »�º É%º�»D¼"½]ÁÂ»�º Æ º  �ÁÂÀ+¸ ¿g½]Ç8È8º%É%È
 #"�º%É8Å[¼8¸jÀ+Æ\º�¼�½]À�á � mMm ��ÊÎ/ÁÂ»�È8Åg½ / º�¼�½]À�á � mMm �'6��	Ög½]»=7êº�¼�½]À�á � mMm�� ¿ Ç8¸j¿¸�ÈD��Ç8º�»[¼/¿�¸jÄ Ç
ÀH½�¹QB�¹dº'¿g½]ÁÂÇ8º|Ä »�º�¼"½]ÁÂÀÂÀ+º�Æ º �����

h−1 kpc
á	Î_Á��A¾�Ç8º�»D¼8º%È�¾�¼1Ä�Æ º%È_¼8º�»�Æ º�»D¼ ;�¹d¸j»D¼1Ç8º�Ç

Ã[Ä�º/À+º%È/½81�È8¸jÇ51g½]»D¼8È�¿�º�Ä Õ0º�»D¼/È�Û�¾�¼8º�»�Æ�Ç8º�È1Ä ÇQÆ º%È�¾%É8Å�º�ÀÂÀ+º%ÈÒÆ º�À�Û�¸jÇ8Æ�Ç8ºÏÆ�ÄÐ¹d¾27D½|¿g½]Ç8È8º%É
º�¼í¿ ÀÂÄ�È  �º�á 7�á0&�º�¼1ÁÂ¼�Ì1º�½]».º�¼7½]À�á � mMm%$ Ê)ÎKÛ �_Æ ¸jÇ1Á+É%¸_º�¼7½]À�á � mMm%$ Ê ��¸jÄ »=7�º�¼7½]À�ájÑ ����� Ê E/Ç"½jÉ�ÁÂÀ
º�¼Ò½]À�á Ñ ��� Ñ�Ê � ¸jÀÂÀÂÁÂ»�Æ º�º�¼Q½]À�á�Ñ ��� � 6Xá Ù�Û Ä ¼1ÁÂÀÂÁ+È*½]¼1Á+¸j» Æ º�¿g½]ÁÂÇ8º%È�¿�º�Ç1¹dº�¼Ò½]Ä�È8È1ÁAÆ º�¹dº�¼1¼1Ç8º
º�»�¾�Õ�Á+Æ º�»�É%ºÒÆ º%È�È8¼1Ç1Ä�É�¼1Ä Ç8º%È>;�Æ�Á��A¾�Ç8º�»D¼8º%È�¾%É8Å�º�ÀÂÀ+º%È�É%¸j¹.¹dºQÀ+º%È $�¸j»�º%È�Æ ºQÈ8¸jÄ�È1Ë3Æ º�»�È1ÁÂ¼8¾
 � ¸jÀÂÀÂÁÂ»�Æ º º�¼d½]À�á�Ñ ��� � 6XÊ#¸jÄ ÆAÛ�¾�¼1Ä�Æ�Á+º�Ç.À�Û�º"��º�¼.Æ ºêÀ�Û Á+¸j» Á+È"½]¼1Á+¸j» Æ º%È.Ã[Äg½jÈ"½]Ç8È.È1Ä Ç|À+º�Ä Ç
º�»DÕ�ÁÂÇ8¸j» »�º�¹dº�»D¼�á�ÍÛ ÁÂÀ�º%È1¼�¿¸�È"È1Á%1 À+º�Æ ºÔ¼1Ç8¸jÄ Õ0º�Ç.Æ º%È'¿g½]ÁÂÇ8º%ÈKÆ ºêÃDÄg½jÈ"½]Ç8È�Êí¸j» È�Û ½]¼1¼8º�»�Æ
½]Ä�È8È1Á
; ¿¸jÄ Õ0¸jÁÂÇÏÄ ¼1ÁÂÀÂÁ+È"º�Ç'Æ º%È�Ç8º27�Ç8¸jÄ ¿�º�¹dº�»D¼8ÈKÆ ºKÀÂÁ%7�»�º%È'Æ º.Õ�Á+È8¾%ºd½)Ó�» Æ º�È8¸j»�Æ º�ÇÏÀ+º
¹.ÁÂÀÂÁ+º�ÄÝÁÂ»[¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÃDÄ�º|º�» ¼1Ç8¸jÁ+ÈÒÆ�ÁÂ¹dº�»�È1Á+¸j»�È�á

���+ÿ ��� �
��	 ��B!�C ��? 	j<�= < �(B0? � �q@�C�
��3C����(BD<�� ��C�� �C��:��? �]?�B �
Ùí½ÏÇ8º%É%¸j»�È1¼1Ç1Ä�É�¼1Á+¸j»ÐÆ º%È�¿ Ç8¸j¿ Ç1Á+¾�¼8º%È�Æ�Äd¹.ÁÂÀÂÁ+º�ÄêÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�ºF;Ï¼1Ç"½%Õ0º�Ç8ÈqÀ�Û Ä ¼1ÁÂÀÂÁ+È"½)Ë

¼1Á+¸j» Æ º'ÀÂÁ%7�»�º%È_Æ º'Õ�Á+È8¾%º'¿ Ç8¸[É"Å�º%È_º%È8¼Ò¿ Ç8¾%È8º�»[¼8¾%º|º�» Æ ¾�¼"½]ÁÂÀ#Æ�½]»�È �/Ä�È8È8º�ÇF(ç×�½jº�Å »�º�ÀÂ¼
 � mMm%$ 6/º�¼ &�Á+É8Å�¸j»�º�¼Ï½]À�á: Ñ ����� 6Xá � º|Õj½]Á+È_¿ Ç8¾%È8º�»[¼8º�Ç�Á+É�Á�Ä »�º|¿g½]Ç1¼1Á+º.Æ º%È_Ç8¾%È1Ä ÀÂ¼"½]¼8È�Æ º
&�Á+É"Å�¸j»\º�¼�½]À�á� Ñ ����� 6XÊgÃ[Ä Áí¹d¸j»[¼1Ç8º�»D¼�¼8¸jÄ ¼8ºÏÀH½�É%¸j¹.¿ À+ºM@�ÁÂ¼8¾�Æ ºÏÀH½d¹.Á+È8ºÏº�»�¸�º�Ä Õ�Ç8º'Æ º
¼8º�ÀÂÀ+º%ÈQ¹d¾�¼1Å�¸�Æ º%È�á

&�Á+É"Å�¸j»cº�¼_½]À�á� Ñ ����� 6Q¿ Ç8¸j¿�¸�È8º�»D¼_À�Û ÁÂ¹.¿ À+¾�¹dº�»D¼"½]¼1Á+¸j» ÆAÛ Ä »�º'¹d¾�¼1Å�¸[Æ º|ÆAÛ ÁÂ»DÕ0º�Ç8È8Á+¸j»
1g½%ß0º%È8Á+º�» »�º\½)Ó�»>Æ ºÝÇ8º�¼1Ç8¸jÄ Õ0º�ÇêÀ+º%Èd¿ Ç8¸j¿ Ç1Á+¾�¼8¾%ÈÐÆ�Ä ¹.ÁÂÀÂÁ+º�Ä ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º ;�¿g½]Ç1¼1ÁÂÇ
ÆAÛ�¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�ÈíÆ º�ÀH½?3 ¸jÇDB�¼(ÙAß�¹�½]»�Ë

α
Æ�½]»�ÈíÆ º%È(È1¿�º%É�¼1Ç8º%È(Æ º�Ã[Äg½jÈ"½]Ç8È�;>7�Ç"½]»�Æ�Æ ¾%É�½]ÀH½870º

È1¿�º%É�¼1Ç"½]À�á)Ù�½Ò¿ Å[ß�È8Á+ÃDÄ�º�Æ�ÄT7D½8$�º%È1¼7Ç8º�ÀH½]¼1ÁÂÕ0º�¹dº�»D¼qÈ1ÁÂ¹.¿ À+º�º�¼�¿�¸jÄ Ç�Ç8¾%È8Ä ¹dº�Ç#É%º�Ã[Ä Á�½/¾�¼8¾
Æ�ÁÂ¼_¿ Ç8¾%É%¾%Æ º�¹.¹dº�»D¼dÞ ��È8¸j»\¾�¼"½]¼_¼1Å�º�Ç1¹.Á+Ã[Ä�º�º%È1¼F70¸jÄ Õ0º�Ç1»�¾|¿g½]Ç/À+º�Ç8¾%É8Åg½]Ä'�Aº�¹dº�»D¼�Õ�ÁH½
ÀH½K¿ Å�¸j¼8¸]Ë�Á+¸j» Á+È"½]¼1Á+¸j»\º�¼Q¿g½]ÇQÀ+º�Ç8ºM3�Ç8¸jÁ+Æ�Á+È8È8º�¹dº�»[¼_½jÆ�ÁH½81g½]¼1Á+Ã[Ä�º�áÍ�½.Æ�ß�»g½]¹.Á+ÃDÄ�ºÏÇ8¾%È1Ä ÀÂ¼8º
ÆAÛ�º"�Aº�¼8ÈÒÆ ºL7�Ç"½%Õ�ÁÂ¼8¾'È8Ä ÇQÆ º 7�Ç"½]»�Æ º%ÈÒ¾%É"Å�º�ÀÂÀ+º%ÈÒº�¼ÒÆ º�¿ Ç8º%È8È8Á+¸j» È1Ä ÇQÆ º�¿�º�¼1ÁÂ¼8º%ÈÒ¾%É"Å�º�ÀÂÀ+º%È�á
Ùí½�¹�½]¼1Á���Ç8ºê»�¸jÁÂÇ8ºÐº�¼|À+º%ÈT1g½]Ç1ß0¸j»�È.È8ºêÈ1Ä ÁÂÕ0º�»[¼|¹�Ä ¼1Ä�º�ÀÂÀ+º�¹dº�»D¼êº�¼�ÀH½�3 ¸jÇDB�¼|ÙAß�¹�½]»�Ë

α



� �DÑ ���	��
���������[� � �Â5Â����4K�Â,�t�8�:9��)5U�D$���� 
�4��

º%È1¼�Æ�Ä�ºF;�Æ º%ÈqÕj½]Ç1ÁH½]¼1Á+¸j»�È�Æ º_Æ º�»�È1ÁÂ¼8¾�Æ�½]»�ÈqÀ+º/¹.ÁÂÀÂÁ+º�ÄêÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�º�á Ù(ºF7D½8$_È8º�¹P1 À+º
B�¼1Ç8ºÝÆ�Á+È1¼1Ç1Á%1 Ä�¾ÝÀ+ºÐÀ+¸j»=7�Æ ºÐÓ�ÀH½]¹dº�»D¼êº�¼4,]¸jÄ Æ º 3�º�Ä ÁÂÀÂÀ+º%È�ÆAÛ Ä »�ºÝÉ%º�Ç1¼"½]ÁÂ»�ºÝºM@�¼8º�»�È1Á+¸j»(á �
 #&�Á+É"Å�¸j»\º�¼�½]À�ágÑ ����� 6XágÙí½d¿ Ç8¾%É�Á+È1Á+¸j»�Æ º�É%º%ÈÒ¾�¼1Ä�Æ º%È/ÃDÄ Á7¸j»D¼Ò¹dº�»�¾T;.É%º%ÈÒÉ%¸j»�É�ÀÂÄ�È8Á+¸j»�È
È1Ä Ç_ÀH½d¿ Å[ß�È8Á+ÃDÄ�º|Æ�Ä 7D½8$|¿�º�Ä ¼FB�¼1Ç8ºK½]¹d¾�ÀÂÁ+¸jÇ8¾%ºKº�»c½]Ä=7�¹dº�»[¼"½]»D¼�À+º�»�¸j¹C1 Ç8ºKÆ º�ÀÂÁ%7�»�º%È
Æ ºdÕ�Á+È8¾%ºÔ¸�1�È8º�Ç1Õ0¾%º%È); 7�Ç"½]»�Æ Æ ¾%É�½]ÀH½870ºÔÈ1¿�º%É�¼1Ç"½]Àqº�¼); Åg½]Ä ¼8ºÔÇ8¾%È8¸jÀÂÄ ¼1Á+¸j»(á �Ò»�ºê½]Ä ¼1Ç8º
½]¿ ¿ Ç8¸�É8Å�º�¿�º�Ä ¼
B�¼1Ç8º�É%¸j»�È1Á+Æ ¾�Ç8¾%º�Ê0Ã[Ä Á�É%¸j»�È1Á+È1¼8º ;_Ä ¼1ÁÂÀÂÁ+È8º�Ç�Æ º%È�7�Ç8¸jÄ ¿�º%È�Æ ºQÃ[Äg½jÈ"½]Ç8È�½)Ó�»
Æ º�É%¸j»D¼1Ç"½]ÁÂ»�Æ�Ç8º'ÀH½KÆ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j» º�» ¼1Ç8¸jÁ+ÈQÆ�ÁÂ¹dº�»�È8Á+¸j»�ÈÒÆ�Ä 7D½8$ÏÆ�½]»�È�À+º�¹QB�¹dº�É"Åg½]¹.¿(Ê
À�Û Á+Æ ¾�½]À_¿¸jÄ ÇêÉ%º�ÀH½ ¾�¼"½]»[¼ÐÆAÛ ½jÉ%É�Ç8¸ �+¼1Ç8º ½]Ä>¹�½0@�ÁÂ¹�Ä ¹ýÀH½ Æ º�»�È1ÁÂ¼8¾\Æ ºÝÀÂÁ%7�»�º%ÈÐÆ ºÝÕ�Á+È8¾%º
¸�1�È8º�Ç1Õ0¾%º%È�áAÙ�½�Ç8º%É%¸j»�È8¼1Ç1Ä�É�¼1Á+¸j» ½Ô¿¸jÄ ÇL1 Ä ¼�Æ º|Ç8º�¼1Ç8¸jÄ Õ0º�ÇÏÀ+º%È�È1¼1Ç1Ä�É�¼1Ä Ç8º%ÈQ UÓ�ÀH½]¹dº�»D¼8È�Ê
3 º�Ä ÁÂÀÂÀ+º%È�Ê[áÂáÂá-6íº�¼íÀ+º%È7¿ Ç8¸j¿ Ç1Á+¾�¼8¾%È7¿ ÅDß�È1Á+Ã[Ä�º%È#Æ�ÄP7D½8$L ¼8º�¹.¿¾�Ç"½]¼1Ä Ç8º�ÊjÕ�ÁÂ¼8º%È8È8º�¿g½]Ç1¼1Á+É�Ä ÀÂÁ���Ç8º 6Xá
A »ÐÈ8º�1g½jÈ*½]»D¼�È1Ä ÇqÆ º%È�½'¿ Ç1Á+¸jÇ1ÁÈ8Ä ÇqÀH½ 3�¸j»�É�¼1Á+¸j» Æ ºÒÉ%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j»(Ê ¸j»ê¹d¸j»D¼1Ç8º�É%¸j¹.¹dº�»[¼
Ç8º%É%¸jÄ Õ�Ç8º�Ç�ÀH½�¼8¸j¿�¸jÀ+¸�7�Á+º/º�»�¼1Ç8¸jÁ+È�Æ�ÁÂ¹dº�»�È1Á+¸j»�È�Æ º%È 7�Ç"½]»�Æ º%È�È1¼1Ç1Ä�É�¼1Ä Ç8º%È�º�»dÄ ¼1ÁÂÀÂÁ+È"½]»D¼�Ä »
Ç8¾%È8º�½]Ä Æ º�ÀÂÁ%7�»�º%È/Æ º�Õ[Á+È"¾%ºÏ½jÆ]Ì1½jÉ%º�»[¼8º%È�á

Ù�Û Á+Æ ¾%ºKÆ ºT1g½jÈ8º|º%È1¼�ÆAÛ ÁÂ»D¼8º�Ç1¿�¸jÀ+º�ÇÏº�»D¼1Ç8ºKÆ º%È_ÀÂÁ%7�»�º%È_Æ º�Õ�Á+È8¾%º'¿ Ç8¸�É8Å�º%È�À+º%È�É"Åg½]¹.¿�È
Ã[Ä Á/È8¸j»[¼�¹dº%È1Ä Ç8¾%ÈÔÀ+ºÝÀ+¸j»=7 Æ º%È�ÀÂÁ%7�»�º%ÈêÆ ºÝÕ�Á+È8¾%º�á�·�º%É�Á/»�¾%É%º%È8È1ÁÂ¼8º\Æ�½]»�È�Ä » ¿ Ç8º�¹.Á+º�Ç
¼8º�¹.¿�È�Æ º 3�½]ÁÂÇ8ºQÆ º%ÈqÈ8Ä ¿ ¿¸�È1ÁÂ¼1Á+¸j»�ÈqÈ1Ä Ç�ÀH½�»g½]¼1Ä Ç8º/Æ º%ÈqÉ8Åg½]¹.¿�È�Ê�É%ºÒÃ[Ä Ágº%È1¼�½jÈ8È8º2$QÇ1Á+È8Ã[Ä�¾
É�½]Ç�Ê �X¿�¸jÄ Ç�½]Ä ¼"½]»D¼�ÃDÄ�º�»�¸jÄ�Èqº�»dÈ"½jÉ8Å Á+¸j»�È�À�Û�º%È1¿g½jÉ%ºQº�»D¼1Ç8ºÒÀ+º%È�ÀÂÁ%7�»�º%È�Æ º�Õ�Á+È8¾%º�¿�¸jÄ Ç1Ç"½]ÁÂ¼
1 Á+º�»�B�¼1Ç8º'Õ[Á+Æ º	�Q #&�Á+É8Å�¸j»�º�¼_½]À�ágÑ ����� 6Xá�9�À 3�½]Ä ¼QÆ ¸j»�ÉÏ¼1Ç8¸jÄ Õ0º�ÇÒÄ »�º'È8¸jÀÂÄ ¼1Á+¸j» Ä » Á+Ã[Ä�ºC;
À�Û ÁÂ»DÕ0º�Ç8È8Á+¸j»�Æ º�À�Û�¾%Ã[Äg½]¼1Á+¸j» � á � Ê�É%ºKÃDÄ Á7»�¾%É%º%È8È1ÁÂ¼8ºK¿ ÀÂÄ�È1Á+º�Ä Ç8È�Å[ß[¿�¸j¼1Å �%È8º%È�Ê»�¸j¼"½]¹.¹dº�»[¼
È1Ä Ç�À+º�¿g½]Ç"½]¹Q��¼1Ç8º�Î�¸j¿ ¿ À+º�ÇÒº�¼QÈ1Ä Ç�À+ºÏÉ"Åg½]¹.¿�Æ º%È�Õ�ÁÂ¼8º%È8È8º%È�¿g½]Ç1¼1Á+É�Ä ÀÂÁ���Ç8º%È�á

Ùí½.¿ Ç8¸83�¸j»�Æ º�Ä Ç_¸j¿ ¼1Á+ÃDÄ�º�Ê
τ`(w)

Ê�À+º�À+¸j»=7�ÆAÛ Ä »�ºÏÀÂÁ%7�»�ºÏÆ º�Õ�Á+È8¾%º�Ê
`
Ê ;.Ä »�º�¿¸�È8ÁÂ¼1Á+¸j»

¿ Ç8¸]Ì1º�¼8¾%º
x⊥,` ≡ (y`, z`)

È1Ä Ç�À+º�É�Á+º�À�Ê�º�¼QÆ�½]»�ÈQÀ�Û�º%È1¿g½jÉ%º�Æ º%È�Õ�ÁÂ¼8º%È8È8º�Ê
w
Ê º%È8¼�Ç8º�ÀÂÁ+¾%ºC;|ÀH½

Æ º�»�È1ÁÂ¼8¾/ÆAÛ ÅDß�Æ�Ç8¸�7 ��»�ºÒ»�º�Ä ¼1Ç8º�Ê
nHI

Ê�¿g½]Ç  �ÉM31á0¾%Ã[Äg½]¼1Á+¸j»êÑ���á ��� Æ º�&�º%º21 À+º%È_Þ �2&�Ç1ÁÂ»�É�ÁÂ¿ À+º%È
¸83#¿ ÅDß�È1Á+É�½]ÀíÉ%¸�È1¹d¸jÀ+¸�7�ß ��º�¼Ò¾%Ã[Äg½]¼1Á+¸j» � Æ º &�Á+É"Å�¸j»�º�¼Ò½]À�ágÑ ����� 6�Þ

τ`(w) =
c σ0

H(z)
√

π

∫ ∫
(

∫ +∞

−∞

nHI(x,x⊥)

b(x,x⊥)

 � á � 6

exp

(

−(w − x − vp(x,x⊥))2

b(x,x⊥)2

)

dx

)

δD(x⊥ − x⊥,`)d
2
x⊥ , ` = 1 · · ·L,

½�Õ0º%É
σ0

ÀH½ È8º%É�¼1Á+¸j»�º���É�½jÉ%ºÔº"�Aº%É�¼1ÁÂÕ0ºêÁÂ»D¼8¾27�Ç8¾%º ;Ý¼1Ç"½�Õ0º�Ç8È|ÀH½ÝÇ8¾%È8¸j»g½]»�É%ºÐÆ�½]»�È|ÀH½
¼1Ç"½]»�È1ÁÂ¼1Á+¸j»|ÙAß[¹�½]»�Ë

α
� È ;QÑ]¿'Æ º�À�Û ½]¼8¸j¹dºqÆAÛ ÅDß�Æ�Ç8¸�7 ��»�º�Ê

H(z)
ÀH½QÉ%¸j»�È8¼"½]»D¼8º�Æ º�×ÒÄ=1=1 À+º

;�Ä »|Æ ¾%É�½]ÀH½870ºqÈ8¿º%É�¼1Ç"½]À[¹d¸�ß0º�»
z
º�¼

vp(x)
º%È1¼(ÀH½Q¿ Ç8¸]Ì:º%É�¼1Á+¸j»KÆ ºqÀH½�Õ�ÁÂ¼8º%È8È8º�¿g½]Ç1¼1Á+É�Ä ÀÂÁ���Ç8º

À+º�À+¸j»=7ÏÆ º�ÀH½_ÀÂÁ%7�»�º�Æ º�Õ�Á+È8¾%º�á�Ùí½�Æ ¸jÄ=1 À+º�ÁÂ»[¼8¾27�Ç"½]À+ºÒÈ1Ä Ç
x⊥

É%¸jÇ1Ç8º%È1¿�¸j»�ÆQ;_À�Û ÁÂ»D¼8¾27�Ç"½]¼1Á+¸j»
Æ�½]»�ÈÏÀ+º%È�Æ�ÁÂÇ8º%É�¼1Á+¸j»�È'¿�º�Ç1¿�º�»�Æ�Á+É�Ä ÀH½]ÁÂÇ8º%È|½]Ä�@cÀÂÁ%7�»�º%È|Æ º.Õ[Á+È"¾%º�á

δD

º%È1¼ÏÀH½ Æ�Á+È8¼1Ç1Á%1 Ä ¼1Á+¸j»
ÑjÎ Æ º Î/ÁÂÇ"½jÉ�á#Ù(ºÐ¿g½]Ç"½]¹Q��¼1Ç8º Î_¸j¿ ¿ À+º�Ç

b(x)
º%È1¼.É%¸j»�È1Á+Æ ¾�Ç8¾ É%¸j¹.¹dº 3 ¸j»�É�¼1Á+¸j» Æ ºÐÀH½

¼8º�¹.¿�¾�Ç"½]¼1Ä Ç8ºdÀ+¸�É�½]À+ºdÆ�Äc¹.ÁÂÀÂÁ+º�Ä�ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+Ã[Ä�ºÐ½]Ä�¿¸jÁÂ»[¼
x ≡ (x,x⊥)

¸�
x
º%È8¼ÏÀH½

É%¸�¸jÇ8Æ ¸j» »�¾%º.Æ�½]»�È�À�Û�º%È1¿g½jÉ%º|Ç8¾%º�À#ºM@�¿ Ç1ÁÂ¹d¾%ºKº�»	 [¹O,]È��
= rH(z) � á 9�À7È�Û ½87�ÁÂ¼�ÆAÛ ÁÂ»[Õ0º�Ç8È8º�Ç

nHI(x,x⊥)
Ê
b(x,x⊥)

º�¼
vp(x,x⊥)

Ê�;Ý¿g½]Ç1¼1ÁÂÇ�Æ º�ÀH½ÝÉ%¸j» »g½]Á+È8È"½]»�É%ºêÆAÛ Ä » ¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j»
Æ º�ÀÂÁ%7�»�ºÏÆ º�Õ�Á+È8¾%º�Ê

` = 1 · · ·L á

&�Á+É"Å�¸j» º�¼�½]À�á  Ñ ����� 6�¼8º%È1¼8º�»[¼�º�»�¿g½]Ç1¼1Á+É�Ä ÀÂÁ+º�Ç�É%º�¼1¼8ºÒ¹d¾�¼1Å�¸�Æ º_È1Ä ÇqÆ º%È�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È
; �QË3É%¸jÇ1¿�È�á 9�À+ÈK¾�¼1Ä�Æ�Á+º�»D¼d»�¸j¼"½]¹.¹dº�»[¼dÀ+º%È.º"�Aº�¼8È.È8º�À+¸j» À+ºÔ»�¸j¹P1 Ç8º º�¼.ÀH½\È8¾�¿g½]Ç"½]¼1Á+¸j»
Æ º%È�ÀÂÁ%7�»�º%ÈÏÆ ºKÕ�Á+È8¾%º.º�¼Ïº%È1¼1ÁÂ¹dº�»[¼'Ã[Ä�ºK¿ ÀÂÄ�È1Á+º�Ä Ç8È�ÀÂÁ%7�»�º%ÈÏÆ ºKÕ�Á+È8¾%ºQ;O3�½]Á%1 À+ºKÇ8¾%È8¸jÀÂÄ ¼1Á+¸j»
¿�º�Ä Õ0º�»D¼�B�¼1Ç8º�Ä ¼1ÁÂÀÂÁ+È8¾%º%È�¿�¸jÄ ÇQ½]¹d¾�ÀÂÁ+¸jÇ8º�ÇQÀH½�Ç8º%É%¸j»�È1¼1Ç1Ä�É�¼1Á+¸j» º�» Õ�ÁÂ¼8º%È8È8º�ÆAÛ Ä »�º�ÀÂÁ%7�»�º�Æ º
Õ�Á+È8¾%º ;|Åg½]Ä ¼8º�Ç8¾%È8¸jÀÂÄ ¼1Á+¸j»(á
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Ùí½ÒÓ 7�Ä Ç8º � á��/¹d¸j»D¼1Ç8º�À+º%È7Ç8¾%È1Ä ÀÂ¼"½]¼8È�Æ º�Æ�Á��A¾�Ç8º�»D¼8º%È�Ç8º%É%¸j»�È8¼1Ç1Ä�É�¼1Á+¸j»�È�á �/»K¿º�Ä ¼7Õ0¸jÁÂÇ
Ã[Ä�ºd¿�¸jÄ Ç�Ä »�º<3 ½]Á%1 À+ºÔÈ8¾�¿g½]Ç"½]¼1Á+¸j»  Ñ�á � *�¿�É 6�ÀH½ Ç8º%É%¸j»�È8¼1Ç1Ä�É�¼1Á+¸j» º%È8¼'¼1ÇD�%ÈT1¸j» »�º�Ê7º�¼
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¹�½]Á+È�À+º%ÈJ7�Ç"½]»�Æ º%ÈQÈ1¼1Ç1Ä�É�¼1Ä Ç8º%È�È"¸j»D¼ 1 Á+º�» Ç8º%É%¸jÄ Õ�Ç8¾%º%È�á�Ùí½|¼8¸j¿¸�7�Ç"½]¿ Å Á+º�Æ º%È�È8¼1Ç1Ä�É�¼1Ä Ç8º%È
º%È1¼J1 Á+º�»ÝÆ ¾XÓ�» Á+º�á=&#½]ÇÒÉ%¸j»D¼1Ç8º�Ê�É%¸j¹.¹dºÏ½]¼1¼8º�»�Æ�Ä(Ê�ÀH½�Æ º�»�È8ÁÂ¼8¾�»(Û�º%È1¼�¿g½jÈ 1 Á+º�»ÐÇ8º�¼1Ç8¸jÄ Õ0¾%º
¿�¸jÄ Ç�À+º%ÈÒÈ8¾�¿g½]Ç"½]¼1Á+¸j»�ÈÒÀ+º%È�¿ ÀÂÄ�È�ÀH½]Ç570º%È�á
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	� � á��  &7½]» »�º�½]ÄdÆ º�Åg½]Ä ¼�º�»T1g½jÈ7º�¼�Æ º?7D½]Ä�É8Å�º�;/Æ�Ç8¸jÁÂ¼8º�Þ)ÀH½/Æ º�»�È1ÁÂ¼8¾�Ç8º%É�½]À+É�Ä À+¾%º�º�»
3 ¸j»�É�¼1Á+¸j»|Æ�ÄKÉ8Åg½]¹.¿dÆ ºqÆ º�»�È1ÁÂ¼8¾�ÁÂ» ÁÂ¼1ÁH½]À�Ê)º�»P3�¸j»�É�¼1Á+¸j».Æ ºqÀH½ÒÆ�Á+È8¼"½]»�É%ºqº�»[¼1Ç8ºqÀ+º%È7ÀÂÁ%7�»�º%È#Æ º
Õ�Á+È8¾%º) Ñ�á � * ¿�É�Ê � *�¿�É_º�¼ � á � *�¿É 6Xá�Ù(º�¹d¸�Æ=��À+º�º�¼�À+º%È�Æ�Á��A¾�Ç8º�»D¼8º%È�Ç8º%É%¸j»�È1¼1Ç1Ä�É�¼1Á+¸j»�È
È8º�À+¸j» ÀH½ÝÈ8¾�¿g½]Ç"½]¼1Á+¸j» Æ º%È'ÀÂÁ%7�»�º%È|Æ ºdÕ�Á+È8¾%º�á�·�¸jÄ ¿�º�Æ º�ÀH½ÝÈ1ÁÂ¹�Ä ÀH½]¼1Á+¸j» º�¼|Æ º%È�É"Åg½]¹.¿�È
Ç8º%É%¸j»�È1¼1Ç1Ä ÁÂ¼8È�Ê�À�Û�¾%É8Å�º�ÀÂÀ+º'º%È8¼Òº�» ¿ Á @�º�À+È�á=9�È8È8Ä�º�Æ º &�Á+É8Å�¸j»\º�¼/½]À�á�Ñ �����

9�À 3�½]Ä ¼ÒÈ8º�È8¸jÄ�É�Á+º�Ç_Æ�ÄÝ»�¸j¹C1 Ç8º|Æ º�ÀÂÁ%7�»�º%ÈÒÆ ºÏÕ[Á+È8¾%ºP;.º�¹.¿ À+¸�ß0º�Ç�áÙí½|Ó 7�Ä Ç8º � á ��Ç8ºXË
¿ Ç8¾%È8º�»[¼8º/À+º�3 ½jÉ�¼8º�Ä Ç�Æ ºÒÃ[Äg½]ÀÂÁÂ¼8¾_ÃDÄ Á	¹dº%È1Ä Ç8ºÒÀ�Û ÁÂ»[Õ0º�Ç8È8º�Æ�Ä�Ç8¾%È1Á+Æ�ÄÐÆ º �X¹�½]Ä Õ�½]Á+È8º�½jÆ�½]¿�Ë
¼"½]¼1Á+¸j»��_º�»�Ä » ÁÂ¼8¾�Æ ºQÕ�½]Ç1ÁH½]»�É%º/¿¸jÄ Ç�ÀH½ÏÕ�ÁÂ¼8º%È8È8º�á�·�º�3�½jÉ�¼8º�Ä Ç�Æ ºÒÃ[Äg½]ÀÂÁÂ¼8¾�Ê

Q
Ê[½]Ä=7�¹dº�»D¼8º

½%Õ0º%ÉdÀ+º.»�¸j¹C1 Ç8ºÔÆ ºKÀÂÁ%7�»�º%È'Æ º.Õ�Á+È8¾%ºK¹.Á+È8º%ÈÏº�»ÐÌ1º�Ä(ÊAÉ%ºdÃ[Ä Á�º%È1¼'½]¼1¼8º�»�Æ�Ä(á�&#½]Ç'É%¸j»[¼1Ç8º
Q

½]Ä=7�¹dº�»[¼8º�½]Ä�È8È1ÁQ½�Õ0º%ÉÝÀH½ Æ�Á+È1¼"½]»�É%º º�»[¼1Ç8ºÝÀ+º%È.ÀÂÁ%7�»�º%ÈdÆ ºÐÕ�Á+È8¾%º|Ì:Ä�È8Ã[Ä(ÛS;\½]¼1¼8º�ÁÂ»�Æ�Ç8º
Ä »�ºêÈ"½]¼1Ä Ç"½]¼1Á+¸j»(á#·�º%É�Á�Õ�Á+º�»D¼KÆ�Ä�3�½]ÁÂ¼�Ã[Ä�ºdÀ+º<7�Ç8¸jÄ ¿ºêÆ º�ÀÂÁ%7�»�º%È|Æ ºÔÕ[Á+È8¾%º�¿º�Ç1¹dº�¼KÆ º
É%¸j»D¼1Ç"½]ÁÂ»�Æ�Ç8º�À+º%È�Õ�ÁÂ¼8º%È8È8º%È�¼1Ç"½]»�È8Õ0º�Ç8È8º%ÈÒÃ[Ä�º�È1Ä ÇÒÆ º%ÈQ¾%É"Å�º�ÀÂÀ+º%ÈÒÁÂ»[¼8º�Ç1¹d¾%Æ�ÁH½]ÁÂÇ8º%È�áA·_Û�º%È1¼:ËN;)Ë
Æ�ÁÂÇ8ºQÃ[Ä(Û ÁÂÀ�3 ½]Ä�Æ�Ç"½]ÁÂ¼qÆ º%È�ÀÂÁ%7�»�º%È�Æ º�Õ�Á+È8¾%º�ºM@�¼1ÇDB�¹dº�¹dº�»D¼�¿ Ç8¸�É8Å�º%ÈF �Æ�Á+È1¼"½]»�É%º�ÁÂ»�3 ¾�Ç1Á+º�Ä Ç8ºK;
� * ¿�É 6�¿�¸jÄ Ç7È"¸j»�Æ º�Ç�À+º%È�¿º�¼1ÁÂ¼8º%È#¾%É"Å�º�ÀÂÀ+º%È�ájÎ|Û Ä ».½]Ä ¼1Ç8º�É �j¼8¾qÀ+º%È�7�Ç"½]»�Æ º%È#È1¼1Ç1Ä�É�¼1Ä Ç8º%È#»�º
¿�º�Ä Õ0º�»D¼ B�¼1Ç8º�É%¸jÇ1Ç8º%É�¼8º�¹dº�»D¼�È8¸j»�Æ ¾%º%È_ÃDÄ(Û ½�Õ0º%É'Æ º%ÈÒÀÂÁ%7�»�º%È/Æ º�Õ�Á+È8¾%ºÏÈ8Ä ��È"½]¹.¹dº�»D¼�È8¾XË
¿g½]Ç8¾%º%È�Ê�ÌtÄ�È8Ã[Ä(ÛS;'Ñ � * ¿�É�áDÙ�½ÏÉ%¸j¹.¿�¾�¼1ÁÂ¼1Á+¸j»êº�»[¼1Ç8º_É%º%ÈqÆ º�Ä�@�º"��º�¼8ÈL ¿�º�¼1ÁÂ¼8º%Èqº�¼?7�Ç"½]»�Æ º%È
¾%É8Å�º�ÀÂÀ+º%ÈM6�¿�º�Ç1¹dº�¼�Æ ºQÓ=@�º�ÇqÄ »�º/È"¾�¿g½]Ç"½]¼1Á+¸j»ê¸j¿ ¼1ÁÂ¹�½]À+º_Æ º%È�ÀÂÁ%7�»�º%È�Æ ºÒÕ[Á+È8¾%º/º�»Q3 ¸j»�É�¼1Á+¸j»
Æ º_À+º�Ä Ç�»�¸j¹C1 Ç8º�Ê ÆAÛ ½]¿ ÇD�%È�ÀH½ÏÓ 7�Ä Ç8º � á �KÀH½�È"¾�¿g½]Ç"½]¼1Á+¸j»Ð¸j¿ ¼1ÁÂ¹�½]À+º�¿�¸jÄ Ç�Ä » ¾%É8Åg½]»D¼1ÁÂÀÂÀ+¸j»
Æ º�ÀÂÁ%7�»�º%ÈQÆ ºÏÕ[Á+È8¾%º�Æ º

11 × 11
º%È8¼QÆ º � * ¿�É�á
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º�»D¼1Ç8ºÐÀH½\Õ�ÁÂ¼8º%È8È8ºêÇ8º%É%¸jÄ Õ�Ç8¾%º º�¼KÀH½\Õ[ÁÂ¼8º%È8È"º�¹dº%È1Ä Ç8¾%º�á �_¸j¼8º�Ç.ÀH½\È"½]¼1Ä Ç"½]¼1Á+¸j» ; � * ¿�É
¿�¸jÄ Ç�Ä » 7�Ç8¸jÄ ¿º'Æ º�ÀÂÁ%7�»�º%ÈÒÆ º�Õ�Á+È8¾%º�Æ º
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�/» ¿�¸jÁÂ»D¼KÁÂ¹.¿�¸jÇ1¼"½]»D¼.Æ�½]»�È�É%º�¼1¼8º ½]»g½]ÀÂß�È8º�º%È8¼�Ã[Ä�ºÔÉ%¸j¹.¹dºÔÀH½ È"¾�¿g½]Ç"½]¼1Á+¸j» ¿�¸jÄ Ç
Ä »�»�¸j¹P1 Ç8º�Æ ¸j» »�¾/Æ ºÒÀÂÁ%7�»�º%È�Æ ºÒÕ[Á+È"¾%ºÒº%È1¼q¿ ÀÂÄ ¼��j¼?7�Ç"½]»�Æ º�Ê[À+º%È�ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�È ;�¿�º�¼1ÁÂ¼8º%È
¾%É8Å�º�ÀÂÀ+º%È'Æ�½]»�È�ÀH½êÇ8º%É%¸j»�È1¼1Ç1Ä�É�¼1Á+¸j»�»�ºKÈ8¸j»D¼�Á+È"È1Ä�º%È�ÃDÄ�ºKÆAÛ Ä »�º.È8º�Ä À+º|ÀÂÁ%7�»�º.Æ º|Õ[Á+È"¾%º�á 9�À
È1Ä �d¼�Æ ¸j»�É�ÆAÛ ½%Õ0¸jÁÂÇ�Ä »ÐÈ1¿º%É�¼1Ç8ºL;'Åg½]Ä ¼8º/Ç8¾%È"¸jÀÂÄ ¼1Á+¸j» ½�Õ0º%É�Ä »ê¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j» Æ º_È1¿�º%É�¼1Ç8º%È
; 1g½jÈ8È8ºêÇ8¾%È8¸jÀÂÄ ¼1Á+¸j» È8¾�¿g½]Ç8¾%ÈK¿g½]ÇdÆ º%È.Æ�Á+È8¼"½]»�É%º%ÈK¿ ÀÂÄ�ÈK¿º�¼1ÁÂ¼8º%È.¸jÄ Æ ºêÀ�Û�¸jÇ8Æ�Ç8º Æ º �jË �
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Æ º�Õ�Á+È8¾%º�á
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J215225.8−283058   z=2.74
J215240.0−283251   z=2.74

separation=3.60 arcmin

 3500  4000  4500  5000  5500

J125556.9+001848   z=2.11
J125606.3+001728   z=2.08
separation=2.70 arcmin

J031054.7−293436   z=2.28

J031103.0−293306   z=2.19
separation=2.30 arcmin

Q0103−294A   z=2.18
Q0103−294B   z=2.19

separation=2.06 arcmin

J000852.7−290044   z=2.70
J000857.7−290126   z=2.59

separation=1.30 arcmin

 3500  4000  4500  5000  5500
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¼1Å�º�¿ ÅDß�È1Á+É�½]À#¿ Ç8¸[É%º%È8È"º%È/Ç8º�À+º�Õ�½]»D¼F3 ¸jÇ/¼1Å�º|Æ º%È8É�Ç1ÁÂ¿ ¼1Á+¸j»�¸83 7D½jÈ�Æ�ß�»g½]¹.Á+É%È�ÁÂ» ½�¿ Å�¸j¼8¸]Ë
Á+¸j» Á%$�º%Æ�ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÉK¹dº%Æ�ÁÂÄ ¹ÝÊ�½jÈ/Æ º%È8É�Ç1Á%1�º%ÆÝÁÂ»\¼1Å�ºCE/¿ ¿�º�»�Æ�Á @�"¦¸83�Ø�Å�º�Ä »�È/º�¼�½]À�á
 � mMm%$ 6XÊ�ºM@ É%º�¿ ¼Q¼1Åg½]¼ /qºÏÄ�È8º�¼1Å�º�Å�º�½]¼1ÁÂ»=7Ô½]»�Æ ¿ Å�¸j¼8¸jÁ+¸j» Á%$�½]¼1Á+¸j»�Ç"½]¼8º%ÈÒ¸837Î�½�Õ0¾Ïº�¼/½]À�á
 � mMmMm 6:/�Å Á+É"ÅO/�º�Ç8ºÒÆ º�Ç1ÁÂÕ0º%ÆQ3 Ç8¸j¹ ¹dº�½jÈ1Ä Ç8º�¹dº�»D¼8È>1Dß.×�½�½]Ç8Æ�¼>(+* ½jÆ�½]Ä  � mMm�� 6Xá[Ø�Å�º
9�»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÉK*\º%Æ�ÁÂÄ ¹ Á+È�Å Á%7�Å ÀÂßKÁ+¸j» Á%$�º%Æ�½]¼�¼1Å�º�Ç8º�À+º�Õj½]»[¼�Ç8º%Æ È1Å Á 3�¼8È�½]»�ÆK¼1Å�ºQÆ�ß�»g½]¹.Á�Ë
É�½]À	º�Õ0¸jÀÂÄ ¼1Á+¸j»Ð¸83A¼1Å�º�7D½jÈqÁÂ»�¼1Å�º/È1ÁÂ¹'Ä ÀH½]¼1Á+¸j»ÐÆ º�¿º�»�Æ Èq¼1Å�º�Ç8ºM3 ¸jÇ8ºÒ¸j» ÀÂß.Õ0º�Ç1ß /qº�½! �ÀÂß�¸j»
¼1Å�ºQ½]¹.¿ ÀÂÁÂ¼1Ä�Æ ºQ¸83¼1Å�ºqÁ+¸j» Á%$%ÁÂ»=7 I�Ä�@|É8Åg½]Ç"½jÉ�¼8º�Ç1Á%$�º%Æ<1Dß|ÁÂ¼8È#Õj½]ÀÂÄ�ºQ½]¼#¼1Å�º�ÙAß�¹�½]».ÀÂÁÂ¹.ÁÂ¼QÞ
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á ��ºÒÅg½%Õ0º/Ç1Ä »�¼1Å�º/È1ÁÂ¹'Ä ÀH½]¼1Á+¸j» /�ÁÂ¼1Å�¼1Å�º_È"½]¹dºÒÁ+¸j» Á%$%ÁÂ»=7CI�Ä�@�½jÈ�½jÆ ¸j¿ ¼8º%Æ�ÁÂ»êÎ�½�Õ0¾
º�¼Ï½]À�á  � mMmMm 6XáA×/¸ /qº�Õ0º�Ç�Ê /�Å�º�»!/�ºd½]Ç8º|¿ Ç8¸[Æ�Ä�É�ÁÂ»=7 ¹d¸�É# È1¿�º%É�¼1Ç"½�Ê /�º.É%¸j¹.¿ Ä ¼8ºK¼1Å�º
º%Ã[Ä ÁÂÀÂÁ%1 Ç1ÁÂÄ ¹ Á+¸j» Á+ÉÐ½81 Ä »�Æ�½]»�É%º%ÈKÁÂ» ½Ý¿¸�È1¼:Ë�¿ Ç8¸�É%º%È8È1ÁÂ»=7\È1¼8º�¿ 3�¸jÇK½ Ç8º%È8É�½]À+º%Æ Á+¸j» Á%$%ÁÂ»=7
I�Ä�@ È8Ä�É8Å ½jÈK¼8¸ ¹�½]¼8É8Å�¼1Å�º ¸�1�È"º�Ç1Õ0º%Æ I�Ä�@ Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»  �È"º%º È8º%É�¼1Á+¸j» � á � á � 6Xá�Ø�Å Á+È
¿ Ç8¸�É%º%Æ�Ä Ç8º|Æ ¸�º%È_»�¸j¼Ï½ ��º%É�¼_¼1Å�ºKÆ º�»�È1ÁÂ¼3ß�½]»�Æ\¼8º�¹.¿�º�Ç"½]¼1Ä Ç8º.Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»c¸83�¼1Å�ºT7D½jÈ�Ê
½jÈQÈ1¿�º%É�Á�Ógº%Æ ÁÂ»ÝØ�Å�º�Ä »�È/º�¼/½]À�á  � mMm%$ 6Xá
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��ºÏÆ ºXÓ�»�ºÏ¼1Å�ºLI�Ä�@ÐÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3 Ä »�É�¼1Á+¸j»\½jÈ�ÁÂ» � ¸jÀÂÀÂÁÂ»�Æ º�º�¼_½]À�á  Ñ ��� � 6�Þ

ξf (θ,∆v) = 〈(F(θ, λ + ∆λ) − 〈F〉)(F(0, λ) − 〈F〉)〉λ ,
 � á � 6

/�Å�º�Ç8º F Á+ÈK¼1Å�ºÐ»�¸jÇ1¹�½]ÀÂÁ%$�º%Æ I�Ä�@�½]À+¸j»=7c¼N/q¸cÀÂÁÂ»�º%È.¸83�È1Á%7�ÅD¼)/�ÁÂ¼1Å È8º�¿g½]Ç"½]¼1Á+¸j»
θ
½]¼

½ ¹dº�½]» Ç8º%Æ È1Å Á 3 ¼
z
�
∆λ = λ0(1 + z) × ∆v/c

Ê /�ÁÂ¼1Å
λ0 = 1215.67

� ¼1Å�º ÅDß[Ë
Æ�Ç8¸�70º�»¦ÙAß�¹�½]»�Ë

α
Ç8º%È1¼:Ë�/�½%Õ0º�À+º�»=7�¼1Å(ÊÒ½]»�Æ

c
Æ º�»�¸j¼8º%È ¼1Å�º È1¿�º%º%Æ ¸83'ÀÂÁ%7�Å[¼�á�Ø�Å�º\Õ0ºXË

À+¸�É�ÁÂ¼3ß Æ�Á+È8¼"½]»�É%º\É%¸jÇ1Ç8º%È8¿¸j»�Æ�ÁÂ»=7�¼8¸ ¼1Å�ºc½]»=7�Ä ÀH½]ÇÝÈ8º�¿g½]Ç"½]¼1Á+¸j»
θ
É�½]» 1�º /�Ç1ÁÂ¼1¼8º�»ù½jÈ

∆v⊥ = c f(z) θ
Ê /�Å�º�Ç8º

f(z) = c−1H(z)DA(z)
Ê
H(z)

Á+È_¼1Å�ºK×/Ä=1=1 À+º.É%¸j»�È1¼"½]»D¼'½]¼
z
Ê�½]»�Æ

DA(z)
Á+Èq¼1Å�º�½]»=7�Ä ÀH½]Ç�Æ�ÁH½]¹dº�¼8º�ÇQÆ�Á+È8¼"½]»�É%ºT �È8º%ºF*\ÉÒÎ�¸j»g½]À+Æ Ñ ��� � 6Xá�Ög¸jÇ

θ = 0º%Ã[Äg½]¼1Á+¸j»  � 6 7�ÁÂÕ0º%È�¼1Å�ºÒÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À(É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»(á�9�»�¼1Å�ºK3 ¸jÀÂÀ+¸ /�ÁÂ»=7 /qº /�ÁÂÀÂÀ
Ä�È8º

H0
� � �  �¹O,]È4,8* ¿�É�Ê

Ωm
� � á���Ê

ΩΛ
� � á � ¼8¸dÇ8º�ÀH½]¼8º|È8É�½]À+º%È_ÁÂ» Ç8º%Æ È8Å Á 3 ¼�È1¿g½jÉ%º

/�ÁÂ¼1Å ½]»=7�Ä ÀH½]Ç|È8É�½]À+º%È�á �>ÁÂ¼1Å�¼1Å�º%È8ºd¿g½]Ç"½]¹dº�¼8º�Ç8È
∆v

� �����  �¹°È −1 É%¸jÇ1Ç8º%È1¿¸j»�Æ È�¼8¸
∼ � ½]Ç8É�¹.ÁÂ»�½]¼

z
� Ñ�á

��º�Åg½�Õ0º'ºM@ É�ÀÂÄ�Æ º%Æ ¼1Å�º /�½�Õ0º�À+º�»=7�¼1Å�Ç"½]»=70º'À+º%È8È�¼1Åg½]» �������  [¹ È −1 Ç8º%Æ�/�½]Ç8Æ ¸83#¼1Å�º
ÙAß�¹�½]»�Ë

β
º�¹.Á+È8È8Á+¸j» ÀÂÁÂ»�º)/�Å�º�» É�½]À+É�Ä ÀH½]¼1ÁÂ»=7�¼1Å�ºd¸�1�È"º�Ç1Õ0º%Æ É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»�È�¼8¸

½%Õ0¸jÁ+Æ>É%¸j»D¼"½]¹.ÁÂ»g½]¼1Á+¸j» 3�Ç8¸j¹ ¼1Å�º\ÙAß�¹�½]»�Ë
β
3 ¸jÇ8º%È1¼�áqÙAÁ 0º2/�Á+È8º\È1¿º%É�¼1Ç"½]À/Ç8º27�Á+¸j»�È�À+º%È"È

¼1Åg½]» � �����  �¹ È −1 1 ÀÂÄ�º2/�½]Ç8Æ ¸83�¼1Å�º'ÙAß�¹�½]»�Ë
α
º�¹.Á+È8È1Á+¸j»�ÀÂÁÂ»�ºÏÅg½�Õ0º 1�º%º�»�ºM@ É�ÀÂÄ�Æ º%Æ

¼8¸�½%Õ0¸jÁ+Æ>¼1Å�º\¿ Ç8¸ @�ÁÂ¹.ÁÂ¼3ß º"��º%É�¼! �È8º%º � ¸jÀÂÀÂÁÂ»�Æ º\º�¼Ý½]À�á�Ñ ����� 6Xá�Î�½]¹.¿�º%Æ ½81�È8¸jÇ1¿ ¼1Á+¸j»
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È1ß�È1¼8º�¹dÈq½]»�ÆÔ¹dº�¼"½]ÀÀÂÁÂ»�º%È
/�Å Á+É"Å /�ºK/�º�Ç8º_½81 À+º/¼8¸ÏÁ+Æ º�»[¼1Á 3 ß�Åg½%Õ0º 1º%º�»ÔÇ8º�¹d¸�Õ0º%ÆAá�Ø�Å�º
¿ Ç8¸j¿�º�Ç1¼1Á+º%È�¸83�Á+Æ º�»D¼1Á�Ógº%ÆcÆ�½]¹.¿�º%Æc½81�È8¸jÇ1¿ ¼1Á+¸j»�È1ß�È1¼8º�¹dÈ_½]Ç8º|ÀÂÁ+È1¼8º%Æ\ÁÂ» Ø�½81 À+º � á Ñê½]»�Æ
¼1Å�ºÏ¿ Ç8¸j¿�º�Ç1¼1Á+º%È�¸83�¼1Å�º'¹dº�¼"½]À7ÀÂÁÂ»�º%È_½]Ç8º'ÀÂÁ+È1¼8º%ÆÝÁÂ»�¼1Å�ºPE/¿ ¿�º�»�Æ�Á @�" ¿ Ä=1 ÀÂÁ+È1Å�º%Æ ÁÂ»�¼1Å�º
º�À+º%É�¼1Ç8¸j» Á+ÉÏÕ0º�Ç8È8Á+¸j» ¸837¼1Å�º�¿g½]¿�º�Ç�á
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Ø�Å�º�¸�1�È8º�Ç1Õ0º%ÆdÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»<3 Ä »�É�¼1Á+¸j»�È�Æ º�¿º�»�ÆdÈ8¼1Ç8¸j»=7�ÀÂß|¸j».¼1Å�º�È1¿�º%É�¼1Ç"½]À Ç8º%È8¸jÀÂÄ ¼1Á+¸j»�¸83
¼1Å�º'½81�È8¸jÇ1¿ ¼1Á+¸j»\È1¿�º%É�¼1Ç"½|Ä » À+º%È8È�¼1Å�º /�Á+Æ�¼1Å\¸83�½]ÀÂÀ(È1¿�º%É�¼1Ç"½]À 3 º�½]¼1Ä Ç8º%ÈQÁ+ÈJ3�Ä ÀÂÀÂßêÇ8º%È8¸jÀÂÕ0º%Æ
 �º�á 7<"�º%É# 0º�Ç�ÊÍ�½]Ç570º�»D¼F( � ½]Ä�É8Å\Ñ ��� �'6Xá

��º Ó�Ç8È1¼ÐÉ%¸j»�È1Á+Æ º�ÇÔ¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» ¸�1 ¼"½]ÁÂ»�º%Æ 3 Ç8¸j¹ ¼1Å�º
Ö�� � ÍêÆ�½]¼"½�á Ø�Å�º�¼1Å Á+É# ÐÆ�½jÈ1Å�º%ÆÐÀÂÁÂ»�º�ÁÂ»ÝÖ7Á%7�á � á � È1Å�¸ /QÈQ¼1Å�ºÏ½%Õ0º�Ç"½870ºÏ¸83#¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Ë
Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�ÈÒ¹dº�½jÈ8Ä Ç8º%Æ 3�Ç8¸j¹ ¼1Å�º �%$ Ö�� � ÍÝÈ1¿�º%É�¼1Ç"½KÁÂ» ¼1Å�º�È"½]¹.¿ À+º�á
A Ç1Ç8¸jÇ8È�½]Ç8ºQÉ�½]À+É�Ä ÀH½]¼8º%Æ<3 Ç8¸j¹ ¼1Å�ºQÕj½]Ç1ÁH½]»�É%º/¸83�¼1Å�ºQ¹dº�½jÈ1Ä Ç8º�¹dº�»D¼8È  �È8º%º/Í�º%É�¼1Á+¸j» � á � á �'6Xá

Ø�Å�º À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» ¹dº�½jÈ1Ä Ç8º%Æ+3�Ç8¸j¹ ¼1Å�ºcÅ Á%7�Å Ç8º%È8¸jÀÂÄ ¼1Á+¸j»
È1¿�º%É�¼1Ç"½ ¸�1 ¼"½]ÁÂ»�º%Æ ÁÂ» ¼1Å�ºÐÉ%¸jÄ Ç8È8ºÐ¸83Ò¼1Å�º �KG A ÍDË�G�Ù[Ø Ù & Á+ÈKÈ1Å�¸ /�» ½jÈK½ ¼1Å Á+É# È8¸]Ë
ÀÂÁ+Æ\É�Ä Ç1Õ0º'ÁÂ»\Ö�Á%7�á � á � ágØ�Å�º�Å Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j»�È1¿�º%É�¼1Ç"½.Åg½�Õ0º|½�¹dº�½]»\Ç8º%Æ È1Å Á 3 ¼_¸83qÑ�á�� m á
E_È/ºM@�¿º%É�¼8º%ÆAÊ	¼1Å�º|É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j» ¸83�¼1Å�º'Å Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j»cÈ1¿�º%É�¼1Ç"½ÔºM@�¼8º�»�Æ È_¼8¸
Å Á%7�Å�º�Ç'Õ�½]ÀÂÄ�º%È�½]¼�È1¹�½]ÀÂÀ�Õ0º�À+¸�É�ÁÂ¼3ßcÈ8º�¿g½]Ç"½]¼1Á+¸j»(á ��º�½]À+È8¸ÝÈ1Å�¸ / ¼1Å�º.À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ:Ë
Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» ¸�1 ¼"½]ÁÂ»�º%Æ 1Dß�*\É�Î�¸j»g½]À+Æ º�¼K½]À�á> Ñ ����� 6 3�Ç8¸j¹ ½ È1¹�½]ÀÂÀ+º�ÇKÈ"½]¹.¿ À+º
¸837º�Á%7�Å[¼QÅ Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j»\È1¿º%É�¼1Ç"½P/�ÁÂ¼1Å�½�¹dº�½]»ÝÇ8º%Æ È8Å Á 3 ¼�¸83

z
� Ñ�á � � ¸�1 ¼"½]ÁÂ»�º%Æ /�ÁÂ¼1Å

��º%É# [Ë3×F9 � A Í ½jÈ�¼1Å�º.¼1Å ÁÂ»�È8¸jÀÂÁ+Æ É�Ä Ç1Õ0º�á(Ø�Å�º�Ç8º.Á+È�ºM@ É%º�ÀÂÀ+º�»D¼|½87�Ç8º%º�¹dº�»[¼ 3 ¸jÇ�¼1Å�ºK¼�/�¸
È"½]¹.¿ À+º%È#¸83�Å Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j»dÈ1¿�º%É�¼1Ç"½Ò½]¼7Õ0º�À+¸�É�ÁÂ¼3ß�È"º�¿g½]Ç"½]¼1Á+¸j»�È ≤ � ���  �¹ È −1 á E�¼7Õ0º�À+¸]Ë
É�ÁÂ¼3ßdÈ"º�¿g½]Ç"½]¼1Á+¸j»�Èq¸83 ∼ � ���  [¹çÈ −1 Ê0¼1Å�ºQÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»O3 Ä »�É�¼1Á+¸j»ê¸�1 ¼"½]ÁÂ»�º%Æ
3�Ç8¸j¹ ¼1Å�º � G A Í'È1¿�º%É�¼1Ç"½�½]¿ ¿º�½]Ç8È7¼8¸F1ºqÀH½]Ç570º�Ç#¼1Åg½]»K¼1Åg½]¼#¸�1 ¼"½]ÁÂ»�º%ÆP3�Ç8¸j¹ ¼1Å�ºq×F9 � A Í
È1¿�º%É�¼1Ç"½�á#·�¸�È8¹.Á+É�Õ�½]Ç1ÁH½]»�É%ºÐ¸jÇK½]Ç1¼8ºM3�½jÉ�¼8ÈKÆ�Ä�º�¼8¸\É%¸j»D¼1ÁÂ»[Ä Ä ¹ Ó�¼1¼1ÁÂ»=7 º�Ç1Ç8¸jÇ8È.½]Ç8ºÔ¼�/�¸
¿ ÀH½]Ä�È1Á%1 À+º�ºM@�¿ ÀH½]»g½]¼1Á+¸j»�È�á��/¸j¼8º�Ê]Å�¸ /qº�Õ0º�Ç�Ê�¼1Åg½]¼#¼1Å�º�º�Ç1Ç8¸jÇ8È�½]Ç8º�½]ÀÂÇ8º�½jÆ�ß�Ç"½]¼1Å�º�Ç#ÀH½]Ç570ºQ½]¼
¼1Å�º%È8º�È8º�¿g½]Ç"½]¼1Á+¸j»�Èq½]»�ÆK¼1Åg½]¼�¼1Å�º�Æ�Á���º�Ç8º�»�É%º�Á+È#¿ Ç8¸�1g½81 ÀÂß|»�¸j¼�È1¼"½]¼1Á+È1¼1Á+É�½]ÀÂÀÂßKÈ1Á%7�» Á�ÓgÉ�½]»[¼�á

Ø�Å�º\¼1Å ÁÂ»¦Æ ¸j¼1¼8º%Æ É�Ä Ç1Õ0º È1Å�¸ /QÈÐ¼1Å�º À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]ÀÏÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ç8¸j¹ï¼1Å�º\Å Á%7�Å�Ë
Ç8º%È8¸jÀÂÄ ¼1Á+¸j» G�Ù�Ø�Ë �KG A Í�È8¿º%É�¼1Ç"½�½03�¼8º�ÇíÉ%¸j»DÕ0¸jÀÂÄ ¼1Á+¸j»P/�ÁÂ¼1Å�½���½]Ä�È8È8ÁH½]»�Ó�ÀÂ¼8º�Çí¸83 Ö � ×F* � Ñ�Ñ �  �¹¦È −1
¼8¸_¼"½! 0º�ÁÂ»D¼8¸Ï½jÉ%É%¸jÄ »[¼�¼1Å�º�Æ�Á���º�Ç8º�»�É%º�ÁÂ»KÇ8º%È8¸jÀÂÄ ¼1Á+¸j»d¸83¼1Å�º �KG A Í|½]»�ÆKÖ�� � Í|È1¿�º%É�¼1Ç"½�á
9�¼�½87�Ç8º%º%ÈqÕ0º�Ç1ßQ/qº�ÀÂÀ /�ÁÂ¼1Å�¼1Å�º_Ö�� � Í�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»O3 Ä »�É�¼1Á+¸j»êÄ ¿Ô¼8¸|½ÏÈ1¹�½]ÀÂÀ�È1ß�È1¼8º�¹�½]¼1Á+É
¸!�AÈ8º�¼�á

� � � � � � � � � �
� � � � � � � � � � � 	 � � � � � � ��� � ��� ��� 	 ��� � �

Ø�Å�º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»ÐÁ+È�É�½]À+É�Ä ÀH½]¼8º%ÆÐÄ�È1ÁÂ»=7K¼1Å�º ��Ñ'¿g½]ÁÂÇ8È�¿ Ç8º%È8º�»[¼8º%ÆÐÁÂ» Ø�½81 À+º � á � á
��º_Ä�È8º_¸j» ÀÂßÔÈ1¿�º%É�¼1Ç"½]À�Ç8º27�Á+¸j»�ÈJ/�Å�º�Ç8º�¼1Å�º�Í=, �ùÇ"½]¼1Á+¸�ÁÂ» 1�¸j¼1Å È1¿º%É�¼1Ç"½�Á+È�ÀH½]Ç570º�Ç�¼1Åg½]»
$ á�Ö�¸jÇ�¼1Å Á+È#Ç8º�½jÈ8¸j».¼1Å�º�¿g½]ÁÂÇ � � Ñ�� ����� á � Ë ����� � � � − � � Ñ�� ����� á � Ë �����%$ � � Á+È#»�¸j¼�ÁÂ»�É�ÀÂÄ�Æ º%Æ
ÁÂ»d¼1Å�ºÒ½]»g½]ÀÂß�È1Á+È�½jÈ�¼1Å�º�Ç8º%Æ È1Å Á 3�¼�¸�Õ0º�Ç1ÀH½]¿ê¸83�¼1Å�ºQ¼N/q¸'Ù(ß[¹�½]»�Ë

α
3 ¸jÇ8º%È1¼8È�Á+È�¼8¸[¸�È1¹�½]ÀÂÀ	¼8¸

É%¸j»D¼1Ç1Á%1 Ä ¼8º/ÁÂ»Ô½�È8¼"½]¼1Á+È1¼1Á+É�½]ÀÂÀÂßdÈ1Á%7�» Á�ÓgÉ�½]»D¼>/�½�ß0áDØ�Å�ºK/�½%Õ0º�À+º�»=7�¼1ÅÐÇ"½]»=70ºC 
λmax−λmin

6
Ä�È8º%Æ ¼8¸�É%¸j¹.¿ Ä ¼8ºÏ¼1Å�º�¼1Ç"½]»�È1Õ0º�Ç8È"º'É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�È/Á+È 7�ÁÂÕ0º�» ÁÂ» Ø7½81 À+º � á � ¼8¸�70º�¼1Å�º�Ç /�ÁÂ¼1Å
¼1Å�ºQÉ%¸jÇ1Ç8º%È1¿�¸j»�Æ�ÁÂ»=7Ï»[Ä ¹C1�º�Çq¸83�¿ Á @�º�À+È�á�Ø�Å�ºQ¹dº�½]»)I�Ä�@|Á+È�¼"½! 0º�»�¸�Õ0º�Ç�º�½jÉ"Å�ÁÂ»�Æ�ÁÂÕ�Á+Æ�Äg½]À
ÀÂÁÂ»�ºÏ¸83�È1Á%7�ÅD¼�á

9�» Ö7Á%7�á � á � /qº|È1Å�¸ / ¼1Å�º'¸�1�È8º�Ç1Õ0º%Æ�¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3�Ä »�É�¼1Á+¸j»(á	Ø�Å�º'¹dº�½)Ë
È1Ä Ç8º�¹dº�»[¼ 3�¸jÇQº�½jÉ"Å Ã[Äg½jÈ"½]Ç�¿g½]ÁÂÇ�Ê

χ(θi) ≡ ξf (θi,∆v = 0)
Ê�Á+ÈQÈ1Å�¸ /�»�½jÈQ½KÈ1¹�½]ÀÂÀíÈ8¸jÀÂÁ+Æ

¼1Ç1ÁH½]»=7�À+º.½]¼Ò¼1Å�ºK½]»=7�Ä ÀH½]Ç�È8º�¿g½]Ç"½]¼1Á+¸j»c¸83�¼1Å�º'¿g½]ÁÂÇ�Ê
θi
áØ�Å�º'¿�¸jÁÂ»D¼8ÈF/�ÁÂ¼1Å\¼1Å�º�È8¸jÀÂÁ+Æ\º�Ç:Ë
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�	��
	� � á �  Ø�Å�º�¸�1�È"º�Ç1Õ0º%ÆÐÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�È�Æ º�Ç1ÁÂÕ0º%Æ 3�Ç8¸j¹ À+¸ /¦Ç8ºXË
È8¸jÀÂÄ ¼1Á+¸j» Ö�� � Í�È8¿º%É�¼1Ç"½  ¼1Å Á+É# ÐÆ�½jÈ1Å�º%ÆÐÉ�Ä Ç1Õ0º 6XÊ�Å Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j» G�Ù[Ø�Ë � G A Í  ¼1Å Á+É# 
È8¸jÀÂÁ+ÆêÉ�Ä Ç1Õ0º 6�½]»�Æ�Å Á%7�ÅÐÇ8º%È8¸jÀÂÄ ¼1Á+¸j» � A · �_Ë3×F9 �KA ÍêÈ1¿�º%É�¼1Ç"½  #*�É_Î�¸j»g½]À+Æêº�¼Q½]À�á�Ñ ����� Ê
¼1Å ÁÂ» È8¸jÀÂÁ+Æ�É�Ä Ç1Õ0º 6Xá�Ø�Å�º ¼1Å ÁÂ» Æ ¸j¼1¼8º%Æ É�Ä Ç1Õ0ºÝÈ1Å�¸ /QÈd¼1Å�º É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» 3�Ç8¸j¹
¼1Å�ºTG_Ù�Ø�Ë � G A Í�È1¿�º%É�¼1Ç"½Ð½03 ¼8º�Ç�É%¸j»DÕ0¸jÀÂÄ ¼1Á+¸j» ¸83�¼1Å�ºKÈ1¿º%É�¼1Ç"½</�ÁÂ¼1Å�½���½]Ä�È8È1ÁH½]»�Ó�ÀÂ¼8º�Ç
¸83�Ö �>×F* � Ñ�Ñ �  �¹ È −1 ¼8¸Ô¹�½]¼8É8Å\¼1Å�º�Ç8º%È8¸jÀÂÄ ¼1Á+¸j»\¸83�¼1Å�º|Ö�� � ÍÝÈ1¿�º%É�¼1Ç"½�á A Ç1Ç8¸jÇ8È
3 ¸jÇ�¼1Å�º�Ö�� � ÍÐ½]»�Æ �KG A ÍÔÈ1¿�º%É�¼1Ç"½|Åg½%Õ0ºL1�º%º�»Ðº%È8¼1ÁÂ¹�½]¼8º%Æ 3 Ç8¸j¹³¼1Å�º�¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�ÈQ½jÈ
Æ º%È8É�Ç1Á%1�º%Æ ÁÂ» ¼1Å�º�¼8ºM@�¼�á

Ç8¸jÇL1g½]Ç8È�½]Ç8º|½<1 ÁÂ» »�º%Æcº%È1¼1ÁÂ¹�½]¼8ºK¸83�¼1Å�º|¼1Ç"½]»�È1Õ0º�Ç8È8ºKÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» 3 ¸jÇ /�Å Á+É"Å
/qº|Åg½�Õ0ºP/�º�Á%7�ÅD¼8º%Æ ¼1Å�º�ÁÂ»�Æ�ÁÂÕ[Á+Æ�Äg½]À�¹dº�½jÈ8Ä Ç8º�¹dº�»D¼8ÈL/�ÁÂ¼1Å ¼1Å�º'ÁÂ»[Õ0º�Ç8È8ºK¸83�¼1Å�º�ÁÂÇ�º�Ç1Ç8¸jÇ8È
 �È8º%ºKÍ�º%É�¼1Á+¸j» � á � á �Q3 ¸jÇÒ¼1Å�º�É%¸j¹.¿ Ä ¼"½]¼1Á+¸j»\¸83�º�Ç1Ç8¸jÇ8È46Xá �_¸j¼8º�¼1Åg½]¼Ò¼1Å�ºÏÓ�Ç8È1¼K1 ÁÂ» ½]¼Q¼1Å�º
È1¹�½]ÀÂÀ+º%È1¼/È8º�¿g½]Ç"½]¼1Á+¸j» É%¸j»D¼"½]ÁÂ»�È_¸j» ÀÂßÐ¸j»�º�¹dº�½jÈ1Ä Ç8º�¹dº�»D¼�á

Ø�Å�ºê¼1Ç"½]»�È1Õ0º�Ç8È8ºÐÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�Á+ÈKÉ�À+º�½]Ç1ÀÂß Æ º�¼8º%É�¼8º%Æ�¸j»�È8É�½]À+º%È
< 4

½]Ç8É�¹.ÁÂ»(á�9�3�/�º
¹dº�Ç570ºQ¼1Å�ºQ¼�/q¸C1 ÁÂ»�È�1�º�¼�/qº%º�» ��½]»�Æ �'½]Ç8É�¹.ÁÂ»(ÊD¼1Å�ºQÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�Á+ÈqÆ º�¼8º%É�¼8º%ÆÔ½]¼q½81�¸jÄ ¼
¼1Å�º �

σ
À+º�Õ0º�À�á

�_¸j¼8º�¼1Åg½]¼�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»dÉ%¸�º���É�Á+º�»D¼8È�Æ º�Ç1ÁÂÕ0º%ÆP3�Ç8¸j¹ ¼1Å Á+È:/�¸jÇ( 3�¸jÇ#È8¸j¹dº�¸83g¼1Å�º�¿g½]ÁÂÇ8È
¸�1�È8º�Ç1Õ0º%Æ 1Dß � ¸jÀÂÀÂÁÂ»�Æ º|º�¼Ï½]À�á  Ñ ��� � 6_Æ�Á��Aº�Ç_È"¸j¹dº2/�Åg½]¼ 3�Ç8¸j¹ /�Åg½]¼�Á+È 7�ÁÂÕ0º�» ÁÂ»\¼1Å�º�ÁÂÇ
¿g½]¿�º�ÇF �È8º%º � á � 6Xá�Ø�Å Á+È�Á+ÈqÆ�Ä�ºQ¼8¸�È1ÀÂÁ%7�ÅD¼�Æ�Á���º�Ç8º�»�É%º%È�ÁÂ»d¼1Å�ºÒÇ8º%Æ�Ä�É�¼1Á+¸j»ê¸83A¼1Å�ºÒÆ�½]¼"½�½]»�Æ
¼1Å�ºÏÆ º�¼8º�Ç1¹.ÁÂ»g½]¼1Á+¸j»\¸837¼1Å�ºÏÉ%¸j»[¼1ÁÂ»DÄ Ä ¹Ýá

� � ��� ��� ��� � � � � ��� � � � �

Ø�Å�ºq¹dº�½jÈ1Ä Ç8º�¹dº�»D¼8È�¸83g¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»KÇ8º�¿�¸jÇ1¼8º%Æ|ÁÂ»|Ö7Á%7�á � á � ½]Ç8ºq¼1Å�º
½%Õ0º�Ç"½870º�¸837¼1Å�º'É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�¸83#¼1Å�º�ÁÂ»�Æ�ÁÂÕ[Á+Æ�Äg½]À�È1¿º%É�¼1Ç"½

ξi(∆v)
 �%$ È1¿�º%É�¼1Ç"½

ÁÂ» ¼1Å�ºÏÉ�½jÈ8º'¸837Ö�� � Í ½]»�Æ Ñ � ÁÂ»Ý¼1Å�ºÏÉ�½jÈ"º�¸83 � G A Í=6XÊ

ξ̄(∆v) =
1

N

N
∑

i=1

ξi(∆v) .
 � á $ 6

Ø�Å�º º�Ç1Ç8¸jÇc¸83Ô¼1Å�º ¹dº�½]» É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3 Ä »�É�¼1Á+¸j» Á+È\¼1Å�º�» É%¸j¹.¿ Ä ¼8º%Æ ½jÈ�Ê
(∆ξ)2 '
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�	��
	� � á �  Ø�Å�ºÔ¸�1�È8º�Ç1Õ0º%Æ ¼1Ç"½]»�È1Õ0º�Ç8È"ºêÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�É%¸�º���É�Á+º�»D¼ 3 ¸jÇ�ÁÂ»�Æ�ÁÂÕ�Á+Æ�Äg½]À�¿g½]ÁÂÇ8È
 1 ÀH½jÉ# Ô¼1Ç1ÁH½]»=7�À+º%È�Ê�Æ�½jÈ1Å�º%Æêº�Ç1Ç8¸jÇ>1g½]Ç8È �[È8º%º � á � 6�½]»�Æê½C1 ÁÂ» »�º%Æ º%È1¼1ÁÂ¹�½]¼8º_¸83í¼1Å�º/¼1Ç"½]»�È:Ë
Õ0º�Ç8È8ºÔÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»  �È"¸jÀÂÁ+Æ º�Ç1Ç8¸jÇT1g½]Ç8È46XáíØ�Å�ºÔº�Ç1Ç8¸jÇP1g½]Ç8ÈC3�¸jÇ�¼1Å�ºdÁÂ»�Æ�ÁÂÕ�Á+Æ�Äg½]À
¹dº�½jÈ1Ä Ç8º�¹dº�»[¼8È�½]Ç8º�º%È1¼1ÁÂ¹�½]¼8º%ÆdÄ�È1ÁÂ»=7�¼1Å�º�Æ�½]Ç( DË�¹�½]¼1¼8º�Çq¸j» ÀÂß|È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»Ô½jÈ�ºM@�¿ ÀH½]ÁÂ»�º%Æ
ÁÂ»�Í�º%É�¼1Á+¸j» � á � á ��á

1/N(N − 1)
∑N

i=1[ξi − ξ̄]2.
Ö�¸jÇ�¼1Å�º_¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» ¼1Å�º�Ç8º�Á+È�¸j» ÀÂß�¸j»�º_¹dº�½)Ë

È1Ä Ç8º�¹dº�»[¼  �¸j»�º'¿g½]ÁÂÇ46Q½]¼/º�½jÉ"Å�È8º�¿g½]Ç"½]¼1Á+¸j»(á���º�¼1Å�º�Ç8ºM3 ¸jÇ8º'Ä�È"º�¼1Å�º'Æ�½]Ç( Ð¹�½]¼1¼8º�Ç:Ë3¸j» ÀÂß
È1ÁÂ¹�Ä ÀH½]¼1Á+¸j».¼8¸_º%È8¼1ÁÂ¹�½]¼8ºq¼1Å�º�È1¼"½]¼1Á+È8¼1Á+É�½]À�º�Ç1Ç8¸jÇ8È�á ��º�É8Å�¸�¸�È8º�È"½]¹.¿ À+º%È#¸83	Ç"½]»�Æ ¸j¹ È1Á%7�Å[¼:Ë
ÀÂÁÂ»�º%Èq½]À+¸j»=7�¸j»�ºÒ½0@�Á+È�¸83¼1Å�ºJ1�¸ @dÉ�½]Ç8ºM3�Ä ÀÂÀÂß|Ç8º�¿ Ç8¸�Æ�Ä�É�ÁÂ»=7ÏÁÂ»�Æ�ÁÂÕ�Á+Æ�Äg½]Àg¿g½]ÁÂÇ�È"º�¿g½]Ç"½]¼1Á+¸j»�È�Ê
/�½�Õ0º�À+º�»=7�¼1Å>É%¸�Õ0º�Ç"½870º�Ê�Ç8º%È"¸jÀÂÄ ¼1Á+¸j» ½]»�Æ�¼1Å�º »�¸jÁ+È8º ¸83_¼1Å�ºÝÈ8¿º%É�¼1Ç"½\ÁÂ» ¼1Å�º ¸�1�È8º�Ç1Õ0º%Æ
È"½]¹.¿ À+º�áØ�Å�º'À+º�»=7�¼1Å ¸83�¼1Å�º|¸�1�È8º�Ç1Õ0º%Æ�È8¿º%É�¼1Ç"½�Á+È_½]À%/�½%ß�È_ÀH½]Ç570º�Ç_¼1Åg½]» �����

h−1 * ¿�É�Ê
½]»�Æ /qºKÅg½�Õ0º.É%¸j»�É�½]¼8º�»g½]¼8º%Æ�È8º�Õ0º�Ç"½]À�ÀÂÁÂ»�º%È�¸83�È8Á%7�ÅD¼�¼1Å Ç8¸jÄ=7�Å�¼1Å�ºKÈ1ÁÂ¹'Ä ÀH½]¼1Á+¸j»�1¸ @�ÁÂ»
¸jÇ8Æ º�ÇÏ¼8¸ Ç8º�¿ Ç8¸�Æ�Ä�É%º�¸j»�º.¸�1�È"º�Ç1Õ0º%Æ È1¿�º%É�¼1Ç1Ä ¹Ýá �_¸j¼8º.¼1Åg½]¼ /qºdÄ�È8º.¸j» ÀÂßc¸j»�ºd¸jÄ ¼1¿ Ä ¼
¸83�¼1Å�º�È8ÁÂ¹'Ä ÀH½]¼1Á+¸j»\½]¼

z = 2
½]»�Æ Æ�Á+ÆÐ»�¸j¼�¼1Ç1ßÔ¼8¸d½jÉ%É%¸jÄ »D¼K3�¸jÇ�¼1Å�º�¹d¸�Æ º�Ç"½]¼8º�Ç8º%Æ È1Å Á 3�¼

º�Õ0¸jÀÂÄ ¼1Á+¸j»ÝÁÂ» ¸jÄ ÇQÈ*½]¹.¿ À+º�á ��º�ºM@�¼1Ç"½jÉ�¼ ��������� Æ�Á���º�Ç8º�»[¼QÇ8º�½]ÀÂÁ%$�½]¼1Á+¸j»�È 3�Ç8¸j¹ ¼1Å�º�È1ÁÂ¹�Ä�Ë
ÀH½]¼1Á+¸j»(á���º�¼1Å�º�»dÓ�¼q½ ��½]Ä�È8È1ÁH½]».¼8¸Ï¼1Å�ºQÆ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»�¸83�¼1Å�º�Õ�½]ÀÂÄ�º%È�¸83¼1Å�ºÒÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»
3�Ä »�É�¼1Á+¸j» ½]¼�º�½jÉ"Å�È8º�¿g½]Ç"½]¼1Á+¸j»

ξ̂j

½]»�Æ Ä�È8º|¼1Å�º|Ç1¹dÈ�¸83q¼1Å�º.Æ�Á+È8¼1Ç1Á%1 Ä ¼1Á+¸j» ½jÈ�º%È1¼1ÁÂ¹�½]¼8º
3 ¸jÇ�¼1Å�º�º�Ç1Ç8¸jÇQ¸83�¼1Å�º�¼1Ç"½]»�È1Õ0º�Ç8È8º'É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»\½jÈ�Ç8º�¿¸jÇ1¼8º%ÆÐÁÂ»ÝØ7½81 À+º � á � ½]»�Æ
Ö7Á%7�Ä Ç8º � á � á

�_¸j¼8º|¼1Åg½]¼_¼1Å�º|º�Ç1Ç8¸jÇ8È�Ã[Ä�¸j¼8º%Æ�Å�º�Ç8ºK¸j» ¼1Å�ºPI�Ä�@�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�ÈÏ½]Ç8º|¸j» ÀÂß
ÁÂ»�Æ�Á+É�½]¼1ÁÂÕ0º 1�º%É�½]Ä�È8º�¼1Å�º�ßÝ½]Ç8º�È1¼1Ç8¸j»=7�ÀÂß É%¸jÇ1Ç8º�ÀH½]¼8º%Æ  �È"º%º *�É%Î�¸j»g½]À+ÆÝº�¼/½]À�á�Ñ ����� 6Xá

��� ��� � �ê<í= ��?�BD@��]<�� < �d< � �]C�B�íC ³? �? �]@�= � �3? 	jC  ��<(B0BDC ��? 	0@�<�� �5�
�
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Ø�Å�ºKÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�½]»�Æc¼1Ç"½]»�È1Õ0º�Ç8È8º.É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3 Ä »�É�¼1Á+¸j»�È�Ç8ºMIgº%É�¼'¼1Å�º.É�ÀÂÄ�È1¼8º�Ç1ÁÂ»=7
¸83�¼1Å�º Ä »�Æ º�Ç1ÀÂß�ÁÂ»=7 ¹�½]¼1¼8º�ÇÔÆ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j» ÁÂ» Ç8º�½]À�È1¿g½jÉ%º�½]À%1�º�ÁÂ¼�ÁÂ» ½�È8¸j¹dº2/�Åg½]¼êÁÂ»�Ë
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Æ�ÁÂÇ8º%É�¼)/�½�ß0á�Ø�Å�º É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�È.É�½]À+É�Ä ÀH½]¼8º%Æ 3 Ç8¸j¹ ¹d¸�É# È1¿º%É�¼1Ç"½�¿ Ç8¸�Æ�Ä�É%º%Æ
3�Ç8¸j¹ »[Ä ¹dº�Ç1Á+É�½]ÀÒÈ1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È�½]Ç8ºÝ½]»�ºM@�É%º�ÀÂÀ+º�»[¼.¼8¸[¸jÀ�¼8¸\¼8º%È1¼K¼1Å�º º"��º%É�¼8È.¸83/Ç8º%È8¸jÀÂÄ�Ë
¼1Á+¸j»(ÊÇ8º%Æ È1Å Á 3�¼�È8¿g½jÉ%º|Æ�Á+È8¼8¸jÇ1¼1Á+¸j»(Ê�¼1Å�º�Ç1¹�½]À 1 Ç8¸0½jÆ º�» ÁÂ»=7\½]»�Æ�»�¸j»�Ë�ÀÂÁÂ»�º�½]ÇÏº�Õ0¸jÀÂÄ ¼1Á+¸j»�¸83
¼1Å�º�7�Ç"½�Õ[ÁÂ¼"½]¼1Á+¸j»g½]À�É�ÀÂÄ�È1¼8º�Ç1ÁÂ»=7�á ��ºQÄ�È8º�Å�º�Ç8ºÒ¼1Å�º ��� Ñ 3 É%º�ÀÂÀ�3 Ä ÀÂÀ�Å[ß�Æ�Ç8¸]Ë3È8ÁÂ¹'Ä ÀH½]¼1Á+¸j» Æ º%È:Ë
É�Ç1Á%1�º%Æ ÁÂ» Í�º%É�¼1Á+¸j» � á � á���á �>Å�º�»�¼1Å�º�Ç1¹�½]À 1 Ç8¸0½jÆ º�» ÁÂ»=7 ½]»�Æ Ç8º%Æ È1Å Á 3�¼:Ë3Æ�Á+È1¼8¸jÇ1¼1Á+¸j» ½]Ç8º
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¼1Å�º�ßDË�$|¿ ÀH½]»�º�Ê /qº|¼"½! 0º|¼1Å�º�È1Á%7�Å[¼1ÀÂÁÂ»�ºK¿g½]Ç"½]ÀÂÀ+º�À#¼8¸�¼1Å�ºP@�Ë�½0@�Á+È�½jÈ_¼1Å�ºÏÓ�Ç8È1¼�È1¿�º%É�¼1Ç1Ä ¹
¸83�½Ô¿g½]ÁÂÇ�á ��º|¼1Å�º�» Ä�È8º|¼�/q¸Ð¿g½]Ç"½]ÀÂÀ+º�À�ÀÂÁÂ»�º%È�¸83�È1Á%7�ÅD¼�È8º�¿g½]Ç"½]¼8º%Æ 1[ß\½êÆ�Á+È1¼"½]»�É%º
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¼1Å�ºÔßDË3Æ�ÁÂÇ8º%É�¼1Á+¸j»�½]»�Æ�$�Ë3Æ�ÁÂÇ8º%É�¼1Á+¸j»(Ê7Ç8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß0Ê�¼8¸�É%¸j¹.¿ Ä ¼8ºÔ¼1Å�ºÔÈ"º%É%¸j»�Æ È1¿�º%É�¼1Ç1Ä ¹
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¼1Å�ºÐ¹d¸�É# È1¿º%É�¼1Ç"½ /�º�Ç8ºÝÉ�½]À+É�Ä ÀH½]¼8º%Æ /�ÁÂ¼1Å ½\Ç8º%È8É�½]À+º%Æ Á+¸j» Á%$%ÁÂ»=7HI�Ä�@ È1Ä�É"Å�¼1Åg½]¼.¼1Å�º
¿ Ç8¸�1g½81 ÁÂÀÂÁÂ¼3ß�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»  #&�Î�Ö 6|¸83Ò¼1Å�ºOI�Ä�@ Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»�¹�½]¼8É"Å�º%È.¼1Åg½]¼
¸83q¸jÄ Ç�¸�1�È8º�Ç1Õ0º%Æ È1¿�º%É�¼1Ç"½ê½]¼_¼1Å�º|È"½]¹dº|Ç8º%Æ È1Å Á 3 ¼ 3 ¸jÇ
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È1¼"½]Ç1¼1ÁÂ»=7O/�ÁÂ¼1Å�½]»�½]Ç51 ÁÂ¼1Ç"½]Ç1ß Á+¸j» Á%$%ÁÂ»=7QI�Ä�@ ½]»�Æ\½jÆ]ÌtÄ�È1¼1ÁÂ»=7�¼1Å Á+È I�Ä�@ÝÈ1¼8º�¿ 1[ßÐÈ8¼8º�¿Ý¼1ÁÂÀÂÀ
¼1Å�ºqÓ�¼�Á+È#¸�1 ¼"½]ÁÂ»�º%ÆAá���º?3�¸jÄ »�Æ|¼1Åg½]¼�¼1Å Á+È#¿ Ç8¸�É%º%Æ�Ä Ç8º�Á+È�È1ÁÂ¹.ÁÂÀH½]Ç�½]ÀÂ¼1Å�¸jÄ=7�Åd¹d¸jÇ8º�Ç8¸�1 Ä�È1¼
¼1Åg½]»�¼1Å�º/É%¸j»DÕ0º�»[¼1Á+¸j»g½]À¿ Ç8¸�É%º%Æ�Ä Ç8º/¼8¸�¹�½]¼8É8Åê¼1Å�ºQ¹dº�½]»<I�Ä�@dÁÂ»d¼1Å�ºÒÙAß�¹�½]»�Ë

α
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9�»�Æ º%º%ÆAÊ�¼1Å�º|Ó�¼Ï¸83q¼1Å�º)&�Î�Ö>¹.ÁÂ» ÁÂ¹.Á%$�º%ÈÏ¼1Å�ºKÇ8¸jÀ+ºK¿ ÀH½�ß0º%Æ!1Dß ¸�Õ0º�Ç8Æ º�»�È1ÁÂ¼1Á+º%È|½]»�Æ ¼1Å�º
º"�Aº%É�¼Ò¸83#É%¸�È8¹.Á+É�Õj½]Ç1ÁH½]»�É%º�á

Ø�Å�º_¼1Å Á+É# ½]»�Æê¼1Å ÁÂ» Æ ¸j¼1¼8º%Æ É�Ä Ç1Õ0º%È�ÁÂ»ÐÖ7Á%7�á � á $ È1Å�¸ /ÏÊ�Ç8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß0Ê�¼1Å�º_À+¸j»=7�ÁÂ¼1Ä�Ë
Æ�ÁÂ»g½]ÀA½]»�Æ�¼1Ç"½]»�È1Õ0º�Ç8È"ºÒÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»�È�ÁÂ»ÔÇ8º�½]ÀÈ1¿g½jÉ%º�½jÈ�É�½]À+É�Ä ÀH½]¼8º%ÆO3�Ç8¸j¹ ¹d¸�É# 
È1¿�º%É�¼1Ç"½�¿ Ç8¸�Æ�Ä�É%º%Æ 3�Ç8¸j¹ù¼1Å�º 3 Ä ÀÂÀ0Å[ß�Æ�Ç8¸]Ë3È8ÁÂ¹'Ä ÀH½]¼1Á+¸j»(á ��º�Åg½�Õ0º�½87D½]ÁÂ»�Ä�È8º%Æ'¸jÄ ÇíÓgÆ�Ä�É�ÁH½]À
É%¸�È1¹d¸jÀ+¸�7�Á+É�½]À(¿g½]Ç"½]¹dº�¼8º�Ç8ÈQ¼8¸�Ç8º�ÀH½]¼8º�Õ0º�À+¸�É�ÁÂ¼3ß ½]»�ÆÝ½]»=7�Ä ÀH½]ÇQÈ8º�¿g½]Ç"½]¼1Á+¸j»(á=E_È�ºM@�¿�º%É�¼8º%Æ
¼1Å�º�¼N/q¸êÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»�È/½]Ç8º�½]ÀÂ¹d¸�È8¼QÁ+Æ º�»D¼1Á+É�½]À�áØ�Å�ºÏÆ�½jÈ1Å�º%Æ�É�Ä Ç1Õ0º%ÈÒÈ1Å�¸ /¦¼1Å�º
È"½]¹dºQÉ%¸j¹.¿g½]Ç1Á+È"¸j»</�ÁÂ¼1Å�¼1Å�ºÒº"��º%É�¼�¸83¼1Å�º�Ç1¹�½]À 1 Ç8¸0½jÆ º�» ÁÂ»=7�ÁÂ»�É�ÀÂÄ�Æ º%ÆAá�Ø�Å�º�Ç8ºÒ½]Ç8ºQ»�¸ /
È1Á%7�» Á�ÓgÉ�½]»[¼ÏÆ�Á���º�Ç8º�»�É%º%È�á E�¼�È1¹�½]ÀÂÀ�È8É�½]À+º%ÈÒ¼1Å�º|À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j» ºM@�Ë
É%º%º%Æ È(¼1Å�º�¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»C3 Ä »�É�¼1Á+¸j» /�Å ÁÂÀ+ºq½]¼(ÀH½]Ç570º�È8É�½]À+º%ÈA¼1Å�º�¸j¿ ¿¸�È1ÁÂ¼8º�Á+ÈA¼1Ç1Ä�º�á
Ø�Å�º�È8¸jÀÂÁ+ÆêÉ�Ä Ç1Õ0º%È�È1Å�¸ / ¼1Å�º�º"��º%É�¼�¸83íÁÂ»�É�ÀÂÄ�Æ�ÁÂ»=7K¿�º%É�Ä ÀÂÁH½]Ç�Õ0º�À+¸[É�ÁÂ¼1Á+º%È�á�Ø�Å�º�É%¸jÇ1Ç8º%È1¿�¸j»�Ë
Æ�ÁÂ»=7cÇ8º%Æ È1Å Á 3�¼dÆ�Á+È1¼8¸jÇ1¼1Á+¸j» 3�Ä Ç1¼1Å�º�Çdº�» Åg½]»�É%º%È.¼1Å�º Æ�Á��Aº�Ç8º�»�É%º%ÈQ1�º�¼�/qº%º�» À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À
½]»�Æ ¼1Ç"½]»�È1Õ0º�Ç8È8ºKÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»!3�Ä »�É�¼1Á+¸j»�È�áAØ�Å�º.È8É�½]À+ºKÆ º�¿�º�»�Æ º�»�É%ºd¸83�¼1Å�º.Æ�Á��Aº�Ç8º�»�É%ºKÁ+È
È1ÁÂ¹.ÁÂÀH½]Ç�¼8¸Ð¼1Åg½]¼ÏÆ�Ä�ºK¼8¸Ð¼1Å�º�Ç1¹�½]À 1 Ç8¸0½jÆ º�» ÁÂ»=7�1 Ä ¼�¼1Å�º.Æ�Á���º�Ç8º�»�É%º%È'½]Ç8º.È8Á%7�» Á�ÓgÉ�½]»D¼1ÀÂß
ÀH½]Ç570º�ÇÒº%È1¿�º%É�ÁH½]ÀÂÀÂß ½]¼ÒÈ8É�½]À+º%È�ÀH½]Ç570º�ÇQ¼1Åg½]»\Ñ ���  [¹ È −1 ¸jÇ_Ñ.½]Ç8É�¹.ÁÂ»(á

E ¿ Ç8¸j¿�º�Ç�ÃDÄg½]»[¼1ÁÂ¼"½]¼1ÁÂÕ0º�Ä »�Æ º�Ç8È1¼"½]»�Æ�ÁÂ»=7�¸83í¼1Å�º%È"º/º"�Aº%É�¼8ÈJ/�ÁÂ¼1ÅÐ¼1Å�ºÒÅ�º�ÀÂ¿ ¸83í»[Ä ¹dºXË
Ç1Á+É�½]À�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È�/�ÁÂÀÂÀ�1º�º%È8È8º�»[¼1ÁH½]À�3�¸jÇ�½]¼1¼8º�¹.¿ ¼8È�¼8¸_Ä�È8º�¼1Å�º�É%¸j¹.¿g½]Ç1Á+È8¸j»d¸83�¸�1�È8º�Ç1Õ0º%Æ
À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]Àí½]»�ÆÔ¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»�È�¼8¸�¹dº�½jÈ1Ä Ç8º�É%¸�È1¹d¸jÀ+¸�7�Á+É�½]À�¿g½]Ç"½)Ë
¹dº�¼8º�Ç8È�áAØ�Å Á+È /�¸jÄ À+Æc»�º%º%Æ�½O3�Ä ÀÂÀ#È"º�¼Ï¸83�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È'È1¿g½]» » ÁÂ»=7 ¼1Å�º /�Å�¸jÀ+º.Ç"½]»=70º.¸83
¿g½]Ç"½]¹dº�¼8º�Ç8È�½]»�ÆÐÁ+È�¼1Å�º�Ç8ºM3�¸jÇ8º 1º�ß0¸j»�Æ ¼1Å�º'È8É%¸j¿º�¸83#¼1Å Á+È�¿g½]¿�º�Ç�á
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½jÈ�ÁÂ» ¼1Å�º�Ä ¿ ¿�º�ÇQ¿g½]»�º�À�á
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Ø�Å�º_½81 ÁÂÀÂÁÂ¼3ß.¸83
Λ
·�ÎL* ¹d¸[Æ º�À+È�¼8¸�Ç8º�¿ Ç8¸[Æ�Ä�É%ºÒ¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»<3�Ä »�ÉXË

¼1Á+¸j» ¸83�¼1Å�º�ÙAß�¹�½]»�Ë
α
3 ¸jÇ8º%È1¼�Åg½jÈJ1º%º�» Æ º�¹d¸j»�È1¼1Ç"½]¼8º%Æ 1[ß�¹�½]»[ßÐ½]Ä ¼1Å�¸jÇ8È  �º�á 7�ág·qÇ8¸83�¼

º�¼Ò½]À�á�Ñ ��� Ñ�Ê=G_Á+º�À(º�¼Ò½]À�á�Ñ ��� Ñ�Ê � ¸jÀÂÀÂÁÂ»�Æ º�º�¼_½]À�á�Ñ ��� � 6�½]»�ÆAÊg½jÈ /qºL/�ÁÂÀÂÀ�È8º%ºL1º�À+¸ /ÏÊ�¼1Å�º
È"½]¹dº�Á+È�¼1Ç1Ä�º>3 ¸jÇ�¸jÄ Ç�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È�á0Ø�Å�º�¼1Å ÁÂ»dÈ"¸jÀÂÁ+ÆdÉ�Ä Ç1Õ0º%È�ÁÂ»dÖ7Á%7�á � á m È1Å�¸ / ¼1Å�º�¹dº�½]»
À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» ¸�1 ¼"½]ÁÂ»�º%Æ 3 ¸jÇÒ¹d¸�É# ÝÈ8¿º%É�¼1Ç"½d¿ Ç8¸[Æ�Ä�É%º%Æ�3 Ç8¸j¹ ¼1Å�º
ÅDß�Æ�Ç8¸�Æ�ß[»g½]¹.Á+É�½]ÀQÈ1ÁÂ¹�Ä ÀH½]¼1Á+¸j» ½]¼

z = 2
 À+¸ /qº�Ç�É�Ä Ç1Õ0º 6K½]»�Æ

z = 3
 Ä ¿ ¿º�Ç.É�Ä Ç1Õ0º 6Xá

Ø�Å�ºKÉ�Ä Ç1Õ0º%È�» Á+É%º�ÀÂß�1 Ç"½jÉ  0º�¼�¼1Å�ºK¸�1�È8º�Ç1Õ0º%ÆcÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»!3�Ä »�É�¼1Á+¸j» ¸�1 ¼"½]ÁÂ»�º%Æ 3�Ç8¸j¹h¼1Å�º
Å Á%7�Å�Ë�Ç8º%È8¸jÀÂÄ ¼1Á+¸j» Æ�½]¼"½O/�ÁÂ¼1Å ½Ô¹dº%Æ�ÁH½]»cÇ8º%Æ È1Å Á 3�¼�¸83

z = 2.39
á �_¸j¼8º.½87D½]ÁÂ»c¼1Å�ºKÈ1ÀÂÁ%7�ÅD¼

ºM@ É%º%È8È�¸83�¼1Å�º_À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»Ý¸837¼1Å�º � G A ÍêÆ�½]¼"½.½]¼�ÀH½]Ç570º�È8É�½]À+º%È



�[� �[� � �*�),�!��]�8�8!��'$%���1���85U��������,��Â,���������� &Ô�), �
α � �����"!�� � � �

�	��
	� � á m  Ø�Å�º�¸�1�È8º�Ç1Õ0º%ÆÐÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j» 3�Ç8¸j¹³¼1Å�º�Å Á%7�Å Ç8º%È8¸jÀÂÄ�Ë
¼1Á+¸j» � G A ÍÔÈ1¿�º%É�¼1Ç"½  ¼1Å Á+É# ÐÈ8¸jÀÂÁ+Æ É�Ä Ç1Õ0º 6�É%¸j¹.¿g½]Ç8º%Æ ¼8¸K¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»
3�Ä »�É�¼1Á+¸j»�½jÈ|¹dº�½jÈ1Ä Ç8º%Æ ÁÂ» ¼1Å�ºO3 Ä ÀÂÀ�ÅDß�Æ�Ç8¸]Ë3Æ�ß�»g½]¹.Á+É�½]ÀÒÈ1ÁÂ¹'Ä ÀH½]¼1Á+¸j» ½]¼

z = 2
 À+¸ /qº�Ç

¼1Å ÁÂ» É�Ä Ç1Õ0º 6�½]»�Æ
z = 3

 Ä ¿ ¿º�ÇÒ¼1Å ÁÂ» É�Ä Ç1Õ0º 6XÊ Ç8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß

/�Å Á+É8Å�Á+È�Ê�Å�¸ /�º�Õ0º�Ç�Ê�¿ Ç8¸�1g½81 ÀÂßÐ»�¸j¼ÒÈ1¼"½]¼1Á+È8¼1Á+É�½]ÀÂÀÂßÐÈ8Á%7�» Á�ÓgÉ�½]»D¼�á
Ø�Å�º�¼1Ç"½]»�È1Õ0º�Ç8È"º'É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�É%¸j»[¼"½]ÁÂ»�ÈÒ¿ Ç8º%É�Á+¸jÄ�È/Æ�ÁÂÇ8º%É�¼ÒÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»�¸j»Ý¼1Å�ºÏ¿ ÅDß�È1Á+É�½]À
È1Á%$�º ,]É%¸jÅ�º�Ç8º�»�É%ºXË�À+º�»=7�¼1Å ¸83Q¼1Å�ºÐ½81�È8¸jÇ51 ÁÂ»=7cÈ1¼1Ç1Ä�É�¼1Ä Ç8º%ÈK½jÈ'ÁÂ¼|Á+È'À+º%È"È|½ �Aº%É�¼8º%Æ�1[ßcÇ8º%Æ�Ë
È1Å Á 3�¼ÒÈ1¿g½jÉ%ºÏÆ�Á+È8¼8¸jÇ1¼1Á+¸j»�ÈÒ¼1Åg½]»�¼1Å�ºÏÀ+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À#É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3�Ä »�É�¼1Á+¸j»(ágÖ Ä Ç1¼1Å�º�Ç1¹d¸jÇ8º�Ê
½êÉ%¸j¹.¿g½]Ç1Á+È8¸j»�¸83q¼1Å�º|À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]Àq½]»�Æ\¼1Ç"½]»�È1Õ0º�Ç8È"º.É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»�È�É�½]»  ½]¼
À+º�½jÈ1¼�ÁÂ»�¿ Ç1ÁÂ»�É�ÁÂ¿ À+º  È8¼1Ç8¸j»=7�ÀÂßKÉ%¸j»�È8¼1Ç"½]ÁÂ»ÔÉ%¸�È1¹d¸jÀ+¸�7�Á+É�½]À¿g½]Ç"½]¹dº�¼8º�Ç8È�ÁÂ»�¿g½]Ç1¼1Á+É�Ä ÀH½]Ç

ΩΛ
á

Ø�Å�ºê¼1Å Á+É# È8¸jÀÂÁ+Æ É�Ä Ç1Õ0ºÔÁÂ» Ö7Á%7�Ä Ç8º � á ��� È8Å�¸ /QÈK¸jÄ Ç.º%È1¼1ÁÂ¹�½]¼8ºÐ¸83Ò¼1Å�º�¼1Ç"½]»�È8Õ0º�Ç8È8º
É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»)3�Ä »�É�¼1Á+¸j» 3 Ç8¸j¹ ¼1Å�º?3�Ä ÀÂÀ�Å[ß�Æ�Ç8¸]Ë3Æ�ß�»g½]¹.Á+É�½]À	È8ÁÂ¹'Ä ÀH½]¼1Á+¸j»�½]¼

z = 2
á.9�¼#½87�Ç8º%º%È

/qº�ÀÂÀ'/�ÁÂ¼1Å�¸jÄ Ç�¹dº�½jÈ1Ä Ç8º�¹dº�»D¼#¸83 ¼1Å�º�¸�1�È8º�Ç1Õ0º%ÆÏ¼1Ç"½]»�È8Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»P3 Ä »�É�¼1Á+¸j»  ¹dº�½]»
Ç8º%Æ È1Å Á 3�¼ ∼ Ñ�á � 6:/�Å Á+É"ÅÔÁ+ÈqÈ1Å�¸ /�»Ð½jÈ�¼1Å�ºQÈ"¸jÀÂÁ+Æ�Æ ¸j¼8È /�ÁÂ¼1Åêº�Ç1Ç8¸jÇ
1g½]Ç8È�á[Ø�Å�º�¼1Å ÁÂ»ÔÆ�½jÈ8Å�º%Æ
É�Ä Ç1Õ0º�È1Å�¸ /QÈ#¼1Å�ºq¿ Ç8º%Æ�Á+É�¼1Á+¸j»Ô¸83gÀÂÁÂ»�º�½]Ç�¼1Å�º%¸jÇ1ß  �Ï½]Á+È8º�Ç � m%$ � �.*\É�Î_¸j»g½]À+ÆQ( *�ÁÂÇ"½]À+Æ�½)Ë
A È8É�Ä�Æ ¾ � mMmMm 6 3 ¸jÇí¼1Å�º�É%¸�È1¹d¸jÀ+¸�7�Á+É�½]À�¿g½]Ç"½]¹dº�¼8º�Ç8È�½jÈ8È1Ä ¹dº%ÆP3 ¸jÇ�¼1Å�ºqÅDß�Æ�Ç8¸]Ë3È1ÁÂ¹'Ä ÀH½]¼1Á+¸j»(á
Ø�Å�º�¼1Å ÁÂ» È8¸jÀÂÁ+ÆÝ½]»�Æ Æ ¸j¼1¼8º%Æ É�Ä Ç1Õ0º%È�È1Å�¸ / ¼1Å�º�¿ Ç8º%Æ�Á+É�¼1Á+¸j» ¸83�ÀÂÁÂ»�º�½]Ç�¼1Å�º%¸jÇ1ß<3�¸jÇ

Ωm =
0.1

½]»�Æ
Ωm = 1.0

ÊíÇ8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß  ½jÈ8È1Ä ¹.ÁÂ»=7\½ I	½]¼'Ä » ÁÂÕ0º�Ç8È8º�Þ
ΩΛ + Ωm = 1

½]»�Æ
½jÆ]Ì:Ä�È1¼1ÁÂ»=7�¸j¼1Å�º�Ç|¿g½]Ç"½]¹dº�¼8º�Ç8È'¼8¸ÝÓ�¼'¼1Å�ºÔÆ�½]¼"½ 6Xá�Ø�Å�º�ÀÂÁÂ»�º�½]Ç'¼1Å�º%¸jÇ1ß�¿ Ç8º%Æ�Á+É�¼1Á+¸j»�ÈK½]Ç8º
»�¸jÇ1¹�½]ÀÂÁ%$�º%Æ È"¸.¼1Åg½]¼Q¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À7É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3�Ä »�É�¼1Á+¸j»ÝÁ+È 1�º%È1¼�Ó�¼1¼8º%Æ 3 ¸jÇ

∆v >
200

 �¹ È −1 á E/È_ºM@�¿º%É�¼8º%ÆAÊ	¼1Å�º'ÀÂÁÂ»�º�½]Ç_¿ Ç8º%Æ�Á+É�¼1Á+¸j»�ÈÏ½87�Ç8º%º|Ç8º�½jÈ8¸j»g½81 ÀÂß /�º�ÀÂÀ�/�ÁÂ¼1Å\¼1Å�º
»DÄ ¹dº�Ç1Á+É�½]À�È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�½]¼ÒÀH½]Ç570º|È8É�½]À+º%ÈK1 Ä ¼_Ä »�Æ º�Ç1¿ Ç8º%Æ�Á+É�¼8È�¼1Å�º'É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»
È1Ä=1�È1¼"½]»[¼1ÁH½]ÀÂÀÂß ½]¼�È8¹�½]ÀÂÀqÈ8É�½]À+º%È�áíØ�Å�º�»�¸j»�Ë�ÀÂÁÂ»�º�½]ÇKº"��º%É�¼8È|¸83 7�Ç"½%Õ�ÁÂ¼"½]¼1Á+¸j»g½]À�É�ÀÂÄ�È1¼8º�Ç1ÁÂ»=7
½]Ç8ºÏÉ�À+º�½]Ç1ÀÂßêÕ[Á+È8Á%1 À+º�ÁÂ» ¼1Å�ºÏ¸�1�È8º�Ç1Õ0º%Æ ¼1Ç"½]»�È8Õ0º�Ç8È8ºÏÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»(á

Î�º%È1¿ ÁÂ¼8ºÔ¼1Å�º�ÀH½]Ç570º�ÇKÈ"½]¹.¿ À+º  ½81¸jÄ ¼|¼1Å Ç8º%ºÔ¼1ÁÂ¹dº%È�¹d¸jÇ8ºÔ¿g½]ÁÂÇ8ÈK½]¼
θ < 3

½]Ç8É�¹.ÁÂ»
¼1Åg½]» ÁÂ» � ¸jÀÂÀÂÁÂ»�Æ º�º�¼Ò½]À�á Ñ ��� � 6�½]»�ÆÐ¼1Å�º�É%¸jÇ1Ç8º%È8¿¸j»�Æ�ÁÂ»=7�ÀÂßÐÈ1¹�½]ÀÂÀ+º�ÇQº�Ç1Ç8¸jÇ8È�Ê=/�º�É�½]» »�¸j¼
ß0º�¼�Æ�Á+È1¼1ÁÂ»=7�Ä Á+È1Å 1º�¼N/qº%º�» Æ�Á���º�Ç8º�»[¼�Õj½]ÀÂÄ�º%È�¸83

Ωm
á�Ø�Å Á+È�É%¸j»�Ó�Ç1¹dÈq¼1Å�º/¿ Ç8º%Æ�Á+É�¼1Á+¸j»�ÈJ1Dß

� ¸jÀÂÀÂÁÂ»�Æ º�º�¼Ò½]À�á  Ñ ��� � 6Q½]»�Æ *�É�Î�¸j»g½]À+Æ� Ñ ��� � 6q¼1Åg½]¼ÒÈ8Á%7�» Á�ÓgÉ�½]»D¼ÒÉ%¸j»�È1¼1Ç"½]ÁÂ»[¼8ÈÒ¸j»
ΩΛ
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	� � á ���  Ø�Å�º 1 ÁÂ» »�º%ÆÔº%È8¼1ÁÂ¹�½]¼8º/¸83(¼1Å�º/¸�1�È8º�Ç1Õ0º%Æ�¼1Ç"½]»�È8Õ0º�Ç8È8º/É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j»
 �È8¸jÀÂÁ+Æ º�Ç1Ç8¸jÇO1g½]Ç8È46.Á+È�È1Å�¸ /�» ¼8¸�70º�¼1Å�º�Ç /�ÁÂ¼1Å ¼1Å�º\º%È1¼1ÁÂ¹�½]¼8º�¸83Ï¼1Å�ºÝ¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ:Ë
Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j» 3 Ç8¸j¹ ¼1Å�º)3�Ä ÀÂÀ�Å[ß�Æ�Ç8¸]Ë3È1ÁÂ¹�Ä ÀH½]¼1Á+¸j»  ¼1Å Á+É# È8¸jÀÂÁ+Æ É�Ä Ç1Õ0º 6'½]»�Æ ÀÂÁÂ»�º�½]Ç
¿ Ç8º%Æ�Á+É�¼1Á+¸j»�È 3 ¸jÇ

Ωm
� � á � Ê � á��.½]»�Æ �  ¼1Å ÁÂ»ÝÈ8¸jÀÂÁ+ÆAÊ Æ�½jÈ1Å�º%Æ ½]»�Æ Æ ¸j¼1¼8º%ÆÐÀÂÁÂ»�º%È�Ç8º%È1¿�º%ÉXË

¼1ÁÂÕ0º�ÀÂß0Êg½jÈ8È8Ä ¹.ÁÂ»=7�½PI	½]¼�Ä » ÁÂÕ0º�Ç8È8ºdÞ
ΩΛ + Ωm = 1

� È8º%º�¼8ºM@�¼46Xá Ø�Å�º�»�¸jÇ1¹�½]ÀÂÁ%$�½]¼1Á+¸j»�¸83
¼1Å�ºLI�Ä�@ ÁÂ»Ý¼1Å�º�È1ÁÂ¹'Ä ÀH½]¼1Á+¸j»�Á+È�Ó=@ º%Æ ÁÂ» ¸jÇ8Æ º�ÇQ¼8¸�Ç8º�¿ Ç8¸[Æ�Ä�É%º'¼1Å�ºÏ¸�1�È8º�Ç1Õ0º%Æ I�Ä�@ &�Î�Ö
 �Í�º%É�¼1Á+¸j» � á � á � 6XáAØ�Å�ºKÀÂÁÂ»�º�½]Ç�¼1Å�º%¸jÇ1ß\¿ Ç8º%Æ�Á+É�¼1Á+¸j»�È�½]Ç8º|»�¸jÇ1¹�½]ÀÂÁ%$�º%Æc¼8¸ÐÇ8º�¿ Ç8¸�Æ�Ä�É%ºK¼1Å�º
À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3 Ä »�É�¼1Á+¸j»\½]¼QÀH½]Ç570ºÏÈ8É�½]À+º%È�á

Ç8º%Ã[Ä ÁÂÇ8º�½ÒÀH½]Ç570º�Ç7»DÄ ¹C1�º�Ç�¸83g¿g½]ÁÂÇ8È�á!�_È1ÁÂ»=7/¼1Å�ºL �É�Ç8¸�È8È46(¿�¸ /qº�Ç�È8¿º%É�¼1Ç1Ä ¹ ÁÂ»�È1¼8º�½jÆK¸83�¼1Å�º
¼1Ç"½]»�È1Õ0º�Ç8È8ºd½]»�Æ\À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»H3 Ä »�É�¼1Á+¸j»�È�Ê *\É|Î_¸j»g½]À+Æ  Ñ ��� � 6_º%È8¼1ÁÂ¹�½]¼8º%È
¼1Åg½]¼�¸83 ¼1Å�º�¸jÇ8Æ º�Ç7¸83 � �= 

θ
, � Û-6 2 Ã[Äg½jÈ"½]Ç(¿g½]ÁÂÇ8Èí¸j»|È8É�½]À+º%È(Ä ¿'¼8¸ ��� ½]Ç8É�¹.ÁÂ»K½]Ç8º�»�º%É%º%È8È"½]Ç1ß

¼8¸K¿�º�Ç 3�¸jÇ1¹ ¼1Å�º�¼8º%È8¼�á=93» ½jÆ Æ�ÁÂ¼1Á+¸j»(Êg¿º�Ç 3 ¸jÇ1¹.ÁÂ»=7d¼1Å�º E/À+É%¸[É  ( &#½jÉ2$%ß���È( [ÁA¼8º%È8¼QÄ�È1ÁÂ»=7
¼1Å�ºKÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3 Ä »�É�¼1Á+¸j»�ÈÏ½]¼�È1¹�½]ÀÂÀ�È8É�½]À+º%ÈQ ≤ �Ð½]Ç8É�¹.ÁÂ»c¸jÇ � ���  �¹ È −1 ½]¼

z
� Ñ 6

/�ÁÂÀÂÀ(Ç8º%Ã[Ä ÁÂÇ8º�¼1Å�º�Ä�È8ºÏ¸83�½|ÀH½]Ç570ºÏÈ1Ä ÁÂ¼8º�¸83 3�Ä ÀÂÀ(ÅDß�Æ�Ç8¸]Ë3Æ�ß[»g½]¹.Á+É�½]À7È1ÁÂ¹'Ä ÀH½]¼1Á+¸j»�È�á

��� ����� � C=	�?��_? � �]<(B � 	0@�<�� �0� �0	�Cg= �

� � � � ��� � ��� � � � �
� ��� � � � � �

�/Ä Ç|È"½]¹.¿ À+º�Á+È|½]À+È8¸ /�º�ÀÂÀ�È8Ä ÁÂ¼8º%Æ�¼8¸ È8¼1Ä�Æ�ßc¼1Å�º�È1¿g½]¼1ÁH½]À�Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j» ¸83Q¼1Å�º<7D½jÈ
Ç8º%È1¿�¸j»�È1Á%1 À+ºT3 ¸jÇ�¼1Å�ºd½jÈ8È8¸�É�ÁH½]¼8º%Æ ¹dº�¼"½]Àq½81�È8¸jÇ1¿ ¼1Á+¸j»�ÁÂ» ��Í �³È8¿º%É�¼1Ç"½�á ��ºKÅg½�Õ0º.¹�½)Ë
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ÊAÉ%¸jÇ1Ç8º%È1¿�¸j»�Æ�ÁÂ»=7Ý¼8¸ ½êÆ º�»�È1ÁÂ¼3ß ¸83 ��á � È8ß�È1¼8º�¹dÈ_¿�º�Ç�Ä » ÁÂ¼�Ç8º%Æ È1Å Á 3 ¼�á ��º

½]¿ ¿ ÀÂß ¼1Å�º �_º�½]Ç8º%È1¼:Ë �/º�Á%7�Å'1¸jÇ.¹dº�¼1Å�¸�ÆAÊ�½jÈKÆ º%È8É�Ç1Á%1º%Æ ÁÂ» ��¸jÄ »=7cº�¼.½]À�áJ Ñ ����� 6|½]»�Æ
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	� � á � Ñ  � 1�È8º�Ç1Õ0º%Æ Ù(¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�3�Ä »�É�¼1Á+¸j» ¸83/· ��� È8ß�È1¼8º�¹dÈ�É%¸j¹KË
¿ Ä ¼8º%Æ ½]À+¸j»=7Ô¼1Å�º �%$ ÀÂÁÂ»�º%È_¸83�È1Á%7�Å[¼�á	Ø�Å�º|Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»cºM@�¿�º%É�¼8º%Æ�3 Ç8¸j¹h½d¿�¸j¿ Ä ÀH½]¼1Á+¸j»
¸83#Ç"½]»�Æ ¸j¹.ÀÂßÝÆ�Á+È1¼1Ç1Á%1 Ä ¼8º%Æ\· ��� È1ß�È1¼8º�¹dÈ�Á+ÈÒÈ1Å�¸ /�»�½jÈQ¼1Å�ºÏÆ�½jÈ1Å�º%Æ É�Ä Ç1Õ0º�á � 
 
��8��
(� �
,��85 Þ�¼1Å�º)/�Å�¸jÀ+º.È"½]¹.¿ À+ºdÁ+È�Ä�È8º%ÆAáAØ�Å�º�Ç8º.Á+È'½]»�ºM@ É%º%È8È�¸j»�È1¹�½]ÀÂÀ�È"É�½]À+º%ÈÏ½]»�Æ ½]Ç8¸jÄ »�Æ
Ñ �������  [¹ È −1 áíØ�Å Á+È�Á+È�Æ�Ä�º�¼8¸\½]» ºM@�É%º%È8È�¸83ÒÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» ½]À+¸j»=7�¼1Å�º�ÀÂÁÂ»�º%È�¸83ÒÈ1Á%7�Å[¼
¼8¸ � ����� � − Ñ m � E�Ê "	� � ����� Ñ − Ñ m � � ½]»�Æ � ����� Ñ − Ñ m � À+¸�É�½]¼8º%Æ�ÁÂ» ¼1Å�º�È"½]¹dºKÓgº�À+Æ
 7�Ç8¸jÄ ¿ ¸83�ÃDÄg½jÈ*½]Ç8È46Xá �#� ���8��
(�),��85 Þ È"½]¹dº 1 Ä ¼ /�ÁÂ¼1Å�¸jÄ ¼Ò¼1Å�º 7�Ç8¸jÄ ¿(á

E/Ç"½jÉ�ÁÂÀ_º�¼ ½]À�á  Ñ ��� Ñ 6d¼8¸ ¼1Å�º\É%¸jÇ1Ç8º%È1¿¸j»�Æ�ÁÂ»=7 ÀÂÁ+È1¼Ð¸83K· ��� È1ß�È1¼8º�¹dÈ�áqÖ�¸jÇÐº�½jÉ8Å¦½81�Ë
È8¸jÇ1¿ ¼1Á+¸j»�ÀÂÁÂ»�ºd½]À+¸j»=7Ý¸j»�º ��Í �³ÀÂÁÂ»�º.¸83�È1Á%7�Å[¼�Ê /qºdÈ"º�½]Ç8É8Åc¼1Å�ºd½jÆ]Ì8½jÉ%º�»D¼ ��Í � ÀÂÁÂ»�º.¸83
È1Á%7�Å[¼L3�¸jÇ�¼1Å�º|»�º�½]Ç8º%È1¼O ÁÂ» Õ0º�À+¸�É�ÁÂ¼3ß 6�½81�È8¸jÇ1¿ ¼1Á+¸j»cÀÂÁÂ»�ºd½]»�ÆcÉ%¸j»�È1¼1Ç1Ä�É�¼'¼1Å�ºKÅ Á+È1¼8¸�7�Ç"½]¹
¸83�¼1Å�º'É%¸jÇ1Ç8º%È8¿¸j»�Æ�ÁÂ»=7ÐÕ0º�À+¸�É�ÁÂ¼3ß Æ�Á��Aº�Ç8º�»�É%º%È) �È8º%º'Ö7Á%7�á � á ��� 6Xá �/Ä Ç�É%¸j¹.¿ À+º�¼8º|È"½]¹.¿ À+º
É%¸j»D¼"½]ÁÂ»�È�Ñ � ½]»�Æ � m ½jÈ"È8¸[É�ÁH½]¼1Á+¸j»�È
/�ÁÂ¼1ÅÔÕ0º�À+¸�É�ÁÂ¼3ßdÈ"º�¿g½]Ç"½]¼1Á+¸j»�È�È8¹�½]ÀÂÀ+º�Ç�¼1Åg½]» ������� ½]»�Æ
� �������  [¹hÈ −1 Ê�Ç8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß0áØí¸Ðº%È1¼1ÁÂ¹�½]¼8º�¼1Å�º'¿�¸�È8È1Á%1 À+º�ºM@�É%º%È8È_¸83�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» /�ÁÂ¼1Å
Ç8º%È1¿�º%É�¼�¼8¸�Ç"½]»�Æ ¸j¹.ÀÂßdÀ+¸�É�½]¼8º%Æê½81�È8¸jÇ1¿ ¼1Á+¸j»êÀÂÁÂ»�º%È�Ê'/qºÒ¿ Ç8¸[Æ�Ä�É%º%Æ ��������� È1ÁÂ¹'Ä ÀH½]¼8º%ÆÔÀÂÁÂ»�º
ÀÂÁ+È1¼8ÈÔÆ�Ç"½ /�» 3 Ç8¸j¹ï½ ¿�¸j¿ Ä ÀH½]¼1Á+¸j»>¸83ÏÇ"½]»�Æ ¸j¹.ÀÂß Ç8º%Æ È8Å Á 3 ¼8º%Æ ÀÂÁÂ»�º%È�Ê�¼"½! �ÁÂ»=7 ¼1Å�º\È"½]¹dº
»DÄ ¹P1º�Çê¸83_ÀÂÁÂ»�º%Èê½]»�Æ�¼1Å�º È"½]¹dº /�½%Õ0º�À+º�»=7�¼1Å>Ç"½]»=70º%ÈÔ½jÈ.ÁÂ» ¼1Å�º ¸�1�È8º�Ç1Õ0º%Æ È1¿�º%É�¼1Ç"½�á
Ø�Å�º/Ç8º%È1Ä ÀÂ¼8È�¸83�½]¿ ¿ ÀÂß[ÁÂ»=7|¼1Å�º/È*½]¹dºÒ¹dº�¼1Å�¸�Æê¼8¸Ï¼1Å�º_È1ÁÂ¹'Ä ÀH½]¼8º%ÆêÀÂÁÂ»�º_ÀÂÁ+È1¼8È�½]Ç8ºK7�ÁÂÕ0º�» ½jÈ
Æ ¸j¼1¼8º%Æ ÀÂÁÂ»�º%ÈÒÁÂ»ÝÖ�Á%7�Ä Ç8º � á ��� á
9�» ¼1Å�º�À+¸ /qº�Ç�¿g½]»�º�À�¸83�Ö7Á%7�á � á ��� /qº|É%¸j¹.¿g½]Ç8º|¼1Å�º�É�Ä ¹�Ä ÀH½]¼1ÁÂÕ0º.Æ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»�È�¸83�¼1Å�º
Õ0º�À+¸�É�ÁÂ¼3ß Æ�Á���º�Ç8º�»�É%º%È 3 Ç8¸j¹ ¸jÄ ÇÝ¸�1�È8º�Ç1Õ0º%ÆùÈ"½]¹.¿ À+º�½]»�Æ 3�Ç8¸j¹¶½ Ç"½]»�Æ ¸j¹.ÀÂß À+¸�É�½]¼8º%Æ
¿�¸j¿ Ä ÀH½]¼1Á+¸j»�¸83�· ��� ½81�È"¸jÇ51º�Ç8È�á E �'ÍÝ¼8º%È8¼F7�ÁÂÕ0º%ÈÏ½ � $
� É"Åg½]»�É%ºK¿ Ç8¸�1g½81 ÁÂÀÂÁÂ¼3ß ¼1Åg½]¼
¼1Å�º.Æ�Á��Aº�Ç8º�»�É%º)1º�¼N/qº%º�» ¼1Å�º.¼�/�¸ÝÆ�Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»�ÈÏÁ+ÈÏÀH½]Ç570º�Ç�¼1Åg½]»H/�Åg½]¼ÏÁ+È�¸�1�È8º�Ç1Õ0º%ÆcÁ 3
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	� � á � �  Ø /�¸ È8º%É�¼1Á+¸j»�È�¸83|¼1Å�ºcÈ1¿�º%É�¼1Ç"½ ¸83 � ����� � − Ñ m � EF(L"  �È8º�¿g½]Ç"½]¼8º%Æ 1Dß
� á��|½]Ç8É�¹.ÁÂ» 6�½]»�Æ � ����� Ñ − Ñ m � � ½]»�Æ � ����� Ñ − Ñ m �  �È8º�¿g½]Ç"½]¼8º%Æ<1[ßÔ½81�¸jÄ ¼ � á � ½]Ç8É�¹.ÁÂ»
3�Ç8¸j¹ � ����� � − Ñ m � E|Ê "hÊ�È"º%ºêØ7½81 À+º � á � 6'ÁÂ» ¼1Åg½]¼.¸jÇ8Æ º�Ç 3�Ç8¸j¹ ¼8¸j¿ ¼8¸ 1�¸j¼1¼8¸j¹Ýá#Ø�Å�º
¹dº�½]» Ç8º%Æ È1Å Á 3�¼8ÈK½]Ç8º � á m �\½]»�Æ Ñ�á � �\ÁÂ» ¼1Å�ºÔÄ ¿ ¿�º�Ç.½]»�Æ À+¸ /qº�ÇK¿g½]»�º�À+È�Ê7Ç8º%È1¿�º%É�¼1ÁÂÕ0º�ÀÂß0á
Ø�Å�º.¿�¸�È1ÁÂ¼1Á+¸j»�È�¸83Ò· ��� È8ß�È1¼8º�¹dÈÏ½]Ç8ºdÁÂ»�Æ�Á+É�½]¼8º%Æ!1Dß Æ�½jÈ1Å�º%ÆcÕ0º�Ç1¼1Á+É�½]À�ÀÂÁÂ»�º%È�áAØ�Å�º�Ç8º.Á+È
½]» ¸�Õ0º�Ç8Æ º�»�È1ÁÂ¼�ßê¸83�· ��� È1ß�È1¼8º�¹dÈ�½]À+¸j»=7.¼1Å�º%È8ºÒÀÂÁÂ»�º%È�¸837È1Á%7�ÅD¼Q¸�Õ0º�Ç�¼1Å�º_Ç8º%Æ È1Å Á 3�¼�Ç"½]»=70º
� á � ≤ z ≤ Ñ�á Ñ.½]»�Æ ¸j»�½KÈ1¿g½]¼1ÁH½]ÀíÈ8É�½]À+º�ÀH½]Ç570º�Ç/¼1Åg½]» ��� ½]Ç8É�¹.ÁÂ»(á

¼1Å�º_¼�/�¸dÈ"½]¹.¿ À+º%ÈQ½]Ç8º�Æ�Ç"½ /�» 3�Ç8¸j¹³¼1Å�º�È"½]¹dº_¿¸j¿ Ä ÀH½]¼1Á+¸j»(á Ø�Å�º�Ç8º�Á+ÈQ½�¿�¸�È8È1Á%1 À+º�È1¹�½]ÀÂÀ
ºM@ É%º%È8È/¸83�É�ÀÂÄ�È8¼8º�Ç1ÁÂ»=7ê¸83�· ��� È1ß�È8¼8º�¹dÈÒ¸j» È8É�½]À+º%È/È8¹�½]ÀÂÀ+º�Ç/¼1Åg½]» �������  �¹ È −1 áØ�Å Á+È
È8É�½]À+ºKÁ+È�ÀH½]Ç570º�Ç'¼1Åg½]»�¼1Å�ºK¼3ß�¿ Á+É�½]ÀqÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�À+º�»=7�¼1Å(Ê�¸83�½81�¸jÄ ¼ �������  �¹ È −1 ÊAÈ8º%º�»
ÁÂ» ¼1Å�º À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À_É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j» ¸83�· ��� È8ß�È1¼8º�¹dÈ  � ½]Ä�É"Å º�¼ê½]À�á � mMm�� �
&�Á+É"Å�¸j»ùº�¼ ½]À�á�Ñ ��� � ��"�¸  �È8º�»'1º�Ç57�ÊÒÍ�½]Ç570º�»[¼ ( � ½]Ä�É"ÅùÑ ��� � �/Í�É�½]» »g½]¿ Á+º%É%¸ º�¼ ½]À�á
Ñ ����� 6XáíØ�Å Á+ÈÏÁ+È'Æ�Ä�º.¼8¸ ½]»�ºM@ É%º%È8È�¸83�½jÈ8È"¸[É�ÁH½]¼1Á+¸j»�È�ÁÂ» ¼1Å�º)1 ÁÂ»

∆v ∼ � �����  [¹ È −1 á
Ø�Å�º_É%¸jÇ1Ç8º%È1¿¸j»�Æ�ÁÂ»=7�· ��� ½jÈ8È"¸[É�ÁH½]¼1Á+¸j»�È�½]Ç8º/À+¸[É�½]¼8º%ÆÔÁÂ»Ô¼1Å�º_¿�º%É�Ä ÀÂÁH½]Ç�Ógº�À+ÆÐÉ%¸j»[¼"½]ÁÂ» ÁÂ»=7
¼1Å�ºÏÃ[Äg½]Ç1¼8º�¼ � ����� � − Ñ m � EL(L"_Ê � ����� Ñ − Ñ m � � ½]»�Æ � ����� Ñ − Ñ m �  ½]ÀÂÀ 3 ¸jÄ ÇQÃDÄg½jÈ"½]Ç8È
½]Ç8º\È8º�¿g½]Ç"½]¼8º%Æ 1Dß À+º%È"È�¼1Åg½]» ��� ½]Ç8É�¹.ÁÂ» 6Xá 93» 3 ½jÉ�¼�Ê m ¸jÄ ¼ê¸83'¼1Å�ºcÑ � ½jÈ8È8¸�É�ÁH½]¼1Á+¸j»�È
/�ÁÂ¼1Å

∆v <
�������  [¹ È −1  �È8º%º�»�ºM@�¼�Í�º%É�¼1Á+¸j» 6Ò½]Ç8º 3 ¸jÄ »�Æ ÁÂ» 3�Ç8¸j»D¼_¸83�¼1Å�º%È8ºÏÃ[Äg½jÈ"½]Ç8È�á

9�3P/qº�Ç8º�¹d¸�Õ0ºc¼1Å Á+ÈÝÃ[Äg½]Ç1¼8º�¼ 3�Ç8¸j¹ ¼1Å�º�È"½]¹.¿ À+º�Ê�¼1Å�º��'Í ¿ Ç8¸�1g½81 ÁÂÀÂÁÂ¼�ß>Á+ÈÝÁÂ»�É�Ç8º�½jÈ8º%Æ
¼8¸ Ñ �
� á�Ø�¸ ½jÈ"É%º�Ç1¼"½]ÁÂ»>¼1Å�º\¸�Õ0º�Ç8Æ º�»�È8ÁÂ¼3ß>ÁÂ» ¼1Å Á+ÈÔÓgº�À+ÆAÊ>/qº\È1Å�¸ /hÁÂ» Ö7Á%7�á � á � Ñ ¼1Å�º
À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»Q3�Ä »�É�¼1Á+¸j»Q3 ¸jÇ�¼1Å�º�/�Å�¸jÀ+ºQÈ"½]¹.¿ À+ºT Ä ¿ ¿º�Ç�¿g½]»�º�À 6�½]»�Æ 3 ¸jÇ�¼1Å�º
È"½]¹.¿ À+º /�ÁÂ¼1Å�¸jÄ ¼/¼1Å�º 7�Ç8¸jÄ ¿  À+¸ /qº�Ç_¿g½]»�º�À 6XágØ�Å�º�Ç8º�Á+ÈÒÁÂ»�Æ º%º%Æ ½.È1¼1Ç8¸j»=7ÔºM@�É%º%È8ÈQÁÂ»Ý¼1Å�º
É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» 3�Ä »�É�¼1Á+¸j» ¸83�¼1Å�º /�Å�¸jÀ+ºÝÈ"½]¹.¿ À+º 3 ¸jÇ

∆v <
� �����  [¹¢È −1 ½]»�Æ ½]Ç8¸jÄ »�Æ

Ñ �������  �¹ È −1 /�Å Á+É8Å\Æ�Á+È"½]¿ ¿º�½]Ç8ÈK/�Å�º�»Ý¼1Å�ºL7�Ç8¸jÄ ¿ÝÁ+È�Ç8º�¹d¸�Õ0º%Æ 3�Ç8¸j¹ ¼1Å�º�È"½]¹.¿ À+º
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Ø�Å�ºK¿g½]ÁÂÇ8ÈÏÁÂ»c¼1Å�º.É�Ä Ç1Ç8º�»[¼'È"½]¹.¿ À+º.Åg½�Õ0º�½ê¹dº�½]» È8º�¿g½]Ç"½]¼1Á+¸j» ÀH½]Ç570º�Ç�¼1Åg½]» Ñ ½]Ç8É�¹.ÁÂ»
 �È8º%ºÔØ�½81 À+º � á � 6XáíØ�Å�ºêÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» ½]¼�È1¹�½]ÀÂÀ+º�ÇKÈ8º�¿g½]Ç"½]¼1Á+¸j»�ÈKÉ�½]»�1�º�ºM@�¿º%É�¼8º%Æ ¼8¸ 1�º
ÀH½]Ç570º�Ç�á 9�»�Æ º%º%ÆAÊ�É%¸j¹.¿g½]Ç1ÁÂ»=7�¼1Å�ºÐÇ8º%È1Ä ÀÂ¼8Èd¸83

N
Ë�1�¸[Æ�ß È1ÁÂ¹'Ä ÀH½]¼1Á+¸j»�È�¼8¸ Å Á%7�Å È1¿�º%É�¼1Ç"½]À

Ç8º%È8¸jÀÂÄ ¼1Á+¸j» ¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�È�Ê7Í�É�½]» »g½]¿ Á+º%É%¸ º�¼�½]À�á> Ñ ����� 6�Åg½�Õ0ºÔÈ1Å�¸ /�» ¼1Åg½]¼�Ê#½]¼
z ∼ 3

Ê
¼1Å�º�À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À(· ��� É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»O3 Ä »�É�¼1Á+¸j»ÔÁ+È�É%¸j»�È1Á+È1¼8º�»[¼
/�ÁÂ¼1ÅÔ½Ï¹d¸[Æ º�À�/�Å�º�Ç8º_· ���
Á+È�É%¸j»�Ó�»�º%Æ /�ÁÂ¼1Å ÁÂ»)1 Ä=1=1 À+º%È�¸83	¼�ß[¿ Á+É�½]À Ç"½jÆ�ÁÂÄ�È ∼ ÑK*�¿É�É%¸j¹d¸�Õ[ÁÂ»=7ÏÈ1Ä Ç1Ç8¸jÄ »�Æ�ÁÂ»=7'Åg½]À+¸�È
¸83�¹�½jÈ8È ∼ ��� 12 * �

á�E�¼Ò¼1Å Á+ÈQÇ8º%Æ È8Å Á 3 ¼�Ê ¼1Å Á+È_É%¸jÇ1Ç8º%È1¿�¸j»�Æ ÈQ¼8¸ê½.È8º�¿g½]Ç"½]¼1Á+¸j» ¸83�½81�¸jÄ ¼
∼ Ñê½]Ç8É�¹.ÁÂ»(á��/»�3�¸jÇ1¼1Ä »g½]¼8º�ÀÂß0Ê�¼1Å�ºKÈ1¹�½]ÀÂÀ�È1Á%$�ºK¸83q¸jÄ Ç�È"½]¹.¿ À+º|¿ Ç8º�Õ0º�»[¼8È'½]»Dß ½]¼1¼8º�¹.¿ ¼
¼8¸KÉ%¸j»�È1Á+Æ º�ÇQ¸j» ÀÂßÔÈ8¹�½]ÀÂÀ(È8º�¿g½]Ç"½]¼1Á+¸j»�È�á �/Ä Ç�Ç8º%È1Ä ÀÂ¼�Á+È�Ê�Å�¸ /�º�Õ0º�Ç�Ê�É%¸j»�È1Á+È1¼8º�»[¼ /�ÁÂ¼1Å ¼1Å�º�ÁÂÇ
Ó�»�Æ�ÁÂ»=70È�á

� �
	 ��� � � � � ��� �
�

9�¼ÏÁ+È�ÁÂ»[¼8º�Ç8º%È1¼1ÁÂ»=7�¼8¸Ý»�¸j¼8ºd¼1Åg½]¼Ï¼1Å�º�Ç8º�Á+È'½]» ¸�Õ0º�Ç8Æ º�»�È1ÁÂ¼3ß�¸83/· ��� ¿g½]ÁÂÇ8È'ÁÂ»!3 Ç8¸j»[¼
¸83q¼1Å�º�ÃDÄg½]Ç1¼8º�¼ � ����� � − Ñ m � EL(L"�Ê � ����� Ñ − Ñ m � � ½]»�Æ�� ����� Ñ − Ñ m ��á(Ø�Å�º.Æ º�»�È1ÁÂ¼�ß
¸83�· ��� È1ß�È1¼8º�¹dÈ�½]À+¸j»=7 ¼1Å�º 3 ¸jÄ ÇdÀÂÁÂ»�º%È�¸83ÏÈ1Á%7�Å[¼  � á � ¿�º�ÇdÄ » ÁÂ¼dÇ8º%Æ È8Å Á 3 ¼46�½]»�Æ�¼1Å�º
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È1ß�È1¼8¾�¹�½]¼1Á+Ã[Ä�º%Èq»�¾%É%º%È"È1ÁÂ¼8º�ÃDÄ�º/¼8¸jÄ ¼�À�Û�¾%É8Åg½]»D¼1ÁÂÀÂÀ+¸j» ½]ÁÂ¼�È1Ä=1 Á	ÀH½�¹QB�¹dº_Ç8¾%Æ�Ä�É�¼1Á+¸j»(á Î�½]»�È
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É%º�ÀÂÄ ÁíÆ�Ä Û�Ù�½]Ç570º &�Ç8¸�7�Ç"½]¹ÝÛ
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º�¼.½ ¾�¼8¾ÐÉ8Å�¸jÁ+È8Á+ºÔ¿�¸jÄ Ç.½%Õ0¸jÁÂÇ.ÀH½ ¿ ÀÂÄ�ÈP7�Ç"½]»�Æ ºê¿g½]Ç1¼1Á+ºÐÆ ºÐÈ8º%È|¸�1�Ì:º�¼8ÈKÈ1Ä ÁÂÕ�Á+ÈKº�» È1¿�º%ÉXË
¼1Ç8¸�È8É%¸j¿ Á+º�áÙ(º'É�½]¼"½]À+¸�7�Ä�º|¿ Å�¸j¼8¸j¹d¾�¼1Ç1Á+Ã[Ä�ºKÉ%¸j»D¼1Á+º�»D¼ ∼ 35500
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º�¼�»�¸j¼1Ç8º�È8¾�À+º%É�¼1Á+¸j» Ç8º�¼1Ç8¸jÄ Õ0º�Ä »�ºF7�Ç"½]»�Æ º�¿g½]Ç1¼1Á+ºQ m��
� 6�Æ º%È�Ã[Äg½jÈ"½]Ç8È�á
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1g½jÈ"º%ÈqÆ�Ä Í�Î�Í Í.»�¸jÄ�È�¿�º�Ç1¹dº�¼1¼8º�»D¼�Æ º/Æ�Á+È1¿¸�È"º�ÇqÆ ºQ¿ ÀÂÄ�È8Á+º�Ä Ç8È
¼3ß�¿�º%È�Æ º�È8¾�À+º%É�¼1Á+¸j»ÝÈ"º�À+¸j»êÀ+º%È�È1¼1Ç"½]¼8¾27�Á+º%È�Æ º%È�È8Ä ÁÂÕ[Á+È�È1¿�º%É�¼1Ç8¸�È8É%¸j¿ Á+Ã[Ä�º%È�á�&�¸jÄ ÇQÉ"Åg½jÉ�Ä »�º
ÆAÛ�º�»D¼1Ç8º�º�ÀÂÀ+º%ÈQ»�¸jÄ�ÈÒ½�Õ0¸j»�ÈQÄ »�ºÏº%È8¼1ÁÂ¹�½]¼1Á+¸j»�Æ º�À�Û�º���É�½jÉ�ÁÂ¼8¾�á � º�¿ Ç8¾%È8º�»[¼8º'É%¸j¹.¹dº�»D¼_É%º%È
É�Ç1ÁÂ¼D��Ç8º%È�Æ º�È8¾�À+º%É�¼1Á+¸j»�¿º�Ä Õ0º�»[¼
B�¼1Ç8ºQ½]¿ ¿ ÀÂÁ+ÃDÄ�¾%Èq½]Ä.Ç8º�À+º�Õ0¾/·�Ö#×/Ø�Ù�Í.º�¼�ÃDÄ�º�ÀÂÀ+º%È�º�»dÈ8¸j»[¼
À+º%È|É%¸j»D¼1Ç"½]ÁÂ»D¼8º%È�á�Í[Ä Ç|É%º�Ç1¼"½]ÁÂ»�ÈKÉ8Åg½]¹.¿�ÈK¿ Ç8¸83 ¸j»�Æ ÈKÆ�Ä�·�Ö#×_Ø�Ù�Í�»�¸jÄ�È|Æ�Á+È8¿¸�È8¸j»�È|Æ º
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¹d¸j»D¼1Ç8¾�Ã[Ä(Û ½%Õ0º%ÉqÄ »'»�¸j¹P1 Ç8º
3�½]Á%1 À+º�Æ º�¿g½]ÁÂÇ8º%È#Æ º�Ã[Äg½jÈ"½]Ç8È�Ê�ÁÂÀ�¾�¼"½]ÁÂ¼í¿�¸�È8È1Á%1 À+ºqÆAÛ ½jÉ%É%¸jÇ8Æ º�Ç
¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�ÈÐº�¼ÔÈ1ÁÂ¹�Ä ÀH½]¼1Á+¸j»�È�Ê�½]ÁÂ»�È8Á/Ã[Ä�º ÆAÛ�¸�1 ¼8º�» ÁÂÇÐÄ » ¾%É"Åg½]»D¼1ÁÂÀÂÀ+¸j»¦È1Ä ��È"½]»[¼Ô¿�¸jÄ Ç
À�Û�º%È1¼1ÁÂ¹�½]¼1Á+¸j» Æ º�ÀH½.É%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j»\À+¸j»=7�ÁÂ¼1Ä�Æ�ÁÂ»g½]À+º�á�Ùí½dÉ%¸jÇ1Ç8¾�ÀH½]¼1Á+¸j»\¼1Ç"½]»�È1Õ0º�Ç8È8º�¼1Ç8¸jÄ Õ0¾%º ;
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σ
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E_ÈdÃ[Äg½jÈ"½]Ç8È�½]Ç8º ½]¹d¸j»=7 ¼1Å�º 1 Ç1Á%7�ÅD¼8º%È1¼êÈ8¸jÄ Ç8É%º%ÈdÁÂ» ¼1Å�ºÝÈ( �ß0Ê#¼1Å�º�ß�½]Ç8ºÝÄ�È8º%Æ 1Dß
É%¸�È1¹d¸jÀ+¸�7�Á+È1¼8ÈÐÀÂÁ 0º�ÀH½]»D¼8º�Ç1»�È�á�Ø�Å�º�ÁÂÇÐÈ8¿º%É�¼1Ç"½ ½]ÀÂÀ+¸ / ¼1Å�º�¹ï¼8¸ ºM@�¼1Ç"½jÉ�¼�Ê�¼1Å Ç8¸jÄ=7�Å ¼1Å�º
È1¼1Ä�Æ�ß ¸83�½81�È8¸jÇ1¿ ¼1Á+¸j» ÀÂÁÂ»�º%È�Ê7ÁÂ»�3�¸jÇ1¹�½]¼1Á+¸j» ¸j» ¼1Å�ºÐº%Ã[Äg½]¼1Á+¸j» ¸83/È1¼"½]¼8ºÐ¸83Ò¼1Å�ºê¹�½]¼1¼8º�Ç
½]À+¸j»=7 ¼1Å�º|ÀÂÁÂ»�ºK¸83�È1Á%7�Å[¼�á ��º|É�½]»!70¸O3�Ä Ç1¼1Å�º�ÇÏ½]»�Æ Ç8º%É%¸j»�È1¼1Ç1Ä�É�¼�¼1Å�º �jÎ È1¼1Ç1Ä�É�¼1Ä Ç8º.¸83
¼1Å�º�ÁÂ»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÉÒ¹dº%Æ�ÁÂÄ ¹ 1Dß'Ä�È8ÁÂ»=7F7�Ç8¸jÄ ¿�È�¸83�ÃDÄg½jÈ*½]Ç8È�Ê]¿ Ç8¸�Õ�Á+Æ�ÁÂ»=7�¼1ÅDÄ�È#ÁÂ»�3 ¸jÇ1¹�½]¼1Á+¸j»
¸j»Ý¼1Å�º�¼1Ç"½]»�È1Õ0º�Ç8È"ºÏÆ�ÁÂÇ8º%É�¼1Á+¸j»(ágØ�Å�º�Ó�Ç8È8¼QÈ1¼8º�¿ÝÁ+È�¼1Å�º�»Ý¼8¸.À+¸�¸  O3�¸jÇQÈ1Ä�É"Å 7�Ç8¸jÄ ¿�È�á

Ø�¸ÐÁ+Æ º�»D¼1Á 3�ß�¸�1�Ì1º%É�¼8È�Ê�º%È1¿º%É�ÁH½]ÀÂÀÂß\ÃDÄg½jÈ*½]Ç8È�Ê�1[ß ¼1Å�º�ÁÂÇÏÉ%¸jÀ+¸jÇ8È�Ê�¸j»�ºKÉ%¸j¹.¿g½]Ç8º%È'½ÔÆ�½)Ë
¼"½81g½jÈ8ºK¸83�È8ÁÂ¹.ÁÂÀH½]Ç�¸�1�Ì1º%É�¼8È�¼8¸ê»�º2/ ¸�1�È8º�Ç1Õj½]¼1Á+¸j»�È�áAØ�Å�º|Æ�½]¼"½81g½jÈ"º%È�É%¸j»�È1Á+È1¼�¸83�½]ÀÂÀ#¼1Å�º
È1¿�º%É�¼1Ç"½d¸83�Ã[Äg½jÈ"½]Ç8ÈÒÉ%¸jÀÂÀ+º%É�¼8º%Æ\¼1Å Ç8¸jÄ=7�Å\¼1Å�ºÏß0º�½]Ç8È  ¹�½]ÁÂ» ÀÂß É%¸j¹.ÁÂ»=7O3 Ç8¸j¹ ¼1Å�º|Í�ÎÏÍ ÍÊ
Í[À+¸0½]» Î_Á%7�ÁÂ¼"½]À7Í  �ßÐÍ[Ä Ç1Õ0º�ß 6Xá�Ø�Å�º�»�º2/¦¸�1�È8º�Ç1Õ�½]¼1Á+¸j»�ÈQÄ�È"º%ÆÐÁÂ» ¼1Å Á+È�¼1Å�º%È1Á+ÈQÉ%¸j¹dºL3�Ç8¸j¹
¼1Å�º�·�Ö#×_Ø�Ù�Í! �·�½]»g½jÆ�½.Ö Ç"½]»�É%º�×_½ /�½.Ø�º�À+º%È8É%¸j¿�º'Ù(º27D½jÉ�ß Í[Ä Ç1Õ0º�ß 6Xá

*\º�¼1Å�¸[Æ È_Æ º%Æ�Á+É�½]¼8º%Æ�¼8¸d¼1Å�º'È"º�À+º%É�¼1Á+¸j»\¸83�Ã[Äg½jÈ"½]Ç8ÈQÅg½�Õ0º'Ä »�Æ º�Ç570¸j»�º.½dÀ+¸j¼/¸83�º�Õ0¸]Ë
ÀÂÄ ¼1Á+¸j»ê¼1Å Á+ÈqÀH½jÈ8¼�Æ º%É�½jÆ º%È�á �/»�º_¸83í¼1Å�º�¹ Á+È�º%È1¿�º%É�ÁH½]ÀÂÀÂß�Æ º�Õ0¸j¼8º%Æê¼8¸'¸jÄ Ç�¿ Ä Ç1¿¸�È"ºK1[ßdÁÂ¼8È
Ç8º�ÀÂÁH½81 ÁÂÀÂÁÂ¼3ß ½]»�Æ�½jÆ�½]¿ ¼"½81 ÁÂÀÂÁÂ¼3ß�Þ�Ó�¼1¼1ÁÂ»=7d¼8¸ÔÍ[¿�º%É�¼1Ç"½]À A »�º�Ç57�ß Î_Á+È1¼1Ç1Á%1 Ä ¼1Á+¸j»  �Í A Î 6Xá

��º|Ä�È8º�¼1Å�ºdÍ�Î�Í Í\½jÈ�½�¼8º%È1¼:Ë�1º�»�É"Å 3�¸jÇ�¸jÄ Ç�È8º�À+º%É�¼1Á+¸j»(á�Ø�Å�º%È8º|¼8º%È1¼8È�½]ÀÂÀ+¸ / Ä�È_¼8¸
º%È1¼1ÁÂ¹�½]¼8º_¼1Å�º_º���É�Á+º�»�É�ßÔ¸83í¸jÄ Ç�È8º�À+º%É�¼1Á+¸j»(á���º/Ä�È"º/½ÏÓgº�À+Æê¸83�Ñ �KÈ8Ã[Äg½]Ç8º/Æ º27�Ç8º%º%È>3�Ç8¸j¹
¼1Å�ºêÍ�ÎÏÍ ÍÊ�/�Å Á+É8Å É%¸j»D¼"½]ÁÂ»�È ∼ 35000

¸�1�Ì1º%É�¼8È'Æ ¸ /�» ¼8¸\½Ð¹�½87�» ÁÂ¼1Ä�Æ ºÐ¸83
i < 19.2

á
�/Ä ÇqÈ"º�À+º%É�¼1Á+¸j»ÔÇ8º%É%¸�Õ0º�Ç8Èq¹d¸�È8¼F m��
� 6�¸83�¼1Å�º�Í�ÎÏÍ Í.Ã[Äg½jÈ"½]Ç8ÈqÁÂ»�¼1Å Á+È�Ógº�À+ÆAá�Ø�Å�º%È8ºÒ¼8º%È1¼8È
¿ Ç8¸�Õ�Á+Æ º�½]À+È8¸�Æ�Á��Aº�Ç8º�»D¼� �ÁÂ»�Æ Èq¸83íÈ8º�À+º%É�¼1Á+¸j» ½jÉ%É%¸jÇ8Æ�ÁÂ»=7K¼8¸Ï¼1Å�ºÒÓ�»g½]À�3 ¸jÀÂÀ+¸ /�Ë�Ä ¿ È1¼1Ç"½]¼8º27�ß
¼1Åg½]¼ÏÉ�½]»H1�ºd½]¿ ¿ ÀÂÁ+º%ÆAÊí½]»�Æ 3 ¸jÇÏº�½jÉ8Å ¸83�¼1Å�º%È8ºdÈ8º�À+º%É�¼1Á+¸j»�È 9K7�ÁÂÕ0º�½]»�º%È1¼1ÁÂ¹�½]¼8ºd¸83�¸jÄ Ç
º���É�Á+º�»�É�ß0á�9AÈ1Å�¸ / Å�¸ / ¼8¸�½]¿ ¿ ÀÂßÏ¼1Å�º%È8º�È8º�À+º%É�¼1Á+¸j»KÉ�Ç1ÁÂ¼8º�Ç1ÁH½/¸j»|¼1Å�º�·�Ö7×_Ø�Ù�Íá]Ö�¸jÇ�È1¹�½]ÀÂÀ
¿g½]Ç1¼8È�¸83�¼1Å�º/·�Ö#×_Ø�Ù�ÍT/qºQÅg½%Õ0º/½ÏÆ�½]¼"½81g½jÈ8ºQ¸83AÃDÄg½jÈ"½]Ç8È /�Å Á+É8Åê½]ÀÂÀ+¸ /QÈ�Ä�È�¼8¸ÏÃDÄg½]»[¼1Á 3 ß
¼1Å�º�º���É�Á+º�»�É�ßÔ¸83�¸jÄ Ç�¹dº�¼1Å�¸�Æ È�ÁÂ»Ô¼1Å�ºÏ·�Ö#Ø�×_Ù�Íá ��º_º%È8¼1ÁÂ¹�½]¼8º/¼1Å�º�É%¸j¹.¿ À+º�¼8º�»�º%È8È�¸83
¸jÄ ÇÒÈ8º�À+º%É�¼1Á+¸j»\½]¼ m��
� ¸j»Ý¼1Å Á+ÈQÈ1Ä Ç1Õ0º�ß0á

Ø�Å�º ÀH½jÈ8¼dÉ8Åg½]¿ ¼8º�ÇÔÆ º%È"É�Ç1Á%1º%È.¼1Å�º  [ÁÂ»�Æ�¸83L/q¸jÇ( ¼1Åg½]¼Q/�ÁÂÀÂÀ�1�ºÐ»�º%º%Æ º%Æ ¸j»�É%º /�º
/�ÁÂÀÂÀ#Åg½%Õ0ºKÉ%¸jÀÂÀ+º%É�¼8º%Æ º�»�¸jÄ=7�ÅcÀÂÁÂ»�º�¸83�È1Á%7�ÅD¼�á ��º|Åg½%Õ0ºKÈ1Å�¸ /�» /�ÁÂ¼1Åc¸jÄ Ç�È"½]¹.¿ À+ºK¸83 ��Ñ
¿g½]ÁÂÇ8È_¸83�Ã[Äg½jÈ"½]ÇQ¼1Åg½]¼/¼1Å�º'È1Åg½]¿�º'½]»�Æ�É%¸jÇ1Ç8º�ÀH½]¼1Á+¸j»�À+º�»=7�¼1Å ¸83�¼1Å�ºÏ¼1Ç"½]»�È1Õ0º�Ç8È8º�É%¸jÇ1Ç8º�ÀH½)Ë
¼1Á+¸j»!3�Ä »�É�¼1Á+¸j» ¸83�¼1Å�º�½81�È8¸jÇ51 ÁÂ»=7 7D½jÈ�Á+ÈÏÁÂ»!70¸�¸[Æ ½87�Ç8º%º�¹dº�»D¼T/�ÁÂ¼1Å ºM@�¿�º%É�¼"½]¼1Á+¸j»�È 3 ¸jÇ
½81�È8¸jÇ1¿ ¼1Á+¸j» 1[ßêÆ º�»�È8ÁÂ¼3ßOI�Ä�É�¼1Äg½]¼1Á+¸j»�ÈQÁÂ» ¼1Å�ºL/�½]Ç1¹ ¿ Å�¸j¼8¸]Ë�Á+¸j» Á%$�º%Æ�9�»D¼8º�Ç57D½]ÀH½jÉ�¼1Á+ÉC*\ºXË
Æ�ÁÂÄ ¹ ½jÈÏÆ º%È"É�Ç1Á%1º%Æ ÁÂ» ·�ÎL* Ë�ÀÂÁ 0º.È1¼1Ç1Ä�É�¼1Ä Ç8º 3 ¸jÇ1¹�½]¼1Á+¸j» ¹d¸�Æ º�À+È�á 9�»c¿g½]Ç1¼1Á+É�Ä ÀH½]Ç�ÊA¼1Å�º
¼1Ç"½]»�È1Õ0º�Ç8È8ºÐÉ%¸jÇ1Ç8º�ÀH½]¼1Á+¸j» Á+ÈKÆ º�¼8º%É�¼8º%Æ ½]¼K¼1Å�º �
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9�» ¼1Å Á+È Í�º%É�¼1Á+¸j»(Ê>/qº\É%¸j¹.¹dº�»D¼ ¸j» ¿�º%É�Ä ÀÂÁH½]Ç1ÁÂ¼1Á+º%ÈÐ¸83ÏÁÂ»�Æ�ÁÂÕ[Á+Æ�Äg½]À�¸�1�È8º�Ç1Õ0º%Æ ÀÂÁÂ»�º%È
¸83ÏÈ1Á%7�ÅD¼�á�Ø�Å�º Ã[Äg½jÈ"½]Ç�º�¹.Á+È8È1Á+¸j» Ç8º%Æ È1Å Á 3 ¼8Èê½]Ç8ºÝÆ º�¼8º�Ç1¹.ÁÂ»�º%Æ 1Dß Ó�¼1¼1ÁÂ»=7 ½ �Ï½]Ä�È8È1ÁH½]»
¿ Ç8¸]Ó�À+º/¼8¸Ï¼1Å�º_· ��� º�¹.Á+È8È1Á+¸j»ÔÀÂÁÂ»�º�/�Å�º�»ê¿ Ç8º%È8º�»D¼�ÁÂ»�¼1Å�º/È1¿º%É�¼1Ç1Ä ¹ ¸jÇ�¼8¸'¼1Å�ºÒÙAß�¹�½]»�Ë
α
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¹dº�¼"½]ÀÂÀÂÁ+ÉÔ½81�È"¸jÇ1¿ ¼1Á+¸j»(áíØ�Å�º�Ç8ºdÁ+È'»�¸ÝÉ%¸jÇ1Ç8º%È1¿�¸j»�Æ�ÁÂ»=7\½81�È8¸jÇ1¿ ¼1Á+¸j» ¼8¸ /�½]Ç8Æ � �����%$�� � á � Ë
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I 7�� A�A 6*I /�9�6�/�� A$R % ����� I�/�/�6 � I � 9;H$6�R <
7�� 6;HA 7�� 6�/ A�P 6*I�I�6�� 6�6 1 � � � � I�/�9�/ I � 9;H�A$7 <
A�� 6�9/ 7�� /;A A$R 6*I�I�P�� 6*I 1 � � � � I�/�9�/ I � 9;H$6;A <
7�� 9*I6 7�� /;P A�P 6*I�6�7�� 6�R 1 � � � � I�6�7;A I � 9;H
I�8 <
7�� A�PH 7�� /�7 A$R 6*I�6�6�� H$6 1 � � � � I�6�7;A I � 9;H$6;H <
7�� 8�68

<
7�� 6�/ 7�� P$6 6�R 6;A�A$R�� P$6 % � � � I�H$6�RXI � P$/*I�6P

<
7�� 6�6 7�� H�H 6�9 6;A$/;H�� A
I % � � � I�H�H$7XI � P$/*I�7R

<
7�� 6�/ 7�� R�R 6�6 6�/�7;H�� /�8 1 � � � � I�/�9�/4A�� 7�R�9�79

<
7�� 6;H I � 7�9 6�7 6�/�/;A�� R;H 1 � � � � I�6�7;AGA�� 7�R�R�RI�7 I � 8;A /;H 6;H$7�7�� 6;H � � � � � �I�I

<
7�� 6;A 7�� 6�6 /;P 6;H$6;P�� /�9 % � � � I�H$6�RXI � 9�/;P�AI�A 7�� 6�/ /�7 6;H$6;P�� 6�6 � � ����� A$/�R;A 7�� 9�7�R;H

<
7�� 6�6I�/

<
7�� 6�7 7�� A$8 /;P 6;H�H$6�� R�R % � � � I�H�H$7XI � 9�/;P�AI�6 I � 8�6 A�P 6;H$8�/�� 7�6 % � � � I�H$6�R � I � 9�6;P$/ <

7�� /�/I�H /�� P$/ I�R 6;H�P$7�� H
I % � � � I�H�H$7 I � 9�6;P�A
<
7�� /�/% � � � I�H$6�R I � 9;H�AI�8 I � 6�8 I�R 6;H�P$/�� H$8 % � � � I�H$6�R � I � 9;H$6*I <
7�� /;AI�P /�� P�P I�R 6;H�P$8�� /�6 % � � � I�H�H$7 � I � 9;H
I�7 <
7�� /;AI�R I � A�H A$6 6;H$R*I � 7�/ % � � � I�H�H$7 � I � 9;H$6�7 <
7�� /;AI�9

<
7�� 6;A I � /�9 /�R 6;P$R;A�� /*I % � � � I�H$6�R A�� 7�R�R�9A$7

<
7�� 6�/ 7�� R�8 6�7 6;P$9�7�� A�H % � � � I�H�H$7 A�� 7�R�R�9A$/ 7�� 6�R A$9 6�R�8�8�� R�9 % � � � I�H$6�R A�� I�6�/�8

<
7�� /�7A$6 7�� /�7 /�7 6�R;P$6�� 8�8 % � � � I�H�H$7 A�� I�6�/�6

<
7�� /�7A�H 7�� /;H /�/ 6�9�7;A�� H�A % � � � I�H$6�R A�� I�8�8�8

<
7�� /*IA$8 7�� A$6 /;H 6�9*I�7�� 6�/ % � � � I�H�H$7 A�� I�8�8�6

<
7�� /*IA�P 7�� A$7 /�9 6�9�/;H�� A�H � � ����� A�H$R�8X7�� 9�7�R�7

<
7�� /;AA$R 7�� I�I 6�8 6�9�8�7�� 9*I � � ����� A$8�7�7X7�� 9�7;P$9

<
7�� /;AA$9

<
7�� A$R 7�� 6�R /�R H$7*I�H�� 9�R % � � � I�H$6�R A�� A$/�9�9/�7

<
7�� /�7 7�� I�R /�R H$7;A$6�� A$9 % � � � I�H�H$7 A�� A$/�9�R/*I

<
7�� /�6 A�� I�I /�6 H$7;P
I � P�A � � ����� A$/�6�6 I � I�8�/;H/;A

<
7�� /;P I � 6�R /�8 H
I�/;P�� A$7 � � ����� A$/;P$6 I � I�8�/;H/�/

<
7�� /�R A�� 6�8 /�/ H
I�H�H�� A�A � � ����� A$/�R;A I � I�8�/;H/�6 7�� H$R /�7 H$/�/;H�� P$/ �(F ����� A�P$9�8+7�� 9�7�R*I <

7�� A�H/;H 7�� H�A /*I H$/�6�9�� /�9 �(F ����� A$R�7�/+7�� 9�7�R*I <
7�� A�H/�R

<
7�� 6�8 A�� 7�8 /�/ H�H$9�8�� H
I � � ����� A�H$R�8 I � I�8�/�8/�9

<
7�� 6;P A�� 6�8 /�/ H$8;A�H�� R;A � � ����� A$8�7�7 I � I�8�/�8
�+7*I�7�/��\A$9�6�� �+7*I�7�/��\A$9�6;�
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I 7�� I�/ 8�/ /�9�7�6�� 7�7 � � � � � �/
<
7�� A$7 7�� /;P 6�9 /�9;A�H�� H$9 % � � � I�H$6�RXI � H$/;H$86

<
7�� A$7 7�� A$8 6�R /�9�/;A�� 9�/ % � � � I�H�H$7XI � H$/�8*IH

<
7�� A$7 7�� 6�6 6;P /�9�6*I � 6;A % � � � I�H$6�RXI � H$6;H$R8

<
7�� A$7 7�� A�A 6�9 /�9�6;P�� R�R % � � � I�H�H$7XI � H$6;H�PP

<
7�� A$7 I � P$8 6�/ /�9;H$8�� 8�6 % � � � I�H$6�R � I � H�H�H$8R

<
7�� A$7 I � A�H 6�8 /�9�8�/�� /�R % � � � I�H�H$7 � I � H�H�H�P9ZA�� R�6 H$7 6�7�7*I � 8;H � � � � � �I�7

<
7�� A�H 7�� I�H 6;A 6�7�8*I � 7�R 1 � � � � I�/�9�/ I � 9*I�/�RI�I

<
7�� A$8 7�� I�/ 6*I 6�7�R;P�� 9;H 1 � � � � I�6�7;A I � 9*I�6;AI�A 7�� H$/ 6;A 6*I�R;P�� H�A � � � � � �I�/ I � A$R 6�6 6;A$/�R�� P�H % ����� I�/�/�6 A�� I�P$8;A

<
7�� A$9I�6 I � 9�/ 6;A 6;A�P$7�� R�R % � � � I�H$6�R I � P�H$R�8

<
7�� A$RI�H I � A$/ 6�6 6;A�P�P�� 8�8 % � � � I�H�H$7 I � P�H$R�6

<
7�� A$RI�8

<
7�� A�H 7�� 9�R 6;A 6�/;P$/�� 6�7 1 � � � � I�/�9�/4A�� I�/;P$RI�P

<
7�� A$6 7�� H$8 6�/ 6�6�7*I � R;P 1 � � � � I�6�7;AGA�� I�/�R�7I�R 7�� R�/ 6�9 6�6;A$8�� R�9 1 � � � � I�/�9�/=A�� I�P$8;A <

7�� A�PI�9 7�� 6�8 H$/ 6�6;H�H�� 6�7 1 � � � � I�6�7;A4A�� I�P$8*I <
7�� A$8A$7 7�� I�8 H$6 6�6�R�6�� /�/ � � � � � �A
I 7�� A$/ H�H 6�6�R�6�� /�6 % � � � I�H$6�R � I � R�9�8;H <
7�� A$8A�A 7�� 7�R H�H 6;H$7�7�� 9�9 % � � � I�H�H$7 � I � 9�7;A$6 <
7�� A�HA$/

<
7�� A$/ 7�� 9�7 6;H 6;H
I�I � 7�8 % � � � I�H$6�RXI � 9*I�/;PA$6

<
7�� A$/ 7�� H
I 6;H 6;H
I�R�� 8�/ % � � � I�H�H$7XI � 9*I�/�RA�H 7�� A$R H$7 6;H$8�8�� A$8 % � � � I�H$6�R I � 9�6�9�6

<
7�� A�PA$8 7�� A�P H$7 6;H�P$6�� 7�R % � � � I�H�H$7 I � 9�6�9;H

<
7�� A$RA$9

<
7�� A�H 7�� 8�9 6�6 6;P�A$6�� /;A % � � � I�H$6�R A�� 7;H
I�H/�7

<
7�� A$8 7�� /;P 6;H 6;P$/;A�� 7�9 % � � � I�H�H$7 A�� 7;H
I�6/*I 7�� I�P 6�8 6;P�H$9�� 7�6 � � � � � �/;A 7�� 6;H 6�R 6;P$8�9�� 8�8 � � � � � �/;H

<
7�� A�A A�� P$7 6*I 6�R;H�P�� 9;H % � � � I�H$6�R A�� I�/;P$R/�8

<
7�� A
I A�� I�6 6�6 6�R�8;H�� 9;H % � � � I�H�H$7 A�� I�/;P�P/;P I � 6�7 8*I 6�9*I�R�� /;H % � � � I�H$6�R A�� I�P$8�R

<
7�� A�A/�R 7�� 6;A 8*I 6�9;A
I � 9�R % � � � I�H$6�R � A�� I�P$9;A <
7�� A�A/�9 7�� 8�R 8*I 6�9;A$6�� P$R % � � � I�H�H$7 A�� I�P�H�P

<
7�� A
I6�7 7�� /;P 8;H 6�9;A$9�� P$R % � � � I�H�H$7 � A�� I�P$R�9 <
7�� A
I

� 7*I�/;P$/�6�� A	��/�7�/�R�7;A � 7*I�/;P$/�6�� A	��/�7�6�7;H$7
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I
<
I � 7�7 7�� /�/ H$R 6*I�A$R�� P$7 % ����� I�/�/�6 A�� 7�9�/;PA 7�� /�/ 6�6 6;A
I�8�� 7�9 � � � � � �H 7�� 6�8 6�7 6;A$9*I � 8;H � � � � � �8 7�� 6;P 6*I 6�/;A
I � 8�/ ���

� I�A$/�R A�� 6�R�R;H
<
7�� /*IP 7�� A
I 6�7 6�/�/;H�� 8;H ���

� I�A$6;A A�� 6�R�R�8
<
7�� /*I9 7�� /;A /;P 6�/;H$/�� P
I � � � � � �I�7

<
7�� 6�7 7�� A�P /�9 6;H$7�7�� A$6 1 � � � � I�/�9�/4A�� A�A$R�9I�I

<
7�� 6�7 7�� /;H 6�7 6;H�A$9�� 7;H 1 � � � � I�6�7;AGA�� A�A$R�8I�A

<
7�� 6*I 7�� 6�7 6�6 6�8�/�8�� A$7 % � � � I�H$6�RXI � 9�9�6�8I�/

<
7�� 6�7 7�� /�7 6;H 6�8�6�/�� H
I % � � � I�H�H$7XI � 9�9�6�/I�6

<
7�� 6�7 7�� 8;A /�9 6;P$9�7�� 8�9 % � � � I�H$6�R A�� 7�9�6�6I�H

<
7�� /�9 7�� 6*I 6�7 6;P$9�R�� H�P % � � � I�H�H$7 A�� 7�9�6�/I�R

<
7�� /�8 7�� 8;H /�9 6�R�6�9�� I�7 % � � � I�H$6�R A�� I�/;A
II�9

<
7�� /�8 7�� 6*I /�9 6�R;H$8�� 8�R % � � � I�H�H$7 A�� I�/*I�RA$7 7�� 9�8 /�/ 6�R�8*I � 8;A 1 � � � � I�/�9�/=A�� 6�R�R*I <

7�� /*IA
I 7�� A�A /�6 6�R;P$/�� 7;H � � � � � �A�A 7�� H$6 /�/ 6�R�9;A�� R;A 1 � � � � I�6�7;A4A�� 6�R�R�7 <
7�� /*IA$/

<
7�� 6�7 I � I�8 6�7 6�9�9�9�� 7;P % � � � I�H$6�R A�� A�A$R�9A$6

<
7�� 6�7 7�� R�9 6*I H$7�7;P�� H$8 % � � � I�H�H$7 A�� A�A$9*IA�H 7�� /;A /;A H�A$/�9�� 8�/ � � � � � �A$8 A�� /�6 H$7 H$6�7�7�� /�7 % � � � I�H$6�R A�� 6�R�R*I

<
7�� A$9A�P I � R�8 6�R H$6�7�9�� A�P % � � � I�H�H$7 A�� 6�R�R*I

<
7�� A$9

��7;A$/�8��\A$6*I�I �+7;A$/�8��\A$6*I�/
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I
<
I � /;P H�� R;P A�H /�9�6;P�� 6;P ���

� I�A$/�R A�� I�R�8;HA
<
7�� 8�7 8�� /*I A$6 /�9�8�7�� I�H ���

� I�A$6;A A�� I�R�8;H/
<
I � /�7 A�� 8�9 /�6 /�9;P
I � 7;A ���

� I�A$/�R A�� A$7;H�H6
<
I � 6�6 I � P�A /�R /�9�R�6�� A$6 ���

� I�A$6;A A�� A$7;H$R8 7�� H$/ /;H 6�7�7;P�� 9;H � � � � � �P 7�� R;A 6*I 6�7�6�8�� P$/ ���
� I�A$/�R A�� A$8�8�8

<
7�� /�RR 7�� H�P 6�7 6�7;H$9�� 6�6 ���

� I�A$6;A A�� A$8�8�6
<
7�� /�R9 I � A$8 /*I 6*I�9�R�� I�A � � � � � �I�7

<
7�� /;P 7�� /�6 /�7 6;A�P�P�� 8�8 % ����� I�/�/�6 A�� A$7;H$6I�I 7�� 8;P /�7 6�/;A$8�� A$/ % � � � I�H$6�RXI � P$9�6�6

<
7�� 6*II�A

<
7�� H$R 7�� /;A /�7 6�/;A$9�� /�R % � � � I�H$6�RXI � P$9�8�6I�/ 7�� H�A /�7 6�/�/�/�� A�A % � � � I�H�H$7XI � P$9�6;A

<
7�� 6*II�6

<
7�� 6�7 7�� A$6 /�7 6�/�/�8�� 9*I % � � � I�H�H$7XI � P$9�8�8I�H

<
7�� /;P I � R�R A$R 6�/;P$6�� P$6 % � � � I�H$6�RXI � R;A�H�PI�8

<
7�� /�8 I � A$7 A$R 6�/�R;A�� 7;P % � � � I�H�H$7XI � R;A�H�PI�P

<
7�� /�R 7�� 9;P A$R 6�6�6�7�� 8;H 1 � � � � I�/�9�/=A�� I�R�8*II�R

<
7�� /;P I � R*I /*I 6�6�8�R�� /�6 1 � � � � I�/�9�/=A�� A$7�8�7I�9

<
7�� /;P I � R*I /*I 6�6�8�R�� /�6 1 � � � � I�6�7;A4A�� I�R;H$6A$7

<
7�� /;P I � 6*I /�6 6�6�9;P�� I�7 1 � � � � I�6�7;A4A�� A$7;H$9A
I 7�� R�8 /�/ 6;P$9�R�� 8�R � � � � � �A$/

<
I � I�I 7�� 9;A /;A 6�R�6;A�� R�/ % � � � I�H$6�R A�� I�A$R�7A$8

<
7�� /;H 7�� 8*I /�/ 6�R;H$7�� /�/ % � � � I�H�H$7 A�� I�A�P�PA�P 7�� 6�9 /*I 6�9�7�/�� 8�/ � � � � � �A$R 7�� P�H /;A 6�9*I�6�� R�R � � � � � �A$9

<
7�� /�/ H�� R*I A$6 6�9�/�/�� H$7 % � � � I�H$6�R A�� I�R�8�8/�7

<
7�� /�/ H�� A$R A$6 6�9�/�9�� R�8 % � � � I�H$6�R A�� I�9�7;P/*I

<
7�� /�/ H�� A$R A$6 6�9�/�9�� R�8 % � � � I�H�H$7 A�� I�R;H$6/;A

<
7�� /�/ I � /;P /�8 6�9�6�9�� 6�6 % � � � I�H�H$7 A�� I�9*I�8/�/

<
7�� /�/ /�� 8;H /�8 6�9�8;A�� H$R % � � � I�H$6�R A�� A$7;H$6/�6

<
7�� /;A /�� A�A 6�R 6�9;P
I � A$7 % � � � I�H�H$7 A�� A$7;H$8/;H 7�� 8�6 /�9 6�9�R�9�� I�P % � � � I�H$6�R A�� A�A�A$8

<
7�� A$//�8 7�� I�R 6*I 6�9�9;P�� H$/ % � � � I�H�H$7 A�� A�A�A$8

<
7�� A�P/;P 7�� 6*I 6;P H$7;H�P�� A$9 % � � � I�H$6�R A�� A$8�8�8

<
7�� /�//�R 7�� 6�7 6;P H$7�8;H�� P�A % � � � I�H�H$7 A�� A$8�8�8

<
7�� /�//�9 7�� /;H /;P H
I�6�6�� /�R � � � � � �6�7 7�� 8*I /�8 H�A�A$9�� 7*I � � � � � �6�/ 7�� P$8 /�6 H�P$7�8�� A$/ � � � � � �

�#7;A$/�R�/�8�� 9��\A$R;A$/*I�7 �#7;A$/�R�6�9�� 7��\A$R;A
I�7*I
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I 6�� 7;A A�A /�8;P
I � H$7 ���
��� I�7�/*I � A�� H�H�P$9 <

7�� A$RA /�� H$7 A$R /�8�9*I � 6;H ���
��� I�7�/;P � A�� H�H�P$8 <

7�� A$66 7�� A$R R�6 6�/�R;H�� 9�6 � � � � � �H 7�� H$/ H$9 6�/�R�8�� I�R � � ����� A$/�R;A 7�� R�6�7�R
<
7�� A�H8 6�� 8*I H$7 6�6�7�8�� H�A 1 � � � � I�/�9�/4A�� I�8*I�8 <
7�� I�HP 6�� 8*I H$7 6�6�7�8�� H�A ���

� I�A$/�R A�� H�H�P$7
<
7�� I�H1 � � � � I�/�9�/4A�� I�8;ARZA�� 6�9 H�A 6�6;A
I � A$8 ���

� I�A$6;A A�� H�H�P�H
<
7�� I�H9 7�� P$9 H$8 6�6�/�6�� A$7 1 � � � � I�6�7;AGA�� I�8*I�7 <
7�� I�HI�7

<
7�� A�H 7�� 6;A R�6 6�6;H�P�� R*I � � ����� A$/�R;A 7�� R;P$7�9I�I

<
7�� A�P 7�� 6�7 R;H 6�6;P�P�� 9�9 % � � � I�H$6�RXI � R�9;A$6I�A

<
7�� A�P 7�� A$8 R�8 6�6�R;H�� 6*I % � � � I�H�H$7XI � R�9;A$6I�H 7�� A�A 9;P 6;H$/�R�� 7;A � � � � � �I�8 7�� 9;A /�R 6;H$6;P�� 8�6 % � � � I�H$6�RXI � 9�/;P$6

<
7�� I�/I�R 7�� 6;P /�9 6;H�H�H�� 8�/ % � � � I�H�H$7XI � 9�/;P$8

<
7�� I�/I�9 7�� I�P R;P 6�8;A�H�� I�A � � � � � �A$7 7�� 8�/ /�9 6;P$6�7�� R�9 � � � � � �A
I 7�� 6�/ 6*I 6;P$8�7�� 8�9 � � ����� A�H$R�8 7�� R�6�7;H

<
7�� I�HA�A 7�� /�9 R;H 6;P�P$/�� I�7 � � � � � �A$/ 7�� /;P 6*I 6;P$R�6�� H�P � � ����� A$8�7�7 7�� R�6�7*I

<
7�� I�6A�H

<
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<
7�� A�A8 7�� A$8 6;A 6�6;P�A�� 8�8 % � � � I�H�H$7XI � R�R�6*I

<
7�� A$/P 7�� I�R /�/ 6�R�7;A�� R;A � � � � � �9 7�� 6�9 /�6 6�9�7�R�� 6;H � � � � � �I�7

<
7�� /;A 7�� 8�R 6;A 6�9;P$/�� P$9 � � ����� A$/�6�6 I � I�A
I�PI�I

<
7�� /�6 I � 7;P 6*I H$7;H�H�� R;H � � ����� A$/�R;A I � I�A
I�RI�A 7�� 6*I /�6 H$7�8�9�� I�8 % � � � I�H$6�R � A�� A�P$6;A <

7�� A$9I�/ 7�� H�A /�6 H$7;P�P�� H�A % � � � I�H�H$7 � A�� A�P$6;A <
7�� A$9I�6

<
7�� /�8 7�� 6�8 /�9 H
I�H$8�� 9�6 �(F ����� A�P$9�8 7�� R�6�6;AI�H

<
7�� /�8 7�� H�H /�9 H
I�P$7�� R�/ �(F ����� A$R�7�/ 7�� R�6�6�6I�8 I � /;A /;A H�A$8;P�� 6�8 % � � � I�H$6�R A�� 6�7;A$/

<
7�� /*II�P 7�� P$R /;A H�A�P$8�� I�8 % � � � I�H�H$7 A�� 6�7;A$/

<
7�� /�7I�R 7�� A�A 6�7 H$/*I�9�� 7�6 � � � � � �I�9 7�� /�7 /�6 H$/�8�/�� A�P � � � � � �A$7

<
7�� A�P 7�� H�P H$7 H$6�R�R�� H$7 � � ����� A�H$R�8 I � I�A
I�9A
I

<
7�� A$8 7�� 9;P H$6 H�H
I�8�� 9�7 � � ����� A$8�7�7 I � I�A
I�P
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J013734.2−303802   z=2.48
J013734.2−304050   z=2.33

separation=2.80 arcmin

 3500  4000  4500  5000  5500

Q0103−294A   z=2.18
Q0103−294B   z=2.19

separation=2.06 arcmin

Q0102−293   z=2.44
Q0102−2931   z=2.21

separation=9.51 arcmin

J005852.4−272933   z=2.57
J005859.1−273038   z=2.56

separation=1.80 arcmin

J000852.7−290044   z=2.70
J000857.7−290126   z=2.59

separation=1.30 arcmin

 3500  4000  4500  5000  5500

�	� 
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FOCAP QSF:01   z=2.27
FOCAP QSF:04   z=2.05

separation=4.40 arcmin

 3500  4000  4500  5000  5500

J031054.7−293436   z=2.28

J031103.0−293306   z=2.19
separation=2.30 arcmin

J031036.4−305108   z=2.55
J031041.0−305027   z=2.53

separation=1.20 arcmin

J023836.9−282310   z=2.57
J023849.0−282101   z=2.24

separation=3.40 arcmin

Q0236−2411   z=2.26
Q0236−2413   z=2.21

separation=2.60 arcmin

 3500  4000  4500  5000  5500
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J120725.9−024519   z=2.68
J120734.5−024725   z=2.24

separation=3.00 arcmin

 3500  4000  4500  5000  5500

J112108.2+003420   z=2.19
J112116.1+003112   z=2.20

separation=3.70 arcmin

J111200.4−013242   z=2.29
J111201.8−013018   z=2.55

separation=2.40 arcmin

J102827.1−013641   z=2.39
J102832.6−013448   z=2.29

separation=2.30 arcmin

J095800.2−002858   z=2.36
J095810.9−002733   z=2.56

separation=3.00 arcmin

 3500  4000  4500  5000  5500
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J141124.6−022943   z=2.71
J141117.3−023222   z=2.30

separation=3.21 arcmin

 3500  4000  4500  5000  5500

J135001.7−011703   z=2.18
J135003.0−011819   z=2.66

separation=1.30 arcmin

J125556.9+001848   z=2.11
J125606.3+001728   z=2.08
separation=2.70 arcmin

J123510.5−010746   z=2.79
J123511.0−010830   z=2.22

separation=0.74 arcmin

Q1206−1056   z=2.31
Q1207−1057   z=2.45

separation=3.50 arcmin

 3500  4000  4500  5000  5500

�	��
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J215225.8−283058   z=2.74
J215240.0−283251   z=2.74

separation=3.60 arcmin

 3500  4000  4500  5000  5500

J214501.6−303121   z=2.22
J214507.0−303046   z=2.53

separation=1.30 arcmin

Q2139−4504A   z=3.06
Q2139−4504B   z=3.26

separation=0.60 arcmin

Q2129−4653A   z=2.21
Q2129−4653B   z=2.22

separation=2.10 arcmin

J144245.6−024251   z=2.33
J144245.7−023906   z=2.55

separation=3.74 arcmin

 3500  4000  4500  5000  5500

�	� 
�� ·_á �  E_È�¿ Ç8º�Õ�Á+¸jÄ�È1ÀÂß
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J232800.7−271655   z=2.38

J232804.4−271713   z=2.36

separation=0.90 arcmin

 3500  4000  4500  5000  5500

J230301.6−290027   z=2.56

J230318.4−290120   z=2.59

separation=3.80 arcmin

J223850.1−295612   z=2.45

J223850.9−295301   z=2.38

separation=3.18 arcmin

 3500  4000  4500  5000  5500

�	��
	� ·_á �  E_È�¿ Ç8º�Õ[Á+¸jÄ�È1ÀÂß



� m Ñ � , ,����	�.��� � , ,�����"!�� �Ò5*6 �)������$85��



� � � ��� � �

� ��� ���	� 
��� ����� � �����������

��� �



����� �������	�
��������0
����������������! #"$�&%'"(�*)�+

,.-0/�132�4�576�8:9<;>=?-0/#@

ACBED�FHG�I	FKJKFML�NOG�PCQ$RSQUT�L�FMV!PWBED�XYNUJKFMV!T�N�QZB0[�QOJ\D]RSQUT�L	FMV!P �Z^ � [�B`_�acb�QUT�d ^fe QUJKJMQhgjiUFHXkBEDlNUI�N$mnV!G�Tog
P�FMQpb3D�Trq�VZL�QUTrs#QUJKJMV ^
t JKJMQui�V!X�b�T�QUPC[]J\D$b
VZLvL	FKw�FKJKFKI�Np[�B G�PlI	TvD�FKI�QUXYQUPxI�D�b3D�T	Irb
V!G�T�JMQ�L�ycG3D!LvD�T�L{z
QUIpL	G�T	I�V!G�I�G�P|b�T�V!}ZTvD�X�XYQlB`iUJ\D!L�L	F~mnaxgjV!w*�	Q�iUI{B�yxG�Ffb�QUT	XYQUIp[�QYi{D�JMiUG�JMQUTpG�PCQ�b�T�V!w3D�w�FKJKFKI�NYPCV!T	X$D(g
JKFML�N�Q��]b3D�T	I	FKT�[�Q�L�[*F~���UT�QUPxI�Q�LYLvV!T	I	FMQ�L�FMLvL	GCQ�L�[�B`_�a�b
QUT�d ^ ACBED�F�Qh��Q�iUI	GCN�yxGCQUJMycGCQ�L�i��3D�P�}SQUXYQUPcI�L
[*FKT�Q�iUI�QUXYQUPxI>[CD�PCL�JMQ�i�V�[�QrmnV!G�T	P�F ^
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sfJKGCL	FMQUG�T�L$b
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� FKX�b
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T�NhmnNUT�QUPCi�Q ^'e Q�ycG�F�FKX�b�JKFMyxGCQ�D�GCL�L	F�G�PCQ>T�Q�i��CQUT�iv�CQp[�Q>X�FKP�FKXpG�XÜ[CD�PCL�G�P�b�JKGCL�}ZTvD�PC[�FKPxI�QUT	RZD�JKJMQ ^
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/*******************************************************************
Written By Franck 25/12/2005

english :

Test either a point belongs to a polygon
Input 1 is a file with the corners of the pygons, like a .reg DS9 file.
And Input 2 is a file with the coordinates in the first 2 columns

The output copy the input file containing the right points.

French:

Test si un point appartient a un polynome,
en entree un fichier contenant les points des coins des polynome
de type .reg de ds9
un fichier de coordonee
et le fichier de sortie qui recopie le fichier de coordonnees.

fonction de lecture du fichier et ecriture resultat
fonction de test d’appartennace a un polygone

******************************************************************/

#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <math.h>

int pointInPolygon( int polySides, float *polyX, float *polyY, float x, float y);
int readregions( char *nom, int polySides, float x, float y);

int main( int argc, char *argv[])
{
  int polySides,result;
  char *buffer1,*buffer2;
  char *part1,*part2;
  float x;
  float coord_px;
  float y;
  float coord_py;

  
  FILE *coord=fopen(argv[2]," r");
  if(coord== NULL){
    fprintf(stderr," Erreur dans l’ouverture du fichier");
    exit(−1);
  }
  FILE *output=fopen(argv[3]," w");
  buffer1=( char*) malloc(500);
  buffer2=( char*) malloc(500);
  while(fgets(buffer1,500,coord))
  {
    sprintf(buffer2,buffer1);
    part1=strtok(buffer2,"  ");
    part2=strtok( NULL,"  ");
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    sscanf(part1," %f",&coord_px);
    sscanf(part2," %f",&coord_py);
    result= readregions(argv[1],polySides,coord_px,coord_py);
    if(result==0) fprintf(output,buffer1);
  }
  free(buffer1);
  free(buffer2);
  fclose(coord);
  fclose(output);
  return 0;
}

int readregions( char *nom, int polySides, float x, float y) 
{
  char* buffer;
  char *part1,*part2,*part3,*part4;
  char *lecture;
  int i;
  float coordX,coordY;
  int belong = 0;
  float polyX[100];
  float polyY[100];
  FILE *regions=fopen(nom," r");
  if(regions== NULL){
    fprintf(stderr," Erreur dans l’ouverture du fichier");
    exit(−1);
  }

  buffer=( char*) malloc(500);
  
  fgets(buffer,500,regions);
  fgets(buffer,500,regions);
  fgets(buffer,500,regions);
  part1=( char*) malloc(500);
  part2=( char*) malloc(500);
  part3=( char*) malloc(500);
  part4=( char*) malloc(500);

  while(belong==0)
    {
      lecture = fgets(buffer,500,regions);
      if(lecture!= NULL)

{
  part1=strtok(buffer," (");
  part2=strtok( NULL," )");
  part3=part2;
  i=0;
  while(part3!= NULL)
    {      
      if(i==0) part3=strtok(part2," ,");      
      else part3=strtok( NULL," ,");
      if(part3!= NULL)
      {

part4=strtok( NULL," ,");
sscanf(part3," %f",&coordX);
sscanf(part4," %f",&coordY);
polyX[i]=coordX;
polyY[i]=coordY;
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i++;
      }
      else polySides = i;
    }
  // a partir d’ici j’ai les coins d’un polygone, test si le point est d

edans...
  
  belong=pointInPolygon(polySides,polyX,polyY,x,y);
}

      else 
{
  free(buffer);
  fclose(regions);
  return belong;
}

    }
  free(buffer);
  fclose(regions);
  return belong;
}

int pointInPolygon( int polySides, float *polyX, float *polyY, float x, float y)
{
  int i,j=0;
  int oddNODES=0;
  for (i=0;i<polySides;i++)
    {
      j++;
      if (j==polySides) j=0;
      if (polyY[i]<y && polyY[j]>=y || polyY[j]<y && polyY[i]>=y)

{
  if(polyX[i]+(y−polyY[i])/(polyY[j]−polyY[i])*(polyX[j]−polyX[i])<x)
   {
      if(oddNODES==0) oddNODES=1;
      else oddNODES=0;
    }
}

    }
  return oddNODES;
}
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#######################################################################
################   hyperz & make_catalog parameters  ##################
################   version 1.2 − October 31, 2001    ##################
################   by Bolzonella, Pello’ & Miralles  ##################
#######################################################################
#### Reference: Bolzonella, Miralles & Pello’, 2000, A&A 363, 476  ####
#### Web:       http://webast.ast.obs−mip.fr/hyperz/               ####
#######################################################################

A0VSED       /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/A0V_KUR_BB.SE
D  # Vega SED
FILTERS_RES  /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/FILTER.RES   
   # filters’ transmission
FILTERS_FILE  filters/CFHT.param  # filter’s file
#FILTERS_FILE   filter_SDSS.param  # filter’s file pour cat
TEMPLATES_FILE     spectra.param  # templates
#TEMPLATES_FILE    /home/ogre/HyperZ/HyperZ_New/qso_star/qso_spectra2  # templat
es pour catalogue de QSO
#TEMPLATES_FILE   /home/ogre/HyperZ/HyperZ_New/qso_star/star_spectra_pour_modele
s2 # templates pour catalogue de star
MAG_TYPE                      1   # 0: standard Vega magnitudes 
                                  # 1: AB magnitudes (Oke 1974) 
ERR_MAG_MIN                 0.01  # minimum photometric error 
                                  # (used in make_catalog if NOISE_TYPE=1)
Z_MIN                         0.  # minimum redshift
Z_MAX                         1.  # maximum redshift
REDDENING_LAW                 0   # reddening law
                                  # 0: no reddening
                                  # 1: Allen (1976) MW
                                  # 2: Seaton (1979) MW
                                  # 3: Fitzpatrick (1983) LMC
                                  # 4: Prevot (1984) Bouchet (1985) SMC
                                  # 5: Calzetti (2000) 
AV_MIN                       0.0  # minimum A_v
AV_MAX                       1.5  # maximum A_v
LY_FOREST                    1.0  # Lyman Forest
                                  # 1. : fixed Madau value
                                  # other values: 3 optical depth considered 
                                  # <tau_eff>/LY_FOREST, <tau_eff> and
                                  # <tau_eff>*LY_FOREST
#OUTPUT_FILE   models/star_0_1     # cat star
#OUTPUT_FILE   models/qso_0_6      # N.B. no extension !! pour cat
OUTPUT_FILE   D1.Galaxies # N.B. no extension !!
                                  # hyperz: root name for output files 
                                  #         (see other parameters)
                                  # make_catalog: .model  random catalogue
                                  #               .cat  catalogue with noise 
H0                           70.  # Hubble constant in Km/s/Mpc
OMEGA_M                      0.7  # density parameter (matter)
OMEGA_V                      0.3  # density parameter (Lambda)

########################### hyperz only ################################
FILT_M_ABS                   91   # filter for absolute magnitude
CATALOG_FILE    /home/ogre/HyperZ/HyperZ_New/Catalogues/D1_Cat_outdered_HZ_mask.
dat
CATALOG_TYPE                  0   # catalogue type
                                  # 0: z/cat 
                                  # 1: z/obj 
Z_STEP                      0.2  # step in redshift 
ZSTEP_TYPE                    0   # 0 step = Z_STEP
                                  # 1 step = Z_STEP*(1+z)
AV_STEP                     0.30  # Av_err 
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AGE_CHECK                      y  # check age gal. < age universe
PROB_THRESH                10.00  # prob. thresh. for second. max. (0,100) 
OUTPUT_TYPE                   0   # 0: 2.E−17 erg/cm^2/s/A, 
                                  # 1: microJy, 2: mag_AB 
SED_OBS_FILE                   n  # file .obs_sed
SED_TEMP_FILE                  n  # file .temp_sed
LOGPHOT_FILE                   n  # file .log_phot
CATPHOT_FILE                   n  # file .cat_phot
ZPHOT_FILE                     y  # file .z_phot
#######################   optional parameters    #######################
#Z_CLUSTER                     1.  # redshift of cluster
#M_ABS_MIN                   −28.  # minimum absolute magnitude (bright)
#M_ABS_MAX                    −9.  # maximum absolute magnitude (faint)
#MATRIX                         n  # file .m for each object
#SPECTRUM                       n  # file .spe for each object
#EBV_MW                        0.  # E(B−V) for galactic dereddening

######################## make_catalog only #############################
REF_FILTER                   113   # reference filter
MAG_MIN                      22.  # minimum apparent magnitude in REF_FILTER
MAG_MAX                      25.  # maximum apparent magnitude in REF_FILTER
NOISE_TYPE                    0   # 0: random noise with fixed sigma in mag
                                  # 1: noise dm(m) 
N_OBJ                      1000   # number of objects
Z_FORM                       10.  # formation redshift
AGE_RANDOM                    0   # 0 age = age of universe − T(z_form)
                                  # 1 age = random in [0,T(z)−T(z_form)]
RAND_SEED                   3010  # seed for random generator (max 4 figures)

#######################################################################
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# Parameters file

A0VSED       /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/A0V_KUR_BB.SE
D  # Vega SED
FILTERS_RES  /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/FILTER.RES  #
 filters’ transmission
FILTERS_FILE    /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/CFHT.param
 # filters’ file 
TEMPLATES_FILE   star_spectra_WD # models file
FILT_M_ABS                    91 # filter for absolute magnitude
ERR_MAG_MIN                   0.0001 # err_min
Z_MIN                        −0.002 # minimum redshift
Z_MAX                       0.002 # maximum redshift
Z_STEP                       0.0001 # step in redshift 
ZSTEP_TYPE                      0 # 0 step = Z_STEP
                                  # 1 step = Z_STEP*(1+z)
CATALOG_TYPE                    0 # cat.type
                                  # 0 z/cat 
                                  # 1 z/obj
CATALOG_FILE  /home/ogre/HyperZ/HyperZ_New/Catalogues/D1_Cat_outdered_HZ_mask.da
t
MAG_TYPE                        1 # 0 standard Vega mag, 1 AB mag 
REDDENING_LAW                   0 # reddening law 
                                  # 0 no reddening
                                  # 1 Allen (1976) MW
                                  # 2 Seaton (1979) MW
                                  # 3 Fitzpatrick (1983) LMC
                                  # 4 Prevot (1984) Bouchet (1985) SMC
                                  # 5 Calzetti (1999) 
AV_MIN                       0.00 # Av_min 
AV_MAX                       1.50 # Av_max 
AV_STEP                      0.30 # Av_err 
AGE_CHECK                       n # check age gal. < age universe
PROB_THRESH                 10.00 # prob. thresh. for second. max. (0,100) 
OUTPUT_FILE          D1.stars # name of output files (no extension)
OUTPUT_TYPE                     0 # 0 2.E−17 erg/cm^2/s/A, 1 microJy, 2 mag_AB 
SED_OBS_FILE                    n # file .obs_sedq
SED_TEMP_FILE                   n # file .temp_sed
LOGPHOT_FILE                    n # file .log_phot
CATPHOT_FILE                    n # file .cat_phot
ZPHOT_FILE                      y # file .z_phot
H0                            70. # Hubble constant 
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
OMEGA_M                       0.3 # density parameter (matter)
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
OMEGA_V                        0.7 # density parameter (Lambda)18.51
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
################     cluster option    ####################
#Z_CLUSTER                   0.02 # redshift of cluster

################   optional parameters    ####################
#M_ABS_MIN                    −27. # minimum absolute magnitude (bright)
#M_ABS_MAX                     −5. # maximum absolute magnitude (faint)
MATRIX                          n # file .m for each object
SPECTRUM                        n # file .spe for each object
EBV_MW                         0. # E(B−V) for galactic dereddening
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# Parameters file

A0VSED       /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/A0V_KUR_BB.SE
D  # Vega SED
FILTERS_RES  /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/FILTER.RES   
  # filters’ transmission
FILTERS_FILE /home/ogre/HyperZ/HyperZ_New/ZPHOT1.3_galaxie/filters/CFHT.param # 
filters’ file
TEMPLATES_FILE  Template_select_Spec  # models file
FILT_M_ABS                    91  # filter for absolute magnitude
ERR_MAG_MIN                  0.0001 # err_min
Z_MIN                        0.0 # minimum redshift
Z_MAX                        7.0 # maximum redshift
Z_STEP                       0.01 # step in redshift 
ZSTEP_TYPE                      0 # 0 step = Z_STEP
                                  # 1 step = Z_STEP*(1+z)
CATALOG_TYPE                    0 # cat.type
                                  # 0 z/cat 
                                  # 1 z/obj
CATALOG_FILE   /home/ogre/HyperZ/HyperZ_New/Catalogues/D1_Cat_outdered_HZ_mask.d
at
MAG_TYPE                        1 # 0 standard Vega mag, 1 AB mag 
REDDENING_LAW                   0 # reddening law 
                                  # 0 no reddening
                                  # 1 Allen (1976) MW
                                  # 2 Seaton (1979) MW
                                  # 3 Fitzpatrick (1983) LMC
                                  # 4 Prevot (1984) Bouchet (1985) SMC
                                  # 5 Calzetti (1999) 
AV_MIN                       0.00 # Av_min 
AV_MAX                       1.3 # Av_max 
AV_STEP                      0.20 # Av_err 
AGE_CHECK                       n # check age gal. < age universe
PROB_THRESH                 10.00 # prob. thresh. for second. max. (0,100) 
OUTPUT_FILE   D1.qso      # name of output files (no extension)
OUTPUT_TYPE                     0 # 0 2.E−17 erg/cm^2/s/A, 1 microJy, 2 mag_AB 
SED_OBS_FILE                    n # file .obs_sed
SED_TEMP_FILE                   n # file .temp_sed
LOGPHOT_FILE                    n # file .log_phot
CATPHOT_FILE                    n # file .cat_phot
ZPHOT_FILE                      y # file .z_phot
H0                            70. # Hubble constant 
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
OMEGA_M                       0.3  # density parameter (matter)
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
OMEGA_V                        0.7 # density parameter (Lambda)
                                  # used to compute absolute magnitude and
                                  # ages if AGE_CHECK = y
################     cluster option    ####################
#Z_CLUSTER                      0.31 # redshift of cluster

################   optional parameters    ####################
M_ABS_MIN                    −100000000000000000000000000000000000. # minimum ab
solute magnitude (bright)
M_ABS_MAX                    100000000000000000000000000000000000. # maximum abs
olute magnitude (faint)
MATRIX                          n # file .m for each object
SPECTRUM                        n # file .spe for each object
EBV_MW                         0.0 # E(B−V) for galactic dereddening
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 //===  selection optimal SDSS
  // selection = where((fres(,4)!=0 & fres(,3)==0 & fres(,5) <= 5. & output(,3) 
<= 60. &  str2float(field(,5)) <= lim_mag & fres(,5) <= limz_phot_sup & fres(,5)
 >= limz_phot_inf)| ( fres(,5) <= 5. & output(,3) <= 1. & fres(,6) > 3.  &  str2
float(field(,5)) <= lim_mag & fres(,5) >= 2.6 & fres(,5) <= limz_phot_sup & fres
(,5) >= limz_phot_inf) );

  //==== selection large  
  //selection = where( (fres(,4)!=0 & fres(,3)==0 & fres(,5) <= 5. & output(,3) 
<= 60. &  str2float(field(,5)) <= lim_mag & fres(,5) <= limz_phot_sup & fres(,5)
 >= limz_phot_inf)|(output(,3) <= fres(,6) &  str2float(field(,5)) <= lim_mag & 
output(,3)<9999.) | ( fres(,5) <= 5. & output(,3) <= 1. & fres(,6) > 3.  &  str2
float(field(,5)) <= lim_mag & fres(,5) >= 2.6 & fres(,5) <= limz_phot_sup & fres
(,5) >= limz_phot_inf));

 //==== selection to avoid the redsift interval 2.2 − 2.35  −−−   Loose Selectio
n
  //  selection = where((output(,3) < fres(,6) &  str2float(field(,5)) <= lim_ma
g &  str2float(field(,7)) > lim_magi & fres(,5) <= 5. & (fres(,5) < 2.2 | fres(,
5) > 2.4) & fres(,5) <= limz_phot_sup & fres(,5) >= limz_phot_inf) | (output(,3)
 < fres(,6) &  str2float(field(,5)) <= lim_mag &  str2float(field(,7)) > lim_mag
i & fres(,5) <= 5 & output(,3)/max(fres(,6),10E−15) < 0.3 & (fres(,5) >= 2.2 | f
res(,5) <= 2.4) & fres(,5) <= limz_phot_sup & fres(,5) >= limz_phot_inf));
   
  
   //==== selection to avoid the redsift interval 2.2 − 2.35 and 0−0.13 −−−  Opt
imal Selection
      selection = where((output(,3) < fres(,6) &  str2 float (field(,5)) <= lim_ma
g &  str2 float (field(,7)) > lim_magi & fres(,5) <= 5. & (fres(,5) < 2.2 | fres(,
5) > 2.4) & fres(,5) > 0.25 & fres(,5) <= limz_phot_sup & fres(,5) >= limz_phot_
inf)
                      | (output(,3) < fres(,6) &  str2 float (field(,5)) <= lim_ma
g &  str2 float (field(,7)) > lim_magi & fres(,5) <= 5 & output(,3)/max(fres(,6),1
0E−15) <0.3 & (fres(,5) >= 2.2 & fres(,5) <= 2.4) & fres(,5) <= limz_phot_sup & 
fres(,5) >= limz_phot_inf)
               | (output(,3) < fres(,6) &  str2 float (field(,5)) <= lim_mag &  st
r2 float (field(,7)) > lim_magi & fres(,5) <= 5 & output(,3)/max(fres(,6),10E−15) 
<0.1 & (fres(,5) >= 0.0 & fres(,5) <= 0.25) & fres(,5) <= limz_phot_sup & fres(,
5) >= limz_phot_inf));

    //==== Basic selection
  //  selection = where(output(,3) < fres(,6) &  str2float(field(,5)) <= lim_mag
 & fres(,5) <= 5. & fres(,5) <= limz_phot_sup & fres(,5) >= limz_phot_inf);
   

  //==== selection without chi2 value
  //selection = where( (fres(,4)!=0 & fres(,3)==0 & fres(,5) <= 5. &  str2float(
field(,5)) <= lim_mag & fres(,5) <= limz_phot_sup & fres(,5) >= limz_phot_inf)|(
output(,3) <= fres(,6) &  str2float(field(,5)) <= lim_mag ));
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