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{
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(

1 − 1

δ

)

ζ

]

− 2HT

r

(

ζ

δ

)

+
2

3
ζ
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(
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(
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(EΩ + Eµ + Eh) + T̄
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δ

∂ζ

∂t
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CD��$��
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∇p0 = ρ0g0 = ρ0∇Φ0

� BB] >!D �
���y�*�4�S���-"%$R)A(d)A=4�\a��cCD=4����(*��(�9<���Q���n$<�%)A�'$�)V"GF��'&n�/CL(*$�J�(*&4��� T �W]-��CD=4���-"T)�(���$lJ��:~q�%(�������$ � BB] £ �
���4��)��+(�$�&W?-"T$�7�=4�T.

∇2Φ0 = −4πGρ0

� BB] > � �
��(*$-"%�*�4 0�4$R)Y�/CL='�M��"T)A(*��$yJ��+&4��$����4�8F%"x)A(��%$lJ<�:�/CL='$��4��7�(��0� BB] >�£ �P�4CD=4&'��(d)

0 =
dq

dt
= ε0 −

1

ρ0

∇F.
� BB] >!F �
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CD=4����(��*(�9����%][�V(�$���(c.["%�
5`��(�$R)

r
.%��$!J�=45<�1"%&'�4 0�4$R)

δr(r, t)
5�����F��M�M�<�4�A"+��$��YFT"%��(1"T)�(���$nJ
CD��$��[���-"%$R)A(d)A=[�����'��&4�%$������

x(r, t)
¢

x(r, t) = x0(r) + x′(r, t)
� BB] >!I �

���
x′
�'��)O��$<�[5;�e)A(*)��Y5`�4��)�����9�"T)A(*��$��4�<��=4��(��'$�$��YJ��[��"Q���-"%$R)A(d)A=

x0

aZ�cCD=4����(*��(*9����T]x�\,-$�J
CD��9BU
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��$¡�<)A(*��(*���!��$��#5;�'��)�����9-"x)A(��%$¡��"%7��A"T$�7�(��'$�$��T]rfB(O��$ ='��=4 0�4$R)nJ��>7�"%�#���>J�='5��1"T&4�0J��

r0

a
r0 + δr

�������[�/CL�J?m�e)YJ��Z��"n5`�4�8)A����9-"T)A(*��$
.M�1":5;�'��)A�<��9-"T)�(���$>�1"%7���"%$�7�(*�4$�$<�VJ��Q�1"n���-"T$�)�(*)�=
x�'CL='&4��(d)

δx(r) = x′(r0) + δr · ∇x0

� BB]CB T �
�^"nFM(*)��4�����NJ��2J<=45���"%&4�' #�'$�)

v = ∂δr
∂t

�'��)[J<�E #j' #�V����J����ZJ��Z7%�A"%$�J<�4���Y�����Q�1"35`�4�8)A����9-"xU
)�(���$
]

���4�q=4���-"T)�(���$��r5`�4��)�����9`=4�'������$R)���9<)��4$����'���4$3(�$���=4�A"T$�)qJ��'���eKB5����4����(��%$���J��:)�gB5`�N� BB] >!I �
J-"T$��V�*�4�S=4���-"x)A(��%$��SJ��n�/CL?RgMJ����BJ<gM$-"T #(*�M�<�:5`�����

p
.
ρ
.
v
.-�e)A&%]d.X�4$��������8)A��"�g�"%$R)Z�*�4�S=4���-"xU

)�(���$��Sa!�/CL='�M�<(���(*9����T.<�e)V�'$�$<=47��*(�7��4"%$R)S���4�[���-"T$�)�(*)�=4�\J
CL�%��J����:����5`=4��(*�4���\a���$
]`sZ$l��9<)A(*�4$R)
"%�*�����P5;���<�[�cCD=4���-"T)�(���$yJ��+&4�%$����'��FT"T)A(*��$yJ��+�1"! #"%�����!¢

∂ρ′

∂t
+ div(ρ0v) = 0

� BB]CB > �
����(*)4.��4$l(�$R)A='7��A"T$�)S5�"%�[�A"%5<5;���8)\"%�E)A�' #5��+¢

ρ′ + div(ρ0δr) = 0
� BB]CB.B��

sZ$y5;�'�<)V"%������(^�<)A(*��(*���4�H�1"�FM(���(���$E��"%7��A"T$�7�(��'$�$��N"GF%�4&:�cCD=4���-"T)�(���$6� BB] B T �Q¢

δρ + ρ0div(δr) = 0
� BM] B £ �

��CL='���-"T)A(*��$yJ��l #���BF��4 0�4$R)\J��eFB(*�4$R):¢

ρ0

∂2δr

∂t2
= ρ0

∂v

∂t
= −∇p′ + ρ0g

′ + ρ′g0

� BB]CB � �

���
g′ = ∇Φ′

]X�P�')�)A�N5`�4��)�����9�"T)A(*��$
Φ′

J-"%$��[�*�Z5`�%)A�'$�)�(��'�m7���"�FM(d)W"T)�(���$�$<�4�`�A"T)�(���o�"T(*)Y�/CL='���-"xU
)�(���$EJ��:~r��(�������$l5;�'��)�����9`=4��¢

∇2Φ′ = −4πGρ′
� BB]CB A �

"GF��'&n��"������*�<)A(*��$
.B=4����(*FT"%�*�4$R)A�:a!�cCD=4���-"x)A(��%$6� BB] � �e.

Φ′ = G

∫

V

ρ′(r′, t)

|r− r′|dV
� BB]CB D �

~q�%���Y�cCD=4���-"x)A(��%$2J��Z&'��$����'��FT"T)�(���$EJ��Q�cCD=4$��'��7�(*�%.<�%$2 #�%$�)����ZJmCi"%9`����J2�����%.-"T�E5����' #(*�4�
����J����!¢

dq

dt
=

∂q

∂t
+ v · ∇q =

∂q′

∂t
+ v · ∇q0 =

∂q′

∂t
+

∂δr

∂t
· ∇q0 =

∂

∂t
(δq)

� BB]CB � �
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∂δq

∂t
=

1

ρ0(Γ3,0 − 1)

(

∂δp

∂t
− Γ1,0p0

ρ0

∂δρ

∂t

) � BB]CB F �

� 5-"T��)A(*�[J��+�cCD=4���-"T)�(���$ BM] >�£ ��"�5;�'��)A�<��9-"T)�(���$yJ��N)A"%�BKyJ��+&W?-"T�H?
"T7��+�4��)\J��%$�$�=4�:5-"%�N¢

ρ0

∂δq

∂t
= δ(ρε − divF) = (ρε − divF)′

� BB]CB I �
~r�����S���N 0���<F%�4 0�4$R)\"%J�(�"%9-"T)�(������%.<��$y$�=47��*(�7��Q���Z)A�'�� 0�+J��+&W?-"%�H?m"%7��+�')\��$y��9B)A(��'$R)+¢

∂δp

∂t
− Γ1,0p0

ρ0

∂δρ

∂t

� BB] £ T �

���m.��4$l(�$R)A='7��A"T$�)S5�"%�S�A"%5�5`���8)\"%�E)A�4 05��+¢

δp =
Γ1,0p0

ρ0

δρ
� BB] £H> �

�e)G.-���%���S�1"3op���� #�N�'����='��(��'$�$��!¢

p′ + δr · ∇p0 =
Γ1,0p0

ρ0

(ρ′ + δr · ∇ρ0)
� BB] £ B��

4 �54 �6')� ,)% ���>*"������� ��� ���=����(�(
�>*"���!��� �1*"'2(�(
�;�3�.')�<(�����,)�	�3� ')�
�P�4�^='�M��"T)A(*��$���7����BF��4��$��4$R)qJ���5`�')A(d)A�'������&'(�����"T)A(*��$��;"%�<)������
J
CD��$:=')A"T)^J
CD=4����(��*(�9�������5<?�=eU
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CD��$R)[5-"%�
J��!�8gM #=e)A��(*����5<?�=4��(������%]^���'�N����&'(�����"T)A(*��$��S�A"TJ�(1"%�*�4�'.ma2�8gB 0=')���(*�!��5�?�='��(*�M�<�%.
����$R)N)A�A"T(*)A='�4�
&'�� # 0�Z��$l&G"T�\��5;='&4(�"%�c]

B-@CB2@D? 	 �1YV[\H [0WKRD_AO UVN�� � [AH`RT[AJVMTN��
���bJ�=45���"%&4�' #�'$R)

δr
�4��)l��=45-"%��=¡�'$ �<$��¡&'�� 05;����"%$R)A�_��"%J�(1"T�����e)��<$��b&4�� 05;�%�A"%$R)A�

?��%��(��'��$R)W"%�*��¢
δr = ξrar + ξh

� BB] £�£ �
"GF��'&

ξh = ξθaθ + ξφaφ
� BB] £ � �

���!��"Z&4�TU}�1"T)�(*)���J��
θ
�')O�1"V����$�7%(*)A�<J��

φ
����$R)O���'��&4�� 05;�%�A"%$R)A�'�O"%$�7��<�1"%(*���4�qJ-"%$�����"Q��gM 0=')���(��
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)�����9`=4�'�Y5���='&4='J��4$R)A�'�4]`�^"3&4�% #5`���A"T$�)��Z?�����(��'��$R)W"%�*�VJ��N�/CL='���-"T)A(*��$>J<�E #���BF��4 0�4$R):� BB]CB � �
�'��):¢

ρ0

∂2ξh

∂t2
= −∇hp

′ + ρ0∇hΦ
′

� BB] £�A �
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ρ0

∂2

∂t2
∇h · ξh = −∇2

hp
′ + ρ0∇2

hΦ
′

� BB] £.D �
"GF��'&

∇2
h =

1

r2 sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

+
1

r2 sin2 θ

∂2

∂φ2

� BB] £+� �
��CD=4���-"T)�(���$yJ��+&4�%$����'��FT"T)A(*��$yJ��+�1"! #"%�����>� BB]CB.B��H5`�4�<)\�'CL='&4��(*����¢

ρ′ = − 1

r2

∂

∂r
(ρ0r

2ξr) − ρ0∇h · ξh

� BB] £.F �
��CD=4���-"T)�(���$¡� BM] £.D �PJ��'FM(��'$R)Q"T�������N¢

− ∂2

∂t2

[

ρ′ +
1

r2

∂

∂r
(ρ0r

2ξr)

]

= −∇2
hp

′ + ρ0∇2
hΦ

′
� BB] £.I �

�^"!&4�� 05`���A"%$R)��N�A"%J�(�"%���QJ��+�cCD=4���-"T)�(���$¡� BM] B � �H�4�8)3¢

ρ0

∂2ξr

∂t2
= −∂p′

∂r
− ρ′g0 + ρ0

∂Φ′

∂r

� BB] ��T �
��CD=4���-"T)�(���$yJ��:~q�%(�������$ � BB]CB A ��.����-"%$R)Va��'���*�%.�5`�4�<)\�'CL='&4��(*����¢

1

r2

∂

∂r

(

r2∂Φ′

∂r

)

+ ∇2
hΦ

′ = −4πGρ′
� BB] � > �

���4�:&4�� 05`���A"%$R)��4�+?�����(��4�%$�)A"%���'�N5;�'�<F��'$R)�j')�����J�='&4�� 05;�%��=4�'�n�'$ &'�� #5`����"%$R)A�4�:"%$<7��BU
��"%(����4�4]T~q�%���O&4�4��"<.%(*�Bo�"%�B)O�eKB5���(* #�'���1"QFT"%��(1"T)�(���$nJ��4�O5`�4�8)A����9-"T)A(*��$����'$

θ
�e)

φ
&4�% # 0�Y��$��

op��$<&')A(*��$
f(θ, φ)

]-fB(
f
�4��)\��$<�:op��$<&')A(*��$E5�����5����+J��+�/CL��5`=4��"T)A�'���[�1"T5��1"%&'(��'$2?�����(��4�%$�)A"%�c.

∇2
hf = − 1

r2
Λf

� BB] � B��
���

Λ
�'��)V��$��+&4��$<��)W"T$�)��%]X�Q(*$���(/.<���4���%$l�/CL='���-"T)A(*��$¡� BB] £+� ��.��cCD=4���-"x)A(��%$6� BB] � B��PJ��eFM(��4$R):¢

1

sin θ

∂

∂θ

(

sin θ
∂f

∂θ

)

+
1

sin2 θ

∂2f

∂φ2
= −Λf

� BB] � £ �

�P�� 0 0�n�*�4�Q&'�B�e{0&4(��'$R)A�ZJ��3&4�')�)A��='���-"T)A(*��$�����$R)N(�$�J<=45`�4$�J-"T$�)��ZJ��
φ
.;�%$�5;�'�<)Z='&4��(����n�1"

�������<)�(���$E�������[op���� #�N��=45-"%��=4�0¢

f(θ, φ) = f1(θ)f2(φ)
� BB] � � �

E �
�'$�����(*)\�����T.-���4�*��$l�cCD=4���-"T)�(���$6� BB] � £ �e.
f2

��"T)A(*��o�"%(d)[��$��+='�M��"T)A(*��$yJ��+�1"�op���� 0��¢

d2f2

dφ2
= αf2

� BB] � A �



�	���	� � ����
 � �#� � 
��  � ��� ������

�#�4� � 
��  � � � ���&�&� 
�� ��� � 
� 
 � 
���� � £+�

���
α
�'��)[��$<�N"%�<)����Q&'��$��8)W"%$R)A�T]-�P�e)�)A�Q=4���-"T)�(���$E"n5;���<�P���%���<)�(���$0&4��$R)�(�$����Z�e)Y5`=4��(*�BJ<(������

f2 = exp(±imφ)
���

m
�'��)\��$l�4$R)A(*�4�S�')

α1/2 = im
]

fB(r��$��B)A(��*(����:&'�')�)A�3�������B)A(��%$�J-"%$<�Q�cCD=4���-"x)A(��%$w� BM] � £ �e.X&4�'������U�&'(rJ<�'FM(��'$�)Z��$��3='���-"T)A(*��$�J�(do1U
op='���4$R)�(��4�*���Z5`�����

f1

¢

d

dx

[

(1 − x2)
df1

dx

]

+

(

Λ − m2

1 − x2

)

f1 = 0
� BB] � D �

"GF��'&
x = cos θ

]�sZ$_5`�4�<)Q #��$R)����4�Q�M�<��&4�e)�)A�!='���-"T)A(*��$_">�<$��!�����*�<)A(*��$���=47��<��(�@'���:���'������U
 0�4$R)S��(

Λ = l(l + 1)
� BB] � � �

���
l
�'��)\��$l�4$R)A(*�4�S��)���(*&')A�' #�'$R)S5;����(*)�(*or�')

|m| ≤ l
� BB] � F �

�^"!�����*�<)A(*��$E��='7����*(�@4���Z�4�8)Z"T�������Z¢

f1(θ) = P m
l (cos θ)

� BB] � I �
���

P m
l

�4�8):�1">op��$�&e)A(*��$bJ��0�^�'7��4$<J����T]^�O$6(�$<&4����"%$R)+��$6o�"T&')A�'���+J
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��$
5`�4�<)S,-$�"%���' #�'$�)S='&4��(����!¢

f(θ, φ) = (−1)mclmP m
l (cos θ) exp(imφ) ≡ Y m

l (θ, φ)
� BB] A T �

���
Y m

l

�4�8)y��$��_?-"T�� 0��$�(���������5�?�='��(*�M�<�6�e)
clm

�'��)y��$<�_&4��$��8)W"%$R)��6J<�_$����� #"%�*(��A"x)A(��%$
J��%$�$�=4�+5-"T�:¢

c2
lm =

(2l + 1)(l − m)!

4π(l + m)!

� BB] A�> �
)��4�-�����S�cCD(�$R)A='7��A"T���YJ�� |Y m

l |2 �����O��"+��5�?�@'���\��$�(*)�=[�4�8) > ]��OCD?-"%�� #�%$�(������Y��5�?�='��(������ Y m
l
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l
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m
];���+J��'7���=

l
 0�4���<���:���N$��� 39����

J
CD��$�J<�+)��%)W"T�
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(
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J��

l
]
~q�%���S���4�[ 0�MJ��4�S7�J
CD����J����+=4���eF�=T.-��$�"

ω2 � S2
l

�')
K

5;�'�<)\�4CD=4&4��(����0¢

K(r) ' 1

ω2
(N2 − ω2)

l(l + 1)

r2

� BB] F+� �
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N
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r
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��$<J��4�SJ��+7���"�FM(d)A=N5�(*=47�='�4�SJ��+$��� �9<���+J
CD��$�J��:"%����(� 0(��*=Za

K
¢

k2
r =

l(l + 1)

r2

(

N2

ω2
− 1

) � BB] F.F �
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ξr
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dp′/dr
�4$l�<)�(���(*�A"%$R)[�/CL='���-"T)A(*��$6� BM] �(D �e.���$y��9B)A(��'$R)+¢

d2ξr

dr2
= −

(

2

r
− 1

Γ1

H−1
p

)

dξr

dr
−
[

− 2

r2
− d

dr

(

1

Γ1

H−1
p

)]

ξr

+
1

ρc2

(

S2
l

ω2
− 1

){

ρ(ω2 − N2)ξr −
1

Γ1

H−1
p p′ +

[

d

dr
ln

∣

∣

∣

∣

1

ρc2

(

S2
l

ω2
− 1

)
∣

∣

∣

∣

]

p′
}
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p′
�4$�op��$<&')A(*��$�J��

ξr�e)SJ��+�A"�J�=4��(*F�='�%.X��$y5`�4�<)\=4&'��(*����¢
d2ξr

dr2
= −

[

2

r
+

d

dr
ln

∣

∣

∣

∣

1

ρc2

(

S2
l

ω2
− 1

)
∣

∣

∣

∣

]

dξr

dr
+ [−K(r) + h̃(r)]ξr
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h̃(r) =

[

− 1

Γ1

H−1
p +

d

dr
ln

∣

∣

∣

∣

1

ρc2

(

S2
l

ω2
− 1

)
∣

∣

∣

∣

](

2

r
− 1

Γ1

H−1
p

)

+

[

2

r2
+

d

dr

(

1

Γ1

H−1
p

)] � BB] IH> �
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d2ξr

dr2
− d ln f

dr

dξr

dr
+ [K(r) − h̃(r)]ξr = 0

� BB] I B��
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f(r) =
1

ρr2c2

∣

∣

∣

∣

S2
l

ω2
− 1

∣

∣

∣

∣
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ξr(r) = f(r)1/2ξ̂r(r)
� BB] I � �

ξ̂r(r)
��"T)A(*��o�"%(d)S"%�*�����[�/CL='�M��"T)A(*��$_¢

d2ξ̂r

dr2
+ [K(r) − h(r)]ξ̂r = 0

� BB] I�A �
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h(r) = h̃(r) − 1

2

d2 ln f

dr2
+

1

4

(

d ln f

dr
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ξ̂r(r) = a(r) exp[iΨ(r)]
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Ψ
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kr =
dΨ

dr
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a(r)
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ξ̂r
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(

d2a

dr2
+ 2ikr

da

dr
+ ia

dkr

dr
− k2

ra

)

exp(iΨ) = −K(r)a(r) exp(iΨ)
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kr(r) = K(r)1/2
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a

da

dr
= −1

2

1

kr

dkr

dr
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a(r) = |kr|−1/2 = |K(r)|−1/4
� BB] > T B��
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ξ̂r(r) = A|K(r)|−1/4 cos

(
∫ r

r0

K(r′)1/2dr′ + φ

)

, pour K(r) > 0
� BB] > T £ �

���

ξ̂r(r) = |K(r)|−1/4

[

A+ exp

(
∫ r

r0

K(r′)1/2dr′
)

+ A− exp

(

−
∫ r

r0

K(r′)1/2dr′
)]

, pour K(r) < 0
� BB] > T�� �

A
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φ
.����

A+

�')
A−
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CD��?;�4&e)A���'�Z��$��3"%$-"%�dgM����"T�BKl5;�%(�$R)A�\���
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���')A�%����$��' #�'$R)

r1

)A�'�
�����
K(r) < 0

5;�%���
r < r1

�e)
K(r) > 0

5;���<�
r > r1

]�fB(
r1

�'��)S��$
�'�4���0��(* #5<���Z5`�����

K
.X"%�*�����P5���@'�\J<�

r1

.-��$l"%���A"�"%5<5����GKB(� #"T)A(dF��' #�'$�)Z¢

K(r) ' K1(r − r1)
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K1 > 0

�4��)��<$��2&4�%$���)A"%$R)A�%]�sN$w(*$R)A���MJ���(d)3�<$��2$����BF��4�*���0F%"T��(1"T9����0(�$�J<=45`�4$�J-"T$�)��
x)��4���*�Z������¢

x = K
1/3

1 (r − r1)
� BB] > T D �

"%(*$���(m�cCD=4���-"T)�(���$E�'$
ξ̂r
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d2ξ̂r

dx2
= −xξ̂r
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ξ̂r(r) = C1Ai(−x) + C2Bi(−x)
� BB] > T F �
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�e)
C2
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�')
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r
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r1

] ) �-"T$�J
x < 0

.��') |x| �4�8)H7%�A"%$�Jm. Ai(−x)
�')

Bi(−x)
��$R)O�*�Y&4�� 05`����)��4 0�4$R)

"%�8gM #5<)��%)A(*�����N����(dFT"%$R)n¢

Ai(−x) ' 1

2
√

π
|x|−1/4 exp

(

−2

3
|x|3/2

) � BB] > T I �

Bi(−x) ' 1√
π
|x|−1/4 exp

(

2

3
|x|3/2

) � BB] >(> T �
sZ$�"!J���$<&

C2 = 0
�e)S�1"!�����*�<)A(*��$E�A"x)A(��8o�"%(���"%$R)[�1"!&'��$�J�(d)A(��%$E��(� 0(*)��V5`�����

r < r1

�'��):¢

ξ̂r(r) = C1Ai(−x)
� BB] >.>.> �

~q�%���SJ��4�
x
5`����(*)A(dop�Y�')\7���"%$�J��'.-�cCD�eKB5����4����(���$�"%�8gB 05<)��%)A(*�M�<�NJ��

Ai(−x)
�4��):¢

Ai(−x) ' 1√
π
|x|−1/4 cos

(

2

3
x3/2 − π

4

) � BB] >(> B��
sZ$�����5�5`�����n���
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Ψ =

∫ r

r1

K(r′)1/2dr′ + φ =
2

3
x3/2 + φ
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ξ̂r(r) ' AK
−1/6

1 x−1/4 cos

(

2

3
x3/2 + φ
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φ = −π

4
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r = r1

�4�8)3¢

ξ̂r(r) = A1|K(r)|−1/4 cos

(
∫ r

r1

K(r′)1/2dr′ − π

4
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r = r2

.M)A�4�`�����
K(r) > 05`�����

r < r2

�')
K(r) < 0

5;���<�
r > r2

.
�%$b)������BF����������1">�������<)�(���$b"T��gM #5B)A�%)�(������!����(
�'��)\�eKB5`��$��4$R)�(��4�*���' #�'$�)SJ<=4&4����(����A"%$R)��%.X�4CD=4&'��(*)+¢

ξ̂r(r) = A2|K(r)|−1/4 cos

(
∫ r2

r

K(r′)1/2dr′ − π

4

) � BB] >(> � �
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~q�%���n�%9<)A�'$�(��+�1"y���%���<)�(���$b&4�% #5��*@')��%.�(���o�"T�<):��=4�<$�(��+���'�nJ<�4�BK¡���%���<)�(���$��N��=45-"T��=4�'���4$
��$l5`��(�$R)S"%J<=4���-"T)\�4$R)����

r1

�e)
r2

.-���%(*)
r = rf

]XsZ$�J�=e,-$�(d)+¢

Ψ1 ≡ Ψ1(rf) =

∫ rf

r1

K(r)1/2dr − π

4

Ψ2 ≡ Ψ2(rf) =

∫ r2

rf

K(r)1/2dr − π

4

���4�SJ��4�MKl�����*�<)A(*��$��[5`�����
ξ̂r

�e)\���4�<���[J�='��(*F%=4�'�VJ��%(*F��'$R)Vje)A���:&'��$R)A(*$M�<�4�\�4$
r = rf

¢

A1K(rf)
−1/4 cos Ψ1 = A2K(rf)

−1/4 cos Ψ2

−A1K(rf)
−1/4 sin Ψ1 = A2K(rf)

−1/4 sin Ψ2

�P�4�\=4���-"T)�(���$<�\�*(�$�=4"%(����4�H�4$
A1

�e)
A2

��$R)\5;���<�[�����*�<)A(*��$E$���$y)A��(*FM(1"%�*�3¢

sin Ψ1 cos Ψ2 + cos Ψ1 sin Ψ2 = sin(Ψ1 + Ψ2) = 0
����(*)

Ψ1 + Ψ2 = (n − 1)π���
n
�4�8)\��$��'$R)A(��'�4]-�V(�$���(

∫ r2

r1

K(r)1/2dr = (n − 1

2
)π, n = 1, 2, ...

� BB] >.>!F �

E &'(
K
J�='5;�'$�J>J��S��"Nop��=4�����'$�&4�

ω
.R"%(*$���(-�/CL='�M��"T)A(*��$l� BB] >.>!F ��J�=')��4�� 0(�$<�[���4��op��=4�����4$<&4�4�HJ��4�

 0�BJ<�4�[5�(*=47�='�\�'$R)A���
r1

�')
r2

]X�Q�+5������'.-��$l"
A1 = A2

]
sZ$�5`�4�B)Z"%�*�����SJ�=e)A�'�� 0(�$��'�[���+&4�� 05`����)��4 0�4$R)V"%��gM 05<)A�%)�(������+J��'�\op��$<&')A(*��$��S5�����5����'�4]

� 5�"%��)�(��ZJ��!��">J�=e,-$�(*)�(���$_J<�
ξ̂r

J�=e,-$�(d)N5-"%�N�*�4�Z='�M��"T)A(*��$��0� BM] I�£ �V�')0� BB] I � �e.;(��rFB(*�4$R)+J��
�/CL='�M��"T)A(*��$6� BB] >.>!D �P5;���<�

r1 < r < r2

¢

ξr(r) = Ãρ−1/2r−1c−1

∣

∣

∣

∣

S2
l

ω2
− 1

∣

∣

∣

∣

1/2

|K(r)|−1/4 cos

(
∫ r

r1

K(r′)1/2dr′ − π

4

)

= Aρ−1/2r−1c−1/2

∣

∣

∣

∣

S2
l /ω

2 − 1

N2/ω2 − 1

∣

∣

∣

∣

1/4

cos

(
∫ r

r1

K(r′)1/2dr′ − π

4

) � BB] >(>!I �

���
A = Ãω−1/2

]X�P�')�)A�N�eKB5����4����(��%$�$
CD�4�8)SF%"T��(�J<�Q���
CLa0��$<�N&4�4�8)W"%(*$��NJ�(*��)W"T$�&4�NJ��'�S5;��(*$R)A�
J��+���')A�%����$��' #�'$R)G.-���y�cCD�eKB5����4����(��%$�"%�8gM #5<)��%)A(*�����#� BB] >.> B��I5;�'�<)\j')A���+�<)A(*��(���=4�T]

sZ$b5;�'�<):"%������(�)������<F%�4�N��$<�0�������B)A(��%$�5;�%���Z���'�N��='7�(���$<�Z�eKB5`��$��4$R)�(��4�*���'�4.m�'$b�<)A(*��(���"%$R)
�/CL��K<5<���4����(*��$�"T��gM #5B)A�%)�(������0� BM] > T I �V¢

ξr(r) '
1

2
Aρ−1/2r−1c−1/2

∣

∣

∣

∣

S2
l /ω

2 − 1

N2/ω2 − 1

∣

∣

∣

∣

1/4

exp

(

−
∫ r1

r

K(r′)1/2dr′
)

pour r < r1� BB] > B T �
�e)

ξr(r) '
1

2
Aρ−1/2r−1c−1/2

∣

∣

∣

∣

S2
l /ω

2 − 1

N2/ω2 − 1

∣

∣

∣

∣

1/4

exp

(

−
∫ r

r2

K(r′)1/2dr′
)

pour r > r2� BB] > B > �
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K
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K(r) ' 1

c2
(ω2 − S2

l )
� BB] > B.B��
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∫ R

rt

(ω2 − S2
l )

1/2 dr

c
= (n + α)π

� BB] > B £ �
���

α
�4�8)P��"+$<���<F��'���*�V&'��$���)A"%$R)A�\J��\5�?-"%���%.�����(;&'��$R)A(*�4$R)I�1"+&4��$R)A��(�9��B)A(��%$

1/4
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∫ R

rt

(

1 − L2

ω2

c2

r2

)1/2
dr

c
=

(n + α)π

ω

� BB] > B � �

"GF��'&
L2 = l(l + 1)

]H����&4�T)A=l7R"%��&W?���J����/CL='�M��"T)A(*��$��'��)>��$���op��$<&')A(*��$vJ��
w = ω/L

]
��CD=4���-"T)�(���$¡� BM] > B � �H5`�4�<)\j')����+=4&'��(d)A��¢

π(n + α)

ω
= F

(ω

L

) � BB] > B A �
���

F (w) =

∫ R

rt

(

1 − c2

r2w2

)1/2
dr

c

� BB] > B D �
) �-"%$�J#���SJ��'7���=\J��> 0�MJ��[�4�8)Y���B{#��"% 0 #�'$�)H7���"%$�J
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d ln p

dr
= Γ1

d ln ρ

dr

� BB] > B � �
�'$ ����5�5`���A"T$�)

Γ1

&4��$��8)W"%$R)4]S�O$ &'��$���(*J�=4��"%$R)l�M�<�
g
�4�8)�"%������(N&4��$<��)W"T$�)l�e)y�M�<�¡��$ "

p = ρ = 0
a

r = R
.��1"�FM(*)��4�����+J�������$l�4CD=4&4��(*):¢

c2 =
g

µp

(R − r)
� BB] > B F �

���
µp = 1/(Γ1 − 1)

�4�8)���$	(�$�J<(�&4�#5;�%�*g�)A����5�(������>��?;�4&')�(*o\J��E��"���='7�(���$w&'��$���(�J�='��=4�T]OfB(
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r
5`�4�B)Zj')����
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R
J-"%$��\�cCD(�$R)�=47���"%���VJ��+�cCD=4���-"T)�(���$6� BB] > B D ��.-"%���%���Y��$�"E¢

F (w) =
π

2
w

µpR

g

� BB] > B I �
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ω2 =
2

µp

g

R
(n + α)L

� BB] >�£ T �

��$b5-"%�8)A(�&'����(*�4�'.
ω
�4�8)+5����%5;���8)A(*��$�$��'��a

L1/2
.
&4�!����(�����F�=4��(*,-�0"%�����'�09<(��4$b5`�����Z�*�4�Zop��=eU

�����'$�&4�'�QJ��+?-"%�B)SJ��47���=%]
~q�%���Y���'�P 0�BJ<�4�YJ��Q9-"%�YJ��'7���=T.

rt

�'��)Y)���@'�Y5����M&W?��ZJ<�E&4�4$R)����%]<�Q(�$<��(c.M���V���'&4��$�J2)��4�� #�
J-"T$��n��"E5-"%�A"T$�)�?�@4���>J��6)A�'�� 0�#J��07R"%�<&W?��#J<�#�/CL='�M��"T)A(*��$ � BB] > B � �Q�'��)3)���@'�n5`�')�(*):J��'FT"%$R)
�/CL��$<(*)A=Q�����S�1"!5��*��5-"%�8)[J��+�cCD(�$R)��4��FT"%�*���VJ
CL(*$R)A�47%�A"T)�(���$
]��P��$���(�J�='����$��\�1"�J<(@?;=4���'$�&4��¢

I =

∫ R

0

dr

c
−
∫ R

rt

(

1 − c2

w2r2

)1/2
dr

c
=

∫ rt

0

dr

c
+

∫ R

rt

[

1 −
(

1 − c2

w2r2

)1/2
]

dr

c

≡ I1 + I2

� BB] >G£H> �
���

w = ω/L
]
c
�4�8)#5<���4��������&'��$��8)W"%$R)05���@'�#J<��&'�4$R)A���%.O��$	5;�'�<)0J���$�&y�*�E&4��$���(�J�='���'�

&'�� # 0�Z&'��$���)A"%$R)QJ�"%$��S�1"�5����4 0(�@'���N(�$R)��47���"%����¢

I1 =
rt

c(0)
' L

ω
=

1

w

� BB] >G£ B��

�'$��<)A(*��(*�A"%$R)\�cCD=4���-"T)�(���$ � BB] F � ��]m�Q"%$��Z��"#���'&4��$<J��!(�$R)A�'7��A"T���%.X�/CL(*$�)��47���"%$R)Q�'��)QJ�(@?;=4���4$R)NJ��
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r
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rt
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c
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∞ ¢
I2 =

1

w

∫

1

0

[

1 − (1 − u2)1/2
] du

u2
=

1

w

(π

2
− 1
) � BB] >G£�£ �

�e)[,-$-"%�*�4 0�4$R)G.
I =

1

w

π

2

� BB] >G£ � �
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∫ R

0

dr

c
− L

ω

π

2
=

(n + α)π

ω

� BB] >G£�A �
���

ω =
(n + L/2 + α)π

∫ R

0

dr
c

� BB] >G£.D �
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L
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l + 1/2
]-��CD=4���-"T)�(���$¡� BM] >�£(D �P�4CD=4&'��(*)\"T�������N¢

νnl =
ωnl

2π
' (n +

l

2
+

1

4
+ α)∆ν0

� BB] >G£+� �
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∆ν0 =

[

2

∫ R

0

dr

c

]−1 � BB] >G£.F �
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∆νn,l = νn,l − νn−1,l
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�

`CpXpqdqWgob[@��W�h\z,ab`,[@[qY~dq��s:pl]nacacob��Y\`,[@h\`
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aÑ°�obf�pqs,deoc`,Y~djh\`¨aÑ°�sCpuWgobac`Zrti,`:pepu`¨]ZY\©g��`,f�pl]ªpuocWZf h\`�a�]µx�obpq`,[q[e`²h\`�dqWZpu]npuobWgf ocf\o£puo�]nac`�[eoc�'Y\ab`
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 ¡km]n_\obpqdq`�Ó �1×�`:i:puobWgf Óg�q��� � �=�5��]Zf\[�ac`jpudeWgoc[eocz:��`ji,]Z[,r5`,f}_UWZocf�puobacacs:[,rUf\WgY\[Bocf�pudeW�h~Y\oc[eWgf\[
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ABSTRACT

Context. Element diffusion is expected to occur in all kinds of stars: according to the relative effect of gravitation and radiative
acceleration, they can fall or be pushed up in the atmospheres. Helium sinks in all cases, thereby creating a gradient at the bottom of
the convective zones. This can have important consequences for the sound velocity, as has been proved in the sun with helioseismology.
Aims. We investigate signatures of helium diffusion in late F-type stars by asteroseismology.
Methods. Stellar models were computed with different physical inputs and iterated in order to fit close-by evolutionary tracks for each
mass. The theoretical oscillation frequencies were computed and compared for pairs of models along the tracks. Various asteroseismic
tests (large separations, small separations, second differences) were used and studied for the comparisons.
Results. The results show that element diffusion leads to changes in the frequencies for masses larger than 1.2 M�. In particular the
helium gradient below the convective zone should be detectable through the second differences.

Key words. diffusion – stars: oscillations – stars: interiors

1. Introduction

Among the different physical processes that occur in stellar in-
teriors, element diffusion plays an important role. Under the op-
positing effects of gravitation and thermal settling on the one
hand, and radiative acceleration on the other hand, the various el-
ements undergo relative separation. This process, which was de-
scribed by Michaud (1970) to account for the abundance anoma-
lies observed in chemically peculiar A stars, is now recognized
to occur in all kinds of stars.

Vauclair & Théado (2004) described in terms of the so-called
“second differences” an asteroseismic signature of helium diffu-
sion in main-sequence A stars (1.6 M� and 2.0 M�). Théado
et al. (2005) presented a first discussion of asteroseismic signa-
tures of diffusion in stars between 1.1 and 1.3 M�. In the present
paper we show evidence of differences in the internal structure
of stars between 1.1 and 1.45 M� due to element diffusion. We
compute evolutionary tracks of stellar models with similar exter-
nal parameters (luminosities, effective temperatures and chem-
ical compositions), with or without helium diffusion. We then
study asteroseismic tests, particularly the signatures of helium
gradients below the outer convective zones.

In Sect. 2, we present the model computations and calibra-
tions. The asteroseismic tests of internal structure between mod-
els with and without diffusion are discussed in Sect. 3. The
helium gradients and their consequences for the second differ-
ences are studied in Sect. 4. Section 5 gives the discussion and
conclusion.

2. Calibration and characteristics of the models

We computed models with the Toulouse-Geneva Evolutionary
Code (TGEC) (Richard et al. 1996), for masses from 1.1 to

? Appendix is only available in electronic form at
http://www.edpsciences.org

1.45 M�, respectively noted M 1.1 to M 1.45 (see Table 2). The
physical inputs and parameters are:

– equation of state: MHD (Däppen 1992);
– opacities: OPAL (Iglesias & Rogers 1996) completed by the

Alexander & Fergusson (1994) low temperature opacities;
– nuclear reaction rates: NACRE compilation of nuclear reac-

tion rates (Angulo et al. 1999) with the Bahcall screening
routine;

– convection treatment: mixing-length theory (Böhm-Vitense
1958);

– diffusion: diffusion coefficients computed as in Paquette
et al. (1986).

For a given stellar mass, we computed two series of models: with
and without element diffusion. No mixing process or mass loss
is taken into account. The series were calibrated to obtain evo-
lutionary tracks very close in the HR diagram, such that, for the
same luminosity, their temperature differences are never larger
than 60 K. This calibration is achieved by adjusting two free
parameters of the stellar evolution code: the initial helium abun-
dance Y0 and the mixing length parameter α. We used for all the
homogeneous models the same values of the free parameters α
and Y0. For each mass, models including diffusion are then cal-
ibrated to have evolutionary tracks very close to the homoge-
neous ones. The calibration parameters are presented in Table 1.

Figure 1 displays the computed evolutionary tracks. For each
mass the tracks obtained with and without diffusion lie very
close to each other. Furthermore, up to 1.35 M� the age evo-
lution is similar in the two cases, so that models with the same
age lie close together in the HR diagram. Regarding the uncer-
tainties, we can consider that these models are observationaly
identical, i.e. with the same effective temperatures, luminosities
and chemical compositions. This is no longer the case for larger
masses: along track M 1.45, of 1.45 M�, the ages for models with
diffusion are quite different to those without diffusion. Indeed,
for masses greater than 1.3 M�, more than half of the energy
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Table 1. Calibration parameters of the models; α: mixing length param-
eter; Y0: initial helium abundance.

Models Mass (M�) α Y0
M 1.1-hom 1.1 1.75 0.268
M 1.1-dif 1.1 1.84 0.267

M 1.2-hom 1.2 1.75 0.268
M 1.2-dif 1.2 1.88 0.268

M 1.3-hom 1.3 1.75 0.268
M 1.3-dif 1.3 1.99 0.268

M 1.35-hom 1.35 1.75 0.268
M 1.35-dif 1.35 1.99 0.268

M 1.45-hom 1.45 1.75 0.268
M 1.45-dif 1.45 1.88 0.278

Fig. 1. Evolutionary tracks of the 1.1 to 1.45 M� models. Dashed
lines: homogeneous models, solid lines: models including microscopic
diffusion.

production is dominated by the CNO cycle, which is more sen-
sitive to the central temperature than the pp chains. Since models
with diffusion have a larger initial helium fraction than models
without diffusion, the former are more evolved for the same age.

Table 2 gives the characteristics of the models with and with-
out diffusion for each mass and different ages. The calibrated
models do not have strictly identical values of the surface pa-
rameters but they are very close, except for the case M 1.45 for
which models with similar parameters have different ages.

3. Tests of internal structure

The oscillation frequencies of our models have been computed
with an updated version of the adiabatic code PULSE described
in Brassard et al. (1992), for values of the azimuthal degree l
between 0 and 3 and different values of the radial order n. We
then studied in detail different combinations of these frequencies
which could lead to observational tests of the internal structure
and chemical composition of the stars.

The “large separations” represent the frequency differences
between two modes of the same degree l and successive radial
orders n:

∆νn,l = νn,l − νn−1,l. (1)

For p-modes in the asymptotic theory (n � l), the large sep-
arations are nearly constant. The so-called “echelle diagrams”
present the frequencies in ordinates, and the same frequencies
modulo the average large separation in absissae. The asymptotic
theory predicts a vertical line for each degree.

The differences between the lines l = 0 and l = 2 on the one
hand, l = 1 and l = 3 on the other hand, for each case, are the

Fig. 2. Echelle diagram for models M 1.1 to M 1.35 at different ages.
Crosses: l = 0, stars: l = 1, triangles: l = 2, diamonds: l = 3. The points
connected by lines are for models with diffusion.

Fig. 3. Echelle diagram for models M 1.45 at 1.2 Gyr (with diffusion)
and 1.6 Gyr (without diffusion) on the left, and at 0.7 Gyr (with diffu-
sion) and 1.2 Gyr (without diffusion) on the right. Crosses: l = 0, stars:
l = 1, triangles: l = 2, diamonds: l = 3. The points connected by lines
are for models with diffusion.

so-called “small separations”, which we normalize as suggested
by Roxburgh & Vorontsov (2001):

Dνl,l+2 =
1

2l + 3(νn,l − νn−1,l+2). (2)

The deviations of the small separations to zero show departure
from the asymptotic theory. The small separations are mainly
sensitive to the stellar core.

In Fig. 2, we present as an example the echelle diagram for
models M 1.1 to M 1.35 at different ages. For M 1.45, we com-
pare echelle diagrams for models at the same location on the HR
diagram, which correspond to different ages for the models with
and without diffusion. This is presented in Fig. 3. The small sep-
arations of the same models are presented in Fig. 4 for models
M 1.1 to M 1.35 and in Fig. 5 for models M 1.45.

We can see on these figures that the differences between
the models with and without diffusion become more important
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Table 2. Physical characteristics of the models; L/L�: luminosity in solar unity; |∆L|/L: relative difference of luminosity between models with
and without diffusion; Teff: effective temperature; |∆T |/T : relative difference of effective temperature between models with and without diffusion;
XS and YS: surface hydrogen and helium mass fractions.

Models Ages (Gyr) L/L� |∆L|/L Teff (K) |∆T |/T XS YS
M 1.1-hom 1.5 1.26637 6034.90 0.7130 0.2680

2.2 1.35947 6056.06 0.7130 0.2680
4.5 1.71937 6092.56 0.7130 0.2680
5.2 1.86054 6076.73 0.7130 0.2680

M 1.1-dif 1.5 1.26488 0.12% 6049.23 0.24% 0.7298 0.2517
2.2 1.36013 0.05% 6062.48 0.11% 0.7379 0.2439
4.5 1.72119 0.11% 6071.28 0.35% 0.7604 0.2222
5.2 1.86513 0.25% 6048.67 0.46% 0.7667 0.2162

M 1.2-hom 1 1.89069 6301.30 0.7130 0.2680
1.5 2.00586 6312.19 0.7130 0.2680
2.6 2.30632 6316.55 0.7130 0.2680
3.3 2.48519 6271.48 0.7130 0.2680

M 1.2-dif 1 1.89099 0.016% 6332.72 0.50% 0.7335 0.2482
1.5 2.00812 0.11% 6335.34 0.37% 0.7438 0.2382
2.6 2.30420 0.09% 6315.97 0.01% 0.7661 0.2168
3.3 2.47611 0.37% 6250.72 0.33% 0.7745 0.2087

M 1.3-hom 0.5 2.65461 6551.19 0.7130 0.2680
1.2 2.94286 6556.77 0.7130 0.2680
2.2 3.33212 6479.03 0.7130 0.2680
2.6 3.44310 6406.05 0.7130 0.2680

M 1.3-dif 0.5 2.66146 0.26% 6615.92 0.99% 0.7390 0.2430
1.2 2.95386 0.37% 6592.50 0.54% 0.7756 0.2077
2.2 3.33165 0.014% 6483.36 0.067% 0.8033 0.1810
2.6 3.43819 0.14% 6411.80 0.09% 0.7936 0.1901

M 1.35-hom 0.5 3.18750 6681.75 0.7130 0.2680
1 3.42768 6678.21 0.7130 0.2680

1.8 3.84282 6588.55 0.7130 0.2680
2.2 3.98263 6495.91 0.7130 0.2680

M 1.35-dif 0.5 3.19352 0.19% 6726.98 0.68% 0.7637 0.2191
1 3.43558 0.23% 6698.23 0.30% 0.8075 0.1771

1.8 3.84034 0.06% 6570.07 0.28% 0.8429 0.1428
2.2 3.97924 0.08% 6481.87 0.22% 0.8214 0.1631

M 1.45-hom 1 4.82217 6906.53 0.7130 0.2680
1.2 4.98999 6842.74 0.7130 0.2680
1.6 5.23299 6709.96 0.7130 0.2680
1.8 5.33777 6607.09 0.7130 0.2680

M 1.45-dif 1 5.13913 6.57% 6769.24 1.99% 0.9948 0.0010
1.2 5.32206 6.65% 6676.52 2.43% 0.9943 0.0014
1.6 5.58805 6.35% 6469.64 3.71% 0.9823 0.0104
1.8 5.71755 7.11% 6347.46 3.93% 0.9660 0.0250

during the evolution and when the mass of the star increases.
Up to 1.3 M�, the tracks in the large and small separations lie
very close to each other whereas for higher masses significant
deviations do appear. These effects are related to the internal dif-
ferences in chemical composition and to the different extension
of the convective cores.

According to the results of Bazot et al. (2005), which
presents the seismic analysis of the star µ Arae, observed with
the spectrograph HARPS, the uncertainties on the small sepa-
rations are about 0.37 µHz. In the cases of 1.1 and 1.2 M�, the
differences between models with and without helium diffusion
are too small to be observable. For higher masses, this difference
could be detectable.

4. Tests of helium gradients

4.1. The helium gradients

The largest differences between the models with and without dif-
fusion lie just below the convective zone where helium drifts
inward due to the effect of gravitation. Figures 6 to 8 display

the helium profiles and the gradients of the sound velocity in
models with (solid lines) and without (dashed lines) diffusion
for M 1.2, M 1.3 and M 1.45, as a function of the acoustic depth
(time needed for the waves to travel from the surface down to
the considered layer), at different ages. Models M 1.1 behave
in a way similar to models M 1.2 and models M 1.35 are sim-
ilar to M 1.3: they are available in the appendix. In the helium
profiles, helium gradients due to diffusion are clearly seen. In
models M 1.1 and M 1.2, this helium gradient remains smooth
throughout the evolution in the main sequence, while in the
case of models M 1.3 to M 1.45, it becomes sharper with time.
For example, in models M 1.3, the bottom of the convective
zone deepens in the stellar interior around 2.5 Gyr, which ex-
plains the discontinuity on the helium gradient and the increase
of the helium mass fraction in Table 2 for the corresponding
model, while in models M 1.2, the convective zone sinks later
and slower. Actually, the helium gradients in models M 1.1 and
M 1.2 become steeper after the turnoff. In the later (Fig. 6),
the features around 700 s in the sound speed profile are due
to the helium ionisation zones while the bottom of the convec-
tive zone leads to characteristic features at t = 1900 s (1 Gyr),



nGnGn

614 M. Castro and S. Vauclair: Asteroseismic signatures of helium gradients

Fig. 4. Small separations for models M 1.1 to M 1.35 at different ages.
The lines are for models with diffusion (solid lines: Dν0,2, dotted lines:
Dν1,3) and the symbols are for models without diffusion (triangles:
Dν0,2, diamonds: Dν1,3).

Fig. 5. Small separations for models M 1.45 at 1.2 Gyr (with diffusion)
and 1.6 Gyr (without diffusion) on the left, and at 0.7 Gyr (with diffu-
sion) and 1.2 Gyr (without diffusion) on the right. The lines are for mod-
els with diffusion (solid lines: Dν0,2, dotted lines: Dν1,3) and the symbols
are for models without diffusion (triangles: Dν0,2, diamonds: Dν1,3).

t = 2000 s (1.5 Gyr), t = 2200 s (2.6 Gyr) and t = 2500 s
(3.3 Gyr). We can see in this example that the differences be-
tween the models with and without diffusion increase with time,
and that this behaviour increases with increasing stellar mass.

4.2. The second differences

Asteroseismology provides tools to probe the base of the con-
vective zone and the helium gradient. As we have seen, in
these locations the sound velocity undergoes rapid variations,
which involve partial reflections of the sound waves. These
reflections modulate the computed frequencies of the stel-
lar spectrum, which is better seen in the so-called “second

Fig. 6. Helium profiles (left column) and gradients of the sound veloc-
ity (right column) in the models with (solid lines) and without (dashed
lines) element diffusion, for 1.2 M� as a function of the acoustic depth
at 1, 1.5, 2.6 and 3.3 Gyr.

Fig. 7. Same as Fig. 6 for 1.3 M� at 0.5, 1.2, 2.2 and 2.6 Gyr.

differences” (Gough 1990; Monteiro & Thompson 1998;
Roxburgh & Vorontsov 2001; Vauclair & Théado 2004; Théado
et al. 2005). The second differences are defined as follows:

δ2ν = νn+1 + νn−1 − 2νn. (3)
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Fig. 8. Same as Fig. 6 for 1.45 M� at 1, 1.2, 1.6 and 1.8 Gyr.

Fig. 9. Second differences (left column), Fourier transform of the second
differences (right column) of models M 1.2 of 1.2 M� at 1, 1.5, 2.6 and
3.3 Gyr, with (solid lines) and without (dashed lines) diffusion.

In order to identify the different components which modulate
the oscillations, we have computed the Fourier transform of the
second differences. The positions of the peaks correspond to the
modulation periods of the second differences due to the partial

Fig. 10. Same as Fig. 9 for models M 1.3 of 1.3 M� at 0.5, 1.2, 2.2 and
2.6 Gyr.

Fig. 11. Same as Fig. 9 for models M 1.45 of 1.45 M� at 1, 1.2, 1.8 and
2.2 Gyr.

reflections of the waves, which are equal to twice the acous-
tic depth of the corresponding features in the sound velocity
(Vauclair & Théado 2004). In Figs. 9 to 11 we can then iden-
tify for each model the peak due to the helium ionisation zone
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(the closest to the surface) and those due to the bottom of the
convective zone, where the helium gradient lies. The differences
between models with and without diffusion are clearly visible.

In all the cases with diffusion (Figs. 9 to 11), the peaks due
to the helium ionisation zones decrease in amplitude during evo-
lution, because of the helium concentration decreases in the con-
vective zone due to diffusion.

In the 1.1 M� and 1.2 M� stars, the diffusion process works
on a time scale too long to be visible in the helium distribu-
tion during the main sequence. The amplitude of the peak due to
the base of the convective zone slightly decreases because of the
sinking of this zone (see Fig. 9). For higher mass stars with diffu-
sion (Figs. 10 and 11), the peak due to the base of the convective
zone undergoes a strong increase of amplitude when the con-
vective zone becomes deeper and steepens the helium gradient.
In the homogeneous models, there is no increase in the ampli-
tude of this peak. This behaviour is clearly due to the diffusion
process.

5. Discussion

The large and small separations represent asteroseismic tests of
the different internal structure in models with and without dif-
fusion. Our computations show that these differences increase
during stellar evolution and that it becomes greater for increas-
ing mass. This behaviour should be detectable for stellar masses
larger than 1.2 M�.

The behaviour of the second differences of the models
are clear: due to the effect of diffusion, helium falls below
the outer convective zone and forms a gradient that increases
during the evolution. But, depending on the mass of the star, the
behaviour of the sound waves is different. For low masses (1.1
and 1.2 M�), the diffusion process is slow, and the depth of the
convective zone increases slowly. Hence, the helium gradient
remains smooth during the main sequence and becomes steep
only at the turnoff. When the mass of the star is large enough, the
convective zone deepens more quickly and the helium gradient
steepens more rapidly. There is a strong reflection of the pres-
sure waves in the region of the helium gradient, which explains

the large increase in the amplitude of the peak related to the base
of the convective zone. Later, helium dilutes inside the convec-
tive zone, so that the helium concentration, which was very low
after rapid diffusion, increases again (see Table 2). However, the
helium gradient remains steep and the amplitude of the peak re-
mains high (see Figs. 10 and 11).

The models presented here have been computed with pure
gravitational settling. In real stars, the variation in the helium
abundance and the steepening of the helium gradient resulting
from diffusion will be smaller, due to the mixing processes be-
low the convective zone and possible mass loss. We can however
expect that such a signature of helium diffusion may be detected
in stars slightly more massive than the Sun with CoRoT. The ac-
curacy of the instrument is expected to reach 0.1 µHz and should
allow detection of peaks in the Fourier transforms of the second
differences of the oscillation frequencies as a signature of helium
diffusion.
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Appendix

Fig. A.1. Helium profiles (left column) and gradients of the sound
velocity (right column) in the models with (solid lines) and without
(dashed lines) element diffusion, for 1.1 M� as a function of the acous-
tic depth at 1.5, 2.2, 4.5 and 5.2 Gyrs

Fig. A.2. Same as Fig. A.1 for 1.35 M� at 0.5, 1.0, 1.8 and 2.2 Gyrs
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Fig. A.3. Second differences (left column), Fourier transform of the sec-
ond differences (right column) of models M1.1 of 1.1 M� at 1.5, 2.2, 4.5
and 5.2 Gyrs, with (solid lines) and without (dashed lines) diffusion.

Fig. A.4. Same as Fig. A.3 for models M1.35 of 1.35 M� at 0.5, 1.0, 1.8
and 2.2 Gyrs
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ABSTRACT

Context. Recent solar photospheric abundance analyses have led to a significant reduction of the metal abundances compared to the previous
determinations. (Z/X)S is 30% smaller, down to 0.0165. The solar models computed with standard opacities and diffusion processes using
these new abundances give poor agreement with helioseismic inversions for the sound-speed profile, the surface helium abundance, and the
convective zone depth.
Aims. We attempt to obtain a good agreement between helioseismic inversions and solar models that present the “old mixture” in the interior
and new chemical composition in the convective zone. To reach this result, we assume an undermetallic accretion at the beginning of the main
sequence.
Methods. We compute solar models with the Toulouse-Geneva Evolution Code, in which we simulate an undermetallic accretion in the
early stages of the main sequence, in order to obtain the new mixture in the outer convective zone. We compare the sound-speed profile, the
convective zone depth, and the surface helium abundance with those deduced from helioseismology.
Results. The model with accretion but without any mixing process inside is in better agreement with helioseismology than the solar
model with the new abundances throughout. There is, however, a spike under the convective zone which reaches 3.4%. Furthermore, the
convective zone depth and the surface helium abundance are too low. Introducing overshooting below the convective zone allows us to
recover the good convective zone radius and the addition of rotation-induced mixing and tachocline allows us to reconcile the surface helium
abundance. But in any case the agreement of the sound-speed profile with helioseismic inference is worse than obtained with the old abundances.

Key words. Accretion – Turbulence – Sun: abundances – Sun: helioseismology

1. Introduction

The standard solar models that include the metal abundances
as given by Grevesse & Noels (1993) (hereafter GN93) and
the current physics updates (new opacity tables and equa-
tions of state from OPAL, and element diffusion and settling,
e.g., Richard et al. 2004) are in very good agreement with
helioseismology. The square of the sound speed c2 derived
from this standard solar model agrees with the values obtained
from helioseismology within 0.5% (Christensen-Dalsgaard et
al. 1996). The recent solar photospheric abundances derived by
Asplund et al. (2005) (hereafter Asp05) revise the CNO and
Ne abundances downwards by more than 30% compared to the
earlier determinations. The solar photospheric Z/X is reduced
to 0.0165 ± 10% and Z to 0.0122, whereas the “old” mixture
gave a higher Z/X of 0.0245. New solar standard models in-
cluding the Asp05 mixture lead to a large disagreement with

Send offprint requests to: M. Castro
Correspondence to: mcastro@ast.obs-mip.fr

the helioseismically inferred sound-speed profile, convective
zone depth, and surface helium abundance YS .

Several research groups have explored different ways to try
restoring agreement between solar models and helioseismol-
ogy. Bahcall et al. (2005a) showed that an increase of 21% of
the OPAL opacities could reconcile the new solar abundances
with the helioseismic measurements of the depth of the convec-
tive zone. The uncertainties in the OPAL96 opacity tables how-
ever are estimated to be no more than 4%. The uncertainties
on the element diffusion velocities below the convective zone
are larger and can reach 35% for Fe and O, the two main con-
tributors to the opacity in this region (Montalban et al. 2006).
An increase of the diffusion coefficient by a factor of 1.5 to 2
combined with a small increase of the opacity at the bottom of
the convective zone provides better agreement with helioseis-
mology for the depth of the convective zone and the c2 profile
(Montalban et al. 2004; Basu & Antia 2004), but in this case YS

has to be decreased below the value determined by the inver-
sion of solar oscillations. The attempt by Guzik et al. (2005)
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to increase the diffusion coefficients for helium and the other
elements separately to fit the Asp05 mixture in the outer lay-
ers and recover the GN93 mixture at the bottom of the con-
vective zone leads to the same problem. Turck-Chièze et al.
(2004) showed that the new oxygen measurement of the Sun
from Asplund et al. (2005) was in accordance with the observa-
tions of extragalactic HII regions, Magellanic clouds, and other
clusters. They updated their predicted neutrino fluxes using the
new composition and they obtained a good agreement with the
detected values. Antia & Basu (2005) and Bahcall et al. (2005b)
computed models with an arbitrarily increased Ne/O ratio and
showed that they could be in agreement with helioseismology.
At the same time, Drake & Testa (2005) assessed an higher
Ne/O ratio for the Sun than the one adopted in Asplund et al.
(2005) and consistent with the results of Antia & Basu (2005)
and Bahcall et al. (2005b), by observing several cool nearby
stars in X-ray spectra. However, new measurements by analyz-
ing the solar active region spectra (Schmelz et al. 2005) and the
extreme ultraviolet emission lines of NeIV-VI and OIII-V ions
in the solar corona (Young 2005), are in agreement with the
Ne/O ratio value of the new abundances.

Here we compute solar models with the assumption that
undermetallic accretion occurred in the very early stages of the
solar life on the main sequence. A similar idea was also pro-
posed in Guzik et al. (2005) without computing any model.
We suppose that, during the process of planetary formation, the
young Sun was surrounded by metal-poor matter while metals
were concentrated in planetesimals, and that an important part
of this metal-poor matter fell onto it. We do not justify this idea
here by any computations of accretion processes: our aim was
only to compute “exotic” solar models that could be able to
reconcile the new solar abundances with helioseismology. We
simulated this undermetallic accretion to obtain the Asp05 mix-
ture in the outer convective zone with an increased abundance
inside. In this way, we can obtain a metallic difference between
the outer layer and the inside larger than possible from diffu-
sion processes only. In these models, we attempted to recover
the sound-speed profile, the depth of the convective zone, and
the surface helium abundance as given by helioseismology.

In Sect. 2, we discuss the new Asp05 abundances and their
influence on the sound-speed profile. In Sect. 3, the models
with accretion are presented. The effects of overshooting be-
low the convective zone and mixing induced by the tachocline
and by rotation are respectively discussed in Sects. 4 and 5. The
conclusions are given in Sect. 6.

2. Solar models with the new Asp05 mixture

The models are computed with the Toulouse-Geneva Stellar
Evolution Code (TGEC) (Richard et al. 1996). We use the
equation of state tables of OPAL2001 (updated version of
Rogers et al. 1996), the opacities tables of OPAL (Rogers &
Iglesias 1995) completed with the Alexander & Fergusson
(1994) low temperature opacities, and the NACRE compilation
of nuclear reaction rates (Angulo et al. 1999) with the Bahcall
screening routine. The convection treatment is based on the
mixing-length theory (Böhm-Vitense 1958) and the diffusion

Fig. 1. Comparison between the profile of sound velocity of the dif-
ferent models (S1 : solid line, S2 : dotted line, S3 : dashed line, S4 :
dot-dashed line, S5 : three dot-dashed line, S6 : long dashed line) and
the one deduced from the helioseismology

coefficients are computed as in Paquette et al. (1986).

Model S1 is a standard model, computed with the “old”
GN93 chemical composition. No mixing other than convec-
tion is introduced. The calibration procedure includes two
free parameters: the initial mass fraction of helium Y0 and
the mixing-length parameter α. These parameters are adjusted
to obtain the solar luminosity and radius at the solar age:
L�= 3.8515 ± 0.0055 × 1033 erg.s−1 (Guenther et al. 1992),
R�= 6.9575 ± 0.0024 × 1010 cm (mean observed value : Allen
1976; Brown & Christensen-Dalsgaard 1998), and t� = 4.6
Gyrs. The characteristics of model S1 are presented in Table 1.

This model is in good agreement with helioseismology.
The comparison of the sound velocity computed in this model
with the one deduced from helioseismology by Basu et al.
(1997) is presented as the solid line in Fig. 1. The relative
difference between model S1 and the seismic inversions is
always smaller than 0.5%. The depth of the convective zone is
also consistent with helioseismology: we find rcz/R� = 0.712
compared to rcz/R� = 0.713 ± 0.001 (Basu & Antia 1997).
The helium abundance is 0.240, slightly smaller than the
value obtained from seismic inversions, which is typically
0.249± 0.002 (Basu & Antia 1997). This is due to the fact that
model S1 does not include any mixing process which could
slightly slow down helium settling.

Model S2 has been computed using the Asp05 mixture
throughout. Its characteristics are presented in Table 1 and the
sound velocity in Fig. 1. The discrepancy between the model
and the seismically derived sound velocity is much larger than
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Table 1. Characteristics of the solar models computed with the TGEC.

Calibration External Convective
parameters parameters zone
α Y0 L (1033 erg.s−1) R (1010cm) YS Z/X rcz/R�

Model S1 1.8104 0.2716 3.8517 6.9575 0.240 0.0244 0.713
(GN93)

Model S2 1.6556 0.2562 3.8511 6.9576 0.223 0.0164 0.730
(Asp05)

Model S3 1.6338 0.2720 3.8514 6.9586 0.240 0.0165 0.732
(GN93
+ accr)

Model S4 1.6344 0.2721 3.8519 6.9552 0.243 0.0166 0.712
(GN93
+accr +ov)
Model S5 1.5101 0.2691 3.8514 6.9592 0.249 0.0167 0.751

(GN93
+accr +mix)

Model S6 1.5495 0.2705 3.8515 6.9593 0.249 0.0165 0.712
(GN93

+accr +mix +ov)

for model S1: it goes up to 3%. The initial Z/X is lowered by
33%, compared to model S1: the new initial value is 0.0183
instead of 0.0272. More precisely, the CNO and Ne mass frac-
tions have decreased by 36%. The quantitative analysis of
Turcotte et al. (1998) for the GN93 mixture shows that the main
contributors to the radiative opacity below the solar convec-
tive zone are O, Fe, H, Ne, and, with smaller contributions, N
and C. Hence, the reduction of the metal mass fraction and the
decrease of O and Ne abundances induce important changes
in the opacity related to the Asp05 mixture: the opacity at the
bottom of the convective zone decreases by 25% compared to
the GN93 case. As the radiative temperature gradient ∇rad is
proportional to the opacity κ, the new convective zone is shal-
lower (rcz/R� = 0.729). Furthermore, the helium abundance
in the convective zone is lower than the helioseismic value
(YS = 0.223).

3. A new undermetallic model

The problem of new solar models seems very difficult to solve,
as the new determinations of solar abundances, using new tech-
niques of 3D-modelization, are incompatible with the seismic
studies of the Sun. On the other hand, the old GN93 solar mix-
ture gave a very good consistency with the helioseismic anal-
ysis, within 0.5%. We decided here to compute new models
using the GN93 mixture in the solar interior, to try to remain
consistent with helioseismology, but with the Asp05 chemical
composition inside the convective zone. This situation cannot
be justified in terms of element diffusion only, as the precision
on the diffusion velocities does not allow such a large settling
(Montalban et al. 2004, 2006). For this reason, we assumed
accretion of metal-poor gas at the beginning of the main se-
quence.

We simulated this accretion in a simplified way, by instan-
taneously decreasing the metal abundances in the convective
zone and increasing hydrogen and helium accordingly, in one

of our first main sequence models (aged 74 Myrs). If τZ is the
factor (smaller than one) by which the abundances of metals are
multiplied, the hydrogen and helium abundances are multiplied
by τXY , so that :

τXY =
1 − (1 − X − Y) ∗ τZ

X + Y
(1)

In this simplified way, all metals are decreased with the same
factor, so that the mixture remains unchanged, while the overall
ratio (Z/X)S reaches the Asplund et al. (2005) value.

Model S3, whose characteristics are also presented in Table
1, has been computed with τZ = 0.5. The comparison of the
sound velocities with the seismic inversions is presented in Fig.
1. The discrepancy is smaller than for model S2, but a spike re-
mains below the convective zone, which reaches 3.4%. This
spike can be due to the fact that the convective zone is too
shallow (see Table 1) and also to the metal gradient induced
by accretion and diffusion below the convective zone (see Fig.
2). Meanwhile, the helium abundance in the convective zone is
still too low. Two kinds of improvements are possible at this
stage: introducing an overshooting zone below the convective
zone so that the combined mixing reaches the depth deduced
by helioseismology (rcz/R� = 0.713), and adding a rotation-
induced mixing below the convective zone to smooth down the
metal gradient. In the following, we present three new models,
one with overshooting (S4), one with rotation-induced mixing
(S5), and one with both processes (S6).

4. Convective overshooting

The introduction of overshooting below the convective zone al-
lows us to simulate an overall mixing zone down to the depth
deduced from helioseismology. This result is obtained with an
overshooting parameter of 0.25 HP, where HP is the pressure
scale height. Due to overshooting, a larger value of the accre-
tion parameter is needed to obtain the Asp05 abundances in the
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Fig. 2. Metal profile below the convective zone of models S3 (dashed
line), S4 (dot-dashed line), S5 (three dot-dashed line), and S6 (long
dashed line)

convective zone at the solar age: τZ = 0.58. The characteristics
of the resulting model S4 are presented in Table 1. We can see
that the bottom of the convective-plus-overshooting zone is the
same as in model S1, namely r/R� = 0.712. The comparison of
the sound velocities with helioseismology is presented in Fig.
1 and the metal gradient in Fig. 2. The amplitude of the spike
under the convective zone is smaller than without overshoot-
ing, but it still reaches 2.8%. The surface helium abundance is
still too low.

5. Rotation-induced mixing

Mixing below the convective zone was not introduced in the
previous models. As a consequence, lithium was not depleted
as observed in the Sun. Solar spectroscopic observations com-
pared to abundance determinations in meteorites show that the
solar lithium has been depleted by a factor of 160 compared to
its initial abundance and that beryllium has not been destroyed
by more than 0.09 dex (Asplund 2004): these features have
to be taken into account in consistent solar models. Rotation-
induced mixing can deplete lithium as observed and it also
smooths down the metal gradient induced by accretion. We
computed model S5 (see Table 1) without overshooting, but
with the rotation-induced mixing calibrated to have the suit-
able lithium destruction at the solar age in question. We used
the prescription by Théado & Vauclair (2003), with a diffusion
coefficient Dturb, such that:

ρ
∂c̄
∂t
=

1
r2
∂

∂r

(

r2ρDturb
∂c̄
∂r

)

, (2)

where

Dturb =

(

Cv +
1

30Ch

)

r|Ur| = αturbr|Ur|. (3)

Here |Ur| represents the vertical component of the meridional
circulation velocity, and Ch and Cv are characteristic parame-
ters for the horizontal and vertical diffusion coefficients:

Dh = Chr|Ur| (4)
Dv = Cvr|Ur|. (5)

Ch and αturb are the free parameters used for the calibration that
determines the efficiency of the turbulent motions. We use the
values given by Théado (2002): Ch = 50000 and αturb = 6.

We also include in these computations a tachocline cali-
brated by two coefficients: the diffusion coefficient at the base
of the convective zone Dbcz and the thickness of the tachocline
∆. The diffusion coefficient inside the tachocline is given by:

Dtacho = Dbcz exp
(

ln 2 r − rbcz

∆

)

, (6)

where rbcz is the radius at the base of the convective zone.
These parameters are adjusted to reproduce the observed solar
lithium depletion at the solar age: Dbcz = 8.0×105 cm2.s−1 and
∆ = 0.048 × 1010 cm. As mixing reduces element diffusion, a
stronger accretion is needed. In model S5, the accretion factor
was taken as : τZ = 0.37 and it was introduced in seven time
steps. The corresponding metal profile in the present Sun is
shown in Fig. 2. The comparisons of the sound velocity in
model S5, compared to the seismic value, is presented in Fig. 1.

The agreement is worse than for previous models. The
spike under the convective zone reaches 5.7% and the dif-
ference with the seismic value remains large far below the
convective zone, down to r/R� = 0.3. This is due to the
spread of the metal gradient in the interior and the consecutive
changes in the opacity. Here the convective zone is still too
shallow (rcz/R� = 0.751), but the helium abundance is correct
in the convective zone (YS = 0.249) as well as the lithium
value (Li/Li0 = 1/167). Beryllium is depleted by 0.4 dex,
which is too much compared to the observed value.

Model S6 has been computed with both overshooting and
rotation-induced mixing. The accretion and mixing parameters
were modified compared to previous models : τZ = 0.48 in-
troduced in three time steps, Ch = 65000, αturb = 1, Dbcz =

2.5 × 105 cm2.s−1, and ∆ = 0.048 × 1010 cm. The sound-speed
profile compared with helioseismology is presented in Fig. 1
and the metal gradient in Fig. 2. The metal gradient is steeper
in model S6 than in model S5 because, thanks to the overshoot-
ing, the rotation-induced mixing which reproduces the lithium
underabundance has to be less efficient. Here beryllium is only
depleted by 0.12 dex. The overshooting allows us to reach the
right depth of the convective zone, and the mixing gives the
right surface helium abundance, but the sound-speed profile is
still in large disagreement with helioseismology.
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6. Conclusion

The incompatibility between the new solar photospheric abun-
dances of Asplund et al. (2005) and helioseismology have al-
ready been studied by many authors (Bahcall et al. 2005a;
Montalban et al. 2004, 2006; Basu & Antia 2004; Guzik et al.
2005). No satisfying solution has been found. The best agree-
ment is obtained by increasing the opacity below the convective
zone and the diffusion rates with suitable factors (Montalban
et al. 2006). But the required changes are larger than the ac-
cepted uncertainties, and the models still have too low surface
helium abundances. In the present paper, we have computed
solar models with the GN93 mixture in the solar interior and
the Asp05 abundances in the external convective zone. These
models could be justified by accretion of metal-poor gas in the
early stage of the main-sequence.

Models in which such an accretion is introduced present a
better agreement with helioseismology than models using the
Asp05 mixture throughout, but there is still a large discrepancy
below the convective zone in the sound velocity, and the depth
of the convective zone as well as the surface helium abundance
are incorrect. The introduction of overshooting below the con-
vective zone allows us to reach a mixing zone as deep as that
deduced from helioseismology. Adding rotation-induced mix-
ing allows us to obtain the right surface helium abundance,
and also the right lithium depletion. While the introduction of
overshooting does not change the sound-speed profile in a sig-
nificant way, the smoothing and spreading of the metal gra-
dient due to rotation-induced mixing increases the difference
with the seismic sound velocity profile in the interior. We tried
our best to reconcile the new solar abundances with helioseis-
mology, but the results are not encouraging: it does not seem
possible to obtain a solar model in good agreement with the
seismic inversions, contrary to models computed with the old
abundances.
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