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RESUME

L’objet de cette these est I’étude du comportement asymptotique d’estimateurs a noyau d’une
densité de probabilité et de ses dérivées, d’une fonction de régression, ainsi que du mode et de la
valeur modale d’une densité de probabilité. Le but est d’établir certaines propriétés des estimateurs
a noyau récursifs ou semi-récursifs afin de comparer leur comportement asymptotique a celui des es-
timateurs classiques. Dans le premier chapitre, nous établissons des principes de grandes déviations
(PGD) et des principes de déviations modérées (PDM) pour l'estimateur récursif d’une densité de
probabilité et pour ses dérivées. Il s’avere que, dans les principes de déviations vérifiés par les esti-
mateurs des dérivées, la fonction de taux est toujours une fonction quadratique, que les déviations
soient grandes ou modérées. Contrairement, pour I'estimateur de la densité, les fonctions de taux
qui apparaissent sont de nature différente selon que les déviations sont grandes ou modérées. Les
fonctions de taux qui apparaissent tant dans les PGD pour les dérivées que dans les PDM pour la
densité et pour les dérivées sont plus grandes dans le cas ou l'estimateur récursif est utilisé. Dans
le deuxieéme chapitre, nous établissons des PGD et des PDM pour des estimateurs & noyau d’une
fonction de régression. Nous généralisons les résultats déja obtenus dans le cas unidimensionnel
pour 'estimateur de Nadaraya-Watson. Nous étudions ensuite le comportement en déviations de
la version semi-récursive de cet estimateur en établissant des PGD et des PDM. Les fonctions de
taux qui apparaissent dans les PDM sont plus grandes pour l'estimateur semi-récursif que pour
I'estimateur classique. Dans le troisieme chapitre, nous nous intéressons a l’estimation jointe du
mode et de la valeur modale d’une densité de probabilité basée sur 'estimateur a noyau récursif de
la densité. Nous étudions la vitesse de convergence en loi et presque sire du couple formé par ces
deux estimateurs. Pour estimer simultanément les deux parametres de facon optimale, il faut utili-
ser des fenétres différentes pour définir chacun des deux estimateurs. Les estimateurs semi-récursifs
conduisent a des variances asymptotiques plus petites que les estimateurs classiques.

ABSTRACT

The aim of this thesis is the study of the asymptotic behaviour of the kernel estimator of a
probability density function and its derivatives, of a regression function, as well as of the location
and of the size of the mode of a probability density. The goal is to establish several properties of the
recursive or semi-recursive kernel estimators in order to compare their asymptotic behaviour with
that of the classical estimators. In the first chapter, we establish a large deviations principle (LDP)
and a moderate deviations principle (MDP) for the recursive estimator of a probability density
and for its derivatives. It turns out that, in the deviations principles for the derivatives estimators,
the rate function is always quadratic, the deviations being either large or moderate. On the other
hand, for the density estimator, the rate function which appears is of different nature according to
whether the deviations are large or moderate. The rate functions which appear in the LDP for the
derivatives and in the MDP for the density and its derivatives are larger in the case the recursive
estimator is used. In the second chapter, we establish LDP and MDP for kernel estimators of the
regression. We generalize the results already obtained in the unidimensional case for the Nadaraya-
Watson estimator. We then study the behaviour in deviations of the semi-recursive version of this
estimator by establishing a LDP and MDP. The rate function which appears in the MDP are
larger for the semi-recursive estimator than for the classical estimator. In the third chapter, we are
interested in the joint estimation of the location and of the size of the mode of a probability density
based on the recursive kernel density estimator. We study the weak and almost sure convergence
rates of the couple formed by these two estimators. To estimate the two parameters simultaneously
in an optimal way, it is necessary to use different bandwidths to define each of the two estimators.
The semi-recursive estimators lead to asymptotic variances smaller than the classical estimators.
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Chapitre 1

INTRODUCTION






1.1 Introduction

L’objectif de cette thése est I’étude du comportement asymptotique d’estimateurs a noyau d’une
densité de probabilité et de ses dérivées, d’une fonction de régression, ainsi que du mode et de la va-
leur modale d’une densité de probabilité. Les estimateurs a noyaux classiques ont été introduits par
Rosenblatt pour estimer des densités de probabilité, par Parzen pour estimer le mode d’une densité
de probabilité et par Nadaraya et Watson pour estimer une fonction de régression. Le comporte-
ment asymptotique de ces estimateurs (consistance, vitesse de convergence faible et forte, principes
de déviations grandes et modérées) a été étudié par de nombreux auteurs. Des versions récursives
ou semi-récursives de ces estimateurs ont été introduites, mais leur comportement asymptotique a
été relativement moins étudié que celui des estimateurs classiques. Le but de ce travail est d’établir
certaines propriétés des estimateurs a noyau récursifs ou semi-récursifs afin de comparer leur com-
portement asymptotique a celui des estimateurs classiques.

Avant de présenter nos résultats de facon détaillée, nous en donnons tout d’abord les grandes
lignes.

Dans le deuxieme chapitre, nous nous intéressons a 'estimateur récursif f, d’une densité de
probabilité f introduit par Wolverton et Wagner. Plus précisément, nous établissons des principes
de grandes déviations et des principes de déviations modérées ponctuelles et uniformes pour f,
et pour ses dérivées. Il s’avere que, dans les principes de déviations vérifiés par les estimateurs
des dérivées, la fonction de taux est toujours une fonction quadratique, que les déviations soient
grandes ou modérées. A contrario, pour I'estimateur de la densité, les fonctions de taux qui appa-
raissent sont de nature différente selon que les déviations sont grandes ou modérées (la fonction
de taux étant quadratique dans ce dernier cas). Cette différence dans le comportement en grandes
déviations entre f, et ses dérivées n’est pas due au fait que cet estimateur est récursif; elle a été
mise en évidence dans [27] pour l'estimateur de Rosenblatt. Les principales différences dans le com-
portement en déviations entre ’estimateur récursif et ’estimateur de Rosenblatt sont les suivantes.
D’une part, dans les principes de grandes déviations pour la densité elle-méme, ’expression de la
fonction de taux est plus complexe dans le cas récursif que dans le cas non-récursif (et il semble
difficile de comparer plus précisément ces deux fonctions). D’autre part, les fonctions de taux qui
apparaissent tant dans les principes de grandes déviations pour les dérivées que dans les principes
de déviations modérées pour la densité et pour les dérivées sont plus grandes dans le cas ou l'es-
timateur récursif est utilisé. Ceci est bien-sur totalement expliqué par le fait que la variance de
Pestimateur récursif est plus petite que celle de 'estimateur de Rosenblatt.

Dans le troisieme chapitre, nous établissons des principes de grandes déviations et des principes
de déviations modérées pour des estimateurs a noyau d’une fonction de régression r. Des résultats
de grandes déviations pour l'estimateur classique a noyau r, introduit par Nadaraya et Watson
ont été démontrés dans [22] et [15] dans le cas unidimensionnel. Nous généralisons ces résultats
au cas multidimensionnel. Nous établissons également des principes de déviations modérées pour
. De plus, nous étudions le comportement en déviations de la version semi-récursive 7,, de 'es-
timateur de Nadaraya-Watson en établissant des principes de grandes déviations et des principes
de déviations modérées. Les principales différences dans le comportement en déviations entre 1’es-
timateur classique 7, et 'estimateur semi-récursif 7, sont du méme type que celles observées dans
le cadre de l'estimation d’une densité de probabilité. D’une part, dans les principes de grandes
déviations, I'expression de la fonction de taux est plus complexe pour l'estimateur semi-récursif
7, que pour l'estimateur classique 7,. D’autre part, les fonctions de taux qui apparaissent dans
les principes de déviations modérées sont plus grandes pour Iestimateur semi-récursif que pour
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I’estimateur classique.

Dans le quatrieme chapitre, nous nous intéressons a l’estimation jointe du mode 6 et de la
valeur modale i d’une densité de probabilité. L’estimateur a noyau du mode introduit par Parzen
a été largement étudié, mais, curieusement, treés peu de résultats existent sur 'estimateur de la
valeur modale. Les résultats obtenus aux chapitres 2 et 3 montrant que les estimateurs récursifs ou
semi-récursifs sont plus concentrés sur le parametre a estimer que les estimateurs classiques, nous
privilégions, dans ce quatriéme chapitre, '’étude des estimateurs & noyau semi-récursifs 6,, et u, du
mode et de la valeur modale. Nos principaux résultats sont un théoréeme de la limite centrale et une
loi du logarithme itérée compacte pour le couple d’estimateurs (6,,, ). Nous montrons en particu-
lier que pour estimer simultanément les deux parametres 6 et 1 de fagon optimale, il faut utiliser des
fenétres différentes pour définir chacun des deux estimateurs. Nous donnons également le théoreme
de la limite centrale vérifié par le couple d’estimateurs (67, p ) définis a 1’aide de I'estimateur (non
récursif) de Rosenblatt de la densité, et remarquons a nouveau que les estimateurs semi-récursifs
conduisent a des variances asymptotiques plus petites que les estimateurs classiques. Les résultats
de simulations comparant les niveaux empiriques des régions de confiance du couple (6, i) construits
en utilisant d’une part soit les estimateurs classiques (0, 117 ), soit les estimateurs récursifs (0,,, i)
et, d’autre part, soit la méme fenétre pour estimer 8 et u, soit des fenétres différentes corroborent
nos résultats théoriques.

Nous présentons maintenant de maniere détaillée le contenu des trois chapitres de cette these.

1.2 Grandes déviations et déviations modérées pour ’estimateur
a noyau récursif de la densité et de ses dérivées partielles.

Soit X1, ..., X, une suite de variables aléatoires indépendantes et de méme loi, a valeurs dans
R? et de densité de probabilité f. L’estimateur & noyau de f introduit par Rosenblatt est défini par

n — X,
fie) = o K (S5
noi=1 "

oll le noyau K est une fonction telle que [p4 K(x)dz = 1 et ol la fenétre (h,) est une suite de
nombres réels positifs qui tend vers zéro. Cet estimateur a été introduit par Rosenblatt [33] et
par Parzen [30]. La consistance faible et forte a été étudié par plusieurs auteurs. On peut en citer
quelques uns dont Singh ([39],[40]), Riischendorf [35], Silverman [38], Giné et Guillou [13], Hall
[14], Stute [41] et Arcones [2]. Des principes de grandes déviations ont été établis par Louani [21],
Worms [49], Gao [12] et Mokkadem et al. [27], des principes de déviations modérées montrés par
Gao [12] et Mokkadem et al. [27]. Des résultats de grandes déviations et de déviations modérées
pour les dérivées de f,; ont été prouvés par Mokkadem et al. [27]. Mentionnons que des principes
de grandes déviations pour le risque L; ont été obtenus par Louani [23] et Lei et al. [19] dans le
cas i.i.d., par Lei et Wu ([17], [18]) et Lei [20] dans le cas markovien ou mélangeant.

Wolverton et Wagner [47] ont introduit une version récursive de 'estimateur a noyau de Rosen-
blatt. Celle-ci s’écrit récursivement en posant fo = 0 et, pour tout n > 1,

fol) = n_lfn_1(1‘)+n2dK<x;X">

n n n
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ou sous la forme compacte

n

falw) =" %K (9“ ;X> .

i=1

La consistance faible et forte de cet estimateur a été étudié entre autres par Devroye [6], Menon et
al. [25] et Wertz [46]. Sa vitesse de convergence presque sire a été étudiée par Wegman et Davies
[45], et par Roussas [34].

L’objectif de ce chapitre est d’établir des principes de grandes déviations (PGD) et de déviations
modérées (PDM) ponctuels et uniformes pour l'estimateur f;, et pour ses dérivées partielles.

Rappelons tout d’abord les notions de grandes déviations et de déviations modérées.

Définition 1 Soit I une fonction définie sur R™ et a valeurs dans [0, +o0].
e On dit que I est une fonction de tauz si ses ensembles de niveau sont fermés; c¢’est-a-dire
pour tout o € R, l'ensemble {x, I(x) < a} est fermé.
e On dit que I est une bonne fonction de taux si ses ensembles de niveau sont compacts.

Définition 2 Une suite de vecteurs (Zp),,»; de R™ satisfait un PGD de vitesse (vy,) et de fonction
de tauz I st
(a) (vn) est une suite positive telle que lim, o vy, = +00;
(b) Pour tout ouvert U de R™, et pour tout fermé V de R™,
liminf v, 'logP[Z, € U] > — inf I(x)

n— o0 zelU

limsupv, 'logP[Z, € V] < — inf I(z).

n—o00 zeV

Définition 3 Soit (v,) une suite réelle telle que lim,,_, o v, = 00. On dit qu’une suite de vecteurs
(Zn),>, de R™ satisfait un PDM si la suite (v, Zy)n>1 satisfait un PGD.

Dans la partie 1.2.1, nous donnons un PGD ponctuel pour I'estimateur récursif de la densité,
dans la partie 1.2.2, un PGD pour les estimateurs récursifs des dérivées. La partie 1.2.3 est consacrée
au PDM ponctuel (pour les estimateurs de la densité et des dérivées). Enfin, des principes de
déviations (grandes et modérées) uniformes (pour les estimateurs de la densité et des dérivées) sont
énoncés dans la partie 1.2.4.

1.2.1 PGD ponctuel pour 'estimateur récursif de la densité

Nos hypotheses sur le noyau K et la fenétre (h,,) sont les suivantes.
(H1) K : RY — R est une fonction bornée et intégrable, [, K(z)dz =1 et lim o0 K(2) = 0.
(H2) h, =cn™@ avec 0 <a < 1/d et ¢ > 0.

Avant de donner les résultats, nous introduisons la fonction de taux pour le PGD de 'estimateur
de la densité. Soit ¥, : R — R et I, : R — R les fonctions définies par :

Va(u) = / sad (esad“K(z) - 1) dsdz et I,(t) =sup{ut —,(u)}
[0,1]x R4

u€R

(o1 s € [0,1], z € RY). La proposition suivante donne les propriétés des fonctions 1), et I, et précise
le comportement de la fonction de taux I, en fonction de la nature du noyau. Notons A la mesure
de Lebesgue sur R? et posons

Sy = {l’ERd;K(IL‘) >O} et S_ = {:L'GRd;K(m) <0}.

13



Proposition 1 Supposons (H1) vérifiée.

(i) 1, est strictement convexe, deuz fois continuement différentiable sur R, et I, est une bonne
fonction de taux sur R.

(i1) Si AN(S—) =0, alors 1,(t) = +oo lorsque t <0, 1,(0) = N(S4), I, est strictement convexe sur
R et continue sur |0, +oo[, et pour tout t > 0,

L(t) = ¢ () ™ () = a () (1) - (L1)

(11i) Si A(S=) > 0, alors I, est fini et strictement convexe sur R et (1.1) est satisfaite pour tout
teR.

(iv) Dans tous les cas, le minimum strict de I, est atteint pour I,(1) = 0.
On peut maintenant énoncer un PGD pour I'estimateur de la densité.

Théoréme 1 (PGD ponctuel pour ’estimateur de la densité)
Supposons (H1)-(H2) vérifiées, et supposons que f est continue en x. Alors, la suite (fn(x) — f(z))
satisfait un PGD de vitesse (nhl) et de bonne fonction de taux définie de la fagon suivante :

Si f@)#£0, Toa:t— f@) (1+ 75)
Si f(x) =0, I,.(0)=0 et Ip,(t) =400 pour t#O0.

Pour conclure cette partie, soulignons que la différence dans le comportement en grandes
déviations entre I'estimateur f de Rosenblatt et I’estimateur récursif f,, de Wolverton et Wagner
apparait dans I'expression de la fonction de taux. Rappelons en effet que, sous ’hypothese (H1), si
f est continue en x et si la fenétre vérifie les conditions lim,, s b, = 0 et lim, nhg = 00, alors
la suite (f7(x) — f(z)) satisfait un PGD de vitesse (nh%) et de bonne fonction de taux définie par

Si f() £ 0, I;ite f@)l (1+ 1)
Si f(x)=0, I}(0)=0 et Ii(t)=+oco pour t#0,

ou I*(t) = sup,ecg {ut — ¢*(t)}, la fonction ¢* étant définie par

¥ (u) = /]Rd (e“K(z) — 1) dz

(voir Mokkadem et al. [27]). L’expression de la fonction de taux est ainsi plus compliquée pour
I'estimateur récursif que pour l'estimateur classique. En particulier, dans le cas ou 'on considere
Pestimateur récursif, on a besoin de connaitre la vitesse de convergence de la fenétre vers zéro,
lexposant a qui apparait dans la définition de la fenétre (h,,) = (n~%) étant présent dans I’expression
de la fonction de taux I, (contrairement au cas ou 'on considere 'estimateur de Rosenblatt).

1.2.2 PGD ponctuel pour les estimateurs récursifs des dérivées
L’objectif de cette partie est d’énoncer un PGD ponctuel pour les estimateurs récursifs des

dérivées de f, et de comparer ce PGD aux cas ou 'on considére des estimateurs non récursifs.

Soit [a] = (a1, ...,aq) € N?; posons |a| = aj + -+ 4+ a4 et notons 9l f la [a]-ieme dérivée
partielle de f
olel

=—" —(x
aq (e %]
Ox{" ... 0z,

ol f ()

14



Lorsque le noyau K est choisi tel que ol K # 0, et lorsque la fenétre est choisie telle que

d+2|a|

limy, 00 nhn o0, 0l°l f peut étre estimée & 'aide de Pestimateur & noyau non récursif

- LS (£52)

(fr étant Pestimateur de Rosenblatt) ou a l'aide de I’estimateur a noyau récursif

a o i - X
]f Z d+|a\ [ ( hn, >

(f,, étant Pestimateur de Wolverton et Wagner). Pour énoncer un PGD pour 9l f,, (Ja| > 1), nous
avons besoin des hypotheses suivantes.

(H3) h,, = h(n) ou la fonction h est localement bornée et a variations régulieres d’ordre (—a),
0<a<1/(d+2lal).

(H4) i) K est |a|-fois différentiable sur R? et im0 DY K (z)|| = 0 pour tout j € {0,...,|a| —1}.
ii) 9K : R? — R est une fonction intégrable, bornée et Jga [O[Q]K (1‘)]2 dz # 0.

(H5) f est |a|-fois différentiable sur R? et sa différentielle d’ordre j, DY) f, est bornée sur R¢ pour
tout j € {0,...,|a] —1}.

Théoréme 2 (PGD ponctuel pour l’estimateur des dérivées)

Soit || > 1; supposons (H1), (H3)-(H5) vérifiées et O\ f continue en . Alors, la suite
(a[a]fn(an) — 8[0‘}]’(1‘)) satisfait un PGD de vitesse (nh#z‘a') et de bonne fonction de tauzr Jg (o] 4
définie par :

2f () fa [0 K ()] dz (1.2)

Si f(x) #0, J, Jajz it t2(1+a(d+2|0¢|))
{ Si f(x) =0, Ja,ja),z (0)=0 et Jav[a},x() oo pour t#0.

Sous des hypotheses analogues (excepté ’hypothese sur la fenétre qui est simplement lim,, o by, =
d+2lal _ 00), il est montré dans Mokkadem et al. [27] que la suite (8[0‘ fi(x) — ol f(x )

0 et lim,,_,oo Ay
satisfait un PGD de vitesse (nh#z‘a') et de bonne fonction de taux J [*a " définie par :

0, Jp £
Si f(z) =0, J[’;] (0)—0 et J[’fx}x() oo pour t# 0.

La différence dans le comportement en grandes déviations entre I’estimateur non-récursif ! fret
estimateur récursif 9l f,, est le facteur 1+ a(d+2|a|) qui apparait dans 'expression de la fonction
de taux J, (o), mais pas dans celle de J[’fx} .- En tout point z tel que f(x) # 0, on note que, pour

tout t, Jg (o),2(t) > J, ";Lx(t). Ceci est bien-sir a relier au fait que la variance de 1’estimateur récursif

olel £ est plus petite que celle de 1'estimateur non-récursif 61 .

1.2.3 PDM ponctuel pour les estimateurs récursifs de la densité et de ses
dérivées

Soit (vy,) une suite positive. Pour donner le comportement en déviations modérées des estima-
teurs récursifs de la densité et de ses dérivées, nous avons besoin des hypothéses suivantes.
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2
. . . (% .
(H6) limy, o0 vy, = 00 €t nh_)ngo nh#z‘a' =

(H7) i) Il existe un entier ¢ > 2 tel que Vs € {1,...,q—1},Vj € {1,...,d}, / y; K (y)dy; =0, et

/ ‘yqK(y)‘dy < 0.

.o l _n hq —
lm&nZ 0
i) ol f est g-fois différentiable sur R? et M, = sup,cga ||[DI0 f(z)| < +oo.

Remarque 1 Lorsque hy, = O(n™%), avec 0 < a < 1/(d+ 2|a|), les hypothéses (HG) et (H7)ii)
sont satisfaites pour (v,) = (n®) pour tout b €]0,min{aq ; (1 — a(d + 2|a|)) /2}[.

Le théoreme suivant établit le comportement en déviations modérées des estimateurs récursifs de
la densité et de ses dérivées.

Théoréeme 3 (PDM ponctuel)

Pour |a| = 0, supposons les hypothéses (H1), (H3), (H6) et (H7) vérifiées; pour |a| > 1, supposons
(H1), (H3)-(H7) vérifiées. Si 0\ f est q-fois différentiable en x, alors la suite (vn ((‘ﬂ‘ﬂf (z) — 9l f(x)))
satisfait un PGD de vitesse (nhﬁ”'al/v%) et de bonne fonction de tauz J, (o), définie en (1.2).

Sous des hypotheses analogues (excepté toujours ’hypothese sur la fenétre), les estimateurs
non-récursifs 9 fr satisfont également un PDM. Plus précisément, il est montré dans Mokkadem
et al. [27] que la suite (v, (8[0‘} fi(z) — 0l f(z))) satisfait un PGD de vitesse (nhﬁ”'a‘/v%) et de

bonne fonction de taux J[’fx Lo définie en (1.3). On remarque a nouveau que la fonction de taux est

plus grande dans le cas ol les estimateurs récursifs 9% f,, sont utilisés.

Soulignons que, dans le comportement en déviations, il existe une grande différence entre 1’esti-
mateur de la densité (qu'il soit récursif ou non) et les estimateurs des dérivées (qu'’ils soient récursifs
ou non). En effet, les fonctions de taux qui apparaissent dans les principes de déviations - qu’elles
soient grandes ou modérées - des estimateurs des dérivées sont toutes quadratiques. A contrario, la
nature des fonctions de taux qui apparaissent dans les principes de déviations des estimateurs de la
densité est totalement différente selon que les déviations sont grandes ou modérées. Ce phénomene
s’explique de la facon suivante. (Nous donnons naturellement ’explication dans le cadre de lesti-
mateur récursif, mais l’explication est la méme dans le cas du non-récursif). Remarquons que

0 fu(a) = 011 f () = V@) + B o), (14)

. el &L 1 o (=X o (=X
el = 3 (o () e o (52 ) ).

Bll(z) = E[@M fn(m)]—a[a} f(x).

La décomposition (1.4) implique que le comportement en grandes déviations de ol £ est donné par

[a]

celui du terme de variance h,, |a‘Vn dés que 09 f,, est asymptotiquement sans biais, i.e. dés que

avec

limy, oo B () = 0. D’une part, en posant |a] = 0 dans (1.4), on voit que les grandes déviations
pour l'estimateur de la densité sont déduites du PGD pour le terme de variance V,EO] (x). D’autre
part, lorsque |a| > 1, on voit que le PGD pour lestimateur de la [a]-iétme dérivée est obtenu en
prouvant un PGD pour le terme de variance h,, IO“VAO‘] (x) ; comme limy, o0 hy ol — 400, ce PGD est
en fait un PDM pour la suite v,i“] (x), ce qui explique que la fonction de taux soit alors quadratique.
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1.2.4 PGD et PDM uniformes pour les estimateurs récursifs de la densité et
de ses dérivées

Pour établir des principes de déviations uniformes pour les estimateurs récursifs de la densité
et de ses dérivées, nous rajoutons les hypotheses suivantes :
(H8) i) Il existe £ > 0 tel que [pq [|z[|* f(z)dz < oo.
ii) f est uniformément continue.

(H9) i) 9l K est une fonction holdérienne.
i) 11 existe v > 0 tel que la fonction z — ||z||70*) K () soit bornée.
v2 log vy,

. vplog(1/hy)
(H10) i = oy = 0 et Jim = il =0
(H11) i) I existe ¢ > 0 tel que [pq [|2[|° |K(2)| dz < <.
i) Il existe 7 > 0 tel que la fonction z — ||z||"0 f(z) soit bornée.

Remarque 2 Lorsque h, = O (n™%) avec a €]0,1/(d + 2|a|)[, U'hypothése (H10) est satisfaite par
ezemple pour (v,) = (n®) pour tout b €]0, (1 — a(d + 2|a|)) /2[.

Soit U C R?; pour énoncer les principes de déviations grandes et modérées uniformes pour les
estimateurs de la densité et de ses dérivées sur I'ensemble U de fagcon compacte, nous considérons
les grandes déviations comme le cas spécial ou (v,,) =1 et posons :

HfHU,ooIa (1 + H]”H%) si ’Ol| =0 et (’Un) =1
gu(9) = 82 (1-+a(d+2]a]))
2 £llv,c0 fpa [0l K] (2)d=

gu(6) = min{gy(d),gu(-9)},

ot || fllveo = supger [f(2)]-

Remarque 3 Les fonctions gy(-) et gu(-) sont positives ou nulles, continues, croissantes sur
10, +o0[ et décroissantes sur | — 00, 0[, avec un minimum global unique en 0 (g (0) = gy(0) = 0).
Elles sont donc de bonnes fonctions de tauz (et gy(-) est strictement convexe).

Nous montrons un PGD et un PDM uniformes sur U pour la suite (8[0‘} frn —0lolf ) Le théoreme
4 correspond au cas ou U est borné, le théoreme 5 au cas ou U est non borné.

Théoréme 4 (déviations uniformes sur un ensemble borné)

Dans le cas ot |a] = 0, supposons (H1), (H2), (H7), (H9)i), et (H10) vérifiées. Dans le cas ou
|| > 1, supposons (H3)-(H5), (H7), (H9)i) et (H10) vérifiées. En outre, supposons soit que (vy,) = 1
soit que (v,) satisfait (H6). Alors, pour tout sous-ensemble borné U de R et pour tout § > 0,

2

(%
Ji, 8 s

001 ,(a) ~ 01 (0)| = o] = —~au(o) (1.5)

Théoréme 5 (déviations uniformes sur un ensemble non borné)
Supposons (H1), (H7)-(H11) vérifiées. De plus,
e dans le cas ot |a| =0 et (v,) = 1, supposons (H2) satisfaite ;
e dans le cas ot soit |a| > 1 et (vy,) = 1, soit |a] > 0 et (vy,) satisfait (H6), supposons (H3)-(H5)
veérifiées.
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Alors, pour tout sous-ensemble U de R et pour tout § > 0,

2
—gu(6) < linniiorgf hder?lOél log P [sugvn el f, (x) — 6[a]f(w)‘ >0
nnn re
v2 £
< i — 2 logP n [0 fr () — 91 >4 < - Gu (5).
< limsup ] og [216181) 0 fp(x) —0 f(x)‘ >0 < 5—{—ng( )

Le corollaire suivant est une conséquence immédiate du théoreme 5.

Corollaire 1
Sous les hypothéses du théoréme 5, si [pa llz||¢ f(z)dz < 0o VE € R, alors pour tout sous-ensemble
U de R?,

2

v
lim ——1logP [sup Un
n—o0 nhg+2|a| rcU

01 ,a) ~ 01 (0)| = o] = —~au(d) (16)

Remarque : Les résultats énoncés dans le théoreme 4 et le corollaire 1 sont des PGD. En effet,
puisque la suite (sup,cyr |fn(x) — f(x)]) est positive et puisque gy est continue sur [0, +oo[, crois-
sante et tend vers l'infini quand § — oo, Papplication du lemme 5 dans Worms [49] permet de
déduire de (1.5) ou (1.6) que la suite (sup,¢yr | fo(z) — f(x)|) satisfait un PGD de vitesse (nhZ) et
de bonne fonction de taux gy sur Ry.

Le comportement en déviations uniformes de l'estimateur non-récursif et de ses dérivées a
été établi dans Mokkadem et al. [27]. Les deux principales différences dans le comportement en
déviations uniformes entre les estimateurs non-récursifs et les estimateurs récursifs sont & nouveau
les suivantes : (i) concernant le comportement en grandes déviations, I’expression de la fonction de
taux est plus compliquée dans le cadre de 'estimation récursive ; (ii) concernant le comportement
en déviations modérées, la fonction de taux est plus grande dans le cadre de ’estimation récursive.
Soulignons & nouveau que, que les déviations soient grandes ou modérées, uniformes ou ponctuelles,
les hypotheses sur la fenétre (h,,) sont plus contraignantes dans le cas récursif que dans le cas non-
récursif : dans le cas récursif, il est nécessaire de connaitre la vitesse de convergence de (hj) vers
zéro (et on pose (hy) = h(n) avec h(z) = cx™® pour les PGD ou h a variations régulieres d’ordre
—a pour les PDM), alors que, dans le cas non-récursif, il suffit de supposer que (h,) tend vers zéro
et que nh#mal tend vers l'infini. Cette hypothese supplémentaire sur la fenétre dans le cas récursif
ne peut pas étre supprimée : I'exposant a qui intervient dans la définition de (h,) apparait dans
I’expression des fonctions de taux pour les PGD et PDM ponctuels et uniformes des estimateurs
récursifs de la densité et de ses dérivées.

1.3 Principe de grandes déviations et principes de déviations modérées
pour P’estimateur multivarié de la régression.

Soit (X,Y), (X1,Y1),...,(X,,Y,) une suite de variables aléatoires indépendantes et identique-
ment distribuées & valeurs dans R? x R? de densité de probabilité f(x,y) avec E|Y| < oco. Soient g(x)
la densité marginale de X et r(z) = E (Y|X = z) la régression de Y sur X. L’objectif de ce chapitre
est d’établir le comportement en déviations de I'estimateur de la régression de Nadaraya-Watson
et de sa version semi-récursive.
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1.3.1 PGD et PDM pour l'estimateur de Nadaraya-Watson
L’estimateur de Nadaraya-Watson ([28], [44]) de la régression est défini par

() = ¢ gn(z)
0 sinon,

si gn(z) # 0

avec

1 " ﬂj‘—XZ‘
) = 3 L ()

1 - xr — XZ'
n = 7 K ;

ou la fenétre (h,) est une suite positive de nombres réels telle que

lim h, =0 et lim nh? = oo, (1.7)

n—oo n—0o0

olt le noyau K est une fonction continue telle que lim g K(z) = 0 et [p, K(z)dz = 1. La
consistance faible et forte de r,, a été étudiée entre autres par Collomb [4], Collomb et Hérdle [5],
Devroye [7], Mack et Silverman [24] et Senoussi [37]. Pour d’autres travaux sur la consistance, nous
renvoyons aux monographies telles que celles de Bosq [3] et de Prakasa Rao [31]. Le comportement
en grandes déviations de r,, a été étudié dans un premier temps par Louani [22], puis par Joutard
[15] dans le cas unidimensionnel. Un principe de déviations modérées a été obtenu par Worms
[49] dans le cas particulier on Y = r(X) + ¢ avec € et X indépendants. Dans cette partie, nous
généralisons ces différents résultats.

L’approche utilisée par Louani [22] et Joutard [15] pour étudier les grandes déviations de r,, est
de remarquer que si d = g = 1 et si le noyau est positif, alors, pour tout § > 0,

1 — x—X;
Plrp(z) —r(x) >9 = P|— Yi—r(z) -6 K L) >0
ra(e) —r(z) 2 ] TR (552
Evidemment, cette approche ne peut pas étre étendue au cas multivarié. Pour étudier le comporte-
ment en grandes déviations de 7, dans le cas multivarié, nous procédons donc de facon totalement
différente : nous établissons tout d’abord un PGD pour le couple (m,(x), g, (z)), puis montrons
comment le comportement en grandes déviations de r,(z) peut étre déduit de celui du couple. Les

hypotheses dont nous avons besoin sont les suivantes :
(A1) K : RY — R est une fonction bornée intégrable, [, K(2)dz =1 et lim o K(2) = 0.

(A2) Pour tout u € R?, t — e<“’y>f(t, y)dy est bornée et continue en x.
R4

Commentaires sur les hypothéses
e Notons que I'hypothése (A2) implique que la densité g est continue en x et bornée.
e Considérons le modele Y = r(X) + ¢ avec € et X indépendants, et notons h la densité de
probabilité de . On a alors

f(ty) = gt)h(y—r(t))
| Wlsaay = g / ly + r(O)|h(y)dy
R4 Ra

| i stndy = g [ cangay
R2 Ra
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Ainsi, 'hypothese (A2) peut étre traduite comme une hypotheése sur g, 7 et sur les moments
de €.

e Notons aussi que la condition de bornitude dans ’hypotheése (A2) est inutile lorsque K est a
support compact.

Introduisons les fonctions de taux du PGD pour I'estimateur de Nadaraya-Watson. Soient ¥, :
RYx R —Ret I, I, : R?Tx R — R les fonctions définies par

Vo(u,0) = /R (AR 1) gz
< R4

I(t1,t2) = sup  {(u,t1) +vtg — Wu(u,v)},
(u,v)€ERIXR

A

I.(s,t) = I.(st,t).

En outre, pour tout s € R?, posons

J*(s) = tierg*lw(st,t)

- tlerg* L (5,%),

J(s) = J*(s) AI,(0,0)
= ggéfx(s,t).

Pour prouver que J est une fonction de taux, nous avons besoin de la condition suivante.
(C) infera Lu(s,0) = I(0,0).
Sous les hypotheses (A1) et (A2), la condition (C) est satisfaite dans les cas suivants.

Exemple 1 : Noyau positif ou nul
La condition (C) est satisfaite lorsque K est positif ou nul, puisque, dans ce cas, I,(s,0) = 400
pour tout s # 0 (voir la proposition 7 du chapitre 3).

Exemple 2 : Modele avec symétrie
La condition (C) est satisfaite lorsque f est symétrique par rapport & chaque coordonnée de la
seconde variable y € RY.

Exemple 3 : Un noyau négatif sans hypothéese de symétrie sur f, et pourd=q =1
La condition (C) est satisfaite lorsque le noyau s’écrit sous la forme K = 1p —1pr ot D et D’ sont
des sous-ensembles de R tels que DN D" =) et A\(D) — A(D’) = 1. Un exemple de noyau d’ordre 4
vérifiant ces conditions est K = 1|_, o) — L[—p —q[U]a,p), aVEC

o = Vit (V3) 43
b = §€/§+é<€/§)2+é.

La proposition suivante donne les propriétés de J.

Proposition 2 Supposons les hypothéses (A1), (A2) et (C) satisfaites. Alors,
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(i) J est une fonction de tauz sur R?1. Plus précisément, pour a € R,
o sia<Iy ( 0), alors {J(s) < a} est compact.
e sia>1,(0,0), alors {J(s) < a} =Rq.

(i) si Ix(ﬁ, 0) = oo, alors J est une bonne fonction de taux sur RY et J = J*.
(1) si J*(s) < o0, alors J(s) = J*(s).
() si o < I,(0,0), alors {J*(s) < a} = {J(s) < a}.

Remarque 4 D’apreés les définitions de J et J* et la proposition 2 (iii), on a :

B J*(s) si J*(s) < o0
J(s) = {Jx(ﬁ,()) si J5(s) = oo.

Nous pouvons maintenant énoncer un PGD pour I'estimateur de Nadaraya-Watson.

Théoréme 6 (PGD ponctuel pour l’estimateur de Nadaraya-Watson)
Supposons que les hypothéses (A1), (A2) et (C) sont vérifiées, et que (hy) satisfait la condition
(1.7). Alors, pour tout sous-ensemble ouvert U de RY,

lﬂgf nhd log P [r,(x) € U] > slglfjJ (s),

et pour tout sous-ensemble fermé V de RY,

< —1i .
h;n_)solép nh S logP[rp(z) € V] < Slg‘f/ J(s)

Commentaires.
1) Posons E = {J*(s) < co}. Pour tout sous-ensemble ouvert U de RY tel que U N E # (), on a

hmlnf nh < logP[r,(x) € U] > — inf J(s).

n seU

2) Si I, est fini dans un voisinage de (0,0), alors J* est fini et, d’aprés la proposition 2 (iii),
J(s) = J*(s) < oo Vs; ainsi (r,) satisfait un PGD de vitesse (nhl) et de fonction de
taux J. Bien sur, ceci n’est pas vrai lorsque le noyau est positif ou nul puisque dans ce cas
I,(s,0) = +o00 pour tout s (voir la proposition 7 du chapitre 3). Cependant, on peut avoir
cette conclusion pour des noyaux pouvant prendre des valeurs négatives.

3) Lorsque I,,(0,0) = oo, la proposition 2 et le théoréme 6 nous assurent que (r,,) satisfait un PGD
de vitesse (nh?) et de bonne fonction de taux J.

Dans le cas ou K est un noyau positif ou nul dont le support est de mesure infinie, I x((j,O) = 00
(voir la proposition 7 du chapitre 3). On obtient donc le corollaire suivant (ot 'on note A la mesure
de Lebesgue).

Corollaire 2 Supposons les hypotheses du théoréme 6 vérifiées. Si le noyau K est positif ou nul
et tel que A ({z € R%, K(2) > 0}) = oo, alors la suite (ry,) satisfait un PGD de vitesse (nhl) et de
bonne fonction de tauz J

Ce corollaire est une extension des résultats de Louani [22] et Joutard [15] au cas multivarié (et au
cas ou le noyau peut s’annuler). De plus, il montre que la fonction de taux qui apparait dans leurs
résultats de grandes déviations est en fait une bonne fonction de taux.

Pour établir un PDM pour l'estimateur de Nadaraya-Watson, nous rajoutons les hypotheses
suivantes :
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(A3) Pour tout u € RY, les fonctions ¢t — (u, )2 f(t,y)dy et t (u,y) f(t,y)dy sont
Re Ra
continues en z et g(z) # 0.
nhd
vi

(A5) i) Il existe un entier p > 2 tel que Vs € {1,...,p—1},Vj € {1,...,d},
[ Ky =oet [ K@)y < .
R4 R4

ii) lim,,_ 00 vohh = 0.
iii) m et g sont p-fois différentiables sur RY, et leurs différentielles d’ordre p sont bornées et
continues en x.

(A4) limy,— 00 vy, = 00 et limy, o = 00.

Nous pouvons maintenant énoncer un PDM pour 'estimateur de Nadaraya-Watson.

Théoréme 7 (PDM ponctuel pour l’estimateur de Nadaraya-Watson )
Supposons que les hypothéses (A1)-(A5) sont vérifiées. Alors, la suite (vy, (rn(z) —r(x))) satisfait
d

nh
un PGD de vitesse <—2"> et de bonne fonction de taur G, définie par :
Un

_ g(z) -
Gy(v) = Wszm Lo,

ot X, est la matrice de covariance conditionnelle de Y sachant X = x.

1.3.2 PGD et PDM pour 'estimateur semi-récursif de la régression

La version semi-récursive de I'estimateur de Nadaraya-Watson est définie par

N — si gp(x 0
Fal) =3 i) O )7
0 sinon,
ou
1Y  [(z-X; N 1~ 1 r—X;
N (z) = — —K t g,(r) = — —K
) = o gk (T3] e i =13k ()

)

(my,, et g, sont les versions récursives de m,, et g, respectivement). Des conditions faibles sur les
différentes formes de consistance de 7, ont été obtenues par Ahmad et Lin [1] et Devroye et Wag-
ner [8]. Roussas [34] a étudié sa vitesse de convergence presque sure. L'objectif de cette partie est
d’établir un PGD et un PDM pour 7.

La fonction de taux apparaissant dans le PGD pour 7, étant plus complexe que celle pour
Iestimateur de Nadaraya-Watson, nous considérons les fenétres de la forme h,, = ¢cn™%, avec ¢ > 0
et 0 < a < 1/d (au lieu de fenétres satisfaisant (1.7)). Pour a €]0,1/d][, soient ¥, : RI x R — R
et fa,x : R? x R — R les fonctions définies par :

Vz(u,v) = / s (esad(<“’y>+”)K(z) - 1) f(x,y)dsdzdy,
[0,1] x R4 xR

[Na@(tl,tg) = sup {(u,t1> + vty — \i/x(u,v)} )
(u,v)€ERIXR
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De plus, soient J, et j[; les fonctions définies de la fagon suivante : pour tout s € RY,

a(s) = tlelg*[a@(‘gt,t)

W(s) = j;(s)/\fa@((j,O).

Pour donner le comportement en grandes déviations de I'estimateur semi-récursif 7,, nous avons
besoin de I'hypothese suivante.

(A’1) Pour tout u € R?, ¢ — euy) f(t,y)dy est continue en x uniformément par rapport a
a € |0,1]. Rq
Nous devons également substituer la condition (C) par la suivante :
(C) infsepa ja,m(sv 0) = ja,m(ﬁv 0).

Des exemples pour lesquels la condition (C’) est vérifiée sont les exemples 1 et 2 donnés pour (C).
La proposition suivante donne les propriétés de la fonction J,.

Proposition 3 Supposons les hypothéses (A1), (A2), (A’1) et (C’) vérifiées. Alors,
(i) J, est une fonction de taux sur RY. Plus précisément, pour o € R,
o sia<I,.(0,0), alors {ja(s) < a} est compact.

e siq> fa,x(ﬁ, 0), alors {ja(s) < a} = RY.
(ii) si I, +(0,0) = oo, alors J, est une bonne fonction de tauz sur RY et J, = J.
(iii) si J¥(s) < oo, alors Jq(s) = J:(s).
(iv) si a < j:a@((j,O), alors {jj{(s) < a} = {ja(s) < a}.

Notons que, comme pour J et J*, on a

= B J5(s) si J¥(s) < oo
Jals) = {ia,m(“,()) S J*(s) = oo.

Nous pouvons maintenant énoncer un PGD pour I'estimateur semi-récursif de la régression.

Théoréme 8 (PGD pour l’estimateur semi-récursif de la régression)
Soit (hy) = (en™®) avec ¢ > 0 et 0 < a < 1/d. Supposons (A1), (A2), (A’1) et (C°) satisfaites.
Alors, pour tout sous-ensemble ouvert U de RY,

1 ~
lim inf — - log P [ (x) € U] > — inf J'(s),

n—oo nhd seU
et pour tout sous-ensemble fermé V de RY,

1

lim sup o log P [y () € V] < — inf Ju(s).

n—oo My seV

Tous les commentaires faits a la suite du théoreme 6 restent vrais pour le théoreme 8. En particulier,
nous avons le corollaire suivant :

Corollaire 3 Supposons les hypothéses du théoréme 8 satisfaites. Si K est un noyau positif ou nul
tel que A ({z € RY, K(z) > 0}) = oo, alors la suite (7,) satisfait un PGD de vitesse (nhl) et de
bonne fonction de taux J,.
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Avant d’établir un PDM pour 'estimateur semi-récursif de la régression, rappelons qu’une suite
(uy,) est dite & variations régulieres d’ordre « s'il existe une fonction u a variations régulieres d’ordre
a telle que u, = u(n) pour tout n (voir par exemple Feller [11] page 275). Nous supposons aussi
que la condition suivante est réalisée.

hy,
sup — < 00. (1.8)
i<n hi

(Cette condition est satisfaite par exemple lorsque (h,,) est une suite décroissante).

Théoréme 9 (PDM ponctuel pour l’estimateur semi-récursif de la régression)
Supposons que (hy) est une suite a variations régquliéres d’ordre (—a) avec a €]0,1/d[ et qu’elle
satisfait (1.8). Supposons (A1)-(A5) vérifices. Alors, la suite (v, (Tn(z) — r(x))) satisfait un PGD

hd .
de vitesse <%> et de bonne fonction de tauxr G, définie par :
= (1+ad)g(z) 7.1
a,x = T 0, N~ Ex .
G (V) 2 [pa K2(z)dzv v

Notons que, comme c’était déja le cas dans le cadre de 'estimation d’une densité, la fonction de taux
qui apparait dans les PDM est plus grande pour lestimateur semi-récursif que pour 'estimateur
de Nadaraya-Watson.

1.4 Comportement joint des estimateurs semi-récursifs du mode
et de la valeur modale d’une densité de probabilité.

Soit X1,...,X, une suite de variables aléatoires indépendantes et identiquement distribuées
A valeurs dans R? de densité de probabilité inconnue f. On suppose que f a un unique mode 6,
c’est-a-dire on suppose qu'il existe § € R? tel que f(x) < f(#) pour tout = # 6. En outre, on
suppose que # est non dégénéré, i.e. que D?f(#), la différentielle d’ordre 2 de f au point 6, est
non singuliere (dans toute la suite, D¢ est la différentielle d’ordre m de la fonction multivariée
g). L’objectif principal de ce chapitre est I'étude de la vitesse de convergence en loi d’estimateurs
a noyau du mode 6 et de la valeur modale p = f(6) et son application a la construction de régions
de confiance pour le couple (6, u).

L’estimateur & noyau du mode a été introduit par Parzen [30]. Il est définit comme une variable
aléatoire 0 satisfaisant

fa(0) = sup f(y), (1.9)

y€ER4

ou f} est 'estimateur de Rosenblatt de la densité f. Lorsque le noyau K est continu et tel que
lim| | —oo K () = 0, le choix de la variable aléatoire 6, vérifiant (1.9) peut étre fait a 'aide d'un
ordre sur R?. Par exemple, on peut considérer 1'ordre lexicographique suivant : « < y si la premiere
coordonnée non nulle de x — y est négative. La définition

6, = inf {y € R? tel que f(y) = sup f;:(x)} ,
zeR

ou l'infimum est pris suivant 'ordre lexicographique assure la mesurabilité de ’estimateur a noyau
du mode. Il existe de nombreux travaux sur le comportement asymptotique de 6. Citons, parmi
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beaucoup d’autres, Parzen [30], Nadaraya [28], Van Ryzin [42], Riischendorf [35], Konakov [16],
Samanta [36], Eddy (][9], [10]), Romano [32], Vieu [43], Mokkadem et Pelletier [26]. Pour estimer la
valeur modale f(6), il est naturel de prendre u) = f¥(6}), mais, a notre connaissance, les propriétés
asymptotiques de cet estimateur n’ont pas été beaucoup étudiées.

Dans les deux chapitres 2 et 3, nous avons vu que les estimateurs récursifs ou semi-récursifs
sont plus concentrés sur le parametre a estimer que les estimateurs classiques. C’est pourquoi, dans
ce quatrieme chapitre, nous préférons introduire des estimateurs semi-récursifs du mode et de la
valeur modale plutét que d’étudier le couple (6, ).

La version semi-récursive de l’estimateur a noyau classique du mode est définie par 6, =
inf {y € R? tel que f,(y) = sup,cpa fn(z)}, ot f, est Iestimateur récursif de la densité introduit
par Wolverton et Wagner. L’estimateur semi-récursif auquel on pense naturellement pour estimer la
valeur modale est u,, = f,,(6,). Cependant, nous allons voir que cet estimateur a deux inconvénients
majeurs. D’une part, si le noyau K utilisé dans la définition de f,, est d’ordre 2, alors la loi limite de
la suite (p, — p) convenablement renormalisée est nécessairement dégénérée ; pour construire une
région de confiance pour (6, ) (ou un intervalle de confiance pour p), il faut obligatoirement avoir
recours & un noyau d’ordre supérieur. D’autre part, quel que soit 'ordre du noyau K utilisé dans
la définition de f,, le choix de la fenétre qui assure que 6,, converge a la vitesse optimale n’est pas
le méme que celui qui assure que u, converge a la vitesse optimale. C’est la raison pour laquelle
nous utilisons deux estimateurs distincts de la densité (définis a I’aide de fenétres différentes) pour
estimer 6 et p.

Plus précisément, soient h et h deux fonctions positives, soient (hy,) et (hy) les suites définies
par h, = h(n) et h,, = h(n) pour tout n > 1, et soient f, et f, les deux estimateurs récursifs de la
densité définis par

I~ 1 (z-X, . I~ 1 (z2—X,
T) = — —K et T) = — —K = .
) =325 ( hi > I =52 7k (=

i=1 i=1

Pour estimer le mode, nous utilisons le premier estimateur de la densité et posons donc
0, = inf { y € R tel que f,(y) = sup fu(z) ¢,
r€R4

tandis que, pour estimer la valeur modale, nous utilisons le second estimateur de la densité et
posons ainsi

La partie 1.4.1 est consacrée a la consistance des estimateurs 6,, et fi,,, la partie 1.4.2 a la vitesse
de convergence en loi du couple (0, fi,). Dans la partie 1.4.3, nous comparons l'utilisation des
estimateurs semi-récursifs a celle des estimateurs classiques. Enfin, nous donnons la vitesse de
convergence presque sire du couple (6, fi,,) dans la partie 1.4.4.

1.4.1 Consistance des estimateurs 0,, et 1,

Pour montrer la consistance de 6,, et de fi,,, nous avons besoin des hypothéses suivantes.

(A1) i) K est une fonction différentiable, paire, intégrable et / K(z)dz = 1.
Rd

ii) K est un noyau d’ordre ¢ > 2 i.e. Vs € {1,...,q — 1}, Vj € {1,...,d}, /d y; K (y)dy; =0
R
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et/ ‘y?K(y)‘dy< 00.
Rd

iii) K est une fonction holdérienne.
iv) Il existe v > 0 tel que la fonction z — ||z||7 |K(z)| soit bornée.

(A2) i) f est uniformément continue sur R?, g-fois différentiable et sup,cpa [|[D?f(z)| < oo, ot ¢
est l'ordre du noyau K.
i) 11 existe £ > 0 tel que [pq [|z]|* f(z)dz < oco.
iii) Il existe n > 0 tel que la fonction z — ||z||7 f(z) soit bornée.
iv) 1l existe 6 € R? tel que f(x) < f() pour tout x # 6.

(A3) Les fonctions h et h sont locallement bornées et & variations régulieres d’ordre (—a) et (—a)
respectivement, ou a €]0,1/(d +4)[, a € ]0,1/(d + 2)].

Remarque 5 Notons que U'hypothése (Al)iv) implique que K est borné.
Proposition 4 Sous les hypothéses (A1)-(A3), on a

lim 6, =0 p.s. et lim f,=p p.s.
n—oo

n—oo

1.4.2 Vitesse de convergence en loi du couple (0, fi,)

Posons
Lo(n) = n’hy, et L,(n) =nhy,. (1.10)

Au vu de I'hypothese (A3), Ly et £, sont des fonctions positives a variations lentes. En outre, nous
introduisons les notations suivantes :

% (z 181549))

B,(0) = ;
) s S B qafw)

wee 8= [ KGNy ar# 1 et ag £ 1,

_ FO)G
Ao [ —[D*O)] "o v _ [ T 0
0 1)’ 0 J0) Jpa K2(z)dz |
14+ad
d 81’Z al‘j

1
Pour tout ¢, ¢ > 0, on pose D(c,¢é) = ( \/S d \% ) ol I est la matrice identité d x d.

Pour établir la vitesse de convergence faible de (0, fi,,), nous introduisons les conditions suivantes.

ol G est la matrice d x d définie par G() = / (x)dx.
R

(C1) L’une des trois conditions suivantes est satisfaite.

1 q 1-2a
2 <d+4<“ d+2q+2 t_<“< d+2)
ii)( L o<l o g <a<ﬂ)
d+2q “d+4  d+2¢+2 2(d+2)
1 1

i) a = d+2g a= d12012 limy, 00 L4(n) =7 < 00 et limy, o0 Lo(n) =7 < 0.

(C2) L’une des deux conditions suivantes est vérifiée.

a
et —<a<

. 5 1 1
i) <0<a<d+2q 2 d+2q+2)
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ii) a = ———, lim E(n)—ooet7<a<71
S d42q TR 2(d + 2q) d+2q+2
(A4) i) K est deux fois différentiable sur R
ii) La fonction z — 2V K(z) est intégrable.
iii) Pour tout (i,7) € {1,...,d}?, *K/dx;8x; est bornée, intégrable et holdérienne.
(A5) i) D?f(0) est non singuliere.
ii) D?f est g-fois différentiable et V f est bornée.
i) Pour tout (7,7) € {1,...,d}? sup,cga||D? (0% f/0z;0z;) | < oo, et pour tout k €
{17 s 7d}a SUPgcRrd ||Dq (3f/8:z:k) || < 00.

Remarque 6 Notons que les hypotheéses (A4)ii) et (A4)iii) impliquent que VK est une fonction
lipschitzienne et intégrable ; ainsi, on peut voir que lim |y~ [|[VK (z)|| = 0 (et en particulier VK
est bornée).

Théoréme 10 Supposons les hypothéses (A1)-(A5) vérifiées.
i) Si (C1)i) ou (C1)ii) est satisfaite, alors

/ d
( nhf‘+2(9” -9 > 2, N (0, AT A).
\V nhi (i, — )

ii) Si (C1)iii) est satisfaite, on pose ¢ = y4+24+2 et & = 39424 ; glors

/ d
( nli (6 = 0) ) D, N (D(c,&)AB,(0), ASA) .
\V nhi (i, — p)

iii) Si (C2) est satisfaite, alors
Lq(en - 0)
( hi ) ) =, AB,(0).

Remarque. La partie 1 (respectivement la partie 3) du théoréeme 10 correspond au cas ou les
biais (respectivement les variances) des estimateurs 6,, et fi,, sont négligeables devant leurs variances
(respectivement leurs biais). Lorsque ~,% > 0, la partie 2 du théoréme 10 correspond au cas ou le
biais et la variance des estimateurs 6, et [i,, ont la méme vitesse de convergence. D’autres conditions
possibles conduisant & différentes combinaisons sont omises pour des raisons de simplicité.

L’estimateur du mode 6,, converge a la vitesse optimale lorsque la fenétre (h,,) est choisie telle

. d+2q+2
que lim, s nhot2at

= v €]0,00[, tandis que l'estimateur de la valeur modale fi,, converge a la
vitesse optimale lorsque la fenétre (hy,) est choisie telle que lim, .o nhit? = 5 €]0, 00[. Nous
voyons ainsi clairement U'intérét d’utiliser deux estimateurs différents de la densité (définis a 1'aide

de fenétres distinctes) pour estimer le mode et la valeur modale.

Notons également que chacune des conditions (C1)i) et (C1)iii) excluent le choix a = a (et donc
h, = iln) et que la condition (C1) est vide pour ¢ = 2. Ainsi, lorsque la méme fenétre est utilisée
pour estimer & la fois 0 et u, il faut obligatoirement avoir recours & un noyau d’ordre supérieur pour
que la loi asymptotique du couple (6, — 0, fi,, — ) convenablement normalisé ne soit pas dégénérée
(et donc pour construire des régions de confiance de (6, p)).
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1.4.3 Comparaison avec les estimateurs classiques

Rappelons que 'estimateur du mode introduit par Parzen [30] est défini par
0; = inf {y € R? tel que f}(y) = sup,ere fi(z)} ou

fite hdZK<

est I'estimateur de la densité de Rosenblatt. Pour estimer la valeur modale, on peut bien-siir poser
5 = [»(0;), mais on peut également, comme dans le cadre de I'estimation semi-récursive, utiliser
une fenétre différente et poser i = f(605), ou

o 1 - .Z'—XZ'
fat) = — K( = )

n =1

En suivant les lignes de la démonstration du théoreme 10, on peut établir la vitesse de convergence
en loi du couple (6} —6, i} — p1). Plus précisément, on peut montrer que les conclusions du théoreme
10 sont valables lorsque ’on remplace 6,, par 0}, i, par [i},, ¥ par la matrice

«_ [ fOG 0
X = ( 0 1(6) fRd K?(z)dz >’

et By(0) par le vecteur

V(o)
L BE0)

Notons que X, la variance asymptotique des estimateurs semi-récursifs 8,,, fi,, est plus petite que
¥, celle des estimateurs classiques 6}, [i), puisque

(4 ad+2)]7' 0 i
E‘( 0 ‘ [1+&d}_1>2'

B (0) =

Dans le chapitre 4, nous présentons des simulations qui montrent que pour construire des régions
de confiance pour (6, p), il est - comme nous l'indiquent nos résultats théoriques - préférable :
(i) d’utiliser les estimateurs semi-récursifs plutot que les estimateurs classiques; (i) d’utiliser des
fenétres différentes pour les estimations de 6 et de pu.

1.4.4 Vitesse de convergence presque stire du couple (0, fi,,)

Pour établir la vitesse de convergence presque stre du couple (6, fi,,), nous avons besoin des
hypotheses suivantes :

(A6) i) h et h sont différentiables, leurs dérivées sont & variations régulieres d’ordre (—a — 1) et
(—a — 1) respectivement.
ii) Il existe ng € N tel que

mh;@(d”) ' milfnd } min {mh,;b(dﬂ) ; mﬁ;ﬂ}

n>m2>nyg = nax — = — .
{ nhy (@+2) 7 phyd min {nh;(d+2);nh;d}

Remarque 7 L’hypothése (A6)ii) est satisfaite lorsque a # a et, dans le cas ou a = a, elle est
d
satisfaite lorsque Lo(n) = (L£,(n))3+2 pour n assez grand (Lq et L,, étant définies dans (1.10)).
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En outre, les conditions (C1) et (C2) sont remplacées par les suivantes :

(C’1) L’une des trois conditions suivantes est satisfaite.

i) <—<&<Leté<a< 1_%)
d+4 d+2¢+2 ¢ d+2

. _ 1 1 1+ad

i) <d+2q SOS a Uiz T 2(d+2))

iif) a:;m:;,hm%mW — & < oo et hm”_@wz
04<C<Z>o+2q d+2q+2 2loglogn 2loglogn

(C’2) L'une des deux conditions suivantes est vérifiée.

1 a 1
i) <0<(~z<—etg<a<7)

d+2q 2 d+2q+2
- I (Lu(n))t2a
— 1 n— o0 L = t :
i) a= oot 2loglogn @129 S dr 2942

Avant de donner une vitesse de convergence presque sire de (6, fin), précisons que la proposition
2.3 dans Mokkadem et Pelletier [26] assure que la matrice G est non singuliere, ce qui garantit
I'inversibilité de .

Théoréme 11 Supposons les hypothéses (A1)-(A6) vérifiées.
i) Si (C’1)i) ou (C’1)ii) est satisfaite, alors, avec probabilité un, la suite

1 Vnhit? (0, — 0)
VEoRToRn \ \/nid (i — )

est relativement compacte et l’ensemble de ses points d’adhérence est l’ellipsoide

&= {1/ e R tel que vTATIS 1A < 1} .

i1) Si (C’1)iit) est satisfaite, on pose ¢ = a et ¢ = & ; alors, avec probabilité un, la suite

1 Vnhdt?(6, — 0)
\/W \/ nﬁg(ﬂn - //’)

est relativement compacte et l’ensemble de ses points d’adhérence est I’ellipsoide

&= {1/ e R tel que (A™'v — D(c,¢) Bq(e))T ST (AT — D (c,8) By(9)) < 1} .

iii) Si (C’2) est satisfaite, alors
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Remarque. Lorsque la condition (C’1) est satisfaite, on a

' nhz+2q+2 ‘ nﬁi—‘r% ~
im ———— =a et lim ———— =@,
n—oo 2loglog n n—oo 2loglogn
avec & = & = 0 dans le cadre de la premiére partie du théoreme 11, et o, & € [0, 00[ dans le cadre
de la deuxieéme partie du théoreme 11. Lorsque la condition (C’2) est satisfaite, on a

 ppdt2et? . nhd+2a
im ——— =00 et lim —— =
n—oo 2loglogn n—oo 2loglogn
Notons qu’'une loi du logarithme itérée compacte pour l'estimateur 6 de Parzen a été établie

dans [26]. Cependant, les techniques utilisées dans [26] sont completement différentes de celles que
nous utilisons pour démontrer le théoreme 11. Soulignons que pour établir la vitesse de convergence
du couple d’estimateurs classiques (67, i), ni les techniques utilisées dans [26], ni celles utilisées
dans le chapitre 4 ne s’appliquent ; établir une loi du logarithme itérée pour ce couple d’estimateur
reste donc une question ouverte.
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Large and moderate deviations
principles for recursive kernel
estimator of a multivariate density
and its partial derivatives
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2.1 Introduction

Let Xi,...,X, be a sequence of independent and identically distributed R%valued random
vectors with bounded probability density f. Let (h,) be a positive sequence such that lim,,_,, h,, =
0 and lim,, nhfL = 00 ; the recursive kernel estimator of f is defined as

n

Fulz) = %Z %K (m 2X> (2.1)

i=1

where the kernel K is a continuous function such that lim, 4 K(z) = 0 and [pq K(z)dz =
1. The estimate (2.1) is a recursive version of the well-known Rosenblatt kernel estimate (see
Rosenblatt [18] and Parzen [16]); it was first discussed by Wolverton and Wagner [23], Yamato
[25], and Davies [3]. The estimator (2.1) is easily updated each time an additionnal observation
becomes available without resorting to past data, through the recursive relationship

—1 1 - X,
fn(l') = nn fn—l(l‘) + nh%K (m I > .

The weak and strong consistency of the recursive estimator of the density was studied by many
authors ; let us cite, among many others, Devroye [5], Menon et al. [14] and Wertz [22]. The law of
the iterated logarithm of the recursive density estimator was established by Wegman and Davies
[21] and Roussas [19]. For other works on recursive density estimation, the reader is referred to the
papers of Wegman [20], Ahmad and Lin [1], and Carroll [2].

Recently, pointwise and uniform large and moderate deviations results have been proved for the
Rosenblatt density estimator and its derivatives. The large deviations principle has been studied by
Louani [12] and Worms [24]. Gao [7] and Mokkadem et al. [15] extend these results and provide mo-
derate deviations principles. The large and moderate deviations of the derivatives of the Rosenblatt
density estimator are given in Mokkadem et al. [15]. Let us mention that large deviations principles
for the L;- distance are investigated by Louani [13] and Lei and al. [10] in the i.i.d. case, by Lei and
Wu ([8], [9]) and Lei [11] in the markovian or mixing framework. The purpose of this paper is to
establish pointwise and uniform large and moderate deviations principles for the recursive density
estimator f, and its derivatives.

Let us recall that a R™-valued sequence (Z,),>1 satisfies a large deviations principle (LDP)
with speed (v,) and good rate function I if :

(a) (vy) is a positive sequence such that lim,, . v, = 00}
(b) I : R™ — [0, 00] has compact level sets;
(c) for every borel set B C R™,

—inf I(z) < liminfuv, 'logP[Z, € B]

° n—oo
reB
< limsupwy, tlogP[Z, € B] < — inf I(z),

n—oo z€B

o J—
where B and B denote the interior and the closure of B respectively. Moreover, let (v,,) be a non-
random sequence that goes to infinity; if (v, Z,) satisfies a LDP, then (Z,) is said to satisfy a
moderate deviations principle (MDP).
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For any d-uplet [a] = <a1, . ,ad) e N set |a| = a; + - + ag, let

olel

o) () =
0%1@) = g g @)

denote the [a]-th partial derivative of f (if || = 0, then 0! f = f) and, for any j € N, let DU) f
denote the j-th differential of f. The recursive kernel estimator of the [a]-th partial derivative of f
is defined as

1 - X;
o] S E lo] i d
O nte) hd+|a‘ i’ ( hi > ’

=1

where the kernel K is chosen such that 91 K # 0 and the bandwidth such that lim,, nh#z‘a' =

Q.

Our first aim is to establish pointwise LDP for the recursive kernel density estimator f,. It
turns out that expliciting the rate function in this case is more complex than either for the Rosen-
blatt kernel estimator, or for the derivatives estimators. That is the reason why, in this particular
framework, we only consider bandwidths defined as (h,,) = (ecn™%) with ¢ > 0 and a €]0,1/d]. We
then prove that the sequence (f,(z) — f(z)) satisfies a LDP with speed (nhZ) and rate function

Iow it f(2)], (ﬁ + 1)

where I,(t) is the Fenchel-Legendre transform of the function v, defined as follows :

Ya(u) = / s (esad“K(z) — 1) dsdz.
[0,1]xRd

Our second aim is to provide pointwise LDP for the derivative estimators d[® f,, (with |a| > 1).
In this case, we consider more general bandwidths defined as h,, = h(n) for all n, where h is a
regularly varying function with exponent (—a), a €]0,1/ (d + 2|«|) [. We prove that the sequence

(01 fu(@) = 01 ()

satisfies a LDP of speed (nhd+2|a|) and quadratic rate function J, o), : R — R defined by
£0,

; Y t2(1+a(d+2|a|))
it f@) o T 55 @) fpa [0l K (o) (2.2)
if f(x)=0, Jy2(0)= O and Joja)z(t) =00 for t#0.

Our third aim is to prove pointwise MDP for the density estimator and for its derivatives. For
any d-uplet [a] such that |a| > 0, any positive sequence (v,,) satisfying

’U2

lim v, =00 and lim —2— =0
n—oo n—00 hd+2\a| ’

and general bandwidths (h,,), we prove that the random sequence
on (0 ful) — 91 f())
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satisfies a LDP of speed (nhg”'a' / v%) and rate function J, o) ,(+) defined by Equation (2.2).

Let us point out that the rate function J, (4], is larger (by a factor 1+ a(d + 2|a|)) than the
rate function obtained for the Rosenblatt estimator in Mokkadem et al. [15]; this means that the
recursive estimators 91 f,,(z), |a| > 0, are more concentrated around d[® f(z) than the Rosenblatt
estimators.

Finally, we give a uniform version of the previous results. More precisely, let U be a subset of R% ;
we establish large and moderate deviations principles for the sequence (sup,.¢s ‘8[0‘} fulz) — 0l f(x) D
in the case either U is bounded or all the moments of f are finite.

2.2 Assumptions and Results

2.2.1 Pointwise LDP for the density estimator

The assumptions required on the kernel K and the bandwidth (h,,) are the following.
(H1) K : R? — R is a bounded and integrable function , Jpa K(2)dz =1 and lim | K(2) = 0.
(H2) h, =en™® with 0 < a < 1/d and ¢ > 0.

Before stating our results, we need to introduce the rate function for the LDP of the density
estimator. Let ¢, : R — R and I, : R — R be the functions defined as :

(1) = / 57t (&K 1) dsdz and T(t) = sup {ut — $(w)}
[0,1]xR4

u€R

(where s € [0,1], z € R%) and set
St = {:17 e R%: K () > 0} and S_ = {x e R%: K () < O}.

The following proposition gives the properties of the functions ¢, and I, ; in particular, the be-
haviour of the rate function I,, which differs depending on whether K is non-negative or not, is
explicited.

Proposition 1 Let \ be the Lebesque measure on R and let Assumption (H1) holds.

(i) g is strictly convez, twice continuously differentiable on R, and I, is a good rate function on
R

(ii) If X(S—) = 0, then I,(t) = +o0 when t < 0, 1,(0) = X(S4), I, is strictly convex on R and
continuous on |0, 400, and for any t > 0

L(t) = ¢ ()™ () = a (1) (1) - (2:3)

(111) If X(S—) > 0, then I, is finite and strictly convex on R and (2.3) holds for any t € R.

() In both cases, the strict minimum of I, is achieved by I,(1) = 0.

Remark 1 The following relations are straightforward, and will be used in the sequel :

_ sup,sofut — g (u)} if t>1
la(t) = { Supu<2{ut—1/)a(u)} if t<1. (2:4)

We can now state the LDP for the density estimator.
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Theorem 1 (Pointwise LDP for the density estimator)
Let Hypotheses (H1)-(H2) hold and assume that f is continuous at x. Then, the sequence (f,(z) — f(x))
satisfies a LDP with speed (nhg) and rate function defined as follows :

if f(x)#£0, I:t— f@), <1+f(x))
if f(x)=0, I4.(0)=0 and I,,(t) =400 for t#O0.

2.2.2 Pointwise LDP for the derivatives estimators

Let [o] be a d-uplet such that |a| > 1. To establish pointwise LDP for dl*f,, we need the
following assumptions.

(H3) h,, = h(n) where the function h is locally bounded and varies regularly with exponent (—a),
0<a<1/(d+2la]).

(H4) i) K is |o|-times differentiable on R and lim ;| oo |DY K (z)|| = 0forany j € {0,...,|a| — 1}.
ii) 9K : R? — R is a bounded and integrable function and Jga [8[0‘}1( (:L’)]2 dz # 0.

(H5) f is |a|-times differentiable on R¢ and its j-th differentials DY) f are bounded on R for any
je{0,...,|al —1}.

Remark 2 A positive (not necessarily monotone) function L defined on 10,00 is slowly varying if
limy_, o L(tx)/L(t) = 1; a function G is said to vary reqularly with exponent p, p € R, if and only if
there ezists a slowly varying function L such that G(x) = 2P L(zx) (see, for example, Feller [6] page
275). Typical examples of regqularly varying functions with exponent p are x”, xflogx, xfloglogx,
P logx/loglogx, and so on. An important consequence of (H3) which will be used in the sequel
is :

if Ba<1, then lim 62h6 (2.5)

ne il 1—aﬂ

Theorem 2 (Pointwise LDP for the derivatives estimators)
Let |a| > 1 and assume that (H1), (H3)-(H5) hold and that 01 f is continuous at x. Then, the se-

quence (09 f,(v) — 9lel f(z)) satisfies a LDP with speed (nhgﬂla‘) and rate function J, (o] . defined
by (2.2).

2.2.3 Pointwise MDP for the density estimator and its derivatives

Let (v,,) be a positive sequence ; we assume that
2

. . U’I’L —
(HO) i = o0 and i ity =0

(H7) i) There exists an integer ¢ > 2 such that Vs € {1,...,q—1},Vj € {1,...,d}, / y; K (y)dy; =

0, and / ‘yjK(y)‘dy < 0.
Rd

v n
i) lim — Y h!=0.
0 23
iit) 9l® f is g-times differentiable on R? and M, = sup,cga | D201 f(z)| < +o0.

Remark 3 When h, = O(n™%), with 0 < a < 1/ (d + 2|a|), (H6) and (H7)ii) hold for instance for
(vn) = (nb) for any b €]0, min{ag; (1 — a(d + 2|a])) /2}].
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The following theorem gives the MDP for the density estimator and its derivatives.

Theorem 3 (Pointwise MDP)
When |a| = 0, let Assumptions (H1), (H3), (H6) and (H7) hold ; when |a| > 1, let (H1), (H3)-(H7)
hold. If 9 f is g-times differentiable at x, then the sequence (vn (0 o] f () — [O‘]f(fﬂ))) satisfies a

LDP with speed (nhgﬂ‘al/v%) and good rate function J, [q) . defined in (2.2).

2.2.4 Uniform LDP and MDP for the density estimator and its derivatives

To establish uniform large deviations principles for the density estimator and its derivatives, we
need the following additionnal assumptions :

(H8) i) There exists £ > 0 such that [ [|z(°f(z)dz < .

ii) f is uniformly continuous.

(H9) i) 0l°lK is Holder continuous.
ii) There exists v > 0 such that z — ||z||70*) K (2) is a bounded function.
v2 log Un _

2 log(1/h,
n—00 nhn a n—00 h a
(H11) i) There exists ¢ > 0 such that [p, [|2(| |K(2)| dz < co.
ii) There exists 7 > 0 such that z — |z|70* f(z) is a bounded function.

Remark 4 When h,, = O (n~%) with a €]0,1/(d+2|a|)[, (H10) holds for instance with (v,) = (n®)
for any b €]0, (1 — a(d + 2|al)) /2]

Set U C R?: in order to state in a compact form the uniform large and moderate deviations
principles for the density estimator and its derivatives on U, we consider the large deviations case
as the special case (v,) = 1 and we set :

”f”U,OOIa (1 + mﬁ) if ‘Oé’ =0 and (?}n) =1
gu(d) = 8 (1-+a(d+2lal)
2| fllv,c0 fua [0lVK] (2)d=

gu(6) = min{gy(0),9u(-6)},

otherwise,

where | f[|vco = supyers [ f(2)]-

Remark 5 The functions gy (-) and gu(-) are non-negative, continuous, increasing on |0, +oo[ and
decreasing on | — 00,0[, with a unique global minimum in 0 (g (0) = gy (0) = 0). They are thus
good rate functions (and gy(-) is strictly convex).

Theorem 4 below states uniform LDP and MDP for (8[0‘] e f) on U in the case U is
bounded, and Theorem 5 in the case U is unbounded.

Theorem 4 (Uniform deviations on a bounded set)

In the case |a| =0, let (H1), (H2), (H7), (H9)i), and (H10) hold. In the case |a| > 1, let (H3)-
(H5), (H7), (H9)i) and (H10) hold. Moreover, assume either that (v,) = 1 or that (vy,) satisfies
(H6). Then for any bounded subset U of R% and for all § > 0,

2

(%
Ji, 8 s

01 ,a) ~ 01 (0)| = o] = ~au(o) (2:6)
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Theorem 5 (Uniform deviations on an unbounded set)
Let Assumptions (H1), (H7)-(H11) hold. Moreover,
e in the case |a| =0 and (v,) = 1, let (H2) holds ;
e in the case |a] > 1 and (v,) =1, or |a| > 0 and (vy,) satisfies (H6), let (H3)-(H5) hold.
Then for any subset U of R and for all § > 0,
2

. . v
—gu(0) < hnnigf THQM log P [sup Up
nhy, zeU

O fofa) = 91 f (@) = 5

2
< limsup _n__ log P [sup Up,

n—00 nhg+2|a| zelU

0 o) — 0 f ()| > 5} < gt ®

The following corollary is a straightforward consequence of Theorem 5.

Corollary 1
Under the assumptions of Theorem 5, if [5 |z||¢ f(2)dx < oo VE € R, then for any subset U of RY,

2

v
lim —2—1logP [sup Un
n—00 nhg+2|a| zeU

001 ,a) ~ 01 (0)| = o] = —~au(o) 1)

Comment Theorem 4 and Corollary 1 are LDP for the sequence (sup,crr |fn(z) — f(2)]). As a
matter of fact, since the sequence (sup,¢yr | frn(z) — f(x)]) is positive and since gy is continuous on
[0, +00[, increasing and goes to infinity as § — oo, the application of Lemma 5 in Worms [24] allows
to deduce from (2.6) or (2.7) that (sup,ey |fn(2) — f(2)]) satisfies a LDP with speed (nh%) and
good rate function gy on R.

2.3 Proofs

Let (\Ii[na }) and (By[fd) be the sequences defined as

n

«a 1 1 o z—X; o r—X;
W) = 5 (o0 (557 - o (5],

=1

Bil@) = E[0°fu(@)] - 01 (@),

We have :
ol f(z) — 19 f(x) = Wl (2) + Bl (). (2.8)
Theorems 1, 2 and 3 are consequences of (2.8) and the following propositions.

Proposition 2 (Pointwise LDP and MDP for (¥1))
1. Under the assumptions (H1) and (H2), the sequence (fn(z) —E (fn(x))) satisfies a LDP with
speed (nhﬁ) and rate function I, .

2. Let |a| > 1 and assume that (H3), (H4) hold, then the sequence (WL?] (:U)) satisfies a LDP
with speed (nhi”'“‘) and rate function Jg (o] o

3. When |a| =0, let Assumptions (H1), (H2) and (HG6) hold and when || > 1, let (H3), (H4)
and (H6) hold, then the sequence (vanif‘] (x)) satisfies a LDP with speed <nhi+2‘a|/v,2l) and

rate function Jo (q) -
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Proposition 3 (Uniform LDP and MDP for (\IIL‘L"]))

1. In the case |a| =0, let (H1), (H2), (H9)i) and (H10) hold. In the case |a| > 1, let (H3)-(H5),
(H9)i) and (H10) hold. Moreover, assume either that (v,) = 1 or that (vy,) satisfies (H6);
then for any bounded subset U of R% and for all § > 0,

2

Up,
Ji, e P s

0110, (0)| > 5} 0

2. Let Assumptions (H1), (H8)-(H11) hold . Moreover,
e in the case |a] =0 and (v,) =1, let (H2) holds,
e in the case either |a] > 1 and (v,) = 1, or |a| > 0 and (vy,) satisfies (HG), let (H3)-(H5)
hold.
Then for any subset U of R¢ and for all § > 0,

2

. . v
—gu(0) < hnrri)gf Tﬁzm log P |:Sllp Up
nhy, zeU

a[aqu”(x)( > 5}

2

v
limsup —2-— log P |:Sllp v
n—oo nhﬁ“"ll xzeU "

IN

00, ()] 2 8] < g 0),

Proposition 4 (Pointwise and uniform convergence rate of Bll"‘] )
Let Assumptions (H1), (H3)-(H5) and (H7)i) hold.
1) If olel £ is g-times differentiable at x, then

E <8[°‘]fn(x)> ) = O <M>

n

2) If (H7)iii) holds, then :

lim sup
n—oo Zz 1 hz z€R4

B (o), 0) — @] < T [ K-

Set z € R?; since the assumptions of Theorems 1 and 2 guarantee that hmnqooB[a]( ) = 0,
Theorem 1 (respectively Theorem 2) is a straightforward consequence of the application of Part 1
(respectively of Part 2) of Proposition 2. Moreover, under the assumptions of Theorem 3, we have,
by application of Part 1 of Proposition 4, lim,,_, vnBlLo4 () = 0; Theorem 3 thus straightfully
follows from the application of Part 3 of Proposition 2. Finally, Theorems 4 and 5 are obtained by
applying Proposition 3 together with the second part of Proposition 4.

We now state a preliminary lemma, which will be used in the proof of Propositions 2 and 3.
For any u € R, set

v2 o d+2af
Ap(u) = Wlog[ﬁl exp wld@) )1,

Az(uw) = f(z) (Wa(u) —u),

u2

2
Al ) = T ra@draay’ @ /Rd [a[ ]K(z)} dz.

Lemma 1 (Convergence of Ay, ;)
e In the case || =0 and (v,) = 1, let (H1) and (H2) hold ;
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e In the case either |a| > 1 and (v,) = 1, or |a| > 0 and (vy,) satisfies (H6), let (H1), (HS3)
and (H4) hold.

1. (Pointwise convergence)
If f is continuous at x, then for all u € R,

lim A, (u) = Ay(u) (2.9)

n—oo

A(u) = AL(u) when v, =1 and |a| =0
VT AM(u) when either v, — oo and |a| >0 or v, =1 and |a| > 1.

2. (Uniform convergence)
If f is uniformly continuous, then the convergence (2.9) holds uniformly in x € U.

Our proofs are now organized as follows : Lemma 1 is proved in Section 2.3.1, Proposition 2 in
Section 2.3.2, Proposition 3 in Section 2.3.3 and Proposition 4 in Section 2.3.4. Section 2.3.5 is
devoted to the proof of Proposition 1 on the rate function I,.

2.3.1 Proof of Lemma 1
Set u € R, u, = u/vy,, Y; = Al K (m;—lxl) and a, = nh#z‘a'. We hayve :

Aua) = 22105 [exp (1na, 910 (0))]

n

Il
|5
s}
0Q
=
| — |
©]
e
ol
/
<
S
Q
3
)=
>
BEY
+| =
o~
=
&=
—
=
=
N~

By Taylor expansion, there exists c¢;, between 1 and E [exp < Zgﬁla‘ YZ>] such that
nh.

UG
log [ E [exp | ———Y;
( [ (nh?*'“ ))
Up Ay, 1
= E —Y; | —1| — E
[ <nh§”“‘ ) ] 2c%,n<

and A, ; can be rewritten as

2
Uy Gy,
exp| ——Y; | -1
(nh?*'“ ) D

Ay z(u)
V2 Uy, G, 02 e 1 UG, ?
= a Z;E exXp WE —1| - E L a E exXp WE -1
UV, & 1
- ; WE(YZ-). (2.10)

For proving Lemma 1, we consider two cases :
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First case : either v,, — co or |a| > 1.

Un @
A Taylor’s expansion implies the existence of ¢}, between 0 and ———Y; such that

nhd+|o¢\
E [exp %Yi -1
nh,

7
1 ? 1 3
— UmOn gy 2 [ Unln 2y, L[ _UnOn < 3 cg,n)

K3 7

Therefore,
A = way, \- 1 2 1)
na() = R - h2d+2|a|E (V7] + Ry (u)
- f(gc)u2an zn: 1 (3[a}K(2))2dZ+R(1) (u) + R (u)
2n? pa h?+2|0‘| R4 n,T n,T
with

1ulal S, —3d-3a o 2 N1
" oi=1 ; i

U2(l "
RO = 2N o [ (09K E) [ hiz)  f@)]d

2 d+2
2n =1 hi+ || R4

Since |Y;| < [0 K |s0, we have

Upa
| < 19K
i
so that
Gn < |unl 0K s, (2.11)
and
1
o < exp (2unl|0 K ) (2.12)
i,n

Noting that E|Y;[* < h¢|| fllcc [ga |8[°‘]K(z)|3dz. Hence, using (2.5) and (2.11), there exists a posi-
tive constant ¢y such that, for n large enough,

udal & 3d—3|a 4
n E h E <y3e%,n)
3 i i
Un “
i=1

n

o oy M lsclufPelnlo Kl /
R4

el k()|
(1+ a(2d + 3|a])) vy, O K( )‘ d (2.13)

which goes to 0 as n — oo since either v, — oo or |a| > 1.
In the same way, in view of (2.5) and (2.12), there exists a positive constant ca such that, for n
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large enough,

2
UnpQp,
nh,
[a]
< cat st

which goes to 0 as n — oo. The combination of (2.13) and (2.14) ensures that

v2 2": 1 E
2a., c?

=1 ,n

aMK(z)( dz> 2 hd (2.14)

d

lim sup \Rﬁllgc(u)] =0.

N0 zeRrd

Now, since f is continuous, we have lim; .o |f(z — h;z) — f(x)| = 0, and thus, by the dominated
convergence theorem, (H4)ii) implies that

lim <8[°‘]K(z)>2 |f(z — hiz) — f(x)|dz = 0.

i—00 JRd

2 n
u“an,

2 d+2
27 = b “
0. The pointwise convergence (2.9) then follows.

In the case f is uniformly continuous, we have lim; o sup,epa | f(x — hiz) — f(z)| = 0 and thus,

Since, in view of (2.5), the sequence ) is bounded, it follows that lim ]RSLZ;, (u)| =

using the same arguments as previously, we obtain lim,, ., sup,cgd ]R,(fgg(u)] =0.
We then deduce that lim,, o Sup,cr [An z(uw) — Ag(u)| = 0 which concludes the proof of Lemma 1
in this case.
Second case : |a] = 0 and (v,) = 1.
Using assumption (H2) and in view of (2.10), we have

uan y, 1 n 1 uan v 2 u n
nhd nhd —d g
e m ) e
(] 1=

=1 &N

Apa(u) = aizn:ﬂz

i=1

Rd

d 2
1 1 wRY;

f—ij(z)
<e i —1> [f(z — hiz) — f(x)]dz

= > H / {eu&)“dw _1] f@)dz —u [ K()f(@)dz — RE(w) + RY),(u)
ni—y Re

with

noi=1 Re
_% K(2)[f(x — hiz) — f(z)]dz
R4
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Using the bound (2.14), we have lim,, .o SuUp,cga \Rg;(u)] =0.
Since |ef — 1| < |t|e/!], we have

<eu’L§?K(z) - 1) [f(x — hiz) — f(x)]| dz

IN

u [o's) 1 &
el 1A EEZ?#AJK@MV@—MQ—f@NM

Mn z r — N;z2) — €T
D [ KGN = b))

1
In the case f is continuous, since in view of (2.5) the sequence <W S h?) is bounded, the
n

dominated convergence theorem ensures that lim,, .., ffi(u) =0.

In the case f is uniformly continuous, set € > 0 and let M > 0 such that 2| ]| oo f||z||>M |K(2)|dz <
£/2. We need to prove that for n sufficiently large

wp/ K@)||f (@ —hiz) — f(@)dz < /2
zeRJ |z[| <M

which is a straightforward consequence of the uniform continuity of f. It follows from analysis
considerations that

lim Ay, (u) = f(a?)/ [/1 g—ad (esaduK(z) _1_ us“dK(z)> ds] dz,
R LJo

n—oo

and thus Lemma 1 is proved. B

2.3.2 Proof of Proposition 2

To prove Proposition 2, we apply Proposition 1, Lemma 1 and the following result (see Puhalskii
[17]).

Lemma 2 Let (Z,) be a sequence of real random wvariables, (vy,) a positive sequence satisfying
lim,, o0 vy, = +00, and suppose that there exists some convex non-negative function I' defined (i.e.
finite) on R such that

1
VueR, lim — logE [exp(uv,Zy)] = I'(u).

n—oo U,

If the Legendre transform T of T is a strictly convex function, then the sequence (Z,) satisfies a
LDP of speed (vy,) and good rate function T'.

In our framework, when || = 0 and v, = 1, we take Z, = f,(z) — E(fn(2)), v, = nhd with
hy, = cn~® where 0 < a < 1/d and T' = AL. In this case, the Legendre transform of I' = AL is the
rate function I, , : t — f(z)l, (ﬁ + 1) which is strictly convex by Proposition 1. Otherwise, we
take Z,, = v, (a[a]fn(x) -E (8[0‘} fa(@))), vn = nh#z‘a'/v% and I' = AM : T is then the quadratic
rate function J, o), defined in (2.2) and thus Proposition 2 follows. B
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2.3.3 Proof of Proposition 3

In order to prove Proposition 3, we first establish some lemmas.

Lemma 3 Let ¢, : R+ — R be the function defined for § > 0 as

()" (||f||(i}700_ + 1) if (vp)=1 and |a| =0,
¢a(0) = 5(1-+a(d+2]a)))

5 otherwise.
If 11,00 Jpa[0191 K]

(2)d=
1. sup,cp{ud —sup,cpy Az (u)} equals gy (9) and is achieved for u = ¢q(d) > 0.
2. sup,ep{—ud —sup,cpy Az(u)} equals g (—6) and is achieved for u = ¢q(—6) < 0.

Proof of Lemma 3

We just prove the first part, the proof of the second one being similar. First, let us consider the
case (v,) = 1 and |a| = 0. Since ¢! > 1+t (Vt), we have 1)(u) > u and therefore,

ud —supAg(u) = ud — || fllv,co (Ya(u) —u)

xzelU
)
l.f lltr,00 [U <W + 1> - T/’a(u)}

The function u +— ud — sup,cy Az (u) has second derivative —|| f|r.cotn (u) < 0 and thus it has a
unique maximum achieved for
)
up = (1)~ < + 1) '

[1f 1700

Now, since v/, is increasing and since 1/, (0) = 1, we deduce that uy > 0.
In the case lim,, ., v,, = 0o, Lemma 3 is established in the same way by noting that

ud —sup Ay (u) = ud —sup AM (u)
zeU zelU
= b s [ RG] . m
2(1+a(d+2|al)) R

Lemma 4
e In the case || =0 and (v,) =1, let (H1) and (H2) hold;
e In the case either |a| > 1 and (v,) = 1, or |a| > 0 and (vy,) satisfies (H6), let (H1), (H3)
and (H/) hold.
Then for any § > 0,

2

. (%™ [ o 1

nhjgo ~dt2lal log sup P ['Un <8[ }fn(l‘) —E <8[ ]fn(l"))) > 5_ = —gu(9)
nhn zeU
2 -
. Un 6% (0%
nh_)H;O i+ 2lal logsup P [Un <5[ ]fn(l") —E (8[ }fn(iﬂ))) < —5_ = —gu(—9)
nhy, xcU

2 -

nh—{go WI_M log 21615]P) ['Un 8[a}fn(l‘) —E <a[a]fn($))‘ > 5_ = —gu(0).
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Proof of Lemma 4

Set by, = nhdt2lel /2 5 (2) = 0, UL (), and § > 0. In the sequel, A, (u) is defined as in (2.9).
We first note that, for any u > 0,

P(Sn() 2 9] = P |ebrSel) > cbud]
< e tnudg |:ebnuSn(x)]
< e—an5ebnAn,z(u)
< e—bn(ué—Az(u))ebn(Anyz(u)—Az(u)).
Therefore, for every u > 0,
sup]P’[Sn(x) > 5] < e—bn(ué—supzeUAz(u))ebn super|An’z(u)—Az(u)|. (215)

zeU

Similarly, we prove that, for every u < 0,

SupIP’ [Sn(l') < _5] < e—bn(—u5—super Az(u))ebn supzeU\An,x(u)—Ax(u)\‘ (216)
zeU

The application of Lemma 3 to (2.15) and (2.16) yields

SUpP [Sp(z) > 8] < e bnou(®) gbnsupepline (6a(6)~Ae(60(2)]
zeU
SUp P [Sp(z) < —0] < e bn9u(=0) cbn subuculAna(6a(~8)~Ar(da(~0))
zelU

and the second part of Lemma 1 provides

nh—{%o 228 ’An,x((ba((s)) - Ax((ba(é)” =0
lim sup [Apo(¢a(—0)) — Az(da(—0))| = 0.

Consequently, it follows that

lim sup 1 logsupP[S,(xz) >4d] < —gu(9)

n— o0 n zelU

limsup - log sup P[S,(z) < ~0] < —gur(—0)

n— o0 n zeU

and thus, setting gy (d) = min{gy (9), gu(—9)},

1imsupilogsupIP’[|Sn(x)|26] < —gu(9).

n—o00 n zelU

In order to conclude the proof of Lemma 4, let us note that there exists xo € U such that f(xq) =
|| fllr,00- The application of Proposition 2 at the point z( thus yields

lim = logP[Su(ro) > 6] = —gu(0)
1
lim ™ log P [Sy(z0) < —d] = —gu(—96)
.1 ~
JLngob—logIPHSn(xo)\ >0] = —gu(d).
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The latter relation being due to the straightforward bounds

max{P [Sn(20) > 0], P[Sn(r0) < —0]} < P[[Sn(x0)| = J]
< 2max{P [Sp(x0) > 0], P[Sp(xo) < —0]}. W

Lemma 5 Let Assumptions (H1), (H3), (H4)i), (H9)i) and (H10) hold and assume that either
(vn) =1 or (H6) holds.
1. If U is a bounded set, then, for any § > 0, we have
2

li — " _ _logP
i, — e log® [supen

wel (@) > 5} )

n

2. If U is an unbounded set, then, for any b >0 and § > 0,

2
lim sup _Un__ log P [ sup  vp

n—oo pptt?e] 2€U 2] <wn

\Ifif“(w)\ > 5] < db— gu(d)

where w, = exp (bnh#zla'/v%).

Proof of Lemma 5

Set p €]0,d[, let 3 denote the Hélder order of dl®M K, and ||\ K|y its corresponding Holder

norm. Set w,, = exp (bnhfrz‘a'/vg) and

1
B
= = —(d+A+al)
2/|0 K || rvg 3054 B
We begin with the proof of the second part of Lemma 5. There exist N’(n) points of R?, y%n), yén), R y]((;,)(n)

such that the ball {z € R%||z|| < w,} can be covered by the N'(n) balls BZ.(n) = {r € R% ||z —

n 2w, \*
yi( )H < R,} and such that N’'(n) < 2 <%> . Considering only the N(n) balls that intersect

n
{z € U;||z|| < wyp}, we can write

N(n n
{z € U;||z|| < wp} c UYWBM.

(2

For each i € {1,...,N(n)}, set mgn) € Bi(n) NU. We then have :

N(n)

vl 2 6] < 3 P, g
i=1

plol (m)\ > 5}

n

P [Supmev,na:u@nvn

IN

N(n) max P [SupxeBE")U" \ng‘](x)‘ > 5] .

1<i<N(n)
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Now, for any i € {1,...,N(n)} and any z € BZ-(n),

] (. (0|, Un elge (T=Xi) _ gl — X
wlel(g! )‘+Z 8<hj>8K< 3 )‘
7j=1
Up, 1 o
+;th+\a|
J

" _
3[a}K<x—Xa‘>_a[a}K o =X
= h; h;
o.M | 4 2V 1 5la] |z — 2|
Un \I/n (‘Tz ) Ha KH Z d+|o¢\ h.
J

< o W)+ 2 okl iy 3 by D RS
7j=1

‘111[5‘](53)‘ < o

Un

hd+|a\

n

IN

< vy \I/[a}(w(”)) +p-

Hence, we deduce that

P [suPscus o<, vn [V (@) 28] < N() | Juax P [oa [l @) = 6 - )
< N(n)supP [vn \I’Lf‘}(:n)‘ >0 — p] .
zeU
Let us at first assume that
V2
lim sup W log N(n) < db. (2.17)
n—oo n,

The application of Lemma 4 then yields

2

o Un
lim sup —a+2la] log P SUPgeU, ||| <w, Un
n—oo nhn

wlel(@)] 2 o]

2

. (% ~

< hmsupwlogl\f() gu(é —p)
n—00  nh,

< db—gu(é —p).

Since this inequality holds for any p €]0, [, Part 2 of Lemma 5 thus follows from the continuity of
gu-

Let us now establish Relation (2.17). By definition of N (n) and w,,, we have log N (n) < log N'(n) <
dbnhd % 1p2 1 (d+ 1)1og 2 — dlog R,,, with

2

vs
—2_—log R,
hd+2\ ol
02 L
= - [a] _ _ —(d+B+el)
ﬁnhﬁ”'al log p + logn log<2||6 K||H> log v,, — log ]z::lh] ,

which goes to zero in view of (H10) and (2.5). Thus, (2.17) is proved, and the proof of part 2 of
Lemma 5 is completed.
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Let us now consider part 1 of Lemma 5. This part is proved by following the same steps as for
part 2, except that the number N(n) of balls covering U is at most the integer part of (A/ Rn)d,
where A denotes the diameter of U. Relation (2.17) then becomes

2

lim sup log R, <0

n—oo

d+2|a
h+||

and Lemma 5 is proved. B

Lemma 6 Let Assumptions (H1), (H3), (H4)i) and (H11)ii) hold. Assume that either (vy,) =1 or
(H6), (H10) and (H11)i) hold. Moreover assume that 01 f is continuous. For any b > 0 if we set

Wy, = exp (bnhg”'al/v%) then, for any p > 0, we have, for n large enough,
n

Un, 1 o r—X;
v o P () =

zeU ||lzl|zwn " 55 v

Proof of Lemma 6

We have

n

oy #E [a[a]K <~”” ;‘X >] Z 101 £ (2 — hiz)de. (2.18)

i=1 ¢

Set p > 0. In the case (v,) = 1, set M such that [0l f||o f||z||>M |K(2)|dz < p/2; we have

e ok (750)])

P gl & £ hor) Bl
< L+ f(x)/”Z”<M Dlds+ Z/”<M ) [0) @~ hiz) — 9 ()| =

n

Up, 1
; Z hd+|a\
)

1=1

Lemma 6 then follows from the fact that 9l f fulfills (H11)ii). As a matter of fact, this condition
implies that hm||x||—>oo,er ol f(x) = 0 and that the third term in the right-hand-side of the
previous inequality goes to 0 as n — oo (by the dominated convergence).

Let us now assume that lim,_,, v, = 0o ; relation (2.18) can be rewritten as

v L 1 r— X, v n
n o] i\| _ n CFT
RZ,&ME[@ K< - )] - .§ /””<wn/2K(z)8 Fx — hiz)dz

i=1 ¢
+UnZ/ K(2)01 f(z — hiz)dz.

[|2]|>wn /2

Set p > 0; on the one hand, we have

o 2 wn and 2l Swn/2 = o= hizl] 2 wo (1 - hif2)
= ||l — h;z|| > w,/2 for n large enough.
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Set My = sup,cpa ||z]|"01 f (). Assumption (H11)ii) implies that, for n sufficiently large,

U,
sup — / K(2)0l f(z — hiz)| dz
Z lll|<wn /2 ‘

)| >wn T i=1

n

v
<  sup = K(2)| M¢||lz — h;z|| "dz
< sp Y /” o MM = hiz]

lz|>w, ™
v
< 2"—"M/ K d
= w! ! Rd’ (2)] dz
< P
- 2

On the other hand, we note that, in view of assumptions (H10) and (H11)i),

Un - « Un «
sup 43" / K0 o~ )| ds < 22 [ () s
el >wn ™ 25 JlzlI>wn/2 Wn llz]|>wn /2

< P
- 2

(for n large enough). As a matter of fact, we have by assumptions (H6) and (H10), V¢ > 0

n l n n—oo
U—gzexp{—ﬂogwn <1— 08 Y >} — 0.

This concludes the proof of Lemma 6. B

Since 0?1 K is a bounded function that vanishes at infinity, we have lim | oo |\I’£§l } (z)| =0 for

. . . . [N . .
every given n > 1. Moreover, since 9l K is assumed to be continuous, \IJ[n} is continuous, and this
ensures the existence of a random variable s,, such that

[ sn)

= sup \Iff‘](m)‘
zeU

Lemma 7 Let Assumptions (H1), (H3), (H4)i), (H8)i), (H9)ii) and (H10) hold. Suppose either

(vp) =1 or (H6) and (H11) hold. For any b > 0, set w,, = exp (bnh#zla‘/v%) ; then, for any § > 0,

we have

U'ﬂ
d+2
’I’Lhn+ ||

lim sup wld(s,)

n—~o0

log P |||sn|| > w, and vy

25} < bt

93



Proof of Lemma 7

We first note that s, € U and therefore

Isnl| > wy, and v,

=

=

vl ) > 6

|sn|| > wy, and In

Un

n

v Sn — X
A > w,, zn ol g [ 27 L) >
|sn|| > w, and - ;:1 0 ( > >' >4

Up o 1 o (T —X;
S R ()

)| >wn,zeU ™ 21 i

1

Set p €]0,0[; the application of Lemma 6 ensures that, for n large enough,

Isn] > w, and v,

Un
= > d — _—
|snl|| > w, an - E

\I’Lf‘}(sn)

>0

n

a Sn —-)Q
ol ]K< = >‘Z5—p.

Set k= sup |z]?|01* K (2)| (see Assumption (H9)ii)). We obtain, for n sufficiently large,

zeRd

Isnll > w, and v,

=

[8nll > wn

[8nll > wn

[8nll > wn

l|snll > wn

Jie{l,...

\ka}(sn)

>0

. Un [a} n-—.XQ S5
and 3i e {l,...,n} such that hd+| ‘8 3 >0—p
d+|a
and Ji e {1,...,n} such that xh] >

[$n. = X3l (6 = p)

n

R~ d=lel

and Ji € {1,...,n} such that |||s,| —[X;]|| < [m}n ]
1
.

KU hV d—|o
and Ji € {1,...,n} such that || X;|| > ||sn] — 71(57;)

,n} such that || X;| > wy, (1 —uy,) with

2=

1 y—d—|af
Upi = W, vﬁh v < r >
d—p

Assume for the moment that

lim u,; =0.
N 00 mn,?

54
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It then follows that 1—u, ; > 0 for n sufficiently large ; therefore we can deduce that (see Assumption

(HS)) :
SB[ = wf (1 - wn )

i=1

S B () € (1 )
=1

\ka}(sn)

=

IN

P [Han > w, and v,

IN

< (10w max (1 wa) .
Consequently,
2
Wlog[? [”SHH > wy, and vy, |U(s,)| > 5}
2 nhd+2\a|
< W logn + logE <|]X1H§> — b T ¢log Dax (1- um)] ,

and, thanks to assumption (H10), it follows that

2

log]P’[Han>wn and v, |U(s,) 25] < K.

lim sup
n—oo

d+2|«
h+||

Let us now prove relation (2.19). We expand

o bnh;jfrmal ] 1 v2logv, v —d—|a]v2log(h;) K\
Upi = €xXp| — 02 N thz+2\a| N by npdt2lel §—p

and assumptions (H6) and (H10) ensure that lim, .o uy,; = 0 and thus Lemma 7 is proved. B

Proof of Proposition 3

Let us at first note that the lower bound

2

. Up,
it e g

W (2 )( > 6} > —gu(6) (2.20)

follows from the application of Proposition 2 at a point 2o € U such that f(zo) = || f||v,c0-
In the case U is bounded, Proposition 3 is thus a straightforward consequence of (2.20) and of the
first part of Lemma 5. Let us now consider the case U is unbounded.

Set 0 > 0 and, for any b > 0 set w,, = exp (bnh#ma'/v%). Since, by definition of s,,,

P [sup vy, Wl (:c)‘ > 5}
xcU
< ]P’[ sup vy, \I/,[f‘](x)‘ >0 +P “]an > w, and v, |¥l(s,) 25}

zeU,[|lz]| <wn

it follows from Lemmas 5 and 7 that

2

vs
lim sup di logP [sup Un
n—oo  nh, +2|al xelU

n jti

wle ](x)‘ > 5} < max{-b&;db — gu(9)}
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and consequently

2

lim sup
n—oo

log P [sup Up, \I/,[f‘](w)‘ > 5] < li)ngmax{—bf;db —qu(9)}.
>

hd+2‘ o zelU

Since the infimum in the right-hand-side of the previous bound is achieved for b = g (8)/ (£ + d)
and equals —&£g7(9)/ (£ + d), we obtain the upper bound

. v2
lim sup T\l log P | sup vy,
n—oo n U

\1/,[31(3:)‘ > 5] < -
which concludes the proof of Proposition 3.

2.3.4 Proof of Proposition 4

Let us set g = 9l f, Dig (j e{1,. ..,q}) the j-th differential of g, y = (y1,...,yq4) € R? and
y9) = (y,...,y) € (R*)7. With these notations,
dg

= a \XL “ ad.
ayg!d( )yl yd

Dig(a)(y)) = P

ai+-toag=j

By successive integrations by parts (and using the fact that the partial derivatives of K vanish at
Ien 1
B[] = 03wt
i

infinity, see Assumption (H4)i)), we have
8[04K T — Xz
i=1 i

1 1 T —
- _E — [o] y
n & el a? K< i )f(y)dy

i=1 !
I -1 T —y
- S~ [ K d
n;h?/w < " >g(y)y
1 n
= =Y | Kyl — hiy)dy.
"=l /R

Hence, using assumption (H7)i) and the fact that 9lol f is g-times differentiable, it comes
E 0% fu(2)| - 0 f(a)
1 n
= =Y | K@gla - hiy) — g(x)]dy
=1 /R

n T —h; J (@)
_ 12113/ K(y)[g( hiy) — g(x) — S92 SR Dig(a)(y )]dy‘
’I’Li:1 R

Let us set

9(x — hiy) — g(x) — 392

U@ = [ K

Unte) = S8 [ Do)y

o6



We clearly have

lim Uj(z) = Usx(z) (2.21)

1—00

and therefore, Ve > 0, Jig € R such that Vi > i, |U;(z) — Ux(z)| < €.
o If Y. h] = oo, then

‘Z, hl [E (01 fu(2)) = 8 f (@) | — Uno(@)
‘M

zlz

— Uso()

Sl b |Ui(e) = Uso(@)| + 27y, b |Ui(2) = Use ()|
Zz lh(zl

IA

< 2e.

o If >, h! < oo, we can write

ZLlhq[ (8[a}fn(l‘)>—8[a]f(;p)] — %

In view of (2.21), for = fixed and for all i € N, the sequence (U;(x)); is bounded and thus Part 1 of
Proposition 4 is completed. Let us now prove Part 2.
Since (Uj(x)); is bounded by sup,cga || Dig(x)|| = M, (see Assumption (H7)iii)), Part 2 follows. l

2.3.5 Proof of Proposition 1

e Since ‘et — 1| < |t|el! ¥t € R, and thanks to the boundedness and integrability of K, we have

/ S—ad
[0,1] x R4

which ensures the existence of 1,. It is straightforward to check that v, is twice differentiable,
with

) 1] dsdz < [ulel Il / K (2)) dsdz < o
[0,1]xR4

Ph(u) = / K(z)esad“K(z)dsdz,
[0,1] x R4

i (u) = / sad(K(z))zesad“K(z)dsdz.
[0,1] x R4

Since 9 (u) > 0 Vu € R, 9/, is increasing on R, and v, is strictly convex on R. It follows that
its Cramer transform I, is a good rate function on R (see Dembo and Zeitouni [4]) and (i)
of Proposition 1 is proved.

e Let us now assume that A(S_) = 0. We then have

hrla Yh(u) =0 and hm ¥n,(u) = +o0,
so that the range of 1/, is ]0,+o00[. Moreover lim, , o ¥q(u) = —A(S4)/(1 — ad) (which
can be —oo). This implies in particular that I,(0) = A(S+)/(1 — ad). Now, when ¢ < 0,
limy, oo (ut — ¥e(u)) = +o00, and I,(t) = +oo. Since 1)), is increasing with range ]0, +oo,
when ¢ > 0, sup, (ut — ©,(u)) is reached for ug(t) such that ¢ (ug(t)) = ¢, i.e. for ug(t) =

o7



(¢)71(t) ; this prove (2.3). (Note that, since 1!/ (t) > 0, the function ¢ — ug(t) is differentiable
on |0,400[). Now, differentiating (2.3), we have

I(t) = uo(t) + tun(t) — g (uo(t))up(t)
(%) 71 (t) + tup(t) — tug(t)
= (%) ().
Since (¢/)~! is an increasing function on ]0, +-oc[, it follows that I, is strictly convex on

10, +o0[ (and differentiable). Thus (ii) is proved.
Now, since A(S_) =0, ¢/(0) = fo 1)xre K (2)dsdz = 1; we have

o)
o)

Lt)=0 & @)7'()=0 & (0=t & t=1

Then I} (1) = 0, and I, (1) = 0 is the unique global minimum of I, on ]0, +oo[. This proves
(tv) when A(S-) = 0.
Assume that A\(S_) > 0. In this case, ¥/ can be rewritten as

Pl(u) = K(z)esad“K(z)dsdz

/[O,I]X(RdﬂS+)

+ / K(z)esad“K(z)dsdz
[0,1]x (R4NS_)

and we have

lim ¢/ (u) = —co and 11m1/)() +00

U——00 U——+00

so that the range of ¢/, is R in this case. The proof of (iii) and the case A\(S_) > 0 of (iv)
follows the same lines as previously, except that, in the present case, (/,)~! is defined on R,
and not only on 0, +oc[. B
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Chapitre 3

Large and moderate deviations
principles for kernel estimators of the
multivariate regression
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3.1 Introduction

Let (X,Y), (X1,Y1),...,(Xn,Y,) be a sequence of independent and identically distributed
R? x R9-valued random variables with probability density f(x,%) with E|Y| < co. Moreover, let
g(x) be the marginal density of X and r(z) =E (Y |X = z) = m(z)/g(x) the regression of Y on X.
The purpose of this paper is to establish large and moderate deviations principles for the Nadaraya-
Watson estimator and for the semi-recursive kernel estimator of the regression.

Let us first recall the concept of large and moderate deviations. A speed is a sequence (v,,) of
positive numbers going to infinity. A good rate function on R™ is a lower semicontinuous function
I:R™ — [0,00] such that, for each o < oo, the level set {z € R™, I(z) < a} is a compact set.
If the level sets of I are only closed, then I is said to be a rate function. A sequence (Z,)p>1 of
R™-valued random variables is said to satisfy a large deviations principle (LDP) with speed (v,,)
and rate function [ if :

liminf v, 'logP[Z, € U] > — inf I(z) for every open subset U of R™,

n—00 zeU
limsupv, tlogP[Z, € V] < —inf I(z) for every closed subset V of R™.
n—oo zeV

Moreover, let (v,) be a nonrandom sequence that goes to infinity ; if (v,,Z,,) satisfies a LDP, then
(Zy,) is said to satisfy a moderate deviations principle (MDP).

The Nadaraya-Watson estimator ([15], [20]) of the regression function r(z) is defined by

= i T o) #0 (3.)
0 otherwise,
with
mp(z) = n—;% ;YZK (x ;an> and g,(z) = n—lllﬁ ;K <$ ;an> ,
where the bandwidth (h,,) is a positive sequence such that
lim h, =0 and lim nh? = oo, (3.2)

n—oo n—oo

and the kernel K a continuous function such that lim,|_o K(2) = 0 and Jga K (z)dz = 1. The
weak and strong consistency of r, has been widely discussed by many authors; let us cite, among
many others, Collomb [4], Collomb and Hérdle [5], Devroye [7], Mack and Silverman [12] and Se-
noussi [19]. For other works on the consistency of r,, the reader is refered to the monographs of
Bosq [3] and Prakasa Rao [16]. The large deviations behaviour of r,, has been studied at first by
Louani [11], and then by Joutard [10] in the univariate framework. Moderate deviations principles
have been obtained by Worms [21] in the particular case Y = r(X) + ¢ with € and X independent.
The first aim of this paper is to generalize these large and moderate deviations results.

The approach used by Louani [11] and Joutard [10] to study the large deviations behaviour of
Ty, is to note that, if d = ¢ = 1 and if the kernel is positive, then, for all § > 0,

1 ¢ z—X;
Plra(r) —r(z) 2 4] = P n—m;[lfj—r(m)—ﬂK( hnj>zo
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Obviously, their approach can not be extended to the multivariate framework. Thus, to study the
large deviations behaviour of r,, our approach is totally different. We first establish a large devia-
tions principle for the sequence (my,(x), g,(z)), and then show how the large deviations behaviour of
7, can be deduced. More precisely, for 2 € R?, let ¥, be the function defined for any (u,v) € R?x R
by

Vo(u,0) = /R (R 1) gz
xR4

(where (u,y) denotes the scalar product of u and y) and let I, be the Fenchel-Legendre transform
of ¥,. We give conditions ensuring that the sequence (r,(z)) satisfies a LDP with speed (nh%) and
good rate function J defined, for any s € RY, by

J(s) = %2{& I, (st,t).

Concerning the moderate deviations behaviour of the Nadaraya-Watson estimator, we prove
that, for any positive sequence (v;,) such that

2
) . v
lim v, =00, lim —= =
n— oo n—oo nhn

0, and lim v,h? =0, (3.3)
n—oo

(where p denotes the order of the kernel K) the sequence (v, [r,(x) — r(x)]) satisfies a LDP with
speed (nhg / U?L) and good rate function G, defined for all v € RY by

G.(v) = %Unglv, (3.4)

where ¥, denotes the g x ¢ covariance matrix V (Y|X = x). Let us note that, in the case the model
Y =r(X) +¢ (with X and € independent) is considered, the matrix ¥, is the covariance matrix of
¢ and does depend on z; we then find the MDP proved in Worms [21] again.

A semi-recursive version of the Nadaraya-Watson estimator (3.1) is defined as

mn(l') o~
. — if gn(z 0
m(z) = n(T) (z) # (3.5)
0 otherwise,
where
_ 1Y (z-X, o 1G (z-X,
mn(x)—giz1 h_fK< 3 > and gn(w)_E;h_fK< 3 )

Weak conditions for various forms of consistency of 7, have been obtained by Ahmad and Lin [1]
and Devroye and Wagner [8]. Roussas [18] studied its almost sure convergence rate. The second
aim of this paper is to establish the large and moderate deviations behaviour of 7.

It turns out that the rate function that appears in the LDP is much more complex to explicit in
the case the semi-recursive kernel regression estimator is considered than in the case the Nadaraya-
Watson estimator is used. That is the reason why we only consider bandwidths defined as ~(hn) =

(en™%) with ¢ > 0 and a €]0, 1/d][ (instead of bandwidths satisfying (3.2)). For = € RY, let ¥, , be
the function defined for all (u,v) € R? x R by

U, z(u,v) = / PRl <esad(<u’y>+”)K(z) - 1) f(x,y)dsdzdy,
[0,1]x R4 xRe
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and let fa,x be the Fenchel-Legendre transform of \i/a,x. We give conditions ~ensuring that the
sequence (7,(z)) satisfies a LDP with speed (nh?) and good rate function .J, defined, for any
s € R4, by

Ja(s) = gﬂf@ To.(st,t).

To establish the moderate deviations behaviour of 7,, we consider bandwidths (h,,) which vary
regularly with exponent (—a), a €]0,1/d[. We prove that, for any positive sequence (v,,) satisfying
(3.3), the sequence (v, [F(z) — r(z)]) satisfies a LDP with speed (nh¢/v2) and good rate function
defined for all v € RY by

~ (14 ad)g(x)
Y S S ETE

Let us underline that, because of the factor (1 + ad) which is present in (3.6) but not in (3.4), the
rate function obtained in the MDP in the case the semi-recursive estimator is used is larger than the
one which appears in the case the Nadaraya-Watson kernel estimator is considered ; this means that
the semi-recursive estimator 7,(x) is more concentrated around r(x) than the Nadaraya-Watson
estimator.

T8 . (3.6)

Our main results are stated in Section 3.2, whereas Section 3.3 is devoted to the proofs.

3.2 Assumptions and Main Results

We shall use the following notations.

o

e D(F)={z, F(r) < oo} denotes the domain of a function F and D(F) is the interior domain
of F.
||z|| is the euclidean norm of x.
A is the Lebesgue measure.
a A'b =min{a, b}.
0=(0,...,0) € R,

The large and moderate deviations behaviours of the Nadaraya-Watson estimator r,, are given
in Section 3.2.1, whereas the ones of the semi-recursive kernel estimator 7,, are stated in Section
3.2.2.

3.2.1 Large and moderate deviations principles for the Nadaraya-Watson esti-
mator

The assumptions required for the LDP of the Nadaraya-Watson estimator are the following.
(A1) K : R — R is a bounded and integrable function, [ K (z)dz =1 and lim,_o K(2) = 0.

(A2) For any u € R?, t — el £(t,y)dy is continuous at  and bounded.
R4

Comments
e Notice that (A2) implies that the density ¢ is continuous at = and bounded.
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e In the model Y = r(X) 4 ¢ with € and X independent, let h be the probability density of .
Then

flty) = gt r(t))

g(t)h(y —
[ Wty = o0 [ v+l
R4 Ra
/ W) (L )y = gt)elnr®) / ) (3 dy.
R4e Ra

Thus, (A2) can be translated as assumptions on g and  and on the moments of .
e As it can be seen from the proofs, the boundness assumption in (A2) is useless if K has a
compact support.
e The boundness of the function ¢ — e{wy) f(t,y)dy for any v € R? implies that
Ra

Vm > 0,VYp >0 the function t— / lyl|™e”I¥I £ (¢, 4)dy  is bounded. (3.7)
R

Proof It suffices to prove that the function ¢ — e””y”f(t, y)dy is bounded for any p > 0.
Ra
Set y = (y1,...,yq), we first note that

/ el f(t,y)dy < / PV f(t,y)dy + / e PV f(t,y)dy
R {v; >0}

{y;<0}

/eq”yff(t,y)der/ e Vi f(t,y)dy.
Ra Ra

IN

Now, we have

/ epllyllf(t’ y)dy
R4

< /epy1|+~~+pyq|f(t’y)dy
Ra

1
< </ eqp““‘f(t, y)dy .. / eqp‘y‘”f(t, y)dy> ! by the generalized Holder inequality.
R4 R4

<( /R (e )y + /R q e-qpylf@,y)dy) ( /R e (ny)dy + /R q e-qpyqfa,y)dy)) '

which is bounded.
Before stating our results, we need to introduce t}le rate function for the LDP of the Nadaraya-
Watson estimator. Let ¥, : RY x R — R and I,,I, : R? x R — R be the functions defined as
follows :

IN

Vauw) = [ (G 1) fa,g)dudy, (38)
R4 xRY

I.(t1,t0) = sup  {(u,t1) + vt — Uy (u,v)}, (3.9)
(u,v)€ERIXR

I(s,t) = I(st,t). (3.10)
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Moreover, for any s € RY, set

J(s) = tierg*lw(st,t)

- tlerﬁg* L(s,%),

J(s) = J*(s) AI,(0,0)
= ggéfx(s,t).

To prove that J is a rate function, we need to assume that the following condition (C) is fulfilled.
(C) infsera Io(s,0) = I,(0,0).

Before stating the properties of the function J, let us give some cases when Condition (C) is satisfied
(under Assumptions (A1) and (A2)).

Example 1 : Nonnegative kernel
Condition (C) is satisfied when K is nonnegative since, in this case, I,(s,0) = +oo for any s # 0,
(this is stated in Proposition 7 of Section 3.3).

Example 2 : Model with symmetry
Condition (C) holds when f is symmetric in each coordinate of the second variable y € RY. As a
matter of fact, for a diagonal ¢ X ¢ matrix A such that A;; = £1, observe that

Vo(du) = [ (ARG 1) f(ay)dzdy
X
- / <6(<u,Ay)+v)K(Z) _ 1) fla,y)dzdy
R4 xRY

= / <e(<u,y'>+U)K(Z) _ 1) flz, A~ ) dzdy'
R4 xRY
= U,.(u,v).
For any given s € R?, set
Us = {u e R, (u,s) >0}.
We have,

sup (—Vs(u,v)) = sup  (—=Vu(u,v)).
u,v u€Us, vER

Now, for any u € Us and v € R,
(u, 8) — ¥y(u,v) > =V,(u,v),
so that

sup {(u, s) — Va(u,v)} = sup  (=Va(u,v)),
u,v u€Us, vER

and thus,
1,(0,0) < I(s,0) Vs €RY,

so that Condition (C) follows.
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Example 3: A negative kernel without symmetry assumption on f,and ford =q =1
If the kernel K can be written as K = 1p — 1, where D and D’ are two subsets of R such that
DN D' =0 and A(D) — A(D'") = 1, then Condition (C) holds. As a matter of fact, we then have

Vown) = [ (R 1) fay)dzdy
X

- / (V™ —1) f(z,y)dzdy + / (e7™™" —1) f(z,y)dzdy
DxR D'xR

= e”)\(D)/Re“yf(x,y)dy — [AMD) + AXD"] g(z) + e_”)\(D')/ e W f(x,y)dy.

R

Now, let M, denote the Laplace transform of f(zx,-), then
Up(u,v) = e"A(D)My(u) + e " A(D")My(—u) — [MD) + A(D")] g().
For any given w, it can easily be seen that the infimum of ¥, (u,-) is reached at

A(D") My (—u)

T AL )

and

Uo(u,v9) = 2/ A(D)ND)/ My (u)My(—u) — [A(D) + A(D')] g(x).
Observe that

U, (u,v9) = VUyp(—u,vq),

and thus
sup (=W (u,v0)) = Sl;lg(—‘l’m(u,vo))
= sup (—V,(u,vp))
u<0
= 1,(0,0).

Now, if s > 0, we have for any u > 0
us — Wy (u,v9) > =W, (u,vp),
and thus
I,(s,0) > 1,(0,0) Vs >0.

Proceeding in the same way for s < 0, we obtain Condition (C).
Such an example of a four order kernel is K’ = 1[_q o] — 1t _q[uja,p, With

a = %%—1—%(%)2—%
b = %€/§+é(€’/§)2+

1
3
1
5
Let us now give the properties of the function .J.
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Proposition 5 Assume that (A1), (A2) and (C) hold. Then,

(i) J is a rate function on R1. More precisely, for a € R,
o if a < I,(0,0), then {J(s) < a} is compact.
e ifa>1,(0,0), then {J(s) < a} = R.
(i) If 1,(0,0) = oo, then J is a good rate function on RY and J = J*.
(111) If J*(s) < oo, then J(s) = J*(s).
() If o < I,(0,0), then {J*(s) < a} = {J(s) < a}.

Remark 6 In view of the definition of J and J*, and of Proposition 5 (iii), we have :

B J*(s) if J*(s) < o0
Is) = {Jw(ﬁ,()) if J*(s) = oo.

Let us now state the LDP for the Nadaraya-Watson estimator.

Theorem 6 (Pointwise LDP for the Nadaraya- Watson estimator)

Assume that (A1), (A2) and (C) hold, and that (hy) satisfies the conditions in (3.2). Then, for
any open subset U of RY,

liminf%log]?[rn(w) e U] > — inf J*(s),

n—oo nhé seU

and for any closed subset V of R4,

1
: 1 < _ ‘
hglsolcl,p i log P [rp(x) € V] < ;Iele/ J(s)

Comments.
1) Set E = {J*(s) < co}. For any open subset U of R? such that U N E # (), we have

1
liminfwlogﬂ”[rn(x) € U] > — inf J(s).

n—oo nhé seU

2) If I, is finite in a neighbourhood of (0,0), then J* is finite everywhere and by Proposition 5
(i), J(s) = J*(s) < oo Vs; thus (r,) satisfies a LDP with speed (nh®) and rate function .J.
Of course, this does not hold for nonnegative kernel since in this case I, (s,0) = 400 for any s
(see Proposition 7 in Section 3.3). However, it can hold for kernels which take negative values.
For example, consider the previous Example 3, and assume f(z,y) is symmetric in y; in this
case M, (u) = M,(—u). The equation

vy
88 (u,v) = [A(D)e” = A(D")e™] My(u) =0
v
D/
has solution vy = log )\(( D)) independent from u. Moreover, M’ is continuous and has range

R, thus, there exists ug such that M’(ug) = 0. This implies that the equation

86\1;90 (u,v) = [)\(D)e” + )\(D/)e_”] M. (u) =0

has a solution ug independent from v. Thus (0,0) is in the range of VW,. It follows from
Proposition 7 Section 3.3 that I, is finite in a neighbourhood of (0,0).
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3) When I,,(0, 0) = oo, it follows from Proposition 5 and Theorem 6 that (r,,) satisfies a LDP with
speed (nh?) and good rate function J.

In the case K is a nonnegative kernel whose support has an infinity measure, we will show in
Proposition 7 that I,(0,0) = co. We have thus the following corollary.

Corollary 2 Let the assumptions of Theorem 6 hold. If K is a nonnegative kernel such that
A({z e RY, K(z) >0}) = oo, then the sequence (ry) satisfies a LDP with speed (nhl) and good
rate function J.

This corollary is an extension of the results of Louani [11] and Joutard [10] to the multivariate
framework (and to the case the kernel K may vanish). Moreover, it proves that the rate function
that appears in their large deviations results is in fact a good rate function.

To establish pointwise MDP for the Nadaraya-Watson estimator, we need the following addi-
tionnal assumptions.

(A3) For any u € RY, t — (u,y)2f(t,y)dy and t — (u,y) f(t,y)dy are continuous at x and
Rae Ra
g(z) # 0.

(A4) limy,— 0 v, = 00 and limy, 00 —-

2
Un

(A5) i) There exists an integer p > 2 such that Vs € {1,...,p — 1},Vj € {1,...,d},
[ Ky =0, and [ /K (w)|dy < o
R R

ii) limy, 00 vphh = 0.
iii) m and g are p-times differentiable on R¢, and their differentials of order p are bounded
and continuous at z.

= OQ.

We can now state the MDP for the Nadaraya-Watson estimator.

Theorem 7 (Pointwise MDP for the Nadaraya- Watson kernel estimator of the regression)
Assume that (A1)-(A5) hold. Then, the sequence (v, (rn(x) —r(x))) satisfies a LDP with speed

hd
<%> and good rate function G, defined in (3.4).

3.2.2 Large and moderate deviations principles for the semi-recursive estimator

For a €]0,1/d[, let \i/a,x :RIxR — R and fa,x : R xR — R be the functions defined as follows :

\i’a,w(u,v) = / P <esad(<“’y>+”)K(z) — 1) f(x,y)dsdzdy, (3.11)
[0,1]x R4 xR

Laltits) = sup  {(uts) +vt2 = U(u,0) } (3.12)
(u,v)€ERIXR

Moreover, let J, and j[; be defined as follows : for any s € R?,

Ji(s) = tIEI%Rf* I, (st t) (3.13)
Ja(s) = JX(s) AL.(0,0). (3.14)
Let us give the following additionnal hypotheses.

(A’1) For any u € RY, t — eyl f (t,y)dy is continuous at x uniformly with respect to
R4
a € 0,1].
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Condition (C) above is substituted by the following one,
(C") infsera Lo (s,0) = I,.(0,0).
Examples for which Condition (C’) holds are Examples 1 and 2 given for (C). The following pro-
position gives the properties of the function J,.
Proposition 6 Assume that (A1), (A2), (A’1) and (C’) hold. Then,
(i) Ja is a rate function on RY. More precisely, for a € R,
o if a < I,.(0,0), then {ja(s) < a} is compact.
o if a>1,,(0,0), then {ja(s) < a} = RY.

(i) If 1,.(0,0) = oo, then J, is a good rate function on RY and J, = J*.
(ii3) If J:(s) < oo, then Ju(s) = Ji(s).
(v) If v < j:a@((j,O), then {jj{(s) < a} = {ja(s) < a}.
Notice that, like for J and J*, we have
O = {0 e =
We can now state the LDP for the semi-recursive kernel estimator of the regression.

Theorem 8 (Pointwise LDP for the semi-recursive estimator of the regression)
Set (hy) = (en™®) with ¢ >0 and 0 < a < 1/d, and let (A1), (A2), (A’1) and (C’) hold. Then, for
any open subset U of RY,

liminf% log P [ () € U] > — inf J}(s),

n—oo nh seU

and for any closed subset V' of R4,

. 1 . P
ll’fLIl—>Solcl)p i logP[r,(z) e V] < — ;g‘f; Ja(8).
The comments made for Theorem 6 are valid for Theorem 8. In particular, we have the following

corollary.

Corollary 3 Let the assumptions of Theorem 8 hold. If K is a nonnegative kernel such that
A({z e RY, K(x) > 0}) = oo, then the sequence (i) satisfies a LDP with speed (nhl) and good
rate function J,.

Before stating pointwise MDP for the semi-recursive estimator of the regression, let us recall
that a sequence (u,) is said to vary regularly with exponent « if there exists a function u which
varies regularly with exponent « and such that w,, = w(n) for all n (see, for example, Feller [9]
page 275). We will use in the sequel the following property (see Bingham et al. [2] page 26). If (h,,)
varies regularly with exponent (—a) and if Ba < 1, then

1
; B8 _
lim — E h; = o (3.15)
We also consider the following condition.
hy,
sup — < 0. (3.16)
i<n i

(For example, this condition holds when h,, is nonincreasing).
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Theorem 9 (Pointwise MDP for the semi-recursive kernel estimator of the regression)
Assume that (hy,) varies reqularly with exponent (—a) with a €]0,1/d], and satisfies (3.16). Let (A1)-
d

(A5) hold. Then, the sequence (vy, (7 (x) — r(x))) satisfies a LDP with speed <n—};”> and good rate
U'I’L

function G defined in (3.6).

3.3 Proofs

The proofs of the results for the Nadaraya-Watson kernel estimator are in many cases similar to
those of the semi-recursive kernel estimator of the regression, so we omit some details of the proofs
for this last one.

First, let us state the following propositions which give the properties of the functions ¥, \i/a,x,
I, and I, . Set

Sy = {:EGRd, K(m)>0} and S_ :{xERd, K(x) <O}.

Proposition 7 (Properties of ¥, and I,)
Let Assumptions (A1) and (A2) hold. Then,

i) W, is strictly convez, continuously differentiable on R? x R, and I, is a good rate function on
R? x R.
o o
it) VW, is an open map and the range of ¥, is D(I;). I, is strictly convex on D(I,) and for any
[0)
t € D(I;) C R?T xR,

L(t) = (V¥) (1), ) — Wy (V) TH(1)) - (3.17)
ii) If \(S_) = 0, then I,(0,0) = g(x)\(S4.), and for any t; # 0, L,(t;,0) = 4oc0.

Proposition 8 (Properties of \iJa,w and fa,w)
Let Assumptions (A1) and (A2) hold. Then,

i) \if[w 1s strictly convex, continuously differentiable on RY x R, and ja,r is a good rate function
on R? x R.

~ -~ (o] ~ ~ o o
ii) VW, 5 is an open map and the range of U, 5 is D(1y ). Loz is strictly convex on D(1y ), and

for any t € D(I,,) C RY xR,

Toa(t) = (T0,0) 7 (0),8) = o (Va0) (1)) - (3.18)

iii) IF A(S_) = 0, then I, +(0,0) = g(2)A(S+)/(1 — ad), and for any t; # 0, I,.(t1,0) = +oo.
The two following lemmas are used for the proofs of Theorems 6 and 8.

Lemma 8 (Pointwise LDP for the sequence (my(x),gn(x)))
Let Assumptions (A1) and (A2) hold. Then, the sequence (my(x), gn(x)) satisfies a LDP with speed
(nhe) and rate function I, defined in (3.9).

Lemma 9 (Pointwise LDP for the sequence (mn(x),gn(x)))

Set hy, = en™® with ¢ > 0 and a €]0,1/d[, and let Assumptions (A1), (A2) and (A’1) hold. Then,
the sequence (M, (x),gn(x)) satisfies a LDP with speed (nhg) and rate function I, defined in
(3.12).
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Our proofs are now organized as follows. Lemmas 8 and 9 are proved in Section 3.3.1, Theorems
6 and 8 in Section 3.3.2, Theorem 7 in Section 3.3.3, Theorem 9 is proved in Section 3.3.4. Section
3.3.5 is devoted to the proof of Propositions 7 and 8 on the rate functions I, and I, ;. Propositions
5 and 6 are proved in Section 3.3.6.

3.3.1 Proof of Lemmas 8 and 9
Proof of Lemma 8

For any w = (u,v) € R? x R, set

\Ijn(l') = (mn(l')’gn(x))7

Apzp(w) = n—ilzd logE [exp (nhg(w,\l’n(m))” .

n

Let us at first assume that the following lemma holds.

Lemma 10 (Convergence of Ay, 4)
Assume that (A1) and (A2) hold, then

lim Apz(u,v) = Yu(u,v), (3.19)

where Y, is defined in (3.8).

To prove Lemma 8, we apply Proposition 7, Lemma 10 and the Géartner-Ellis Theorem (see Dembo
and Zeitouni [6]). Proposition 7 ensures that ¥, is essentially smooth, lower semicontinuous function
so that Lemma 8 follows from the Gartner-Ellis Theorem.

Let us now prove Lemma 10. Set

Zi = [(w,Y}) + 0] K (”C ;f) .

For any (u,v) € R? x R, we have

Apz(u,v) = # logE [exp <Z Z,-)

i=1

)

and, since the random vectors (X;,Y;), i = 1,...,n are independent and identically distributed, we
get
Apo(u,v) = L logE [eZ”]
n,x\ W, hg .

A Taylor’s expansion implies that there exists ¢,, between 1 and E [ez"] such that

1 1
Apz(u,v) = h_dE [e?r =1] - 2¢2 hd (B [ - 1])2

L ) ) gy i

hn R4 xRa ’

= Wa(u,0) = R{),(u,0) + R, (u,v),

74



with

RO G0) = [ el K 1) (1o = hazy) - foy)] ddy.
R4 xR
Let us prove that
lim R (u,v) = 0. (3.20)

Set A > 0 and € > 0; we then have

| [ s 1] (o — hoz,y) — f(w.y)] dedy
{llzl|I<A}xRe

+f [ KO 1] [f(a — hyzg) — fay)dedy. (3.2)
{llzl[>A}xRa

Next, since for any ¢t € R, |et — 1‘ < |tlel!l, we have

/{IIZII>A}XR‘1

< / () + o] | K (2)] @D HIEG | (0~ hyzy) — f(z,y)| dedy
{llz||>A} xR

p((uy)+0) K (2) _ 1‘ |f(x — hpz,y) — f(z,y)| dzdy

< / () + o] [ K (2)] @0 HIEG £ h 2 y)dedy
{llz||>A} xR

T / ) + o] [K (2)] el @0 HIEG £ (2 ) dzdy
{llz||>A}xR4

IA

eVl oo 1| 1K (2)] [/ [y [le/ K oo llelllivll £ (g — hnz,y)dy} dz
{ll=l1>A} R

LelvllE o Kl K (2)] [/ eIIKlloollullllny(x _ hnz,y)dy} dz
{ll=l1>A} Re

el o K (2)] dz/ ylleVE N Il £ )y
{ll=l1>A} R

el o |y K (2)] dz/ Kl £ (7 4y
{ll=l1> 4} Re

< B / K (2)|dz, (3.22)
=l>A)

where B is a constant ; this last inequality follows from (3.7) and from the fact that K is bounded.
Now, since K is integrable, we can choose A such that

/ lw)+0) K () _ 1‘ f(z — hnz,y) — f(z,y)| dzdy < . (3.23)
{ll2]1> A} xRa 2
Now, observe that
/ [e((u,y)+v)K(Z) _ 1} [f(@ — hnz,y) — f(z,y)] dzdy
{ll2l|<A} xR3
_ / BING [/ (W) K (2) (f(x — hnz,y) — f(z,y)) dy] dz (3.24)
{I=11<A} R
-/ [ [ (= huz) = 1) dy] dz. (3.25)
{I=1<a} LJra
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Assumption (A2) together with (3.7), and the dominated convergence theorem ensure that both
integrals in (3.24) and (3.25) converge to 0. We deduce that for n large enough,

(3.26)

/{ll I<A}xR [e(<U7y>+v)K(Z) B 1] [f(x = hnz,y) — f(z,y)] dzdy| <
z x R4

N

so that (3.20) follows from (3.23) and (3.26).
(1)

Let us now consider Ry, ; since ¢, is between 1 and E [ezn], we get

1 < 1 1
— max<{ 1, ——— ¢.
o " (e%n)

By Jensen’s inequality, we obtain

1 < 1
E[eZn] — eElZal’

Observe that
E@) = By +ox (22|

Lot | (520 rtsanasan+ o [ (522) | sts.masay

hd<|u||/ K (2) U lyllf (x hzy)dy}dz+|v|/ K(2) [/f hzydy]dz)

which goes to 0 in view of (3.7) and since lim,, .o h, = 0. We deduce that there exists ¢ € R such
that

IN

IA

:ﬁw| =
IN
o)

Noting that by (3.7),

E !eZ" — 1!

IN

i ) ol K@ O o bz, y)dyds
R4 x R4
< B4,
where B is a constant. It follows that

lim Rgzc(u,v) =0,

n—oo

which proves Lemma 10. B

Proof of Lemma 9

Similarly as the proof of Lemma 8, for any w = (u,v) € R? x R, set

Un(z) = (Mn(2), gn(z)),
Apo(w) = LdlogE[eXp (nhfl(w,\i’n(a))))}

nhd

When h, =cn™®, ¢> 0 and 0 < a < 1/d, assume for the moment that

lim A,z (u,w) = Uyq(u,v), (3.27)

n—oo
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where U, , is defined in (3.11). The conclusion of Lemma 9 follows from Proposition 8 and again
the Gartner-Ellis Theorem.

Let us now prove (3.27). Set

then, for (u,v) € R? x R,

d
By Taylor expansion, there exists b;, between 1 and E [exp (M,h)} such that

hd hd 1 hd 2
log E [exp <Mlh_§l>] = E [exp <M,h—§l> — 1] — E <E [exp <M,h—§l> — 1]) .

Noting that h, = cn~® with ¢ > 0 and a €]0,1/d[, A, can be rewritten as

. 1 & hd 1 &1 hd ?
An@(u, ’l)) = h_d Z E exXp Mzm —1| — W Z bT E exXp Mlﬁ —1
n ;=1 ) n ;-1 "un 2
IR (™ (D) (wy)+v)K() _ p) 2)
= eln 1| f(z,y)dzdy — R, ) (u,v) + Ry (u,v),
noz o\ R4 xRY ’ :

with

I 1 hd 2
H(1 n
RO (u,v) = il S :_b2 (E [exp (Mi—h d) - 1])

n ;=1 %N i

d
. 1 & 4 (wy)+v) K (2)
Rowv) = -5 b /R . [ —1] [f(@ = hiz,y) = f(x,y)) dz=dy.
n =1 xRa

Since b; j, is between 1 and E [exp (M,-Z—%ﬂ, we have

By Jensen’s inequality, we obtain




Observe that
hd
& ()
hd x—Z
< = [uy) +ol |[K f(z,y)dzdy
hi Rd

< ([, K [/ oo = hiz | s 1ol [ K| [ fo = hiza] az).

which goes to 0 in view of (3.7) and since lim,,_, o h,, = 0. We deduce that the sequence (E [exp <MZ};;_§>:| )
is bounded, so that there exists ¢ > 0 such that '

and thus

hd 2
p(1
W) < 53 (28]

Now, in view of (3.7), and since K is bounded integrable, we have

i% hd ' i%
Ele " — < ‘MZ—Z he

2

< /|uy+v\ (Z2 )| e

< / () + o] [K (2)] d@0+EG (g~ bz y)dedy
R4 x R4

< BhE,

(s,y)dsdy

where B is a constant. Thus
RO w,v)| <
and

lim ‘R uv‘—O

n—oo
Let us now consider Rg; Set A > 0 and € > 0; we then have

Rff,i(u?v)
d
2 ({u,y)+v) K (2)
= : = 1| [f(x — hiz,y) — f(z,y)| dzdy
hd Z /||z||<A}><Rq [ ] 2 )~ fz.9)]

—(< W) +v) K (2)
/{ll |>A}xRa [ i - 1] [f(x = hiz,y) — f(z,y)] dzdy
z||> X

= I—I—II
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Since |ef — 1| < |t]el!], it follows that
1 < Z ) (,9) + 0] I (2) el H KON 2 — iz, ) = £, )] dady.
{ll= ||>A}XR‘1

Using the same argument as in (3.22), it holds that
1) < <.
2

Now, for I, we write

(u y)+v)K(z)
= flx—hiz,y) — f(x,y)] dzdy
hd Z / e £ )~ fy)]

hd Z h?/ [f(x = hiz,y) — f(z,y)] dzdy.
{lizll<A}xRa
On the one hand, Assumption (A2) with v = 0 ensures that

lim [f(x —hiz,y) — f(z,y)]dzdy = 0.
100 J{]|z[|<A} x R4

Moreover, since ad < 1, (3.15) ensures that

hm— / fle —hiz,y) — f(z,y)]dzdy = 0,
n=eo by Z (lol<apens )=

so that for n large enough,

A [ e b e

On the other hand, since for i < n, 0 < h—’; < 1, by Assumption (A’l), there exists ng € N such
that for any i > ng, '

< (3.28)

»blm

€

Vn > 1.
8(2 - ad) [ <ad

hd
/R o [f(x — hizyy) — f(a,y)]dy| <
q

Noting that by (3.7), for any « € [0, 1],
/ e f(t,y)dy
R

Since ad < 1, by (3.15), we get for n sufﬁciently large

1 " / R () +0) K (2)
— g flx —hiz,y) — f(x,y)] dydz
g 2 (el<A}xRs e ) Iyl

n i=ng+1

sup
t

< sup / MYl £(2, )y < oo.
t Ra

<

€
3 .

Now, for n large enough, in view of (3.7)

-4 ((u,y)+v) K (2)
"hd Z /u |<A}xRa g [f(z — hiz,y) — f(z,y)] dydz
X

< TGN £z — hiz,y x,y)| dydz
< Z A i )= f@.y)

IN
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It follows that for n large enough,

(u y)+v)K(z) €
flx —hiz,y) — f(z,y)]dydz| < -. 3.29
o Z e £~ hizy) — £ (o) e
The combination of (3.28) and (3.29) ensures that |I| < %, which ensures that
lim RHQ;(U)‘ = 0.
Hence, (3.27) follows from analysis considerations. l
3.3.2 Proof of Theorems 6 and 8
Let us consider the following functions defined as :
H :R!xR* — Rf
«
«, ﬁ = =,
(a, ) 3
and
Hy :RIxR — RY
«@
— if 0
(0,8) 507
0 otherwise.
Proof of Theorem 6
i) Let U be an open subset of RY, we have
1 1 _
Wlogl?[rn(x) eU] = Wlog]P’ [(mn(2), gn(2)) € Hy Y(U)]. (3.30)

Observe that H; ' (U) ¢ Hy'(U) and H; *(U) is an open subset on RY x R* which is open, it
follows that H; *(U) is an open subset on RY x R. We deduce from (3.30) that

Wlogl?[rn(x) elU] > #log]}” [(mn(:c),gn(w)) € Hl_l(U)] .

The application of Lemma 8 ensures that

hmmf%log]?[rn( yeU] > hmlnfT log P [(my, (), gn(z)) € Hl_l(U)]

n—oo nN n—oo M
> — inf I.(t,t — inf J*
T (tit)eH (U) (b1,2) = seU (o),

and the first part of Theorem 6 is proved.
ii) Let V be a closed subset of R?, we have

niwllogp[rn(x) cv] = #logﬁ”[(mn(m), (@) € Hy (V)]

n

IN

n
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Now, observe that H, '(V) = H;'(V) U A where A C R? x {0} and (6, 0) € A (since for any
s € RY, (0,0) € Hy'(s)). The application of Lemma 8 again ensures that

. 1 :
111121501? —rd logPlr,(x) e V] < —( t)e;ﬁ(v)UA I.(s,t)
n S, 1
< - inf I,(s,t)

(s,t)€H; H(V)U{(0,0)}

< — inf I,(st,t
- sE\l/r,ltGR x(s ’ )
< — inf  I,(s,t
- sE\l/r,ltGR x(87 )
< —inf J(s),

seV

where the second inequality comes from Condition (C); this concludes the proof of Theorem
6. H

Proof of Theorem 8

Applying Lemma 9, Theorem 8 is proved by following the same approach as for the proof of
Theorem 6 with replacing m,,, gn, J* and J by m,,, g, J and J, respectively. B

a

3.3.3 Proof of Theorem 7

Set
Bu(x) = i(mnm—m<x>>—%<gn<x>—g<x>>.

Let us at first state the two following lemmas.

Lemma 11 Under the assumptions of Theorem 7, the sequence (v, (Bn(x) —E (Bp(x)))) satisfies

a LDP with speed ("UZ%) and good rate function G.

n

Lemma 12 Under the assumptions of Theorem 7,
lim v,E(B,(z)) = 0. (3.31)
n—oo

We first show that how Theorem 7 can be deduced from the application of Lemmas 11 and 12,
and then prove Lemmas 11 and 12 successively.

Proof of Theorem 7

hd
Lemmas 11 and 12 imply that the sequence (v, By, (z)) satisfies a LDP with speed <%> and

n
good rate function G,. To prove Theorem 7, we show that (v, (r, — r)) and (v, B,,) are exponentially
contiguous.
Let us first note that, for = such that g, (z) # 0, we have :
mn(x)  m(x)

ro(x) —r(z) = — ]

gn($) g(l‘
_ (ma(x) —m(x)) g(x) + (9(x) — gn(x)) m(z)
In(2)g ()
_ . g()
= B, )gn ©



It follows that, for any § > 0, we have

Plon]| (ra(2) = (@) = Ba(@)]| > 4]

< P[vnan(m)(g(x) —1) > 6 and gu(x) # 0] +Plg,(@) = 0]

gn()
< P[] Ba(@)]| > 0] + P [\/on lg(x) — gn(@)] > 8 |gn(z)[] + P [Ig(l‘) = gn(z)] > @}
< FIVEIB.@I > +2 [Vl — )] > 0] and 28 1]
w228 < P (o) - gt > 2]
< P[yonl|Bu(z)|| > 0] + P :\/ﬁlg(w) — gn()| > 5@} +P [9@) ~9n(7) 2 @}

+ (o) - g(a)] > 2.

Since lim,,_,~ v, = 00, it follows that, for n large enough,

P|vnl| (ra(2) = (@) = Ba(@)]| > 4]

< amax PRI > a5 P |V lo) - galo)] > 622},

and thus

2
vy B B
ez 08P |unl| (ra(e) = (&) = Ba(@)] > 9]
< U togd 4 ma {2 log P [V Ba(o)] > 4] ¢ log B [V lo(e) — gu(o)] > 62
S Ohd og max i og Up || Bp( C hd og Un |g9(x) — gn(2 5 .
: : . nhy :
Now, since the sequence (v, By (z)) satisfies a LDP with speed 2 and good rate function G,

there exists ¢; > 0 such that

limsupﬁlogIP’[\/EHBn(:n)H>5] < —cy.

.
n—oo M

Moreover, the application of Theorem 1 in Mokkadem et al. [14] guarantees the existence of ¢y > 0
such that

lim sup nvﬁ log P [\/ﬁ\g(aj) — gn(x)] > 5@] < —ca.

n—oo 2

We thus deduce that
. v?
lim # log]P’{vnH (rn(x) —r(z)) — Bp(z)|| > (5] = —00,

n—oo n n

which means that the sequences (v, (r,(z) —r(z))) and (v,B,(x)) are exponentially contiguous.
Theorem 7 thus follows. B
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Proof of Lemma 11

For any u € RY, set

Loalw) = 22 10gE [exp ("2 u, By (o) — E (Bo(0)
nz W) = nhg og L | exp n U, Bp\T n\T )
1
d,.(u) = 7/ w,y — (@) K2%(2) f(z,y)dzdy
W) = g [,y @) K@y
uls u/
= a K?(2)dz.
29(z) Jga )
To prove Lemma 11, it suffices to show that, for all u € RY,
lim Ty z(u) = @u(u).

As a matter of fact, since @, is a quadratic function, Lemma 11 then follows from the application
of the Gartner-Ellis Theorem. For u € RY, set

Z = (Y- rix (S,

and note that

02 1 "o .
Cpo(u) = # logE lexp ( Z [Zi - E(Z’)])
n =1

Ung(x)

Since (X;,Y;), i =1,...,n are independent and identically distributed, it holds that

’U% Z7L 'Un A~
Fn’x(u) = @ IOgE |:€U”g(z):| — mE(Zn)

Now, we follow the same lines as in the proof of Lemma 10. A Taylor’s expansion ensures that there

Zn,
exists ¢, between 1 and E [e “ng(@} such that

2 ~ A
v _Zn _ Z. N
o) = G |7 1= S| = A
n n

1wy 1
= U,%/ [e”n;(@ (wy—r@nkE = u,y — () K (2)| f(x,y)dzdy
- gy @)K ()| £
—R(u) + R (w),

n,

with

— i E eangr(Lac) —1 ’
2¢2 hd

R (u) = vi/ [6””91(z)<"’y_r(r)>K(z) e fuy (@)K (2)] [f(@ = huz,y) = f(.y)|dzdy,
RdXRq Ung(x)

and



Noting that

&=
~/
g
Sl
&
SN~—
IN

hd
sl [ RGH| [ Iolfe hozn] as

hdIIUIIIIT )l [ - ]
Ung(@ /’K /qu(w hnz,y)dy | dz. (3.32)

Zy,
g <vng(96)) -0

We deduce that there exists ¢’ € R% such that

It follows from (3.7) that,

1 <
— <d,
2 =

and thus, in view of (3.7),

1 —s 2
(/ [evngm(“y PNk (52) _ 1} f(s,y)dsdy>
R4 xRY
< gt ([ lwy=r@iKE)e

K
e Gl

d —rx Z) e
< S ([ e e
< B,

&)

h

>
(@)

3N

RO (u) <

o |

~ S

2
Ty (wy—r@) K (2)] flx—hyz, y)dzd?J)

K lco

2
dE W g ) dzdy>

where B is a constant, so that
lim \fzg;w)\ ~0.
n—oo ’

2 3
On the other hand, since Vx € R, e* — 1 — 2z = % + %d(x), with d(z) < /!, we get

R (w)
= 5 fo = @R [ ) — )] dedy+ Ros), (333)
with
Rosll < s [ Gy = (@) K@) e OO o) = fa)] ddy

It follows from (3.7) that R, , converges to 0. Applying then (A2) and (A3), we find

lim ‘]%ff%u)‘ =0.

n—oo

Finally, we have

Ty o(u)
- [e“";(””“’y_m”mz)—1— Lty — (@)K (2)] £l y)dzdy — BO(w)
Rd xR vpg () )
+RZ) ()

= ®u(u) — R,(w) + R, (u) + R, (w),
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R ()
=, [emmtenre @yt OWE) {6y rOPIEE) g,
By the majoration [¥ —1 —z — m2—2 < %Sd(:n) , we get
R, (w)|
i o Ny = @RS @) e TR

and (3.7) ensures that

lim
n—oo

ROw)| = o,
which concludes the proof of Lemma 11. B

Proof of Lemma 12

Observe that

Since

1 xr—z
= h_%/Rdeq yK< ™ )f(z,y)dzdy—m(x)

- h_lg [ () <:”};Z> dz — m(z)

= K(y) [m(z — hny) —m(z)] dy,
R4

Assumptions (Ab5)i), (Ab)iii) and a Taylor’s expansion of m of order p ensure that
E (mn(z)) —m(z) = O(hy).
Similarly, we have
E(gn(z)) —g(x) = O(hy).
We deduce from (3.34), (3.35), and (3.36) that
E(Bn(x)) = O(hy),

and thus Lemma 12 follows from Assumption (A5)ii). B
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3.3.4 Proof of Theorem 9
Set,

Bu(x) — ﬁmn(m)—m(m))—m@n(x)—g(x)),

Tpalu) = nv—;z%logE [exp <nv—}:%<u,én(x)—E<Bn(x)>>>],
~ 1

Dy o(u) = médeq<uay—7’(37)>2K2(2)f(%y)d2dy

1 uI's,u
= —— = K?(2)dz.
1+ ad 2¢g(x) /]Rd (2)dz

By following the steps of the proof of Lemma 11 and by using the property (3.15), we prove that

lim Tpp(u) = ®gu(u). (3.37)

n—~0o0

We first show how (3.37) implies Theorem 9. The function (iJ,M being quadratic, the application of
the Géartner-Ellis Theorem then ensures that

the sequence <vn <Bn($) —-E <Bn(1‘)>)> satisfies a LDP
. nhd -
with speed 2 and good rate function G, ;. (3.38)

Now, following the proof of Lemma 12, we have

r—z

i _ Iyt
E (1in(2)) —m(z) = n;h?/Rdequ< hi

) f (22 y)dzdy — miz)

> [ K@) (e~ hay) — m(a)] dy.
=1

Here again, Assumptions (A5)i), (A5)iii) and a Taylor’s expansion of m of order p ensure that
E (mp(z)) —m(z) = O 1 Zn: n
! no '

and similarly,

thus
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o If ap < 1, since (hy,,) varies regularly with exponent (—a), we have, in view of (3.15) and
Assumption (A5)ii)

)

th ( nhp]) =o(1).

e If ap > 1, we have 3, hf < oo and thus, since v, = o(nhd), we get

%‘ghf =0 (=) =o(1).

e In the case ap = 1, let £ be the slowly varying function such that h, = n=%L(n), and set
e > 0 small enough. Since a(p —¢) < 1, we have hl, = o(h}, ), and in view of (3.15) and
(Ad),

Un N~ gp —e) _ d+p—
;Zhi = o(vnhf E)—O(’I’Lhn P 5)
i=1
- o <n1—a(d+p—a) [E(n)]d+p—€>
= o (n_“(d_g) [E(n)]dﬂ)_a) =o(1).
We thus deduce that

lim v,E(B,(z)) = 0. (3.39)
To conclude the proof of Theorem 9, we follow the same lines as for the proof of Theorem 7
(see Section 3.3.3), except that we apply (3.38) instead of Lemma 11, (3.39) instead of Lemma 12,
and Theorem 1 in Mokkadem et al. [13] instead of Theorem 1 in Mokkadem et al. [14]. B
Let us now prove (3.37). For u € R, set

and note that

*R‘

~ v2 hd "1
Tpa(u) = ol logE[exp( ng? )Zh [T, — IE(T)])

i=1

Since (X;,Y;), i = 1,...,n are independent and identically distributed, it holds that

2 rdTy n
N 1
0 o(u) = § logE [emo@d | - n N ZR(Ty),
’ (’LL) hg — Og [ ] ng(x) — hld ( )

hiT; g
By Taylor expansion, there exists c¢;, between 1 and E [e ”ng(ﬂ”)hi} such that

nd Ty pd hdT B 1 hd B 2
logE[evng(z) } _ E[evngm P 1] - 52 (E[eungm P 1D ,
C*

,n

and I'y, ; can be rewritten as
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10n

T;hd T;hd 2 v nq
Thalu) = E |gvno@nd _ vng(@hd _ | __n —E(T}).
’ nhd Z [ ] 2nhd Z ( [ ]) ng(x) Z hd (T:)

-1 zn

T;hd

@7 such that

A Taylor expansion implies again that there exists c ,, between 0 and

T;hg
d
E evng(z)hi _ 1

d J 9 . ,
~ O+ 5 () B+ () BT
Therefore
Ty (w)
- 2921(95) n};d ;%/Rdxm(u,y — (@) 2K3(2) f (. y)dzdy + RO, (u) + BE)(u), (3.40)
with

T;hd 2
eung(l‘)hg — 1 ,

/ (wy — (@) K2(2) [f (& — hizy) — f(,y)) dedy.
R4 xRa

. 1 m2 1< 1 / v2 1
Raz(w) = 6 v,g3 () n Z h? E(ctnT7) 2nhd Z c? £

In view of (3.15), the first term in the right-hand-side of (3.40) converges to ®, ;.

It remains to prove that Rﬁ}?p and Rﬁ??p converge to 0. We have
haT; he
E d d
vng(x)hs Ung(2)h$ Jrdxra

hd |
Ung($)(A;dXRq‘<u’y-_>r(x)>jf(z)’f(x _’th,y)dzdy.

iy i (4) ' F(s,9)dsdy

IN

In view of (3.7), the integral is bounded, thus

heT;
lim supE ["7%] = 0,
n—00 i<n vng(z)hy
so that, there exists ¢ > 0 such that
1 <
— <e.
c? B

Now, on the one hand, since |e! — 1| < |t|el’l, and in view of (3.7) and (3.16), we have

nd T,
nti hd 1
E|evns@hi —1| < 7 / [,y — (@) K (2)] lotr (49 ‘f — hiz,y)dzdy
Ung(z) JraxRra
d
é <Bl_th_7
Ung($)
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where B; and c¢ are constants. We deduce that

On the other hand,
E[TPetn| < E|[mpPelinl]

< uf / [y = r(@) K (2)|* est K f 0 — 2, y)dady

< Byh

where By is a constant. Thus,

h2d "1 , hE By &
[ L _E eci,nT.g n h_d
o (o) 2 7T g g 2
hd
Since lim,, o, — =0, (3.15) ensures that
Un
2d n
1 1 /
li =N E(e%nTP) = 0
oo 6ung®(x) n = h7 (5 TF) ’

which proves that

Finally, using (3.15), (A2) and (A3), we have
lim R?) (u)

n?
n—0o0

IR L | -
= lim =10 E h-_d/ u,y —r(x))2K?(z x—hiz,y) — f(x,y)] dzd

n—o00 292(1-) nh;d Z?:l hi_d P i Rdeq< Y ( )> ( )[f( y) f( y)] Y
= 0,

which proves (3.37). B

3.3.5 Proof of Propositions 7 and 8
Proof of Proposition 7

e The strict convexity of ¥, follows from its definition, since for any v €]0,1[, and (u,v) #
(u',0),

U (7 (n,0) + (L= 7) () = Ty ((qut (1= 70+ (1= ')
= / (e[(vuﬂL(l—v)U’7y)+vv+(1—v)v’]K(2) - 1) f(x,y)dzdy
R xRY

< 5 / (e(<“’y>+”)K (=) — 1) f(a,y)dzdy
R4 xRY

I B (eI prpy
R4 xR4
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where the last inequality follows from the fact that x — e” is strictly convex.
Since |e! — 1| < |t|e!l ¥t € R and K is bounded and integrable, (3.7) imply that

/]Rdx]Rq

< / () +0) K (2)] @ IKC £ () dzdy
R4 x R4

<e<<u7y>+v>K<z> _ 1) f(a, y)‘ dzdy

IN

eU”anHuH/ ,K(Z),dz/ Mozl £ )y
Rd Ra

+6|v|||K||w‘v‘/ ,K(Z”dZ/ VI e f (5 1)y < oo,
Rd Ra

which ensures the existence of W.
Next, set

ha(u, 0,9, 2) = [e(<U,y>+v)K(Z) _ 1} F(z,y).

Since h, is differentiable with respect to (u,v) and

yel K E) K () f (2, y) >

th(uavvy’ Z) = < e((u7y)+v)K(2)K(z)f($,y)

using Assumption (A1) and (3.7), it can be seen that U, is differentiable on R? x RY. Since
U, is a smooth convex on R? x RY, it follows that ¥, is essentially smooth so that I, is a
good rate function on R? x R (see Dembo and Zeitouni [6]), which proves the first part of
Proposition 7.

o
Now, observe that D(¥,) = R? x R, and since ¥, is strictly convex, it holds that the pair
[}

<D(\le), \le> is a convex function of Legendre type. It follows that <D(Ix), Ix> is a convex

function of Legendre type (See Rockafellar [17]). Thus, Part 2 of Proposition 7 follows from
Theorem 26.5 of Rockafellar [17].
Let us now assume that A\(S_) = 0. Thus

Vo) = [ (@ TRESKE) 1) 1, () (o) dzdy,
R4 x R4

For each u € R, the function v — (e“TyK(Z)e”K(Z) - 1) 1s, (2)f(x,y) is increasing in v

and goes to —f(x,y) when v — —oco. Thus lim,_._ s ¥u(u,v) = —g(x)A\(S;) and I,.(0,0) =
g(2)A(S4). Now, when t; # 0, let us show that

[x(tl,O) = +00.
Let M >0, € >0 and set u = (M + €)t1/||t1*>. Let v € R such that

{ W, (u,v) > g(z)A(S4) —e if AN(S}) < o0
U, (u,v) > M if A(S;) = oc.

Then, on the one hand, when A(S}) < oo, we have
ul'ty — Uo(u,v) > M+ e+ g(z)A\(Sy) — e > M.
On the other hand, when A(S;) = oo, we get
ulty — W, (u,v) > M +e+ M > M.
It follows that sup,, (u”t1 — ¥, (u,v)) = +oco. B
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Proof of Proposition 8

Following the same lines of the proof of Proposition 7, we prove Proposition 8. When A(S_) =0,
for each v € RY and s €]0,1], the map v + s~ (esad“TyK(z)e”K(z) - 1) 1s,(2)f(z,y) is in-

creasing in v and goes to —s~%f(z,y) when v — —oo. We deduce that lim, . ¥, (u,v) =
—g@A(S) [ 57 = —g(@)A(S+)/(1 — ad) and L,(3,0) = g(x)A(S+)/(1 — ad). W

3.3.6 Proof of Propositions 5 and 6
Proof of Proposition 5

(1) Let us prove the first part of Proposition 5.
o If o < 1,(0,0), set

G ={(a,b) eRIx R, I,(a,b)<a} and G ={(s,t) e RI xR, IL,(s,t) <a}.

We first show that G is a compact subset of R? x R.
First, observe that since I, is a good rate function, GG is a compact subset of R? x R. Let
us define the following function

F:RIxR — R?xR
(s,t) +— (st,t).

Observe that F is continuous and G = F ~1(G). We deduce that G is a closed subset of
R? x R.

Now, let (s,,t,) be a sequence of real numbers of G, there exists (Zn,yn) € G such that
(Tn,yn) = F(sn,tn) = (Sntn, tn) € G.

The compactness of G on R? x R ensures that there exists a sequence of real numbers
(ny,sYn,) € G such that (zy,,yn,) — (z0,Y0) as k — oo, where (z9,y0) € G. Therefore,
(Sngtngstn,) — (Z0,Y0) as k — oo. -

Noting that Condition (C) ensures that Vs € RY, I,(s,0) > I,(0,0) > « so that (s,0) ¢ G.
It follows that yo # 0, and thus t,, — yo and s,, — s as k — oo, where sg = zo/yg. We
deduce that (s, ,tn,) — (S0,v0) as k — oo, so that (s, yo) € G. Thus G is a compact set.
Now we claim that the set A = {s, J(s) < a} is the image of G by the continuous map
7 (s,t) — s, and thus it is a compact.

Indeed, clearly 77(@) C A. For the opposite inclusion, consider o < o/ < I, (6, 0) ; the
set G/ = {fx(s,t) < a’} is compact. Let s9 € A, since J(sp) < a, we have J(sg) =
inf(SO’t)EG, fx(so,t); by compacity, there exists ¢ such that J(sgp) = fx(so,to); (so,to) € G

and 7(sg,t0) = so, thus A C 7(G).
e If a > I,(0,0), let s € RY, we have

J(s)

IAIAIA
N
=
=

We deduce that R? C {J(s) < a} and the second part of Proposition 5 (i) follows.
(ii) It is an obvious consequence of (i) and the definitions of J and J*.
(iii) Assume that J*(s) < oc.
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e If I,(0,0) > inf, I,(st,t), then

ilgf I.(st,t) =infyzo I(st,t),

so that J(s) = J*(s).
e If 1,(0,0) = inf; I, (st, t), since J*(s) < oo, there exists to # 0 such that I,(sto,to) < oo.
By the convexity of I, we have for any v €]0,1], I,(stov,tor) < oo and
I (stov, tov) < vl (sto,to) + (1 — v)I,(0,0).
We deduce that
0 < L(stov, tor) — 1,(0,0) < v (Ix(sto,to) - 12(6,0)) ,

and if we take v — 0, the third part of Proposition 5 follows.

(iv) Let us suppose that oo < I,.(0,0) and let s € {.J*(s) < a}, then we have J*(s) < co. We deduce
from (iii) that J(s) = J*(s). It follows that J(s) < a, which ensures that s € {J(s) < a}.
Conversely, if s € {J(s) < a}, then

1.(0,0) > inf I, (st, 1),
so that

inf I.(st,t) = inf I.(st,t).
inf I (st, 1) inf z(st,t)

That is J(s) = J*(s). Therefore, J*(s) < «, which ensures that s € {J*(s) < a}, and thus
Proposition 5 is proved. B

Proof of Proposition 6

Proposition 6 is proved by following the same approach as for the proof of Proposition 5 with
replacing I, J and J* by I, ., J, and J; respectively. B
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Chapitre 4

Joint behaviour of the semi-recursive
kernel estimator of the mode and the
modal value of a probability density
function
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4.1 Introduction

Let Xi,...,X, be a sequence of independent and identically distributed R%valued random
variables with unknown probability density f. We assume f has a unique mode @, that is, we
suppose there exists § € R? such that f(x) < f() for any @ # 6. Moreover we assume @ is
nondegenerate, that is, the second order differential D2 f(6) at the point € is nonsingular (in the
sequel, D™g will denote the differential of order m of a multivariate function g).

The well known kernel mode estimator has been introduced by Parzen [16]. It is defined as a
random variable 6 such that

fa(0) = sup fr(y),

yeRd

where f is the Rosenblatt estimator of the density f. Recall that f is defined as

¥ 1 “ x—Xi

where the bandwidth (h,,) is a sequence of positive real numbers going to zero and where the kernel
K is a continuous function satisfying lim 400 K (2) = 0, [pa K(2)dz = 1.
Abraham et al. ([1], [2]) proposed another estimator 87 of the mode defined by

é;; = argmax f, (X;),
1<i<n

and investigated the asymptotic properties of this new estimator; in particular, they proved an
asymptotic proximity theorem between 6 and é;i, which implies that 6 and é;i have the same
weak asymptotic behaviour.

The asymptotic behaviour of the estimator ) has been widely studied; see, among others,
Parzen [16], Nadaraya [15], Van Ryzin [23], Riischendorf [21], Konakov [10], Samanta [22], Eddy
([5], [6]), Romano [18], Vieu [24], and Mokkadem and Pelletier [14].

To estimate f(f), the size of the mode, it is usual to set p) = f¥(6}), but, at our knowledge,
the asymptotic properties of the estimator p) have note really been investigated.

The purpose of this paper is the study of the joint convergence rate of kernel estimators of
the location and of the size of the mode, and the construction of confidence regions for the couple
(0, £(0)). However, the estimators we consider are not 6 and . The reasons why we do not use
these estimators are the following.

First, let us mention that, as soon as D?f converges uniformly in a neighbourhood of @, the

T
asymptotic behaviour of ([0;‘; - G]T y e — ,u) is given by that of
T
(D2 @1V £20)1£:0) - 10)])

Hall [9] shows that, to minimize the coverage error of the confidence interval for a probability density,
avoiding bias estimation by a slight undersmoothing is more efficient than explicit bias correction.
So, to construct confidence regions for (4, f(6)), it seems more appropriate to use density estimators
with small asymptotic variances, rather than density estimators with small mean squared error. The
recursive kernel estimator of the density introduced by Wolverton and Wagner [27] (and discussed,
among others, by Yamato [28], Davies [3], Devroye [4], Menon et al. [12], Wertz [26], Wegman and
Davies [25], Roussas [20], and Mokkadem et al. [13]) being known to have a smaller variance than
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the Rosenblatt estimator, we construct our estimators 6 and f(6) by using this recursive density
estimator.

More precisely, let the bandwidth (h,) be a regularly varying sequence with exponent (—a),
a > 0; we set

n

fulz) = %Z %K (”” ;X> (4.1)

1=1

and consider the kernel mode estimator defined as a random variable 6,, such that

fn(en) = sup fn(y) (4'2)
y€R4
Since K is continuous and vanishing at infinity, the choice of #,, as a random variable satisfying
(4.2) can be made with the help of an order on R¢. For example, one can consider the following
lexicographic order : x < y if the first nonzero coordinate of x — y is negative. The definition

0, = inf {y e R? such that f,,(y) = sup fn(:v)} )
r€R4

where the infimum is taken with respect the lexicographic order on R?, ensures the mesurability of
the kernel mode estimator.
Now, let us explain why the natural estimator

fin = fn(6n) (4.3)

of the size of the mode is not the most appropriate.
Similarly to the case when Rosenblatt’s kernel density estimator is used, the asymptotic beha-

. T T, .
viour of ([Hn — 9] s b — ,u) is given by that of

T
([[D?f(eﬂ-lwn(e)f, [$0) - f(9)]) ,

as soon as D?f, converges uniformly in a neighbourhood of §. However, the condition on the
bandwidth (h,,) necessary to ensure the strong uniform consistency of D2f,, is
nhd+4
lim —— = o0. (4.4)

n—oo logn

Now, the weak convergence rate of f,,(0) — f(0) to zero is governed by the one of the variance term
fn(0) —E[f,(0)] on the one hand and by the one of the bias term E[f,(0)] — f(#) on the other hand.

Let us recall that
Vot [0 - E©)] 2 N (0.5 [ K@),

i o (ELLO) - 0) = Bl

n—0o0

where ¢ is the order of the kernel K and B} is usually nonzero. So, in the usual case when ¢ = 2,
the condition (4.4) implies that the variance term f,(0) —E[f,(0)] is negligeable in front of the bias
term, and thus

1 P
h_%<,un _,U> S BZ-
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This is the first main drawback of the modal value kernel estimator p, defined by (4.3) : the use

T
of a higher order kernel K is necessary for (u, — u) (and thus ((On - 07T,y — ,u> to satisfy a

central limit theorem (CLT), and thus for the construction of confidence regions of (67, ,u)T.
Let us also underline that, when higher order kernels of order g are used for the estimation
of 0, and pu,, the optimal convergence rate of (V fn(H)) and thus of (Hn — 0) is reached when
1

the bandwidth is chosen such that (h,) = (cn_ (d+2+29) ), whereas the optimal convergence rate of

(fn(0) — f(#)) and thus of (u, — ) is attained when (hy,) = (cn_<d+12q) ) This is the second main

drawback of the estimator u,, defined by (4.3) : it is not possible to choose a bandwidth for which
both estimators 6,, and u, simultaneously converge at the optimal rate.

These two constatations lead us to introduce a second bandwidth, and thus a second recursive

kernel density estimator, to estimate the modal value u. More precisely, let (hy) be a regularly
varying sequence with exponent (—a), a > 0, and let

n

fulz) = %Z %K (x ;%XZ>

i=1

be the kernel density estimator computed with the bandwidth (ﬁn), we define the modal value
kernel estimator fi,, by setting

(where 0, is the kernel mode estimator computed with the help of the first bandwidth (h,)). We

first prove the strong consistency of 6,, and fi,, and then study the joint asymptotic behaviour of
T

<(0n -0, (fin, — ,u)) . We prove in particular that, whatever the order ¢ of the kernel K is, it is

possible to choose two bandwidths (h,,) and (h,,) such that

Vi (6,-0) \ [p2r0)] clor]
_ — N0, f6) 1+a(d+2) . (4.6)
Vi (fin — 1) 0 Jya K@i

1+ad

0K 0K
a 0x; . Ox;

where @ is the matrix d x d defined by G(7) = / (z)dz.
R

Of course, in the case the Rosenblatt kernel density estimator is used, we can also use two

different bandwidths (h,) and (hy) to estimate § and p. Under our assumptions and following the
same lines of our proof, it can be shown that

Vb (6~ 6) [D2£(0)] "G [D*f(0)] 0
" (ﬂ: ) M) 2, /\/(0, f(9) ( 0 foo K2(@)da > >

where [} = f;(@:) It turns out that the asymptotic variance obtained in the recursive case is
smaller than the one obtained when the Rosenblatt kernel estimator is used.

Let us mention that, the estimator of Abraham et al. [1] can be defined with recursive kernel
estimation of f; more precisely we can set 6, = argmax; <;<,, fn(X;) and fin = fn(6,); it follows
from the work of Abraham et al. [2] that under suitable assumptions, (6, fin) and (6, fin) have
the same weak convergence rate.
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To complete the study of the asymptotic behaviour of our couple of estimators (9,7; , ,&n)T, we
establish a compact law of the iterated logarithm. We prove in particular that, for adequate choices
of the bandwidths, with probability one, the sequence

) Vi (6, - 0)
V2loglogn \ \ /nkd (fin — 1)

is relatively compact and its limit set is the ellipsoid £ which is explicitly defined in Section 4.2.
In the case when Rosenblatt kernel estimator is used, such a compact law of the iterated
logarithm has been proved in Mokkadem and Pelletier [14] for the mode estimator 6. However,
the technics used in Mokkadem and Pelletier [14] are totally different from the ones employed here.
Moreover these lattest do not apply in the case when Rosenblatt kernel estimator is used, and

T
establishing a law of the iterated logarithm for the couple ((0; — o), (ir — ,u)) remains an open
question.

4.2 Assumptions and Results

X1,..., Xy are independent and identically distributed random variables with bounded proba-
bility density function f. Let h and h be two positive functions, and (h,) and (h,) be the sequences
defined as h,, = h(n) and h,, = h(n) for all n > 1. The recursive kernel estimators of f are

n n

1 1 - X; ~ 1 1 - X;
f”($)zﬁzh_gK<xhi > and fn(x)ZEZﬁ_dK<xﬁi )

1=1 i=1

The kernel mode estimator is

0, = inf {y e R?% such that f,,(y) = sup fn(:v)} )
z€R4

and the kernel estimator of the size of the mode is

The conditions we require for the strong consistency of 6,, and fi,, are the following.

(A1) i) K is an integrable differentiable even function and K(z)dz = 1.
R4

ii) K is a kernel of order ¢ > 2 ie. Vs € {1,...,q— 1}, Vj € {1,...,d}, / y; K (y)dy; =0
Rd

and /Rd !y?K(y)!dy < oo.
iii) K is Holder continuous.
iv) There exists v > 0 such that z — [|z]|7 |[K(2)] is a bounded function.
(A2) i) f is uniformly continuous on R?, g-times differentiable and sup,cpa || D?f(7)|| < oo, where
q is the order of K.
ii) There exists £ > 0 such that [, [|z°f(z)dz < cc.
iii) There exists n > 0 such that z — ||z||" f(z) is a bounded function.
iv) There exists 6 € R? such that f(z) < f(6) for all z # 6.

(A3) The functions h and h are locally bounded and vary regularly with exponent (—a) and (—a)
respectively, where a €]0,1/(d +4)[, a €]0,1/(d + 2)|.
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Remark 7 Note that (A1)iv) implies that K is bounded.

Remark 8 A positive function (not necessarily monotone) L defined on 10, 00[ is slowly varying if
limy_,oo L(tx)/L(t) = 1 and a function G is said to vary regularly with exponent p, p € R, if and
only if it is of the form G(x) = xPL(x) with L slowly varying (see, for example, Feller [8] page 275).
Typical examples of reqularly varying functions are x”, xflog x, z*loglog z, x” log x/loglog x, and
s0 on.

Remark 9 An important consequence of (A3) which will be used in the sequel is :

1
; B _
if Ba <1, then nh_)ngo nhﬁ g n; = —ad’ (4.7)

n =1

Moreover, observe that for all € > 0 small enough,

1 S hi=0 <hgf8 + l) . (4.8)
n i1 n

As a matter of fact :
o If ag < 1, (4.8) follows easily from (4.7).
e If ag > 1, since ), h! is summable, (4.8) holds.

h =0 (h%_‘g), and thus

i=1""

1
o If ag = 1, since a(q —€) < 1, using (4.7) again, we have - S
(4.8) follows. 3
Of course (4.7) and (4.8) also hold when (h,) and a are replaced by (h,) and a.

Proposition 9 Let Assumptions (A1)-(A3) hold, then

lim 6, =60 a.s. and lim g, =p a.s.
n—oo n—oo

From now on, we set

hy =n""Lo(n) and h, =n"2L,(n),
where Ly and L, are positive slowly varying functions (the existence of such functions is ensured

by (A3), see Remark 8).
Moreover, we introduce the following notations :

eV (2= 8154 0)
B,(0) = q'(1 (_ql) (Z ﬁq 8qf(9) ) with ﬁ;l = /Rd y?K(y)dy, aq#1 and aq # 1,(4.9)
T0=e0)

- f(OG
_( —[D%o)] " 0 _ [ T 0
4= < 0 1) P Ty e ) (4.10)

1
and, for any ¢, ¢ > 0, we set D(c,¢) = < \/S d \/OE ) where I; is the d x d identity matrix.

To state the weak convergence rate of (07, fi,,)”, we need to introduce the following conditions.
(C1) Either
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a 1-2a
and — < a< >or
q d+2

ii)( ! <a< ! and¥<a<1+7&d>or
d+2q T d+4 d+2q+2 2(d+2)

1

(C2) Either

. N a 1

) (0<i< g a5 <o < oy

i) a=——, lim;, o £,(n) = oo and ! a< ! .
d+2q’ i 2(d + 2q) d+2q+2

(A4) i) K is twice differentiable on R¢.
ii) z — 2V K (z) is integrable.
iii) For any (i,7) € {1,...,d}?, 8*K/dz;0z; is bounded integrable and Hélder continuous.

(A5) i) D?f(6) is nonsingular.
ii) D?f is g-times differentiable and V f is bounded.
iii) For any (i,7) € {1,...,d}? sup,cpa ||[D1 (9 f /0x;0x;) || < oo, and for any k € {1,...,d},
sup,ega [|[D9 (9 f/0xy) || < oo.

Remark 10 Note that (A4)ii) and (A4 )iii) imply that VK is Lipschitz-continuous and integrable ;
it is thus straightforward to see that lim |, [[VK(2)|| =0 (and in particular VK is bounded).

Theorem 10 Assume (A1)-(A5) hold.
i) When (C1)i) or (C1)ii) is satisfied, then
Vnhi (0, — 0
< el ( )>2>N(0,A2A).
\V nhi (i, — )

i) When (C1)iii) is satisfied, set c = y+24+2 qnd ¢ = 3924 ; then

/ d+2
( nhn” (60 =) > D, N (D(c,&)AB,(0), ASA) .
\V nhi (i, — p)

i11) When (C2) is satisfied, then
.6, -6
( e M)) ) =, AB,(0).

i(ﬁn -

Comments. Part 1 (respectively Part 3) of Theorem 10 corresponds to the case when the bias
(respectively the variances) of both estimators 6,, and fi,, are negligeable in front of their respective
variances (respectively bias). When ~,5 > 0, Part 2 of Theorem 10 corresponds to the case when
the bias and the variance of each estimator 6,, and [i,, have the same convergence rate. Other pos-
sible conditions lead to different combinations ; these ones have been omitted for sake of simplicity.

Both estimators 0, and fi,, converge simultaneously with their optimal rate when the band-

widths are chosen such that lim,_. nh: 297 = ~ €]0, co[ and lim,_. nh%4T?? = 5 €]0, 00| (which
leads to Part 2 of Theorem 10). This is the first advantage of using the estimator fi,, defined in
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(4.5) rather than the estimator p, defined in (4.3). As a matter of fact, when this lattest (which
corresponds to the case (hy,) = (hy)) is used, it is not possible to make the estimators of the location
and of the size of the mode converge with their optimal rate simultaneously.

For the construction of confidence regions for the couple of parameters (6, 1), Part 1 or Part 2 of
Theorem 10 must be applied. Let us underline that condition (C1)ii) is empty in the case ¢ = 2,
and that the choice a = @ (and a fortiori, the choice (h,) = (hy)) is forbidden by conditions (C1)i)
and (C1)iii). This enlightens the second advantage of using fi,, instead of p, : Kernels of order 2
can be used to construct confidence regions for (6, 1) only when different bandwidths are used for

the estimations of 6 and of u.

A result similar to Theorem 10 can be obtained when the nonrecursive Rosenblatt kernel es-
timator is used instead of the recursive estimator f,. Recall that 6} (respectively fi}) denotes the
estimator of the location (respectively of the size) of the mode computed with the help of the band-
width h,, (respectively ﬁn) and the associated Rosenblatt kernel density estimator f (respectively
f). Moreover, set

—1)4 d o1
= < o° O ) and B(0) = (s %§<9>)
= 2 - —1)4
0 FO) fu K2(2)iz q ST 154 6)
Following the same lines of our proofs, it can be shown that 6, fi,, X, and B,(f) can be replaced
by 65, fiy,, ¥*, and By (0) respectively in Theorem 10. Note that

(4 ad+2)]7'L 0 i}
2‘( 0 ‘ [1+adr1>2'

To construct confidence regions for (0, u) by slightly undersmoothing, it is thus better to use the
estimators 6, and ji, computed with the help of the recursive kernel density estimator f, rather
than the ones defined via Rosenblatt’s estimator. Simulations results comparing the empirical levels
obtained when confidence regions are constructed by using either the recursive estimator f, or
Rosenblatt’s estimator are given in Section 4.3.

To complete the study of the asymptotic behaviour of (HTTL , ,&n)T, we state now its almost sure
convergence rate. To this end, we need the following additionnal assumptions.

(A6) i) h and h are differentiables, their derivatives vary regularly with exponent (—a — 1) and
(—a — 1) respectively.
ii) There exists ng € N such that

mh 42 ' milfnd} B min {mh,}(dﬂ);mﬁ;ﬂ}

n>mz2>ny = nax — = — .
{ nhy (@+2) 7" phyd min {nh;(dH);nh;d}

Remark 11 Assumption (A6)ii) holds when a # a, and in the case a = a, it is satisfied when
Lo(n) = (Eu(n))d;ﬁ‘lr2 for n large enough.

Moreover, conditions (C1) and (C2) are replaced by the following ones.
(C’1) Either

i)<—<d<7q andé<a<1_2d>0r

d+4 d+2q+2 q d+2

.. 1 _ 1 1 1+ad

ii) <d+2q<a§—d+4and 7d+2q+2<a<72(d+2)> or
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ey~ 1 1 ) (L (n))d“‘?q ~ . (E@(n))d+2q+2
= ——— = 1 n—oo = - dl n—oo =
iif) & d+2q’a d+2q+2’ ' 2loglogn @ < coandiim 2loglogn
a < 0.
(C’2) Either
1 a 1
. ~ d a )
1)<0<a<d+2qan 2<a<7d+2q+2 or
N 1 . (L, (n))d+2a 1 1
— fim,, o )T '
i) a i3 20 im 3log log 1 oo and 2(d—|—2q)<a<d+2q+2

Before stating the almost sure convergence rate of (61, fi,,)T, let us remark that Proposition 2.3 in
Mokkadem and Pelletier [14] ensures that the matrix G (and thus the matrix X) is nonsingular.

Theorem 11 Let Assumptions (A1)-(A6) hold.
i) When (C°1)i) or (C’1)ii) is fulfilled, then, with probability one, the sequence

1 Vnhit2(0, — )
2log logn \/nhd (fi, — 1)
is relatively compact and its limit set is the ellipsoid

E= {1/ € R such that vTATI 1A I < 1} .

it) When (C’1)iii) is fulfilled, set ¢ = o and ¢ = & ; then, with probability one, the sequence

1 Vnhdt2(6, — 0)
v2loglogn

is relatively compact and its limit set is the ellipsoid

nhg (ﬂn - N)

£ = {I/ € R such that (A™'v = D(c,?) Bq(G))T YA — D (c,8) By(9)) < 1} .

i11) When (C’2) is satisfied, then
0, -0
( }igl (~ ) ) 95 AB,(0).

Comments. When (C’1) is satisfied, then

. nhgll-l-?q-i-? ‘ nﬁg—i-Zq ~
lim ——— =« and lim ———— = a4,
n—oo 2loglogn n—oo 2loglogn
with &« = & = 0 in the framework of Part 1 of Theorem 11, and «, & € [0, 00[ in the framework of
Part 2 of Theorem 11. In the case (C’2) is satisfied,
b 2r+? g
im ——— =00 and lim ———— =0
n—oo 2loglogn n—oo 2loglogn
Let us mention that, on the opposite to the weak convergence rate, the almost sure convergence
rate of the couple of estimators of 6 and p computed with the help of the nonrecursive Rosenblatt
kernel estimator cannot be established by following the lines of our proof made in the case the
recursive estimator f, is used. This is due to the fact that the recursive estimator f, is, up to a
factor, a sum of independent variables, whereas Rosenblatt estimator f equals, up to a factor, a
triangular sum of independent variables.

105



4.3 Simulation study of confidence region

The aim of our simulation study is double. On the one hand, we provide a comparison between

the case (h,) = (h,) and the case (h,,) # (hy,). On the other hand, we make a comparison between
the use of the recursive density estimator and that of Rosenblatt density estimator.

We consider the unidimensional framework (d = 1), and, since we construct our confidence

regions for (0, ) by undersmoothing, we choose bandwidths (h,) and (h,) satisfying (C1) with
v=7=0.

Let us first consider the case when the recursive estimator f, is used to compute the estimators
of @ and p. In order to construct our asymptotic confidence regions, it is necessary to estimate X
consistently. This can be done by replacing f”(#) and f(0) by f(6,) and f,(0,) respectively. In
this case, we have,

\% 1""3‘1\/ "hmﬂ{(en)‘ (0 o 0)

\/\f7l(61,;)\~fmilz(x)dx AN(O,( (1) (1) ))
V17 (0n)] i K2(2)da fin = 11)

Now, set

_ V14 3ay/nhi | f7(6n)] VI+avnhy,

and @, = .
0] fe Kty |70 fe K2y

The application of Part 1 or 2 of Theorem 10 ensures that

Py

P2(0, — 0)® + Q% (jin — 11)* = x*(2)

where x2(2) is the chi-squared distribution with 2 degrees of freedom. It follows that the confidence

region &, such that
P (?"_9>esa =1l-a
HUn — [

is the ellipsoid &, = {u eR?, ul¥,u< ta} where

P2 0
(0 o)

and t, is the quantile of the chi-squared distribution corresponding to the asymptotic level 1 — a.
When Rosenblatt density estimator is used, in order to construct confidence band with asymptotic
level 1 — «, P, and @Q,, above are replaced by P/, and @/, defined as :

Vb | £ (03))] , nhy,

and @, .

Fa(03)| fy K7 @)da 0] e Kas
In the theoretical framework, let us mention that the axes of the ellipsoid in the recursive case
are smaller than those for the Rosenblatt case. More precisely, let E, and F,. be respectively the

P =
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f-axis and the p-axis of the ellipsoid in the recursive case, E; and Fs be respectively the axes in
the Rosenblatt case, then

1

S
V14 3a
1

—F..
Vita ®

We consider five sample sizes n = 25, 50, 100, 200, and 300, and four densities f : standard normal,
normal mixture, standard Cauchy, and Student with 2 degrees of freedom. In each case the number
of simulations is N = 500. We set 1 — a = 0.95 (and thus ¢, = 5.99). In order to allow the choice

- 1 2
hyp) = (hy), we use a four order kernel (¢ =4) : K(z) = — (3 —2%)e” 7.
(hn) = (hn) (g=4): K(z) \/8_77( )

For (hy, ﬁn), we have considered the four following choices, which satisfy (C1) with v =4 = 0.

A. h, =n Y10 and h, = n~1/8.
~1/11 -1/9

E, =

Fr =

n
logn

The tables give the proportion of simulations for which (6, f(#)) belongs to the confidence ellipsoid.
For each case in the table, the first line corresponds to the Rosenblatt kernel estimator and the
second one to the recursive estimator. The choice B corresponds to the best choice of a and a.
For each density, we have a table giving the percentage of times when (6, f(#)) is in the confidence
region for the four choices A, B, C and D.

The tables confirm our theoretical results : the choices A and B seem better than the choices C
and D. The best choice of a and a is B (that is when (C1)iii) is satisfied). It seems also that the
estimator (6, fin) performs better than (6}, i} ).

Estimation of normal standard distribution

25 50 100 200 300
97.8% 96.4% 96.4% 95.4% 94.8%
98.2% 97.4% 96.8% 9%  95.8%
B 98% 98%  96.6% 95.4%  95%
99.6% 99%  98.6% 97.8% 97.2%

> 3

C 864% 8% 83.6% 81.8% T77.8%
89.8% 85.6% 88.4% 87.6%  84%
D 87.8% 90.8% 89.8% 92% 91%
89.4% 92.2% 92.4% 93.8% 93.2%

Estimation of normal mixture 1/2N(0,1) + 1/2N(1,1)

n 25 20 100 200 300

A 988% 98.8% 962 % 96.2% 94.6%
9%  99.6% 972%  97%  96.2%

B 972% 972% 96.6% 96.4% 96.8%
98.4% 99.2% 98.8% 97.8% 98.8%
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C 854% 84.6% 78.4% 784% 176.6%
87% 88%  83.4% 81.6%  80%

D 88.6% 85.8% 86.6% 86.4% 85.2%

90.6% 88.2% 89.4% 90.2% 89.8%

Estimation of standard Cauchy

25 50 100 200 300
98.4% 98.4% 98.6% 99.2%  98%
98.6% 984 % 98.6% 98.8%  98%
B 96.2% 97.4% 97.6% 98%  98.6%
97%  98.6% 98.4% 99.4% 99.4%

> 3

C 848% 87.6% 88.8% 84.8% 90.6%
87.4% 90%  91.2% 89.2% 92.8%
D 892% 8% 924% 922% 96.2%
89.8% 89.8% 93.2% 93%  96.8%

Estimation of Student with 2 degrees of freedom

n 25 50 100 200 300

A 984% 958% 964% 9%  96.8%
99.2 % 96.6% 96.6 % 97.4% 96.8%

B 9% 97.8% 98.8% 98.6% 97.8%
97.6% 98.2% 99.8% 99.6% 99.6%

C 834% 874% 85.8% 86.2% 85.6%
86.8% 90.6% 87.2% 89.8% 89.8%
D 89.6% 91.4% 91.8% 92.6% 93.6%
92.8% 93.8% 94.2% 95.2% 95.4%

4.4 Proofs

Our proofs are organized as follows. Section 4.4.1 is devoted to the proof of the strong consistency
of 6,, and [i,. In Section 4.4.2, we give the convergence rate of the derivatives of f,. In Section

4.4.3, we show how the study of the weak and strong convergence rate of ((Hn - 07T, i, — u)T
- T
can be related to the one of <[an(0)]T,fn(0) - f(9)) . In Section 4.4.4 (respectively in Sec-

tion 4.4.5), we establish the weak convergence rate (respectively the strong convergence rate) of

N T
<[an(0)]T, fn(0) — f(9)) . Finally, Section 4.4.6 is devoted to the proof of Theorems 1 and 2.
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4.4.1 Proof of Proposition 9

Since 0,, is the mode of f, and # the mode of f, we have :

0 < f(0)— f(6n)
< [F(0) = f(0n)] + [fn(On) — fn(0)]
< |£0) = fu(O)] + | £u(0n) — f(0n)]
< 20 fn = flloo- (4.11)

The application of Theorem 5 in Mokkadem et al. [13] with |a| = 0 and v,, = logn ensures that for
any ¢ > 0, there exists ¢(d) > 0 such that

esp (—e@Z) — g (o) 2 ZE )

(log n)? logn)? nhd

Borell-Cantelli’s Lemma ensures that
Jim fu = fle =0 as.
and thus by (4.11),
lim f(6,) = f(0) as.

n—~o0

Since f is continuous, lim ;| 4.0 f(2) = 0 and 6 is the unique mode of f, it follows that lim,, . 6, =
0 a.s.
Now,

1= flloo + 2[l.fn = flloo

where the last inequality follows from (4.11) ; As previously, one can show that lim, . || fn— f|lec =
0 and thus limy, o i, = p a.s. B

|l~‘n—ﬂ| <
<

4.4.2 Convergence rate of the derivatives of the density

For any d-uplet [a] = (al, - ,ad> e N9, we set la| = a1 + - + a4 and, for any function g, let

dlelg
B ot

9l g(x)

()

denote the [a]-th partial derivative of g. The following Lemma is proved in Mokkadem et al. [13].
Lemma 13 Assume (A8)-(A5) hold. Let (g,,) and (by,) be defined as follows :

gn = fn and by, =h, or

For |a| € {0,1,2}, we have
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m lelg, (2)] =8 f(z)| = ED? ol - qﬂ "
lim < |B[07a,()] -0l r(w)] — Sl (;%w?)”

where ﬂ;] is defined in (4.9).
ii) Moreover, if we set M, = sup,cga |[DIOI f(z)|, then

B (0g,(a) — )| < T [ K]

lim sup
n—eo Zz 1 bz z€R4

Lemma 14 Let U be a compact set of R? and assume that (A1)iii), (A3), (A4) and (A5)ii) hold.
Let (gp,) and (by,) be defined as in (4.12). Then, for all v > 0 and |a| = 1,2, we have

oy (2) - (9 _ _(ogm)™H7
gsctellp])@ gn(T) E<8 gn(:n))‘ = O( 53 lbf”‘a' a.s.

Proof of Lemma 14
Set

n d+2\a|
Zi:l bZ

Un = (log n)1+’Y .

Applying Proposition 3 in Mokkadem et al. [13], it holds that for any ¢ > 0, there exists ¢(d) > 0
such that

a[algnm)—xa(a[a]gn(x))\za] < ew (—cw)M).

P
[sup Un 202

xeU

Since limy, 00 Y 1y ;1+2\a|/(U7% logn) = oo we have, for n large enough,

n d+2‘0¢|
Zi:l bl
202

c(9)

> 2logn.

We deduce that

Z]P’ [Supv ‘8[0‘}%(33) —E (8[(1}%(1"))‘ > 5] = 0 <Z exp (—210gn)>

xzelU n
< 00.
Borel-Cantelli’s Lemma then gives that
lim sup vy |0%g,(z) — E <8[a]gn(x)>‘ = 0 as.
=00 xeU

and thus Lemma 14 follows. B
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T - T
4.4.3 Relationship between ((Hn—H)T, (;ln—/J,)) and ([an(O)]T, fn(0) — f(0)>
By definition of 6,,, we have V f,,(6,,) = 0 so that

I implies the

For each i € {1,...,d}, a Taylor expansion applied to the real valued application 3
T

¢
existence of e, (i) = (Egll)(i), e (z)) such that

2 . j j
0L (6,) — 32(6) = iy At (en()) (69 — 69)),
|€£Lj)(z.) B 9<j)| < ‘Hﬁlj)(i) _ 9(3’)| Vje{l,...,d}.

Define the d x d matrix H,, = <H7(L”)> by setting
1<4,5<d

ij & fn :
HT(LJ) = 8waw(sn(z))7
? J

Equation (4.13) can be then rewritten as
H, (0, —0) ==V fn(0).
On the other hand, we have
fin—p = falbn) = £(0)
fn(0) = £(6) + R
with
R, = [fo(On)— fn(0). (4.14)

We can then write :

[D2f(0)] " Ho0—0) \ _ [ [D*£(0)] ' V1u(6) 0
( i — 1 ) ( Mo ) (s ) aw

Let U be a compact set of R? containing #. The combination of Lemma 13 and Lemma 14 with
la| =2, gn = fn and b, = h,, ensures that for any v > 0 and £ > 0 small enough,

1 I+y "o hd
(log n) +sz» o

sup [01°] f, () = 01 f (@) = 0(

el > ic1 h?+4 n
B (logn)t+Y .1
= 0< T Jrfz;gEJrE a.s.
= o(l) as. (4.16)

Since D?f is continuous in a neighbourhood of # and since lim,, . 6, = 6 a.s., (4.16) ensures that

T
lim,, oo H, = [D?f(#)] a.s. It follows that the weak and a.s. behaviours of ((Gn — T, (fin, — ,u))
are given by the one of the right-hand-sided term of (4.15).
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4.4.4 Weak convergence rate of <[an(0)]T, fn(0) — f(H))T

Let us at first assume that the following lemma holds.
Lemma 15 Let Assumptions (A1)i), (A1)iv), (A3), (A4)i) and (A4)ii) hold. Then
hat 2|V fn(0) —E(V f1(0
VR0 -BE50)] > w(0s)
Vs [£2(0) ~E(f.(6))

The application of Lemma 13 gives

1' ﬁ (V1a(6)) B (_ql!)q <E ﬁqE)Qf(a)) (4.17)
M\ B0 - 0] | T Ct s ﬁ??if(e) . .

1) If ag < 1 and aq < 1, by using (4.7), it is straightforward to see that

I A E(V1(0) B,(9) (4.18)
im ~ = . i
we \ A [E(fa(0) - £6)] ’
2) Let us now consider the case ag > 1 and ag > 1. We have
VbR L, 0) = = g (v ),
n Zz 1 hz
with, in view of (4.8), for all £ > 0 small enough,
hd+2 Zz 1 2 - 0 (n%(l—(a—e)(d+2))n—aq—i—ae)

_ O<n—%(l+ad)+a(%(d+2)+a))
= o(l).

Applying (4.17), it follows that

lim \/nhi?E(Vf.(0)) = 0.

n—oo

Proceeding in the same way for IE( fn(ﬂ)), we obtain

VnhEPE(V £,(0)) .
Vrhd[E(f0) - £0)] ) 7
The combination of either (4.18) or (4.19) and of Lemma 15 gives the weak convergence rate of

(VO Fa0) - 10))"
e If (C1)i) or (Cl)ii) holds, then

/ d
( Nnh?j”vf n(0) ) 2N (0,%). (4.20)
\ b (fa(0) — £(6))
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o If (C1)iii) holds, then

/ d+2
( (R fn(0) > 2. N (D(e,9)B,(0),5). (4.21)
\/ b (fu(0) — £(0))

e If (C2) holds, since ag < 1 and ag < 1, (4.7) implies that

VRO
i -’
( A (7a(0) ~ 1(6) ) Bal6). (422

Proof of Lemma 15

To prove Lemma 15, we first prove that
lim E(ang ) -3, (4.23)

n—oo

and then check that (V) satisfies Lyapounov’s condition. Set

o 1 —d—1 H—Xk H—Xk
o = et [or (50) - (vx (5
Ziw = =l [K<9th>_E<K<9_~Xk>>]’

nh, h h

B(W,Wl) = En: ( E(YhaTL,) E(YinZin) )

k=1 E<Yk1:nZk7n) E(Zl%,n>

and note that

Now, for any s,t € {1,...,d}, we have
gloK (0-x\ o (0-x\] / OK (0-y\ 0K (0-y\ .,
O, hi oy hi ~ Jga Oz, hi oxy hi y)ey
0K , 0K
= WAO) [ S5 (e + ol
Rd OTg

al‘t
= hif(0)Gss+ o(hd),

and since, E [ )] = O(hY), we deduce that

VK (%52 - E(VK (%) )]T>

= f(0)GhE [1 + 0(1)} (4.24)
which implies that
Jin S B(Venrh) =l s 3 (061 + o))
k=1 n k=1
B f(9)
- 1+a(d+2)
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In the same way, we have

E( K<9;I€X’f> —E(K (9 ;?))]2) - ﬁgf(e)/RK%z)dz[l—i—o(l)] (4.25)

- 0
i 3 e(24) = 55 [ Ko

Moreover, set h) = min(hy,, hy,); we have

()R (2] - Lo () (5 ro

— p /Rd VK(Z; )K(Z—Zz)f(@—h};z)dz.

Noting that f(6 — hjz) = f(0) + hjRi(60, z) with |Ri(0, 2)| < ||V fllscllz], we get

2w () K ()

= [f(@)/ VK(Zk )K(Z—zz)dz—i—hZ/IRdVK(ZZ )K(%z)Rk(H,z)dz}

k k

and thus

E

Since the function z — [VK(z)] K(z is odd (in each coordinate), the first right-handed integral is
zero, and, since hj equals either hy or hy, we get

o (152w (45|

WV £ {HKHW LAV G + 19K [ o115
= o (m"Y).

() (o (5 [ C5) +(x(59)))

dt1 . d+1
- 0 <hk2 % > (4.26)

E

IN
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and thus, in view of (4.7),

f: E(YinZin) = O

k=1

= o(1),
which concludes the proof of (4.23). Now we check that (WV,,) satisfies the Lyapounov’s condition.

Set p > 2. Since K and VK are bounded and integrable, we have / IVK(2)||Pdz < oo and
Rd

/ |K(2)|Pdz < 0o. On the one hand,
R4

n n e
S () = 0|y S [
k=1 :

and, on the other hand, we get

n , B 1 n i u »
;EGZ]%”‘ ) = 0 <(nl~z;d)§ ;hk /Rd K< }le >‘ f(y)dy)
_ 1 - 7—dpid
= O((nilfld)g ;hk hk)

which concludes the proof of Lemma 15. W

4.4.5 A.s. convergence rate of <[an(0)]T, fn(0) — f(@))T

Let us at first assume that the following Lemma holds.
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Lemma 16 Let Assumptions (A1)i), (Al)wv), (A3), (A4)i), (A4)ii) and (A6) hold. With probabi-
lity one, the sequence

1 Vnhi ™ [V fa(6) — (anw))]
Valoglogn \ /i [u(6) ~ E(u(0))]

1s relatively compact and its limit set is € = {V € R such that VTS 1w < 1}.
The combination of either (4.18) or (4.19) and of Lemma 16 gives the almost sure convergence rate
of

. T
(IV a0, Ful6) - £(0))
e If (C’1)i) or (C’1)ii) holds, then, with probability one, the sequence

1 Vb2V £,(6)
V2loglogn ( ki [72(6) — £6)] ) (4.27)
is relatively compact and its limit set is
E= {1/ € R4 such that 1271w < 1} .
e If (C’1)iii) holds, then with probability one, the sequence
1 Vb2V £,(6)
V2loglogn ( ki [7a(6) ~ £0)] ) (4.28)
is relatively compact and its limit set is
&= {u e R™! such that (v — D(c,&)B,(0))" 271 (v — D(c,&)By(0)) < 1} .
e If (C2) holds, then
( E ) 5 Bal0) (4.29)

We now prove Lemma 16. Set

1
A(Wfd 0 );m@( ey )

- 0 —L
nh;d

let (¢,) be a sequence of R*!-valued, independent and A (0, X)-distributed random vectors, and
set Sy, =Y p_ Qrek. In order to prove Lemma 16, we first establish the following Lemma 17, and
then show how Lemma 16 can be deduced from Lemma 17.

Lemma 17 Let Assumptions (A1)i), (Al)iv), (A3), (A4)i), (A4)ii) and (A6)ii) hold. With pro-
ST12A,8,
Vv2loglogn
ball Byy1(0,1) = {1/ e R™! such that ||v]|2 < 1}.

bability one, the sequence (T,) = ( 1s relatively compact and its limit set is the unit
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Proof of Lemma 17
Set
Bn = E(Snsrj:) = ZZ:I hl;(d—i_z)f(e)G = _d 0 )
0 > b1 by CF(0) [ga K (x)dx

let ||z||2 (respectively [|A[,) denote the euclidean norm (respectively the spectral norm) of the
vector x (respectively of the matrix A). The application of Theorem 2 in Koval [11] ensures that

. ”E_l/zAnSn‘b
lim sup

<1 a.s.
mo 2| 51/20, By AT 12| log log | Bull,

Since limy, 00 ApBp A, = X and loglog || By, ||, ~ loglog n, we deduce that

limsup || Tn]2 <1 as. (4.30)

n—oo

Thus, the sequence (T},) is relatively compact and its limit set ¢ is included in Bgy1(0,1). Now, set
Si+1 = {w e R w| = 1}, and let us at first assume that

Yw € Sgi1, limsup wl'T, >1 as. (4.31)
n—oo

The combination of (4.30) and (4.31) ensures that, with probability one, Ve > 0,Vng > 1,3n > ng
such that w' T, > 1 — ¢ and |T,,]|3 < 1+ &. Noting that || T}, — w||3 = | T3 + ||w||3 — 2w’ T}, it
follows that, with probability one,

Ve > 0,Yng > 1,3n >ng such that ||T, —w|3 <1+e+1—-2(1—¢)=3c.

Thus, with probability one, Sy, 1 C U. To deduce that By1(0,1) C U, we introduce (e), a sequence
of real-valued, independent, and N (0, 1)-distributed random variables such that (e ) is independent
of (er). Moreover, we set

—d= n
@:(tho”dﬂ 0 ) 5= Y o)
k=1

hi? 3
1
s —la1 0 -
A, = nhn* 1 , and X = L0 .
0 __ 0 %

514,85,
v2loglogn

bility one, Syi2 = {w e R¥*2 |jwl|p = 1} is included in the limit set of 7},. Now let 7 : R4t2 —

We then note that the previous result applied to (T n) = < > ensures that, with proba-

R be the projection map defined by W((wl,...,derg)T) = (@9,...,7442)". We clearly have
7(Sqy2) = Bar1(0,1) and 7(T},) = T}, and thus deduce that, with probability one, Bgy1(0,1) is
included in the limit set of T;,.

To conclude the proof of Lemma 17, it remains to prove (4.31). In fact, we shall prove that,

TA
Vw # 0, limsup Q;T% > VwlSw as. (4.32)
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Set v,, = min nhfl(dw); nﬁ;d}, A, = vawl A, and V,, = E(AnSnSgAg) ; we follow a method

used by Petrov [17] in the proof of his Theorems 7.1 and 7.2.

Since lim V,, = oo, V7 > 0, there exists a non-decreasing sequence of integers nj such that ny — oo
n—oo

as k — oo and

Vi <A +10)fF <V, (k=1,2,...).

Since lim —=% =1, we obtain Vi, ~ (1 + 7). Moreover, we have
n—oo n
Vn — T
Vo = Vo = Vi, (1 vfl,f) ~ V"kr—+1' (4.33)
Set

x(n) = +/2V,loglogV,

Y(ng) = \/2 e — Vg loglog(vnk_vnkﬂ)'

It follows from (4.33) that t(ny) ~ 71/2x(ns_1). Then for any v €]0, 1[ and k sufficiently large, we
have

P (ApgSny — Any Sy > (1= 7)0(ng))
> P ({AnSn > 1= ot} 0 {an s, < L)

> P (A 2 (- Do) P (AniSy, 2 200

> P (Au S = (1= D)) — P (Anksn“ > ”\fomk_l)) . (434
Since Ap, Sy, is N'(0, V;,, )-distributed, we have

t2>

S exp dt

V2T /(1—%), /2Vn, loglog Vp, < 2

A (4.35)

P (An 5o > (1= Dx(m) =

for every p and sufficiently large k.
Set Vnk = v2 wTAnank JAp w; since Ay, Sy, | s J\/(O Vnk) distributed, we have

L WT L -
pla 5 > X(nk_l)): / exp <—— dt.
( npPng—1 3 \/ﬂ VTﬁ\/Q@;lloglogVnk71 2

ng

Let pmin(A) (respectively pmar(A)) denote the smallest (respectively the largest) eigenvalue of a
matrix A, set ¥, = A, B,A,, and note that

2 T
Vor_s L Uy, W Ap, Bn, A, w
> = 2 T
Vi vp WAy By A w

Ursz 1Pmin( 1)
nkpmax(AnkAnkl 12% 1A lAnk)

v

(4.36)
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with

pmax(AnkA;kl,lznkflA;k-lflAnk) < H‘Z"kflA;klflA"kA"kA;klfl 2
-1 -1
< s ant Ananan . @
It follows from (4.7) that
—(d+2) j—d
-1 -1 _ nk—lhnkq . N—11p,
H‘AnkflAnkAnkAnkfl Yy max{ “(d+2) 7—d }
nkhnk ng Nk
2
Nk — . .
~ v%kl by Assumption A6)ii). (4.38)
From (4.36), (4.37) and (4.38), we deduce that, for sufficiently large k,
Vnk—l > pmin(znkfl)
Vnk B 2pma:c(2nk—1)
4pma:c(2)
and therefore, for sufficiently large k&,
WT L[~ t
P <An,Sn > —X(nk_1)> < — exp <—— dt
e 3 V2m V%c/;\/ %’;((?)\/2‘/%71 loglog Vi), 2
7W27Pmin(2)
< [logVy, ] 3oemarY (4.39)

The inequalities (4.34), (4.35) and (4.39) imply that

7W2‘rpmin (=)

P (An, S, — Ang Sy > (1= 7)0(ng)) > [log Vi, -0 [l V,, ] S0omas (D
Thus, for sufficiently large k£ and 7, there exists ¢ > 0 such that ¢ does not depend on k£ and

P (Anksnk — Ap Sny_y 2 (1—- 7)¢(nk)) > C[k_(l—hu)(l_%)Q - k’_l}-

2
Choosing p such that (1 + ) (1 — %) <1, we get

P (AnySny — Any Sy, > (1= 7)ib(ny)) > =k~ (H00=-3)

c
2
and thus

ZP (ANkSnk: - Anksnkfl 2 (1 - ’V)w(nk)) = .
k

Applying Borel-Cantelli’s Lemma, we obtain

P (Apn,Sny — AnpSny s > (1= Y(ng) io.) =1 (4.40)
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Now,

. ‘A”ksnka . ’Unk|wTA”kSnk71|
limsup ————— = limsup
k—o0 X(nk—l) k—o0 \/2Vnk,1 IOg lOg Vnk,l
vl || A AL || 10 S
< limsup 2
k—o0 \/21}72%71(wTAnk,ank,lAnk,lw) loglog V,,,
vl | An ATL ||, 180 S
< limsup .
k—00 \/21172%71 (wT'Sw)loglog Vi, _,

Applying Theorem 2 in Koval [11] again, and using the fact that lim, . A, B,A, = X, we obtain

An n
lim sup 185 ]l2 <1
n—oo /2 [|X],loglogn

and, therefore

ALl

vl || A AZL, ||, VBT,

Ap, S,
lilrnsupM < limsup a.s.

k—o0 X(nk—l) B k—o0 (LY wl Tw

2v
Since H‘AHIQAT_L:—I 9 = \/pmal‘(A;klflAnkAnkAﬁklﬂ) < Unk—l . for sufficiently large &, we obtain
Nk
lim sup |Ank5"k*1‘ < 2[lwll2/[121l5
k—oo  X(Mk-1) Valyw
2 )
Set € €]0,1] and k = M Noting that

VT Sw
(1= 7)) = 26x(n1) ~ [(L= VT + 7)Y = 26(1+7) 712 (),
and noting that v can be chosen sufficiently small and 7 sufficiently large so that
[(1 — VT +7) Y2 —2k(1 4+ 7)7V2 > 11—,
we obtain
P (A, Sn, > (1 —e)x(ng) io0.) >P (A, Sh, > (1 —y)Y(ng) — 2kx(ng—1) i.o0.).
Taking (4.40) into account, we then obtain
P(A,,Sn, > (1 —¢)x(ng) io.)=1
Thus we get

nSn

lim sup

>1 a.s.,
n—oo  X(n) ~

which proves (4.32), and concludes the proof of Lemma 17. B
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Proof of Lemma 16

A xR v sl

hy

Set

and 'y =E (VkaT> In view of (4.24), (4.25) and (4.26), we have limy_ . 'y = X. It follows that

dko > 1 such that Vk > kg, I'y is inversible ; without loss of generality, we assume kg = 1, and set
—1/27

Uy, =TI, ""Vi.

Set p 6]2 4[ and let £ be a slowly varying function, we have :

E(Hﬁkup) _ 5 (h’kdp/QE [HVK (%) ”p] + E;dp/ZE HK (%) ‘p] )

(kloglog k)r/2 (kloglog k)r/2
0 hd dp/2 + hd dp/2
B (kloglog kz)i”/2

- 0 <£(k) [k—[l-l—(g—l)(l—ad)] n k—[l-l—(%—l)(l—dd)]])

so that

Z ”Uk”p) < 00
— (kloglog k) )P/2 '

By application of Theorem 2 of Einmahl [7], we deduce that
Z U, — an =o(y/nloglogn) a.s.
k=1 k=1

where 7, are independent, and N (0, Iz 1)-distributed random vectors.
It follows that

Z 21/2F;1/2‘7k — Z e = o(y/nloglogn) a.s. (4.41)

k=1 k=1

Now,

An 1> QYT W - > ngk]

k=1 k=1

— A, En: Qi [Z2T 2 - o

k=1
n k k—1 0
= A QY [z:“zr 2y —5]} - [21/21“ 2y —ej] (with 3 =0)
k=1 j=1 j=1 j=1
n—1 k n
= An Qk - Qk+1 (Z (21/2F 1/2 — g]>) + AnQn Z (21/2F]‘_1/2‘7j . Ej)
k=1 —1 =

[y

= Ap) (Qk — Qrt1) [0 (\/mﬂ + AnQn [0 (\/mﬂ a.s.

3

e
—_
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Moreover,
AnS (Qr — Q1) [0 (\/W)]
k=1

Rdt+2 n_1 _d+2 _d+2
YA i, (hk > hy? )0(\/7krloglogk:) 0
~_4d ~_d
0 VE ! (i -4
_d+2 _d+2
o<\/hﬁ+2loglogn> S <hk > —hd > 0
~ ~_4d ~_4d
0 0 <\/h;€ 1oglogn> i <hk 2 hkj1>

Set ¢(s) = [h(s)]_% and ¢(s) = [ﬁ(s)] . since ¢/ and ¢ vary regularly with exponent (a(d +
2)/2 — 1) and (ad/2 — 1) respectively, we have

[NJisH

d+2 d+2 n—1
Z < k+1 > = 0 (Z qﬁ'(uk)) with ug € [k?,k—i— 1]

and
n-1 , g n—1
<h];E _hI;-El> = <Z¢ UL ) with wug € [k) k+ ]
k=1
= O(/ <;~5'(s)ds>
1
= 0(13;3)
so that
n—1
AN (Qr — Qry1) [o (x/klog log k‘)] = o0 <\/log logn) )
k=1
Since
\/ﬁh_d?ﬁo(\/nloglogn) 0
ALQn [0 (x/nloglogn)] = non T _d
0 M hdo (VrTogTogn)

= o(ViozTogn)

we deduce that

An Yo QREVPT P A Qe
v2loglogn v2loglogn
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The application of Lemma 17 then ensures that, with probability one, the sequence

A i, QUEMATL 2T
v2loglogn

is relatively compact and its limit set is € = {I/ € R4 such that vy < 1}. Since

~ ~ n —1/2\
AP Qi AL QpSRT, Y . And =1 Qk (Id+1 -2y ) Vi
v2loglogn B v2loglogn v2loglogn

with limy_, oo (Id+1 — 21/2F;1/2> =0, Lemma 16 follows. B

4.4.6  Weak and a.s. convergence rate of ((0,, — 0)T, fi,, — u)T;
Proof of Theorems 10 and 11

In view of (4.15) (and the comment below), Theorem 1 (respectively Theorem 2) is a straight-
forward consequence of the combination of (4.20), (4.21) and (4.22) (respectively (4.27), (4.28) and
(4.29)) together with the following lemma, which establishes that the residual term R,, (defined as
in (4.14)) is negligeable.

Lemma 18 Let Assumptions (A1)-(A5) hold. Moreover,
1. if (C1) holds, then

2. If (C2) holds, then

Proof of Lemma 18

We first note that a Taylor’s expansion implies the existence of ¢, such that ||, — 0| < ||6,—0||
and

R, = (9n - 9)T an(gn)
= (60— 0)" [VulG) = VF(G) + VF(G) = VF0)]

Let V be a compact set that contains 6 ; for n large enough, we get

[

0 (uen 9| [i‘é%? IV Fue) = V@) + ¢ — 9||D
0 (uen bl sup [V o) = V)] + 16— en?) |

On the one hand, let us recall that the a.s. convergence rate of (6, — ) is given by the one of

[D2f(¢9)]_1 V fn(0) (see (4.15) and the comment below). One can apply (4.27)), (4.28), and (4.29)
and obtain the exact a.s. convergence rate of 6,, — 6. However, to avoid assuming (A6), we apply
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here Lemmas 13 and 14 (with |a| = 1 and (gn, bn) = (fn, hn)), and get the following upper bound
of the a.s. convergence rate of 8,, — 6 : for any v > 0 and € > 0 small enough,

(logn)t+r 370, hf
16n — 01l = 0( iz T s
1 14y 1
= O ( % + th_e + E) a.sS.
nin
(log n)1+7 _

where the last equality follows from the fact that

I (log n)1+v
n O\ g )
On the other hand, we have

sup [V fu(@) = V@) < sup [V fu(@) ~E (Val@) | +sup |E (Vin(@)) = VF(@)]
eV eV eV

The application of Lemmas 13 and 14 with || =1, (g, bn) = ( fn, ﬁn) ensures that, for any v > 0
and € > 0 small enough,

; _ (logn)i+v 0 Al
Sup [V fu(z) = VS (@)l = O ( T as.
B (logn)tty - _ 1
= O ( T#Q + h% € + ; a.s.
(logn)+7 > _

Let £ denotes a generic slowly varying function that may vary from line to line.
o Let us first assume that (C1) holds. The application of (4.42) and (4.43) ensures that for any

€ > 0 small enough,

nhd |6, — 0| sup IV fulz) = V£ ()|
L(n) L(n)hi ¢

~ - L(n) _
_ S mhd q—¢ q—¢
= O( nh N + T + h} ( e + hl )]) a.s.
L

£(n) + E(n)h%_a + nﬁi—i&q—?a

/n, pd+2 h2 h

= 0 (E(n) [n_%(l_a(d+2)_2d) + nd_a(q_a)]) +o(1) as.

= 0

7(71) 4 hd—¢ a.s
2V nhﬁlfr2 " o

Observe that by (C1)i), it is straightforward to see that 2a + a(d +2) < 1 and a < a(q — €)
for any € > 0 small enough, so that

nhd |6, — 6| sup IV falz) = VF(@)] = o(1) as.
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Moreover, the application of (4.42) ensures that

uiidjon -0 = 0 (\fui [ £G4 izo-0]) - as

- 0 (E(n) [n—%(1—2a(d+2)+ad) _’_n%(l—dd—éla(q—a))]) as.

Now, by (C1)ii) we have 2a(d+2)—ad < 1 and ad+4a(q—¢e) > 1 for any £ > 0 small enough,

and thus it follows that

\/nhd||6, —0? = o(1) a.s.

which ensures the first part of Lemma 18.

We now assume that (C2) holds. Since ag < y —32(]

have

1 -
=16 — Ol sup ||V fr(z) — Vf(z)]
hn zeV

B 1 L(n) hiy “L(n) | s4c [ £(n) G—c
= 0 (ﬁ [\/ﬁhﬁ”ﬁ‘#z + \/nﬁﬁ” + hl 7—nh$€+2 + hl a.s.

= 0 (E(n) [n—1+7a(d;2)+7a(d+§q+2) + n‘%—a(q—EHLHSQH)D +o(1) as.

< 1, using (4.7), (4.42) and (4.43), we

(4.44)

On the one hand, for any € > 0 small enough, it is straightforward to see that condition (C2)

implies the two following inequalities :

ald+2)+a(ld+2¢+2) <2 and a(d+2+2q) <1+ 2a(q—e),
ag+a(d+2) <1 and aq < 2a(q — ¢).

Therefore, it follows from (4.44) and (4.45) that
1 -
=100 = Ol sup [V fn(x) = V(@) = ofl) as.
hn eV

On the other hand, observe again that by (4.42) and (4.46), we have

1 9 1 [ L(n) g

- 0 (ﬁ(n) {n—(l—&q—a(d-i-Q)) +n&q—2a(q—a)]> as.

= o(l) as.

which concludes the proof of Lemma 18. W
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