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Chapter 1

Introduction générale

Les travaux présentés dans ce mémoire de thése concernent la modélisation, I'étude ma-
thématique et I'analyse numérique du transport des particules chargées dans des dispositifs
nanométriques a base de matériaux semiconducteurs. Depuis une cinquantaine d’année,
un effort constant dans la miniaturisation des composants électroniques a été entrepris.
Ces dispositifs peuvent étre insérés en plus grand nombre dans les circuits intégrés ce qui
améliore considérablement les performances des processeurs. Par ailleurs, ces composants
deviennent plus fonctionnels, ont des temps de réponses plus courts et une consommation
plus faible. De tels motivations justifient I'intérét croissant pour les nanotechnologies.

Pour des échelles de grandeurs allant jusqu’au micron, une description purement clas-
sique du transport des particules chargées reste satisfaisante. A partir des années cin-
quante, de nombreux modéles mathématiques ont été introduits décrivant le transport
des électrons (ou éventuellement des trous) en microélectronique. Ces modéles ne pren-
nent pas du tout en compte les effets quantiques et occultent complétement la mécanique
quantique dans leurs approches. Ils se contentent d’une description purement classique
du transport des charges qui peut se hiérarchiser en différents modéles selon la précision
de description des phénoménes physiques espérée. Au niveau cinétique, le mouvement est
décrit par une grandeur statistique, la fonction de distribution f (¢, x,v), ou f(¢,z,v)dxdv
correspond au nombre de particules présentes a I'instant ¢ dans un volume dxdv de I'espace
des phases autour du point position-vitesse (z,v). L’évolution de cette fonction est régit
par des équations cinétiques comme 1’équation de Vlasov s’il n'y a pas de collisions et
I'équation de Boltzmann dans un cadre collisionnel [17, 21, 38, 61]|. Les modéles cinétiques
étant encore trés coiteux numériquement, il est préférable de se tourner vers des modéles
macroscopiques cependant moins précis car s’intéressant a des quantités moyennées en
vitesse. Il s’agit alors d’une description fluide du mouvement.

Les modéles macroscopiques sont obtenus a partir d’'un modéle cinétique par différents
processus adaptés a des situations particuliéres. Avec une limite hydrodynamique, re-
posant sur la méthode des moments, on obtient des modéles hydrodynamiques comme les
équations d’Euler et de Navier-Stokes |3, 17, 39, 41, 42, 46, 57, 62|. Suivant les changements
d’échelles spatiales et temporelles effectués [10], une limite de diffusion permet d’obtenir
une hiérarchie de modéles fluides parmi lesquels on trouve les modéles SHE (Spherical Har-
monic Expansion) [18, 23|, ET (Energy Transport) [11, 12, 25, 29] et de dérive-diffusion
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[14, 15, 40, 49, 50, 56|. Ces différents modéles résultent des dominances des mécanismes
collisionels. La limite de diffusion consiste & perturber la fonction de distribution solu-
tion de I'équation cinétique autour d'un équilibre thermodynamique local par un petit
paramétre correspondant au rapport entre le libre parcours moyen des particules et la
longueur macroscopique caractéristique. L’obtention rigoureuse de ces modéles fluides a
partir des équations cinétiques a fait I'objet d’une intense recherche (en plus des travaux
cités ci-dessus on rajoutera |4, 5, 26, 27, 43, 44, 47|) et certaines limites rigoureuses restent
encore a établir.

Ces modeéles restent valable en micro-électronique. Cependant les besoins grandissants
des technologies de la communication et de I'information ont poussé les constructeurs a
mettre au point des composants a des échelles nanométriques. Or lorsque la taille des
dispositifs atteint des dimensions trés petites (<100 nm), des phénoménes quantiques
apparaissent comme les interférences, le confinement ou encore 'effet tunnel. Il devient
alors nécessaire de considérer des modélisations tenant compte de ces phénomeénes.

Plusieurs approches ont été entreprises dans le but de revenir & une description quan-
tique du transport de charges. Une premiére voie consiste a considérer 1’équation de
Schrodinger (ou de Von Neumann). De nombreux résultats mathématiques sur I'étude de
cette équation ont été obtenus ces derniéres années (voir par exemple |2, 8, 19, 20, 31, 32]).
Une modélisation complétement quantique du transport balistique des charges dans une
nanostructure est alors obtenue en couplant cette équation avec ’équation de Poisson
[7, 8, 24, 51, 52, 53, 54, 55]. Cependant, un tel modéle présente le gros désavantage de ne
pas tenir compte des nombreuses collisions que rencontrent les particules lors du transport
et se contente donc d’une description balistique du transport. De plus, il reste trés coiiteux
a réaliser numériquement avec des conditions physiques réalistes.

D’autres stratégies consistant a utiliser les résultats bien connus sur le transport des
particules chargées en microélectronique permettent de mettre au point des modéles quan-
tiques prenant en compte les collisions des électrons avec les impuretés du réseau cristallin
ou avec les phonons (pseudo-particules représentant les vibrations du réseau). Une ap-
proche consiste & incorporer des termes correctifs “quantiques” dans des modéles classiques.
Ceci permet d’élaborer des modéles comme le modéle de density-gradient (ou dérive-
diffusion quantique) et des modéles de I'hydrodynamique quantique [1, 35, 36, 37, 45]|.
Ces modéles exploitent une analogie entre I’'équation de Schrédinger et le systéme d’Euler
sans pression. En effet, l'amplitude et la phase de la fonction d’onde satisfaisant 1’équation
de Schrédinger sont solutions du systéme d’Euler sans pression dans lequel on a ajouté
un terme correctif appelé potentiel de Bohm. Les modéles sus-nommeés sont alors obtenus
en ajoutant phénoménologiquement ce potentiel de Bohm aux modéles classiques corres-
pondants. Ils sont bien établis pour des états purs mais dans des systémes a plusieurs
particules un probléme de fermeture apparait. Récemment une stratégie reposant sur la
méthode des moments a permis d’établir des modéles hydrodynamiques et de résoudre
ce probléme de fermeture via la définition d’équilibres locaux quantiques minimisant une
entropie sous contraintes |26, 27, 28, 34|.

Enfin, toujours dans l'optique d’utiliser les résultats bien maitrisés sur les modéles
classiques, une autre approche est d’utiliser des modéles couplés quantiques-classiques.
Ainsi, en remarquant que les effets quantiques interviennent souvent dans des zones bien



11

identifiées des dispositifs nanométriques, une méthode de couplage consiste & découper
le domaine d’étude, a décrire chaque zone de ce domaine par un modéle classique ou
quantique suivant le phénoméne a observer et a coupler spatialement ces modéles par des
conditions d’interface |7, 11, 24|. Cette méthode permet de réduire considérablement le
cotit numérique des simulations.

Dans cette thése nous nous intéressons a une stratégie de couplage différente : le cou-
plage directionnel. Dans la plupart des dispositifs électroniques a 1’échelle nanométrique,
les différentes directions d’espace ne jouent pas le méme role. Le transport des charges
s'effectue dans des directions privilégiées alors que le gaz que forment les particules est
confiné dans la (ou les) autre(s) direction(s). Ainsi lorsque par exemple le transport des
charges se concentre a l'interface entre deux matériaux différents (a Uinterface Oxyde-
Silicium d’'un MOSFET par exemple), les dimensions caractéristiques du confinement de-
viennent trés petites devant celles du transport. On se retrouve alors a étudier le transport
de charges dans un gaz d’électrons bidimensionnel. Une modélisation quantique dans la
direction transverse au transport est alors couplée a un modéle cinétique ou fluide dans
les autres directions dites paralléles au mouvement.

Dans ce travail de thése, nous nous intéressons a ’analyse mathématique et numérique
de modéeles couplés classiques-quantiques ou le couplage est directionnel comme expliqué
ci-dessus. Avant de montrer les résultats obtenus, nous présentons au prochain chapitre les
modeles des sous-bandes utilisés et le couplage et rappelons la limite formelle de ’équation
de Boltzmann des semiconducteurs vers I’équation de dérive-diffusion. Le mémoire de cette
thése est décomposé en trois grande parties :

e La premiére partie est consacrée a l’analyse mathématique d’'un modéle dérive-
diffusion-Schrédinger-Poisson, noté DDSP. Dans ce cas, le régime du transport est
fluide et le systéme est alors décrit dans la direction de transport au moyen de
I’équation de dérive-diffusion.

e La seconde partie concerne ’analyse mathématique de la limite diffusive du modéle
des sous-bandes cinétique vers le modéle fluide analysé dans la premiére partie.

e Enfin la troisiéme partie présente des résultats de simulations numériques du systéme
DDSP étudié dans la premiére partie, utilisé pour modéliser le transport dans des
nanostructures a base de matériaux semiconducteurs.

Nous présentons maintenant le modéle DDSP qui est le théme central de cette étude.
Lorsque les électrons sont extrémement confinés, comme dans des dispositifs nanométriques
a semiconducteurs, I'énergie devient partiellement quantifiée en niveau d’énergie. Ces
niveaux d’énergie sont décrits par les éléments propres du Hamiltonien partiel dans la di-
rection de confinement et sont usuellement appelés sous-bandes dans la littérature physique
[6, 22, 30]. Pour fixer les notations, on nomme z la direction de confinement et z la
(ou les) directions de transport. Les particules sont soumises dans le domaine d’étude
a un potentiel V (¢, x, z) qui dépend de la variable temporelle ¢ et des variables spatiales
(z,2).

Dans la direction z, le confinement impose une quantification du systéme et donc
le Hamiltonien partiel —%83 + V' doit avoir un spectre discret. On supposera ici que ce
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confinement se réalise par un mur infini en 2 = 0 et z = 1. La variable z est par conséquent
bornée dans le domaine (0,1). (On peut aussi supposer que le confinement est du a un
potentiel qui tend vers +o0o quand z tend vers +00.) Les sous-bandes sont alors définies
par :

1
) Xk + Vi = €Erxx (k>1),

1 (1.0.1)
Xk(t,l’,') EH&(O,l), /0 Xk Xedz = Opy .
Dans ce systéme, ¢ et x sont considérés comme des parameétres. Il s’agit d’un probléme de
Sturm-Liouville en dimension 1. Par conséquent, les valeurs propres (€;)g>1 ne se croisent
pas et forment une suite strictement croissante tendant vers +oo et les (xx)g>1 réalisent
une base orthonormées de L?(0,1).

Pour connaitre les quantités macroscopiques, il convient d’abord de déterminer le fac-
teur d’occupation de chaque sous-bande pi(t, ). La densité des porteurs de charges sera
alors donnée par :

N(t,z,2) = pult.z)xelt, z, 2) ] (1.0.2)

k>1

La connaissance de la densité permet alors de déterminer le potentiel électrostatique au-
toconsistant généré par les électrons eux-mémes et calculé au moyen de 1’équation de
Poisson :

—A, .V =N(ta,z) =Y plt,z)xe(t,z, 2) (1.0.3)

k>1

Dans la direction de transport z, les dimensions sont supposées telles qu’une
description classique reste satisfaisante. Comme on I'a vu précédemment, on peut alors
considérer plusieurs niveaux de description suivant le contexte physique : cinétique ou
fluide. Les grandeurs macroscopiques déterminant le transport sont alors obtenues au
moyen des équations de Vlasov, si on néglige les collisions, ou de Boltzmann au niveau
cinétique et au niveau fluide grace au systéme de dérive-diffusion. On se retrouve donc avec
un systéme couplant 'une de ces trois équations avec le modéle des sous-bandes (1.0.1) et
I'équation de Poisson (1.0.3).

Dans ce travail de thése nous nous intéressons au transport dans des structures semi-
conductrices pour lesquelles les collisions sont le principal mécanisme responsable du mou-
vement. Les équations de transport considérées vont donc étre les équations de Boltzmann
et de dérive-diffusion (le systéme Vlasov-Schrodinger-Poisson a été étudié en [13]). Nous
avons donc analysé deux modéles : le modéle de dérive-diffusion-Schrédinger-Poisson, noté
en abrégé DDSP, et le modéle de Boltzmann-Schrédinger-Poisson notamment sa limite de
diffusion vers DDSP.

Pour le modéle DDSP, dans la direction de transport x, la densité surfacique notée N,
est calculée grace a I'équation de dérive-diffusion. Il s’agit d’une équation de conservation
pour la densité de particules dans laquelle la densité de courant est la somme de deux
termes. L’un, appelé courant de dérive, est proportionnel a la densité de particules et aux
forces électrostatiques. L’autre est le courant de diffusion et est proportionnel au gradient
de la densité de particules [33, 49, 50]. Cette équation peut étre dérivée de la théorie
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cinétique en effectuant une limite de diffusion, i.e. le libre parcours moyen devient trés
petit par rapport aux longueurs caractéristiques du systéme (voir |40, 56]). Elle s’écrit :

0N, — div ,(D(V,N, + N,V,V,)) = 0, (1.0.4)

ou D est la matrice de diffusion qui contient les informations physiques des collisions.
Cette équation est couplée au modéle des sous-bandes (1.0.1) et a I’équation de Poisson
(1.0.3). Le couplage s’obtient grace a la définition du potentiel effectif V; qui garde la trace
du confinement dans la direction transverse et a 'expression de la densité N. En effet,
on verra au chapitre suivant que le potentiel effectif s’obtient lors de la limite diffusive et

vaut :

Vi(t,x) = —log e (7). (1.0.5)

k>1

Par ailleurs, on a vu en (1.0.2) que la connaissance de la densité nécessitait la détermination
du facteur d’occupation pg. Le systéme étant a 1’équilibre thermodynamique, ce facteur est
donné par une fonction statistique de I’équillibre. Typiquement, si on dénote € I’énergie,
cette fonction est donnée par la distribution de Fermi-Dirac 1/(1 + exp(ek GTF) ou kg est
la constante de Boltzmann, 7' la température du réseau et €p est le niveau de Fermi qui
correspond a la séparation entre les états occupés et non-occupés a la température absolue

0 K. Cette statistique peut étre approchée dans le cas € —€p >> kgT par la statistique de
€- E Cr

Boltzmann : exp(5—7). Dans notre étude on considérera des statistiques de Boltzmann
et on supposera pour simplifier I’écriture le systéme normalisé telle que kgT = 1. La
densité des particules s’écrit alors

N(t,z,z) = Z erto =)y (t 1, 2)|2
k>1

En intégrant cette expression en z, on obtient une relation entre la densité surfacique et
le niveau de Fermi :

1
NS(t’ x) = / N(ta x; Z) dZ - eEp(t,(E) Z e_ek(tvr).
’ k>1
Ce qui permet de réécrire la densité électronique sous la forme :

—Ek(t T

N(t,z,z) = Ny(t,z Z T e st 2) P (1.0.6)
>1

Le systeme dérive—diﬁllsion—Schrodlnger—Pmsson étudié est alors le systéeme d’équations
(1.0.4)—(1.0.1)—(1.0.3) couplé grace aux expressions (1.0.5) et (1.0.6).

La variable de transport x est supposée appartenir & un domaine borné régulier w de
R2. Le domaine d’étude total sera noté Q = w x (0,1) C R3. Pour compléter ce systéme
il faut alors imposer des conditions aux bords que nous considérerons de deux natures :

e des conditions de type Dirichlet, :
Ni(t,x) = Ny(z), V(t,x,z) = Vy(z,2), pour z € dw, z¢€ (0,1),
0.V(t,z,0)=0,V(t,x,1) =0, pour r € w,

(1.0.7)
oll Ow est la frontiére de w.
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e des conditions de type Neumann : dans ce cas la masse est conservée au cours du

transport
O, Ny(t,x) =0, 0,V(t,z,z) =0, pour z € dw, =z € (0,1), (1.08)
V(t,z,0) =V(t,xz,1) =0, pour r € w, o

ol v(z) est la normale sortante en z € Jw.

Bloc
dérive-diffusion (1.0.4)

V, (€[V], xx[V]) Ny

Systéme
Schrédinger-Poisson
(1.0.1)-(1.0.3)

Figure 1.1: Structure du systéme DDSP : un bloc DD et un bloc quasistatique SP.

Par analogie avec le modéle classique dérive-diffusion-Poisson, ce systéme est structuré
en deux blocs : un bloc dérive-diffusion et un bloc Schrodinger-Poisson quasistatique
(voir Figure 1.1). Le bloc dérive-diffusion permet le calcul de la densité surfacique N;
en supposant le potentiel électrostatique V' connu (et donc V; aussi est connu grace a
(1.0.5)). Si Ny est déterminé, alors I’étude du bloc Schrédinger-Poisson permet de calculer
le potentiel V' et les éléments propres de I'Hamiltonien (€, xx)x>1 qui seront alors obtenus
par diagonalisation de I’'Hamiltonien.

La principale difficulté soulevée par 'équation de dérive-diffusion (1.0.4) vient de la
dépendance non linéaire du potentiel effectif V; (1.0.5) de V. En effet, cette dépendance se
fait via la définition des éléments propres de 'Hamiltonien. De méme I’étude du systéme
Schrodinger-Poisson requiert des estimations précises des éléments propres en fonction du
potentiel électrostatique V. De telles estimations sont données en annexe de ce document.
Le caractére bien posé de ce systéme est obtenu grace a des techniques de minimisation de
fonctionnelle développées par Nier [52, 53, 54|. Cependant suivant la donnée entrante du
bloc Schrédinger-Poisson (qui est Ny pour DDSP mais qui peut étre le facteur d’occupation
p si le transport est considéré au niveau cinétique) et des estimations dont on dispose sur
celle-ci, la fonctionnelle utilisée n’est plus la méme et I’étude du systéme doit étre adaptée
aux estimations disponible. C’est pourquoi, aux chapitres 4, 5, 6 et 7, 'étude du systéme
Schrédinger-Poisson est reprise a chaque fois dans un cadre différent.
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Nous allons dans la suite de cette introduction détailler chacun des chapitres de cette
these. Ces chapitres sont rédigés sous forme d’articles, le systéme d’équations considéré
étant rappelé en début de chacun, de maniére a ce que, pour faciliter la lecture, chacun
puisse étre lu indépendemment des autres.

Partie I : Existence, unicité et comportement en temps long
Le systéme classique dérive-diffusion-Poisson revisité (Chapitre 3)

Ce chapitre peut étre considéré comme un chapitre d’introduction de la premiére partie.
En effet, cette partie est consacrée a I’étude mathématique du modéle DDSP. Cependant
au niveau purement classique, le transport des particules chargées dans des dispositifs a
semiconducteurs ou a plasmas peut étre modélisé par un systéme couplé dérive-diffusion-
Poisson. L’objectif de ce chapitre est donc de présenter dans un cas plus simple les
méthodes qui seront utiles par la suite dans le cas du modéle DDSP.

Le systeme de dérive-diffusion est tres utilisé en microélectronique pour modéliser le
transport des particules chargées dans des dispositifs a semiconducteurs ou a plasmas
[49, 50]. 11 s’agit d’une équation de conservation dans laquelle le courant est somme d’un
courant de dérive proportionnel a la densité de particules N et aux forces électrostatiques
et d'un courant de diffusion proportionnel au gradient de la densité de particules. Dans
un domaine 2 C R3, ce systéme s’écrit :

&N — div ,(D(VN + NVV)) =0, teR",

ou D est une matrice de diffusion qui contient les informations sur les collisions que
subissent les particules. Le potentiel électrostatique est autoconsistant et est obtenu par
I’équation de Poisson :

—AV(t,z) = N(t,x).

Depuis Gajewski |33]|, de nombreux résultats sur l’existence, l'unicité et le comporte-
ment en temps long des solutions de ce systéme ont été établis. Mais généralement ils
sont obtenus dans le cas ou la matrice de diffusion D est supposée scalaire et constante.
Dans la réalité, cette matrice n’est pas scalaire et est déterminée grace aux coefficients de
l'opérateur de collisions considéré au niveau cinétique. La dépendance de la matrice de
diffusion en ces coefficients n’est pas trés évidente et on supposera donc dans toute cette
partie pour simplifier que D est connue et suffisamment réguliére et que D > ald.

En temps long on s’attend a ce que les solutions (N, V) convergent vers la solution
(Noo, Vo) du systéme stationnaire :

—div (D(VNs + NooVVo)) =0,  —AVi = Na

Pour mener a bien I'étude de I'existence et du comportement en temps long des solu-
tions, il convient de définir un cadre fonctionnel et donc d’avoir des estimations a priori
sur les solutions. Une quantité primordiale pour ce genre de systéme est ’entropie relative
définie par :

N 1
E(t):/(Nlog—+Noo—N)dx+—/|V(V—Voo)|2dx.
Q Noo 2 Q
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Alors 'estimation permettant d’avoir des bornes sur les quantités considérées est

¢ V|2
E(t)—l—a/o /Qe_vwdxdTSE(O).

On voit alors clairement qu’avec des conditions initiales adéquates, on obtient une borne
de la densité dans Llog L et du potentiel dans H'. Cependant, lorque la matrice de densité
est supposée égale a I'identité, on obtient par simple multiplication de I’équation de dérive-
diffusion par N et par intégration par parties une borne de N dans L?. En prenant des
conditions aux bords telles qu’on puisse utiliser la régularité elliptique de I'équation de
Poisson, on obtient alors suffisamment de régularité pour montrer ’existence et 1'unicité
de solutions par un point fixe [49].

Dans le cas Llog L, 'analyse de 'existence requiert plus de travail. En effet, compte
tenu du manque de régularité des solutions, il est coutume dans ce genre de probléme de
régulariser le systéme par un paramétre ¢ > 0 tel que formellement le systéme régularisé
se réduit au systéme non régularisé pour € = 0 et de prouver I'existence de solutions pour
ce systéme régularisé. La derniére étape consiste alors a utiliser 'estimation d’entropie
pour passer a la limite et montrer que les grandeurs macroscopiques convergent quand
e — 0 vers des solutions de dérive-diffusion-Poisson. Avec cette méthode, on ne peut
malheureusement pas établir I'unicité des solutions.

Par ailleurs dans ce chapitre, on s’intéresse aussi au comportement en temps long
des solutions. Cette étude repose principalement sur 'entropie. Une technique répendue
revient & montrer au moyen d’inégalités de type logarithmique Sobolev la décroissance
exponentielle de 'entropie relative vers 0. Ceci permet d’avoir la convergence exponentielle
du potentiel dans H' et au moyen des inégalités de Csizar-Kullback de la densité dans
L'. Cependant ce traitement repose fortement sur le fait que la masse est conservée
au cours du transport ce qui n’est pas le cas si on ne suppose plus les conditions aux
bords conservatives. Nous avons donc envisagé une autre approche consistant a linéariser
I’entropie relative. Cette méthode a aussi I’avantage d’obtenir plus de régularité sur les
solutions étant donné que la linéarisation apporte une borne de la densité dans L? au bout
d’un certains temps et non plus dans Llog L.

Tous ces résultats sont présentés dans ce chapitre en essayant de montrer les difficultés
qu’entrainent la considération d’une matrice de diffusion non scalaire. Les techniques
présentées seront utilisées dans les deux chapitres suivants lorsque les électrons sont con-
finés dans la direction transverse au transport.

Théorie L? pour le systéme DDSP (Chapitre 4)

Dans ce chapitre on s’intéresse au transport diffusif d’'un gaz d’électrons confiné dans une
nanostructure. La direction de confinement est notée z € (0,1) tandis que le transport
s’effectue dans un domaine borné régulier w du plan R%2. Dans cette premiére partie
on suppose se trouver dans le régime diffusif donc le transport est déterminé grace aux
grandeurs macroscopiques comme la densité des particules. Le modéle considéré est donc
le systéme DDSP introduit ci-dessus (1.0.4)—(1.0.1)—(1.0.3) complété avec les conditions
aux bords de Dirichlet (1.0.7). Pour simplifier I'étude on ne considére que le cas ou la
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matrice de diffusion est 'identité et les conditions aux bords sont choisies telles que 1’on
puisse utiliser la régularité elliptique du probléme de Poisson.

On présente dans ce chapitre deux résultats distincts. Le premier concerne 'existence
et, I'unicité des solutions, le second leur comportement en temps long. De méme que
dans le cas dérive-diffusion-Poisson classique, le fait de considérer une matrice de diffusion
égale a l'identité simplifie beaucoup l'é¢tude. En effet, on peut obtenir directement par
des intégrations par parties des estimations L? sur la densité (et donc H? sur le potentiel
grace a la régularité elliptique de I’équation de Poisson) et I'existence peut étre obtenue
grace a un point fixe. La quantité primordiale permettant ’établissement des résultats est
I'entropie relative de (pg, V) par rapport a (pg, V') définie par

1 2
W = Xk:/w(Pk log(pr/px) — pr =+ pi) dz + 5 //Q Voo (V = V)|* dadz
+/ > uem (€V] = V] — (Il (V = 1)) da,

dans laquelle les quantités soulignées sont des prolongements réguliers au domaine d’étude
des valeurs aux bords.

Par analogie avec le systéme dérive-diffusion-Poisson, il est judicieux de voir le systéme
complet comme une équation de dérive-diffusion couplée avec le systéme Schrodinger-
Poisson quasistatique (cf Figure 1.1). Une fois I'estimation d’entropie obtenue, la résolu-
tion est basée sur ce diagramme : il apparait donc que trois étapes seront nécessaires pour
établir I'existence. La premiére étape est consacrée a 1’étude du bloc dérive-diffusion en
supposant le potentiel V' (et donc I’énergie effective V) connu. La seconde étape s’intéresse
au bloc quasistatique Schrédinger-Poisson en supposant la densité surfacique donnée. En-
fin, 'existence est prouvée grace a un point fixe sur la densité surfacique N;. Une étude
minutieuse des propriétés spectrales de ’'Hamiltonien est alors nécessaire pour traiter les
termes correctifs quantiques intervenant lors des calculs. Ces propriétés sont énoncées et
pour certaines d’entre elles démontrées en annexe.

Cette résolution repose essentiellement sur deux points cruciaux : (i) le caractére bien
posé du systéme Schrodinger-Poisson lorsque la densité N est donnée, (ii) I'estimation
d’entropie permettant de construire une solution globale en temps.

La non-conservation de la masse oblige a considérer le traitement du comportement en
temps long par le biais de la linéarisation de I’entropie relative par rapport aux solutions
du systéme stationnaire. En adaptant alors les techniques du cas classique (présentées au
chapitre 3), on montre alors la convergence exponentielle en temps long de la densité dans
L? et du potentiel électrostatique dans H'.

Théorie Llog L pour DDSP pour un systéme isolé (Chapitre 5)

Le systéme DDSP considéré dans ce chapitre est le méme modéle couplé quantique-
classique qu’au chapitre précédent. Le couplage est donc directionnel et les effets quan-
tiques sont transcrits via le modeéle des sous-bandes. Les résultats présentés ici concernent
I’existence et le comportement en temps long des solutions. Cependant, dans ce chapitre



18 Chapter 1.  Introduction générale

on ne considére plus que la matrice de diffusion soit scalaire et par soucis de complétude,
on utilise des conditions aux bords de type Neumann sur la densité (1.0.8) (bien évidem-
ment, en adaptant les démonstrations, les résultats restent valable avec les conditions aux
bords du chapitre précédent).

La principale difficulté introduite par une matrice de diffusion distincte de l'identité
est la perte de lestimation dans L? de la densité (voir Proposition 4.2.3). Il ne reste alors
que l'estimation d’entropie et donc il faut travailler avec une densité uniquement bornée
dans Llog L et un potentiel électrostatique dans H'. Comme on 1'a signalé ci-dessus,
pour I'analyse de 'existence il convient de considérer le systéme comme une équation de
dérive-diffusion couplé avec le systéme de Schrodinger-Poisson quasistatique par analogie
avec le systéme de dérive-diffusion couplé avec Poisson.

Les propriétés du systéme Schrodinger-Poisson quasistatique sont bien connues [13, 52,
53, 54]. Dans ce cas un premier probléme apparait par rapport au chapitre précédent :
le second membre de I’équation de Poisson (1.0.3) est le produit d’une fonction dans
Llog L avec le carré d'une fonction qui ne peut pas étre mieux que H'. II faut pouvoir
donné un sens a ce produit. C’est ce qui est fait grace aux inégalités de Young et de
Trudinger (présentées en annexe) et a une étude précise de la dépendance des éléments
spectraux de I'Hamiltonien vis & vis du potentiel. De plus, si on veut espérer obtenir un
résultat d’existence au systéme complet dans ce cadre, il est nécessaire de pouvoir s’assurer
de l'existence et de 'unicité d’une solution au systéme de Schrodinger-Poisson pour un
facteur d’occupation donné dans Llog L. Il est donc primordial d’étudier minutieusement
le systéme Schrodinger-Poisson quasistatique. Ensuite, I’existence pour le systéme complet
est obtenu comme au chapitre 2 par une méthode de régularisation et de passage a la limite
sur les solutions du systéme régularisé.

Le choix des conditions de Neumann sur la densité permet ici de bénéficier de la con-
servation de la masse. Par soucis de complétude, on présente ici I’étude du comportement
en temps long au moyen des techniques basées sur les inégalités de Sobolev logarithmique.

Partie I1 : De Boltzmann vers DDSP
Le cas de la dimension 2 (Chapitre 6)

Ce chapitre présente deux résultats importants : un résultat d’existence de solutions a
un modeéle cinétique de sous-bandes et la limite de diffusion rigoureuse de ce modéle vers
le modéle DDSP. Malheureusement, des difficultés techniques ne nous permettent pas
d’obtenir de résultats d’existence dans le cas ou le domaine d’étude total est en trois
dimensions : nous considérons donc que le transport ne s’effectue que sur un segment de
la droite réelle. Le cas d’un transport en 2D sera discuté au chapitre suivant.

On considére toujours un gaz d’électrons confiné dans une nanostructure ot le con-
finement a lieu dans la direction z transverse au transport suivant z et est décrit par le
modéle des sous-bandes. Le régime de transport considéré dans cette partie est le régime
cinétique. Lorsque les porteurs de charges subissent des collisions, le transport est bien
décrit par I'équation de Boltzmann. Cette équation donne I’évolution de la fonction de
distribution fj (¢, z,v) de la kiéme sous-bande dans I'espace des phases (z,v) € (a,b) X R.
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On rappelle la signification physique de la fonction de distribution : fi (¢, ,v) dzdv cor-
respond au nombre de particules présentent dans la sous-bande k£ dans un petit volume
dxdv de I'espace des phases autour de la position (z,v). Cette fonction satisfait ’équation
de Boltzmann :

atfk(tvxvv) + {Hk7 fk} = Q(f)k7 k > 17

ou {-,-} est le crochet de Poisson défini par {g,h} = V,h-V,g — V,g-V,h. L'énergie
du systéme dans la kiéme sous-bande noté Hj est la somme de 1’énergie cinétique et de
I’énergie potentielle :

1
Hi(t, z,v) = 51)2 + €x(t, ),

ou les €, sont définis en (1.0.1). L’opérateur de collisions prend en compte les intéractions
entre les électrons et les phonons et s’écrit

QU= [ anwlo. ) Mul) o) = M) o) o'

dans lequel la maxwellienne est définie par

1
Mk(tvxuv> = \/%Zk ) exp(—Hk(t,x,v)).

Le facteur d’occupation p; de la kieéme sous-bande vaut alors : pi(t, ) = [ fi(t,z,v) dv.
En reprenant I’expression de la densité dans le modeéle des sous-bandes (1.0.2), on déduit

N(t,z,z) = Z/Rfk(t,x,v)\xk(t,x,z)\2dv.

k>1

Lorsque les collisions deviennent nombreuses, le mouvement des particules entre dans
un régime fluide. Le libre parcours moyen qui représente la distance entre deux colli-
sions successives devient négligeable par rapport aux grandeurs caractéristiques du milieu.
Mathématiquement, cela se traduit aprés un rescaling par I’apparition d’'un parameétre n
tendant vers 0 dans I’équation de Boltzmann :

oLt 7, v) + %{Hz, £y = %Q”(f”)k- (1.0.9)

Le couplage de cette équation avec le modéle des sous-bandes induit que le systéme de
Schrodinger-Poisson dépend intrinséquement du petit paramétre 7 :

1
-3 Exp+Vixi=€xi  (k>1),

1 (1.0.10)
V(.)€ H0, 1), / I dz = B
0

~A, V"= N"(t,z,z) = Z/ FIt, )X, x, 2) . (1.0.11)
R

k>1
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Nous présentons donc dans ce chapitre une étude du systéme couplé (1.0.9)—(1.0.11)
que nous avons choisi de compléter par des conditions de réflexion spéculaire aux bords et
en particulier de la convergence quand 7 tend vers 0 de ce systéme vers le modéle fluide
DDSP analysé aux chapitres 4 et 5 de cette thése. De méme que dans la premiére partie,
cette étude s’appuie sur les techniques utilisées dans le cas classique. La convergence
du modéle Boltzmann-Poisson vers le systéme dérive-diffusion-Poisson a été montrée par
Masmoudi et Tayeb [47]. Deux outils sont indispensables : les solutions renormalisées de
Di Perna Lions et une estimation d’entropie. L’entropie du systéme est définie par :

Z//(ab (f;?log fx - f +Mk) dzdv + — // IV, V?dvdz

et le taux de dissipation par :

2
:%Z//( ) R(ﬂ—\/NgMZ) dxdv,
% a,b)x

ou My, = K exp(—3(v?+k?)) avec K un facteur de normalisation tel que Y, [o My dv = 1.
Alors, I’ estlmatlon d’entropie s’écrit :

0< W(t) / R(s)ds < C, (1.0.12)

ol oy et C sont des constantes positives. On remarque qu’il ne s’agit pas d’une entropie
relative et donc 'estimation obtenue ne donne qu’une borne sur la fonction de distribution
et sur le potentiel. L’utilisation des solutions renormalisées apparait donc naturellement
compte tenu du peu de régularité que nous avons. Ainsi dans ’équation de Boltzmann le
terme des forces électrostatiques n’est pas mieux que L? et donc son produit avec fi! qui
est dans Llog L n’a de sens que dans un concept de solutions renormalisées.

L’estimation d’entropie permet alors le passage a la limite faible sur des solutions
renormalisées judicieuses de I’équation de Boltzmann en utilisant le théoréme de Dunford-
Pettis et les lemmes de moyenne. Formellement, il apparait clairement avec (1.0.9) que la
limite de la fonction de distribution f;" doit appartenir au noyau de 'opérateur de collision
qui est engendré par les maxwelliennes. Et le taux de dissipation mesure la distance
entre les fonctions de distribution et leurs équilibres. De plus, il est important d’établir
clairement la dépendance du potentiel (et donc des éléments propres de I'Hamiltonien) vis
a vis des facteurs d’occupation (pi)r>1. Tous ces outils permettent alors de déterminer la
limite des solutions renormalisées (f;, V) du systéme (1.0.9)—(1.0.11).

Dans leur article [13], les auteurs ont démontré l'existence de solutions au systéme
Vlasov-Schrodinger-Poisson uniquement sous I’hypothése supplémentaire de données ini-
tiales petites. Sans cette hypothése, I'unicité des solutions du systéme Schrédinger-Poisson
n’est plus assurée. Par conséquent, l’existence des solutions au systéme Boltzmann-
Schrédinger-Poisson (1.0.9)—(1.0.10)—(1.0.11) n’est établie que dans le cas ou les données
initiales sont supposées petites. Tout d’abord, on effectue une troncature et une régu-
larisation. La régularisation a lieu sur le systéme de Schrédinger-Poisson pour avoir des
estimations meilleures que H' sur le potentiel. La troncature de I'opérateur de collision
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permet d’obtenir une borne L*> de la fonction de distribution et I’existence au systéme
régularisé par une méthode de point fixe comme en [13]. 11 suffit alors de faire tendre les
parameétres de régularisation vers 0 en utilisant des techniques similaires a la limite de
diffusion. Malheureusement, dans le cas ou le transport s’effectue dans un domaine borné
du plan, les techniques employées n’assurent plus I'unicité des solutions au systéeme de
Schrodinger-Poisson et donc 'existence des solutions du systéme couplé ne peut pas étre
démontrée.

Le cas de la dimension 3 (Chapitre 7)

Comme on l'a précisé ci-dessus, I'existence des solutions au systéme (1.0.9)-(1.0.11) n’a
pas pu étre établie dans le cas ot le transport s’effectue dans un domaine du plan R2.
Cependant si on admet avoir construit une solution renormalisée comme cela a été effectué
dans le chapitre précédent, il est possible de prouver la limite de diffusion du systéme
(1.0.9)—(1.0.11) vers le modéle DDSP. En effet, cela revient a considérer que le paramétre
de régularisation est n et on se rapproche donc des solutions, dont on suppose qu’elles
existent, du systéme de dérive-diffusion-Schrédinger-Poisson. La démonstration de cette
limite de diffusion fait 1’objet de ce chapitre.

Les grandes idées de la démonstration sont similaires a celles du cas du transport
monodimensionnel. Cependant, comme les injections de Sobolev donnent des estima-
tions plus faibles, il convient d’utiliser pleinement toutes les informations fournies par
Pestimation d’entropie (1.0.12). De la méme maniére qu’au chapitre 5, I'emploi judicieux
des inégalités de Trudinger et de Young permet de mettre en dualité ’espace Llog L avec
le carré de fonctions dans H!, ce qui utile compte tenu de la forme du membre de droite
de I'équation de Poisson (1.0.11). Et les propriétés des éléments propres ont dues étre
perfectionnées (voir en annexe).

Partie III : Simulations numériques
Simulation d’un transistor double grille avec le modéle DDSP (Chapitre 8)

L’application la plus en vue des modélisations effectuées est leur utilisation a des fins
numériques pour obtenir des simulations du transport dans des nanostructures. Le dis-
positif considéré ici est un nanotransistor de type MOSFET (Metal Oxid Semiconductor
Field Effect Transistor) a deux grilles sur lesquelles un potentiel peut étre appliqué. Les
transistors a effet de champs sont composés d’un corps conducteur, appelé canal, connecté
a deux électrodes. En appliquant aux électrodes un potentiel drain-source Vpg, un courant
drain-source est établi.

Le MOSFET est un dispositif unipolaire, i.e. le courant est transporté par seulement un
type de porteurs (les électrons). Le transistor est constitué d’un substrat semiconducteur
(silicium S7) a l'intérieur duquel deux régions fortement dopées sont introduites (la source
et le drain). Les grilles sont isolées de la région active par une couche d’oxyde SiOs. Une
représentation schématique du dispositif est présentée Figure 1.2.
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Figure 1.2: Représentation schématique du MOSFET a double grilles simulé numérique-
ment. Le transport des électrons s’effectue dans le canal, la région active entre la source
et le drain.

Une particularité du MOSFET est que le gaz d’électrons est confiné dans la direction z
de telle maniére que la dimension de ’espace de propagation est réduite. Des simulations
numériques grace a des modeéles de type Schrodinger-Poisson ont été obtenues pour de
tels dispositifs [51, 55|. Cependant les algorithmes, méme accélérés, restent d’un coiit
numeérique assez élevé. Dans ce chapitre nous utilisons le modéle couplé DDSP présenté
dans la premiére partie de cette thése pour la simulation numérique d’un Double-Gate
MOSFET. On utilise une discrétisation par éléments finies et une itération de Gummel.
Le modéle des sous-bandes présente I'avantage de réduire considérablement le cotit de la
simulation de I’équation de Schrodinger. En effet, il suffit juste dans ce cas de diagonaliser
I’Hamiltonien sur chaque tranche verticale du maillage. Les résultats sont présentés dans
le cas stationnaire.

Couplage de DDSP avec un modéle complétement quantique (Chapitre 9)

Ce dernier chapitre présente une modélisation hybride quantique classique du transport
dans le nanotransistor présenté ci-dessus. La principale équation rendant compte des
effets quantiques est ’équation de Schrodinger. Vu que ces effets sont principalement
localisés dans le canal, il peut étre judicieux de simuler cette zone par un modéle de type
Schrodinger-Poisson et d'utiliser le modéle des sous-bandes DDSP pour la modélisation de
la source et du drain. Il s’agit alors d'un couplage spatial. Une attention particuliére est
donc portée sur les conditions d’interface. Une représentation schématique du dispositif
est donné Figure 1.3.

Le modeéle utilisé dans la zone classique est celui simulé au chapitre précédent. Le
modéle quantique est présenté en [51|. Il s’agit d’'un modéle des sous-bandes pour le sys-
téme de Schrodinger-Poisson. La fonction d’onde v solution de I’équation de Schrodinger
peut alors se décomposer sur la base orthonormale formée par les vecteurs propres de



23

Source Zone active Drain
modéle couplé modéle quantique modéle couplé
fluide/quantique complet fluide/quantique

couplage couplage
Y | A Y | A

Figure 1.3: Représentation schématique des différentes zones de description du dispositif.

lopérateur de Schrodinger (xx)r>1 dans la direction z :

Y(a,2) =Y d@)xu(e, 2).

k>1

Le probléme se trouve donc réduit aux équations satisfaites par les ¢y, fonctions ne dépen-
dant que de x, solutions d’équations de Schrédinger projetées sur la direction de transport
x. Cette méthode permet de réduire la dimensionnalité et donc le cotit numérique de
la simulation. De plus I'approximation WKB, qui consiste a chercher des solutions de
I’6quation de Schrédinger sous la forme ¢(z) = a(x)e*@/" permet d’accélerer davantage
I’algorithme de résolution. Le lecteur intéressé pourra se réferer a I'article cité pour un
exposé détaillé de 'approximation WKB.

Une stratégie du couplage entre la zone quantique et la zone classique a été présentée
en |7, 24]. Dans |7], auteur s’est intéressé au couplage entre I'équation de Boltzmann et
I’équation de Schrodinger. En utilisant ces résultats, l'article [24] présente un couplage
entre I’équation de dérive-diffusion et I’équation de Schrodinger. Nous nous proposons
d’étendre ces résultats au modéle avec les sous-bandes. Aux interfaces, les électrons sont
soit, transmis, soit réfléchis sur une autre sous-bande. La zone active doit alors étre con-
nectée a la source et au drain par des conditions ouvertes aux bords qui tiennent compte
de ces réflections et transmissions. Les conditions d’interface doivent alors rendre compte
de la continuité du courant entre les deux zones.



24 Chapter 1.  Introduction générale

References

[1] M. G. Ancona, G. J. Iafrate, Quantum correction of the equation of state of an electron
gas in a semiconductor, Phys. Rev. B 39 (1989), 9536 9540.

[2] A. Arnold, Self-consistent relazation-time models in quantum mechanics, Comm. Par-
tial Differential Eq. 29 (2004), no 1-2, 173-206.

[3] C. Bardos, F. Golse, C. D. Levermore, Fluid dynamical limits of kinetic equations, I :
Formal derivation, J. Stat. Phys. 63 (1991), no 1-2, 323-344.

[4] C. Bardos, F. Golse, C. D. Levermore, Fluid dynamical limits of kinetic equations,
II : Convergence proofs for the Boltzmann equation, Comm. Pure Appl. Math., 46,
5, (1993), 667-753.

[5] C. Bardos, F. Golse, C. D. Levermore, The acoustic limit for the Boltzmann equation,
Arch. Rational. Mech. Ana., 153, 3 (2000), 177-204.

[6] G. Bastard, Wave mechanics applied to semiconductor heterostructures, Les éditions
de physique, 1996.

[7] N. Ben Abdallah, A hybrid kinetic-quantum model for stationary electron transport,
J. Stat. Phys. 90 (1998), no 3-4, 627-662.

[8] N. Ben Abdallah, On a multidimensional Schridinger-Poisson scattering model,
ZAMP 48 (1997), 135 155.

[9] N. Ben Abdallah, Weak solutions of the initial-boundary value problem for the Viasov-
Poisson system, Math. Methods Appl. Sci. 17 (6), (1994), 451 476.

[10] N. Ben Abdallah, P. Degond, On a hierarchy of macroscopic models for semiconduc-
tors, J. Math. Phys. 37 (7) (1996), 3306-3333.

[11] N. Ben Abdallah, P. Degond, S. Génieys, An Energy- Transport model derived from
the Boltzmann equation of semiconductors, J. Stat. Phys. 84 (1996) no 1-2, 205-231.

[12] N. Ben Abdallah, L. Desvillettes, S. Génieys, On the convergence of the Boltzmann
equation for the semiconductors toward the energy transport model, J. Stat. Phys. 98
(2000), no 3-4, 835-870.

[13] N. Ben Abdallah, F. Méhats, On a Vlasov-Schriodinger- Poisson model, Comm. Partial
Differential Equations 29 (2004), no. 1-2, 173 206.

[14] N. Ben Abdallah, F. Méhats, N. Vauchelet, Analysis of a Drift-Diffusion-Schrodinger-
Poisson model, C. R. Acad. Sci. Paris, Ser I 335 (2002), 1007-1012.

. Ben allah, M. L. Tayeb, Diffusion approrimation for the one dimensiona

15| N. Ben Abdallah, M. L. Tayeb, Diffus: mati th di jonal
Boltzmann-Poisson system, Discrete and Continuous Dynamical Systems-Series B, 4
(4), (November 2004), 1129 1142.



25

|16]
[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

26]

[27]

28

[29]

[30]

[31]

D. Bohm, Quantum theory, Dover, New York, 1989.

F. Bouchut, F. Golse, M. Pulvirenti, Kinetic equations and asymptotic theory, B.
Perthame, L. Desvillettes Eds, Series in Appl. Math. bf 4, Gauthier-Villars, 2000.

J. P. Bourgade, On spherical harmonics expansion type models for electron-phonon
collisions, Math. Methods Appl. Sci. 26 (2003), no 3, 247-271.

F. Brezzi, P. A. Markowich, A mathematical analysis of quantum transport in three
dimensional systems, Anna. di Mathematica Pura Applicata 160 (1991), 171-191.

F. Brezzi, P. A. Markowich, The three dimensional Wigner-Poisson problem : ex-
istence, uniqueness and approzimation, Math. Methods Appl. Sci. 14 (1991), no 1,
35-61.

C. Cercignani, The Boltzmann equation and its applications, Springer-Verlag, Berlin,
1988.

J. H. Davies, The physics of low-dimensional semiconductors : An introduction, Cam-
bridge Univ. Press, 1998.

P. Degond, An infinite system of diffusion equations arising in transport theory : the
coupled Spherical Harmonic Exrpansion model, Math. Models Methods Appl. Sci. 11
(2001), no 5, 903-932.

P. Degond, A. El Ayyadi, A coupled Schréidinger drift-diffusion model for quantum
semiconductor device simulations, J. Comp. Phys. 181 (2002), 222 259.

P. Degond, C. D. Levermore, C. Schmeiser, A note on the energy-transport limit of

the semiconductor Boltzmann equation, Transport in transition regimes (Minneapolis,
MN, 2000), 137-153, IMA Vol. Math. Appl. 135, Springer, New York, 2004.

P. Degond, F. Méhats, C. Ringhofer, Quantum hydrodynamic models derived from the
entropy principle, Contemp. Math. 371, Amer. Math. Soc., Providence RI (2005).

P. Degond, F. Méhats, C. Ringhofer, Quantum energy-transport and drift-diffusion
models, J. Stat. Phys. 118 (2005), no 3-4, 625-667.

P. Degond, C. Ringhofer, Quantum moment hydrodynamics and the entropy principle,
J. Stat. Phys. 112 (2003), no 3-4, 587-628.

P. Degond, C. Schmeiser, Macroscopic models for semiconductors heterostructures, J.
Math. Phys. 39 (1998), no 9, 4634-4663.

D. K. Ferry, S. M. Goodnick, Transport in nanostrutures, Cambridge Univ. Press,
1997.

M. V. Fischetti, Theory of electron transport in small semiconductor devices using
the Pauli Master equation



26

Chapter 1.  Introduction générale

32|

[33]

[34]

[35]

[36]

[37]

38

[39]

|40]

[41]

42|

[43]

|44]

[45]

|46]

W. R. Frensley, Boundary conditions for open quantum systems driven far from equi-
librium, Rev. Mod. Phys. 62 (1990), 745-791.

H. Gajewski, On ezistence, uniqueness and asymptotic behavior of solutions of the
basic equations for carrier transport in semiconductors, Z. Angew. Math. Mech. 65
(1985), no. 2, 101-108.

S. Gallego, F. Méhats, entropic discretization of a quantum drift-diffusion model,
STAM J. Numer. Anal. 43 (2005), no 5, 1828 1849.

C. Gardner, C. Ringhofer, The Chapmann Enskog expansion and the Quantum Hy-
drodynamic model for semiconductor devices, VLSI Design 10 (2000), 415-435.

I. Gasser, A. Jiingel, The quantum hydrodynamic model for semiconductors in thermal
equilibrium, Z. Angew. Math. Phys. 48 (1997), no 1, 45-59.

I. Gasser, P. A. Markowich, C. Ringhofer, Closure conditions for classical and quan-
tum moment hierarchies in the small temperature limit, Trans. Theory Stat. Phys. 25
(1996), no 3-5, 409-423.

R. T. Glassey, The Cauchy problem in kinetic theory, Society for Industrial and Ap-
plied Mathematics (STAM), Philadelphia, PA, 1996.

F. Golse, C. D. Levermore, Stokes-Fourier and acoustic limits for the Boltzmann
equations : Convergence proofs, Comm. Pure Appli. Math., 55 (2002), 3, 336-393.

F. Golse, F. Poupaud, Limite fluide des équations de Boltzmann des semiconducteurs
pour une statistique de Fermi-Dirac, Asymptotic Analysis 6 (1992), 135-169.

F. Golse, L. Saint-Raymond, The Navier-Stokes limit of the Boltzmann equation for
bounded collision kernels, Invent. Math. 155 (2004), 1, 81 161.

F. Golse, L. Saint-Raymond, Hydrodynamics limit for the Boltzmann equation, Lec-
ture Porto Ercole, 2004.

T. Goudon, P.-E. Jabin, A. Vasseur, Hydrodynamic limit for the Vlasov-Navier-Stokes
equations, I. Light particles regime, Indiana Univ. Math. J. 53 (2004), no 6, 1495-
1515.

T. Goudon, P.-E. Jabin, A. Vasseur, Hydrodynamic limit for the Vlasov-Navier-Stokes
equations, I1I. Fine particles regime, Indiana Univ. Math. J. 53 (2004), no 6, 1517-
1536.

A. Jiingel, Quasi-hydrodynamic semiconductor equations, Progress in Nonlinear Diff.
Eq., Birkh&user, 2001.

N. Masmoudi, L. Saint-Raymond, From the Boltzmann equation to the Stokes-Fourier
system in a bounded domain, Comm. Pure Appl. Math., 56 (2003), 9, 1263 1293.



27

|47]

|48

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]
[59]
[60]
|61]
|62]

[63]

N. Masmoudi, M. L. Tayeb, Diffusion limit for semiconductor Boltzmann-Poisson
system, preprint.

P. A. Markowich, F. Poupaud, C. Schmeiser, Diffusion approximation for nonlinear
electron-phonon interaction in semiconductors, Math. Models Methods Appl. Sci. 29
(1995), no 7, 857-869.

P. A. Markowich, C. Ringhofer, C. Schmeiser, Semiconductor equations, Springer-
Verlag, Vienna, 1990.

M. S. Mock, Analysis of mathematical models of semiconductor devices, Advances in
Numerical Computation Series 3, Boole Press, 1983.

C. Negulescu, N. Ben Abdallah, M. Mouis, An accelerated algorithm for 2D simula-
tions of the quantum ballistic transport in nanoscale MOSFETs, submitted.

F. Nier, A stationary Schridinger-Poisson system from the modelling of electronic
devices, Forum Math. 2 (5), (1990), 489 510.

F. Nier, Schridinger-Poisson systems in dimension d < 3: the whole-space case, Proc.
Roy. Soc. Edinburgh Sect. A 123 (1993), no. 6, 1179 1201.

F. Nier, A variational formulation of Schrédinger-Poisson systems in dimension d <
3, Comm. Partial Differential Equations 18 (1993), no. 7-8, 1125-1147.

E. Polizzi, N. Ben Abdallah, Subband decomposition approach for the simulation of
quantum electron transport in nanostructures, J. Comp. Phys. 202 (2005), 150-180.

F. Poupaud, Diffusion approximation of the linear semiconductor Boltzmann equa-
tion : analysis of boundary layers, Asymptotic Analysis 4 (1991), 293 317.

L. Saint Raymond, From the BGK model to the Navier-Stokes equations, Ann. Scient.
Ec. Norm. Sup., 4éme série, 36 (2003), 271 317.

S. M. Sze, Physics of semiconductor devices, John Wiley & Sons, 1981.
K. Seeger, Semiconductor physics, Springer Verlag, Berlin, 1991.

R. Venugopal, Z. Ren, S. Datta, M. S. Lundstrom, Simulating quantum transport in
nanoscale transistor : Real versus mode-space approaches, J. Appl. Phys 92 (2002),
no 7, 3730-3729.

C. Villani, A review of mathematical topics in collisional kinetic theory, in Handbook
of mathematical fluid dynamics 1, North-Holland Amsterdam (2002), 71-305.

C. Villani, Limites hydrodynamiques de [’équation de Boltzmann, Séminaire Bourbaki,
53éme année, 2000-2001, no 893.

B. Vinter, C. Weisbuch, Quantum Semiconductor Structures, Academic Press, 1991.



28

Chapter 1.

Introduction générale




Chapter 2

Les modeéles de sous-bandes, du
microscopique au macroscopique

2.1 The modeling

In this chapter, we use the subband decomposition method to model the transport of a
quasi bidimensional electron gas confined in a nanostructure. The main interest of such a
modeling is to obtain numerical simulations of the transport of particles in nanostructures.
It plays an important role in the determination of the limit size of the nanoscale MOSFETs
as well as the design of new devices. In these ultimate size devices, electrons might be
extremely confined in a direction. This direction will be referred to as the confinement
direction and denoted by z. To simplify we assume that the confinement is realized by a
infinite barrier at z = 0 and z = 1, which implies that the partial Hamiltonian in the z
direction admits an infinite sequence of eigenvalues. The transport direction is denoted
by z.

In a full quantum system, the ballistic transport is well modeled by a Schrodinger
equation which can be coupled to a Poisson equation if we want to take into account the
electrostatics interactions. A derivation of subband models from the linear Schrodinger
equation was introduced in [3|. In this article, the potential V' is assumed to be given
and the x variable is assumed to be semiclassical. By introducing the parameter ¢ which
represents the quotient between the characteristics length in the z and the z directions
and after a rescaling, the transport is modeled by the following Schrédinger equation :

2
i£0,0° = —%Aww - %aﬁw + Vyr, (2.1.1)

An important condition to allow a separation of the confinement and of the transport
direction is that the time does not play the same role in the x and in the z directions.
In fact the quantum effects are quasistatics with respect to time. If we take formally the
limit € = 0 in the above equation, we are naturally induced to consider the eigenspaces of
the partial Hamiltonian in the z direction, usually called subbands in the physic literature

29
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|1, 5, 6] :
1
3 Xk + Vxr = €xxu (k>1),

1
xe(t,z,) € Hy(0,1), / Xk Xedz = Ok .
0

The eigenvectors (xx)r>1 form a orthonormal basis of L?*(0,1). We can decompose 1)¢ on
this basis by writing ¢ = Y, @5 x%. The function ¢, is then solution of a set of equations
on the index k :

2
s 3 6 3 £ £
iedydy, = _5Ax¢k + €xgp + % T

These equations are coupled thanks to the remainders r¢,. Using the Wigner transform
[11] in the semiclassical variable z, Ben Abdallah and Méhats have proved in [3] that the
Schrodinger equation (2.1.1) converges to the Vlasov-Schrodinger system :

atfk +v- Vgcfk — Vwék . vak = 0, (212)

1
3 Xk + Vxr = €xxi (k>1),

1
xe(t,z,) € Hy(0,1), / Xk Xedz = O .
0

We recover the decoupling at the limit of the transport equations on each subband. In fact
the Wigner transform is a density matrix whose non diagonal terms vanish when taking
the semiclassical limit € — 0.

The transport on each subband is governed by the force field —V€,. The density is
obtained thanks to the identity :

Nt =Y (/R folt, 7 0) dv) et 722,

k>1

(2.1.3)

We can take into account the electrostatic interactions by assuming that this system is cou-
pled to the Poisson equation —A, .,V = N. Therefore we obtain the Vlasov-Schrédinger-
Poisson system. (The rigorous semiclassical limit of the 3D Schrédinger-Poisson system
to the Vlasov-Schrédinger-Poisson system is a work in progress). This system has been
analyzed in |2|. The authors have shown that this system is well posed when the occupa-
tion factors of the kth subband for k£ > 2 are small enough and for boundary conditions
which allow to use the elliptic regularity on the Poisson equation.

Thus we have constructed a coupled quantum-classical model for the ballistic transport
of an electron gas confined in a nanostructure. The confinement is traduced thanks to the
subband decomposition method. However, in semiconductors, collisions are very important
and drive the carriers towards a diffusive regime. Getting inspiration from what we know
for a classical motion, we can take into account collisions by heuristically introducing a
collision operator in the transport equation and thus replacing the Vlasov equation by the
Boltzmann equation for the semiconductors :

Orfi +v - Vafi — Vi€ - Vo fio = Q(f), (2.1.4)
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The collision operator () can have different forms depending on statistics that we are
looking at : Boltzmann or Fermi-Dirac. These forms are presented in the next section.
Therefore a model for the transport at the kinetic regime can be the Boltzmann equation
(2.1.4) coupled to the subband model (2.1.3) and the Poisson equation. In this approach,
electrons are like point particles in the transport direction while they behave like waves in
the transversal direction.

In the following of this chapter, we present the fomal diffusive limit of the Boltzmann
equation (2.1.4) towards the drift-diffusion equation. For the sake of simplicity, we consider
that the energy level €, are given. The formal derivation is presented for both Boltzmann
and Fermi-Dirac statistics. For Boltzmann statistics, we obtain at the limit the drift-
diffusion equation (1.0.4) presented in the introduction with the identity (1.0.5) for the
effective potential. We refer to |9, 8| for a rigorous proof of this limit for a classical
motion. An idea of a rigorous proof based on a Hilbert expansion is given in section 2.5.
Moreover, we explain the changes when the semiconductor presents an anisotropy and
different effective mass with respect to the directions.

2.2  Formal diffusive limit : Introduction

Let n > 0 be the scaled mean free path assumed to be small. We consider the Boltzmann
equation for the subband model defined on the phase space R? x R%2. The position z
belongs to R?, the motion quantity p € R? and the time variable ¢ is nonnegative. We
consider that the temperature of the lattice 7T}, is normalized such that kg7 = 1, where
kp is the Boltzmann constant. Then, the distribution function of the electrons in each
subband f;! satisfies :

Ofi + {Hkvfk}__ (f ks

where {-,-} is the Poisson bracket: {g,h} = V,h-V,g — V,h-V,g9. Moreover Hy, is the
energy of the system in the kth subband
1 2

€ is the potential energy of the kth subband. m is the mass of the charge carriers. More
explicitly, we can rewrite the Boltzmann equation :

ofy + 717(]9 Vo fl = Vo€ -V f) = %Q(f")k, (z,p) € R? x R?, (2.2.5)

@ is the collision operator. We consider two forms for this operator : for Boltzmann
statistics and for Fermi-Dirac statistics. ()g, the collision operator for Boltzmann statistics
in the linear BGK approximation, reads in the following form :

k = Z/ O k! p P k(P)fk'(p,) - Mk'(P,)fk(p)) dp,7 (2-2-6)
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where the function My, is the normalized Maxwellian

Mk(t,l’,p) = ﬁe_,’_{k(t’m’p) (227)
and where the repartition function Z is given by
+00
Z(t,x) = Ze‘ek(t’m).
k=1

For the Fermi-Dirac case the collision operator is given by :
Qeo(Ni =Y [ anwln. ) M) o)1 = 1up) = My B (1L = fi )
k/

Assumption 2.2.1 The cross-section « is assumed to be symmetric and bounded from
above and below :

Jag, >0, 0< oy < app(p,p) <ag,VE K >1, VpeR? Vp € R% (2.2.8)
The initial and the boundary conditions are assumed to be given by :

10, z,p) = f™(z,p) > 0. (2.2.9)

For the sake of simplicity, we consider the transport on the whole space R? with infinite
boundary conditions.

Assumption 2.2.2 We assume that € is given for all k > 1 in L>((0,T), H'(R?)) and
that 0y€;, € L>((0,T) x R?), that is

I > 0 such that ¥ (t,x) € (0,T) x R?, |0,€] < pu. (2.2.10)

Moreover, we suppose that (€x)k>1 is a nondecreasing sequence of positive functions satis-
Jying '
3Cy >0, V(t,z) € (0,T) x R?, Vk > 1, |€4(t, ) — §7r2k2| < Cy,

such that we can give a sense to Z (4.1.2).

Remark 2.2.3 Assumptions 2.2.2 are not really strong. In fact if € is given by the
subband model i.e. it is the kth eigenvalue of the stationary Schridinger operator for an
electrostatic potential V. Then all these estimates hold true with constants p and Cy
depending on V' (cf Appendiz). It remains to obtain some reqularity on the potential V,
which is the main difficulty.

2.3 Formal derivation for the Boltzmann case.

In this chapter, we only consider a simplified approach of the diffusive limit : we assume
that the eigenenergies of the subband are given and satisfy Assumption 2.2.2. It is equiva-
lent to consider that there is no coupling between the transport direction and the quantum
confinement in the transverse direction. A rigorous study of this limit for the whole system
is the subject of chapter 6 and 7.
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2.3.1 Properties of the collision operator

Here we establish some well-known properties of the collision operator (Jp defined by
(2.2.6). For this section, the time variable ¢ and the position z are only parameters. For
the clarity, we omit to write the dependency in ¢ and x and only consider the dependency
in p. To this aim, we define the weighted-space

L3 = {f = (fx)x>1 such that Z/ fk dp<oo}

which is an Hilbert space with the scalar product

Sk 9k
= g ——dp.

Proposition 2.3.1 We assume the cross-section « satisfy (2.2.8). Then the following
properties hold for Qp :

(1) > [ Qu(f)rdp = 0.

(ii) Qp is a linear, selfadjoint and negative bounded operator on L?,.
(iit) Ker Qp = {f € LA, such that AN, € R, f, = NJM;}.
() If P is the orthogonal projection on Ker Qp with the scalar product (-,-) pm, then

—(QB(f), Hlm = callf =Pl (2.3.11)

Proof. (i) is obvious. For the sake of simplicity we will use the standard notation

"= f(p)). For (ii), we have:

) RO\ a)
@s1) )= [ arutr)Muy )<Mkf<p'>‘Mk<p>)Mk<p>dpdp

kK’

With our assumption (2.2.8) and the fact that (3 [ |fe|dp)® < ||f]]54 we get

(QB(f), 9)ml < CllF gl
for all f, g in L%,. Thus Qp is bounded. Moreover,

_ = , I fl;/ . fk g;{;’
(@s(f): 9 = Z/akkMkM /( : Mk) </\/l;€, Mk) dpdyp’.

k,k’

This provides the selfadjointness and negativity of Q).
The inclusion D in (iii) is obvious. If f € Ker Qp then (Qg(f), f)m = 0. The previous
identity implies fr = Ny My. Thus (i7i) holds true.

(KerQp)* = {f € L3, such that Z/fk dp = 0} (2.3.12)
2

We have,
(@) ilm =(Qs(f) = Qs(P(f)), lm = (f = P(f),@s(f))m
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where we take g = f — P(f). Therefore,

/ 2
—(Qs(f Z/Oék MMy, ( gk; — /il—:) dpdp'.

K,k K’

With (2.2.8) and since g € (Ker Q)+, we obtain

@) Fim > ( / i dp)=a1||f—7’(f)||.2M-

Lemma 2.3.2 ImQp is a closed subset of L3,.

Proof. Let (hy)nen € Im@Qp converging towards h in L3,. h, = Qp(f.) = Qp(gn)
where g, = f, — P(f,). From (2.3.11), we have :

onllgn = gmllia < Nlhn = hn | allgn = gimllas-

This provides that (g,) is a Cauchy sequence in L3,. Thus there exists g € L%, such that
gn — ¢. By continuity of @ and uniqueness of the limit, h = Qp(g). 0

Corollary 2.3.3 Since Qp is selfadjoint, we have (Ker Qp)t = Im Qp.
Thus Qp(f) = h admits a solution in L3, iff h € (Ker Qp)*. Moreover this solution is
unique if we impose f € (Ker Qp)™*.

Proposition 2.3.4 There exists © € (L%,)? such that for all k > 1,

p
O =—— d O dp = 0. 2.3.13
Qp(@) =~ M, an > | Owdp ( )
We define the diffusion matriz by

_ /Z 0, ® L dp. (2.3.14)
A m

Then D is a symmetric coercive matriz.

Proof. [t is an easy consequence of Corollary 2.3.3. It remains to prove the symmetry
and the coercivity of D.

Dy == [ <Z@k> dp = — Z/ (Oul2uO): g, — (6, QO
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The selfadjointness of Qp provides that I is symmetric. Let X € R?, we set fx =
X101 + X0,

DX, X)am= D DijXiX; = —(Qs(fx), fx)m

1<4,5<2

Since © € (Ker Qp)*, we have fx € (Ker Qp)*. Using (2.3.11), we get :
(DX, X)m = onl| fx |-

We conclude by showing that X — || fx| ¢ is a norm on R?. But, by linearity of Qp,

ZX@ —0:>ZXQB Dk =0,Yk>1.

This implies that ) . X;p;My =0, Vk > 1. Thus X = 0. O

Remark 2.3.5 PARTICULAR CASE WHEN « IS A CONSTANT
If we assume that for oll k, k' p,p', a(k,p,k',p") = 1/7 where T is a relazation time
which can depend on some parameters like the time t and the position x. Then,

p b T
k

2.3.2 Asymptotic expansion for the diffusive limit

We will consider in this section the formal diffusive limit as n — 0 of the Boltzmann
equation (2.2.5). We will use an Hilbert expansion. First, let us recall an existence
result for our problem which is a direct corollary of well-known existence results on the
Boltzmann equation (see for instance [4], [7]).

Theorem 2.3.6 For fized n > 0, under Assumptions 2.2.1 and 2.2.2, the problem (2.2.5)—
(2.2.9) admits a unique weak solution 1 € LSS (RT, (Y(LY(R? x R?))) and f7 > 0.

Proposition 2.3.7 Under Assumptions 2.2.8, if the solution f" in Theorem 2.53.6 admits
an Hilbert expansion with respect to n, f7 = fC+nf'+.... Then f° = N,M and N, is
the solution of the drift-diffusion equation

0N, — div ,(D(V,N, + N,V,V,)) =0, (2.3.16)

where the d?’ﬁusi(m mafriT D is defined in (2.3.14) and with the initial condition defined
by Ni* =37 oo [ (x,p) dp.

Proof. Formally, we have:

Qu(f) +nQs(M)i+ 0P = n( - Vaf = Vi V, i) + 007,
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Therefore we get fO € Ker Qp. Thus, from 2.3.1 :
R = NMy VE > 1. (2.3.17)

And f! exists iff

LV J - Ve Vo ff € (KerQn)*.
However,
where we denote V, = —log(>", e ). We have obviously [pM,;dp = 0. We chose

© € L2, as in (2.3.13). Thus,
f'==6(V.N,+ N,V,V,). (2.3.18)

We integrate (2.2.5) with respect to p and sum over k. Since [V, f'dp =0,

1
&/E :f;gdp+5/§ :%-fo,?dpzo.
k k

Moreover the second term can be written

1 1
_/E.Vrfgdp = _/ﬁ-vr(NsMk)der/E-fo;iderO(n)
nJ m nJ o m m

— —div, [(@1® Z)(V.N. + NV.V.) dp-+ O(),
thanks to (2.3.18). We use the operator D defined in (2.3.14). By assuming that we can
pass to the limit, we find the drift-diffusion equation :

&N, — div (D - (V,N, + N,V,V,)) = 0.

And we have Ny = Y, [ fPdp. Therefore we recover the initial condition N,(0,z) =
Nénzzkff;i”dp- O

2.4 The 3 valleys case

Our physical devices of interest are very small double-gate-MOSFETSs of silicon structure.
Due to anisotropic effects in silicon [10], the effective mass are not the same in each
direction (z,y, z) : we note m; the transverse effective mass and m; the longitudinal one.
Also three different electrons configurations appear in the bandstructure : (mj, m;, m;),
(mf,m;,m;) and (mj, m;,m;). In the following, we will consider the general configuration
(m, my,m?), where mj, (respectively m; and m}) corresponds to the effective mass in the
x direction (respectively y and z direction).
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The distribution function of the kth subband and the ith valley fi (i = 1,2, 3) satisfies
the following Boltzmann equation :

nof" + a i + a L f0T = 0p €40y, fU — 0,€10,, 1" = EQB( M (2.4.19)

with

D=3 / o (0,0 ) (L () M) — SLp) ML () d.

k//

This collision operator takes into account collisions between particles of the same valley
and particles from other valleys. Of course, all the properties stated in Proposition 2.3.1
still hold. The function repartition is defined by

p(E Z
Z = Z/e (e k46l H dp. (2.4.20)
ki

And the Maxwellian is now defined by

2 .
e (kv €)
Mi(p) = . (2.4.21)

Proposition 2.4.1 Let f7 € L>([0,T], L},) be a solution of the Boltzmann equation for
the three valleys (2.4.19) coupled with the subband problem. Then, formally, as n — 0 the
solution f converges towards NyMy, where Ny is the solution of a drift-diffusion equation
coupled with the Schodinger-Poisson system :

8N, + div (D(VN, + N,VV,)) = 0,

d (1 d '
g () H Vb — e b e 0.1, [ i ds =

t

1
2
1d (14 !
57 (m* dzxi) +Vxp=€xi X € Hy0, 1)7/0 XX dz = O,
l

N —€ty. 02 My et 12
—AV:N:§XI;<6 Bl 42 %e Hxel” )

Vi=—log Z ; Z =2mm; (Ze_eﬁ—i-Q mi26_€z> :
my
k k

and D is a symmetric coercive matriz which will be determined in the proof.

where

Proof. As before, we assume that f7 admits a Hilbert development of the form: f7 =
fo+nfl 4 ... Then, by identifying the terms with respect to the power of 1, we have

Qs(f=0 = V= NMj,
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and
i Pz i P i i i i i
QB(fl)k = m—az(NsMk) + m_yay(NsMk) - a:cekapmfk - ayekapyfk'
x y
We can prove as we have done in Proposition 2.3.1 and Corollary 2.3.3 that there exists a
function ©° € L7, such that Q(0,);, = 2=M;, and Q(6,); = - M. Therefore,
fl,z’ = (Vx,yNs + NSVW(— lOg Z))@Z

We define the diffusion matrix (symmetric and coercive) by

]DzZ//@Z@%dp,
i

where £ = (L= Pu) Integrating equation (2.4.19) and passing to the limit n — 0, we
get: ’

OrNs + div 4 (D(V,yNs + NV, (= log Z))) =0,
and

zZ= Z // o b dpe=€k = 271'2 JmEmie .
k,i ki

Since we have three configurations possible for the silicon (m;, m}, m;), (m;, m}, m;) and
(mg, m;, m}), we have

Z =2m(m;} Ze_e}ﬁ + /m;m; Z e+ \/mim; Z e 6k).
k k k

The eigenenergies €; of the kth subband and the ith valley are the eigenvalues of the
Hamiltonian in the z direction. Thus, these quantities only depends on the effective mass
in the z direction :

1d (1d N v

And the electrostatic potential is given by the Poisson equation
AV =N = 3 [ MM
kyi

where N is the density of charge carriers for the whole system. We have two configurations
in which m* = m}, thus the eigensystem is (€%, x%)g>1. And there is one configuration
where m? = mj}, the eigensystem is then (€%, x%)x>1. Thus we have,

Z =2mm; (Z e 42 mi Ze_ez> :
my
! k

And the density satisfy

Ny —€ly )2 My et 412
Nzgzk:(e Bl 42 m—;f‘e el ]
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2.5 A convergence proof of the derivation

In this section we will briefly give an idea of a rigorous proof of the diffusive limit of the
Boltzmann equation (2.2.5) towards the drift-diffusion equation (2.3.16). The main result
is the following theorem :

Theorem 2.5.1 Let T > 0. We assume that Assumptions 2.2.1 and 2.2.2 hold. Let
(fN k=1 be a solution of the Boltzmann equation (2.2.5)—(2.2.9). Then N defined by N1 :=
Son [ fildp converges weakly towards Ny € L*([0,T] x R?) solution of the drift-diffusion
equation :

0Ny — div (D - (VN + NSVZVS)) =0,
where Vs = —log(>_, e~*), with the initial data N (x) =", [ fi"(x,p) dp

1
For the proof of this result, we first need to define the function M, = 2—6 2~ which

T
is such that

L .M, — V.6 - VM, = 0.

m

The key point is to obtain uniform estimates with respect to n. To this aim, we will use
assumption (2.2.10). Let us first define a functional framework.

Definition 2.5.2 Let T' > 0, we consider the Banach spaces X = L*([0,T], LM(t)) and
Y = Lz([O,T], L?\/[—l(t)>

Lemma 2.5.3 Assume fy € ﬁl(Lglmp) mL?\/t(t:O)' Then the unique solution f" of the Boltz-
mann equation (2.2.5) in L>°([0,T], ¢*(L; ,)) is in X.
Moreover, f" is bounded in X independently of n.

Proof. If we assume that all the functions are regular enough to justify all calculations,
we can multiply (2.2.5) by f!/ My, and integrate, we get,

f)? 1 £
dat Z// 7 dxdp— Xk:// atekgﬁk dadp = ?%:// QB(fIZ)ﬁkk dadp. (2.5.22)

From assumption (2.2.10), there exists p > 0 such that V¢ € [0,T], V2 € R?, |0,€x| < p.
We define the quantities:

Z//2Mkdxdp and S"(t Z//Q fk

S™ is the term of entropy production. Since Qg is negative, V¢t € [0,7], S"(¢) > 0. From
(2.5.22),

dxdp (2.5.23)

dXxm

— X7 < =5, (2.5.24)
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To justify all calculations, we regularized the problem and consider fr a solution of
the regularized, truncated problem, fr € D([0,T] x R?* x R?). Thus fg satisfies (2.5.22)

" dtZ// dxdp < MZ// Qf\fjlk dadp.

Thus, fr is bounded in X independently of R. We can then extract a subsequence con-
verging towards a function ¢ € X in X — weak*. We know moreover that fr satisfies
the Cauchy criterion in L*°([0,T],¢*(L} ,)) as a solution of the truncated problem thus
converges strongly towards f in this space. By uniqueness of the weak* limit, g = f a.e.

O

Lemma 2.5.4 Up to an extraction, there exists f© € X and N, € L*([0,T] x R?) such
that :

(i) f1— f%in X —weak*.

(ii) NI — Nj in L}, — weak.

(111) If we define the current by

/ fldp, (2.5.25)
k>l

then
JT— J' = Z/ fldp in Lix — weak.

k>1

Moreover, ) = N,My, a.e. for all k > 1.
Proof. We integrate (2.5.24) between 0 and ¢, for all ¢ € [0, T,

X7(t) — M/Ot XU(s) ds + /t S7(s) ds < Xo.

0
Thus, there exists a constant C' > 0 such that:

T
0< / ST(s)ds < C (2.5.26)
0

If P defined the orthogonal projection on Ker Q g, then 3 N”( ,z) € R such that P(f7);, =
NTMy and f7—P(f") € (Ker Qg)*. Thus >, [(f — P(f")i)dp = 0, which provides

N(t,z) = / fldp = N7. (2.5.27)
k
From (iv) of Proposition 2.3.1 and (2.5.26), we obtain the bound

T n__ Am 2
Z/ / i A]Z[SM’“) dtdzdp < enf. (2.5.28)
k0 k
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We verify easily that || f"]|x is bounded. Thus we can extract a subsequence satisfying
(). Then, from (2.5.28), we have

Z// NM’“ SR dtdadp = Z/ //(Nn) M, dtdxdp < C

It provides that || N7/Z||y is bounded. Thus, up to an extraction, for all ¢ € L7L? _,,

Z / / Mk¢kdpdxdt—>z / / / p’ My,¢r dpdadt. (2.5.29)

If we define N, := p°Z € L?*([0,T] x R?), and if we chose £ € L*([0,T] x R?) and define
or(t,z,p) = £(t,x), for all k > 1, (we verify easily that ¢ € LIL3 . for such a &) we

deduce
T T
/ / NY¢ dxdt — / N dxdt.
0 JRr2 0 JR?2

This proves the point (ii). Moreover, we set for all ¢ € L°L3,, ¢ = /M € LIL3
n (2.5.29). Then, N'M;/Z = NIM; — p°M), in X — weak*. From (2.5.28), f; and
NI M have the same weak limit. Thus,

VE>1, f)=NM, ae. (2.5.30)

Now, we have with a Cauchy-Schwarz inequality

-3 [ - v ap

k>1
/2
(7= NaM)? )
(g/ ) (5 U5 )

With (2.5.28) we deduce that J" is bounded in L?’w. Thus we can extract a subsequence
converging towards J° in L?’z—weak. 0

Proof of Theorem 2.5.1: We consider the transport equation :

U
nofy + % Nafl = Vo€ -V, fil = % (2.5.31)
After an integration, we find the conservation equation :
QN +div ,J" =0, (2.5.32)

where the current is in (2.5.25). To have an expression of the current J”, we remark that
if we consider the function © defined in 2.3.14, the selfadjointness of ()5 shows

OrQB (") 1
Z/ ~yvH —EJ”. (2.5.33)
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Thus, multiplying (2.5.31) by O/ My, integrating with respect to p and summing over k,
we obtain:

Or P 0 0 0
—J" = Xk:/m(a Vo fy = Vi€ - Vo fil + 00 fy) dp
Assuming we can pass to the limit formally, with (2.5.30) we find

/@k (VuN, — N.V,(log 2)) dp = D- (VoN, + NV, VL) (2.5.34)

To establish the rigorous limit as 7 — 0, we use the weak formulation of (2.5.31) and
(2.5.32): for all ¢ € C*(]0, T] x R?) compactly supported and all ¢» € C1([0,T] x R? x R?)
compactly supported :

_//N§0t¢dxdt—// J”-dexdt:/NQ(O,x)(ﬁ(O,l") dz, (2.5.35)
where
(0, z) ; /
And

// f}?(_aﬂp - l(£ V) = Vi€ - Vi) dtdzdp—

Ul

From Lemma 2.5.5 we can then substitute ¢ and ¢ in (2.5.36), by summing over k we
obtain (2.5.35). It suffices then to pass to the limit  — 0 in the second term of (2.5.35).

Lemma 2.5.6 and 2.5.5 prove that we can choose 1 = ng% in the weak formulation
(2.5.36), for all ¢ € C([0,T] x R?) compactly supported. By summing and using (2.5.33),
we find :

—nz / / / 119, (gﬁ%) dtdmdp—z / / / /{A—g%vm-@k dtdadp

—Z///Qka mV 298 — Vi€ - V)0, — —@kv (—log Z2)) dtdxdp (2.5.37)

+// J¢ dtdx = Xk:// f;i”(x,p)aﬁ(O,x)% dxdp.

We have that f7 € L3, thus using Lemma 2.5.6, the limit of the first term vanishes.
From Lemma 2.5.4, we have that,

Vge X, Z///fkgkdtdxdpeZ///Nngkdtdxdp

k>1 k>1

(2.5.36)

/ £2(0, 2, p)(0, 2, p) dadp.
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Lemma 2.5.6 proves that (£ - /(\94—1) and (£ - V/\jl—(zk) for s =t,x,p are in X. Moreover with
Assumption 2.2.2, we have that €, is bounded in L>([0,T], H!(R?)). Thus we can pass

to the limit in (2.5.37). Taking ¢(t = 0,2) = 0, we obtain

//J%dtdff— Z/// L V,0)01 + Nep-V,0,) didadp
- zk:/// Ns¢(Va€i - VO + E@kvx(—logZ)) dtdxdp.

After an integration by parts, we recover the expression JY in (2.5.34). Thus the proof of
Theorem 2.5.1 is over if we prove the two following lemmata. 0

Lemma 2.5.5 For all function p — ~(p) polynomially increasing as well as all its deriva-
tives and for all ¢ € C=([0,T] x R?) compactly supported, the function ¢ = ~v¢ can be
taken as test function in the weak formulation of Boltzmann (2.5.36).

Proof. Let p — &gr(p) such that £ € D([—-R,RJ*), 0 < &g < 1, [V,Eg| < 1 and
g — 1 a.e. when R — 4o00. We set g = ¢v€R, function with which we can write
the weak formulation (2.5.36). To pass to the limit R — o0, it suffices from a Lebesgue
theorem that vf € LI(R?) and pyf; € L)(R?) as well as for V,y. However with the
Cauchy-Schwarz inequality,

77

[riashin< [ s by [ i <o

I

because 7y is polynomially increasing and M (p) = 2—6 2m 0
s

Lemma 2.5.6 Let © be defined in (2.3.13). There exist nonnegative constants Cy, Cy and
Cy such that: ¥ (t,x) € [0,T] x R?,

)
Cu1-+1n) < || < Cal1 + 1o,

< Co(1+ |p]?) fors =t z,p.

‘Vs@k

Proof. By definition of © in (2.3.13) we have
Qp(O)r = —= My = Q5O — MOy

where we denote Q5(0)ry = My > [ Ol dp’ and N\, = >, [ ap M), From As-
sumption 2.2.1, we have 0 < a; < \; < an. Moreover, since © € L3,

1Q5(0) \<a2MkZ/ 92/ "
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Then the first inequality follows directly from the identity
p
MOk = Q5(O)x + EMkH

and we just have to derive it to obtain the second one. 0

2.6 Formal derivation for Fermi-Dirac statistics

In this section we will consider the formal diffusive limit of the Boltzmann equation for
degenerated semiconductors. We use now Fermi-Dirac statistics and the collision operator
reads :

Qro(flx =) /R (2, P) (M) fo () (1 = fu(p)) = M () fi(p) (1 = fiu (0))) dp".

(2.6.38)
The diffusive limit is then the limit as 1 goes to 0 of the Boltzmann equation :
1 1
8tf,? + 5(% . fo,? — Vxék . fo,:?) = ?QFD(fn)k, (x,p) - ]R2 X Rz. (2.6.39)

We couple this equation with the initial condition (2.2.9). Physically, fi represents the
occupation rate of the kth subband. Thus f has a physical meaning if and only if 0 < f <
1. If f =1 there is no gain and if f = 0, the term of loss vanishes.

Definition 2.6.1 We define the Fermi-Dirac distribution for a real function p(t,z) by

1
1+exp(%+€k—,u)'

Fl(t,x,p) = (2.6.40)

2.6.1 Properties of the collision operator

The following proposition states important properties of the collision operator.

Proposition 2.6.2 Let f be such that 0 < f(t,z,p) <1 for allt € [0,T], x € R? and
p € R%2. We suppose that the cross-section o satisfies Assumption 2.2.1. Then the collision
operator defined in (2.6.38) satisfies the following properties :

(i) Z/R? Qrp(f)dp=0.
(1i) CkéFD(f) =0 if and only if u(t, z) € R such that f(p) = F*(p).

Proof. The first point is obvious thanks to the symmetry of the cross-section « (2.2.8)
and corresponds to the conservation of the mass of the particles. For the second, it suffices
to write:

Qrp(f)x = Z/ e MM (1 = fi) (1= fi) ( Jie Ji >) dy'.
w JR?

VA=) ML= fi
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Since we have 0 < f < 1, this integral is null if and only if
Wk
(= fr) Ml = fi)

It means that fi/(1— fx) is a Maxwellian. This is equivalent to the existence of u(t,z) € R
such that fi(p) = F}'(p). 0

=0.

Let u(t,x) be a given real-valued function. For the rest of this part, we omit to write
the dependency in ¢ and x. We define the linearization of the collision operator around
equilibrium function by :

/ Mk;
i = Z/ak " ( K Y f, 7 by fk) (2.6.41)
Straightforward calculations using the definition (2.6.40) lead to
%m:Z/%mMM—WHM%wM4 (L= FL) + MF) fil dp
k/

Thus, if we consider a small perturbation g of the equilibrium defined by ¢ = F* + nf +
O(n?). We have

Qrp(g) = Qrp(F* + nf + O(1n?)) = nK*(f) + O(n?). (2.6.42)
Since K is linear, we can do the same analysis as in paragraph 2.3.1. We define then
FI')?
g = S 2.6.43
and the space
L = {f = (fe)k=1 such that Z/ <k dp < oo}, (2.6.44)

which is an Hilbert space with the scalar product
Jk9k
, = E ———dp.
<f g>./\/ - 2 N]il 1%

And we denote || - || the corresponding norm.

Proposition 2.6.3 Let K* be defined in (2.6.41) for a given real-valued function pu(t, z).
We assume that the cross-section « satisfies Assumption 2.2.1. Then we have :

(i) K* is a linear, selfadjoint and negative bounded operator on L3.

(ii) Ker K* = {f € L3 such that 3\ € R, f = ANV},

(111) If P is the orthogonal projection on Ker K with the scalar product (-, ), then
there exists a nonnegative constant C,, depending on p such that

—(K*(f), i = Cullf =PIl (2.6.45)
(iv) ImK* ={f € L3 such that >, [ fedp =0}.
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Proof. We have

' ¥ Mk’

k,k’

Thanks to the definition of F}' (2.6.40) and My (2.2.7), we have the estimate

Fl 2rZ - 2rZ
My e P /@m)=€ femn T | i

Z/Fu 2/1;;/{}2 = He qu||N (2.6.46)

Then, we have thanks to Assumpt1on 2.2.1

(K" (f), 9)] <a22//F,;‘,F“<‘f’“ ‘/{/’ﬂ)‘ﬁ/’ﬂdd’

ke k!
S| |gx]
<aN“Z/ ’iLN“N“d p+
\f/ 98]
(Z/F:, o) (32 [ reldhan).
where we note N* = >, [ Fl'dp. From (2.6.46) and a Cauchy-Schwarz inequality, we

deduce ] ‘ ’ oy
9 +e”
2 & N P S gz I lgle

Thus,

Consequently,
(1+eH)?
()b < e (VUS4 1) Ul

It provides the continuity on L3, of the operator K*. Moreover, we can rewrite

(K*(f) =-3 Z// ay, k/F,f, E ( f]:;;' _ J{TZ) (/f/;j" NM) dpdp'.  (2.6.47)

k,k’ K

We deduce easily the symmetry and negativity of X*. Thus (i) holds true.
Moreover, f € Ker KFiff (KK*(f),g)x =0, for all g € L%.. If we chose g = f in (2.6.47)

we have,
i J, i
_ § : wop ko Jk /
<ICM = //Oék k’Fk/F <N]5' ./\/']5‘) dpdp .

kk’

—p
Thus (ii) holds. Besides, we deduce from the estimate F}' > ;—Z/\/M and Assumption
2.2.1 the bound

2
—(K(f), fn = OZ;; Z//N (f—’jb _ %) dpdyp.
k

kK’ K’
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Thus if f € (Ker K*)*, we have

(), a2 S ( / N“dp) I full3

Else, we chose g = f — P*(f) € (Ker K*)t. Since (KH(f), f)n = (K*(g), g)n, thanks to
the selfadjointness of K, we deduce easily (iii).

Since K* is selfadjoint, it suffices to prove that Im K is closed to have Im Kt =
(Ker KM)+ = {f € L% such that >, [ fxdp = 0}. This proof is the same that for Propo-
sition 2.3.2. -

Corollary 2.6.4 The equation K*(f) = h admits a solution in L3, iff h € (Ker K*)*.
Moreover this solution is unique if we impose f € (Ker KH)*L.

We can state of course the same result as in Proposition 2.3.4:

Proposition 2.6.5 There exists O € (L3,)? such that for all k > 1,
_ _ P _
KHO), = _EN”“ and zk: /R2 Ordp = 0. (2.6.48)

As before, we define the diffusion matriz by

¥ — /Z o' e %dp. (2.6.49)
k

Then D* 4s a symmetric coercive matriz.

2.6.2 Formal derivation

We give without proof the following existence and uniqueness result for the problem
(2.6.39) with the initial condition (2.2.9).

Theorem 2.6.6 Let T' > 0. Under assumptions 2.2.1 and 2.2.2, if we suppose moreover
that for all t € [0,T], x € R* and p € R*, 0 < f*(x,p) < 1, with f" € (*(L} ).
Then, the problem (2.6.39) with the initial condition (2.2.9) admits an unique weak

solution [ € El(ngp) satisfying 0 < f < 1.

Proposition 2.6.7 Under Assumption 2.2.1, if the solution f" in Theorem 2.6.6 admits
a Hilbert expansion with respect to n, f7 = fO4+nfl+.... Then fO = F*(p) where p is
the solution of the equation

—p

AN, + div, (D" - Vo~

—) = 2.6.50
C =0, (2.6.50)

where

Z/ Fl'dp = Z/ dszWmZIOg(l—i—e“_ek).

€
E>1 R? ] 4 e2m e k>1
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Proof. We follow the same idea as before. Formally, we have:
Ol Ok = (L Vo = Vo€ V, f0) + O(n 2.6.51
Qeo(f7+nf"+ 0 )k =n(— Vafy = Vol - Vpfic) + O0r). (2.6.51)
If we can pass to the limit n — 0, then we have Qpp(f°) = 0. Thus, from 2.6.2, there
exists p such that:
fe=F' Vk>1
Therefore, a straightforward calculation leads to
2
P p p
o Vaff = Vi€h - Vif = exp(g -+ € = p)(F)? - Vap.

The choice of the linear operator K in (2.6.42) allows us to write

Qrp(f") = nkH(f') +O(?).
Thus by identifying the terms at the order 1 in 5 in (2.6.51), we deduce
2

p(Fly — p w2 P _ (P e A
/C(f)—eXP(%ﬂLEk—u)(Fk) E'VI“_(E'V“’C“)%Z k-

Thus, by definition of ©* in (2.6.48), we have
e_u
2rZ’

If we integrate over p and sum the Boltzmann equation (2.6.39), we find

1
3} (Z/f,?cho) +EZ/%-me,de:0. (2.6.52)
k k
And with the Hilbert expansion of f7,
1 /p 1 p p 1
Z = .V, fldp == /—'VIF”dp—l— /—'szdp+077-

Since the function p — p - V,F} is odd, the first term of the right hand side vanishes.
Moreover,

p | : p e ®
— -V, f, dp = —div, —06"dp | Vop—= | .
> [ o Vel iy = (@/m@ p) MW)
We recognize the diffusion matrix D* defined in (2.6.49). Thus if we take the limit n — 0

in (2.6.52), we obtain the equation (2.6.50) for p.
g
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PARTIE 1

EXISTENCE, UNICITE ET
COMPORTEMENT EN TEMPS LONG







Chapter 3

Le systéme classique
dérive-diffusion-Poisson revisité

Ce chapitre reprend et étend une note [6]
en collaboration avec N. Ben Abdallah ! et F. Méhats 2.

3.1 Introduction

Le systéme couplé dérive-diffusion-Poisson est trés largement utilisé pour modéliser le
transport de charges dans des dispositifs a semiconducteurs ou a plasmas dans un contexte
fortement collisionnel |23, 22|. Il convient aussi de rapprocher ce systéme aux modéles de
Keller-Segel [8] et de Fokker-Planck [2]. Soit 2 C R® un domaine régulier borné de
I’espace. [.’équation de dérive-diffusion est une équation de conservation dont I'inconnue
est la densité des porteurs de charges N(t,z) pour t € RT et x € Q. Cette équation
s’écrit, :

&N — div (D(VN + NVV)) =0, (3.1.1)

ou D = D(z) est la matrice de diffusion symétrique et définie positive que 'on supposera
suffisamment réguliére.

Hypothése 3.1.1 La fonction D est de classe C* de Q dans ’ensemble des matrices
symétriques définies positives et telle que pour tout x € Q on a D(x) > al, avec o donné.

Le courant, noté .J, est la somme d'un courant de dérive proportionnel a la densité
de particule et aux forces électrostatiques et d’'un courant de diffusion proportionnel au
gradient de la densité de particules :

J(t,2) = D(z)(VN(t,z) + N(t,2)VV(t, z)).

IMIP, UMR 5640, Université Paul Sabatier, Toulouse.
2IRMAR, Université Rennes 1, Rennes.
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Le potentiel électrostatique V (¢, z) est généré par les électrons via I'équation de Poisson :
—AV(t,x) = N(t, z). (3.1.2)

Le systéme (3.1.1) (3.1.2) est complété par la condition initiale : N(0,2) = Ny(z),
x € et par des conditions aux bords de type Dirichlet :

N(t,x) = Ny(z) et V(t,x) = Vy(2) pour z € 05 (3.1.3)

On peut prendre d’autres conditions aux bords, ’essentiel pour notre analyse étant qu’elles
permettent d’utiliser la régularité elliptique sur ’équation de Poisson et qu’elles garantis-
sent I'unicité des solutions de I’équation de Poisson (3.1.2).

On suppose que les données vérifient ’hypothése suivante :

Hypothése 3.1.2 La donnée de Cauchy Ny est positive et appartient a L6/5(Q). De plus,
les données de Dirichlet sont telles que Vi, € C*(0N) et il existe un réel u., > 0 tel que
Ny = uoe™ V.

Il est coutume d’introduire le niveau de Fermi € et la variable de slotboom w« définis
par
u=ef" = Nev.

On peut donc réécrire le courant sous la forme :
J=DNVeEr=De " Vu.

Les méthodes basées sur ’entropie sont maintenant des outils classiques de I'analyse
de l'existence de solutions et du comportement en temps long des modéles de transport
diffusif. Gajewski [16] a utilisé I'entropie relative pour construire des solutions et prouver
leur convergence vers I’équilibre pour un systéme de dérive-diffusion-Poisson avec une
matrice de diffusion scalaire. En [17], il a été prouvé que la convergence est exponentielle.
Plus récemment des résultats sur le comportement en temps long utilisant des techniques
d’entropie ont été obtenus dans un domaine non borné avec un potentiel de confinement
[2| et pour des systémes bipolaires [3|, et aussi dans un domaine borné avec des conditions
de non-flux aux bords [9] et pour des systémes avec une diffusion non-linéaire [10]. Ces
résultats utilisant les inégalités de Sobolev logarithmique s’appuient fortement sur le fait
que les systémes sont isolés (la norme L' de la densité N est conservée). On se propose
de présenter un résultat d’existence et de comportement en temps long dans le cas ou
des contacts ohmiques n’assurent plus la conservation de la masse totale. Pour ce faire,
on utilise une entropie relative quadratique. Une idée similaire a été utilisée en |2| pour
analyser le trou spectral de I'opérateur défini en (3.1.1) et pour I’étude en temps long d’un
systéme couplé quantique-classique en [5].

Pour présenter nos résultats, on introduit maintenant le systéme stationnaire sur les
inconnues (Nu, Vo)

—div (D(V N + N VVa)) =0,  —AVy = Na. (3.1.4)
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On compléte ce systéme par les mémes conditions aux bords que le probléme dépendant
du temps :

N =N, etVo=1V, surdf. (3.1.5)

Proposition 3.1.3 Sous l'hypotheése 3.1.2, le systeme (3.1.4) (3.1.5) admet une solution
unique (Nuo, Vo) qui se met sous la forme Ny = use™ "> avec Vy, € C%(Q).

Nous allons dans cette partie énoncer deux résultats portant sur le comportement
en temps long des solutions de dérive-diffusion-Poisson d’une part, et d’autre part sur
I'existence de telles solutions. Plus précisément,

Théoréme 3.1.1 Sous les hypothéses 3.1.1 et 3.1.2 et si (N,V) est une solution de
(3.1.1) (3.1.3) telle que N € C(RT, L?(Q))NLE (RT, HY(Q)) et V € C(RT, H(Q)). Alors

il existe deux constantes C' > 0 et X > 0 telles que pour tout t > 0,
1N = Nooll2(@)(8) + IV = Violl ey () < Ce™™. (3.1.6)

On remarque que ce théoréme suppose de maniére implicite que la donnée initiale
appartienne a L?(Q), ce qui est plus fort que 'hypothése 3.1.2. En fait les estimations
a priori obtenues grace a ’entropie relative ne fournissent une borne sur la densité que
dans Llog L. Cependant, on peut montrer que les hypothéses du théoréme précédent sont
verifiées a partir d’un certain temps :

Théoréme 3.1.2 Sous les hypotheése 3.1.1 et 3.1.2, il existe une solution faible (N, V') de
(3.1.1)-(3.1.3) satisfaisant

N(1+ |log N|) € LE(RY, L' (w)), VN € L3R, H'(Q)) et V e LE(RT, H'(Q)).
(3.1.7)
De plus il existe T > 0 tel que N € C([T,+o0); L*(Q)) et V € C([T, +0); H(Q2)). Alors
on peut trouver deux constantes C' > 0 et X > 0 telles que cette solution satisfasse (3.1.6)
pourt >T.

Ce chapitre est organisé de la maniére suivante. Au paragraphe 3.2, on s’intéresse
au comportement en temps long des solutions et on prouve le théoréme 3.1.1. Pour cela
on montrera dans un premier temps la convergence de I’entropie relative vers 0 quand ¢
tend vers 4+o0o. Puis, on établira I'estimation 3.1.6 en linéarisant cette entropie. Dans
une derniére sous-partie, on rappelera, pour étre complet, dans un cas simple d’autres
techniques utilisant les inégalités de Sobolev logarithmiques. La section 3.3 est consacrée
a D'existence des solutions. De maniére connue, on obtient 'existence avec des techniques
reposant sur I'entropie dans un cadre Llog L pour la densité. Ensuite, en utilisant la
linéarisation de cette entropie, on obtient plus de régularité a partir d'un certain temps.

3.2 Comportement en temps long

Dans cette section, nous allons étudier le comportement des solutions en temps grand.
Pour cela il convient de s’intéresser au systéme stationnaire (3.1.4) (3.1.5). De maniére
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évidente, I’équation de dérive-diffusion implique que la variable de Slotboom définie par
Noe¥>< est constante sur Q. Elle est alors égale & sa valeur aux frontiéres du domaine
donc Ny, = use™ V> grace a 'hypothése 3.1.2. Alors V,, est la solution du probléme :

—AV = use V.

Donc (voir [15]) Vi est I'unique minimum de la fonctionnelle convexe

J(V) :/|VV|2dx—|—uoo/e_de.
Q Q

Compte tenu de nos hypothéses aux bords, on a que Vo, € C%(Q). On retrouve ainsi le
résultat énoncé dans la Proposition 3.1.3.

Pour prouver le théoréme 3.1.1, on va dans un premier temps établir la convergence
de I'entropie relative vers 0 puis prouver I’estimation 3.1.6.

3.2.1 Convergence de ’entropie relative

On définit 'entropie relative de (N, V') par rapport (N, Vo) par

N 1
B(t) = /(Nlog N N - N)de o+ —/ V(V = V)2 da (3.2.8)

Le lemme suivant établi la décroissance de cette quantité vers 0 quand ¢ tend vers 400 :

Lemma 3.2.1 Soit (N, V) solution faible de (3.1.1),(3.1.2) et soit (Noo, Vao) solution du
probléme stationnaire (3.1.4). Alors l'entropie relative definie en (3.2.8) decroit vers 0
quand t tends vers +o0o. Cela implique la convergence de N et V wvers N4 et Vi, resp.

dans L*(Q) et H'(Q).

Démonstration. Par un calcul direct utilisant (3.1.1), (3.1.2), (3.1.3), on a

2
dt Q u Q Uu

ou on a utilisé I'hypothése 3.1.1 dans la derniére inégalité. Donc I’entropie est une fonction
décroissante du temps et pour tout t > 0 on a

E(t)+oz/0t/ge“/¥ dwdr < E(0). (3.2.9)

Cette inégalité suffit & prouver le Lemme en reprenant I'argumentation de Gajewski [16].
Par soucis de complétude et de clairté, on reprend les grandes lignes de la démonstration.
Tout d’abord, il existe une suite ¢; — 400 telle que

N2
lim e—V“ﬂM dx = 0. (3.2.10)
j—=t Jo u(t;)
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De plus, on déduit aprés un calcul direct que
\V4 2
/ e—Vﬂ dx = / 4|VVN|?* dx + / N|VV|*dx + / 2N?*dx + [ Nyo,Vds
Q u Q Q Q a0

(ou v(z) est le vecteur normal sortant en x € 02 et ds est la mesure surfacique). Comme,
d’aprés I’équation de Poisson (4.1.4) et la régularité elliptique standard pour celle-ci, on a

Nb&,V ds
o0

< ClVllm@ < CUIN2@ + Vil ar290) < C + / N*dz,
Q

on déduit que

u

2
/e‘vﬂde/ZHV\/Nde—CO. (3.2.11)
Q Q

Alors (3.2.10) et (3.2.11) impliquent que [[\/N(t;)| g1y < C. A extraction d'une sous-
suite prés, on peut prouver que lim; . E(t;) = 0. Comme E est decroissant, on a :
lim; o E(t) = 0. Gréace a linégalité de Csiszar-Kullback [1, 12, 20|, on déduit que
IN = Nooll 1) (t) — 0 et ||V = Vo] mr ) (t) — 0, quand ¢ — +o0. 0

3.2.2 Convergence exponentielle

Danc cette partie on prouve la convergence exponentielle en temps long des solutions vers
les solutions du probléme stationnaire. On définit n = N — Ny et v =V — V. L’idée est
de linéariser I’entropie relative E par rapport a ces quantités. On pose donc :

1 2 1
L(t) = —/ ode o+ |Vo|* da. (3.2.12)
De (3.1.1), (3.1.2), on déduit que les quantités n et v sont solutions de :

o — div, (D(Vyn + N Vv 4+ nV, Ve +nV,0)) = 0,
(3.2.13)

—A, v =n.

De (3.2.13), (3.2.12) et aprés une integration par parties, il vient

d n n n
—L(t)=— | N,DV(— . — — D . — . 2.14
L) /Q <DV +0) - V(o 4 0) da /Qn Vo V(g +o)de. (3210

Grace a l'inégalité de Poincaré, le premier terme du membre de droite est controlé par
L(t). Nous allons montrer que le second terme peut étre controlé par le premier et par
L(t). Avec 'inégalité de Cauchy-Schwarz, on a

n

Neo

n

—H))-V(NOO

—/nDW-V(iﬂ) dz < 1/NOOIDV(

e}

+)d+1/”—21®v Vod
’U.Z’QQNOO v-vvar.
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Alors en utilisant I’hypothése 3.1.1 et le fait que N4, est borné inférieurement, on obtient

d

2
—L(t) < —C’l/(\V(L)|2+2n—+\Vv\2) dx+02/n2\vv\2dx, (3.2.15)

Neo

ou C7 et (5 sont deux constantes positives. Avec une interpolation, on a

Loy Il Fotey- (3.2.16)

InllZa) < lInll7s
Grace a l'injection de H'(Q2) dans L5(9) et la régularité elliptique de 'équation de Poisson
dans (3.2.13), on a

1 2 3 2 1 2 3 2
IVol3a) < V0]l o IVl 2600, < ClIVOIL G In )3 (3.2.17)

Donc en utilisant de plus le fait que N4, est borné inférieurement, on a aprés une inégalité
de Cauchy-Schwarz et en utilisant (3.2.16) et (3.2.17),

3/2 2

n

Neo

n
< (e

HY(Q)

+ —3||n||%2(9)

1/2
/an‘vvpdx < CIVOl2 o 220y

ol on a aussi utilisé le fait que Vv est borné dans L=(R, L?(2)) (voir (3.2.9)). Donc, en
se fixant € > 0 suffisamment petit, on déduit de (3.2.15) et de I'inégalité de Poincaré qu’il
existe deux constantes positives C; et C5 telles que

th( t) < —CyL(t) + CoL(t)*. (3.2.18)

On a vu dans la preuve du Lemme 3.2.1 qu'il existe une suite (¢;)jeny tendant vers
+o00 et telle que (1/N(t;))jen soit bornée dans H'(Q2). Gréace a I'injection H'(Q) —
L), |In(t;)||l 13 est bornée pour tout j € N. De plus, le Lemme 3.2.1 implique

lim; oo ||(2))]| 1) = 0. Donc, par interpolation, on déduit que lim; ., L(t;) = 0.
Par conséquent, on peut trouver ¢, tel que CoL(t,)* < C;/2. Avec (3.2.18), on a
d Cy
—L(t ——L(t,) < 0. 3.2.19
St < - < (3:2.19)

On définit Uensemble A := {t € [t,,+00) tels que Vs € [t,,1),CoL(s)® < £}, Par
continuité de L, A est un ensemble fermé contenant ¢, par (3.2.19). De plus, si t; € A,
par (3.2.18), on a

%L(tl) < —(Cy = CLL(ty)*)L(ty) < —%L(’fﬁ

Par continuité de L, il existe 6 > 0 tel que Vs € [t1,t; +0), L(s) < L(t;). Donc A est
ouvert et par connexité, A = [t,, +00) i.e.

Ve [t +00),  L(t) < L(t,)e~ 0=t
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3.2.3 Remarque dans le cas R?

Par soucis de complétude nous allons présenter de maniére succinte une analyse plus connue
du comportement en temps long, reposant sur les inégalités Sobolev logarithmique, dans
le cas ot 'espace d’étude n’est plus un borné mais R? tout entier (voir |2, 3, 10, 14| pour
plus de détail). On suit le développement présenté dans [3].

Tout d’abord, il convient de remarquer que dans ce cas la masse totale du systéme se
conserve :

Vi eRY, N(t,z)dx = | No(x)dx =N7.
R3 R3

On introduit I'entropie relative de (N, V') par rapport & (N, Vo) :

N 1
E(t) = /(Nlog 2 Ny = N)da + —/ V(V = Vo) da. (3.2.20)
Dans ce cas, N4 et V,, sont définis sur €2 par
Ni
No(z)= — "t o Vol@)
—AV, = Ng.

On peut montrer aprés un calcul direct utilisant (3.1.1), (3.1.2), (3.1.3) et les hypothéses
3.1.1 et 3.1.2 que
d DVu.V
—Et)=- NV g < —a/ N|V logu|? dx.
dt R3 u? R3
Par conservation de la masse, on a que la constante us, vaut us, = Nj/([ps €™ "> dz), o
N7 est la masse totale. Alors

d

—E(t) < —a/ N|V(log

Neéev
o - )|2dx.

o0

On rappelle 'inégalité de Sobolev logarithmique [2, 14, 19] : soient deux fonctions f et g
positives telles que fR3 fdx = fR3 g dx alors il existe un constante positive A telle que

[ rosttigyar< 5 [ nvion(s /o) e (3.2.21)

En appliquant (3.2.21) pour f = N et g = us eV, on a

N N N,
%E(t) < —-a\ | Nlog ————dz=—aX | Nlog N dr+ | Nlog —=— dx).

R3 Upo ™ Voo R3 o R3 U™V
Par I'inégalité de Jensen sur la fonction convexe —log, on a

N, N
_1 V.V 1 Vo=V Voo <V._V_— R
og — o — V —log (/R36 N dx) <Ve-—-V /R?)(VOO V) N dx
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Donc on aboutit a
N
dE() S—oz)\/ Nlog—dx—a)\ Vo) dx)

dt 5
S—o&\? Nlog—dx—oz)\f Vo (V — Vio)|? da,
R3

ot on a utilisé I’équation de Poisson (3.1.2) dans la derniére inégalité. On en déduit
donc avec 'expression de I'entropie relative (3.2.20) que £ E(t) < —aAE(t). Finalement,
E(t) < E(0) e=,

3.3 Existence des solutions

3.3.1 Cas d’une matrice de diffusion scalaire

Par soucis de complétude nous rappelons ici une méthode classique de démonstration de
I’existence des solutions au probléme dérive-diffusion-Poisson dans le cas ot la matrice de
diffusion vérifie D = Id. Dans ce cas, une estimation L? locale de la densité peut étre
obtenue et I'existence est alors prouvée par une méthode de point fixe.

Tout d’abord, nous introduisons N et V des prolongements de classe C? au domaine
) des données aux bords N, et V}.

Proposition 3.3.1 Soit T > 0 et soit Ny € L*(Q). Si (N,V) est une solution faible
de dérive-diffusion-Poisson (3.1.1)-(3.1.2)-(3.1.3) telle que 0 < N € C([0,T], L*(Q)) N
L*(0,T; HY(Q)) et V € C([0,T], H*(2)). Alors il existe une constante Cr ne dépendant
que de T, Ny, Vi, et ||No||r2(q) telle que Yt € [0,

t
IN| 22 (2) +/0 N30 do < Cr.

Preuve. On multiplie I'’équation de dérive-diffusion (3.1.1) par (N — N) et on intégre.
Apreés des intégrations par parties, on aboutit a

%% Q(N — N)%dx + /Q]D)(V(N —N)+ (N =N)VV) V(N = N)dz = -
/ div (DVN)(N — N) dz + / D(NVV) V(N — N) dx

Dans le cas ou la matrice de diffusion D = Id, on peut utiliser '’équation de Poisson
pour traiter le 3*™€ terme du membre de gauche, contrairement au cas d’une matrice non
scalaire :

/]D)(N—M)VV-V(N—M)@ZQ: /VN N)?-VV dx

/NN N)?
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Grace a la positivité de la densité, ce terme est positif. L’identité (3.3.22) devient donc

1d

S (N N) dx+/\VN N|2da:</ANN Ndx+/NVV V(N — N) dx.

(3.3.23)
Par construction, la fonction N est de classe C?, donc avec une inégalité de Cauchy-
Schwarz, on peut facilement borner le permier terme du membre de droite par C||N —
MHLQ(Q) ou C est une constante positive. Pour le second terme du membre de droite,
aprés des inégalités de Cauchy-Schwarz, on obtient

/QMVV'V(N—M) dr. < |V(N = N[220 N 24 IV V| 230

On peut maintenant utiliser la régularité elliptique de I’équation de Poisson qui nous donne
IVVza) < Ca||Nl|r2(q) + C3 < Cof|[N — Nl 20 + Ci.

Donc, on a
/ NVV - V(N — N)da. < % / V(N — N)[>dz + 05/(N — N)2do+Cs. (3.3.24)
Q Q Q

En injectant (3.3.24) dans (3.3.22), on obtient

1d

2 dt (N—Mpdx—l—/|V(N—M)|2dajSclHN—M|‘L2(Q)+C5/(N_M)de_i_cﬁ'
Q Q

Q

Le résultat énoncé dans la proposition s’obtient alors directement par un lemme de Gronwall.

O
Proposition 3.3.2 Soient T > 0 et Ny € L2 (Q). SiD = Id, il existe une unique solution
faible (N, V') au systéme (3.1.1)7(3.1.2)7(3.1 3) telle que
N e C(0,T], IA(Q) N 20, T HYQ), V€ O((0,T), HX(S).
Preuve. On construit 'application F' : N — N définie par :

1. Pour N > 0 donné, on résoud I'équation de Poisson (3.1.2) : —AV = N avec les
conditions aux bords V =V}, sur d€). On obtient alors V.

2. On résoud alors I’équation parabolique d’inconnue N :
N — div (VN + NVV) =0,
avec les conditions aux bords

N(t,x) = Ny(z) sur 0% ]V(O, x) = No(x) pour x € Q.
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Des résultats classiques sur les équations paraboliques [21]| prouvent 'existence et
l'unicité de N > 0 et permettent de donner un sens a l'application F' ainsi construite.
En s’appuyant sur I'argumentation de [22|, nous allons montrer que F' réalise une contrac-
tion sur I'espace My définie par My = {n : ||n||r < 1} ot la norme est définie par

T 1/2
[nllz = | max [ln(t )||L2(Q)2+/0 @)z @ dt} :

0<t<T

La valeur du paramétre T sera fixée durant la démonstration. Soient IV et N deux éléments
de Mr. On note 6F = F(N) — F(N) qui vérifie :

O OF — div (VOF + 6FVV + F(N)V(§V)) = 0, (3.3.25)
avec les conditions aux frontiéres
0F(0,2) =0 z€9Q; 0F(t,x)=0 x€ Jw.

En multipliant ’équation (3.3.25) par 6 F et en intégrant, on obtient aprés une intégration
par parties

5 dt/ \5F\2das+/ IV(§F)|? do+= / V((6F)*)-VV ala:+/Q F(N)V(8V)-V(6F) dx = 0.
Grace a I’équation de Poisson, le troisiéme terme s’écrit aprés une intégration par parties
/v«m% YV dr = / N((6F)2) dz > 0.

Pour le dernier terme, azec des inégalités de Caichy—Schwarz on a
| FEIVEV) - VG de < [VEF) o |9 e [V 6V) s

La régularité elliptique de 'équation de Poisson permet alors d’écrire ||V (6V)||p1q) <
C'1H5N||L2(Q On aboutit finalement a

En prenant N =0 dans cette identité, on trouve aprés une intégration
IF(N)|lr < CsT,

ot C3 est une constante positive qui ne dépend que des données. Bien évidemment on a
la méme estimation si on remplace N par N et donc en intégrant (3.3.26) il suit,

vt e 0,7, /\6F\2dx—|—/ /\v (GF)[2 duds <C4T/ |6N22 ¢ ds
< O4T2||§NHT

Donc en prenant T assez petit, F' réalise une contraction sur Mp. On construit alors
une unique solution sur un intervalle [0, 7y]. Ensuite, grace a I'estimation L? uniforme et
en changeant l'origine des temps en T, on peut prouver de méme l'existence et I'unicité
d’une solution sur [Ty, 27p]. En réitérant ce procédé, on construit une solution sur [0, 7). o
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3.3.2 Reégularisation

Dans la cas ot la matrice de diffusion D n’est plus scalaire, I’estimation L? sur la densité
n’est plus valable. Donc on doit travailler dans le cadre Llog L. Une technique classique
(voir |4, 25|) consiste a régulariser le systéme : pour € > 0 et m assez grand (m > 2 suffit),
on consideére le probléme modifié :

O;Ne — div (D(VN? + N*VV#)) =0 (3.3.27)
—(1 — eA)mAVE = N¢ (3.3.28)

soumis & la condition initiale régularisée N(0,x) = N%¢(x) et aux conditions aux bords :

Ne(t,z) =N, ; Ve(t,z)=V, et AV =..=A"™V=0 pourz € .
(3.3.29)
Pour ce systéme, on définit de méme les solutions N5, V2 du systéme stationnaire corre-
spondant. [’entropie relative de ce nouveau systéme est :

]]\i +NE - N)dz 4 % / (1= AV (V- VE)2de.  (3.3.30)
Q

o0

EE(t) = /Q (N*log

On définit Papplication F': N — N par :

1. Pour N donné, on résout I’équation de Poisson (3.3.28) et on obtient un potentiel

V.
2. Pour ce potentiel V', on résout dérive-diffusion 3.3.27 et on appelle N la solution.

On peut alors montrer de la méme maniére que dans la preuve de la Proposition 3.3.2 (voir
[22]; ce point est aussi détaillé au chapitre suivant avec en plus un couplage quantique)
que F' réalise une contraction sur {n : maxo<i<r Hn(t)”%z(m + foT ||n(s)||%p(m ds < oo}
pour T' < T} assez petit. Donc on construit une solution sur [0, 7p] qu’on peut étendre sur
[0,T] pour T quelconque.

Ainsi, on est capable de construire une solution (N¢, V¢) du probléme modifié (3.3.27)
(3.3.28) telle que N¢ € C(R,, L*(Q2)) et Ve € C(Ry, H™%(Q)).

3.3.3 Passage a la limite ¢ — 0

Pour obtenir des solutions au systéme non régularisé, il convient de passer a la limite
e — 0. Pour ce faire, nous allons tout d’abord obtenir des estimations indépendantes de ¢
puis utiliser une méthode de compacité de Aubin-Lions. On rappelle un lemme d’Aubin :

Lemma 3.3.3 (Aubin) Soient T > 0, ¢ € (1,+00) et soit (fn)nen une suite bornée
de fonctions dans L0, T;H) ou H est un espace de Banach. Si (fn)nen est bornée
dans L0, T;V) ou V s’injecte de maniére compacte dans H et 0f, /0t est bornée dans
L0, T; V") uniformément par rapport a n € N, alors (fu)nen est relativement compact
dans L(0,T; H).
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On a pour tout t > 0,

€ € €2
iEg(t) = —/ e_vvau Vu dr < —a/ e_vsi\VuJ dr.
Q 0

dt Uus U

Notre hypothése sur la donnée initiale Ny € L%°(Q) nous permet de borner l'entropie
relative initiale £°(0) par une constante Cj indépendante de e. Donc en intégrant sur [0, ¢]
pour tout ¢ > 0, on a :

K - [Vus|?
B () + a/ / VIV dr < B2(0) < o, (3.3.31)
0 Jo us

D’aprés le lemme 3.4 de [4], on a [|[AV®|[12@) < [|(1 — eA)"AV?||12(q). Donc on peut
montrer comme en (3.2.11) que

€2
/e_vswdxz/MVvNﬂde—C, (3.3.32)
) Q

u

ou C est une constante positive indépendante de €. Grace aux estimations (3.3.31) et
(3.3.32), on obtient directement que v/ N¢ est borné dans L2 (R, H'(Q))NL>*(R*, L?(Q)).

loc

En écrivant VN = 2\/NV\/N, on obtient par 'inégalité de Holder :

3/5 2/5
/\VV|6/5dx§26/5 (/\VJNP@) (/\\/N\?’dx) .
Q Q Q

Et avec une interpolation, on a
25 / / /
6/5 3/5 6/5
([VAP ) = IR < VRISV F
Donc avec I'injection H(Q) — L%(Q), on a :
3/5 9/5
9V de < VRIS IVR IS

11 en résulte que N° est borné dans L, °(R,, W6/5(Q)) indépendamment de . Et par
I'inégalité de Cauchy-Schwarz, on a pour tout ¢ € R*

t 2 t £ [ €2
Ne+ N
/ (/ \VNE+N5VVE|d:E) dt < sup ||N5HL1(Q)(3)/ / v +N5 vV dzdt.
0o \Ja 0o Jo

s€[0,t]

En rappelant I'expression de la variable de Slotboom u® = N¢e"", on déduit de (3.3.31) et
de Iinégalité précédente que le courant J° = D(V N4+ N°VV®) est borné indépendamment
de ¢ dans L2 (R, L'(Q2)). Donc avec I'équation de dérive-diffusion (3.3.27), on a que
Oy N¢ est borné dans L (RT, W~11(Q)). On peut donc utiliser le lemme d’Aubin pour en
déduire qu’il existe une sous-suite, que nous dénoterons abusivement N¢, qui converge vers
N dans L} (R, L*(2)). Pour ce N, on pose alors V la solution du probléme de Poisson

loc
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—AV = N avec les conditions aux bords V = V, sur 92. On a alors, V¢ — V dans
L} (RT HY(Q)). Par les propriétés de la trace et I'injection compacte de W1/26/5(Q) <

loc
L'(Q), on retrouve que Njgo = N,. De plus, grace a la semi-continuité, on a pour tout

t>0
¢ DVu. D
t +/ /e_v Vu vudxds<hmme6 // —ve DVE. Vs ———dx < (.
u

Ceci permet de récupérer la borne de /N dans L2 _(R*, H'(Q)) qu’on avait en (3.2.11) et
la borne de V dans L2 (RT, H'(2)). De plus, le courant est borné dans L} (R, LY(Q)).
Donc I'équation (3.3.27) pour € = 0 a un sens. On peut passer a la limite dans cette
équation de dérive-diffusion et montrer que le courant J° converge au sens des distributions

vers J.
On a alors obtenu des solutions (N, V) de (3.1.1)—(3.1.2)—(3.1.3) satisfaisant (3.1.7).

Remarque 3.3.4 Dans le cas ou on considére que le domaine n’est plus borné, il faut
de plus avoir une estimation sur |z|>N¢(t,x) dans L2(RT, L1(Q)) indépendante de e. En
effet, on n’a qu’une majoration sur la quantité fR3 N¢log N¢ dx et il faut pouvoir s’assurer

qu’elle n’explose pas vers —oo (voir [8]).

3.3.4 Reégularité en temps long

Comme dans la partie 3.2.1, on peut montrer grace a (3.3.30) et (3.3.32) que 'entropie E°
décroit vers 0 quand t tends vers +00. Considérons maintenant I’entropie linéarisée (avec
les notations n® = N° — N5, v* = Ve —VZ):

ﬁ@:%/82<1+{/wfmm (3.3.33)

Des calculs similaires a la partie 3.2.2 aménent a 'inegalité :

%EQ CCLLE(E) + oL (1), (3.3.34)
ou C; et (5 sont indépendantes de €. Dans la partie 3.2.2 on a démontré ’existence
de t= > 0 tel que L5(t£)3 < C/(2C,). Alors il existe deux constantes positives C' et A
indépendantes de ¢ telle que pour tout t > t5, L(t) < Ce ™. Le point crucial est de
trouver un tel ¢ borné uniformément par rapport a €.

Tout d’abord, on peut prouver facilement par une argumentation par ’absurde que
pour tout n > 0 il existe a(n) > 0 tel que,

5 2
(vs >0, Vt>0, /e—mt)% dr < a(n)) —  L(t)<n.  (3.3.35)
Q (0

Ensuite, I'inégalité (3.3.31) implique qu’il existe une constant positive Cy telle que

) [V (1)) 2
us (t=(T))

0

VT >0, 3t(T)€[0,T] tel que /e_vg(ts( dx < % (3.3.36)
Q
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Donc , en choisissant 1 = (C1/(2C3))"/3 dans (3.3.35) et T > Cy/a(n) dans (3.3.36), on
déduit que le ¢°(T") correspondant peut étre pris comme notre <.

Finalement, sur [T, 00) on a l'estimation Lf(t) < Ce*. Comme pour tout ¢t > T on

a L(t) < liminf,_o L5(t) < Ce ™ (L défini en (4.3.11)), on déduit que N appartient &
C([T7 00)7 LQ(Q)) O
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Chapter 4

Théorie L? pour le systéme DDSP
(dérive-diffusion-Schrodinger-Poisson)

Joint work with N. Ben Abdallah ! and F. Méhats 2.

4.1 Introduction and main result

In this chapter, we present the analysis of the DDSP system introduced in the beginning
of this PhD in the case where the diffusion matrix is assumed to be the identity. We recall
that this system models the transport of a particle system which is partially quantized in
one direction (denoted by z) and which, in the transport direction denoted by x, has a
diffusive motion. The system is at equilibrium in the confined direction with a local Fermi
level € which depends on the transport variable z. The variable x is assumed to lie in a
bounded regular domain w € R? while z belongs to the interval (0,1). The spatial domain
is then Q =w x (0,1). At a time ¢ and a position (z, z), we recall that the particle density
N(t,x, z) is given by :
+oo 6—6k(t,x) )
N(t,z,2) _Ns(t,x);M|Xk(t,x,z)\ , (4.1.1)

where the repartition function Z is defined by

“+oo
Z(t,x) =) e *Oo) (4.1.2)
k=1

IMIP, UMR 5640, Université Paul Sabatier, Toulouse.
2IRMAR, Université Rennes 1, Rennes.
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and (x, €x) is the complete set of eigenfunctions and eigenvalues of the Schrédinger op-
erator in the z variable

1
3 O2xn + Ve = €rx (k>1),

1 (4.1.3)
Xk(t,z,) € Hy(0,1), /0 Xk Xe dz = O -
The electrostatic potential V' is a solution of the Poisson equation
—-A, .V =N. (4.1.4)
The surface density Ny satisfies the drift-diffusion equation
0Ny — div, (V,Ng+ NV, V) =0, (4.1.5)
where the effective potential V is given by
Vi = —logZe_ek. (4.1.6)
k

The unknowns of the overall system are the surface density N,(t,x), the eigenenergies
€x(t, x), the eigenfunctions x4 (¢, x, z) and the electrostatic potential V (¢, z, z). The Fermi
level € is determined by :

Ng(t, x)

GF(t, J}') = log m

(4.1.7)

This will be useful for the study of global equilibria. The system (4.1.3) (4.1.2) is com-
pleted with the initial condition

N,(0,z) = N2(z) (4.1.8)

and with the following boundary conditions:

(4.1.9)
2.V (t,x,0)=0,V(t,z,1) =0, for z € w.

{ Ns(t,z) = Ny(z), V(t,x,z) = Vy(z,2), for x € Ow, 2z € (0,1),
In application like the Double-Gate transistor |4], the frontier 0w x [0, 1] includes the source
and the drain contacts as well as insulating or artificial boundary. On the other hand w x
{0} and w x {1} represent the gate contacts (in addition to possible insulating boundaries).
Mixed type boundary conditions are then to be prescribed. The boundary conditions
(4.1.9) do not take into account this complexity and are chosen for the mathematical
convenience : elliptic regularity properties of the Poisson equation (4.1.4) are needed in
our proofs.
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4.1.1 Main Results

Assumption 4.1.1
e The initial condition satisfies N? € L*(w) and N? >0, a.e.

o The boundary data for the surface density satisfy 0 < Ny < Ny < Ny a.e., where Ny
and Ny are positive constants, N, € C?*(0w).

e The Dirichlet datum for the potential satisfies Vi, € C?(0w x [0,1]) and the compati-
bility condition

Wy, Vi,

The first result of this paper is the following existence and uniqueness theorem:

Theorem 4.1.2 Let T' > 0 be fized. Under Assumption 4.1.1, the system (4.1.3)—(4.1.9)
admits a unique weak solution such that

N, € C([0,T], L*(w)) N L*((0,T), H'(w)), V e C([0,T], H*(Q)).

The second result concerns the asymptotic behaviour of the solution as times tends to
+o00. To this aim, we shall first define the notion of global equilibrium for boundary data,
under which we show that there exists a unique stationary solution, and finally prove that
the time dependent solution converges exponentially fast to this stationary solution.

Assumption 4.1.3 The boundary is said to be at global equilibrium if there exists a real
number u™® > 0 such that Vx € 0w, Ny(z) = u®e™V @ where V> is defined by

Vi¥(7) = —log(y_ e M),
k

In view of (4.1.7), it means that the Fermi level at the boundary is constant.

In this assumption, as well as in the sequel of the paper, for each potential V', the notation
€x[V] stands for the kth eigenvalue of the Hamiltonian —19? + V and y;[V] denotes the
corresponding eigenfunction (solving (4.1.3)).

The stationary problem reads

( —div, (V,N® + N®V, V) =0,
1
—55’3X2° + VX2 = €2 X7,

—AG LV = NP = Y P (4.1.10)

+oo

0o —€X
Z —Ee e

\ /=1
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with the boundary conditions

{ N2 (x) = No(z), VZ(z,2) = Vi(a, 2) forz € dw, z€(0,1), (4.1.11)

0.V=(x,0) =0.V>(x,1) =0 for z € w,
where we have used the short notation €° for €,[V>°] and x° for xx[V .

Proposition 4.1.4 Under Assumptions 4.1.1 and 4.1.3, the stationary problem (4.1.10)
(4.1.11) admits a unique solution such that N° € C*(w) and V™ € C?*(Q).

The following theorem proves the exponential convergence of the time dependent so-
lution towards the stationary one.

Theorem 4.1.5 Let Assumptions 4.1.1 and 4.1.3 hold. Let Ns,V and N2°, V> be respec-
tively the time dependent and the stationary solutions defined respectively in Theorem 4.1.2
and Proposition 4.1.4. There exist two constants A > 0 and C' > 0 such that for all t > 0,

1N = Nl 2oy () + IV = V=l (t) < Ce™™.

The outline of the chapter is as follows. In Section 4.2, we prove Theorem 4.1.2. The
strategy of the proof as well as various notations are detailed in Subsection 4.2.1. Let
us just mention that two essential ingredients are used : the first is a relative entropy
inequality which provides preliminary estimates on the solution, which are then completed
with an L? estimate on the surface density. The second ingredient is the analysis of
the Schrédinger-Poisson system (4.1.3)-(4.1.4) which is shown to be uniquely solvable by
convex minimization techniques in the spirit of |28, 29, 30|. Section 4.3 is devoted to the
proof of Theorem 4.1.5 which uses a quadratic approximation of the relative entropy given
in section 4.2, and which is a Lyapunov functional for the linearized system around the
stationary solution. We will usually refer to the Appendix (at the end of this PhD) for
some technical lemmata and classical results for Sturm-Liouville operators.

4.2 Existence and uniqueness (Proof of Theorem 4.1.2)

4.2.1 Notations and strategy of the proof

As done in [7], we view the system as a two dimensional drift-diffusion equation (4.1.5) for
the surface density coupled to the quasistatic Schrodinger-Poisson system (4.1.3), (4.1.4).
The drift-diffusion equation determines the value of the surface density in terms of the elec-
trostatic potential, while the Schrédinger-Poisson systems allows to compute the potential
as a function of the surface density.

The overall problem is then solved by a fixed-point procedure for the unknown N, as
for the standard drift-diffusion-Poisson problem [18, 26, 27|. The global in time existence
heavily relies on an entropy estimate.

The first block now in the proof is to consider the quasistatic Schrodinger-Poisson
system which consists, for any given nonnegative function Ny(z) defined on w, in finding
a potential V(z, z) defined on  and satisfying
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(( —A,.V =N(z,2); (2,2)€Q
R~ el 2 s €e(2)
N(w2) = No(e) 3 o a2 2(a) = 3 e
k=1 =1
1 4.2.12
P V=6 (k2 1), 4212
1
Xk(t7xa') € H01(0a1)7 / XkadZ:gkf7

0
| V=V,ondwx(0,1), 0,V(z,0)=0,V(z,1) =0 forz € w.

For this problem, we have the following result whose proof (which relies on technical
properties of the spectrum of the Hamiltonian stated in the Appendix) is postponed.

Proposition 4.2.1 Let N, € L*(w) such that Ny > 0. Then the system (4.2.12) admits
a unique solution (V,(€x, Xx)k>1), which satisfies the estimates ||V g2 < C(Ny), the
constant C(N,) depending only on the L*(w) norm of Ny. Moreover, for two arbitrary

data N4 and ]/\75, the corresponding solutions satisfy :
|V = Va2 < C(Ng, Ng) [[Ns — Nyl £2(0)-

In order to prove existence of solutions of the overall problem, we need to show some
a priori estimates for the solution. We shall begin with a relative entropy inequality (see
e.g. |2, 3, 16| for classical counterparts), then show a uniform LP estimate for the surface
density. In order to do so, we proceed like in the standard drift-diffusion case [18] and

define the slotboom variable
u=e"r = %. (4.2.13)
Z

We also define the surface current density

Jo==VN, = N,V,V, ==Y e “V,u, (4.2.14)
k

in such a way that the drift-diffusion equation is written
O¢Ns + div, Js = 0.
We denote by p; the occupation factor of the kth subband
pr=ue (4.2.15)

so that

N:Zpk‘ka ; Ns:Zpk-
! p

Now we introduce two extensions Ny and V of the boundary data. These extensions
are respectively defined on w and €2 and chosen in such a way that
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e N, € C*(@), 0 < N; < Ny < N, with two nonnegative constants N; and N», and
Nilow = Np.

e V € C%*(Q) and satisfies the boundary conditions: Vl]owx(,1) = Vi and for all z € w,
0.V (x,0)=0,V(x,1)=0.

It is clear that for regular enough domains such functions exist. Solving (4.1.3) with V/
instead of V', we find two sequences €;[V](z) and xx[V](z, 2), that we shall shortly denote
by € and y;. We then define u, €p, Z and p; by

It is readily seen that
IVot/ul| o) < 0. (4.2.16)

The relative entropy of (pg, V') with respect to (px, V) is defined by :

1
W = Z/(pklog(pk/@)_pk+&)dx+§// Voo (V = V)|? dedz
k w Q

(4.2.17)
+/ D ue (V] = V] = (xa(V = V) da,

where we use the notation (f) = fol fdz. As will be shown later on, the three terms
of right hand side of the above identity are nonnegative. Besides, W has the following
compact form

W://Q (N(€r —V — (€5~ V) — N + N) dxdz+%//Q\Vx,z(V—Z)dedz.

Let us comment on this formula. One can note that the familiar form of the relative
entropy for classical drift-diffusion systems is recovered here. The main difference is that,
in the classical case, the relation between the Fermi level, the electrostatic potential and
the density is local: €x—V =log N (see e.g. [2, 10, 18]), while here this relation is non local
in space. This form is also similar to the one recently obtained in [20| for a fully quantum
drift-diffusion model (QDD). This model was derived in |[13] by following the strategy
of quantum moments developed in [15]| (see also the review paper [14]). It consists of a
3D drift-diffusion equation involving a quantum chemical potential which depends on the
density in a non local way, via the resolution of a quasistatic auxiliary quantum problem.
In the QDD model, the quantum chemical potential is the generalization of the term
€r — V of the present model.

The following two propositions provide some a priori estimates needed for the resolu-
tion of the coupled system:
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Proposition 4.2.2 Let T>0. Let (Ng, V) be a weak solution of (4.1.5), (4.1.3), (4.1.4),
(4.1.9) such that N, € C([0,T], L*(w))NL*([0,T), H(w)) and V € C([0,T], H*(?)). Then
we have

Vit € [0, 7], 0<W(t) < Crp,
where Cr is a constant only depending on T', W(0) and u.

Proposition 4.2.3 Let T > 0 and assume that N° € LP(w) for some p € [2, +oo] and let
(N, V) be weak solution of (4.1.5), (4.1.3), (4.1.4), (4.1.9) such that N, € C([0,T], L*(w))N
L*([0,T], H (w)) and V € C([0,T], H*(Y)). Then

N, € C([0,T], LP(w)),

for any T > 0, with a bound depending only on T, Ny, Vy and ||N2||1r(w)-

4.2.2 Proof of the entropy inequality

The aim of this subsection is the proof of Proposition 4.2.2. Let (N, V') be a weak solution
of (4.1.5), (4.1.3), (4.1.4). Since V € C([0,T], H*(2)), by Lemma B.0.9, we deduce that
Vi € C([0,T], H*()). This is enough to ensure that N, > 0, thanks to the maximum
principle for parabolic equations (see for instance [25]).

The relative entropy is the sum of three positive terms.

Let us now show that the relative entropy W defined by (4.2.17) is nonnegative. This is
obviously the case for the two first terms. In order to deal with the third one, let us denote
€; = €[sV + (1 —s)V], and x§ = xx[sV + (1 —s)V]. Straightforward computations using
Lemma B.0.3 of the Appendix lead to

Zue—ek €xlV] — €[V] - <|Xk\ (V- V)))
/ /1 —c XSV = V)x$)? dods > 0,

. 60'
k 0k

since the sequence (€, = €,[V])x>1 is increasing. This is enough to conclude that W > 0,
as the sum of three nonnegative terms.

The initial relative entropy is finite.
Since N? € L?(w), then by Proposition 4.2.1 we have V € H?(Q2) C L>(Q). From Lemma
B.0.1 we deduce that

1
€ — §7T2/€2!|Loo(w) < [[Vlz=(@)-

This is enough to deduce that W (0) < +oc.

Relative entropy dissipation.
Let us now compute dW/dt. We first remark that

d
o7 >, /(pk log(p/pr) — pr + pi) dz =" / Brpx log(pi/ pr) do
k w k w
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Taking advantage from the identity Ny, = > p, and from log pr, = logu — €, the right
hand side is equal to

/ O, N log(u/u) dx — Z / Oipr, (€, — €) da.
w k w

With the identity 0,€;, = (|xx|*> 3;V) (see Lemma (B.0.3)) and (4.1.5) we obtain

dtz/ pr10g(px/pr) — pr + pi) dx = /lem (Z e~V U) 108; dx
/Zpk Ek—Ek dl’
// ZPk|Xk| 0,V dxdz.
Qg

The Poisson equation and the fact that V' =V on 0w x (0,1) give
/ Voo (V =V)|?dzdz = / ON(V —V)dxdz
dt2 O

—i// N(V—K)dmdz—/ NOV dzdz.

By using (4.1.6) and the expression of pg, we obtain

d . ) e,
EW_/MdIVI (%:e Vzu) log(u/u) dx

After an integration by parts, we deduce thanks to u = u on Ow that

—W— /Z o [Vl /Ze—ekw dz. (4.2.18)

In the sequel, we shall use the notation

2
) :/Ze—ek% dx (4.2.19)
Yok

and we shall refer to this term as the entropy dissipation rate. Let now define § =
| Vaou/u| ooy < 400 (from (4.2.16)). A straightforward Cauchy-Schwarz inequality leads

to:
d
%W +D < 5\/5\/ | Vs 21 (w)-

Using the inequality 2ab < £2a® 4+ 1/£2b? for € > 0 small enough, we get

d
—W < C| Ny 1
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Since the function F'(t) = tlog(t) — t + 1, satisfies F'(t) >t + (1 — e), we obtain

W = Z/&F(Pk/&)dxzz/@(Pk/@ﬂLl—e) dx

E/Nsdas—(e—l)/&dw,

which leads to the differential inequality

%WSO/NSCZ:ESO(W+00),

where Cj only depends on the data of the problem (and not on the considered solution).
The Gronwall lemma implies W (t) < Cr for all t € [0,T], where Cr only depends on T,
W (0) and data (W(0) < o0 if N? € L*(w)).

Remark 4.2.4 The above manipulations are formal for weak solutions (defined such that
N, € C([0,T], L*(w))). To make the argument rigorous, it is enough to regularize the
data, obtain a regular solution for which the result holds, then pass to the limit in the

regularization parameter and use the uniqueness of the weak solution (proved in Section
4.2.5).

4.2.3 Proof of the P estimate

The aim of this subsection is the proof of Proposition 4.2.3. We have seen in Section 4.2.2
that W(0) < C(||N?||12(.)). Hence Proposition 4.2.2 implies

vVt <T, VOl + INs(O)lpr ) < Cr (4.2.20)

Thanks to the Trudinger inequality (B.0.18) and to (B.0.16), as well as Lemma B.0.8 the
functions

) 6—€k(t,x) )
St =sw bt )i Sn) = St (@) (@221
k>1 : Z(t, )
2 k>1
are in L>((0,T), L?(w)) for any finite p and satisfy the bound
Vp < +00, ||Sl(t, ')HLP(w) + HSQ(t, -)HLp(w) < Cp, (4222)
where C), is a constant only depending on ||V (t)|| g1(q). From now on, we denote
ng=Ng—Ny; ; n=N-N ; v,=V,=V, ; v=V-V. (4.2.23)

Proof of Proposition 4.2.3 for p € [2,+0).
Multiply (4.1.5) by n4|ns[P~2 and integrate on w. After an integration by parts, we get

1d —1
——/\n5|pdx+(p—1)/|Vzn5|2\n5|p_2dx+p—/VI|ns|p-VzVSda::
pdt J, w P Jo

= /Ax&ns|ns\p_2dx+/divr (&vas)ns\ns|p_2 dx.
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The last term of the left hand side can be written after an integration by parts
-1
_p=- / |ns|PALV; da.
p w

The above computations follow closely the standard drift-diffusion Poisson system for
which the above term is nonnegative. In our case however, —A,V, # N, which induces
additional difficulties. Indeed, with the Poisson equation (4.1.4), we have: —A,V =
02V + N. And, after some integrations by parts,

(O2VIxkl?) = 2(Vxa®2xn) + 2(V 02 xx[?)-
Thanks to the Schrédinger equation (4.1.3), we have:
Exr =2V —€)xr  and  2(V|xe*) + 0. xx* = 26

Thus,
2V Pxl?) = 40V xl?) + 20V + €)[00]?) — 4€2.
These remarks lead to the following identity :

(N? +4V2N) e
—AVs = ASE) T +2 Zk: 5 ((V+€)loxl)

1 e — e & 2
220 (7@, " ) Oenxe Vi V) (4.2.24)

k(£
e 6k ) 9 e 6k ) ?
+Z7<|Xk| V.V — Z7<\XM V.V o,
% %

where Sy is defined in (4.2.21). By the Cauchy-Schwarz inequality, the sum of the last two
terms of the right hand side is nonnegative. Moreover, except for the first one, the other
terms are obviously nonnegative. By an integration by parts, we deduce

1d
—a/|n8\pdx+(p—1)/\Vxn8\2|n8\p_2dx§I+H+H[ (4.2.25)
p w w
where .
I = 4p—/|ns\p52dx,
P Ju
V— /Am&ns|ns\p_2dx,

I = / div, (N;V,.Vi)nsnsP~* dz.
w
Let us now analyze each term separately.

Estimating 1.
Thanks to the Holder inequality, for all » > 1 and ' = r/(r — 1) we have:

p—1 5
I= 47/ [P Sy d < Cll|nal |70 | S2ll -
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By applying Gagliardo-Nirenberg and Young inequalities we have for r > 1

2 2/r

. 2(1—1/r) 1 . 112
2], <c|ms] <o Zmtt +e5 flnlt], ).
L27 (w) H(w) er H(w)
By using the estimate (4.2.22) and Poincaré inequality we obtain
< |2, + cg/ V.| P22 de. (4.2.26)

Estimating I1.
This is an easy task. By a straightforward Hélder inequality, we have

11| = / AuNgngln 2 de| < gl 118 Nell oo (4.2.27)

Estimating 111.
This term needs more work. We first begin by an integration by parts and obtain

—€g
IH:—(p—l)//&Z %\XHQVIV-Vxns\n5|p_2dxdz.
@ k

This leads to the inequality
11 < (p— D]V~ / 1,(t,2)| [V V] V] [P 2 dud,
Q

where S is defined in (4.2.21). Taking advantage of (4.2.22), we find after a Holder
inequality
[IT| < Co | Nall 2o IVa V| 2ol Va2 - (4.2.28)

for any (¢, r) such that ¢ < +o0o0 and r > ¢/, where ¢ = ¢/(¢ — 1). By choosing r =
we have by a Holder inequality

L
-1’

_9 p=2

IV arnslng P72 < ([Vanslng] 2 |[2llnsll 2 -

Now one can apply (4.2.28) with any ¢ > p. By choosing ¢ close enough to p, the following
Sobolev inequality holds

IVeVile < Ci[[Vilwes < Col| N

Ls + 03
for some s < p. Using again the inequality
N < NSy, (4.2.29)

where S; is defined by (4.2.21) and satisfies the uniform bound (4.2.22), we immediately
obtain ||N||ps < C||Ng|lr < C(||Ngllrr + ||7s]|2r). Besides, we have

/\V nsng|P 2 de = —/\V ns|P’?)|? da. (4.2.30)
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All in all, (4.2.28) becomes
—2)/2
111| < CIValnsl) |2 Insl 8 2 2 (Insll oy + [ Nall o) + 1),

which leads, after a Young inequality to

Cs

Cy
111 < € [ [Vl do+ Sl + Sl (4.2.31)

where ¢ is an arbitrarily small constant and C4, Cy, C3 are independent from e.

Consider now the inequality (4.2.25). Inserting the inequalities (4.2.30), (4.2.27),
(4.2.26) and (4.2.31) in (4.2.25) and fixing ¢ small enough, there exists A > 0 and non-
negative constants still denoted by C, Cy and C3 such that

1
o [z a [ 19 i
e / noJ? da + Colln |52, + Callna|232,

A Gronwall argument leads to the boundedness on [0, 77 of ||ns(t)|| £r(w)

Proof of Proposition 4.2.3 for p= +o0.

Since Ny € LP(w) for all 1 < p < 400, then by (4.2.29) and (4.2.22), n € L"(Q) for all
1 < r < 4o00. Therefore the Poisson equation (4.1.4) leads to V € W?27(Q). By Sobolev
embeddings, the potential V' lies in L>°([0,7] x ). Hence from (4.2.24) and (B.0.2)
we deduce that there exists a nonnegative constant a such that A, V, < a. We use the
standard notation f, for the positive part of f:

ﬁ:{giwza

else.
Let us define
A(t) = Ae, where A > max(||N] ||z (w), [| Vol 2 (ow))- (4.2.32)
Then, from (4.1.5) and the choice of a,
(N — A(t)) — div, (Vo(Ns — A(t)) + (Ny — A())V,V;) <0

Multiplying this equation by (Ny— A(t)), and integrating over w, we get after an integra-
tion by part

1d , .1 ,

5T (N A)%de + [ |Vu(Ns — A())4)* do + 5 Va(Ns — A(t))1 Ve Vide <O0.

After another integration by parts and since A,V; < a,
d
dt

We deduce from this inequality and the choice of X in (4.2.32) that for all ¢ € [0,T],
N, < A(t) thus N, < \e?T .

(v a2 do - a/(NS _A@®) dx < 0.

w
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4.2.4 Analysis of the Schrodinger-Poisson system
In this subsection, we prove Proposition 4.2.1. We use the functional spaces
={VeH(Q) :Vze€dw, z€0,1], V(z,2) =0}

and

LELY(Q) = {u € Lj,.(Q) such that |[u| 1220 (/ [u(z, ) Za0.) dx) < +o0}.
Thanks to Gagliardo-Nirenberg inequalities and interpolation estimates, one can prove the

Lemma 4.2.5 We have the Sobolev imbedding of H*(Q) into L2LX().

Let Vo € H%(Q) be such that V5 = V, on 0w x (0,1) and 9.Vy(x,0) = 9,Vy(z,1) =0
for all x € w (for instance we can take Vj = V). Proceeding as in |7] and in the spirit of
[28] we can show that a weak solution of (4.2.12) in the affine space V, + H! is a critical
point with respect to V' of the functional

J(V.Ns) = Jo(V) + Ju(V, Ny)

1
— 5// |VWV|2+/N8 logZe‘e’“[V] dz,
Q w k

where we recall that (€,[V]),., denote the eigenvalues of the Hamiltonian ——d—2 +V, e
satisfy (4.1.3).

The functional Jy is clearly continuous and strongly convex on H'(£2). The analysis of
the functional V' — J;(V, Ny) relies on the properties of €,[V]. From the inequality (see
Lemma B.0.1)

€xV] = EV]I(z) < V() = V(@ )=o)

and
Zk 4 Z 4 V]+sup,(|€¢[V]—€,[V]])

Zk e_ek[‘w/] - Z e_ek

)
we deduce

[V, No) = IV, ) /\N sup ‘E’f[ I- E’“[‘N/H(m de (4.2.33)

< ||NSHL2(w HV - VHL%L‘Z’O(Q)‘

The functional J;(-, N,) is globally Lipschitz continuous on L2L%®(Q), thus on H'(),
thanks to Lemma 4.2.5.
Next, Ji(-, N;) is twice Gateaux differentiable on L°°(Q) and

N,
R NW W =~ [ = Y T W da

k(£ k_e

[ - (zke-ﬁkgwwy}dx.

k
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When N; is nonnegative, this quantity is nonnegative thanks to the Cauchy-Schwarz in-
equality. Thus Ji(-, Ny) is convex. As a consequence, the functional J(-, Ny) = Jy +
Ji(+, Ny) is continuous and strongly convex on Vy + H.. Moreover, using the Poincaré
inequality on H! and (4.2.33) with V = 0, we have

JV.N.) 2 CV ey — ClINull ey IV sy + (0, o),

thus J(-, N,) is coercive and bounded from below on H! : it admits a unique minimizer,
denoted by V', which is then solution of our problem with the boundary conditions (4.1.9).

Now we prove the H? estimate of V. Since V is a minimizer of J(-, N,) we have
J(V, Ng) < J(0, Ns). Thus,

1
5/ IV,.V*drdz < J,(0, N,) — Jy(V, Ny).
Q

Applying (4.2.33), we deduce that V is bounded in H'(€2), with a bound only depending
on the L? norm of N,. Therefore the function S; defined in (4.2.21) satisfies the bound
(4.2.22). Since N < N,S;, we deduce that the density N lies in L"(§2) for any r < 2, which
implies by elliptic regularity that V € W?27(Q). This implies that V actually lies in L*
which leads, in view of (B.0.16), to S; € L>®. Therefore, N is bounded in L*(Q2), which
gives V € H?(Q) thanks to the elliptic regularity.

Let us now prove the Lipschitz dependence of V' with respect to N, in H?(Q). Let V
and V denote the minimizers of J(-, N,) and J(-, N, s). Using the linearity of J; with respect
to N, its Lipschitz dependence with respect to V from (4.2.33), the strong convexity of
J and the fact that V minimizes J(-, N,), we get

1 ~ ~
GV =Vling < JV,No) = J(V. Ny)

= Ji(V,N, = N,) — Ji(V, N, — N,) + J(V,N,) — J(V, N,)
< CNV = Vv INs — Nl 2w

Thus, we have first the Lipschitz dependence of V in H'(Q). The Poisson equation gives
~A(V —=V)=N—N, and

N N N -~ e e 2
N_N: NS_NS NS — —
( >§kj 2N - )
+NZ

X |)

(we denote €, instead of €,[V] and Yy instead of y4[V]). With Lemma B.0.4,

< 01602(||V||L§+||‘7||Lg)HV — V. (4.2.34)

Ixe — Xxllz
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Denoting xj = Xk[?+s(v — V)] and € = €[V + s(V — V)], we have with Lemma B.0.3,
(= o= [ DGR et et
2pe 2 e

k PV — T)peci
/0 zk: >

Thus, since we have proved that x; € L>(Q2), Vs € [0, 1], we deduce

()

Hence, from (4.2.34) and (4.2.35), it yields,

‘Xk‘2d8'

<OV =V (4.2.35)

IN — N|z2@) < ClINs = Nyllz2@) + CIV = V2@

Finally, from the Lipschitz dependence of V with respect to N, in H'(Q), we have locally
|V =Vlr2) < C||Ns— Ngl[ 22y Thus, [N =N r2q) < C||Ng — Ns||12() with a constant
C depending on ||Ns||z2() and || Ns||z2). Applying the elliptic regularity, we conclude
IV = Vllm0) < CUNslL2)s 1Nsllp2@) INs = Nillz20).- O

Remark 4.2.6 We can also solve this problem by assuming that u € L?(w) is given such
that u > 0. More precisely, the system (4.1.3), (4.1.4) is now written

1
5 33Xk +Vxi = €

—A,.V=u Z Ixe|? e
!

Following the same idea as above, a weak solution of this system in the affine space
Vo + H(2) is the unique minimizer with respect to V' of the convex functional :

1
— 5// |VxV\2dxdz+/uZe_€k[V] dr,
Q w 3

(in fact, for H' potentials, it is not guaranteed that this functional takes finite values;
to circumvent this difficulty, one can instead solve an auxiliary problem where the expo-
nential is truncated for negative arguments, then estimate its solution and show that it is
nonnegative). As before, we have V € H*(Q) for u € L*(w).

Proof of Proposition 4.1.4. We consider the stationary problem (4.1.10) (4.1.11).
First, we remark that the stationary drift-diffusion equation and the boundary conditions
gives

—div (Z e %k Vu) =0 for z € w,

u=u> for x € Ow,
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Thus u = u*. Then (4.1.10) can be written

1 o oo, 00 o o
_5639% + VX =€ Xk s
—A,V® =u™ Z I |Pe k.

k

And the solution of this Schrodinger-Poisson system is the minimum of the convex func-
tional (see Remark 4.2.6) :

1
J(V) = —// |V, ZV|2dxdz+/u°°Z€—€k[V} dz,
2 /Ja ' 5 k

where (€;4[V]),>1 are the eigenvalues of the Hamiltonian, i.e. satisfy (4.1.3). 0

4.2.5 Proof of Theorem 4.1.2

The proof of existence and uniqueness relies on a contraction argument in the spirit of
[26]. We first define the map F': N — N; as follows :

Step 1. For a given Ny > 0, solve the Schridinger-Poisson system (4.2.12) as in Section
4.2.4. From the obtained V' € C([0,T], H*(Q2)) (see Proposition 4.2.1), define V; by (4.1.6).
Thanks to Lemma B.0.9, V; belongs to C([0,T], H*(w)).

Step 2. The surface potential V; being known, solve the following parabolic equation for
the unknown Ng:

O.N, — div ,(V, N, + N,V,V,) = 0, (4.2.36)

with the boundary condition:
]/\f\s(t,x) = Ny(x) for x € Ow, (4.2.37)

and the initial value: .
Ny(0,z) = N2(x) for v € w.

Standard results on parabolic equations ([25]) leads to the existence and uniqueness of the

—~

solution N, of (4.2.36), (4.2.37). Of course, Ny > 0. The map F' is then defined after these

—

two steps by F'(N;) := N;.
Let us now show that F' is a contraction on the space M, defined by M,r = {n :
|In|lr < a}, where the norm is:

T 1/2
[n[lr = | max ||n(t)H%z(w)+/ Hn(t)llip(w)dt] : (4.2.38)
0

0<t<T

These two parameters T and a will be specified later on. Let N, and jV: be two elements

—~

of M, r. The difference 0F = F(N,) — F(Ny) verify

—

0,6 F — div ,(V,0F 4+ 6FV,V, + F(N,)V,0V,) =0, (4.2.39)
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with the notation 6V, =V, — 175 The boundary conditions become :
0F(0,z) =0, Vrecw; OF(t,z) =0, Vz € dw, Vte[0,T].

Multiplying (4.2.39) by §F and integrating on w, we get after an integration by parts
2dt/\§F\2das+/|V (6F) \2das+/v (0F)(5FV,V, + F(N,)V,(6V,)) dx = 0.

The Cauchy-Schwarz inequality applied to the third term leads to:
1d
2dt

Thus,

SNSFIR: + IV 6F) 32 < Va0 lse (I6FV.Villse + 1F(N)Va(dV2)lls2)

d _
ZSF2, SJO0F)% < 20FV, V|22 4+ 2| F(N,)VL(6V5)22
OFlz: + [Va(OF)lze < 2[0FVaVillze + 2/ F(Ns)Va(0Vo) I (4.2.40)

N

2P IZ IV Vill3a + 21 F (N 3411V (6V) s

Besides, we have

| S o DaxlVaVe e dz|
e €

where Sy is defined by (4.2.21). From Proposition 4.2.1 and the fact that Ny € M, r, we

deduce that

1
V.V = < |Sy(t, ) / V.V dz,
0

max [V ()]s < Ci(a).

0<t<T

where C(a) is a constant only depending on a. From Lemma B.0.9 and the imbedding
H?(Q)) — L*(9), we deduce the pointwise in time inequalities

mae (|52(0) |~ + Vs (0)]l20)) < Cola).

0<t<T

From Lemma B.0.9 and Proposition 4.2.1, we know that there exists a constant Cs(a) such
that,
IVa(0Vo)lle < ClloVillmz) < Ca@) N5 22wy

Inserting the above inequalities in (4.2.40), we obtain the inequality

d
—l6F 12+ IVa(F) 2 < Cala) (I8F 2 + 1P (NIESNIIZ=)

The Gagliardo Nirenberg inequality leads to

d 1

8P 3 + SIV.O)Ee < Cala) (I6FIF + IF(NDIZIISNGE:) . (4:2:41)
Taking ]VS = 0 in the above inequality leads to

CIRN) ~ FOI+ IV (FN) ~ FO)Is <
Ci(a) (1P (V) ~ FO)Z + IFOIN.IZ)
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which implies
IF(N)@) = FOWI: < 1F0N)0) — FO)0) [ "
t
+C’4(a)||F(0)||%4/ 1N, (7|22 €S2 @0=D) g7
0

We then obtain
IF(N)lz < Cs(a)e™ @7,

where || - ||z is defined in (4.2.38) and Cjs only depends on a. Of course, since N, and N,
play the same role, we obviously have

IF(N,)|l7 < Cs(a)eC@T. (4.2.42)

Let us now go back to (4.2.41), which after a Gronwall inequality yields

t o~
BE@I2 < Ca(a)]|5N, / CHOE) | (W) ()| dr
0

Ci(a) e [|3N, HT/ I FN) ()22 IV (N,) (1) 12 dr
< Cufa) e ||oN, HT\/_HF( 7

IA

We then deduce from (4.2.42) that
IOF ()]l < Cola) TV T 6N |7

Let us now take a = 2||F(0)||; and choose the parameter 7" < 1 small enough so that
Ce(a) T4 e“6@T < 1/2. Since || - || is increasing with respect to T, it is readily seen that
F'leaves M, r invariant and is a contraction on this set. We have then constructed a unique
solution on a time interval T, which only depends on the L? norm of the initial datum and
on the H1/2(0w) norm of the boundary values for N, and V;. In order to construct a global
solution, we take Ty as the origin and prove as above the existence and uniqueness of the
solution on [Ty, 2Tp]. This is made possible thanks to the locally uniform in time L? a priori
estimate on the self-consistent solution, given in Proposition 4.2.3. Proceeding analogously
we construct the solution [27}, 3Tp] until covering completely the interval [0, T7.

4.3 Long time behaviour

The study of the exponential convergence to the equilibrium is established in two steps.
First we prove the convergence towards 0 as ¢ goes to +oo and the decreasing of the
relative entropy defined by

win= 3 / (Pelog(pu/ p2) — i+ p2) do + - / Van(V = V)P drdz

/Zue € (Ek — €x[V™] — / Ixe2(V — Voo)dz) dx,

(4.3.1)
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where we define p° = u>®e~% . We denote
n=N-N* ov=V-V>®  ov,=V,-V> ng=N;,— NZ. (4.3.2)
We deduce:

omng — divy, (Veng + N°V,vs + ngV, V2 +n,V,v,) =0,
(4.3.3)
A, v =n.

Next we consider a quadratic approximation of the relative entropy and prove its expo-
nential convergence to 0 as ¢t goes to +oc.

In the sequel, the letter C' stands for a positive constant depending only on the data
and e stands for an arbitrarily small positive constant.

4.3.1 Convergence of the relative entropy

This section is devoted to the following preliminary result:

Proposition 4.3.1 Under Assumption 4.1.1 and 4.1.3, the solution of the drift-diffusion-
Schrodinger-Poisson system (4.1.1)-(4.1.9) is such that :
(i) The relative entropy W defined by (4.3.1) is decreasing and

lim W(t) = 0.

t——+o0
(ii) We have ny, — 0 in L'(w) and v — 0 in H'(w) as t goes to +oc.

Proof. This proof is based on an idea developed in [18]. Let (N, V) solve the
stationary problem (4.1.10). We deduce from (4.2.18) that the relative entropy satisfies:

d
%W(t) = _D(t)>

where D is given by (4.2.19). Then, for all ¢ > 0, we have
t
W) +/ D(r) dr = W(0), (4.3.4)
0

which implies that there exists a sequence ¢; — 400 such that
D(t;) — 0 as j — +o0. (4.3.5)

Now, straightforward calculations using N, = ue~"* give
D- /(4|Vx\/Ns|2 +OVLN, - VoV + NoVLVAJ2) da. (4.3.6)
After an integration by parts, we get

/ VN -V, Vidr = — / N, AV dr + N, 0,V do,
w w ow
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where v(z) denotes the outward unitary normal vector at © € Ow and do the surface
measure on Ow induced by the Lebesgue measure. Therefore we deduce from (4.3.6) that

AV N2, < D+2/N8AIVS dr —2 | N,B,V,do
Ow

< D+8/NSS2dx—2/ NO,V dodz
w Owx(0,1)
< D+ 8[|Ns|lzallS2llpars + 2[[ Nl oo [V || a2

< D+ C||Ng||ga + C||N||g2 + C,

where we recall that S is given by (4.2.21) and satisfies (4.2.22). Besides, it is readily seen
that N < N,S; where S; is given in (4.2.21) and satisfies (4.2.22). Therefore ||N||zz <
C|| Ns||a. We conclude from the above inequality that

4 Vo/ Nill72 < D+ C|INs| 4 + C.

Applying a Gagliardo-Nirenberg inequality to the function /N, in the right-hand side, we
obtain (for any € > 0)

Vv NIz < D+ ClINL IV Nl + C < D+ CLIN [l + el Vo v/ Nol 72 + €.

which leads, in view of (4.2.20), to the inequality

IVav/Noll72(8) < C(D(t) + 1). (4.3.7)

By evaluating (4.3.5) and (4.3.7) at t = t;, we deduce the boundedness in H'(w) of the
sequence (y/Ny(t;));. Because of the compactness embedding of H'(w) into L*(w), we
can assume without loss of generality that there exists N, belonging to L*(w) such that

VN, € H'(w) and
N,(t;) — Ny in L*(w). (4.3.8)

Thanks to the properties of the trace of H'(w) functions and the compact embedding
H'Y2(0w) «— L*(0w), we have Ni|s, = N;. From Proposition 4.2.1, we know that the
mapping N, — V defined by

1
_§a§Xk +Vxie = €pxk (k>1),

2, ,—€g
AV =N=NY %
k

(with the boundary conditions of V in (4.1.9)) is well-posed for N, € L?*(w) such that
N > 0 a.e. and is continuous from L*(w) into H?(2). Moreover, by Lemma B.0.9 we also
know that the mapping V +— V; defined by

V= — log(z e )

A
1
—58390: +Vxe = €pXk
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is continuous from H%(Q) to H*(w). It follows that
3V, € H*(w) such that Vi(t;) — V; in H*(w) C C(@).

Hence, B
u(ty) = Ns(tj)eVS(tj) — Ny in L (w). (4.3.9)

Now (4.3.5) and (4.3.8) imply that, for any h € (L*(w))?, we have

/Vu ) hdx

v [ Vau(ty)] )
< vs(tg)“iﬂd N (£.)e2Vat) |1/ I
a </we u(t;) T ) IN:(ts)e HLQ(W)H [

— 0 as j — +o0.

)V da| =

Taking into account (4.3.9), we deduce that N.e" is constant in w. Since N,|po = N}, and
Vilow = V., Assumption 4.1.3 implies Nye's = u>. Thus, (N, V;) can be identified as
the unique solution of the stationary Schrodinger-Poisson system (see Remark 4.2.6) :

N, = N, V, =V and analogously V (t;) — V> as j — +o0.
Since the function W is decreasing, we have

lim W(t)= lim W(t;) =0.

t—+o00 Jj—+o0

Consequently, ||v(t)||g1@) — 0 and ||ng||p1w) — 0 as ¢ — +oo by a Poincaré inequality
and the Csiszar-Kullback inequality presented in the appendix (A.3.4) (cf [3, 11, 24]).

4.3.2 Exponential convergence

This section is devoted to the proof of the main result of this paper, i.e. the exponential
convergence of the surface density N, and the electrostatic potential V' to the equilibrium
functions. We will consider the differences n, ng, v, vs defined in (4.3.2) and introduce the
quadratic approximation of the relative entropy:

2
L(t):%/ (]T\L;l da:—l—/nsvsdx—%//Q|Vv|2datdz+/]\f;’°vsdx—/QNoovdxdz.

(4.3.10)

Since the Poisson equation gives [[, nvdzdz = [[,|Vv]* dzdz, we can rewrite

L(t) = ;/ (No)o dr + = // |Vv|2dxdz+/stdx—/ Nuvdzdz. (4.3.11)

In order to prove Theorem 4.1.5, we need three technical lemmata that we prove further
in subsection 4.3.2.2:
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Lemma 4.3.2 Consider a weak solution of (4.1.3)(4.1.9). Then for all t > 0, we have

1 2 1 1 2
5[)(]@}1 dx+§//Q\Vv\2dxdz§L(t) 35[)(]@ dl’*/w"svsd”

s

Lemma 4.3.3 Let V and V. belong to L*(0,1) and V;, V; be defined by

Vo=—log> exp(—€x[V]) ; Vi=—log) exp(—€x[V]).

Then, by settingv =V —V and vy = V, — Vi, we have
where C1 and Cy are two positive constants.

Lemma 4.3.4 Consider a weak solution of (4.1.3) (4.1.9). Then there exist two nonneg-
ative constants Cy and Cy such that for allt > 0,

S 2 1 S
/ (;o)o V0, da < §/Ns°° ‘Vz <% —i—vs)

s

2
dr + C1L(t)* + CoL(t)|Jv] g (9,

where L is defined in (4.3.11). Moreover, we have
[vsllzs @) < Cllvll ), (4.3.13)

for a nonnegative constant C'.

4.3.2.1 Proof of Theorem 4.1.5

From (4.3.10) and the Poisson equation, we deduce that

d N
%L(t) = /watns <N—§° + vs) dx + /w Ny, dr — //Q NOwdzdz.

Furthermore, e = >, ™% = Z and 0,€;, = (|xx|*0;v) imply

1

s = Z zk:<|xk|28tv) e .

Hence fw N0, dr = fo NoOwdxdz. With (4.3.3) and after an integration by parts, we
get

d s
%L(t) = — / (Vons + NV v + 1V, VP +n, V) -V, (% + vs) dx.

Since V,N° + N>V, V> = 0, we deduce that

2
%L(t) - —/N;O ‘vx (% +v5) dx—/nsvxvs-vz <”—OO +v5) dr.  (4.3.14)

N

S
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Now we will show that the second term of the right-hand side of can be controlled by
the first one for long time. From Lemma 4.3.4, we deduce

—/wnsvzvs AV (ﬁ;o ) dz
1 [ (ns)? ) 1 N
<= NI x Vs d a Noo T\ Arne s
_2/a)N§O\Vv| x+2/wsv N§°+U
3 o N 2 4
S Z Ns VI W + vy de—i-OlL(t) +02||UHH1(Q)L(t)
Thanks to the Poincaré inequality and Lemma 4.3.2, we have
2 2
g eof < [ ()

(ns) C
2 / (2 Nsoo MtsUs v 2 (t)

2
dx

)

Hence, we have obtained from (4.3.14)

im) _CoL(t) + CLL()* + CallolL i oy L (2). (4.3.15)

By Proposition 4.3.1 (ii), there exists 7' > 0 such that, for allt > T', Cs||v|| g1(w (t) < Co/2.
Thus, for allt > T,

d Cy \
ZL(t) < =P L(t) + CLL ()", (4.3.16)

From (4.3.5) and (4.3.7), there exists a sequence t; — 400 as j — +oo such that the
sequence (y/Ns(t;));en is bounded in H'(w). Up to a renumbering, we can suppose that
for all j € N, t; > T. Moreover, by interpolation, we have

Ns 1/4 3/4
H \/W < CHnSH || ||L3(w
S L2

By the Sobolev embedding of H'(w) into Lﬁ(w), we deduce that ||n||1s)(t;) is bounded.
Since we have proved in Proposition 4.3.1 (i7) that n, — 0 in L'(w) as t goes to +oo,
this insures the convergence towards 0 of ||n,// N 12 (t;) as j goes to +-00. Moreover,
with the bound of L in Lemma 4.3.2 we deduce

2
g

VINg®

And (4.3.13) provides a bound of ||vs|[zs(w) by [|v||a1(@) which converges towards 0 as ¢
goes to +oo thanks to Proposition 4.3.1. We can conclude now that lim; ., L(¢;) = 0.
Hence,

1
L(t) < 5 + Clnsll 2w l|vsll Lo (w)-

L2 ()

3t, > 0 such that C,L(t,)* <

Co
R (4.3.17)



92 Chapter 4.  Théorie L? pour le systéme DDSP

Now we define the set
3 Co
A=<t € [t,,+00) such that Vs € [t,,t],C1L(s)° < T [

By continuity of L, A is a closed set which contains ¢, from (4.3.17). Moreover, if ¢y € A,
from (4.3.16) we deduce that L is decreasing near ty. By continuity of L, it yields that A
is open. Thus, A = [t,, +0), i.e

d Co

SL) < -=LL(0)

Vit € [t +00), 1

We obtain the announced result by integrating this last inequality.

4.3.2.2 Proofs of the technical lemmata

Proof of Lemma 4.3.2. The concavity of the function x — log x leads to the inequality

> e % e oo
= 1 =r — l €p—€g
() o () 2

Therefore

€ —€°).  (4.3.18)

Nsvs - <NU> = Ns (Us - zk: W(‘XH U>)
Do (€= €7 = {palVIPv)).

> Ns

T e
The right hand side of this inequality is exactly the third term of (4.2.17) which is positive.
Therefore

/stda:—/ Nvdxdz > 0. (4.3.19)

By exchanging the roles of (N, N*°) and (V, V), we find

// N*vdzrdz — / Nvgdx > 0 (4.3.20)
Q w

which leads, by (4.3.11) and for all ¢ > 0, to

OS;/(NOZ dx + = / \Vo|? dedz < L(t).

This ends the proof of Lemma 4.3.2. Remark that the sum of (4.3.19) and (4.3.20) leads

to the inequality
/nsvs dx > // nvdrdz = / Vo2 > 0.
w Q Q
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Proof of Lemma 4.3.3. We have

e 6k et e
k

k

with the notation Z = )" ,e <. Thus, by a Jensen inequality,
—€L

5 e et
- Z

For the first term of the right hand side, we use the results stated in Lemma B.0.2 and
B.0.4:

> ﬂ@ek - (990@\2
k
<22 +2Z

gcle@"v ez (1V,0]) + / Cre Wt lizan (jo]) |V, V) ds
0

2

— 0, €* + 2 (4.3.22)

(el = )V’

Consequently, we have
Z e

k
We can write the second term of the right hand side of (4.3.22) as follows:

2,\ ,—€; 2V, Ve €
¥ (D) oe- /zk mx_e F Sl _;>6 .
A Ze ¢ Zze ¢

where we use the notation € = €[V + sv] and x; = xx[V + sv]. Thus, by applying the
L% bound in the z direction for xj and y; stated in Lemma B.0.2, we obtain

O < Cre® V2o li20) ((17,0])2 + (o) (| VLV)?).  (4.3.23)

e e ’
Z _ axek < 01602(”Z”LQ(0’1)+”U“L2(0‘1))<|U‘>2<‘VEV|>2. (4324)
P\ 2 = ) -
By combining (4.3.23) and (4.3.24) in (4.3.22), we obtain (4.3.12). 0

Proof of Lemma 4.3.4. From (4.3.12), we deduce

[ L9, e

2
- Cl/ Bl xt izt zon) (10, + () 7,V ]?) de
v (4.3.25)
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Throughout the proof, C', C7 and C5 stand for universal constants. Since V' is bounded in
H'(Q) uniformly in time, the Trudinger inequality implies

exp(Co([[V=lr200) + vl r20,1))) € LP(w),  Vp € [1,00). (4.3.26)

Thus a Holder inequality gives

2
Mg

N

Using the expression given in (4.1.1) for n = N — N*°, we deduce

KIVav) 75 (4.3.27)

(n5)® collvollyag.y ol 2n)
-~ e? L2(0,1) £2(0,1) <|va‘>2dx <C
Liw)

w NG

_Ek

IXkPe™ e e %
HZHSZTHVS > (\xklz—lxk\) ? = 2= )|
k

k

As we saw before, denoting €} = €[V + sv], and x} = xx[V + sv] we can rewrite with
Lemma B.0.3 the third term as follow :

Z‘XOO‘2 e_ek / Zk ‘XkP —C Zk‘XZOPe_Ei ds—
k, * Z D e

(Ixil*v > oo |2

Since Lemma B.0.2 provides a bound of the eigenvectors of the Hamiltonian y;, uniformly
in k, we deduce, thanks to Lemma B.0.2 and Lemma B.0.4,

‘n‘(x’ Z) S 01602(||V00”L%(O’l)-i_”UHL%(O’l))(‘ns|(x) _|__ NSOOH,U

L1(0,1) ($))

Therefore, using interpolation inequalities, (4.3.26) and N> € L*°(w), ones deduces from
elliptic regularity for the Poisson equation (4.1.4) that:

[0l 520y < Cllnllrz) < Cllinsllpsmw) + [ollre@)- (4.3.28)
With a Gagliardo-Nirenberg inequality and (4.3.28), we have

HIVarDllzsew) < CHIVaD o 1 Vet I3,

(4.3.29)
1/4 3/4 3/4
< Clloll3fi oy Insll e, +Hn4m>
By interpolation inequalities, we get
H H Ts (4.3.30)
v L3(w) v L2(w) IV LS(w)

and
2/3 1/3
176l sy < sl Il 0 (4.3.31)
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Thus by (4.3.27), (4.3.29), (4.3.30) and (4.3.31), we obtain

(n8)2602(||V°°||L§(0,1)+”””L%(0»1))<‘V U|>2 dz
N ’
w

N

\/NOO 2w) /N>

Finally, using N > C' > 0 and Lemma 4.3.2, we have
/ (25)° oVl 0.0+ 200) (|97, 02 d

w Ng°
3/2 1/2
< CLL(0) [Ins o 1017ty + CoL() sl s 0l -

1 2 1 2 3/2
<C 191177 0y (sl 22 176 5y + 011305 )

LS(w)

(4.3.32)

Now, to handle the term Hn8||Ls(w), we decompose |06y < C(||ns/N° + vl 16 (w) +
|vs]| £6(w))- By (4.3.18) we have:

|v5\<max{zz —l€x - E?‘ZZ Ew\ek €k|}

Hence, with Lemma B.0.4 and (4.3.26), we deduce

vs][ 2oy < Cllvllzsri) < Cllvllae

thanks to the Sobolev embedding of H'(Q) into L8L1(2), which proves the inequality
(4.3.13) in Lemma 4.3.4. Moreover Proposition 4.3.1 provides a uniform bound on [|v|| 51 (q)
which, with the inequality (4.3.32) and Lemma 4.3.2, leads to

(M5)* aalvooll, o0+l 200 1) 2
SV 200200 (| V v|)? da

w N5©
- 3/2 e 7
S ClL(t) o +CQL(t) Noo +Us ||UHH1(Q) +03L(t)||UHH1(Q)
N; L5(w) N; 15(w)
(4.3.33)
Finally, using z'/*y%* < Lo + 3ey, we have
3/2 2
1 3
5 < k) + 2| g+ o
' Nge L5(w) 453 Nge Low)
1 n
< —L O T — s )
SIS ®*+Ce ||V <Nsoo+v) "

where the Sobolev embedding H! < L5(w) and the Poincaré inequality are used. Pro-
ceeding analogously for the second term in (4.3.33), we obtain the desired inequality for ¢
fixed small enough.

In order to estimate the second term in (4.3.25), we first use the Sobolev embedding
HY(Q) — LELL(Q) and (4.3.26), we have
2

2
[ Bt iz oion) (o9, <1 de < ol
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With (4.3.30) and Lemma 4.3.2, it yields

(75)® CalV>lly 0+l 2 00))
e’ £2(0,1) L2(0,1) <|U‘>2<‘vam‘>2dx

Nge
+ ||UsHL6(w)> :
LS (w)

By proceeding as above, we obtain the desired inequality for the second term, which con-
cludes the proof. 0

, (4.3.34)

< CLO™(|0 20 (‘ N;

+ v
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Chapter 5

Théorie Llog L pour DDSP pour un
systéme 1solé

5.1 Introduction and main results

5.1.1 Presentation of the model

In this work we will analyzed the DDSP system when the diffusion matrix is not assumed
to be scalar. Thus, we have to work in a L log L framework given by the entropy estimate.

We assume that the transport variable z lies in a bounded regular domain w C R?, the
drift-diffusion equation is given in w by

0N, — div ,(D(V,N, + N,V,V,)) = 0, (5.1.1)

where D is the diffusion matrix and Vj is the effective potential defined in (1.0.5). At a
time ¢ and a position (z,z) € Q = w x (0,1), we denote the particle density by N(¢,z, z),
for Boltzmann statistics it is given by

e_ek(tvm)

N(t,z,z) = Ns(t,x)zmm(t,x, 22, (5.1.2)

where the repartition function Z is defined in (4.1.2) and (€, xx)r>1 is the complete set
of eigenvalues and eigenfunctions of the 1D Schrédinger operator in the z variable

1
3 O2xn + Ve = €rx (k>1),

' (5.1.3)
wta) e 0.1, [ ds =
0

The electrostatic potential V' is obtained thanks to the resolution of the Poisson equation

etk
—Ax,zva:stg\xm. (5.1.4)
k
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We usually define the slotboom variable u and the Fermi level €z by
Ns(t, )

t — EF(t,I) — )

(5.1.5)
We have then py(t,r) = u(t,z)e” "%, The unknowns of the overall system are the
surface density Ng(t,x), the electrostatic potential V (¢, z,2), the eigenenergies €x(t,z)
and the eigenvectors x (¢, x, 2).

The system is completed with the initial condition

N,(0,z) = NO(z), (5.1.6)
and by the following boundary conditions :
0,V (t,x,z) =0 on dw x (0,1), V(t,z,0) =V(t,z,1) =0 for x € w, (5.1.7)
for the potential and
0, Ns(t,z) =0 on dw x (0,1), (5.1.8)

where Ow is the boundary of w and v(z) denotes the outward unit normal vector at z € dw.

5.1.2 Main results

In the previous chapter we have analyzed the DDSP system and proved an existence and
uniqueness result and studied the long time behaviour. But we prove this result only in
the case of a scalar and constant diffusion matrix. If we want to consider a non-scalar
and non-constant but regular enough diffusion matrix we can not apply these results here.
Indeed we lose some regularity such that the only estimate that we have on the density is
the entropy estimate : we have to work with a surface density in L log L.

In this work we propose to extend the previous results on the existence and long time
behaviour in the case of a general but smooth diffusion matrix :

Assumption 5.1.1 The function D is assumed to be a C* function on Q into the set of
2 X 2 symmetric positive definite matriz such that for all x € Q we have D(x) > o, where
a > 0 is given.

Moreover we make the following assumption on the initial conditions

Assumption 5.1.2 The initial condition satisfies N? € L*(w) and N? > 0 a.e. And we
denote

Nr = / N? dz.

The first result of this work concerns the existence of solutions for the drift-diffusion-
Schrédinger-Poisson system presented above.

Theorem 5.1.3 Let T > 0. Under Assumptions 5.1.1 and 5.1.2 the system (5.1.1)-
(5.1.3) (5.1.8) admits a weak solution such that

Nlog N, € L*=([0,T], L'(w)) and /N, € L*([0, T}, H(w)),
Ve L=([0,T], H'(w)).
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In order to present our second result, we introduce the steady state (N2°, V) of our
system. The stationary drift-diffusion equation implies directly that the Slothoom variable
u is constant and with the conservation of the mass we have

TS Jo e eV dy

u

where V*° is defined by

( N[ [eS)
N () — —e V<) (@)
T S e T 2

1
D) X1+ V¥xr = €xx (k>1),

1
Xk(taxv ) S Hé(07 1)7 / Xk Xe dz = 514:57
0

(5.1.9)

—€,[V™]

oo 00 € 0072
—AV _Ns Zk:zk e_ek[voo}‘Xk[V ]| )

\

with the boundary conditions
0,V (z,z) =0 on dw x (0,1), Ve(z,0) =V>(x,1) =0 for z € w.
We can prove that this system admits a unique solution V> € C%(Q) (see [10, 18]).

Theorem 5.1.4 Under assumptions 5.1.1 and 5.1.2, if N,V is a solution defined in
Theorem 5.1.3 and if N,V is defined in (5.1.9). Then there exists two constants k > 0
and C' > 0 such that for all t > 0

[Ne = Nz (8) + IV = V¥l (8) < Ce™.

Compared to chapter 4, the main difference is the general framework of our study. In
the previous work, we worked with a density in L?. But with a non-scalar diffusion matrix
we are not able to prove that the solutions of the drift-diffusion equation stay in L? for a
regular initial data. Thus we have to work in a Llog L framework. It can be done thanks
to precise estimates on the spectrum of the Hamiltonian which is given in the Appendix.

We present our results only in the case of conservative boundary conditions (5.1.7)-
(5.1.8) for the sake of simplicity and to present a different way based on the logarithmic
Sobolev inequalities to study the long time behaviour. But we can easily extend them to
Dirichlet boundary conditions.

5.1.3 Strategy of the proofs

Regarding the whole system, we shall take advantage of its structure : an evolution drift-
diffusion equation (5.1.1) coupled to a quasistatic Schrodinger-Poisson problem (5.1.3)-
(5.1.4). Therefore following [4], we will use a fixed point procedure to construct solutions.
The main ingredients for the existence will be some a priori estimates and the wellposedness
of the Schrédinger-Poisson system in our framework.
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In order to insure sufficient regularity we have to consider a regularized system. For a
parameter ¢ € [0, 1], we define the linear regularization operator by

(92
R

R LYQ)

)
v (5.1.10)

( _
V] (l’, Z) = (V *gz gs,m *z 56,2)‘5

H
H
where V is the extension of V by zero outside 2 and &, and &, are C°° nonnegative

compactly supported even approximations of the unity, respectively on R? and R. We
write then the regularized system :

OpNg — div ,(D(V,N; + NV, V5)) =0, (5.1.11)
1
S EGH RV DG =€6x (k2 1),

1
Yot 2,-) € HL(0,1), / oo d = b
0

se_ei €12
Z/Rz Ne——[x;i [ dv| . (5.1.13)
k

Remark 5.1.5 When ¢ = 0, we have R® = Id and the reqularized problem reduces to the
unreqularized system.

(5.1.12)

—A,LVE = R

Therefore the solutions of the overall problem are obtained thanks to the passage to the
limit € — 0 on solutions of the regularized problem (5.1.11)-(5.1.13). The key points for
the passage at the limit is then to establish uniform estimates independent of €. Section
5.2 is devoted to these estimates. In section 5.3 we analyze the Schrédinger-Poisson system
in the general framework given by our estimates. And in section 5.4 we detail the proof
of Theorem 5.1.3 which is decomposed into several steps : existence of solutions for the
regularized system, using the uniform estimates to pass to the limit € — 0 in the solutions
of the regularized system to obtain solutions of the unregularized system. In the last
section, we present the proof of Theorem 5.1.4. We use a general method based on the
logarithmic Sobolev inequalities (see [1, 2, 7, 9, 14]). This method consists in proving the
exponential decay as t grows to +oo of the relative entropy.

5.2 Free energy and a priori estimates

In this section, we will establish some uniform estimates on the solution of the regularized
system (5.1.11)—(5.1.13). For the sake of clarity we skip all the exponent €. We define the
total free energy of the system by

W:Z/

k>1 7%

1 1
pklogpkdx—l——// |V$,ZV\2dxdz+—Z/pk<\8z)<k|2) de.  (5.2.14)
2/ /o 24~ ),
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Lemma 5.2.1 Lete € [0,1]. Consider any weak solution (Ns, V') of the regularized system
(5.1.11)~(5.1.13) such that Nylog N, € L° (RT, LY (w)), V € L (R, HY(Q)) and /N, €
L2 (RY, HY(w)). Then we have

loc
d V.u-Vau
ZW(t) = =D(1) .——/WZ]D)?dx.

Proof. First, we notice that our boundary conditions (5.1.7)-(5.1.8) implies d,u = 0 on
Ow. Hence J -v =0 on dw and the total mass of the system is conserved :

d

— [ Nydx = 0.

dt/w v
We have

dtZ/pklogpkda:— o Z/ pklogpk—pk)dxzz Oypx. log py dex.

E>1 E>1vY

Taking advantage of the identity log p, = logu — €, and from Ny = )", pi, we find

dtz/ o 1og pr — pr) dx—/@tN logudx—z Oy pr€x dx.

k>1 k>1vY

With the notation ( fo z) dz, the linearity of the regularization R® and Lemma
B.0.3 imply that

0€x = (Ixrl" e [V]) = (IxeBE[OV]).-
This identity and the drift-diffusion equation (5.1.11) lead to

pr Z/ pr1og pr — pr) dx :/divz <]D <Ze‘6kvxu)> log u dx
tk>1 w “ k
+Z// prlXk* R [0,V ] dzdz — —Z/Pkekdﬂf
. Q

(5.2.15)
The selfadjointness of the operator R on L?*(2) and the Poisson equation (5.1.13) imply

Z// pr|Xk|*RE[0,V] dxdz = — Il Z/Pk Ixk*RE[V dx_é%//|vxzv| dxdz.

Hence, after an integration by parts on the first term of the right hand side of (5.2.15), we
obtain

d 2
p Ek /pklogpk—pk dm—l-?%//\vm‘/\ dxdz

d - o\ DV, Vo
+£§kj[pk<ek—<|xk\ R[V]>>dx:—/w(§ g )wa-

k
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To conclude the proof it suffices to notice that, from the Schrodinger equation 5.1.12, we
have

€ — (uPRIV) = 5000l

This allows us to prove some a priori estimates :

Corollary 5.2.2 Let ¢ € [0,1] and (N, V) such as in Lemma 5.2.1 and satisfying As-
sumptions 5.1.1 and 5.1.2. Then the following estimates holds :
(i) mass :

WeR*,/Nsdx:Nz

(i1) entropy : there exist nonnegative constants Cy, Co and C3 independent of €, such
that

VieR" Z/pk (1+ K2 + | log pi|) dz < Ch, (5.2.16)
k>1
VteRT, /N5| log N,| dz < Oy, (5.2.17)
VteRT, / |V..V|?dxdz < Cs. (5.2.18)
Q

(111) dissipation : there exist nonnegative constants Cy and Cs independent of € such

that
t
Vte R, / /|Vz\/NS\2da:ds < Cy, (5.2.19)
0 w

t
Ve R*, Vp € [1,+00) / /HNSHLP(w)(s) ds < Cs. (5.2.20)
0 w

Proof. The first point in an easy consequence of our choice of boundary conditions.
From Lemma 5.2.1 we deduce after an integration in time that

VteRY, W(t)=W(0)— /tD(s) ds < W(0). (5.2.21)

Assumption 5.1.2 on initial data insures that 1#(0) is bounded independently on . In fact,
solving the Schrédinger-Poisson system for a given N in L?(w) furnishes V(t = 0,-,-) €
H?(Q2) € L>(Q) and then €,(t = 0,-) € L®(w) and 9, xx(t = 0,-) € L>°(Q) (see [5] and
the Appendix).

If we denote €] = €,[cR°[V]] and x{ = xx[oR°[V]]. Straightforward computations
using Lemma B.0.3 lead to

Zue (€Ex — €[0 ]_<|Xk‘2RE[V]>):
/ /1 e € _ e~ <XgR5[V]XZ>2dUd$ > 07

k,0+£k €
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since the sequence (€j)r>1 is increasing. And we have €,[0] = 7%k%/2. Thus (5.2.21)
implies that

w2k? 1 9
> ol +logpr) do + 5 [ | |V V[P dwdz < W(0). (5.2.22)
k w Q

2

If we denote K = e‘kQ, by a Jensen inequality we have,
y y

p pr | €
WO =Y [l logp)de =K [ Lisiog L) S do
k w k w

z/Nslog(Ns/K) dx.

Thus from (5.2.22),
VteRT, /NslogNsdeW(O)+/\/}logK.

Then estimate (5.2.17) is a direct consequence of the remark that Va > 0, a|loga| <
aloga + 2/e. Moreover it leads to

> [oltospdds <3 [ mlloglon/e )|+ 1) do
PR P
<> [ ot/ e+ 23 [ et i
kY E Y
—l—Z/pkk:z dx
 Jow
2
< Xk:/wpk(logpk + 2k?) dx + E\w|K,
where |w| denotes the Lebesgue measure of w. Thus, we deduce from (5.2.22) that we have
Vit eR", Z/pk|logpk|da:§W(O)—|—§|w\K. (5.2.23)
— Ju
Hence from (5.2.22), we obtain
%//Q V..V dads < 2W(0) + %MK,

and 5
Z/pkk‘Q dr < 2W(0) + = |w| K.
€
k w

For the point (iii), we remark that thanks to Assumption 5.1.1 and the expression of
the Slotboom variable u (5.1.5), we have

N+ N, 2
DZ&/|Vz s + NoVL V™

N, (5.2.24)
= Oé/(4‘vm V Ns|2 + 2vas : Vr‘/s + NS‘VI‘/SP) dx.

w
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An integration by parts proves that

/ V.Ns -V, Vide = — / N A Vide + | N0,V do, (5.2.25)
w w Ow

where do is the surface measure on dw. From the expression of V; in (1.0.5), we deduce
that

N0, Vydo = / NO,Vdodz =0,

Ow Owx(0,1)

with our boundary conditions (5.1.7). Moreover, straightforward computations lead to the
following identity

(N? +4V2 N) e €k 9
—€r __ e —€p

—_ZZ ( - ) (xrxe VaV')?

ko 0#k k

2

ek 2 e

+Z7<‘Xk|2vxv> - <Z7<|Xk‘2vxv>> ;
k k
where Sy is given by
—Ek(t,z)

So(t,z) = Xk: ez(ti,x)(ek(t,x))?

By the Cauchy-Schwarz inequality, the sum of the last two terms of the right hand side is
nonnegative. Moreover, except for the first one, the other terms are obviously nonnegative.
From (5.2.25), we have

/VINS . Vz‘/s dﬂf Z —4/ SQNS d{E 2 _4HN8||L4(0.))HSQHL4/3(M)‘

It is proved in Lemma B.0.8 that Sy is bounded in LP(w) for all p € [1,4+00). Thus we
deduce from (5.2.24) that

4&/ |VI\/ N8‘2d$ S D + 8||S2HL4/3(W)HNSHL‘*(w)- (5226)

We recall the Gagliardo-Nirenberg inequality for all p € [2, +00] :
[l Loy < Cllull 35, 1Vl g (5.2.27)
If we apply it for p = 8 and v = /N, we have
INlls) < CINlIEhi) 1 VeV Nill3at,,) = O IV v/ NG5 (5.2.28)

Thus if we inject (5.2.28) in (5.2.26), we deduce that there exists a nonnegative constant
C' such that

VieR" / Vo / N2 dz < C(1+ D(t).
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Since we have from Lemma 5.2.1 that fot D(s)ds < W(0), for all t € RT, we obtain (5.2.19)
and from (5.2.27) with u = /Ny, we have (5.2.20).

O

5.3 The regularized Schrodinger-Poisson system

In this section the surface density Ny is assumed to be given and we only consider the
resolution of the “quasistatic” regularized Schrodinger-Poisson system. By analogy with
section 4.2.4, it is important to analyze the Schrédinger-Poisson block. However in this
case the lack of regularity forces us to regularized the system with a small parameter €. It
is then necessary to clarify the evolution of this system as ¢ — 0 and to be able to analyze
it for a density only in Llog L. This regularized system is defined for € € [0, 1] by :

1
-5 Pxi+ RV =€xi (k>1),

1 (5.3.29)
Xi(t,l‘,-) EH(%(O71)7 / XZXZCZZZ(S/C%
0
€ € eei €12
A,V =R |N, Zk: = Il - (5.3.30)
The system is completed by the following boundary conditions:
0,VE(t,z,z) =0 on dw x (0,1), Ve(t,z,0) = Ve(t,z,1) =0 for x € w.

We remark that in the case ¢ = 0, we have R® = Id and we recover the unregularized
Schrodinger-Poisson system (5.1.3) (5.1.4).

We assume that N, satisfies the following assumption:

H1 : N, > 0 and there exists a nonnegative constant C'r such that :

vte 0,7, /(Ns| log N,| + 1) dz < Cr, (5.3.31)

In the sequel we will use the functional space H}, = {V € L>*((0,T), H(Q))
V(t,z,0) =V(t,x,1) = 0}.

We can prove straightforwardly from convolution results that the regularization oper-
ator R defined in (5.1.10) satisfies the following properties :

Lemma 5.3.1 (i) R® is a bounded operator on LELL(Q) for 1 < p,q < +oo and satisfies
vV e LELIQY),  [|B[V]llzrsw) < IV Ilzrse)-
if 1 <p,q<-+oo andV € LELI(Q), then liII(l) [R5[V] = Vlera = 0.

(ii) Re is selfadjoint on L*(Q).
(iii) Let v > 1 be given and V € WH(Q). Then

VRV = B[V.V] I [[Vo R [V] =V V[pr9) = 0.
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By analogy with section 4.2.4 and [4, 18, 19, 20|, we can establish an existence and
uniqueness result for the regularized Schrodinger-Poisson system by using a method based
on a functional. The difficulty here is that we have to establish estimates for a density
only in Llog L which should be independent of €. The tools to allow this analysis are a
precise analysis of the spectral properties of the Hamiltonian (see Appendix B) and the
Trudinger inequality combined with the Young inequality (see Appendix A).

Proposition 5.3.2 (Existence and uniqueness) Let ¢ € [0,1] and T > 0 and assume
N, € L>(0,T; L' (w)) satisfies H1.

Then the regularized Schrodinger-Poisson system (5.3.29) (5.3.30) admits a unique so-
lution (VE, (€x[VE], xk[V?])) such that V¢ € Hy, with a bound independent of .

Proof. We consider the functional defined on Hg; by
1 .
JW%@[ﬂwmmw+/MMQ}ﬁMWMmaum+uumy(mm)
Q w k

We will prove that this functional is continuous, coercive and strongly convex on Hy,.
Thus it admits a unique minimizer which defines a solution of (5.3.29) (5.3.30).

The functional Jy is clearly continuous and strongly convex on Hg,;. For the functional
J1, we use the properties of €,[V] stated in (B.0.14) to prove

[V, N,) = (V)| < /Ns(l’) Sgp(|€k[R€[V” — &[R[V])|(2)) d

<C [ N+ IEWI o + IR0 IRV = Pz do
(5.3.33)

In the following C' and Cp will stand for nonnegative constants depending only on the
data and not on €. Using the Young inequality given in the appendix (A.1.1), we have

- RV — V]| L2 .
/NsHRa[V . V]HLE(O,I) dr — / N, H [ N]HLZ(O,I) dx||R5[V . V]HHl(Q)
y w BV = V]l

IRV = V]|l z2 0y
IRV = V]|lg @)

< / (NslogNs—N8+exp ) dx ||RE[V—17]HH1(Q).

Therefore, the Trudinger inequality (A.2.3) and H1 lead to
[ NAE = Pllizn dz < CrlEW = Vllim o

Besides the properties of the regularization R® (Proposition 5.3.1) implies
1BV = V@ < IV = Vim@-

Thus we have
/ N B[V = V]l L2001y dz < Cr[|[V = V(- (5.3.34)
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Doing the same for the others term, we have

/wa M%JWW—WMW@MSCWWEMW—VMWX
E 1/2 15
Y| RV RV -V
/(NslogNs—Ns—i-eXp [ ]“1/2‘”” | llzzon z,
w | REIV]|I4: HWW—WMW>

where ~ is the constant defined in the Trudinger inequahty (A.2.3). An interpolation gives

YRV st 1BV = Vllz2 0.
ex n /2 — dx
o IRV 1BV = Vo)

1/2 RV _V V2
<(/%@wuwmmwa /G’M[ nmmdx e
= \L T IRV e o RV = V]| T

thanks to the Trudinger inequality (A.2.3) and H1. Thus,

/N IRV ooy IRV = Va2 dae < Col|V I IV = V- (5.3.35)

Obviously we have the same estimate (5.3.35) if we change V' to V and V to V. Thus
(5.3.34) and (5.3.35) injected in (5.3.33) prove

(VN = (VN < Cr(L+ Vg2 + IV IV = Viime-  (5.3.36)

Hence Ji(-, N;) is Lipschitz continuous on Hy;. Now if we take V =0 in (5.3.36), from
H1 we have that 0 > J;(0, N;) > —Cp. Thus, there exist two nonnegative constants C
and Cs such that

1 2
JWV) 2 SIVVIaq) = O+ VI IV e - Co.
If we apply the Poincaré inequality in Hj;, we find
J(V) 2 CsllViEn ) — CallVIijiq) — Cs.

Hence the functional .J, is coercive and admits a minimizer in Hg;. Moreover, from Lemma
B.0.3, it is clear that J, is twice Gateaux differentiable on Hy, and for any W € H'(Q),

k[EE[V]]

dyJ(V) - W = // vV Vdedz—Z/NZ — e D R VIPRV]) do

From the selfadjointness of R® on L?(£2), one deduces that each minimizer of the functional
J is a weak solution of the Schrédinger—Poisson system (5.3.29) (5.3.30). And

ek —e el
&2 T (V, NGW - W = — ZZ —— (Xix§ B W))? d
k  0#k

+KNS{Z€;ii<IX2\2RE[W]>2— <2k662<|§5‘2R5[W]>)2}d:¢.

k
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When N; is nonnegative, this quantity is nonnegative thanks to the Cauchy-Schwarz in-
equality. Thus Ji(-, Ny) is convex. As a consequence, the functional J is convex and
admits a unique minimum which is the weak solution of the Schrédinger-Poisson system
(5.3.29) (5.3.30). 0

Proposition 5.3.3 (Continuity) Lete € [0,1] and T > 0. Assume N, and N, are given
in L>=(0,T; L' (w)) and satisfy H1.

Then the corresponding solutions V¢ and respectively Ve of the Schrodinger-Poisson
system (5.3.29)—(5.3.30) verify

Ve [0,T), [VE=Velm@ < CrlNe— Nl (5.3.37)

for a nonnegative constant Cr depending only on the data and not on e.

Moreover, as € — 0, the solution V¢ of the regularized problem (5.3.29)—(5.3.30) con-
verges to the solution V of the unregularized problem (5.1.3)-(5.1.4) in L>=(0,T; H'(2))
and uniformly with respect to Ny € L>(0,T; L*(w)) satisfying H1.

Proof. In the proof all the constants are nonnegative and depend only on the data and
not on e. If we multiply the Poisson equation (5.3.30) by (V¢ — V) and integrate :

~ —~ _65 ~
/ V(VE— V)P dedz =Y //(Ns ~ N)E e PRVE - Ve dad
Q . Q zs

3 [ (Gl - S ) v - P
- N s Ze k Z[‘75] k )

where we use the selfadjointness of the linear operator R on L*(Q).
We use the notation of the Appendix : € = €,[sR°[Ve] + (1 — s)R°[V®]] and x} =
Xe[SRE[VE] + (1 — s)R°[V?]]. Then we have, (we recall that the regularization is a linear

operator)
o—€xlV] o—€5 L g /e €
V12 — stz/ a s12) g
el IP - o = [ (Gohar) s

From Lemma B.0.3, we deduce

Vd [e & ~ e
>[5 (Gl ) mv - va = - %
k k

(Zke—ﬁidxzzﬁf[w—w ) Lyyetioed e i — € (i R -1).

k  (#£k

(5.3.38)

K s|12 pe € 171\ 2
= (" 7 Ve = V) +

Thanks to the Cauchy-Schwarz inequality, this last term is nonpositive. Thus the second
term of the right hand side of (5.3.38) is nonpositive.

For the first term of the right hand side of (5.3.38), we use the bound of || x|z given
in Lemma B.0.5. We deduce

Z// (N, — N,) \ “IPREVE — Vo dadz <

(5.3.39)
< Cl/ [N, = N+ [RE VA REVE = VE g2 da
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By a Holder inequality,

J 1= RO IR VADIRY = V]2 dods <
. 3/4
S NW4(ﬂM+Mm+mwwWwﬁ[ = VIS de
N (5.3.40)
The assumption H1 implies a bound in Llog L of the densities N, and Ny. Thus we can

follow the idea of the proof of Proposition 5.3.2 and prove after straightforward calculations
using the Young inequality (A.1.1) and the Trudinger inequality (A.2.3), that

lﬂm+mx+wmﬂWwﬁ[fvw“ms@«wwwgmw Vel

which is bounded since V¢ and V¢ are bounded in H'(2) with Proposition 5.3.2. Thus if
we look at (5.3.39), we have proved that there exists a nonnegative constant C3 such that

IVE = VEI2h ) < CslI Ny — Nollhy

Li(w)*

This leads to (5.3.37).
For the convergence when ¢ — 0, we consider V¢ and V' the solutions of the unregu-
larized and respectively regularized problem for N, € L°°(0,T; L'(w)) satisfying H1. We

] e (- )

Multiplying by (V¢ — V) and integrate, we obtain after a integration by parts and thanks
to the selfadjointness of R in L2(f2)

CA(VE-V) = (R — ){

/ |V(VE - V) dedz = T+ 11+ 111, (5.3.41)

where

—62
1:// NSZ€Z€ 2R — Id)[VE — V] dadz,
L k
= [ w3 P — el (V2 — RV ded
= [ N2 (F il - he xdz,
111 NS (T e = ) RV — V) dd
= J[ 3 (Gl - Gl ) () ) e

For the first term, we have with Lemma B.0.5

1120 [ N+ IRWAIRIE -~ 10V - Vi da
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As above, with assumption H1 and the Young and Trudinger inequalities, we can prove
(] < Cil[(R° = 1d)[V* = V][l (e)-

From the properties of the regularization R (see Proposition 5.3.1), we deduce easily that,
since V* is bounded in H'(Q) independently of & as proved in Proposition 5.3.2, we have
lim._ |/| = 0. For the second term, we use the same idea and obtain

(1] < C/Ns(l F IR VA2 + [Vl (R = 1) [VE]| 2 d.

And the Young and Trudinger inequalities with H1 lead to
(] < Co(1+ [Vl ey + IV Il @) [ (77 = L)Vl ),

which converges towards 0 as € goes to 0. Finally, as we have shown for the second term
of the right hand side of (5.3.38), the term I71] is nonpositive. Thus a Poincaré inequality
in (5.3.41) implies that

li_I)I(l) |VE = V|01 02 = O-

5.4 Existence of solutions

This section is devoted to the proof of Theorem 5.1.3

5.4.1 Existence of solutions for the regularized system

Proposition 5.4.1 Let T > 0 and ¢ € (0,1) be fized. Then the regularized problem
(5.1.11) (5.1.13) with the initial condition (5.1.6) and the boundary condition (5.1.7)
(5.1.8) admits a unique solution (N2, V) with N € C(0,T; L*(R?)) N L*(0,T; H'(w)).

Proof. We do not give in detail the proof which can be straightforwardly adapted from
the proof of the existence result in [5]. The proof relies on a fixed point argument on the

map F : N, — J/\f\s defined on the set

T
Sr=(n: (o IOl + [ IOl at) < +2)

0<t<T
by

1. For a given N; > 0, we solve the regularized Schrédinger-Poisson system (5.3.29)

(5.3.30) and obtained V' € L>(0,T; C>(2)).

2. We construct V, = —log ), e~¢Vl From the spectral properties of the Hamilto-
nian, we have V; € L>(0,T; C>()).
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3. For this effective potential Vi, we solve the following parabolic equation for the
unknown N :

9N, — div ,(D(V,N, + N,V, V) =0,

with the initial condition N? and the boundary condition 9,N, = 0 for z € dw.

We can prove as in section 4.2.5 that F'is a contraction on the set Sy, for 7 small enough.
Thus we have a solution on [0, 7p] that we can extend to [0, 7. O

5.4.2 Passing to the limit ¢ — 0

We have now all matters to construct solutions of the unregularized problem and to prove
Theorem 5.1.3. We will use the Aubin-Lions compactness method to show that the solution
of the regularized system converges when the parameter of regularization goes to 0 towards
solutions of the unregularized system, up to an extraction of a subsequence. However this
method does not give any uniqueness result. We first recall a simple statement of a
Aubin-Lions lemma [2, 15]|:

Lemma 5.4.2 (Aubin Lemma) Take T > 0, g € (1,4+00) and let (f,)nen be a bounded
sequence of functions in LY(0,T; H) where H is a Banach space. If (fn)nen is bounded
in L1(0,T; V) where V is compactly imbedded in H and 0f, /0t is bounded in L1(0,T;V")
uniformly with respect to n € N, then (f)nen is relatively compact in LY(0,T; H).

Proof of Theorem 5.1.3. We fix T>0. From Proposition 5.4.1, there exist N:
and V¢ solution of the regularized problem (5.1.11)-(5.1.13) with the initial data N?.
Assertion (iii) of Corollary 5.2.2 proves that we have /Nt € L?(0,T; H'(w)) and with
(i), /N¢ € L=(0,T; L*(w)). Thus since we have V,N¢ = 2,/N:V,/N¢, we deduce that
N¢ € L?(0,T; Whl(w)) with a uniform bound with respect to e. Moreover, with (5.2.24),
we have after a Cauchy-Schwarz inequality :

T 2 T 2
N¢€ NE €
/ (/|VxN§+N§VJQE\dx) dt gNI/ /‘V“’C  E NVVER
0 w 0 w

Ng
T
<2 o
@ Jo

where D? is defined in Lemma 5.2.1 and is bounded in L'(0,T) uniformly with respect
to €. Therefore we conclude with (5.1.11) that 9;N¢ is bounded in L?(0,T; W11 (w))
uniformly with respect to €.

Hence we can apply Lemma 5.4.2 for ¢ = 2, H = L'(w) and V = W!(w). There exists
a subsequence (still denoted abusively N¢) such that N° — Ny strongly in L*(0,T; L!(w)).
From the weak continuity we have that for a.e. t € [0, 77,

/Ns(l +1log N.|) dz < Cr,
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for a nonnegative constant C7. For this function Ng, we can solve the unregularized
Schrédinger-Poisson system (5.1.3)—(5.1.4) and construct the set (V, (€x, xx)p>1) with V' €
L>(0,T; H'(2)) as proved in Proposition 5.3.2. Thanks to Proposition 5.3.3, we have that

H‘/‘E - VHLQ(O,T;Hl(Q)) — 0 as € — 0.

We want now to pass to the limit £ — 0 in the drift-diffusion equation. Thanks to Lemma
B.0.5, we have

e~
NV, VEdzdt = / / N¢ Xi?V, V) dadt
//[O,T]xw 0,7 % Z ze i )
// N+ [REVIDIVLVE 12 dadt
0,7 xw

By the Cauchy-Schwarz inequality and the Sobolev imbedding H'(Q) — LPL?(2) for all
p € [1,+00), we deduce :

/ / NV, VE ddt < OplVE oz (1 + 1Vl oozt ) INZ s oz
0,7

But assertion (iii) of Corollary 5.2.2 shows that || Ng|[11(0,r;04()) is bounded independently
of €. Thus there exists a nonnegative constant C independent of € such that :

/ / NV, Ve dedt < Cr.
[0,T]xw

Hence we can give a sense to the drift-diffusion equation as ¢ — 0. From Lemma B.0.3,
we have

V.6V = <|X2‘2VIVE>.
The convergence of V¢ in L?(0,T; H*(€2)) and the local Lipschitz dependency of the eigen-

vectors of the Hamiltonian with respect to the potential (see Appendix B) allow us to
conclude that V,€;[Ve] — V,€,[V]in LP((0,T) x w) for all p € [1,2). Thus,

> Va€ie
Ze
converges for a.e. (t,z) € [0,7] x w. This is enough to prove

NV, VE = N,V,V, in D/(]0,T] x w).

V.Vi =

By the weak semi-continuity we get moreover

// N,V,V,dxdt < liminf // NV, VE dadt.
[0,T] xw e—0 [0,T] xw

The convexity of the functional N, — [ |V,/N,|* dx gives

// |Vo/ N, |? dzdt < liminf // |V ,/ N dadt.
[0,T] xw e—0 0,7 xw

And for a.e. t € [0,T7,
¢
+/ D(s) ds<hmlnf /D6 )ds).
0
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5.5 Long time behaviour

This section is devoted to the proof of Theorem 5.1.4. We use an entropy method relying on
the logarithmic Sobolev inequalities and on the Csiszar-Kullback inequalities. This method
has been widely used by several authors (see for instance [1, 2, 7, 8, 9]). We introduce the
relative entropy of (pg, V') with respect to the stationary solutions (pg°, V>°) :

Wl Z/ pr10g(pr/ o) = i+ pi%) doe + 5 / Vo (V = V)2 dadz
+Z/Pk <€k[V] — &V —/O [l (V—V“)dz) dz.
o (5.5.42)

We recall that the decay of p, with respect to k insures that the last term is nonnegative.
We can prove with the same calculations as in Lemma 5.2.1 that

iWOO /N]Dwdx< a/N\V (log u)|* du,
dt u?

where we use Assumption 5.1.1 for the last inequality. We denote @ = N;/ [ Z(z) dx.
Therefore we have

d
Zppee(t) < —oz/Ns\Vm log = |? d. (5.5.43)
dt w u

We recall the Gross logarithmic Sobolev inequality [1, 9, 14] : for two nonnegative functions

fand g such that | fdx = [ gdz then there exists a nonnegative constant X such that

[ flost <5 [ 19 0sts/0) s

Hence if we apply it in (5.5.42) with f = N, and g = ©Z, we obtain

%W‘”( 1) < —aA/szlog%dx.

We can then decompose

log— log—+6k—€k +log pk zlogp—oli+6k—62°+loguf.
pk k Pk u

Moreover, we have seen that u® is a constant. Thus

= (5 [rew) =X e

Therefore with the identity u™ = p°e~% and a Jensen inequality, we have

log— logZ/p‘”ek_k >Z/€k—€k'0k dzx.
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(We recall that we have >, [ pp° = N7). Finally we have obtained

%Woo() < —oz)\(Z/kang—idx%—Z/(pk—p?)(ek_gf) dz)
—a( Z/pklog—das+/ (N — NV = V™) dxdz
+Z/pk 6~ € — (hul(V ~ V™)) da

£ [t - e (kv - v de)

IN

As we have seen before, properties of the spectrum of the Hamiltonian insure that the last
term of the right hand side is nonnegative. According to the Poisson equation, the second
term of the right hand side is equal to

/ Voo (V= V) dadz.

Thus, we have shown

d
—We(t) < —aXW™(t
SIW() < —aAW= (),

and a Gronwall argument yields the exponential convergence of the relative entropy :
W (t) < W>(0)e . Next we shall use the Csiszar-Kullback inequality presented in
the Appendix (A.3.4). We deduce that

ozAt

ok = Pl )y < V2NTW(0) e 2"
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Chapter 6

Le cas de la dimension 2

Acknowledgement. The author would like to acknowledge warmly M. L. Tayeb for his
help and interesting discussions on its preprint [20].

6.1 Introduction and main results

In the first part of this PhD, we have presented and analyzed a drift-diffusion-Schrodinger-
Poisson system which models the transport of electrons confined in a nanostructure. In this
subband model, electrons are assumed to behave like wave in the confinement directions
(2) and to have a classical behaviour in the transport direction parallel to the electron gas
(x). This system was obtained formally thanks to a diffusive limit of a kinetic system for
partially quantized particles, when the mean free path becomes small with respect to the
macroscopic lengthscale. This chapter is devoted to the rigorous study of this limit for a
transport in one dimension (z € [a, b]).

6.1.1 Presentation of the system of equations

In the transversal direction (referred by z), the electrons are confined in the nanostructure.
The description of the system needs the diagonalization of the 1D stationary Schrédinger
equation. We define then on Q = (a,b) x (0, 1), the set (xx[V], €x[V])k>1 as the complete set
of eigenfunctions and eigenvalues of the Schrodinger operator in the z variable, z € (0,1):

3PV + Vv = &ValV] (k2 1),
Xk[V] € H&(O, 1), /0 Xk[V] Xg[V] dz = 5kg .

If we denote p; the occupation number of the kth subband, the particle density for a
partially quantized system can be written

(6.1.1)

N(t,z,z) = Zpk(tv*r)‘xk[v(tv Z, )](Z)|2

121
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The electrostatic potential V' generates by the charge carriers is then the solution of the
Poisson equation :

~A, V(T 2) Zpk (t,2) | xe[V (£, )](2)], (6.1.2)

with the boundary conditions:

av
o —(t,a,2) = o —(t,b,2) =0, for z € (0,1), (6.1.3)
V(t,z,0) =V(t,xz,1) =0, for x € (a,b).

In the transport direction, the motion of particles is described by a 1D Boltzmann
equation. Let n > 0 be the scaled mean free path assumed to be small. We consider here
the scaled Boltzmann equation in one dimension for the subband model defined on the
phase space (a,b) x R. The position x belongs to (a, b), the velocity v belongs to R and the
time variable ¢ is nonnegative. Then the occupation number p} is defined by p] = fR i dv
where the distribution function f'(¢, z,v) satisfies (|26, 29])

1 1
Afy + E{HZ’ Y= ?Q”(f”)k, (6.1.4)
where {-,-} is the Poisson bracket: {g,h} = V,h-V,g9— V,h-V,.g. And Hj denotes the

energy of the system in the kth subband which is the sum of the kinetic energy and the
potential energy :

1
HZ(t,I‘, U) = §U2 + Ek[vn(tvxu )]

The collision operator Q)" in the linear BGK approximation reads in the following form :
(=) / A (0,0) (M) fiw (V) = ML (W) fi(v) v, (6.1.5)
ko R

where the function ./\/lZ is the normalized Maxwellian

1 "
Mt x,v) = o Zne‘”k“vm) (6.1.6)

and where the repartition function Z7 is given by

+oo
=y el (6.1.7)
k=1

We refer the reader to |8, 28, 29| for a physical background of the equation (6.1.4).
We consider the specular reflexion boundary conditions:

[t a,0) = fl(t,a,—v), f(t,b,v) = fl(t,b,—v), v>0,teR". (6.1.8)
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The surface density of particles is defined by

Nita) = Y [ Riavdo= 3 dieo)

The cross section « is assumed to be symmetric and bounded from above and below :

(A-1) app(v,0) = app@,v) and 0 < oy < app(v,v) < ag, for all (v,0') €
R2, k, k' > 1.

We considered the well-prepared initial condition that we assume to be at the thermal
equilibrium :

n Nsm(x) —v2/2— in
[0, 2,0) = fi'(x,v) := 7S e el e~ 2malV™ (1 0) € [a,b] X R, (6.1.9)
k

where (V™ (€x[V™], xx[V™])k>1) is the set of solutions of the Schrodinger-Poisson system
at the thermal equilibrium :
1 . . . . .
—5 PV VIV = €V GV (k2 1),
1
Vi@, ) € HY(0,1), / eIV X[V d = G
0

in Nm ) in — in
_A:c zV Z Z e—€x [Vin] |Xk[v ”26 eV ]7

We assume that we have

(A-2) N* >0, Ni" € Ca, b].

Under this assumption, we know that the Schrédinger-Poisson system at the thermal
equilibrium admits a unique solution (V™ (€;[V™], x4x[V™])k>1) with 0 < V" € CY(Q)
(see Proposition 4.2.1).

Moreover, we can verify that we have,

in>0,  30>2 such that ((1+v°+ k%) fi") € (*(L'([a,b] x R)),

When 7 goes to 0, we tends to a fluid description and are in a diffusive regime. It is
well-known that in a diffusion approximation the surface density N, satisfies at the limit
a drift-diffusion equation |26, 16]. But there is no result of diffusion limit in a coupled
quantum-classical case.

6.1.2 Main results

We write here the full Boltzmann-Schrodinger-Poisson system with the dependence in 7 :

D f7 + %(U.Vrf,’j VL€V, fT) = %Q”(f”)k, (2,0) € (a,b) x R. (6.1.10)

1
—5 0 02 L+ VI = €lx] (k>1),

1 (6.1.11)
XZ(t,I‘, ) € H&(Ov 1)? / Xk X£ dz = 5“?
0
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—A, VT = Z/ TR dv, (6.1.12)
L R

which is coupled with the boundary condition (6.1.8)-(6.1.3) and the initial boundary
condition (6.1.9). We point out the fact that in this Boltzmann equation the energy levels
(€x)r>1 depend on n (contrary to chapter 2). Moreover in the Schrédinger-Poisson system,
the given is no more Ny like in DDSP but the occupation number p;. The aim of this
paper is to prove rigorously the limit of this system to DDSP.

Hydrodynamics limits for the Boltzmann equation have been widely studied by several
authors (|1, 2, 10, 15, 14, 17, 19, 27| and see C. Villani |30| for a good review on the
subject). Others diffusion limits are presented for instance in the context of parabolic
hydrodynamical limit we refer to |11| which considers linear kinetic equations arising in
models of plasma, semi-conductor, rarefied gases and for a diffusive limit of generalized
two-velocity models we refer to [18]. If we want to work in a framework which is physically
acceptable, we have to deal with solutions defined in the renormalized sense [12, 13, 21].
Namely, the entropy of this kind of system only gives a Llog L bound on the distribution
function . With the elliptic regularity on the Poisson equation and properties of the
Hamiltonian (see Appendix), we can not hope to have a stronger estimate than V€ in
L>=([0,T],L?(Q2)). Thus the product f,V,€; has no signification even in a weak sense.
Thus we can only prove existence of renormalized solutions. The result established here
is the following

Theorem 6.1.1 Let T' > 0 and assume that Assumptions (A-1) and (A-2) hold. If we
denote :

b
Mn:/ N dx.

Then, there exists No > 0 such that if Ny, < Ny, the system (6.1.10)-(6.1.1)-(6.1.2) -
(6.1.8)-(6.1.9)-(6.1.3) admits a renormalized solution (V" (€], x}, fk>1) on [0, T] which
satisfies

(i) V3 € CHRT), B(f") is a weak solution of :

n n n Y. __ QU(f”)’f 10
noB"k +v - V([ — Vo€ - Vo B[k = Tﬁ (f ks
BUMk(t =0) = Bf™)r-
(i) VA >0, O], := (fi + Xexp(—=5(v* + k?)))"/? satisfies
507 o o) — Q"(fM \ . ve—3WHk?)
noy k,)\—i_v'vx k’/\—VU(VIEk k,)\) = Q’r]TZ’)\_‘_ VzEk TZ/\
(1ii) We have the local mass conservation
1
ON!+V,-J"=0, where  J" = EZ/WC’? dv.
R

k>1
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(iv) The entropy inequality (6.2.22) holds :
vte[0,T], 0< W) / R(s) ds < Cr., (6.1.13)

where the entropy of the system is defined as in (4.2.17) by

Z// (f;?log Ji - Iy +Mk) dzdv + = / V..V dvdz
(a,b)x

and the dissipation rate by
] (V- )
= fi — NQM") dzdv.
2 Xk: (a,b)xR : ;

The diffusion approximation can be approached by an asymptotic expansion of the
solution with respect to the power of the mean free path 7. Using such technics, Poupaud
[26] has proved the convergence of the rescaled Boltzmann equation when the potential is
given and Ben Abdallah and Tayed [7] have extended this result for the Boltzmann-Poisson
system in one dimension. In a general case we do not have enough regularity to pass to
the limit on weak solutions. Masmoudi and Tayeb [20| have established the diffusive
limit of the Boltzmann-Poisson system towards the drift-diffusion-Poisson system, using
renormalized solutions and compactness technics. Here we extend these technics to prove
the following theorem :

Theorem 6.1.2 Let, for n > 0, (V" (f], €L, x})k>1) be a renormalized solution of the
Boltzmann-Schridinger-Poisson system as defined in Theorem 6.1.1. Then as n — 0,
this solution converges to a solution (V, Ns, (€, Xx)k>1) of the drift-diffusion-Schridinger-
Poisson system defined by

Oy N, + div, J =0, J = —]D)(VINS + N, V. V5), (6.1.14)
1
—5 Gz Xk +Vxr = €Exxn (k>1),
1 (6.1.15)
Xk(thv') EH&(Ovl)v / XkX@dZZ(SkZu
0
—A%ZV =N, (6.1.16)

where the density N and the eﬁective potential Vy are defined by

N =N, Z S — bl Ve=—log) e (6.1.17)
k

And this system is completed with an initial condition Ns(0,x2) = N™(x) and with the
following conservative boundary conditions :

dv dv
ta)=J(t,0) =0, ——(t,a,2) = ——(t,b,z) = !
J( ,CL) J( ) ) 07 dx( ) @, Z> dx( ’ 72) 0 for Z€ (07 )7 (6118)

V(t,z,0) =V(t,z,1) =0 for x € (a,b).
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We have up to an extraction of a subsequence, as n — 0,

£ = NeMll ez o771 x 0} xm)) — 0 and V" = VL2081 (2)) — 0.

The existence of solutions of the drift-diffusion-Schrodinger-Poisson system has been
established with the long time behaviour in chapter 4 when the diffusion matrix D is
assumed to be the identity. In this case we have enough regularity to establish the unique-
ness of solutions. But for a non constant diffusion matrix, we do not insure the uniqueness
of these solutions (cf chapter 5). Moreover with our construction of solutions of Theorem
6.1.1 we can not have uniqueness.

The main difficulties of this result is the fact that the collision operator Q" is not
independent of the mean free path n and that the Schrédinger-Poisson system does not
give regularity in time. To overcome these problems we use widely spectral properties of
the Hamiltonian (given in Appendix B). The main estimate which gives us the regularity
to pass to the limit is the entropy estimate. An other key point is the study of the
Schrodinger-Poisson system. Ben Abdallah and Méhats [4| have established existence and
uniqueness of the solution of this system for an occupation number p; in LP for p > 1.
The proof is based on a idea of Nier [22, 23, 24|. Tt is important to conserve this existence
and uniqueness result if we want to obtain the existence of the whole system Boltzmann-
Schrodinger-Poisson. Nevertheless with the technic used here we need the assumption of
small data to establish the uniqueness of the solution of the Schrodinger-Poisson system.
Thus Theorem 6.1.1 is proved only under the assumption of small initial data. We are
not able to insure this uniqueness result in the 3D case when the transport direction is
assumed to lie in a bounded domain of R?2. We will try to explain here and in the following
chapter the main difficulties to pass from the 2D case to the 3D case.

The outline of the paper is as follows.

In the second section, after briefly recalling basic properties of the collision operator,
we establish the a priori estimate, which is the natural estimate for our system.

In the third part, we analyze the Schrodinger-Poisson system under physical assump-
tions obtain on the whole system.

In section 6.4, we prove Theorem 6.1.2 if we assume that we have constructed a solution
of the Boltzmann-Schrodinger-Poisson system as defined in Theorem 6.1.1.

In section 6.5 and 6.6, we investigate the existence problem under the assumption of
small data. We first recall useful results on the Vlasov equation and finally detail the
different steps of the regularization and passing to the limit in the regularized system to
prove Theorem 6.1.1.

The Appendix recall useful inequalities and is devoted to spectral properties of the
Schrodinger operator.

We denote for any Banach space E by ¢*(F) the space of sequences (h)g>1 such that
for all & > 1 we have hy € E and ), ||hx||g < 400, this last quantity being the norm
of (hg)k>1 in £'(E). We will usually shortly denote by |[hg][r»  the LP((0,T) x [a, b] x R)
norm of h;. Moreover when there is no confusion possible, we will denote €x(t, x) (resp.
Xk(t,x, z)) instead of €[V (t,z,-)] (resp. xx[V (¢, x,)](2))-



6.2 A priori estimate 127

6.2 A priori estimate

6.2.1 Properties of the collision operator

In this section, we just enumerate some properties of the collision operator which will be
useful for the rest of the paper. These properties are proved in section 2.3.1. We assume
that 7 is fixed and we omit to write the dependency of the quantities in this parameter.

Proposition 6.2.1 Let QQ be defined by (6.1.5) with a cross section « symmetric and
bounded from above and below i.e. satisfying (A-1). Then we get:

(i) 221 | Q(f)r(v) dv = 0.

(ii) Q is a linear, bounded, selfadjoint and negative operator on L3,.
(iii) The nullspace: Ker Q = {f € L3, s.t. AN, € R with fr = NyMy, Vk > 1}.
(iv) The equation Q(f) = g admits a solution f € L%, iff

> [ awydo=o,

and this solution is unique if we impose the same relation on f.

An easy consequence of this result is the following proposition which allows us to define
the diffusion matrix.

Proposition 6.2.2 There exists © € (L3,)* such that for all k > 1,
QO) = —vMy and Z/ O dv = 0.
k R

We define the diffusion matriz by

D= Z/ O ® vdv. (6.2.19)

3 R

Then D is a symmetric coercive matriz.

6.2.2 A priori estimate

Let T > 0. We set M = Kexp(—%(v? + k?)) with a constant K chosen such that
> [ My dv =1. We define the entropy of the whole system (6.1.10)—(6.1.1)—(6.1.2) by :

S 1 2
Wh(t) = Zk://[a,b}xR (f,l7 logm — i+ My | dedv + 5 //Q Ve VT drdz. (6.2.20)

The distance to equilibrium is defined by :

R (t) = %%://MXR <\/fg — \/NQMZ)Q dzxdv. (6.2.21)
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All along the paper, we will use the following functional space :

LPLYQ) = {u € L;,.(Q) such that [[ul1zr20) = (/ ||u||Lq 0.1 ) < +o0}.

Thanks to Gagliardo-Nirenberg inequalities and interpolation estimates, one can prove
that

Lemma 6.2.3 We have the Sobolev imbedding of H* () into L L*(Q).

We notice that we do not have this imbedding if the transport is assumed to take place in
a bounded domain of R? but holds only in a 1D transport.

Proposition 6.2.4 Let T > 0 and let (V", (f, €1, x])k>1) be a global weak solution on the
interval [0, T] of the Boltzmann-Schridinger-Poisson system (6.1.10)-(6.1.1)-(6.1.2) with
the boundary condition (6.1.9)-(6.1.8). We assume that (A-1) holds and the initial data
satisfy (A-2).

Then, there exists a nonnegative constant Cp such that,

t
vte [0,T], 0< W)+ %/ R(s) ds < C. (6.2.22)
n Jo

Moreover,

b b
vt e [0,7], /Ng(t,x):Mn:/ N™(z) da. (6.2.23)

We point out the fact that this entropy only gives a bound on the distance between the

distribution function f;' and the equilibrium state. Contrary to works of Bardos, Golse,
Levermore, Lions, Masmoudi, Saint-Raymond, we can not find initial conditions and a
maxwellian M such that the relative entropy of f with respect to this Maxwellian M
converges toward 0 as 1 goes to 0.
Proof. We will prove this result in the case of smooth solutions for which all calculations
are justified. In a general case, we regularize the system to have smooth solutions and pass
to the limit in the estimate obtained for these smooth solutions. These steps are explain
in section 6.6.

It is readily seen that with our assumption on the initial condition, the initial entropy
is bounded. Indeed, we recall that we have N € C°[a,b] then V™ € C'(2). Let us prove
the a priori bound.

We first remark that with our boundary conditions, the system conserves the mass:

o Z/ fldzdv = 0. (6.2.24)

Thus we have (6.2.23)
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2
We multiply (6.1.10) by (1 + log f! + |7 + 677) and then integrate on (a,b) x R and

sum over k. We have,

Z//atfk (logfk +|—+e"+1) drdv =
dtZ//fk (logfk +—+€’7) dedv — Z//f]?atendxd’l)

Moreover, using the standard notation ( fo z) dz, we have 9,€] = (|x}|*0;,V"). Thus
we obtain :

Z/ $ O:€] dzdv =Z// FIXI2OVT dedudz
k k
— i n N2y, . __// 712
- dtzk:/ SV dadv 5t |V V" dzdz,

where we use (6.1.2). Therefore,

Z/ o fy! (logfk —|—|—+€’7+1) dxdv = ——//\V“V”\2dxdz

(6.2.25)
dt Z// I <logfk +— + €l — (\XZ\2V”>) dzdv.
And we obtain easily from the Schrédinger equation (6.1.1):
1
5 {10317 + (XY = €]
For the second term, we have after an integration by parts
Z/ Vo f 4 V€] - ka)(logfk+|—+€”+1)dxdv:
(6.2.26)

b
[Z/vfk (logfk+‘—+€") dv] =0,

where we take into account the boundary conditions (6.1.8). Finally, with (6.1.5) and
since Y, [ Q"(f")rdv =0,

Z/Q” Sk (logfk+‘—+e’7+1) dv =
32 [ anwmpo) f200) = ML 2w o [( /{4(())) (J‘]ff)))] dud

k,k’
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Using the relation (a — b)log(a/b) > (v/a — v/b)?, for all positive a and b, and the Jensen
inequality, we obtain:

Z/ Q"( ")k (log fi + ‘— + €] + 1) dvdr < —a;R(t). (6.2.27)

Finally, (6.2.25), (6.2.26) and (6.2.27) lead to:

2
dtZ//fk (logfk r T o >) dado+ 55 ([ 19227 dods o

—R"(t) <0.
R0 <0

From (6.2.28) we have after an integration on [0, 77,
|v 2 k2 1 )
Z £ log fl + — + 5 = 1) dedvt o [ [ [V, VI dudz
/ R (t dt<C’1+Z/ o (——— 10 x7| )) dzx.

Moreover, since the potential V" is nonnegative, we have with a Holder inequality

(6.2.29)

IL2(0,1)-

1
1) = € = (NPT > €{0] = IIxI

Using an interpolation and Lemma B.0.5 imply the existence of a nonnegative constant
C5 such that

1/2
I 20 < ClXEI 20 [XE N 2o0) < Call+ V7| o)
Thus
k? 1 2 n2k2 n 1/2 n 1/2

By the Sobolev imbedding Hl(Q) — L®L2(Q), we have

k:2 1
> [ s~ S e < o+ V)

= CsNan(1+ V7| )

(6.2.31)

This last inequality in (6.2.29) provides

// |V V7P dadz < Cy+ Cs ||V 7 .

Thus after a Poincaré inequality, we deduce that ||V 1) is bounded. Then (6.2.29)
and (6.2.31) provides the desired estimate. O
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Corollary 6.2.5 Let T > 0, there exists a constant Cp > 0 such that :

Vi e [0,77, Z// £ ([log £ + [v]* + k* 4+ 1) dwdv < Cr,
k wxR2

T
/ /(N;? log N7 — N + 1) dxdt < C.
0 w

Proof. The second estimate is a direct application of the Jensen inequality. The first
follows from the remark a|loga| < aloga + 2/e. Indeed,

3 / / folog f] dzdv <3 / / F2(Tog(f1e” )| + 2 + k) dudu
k k
2 2 2 2 2
<3 [ rontsie oo+ 237 [[ e
k k
+Z//(vz+k2) Jdxdv < Cr.
k

6.3 Analysis of the quasistatic part

This section is devoted to the study of the “quasi-static” Schrédinger-Poisson system de-
fined by :

1
3 Xk + Vi = €Erxx (k>1),

1 (6.3.32)
xi(t, @) € Hy(0,1), / Xk Xe dz = Ok
0

AV =D ol (6.3.33)
k

where we consider now that p = (pg)x>1 is given in L>((0,T),¢*(L*(a,b))). We define
Ns =Y, pr. The system is completed by the following boundary conditions:

dv dv
%(t,a, z) = %(t,b, 2)=0 forze (0,1),

V(t,z,0) =V (t,z,1) =0 for z € (a,b).

We assume that p satisfies the following assumptions:
H1 : Vk>1, p. >0 and there exists a nonnegative constant C7 such that:

vte 0,7, Z/pk(l + ) dr < Cr. (6.3.34)
k w

In the sequel we will use the functional space Hy, = {V € H*(Q) : V(x,0) = V(x,1) = 0}.
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Proposition 6.3.1 (Existence and uniqueness) Let us suppose that p = (pg)k>1 1S
given in L>=((0,T),0*(L'(a,b))) and satisfy H1. Then the Schridinger-Poisson system
(6.3.32) (6.3.33) admits a solution in Hy,.

Moreover, denoting N = || Ns||oo(0.1),01 (ap)), of N is small enough, then this solution
(V, (€ky XE)k>1) is unique.

This result is obtained thanks to an idea of Nier [22| which has been developed in [4]
and chapter 4 and 5. The main difference here with the first part of the PhD is the fact
that the quantity which is assumed to be known is not the surface density N, but pg. In
the DDSP model, the occupation factor is equal to Nye~¢ and then decreases with respect
to k. It allows to insure the convexity of the functional used in the variational method
(see section 4.2.4). Here we have to consider an other functional which is no more convex.
This functional is defined on H}; by

// IVV|? dedz — Z/pkEk V]de = Jo(V) + J1(V, p). (6.3.35)

k>1

We first prove that this functional has a minimizer and that this minimizer defines a
solution of (6.3.32) (6.3.33).

Lemma 6.3.2 Assume that (p)k>1 € L=((0,T),¢ (L' (a,b))) and satisfy H1. Then the
functional J, defined in (6.3.35) is continuous, locally Lipschitz and weakly lower semi-
continuous on Hél. It is coercive : there exist nonnegative constants Ci, Cy and C3 such
that

To(V) = [V — Call Vg — . (6.3.36)
Thus the system (6.3.32)(6.3.33) admits a solution (V,(€x, Xx)r>1) such that V € HY,.

Proof. The functional Jy is clearly continuous and strongly convex on Hgj,. For the
functional J;, we use the properties of €;[V] summarized in (B.0.14) to prove

V)~ (7.0 < 3 [ oV - el e

k>1

1/2 7111/2 17
<Gy / oL+ IV Gy + IV Iz ) IV = Vllzzon do

k>1

(6.3.37)
If we use the Sobolev imbedding stated in Lemma 6.2.3, we obtain

1V, p) = iV, p)] < Co(l+ [Vt + IVIE ) IN i @n IV = Vg @) (6.3.38)

Hence Jy (-, p) is Lipschitz and weakly continuous on HY,. Now if we take V = 0 in (6.3.38),
from H1, we have that 0 > J;(0, p) > —C7. Thus,

1
(V) 2 SIVV (20 = (1 + VIV e — Ca
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We apply the Poincaré inequality in H}, to find (6.3.36). Hence the functional J, ad-
mits a minimizer in Hj,. Moreover, from Lemma (B.0.3), it is clear that J, is Gateaux
differentiable on H}; and for any W € H'(Q),

dVJ,)(V)-W://QVV-Vdedz—Z/w,ok<|xk[V]|2W) dz.

Thus each minimizer of the functional J, is a weak solution of the Schrodinger-Poisson
system (6.3.32)—(6.3.33). O

Lemma 6.3.3 Let (pg)p>1 i L=((0,T), 01 (LY (a,b))) satisfying H1. Then, for N =
| Ngll oo (0,7, (a,p)) small emough, the corresponding solution (V. (€x[V], Xx[V]k>1) of the
Schédinger-Poisson system (6.1.1) (6.1.2) is unique.

Proof. Let (px)r>1 be in L>((0,T), (L' (a,b))) satisfying H1. We assume that we can
find two solutions of the Schodinger Poisson system denoted V' and V. Multiplying the
Poisson equation (6.3.33) by (V' — V) and integrating provides:

b
]9 =ViEdriz =3 [ ulPIP - bV = Vibde. (6339)
k a
From (B.0.4), we deduce that we have
b e ~
// ‘v(v o V)|2 dl’dz S Cl / Ns 602(”V”L%(O’l)+||V||L%(O’l))||V _ VH%%(OJ) dx

Then the Sobolev imbedding H'(Q) — LL?(Q) and a Poincaré inequality lead to
HV . ‘7”%{1(9) S 03604(||V”H1(Q)+”V”H1(Q))||Ns||L1(a,b) HV - ‘7”%{1(9) (6340)

Thanks to Lemma 6.3.2 we deduce that V and V are bounded in H'(). Thus, there
exists a nonnegative constant Cy such that

IV = VI3 < CGNIV =V} (6.3.41)

Thus it suffices to chose N small enough to have CsAV < 1/2 to prove that V = V on
[0, T] x ). O

Proposition 6.3.4 (Continuity) Let (pi)i>1 and (pr)x>1 in L°((0,T),¢1(L'(a,b))) and
.ia,tisfy H1. We denote by N = || Ng||ro(0,1).0(ap))s N = | Nsllzee(0,1), 010y and V' and
V' the corresponding solutions of the Schrodinger-Poisson system (6.3.32)—(6.3.33). Then

there exists Ny such that if max(N, ./\7) < N, then

IV = V2o, mr @) < Crllor — rll oo,y (L1 a,5))

where Cr is a nonnegative constant depending only on T.
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Proof. Let (py)r>1 and (pg)r>1 be two sequences in L>((0,T), (*(L' (w))) satisfying H1.
Multiplying the Poisson equation (6.3.33) by (V' — V') and integrating provides :

//Q‘V(V—V)‘?dxdz: Z//Q(pk_ka’)‘Xk[V]P(V—V)dxdz

b _ _ (6.3.42)
+ 30 [ AdalVIP - PP = 7) da
k a
We treat the second term as in the proof of Lemma 6.3.3 and obtain :
b o~ ~ o~ o~
S [ AlalVIF - Wl I = Do < RNV =Tl (6349
k a
where (' is a nonnegative constant.
For the first one, we have with Lemma B.0.2
> [[ (o= mhaVIF( - V) dods <
k Q
b
< [ Yol - P do
@ g>1
And by Lemma 6.2.3 and the bound of V and V in H'(Q2), we have
> /(Pk — )k VIP(V = V) dadz < Callps = peller 11 an- (6.3.44)

k>1
Therefore if we inject (6.3.43) and (6.3.44) in (6.3.42), we obtain after a Poincaré inequality:
IV = Vg < CNIIV = VIidn gy + Cellox — prller (21 (as)-

Thus it is readily seen after a integration in time that we can find A/® small enough such
that for all ' < NV°, we have

IV — V||2L2([0,T],H1(Q)) < Csllpr. — ﬁk”él(Ll(mb))'

Remark 6.3.5 Since the Sobolev imbedding of Lemma 6.2.3 does not hold true for a
two dimensional transport, we are not able to insure the uniqueness in Lemma 6.5.3 in
this case. Newvertheless we can establish that we have the existence of solutions of the
Schrodinger-Poisson system as we will see in chapter 7.
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6.4 Diffusive limit

In this section we assume to have the existence of a solution of the Boltzmann-Schrédinger-
Poisson system for 7 fixed. Thus we suppose that we have constructed a renormalized
solution of this system (6.1.10)-(6.1.12) considered with the conditions (6.1.8)-(6.1.9)-
(6.1.3), which satisfies Theorem 6.1.1. The proof of this theorem will be discussed in
section 6.6.

Here we will establish the diffusive limit when 1 — 0 of this system. Namely, we prove
Theorem 6.1.2. The rigorous proof of this convergence result is based on several steps. First
the entropy inequality gives a first bound which allows us to obtain a weak convergence
of the distribution function. An averaging lemma improves it to a strong convergence of
the occupation factor which thanks to the continuity of the Schrédinger-Poisson system
provides the strong convergences of the potential. With this kind of convergence we can
pass to the limit in the equation in the last step and recover the drift-diffusion system. In
the following we will abusively use the same notation (f;'),>1 for subsequences. All results
are proved up to an extraction.

6.4.1 Convergence of the density

We consider a renormalized solution of the Boltzmann equation. That is, V3 € C*(R™),
B(f™) is a weak solution of :

NSk + v VaB(f ")k — Vo€ - Vo B(f ")k =

Q"( M)k
BUM(t = 0) = B(F ™). !

B (6.4.45)

We fix § > 0. Let 35 be an approximation of the identity, namely G;s(s), = %ﬁk(&s). We
choose [ a C* function satisfying Bi(s) = s for s, < 1, 0 < F'(s) < 1 for all s and
Br(s) =2 for s > 3.

Lemma 6.4.1 Let f" be a renormalized solution of the Boltzmann equation defined in
Theorem 6.1.1, we have

(i) f" is weakly relatively compact in ¢*(L*((0,T) x (a,b) x R)).

(i1) w is weakly relatively compact in (*(L*((0,T) X (a,b) x R)).

Proof. The first point is a consequence of the Dunford-Pettis theorem and the energy
estimate.
Let us define

VI NI MG (6.4.46)
/My,

Thanks to the dissipation rate control (6.1.13), we have

T
Z/o / 7] PM] drdvdt < C. (6.4.47)
k

n_
’f’k—
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Using r" we can rewrite
fi = NIMG + 20 NIMr] + n? () MG

Thanks to the linearity of Q7 and since with (6.4.47), >, fOT [ Q"((rm)2M™M), dzdvdt < C,
then we have
Q"(f")k
n

£ = 2V NIQUM™ ) + Oy .

We deduce "T €l (Ly,.).
Moreover, let € > 0, we have thanks to a Cauchy-Schwarz inequality,

> / |V NIQUM™ )| dedvdt < C’Z / NIM] dzdvdt+
k A
77 n 77
- OZ / @ /3\44[ dxdvdt.

We choose C' > 0 such that the second term of the right hand side is bounded by /2. For
such C, the equi-integrability of N7 imply

Jda>0,YAC(0,T) x (a,b) xR, \A|<oz:>C'Z/N;7Mdedvdt§§.
— Ja

Thus v NJQ" (M) is equi-integrable. Besides, for R > 0,
(@ (rMm? | ?

1
S [ WATQUay dsdudt < LN, |
=R R ’ M

(L 4 0)

And the right hand side goes to 0 uniformly in n as R tends to +o00. This proves the weak
compactness of % thanks to the Dunford-Pettis theorem. 0

Lemma 6.4.2 Let p" = [ f7dv where f7 is defined in Theorem 6.1.1. Then p" is rela-
tively compact in (*(L'((0,T) x (a,b))).

Proof. We have
natﬂé(fn)k +v- Vﬂcﬂé(fn)k = hZ + ngZ’

where b} = %Q”(f”)kﬁg(f”)k and g = V,€] Bs(f")y. Since we have 0 < B5(f") < 1
and %Q”(f”) is weakly relatively compact in ¢*(L'(dtdzdv)), we deduce that h} is weakly
relatively compact in ¢'(L!(dtdzdv)). As the choice of 85 implies Bs(f7), < 2/6 then
Bs(f")r € Ly, The spectral properties of the Hamiltonian imply V Ek = {|xx]*V.V).
The bound of V in H'(2) implies a bound of V€, in L?(a,b). Thus, g € ¢}, (L°L2L).
Thanks to an averaging lemma [15, 9|, we deduce that Vv, € D(R)

/ﬁg(f”)kzbk dv is relatively compact in L;
R
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Using the fact that [v]*f; is uniformly bounded in Ly, ,, we obtain thanks to standard

arguments that fR Bs(f™M)k dv is relatively compact in Lix. Moreover the definition of (s

o Z/ //\@; fe = [l dedvdt <3 / // s £ dxdudt.

{fi=1/s}
Thus, the equi-integrability of f; implies

sggHﬁa(f”) fNe@r y—0 asd—0. (6.4.48)
n=

tz'u

Let € > 0, up to an extraction, we have

/ 17— £ | dtdwdv < / |1 = Bs(f")i| dtdadv + / [35(f )i = Bs(f" el dtdaxdy
+ 100 5 e

We fix 0 such that the first and the third term of the right hand side is < /3. For such
ad >0, [ Bs(f")kdv is relatively compact. Thus with 7 and 7’ small enough the second
term is bounded by €/3. Then the Cauchy criterion proves, up to an extraction,

Pl — pi strongly in L'([0,T] x (a,b)) and a.e.

By the Dunford-Pettis theorem, we have that N7 converges weakly in L}, towards Nj.
By a Lebesgue theorem, the convergence almost everywhere of p; implies that for all

¥ € D((0,T) x (a,b)),

Z// pzwdxdt—>2// pet dxdt  as n — 0.
— JJ0,1)x(ab) — JJ0,1)x(a,b)

By uniqueness of the weak limit, we have N, = >, pr. Since N, and N7 are bounded in

Ly,
dK eN,Vk> N, Z/ pkdtda:<§and Z/ pZdtdx<£.
= /0@ 3 = J0m)x@ab) 3

Thus

— pr| dxdt < — —|— / — pi| dzdt.
2 Juon 2

k<N ><(ab

It means that, up to an extraction,

p" — p strongly in £'(L'((0,T) x (a,b))) and a.e. (6.4.49)
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Proposition 6.4.3 Let (f7, V") be a solution of the renormalized system defined in The-
orem 6.1.1, then there exist V in L>((0,T), H'(Q2)) and N, in L>=((0,T),L'(a,b)) such

that, up to an extraction,
VT —V in L*((0,T), H(Q)) and f" — N,M in £*(L*((0,T) x (a,b) x R)) and a.e.

Proof. Since with (6.4.49) we have proved the strong and a.e. convergence of p towards
p, the Fatou Lemma and estimate (6.1.13) imply that for a.e. ¢ € [0, T,

b b
Z/ (prlog pr. — pr) dx < Cp and Z/ pr(1+ k?) dz < Cr.
E YO E VA

Thus from Lemma 6.3.2, we deduce that there exists V € L>([0,T], H'(Q)) weak solution
of the Schrédinger-Poisson system (6.3.32)—(6.3.33). But in the framework of Theorem
6.1.2 we do not impose to have small data. We can not apply the uniqueness result of the
Schrédinger-Poisson system in Lemma 6.3.3. Nevertheless, we can prove that

IV = V"llz2qom,m1(00) — 0 asp — 0.

In fact, we multiply the Poisson equation by (V' — V") and integrate, we have

// IV(V? = V) |*dadzdt = T+ 11 + 111,

where

1= [ [ o= ety = vy s,
=30 [ NIV bl VP = V) dadot

I = Zk:/o //@M NIMU (VP = VIV = V7)) dedudt,

We will used the same idea to treat the first and second term as in the proof of Proposition
6.3.4. For the third term we remark that as n goes to 0 we are closer from the equilibrium.
And the occupation factors at the equilibrium decrease with respect to k. The distance
to the equilibrium is measured thanks to R" (6.2.21). Therefore, for the third term, we
have using Lemma (B.0.3),

Nn n n
11T = / // M M LGV = VX do dedudt <0, (6.4.50)

where we denote €7 := €,[oV + (1 — 0)V] and x := xxloV + (1 — 0)V].
For the first term, as in the proof of Proposition 6.3.4, we can show that

11 < Cillos — Alllorcer - (6:4.51)
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For the second term, we use Lemma (B.0.5) to write

T
11| < Cy Z/ // 17— NI Wz V) oy dadudt.
% J0 (a,b)xR

Thus Lemma 6.2.3 implies

T
|11 < Cy E / // |} — NIM| dedvdt. (6.4.52)
% J0 (a,b) xR

We show that the a priori estimate in Proposition 6.2.4 implies to convergence towards 0
of this term. Indeed, by a Cauchy-Schwarz inequality

Z/ //ab i = N”M”|dmdvdt<2\[”N,7H1/2 (/OTR”(t)dt)l/2

Then to the properties of the eigenvalues of the Hamiltonian (B.0.3) and the injection
of H'(€Q) into L L?(2) implies that

1€V — €[Vl 20,11,y — 0 as 1 — 0.

Moreover, using Lemma B.0.3, we have

— My, _/ M(v (ZAM (VZZ_ Vet (Ixal> (v —V))) ds,

where we use the notation f*:= f[V + s(V7 —V)]. Then by Lemma B.0.2 we have

_62

1
M — M| < C el izt IVilz g _ vn||Lg/ M) =t ds (6.4.53)
0

Zs

Thus the injection H'(Q) — L L?(Q) provides the convergence M7 — M as n — 0 in
L2([0,T7], £1(L*°((a,b) x R))) and in L2([0,T], £>*(L>((a,b) x R))) Furthermore,

INsM = NJM | rzy, 5 < IINs = N[y, + INJM = M lows, - (6.4.54)

The bound (6.4.53) provides
T b ,
INZM = M) laqur s < C/ / N7V Vz ) dd,
» T,V 0 a z

Thus the a priori bound in Proposition 6.2.4 and Lemma 6.2.3 imply that there exists a
nonnegative constant C' such that

2
INIM = M)l y < CIV = VIl st 1 -
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This last estimate combines with the strong convergence of N7 in L%’z imply thanks to
(6.4.54) that

||N5M—N;7Mn||g1(Ltlzv) — 0 3877—>O
Moreover, the entropy estimate (6.1.13) implies a control of the dissipation rate:
T 1 T 2
/ R'(t) dt = 52/ / (,/f;g - ,/N?Mz) drdvdt < Crn.
0 =1 70 (a,b)xR
Thus, by a Cauchy-Schwarz inequality,

1f" = NeMllppry, oy < 7= NJM oy, )+ [INJMT = NoMlpy )

t,z,v

T 1/2
<aat ([ Rowa) v - MMy,

Thus f7 — N, M strongly in £'(L;, ) and one can extract a subsequence converging a.e.
(|

6.4.2 The limit equation

Proposition 6.4.4 Let (f7, V") be a solution of the renormalized system defined in The-
orem 6.1.1, then the current J", defined by

1
J" = EZ/]R? v dv, (6.4.55)
f

satisfies
{ J1 = J ==D(V,N, + N,V,V,) inweak — L,

J(t,a) = J(t,b) = 0,

where the diffusion matriz D is defined in (6.2.19) and the autoconsistant potential is

V.= —log() e V),

k>1

Proof. Thanks to Proposition 6.4.3 and the inequality |\/a — v/b|*> < |a — b| for two
nonnegative reals a and b, we have

(VI = (VNM)iss in P(L2,,).

Thanks to the definition of ) (6.4.46), we have

1
JN = EZ/W vfy dv = 2+/N] Z/Rz orf Ml dv + O(n)el(L%}z’v).
k k
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Besides, M} <1 and the bound (6.4.47) imply that (r?M") is bounded in ¢*(L7,, ). Thus
up to an extraction, there exists r € ¢2(L*(Mdtdzdv)) such that (7M7) weakly converges
towards (rM) in EQ(L2 ). We deduce

t,x,v

A
Z/ vrkM"dv—Z/ v My, Mkd 42:/ vrgMidv  in weak — L7 .
k VR

Proposition 6.4.2 proves that v N{ — /N, in L7, strongly. Thus
JT = J =2/ N; Z/ vrMidv  in weak — Ly ,. (6.4.56)
x VR

Since we have Y, [vMj dv = 0, Proposition 6.2.1 shows that we can define Q' (v M)
and the selfadjointness of the operator () leads to

I=2/N Y [ @ Mo M,

A.
Mk (6.4.57)

Now, we will find an expression of J. Considering again the definition of 7/, we have

n( fn)
Q (1{ — 2/ NIQT(F M) + Q" (72 M.
With (6.4.47), the second term in the right hand side is of order O(n)p ;). For the first

one, one can prove eaqﬂy, thanks to a Lebesgue theorem, that V f € 52( tzv), we have
||Q’7( ) = Q(f)lezzz, ) — 0- The weak convergence of (7”7./\/{’7) in ¢*(L},,) implies then

Q"(r"M") = Q(rM) in (*(Li, ).

With the strong convergence in L?’w of vV NJ, we deduce

P o NI L2 1 0y, ) — 2@ M M(Ltlfél N

We recall that for every A > 0, we have defined O] , = (f! + Xexp(—§(v®+£?)))"/2. Thus
we have

@Z)\ — Oy = (fru + e (7 +k2))1/2 strongly in ¢*(L trv)

Moreover we have,

n(n —5 (v +k?)
QU | g, e - .

nat@Z,)\ T Vz@z,)\ o VU(VIEZ @Z,A) 2 @Z A 2@27)\

(6.4.59)

We can pass to the limit in the previous equation (6.4.59). In fact we have the strong
convergence of O} , in L? and the strong convergence of V7 in H'. Moreover, with Lemma
B.0.3, we have

V€l = Vot = (I = Dal) Ve V) + (Dl Ve (VT = V).
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Thus with Lemma B.0.2 and (B.0.4),
V2€] = Vol < Cre®sz (17, V] ae™ i [V = V|1 + [ V(V = V)12 )

The strong convergence of V7 in L2((0,7), H'(2)) and the Sobolev imbedding in Propo-
sition 6.2.3, H'(Q2) — L>®L2(2), imply that

V€l — V. €, strongly in KQ(Liz).

Therefore,
VIEZ@ZA — V€0, weakly in L%’w’v.
Thus we can take the weak limit as 7 — 0 in (6.4.59). For all £ > 1, we find
VN.Q(rM 3R
0 VaOpr — Vo(Vabp Opy) = YOUMe G o v
Ok PIS TN

And if we make A — 0 in the resulting equation, we find

(vrm + %\/ﬁsvwvs) oMy = Qr M), (6.4.60)

where we take Vi = —log)", e . And we verify that the product /N,V,V; has a
meaning in L{ . Now, with (6.4.56) and (6.4.60), we can conclude

J = —Dvy/N, (Vm\/Ns + %\/Nsvxvs) , (6.4.61)

where the symmetric positive diffusion matrix, defined in (6.2.19), is given by

]D):—Zk:/Rv@Q_ (VM) dv.

Besides, with our choice of boundary conditions (6.1.8) we have that

Z/va,?(t,a,v)dvzz/va,?(t,b,v)dvzo

k>1 k>1

Thus as 7 goes to 0, it provides that J(¢,a) = 0 and J(t,b) = 0. Now, if we use Lemma
6.4.5, we can rewrite the current J and the proof of the Proposition 6.4.4 is complete.

Lemma 6.4.5 Let N, and V' be defined in Proposition 6.4.3. If we suppose that
1
Ve N + ix/NstVs =G e L*(0,7) x (a,b)), (6.4.62)

where Vy = — log(z e~ VY. Then we have

k>1

V/N, € L*([0,T], H (w))  and VNV, V, € L*((0,T) x (a,b)).
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Proof. From (6.4.60) we have that (6.4.62) holds. Moreover, we have /N, bounded in
L}, and V in L7H}, then from Lemma B.0.2, we deduce that \/N,V,V; € L} . It follows
that V,/N, € Ltl,w. We consider the approximation of the identity (s as before. Namely
Bs(s) = %5(53) where [ is a C*°(R™) function satisfying 3(s) = s for 0 < s <1, ((s) =2
for s > 3 and 0 < f'(s) < 1. If we denote 1) = v/N,, we have

Hence we can renormalize the equation (6.4.62):

V.s(9) + 5VaV B0 = G

where G = G 34(¢)) < G. Multiplying (6.4.63) by V,05(1) and integrating provides

[ 198 dde 5 [ [ 9.V 9ai0) 0550) dudt = [[ GV 3s(0) dad. (6.4.63

By a Cauchy-Schwarz inequality we deduce

/ / GV . 05(1) dxdt < % / / G? dxdt+% / V.05 (1)|? dadt.

If we define 3 by G(s) = [ 70'(s)?dr and B5(s) = &3(ds). Then, F5(s) goes to & when
0 goes to 0 and we have

/ V.V, V() $BL(4) dir = / V.V, - Vo Bs(e) do = — / AViBs(@) de. (6.4.64)

With the Poisson equation (6.3.33) for fr, = Ny M., we have:
AV =V ANy O hal”
k>1
And, after some integrations by parts,
(O2VIxk*) = 2(VxeD2xk) + 2(V [0 xk /).
Thanks to the Schrodinger equation (6.3.32), we have:
O =2(V = €)xi and  2AV]xal?) + [0:xx]* = 265

Thus,
2V [xal2) = AV2l?) + 2((V + €,)]0xn|2) — 4€2.

These remarks lead to the following identity :

e % (€)? (N?+44VZN) e 6k )
AV, = 4 283"V 4 €,)]0.
zk: z N, + Xk: z ((V +€)|0:xx]*)
1 e — & 2
222 (e ) v

e €k 5 9 e 6k 5 ’
+Z7<|Xk| V.V) - 270)@:\ V.V | .
% %

(6.4.65)
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By the Cauchy-Schwarz inequality, the sum of the last two terms of the right hand side is
nonnegative. Moreover, except for the first one, the other terms are obviously nonnegative.
Thus we have with (6.4.64),

b b —€ 2
/ VoV, - V() 684(0) da > —4 / > )
a a k

Moreover, Lemma B.0.2 and the Sobolev imbedding H'(Q2) — L*L?*(Q) imply that the

quantity >, % is bounded in L*(w). Thus (6.4.63) leads to

[ WPt < [[ 6 aara [ b ) D 5w o

Passing to the limit 6 — 0, we have

b —€L 2
2 < 2 e (€x)
//|Vx\/N8\ dtdx_//G dtdas+4/a gk Ngdz.

Thus we deduce that /N, € L?((0,T), H'(a,b)) and with (6.4.62) we conclude easily that
VN, V.V, € L*((0,T) x (a,b)). .

6.5 The truncated Boltzmann equation

This part deals with well-known existence results and properties for the Boltzmann equa-
tion. Most results will be stated for the matter of completeness without proof, we can find
these standard results in |3, 4, 10, 13, 21|. We shall assume that n > 0 is fixed, for the
clarity of the notation we choose 1 = 1, and that the force fields F} := —V € is given.
We consider the equations indexed in k:

atfk +uv- Vacfk + Fk . vak - QR(f)k7 ($,U) € (a7 b) X R? te [O>T]>
fr(t,a,v) = fi(t,a,—v), fi(t,b,v) = fi(t,b,—v) fort € [0,T],v >0, (6.5.66)
fk(07xvv) - ,i"(x,v),

where we use the truncated collision operator :
Qr(f)r = Z/ g (0, V) (Mi(0) fro (0) = My (0) fi(v)) a0 (6.5.67)
ko JR

where the truncated cross-section is defined for a R > 0 by
R
. (0,0") = g (0, V) k< p<r(k, V) < rjvi<r (K V).

A simple calculation shows that the regularized collision operator (6.5.67) is bounded in
('(L;,) and in €°(Lg%,) and satisfies Y, [o Qr(f)rdv = 0.

The following lemma states the existence and uniqueness of the weak solution for each
equation of (6.5.66).
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Lemma 6.5.1 Let T > 0 and assume that the initial data satisfy for all k > 1,
>0, (1+0*)f" € L' ((a,b) xR), fi* € L®((a,b) x R).

Assume that Fy, € L'((0,T), W' (a,b) N L=(a,b)) and that €, > s7°k*. Then (6.5.66)
admits an unique weak solution f, € L>((0,T), L* N L=((a,b) x R)), fi > 0 and

Vit elo,T), Z/fk (t,z,v dv—Z/ (6.5.68)
k>1 k>1
Moreover if there exists 6 > 2 such that (v° + k?) fi* € (>(L,), then
Vit e [07 T]? Z ka(tv ) ')’|L°°((a7b)><R) < C(l + (A(t>>2>7 (6'5'69)
k>1
where C' is a constant depending only on T and the data and A is defined by: A(t) :=

t
/supHFk(s,-)HLgods.
0 k>1

Proof. All the results are standard for the Vlasov equation and can be find in [10] for
instance. The key point is that with our choice of truncated collision operator, we can
apply the results of Vlasov on our problem. We define

QhL(f (Z / afufu dv)

)\kR = E / Oé]lj’k/M;g/ dU/.
g R

Operator QF is continuous on L' N L™ and preserve positivity. Thanks to the weak
maximum principle of the Vlasov equation, one can construct, (for R > 0) from a fixed
point with the characteristic formula, a positive solution of

Oifr+v-Vafe+ Fi - Vofu + M fr = QL (Fr, (z,v) € (a,b) xR, t € [0,T],
fr(t,a,v) = fi(t,a,—v),  fi(t,b,v) = fi(t,b,—v) fort e [0,T],v >0,
fe(0,2,0) = fi"(x,v).

and

(6.5.70)
Let us prove that the L> bound (6.5.69) is independent of R. We first define the charge

density Ngi by
Np=)Y_ / i dv.
k<rIVISR

We consider the characteristic Z = (X,Y):
az
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By integrating the Boltzmann equation (6.5.70) over the characteristic Z, we find

Fot2,0) < fulmos Z(rs 2, 0,1)) exp (— /t () ds)

/ Qh(f exp( /:Affmda) s,

where 7, is the incoming instant to [a, b] X R of the characteristic curves passing by (z,v)
at the time . Moreover, we have

1QR(N)(t, 2, v)| < aaMy(t,z,v) Np(t, ).
Thus after a summation over k£ > 1, we find

D flta0) <3 i, + o= / exp(—5(Y (5))*) Na(s, X (s)) ds.

k>1 k>1

And the characteristics satisfy: v =Y (s) + fst F.(X(0),0)do. Therefore, by definition of
A, we have that if |[v| > 2A then |Y(s)|* > (v/2)?. With our assumption on the initial
condition (f™), we deduce that there exists a nonnegative constant C such that:

S G2 [Vl s o] < 24,
ka(tax7v) S k21 O{
Q2 —v2/8/ HN
k>1 r(S, )|z ds if Ju] > 2A.
; k2 + v/2

Integrating this last inequality for |v| < 2A and for |v| > 2A, we get

t
|Nalls (8) < C (A2 = [ INals) ds)
0

which provides the bound (6.5.69) by a Gronwall argument. 0

The following lemma, whose proof can be find in [4], establishes some continuity and
compactness result for the solution of (6.5.66)

Lemma 6.5.2 Let €} € L'((0,T),W'(a,b)) for any k and n, such that for any fized k,
|Ex e = V€71 is bounded independently of n. Let (f') be a corresponding sequence
of weak solutions of (6.5.66).

(1) If for all k > 1 we have as n — oo,

n : 1,1 n ; 0o
€ — € in Wy fif = fiin Ly, — weakx,

then the limit fy, is a weak solution of (6.5.66) with €.
(11) If additionally we have for all n € N,

Dz, + 10 + K fElly

t,z,v
k>1

) <C,

where C' is a constant independent of n. Then the sequence of charge densities (p})g>1 =
(J firdv)gs1 is compact (with respect to n) in the (*(L9((0,T) x (a,b))) topology for any
q<?2.
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6.6 Existence for the overall problem

In this section we are interested in the existence of a solution for a fixed n > 0. The
existence result is stated in Theorem 6.1.1. The problem considered is a Boltzmann
equation coupled with a Schédinger—Poisson system. The structure of this coupling invite
us to use a fixed-point argument for the proof. But to define this fixed-point, we need to
have the uniqueness of a solution of the Schédinger Poisson system. Thus, with our result
we are not able to prove the existence for every kind of initial condition.

We do not give in detail the proof of Theorem 6.1.1, because most results are standard.
We only give the main steps which follows the idea of |3, 4, 20| : we regularize the system
thanks to a parameters, we construct solution for the regularized system and we left go
the parameter to 0 to recover solutions of the unregularized system.

First, we introduce a regularization of the overall problem. Let us define the linear
regularization operator by

R:LYQ) — C®(Q)

V = R[V]|(x,2)= (Vs &n*: &0)lg (6.6.71)

where V is the extension of V by zero outside Q and &, and &, are C*° nonnegative
compactly supported even approximations of the unity on R. We write then the regularized
system :

( 1 1

atfli,R + E(U‘vrfli,R - VIEE,R'VUJCE,R) - ?Q%(ff%)kv (mv U) S (a7 b) X R?
fer(t,a,v) = fEa(t,a,—v), fia(t,b,v) = fEa(t,b,—v), v>0,t € [0,7(6.6.72)
\ fli,R(Oa L, U) = ]:;n(x7 U)a

1 € € € £ £ €
D) asz,R + R [ViIXh.r = €L rXER (k>1),

1
Xir(t,w,-) € Hy(0,1), / Xk,r Xe,r 472 = O,
0

3 / f;:,R|xi,R|2dv] ,
k R

dVg dVs

%(t,a,z):%(t,b,z) =0, for z € (0,1),

Vi(t,z,0) = Vi(t,z,1) =0, for z € (a,b).

(6.6.73)

—A,VE=F

(6.6.74)

\

We use the regularization of the collision operator :
Qr(fk = Z/ ag (0, V) (MG (0) fi (V) = M (V) fi(v)) dv, (6.6.75)
ko /R

where the truncated cross-section is defined by

aﬁk/(v, U,) == ozhk/(v, U/>1k§R,|v|§R(k7 U)lk’gR,W\SR(k,a U,).
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We still use the notations defined in section 6.1 : N: = /fk, dv and the Maxwellian
k>1

1 1 c
M = 52 exp(—§1)2 —€;) for 25 =3", e .
T € =
Since for ¢ = 0 we have R® = Id, we will obtain a solution of the unregularized problem

by passing to the limits ¢ — 0 and R — +o0 in the regularized one (6.6.72) (6.6.74), which
are done in the followings steps.

Step 1 : Existence for the reqularized problem

In the first step we prove that the regularized problem admit a solution. We verify
easily that that the regularized collision operator (6.5.67) is bounded in ¢'(L;,) and in
(>(Ly3,) and satisfies Y-, [ Q%(f)rdv =0 and

k>l/Q€ log—dv<——kz>;/ (Vfr — V/NeMg)? d

Moreover, we can prove straightforwardly from convolution results that the regulariza-
tion operator R° satisfies the following properties :

Lemma 6.6.1 (i) R° is a bounded operator on L2 L1(Q) for 1 < p,q < +oo and satisfies
vV e LLLUQ),  [[E[V]lzrz@) < IV ilzrso)-
if 1 <p,q<-+oc andV € LELI(Q), then liII(l) [RE[V] = Vlera = 0.

(ii) R® is selfadjoint on L?(2).
(iii) Let r > 1 be given and V € W (Q). Then

V.R°[V] = R°[V,V]; lim VR [V] = VoV r = 0.
Following the ideas of the proof of Proposition 4.8 of [4] we establish:

Proposition 6.6.2 Let T' > 0 and let assume that Assumption (A-1) holds and that the
initial condition is at the thermal equilibrium, i.e. verify (A-2) and is given by (6.1.9).
Then, there exists €9 > 0 and 6 > 0 such that, if

D s, (6.6.76)

k>1

then for all e € (0,e0) the reqularized problem (6.6.72) (6.6.74) admits a global weak solu-
tion (Vi, (€5 ps Xa.r» Ji.r)k>1) on the interval [0, T] which satisfies the entropy estimate :

T
vie[0,T], 0<Wi()+ ;—ng/ RE()dt < Cr, (6.6.77)
0

with
Wi(t) = Z (f,f,Rl % — frr Tt Mk) dxdv + = // V., ZVR\2dxdz

k>1
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and

- %Z// (\/ng - \/NE,RM?{;,R)2 dxdv.
k>1

Step 2 : Passing to the limit R — +00
For € > 0 fixed, one can pass to the limit as R — +o0o0. We obtain

Proposition 6.6.3 Let T > 0 and let assume that (A-1) and (A-2) are satisfied. Let
e >0 be fized (¢ < &9) and (Vg, (fi r» Xi.r> €k.r)k>1) be a weak solution of the regularized
Boltzmann-Schrodinger-Poisson system (6.6.72) (6.6.74). Then as R — +oo this solution
converges to a weak solution (Ve, (fg, X5, €.)k>1) of

;

1 1
atfli + E(Uvzfli - Vzeivvfli) - ?Qa(fa)ka (33,21) € (aa b) xR
fli,R(ta a, U) - fli,R(ta a, _U)a fli,R(ta bv U) - fli,R(ta bv _U)7 v > Out S [07 7-(]6678)
[ fi(0,2,0) = fi"(z,v),

——92 VI =6 (k=1

1 (6.6.79)
it €m0, [ xixids =,
\
(
—A, Ve = / fk|Xk‘2dU] )
¢ dVe (6.6.80)
de(t,a, z) = d (t b,z) =0, for z € (0,1),
| VE(t,2,0) = VE(t,2,1) =0, for z € (a,b).
Moreover it satisfies the estimate
(03] T
Vtel0,T], 0< W)+ 2—772 RE(t) dt < Cr, (6.6.81)
0
with 1
We(t) = Z <fk logﬁk — i+ Mk) dxdv + = // V... VE|* dzdz
k>1
and

:%;//WT;_W)QCZW.

Proof. We skip all the index ¢ in the notation. With our regularization (6.6.71) we have
a bound of V in Lfo(ijo) depending only on ¢ and not on R which provides thanks
to (6.5.69) a bound of (fi r)r>1 in €°(L5, ) depending only on € and on the data. And
with (6.5.68), we have a bound of (fy, R)k>1 in (*(L{,,) depending only on the data.
Thus we can extract a subsequence converging as R — +oo towards a function f in
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ﬁz(fov) — weak. Arguing as in Proposition 6.4.2, one can prove thanks to an averaging
Lemma that pr == ([ frrdv)k>1 — p = ([ fr dv)i>1 in (*(L2 ) — strong.
The conservation of the mass implies that for all ¢ € [0 T] we have || f|lo

tcvv) =

| fir [P = Nj,. Then we can solve the regularized Schrédinger-Poisson system

tz'u

(6.6.79)-(6.6.80) with the given p and construct an unique solution V' € Ly*(H, ). The
continuity of the solution of the Schédinger-Poisson system (cf Proposition 6.3.4) pro-
vides Vg — V in L?(H;Z) and properties of the eigenvalues of the Hamiltonian shows
Ex[R[Vi]] — Ex[RE[V]] in LE(We).

Furthermore, we have for all £ > 1

1Qr(fR)kllLee, < calllfrllar,) + [[frllLe,) < Cre,

where Cr. is a nonnegative constant depending only on 7" and € and on the data. We
deduce that we can extract a subsequence (Qr(fr)r)r converging as R — 400 in L™ —
weak*. From the previous remarks and the definition of Qg (6.5.67), we deduce after using
some Lebesgue theorems that

V¢ € L' ((a,b) x R), // i —Qr(fr)k)pdrdv — 0 as R — +o0

Thus one can pass to the limit in the weak equation of the Boltzmann-Schrédinger-Poisson
system (6.6.72) (6.6.74) and prove straightforwardly that (V) (fx, €x, Xx)k>1) is a solu-
tion of (6.6.78) (6.6.80). Finally we recover the estimate (6.6.81) by passing to the limit

Step 3 : Passing to the limit ¢ — 0

In the last step we prove Theorem 6.1.1 by taking the limit ¢ — 0 in the system
(6.6.78) (6.6.80).

Since the solution satisfies the estimate (6.6.81), we deduce that

Z/// fi(L+v* + & + |log fi]) dzdvdt < Cr
(0,7)x (a,b) xR

k>1

and with a Jensen inequality, one can deduce

// NZ(1+ |log NZ|) dzdt < Cr,
0,T)x (a,b

where we recall that we use the notation NI := Y, [o, ff dv. Thus the Dunford-
Pettis theorem implies that (ff)g>1 and N¢ are weakly relatively compact respectively in

H(LY(0,T) x (a,b) x R)) and in L*((0,7T) x (a,b)). Moreover

e (5 o) (5 ).
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Thus Q°(f¢) is bounded in ¢'(L;, ) and for all I C [0,T], A C [a,b] and B C R, we have

Z// / |Q€(f6)k‘ drdudt < ae N; dxdt + Oéz/ fli dxdvudt.
3 I1JAJB IxA IxXAxXB

Since NZ and (ff)r>1 are equi-integrable and tight, we deduce that Q°(f¢) have the same
properties. The Dunford-Pettis theorem implies then that Q°(f¢) is weakly relatively
compact in £1(L'((0,T) x (a,b) X R)). Then,

1
N fiy +v-Vafi = EQE(fa)k + Vo - (Vo€ i)
Proceeding as in the proof of Proposition 6.4.2, by an averaging lemma, we can prove that
p° — p strongly in /' (L*((0,T) x (a,b))). (6.6.82)

Moreover p satisfies the estimate

Z//pk (14 2 + | log py|) ddt < Cr. (6.6.83)

k>1

and the conservation of the mass implies
b b
¥t e [0,T),Ve >0, / N, do :/ N dz = N

We can then apply Lemma 6.3.2 to solve the unregularized Schrodinger-Poisson system
(6.3.32)-(6.3.33) with the density p. Thus there exists V € L>([0,T], H*()) weak solu-
tion of (6.3.32)—(6.3.33). The conservation of the mass implies with Lemma 6.3.3 that we
have the uniqueness of this solution. Moreover multiplying the two Poisson equations by
(Ve — V) and integrating lead to

//Q|V(V€—V)|2dxdz: //fof k
// — 1d) [ZPMX}J

For the second term of the right hand side of (6.6.84), we use the selfadjointness of the
operator R (Lemma 6.6.1 (ii)) to write

//Q( —1d) [Zpklxk\

<cy / oL+ VIR — IV = V|12 de,

k>1

(Ve = V) dedz+
(6.6.84)

Z(PﬂX%P - Pk\Xk|2)

V) dxdz.

V) dzdz
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where we use the bound on the eigenvectors of the Hamiltonian established in Lemma
B.0.5. Proceeding as in Lemma 6.3.2, we can obtain, thanks to the imbedding H'(Q) —
LELA(Q).

[l =50 |t |

And with Lemma 6.6.1, if we define for the bounded operator R®

VE—V)dadz < C(1+ [V 70y I(RE = Id)[VE = V]|lm @)

[R5 — Idl|y = sup I — [V ] 20
{veL?(Q),v£0} ||V||L2(Q) ’

then we have thanks to Lemma 6.6.1 (i),
|R°—Id||]s =0 ase—0. (6.6.85)

Thus, there exists a nonnegative constant depending only on 7" such that

J [~ 1) [Zpkw

For the first term of the right hand side of (6.6.84), we decompose, using the selfadjointness
of R®

I

S [ el v e+ 3 [ ot - bl - v e

k>1 k>1
(6.6.87)
From the properties of the regularization operator R° resumed in Lemma 6.6.1 we have,

(pi|xi\2 — prlxu) | (Ve = V) dadz =

[REVE =Vl < IV = Vg

We treat the first term of the right hand side of (6.6.87) exactly as the first term of the
right hand side of (6.3.42). Thus there exist two nonnegative constants Cy and Cj such
that,

Z/ — o)Xk PRE[VE = V) dx < CoNip||[VE = V[ H1 ) + Csll ok — piller - (6.6.88)
k>1

For the second term of the right hand side of (6.6.87), we refer to the treatment of the
second term of (6.3.42). Therefore, there exists a nonnegative constant C such that

Z/ Pl (G = I REVE = V) de < CuNlIVE = Vg (6.6.89)

k>1
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Thus from (6.6.88) and (6.6.89), equation (6.6.87) becomes

fhx

If we inject this last inequality (6.6.90) and (6.6.86) in the expression (6.6.84), we find

el E|2 2 € __ <
zk:(pk|Xk| Pr| X )] (VE = V)drdz < (6.6.90)

< Csllpk — peller ey + CsNinllVE = Vi)

// V(VE = V)P dade < G| — Id|a |VE — Ve +
Q
+C5]10% — prller ey + CsNanl[VE = Vil -

Finally after a Poincaré inequality, we deduce that if we take N, small enough, we have
IVE = Vi@ < CollRE = 1d[f5 + Crllpf — peller ey
It is now easy with (6.6.85) to conclude that
oy |V = V [ ) = .

Thus there exists Ny > 0 such that, for all 0 < N, < Nj, there exists V €
L>([0,T], H'(Q)) weak solution of the unregularized Schrédinger-Poisson system (6.3.32)—
(6.3.33) and such that the potential V¢, weak solution of the regularized system, converges
towards V in L2([0,T], H*(Q)). The properties of the eigenvectors imply as in Proposition
(6.4.3) that we have €5 — € in L?(L°). Thus V is a weak solution of the Schrédinger-
Poisson system (6.1.11)—(6.1.12).

With standard arguments on Boltzmann equation we can prove then that a renor-
malized solution of the Boltzmann equation (6.6.78) converges strongly in £'(L;, ) to a
renormalized solution f; of the Boltzmann equation with a force field V,€;. Then we pass
to the limit ¢ — 0 in a renormalized Boltzmann equation and prove (i) (ii) and (iii) of
Theorem 6.1.1. Using convexity arguments, we prove (iv) of Theorem 6.1.1. We do not
give in detail the end of the existence proof but refer the reader to [21, 12, 10|.
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Chapter 7

Le cas de la dimension 3

7.1 Introduction

We will consider the Boltzmann-Schrodinger-Poisson system presented in the previous
chapter. We recall that this system models the transport of charged carriers confined in a
nanostructure. The confining direction is denoted by z € (0,1). In the transport direction
at a kinetic level, particles are described by their time-dependent distribution function
denoted by fi.(t,z,v) for the kth subband, defined on the phase space (z,v) € w x R? and
t € RT. The evolution of the distribution function is governed by the Boltzmann transport
equation, which in a rescaled form is :

1 1
atf]qg7 + E(vaf]? - vmezvvf]?) - ?Qn(fn)ka (x,v) cwX Rza (711)

where 7 is a parameter related to the mean free path. The collision operator ()7 is given
by :

e = Z/ g (0, 0" ) (ML(V) frr (V1) = ML (V) fire(v)) dV', (7.1.2)

where the function M} is the normalized Maxwellian defined in (6.1.6). We define the
occupation factor p/(t,z) = [5, fi dv and the surface density N7 =", p/.

In the subband decomposition approach |6, 7|, this equation is coupled to a Schrédinger-
Poisson system :

1
—S B+ VI =€l (k=1),

1 (7.1.3)
XZ(tvxv) € Hé(071)7 / Xk Xg dz = 5k€7
0
A VT =) pllx (7.1.4)
k
with the boundary condition :

o,V (t,x,z) =0, for x € Ow, =z € (0,1),

(7.1.5)
V(t,x,0)=V"(t,z,1) =0, for r € w,

157
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where v(z) is the unit outward normal vector at = on the boundary dw of w.
This system is completed by the specular reflexion boundary conditions :

ot z,v) = fl(t,z,—v+2(v(z) - v)v(z)), vw(z) <0,z € dwteRT. (7.1.6)

We denote 't = {(x,v) € Ow x R?/ £ (v.v(z)) >0} and I =T UT~. And we consider
the well-prepared initial conditions :

in N;n z —v“/2— in
f,?(O,x,v) —Jk (JI,’U) = 277'2 6(—62[‘”"]6 *2-€lV }, (JI,’U) cwX R2, (717)
k

where N is given and (V™ (€,[V™], xx[V™"])k>1) is the set of solutions of the Schrodinger-
Poisson system at the thermal equilibrium :

1 ) . ) ) .
_5 asz[vm] + Vka [Vm] _ Ek[vm]Xk [Vzn] (k > 1)7

1
WV e HO.0), [Vl = .
0
BV :Zwlxk[v J[Pe e,
k k

In this chapter, we will only present the diffusive limit of solutions of this system. We
are not able to establish an existence result for a 2D transport. However if we assume that
we have solutions, we can prove their convergence. More precisely, we make the following
assumptions :

Assumption 7.1.1 The cross section « is symmetric and bounded from above and below :
there ezists aq, g such that 0 < oy < ag(v,v") = app(v,v) < ag for all (v,v') €
R? x R?, k, k' > 1.

Assumption 7.1.2 The initial condition is reqular : N € C°(@) and N™ > 0. We can
prove then (see [2]) that there exists a unique V which satisfy moreover V" € C?(w).

We assume that the existence Theorem proved for a 1D transport still holds for x €
wCR?:

Assumption 7.1.3 Let T > 0 and assume that Assumptions 7.1.1 and 7.1.2 are satisfied.
Then we assume that the system (7.1.1)-(7.1.3)~(7.1.7) admits a renormalized solution in
the following sense :

(i) V 3 € CLRT), B(f") is a weak solution of :

DB+ 0 VaB( M — Vol - VoB(f1e = LT gy

BUMi(E = 0) = B(F™). !
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(i) Y X >0, O = (fl + Nexp(—3(v* + E2))Y/? satisfies

n( fn 3 (v +k?)
W00, +v-V,00, — V(V.el 07,) = LUk | g e P
’ ’ 200} 20},
(1ii) We have the local mass conservation
ONI+V, - J" =0, where Z/ vf! dv.
=1 /R
(iv) We have the entropy inequality :
Vtel0,T], 0<W"(t) / R"(s)ds < Cr,

where the entropy of the system is deﬁned by

2://W]R2 <fk log — 1 +Mk) drdv + = // IV, V72 dadz

and the dissipation rate by

_ %;//MR (\/ng_ ,/NﬁMz)Q dzdv.

The result presented here is the diffusive limit :

(7.1.8)

Theorem 7.1.4 Let, for n > 0, (V" (f, €], x1)k>1) be the renormalized solution of the
Boltzmann-Schrodinger-Poisson system defined in Theorem 7.1.3. Then as n — 0, this
solution converges to the solution (V, Ns, (€x, Xx)k>1) of the drift-diffusion-Schrédinger-

Poisson system defined by
O;N, + div, J =0, J = —=D(V,.Ns + N, V. Vj),

1
_5 Xk + VXe = ExXa (k > 1)7

1
xi(t, @) € Hy(0,1), / Xk Xe dz = Ok
0

—-A, .,V =N,
where the density N and the effective potential Vi are defined by

e €k B
N:NSZWWHQa Vo=—log) e %
k ¢ k

(7.1.9)

(7.1.10)

(7.1.11)

(7.1.12)

And this system is completed with an initial condition Ns(0,x) = NO(z) and with the

following conservative boundary conditions :
J(t,z) - v(x)=0, 0,V(t,x,2)=0 for x € Ow, z¢€(0,1),
V(t,z,0) =V(t,z,1) =0 for x € w.
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We have up to an extraction of a subsequence, as n — 0,

| fiF = NeMe|ler 2 (jo,17xwxr2)) — 0 and VT = V| L2o,m,m1 (2)) — 0.

We will not give the proof of this result in detail because most of results used have
been established in the previous chapter. The main difficulty here is the fact that we do
not have anymore the imbedding H'(Q2) — L*L?(Q). Therefore we do not conserve the
uniqueness of the solution of the quasistatic Schrodinger-Poisson system. To overcome
this difficulty, we will use the Trudinger and Young inequalities presented in the Appendix
of chapter 4. The idea is that with these inequalities the set of the square of functions in
H'(w) is in duality with Llog L. In fact in the previous chapter, we have only used the
L' bound of the occupation factor whereas the entropy inequality (7.1.8) gives a bound in
Llog L. With this technique, we are able to pass to the limit 7 — 0 but not to establish the
existence of solutions. In a full classical problem, we do not have this difficulty and we can
find a rigorous derivation of a drift-diffusion-Poisson system from a Boltzmann-Poisson
system for a 2D transport in [4].

This chapter is organized as follows

In section 7.2 we analyze the Schrodinger-Poisson system when the occupation factors
are assumed to be given in Llog L. In section 7.3, we follows the development of the
previous chapter to prove Theorem 7.1.4.

7.2 The Schrodinger-Poisson system for p in Llog L

The main problem which does not allow us to prove Theorem 7.1.3 is the fact that we are
not able to establish the uniqueness of the solution of the Shcrédinger-Poisson system for
pr in Llog L and © C R3. In fact in section 6.3 this property relies strongly on lemma
6.2.3 which is not true in 3D. However we can establish an existence result whose proof is
given in this section. Namely, we consider the Schrédinger-Poisson system (7.1.3) (7.1.4)
(in which we omit to write the exponents n) for p = (pg)r>1 given in L>(0,T; (' (LY (w)))
and completed by the following boundary conditions :

0,V (t,z,z) =0 on dw x (0,1), V(t,z,0) =V(t,z,1) =0 for = € w.

Assumption 7.2.1 We assume that the given p is such that Vk > 1, pr > 0 and there
exists a nonnegative constant Cp such that :

vte 0,7, Z/pk(1+k2+\logpk\)dx§CT, (7.2.13)
k w

In the sequel we will use the functional space
Hy, ={V e H(Q) : V(z,0) =V (x,1)=0}.

Proposition 7.2.2 (Existence) Let us suppose that p = (pg)x>1 18 given in L= (0, T; (* (L (w)))
and satisfies Assumption 7.2.1. Then the Schridinger-Poisson system (7.1.3)—(7.1.4) ad-
mits a solution in H}.
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As in the previous chapter (and see [5, 1]), we consider the functional defined on H,
by

// |VV|? dxdz — Z / pr€iV]de = Jo(V) + J1(V, p). (7.2.14)

k>1

We first prove that this functional has a minimizer and that this minimizer defines a
solution of (7.1.3) (7.1.4). The main idea is the fact that we only use the L' bound of py
in section 6.3 whereas the entropy estimate gives more regularity. As in chapter 5, we will
then use the Young and Trudinger inequalities to prove the following result :

Lemma 7.2.3 Assume that p € L>=(0,T; (' (L (w))) and satisfies Assumption 7.2.1. Then
the functional J, defined in (7.2.14) is continuous, locally Lipschitz and weakly lower semi-

continuous on HY, . It is coercive : there exists nonnegative constants Cy, Cy and C3 such

that
To(V) = ClIV |30y — CollV 3 0) — Cs- (7.2.15)

Thus the system (7.1.3)~(7.1.4) admits a solution (V, (€, Xx)x>1) such that V € Hy,.

Proof. The functional Jy is clearly continuous and strongly convex on Hg,. For the
functional J;, we use the properties of €;[V] stated in (B.0.14) to prove

KV =KV < [ mledv) - V] da

k>1
1/3 1711/3
< CZ/ k:l/2 + HV||L/2(071) + HVHL/g(o,l))
k>1

(7.2.16)
Moreover after an interpolation we have

kv kv

Using the Young inequality given in (A.1.1), we have

/NW s /N” V20 gy VIS o
L2(0,1) 4/3
w HV VHHl(Q
IV = VI "
s/.mmm—m+m%| T ) v - vy

Therefore, the Trudinger inequality (A.2.3) and (7.2.13) lead to

Z/p ]{51/2 ‘V V||L2(01 dx < CTHV VHHl(Q (7.2.17)

k>1
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Doing the same for the others term, we have
1/3 e 1/3 o
| NIVIEnllV = Pllzzion de < CIVIg IV = Pl x

1/3 ~
VI IV = Vi
/ (Ns log Ny — N + exp 1L/§3(0,1> _ O\ 4

An interpolation gives

1 /3

T =

exXp 13
[ WWQMW wmm

2/3 1/2 1/2
v||V V-V
< </ exp 7H HQL/zOl dx) (/e 7l HL2(01 dx) <C,
w VI o IV =V

H(Q)

thanks to the Trudinger inequality (A.2.3) and (7.2.13). Thus,

>

k>1

1/3 1/3

(7.2.18)

Obviously we have the same estimate (7.2.18) if we change V to V and V to V. Thus
(7.2.17) and (7.2.18) injected in (7.2.16) prove

(V) = BV, )| < Cr(1+ [Vl ) + VI )V = Vi @)- (7.2.19)

Hence Jy (-, p) is Lipschitz and weakly continuous on HY,. Now if we take V = 0 in (7.2.19),
from (7.2.13) we have that 0 > J,(0, p) > —Cr. Thus,

1 1/3
T (V) 2 519V ) = CA+ IV g IV ey — O
We apply the Poincaré inequality in H}; to find (7.2.15). Hence the functional J, admits a

minimizer in HJ,. Moreover, from the properties of the spectrum of the Hamiltonian (see
Lemma B.0.3), it is clear that J, is Gateaux differentiable on Hj, and for any W € H*(Q),

vap(V)-W://QVV-Vdedz—Z/w,okﬂxk[VHQW) dx

Thus each minimizer of the functional J, is a weak solution of the Schrédinger-Poisson
system (7.1.3)—(7.1.4). 0

7.3 Diffusive limit

This section is devoted to the proof of Theorem 7.1.4. We follow the analysis of the
previous chapter and only detail the changes.
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7.3.1 Convergence of the density

Lemma 7.3.1 Let 7 be the renormalized solution of the Boltzmann-Schrodinger-Poisson
system defined in Theorem 7.1.3. Then p" = fRQ fTdv is strongly relatively compact in
(L0, T) x w)).

We skip the proof which is exactly the same as in the previous chapter. Thus with
this result, we can extract a subsequence (still denoted p7) converging towards p in
H(LY(0,T) x w)). The Fatou lemma and the entropy inequality (7.1.8) imply that for
a.e. t€[0,77,

Z/pk(l + 2+ |log pi|) d < Cr. (7.3.20)
k w

Proposition 7.3.2 Under assumptions of Theorem 7.1.3, if (f", V") is a solution of
(7.1.1)~(7.1.3)(7.1.7) as defined in Theorem 7.1.3. Then there exist V in L>=(0,T; H'(2))
and Ny in L*(0,T; L' (w)) such that, up to an extraction,

VT — V oin L*(0,T; HY(Q)) and f7 — N,M in 1 (LY([0,T] x w x R?)).

Proof. With Lemma 7.2.2 and (7.3.20) there exists V € L*°(0,T; H'(Q)) weak solution
of the Schrédinger-Poisson system (7.1.3) (7.1.4) for the given p. Since we do not have
the imbedding H'(Q2) — L°L?(f2), we must be more precise than before to establish the
convergence of V" towards this solution V.

If we multiply the Poisson equation by (V' — V") and integrate, we use the same
decomposition as before

/ / IV(VT - V)| dedzdt = T+ 11+ 111,

where

1= [ [ oDV vy asar,
=3 [ G NV = Bl = V) e,

=3 0] NP = bl VIEY V) e,

We will used techniques based on the Trudinger and Young inequalities to treat the first
and second term as in the proof of Proposition 7.2.2. Moreover, as before, the decay of
the Maxwellian with respect to k insures that the third term is nonpositive.

For the first term, as in the proof of Proposition 7.2.2, we can show that

1/4
11 < Cillow = Al - (7.3.21)
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For the second term, we use Lemma (B.0.5) to write
T
<y [ f[ 1= NI VIS VNIV = Vs dodud
PR wxR2

Doing the same calculations as for I, we get the estimate

. 1/4
11| < Cs (Z/ // |f — NIM] dxdvdt) . (7.3.22)
L Y0 wxR2

We show that the entropy inequality (7.1.8) implies the convergence towards 0 of this
term. Indeed, by a Cauchy-Schwarz inequality

Z/ //WXRJfk NIM| dadvdt < 23| N2 12 (/ R(t dt)

Thanks to the properties of the eigenvalues of the Hamiltonian, we have, with the
injection of HY(Q) — LPL2(Q) for all 1 < p < +o0, that

||6k[V”] — Ek[V]HLQ([O,T],LP(w)) — 0 as 17 — 0, for all 1 < p < +00.

Moreover, using properties of the eigenvalues of the Hamiltonian, we have

IM] — M| < C(1+ ||V

1 e_ei
) HLz/ M(v) —— ds, (7.3.23)
z z 0 Zs

where we use the notation f* = f[sV" + (1 — s)V]. Thus M" — M as n — 0 in
L2([0,T], fP(LP(w x R?))) for all p < +o00. Furthermore,

INM = NIM ey <INy = N2y + INIM = M) gy . (7.3.24)

The bound (7.3.23) provides

INIM = M) rin / / NI+ [V

2)

We will use the same techniques as before based on the Young and Trudinger inequalities
to bound the right hand side. In fact we have for instance with (A.1.1)

T T
/ / NIWVlzzllV = V7||gz dedt < / W@V = V7l ey dt

0 w o
sup { [ 3oy - 7+ Cosp () o (5 IV Y
wor) (o © 7T Vi V=Vl |

Thus the Trudinger inequality (A.2.3) and the entropy inequality (7.1.8) imply that there
exists a nonnegative constant C' such that

2
INIM = M)l y < CIV = VIl st 1 -
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This last estimate combines with the strong convergence of N7 in L%’z imply thanks to
(7.3.24) that
[NM = NIM gz y— 0 asn— 0.

Moreover, the entropy estimate (7.1.8) implies a control of the dissipation rate:
T 1 T 2
/ RY(t) dt = ~ Z/ // (ﬁ [1n - ,/N?MZ) dedvdt < Crif.
0 2 0 wxR2
k>1
Thus, by a Cauchy-Schwarz inequality,

1f" = NeMllary, o < "= NIM oy, )+ [INIMT = NoMlloy )

t,z,v

T 1/2
<N ([ R0a) M- VM,

Thus f7 — N, M strongly in EI(L;I,U).

7.3.2 The limit equation

By a straightforward adaptation of the previous chapter (using the Young and Trudinger
inequalities when it is useful) we can prove :

Proposition 7.3.3 Let (f7, V") be a solution of the renormalized system defined in The-
orem 7.1.3, then the current J", defined by

1
J" = p g /R2 vy dv, (7.3.25)
!

satisfies

J! = J=-D(V,N, 4+ N,V,V,) inweak — L,
J-v=0 forxé€ dw,

where D is the diffusion matrixz defined in the previous chapter and the autoconsistant
potential is Vy = — 1Og(§ e—ek[V}),

k>1

Thus the limit (V,, V') satisfies the drift-diffusion-Schrodinger-Poisson system. This
ends the proof of Theorem 7.1.4.
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Chapter 8

Simulation d’un transistor double grille
avec le modéle DDSP

Joint work with P. Pietra '.

8.1 Introduction

Nowadays, the improve of the technology allows us to realize electronic components at
nanometer scales. Such components increase speed and functionality of electronic devices.
The nanotechnology becomes a major center of interest for future electronic. In this task,
modeling and numerical simulations play an important role to estimate the behaviour
of devices whose electrons transport properties are mainly based on quantum effects [3,
10, 12]. In these ultimate size devices like ultrashort channel double gate MOSFETs [1],
electrons might be extremely confined in one or several directions, which are referred to
the confining directions.

This article proposes to handle with nanoscale semiconductor devices using a gen-
eral subband decomposition approach. This approach consists of a diagonalisation of the
Hamiltonian thanks to a separation of the confinement and the transport directions. The
computational gain is significant by the reduction of the dimension of the transport prob-
lem [19, 6]. The model presented in this article is defined by a self-consistent process
between the calculation of the electron density and the space charge effects using the Pois-
son equation. In the device, electrons are in a mixed state with given statistics. They are
like point particles in the transport direction while they behave like waves in the transverse
one. The elementary states are obtained thanks to the resolution of a classical transport
equation.

Such a coupled classical-quantum model is presented in this work to obtain the mod-
elling and the numerical simulation of a double gates nanoMOSFET. A model of a purely

IIMATTI del CNR, Pavia, Italy.

169



170 Chapter 8.  Simulation d’un transistor double grille avec le modéle DDSP

ballistic quantum transport of Schrodinger type and its numerical treatment relying on
the subband decomposition approach are presented in |17, 19]. Here transport properties
are not expected to be based on quantum effects but the design of the device is assumed
to be such that the transport can be considered as classical. The main mechanism driving
the electrons towards a local equilibrium in a diffusive regime is collisions with phonons
(vibrations of the lattice) [15, 21|. The transport is then well described by a fluid model.
One of the most used equation is the drift-diffusion equation |16, 22, 11, 2| which present
the advantages to be of low numerical cost.

In the following section we present an overview of the model and of the equations
used. In section 3 we explain the Gummel process implemented with the aim to obtain
a numerical simulation of a double gate MOSFET. Finally, the numerical results are
presented in the last section.

8.2 Presentation of the model

In this section we will present more precisely the model used and implemented in this
work. We denote the space variable (z,y, z). We assume that the problem is invariant by
translation in the y direction. Thus it is equivalent to consider that we have a 2D device
occupying the interval [0, L] with a width ¢. Then the transport variable z is assumed to
lie in [0, L], while in the confined direction the variable z belongs to [0, ¢].

8.2.1 The subband decomposition method

In the subband decomposition approach the system is viewed as a statistical mixture of
eigenstates of the Schrodinger operator in the transverse direction. The occupation number

of each state is given by a statistic function : for Boltzmann statistics it is exp(eki}e),
for Fermi-Dirac statistics it is 1/(1 + exp(%)). In these expressions € is the energy of

the considered staten, kp is the Boltzmann constant, T is the temperature of the lattice
and € is the so-called Fermi energy which, at zero temperature, represents the threshold
between occupied and unoccupied states [18, 23|.

In the transversal direction, the system is assumed to be at the equilibrium with a
local Fermi level € which depends on the transport variable x. At a position (z, z), the
particle density N(z, z) for Boltzmann statistics is given by

+oo
N(z,z) = Zeﬁ(eF(x)_Ek(x))\Xk(x, 2)|?, (8.2.1)
k=1

where 5 = 1/(kpT) and (xx, €x)r>1 is the complete set of eigenfunctions and eigenvalues
of the Schrédinger operator in the z variable

h2d(1 d

raef - @ U+ U)xr = €xxe.
2 dz \m(2) dZXk) + (U + U)X k Xk
¢

(8.2.2)
Xk(l’, ) € H3(07£)7 / Xk Xk dz = 5kk’ .
0
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In this equation h is the Planck constant, m, the effective mass, e the elementary charge
and U, is a given potential barrier between the silicon and the oxyde in the nanotransistor.
The electrostatic energy generated by the electrons themselves V' = U/e is the solution of

the Poisson equation
e

—div r,z(ngx,zU) - (N - ND), (823)

€o
where cg is the relative permittivity, €y the permittivity constant in vacuum and Np is
the doping density.

8.2.2 The diffusive regime

In the transport direction, we consider that the transport is purely classical in the diffusive
regime. This motion is described thanks to the stationary drift-diffusion equation :

—div, J(z) = 0,
J(x) = D(VaNs(x) + SNs(2)V.Us(2)),

where Ny is the surface density, D denotes the diffusion coefficient D = pkgT for a constant
mobility p and the effective energy Uy is given by

+o0o
Us = —kpTlog (Z e—ﬁek) : (8.2.6)

k=1
If we note the repartition function Z by

+oo

Z(z) = Ze‘ﬁek(w), (8.2.7)

k=1

then we remark easily from (8.2.1) that the surface density satisfy
¢
Ny(z) = / N(z,2)dz = 7 Z(x).
0

Therefore we can choose the unknow N, instead of € in the modelling. We have then

N,

N(z,z) = 5((5)) Ze‘ﬁek(w)|xk(x,z)\2. (8.2.8)

If we introduce the slotboom variable u defined by

u(z) = e’ = (8.2.9)

then we remark easily that the drift-diffusion equation (8.2.4) reads

—div . (DZ(z)V,u(x)) = 0.
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Thus the invariance of the problem in the y direction implies that this last equation can
be written —-£(DZ(z)%) = 0, which shows that the slotboom variable u is constant.
The drift-diffusion equation can be derived from kinetic theory when the mean free
path is small compared to the system length-scale [20, 13]. Such a derivation from the
Boltzmann equation of semiconductors is derived formally in chapter 2 and a rigorous

proof of it is done in chapter 6.

The unknowns of the overall system are the surface density Ng(z), the eigenenergies
€xr(z), the eigenfunctions xx(z, z) and the electrostatic potential V (z, 2).

If we assume that the electrostatic potential V' is given. Then a diagonalization of the
one dimensional Schrédinger operator (8.2.2) provides the eigenvalues and eigenvectors
(€k, Xx). The effective energy Us can be computed from (8.2.6). This allows us to obtain
the surface density Ny by solving the drift-diffusion problem (8.2.4). Thus we have all the
knowledge to find the density N (8.2.8) and therefore to compute a new potential thanks
to the resolution of the Poisson equation (8.2.3).

8.3 Numerical implementation

8.3.1 The modeled device

Here we are interested in a Double-Gate MOSFET (Metal Oxyde Semiconductor Field
Effect Transistor). This nanotransistor is a very small structure Si/Si0,. The charge
carriers are sent out from the Source to the Drain. The transport takes place in the canal
which is the active region between the Source and the Drain. This MOSFET has two
gates which are insulated from the canal by a layer of dioxyde of Silicium Si0O, and where
we can apply a voltage.

Vas

SiO;
Gate
_z=4
low ¢
Source Drain
Nt N N+
fsi | &7 s si si I
Ls Lc Lp
Lou ¢

Figure 8.1: Schematic representation of the modeled device. The Drain and the Source
are large doped by a density N*.

We assume that the model is invariant in the y direction (infinite boundary conditions)
and the problem is then studied in the x, z domain. The device occupies a region of a 2D
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domain denoted by [0, L] x [0, £]. A schematic representation of the device is presented in
Figure 8.1. Moreover the high doping regions at the source and at the drain contacts imply
that these contacts can be considered as small electron reservoirs in which we assume that
the potential does not depend on the transport direction. And the physic of the frontier
implies mixed boundary conditions : Dirichlet boundary conditions at the ohmic contacts
of the Drain, Source and gate contacts, Neumann boundary conditions everywhere else.

8.3.2 General scheme of the Gummel iterations

We mesh the domain [0, L] x [0, ¢] by finite elements, and obtain the nodes z;, i = 1,---, N,
and z;, j = 1,---, N,. The procedure is decomposed in three main steps using Gummel
iterations |14].

First we consider the boundary conditions at the drain and at the source contact. As
we saw before, the high doping profile at these regions implies that the potential does
not depend on the transport direction. Thus the surface density at the Drain and Source
contact is equal to NT x £g;. It remains then to solve in the z direction a 1D Schrodinger-
Poisson system. To this aim we use a Gummel iteration and find (yx(x1, 2), €x(x1))x and
the potential energy that we will denote Uy(2).

Secondly, we consider the whole system when there is no applied voltage. The results
obtained in the first step allows us to determinate the slotboom variable u thanks to
(8.2.9). In fact, since u is constant, it suffices to determine it on the boundary (for x = x;
for instance). It remains to calculate a 2D Schrédinger-Poisson system. The boundary
conditions for the Poisson equation are U(x = 0,z) = U(x = L,z2) = Uy(z) at the Drain
and Source contacts, U(z,z = 0) = U(z,2 = () = Uyye for x € [Ly, Ly] at the Gate
contact (if we assume that the Gates occupy the position [L, Ls]) and Neumann boundary
condition everywhere else 9% (z, 2 = 0) = % (z, 2 = 1) = 0 for z € [0, L1] U [Lo, L].

Finally, we consider the resolution of the drift-diffusion-Schrédinger-Poisson system
when there is an applied Drain-Source voltage Upg. We start from the obtained potential
and density and increment by step of 0.02V in order to avoid too big gap for the accuracy of
the computer. We impose Dirichlet boundary conditions for the drift-diffusion equation at
x = 0and x = L. For the potential, we impose Dirichlet boundary conditions at the Gate
and at the Source and Drain contacts: U(z = 0, z) = Uy(2) and U(z = L, z) = Uy(2)+Ups.

The Gummel iteration for the drift-diffusion-Schrédinger-Poisson system is summarized
in the following steps :

1. For a given potential Uy in the whole domain [0, L] x [0, £], we solve the eigenvalue
problem (8.2.2) on each slices of the device by diagonalization of the Hamiltonian.
Thus we obtain N, sets of eigenfunctions {xx(z;, 2) }i=1... n, and eigenvectors {€}.
The eigenfunctions have then to be normalized.

2. We compute then the effective energy U, from (8.2.6). We are then able to solve
the 1D stationary drift-diffusion equation (8.2.4) with Dirichlet boundary condition.
The method used is the one described in [8].

3. We have then all the ingredients to compute the density N thanks to the expression
(8.2.8).
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4. The Poisson equation is solved in the 2D domain using Dirichlet boundary conditions
for the interfaces with the gates and on the source and drain interfaces, and Neumann
boundary conditions everywhere else. The system is solved using the preconditioned
conjugate gradient method. A new potential energy U,,., is then obtained.

5. We repeat the four previous steps until the difference ||U, e — Ugial||L be sufficiently
small.

We end the description of the iterations by a remark on the resolution of the Poisson
equation. Following the idea of Caussignac et al. [9], we implement a quasi-Newton
method such that we solve

e Unew e Usta
V(R VUnew) + — — (N, 2) (1- —Np ),
(ex )+ go Urey €0 ( (z:2) ( Uref) D)

with U,.y = kgT'. This method can be viewed as a linearization of the Newton method.
This is the method used in [19] where a ballistic 2D Schrédinger-Poisson system is imple-
mented.

8.3.3 The three valleys

The silicon presents the particularity to have three different electron configurations in
the band structure (Figure 8.2). The electrons are distributed among six ellipsoids which
present some symmetry properties. Due to anisotropic effects in the band structure we
define for the electron a transverse effective mass m; and a longitudinal effective mass m;.
If we use the notation (mj,m;,m}) to define the effective mass in the direction (z,y, 2),

3

Figure 8.2: Constant energy surface for the first conduction band in silicon (six ellipsoids
and three different configurations for the electrons due to the symmetry properties).

then we have three different configuration for the Silicon : (m}, m;, m}), (m;, mj, m;) and
* * *
(mév My, My )
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Table 8.1: Table of the main value used

‘ Parameter H Value ‘H Length H Value ‘

N+ 10%em =3 Lg 15nm
N 10%em =3 Le 20nm

U. 3eV Lp 15nm
er[S1] 11.7 loy 2nm
&TR[SiOQ] 3.9 £5i 8nm

If we take into account these configurations, then we have to solve two different
Schrédinger equations one to define the transversal eigenfunctions (x%)x and the transver-
sal eigenvalues (€})g

h? d 1 d ,
2 dz

whereas the diagonalization of the following Schrodinger operator

d(1d, . ¢ 1
T2 dz \mrdz ¥k + (U4 U)Xy, = €xXr Xi € Hy(0,0)
¢

allows us to construct the longitudinal eigenfunctions (x%)x and the longitudinal eigenval-
ues (€9)y.
Moreover the expression of the density N is changed into

N —€ly 02 My _eti 412
NZ?%:(‘Q Bl 42 Ee el )

where the repartition function is defined by

Z = 2mm] (Z e +2

k

m*

L E e_efv>.
m*

g

We explain in Section 2.4 how to obtain these new expression thanks to the formal deriva-
tion of the equation from the Boltzmann equation.

The implementation still remains the same as the one described in the previous section
with the small modifications described before : two diagonalizations of the Schrodinger
operator and a different definition of the density.

8.4 Numerical results

In this section we apply the model and the procedure described before to the Double-Gate-
MOSFET. We denote by L and ¢ the length and respectively the width of the device. The
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thickness of the oxyde layer under the two gates is defined by £, (see Figure 8.1). We
recall that Np is the doping profile which is equal to N in the Drain and Source and
N in the channel. All the values used are given in Table 8.1. Denoting m, the electron
mass, then the transverse and longitudinal effective mass in silicon are m; = 0.19m, and
my = 0.98m,.. The features of the grid mesh are N, = 50 and N, = 50.

0 5 10 15 20 0 5 10 15 20
X(nm) X(nm)

Figure 8.3: Evolution of the electron density at the equilibrium state. On the left we plot
the one valley case while we plot the three valley case on the right.

Fig. 8.3 shows the obtained electron density in the device at the equilibrium for the one
valley case when m? = m; and for the three valleys case. We remark that the configuration
of the electron density and thus the confinement are not the same. Figure 8.4 shows the
evolution of the electron density when we apply a Drain-Source voltage Vpgs = 0.2V
and Vpgs = 0.5V. Because of this bias, the density does not remain symmetric but the
concentration of electrons is bigger in the source.

10

X(nm) X(nm)

Figure 8.4: Electron density for an applied Drain-Source potential Vpg = 0.2V on the left
and Vpg = 0.5V on the right.
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In Fig. 8.5 we present the variation of the first energy levels €;(z) along the transport
direction x for the two configurations of the effective mass in the confined direction z. We
present the results at the equilibrium for Vpg = 0V and for Vpg = 0.5V. We recall that
the eigenvalues of the Hamiltonian form an increasing sequence of real valued numbers.
We notice that the eigenvalues are closer from each other in the configuration m; = m;
than when m} = mj. This explains why the confinement is so different between the two
configurations. In fact, if we compute the occupation factor of each state (see Figure 8.6),
we notice that four modes are visible when m} = mj and only two when m? = m}, because
of the exponential dependence of the €;. That is the reason why we only consider a finite
number of modes in our computation. Here we have taken 12 modes, but we can chose
less for a faster computation.

1.8 ‘ ‘ ‘ 5
ﬂ
1.6t . ]
_ m&onz
—1lar --- monz
3 — 3
vlzﬂ E)/
0 %)
o 1l K%
21 g
(] [
- ﬂ _
>, 08 -
o o))
o© 0.6 o
c c
Lu 04F - I I | LlJ

Figure 8.5: Energy levels €,(x) along the z transport direction for the two effective mass
configurations in the z direction, at Vpg = 0V (on the left) and Vpg = 0.5V (on the right).

o
~
[

———

.~ ] ™

1st subband

o
©

1st subband

o
o
©c o
©
T

o
3]
B
T

o
IS
T
o
2}

o

w
T
i

|

|

2nd subband

o o
IS
T

w
T

subband occupation
|

subband occupation
o

o

[
o
)

3rd subband

<~

o
[

2nd subband

~

10
X (nm)

(=]
o

15 20 15 20

o

[$2)
o
(53]

1‘0
X (nm)

Figure 8.6: Occupation of each subband in the case m: = m} (left) and m? = m; (right).
The confinement is much more important in the second case.
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Moreover, in Fig. 8.5 on the right, we present the same energy levels €, (x) for an
applied bias voltage at the drain. This involves a shift in the energy levels at the drain
contact which is expected to be equal to the amplitude of the associated drain bias voltage.
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Figure 8.7: I — V characteristics for the device with different Gate-Source voltage Vg
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Figure 8.8: I — V4. characteristics for the device with different Drain-Source voltage Vpg

The current is defined by the quantity J in (8.2.5). The diffusion coefficient is cal-
culated thanks to the Einstein relation : D = pkpT where the mobility u is equal to
p=0.12m*V 1571 In Figure 8.7 we present some results on the I — V characteristics of
the Double-Gate-MOSFET for different gate potential Vgg. We notice that the numerical
value of the current in the transistor increases with the gate potential. We can see more
precisely this remark by looking at Figure 8.8 where the current is considered as a function
of the gate potential.

Finally, in Fig. 8.9, we plot the potential energy observed in the device. The energy
potential barrier between the source and the channel is visible. The gate potential Vg
modulates the height of this barrier and thus the number of free electrons in the channel.
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Figure 8.9: Potential energy when there is no applied gate voltage and Vpgs = 0.2V
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Chapter 9

Couplage de DDSP avec un modéle
complétement quantique
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9.1 Introduction

In this work, we present a hybrid classical-quantum stationary model for the transport of
charged particles confined in a nanostrucutre. In the previous chapter we have introduced
a modeling and a numerical simulation for the transport in a double-gate MOSFET. This
model assumes that the transport is classical in a fluid regime and the confinement in the
transverse direction is described by the subband method which involves a diagonalization
of the 1D Schrédinger operator in the transverse direction. It is a good alternative for
the Schrodinger-Poisson model describing a purely ballistic quantum transport which nu-
merical treatment is very expensive. However, in many semiconductor devices quantum
effects take place in a localized region e.g. around the double barrier in resonant tunneling
diodes, whereas in the rest of the device domain transport can be considered as classical.
Thus it makes sense to follow a hybrid strategy : use a quantum model in regions where
quantum effects are strong and couple it to a classical model in the rest of the device do-
main. Therefore a particular attention is given in the derivation of the interface conditions
between these two models.

The fact is that quantum transport simulations are complex and computationally ex-
pensive. They require the self-consistent resolution of a quantum transport model with
the Poisson equation. By using the subband decomposition method, the numerical cost
can be reduced |7, 6] by a reduction of the dimensionality. This model does not take into
account collisions of the charged particles along the transport. If the quantum region is
small enough, using a collisionless model may be an acceptable approximation. In this
chapter, we focus on a hybrid model in which a Schrédinger-Poisson model for the subband
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is coupled to the drift-diffusion-Schrédinger-Poisson model presented in the beginning of
this PhD. In the large doped region of the drain and the source, the transport is expected
to be classical in a highly collisional regime. Therefore the drift-diffusion model is used
whereas the active zone between the source and the drain is described by a fully quantum
model of Schrodinger type.

In |2, a coupled kinetic-quantum model has been introduced where the Schrodinger
equation was used to define the density in the quantum zone. In the classical region a
Boltzmann equation was used to compute the density in the rest of the device. At the
classical-quantum interface, reflection-transmission conditions have been defined which
give boundary conditions for the Boltzmann equation. Then the distribution functions
solving this equation was taken as “alimentation function” to construct the density in the
quantum zone. The electrostatic potential was self-consistent and therefore the model was
completed by the resolution of the Poisson equation. It was shown that the reflection-
transmission conditions are current flux preserving. In |5, 1|, the Boltzmann equation
together with the reflection-transmission conditions was replaced by the drift-diffusion
equation and corresponding connection conditions were derived. In [5], these conditions
were obtained by using the diffusion approximation method and a boundary layer analysis
of the reflection-transmission conditions of [2|. The strategy of [1] is quite different : by
aiming at a direct coupling of drift-diffusion and quantum model, the authors get analytic
expression for the connection conditions by writing the continuity of the current at the
interface.

Here we follow the method of [1] and operate to a direct coupling of our classical model
to the quantum one. The difficulty in the subband decomposition method is that we have
to take into account interactions between different subbands and the transmission or the
reflection of particles can operate in different subbands. In the next section, we briefly
recall the two models used and derive the interface conditions. In section 3 we present the
numerical treatment of the model.

9.2 The coupling

In this section, we will present the strategy to couple the diffusive transport with the
quantum transport for a confined gas.

We assume that the device domain in the transport direction z is divided into a quan-
tum zone ¥ = (z1, ), with 0 < z; < x9 < L, and a classical region Q = (0, L) \ X.

9.2.1 The quantum region

In a first approach, we assume that the electrostatic potential V' is given on the whole
domain. Thus by a diagonalization of the Hamiltonian, the set (€, xx)g>1 is known. We

consider the potential V defined by

~ ‘/1 = V(xl) ngl?l,
V(z) =4 V(x) r1 < < X9,
Vo i=V(x9) T > Tg.
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This is an extension of the potential V' continuously on the whole real line by a constant
outside the quantum region Y. We define the energy F; and F5 on the interface x = x;
and respectively on x = x5 by

2 2

Bi(k) = 5’—m eu(r) By(k) = Qp—m + €4 (22),

where p is the momentum variable and €, is the kth eigenvector of the Hamiltonian. The
wave vector is given by

K)) = \/2ml Ei(k) — €4(w;)] = /192 + 2m(€xlze) — €l

where ¢ and j take the value 1 or 2.

The Schrodinger operator is defined by
o (1 d? h* 0 10
2 \mda? 2 0z \m oz

The wave functions w,f are solutions of the Schrodinger equation with open boundary
conditions [3, 7]:

(Hyb + Vo = B, for (z,2) € [x1,22] % (0,1).
Uy (2,0) = 4y (z,1) = 0,
W M1 (Eq(k))
8—;(%7 z) = 2ipxi (21, 2 ; 1p1 (B (K %; (w1, -)xe(21,-)) Xe(1, 2)
+ > PUER) (@ (21, )xe(@ ) xelen, 2), (9.2.1)
(=M1(E; (k))+1
alb M?2(E1(k))
a—xk(ﬂ?mz) = ; iy (E1(k)) (W7 (w2, ) xe(@2, ) Xe(@2, 2)
— ) (E(R) (W (@2, )xel@2, ) Xel@a, 2),
. (=M2(E(k))+1
where

M (E;(k)) = sup{¢ € N* such that €,(z;) < E;(k)}.
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And

( Hiy, + Vi, = By, for (z,2) € [z1,x5] x (0,1).
¢k_(x70> = wk_(‘% 1) - 07
oy Ml(Ez(k)). ,
a—x(xl’z) == > ipi(Ba(k)) (W (21, )xe(@1, 7)) Xelan, 2)
/=1
+ Y PE(R) (W (1, )X, ) e, 2),

(=MY(Es (k)41
A M?(E2(K))
6—5(93272) = =2ipxp(r2,2) — > ip5(Ea(k)) (W (w2, )xe(2, ) Xel@2, 2)
=1

+ Y (E(R) (U (@2, )xe(@s, ) xelan, 2).

L (=M2(By(k))+1

(9.2.2)
The reflexion and transmission coefficients are defined by

4
R = PEED 5 o, e, W0 < M (EL(R))
R, _,=0 if £ > MY(Ey(k)),

V4
= BB s D < MP(EL(R)),
Tkl_>g -0 if ¢ > Mz(El(k))a

and respectively

{
R= BB, (s Wi DS M)

R} ,=0 if £ > M?(Ey(k)),

¢
P E2 k _ .
72, = B o o) i< 00 (B,
T ., =0 if £ > MY(Ey(k)).
In other words, the open boundary conditions express the fact that a wave coming from a
reservoir and penetrating the quantum region at x = xy or x = x5 is partially reflected and
transmitted by the potential barrier. The transmitted part can be an evanescent wave. A

simplified scheme is presented in Figure 9.1
We have the following reciprocity relations

Ri_y= Ry, (9.2.3)
Ry ;= Ri (9.2.4)
T} (—p5(Er(K))) = Ti_,(p) (9.2.5)
T (P (Es(K))) = Tio(—p) (9.2.6)
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Tl

R2

Rl

T2

Figure 9.1: Scheme of the transmission and reflexion at the classical/quantum interface.

We denote by

Ry=) Ri, ; Ri=> R,

¢ ¢
¢ ¢
Moreover we can prove [6] that we have
Ri4+T =1 forl1<k<MY(E(k)), (9.2.7)
R4+ T2 =1 forl<k<M*Ey(k)). (9.2.8)

If we assume temporarily that the the distribution function (fx(z,p))r>1 of electrons
entering the quantum region is known : its values are (fi(x1,p))r>1 for p > 0 and
(fe(z2,p))k>2 for p < 0. Then, following [2|, these values allow us to construct the electron
density :

+00 +oo

Ne) =3 [ gl +Y [ AP, ©29)

k=1YP> k=1

And the particle current is given by :

Jolw) = -3~ [ [ fulor BB (o) Vot (5. 2)) dp:
k=t 70 P20 (9.2.10)

400 1
+%;ALﬁm@%@@mwm@ww

9.2.2 The classical region

In the classical region, the transport is diffusive. We consider a stationary drift-diffusion
model on the disconnected domain 2 :

d
~ @) = 0, (9.2.11)
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%Ns(x) + ﬂNs(x)iUs(x)), (9.2.12)

J(x) = D( o

where Ny is the surface density, D denotes the diffusion coefficient D = ukgT for a constant
mobility p, T is the temperature of the lattice, kg is the Boltzmann constant and [ is
defined by 8 = 1/(kgT). The effective energy U is given by

+o0o
U, = —kpT log (Z e—ﬁek) . (9.2.13)
k=1

We note the repartition function Z by
+0o0
Z(x) =) e o), (9.2.14)
k=1

Introducing the slotboom variable u(z) = Ng(z)/Z(z), the Fermi level is then defined by
€r(x) = kpTlogu(z) and the current (9.2.12) can be rewritten :

J(z) =D(Z(x) %u(x)) (9.2.15)

In order to have a well-posed problem, we have to indicate suitable boundary conditions.
Following [1, 5], we impose Dirichlet boundary conditions at x = 0 and z = L,

Ns(0) =np ; Ns(L) =np, (9.2.16)

where np is a doping concentration which is given. The two open sets (0, x;) and (0, z3)
are connected through the conditions :

J(z1) = J(x2) = J, (9.2.17)
u(wy) — u(xy) = Pr@) — fer@@z) — g 1 (9.2.18)

where the positive number 6y depends on the reflexion-transmission coefficient. This
dependence will be clarify below. It is easy to show that the stationary problem (9.2.11)-
(9.2.12) coupled with the boundary condition (9.2.16)-(9.2.17)-(9.2.18) is well-posed for a
positive 0.

From the surface density, we construct a distribution function in the classical region
by assuming that we are at the thermal equilibrium and then the distribution function is
Maxwellian :

2

felap) = N@MG) ;M) B sa). @219)

1
= —— X
V2tmZ P (

The occupation number of the kth subband is then obtained by

pula) = [ filap)dp = u(a)e ),
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Finally the total density is

Zpk xw(z, 2) Ze Fe@) |y (x, 2)|?. (9.2.20)

The electrostatic potential generated by the electrons themselves V' is the solution of
the Poisson equation

—div ,.(erV,.V) = g%(N ~ Np), (9.2.21)

where cg is the relative permittivity, €y the permittivity constant in vacuum and Np is
the doping density.

9.2.3 The connection conditions

We explain here the condition (9.2.18) and the constant 6. Following [1], this condition
and the constant 0g provide from the continuity of the current through the interfaces. In
fact, (9.2.11) implies that the current is constant on the classical region and with (9.2.17)
we impose that this constant is the same. The continuity of the current is a classical
property of semiconductors [2, 1|. Let us rewrite the expression (9.2.10).

From the Schrédinger equation satisfied by ¢, (9.2.1) and ¢, (9.2.2),

d_ — d
T (i (¢, 2) i (2,2)) = 0.

Thus we deduce from (9.2.10) that the current Jg is constant on the quantum region. By
integrating on [z, x3] % [0, 1], we find

. — d . — d
| g ds = [ T o) T ) d

Using this last identity and the open boundary conditions satisfied by ¥ (9.2.1)—(9.2.2),
we obtain after straightforward calculations

=3 | R ) - LT ) dr

We recall that we assume to be at the thermal equilibrium and then the distribution
functions for x = x1 and x = x5 are Maxwellian :
1

z,p) =ulx)M e‘ﬁek(z); where M(p) = ——_o=Bp?/(2m)
Ji(z,p) = u(z)M(p) (p) Nor

Taking advantage of this Maxwellian dependence of the distribution functions and of the
reciprocity relation (9.2.5) and (9.2.7) we have

Jo = (u(x1) — u(x)) Z/O+OO %Tkl(p)M(p)e_ﬂek(rl) dp. (9.2.22)
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Thus if we set

Z/ —Tk M (p)e P60 qp, (9.2.23)

then the condition (9.2.18) expresses the continuity of the current at the interface.

9.3 Numerical resolution

9.3.1 Algorithmic approach

Our typical devices of interest are very small double-gate MOSFET presented in Chapter 8.
A schematic representation of the device is given in Figure 8.1. We assume that the model
is invariant in the y direction and the problem is then reduced to the domain [0, L] x [0, /]
of the (z,z) domain. The larged doped region of the drain and the source are assumed
to be small electrons reservoirs. The source and the drain composed the classical zone.
In the vicinity of the contact, the potential does not depend of the transport direction.
The active zone is then modeled by the Schrédinger-Poisson model for the subband. A
schematic representation of the different regions of the device is given in Figure 9.2.

Source Active zone Drain

Coupled Fluid/ Fully quantum Coupled Fluid/
Quantum model model Quantum model

coupling conditions coupling conditions

e N

Figure 9.2: Schematic representation of the different regions of the description.

A algorithm for the coupled problem is the following. First, let assume that the
potential V' is given. We diagonalize the 1D Schrodinger operator in the transversal
direction and find the eigenvectors xx[V] and the eigenvalues €;[V] of the Hamiltonian. We
compute then the scattering states kai thanks to the SDM /WKB method and the reflection
and transmission coefficients of the quantum region for the potential V. Therefore a value
of the coupling constant 6 is deduced from (9.2.23). The knowledge of this value allows
us to solve the drift-diffusion problem (9.2.11) with the transmission conditions (9.2.16)-
(9.2.18). An alimentation function is deduced from (9.2.19), which together with the
scattering states, allows us to construct a quantum density according to (9.2.9). Then we
can solve the Poisson equation and find a new value of the potential V. The iteration can
then be continued.

9.3.2 Numerical results

We present here the first results obtained with the simulation. These results are close to
the one observed in the previous section. For instance, Fig. 9.3 presents the evolution
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of the density of the charge carriers and Fig. 9.4 the potential energy. We notice that
these profiles are really similar to those obtained in the previous chapter. But we remark
a higher value of the electron density in the canal in this case.

X (nm)

Figure 9.3: Electron density for an applied Drain-Source potential Vpg = 0V

-0.2

Potential energy (e

4 (nm) 10
00 x (nm)

Figure 9.4: Potential energy when there is no applied gate voltage and Vpg = 0.2V. The
energy potential barrier between the source and the channel is visible.

However, the values of the current are bigger than those calculated in the previous
chapter. The [-V characteristic is presented in Fig. 9.5. In fact, by using the Schrodinger
equation, we assume that the transport is ballistic in the canal whereas the drift-diffusion
equation used in the previous section is a fluid model which describes a highly collisional
motion.

Fig. 9.6 gives the evolution of the three first energy levels €;(x) for an applied drain
source voltage Vps = 0.1V. These energy levels present a small difference in the canal
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Figure 9.5: I-V characteristics of the device for Vg = 0V and Vg = 0.1V.

with the profiles observed in Fig. 8.5. We can make the same remarks as in the previous
chapter concerning the difference between the transversal and the longitudinal case.

0.6

0.5f ]
0.4r b

0.3f

eigenenergies (eV)

Figure 9.6: The 3 first energy levels €,(x) for Vpg = 0.1V for m¥ = m; and m} = m;
(dotted line).
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Appendix A

Technical inequalities

In this first appendix, we just recall, for the convenient of the reader, without any proof
some usefull inequality used all along this work.

A.1 Young inequality

For a given function h, if we consider the Legendre transform A*, we have for all positive
numbers z and y, zy < h(xz) + h*(y). Taking h(z) = zlog z — 2z, we deduce:

Ve>0,y>0, zy<zxzlogx—uz+é€Y. (A.1.1)
Thus, for all € > 0, we have

Ve>0,y>0, xy= 5(%3/) <zlogx — x(1 4+ loge) + cev. (A.1.2)

A.2 Trudinger inequality

We recall here the Trudinger inequality in 2D [3]. Let w C R? be a regular bounded
domain. There exists a constant v > 0 depending only on w such that, for all u € H'(w),
we have

u(z)?

2
/e lellr oy dr < 0. (A.2.3)

A.3 Csiszar-Kullback inequality

Finally we present a form of the wellknown Csiszar-Kullback inequalities. This inequality
is very usefull for the analysis of the long time behaviour with a logarithmic entropy
[1, 2, 5|. Let w be a regular domain of R%, d € N*. Let n; and ny be two nonnegative
functions in L!(w) such that fw ny dx = fw ny dx = Ny. We have

n
Iny — nQH%l(w) < QNO/nl logn—; dz. (A.3.4)
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Appendix B

Spectral properties of the Hamiltonian

In this appendix, we give some properties of eigenfunctions and eigenvalues of the Schrodinger
operator in the z variable. Most of these properties, which are used along the paper are
either proved or can be proved by straightforwardly adapting the techniques of the book
of Poschel and Trubowitz [6]. Therefore, very few proofs are provided in this appendix.

For a given real valued function V in L?*(0,1), let H[V] be the Schrédinger operator

1 d?

defined on the domain D(H[V]) = H%(0,1) N H(0,1).

This operator admits a strictly increasing sequence of real eigenvalues (€x[V])x>1 go-
ing to +00. The corresponding eigenvectors,denoted by (xx[V](2))k>1 (chosen such that
X}(0) > 0), form an orthonormal basis of L?(0,1). They satisfy of course

1 d?
5 gk + VXt = €pXk »
(B.0.1)

1
Xk € Hy(0,1), / XeXe dz = 0.
0

Obviously, for V = 0, we have €;0] = i7%k? and x4[0](z) = v2sin(rkz). Moreover an
immediat consequence of the Min-Max formula [4] is

if U <Vae. in(0,1) then Vk>1, €[U]<E[V].

In the sequel we will use the standard notation (f) = fol f(2) dz and when there is no
confusion possible €, will stand for €;[V] and xy, for xx[V].

Lemma B.0.1 Let U and V be two real-valued functions in L*(0,1) such that U —V €
L>(0,1). Then the corresponding eigenvalues verify

€x[U] = €[V < [IU = Voo (o.)- (B.0.2)

1
In particular, the case V =0 gives |€4[U] — §7T2k:2\ < ||U|l 0,1
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Moreover, following the study of the spectral properties of H[V] in Chapter 2 of [6],
we have the following lemma :

Lemma B.0.2 There exists a positive constant Cy depending only on ||V'|| r2(0,1) such that

1 .
[€x[V] - 5”21{32\ <Cy ; |xklV] = V2 sin(rk2)| 01y < Cy.

Moreover the constant Cy can be chosen such that Cy < Cyexp(Cs||V||12(0,1)), where the
constants Cy and Cs are independent of V and k.

Lemma B.0.3 Let V = V(A z) € L (A, L*(0,1)) where \ is a real parameter (typically

loc

A =1t or A\ = x;). Let us shortly denote € instead of €x[V(A,-)] and xi instead of
Xk[V (A, 9)]. Assume that O\V € L (X, L%(0,1)). Then
(Z) O\€E) € L} and

loc

a)\ek = <|Xk\28ﬂ/>
(it) Ohxk € L}, (N, L(0,1)) and we have
oV
Oaxk =Y e xe V) >X£-
=k

Lemma B.0.4 Let V and V be two real-valued functions in L*(0,1). Then there exist
two positive constants Cy and Cy independent of k, V and V such that

€4[V] — €[V]] < Crexp(Co(||V || 200y + IV 220V = Vo) - (B.0.3)
And,
Ixk[V] = Xe V]l =0, < Crexp(Coll[V] z20,0) + IV 201V = Vg - (B-0.4)

Proof. The estimate (B.0.3) is an easy consequence of Lemmata B.0.2 and B.0.3.
Let us prove (B.0.4). Without loss of generality, we assume that €4[V] > 0 (by shifting
V and V by the same constant). Let us denote

X [V]'(0) >
v

u = il ]’(O)Xk[v] s up = xx[V], (B.0.5)

so that u,(0) = a;'(0). Writing the equation satisfied by uy — 1y and proceeding like in
the proof of Lemma 1, Chapter 1 of [6|, we have

we(z) — n(z) = 2 /0 5(2 — YV () (s — ) () dit
+2 /02 s(z — )a(t)(V = V)(t) — (€:[V] — €:[V])) dt,

where,
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By a Gronwall argument, we prove (B.0.4) for the difference uy — ug. We finally deduce
1

the result for xx[V] — xx[V] by using the property / Ixk|? dz = 1. 0
0

Lemma B.0.5 Let V € L*(0,1) such that V > 0, then the eigenvectors of the Schidinger
operator satisfy
1/2
V=) € CO+ V)

Proof. The result of Lemma 1 Chapter 1 of [6] provides:

Yi(2) = Ay sin(v/2€,.2) + 2 /OZ sin(\/?/TQ_ke(j —1)

where Ay is a nonnegative constant to be determined. Thanks to a Cauchy-Schwarz
inequality, we deduced

V() xe(t) dt, (B.0.6)

“sin(y/2€,(2 — t fOlV(t)\ k(t)| dt K2V )12 1/2
[ = Dy a0y < 22O el v,

Moreover, from (B.0.1),

1
€ = {10:xel) + (V) = (Dl V)

Thus,
“sin(yv/2€(z — 1)) 12
Vit V B.0.7
[ L=y ] < = VI (B.0.7)
Thus from (B.0.6) we have for all z € [0, 1]
xe(2)] < Ak + V2 VIl - (B.0.8)

Now, we will use the condition ||xx|/z2(01) = 1 to bound Aj. If we use the expression of
Xk (B.0.6) in the identity fol X2 dz = 1, we obtain

| > A2 /0 n(V3E) d 4 A, /0 in(v262) /0 ) Sm(% =)y (1) (1) dtd.
(B.0.9)

For the second term we have from (B.0.7)

/0 iy /0 sm(%—tw(tm@ dtdz| < 7||V||1L/f(01

And we can calculate

t o 1 sin(2v2€)
/0[sm( 2€,2)] dz-§ W
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We have assumed that V' > 0. It implies €,[V] > €[0] = n?k?, for all k£ > 1. Thus we
can inject these remarks in (B.0.9), it leads to

1 1
1> A2 <_ — E) — zfA,fnvnlL/f01

This implies that there exists a nonnegative contant C' such that

A, <CO+||VIIV2 ), V> 1.

£2(0,1)

It remains to inject this last estimate in (B.0.8) to conclude the proof. 0

Lemma B.0.6 Let V be in L?(0,1). Then the corresponding eigenvectors satisfy

VE>1 lmen < Ck+ VI (B.0.10)

Proof. From (B.0.1) we deduce
1
3 {10:xkl) = € = (V).

Moreover from Lemma B.0.3 and the fact that €,[0] = $7%k?, we have

6V = 57k + [ (alsVIPY) ds

The Gagliardo-Nirenberg inequality gives

1/2 1/2
Ikl a0y < Cllxel Pt Ikl 0.0 = Cllxelliio.n- (B.0.11)
Therefore,
4/3
V01 < CE + 1V [I220) / e[Vl o ds + VIR, (B.0.12)

where we have used the wellknown Young inequality: zy < ix‘l + %x4/3. If we replace V
by oV for o € [0, 1] and integrate over o on (0,1), we find

IIXk oV o0 < CK* + HUVHL2<01 Ixklso VIl g, dsdo + [V I 550,10
(

The second term of the right hand 81de can be rewrite as

1 o 1 1
/0 /0 IVl VI g dtdo < o VIES, +5/0 /0 XV 0., dtdor,

for all 6 > 0. Thus, if we fix § small enough there exists a nonnegative constant still
denoted C' such that

/ Il V]2 < CO2 + IVIHE ). (B.0.13)

We can then inject (B.0.13) in (B.0.12). O

This last two lemmata allow us to improve the estimate B.0.3
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Lemma B.0.7 Let V and V be two given nonnegative potentials in L*(0,1). Then there
exists a nonnegative constant C' such that

|€x[V] = €V < CO+ IVIIao1 + VI )V = Viizze- (B.0.14)
And
€6V = E[V]] < C"2 + IV oty + VI t0.) IV = Vizzo- (B.0.15)

Proof. This is an easy consequence of Lemma B.0.5 and B.0.3. Indeed, if we denote for
Ae[0,1], WA z) =V + ANV = V) and €,(N\) = €[W (A, )], we have

€ulV] — €7 / ONE(N) dA = / (kW A ) () V= 7)) da.

Thus, we have

1
V] = &7 < IV = Pllizn [ Il O s dh
0
The estimate (B.0.14) follows then from Lemma B.0.5 and the interpolation :

Xk O a0,y < WO 2o, [l (A, Nz 0.)-

The estimate (B.0.15) is a consequence of (B.0.11) and (B.0.10). O

Now, we give two technical lemmata, where the potential is defined on ). We recall
that (z,2) € 2 =w x (0,1) where w is a bounded regular domain of R?.

Lemma B.0.8 Assume that V € H'(Q) and let €, be the eigenvalues defined by (4.1.3).
Then, for all « > 0 and q € [1,+00), we have

1 o
= EZ |€x]* e € Li(w),
k
where Z =Y, e~ %. The LY norm of 1, is bounded by a constant only depending on o, q
and ||V || g
Proof. TLemma B.0.2 states that the eigenvalues and eigenvectors of (4.1.3) satisfy the

(uniform in p) estimate

2
€4(1) — — k2

5 Lo <Oy ECQHV(L.)”L%‘ (B.0.16)

+lxe(z, )

It is enough to show that
L(z) < Cy @IV Elliz (B.0.17)
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Indeed, since ||V (z,-)|| 2 is bounded in H'(w), the Trudinger inequality,

/ exp(jul Ny < 4o, YueWHN(O), OcCRY (B.0.18)
(@]

T, 2 . Q! €T.-
implies that el lhz ¢ L'(w), which ensures that e CalV=ley ¢ Li(w) for all ¢ < +oo

thus leading to the result.

Let us now prove (B.0.17). To this aim, we treat differently low and high energies.
More precisely, we have

1 a, —€ 1 a, —€
Ia :E Z |€k|€ k—i‘g Z ‘6“6 k

lex|<KA |€x|>K A

@ 1 o, —€
< (KA + 5 > e e

|€x|>K A

(B.0.19)

where K is chosen larger than 2 (K > 2) and A is such that |€, — 27%k%| < A. This choice

2
implies that

1 1
5]?271'2 —A< Ek < 5]5277'2 + A
and, for high energies (|€x| > K A), that we have
1
A< ——— k1,
20Kk —1) " "

Hence, the high energy contribution can be estimated as follows:

1 (07
Z |€k‘a€_€’c < Z (§]€2W2 + A) e~RIT/2 oA
|€x|>KA k>+\/2(K—1)A/x

1 “ A Lo “ —k272/2
S (1 + ﬁ) (& Z (ik s ) e
k>\/2(K-1)A/m

1 « & 1 @
< (C, (1 + 7) 6A/ (—7T2l’2) e~ mw?/2 dr,
K -1 V2E-1)A/r \2

where we used the elementary property:

for any nonnegative function decaying at infinity and such that the following integral
f0+oo f(x) dx converges. Assuming that o # 0 (the case @ = 0 is trivial), an integration by

parts leads to the estimate

/ 17T2I2 6—7r2r2/2 A da < C((K B 1)A>a—1/2€—(K—1)A eA7
Va(E—DA/x \2
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which leads to
Z |€k‘a€_€k < OaAa_1/2€_(K_1)A €A.
|€x|>KA

Besides, thanks to the choice of A, we obviously have

Z e~ > e

k

Therefore, going back to (B.0.19), we have
I, < (KA)® 4 Oy A 1/2e6-54,

Setting K = 4, we have a bound on A~1/2eB3~5)4 for large A. Thus we proved that
I < C,A* and (B.0.17) follows thanks to (B.0.16) by taking A = Cy exp(Cy||V (z, )| 12)-

O

Lemma B.0.9 The map V — V, = —log(>", e~} is locally Lipschitz continuous from
H?(Q) to H*(w), where (€,[V])x denotes the whole set of eigenvalues of the Hamiltonian

Proof. Since the summation over k can be done easily, it is enough to show the result for
the map V +— €,[V]. Let U,V be two bounded potentials of H*(Q2). From Lemma B.0.1,

we deduce easily that ||€,[U] — €,[V]||2) < C||U = V|| g2(q). For the first derivative, we
write with Lemma B.0.3:

/|Vw€k[U]—Vw6k[V]\2dx§ 2/ V(U = V) PIxlU][* dvdz
w Q

2 / VPP — xalV]2)? ded.

The Sobolev embedding of H?() into L>(£2) implies that for all nonnegative constant
027
exp(Ca([[U] 2 + [IVI[220m)) € L7 (w)-

Thus, with Lemma B.0.2 we have a bound of x;[U] in L>*°(Q2) and with Lemma B.0.4,
IXk[UT = Xk [Vl o) < CNU = V|20 (B.0.20)

We deduce,
[ 196001 = V.V da < CIU = Vi) + CIU = Vi

Now it remains to estimate the difference of the second derivative of €,[U] — €,[V]. We
recall that from Lemma B.0.1, we deduce easily

1€x[U] = €[Vl ooy < CNU = V|20 (B.0.21)
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Ifi=1o0r2, 7=1or 2, by the expression of the derivatives stated in Lemma B.0.3, we
have

1 1
Ope €V = [ One VIaVIPd= 42 / V100X [V]00, V .
0 0

As before, we can show the Lipschitz dependency in V € H?(Q) of the first term of the
right hand side. For the second one, we need the following result, which is proved below :
there exists a positive constant dy depending only on ||V||2(q) such that

V (k1) € (N)2  |€[V] — €[V]| > bv|k — 1> (B.0.22)

Since xx[V] is bounded in L*>°(2), using the expression of 9,,xx[V] in Lemma B.0.3 and
(B.0.22), we have |0, xx[V]| < C(|0,,V|). Therefore,

IXk[U] 00 Xk U100, U = Xk [V 02, Xk [V]02; V] < C Xk [U] = xa[V1] {102,U1) |0, U+
+ 102, Ul 102, Xk[U] = Ovixi [V + C (|02, V]) 0, (U = V).

Thus, it remains to see the Lipschitz dependency in V' of 0., xx[V]. We have
O U] xe[U] 0:,U) OalVIxeV] 02, V) )
O, XklU] — xi[V]) = . - . V
) =) =3 (Pt gy - WX

(XelU] xe[U] 02,U = xa[V] xe[V] 05, V)
2> &0~ €0] el

+Z V19V (101 = xalV])

— GZ[V]
0k
€[V] — €x[U] + €,[U] — €,[V]
+ ; XelVIXe[ V102 V) xel V] (€x[U] = €UN(EV] = €[V])

From (B.0.20), (B.0.21) and (B.0.22), we deduce that:
102, Xk[U] = Oz Xk [V1llz2(2) < O+ [100,Ul 2@ + 1102, V| 2@ IU = V20

With the Sobolev embedding of H*(Q) into L*(Q2), [10:,V || 12() < C||V||m2(q)- This con-
cludes the proof of the Lipschitz dependency with respect to V' of the second derivative.

Proof of (B.0.22). If £ = ¢, this inequality is obvious. Let us first prove that there
exists a constant dy depending only on ||V|| 42y, such that

If not, by the compact embedding of H?(Q) into L°°(€2) it would be possible to find a
sequence (V™) converging to V' in the L™ strong topology and a sequence k™ of integers such
that € [V"] — €4n[V"] converges to zero as n tends to +oo. The asymptotic behaviour
of the €;’s deduced from Lemma B.0.1 implies that the sequence (k™) is bounded, thus, up
to an extraction, it is stationary: k™ = k. Besides, (B.0.2) implies that €;[V"] converges
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to €;[V] and €,41[V"] to €,11[V]. Hence €,[V] = €,1[V], which is a contradiction with
the fact that the eigenvalues are strictly increasing. Moreover, by (B.0.2), we have

2 71'2

2

T
S E = V=@ < &lV] <

Therefore, for any (k,):
m 2 2
|€EL[V] — €[V]| > 5 |k =" + 1|k = £] = 2|V Lo (0)-

Hence, if w2k — €| > 2||V|| p=(q), then |€,[V] — €,[V]] > 7r72|k: — (2. From this inequality
and (B.0.23) we deduce easily (B.0.22) (up to a change of dy ). O
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Conclusion et Perspectives

L’objectif principal de cette thése est de présenter et d’analyser des modéles décrivant le
transport de particules confinées dans des dispositifs nanométriques a semiconducteurs.
En utilisant la méthode de décomposition en sous-bandes, les modéles de Boltzmann-
Schrodinger-Poisson et dérive-diffusion-Schrédinger-Poisson ont été introduits et étudiés.
Ce dernier modéle a été utilisé pour réaliser une simulation numérique du transport des
électrons dans un nanotransistor de type MOSFET. Ce découplage adiabatique des vari-
ables spatiales permet de réduire considérablement le cott numérique en utilisant une
description classique peu onéreuse dans la direction de transport et en réstreignant la
résolution de I'équation de Schrodinger & une seule dimension. Les applications sont nom-
breuses en nanotechnologies par exemple pour la détermination a moindre cofit des carac-
téristiques électroniques de dispositifs nanométriques ou du design de nouveaux dispositifs
ou les électrons sont fortement confinés dans une direction.

Nous allons proposer quelques enrichissements qui peuvent étre apportés dans la con-
tinuité de ces travaux. Tout d’abord, les études mathématiques rigoureuses de la limite de
diffusion et des résultats d’existence n’ont été effectuées que dans le cas d’une statistique
de Boltzmann. Il s’agit d’'une approximation de la statistique de Fermi-Dirac. La limite de
diffusion formelle de I’équation de Boltzmann des semiconducteurs pour une statistique de
Fermi-Dirac est présentée au Chapitre 2. Les résultats d’existence et la limite rigoureuse
des modéles avec une statistique de Fermi-Dirac restent encore a établir. On peut espérer
grace aux techniques développées dans cette thése étendre les résultats dans le cas de la
statistique de Boltzmann au cas Fermi-Dirac. Bien évidemment le probléme d’existence
pour le probléme de Boltzmann-Schrodinger-Poisson dans le cas d’une dimension totale
égale a 3 reste encore une question ouverte. Il serait également intéressant de comparer
les simulations numériques pour les deux statistiques.

Par ailleurs, nous avons supposé dans la premiére partie et la troisiéme partie que la
matrice de diffusion D était une donnée du probléme et la résolution du modéle fluide
quantique s’est effectué en utilisant certaines hypothéses sur cette matrice. Nous avons
aussi vu au chapitre 5 que la prise en compte de la matrice de diffusion complique consid-
érablement 1’analyse. Cependant, lors de I'établissement de la limite de diffusion dans la
seconde partie, il apparait clairement que la matrice de diffusion n’est pas une donnée mais
dépend de quantités macroscopiques du probléme. Cette dépendance reste a éclaicir pour
une meilleure compréhension du systéme et une amélioration des simulations numériques.



