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Chapter 1Introdution généraleLes travaux présentés dans e mémoire de thèse onernent la modélisation, l'étude ma-thématique et l'analyse numérique du transport des partiules hargées dans des dispositifsnanométriques à base de matériaux semionduteurs. Depuis une inquantaine d'année,un e�ort onstant dans la miniaturisation des omposants életroniques a été entrepris.Ces dispositifs peuvent être insérés en plus grand nombre dans les iruits intégrés e quiaméliore onsidérablement les performanes des proesseurs. Par ailleurs, es omposantsdeviennent plus fontionnels, ont des temps de réponses plus ourts et une onsommationplus faible. De tels motivations justi�ent l'intérêt roissant pour les nanotehnologies.Pour des éhelles de grandeurs allant jusqu'au miron, une desription purement las-sique du transport des partiules hargées reste satisfaisante. A partir des années in-quante, de nombreux modèles mathématiques ont été introduits dérivant le transportdes életrons (ou éventuellement des trous) en miroéletronique. Ces modèles ne pren-nent pas du tout en ompte les e�ets quantiques et oultent omplétement la méaniquequantique dans leurs approhes. Ils se ontentent d'une desription purement lassiquedu transport des harges qui peut se hiérarhiser en di�érents modèles selon la préisionde desription des phénomènes physiques espérée. Au niveau inétique, le mouvement estdérit par une grandeur statistique, la fontion de distribution f(t, x, v), où f(t, x, v)dxdvorrespond au nombre de partiules présentes à l'instant t dans un volume dxdv de l'espaedes phases autour du point position-vitesse (x, v). L'évolution de ette fontion est régitpar des équations inétiques omme l'équation de Vlasov s'il n'y a pas de ollisions etl'équation de Boltzmann dans un adre ollisionnel [17, 21, 38, 61℄. Les modèles inétiquesétant enore très oûteux numériquement, il est préférable de se tourner vers des modèlesmarosopiques ependant moins préis ar s'intéressant à des quantités moyennées envitesse. Il s'agit alors d'une desription �uide du mouvement.Les modèles marosopiques sont obtenus à partir d'un modèle inétique par di�érentsproessus adaptés à des situations partiulières. Ave une limite hydrodynamique, re-posant sur la méthode des moments, on obtient des modèles hydrodynamiques omme leséquations d'Euler et de Navier-Stokes [3, 17, 39, 41, 42, 46, 57, 62℄. Suivant les hangementsd'éhelles spatiales et temporelles e�etués [10℄, une limite de di�usion permet d'obtenirune hiérarhie de modèles �uides parmi lesquels on trouve les modèles SHE (Spherial Har-moni Expansion) [18, 23℄, ET (Energy Transport) [11, 12, 25, 29℄ et de dérive-di�usion9



10 Chapter 1. Introdution générale[14, 15, 40, 49, 50, 56℄. Ces di�érents modèles résultent des dominanes des méanismesollisionels. La limite de di�usion onsiste à perturber la fontion de distribution solu-tion de l'équation inétique autour d'un équilibre thermodynamique loal par un petitparamètre orrespondant au rapport entre le libre parours moyen des partiules et lalongueur marosopique aratéristique. L'obtention rigoureuse de es modèles �uides àpartir des équations inétiques a fait l'objet d'une intense reherhe (en plus des travauxités i-dessus on rajoutera [4, 5, 26, 27, 43, 44, 47℄) et ertaines limites rigoureuses restentenore à établir.Ces modèles restent valable en miro-életronique. Cependant les besoins grandissantsdes tehnologies de la ommuniation et de l'information ont poussé les onstruteurs àmettre au point des omposants à des éhelles nanométriques. Or lorsque la taille desdispositifs atteint des dimensions très petites (<100 nm), des phénomènes quantiquesapparaissent omme les interférenes, le on�nement ou enore l'e�et tunnel. Il devientalors néessaire de onsidérer des modélisations tenant ompte de es phénomènes.Plusieurs approhes ont été entreprises dans le but de revenir à une desription quan-tique du transport de harges. Une première voie onsiste à onsidérer l'équation deShrödinger (ou de Von Neumann). De nombreux résultats mathématiques sur l'étude deette équation ont été obtenus es dernières années (voir par exemple [2, 8, 19, 20, 31, 32℄).Une modélisation omplétement quantique du transport balistique des harges dans unenanostruture est alors obtenue en ouplant ette équation ave l'équation de Poisson[7, 8, 24, 51, 52, 53, 54, 55℄. Cependant, un tel modèle présente le gros désavantage de nepas tenir ompte des nombreuses ollisions que renontrent les partiules lors du transportet se ontente don d'une desription balistique du transport. De plus, il reste très oûteuxà réaliser numériquement ave des onditions physiques réalistes.D'autres stratégies onsistant à utiliser les résultats bien onnus sur le transport despartiules hargées en miroéletronique permettent de mettre au point des modèles quan-tiques prenant en ompte les ollisions des életrons ave les impuretés du réseau ristallinou ave les phonons (pseudo-partiules représentant les vibrations du réseau). Une ap-prohe onsiste à inorporer des termes orretifs �quantiques� dans des modèles lassiques.Cei permet d'élaborer des modèles omme le modèle de density-gradient (ou dérive-di�usion quantique) et des modèles de l'hydrodynamique quantique [1, 35, 36, 37, 45℄.Ces modèles exploitent une analogie entre l'équation de Shrödinger et le système d'Eulersans pression. En e�et, l'amplitude et la phase de la fontion d'onde satisfaisant l'équationde Shrödinger sont solutions du système d'Euler sans pression dans lequel on a ajoutéun terme orretif appelé potentiel de Bohm. Les modèles sus-nommés sont alors obtenusen ajoutant phénoménologiquement e potentiel de Bohm aux modèles lassiques orres-pondants. Ils sont bien établis pour des états purs mais dans des systèmes à plusieurspartiules un problème de fermeture apparait. Réemment une stratégie reposant sur laméthode des moments a permis d'établir des modèles hydrodynamiques et de résoudree problème de fermeture via la dé�nition d'équilibres loaux quantiques minimisant uneentropie sous ontraintes [26, 27, 28, 34℄.En�n, toujours dans l'optique d'utiliser les résultats bien maîtrisés sur les modèleslassiques, une autre approhe est d'utiliser des modèles ouplés quantiques-lassiques.Ainsi, en remarquant que les e�ets quantiques interviennent souvent dans des zones bien



11identi�ées des dispositifs nanométriques, une méthode de ouplage onsiste à déouperle domaine d'étude, à dérire haque zone de e domaine par un modèle lassique ouquantique suivant le phénomène à observer et à oupler spatialement es modèles par desonditions d'interfae [7, 11, 24℄. Cette méthode permet de réduire onsidérablement leoût numérique des simulations.Dans ette thèse nous nous intéressons à une stratégie de ouplage di�érente : le ou-plage diretionnel. Dans la plupart des dispositifs életroniques à l'éhelle nanométrique,les di�érentes diretions d'espae ne jouent pas le même r�le. Le transport des hargess'e�etue dans des diretions privilégiées alors que le gaz que forment les partiules eston�né dans la (ou les) autre(s) diretion(s). Ainsi lorsque par exemple le transport desharges se onentre à l'interfae entre deux matériaux di�érents (à l'interfae Oxyde-Siliium d'un MOSFET par exemple), les dimensions aratéristiques du on�nement de-viennent très petites devant elles du transport. On se retrouve alors à étudier le transportde harges dans un gaz d'életrons bidimensionnel. Une modélisation quantique dans ladiretion transverse au transport est alors ouplée à un modèle inétique ou �uide dansles autres diretions dites parallèles au mouvement.Dans e travail de thèse, nous nous intéressons à l'analyse mathématique et numériquede modèles ouplés lassiques-quantiques où le ouplage est diretionnel omme expliquéi-dessus. Avant de montrer les résultats obtenus, nous présentons au prohain hapitre lesmodèles des sous-bandes utilisés et le ouplage et rappelons la limite formelle de l'équationde Boltzmann des semionduteurs vers l'équation de dérive-di�usion. Le mémoire de ettethèse est déomposé en trois grande parties :
• La première partie est onsarée à l'analyse mathématique d'un modèle dérive-di�usion-Shrödinger-Poisson, noté DDSP. Dans e as, le régime du transport est�uide et le système est alors dérit dans la diretion de transport au moyen del'équation de dérive-di�usion.
• La seonde partie onerne l'analyse mathématique de la limite di�usive du modèledes sous-bandes inétique vers le modèle �uide analysé dans la première partie.
• En�n la troisième partie présente des résultats de simulations numériques du systèmeDDSP étudié dans la première partie, utilisé pour modéliser le transport dans desnanostrutures à base de matériaux semionduteurs.Nous présentons maintenant le modèle DDSP qui est le thème entral de ette étude.Lorsque les életrons sont extrêmement on�nés, omme dans des dispositifs nanométriquesà semionduteurs, l'énergie devient partiellement quanti�ée en niveau d'énergie. Cesniveaux d'énergie sont dérits par les éléments propres du Hamiltonien partiel dans la di-retion de on�nement et sont usuellement appelés sous-bandes dans la littérature physique[6, 22, 30℄. Pour �xer les notations, on nomme z la diretion de on�nement et x la(ou les) diretions de transport. Les partiules sont soumises dans le domaine d'étudeà un potentiel V (t, x, z) qui dépend de la variable temporelle t et des variables spatiales

(x, z).Dans la diretion z, le on�nement impose une quanti�ation du système et donle Hamiltonien partiel −1
2
∂2

z + V doit avoir un spetre disret. On supposera ii que e



12 Chapter 1. Introdution généraleon�nement se réalise par un mur in�ni en z = 0 et z = 1. La variable z est par onséquentbornée dans le domaine (0, 1). (On peut aussi supposer que le on�nement est du à unpotentiel qui tend vers +∞ quand z tend vers +∞.) Les sous-bandes sont alors dé�niespar : 



−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ .
(1.0.1)Dans e système, t et x sont onsidérés omme des paramètres. Il s'agit d'un problème deSturm-Liouville en dimension 1. Par onséquent, les valeurs propres (ǫk)k≥1 ne se roisentpas et forment une suite stritement roissante tendant vers +∞ et les (χk)k≥1 réalisentune base orthonormées de L2(0, 1).Pour onnaître les quantités marosopiques, il onvient d'abord de déterminer le fa-teur d'oupation de haque sous-bande ρk(t, x). La densité des porteurs de harges seraalors donnée par :

N(t, x, z) =
∑

k≥1

ρk(t, x)|χk(t, x, z)|2. (1.0.2)La onnaissane de la densité permet alors de déterminer le potentiel életrostatique au-toonsistant généré par les életrons eux-mêmes et alulé au moyen de l'équation dePoisson :
−∆x,zV = N(t, x, z) =

∑

k≥1

ρk(t, x)|χk(t, x, z)|2. (1.0.3)Dans la diretion de transport x, les dimensions sont supposées telles qu'unedesription lassique reste satisfaisante. Comme on l'a vu préédemment, on peut alorsonsidérer plusieurs niveaux de desription suivant le ontexte physique : inétique ou�uide. Les grandeurs marosopiques déterminant le transport sont alors obtenues aumoyen des équations de Vlasov, si on néglige les ollisions, ou de Boltzmann au niveauinétique et au niveau �uide grâe au système de dérive-di�usion. On se retrouve don aveun système ouplant l'une de es trois équations ave le modèle des sous-bandes (1.0.1) etl'équation de Poisson (1.0.3).Dans e travail de thèse nous nous intéressons au transport dans des strutures semi-ondutries pour lesquelles les ollisions sont le prinipal méanisme responsable du mou-vement. Les équations de transport onsidérées vont don être les équations de Boltzmannet de dérive-di�usion (le système Vlasov-Shrödinger-Poisson a été étudié en [13℄). Nousavons don analysé deux modèles : le modèle de dérive-di�usion-Shrödinger-Poisson, notéen abrégé DDSP, et le modèle de Boltzmann-Shrödinger-Poisson notamment sa limite dedi�usion vers DDSP.Pour le modèle DDSP, dans la diretion de transport x, la densité surfaique notée Nsest alulée grâe à l'équation de dérive-di�usion. Il s'agit d'une équation de onservationpour la densité de partiules dans laquelle la densité de ourant est la somme de deuxtermes. L'un, appelé ourant de dérive, est proportionnel à la densité de partiules et auxfores életrostatiques. L'autre est le ourant de di�usion et est proportionnel au gradientde la densité de partiules [33, 49, 50℄. Cette équation peut être dérivée de la théorie



13inétique en e�etuant une limite de di�usion, i.e. le libre parours moyen devient trèspetit par rapport aux longueurs aratéristiques du système (voir [40, 56℄). Elle s'érit :
∂tNs − div x(D(∇xNs +Ns∇xVs)) = 0, (1.0.4)où D est la matrie de di�usion qui ontient les informations physiques des ollisions.Cette équation est ouplée au modèle des sous-bandes (1.0.1) et à l'équation de Poisson(1.0.3). Le ouplage s'obtient grâe à la dé�nition du potentiel e�etif Vs qui garde la traedu on�nement dans la diretion transverse et à l'expression de la densité N . En e�et,on verra au hapitre suivant que le potentiel e�etif s'obtient lors de la limite di�usive etvaut :

Vs(t, x) = − log
∑

k≥1

e−ǫk(t,x). (1.0.5)Par ailleurs, on a vu en (1.0.2) que la onnaissane de la densité néessitait la déterminationdu fateur d'oupation ρk. Le système étant à l'équilibre thermodynamique, e fateur estdonné par une fontion statistique de l'équillibre. Typiquement, si on dénote ǫ l'énergie,ette fontion est donnée par la distribution de Fermi-Dira 1/(1 + exp(ǫ−ǫF

kBT
) où kB estla onstante de Boltzmann, T la température du réseau et ǫF est le niveau de Fermi quiorrespond à la séparation entre les états oupés et non-oupés à la température absolue

0 K. Cette statistique peut être approhée dans le as ǫ−ǫF >> kBT par la statistique deBoltzmann : exp(ǫ−ǫF

kBT
). Dans notre étude on onsidérera des statistiques de Boltzmannet on supposera pour simpli�er l'ériture le système normalisé telle que kBT = 1. Ladensité des partiules s'érit alors
N(t, x, z) =

∑

k≥1

eǫF (t,x)−ǫk(t,x)|χk(t, x, z)|2.En intégrant ette expression en z, on obtient une relation entre la densité surfaique etle niveau de Fermi :
Ns(t, x) =

∫ 1

0

N(t, x, z) dz = eǫF (t,x)
∑

k≥1

e−ǫk(t,x).Ce qui permet de réérire la densité életronique sous la forme :
N(t, x, z) = Ns(t, x)

+∞∑

k=1

e−ǫk(t,x)

∑
ℓ≥1 e

−ǫℓ(t,x)
|χk(t, x, z)|2. (1.0.6)Le système dérive-di�usion-Shrödinger-Poisson étudié est alors le système d'équations(1.0.4)�(1.0.1)�(1.0.3) ouplé grâe aux expressions (1.0.5) et (1.0.6).La variable de transport x est supposée appartenir à un domaine borné régulier ω de

R
2. Le domaine d'étude total sera noté Ω = ω × (0, 1) ⊂ R

3. Pour ompléter e systèmeil faut alors imposer des onditions aux bords que nous onsidérerons de deux natures :
• des onditions de type Dirihlet :

{
Ns(t, x) = Nb(x), V (t, x, z) = Vb(x, z), pour x ∈ ∂ω, z ∈ (0, 1),

∂zV (t, x, 0) = ∂zV (t, x, 1) = 0, pour x ∈ ω, (1.0.7)où ∂ω est la frontière de ω.
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• des onditions de type Neumann : dans e as la masse est onservée au ours dutransport

{
∂νNs(t, x) = 0, ∂νV (t, x, z) = 0, pour x ∈ ∂ω, z ∈ (0, 1),

V (t, x, 0) = V (t, x, 1) = 0, pour x ∈ ω,
(1.0.8)où ν(x) est la normale sortante en x ∈ ∂ω.

NsV, (ǫk[V ], χk[V ])SystèmeShrödinger-Poisson
Blodérive-di�usion (1.0.4)

(1.0.1)-(1.0.3)Figure 1.1: Struture du système DDSP : un blo DD et un blo quasistatique SP.Par analogie ave le modèle lassique dérive-di�usion-Poisson, e système est struturéen deux blos : un blo dérive-di�usion et un blo Shrödinger-Poisson quasistatique(voir Figure 1.1). Le blo dérive-di�usion permet le alul de la densité surfaique Nsen supposant le potentiel életrostatique V onnu (et don Vs aussi est onnu grâe à(1.0.5)). Si Ns est déterminé, alors l'étude du blo Shrödinger-Poisson permet de alulerle potentiel V et les éléments propres de l'Hamiltonien (ǫk, χk)k≥1 qui seront alors obtenuspar diagonalisation de l'Hamiltonien.La prinipale di�ulté soulevée par l'équation de dérive-di�usion (1.0.4) vient de ladépendane non linéaire du potentiel e�etif Vs (1.0.5) de V . En e�et, ette dépendane sefait via la dé�nition des éléments propres de l'Hamiltonien. De même l'étude du systèmeShrödinger-Poisson requiert des estimations préises des éléments propres en fontion dupotentiel életrostatique V . De telles estimations sont données en annexe de e doument.Le aratère bien posé de e système est obtenu grâe à des tehniques de minimisation defontionnelle développées par Nier [52, 53, 54℄. Cependant suivant la donnée entrante dublo Shrödinger-Poisson (qui est Ns pour DDSP mais qui peut être le fateur d'oupation
ρ si le transport est onsidéré au niveau inétique) et des estimations dont on dispose surelle-i, la fontionnelle utilisée n'est plus la même et l'étude du système doit être adaptéeaux estimations disponible. C'est pourquoi, aux hapitres 4, 5, 6 et 7, l'étude du systèmeShrödinger-Poisson est reprise à haque fois dans un adre di�érent.



15Nous allons dans la suite de ette introdution détailler haun des hapitres de ettethèse. Ces hapitres sont rédigés sous forme d'artiles, le système d'équations onsidéréétant rappelé en début de haun, de manière à e que, pour failiter la leture, haunpuisse être lu indépendemment des autres.Partie I : Existene, uniité et omportement en temps longLe système lassique dérive-di�usion-Poisson revisité (Chapitre 3)Ce hapitre peut être onsidéré omme un hapitre d'introdution de la première partie.En e�et, ette partie est onsarée à l'étude mathématique du modèle DDSP. Cependantau niveau purement lassique, le transport des partiules hargées dans des dispositifs àsemionduteurs ou à plasmas peut être modélisé par un système ouplé dérive-di�usion-Poisson. L'objetif de e hapitre est don de présenter dans un as plus simple lesméthodes qui seront utiles par la suite dans le as du modèle DDSP.Le système de dérive-di�usion est très utilisé en miroéletronique pour modéliser letransport des partiules hargées dans des dispositifs à semionduteurs ou à plasmas[49, 50℄. Il s'agit d'une équation de onservation dans laquelle le ourant est somme d'unourant de dérive proportionnel à la densité de partiules N et aux fores életrostatiqueset d'un ourant de di�usion proportionnel au gradient de la densité de partiules. Dansun domaine Ω ⊂ R
3, e système s'érit :
∂tN − div x(D(∇N +N∇V )) = 0, t ∈ R

+,où D est une matrie de di�usion qui ontient les informations sur les ollisions quesubissent les partiules. Le potentiel életrostatique est autoonsistant et est obtenu parl'équation de Poisson :
−∆V (t, x) = N(t, x).Depuis Gajewski [33℄, de nombreux résultats sur l'existene, l'uniité et le omporte-ment en temps long des solutions de e système ont été établis. Mais généralement ilssont obtenus dans le as où la matrie de di�usion D est supposée salaire et onstante.Dans la réalité, ette matrie n'est pas salaire et est déterminée grâe aux oe�ients del'opérateur de ollisions onsidéré au niveau inétique. La dépendane de la matrie dedi�usion en es oe�ients n'est pas très évidente et on supposera don dans toute ettepartie pour simpli�er que D est onnue et su�samment régulière et que D ≥ αId.En temps long on s'attend à e que les solutions (N, V ) onvergent vers la solution

(N∞, V∞) du système stationnaire :
−div (D(∇N∞ +N∞∇V∞)) = 0, −∆V∞ = N∞.Pour mener à bien l'étude de l'existene et du omportement en temps long des solu-tions, il onvient de dé�nir un adre fontionnel et don d'avoir des estimations a priorisur les solutions. Une quantité primordiale pour e genre de système est l'entropie relativedé�nie par :

E(t) =

∫

Ω

(N log
N

N∞
+N∞ −N) dx+

1

2

∫

Ω

|∇(V − V∞)|2 dx.



16 Chapter 1. Introdution généraleAlors l'estimation permettant d'avoir des bornes sur les quantités onsidérées est
E(t) + α

∫ t

0

∫

Ω

e−V |∇(NeV )|2
NeV

dxdτ ≤ E(0).On voit alors lairement qu'ave des onditions initiales adéquates, on obtient une bornede la densité dans L logL et du potentiel dans H1. Cependant, lorque la matrie de densitéest supposée égale à l'identité, on obtient par simple multipliation de l'équation de dérive-di�usion par N et par intégration par parties une borne de N dans L2. En prenant desonditions aux bords telles qu'on puisse utiliser la régularité elliptique de l'équation dePoisson, on obtient alors su�samment de régularité pour montrer l'existene et l'uniitéde solutions par un point �xe [49℄.Dans le as L logL, l'analyse de l'existene requiert plus de travail. En e�et, omptetenu du manque de régularité des solutions, il est outume dans e genre de problème derégulariser le système par un paramètre ε > 0 tel que formellement le système régularisése réduit au système non régularisé pour ε = 0 et de prouver l'existene de solutions poure système régularisé. La dernière étape onsiste alors à utiliser l'estimation d'entropiepour passer à la limite et montrer que les grandeurs marosopiques onvergent quand
ε → 0 vers des solutions de dérive-di�usion-Poisson. Ave ette méthode, on ne peutmalheureusement pas établir l'uniité des solutions.Par ailleurs dans e hapitre, on s'intéresse aussi au omportement en temps longdes solutions. Cette étude repose prinipalement sur l'entropie. Une tehnique répenduerevient à montrer au moyen d'inégalités de type logarithmique Sobolev la déroissaneexponentielle de l'entropie relative vers 0. Cei permet d'avoir la onvergene exponentielledu potentiel dans H1 et au moyen des inégalités de Csizàr-Kullbak de la densité dans
L1. Cependant e traitement repose fortement sur le fait que la masse est onservéeau ours du transport e qui n'est pas le as si on ne suppose plus les onditions auxbords onservatives. Nous avons don envisagé une autre approhe onsistant à linéariserl'entropie relative. Cette méthode a aussi l'avantage d'obtenir plus de régularité sur lessolutions étant donné que la linéarisation apporte une borne de la densité dans L2 au boutd'un ertains temps et non plus dans L logL.Tous es résultats sont présentés dans e hapitre en essayant de montrer les di�ultésqu'entrainent la onsidération d'une matrie de di�usion non salaire. Les tehniquesprésentées seront utilisées dans les deux hapitres suivants lorsque les életrons sont on-�nés dans la diretion transverse au transport.Théorie L2 pour le système DDSP (Chapitre 4)Dans e hapitre on s'intéresse au transport di�usif d'un gaz d'életrons on�né dans unenanostruture. La diretion de on�nement est notée z ∈ (0, 1) tandis que le transports'e�etue dans un domaine borné régulier ω du plan R

2. Dans ette première partieon suppose se trouver dans le régime di�usif don le transport est déterminé grâe auxgrandeurs marosopiques omme la densité des partiules. Le modèle onsidéré est donle système DDSP introduit i-dessus (1.0.4)�(1.0.1)�(1.0.3) omplété ave les onditionsaux bords de Dirihlet (1.0.7). Pour simpli�er l'étude on ne onsidère que le as où la



17matrie de di�usion est l'identité et les onditions aux bords sont hoisies telles que l'onpuisse utiliser la régularité elliptique du problème de Poisson.On présente dans e hapitre deux résultats distints. Le premier onerne l'existeneet l'uniité des solutions, le seond leur omportement en temps long. De même quedans le as dérive-di�usion-Poisson lassique, le fait de onsidérer une matrie de di�usionégale à l'identité simpli�e beauoup l'étude. En e�et, on peut obtenir diretement pardes intégrations par parties des estimations L2 sur la densité (et don H2 sur le potentielgrâe à la régularité elliptique de l'équation de Poisson) et l'existene peut être obtenuegrâe à un point �xe. La quantité primordiale permettant l'établissement des résultats estl'entropie relative de (ρk, V ) par rapport à (ρk, V ) dé�nie par
W =

∑

k

∫

ω

(ρk log(ρk/ρk) − ρk + ρk) dx+
1

2

∫∫

Ω

|∇x,z(V − V )|2 dxdz

+

∫

ω

∑

k

u e−ǫk
(
ǫk[V ] − ǫk[V ] − 〈|χk|2(V − V )〉

)
dx,dans laquelle les quantités soulignées sont des prolongements réguliers au domaine d'étudedes valeurs aux bords.Par analogie ave le système dérive-di�usion-Poisson, il est judiieux de voir le systèmeomplet omme une équation de dérive-di�usion ouplée ave le système Shrödinger-Poisson quasistatique (f Figure 1.1). Une fois l'estimation d'entropie obtenue, la résolu-tion est basée sur e diagramme : il apparait don que trois étapes seront néessaires pourétablir l'existene. La première étape est onsarée à l'étude du blo dérive-di�usion ensupposant le potentiel V (et don l'énergie e�etive Vs) onnu. La seonde étape s'intéresseau blo quasistatique Shrödinger-Poisson en supposant la densité surfaique donnée. En-�n, l'existene est prouvée grâe à un point �xe sur la densité surfaique Ns. Une étudeminutieuse des propriétés spetrales de l'Hamiltonien est alors néessaire pour traiter lestermes orretifs quantiques intervenant lors des aluls. Ces propriétés sont énonées etpour ertaines d'entre elles démontrées en annexe.Cette résolution repose essentiellement sur deux points ruiaux : (i) le aratère bienposé du système Shrödinger-Poisson lorsque la densité Ns est donnée, (ii) l'estimationd'entropie permettant de onstruire une solution globale en temps.La non-onservation de la masse oblige à onsidérer le traitement du omportement entemps long par le biais de la linéarisation de l'entropie relative par rapport aux solutionsdu système stationnaire. En adaptant alors les tehniques du as lassique (présentées auhapitre 3), on montre alors la onvergene exponentielle en temps long de la densité dans

L2 et du potentiel életrostatique dans H1.Théorie L logL pour DDSP pour un système isolé (Chapitre 5)Le système DDSP onsidéré dans e hapitre est le même modèle ouplé quantique-lassique qu'au hapitre préédent. Le ouplage est don diretionnel et les e�ets quan-tiques sont transrits via le modèle des sous-bandes. Les résultats présentés ii onernentl'existene et le omportement en temps long des solutions. Cependant, dans e hapitre



18 Chapter 1. Introdution généraleon ne onsidère plus que la matrie de di�usion soit salaire et par souis de omplétude,on utilise des onditions aux bords de type Neumann sur la densité (1.0.8) (bien évidem-ment, en adaptant les démonstrations, les résultats restent valable ave les onditions auxbords du hapitre préédent).La prinipale di�ulté introduite par une matrie de di�usion distinte de l'identitéest la perte de l'estimation dans L2 de la densité (voir Proposition 4.2.3). Il ne reste alorsque l'estimation d'entropie et don il faut travailler ave une densité uniquement bornéedans L logL et un potentiel életrostatique dans H1. Comme on l'a signalé i-dessus,pour l'analyse de l'existene il onvient de onsidérer le système omme une équation dedérive-di�usion ouplé ave le système de Shrödinger-Poisson quasistatique par analogieave le système de dérive-di�usion ouplé ave Poisson.Les propriétés du système Shrödinger-Poisson quasistatique sont bien onnues [13, 52,53, 54℄. Dans e as un premier problème apparait par rapport au hapitre préédent :le seond membre de l'équation de Poisson (1.0.3) est le produit d'une fontion dans
L logL ave le arré d'une fontion qui ne peut pas être mieux que H1. Il faut pouvoirdonné un sens à e produit. C'est e qui est fait grâe aux inégalités de Young et deTrudinger (présentées en annexe) et à une étude préise de la dépendane des élémentsspetraux de l'Hamiltonien vis à vis du potentiel. De plus, si on veut espérer obtenir unrésultat d'existene au système omplet dans e adre, il est néessaire de pouvoir s'assurerde l'existene et de l'uniité d'une solution au système de Shrödinger-Poisson pour unfateur d'oupation donné dans L logL. Il est don primordial d'étudier minutieusementle système Shrödinger-Poisson quasistatique. Ensuite, l'existene pour le système ompletest obtenu omme au hapitre 2 par une méthode de régularisation et de passage à la limitesur les solutions du système régularisé.Le hoix des onditions de Neumann sur la densité permet ii de béné�ier de la on-servation de la masse. Par souis de omplétude, on présente ii l'étude du omportementen temps long au moyen des tehniques basées sur les inégalités de Sobolev logarithmique.Partie II : De Boltzmann vers DDSPLe as de la dimension 2 (Chapitre 6)Ce hapitre présente deux résultats importants : un résultat d'existene de solutions àun modèle inétique de sous-bandes et la limite de di�usion rigoureuse de e modèle versle modèle DDSP. Malheureusement, des di�ultés tehniques ne nous permettent pasd'obtenir de résultats d'existene dans le as où le domaine d'étude total est en troisdimensions : nous onsidérons don que le transport ne s'e�etue que sur un segment dela droite réelle. Le as d'un transport en 2D sera disuté au hapitre suivant.On onsidère toujours un gaz d'életrons on�né dans une nanostruture où le on-�nement a lieu dans la diretion z transverse au transport suivant x et est dérit par lemodèle des sous-bandes. Le régime de transport onsidéré dans ette partie est le régimeinétique. Lorsque les porteurs de harges subissent des ollisions, le transport est biendérit par l'équation de Boltzmann. Cette équation donne l'évolution de la fontion dedistribution fk(t, x, v) de la kième sous-bande dans l'espae des phases (x, v) ∈ (a, b)×R.



19On rappelle la signi�ation physique de la fontion de distribution : fk(t, x, v) dxdv or-respond au nombre de partiules présentent dans la sous-bande k dans un petit volume
dxdv de l'espae des phases autour de la position (x, v). Cette fontion satisfait l'équationde Boltzmann :

∂tfk(t, x, v) + {Hk, fk} = Q(f)k, k ≥ 1,où {·, ·} est le rohet de Poisson dé�ni par {g, h} = ∇xh · ∇vg − ∇xg · ∇vh. L'énergiedu système dans la kième sous-bande noté Hk est la somme de l'énergie inétique et del'énergie potentielle :
Hk(t, x, v) =

1

2
v2 + ǫk(t, x),où les ǫk sont dé�nis en (1.0.1). L'opérateur de ollisions prend en ompte les intérationsentre les életrons et les phonons et s'érit

Q(f)k =
∑

k′

∫

R

αk,k′(v, v′)(Mk(v)fk′(v′) −Mk′(v′)fk(v)) dv
′,dans lequel la maxwellienne est dé�nie par

Mk(t, x, v) =
1√

2π
∑

k e
−ǫk(t,x)

exp(−Hk(t, x, v)).Le fateur d'oupation ρk de la kième sous-bande vaut alors : ρk(t, x) =
∫

R
fk(t, x, v) dv.En reprenant l'expression de la densité dans le modèle des sous-bandes (1.0.2), on déduit

N(t, x, z) =
∑

k≥1

∫

R

fk(t, x, v)|χk(t, x, z)|2 dv.Lorsque les ollisions deviennent nombreuses, le mouvement des partiules entre dansun régime �uide. Le libre parours moyen qui représente la distane entre deux olli-sions suessives devient négligeable par rapport aux grandeurs aratéristiques du milieu.Mathématiquement, ela se traduit après un resaling par l'apparition d'un paramètre ηtendant vers 0 dans l'équation de Boltzmann :
∂tf

η
k (t, x, v) +

1

η
{Hη

k, f
η
k } =

1

η2
Qη(f η)k. (1.0.9)Le ouplage de ette équation ave le modèle des sous-bandes induit que le système deShrödinger-Poisson dépend intrinséquement du petit paramètre η :
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(1.0.10)
−∆x,zV

η = Nη(t, x, z) =
∑

k≥1

∫

R

f η
k (t, x)|χη

k(t, x, z)|2. (1.0.11)



20 Chapter 1. Introdution généraleNous présentons don dans e hapitre une étude du système ouplé (1.0.9)�(1.0.11)que nous avons hoisi de ompléter par des onditions de ré�exion spéulaire aux bords eten partiulier de la onvergene quand η tend vers 0 de e système vers le modèle �uideDDSP analysé aux hapitres 4 et 5 de ette thèse. De même que dans la première partie,ette étude s'appuie sur les tehniques utilisées dans le as lassique. La onvergenedu modèle Boltzmann-Poisson vers le système dérive-di�usion-Poisson a été montrée parMasmoudi et Tayeb [47℄. Deux outils sont indispensables : les solutions renormalisées deDi Perna Lions et une estimation d'entropie. L'entropie du système est dé�nie par :
W η(t) =
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η|2 dxdzet le taux de dissipation par :
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k −
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s Mη
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dxdv,oùMk = K exp(−1
2
(v2+k2)) ave K un fateur de normalisation tel que∑k

∫
R
Mk dv = 1.Alors, l'estimation d'entropie s'érit :

0 ≤W η(t) +
α1

2η2

∫ t

0

Rη(s) ds ≤ C, (1.0.12)où α1 et C sont des onstantes positives. On remarque qu'il ne s'agit pas d'une entropierelative et don l'estimation obtenue ne donne qu'une borne sur la fontion de distributionet sur le potentiel. L'utilisation des solutions renormalisées apparaît don naturellementompte tenu du peu de régularité que nous avons. Ainsi dans l'équation de Boltzmann leterme des fores életrostatiques n'est pas mieux que L2 et don son produit ave f η
k quiest dans L logL n'a de sens que dans un onept de solutions renormalisées.L'estimation d'entropie permet alors le passage à la limite faible sur des solutionsrenormalisées judiieuses de l'équation de Boltzmann en utilisant le théorème de Dunford-Pettis et les lemmes de moyenne. Formellement, il apparaît lairement ave (1.0.9) que lalimite de la fontion de distribution f η

k doit appartenir au noyau de l'opérateur de ollisionqui est engendré par les maxwelliennes. Et le taux de dissipation mesure la distaneentre les fontions de distribution et leurs équilibres. De plus, il est important d'établirlairement la dépendane du potentiel (et don des éléments propres de l'Hamiltonien) visà vis des fateurs d'oupation (ρk)k≥1. Tous es outils permettent alors de déterminer lalimite des solutions renormalisées (f η
k , V

η) du système (1.0.9)�(1.0.11).Dans leur artile [13℄, les auteurs ont démontré l'existene de solutions au systèmeVlasov-Shrödinger-Poisson uniquement sous l'hypothèse supplémentaire de données ini-tiales petites. Sans ette hypothèse, l'uniité des solutions du système Shrödinger-Poissonn'est plus assurée. Par onséquent, l'existene des solutions au système Boltzmann-Shrödinger-Poisson (1.0.9)�(1.0.10)�(1.0.11) n'est établie que dans le as où les donnéesinitiales sont supposées petites. Tout d'abord, on e�etue une tronature et une régu-larisation. La régularisation a lieu sur le système de Shrödinger-Poisson pour avoir desestimations meilleures que H1 sur le potentiel. La tronature de l'opérateur de ollision



21permet d'obtenir une borne L∞ de la fontion de distribution et l'existene au systèmerégularisé par une méthode de point �xe omme en [13℄. Il su�t alors de faire tendre lesparamètres de régularisation vers 0 en utilisant des tehniques similaires à la limite dedi�usion. Malheureusement, dans le as où le transport s'e�etue dans un domaine bornédu plan, les tehniques employées n'assurent plus l'uniité des solutions au système deShrödinger-Poisson et don l'existene des solutions du système ouplé ne peut pas êtredémontrée.Le as de la dimension 3 (Chapitre 7)Comme on l'a préisé i-dessus, l'existene des solutions au système (1.0.9)�(1.0.11) n'apas pu être établie dans le as où le transport s'e�etue dans un domaine du plan R
2.Cependant si on admet avoir onstruit une solution renormalisée omme ela a été e�etuédans le hapitre préédent, il est possible de prouver la limite de di�usion du système(1.0.9)�(1.0.11) vers le modèle DDSP. En e�et, ela revient à onsidérer que le paramètrede régularisation est η et on se rapprohe don des solutions, dont on suppose qu'ellesexistent, du système de dérive-di�usion-Shrödinger-Poisson. La démonstration de ettelimite de di�usion fait l'objet de e hapitre.Les grandes idées de la démonstration sont similaires à elles du as du transportmonodimensionnel. Cependant, omme les injetions de Sobolev donnent des estima-tions plus faibles, il onvient d'utiliser pleinement toutes les informations fournies parl'estimation d'entropie (1.0.12). De la même manière qu'au hapitre 5, l'emploi judiieuxdes inégalités de Trudinger et de Young permet de mettre en dualité l'espae L logL avele arré de fontions dans H1, e qui utile ompte tenu de la forme du membre de droitede l'équation de Poisson (1.0.11). Et les propriétés des éléments propres ont dues êtreperfetionnées (voir en annexe).Partie III : Simulations numériquesSimulation d'un transistor double grille ave le modèle DDSP (Chapitre 8)L'appliation la plus en vue des modélisations e�etuées est leur utilisation à des �nsnumériques pour obtenir des simulations du transport dans des nanostrutures. Le dis-positif onsidéré ii est un nanotransistor de type MOSFET (Metal Oxid SemiondutorField E�et Transistor) à deux grilles sur lesquelles un potentiel peut être appliqué. Lestransistors à e�et de hamps sont omposés d'un orps onduteur, appelé anal, onnetéà deux életrodes. En appliquant aux életrodes un potentiel drain-soure VDS, un ourantdrain-soure est établi.Le MOSFET est un dispositif unipolaire, i.e. le ourant est transporté par seulement untype de porteurs (les életrons). Le transistor est onstitué d'un substrat semionduteur(siliium Si) à l'intérieur duquel deux régions fortement dopées sont introduites (la soureet le drain). Les grilles sont isolées de la région ative par une ouhe d'oxyde SiO2. Unereprésentation shématique du dispositif est présentée Figure 1.2.
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Figure 1.2: Représentation shématique du MOSFET à double grilles simulé numérique-ment. Le transport des életrons s'e�etue dans le anal, la région ative entre la soureet le drain.Une partiularité du MOSFET est que le gaz d'életrons est on�né dans la diretion zde telle manière que la dimension de l'espae de propagation est réduite. Des simulationsnumériques grâe à des modèles de type Shrödinger-Poisson ont été obtenues pour detels dispositifs [51, 55℄. Cependant les algorithmes, même aélérés, restent d'un oûtnumérique assez élevé. Dans e hapitre nous utilisons le modèle ouplé DDSP présentédans la première partie de ette thèse pour la simulation numérique d'un Double-GateMOSFET. On utilise une disrétisation par éléments �nies et une itération de Gummel.Le modèle des sous-bandes présente l'avantage de réduire onsidérablement le oût de lasimulation de l'équation de Shrödinger. En e�et, il su�t juste dans e as de diagonaliserl'Hamiltonien sur haque tranhe vertiale du maillage. Les résultats sont présentés dansle as stationnaire.Couplage de DDSP ave un modèle omplétement quantique (Chapitre 9)Ce dernier hapitre présente une modélisation hybride quantique lassique du transportdans le nanotransistor présenté i-dessus. La prinipale équation rendant ompte dese�ets quantiques est l'équation de Shrödinger. Vu que es e�ets sont prinipalementloalisés dans le anal, il peut être judiieux de simuler ette zone par un modèle de typeShrödinger-Poisson et d'utiliser le modèle des sous-bandes DDSP pour la modélisation dela soure et du drain. Il s'agit alors d'un ouplage spatial. Une attention partiulière estdon portée sur les onditions d'interfae. Une représentation shématique du dispositifest donné Figure 1.3.Le modèle utilisé dans la zone lassique est elui simulé au hapitre préédent. Lemodèle quantique est présenté en [51℄. Il s'agit d'un modèle des sous-bandes pour le sys-tème de Shrödinger-Poisson. La fontion d'onde ψ solution de l'équation de Shrödingerpeut alors se déomposer sur la base orthonormale formée par les veteurs propres de



23Souremodèle ouplé�uide/quantique Zone ativeompletmodèle quantique �uide/quantiquemodèle oupléDrainouplage ouplageFigure 1.3: Représentation shématique des di�érentes zones de desription du dispositif.l'opérateur de Shrödinger (χk)k≥1 dans la diretion z :
ψ(x, z) =

∑

k≥1

φk(x)χk(x, z).Le problème se trouve don réduit aux équations satisfaites par les φk, fontions ne dépen-dant que de x, solutions d'équations de Shrödinger projetées sur la diretion de transport
x. Cette méthode permet de réduire la dimensionnalité et don le oût numérique dela simulation. De plus l'approximation WKB, qui onsiste à herher des solutions del'équation de Shrödinger sous la forme φ(x) = α(x)eiS(x)/h, permet d'aélerer davantagel'algorithme de résolution. Le leteur intéressé pourra se réferer à l'artile ité pour unexposé détaillé de l'approximation WKB.Une stratégie du ouplage entre la zone quantique et la zone lassique a été présentéeen [7, 24℄. Dans [7℄, l'auteur s'est intéressé au ouplage entre l'équation de Boltzmann etl'équation de Shrödinger. En utilisant es résultats, l'artile [24℄ présente un ouplageentre l'équation de dérive-di�usion et l'équation de Shrödinger. Nous nous proposonsd'étendre es résultats au modèle ave les sous-bandes. Aux interfaes, les életrons sontsoit transmis, soit ré�éhis sur une autre sous-bande. La zone ative doit alors être on-netée à la soure et au drain par des onditions ouvertes aux bords qui tiennent omptede es ré�etions et transmissions. Les onditions d'interfae doivent alors rendre omptede la ontinuité du ourant entre les deux zones.
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Chapter 2Les modèles de sous-bandes, dumirosopique au marosopique
2.1 The modelingIn this hapter, we use the subband deomposition method to model the transport of aquasi bidimensional eletron gas on�ned in a nanostruture. The main interest of suh amodeling is to obtain numerial simulations of the transport of partiles in nanostrutures.It plays an important role in the determination of the limit size of the nanosale MOSFETsas well as the design of new devies. In these ultimate size devies, eletrons might beextremely on�ned in a diretion. This diretion will be referred to as the on�nementdiretion and denoted by z. To simplify we assume that the on�nement is realized by ain�nite barrier at z = 0 and z = 1, whih implies that the partial Hamiltonian in the zdiretion admits an in�nite sequene of eigenvalues. The transport diretion is denotedby x.In a full quantum system, the ballisti transport is well modeled by a Shrödingerequation whih an be oupled to a Poisson equation if we want to take into aount theeletrostatis interations. A derivation of subband models from the linear Shrödingerequation was introdued in [3℄. In this artile, the potential V is assumed to be givenand the x variable is assumed to be semilassial. By introduing the parameter ε whihrepresents the quotient between the harateristis length in the z and the x diretionsand after a resaling, the transport is modeled by the following Shrödinger equation :

iε∂tψ
ε = −ε

2

2
∆xψ

ε − 1

2
∂2

zψ
ε + V ψε. (2.1.1)An important ondition to allow a separation of the on�nement and of the transportdiretion is that the time does not play the same role in the x and in the z diretions.In fat the quantum e�ets are quasistatis with respet to time. If we take formally thelimit ε = 0 in the above equation, we are naturally indued to onsider the eigenspaes ofthe partial Hamiltonian in the z diretion, usually alled subbands in the physi literature29



30 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopique[1, 5, 6℄ : 
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χk(t, x, ·) ∈ H1
0 (0, 1),
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χk χℓ dz = δkℓ .The eigenvetors (χk)k≥1 form a orthonormal basis of L2(0, 1). We an deompose ψε onthis basis by writing ψε =
∑

k φ
ε
kχk. The funtion φε

k is then solution of a set of equationson the index k :
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∑

ℓ

rε
k,ℓ.These equations are oupled thanks to the remainders rε

kℓ. Using the Wigner transform[11℄ in the semilassial variable x, Ben Abdallah and Méhats have proved in [3℄ that theShrödinger equation (2.1.1) onverges to the Vlasov-Shrödinger system :
∂tfk + v · ∇xfk −∇xǫk · ∇vfk = 0, (2.1.2)
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∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ .
(2.1.3)We reover the deoupling at the limit of the transport equations on eah subband. In fatthe Wigner transform is a density matrix whose non diagonal terms vanish when takingthe semilassial limit ε→ 0.The transport on eah subband is governed by the fore �eld −∇xǫk. The density isobtained thanks to the identity :

N(t, x, z) =
∑

k≥1

(∫

R2

fk(t, x, v) dv

)
|χk(t, x, z)|2.We an take into aount the eletrostati interations by assuming that this system is ou-pled to the Poisson equation −∆x,zV = N . Therefore we obtain the Vlasov-Shrödinger-Poisson system. (The rigorous semilassial limit of the 3D Shrödinger-Poisson systemto the Vlasov-Shrödinger-Poisson system is a work in progress). This system has beenanalyzed in [2℄. The authors have shown that this system is well posed when the oupa-tion fators of the kth subband for k ≥ 2 are small enough and for boundary onditionswhih allow to use the ellipti regularity on the Poisson equation.Thus we have onstruted a oupled quantum-lassial model for the ballisti transportof an eletron gas on�ned in a nanostruture. The on�nement is tradued thanks to thesubband deomposition method. However, in semiondutors, ollisions are very importantand drive the arriers towards a di�usive regime. Getting inspiration from what we knowfor a lassial motion, we an take into aount ollisions by heuristially introduing aollision operator in the transport equation and thus replaing the Vlasov equation by theBoltzmann equation for the semiondutors :

∂tfk + v · ∇xfk −∇xǫk · ∇vfk = Q(f)k, (2.1.4)



2.2 Formal di�usive limit : Introdution 31The ollision operator Q an have di�erent forms depending on statistis that we arelooking at : Boltzmann or Fermi-Dira. These forms are presented in the next setion.Therefore a model for the transport at the kineti regime an be the Boltzmann equation(2.1.4) oupled to the subband model (2.1.3) and the Poisson equation. In this approah,eletrons are like point partiles in the transport diretion while they behave like waves inthe transversal diretion.In the following of this hapter, we present the fomal di�usive limit of the Boltzmannequation (2.1.4) towards the drift-di�usion equation. For the sake of simpliity, we onsiderthat the energy level ǫk are given. The formal derivation is presented for both Boltzmannand Fermi-Dira statistis. For Boltzmann statistis, we obtain at the limit the drift-di�usion equation (1.0.4) presented in the introdution with the identity (1.0.5) for thee�etive potential. We refer to [9, 8℄ for a rigorous proof of this limit for a lassialmotion. An idea of a rigorous proof based on a Hilbert expansion is given in setion 2.5.Moreover, we explain the hanges when the semiondutor presents an anisotropy anddi�erent e�etive mass with respet to the diretions.2.2 Formal di�usive limit : IntrodutionLet η > 0 be the saled mean free path assumed to be small. We onsider the Boltzmannequation for the subband model de�ned on the phase spae R
2 × R

2. The position xbelongs to R
2, the motion quantity p ∈ R

2 and the time variable t is nonnegative. Weonsider that the temperature of the lattie TL is normalized suh that kBTL = 1, where
kB is the Boltzmann onstant. Then, the distribution funtion of the eletrons in eahsubband f η

k satis�es :
∂tf

η
k +

1

η
{Hk, f

η
k } =

1

η2
Q(f η)k,where {·, ·} is the Poisson braket : {g, h} = ∇xh · ∇pg −∇ph · ∇xg. Moreover Hk is theenergy of the system in the kth subband

Hk(t, x, p) =
1

2

p2

m
+ ǫk(t, x).

ǫk is the potential energy of the kth subband. m is the mass of the harge arriers. Moreexpliitly, we an rewrite the Boltzmann equation :
∂tf

η
k +

1

η
(
p

m
· ∇xf

η
k −∇xǫk · ∇pf

η
k ) =

1

η2
Q(f η)k, (x, p) ∈ R

2 × R
2. (2.2.5)

Q is the ollision operator. We onsider two forms for this operator : for Boltzmannstatistis and for Fermi-Dira statistis. QB, the ollision operator for Boltzmann statistisin the linear BGK approximation, reads in the following form :
QB(f)k =

∑

k′

∫

R2

αk,k′(p, p′)(Mk(p)fk′(p′) −Mk′(p′)fk(p)) dp
′, (2.2.6)



32 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiquewhere the funtion Mk is the normalized Maxwellian
Mk(t, x, p) =

1

2πZ e
−Hk(t,x,p) (2.2.7)and where the repartition funtion Z is given by

Z(t, x) =

+∞∑

k=1

e−ǫk(t,x).For the Fermi-Dira ase the ollision operator is given by :
QFD(f)k =

∑

k′

∫

R2

αk,k′(p, p′)(Mk(p)fk′(p′)(1 − fk(p)) −Mk′(p′)fk(p)(1 − fk′(p′))) dp′.Assumption 2.2.1 The ross-setion α is assumed to be symmetri and bounded fromabove and below :
∃α1, α2 > 0, 0 < α1 ≤ αk,k′(p, p′) ≤ α2, ∀ k, k′ ≥ 1, ∀ p ∈ R

2, ∀ p′ ∈ R
2. (2.2.8)The initial and the boundary onditions are assumed to be given by :

f η(0, x, p) = f in(x, p) ≥ 0. (2.2.9)For the sake of simpliity, we onsider the transport on the whole spae R
2 with in�niteboundary onditions.Assumption 2.2.2 We assume that ǫk is given for all k ≥ 1 in L∞((0, T ), H1(R2)) andthat ∂tǫk ∈ L∞((0, T ) × R

2), that is
∃µ > 0 suh that ∀ (t, x) ∈ (0, T ) × R

2, |∂tǫk| ≤ µ. (2.2.10)Moreover, we suppose that (ǫk)k≥1 is a nondereasing sequene of positive funtions satis-fying
∃C0 > 0, ∀ (t, x) ∈ (0, T ) × R

2, ∀ k ≥ 1, |ǫk(t, x) −
1

2
π2k2| ≤ C0,suh that we an give a sense to Z (4.1.2).Remark 2.2.3 Assumptions 2.2.2 are not really strong. In fat if ǫk is given by thesubband model i.e. it is the kth eigenvalue of the stationary Shrödinger operator for aneletrostati potential V . Then all these estimates hold true with onstants µ and C0depending on V (f Appendix). It remains to obtain some regularity on the potential V ,whih is the main di�ulty.2.3 Formal derivation for the Boltzmann ase.In this hapter, we only onsider a simpli�ed approah of the di�usive limit : we assumethat the eigenenergies of the subband are given and satisfy Assumption 2.2.2. It is equiva-lent to onsider that there is no oupling between the transport diretion and the quantumon�nement in the transverse diretion. A rigorous study of this limit for the whole systemis the subjet of hapter 6 and 7.



2.3 Formal derivation for the Boltzmann ase. 332.3.1 Properties of the ollision operatorHere we establish some well-known properties of the ollision operator QB de�ned by(2.2.6). For this setion, the time variable t and the position x are only parameters. Forthe larity, we omit to write the dependeny in t and x and only onsider the dependenyin p. To this aim, we de�ne the weighted-spae
L2
M = {f = (fk)k≥1 suh that ∑

k

∫

R2

f 2
k

Mk
dp <∞},whih is an Hilbert spae with the salar produt

〈f, g〉M =
∑

k

∫

R2

fkgk

Mk
dp.Proposition 2.3.1 We assume the ross-setion α satisfy (2.2.8). Then the followingproperties hold for QB :

(i)
∑

k

∫
QB(f)k dp = 0.

(ii) QB is a linear, selfadjoint and negative bounded operator on L2
M.

(iii) Ker QB = {f ∈ L2
M, suh that ∃Ns ∈ R, fk = NsMk}.

(iv) If P is the orthogonal projetion on Ker QB with the salar produt 〈·, ·〉M, then
−〈QB(f), f〉M ≥ α1‖f −P(f)‖2

M. (2.3.11)Proof. (i) is obvious. For the sake of simpliity we will use the standard notation
f ′ = f(p′). For (ii), we have :

〈QB(f), g〉M =
∑

k,k′

∫
αMk(p)Mk′(p′)

(
fk′(p′)

Mk′(p′)
− fk(p)

Mk(p)

)
gk(p)

Mk(p)
dpdp′.With our assumption (2.2.8) and the fat that (

∑∫
|fk| dp)2 ≤ ‖f‖2

M we get
|〈QB(f), g〉M| ≤ C‖f‖M‖g‖M,for all f, g in L2

M. Thus QB is bounded. Moreover,
〈QB(f), g〉M = −1

2

∑

k,k′

∫
αk,k′MkM′

k′

(
f ′

k′

M′
k′

− fk

Mk

)(
g′k′

M′
k′

− gk

Mk

)
dpdp′.This provides the selfadjointness and negativity of Q.The inlusion ⊇ in (iii) is obvious. If f ∈ Ker QB then 〈QB(f), f〉M = 0. The previousidentity implies fk = NsMk. Thus (iii) holds true.

(KerQB)⊥ = {f ∈ L2
M suh that ∑

k

∫
fk dp = 0} (2.3.12)We have,

〈QB(f), f〉M = 〈QB(f) −QB(P(f)), f〉M = 〈f − P(f), QB(f)〉M
= 〈g,QB(g)〉M,



34 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiquewhere we take g = f − P(f). Therefore,
−〈QB(f), f〉M =

1

2

∑

k,k′

∫
αk,k′MkM′

k′

(
g′k′

M′
k′

− gk

Mk

)2

dpdp′.With (2.2.8) and sine g ∈ (Ker Q)⊥, we obtain
−〈QB(f), f〉M ≥ α1

∑

k

(∫ 2

R

g2
k

Mk
dp

)
= α1‖f − P(f)‖2

M.

Lemma 2.3.2 ImQB is a losed subset of L2
M.Proof. Let (hn)n∈N ∈ ImQB onverging towards h in L2

M. hn = QB(fn) = QB(gn)where gn = fn − P (fn). From (2.3.11), we have :
α1‖gn − gm‖2

M ≤ ‖hn − hm‖M‖gn − gm‖M.This provides that (gn) is a Cauhy sequene in L2
M. Thus there exists g ∈ L2

M suh that
gn −→ g. By ontinuity of QB and uniqueness of the limit, h = QB(g).Corollary 2.3.3 Sine QB is selfadjoint, we have (Ker QB)⊥ = ImQB.Thus QB(f) = h admits a solution in L2

M i� h ∈ (KerQB)⊥. Moreover this solution isunique if we impose f ∈ (KerQB)⊥.Proposition 2.3.4 There exists Θ ∈ (L2
M)2 suh that for all k ≥ 1,

QB(Θ)k = − p

m
Mk and ∑

k

∫

R2

Θk dp = 0. (2.3.13)We de�ne the di�usion matrix by
D =

∫ ∑

k

Θk ⊗
p

m
dp. (2.3.14)Then D is a symmetri oerive matrix.Proof. It is an easy onsequene of Corollary 2.3.3. It remains to prove the symmetryand the oerivity of D.

Di,j =
1

m

∫
pi

(
∑

k

Θk

)

j

dp = −
∑

k

∫
(Θk)jQB(Θk)i

Mk
dp = −〈Θj , QB(Θi)〉M.



2.3 Formal derivation for the Boltzmann ase. 35The selfadjointness of QB provides that D is symmetri. Let X ∈ R
2, we set fX =

X1Θ1 +X2Θ2,
〈DX,X〉M =

∑

1≤i,j≤2

Di,jXiXj = −〈QB(fX), fX〉M.Sine Θ ∈ (Ker QB)⊥, we have fX ∈ (KerQB)⊥. Using (2.3.11), we get :
〈DX,X〉M ≥ α1‖fX‖2

M.We onlude by showing that X 7→ ‖fX‖M is a norm on R
2. But, by linearity of QB,

2∑

i=1

XiΘi = 0 ⇒
2∑

i=1

XiQB(Θi)k = 0, ∀ k ≥ 1.This implies that ∑iXipiMk = 0, ∀ k ≥ 1. Thus X = 0.Remark 2.3.5 Partiular ase when α is a onstantIf we assume that for all k, k′, p, p′, α(k, p, k′, p′) = 1/τ where τ is a relaxation timewhih an depend on some parameters like the time t and the position x. Then,
D =

∑

k

∫

R2

τMk
p

m
⊗ p

m
dp =

τ

m2
Id. (2.3.15)2.3.2 Asymptoti expansion for the di�usive limitWe will onsider in this setion the formal di�usive limit as η → 0 of the Boltzmannequation (2.2.5). We will use an Hilbert expansion. First, let us reall an existeneresult for our problem whih is a diret orollary of well-known existene results on theBoltzmann equation (see for instane [4℄, [7℄).Theorem 2.3.6 For �xed η > 0, under Assumptions 2.2.1 and 2.2.2, the problem (2.2.5)�(2.2.9) admits a unique weak solution f η ∈ L∞

loc(R
+, ℓ1(L1(R2 × R

2))) and f η ≥ 0.Proposition 2.3.7 Under Assumptions 2.2.8, if the solution f η in Theorem 2.3.6 admitsan Hilbert expansion with respet to η, f η = f 0 + ηf 1 + . . .. Then f 0 = NsM and Ns isthe solution of the drift-di�usion equation
∂tNs − div x(D(∇xNs +Ns∇xVs)) = 0, (2.3.16)where the di�usion matrix D is de�ned in (2.3.14) and with the initial ondition de�nedby N in

s =
∑

k

∫
R2 f

in
k (x, p) dp.Proof. Formally, we have :

QB(f 0)k + ηQB(f 1)k +O(η2) = η(
p

m
· ∇xf

0
k −∇xǫk · ∇pf

0
k ) +O(η2).



36 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueTherefore we get f 0 ∈ KerQB. Thus, from 2.3.1 :
f 0

k = NsMk , ∀k ≥ 1. (2.3.17)And f 1 exists i�
p

m
· ∇xf

0
k −∇xǫk · ∇pf

0
k ∈ (KerQB)⊥.However,

p

m
· ∇xf

0
k −∇xǫk · ∇pf

0
k = Mk

p

m
· (∇xNs +Ns∇xVs),where we denote Vs = − log(

∑
k e

−ǫk). We have obviously ∫ pMk dp = 0. We hose
Θ ∈ L2

M as in (2.3.13). Thus,
f 1 = −Θ · (∇xNs +Ns∇xVs). (2.3.18)We integrate (2.2.5) with respet to p and sum over k. Sine ∫ ∇pf

η
k dp = 0,

∂t

∫ ∑

k

f η
k dp+

1

η

∫ ∑

k

p

m
· ∇xf

η
k dp = 0.Moreover the seond term an be written

1

η

∫
p

m
· ∇xf

η
k dp =

1

η

∫
p

m
· ∇x(NsMk) dp+

∫
p

m
· ∇xf

1
k dp+O(η)

= −div x

∫
(Θk ⊗

p

m
)(∇xNs +Ns∇xVs) dp+O(η),thanks to (2.3.18). We use the operator D de�ned in (2.3.14). By assuming that we anpass to the limit, we �nd the drift-di�usion equation :

∂tNs − div x(D · (∇xNs +Ns∇xVs)) = 0.And we have Ns =
∑

k

∫
f 0

k dp. Therefore we reover the initial ondition Ns(0, x) =
N in

s =
∑

k

∫
f in

k dp.2.4 The 3 valleys aseOur physial devies of interest are very small double-gate-MOSFETs of silion struture.Due to anisotropi e�ets in silion [10℄, the e�etive mass are not the same in eahdiretion (x, y, z) : we note m∗
t the transverse e�etive mass and m∗

ℓ the longitudinal one.Also three di�erent eletrons on�gurations appear in the bandstruture : (m∗
t , m

∗
t , m

∗
ℓ),

(m∗
t , m

∗
ℓ , m

∗
t ) and (m∗

ℓ , m
∗
t , m

∗
t ). In the following, we will onsider the general on�guration

(m∗
x, m

∗
y, m

∗
z), where m∗

x (respetively m∗
y and m∗

z) orresponds to the e�etive mass in the
x diretion (respetively y and z diretion).



2.4 The 3 valleys ase 37The distribution funtion of the kth subband and the ith valley f i
k (i = 1, 2, 3) satis�esthe following Boltzmann equation :

η∂tf
i,η
k +

px

m∗
x

∂xf
i,η
k +

py

my
∂yf

i,η
k − ∂xǫi

k∂pxf
i,η
k − ∂yǫi

k∂pyf
i,η
k =

1

η
QB(f η)i

k, (2.4.19)with
QB(f)i

k =
∑

k′,i′

∫

R2

αi,i′

k,k′(v, v
′)(f i′

k′(p′)Mi
k(p) − f i

k(p)Mi′

k′(p′)) dp′.This ollision operator takes into aount ollisions between partiles of the same valleyand partiles from other valleys. Of ourse, all the properties stated in Proposition 2.3.1still hold. The funtion repartition is de�ned by
Z =

∑

k,i

∫
e
−(

p2
x

2m∗
x

+
p2
y

2m∗
y

+ǫi
k)
dp. (2.4.20)And the Maxwellian is now de�ned by

Mi
k(p) =

exp
(
−( p2

x

2m∗
x

+
p2

y

2m∗
y

+ ǫi
k)
)

Z . (2.4.21)Proposition 2.4.1 Let f η ∈ L∞([0, T ], L2
M) be a solution of the Boltzmann equation forthe three valleys (2.4.19) oupled with the subband problem. Then, formally, as η → 0 thesolution f η onverges towards NsMk, where Ns is the solution of a drift-di�usion equationoupled with the Shödinger-Poisson system :

∂tNs + div (D(∇Ns +Ns∇Vs)) = 0,

−1

2

d

dz

(
1

m∗
t

d

dz
χt

k

)
+ V χt

k = ǫt
kχ

t
k, χt

k ∈ H1
0 (0, 1),

∫ 1

0

χt
kχ

t
k′ dz = δkk′,

−1

2

d

dz

(
1

m∗
ℓ

d

dz
χℓ

k

)
+ V χℓ

k = ǫℓ
kχ

ℓ
k, χℓ

k ∈ H1
0 (0, 1),

∫ 1

0

χℓ
kχ

ℓ
k′ dz = δkk′,

−∆V = N =
Ns

Z
∑

k

(
e−ǫℓ

k |χℓ
k|2 + 2

√
m∗

ℓ

m∗
t

e−ǫt
k |χt

k|2
)
,where

Vs = − logZ ; Z = 2πm∗
t

(
∑

k

e−ǫℓ
k + 2

√
m∗

ℓ

m∗
t

∑

k

e−ǫt
k

)
;and D is a symmetri oerive matrix whih will be determined in the proof.Proof. As before, we assume that f η admits a Hilbert development of the form : f η =

f 0 + ηf 1 + ... Then, by identifying the terms with respet to the power of η, we have
QB(f 0)i

k = 0 =⇒ f 0,i
k = NsMi

k,
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QB(f 1)i

k =
px

mx

∂x(NsMi
k) +

py

my

∂y(NsMi
k) − ∂xǫi

k∂pxf
i
k − ∂yǫi

k∂pyf
i
k.We an prove as we have done in Proposition 2.3.1 and Corollary 2.3.3 that there exists afuntion Θi ∈ L2

Mi suh that Q(Θx)
i
k = px

mx
Mi

k and Q(Θy)
i
k = py

my
Mi

k. Therefore,
f1,i = (∇x,yNs +Ns∇x,y(− logZ))Θi

k.We de�ne the di�usion matrix (symmetri and oerive) by
D =

∑

k,i

∫∫
Θi

k ⊗
p

m
dp,where p

m
= ( px

m∗
x
, py

m∗
y
). Integrating equation (2.4.19) and passing to the limit η → 0, weget :
∂tNs + div x,y(D(∇x,yNs +Ns∇x,y(− logZ))) = 0,and
Z =

∑

k,i

∫∫
e−

p2

2m dpe−ǫi
k = 2π

∑

k,i

√
m∗

xm
∗
ye

−ǫi
k .Sine we have three on�gurations possible for the silion (m∗

t , m
∗
t , m

∗
ℓ), (m∗

t , m
∗
ℓ , m

∗
t ) and

(m∗
ℓ , m

∗
t , m

∗
t ), we have

Z = 2π(m∗
t

∑

k

e−ǫ1
k +

√
m∗

tm
∗
ℓ

∑

k

e−ǫ2
k +

√
m∗

tm
∗
ℓ

∑

k

e−ǫ3
k).The eigenenergies ǫi

k of the kth subband and the ith valley are the eigenvalues of theHamiltonian in the z diretion. Thus, these quantities only depends on the e�etive massin the z diretion :
−1

2

d

dz

(
1

m∗
z

d

dz
χi

k

)
+ V χi

k = ǫi
kχ

i
k.And the eletrostati potential is given by the Poisson equation

−∆V = N =
∑

k,i

∫
NsMi

k(p)|χi
k|2 dp,where N is the density of harge arriers for the whole system. We have two on�gurationsin whih m∗

z = m∗
t , thus the eigensystem is (ǫt

k, χ
t
k)k≥1. And there is one on�gurationwhere m∗

z = m∗
ℓ , the eigensystem is then (ǫℓ

k, χ
ℓ
k)k≥1. Thus we have,

Z = 2πm∗
t

(
∑

k

e−ǫℓ
k + 2

√
m∗

ℓ

m∗
t

∑

k

e−ǫt
k

)
.And the density satisfy

N =
Ns

Z
∑

k

(
e−ǫℓ

k |χℓ
k|2 + 2

√
m∗

ℓ

m∗
t

e−ǫt
k |χt

k|2
)
.



2.5 A onvergene proof of the derivation 392.5 A onvergene proof of the derivationIn this setion we will brie�y give an idea of a rigorous proof of the di�usive limit of theBoltzmann equation (2.2.5) towards the drift-di�usion equation (2.3.16). The main resultis the following theorem :Theorem 2.5.1 Let T > 0. We assume that Assumptions 2.2.1 and 2.2.2 hold. Let
(f η

k )k≥1 be a solution of the Boltzmann equation (2.2.5)�(2.2.9). Then Nη
s de�ned by Nη

s :=∑
k

∫
f η

k dp onverges weakly towards Ns ∈ L2([0, T ] × R
2) solution of the drift-di�usionequation :

∂tNs − div x(D · (∇xNs +Ns∇xVs)) = 0,where Vs = − log(
∑

k e
−ǫk), with the initial data N in

s (x) =
∑

k

∫
f in

k (x, p) dpFor the proof of this result, we �rst need to de�ne the funtionMk =
1

2π
e−

p2

2m
−ǫk whihis suh that

p

m
· ∇xMk −∇xǫk · ∇pMk = 0.The key point is to obtain uniform estimates with respet to η. To this aim, we will useassumption (2.2.10). Let us �rst de�ne a funtional framework.De�nition 2.5.2 Let T > 0, we onsider the Banah spaes X = L∞([0, T ], L2

M(t)), and
Y = L2([0, T ], L2

M−1(t))Lemma 2.5.3 Assume f0 ∈ ℓ1(L1
x,p)∩L2

M(t=0). Then the unique solution f η of the Boltz-mann equation (2.2.5) in L∞([0, T ], ℓ1(L1
x,p)) is in X.Moreover, f η is bounded in X independently of η.Proof. If we assume that all the funtions are regular enough to justify all alulations,we an multiply (2.2.5) by f η

k /Mk, and integrate, we get,
d

dt

∑

k

∫∫
(f η

k )2

2Mk
dxdp−

∑

k

∫∫
∂tǫk

(f η
k )2

2Mk
dxdp =

1

η2

∑

p

∫∫
QB(f η

k )
f η

k

Mk
dxdp. (2.5.22)From assumption (2.2.10), there exists µ ≥ 0 suh that ∀ t ∈ [0, T ], ∀x ∈ R

2, |∂tǫk| ≤ µ.We de�ne the quantities :
Xη(t) =

∑

k

∫∫
(f η

k )2

2Mk

dxdp and Sη(t) = −
∑

k

∫∫
QB(f η

k )
f η

k

η2Mk

dxdp. (2.5.23)
Sη is the term of entropy prodution. Sine QB is negative, ∀t ∈ [0, T ], Sη(t) ≥ 0. From(2.5.22),

dXη

dt
− µXη ≤ −Sη. (2.5.24)



40 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueTo justify all alulations, we regularized the problem and onsider fR a solution ofthe regularized, trunated problem, fR ∈ D([0, T ] × R
2 × R

2). Thus fR satis�es (2.5.22)and
d

dt

∑

k

∫∫
f 2

R

2Mk

dxdp ≤ µ
∑

k

∫∫
f 2

R

2Mk

dxdp.Thus, fR is bounded in X independently of R. We an then extrat a subsequene on-verging towards a funtion g ∈ X in X − weak∗. We know moreover that fR satis�esthe Cauhy riterion in L∞([0, T ], ℓ1(L1
x,p)) as a solution of the trunated problem thusonverges strongly towards f in this spae. By uniqueness of the weak∗ limit, g = f a.e.Lemma 2.5.4 Up to an extration, there exists f 0 ∈ X and Ns ∈ L2([0, T ] × R

2) suhthat :(i) f η −→ f 0 in X − weak∗.(ii) Nη
s −→ Ns in L2

t,x − weak.(iii) If we de�ne the urrent by
Jη =

1

η

∑

k≥1

∫
p

m
f η

k dp, (2.5.25)then
Jη → J0 =

1

η

∑

k≥1

∫
p

m
f 0

k dp in L2
t,x − weak.Moreover, f 0

k = NsMk a.e. for all k ≥ 1.Proof. We integrate (2.5.24) between 0 and t, for all t ∈ [0, T ],
Xη(t) − µ

∫ t

0

Xη(s) ds+

∫ t

0

Sη(s) ds ≤ X0.Thus, there exists a onstant C > 0 suh that :
0 ≤

∫ T

0

Sη(s)ds ≤ C (2.5.26)If P de�ned the orthogonal projetion on Ker QB, then ∃Nη(t, x) ∈ R suh that P(f η)k =
NηMk and f η −P(f η) ∈ (Ker QB)⊥. Thus ∑k

∫
(f η

k −P(f η)k) dp = 0, whih provides
Nη(t, x) =

∑

k

∫
f η

k dp = Nη
s . (2.5.27)From (iv) of Proposition 2.3.1 and (2.5.26), we obtain the bound

∑

k

∫ T

0

∫∫
(f η

k −Nη
s Mk)

2

Mk
dtdxdp ≤ cη2. (2.5.28)



2.5 A onvergene proof of the derivation 41We verify easily that ‖f η‖X is bounded. Thus we an extrat a subsequene satisfying(i). Then, from (2.5.28), we have
∑

k

∫ T

0

∫∫
(Nη

s Mk)
2

Mk
dtdxdp =

∑

k

∫ T

0

∫∫ (
Nη

s

Z

)2

Mk dtdxdp ≤ CIt provides that ‖Nη
s /Z‖Y is bounded. Thus, up to an extration, for all φ ∈ L2

tL
2
M−1 ,

∑

k

∫ T

0

∫∫
Nη

s

Z Mkφk dpdxdt −→
∑

k

∫ T

0

∫∫
ρ0Mkφk dpdxdt. (2.5.29)If we de�ne Ns := ρ0Z ∈ L2([0, T ] × R

2), and if we hose ξ ∈ L2([0, T ] × R
2) and de�ne

φk(t, x, p) = ξ(t, x), for all k ≥ 1, (we verify easily that φ ∈ L2
tL

2
M−1 for suh a ξ) wededue ∫ T

0

∫

R2

Nη
s ξ dxdt −→

∫ T

0

∫

R2

Nsξ dxdt.This proves the point (ii). Moreover, we set for all ψ ∈ L∞
t L

2
M , φ = ψ/M ∈ L2

tL
2
M−1in (2.5.29). Then, Nη

sMk/Z = Nη
s Mk −→ ρ0Mk in X − weak∗. From (2.5.28), f η

k and
Nη

s Mk have the same weak limit. Thus,
∀ k ≥ 1, f 0

k = NsMk a.e. (2.5.30)Now, we have with a Cauhy-Shwarz inequality
Jη =

1

η

∑

k≥1

∫
p

m
(f η

k −Nη
s Mk) dp

≤
(
∑

k≥1

∫
p2

m2
Mk dp

)1/2(∑

k≥1

∫
(f η

k −Nη
s Mk)

2

η2Mk
dp

)1/2

.With (2.5.28) we dedue that Jη is bounded in L2
t,x. Thus we an extrat a subsequeneonverging towards J0 in L2

t,x-weak.Proof of Theorem 2.5.1 : We onsider the transport equation :
η∂tf

η
k +

p

m
· ∇xf

η
k −∇xǫk · ∇pf

η
k =

QB(f η)k

η
. (2.5.31)After an integration, we �nd the onservation equation :

∂tN
η
s + div xJ

η = 0, (2.5.32)where the urrent is in (2.5.25). To have an expression of the urrent Jη, we remark thatif we onsider the funtion Θ de�ned in 2.3.14, the selfadjointness of QB shows
∑

k

∫
ΘkQB(f η)k

η2Mk
dp = −1

η
Jη. (2.5.33)



42 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueThus, multiplying (2.5.31) by Θk/Mk, integrating with respet to p and summing over k,we obtain :
−Jη =

∑

k

∫
Θk

Mk

(
p

m
· ∇xf

η
k −∇xǫk · ∇pf

η
k + η∂tf

η
k ) dp.Assuming we an pass to the limit formally, with (2.5.30) we �nd

−J0 =
∑

k

∫
Θk(

p

m
· (∇xNs −Ns∇x(logZ))) dp = D · (∇xNs +Ns∇xVs). (2.5.34)To establish the rigorous limit as η → 0, we use the weak formulation of (2.5.31) and(2.5.32) : for all φ ∈ C1([0, T ]×R

2) ompatly supported and all ψ ∈ C1([0, T ]×R
2 ×R

2)ompatly supported :
−
∫∫

Nη
s ∂tφ dxdt−

∫∫
Jη · ∇xφ dxdt =

∫
Nη

s (0, x)φ(0, x) dx, (2.5.35)where
Nη

s (0, x) =
∑

k≥1

∫
f in

k (x, p) dp.And ∫∫∫
f η

k (−∂tψ − 1

η
(
p

m
· ∇xψ −∇xǫk · ∇pψ)) dtdxdp−

∫∫∫
Q(f η)k

η2
ψ dtdxdp =

∫∫
f η

k (0, x, p)ψ(0, x, p) dxdp.

(2.5.36)From Lemma 2.5.5 we an then substitute ψ and φ in (2.5.36), by summing over k weobtain (2.5.35). It su�es then to pass to the limit η → 0 in the seond term of (2.5.35).Lemma 2.5.6 and 2.5.5 prove that we an hoose ψ = φ Θ
M

in the weak formulation(2.5.36), for all φ ∈ C1([0, T ]×R
2) ompatly supported. By summing and using (2.5.33),we �nd :

−η
∑

k

∫∫∫
f η

k ∂t

(
φ

Θk

Mk

)
dtdxdp−

∑

k

∫∫∫
f η

k

Mk

p

m
∇xφ · Θk dtdxdp

−
∑

k

∫∫∫
φ
f η

k

Mk

(
p

m
∇xΘk −∇xǫk · ∇pΘk −

p

m
Θk∇x(− logZ)) dtdxdp

+

∫∫
Jηφ dtdx =

∑

k

∫∫
f in

k (x, p)φ(0, x)
Θk(0, x, p)

Mk(0, x, p)
dxdp.

(2.5.37)
We have that f η ∈ L2

M thus using Lemma 2.5.6, the limit of the �rst term vanishes.From Lemma 2.5.4, we have that,
∀ g ∈ X,

∑

k≥1

∫∫∫
f η

k gk dtdxdp→
∑

k≥1

∫∫∫
NsMkgk dtdxdp.



2.5 A onvergene proof of the derivation 43Lemma 2.5.6 proves that ( p
m
· Θk

Mk
) and ( p

m
· ∇sΘk

Mk
) for s = t, x, p are in X. Moreover withAssumption 2.2.2, we have that ǫk is bounded in L∞([0, T ], H1(R2)). Thus we an passto the limit in (2.5.37). Taking φ(t = 0, x) = 0, we obtain

∫∫
J0φ dtdx =

∑

k

∫∫∫
(Ns(

p

m
· ∇xφ)Θk +Nsφ

p

m
∇xΘk) dtdxdp

−
∑

k

∫∫∫
Nsφ(∇xǫk · ∇pΘk +

p

m
Θk∇x(− logZ)) dtdxdp.After an integration by parts, we reover the expression J0 in (2.5.34). Thus the proof ofTheorem 2.5.1 is over if we prove the two following lemmata.Lemma 2.5.5 For all funtion p 7→ γ(p) polynomially inreasing as well as all its deriva-tives and for all φ ∈ C∞([0, T ] × R

2) ompatly supported, the funtion ψ = γφ an betaken as test funtion in the weak formulation of Boltzmann (2.5.36).Proof. Let p 7→ ξR(p) suh that ξR ∈ D([−R,R]2), 0 ≤ ξR ≤ 1, |∇pξR| ≤ 1 and
ξR −→ 1 a.e. when R → +∞. We set ψR = φγξR, funtion with whih we an writethe weak formulation (2.5.36). To pass to the limit R → +∞, it su�es from a Lebesguetheorem that γf η

k ∈ L1
p(R

2) and pγf η
k ∈ L1

p(R
2) as well as for ∇pγ. However with theCauhy-Shwarz inequality,

∫

R2

|γf η
k |(1 + |p|) dp ≤

∫

R2

(1 + |p|)2M(p)γ2(p) dp

∫

R2

f η
k

M(p)
dp <∞beause γ is polynomially inreasing and M(p) =

1

2π
e−

p2

2m .Lemma 2.5.6 Let Θ be de�ned in (2.3.13). There exist nonnegative onstants C0, C1 and
C2 suh that : ∀ (t, x) ∈ [0, T ] × R

2,
C1(1 + |p|) ≤

∣∣∣∣
Θk

Mk

∣∣∣∣ ≤ C2(1 + |p|),
∣∣∣∣
∇sΘk

Mk

∣∣∣∣ ≤ C0(1 + |p|2) for s = t, x, p.Proof. By de�nition of Θ in (2.3.13) we have
QB(Θ)k = − p

m
Mk = Q+

B(Θ)k − λkΘk,where we denote Q+
B(Θ)k = Mk

∑
k′

∫
αk,k′Θ′

k′ dp′ and λk =
∑

k′

∫
αk,k′M′

k′. From As-sumption 2.2.1, we have 0 < α1 ≤ λk ≤ α2. Moreover, sine Θ ∈ L2
M,

|Q+
B(Θ)k| ≤ α2Mk

∑

k′

∫
(Θ′

k′)2

M′
k′

dp′ ≤ c.



44 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueThen the �rst inequality follows diretly from the identity
λkΘk = Q+

B(Θ)k +
p

m
Mk,and we just have to derive it to obtain the seond one.2.6 Formal derivation for Fermi-Dira statistisIn this setion we will onsider the formal di�usive limit of the Boltzmann equation fordegenerated semiondutors. We use now Fermi-Dira statistis and the ollision operatorreads :

QFD(f)k =
∑

k′

∫

R2

αk,k′(p, p′)(Mk(p)fk′(p′)(1 − fk(p)) −Mk′(p′)fk(p)(1 − fk′(p′))) dp′.(2.6.38)The di�usive limit is then the limit as η goes to 0 of the Boltzmann equation :
∂tf

η
k +

1

η
(
p

m
· ∇xf

η
k −∇xǫk · ∇pf

η
k ) =

1

η2
QFD(f η)k, (x, p) ∈ R

2 × R
2. (2.6.39)We ouple this equation with the initial ondition (2.2.9). Physially, fk represents theoupation rate of the kth subband. Thus f has a physial meaning if and only if 0 ≤ f ≤

1. If f = 1 there is no gain and if f = 0, the term of loss vanishes.De�nition 2.6.1 We de�ne the Fermi-Dira distribution for a real funtion µ(t, x) by
F µ

k (t, x, p) =
1

1 + exp( p2

2m
+ ǫk − µ)

. (2.6.40)2.6.1 Properties of the ollision operatorThe following proposition states important properties of the ollision operator.Proposition 2.6.2 Let f be suh that 0 ≤ f(t, x, p) ≤ 1 for all t ∈ [0, T ], x ∈ R
2 and

p ∈ R
2. We suppose that the ross-setion α satis�es Assumption 2.2.1. Then the ollisionoperator de�ned in (2.6.38) satis�es the following properties :(i) ∑

k

∫

R2

QFD(f) dp = 0.(ii) QFD(f) = 0 if and only if ∃µ(t, x) ∈ R suh that f(p) = F µ(p).Proof. The �rst point is obvious thanks to the symmetry of the ross-setion α (2.2.8)and orresponds to the onservation of the mass of the partiles. For the seond, it su�esto write :
QFD(f)k =

∑

k′

∫

R2

αk,k′MkM′
k′(1 − fk)(1 − f ′

k′)

(
f ′

k′

M′
k′(1 − f ′

k′)
− fk

Mk(1 − fk)

)
dp′.



2.6 Formal derivation for Fermi-Dira statistis 45Sine we have 0 ≤ f ≤ 1, this integral is null if and only if
f ′

k′

M′
k′(1 − f ′

k′)
− fk

Mk(1 − fk)
= 0.It means that fk/(1−fk) is a Maxwellian. This is equivalent to the existene of µ(t, x) ∈ Rsuh that fk(p) = F µ

k (p).Let µ(t, x) be a given real-valued funtion. For the rest of this part, we omit to writethe dependeny in t and x. We de�ne the linearization of the ollision operator aroundequilibrium funtion by :
Kµ(f)k =

∑

k′

∫
αk,k′

(
M′

k′

F µ′

k′

F µ
k f

′
k′ − Mk

F µ
k

F µ′

k′ fk

)
dp′. (2.6.41)Straightforward alulations using the de�nition (2.6.40) lead to

Kµ(f)k =
∑

k′

∫
αk,k′[(Mk(1 − F µ

k ) + M′
k′F

µ
k )f ′

k′ − (M′
k′(1 − F µ′

k′ ) + MkF
µ′

k′ )fk] dp
′.Thus, if we onsider a small perturbation g of the equilibrium de�ned by g = F µ + ηf +

O(η2). We have
QFD(g) = QFD(F µ + ηf +O(η2)) = ηKµ(f) +O(η2). (2.6.42)Sine K is linear, we an do the same analysis as in paragraph 2.3.1. We de�ne then

N µ
k =

(F µ
k )2

Mk
(2.6.43)and the spae

L2
N = {f = (fk)k≥1 suh that ∑

k

∫

R2

f 2
k

N µ
k

dp <∞}, (2.6.44)whih is an Hilbert spae with the salar produt
〈f, g〉N =

∑

k

∫

R2

fkgk

N µ
k

dp.And we denote ‖ · ‖N the orresponding norm.Proposition 2.6.3 Let Kµ be de�ned in (2.6.41) for a given real-valued funtion µ(t, x).We assume that the ross-setion α satis�es Assumption 2.2.1. Then we have :(i) Kµ is a linear, selfadjoint and negative bounded operator on L2
N .(ii) KerKµ = {f ∈ L2

N suh that ∃λ ∈ R, f = λNµ}.(iii) If Pµ is the orthogonal projetion on KerKµ with the salar produt 〈·, ·〉N , thenthere exists a nonnegative onstant Cµ depending on µ suh that
−〈Kµ(f), f〉N ≥ Cµ‖f −Pµ(f)‖2

N . (2.6.45)(iv) ImKµ = {f ∈ L2
N suh that ∑k

∫
fk dp = 0}.



46 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueProof. We have
〈Kµ(f), g〉N =

∑

k,k′

∫∫
αk,k′F µ′

k′ F
µ
k

(
M′

k′

(F µ′

k′ )2
f ′

k′ − Mk

(F µ
k )2

fk

)
gk

N µ
k

dpdp′.Thanks to the de�nition of F µ
k (2.6.40) and Mk (2.2.7), we have the estimate

F µ
k

Mk
=

2πZ
e−p2/(2m)−ǫk + e−µ

≥ 2πZ
1 + e−µ

.Thus,
∑

k

∫
F µ

k

f 2
k

(N µ
k )2

dp ≤
∑

k

∫
1 + e−µ

2πZ
f 2

k

N µ
k

dp =
1 + e−µ

2πZ ‖f‖2
N . (2.6.46)Then, we have thanks to Assumption 2.2.1

|〈Kµ(f), g〉N | ≤ α2

∑

k,k′

∫∫
F µ′

k′ F
µ
k

(
|f ′

k′|
N µ′

k′

+
|fk|
N µ

k

)
|gk|
N µ

k

dpdp′

≤ α2N
µ
∑

k

∫
F µ

k

|fk|
N µ

k

|gk|
N µ

k

dp+

+α2

(
∑

k′

∫
F µ′

k′

|f ′
k′|

N µ′

k′

dp′

)(
∑

k

∫
F µ

k

|gk|
N µ

k

dp

)
,where we note Nµ =

∑
k

∫
F µ

k dp. From (2.6.46) and a Cauhy-Shwarz inequality, wededue ∑

k

∫
F µ

k

|fk|
N µ

k

|gk|
N µ

k

dp ≤ (1 + e−µ)2

2πZ ‖f‖N‖g‖N .Consequently,
|〈Kµ(f), g〉N | ≤ α2

(
Nµ (1 + e−µ)2

2πZ + 1

)
‖f‖N‖g‖N .It provides the ontinuity on L2

N of the operator Kµ. Moreover, we an rewrite
〈Kµ(f), g〉N = −1

2

∑

k,k′

∫∫
αk,k′F µ′

k′ F
µ
k

(
f ′

k′

N µ′

k′

− fk

N µ
k

)(
g′k′

N µ′

k′

− gk

N µ
k

)
dpdp′. (2.6.47)We dedue easily the symmetry and negativity of Kµ. Thus (i) holds true.Moreover, f ∈ KerKµ i� 〈Kµ(f), g〉N = 0, for all g ∈ L2

N . If we hose g = f in (2.6.47)we have,
−〈Kµ(f), f〉N =

1

2

∑

k,k′

∫∫
αk,k′F µ′

k′ F
µ
k

(
f ′

k′

N µ′

k′

− fk

N µ
k

)2

dpdp′.Thus (ii) holds. Besides, we dedue from the estimate F µ
k ≥ e−µ

2πZN µ
k and Assumption2.2.1 the bound

−〈Kµ(f), f〉N ≥ α1e
−µ

4πZ
∑

k,k′

∫∫
N µ′

k′ N µ
k

(
f ′

k′

N µ′

k′

− fk

N µ
k

)2

dpdp′.



2.6 Formal derivation for Fermi-Dira statistis 47Thus if f ∈ (KerKµ)⊥, we have
−〈Kµ(f), f〉N ≥ α1e

−µ

4πZ

(
∑

k

∫
N µ

k dp

)
‖fk‖2

N .Else, we hose g = f − Pµ(f) ∈ (KerKµ)⊥. Sine 〈Kµ(f), f〉N = 〈Kµ(g), g〉N , thanks tothe selfadjointness of Kµ, we dedue easily (iii).Sine Kµ is selfadjoint, it su�es to prove that ImKµ is losed to have ImKµ =
(KerKµ)⊥ = {f ∈ L2

N suh that∑k

∫
fk dp = 0}. This proof is the same that for Propo-sition 2.3.2.Corollary 2.6.4 The equation Kµ(f) = h admits a solution in L2

N i� h ∈ (KerKµ)⊥.Moreover this solution is unique if we impose f ∈ (KerKµ)⊥.We an state of ourse the same result as in Proposition 2.3.4 :Proposition 2.6.5 There exists Θµ ∈ (L2
N )2 suh that for all k ≥ 1,

Kµ(Θ)k = − p

m
N µ

k and ∑

k

∫

R2

Θk dp = 0. (2.6.48)As before, we de�ne the di�usion matrix by
D

µ =

∫ ∑

k

Θµ
k ⊗ p

m
dp. (2.6.49)Then D

µ is a symmetri oerive matrix.2.6.2 Formal derivationWe give without proof the following existene and uniqueness result for the problem(2.6.39) with the initial ondition (2.2.9).Theorem 2.6.6 Let T > 0. Under assumptions 2.2.1 and 2.2.2, if we suppose moreoverthat for all t ∈ [0, T ], x ∈ R
2 and p ∈ R

2, 0 ≤ f in(x, p) ≤ 1, with f in ∈ ℓ1(L1
x,p).Then, the problem (2.6.39) with the initial ondition (2.2.9) admits an unique weaksolution f ∈ ℓ1(L1

t,x,p) satisfying 0 ≤ f ≤ 1.Proposition 2.6.7 Under Assumption 2.2.1, if the solution f η in Theorem 2.6.6 admitsa Hilbert expansion with respet to η, f η = f 0 + ηf 1 + . . .. Then f 0 = F µ(p) where µ isthe solution of the equation
∂tNµ + divx (Dµ · ∇xµ

e−µ

2πZ ) = 0, (2.6.50)where
Nµ :=

∑

k≥1

∫

R2

F µ
k dp =

∑

k

∫

R2

1

1 + e
p2

2m
+ǫk−µ

dp = 2πm
∑

k≥1

log(1 + eµ−ǫk).



48 Chapter 2. Les modèles de sous-bandes, du mirosopique au marosopiqueProof. We follow the same idea as before. Formally, we have :
QFD(f 0 + ηf 1 +O(η2))k = η(

p

m
· ∇xf

0
k −∇xǫk · ∇pf

0
k ) +O(η2). (2.6.51)If we an pass to the limit η → 0, then we have QFD(f 0) = 0. Thus, from 2.6.2, thereexists µ suh that :

f 0
k = F µ

k , ∀k ≥ 1.Therefore, a straightforward alulation leads to
p

m
· ∇xf

0
k −∇xǫk · ∇pf

0
k = exp(

p2

2m
+ ǫk − µ)(F µ

k )2 p

m
· ∇xµ.The hoie of the linear operator Kµ in (2.6.42) allows us to write

QFD(f η) = ηKµ(f 1) +O(η2).Thus by identifying the terms at the order 1 in η in (2.6.51), we dedue
Kµ(f 1) = exp(

p2

2m
+ ǫk − µ)(F µ

k )2 p

m
· ∇xµ = (

p

m
· ∇xµ)

e−µ

2πZ N µ
k .Thus, by de�nition of Θµ in (2.6.48), we have

f 1
k = −(Θµ

k · ∇xµ)
e−µ

2πZ .If we integrate over p and sum the Boltzmann equation (2.6.39), we �nd
∂t

(
∑

k

∫
f η

k dp

)
+

1

η

∑

k

∫
p

m
· ∇xf

η
k dp = 0. (2.6.52)And with the Hilbert expansion of f η,

1

η

∑

k

∫
p

m
· ∇xf

η
k dp =

1

η

∑

k

∫
p

m
· ∇xF

µ
k dp+

∑

k

∫
p

m
· ∇xf

1
k dp+O(η).Sine the funtion p 7→ p · ∇xFk is odd, the �rst term of the right hand side vanishes.Moreover,

∑

k

∫
p

m
· ∇xf

1
k dp = −divx

((
∑

k

∫
p

m
⊗ Θµ dp

)
∇xµ

e−µ

2πZ

)
.We reognize the di�usion matrix D

µ de�ned in (2.6.49). Thus if we take the limit η → 0in (2.6.52), we obtain the equation (2.6.50) for µ.
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Chapter 3Le système lassiquedérive-di�usion-Poisson revisité
Ce hapitre reprend et étend une note [6℄en ollaboration ave N. Ben Abdallah 1 et F. Méhats 2.

3.1 IntrodutionLe système ouplé dérive-di�usion-Poisson est très largement utilisé pour modéliser letransport de harges dans des dispositifs à semionduteurs ou à plasmas dans un ontextefortement ollisionnel [23, 22℄. Il onvient aussi de rapproher e système aux modèles deKeller-Segel [8℄ et de Fokker-Plank [2℄. Soit Ω ⊂ R
3 un domaine régulier borné del'espae. L'équation de dérive-di�usion est une équation de onservation dont l'inonnueest la densité des porteurs de harges N(t, x) pour t ∈ R

+ et x ∈ Ω. Cette équations'érit :
∂tN − div (D(∇N +N∇V )) = 0, (3.1.1)où D = D(x) est la matrie de di�usion symétrique et dé�nie positive que l'on supposerasu�samment régulière.Hypothèse 3.1.1 La fontion D est de lasse C1 de Ω dans l'ensemble des matriessymétriques dé�nies positives et telle que pour tout x ∈ Ω on a D(x) ≥ αI, ave α donné.Le ourant, noté J , est la somme d'un ourant de dérive proportionnel à la densitéde partiule et aux fores életrostatiques et d'un ourant de di�usion proportionnel augradient de la densité de partiules :

J(t, x) = D(x)(∇N(t, x) +N(t, x)∇V (t, x)).1MIP, UMR 5640, Université Paul Sabatier, Toulouse.2IRMAR, Université Rennes 1, Rennes. 53



54 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéLe potentiel életrostatique V (t, x) est généré par les életrons via l'équation de Poisson :
−∆V (t, x) = N(t, x). (3.1.2)Le système (3.1.1)�(3.1.2) est omplété par la ondition initiale : N(0, x) = N0(x),

x ∈ Ω et par des onditions aux bords de type Dirihlet :
N(t, x) = Nb(x) et V (t, x) = Vb(x) pour x ∈ ∂Ω. (3.1.3)On peut prendre d'autres onditions aux bords, l'essentiel pour notre analyse étant qu'ellespermettent d'utiliser la régularité elliptique sur l'équation de Poisson et qu'elles garantis-sent l'uniité des solutions de l'équation de Poisson (3.1.2).On suppose que les données véri�ent l'hypothèse suivante :Hypothèse 3.1.2 La donnée de Cauhy N0 est positive et appartient à L6/5(Ω). De plus,les données de Dirihlet sont telles que Vb ∈ C2(∂Ω) et il existe un réel u∞ > 0 tel que

Nb = u∞e
−Vb.Il est outume d'introduire le niveau de Fermi ǫF et la variable de slotboom u dé�nispar

u = eǫF = NeV .On peut don réérire le ourant sous la forme :
J = DN∇ǫF = D e−V ∇u.Les méthodes basées sur l'entropie sont maintenant des outils lassiques de l'analysede l'existene de solutions et du omportement en temps long des modèles de transportdi�usif. Gajewski [16℄ a utilisé l'entropie relative pour onstruire des solutions et prouverleur onvergene vers l'équilibre pour un système de dérive-di�usion-Poisson ave unematrie de di�usion salaire. En [17℄, il a été prouvé que la onvergene est exponentielle.Plus réemment des résultats sur le omportement en temps long utilisant des tehniquesd'entropie ont été obtenus dans un domaine non borné ave un potentiel de on�nement[2℄ et pour des systèmes bipolaires [3℄, et aussi dans un domaine borné ave des onditionsde non-�ux aux bords [9℄ et pour des systèmes ave une di�usion non-linéaire [10℄. Cesrésultats utilisant les inégalités de Sobolev logarithmique s'appuient fortement sur le faitque les systèmes sont isolés (la norme L1 de la densité N est onservée). On se proposede présenter un résultat d'existene et de omportement en temps long dans le as oùdes ontats ohmiques n'assurent plus la onservation de la masse totale. Pour e faire,on utilise une entropie relative quadratique. Une idée similaire a été utilisée en [2℄ pouranalyser le trou spetral de l'opérateur dé�ni en (3.1.1) et pour l'étude en temps long d'unsystème ouplé quantique-lassique en [5℄.Pour présenter nos résultats, on introduit maintenant le système stationnaire sur lesinonnues (N∞, V∞)

−div (D(∇N∞ +N∞∇V∞)) = 0, −∆V∞ = N∞. (3.1.4)



3.2 Comportement en temps long 55On omplète e système par les mêmes onditions aux bords que le problème dépendantdu temps :
N∞ = Nb et V∞ = Vb sur ∂Ω. (3.1.5)Proposition 3.1.3 Sous l'hypothèse 3.1.2, le système (3.1.4)�(3.1.5) admet une solutionunique (N∞, V∞) qui se met sous la forme N∞ = u∞e

−V∞ ave V∞ ∈ C2(Ω).Nous allons dans ette partie énoner deux résultats portant sur le omportementen temps long des solutions de dérive-di�usion-Poisson d'une part, et d'autre part surl'existene de telles solutions. Plus préisément,Théorème 3.1.1 Sous les hypothèses 3.1.1 et 3.1.2 et si (N, V ) est une solution de(3.1.1)�(3.1.3) telle que N ∈ C(R+, L2(Ω))∩L2
loc(R

+, H1(Ω)) et V ∈ C(R+, H1(Ω)). Alorsil existe deux onstantes C > 0 et λ > 0 telles que pour tout t > 0,
‖N −N∞‖L2(Ω)(t) + ‖V − V∞‖H1(Ω)(t) ≤ Ce−λt. (3.1.6)On remarque que e théorème suppose de manière impliite que la donnée initialeappartienne à L2(Ω), e qui est plus fort que l'hypothèse 3.1.2. En fait les estimationsa priori obtenues grâe à l'entropie relative ne fournissent une borne sur la densité quedans L logL. Cependant, on peut montrer que les hypothèses du théorème préédent sontveri�ées à partir d'un ertain temps :Théorème 3.1.2 Sous les hypothèse 3.1.1 et 3.1.2, il existe une solution faible (N, V ) de(3.1.1)�(3.1.3) satisfaisant

N(1 + | logN |) ∈ L∞
loc(R

+, L1(ω)),
√
N ∈ L2(R+, H1(Ω)) et V ∈ L∞

loc(R
+, H1(Ω)).(3.1.7)De plus il existe T > 0 tel que N ∈ C([T,+∞);L2(Ω)) et V ∈ C([T,+∞);H1(Ω)). Alorson peut trouver deux onstantes C > 0 et λ > 0 telles que ette solution satisfasse (3.1.6)pour t ≥ T .Ce hapitre est organisé de la manière suivante. Au paragraphe 3.2, on s'intéresseau omportement en temps long des solutions et on prouve le théorème 3.1.1. Pour elaon montrera dans un premier temps la onvergene de l'entropie relative vers 0 quand ttend vers +∞. Puis, on établira l'estimation 3.1.6 en linéarisant ette entropie. Dansune dernière sous-partie, on rappelera, pour être omplet, dans un as simple d'autrestehniques utilisant les inégalités de Sobolev logarithmiques. La setion 3.3 est onsaréeà l'existene des solutions. De manière onnue, on obtient l'existene ave des tehniquesreposant sur l'entropie dans un adre L logL pour la densité. Ensuite, en utilisant lalinéarisation de ette entropie, on obtient plus de régularité à partir d'un ertain temps.3.2 Comportement en temps longDans ette setion, nous allons étudier le omportement des solutions en temps grand.Pour ela il onvient de s'intéresser au système stationnaire (3.1.4)�(3.1.5). De manière



56 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéévidente, l'équation de dérive-di�usion implique que la variable de Slotboom dé�nie par
N∞e

V∞ est onstante sur Ω. Elle est alors égale à sa valeur aux frontières du domainedon N∞ = u∞e
−V∞ grâe à l'hypothèse 3.1.2. Alors V∞ est la solution du problème :

−∆V∞ = u∞e
−V∞.Don (voir [15℄) V∞ est l'unique minimum de la fontionnelle onvexe

J(V ) =

∫

Ω

|∇V |2 dx+ u∞

∫

Ω

e−V dx.Compte tenu de nos hypothèses aux bords, on a que V∞ ∈ C2(Ω). On retrouve ainsi lerésultat énoné dans la Proposition 3.1.3.Pour prouver le théorème 3.1.1, on va dans un premier temps établir la onvergenede l'entropie relative vers 0 puis prouver l'estimation 3.1.6.3.2.1 Convergene de l'entropie relativeOn dé�nit l'entropie relative de (N, V ) par rapport (N∞, V∞) par
E(t) =

∫

Ω

(N log
N

N∞
+N∞ −N) dx+

1

2

∫

Ω

|∇(V − V∞)|2 dx. (3.2.8)Le lemme suivant établi la déroissane de ette quantité vers 0 quand t tend vers +∞ :Lemma 3.2.1 Soit (N, V ) solution faible de (3.1.1),(3.1.2) et soit (N∞, V∞) solution duproblème stationnaire (3.1.4). Alors l'entropie relative de�nie en (3.2.8) deroît vers 0quand t tends vers +∞. Cela implique la onvergene de N et V vers N∞ et V∞ resp.dans L1(Ω) et H1(Ω).Démonstration. Par un alul diret utilisant (3.1.1), (3.1.2), (3.1.3), on a
d

dt
E(t) = −

∫

Ω

e−V D∇u.∇u
u

dx ≤ −α
∫

Ω

e−V |∇u|2
u

dx,où on a utilisé l'hypothèse 3.1.1 dans la dernière inégalité. Don l'entropie est une fontiondéroissante du temps et pour tout t ≥ 0 on a
E(t) + α

∫ t

0

∫

Ω

e−V |∇u|2
u

dxdτ ≤ E(0). (3.2.9)Cette inégalité su�t à prouver le Lemme en reprenant l'argumentation de Gajewski [16℄.Par souis de omplétude et de lairté, on reprend les grandes lignes de la démonstration.Tout d'abord, il existe une suite tj → +∞ telle que
lim

j→+∞

∫

Ω

e−V (tj ) |∇u(tj)|2
u(tj)

dx = 0. (3.2.10)



3.2 Comportement en temps long 57De plus, on déduit après un alul diret que
∫

Ω

e−V |∇u|2
u

dx =

∫

Ω

4|∇
√
N |2 dx+

∫

Ω

N |∇V |2 dx+

∫

Ω

2N2 dx+

∫

∂Ω

Nb ∂νV ds(où ν(x) est le veteur normal sortant en x ∈ ∂Ω et ds est la mesure surfaique). Comme,d'après l'équation de Poisson (4.1.4) et la régularité elliptique standard pour elle-i, on a
∣∣∣∣
∫

∂Ω

Nb∂νV ds

∣∣∣∣ ≤ C‖V ‖H2(Ω) ≤ C(‖N‖L2(Ω) + ‖Vb‖H3/2(∂Ω)) ≤ C +

∫

Ω

N2 dx,on déduit que ∫

Ω

e−V |∇u|2
u

dx ≥
∫

Ω

4|∇
√
N |2 dx− C0. (3.2.11)Alors (3.2.10) et (3.2.11) impliquent que ‖

√
N(tj)‖H1(Ω) ≤ C. A extration d'une sous-suite près, on peut prouver que limj→+∞E(tj) = 0. Comme E est deroissant, on a :

limt→+∞E(t) = 0. Grâe à l'inégalité de Csiszár-Kullbak [1, 12, 20℄, on déduit que
‖N −N∞‖L1(Ω)(t) −→ 0 et ‖V − V∞‖H1(Ω)(t) −→ 0, quand t→ +∞.3.2.2 Convergene exponentielleDan ette partie on prouve la onvergene exponentielle en temps long des solutions versles solutions du problème stationnaire. On dé�nit n = N −N∞ et v = V − V∞. L'idée estde linéariser l'entropie relative E par rapport à es quantités. On pose don :

L(t) =
1

2

∫

Ω

n2

N∞
dx+

1

2

∫

Ω

|∇v|2 dx. (3.2.12)De (3.1.1), (3.1.2), on déduit que les quantités n et v sont solutions de :
{
∂tn− divx (D(∇xn+N∞∇xv + n∇xV∞ + n∇xv)) = 0,

−∆x,zv = n.
(3.2.13)De (3.2.13), (3.2.12) et après une integration par parties, il vient

d

dt
L(t) = −

∫

Ω

N∞D∇(
n

N∞
+ v) · ∇(

n

N∞
+ v) dx−

∫

Ω

nD∇v · ∇(
n

N∞
+ v) dx. (3.2.14)Grâe à l'inégalité de Poinaré, le premier terme du membre de droite est ontr�lé par

L(t). Nous allons montrer que le seond terme peut être ontr�lé par le premier et par
L(t). Ave l'inégalité de Cauhy-Shwarz, on a
−
∫

Ω

nD∇v ·∇(
n

N∞
+v) dx ≤ 1

2

∫

Ω

N∞D∇(
n

N∞
+v)·∇(

n

N∞
+v) dx+

1

2

∫

Ω

n2

N∞
D∇v ·∇v dx.



58 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéAlors en utilisant l'hypothèse 3.1.1 et le fait que N∞ est borné inférieurement, on obtient
d

dt
L(t) ≤ −C1

∫

Ω

(|∇(
n

N∞
)|2 + 2

n2

N∞
+ |∇v|2) dx+ C2

∫

Ω

n2|∇v|2 dx, (3.2.15)où C1 et C2 sont deux onstantes positives. Ave une interpolation, on a
‖n‖2

L4(Ω) ≤ ‖n‖1/2
L2(Ω)‖n‖

3/2
L6(Ω). (3.2.16)Grâe à l'injetion de H1(Ω) dans L6(Ω) et la régularité elliptique de l'équation de Poissondans (3.2.13), on a

‖∇v‖2
L4(Ω) ≤ ‖∇v‖1/2

L2(Ω)‖∇v‖
3/2

L6(Ω) ≤ C‖∇v‖1/2

L2(Ω)‖n‖
3/2

L2(Ω). (3.2.17)Don en utilisant de plus le fait que N∞ est borné inférieurement, on a après une inégalitéde Cauhy-Shwarz et en utilisant (3.2.16) et (3.2.17),
∫

Ω

n2|∇v|2 dx ≤ C‖∇v‖1/2

L2(Ω)‖n‖2
L2(Ω)

∥∥∥∥
n

N∞

∥∥∥∥
3/2

H1(Ω)

≤ Cε

∥∥∥∥
n

N∞

∥∥∥∥
2

H1(Ω)

+
C

ε3
‖n‖8

L2(Ω),où on a aussi utilisé le fait que ∇v est borné dans L∞(R+, L
2(Ω)) (voir (3.2.9)). Don, ense �xant ε > 0 su�samment petit, on déduit de (3.2.15) et de l'inégalité de Poinaré qu'ilexiste deux onstantes positives C1 et C2 telles que

d

dt
L(t) ≤ −C1L(t) + C2L(t)4. (3.2.18)On a vu dans la preuve du Lemme 3.2.1 qu'il existe une suite (tj)j∈N tendant vers

+∞ et telle que (
√
N(tj))j∈N soit bornée dans H1(Ω). Grâe à l'injetion H1(Ω) →֒

L6(Ω), ‖n(tj)‖L3(Ω) est bornée pour tout j ∈ N. De plus, le Lemme 3.2.1 implique
limj→+∞ ‖n(tj)‖L1(Ω) = 0. Don, par interpolation, on déduit que limj→+∞L(tj) = 0.Par onséquent, on peut trouver t∗ tel que C2L(t∗)

3 ≤ C1/2. Ave (3.2.18), on a
d

dt
L(t∗) ≤ −C1

2
L(t∗) < 0. (3.2.19)On dé�nit l'ensemble A := {t ∈ [t∗,+∞) tels que ∀ s ∈ [t∗, t), C2L(s)3 ≤ C1

2
}. Parontinuité de L, A est un ensemble fermé ontenant t∗ par (3.2.19). De plus, si t1 ∈ A,par (3.2.18), on a

d

dt
L(t1) ≤ −(C1 − C2L(t1)

3)L(t1) ≤ −C1

2
L(t1).Par ontinuité de L, il existe δ > 0 tel que ∀ s ∈ [t1, t1 + δ), L(s) ≤ L(t1). Don A estouvert et par onnexité, A = [t∗,+∞) i.e.

∀ t ∈ [t∗,+∞), L(t) ≤ L(t∗)e
−

C1
2

(t−t∗).



3.2 Comportement en temps long 593.2.3 Remarque dans le as R
3Par souis de omplétude nous allons présenter de manière suinte une analyse plus onnuedu omportement en temps long, reposant sur les inégalités Sobolev logarithmique, dansle as où l'espae d'étude n'est plus un borné mais R

3 tout entier (voir [2, 3, 10, 14℄ pourplus de détail). On suit le développement présenté dans [3℄.Tout d'abord, il onvient de remarquer que dans e as la masse totale du système seonserve :
∀ t ∈ R

+,

∫

R3

N(t, x) dx =

∫

R3

N0(x) dx = NI .On introduit l'entropie relative de (N, V ) par rapport à (N∞, V∞) :
E(t) =

∫

Ω

(N log
N

N∞
+N∞ −N) dx+

1

2

∫

Ω

|∇(V − V∞)|2 dx. (3.2.20)Dans e as, N∞ et V∞ sont dé�nis sur Ω par
N∞(x) =

NI∫
Ω
e−V∞(y) dy

e−V∞(x)

−∆V∞ = N∞.On peut montrer après un alul diret utilisant (3.1.1), (3.1.2), (3.1.3) et les hypothèses3.1.1 et 3.1.2 que
d

dt
E(t) = −

∫

R3

N
D∇u.∇u

u2
dx ≤ −α

∫

R3

N |∇ log u|2 dx.Par onservation de la masse, on a que la onstante u∞ vaut u∞ = NI/(
∫

R3 e
−V∞ dx), où

NI est la masse totale. Alors
d

dt
E(t) ≤ −α

∫

R3

N |∇(log
NeV

u∞
)|2 dx.On rappelle l'inégalité de Sobolev logarithmique [2, 14, 19℄ : soient deux fontions f et gpositives telles que ∫

R3 f dx =
∫

R3 g dx alors il existe un onstante positive λ telle que
∫

R3

f log(f/g) dx ≤ 1

λ

∫

R3

f |∇ log(f/g)|2 dx. (3.2.21)En appliquant (3.2.21) pour f = N et g = u∞e
−V , on a

d

dt
E(t) ≤ −αλ

∫

R3

N log
N

u∞e−V∞

dx = −αλ(

∫

R3

N log
N

N∞
dx+

∫

R3

N log
N∞

u∞e−V
dx).Par l'inégalité de Jensen sur la fontion onvexe − log, on a

− log
N∞

u∞e−V
= V∞ − V − log

(∫

R3

eV∞−V N∞

N
dx

)
≤ V∞ − V −

∫

R3

(V∞ − V )
N∞

N
dx.



60 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéDon on aboutit à
d

dt
E(t) ≤ −αλ

∫

R3

N log
N

N∞
dx− αλ

∫

R3

(N −N∞)(V − V∞) dx)

≤ −αλ
∫

R3

N log
N

N∞
dx− αλ

∫

R3

|∇x(V − V∞)|2 dx,où on a utilisé l'équation de Poisson (3.1.2) dans la dernière inégalité. On en déduitdon ave l'expression de l'entropie relative (3.2.20) que d
dt
E(t) ≤ −αλE(t). Finalement,

E(t) ≤ E(0) e−αλt.3.3 Existene des solutions3.3.1 Cas d'une matrie de di�usion salairePar souis de omplétude nous rappelons ii une méthode lassique de démonstration del'existene des solutions au problème dérive-di�usion-Poisson dans le as où la matrie dedi�usion véri�e D = Id. Dans e as, une estimation L2 loale de la densité peut êtreobtenue et l'existene est alors prouvée par une méthode de point �xe.Tout d'abord, nous introduisons N et V des prolongements de lasse C2 au domaine
Ω des données aux bords Nb et Vb.Proposition 3.3.1 Soit T > 0 et soit N0 ∈ L2(Ω). Si (N, V ) est une solution faiblede dérive-di�usion-Poisson (3.1.1)-(3.1.2)-(3.1.3) telle que 0 ≤ N ∈ C([0, T ], L2(Ω)) ∩
L2(0, T ;H1(Ω)) et V ∈ C([0, T ], H2(Ω)). Alors il existe une onstante CT ne dépendantque de T , Nb, Vb et ‖N0‖L2(Ω) telle que ∀ t ∈ [0, T ]

‖N‖L2(Ω)(t) +

∫ t

0

‖N‖2
H1(Ω dx ≤ CT .Preuve. On multiplie l'équation de dérive-di�usion (3.1.1) par (N − N) et on intègre.Après des intégrations par parties, on aboutit à

1

2

d

dt

∫

Ω

(N −N)2 dx+

∫

Ω

D(∇(N −N) + (N −N)∇V ) · ∇(N −N) dx =

∫

Ω

div (D∇N)(N −N) dx+

∫

Ω

D(N∇V ) · ∇(N −N) dx

(3.3.22)Dans le as où la matrie de di�usion D = Id, on peut utiliser l'équation de Poissonpour traiter le 3ème terme du membre de gauhe, ontrairement au as d'une matrie nonsalaire :
∫

Ω

D(N −N)∇V · ∇(N −N) dx =
1

2

∫

Ω

∇(N −N)2 · ∇V dx

=
1

2

∫

Ω

N(N −N)2 dx.



3.3 Existene des solutions 61Grâe à la positivité de la densité, e terme est positif. L'identité (3.3.22) devient don
1

2

d

dt

∫

Ω

(N −N)2 dx+

∫

Ω

|∇(N −N)|2 dx ≤
∫

Ω

∆N(N −N) dx+

∫

Ω

N∇V · ∇(N −N) dx.(3.3.23)Par onstrution, la fontion N est de lasse C2, don ave une inégalité de Cauhy-Shwarz, on peut failement borner le permier terme du membre de droite par C1‖N −
N‖L2(Ω) où C1 est une onstante positive. Pour le seond terme du membre de droite,après des inégalités de Cauhy-Shwarz, on obtient

∫

Ω

N∇V · ∇(N −N) dx. ≤ ‖∇(N −N)‖2
L2(Ω)‖N‖L4(Ω)‖∇V ‖L4(Ω).On peut maintenant utiliser la régularité elliptique de l'équation de Poisson qui nous donne

‖∇V ‖L4(Ω) ≤ C2‖N‖L2(Ω) + C3 ≤ C2‖N −N‖L2(Ω + C4.Don, on a
∫

Ω

N∇V · ∇(N −N) dx. ≤ 1

2

∫

Ω

|∇(N −N)|2 dx+ C5

∫

Ω

(N −N)2 dx+ C6. (3.3.24)En injetant (3.3.24) dans (3.3.22), on obtient
1

2

d

dt

∫

Ω

(N −N)2 dx+

∫

Ω

|∇(N −N)|2 dx ≤ C1‖N −N‖L2(Ω) + C5

∫

Ω

(N −N)2 dx+ C6.Le résultat énoné dans la proposition s'obtient alors diretement par un lemme de Gronwall.Proposition 3.3.2 Soient T > 0 et N0 ∈ L2
+(Ω). Si D = Id, il existe une unique solutionfaible (N, V ) au système (3.1.1)�(3.1.2)�(3.1.3) telle que

N ∈ C([0, T ], L2(Ω)) ∩ L2(0, T ;H1(Ω)), V ∈ C([0, T ], H2(Ω)).Preuve. On onstruit l'appliation F : N 7→ N̂ dé�nie par :1. Pour N ≥ 0 donné, on résoud l'équation de Poisson (3.1.2) : −∆V = N ave lesonditions aux bords V = Vb sur ∂Ω. On obtient alors V .2. On résoud alors l'équation parabolique d'inonnue N̂ :
∂tN̂ − div (∇N̂ + N̂∇V ) = 0,ave les onditions aux bords

N̂(t, x) = Nb(x) sur ∂Ω; N̂(0, x) = N0(x) pour x ∈ Ω.



62 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéDes résultats lassiques sur les équations paraboliques [21℄ prouvent l'existene etl'uniité de N̂ ≥ 0 et permettent de donner un sens à l'appliation F ainsi onstruite.En s'appuyant sur l'argumentation de [22℄, nous allons montrer que F réalise une ontra-tion sur l'espae MT dé�nie par MT = {n : ‖n‖T ≤ 1} où la norme est dé�nie par
‖n‖T =

[
max
0≤t≤T

‖n(t)‖L2(Ω)2 +

∫ T

0

‖n(t)‖H1(Ω) dt

]1/2

.La valeur du paramètre T sera �xée durant la démonstration. Soient N et Ñ deux élémentsde MT . On note δF = F (Ñ) − F (N) qui véri�e :
∂tδF − div (∇δF + δF∇V + F (Ñ)∇(δV )) = 0, (3.3.25)ave les onditions aux frontières
δF (0, x) = 0 x ∈ Ω; δF (t, x) = 0 x ∈ ∂ω.En multipliant l'équation (3.3.25) par δF et en intégrant, on obtient après une intégrationpar parties

1

2

d

dt

∫

Ω

|δF |2 dx+

∫

Ω

|∇(δF )|2 dx+
1

2

∫

Ω

∇((δF )2)·∇V dx+

∫

Ω

F (Ñ)∇(δV )·∇(δF ) dx = 0.Grâe à l'équation de Poisson, le troisième terme s'érit après une intégration par parties
∫

Ω

∇((δF )2) · ∇V dx =

∫

Ω

N((δF )2) dx ≥ 0.Pour le dernier terme, ave des inégalités de Cauhy-Shwarz on a
∫

Ω

F (Ñ)∇(δV ) · ∇(δF ) dx ≤ ‖∇(δF )‖L2(Ω)‖F (Ñ)‖L4(Ω)‖∇(δV )‖L4(Ω).La régularité elliptique de l'équation de Poisson permet alors d'érire ‖∇(δV )‖L4(Ω) ≤
C1‖δN‖L2(Ω). On aboutit �nalement à

1

2

d

dt

∫

Ω

|δF |2 dx+
1

2

∫

Ω

|∇(δF )|2 dx ≤ C2‖F (Ñ)‖2
L4(Ω)‖δN‖2

L2(Ω). (3.3.26)En prenant Ñ = 0 dans ette identité, on trouve après une intégration
‖F (N)‖T ≤ C3T,où C3 est une onstante positive qui ne dépend que des données. Bien évidemment on ala même estimation si on remplae N par Ñ et don en intégrant (3.3.26) il suit,

∀ t ∈ [0, T ],

∫

Ω

|δF |2 dx+

∫ t

0

∫

Ω

|∇(δF )|2 dxds ≤ C4T

∫ t

0

‖δN‖2
L2(Ω) ds

≤ C4T
2‖δN‖2

T .Don en prenant T assez petit, F réalise une ontration sur MT . On onstruit alorsune unique solution sur un intervalle [0, T0]. Ensuite, grâe à l'estimation L2 uniforme eten hangeant l'origine des temps en T0, on peut prouver de même l'existene et l'uniitéd'une solution sur [T0, 2T0]. En réitérant e proédé, on onstruit une solution sur [0, T ].



3.3 Existene des solutions 633.3.2 RégularisationDans la as où la matrie de di�usion D n'est plus salaire, l'estimation L2 sur la densitén'est plus valable. Don on doit travailler dans le adre L logL. Une tehnique lassique(voir [4, 25℄) onsiste à régulariser le système : pour ε > 0 et m assez grand (m ≥ 2 su�t),on onsidère le problème modi�é :
∂tN

ε − div (D(∇N ε +N ε ∇V ε)) = 0 (3.3.27)
−(1 − ε∆)2m∆V ε = N ε (3.3.28)soumis à la ondition initiale régularisée N(0, x) = N0,ε(x) et aux onditions aux bords :

N ε(t, x) = Nb ; V ε(t, x) = Vb et ∆V ε = ... = ∆2mV ε = 0 pour x ∈ ∂Ω.(3.3.29)Pour e système, on dé�nit de même les solutions N ε
∞, V ε

∞ du système stationnaire orre-spondant. L'entropie relative de e nouveau système est :
Eε(t) =

∫

Ω

(N ε log
N ε

N ε
∞

+N ε
∞ −N ε) dx+

1

2

∫

Ω

|(1 − ε∆)m∇(V ε − V ε
∞)|2 dx. (3.3.30)On dé�nit l'appliation F : N 7→ N̂ par :1. Pour N donné, on résout l'équation de Poisson (3.3.28) et on obtient un potentiel

V .2. Pour e potentiel V , on résout dérive-di�usion 3.3.27 et on appelle N̂ la solution.On peut alors montrer de la même manière que dans la preuve de la Proposition 3.3.2 (voir[22℄; e point est aussi détaillé au hapitre suivant ave en plus un ouplage quantique)que F réalise une ontration sur {n : max0≤t≤T ‖n(t)‖2
L2(Ω) +

∫ T

0
‖n(s)‖2

H1(Ω) ds < ∞}pour T ≤ T0 assez petit. Don on onstruit une solution sur [0, T0] qu'on peut étendre sur
[0, T ] pour T quelonque.Ainsi, on est apable de onstruire une solution (N ε, V ε) du problème modi�é (3.3.27)�(3.3.28) telle que N ε ∈ C(R+, L

2(Ω)) et V ε ∈ C(R+, H
4m+2(Ω)).3.3.3 Passage à la limite ε→ 0Pour obtenir des solutions au système non régularisé, il onvient de passer à la limite

ε→ 0. Pour e faire, nous allons tout d'abord obtenir des estimations indépendantes de εpuis utiliser une méthode de ompaité de Aubin-Lions. On rappelle un lemme d'Aubin :Lemma 3.3.3 (Aubin) Soient T > 0, q ∈ (1,+∞) et soit (fn)n∈N une suite bornéede fontions dans Lq(0, T ;H) où H est un espae de Banah. Si (fn)n∈N est bornéedans Lq(0, T ;V ) où V s'injete de manière ompate dans H et ∂fn/∂t est bornée dans
Lq(0, T ;V ′) uniformément par rapport à n ∈ N, alors (fn)n∈N est relativement ompatdans Lq(0, T ;H).



64 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéOn a pour tout t > 0,
d

dt
Eε(t) = −

∫

Ω

e−V ε D∇uε.∇uε

uε
dx ≤ −α

∫

Ω

e−V ε |∇uε|2
uε

dx.Notre hypothèse sur la donnée initiale N0 ∈ L6/5(Ω) nous permet de borner l'entropierelative initiale Eε(0) par une onstante C0 indépendante de ε. Don en intégrant sur [0, t]pour tout t > 0, on a :
Eε(t) + α

∫ t

0

∫

Ω

e−V ε |∇uε|2
uε

dxdτ ≤ Eε(0) ≤ C0. (3.3.31)D'après le lemme 3.4 de [4℄, on a ‖∆V ε‖L2(Ω) ≤ ‖(1 − ε∆)m∆V ε‖L2(Ω). Don on peutmontrer omme en (3.2.11) que
∫

Ω

e−V ε |∇uε|2
uε

dx ≥
∫

Ω

4|∇
√
N ε|2 dx− C, (3.3.32)où C est une onstante positive indépendante de ε. Grâe aux estimations (3.3.31) et(3.3.32), on obtient diretement que√N ε est borné dans L2

loc(R
+, H1(Ω))∩L∞(R+, L2(Ω)).En érivant ∇N = 2

√
N∇

√
N , on obtient par l'inégalité de Hölder :

∫

Ω

|∇V |6/5 dx ≤ 26/5

(∫

Ω

|∇
√
N |2 dx

)3/5(∫

Ω

|
√
N |3 dx

)2/5

.Et ave une interpolation, on a
(∫

Ω

|
√
N |3 dx

)2/5

= ‖
√
N‖6/5

L3(Ω) ≤ ‖
√
N‖3/5

L2(Ω)‖
√
N‖6/5

L6(Ω).Don ave l'injetion H1(Ω) →֒ L6(Ω), on a :
∫

Ω

|∇V |6/5 dx ≤ C‖
√
N‖3/5

L2(Ω)‖
√
N‖9/5

H1(Ω).Il en résulte que N ε est borné dans L10/9
loc (R+,W

1,6/5(Ω)) indépendamment de ε. Et parl'inégalité de Cauhy-Shwarz, on a pour tout t ∈ R
+

∫ t

0

(∫

Ω

|∇N ε +N ε∇V ε| dx
)2

dt ≤ sup
s∈[0,t]

‖N ε‖L1(Ω)(s)

∫ t

0

∫

Ω

|∇N ε +N ε∇V ε|2
N ε

dxdt.En rappelant l'expression de la variable de Slotboom uε = N εeV ε, on déduit de (3.3.31) etde l'inégalité préédente que le ourant Jε = D(∇N ε+N ε∇V ε) est borné indépendammentde ε dans L2
loc(R

+, L1(Ω)). Don ave l'équation de dérive-di�usion (3.3.27), on a que
∂tN

ε est borné dans L2
loc(R

+,W−1,1(Ω)). On peut don utiliser le lemme d'Aubin pour endéduire qu'il existe une sous-suite, que nous dénoterons abusivement N ε, qui onverge vers
N dans L1

loc(R+, L
1(Ω)). Pour e N , on pose alors V la solution du problème de Poisson
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−∆V = N ave les onditions aux bords V = Vb sur ∂Ω. On a alors, V ε → V dans
L2

loc(R
+, H1(Ω)). Par les propriétés de la trae et l'injetion ompate de W 1/2,6/5(Ω) →֒

L1(Ω), on retrouve que N|∂Ω = Nb. De plus, grâe à la semi-ontinuité, on a pour tout
t > 0

E(t) +

∫ t

0

∫

Ω

e−V D∇u.∇u
u

dxds ≤ lim inf
ε→0

Eε(t) +

∫ t

0

∫

Ω

e−V ε D∇uε.∇uε

uε
dx ≤ C0.Cei permet de réupérer la borne de √N dans L2

loc(R
+, H1(Ω)) qu'on avait en (3.2.11) etla borne de V dans L∞

loc(R
+, H1(Ω)). De plus, le ourant est borné dans L2

loc(R
+, L1(Ω)).Don l'équation (3.3.27) pour ε = 0 a un sens. On peut passer à la limite dans etteéquation de dérive-di�usion et montrer que le ourant Jε onverge au sens des distributionsvers J .On a alors obtenu des solutions (N, V ) de (3.1.1)�(3.1.2)�(3.1.3) satisfaisant (3.1.7).Remarque 3.3.4 Dans le as où on onsidère que le domaine n'est plus borné, il fautde plus avoir une estimation sur |x|2N ε(t, x) dans L∞

loc(R
+, L1(Ω)) indépendante de ε. Ene�et, on n'a qu'une majoration sur la quantité ∫

R3 N
ε logN ε dx et il faut pouvoir s'assurerqu'elle n'explose pas vers −∞ (voir [8℄).3.3.4 Régularité en temps longComme dans la partie 3.2.1, on peut montrer grâe à (3.3.30) et (3.3.32) que l'entropie Eεdéroît vers 0 quand t tends vers +∞. Considérons maintenant l'entropie linéarisée (aveles notations nε = N ε −N ε

∞, vε = V ε − V ε
∞):

Lε(t) =
1

2

∫

Ω

(nε)2

N ε
∞

dx+
1

2

∫

Ω

|∇vε|2 dx. (3.3.33)Des aluls similaires à la partie 3.2.2 amènent à l'inegalité :
d

dt
Lε(t) ≤ −C1L

ε(t) + C2L
ε(t)4, (3.3.34)où C1 et C2 sont indépendantes de ε. Dans la partie 3.2.2 on a démontré l'existenede tε∗ > 0 tel que Lε(tε∗)

3 ≤ C1/(2C2). Alors il existe deux onstantes positives C et λindépendantes de ε telle que pour tout t ≥ tε∗, Lε(t) ≤ Ce−λt. Le point ruial est detrouver un tel tε∗ borné uniformément par rapport à ε.Tout d'abord, on peut prouver failement par une argumentation par l'absurde quepour tout η > 0 il existe α(η) > 0 tel que,
(
∀ ε > 0, ∀ t ≥ 0,

∫

Ω

e−V ε(t) |∇uε(t)|2
uε(t)

dx ≤ α(η)

)
=⇒ Lε(t) ≤ η. (3.3.35)Ensuite, l'inégalité (3.3.31) implique qu'il existe une onstant positive C0 telle que

∀T > 0, ∃ tε(T ) ∈ [0, T ] tel que ∫

Ω

e−V ε(tε(T )) |∇uε(tε(T ))|2
uε(tε(T ))

dx ≤ C0

T
(3.3.36)



66 Chapter 3. Le système lassique dérive-di�usion-Poisson revisitéDon , en hoisissant η = (C1/(2C2))
1/3 dans (3.3.35) et T ≥ C0/α(η) dans (3.3.36), ondéduit que le tε(T ) orrespondant peut être pris omme notre tε∗.Finalement, sur [T,∞) on a l'estimation Lε(t) ≤ Ce−λt. Comme pour tout t ≥ T ona L(t) ≤ lim infε→0L

ε(t) ≤ Ce−λt (L dé�ni en (4.3.11)), on déduit que N appartient à
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Chapter 4Théorie L2 pour le système DDSP(dérive-di�usion-Shrödinger-Poisson)
Joint work with N. Ben Abdallah 1 and F. Méhats 2.

4.1 Introdution and main resultIn this hapter, we present the analysis of the DDSP system introdued in the beginningof this PhD in the ase where the di�usion matrix is assumed to be the identity. We reallthat this system models the transport of a partile system whih is partially quantized inone diretion (denoted by z) and whih, in the transport diretion denoted by x, has adi�usive motion. The system is at equilibrium in the on�ned diretion with a loal Fermilevel ǫF whih depends on the transport variable x. The variable x is assumed to lie in abounded regular domain ω ∈ R
2 while z belongs to the interval (0, 1). The spatial domainis then Ω = ω× (0, 1). At a time t and a position (x, z), we reall that the partile density

N(t, x, z) is given by :
N(t, x, z) = Ns(t, x)

+∞∑

k=1

e−ǫk(t,x)

Z(t, x)
|χk(t, x, z)|2, (4.1.1)where the repartition funtion Z is de�ned by

Z(t, x) =

+∞∑

k=1

e−ǫk(t,x), (4.1.2)1MIP, UMR 5640, Université Paul Sabatier, Toulouse.2IRMAR, Université Rennes 1, Rennes. 69



70 Chapter 4. Théorie L2 pour le système DDSPand (χk,ǫk) is the omplete set of eigenfuntions and eigenvalues of the Shrödinger op-erator in the z variable




−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ .
(4.1.3)The eletrostati potential V is a solution of the Poisson equation

−∆x,zV = N. (4.1.4)The surfae density Ns satis�es the drift-di�usion equation
∂tNs − divx (∇xNs +Ns ∇xVs) = 0, (4.1.5)where the e�etive potential Vs is given by

Vs = − log
∑

k

e−ǫk . (4.1.6)The unknowns of the overall system are the surfae density Ns(t, x), the eigenenergies
ǫk(t, x), the eigenfuntions χk(t, x, z) and the eletrostati potential V (t, x, z). The Fermilevel ǫF is determined by :

ǫF (t, x) = log
Ns(t, x)

Z(t, x)
. (4.1.7)This will be useful for the study of global equilibria. The system (4.1.3)�(4.1.2) is om-pleted with the initial ondition

Ns(0, x) = N0
s (x) (4.1.8)and with the following boundary onditions :

{
Ns(t, x) = Nb(x), V (t, x, z) = Vb(x, z), for x ∈ ∂ω, z ∈ (0, 1),

∂zV (t, x, 0) = ∂zV (t, x, 1) = 0, for x ∈ ω.
(4.1.9)In appliation like the Double-Gate transistor [4℄, the frontier ∂ω×[0, 1] inludes the soureand the drain ontats as well as insulating or arti�ial boundary. On the other hand ω×

{0} and ω×{1} represent the gate ontats (in addition to possible insulating boundaries).Mixed type boundary onditions are then to be presribed. The boundary onditions(4.1.9) do not take into aount this omplexity and are hosen for the mathematialonveniene : ellipti regularity properties of the Poisson equation (4.1.4) are needed inour proofs.



4.1 Introdution and main result 714.1.1 Main ResultsAssumption 4.1.1
• The initial ondition satis�es N0

s ∈ L2(ω) and N0
s ≥ 0, a.e.

• The boundary data for the surfae density satisfy 0 < N1 ≤ Nb ≤ N2 a.e., where N1and N2 are positive onstants, Nb ∈ C2(∂ω).

• The Dirihlet datum for the potential satis�es Vb ∈ C2(∂ω× [0, 1]) and the ompati-bility ondition
∂Vb

∂z
(x, 0) =

∂Vb

∂z
(x, 1) = 0, ∀x ∈ ∂ω.The �rst result of this paper is the following existene and uniqueness theorem:Theorem 4.1.2 Let T > 0 be �xed. Under Assumption 4.1.1, the system (4.1.3)�(4.1.9)admits a unique weak solution suh that

Ns ∈ C([0, T ], L2(ω)) ∩ L2((0, T ), H1(ω)), V ∈ C([0, T ], H2(Ω)).The seond result onerns the asymptoti behaviour of the solution as times tends to
+∞. To this aim, we shall �rst de�ne the notion of global equilibrium for boundary data,under whih we show that there exists a unique stationary solution, and �nally prove thatthe time dependent solution onverges exponentially fast to this stationary solution.Assumption 4.1.3 The boundary is said to be at global equilibrium if there exists a realnumber u∞ > 0 suh that ∀x ∈ ∂ω, Nb(x) = u∞e−V ∞

s (x), where V ∞
s is de�ned by

V ∞
s (x) = − log(

∑

k

e−ǫk[Vb](x)).In view of (4.1.7), it means that the Fermi level at the boundary is onstant.In this assumption, as well as in the sequel of the paper, for eah potential V , the notation
ǫk[V ] stands for the kth eigenvalue of the Hamiltonian −1

2
∂2

z + V and χk[V ] denotes theorresponding eigenfuntion (solving (4.1.3)).The stationary problem reads




−divx (∇xN
∞
s +N∞

s ∇xV
∞
s ) = 0,

−1

2
∂2

zχ
∞
k + V∞χ∞

k = ǫ∞k χ∞
k ,

−∆x,zV
∞ = N∞ =

N∞
s

Z∞

+∞∑

k=1

|χ∞
k |2e−ǫ∞k ,

Z∞ =

+∞∑

ℓ=1

e−ǫ∞ℓ ,

(4.1.10)



72 Chapter 4. Théorie L2 pour le système DDSPwith the boundary onditions
{
N∞

s (x) = Nb(x), V∞(x, z) = Vb(x, z) for x ∈ ∂ω, z ∈ (0, 1),

∂zV
∞(x, 0) = ∂zV

∞(x, 1) = 0 for x ∈ ω,
(4.1.11)where we have used the short notation ǫ∞k for ǫk[V

∞] and χ∞
k for χk[V

∞].Proposition 4.1.4 Under Assumptions 4.1.1 and 4.1.3, the stationary problem (4.1.10)�(4.1.11) admits a unique solution suh that N∞
s ∈ C2(ω) and V∞ ∈ C2(Ω).The following theorem proves the exponential onvergene of the time dependent so-lution towards the stationary one.Theorem 4.1.5 Let Assumptions 4.1.1 and 4.1.3 hold. Let Ns, V and N∞

s , V∞ be respe-tively the time dependent and the stationary solutions de�ned respetively in Theorem 4.1.2and Proposition 4.1.4. There exist two onstants λ > 0 and C > 0 suh that for all t ≥ 0,
‖Ns −N∞

s ‖L2(ω)(t) + ‖V − V ∞‖H1(ω)(t) ≤ Ce−λt.The outline of the hapter is as follows. In Setion 4.2, we prove Theorem 4.1.2. Thestrategy of the proof as well as various notations are detailed in Subsetion 4.2.1. Letus just mention that two essential ingredients are used : the �rst is a relative entropyinequality whih provides preliminary estimates on the solution, whih are then ompletedwith an L2 estimate on the surfae density. The seond ingredient is the analysis ofthe Shrödinger-Poisson system (4.1.3)-(4.1.4) whih is shown to be uniquely solvable byonvex minimization tehniques in the spirit of [28, 29, 30℄. Setion 4.3 is devoted to theproof of Theorem 4.1.5 whih uses a quadrati approximation of the relative entropy givenin setion 4.2, and whih is a Lyapunov funtional for the linearized system around thestationary solution. We will usually refer to the Appendix (at the end of this PhD) forsome tehnial lemmata and lassial results for Sturm-Liouville operators.4.2 Existene and uniqueness (Proof of Theorem 4.1.2)4.2.1 Notations and strategy of the proofAs done in [7℄, we view the system as a two dimensional drift-di�usion equation (4.1.5) forthe surfae density oupled to the quasistati Shrödinger-Poisson system (4.1.3), (4.1.4).The drift-di�usion equation determines the value of the surfae density in terms of the ele-trostati potential, while the Shrödinger-Poisson systems allows to ompute the potentialas a funtion of the surfae density.The overall problem is then solved by a �xed-point proedure for the unknown Ns, asfor the standard drift-di�usion-Poisson problem [18, 26, 27℄. The global in time existeneheavily relies on an entropy estimate.The �rst blok now in the proof is to onsider the quasistati Shrodinger-Poissonsystem whih onsists, for any given nonnegative funtion Ns(x) de�ned on ω, in �ndinga potential V (x, z) de�ned on Ω and satisfying
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−∆x,zV = N(x, z); (x, z) ∈ Ω

N(x, z) = Ns(x)

+∞∑

k=1

e−ǫk(x)

Z(x)
|χk(x, z)|2 ; Z(x) =

+∞∑

ℓ=1

e−ǫℓ(x)





−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0(0, 1),

∫ 1

0

χk χℓ dz = δkℓ ,

V = Vb on ∂ω × (0, 1), ∂zV (x, 0) = ∂zV (x, 1) = 0 for x ∈ ω.

(4.2.12)
For this problem, we have the following result whose proof (whih relies on tehnialproperties of the spetrum of the Hamiltonian stated in the Appendix) is postponed.Proposition 4.2.1 Let Ns ∈ L2(ω) suh that Ns ≥ 0. Then the system (4.2.12) admitsa unique solution (V, (ǫk, χk)k≥1), whih satis�es the estimates ‖V ‖H2(Ω) ≤ C(Ns), theonstant C(Ns) depending only on the L2(ω) norm of Ns. Moreover, for two arbitrarydata Ns and Ñs, the orresponding solutions satisfy :

‖V − Ṽ ‖H2(Ω) ≤ C(Ns, Ñs) ‖Ns − Ñs‖L2(ω).In order to prove existene of solutions of the overall problem, we need to show somea priori estimates for the solution. We shall begin with a relative entropy inequality (seee.g. [2, 3, 16℄ for lassial ounterparts), then show a uniform Lp estimate for the surfaedensity. In order to do so, we proeed like in the standard drift-di�usion ase [18℄ andde�ne the slotboom variable
u = eǫF =

Ns

Z . (4.2.13)We also de�ne the surfae urrent density
Js = −∇xNs −Ns∇xVs = −

∑

k

e−ǫk∇xu, (4.2.14)in suh a way that the drift-di�usion equation is written
∂tNs + divx Js = 0.We denote by ρk the oupation fator of the kth subband

ρk = u e−ǫk (4.2.15)so that
N =

∑

k

ρk |χk|2 ; Ns =
∑

k

ρk.Now we introdue two extensions Ns and V of the boundary data. These extensionsare respetively de�ned on ω and Ω and hosen in suh a way that
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• Ns ∈ C2(ω), 0 < N1 ≤ Ns ≤ N2 with two nonnegative onstants N1 and N2, and
Ns|∂ω = Nb.

• V ∈ C2(Ω) and satis�es the boundary onditions : V |∂ω×(0,1) = Vb and for all x ∈ ω,
∂zV (x, 0) = ∂zV (x, 1) = 0 .It is lear that for regular enough domains suh funtions exist. Solving (4.1.3) with Vinstead of V , we �nd two sequenes ǫk[V ](x) and χk[V ](x, z), that we shall shortly denoteby ǫk and χk. We then de�ne u, ǫF , Z and ρk by

u =
Ns

Z ; Z =
∑

k

e−ǫk ; ǫF = log u ; ρk = ue−ǫk = eǫF−ǫk ,as well as the density
N(x, z) =

∑

k

ρk(x)|χk(x, z)|2.It is readily seen that
‖∇xu/u‖L∞(ω) <∞. (4.2.16)The relative entropy of (ρk, V ) with respet to (ρk, V ) is de�ned by :

W =
∑

k

∫

ω

(ρk log(ρk/ρk) − ρk + ρk) dx+
1

2

∫∫

Ω

|∇x,z(V − V )|2 dxdz

+

∫

ω

∑

k

u e−ǫk
(
ǫk[V ] − ǫk[V ] − 〈|χk|2(V − V )〉

)
dx,

(4.2.17)where we use the notation 〈f〉 =
∫ 1

0
f dz. As will be shown later on, the three termsof right hand side of the above identity are nonnegative. Besides, W has the followingompat form

W =

∫∫

Ω

(
N(ǫF − V − (ǫF − V )) −N +N

)
dxdz +

1

2

∫∫

Ω

|∇x,z(V − V )|2 dxdz.Let us omment on this formula. One an note that the familiar form of the relativeentropy for lassial drift-di�usion systems is reovered here. The main di�erene is that,in the lassial ase, the relation between the Fermi level, the eletrostati potential andthe density is loal: ǫF−V = logN (see e.g. [2, 10, 18℄), while here this relation is non loalin spae. This form is also similar to the one reently obtained in [20℄ for a fully quantumdrift-di�usion model (QDD). This model was derived in [13℄ by following the strategyof quantum moments developed in [15℄ (see also the review paper [14℄). It onsists of a3D drift-di�usion equation involving a quantum hemial potential whih depends on thedensity in a non loal way, via the resolution of a quasistati auxiliary quantum problem.In the QDD model, the quantum hemial potential is the generalization of the term
ǫF − V of the present model.The following two propositions provide some a priori estimates needed for the resolu-tion of the oupled system:



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 75Proposition 4.2.2 Let T>0. Let (Ns, V ) be a weak solution of (4.1.5), (4.1.3), (4.1.4),(4.1.9) suh that Ns ∈ C([0, T ], L2(ω))∩L2([0, T ], H1(ω)) and V ∈ C([0, T ], H2(Ω)). Thenwe have
∀t ∈ [0, T ], 0 ≤ W (t) < CT ,where CT is a onstant only depending on T , W (0) and u.Proposition 4.2.3 Let T > 0 and assume that N0

s ∈ Lp(ω) for some p ∈ [2,+∞] and let
(Ns, V ) be weak solution of (4.1.5), (4.1.3), (4.1.4), (4.1.9) suh that Ns ∈ C([0, T ], L2(ω))∩
L2([0, T ], H1(ω)) and V ∈ C([0, T ], H2(Ω)). Then

Ns ∈ C([0, T ], Lp(ω)),for any T > 0, with a bound depending only on T , Nb, Vb and ‖N0
s ‖Lp(ω).4.2.2 Proof of the entropy inequalityThe aim of this subsetion is the proof of Proposition 4.2.2. Let (Ns, V ) be a weak solutionof (4.1.5), (4.1.3), (4.1.4). Sine V ∈ C([0, T ], H2(Ω)), by Lemma B.0.9, we dedue that

Vs ∈ C([0, T ], H2(Ω)). This is enough to ensure that Ns ≥ 0, thanks to the maximumpriniple for paraboli equations (see for instane [25℄).The relative entropy is the sum of three positive terms.Let us now show that the relative entropy W de�ned by (4.2.17) is nonnegative. This isobviously the ase for the two �rst terms. In order to deal with the third one, let us denote
ǫs

k := ǫk[sV +(1−s)V ], and χs
k = χk[sV +(1−s)V ]. Straightforward omputations usingLemma B.0.3 of the Appendix lead to

∑

k

u e−ǫk
(
ǫk[V ] − ǫk[V ] − 〈|χk|2(V − V )〉

)
=

=

∫ 1

0

∫ s

1

∑

k,ℓ 6=k

u
e−ǫk − e−ǫℓ

ǫσ
k − ǫσ

ℓ

〈χσ
k(V − V )χσ

ℓ 〉2 dσds ≥ 0,sine the sequene (ǫk = ǫk[V ])k≥1 is inreasing. This is enough to onlude that W ≥ 0,as the sum of three nonnegative terms.The initial relative entropy is �nite.Sine N0
s ∈ L2(ω), then by Proposition 4.2.1 we have V ∈ H2(Ω) ⊂ L∞(Ω). From LemmaB.0.1 we dedue that

‖ǫk −
1

2
π2k2‖L∞(ω) ≤ ‖V ‖L∞(Ω).This is enough to dedue that W (0) < +∞.Relative entropy dissipation.Let us now ompute dW/dt. We �rst remark that

d

dt

∑

k

∫

ω

(ρk log(ρk/ρk) − ρk + ρk) dx =
∑

k

∫

ω

∂tρk log(ρk/ρk) dx.



76 Chapter 4. Théorie L2 pour le système DDSPTaking advantage from the identity Ns =
∑
ρk and from log ρk = log u − ǫk, the righthand side is equal to

∫

ω

∂tNs log(u/u) dx−
∑

k

∫

ω

∂tρk (ǫk − ǫk) dx.With the identity ∂tǫk = 〈|χk|2 ∂tV 〉 (see Lemma (B.0.3)) and (4.1.5) we obtain
d

dt

∑

k

∫

ω

(ρk log(ρk/ρk) − ρk + ρk) dx =

∫

ω

divx

(
∑

k

e−ǫk∇xu

)
log

u

u
dx

− d

dt

∫

ω

∑

k

ρk(ǫk − ǫk) dx

+

∫∫

Ω

∑

k

ρk|χk|2∂tV dxdz.The Poisson equation and the fat that V = V on ∂ω × (0, 1) give
d

dt

1

2

∫∫

Ω

|∇x,z(V − V )|2 dxdz =

∫∫

Ω

∂tN(V − V ) dxdz

=
d

dt

∫∫

Ω

N(V − V ) dxdz −
∫∫

Ω

N∂tV dxdz.By using (4.1.6) and the expression of ρk, we obtain
d

dt
W =

∫

ω

divx

(
∑

k

e−ǫk∇xu

)
log(u/u) dx.After an integration by parts, we dedue thanks to u = u on ∂ω that

d

dt
W = −

∫

ω

∑

k

e−ǫk
|∇xu|2
u

dx+

∫

ω

∑

k

e−ǫk
∇xu.∇xu

u
dx. (4.2.18)In the sequel, we shall use the notation

D(t) =

∫

ω

∑

k

e−ǫk
|∇xu|2
u

dx (4.2.19)and we shall refer to this term as the entropy dissipation rate. Let now de�ne β =
‖∇xu/u‖L∞(ω) < +∞ (from (4.2.16)). A straightforward Cauhy-Shwarz inequality leadsto :

d

dt
W +D ≤ β

√
D
√
‖Ns‖L1(ω).Using the inequality 2ab ≤ ε2a2 + 1/ε2b2 for ε > 0 small enough, we get

d

dt
W ≤ C‖Ns‖L1(ω)



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 77Sine the funtion F (t) = t log(t) − t+ 1, satis�es F (t) ≥ t+ (1 − e), we obtain
W ≥

∑

k

∫

ω

ρk F (ρk/ρk) dx ≥
∑

k

∫

ω

ρk

(
ρk/ρk + 1 − e

)
dx

≥
∫

ω

Ns dx− (e− 1)

∫

ω

Ns dx,whih leads to the di�erential inequality
d

dt
W ≤ C

∫

ω

Ns dx ≤ C(W + C0),where C0 only depends on the data of the problem (and not on the onsidered solution).The Gronwall lemma implies W (t) ≤ CT for all t ∈ [0, T ], where CT only depends on T ,
W (0) and data (W (0) < +∞ if N0

s ∈ L2(ω)).Remark 4.2.4 The above manipulations are formal for weak solutions (de�ned suh that
Ns ∈ C([0, T ], L2(ω))). To make the argument rigorous, it is enough to regularize thedata, obtain a regular solution for whih the result holds, then pass to the limit in theregularization parameter and use the uniqueness of the weak solution (proved in Setion4.2.5).4.2.3 Proof of the Lp estimateThe aim of this subsetion is the proof of Proposition 4.2.3. We have seen in Setion 4.2.2that W (0) < C(‖N0

s ‖L2(ω)). Hene Proposition 4.2.2 implies
∀ t ≤ T, ‖V (t)‖H1(Ω) + ‖Ns(t)‖L1(ω) ≤ CT . (4.2.20)Thanks to the Trudinger inequality (B.0.18) and to (B.0.16), as well as Lemma B.0.8 thefuntions

S1(t, x) = sup
k≥1

‖χk(t, x, ·)‖2
L∞

z
; S2(t, x) =

∑

k≥1

e−ǫk(t,x)

Z(t, x)
(ǫk(t, x))

2 (4.2.21)are in L∞((0, T ), Lp(ω)) for any �nite p and satisfy the bound
∀p < +∞, ‖S1(t, .)‖Lp(ω) + ‖S2(t, .)‖Lp(ω) ≤ Cp , (4.2.22)where Cp is a onstant only depending on ‖V (t)‖H1(Ω). From now on, we denote

ns = Ns −Ns ; n = N −N ; vs = Vs − Vs ; v = V − V . (4.2.23)Proof of Proposition 4.2.3 for p ∈ [2,+∞).Multiply (4.1.5) by ns|ns|p−2 and integrate on ω. After an integration by parts, we get
1

p

d

dt

∫

ω

|ns|p dx+ (p− 1)

∫

ω

|∇xns|2|ns|p−2 dx+
p− 1

p

∫

ω

∇x|ns|p · ∇xVs dx =

=

∫

ω

∆xNs ns|ns|p−2 dx+

∫

ω

divx (Ns∇xVs)ns|ns|p−2 dx.



78 Chapter 4. Théorie L2 pour le système DDSPThe last term of the left hand side an be written after an integration by parts
−p− 1

p

∫

ω

|ns|p∆xVs dx.The above omputations follow losely the standard drift-di�usion Poisson system forwhih the above term is nonnegative. In our ase however, −∆xVs 6= Ns whih induesadditional di�ulties. Indeed, with the Poisson equation (4.1.4), we have : −∆xV =
∂2

zV +N. And, after some integrations by parts,
〈∂2

zV |χk|2〉 = 2〈V χk∂
2
zχk〉 + 2〈V |∂zχk|2〉.Thanks to the Shrödinger equation (4.1.3), we have :

∂2
zχk = 2(V − ǫk)χk and 2〈V |χk|2〉 + |∂zχk|2 = 2ǫk.Thus,
〈∂2

zV |χk|2〉 = 4〈V 2|χk|2〉 + 2〈(V + ǫk)|∂zχk|2〉 − 4ǫ2
k.These remarks lead to the following identity :

−∆xVs = −4S2(t, x) +
〈N2 + 4V 2N〉

Ns
+ 2

∑

k

e−ǫk

Z
〈
(V + ǫk)|∂zχk|2

〉

− 1

Z
∑

k

∑

ℓ 6=k

(
e−ǫk − e−ǫℓ

ǫk − ǫℓ

)
〈χkχℓ ∇xV 〉2

+
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉2 −
(
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉
)2

,

(4.2.24)
where S2 is de�ned in (4.2.21). By the Cauhy-Shwarz inequality, the sum of the last twoterms of the right hand side is nonnegative. Moreover, exept for the �rst one, the otherterms are obviously nonnegative. By an integration by parts, we dedue

1

p

d

dt

∫

ω

|ns|p dx+ (p− 1)

∫

ω

|∇xns|2|ns|p−2 dx ≤ I + II + III (4.2.25)where
I = 4

p− 1

p

∫

ω

|ns|pS2 dx,

II =

∫

ω

∆xNsns|ns|p−2 dx,

III =

∫

ω

divx (Ns∇xVs)ns|ns|p−2 dx.Let us now analyze eah term separately.Estimating I.Thanks to the Hölder inequality, for all r > 1 and r′ = r/(r − 1) we have :
I = 4

p− 1

p

∫

ω

|ns|pS2 dx ≤ C‖|ns|
p
2‖2

L2r‖S2‖Lr′ .



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 79By applying Gagliardo-Nirenberg and Young inequalities we have for r > 1

∥∥∥|ns|
p
2

∥∥∥
2

L2r(ω)
≤ C

∥∥∥|ns|
p
2

∥∥∥
2/r

L2(ω)

∥∥∥|ns|
p
2

∥∥∥
2(1−1/r)

H1(ω)
≤ C

(
1

εr
‖ns‖p

Lp + ε
r

r−1

∥∥∥|ns|
p
2

∥∥∥
2

H1(ω)

)
.By using the estimate (4.2.22) and Poinaré inequality we obtain

I ≤ Cε‖ns‖p
Lp + Cε

∫

ω

|∇x|ns|p/2|2 dx. (4.2.26)Estimating II.This is an easy task. By a straightforward Hölder inequality, we have
|II| =

∣∣∣∣
∫

ω

∆xNsns|ns|p−2 dx

∣∣∣∣ ≤ ‖ns‖p−1
Lp(ω)‖∆xNs‖Lp(ω). (4.2.27)Estimating III.This term needs more work. We �rst begin by an integration by parts and obtain

III = −(p− 1)

∫∫

Ω

Ns

∑

k

e−ǫk

Z |χk|2 ∇xV · ∇xns|ns|p−2 dxdz.This leads to the inequality
|III| ≤ (p− 1)‖Ns‖L∞

∫∫

Ω

|S1(t, x)| |∇xV | |∇xns| |ns|p−2 dxdz,where S1 is de�ned in (4.2.21). Taking advantage of (4.2.22), we �nd after a Hölderinequality
|III| ≤ Cq,r‖Ns‖L∞‖∇xV ‖Lq‖∇xns|ns|p−2‖Lr (4.2.28)for any (q, r) suh that q < +∞ and r > q′, where q′ = q/(q − 1). By hoosing r = p

p−1
,we have by a Hölder inequality

‖∇xns|ns|p−2‖Lr ≤ ‖∇xns|ns|
p−2
2 ‖L2‖ns‖

p−2
2

Lp .Now one an apply (4.2.28) with any q > p. By hoosing q lose enough to p, the followingSobolev inequality holds
‖∇xV ‖Lq ≤ C1‖V ‖W 2,s ≤ C2‖N‖Ls + C3for some s < p. Using again the inequality

N ≤ NsS1, (4.2.29)where S1 is de�ned by (4.2.21) and satis�es the uniform bound (4.2.22), we immediatelyobtain ‖N‖Ls ≤ C‖Ns‖Lp ≤ C(‖Ns‖Lp + ‖ns‖Lp). Besides, we have
∫

ω

|∇xns|2|ns|p−2 dx =
4

p2

∫

ω

|∇x(|ns|p/2)|2 dx. (4.2.30)



80 Chapter 4. Théorie L2 pour le système DDSPAll in all, (4.2.28) beomes
|III| ≤ C‖∇x(|ns|p/2)‖L2(ω)‖ns‖(p−2)/2

Lp(ω) (‖ns‖Lp(ω) + ‖Ns‖Lp(ω) + 1),whih leads, after a Young inequality to
|III| ≤ C1ε

2

∫

ω

|∇x(|ns|p/2)|2 dx+
C2

ε2
‖ns‖p

Lp(ω) +
C3

ε2
‖ns‖p−2

Lp(ω), (4.2.31)where ε is an arbitrarily small onstant and C1, C2, C3 are independent from ε.Consider now the inequality (4.2.25). Inserting the inequalities (4.2.30), (4.2.27),(4.2.26) and (4.2.31) in (4.2.25) and �xing ε small enough, there exists A > 0 and non-negative onstants still denoted by C1, C2 and C3 suh that
1

p

d

dt

∫

ω

|ns|p dx+ A

∫

ω

|∇x(|ns|p/2)|2 dx

≤ C1

∫

ω

|ns|p dx+ C2‖ns‖p−1
Lp(ω) + C3‖ns‖p−2

Lp(ω).A Gronwall argument leads to the boundedness on [0, T ] of ‖ns(t)‖Lp(ω).Proof of Proposition 4.2.3 for p = +∞.Sine Ns ∈ Lp(ω) for all 1 ≤ p < +∞, then by (4.2.29) and (4.2.22), n ∈ Lr(Ω) for all
1 ≤ r < +∞. Therefore the Poisson equation (4.1.4) leads to V ∈ W 2,r(Ω). By Sobolevembeddings, the potential V lies in L∞([0, T ] × Ω). Hene from (4.2.24) and (B.0.2)we dedue that there exists a nonnegative onstant a suh that ∆xVs ≤ a. We use thestandard notation f+ for the positive part of f :

f+ =

{
f if f ≥ 0,
0 else.Let us de�ne

A(t) = λeat, where λ ≥ max(‖N0
s ‖L∞(ω), ‖Nb‖L∞(∂ω)). (4.2.32)Then, from (4.1.5) and the hoie of a,

∂t(Ns − A(t)) − divx (∇x(Ns − A(t)) + (Ns − A(t))∇xVs) ≤ 0.Multiplying this equation by (Ns −A(t))+ and integrating over ω, we get after an integra-tion by part
1

2

d

dt

∫

ω

(Ns − A(t))2
+ dx+

∫

ω

|∇x(Ns −A(t))+|2 dx+
1

2

∫

ω

∇x(Ns − A(t))2
+∇xVs dx ≤ 0.After another integration by parts and sine ∆xVs ≤ a,

d

dt

∫

ω

(Ns − A(t))2
+ dx− a

∫

ω

(Ns −A(t))2
+ dx ≤ 0.We dedue from this inequality and the hoie of λ in (4.2.32) that for all t ∈ [0, T ],

Ns ≤ A(t) thus Ns ≤ λeaT .



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 814.2.4 Analysis of the Shrödinger-Poisson systemIn this subsetion, we prove Proposition 4.2.1. We use the funtional spaes
H1

ω =
{
V ∈ H1(Ω) : ∀x ∈ ∂ω, z ∈ [0, 1], V (x, z) = 0

}and
Lp

xL
q
z(Ω) = {u ∈ L1

loc(Ω) suh that ‖u‖Lp
xLq

z(Ω) =

(∫

ω

‖u(x, ·)‖p
Lq(0,1) dx

)1/p

< +∞}.Thanks to Gagliardo-Nirenberg inequalities and interpolation estimates, one an prove theLemma 4.2.5 We have the Sobolev imbedding of H1(Ω) into L2
xL

∞
z (Ω).Let V0 ∈ H2(Ω) be suh that V0 = Vb on ∂ω × (0, 1) and ∂zV0(x, 0) = ∂zV0(x, 1) = 0for all x ∈ ω (for instane we an take V0 = V ). Proeeding as in [7℄ and in the spirit of[28℄ we an show that a weak solution of (4.2.12) in the a�ne spae V0 +H1

ω is a ritialpoint with respet to V of the funtional
J(V,Ns) = J0(V ) + J1(V,Ns)

=
1

2

∫∫

Ω

|∇x,zV |2 +

∫

ω

Ns log
∑

k

e−ǫk[V ] dx,where we reall that (ǫk[V ])k≥1 denote the eigenvalues of the Hamiltonian −1
2

d2

dz2 +V , i.e.satisfy (4.1.3).The funtional J0 is learly ontinuous and strongly onvex on H1(Ω). The analysis ofthe funtional V 7→ J1(V,Ns) relies on the properties of ǫk[V ]. From the inequality (seeLemma B.0.1)
|ǫk[V ] − ǫk[Ṽ ]|(x) ≤ ‖V (x, ·) − Ṽ (x, ·)‖L∞

z (0,1)and
log

∑
k e

−ǫk[V ]

∑
k e

−ǫk[eV ]
≤ log

∑
k e

−ǫk [eV ]+supℓ(|ǫℓ[V ]−ǫℓ[eV ]|)

∑
k e

−ǫk[eV ]
,we dedue

|J1(V,Ns) − J1(Ṽ , Ns)| ≤
∫

ω

|Ns(x)| sup
k

(
|ǫk[V ] − ǫk[Ṽ ]|(x)

)
dx

≤ ‖Ns‖L2(ω) ‖V − Ṽ ‖L2
xL∞

z (Ω).

(4.2.33)The funtional J1(·, Ns) is globally Lipshitz ontinuous on L2
xL

∞
z (Ω), thus on H1(Ω),thanks to Lemma 4.2.5.Next, J1(·, Ns) is twie Gâteaux di�erentiable on L∞(Ω) and

d2
V J1(V,Ns)W ·W = −

∫

ω

Ns

Z
∑

k

∑

ℓ 6=k

e−ǫk − e−ǫℓ

ǫk − ǫℓ
〈χkχℓW 〉2 dx

+

∫

ω

Ns

{
∑

k

e−ǫk

Z 〈|χk|2W 〉2 −
(∑

k e
−ǫk〈|χk|2W 〉

Z

)2
}
dx.



82 Chapter 4. Théorie L2 pour le système DDSPWhen Ns is nonnegative, this quantity is nonnegative thanks to the Cauhy-Shwarz in-equality. Thus J1(·, Ns) is onvex. As a onsequene, the funtional J(·, Ns) = J0 +
J1(·, Ns) is ontinuous and strongly onvex on V0 + H1

ω. Moreover, using the Poinaréinequality on H1
ω and (4.2.33) with Ṽ = 0, we have
J(V,Ns) ≥ C‖V ‖2

H1(Ω) − C‖Ns‖L2(Ω)‖V ‖H1(Ω) + J(0, Ns),thus J(·, Ns) is oerive and bounded from below on H1
ω : it admits a unique minimizer,denoted by V , whih is then solution of our problem with the boundary onditions (4.1.9).Now we prove the H2 estimate of V . Sine V is a minimizer of J(·, Ns) we have

J(V,Ns) ≤ J(0, Ns). Thus,
1

2

∫∫

Ω

|∇x,zV |2 dxdz ≤ J1(0, Ns) − J1(V,Ns).Applying (4.2.33), we dedue that V is bounded in H1(Ω), with a bound only dependingon the L2 norm of Ns. Therefore the funtion S1 de�ned in (4.2.21) satis�es the bound(4.2.22). Sine N ≤ NsS1, we dedue that the density N lies in Lr(Ω) for any r < 2, whihimplies by ellipti regularity that V ∈ W 2,r(Ω). This implies that V atually lies in L∞whih leads, in view of (B.0.16), to S1 ∈ L∞. Therefore, N is bounded in L2(Ω), whihgives V ∈ H2(Ω) thanks to the ellipti regularity.Let us now prove the Lipshitz dependene of V with respet to Ns in H2(Ω). Let Vand Ṽ denote the minimizers of J(·, Ns) and J(·, Ñs). Using the linearity of J1 with respetto Ns, its Lipshitz dependene with respet to V from (4.2.33), the strong onvexity of
J and the fat that Ṽ minimizes J(·, Ñs), we get

1

C
‖V − Ṽ ‖2

H1(Ω) ≤ J(Ṽ , Ns) − J(V,Ns)

= J1(Ṽ , Ns − Ñs) − J1(V,Ns − Ñs) + J(Ṽ , Ñs) − J(V, Ñs)

≤ C ′‖V − Ṽ ‖H1(Ω) ‖Ns − Ñs‖L2(ω).Thus, we have �rst the Lipshitz dependene of V in H1(Ω). The Poisson equation gives
−∆(V − Ṽ ) = N − Ñ , and

N − Ñ = (Ns − Ñs)
∑

k

e−ǫk |χk|2
Z + Ñs

∑

k

(
e−ǫk

Z − e−fǫk

Z̃

)
|χk|2

+Ñs

∑

k

e−fǫk

Z̃
(|χk|2 − |χ̃k

2|)(we denote ǫ̃k instead of ǫk[Ṽ ] and χ̃k instead of χk[Ṽ ]). With Lemma B.0.4,
‖χk − χ̃k‖L∞

z
≤ C1e

C2(‖V ‖
L2

z
+‖eV ‖

L2
z
)‖V − Ṽ ‖L1

z
. (4.2.34)



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 83Denoting χs
k = χk[Ṽ + s(V − Ṽ )] and ǫs

k = ǫk[Ṽ + s(V − Ṽ )], we have with Lemma B.0.3,
∑

k

(
e−ǫk

Z − e−fǫk

Z̃

)
|χk|2 =

∫ 1

0

∑
k〈|χs

k|2(V − Ṽ )〉e−ǫs
k∑

ℓ e
−ǫs

ℓ

∑
k |χk|2e−ǫs

k∑
ℓ e

−ǫs
ℓ

ds−
∫ 1

0

∑

k

〈|χs
k|2(V − Ṽ )〉e−ǫs

k∑
ℓ e

−ǫs
ℓ

|χk|2 ds.Thus, sine we have proved that χs
k ∈ L∞(Ω), ∀ s ∈ [0, 1], we dedue

∣∣∣∣∣
∑

k

(
e−ǫk

Z − e−fǫk

Z̃

)
|χk|2

∣∣∣∣∣ ≤ C‖V − Ṽ ‖L1
z
. (4.2.35)Hene, from (4.2.34) and (4.2.35), it yields,

‖N − Ñ‖L2(Ω) ≤ C‖Ns − Ñs‖L2(ω) + C‖V − Ṽ ‖L2(Ω).Finally, from the Lipshitz dependene of V with respet to Ns in H1(Ω), we have loally
‖V − Ṽ ‖L2(Ω) ≤ C‖Ns−Ñs‖L2(ω). Thus, ‖N−Ñ‖L2(Ω) ≤ C‖Ns−Ñs‖L2(ω) with a onstant
C depending on ‖Ns‖L2(ω) and ‖Ñs‖L2(ω). Applying the ellipti regularity, we onlude
‖V − Ṽ ‖H2(Ω) ≤ C(‖Ns‖L2(ω), ‖Ñs‖L2(ω))‖Ns − Ñs‖L2(Ω).Remark 4.2.6 We an also solve this problem by assuming that u ∈ L2(ω) is given suhthat u ≥ 0. More preisely, the system (4.1.3), (4.1.4) is now written





1

2
∂2

zχk + V χk = ǫk

−∆x,zV = u
∑

k

|χk|2 e−ǫk .Following the same idea as above, a weak solution of this system in the a�ne spae
V0 +H1(Ω) is the unique minimizer with respet to V of the onvex funtional :

J(V ) =
1

2

∫∫

Ω

|∇xV |2 dxdz +

∫

ω

u
∑

k

e−ǫk[V ] dx,(in fat, for H1 potentials, it is not guaranteed that this funtional takes �nite values;to irumvent this di�ulty, one an instead solve an auxiliary problem where the expo-nential is trunated for negative arguments, then estimate its solution and show that it isnonnegative). As before, we have V ∈ H2(Ω) for u ∈ L2(ω).Proof of Proposition 4.1.4. We onsider the stationary problem (4.1.10)�(4.1.11).First, we remark that the stationary drift-di�usion equation and the boundary onditionsgives 



−div (
∑

k

e−ǫ∞k ∇xu) = 0 for x ∈ ω,

u = u∞ for x ∈ ∂ω,



84 Chapter 4. Théorie L2 pour le système DDSPThus u = u∞. Then (4.1.10) an be written




−1

2
∂2

zχ
∞
k + V ∞χ∞

k = ǫ∞k χ∞
k ,

−∆x,zV
∞ = u∞

∑

k

|χ∞
k |2e−ǫ∞k .And the solution of this Shrödinger-Poisson system is the minimum of the onvex fun-tional (see Remark 4.2.6) :

J(V ) =
1

2

∫∫

Ω

|∇x,zV |2 dxdz +

∫

ω

u∞
∑

k

e−ǫk[V ] dx,where (ǫk[V ])p≥1 are the eigenvalues of the Hamiltonian, i.e. satisfy (4.1.3).4.2.5 Proof of Theorem 4.1.2The proof of existene and uniqueness relies on a ontration argument in the spirit of[26℄. We �rst de�ne the map F : Ns 7→ N̂s as follows :Step 1. For a given Ns ≥ 0, solve the Shrödinger-Poisson system (4.2.12) as in Setion4.2.4. From the obtained V ∈ C([0, T ], H2(Ω)) (see Proposition 4.2.1), de�ne Vs by (4.1.6).Thanks to Lemma B.0.9, Vs belongs to C([0, T ], H2(ω)).Step 2. The surfae potential Vs being known, solve the following paraboli equation forthe unknown N̂s :
∂tN̂s − div x(∇xN̂s + N̂s∇xVs) = 0, (4.2.36)with the boundary ondition :̂
Ns(t, x) = Nb(x) for x ∈ ∂ω, (4.2.37)and the initial value :
N̂s(0, x) = N0

s (x) for x ∈ ω.Standard results on paraboli equations ([25℄) leads to the existene and uniqueness of thesolution N̂s of (4.2.36), (4.2.37). Of ourse, N̂s ≥ 0. The map F is then de�ned after thesetwo steps by F (Ns) := N̂s.Let us now show that F is a ontration on the spae Ma,T de�ned by Ma,T = {n :
‖n‖T ≤ a}, where the norm is :

‖n‖T =

[
max
0≤t≤T

‖n(t)‖2
L2(ω) +

∫ T

0

‖n(t)‖2
H1(ω) dt

]1/2

. (4.2.38)These two parameters T and a will be spei�ed later on. Let Ns and Ñs be two elementsof Ma,T . The di�erene δF = F (Ñs) − F (Ns) verify
∂tδF − div x(∇xδF + δF∇xVs + F (Ñs)∇xδVs) = 0 , (4.2.39)



4.2 Existene and uniqueness (Proof of Theorem 4.1.2) 85with the notation δVs = Vs − Ṽs. The boundary onditions beome :
δF (0, x) = 0, ∀x ∈ ω ; δF (t, x) = 0, ∀x ∈ ∂ω, ∀t ∈ [0, T ].Multiplying (4.2.39) by δF and integrating on ω, we get after an integration by parts

1

2

d

dt

∫

ω

|δF |2 dx+

∫

ω

|∇x(δF )|2 dx+

∫

ω

∇x(δF )(δF∇xVs + F (Ñs)∇x(δVs)) dx = 0.The Cauhy-Shwarz inequality applied to the third term leads to :
1

2

d

dt
‖δF‖2

L2 + ‖∇x(δF )‖2
L2 ≤ ‖∇x(δF )‖L2

(
‖δF∇xVs‖L2 + ‖F (Ñs)∇x(δVs)‖L2

)
.Thus,

d

dt
‖δF‖2

L2 + ‖∇x(δF )‖2
L2 ≤ 2‖δF∇xVs‖2

L2 + 2‖F (Ñs)∇x(δVs)‖2
L2

≤ 2‖δF‖2
L4‖∇xVs‖2

L4 + 2‖F (Ñs)‖2
L4‖∇x(δVs)‖2

L4 .

(4.2.40)Besides, we have
|∇xVs| =

|∑k

∫ 1

0
|χk|2∇xV e

−ǫk dz|∑
k e

−ǫk
≤ |S2(t, x)|

∫ 1

0

|∇xV | dz,where S2 is de�ned by (4.2.21). From Proposition 4.2.1 and the fat that Ns ∈ Ma,T , wededue that
max
0≤t≤T

‖V (t)‖H2(Ω) ≤ C1(a) ,where C1(a) is a onstant only depending on a. From Lemma B.0.9 and the imbedding
H2(Ω) →֒ L∞(Ω), we dedue the pointwise in time inequalities

max
0≤t≤T

(
‖S2(t)‖L∞ + ‖Vs(t)‖H2(ω)

)
≤ C2(a).From Lemma B.0.9 and Proposition 4.2.1, we know that there exists a onstant C2(a) suhthat,

‖∇x(δVs)‖L4 ≤ C‖δVs‖H2(ω) ≤ C2(a)‖δNs‖L2(ω).Inserting the above inequalities in (4.2.40), we obtain the inequality
d

dt
‖δF‖2

L2 + ‖∇x(δF )‖2
L2 ≤ C3(a)

(
‖δF‖2

L4 + ‖F (Ñs)‖2
L4‖δNs‖2

L2

)
.The Gagliardo Nirenberg inequality leads to

d

dt
‖δF‖2

L2 +
1

2
‖∇x(δF )‖2

L2 ≤ C4(a)
(
‖δF‖2

L2 + ‖F (Ñs)‖2
L4‖δNs‖2

L2

)
. (4.2.41)Taking Ñs = 0 in the above inequality leads to

d

dt
‖F (Ns) − F (0)‖2

L2 +
1

2
‖∇x(F (Ns) − F (0))‖2

L2 ≤
C4(a)

(
‖F (Ns) − F (0)‖2

L2 + ‖F (0)‖2
L4‖Ns‖2

L2

)
,



86 Chapter 4. Théorie L2 pour le système DDSPwhih implies
‖F (Ns)(t) − F (0)(t)‖2

L2 ≤ ‖F (Ns)(0) − F (0)(0)‖2
L2 eC4(a)t

+C4(a)‖F (0)‖2
L4

∫ t

0

‖Ns(τ)‖2
L2 eC4(a)(t−τ) dτ .We then obtain

‖F (Ns)‖T ≤ C5(a)e
C5(a)T ,where ‖ · ‖T is de�ned in (4.2.38) and C5 only depends on a. Of ourse, sine Ns and Ñsplay the same role, we obviously have

‖F (Ñs)‖T ≤ C5(a)e
C5(a)T . (4.2.42)Let us now go bak to (4.2.41), whih after a Gronwall inequality yields

‖δF (t)‖2
L2 ≤ C4(a)‖δNs‖2

T

∫ t

0

eC4(a)(t−τ) ‖F (Ñs)(τ)‖2
L4 dτ

≤ C4(a) e
C4(a)t ‖δNs‖2

T

∫ t

0

‖F (Ñs)(τ)‖L2 ‖∇xF (Ñs)(τ)‖L2 dτ

≤ C4(a) e
C4(a)t ‖δNs‖2

T

√
T ‖F (Ñs)‖2

T .We then dedue from (4.2.42) that
‖δF (t)‖T ≤ C6(a)T

1/4 eC6(a)T ‖δNs‖T .Let us now take a = 2‖F (0)‖1 and hoose the parameter T ≤ 1 small enough so that
C6(a)T

1/4 eC6(a)T ≤ 1/2. Sine ‖ · ‖T is inreasing with respet to T , it is readily seen that
F leavesMa,T invariant and is a ontration on this set. We have then onstruted a uniquesolution on a time interval T0 whih only depends on the L2 norm of the initial datum andon the H1/2(∂ω) norm of the boundary values for Ns and Vs. In order to onstrut a globalsolution, we take T0 as the origin and prove as above the existene and uniqueness of thesolution on [T0, 2T0]. This is made possible thanks to the loally uniform in time L2 a prioriestimate on the self-onsistent solution, given in Proposition 4.2.3. Proeeding analogouslywe onstrut the solution [2T0, 3T0] until overing ompletely the interval [0, T ].4.3 Long time behaviourThe study of the exponential onvergene to the equilibrium is established in two steps.First we prove the onvergene towards 0 as t goes to +∞ and the dereasing of therelative entropy de�ned by

W (t) =
∑

k

∫

ω

(ρk log(ρk/ρ
∞
k ) − ρk + ρ∞k ) dx+

1

2

∫∫

Ω

|∇x,z(V − V ∞)|2 dxdz

+

∫

ω

∑

k

u e−ǫk

(
ǫk[V ] − ǫk[V

∞] −
∫ 1

0

|χk|2(V − V ∞) dz

)
dx,

(4.3.1)



4.3 Long time behaviour 87where we de�ne ρ∞k = u∞e−ǫ∞k . We denote
n = N −N∞, v = V − V ∞, vs = Vs − V ∞

s , ns = Ns −N∞
s . (4.3.2)We dedue :





∂tns − divx (∇xns +N∞
s ∇xvs + ns∇xV

∞
s + ns∇xvs) = 0,

−∆x,zv = n.
(4.3.3)Next we onsider a quadrati approximation of the relative entropy and prove its expo-nential onvergene to 0 as t goes to +∞.In the sequel, the letter C stands for a positive onstant depending only on the dataand ε stands for an arbitrarily small positive onstant.4.3.1 Convergene of the relative entropyThis setion is devoted to the following preliminary result:Proposition 4.3.1 Under Assumption 4.1.1 and 4.1.3, the solution of the drift-di�usion-Shrödinger-Poisson system (4.1.1)�(4.1.9) is suh that :(i) The relative entropy W de�ned by (4.3.1) is dereasing and

lim
t→+∞

W (t) = 0.(ii) We have ns −→ 0 in L1(ω) and v −→ 0 in H1(ω) as t goes to +∞.Proof. This proof is based on an idea developed in [18℄. Let (N∞
s , V∞) solve thestationary problem (4.1.10). We dedue from (4.2.18) that the relative entropy satis�es :

d

dt
W (t) = −D(t),where D is given by (4.2.19). Then, for all t ≥ 0, we have

W (t) +

∫ t

0

D(τ) dτ = W (0), (4.3.4)whih implies that there exists a sequene tj −→ +∞ suh that
D(tj) −→ 0 as j −→ +∞. (4.3.5)Now, straightforward alulations using Ns = ue−Vs give

D =

∫

ω

(4|∇x

√
Ns|2 + 2∇xNs · ∇xVs +Ns|∇xVs|2) dx. (4.3.6)After an integration by parts, we get

∫

ω

∇xNs · ∇xVs dx = −
∫

ω

Ns ∆xVs dx+

∫

∂ω

Ns ∂νVs dσ,



88 Chapter 4. Théorie L2 pour le système DDSPwhere ν(x) denotes the outward unitary normal vetor at x ∈ ∂ω and dσ the surfaemeasure on ∂ω indued by the Lebesgue measure. Therefore we dedue from (4.3.6) that
4‖∇x

√
Ns‖2

L2 ≤ D + 2

∫
Ns∆xVs dx− 2

∫

∂ω

Ns∂νVs dσ

≤ D + 8

∫

ω

NsS2 dx− 2

∫

∂ω×(0,1)

N∂νV dσdz

≤ D + 8‖Ns‖L4‖S2‖L4/3 + 2‖Nb‖L∞‖V ‖H2

≤ D + C‖Ns‖L4 + C‖N‖L2 + C,where we reall that S2 is given by (4.2.21) and satis�es (4.2.22). Besides, it is readily seenthat N ≤ NsS1 where S1 is given in (4.2.21) and satis�es (4.2.22). Therefore ‖N‖L2 ≤
C‖Ns‖L4. We onlude from the above inequality that

4‖∇x

√
Ns‖2

L2 ≤ D + C‖Ns‖L4 + C.Applying a Gagliardo-Nirenberg inequality to the funtion √
Ns in the right-hand side, weobtain (for any ε > 0)

4‖∇x

√
Ns‖2

L2 ≤ D + C‖Ns‖1/2
L1 ‖

√
Ns‖H1 + C ≤ D + Cε‖Ns‖L1 + ε‖∇x

√
Ns‖2

L2 + C,whih leads, in view of (4.2.20), to the inequality
‖∇x

√
Ns‖2

L2(t) ≤ C(D(t) + 1). (4.3.7)By evaluating (4.3.5) and (4.3.7) at t = tj , we dedue the boundedness in H1(ω) of thesequene (
√
Ns(tj))j . Beause of the ompatness embedding of H1(ω) into L4(ω), wean assume without loss of generality that there exists Ns belonging to L2(ω) suh that√

Ns ∈ H1(ω) and
Ns(tj) −→ Ns in L2(ω). (4.3.8)Thanks to the properties of the trae of H1(ω) funtions and the ompat embedding

H1/2(∂ω) →֒ L4(∂ω), we have Ns|∂ω = Nb. From Proposition 4.2.1, we know that themapping Ns 7→ V de�ned by




−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

−∆x,zV = N = Ns

∑

k

|χk|2e−ǫk

Z ,(with the boundary onditions of V in (4.1.9)) is well-posed for Ns ∈ L2(ω) suh that
Ns ≥ 0 a.e. and is ontinuous from L2(ω) into H2(Ω). Moreover, by Lemma B.0.9 we alsoknow that the mapping V 7→ Vs de�ned by





Vs = − log(
∑

k

e−ǫk)

−1

2
∂2

zχk + V χk = ǫkχk



4.3 Long time behaviour 89is ontinuous from H2(Ω) to H2(ω). It follows that
∃Vs ∈ H2(ω) suh that Vs(tj) −→ Vs in H2(ω) ⊂ C(ω).Hene,

u(tj) = Ns(tj)e
Vs(tj ) −→ Nse

Vs in L2(ω). (4.3.9)Now (4.3.5) and (4.3.8) imply that, for any h ∈ (L4(ω))2, we have
∣∣∣∣
∫

ω

∇x(Ns(tj)e
Vs(tj ))h dx

∣∣∣∣ =

∣∣∣∣
∫

ω

∇xu(tj) h dx

∣∣∣∣

≤
(∫

ω

e−Vs(tj ) |∇xu(tj)|2
u(tj)

dx

)
‖Ns(tj)e

2Vs(tj)‖1/2

L2(ω)‖h‖L4(ω)

−→ 0 as j → +∞.Taking into aount (4.3.9), we dedue that Nse
Vs is onstant in ω. Sine Ns|∂ω = Nb and

Vs|∂ω = V∞
s , Assumption 4.1.3 implies Nse

Vs = u∞. Thus, (Ns, Vs) an be identi�ed asthe unique solution of the stationary Shrödinger-Poisson system (see Remark 4.2.6) :
Ns = N∞

s , Vs = V ∞
s and analogously V (tj) −→ V ∞ as j → +∞.Sine the funtion W is dereasing, we have
lim

t→+∞
W (t) = lim

j→+∞
W (tj) = 0.Consequently, ‖v(t)‖H1(Ω) → 0 and ‖ns‖L1(ω) → 0 as t → +∞ by a Poinaré inequalityand the Csiszár-Kullbak inequality presented in the appendix (A.3.4) (f [3, 11, 24℄).4.3.2 Exponential onvergeneThis setion is devoted to the proof of the main result of this paper, i.e. the exponentialonvergene of the surfae density Ns and the eletrostati potential V to the equilibriumfuntions. We will onsider the di�erenes n, ns, v, vs de�ned in (4.3.2) and introdue thequadrati approximation of the relative entropy:

L(t) =
1

2

∫

ω

(ns)
2

N∞
s

dx+

∫

ω

nsvs dx−
1

2

∫∫

Ω

|∇v|2 dxdz +

∫

ω

N∞
s vs dx−

∫∫

Ω

N∞v dxdz.(4.3.10)Sine the Poisson equation gives ∫∫
Ω
nv dxdz =

∫∫
Ω
|∇v|2 dxdz, we an rewrite

L(t) =
1

2

∫

ω

(ns)
2

N∞
s

dx+
1

2

∫∫

Ω

|∇v|2 dxdz +

∫

ω

Nsvs dx−
∫∫

Ω

Nv dxdz. (4.3.11)In order to prove Theorem 4.1.5, we need three tehnial lemmata that we prove furtherin subsetion 4.3.2.2 :



90 Chapter 4. Théorie L2 pour le système DDSPLemma 4.3.2 Consider a weak solution of (4.1.3)�(4.1.9). Then for all t ≥ 0, we have
1

2

∫

ω

(ns)
2

N∞
s

dx+
1

2

∫∫

Ω

|∇v|2 dxdz ≤ L(t) ≤ 1

2

∫

ω

(ns)
2

N∞
s

dx+

∫

ω

nsvs dx.Lemma 4.3.3 Let V and V belong to L2(0, 1) and Vs, Vs be de�ned by
Vs = − log

∑

k

exp(−ǫk[V ]) ; Vs = − log
∑

k

exp(−ǫk[V ]).Then, by setting v = V − V and vs = Vs − Vs, we have
|∇xvs|2 ≤ C1e

C2(‖V ‖
L2

z (0,1)
+‖v‖

L2
z (0,1)

)
(〈|∇xv|〉2 + 〈|v|〉2〈|∇xV |〉2), (4.3.12)where C1 and C2 are two positive onstants.Lemma 4.3.4 Consider a weak solution of (4.1.3)�(4.1.9). Then there exist two nonneg-ative onstants C1 and C2 suh that for all t ≥ 0,

∫

ω

(ns)
2

N∞
s

|∇xvs|2 dx ≤ 1

2

∫

ω

N∞
s

∣∣∣∣∇x

(
ns

N∞
s

+ vs

)∣∣∣∣
2

dx+ C1L(t)4 + C2L(t)‖v‖H1(Ω),where L is de�ned in (4.3.11). Moreover, we have
‖vs‖L6(Ω) ≤ C‖v‖H1(Ω), (4.3.13)for a nonnegative onstant C.4.3.2.1 Proof of Theorem 4.1.5From (4.3.10) and the Poisson equation, we dedue that

d

dt
L(t) =

∫

ω

∂tns

(
ns

N∞
s

+ vs

)
dx+

∫

ω

Ns∂tvs dx−
∫∫

Ω

N∂tv dxdz.Furthermore, e−Vs =
∑

k e
−ǫk = Z and ∂tǫk = 〈|χk|2∂tv〉 imply

∂tvs =
1

Z
∑

k

〈|χk|2∂tv〉 e−ǫk .Hene ∫
ω
Ns∂tvs dx =

∫∫
Ω
N∂tv dxdz. With (4.3.3) and after an integration by parts, weget

d

dt
L(t) = −

∫

ω

(∇xns +N∞
s ∇xvs + ns∇xV

∞
s + ns∇xvs) · ∇x

(
ns

N∞
s

+ vs

)
dx.Sine ∇xN

∞
s +N∞

s ∇xV
∞
s = 0, we dedue that

d

dt
L(t) = −

∫

ω

N∞
s

∣∣∣∣∇x

(
ns

N∞
s

+ vs

)∣∣∣∣
2

dx−
∫

ω

ns∇xvs · ∇x

(
ns

N∞
s

+ vs

)
dx. (4.3.14)



4.3 Long time behaviour 91Now we will show that the seond term of the right-hand side of an be ontrolled bythe �rst one for long time. From Lemma 4.3.4, we dedue
−
∫

ω

ns∇xvs · ∇x

(
ns

N∞
s

+ vs

)
dx

≤ 1

2

∫

ω

(ns)
2

N∞
s

|∇xvs|2 dx+
1

2

∫

ω

N∞
s

∣∣∣∣∇x

(
ns

N∞
s

+ vs

)∣∣∣∣
2

dx

≤ 3

4

∫

ω

N∞
s

∣∣∣∣∇x

(
ns

N∞
s

+ vs

)∣∣∣∣
2

dx+ C1L(t)4 + C2‖v‖H1(Ω)L(t).Thanks to the Poinaré inequality and Lemma 4.3.2, we have
−1

4

∫

ω

N∞
s

∣∣∣∣∇x(
ns

N∞
s

+ vs)

∣∣∣∣
2

dx ≤ −C
4

∫

ω

N∞
s

(
ns

N∞
s

+ vs

)2

dx

≤ −C
2

∫

ω

(
1

2

(ns)
2

N∞
s

+ nsvs

)
dx ≤ −C

2
L(t).Hene, we have obtained from (4.3.14)

d

dt
L(t) ≤ −C0L(t) + C1L(t)4 + C2‖v‖H1(Ω)L(t). (4.3.15)By Proposition 4.3.1 (ii), there exists T > 0 suh that, for all t ≥ T , C2‖v‖H1(ω)(t) ≤ C0/2.Thus, for all t ≥ T ,

d

dt
L(t) ≤ −C0

2
L(t) + C1L(t)4. (4.3.16)From (4.3.5) and (4.3.7), there exists a sequene tj → +∞ as j → +∞ suh that thesequene (

√
Ns(tj))j∈N is bounded in H1(ω). Up to a renumbering, we an suppose thatfor all j ∈ N, tj ≥ T . Moreover, by interpolation, we have

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥
L2(ω)

≤ C‖ns‖1/4

L1(ω)‖ns‖3/4

L3(ω).By the Sobolev embedding of H1(ω) into L6(ω), we dedue that ‖ns‖L3(ω)(tj) is bounded.Sine we have proved in Proposition 4.3.1 (ii) that ns → 0 in L1(ω) as t goes to +∞,this insures the onvergene towards 0 of ‖ns/
√
N∞

s ‖L2(ω)(tj) as j goes to +∞. Moreover,with the bound of L in Lemma 4.3.2 we dedue
L(t) ≤ 1

2

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥

2

L2(ω)

+ C‖ns‖L2(ω)‖vs‖L6(ω).And (4.3.13) provides a bound of ‖vs‖L6(ω) by ‖v‖H1(Ω) whih onverges towards 0 as tgoes to +∞ thanks to Proposition 4.3.1. We an onlude now that limj→+∞L(tj) = 0.Hene,
∃ t∗ > 0 suh that C1L(t∗)

3 ≤ C0

4
. (4.3.17)



92 Chapter 4. Théorie L2 pour le système DDSPNow we de�ne the set
A :=

{
t ∈ [t∗,+∞) suh that ∀ s ∈ [t∗, t], C1L(s)3 ≤ C0

4

}
.By ontinuity of L, A is a losed set whih ontains t∗ from (4.3.17). Moreover, if t0 ∈ A,from (4.3.16) we dedue that L is dereasing near t0. By ontinuity of L, it yields that Ais open. Thus, A = [t∗,+∞), i.e.

∀ t ∈ [t∗,+∞),
d

dt
L(t) ≤ −C0

4
L(t).We obtain the announed result by integrating this last inequality.4.3.2.2 Proofs of the tehnial lemmataProof of Lemma 4.3.2. The onavity of the funtion x 7→ log x leads to the inequality

vs = log

(∑
k e

−ǫ∞k
∑

k e
−ǫk

)
= log

(
∑

k

e−ǫk

∑
ℓ e

−ǫℓ
eǫk−ǫ∞k

)
≥
∑

k

e−ǫk

∑
ℓ e

−ǫℓ
(ǫk − ǫ∞k ). (4.3.18)Therefore

Nsvs − 〈Nv〉 = Ns

(
vs −

∑

k

e−ǫk

∑
ℓ e

−ǫℓ
〈|χk|2v〉

)

≥ Ns∑
ℓ e

−ǫℓ

∑

k

e−ǫk(ǫk − ǫ∞k − 〈|χk[V ]|2)v〉).The right hand side of this inequality is exatly the third term of (4.2.17) whih is positive.Therefore ∫

ω

Nsvs dx−
∫∫

Ω

Nv dxdz ≥ 0. (4.3.19)By exhanging the roles of (N,N∞) and (V, V ∞), we �nd
∫∫

Ω

N∞v dxdz −
∫

ω

N∞
s vs dx ≥ 0 (4.3.20)whih leads, by (4.3.11) and for all t ≥ 0, to

0 ≤ 1

2

∫

ω

(ns)
2

N∞
s

dx+
1

2

∫∫

Ω

|∇v|2 dxdz ≤ L(t).This ends the proof of Lemma 4.3.2. Remark that the sum of (4.3.19) and (4.3.20) leadsto the inequality ∫

ω

nsvs dx ≥
∫∫

Ω

nv dxdz =

∫∫

Ω

|∇v|2 ≥ 0.



4.3 Long time behaviour 93Proof of Lemma 4.3.3. We have
∇xvs =

∑

k

e−ǫk

Z (∂xǫk − ∂xǫk) +
∑

k

(
e−ǫk

Z − e−ǫk

Z

)
∂xǫk , (4.3.21)with the notation Z =

∑
ℓ e

−ǫℓ . Thus, by a Jensen inequality,
|∇xvs|2 ≤ 2

∑

k

e−ǫk

Z |∂xǫk − ∂xǫk|2 + 2

∣∣∣∣∣
∑

k

(
e−ǫk

Z − e−ǫk

Z

)
∂xǫk

∣∣∣∣∣

2

. (4.3.22)For the �rst term of the right hand side, we use the results stated in Lemma B.0.2 andB.0.4 :
∑

k

e−ǫk

Z |∂xǫk − ∂xǫk|2

≤ 2
∑

k

e−ǫk

Z 〈|χk|2∇xv〉2 + 2
∑

k

e−ǫk

Z 〈(|χk|2 − |χk|2)∇xV 〉2

≤ C1e
C2‖V (x,.)‖L2(0,1)〈|∇xv|〉2 +

∫ 1

0

C1e
C2‖V (x,.)+sv(x,.)‖L2(0,1)〈|v|〉2〈|∇xV |〉2 ds.Consequently, we have

∑

k

e−ǫk

Z |∂xǫk − ∂xǫk|2 ≤ C1e
C2(‖V ‖L2(0,1)+‖v‖L2(0,1))(〈|∇xv|〉2 + 〈|v|〉2〈|∇xV |〉2). (4.3.23)We an write the seond term of the right hand side of (4.3.22) as follows :

∑

k

(
e−ǫk

Z − eǫk

Z

)
∂xǫk =

∫ 1

0

∑
k〈|χs

k|2v〉e−ǫs
k∑

ℓ e
−ǫs

ℓ

∑
k〈|χk|2∇xV 〉e−ǫs

k

∑
ℓ e

−ǫs
ℓ

ds

−
∫ 1

0

∑

k

〈|χs
k|2v〉e−ǫs

k∑
ℓ e

−ǫs
ℓ

〈|χk|2∇xV 〉 ds,where we use the notation ǫs
k = ǫk[V + sv] and χs

k = χk[V + sv]. Thus, by applying the
L∞ bound in the z diretion for χs

k and χk stated in Lemma B.0.2, we obtain
∣∣∣∣∣
∑

k

(
e−ǫk

Z − e−ǫk

Z

)
∂xǫk

∣∣∣∣∣

2

≤ C1e
C2(‖V ‖L2(0,1)+‖v‖L2(0,1))〈|v|〉2〈|∇xV |〉2. (4.3.24)By ombining (4.3.23) and (4.3.24) in (4.3.22), we obtain (4.3.12).Proof of Lemma 4.3.4. From (4.3.12), we dedue

∫

ω

(ns)
2

N∞
s

|∇xvs|2 dx

≤ C1

∫

ω

(ns)
2

N∞
s

e
C2(‖V ∞‖

L2
z(0,1)

+‖v‖
L2

z (0,1)
)
(〈|∇xv|〉2 + 〈|v|〉2〈|∇xV

∞|〉2) dx.(4.3.25)



94 Chapter 4. Théorie L2 pour le système DDSPThroughout the proof, C, C1 and C2 stand for universal onstants. Sine V is bounded in
H1(Ω) uniformly in time, the Trudinger inequality implies

exp(C2(‖V∞‖L2
z(0,1) + ‖v‖L2

z(0,1))) ∈ Lp(ω), ∀ p ∈ [1,∞). (4.3.26)Thus a Hölder inequality gives
∫

ω

(ns)
2

N∞
s

e
C2(‖V ∞‖

L2
z(0,1)

+‖v‖
L2

z (0,1)
)〈|∇xv|〉2 dx ≤ C

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥

2

L3(ω)

‖〈|∇xv|〉‖2
L8(ω). (4.3.27)Using the expression given in (4.1.1) for n = N −N∞, we dedue

n = ns

∑

k

|χk|2e−ǫk

Z +N∞
s

∑

k

[
(|χk|2 − |χ∞

k |2)e
−ǫk

Z + |χ∞
k |2

(
e−ǫk

Z − e−ǫ∞k

Z∞

)]
.As we saw before, denoting ǫs

k = ǫk[V + sv], and χs
k = χk[V + sv] we an rewrite withLemma B.0.3 the third term as follow :

∑

k

|χ∞
k |2

(
e−ǫk

Z − e−ǫ∞k

Z∞

)
=

∫ 1

0

∑
k〈|χs

k|2v〉e−ǫs
k

∑
ℓ e

−ǫs
ℓ

∑
k |χ∞

k |2e−ǫs
k

∑
ℓ e

−ǫs
ℓ

ds−
∫ 1

0

∑

k

〈|χs
k|2v〉e−ǫs

k∑
ℓ e

−ǫs
ℓ

|χ∞
k |2 ds.Sine Lemma B.0.2 provides a bound of the eigenvetors of the Hamiltonian χk uniformlyin k, we dedue, thanks to Lemma B.0.2 and Lemma B.0.4,

|n|(x, z) ≤ C1e
C2(‖V ∞‖

L2
z(0,1)

+‖v‖
L2

z (0,1)
)
(|ns|(x) +N∞

s ‖v‖L1
z(0,1)(x)).Therefore, using interpolation inequalities, (4.3.26) and N∞

s ∈ L∞(ω), ones dedues fromellipti regularity for the Poisson equation (4.1.4) that :
‖v‖H2(Ω) ≤ C‖n‖L2(Ω) ≤ C(‖ns‖L18/7(ω) + ‖v‖H1(Ω)). (4.3.28)With a Gagliardo-Nirenberg inequality and (4.3.28), we have
‖〈|∇xv|〉‖L8(ω) ≤ C‖〈|∇xv|〉‖1/4

L2(ω)‖〈|∇xv|〉‖3/4
H1(ω)

≤ C‖v‖1/4
H1(Ω)(‖ns‖3/4

L18/7(ω)
+ ‖v‖3/4

H1(Ω)).
(4.3.29)By interpolation inequalities, we get

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥

2

L3(ω)

≤
∥∥∥∥∥

ns√
N∞

s

∥∥∥∥∥
L2(ω)

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥
L6(ω)

(4.3.30)and
‖ns‖L18/7(ω) ≤ ‖ns‖2/3

L2(ω)‖ns‖1/3
L6(ω). (4.3.31)



4.3 Long time behaviour 95Thus by (4.3.27), (4.3.29), (4.3.30) and (4.3.31), we obtain
∫

ω

(ns)
2

N∞
s

e
C2(‖V ∞‖

L2
z(0,1)

+‖v‖
L2

z (0,1)
)〈|∇xv|〉2 dx

≤ C

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥
L2(ω)

∥∥∥∥∥
ns√
N∞

s

∥∥∥∥∥
L6(ω)

‖v‖1/2
H1(Ω)(‖ns‖L2(ω)‖ns‖1/2

L6(ω) + ‖v‖3/2
H1(Ω)).Finally, using N∞

s ≥ C > 0 and Lemma 4.3.2, we have
∫

ω

(ns)
2

N∞
s

e
C2(‖V ∞‖

L2
z(0,1)

+‖v‖
L2

z (0,1)
)〈|∇xv|〉2 dx

≤ C1L(t)‖ns‖3/2
L6(ω)‖v‖

1/2
H1(Ω) + C2L(t)1/2‖ns‖L6(ω)‖v‖2

H1(Ω).
(4.3.32)Now, to handle the term ‖ns‖L6(ω), we deompose ‖ns‖L6(ω) ≤ C(‖ns/N

∞
s + vs‖L6(ω) +

‖vs‖L6(ω)). By (4.3.18) we have :
|vs| ≤ max

{
∑

k

e−ǫk

∑
ℓ e

−ǫℓ
|ǫk − ǫ∞k |,

∑

k

e−ǫ∞k∑
ℓ e

−ǫ∞ℓ
|ǫ∞k − ǫk|

}
.Hene, with Lemma B.0.4 and (4.3.26), we dedue

‖vs‖L6(ω) ≤ C‖v‖L8
xL1

z(Ω) ≤ C‖v‖H1(Ω),thanks to the Sobolev embedding of H1(Ω) into L8
xL

1
z(Ω), whih proves the inequality(4.3.13) in Lemma 4.3.4. Moreover Proposition 4.3.1 provides a uniform bound on ‖v‖H1(Ω)whih, with the inequality (4.3.32) and Lemma 4.3.2, leads to

∫
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s

e
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∥∥∥∥
ns

N∞
s
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L6(ω)
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∥∥∥∥
ns

N∞
s

+ vs
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L6(ω)

‖v‖H1(Ω) + C3L(t)‖v‖H1(Ω).(4.3.33)Finally, using x1/4y3/4 ≤ 1
4ε3x+ 3

4
εy, we have

L(t)

∥∥∥∥
ns

N∞
s
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4ε3
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4
ε
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L6(ω)
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4ε3
L(t)4 + Cε
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N∞
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+ vs
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2

L2(ω)

,where the Sobolev embedding H1 →֒ L6(ω) and the Poinaré inequality are used. Pro-eeding analogously for the seond term in (4.3.33), we obtain the desired inequality for ε�xed small enough.In order to estimate the seond term in (4.3.25), we �rst use the Sobolev embedding
H1(Ω) →֒ L8

xL
1
z(Ω) and (4.3.26), we have
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2
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.
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Chapter 5Théorie L logL pour DDSP pour unsystème isolé
5.1 Introdution and main results5.1.1 Presentation of the modelIn this work we will analyzed the DDSP system when the di�usion matrix is not assumedto be salar. Thus, we have to work in a L logL framework given by the entropy estimate.We assume that the transport variable x lies in a bounded regular domain ω ⊂ R

2, thedrift-di�usion equation is given in ω by
∂tNs − div x(D(∇xNs +Ns∇xVs)) = 0, (5.1.1)where D is the di�usion matrix and Vs is the e�etive potential de�ned in (1.0.5). At atime t and a position (x, z) ∈ Ω = ω × (0, 1), we denote the partile density by N(t, x, z),for Boltzmann statistis it is given by

N(t, x, z) = Ns(t, x)
∑

k

e−ǫk(t,x)

Z(t, x)
|χk(t, x, z)|2 , (5.1.2)where the repartition funtion Z is de�ned in (4.1.2) and (ǫk, χk)k≥1 is the omplete setof eigenvalues and eigenfuntions of the 1D Shrödinger operator in the z variable





−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ .
(5.1.3)The eletrostati potential V is obtained thanks to the resolution of the Poisson equation

−∆x,zV = N = Ns

∑

k

eǫk

Z |χk|2 . (5.1.4)99



100 Chapter 5. Théorie L logL pour DDSP pour un système isoléWe usually de�ne the slotboom variable u and the Fermi level ǫF by
u(t, x) = eǫF (t,x) =

Ns(t, x)

Z(t, x)
. (5.1.5)We have then ρk(t, x) = u(t, x)e−ǫk(t,x). The unknowns of the overall system are thesurfae density Ns(t, x), the eletrostati potential V (t, x, z), the eigenenergies ǫk(t, x)and the eigenvetors χk(t, x, z).The system is ompleted with the initial ondition

Ns(0, x) = N0
s (x), (5.1.6)and by the following boundary onditions :

∂νV (t, x, z) = 0 on ∂ω × (0, 1), V (t, x, 0) = V (t, x, 1) = 0 for x ∈ ω, (5.1.7)for the potential and
∂νNs(t, x) = 0 on ∂ω × (0, 1), (5.1.8)where ∂ω is the boundary of ω and ν(x) denotes the outward unit normal vetor at x ∈ ∂ω.5.1.2 Main resultsIn the previous hapter we have analyzed the DDSP system and proved an existene anduniqueness result and studied the long time behaviour. But we prove this result only inthe ase of a salar and onstant di�usion matrix. If we want to onsider a non-salarand non-onstant but regular enough di�usion matrix we an not apply these results here.Indeed we lose some regularity suh that the only estimate that we have on the density isthe entropy estimate : we have to work with a surfae density in L logL.In this work we propose to extend the previous results on the existene and long timebehaviour in the ase of a general but smooth di�usion matrix :Assumption 5.1.1 The funtion D is assumed to be a C1 funtion on Ω into the set of

2×2 symmetri positive de�nite matrix suh that for all x ∈ Ω we have D(x) ≥ αI, where
α > 0 is given.Moreover we make the following assumption on the initial onditionsAssumption 5.1.2 The initial ondition satis�es N0

s ∈ L2(ω) and N0
s ≥ 0 a.e. And wedenote

NI =

∫

ω

N0
s dx.The �rst result of this work onerns the existene of solutions for the drift-di�usion-Shrödinger-Poisson system presented above.Theorem 5.1.3 Let T > 0. Under Assumptions 5.1.1 and 5.1.2 the system (5.1.1)-(5.1.3)�(5.1.8) admits a weak solution suh that

Ns logNs ∈ L∞([0, T ], L1(ω)) and √Ns ∈ L2([0, T ], H1(ω)),

V ∈ L∞([0, T ], H1(ω)).



5.1 Introdution and main results 101In order to present our seond result, we introdue the steady state (N∞
s , V ∞) of oursystem. The stationary drift-di�usion equation implies diretly that the Slotboom variable

u is onstant and with the onservation of the mass we have
u =

NI∑
k

∫
Ω
e−ǫk[V ∞](x) dx

,where V∞ is de�ned by




N∞
s (x) =

NI∑
k

∫
Ω
e−ǫk [V ∞](x) dx

∑

k

e−ǫk[V ∞](x)

−1

2
∂2

zχk + V∞χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ ,

−∆V ∞ = N∞
s

∑

k

e−ǫk[V ∞]

∑
k e

−ǫk[V ∞]
|χk[V

∞]|2,

(5.1.9)
with the boundary onditions

∂νV
∞(x, z) = 0 on ∂ω × (0, 1), V∞(x, 0) = V ∞(x, 1) = 0 for x ∈ ω.We an prove that this system admits a unique solution V∞ ∈ C2(Ω) (see [10, 18℄).Theorem 5.1.4 Under assumptions 5.1.1 and 5.1.2, if Ns, V is a solution de�ned inTheorem 5.1.3 and if N∞, V ∞ is de�ned in (5.1.9). Then there exists two onstants κ > 0and C > 0 suh that for all t ≥ 0

‖Ns −N∞
s ‖L1(ω)(t) + ‖V − V ∞‖H1(Ω)(t) ≤ Ce−κt.Compared to hapter 4, the main di�erene is the general framework of our study. Inthe previous work, we worked with a density in L2. But with a non-salar di�usion matrixwe are not able to prove that the solutions of the drift-di�usion equation stay in L2 for aregular initial data. Thus we have to work in a L logL framework. It an be done thanksto preise estimates on the spetrum of the Hamiltonian whih is given in the Appendix.We present our results only in the ase of onservative boundary onditions (5.1.7)-(5.1.8) for the sake of simpliity and to present a di�erent way based on the logarithmiSobolev inequalities to study the long time behaviour. But we an easily extend them toDirihlet boundary onditions.5.1.3 Strategy of the proofsRegarding the whole system, we shall take advantage of its struture : an evolution drift-di�usion equation (5.1.1) oupled to a quasistati Shrödinger-Poisson problem (5.1.3)-(5.1.4). Therefore following [4℄, we will use a �xed point proedure to onstrut solutions.The main ingredients for the existene will be some a priori estimates and the wellposednessof the Shrödinger-Poisson system in our framework.



102 Chapter 5. Théorie L logL pour DDSP pour un système isoléIn order to insure su�ient regularity we have to onsider a regularized system. For aparameter ε ∈ [0, 1], we de�ne the linear regularization operator by
Rε : L1(Ω) → C∞(Ω)

V → Rε[V ](x, z) = (V ∗x ξε,x ∗z ξε,z)|Ω
(5.1.10)where V is the extension of V by zero outside Ω and ξε,x and ξε,z are C∞ nonnegativeompatly supported even approximations of the unity, respetively on R

2 and R. Wewrite then the regularized system :
∂tN

ε
s − div x(D(∇xN

ε
s +N ε

s∇xV
ε
s )) = 0, (5.1.11)





−1

2
∂2

zχ
ε
k +Rε[V ε]χε

k = ǫε
kχ

ε
k (k ≥ 1),

χε
k(t, x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χε
k χ

ε
ℓ dz = δkℓ ,

(5.1.12)
−∆x,zV

ε = Rε

[
∑

k

∫

R2

N ε
s

e−ǫε
k

Zε
|χε

k|2 dv
]
. (5.1.13)Remark 5.1.5 When ε = 0, we have R0 = Id and the regularized problem redues to theunregularized system.Therefore the solutions of the overall problem are obtained thanks to the passage to thelimit ε → 0 on solutions of the regularized problem (5.1.11)�(5.1.13). The key points forthe passage at the limit is then to establish uniform estimates independent of ε. Setion5.2 is devoted to these estimates. In setion 5.3 we analyze the Shrödinger-Poisson systemin the general framework given by our estimates. And in setion 5.4 we detail the proofof Theorem 5.1.3 whih is deomposed into several steps : existene of solutions for theregularized system, using the uniform estimates to pass to the limit ε → 0 in the solutionsof the regularized system to obtain solutions of the unregularized system. In the lastsetion, we present the proof of Theorem 5.1.4. We use a general method based on thelogarithmi Sobolev inequalities (see [1, 2, 7, 9, 14℄). This method onsists in proving theexponential deay as t grows to +∞ of the relative entropy.5.2 Free energy and a priori estimatesIn this setion, we will establish some uniform estimates on the solution of the regularizedsystem (5.1.11)�(5.1.13). For the sake of larity we skip all the exponent ε. We de�ne thetotal free energy of the system by

W =
∑

k≥1

∫

ω

ρk log ρk dx+
1

2

∫∫

Ω

|∇x,zV |2 dxdz +
1

2

∑

k

∫

ω

ρk〈|∂zχk|2〉 dx. (5.2.14)



5.2 Free energy and a priori estimates 103Lemma 5.2.1 Let ε ∈ [0, 1]. Consider any weak solution (Ns, V ) of the regularized system(5.1.11)�(5.1.13) suh that Ns logNs ∈ L∞
loc(R

+, L1(ω)), V ∈ L∞
loc(R

+, H1(Ω)) and √
Ns ∈

L2
loc(R

+, H1(ω)). Then we have
d

dt
W (t) = −D(t) := −

∫

ω

Z D
∇xu · ∇xu

u
dx.Proof. First, we notie that our boundary onditions (5.1.7)-(5.1.8) implies ∂νu = 0 on

∂ω. Hene J · ν = 0 on ∂ω and the total mass of the system is onserved :
d

dt

∫

ω

Ns dx = 0.We have
d

dt

∑

k

∫

ω

ρk log ρk dx =
d

dt

∑

k≥1

∫

ω

(ρk log ρk − ρk) dx =
∑

k≥1

∫

ω

∂tρk log ρk dx.Taking advantage of the identity log ρk = log u− ǫk and from Ns =
∑

k ρk, we �nd
d

dt

∑

k≥1

∫

ω

(ρk log ρk − ρk) dx =

∫

ω

∂tNs log u dx−
∑

k≥1

∫

ω

∂tρkǫk dx.With the notation 〈f〉 =
∫ 1

0
f(z) dz, the linearity of the regularization Rε and LemmaB.0.3 imply that

∂tǫk = 〈|χk|2∂tR
ε[V ]〉 = 〈|χk|2Rε[∂tV ]〉.This identity and the drift-di�usion equation (5.1.11) lead to

d

dt

∑

k≥1

∫

ω

(ρk log ρk − ρk) dx =

∫

ω

div x

(
D

(
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k

e−ǫk∇xu
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log u dx

+
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k

∫∫

Ω

ρk|χk|2Rε[∂tV ] dxdz − d

dt

∑

k

∫

ω

ρkǫk dx.(5.2.15)The selfadjointness of the operator Rε on L2(Ω) and the Poisson equation (5.1.13) imply
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ω
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2

d

dt

∫∫

Ω

|∇x,zV |2 dxdz.Hene, after an integration by parts on the �rst term of the right hand side of (5.2.15), weobtain
d

dt

∑

k

∫

ω

(ρk log ρk − ρk) dx+
1

2

d

dt

∫∫

Ω

|∇x,zV |2 dxdz

+
d

dt

∑

k

∫

ω

ρk(ǫk − 〈|χk|2Rε[V ]〉) dx = −
∫

ω

(
∑

k

e−ǫk

)
D∇xu · ∇xu

u
dx.



104 Chapter 5. Théorie L logL pour DDSP pour un système isoléTo onlude the proof it su�es to notie that, from the Shrödinger equation 5.1.12, wehave
ǫk − 〈|χk|2Rε[V ]〉 =

1

2
〈|∂zχk|2〉.This allows us to prove some a priori estimates :Corollary 5.2.2 Let ε ∈ [0, 1] and (Ns, V ) suh as in Lemma 5.2.1 and satisfying As-sumptions 5.1.1 and 5.1.2. Then the following estimates holds :(i) mass :

∀ t ∈ R
+,

∫

ω

Ns dx = NI(ii) entropy : there exist nonnegative onstants C1, C2 and C3 independent of ε, suhthat
∀ t ∈ R

+,
∑

k≥1

∫

ω

ρk(1 + k2 + | log ρk|) dx ≤ C1, (5.2.16)
∀ t ∈ R

+,

∫

ω

Ns| logNs| dx ≤ C2, (5.2.17)
∀ t ∈ R

+,

∫∫

Ω

|∇x,zV |2 dxdz ≤ C3. (5.2.18)(iii) dissipation : there exist nonnegative onstants C4 and C5 independent of ε suhthat
∀ t ∈ R

+,

∫ t

0

∫

ω

|∇x

√
Ns|2 dxds ≤ C4, (5.2.19)

∀ t ∈ R
+, ∀ p ∈ [1,+∞)

∫ t

0

∫

ω

‖Ns‖Lp(ω)(s) ds ≤ C5. (5.2.20)Proof. The �rst point in an easy onsequene of our hoie of boundary onditions.From Lemma 5.2.1 we dedue after an integration in time that
∀ t ∈ R

+, W (t) = W (0) −
∫ t

0

D(s) ds ≤W (0). (5.2.21)Assumption 5.1.2 on initial data insures thatW (0) is bounded independently on ε. In fat,solving the Shrödinger-Poisson system for a given N0
s in L2(ω) furnishes V (t = 0, ·, ·) ∈

H2(Ω) ⊂ L∞(Ω) and then ǫk(t = 0, ·) ∈ L∞(ω) and ∂zχk(t = 0, ·) ∈ L∞(Ω) (see [5℄ andthe Appendix).If we denote ǫσ
k = ǫk[σR

ε[V ]] and χσ
k = χk[σR

ε[V ]]. Straightforward omputationsusing Lemma B.0.3 lead to
∑

k

ue−ǫk(ǫk − ǫk[0] − 〈|χk|2Rε[V ]〉) =

=

∫ 1

0

∫ s

1

∑

k,ℓ 6=k

u
e−ǫk − e−ǫℓ

ǫσ
k − ǫσ

ℓ

〈χσ
kR

ε[V ]χσ
ℓ 〉2 dσds ≥ 0,



5.2 Free energy and a priori estimates 105sine the sequene (ǫk)k≥1 is inreasing. And we have ǫk[0] = π2k2/2. Thus (5.2.21)implies that
∑

k

∫

ω

ρk(
π2k2

2
+ log ρk) dx+

1

2

∫∫

Ω

|∇x,zV |2 dxdz ≤W (0). (5.2.22)If we denote K =
∑
e−k2 , by a Jensen inequality we have,

W (0) ≥
∑

k

∫

ω

ρk(k
2 + log ρk) dx = K

∑

k

∫

ω

ρk

e−k2 (log
ρk

e−k2 )
e−k2

K
dx

≥
∫

ω

Ns log(Ns/K) dx.Thus from (5.2.22),
∀ t ∈ R

+,

∫

ω

Ns logNs dx ≤W (0) + NI logK.Then estimate (5.2.17) is a diret onsequene of the remark that ∀ a > 0, a| log a| ≤
a log a + 2/e. Moreover it leads to

∑

k

∫

ω

ρk| log ρk| dx ≤
∑

k

∫

ω

ρk(| log(ρk/e
−k2

)| + k2) dx

≤
∑

k

∫

ω

ρk(log(ρk/e
−k2

)) dx+
2

e

∑

k

∫

ω

e−k2

dx

+
∑

k

∫

ω

ρkk
2 dx

≤
∑

k

∫

ω

ρk(log ρk + 2k2) dx+
2

e
|ω|K,where |ω| denotes the Lebesgue measure of ω. Thus, we dedue from (5.2.22) that we have

∀ t ∈ R
+,

∑

k

∫

ω

ρk| log ρk| dx ≤W (0) +
2

e
|ω|K. (5.2.23)Hene from (5.2.22), we obtain

1

2

∫∫

Ω

|∇x,zV |2 dxdz ≤ 2W (0) +
2

e
|ω|K,and ∑

k

∫

ω

ρkk
2 dx ≤ 2W (0) +

2

e
|ω|K.For the point (iii), we remark that thanks to Assumption 5.1.1 and the expression ofthe Slotboom variable u (5.1.5), we have

D ≥ α

∫

ω

|∇xNs +Ns∇xVs|2
Ns

dx

= α

∫

ω

(4|∇x

√
Ns|2 + 2∇xNs · ∇xVs +Ns|∇xVs|2) dx.

(5.2.24)



106 Chapter 5. Théorie L logL pour DDSP pour un système isoléAn integration by parts proves that
∫

ω

∇xNs · ∇xVs dx = −
∫

ω

Ns∆xVs dx+

∫

∂ω

Ns∂νVs dσ, (5.2.25)where dσ is the surfae measure on ∂ω. From the expression of Vs in (1.0.5), we deduethat ∫

∂ω

Ns∂νVs dσ =

∫

∂ω×(0,1)

N∂νV dσdz = 0,with our boundary onditions (5.1.7). Moreover, straightforward omputations lead to thefollowing identity
−∆xVs = −4S2(t, x) +

〈N2 + 4V 2N〉
Ns

+ 2
∑

k

e−ǫk

Z
〈
(V + ǫk)|∂zχk|2

〉

− 1

Z
∑

k

∑

ℓ 6=k

(
e−ǫk − e−ǫℓ

ǫk − ǫℓ

)
〈χkχℓ ∇xV 〉2

+
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉2 −
(
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉
)2

,where S2 is given by
S2(t, x) =

∑

k

e−ǫk(t,x)

Z(t, x)
(ǫk(t, x))

2.By the Cauhy-Shwarz inequality, the sum of the last two terms of the right hand side isnonnegative. Moreover, exept for the �rst one, the other terms are obviously nonnegative.From (5.2.25), we have
∫

ω

∇xNs · ∇xVs dx ≥ −4

∫

ω

S2Ns dx ≥ −4‖Ns‖L4(ω)‖S2‖L4/3(ω).It is proved in Lemma B.0.8 that S2 is bounded in Lp(ω) for all p ∈ [1,+∞). Thus wededue from (5.2.24) that
4α

∫

ω

|∇x

√
Ns|2 dx ≤ D + 8‖S2‖L4/3(ω)‖Ns‖L4(ω). (5.2.26)We reall the Gagliardo-Nirenberg inequality for all p ∈ [2,+∞] :

‖u‖Lp(ω) ≤ C‖u‖2/p
L2(ω)‖∇u‖

1−2/p
L2(ω) . (5.2.27)If we apply it for p = 8 and u =

√
Ns, we have

‖Ns‖L4(ω) ≤ C‖Ns‖1/4
L1(ω)‖∇x

√
Ns‖3/2

L2(ω) = CN 1/4
I ‖∇x

√
Ns‖3/2

L2(ω). (5.2.28)Thus if we injet (5.2.28) in (5.2.26), we dedue that there exists a nonnegative onstant
C suh that

∀ t ∈ R
+,

∫

ω

|∇x

√
Ns|2 dx ≤ C(1 +D(t)).



5.3 The regularized Shrödinger-Poisson system 107Sine we have from Lemma 5.2.1 that ∫ t

0
D(s) ds ≤W (0), for all t ∈ R

+, we obtain (5.2.19)and from (5.2.27) with u =
√
Ns, we have (5.2.20).

5.3 The regularized Shrödinger-Poisson systemIn this setion the surfae density Ns is assumed to be given and we only onsider theresolution of the �quasistati� regularized Shrödinger-Poisson system. By analogy withsetion 4.2.4, it is important to analyze the Shrödinger-Poisson blok. However in thisase the lak of regularity fores us to regularized the system with a small parameter ε. Itis then neessary to larify the evolution of this system as ε→ 0 and to be able to analyzeit for a density only in L logL. This regularized system is de�ned for ε ∈ [0, 1] by :




−1

2
∂2

zχ
ε
k +Rε[V ε]χε

k = ǫε
kχ

ε
k (k ≥ 1),

χε
k(t, x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χε
k χ

ε
ℓ dz = δkℓ ,

(5.3.29)
−∆x,zV

ε = Rε

[
Ns

∑

k

eǫ
ε
k

Zε
|χε

k|2
]
. (5.3.30)The system is ompleted by the following boundary onditions :

∂νV
ε(t, x, z) = 0 on ∂ω × (0, 1), V ε(t, x, 0) = V ε(t, x, 1) = 0 for x ∈ ω.We remark that in the ase ε = 0, we have R0 = Id and we reover the unregularizedShrödinger-Poisson system (5.1.3)�(5.1.4).We assume that Ns satis�es the following assumption :H1 : Ns ≥ 0 and there exists a nonnegative onstant CT suh that :

∀ t ∈ [0, T ],

∫

ω

(Ns| logNs| + 1) dx ≤ CT , (5.3.31)In the sequel we will use the funtional spae H1
01 = {V ∈ L∞((0, T ), H1(Ω)) :

V (t, x, 0) = V (t, x, 1) = 0}.We an prove straightforwardly from onvolution results that the regularization oper-ator Rε de�ned in (5.1.10) satis�es the following properties :Lemma 5.3.1 (i) Rε is a bounded operator on Lp
xL

q
z(Ω) for 1 ≤ p, q ≤ +∞ and satis�es

∀V ∈ Lp
xL

q
z(Ω), ‖Rε[V ]‖Lp

xLq
z(Ω) ≤ ‖V ‖Lp

xLq
z(Ω).if 1 ≤ p, q < +∞ and V ∈ Lp

xL
q
z(Ω), then lim

ε→0
‖Rε[V ] − V ‖Lp

xLq
z(Ω) = 0.(ii) Rε is selfadjoint on L2(Ω).(iii) Let r ≥ 1 be given and V ∈W 1,r(Ω). Then

∇xR
ε[V ] = Rε[∇xV ] ; lim

ε→0
‖∇xR

ε[V ] −∇xV ‖Lr(Ω) = 0.



108 Chapter 5. Théorie L logL pour DDSP pour un système isoléBy analogy with setion 4.2.4 and [4, 18, 19, 20℄, we an establish an existene anduniqueness result for the regularized Shrödinger-Poisson system by using a method basedon a funtional. The di�ulty here is that we have to establish estimates for a densityonly in L logL whih should be independent of ε. The tools to allow this analysis are apreise analysis of the spetral properties of the Hamiltonian (see Appendix B) and theTrudinger inequality ombined with the Young inequality (see Appendix A).Proposition 5.3.2 (Existene and uniqueness) Let ε ∈ [0, 1] and T > 0 and assume
Ns ∈ L∞(0, T ;L1(ω)) satis�es H1.Then the regularized Shrödinger-Poisson system (5.3.29)�(5.3.30) admits a unique so-lution (V ε, (ǫk[V

ε], χk[V
ε])) suh that V ε ∈ H1

01 with a bound independent of ε.Proof. We onsider the funtional de�ned on H1
01 by

J(V ) =
1

2

∫∫

Ω

|∇V |2 dxdz +

∫

ω

Ns log
∑

k

e−ǫk[Rε[V ]] dx = J0(V ) + J1(V,Ns). (5.3.32)We will prove that this funtional is ontinuous, oerive and strongly onvex on H1
01.Thus it admits a unique minimizer whih de�nes a solution of (5.3.29)�(5.3.30).The funtional J0 is learly ontinuous and strongly onvex on H1

01. For the funtional
J1, we use the properties of ǫk[V ] stated in (B.0.14) to prove

|J1(V,Ns) − J1(Ṽ , Ns)| ≤
∫

ω

Ns(x) sup
k

(|ǫk[R
ε[V ]] − ǫk[R

ε[Ṽ ]]|(x)) dx

≤ C

∫

ω

Ns(1 + ‖Rε[V ]‖1/2
L2

z(0,1) + ‖Rε[Ṽ ]‖1/2
L2

z(0,1))‖Rε[V − Ṽ ]‖L2
z(0,1) dx.(5.3.33)In the following C and CT will stand for nonnegative onstants depending only on thedata and not on ε. Using the Young inequality given in the appendix (A.1.1), we have

∫

ω

Ns‖Rε[V − Ṽ ]‖L2
z(0,1) dx =

∫

ω

Ns

‖Rε[V − Ṽ ]‖L2
z(0,1)

‖Rε[V − Ṽ ]‖H1(Ω)

dx‖Rε[V − Ṽ ]‖H1(Ω)

≤
∫

ω

(
Ns logNs −Ns + exp

‖Rε[V − Ṽ ]‖L2
z(0,1)

‖Rε[V − Ṽ ]‖H1(Ω)

)
dx ‖Rε[V − Ṽ ]‖H1(Ω).Therefore, the Trudinger inequality (A.2.3) and H1 lead to

∫

ω

Ns‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ CT‖Rε[V − Ṽ ]‖H1(Ω).Besides the properties of the regularization Rε (Proposition 5.3.1) implies

‖Rε[V − Ṽ ]‖H1(Ω) ≤ ‖V − Ṽ ‖H1(Ω).Thus we have ∫

ω

Ns‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ CT‖V − Ṽ ‖H1(Ω). (5.3.34)



5.3 The regularized Shrödinger-Poisson system 109Doing the same for the others term, we have
∫

ω

Ns‖Rε[V ]‖1/2
L2

z(0,1)‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ C‖V ‖1/2

H1(Ω)‖V − Ṽ ‖H1(Ω)×
∫

ω

(
Ns logNs −Ns + exp

γ‖Rε[V ]‖1/2
L2

z(0,1)‖Rε[V − Ṽ ]‖L2
z(0,1)

‖Rε[V ]‖1/2

H1(Ω)‖Rε[V − Ṽ ]‖H1(Ω)

)
dx,where γ is the onstant de�ned in the Trudinger inequality (A.2.3). An interpolation gives

∫

ω

exp
γ‖Rε[V ]‖1/2

L2
z(0,1)‖Rε[V − Ṽ ]‖L2

z(0,1)

‖Rε[V ]‖1/2
H1(Ω)‖Rε[V − Ṽ ]‖H1(Ω)

dx ≤

≤
(∫

ω

exp
γ‖Rε[V ]‖L2

z(0,1)

‖Rε[V ]‖H1(Ω)

dx

)1/2
(∫

ω

exp
γ‖Rε[V − Ṽ ]‖2

L2
z(0,1)

‖Rε[V − Ṽ ]‖2
H1(Ω)

dx

)1/2

≤ C,thanks to the Trudinger inequality (A.2.3) and H1. Thus,
∫

ω

Ns‖Rε[V ]‖1/2
L2

z(0,1)‖Rε[V − Ṽ ]‖L2
z(0,1) dx ≤ CT‖V ‖1/2

H1(Ω)‖V − Ṽ ‖H1(Ω). (5.3.35)Obviously we have the same estimate (5.3.35) if we hange V to Ṽ and Ṽ to V . Thus(5.3.34) and (5.3.35) injeted in (5.3.33) prove
|J1(V,Ns) − J1(Ṽ , Ns)| ≤ CT (1 + ‖V ‖1/2

H1(Ω) + ‖Ṽ ‖1/2
H1(Ω))‖V − Ṽ ‖H1(Ω). (5.3.36)Hene J1(·, Ns) is Lipshitz ontinuous on H1

01. Now if we take Ṽ = 0 in (5.3.36), fromH1 we have that 0 ≥ J1(0, Ns) ≥ −CT . Thus, there exist two nonnegative onstants C1and C2 suh that
J(V ) ≥ 1

2
‖∇V ‖2

L2(Ω) − C1(1 + ‖V ‖1/2
H1(Ω))‖V ‖H1(Ω) − C2.If we apply the Poinaré inequality in H1

01, we �nd
J(V ) ≥ C3‖V ‖2

H1(Ω) − C4‖V ‖3/2

H1(Ω) − C5.Hene the funtional Jρ is oerive and admits a minimizer in H1
01. Moreover, from LemmaB.0.3, it is lear that Jρ is twie Gâteaux di�erentiable on H1

01 and for any W ∈ H1(Ω),
dV J(V ) ·W =

∫∫

Ω

∇V · ∇W dxdz −
∑

k

∫

ω

Ns
e−ǫk[Rε[V ]]

∑
ℓ e

−ǫℓ[Rε[V ]]
〈|χk[R

ε[V ]]|2Rε[W ]〉 dx.From the selfadjointness of Rε on L2(Ω), one dedues that eah minimizer of the funtional
J is a weak solution of the Shrödinger-Poisson system (5.3.29)�(5.3.30). And

d2
V J1(V,Ns)W ·W = −

∫

ω

Ns

Zε

∑

k

∑

ℓ 6=k

e−ǫε
k − e−ǫε

ℓ

ǫε
k − ǫε

ℓ

〈χε
kχ

ε
ℓ R

ε[W ]〉2 dx

+

∫

ω

Ns

{
∑

k

e−ǫε
k

Zε
〈|χε

k|2Rε[W ]〉2 −
(∑

k e
ǫε

k〈|χε
k|2Rε[W ]〉
Zε

)2
}
dx.



110 Chapter 5. Théorie L logL pour DDSP pour un système isoléWhen Ns is nonnegative, this quantity is nonnegative thanks to the Cauhy-Shwarz in-equality. Thus J1(·, Ns) is onvex. As a onsequene, the funtional J is onvex andadmits a unique minimum whih is the weak solution of the Shrödinger-Poisson system(5.3.29)�(5.3.30).Proposition 5.3.3 (Continuity) Let ε ∈ [0, 1] and T > 0. Assume Ns and Ñs are givenin L∞(0, T ;L1(ω)) and satisfy H1.Then the orresponding solutions V ε and respetively Ṽ ε of the Shrödinger-Poissonsystem (5.3.29)�(5.3.30) verify
∀ t ∈ [0, T ], ‖V ε − Ṽ ε‖H1(Ω) ≤ CT‖Ns − Ñs‖1/8

L1(ω), (5.3.37)for a nonnegative onstant CT depending only on the data and not on ε.Moreover, as ε → 0, the solution V ε of the regularized problem (5.3.29)�(5.3.30) on-verges to the solution V of the unregularized problem (5.1.3)�(5.1.4) in L∞(0, T ;H1(Ω))and uniformly with respet to Ns ∈ L∞(0, T ;L1(ω)) satisfying H1.Proof. In the proof all the onstants are nonnegative and depend only on the data andnot on ε. If we multiply the Poisson equation (5.3.30) by (V ε − Ṽ ε) and integrate :
∫∫

Ω

|∇(V ε − Ṽ ε)|2 dxdz =
∑

k

∫∫

Ω

(Ns − Ñs)
e−ǫε

k

Zε
|χε

k|2Rε[V ε − Ṽ ε] dxdz

+
∑

k

∫∫

Ω

Ñs

(
e−ǫε

k

Zε
|χε

k|2 −
e−fǫk

ε

Z[Ṽ ε]
|χ̃k

ε|2
)
Rε[V ε − Ṽ ε] dxdz,

(5.3.38)where we use the selfadjointness of the linear operator Rε on L2(Ω).We use the notation of the Appendix : ǫs
k = ǫk[sR

ε[V ε] + (1 − s)Rε[Ṽ ε]] and χs
k =

χk[sR
ε[V ε] + (1 − s)Rε[Ṽ ε]]. Then we have, (we reall that the regularization is a linearoperator)

e−ǫk[V ]

Z[V ]
|χk[V ]|2 − e−ǫε

k

Zε
|χ̃k

ε|2 =

∫ 1

0

d

ds

(
e−ǫs

k

Zs
|χs

k|2
)
ds.From Lemma B.0.3, we dedue

∑

k

∫ 1

0

d

ds

(
e−ǫs

k

Zs
|χs

k|2
)
Rε[V ε − Ṽ ε] dz = −

∑

k

e−ǫs
k

Zs
〈|χs

k|2Rε[V ε − Ṽ ε]〉2+
(∑

k e
−ǫs

k〈|χs
k|2Rε[V ε − Ṽ ε]〉
Zs

)2

+
1

Zs

∑

k

∑

ℓ 6=k

e−ǫs
k − e−ǫs

ℓ

ǫs
k − ǫs

ℓ

〈
χs

kχ
s
ℓ R

ε[V ε − Ṽ ε]
〉2

.Thanks to the Cauhy-Shwarz inequality, this last term is nonpositive. Thus the seondterm of the right hand side of (5.3.38) is nonpositive.For the �rst term of the right hand side of (5.3.38), we use the bound of ‖χk‖L∞
z
givenin Lemma B.0.5. We dedue

∑

k

∫∫

Ω

(Ns − Ñs)
e−ǫε

k

Zε
|χε

k|2Rε[V ε − Ṽ ε] dxdz ≤

≤ C1

∫

ω

|Ns − Ñs|(1 + ‖Rε[V ε]‖1/2
L2

z
)‖Rε[V ε − Ṽ ε]‖L2

z
dx.

(5.3.39)



5.3 The regularized Shrödinger-Poisson system 111By a Hölder inequality,
∫

ω

|Ns − Ñs|(1 + ‖Rε[V ε]‖1/2
L2

z
)‖Rε[V ε − Ṽ ε]‖L2

z
dxdz ≤

≤ ‖Ns − Ñs‖1/4
L1(ω)

(∫

ω

(Ns + Ñs)(1 + ‖Rε[V ε]‖2/3
L2

z
)‖Rε[V ε − Ṽ ε]‖4/3

L2
z
dx

)3/4

.(5.3.40)The assumption H1 implies a bound in L logL of the densities Ns and Ñs. Thus we anfollow the idea of the proof of Proposition 5.3.2 and prove after straightforward alulationsusing the Young inequality (A.1.1) and the Trudinger inequality (A.2.3), that
∫

ω

(Ns + Ñs)(1 + ‖Rε[V ε]‖2/3

L2
z
)‖Rε[V ε − Ṽ ε]‖4/3

L2
z
dx ≤ C2(1 + ‖V ε‖2/3

H1(Ω))‖V ε − Ṽ ε‖4/3

H1(Ω),whih is bounded sine V ε and Ṽ ε are bounded in H1(Ω) with Proposition 5.3.2. Thus ifwe look at (5.3.39), we have proved that there exists a nonnegative onstant C3 suh that
‖V ε − Ṽ ε‖2

H1(Ω) ≤ C3‖Ns − Ñs‖1/4

L1(ω).This leads to (5.3.37).For the onvergene when ε → 0, we onsider V ε and V the solutions of the unregu-larized and respetively regularized problem for Ns ∈ L∞(0, T ;L1(ω)) satisfying H1. Wehave
−∆(V ε − V ) = (Rε − Id)

[
Ns
e−ǫε

k

Zε
|χε

k|2
]

+Ns

∑

k

(
e−ǫε

k

Zε
|χε

k|2 −
e−ǫk

Z |χk|2
)
.Multiplying by (V ε − V ) and integrate, we obtain after a integration by parts and thanksto the selfadjointness of Rε in L2(Ω)

∫∫

Ω

|∇(V ε − V )|2 dxdz = I + II + III, (5.3.41)where
I =

∫∫

Ω

Ns

∑

k

e−ǫε
k

Zε
|χε

k|2(Rε − Id)[V ε − V ] dxdz,

II =

∫∫

Ω

Ns

∑

k

(
e−ǫε

k

Zε
|χε

k|2 −
e−ǫk

Z |χk|2
)

(V ε −Rε[V ε]) dxdz,

III =

∫∫

Ω

Ns

∑

k

(
e−ǫε

k

Zε
|χε

k|2 −
e−ǫk

Z |χk|2
)

(Rε[V ε] − V ) dxdz.For the �rst term, we have with Lemma B.0.5
|I| ≤ C

∫

ω

Ns(1 + ‖Rε[V ε]‖L2
z
)‖(Rε − Id)[V ε − V ]‖L2

z
dx.



112 Chapter 5. Théorie L logL pour DDSP pour un système isoléAs above, with assumption H1 and the Young and Trudinger inequalities, we an prove
|I| ≤ C1‖(Rε − Id)[V ε − V ]‖H1(Ω).From the properties of the regularization Rε (see Proposition 5.3.1), we dedue easily that,sine V ε is bounded in H1(Ω) independently of ε as proved in Proposition 5.3.2, we have

limε→0 |I| = 0. For the seond term, we use the same idea and obtain
|II| ≤ C

∫

ω

Ns(1 + ‖Rε[V ε]‖L2
z
+ ‖V ‖L2

z
)‖(Rε − Id)[V ε]‖L2

z
dx.And the Young and Trudinger inequalities with H1 lead to

|II| ≤ C2(1 + ‖V ε‖H1(Ω) + ‖V ‖H1(Ω))‖(Rε − Id)[V ε]‖H1(Ω),whih onverges towards 0 as ε goes to 0. Finally, as we have shown for the seond termof the right hand side of (5.3.38), the term III is nonpositive. Thus a Poinaré inequalityin (5.3.41) implies that
lim
ε→0

‖V ε − V ‖L∞(0,T ;H1(Ω)) = 0.

5.4 Existene of solutionsThis setion is devoted to the proof of Theorem 5.1.35.4.1 Existene of solutions for the regularized systemProposition 5.4.1 Let T > 0 and ε ∈ (0, 1) be �xed. Then the regularized problem(5.1.11)�(5.1.13) with the initial ondition (5.1.6) and the boundary ondition (5.1.7)�(5.1.8) admits a unique solution (N ε
s , V

ε) with N ε
s ∈ C(0, T ;L2(R2)) ∩ L2(0, T ;H1(ω)).Proof. We do not give in detail the proof whih an be straightforwardly adapted fromthe proof of the existene result in [5℄. The proof relies on a �xed point argument on themap F : Ns 7→ N̂s de�ned on the set

ST = {n :

(
max
0≤t≤T

‖n(t)‖2
L2(ω) +

∫ T

0

‖n(t)‖2
H1(ω) dt

)
< +∞}by 1. For a given Ns ≥ 0, we solve the regularized Shrödinger-Poisson system (5.3.29)�(5.3.30) and obtained V ∈ L∞(0, T ;C∞(Ω)).2. We onstrut Vs = − log

∑
k e

−ǫk[V ]. From the spetral properties of the Hamilto-nian, we have Vs ∈ L∞(0, T ;C∞(ω)).



5.4 Existene of solutions 1133. For this e�etive potential Vs, we solve the following paraboli equation for theunknown N̂s :
∂tN̂s − div x(D(∇xN̂s + N̂s∇xVs)) = 0,with the initial ondition N0

s and the boundary ondition ∂νNs = 0 for x ∈ ∂ω.We an prove as in setion 4.2.5 that F is a ontration on the set ST0 for T0 small enough.Thus we have a solution on [0, T0] that we an extend to [0, T ].5.4.2 Passing to the limit ε→ 0We have now all matters to onstrut solutions of the unregularized problem and to proveTheorem 5.1.3. We will use the Aubin-Lions ompatness method to show that the solutionof the regularized system onverges when the parameter of regularization goes to 0 towardssolutions of the unregularized system, up to an extration of a subsequene. However thismethod does not give any uniqueness result. We �rst reall a simple statement of aAubin-Lions lemma [2, 15℄:Lemma 5.4.2 (Aubin Lemma) Take T > 0, q ∈ (1,+∞) and let (fn)n∈N be a boundedsequene of funtions in Lq(0, T ;H) where H is a Banah spae. If (fn)n∈N is boundedin Lq(0, T ;V ) where V is ompatly imbedded in H and ∂fn/∂t is bounded in Lq(0, T ;V ′)uniformly with respet to n ∈ N, then (fn)n∈N is relatively ompat in Lq(0, T ;H).Proof of Theorem 5.1.3. We �x T>0. From Proposition 5.4.1, there exist N ε
sand V ε solution of the regularized problem (5.1.11)�(5.1.13) with the initial data N0

s .Assertion (iii) of Corollary 5.2.2 proves that we have √N ε
s ∈ L2(0, T ;H1(ω)) and with(i), √N ε

s ∈ L∞(0, T ;L2(ω)). Thus sine we have ∇xN
ε
s = 2

√
N ε

s∇x

√
N ε

s , we dedue that
N ε

s ∈ L2(0, T ;W 1,1(ω)) with a uniform bound with respet to ε. Moreover, with (5.2.24),we have after a Cauhy-Shwarz inequality :
∫ T

0

(∫

ω

|∇xN
ε
s +N ε

s∇xV
ε
s | dx

)2

dt ≤ NI

∫ T

0

∫

ω

|∇xN
ε
s +N ε

s∇xV
ε
s |2

N ε
s

dxdt

≤ NI

α

∫ T

0

Dε(t) dt,where Dε is de�ned in Lemma 5.2.1 and is bounded in L1(0, T ) uniformly with respetto ε. Therefore we onlude with (5.1.11) that ∂tN
ε
s is bounded in L2(0, T ;W−1,1(ω))uniformly with respet to ε.Hene we an apply Lemma 5.4.2 for q = 2, H = L1(ω) and V = W 1,1(ω). There existsa subsequene (still denoted abusively N ε

s ) suh that N ε
s → Ns strongly in L2(0, T ;L1(ω)).From the weak ontinuity we have that for a.e. t ∈ [0, T ],

∫

ω

Ns(1 + | logNs|) dx ≤ CT ,



114 Chapter 5. Théorie L logL pour DDSP pour un système isoléfor a nonnegative onstant CT . For this funtion Ns, we an solve the unregularizedShrödinger-Poisson system (5.1.3)�(5.1.4) and onstrut the set (V, (ǫk, χk)k≥1) with V ∈
L∞(0, T ;H1(Ω)) as proved in Proposition 5.3.2. Thanks to Proposition 5.3.3, we have that

‖V ε − V ‖L2(0,T ;H1(Ω)) → 0 as ε→ 0.We want now to pass to the limit ε→ 0 in the drift-di�usion equation. Thanks to LemmaB.0.5, we have
∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt =

∫∫

[0,T ]×ω

N ε
s

∑

k

e−ǫε
k

Zε
〈|χε

k|2∇xV
ε〉 dxdt

≤
∫∫

[0,T ]×ω

N ε
s (1 + ‖Rε[V ε]‖1/2

L2
z
)‖∇xV

ε‖L2
z
dxdt.By the Cauhy-Shwarz inequality and the Sobolev imbedding H1(Ω) →֒ Lp
xL

2
z(Ω) for all

p ∈ [1,+∞), we dedue :
∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt ≤ CT‖V ε‖L∞(0,T ;H1(Ω))(1 + ‖V ε‖L∞(0,T ;H1(Ω)))‖N ε

s‖L1(0,T ;L4(ω)).But assertion (iii) of Corollary 5.2.2 shows that ‖N ε
s ‖L1(0,T ;L4(ω)) is bounded independentlyof ε. Thus there exists a nonnegative onstant CT independent of ε suh that :

∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt ≤ CT .Hene we an give a sense to the drift-di�usion equation as ε → 0. From Lemma B.0.3,we have

∇xǫε
k[V

ε] = 〈|χε
k|2∇xV

ε〉.The onvergene of V ε in L2(0, T ;H1(Ω)) and the loal Lipshitz dependeny of the eigen-vetors of the Hamiltonian with respet to the potential (see Appendix B) allow us toonlude that ∇xǫε
k[V

ε] → ∇xǫk[V ] in Lp((0, T ) × ω) for all p ∈ [1, 2). Thus,
∇xV

ε
s =

∑
k ∇xǫε

ke
−ǫε

k

Zεonverges for a.e. (t, x) ∈ [0, T ] × ω. This is enough to prove
N ε

s∇xV
ε
s ⇀ Ns∇xVs in D′([0, T ] × ω).By the weak semi-ontinuity we get moreover

∫∫

[0,T ]×ω

Ns∇xVs dxdt ≤ lim inf
ε→0

∫∫

[0,T ]×ω

N ε
s∇xV

ε
s dxdt.The onvexity of the funtional Ns 7→

∫
ω
|∇x

√
Ns|2 dx gives

∫∫

[0,T ]×ω

|∇x

√
Ns|2 dxdt ≤ lim inf

ε→0

∫∫

[0,T ]×ω

|∇x

√
N ε

s |2 dxdt.And for a.e. t ∈ [0, T ],
W (t) +

∫ t

0

D(s) ds ≤ lim inf
ε→0

(W ε(t) +

∫ t

0

Dε(s) ds).



5.5 Long time behaviour 1155.5 Long time behaviourThis setion is devoted to the proof of Theorem 5.1.4. We use an entropy method relying onthe logarithmi Sobolev inequalities and on the Csiszàr-Kullbak inequalities. This methodhas been widely used by several authors (see for instane [1, 2, 7, 8, 9℄). We introdue therelative entropy of (ρk, V ) with respet to the stationary solutions (ρ∞k , V
∞) :

W∞(t) =
∑

k

∫

ω

(ρk log(ρk/ρ
∞
k ) − ρk + ρ∞k ) dx+

1

2

∫∫

Ω

|∇x,z(V − V∞)|2 dxdz

+
∑

k

∫

ω

ρk

(
ǫk[V ] − ǫk[V

∞] −
∫ 1

0

|χk|2(V − V ∞) dz

)
dx. (5.5.42)We reall that the deay of ρk with respet to k insures that the last term is nonnegative.We an prove with the same alulations as in Lemma 5.2.1 that

d

dt
W∞(t) = −

∫

ω

NsD
∇xu · ∇xu

u2
dx ≤ −α

∫

ω

Ns|∇x(log u)|2 dx,where we use Assumption 5.1.1 for the last inequality. We denote u = NI/
∫

ω
Z(x) dx.Therefore we have

d

dt
W∞(t) ≤ −α

∫

ω

Ns|∇x log
u

u
|2 dx. (5.5.43)We reall the Gross logarithmi Sobolev inequality [1, 9, 14℄ : for two nonnegative funtions

f and g suh that ∫
ω
f dx =

∫
ω
g dx then there exists a nonnegative onstant λ suh that

∫

ω

f log
f

g
≤ 1

λ

∫

ω

f |∇ log(f/g)|2 dx.Hene if we apply it in (5.5.42) with f = Ns and g = uZ, we obtain
d

dt
W∞(t) ≤ −αλ

∫

ω

Ns log
u

u
dx.We an then deompose

log
u

u
= log

ρk

ρ∞k
+ ǫk − ǫ∞k + log

ρ∞k
ue−ǫ∞k

= log
ρk

ρ∞k
+ ǫk − ǫ∞k + log

u∞

u
.Moreover, we have seen that u∞ is a onstant. Thus

u∞

u
=

(
u∞

NI

∫

ω

Z(x) dx

)
=
∑

k

∫

ω

u∞e−ǫk
dx

NITherefore with the identity u∞ = ρ∞k e
−ǫ∞k and a Jensen inequality, we have

log
u∞

u
= log

∑

k

∫

ω

ρ∞k e
ǫ∞k −ǫk

dx

NI
≥
∑

k

∫

ω

(ǫ∞k − ǫk)
ρ∞k
NI

dx.
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∫
ω
ρ∞k = NI). Finally we have obtained

d

dt
W∞(t) ≤ −αλ(

∑

k

∫

ω

ρk log
ρk

ρ∞k
dx+

∑

k

∫

ω

(ρk − ρ∞k )(ǫk − ǫ∞k ) dx)

≤ −αλ(
∑

k

∫

ω

ρk log
ρk

ρ∞k
dx+

∫∫

Ω

(N −N∞)(V − V∞) dxdz

+
∑

k

∫

ω

ρk(ǫk − ǫ∞k − 〈|χk|2(V − V∞)〉) dx

+
∑

k

∫

ω

ρ∞k (ǫ∞k − ǫk − 〈|χ∞
k |2(V∞ − V )〉 dx).As we have seen before, properties of the spetrum of the Hamiltonian insure that the lastterm of the right hand side is nonnegative. Aording to the Poisson equation, the seondterm of the right hand side is equal to

∫∫
|∇x,z(V − V ∞)|2 dxdz.Thus, we have shown

d

dt
W∞(t) ≤ −αλW∞(t),and a Gronwall argument yields the exponential onvergene of the relative entropy :

W∞(t) ≤ W∞(0) e−αλt. Next we shall use the Csiszàr-Kullbak inequality presented inthe Appendix (A.3.4). We dedue that
‖ρk − ρ∞k ‖ℓ1(L1(ω)) ≤

√
2NIW∞(0) e−

αλ
2

t.
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Chapter 6Le as de la dimension 2
Aknowledgement. The author would like to aknowledge warmly M. L. Tayeb for hishelp and interesting disussions on its preprint [20℄.6.1 Introdution and main resultsIn the �rst part of this PhD, we have presented and analyzed a drift-di�usion-Shrödinger-Poisson system whih models the transport of eletrons on�ned in a nanostruture. In thissubband model, eletrons are assumed to behave like wave in the on�nement diretions(z) and to have a lassial behaviour in the transport diretion parallel to the eletron gas(x). This system was obtained formally thanks to a di�usive limit of a kineti system forpartially quantized partiles, when the mean free path beomes small with respet to themarosopi lengthsale. This hapter is devoted to the rigorous study of this limit for atransport in one dimension (x ∈ [a, b]).6.1.1 Presentation of the system of equationsIn the transversal diretion (referred by z), the eletrons are on�ned in the nanostruture.The desription of the system needs the diagonalization of the 1D stationary Shrödingerequation. We de�ne then on Ω = (a, b)×(0, 1), the set (χk[V ], ǫk[V ])k≥1 as the omplete setof eigenfuntions and eigenvalues of the Shrödinger operator in the z variable, z ∈ (0, 1) :





−1

2
∂2

zχk[V ] + V χk[V ] = ǫk[V ]χk[V ] (k ≥ 1),

χk[V ] ∈ H1
0(0, 1),

∫ 1

0

χk[V ]χℓ[V ] dz = δkℓ .
(6.1.1)If we denote ρk the oupation number of the kth subband, the partile density for apartially quantized system an be written

N(t, x, z) =

+∞∑

k=1

ρk(t, x)|χk[V (t, x, ·)](z)|2.121



122 Chapter 6. Le as de la dimension 2The eletrostati potential V generates by the harge arriers is then the solution of thePoisson equation :
−∆x,zV (t, x, z) =

∑

k

ρk(t, x)|χk[V (t, x, ·)](z)|2, (6.1.2)with the boundary onditions :




dV

dx
(t, a, z) =

dV

dx
(t, b, z) = 0, for z ∈ (0, 1),

V (t, x, 0) = V (t, x, 1) = 0, for x ∈ (a, b).
(6.1.3)In the transport diretion, the motion of partiles is desribed by a 1D Boltzmannequation. Let η > 0 be the saled mean free path assumed to be small. We onsider herethe saled Boltzmann equation in one dimension for the subband model de�ned on thephase spae (a, b)×R. The position x belongs to (a, b), the veloity v belongs to R and thetime variable t is nonnegative. Then the oupation number ρη

k is de�ned by ρη
k =

∫
R
f η

k dvwhere the distribution funtion f η
k (t, x, v) satis�es ([26, 29℄)

∂tf
η
k +

1

η
{Hη

k, f
η
k } =

1

η2
Qη(f η)k , (6.1.4)where {·, ·} is the Poisson braket : {g, h} = ∇xh · ∇vg −∇vh · ∇xg. And Hk denotes theenergy of the system in the kth subband whih is the sum of the kineti energy and thepotential energy :

Hη
k(t, x, v) =

1

2
v2 + ǫk[V

η(t, x, ·)].The ollision operator Qη in the linear BGK approximation reads in the following form :
Qη(f)k =

∑

k′

∫

R

αk,k′(v, v′)(Mη
k(v)fk′(v′) −Mη

k′(v
′)fk(v)) dv

′, (6.1.5)where the funtion Mη
k is the normalized Maxwellian

Mη
k(t, x, v) =

1

2πZη
e−Hη

k(t,x,v) (6.1.6)and where the repartition funtion Zη is given by
Zη(t, x) =

+∞∑

k=1

e−ǫk[V η(t,x,·)]. (6.1.7)We refer the reader to [8, 28, 29℄ for a physial bakground of the equation (6.1.4).We onsider the speular re�exion boundary onditions :
f η

k (t, a, v) = f η
k (t, a,−v) , f η

k (t, b, v) = f η
k (t, b,−v), v > 0, t ∈ R

+. (6.1.8)



6.1 Introdution and main results 123The surfae density of partiles is de�ned by
Nη

s (t, x) =
∑

k

∫

R

f η
k (t, x, v) dv =

∑

k

ρη
k(t, x).The ross setion α is assumed to be symmetri and bounded from above and below :(A-1) αk,k′(v, v′) = αk,k′(v′, v) and 0 < α1 ≤ αk,k′(v, v′) ≤ α2, for all (v, v′) ∈

R
2, k, k′ ≥ 1.We onsidered the well-prepared initial ondition that we assume to be at the thermalequilibrium :
f η

k (0, x, v) = f in
k (x, v) :=

N in
s (x)

2π
∑

k e
−ǫk[V in]

e−v2/2−ǫk [V in], (x, v) ∈ [a, b] × R, (6.1.9)where (V in, (ǫk[V
in], χk[V

in])k≥1) is the set of solutions of the Shrödinger-Poisson systemat the thermal equilibrium :




−1

2
∂2

zχk[V
in] + V inχk[V

in] = ǫk[V
in]χk[V

in] (k ≥ 1),

χk[V
in](x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χk[V
in]χℓ[V

in] dz = δkℓ .

−∆x,zV
in =

∑

k

N in
s (x)∑

k e
−ǫk[V in]

|χk[V
in]|2e−ǫk[V in],We assume that we have(A-2) N in

s ≥ 0, N in
s ∈ C0[a, b].Under this assumption, we know that the Shrödinger-Poisson system at the thermalequilibrium admits a unique solution (V in, (ǫk[V

in], χk[V
in])k≥1) with 0 ≤ V in ∈ C1(Ω)(see Proposition 4.2.1).Moreover, we an verify that we have,

f in
k ≥ 0, ∃ δ > 2 suh that ((1 + vδ + k2)f in

k ) ∈ ℓ1(L1([a, b] × R)),When η goes to 0, we tends to a �uid desription and are in a di�usive regime. It iswell-known that in a di�usion approximation the surfae density Ns satis�es at the limita drift-di�usion equation [26, 16℄. But there is no result of di�usion limit in a oupledquantum-lassial ase.6.1.2 Main resultsWe write here the full Boltzmann-Shrödinger-Poisson system with the dependene in η :
∂tf

η
k +

1

η
(v.∇xf

η
k −∇xǫη

k.∇vf
η
k ) =

1

η2
Qη(f η)k, (x, v) ∈ (a, b) × R. (6.1.10)





−1

2
∂2

zχ
η
k + V ηχη

k = ǫη
kχ

η
k (k ≥ 1),

χη
k(t, x, ·) ∈ H1

0(0, 1),

∫ 1

0

χη
k χ

η
ℓ dz = δkℓ ,

(6.1.11)
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−∆x,zV

η =
∑

k

∫

R

f η
k |χη

k|2 dv, (6.1.12)whih is oupled with the boundary ondition (6.1.8)-(6.1.3) and the initial boundaryondition (6.1.9). We point out the fat that in this Boltzmann equation the energy levels
(ǫk)k≥1 depend on η (ontrary to hapter 2). Moreover in the Shrödinger-Poisson system,the given is no more Ns like in DDSP but the oupation number ρk. The aim of thispaper is to prove rigorously the limit of this system to DDSP.Hydrodynamis limits for the Boltzmann equation have been widely studied by severalauthors ([1, 2, 10, 15, 14, 17, 19, 27℄ and see C. Villani [30℄ for a good review on thesubjet). Others di�usion limits are presented for instane in the ontext of parabolihydrodynamial limit we refer to [11℄ whih onsiders linear kineti equations arising inmodels of plasma, semi-ondutor, rare�ed gases and for a di�usive limit of generalizedtwo-veloity models we refer to [18℄. If we want to work in a framework whih is physiallyaeptable, we have to deal with solutions de�ned in the renormalized sense [12, 13, 21℄.Namely, the entropy of this kind of system only gives a L logL bound on the distributionfuntion . With the ellipti regularity on the Poisson equation and properties of theHamiltonian (see Appendix), we an not hope to have a stronger estimate than ∇xǫk in
L∞([0, T ], L2(Ω)). Thus the produt fk∇xǫk has no signi�ation even in a weak sense.Thus we an only prove existene of renormalized solutions. The result established hereis the followingTheorem 6.1.1 Let T > 0 and assume that Assumptions (A-1) and (A-2) hold. If wedenote :

Nin =

∫ b

a

N in
s dx.Then, there exists N0 > 0 suh that if Nin ≤ N0, the system (6.1.10)-(6.1.1)-(6.1.2) -(6.1.8)-(6.1.9)-(6.1.3) admits a renormalized solution (V η, (ǫη

k, χ
η
k, f

η
k )k≥1) on [0, T ] whihsatis�es(i) ∀ β ∈ C1(R+), β(f η) is a weak solution of :





η∂tβ(f η)k + v · ∇xβ(f η)k −∇xǫη
k · ∇vβ(f η)k =

Qη(f η)k

η
β ′(f η)k,

β(f η)k(t = 0) = β(f in)k.(ii) ∀λ > 0, Θη
k,λ := (f η

k + λ exp(−1
2
(v2 + k2)))1/2 satis�es

η∂tΘ
η
k,λ + v · ∇xΘ

η
k,λ −∇v(∇xǫη

k Θη
k,λ) =

Qη(f η)k

2ηΘη
k,λ

+ λ∇xǫη
k

ve−
1
2
(v2+k2)

2Θη
k,λ

.(iii) We have the loal mass onservation
∂tN

η
s + ∇x · Jη = 0, where Jη =

1

η

∑

k≥1

∫

R

vf η
k dv.



6.1 Introdution and main results 125(iv) The entropy inequality (6.2.22) holds :
∀ t ∈ [0, T ], 0 ≤W η(t) +

α1

2η2

∫ t

0

Rη(s) ds ≤ CT , (6.1.13)where the entropy of the system is de�ned as in (4.2.17) by
W η(t) =

∑

k

∫∫

(a,b)×R

(
f η

k log
f η

k

Mk
− f η

k +Mk

)
dxdv +

1

2

∫∫

Ω

|∇x,zV
η|2 dxdzand the dissipation rate by

Rη(t) =
1

2

∑

k

∫∫

(a,b)×R

(√
f η

k −
√
Nη

s Mη
k

)2

dxdv.The di�usion approximation an be approahed by an asymptoti expansion of thesolution with respet to the power of the mean free path η. Using suh tehnis, Poupaud[26℄ has proved the onvergene of the resaled Boltzmann equation when the potential isgiven and Ben Abdallah and Tayed [7℄ have extended this result for the Boltzmann-Poissonsystem in one dimension. In a general ase we do not have enough regularity to pass tothe limit on weak solutions. Masmoudi and Tayeb [20℄ have established the di�usivelimit of the Boltzmann-Poisson system towards the drift-di�usion-Poisson system, usingrenormalized solutions and ompatness tehnis. Here we extend these tehnis to provethe following theorem :Theorem 6.1.2 Let, for η > 0, (V η, (f η
k ,ǫ

η
k, χ

η
k)k≥1) be a renormalized solution of theBoltzmann-Shrödinger-Poisson system as de�ned in Theorem 6.1.1. Then as η → 0,this solution onverges to a solution (V,Ns, (ǫk, χk)k≥1) of the drift-di�usion-Shrödinger-Poisson system de�ned by

∂tNs + divx J = 0, J = −D(∇xNs +Ns∇xVs), (6.1.14)




−1

2
∂zzχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ ,
(6.1.15)

−∆x,zV = N, (6.1.16)where the density N and the e�etive potential Vs are de�ned by
N = Ns

∑

k

e−ǫk

∑
ℓ e

−ǫℓ
|χk|2 , Vs = − log

∑

k

e−ǫk . (6.1.17)And this system is ompleted with an initial ondition Ns(0, x) = N in
s (x) and with thefollowing onservative boundary onditions :





J(t, a) = J(t, b) = 0,
dV

dx
(t, a, z) =

dV

dx
(t, b, z) = 0 for z ∈ (0, 1),

V (t, x, 0) = V (t, x, 1) = 0 for x ∈ (a, b).

(6.1.18)



126 Chapter 6. Le as de la dimension 2We have up to an extration of a subsequene, as η → 0,
‖f η

k −NsMk‖ℓ1(L1([0,T ]×[a,b]×R)) → 0 and ‖V η − V ‖L2([0,T ],H1(Ω)) → 0.The existene of solutions of the drift-di�usion-Shrödinger-Poisson system has beenestablished with the long time behaviour in hapter 4 when the di�usion matrix D isassumed to be the identity. In this ase we have enough regularity to establish the unique-ness of solutions. But for a non onstant di�usion matrix, we do not insure the uniquenessof these solutions (f hapter 5). Moreover with our onstrution of solutions of Theorem6.1.1 we an not have uniqueness.The main di�ulties of this result is the fat that the ollision operator Qη is notindependent of the mean free path η and that the Shrödinger-Poisson system does notgive regularity in time. To overome these problems we use widely spetral properties ofthe Hamiltonian (given in Appendix B). The main estimate whih gives us the regularityto pass to the limit is the entropy estimate. An other key point is the study of theShrödinger-Poisson system. Ben Abdallah and Méhats [4℄ have established existene anduniqueness of the solution of this system for an oupation number ρk in Lp for p > 1.The proof is based on a idea of Nier [22, 23, 24℄. It is important to onserve this existeneand uniqueness result if we want to obtain the existene of the whole system Boltzmann-Shrödinger-Poisson. Nevertheless with the tehni used here we need the assumption ofsmall data to establish the uniqueness of the solution of the Shrödinger-Poisson system.Thus Theorem 6.1.1 is proved only under the assumption of small initial data. We arenot able to insure this uniqueness result in the 3D ase when the transport diretion isassumed to lie in a bounded domain of R
2. We will try to explain here and in the followinghapter the main di�ulties to pass from the 2D ase to the 3D ase.The outline of the paper is as follows.In the seond setion, after brie�y realling basi properties of the ollision operator,we establish the a priori estimate, whih is the natural estimate for our system.In the third part, we analyze the Shrödinger-Poisson system under physial assump-tions obtain on the whole system.In setion 6.4, we prove Theorem 6.1.2 if we assume that we have onstruted a solutionof the Boltzmann-Shrödinger-Poisson system as de�ned in Theorem 6.1.1.In setion 6.5 and 6.6, we investigate the existene problem under the assumption ofsmall data. We �rst reall useful results on the Vlasov equation and �nally detail thedi�erent steps of the regularization and passing to the limit in the regularized system toprove Theorem 6.1.1.The Appendix reall useful inequalities and is devoted to spetral properties of theShrödinger operator.We denote for any Banah spae E by ℓ1(E) the spae of sequenes (hk)k≥1 suh thatfor all k ≥ 1 we have hk ∈ E and ∑k≥1 ‖hk‖E < +∞, this last quantity being the normof (hk)k≥1 in ℓ1(E). We will usually shortly denote by ‖hk‖Lp

t,x,v
the Lp((0, T )× [a, b]×R)norm of hk. Moreover when there is no onfusion possible, we will denote ǫk(t, x) (resp.

χk(t, x, z)) instead of ǫk[V (t, x, ·)] (resp. χk[V (t, x, ·)](z)).



6.2 A priori estimate 1276.2 A priori estimate6.2.1 Properties of the ollision operatorIn this setion, we just enumerate some properties of the ollision operator whih will beuseful for the rest of the paper. These properties are proved in setion 2.3.1. We assumethat η is �xed and we omit to write the dependeny of the quantities in this parameter.Proposition 6.2.1 Let Q be de�ned by (6.1.5) with a ross setion α symmetri andbounded from above and below i.e. satisfying (A-1). Then we get :(i) ∑k

∫
Q(f)k(v) dv = 0.(ii) Q is a linear, bounded, selfadjoint and negative operator on L2

M.(iii) The nullspae : Ker Q = {f ∈ L2
M s.t. ∃Ns ∈ R with fk = NsMk, ∀k ≥ 1}.(iv) The equation Q(f) = g admits a solution f ∈ L2

M i�
∑

k

∫

R

gk(v) dv = 0,and this solution is unique if we impose the same relation on f .An easy onsequene of this result is the following proposition whih allows us to de�nethe di�usion matrix.Proposition 6.2.2 There exists Θ ∈ (L2
M)2 suh that for all k ≥ 1,

Q(Θ)k = −vMk and ∑

k

∫

R

Θk dv = 0.We de�ne the di�usion matrix by
D =

∑

k

∫

R

Θk ⊗ v dv. (6.2.19)Then D is a symmetri oerive matrix.6.2.2 A priori estimateLet T > 0. We set Mk = K exp(−1
2
(v2 + k2)) with a onstant K hosen suh that∑

k

∫
Mk dv = 1. We de�ne the entropy of the whole system (6.1.10)�(6.1.1)�(6.1.2) by :

W η(t) =
∑

k

∫∫

[a,b]×R

(
f η

k log
f η

k

Mk
− f η

k +Mk

)
dxdv +

1

2

∫∫

Ω

|∇x,zV
η|2 dxdz. (6.2.20)The distane to equilibrium is de�ned by :

Rη(t) =
1

2

∑

k

∫∫

[a,b]×R

(√
f η

k −
√
Nη

s Mη
k

)2

dxdv. (6.2.21)



128 Chapter 6. Le as de la dimension 2All along the paper, we will use the following funtional spae :
Lp

xL
q
z(Ω) = {u ∈ L1

loc(Ω) suh that ‖u‖Lp
xLq

z(Ω) =

(∫ b

a

‖u‖p
Lq(0,1)

)1/p

< +∞}.Thanks to Gagliardo-Nirenberg inequalities and interpolation estimates, one an provethatLemma 6.2.3 We have the Sobolev imbedding of H1(Ω) into L∞
x L

2
z(Ω).We notie that we do not have this imbedding if the transport is assumed to take plae ina bounded domain of R

2 but holds only in a 1D transport.Proposition 6.2.4 Let T > 0 and let (V η, (f η
k ,ǫ

η
k, χ

η
k)k≥1) be a global weak solution on theinterval [0, T ] of the Boltzmann-Shrödinger-Poisson system (6.1.10)�(6.1.1)�(6.1.2) withthe boundary ondition (6.1.9)�(6.1.8). We assume that (A-1) holds and the initial datasatisfy (A-2).Then, there exists a nonnegative onstant CT suh that,

∀ t ∈ [0, T ], 0 ≤W η(t) +
α1

2η2

∫ t

0

Rη(s) ds ≤ CT . (6.2.22)Moreover,
∀ t ∈ [0, T ],

∫ b

a

Nη
s (t, x) = Nin =

∫ b

a

N in
s (x) dx. (6.2.23)We point out the fat that this entropy only gives a bound on the distane between thedistribution funtion f η

k and the equilibrium state. Contrary to works of Bardos, Golse,Levermore, Lions, Masmoudi, Saint-Raymond, we an not �nd initial onditions and amaxwellian M suh that the relative entropy of f η
k with respet to this Maxwellian Monverges toward 0 as η goes to 0.Proof. We will prove this result in the ase of smooth solutions for whih all alulationsare justi�ed. In a general ase, we regularize the system to have smooth solutions and passto the limit in the estimate obtained for these smooth solutions. These steps are explainin setion 6.6.It is readily seen that with our assumption on the initial ondition, the initial entropyis bounded. Indeed, we reall that we have N in

s ∈ C0[a, b] then V in ∈ C1(Ω). Let us provethe a priori bound.We �rst remark that with our boundary onditions, the system onserves the mass :
d

dt

∑

k

∫∫
f η

k dxdv = 0. (6.2.24)Thus we have (6.2.23)



6.2 A priori estimate 129We multiply (6.1.10) by (1 + log f η
k +

|v|2
2

+ ǫη
k

) and then integrate on (a, b)×R andsum over k. We have,
∑

k

∫∫
∂tf

η
k

(
log f η

k +
|v|2
2

+ ǫη
k + 1

)
dxdv =

d

dt

∑

k

∫∫
f η

k

(
log f η

k +
|v|2
2

+ ǫη
k

)
dxdv −

∑

k

∫∫
f η

k∂tǫη
k dxdv.Moreover, using the standard notation 〈f〉 =

∫ 1

0
f(z) dz, we have ∂tǫη

k = 〈|χη
k|2∂tV

η〉. Thuswe obtain :
∑

k

∫∫
f η

k ∂tǫη
k dxdv =

∑

k

∫∫∫
f η

k |χη
k|2∂tV

η dxdvdz

=
d

dt

∑

k

∫∫
f η

k 〈|χη
k|2V η〉 dxdv − 1

2

d

dt

∫∫
|∇x,zV

η|2 dxdz,where we use (6.1.2). Therefore,
∑

k

∫∫
∂tf

η
k

(
log f η

k +
|v|2
2

+ ǫη
k + 1

)
dxdv =

1

2

d

dt

∫∫
|∇x,zV

η|2 dxdz

+
d

dt

∑

k

∫∫
f η

k

(
log f η

k +
|v|2
2

+ ǫη
k − 〈|χη

k|2V η〉
)
dxdv.

(6.2.25)And we obtain easily from the Shrödinger equation (6.1.1) :
1

2
〈|∂zχ

η
k|2〉 + 〈|χη

k|2V η〉 = ǫη
k.For the seond term, we have after an integration by parts

∑

k

∫∫
(v · ∇xf

η
k + ∇xǫη

k · ∇vf
η
k )

(
log f η

k +
|v|2
2

+ ǫη
k + 1

)
dxdv =

[
∑

k

∫

R

vf η
k

(
log f η

k +
|v|2
2

+ ǫη
k

)
dv

]b

a

= 0,

(6.2.26)where we take into aount the boundary onditions (6.1.8). Finally, with (6.1.5) andsine ∑k

∫
Qη(f η)k dv = 0,

∑

k

∫
Qη(f η)k

(
log f η

k +
|v|2
2

+ ǫη
k + 1

)
dv =

1

2

∑

k,k′

∫∫
αk,k′(Mη

k(v)f
η
k′(v

′) −Mη
k′(v

′)f η
k (v)) log

[(
f η

k (v)

Mη
k(v)

)(Mη
k′(v′)

f η
k′(v′)

)]
dvdv′.



130 Chapter 6. Le as de la dimension 2Using the relation (a− b) log(a/b) ≥ (
√
a−

√
b)2, for all positive a and b, and the Jenseninequality, we obtain :

∑

k

∫∫
Qη(f η)k

(
log f η

k +
|v|2
2

+ ǫη
k + 1

)
dvdx ≤ −α1Rη(t). (6.2.27)Finally, (6.2.25), (6.2.26) and (6.2.27) lead to :

d

dt

∑

k

∫∫
f η

k

(
log f η

k +
|v|2
2

+
1

2
〈|∂zχ

η
k|2〉
)
dxdv +

1

2

d

dt

∫∫
|∇x,zV

η|2 dxdz

+
α1

2η2
Rη(t) ≤ 0.

(6.2.28)From (6.2.28) we have after an integration on [0, T ],
∑

k

∫∫
f η

k

(
log f η

k +
|v|2
2

+
k2

2
− 1

)
dxdv +

1

2

∫∫
|∇x,zV

η|2 dxdz

+
α1

2η2

∫ T

0

Rη(t) dt ≤ C1 +
∑

k

∫ b

a

ρη
k

(
k2

2
− 1

2
〈|∂zχ

η
k|2〉
)
dx.

(6.2.29)Moreover, sine the potential V η is nonnegative, we have with a Hölder inequality
1

2
〈|∂zχ

η
k|2〉 = ǫη

k − 〈|χη
k|2V η〉 ≥ ǫk[0] − ‖χη

k‖2
L4

z(0,1)‖V η‖L2
z(0,1).Using an interpolation and Lemma B.0.5 imply the existene of a nonnegative onstant

C2 suh that
‖χη

k‖2
L4

z(0,1) ≤ C‖χη
k‖L2

z(0,1)‖χη
k‖L∞

z (0,1) ≤ C2(1 + ‖V η‖1/2

L2
z(0,1))Thus

k2

2
− 1

2
〈|∂zχ

η
k|2〉 ≤

1

2
k2 − 1

2
π2k2 + C2(1 + ‖V η‖1/2

L2
z(0,1)) ≤ C2(1 + ‖V η‖1/2

L2
z(0,1)). (6.2.30)By the Sobolev imbedding H1(Ω) →֒ L∞

x L
2
z(Ω), we have

∑

k

∫ b

a

ρη
k(
k2

2
− 1

2
〈|∂zχ

η
k|2〉) dx ≤ C3‖ρη

k‖ℓ1(L1(a,b))(1 + ‖V η‖1/2
H1(Ω))

= C3Nin(1 + ‖V η‖1/2
H1(Ω)).

(6.2.31)This last inequality in (6.2.29) provides
∫∫

|∇x,zV
η|2 dxdz ≤ C4 + C5‖V η‖1/2

H1(Ω).Thus after a Poinaré inequality, we dedue that ‖V η‖H1(Ω) is bounded. Then (6.2.29)and (6.2.31) provides the desired estimate.



6.3 Analysis of the quasistati part 131Corollary 6.2.5 Let T > 0, there exists a onstant CT > 0 suh that :
∀ t ∈ [0, T ],

∑

k

∫∫

ω×R2

f η
k (| log f η

k | + |v|2 + k2 + 1) dxdv ≤ CT ,

∫ T

0

∫

ω

(Nη
s logNη

s −Nη
s + 1) dxdt ≤ CT .Proof. The seond estimate is a diret appliation of the Jensen inequality. The �rstfollows from the remark a| log a| ≤ a log a+ 2/e. Indeed,

∑

k

∫∫
f η

k | log f η
k | dxdv ≤

∑

k

∫∫
f η

k (| log(f η
k e

v2+k2

)| + v2 + k2) dxdv

≤
∑

k

∫∫
f η

k log(f η
k e

v2+k2

) dxdv +
2

e

∑

k

∫∫
e−v2−k2

dxdv

+
∑

k

∫∫
(v2 + k2)f η

k dxdv ≤ CT .

6.3 Analysis of the quasistati partThis setion is devoted to the study of the �quasi-stati� Shrödinger-Poisson system de-�ned by : 



−1

2
∂2

zχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ ,
(6.3.32)

−∆x,zV =
∑

k

ρk|χk|2 , (6.3.33)where we onsider now that ρ = (ρk)k≥1 is given in L∞((0, T ), ℓ1(L1(a, b))). We de�ne
Ns =

∑
k ρk. The system is ompleted by the following boundary onditions :





dV

dx
(t, a, z) =

dV

dx
(t, b, z) = 0 for z ∈ (0, 1),

V (t, x, 0) = V (t, x, 1) = 0 for x ∈ (a, b).We assume that ρ satis�es the following assumptions :H1 : ∀ k ≥ 1, ρk ≥ 0 and there exists a nonnegative onstant CT suh that :
∀ t ∈ [0, T ],

∑

k

∫

ω

ρk(1 + k2) dx ≤ CT . (6.3.34)In the sequel we will use the funtional spaeH1
01 = {V ∈ H1(Ω) : V (x, 0) = V (x, 1) = 0}.



132 Chapter 6. Le as de la dimension 2Proposition 6.3.1 (Existene and uniqueness) Let us suppose that ρ = (ρk)k≥1 isgiven in L∞((0, T ), ℓ1(L1(a, b))) and satisfy H1. Then the Shrödinger-Poisson system(6.3.32)�(6.3.33) admits a solution in H1
01.Moreover, denoting N = ‖Ns‖L∞((0,T ),L1(a,b)), if N is small enough, then this solution

(V, (ǫk, χk)k≥1) is unique.This result is obtained thanks to an idea of Nier [22℄ whih has been developed in [4℄and hapter 4 and 5. The main di�erene here with the �rst part of the PhD is the fatthat the quantity whih is assumed to be known is not the surfae density Ns but ρk. Inthe DDSP model, the oupation fator is equal to Nse
−ǫk and then dereases with respetto k. It allows to insure the onvexity of the funtional used in the variational method(see setion 4.2.4). Here we have to onsider an other funtional whih is no more onvex.This funtional is de�ned on H1

01 by
Jρ(V ) =

1

2

∫∫

Ω

|∇V |2 dxdz −
∑

k≥1

∫

ω

ρkǫk[V ] dx = J0(V ) + J1(V, ρ). (6.3.35)We �rst prove that this funtional has a minimizer and that this minimizer de�nes asolution of (6.3.32)�(6.3.33).Lemma 6.3.2 Assume that (ρk)k≥1 ∈ L∞((0, T ), ℓ1(L1(a, b))) and satisfy H1. Then thefuntional Jρ de�ned in (6.3.35) is ontinuous, loally Lipshitz and weakly lower semi-ontinuous on H1
01. It is oerive : there exist nonnegative onstants C1, C2 and C3 suhthat

Jρ(V ) ≥ C1‖V ‖2
H1(Ω) − C2‖V ‖3/2

H1(Ω) − C3. (6.3.36)Thus the system (6.3.32)�(6.3.33) admits a solution (V, (ǫk, χk)k≥1) suh that V ∈ H1
01.Proof. The funtional J0 is learly ontinuous and strongly onvex on H1

01. For thefuntional J1, we use the properties of ǫk[V ] summarized in (B.0.14) to prove
|J1(V, ρ) − J1(Ṽ , ρ)| ≤

∑

k≥1

∫ b

a

ρk|ǫk[V ] − ǫk[Ṽ ]| dx

≤ C1

∑

k≥1

∫ b

a

ρk(1 + ‖V ‖1/2

L2
z(0,1) + ‖Ṽ ‖1/2

L2
z(0,1))‖V − Ṽ ‖L2

z(0,1) dx.(6.3.37)If we use the Sobolev imbedding stated in Lemma 6.2.3, we obtain
|J1(V, ρ) − J1(Ṽ , ρ)| ≤ C2(1 + ‖V ‖1/2

H1(Ω) + ‖Ṽ ‖1/2
H1(Ω))‖Ns‖L1(a,b)‖V − Ṽ ‖H1(Ω). (6.3.38)Hene J1(·, ρ) is Lipshitz and weakly ontinuous on H1

01. Now if we take Ṽ = 0 in (6.3.38),from H1, we have that 0 ≥ J1(0, ρ) ≥ −CT . Thus,
Jρ(V ) ≥ 1

2
‖∇V ‖2

L2(Ω) − C3(1 + ‖V ‖1/2

H1(Ω))‖V ‖H1(Ω) − C4.



6.3 Analysis of the quasistati part 133We apply the Poinaré inequality in H1
01 to �nd (6.3.36). Hene the funtional Jρ ad-mits a minimizer in H1

01. Moreover, from Lemma (B.0.3), it is lear that Jρ is Gâteauxdi�erentiable on H1
01 and for any W ∈ H1(Ω),

dV Jρ(V ) ·W =

∫∫

Ω

∇V · ∇W dxdz −
∑

k

∫

ω

ρk〈|χk[V ]|2W 〉 dx.Thus eah minimizer of the funtional Jρ is a weak solution of the Shrödinger-Poissonsystem (6.3.32)�(6.3.33).Lemma 6.3.3 Let (ρk)k≥1 in L∞((0, T ), ℓ1(L1(a, b))) satisfying H1. Then, for N =
‖Ns‖L∞((0,T ),L1(a,b)) small enough, the orresponding solution (V, (ǫk[V ], χk[V ]k≥1) of theShödinger-Poisson system (6.1.1)�(6.1.2) is unique.Proof. Let (ρk)k≥1 be in L∞((0, T ), ℓ1(L1(a, b))) satisfying H1. We assume that we an�nd two solutions of the Shödinger�Poisson system denoted V and Ṽ . Multiplying thePoisson equation (6.3.33) by (Ṽ − V ) and integrating provides :

∫∫

Ω

|∇(Ṽ − V )|2 dxdz =
∑

k

∫ b

a

ρk〈(|χk[Ṽ ]|2 − |χk[V ]|2)(Ṽ − V )〉 dx. (6.3.39)From (B.0.4), we dedue that we have
∫∫ b

a

|∇(Ṽ − V )|2 dxdz ≤ C1

∫

ω

Ns e
C2(‖V ‖

L2
z(0,1)

+‖eV ‖
L2

z(0,1)
)‖V − Ṽ ‖2

L2
z(0,1) dx.Then the Sobolev imbedding H1(Ω) →֒ L∞

x L
2
z(Ω) and a Poinaré inequality lead to

‖V − Ṽ ‖2
H1(Ω) ≤ C3e

C4(‖V ‖H1(Ω)+‖eV ‖H1(Ω))‖Ns‖L1(a,b)‖V − Ṽ ‖2
H1(Ω). (6.3.40)Thanks to Lemma 6.3.2 we dedue that V and Ṽ are bounded in H1(Ω). Thus, thereexists a nonnegative onstant C5 suh that

‖V − Ṽ ‖2
H1(Ω) ≤ C5N‖V − Ṽ ‖2

H1(Ω). (6.3.41)Thus it su�es to hose N small enough to have C5N ≤ 1/2 to prove that V = Ṽ on
[0, T ] × Ω.Proposition 6.3.4 (Continuity) Let (ρk)k≥1 and (ρ̃k)k≥1 in L∞((0, T ), ℓ1(L1(a, b))) andsatisfy H1. We denote by N = ‖Ns‖L∞((0,T ),L1(a,b)), Ñ = ‖Ñs‖L∞((0,T ),L1(a,b)) and V and
Ṽ the orresponding solutions of the Shrödinger-Poisson system (6.3.32)�(6.3.33). Thenthere exists N0 suh that if max(N , Ñ ) ≤ N0, then

‖V − Ṽ ‖L2([0,T ],H1(Ω)) ≤ CT‖ρk − ρ̃k‖L∞((0,T ),ℓ1(L1(a,b))),where CT is a nonnegative onstant depending only on T .



134 Chapter 6. Le as de la dimension 2Proof. Let (ρk)k≥1 and (ρ̃k)k≥1 be two sequenes in L∞((0, T ), ℓ1(L1(ω))) satisfying H1.Multiplying the Poisson equation (6.3.33) by (V − Ṽ ) and integrating provides :
∫∫

Ω

|∇(V − Ṽ )|2 dxdz =
∑

k

∫∫

Ω

(ρk − ρ̃k)|χk[V ]|2(V − Ṽ ) dxdz

+
∑

k

∫ b

a

ρ̃k〈(|χk[V ]|2 − |χk[Ṽ ]|2)(V − Ṽ )〉 dx.
(6.3.42)We treat the seond term as in the proof of Lemma 6.3.3 and obtain :

∑

k

∫ b

a

ρ̃k〈(|χk[V ]|2 − |χk[Ṽ ]|2)(V − Ṽ )〉 dx ≤ C1Ñ ‖V − Ṽ ‖2
H1(Ω) , (6.3.43)where C1 is a nonnegative onstant.For the �rst one, we have with Lemma B.0.2

∑

k

∫∫

Ω

(ρk − ρ̃k)|χk[V ]|2(V − Ṽ ) dxdz ≤

≤ C2

∫ b

a

∑

k≥1

|ρk − ρ̃k|eC3‖V ‖L2
z‖V − Ṽ ‖L2

z
dx.And by Lemma 6.2.3 and the bound of V and Ṽ in H1(Ω), we have

∑

k≥1

∫

ω

(ρk − ρ̃k)|χk[V ]|2(V − Ṽ ) dxdz ≤ C4‖ρk − ρ̃k‖ℓ1(L1(a,b)). (6.3.44)Therefore if we injet (6.3.43) and (6.3.44) in (6.3.42), we obtain after a Poinaré inequality:
‖V − Ṽ ‖2

H1(Ω) ≤ C5N‖V − Ṽ ‖2
H1(Ω) + C6‖ρk − ρ̃k‖ℓ1(L1(a,b)).Thus it is readily seen after a integration in time that we an �nd N 0 small enough suhthat for all N ≤ N 0, we have

‖V − Ṽ ‖2
L2([0,T ],H1(Ω)) ≤ C6‖ρk − ρ̃k‖ℓ1(L1(a,b)).

Remark 6.3.5 Sine the Sobolev imbedding of Lemma 6.2.3 does not hold true for atwo dimensional transport, we are not able to insure the uniqueness in Lemma 6.3.3 inthis ase. Nevertheless we an establish that we have the existene of solutions of theShrödinger-Poisson system as we will see in hapter 7.



6.4 Di�usive limit 1356.4 Di�usive limitIn this setion we assume to have the existene of a solution of the Boltzmann-Shrödinger-Poisson system for η �xed. Thus we suppose that we have onstruted a renormalizedsolution of this system (6.1.10)�(6.1.12) onsidered with the onditions (6.1.8)-(6.1.9)-(6.1.3), whih satis�es Theorem 6.1.1. The proof of this theorem will be disussed insetion 6.6.Here we will establish the di�usive limit when η → 0 of this system. Namely, we proveTheorem 6.1.2. The rigorous proof of this onvergene result is based on several steps. Firstthe entropy inequality gives a �rst bound whih allows us to obtain a weak onvergeneof the distribution funtion. An averaging lemma improves it to a strong onvergene ofthe oupation fator whih thanks to the ontinuity of the Shrödinger-Poisson systemprovides the strong onvergenes of the potential. With this kind of onvergene we anpass to the limit in the equation in the last step and reover the drift-di�usion system. Inthe following we will abusively use the same notation (f η
k )k≥1 for subsequenes. All resultsare proved up to an extration.6.4.1 Convergene of the densityWe onsider a renormalized solution of the Boltzmann equation. That is, ∀ β ∈ C1(R+),

β(f η) is a weak solution of :




η∂tβ(f η)k + v · ∇xβ(f η)k −∇xǫη
k · ∇vβ(f η)k =

Qη(f η)k

η
β ′(f η)k,

β(f η)k(t = 0) = β(f in)k.
(6.4.45)We �x δ > 0. Let βδ be an approximation of the identity, namely βδ(s)k = 1

δ
βk(δs). Wehoose βk a C∞ funtion satisfying βk(s) = sk for sk ≤ 1, 0 ≤ β ′(s) ≤ 1 for all s and

βk(s) = 2 for s ≥ 3.Lemma 6.4.1 Let f η be a renormalized solution of the Boltzmann equation de�ned inTheorem 6.1.1, we have(i) f η is weakly relatively ompat in ℓ1(L1((0, T ) × (a, b) × R)).(ii) Qη(fη)
η

is weakly relatively ompat in ℓ1(L1((0, T ) × (a, b) × R)).Proof. The �rst point is a onsequene of the Dunford-Pettis theorem and the energyestimate.Let us de�ne
rη
k =

√
f η

k −
√
Nη

s Mη
k

η
√
Mη

k

. (6.4.46)Thanks to the dissipation rate ontrol (6.1.13), we have
∑

k

∫ T

0

∫∫
|rη

k|2Mη
k dxdvdt ≤ C. (6.4.47)



136 Chapter 6. Le as de la dimension 2Using rη we an rewrite
f η

k = Nη
s Mη

k + 2η
√
Nη

s Mη
kr

η
k + η2(rη

k)
2Mη

k.Thanks to the linearity ofQη and sine with (6.4.47),∑k

∫ T

0

∫∫
Qη((rη)2Mη)k dxdvdt ≤ C,then we have

Qη(f η)k

η
= 2
√
Nη

sQ
η(Mηrη)k + O(η)ℓ1(L1

t,x,v).We dedue Qη(fη)
η

∈ ℓ1(L1
t,x,v).Moreover, let ε > 0, we have thanks to a Cauhy-Shwarz inequality,

∑

k

∫

A

|
√
Nη

sQ
η(Mηrη)k| dxdvdt ≤ C

∑

k

∫

A

Nη
s Mη

k dxdvdt+

1

4C

∑

k

∫

A

(Qη(Mηrη)k)
2

Mη
k

dxdvdt.We hoose C > 0 suh that the seond term of the right hand side is bounded by ε/2. Forsuh C, the equi-integrability of Nη
s imply

∃α > 0, ∀A ⊂ (0, T ) × (a, b) × R, |A| < α ⇒ C
∑

k

∫

A

Nη
s Mη

k dxdvdt ≤
ε

2
.Thus √Nη

sQη(Mηrη) is equi-integrable. Besides, for R > 0,
∑

k

∫

|v|≥R

|
√
Nη

sQ
η(Mηrη)k| dxdvdt ≤

1

R
‖Nη

s ‖L1
t,x

∥∥∥∥
(Qη(rηMη))2

Mη

∥∥∥∥
1/2

ℓ1(L1
t,x,v)

.And the right hand side goes to 0 uniformly in η as R tends to +∞. This proves the weakompatness of Qη(fη)
η

thanks to the Dunford-Pettis theorem.Lemma 6.4.2 Let ρη =
∫
f η dv where f η is de�ned in Theorem 6.1.1. Then ρη is rela-tively ompat in ℓ1(L1((0, T ) × (a, b))).Proof. We have

η∂tβδ(f
η)k + v · ∇xβδ(f

η)k = hη
k + ∇vg

η
k ,where hη

k = 1
η
Qη(f η)kβ

′
δ(f

η)k and gη
k = ∇xǫη

k βδ(f
η)k. Sine we have 0 ≤ β ′

δ(f
η)k ≤ 1and 1

η
Qη(f η) is weakly relatively ompat in ℓ1(L1(dtdxdv)), we dedue that hη

k is weaklyrelatively ompat in ℓ1(L1(dtdxdv)). As the hoie of βδ implies βδ(f
η)k ≤ 2/δ then

βδ(f
η)k ∈ L∞

t,x,v. The spetral properties of the Hamiltonian imply ∇xǫk = 〈|χk|2∇xV 〉.The bound of V in H1(Ω) implies a bound of ∇xǫk in L2(a, b). Thus, gη
k ∈ ℓ1loc(L

∞
t L

2
xL

∞
v ).Thanks to an averaging lemma [15, 9℄, we dedue that ∀ψk ∈ D(R)

∫

R

βδ(f
η)kψk dv is relatively ompat in L1

t,x.



6.4 Di�usive limit 137Using the fat that |v|2f η
k is uniformly bounded in L1

t,x,v, we obtain thanks to standardarguments that ∫
R
βδ(f

η)k dv is relatively ompat in L1
t,x. Moreover the de�nition of βδgives

∑

k

∫ T

0

∫∫
|βδ(f

η)k − f η
k | dxdvdt ≤ 3

∑

{fη
k≥1/δ}

∫ T

0

∫∫

{fη
k≥1/δ}

f η
k dxdvdt.Thus, the equi-integrability of f η

k implies
sup
η≤1

‖βδ(f
η) − f η‖ℓ1(L1

t,x,v) → 0 as δ → 0. (6.4.48)Let ε > 0, up to an extration, we have
∫

|f η
k − f η′

k | dtdxdv ≤
∫

|f η
k − βδ(f

η)k| dtdxdv +

∫
|βδ(f

η)k − βδ(f
η′

)k| dtdxdv

+

∫
|βδ(f

η′

)k − f η′

k | dtdxdv.We �x δ suh that the �rst and the third term of the right hand side is < ε/3. For suha δ > 0, ∫
R
βδ(f

η)k dv is relatively ompat. Thus with η and η′ small enough the seondterm is bounded by ε/3. Then the Cauhy riterion proves, up to an extration,
ρη

k → ρk strongly in L1([0, T ] × (a, b)) and a.e.By the Dunford-Pettis theorem, we have that Nη
s onverges weakly in L1

t,x towards Ns.By a Lebesgue theorem, the onvergene almost everywhere of ρη
k implies that for all

ψ ∈ D((0, T )× (a, b)),
∑

k

∫∫

(0,T )×(a,b)

ρη
kψ dxdt −→

∑

k

∫∫

(0,T )×(a,b)

ρkψ dxdt as η → 0.By uniqueness of the weak limit, we have Ns =
∑

k ρk. Sine Ns and Nη
s are bounded in

L1
t,x,

∃K ∈ N, ∀ k ≥ N,
∑

k≥N

∫

(0,T )×(a,b)

ρk dtdx <
ε

3
and ∑

k≥N

∫

(0,T )×(a,b)

ρη
k dtdx <

ε

3
.Thus ∑

k

∫

(0,T )×(a,b)

|ρη
k − ρk| dxdt ≤

2ε

3
+
∑

k≤N

∫

(0,T )×(a,b)

|ρη
k − ρk| dxdt.It means that, up to an extration,

ρη → ρ strongly in ℓ1(L1((0, T ) × (a, b))) and a.e. (6.4.49)



138 Chapter 6. Le as de la dimension 2Proposition 6.4.3 Let (f η, V η) be a solution of the renormalized system de�ned in The-orem 6.1.1, then there exist V in L∞((0, T ), H1(Ω)) and Ns in L∞((0, T ), L1(a, b)) suhthat, up to an extration,
V η → V in L2((0, T ), H1(Ω)) and f η → NsM in ℓ1(L1((0, T ) × (a, b) × R)) and a.e.Proof. Sine with (6.4.49) we have proved the strong and a.e. onvergene of ρη towards

ρ, the Fatou Lemma and estimate (6.1.13) imply that for a.e. t ∈ [0, T ],
∑

k

∫ b

a

(ρk log ρk − ρk) dx ≤ CT and ∑

k

∫ b

a

ρk(1 + k2) dx ≤ CT .Thus from Lemma 6.3.2, we dedue that there exists V ∈ L∞([0, T ], H1(Ω)) weak solutionof the Shrödinger-Poisson system (6.3.32)�(6.3.33). But in the framework of Theorem6.1.2 we do not impose to have small data. We an not apply the uniqueness result of theShrödinger-Poisson system in Lemma 6.3.3. Nevertheless, we an prove that
‖V − V η‖L2([0,T ],H1(Ω)) → 0 as η → 0.In fat, we multiply the Poisson equation by (V − V η) and integrate, we have

∫ T

0

∫∫

Ω

|∇(V η − V )|2 dxdzdt = I + II + III,where
I =

∑

k

∫ T

0

∫ b

a

(ρk − ρη
k)〈|χk[V ]|2(V − V η)〉 dxdt,

II =
∑

k

∫ T

0

∫∫

(a,b)×R

(f η
k −Nη

s Mη
k)〈(|χk[V ]|2 − |χk[V

η]|2)(V − V η)〉 dxdvdt,

III =
∑

k

∫ T

0

∫∫

(a,b)×R

Nη
s Mη

k〈(|χk[V ]|2 − |χk[V
η]|2)(V − V η)〉 dxdvdt,We will used the same idea to treat the �rst and seond term as in the proof of Proposition6.3.4. For the third term we remark that as η goes to 0 we are loser from the equilibrium.And the oupation fators at the equilibrium derease with respet to k. The distaneto the equilibrium is measured thanks to Rη (6.2.21). Therefore, for the third term, wehave using Lemma (B.0.3),

III =

∫ T

0

∫∫

(a,b)×R

Nη
s

2

∫ 1

0

∑

k,ℓ 6=k

Mη
k −Mη

ℓ

ǫσ
k − ǫσ

ℓ

〈χσ
k(V − V η)χσ

ℓ 〉2 dσ dxdvdt ≤ 0, (6.4.50)where we denote ǫσ
k := ǫk[σV + (1 − σ)Ṽ ] and χσ

k := χk[σV + (1 − σ)Ṽ ].For the �rst term, as in the proof of Proposition 6.3.4, we an show that
|I| ≤ C1‖ρk − ρη

k‖ℓ1(L1
t,x). (6.4.51)



6.4 Di�usive limit 139For the seond term, we use Lemma (B.0.5) to write
|II| ≤ C2

∑

k

∫ T

0

∫∫

(a,b)×R

|f η
k −Nη

s Mη
k| e

C3(‖V ‖
L2

z
+‖V η‖

L2
z
)‖V − V η‖L2

z
dxdvdt.Thus Lemma 6.2.3 implies

|II| ≤ C4

∑

k

∫ T

0

∫∫

(a,b)×R

|f η
k −Nη

s Mη
k| dxdvdt. (6.4.52)We show that the a priori estimate in Proposition 6.2.4 implies to onvergene towards 0of this term. Indeed, by a Cauhy-Shwarz inequality

∑

k

∫ T

0

∫∫

(a,b)×R

|f η
k −Nη

s Mη
k| dxdvdt ≤ 2

√
2‖Nη

s ‖1/2

L1
t,x

(∫ T

0

Rη(t) dt

)1/2

.Then to the properties of the eigenvalues of the Hamiltonian (B.0.3) and the injetionof H1(Ω) into L∞
x L

2
z(Ω) implies that
‖ǫk[V

η] − ǫk[V ]‖L2([0,T ],L∞(ω)) → 0 as η → 0.Moreover, using Lemma B.0.3, we have
Mη

k −Mk =

∫ 1

0

M(v)
e−ǫs

k

Zs

(∑
ℓ〈|χs

ℓ|2(V η − V )〉e−ǫs
k

Zs
− 〈|χs

k|2(V η − V )〉
)
ds,where we use the notation f s := f [V + s(V η − V )]. Then by Lemma B.0.2 we have

|Mη
k −Mk| ≤ C e

‖V η‖
L2

z
+‖V ‖

L2
z ‖V − V η‖L2

z

∫ 1

0

M(v)
e−ǫs

k

Zs
ds (6.4.53)Thus the injetion H1(Ω) →֒ L∞

x L
2
z(Ω) provides the onvergene Mη → M as η → 0 in

L2([0, T ], ℓ1(L∞((a, b) × R))) and in L2([0, T ], ℓ∞(L∞((a, b) × R))) Furthermore,
‖NsM−Nη

s Mη‖ℓ1(L1
t,x,v) ≤ ‖Ns −Nη

s ‖L1
t,x

+ ‖Nη
s (M−Mη)‖ℓ1(L1

t,x,v). (6.4.54)The bound (6.4.53) provides
‖Nη

s (M−Mη)‖ℓ1(L1
t,x,v) ≤ C

∫ T

0

∫ b

a

Nη
s e

‖V η‖
L2

z
+‖V ‖

L2
z‖V − V η‖L2

z
dxdt.Thus the a priori bound in Proposition 6.2.4 and Lemma 6.2.3 imply that there exists anonnegative onstant C suh that

‖Nη
s (M−Mη)‖ℓ1(L1

t,x,v) ≤ C‖V − V η‖1/2

L2([0,T ],H1(Ω)).



140 Chapter 6. Le as de la dimension 2This last estimate ombines with the strong onvergene of Nη
s in L1

t,x imply thanks to(6.4.54) that
‖NsM−Nη

s Mη‖ℓ1(L1
t,x,v) → 0 as η → 0.Moreover, the entropy estimate (6.1.13) implies a ontrol of the dissipation rate :

∫ T

0

Rη(t) dt =
1

2

∑

k≥1

∫ T

0

∫∫

(a,b)×R

(√
f η

k −
√
Nη

s Mη
k

)2

dxdvdt ≤ CTη
2.Thus, by a Cauhy-Shwarz inequality,

‖f η −NsM‖ℓ1(L1
t,x,v) ≤ ‖f η −Nη

s Mη‖ℓ1(L1
t,x,v) + ‖Nη

s Mη −NsM‖ℓ1(L1
t,x,v)

≤ 4‖Nη
s ‖1/2

L1
t,x

(∫ T

0

Rη(t) dt

)1/2

+ ‖Nη
s Mη −NsM‖ℓ1(L1

t,x,v).Thus f η → NsM strongly in ℓ1(L1
t,x,v) and one an extrat a subsequene onverging a.e.

6.4.2 The limit equationProposition 6.4.4 Let (f η, V η) be a solution of the renormalized system de�ned in The-orem 6.1.1, then the urrent Jη, de�ned by
Jη :=

1

η

∑

k

∫

R2

vf η
k dv, (6.4.55)satis�es {

Jη ⇀ J = −D(∇xNs +Ns∇xVs) in weak − L1
t,x,

J(t, a) = J(t, b) = 0,where the di�usion matrix D is de�ned in (6.2.19) and the autoonsistant potential is
Vs = − log(

∑

k≥1

e−ǫk[V ]).Proof. Thanks to Proposition 6.4.3 and the inequality |√a −
√
b|2 ≤ |a − b| for twononnegative reals a and b, we have

(
√
f η

k )k≥1 → (
√
NsMk)k≥1 in ℓ2(L2

t,x,v).Thanks to the de�nition of rη
k (6.4.46), we have

Jη =
1

η

∑

k

∫

R2

vf η
k dv = 2

√
Nη

s

∑

k

∫

R2

vrη
kMη

k dv + O(η)ℓ1(L1
t,x,v).
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k ≤ 1 and the bound (6.4.47) imply that (rηMη) is bounded in ℓ2(L2

t,x,v). Thusup to an extration, there exists r ∈ ℓ2(L2(Mdtdxdv)) suh that (rηMη) weakly onvergestowards (rM) in ℓ2(L2
t,x,v). We dedue

∑

k

∫

R2

vrη
kMη

k dv =
∑

k

∫

R2

vMk
rη
kMη

k

Mk
dv ⇀

∑

k

∫

R2

vrkMk dv in weak − L2
t,x.Proposition 6.4.2 proves that √Nη

s → √
Ns in L2

t,x strongly. Thus
Jη ⇀ J := 2

√
Ns

∑

k

∫

R2

vrkMk dv in weak − L1
t,x. (6.4.56)Sine we have ∑k

∫
vMk dv = 0, Proposition 6.2.1 shows that we an de�ne Q−1(vM)and the selfadjointness of the operator Q leads to
J = 2

√
Ns

∑

k

∫

R2

Q−1(vM)kQ(rM)k
dv

Mk
. (6.4.57)Now, we will �nd an expression of J . Considering again the de�nition of rη

k , we have
Qη(f η)k

η
= 2
√
Nη

sQ
η(rηMη)k + ηQη((rη)2Mη)k.With (6.4.47), the seond term in the right hand side is of order O(η)ℓ1(L1

t,x,v). For the �rstone, one an prove easily, thanks to a Lebesgue theorem, that ∀ f ∈ ℓ2(L2
t,x,v), we have

‖Qη(f) −Q(f)‖ℓ2(L2
t,x,v) → 0. The weak onvergene of (rηMη) in ℓ2(L2

t,x,v) implies then
Qη(rηMη) ⇀ Q(rM) in ℓ2(L2

t,x,v).With the strong onvergene in L2
t,x of √Nη

s , we dedue
Qη(f η)k

η
= 2
√
Nη

s Mk
Qη(rηMη)k√Mk

+ O(η)ℓ1(L1
t,x,v) ⇀ 2

√
NsQ(rM)k in ℓ1(L1

t,x,v).(6.4.58)We reall that for every λ > 0, we have de�ned Θη
k,λ = (f η

k +λ exp(−1
2
(v2 +k2)))1/2. Thuswe have

Θη
k,λ → Θk,λ = (fk + λe−

1
2
(v2+k2))1/2 strongly in ℓ2(L2

t,x,v).Moreover we have,
η∂tΘ

η
k,λ + v · ∇xΘ

η
k,λ −∇v(∇xǫη

k Θη
k,λ) =

Qη(f η)k

2ηΘη
k,λ

+ λ∇xǫη
k

ve−
1
2
(v2+k2)

2Θη
k,λ

. (6.4.59)We an pass to the limit in the previous equation (6.4.59). In fat we have the strongonvergene of Θη
k,λ in L2 and the strong onvergene of V η in H1. Moreover, with LemmaB.0.3, we have

∇xǫη
k −∇xǫk = 〈(|χη

k|2 − |χk|2)∇xV
η〉 + 〈|χk|2∇x(V

η − V )〉.
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|∇xǫη

k −∇xǫk| ≤ C1e
C2‖V ‖

L2
z

(
‖∇xV

η‖L2
z
e

C2‖V η‖
L2

z‖V − V η‖L2
z
+ ‖∇x(V − V η)‖L2

z

)
.The strong onvergene of V η in L2((0, T ), H1(Ω)) and the Sobolev imbedding in Propo-sition 6.2.3, H1(Ω) →֒ L∞

x L
2
z(Ω), imply that

∇xǫη
k → ∇xǫk strongly in ℓ2(L2

t,x).Therefore,
∇xǫη

kΘ
η
k,λ ⇀ ∇xǫkΘk,λ weakly in L1

t,x,v.Thus we an take the weak limit as η → 0 in (6.4.59). For all k ≥ 1, we �nd
v · ∇xΘk,λ −∇v(∇xǫk Θk,λ) =

√
NsQ(rM)k

Θk,λ

+ λ∇xǫk
ve−

1
2
(v2+k2)

2Θk,λ

.And if we make λ→ 0 in the resulting equation, we �nd
(
∇x

√
Ns +

1

2

√
Ns∇xVs

)
· vMk = Q(rM)k, (6.4.60)where we take Vs = − log

∑
k e

−ǫk . And we verify that the produt √
Ns∇xVs has ameaning in L1

t,x. Now, with (6.4.56) and (6.4.60), we an onlude
J = −D

√
Ns

(
∇x

√
Ns +

1

2

√
Ns∇xVs

)
, (6.4.61)where the symmetri positive di�usion matrix, de�ned in (6.2.19), is given by

D = −
∑

k

∫

R

v ⊗Q−1(vM)k dv.Besides, with our hoie of boundary onditions (6.1.8) we have that
∑

k≥1

∫

R

vf η
k (t, a, v) dv =

∑

k≥1

∫

R

vf η
k (t, b, v) dv = 0Thus as η goes to 0, it provides that J(t, a) = 0 and J(t, b) = 0. Now, if we use Lemma6.4.5, we an rewrite the urrent J and the proof of the Proposition 6.4.4 is omplete.Lemma 6.4.5 Let Ns and V be de�ned in Proposition 6.4.3. If we suppose that

∇x

√
Ns +

1

2

√
Ns∇xVs = G ∈ L2((0, T ) × (a, b)), (6.4.62)where Vs = − log(

∑

k≥1

e−ǫk [V ]). Then we have
√
Ns ∈ L2([0, T ], H1(ω)) and √

Ns∇xVs ∈ L2((0, T ) × (a, b)).



6.4 Di�usive limit 143Proof. From (6.4.60) we have that (6.4.62) holds. Moreover, we have √
Ns bounded in

L2
t,x and V in L2

tH
1
x, then from Lemma B.0.2, we dedue that √Ns∇xVs ∈ L1

t,x. It followsthat ∇x

√
Ns ∈ L1

t,x. We onsider the approximation of the identity βδ as before. Namely
βδ(s) = 1

δ
β(δs) where β is a C∞(R+) funtion satisfying β(s) = s for 0 ≤ s ≤ 1, β(s) = 2for s ≥ 3 and 0 ≤ β ′(s) ≤ 1. If we denote ψ =

√
Ns, we have

∇xβδ(ψ) = ∇xψβ
′
δ(ψ).Hene we an renormalize the equation (6.4.62) :

∇xβδ(ψ) +
1

2
∇xVs β

′
δ(ψ)ψ = G̃where G̃ = Gβ ′

δ(ψ) ≤ G. Multiplying (6.4.63) by ∇xβδ(ψ) and integrating provides
∫∫

|∇xβδ(ψ)|2 dxdt+ 1

2

∫∫
∇xVs · ∇xβδ(ψ)ψβ ′

δ(ψ) dxdt =

∫∫
G̃∇xβδ(ψ) dxdt. (6.4.63)By a Cauhy-Shwarz inequality we dedue

∫∫
G̃∇xβδ(ψ) dxdt ≤ 1

2

∫∫
G̃2 dxdt+

1

2

∫∫
|∇xβδ(ψ)|2 dxdt.If we de�ne β̃ by β̃(s) =

∫ s

0
τβ ′(s)2 dτ and β̃δ(s) = 1

δ2 β̃(δs). Then, β̃δ(s) goes to s2

2
when

δ goes to 0 and we have
∫

ω

∇xVs · ∇xβδ(ψ)ψβ ′
δ(ψ) dx =

∫

ω

∇xVs · ∇xβ̃δ(ψ) dx = −
∫

ω

∆xVsβ̃δ(ψ) dx. (6.4.64)With the Poisson equation (6.3.33) for fk = NsMk, we have :
−∆xV = ∂2

zV +Ns

∑

k≥1

e−ǫk |χk|2
Z .And, after some integrations by parts,

〈∂2
zV |χk|2〉 = 2〈V χk∂

2
zχk〉 + 2〈V |∂zχk|2〉.Thanks to the Shrödinger equation (6.3.32), we have :

∂2
zχk = 2(V − ǫk)χk and 2〈V |χk|2〉 + |∂zχk|2 = 2ǫk.Thus,
〈∂2

zV |χk|2〉 = 4〈V 2|χk|2〉 + 2〈(V + ǫk)|∂zχk|2〉 − 4ǫ2
k.These remarks lead to the following identity :

−∆xVs = −4
∑

k

e−ǫk(ǫk)
2

Z +
〈N2 + 4V 2N〉

Ns

+ 2
∑

k

e−ǫk

Z
〈
(V + ǫk)|∂zχk|2

〉

− 1

Z
∑

k

∑

ℓ 6=k

(
e−ǫk − e−ǫℓ

ǫk − ǫℓ

)
〈χkχℓ ∇xV 〉2

+
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉2 −
(
∑

k

e−ǫk

Z
〈
|χk|2 ∇xV

〉
)2

. (6.4.65)



144 Chapter 6. Le as de la dimension 2By the Cauhy-Shwarz inequality, the sum of the last two terms of the right hand side isnonnegative. Moreover, exept for the �rst one, the other terms are obviously nonnegative.Thus we have with (6.4.64),
∫ b

a

∇xVs · ∇xβδ(ψ)ψβ ′
δ(ψ) dx ≥ −4

∫ b

a

∑

k

e−ǫk(ǫk)
2

Z β̃δ(ψ) dx.Moreover, Lemma B.0.2 and the Sobolev imbedding H1(Ω) →֒ L∞
x L

2
z(Ω) imply that thequantity ∑k

e−ǫk (ǫk)2

Z is bounded in L∞(ω). Thus (6.4.63) leads to
∫∫

|∇xβδ(ψ)|2 dtdx ≤
∫∫

G2 dtdx+ 4

∫ b

a

∑

k

e−ǫk(ǫk)
2

Z β̃δ(ψ) dx.Passing to the limit δ → 0, we have
∫∫

|∇x

√
Ns|2 dtdx ≤

∫∫
G2 dtdx+ 4

∫ b

a

∑

k

e−ǫk(ǫk)
2

Z Ns dx.Thus we dedue that √Ns ∈ L2((0, T ), H1(a, b)) and with (6.4.62) we onlude easily that√
Ns∇xVs ∈ L2((0, T ) × (a, b)).6.5 The trunated Boltzmann equationThis part deals with well-known existene results and properties for the Boltzmann equa-tion. Most results will be stated for the matter of ompleteness without proof, we an �ndthese standard results in [3, 4, 10, 13, 21℄. We shall assume that η > 0 is �xed, for thelarity of the notation we hoose η = 1, and that the fore �elds Fk := −∇xǫk is given.We onsider the equations indexed in k :




∂tfk + v · ∇xfk + Fk · ∇vfk = QR(f)k, (x, v) ∈ (a, b) × R, t ∈ [0, T ],

fk(t, a, v) = fk(t, a,−v), fk(t, b, v) = fk(t, b,−v) for t ∈ [0, T ], v > 0,

fk(0, x, v) = f in
k (x, v),

(6.5.66)where we use the trunated ollision operator :
QR(f)k =

∑

k′

∫

R

αR
k,k′(v, v′)(Mk(v)fk′(v′) −Mk′(v′)fk(v)) dv

′, (6.5.67)where the trunated ross-setion is de�ned for a R > 0 by
αR

k,k′(v, v′) = αk,k′(v, v′)1k≤R,|v|≤R(k, v)1k′≤R,|v′|≤R(k′, v′).A simple alulation shows that the regularized ollision operator (6.5.67) is bounded in
ℓ1(L1

t,x) and in ℓ∞(L∞
t,x) and satis�es ∑k

∫
R
QR(f)k dv = 0.The following lemma states the existene and uniqueness of the weak solution for eahequation of (6.5.66).



6.5 The trunated Boltzmann equation 145Lemma 6.5.1 Let T > 0 and assume that the initial data satisfy for all k ≥ 1,
f in

k ≥ 0, (1 + v2)f in
k ∈ L1((a, b) × R), f in

k ∈ L∞((a, b) × R).Assume that Fk ∈ L1((0, T ),W 1,1(a, b) ∩ L∞(a, b)) and that ǫk ≥ 1
2
π2k2. Then (6.5.66)admits an unique weak solution fk ∈ L∞((0, T ), L1 ∩ L∞((a, b) × R)), fk ≥ 0 and

∀ t ∈ [0, T ],
∑

k≥1

∫

R

fk(t, x, v) dv =
∑

k≥1

∫

R

f in
k (x, v) dv (6.5.68)Moreover if there exists δ > 2 suh that (vδ + k2)f in

k ∈ ℓ∞(L∞
x,v), then

∀ t ∈ [0, T ],
∑

k≥1

‖fk(t, ·, ·)‖L∞((a,b)×R) ≤ C(1 + (A(t))2), (6.5.69)where C is a onstant depending only on T and the data and A is de�ned by : A(t) :=∫ t

0

sup
k≥1

‖Fk(s, ·)‖L∞

x
ds.Proof. All the results are standard for the Vlasov equation and an be �nd in [10℄ forinstane. The key point is that with our hoie of trunated ollision operator, we anapply the results of Vlasov on our problem. We de�ne

Q+
R(f)k = Mk

(
∑

k′

∫

R

αR
k,k′f ′

k′ dv′

)and
λR

k =
∑

k′

∫

R2

αR
k,k′M′

k′ dv′.Operator Q+
R is ontinuous on L1 ∩ L∞ and preserve positivity. Thanks to the weakmaximum priniple of the Vlasov equation, one an onstrut, (for R > 0) from a �xedpoint with the harateristi formula, a positive solution of





∂tfk + v · ∇xfk + Fk · ∇vfk + λR
k fk = Q+

R(f)k, (x, v) ∈ (a, b) × R, t ∈ [0, T ],

fk(t, a, v) = fk(t, a,−v), fk(t, b, v) = fk(t, b,−v) for t ∈ [0, T ], v > 0,

fk(0, x, v) = f in
k (x, v). (6.5.70)Let us prove that the L∞ bound (6.5.69) is independent of R. We �rst de�ne the hargedensity NR by

NR =
∑

k≤R

∫

|v|≤R

fk dv.We onsider the harateristi Z = (X, Y ) :




dZ

ds
(s; x, v, t) = (Y (s; x, v, t), Fk(X(s; x, v, t), s)),

Z(t; x, v, t) = (x, v).



146 Chapter 6. Le as de la dimension 2By integrating the Boltzmann equation (6.5.70) over the harateristi Z, we �nd
fk(t, x, v) ≤ fk(τe, Z(τe; x, v, t)) exp

(
−
∫ t

τe

λR
k (s) ds

)

+

∫ t

τe

Q+
R(f)k(s) exp

(
−
∫ t

s

λR
k (σ) dσ

)
ds,where τe is the inoming instant to [a, b] ×R of the harateristi urves passing by (x, v)at the time t. Moreover, we have

|Q+
R(f)(t, x, v)| ≤ α2Mk(t, x, v)NR(t, x).Thus after a summation over k ≥ 1, we �nd

∑

k≥1

fk(t, x, v) ≤
∑

k≥1

‖f in
k ‖L∞

x,v
+
α2

2π

∫ t

0

exp(−1

2
(Y (s))2)NR(s,X(s)) ds.And the harateristis satisfy : v = Y (s) +

∫ t

s
Fk(X(σ), σ) dσ. Therefore, by de�nition of

A, we have that if |v| ≥ 2A then |Y (s)|2 ≥ (v/2)2. With our assumption on the initialondition (f in), we dedue that there exists a nonnegative onstant C suh that :
∑

k≥1

fk(t, x, v) ≤





∑

k≥1

C

k2
+
α2

2π

∫ t

0

‖NR(s, ·)‖L∞

x
ds if |v| ≤ 2A,

∑

k≥1

C

k2 + (v/2)δ
+
α2

2π
e−v2/8

∫ t

0

‖NR(s, ·)‖L∞
x
ds if |v| ≥ 2A.Integrating this last inequality for |v| ≤ 2A and for |v| ≥ 2A, we get

‖NR‖L∞

x
(t) ≤ C

(
A2 +

∫ t

0

‖NR‖L∞

x
(s) ds

)whih provides the bound (6.5.69) by a Gronwall argument.The following lemma, whose proof an be �nd in [4℄, establishes some ontinuity andompatness result for the solution of (6.5.66)Lemma 6.5.2 Let ǫn
k ∈ L1((0, T ),W 1,1(a, b)) for any k and n, suh that for any �xed k,

‖F n
k ‖L1 = ‖∇xǫn

k‖L1 is bounded independently of n. Let (fn
k ) be a orresponding sequeneof weak solutions of (6.5.66).(i) If for all k ≥ 1 we have as n→ ∞,

ǫn
k → ǫk in W 1,1

t,x , fn
k ⇀ fk in L∞

t,x,v − weak∗,then the limit fk is a weak solution of (6.5.66) with ǫk.(ii) If additionally we have for all n ∈ N,
∑

k≥1

(‖fn
k ‖L∞

t,x,v
+ ‖(v2 + k2)fn

k ‖L1
t,x,v

) ≤ C,where C is a onstant independent of n. Then the sequene of harge densities (ρn
k)k≥1 =

(
∫
fn

k dv)k≥1 is ompat (with respet to n) in the ℓ1(Lq((0, T ) × (a, b))) topology for any
q < 2.



6.6 Existene for the overall problem 1476.6 Existene for the overall problemIn this setion we are interested in the existene of a solution for a �xed η > 0. Theexistene result is stated in Theorem 6.1.1. The problem onsidered is a Boltzmannequation oupled with a Shödinger�Poisson system. The struture of this oupling inviteus to use a �xed-point argument for the proof. But to de�ne this �xed-point, we need tohave the uniqueness of a solution of the Shödinger�Poisson system. Thus, with our resultwe are not able to prove the existene for every kind of initial ondition.We do not give in detail the proof of Theorem 6.1.1, beause most results are standard.We only give the main steps whih follows the idea of [3, 4, 20℄ : we regularize the systemthanks to a parameters, we onstrut solution for the regularized system and we left gothe parameter to 0 to reover solutions of the unregularized system.First, we introdue a regularization of the overall problem. Let us de�ne the linearregularization operator by
Rε : L1(Ω) → C∞(Ω)

V → Rε[V ](x, z) = (V ∗x ξε,x ∗z ξε,z)|Ω
(6.6.71)where V is the extension of V by zero outside Ω and ξε,x and ξε,z are C∞ nonnegativeompatly supported even approximations of the unity on R. We write then the regularizedsystem :





∂tf
ε
k,R +

1

η
(v.∇xf

ε
k,R −∇xǫε

k,R.∇vf
ε
k,R) =

1

η2
Qε

R(f ε
R)k, (x, v) ∈ (a, b) × R,

f ε
k,R(t, a, v) = f ε

k,R(t, a,−v), f ε
k,R(t, b, v) = f ε

k,R(t, b,−v), v > 0, t ∈ [0, T ]

f ε
k,R(0, x, v) = f in

k (x, v),

(6.6.72)




−1

2
∂2

zχ
ε
k,R +Rε[V ε

R]χε
k,R = ǫε

k,Rχ
ε
k,R (k ≥ 1),

χε
k,R(t, x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χε
k,R χ

ε
ℓ,R dz = δkℓ ,

(6.6.73)




−∆x,zV
ε
R = Rε

[
∑

k

∫

R

f ε
k,R|χε

k,R|2 dv
]
,

dV ε
R

dx
(t, a, z) =

dV ε
R

dx
(t, b, z) = 0, for z ∈ (0, 1),

V ε
R(t, x, 0) = V ε

R(t, x, 1) = 0, for x ∈ (a, b).

(6.6.74)We use the regularization of the ollision operator :
Qε

R(f)k =
∑

k′

∫

R

αR
k,k′(v, v′)(Mε

k(v)fk′(v′) −Mε
k′(v′)fk(v)) dv

′, (6.6.75)where the trunated ross-setion is de�ned by
αR

k,k′(v, v′) = αk,k′(v, v′)1k≤R,|v|≤R(k, v)1k′≤R,|v′|≤R(k′, v′).



148 Chapter 6. Le as de la dimension 2We still use the notations de�ned in setion 6.1 : N ε
s =

∑

k≥1

∫
f ε

k dv and the Maxwellian
Mε

k =
1

2πZε
exp(−1

2
v2 − ǫε

k) for Zε =
∑

k≥1 e
−ǫε

k .Sine for ε = 0 we have R0 = Id, we will obtain a solution of the unregularized problemby passing to the limits ε→ 0 and R → +∞ in the regularized one (6.6.72)�(6.6.74), whihare done in the followings steps.Step 1 : Existene for the regularized problemIn the �rst step we prove that the regularized problem admit a solution. We verifyeasily that that the regularized ollision operator (6.5.67) is bounded in ℓ1(L1
t,x) and in

ℓ∞(L∞
t,x) and satis�es ∑k

∫
R
Qε

R(f)k dv = 0 and
∑

k≥1

∫

R

Qε
R(f)k log

fk

Mk

dv ≤ −α1

2

∑

k≥1

∫

R

(
√
fk −

√
NsMk)

2 dv.Moreover, we an prove straightforwardly from onvolution results that the regulariza-tion operator Rε satis�es the following properties :Lemma 6.6.1 (i) Rε is a bounded operator on Lp
xL

q
z(Ω) for 1 ≤ p, q ≤ +∞ and satis�es

∀V ∈ Lp
xL

q
z(Ω), ‖Rε[V ]‖Lp

xLq
z(Ω) ≤ ‖V ‖Lp

xLq
z(Ω).if 1 ≤ p, q < +∞ and V ∈ Lp

xL
q
z(Ω), then lim

ε→0
‖Rε[V ] − V ‖Lp

xLq
z(Ω) = 0.(ii) Rε is selfadjoint on L2(Ω).(iii) Let r ≥ 1 be given and V ∈W 1,r(Ω). Then

∇xR
ε[V ] = Rε[∇xV ] ; lim

ε→0
‖∇xR

ε[V ] −∇xV ‖Lr(Ω) = 0.Following the ideas of the proof of Proposition 4.8 of [4℄ we establish :Proposition 6.6.2 Let T > 0 and let assume that Assumption (A-1) holds and that theinitial ondition is at the thermal equilibrium, i.e. verify (A-2) and is given by (6.1.9).Then, there exists ε0 > 0 and δ > 0 suh that, if
∑

k≥1

‖f in
k ‖L1

x,v
< δ, (6.6.76)then for all ε ∈ (0, ε0) the regularized problem (6.6.72)�(6.6.74) admits a global weak solu-tion (V ε

R, (ǫε
k,R, χ

ε
k,R, f

ε
k,R)k≥1) on the interval [0, T ] whih satis�es the entropy estimate :

∀ t ∈ [0, T ], 0 ≤W ε
R(t) +

α1

2η2

∫ T

0

Rε
R(t) dt ≤ CT , (6.6.77)with

W ε
R(t) =

∑

k≥1

(
f ε

k,R log
f ε

k,R

Mk
− f ε

k,R +Mk

)
dxdv +

1

2

∫∫
|∇x,zV

ε
R|2 dxdz
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Rε

R(t) =
1

2

∑

k≥1

∫∫ (√
f ε

k,R −
√
N ε

s,RMε
k,R

)2

dxdv.Step 2 : Passing to the limit R→ +∞For ε > 0 �xed, one an pass to the limit as R→ +∞. We obtainProposition 6.6.3 Let T > 0 and let assume that (A-1) and (A-2) are satis�ed. Let
ε > 0 be �xed (ε < ε0) and (V ε

R, (f
ε
k,R, χ

ε
k,R,ǫε

k,R)k≥1) be a weak solution of the regularizedBoltzmann-Shrödinger-Poisson system (6.6.72)�(6.6.74). Then as R→ +∞ this solutiononverges to a weak solution (V ε, (f ε
k , χ

ε
k,ǫε

k)k≥1) of




∂tf
ε
k +

1

η
(v.∇xf

ε
k −∇xǫε

k.∇vf
ε
k) =

1

η2
Qε(f ε)k, (x, v) ∈ (a, b) × R,

f ε
k,R(t, a, v) = f ε

k,R(t, a,−v), f ε
k,R(t, b, v) = f ε

k,R(t, b,−v), v > 0, t ∈ [0, T ]

f ε
k(0, x, v) = f in

k (x, v),

(6.6.78)




−1

2
∂2

zχ
ε
k +Rε[V ε]χε

k = ǫε
kχ

ε
k (k ≥ 1),

χε
k(t, x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χε
k χ

ε
ℓ dz = δkℓ ,

(6.6.79)




−∆x,zV
ε = Rε

[
∑

k

∫

R2

f ε
k |χε

k|2 dv
]
,

dV ε
R

dx
(t, a, z) =

dV ε
R

dx
(t, b, z) = 0, for z ∈ (0, 1),

V ε(t, x, 0) = V ε(t, x, 1) = 0, for x ∈ (a, b).

(6.6.80)Moreover it satis�es the estimate
∀ t ∈ [0, T ], 0 ≤ W ε(t) +

α1

2η2

∫ T

0

Rε(t) dt ≤ CT , (6.6.81)with
W ε(t) =

∑

k≥1

(
f ε

k log
f ε

k

Mk
− f ε

k +Mk

)
dxdv +

1

2

∫∫
|∇x,zV

ε|2 dxdzand
Rε(t) =

1

2

∑

k≥1

∫∫ (√
f ε

k −
√
N ε

sMε
k

)2

dxdv.Proof. We skip all the index ε in the notation. With our regularization (6.6.71) we havea bound of V in L∞
t (W 1,∞

x,z ) depending only on ε and not on R whih provides thanksto (6.5.69) a bound of (fk,R)k≥1 in ℓ∞(L∞
t,x,v) depending only on ε and on the data. Andwith (6.5.68), we have a bound of (fk,R)k≥1 in ℓ1(L1

t,x,v) depending only on the data.Thus we an extrat a subsequene onverging as R → +∞ towards a funtion f in
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ℓ2(L2

t,x,v) − weak. Arguing as in Proposition 6.4.2, one an prove thanks to an averagingLemma that ρR := (
∫
fk,R dv)k≥1 → ρ := (

∫
fk dv)k≥1 in ℓ2(L2

x,v) − strong.The onservation of the mass implies that for all t ∈ [0, T ] we have ‖f‖ℓ1(L1
t,x,v) =

‖f in‖ℓ1(L1
t,x,v) = Nin. Then we an solve the regularized Shrödinger-Poisson system(6.6.79)-(6.6.80) with the given ρ and onstrut an unique solution V ∈ L∞

t (H1
x,z). Theontinuity of the solution of the Shödinger-Poisson system (f Proposition 6.3.4) pro-vides VR → V in L2

t (H
1
x,z) and properties of the eigenvalues of the Hamiltonian shows

ǫk[R
ε[VR]] → ǫk[R

ε[V ]] in L2
t (W

2,∞
x,z ).Furthermore, we have for all k ≥ 1

‖QR(fR)k‖L∞
x,v

≤ α2(‖fR‖ℓ1(L1
x,v) + ‖fR‖L∞

x,v
) ≤ CT,ε,where CT,ε is a nonnegative onstant depending only on T and ε and on the data. Wededue that we an extrat a subsequene (QR(fR)k)R onverging as R → +∞ in L∞ −

weak∗. From the previous remarks and the de�nition of QR (6.5.67), we dedue after usingsome Lebesgue theorems that
∀φ ∈ L1((a, b) × R),

∫∫
(Q(f)k −QR(fR)k)φ dxdv → 0 as R → +∞Thus one an pass to the limit in the weak equation of the Boltzmann-Shrödinger-Poissonsystem (6.6.72)�(6.6.74) and prove straightforwardly that (V, (fk,ǫk, χk)k≥1) is a solu-tion of (6.6.78)�(6.6.80). Finally we reover the estimate (6.6.81) by passing to the limit

R → +∞ in (6.6.77).Step 3 : Passing to the limit ε→ 0In the last step we prove Theorem 6.1.1 by taking the limit ε → 0 in the system(6.6.78)�(6.6.80).Sine the solution satis�es the estimate (6.6.81), we dedue that
∑

k≥1

∫∫∫

(0,T )×(a,b)×R

f ε
k(1 + v2 + k2 + | log f ε

k |) dxdvdt ≤ CTand with a Jensen inequality, one an dedue
∫∫

(0,T )×(a,b)

N ε
s (1 + | logN ε

s |) dxdt ≤ CT ,where we reall that we use the notation N ε
s :=

∑
k≥1

∫
R2 f

ε
k dv. Thus the Dunford-Pettis theorem implies that (f ε

k)k≥1 and N ε
s are weakly relatively ompat respetively in

ℓ1(L1((0, T ) × (a, b) × R)) and in L1((0, T ) × (a, b)). Moreover
Qε(f ε)k =

(
∑

k′≥1

∫

R

αk,k′f ε′

k′

)
Mε

k −
(
∑

k′≥1

∫

R

αk,k′Mε′

k′

)
f ε

k .
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t,x,v) and for all I ⊂ [0, T ], A ⊂ [a, b] and B ⊂ R, we have

∑

k

∫

I

∫

A

∫

B

|Qε(f ε)k| dxdvdt ≤ α2

∫

I×A

N ε
s dxdt+ α2

∫

I×A×B

f ε
k dxdvdt.Sine N ε

s and (f ε
k)k≥1 are equi-integrable and tight, we dedue that Qε(f ε) have the sameproperties. The Dunford-Pettis theorem implies then that Qε(f ε) is weakly relativelyompat in ℓ1(L1((0, T ) × (a, b) × R)). Then,

η∂tf
ε
k + v · ∇xf

ε
k =

1

η
Qε(f ε)k + ∇v · (∇xǫε

k f
ε
k).Proeeding as in the proof of Proposition 6.4.2, by an averaging lemma, we an prove that

ρε → ρ strongly in ℓ1(L1((0, T ) × (a, b))). (6.6.82)Moreover ρ satis�es the estimate
∑

k≥1

∫∫
ρk(1 + k2 + | log ρk|) dxdt ≤ CT . (6.6.83)and the onservation of the mass implies

∀ t ∈ [0, T ], ∀ ε > 0,

∫ b

a

Ns dx =

∫ b

a

N ε
s dx = Nin.We an then apply Lemma 6.3.2 to solve the unregularized Shrödinger-Poisson system(6.3.32)�(6.3.33) with the density ρ. Thus there exists V ∈ L∞([0, T ], H1(Ω)) weak solu-tion of (6.3.32)�(6.3.33). The onservation of the mass implies with Lemma 6.3.3 that wehave the uniqueness of this solution. Moreover multiplying the two Poisson equations by

(V ε − V ) and integrating lead to
∫∫

Ω

|∇(V ε − V )|2 dxdz =

∫∫

Ω

Rε

[
∑

k

(ρε
k|χε

k|2 − ρk|χk|2)
]

(V ε − V ) dxdz+

∫∫
(Rε − Id)

[
∑

k

ρk|χk|2
]

(V ε − V ) dxdz.

(6.6.84)For the seond term of the right hand side of (6.6.84), we use the selfadjointness of theoperator Rε (Lemma 6.6.1 (ii)) to write
∫∫

Ω

(Rε − Id)

[
∑

k

ρk|χk|2
]

(V ε − V ) dxdz

≤ C
∑

k≥1

∫ b

a

ρk(1 + ‖V ‖1/2
L2

z
)‖(Rε − Id)[V ε − V ]‖L2

z
dx,



152 Chapter 6. Le as de la dimension 2where we use the bound on the eigenvetors of the Hamiltonian established in LemmaB.0.5. Proeeding as in Lemma 6.3.2, we an obtain, thanks to the imbedding H1(Ω) →֒
L∞

x L
2
z(Ω).

∫∫

Ω

(Rε − Id)

[
∑

k

ρk|χk|2
]

(V ε − V ) dxdz ≤ C(1 + ‖V ‖1/2
H1(Ω))‖(Rε − Id)[V ε − V ]‖H1(Ω).And with Lemma 6.6.1, if we de�ne for the bounded operator Rε

‖Rε − Id‖2 := sup
{V ∈L2(Ω),V 6=0}

‖(Rε − Id)V ‖L2(Ω)

‖V ‖L2(Ω)

,then we have thanks to Lemma 6.6.1 (i),
‖Rε − Id‖2 → 0 as ε→ 0. (6.6.85)Thus, there exists a nonnegative onstant depending only on T suh that

∫∫

Ω

(Rε − Id)

[
∑

k

ρk|χk|2
]

(V ε − V ) dxdz ≤ C1‖Rε − Id‖2 ‖V ε − V ‖H1(Ω). (6.6.86)For the �rst term of the right hand side of (6.6.84), we deompose, using the selfadjointnessof Rε

∫∫

Ω

Rε

[
∑

k

(ρε
k|χε

k|2 − ρk|χk|2)
]

(V ε − V ) dxdz =

∑

k≥1

∫ b

a

(ρε
k − ρk)〈|χk|2Rε[V ε − V ]〉 dx+

∑

k≥1

∫ b

a

ρε
k〈(|χε

k|2 − |χk|2)Rε[V ε − V ]〉 dx.(6.6.87)From the properties of the regularization operator Rε resumed in Lemma 6.6.1 we have,
‖Rε[V ε − V ]‖H1(Ω) ≤ ‖V ε − V ‖H1(Ω).We treat the �rst term of the right hand side of (6.6.87) exatly as the �rst term of theright hand side of (6.3.42). Thus there exist two nonnegative onstants C2 and C3 suhthat,

∑

k≥1

∫ b

a

(ρε
k −ρk)〈|χk|2Rε[V ε −V ]〉 dx ≤ C2Nin‖V ε −V ‖2

H1(Ω) +C3‖ρε
k −ρk‖ℓ1(L1

x). (6.6.88)For the seond term of the right hand side of (6.6.87), we refer to the treatment of theseond term of (6.3.42). Therefore, there exists a nonnegative onstant C4 suh that
∑

k≥1

∫ b

a

ρε
k〈(|χε

k|2 − |χk|2)Rε[V ε − V ]〉 dx ≤ C4Nin‖V ε − V ‖2
H1(Ω). (6.6.89)



6.6 Existene for the overall problem 153Thus from (6.6.88) and (6.6.89), equation (6.6.87) beomes
∫∫

Ω

Rε

[
∑

k

(ρε
k|χε

k|2 − ρk|χk|2)
]

(V ε − V ) dxdz ≤

≤ C3‖ρε
k − ρk‖ℓ1(L1

x) + C5Nin‖V ε − V ‖2
H1(Ω).

(6.6.90)If we injet this last inequality (6.6.90) and (6.6.86) in the expression (6.6.84), we �nd
∫∫

Ω

|∇(V ε − V )|2 dxdz ≤ C1‖Rε − Id‖2 ‖V ε − V ‖H1(Ω)+

+C3‖ρε
k − ρk‖ℓ1(L1

x) + C5Nin‖V ε − V ‖2
H1(Ω).Finally after a Poinaré inequality, we dedue that if we take Nin small enough, we have

‖V ε − V ‖2
H1(Ω) ≤ C6‖Rε − Id‖2

2 + C7‖ρε
k − ρk‖ℓ1(L1

x).It is now easy with (6.6.85) to onlude that
lim
ε→0

‖V ε − V ‖2
H1(Ω) = 0.Thus there exists N0 > 0 suh that, for all 0 < Nin ≤ N0, there exists V ∈

L∞([0, T ], H1(Ω)) weak solution of the unregularized Shrödinger-Poisson system (6.3.32)�(6.3.33) and suh that the potential V ε, weak solution of the regularized system, onvergestowards V in L2([0, T ], H1(Ω)). The properties of the eigenvetors imply as in Proposition(6.4.3) that we have ǫε
k → ǫk in L2

t (L
∞
x ). Thus V is a weak solution of the Shrödinger-Poisson system (6.1.11)�(6.1.12).With standard arguments on Boltzmann equation we an prove then that a renor-malized solution of the Boltzmann equation (6.6.78) onverges strongly in ℓ1(L1

t,x,v) to arenormalized solution fk of the Boltzmann equation with a fore �eld ∇xǫk. Then we passto the limit ε → 0 in a renormalized Boltzmann equation and prove (i) (ii) and (iii) ofTheorem 6.1.1. Using onvexity arguments, we prove (iv) of Theorem 6.1.1. We do notgive in detail the end of the existene proof but refer the reader to [21, 12, 10℄.Referenes[1℄ C. Bardos, F. Golse, C. D. Levermore, Fluid dynamial limits of kineti equations,II : Convergene proofs for the Boltzmann equation, Comm. Pure Appl. Math., 46, 5,(1993), 667�753.[2℄ C. Bardos, F. Golse, C. D. Levermore, The aousti limit for the Boltzmann equation,Arh. Rational. Meh. Ana., 153, 3 (2000), 177�204.[3℄ N. Ben Abdallah,Weak solutions of the initial-boundary value problem for the Vlasov-Poisson system, Math. Methods Appl. Si. 17 (6), (1994), 451�476.
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Chapter 7Le as de la dimension 3
7.1 IntrodutionWe will onsider the Boltzmann-Shrödinger-Poisson system presented in the previoushapter. We reall that this system models the transport of harged arriers on�ned in ananostruture. The on�ning diretion is denoted by z ∈ (0, 1). In the transport diretionat a kineti level, partiles are desribed by their time-dependent distribution funtiondenoted by fk(t, x, v) for the kth subband, de�ned on the phase spae (x, v) ∈ ω×R

2 and
t ∈ R

+. The evolution of the distribution funtion is governed by the Boltzmann transportequation, whih in a resaled form is :
∂tf

η
k +

1

η
(v.∇xf

η
k −∇xǫη

k.∇vf
η
k ) =

1

η2
Qη(f η)k, (x, v) ∈ ω × R

2, (7.1.1)where η is a parameter related to the mean free path. The ollision operator Qη is givenby :
Qη(f)k =

∑

k′

∫

R2

αk,k′(v, v′)(Mη
k(v)fk′(v′) −Mη

k′(v
′)fk(v)) dv

′, (7.1.2)where the funtion Mη
k is the normalized Maxwellian de�ned in (6.1.6). We de�ne theoupation fator ρη

k(t, x) =
∫

R2 f
η
k dv and the surfae density Nη

s =
∑

k ρ
η
k.In the subband deomposition approah [6, 7℄, this equation is oupled to a Shrödinger-Poisson system :





−1

2
∂2

zχ
η
k + V ηχη

k = ǫη
kχ

η
k (k ≥ 1),

χη
k(t, x, ·) ∈ H1

0(0, 1),

∫ 1

0

χη
k χ

η
ℓ dz = δkℓ ,

(7.1.3)
−∆x,zV

η =
∑

k

ρη
k|χη

k|2, (7.1.4)with the boundary ondition :
{
∂νV

η(t, x, z) = 0, for x ∈ ∂ω, z ∈ (0, 1),

V η(t, x, 0) = V η(t, x, 1) = 0, for x ∈ ω,
(7.1.5)157



158 Chapter 7. Le as de la dimension 3where ν(x) is the unit outward normal vetor at x on the boundary ∂ω of ω.This system is ompleted by the speular re�exion boundary onditions :
f η

k (t, x, v) = f η
k (t, x,−v + 2(ν(x) · v)ν(x)), v.ν(x) < 0, x ∈ ∂ω, t ∈ R

+. (7.1.6)We denote Γ± = {(x, v) ∈ ∂ω × R
2/± (v.ν(x)) > 0} and Γ = Γ+ ∪ Γ−. And we onsiderthe well-prepared initial onditions :

f η
k (0, x, v) = f in

k (x, v) :=
N in

s (x)

2π
∑

k e
−ǫk[V in]

e−v2/2−ǫk[V in], (x, v) ∈ ω × R
2, (7.1.7)where N in

s is given and (V in, (ǫk[V
in], χk[V

in])k≥1) is the set of solutions of the Shrödinger-Poisson system at the thermal equilibrium :




−1

2
∂2

zχk[V
in] + V inχk[V

in] = ǫk[V
in]χk[V

in] (k ≥ 1),

χk[V
in](x, ·) ∈ H1

0 (0, 1),

∫ 1

0

χk[V
in]χℓ[V

in] dz = δkℓ ,

−∆x,zV
in =

∑

k

N in
s (x)∑

k e
−ǫk[V in]

|χk[V
in]|2e−ǫk[V in],In this hapter, we will only present the di�usive limit of solutions of this system. Weare not able to establish an existene result for a 2D transport. However if we assume thatwe have solutions, we an prove their onvergene. More preisely, we make the followingassumptions :Assumption 7.1.1 The ross setion α is symmetri and bounded from above and below :there exists α1, α2 suh that 0 < α1 ≤ αk,k′(v, v′) = αk,k′(v′, v) ≤ α2 for all (v, v′) ∈

R
2 × R

2, k, k′ ≥ 1.Assumption 7.1.2 The initial ondition is regular : N in
s ∈ C0(ω) and N in

s ≥ 0. We anprove then (see [2℄) that there exists a unique V whih satisfy moreover V in ∈ C2(ω).We assume that the existene Theorem proved for a 1D transport still holds for x ∈
ω ⊂ R

2 :Assumption 7.1.3 Let T > 0 and assume that Assumptions 7.1.1 and 7.1.2 are satis�ed.Then we assume that the system (7.1.1)-(7.1.3)�(7.1.7) admits a renormalized solution inthe following sense :(i) ∀ β ∈ C1(R+), β(f η) is a weak solution of :




η∂tβ(f η)k + v · ∇xβ(f η)k −∇xǫη
k · ∇vβ(f η)k =

Qη(f η)k

η
β ′(f η)k,

β(f η)k(t = 0) = β(f in)k.



7.1 Introdution 159(ii) ∀λ > 0, Θη
k,λ := (f η

k + λ exp(−1
2
(v2 + k2)))1/2 satis�es

η∂tΘ
η
k,λ + v · ∇xΘ

η
k,λ −∇v(∇xǫη

k Θη
k,λ) =

Qη(f η)k

2ηΘη
k,λ

+ λ∇xǫη
k

ve−
1
2
(v2+k2)

2Θη
k,λ

.(iii) We have the loal mass onservation
∂tN

η
s + ∇x · Jη = 0, where Jη =

1

η

∑

k≥1

∫

R2

vf η
k dv.(iv) We have the entropy inequality :

∀ t ∈ [0, T ], 0 ≤W η(t) +
α1

2η2

∫ t

0

Rη(s) ds ≤ CT , (7.1.8)where the entropy of the system is de�ned by
W η(t) =

∑

k

∫∫

ω×R2

(
f η

k log
f η

k

Mk
− f η

k +Mk

)
dxdv +

1

2

∫∫

Ω

|∇x,zV
η|2 dxdzand the dissipation rate by

Rη(t) =
1

2

∑

k

∫∫

ω×R2

(√
f η

k −
√
Nη

s Mη
k

)2

dxdv.The result presented here is the di�usive limit :Theorem 7.1.4 Let, for η > 0, (V η, (f η
k ,ǫ

η
k, χ

η
k)k≥1) be the renormalized solution of theBoltzmann-Shrödinger-Poisson system de�ned in Theorem 7.1.3. Then as η → 0, thissolution onverges to the solution (V,Ns, (ǫk, χk)k≥1) of the drift-di�usion-Shrödinger-Poisson system de�ned by

∂tNs + divx J = 0, J = −D(∇xNs +Ns∇xVs), (7.1.9)




−1

2
∂zzχk + V χk = ǫkχk (k ≥ 1),

χk(t, x, ·) ∈ H1
0 (0, 1),

∫ 1

0

χk χℓ dz = δkℓ ,
(7.1.10)

−∆x,zV = N, (7.1.11)where the density N and the e�etive potential Vs are de�ned by
N = Ns

∑

k

e−ǫk

∑
ℓ e

−ǫℓ
|χk|2 , Vs = − log

∑

k

e−ǫk . (7.1.12)And this system is ompleted with an initial ondition Ns(0, x) = N0
s (x) and with thefollowing onservative boundary onditions :

{
J(t, x) · ν(x) = 0, ∂νV (t, x, z) = 0 for x ∈ ∂ω, z ∈ (0, 1),

V (t, x, 0) = V (t, x, 1) = 0 for x ∈ ω.



160 Chapter 7. Le as de la dimension 3We have up to an extration of a subsequene, as η → 0,
‖f η

k −NsMk‖ℓ1(L1([0,T ]×ω×R2)) → 0 and ‖V η − V ‖L2([0,T ],H1(Ω)) → 0.We will not give the proof of this result in detail beause most of results used havebeen established in the previous hapter. The main di�ulty here is the fat that we donot have anymore the imbedding H1(Ω) →֒ L∞
x L

2
z(Ω). Therefore we do not onserve theuniqueness of the solution of the quasistati Shrödinger-Poisson system. To overomethis di�ulty, we will use the Trudinger and Young inequalities presented in the Appendixof hapter 4. The idea is that with these inequalities the set of the square of funtions in

H1(ω) is in duality with L logL. In fat in the previous hapter, we have only used the
L1 bound of the oupation fator whereas the entropy inequality (7.1.8) gives a bound in
L logL. With this tehnique, we are able to pass to the limit η → 0 but not to establish theexistene of solutions. In a full lassial problem, we do not have this di�ulty and we an�nd a rigorous derivation of a drift-di�usion-Poisson system from a Boltzmann-Poissonsystem for a 2D transport in [4℄.This hapter is organized as followsIn setion 7.2 we analyze the Shrödinger-Poisson system when the oupation fatorsare assumed to be given in L logL. In setion 7.3, we follows the development of theprevious hapter to prove Theorem 7.1.4.7.2 The Shrödinger-Poisson system for ρ in L logLThe main problem whih does not allow us to prove Theorem 7.1.3 is the fat that we arenot able to establish the uniqueness of the solution of the Shrödinger-Poisson system for
ρk in L logL and Ω ⊂ R

3. In fat in setion 6.3 this property relies strongly on lemma6.2.3 whih is not true in 3D. However we an establish an existene result whose proof isgiven in this setion. Namely, we onsider the Shrödinger-Poisson system (7.1.3)�(7.1.4)(in whih we omit to write the exponents η) for ρ = (ρk)k≥1 given in L∞(0, T ; ℓ1(L1(ω)))and ompleted by the following boundary onditions :
∂νV (t, x, z) = 0 on ∂ω × (0, 1), V (t, x, 0) = V (t, x, 1) = 0 for x ∈ ω.Assumption 7.2.1 We assume that the given ρ is suh that ∀ k ≥ 1, ρk ≥ 0 and thereexists a nonnegative onstant CT suh that :

∀ t ∈ [0, T ],
∑

k

∫

ω

ρk(1 + k2 + | log ρk|) dx ≤ CT , (7.2.13)In the sequel we will use the funtional spae
H1

01 = {V ∈ H1(Ω) : V (x, 0) = V (x, 1) = 0}.Proposition 7.2.2 (Existene) Let us suppose that ρ = (ρk)k≥1 is given in L∞(0, T ; ℓ1(L1(ω)))and satis�es Assumption 7.2.1. Then the Shrödinger-Poisson system (7.1.3)�(7.1.4) ad-mits a solution in H1
01.



7.2 The Shrödinger-Poisson system for ρ in L logL 161As in the previous hapter (and see [5, 1℄), we onsider the funtional de�ned on H1
01by

Jρ(V ) =
1

2

∫∫

Ω

|∇V |2 dxdz −
∑

k≥1

∫

ω

ρkǫk[V ] dx = J0(V ) + J1(V, ρ). (7.2.14)We �rst prove that this funtional has a minimizer and that this minimizer de�nes asolution of (7.1.3)�(7.1.4). The main idea is the fat that we only use the L1 bound of ρkin setion 6.3 whereas the entropy estimate gives more regularity. As in hapter 5, we willthen use the Young and Trudinger inequalities to prove the following result :Lemma 7.2.3 Assume that ρ ∈ L∞(0, T ; ℓ1(L1(ω))) and satis�es Assumption 7.2.1. Thenthe funtional Jρ de�ned in (7.2.14) is ontinuous, loally Lipshitz and weakly lower semi-ontinuous on H1
01. It is oerive : there exists nonnegative onstants C1, C2 and C3 suhthat

Jρ(V ) ≥ C1‖V ‖2
H1(Ω) − C2‖V ‖4/3

H1(Ω) − C3. (7.2.15)Thus the system (7.1.3)�(7.1.4) admits a solution (V, (ǫk, χk)k≥1) suh that V ∈ H1
01.Proof. The funtional J0 is learly ontinuous and strongly onvex on H1

01. For thefuntional J1, we use the properties of ǫk[V ] stated in (B.0.14) to prove
|J1(V, ρ) − J1(Ṽ , ρ)| ≤

∑

k≥1

∫

ω

ρk|ǫk[V ] − ǫk[Ṽ ]| dx

≤ C
∑

k≥1

∫

ω

ρk(k
1/2 + ‖V ‖1/3

L2
z(0,1) + ‖Ṽ ‖1/3

L2
z(0,1))‖V − Ṽ ‖L2

z(0,1) dx.(7.2.16)Moreover after an interpolation we have
∑

k

∫

ω

ρkk
1/2‖V − Ṽ ‖L2

z(0,1) dx ≤
(
∑

k

∫

ω

ρkk
2 dx

)1/4(∫

ω

Ns‖V − Ṽ ‖4/3

L2
z(0,1) dx

)3/4

.Using the Young inequality given in (A.1.1), we have
∫

ω

Ns‖V − Ṽ ‖4/3

L2
z(0,1) dx =

∫

ω

Ns

‖V − Ṽ ‖4/3
L2

z(0,1)

‖V − Ṽ ‖4/3
H1(Ω)

dx‖V − Ṽ ‖4/3

H1(Ω)

≤
∫

ω

(
Ns logNs −Ns + exp

‖V − Ṽ ‖4/3
L2

z(0,1)

‖V − Ṽ ‖4/3
H1(Ω)

)
dx ‖V − Ṽ ‖4/3

H1(Ω).Therefore, the Trudinger inequality (A.2.3) and (7.2.13) lead to
∑

k≥1

∫

ω

ρkk
1/2‖V − Ṽ ‖L2

z(0,1) dx ≤ CT‖V − Ṽ ‖H1(Ω). (7.2.17)



162 Chapter 7. Le as de la dimension 3Doing the same for the others term, we have
∫

ω

Ns‖V ‖1/3
L2

z(0,1)‖V − Ṽ ‖L2
z(0,1) dx ≤ C‖V ‖1/3

H1(Ω)‖V − Ṽ ‖H1(Ω)×
∫

ω

(
Ns logNs −Ns + exp

γ‖V ‖1/3

L2
z(0,1)‖V − Ṽ ‖L2

z(0,1)

‖V ‖1/3

H1(Ω)‖V − Ṽ ‖H1(Ω)

)
dx.An interpolation gives

∫

ω

exp
γ‖V ‖1/3

L2
z(0,1)‖V − Ṽ ‖L2

z(0,1)

‖V ‖1/3

H1(Ω)‖V − Ṽ ‖H1(Ω)

dx ≤

≤
(∫

ω

exp
γ‖V ‖2/3

L2
z(0,1)

‖V ‖2/3
H1(Ω)

dx

)1/2(∫

ω

exp
γ‖V − Ṽ ‖2

L2
z(0,1)

‖V − Ṽ ‖2
H1(Ω)

dx

)1/2

≤ C,thanks to the Trudinger inequality (A.2.3) and (7.2.13). Thus,
∑

k≥1

∫

ω

ρk‖V ‖1/3
L2

z(0,1)‖V − Ṽ ‖L2
z(0,1) dx ≤ CT‖V ‖1/3

H1(Ω)‖V − Ṽ ‖H1(Ω). (7.2.18)Obviously we have the same estimate (7.2.18) if we hange V to Ṽ and Ṽ to V . Thus(7.2.17) and (7.2.18) injeted in (7.2.16) prove
|J1(V, ρ) − J1(Ṽ , ρ)| ≤ CT (1 + ‖V ‖1/3

H1(Ω) + ‖Ṽ ‖1/3
H1(Ω))‖V − Ṽ ‖H1(Ω). (7.2.19)Hene J1(·, ρ) is Lipshitz and weakly ontinuous on H1
01. Now if we take Ṽ = 0 in (7.2.19),from (7.2.13) we have that 0 ≥ J1(0, ρ) ≥ −CT . Thus,

Jρ(V ) ≥ 1

2
‖∇V ‖2

L2(Ω) − C(1 + ‖V ‖1/3

H1(Ω))‖V ‖H1(Ω) − C ′.We apply the Poinaré inequality in H1
01 to �nd (7.2.15). Hene the funtional Jρ admits aminimizer in H1

01. Moreover, from the properties of the spetrum of the Hamiltonian (seeLemma B.0.3), it is lear that Jρ is Gâteaux di�erentiable on H1
01 and for anyW ∈ H1(Ω),

dV Jρ(V ) ·W =

∫∫

Ω

∇V · ∇W dxdz −
∑

k

∫

ω

ρk〈|χk[V ]|2W 〉 dx.Thus eah minimizer of the funtional Jρ is a weak solution of the Shrödinger-Poissonsystem (7.1.3)�(7.1.4).7.3 Di�usive limitThis setion is devoted to the proof of Theorem 7.1.4. We follow the analysis of theprevious hapter and only detail the hanges.



7.3 Di�usive limit 1637.3.1 Convergene of the densityLemma 7.3.1 Let f η be the renormalized solution of the Boltzmann-Shrödinger-Poissonsystem de�ned in Theorem 7.1.3. Then ρη =
∫

R2 f
η dv is strongly relatively ompat in

ℓ1(L1((0, T ) × ω)).We skip the proof whih is exatly the same as in the previous hapter. Thus withthis result, we an extrat a subsequene (still denoted ρη) onverging towards ρ in
ℓ1(L1((0, T ) × ω)). The Fatou lemma and the entropy inequality (7.1.8) imply that fora.e. t ∈ [0, T ],

∑

k

∫

ω

ρk(1 + k2 + | log ρk|) dx ≤ CT . (7.3.20)Proposition 7.3.2 Under assumptions of Theorem 7.1.3, if (f η, V η) is a solution of(7.1.1)-(7.1.3)�(7.1.7) as de�ned in Theorem 7.1.3. Then there exist V in L∞(0, T ;H1(Ω))and Ns in L∞(0, T ;L1(ω)) suh that, up to an extration,
V η → V in L2(0, T ;H1(Ω)) and f η → NsM in ℓ1(L1([0, T ] × ω × R

2)).Proof. With Lemma 7.2.2 and (7.3.20) there exists V ∈ L∞(0, T ;H1(Ω)) weak solutionof the Shrödinger-Poisson system (7.1.3)�(7.1.4) for the given ρ. Sine we do not havethe imbedding H1(Ω) →֒ L∞
x L

2
z(Ω), we must be more preise than before to establish theonvergene of V η towards this solution V .If we multiply the Poisson equation by (V − V η) and integrate, we use the samedeomposition as before

∫ T

0

∫∫

Ω

|∇(V η − V )|2 dxdzdt = I + II + III,where
I =

∑

k

∫ T

0

∫

ω

(ρk − ρη
k)〈|χk[V ]|2(V − V η)〉 dxdt,

II =
∑

k

∫ T

0

∫∫

ω×R2

(f η
k −Nη

s Mη
k)〈(|χk[V ]|2 − |χk[V

η]|2)(V − V η)〉 dxdvdt,

III =
∑

k

∫ T

0

∫∫

ω×R2

Nη
s Mη

k〈(|χk[V ]|2 − |χk[V
η]|2)(V − V η)〉 dxdvdt,We will used tehniques based on the Trudinger and Young inequalities to treat the �rstand seond term as in the proof of Proposition 7.2.2. Moreover, as before, the deay ofthe Maxwellian with respet to k insures that the third term is nonpositive.For the �rst term, as in the proof of Proposition 7.2.2, we an show that

|I| ≤ C1‖ρk − ρη
k‖

1/4

ℓ1(L1
t,x)
. (7.3.21)



164 Chapter 7. Le as de la dimension 3For the seond term, we use Lemma (B.0.5) to write
|II| ≤ C2

∑

k

∫ T

0

∫∫

ω×R2

|f η
k −Nη

s Mη
k|(1 + ‖V ‖1/2

L2
z

+ ‖V η‖1/2
L2

z
)‖V − V η‖L2

z
dxdvdt.Doing the same alulations as for I, we get the estimate

|II| ≤ C3

(
∑

k

∫ T

0

∫∫

ω×R2

|f η
k −Nη

s Mη
k| dxdvdt

)1/4

. (7.3.22)We show that the entropy inequality (7.1.8) implies the onvergene towards 0 of thisterm. Indeed, by a Cauhy-Shwarz inequality
∑

k

∫ T

0

∫∫

ω×R2

|f η
k −Nη

s Mη
k| dxdvdt ≤ 2

√
2‖Nη

s ‖1/2

L1
t,x

(∫ T

0

Rη(t) dt

)1/2

.Thanks to the properties of the eigenvalues of the Hamiltonian, we have, with theinjetion of H1(Ω) →֒ Lp
xL

2
z(Ω) for all 1 ≤ p < +∞, that

‖ǫk[V
η] − ǫk[V ]‖L2([0,T ],Lp(ω)) → 0 as η → 0, for all 1 ≤ p < +∞.Moreover, using properties of the eigenvalues of the Hamiltonian, we have

|Mη
k −Mk| ≤ C(1 + ‖V η‖L2

z
+ ‖V ‖L2

z
)‖V − V η‖L2

z

∫ 1

0

M(v)
e−ǫs

k

Zs
ds, (7.3.23)where we use the notation f s = f [sV η + (1 − s)V ]. Thus Mη → M as η → 0 in

L2([0, T ], ℓp(Lp(ω × R
2))) for all p < +∞. Furthermore,

‖NsM−Nη
s Mη‖ℓ1(L1

t,x,v) ≤ ‖Ns −Nη
s ‖L1

t,x
+ ‖Nη

s (M−Mη)‖ℓ1(L1
t,x,v). (7.3.24)The bound (7.3.23) provides

‖Nη
s (M−Mη)‖ℓ1(L1

t,x,v) ≤
∫ T

0

∫

ω

Nη
s (1 + ‖V η‖L2

z
+ ‖V ‖L2

z
)‖V − V η‖L2

z
dxdt.We will use the same tehniques as before based on the Young and Trudinger inequalitiesto bound the right hand side. In fat we have for instane with (A.1.1)

∫ T

0

∫

ω

Nη
s ‖V ‖L2

z
‖V − V η‖L2

z
dxdt ≤

∫ T

0

‖V ‖H1(Ω)‖V − V η‖H1(Ω) dt×

sup
t∈[0,T ]

{∫

ω

Nη
s logNη

s −Nη
s + C exp

(
γ

‖V ‖2
L2

z

‖V ‖2
H1(Ω)

)
exp

(
γ

‖V − V η‖2
L2

z

‖V − V η‖2
H1(Ω)

)
dx

}
.Thus the Trudinger inequality (A.2.3) and the entropy inequality (7.1.8) imply that thereexists a nonnegative onstant C suh that

‖Nη
s (M−Mη)‖ℓ1(L1

t,x,v) ≤ C‖V − V η‖1/2

L2([0,T ],H1(Ω)).



7.3 Di�usive limit 165This last estimate ombines with the strong onvergene of Nη
s in L1

t,x imply thanks to(7.3.24) that
‖NsM−Nη

s Mη‖ℓ1(L1
t,x,v) → 0 as η → 0.Moreover, the entropy estimate (7.1.8) implies a ontrol of the dissipation rate :

∫ T

0

Rη(t) dt =
1

2

∑

k≥1

∫ T

0

∫∫

ω×R2

(√
f η

k −
√
Nη

s Mη
k

)2

dxdvdt ≤ CTη
2.Thus, by a Cauhy-Shwarz inequality,

‖f η −NsM‖ℓ1(L1
t,x,v) ≤ ‖f η −Nη

s Mη‖ℓ1(L1
t,x,v) + ‖Nη

s Mη −NsM‖ℓ1(L1
t,x,v)

≤ 4‖Nη
s ‖1/2

L1
t,x

(∫ T

0

Rη(t) dt

)1/2

+ ‖Nη
s Mη −NsM‖ℓ1(L1

t,x,v).Thus f η → NsM strongly in ℓ1(L1
t,x,v).

7.3.2 The limit equationBy a straightforward adaptation of the previous hapter (using the Young and Trudingerinequalities when it is useful) we an prove :Proposition 7.3.3 Let (f η, V η) be a solution of the renormalized system de�ned in The-orem 7.1.3, then the urrent Jη, de�ned by
Jη :=

1

η

∑

k

∫

R2

vf η
k dv, (7.3.25)satis�es {

Jη ⇀ J = −D(∇xNs +Ns∇xVs) in weak − L1
t,x,

J · ν = 0 for x ∈ ∂ω,where D is the di�usion matrix de�ned in the previous hapter and the autoonsistantpotential is Vs = − log(
∑

k≥1

e−ǫk[V ]).Thus the limit (Ns, V ) satis�es the drift-di�usion-Shrödinger-Poisson system. Thisends the proof of Theorem 7.1.4.Referenes[1℄ N. Ben Abdallah, F. Méhats, On a Vlasov-Shrödinger-Poisson model, Comm. PartialDi�erential Equations 29 (2004), no. 1-2, 173�206.
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PART IIISimulations numériques





Chapter 8Simulation d'un transistor double grilleave le modèle DDSP
Joint work with P. Pietra 1.

8.1 IntrodutionNowadays, the improve of the tehnology allows us to realize eletroni omponents atnanometer sales. Suh omponents inrease speed and funtionality of eletroni devies.The nanotehnology beomes a major enter of interest for future eletroni. In this task,modeling and numerial simulations play an important role to estimate the behaviourof devies whose eletrons transport properties are mainly based on quantum e�ets [3,10, 12℄. In these ultimate size devies like ultrashort hannel double gate MOSFETs [1℄,eletrons might be extremely on�ned in one or several diretions, whih are referred tothe on�ning diretions.This artile proposes to handle with nanosale semiondutor devies using a gen-eral subband deomposition approah. This approah onsists of a diagonalisation of theHamiltonian thanks to a separation of the on�nement and the transport diretions. Theomputational gain is signi�ant by the redution of the dimension of the transport prob-lem [19, 6℄. The model presented in this artile is de�ned by a self-onsistent proessbetween the alulation of the eletron density and the spae harge e�ets using the Pois-son equation. In the devie, eletrons are in a mixed state with given statistis. They arelike point partiles in the transport diretion while they behave like waves in the transverseone. The elementary states are obtained thanks to the resolution of a lassial transportequation.Suh a oupled lassial-quantum model is presented in this work to obtain the mod-elling and the numerial simulation of a double gates nanoMOSFET. A model of a purely1IMATI del CNR, Pavia, Italy. 169



170 Chapter 8. Simulation d'un transistor double grille ave le modèle DDSPballisti quantum transport of Shrödinger type and its numerial treatment relying onthe subband deomposition approah are presented in [17, 19℄. Here transport propertiesare not expeted to be based on quantum e�ets but the design of the devie is assumedto be suh that the transport an be onsidered as lassial. The main mehanism drivingthe eletrons towards a loal equilibrium in a di�usive regime is ollisions with phonons(vibrations of the lattie) [15, 21℄. The transport is then well desribed by a �uid model.One of the most used equation is the drift-di�usion equation [16, 22, 11, 2℄ whih presentthe advantages to be of low numerial ost.In the following setion we present an overview of the model and of the equationsused. In setion 3 we explain the Gummel proess implemented with the aim to obtaina numerial simulation of a double gate MOSFET. Finally, the numerial results arepresented in the last setion.8.2 Presentation of the modelIn this setion we will present more preisely the model used and implemented in thiswork. We denote the spae variable (x, y, z). We assume that the problem is invariant bytranslation in the y diretion. Thus it is equivalent to onsider that we have a 2D devieoupying the interval [0, L] with a width ℓ. Then the transport variable x is assumed tolie in [0, L], while in the on�ned diretion the variable z belongs to [0, ℓ].8.2.1 The subband deomposition methodIn the subband deomposition approah the system is viewed as a statistial mixture ofeigenstates of the Shrödinger operator in the transverse diretion. The oupation numberof eah state is given by a statisti funtion : for Boltzmann statistis it is exp(ǫF−ǫ
kBT

),for Fermi-Dira statistis it is 1/(1 + exp(ǫ−ǫF

kBT
)). In these expressions ǫ is the energy ofthe onsidered staten, kB is the Boltzmann onstant, T is the temperature of the lattieand ǫF is the so-alled Fermi energy whih, at zero temperature, represents the thresholdbetween oupied and unoupied states [18, 23℄.In the transversal diretion, the system is assumed to be at the equilibrium with aloal Fermi level ǫF whih depends on the transport variable x. At a position (x, z), thepartile density N(x, z) for Boltzmann statistis is given by

N(x, z) =

+∞∑

k=1

eβ(ǫF (x)−ǫk(x))|χk(x, z)|2, (8.2.1)where β = 1/(kBT ) and (χk,ǫk)k≥1 is the omplete set of eigenfuntions and eigenvaluesof the Shrödinger operator in the z variable




−~
2

2

d

dz

(
1

m∗(z)

d

dz
χk

)
+ (U + Uc)χk = ǫkχk.

χk(x, ·) ∈ H1
0 (0, ℓ),

∫ ℓ

0

χk χk′ dz = δkk′ .

(8.2.2)



8.2 Presentation of the model 171In this equation ~ is the Plank onstant, m∗ the e�etive mass, e the elementary hargeand Uc is a given potential barrier between the silion and the oxyde in the nanotransistor.The eletrostati energy generated by the eletrons themselves V = U/e is the solution ofthe Poisson equation
−div x,z(εR∇x,zU) =

e

ε0

(N −ND), (8.2.3)where εR is the relative permittivity, ε0 the permittivity onstant in vauum and ND isthe doping density.8.2.2 The di�usive regimeIn the transport diretion, we onsider that the transport is purely lassial in the di�usiveregime. This motion is desribed thanks to the stationary drift-di�usion equation :
−divx J(x) = 0, (8.2.4)

J(x) = D(∇xNs(x) + βNs(x)∇xUs(x)), (8.2.5)where Ns is the surfae density, D denotes the di�usion oe�ient D = µkBT for a onstantmobility µ and the e�etive energy Us is given by
Us = −kBT log

(
+∞∑

k=1

e−βǫk

)
. (8.2.6)If we note the repartition funtion Z by

Z(x) =
+∞∑

k=1

e−βǫk(x), (8.2.7)then we remark easily from (8.2.1) that the surfae density satisfy
Ns(x) =

∫ ℓ

0

N(x, z) dz = eβǫFZ(x).Therefore we an hoose the unknow Ns instead of ǫF in the modelling. We have then
N(x, z) =

Ns(x)

Z(x)

+∞∑

k=1

e−βǫk(x)|χk(x, z)|2. (8.2.8)If we introdue the slotboom variable u de�ned by
u(x) = eβǫF =

Ns(x)

Z(x)
, (8.2.9)then we remark easily that the drift-di�usion equation (8.2.4) reads

−div x(DZ(x)∇xu(x)) = 0.



172 Chapter 8. Simulation d'un transistor double grille ave le modèle DDSPThus the invariane of the problem in the y diretion implies that this last equation anbe written − d
dx

(DZ(x)du
dx

) = 0, whih shows that the slotboom variable u is onstant.The drift-di�usion equation an be derived from kineti theory when the mean freepath is small ompared to the system length-sale [20, 13℄. Suh a derivation from theBoltzmann equation of semiondutors is derived formally in hapter 2 and a rigorousproof of it is done in hapter 6.The unknowns of the overall system are the surfae density Ns(x), the eigenenergies
ǫk(x), the eigenfuntions χk(x, z) and the eletrostati potential V (x, z).If we assume that the eletrostati potential V is given. Then a diagonalization of theone dimensional Shrödinger operator (8.2.2) provides the eigenvalues and eigenvetors
(ǫk, χk). The e�etive energy Us an be omputed from (8.2.6). This allows us to obtainthe surfae density Ns by solving the drift-di�usion problem (8.2.4). Thus we have all theknowledge to �nd the density N (8.2.8) and therefore to ompute a new potential thanksto the resolution of the Poisson equation (8.2.3).8.3 Numerial implementation8.3.1 The modeled devieHere we are interested in a Double-Gate MOSFET (Metal Oxyde Semiondutor FieldE�et Transistor). This nanotransistor is a very small struture Si/SiO2. The hargearriers are sent out from the Soure to the Drain. The transport takes plae in the analwhih is the ative region between the Soure and the Drain. This MOSFET has twogates whih are insulated from the anal by a layer of dioxyde of Siliium SiO2 and wherewe an apply a voltage.
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Figure 8.1: Shemati representation of the modeled devie. The Drain and the Soureare large doped by a density N+.We assume that the model is invariant in the y diretion (in�nite boundary onditions)and the problem is then studied in the x, z domain. The devie oupies a region of a 2D



8.3 Numerial implementation 173domain denoted by [0, L]× [0, ℓ]. A shemati representation of the devie is presented inFigure 8.1. Moreover the high doping regions at the soure and at the drain ontats implythat these ontats an be onsidered as small eletron reservoirs in whih we assume thatthe potential does not depend on the transport diretion. And the physi of the frontierimplies mixed boundary onditions : Dirihlet boundary onditions at the ohmi ontatsof the Drain, Soure and gate ontats, Neumann boundary onditions everywhere else.8.3.2 General sheme of the Gummel iterationsWe mesh the domain [0, L]×[0, ℓ] by �nite elements, and obtain the nodes xi, i = 1, · · · , Nxand zj, j = 1, · · · , Nz. The proedure is deomposed in three main steps using Gummeliterations [14℄.First we onsider the boundary onditions at the drain and at the soure ontat. Aswe saw before, the high doping pro�le at these regions implies that the potential doesnot depend on the transport diretion. Thus the surfae density at the Drain and Soureontat is equal to N+ × ℓSi. It remains then to solve in the z diretion a 1D Shrödinger-Poisson system. To this aim we use a Gummel iteration and �nd (χk(x1, z),ǫk(x1))k andthe potential energy that we will denote Ub(z).Seondly, we onsider the whole system when there is no applied voltage. The resultsobtained in the �rst step allows us to determinate the slotboom variable u thanks to(8.2.9). In fat, sine u is onstant, it su�es to determine it on the boundary (for x = x1for instane). It remains to alulate a 2D Shrödinger-Poisson system. The boundaryonditions for the Poisson equation are U(x = 0, z) = U(x = L, z) = Ub(z) at the Drainand Soure ontats, U(x, z = 0) = U(x, z = ℓ) = Ugate for x ∈ [L1, L2] at the Gateontat (if we assume that the Gates oupy the position [L1, L2]) and Neumann boundaryondition everywhere else dU
dz

(x, z = 0) = dU
dz

(x, z = 1) = 0 for x ∈ [0, L1] ∪ [L2, L].Finally, we onsider the resolution of the drift-di�usion-Shrödinger-Poisson systemwhen there is an applied Drain-Soure voltage UDS. We start from the obtained potentialand density and inrement by step of 0.02V in order to avoid too big gap for the auray ofthe omputer. We impose Dirihlet boundary onditions for the drift-di�usion equation at
x = 0 and x = L. For the potential, we impose Dirihlet boundary onditions at the Gateand at the Soure and Drain ontats : U(x = 0, z) = Ub(z) and U(x = L, z) = Ub(z)+UDS.The Gummel iteration for the drift-di�usion-Shrödinger-Poisson system is summarizedin the following steps :1. For a given potential Uold in the whole domain [0, L]× [0, ℓ], we solve the eigenvalueproblem (8.2.2) on eah slies of the devie by diagonalization of the Hamiltonian.Thus we obtain Nx sets of eigenfuntions {χk(xi, z)}i=1,···,Nx and eigenvetors {ǫk}.The eigenfuntions have then to be normalized.2. We ompute then the e�etive energy Us from (8.2.6). We are then able to solvethe 1D stationary drift-di�usion equation (8.2.4) with Dirihlet boundary ondition.The method used is the one desribed in [8℄.3. We have then all the ingredients to ompute the density N thanks to the expression(8.2.8).



174 Chapter 8. Simulation d'un transistor double grille ave le modèle DDSP4. The Poisson equation is solved in the 2D domain using Dirihlet boundary onditionsfor the interfaes with the gates and on the soure and drain interfaes, and Neumannboundary onditions everywhere else. The system is solved using the preonditionedonjugate gradient method. A new potential energy Unew is then obtained.5. We repeat the four previous steps until the di�erene ‖Unew −Uold‖L∞ be su�ientlysmall.We end the desription of the iterations by a remark on the resolution of the Poissonequation. Following the idea of Caussigna et al. [9℄, we implement a quasi-Newtonmethod suh that we solve
−∇(εR∇Unew) +

e

ε0

Unew

Uref
=

e

ε0

(
N(x, z)

(
1 − Uold

Uref

)
−ND

)
,with Uref = kBT . This method an be viewed as a linearization of the Newton method.This is the method used in [19℄ where a ballisti 2D Shrödinger-Poisson system is imple-mented.8.3.3 The three valleysThe silion presents the partiularity to have three di�erent eletron on�gurations inthe band struture (Figure 8.2). The eletrons are distributed among six ellipsoids whihpresent some symmetry properties. Due to anisotropi e�ets in the band struture wede�ne for the eletron a transverse e�etive mass m∗

t and a longitudinal e�etive mass m∗
ℓ .If we use the notation (m∗

x, m
∗
y, m

∗
z) to de�ne the e�etive mass in the diretion (x, y, z),

1

2

3

Figure 8.2: Constant energy surfae for the �rst ondution band in silion (six ellipsoidsand three di�erent on�gurations for the eletrons due to the symmetry properties).then we have three di�erent on�guration for the Silion : (m∗
t , m

∗
t , m

∗
ℓ), (m∗

t , m
∗
ℓ , m

∗
t ) and

(m∗
ℓ , m

∗
t , m

∗
t ).



8.4 Numerial results 175Table 8.1: Table of the main value usedParameter Value Length Value
N+ 1020cm−3 LS 15nm
N 1015cm−3 LC 20nm
Uc 3 eV LD 15nm

εR[Si] 11.7 ℓox 2nm
εR[SiO2] 3.9 ℓSi 8nmIf we take into aount these on�gurations, then we have to solve two di�erentShrödinger equations one to de�ne the transversal eigenfuntions (χt

k)k and the transver-sal eigenvalues (ǫt
k)k

−~
2

2

d

dz

(
1

m∗
t

d

dz
χt

k

)
+ (U + Uc)χ

t
k = ǫt

kχ
t
k, χt

k ∈ H1
0 (0, ℓ),whereas the diagonalization of the following Shrödinger operator
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d
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χℓ

k

)
+ (U + Uc)χ

ℓ
k = ǫℓ

kχ
ℓ
k, χℓ

k ∈ H1
0 (0, ℓ)allows us to onstrut the longitudinal eigenfuntions (χℓ

k)k and the longitudinal eigenval-ues (ǫℓ
k)k.Moreover the expression of the density N is hanged into

N =
Ns

Z
∑

k

(
e−ǫℓ

k |χℓ
k|2 + 2

√
m∗

ℓ

m∗
t

e−ǫt
k |χt

k|2
)
,where the repartition funtion is de�ned by

Z = 2πm∗
t

(
∑

k

e−ǫℓ
k + 2

√
m∗

ℓ

m∗
t

∑

k

e−ǫt
k

)
.We explain in Setion 2.4 how to obtain these new expression thanks to the formal deriva-tion of the equation from the Boltzmann equation.The implementation still remains the same as the one desribed in the previous setionwith the small modi�ations desribed before : two diagonalizations of the Shrödingeroperator and a di�erent de�nition of the density.8.4 Numerial resultsIn this setion we apply the model and the proedure desribed before to the Double-Gate-MOSFET. We denote by L and ℓ the length and respetively the width of the devie. The



176 Chapter 8. Simulation d'un transistor double grille ave le modèle DDSPthikness of the oxyde layer under the two gates is de�ned by ℓox (see Figure 8.1). Wereall that ND is the doping pro�le whih is equal to N+ in the Drain and Soure and
N in the hannel. All the values used are given in Table 8.1. Denoting me the eletronmass, then the transverse and longitudinal e�etive mass in silion are m∗

t = 0.19me and
m∗

ℓ = 0.98me. The features of the grid mesh are Nx = 50 and Ny = 50.

Figure 8.3: Evolution of the eletron density at the equilibrium state. On the left we plotthe one valley ase while we plot the three valley ase on the right.Fig. 8.3 shows the obtained eletron density in the devie at the equilibrium for the onevalley ase when m∗
z = m∗

t and for the three valleys ase. We remark that the on�gurationof the eletron density and thus the on�nement are not the same. Figure 8.4 shows theevolution of the eletron density when we apply a Drain-Soure voltage VDS = 0.2Vand VDS = 0.5V . Beause of this bias, the density does not remain symmetri but theonentration of eletrons is bigger in the soure.

Figure 8.4: Eletron density for an applied Drain-Soure potential VDS = 0.2V on the leftand VDS = 0.5V on the right.



8.4 Numerial results 177In Fig. 8.5 we present the variation of the �rst energy levels ǫk(x) along the transportdiretion x for the two on�gurations of the e�etive mass in the on�ned diretion z. Wepresent the results at the equilibrium for VDS = 0V and for VDS = 0.5V . We reall thatthe eigenvalues of the Hamiltonian form an inreasing sequene of real valued numbers.We notie that the eigenvalues are loser from eah other in the on�guration m∗
z = m∗

ℓthan when m∗
z = m∗

t . This explains why the on�nement is so di�erent between the twoon�gurations. In fat, if we ompute the oupation fator of eah state (see Figure 8.6),we notie that four modes are visible when m∗
z = m∗

ℓ and only two when m∗
z = m∗

t , beauseof the exponential dependene of the ǫk. That is the reason why we only onsider a �nitenumber of modes in our omputation. Here we have taken 12 modes, but we an hoseless for a faster omputation.
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Figure 8.5: Energy levels ǫk(x) along the x transport diretion for the two e�etive masson�gurations in the z diretion, at VDS = 0V (on the left) and VDS = 0.5V (on the right).
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178 Chapter 8. Simulation d'un transistor double grille ave le modèle DDSPMoreover, in Fig. 8.5 on the right, we present the same energy levels ǫk(x) for anapplied bias voltage at the drain. This involves a shift in the energy levels at the drainontat whih is expeted to be equal to the amplitude of the assoiated drain bias voltage.
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Figure 8.7: I − V harateristis for the devie with di�erent Gate-Soure voltage VGS
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Figure 8.8: I−Vgate harateristis for the devie with di�erent Drain-Soure voltage VDSThe urrent is de�ned by the quantity J in (8.2.5). The di�usion oe�ient is al-ulated thanks to the Einstein relation : D = µkBT where the mobility µ is equal to
µ = 0.12m2V −1s−1. In Figure 8.7 we present some results on the I − V harateristis ofthe Double-Gate-MOSFET for di�erent gate potential VGS. We notie that the numerialvalue of the urrent in the transistor inreases with the gate potential. We an see morepreisely this remark by looking at Figure 8.8 where the urrent is onsidered as a funtionof the gate potential.Finally, in Fig. 8.9, we plot the potential energy observed in the devie. The energypotential barrier between the soure and the hannel is visible. The gate potential VGSmodulates the height of this barrier and thus the number of free eletrons in the hannel.
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Figure 8.9: Potential energy when there is no applied gate voltage and VDS = 0.2V .Referenes[1℄ F. Balestra, S. Cristoloveanu, M. Benahir, J. Brini, T. Elewa, Double gate silion-on-isulator transistor with volume inversion : A new devie with with greatly enhanedperformane, IEEE Eletron Devie Lett., vol. EDL-8, pp 410�412, Sept 1987.[2℄ M. Baro, N. Ben Abdallah, P. Degond, A. El Ayyadi, A 1D oupled Shrödingerdrift-di�usion model inluding ollisions, J. Comp. Phys 203 (2005), 129�153.[3℄ G. Bastard, Wave mehanis applied to semiondutor heterostrutures, Les éditionsde Physique, 1996.[4℄ N. Ben Abdallah, A Hybrid Kineti-quantum model for stationary eletron transport,J. Stat. Phys. 90 no 3-4 (1998), 627�662.[5℄ N. Ben Abdallah, On a multidimensional Shrödinger-Poisson sattering model forthe semiondutors, J. Math. Phys. 41 no 3-4 (2000), 4241�4261.[6℄ N. Ben Abdallah, E. Polizzi, M. Mouis, F. Méhats, Simulation of 2D quantum trans-port in ultrashort DG-Mosfets : a fast algorithm using subbands, Proeedings of theSISPAD onferene 2003, IEEE produt TH8679-TBR, 267�270 (2003).[7℄ N. Ben Abdallah, L. Tayeb, Di�usion approximation for the one dimensionnalBoltzmann-Poisson system Disrete ontin. Dyn. Syst. Ser. B 4 (2004), 1129�1142.[8℄ F. Brezzi, L.D. Marini, P. Pietra, Méthodes d'éléments �nis mixtes et shéma deSharfetter-Gummel, C.R. Aad. Si. Paris Sér. I, 305 (1987), 599-604.[9℄ Ph. Caussigna, B. Zimmermann, R. Ferro, Finite element approximation of ele-trostati potential in one dimensional multilayer strutures with quantized eletroniharge, Computing 45, (1990) 251-264.
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Chapter 9Couplage de DDSP ave un modèleomplètement quantique
Aknowledgment: The author would like to thank C. Negulesu for its help andexplanation on the WKB method.9.1 IntrodutionIn this work, we present a hybrid lassial-quantum stationary model for the transport ofharged partiles on�ned in a nanostruutre. In the previous hapter we have introdueda modeling and a numerial simulation for the transport in a double-gate MOSFET. Thismodel assumes that the transport is lassial in a �uid regime and the on�nement in thetransverse diretion is desribed by the subband method whih involves a diagonalizationof the 1D Shrödinger operator in the transverse diretion. It is a good alternative forthe Shrödinger-Poisson model desribing a purely ballisti quantum transport whih nu-merial treatment is very expensive. However, in many semiondutor devies quantume�ets take plae in a loalized region e.g. around the double barrier in resonant tunnelingdiodes, whereas in the rest of the devie domain transport an be onsidered as lassial.Thus it makes sense to follow a hybrid strategy : use a quantum model in regions wherequantum e�ets are strong and ouple it to a lassial model in the rest of the devie do-main. Therefore a partiular attention is given in the derivation of the interfae onditionsbetween these two models.The fat is that quantum transport simulations are omplex and omputationally ex-pensive. They require the self-onsistent resolution of a quantum transport model withthe Poisson equation. By using the subband deomposition method, the numerial ostan be redued [7, 6℄ by a redution of the dimensionality. This model does not take intoaount ollisions of the harged partiles along the transport. If the quantum region issmall enough, using a ollisionless model may be an aeptable approximation. In thishapter, we fous on a hybrid model in whih a Shrödinger-Poisson model for the subband181



182 Chapter 9. Couplage de DDSP ave un modèle omplètement quantiqueis oupled to the drift-di�usion-Shrödinger-Poisson model presented in the beginning ofthis PhD. In the large doped region of the drain and the soure, the transport is expetedto be lassial in a highly ollisional regime. Therefore the drift-di�usion model is usedwhereas the ative zone between the soure and the drain is desribed by a fully quantummodel of Shrödinger type.In [2℄, a oupled kineti-quantum model has been introdued where the Shrödingerequation was used to de�ne the density in the quantum zone. In the lassial region aBoltzmann equation was used to ompute the density in the rest of the devie. At thelassial-quantum interfae, re�etion-transmission onditions have been de�ned whihgive boundary onditions for the Boltzmann equation. Then the distribution funtionssolving this equation was taken as �alimentation funtion� to onstrut the density in thequantum zone. The eletrostati potential was self-onsistent and therefore the model wasompleted by the resolution of the Poisson equation. It was shown that the re�etion-transmission onditions are urrent �ux preserving. In [5, 1℄, the Boltzmann equationtogether with the re�etion-transmission onditions was replaed by the drift-di�usionequation and orresponding onnetion onditions were derived. In [5℄, these onditionswere obtained by using the di�usion approximation method and a boundary layer analysisof the re�etion-transmission onditions of [2℄. The strategy of [1℄ is quite di�erent : byaiming at a diret oupling of drift-di�usion and quantum model, the authors get analytiexpression for the onnetion onditions by writing the ontinuity of the urrent at theinterfae.Here we follow the method of [1℄ and operate to a diret oupling of our lassial modelto the quantum one. The di�ulty in the subband deomposition method is that we haveto take into aount interations between di�erent subbands and the transmission or there�etion of partiles an operate in di�erent subbands. In the next setion, we brie�yreall the two models used and derive the interfae onditions. In setion 3 we present thenumerial treatment of the model.9.2 The ouplingIn this setion, we will present the strategy to ouple the di�usive transport with thequantum transport for a on�ned gas.We assume that the devie domain in the transport diretion x is divided into a quan-tum zone Σ = (x1, x2), with 0 < x1 < x2 < L, and a lassial region Ω = (0, L) \ Σ.9.2.1 The quantum regionIn a �rst approah, we assume that the eletrostati potential V is given on the wholedomain. Thus by a diagonalization of the Hamiltonian, the set (ǫk, χk)k≥1 is known. Weonsider the potential Ṽ de�ned by
Ṽ (x) =





V1 := V (x1) x ≤ x1,
V (x) x1 ≤ x ≤ x2,
V2 := V (x2) x ≥ x2.



9.2 The oupling 183This is an extension of the potential V ontinuously on the whole real line by a onstantoutside the quantum region Σ. We de�ne the energy E1 and E2 on the interfae x = x1and respetively on x = x2 by
E1(k) :=

p2

2m
+ ǫk(x1) ; E2(k) :=

p2

2m
+ ǫk(x2),where p is the momentum variable and ǫk is the kth eigenvetor of the Hamiltonian. Thewave vetor is given by

pℓ
j(Ei(k)) :=

√
2m|Ei(k) − ǫℓ(xj)| =

√
|p2 + 2m(ǫk(xi) − ǫℓ(xj)|,where i and j take the value 1 or 2.The Shrödinger operator is de�ned by

H = −~
2

2

(
1

m

d2

dx2

)
− ~

2

2

∂

∂z

(
1

m

∂

∂z

)
.The wave funtions ψ±

k are solutions of the Shrödinger equation with open boundaryonditions [3, 7℄ :




Hψ+
k + Ṽ ψ+

k = E1ψ
+
k , for (x, z) ∈ [x1, x2] × (0, 1).

ψ+
k (x, 0) = ψ+

k (x, 1) = 0,

~
∂ψ+

k

∂x
(x1, z) = 2ipχk(x1, z) −

M1(E1(k))∑

ℓ=1

ipℓ
1(E1(k)) 〈ψ+

k (x1, ·)χℓ(x1, ·)〉χℓ(x1, z)

+

∞∑

ℓ=M1(E1(k))+1

pℓ
1(E1(k)) 〈ψ+

k (x1, ·)χℓ(x1, ·)〉χℓ(x1, z),

~
∂ψ+

k

∂x
(x2, z) =

M2(E1(k))∑

ℓ=1

ipℓ
2(E1(k)) 〈ψ+

k (x2, ·)χℓ(x2, ·)〉χℓ(x2, z)

−
∞∑

ℓ=M2(E1(k))+1

pℓ
2(E1(k)) 〈ψ+

k (x2, ·)χℓ(x2, ·)〉χℓ(x2, z),

(9.2.1)
where

M j(Ei(k)) = sup{ℓ ∈ N
∗ suh that ǫℓ(xj) ≤ Ei(k)}.
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Hψ−
k + Ṽ ψ−

k = E2ψ
−
k , for (x, z) ∈ [x1, x2] × (0, 1).

ψ−
k (x, 0) = ψ−

k (x, 1) = 0,

~
∂ψ−

k

∂x
(x1, z) = −

M1(E2(k))∑

ℓ=1

ipℓ
1(E2(k)) 〈ψ−

k (x1, ·)χℓ(x1, ·)〉χℓ(x1, z)

+
∞∑

ℓ=M1(E2(k))+1

pℓ
1(E2(k)) 〈ψ−

k (x1, ·)χℓ(x1, ·)〉χℓ(x1, z),

~
∂ψ−

k

∂x
(x2, z) = −2ipχk(x2, z) −

M2(E2(k))∑

ℓ=1

ipℓ
2(E2(k)) 〈ψ−

k (x2, ·)χℓ(x2, ·)〉χℓ(x2, z)

+
∞∑

ℓ=M2(E2(k))+1

pℓ
2(E2(k)) 〈ψ−

k (x2, ·)χℓ(x2, ·)〉χℓ(x1, z). (9.2.2)The re�exion and transmission oe�ients are de�ned by




R1
k→ℓ =

pℓ
1(E1(k))

p
|δkℓ − 〈χℓ(x1, ·)ψ+

k (x1, ·)〉|2 if ℓ ≤M1(E1(k)),

R1
k→ℓ = 0 if ℓ > M1(E1(k)),





T 1
k→ℓ =

pℓ
2(E1(k))

p
|〈χℓ(x2, ·)ψ+

k (x2, ·)〉|2 if ℓ ≤M2(E1(k)),

T 1
k→ℓ = 0 if ℓ > M2(E1(k)),and respetively





R2
k→ℓ =

pℓ
2(E2(k))

p
|δkℓ − 〈χℓ(x2, ·)ψ−

k (x2, ·)〉|2 if ℓ ≤M2(E2(k)),

R2
k→ℓ = 0 if ℓ > M2(E2(k)),





T 2
k→ℓ =

pℓ
1(E2(k))

p
|〈χℓ(x1, ·)ψ−

k (x1, ·)〉|2 if ℓ ≤M1(E2(k)),

T 2
k→ℓ = 0 if ℓ > M1(E2(k)).In other words, the open boundary onditions express the fat that a wave oming from areservoir and penetrating the quantum region at x = x1 or x = x2 is partially re�eted andtransmitted by the potential barrier. The transmitted part an be an evanesent wave. Asimpli�ed sheme is presented in Figure 9.1We have the following reiproity relations

R1
k→ℓ = R1

ℓ→k (9.2.3)
R2

k→ℓ = R2
ℓ→k (9.2.4)

T 2
ℓ→k(−pℓ

2(E1(k))) = T 1
k→ℓ(p) (9.2.5)

T 1
ℓ→k(p

ℓ
1(E2(k))) = T 2

k→ℓ(−p) (9.2.6)
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Figure 9.1: Sheme of the transmission and re�exion at the lassial/quantum interfae.We denote by
R1

k =
∑

ℓ

R1
k→ℓ ; R2

k =
∑

ℓ

R2
k→ℓ,

T 1
k =

∑

ℓ

T 1
k→ℓ ; T 2

k =
∑

ℓ

T 2
k→ℓ.Moreover we an prove [6℄ that we have

R1
k + T 1

k = 1 for 1 ≤ k ≤M1(E1(k)), (9.2.7)
R2

k + T 2
k = 1 for 1 ≤ k ≤M2(E2(k)). (9.2.8)If we assume temporarily that the the distribution funtion (fk(x, p))k≥1 of eletronsentering the quantum region is known : its values are (fk(x1, p))k≥1 for p > 0 and

(fk(x2, p))k≥2 for p < 0. Then, following [2℄, these values allow us to onstrut the eletrondensity :
N(x, z) =

+∞∑

k=1

∫

p>0

fk(x1, p)|ψ+
k (x, z)|2 dp+

+∞∑

k=1

∫

p<0

fk(x2, p)|ψ−
k (x, z)|2 dp. (9.2.9)And the partile urrent is given by :

JQ(x) =
~

m

+∞∑

k=1

∫ 1

0

∫

p>0

fk(x1, p)Im (ψ
+

k (x, z)∇xψ
+
k (x, z)) dpdz

+
~

m

+∞∑

k=1

∫ 1

0

∫

p<0

fk(x2, p)Im (ψ
−

k (x, z)∇xψ
−
k (x, z)) dpdz.

(9.2.10)
9.2.2 The lassial regionIn the lassial region, the transport is di�usive. We onsider a stationary drift-di�usionmodel on the disonneted domain Ω :

− d

dx
J(x) = 0, (9.2.11)



186 Chapter 9. Couplage de DDSP ave un modèle omplètement quantique
J(x) = D(

d

dx
Ns(x) + βNs(x)

d

dx
Us(x)), (9.2.12)where Ns is the surfae density, D denotes the di�usion oe�ient D = µkBT for a onstantmobility µ, T is the temperature of the lattie, kB is the Boltzmann onstant and β isde�ned by β = 1/(kBT ). The e�etive energy Us is given by

Us = −kBT log

(
+∞∑

k=1

e−βǫk

)
. (9.2.13)We note the repartition funtion Z by

Z(x) =
+∞∑

k=1

e−βǫk(x). (9.2.14)Introduing the slotboom variable u(x) = Ns(x)/Z(x), the Fermi level is then de�ned by
ǫF (x) = kBT log u(x) and the urrent (9.2.12) an be rewritten :

J(x) = D(Z(x)
d

dx
u(x)). (9.2.15)In order to have a well-posed problem, we have to indiate suitable boundary onditions.Following [1, 5℄, we impose Dirihlet boundary onditions at x = 0 and x = L,

Ns(0) = nD ; Ns(L) = nD, (9.2.16)where nD is a doping onentration whih is given. The two open sets (0, x1) and (0, x2)are onneted through the onditions :
J(x1) = J(x2) := J, (9.2.17)

u(x1) − u(x2) = eβǫF (x1) − eβǫF (x2) = θQJ, (9.2.18)where the positive number θQ depends on the re�exion-transmission oe�ient. Thisdependene will be larify below. It is easy to show that the stationary problem (9.2.11)-(9.2.12) oupled with the boundary ondition (9.2.16)-(9.2.17)-(9.2.18) is well-posed for apositive θQ.From the surfae density, we onstrut a distribution funtion in the lassial regionby assuming that we are at the thermal equilibrium and then the distribution funtion isMaxwellian :
fk(x, p) = Ns(x)Mk(p) ; Mk(p) =

1√
2πmZ

exp

(
−β p

2

2m
− βǫk(x)

)
. (9.2.19)The oupation number of the kth subband is then obtained by

ρk(x) =

∫

R

fk(x, p) dp = u(x)e−βǫk(x).
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N(x, z) =

+∞∑

k=1

ρk(x)|χk(x, z)|2 = u(x)

+∞∑

k=1

e−βǫk(x)|χk(x, z)|2. (9.2.20)The eletrostati potential generated by the eletrons themselves V is the solution ofthe Poisson equation
−div x,z(εR∇x,zV ) =

e

ε0
(N −ND), (9.2.21)where εR is the relative permittivity, ε0 the permittivity onstant in vauum and ND isthe doping density.9.2.3 The onnetion onditionsWe explain here the ondition (9.2.18) and the onstant θQ. Following [1℄, this onditionand the onstant θQ provide from the ontinuity of the urrent through the interfaes. Infat, (9.2.11) implies that the urrent is onstant on the lassial region and with (9.2.17)we impose that this onstant is the same. The ontinuity of the urrent is a lassialproperty of semiondutors [2, 1℄. Let us rewrite the expression (9.2.10).From the Shrödinger equation satis�ed by ψ+

k (9.2.1) and ψ−
k (9.2.2),

d

dx
Im (ψ

±

k (x, z)
d

dx
ψ±

k (x, z)) = 0.Thus we dedue from (9.2.10) that the urrent JQ is onstant on the quantum region. Byintegrating on [x1, x2] × [0, 1], we �nd
∫ 1

0

Im (ψ
±

k (x1, z)
d

dx
ψ±

k (x1, z) dz =

∫ 1

0

Im (ψ
±

k (x2, z)
d

dx
ψ±

k (x2, z) dz.Using this last identity and the open boundary onditions satis�ed by ψ±
k (9.2.1)�(9.2.2),we obtain after straightforward alulations

JQ =

+∞∑

k=1

∫ +∞

0

(
p

m
T 1

k (p)fk(x1, p) −
p

m
T 2

k (p)fk(x2,−p)) dp.We reall that we assume to be at the thermal equilibrium and then the distributionfuntions for x = x1 and x = x2 are Maxwellian :
fk(x, p) = u(x)M(p)e−βǫk(x) ; where M(p) =

1√
2πm

e−βp2/(2m).Taking advantage of this Maxwellian dependene of the distribution funtions and of thereiproity relation (9.2.5) and (9.2.7) we have
JQ = (u(x1) − u(x2))

+∞∑

k=1

∫ +∞

0

p

m
T 1

k (p)M(p)e−βǫk(x1) dp. (9.2.22)



188 Chapter 9. Couplage de DDSP ave un modèle omplètement quantiqueThus if we set
(θQ)−1 =

+∞∑

k=1

∫ +∞

0

p

m
T 1

k (p)M(p)e−βǫk(x1) dp, (9.2.23)then the ondition (9.2.18) expresses the ontinuity of the urrent at the interfae.9.3 Numerial resolution9.3.1 Algorithmi approahOur typial devies of interest are very small double-gate MOSFET presented in Chapter 8.A shemati representation of the devie is given in Figure 8.1. We assume that the modelis invariant in the y diretion and the problem is then redued to the domain [0, L]× [0, ℓ]of the (x, z) domain. The larged doped region of the drain and the soure are assumedto be small eletrons reservoirs. The soure and the drain omposed the lassial zone.In the viinity of the ontat, the potential does not depend of the transport diretion.The ative zone is then modeled by the Shrödinger-Poisson model for the subband. Ashemati representation of the di�erent regions of the devie is given in Figure 9.2.Soure DrainAtive zonemodelFully quantum Coupled Fluid/Coupled Fluid/Quantum model Quantum modeloupling onditions oupling onditionsFigure 9.2: Shemati representation of the di�erent regions of the desription.A algorithm for the oupled problem is the following. First, let assume that thepotential V is given. We diagonalize the 1D Shrödinger operator in the transversaldiretion and �nd the eigenvetors χk[V ] and the eigenvalues ǫk[V ] of the Hamiltonian. Weompute then the sattering states ψ±
k thanks to the SDM/WKB method and the re�etionand transmission oe�ients of the quantum region for the potential Ṽ . Therefore a valueof the oupling onstant θQ is dedued from (9.2.23). The knowledge of this value allowsus to solve the drift-di�usion problem (9.2.11) with the transmission onditions (9.2.16)�(9.2.18). An alimentation funtion is dedued from (9.2.19), whih together with thesattering states, allows us to onstrut a quantum density aording to (9.2.9). Then wean solve the Poisson equation and �nd a new value of the potential V . The iteration anthen be ontinued.9.3.2 Numerial resultsWe present here the �rst results obtained with the simulation. These results are lose tothe one observed in the previous setion. For instane, Fig. 9.3 presents the evolution



9.3 Numerial resolution 189of the density of the harge arriers and Fig. 9.4 the potential energy. We notie thatthese pro�les are really similar to those obtained in the previous hapter. But we remarka higher value of the eletron density in the anal in this ase.

Figure 9.3: Eletron density for an applied Drain-Soure potential VDS = 0V .

Figure 9.4: Potential energy when there is no applied gate voltage and VDS = 0.2V . Theenergy potential barrier between the soure and the hannel is visible.However, the values of the urrent are bigger than those alulated in the previoushapter. The I-V harateristi is presented in Fig. 9.5. In fat, by using the Shrödingerequation, we assume that the transport is ballisti in the anal whereas the drift-di�usionequation used in the previous setion is a �uid model whih desribes a highly ollisionalmotion.Fig. 9.6 gives the evolution of the three �rst energy levels ǫk(x) for an applied drainsoure voltage VDS = 0.1V. These energy levels present a small di�erene in the anal
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Figure 9.5: I-V harateristis of the devie for VGS = 0V and VGS = 0.1V.with the pro�les observed in Fig. 8.5. We an make the same remarks as in the previoushapter onerning the di�erene between the transversal and the longitudinal ase.
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Figure 9.6: The 3 �rst energy levels ǫk(x) for VDS = 0.1V for m∗
z = m∗

t and m∗
z = m∗

t(dotted line).
Referenes[1℄ M. Baro, N. Ben Abdallah, P. Degond, A. El Ayyadi, A 1D oupled Shrödingerdrift-di�usion model inluding ollisions, J. Comp. Phys 203 (2005), 129�153.[2℄ N. Ben Abdallah, A Hybrid Kineti-quantum model for stationary eletron transport,J. Stat. Phys. 90 no 3-4 (1998), 627�662.



9.3 Numerial resolution 191[3℄ N. Ben Abdallah, On a multidimensional Shrödinger-Poisson sattering model forthe semiondutors, J. Math. Phys. 41 no 3-4 (2000), 4241�4261.[4℄ N. Ben Abdallah, F. Méhats, N. Vauhelet, Di�usive transport of partially quantizedpartiles : existene, uniqueness and long time behaviour, Pro. Edinb. Math. So.(2006) 49, 513�549.[5℄ P. Degond, A. El Ayyadi, A oupled Shrödinger Drif-Di�usion model for Quantumsemiondutor devie simulations, J. Comp. Phys. 181 (2002), 222�259.[6℄ C. Negulesu, Small oherene length limit for a two dimensional quantum transportmodel, submited.[7℄ E. Polizzi, N. Ben Abdallah, Subband deomposition approah for the simulation ofquantum eletron transport in nanostrutures, J. Comp. Phys. 202 (2005), 150�180.



192 Chapter 9. Couplage de DDSP ave un modèle omplètement quantique



Appendix





Appendix ATehnial inequalitiesIn this �rst appendix, we just reall, for the onvenient of the reader, without any proofsome usefull inequality used all along this work.A.1 Young inequalityFor a given funtion h, if we onsider the Legendre transform h∗, we have for all positivenumbers x and y, xy ≤ h(x) + h∗(y). Taking h(z) = z log z − z, we dedue :
∀x > 0, y ≥ 0, xy ≤ x log x− x+ ey. (A.1.1)Thus, for all ε > 0, we have

∀x > 0, y ≥ 0, xy = ε(
x

ε
y) ≤ x log x− x(1 + log ε) + εey. (A.1.2)A.2 Trudinger inequalityWe reall here the Trudinger inequality in 2D [3℄. Let ω ⊂ R

2 be a regular boundeddomain. There exists a onstant γ > 0 depending only on ω suh that, for all u ∈ H1(ω),we have
∫

ω

e

γ
u(x)2

‖u‖2
H1(ω) dx <∞. (A.2.3)A.3 Csiszàr-Kullbak inequalityFinally we present a form of the wellknown Csiszàr-Kullbak inequalities. This inequalityis very usefull for the analysis of the long time behaviour with a logarithmi entropy[1, 2, 5℄. Let ω be a regular domain of R
d, d ∈ N

∗. Let n1 and n2 be two nonnegativefuntions in L1(ω) suh that ∫
ω
n1 dx =

∫
ω
n2 dx = N0. We have

‖n1 − n2‖2
L1(ω) ≤ 2N0

∫

ω

n1 log
n1

n2
dx. (A.3.4)
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Appendix BSpetral properties of the HamiltonianIn this appendix, we give some properties of eigenfuntions and eigenvalues of the Shrödingeroperator in the z variable. Most of these properties, whih are used along the paper areeither proved or an be proved by straightforwardly adapting the tehniques of the bookof Pöshel and Trubowitz [6℄. Therefore, very few proofs are provided in this appendix.For a given real valued funtion V in L2(0, 1), let H [V ] be the Shrödinger operator
H [V ] := −1

2

d2

dz2
+ V (z)de�ned on the domain D(H [V ]) = H2(0, 1) ∩H1

0 (0, 1).This operator admits a stritly inreasing sequene of real eigenvalues (ǫk[V ])k≥1 go-ing to +∞. The orresponding eigenvetors,denoted by (χk[V ](z))k≥1 (hosen suh that
χ′

k(0) > 0), form an orthonormal basis of L2(0, 1). They satisfy of ourse




−1

2

d2

dz2
χk + V χk = ǫkχk ,

χk ∈ H1
0 (0, 1),

∫ 1

0

χkχℓ dz = δkl.

(B.0.1)Obviously, for V = 0, we have ǫk[0] = 1
2
π2k2 and χk[0](z) =

√
2 sin(πkz). Moreover animmediat onsequene of the Min-Max formula [4℄ isif U ≤ V a.e. in (0, 1) then ∀ k ≥ 1, ǫk[U ] ≤ ǫk[V ].In the sequel we will use the standard notation 〈f〉 =

∫ 1

0
f(z) dz and when there is noonfusion possible ǫk will stand for ǫk[V ] and χk for χk[V ].Lemma B.0.1 Let U and V be two real-valued funtions in L2(0, 1) suh that U − V ∈

L∞(0, 1). Then the orresponding eigenvalues verify
|ǫk[U ] − ǫk[V ]| ≤ ‖U − V ‖L∞(0,1). (B.0.2)In partiular, the ase V = 0 gives |ǫk[U ] − 1

2
π2k2| ≤ ‖U‖L∞(0,1).197



198 Chapter B. Spetral properties of the HamiltonianMoreover, following the study of the spetral properties of H [V ] in Chapter 2 of [6℄,we have the following lemma :Lemma B.0.2 There exists a positive onstant CV depending only on ‖V ‖L2(0,1) suh that
|ǫk[V ] − 1

2
π2k2| ≤ CV ; ‖χk[V ] −

√
2 sin(πkz)‖L∞(0,1) ≤ CV .Moreover the onstant CV an be hosen suh that CV ≤ C1 exp(C2‖V ‖L2(0,1)), where theonstants C1 and C2 are independent of V and k.Lemma B.0.3 Let V = V (λ, z) ∈ L∞

loc(λ, L
2
z(0, 1)) where λ is a real parameter (typially

λ = t or λ = xi). Let us shortly denote ǫk instead of ǫk[V (λ, ·)] and χk instead of
χk[V (λ, ·)]. Assume that ∂λV ∈ L1

loc(λ, L
2
z(0, 1)). Then

(i) ∂λǫk ∈ L1
loc and

∂λǫk = 〈|χk|2∂λV 〉.
(ii) ∂λχk ∈ L1

loc(λ, L
∞
z (0, 1)) and we have

∂λχk =
∑

ℓ 6=k

〈χk χℓ ∂λV 〉
ǫk − ǫℓ

χℓ.Lemma B.0.4 Let V and Ṽ be two real-valued funtions in L2(0, 1). Then there existtwo positive onstants C1 and C2 independent of k, V and Ṽ suh that
|ǫk[V ] − ǫk[Ṽ ]| ≤ C1 exp(C2(‖V ‖L2(0,1) + ‖Ṽ ‖L2(0,1)))‖V − Ṽ ‖L1(0,1) . (B.0.3)And,

‖χk[V ] − χk[Ṽ ]‖L∞(0,1) ≤ C1 exp(C2(‖V ‖L2(0,1) + ‖Ṽ ‖L2(0,1)))‖V − Ṽ ‖L1(0,1) . (B.0.4)Proof. The estimate (B.0.3) is an easy onsequene of Lemmata B.0.2 and B.0.3.Let us prove (B.0.4). Without loss of generality, we assume that ǫk[V ] > 0 (by shifting
V and Ṽ by the same onstant). Let us denote

uk =
χk[Ṽ ]′(0)

χk[V ]′(0)
χk[V ] ; ũk = χk[Ṽ ], (B.0.5)so that u′k(0) = ũk

′(0). Writing the equation satis�ed by uk − ũk and proeeding like inthe proof of Lemma 1, Chapter 1 of [6℄, we have
uk(z) − ũk(z) = 2

∫ z

0

s(z − t)V (t)(uk − ũk)(t) dt

+2

∫ z

0

s(z − t)ũk(t)((V − Ṽ )(t) − (ǫk[V ] − ǫk[Ṽ ])) dt,where,
s(t) =

sin(
√

2ǫk[V ] t)√
2ǫk[V ]

.



199By a Gronwall argument, we prove (B.0.4) for the di�erene uk − ũk. We �nally deduethe result for χk[V ] − χk[Ṽ ] by using the property ∫ 1

0

|χk|2 dz = 1.Lemma B.0.5 Let V ∈ L2(0, 1) suh that V ≥ 0, then the eigenvetors of the Shödingeroperator satisfy
‖χk[V ]‖L∞(0,1) ≤ C(1 + ‖V ‖1/2

L2(0,1)).Proof. The result of Lemma 1 Chapter 1 of [6℄ provides :
χk(z) = Ak sin(

√
2ǫkz) + 2

∫ z

0

sin(
√

2ǫk(z − t))√
2ǫk

V (t)χk(t) dt, (B.0.6)where Ak is a nonnegative onstant to be determined. Thanks to a Cauhy-Shwarzinequality, we dedued
∣∣∣∣
∫ z

0

sin(
√

2ǫk(z − t))√
2ǫk

V (t)χk(t) dt

∣∣∣∣ ≤
∫ 1

0
V (t)|χk(t)| dt√

2ǫk

≤ 〈|χk|2V 〉1/2

√
2ǫk

‖V ‖1/2

L2(0,1).Moreover, from (B.0.1),
ǫk =

1

2
〈|∂zχk|2〉 + 〈|χk|2V 〉 ≥ 〈|χk|2V 〉Thus, ∣∣∣∣

∫ z

0

sin(
√

2ǫk(z − t))√
2ǫk

V (t)χk(t) dt

∣∣∣∣ ≤
1√
2
‖V ‖1/2

L2(0,1). (B.0.7)Thus from (B.0.6) we have for all z ∈ [0, 1]

|χk(z)| ≤ Ak +
√

2 ‖V ‖1/2
L2(0,1). (B.0.8)Now, we will use the ondition ‖χk‖L2(0,1) = 1 to bound Ak. If we use the expression of

χk (B.0.6) in the identity ∫ 1

0
χ2

k dz = 1, we obtain
1 ≥ A2

k

∫ 1

0

sin(
√

2ǫkz)
2 dz + 4Ak

∫ 1

0

sin(
√

2ǫkz)

∫ z

0

sin(
√

2ǫk(z − t))√
2ǫk

V (t)χk(t) dtdx.(B.0.9)For the seond term we have from (B.0.7)
∣∣∣∣
∫ 1

0

sin(
√

2ǫkz)

∫ z

0

sin(
√

2ǫk(z − t))√
2ǫk

V (t)χk(t) dtdx

∣∣∣∣ ≤
1√
2
‖V ‖1/2

L2(0,1).And we an alulate
∫ 1

0

[sin(
√

2ǫkz)]
2 dz =

1

2
− sin(2

√
2ǫk)

4
√

2ǫk

.



200 Chapter B. Spetral properties of the HamiltonianWe have assumed that V ≥ 0. It implies ǫk[V ] ≥ ǫ[0] = 1
2
π2k2, for all k ≥ 1. Thus wean injet these remarks in (B.0.9), it leads to

1 ≥ A2
k

(
1

2
− 1

4π

)
− 2

√
2Ak‖V ‖1/2

L2(0,1).This implies that there exists a nonnegative ontant C suh that
Ak ≤ C(1 + ‖V ‖1/2

L2(0,1)), ∀ k ≥ 1.It remains to injet this last estimate in (B.0.8) to onlude the proof.Lemma B.0.6 Let V be in L2(0, 1). Then the orresponding eigenvetors satisfy
∀ k ≥ 1, ‖χk‖H1(0,1) ≤ C(k + ‖V ‖2/3

L2(0,1)). (B.0.10)Proof. From (B.0.1) we dedue
1

2
〈|∂zχk|2〉 = ǫk − 〈|χk|2V 〉.Moreover from Lemma B.0.3 and the fat that ǫk[0] = 1

2
π2k2, we have

ǫk[V ] =
1

2
π2k2 +

∫ 1

0

〈|χk[sV ]|2V 〉 ds.The Gagliardo-Nirenberg inequality gives
‖χk‖2

L4(0,1) ≤ C‖χk‖3/2
L2(0,1)‖χk‖1/2

H1(0,1) = C‖χk‖1/2
H1(0,1). (B.0.11)Therefore,

‖χk[V ]‖2
H1(0,1) ≤ C(k2 + ‖V ‖L2(0,1)

∫ 1

0

‖χk[sV ]‖1/2
H1(0,1) ds+ ‖V ‖4/3

L2(0,1)), (B.0.12)where we have used the wellknown Young inequality : xy ≤ 1
4
x4 + 3

4
x4/3. If we replae Vby σV for σ ∈ [0, 1] and integrate over σ on (0, 1), we �nd

∫ 1

0

‖χk[σV ]‖2
H1(0,1) ≤ C(k2 +

∫ 1

0

∫ 1

0

‖σV ‖L2(0,1)‖χk[sσV ]‖1/2

H1(0,1) dsdσ + ‖V ‖4/3

L2(0,1)).The seond term of the right hand side an be rewrite as
∫ 1

0

∫ σ

0

‖V ‖L2(0,1)‖χk[tV ]‖1/2
H1(0,1) dtdσ ≤ Cδ‖V ‖4/3

L2(0,1) + δ

∫ 1

0

∫ 1

0

‖χk[tV ]‖2
H1(0,1) dtdσ,for all δ > 0. Thus, if we �x δ small enough there exists a nonnegative onstant stilldenoted C suh that

∫ 1

0

‖χk[σV ]‖2
H1(0,1) ≤ C(k2 + ‖V ‖4/3

L2(0,1)). (B.0.13)We an then injet (B.0.13) in (B.0.12).This last two lemmata allow us to improve the estimate B.0.3



201Lemma B.0.7 Let V and Ṽ be two given nonnegative potentials in L2(0, 1). Then thereexists a nonnegative onstant C suh that
|ǫk[V ] − ǫk[Ṽ ]| ≤ C(1 + ‖V ‖1/2

L2
z(0,1) + ‖Ṽ ‖1/2

L2
z(0,1))‖V − Ṽ ‖L2

z(0,1). (B.0.14)And
|ǫk[V ] − ǫk[Ṽ ]| ≤ C(k1/2 + ‖V ‖1/3

L2
z(0,1) + ‖Ṽ ‖1/3

L2
z(0,1))‖V − Ṽ ‖L2

z(0,1). (B.0.15)Proof. This is an easy onsequene of Lemma B.0.5 and B.0.3. Indeed, if we denote for
λ ∈ [0, 1], W (λ, z) = Ṽ + λ(V − Ṽ ) and ǫk(λ) = ǫk[W (λ, ·)], we have

ǫk[V ] − ǫk[Ṽ ] =

∫ 1

0

∂λǫk(λ) dλ =

∫ 1

0

〈|χk[W (λ, ·)](z)|2(V − Ṽ )〉 dλ.Thus, we have
|ǫk[V ] − ǫk[Ṽ ]| ≤ ‖V − Ṽ ‖L2(0,1)

∫ 1

0

‖χk[W (λ, ·)]‖2
L4(0,1) dλ.The estimate (B.0.14) follows then from Lemma B.0.5 and the interpolation :

‖χk[W (λ, ·)]‖2
L4(0,1) ≤ ‖χk[W (λ, ·)]‖L2(0,1)‖χk[W (λ, ·)]‖L∞(0,1).The estimate (B.0.15) is a onsequene of (B.0.11) and (B.0.10).Now, we give two tehnial lemmata, where the potential is de�ned on Ω. We reallthat (x, z) ∈ Ω = ω × (0, 1) where ω is a bounded regular domain of R

2.Lemma B.0.8 Assume that V ∈ H1(Ω) and let ǫk be the eigenvalues de�ned by (4.1.3).Then, for all α ≥ 0 and q ∈ [1,+∞), we have
Iα :=

1

Z
∑

k

|ǫk|α e−ǫk ∈ Lq(ω),where Z =
∑

k e
−ǫk . The Lq norm of Iα is bounded by a onstant only depending on α, qand ‖V ‖H1.Proof. Lemma B.0.2 states that the eigenvalues and eigenvetors of (4.1.3) satisfy the(uniform in p) estimate

∣∣∣∣ǫk(x) −
π2

2
k2

∣∣∣∣ + ‖χk(x, ·)‖L∞

z
≤ C1 e

C2‖V (x,·)‖
L2

z . (B.0.16)It is enough to show that
Iα(x) ≤ C3 e

αC2‖V (x,·)‖
L2

z . (B.0.17)



202 Chapter B. Spetral properties of the HamiltonianIndeed, sine ‖V (x, ·)‖L2
z
is bounded in H1(ω), the Trudinger inequality,

∫

O

exp(|u|N/(N−1)) < +∞ , ∀u ∈W 1,N(O), O ⊂ R
N (B.0.18)implies that e‖V (x,·)‖2

L2
z ∈ L1(ω), whih ensures that eαC2‖V (x,·)‖

L2
z ∈ Lq(ω) for all q < +∞thus leading to the result.Let us now prove (B.0.17). To this aim, we treat di�erently low and high energies.More preisely, we have

Iα =
1

Z
∑

|ǫk|≤KA

|ǫk|αe−ǫk +
1

Z
∑

|ǫk|≥KA

|ǫk|αe−ǫk

≤ (KA)α +
1

Z
∑

|ǫk|≥KA

|ǫk|αe−ǫk

(B.0.19)where K is hosen larger than 2 (K > 2) and A is suh that |ǫk − 1
2
π2k2| < A. This hoieimplies that

1

2
k2π2 −A < ǫk <

1

2
k2π2 + Aand, for high energies (|ǫk| ≥ KA), that we have

A <
1

2(K − 1)
k2π2 .Hene, the high energy ontribution an be estimated as follows:

∑

|ǫk|≥KA

|ǫk|αe−ǫk ≤
∑

k>
√

2(K−1)A/π

(
1

2
k2π2 + A

)α

e−k2π2/2 eA

≤
(

1 +
1

K − 1

)α

eA
∑

k>
√

2(K−1)A/π

(
1

2
k2π2

)α

e−k2π2/2

≤ Cα

(
1 +

1

K − 1

)α

eA

∫ ∞

√
2(K−1)A/π

(
1

2
π2x2

)α

e−π2x2/2 dx,where we used the elementary property:
lim

n→+∞

∑

k≥n

f(k)

∫ +∞

n

f(x) dx

= 1,for any nonnegative funtion deaying at in�nity and suh that the following integral∫ +∞

0
f(x) dx onverges. Assuming that α 6= 0 (the ase α = 0 is trivial), an integration byparts leads to the estimate

∫ ∞

√
2(K−1)A/π

(
1

2
π2x2

)α

e−π2x2/2 eA dx ≤ C((K − 1)A)α−1/2e−(K−1)A eA,



203whih leads to ∑

|ǫk|≥KA

|ǫk|αe−ǫk ≤ CαA
α−1/2e−(K−1)A eA.Besides, thanks to the hoie of A, we obviously have

∑

k

e−ǫk ≥ Ce−A.Therefore, going bak to (B.0.19), we have
Iα ≤ (KA)α + CαA

α−1/2e(3−K)A.Setting K = 4, we have a bound on A−1/2e(3−K)A for large A. Thus we proved that
I ≤ CαA

α and (B.0.17) follows thanks to (B.0.16) by taking A = C1 exp(C2‖V (x, .)‖L2
z
).Lemma B.0.9 The map V 7→ Vs = − log(

∑
k e

−ǫk[V ]) is loally Lipshitz ontinuous from
H2(Ω) to H2(ω), where (ǫk[V ])k denotes the whole set of eigenvalues of the Hamiltonian
−1

2
d2

dz2 + V .Proof. Sine the summation over k an be done easily, it is enough to show the result forthe map V 7→ ǫk[V ]. Let U, V be two bounded potentials of H2(Ω). From Lemma B.0.1,we dedue easily that ‖ǫk[U ] − ǫk[V ]‖L2(ω) ≤ C‖U − V ‖H2(Ω). For the �rst derivative, wewrite with Lemma B.0.3 :
∫

ω

|∇xǫk[U ] −∇xǫk[V ]|2 dx ≤ 2

∫

Ω

|∇x(U − V )|2|χk[U ]|4 dxdz

+2

∫

Ω

|∇xV |2(|χk[U ]|2 − |χk[V ]|2)2 dxdz.The Sobolev embedding of H2(Ω) into L∞(Ω) implies that for all nonnegative onstant
C2,

exp(C2(‖U‖L2
z(0,1) + ‖V ‖L2

z(0,1))) ∈ L∞(ω).Thus, with Lemma B.0.2 we have a bound of χk[U ] in L∞(Ω) and with Lemma B.0.4,
‖χk[U ] − χk[V ]‖L∞(Ω) ≤ C‖U − V ‖H2(Ω). (B.0.20)We dedue,

∫

ω

|∇xǫk[U ] −∇xǫk[V ]|2 dx ≤ C‖U − V ‖2
H1(Ω) + C‖U − V ‖2

H2(Ω).Now it remains to estimate the di�erene of the seond derivative of ǫk[U ] − ǫk[V ]. Wereall that from Lemma B.0.1, we dedue easily
‖ǫk[U ] − ǫk[V ]‖L∞(ω) ≤ C‖U − V ‖H2(Ω). (B.0.21)



204 Chapter B. Spetral properties of the HamiltonianIf i = 1 or 2, j = 1 or 2, by the expression of the derivatives stated in Lemma B.0.3, wehave
∂xixj

ǫk[V ] =

∫ 1

0

∂xixj
V |χk[V ]|2 dz + 2

∫ 1

0

χk[V ]∂xi
χk[V ]∂xj

V dz.As before, we an show the Lipshitz dependeny in V ∈ H2(Ω) of the �rst term of theright hand side. For the seond one, we need the following result, whih is proved below :there exists a positive onstant δV depending only on ‖V ‖H2(Ω) suh that
∀ (k, l) ∈ (N∗)2 |ǫk[V ] − ǫℓ[V ]| ≥ δV |k − l|2. (B.0.22)Sine χk[V ] is bounded in L∞(Ω), using the expression of ∂xi

χk[V ] in Lemma B.0.3 and(B.0.22), we have |∂xi
χk[V ]| ≤ C〈|∂xi

V |〉. Therefore,
|χk[U ]∂xi

χk[U ]∂xj
U − χk[V ]∂xi

χk[V ]∂xj
V | ≤ C |χk[U ] − χk[V ]| 〈|∂xi

U |〉 |∂xi
U |+

+C |∂xi
U | |∂xi

χk[U ] − ∂xi
χk[V ]| + C 〈|∂xi

V |〉 |∂xi
(U − V )|.Thus, it remains to see the Lipshitz dependeny in V of ∂xi

χk[V ]. We have
∂xi

(χk[U ] − χk[V ]) =
∑

ℓ 6=k

(〈χk[U ]χℓ[U ] ∂xi
U〉

ǫk[U ] − ǫℓ[U ]
χℓ[U ] − 〈χk[V ]χℓ[V ] ∂xi

V 〉
ǫk[V ] − ǫℓ[V ]

χℓ[V ]

)

=
∑

ℓ 6=k

〈χk[U ]χℓ[U ] ∂xi
U − χk[V ]χℓ[V ] ∂xi

V 〉
ǫk[U ] − ǫℓ[U ]

χℓ[U ]

+
∑

ℓ 6=k

〈χk[V ]χℓ[V ] ∂xi
V 〉

ǫk[V ] − ǫℓ[V ]
(χℓ[U ] − χℓ[V ])

+
∑

ℓ 6=k

〈χk[V ]χℓ[V ] ∂xi
V 〉χℓ[V ]

ǫk[V ] − ǫk[U ] + ǫℓ[U ] − ǫℓ[V ]

(ǫk[U ] − ǫℓ[U ])(ǫk[V ] − ǫℓ[V ])
.From (B.0.20), (B.0.21) and (B.0.22), we dedue that :

‖∂xi
χk[U ] − ∂xi

χk[V ]‖L2(Ω) ≤ C(1 + ‖∂xi
U‖L2(Ω) + ‖∂xi

V ‖L2(Ω))‖U − V ‖H2(Ω).With the Sobolev embedding of H1(Ω) into L2(Ω), ‖∂xi
V ‖L2(Ω) ≤ C‖V ‖H2(Ω). This on-ludes the proof of the Lipshitz dependeny with respet to V of the seond derivative.Proof of (B.0.22). If k = ℓ, this inequality is obvious. Let us �rst prove that thereexists a onstant δV depending only on ‖V ‖H2(Ω), suh that

min
k 6=l

|ǫk[V ] − ǫℓ[V ]| ≥ δV . (B.0.23)If not, by the ompat embedding of H2(Ω) into L∞(Ω) it would be possible to �nd asequene (V n) onverging to V in the L∞ strong topology and a sequene kn of integers suhthat ǫkn+1[V
n]− ǫkn[V n] onverges to zero as n tends to +∞. The asymptoti behaviourof the ǫk's dedued from Lemma B.0.1 implies that the sequene (kn) is bounded, thus, upto an extration, it is stationary : kn = k. Besides, (B.0.2) implies that ǫk[V

n] onverges



205to ǫk[V ] and ǫk+1[V
n] to ǫk+1[V ]. Hene ǫk[V ] = ǫk+1[V ], whih is a ontradition withthe fat that the eigenvalues are stritly inreasing. Moreover, by (B.0.2), we have
π2

2
k2 − ‖V ‖L∞(Ω) ≤ ǫk[V ] ≤ π2

2
k2 + ‖V ‖L∞(Ω).Therefore, for any (k, l) :

|ǫk[V ] − ǫℓ[V ]| ≥ π2

2
|k − ℓ|2 + π2|k − ℓ| − 2‖V ‖L∞(Ω).Hene, if π2|k − ℓ| ≥ 2‖V ‖L∞(Ω), then |ǫk[V ] − ǫℓ[V ]| ≥ π2

2
|k − ℓ|2. From this inequalityand (B.0.23) we dedue easily (B.0.22) (up to a hange of δV ).

Referenes[1℄ A. Arnold, P. Markowih, G. Tosani, A. Unterreiter, On generalized Csiszár-Kullbakinequalities, Monatsh. Math. 131 (2000), no. 3, 235�253.[2℄ I. Csiszár, Information-type measures of di�erene of probability distributions, Stud.S. Math. Hung. 2 (1967), 299-318.[3℄ D. Gilbarg, N. S. Trudinger, Ellipti Partial Di�erential Equations of Seond Order,Springer-Verlag, 1977.[4℄ T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin Heidelberg,1966.[5℄ S. Kullbak, Information Theory and Statistis, John Wiley, 1959.[6℄ J. Pöshel, E. Trubowitz, Inverse spetral theory, Aademi Press, 1987.
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Conlusion et PerspetivesL'objetif prinipal de ette thèse est de présenter et d'analyser des modèles dérivant letransport de partiules on�nées dans des dispositifs nanométriques à semionduteurs.En utilisant la méthode de déomposition en sous-bandes, les modèles de Boltzmann-Shrödinger-Poisson et dérive-di�usion-Shrödinger-Poisson ont été introduits et étudiés.Ce dernier modèle a été utilisé pour réaliser une simulation numérique du transport deséletrons dans un nanotransistor de type MOSFET. Ce déouplage adiabatique des vari-ables spatiales permet de réduire onsidérablement le oût numérique en utilisant unedesription lassique peu onéreuse dans la diretion de transport et en réstreignant larésolution de l'équation de Shrödinger à une seule dimension. Les appliations sont nom-breuses en nanotehnologies par exemple pour la détermination à moindre oût des ara-téristiques életroniques de dispositifs nanométriques ou du design de nouveaux dispositifsoù les életrons sont fortement on�nés dans une diretion.Nous allons proposer quelques enrihissements qui peuvent être apportés dans la on-tinuité de es travaux. Tout d'abord, les études mathématiques rigoureuses de la limite dedi�usion et des résultats d'existene n'ont été e�etuées que dans le as d'une statistiquede Boltzmann. Il s'agit d'une approximation de la statistique de Fermi-Dira. La limite dedi�usion formelle de l'équation de Boltzmann des semionduteurs pour une statistique deFermi-Dira est présentée au Chapitre 2. Les résultats d'existene et la limite rigoureusedes modèles ave une statistique de Fermi-Dira restent enore à établir. On peut espérergrâe aux tehniques développées dans ette thèse étendre les résultats dans le as de lastatistique de Boltzmann au as Fermi-Dira. Bien évidemment le problème d'existenepour le problème de Boltzmann-Shrödinger-Poisson dans le as d'une dimension totaleégale à 3 reste enore une question ouverte. Il serait également intéressant de omparerles simulations numériques pour les deux statistiques.Par ailleurs, nous avons supposé dans la première partie et la troisième partie que lamatrie de di�usion D était une donnée du problème et la résolution du modèle �uidequantique s'est e�etué en utilisant ertaines hypothèses sur ette matrie. Nous avonsaussi vu au hapitre 5 que la prise en ompte de la matrie de di�usion omplique onsid-érablement l'analyse. Cependant, lors de l'établissement de la limite de di�usion dans laseonde partie, il apparait lairement que la matrie de di�usion n'est pas une donnée maisdépend de quantités marosopiques du problème. Cette dépendane reste à élaiir pourune meilleure ompréhension du système et une amélioration des simulations numériques.


